Algebra &
Number
Theory

Volume 9

i}
WWel®sl sn u "sl B



Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Georgia Benkart
Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kolldr

Yuri Manin

Philippe Michel

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Wisconsin, Madison, USA
University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
Stanford University, USA

Freie Universitit Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA
University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Northwestern University, USA

Susan Montgomery
Shigefumi Mori
Raman Parimala

Jonathan Pila
Anand Pillay

Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer

Vasudevan Srinivas
J. Toby Stafford

Ravi Vakil
Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Efim Zelmanov

Shou-Wu Zhang

Ecole Polytechnique Fédérale de Lausanne

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

University of Southern California, USA
RIMS, Kyoto University, Japan

Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Tata Inst. of Fund. Research, India
University of Michigan, USA

Stanford University, USA

Hasselt University, Belgium

Université Paris VII, France

Nihon University, Japan

University of California, San Diego, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2015 is US $255/year for the electronic version, and $440/year (+$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscribers address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditFLOoW® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2015 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

ALGEBRA AND NUMBER THEORY 9:5(2015)
dx.doi.org/10.2140/ant.2015.9.1035

p-adic Hodge-theoretic properties of
étale cohomology with mod p coefficients,
and the cohomology of Shimura varieties

Matthew Emerton and Toby Gee

We prove vanishing results for the cohomology of unitary Shimura varieties with
integral coefficients at arbitrary level, and deduce applications to the weight part
of Serre’s conjecture. In order to do this, we show that the mod p cohomology of
a smooth projective variety with semistable reduction over K, a finite extension
of Q,, embeds into the reduction modulo p of a semistable Galois representation
with Hodge—Tate weights in the expected range (at least after semisimplifying, in
the case of the cohomological degree greater than 1).
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The aim of this paper is to establish vanishing results for the cohomology of
certain unitary similitude groups. For example, we prove the following result:

Theorem A. Let X be a projective U(2, 1)-Shimura variety of some sufficiently
small level, and let & be a canonical local system of Fp-vector spaces on X. Let m
be a maximal ideal of the Hecke algebra acting on the cohomology H*(X, %), and
suppose that there is a Galois representation py : Gg — GL3(F p) associated to m.
If we suppose further that we have SL3 (k) C pn(GF) C F; SL3(k) for some finite
extension k /¥ p, and that pm|Gg,, is 1-regular and irreducible, then the localisations
H(Xg, F)m vanish in degrees i # 2.
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(See Corollary 3.5.1 and Lemma 4.1.9 below, and see Sections 2 and 3 for the
precise definitions that we are using; for simplicity we work with U(2, 1)-Shimura
varieties! over a quadratic imaginary field F. Note that “sufficiently small level”
means that the compact open subgroup defining the level is sufficiently small.
We say that a Galois representation is associated to a maximal ideal of a Hecke
algebra if there is the usual relation between Hecke polynomials and characteristic
polynomials of Frobenius elements at unramified places; see Section 3.4 for a
precise definition.)

In fact, we prove a version of this result for U(n — 1, 1)-Shimura varieties under
weaker assumptions on pn; however, in general we can only prove vanishing in
degrees outside of the range [n/2, (3n —4)/2].

We also prove the following result, which makes no explicit reference to a
maximal ideal in the Hecke algebra:

Theorem B. Let X and ¥ be as in the statement of Theorem A. If p is a 3-
dimensional irreducible sub-G -representation of the étale cohomology group
H élt (Xg. F), then either every irreducible subquotient of PlGa, is 1-dimensional, or
else PlGa, is not 1-regular, or else p(G ) is not generated by its subset of regular
elements.

Note that in neither theorem do we make any assumption on the level of the
Shimura variety at p.

A Galois representation py, as in the statement of Theorem A is known to exist if
m corresponds to a system of Hecke eigenvalues arising from the reduction mod p of
the Hecke eigenvalues attached to some automorphic Hecke eigenform. Furthermore,
recent work of Scholze [2013] (which appeared after the first version of this paper
was written) implies that such a representation exists for any maximal ideal m.

It seems reasonable to believe that any irreducible sub-G f -representation of any
of the étale cohomology groups H ét(X @ F) for any of the Shimura varieties under
consideration should in fact be a constituent of py, for some maximal ideal m of the
Hecke algebra. However, this doesn’t seem to be known, and relating the “abstract”
G p-representations py, to the “physical” G g-representations appearing on étale
cohomology is one of the problems we have to deal with in proving our results.

Application to Serre-type conjectures. We are able to combine our results with
those of [Emerton et al. 2013] so as to establish cases of the weight part of the Serre-
type conjecture of [Herzig 2009] for U(2, 1). More precisely, we have the following
result (where the assertion that p is modular means that the corresponding system
of Hecke eigenvalues occurs in the mod p cohomology of some U(2, 1)-Shimura
variety; see Theorem 3.5.6 and Lemma 4.1.9.)

IThese Shimura varieties might more properly be called GU(2, 1)-Shimura varieties; see Section 3
for their definition.



p-adic Hodge-theoretic properties of étale cohomology with mod p coefficients 1037

Theorem C. Suppose p: G — GL3 (Fp) satisfies SLa (k) C p(GF) C F; SL3 (k)
for some finite extension k /Fp, that p|G,,, is irreducible and 1-regular, and that
p is modular of some strongly generic weight. Then the set of generic weights for
which p is modular is exactly the set predicted by the recipe of [Herzig 2009].

Relationship with a mod p analogue of Arthur’s conjecture. Arthur [1989, §9]
made a quite precise conjecture regarding the systems of Hecke eigenvalues that
appear in the L2-automorphic spectrum of any reductive group over a number
field, which has consequences for the nature of the Hecke eigenvalues appearing
in the cohomology of Shimura varieties. For our purposes it suffices to describe
a qualitative version of these consequences: namely, Arthur’s conjecture implies
that if A is a system of Hecke eigenvalues appearing in the degree-i cohomology,
where i is less than the middle dimension, then A is attached (in the sense of, e.g.,
[Buzzard and Gee 2014; Johansson 2013]) to a reducible Galois representation (i.e.,
one which factors through a parabolic subgroup of the L-group).

The fragmentary evidence available suggests that a similar statement will be
true for the mod p cohomology of Shimura varieties. Our Theorems A and B give
further evidence in this direction.

p-adic Hodge theory. In order to prove these theorems, we establish some new
results about the p-adic Hodge-theoretic properties of the étale cohomology of vari-
eties over a number field or p-adic field with coefficients in a field of characteristic p.
In the first section we establish results about the mod p étale cohomology of varieties
over number fields or p-adic fields which, although weaker in their conclusions,
are substantially broader in the scope of their application than previously known
mod p comparison theorems. For example, we prove the following result (see
Theorem 1.4.1 below):

Theorem D. Let K be a finite extension of Qp, and write Gk for the abso-
lute Galois group of K. If X is a smooth projective variety over K which has
semistable reduction, and if p is an irreducible subquotient of the G g -representation
H éit(X i Fp), then p also embeds as a subquotient of a GK—represenLation over F p
which is the reduction modulo the maximal ideal of a Gk -invariant Z p-lattice in a
G -representation over Q p which is semistable with Hodge—Tate weights contained
in the interval [—i, 0].

Both the hypotheses and the conclusions of our theorems are rather precisely
tailored to maximise (as far as we are able) their utility in applications to the analysis
of Galois representations occurring in the cohomology of Shimura varieties, which
we give in the third section.

The remaining two sections of the paper are devoted respectively to using integral
p-adic Hodge theory (Breuil modules with descent data) to establish a result related



1038 Matthew Emerton and Toby Gee

to the reductions of tamely potentially semistable p-adic representations of Gq,
(Section 2) and to proving some technical results about group representations
(Section 4). The result of Section 2 is an essential ingredient in the arguments
of Section 3, while the results of Section 4 provide sufficient conditions for the
various representation-theoretic hypotheses appearing in the results of Section 3 to
be satisfied.

Remark on related papers. Very general vanishing theorems for the mod p coho-
mology of Shimura varieties have been proved by Lan and Suh [2013]; however, their
results apply only in situations of good reduction and for coefficients corresponding
to small Serre weights, which makes them unsuitable for the kinds of applications we
have in mind, e.g., to the weight part of Serre-type conjectures. In the ordinary case
there is the work of Mokrane and Tilouine [2002, §9] in the Siegel case and Dimitrov
[2005, §6.4] in the case of Hilbert modular varieties. Finally, in a recent preprint,
Shin [2013] proved a general vanishing result for cohomology outside of middle
degree for the part of the mod p cohomology which is supercuspidal at some prime
[ # p, by completely different methods from those of this paper. It seems plausible
that, via the mod p local Langlands correspondence for GL,, (Q;), Shin’s hypothesis
could be interpreted as a condition on the restriction to a decomposition group at
[ of the relevant mod p Galois representations, whereas our conditions involve the
restriction to a decomposition group at p, so our results appear to be complementary.

Conventions. For any field K we let Gk denote a choice of absolute Galois group
of K.

If X is a finite field, then by a Frobenius element in Gx we will always mean
a geometric Frobenius element. We extend this convention in an evident way to
Frobenius elements at primes in Galois groups of number fields, and to Frobenius
elements in Galois groups of local fields.

If K is a local field, then we denote by Ok the ring of integers of K, by Ik the
inertia subgroup of Gg, by Wk the Weil group of K (the subgroup of G consisting
of elements whose reduction modulo /g is an integral power of Frobenius), and by
WDk the Weil-Deligne group of K.

If K is a number field and v is a finite place of K, then we will write K, for the
completion of K at v and Ok, for its ring of integers. We will write Ok (,) for the
localisation of Og at the prime ideal v.

We will write Z p for the ring of integers in Q p (a fixed algebraic closure of Q ),
and mZ p for the maximal ideal of z p

We let w denote the mod p cyclotomic character. We will denote a Teichmiiller
lift with a tilde, so that for example @ is the Teichmiiller lift of w.

We use the traditional normalisation of Hodge—Tate weights, with respect to
which the cyclotomic character has Hodge—Tate weight 1.
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By a closed geometric point X of a scheme X, we mean a morphism of schemes
X : Spec 2 — X for a separably closed field €2, whose image is a closed point x of
X, and such that the induced embedding x (x) < €2 (where k (x) denotes the residue
field of x) identifies 2 with a separable closure of x (x). If X is a closed geometric
point of a Noetherian scheme X, then we let Ox x denote the local ring of X at X,
i.e., the stalk, in the étale topology on X, of the structure sheaf of X at x; we let
(Ox x)" denote the completion of Oy x, and we write (Xx)” := Spf((Ox x)"), and
refer to (Xx)” as the formal completion of X along the closed geometric point x.

The symbol G will always denote a group; in Section 3 it will be a certain
algebraic group, and in Section 4 it will be a finite group.

1. p-adic Hodge theoretic properties of mod p cohomology

1.1. Introduction. We now describe in more detail our results on the integral p-
adic Hodge theory of the étale cohomology of projective varieties, which are perhaps
the most novel part of this paper.

It is well-known that integral p-adic Hodge theory is less robust than the corre-
sponding theory with rational coefficients; for example, the comparison theorems
for integral and mod p étale cohomology due to Fontaine and Messing [1987] and
Faltings [1989] involve restrictions both on the degrees of cohomology and the
dimensions of the varieties considered, and they also require that the field K be
absolutely unramified and that the variety under consideration be of good reduction.
More recently, Caruso [2008] has proved an integral comparison theorem in the case
of semistable reduction for possibly ramified fields K, but there are still restrictions:
his result requires that ei < p — 1, where e is the absolute ramification index of K,
and 7 is the degree of cohomology under consideration.

These restrictions are unfortunate, since mod p and integral p-adic Hodge
theory are among the most powerful local tools available for the analysis of Galois
representations occurring in the mod p étale cohomology of varieties. The premise
that underlies the present work is that frequently in such applications one does
not need a precise comparison theorem relating the mod p étale cohomology
to an analogous structure involving mod p de Rham or crystalline cohomology.
Rather, one often uses the comparison theorem merely to draw much less specific
conclusions, such as that the Galois representations occurring in certain mod p étale
cohomology spaces are in the essential image of the Fontaine—Laffaille functor,
applied to Fontaine—Laffaille modules whose Fontaine—Laffaille numbers lie in
some prescribed range. Our aim is to establish results of the latter type in more
general contexts than they have previously been proved.

The precise direction of our work is informed to a significant extent by the
fairly recent development of a rich infernal integral p-adic Hodge theory, by Breuil
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[2000], Kisin [2006], Liu [2008] and others. What we mean here by the word
“internal” is that these developments have been directed not so much at applications
to comparison theorems, but rather at the purely Galois-theoretic problem of giving
a p-adic Hodge-theoretic description of Galois-invariant lattices in crystalline
or semistable Galois representations, and of the mod p Galois representations
that appear in the reductions of such lattices. These tools, especially the theory
of Breuil modules [2000], which provides the desired description of the mod p
representations arising as reductions of such lattices, have proved very useful in
arithmetic applications. Because of the availability of these tools, it has become both
possible and worthwhile to move beyond the Fontaine—Laffaille context in integral
p-adic Hodge theory. While Caruso’s work mentioned above is a significant step in
this direction, an important aspect of the present work will be the consideration of
situations in which the bound ei < p —1, required for the validity of the comparison
theorem of [Caruso 2008], does not hold.

Our goal, then, is to establish in various situations that a Galois representation
appearing in the mod p étale cohomology of a variety can be embedded in the
reduction of a Galois-invariant lattice contained in a crystalline or semistable Galois
representation, with Hodge—Tate weights lying in some specified range (namely,
the range that one would expect given the degree of the cohomology space under
consideration). Since, in arithmetic situations, one frequently has to make a ramified
base change in order to obtain good or semistable reduction, and since the resulting
descent data on the associated Breuil module typically then play an important role
in whatever analysis has to be undertaken, we also prove results in certain cases of
potentially semistable reduction which allow us to gain some control over these
descent data.

The idea underlying our approach is very simple. Suppose that X is a variety
over a p-adic field K. If i is some degree of cohomology, then we have a short
exact sequence

0— H! (X%, Zp)/ PH: (X 7. Zp) —> HL (X, Fp) — H. T (X 2. Z,)[p] — 0,
as well as an isomorphism
Qp ®z, Héit(XI?»ZP) = Héit(XI?» Qp).

Thus, if both Hét(X & Zp) and Héfl (Xg.Zp) are torsion-free, then we see that
H;(Xg.[Fp) is the reduction mod p of H/(Xg,Zp), which is a Galois-invariant
lattice in H; (X g, Qp). Furthermore, the usual comparison theorems of rational
p-adic Hodge theory [Faltings 1989; Tsuji 1999] can be applied to conclude that
this latter representation is, e.g., crystalline (if X is proper with good reduction) or

semistable (if X is proper with semistable reduction).
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The obstruction to implementing this idea is that we have no reason to believe in
general that Héft(X %-Zp) and H é{“ (Xg.Zp) will be torsion-free. To get around
this difficulty, we engage in various dévissages using the weak Lefschetz theorem.
To explain these, first consider the case when X is a projective curve and i = 1. In
this case all the cohomology with Z,-coefficients is certainly torsion-free, and so
HM(X % Fp) is the reduction of a Galois-invariant lattice in HM(X - Qp). Now
a simple induction using the weak Lefschetz theorem shows that for any smooth
projective variety X over K there is an embedding

Hélt(XI?» Fp) — Hélt(cl?’ Fp),

where C is a smooth projective curve. Furthermore, if X has good (respectively
semistable) reduction, we can ensure that the same is true of C. This gives the
desired result in the case of H! (ignoring for a moment the problem of obtaining a
refinement dealing with descent data in the potentially semistable case).

For higher degrees of cohomology, a more elaborate dévissage is required. The
key point, again established via the weak Lefschetz theorem, is that if X is smooth
and projective of dimension d, and if Y and Z are sufficiently generic hyperplane
sections of X, then the cohomology of the pair (X \ Y) g, (Z \ Y)g), with either
Zp or Fp coefficients, vanishes in degrees other than d (see Section A.3 of the
appendix; note that X \ Y is affine), so that Hé‘f (X\Y)g.(Z\Y)g.Zp) is torsion-
free and is thus a Galois-invariant lattice in H e”tl (X\Y)g.(Z\Y)g.Qp), which
is potentially semistable by [Yamashita 2011], and whose reduction is equal to
H e‘f (X\Y)g.(Z\Y)g,Fp). Such relative cohomology spaces are the essential
ingredient of the basic lemma of [Beilinson 1987], and we learned the idea of using
them as building blocks for the cohomology of varieties from Nori [2002], who
has used the basic lemma as the foundation of his approach to the construction of
motives. Indeed, our present approach to integral p-adic Hodge theory was inspired
by Beilinson’s and Nori’s work.

1.2. Bertini-type theorems. We begin by giving a straightforward generalisation
of some of the results of [Jannsen and Saito 2012], which build on the results
of [Poonen 2004] to prove Bertini-type theorems for varieties with semistable
reduction over a discrete valuation ring. It will be convenient to allow K to
denote either a number field, or a field of characteristic zero that is complete
with respect to a discrete valuation with perfect residue field kx of character-
istic p. We abbreviate these two situations as “the global case” and “the local
case” respectively, and in the former case we will let v denote a place of K
dividing p.
We recall the following definition:
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Definition 1.2.1. Suppose first that we are in the local case. We then say that a
projective Og-scheme & is semistable if it is regular and flat over Spec Ok, and if
the special fibre %5 is reduced and is a normal crossings divisor; equivalently, a
finite-type Og-scheme & is semistable if, at each closed geometric point X of &y,
there is an isomorphism of complete local rings

Ox2)" = (O )[x1, - ., Xnl/ (X1 -+ Xm — D),

where (@}?)’\ is the completion of the strict Henselisation of Og (equivalently, the
completion of the ring of integers in the maximal unramified algebraic extension
of K), the element wg is a uniformiser of (@%)/\, and 1 <m <n. We say that ¥
is strictly semistable if it is semistable and if the special fibre ¥; is a strict normal
crossings divisor.

Again in the local case, we say that a smooth projective K-scheme has good
reduction if it admits a smooth projective model over Og, and that it has (strictly)
semistable reduction if it admits an extension to a projective Og-scheme which is
(strictly) semistable in the sense of the preceding definition.

In the global case, we say that a smooth projective K-scheme has good reduction
at v if it admits a smooth projective model over Ok (), and that it has (strictly)
semistable reduction at v if it admits a (strictly) semistable projective model over
Ok, (v) 1.€., a projective model over Ok () whose base change over O, is (strictly)
semistable in the sense of the preceding definition.

Remark 1.2.2. Note that our definition of a semistable Og-scheme (putting our-
selves in the local case) includes the requirement that the scheme be regular. This
is the definition that is frequently adopted in the theory of semistable reduction,
and it is well-suited to our intended applications. Recall that, with this definition,
semistability is not preserved under the base change to Oy , if L is a finite extension
of K, unless L /K is unramified or the original scheme is in fact smooth over Ok ;
see also Remark 1.5.2 below.

Proposition 1.2.3. Let X be a smooth projective variety over K with strictly
semistable (respectively good) reduction (at v, in the global case). Then there
are smooth hypersurface sections Y and Z of X (with respect to an appropriately
chosen embedding of X into some projective space) such that Y and Z intersect
transversely, and all of Y, Z, and Y N Z have strictly semistable (respectively
good) reduction (at v, in the global case).

Proof. We first handle the local case. Choose an extension & of X to an Og-scheme
that is projective and smooth (in the good reduction case) or strictly semistable
(in the strictly semistable reduction case), and fix an embedding of & into some
projective space over Og. By Corollaries 0 and 1 of [Jannsen and Saito 2012]
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(or, perhaps more precisely, by their proofs) we can find a hypersurface section Y of
& such that % is again either smooth or strictly semistable over Og. We take Y to
be the generic fibre of . By Remark 0(ii), together with Lemma 1 and the remark
immediately before Corollary 1, of [Jannsen and Saito 2012], we see that in order
to find Z it is enough to check that, given a finite collection X1, ..., X, of smooth
projective schemes in P;VkK’ there is a common hypersurface section meeting each
of them transversely. This is an immediate consequence of Theorem 1.3 of [Poonen
2004], taking the set Up there to be the subset of the completion Op consisting of
the f such that f = 0 is transverse to each X; at P. (Since this set contains all the
f which do not vanish at P, and in particular contains all the f congruent, modulo
the maximal ideal, to a particular choice of f, it has positive Haar measure.)

We now pass to the global case. Let & be a smooth (in the good reduction case)
or strictly semistable (in the strictly semistable reduction case) projective model
of X over Ok (). Let P; denote the projective space (over Ok (y)) of degree-d
hypersurfaces in the ambient projective space containing &. Applying the argument
in the local case to the base change % /g Kk, > We see that, for some d > 1, there
is a Ky-valued point of P; corresponding to a hypersurface section of & ¢,
having either smooth or semistable intersection (depending on the case we are in)
with &g, . Furthermore, this point lies in an affinoid open subset of P; /K, (the
preimage of an open set in the special fibre of P7), all of whose points correspond to
hyperplane sections of &/¢, ~Wwith either smooth or strictly semistable intersection.
(See Remark 0(i) and the proofs of Theorems 0 and 1 of [Jannsen and Saito 2012].)
The set of Ky -points of this affinoid open set is a nonempty open subset of P (Ky).
Since K is dense in K, we see that this intersection also contains a K-point of P,
which gives the required hypersurface section Y. We find the hypersurface section
Z by applying the same argument. O

1.3. Cohomology in degree 1. Our arguments in degree 1 are rather simpler than
in general degree, so we warm up with this case. (In fact, our result in this case is
slightly stronger than our result in general degree, as we do not need to semisimplify
the representation, so this result is not completely subsumed by our later results in
general degree.) Fix a prime p. Let K denote a field of characteristic zero, complete
with respect to a discrete valuation, with ring of integers Og and residue field k,
assumed to be perfect of characteristic p. Let K denote an algebraic closure of K,
and set Gg := Gal(K/K).

Theorem 1.3.1. If X is a smooth projective variety over K which has good (resp.
strictly semistable) reduction, then H élt (X g, Fp) embeds Gk-equivariantly into the
reduction modulo p of a Gg-invariant lattice in a crystalline (resp. semistable)
p-adic representation of Gg whose Hodge—Tate weights are contained in [—1, 0].
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Proof. We proceed by induction on the dimension d of X. If d <1 then H élt(X % Fp)
is isomorphic to the reduction modulo p of H, élt (Xg,Zp), and the latter space (being
torsion-free, by virtue of our assumption on d) is in turn a lattice in H élt Xz, Qp),
which is crystalline or semistable, respectively, with Hodge—Tate weights lying in
[—1, 0], by the main result of [Tsuji 1999].

Suppose now that d > 1. It follows from Corollary O (resp. Corollary 1) of
[Jannsen and Saito 2012] that if X has good reduction (resp. strictly semistable
reduction) then we may choose a smooth hypersurface section ¥ of X defined over
K which has good (resp. strictly semistable) reduction. Our induction hypothesis
applies to show that H élt(Y % Fp) embeds as a subobject of a G g -representation over
[, which is the reduction modulo p of a Gk-invariant lattice in a crystalline (resp.
semistable) p-adic representation of Gg whose Hodge-Tate weights are contained
in [—1,0]. On the other hand, the weak Lefschetz theorem with F,-coefficients
[SGA 43 1973, Exposé X1V, Corollaire 3.3] implies that the natural (restriction) map
Hélt (Xg.Fp) — Hélt(YE, Fp) is an embedding (because 1 < d — 1 by assumption).
This completes the proof. O

1.4. Cohomology of arbitrary degree. As always we fix a prime p. The necessary
dévissages in this subsection will be more elaborate than in the previous one, and
s0, to maximise the utility of our results for later applications, it will be convenient
to again allow K to denote either a number field or a field of characteristic zero
that is complete with respect to a discrete valuation with perfect residue field of
characteristic p. In applications it will also be useful to have flexibility in the choice
of coefficients in the various cohomology spaces that we consider, and to this end we
fix an algebraic extension E of Q,, with ring of integers O g and residue field kg . (In
applications, E will typically either be a finite extension of Qp, or else will be Q p-)

We now recall some consequences of the weak Lefschetz theorem. Among other
notions, we will use the étale cohomology of a pair consisting of a variety and a
closed subvariety; a precise definition of this cohomology, and a verification of its
basic properties (such as those recalled in the next paragraph), is included in the
Appendix.

Let X be a smooth projective variety of dimension d over K, and suppose that
Y and Z are two smooth hypersurface sections of X, chosen so that Y N Z is also
smooth. Let A denote either E, O, or kg. In either the first or last case, the spaces
H((X\Y)z.(Z\Y)g. A) and H247 /(X \ Z)%. (Y \ Z) %, A)(d) are naturally
dual to one another for each integer i. The weak Lefschetz theorem implies that the
former space vanishes when i > d and the latter space vanishes when 2d —i > d,
i.e., when i < d. Thus, in fact, both spaces vanish unless i = d. It then follows
that both spaces vanish unless i = d in the case when A is taken to be Og as well,
and hence that when i = d both spaces are torsion-free.
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Let K denote an algebraic closure of K, and set Gg := Gal(K/K). Now let
p : Gg — GL,(kg) be irreducible and continuous. In the global case, we fix a
place v of K lying over p, and a decomposition group D, C Gg for v.

Theorem 1.4.1. If X is a smooth projective variety over K which has strictly
semistable (resp. good) reduction (at v, if we are in the global case), and if p
embeds as a subquotient of H ét(X - KE), then p also embeds as a subquotient
of a Gg-representation over kg which is the reduction modulo the uniformiser
of a Gg-invariant O -lattice in a Gg-representation which is semistable (resp.
crystalline) (at v, in the global case) with Hodge—Tate weights contained in the
interval [—i,0].

Proof. We proceed by induction on the dimension of X. Suppose initially that we
are in the strictly semistable reduction case. By Proposition 1.2.3, we can and do
choose smooth hypersurface sections ¥ and Z, having smooth intersection, and
such that Y, Z, and Y N Z all have strictly semistable reduction.

We then consider the long exact sequences

o Hy o (Xg, A) — Hi(Xg, A) — HG(X\Y)g, A) — -,
> Hiynzy o(Zg A) —> Hy(Zg. A) — Hy(Z\Y)g. A) —> -,
= HY(X\Y) g, (Z\Y) g, A)— Hi(X\Y) g, A)— H(Z\Y) g, A) =+,

with A taken to be either E or kg (see [Milne 1980, Chapter III, Proposition 1.25] for
the first two, which are local cohomology long exact sequences, and the Appendix
for the third, which is the long exact sequence of the pair (X \ Y, Z \ Y)). We also
recall (see [SGA 43 1973, Exposé XIV, §3]) that there are canonical isomorphisms

HT Vg, A1) = Hy_ ((Xg, A),
H72(Y N 2Z2)g, A)(=1) = H(fmz)k,ét(z,?, A).

When A = E, all the cohomology spaces that appear are potentially semistable
[Yamashita 2011]. Since H)(Xg. E), H.(Yg. E), and H.(Zg, E) are semi-
stable with Hodge—Tate weights lying in [—i, 0], we see that H{((X \ Y) . E),
Héit((Z \Y)g. E), and Héit((X \Y)g.(Z\Y)g, E) are semistable, with Hodge—
Tate weights lying in [—i, 0].

Now taking A = kg, we see that, since p is irreducible, it appears as a sub-
quotient of Héit_z(YI?,kE)(—l), of Hét(ZI?,kE), of H=Y(Y N Z)(-1), or of
H; (X\Y)g.(Z\Y)g.kg). In the first three cases, the theorem follows by induc-
tion on the dimension. In the final case, the conclusion follows from the vanishing
theorem noted above; namely, H éft((X \Y)z.(Z\Y)g. E) is the desired semistable
representation, with invariant lattice H. ((X\Y) g, (Z\Y)g.0g), whose reduction
Héit((X \Y)g.(Z\Y)g, kg) contains p.
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Finally, suppose we are in the good reduction case. Again, by Proposition 1.2.3,
we can and do choose smooth hypersurface sections ¥ and Z, having smooth
intersection, such that Y, Z, and Y N Z all have good reduction. Applying the
same argument as in the previous paragraph, we see by induction on the dimension
of X that it is enough to check that H(ft((X \Y)g.(Z\Y)g. E) is crystalline,
but this follows immediately from Theorem 1.2 of [ Yamashita 2011]. (Note that
if in the notation of that work we take D! = Z and D? =Y, then by (A.1.2)
below we see that Hgt((X \Y)%.(Z\Y)g, E) appears on the left side of the
Hyodo—Kato isomorphism in the statement of Theorem 1.2 of [ Yamashita 2011],
and since we have already shown that H ét((X \Y)z. (Z\Y)g, E) is semistable,
it is enough to show that the monodromy operator N vanishes on the right side
of the Hyodo—Kato isomorphism. This follows easily from the definition of this
operator as a boundary map, as all objects concerned arise from base change from
objects with trivial log structures.) O

1.5. Egquivariant versions. In practice, we will need equivariant analogues of the
preceding results. As in the preceding section, we let K denote either a number field
(“the global case”) or a field of characteristic zero that is complete with respect to
a discrete valuation with perfect residue field of characteristic p (“the local case”).
We let K denote an algebraic closure of K, and set G := Gal(K /K). In the global
case, we fix a place v of K lying over p, and a decomposition group D, C Gk for v.

We now put ourselves in the following (somewhat elaborate) situation, which
we call a tamely ramified semistable context, or a tame semistable context for short.

We suppose that X¢ and X; are smooth projective varieties over K, that G is
a finite group which acts on X, and that 7 : X1 — Xp is a finite étale morphism
which intertwines the given G-action on X with the trivial G-action on X, making
X1 an étale G-torsor over Xo.

We suppose further that Xo admits a semistable projective model ¥y over Ok
(in the local case) or over Ok (y) (in the global case). We also suppose that there
is a finite Galois extension L of K, and (in the global case) a prime w of L lying
over v, such that (X1),7 admits a semistable projective model &1 over Of, (in the
local case) or over Of, (4, (in the global case) to which the G-action extends, such
that 7w extends to a morphism &1 — (%), which intertwines the G-action on
its source with the trivial G-action on its target, and such that the action of the
(opposite group of) the inertia group I(L/K)°P (or I(Ly /Ky)°P in the global case)
on (X1),7, extends to an action on & 2

2Note that the tameness condition that we are going to require below ensures that L/K is in fact
tamely ramified, and hence that 7(L/K) is abelian. Thus passing to the opposite group is not actually
necessary here when passing from the action on rings to the action on their Specs, but we will keep
the superscript op in the notation for the sake of conceptual clarity.
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Finally (and most importantly), we assume that the composite morphism
%1 — (%0)/@L — %0 (151)

(the first being the extension of m, and the second being the natural map) is tamely
ramified along the special fibre (¥)s, in the sense of [Grothendieck and Murre
1971, Definition 2.2.2].

In fact, in our applications we will consider the case that & is furthermore strictly
semistable, in which case we will say that we are in a tame strictly semistable context.

Remark 1.5.2. The notion of a tame semistable context is somewhat rigid, as we
will see in the following lemma, and would perhaps not be of much interest if it did
not occur naturally in the Shimura variety context (as we will see Section 3.1). As
one example of this rigidity, note that if G = 1, i.e., if X¢ and X coincide, then the
only way to achieve a tame semistable context is if L /K is unramified, or if % is
smooth over Ok . (Indeed, since a tamely ramified morphism is finite, and since the
base change ¥, over the semistable Og-scheme ¥ is normal, we see that if Xq
and X coincide then the morphism &1 — ¥, is necessarily an isomorphism.
This implies that the semistable Og-scheme ¥ has a semistable base change over
O, which, as we noted in Remark 1.2.2, is possible only if L /K is unramified
or ¥y is smooth over Og. Another point of view on this case is as follows: if ¥
is semistable but not smooth, then in order to construct a semistable model % of
®o/0, » we must perform some nontrivial blow-ups, and the resulting morphism
&1 — &y is not finite, and in particular not tamely ramified.)

The following lemma gives a more concrete interpretation of the stipulation that
(1.5.1) be tamely ramified along (¥g)s.

Lemma 1.5.3. In the above setting, the morphism (1.5.1) is tamely ramified along
(%o)s if and only if the following conditions hold:

(1) L (resp. Ly, in the global case) is tamely ramified over K (resp. K, in the
global case), of ramification degree e, say.

(2) For each closed geometric point X1 of the special fibre (¥X1)s, with image X¢
in (¥Xo)s, and for some choice of isomorphism

(Ox0.20)" = (O [X1, - Xnl/ (X1 -+ Xom — DK, (1.5.4)

where W is a uniformiser of (O %)/\ and 1 <m < n, there is a corresponding
isomorphism

(Oxy,2)" = (O V1o yall /1 ym —@L),

where wy is a uniformiser of (@%1)/\, such that the induced morphism

(@X)x)" = (%o)x)"
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is defined by the formula x; = y]?forl <Jj<mandxj=yjform<j<n.

Furthermore, if these equivalent conditions hold, then condition (2) holds for every
choice of isomorphism (1.5.4).

Proof. We first note that if we are in the global case, then, relabelling K, as K and
Ly, as L, we may reduce ourselves to proving the lemma in the local case. Thus
we assume that we in the local case from now on.

If conditions (1) and (2) (for some choice of isomorphism (1.5.4)) hold, then
the morphism (1.5.1) is certainly tamely ramified along (¥¢)s. (This amounts to
the claim that we can verify tame ramification by passing to formal completions of
closed geometric points, which is indeed the case, as follows from [Grothendieck
and Murre 1971, Corollary 4.1.5].)

Suppose conversely that (1.5.1) is tamely ramified along (¥¢)s. Since this
morphism factors through the natural morphism (¥9),0, — %o, it follows from
[Grothendieck and Murre 1971, Lemma 2.2.5] that this latter morphism is tamely
ramified, and hence (e.g., by Proposition 2.2.9 of that reference, although our
particular situation is much simpler than the general case of faithfully flat descent
for tamely ramified covers considered in that proposition) that Spec 07 — Spec Ok
is tamely ramified, i.e., that L is tamely ramified over K, of some ramification
degree e. Thus condition (1) holds.

Now choose a closed geometric point X1 of (¥1)s lying over the closed geo-
metric point X¢ of (¥g)s, and fix an isomorphism of the form (1.5.4). Since
&1 — &y is tamely ramified along the divisor wg = 0 of &, Abhyankar’s lemma
[SGA1 1971, Exposé XIII, Corollaire 5.6] (see also [Grothendieck and Murre
1971, Theorem 2.3.2] for a concise statement) implies that we may find regular

elements {a;};—,  x of (@}?)A[[xl, cosXnll/(x1+ - x;m —@g) such that ay - - - ag
generates the ideal (wg) of (@}?)’\[[xl, co s xnll/(x1+ - xm — WK), exponents
e1,...,ex all coprime to p, and a subgroup H C te; X -+- X [Le;, such that the
(@;?)’\[[xl, coosXpll/(x1 <+ xm — @k )-algebra (Ox, 4,)” is isomorphic to
H

(OO [x1. .o xalllT1 o T/ (1 X — g T —an, L T —ag))
(Here pte; X -++ X e, , and hence H, acts on

OO X1 xnlllThs o TRl (1 xm — ok T —an, . T —ag)
in the obvious manner: namely, an element ({1, . .., {x) acts on 7; via multiplication
by ¢j.)

Since each e; is prime to p and (@jv?)’\[[xl, co s Xnll/(x1 - X — WK is strictly

Henselian, any unit in this ring has an e;-th root, and thus we are free to multiply
any of the a; by a unit. Consequently, we may assume that in facta ---ax = wg =
X1+ Xm, and hence (again taking advantage of our freedom to modify the a; by
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units) that {1, ..., m} is partitioned into k sets Jy, ..., Ji, such thata; = ]_[l-ejj Xi.
Now if we extract the e;-th roots of each x; for i € J;, the resulting extension of
(OM[x1, ... xn]l/(x1 -+ Xm — WK) contains
O x1. - oxalllTh o Tl (1 xm — o T —an, . TR —ag):
thus it is no loss of generality to assume that kK = m and that a; = x;, and so we
conclude that (Ox, ¢, )" is isomorphic, as an (@%)A[[xl, v Xnll/ (X1 xm—wK)-
algebra, to
, H

(O X1, Xnll[Tas oo Tond /(X1 X — TR T = X1, T — X))

for some subgroup H C e, X+ X [e,,.
Let I denote the subgroup 1 X+ X te; X+--Xx 1 of e X -+ X Ue,,; this is the
inertia group of the divisor (x;) with respect to the cover

Spec((O) X1, - - s Xul[T1s - oy T) /(X1 - Xm—0k, Tf =1, o, TE™ —Xpy)
— Spec((@}?)/\)ﬂxl, v xnll/ (X1 xm — @K).

If we write H; = H N I}, then H’:= Hy x---Xx Hy, is a subgroup of H, and
the cover
H/
Spec((OR) X1, s Xnl[T1s . Tin) /(X1 X — @R T = X1, T — X))

H
—>Spec((@}l(l)/\[[x1,...,xn]][Tl,...,Tm]/(xl...xm—wK,Tle‘—xl,...,T,fl’"—xm))

is unramified in codimension 1. Since & is regular, being semistable over Oz, so
is the target of this map (since we recall that this target is isomorphic to ((%1)%,)").
The purity of the branch locus then implies that this cover is étale, and hence is an
isomorphism (since its target is strictly Henselian). Consequently H = H'.

If we write

Hj=1x--~xue;x---xlClx-ux,uejx--~x1=1j,

e
and set d; = e; /e} and §; = T; /', then we conclude that

(Gfl,%l)/\
o~ ((@%)A[[xl,...,xn]][Tl,...,Tm]/(x1---xm—wK,Tf‘—xl,...,T,f,m—xm)

= (O [x1s .o X l[S1o s Sl /(X1 - Xm— &, ST =x1, .. SE—x).

)

Now &1 is an O -scheme with reduced special fibre (again because it is semistable
over Or,). Since (Ox, #,)" is strictly Henselian, it contains (@2*‘)’\, and we may
choose a uniformiser wy, of this ring such that w; = wg. Looking at the above
description of (Ox, «,)”, and taking into account that its reduction modulo @y,
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must be reduced, we see that this special fibre must be the zero locus of the
element S --- Sy, hence that Sy ---S,, = uwy, for some unit u, and thus that

(S1-+-Sm)¢ =u®wg. We conclude that d; = --- = d,,, = e and that u® = 1, and
hence, replacing @y, by uwy,, we find that Sy --- S, = @wr. This shows that (2)
holds (for our given choice of isomorphism (1.5.4)). O

Remark 1.5.5. Note that we could avoid the appeal to the general theory of tame
ramification (in particular, to Abhyankar’s lemma) by just directly stipulating in
our context that conditions (1) and (2) of Lemma 1.5.3 hold; indeed, in the proof
of Theorem 1.5.15 below, we will work directly with these conditions, and in our
applications to Shimura varieties we will also see directly that these conditions
hold. Nevertheless, we have included Lemma 1.5.3 as an assurance to ourselves
(and perhaps to the reader) that these conditions are somewhat natural.

Lemma 1.5.6. In a tame strictly semistable context as above, the Of, -scheme %1 is
also strictly semistable.

Proof. Since & is semistable by assumption, it is enough to show that the compo-
nents of the special fibre (¥1) are regular. Suppose that D is a nonregular compo-
nent of (¥1)s, and let X be a closed geometric point of D whose local ring on D is
not regular. If we let X denote the image of X1 in (¥¢)s, then Lemma 1.5.3(2) shows
that we may find isomorphisms (Ox, (,),)" = Ox/@k[y1.- .. yull/ (V1 Ym)
and (Ox,,(x0),)" = Ok /@k X1, ..., Xu]l/ (X1 Xm), With 1 <m < n, such that
the morphism (Ox, (#,),)" = (Ox,,(x0),)" is given by x; = yj? forl <j <m
and x; = y; for m < j < n. Since by assumption X is not a regular point of
D, we find that necessarily m > 2, and that (possibly after permuting indices)
there is an isomorphism (Ox, p)" = Og/@k([y1,...,Ynll/(¥1+* Ym’), Where
2 <m’ <m. If we let D’ denote the image of D in (¥¢)s, we conclude that there
is an isomorphism (Ox,,p/)" = Ok /@i [x1,...,Xn]l/(x1 - Xpm), and thus that
D’ is not regular. Hence ¥ is not strictly semistable, a contradiction. O

We now suppose that we are in a tame semistable context, as described above,
and suppose for the moment that we are in the local case. Then we have an action
of I(L/K)°P x G on the special fibre (¥1)s. Let D be an irreducible component
of the special fibre of (¥y)s, and let D denote its preimage in (¥1)s, so that Dis
an /(L /K)°P x G-invariant union of irreducible components of (%1);s.

Lemma 1.5.7. If G is abelian, then there is a homomorphism ¥ : [(L/K) - G
such that the action of I(L/K)°P on D is given by composing the action of G with
Vs ie., ifi € I(L/K), then the action of i on D coincides with the action of ¥ (i).

We first prove a general lemma:
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Lemma 1.5.8. Let S be a connected Noetherian scheme, let G and I be finite
groups, and let f : T — S be a finite étale morphism with the property that 1°P x G
acts on T over S in such a way that T becomes a G-torsor over S. If G is abelian,
then there exists a morphism  : I — G such that the action of I on T is given by
composing the action of G on T with the morphism .

Proof. For clarity, we will not impose the assumption that G is abelian until required.

If we fix a geometric point s of .S, then the theory of the étale fundamental group
[SGA 1 1971, Exposé V, Théoreme 4.1] shows that passing to the fibre over § gives
an equivalence of categories between the category of finite étale covers of S and
the category of (discrete) finite sets with a continuous action of 71 (.S, 5). In this
way, T is classified by an object P of this latter category equipped with an action
of 1°P x G, with respect to which the G-action makes P a principal homogeneous
G-set.

If we fix a base point p € P, then we may identify P with G, thought of as
a principal homogeneous G-set via left multiplication. As the automorphisms of
G as a principal homogeneous G-set are naturally identified with G°P acting by
right multiplication, we obtain a homomorphism v/, : I°? — G°P, or equivalently a
homomorphism v/, : I — G, describing the action of /°P on P. If we replace p by
g+ p (for some g € G), then one finds that ¥, = gwpg_l. Thus, if we now assume
furthermore that G is abelian, then v, = V¢, and so it is reasonable in this case
to write simply v for this homomorphism, which is well-defined independently
of the choice of base point for P. Furthermore, when G is abelian, left and right
multiplication by an element g € G coincide, and so the action of /°P on P is given
by the formulai - p = (i) - p for all p € P. Since the automorphisms of 7 over
S induced by i and ¥ (i) coincide on P, they in fact coincide on all of 7. d

Proof of Lemma 1.5.7. The morphism &1 — (%¢) ¢, is étale on generic fibres, and
the explicit local formulas for this morphism provided by Lemma 1.5.3 show that
it is in fact étale over an open subset U of (¥o) /g, whose intersection with the
special fibre ((Xo) /¢, )s is Zariski dense. Replacing Uo with the intersection of all
of its /(L /K)°P-translates, we may furthermore assume that AU is invariant under
the action of /(L/K) on (¥o) ¢, -

If we let U; denote the preimage of AUg in &1, then U, is invariant under the
I(L/K) x G-action on %7, and the morphism U; — AUy is a finite étale cover, for
which the corresponding map Uy — Uy on generic fibres realises U; as a G-torsor
over Ujy. It follows that the G-action on U realises AU; as an étale G-torsor over
Ao, and hence, passing to special fibres, that (U;)s is an étale G-torsor over (Ug)s.

Now the induced 7(L/K)°P-action on (Ug); is trivial, and so /(L /K)°P acts on
(U1)s as a group of automorphisms of the G-torsor (Uy)s over (ouo) s. IfD":

D N (AUg)s, then D’ is an irreducible component of (Ug)s, and D':=Dn (Oul) s
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is the restriction of (WU;)g to D’. Thus D' - Dis again an étale G-torsor, with
an action of /(L/K)° via automorphisms. Lemma 1.5.8 then shows that there
is a homomorphism v : I(L/K)°® — G°P, or equivalently a homomorphism
¥ : I(L/K) — G, such that the action of /(L /K)°P on the points of D'is given
by composing the action of G with the homomorphism . Since D is equal to the
Zariski closure of D’ in (%1)s, the claim of the lemma follows. O

Lemma 1.5.9. Suppose that we are in a tame strictly semistable context. If g €
I(L/K) x G and D is a component of (¥1)s, then D and gD either coincide or
are disjoint.

Proof. The images of D and gD in (¥¢)s coincide, and it follows from Lemma 1.5.3
that two distinct components of (¥1); that have nonempty intersection must have
distinct images in (¥g)s. |

If we now suppose that we are in the global case, then the discussion applies with
L/K everywhere replaced by L,/ Ky, and in particular for each component D we
may define a character ¢ : I(Ly/Ky) — G describing the action of 1(Ly /Ky)
onD.

Our next result describes how our tame semistable context behaves upon passage
to a semistable hypersurface section of &. In its statement we assume for simplicity
that we are in the local case.

Proposition 1.5.10. Suppose that we are in the tamely ramified semistable context
described above, and let Yy be a regular hypersurface section of ¥y such that
the union of Yo and (Xo)s forms a divisor with normal crossings on . Let Yy
denote the generic fibre of Mg, let Y1 denote the preimage of Yo under the morphism
7 : X1 — Xo, and let Yy be the preimage of Yo under (1.5.1) (so that (Y1), is the
generic fibre of the O -scheme ¥1). Then:

(1) The complement of Y1 in X1 is affine.

(2) The generic fibre Yo of Mg is smooth over K, the morphism Y1 — Yy is an
étale G-torsor (so in particular Y1 is also smooth over K), Yy is a semistable
model of Yo over Ok, Y1 is a semistable model for (Y1),1, over Or, and the
morphism Y1 — Ng is tamely ramified; consequently Y1 — Mg is again a
tamely ramified semistable context.

(3) Suppose that G is abelian. If D’ is an irreducible component of (¥1)s, con-
tained in an irreducible component D of (¥1)s, then the homomorphism
Y I(L/K) — G, which describes the action of I(L/K) on D, also describes
the action of I(L/K) on D’.
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Proof. Since ¥y is a hypersurface section of &y, its generic fibre Yy is a hypersurface
section of X¢. Thus its complement is affine. Since = is a finite morphism by
assumption, the complement of Y7 in X; is again affine. Since Y is a regular
projective K-scheme (being the generic fibre of Yo, which is regular by assumption),
it is in fact smooth over K. By definition, Y; is the preimage of Yy under the
morphism X; — Xy, which is an étale G-torsor by assumption. Thus Y; — Yy is
indeed an étale G-torsor (and so Y7 is also smooth over K).

Let Xo denote a closed geometric point of the special fibre (¥Yg)s. Since
(((%0);0)/‘)s U ((Yo)x,)" forms a divisor with normal crossings, since each com-
ponent of (((%o)jo)/\)s is regular, and since % is regular by assumption, it follows
from [Grothendieck and Murre 1971, Lemma 1.8.4] that (((%0)x,)"), U (¥0)x,)"
is in fact a divisor with strictly normal crossings in ((%0)x,)", and hence the local
equation £ of ((Wg)x,)”", together with the elements xi, ..., x5, that cut out the
irreducible components of (((960) go)’\)s, form part of a regular system of parameters
for (Ox,,%,)". Thus we may choose a model of the form (1.5.4) for ((%0)x,)" for
which m < n and in which £ is equal to the element xp, i.e., in which ((¥o)x,)" is
the zero locus of the element Xx,,.

We now choose a closed geometric point X1 of (¥1)s lying over X, as well as a
model for the tamely ramified morphism ((%¥1)x,)" — ((¥0)x,)” as in part (2) of
Lemma 1.5.3. Thus this morphism has the form

Spec((Gzl,l /\)[[yl’ e ,Yn]]/(YI o Ym— wL)
— Spec((OR))x1 - -, Xnll/ (x1 -+ X — @),

with x; = yj‘? for1 <j <mand x; = y; form < j <n. In particular, we see that
Xn = Yn, and thus we see that the induced morphism

(YD) = (Yo)z,)" (1.5.11)

can be written as

Spec((O) M) [y1. -+ a1/ (V1 - Ym — L)
— Spec((@ih)/\)[[xl, cosXn—1ll/(x1 .. xm — k). (1.5.12)

Thus we see that Yy and Y, are indeed semistable models of their generic fibres
(over Og and Oy, respectively), and that the morphism ¥; — ¥ is tamely ramified.
This completes the verification of (2). The claim of (3) follows from the fact that
the action of I(L/K)°P? x G on (Y); is the restriction of the corresponding action
on (¥1)s, together with the fact that any component of (¥;); is contained in a
component of (¥1)s. O

We now suppose that £ is an algebraic extension of (,, containing K. Recall
that if p : Gg — GL, (F) is a potentially semistable representation, then we may
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attach a Weil-Deligne representation WD(p) to p by first passing to the potentially
semistable Dieudonné module Dy (p) of p, which is a module over E ®q, Ko,
then fixing an embedding K¢ <> E, and hence a projection pr: £ ®q, Ko — E,
and, finally, forming WD(p) := E ® E®q, Ko.pr Dpst. Although WD(p) depends
on the choice of the embedding K¢ < E, up to isomorphism it is independent
of this choice, as the Frobenius ¢ on Dy (p) provides isomorphisms between the
different choices. (See for example [Conrad et al. 1999, Appendix B] and [Taylor
2004, p. 78=79] for discussions of this construction and its properties.)

In the tame strictly semistable case, the following result will allow us to describe
the inertial part of the Weil-Deligne representation associated to the p-adic étale
cohomology of X1, or of a pair (X1, Y1) that arises in the context of the preceding
proposition. Before stating the result we introduce some additional notation, and
an additional assumption.

Assume that G is abelian, and let J denote the set of /(L /K) x G-orbits on the
set of irreducible components of (¥1)s, and let D; (for j € J) denote the union
of the components lying in the orbit labelled by j. Let ; : I(L/K) — G be the
homomorphism provided by Lemma 1.5.7, describing the action of /(L/K) on the
points of D;.

Proposition 1.5.13. Suppose that we are in a tame strictly semistable context
as above. Either let W denote the Weil-Deligne representation associated to
the potentially semistable Gg-representation Héft((X 1) /K E), or else suppose
that we are in the context of Proposition 1.5.10, and let W denote the Weil—
Deligne representation associated to the potentially semistable G g -representation
Héit((Xl)/I?, (Yl)/l?), E) (here i is some given degree of cohomology); in either
case, W is a representation of the product WDg x G. Assume furthermore that G
is abelian.

Then, if, as in the above discussion, J denotes the set of I(L/K) x G-orbits
of irreducible components of (¥X1)s, we may decompose W as a direct sum W =
&P FeJ Wf, such that on ij the action of the inertia group in Wk is obtained by

composing the G-action on ij with the homomorphism Ix — I(L/K) w—) G.
7

Proof. Since the action of the inertia subgroup of Wg on W factors through a
finite group, and representations of a finite group over a field of characteristic
zero are semisimple, the claimed property of W is stable under the formation of
subobjects, quotients, and extensions (in the category of Wx x G-representations).
A consideration of the long exact sequence of cohomology associated to the pair
(X1, Y1) (see the Appendix) then reduces the claim for the cohomology of the pair
to the claim for the cohomology of X1 and Y7 individually. Since Proposition 1.5.10
shows that the strictly semistable model Y1 of (Y1) 7, behaves in an identical manner
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to the strictly semistable model of &1 of (X1),r, it in fact suffices to consider the
case of X;.

Thus we now restrict our attention to the Wg-representation W underlying
the potentially semistable Dieudonné module associated to H éit((X 1) g E ). By
[Tsuji 1999], this Dieudonné module is naturally identified with the log-crystalline
cohomology H'((%1)X/ W(k)>) ®w k) E of the special fibre (%), with its natural
log-structure. Lemma 1.5.9 shows that if an intersection of distinct components of
the special fibre (¥1); is nonempty, then the various components appearing must lie
in mutually distinct orbits of /(L /K)x G acting on the set of components. Recalling
that J denotes the indexing set for the collection {D; };es of I(L/K) x G-orbits
of components of (¥1);, this log-crystalline cohomology may be computed by the
following spectral sequence of [Mokrane 1993]:

—m,i+m
El

= @  HFTDHN- 0D/ WK) @wy E(<L—m)
[ >max{0,—m}
{152 4+m+13CJ

= H' (%05 W)™ @wa) E-

The constructions of [Tsuji 1999; Mokrane 1993] are both functorial, so that
everything here is compatible with the /(L /K) x G-actions. Each of the summands
in the Ej-term is naturally an /(L /K) x G-representation, and furthermore the
action of /(L/K) is given by the composite of the action of G with one of the
characters ¥ 7 Thus the E;-terms of this spectral sequence satisfy the claimed
property of W. Thus W also satisfies this property, since it is obtained as a
successive extension of subquotients of these E;-terms. O

We are now ready to prove our equivariant versions of Theorems 1.3.1 and
1.4.1. For the first result, we place ourselves in the local case (since the global case
immediately reduces to the local case by passing from K to K):

Theorem 1.5.14. Suppose that we are in the tame strictly semistable context de-
scribed above. Then the Gk X G-representation H élt((X Vg Fp) embeds Gx X G-
equivariantly into the reduction modulo the uniformiser of a Gg x G-invariant
OE -lattice in a representation V of Gx X G over E, having the following properties:

(1) The restriction of V to Gy, is semistable, with Hodge—Tate weights contained
in the interval [—1, 0].

(2) The Weil-Deligne representation associated to V', which is naturally a repre-
sentation of WDk x G, when restricted to a representation of Ix X G can be
written as a direct sum @j cF W]v of Ix x G-representations, where j runs
over the same index set that labels the set of I(L/K) x G-orbits of irreducible
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components of (¥1)s, such that on ij the action of the inertia group in

Wk is obtained by composing the G-action on Wf with the homomorphism

Ix — I(L/K) w—> G.

J

Proof. We follow the proof of Theorem 1.3.1, proceeding by descending induction
on the dimension of X¢ and X, and passing to appropriately chosen hypersurface
sections Yg of ¥ and their corresponding preimages Y7 in X1 and ¥y in (¥1) /.
Taking into account Proposition 1.5.10, we thus reduce to the case when X¢ and
X are curves, so that H ((Xl)/K, F,) is the reduction mod p of H ((Xl)/K, Zp),
which is in turn a lattice in H L((X1) /K Qp). This latter representatlon is potentially
semistable with Hodge—Tate welghts in [—1, 0], by [Tsuji 1999]; the claim regarding
Weil-Deligne representations follows from Proposition 1.5.13. O

For our second result, we allow ourselves to be in either the local or global context.

Theorem 1.5.15. Suppose that we are in the tame strictly semistable context de-
scribed above, and let p : Gg X G — GLy (k) be an irreducible and continuous
representation that embeds as a subquotient of H t((X Vg kE). Then p also
embeds as a subquotient of a Gg X G-representation over k g which is the reduction
modulo the uniformiser of a Gg x G-invariant O -lattice in a representation V of
Gk X G over E, having the following properties:

(1) The representation V becomes semistable when restricted to Gy, (resp. the
decomposition group Dy, C Gy, in the global case), with Hodge—Tate weights
contained in the interval [—i, 0].

(2) The Weil-Deligne representation associated to V , which is naturally a repre-
sentation of WDk x G (resp. WDk, X G in the global case), when restricted
to a representation of Ik x G (resp. Ik, x G in the global case) can be
written as a direct sum @ W~ of Ik x G-representations (resp. of I, x G-
representations), where j runs over the same index set that labels the set of
I(L/K) x G-orbits (resp. of Ik, x G-orbits) of irreducible components of
(%1)s, such that on W~ the action of the inertia group is obtained by composing
the G-action on W~ wzth the homomorphism Ig — [(L/K) —> G (resp. the
homomorphism IKU — I(Ly/Ky) 1//—) G). v

J
Proof. We can be proved in exactly the same way as Theorem 1.4.1, taking into
account Propositions 1.5.10 and 1.5.13. |

2. Breuil modules with descent data

In this section we establish a result (Theorem 2.2.4) which imposes some constraints
on the reductions of certain tamely potentially semistable p-adic representations
of G@p‘
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2.1. Preliminaries. We begin by recalling some results from Section 3 of [Emerton
et al. 2013]. To this end, let p be an odd prime, let @ p be a fixed algebraic closure
of @, and let E and K be finite extensions of @, inside @,. Assume that E
contains the images of all embeddings K < Q p- Let Ko be the maximal absolutely
unramified subfield of K, so that Ko = W(k)[1/ p], where k is the residue field
of K. Let K/K’ be a Galois extension, with K’ a field lying between @, and K.
Assume further that K/K’ is tamely ramified with ramification index e, and fix a
uniformiser 7 € K with 7¢ € K'. Let E(u) € W(k)[u] be the minimal polynomial
of m over Kj.

Let kg be the residue field of £, and let 0 < r < p —2 be an integer. Recall that
the category k g-BrMod},; of Breuil modules of weight r with descent data from K
to K’ and coefficients kg consists of quintuples (AL, M, ¢y, &, N), where:

* M is a finitely generated (k ®g, kg )[u]/uP-module, free over k[u]/u®?.

My is a (k ®, kg )[u]/u®?-submodule of .Ul containing u¢" L.

* ¢p 1M, — M is k g-linear and ¢-semilinear (where ¢ : k[u]/u®? — k[u]/u? is
the p-th power map) with image generating .l as a (k ®g, kg )[u]/u®?-module.

e N :M — Mis k ®, kg-linear and satisfies N(ux) = uN(x) — ux for all
x €M, u N(My) C My, and ¢ (ué N(x)) = ¢ N(pr(x)) for all x € M,. Here,
c = Fu)? e (k[u]/u®?)*, where E(u) = u® 4+ pF(u) in W(k)[u].

e g : M — JL are additive bijections for each g € Gal(K/K’), preserving Jl,,
commuting with the ¢,- and N -actions, and satisfying g1 o0 g2 = (g1 0 g2)"
for all g1, g2 € Gal(K/K’). Furthermore, if a € k ®¢, kg and m € .l then
glau'm) = g(a)((g(m)/m)" ® Du'g(m).

There is a covariant functor Ty from k E-BrMod}, to the category of k-
representations of Gg.

Lemma 2.1.1. Suppose that M € kg-BtMod}, and T' is a Gg-subrepresentation
of T:t’r (M) (so that in particular T' has the structure of a k g -vector space). Then
there is a unique subobject M of M such that, if f : M — M is the inclusion map,
then To" (f) is identified with the inclusion T' — Ta" (). (Here M is a subobject
of M in the naive sense that it is a sub-(k ®¢, k g)[u]/u®?-module of M, which
inherits the structure of an object of k g-BrMod}, from [ in the obvious way.)

Proof. This is Corollary 3.2.9 of [Emerton et al. 2013]. O

We now specialise to the particular situation of interest to us in this paper;
namely, we let Ko be the unique unramified extension of Q, of degree d, we
take K = KO((—p)l/(pd_l)), and we set K/ = Ky, so that e = pd — 1. Fix
= (—p)l/(pd_l). We write @4 : Gal(K / Ko) — K for the character g+ g () /,
and we let wy be the reduction of @y modulo 7. (By inflation we can also think
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of @y and wy as characters of /g, = Ig,. Note that w, is a tame fundamental
character of niveau d and that @, is the Teichmiiller lift of w;.) Note that when
d =1, we have w; = w, the mod p cyclotomic character.

Let ¢ be the arithmetic Frobenius on &, and let g : k = k g be a fixed embedding.
Inductively define o1, ...,04_; by 0,41 = 0; o ¢~ !; we will often consider the
numbering to be cyclic, so that ; = 0g. There are idempotents e; € k Qf » kg
such that if M is any k ®¢ , kg-module, then M = D, e; M, and e; M is the subset
of M consisting of elements m for which (x ® 1)m = (1 ® o;(x))m for all x € k.
Note that (¢ ® 1)(e;) = ej4+1 forall i.

If p: Gk, — GL,(E) is a potentially semistable representation which becomes
semistable over K, then the associated inertial type (that is, the restriction to /g,
of the Weil-Deligne representation associated to p) is a representation of /g,
which becomes trivial when restricted to /g, so we can and do think of it as a
representation of Gal(K/Ko) = Ig,/Ik.

Proposition 2.1.2. Maintaining our current assumptions on K, suppose that p :
Gk, — GL,(E) is a continuous representation whose restriction to G is semi-
stable with Hodge—Tate weights contained in [0, r], where r < p — 2, and let the
inertial type of p be y1 @ - @ xn, where each y; is a character of I, /Ik. If p
denotes the reduction modulo mg of a Gg,-stable Og-lattice in p, then there is an
element M of k g-BrMod}y, admitting a (k ®¢, k g)[u]/u?-basis vy, ..., v, such
that g (v;) = (1 ® ¥ (g))v; for all g € Gal(K/Ky), and for which Ty (M) = p.

Proof. This is Proposition 3.3.1 of [Emerton et al. 2013]. (Note that the conven-
tions on the sign of the Hodge—Tate weights in that work are the opposite of the
conventions in this paper.) O

Lemma 2.1.3. Maintain our current assumptions on K, so that in particular we
have e = pd — 1. Then every rank-1 object of k g-BrMod}; may be written in
the form

o M= ((k®¢, kg)[u]/u?)-m,

e e;ll, =u"ie; M,

. (pr(zl‘-l;ol urieim) = Am for some A € (k ®¢, kg)™,

e §(m) = (X2 (04 ()% ® 1)e;)m for all g € Gal(K/Ko), and
e N(m) =0.

Here the integers 0 <r; <(p®—1)r and k; satisfy ki = p(ki—1+ri—1) mod (p?—1)
for all i. Conversely, any module M of this form is a rank-1 object of k g-BrMod},.
Furthermore,

T2 ()7, = 09 0 w2,

where ko = ko + p(rop? ' +r1p?=2 + -+ ry—1)/(p? — 1) mod (p¢ —1).
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Proof. This is Lemma 3.3.2 of [Emerton et al. 2013]. O

Remark 2.1.4. In the sequel, we will only be interested in the case that for
each i we have ki = (1 + p+ -+ p?1)x; forsome 0 < x; < p—1. In
this case, the condition that pr; = k; 11 — pk; mod (p? — 1) implies that r; =
(A4 p+-+ p4H(xiy1 —x;) mod (p? — 1), so the condition that 0 < r; <
(p? —1)r means that we can write r; = (14 p+-- -+ p¢ " (xi21—x1) +(p? =) y;,
with 0 < y; <r. An elementary calculation shows that we then have

Ko =x0+ yo+ p 7 (x1 + y1) + -+ p(xg_1 + ya—1) mod (p¢ —1).

2.2. Regularity. Let Q,n denote the unique unramified extension of Q, of de-
gree n, with residue field F,». Regarding [F,» as a subfield of Fp, we may then
regard wy, as a character Ig, — F;.

Definition 2.2.1. Let p: Gg, — GL, (Fp) be an irreducible representation, so that
) Gap . X ;
o= IndG@ x for some character y : Gg, — [,. If we write

ph

_ . (ao+pai+-+p"la,_
X|I@p—w;§0 pai p nl)’

where each a; € [0, p—1] and not all the a; are p — 1, then the multiset of exponents
of p is defined to be the multiset of residues of the a; in Z/ pZ.

Definition 2.2.2. Let p: Gg, — GL, (F,) be a representation. Then the multiset
of exponents of p is the union of the multisets of exponents of each of the Jordan—
Holder factors of p.

Definition 2.2.3. Let p : Gg, — GL, (Fp) be a representation, and let r be a
nonnegative integer. Then we say that p is r-regular if the exponents ay, ..., a, of
p are such that the residues a; + k € Z/pZ,1 <i <n,0<k <r+ 1, are pairwise
distinct.

The following theorem is the main result we will need from explicit p-adic
Hodge theory:

Theorem 2.2.4. Let r be a nonnegative integer, and let s : Gg, — Gl @ »)
be a potentially semistable representation with Hodge—Tate weights contained in
the interval [0, r] and inertial type x1 @ --- ® ym. Suppose that there are (not
necessarily distinct) integers 0 < ay,...,a, < p — 1 such that each y; is equal to
some 0% .

Suppose that p : GED », > GLy (Fp) is a subquotient of §, the reduction mod Mo,
of some Gq,-stable Z p-lattice in s. Suppose also that

° det/_)|1@ :a)al+"'+an+n(n_1)/2,
p
e r<(n—1)/2,and

« p>n(n—1/2+1.
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If r = (n —1)/2 then assume further that some irreducible subquotient of p has
dimension greater than 1. Then p is not r-regular.

Proof. Modifying the choice of Z -lattice if necessary, it suffices to treat the case
that p and 5 are semisimple. Let p’ = IndG v be an irreducible subrepresentation
of p. Take K/ = Ko = Qpa in the above notatlon so that e = p — 1. Taking
E to be sufficiently large so that s is defined over E and p is defined over kg,
and applying Proposition 2.1.2 to s|G(132 , we see that there is an element Jl of
k g-BrModj; with

*, ~ =
Tstr(‘/m“) = S|GQ d’
14

such that [t has a (k ®r, kg)[u]/u?-basis vy, ..., vy with g(v;) = (1® ¥ (g))v;
for all g € Gal(K/Ko). Since 5|G, , contains a subrepresentation isomorphic
to y, we see from Lemma 2.1.1 that f[)here is a rank-1 subobject N of Al for which
T (N) = x

Since N/uN embeds into M/ul (as N is a free k[u]/u¢?-submodule of the
free k[u]/u?-module ), we see from Lemma 2.1.3 and our assumption on the
characters y; that we may write N in the form

o« N = ((k &, kgl /u?=DP).w,
e ;N =u'ie; N,
. <Pr(Z, Olu’le, ) = Aw for some A € (k Qf, kg)*™,

g(w) = (Zi:o (0q(g)* @ 1)e;)w for all g € Gal(K/Ko), and
e Nw)=

Here the integers 0 < r; < (p%—1)r and k; satisfy k; = p(k;_1+ri_1) (mod p?—1)
for all i, and each k; is equal to some (1 4+ p +---+ pd_l)aj. (The conditions
on the r; come from Lemma 2.1.3, and the fact that each k; is equal to some
(14+p+---+ pd_l)aj comes from the fact that N is a submodule of Jl which has a
basis v, ..., v, such that g(v;) = (1 ® ¥;(g))v; and the assumption that each ¥; is
equal to some % .) Writing k; = (14 p+---+ p¢~Yx;, 0<x; < p—1, we see as
in Remark 2.1.4 that we can write r; = (14 p+- -+ p@ ) (xi 41—x1) +(p% —1) yi,
with 0 < y; <r. By Lemma 2.1.3 and Remark 2.1.4, we have

1o, = 00 ow;O‘FJ’O‘f‘Pd_I(x1+)’1)+"'+l’(xd—l+J’d—1)'

Since r < p —2, we have 0 < y; < p — 2, and we conclude (after allowing for

“carrying”) that each exponent of p is of the form a; +k withO <k <r + 1.
Suppose that p is r-regular. It must then be the case that the x; above are all dis-

tinct. Applying this analysis to each irreducible subrepresentation of p, we conclude

that the a; are all distinct. Since we have det(p’ Niq, X1+1’+"'+pd l |1a,

wXotyo)t+&a—1+ya-1)  we conclude that detp|1@ = @ttty for some
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0 <y <nr <n(m-—1)/2. The assumption on detp then implies that y =
n(n—1)/2 (mod p—1). Ifin factr < (n—1)/2,thenwehave 0 <y <n(n—1)/2,
which contradicts the assumption that p >n(n —1)/2 4 1.

It remains to treat the case that r = (n — 1)/2, where we may assume (by the
additional hypothesis that we have assumed in this case) that the representation p’
above has dimension d > 1. By the above analysis we must have y =n(n—1)/2,
so that each y; = r. Since we have r; < (pd —1)r, we must have x; 11 —x; <0
for each i, so that in fact xg = x;1 = -+ = x4_1, a contradiction (as we already
showed that the x; are distinct). O

3. The cohomology of Shimura varieties

3.1. The semistable reduction of certain U(n—1, 1)-Shimura varieties. Fixn >?2,
and fix an odd prime p.3 We now recall the definitions of the U(n — 1, 1)-Shimura
varieties with which we will work, and some associated integral models. For
simplicity we work over Q (or rather an imaginary quadratic extension of Q) rather
than over a general totally real field.

For the most part we will follow Section 3 of [Haines and Rapoport 2012] (which
uses a similar approach to [Harris and Taylor 2002]), with the occasional reference
to [Harris and Taylor 2001]. Fix an imaginary quadratic field ' in which the
prime p splits, say (p) = pp for some choice of p, let x — X be the nontrivial
automorphism of F, and regard F as a subfield of C via a fixed embedding F — C.

Let D be a division algebra over F of dimension 12, and let * be an involution
of D of the second kind (that is, *| z is nontrivial). Assume that D splits at p (and
hence at p), and fix isomorphisms D, = M,(Q,) and D = M,(Q,) with the
property that, under the induced isomorphism

D®Qp=M,(Qp)x Mn(@p)Opv

the involution * corresponds to (X,Y) — (Y7, X7).
Let G/q be the algebraic group whose R-points are

G(R)={xe(D®aR)*|x-x*€ R}

for any Q-algebra R. Thus our fixed isomorphism D, = M,(Q,) induces an
isomorphism G xg Qp = GL, xG,.

Now let hg : C — Dr be an R-algebra homomorphism with the properties
that /19(z)* = ho(Z) and the involution x > ho(i) "' x*ho(i) is positive (that is,
trB/@(xho(i)_lx*ho(i)) > 0 for all nonzero x). Let B = D° and let V = D,
which we consider as a free left B-module of rank 1 by multiplication on the right.

3The reason for assuming that the prime p is odd is that below we will want to apply the discussion
and results of Section 2, in which this assumption was made.
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Then Endp (V) = D, and one can find an element § € D> with the properties that
£* = —£ and such that the involution ¢ of B defined by x* = £x*£~! is positive
(see Section 1.7 of [Harris and Taylor 2001] or Section 5.2 of [Haines 2005] for the
existence of such a £).

We have an alternating pairing ¥ (-,-) : D x D — Q defined by ¥ (x,y) =
trp/o(x£y™), and one sees easily that ¥ (bx, y) = ¥ (x,b'y) and that ¥ (-, ho(i) )
is either positive- or negative-definite. After possibly replacing & by —&, we can
and do assume that it is positive-definite.

It is easy to see that one has

G(R) = GU(r, s)

for some r, s with r + s = n. We impose the additional assumption that in fact
{r,s} = {n —1,1}. Note that by Lemma 1.7.1 of [Harris and Taylor 2001] one can
find division algebras D for which this holds. We say that a compact open subgroup
K C G(A®®) (resp. K? C G(AP:®®)) is sufficiently small if for some prime ¢ (resp.
some prime g # p) the projection of K (resp. K?) to G(Q,) contains no element
of finite order other than 1. If K is sufficiently small, we will consider the Shimura
variety Sh(G, h0|6§, K). It has a canonical model over F, which we denote by
X(K) (note that if n > 2 the reflex field is F, while if n = 2 the reflex field is @,
and we let X(K) denote the base change of the canonical model from Q to F).

We say that a compact open subgroup K of G(A) is of level dividing N, for
some integer N > 1, if for all primes / } N we can write K = K; K ! where K;
is a hyperspecial maximal compact subgroup of G(Q;) and K lisa compact open
subgroup of G(A°). (Note then that in fact K = Ky x [], v Ki, for some
compact open subgroup Ky of ]_[” y G(Qp).) If K is of level dividing N, then we
similarly refer to X(K) as a U(n — 1, 1)-Shimura variety of level dividing N .

We will now define integral models of these Shimura varieties for two specific
kinds of level structure. We begin by introducing notation related to the level
structures in question.

We write /o for the Iwahori subgroup of GL,(Q,) x Q; namely, /o is the
subgroup of GL,(Z,) x Z; consisting of elements whose first factor lies in the
usual Iwahori subgroup of matrices which are upper-triangular mod p. We write Iy
to denote the pro-p-Iwahori subgroup of GL, (Qp) x Q5 ; namely, /; is the (unique)
pro-p Sylow subgroup of /o, and consists of those elements of GL,(Z,) x Z;
whose first factor is upper-triangular unipotent mod p, and whose second factor is
congruent to 1 mod p. We write /;* to denote the subgroup of 7 consisting of those
matrices in GL, (Z) x Z; whose first factor is upper-triangular unipotent mod p.

There is a natural isomorphism Z; = I]:I’,< x (14 pZp), and this induces a natural
isomorphism /" = [F; x I1. If we let T denote the diagonal torus in GLj, then
there is also a natural isomorphism /o = T'(F,) x I]".
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We will define integral models for X (/o K?) and X(I]"K?) over the local rings
OF,(p) and OF(¢,_,),(v) Tespectively, where {p—1 denotes a primitive (p —1)-st root
of unity, and v is some fixed place in F({,—1) above p; here K7 is a sufficiently
small compact open subgroup of G (A°®?), and we consider /o and /" as subgroups
of G(Qp) = GL,(Q,) x Q@%. We will typically not include K7 in the notation,
and we will write Xo(p), X1(p) for our integral models of Xo(p) := X(IoK?)
and X1(p) := X(I{ K?) respectively.

Remark 3.1.1. Note that in [Haines and Rapoport 2012], [Harris and Taylor 2002],
and [Harris and Taylor 2001], the authors work over Z,, but we follow [Kottwitz
1992] in working over O F (), so as to satisfy the hypothesis required to be in the
global case of Section 1. The appearance of {,—1 in the ring of definition of ¥1(p)
is a consequence of our use of Oort—Tate theory in the definition of the integral
model in this case.

In order to define these integral models, we first recall a certain category of
abelian schemes (up to isogeny) with polarisations and endomorphisms. If & is a
set-valued functor on the category of connected, locally noetherian O (,)-schemes,
we will also consider it to be a functor on the category of all locally noetherian
O F p)-schemes by setting

#(LIs:) =TTz
Let Op be the unique maximal Z ,)-order in B which under our fixed identification
B ®0 Qp = My(Qp) x My(Qp)° is identified with My (Z () X My (Zp))°P. Let
S be a connected, locally noetherian O f (,)-scheme, and let AVg be the category
whose objects are pairs (A, i), where A is an abelian scheme over S of dimension 72
and i : Op — Endg(A4) ® Z(,) is a homomorphism. We define homomorphisms in

AV by
Hom((A1,i1), (A2,i2)) = Homgy, ((A1,11), (A2,i2)) @ Z(p)

(that is, the elements of Homg (A1, A2) ® Z(,) which commute with the action
of Op). The dual of an object (A, i) of AVy is (/’1\, f), where A is the dual abelian
scheme of A and f(b) = (i(b*))". A polarisation of (A4,7) is a homomorphism
A:i(A,i)— (/f, f) in AVs with the property that, for some n > 1, nA is induced
by an ample line bundle on A. A principal polarisation is a polarisation which
is also an isomorphism in AVg. A Q-class of polarisations is an equivalence
class of homomorphisms (A4,i) — (/T ,1) which contains a polarisation, under the
equivalence relation of differing by a Q*-scalar.

Fix K7 a sufficiently small open compact subgroup of G(A%-?). Let sy be
the set-valued functor on the category of locally noetherian schemes over OF (y)
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which sends a connected, locally noetherian scheme S over O () to the set of
isomorphism classes of the following data:

e A commutative diagram of morphisms in the category AVs of the form

oo aq 0p—2 Qp—1

Ao A te An—1 Ao
J{ko J/M l)tn—l llo
//1\0 &o //1\1 a1 G2 /i\n—l Gn—1 ;1\0

where each o; is an isogeny of degree p2” and their composite is just multipli-
cation by p. In addition, A¢ is a Q-class of polarisations containing a principal
polarisation. Furthermore, we require that each A; satisfies a compatibility
between the two actions of O on the Lie algebra of A; (one action coming
from the structure morphism O (,) — Os, and the other from the Op-action;
see [Harris and Taylor 2001, §III.4] for a discussion of this condition).

e A geometric point s of S, and a 71 (S, s)-invariant K?-orbit of isomorphisms
7:V ®qgAP = Hi((Ag)s, AP"™)

which are Op-linear and up to a constant in (A?-°°)* take the ¥ -pairing on
the left side to the Ao-Weil pairing on the right side. (This data is canonically
independent of the choice of s; see the discussion on pp. 390-391 of [Kottwitz
1992].)

An isomorphism of this data is one induced by isomorphisms in AV which preserve
the A; up to an overall @*-scalar.

The functor g is represented by a projective scheme ¥o(p) over OF (), which
is an integral model for X (/o K?). (See the proof of Lemma 3.2 of [Taylor and
Yoshida 2007], which shows that ¥¢(p) is projective over the usual integral model
at hyperspecial level. At hyperspecial level, quasiprojectivity is proved on p. 391
of [Kottwitz 1992], and projectivity can be checked via the valuative criterion for
properness as on p. 392 of the same work. More properly, ¥o(p) is an integral
model for a disjoint union of a number of copies of X (/o K?), due to the possible
failure of the Hasse principle; see for example Section 7 and the discussion on
p- 400 of [Kottwitz 1992]. Since the cohomology of a disjoint union of spaces is
the direct sum of the cohomologies of the individual spaces, this does not affect
our arguments, and we will not dwell on this point in the following.) The proof of
Proposition 3.4(3) of [Taylor and Yoshida 2007] (which goes over unchanged in our
setting) shows that the special fibre of Xo(p) is a strict normal crossings divisor.

Our next goal is to describe an integral model ¥1(p), over Of(¢,_,), (), for
X(I] KP) (or rather, as in the previous paragraph, an integral model of a disjoint
union of a number of copies of X(/;"K?)). Recalling that 7" denotes the diagonal
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torus in GL,,, we let 1; : G, — T denote the embedding of tori identifying G5, with
the subgroup of 7' consisting of elements which are 1 away from the i-th diagonal
entry. We use the same notation 7; to denote the map [F;; — T(Fp) induced by the
map of tori.

The quotient Io/I; is naturally identified with T'(F,), and so T'(F,) acts on
X1(p), with quotient isomorphic to Xo(p).

Given an S-valued point of o, let A; (p®°) be the p-divisible group associated to
Aj fori =0,...,n—1. Each 4; (p>°) has an action of O = My, (Z()) X My (Zp)°".
Let X; =e114;(p>), where ey is the usual idempotent in My (Z ) (and is zero on
the second factor). Then each X; is a p-divisible group of height #» and dimension 1,
and we obtain a chain of isogenies of degree p

@0 aq Qp—2 Qp—1

(€2X0 X1 Xn—l anz X(),

whose composite is equal to multiplication by p.
We let OT denote the Artin stack over Op(¢,_),(v) given by

OT := [SpecOF(z,_,),)[X. Y1/ (XY —wp)/Gp .

where Gy, acts via A+ (X, Y) = (AP X, A17PY) and w),, is some explicit element
of OF(¢,_,),(v) of valuation 1. Oort-Tate theory shows that OT classifies finite flat
group schemes of order p over Of¢,_,),(v)-schemes. The universal group scheme
over OT is the stack

G:=[SpecOp,_),w[X.Y. Z]/(XY —wp, ZP = XZ)/Gp].

where G, acts on X and Y as above, and on Z via A-Z = AZ. The morphism
% — OT is the evident one, the zero section of ¢ is cut out by the equation Z =0, and
we let 9* denote the closed subscheme of % cut out by the equation Z?~! — X = 0;
this is the so-called scheme of generators of 4. (See Theorem 6.5.1 of [Genestier
and Tilouine 2005] for these facts, which are a restatement of Theorem 2 of [Tate
and Oort 1970] in the language of stacks.)

We define % (p) via the Cartesian diagram

X X
- " e
Z1(p) G X0pe, . XOFE,_w

| |

%0(1’)/@“:,,_1).(:;) » OT X0,y " X0r@,_ ). OT

where the bottom horizontal arrow is given by

€ — (ker(ag), ..., ker(ap—1)).
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Note that the right-hand vertical arrow is finite and relatively representable by
construction, and so the left-hand vertical arrow is a finite morphism of schemes.
The action of T'(F,) on X;(p) extends to an action on & (p), namely, the action
pulled back from the action of T'(F,) on 4™ X0re,_yw X
oT X@F(Cpfl).(v) X@F@p OT.

X
OF&p_ 1. %™ over

—1).(v)

Let 77 := (—p)"/(®~D and let w be the unique finite place of L := F(p—1,m)
lying over our fixed place v of F({,—1). We let O denote the localisation of O,
at w, and we let X1(p)o denote the normalisation of the base change ¥1(p) ¢
of ¥1(p) over 0. We write [ := Gal(L/F({p—1)); this is also the inertia group
at w in Gal(L/F). The group I acts naturally on X1 (p)es. The mod p cyclotomic
character @ induces an isomorphism (which we continue to denote by w)

a):I%[F;.

Foreachi =0,...,n—1, we leto; : I — T denote the composite 1; ow™ 1.
Lemma 3.1.3. The scheme X1(p)o is a semistable projective model for X1(p) /L,
over O, the natural morphism

€1(p)o = Xo(p) (3.1.4)

is tamely ramified, and the action of I X T on X1(p), extends to an action on
X1(p)o. Furthermore, on each irreducible component of its special fibre, the inertia
group I acts through the composite of the T -action with one of the characters «;.

Proof. We will apply a form of Deligne’s homogeneity principle, as described in
the proof of [Taylor and Yoshida 2007, Proposition 3.4], to the morphism (3.1.4).
The scheme here denoted Xo(p) is there denoted Xy (and the integral model there
is considered over Z, rather than OF (;,), but this is immaterial for our present
purposes), while the scheme there denoted Xy, is an integral model of the Shimura
variety (in the notation of the present paper) X (K, K?), where K, = GL, (Zp) x ZX
We let X ( p)§ ) (for 0 <h <n—1) denote the locally closed subset of the special ﬁbre
Zo(p)s, obtained by pulling back the locally closed subset X deﬁned in Section 3
of [Taylor and Yoshida 2007] under the natural projection %0 (p)s = Xu — X,

We will show that the morphism (3.1.4) is tamely ramified in the formal neigh-
bourhood of any closed geometric point of the special fibre ¥o(p)s, and hence
(by Lemma 1.5.3) that it is tamely ramified. We first note that the morphism
%O(P)/GF(; o Zo(p) induces an isomorphism on special fibres, and so
we are free to replace Xo(p) by Xo(p) /0 Fty_ 1)) in our considerations. We next
note that the completion of the bottom arrow of (3.1.2) at a closed geometric
point X¢ of ¥¢(p)s depends up to isomorphism only on the value of & for which
Xo € %o( p)§h) (since the p-divisible group attached to the point X depends only on
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the value of /), and hence that the restriction of (3.1.4) to a formal neighbourhood of
Xo depends only on the value of 4. Then, by [Taylor and Yoshida 2007, Lemma 3.1],
the closure of Xq( p)gh) contains X ( p)§°). Since being tamely ramified is an open
condition, we conclude from these two conditions that, in order to prove the lemma,
it suffices to show that the restriction of (3.1.4) to a formal neighbourhood of Xy is
tamely ramified at closed geometric points X of %¢( p)§°). (As already indicated,
this argument is a variation on Deligne’s homogeneity principle.)

Thus, consider a closed geometric supersingular point Xo of Xq( p)§°), so that
Xo admits a formal neighbourhood of the form

Spec W(E)[T1, - .., Tull/(T1 -+ Tn — wp).

The proof of [Taylor and Yoshida 2007, Proposition 3.4] shows that the 7; may
be taken to be the matrix of @;—; on tangent spaces, so that the map ¥o(p) —
oT X0r&,_p.w " XOFE,_ ). OT may be defined in the formal neighbourhood
of X by the map

(Tl, ey Tn) = ((Tl, Ul), ey (Tn, Un)),

~

where U; = T ---T; --- T, (and, as is usual in these situations, a hat on a variable
denotes that that variable is omitted in the expression). Thus a formal neighbourhood
of a closed geometric point lying over X¢ in (¥1(p),¢)s is isomorphic to

Spec W(E)[7]IV1, - .., Vall /(Vi -+ V)P~ h —wp).

If we write u := Vj .-+ V,, /7, then we see that u?~! = —w,/p, and hence that
u lies in the normalisation of this formal neighbourhood. Furthermore, on each
component of this normalisation, u is equal to one of the (p —1)-st roots of —w,/p
lying in W(Fp). Thus the normalisation of this formal neighbourhood is a union of
components, each isomorphic to

SpeCG[[VI"~~’ Vn]]/(Vl ".Vl’l _MT[)9

with the morphism (3.1.4) being given by 7; = Vl.p ~!. Thus this morphism is
indeed tamely ramified in the formal neighbourhood of Xy.

It is clear that the / x T-action on X1(p)L extends to an action on &1 (p) e, and
hence to its normalisation ¥1(p)e. As for the final statement, note that / acts on 7
via w, and hence on u via @™, while I fixes each V;. Also T acts on V; through
multiplication by the i-th diagonal entry, and so acts on u via multiplication by the
determinant. Combining these facts, we see that I acts on the components of the
special fibre on which V; =0 via; ow™!. O
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Remark 3.1.5. This lemma (and the fact that & (p) is strictly semistable) shows
that the map X1 (p)o — Xo(p) provides a tame strictly semistable context, in the
sense of Section 1.5. In particular, we can apply Theorem 1.5.15 in this setting
(of course taking the group G to be the abelian group T'), and we see that each
character v/; as in the statement of that theorem is equal to one of the characters «; .

3.2. Canonical local systems. If K is a sufficiently small compact open subgroup
of G(A®), and V is a continuous representation of K on a finite-dimensional
Fp—vector space (this vector space being equipped with its discrete topology), then
we may associate to I/ an étale local system Fy of Fp-vector spaces on X(K) as
follows: Choose an open normal subgroup K’ C K lying in the kernel of V, and
regard V' as a representation of the quotient K/K’. Since X(K’) is naturally an
étale K/K’-torsor over X(K), we may form the étale local system of Fp-vector
spaces over X(K) associated to the K/K'-representation V. This local system is
independent of the choice of K’, up to canonical isomorphism, and we define it to
be Fy.

Definition 3.2.1. We refer to the étale local systems &y that arise by the preceding
construction as the canonical local systems on X(K). If we may choose K’ in
the kernel of V' to be of level dividing N (so that in particular X (K) is of level
dividing N), then we say that &y can be trivialised at level N .

3.3. The Eichler—Shimura relation. Let X be a U(n — 1, 1)-Shimura variety of
level dividing N. Let w be a place of F such that / := w/|g splits in F and does not
divide N. There is a natural action via correspondences on X of Hecke operators
Tzf,i), 0 <i <n, where Tu(,i) is the double coset operator corresponding to

I1; 0 x

where we use the assumption that/ } N and identify a hyperspecial maximal compact
subgroup of G (@) with GL,(Z;) x Z]* via an isomorphism Dy, = My (Q;). These
correspondences then act on the cohomology H ejt (Xg» Fp).

More generally if Fy is a canonical local system on X that can be trivialised at
level N, then we obtain an action of the double coset operators Tlf,l) on ¥y, and
hence on the cohomology H ejt (Xg: Fv).

The following theorem regarding this action is then an immediate consequence
of the main result of [Wedhorn 2000] (which proves the Eichler—Shimura relation
for PEL Shimura varieties at places of good reduction at which the group is split).

Theorem 3.3.1. Let X be a U(n — 1, 1)-Shimura variety of level dividing N and
Fy a canonical local system on X. Let w be a place of F such that w|g splits in F
and does not divide Np. Then Y 7_, (=1)! (Norm w)i(i_l)/zT,f,l) Froby,™ acts as 0

on each Héjt (Xg: Fv).
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3.4. Vanishing and torsion-freeness of cohomology for certain U(n — 1, 1)-Shi-
mura varieties. Let X denote a U(n — 1, 1)-Shimura variety as above, and let &y
denote a canonical local system on X. Choose N so that X has level dividing N,
so that &y can be trivialised at level N, and so that p divides N. Assume that the
projection of the correspondlng level K to G(AP-*°) is sufficiently small.

LetT=Z p[ ] be the polynomial ring in the variables Té) ), 1 <i <n, where
w runs over the places of F such that w|q splits in F and does not divide N. Let
m be a maximal ideal in T with residue field F p»> and suppose that there exists
a continuous irreducible representation p, : Gr — GLj, (Fp) which is unrami-
fied at all finite places not dividing N, and which satisfies char(oy (Froby)) =
S o(=1) (Norm w) (=027 xn—=i od m for all w + N such that w|g splits
in F. Continue to fix a choice of a place p of F dividing p, and write Gg,
for G, from now on. Recall that the choice of p also gives us an isomorphism
G(Qp) = GL,(Qp) x @} as in Section 3.1.

We consider the following further hypothesis on py, (this is Hypothesis 4.1.1):

Hypothesis 3.4.1. If 6 : Gp — GL,,(F p) 1s any continuous, irreducible representa-
tion with the property that the characteristic polynomial of py,(g) annihilates 6(g)
for every g € GF, then 8 is equivalent to py,.

We will now prove our first main result, a vanishing theorem for the cohomology
of X with %y -coefficients:

Theorem 3.4.2. Suppose that py, satisfies Hypothesis 3.4.1, that PmlG@p is r-
regular for somer < (n—1)/2, that p>n(n—1)/24+1 and, if r = (n—1)/2, suppose
in addition that Pwl|Ga, contains an irreducible subquotient of dimension greater
than 1. Then the localisations Hl (Xg: Fy)m vanish fori <randi >2(n—1)—r.

Remark 3.4.3. In Section 4.1 we will show that Hypothesis 3.4.1 is satisfied if
either p, is induced from a character of Gg for some degree-n cyclic Galois
extension K/Q, or if p >n and SL, (k) € pn(GF) C F; GL,, (k) for some subfield
k C Fp.

Remark 3.4.4. While we work here with étale local systems and étale cohomology,
by virtue of Artin’s comparison theorem [SGA 43 1973, Exposé XI, Théoreme 4.3]
our vanishing results are equivalent to vanishing results for the cohomology of
the complex U(n — 1, 1)-Shimura varieties with coefficients in the corresponding
canonical local systems for the complex topology.

Proof of Theorem 3.4.2. First, note that it suffices to prove vanishing in degree i <r
for all V, as vanishing in degree i > 2(n — 1) — r then follows by Poincaré duality.
(Note that the dual of the canonical local system %y, attached to a representation V
is the canonical local system attached to the contragredient representation V'V.)
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We prove the theorem for i < r by induction on i, the case when i < 0 being
trivial. We begin by reducing to the case when %y is trivial. To this end, write
X = X(K), let K’ be an open normal subgroup of K of level dividing N such that
V is representation of K/K’, and choose an embedding of K/K’-representations
Ve Fp [K/K']" for some n; denote the cokernel by W. Let 7 denote the projection
X(K’) = X(K). Passing to the associated canonical local systems, we obtain a
short exact sequence 0 — Fy — JT*FZ — Fw — 0, which gives rise to an exact
sequence of cohomology

Hi ' (Xg. Fw) — Hi(Xg. Fv) — Hi(Xg. mFl) = H(X(K)g.Fp)".

Localising at m and applying our inductive hypothesis (with F in place of Fy ),
we reduce to the case of constant coefficients (with X(K’) in place of X). We
therefore turn to establishing the claimed vanishing in this case.

Suppose now that K’ is any open normal subgroup of K of level dividing N.
Combining the Hochschild—Serre spectral sequence

Ey"" = Hit (K/K' . H"(X(K')g.Fp)w) = HE " (X(K)g. Fp)m

with our inductive hypothesis, we find that vanishing of H ét(X (K", Fp)m implies
the vanishing of H éft(X (K)g- Fp)m. Thus, without loss of generality, we may and
do assume that K = K, K?, where K, is an open normal subgroup of /; and K”
is a sufficiently small compact open subgroup of G (A7),

We again consider a Hochschild—Serre spectral sequence, this time the one
relating the cohomology of X(K) and X(/; K?), which takes the form

EJ" = H™(I1/Kp, HE(X(K)g. Fp)m) = HI"(X(11KP)g. Fp)m-

Once more taking into account our inductive hypothesis, we obtain an isomorphism
H(X(11K?)g.Fp)n => HL(X(K)g. Fo) /7 Since I1/K,, is a p-group, while
H (X(K)g, Fp)m is a vector space over a field of characteristic p, we see that the
latter space vanishes if and only if its space of /1 / Kp-invariants does. Thus we are
reduced to establishing the theorem in the case when K = [1 K?.

Now recall that /] = [F; x I1, and that the projection onto the first factor
arises from the similitude projection GU(n — 1, 1) — G,,. From this it follows
that X(/; K?) is isomorphic to the product X(/;"K?) xr Spec A, where 4 :=
F[x]/®p(x) (where ®,(x) denotes the p-th cyclotomic polynomial; the action of
F, = 1{"/I1 on X(I1K?) is induced by the action of [} on A given by x > x¢
fora € [F;). Consequently there is an isomorphism of Galois representations

p—2
HZ(X(IIKP)@7Fp)m ~ @HI(X([I*KP)@,FI,)mj R w’,
J=0
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where m; is the maximal ideal in T which corresponds to the twisted Galois
representation pm; = pm ® ™/ . Since each of the Galois representations py, ;
satisfies the hypotheses of the theorem (as these hypotheses are invariant under
twisting), we are reduced to proving the theorem in the case of X(/;'K 7).

Consider an irreducible G x I/ I -subrepresentation of H, ’t(X (I KP)g, F p)m,
which we may write in the form 0 ® B, where 0 is an absolutely irreducible
G p-representation and f is a character of the abelian group T'(F,) = Io/1;.
Theorem 3.3.1 and Hypothesis 3.4.1 taken together imply that 6 is equivalent to
Pm- We consider B as an n-tuple of characters B, ..., B, of [,. Write B ; for the
Teichmiiller lift of 8; and x; for the character of Ig,, given by 8;. By Lemma 3.1.3,
Remark 3.1.5 and Theorem 1.5.15, we see that 6 can be embedded as the reduction
mod p of a potentially semistable representation with Hodge—Tate weights in the
range [—i, O] whose inertial type is a direct sum of characters belonging to the
collection {/3 i +. (To see this, note that as 6 is in the B-part of the cohomology, it nec-
essarily occurs in the reduction of the ,g -part of the G g x T -representation provided
by Theorem 1.5.15.) We claim that det 6z, ,, = det pm|1q, = X1 Apw M D/2,
Admitting this for the moment, we may apply Theorem 2.2.4 to the representation
pmlG , and we deduce that pm|é o is not r-regular. Equivalently, we see that
/omlgq;D is not r-regular, which contradicts our assumptions.

It remains to establish the equality det 07, , =det pm|1y, = X1+ Xn®~
To see this, note that Theorem 3.3.1 implies that, for each place w N of F such
that w|g splits in F, we have det py, (Froby,) = (Norm w)”(”_l)/zTu(,n). Let ¥y, be
the character of A% / F* corresponding to the character w"=1/2 det p,, by global
class field theory; then we need to prove that Ym|zx = f1---Ba. The centre of

G(Ag) is A%, so by the definition of the Shimura variety X there is a natural action
of A% /F* on H’t(X(I K?)g. Fp)m. By the definition of the Hecke operators,
we see that if @y, is a uniformiser at a place w 4 N of F such that w|g splits in
F, then @y, acts as Tu(,"). By the Chebotarev density theorem, we deduce that the
action of A% /F> on the underlying vector space of 6 (which by definition is a
subspace of H (X(I{K?)g.Fp)m) is via the character ¥,. In order to compute
Yl z» it is thus sufficient to compute the action of ZX on H ’t(X (I KP)g. F p)m,
and in particular sufficient to compute the action of the Iwahori subgroup /y. Now,
since 6 is assumed to be in the B-part of the cohomology, Iy acts via the character
p of Io/1{", so that Yim|zx = B1 -~ Bn, as required. O

n(n—l)/2‘

Corollary 3.4.5. Suppose that py, satisfies Hypothesis 3.4.1, that P |Gq, S T-
regular for some r <min{(n —1)/2, p—2}, and, if r = (n —1)/2, suppose in addi-
tion that py, Ga, contalns an irreducible subquotient of dimension greater than 1.

Then the localzsatlon H (X@: Zp)m vanishes for i <r, while Hr+1(X@, Zp)m is
torsion-free.
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Proof. This follows at once from Theorem 3.4.2 and the short exact sequence

0— Héit(X@’ Zp)m/mz,, Héit(X@’ Zp)m

- Héft(X@’Fp)m - Hét+l(X@’ Zl’)m[mzp] —0. -

Remark 3.4.6. As already remarked in the introduction, we expect some kind of
mod p analogue of Arthur’s conjectures to hold, and so in particular we expect
that stronger results than Theorem 3.4.2 and Corollary 3.4.5 should hold. In
particular, if m is any maximal ideal in the Hecke algebra attached to an irreducible
continuous representation pn, : G — GL, (Fp), then we expect that the localisations
Héit(X@, %y )m and Hét(X@, Zp)m should vanish in degrees i <n — 1.

On the other hand, it need not be the case that (for example) H¢, (Xg. Fp) vanishes
in all degrees in which H{ (Xg, Qp) vanishes. For example, in the case n = 3,
for the unitary Shimura varieties that we consider here, namely those that are
associated to division algebras, it is known that H élt(X o @p) = 0 [Rogawski 1990,
Theorem 15.3.1]. (Under additional restrictions on the division algebra allowed,
an analogous result is known for all values of n [Clozel 1993, Theorem 3.4].)
On the other hand, one can construct examples for which H élt (Xg- Fp) #£ 0, and
hence for which H;(X@,Zp) is not torsion-free, via congruence cohomology.
(See e.g., the proof of [Suh 2008, Theorem 3.4].) The existence of such classes
does not contradict our theorems or expectations, since congruence cohomology
is necessarily Eisenstein (i.e., gives rise to Eisenstein systems of Hecke eigen-
values, in the sense that the associated Galois representation py, is completely
reducible).

3.5. On the mod p cohomology of certain U(2, 1)-Shimura varieties. Let X :=
X(K) denote a U(2, 1)-Shimura variety, with K of level dividing N for some
natural number N divisible by p, and such that the projection of K to G(A?-*°)
is sufficiently small. Let Fy be a canonical local system on X, which may be
trivialised at level N. The results of Section 3.4 are particularly powerful in this
case, as we now demonstrate.

Corollary 3.5.1. Suppose that py, satisfies Hypothesis 3.4.1, that Pm|G@I, is 1-
regular, and that py, IGay contains an irreducible subquotient of dimension greater
than 1. Then the localisations H(Xg, Fy )m vanish for i # 2.

Proof. This follows immediately from Theorem 3.4.2, noting that the hypothesis
that ,0m|G@p is 1-regular implies that p > 4 (indeed, that p > 11). O

We now prove a result which does not require the existence of a Galois represen-
tation py,. We begin with a lemma:
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Lemma 3.5.2. If m is a maximal ideal of T with residue field Fp, such that
Hé?(X@, FV)m # 0, then there is an abelian representation po : Gr — GL3 Fp)
such that char(pg (Froby,)) = Z?zo(—l)i (Norm w)i(i_l)/zT,,(Jl)X”_i (mod m) for
all split places w of E for which w } Np.

Proof. This is standard and follows for example from [Deligne 1979, Section 2.1]. [J

Theorem 3.5.3. If p is a 3-dimensional irreducible sub-G  -representation of the
étale cohomology group H élt (X@: Fv), then every irreducible subquotient of PlGa,
is 1-dimensional, or else PIGag, is not 1-regular, or else p(G ) is not generated by
its subset of regular elements.

Remark 3.5.4. Recall that a square matrix is said to be regular if its minimal and
characteristic polynomials coincide. In Section 4.2 we will show that p(GF) is
generated by its subset of regular elements if either pp, is induced from a character
of G for some cubic Galois extension K/Q, or if p(Gf) contains a regular
unipotent element.

Remark 3.5.5. In the proof of the theorem we use some of the results of Section 4.

Proof of Theorem 3.5.3. The argument follows similar lines to the proof of
Theorem 3.4.2, although it is slightly more involved, since we are not giving
ourselves the existence of the Galois representation pg.* The key point will be that,
in the Hochschild—Serre spectral sequences that appear, the only other cohomology
to contribute besides A will be H°, and, for maximal ideals of T in the support
of H%, we do have associated Galois representations, by Lemma 3.5.2.

We first show that if H ég (XG> Fw)m # 0 for some canonical local system Fpy
on X and some maximal ideal m of T, then Homg . (p, Hélt(X@, Fy)[m]) =0. To
see this, note that if Hé(z(X@, Fw)m # 0 and Homg .. (p, Hélt(X@, Fy)[m]) # 0,
then Lemma 3.5.2 and Theorem 3.3.1 together imply that there exists an abelian
representation pg : G — GL3 (Fp) such that, for all g € GF, the characteristic
polynomial of po(g) annihilates p(g). By Lemma 4.1.3 this implies that p is abelian,
which is impossible as p is irreducible.

Now Hélt (Xg. Fy) is the direct sum of its localisations at the various maximal
ideals m of T, and hence, since Homg . (p. Hélt (X, %y)) # 0 by hypothesis, we
see that Homg .. (p, Hélt(X, Fy)m) # 0 for some maximal ideal m of T. Since this
is a finite-length Ty,-module, we see that its T-socle Homg . (o, H, élt (X, Fy)[m])
must also be nonzero, and hence, by the preceding paragraph, we conclude that
Hé?(X, Fw)m = 0 for any canonical local system %y on X.

41n fact, as noted in the introduction, recent work of Scholze [2013] implies that py, exists for any
maximal ideal m in the Hecke algebra. We have left our argument as originally written.
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As in the proof of Theorem 3.4.2, choose a short exact sequence of canonical
local systems 0 — Fy — 7y [FZ — Fw — 0, for some 7 : X’ — X. Passing to the
long exact sequence

HY(X, Fw)m — HA(X, Fy)m — HEA(X, 1.Fp)" = HA (X', Fp)",

and using the result of the preceding paragraph, namely that H é(z (X, Fw)m =0, we
conclude that p embeds into H élt(X ! Fp). Thus, replacing X by X', we reduce to
the case when Jy is constant, which we assume from now on.

We now suppose that p is a subrepresentation of H élt (Xg» Fp)m. We will prove
that p is then necessarily a subrepresentation of Hélt(X (KPI 1),Fp)m for some
sufficiently small open subgroup K? of G(A°?). The result will then follow from
Lemmas 3.1.3 and 4.2.2 and Theorems 1.5.15, 3.3.1, and 2.2.4.

As in the proof of Theorem 3.4.2, we write X = X(K), and choose a normal
open subgroup K’ := K? K, of K, with K,, C I;. The Hochschild—Serre spectral
sequence associated to the cover X(K’) — X (K) gives rise to an exact sequence

0— HY(K/K',H*(X(K'),Fp)m) — HL(X(K),Fp)m
— HA(X(K).Fp)) X% — H2(K /K, HO(X(K'). Fp)m).

The same argument as above, using Lemma 3.5.2 (applied now with X (K') in place
of X), Theorem 3.3.1, and Lemma 4.1.3 below, shows that

HY(K/K', H*(X(K'),Fp)m) = H*(K/K', H*(X(K"), Fp)m) = 0.

Thus in fact we have an isomorphism H}(X(K),Fp) => HL(X(K'),Fp K/K' and

hence an isomorphism
Homg . (p, HA(X(K),Fp)) = Homg, (0, HA(X(K'),F,)K/K")
= Homg . (p, HY(X(K'), Fp)m) K/ K.

In particular, if p appears as a subrepresentation of H élt (X(K), Fp)m, then it appears
as a subrepresentation of H élt (X(K"), Fp)m.

Now, considering the Hochschild-Serre spectral sequence for the cover X(K') —
X(K?1,), and using the fact that if Homg . (p, Hélt (X(K'),Fp)m) # 0, then also
Homg . (p, HA (X(K"), Fp)m)T1/ K> # 0 (since I1/K is a p-group), we conclude
that if p appears as a subrepresentation of Hélt(X (K"), Fp)m, then it appears as a
subrepresentation of H élt (X(KP?1,), Fp)m.

Arguing exactly as in the proof of Theorem 3.4.2, we then deduce that some
twist of p appears in Hélt(X (KPIf ),Fp), and so, replacing p by this twist, it
suffices to prove that if p is an irreducible 3-dimensional representation p of
Hélt (X(KPIY ),Fp) that is generated by its regular elements, then either every
irreducible subquotient of PlGa, is 1-dimensional, or else PlGa, is not 1-regular.
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This follows from Lemma 3.1.3 and Theorems 1.5.15, 3.3.1, and 2.2.4 exactly as in
the proof of Theorem 3.4.2, replacing the appeal to Hypothesis 3.4.1 with one to
Lemma 4.2.2 below. O

Our other main theorem concerns the weight part of the Serre-type conjecture
of [Herzig 2009] for U(2, 1). It is proved by combining our techniques with those
of [Emerton et al. 2013], where a similar theorem is proved for U(3) (which
is simpler, because one has vanishing of cohomology outside of degree 0). We
begin by recalling some terminology from that work. We will call an irreducible
Fp—representation of GL3(F) a Serre weight. Fix an irreducible representation
p:Gr — GL3(FI,). Let X := X(K) be a U(2, 1)-Shimura variety such that K
is of level dividing N and has sufficiently small projection to G(A?-*°), where
now we assume that (N, p) = 1. Assume furthermore that p is unramified at all
places not dividing Np, and define a maximal ideal m of T with residue field
Fp by demanding that, for each place w { Np of F such that w|g splits in F,
the characteristic polynomial of p(Froby,) is equal to the reduction modulo m of
Z?=O(—1)i(Norm w)i(i_l)/zT,f)i)X”_i.

Let V be a Serre weight; since (N, p)=1, we may write K = K, K?, where
Kp C G(Qp) = GL3(Qp) x Qj, is conjugate to GL3(Z ) x Z7, and we may regard
V' as a representation of K, via the projection GL3(Z,) — GL3(F,). As usual,
write %y for the canonical local system associated to V. We say that p is modular
of weight V if for some N, X as above and for some 0 <i <4 we have

H\(Xg, Fv)m #0.

Assume now that p |G@p is irreducible. Definition 6.2.2 of [Emerton et al. 2013]
defines what it means for a Serre weight to be (strongly) generic, and Section 5.1
there (using the recipe of [Herzig 2009]) defines a set W’(p) of Serre weights in
which it is predicted that p is modular. Let Wee,(p) be the set of generic weights
for which p is modular.

Theorem 3.5.6. Suppose that p satisfies Hypothesis 4.1.1 and p |G@p is irreducible
and 1-regular. Suppose that p is modular of some strongly generic weight. Then
Ween(p) = W(p). In fact, for each V € Ween(p), we have

ifand only if i =2 and V € W' (p).

Proof. By the definition of m, the representation p satisfies the defining properties
of the representation py, considered in Section 3.4. Applying Corollary 3.5.1, we
see that for any Serre weight V' we have Héft(X@, Fy)m = 0if i £ 2. We will now

deduce the result from Theorem 6.2.3 of [Emerton et al. 2013] (taking 7 there to be
our p). By Theorem 4.3.3 of that reference, we see that it suffices to show that we
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can define S and S as in Section 4 there, so that Axioms A1-A3 of Section 4.3 of
that work are satisfied. Following [Emerton et al. 2013], we define S and S using
completed cohomology in the sense of [Emerton 2006] (in [Emerton et al. 2013] the
use of completed cohomology was somewhat disguised, but the constructions with
algebraic modular forms there are equivalent to the use of completed cohomology
of U(3) in degree 0). In fact, given our vanishing results the verification of the
axioms of [Emerton et al. 2013] is very similar to that carried out in that work for
U(3), and we content ourselves with sketching the arguments.

From now on we regard the prime-to-p level structure K7 of X as fixed, and we
will vary K, in our arguments. We will write Kj(0) for GL3(Zp) x Z; C G(Qp).
We fix a sufficiently large extension £ /Q, with ring of integers O g, residue field k g,
and uniformiser w g, and we define

§ = lim HE(X(KPKp)g. Ep)m.
Kp

~ . . _ \lLalg
§ = ((timlim HA(X(K? Kp)g, Or /w5 )m) @0 Zp )
K

S Kp

(that is, the locally algebraic vectors in the localisation at m of the completed
cohomology of degree 2). Using the Hochschild—Serre spectral sequence and the
vanishing of H éit(X@, Fy)m = 0if i # 2, it is straightforward to verify Axioms
A1-A3 of Section 4.3 of [Emerton et al. 2013], as we now explain.

First, we need to check that our definition of “modular” is consistent with that
of Definition 4.2.2 of [Emerton et al. 2013]. This amounts to showing that for any
Serre weight V

(S@F, V)5 = H2(X(K,(0)KP)g, FV )
To see this, note that since any sufficiently small K}, acts trivially on V', we have

S®F,V =lim H(X(K”Kp)g. Fp)m ® V => lim HZ(X(K? Kp)g. Fy )m.
K, Kp

so it is enough to check that for all compact open subgroups K, C K,(0) we have

K,(0
HE(X(KP Kp)g, Fv)n’ ¥ = HA(X(K? Kp(0)g. V),
which is an easy consequence of the Hochschild—Serre spectral sequence and our
vanishing result. We also need an embedding S < S ® Z [, which is compatible
with the actions of GL3(Q,) and the Hecke algebra. In fact, it is easy to see that
we have S ® Z pF p = §. For example, there is a natural isomorphism

H3(Xg,0)m/wEHE (Xg, 0)m = H2(Xg. kE)m,
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and hence the vanishing of H é3t(X @ kKE)m implies that of the finitely generated Of -

module H e3t (Xg: OF))m. One then sees that for all s we have a natural isomorphism

H2(Xg,08)m/ % H2(Xg, O )n = H2(Xg. O / @5 m,

from which the claim follows easily.

We now examine Axiom Al. We must show that if V is a finite free Z p-
module with a locally algebraic action of K} (0) (acting through GL3(Z))), then
(S ®Z,V)KrO is a finite free Z ,-module, and for 4 = Q,, F, we have

This is straightforward, the key point being that if F; denotes the lisse €tale sheaf
attached to V, then a straightforward argument with Hochschild—Serre as above gives

S @2, O = HZ(X(K?Kp(0)g. Fi)m.

which is certainly a finite free Z p-module (it is torsion-free by the proof of
Corollary 3.4.5).

The verification of Axioms A2 and A3 is now exactly the same as in Propo-
sition 7.4.4 of [Emerton et al. 2013], as the Galois representations occurring in
the localised cohomology module Hézt(X (K?Kp(0))g, Fi7)m are associated to
automorphic forms exactly as in that work.> (In fact, at least for Axiom A2 this is a
rather roundabout way of proceeding, as the Galois representations in question are
constructed in [Harris and Taylor 2001] by using Hézt(X(KP K,(0))g, F), and
one can read off the required properties directly from the comparison theorems of
p-adic Hodge theory. For Axiom A3 we are not aware of any comparison theorems
in sufficient generality, so it is necessary at present to take a lengthier route through
the theory of automorphic forms.) O

4. Group theory lemmas

The theorems of Section 3 contain certain hypotheses on the Galois representations
involved. Our goal in this section is to establish some group-theoretic lemmas which
give sufficient criteria for these hypotheses to be satisfied. Throughout the section
G is a finite group and k is an algebraically closed field of characteristic p. For
any square matrix A with entries in k, we write char(A) to denote the characteristic
polynomial of A.

3In the interests of full disclosure, we are not aware of a reference in the literature giving the
precise base change result from U(2, 1) to GL3 that we need, but it seems to be well-known to the
experts, and will follow from the much more general work in progress of Mok and Kaletha, Minguez,
Shin and White.
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4.1. Characterising representations by their characteristic polynomials. Let p :
G — GL, (k) be an irreducible representation. In this subsection we establish some
criteria for p to satisfy the following hypothesis:

Hypothesis 4.1.1. If 6 : G — GL,, (k) is irreducible, and if char(p(g)) annihilates
0(g) for every g € G, then 0 is equivalent to p.

Remark 4.1.2. Any irreducible p of dimension 2 satisfies Hypothesis 4.1.1, as was
proved by Mazur [1977, proof of Proposition 14.2]. However, it is not satisfied in
general if the dimension n of p is greater than 2 (for instance, this already fails if
p is the irreducible 3-dimensional representation of A4; see Section 5 of [Boston
et al. 1991] as well as Remark 4.1.7 below).

Lemma 4.1.3. Let p: G — GL, (k) and 0 : G — G L, (k) be two representations.
If 0 is irreducible, and if char(p(g)) annihilates 0(g) for every g € G, then the
kernel of 0 contains the kernel of p.

Proof. If p(g) is trivial, then the assumption implies that every eigenvalue of 6(g)
is equal to 1, and hence that 6(g) is unipotent, and so of order a power of p. Thus
the image of ker(p) under 6 is a normal subgroup H of 8(G) of p-power order,
and we see that the space of invariants (k”)# is a nontrivial subspace of k™. Since
H is normal in 6(G), we see that 8(G) leaves (k™) invariant, and hence, since
6 is assumed to be irreducible, we see that in fact (k)7 = k™. Thus H is trivial,
which is to say that ker(p) C ker(8), as claimed. |

Lemma 4.14. If p : G — GL, (k) is a direct sum of 1-dimensional characters
of G, and if 0(g) : G — GL, (k) is an irreducible representation of G such that
char(p(g)) annihilates 0(g) for every g € G, then m = 1, so that 0 is a character,
and every element of G lies in the kernel of at least one of the summands of p@ 671

Proof. Since p is a direct sum of characters, it factors through G*. Lemma 4.1.3 then
shows that 6 also factors through G®. Since @ is also assumed to be irreducible, we
find that & must be a character. Twisting by p by 61, we may in fact assume that @ is
trivial, and, writing p = y1 D- - - D y», we find that for each g € G, the value y;(g) is
equal to 1 for at least one value of i (since char(p(g)) = (X —x1(g)) - (X —yxn(g))
annihilates 6(g) = 1). Thus G is equal to the union of its subgroups ker(y;). O

Remark 4.1.5. In the context of the preceding proposition, we can’t conclude in
general that 6 coincides with one the summands of p. For example, if G denotes
the Klein four-group, if p is odd, and if p denotes the 3-dimensional representation
obtained by taking the direct sum of the three nontrivial characters of G, then, taking
6 to be the trivial representation, the hypotheses of the proposition are satisfied, but
6 is certainly not one of the summands of p.
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Lemma 4.1.6. If p : G — GL,, (k) is irreducible, and is isomorphic to an induction
IndIGJ ¥, where H is a cyclic normal subgroup of G of index n and  : H — k™ is
a character, then p satisfies Hypothesis 4.1.1.

Proof. The restriction p|g is isomorphic to the direct sum & ¢€G/H e, If we
let 6" be a Jordan—Holder constituent of the restriction 6|z, then Lemma 4.1.4
(applied to the representations pz and 6’ of H) implies that #’ is a character of
H and (because H is cyclic) that 8’ = & for some g € G/H. The H -equivariant
inclusion ¥ = 6’ — 6| i then induces a nonzero G-equivariant map p = Indg Y=
IndIG{ Y& — 6, which must be an isomorphism, since both its source and target are
irreducible by assumption. This proves the lemma. O

Remark 4.1.7. If we take G = A4 and H to be the normal subgroup of G of
order four (so that H is a Klein four-group), then the induction of any nontrivial
character of H gives an irreducible representation p : G — SOs3(k). For every
g € G, the characteristic polynomial of p(g) thus has 1 as an eigenvalue, and so, if
0 denotes the trivial character of G, the element 6(g) is annihilated by char(p(g))
for every g € G. Thus the analogue of Lemma 4.1.6 does not hold in general if H
is not cyclic.

We thank Florian Herzig for providing the proof of the following lemma:

Lemma 4.1.8. Suppose that G is a finite subgroup of GL, (k) which contains
SL, (k') for some subfield k' of k and is contained in k™ GL,, (k").

(1) Any irreducible representation of G over k remains irreducible upon restriction
to SL, (k).

(2) Given any two irreducible representations of G which become isomorphic
upon restriction to SL, (k'), one can be obtained from the other via twisting by
a character of G that is trivial on SLy (k").

Proof. Let G act via 6 on the k-vector space V, and let (6, W) be an irreducible
subrepresentation of 0|gr, (x). Then W is obtained by restriction from a repre-
sentation of the algebraic group SL, /k’ (see Section 1 of [Jantzen 1987]), so the
action of SL, (k") on W may be extended to an action of GL,, (k) and thus of G.
By Frobenius reciprocity we obtain a surjective map (IndSGLn ) D W — V of
G -representations. Since G/ SL, (k') is a finite abelian group of prime-to-p order,
we see that (IndSGLn *") 1) is a direct sum of 1-dimensional representations, so that V'
is a twist of W by some character which is trivial on SL, (k). Thus the restriction
of 6 to SL, (k') is just W, which is irreducible, proving (1).

This same argument also serves to establish (2). O
Lemma 4.1.9. Assume that p > n. If p : G — GL, (k) is irreducible, and
if SLy(k") € p(G) C k*GLy (k") for some subfield k' of k, then p satisfies
Hypothesis 4.1.1.
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Proof. The case n =1 follows from Lemma 4.1.4, and, as remarked above, the case
n =2 is proved in the course of the proof of Proposition 14.2 of [Mazur 1977], so
we may assume that n > 3. By Lemma 4.1.3, we may assume that p is faithful, so
that we can identify G with p(G). In particular, SL, (k') is a subgroup of G, and,
by Lemma 4.1.8, the restriction of 6 to SL, (k") remains irreducible.

Since G is finite, our assumption that SL, (k") C G implies that £’ is finite;
suppose that £’ has cardinality ¢. We recall some basic facts about the representation
theory of SL, (k’); see for example Section 1 of [Jantzen 1987]. The irreducible
k-representations of SL,, (k") are obtained by restriction from the algebraic group
SL, /k’, and are precisely those representations whose highest weights are g-
restricted. (With the usual choice of maximal torus 7 of SL,, if we identify
the weight lattice with Z" modulo the diagonally embedded copy of Z, a weight
(ai,...,an)is g-restricted if 0 <a; —a;j+1 <g—1forall 1 <i <n—1.) Suppose
that 6 has highest weight (aq,...,a,). Let g € SL, (k) be a semisimple element
with eigenvalues o1, ..., ®,. Then, since g is conjugate to an element of 7'(k), by
considering the formal character of the corresponding representation of SL,, /k’,
we see that among the eigenvalues of 6(g) are each of the quantities

n

where the x; are a permutation of ay,...,a,.

Our assumption on 6 and p implies that, for each such permutation, [}, afi
must be one of oy, . . ., &,. In particular, if we let o be a primitive (¢” —1)/(g—1)-st
root of unity, we may consider a semisimple element g with eigenvalues

n—1

a,af, ... af
Then, for any x1, ..., X, as above, there must be an integer 0 < 8 <n — 1 such that

"1+ q" P+ xn =¢P (mod (¢" —1)/(q - ).

/
n

as above which satisfy x; = x] for 1 <i <n—2,xp—1 =a;, Xp =i +1, X;,_; =Qj+1
and x,, = a;. Taking the difference of the two expressions

Fix some 1 <i <n—1, and consider two permutations X1, ..., X, and x’l sy X

¢ X1+ q" x4+ 4 xy and "IN @S 4 X,
we conclude that there are integers 0 < 8,y <n —1 such that

(@ —D(ai —ai+1) = ¢? —q” (mod (¢" — 1)/ (g - 1)).
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Since n >3, we have 0 < (¢ — 1)(a; —aj+1) < (¢ —1)?> < (¢" —1)/(¢ — 1), and
we conclude that either 8 > y and (¢ — 1)(a; —ai+1) = q# —q?, or B <y and
(q—1D(ai —airt1) = (q" —1)/(g—1) + ¢# —¢?. In the second case, we have

(¢—1)*=>(q—1)(ai —ai+1)
=@"-D/(g-D+q° —q"
>(q"-1D/(g—D)+1-g"""
=q¢" 2+ +q+2.

This is a contradiction if n > 4. If n = 3, (43 —1)/(g—1) =3 (mod g — 1), so that
(g — 1) | 3, which is a contradiction as p > 2.

Thus it must be the case that 8 >y and (¢ — 1)(a; —ai+1) = ¢ — g7, so that
a; —a;+1 1s congruent mod p to O or 1, and thus a; —a; 1 = 0 or 1. In particular,
for eachi wehave 0 <a; —a, <n—1=<p—1.

We now repeat the above analysis. Fix some 1 <i < n — 1, and consider
two permutations Xy, ...,x, and xi,...,x, as above which satisfy x; = x| for
1<i<n—2,Xp—1=aj, Xn =an, X,,_, = ap and x,, = a;. Taking the difference of
the two expressions ¢~ 1xy +¢"2x, + -+ +x, and ¢" " 1x| +¢" 72X, 4+ X,
and using that 0 < a; —a, < p—1 < g — 1, we conclude as before that each
a;j—an =0or 1. Thus there must be an integer 1 <r <n witha; =---=a, =a,+1,
ar41 =" =dp.

Returning to the original congruences

qn—lx1 4 q”_zm +tx, = qB (IIlOd (q" - 1)/(61 - 1))’

we see that the left side is congruent to a sum of precisely r distinct values g/,
1 <j<n—1 Thusr =1, and s, ) is the standard representation of SL, (k')
ie., OlsL, k) = plsL, ). By part (2) of Lemma 4.1.8, we see that there is a
character y : G — k™ with y|g, k) = 1 such that 0 = p ® y.

To complete the proof, we must show that y is trivial. Take g € G; we will
show that y(g) = 1. If g’ € G has detg’ = detg, then g(g’)~! € SL,(k’), so
x(g’) = x(g). First, note that by assumption we can write g = Ah, with A € k>,
h € GL, (k). Choose h’' € GL,(k’) to have eigenvalues {1, ..., 1,det(h)}. Then
h(h')~' € SL, (k") C G, so g’ :== Ak’ is an element of G. Then the hypothesis on
6 and p shows that the eigenvalues of y(g’)g’ = x(g)g’ are contained in the set of
eigenvalues of g’, so that if y(g) # 1 we must have y(g) = det(h) = —1. Assume
for the sake of contradiction that this is the case. If n is odd, then we now choose
h’ to have eigenvalues {—1, ..., —1}, and we immediately obtain a contradiction
from the same argument. If n is even then since p > n we have p > 5 (recall that
we are assuming n > 3), and we may choose a € (k")*, a # £1. Then choosing h’
to have eigenvalues {1,...,1,a,—1/a} gives a contradiction. d
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4.2. Representations whose image is generated by regular elements. Recall that
a square matrix with entries in k is said to be regular if its minimal polynomial and
characteristic polynomial coincide.

Lemma 4.2.1. If p: G — GLy (k) and 6 : G — GL,, (k) are representations such
that the image 0(G) is generated by its subset of regular elements, and for every
g € G the characteristic polynomial of p(g) annihilates 6(g), then det p = det 6.

Proof. Let g € G be an element such that 6(g) is regular. Then the characteristic
polynomials of p(g) and 6(g) must be equal (since the minimal and characteristic
polynomials of 6(g) coincide and the characteristic polynomial of p(g) annihilates
0(g)), so detp(g) = detf(g). Since 8(G) is generated by its subset of regular
elements, the result follows. O

In fact, we actually need a slight generalisation of this result, where we simply
have a collection of characteristic polynomials, rather than a representation p.
Suppose that for each g € G we have a monic polynomial

pe(X) = X" —ar (X" 4.4 (=1)"an(g) € k[X]
of degree n with the property that for all g, h € G, we have a, (gh) = a,(g)an(h).

Lemma 4.2.2. Suppose that 6 : G — GL,, (k) is a representation with the property
that 6(G) is generated by its subset of regular elements, and that for each g € G
we have pg(0(g)) = 0. Then for each g € G we have det 0(g) = an(g).

Proof. This may be proved in exactly the same way as Lemma 4.2.1. O

Let p: G — GL3(k) be irreducible. Our goal is to give criteria for p to satisfy
the following hypothesis, in order to apply the previous lemmas:

Hypothesis 4.2.3. The image p(G) is generated by its subset of regular elements.
Lemma 4.2.4. If p : G — GL3(k) is irreducible, and if either

(1) p is isomorphic to an induction Indg v, where H is a normal subgroup of
index 3 in G and  : H — k™ is a character, or

(2) p(G) contains a regular unipotent element,
then p satisfies Hypothesis 4.2.3.

Proof. Suppose first that p is isomorphic to an induction Indg Y. Since H is a
proper subgroup of G, the set of elements G — H generates G. If g € G — H then
the characteristic polynomial of p(g) is of the form X3 —a. If p # 3 then this has
distinct roots, so p(g) is regular, and if p = 3 then it is easy to check that p(g) is
the product of a scalar matrix and a unipotent matrix, and is regular.

Suppose now that p(G) contains a regular unipotent element. For ease of notation,
we will refer to p(G) as G from now on. Let H be the subgroup of G generated
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by the regular elements, and assume for the sake of contradiction that H is a proper
subgroup of G. We claim that H contains every scalar matrix in G; this is true
because the product of a scalar matrix and a regular matrix is again a regular matrix.
Consider an element g € G — H; since it is not regular, and not scalar, it acts as a
scalar on some unique plane in k3. We write £ for the corresponding line in P (k).

Let & be the given regular unipotent element in H. Then 4 stabilises a unique
line in k3, so a unique point P € P?(k). As g € G — H, we also have ghe€ G — H.
Then g N {4y, is nonempty, so there is a point Q € P2 (k) which is fixed by g
and gh. It is thus also fixed by /4, so in fact Q = P. Since g was an arbitrary
element of G — H, we see that every element of G — H fixes P, and since G is
generated by G — H, this implies that every element of G fixes P. This contradicts
the assumption that p is irreducible. O

Appendix: Cohomology of pairs

A.1. Etale cohomology of a pair. Let X be a scheme, finite-type and separated
over a field, let Z be a closed subscheme, and write j : U < X for the open
immersion of the complement U := X \ Z into X. As in Section 1, we let E be an
algebraic extension of Q,, where p is invertible on X, let kg denote the residue
field of E, and we let A be one of E or kg. We define the étale cohomology of
the pair (X, Z) with coefficients in A to be the étale cohomology of the sheaf ji A
on X, i.e., we write

Hi(X,Z,A) = H (X, A).
Ifi : Z < X is the closed immersion of Z, then the short exact sequence
0— jid— A—ixA—0
gives rise to a long exact sequence
o HM(Z, A)— HI'PY(X, Z, A) — HI'PY (X, A) — HPN(Z, A) — -

which is the long exact cohomology sequence of the pair (X, Z).

We are particularly interested in the case of a pair (X \ Y, Z \ Y), where X is a
smooth projective variety over a separably closed field, and ¥ and Z are smooth
divisors on X which meet transversely. In this case we have a Cartesian diagram of
open immersions

X\(Yuz)l—x\v

lk/ lk (A.11)

xX\z 1 x
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According to the above definition, the cohomology of the pair (X \ Y, Z \Y) is
computed as the cohomology of the sheaf j14 on X \ Y, which is canonically
isomorphic to the cohomology of the complex Rk« j1A on X. An important point
is that there is a canonical isomorphism

Ji Rk, A => Rk j1A. (A.1.2)
(See the discussion of §III (b) on p. 44 of [Faltings 1989].)
A.2. Verdier duality. Verdier duality [SGA 43 1973, Exposé XVIII; Verdier 1967]
states that if f : X — S is a morphism of finite-type and separated schemes over a
separably closed field &, then, for any constructible étale A-sheaves % on X and §

on S, there is a canonical isomorphism (in the derived category) of complexes of
étale sheaves on S

RHom(R/iF,9) = RfxRHom(F, 'G).

We recall some standard special cases of this isomorphism, in the context of the
diagram (A.1.1).

Taking f to be k’ (and recalling that k&’ is an open immersion), we obtain an
isomorphism

RHom(k{A, A) = Rk, RHom(A, A) = Rk A,
and hence, by double duality, an isomorphism
RHom(Rk A, A) = kA. (A2.1)

Next, taking f to be j’, and taking into account (A.1.2) and (A.2.1), we obtain
isomorphisms

RHom(Rk« j1A, A) = RHom(j{ Rk A, A) = Rj, RHom(Rk, A, A) = Rj.k|A.

Finally, taking f to the natural map X — Spec k, and recalling that in this case we
have

1A= A[2d]()

(where d is the dimension of X; see [SGA 43 1973, Exposé XVIII, Théoreme
3.2.5]) and that Rfx = Rf (since f is proper, the variety X being projective by
assumption), we find that

RHom(R fi Rks j1 A, A) = R f RHom(Rkx j1 A, A[2d](d))
~ RfyRjLk|A[2d](d).

Passing to cohomology, we find that HZ' (X \ Y, Z \ Y, A) is in natural duality with
H2d=m(x\ Z Y\ Z, A)(d).
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A.3. Vanishing outside of, and torsion-freeness in, the middle degree. We con-
tinue to assume that X is a smooth projective variety of dimension d over the
separably closed field k, and that Y and Z are smooth divisors on X which meet
transversely, but, in addition, we now assume that the complements X \ Y and X \ Z
are affine (and hence also that Z \ Y and Y \ Z are affine). This latter assumption
implies that HJ' (X \ Y, A) vanishes if m > d and that HJ'(Z \ Y, A) vanishes if
m > d [SGA 43 1973, Exposé X1V, Corollaire 3.3]. By the long exact cohomology
sequence of the pair (X \ Y, Y \ Z), we see that H' (X \ Y, Z \ Y, A) vanishes if
m>d. Similarly, we see that H2¢~"(X\ Z, Y\ Z, A)(d) vanishes if m < d . Hence,
by the duality between HZ'(X \'Y, Z\Y, A) and H2d=m(x\ Z Y\ Z, A)(d), we
find that both vanish unless m = d.

Let Og denote the ring of integers in E. Suppose momentarily that £/Q,, is
finite, and let w be a uniformiser of Og. From a consideration of the cohomology
long exact sequence arising from the short exact sequence of sheaves

1

0—>©E/w"l>©E/w”+ — kg —0,

and arguing inductively on n, we find that HZ'(X \ Y, Z \ Y,0f /@™) vanishes
in degrees other than m = d for all n. Passing to the projective limit over n, we
see that the same is true of H'(X \ Y, Z \ Y,Og). Finally, a consideration of the
cohomology long exact sequence arising from the short exact sequence

0—O0Of BN O — kg —0

shows that H gf (X\Y,Z\Y,0F) is torsion-free.
By passage to the direct limit over subfields of £ which are finite over Q,, we
see that these properties continue to hold for arbitrary algebraic extensions £/Q .
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Homotopy exact sequences and orbifolds

Kentaro Mitsui

We generalize the homotopy exact sequences of étale fundamental groups for
proper separable fibrations to the case where fibrations are not necessarily proper
and separable. To treat the case where fibrations admit nonreduced geomet-
ric fibers, we introduce orbifolds within the framework of schemes and study
their fundamental groups. As an application, we give a criterion for simple-
connectedness of elliptic surfaces over an algebraically closed field by classifying
simply connected orbifold curves.
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1. Introduction

In algebraic geometry, the determination of fundamental groups of algebraic varieties
is a classical problem. However, the problem is difficult, especially in the positive-
characteristic case, where few results are known except for the one-dimensional case.
In this paper, we develop a method to compute étale fundamental groups of fibered
regular schemes, and apply the method to study elliptic surfaces, which provides
insight into the computation of étale fundamental groups of fibered varieties.

We denote the étale fundamental group of a pointed connected locally Noetherian
scheme (X, X) by 1 (X, X). In the introduction, we omit the geometric point X for
simplicity. Let f : X — S be a proper separable morphism between connected
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Keywords: orbifolds, elliptic surfaces, coverings of curves, étale fundamental groups, homotopy
exact sequences, simply connected.
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locally Noetherian schemes with Og = fxOx. The fibration f : X — S may be
characterized by the following conditions:

(1) S is a connected locally Noetherian scheme.
(2) f:X — S is a faithfully flat proper morphism.
(3) The homomorphism Og — f,Ox associated to f is an isomorphism.

(4) Any geometric fiber of f is reduced.

Choose a geometric fiber i : Xo — X of f. In this case, Grothendieck showed in
[SGA 1 1971, X.1] that the morphisms i and f induce a homotopy exact sequence

7T1(X())i—*>7T1(X)i>7T1(S)—> 1.

However, Condition (4) is too strong to compute fundamental groups of fibered
varieties, e.g., elliptic surfaces, which may admit nonreduced geometric fibers.
Introducing orbifolds and their fundamental groups, we generalize the above
homotopy exact sequence to the case where fibrations admit nonreduced geometric
fibers. Instead of considering all general connected locally Noetherian schemes, we
restrict ourselves to regular integral schemes. We consider a fibration f : X — S sat-
isfying the following conditions (see Definition 4.17 for slightly weaker conditions):

(1’) X and S are regular integral schemes.
(2") f:X — S is a faithfully flat morphism of finite type.
(3") Og is integrally closed in fOyx.

(4") The geometric generic fiber of f is reduced.

For example, all elliptic fibrations over curves satisfy these conditions (Section 6A).
In order to give a similar exact sequence with the same homomorphism i, in the
general case (Section 4C), we have to replace 71 (S) by its extension. To this end,
we introduce orbifolds within the framework of schemes and study their fundamental
groups (Section 3).

An orbifold (S, B) is defined as a locally Noetherian normal scheme S with
data of ramifications B (Definition 3.6). Any orbifold curve over an algebraically
closed field may be regarded as a DM stack (Theorem B.1). However, in the higher
dimensional case, our orbifolds are different from DM stacks and more suitable
than DM stacks for our studies (Remark B.2). We denote the fundamental group of
a pointed orbifold (S, B, s) by 1 (S, B, s) (Definition 3.22). The local invariants
associated to the nonreduced geometric fibers of f (Section 4B) endow S with an
orbifold structure. Our main result is the following (Section 4C):
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Theorem 1.1. Let (X, S, f) be a triple satisfying Condition (C*) (Definition 4.17).
Take the orbifold (S, B) associated to [ (Definition 4.23). Choose a connected
reduced geometric fiber i : Xog — X of f over a regular point (e.g., the geometric
generic fiber of ). Take a geometric point Xo on Xy. Put X :=1i(X¢) and 5 := f(X).
The morphisms i and f induce canonical homomorphisms iy @ 7w1(Xo,Xo) —
71(X,X) and f2° : 71(X,X) — 71(S, B,5), respectively (Definition 4.25). Then
the sequence

orb

71 (Xo, Xo) —— 711 (X, X) —— 7,(S, B,5) —> 1
is exact.

Next, we apply the above theorem to the case where f : X — S is the structure
morphism of an elliptic surface over an algebraically closed field (Section 6).
We determine the data of ramifications B of the orbifold (S, B) induced by f
(Section 6B), and determine which orbifold is induced by an elliptic surface

(Section 6C). As a result, we obtain a criterion for simple-connectedness of elliptic
surfaces (Section 6D):

Theorem 1.2. Let k be an algebraically closed field of characteristic p > 0. Let
C be a connected proper smooth k-curve. Let (X, C, f) be a relatively minimal
elliptic fibration (Definition 6.1). For each closed point s on C, we set

B L if 71(s) is of type mln (n > 0) (the Kodaira symbol),
AL otherwise.

By ng we denote the maximum integer satisfying p {ns and ng | ms (if p = 0, then
ng = mg). Then X is simply connected if and only if all of the following conditions
are satisfied:

(1) x(0x)>0.

2) C=P;.

3) #{s e C(k)|ns > 1} <2.

4) ged(ng,ny) =1 fors #t.

(5) If p > 0and f~1(s) is of type ml, (n > 0), then p y m.

(6) If p> 0 and (f~1(5))red is isomorphic to an ordinary elliptic curve, then the
Oc,s-module (R f+0x)s is torsion-free.

Furthermore, each of Conditions (1)—(6) is necessary.

We make a remark on Conditions (5) and (6) in the above theorem, which
appear only in the positive-characteristic case. Under certain technical assumptions,
Katsura and Ueno [1985, §§6—7] observed that an elliptic surface admits a nontrivial
étale covering if one of Conditions (5) and (6) is not satisfied. Localizing elliptic



1092 Kentaro Mitsui

surfaces with respect to the base curve and using Galois cohomology groups, we
study this phenomenon in a systematic way (Section 6B).

We may give plenty of examples of elliptic fibrations with multiple fibers by
means of the algebraic analog [Lang 1986; Cossec and Dolgachev 1989, V, §4]
(Section 6C) and the rigid analytic analog [Mitsui 2013] of Kodaira’s logarithmic
transformation [1964, §4] for complex analytic elliptic fibrations. As for topological
fundamental groups in the complex analytic case, Moishezon [1977, Theorem 11,
II, §2, p. 191] gave a similar criterion by means of deformations of elliptic fibrations
in the category of differentiable manifolds. Although the determination of topolog-
ical fundamental groups is an old problem, no references can be found for étale
fundamental groups. Our proof is purely algebraic and applies in any characteristic.

Let us briefly review the studies on the fundamental group of an elliptic surface
f 1 X — C in the complex analytic case. Take a smooth fiber i : Xy — X of f.
The morphism i induces a homomorphism iy : 71 (Xg) — 71 (X). In order to study
m1(X), Titaka [1971, §4] determined Cokeris. He reduced the problem to the
case where X does not admit any multiple fiber by using Kodaira’s logarithmic
transformation and van Kampen’s theorem. In a similar way, Xiao [1991] studied
the case of more general compact complex analytic fibered surfaces. In another
point of view, the group Coker i, is relatively easy to deal with because it may be
interpreted as the fundamental group of the orbifold curve induced by the elliptic
fibration f [Ue 1986, §1; Friedman and Morgan 1994, 1.3.6]. If x(Ox) = 0,
then the map f between the underlying topological spaces may be regarded as
a higher dimensional analog of a Seifert fibration [Seifert 1933; Thornton 1967].
Thurston [1980, §13.4] studied circle bundles over two-dimensional orbifolds in
the context of the geometry of three-manifolds, which clarified the structure of
Seifert fibrations: a Seifert fibration may be regarded as a circle bundle over a
two-dimensional orbifold. After these studies, Ue [1986, §1] showed that 71 (X) is
isomorphic to the fundamental group of the orbifold curve induced by f* whenever
x(Ox) > 0. Using the orbifold curve, Friedman and Morgan [1994, 2.2.1 and 2.7.2]
discussed the general case in a systematic way. In the present paper, we develop
this idea of using orbifolds within the framework of schemes, and give homotopy
exact sequences as explained above.

As for Im i, no difference appears between the characteristic-zero case and the
positive-characteristic case (Theorem 6.23). However, some differences appear
between the algebraic case of characteristic zero and the complex analytic case
(Remark 6.24). As for Coker iy, no difference appears between the algebraic case
of characteristic zero and the complex analytic case. As mentioned above, the group
Coker iy is isomorphic to the fundamental group of the orbifold curve induced by f.
Thus, it follows from the fact that any compact complex analytic curve is algebraic.



Homotopy exact sequences and orbifolds 1093

However, several differences appear between the characteristic-zero case and the
positive-characteristic case, as explained below.

In the algebraic case of characteristic zero and in the complex analytic case,
the local structure of the orbifold curve is determined by the multiplicities of the
multiple fibers. On the other hand, in the positive-characteristic case, the local
structure is more complicated. This is because the completion of the local ring of
the base curve at any point admits lots of finite coverings even if we fix the degree
of the covering. For example, the completion admits infinitely many Artin—Schreier
coverings. In particular, the resolution of multiple fibers in the positive characteristic
case is much more difficult [Katsura and Ueno 1985, §86-7; 1986, §2; Liu et al.
2004, §8.6] than that in the algebraic case of characteristic zero and in the complex
analytic case [Kodaira 1963, §6]. In order to determine the local structure of the
orbifold, we develop the above resolution of multiple fibers and study the minimal
regular models of torsors of elliptic curves (Section 6B). In conclusion, multiple
fibers of additive type [Katsura and Ueno 1986] do not affect the local structure of
the orbifold, and the local uniformizations of the orbifold are given by certain finite
cyclic coverings (Proposition 6.11).

In order to show Theorem 1.2, we classify simply connected orbifold curves
that are locally uniformized by finite cyclic coverings (Theorem 1.3(1)). More
precisely, we prove a generalized Fenchel conjecture (Theorem 1.3(2)). The original
conjecture states that any finitely generated Fuchsian group admits a torsion-free
subgroup of finite index, which was proved by a purely group-theoretic approach
in [Fox 1952] and [Chau 1983]. The conjecture is equivalent to the following:
any compact complex analytic orbifold curve minus finitely many points may be
trivialized by a finite branched covering except for some trivial cases. In other
words, except for some trivial cases, there exists a finite branched covering of a
given compact complex analytic curve minus finitely many points with prescribed
ramifications. Using the geometry of orbifold curves, we generalize this result in
any characteristic (Section 5):

Theorem 1.3. Let (C, B) be a connected cyclic orbifold k-curve (Definition 5.1).
Take the tame part (C, B') and the wild part (C, B) of (C, B) (Definition 3.8).
Put M :=#Supp B and N := # Supp B’ (Definition 3.6). For each s € Supp B’,
we put ng =[B! : K]. Then:
(1) The orbifold (C, B) is simply connected (Definition 3.19) if and only if one of
the following conditions is satisfied:
(@ C=Al, M =0,and p=0.
(b) C =P}, B' = B, M <2, and gcd(ng,n;) = 1 fors # 1.
(2) There exists an orbifold trivialization of (C, B) (Definition 3.10) if and only if
neither of the following conditions are satisfied.:
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(@ C=PL, M =N =1,and e(C, B®) > 0 (Definition 5.14).
(b) C =P, B' = B, M =2, and ng # n; where Supp B = {s,t}.

Let us explain our proof. The problem may be reduced to showing the existence
or nonexistence of the following four types of coverings:

(1) a covering of the projective line with at most two tame branch points;
(2) a covering of the projective line with three tame branch points;
(3) a covering of a curve with one tame branch point;

(4) a covering of a curve with one wild branch point.

Case (1) is easy. In the other cases, difficulties arise when we construct a covering
of a curve with prescribed ramifications. In Case (2), we use the techniques of
degeneration of a covering of a curve over a mixed characteristic ring [Raynaud
1994, §6]. In Cases (3) and (4), we produce rational functions on étale coverings
with prescribed zeros and poles in order to apply Kummer theory and Artin—Schreier—
Witt theory.

Finally, the classification of simply connected orbifolds and the above studies on
the homotopy exact sequences give the desired criterion for simple-connectedness
of elliptic surfaces.

2. Notation and conventions

We denote the cardinality of a set A by #4 and the degree of a finite field extension
L/K by [L : K]. We denote the field of fractions of an integral domain R by
Frac R and the strict Henselization of a local ring R by R*". For a ring R, an
R-curve is a faithfully flat separated R-scheme of finite type and of pure relative
dimension one. We denote the geometric genus of a proper curve C over a field
by g(C). The multiplicity of a nonzero Weil divisor D on a locally Noetherian
normal scheme X is the maximum positive integer m such that there exists a Weil
divisor D’ on X satisfying D =mD’. A scheme Y over a scheme X is called an
étale covering space of X if the structure morphism Y — X is finite, étale, and
surjective. A scheme X is said to be simply connected if X is connected and does
not admit any nontrivial connected étale covering space of X.

Let X be a connected locally Noetherian scheme. Take a geometric point
X : Spec 2 — X on X, where Q is a separably closed field. The pair (X, X)
is called a pointed connected locally Noetherian scheme. We denote the étale
fundamental group of (X, X) by m;(X,X). We sometimes omit X and denote
m1(X, X) by 71 (X) for simplicity.
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3. Orbifolds

Definition 3.1. A morphism [ between schemes is said to be separable if f is flat
and the fiber of f over any point is geometrically reduced [SGA 1 1971, X.1.1].
A morphism f : X — Y between schemes is said to be generically separable if
f maps any point x of codimension zero to a point y of codimension zero and
induces a separable morphism Spec Oy , — SpecOy,,. A morphism f : X — Y
between schemes is called a quasiseparable-covering (gsc) morphism if f is a
locally quasifinite generically separable morphism. We say that a morphism f
between locally Noetherian schemes preserves codimensions if f maps any point
to a point of the same codimension.

Remark 3.2. A separable-covering morphism between integral schemes is conven-
tionally defined as a finite generically separable morphism. The notion of a gsc
morphism is a generalization of this notion.

We frequently use the following:

Lemma 3.3. (1) Any locally Noetherian normal scheme is the disjoint union of
locally Noetherian integral schemes [Matsumura 1989, Exercise 9.11].

(2) The normalization of any locally Noetherian normal integral scheme X in
any finite separable field extension of the function field of X is finite over X
[Matsumura 1989, §33, Lemma 1].

(3) Any separated qsc morphism X — Y between connected locally Noetherian
normal schemes decomposes into an open immersion X — Z and a finite gsc
morphism Z — Y where Z is a connected locally Noetherian normal scheme
[EGATV; 1966, 8.12.11].

Lemma 3.4 [Matsumura 1989, 9.4 and 15.1]. Let¢p: A — B bea homomorphzsm
between Noetherian rings, and Q a prime ideal of B. Put P := ¢~1(Q). Then:

(1) ht Q <ht P 4 dim By/PByg.
(2) If ¢ is flat, then the equality in (1) holds.
(3) Any gsc morphism between locally Noetherian normal schemes preserves

codimensions.

Lemma 3.5 (Zariski—Nagata purity [SGA 1 1971, X.3.1]). Let f : X — Y be a
gsc morphism between locally Noetherian schemes. Assume that X is normal and
Y is regular. Then any irreducible component of the non-étale locus of f is of
codimension one.

Definition 3.6. Let S be a locally Noetherian normal scheme. By P(S) we denote
the set of all points on .S of codimension one. For each s € P(S) put K :=Frac @“‘
Take a separable closure K of K. Let B be a map that associates s € P(S) w1th
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a finite Galois extension Bs/Kj in K and satisfies the following condition: let
Supp B :={s € P(S)| Bs # Kj}; then Supp B is locally finite. The pair (S, B)
is called an orbifold. For a locally Noetherian normal scheme S, we denote the
orbifold obtained by equipping S with the trivial orbifold structure by (S). Let P
be a property of schemes (e.g., connected, quasicompact, regular). We say that an
orbifold (S, B) is P if S has the property P. Let P be a property of finite field
extensions (e.g., trivial, tame, wild, cyclic). We say that an orbifold (S, B) is P if
Bs/ K has the property P for any s € P(S).

Remark 3.7. In the above definition, we restrict ourselves to the case where the data
of ramifications are given only in codimension one for our purpose of application
to homotopy exact sequences (see Remark 4.26 for a generalization).

Definition 3.8. Let (S, B) be an orbifold. By B’ we denote the map that associates
s € P(S) with the maximal tame field extension B!/Kj in By. Then (S, B") is a
cyclic orbifold. The orbifold (S, B?) is called the tame part of (S, B). Assume
that (S, B) is cyclic. By BY we denote the map that associates s € P(S) with the
minimum field extension BY /Ky in By such that the equality B! BY = By holds.
Then (S, BY) is a cyclic orbifold. The orbifold (S, B?) is called the wild part of
(S, B).

Lemma 3.9. Let u: S’ — S be a gsc morphism between locally Noetherian normal
schemes. Take s’ € P(S’). Puts :=u(s’). Then s € P(S). Put K := Frac @fst‘s
and K, := Frac @5;1, o Then u induces a finite field extension K,/ K.

Proof. We may assume that S and S’ are affine. The first statement follows from
Lemma 3.4(3). The last statement follows from Lemma 3.3(3). O

Definition 3.10. Let (S, B) and (S’, B’) be two orbifolds. We use the notation
introduced in Lemma 3.9. Composing the field extensions K, /Ky and B;,/ K,
we obtain a field extension B;/ / K. Assume that there exists a K-algebra homo-
morphism ¢y : By — By, for all s" € P(S’). Then u is called an orbifold morphism
(S’, B") = (S, B). If ¢y is an isomorphism for all s" € P(S’), then u is called
an orbifold étale morphism (S’, B') — (S, B). If u is finite, orbifold étale, and
surjective, then (S’, B’) is called an orbifold étale covering space of (S, B). If
(S’, B’) is a trivial orbifold and an orbifold étale covering space of (S, B), then u

is called an orbifold trivialization of (S, B).

Remark 3.11. The homomorphisms ¢y are not part of the data of an orbifold
morphism. The image of ¢ does not depend on the choice of ¢y since Bg/Kj is
Galois. The composite of any two orbifold (étale) morphisms is an orbifold (étale)
morphism.

Definition 3.12. Let (S, B) be an orbifold. We use the notation introduced in
Lemma 3.9. Assume that there exists a Ks-algebra homomorphism vy : K, — By
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for all s" € P(S’) (e.g., u is étale). Since By/K, is Galois, we may define an
orbifold (S’, B') by putting B}, := B for all s’ € P(S’). Then u is an orbifold étale
morphism (S, B’) — (S, B). We say that u induces an orbifold étale morphism
(S, B’y — (S, B).

Lemma 3.13. Let f : X — S and g : Y — S be two gsc morphisms between
locally Noetherian normal schemes. Take the normalization Z of X xg Y and
the canonical projections [’ . Z — Y and g’ : Z — X. Then [’ and g’ are gsc
morphisms between locally Noetherian normal schemes.

Proof. We may assume that X, Y, and S are affine. By (1) and (3) of Lemma 3.3,
we have only to show the case where f and g are finite gsc morphisms between
integral schemes. In this case, the lemma follows from Lemma 3.3(2). O

Lemma 3.14. Tuke a separable closure L of a field L. Let M and N be two finite
field extensions of L in L. Put P = M NN and Q := MN. By Q we denote the
Galois closure of Q/L. Then the L-algebra M @ N is L-isomorphic to a finite
product of Q-subfields of Q If M/ L is Galois then M @ N = QL] pyer L,
where the right-hand side is the product of [P : L] copies of Q. If M/L and N/ L
are Galois, then Q = Q.

Proof. This follows from the L-algebra isomorphism M ® N =~ P®r Q. [

By € (resp. €¢) we denote the category consisting of locally Noetherian normal
schemes and gsc morphisms (resp. étale morphisms). By 6o (resp. @or ¢r) We
denote the category consisting of orbifolds and orbifold morphisms (resp. orbifold
étale morphisms). We define a faithful functor Foy, : € — Bor, by S+ (S). In the
same way, we define a faithful functor Fom ¢ : €sr — Corp,ét- By G : €sr — € and
Gorb : Gorb,ét = 6oy We denote the canonical faithful functors. Then Foy, 0 G is
naturally isomorphic to G, © Forb ¢t

Proposition 3.15. The categories €, €¢, Cor, and €om ¢ admit any finite fiber
product. In any case, the (underlying) scheme of any finite fiber product is isomor-
phic to the normalization of the fiber product of the (underlying) schemes, and any
base change of any (orbifold) étale morphism is an (orbifold) étale morphism. The
SJunctors Fopy, For g1, G, and Gog, preserve any finite fiber product.

Proof. Let us show the first statement. Lemma 3.13 shows the cases of € and €.
Let (S1, B1) and (S,, B,) be two orbifolds over an orbifold (Sy, Bg). We define
an orbifold (S3, B3) in the following way. Take the normalization S3 of S; x5, S2
and the canonical projection p; : S3 — S; fori =0, 1, and 2. Take s € P(S3).
Put K; := Frac @fghi,Pi ) and K3 := Frac ©f9h3,s- The morphism p; i&luces a field
extension K3/K;. Put L; := B; ,.(s). Take a separable closure K3 of K3. By
L’/ K3 we denote the unique Galois extension in K3 that is K3-isomorphic to the
lifting of the Galois extension L;/K; via K3/K;. We define B; 5/ K3 as the Galois
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extension L' L, / K3. We apply the same procedure to all s € P(S3). Then we obtain

an orbifold (S5, B3) and an orbifold morphism p; : (S5, B3) — (S;, B;) fori =0, 1,
and 2. By construction, the orbifold (S5, B3) is the fiber product of (S;, B;) and
(S,, By) over (Sp, Bg) in €qp. Thus, the category 6o, admits any finite fiber
product. Assume that (S, By) is orbifold étale over (S, By). By definition, we
may regard Lg, L1, and L, as field extensions of K satisfying L = Ly C L5.
Since K3 C K1 ®g, Ko C L1 Qk, Ly = L[zLI:KO] (Lemma 3.14), we may regard
K3 as a K,-subfield of L,. Then L, =~ B3 over K. Thus, the morphism
D2 : (83, B3) = (S3, By) is orbifold étale. In particular, the category €, ¢ admits
any finite fiber product. The other statements follow from the construction. |

Definition 3.16. Let (S, By) and (S, B,) be two orbifolds. For i = 1 and 2, the
identity on S is an orbifold morphism (S, B;) — (S). We define the composite
orbifold (S, By B;) of (S, By) and (S, B;) as the fiber product of (S, B;) and
(S, By) over (S) in Bypp.

Remark 3.17. By the proof of Proposition 3.15, the field (B B;)s is equal to the
composite field of By s and B, s for any s € P(.S), where we regard the extensions
B s and B ; of K as subfields of a fixed separable closure K.

Proposition 3.18. Fori = 1 and 2, let u; : (S;) — (S, B;) be an orbifold trivi-
alization. Take the normalization S3 of S1 Xgs S» and the canonical projection
pi : S35 — Si fori = 1 and 2, which is an orbifold morphism (S3) — (S;). Then
the orbifold morphism (S3) — (S, B1B3) induced by uy o p1 and u; o p, is an
orbifold trivialization.

Proof. The proposition follows from Lemma 3.14 and Remark 3.17. O

Definition 3.19. An orbifold (S, B) is said to be simply connected if (S, B) is
connected and does not admit any nontrivial connected orbifold étale covering
space. Let (S, B) be a connected orbifold. Take a geometric point 5 : Spec 2 — S
on S, where 2 is a separably closed field. Assume that the image of s is a regular
point on S and not contained in the closure of Supp B (e.g., the image is the
generic point of S). The triple (S, B, §) is called a pointed connected orbifold.
Let ¥ = (S,B,5 : SpecQ — S) and ¥ = (S’, B’,5' : Spec Q' — S’) be two
pointed connected orbifolds. A pointed orbifold (étale) morphism ¥ — & is
a pair of an orbifold (étale) morphism u : (S’, B’) — (S, B) and a morphism
® : Spec Q' — Spec  between schemes such that the diagram

Spec ' s
o,k
Spec 2 S,

1s commutative.
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Remark 3.20. By Zariski—Nagata purity (Lemma 3.5), any orbifold étale morphism
to (S, B) is étale over the image of 5.

Let (S, B, 5) be a pointed connected orbifold. By € (s p) we denote the category
of finite orbifold étale (S, B)-orbifolds and orbifold étale (S, B)-morphisms. We
define a functor Fy from 6(g p) to the category of finite sets by sending an object
(S’, B’) — (S, B) to the underlying set of S’ x5 5. We refer to [SGA 1 1971, V.5]
for the definition of a Galois category and a fiber functor (a fundamental functor).

Theorem 3.21. The category € s, gy is a Galois category with the fiber functor Fj.

Proof. We show the theorem in the same way as in the case of the category of finite
étale schemes over a pointed connected locally Noetherian scheme (see [SGA 1
1971, V.7]). We have only to verify that the pair (s, p), F5) satisfies Axioms
(G1)-(G6) in [loc. cit., V.4]:

(G1) The orbifold (S, B) is the final object in 6 (g, p). The category € s, p) admits
any finite fiber product (Proposition 3.15).

(G2) The empty set equipped with the trivial orbifold structure is the initial object
in €5, p). Take an object u : (S’, B’) — (S, B) in €5 p). Assume that a
finite group G acts on an orbifold (S’, B) over (S, B) in €(s,p). By S”
we denote the spectrum of the Og-algebra of G-invariant sections of Og/.
Then S” is the quotient of S’ by G in the category of S-schemes [loc. cit.,
V.1.8]. By v: S’ — S” we denote the morphism induced by the canonical
inclusion homomorphism Og~» — Og,. The morphism u factors as u = w o v.
Since u is finite, the morphism v is finite. Since S is locally Noetherian and
u is finite, the morphism w is finite. Take a point s on S’ of codimension
one. By I(s’) C G we denote the inertia group of s’. We use the notation

B],/K;, introduced in Definition 3.10. Put s” := v(s’), B}, := B, and
K g ", := Frac 0%, 57 g~ Then the image under the homomorph1sm K}, — K !
induced by v is equal to (K, ) ") Furthermore, the extension B/ /Ky, i
finite and Galois. By construction, the pair (S”, B”) is an orblfold that is a
quotient of (S’, B’) by G in €(g p).

(G3) Lemma 3.3(1) implies that any morphism u : (S’, B') — (S, B) in € s, p) fac-
tors as wov: (S’, B') > (S”, B”) — (S, B) where v is a strict epimorphism,
w is a monomorphism, and (S”, B”) is a direct summand of (S, B).

(G4) By definition, the functor Fy is left-exact.

(G5) By definition, the functor F5 preserves any finite direct sum and preserves
the quotient by any action of any finite group. Take a strict epimorphism
u in 6(g, ). We have to show that F5(u) is surjective. By s we denote the
image of 5 on S. By base change, we may replace S by SpecOg . Then u
is étale (Remark 3.20). Thus, the surjectivity follows from [loc. cit., V.3.5].
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(G6) Take a morphism u in 6(g, py. Assume that F5(u) is an isomorphism. We
have to show that u is an isomorphism. By s we denote the image of §
on S. By base change, we may replace S by SpecOg . Then u is étale
(Remark 3.20). Thus, it follows from [loc. cit., V.3.7].

Therefore, the pair (6(s, p), F5) satisfies Axioms (G1)—(G6) in [loc. cit., V.4],
which proves the theorem. O

Definition 3.22. Let (S, B, §) be a pointed connected orbifold. The functor Fj is
pro-representable by a profinite group (see [loc. cit., V.5]). This group is called the
fundamental group of (S, B,5) and denoted by 71 (S, B, 5). We sometimes omit §
and denote 71 (S, B, 5) by 71(S, B) for simplicity.

Let ¥ = (S, B,5)and ¥ = (S’, B’,5) be two pointed connected orbifolds. Any
pointed orbifold (étale) morphism u : ' — & induces an (injective) homomorphism
s 1 () — 71 (¥) (see [loc. cit., V.6]). Since any connected finite étale S-scheme
induces a connected finite orbifold étale (S, B)-orbifold, we obtain a canonical
surjective homomorphism ¢ : w1 (¥) — 71 (S, 5). If the regular locus of S is open
(e.g., S is excellent), then the singular locus of .S is a closed subset of codimension
at least two. Thus, Zariski—Nagata purity (Lemma 3.5) shows the following:

Proposition 3.23. Let & = (S, B,5) be a pointed connected orbifold. By Sy
we denote the regular locus of S. Assume that Sy is an open subset of S. By
u:%9 — & we denote the pointed orbifold étale morphism induced by the inclusion
morphism Sy — S. Then the homomorphism uy : 71(%o) — 71 (¥) induced by u
is an isomorphism. If & is trivial and regular, then ¢g is an isomorphism and, in
particular, w1 (¥) = m1(S).

Example 3.24. The homomorphism ¢s) : 71((S)) — 71(S) is not injective in
general, where (.S) is the trivial orbifold associated to S and we omit the geometric
points. Let k& be an algebraically closed field of characteristic zero, n an integer
greater than one, and ¢ a primitive n-th root of unity. Put S’ := Ai. Take the
coordinate functions (x, ) of S’. We define an automorphism o on S’ by (x, y) —
(¢x,Cy). Take the quotient u : S — S of 0. The scheme S is normal but not
regular. The morphism u ramifies only at the origin o of S’. Since 71(S” \ {0}) =~
m1(S’) = 1 by Zariski—Nagata purity (Lemma 3.5), we obtain the isomorphisms
71((S)) = Z/nZ and 7r1(S) = 1. Thus, the homomorphism ¢ is not injective.

4. Homotopy exact sequences

4A. Coverings of fibrations.

Lemma 4.1. Let f : X — S be a quasicompact morphism between locally Noe-
therian schemes. Assume that X is reduced. Then the following are equivalent:
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(1) S is reduced and f is dominant.

(2) The homomorphism Og — fOx associated to f is injective.

Assume that (1) and (2) hold and that X is normal and integral. Then S is integral
and the following statements are equivalent:

(3) S is normal and the function field of S is algebraically closed in that of X
(4) Og is integrally closed in fOx.

If f is generically separable, then (3) and (4) are equivalent to the following:
(5) S is normal and the generic fiber of [ is geometrically integral.

Proof. We may assume that S is affine. Put R :=T'(S,0g) and W :=T'(X,Oy).
Since W is reduced and the kernel of the homomorphism R — W associated to
f is the defining ideal of the closure of f(X), the first equivalence holds. Let us
show the other statements. Since X is irreducible and f is dominant, the scheme .S
is irreducible, which implies that S is integral. By K and L we denote the function
fields of S and X, respectively. By K’ and R’ we denote the algebraic closure
of K in L and the integral closure of R in K’, respectively. Then R’ = R if and
only if R is normal and K’ = K. Since X is normal and integral, the ring W is
normal and integral [Liu 2002, 4.1.5], which implies that R’ is the integral closure
of R in W. Thus, the second equivalence holds. The last statement follows from
[EGA TV, 1965, 4.6.3]. O

Lemma 4.2. Letu : X — Y and v : Y — Z be morphisms between integral
schemes. Assume that v o u is dominant and generically separable and that v is
integral. Then u is dominant and generically separable and v is surjective and
generically separable.

Proof. Since v o u is dominant and v is closed, the morphism v is surjective. Since
v is integral and dominant, the preimage of the generic point of Z under v consists
of the generic point of Y [Matsumura 1989, 9.3 (ii)]. Furthermore, since v o u is
dominant and generically separable, the morphism u is dominant and the morphism
v is generically separable. Note the following: for any field extensions L/ K, M /L,
and N/L, the ring M ® N may be regarded as a subring of M ®x N since
Mg N=MQ®rNQr(LRg L)and L = L @ K C L ®k L. Thus, the
morphism u is generically separable. O

Definition 4.3. Condition (D) on morphisms f : X — S, u’: X' > X, u:S5" — S,
and /' : X’ — S’ between locally Noetherian schemes consists of the following
conditions:

(1) f is quasicompact, surjective, and generically separable.

(2) ' is finite, surjective, and generically separable.
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(3) u is integral.
(4) The homomorphism Og — fOx associated to f is injective and Og is inte-

grally closed in f,Ox.
(5) The homomorphism Og — f/Ox+ associated to f” is injective and Og- is

integrally closed in f,/Ox-.
(6) The diagram

X e x
-
)

is commutative.
Remark 4.4. Conditions (1)—(3) imply that f” is quasicompact. Conditions (1)—(6)
imply that u is given by the integral closure of Og in (f ou’)«Ox-.
Proposition4.5. Let f : X — S, f/: X' > S, u:S" — S,andu’ : X' — X be
morphisms between locally Noetherian schemes satisfying Condition (D). Suppose
that X is normal and that X’ is connected and normal. Then:
(1) X, X', S,and S’ are normal and integral.
(2) u is finite, surjective, and generically separable.
(3) [’ is quasicompact, surjective, and generically separable.
Proof. Since X' is connected and u’ is surjective, the scheme X is connected.
Lemma 3.3(1) shows that X and X’ are integral. Thus, Lemma 4.1 shows that S
and S’ are integral and normal. Therefore, Statement (1) holds. Since f ou’ is
surjective and generically separable and u is integral, Lemma 4.2 shows that f” is
dominant and generically separable and u is surjective and generically separable.
Thus, Lemma 3.3(2) shows that u is finite. Therefore, Statement (2) holds. Let us
show that f” is surjective. We may assume that the finite covering X’/ X is Galois
after replacing X’ and S’ by finite coverings. The Galois group G of X’/ X faithfully
acts on the finite covering S’/S such that f” is G-equivariant. Since f’(X”) is

stable under any element of G and the equalities u( f//(X”)) = f(u/(X")) = S hold,
the morphism f” is surjective. Thus, Statement (3) holds. O

Proposition 4.6. We use the same notation and assumption as in Proposition 4.5.
Letv: T — S be one of the following morphisms between schemes:

(a) a smooth morphism;
(b) the localization at a point,
(c) the strict Henselization (or the Henselization) of the spectrum of a local ring;

(d) the completion of the spectrum of an excellent local ring at the closed point.
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By fr:Xr =T, f7: Xy — Sp,ur : S — T, and u’. : X — X we denote
the base changes of the S-morphisms f, f’, u, and u’ via v, respectively. Take
connected components Z and Z' of T and S, respectively. Then:

() Z, f71(2Z), Z',and (f7)~(Z') are locally Noetherian, normal, and integral.
() fr. [} ur, and u’y, satisfy Condition (D).

(3) If v is surjective, then u' is étale if and only if “/T is étale.

Proof. By U we denote any of T', X7, S7., and X.. Then U is locally Noetherian.
Since any fiber of v is geometrically regular, the scheme U is normal [Matsumura
1989, 23.9]. The schemes Z and Z’ are integral (Lemma 3.3(1)). We may assume
that Z =T and f 1(Z) = Xr. Since v is a dominant flat morphism between
integral schemes, Lemma 4.1 implies that X7 is integral. In the same way, we
may show that (f7)~'(Z’) is integral. Thus, Statement (1) holds. Let us show
Statement (2). We have only to show that O7 and O 5. are integrally closed in
J1+0x; and f7.,0 x}.» respectively. Thus, Statement (2) follows from Lemma 4.1.
Statement (3) follows from faithfully flat descent for étale morphisms. O

Lemma 4.7. Let u : X — Y and v : Y — Z be morphisms between locally
Noetherian schemes. Put w := v ou. Assume that Y and Z are normal. Suppose
that u is dominant, v is affine, and w is finite, étale, and dominant. Then u and v
are finite, étale, and surjective.

Proof. Since Z is normal and w is étale, the scheme X is normal. We may assume
that X, Y, and Z are integral (Lemma 3.3(1)). Then u and v are finite surjective
morphisms between locally Noetherian normal integral schemes. We have only to
show that # and v are étale over any point z on Z. Since w is finite, étale, and
surjective, there exists an étale morphism ¢ : U — Z such that z € 1 (U) and the
restriction of the base change Xy — U of w via ¢ to any connected component of
Xy is an isomorphism [Bosch et al. 1990, 2.3.8]. Thus, by faithfully flat descent
for étale morphisms, we may assume that w is an isomorphism. Then u# and v
induce isomorphisms between the function fields of X, Y, and Z. Since X, Y,
and Z are normal and integral and u# and v are finite, the morphisms u and v are
isomorphisms, which implies that # and v are étale. O

Proposition 4.8. Let f : X — S and u : S’ — S be morphisms between locally
Noetherian normal integral schemes. Assume that f is quasicompact, surjective,
and generically separable, u is finite, surjective, and generically separable, and Og
is integrally closed in f«Ox. Then there exist a locally Noetherian normal integral
scheme X' and morphisms ' : X' — S’ and u' : X' — X satisfying the following:

(@) f, f',u,and u’ satisfy Condition (D).
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(b) For any normal integral scheme Y and any dominant morphisms h: Y — S’
and £ 1Y — X satisfying | o & = u' o h, there exists a unique morphism
§:Y — X' suchthatu’' o' =& and f' o0& = h.

Furthermore, the following statements hold:
(1) If & in (b) is finite and étale, then u' and &' are finite, étale, and surjective.
(2) If u is étale, then u' is étale.
(3) If [ is separable and of finite type, then the converse of (2) holds.

Proof. By K, K’, and L we denote the function fields of S, S’, and X, respectively.
Put L' := L ®g K’. Since K is algebraically closed in L (Lemma 4.1) and the
extension K’/ K is finite and separable, the ring L’ is a field. Furthermore, the field
K’ is algebraically closed in L’ and the extension L’/ L is finite and separable. Take
the normalization ' : X’ — X of X in L’. Since ' is finite (Lemma 3.3(2)), the
scheme X" is locally Noetherian, normal, and integral. Take the unique morphism
f’: X" — S’ such that f ou’ =uo f’. Then Og is integrally closed in f,Ox-
(Lemma 4.1). Thus, Condition (a) is satisfied. By construction, Condition (b) is
satisfied. Statement (1) follows from Lemma 4.7. Byv:Z - X andw : Z — S’
we denote the base change of u via f and the base change of f via u, respectively.
Then v is finite, and Z is an integral scheme with function field L’. Let us show
Statement (2). Assume that u is étale. Then v is étale and Z is normal. Thus,
the scheme Z is X -isomorphic to X', which implies that u’ is étale. Let us show
Statement (3). Assume that f is separable and of finite type and that u’ is étale.
Replacing X by the smooth locus of f, we may assume that f is smooth ([Bosch
et al. 1990, 2.2.16] and Lemma 4.1). Then Z is normal. Thus, the scheme Z is
X -isomorphic to X”, which implies that v is étale. Therefore, Statement (3) follows
from faithfully flat descent for étale morphisms. O

4B. Base spaces of local étale coverings.

Definition 4.9. Let R be a strictly Henselian Noetherian normal local ring with
field of fractions K. Take a separable closure K of K. Put S := Spec R. Let
f X — S be a surjective generically separable morphism between connected
Noetherian normal schemes. Assume that Og is integrally closed in fxOyx. We
define the maximal base field K (of étale coverings of the total space) of f in the
following way. Let £ : Y — X be a connected étale covering space. Then Y is

normal. Take the normalization
h
) N N

of § in the composite fo&:Y — X — S. By K¢ we denote the function field
of S”. Then u induces a finite separable field extension K¢/ K (Proposition 4.5).
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We define K as the composite field of all K-embeddings of the finite separable
extensions K¢/ K in K for all connected étale covering spaces £ : ¥ — X of X.

Remark 4.10. By definition, the field extension K /K is algebraic and Galois.
We use the notation introduced in Definition 4.9.

Proposition 4.11. Let g : X' — X be a proper birational morphism between regular
integral schemes. Then the maximal base field of f o g in K is equal to K.

Proof. By Zariski—Nagata purity (Lemma 3.5; see also [SGA 1 1971, X.3.3]), the
base change of finite étale X -schemes via g induces an equivalence of categories
between the category of finite étale X -schemes and the category of finite étale
X’-schemes, which proves the proposition. O

Lemma 4.12. Let L/ K be a finite field extension in K. Then L C K if and only if
there exists a connected étale covering space of X that induces the extension L /K.

Proof. The “if” part follows from the definition of K. Since any finite fiber product
of étale covering spaces of X over X is an étale covering space of X, the “only if”
part follows from Proposition 4.8(1). O

By k we denote the residue field of R. By {Z;}ic; we denote the set of all
irreducible components of the special fiber X of f with the reduced structures.
Take the integral closure k; of k in I'(Z;,0z,).

Lemma 4.13. The ring k; is a field. If | is of finite type, then the field extension
ki/ k is finite and purely inseparable for any i € I.

Proof. Since k; is an integral extension of the field &, the integral domain k; is a
field. Assume that f" is of finite type. Since Z; is finite type over k, the function
field K; of Z; is finitely generated over k. Since k; C K; and k is separably closed,
the last statement holds. O

Suppose that R is a discrete valuation ring. Then f is flat. The closed subscheme
X} is a divisor on X and, for any i € I, the closed subscheme Z; is a prime divisor
on X (Lemma 3.4(2)). We may write X}, = Zie[ m;”Zi.

Lemma 4.14. Suppose that R is a discrete valuation ring. Assume that f is of
finite type. Put n; .= |k; : k], which is finite by Lemma 4.13. Let £ : Y — X be a
connected étale covering space. Take the normalization
h , U
Y —§ —S
of S in the composite f o& Y — X — S. Then the degree of u divides
ged(mi)ier - ged(ni)ier-
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Proof. By m and n we denote the ramification index of S’/S and the degree of the
residue field extension of S’/.S, respectively. Then m |m; and n | n; for any i € I
since £ is étale and k is separably closed. Since R is a Henselian discrete valuation
ring, the degree of u is equal to mn, which concludes the proof. O

Proposition 4.15. We use the notation introduced in Definition 4.9. By k we denote
the residue field of R. Suppose that R is a discrete valuation ring. Assume that f is
of finite type. Then:

(1) The field extension K / K is finite and Galois.
(2) If f is separable, then K =K.

(3) If k is perfect, then [IZ : K] divides the multiplicity of the special fiber of f
(Section 2).

(4) If f is proper and a finite field extension K'/K in K satisfies X(K') # @,
then K C K'.

Proof. Statement (1) (resp. (2) and (3)) follows from Lemma 4.14 since K /K is
Galois (Remark 4.10) (resp. m; = 1 and k; = k for any i € I, and k; = k for any
iel (Lemma 4.13)). Let us show Statement (4). By Proposition 4.8(1), we may
assume that K N K’ = K. By S’ and S we denote the normalizations of S in K’
and K, respectively. Take the scheme X' (resp. X) and the morphism u’: X' — X
(resp. u : X - X and f X > S) given by Proposition 4.8. Then i : X —> X isan
étale covering space. Since the base change of @ via u’ induces KK' /K’', we have
only to show that K = K whenever X (K) # 2. Assume that X(K) # @. Then f
admits a section by the valuative criterion for properness. Since the pullback of any
section of f via # induces a section of f and S is strictly Henselian, the degree of
u is equal to 1, which concludes the proof. O

Example 4.16. Let us give an example of a morphism f : X — § of finite type
with [12 : K] = oo when dim S > 1. Assume that k is algebraically closed, the
characteristic of k is not equal to 3, and R = k[[x, y, z]/(x? + y3 + z3). By s
we denote the closed point of S. Put Sy := S\ {s}. Then 7{((S)) = 71(So)
(Proposition 3.23). Take the blowing-up f : X — S of S ats. Then X is regular.
Put E := f~!(s). The reduction E.q of E is k-isomorphic to an elliptic curve
over k and the multiplicity of E is equal to 3. The morphism f"is not flat at any point
on E (Lemma 3.4(2)). The inclusion morphisms So — X, Ereqg > E,and £ — X
induce a surjective homomorphism 71 (Sg) — 71 (X), an injective homomorphism
71 (Ered) = 71 (E), and an isomorphism 71 (E) = m; (X) respectively [SGA41
1977, 1V.2.2]. Since 71 (Ereq) is not finite, the extension K / K is infinite.

4C. Homotopy exact sequences. In this subsection, we give homotopy exact se-
quences for fibrations satisfying the following conditions:
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Definition 4.17. Condition (C) on a triple (X, S, f) consists of the following
conditions:

(1) X and § are locally Noetherian normal integral schemes.
(2) f:X — S is a surjective morphism of finite type.

(3) Oy is integrally closed in fxOx (Conditions (1) and (2) imply that the homo-
morphism Og — f,Ox associated to f is injective (Lemma 4.1)).

(4) The geometric generic fiber of f is reduced.

Condition (C*) on a triple (X, S, f) is Condition (C) and the following conditions:
(5) X is regular.

(6) f is flat in codimension one.

Remark 4.18. In the case where f is proper, Conditions (2) and (3) are equivalent
to the following conditions:

(2") f:X — S is proper.
(3’) The homomorphism Og — f,Oy associated to f is an isomorphism.

Remark 4.19. In our studies on homotopy exact sequences, Condition (C*) is
necessary. This condition is used to describe the effect of the nonreduced geo-
metric fibers of f on étale covering spaces of X in terms of an orbifold (S, B).
Conditions (1)—(3) are used to produce a finite covering space of S by taking the
normalization of S in the composite of a finite covering map of X and /. In the
case where f is proper, this normalization may be given by the Stein factorization of
the composite. Condition (5) is used to apply Zariski—Nagata purity (Lemma 3.5) to
a finite covering space of X . In particular, the condition that the finite covering map
is étale may be checked in codimension one. Condition (4) enables Condition (6)
to encode this condition as the data of ramifications B of an orbifold (S, B). See
Theorem 4.22 and Remark 4.26 for Condition (C).

Example 4.20. Take k, n, u : S" — S, and o as in Example 3.24. Let E be an
elliptic curve over k. Put X' := E x; S’. By f/: X’ — S’ we denote the second
projection. Choose a primitive n-torsion point P on E. We define an action t
on X’ as the product of the translation by the addition of P on E and the action
of 0 on S’. We take the quotient u’ : X' — X of 7. Since f’ is equivariant
with respect to T and o, we obtain a morphism f : X — S. The triple (X, S, /)
satisfies Condition (C). The morphisms f, f’, u, and u satisfy Condition (D)
(Definition 4.3). Since X is regular and S is not regular, the morphism f" is not flat
[Matsumura 1989, 23.7 (i)]. However, the morphism f is flat in codimension one
since f is flat over the regular locus of S [Matsumura 1989, 23.1]. In particular,
the triple (X, S, f) satisfies Condition (C*).
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Example 4.21. Take k, u: S’ — S, and o0 as in Example 3.24. Take the blowing-ups
f:X—>Sand f': X' — S of S and S’ at u(0) and o, respectively. Then X
and X’ are regular. The universal property of blowing-up shows that there exists
a unique morphism u’ : X’ — X such that f ou’ = u o f’. The morphism u’
ramifies along the exceptional divisor of f’. The morphisms f, f’, u, and u’
satisfy Condition (D) (Definition 4.3). The triple (X, S, f) satisfies Condition (C).
However, the morphism [ is not flat in codimension one (Lemma 3.4(2)). In
particular, the triple (X, S, /) does not satisfy Condition (C*).

We first generalize Grothendieck’s homotopy exact sequence to the case where
fibrations are not necessarily proper:

Theorem 4.22. Let (X, S, f) be a triple satisfying Condition (C) (Definition 4.17).
Assume that f is separable. Choose a connected geometric fiberi : Xo — X of [
(e.g., the geometric generic fiber of f). Take a geometric point Xy on Xg. Put X :=
i(Xg) and s := f(X). The morphisms i and [ induce canonical homomorphisms

x .1 (Xo,X0) > m (X, X) and fx : m1(X,X) = 7m1(S,5), respectively. Then the
sequence

71 (Xo, %o) — 71 (X, %) 2> 71(8.5) —> 1
Is exact.

Proof. We have only to show the exactness at 771 (X). Since Xy is a geometric fiber
of f, the relation Imi, C Ker f; holds. Let us show that Ker fx C Imi,. Take
n € Ker fix. We have only to show the following: for any connected Galois étale
covering space £ : Y — X, the element 7 acts trivially on o(£§71(Xy)), where we
denote the base change of X via £ by £71(X;). Take the normalization

y st s
of S in the composite fo&:Y — X — S. Thenu : S’ — S is an étale covering
space (Proposition 4.5(2) and Proposition 4.8(3)). The action of 1 on Y/ X induces
an action of n on S’/S. Since n € Ker f, the element 7 acts trivially on S’/S.

Thus, the element 7 acts trivially on 7o(£71 (X)), which implies that 7 € Im .
Therefore, the sequence is exact. O

Definition 4.23. Let (X, S, /) be a triple satisfying Condition (C) (Definition 4.17).
We define the orbifold (S, B) associated to f in the following way. By P(S) we
denote the set of all points on S of codimension one. Take s € P(S). Put K :=
Frac @Sh By /s we denote the base change of f* via the composite Spec O @Sh

Spec @ S s — S of the canonical morphisms. Take the maximal base field K, s of fs
(Definition 4.9). Proposition 4.15(1) shows that the field extension K, s/ Ky is finite
and Galois. We define a map B on P(S) by s — Ky / K (Definition 3.6). Let us
show that the pair (S, B) is an orbifold. By Sy we denote the open subscheme of .S



Homotopy exact sequences and orbifolds 1109

that is the complement of the closure of Supp B. Take a nonempty open subscheme
S1 of S over which f is separable. Then S; C Sy (Proposition 4.15(2)), which
implies that Supp B is locally finite. Thus, the pair (S, B) is an orbifold.

Using the above orbifold, we give an étaleness criterion for finite coverings of X:

Theorem 4.24. Let (X, S, f) be a triple satisfying Condition (C*) (Definition 4.17).
Take the orbifold (S, B) associated to f (Definition 4.23). Letu : S’ — S be a
finite surjective generically separable morphism between locally Noetherian normal
integral schemes. Take the scheme X' and the morphism u’ : X' — X given by
Proposition 4.8. Then u’ is étale if and only if u induces an orbifold étale morphism
(S’, B') — (S, B) (Definition 3.12).

Proof. First, we assume that S = Spec Q and S’ = Spec Q' where Q and Q' are
discrete valuation rings. The morphism u induces a finite flat extension Q’/Q
of discrete valuation rings. Put J := Frac Q, J' := Frac Q’, K := Frac Q*", and
K’ :=J' ®y K. The field extension J’/J induced by u is finite and separable.
Take the maximal unramified extension I of J in J’. We may embed I in K over J.
By (1) and (2) of Proposition 4.8, we may assume that J = I. Then K’ is a field.
By Proposition 4.6, we may assume that J/ = K and J' = K’. Then the theorem
follows from Lemma 4.12.

Next, let us show the general case. The “only if” part follows from the first
case and Proposition 4.6. Let us show the “if”” part. Since f maps any point of
codimension one to a point of codimension at most one (Lemma 3.4(2)), the first
case and Proposition 4.6 show that ’ is étale in codimension one. Thus, Zariski—
Nagata purity (Lemma 3.5) shows that u’ is étale, which proves the “if”” part. [

Definition 4.25. Let (X, .S, /') be a triple satisfying Condition (C*) (Definition 4.17).
Take the orbifold (S, B) associated to f* (Definition 4.23). Choose a geometric
point X on X . Put § := f(X). Assume that the image of 5 on S is a regular point
on S (e.g., the generic point of S). We define the homomorphism [ : 71 (X, X) —
m1(S, B,5s) induced by f in the following way. Let u : (S’, B’) — (S, B) be a
connected orbifold étale covering space. Take the scheme X’ and the morphism
u’' : X' — X given by Proposition 4.8. Then v’ : X’ — X is a connected étale
covering space (Theorem 4.24). Thus, we obtain a surjective homomorphism

ffrb (X, X) = 71(S, B,5).

Proof of Theorem 1.1. We may show the theorem in the same way as in the proof of
Theorem 4.22. We have only to use Theorem 4.24 instead of Proposition 4.8(3). [J

Remark 4.26. We generalize the definition of an orbifold (S, B) (Definition 3.6)
by the following two modifications: replace P(S) by all points on S; remove
the finiteness assumption on B/ K. We may define the fundamental group of
(S, B) in the same way as in the case of an orbifold. The morphism f induces
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a generalized orbifold (S, B). Note that if f is separable, then (S, B) is trivial
(Proposition 4.8(3)). Replacing an orbifold by a generalized orbifold, we may
show Theorems 4.24 and 1.1 for any triple (X, .S, /) satisfying Condition (C)
(Definition 4.17) without the regularity assumption on X and the flatness assumption
on f in codimension one (Examples 4.16 and 4.21).

5. Orbifold trivializations of orbifold curves

In this section, we fix an algebraically closed field k of characteristic p > 0. We
study orbifold trivializations of orbifold k-curves and classify simply connected
cyclic orbifold k-curves.

Definition 5.1. An orbifold (C, B) (Definition 3.6) is called an orbifold k-curve
(resp. a proper orbifold k-curve) if C is a k-curve (resp. a proper k-curve). If p >0
and [ By : K] is power of p for any s € P(C), we say that an orbifold (C, B) is a
p-orbifold k-curve.

Since the underlying scheme of any orbifold k-curve is a smooth k-curve, we
study ramified coverings of smooth k-curves. The Riemann—Hurwitz formula shows
the following:

Lemma 5.2. Letu:C — I]j’llC be a finite tamely ramified k-morphism of degree d
between connected proper smooth k-curves. By N we denote the number of the
branched points of u. Then:

() N #1.
2) If N = 2, then C is isomorphic to IPIIC, u ramifies at exactly two points, and
both of the two ramification indices are equal to d.

Proposition 5.3. Let (P}, B) be a proper tame orbifold k-curve. If # Supp B < 1,
then ([P’,lc, B) is simply connected. Assume that Supp B = {0, oo}. For s = 0 and oo
we put ng .= By : Kg]. Then:

(1) The orbifold (P}, B) is simply connected if and only if gcd(ng, neo) = 1.

(2) There exists an orbifold trivialization of (P}, B) if and only if ng = Reo.

In Statement (2), the restriction of the orbifold trivialization to any connected
component ramifies at exactly two points.

Proof. The first statement follows from Lemma 5.2(1). Let us show the other
statements. Put d := gcd(ng, neo). Take a parameter ¢ of I]j’llC so that #(0) = 0 and

t(00) = oo. Then the k-morphism I]j’llC — [P’}c, ¢ — 1% induces an orbifold étale
morphism (P., B’) — (P}, B), where the equalities

/d ifs=0 ,
[B;:Ks]z n;/ if s .oroo
1 otherwise.
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hold. Thus, Lemma 5.2 proves the proposition. O

Proposition 5.4. Let (P, B) be a proper tame orbifold k-curve with Supp B =
{0,1,00}. Fors =0, 1, and oo, we put ng := By : Ks]. Assume that ng, ny, and n«
are pairwise coprime. Then there exists a Galois orbifold trivialization of (P}, B)
with noncommutative simple Galois group.

Proof. First, we consider the case p = 0. By F, = (xg, yo) we denote the free group
of rank two. Take the elements x, y, and z of the triangle group A(ng, 11, o) In
the definition of A(ng, 71, 1) in Section A. We define a homomorphism ¢ : F, —
A(ng,n1,ns) by xXg — x and yg — y. Then the equality ¢(y61x51) = z holds.
Since the étale fundamental group of [P’}{ \ {0, 1, co} is isomorphic to the profinite
completion of F, (see [Lieblich and Olsson 2010] for a purely algebraic proof),
Theorem A.9 shows the proposition.

Next, we consider the case p > 0. Take a complete discrete valuation ring R
of characteristic zero whose residue field is isomorphic to k (e.g., the ring of Witt
vectors over k). Put K := Frac R. The case p = 0 shows the following: replacing
R by a finite extension of R, there exist a finite noncommutative simple group G
and a K-morphism wg : Yx — P }( between connected proper smooth K-curves
satisfying the following condition:

(0) wg is the quotient morphism Yx — Pl = Yk /G whose branch points are
equal to 0, 1, and oo, over which each ramification index is equal to ng, 1y,
and 74, respectively.

In the following, we take an appropriate R-model w of wg in the same way as
in [Raynaud 1994, §§6.1-6.3]. Remark that in [Raynaud 1994, §6] the group G
is a quasi-p-group and the ramification indices of wg are equal to powers of p.
However, these conditions are used only from Lemma 6.3.6. Replacing R by a
finite extension of R, we obtain an R-morphism w : ¥ — P between R-schemes
satisfying Conditions (1)—(6):

(1) Y is a projective normal semistable R-curve that is an R-model of Y.
(2) P is a projective normal semistable R-curve that is an R-model of P}(.
(3) w is the quotient morphism ¥ — P =Y/G.

(4) The restriction of w to the generic fibers is equal to wg.

(5) The closure of each branch point of wg in P is contained in the smooth locus
Py, of the R-scheme P.

To state Condition (6) below, we introduce notation. Condition (2) shows the
following two statements on the special fiber Py of P: any irreducible component
is isomorphic to P!, and the dual graph of the irreducible components is a tree I'p.
By Og, 1g, and cog we denote the closures of 0, 1, and co on IP}( in P, respectively.
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For s =0, 1, and oo, we denote the reduction of s by s;. Condition (5) implies
that sy, is contained in exactly one irreducible component Cs. We denote the vertex
of I'p corresponding to Cg by e;. Any two vertices eg and e; are connected by a
unique line /5; on I"p. The intersection /o1 N /100 N oo is €xactly one vertex egq -
We denote the irreducible component corresponding to €100 by Co1oo-

(6) P is a successive blowing-up of P, and the strict transform of the special
fiber of I]J’}e is equal to Cp1eo-

Take a subgroup H of G. By Condition (1), we obtain an R-morphism#:Y — X
between R-schemes satisfying Conditions (7) and (8) [Raynaud 1990, Corollaire
of Proposition 5]:

(7) X is a proper normal semistable R-curve with connected smooth generic fiber.
(8) u is the quotient morphism ¥ — X =Y /H.

Conditions (3) and (8) give an R-morphism v : X — P between R-schemes such
that w = v o u. Furthermore, the following condition is satisfied:

(9) u, v, and w are finite and surjective.

Since v and w are finite (Condition (9)), X and Y are Cohen—Macaulay (Condi-
tions (1) and (7) and [EGA IV, 1965, 5.8.6]), and Py, is regular (Condition (2)),
the following condition is satisfied [Matsumura 1989, 23.1]:

(10) v and w are flat over Pgy,.

By I'y and 'y we denote the dual graphs of the irreducible components of the
special fibers Y, and X of Y and X. The group G acts on I'y. The quotient
morphisms # and v induce the quotient maps of the actions of G and H from the
vertices of 'y to the vertices of I'p and 'y, respectively. If an element g of G fixes
an edge e of I'y, then g does not exchange the two vertices on the edge e [Raynaud
1994, 6.3.5]. Thus, the quotients of the actions of G and H on I'y are canonically
isomorphic to I'p and I'y, respectively. Therefore, the morphisms « and v induce
maps I'y — I'y — I'p, respectively, that preserve the vertices and the edges.

Take the generic point A of an irreducible component of Pj. Choose the generic
point n of an irreducible component of Y;, over A. Conditions (9) and (10) show that
Oy,,/0p.. is a finite flat extension of discrete valuation rings. Conditions (1) and (2)
imply that the ramification index of Oy, /Op ; is equal to 1. Thus, the inertia group
I of Oy, /0p, is a p-group. Since G is a noncommutative simple group and any
simple p-group is commutative, the inequality G # I, holds. We take the above
subgroup H of G so that H = I;. Put 6 := u(n). Then the extension of the residue
fields of Ox ¢/Op  is separable. Conditions (2) and (7) imply that the ramification
index of Oy ¢/Op ; is equal to 1. Thus, the extension Oy »/Op y is étale.
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Take g € G. Replacing 1 and H by gn and gHg ™!, respectively, we obtain

X¢& and 68 corresponding to X and 6, respectively, in the same way as in the
above argument. Furthermore, the extension Ox¢ gs/Op ; is étale. Since v is
finite (Condition (9)) and R is excellent, the normalization Y of the fiber product
of X¢ for all g € G over P is finite over P. By Y we denote the generic
fiber of Y'. Since G is simple and G # H, the intersection | gec 8H g~ !is the
trivial group. Thus, any connected component of Yy is Pg-isomorphic to Y
(Lemma 3.14). Since Y is normal (Condition (1)) and w is finite (Condition (9)),
any connected component of Y’ is P-isomorphic to Y. Thus, the product of 6% for
all g € G over A gives a point 79 on Y over A such that the extension Oy, /Op ;
is étale. Since w is a Galois covering, the extension Oy,g,,/Op ) is étale for
any g € G. Since A is arbitrary, the morphism w is étale at the generic point of
any irreducible component of Y. Put P’ := Py, \ (Og U1g Uoog). By w’ we
denote the restriction w|,,—1(pr): w~!(P’) — P’. Condition (0) implies that the
restriction of w’ to the generic fibers is étale. Thus, the morphism w’ is étale in
codimension one. Therefore, Zariski—Nagata purity (Lemma 3.5) shows that w’
is étale. Thus, by Lemma 5.2 and the same method as above, we may assume that
I'p =lp1 Ulioo Ulso after successive blowing-down of exceptional curves on Y
and P (Condition (6)).

The normalizations of the preimages of Cs and Cy; o under w are proper smooth
k-curves Cy and Cg, ., respectively. The covering C;/Cy branches at s, over
which each ramification index is equal to ng ([Raynaud 1994, 6.3.2] and Condi-
tions (0), (4), and (5)). Since w’ is étale, Lemma 5.2 implies that the preimage C(;l .
is connected and the covering CJ, . /Co100 branches at exactly three points, over
which each ramification index is equal to ng, n, and 1, respectively. Therefore,
the covering Cél . /Co100 induces a desired orbifold trivialization. O
Lemma 5.5. Let C be a connected proper smooth k-curve of positive genus. Take
a closed point s on C and an integer n. Assume that p yn. Then there exists a
connected étale covering space u : C' — C, a divisor D on C’, and a rational
function h on C' such that u*[s]—nD = (h), where [s] and (h) are the divisors
defined by s and h, respectively.

Proof. We may assume that n is positive. Since the genus of C is positive and
p+n, we may take a connected étale covering space u : C' — C of degree n.
We denote the genus of C’ by g. By J we denote the Jacobian variety of C’
over k. Take a closed point 5o on C’. Since the morphism (C’)® — J defined
by (s; }'g=1 — Zligzl([si] — [s0]) is surjective and the multiplication of J by n
is surjective, there exists (s;)5_, € (C’(k))& such that u*[s] — n[so] is linearly

i=1
equivalent to n Zle ([si] —[s0]), which proves the lemma. d
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Proposition 5.6. Let (C, B) be a connected proper tame orbifold k-curve with
#Supp B = 1. Assume that the genus of C is positive. Then there exists an orbifold
trivialization of (C, B) that is the composite uov : C"" — C' — C of two finite
coverings where u is étale and v is totally ramified over each branch point.

Proof. Take s € Supp B. Put n :=[By : K;]. Take a connected étale covering space
u : C' — C and a rational function /2 on C’ given by Lemma 5.5. By v: C” — C’
we denote the normal model of the equation z” = /. Then u o v induces a desired
orbifold trivialization. O

Proposition 5.7. Let (C, B) be a connected tame orbifold k-curve. Put M =
#Supp B. For each s € Supp B, we put ng := [Bs, Ks]. Then there exists an
orbifold trivialization of (C, B) if and only if neither of the following conditions
are satisfied: (a) C =P, and M = 1; (b) C = P, M =2, and ns # n; where
Supp B = {s, t}.

Proof. In the proof of the “if”’ part, we may replace C by the smooth compactification
of C. Thus, we may assume that C is proper over k. By Proposition 3.18, we
have only to consider the following cases: (1) g(C) =0and M <2;(2) g(C) =0,
M =3, and ged(ng,ny) =1 fors #£¢t; (3) g(C) > 0and M = 1. Cases (1), (2),
and (3) follow from Propositions 5.3, 5.4, and 5.6, respectively. |

In the following, we provide steps in order to prove Proposition 5.12. Assume
that p > 0. Let C be a connected proper smooth k-curve. We denote the sheaf of
rational functions on C by M. Put ¢ := M /Oc¢. The exact sequence of abelian
sheaves 0 — O¢c — M — Pc — 0 induces a long exact sequence

HOC M) 255 HOC.90) s H(C,00).

By F¢ we denote the absolute Frobenius endomorphism of C and its actions on the
cohomology groups H°(C,%¢) and H!(C,0¢). We define F, g as the identity map
and, for each positive integer d, we inductively define F g by F d.— F g_l oFc.

Lemma 5.8. Forany £ € HO(C,®¢), there exists a connected étale covering space
u: C' — C, a nonnegative integer d, and a rational function h on C’ such that
u*Fgé‘ = ¢/ (h), where u* is the homomorphism H®(C,%c) — H°(C',P¢/)
induced by u.

Proof. Since the k-vector space H!(C,0Oc) is finite-dimensional, we may take
a nonnegative integer d and a polynomial G(X) = Y 7_,¢; X' € k[X] so that
co # 0 and G(Fc)n = 0, where we put n := Fgwcé. Take an affine covering
A = {U;} of C and a representative {a;; } € C'! (U, G¢) of n. We define a polynomial
GP)(X) e k[X] by GP(X) := YT _,c; XP'. Since G(Fc)n = 0, there exists
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{a;} € C°(U, O¢) such that G(P)(a,-j) =aj —a; for all i and all j. Thus, we may
define an étale covering space u : C’ — C by the equations
GP(z)=a; onlj,
zi—zi=uaijj onU;NUj.
By definition, the pullback of 7 via u splits, which proves the lemma. O
We denote the cokernel of an endomorphism ¢ of a module M by M.

Lemma 5.9. Let R be an excellent discrete valuation ring of positive characteristic
with separably closed residue field. By R we denote the completion of R with respect
to the maximal ideal. Put K := Frac R, K*" := Frac R™, and K := Frac R. We
denote the Frobenius endomorphisms on these fields by F. The canonical inclusion
homomorphisms K — K™ and K" — K induce the canonical homomorphisms
o: K — K;fl_l and B : K%‘_l — KF_1, respectively. Then:

(1) « is surjective and R C Kera.

(2) B is an isomorphism.

Proof. Since K*" is algebraically closed in K by the approximation property [Bosch
et al. 1990, 3.6.9], Artin—Schreier theory shows that 8 is injective. Since R is
isomorphic to the formal power series ring over the separably closed residue field

of R, the relation R C (F— 1)[2 holds, which implies that § o« is surjective. Thus,
Statement (2) holds, which implies Statement (1). O

We recall the definition of the addition of the ring of Witt vectors W(A) with
coefficient ring 4. Let n be a nonnegative integer. Put

n .
Wa(Xo..... Xn) =Y _ p'XP" €Z[X,..... Xy].
i=0

We inductively define S, as the unique polynomial in Z[ Xy, ..., Xy, Yo, ..., Yx]
satisfying the equality Wy, (So, ..., Sn) = Wu(Xo, ..., Xn) + Wy(Yy, ..., Yy). For
a=(ag,....an,...) € W(A)and b = (by,...,by,...) € W(A), the addition of
Witt vectors is defined by

a+b:= (So(a(),bo),...,Sn(a(),...,an,bo,...,bn),...).

Lemma 5.10. We denote the ideal of Z[Xy, ..., Xn, Yo, ..., Yn]| generated by
{XiYj}o<i,j<n by 1. Then the equality Sy = Xy + Y, mod I holds. In particular,
the equality

(ag,....an—1,an,...)+(0,...,0,by,...)=(ag,...,dpn—1,an + by, ...)
holds in W(A).
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Proof. Let us show the first equality by induction on n. The case n = 0 is clear.
Assume that the case i is proved for any i < n. By the induction hypothesis, the
equality p"S, = p"X,, + p"Y, mod I holds, which proves the case n. Thus, the
first equality holds for any n. The first equality shows the last equality. O

For a positive integer n, we denote the ring of length-n Witt vectors with
coefficient ring A4 by W,,(A). We denote the Frobenius endomorphism on W;,(A4)
by F. Take a connected étale covering space u : C’ — C, a closed point s on C, and
s’ e u~!(s). Put K := Frac @%"s and K, := Frac @%‘,’S,. The extensions K,/ Kj
for all s’ € u~!(s) induce a homomorphism

Au,s,n cWau(Ks)F—1 — @ Wn(K;/)F—l-

s’eu—1(s)

Put A, :=0¢/(C'— u~1(s)). The canonical homomorphisms 4, s — K;, for all
s’ € u~!(s) induce a homomorphism

¢u,s,n : Wn(Au,s)F—l - @ Wn(K;/)F—l-

s’eu1(s)

Put Ac s :=1lim, Aysnand ¢c s :=1im, ¢y sn, where u: C' — C runs through
all connected étale covering spaces of C. By construction, the homomorphisms
Ac s and ¢c 5, are compatible with the reductions of the rings of Witt vectors.

Lemma 5.11. The relation Im Ac 5, C Im¢c 5, holds.

Proof. Take & € Wy(Ks)Fp—1. Put n:= Ac,(§). We have to show that 1 €
Im ¢¢ 5 . By induction on 7, we have only to consider the following cases: (1)
n=1;(2) n > 1 and £ is contained in the kernel of the reduction homomorphism
Wu(Ks) — W,—1(Ks). Note that Wy (A) = A for any ring A. Lemma 5.10 reduces
Case (2) to Case (1). Thus, we may assume that » = 1. Lemma 5.9(1) shows that
the canonical homomorphism Jl¢ s — K induces a surjective homomorphism
P :Pcs — (Ks)F—1. Thus, we have only to show that Ac s 1(P(0)) € Im¢c 4,1
for any 6 € Pc . Since the equality X4 =1+ (Zld;(,l Xi)(X — 1) holds in the
polynomial ring k[ X] for any positive integer d, we may replace 6 by F%6 for any
positive integer d. Thus, the lemma follows from Lemma 5.8. O

Proposition 5.12. Assume that p > 0. Let (C, B) be a connected proper cyclic
p-orbifold k-curve with # Supp B = 1. Then there exists an orbifold trivialization
of (C, B) that is the composite uov : C" — C' — C of two finite coverings where
u is étale and v is totally ramified over each branch point.

Proof. Take s € Supp B. Take an integer n so that [Bs : Kg] = p". Since
H' (K, W,) = 0, the exact sequence of Gal(K/Kj)-modules

I _
0 —> 7/ "7 —> Wy(Ky) —— Wp(K;) —> 0
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induces an isomorphism H (K, Z/ p"Z) = W, (Ks) p—1. In particular, the field ex-
tension By / Kj is induced by an element £ € W, (K;) r—;. Lemma 5.11 gives a con-
nected étale covering space u : C' — C and an element n € Wy, (A, s) p—1 such that
the equality Ay 5., (§) = @u,s,n(n) holds. By K’ we denote the function field of C’.
The image of 1 under the canonical homomorphism W, (A, ) F—1 — Wy (K') p—4
induces a cyclic extension K"/ K’ of degree p". Take the normalization v:C” — C’
of C’ in K”. By the choice of 1, the morphism u o v induces a desired orbifold
trivialization. O

Proposition 5.13. Let (C, B) be a connected p-orbifold k-curve. Then there exists
an orbifold trivialization of (C, B).

Proof. We may replace C by the smooth compactification of C. Thus, we
may assume that C is proper over k. By Proposition 3.18, we may assume that
#Supp B = 1. Take s € Supp B. Put m :=[B;s : K;]. Let us show the proposition
by induction on m. The case m = 1 is clear. Assume that m > 1. Since B/ Kj
is solvable, we may take a Galois extension B}/ K of degree p in B,. For each
t € P(C)\ {s}, we put B, := K;. We define a map B’ on P(C) by t — B;/K;
(Definition 3.6). Then the pair (C, B’) is an orbifold. Applying Proposition 5.12 to
(C, B’), we may reduce the case m to the case m/ p. Thus, the case m holds by
the induction hypothesis. 0

Definition 5.14. The Euler characteristic e(C) of a proper smooth k-curve C is
the £-adic Euler characteristic of C, which does not depend on the choice of the
prime number £ that is prime to p. Let (C, B) be a proper orbifold k-curve. Take
s € Supp B. We use the notation By/Kj introduced in Definition 3.6. By By
and K we denote the valuation rings of the discrete valuation fields By and Kj,
respectively. We define the orbifold Euler characteristic e(C, B) of (C, B) by

lengthgo (91195’/1(;’)'

e(C.B):=e(C)— Y_ [B;K

seSuppB -5 s]

The Riemann—Hurwitz formula shows the following:

Proposition 5.15. Let (C, B) and (C’, B') be two proper orbifold k-curves. If there
exists an orbifold étale morphism (C', B') — (C, B) of degree n, then the equality
e(C’, B"y =ne(C, B) holds. In particular, if e(C, B) > 0 and C is connected, then
the underlying curve of any connected orbifold étale covering space of (C, B) is
isomorphic to I]:"}c.

Proof of Theorem 1.3. Let us show Statement (2). Assume that C is not proper
over k. Take the smooth compactification C of C. We may choose an extension

B of B to P(C) so that the orbifold (C, B) satisfies neither Condition (a) nor
Condition (b). Thus, we may assume that C is proper over k. First, we consider



1118 Kentaro Mitsui

the “if”” part. By Propositions 3.18, 5.15, and 5.13, we may assume that B’ = B.
In that case, the “if” part follows from Proposition 5.7. Next, we consider the
“only if” part. Take s € Supp B and an orbifold trivialization C; — (C, B). By
Proposition 5.7, we have only to show that Condition (a) is not satisfied. Assume
that Condition (a) is satisfied. Since C is simply connected, Proposition 5.12
gives an orbifold trivialization u : C; — (C, B™) that is totally ramified over the
unique branch point s. Condition (a) and Proposition 5.15 imply that C, = [F"}{.
Take the normalization C3 of C; x¢ C, and the canonical projection v : C3 — C;.
Lemma 3.14 shows that v is tamely ramified over the unique branch point 2! (s),
which contradicts Lemma 5.2. Thus, Condition (a) is not satisfied.

Let us show Statement (1). The “if part” follows from Proposition 5.3. We
consider the “only if” part. Assume that Condition (a) is not satisfied. State-
ment (2) implies that C = IP’}( and M < 2. Proposition 5.13 implies that B’ = B.
Proposition 5.3 implies that gcd(ng,n;) = 1 for s # ¢. Thus, Condition (b) is
satisfied. Therefore, the “only if” part holds. O

6. Fundamental groups of elliptic fibrations

6A. Elliptic fibrations. We study elliptic surfaces by localizing the fibrations with
respect to the base curves. To this end, we generalize the definition of elliptic
surfaces. We refer to [Liu 2002, §§8-9] for fibered surfaces.

Definition 6.1. An elliptic fibration is a triple (X, C, f) satisfying the following
conditions:

(1) C and X are excellent regular integral schemes of dimension one and two,
respectively.

(2) f: X — C is a proper morphism.
(3) The homomorphism Oc — fOx associated to f is an isomorphism.

(4) The generic fiber of f is a proper smooth curve of genus one.

Let (X, C, f) be an elliptic fibration. A prime divisor D on X is said to be a
(—1)-curve if the following conditions are satisfied. Put k := I"'(D,Op). Then D
is k-isomorphic to [F[’}C and degOx (D)|p = —1. If any fiber of f does not contain
a (—1)-curve, then (X, C, f) is said to be relatively minimal. The multiplicity of
a closed fiber F of f is the multiplicity of the divisor F on X (Section 2). The
minimal regular C-model of the Jacobian of the generic fiber of f is called the
Jacobian fibration of f.

Remark 6.2. Conditions (2) and (3) show that f is surjective. Thus, Condition (1)
shows that f is flat. The multiplicity of F' does not depend on the choice of the
proper regular C-model of the generic fiber of f* [Liu 2002, 9.2.7].
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Lemma 6.3. Let (X, C, ) be an elliptic fibration and & : Y — X a connected
étale covering space. Take the Stein factorization

h
Y = D-sC

of the composite fo&:Y — X — C. Then:
(1) (Y, D, h) is an elliptic fibration.
(2) v is finite, flat, surjective, and generically separable.

Choose an integral scheme C' and a finite flat morphism u : C' — C such that v
factors through u. Take the normalization X' of X x¢ C’, the canonical projections
u' X' — Xand [ : X' — C’, and the unique morphism &' 1 Y — X' satisfying
E=u'o& andh = f'o&'. Then:

(3) (X', C’, f') is an elliptic fibration.
4) u' and &' are finite, étale, and surjective.

Proof. Since X isregular and £ is étale, the scheme Y is regular. Thus, Statements (1)
and (2) follow from Proposition 4.5. Statement (4) follows from Lemma 4.7. Since
X is regular and u’ is étale, the scheme X' is regular. Thus, Statement (3) follows
from Proposition 4.5. O

We frequently use the following:

Proposition 6.4 [Liu et al. 2004, 6.6]. Let C be the spectrum of a complete discrete
valuation ring with algebraically closed residue field and field of fractions K. Let
(X, C, f) be a relatively minimal elliptic fibration with Jacobian fibration (E, C, g).
By Xg and Eg we denote the generic fibers of [ and g, respectively. Then the
special fiber of [ is of type m T (the Kodaira symbol) if and only if the special fiber
of g is of type T and the order of the torsor [Xg] € H' (K, Eg) is equal to m.

We refer to [Liu 2002, 8.3.39, 8.3.44, 9.3.31, and 9.3.32] for desingularizations
and the minimal desingularizations of fibered surfaces.

Lemma 6.5. Let (X, C, ) be an elliptic fibration with generic fiber Xg and
£k : Yx — Xk a finite morphism between geometrically connected K-curves of
genus one. Take the normalization &€ : Y — X of X in k. Assume that f is smooth
and that the residue field at any closed point on C is algebraically closed. Then the
triple (Y, C, f o&) is a relatively minimal elliptic fibration.

Proof. We may assume that C is the spectrum of a discrete valuation ring. Take
the minimal desingularization A : Y > Y of Y. By X, Y, and f’k we denote
the special fibers of f, fo&, and f o & oA, respectively. Choose an irreducible
component D of Y and an irreducible component D of ¥, » dominating D. Since
l=g(Xr) <g(D) =< g(ﬁ), the Néron—Kodaira classification of singular fibers
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implies that D is the unique irreducible component of ?k whose geometric genus is
equal to 1. Thus, the component D is the unique irreducible component of Y, and
the component Dis the unique irreducible component of I?k that dominates D. Since
A is the minimal desingularization, the morphism A is an isomorphism. Therefore,
the triple (Y, C, f o£) is a relatively minimal elliptic fibration. O

Lemma 6.6. Let (X, C, [) be an elliptic fibration with Jacobian fibration (E, C, g).
Assume that the reduction of any closed fiber of f is isomorphic to an elliptic
curve and that the residue field at any closed point on C is algebraically closed.
By Xx and Eg we denote the generic fibers of [ and g, respectively. Take a
positive multiple n of the order of the torsor [Xg] € H (K, Ex). Then there
exists a C-morphism X — E whose restriction to the generic fibers induces the
multiplication of their Jacobian Eg by n.

Proof. Take a finite Galois extension K'/K so that X(K') # @. Put G :=
Gal(K'/K) and Xg' := Xg xx K'. Choose a cocycle ¢ € Z1(G, E(K")) repre-
senting [Xx]. The curve Xg /K may be obtained as the quotient of a G-equivariant
action on Xk~ /K’ induced by ¢ (see Section 6B). Moreover, an endomorphism of
Z(G, E(K")) induces a G-equivariant endomorphism of X, whose quotient is
a K-morphism between torsors of Eg. Since the endomorphism on H!(K, Eg)
induced by the multiplication of Egx by n maps the torsor [Xg] to the trivial
torsor [Eg], the endomorphism induces a K-morphism &g : Xx — FEg. Take
the normalization Y — E of E in £g. Proposition 6.4 shows that g is smooth.
By Lemma 6.5, the scheme Y is the minimal regular C-model of Xg. Since the
minimal regular C-model of Xx is unique up to unique C-isomorphism, the C-
scheme Y is C-isomorphic to X, which concludes the proof. |

Corollary 6.7. Let C be the spectrum of a complete discrete valuation ring with
algebraically closed residue field. Let (X, C, ) be a relatively minimal elliptic
fibration with Jacobian fibration (E, C, g). Then the reduction of the special fiber
of f is isomorphic to an ordinary elliptic curve if and only if the special fiber of g
is an ordinary elliptic curve.

6B. Etale coverings of local elliptic fibrations. Let R be a complete discrete valu-
ation ring with algebraically closed residue field k of characteristic p > 0 and field of
fractions K. Put C := Spec R. Let (X, C, f) be an elliptic fibration with Jacobian
fibration (E, C, g). By Xx and Ex we denote the generic fibers of f and g,
respectively. By [Xx] we denote the element of H!(K, E) corresponding to the
torsor Xg of Ex. Take a separable closure K of K. Take the maximal base field
K of f in K (Definition 4.9). In this subsection, we determine the extension K /K.

Take a finite Galois extension K’/ K in K so that X(K') # @. Put Gg//g :=
Gal(K'/K). The group H' (Ggr/k . E(K')) may be regarded as a subgroup of
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H'(K, Eg) by the inflation homomorphism. Then the torsor [Xx] € H!(K, Eg)
is contained in H!(Gg//k, E(K')) since [Xk] splits over K’. Choose a cocycle
ceZ! (Gk/ k- E(K")) representing [Xg]. The extension K’/ K induces a finite
covering C’/C. By (E’, C’, g’) we denote the Jacobian fibration of Xx xg K’. By
the uniqueness of the normalization C” of C in K’ and the Jacobian fibration g’, we
obtain a homomorphism p : Gg/ g — Aut(C’'/C) — Aut(E’/C), where the first
arrow is induced by the automorphisms on the generic point of C” and the second
arrow is induced by the base change of the automorphisms via g’. Furthermore,
we obtain a map 7 : Gg//xg — E(K') — Aut(E’/C’), where the first arrow is
given by ¢ and the second arrow is induced by the translation by addition. Since
¢ is a cocycle, the map T : Gg/)x — Aut(E’/C) defined by o — t(0) 0 p(0) is
a homomorphism. By x: E’ — Z := E’/Im T we denote the quotient morphism
of the action 7. The quotient Z is a normal scheme over C whose generic fiber is
isomorphic to Xg.

Lemma 6.8. If any element of Im T fixes any closed point on E’, then K =K.

Proof. We may assume that X is the minimal desingularization of Z. Since Z
is normal, we may take a regular closed point z on Z. By x € X we denote the
preimage of z. The extension K /K induces a finite covering C /C. Take the
minimal desmgularlzatlon X' of X Xc C’ (resp. X of X Xc C) and the canonical
projection u’ : X' — X (resp. i : X = X). By the choice of x, the preimage
(1)~ !(x) consists of one closed point on X’. By Proposition 4.15(4) and the
definitions of #’ and i, the morphism u’ factors through the finite étale surjective
morphism ii. Thus, the degree of 7 is equal to one, which implies that K = K. [

Assume that (X, C, f) is relatively minimal. Put Gg := Gal(K/K). By ;u T
we denote the type of the special fiber of f (the Kodaira symbol). The type T is
divided into the following three cases, (A), (M), and (E):

Case (A). Additive type: T #1, (n>0). Since the residue field k of R is algebraically
closed and the special fiber of f is simply connected, Lemma 6.3 implies that X is
simply connected. In particular, the equality K = K holds.

Case (M). Multiplicative type: T =1, (n > 0). Tate’s uniformization gives an exact
sequence of G'g-modules

0—>Z —> Gy g (K) = Eg(K) —> 0,

where 7 maps 1 to ¢ € K satisfying 0 < |¢g| < 1. The exact sequence induces a
long exact sequence

HY(K,G, k) — H' (K, Ex) — H*(K,Z) — H*(K,Gp k).
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Since H' (K, Gy x) = H*(K, Gy k) =0 and H?(K,Z) =~ Hom(Gg,Q/Z), we
obtain an isomorphism ¢ps : H' (K, Ex) =Hom(Gg, Q/Z). Put yar :=dar (X k]).
The group Im y,s is finite and cyclic. The Galois extension L/ K corresponding to
Ker y5s is the minimum separable field extension that splits [Xx]. By D we denote
the normalization of C in L. Put d :=[L : K]. Then the normalization Y of X x¢ D
is a relatively minimal elliptic fibration over D with special fiber of type 14,,, and the
induced morphism ¥ — X is étale (see the proof of [Liu et al. 2004, 8. 3(b) 1. In
particular, the relation K > L holds. Proposition 4.15(4) gives the relation KclL.
Thus, the equality K = L holds.

Case (E). Elliptic type: T =1y. By E we denote the formal group law associated
to E. By R and m we denote the integral closure of R in K and the maximal ideal
of R, respectively. Then E gives a group structure on m. By E (m) we denote
this group. Since the canonical homomorphism E(R) — E(K) is a Gg-module
isomorphism by the valuative criterion for properness, we obtain an exact sequence
of G g-modules

0 — E(m) — E(K) — E(k) — 0.

The exact sequence induces a long exact sequence

0— H'(K, E(m)) - H'(K, Ex) — H'(K, E(k)) —> HX(K, E(@)).

Since Gk acts trivially on E(k), we obtain an isomorphism H!(K, E(k)) =
Hom(Gg, E(k)).

Lemma 6.9. If p = 0, then the group H (K, E (m)) is trivial for any positive
integer i. Otherwise the group H' (K, E (m)) is p-primary for any positive integer i.

Proof. Any i-th Galois cohomology group is torsion for any positive integer i. Take
an integer n so that p 4 n. Then the multiplication of E(m) by 7 is an isomorphism
[Silverman 2009, IV.2.3(b)]. These facts show the lemma. O

Lemma 6.10. The homomorphism \ is the zero map.

Proof. By Lemma 6.9, we may assume that p > 0. Furthermore, we have only
to show the image of any element of H'(K, E(k)) of p-power order under v is
equal to zero. If the special fiber of E is ordinary, then the statement follows from
[Raynaud 1970, 9.4.1(iii)]. Otherwise, the group E (k) is p-torsion free. Thus, the
group H' (K, E(k)) is p-torsion free, which implies that the statement holds. [

From Lemma 6.10 we get a surjective homomorphism ¢g : H'(K, Ex) —
Hom(Gg, E(k)). Put yg := ¢ ([Xk]). The group Im yg is finite and cyclic. The
Galois extension L/ K corresponding to Ker yg is the minimum separable field
extension that splits the image of [Xx] in H' (K, E(k)). By D we denote the
normalization of C in L. Put d :=[L : K]. Then the normalization Y of X x¢ D is
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a relatively minimal elliptic fibration over D with special fiber of type ,, /410, and
the canonical projection Y — X is étale. In particular, the relation K O L holds. If
[Xkx] e (H' (Gg, E (m))), then any element of Im 7 fixes any closed point on E’.
Thus, Lemma 6.8 gives the equality K=1L.

We summarize the above results:

Proposition 6.11. Assume that (X, C, [) is relatively minimal. By ,, T we denote
the type of the special fiber of f. Take the maximal base field K of f (Definition 4.9).
Then [K : K] divides m (Proposition 4.15(3)). Moreover:

(A) If T #1, (n>0), then X is simply connected and K =K.

M) If T =1, (n>0), then IZ/K corresponds to Ker yps in Case (M) and [IZ: K]=
#Imyyr = m.

(E) If T =1y, then I?/K corresponds to Ker yg in Case (E), [I? :K]|=#Imyg,
and one of the following statements holds: (1) p=0and[K : K]=m; (2) p >0
and m/[K : K] is a power of p.

In particular, the extension K / K is finite and cyclic.

Lemma 6.12. Assume that (X, C, ) is relatively minimal. By m we denote the
multiplicity of the special fiber Xy, of f. We define a divisor F on X by F := X; /m.
By n we denote the order of the normal bundle of F in the Picard group Pic F.
Then:

(1) The Oc-module R! 1Oy is torsion-free if and only if the equality m = n holds.

(2) If p =0, then the equality m = n holds. Otherwise, there exists a nonnegative
integer e such that the equality m = np® holds.

(3) We use the notation introduced in Lemma 6.3. Take m’ and n’ for (X', C’, f”)
in the same way. By d we denote the degree of u. Assume that F is isomorphic
to an elliptic curve and p }d. Then the equalities m = dm’ and n = dn’ hold.

Proof. Statements (1) and (2) follow from Proposition 1 in [Mitsui 2013]. Let us
show Statement (3). Since v’ is étale, the equality uo f" = fou’ gives the equality
m=dm’. By A: F' — F we denote the base change of u’ via the inclusion morphism
F — X. Since «’ is a finite étale surjective morphism of degree d, the base change
A is a finite étale surjective morphism of degree d. Since F is isomorphic to an
elliptic curve, the morphism A may be regarded as a morphism between elliptic
curves over k. The morphism A induces a homomorphism A* : Pic F — Pic F’.
Since u’ is étale, the divisor F’ is equal to the pullback of the divisor F via u/,
which implies that Np//x = A*Np,x. Since p {d, the relation p }(n/n’) holds.
Thus, the equality m = dm’ and Statement (2) give the equality n = dn’. O

Lemma 6.13 [EGAIII; 1961, 7.7.5(11), 7.8.4, and 7.9.4]. The following conditions
are equivalent:
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(1) f is cohomologically flat in dimension zero [EGA1Il, 1963, 7.8.1]; i.e., the
Sformation of the direct image f«Ox commutes with any base change.

(2) R! f,Ox is torsion-free.

Lemma 6.14. We use the notation introduced in Lemma 6.3. Suppose that the
reduction of the special fiber of [ is isomorphic to an elliptic curve and that
ptdegv. Then R! f,0x is torsion-free if and only if R'h,Oy is torsion-free.

Proof. By [Raynaud 1970, 9.4.2] and Lemma 6.13, we may assume that & is an
isomorphism. Then the lemma follows from (1) and (3) of Lemma 6.12. O

Proposition 6.15. Suppose that p > 0. Assume that (X, C, f) is relatively minimal.
By m T we denote the type of the special fiber of f. Take the maximal base field K
of f (Definition 4.9). By (Xj )red We denote the reduction of the special fiber of f.
Then p ¢ [E : K] if and only if one of the following conditions is satisfied.:

() T#L, (n=0).
(2) ptm.
(3) (Xi)red is isomorphic to a supersingular elliptic curve.

(4) (Xx)red is isomorphic to an ordinary elliptic curve and R f,Oy is torsion-free.

Proof. By (A) and (M) of Proposition 6.11, we have only to consider the case
T =1y. By Proposition 6.11(E), the extension K / K corresponds to Ker yg and
the equality [K : K] = #Im yg holds. If (X )red is isomorphic to a supersingular
elliptic curve, then the group Hom(Gg, E(k)) is p-torsion free (Corollary 6.7).
Thus, we may assume that (X )req is isomorphic to an ordinary elliptic curve. By
Lemmas 6.3 and 6.14, we may assume that [12 : K] is a power of p. Then the
proposition follows from [Raynaud 1970, 9.4.1(iii)] and Lemma 6.13. |

Proposition 6.16. Let L/ K be a finite cyclic extension in K and (E',C,g') a
relatively minimal elliptic fibration with section. By E ]’c we denote the special fiber
of g'. Then the following two conditions are equivalent:

(1) There exists a relatively minimal elliptic fibration (X', C, f') satisfying the
following conditions:

(a) The maximal base field of [’ is equal to L (Definition 4.9).
(b) The Jacobian fibration of |’ is given by g'.

(2) The following conditions are satisfied:
(@) If E}_ is not of type I, (n > 0), then L = K.

®) If p > 0 and E;c is isomorphic to a supersingular elliptic curve, then
ptIL: K]
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Proof. Propositions 6.11 and 6.15 show that Condition (1) implies Condition (2).
Let us show the converse. We may assume that E ,/c is of type I, (n > 0). Put

=[L : K] and Gr /g := Gal(L/K). First, we consider the case n > 0. By
assumption, there exists an element yps € Hom(Gp,x.Q/Z) CHom(Gg, Q/Z) of
order d. Since ¢,z is surjective, the case n > 0 follows from Proposition 6.11(M).
Next, we consider the case n = 0. By assumption, there exists an element yg €
Hom(Gp k. E(k)) CHom(Gg, E(k)) of order d. Since ¢ is surjective, the case
n = 0 follows from Proposition 6.11(E). O

Proposition 6.17. Let (Y, C, h) be a relatively minimal elliptic fibration with spe-
cial fiber of type I, n > 0). Let £ : Y — X be a finite étale surjective C-morphism
of degree d. We regard the restriction £g : Yg — Xg of € to the generic fibers as
a homomorphism between elliptic curves, which is determined by the choice of an
element of Y (K). By G we denote the subgroup of Y (K) consisting of all d-torsion
elements. Put H = £x (G). By G and H we denote the sets of the closures of all
elements of G and H in Y and X , respectively. Assume that p td. Then:

(1) d|n,#G =d?, and #H = d.
(2) All elements of G are disjoint.
(3) All elements of H are disjoint.

(4) There exists an irreducible component of the special fiber of f that intersects
with all elements of H, and any other irreducible component of the special
fiber of [ is disjoint from all elements of H.

Proof. Since £ is étale, the relation d | n holds and the special fiber of f is of type I,
where we set [ := n/d. We may regard the smooth loci X and Y of f and h as the
Néron models of Xg and Y, respectively. By the Néron mapping property, the
homomorphism £ g induces the unlque C homomorphlsm é Y — X which is the re-
strlctlon ofé to the smooth loci X and Y. The restriction é&k of S to the special ﬁbers
of X and Y is a finite étale surjective k-homomorphism of degree d.Ifn=0, then ék
is a homomorphism between elliptic curves. If n > 0, then E 1 18 the homomorphism

Gmi X (Z/nZ) — Gy x(Z/17), (z,e modn)+— (z,e mod/).

Thus, the closure of G in Y is finite and étale over C [Bosch et al. 1990, 7.3.2],
which concludes the proof. O

6C. Elliptic surfaces with prescribed orbifolds. In this subsection, we use the
following notation. Let k be an algebraically closed field of characteristic p > 0 and
C a connected proper smooth k-curve with function field K. An elliptic fibration
(X, C, f) is said to be trivial if there exists an elliptic curve F over k such that
X is C-isomorphic to the C-scheme F xj; C. Recall the following result on the
global-to-local map:
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Proposition 6.18 [Cossec and Dolgachev 1989, 5.4.6]. Let Ex be an elliptic
curve over K. Take the minimal regular C-model (E,C,g) of Eg. Assume
that the elliptic fibration (E, C, g) is nontrivial. For each closed point s on C,
we put K := Frac @%l,s and Eg := Ex xg K. Then the global-to-local map
HY (K, Eg) > @,cc H' (Ks, Ek,) is surjective.

Theorem 6.19. Let (C, B) be a connected cyclic orbifold k-curve and (E, C, g)
a nontrivial relatively minimal elliptic fibration with section. We use the nota-

tion B/ K introduced in Definition 3.6. Then the following two conditions are
equivalent:

(1) There exists a relatively minimal elliptic fibration (X, C, [) satisfying the
following conditions:
(a) The orbifold associated to f is isomorphic to (C, B) (Definition 4.23).
(b) The Jacobian fibration of f is given by g.

(2) The following conditions are satisfied for any closed point s on C:
(@) If g7 1(s) is not of type 1, (n > 0), then By = K.
(b) If p > 0 and g~ (s) is isomorphic to a supersingular elliptic curve, then

P+[Bs . K]
Proof. The theorem follows from Propositions 6.16 and 6.18. O

Proposition 6.20. Let (X, C, f) be a relatively minimal elliptic fibration with
Jacobian fibration (E, C, g). Then the following conditions are equivalent:

(1) x(0x) =0.
(2) x(Ox) =0.
(3) The reduction of any closed fiber of [ is isomorphic to an elliptic curve.

(4) g is smooth.

Proof. The equivalence of (1) and (2) follows from Proposition 2 in [Mitsui 2014].
The equivalence of (2) and (3) follows from Proposition 2 in [Mitsui 2013]. The
equivalence of (3) and (4) follows from Proposition 6.4. O

Corollary 6.21. Let (C, B) be a connected cyclic orbifold k-curve. Then there
exists a relatively minimal elliptic fibration (X, C, f) with x(Ox) > 0 such that the
orbifold associated to [ is isomorphic to (C, B) (Definition 4.23).

Proof. Take a relatively minimal elliptic fibration (£, C, g) satisfying the following
conditions: (1) g is not smooth; (2) g admits a section; (3) for any s € Supp B, the
closed fiber g~!(s) is isomorphic to an ordinary elliptic curve. Since the elliptic
fibration (E, C, g) is nontrivial, Theorem 6.19 gives a relatively minimal elliptic
fibration (X, C, f) such that the orbifold associated to f is isomorphic to (C, B).
Proposition 6.20 shows that the inequality x(Ox) > 0 holds. O
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6D. Fundamental groups of elliptic surfaces. In this subsection, we use the fol-
lowing notation. Let k be an algebraically closed field of characteristic p > 0,
C a connected proper smooth k-curve with function field K, and (X, C, f) an
elliptic fibration. We denote the intersection number of divisors D and D, on X
by D] . Dz.

Lemma 6.22. Assume that two sections D1 and D, of [ satisfy the following:

(1) Ox (D1 — D3)|xy is torsion in Pic(X), where X is the generic fiber of f.
(2) For any closed point x on C, there exists an irreducible component of the fiber

[~ U(x) that intersects with both of Dy and D,, and any other irreducible
component of the fiber f~1(x) is disjoint from both of Dy and D».

Then the equality D - D, = —x(Ox) holds.

Proof. First, we assume that Dy = D,. Put D := Dy = D, and &% := Ox(D)/0x.
Since the genus of X is equal to one and the effective divisor D|y, on Xk is
of degree one, the long exact sequence induced by the functor f; and the exact
sequence of Oy-modules

0— 0y —0x(D)—%F —0
gives an isomorphism fx% — R! £, Oy . In particular, the equalities
D-D =degOy(D)|p = deg foF = deg R! f,.0x

hold. The Riemann—Roch theorem for the line bundle R! .0y on C and the Leray
spectral sequence for f give the equalities

deg R' £,0x = x(R' f+0x) — x(Oc) = —x(Ox).

Thus, the equality D - D = —x(Ox ) holds.

Next, we consider the general case. By n we denote the order of Ox (D1 —D>)|x,
in Pic(Xg) (Condition (1)). Then n(D{ — D) is linearly equivalent to a vertical
divisor V. Condition (2) gives the equality Dy - (D; — D,) = 0 for any vertical
prime divisor Dy. Thus, the equality V - V = 0 holds, which gives the equality
(D1 — D3)- (D1 — Dy) = 0. Therefore, the first case shows the general case. [
Theorem 6.23. Choose a smooth closed fiber i : X9 — X of f. Take a geo-
metric point X on Xgy. Put X :=i(Xg) and 5 := f(X). By (C, B) we denote
the connected proper orbifold k-curve associated to f (Definition 4.23). The
morphisms i and [ induce canonical homomorphisms iy : 71 (X, Xo) = 71 (X, X)
and [ : (X, X) — m1(C, B,5), respectively (Theorem 1.1). Then:

(1) If x(Ox) > 0, then iy is trivial and {2 is an isomorphism.
(2) If x(Ox) =0, then iy is injective.
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Remark 6.24. In the complex analytic case, Statement (2) does not hold in general
for topological fundamental groups although Statement (1) holds and i is nontrivial
whenever x(Ox) = 0 [Friedman and Morgan 1994, 2.2.1 and 2.7.2]. For example,
if X is a Hopf surface, then x(Ox) = 0, Keriyx = Z, Cokerix = 0, and 1 (X) =
Imiy, = 7 @ Z/nZ for some positive integer n.

Proof. By (E,C, g) we denote the Jacobian fibration of f. First, let us show
Statement (1). We have only to show the following: for any connected étale
covering space £ : Y — X, any connected component of £~!(Xj) is Xy-isomorphic
to Xo. Assume that the above statement does not hold. Choose & that does not
satisfy the above statement. Take the Stein factorization

vy o e

of fo&:Y — X — C. Take the elliptic fibration (X', C’, f”) and the étale
morphisms £’ : Y — X’ and v’ : X’ — X given by Lemma 6.3. By assumption,
the morphism &’ is not an isomorphism. Replacing £ by &', we may assume that
(Y, C, fo&) is an elliptic fibration.

Since £ is étale, any closed fiber is of type I, (n = 0). Since x(Ox) > 0,
Proposition 6.20 shows that f admits a closed fiber of type ,,I, (n > 0). In
particular, the j-invariant of g is nonconstant (Proposition 6.4). By d we denote
the degree of £. If p > 0, then p }d since f admits a closed fiber that is isomorphic
to a supersingular elliptic curve (Corollary 6.7) and £ is étale. Choose a connected
proper smooth k-curve C’ and a finite morphism u : C’ — C satisfying the following
condition: the morphism u induces an extension of the function fields K’/ K; by Jg
we denote the Jacobian of the generic fiber of Y/C; then Y(K') # @ and Jg (K')
contains d? d-torsion elements. Take a desingularization X’ of X x¢ C’ and the
canonical projection u’ : X’ — X . Since &’ is étale, the base change £’ : Y/ — X’/
of & via u’ is étale. Thus, we obtain an étale C’-morphism £” : Y — X" between
the minimal regular C’-models of Y’ and X" after successive blowing-downs of
(—1)-curves on Y’ and X’. Replacing & by &”, we may assume that £ is a morphism
between Jacobian fibrations and Y (K) contains d? d-torsion elements.

By H we denote the image of the d-torsion elements of Y (K) under £. By H
we denote the set of the closures of all elements of H in X . Proposition 6.17 shows
the following: (a) #H = d > 1; (b) all elements of H are disjoint; (c) for any
closed point x on C, there exists an irreducible component of the fiber /~!(x) that
intersects with all elements of H, and any other irreducible component of the fiber
/~1(x) is disjoint from all elements of H. This contradicts Lemma 6.22 since
x(Ox) > 0. Therefore the homomorphism iy is trivial.

Next, let us show Statement (2). We have only to show that, for any connected
étale covering space 7 : Xj — X, there exists an étale covering & : ¥ — X such that
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any connected component of the preimage £ ! (X)) is Xy-isomorphic to X, o- Since
x(0x) = 0, Proposition 6.20 shows that g is smooth. Take an integer n > 3 so that
p 4 n. Since the n-torsion C-subgroup scheme of E/C is finite and étale, we may
take a connected étale covering space u : C' — C satisfying the following condition:
let u’ : E' — E denote the base change of u via g; then E'(C’) contains n? n-
torsion elements. Since g is smooth, the j-invariant of E is contained in k. Thus,
the elliptic curve E’ over C’ induces a constant morphism from C’ to the moduli
scheme of elliptic curves with level n. Therefore, we obtain a C’-isomorphism
E’ =~ Xy x; C'. Take the base change t": E” — E’ of 7 via the structure morphism
C’ — Spec k. Take the C-morphism 4 : X — E given by Lemma 6.6. Then the
base change of u’ o T’ via / is the desired morphism £. O

Lemma 6.25. Let R be a strictly Henselian excellent discrete valuation ring of
equicharacteristic. By R we denote the Completlon of R with respect to the maximal
ideal. Put K := Frac R and K := Frac R. Let L / K bea ﬁmte Galois extension.
Then there exists a unique extension L/K in L such that L = K L. Furthermore,
the extension L/ K is Galois, of degree [Z : I?], and linearly disjoint from K /K.

Proof. Since R is algebraically closed in R by the approximation property [Bosch
et al. 1990, 3.6.9], we have only to show the existence of L. We denote the
characteristic of R by /. Put d := [i : 12] By assumption, the extension L / K is
solvable. Thus, by induction on d, we may assume that / }d or d =/ > 0. The case
[ }d follows from Kummer theory since R contains a primitive d-th root of unity.
The case d = [ > 0 follows from Lemma 5.9(2) and Artin—Schreier theory. O

Finally, we give a proof of the criterion for simple-connectedness of elliptic
surfaces:

Proof of Theorem 1.2. We use the notation introduced in Theorem 6.23. Theorems
1.1 and 6.23 show that 7 (X) is trivial if and only if 7;(C, B) is trivial and
x(Ox) > 0. Proposition 6.11 shows that the orbifold (C, B) is cyclic. Thus,
Theorem 1.3 shows that 71 (C, B) is trivial if and only if C = IP}C, B' = B,
#Supp B <2, and gcd(ng, n;) = 1 for s # t, where we put ng := [ By : K] for each
s € Supp B. Lemma 6.25 and Propositions 4.6, 6.11, and 6.15 imply that the above
conditions on (C, B) are equivalent to Conditions (2)—(6).

Let us show that each of Conditions (1)—(6) is necessary. We remark that
x(Ox) > 0 if and only if the Jacobian fibration of f" is not smooth (Proposition 6.20).
The necessity of Conditions (1) and (2) is clear. The necessity of Conditions (3) and
(4) follows from Corollary 6.21. The necessity of Conditions (5) and (6) follows
from Proposition 6.15 and Theorem 6.19. O
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Appendix A: Triangle groups and projective special linear groups

The result of this section is used in the proof of Proposition 5.4. Let a, b, and ¢ be
integers greater than 1. We define the triangle group A(a, b, ¢) by

Aa,b,c):=(x,y,z|x* =y’ =z = xpz =id).

Let p be a prime number and ¢ a power of p. In this section, we study homo-
morphisms A(a, b, c) — SL(2,F,) and A(a, b, c) — PSL(2, F,) that preserve the
orders of x, y, and z. Take an algebraic closure F, of F,. For each positive integer n
prime to p, we take a primitive n-th root of unity ¢, in Fy. Put py := &, + ¢ 1
The proofs of Lemmas A.1-A.4 are straightforward.

Lemma A.1. u, € F, ifand only ifn| (g —1).

Lemma A.2. We have equalities #SL(2,F;) = q(q*> — 1) and #PSL(2,[,) =
q(qg>—1)/gcd(2, p — 1). The projection SL(2, F4) — PSL(2, F4) maps any element
of order n to an element of order n/ged(2, p — 1, n).

Lemma A.3. Take X €SL(2,Fy). Then the image of X in SL(2, Fy) is conjugate to

11 -1 1 a 0
01)> \o =1) 2 \oot)

where o € [F_qx. By n we denote the order of o in [F_qX. If p # 2, then the order of
X is equal to p, 2p, or n, respectively. Otherwise, the order of X is equal to 2, 2,
or n, respectively. The order of the image of X in PSL(2,Fy) is equal to p, p, or
n/ ged(2, p — 1, n), respectively.

Lemma A4. Take X € SL(2,F,). Let n be an integer prime to p. Assume that
n>2andtr X = py. Then the order of X is equal to n.

Lemma A.5. Assume that a, b, and ¢ are greater than 2 and divide q2 — 1. Then
there exist X, Y, and Z in SL(2,Fy), of orders a, b, and c, respectively, such that
XYZ = I, where I is the identity matrix of SL(2, Fy).

Proof. Lemma A.1 shows that jt4, (p, and e are contained in F4. Put

0 -1
X = (1 . ) € SL(2.F,).

a

We have only to construct Y and Z in SL(2,[Fg) so that trY = up, tr Z = ji, and
XYZ =1 (Lemma A.4). We write

()
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Then we have only to choose «, 8, ¥, and § in Fy so thatad — By =1, + 6 = 1p,
and B —y + pa6 = pc. Thus, we have only to show that there exists a solution
(o, B) € k4 x Fy4 of the equation F(«, B) = 0, where we put

F(u,v) :=u” — pauv +v> — tpu + (ttapip — pre)v + 1.

If elements g, @1, Bo, and B in Fy satisfy o = a9+ and B = By + B, then
the equality

oF JoF
Fla. p) = F(ao. Po) + 5 (@0, Bo)ar + (0. Po) B +ai —paor f1 + BT
holds. Note that the equalities
{(3F/3u)(u, v) = 2U — gV — Wp»
(0F/0v)(u, v) = —flqu + 20 + fabp — [Ae

hold. Since ¢ > 2 and ged(p, a) = 1, the inequality ;2 # 4 holds. Thus, we may
take (ctg, Bo) € Fy xFy so that (0F/0u) (o, Bo) = (0F/0v)(ag, Bo) = 0. Therefore,
we have only to show that there exists a solution (a1, B1) € F4 x F4 of the equation
G(ay, B1) = —F(ag, Bo), where we put G(u,v) := u? — pquv +v2. If p #£2
(resp. p = 2), then the quadratic form G'(u, v) is nondegenerate (resp. nondefective),
which concludes the proof. O

Lemma A.6. Assume that the following conditions are satisfied:
(1) If p#£2,thena = p or2p.

2) If p=2,thena =2.

(3) b and c are greater than 2 and divide q* — 1.

Then there exist X, Y , and Z in SL(2,F4) of orders a, b, and c, respectively, such
that XY Z = I, where I is the identity matrix of SL(2, Fg).

Proof. Lemma A.1 shows that (tp and p. are contained in [F4. First, we consider
the case @ = p. We define X, Y, and Z in SL(2, F,) by

_ (11! _( &% 0 (% % )
X (0 1)’ v (/f‘c_ﬂb é;l)’ and 2 (Mb_ﬂc Mc_§1:1 '

Then the order of X is equal to p. Moreover, the equalities tr Y = up, tr Z = i,
and XY Z = I hold. Thus, the elements X, Y, and Z satisfy the desired conditions
(Lemma A.4). Next, we consider the case p # 2 and ¢ = 2 p. In that case, we have
only to replace X, Y, and Z by

_ =1 =1
X:=( ! 1), Y:=( S 91), and Z::( S _lé‘b ).D
0 -1 Wb+ e & Wb+ e & e



1132 Kentaro Mitsui

Proposition A.7. Assume that a, b, and c are pairwise coprime. Take the elements
X, y, and z of A(a,b,c) in the definition of A(a,b,c). Put G := SL(2,Fy) or
PSL(2,Fy). Then there exists a homomorphism ¢ : A(a,b,c) — G such that the
orders of p(x), ¢(¥), and ¢ (z) are equal to a, b, and c, respectively, if and only if
the following three conditions are satisfied:

(1) abc | #G.
(2) If G =SL(2,Fy) and one of a, b, and c is equal to 2, then p = 2.

(3) Ifaninteger u is equal to a, b, or ¢ and is divisible by p, then u satisfies one of
the following conditions: (a) u = p: (b) G =SL(2,F,), p # 2, and u = 2p.

Proof. First, let us show the “only if” part. Since a, b, and ¢ are pairwise coprime,
the condition on ¢ implies Condition (1). Lemma A.3 and the condition on ¢ imply
Condition (3). Assume that G = SL(2,F;), @ =2, and p # 2. Then ¢(x) = -1,
where [ is the identity matrix of SL(2, F,). Thus, the equality ¢(y) = —¢(z) holds,
which contradicts the assumption that b is prime to ¢. Therefore, Condition (2)
holds. The “if” part follows from Lemmas A.2, A.5, and A.6. O

Lemma A.8. Assume that a, b, and ¢ are pairwise coprime. Let G be a nontrivial
finite group. If there exists a surjective homomorphism A(a,b,c) — G, then G is
nonsolvable.

Proof. Assume that G is solvable. Then there exists a nontrivial cyclic group H
and a surjective homomorphism ¢ : A(a, b, c) — H. We may write H = 7/nZ,
where 7 is an integer greater than 1. Take the elements x, y, and z of A(a, b, ¢)
in the definition of A(a, b, c). The orders of x, y, and z are equal to a, b, and
¢, respectively. By @, b, and ¢ we denote the orders of ¢(x), ¢(), and ¢ (z),
respectively. Then @|a, b | b, ¢|c and abc # 1. In particular, the integers @, b,
and ¢ are pairwise coprime. Since xyz = id, the equality ¢(x) + ¢(y) +¢(z) =0
holds, which contradicts the facts that @, b, and ¢ are pairwise coprime and abc # 1.
Therefore, the group G is nonsolvable. |

Theorem A.9. Assume that a, b, and ¢ are pairwise coprime. If {a, b, c} =1{2, 3, 5},
then we suppose that p = 5. Otherwise, we suppose that 2abc | (p* —1). Take the
elements x, y, and z of A(a, b, ¢) in the definition of A(a, b, ¢). Then there exists a
surjective homomorphism ¢ : A(a, b, c) — PSL(2, Fp) such that the orders of ¢(x),
¢ (y), and ¢(z) are equal to a, b, and c, respectively. Furthermore, there exists a
prime number p such that 2abc | (p? —1).

Remark A.10. If ¢ > 3, then the group PSL(2, F,) is noncommutative and simple.

Proof. Let us show the first statement. By Lemma A.2, we may take ¢ in
Proposition A.7. We have only to show that ¢ is surjective. Lemma A.8 shows
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that the image of ¢ is nonsolvable. Thus, the case {a, b, ¢} = {2, 3, 5} follows from
the fact that any proper subgroup of PSL(2, F5)(= A5) is solvable. Assume that
{a,b,c} #{2,3,5}. By the classification of the subgroups of PSL(2, F,) [Dickson
1958, p. 285, XII, 260], any nonsolvable subgroup of PSL(2, F,) is isomorphic
to PSL(2,Fs) or PSL(2,F,). Suppose that ¢ is not surjective. Then the image
of ¢ is isomorphic to PSL(2, Fs). Since the order of any nontrivial element in
PSL(2,Fs)(= As) is equal to 2, 3 or 5, the equality {a, b, c} = {2, 3, 5} holds,
which contradicts the assumption. Thus, the homomorphism ¢ is surjective. The
last statement follows from Dirichlet’s theorem on arithmetic progressions. O

Appendix B: Comparison between orbifolds and stacks

Let k be an algebraically closed field of characteristic p > 0. For a nonnegative
integer n, a DM stack & is said to be of dimension n if an atlas of ¥ is of dimension #.
A stack orbifold & is a locally Noetherian normal DM stack that admits an open
dense substack that is isomorphic to a scheme. A stack orbifold k-curve ¥ is a
separated smooth k-stack of dimension one that is a stack orbifold. In the following,
we see that the notion of an orbifold k-curve coincides with the notion of a stack
orbifold k-curve.

We construct a stack orbifold k-curve from an orbifold k-curve. Let (S, B)
be a connected orbifold k-curve. Put Sy := S \ Supp B. Take s € S. Choose an
affine open subset U containing s. By (U, B|y) we denote the orbifold obtained by
restricting (S, B) to U. We may take a Galois orbifold trivialization U’ — (U, B|y)
of (U, B|y) (Theorem 1.3). We may regard the open subscheme U N Sy of U as
an open substack of the quotient stack [U’/G]. Pasting [U’/G] for all s € S, we
obtain a stack orbifold k-curve with coarse moduli space S.

We construct an orbifold k-curve from a stack orbifold k-curve. Let & be a
connected stack orbifold k-curve. Take an open dense substack ¥y of & that is
isomorphic to a scheme Sy. Take the coarse moduli space A : ¥ — S of ¥ [Rydh
2013]. We may regard Sy as an open subscheme of S. Thus, the equality deg A = 1
holds [Vistoli 1989, 1.15]. Therefore, the scheme S is of finite type over k. Since
¥ is connected and normal, the scheme S is connected and normal. Since k is
perfect, the scheme S is a connected smooth k-curve.

By P(S) we denote the set of all closed points on S. Take s € P(S). By Aut(s)
we denote the automorphism group of 5. If s € Sy, then Aut(s) is trivial. By S;
and ¥5 we denote the schemes obtained by the strict Henselizations of S and &
at s, respectively [Laumon and Moret-Bailly 2000, 6.2.1]. Take the quotient stack
¢s 1 s —> Ts :=[Fs/ Aut(s)] and the canonical morphism ps : Ty — ¥ [Laumon
and Moret-Bailly 2000, 6.2.1]. By By, Ly, and K, we denote the fields of rational
functions of ¥y, T, and S, respectively [Vistoli 1989, 1.14]. Since the composite
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Ao : Ty — S induces an isomorphism Ky — L, the composite Aojugops : Fs— S
induces a finite Galois extension Bs/ K with Galois group Aut(s).

Take a separable closure Ky of K. We embed By in Ky over K. Since B/ Kj
is Galois, the image does not depend on the choice of the embedding. We define
amap B on P(S) by s — B/ K (Definition 3.6). Then Supp B is locally finite
since &g is open dense in &. Thus, the pair (S, B) is a connected orbifold k-curve.

Theorem B.1. The above two correspondences give an equivalence between the
category of orbifold k-curves and orbifold (étale) k-morphisms and the category
of stack orbifold k-curves and (étale) k-morphisms that induce gsc morphisms
between coarse moduli spaces. In particular, the fundamental group of any orbifold
k-curve coincides with the fundamental group of the corresponding stack orbifold
k-curve in [Noohi 2004, §4].

Remark B.2. The theorem does not hold for general orbifolds. There exists an
orbifold étale covering space of a trivial orbifold (.S, B) that is not an étale covering
space of the scheme S (Examples 3.24 and 4.16).

Theorem B.1 follows from the local structure theorem on DM stacks [Laumon
and Moret-Bailly 2000, 6.2]. The detail of the proof of the theorem is left to the
readers.
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Factorially closed subrings
of commutative rings

Sagnik Chakraborty, Rajendra Vasant Gurjar and Masayoshi Miyanishi

We prove some new results about factorially closed subrings of commutative rings.
We generalize this notion to quasifactorially closed subrings of commutative rings
and prove some results about them from algebraic and geometric viewpoints. We
show that quasifactorially closed subrings of polynomial and power series rings
of dimension at most three are again polynomial (resp. power series) rings in a
smaller number of variables. As an application of our results, we give a short
proof of a result of L& Diing Trang in connection with the Jacobian problem.

Introduction

We assume throughout the article that the base field k is an algebraically closed field
of characteristic 0. Whenever we use topological arguments, k is tacitly assumed to
be the field of complex numbers C. By assuming naturally that k is embedded into
C, we can see that the results proved over C can be proved over k. For an integral
domain S, the field of fractions of S is denoted by Q(S), and the multiplicative
group of units by S*.

The present article grew out of the discussions we had during the workshop
Automorphisms of affine varieties, held at the Kerala School of Mathematics, India
(February 17-22, 2014). In particular, a part of our discussion was inspired by a
talk given by Neena Gupta [2014] and a question asked by A. Kanel-Belov.

Let A C B be integral domains. Then A is said to be factorially closed, or fc,
in B if for any two nonzero elements by, b, € B, b1b, € A implies that by, by € A.
In some papers an fc subring is also called an inert subring. Factorially closed
subrings appear naturally as the rings of invariants of the action of the additive
group G, or a connected semisimple group on a polynomial ring.

The notion of fc subring is not well-behaved in the case of local rings due
to the existence of too many units. Hence we have introduced a weaker notion:
quasifactorially closed subrings. For any integral domains A € B, A is said to
be quasifactorially closed, or gfc, in B if, for any nonzero b € B, if there exists

MSC2010: primary 13A05; secondary 13B99, 14R05.
Keywords: factorially closed subring.
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some nonzero b’ € B such that bb’ € A, then there exists a unit u € B such that
bu € A. It turns out that quasifactorial closedness is more geometric and has several
interesting applications. For example, we have proved that a gfc subring of a power
series ring in at most three variables is again isomorphic to a power series ring in a
smaller number of variables.

The fc property is also related to the property of the existence of nonconstant
invertible regular functions on general fibers of the corresponding morphism of
schemes.

We now mention the main results proved in this paper (with some hypothesis):

(1) An inclusion of graded domains A C B is fc if and only if it is graded fc.
Further, A is fc in B if and only if the localization of A at its irrelevant maximal
ideal is fc in the corresponding localization of B (Theorems 2 and 3).

(2) For an inclusion of affine normal domains A C B the fc locus is always open
(Corollary 4.1).

(3) For an inclusion of affine UFDs A C B the gfc locus is open if at most finitely
many prime elements of A split in B (Theorem 5). (An example in Section 3
shows that the reverse implication is false.)

(4) If an inclusion of complete local normal domains A C B over k is gfc then A is
algebraically closed in B. Further, any irreducible element of A is irreducible
in B (Theorem 6 and its corollaries).

(5) An fc subring of a polynomial ring in at most three variables is again a
polynomial ring (Theorem 1). Similarly, a complete gfc subring of a power
series ring in at most three variables is again a power series ring (Theorem 8).

(6) If an inclusion of affine normal domains A € B (with a suitable hypothesis) is
fc, then a general fiber of the corresponding morphism of affine varieties does
not have any nonconstant invertible regular functions (Theorem 11).

Using this we give a new short proof of a result proved by many authors (M. Razar,
R. Heitmann, S. Friedland, L. D. Trang, C. Weber, W. Neumann, P. Norbury) in
connection with the Jacobian problem [Neumann and Norbury 1998; Trang 2008].

In Section 3 we give some examples of ring extensions which shed more light
on the fc (and gfc) property.

In Section 4 we have listed some open problems about fc and gfc extensions.

1. Factorially closed subrings

We start with some basic properties of factorial closedness. Some easy proofs have
been omitted.
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Lemma 1 (local properties of factorial closedness). The following statements are
equivalent for an inclusion of integral domains A C B:

(1) The ring A is fc in B.
(2) For any multiplicatively closed set S in A, ST'A € S™'B is fc.
(3) For any prime ideal p € Spec A, A, C By, is fc.
(4) For any maximal ideal m € Max A, Am C By, is fc.
(5) There exist finitely many nonzero elements ay, ay, ..., a, € A, generating the
unit ideal, such that A, is fc in By, foreachi =1,2, ..., n.
Moreover, if A is normal, the above statements are equivalent to the following one:
(7) For each prime ideal p € Spec A of height 1, Ay, C By is fc.
Proof. Omitted. U

Lemma 2 (transitive and sandwich properties of factorial closedness). Let A C
B C C be integral domains.

(1) Ifthe ring Ais fcin B and B is fc in C, then A is fc in C.
(2) If Aisfcin C then it is fc in B. However, in this case B need not be fc in C.
The example k C k[t*] C k[¢] shows that B need not be fc in C.
Lemma 3. Let A be an fc subring of B.

(1) The ring A is algebraically closed in B.

(2) If Q(A) is the field of fractions of A, then Q(A) N B = A. This is the same
thing as saying that each principal ideal of A is a contracted ideal.

(3) If B is integrally closed (or a UFD), then so is A. In fact, in the case of Krull
domains, the natural homomorphism of divisor class groups C1(A) — CI(B)
is an injection whenever it is defined.

(4) Any unit of B is in A.

Proof. The first assertion follows from the slightly more general fact that, for a
pair of integral domains A C B, if B\ A is closed under multiplication then A is
algebraically closed in B.

The other three statements follow from the first one and the next observation. []

Remark. For an inclusion of Krull domains A C B, there is a natural homomor-
phism CI(A) — CI(B) if and only if no height 1 prime ideal of B contracts to a
prime ideal of height > 1 in A [Samuel 1964].
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If I is an ideal of A such that the ideal I B is principal, then, since A is fc in B,
[ itself must be principal. This observation will be implicitly used later.

Lemma 4. Let A be an fc subring of B. Then the Jacobson radical of B, Jac B, is
contained in A. Moreover, if Jac B # 0 then A = B. In particular, if B is semilocal
then A= B.

Proof. If b € Jac B, 1 +b € B*. So, by Lemma 3(4), 1 + b € A implies that b € A.
Now, if b is a nonzero element in Jac B, for any x € B, xb is also in Jac B and
consequently in A. So x € A. If B is semilocal, and not a field, then Jac B # 0 and
the rest of the assertion follows. If B is a field then every nonzero element in B is
a unit, and since A is fc in B we again get A = B. U

Lemmas. [fA| C Ay CA3C--- and B| C By C B3 C --- are two sequences of
integral domains, such that A; C B; is an fc subring for each i, then Ui A; C Ui B;
is also factorially closed.

Lemma 6. I[f A € B C C are integral domains with A an fc subring of B, then, for
any subring D of C, DN A C DN B is also factorially closed.

Before looking into the ring-theoretic properties of factorial closedness, we would
like to describe the structure of a factorially closed subalgebra of the polynomial
ring R = k[x1, ..., x,]. This question can be answered if n < 3, and the answer is
simply a polynomial subalgebra. We consider only the case where n = 3. The case
n =2 has a similar answer and is easier.

Theorem 1. Let A be a factorially closed subring of R = k[x, y, z].
(1) Ifdim A =3, then A = R.
(2) If dim A =2, then A is a polynomial ring in two variables.

(3) If dim A = 1, then A = k[f], where [ — c is irreducible in k[x, y, z] for
every c € k.

Proof. (1) In this case, the transcendence degree of A over k is 3. So A, being
algebraically closed in k[x, y, z] by Lemma 3(1), must be equal to k[x, y, z].

In the other two cases, since A is a UFD (by Lemma 3(3)) of transcendence
degree < 2, by a result of Zariski [Nagata 1965, p. 52, Theorem 4] A is affine.

So the assertion (3) follows from the fact that, when A has dimension 1, A is an
affine PID with trivial units.

(2) Note that A is a normal affine domain of dimension 2. We assume for simplicity
that k = C. Let ¥ = Spec R and X = Spec A. The inclusion A < R defines a
dominant morphism p : ¥ — X. Then every fiber of p is either the empty set or is
1-dimensional. For, if there exists a fiber component D of dimension 2, let it be
defined by f =0 with f € R. Since p(D) is a closed point of X corresponding to
a maximal ideal m of A, we have m C mR C f R. This implies that any nonzero
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element of m is divisible by f, whence f € A. This is a contradiction since A is
2-dimensional. Furthermore, a general fiber of p is irreducible since A is factorially
closed in R. By [Miyanishi 1986, Theorem 3], X is isomorphic to either A? or
an affine hypersurface x12 + xg + x§ = 0 in A3. But, arguing as in the proof of
[Miyanishi 1986, Theorem 4], we can show that the latter case cannot occur. [J

Let B := P, B; be a Z-graded domain and A := €, A; a graded subring of B,
i.e., A; € B; for each i. We say that A is graded factorially closed or gfc, in short,
in B if, given any two nonzero homogeneous elements b;, b; € B, b;b; € A implies
that b;, b; € A. First, the following lemma shows that gfc is a local property:

Lemma 7. Let A C B be Z-graded domains. Then the following statements are
equivalent:

(1) The ring A is gfc in B.

(2) For any multiplicative set S in A, generated by homogeneous elements, S™'A C
S~!B is gfc.

(3) For any homogeneous prime ideal p € Spec A, Ay C By, where Ay and
By denote the localizations of A and B respectively at the multiplicative set
consisting of all homogeneous elements of A not contained in p, is gfc.

If, moreover, A happens to be positively graded, the above statements are equivalent
to the following:

(4) For any homogeneous maximal ideal m € Max A, Am)y € B is graded
factorially closed.

Proof. We only show (3) = (1). Let x, y € B be homogeneous elements such
that xy € A. So, x, y € Ay, for every homogeneous prime ideal p. But the set
(A:x):={a e A|ax € A} is a homogeneous ideal in A. So, if x ¢ A, then (A : x)
must be proper ideal and hence contained in a homogeneous prime ideal, leading
to a contradiction. For positively graded rings, note that any homogeneous ideal is
actually contained in a homogeneous maximal ideal. (I

Note that properties analogous to the fc property as expressed in Lemmas 1, 2
and 3 also hold for graded factorially closed subrings. The reader is invited to come
up with the precise formulations and their proofs.

Next we take our first step in building a bridge between factorial closedness and
graded factorial closedness.

Lemma 8. Let A C B be Z-graded domains and p a homogeneous prime ideal of A.
If Ay € By is fc then A,y C By, is gfc.
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Proof. Let x, y € B, be homogeneous elements such that xy € A¢,. Let x = x'/s
and y = y'/t withx’,y’ € B and s,t € | J; A; —p. Since A, C B, is factorially
closed, x, y € Ay. So there exist nonzero elementsin A,a =3} ;ajanda =} ; «;
with & ¢ p such that x'/s = a/«. Again, o being outside p implies that o j« ¢ p
for some j*. So x’aj+ € A and consequently x € Ay,). Similarly y € Ay, and this
finishes the proof. (]

It is natural to ask whether gfc implies fc. Our next few results show that this
is indeed true. We first treat the easy case of polynomial ring extensions and then
show that the general case, under minor restrictions, reduces to this special case.

Lemma 9. Let A be a factorially closed subring of an integral domain B. Then the
polynomial ring A[x] is also factorially closed in B[x].

Proof. Let f(x), g(x) € B[x] — {0} be such that f(x)g(x) € A[x]. It is enough to
show that f(x) € A[x]. We consider the following two possible cases:

Case 1: A is infinite. Since f and g can have only finitely many roots, there
exist infinitely many a € A such that f(a), g(a) are nonzero elements of B and
f(a)g(a) € A, and consequently f(a) € A, since A is factorially closed in B. In par-
ticular, if f has degree n, there exist n+ 1 distinct values in A, say aj, as, . .., dp+1,
such that f(a;) € A foreachi =1,2,...,n+ 1. So, treating the coefficients of f
as variables, and plugging in the values a;, we get n + 1 linear equations in n + 1
variables. The simultaneous linear equations have a solution in B. If we look at the
corresponding Vandermonde matrix, it is obvious that the solution actually lies in
Q(A). Since Q(A)N B = A by Lemma 3(2), f(x) € A[x].

Case 2: A is a field. Without any loss of generality we may assume that f and g
are monic polynomials. Let L be a splitting field of fg over Q(B). The roots of
fg, and hence in particular the roots of f, are integral over Q(A). Consequently,
the coefficients of f, being symmetric functions of the roots, are integral over
Q(A) and hence algebraic over A. But since A is algebraically closed in B by
Lemma 3(1), the coefficients are actually in A, and hence f(x) € A[x]. U

For the general case, let A be a graded factorially closed subring of a Z-graded
domain B such that A; # 0 and A;;; # 0 for some integer i. We want to show that
A C B is factorially closed. Let S be the multiplicative set consisting of all nonzero
homogeneous elements of A. Note that if S~'A € ™! B is factorially closed then
sois A C B. If K := (S7'A)y and B = (S7!'B)o, then K is a field which is
factorially closed in B. Choose any nonzero elements a; € A;, a;+1 € A;j+1, and let
t:=a;11/a;. Thent € (S"'A); and S~'A = K[t,t~!]. To show that K[, ']is
factorially closed in S™!'B, let b := b, +b;, +- - +b;, and ¢ :=cjy+cj, +- - - +cj,,
with b;,, b;, and ¢}, c;, nonzero, be elements of S~! B such that bc € S~ A. Writing
b, :==bj,t 7 fora=0,1,...,rand ¢}, :=cj,t 778 for =0, 1,..., s, we get that
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b=Dbiyt +by,t" - by 1", c =Tt +Tj ) +- - -+C; 1% € Blr, 17"]. But since

K is factorially closed in E, sois K[t] C B [¢], and consequently, by Lemmas 1

and 2, K[z, "] is factorially closed in B[t,7']. So b, c € S~'A, proving that

S'AC S !Bis factorially closed, and hence A C B is also factorially closed.
Therefore, we have proved the following result:

Theorem 2. Let A C B be Z-graded domains with A; # 0 and A;+, % 0 for some
integer i. Then A is factorially closed in B if it is graded factorially closed.

Question. Is the hypothesis that A;, A; 4| are nonzero for some i necessary?

We do not know the answer to the above question in general. But we sketch
below a different proof of Theorem 2 without assuming the condition that A; and
A;41 are nonzero for some i. However it works only when B is a UFD.

Let A C B be Z-graded domains with B a UFD. Now, assuming that A is graded
factorially closed in B, we would like to show that A is factorially closed in B.
After inverting all nonzero homogeneous elements of A, we may assume that A is
of the form k[¢, t~'], where ¢ is a homogeneous prime element of positive degree
in B. Further, since k[¢] is factorially closed in By[¢] by Theorem 9, it suffices to
prove that By[?] is factorially closed in B := @i>0 B;. So, if f, g € B* are such
that fg € By[t], we want to show that f, g € Bo[t]._Let f=fi+tfi+t -+ fmand
g=go+g +- -+ gn with f,, and g, nonzero. We can write f and g as

f:fé[a0+f1/tal_i_..._i_f’;tam and g=g6tﬂ0 +g/1tﬂl+“'+g,/ntﬂm,

where f; = f/t* and t does not divide f; unless it is zero, in which case we also take
«; to be zero, and similarly for g. If either f; € By for each i or g./i € By for each j,
we are done. Otherwise, we define «, and B, to be the minimums of the «; for f; A0
and the B; for g; # 0, respectively. Let us also define i* := max{i | ; = a} and
Jj*:=max{j | B; = Bs}. Note that i* <m and j* < n. Looking at the homogeneous
component of degree i* 4 j* in fg, we get

(f&)ietj* = ﬁ/*g}*fa*+ﬂ* + (elements divisible by r*+F+1),

But that means fi’*g}* must be divisible by ¢, which is a contradiction.
Finally, we put together the results connecting factorial closedness and graded
factorial closedness in the form of the following theorem:

Theorem 3. For positively graded domains A C B, if we assume that A # 0, then
the following statements are equivalent:

(1) AC Bisfe.
(2) For any homogeneous prime ideal p, Ay C By is gfc.
(3) For any homogeneous prime ideal p, A, C By is fc.

(4) For any homogeneous maximal ideal m, Ay € Bm) is gfc.
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(5) For any homogeneous maximal ideal m, Ay, € By, is fc.
Proof. Follows directly from Lemmas 7 and 8 and Theorem 2. U

In particular, if Ag is a field, A is positively graded, A; # (0) and m is the
irrelevant maximal ideal of A, then A C B will be factorially closed if Ay, C By, is
factorially closed.

Given a subring A of an integral domain B, we define the factorially closed locus
or fc locus of A in B to be §&(A: B) :={p € Spec A | A, C By, is factorially closed}.
We intend to investigate the nature of this fc locus in the Zariski topology. We start
with a few definitions: let A/B := {b € B | bb’ € A for some b’ € B — {0}}, which
is an A-module. If A denotes the algebraic closure of A in B, it is easy to see that
AC QA NBC AC A/B C B. Taking A to be the ring of integers Z and B to be
Z[~/2,x,y, 1/2y], one can see that the inclusions can be proper at each stage. By
Lemma 1(2), factorial closedness is preserved under localization. So F&€(A : B) is
closed under generalization. The following lemma gives a necessary and sufficient
condition for the nonemptiness of the fc locus.

Lemma 10. With notation as above, the following statements are equivalent:

(1) There exists a prime ideal p € Spec A such that A, C By is fc.
(2) The inclusion Q(A) € S™'B is fc, where S := A — {0}.

(3) There is an equality Q(A)* = (S~'B)*.

(4) There is an equality A/B = Q(A) N B.

Proof. We will only give the proof that (4) implies (2). The other implications are
similar and easy.

Assume that A/B = Q(A) N B. We will show that Q(A) is fc in S~1B.

Let (b1/s1) - (b2/s2) € Q(A), where the s; are nonzero elements of A. Then there
is a nonzero element o € A such that b;bya € A. This implies that b; € A/B, and
hence b; € Q(A). U

Note that Q(A)* = (S~!B)* implies that B* C Q(A). But the converse is false
as the example K[xz, yz] € K[x, y, z] with K a field shows.

To give conditions for the openness of the fc locus, we need a few auxiliary
lemmas.

Lemma 11. Let A C B be integral domains. If p € Spec A is a prime ideal of
height 1 which is not in the image of Spec B, then V (p) := {q € Spec A | p C q}
does not meet §E(A : B).
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Proof. Otherwise, if g € V(p) NFE(A : B), then A, C By, is factorially closed by
Lemma 1. But, since p is not in the image of Spec B, each prime ideal of B, contracts
to (0) in A,. Consequently, every nonzero element of Ay is a unit in By, which is a
contradiction by Lemma 3. Hence we must have that V(p) NFE(A: B)=2. U

Lemma 12. Let A C B be integral domains with A noetherian and normal. If the
image of Spec B contains all prime ideals p € Spec A of height 1, then either the fc
locus $€(A : B) is empty or A is factorially closed in B.

Proof. If A/B # Q(A)N B, we know that the factorially closed locus will be empty.
So we are interested in showing that, if A/B = Q(A) N B, then A is factorially
closed in B. In order to prove factorial closedness, first note that it suffices to prove
that any principal ideal of A is contracted from some ideal of B, or, equivalently,
that xBN A = x A for any x € A. For, if it is true, let us consider by, b, € B — {0}
such that b1b, =a € A. Since A/B = Q(A)N B, b; € Q(A). Let by = /B, with
a,peA—{0}. Nowa € BBNA = BA, implying that b; € A, and consequently A
is factorially closed in B. So all we need to show is that any principal ideal of A
is contracted from some ideal of B. But since A is a noetherian normal domain,
any prime ideal associated to a principal ideal has height 1, and, as a result, using
primary decomposition any principal ideal of A can be written as a finite intersection
of primary ideals of height 1. So it is enough to prove that any height-1 primary
ideal of A is a contracted ideal. Now, given any prime ideal p € Spec A of height 1,
let us consider the commutative diagram

| ]

The local ring Ay is a DVR and pA,, is a contracted ideal. So each pAp-primary
ideal is also contracted. Again, p-primary ideals of A are in a one-to-one corre-
spondence with the pAp-primary ideals of A,. So we conclude that each p-primary
ideal of A is contracted from some ideal in B, and this completes the proof.  [J

Note. Let A € B be integral domains with A noetherian. We have proved that if
Ay is a DVR for some p € Spec A then p € §E(A : B) if and only if it is in the
image of Spec B.

Now we are in a position to characterize the openness of the fc locus:

Theorem 4. Let A C B be integral domains with A noetherian and normal. Then
SC(A : B), if nonempty, is open in Spec A if and only if the image of Spec B misses
only finitely many height-1 prime ideals.
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Proof. If §€(A : B) is open, its complement contains at most finitely many prime
ideals of height 1. So, by Lemma 12, the image of Spec B misses at most finitely
many height-1 prime ideals. Conversely, assume that pq, po, ..., p, are the only
prime ideals of height 1 lying outside the image of Spec B. In view of Lemma 12, it
is enough to show that any q € Spec A not contained in U?Zl V(p;)isin FC(A: B).
So, let us choose any q € Spec A — [ J;_, V(p;). We can find x € (;_, p; — q.
Considering the inclusion A, C By, all height-1 prime ideals of A, are in the image
of Spec By. Since we are only interested in the case when §€(A : B) # &, we may
assume by Lemma 10 that A/B = Q(A) N B. Consequently A,/B, = Q(A,) N By.
Therefore, Lemma 11 applies to show that A, is factorially closed in B,. Hence
FC€(A : B) =Spec A — (Ui, V(pi)) is open. O

Corollary 4.1. With notation as in Theorem 4, if B is a finitely generated algebra
over A then §C(A : B) is always open.

Proof. This follows from Theorem 4, since the corresponding dominant morphism of
affine schemes Spec B — Spec A always contains a nonempty open set in its image,
and consequently the image of Spec B can miss at most finitely many height-1
primes of Spec A. U

2. Quasifactorially closed subrings

If we attempt to generalize Lemma 9 to the case of formal power series rings
Allx]l € B[[x] the attempt fails quite badly. For, suppose that A C B is factorially
closed. If b € B — A, then the element 1 + bx + x> + x> 4+ x* 4 - is a unit in
B[ x]] which is not in A[[x]]. So the extension A[[x]] € B[ x] is never factorially
closed unless A = B. The presence of ‘extra units’ in the bigger ring turns out to be
an obvious obstruction. To rectify this problem, we come up with a weaker notion
of quasifactorially closedness.

Recall that, given an inclusion of integral domains A € B, A is said to be
quasifactorially closed, or gfc for short, in B if, for any nonzero b € B, if there
exists some nonzero b’ € B such that bb’ € A, then there exists a unit # € B such
that bu € A.

If A and B have the same units then the notions of factorial closedness and
quasifactorial closedness coincide. Also note that A C B is quasifactorially closed
whenever either A or B is a field. But quasifactorial closedness, in general, is
more of a geometric notion and does not behave well with algebraic operations.
For example, although it is closed under localization, we are not yet sure if global
information can be retrieved from local data as in Lemma 1. The sandwich property,
as in Lemma 2, also fails, as any integral domain is always quasifactorially closed
in any field containing it. The following example shows that the transitive property
need not hold true either.
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Example. Factorial closedness holds for K[x] € K[x, y, z, w]/(xy — zw), and
A:=K|[x,y,z,w]/(xy —zw) is gfc in A[1/y]. But K[x] is not gfc in A[1/y], as
there is no unit # in A[1/y] such that uz € K[x].

Note that the above example also shows that in the definition of quasifactorial
closedness it may not be possible to get a unit # € B such that bu, b'u=' € A. In
fact, if it were true then one can check that, for integral domains A € B C C, if
A C Bisfcand B C C is gfc then A € C would also be gfc, which is clearly not
true, as the above example shows.

The following example shows that A € B being qfc does not imply that A[x] C
B[x] is gfc:

Example. Take any nontrivial algebraic field extension L/K. Then K C L is gfc
but K[x] C L[x]isnotqfc. If K =Rand L =C, take b=ix — 1 and b’ =ix + 1.
Then bb’' € R[x], but there is no unit # € C[x] such that bu € R[x].

Let A C B be fc. Then any irreducible element of A remains irreducible in B. If
A is a UFD but B is not, then prime elements of A need not remain prime in B,
as the example k[x] C k[x, y, z]/(xy — 7% — 1) shows, where the prime element
x of k[x] does not remain a prime in k[x, y, z]/(xy — z2 —1). But if B is also a
UFD then A C B is fc if and only if each prime element of A remains a prime in B
and A* = B*. For UFDs A C B, primes of A remaining primes in B is a sufficient
condition for gfc. But it is not necessary, as the first example in Section 4 will show.
However, it follows from Theorem 6 and its corollaries that the converse is also
true in the case of complete local UFDs.

For integral domains A C B, we define the gfc locus of A in B by QF&(A : B) :=
{peSpec A| A, C B,y is gfc}. Just like the fc locus, the gfc locus is also closed under
generalization. Note that QFE(A : B) is always nonempty since (0) € QFC(A : B).
For, let S = A —{0}. If (b1 /s1).(b2/c2) € Q(A) then b; /s; are units in S~ B. Then
(bi/si).(si/b;) € Q(A), implying that Q(A) is qfc in S~!B.

Next, we prove an openness criterion, analogous to Theorem 4, for the gfc locus,
albeit for a somewhat restricted class of rings.

Theorem 5. Let A C B be affine UFDs. Assume that A and B have the same group
of units and Q(A) is algebraically closed in Q(B). Then QFE(A : B) is a nonempty
open set if one, and hence all, of the following equivalent conditions hold.:

(1) Given any prime ideal p € Spec A of height > 2, pB has height > 2.
(2) No prime element of B divides two distinct prime elements of A.
(3) Any two coprime elements of A continue to be coprime in B.

(4) There are only finitely many prime elements of A which either split in B or are
units in B.
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Proof. Since A and B are UFDs, the proof of the equivalence of (1), (2) and (3) in
the above statement is easy. This part does not need openness of QFE(A : B).

Let V and W denote the irreducible affine varieties corresponding to A and B
respectively, and let f : W — V be the induced morphism.

First we consider the case when dim A = 1.

By assumption, Q(A) is algebraically closed in Q(B). Then it is well-known (by
a suitable application of Bertini’s theorem) that only finitely many scheme-theoretic
fibers of the morphism W — V are either empty or not reduced and irreducible.
This shows that (4) is also always true, so that conditions (1)—(4) are equivalent.

Now we will assume that dim A > 2.

Assume now that the equivalent conditions (1), (2) and (3) hold. We will show
that (4) holds.

Again, since Q(A) is algebraically closed in Q(B), there is a proper closed
subvariety S C V such that the inverse image of any point p ¢ S is scheme-
theoretically reduced and irreducible. By (1), the inverse image of any closed
subvariety of V of codim > 2 does not contain any divisor in W. Now we can
see that the only possible irreducible divisors D C V which split in W are those
contained in S.

The image f (W) contains a nonempty Zariski-open subset since f is dominant.
Hence f (W) can miss at most finitely many divisors in V. This shows that (4) is true.

Next, we will show that (4) implies (1). Suppose that this is not true. Then there is
a closed irreducible subvariety S C V of codimension > 1 such that the inverse image
of § in W contains an irreducible divisor A, defined by a prime element g. Now, if D
is any irreducible divisor in V which contains S then the prime element defining D
will split in B. Since dim B > 1, there are infinitely many such prime elements in A.

This proves the equivalence of (1)—(4).

Now we will assume that the equivalent conditions (1)—(4) hold. We will show
that QFC(A : B) is a nonempty open set.

Let py, ..., p, be the prime elements in A such that p; is a non-unit in B and
not a prime element in B.

We will show that QFE(A : B) =Spec A\ J;_, V(p;A), and hence QFE(A : B)
is nonempty and open.

First we will show that if a prime element p € A is not a unit in B and does not
remain a prime element in B, then V(pA) NQFC(A: B) = 2.

So, let p € A be such a prime element and let g € V(pA). If A; C By is gfc then
sois Ap C By, where p := pA. Since p is not a prime element in B, there exists
by, by € B — B* such that p = b1b,. But A, C B, being gfc implies that either
by or by must be a unit in B,. Without any loss of generality, let us assume that
by € By. So b; divides some element s € A —p. But s and p are coprime in A, and
hence in B by (3). So b; must be a unit in B, which is a contradiction.
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By assumption, there are only finitely many prime elements p; € A such that
pi is a non-unit in B and not a prime element in B. We have already seen that
U?:] V(piA) € QFC(A : B)“. So it suffices to show that any prime ideal of A
which does not contain any of the p; is in QFE(A : B). Let q € Spec A be such a
prime ideal. Choose any a € ()/_, piA —q. Then A, C B, is gfc since each prime
element in A, continues to be a prime element in B,. Consequently, A; C By is
also gfc, and this completes the proof. U

Remark. In Section 3, we will give an example to show that QFE(A : B) can be
open and nonempty even when there are infinitely many prime elements in A which
are not units in B and are not prime elements in B.

The following theorem shows that the gfc property has some nice consequences
in the case of complete local domains:

Theorem 6. Let (A, my) C (B, mp) be local domains such that my =mpgN A and
A/my = B/mp. Moreover, assume that A is complete in the m 4-adic topology and
M=, m's = (0). If A is gfc in B then A is algebraically closed in B.

Proof. Let b € B be algebraic over A. We will construct a sequence (a,) € AV
such that, for each n, a,+1 = a, + 010 - - - oty and b = a,, + jop - - - 2y By
for some «y, a3, ..., oy, 0y € My and B, € mp. Any such sequence will be a
Cauchy sequence in the m4-adic topology of A which converges to b in the mpg-adic
topology of B, implying that b € A.

Since b is algebraic over A, there exist elements cg, ¢y, ..., ¢, € A, with ¢g and
¢, nonzero, such that

co+citb+---+cb" =0,

implying that b(c; +cab+---+¢,b" 1) € A. Since A is gfc in B, there exists a unit
u € B* such that bu = a € A or, equivalently, b =au~". We can write u ' =u| + b,
for some u| € A* and by € mp, so that b = a(u + by). Setting a; := au, the
induction hypothesis is satisfied for n = 1.

Next, suppose that we have already found elements ay, az, .. ., a, € A satisfying
the required conditions. To find a, 1, note that b = a, + oo - - - @, B, implying
that ojorp - - - a0 By, 1s also algebraic over A, and consequently there exists a unit
Un+1 € B* such that 8, = o, 1u,41 for some o, € my. Writing uy, 4 as uy4 =
w1+ Bny1, where u), | € A* and B, 1 € mp, we get

b=a,+oay-- 'anan-i-l(u:z.l,_l + Bus1).

Itis obvious that @, 1 :=a, + o102 - - - ooty 111, | satisfies the required properties.
This, together with induction, completes the proof. |

With notation as in Theorem 6, we have the following easy corollaries:
Corollary 6.1. There is an equality Q(A)N B = A.
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Corollary 6.2. If B is normal, then so is A.

Corollary 6.3. If B satisfies the ascending chain condition for principal ideals,
then so does A.

Corollaries 6.1, 6.2 and 6.3 are immediate consequence of Theorem 6.
Corollary 6.4. Any irreducible element of A remains irreducible in B.

This can be proved in the same way as the proof of Theorem 6. We leave the
details to the reader.

Corollary 6.5. If a € A is a prime element of B, then it is already a prime element
in A.

Corollary 6.6. Leta,a’ € A. ThenaA =a'A ifand only if aB = a’ B. In particular,
if two elements of A are not associates in A, they cannot become associates in B.

This follows easily from Corollary 6.1. For, if a’ € aB, then, writing a’ = ab
with b € B, by Corollary 6.1 we have b € Q(A)N B = A.

Corollary 6.7. If B is a UFD, then so is A.

Proof. Corollary 6.3 shows that any element in A can be written as a product of
irreducible elements in A. By Corollary 6.4, any irreducible element in A remains
irreducible and hence a prime in B. Now Corollary 6.5 finishes the proof. (]

Corollary 6.8. If two elements of A have no common factor in A, they cannot have
a common factor in B.

Proof. If b € mp is a common factor of a, a’ € m,, then there is a unit u € B* such
that bu € my4. But then, by Corollary 6.1, bu is a common factor of @ and @’ in A,
leading to a contradiction. O

Corollary 6.9. If B is a UFD, then, for any prime ideal p € Spec A of height > 2,
pB has height > 2.

Now we prove an analogue of Theorem 1 for power series rings. First, we
consider the 2-dimensional case.

Theorem 7. Let k C A C B :=k[[x, y]l be a noetherian complete (with respect to
its maximal ideal) local gfc subring of B, the power series ring in two variables.
Then A is isomorphic to a power series ring in one variable over k.

Proof. By Corollary 6.7, A is a UFD. Let p € A be a prime element. By Corollary 6.4,
p is a prime element in B, and since A is qfc in B we have pB N A = pA. This
gives an inclusion of integral domains A/pA € B/pB. Now dim B/pB =1, and
hence any two elements in B/ p B are analytically dependent. Thus, dimA/pA < 1.
Now dim A < 2. If dim A =1, then A is clearly isomorphic to a power series ring
in one variable over k.
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Now assume that dim A =2. We will show that A =k[[x, y]. For that, choose any
two relatively prime elements u, v from the maximal ideal of A. By Corollaries 6.4
and 6.6, u and v are nonassociate prime elements of k[[x, y]l. So, in particular,
the extension of the maximal ideal of A to B is (x, y)-primary. Since A, B are
complete, we infer that B is integral over A. But then by Theorem 6 A must be
equal to k[[x, y]. O

Next we consider the case when dim B = 3.

Theorem 8. Letk C A C B :=k[X, Y, Z]|, where A is a 2-dimensional noetherian
complete (with respect to its maximal ideal) local gfc subring of B. Then A is
isomorphic to a power series ring in two variables over k.

Proof. The proof is similar to the proof of Theorem 7.

Note that A is a UFD by Corollary 6.7.

By Brieskorn’s theorem [1968], either A is isomorphic to a power series in two
variables over k, or A = k[[u, v, w]]/(u2 +v3+w?). We have to show that A cannot
be isomorphic to k[[u, v, w]/(u? + v + w3). By the argument in the proof of
Theorem 7, the extended ideal (i, v, w) B has height > 1. We know that A is the
ring of invariants of the binary icosahedral group of order 120 acting on a power
series ring k[[s, ¢]]. The morphism Spec k[[s, ]\ {(s, #)} = Spec A\ {(u, v, w)} is
finite unramified. Since Spec B \ V ((u, v, w)) is simply connected, by covering
space theory we have a factorization

Spec B\ V((u, v, w)) — Spec k[s, ]\ {(s, )} — Spec A\ {(u, v, w)}.

By Hartog’s theorem, we have A C k[[s, t] € B. But then A is not algebraically
closed in B, contradicting Theorem 6. This shows that A is isomorphic to a power
series ring in two variables over k. O

Question. In Theorem 8, is the assumption dim A = 2 necessary, i.e., can a proper
gfc subring of k[[x, y, z]] have dimension > 2?

It is well-known that, if A C B are affine normal domains over an algebraically
closed field of characteristic O such that Q(A) is algebraically closed in Q(B), then a
general fiber of the morphism Spec B — Spec A is irreducible. By Theorem 6, if A C
B are complete normal domains over an algebraically closed field of characteristic 0
such that A is gfc in B, then Q(A) is algebraically closed in Q(B). In view of the
above observation we can ask the following question:

Question. Let (V, p), (W, g) be normal complex analytic germs and f : (W, g) —
(V, p) a complex analytic morphism such that the analytic local ring of V is
algebraically closed in that of W. Is a general fiber of f irreducible?

We have the following modest result as an affirmative answer to this question:
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Theorem 9. Let (W, q) be a normal complex analytic germ and f : W — C a
complex analytic morphism of germs. Assume that the ring C{f} C Ow 4 is gfc.
Then a general fiber of f is connected.

Proof. We will use a result of Trang [1977] on the topology of singular points,
which generalizes Milnor’s results.

Trang [1977] proved that there are positive numbers 0 < § < € < 1 such that if
D is a disc of radius § in C then the morphism B. "W N f~1(D —{0}) — D — {0}
is a topological fiber bundle, where B, is a ball of radius € with center ¢ in C", such
that (W, g) € (C", 0) is a closed embedding of germs. Since C{f} C Ow 4 is gfc,
the fiber { f = 0} is irreducible by Corollary 6.4. We have a long exact sequence of
homotopy groups

T(F) — 11 (BeNW N f71(D —{0})) — m1(D — {0}) —> mo(F)
— mo(Be NW N f71(D —{0})) —> (D — {0}) —> (D).

Here F is a general fiber of B.NW N f~1(D —{0}) = D —{0}. Both B.NWN
f~Y(D —{0}) and D — {0} are connected. Since { f = 0} is reduced and irreducible,
a small transverse loop in B N W N f~1(D — {0}) maps onto the generator of the
fundamental group of D — {0}, hence the homomorphism

71 (BeNW N 71D —{0) — 71 (D —{0})
is surjective. It follows that F' is connected, and this proves the result. ([

The next result is an interesting consequence of the property of being factorially
closed. To state the result, we need a definition. Let f : ¥ — X be a dominant
morphism of smooth algebraic varieties such that the general fibers are irreducible
and reduced. Then there exist an open immersion ¢ : ¥ < W and a projective
morphism f : W — X such that f = f o, where W is a smooth algebraic variety
and D := W\ Y is a divisor with simple normal crossings. Let D =D;+---+ D,
be the irreducible decomposition. We further assume that D intersects transversally
the fiber Fp = f~!(P) for every closed point P € X. We say that f is an SNC-
completion of f. Suppose that for every P € X and every 1 <i <r the intersection
D; - Fp is irreducible and reduced. If there exists such an SNC-completion of f, we
say that f is fiberwise integral at infinity. If there is an open set U of X such that
f: f~Y(U) — U has a completion which is fiberwise integral at infinity, then we
say that f is generically fiberwise integral at infinity. This condition is equivalent
to saying that the generic fiber Y,, with n the generic point of X, can be embedded
into a projective smooth variety W, defined over the field k(n) in such a way that
D, = W, \ 'Y, is a divisor consisting of geometrically integral smooth components
with simple normal crossings.
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Theorem 10. Let A be an affine domain of dimension 1 over k. Assume that A is fc
in a regular affine domain R over k. Let X =Spec A,Y =Spec Rand f:Y — X be
the induced morphism. Assume that f has an SNC-completion which is generically
fiberwise integral at infinity. Then there is a maximal ideal m of A such that the
affine domain R/mR is regular and has no nontrivial units.

Proof. Since A is fc in R and R is normal, it follows that A is normal, and
hence regular as dim A = 1. A general fiber of the morphism f is reduced and
irreducible. In particular, by Bertini’s theorem, R/mR is a regular affine domain
for all but finitely many maximal ideals in A. Removing from X the closed points
corresponding to these maximal ideals, we may assume that f is a smooth morphism.
Let f : W — X be an SNC-completion which is fiberwise integral at infinity. Here
we may have to replace X by a suitable open set. Let D = W\ Y be the divisor at
infinity and let D = Dy + Dy + - - - 4+ D, be the irreducible decomposition of D. If
the result is not true, then we may assume that R/mR has a nontrivial unit for every
maximal ideal m of A. Note that, by definition, each D; meets each fiber Fp of 7
transversally and the intersection D; - Fp is integral, i.e., irreducible and reduced.

Let P be a closed point of X. The fiber f~!(P) has a nonconstant unit « p, and
the divisor (up) in Fp := f‘l(P) has the form Zi a(P);D;|f, with a(P); € Z.
Note that the subgroup ) ; ZD; of Pic(W), which is generated by the irreducible
components of D, is a countable group. Choosing a nonconstant unit u p for every
P € X (k), we have a mapping P +— (up) from X (k) to the group > . ZD;, where
X (k) is the set of closed points of X and (u p) is identified with ). a(P); D;. Since
each D; N Fp is irreducible and reduced for each i, such an identification is possible.
Then we can find a fixed divisor Dy = ) ; a; D; and an infinite set A of X (k) such
that Dy - Fp = (up) for each P of A. This means that the line bundle O(Dgy) on W
restricts to a trivial line bundle on Fp for each P € A. By the upper-semicontinuity
theorem [Hartshorne 1977, Chapter III, Theorem 12.8], the set of points in X such
that the restriction of Dy to Fp is trivial is a closed subvariety T of X containing the
infinite set A. (Use the theorem for £ and £~! so that dimy HO(Fp, &| Fp) > 0and
dimy HO(Fp, $7! |Fp) > 0.) Since dim X =1, T = X and Dy restricts to a trivial
line bundle on every fiber of f. By [Hartshorne 1977, Chapter III, Exercise 12.4],
Dy is linearly equivalent to the pullback by f of a divisor of the form Z‘;:] b;Q;

on X. Thus, the restriction of Dy to f~'(X\{Q1, ..., Qs)}) is linearly equivalent to
zero. Write Dy as the divisor of a rational function (¢) on f~'(X\{Q1,..., Os}).
Then ¢ gives a nonconstant unit of F~YX\ {01, ..., Q). Since the units on

FUX\{Q1,..., Qs}) and X\ {Q1, ..., Q,} are the same by the assumption of
factorial closedness, ¢ is constant on each fiber of f. However, ¢ restricts onto the
unit # p up to a nonzero constant for every P € A. This is a contradiction because
up is not a constant. U
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Without the assumption that f has an SNC-completion which is fiberwise integral
at infinity, Theorem 10 does not hold.

Example. Let W be the Hirzebruch surface P! x P! with vertical and horizontal P!-
fibrations. Let p; : W — P! be the vertical one with a fiber L, and let the horizontal
one py be given by a linear system |M|. Let D; be an irreducible curve such that
Dy ~2M + L. Then the restriction pi|p, : D1 — P!, being a double covering,
has two branch points. Let L, L, be two fibers of p; over these branch points.
Let D=D;+Li+Lj,andletY := W\ D and X := P! — {two branch points}.
Let f = pily. Then every fiber of f : ¥ — X is irreducible; hence k(X) is
algebraically closed in k£(Y) and it is easy to see that A is factorially closed in
R, where X = Spec A and Y = Spec R, because A = k[¢,¢~!] and every prime
element of A is t — ¢ with some nonzero constant ¢ € k. Then the fiber over t = ¢
is irreducible. Hence ¢ — ¢ is a prime element in R. Furthermore, the units of R are
the same as the units of A because the only linear relation among the components
of D is the one between L and L,. But every closed fiber of f has a nontrivial unit
because it is isomorphic to Al. Note that R is not factorial since Pic(R) =Z7/27.

Remark. In this example, the fibration f : ¥ — X is a twisted A!-fibration. Let X’
be the curve D with two ramifying points for p;|p, removed, and let /' :Y' — X’
be the base change of f by X' — X. Then Y’ = Al x Al. Write ¥ = Spec R,
X =Spec A and X" =Spec A’. Then Ais fcin R,but A’ isnotfcin R :=R®4 A'.
In fact, R”*/k* =7Z x Z and A”"/k* = Z. If A’ were fc in R’, then we must have
R’ = A’". Note that A’/ A is a finite étale extension. Hence the factorial closedness
is not preserved even by an étale base change.

Using Theorem 10 we can now give a very short proof of a result of [Neumann
and Norbury 1998].

Theorem 11. Let f, g € C[X, Y] be a pair of polynomials in two variables with
nonzero constant Jacobian determinant. Suppose that the following conditions are
satisfied:

(a) For all c € C, the polynomial f — c is irreducible and defines a rational curve.

(b) Let C* C Y be an open embedding in a smooth quasiprojective surface such
that f : C* — C extends to a proper morphism Y — C and Y \ C? is a simple
normal crossing divisor such that each irreducible component of Y \ C? is a
cross-section of the morphism Y — C.

Then {f = 0} = C, and hence the Jacobian Conjecture is true for the pair (f, g).

Remark. In [Neumann and Norbury 1998] f is called a simple rational polynomial.
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Proof. By assumption, f —c is an irreducible polynomial for all constants c. Also, C?
has no nonconstant invertible regular functions. Hence the morphism C> — C is an
fc morphism. Condition (b) implies that f : C> — C is generically fiberwise integral
at infinity. By Theorem 10 and condition (a), for all but finitely many ¢ € C the affine
curve { f = c} is smooth rational irreducible with no nonconstant invertible regular
functions. Hence it is isomorphic to C. By the Abhyankar—-Moh—Suzuki theorem,
after a suitable automorphism of C[X, Y] the polynomial f is mapped onto X. It
is well-known that this implies that the Jacobian Conjecture is true for (f, g). [

The next result is another interesting example of gfc subrings.

Theorem 12. Let A = C{zy, z2, ..., 2}/ P be an analytic local domain which is a
UFD. Then A is gfc in A.

Proof. We use Artin’s approximation theorem [1968].

It is known that A is also a UFD. To show that A is gfc in A, it follows easily
from the definition of a qfc subring that it is enough to show that any prime element
of A remains a prime element in A,

Suppose that f € A is a prime element. Assume that there are non-units g, &
in A such that f = gh. Let P be generated by f1, f>, ..., fr. Let wi, wa, ..., w,,
wr+1, Wy42 be new indeterminates. Consider the system of equations in the variables
ZlyenesZn, Wi, W2y oooy Wry2

fi—wi=0=f—wr=---=f —w, = f —wry1Wr42.

This system has solutions w; = fi,...,w, = fr, Wy41 =&, W42 =hinC[zy,...,2,].
By Artin’s theorem, we can find solutions gg, /g in C{zy, . . ., 2} such that f = gohyg
modulo P and gg, iy approximate g, i to any order. In particular, gy and /¢ cannot
be units. Thus, every prime element in A remains a prime element in A, and
consequently A is gfc in A. O

Corollary 12.1. Any element of Clz1,. .., 2, ]| which is algebraic over C{z1,. . .,z,}

is itself convergent. (Here, z1, 22, ..., 2, are indeterminates over C.)

Question. Is Theorem 12 valid without assuming that A is a UFD?

3. Examples

We give some examples which shed more light on fc and gfc extensions.

(1) The following example shows that a gfc extension A C B of local domains can
be quite strange if A is not complete.

Let k be any field. Consider A := k[x, ¢* — 1] —1) and B := k[[x]. Then
A C B is a local inclusion of local UFDs. Note that A is a regular local ring of
dimension 2, whereas B has only one nonzero prime ideal, namely (x). From these
observations we can easily deduce the following properties:
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(a) Infinitely many primes of A split in B.
(b) Infinitely many distinct primes of A become associates in B.
(c) The dimension of A is bigger than the dimension of B.

(d) A prime element of B, namely x, divides infinitely many distinct prime ele-
ments of A.

(2) The properties of being a qfc extension and a flat extension are independent.
For, a ring of invariants A of a semisimple group acting on a polynomial ring B
is fc in B, but the extension is not flat in general.
On the other hand, the extension k[r2] C k[¢] is flat but not gfc.

(3) For an extension of normal affine domains A C B, the set of points m € Max B
such that Ayna € By, is gfc is in general not Zariski-open in Max B.

An example of this is the inclusion A :=k[x] C B :=kl[x, y, z]/(xy — 72). Ifmy
is the maximal ideal corresponding to the origin (0, 0, 0) in B, then Ay is gfc in
Bp,, but for maximal ideals corresponding to nearby points (0, A, 0) this is not true.

Remark. One may ask a similar question for fc extensions. But at least in the case
of affine domains it is not very interesting, for then by Lemma 4 Apna = Biw. So
A and B must be birational where the set of such points is clearly open.

(4) The ring extension A := k[xy] € B := k[x, y] is such that A is algebraically
closed in B and A* = B*, but the fc locus FE(A : B) is empty.

(5) The ring extension A := k[x] C B := k[x, y, z]/ (x> + y> + z> — 1) has the
property that any irreducible element of A remains irreducible in B, the extension
is faithfully flat and both rings have same units, but A is not fc in B. Note that B is
not factorial.

(6) Let A :=k[x,xy] C B:=kl[x, y], where x, y are indeterminates. Then Q(A) C
Q(B) is maximally algebraic. Any element of the form x 4+ axy is a prime element
in A but not a prime element in B, where a € k*.

If q is any prime ideal in A other than (x, xy), then either x or xy is a unit in Aj.
Hence both x, y are units in By. It follows that any prime element in A, is either a
prime element in By or a unit in By. This shows that §€(A : B) = Spec A\ {(x, xy)}
is nonempty and open, but infinitely many prime elements in A are non-units in B
and are not prime elements in B.

If p is any height-1 prime ideal in A, then at least one of x, xy does not lie in p.
Hence, in By, x is always a prime element. From this we see that A, C B, is gfc.

Clearly A is not fc in B. Since A, B are UFDs and have the same units, A is not
gfc in B.

This shows that the local analogue of Lemma 1(6) does not hold for the gfc
property.
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4. Open problems

(1) Let A € B be normal complete local domains over k such that A is gfc in B.
Is the power series ring in one variable A[[x]] qfc in B[[x]?

(2) Suppose that A € B are normal affine domains such that for any maximal ideal
m C A the extension Ay, € By, is gfc. Is A gfcin B?

(3) Let A € B be an gfc inclusion of normal complete domains over k. Is
dim A <dim B?

(4) Is any fc subring of a PID also a PID?
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Coherent analogues
of matrix factorizations
and relative singularity categories

Alexander |. Efimov and Leonid Positselski

We define the triangulated category of relative singularities of a closed subscheme
in a scheme. When the closed subscheme is a Cartier divisor, we consider
matrix factorizations of the related section of a line bundle, and their analogues
with locally free sheaves replaced by coherent ones. The appropriate exotic
derived category of coherent matrix factorizations is then identified with the
triangulated category of relative singularities, while the similar exotic derived
category of locally free matrix factorizations is its full subcategory. The latter
category is identified with the kernel of the direct image functor corresponding
to the closed embedding of the zero locus and acting between the conventional
(absolute) triangulated categories of singularities. Similar results are obtained for
matrix factorizations of infinite rank; and two different “large” versions of the
triangulated category of relative singularities, corresponding to the approaches
of Orlov and Krause, are identified in the case of a Cartier divisor. A version of
the Thomason—Trobaugh—Neeman localization theorem is proven for coherent
matrix factorizations and disproven for locally free matrix factorizations of finite
rank. Contravariant (coherent) and covariant (quasicoherent) versions of the
Serre—Grothendieck duality theorems for matrix factorizations are established,
and pull-backs and push-forwards of matrix factorizations are discussed at length.
A number of general results about derived categories of the second kind for
curved differential graded modules (CDG-modules) over quasicoherent CDG-
algebras are proven on the way. Hochschild (co)homology of matrix factorization
categories are discussed in an appendix.
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Introduction

A matrix factorization of an element w in a commutative ring R is a pair of square
matrices (O, V) of the same size, with entries from R, such that both the products
OW and WP are equal to w times the identity matrix. In the coordinate-free
language, a matrix factorization is a pair of finitely generated free R-modules M ©
and M ! together with R-module homomorphisms M® — M ! and M — M such
that both the compositions M? — M — M%and M — M® — M are equal to the
multiplication with w. Matrix factorizations were introduced by Eisenbud [1980]
and used by Buchweitz [1986] for the study of the maximal Cohen—Macaulay
modules over hypersurface local rings.

Another name for this notion is “D-branes in the Landau—Ginzburg B model” (as
suggested by Kontsevich) [Kapustin and Li 2003]; in this context, the element w is
called the potential. One generalizes the above definition, replacing free modules
with projective modules [Kapustin and Li 2003; Orlov 2004], with locally free
sheaves [Orlov 2012], and finally with coherent sheaves [Lin and Pomerleano 2013].
The importance of the latter generalization is emphasized in the present paper.

Being particular cases of curved DG-modules over a curved DG-ring [Kapustin
and Li 2003; Positselski 2011b], matrix factorizations form a DG-category. So one
can consider the corresponding category of closed degree-zero morphisms up to
chain homotopy, which is a triangulated category. Generally speaking, however, the
homotopy category is “too big” for most purposes, and one would like to pass from
it to an appropriately defined derived category. One can use the homotopy category
in lieu of the derived one when dealing with projective modules [Kapustin and Li
2003; Orlov 2004]; for locally free matrix factorizations over a nonaffine scheme,
there is an option of working with the quotient category of the homotopy category
by the locally contractible objects [Polishchuk and Vaintrob 2011, Definition 3.13].
When dealing with coherent (analogues of) matrix factorizations, having some kind
of derived category construction is apparently unavoidable.

The relevant concept of a derived category is that of the derived category of
the second kind, as developed in [Positselski 2010; 2011b]. There are several
versions of this notion; the appropriate one for quasicoherent sheaves is called the
coderived category and for coherent sheaves it is the absolute derived category. The
absolute derived category of locally free matrix factorizations was studied in [Orlov
2012]; for coherent matrix factorizations over a smooth variety, it was considered
in [Lin and Pomerleano 2013]. These two absolute derived categories are equivalent
for regular schemes, but can be different otherwise (as we show with an explicit
counterexample).

The triangulated category of singularities of a Noetherian scheme was defined
by D. Orlov [2004] as the quotient category of the bounded derived category of



1162 Alexander |. Efimov and Leonid Positselski

coherent sheaves by its full triangulated subcategory of perfect complexes, i.e.,
the objects locally presentable as finite complexes of locally free sheaves. This
triangulated category vanishes if and only if the Noetherian scheme is regular. It
was shown in [Orlov 2004, Theorem 3.9], under mild assumptions on an affine
regular Noetherian scheme X and a potential (regular function) w on it, that the
homotopy category of locally free matrix factorizations of w over X is equivalent
to the triangulated category of singularities of the zero locus X of w in X.

Orlov [2012] showed that the affineness assumption on X can be dropped in this
result if one replaces the homotopy category of locally free matrix factorizations with
their absolute derived category. He also considers the general case of a nonaffine
singular scheme X, for which he obtains a fully faithful functor from the absolute
derived category of locally free matrix factorizations over X to the triangulated
category of singularities of X¢. The problem of studying the difference between
these two triangulated categories was posed in the introduction to [Orlov 2012].

The first aim of the present paper is to provide an alternative proof of these results
of Orlov for regular schemes, an alternative generalization of them to singular
schemes, and a more precise version of Orlov’s original generalization. We replace
the triangulated category at the source of Orlov’s fully faithful functor by a “larger”
category (containing the original one) and the triangulated category at the target
by a “smaller” category (a quotient of the original one), thereby transforming this
functor into an equivalence of triangulated categories. We also describe the image
of Orlov’s fully faithful functor as the kernel of a certain other triangulated functor.

More precisely, we show that the absolute derived category of coherent matrix
factorizations of w over X is equivalent to what we call the triangulated category of
singularities of X¢ relative to X . The latter category is a certain quotient category
of the triangulated category of singularities of Xg; it measures, roughly speaking,
how much worse are the singularities of X¢ compared to those of X. As to the
image of Orlov’s fully faithful embedding, it consists precisely of those objects
of the conventional (absolute) triangulated category of singularities of Xy whose
direct images vanish in the triangulated category of singularities of X.

The paper consists of three sections and two appendices. In Section 1, we prove
three rather general technical assertions about derived categories of the second
kind for curved differential graded modules (CDG-modules) over a quasicoherent
CDG-algebra with a restriction on the homological dimension. One of them, claim-
ing that certain embeddings of DG-categories of CDG-modules induce equivalences
of the derived categories of the second kind, is a generalization of [Polishchuk
and Positselski 2012, Theorem 3.2] based on a modification of the same argument,
originally introduced for the proof of [Positselski 2010, Theorem 7.2.2].

The idea of the proof of the other assertion, according to which certain natural
functors between derived categories of the second kind are fully faithful, is new.
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The third technical assertion explains when the coderived category coincides with
the absolute derived category of the same class of CDG-modules: e.g., for the
locally projective CDG-modules this is true.

A version of (the former two of) these results is used in Section 2 to extend
Orlov’s cokernel functor from the absolute derived category of locally free matrix
factorizations to the absolute derived category of coherent ones. This extension of the
cokernel functor admits a simple construction of a functor in the opposite direction,
suggested in [Lin and Pomerleano 2013]. We use these constructions to obtain a
new proof of Orlov’s theorem, and our own generalization of it to the singular case.

When X is regular, Orlov’s and our results amount to the same assertion since
the absolute derived categories of locally free and coherent matrix factorizations are
equivalent by our Theorem 1.4. When X is singular, the natural functor between
these two absolute derived categories is fully faithful by our Proposition 1.5, and
Orlov’s full-and-faithfulness theorem follows from ours by virtue of an appropriate
semiorthogonality property.

We also compare a “large” version of the triangulated category of relative singular-
ities with the coderived category of quasicoherent matrix factorizations, strengthen-
ing some results of Polishchuk and Vaintrob [2011]. A “large” version of the absolute
triangulated category of singularities, defined by Orlov [2004], is identified with
H. Krause’s stable derived category [2005] in the case of a divisor in a regular scheme.
A similar result is proven in the case of a Cartier divisor in a singular scheme, where
we extend Krause’s theory by defining the relative stable derived category. For
any closed subscheme of finite flat dimension in a separated Noetherian scheme,
the relative stable derived category is compactly generated by its full triangulated
subcategory equivalent to the triangulated category of relative singularities.

The homotopy categories of unbounded complexes of projective modules over
a ring and injective quasicoherent sheaves over a scheme were studied by Jgr-
gensen [2005] and Krause [2005]; subsequently, Iyengar and Krause [2006] con-
structed an equivalence between these two categories for rings with dualizing com-
plexes. These results were extended to quasicoherent sheaves over schemes by Nee-
man [2008] and Murfet [2007], who found a way to define a replacement of the homo-
topy category of (nonexistent) projective sheaves in terms of the flat ones. The equiv-
alence between these two categories is a covariant version of Serre—Grothendieck du-
ality [Hartshorne 1966]. Itis also very similar to the derived comodule-contramodule
correspondence theory, developed by the second author [Positselski 2010; 2011b].

Serre—Grothendieck duality for matrix factorizations in the situation of a smooth
variety X (and an isolated singularity of Xo) was studied in [Murfet 2013]. In
this paper we extend the duality to matrix factorizations over much more general
schemes X, constructing an equivalence between two “large” exotic derived cate-
gories, namely, the coderived category of flat (or locally free) matrix factorizations
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of possibly infinite rank and the coderived category of quasicoherent matrix factor-
izations. Unless X is Gorenstein, this equivalence is not provided by the natural
functor induced by the embedding of DG-categories, but rather differs from it in
that the tensor product with the dualizing complex has to be taken along the way.
A contravariant Serre duality in the form of an auto-antiequivalence of the absolute
derived category of coherent matrix factorizations is also obtained.

There was some attention paid to pull-backs and push-forwards of matrix fac-
torizations recently [Polishchuk and Vaintrob 2011; 2014; Dyckerhoff and Murfet
2013]. In Section 3, we approach this topic with our techniques, constructing the
push-forwards of locally free matrix factorizations of infinite rank for any morphism
of finite flat dimension between schemes of finite Krull dimension, and the push-
forwards of locally free matrix factorizations of finite rank for any such morphism
for which the induced morphism of the zero loci of w is proper. At the price of
having to adjoin the images of idempotent endomorphisms, the preservation of
finite rank under push-forwards is proven assuming only the support of the matrix
factorization [Polishchuk and Vaintrob 2011] to be proper over the base.

Push-forwards of quasicoherent matrix factorizations are well-defined for any
morphism of Noetherian schemes, and push-forwards of coherent matrix factor-
izations exist under properness assumptions similar to the above. A general study
of category-theoretic and set-theoretic supports of quasicoherent and coherent
CDG-modules is undertaken in this paper in order to obtain an independent proof
of the preservation of coherence under the push-forwards not based on the passage
to the triangulated categories of singularities.

The compatibility with pull-backs and push-forwards is an organic part of
Serre—Grothendieck duality theory. The contravariant duality agrees with push-
forwards of coherent sheaves (or matrix factorizations) with respect to proper
morphisms [Hartshorne 1966], while the covariant duality transforms the conven-
tional inverse image of flat matrix factorizations into the extraordinary inverse
image of quasicoherent ones [Positselski 2012]. We use the latter result in order
to construct the extraordinary inverse image functor of Hartshorne and Deligne,
which is denoted by f' in [Hartshorne 1966] and which we denote by f 7, in the
case of quasicoherent matrix factorizations.

Appendix A contains proofs of some basic facts about flat, locally projective,
and injective quasicoherent graded modules which are occasionally used in the
main body of the paper. Appendix B can be viewed as a complement to the
paper [Polishchuk and Positselski 2012]. While Section B.1 contains some vari-
ations of and improvements on the results about Hochschild (co)homology of
(C)DG-categories and (locally free) matrix factorizations in [loc. cit.], Section B.2
presents an alternative approach to the Hochschild (co)homology of coherent matrix
factorizations based on the techniques developed in the main body of this paper.
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1. Exotic derived categories of quasicoherent CDG-modules

1.1. CDG-rings and CDG-modules. A CDG-ring (curved differential graded ring)
B = (B.d,h) is defined as a graded ring B = P, ., B’ endowed with an odd
derivation d : B — B of degree 1 and an element & € B? such that d?(b) =
[1,b] for all b € B and d(h) = 0. So one should have d : B® — B'*! and
d(ab) = d(a)b + (—1)!%lad (b); the brackets [—,—] denote the supercommutator
[a,b] = ab — (—1)@llPlpg. The element  is called the curvature element.

A morphism of CDG-rings B — A is a pair ( f, a), with a morphism of graded
rings f : B — A and an element a € A' such that f(dgbh) = d4 f(b) + [a, f(b)]
for all b € B and f(hp) = hyq + dqa + a®. The composition of morphisms of
CDG-rings is defined by the obvious rule (f,a)o (g,b) = (f og, a+ f(b)). The
element a is called the change-of-connection element. A discussion of the origins
of these definitions can be found in the paper [Positsel’skii 1993], where the above
terminology first appeared (see also an earlier paper [Getzler and Jones 1990],
where the motivation was entirely different).

A left CDG-module M = (M, dps) over a CDG-ring B is a graded B-module
endowed with an odd derivation dps : M — M compatible with the derivation d
on B such that d ]%,1 (m) = hm for all m € M. Given a morphism of CDG-rings
(f.a): B— A and a CDG-module (M, d) over A, the CDG-module (M, d’) over B
is defined by the rule d’(m) = d(m) + am.

Given graded left B-modules M and N, homogeneous B-module morphisms
f :M — N of degree n are defined as homogeneous maps supercommuting with
the action of B; i.e., f(bm) = (—1)"?lpf(m). When M and N are CDG-modules,
the homogeneous B-module morphisms M — N form a complex of abelian groups
with the differential d( /) (m) =d(f(m))— (=1 f(d(m)). The curvature-related
terms cancel out in the computation of the square of this differential, so one has
d?(f) = 0. Therefore, left CDG-modules over B form a DG-category.

Two aspects of the above definitions are worth pointing out. First, the CDG-rings
or modules have no cohomology modules, as their differentials do not square to
zero. Second, given a CDG-ring B, there is no natural way to define a CDG-module
structure on the free graded B-module B (though B is naturally a CDG-bimodule
over itself, in the appropriate sense).

We refer the reader to [Positselski 2011b, Section 3.1] or [Positselski 2010,
Sections 0.4.3-0.4.5] for more detailed discussions of the above notions. We will
not need to consider any gradings different from Z-gradings in this paper, though
all the general results will be equally applicable in the I'-graded situation in the
sense of [Polishchuk and Positselski 2012, Section 1.1].

1.2. Quasicoherent CDG-algebras. Throughout this paper, unless specified other-
wise, X is a separated Noetherian scheme with enough vector bundles; in other
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words, it is assumed that every coherent sheaf on X is the quotient sheaf of a
locally free sheaf of finite rank. Note that the class of all schemes satisfying these
conditions is closed under the passages to open and closed subschemes [Orlov 2004,
Section 1.2] and contains all regular separated Noetherian schemes [Hartshorne
1977, Exercise 111.6.8].

Recall the definition of a quasicoherent CDG-algebra from [Positselski 2011b,
Appendix B]. A quasicoherent CDG-algebra B over X is a graded quasicoherent
Oy -algebra such that for each affine open subscheme U C X, the graded ring B(U)
is endowed with a structure of CDG-ring, i.e., a (not necessarily Oy -linear) odd
derivation d : B(U) — B(U) of degree 1 and an element # € B2(U). For each pair
of embedded affine open subschemes U C V C X, an element ayy € BL(U) is fixed
such that the restriction morphism B(V) — B(U) together with the element ayy
form a morphism of CDG-rings. The obvious compatibility condition is imposed
for triples of embedded affine open subschemes U C V C W C X.

A quasicoherent left CDG-module M over B is an Oy -quasicoherent (or, equiva-
lently, B-quasicoherent) sheaf of graded left modules over B together with a family
of differentials d : M(U) — M(U) defined for all affine open subschemes U C X
such that M (U) is a CDG-module over B(U) and the appropriate compatibility con-
dition holds with respect to the restriction morphisms of CDG-rings B(V) — B(U).
Specifically, for a quasicoherent left CDG-module M, one should have

ds)|ly =d(s|ly) +ayys|ly forany s € M(V).

Quasicoherent left CDG-modules over a quasicoherent CDG-algebra B form a
DG-category [Positselski 2011b]. The complex of morphisms between CDG-mod-
ules A/ and M is the graded abelian group of homogeneous B-module morphisms
f i N — M with the differential d( f') defined locally as the supercommutator of f
with the differentials in A'(U) and M(U). We denote this DG-category by B-qcoh.

We will call a quasicoherent graded algebra B over X Noetherian if the graded
ring B(U) is left Noetherian for any affine open subscheme U C X. Equivalently,
B is Noetherian if the abelian category of quasicoherent graded left 5-modules is a
locally Noetherian Grothendieck category. In this case, the full DG-subcategory in
B-qcoh formed by CDG-modules whose underlying graded B-modules are coherent
(i.e., finitely generated over ) is denoted by B-coh.

Given a quasicoherent graded left B-module M and a quasicoherent graded right
B-module NV, one can define their tensor product N'® 5 M, which is a quasicoherent
graded Ox-module. A quasicoherent graded left B-module M is called flat if the
functor — @3 M is exact on the abelian category of quasicoherent graded right
B-modules. Equivalently, M is flat if the graded left B(U)-module M (U) is flat for
any affine open subscheme U C X. The flat dimension of a quasicoherent graded
module M is the minimal length of its flat left resolution.
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The full DG-subcategory in B-qcoh formed by CDG-modules whose underlying
graded B-modules are flat is denoted by 5-qcohy, and the full subcategory formed by
CDG-modules whose underlying graded 5-modules have finite flat dimension is de-
noted by B-qcohgy. The similarly defined DG-categories of coherent CDG-modules
are denoted by B-cohg and B-cohgy.

All the above DG-categories of quasicoherent CDG-modules (and the similar
ones defined below in this paper) admit shifts and twists, and, in particular, cones.
It follows that their homotopy categories H °(B-qcoh), H°(B-qcohy), H°(B-coh),
etc. are triangulated. Besides, to any finite complex (of objects and closed mor-
phisms) in one of these DG-categories, one can assign its total object, which is an
object of (i.e., a CDG-module belonging to) the same DG-category [Positselski
2011b, Section 1.2].

The DG-categories B-qcoh and B-qcohy also admit infinite direct sums. Hence
in these two DG-categories one can totalize even an unbounded complex by taking
infinite direct sums along the diagonals.

The DG-category B-qcoh also admits infinite products (which one can obtain us-
ing the coherator construction from [Thomason and Trobaugh 1990, Section B.14]),
but these are not well-behaved (neither exact nor local), so we will not use them.

1.3. Derived categories of the second kind. The nonexistence of the cohomology
groups for curved structures stands in the way of the conventional definition of the
derived category of CDG-modules, which therefore does not seem to make sense.
The suitable class of constructions of derived categories for CDG-modules is that
of the derived categories of the second kind [Positselski 2010; 2011b].

Let B be a quasicoherent CDG-algebra over X ; assume that the quasicoherent
graded algebra B is Noetherian. Then a coherent CDG-module over B is called
absolutely acyclic if it belongs to the minimal thick subcategory of the homotopy
category of coherent CDG-modules H °(B-coh) containing the total CDG-modules
of all the short exact sequences of coherent CDG-modules over B (with closed
morphisms between them). The quotient category of H%(B-coh) by the thick sub-
category of absolutely acyclic CDG-modules is called the absolute derived category
of coherent CDG-modules over B and denoted by D2P5(3-coh) [Positselski 2011b].

For any quasicoherent CDG-algebra B over X, a quasicoherent CDG-module
over B is called coacyclic if it belongs to the minimal triangulated subcategory of
the homotopy category of quasicoherent CDG-modules H °(B-qcoh) containing the
total CDG-modules of all the short exact sequences of quasicoherent CDG-modules
over B and closed under infinite direct sums. The quotient category of H °(B-coh)
by the thick subcategory of coacyclic CDG-modules is called the coderived category
of quasicoherent CDG-modules over B and denoted by D°(3-qcoh) [Positselski
2010; 2011b].
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Given an exact subcategory E in the abelian category of quasicoherent graded
left B-modules, one can define the absolute derived category of left CDG-modules
over B with the underlying graded B-modules belonging to E as the quotient cat-
egory of the corresponding homotopy category by its minimal thick subcategory
containing the total CDG-modules of all the exact triples of CDG-modules with the
underlying graded 3-modules belonging to E. The objects of the latter subcategory
are called absolutely acyclic with respect to E (or with respect to the DG-category
of CDG-modules with the underlying graded modules belonging to E) [Polishchuk
and Positselski 2012].

In particular, one defines the absolute derived categories D2"*(B-cohgrg) and
D2bs(B-cohy) as the quotient categories of the homotopy categories H °(B-cohq)
and H°(B-cohg) by the thick subcategories of CDG-modules absolutely acyclic
with respect to B-cohgy and B-cohg, respectively.

When the exact subcategory E is closed under infinite direct sums, the thick
subcategory of CDG-modules coacyclic with respect to E is the minimal triangulated
subcategory of the homotopy category CDG-modules with the underlying graded
modules belonging to E, containing the total CDG-modules of all the exact triples
of CDG-modules with the underlying graded modules belonging to E and closed
under infinite direct sums. The quotient category by this thick subcategory is called
the coderived category of left CDG-modules over B with the underlying graded
modules belonging to E [Positselski 2010; Polishchuk and Positselski 2012].

Thus one defines the coderived category D°(B-qcohy) as the quotient categories
of the homotopy category H (B-qcohy) by the thick subcategory of CDG-modules
coacyclic with respect to B-qcohg. A little more care is needed for the definition
of the coderived category D (B-qcohgy) since the class of graded modules of
finite flat dimension is not in general closed under infinite direct sums. An object
M e HO(B-qcohgy) is said to be coacyclic with respect to B-qcohgy if there exists
an integer d > 0 such that M is coacyclic with respect to the exact category of
quasicoherent CDG-modules of flat dimension at most d. The coderived category
of quasicoherent CDG-modules of finite flat dimension is, by the definition, the
quotient category of H°(B-qcohgy) by the above-defined thick subcategory of
coacyclic CDG-modules [Polishchuk and Positselski 2012, Section 3.2].

Remark 1.3. One may wonder whether coacyclicity (absolute acyclicity) of quasi-
coherent CDG-modules (of a certain class) is a local notion. One general approach
to this kind of problem is to consider the Mayer—Vietoris/Cech exact sequence

0—M— @jUa*j(;aM — @ JUenugsJUgnuyM —> = —> 0
a a<p

for a finite affine open covering U, of X. Since the inverse and direct images with
respect to affine open embeddings are exact and compatible with direct sums, they
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preserve coacyclicity (absolute acyclicity). Hence if the restrictions of M to all U,
are coacyclic (absolutely acyclic), then so is M itself.

Alternatively, one can base this kind of argument on the implications of the
Noetherianness assumption, rather than the separatedness assumption. For this
purpose, one replaces a quasicoherent CDG-module M with its injective resolution
(see Lemma 1.7(b)) before writing down its Cech resolution. In this approach, the
covering need not be affine, as injective coacyclic objects are contractible, and
direct images preserve contractibility; but it is important that the restrictions to
open subschemes should preserve injectivity of quasicoherent graded B-modules
(see [Hartshorne 1966, Theorem I1.7.18] and Theorem A.3; cf. [Thomason and
Trobaugh 1990, Appendix B]).

When one is working with coherent CDG-modules, the Cech sequence argument
is to be used in conjunction with Proposition 1.5 below. (Cf. Sections 1.10 and 3.2.)

1.4. Finite flat dimension theorem. The next theorem is our main technical result
on which the proofs in Section 2 are based.

Though we generally prefer the coderived categories of (various classes of)
infinitely generated CDG-modules over their absolute derived categories, technical
considerations sometimes force us to deal with the latter (see Remark 1.5). Therefore,
let D255(B-qcohy), D2PS(B-qcohygy), and D2P5(B-qcoh) denote the absolute derived
categories of (flat, of finite flat dimension, or arbitrary) quasicoherent CDG-modules
over a quasicoherent CDG-algebra B.

Theorem 1.4. (a) For any quasicoherent CDG-algebra B over X, the functor
D°(B-qcohg) —> D°(B-qcohgy)

induced by the embedding of DG-categories 3-qcohy — B-qcohgy is an equiv-
alence of triangulated categories.

(b) For any quasicoherent CDG-algebra B over X, the functor
D2b%(B-qcohg) —> D (B-qcohery)

induced by the embedding of DG-categories B-qcohy — B-qcohgy is an equiv-
alence of triangulated categories.

(c) For any quasicoherent CDG-algebra B over X such that the underlying quasi-
coherent graded algebra B is Noetherian, the functor

D255 (B-cohgy) —> DP%(B-cohgrg)

induced by the embedding of DG-categories B-cohy — B-cohgy is an equiva-
lence of triangulated categories.
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Proof. The proof follows that of [Polishchuk and Positselski 2012, Theorem 3.2]
(see also [Positselski 2010, Theorem 7.2.2]) with some modifications. We will
prove part (a); the proofs of parts (b) and (c) are similar. (Alternatively, parts (b)
and (c) can be deduced from Proposition 1.5(a) and (b) below.)

Given an affine open subscheme U C X and a graded module P over the graded
ring B(U), one can construct the freely generated CDG-module G (P) over the
CDG-ring B(U) in the way explained in [Positselski 2011b, proof of Theorem 3.6].
The elements of G (P) are formal expressions of the form p +dgq, where p, g € P.
Given a quasicoherent graded module P over B, the CDG-modules G+ (P(U))
glue together to form a quasicoherent CDG-module G*(P) over B. For any
quasicoherent CDG-module M over B, there is a bijective correspondence between
morphisms of graded 5-modules P — M and closed morphisms of CDG-modules
Gt (P) — M over B. There is a natural short exact sequence of quasicoherent
graded B-modules P — Gt (P) — P[—1]. The quasicoherent CDG-module Gt (P)
is naturally contractible with the contracting homotopy #p given by the composition

Gt(P) — P[-1] — GT(P)[-1].

Due to our assumption on X, for any quasicoherent Ox-module K over X there
exists a surjective morphism £ — K onto K from a direct sum £ of locally free
sheaves of finite rank on X. Hence for any quasicoherent graded B-module M
there is a surjective morphism onto M from a flat quasicoherent graded B-module
P =@, B®oy Enln], and for any quasicoherent CDG-module M over B there is
a surjective closed morphism onto M from the CDG-module G+ (P) € B-qcohy.
(In fact, parts (a) and (b) of this theorem can be proven without the assumption
of enough vector bundles on X since there are always enough flat sheaves; see
Remark 2.6 and Lemma A.1.)

Now the construction from [loc. cit., proof of Theorem 3.6] provides for any
object M of B-qcohgy a closed morphism onto M from an object of B-qcoh
with the cone absolutely acyclic with respect to B-qcohgy. To obtain this mor-
phism, one picks a finite left resolution of M consisting of objects from B-qcoh
with closed morphisms between them, and takes the total CDG-module of this
resolution. By [loc. cit., Lemma 1.6], it follows that the triangulated category
D°(B-qcohgy) is equivalent to the quotient category of H °(B-qcohy) by its inter-
section in H °(B-qcohgy) with the thick subcategory of CDG-modules coacyclic
with respect to B-qcohgy. It only remains to show that any object of H °(5-qcohy)
that is coacyclic with respect to B-qcohgy is coacyclic with respect to B-qcohy,.

Let us call a quasicoherent CDG-module M over B d-flat if its underlying
quasicoherent graded B-module M has flat dimension not exceeding d. A d-flat
quasicoherent CDG-module is said to be d-coacyclic if it is homotopy equivalent
to a CDG-module obtained from the total CDG-modules of exact triples of d-flat
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CDG-modules using the operations of cone and infinite direct sum. Our goal is to
show that any O-flat d-coacyclic CDG-module is O-coacyclic. For this purpose, we
will prove that any (d —1)-flat d-coacyclic CDG-module is (d —1)-coacyclic; the
desired assertion will then follow by induction.

It suffices to construct for any d-coacyclic CDG-module M a (d —1)-coacyclic
CDG-module £ with a (d —1)-coacyclic CDG-submodule K such that the quotient
CDG-module £/K is isomorphic to M. Then if M is (d—1)-flat, it would follow
that both the cone of the morphism K — £ and the total CDG-module of the exact
triple £ — £ — M are (d —1)-coacyclic, so M also is. The construction is based
on four lemmas similar to those in [Polishchuk and Positselski 2012, Section 3.2].

Lemma A. Let M be the total CDG-module of an exact triple of d-flat quasico-
herent CDG-modules M' — M" — M"" over B. Then there exists a surjective
closed morphism onto M from a contractible 0-flat CDG-module P with a (d—1)-
coacyclic kernel K.

Proof. Choose 0-flat quasicoherent CDG-modules P’ and P”” such that there
exist surjective closed morphisms P’ — M’ and P — M". Then there exists a
surjective morphism from the exact triple of CDG-modules P’ — P’ & P — P"”
onto the exact triple M’ — M” — M. The rest of the proof is similar to that
in [Polishchuk and Positselski 2012]. O

LemmaB. (a) Let K' C L' and K" C L" be (d —1)-coacyclic CDG-submodules
in (d—1)-coacyclic CDG-modules, and let L' /K' — L /K" be a closed mor-
phism of CDG-modules. Then there exists a (d —1)-coacyclic CDG-module L
with a (d —1)-coacyclic CDG-submodule K such that

L/K ~ cone(L' /K — L£"/K").

(b) In the situation of (a), assume that the morphism L' /K’ — L /K" is injective
with a d-flat cokernel My. Then there exists a (d —1)-coacyclic CDG-module
Lo with a (d—1)-coacyclic CDG-submodule Ko such that Lo/Ko >~ M.

Proof. The proof is similar to that in [Polishchuk and Positselski 2012]. O

Lemma C. For any contractible d-flat CDG-module M there exists a surjec-
tive closed morphism onto M from a contractible 0-flat CDG-module L with a
(d—1)-coacyclic kernel K.

Proof. Let p : P — M be a surjective morphism onto the quasicoherent graded
B-module M from a flat quasicoherent graded B-module P, and p : G (P) — M
be the induced surjective closed morphism of quasicoherent CDG-modules. Let
t : M — M be a contracting homotopy for M and tp : G (P) — G (P) be the
natural contracting homotopy for G (P). Then @t = ptp—1tp : GT(P) > M is
a closed morphism of quasicoherent CDG-modules of degree —1. Denote by u
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the restriction of i to P C G (P). There exists a surjective morphism from a
flat quasicoherent graded B-module Q onto the fibered product of the morphisms
p:P— Mandu:P— M. Hence we obtain a surjective morphism of quasicoherent
graded B-modules ¢ : @ — P and a morphism of quasicoherent graded B-modules
v: Q — P of degree —1 such that ug = pv.

The morphism ¢ induces a surjective closed morphism of quasicoherent CDG-
modules § : GT(Q) — GT(P). The morphism § is homotopic to zero with the
natural contracting homotopy gtg = tpg. The morphism v induces a closed
morphism of CDG-modules ¥ : G*(Q) — G (P) of degree —1. The morphism
tpg — v is another contracting homotopy for g. The latter homotopy forms a
commutative square with the morphisms p, pg, and the contracting homotopy ¢
for the CDG-module M.

Let N be the kernel of the morphism 5§ : G (Q) — M and K be the kernel of the
morphism 7 : G*(P) — M. Then the natural surjective closed morphism r : N’ — K
is homotopic to zero; the restriction of the map ¢#pg — ¥ provides the contracting
homotopy that we need. In addition, the kernel G (ker ) of the morphism r is
contractible. So the cone of the morphism r is isomorphic to K & N[1], and on the
other hand, there is an exact triple G (ker ¢)[1] — cone(r) — cone(idx). Since K
is (d—1)-flat and ker ¢ is flat, this proves that K is (d —1)-coacyclic. It remains to
take £ = GT(P). |

Lemma D. Let M — M’ be a homotopy equivalence of d-flat CDG-modules
such that M is the quotient CDG-module of a (d —1)-coacyclic CDG-module by a
(d—1)-coacyclic CDG-submodule. Then M is also such a quotient.

Proof. The proof is similar to that in [Polishchuk and Positselski 2012]. O

It is clear that the property of a CDG-module to be presentable as the cokernel
of an injective closed morphism of (d —1)-coacyclic CDG-modules is stable under
infinite direct sums. This finishes our construction and the proof of Theorem. [

Remark 1.4. The assertion of part (c) of Theorem 1.4 can be equivalently rephrased
with flat modules replaced by locally projective ones. Indeed, a finitely presented
module over a ring is flat if and only if it is projective.

In the infinitely generated situation of parts (a) and (b), flatness of quasicoherent
sheaves is different from their local projectivity (which is a stronger condition), but
the assertions remain true after one replaces the former with the latter. The same
applies to Proposition 1.5(a) below. Indeed, by Theorem A.2, for any quasicoherent
graded algebra B over an affine scheme U, projectivity of a graded module over the
graded ring B(U) is a local notion. Taking this fact into account, our proof goes
through for locally projective quasicoherent graded modules in place of flat ones
and the locally projective dimension (defined as the minimal length of a locally
projective resolution) in place of the flat dimension.
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When B = Oy, local projectivity of quasicoherent modules is equivalent to
local freeness [Bass 1963, Corollary 4.5]. Furthermore, in this case, assuming
additionally that X has finite Krull dimension, the classes of quasicoherent sheaves
of finite flat dimension and of finite locally projective dimension coincide [Raynaud
and Gruson 1971, Corollaire I1.3.3.2].

1.5. Fully faithful embedding. The next proposition is stronger than Theorem 1.4
in some respects, and is proven by an entirely different technique.

Proposition 1.5. (a) For any quasicoherent CDG-algebra B over X, the functor
D2 (B-qcohy) — DP%(B-qcoh) induced by the embedding of DG-categories
B-qcohy — B-qcoh is fully faithful.

Furthermore, let B be a quasicoherent CDG-algebra over X such that the
underlying quasicoherent graded algebra B is Noetherian. Then

(b) the functor D?*5(B-cohg) — DP%(B-coh) induced by the embedding of DG-cat-
egories B-cohy — B-coh is fully faithful,

(c) the functor D?P5(B-coh) — DP5(B-qcoh) induced by the embedding of DG-cat-
egories B-coh — B-qcoh is fully faithful,

(d) the functor D25 (B-coh) — D°(B-qcoh) induced by the embedding of DG-cat-
egories B-coh — B-qcoh is fully faithful and its image forms a set of compact
generators for D<°(B-qcoh).

Proof. The proof of part (d) in the case when X is affine can be found in [Positselski
2011b, Section 3.11] (the part concerning compact generation belongs to D. Arinkin).
The proof in the general case is similar, and part (c) can be also proven in the way
similar to [loc. cit., Theorem 3.11.1]. Part (b) in the affine case is easy and follows
from the semiorthogonality property of CDG-modules with projective underly-
ing graded modules and absolutely acyclic/contraacyclic CDG-modules [loc. cit.,
Theorem 3.5(b)] since finitely generated flat modules over a Noetherian ring are
projective. A detailed proof of part (b) in the general case is given below; and the
proof of part (a) (which does not automatically simplify in the affine case) is similar.

We will show that any morphism £ — £ from a CDG-module £ € H°(B-cohy)
to a CDG-module £ € H?(B-coh) absolutely acyclic with respect to B-coh can be
annihilated by a morphism P — £ from a CDG-module P € H O(B—cohﬂ) with a
cone of the morphism P — £ being absolutely acyclic with respect to 5-cohs. By
the definition, the CDG-module L is a direct summand of a CDG-module homotopy
equivalent to a CDG-module obtained from the totalizations of exact triples of
CDG-modules in B-coh using the operation of passage to the cone of a closed
morphism repeatedly. It suffices to consider the case when L itself is obtained from
totalizations of exact triples using cones. We proceed by induction in the number
of operations of passage to the cone in such a construction of L.
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So we assume that there is a distinguished triangle X — £ — M — K[1] in
H°(B-coh) such that M is the total CDG-module of an exact triple of CDG-modules
in B-coh, while the CDG-module K has the desired property with respect to mor-
phisms into it from all CDG-modules F € H °(B-cohy). If we knew that the object
M also has the same property, it would follow that the composition £ — £ — M can
be annihilated by a morphism F — £ with F € H%(B-cohg) and a cone absolutely
acyclic with respect to B-cohg. The composition 7 — £ — L then factorizes
through /C, and the morphism F — K can be annihilated by a morphism P — F
with P € HO(B-cohg) and a cone absolutely acyclic with respect to B-cohg. The
composition P — F — £ provides the desired morphism P — &.

Thus it remains to construct a morphism F — £ with the required properties
annihilating a morphism & — M, where M is the total CDG-module of an exact
triple of CDG-modules &/ — V — W. For any graded module A over B, morphisms
of graded B-modules N'— M of degree n are represented by triples ( f, g, 1), where
f : N — U is a morphism of degree n + 1, g : N — V is a morphism of degree n,
and i : N — W is a morphism of degree n — 1. Denote the closed morphisms in
the exact tripletd -V —-> Wby j:U —>Vandk:V — W.

Lemma E. Let N be a CDG-module over B and M be the total CDG-module of
an exact triple of CDG-modules U — YV — W as above. Then

(a) the differential of a morphism of graded B-modules N' — M of degree n
represented by a triple ( f, g, h) is given by the rule

d(f.g.h) = (=df. —jf +dg. kg —dh);

(b) when (f,g,h) is a closed morphism of CDG-modules of degree n and the
morphism of graded B-modules h : N — W can be lifted to a morphism
of graded B-modules t : N — V of degree n — 1, the morphism (f, g, h) is
homotopic to zero.

Proof. We know that the complex of morphisms in the DG-category of CDG-modules
Homg(N, M) is the total complex of the bicomplex of abelian groups

Homp(N,U) — Homp(N, V) — Homp(N, W).

The formula in (a) is the formula for the differential of a total complex.

Furthermore, the sequence 0 — Homg(N, U) — Homp (N, V) — Hompg(N, W)
is exact. Let Homjz (N, W) denote the cokernel of the morphism of complexes
Homp(N,U) —Homp (N, V); then Homjs (N, W) is a subcomplex of Homg (N, W)
and the total complex of the bicomplex

Homp(N,U) —> Homg (N, V) —> Homz (N, W)
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is an acyclic subcomplex of Homg (N, M). Hence any cocycle in Homg (N, M)
that belongs to this subcomplex is a coboundary.

To present the same argument using our letter notation for morphisms, assume
that k¢ = h. Then k(dt —g) = dh — kg = 0, so there exists a morphism of graded
B-modules s : N'— U of degree n such that dt — g = js. Then jds = —-dg=—jf;
hence ds = — f and d(s,t,0) = (f, g, h). O

Recall the notation G (Q) for the CDG-module freely generated by a graded
B-module Q (see the beginning of the proof of Theorem 1.4).

Lemma F. Let M be the total CDG-module of an exact triple of CDG-modules
U—Y — W as above, and let Q be a graded B-module. Assume that a morphism
of graded B-modules p : Q — M of degree n with the components (f, g, h) is
given such that the component h : @ — W can be lifted to a morphism of graded
B-modulest : Q — V of degree n — 1. Let p : G (Q) — M be the induced closed
morphism of CDG-modules of degree n and ( f , 8, ﬁ) be its three components. Then
the morphism of graded B-modules h: Gt (Q) — W can be lifted to a morphism
of graded B-modules t : G1(Q) — V of degree n — 1.

Proof. Notice that any closed morphism of CDG-modules G *(Q) — M is homo-
topic to zero since the CDG-module G+ (Q) is contractible. The conclusion of the
lemma is stronger, and we will need its full strength. The argument consists of a
computation in the letter notation for morphisms.

For any CDG-module N over B, morphisms of graded B-modules

FiGT(Q —N

of degree n — 1 are uniquely determined by their restriction to Q and the restriction
to Q of their differential d 7, which can be arbitrary morphisms of graded 5-modules
Q — N of degrees n — 1 and n, respectively. Extend our morphism¢:Q — Vto a
morphism of graded B-modules 7 : GT(Q) — V of degree n—1 such that (df)|o = g.
Then ki|g =kt =h = h|g and (d(k7))|o = k(dT)|o = kg = k&|o = (dh)|g by
Lemma E(a), and hence k7 = . O

Now represent a closed morphism & — M by a triple (£, g, #) of morphisms
of degrees 1, 0, and —1, respectively. Let Q be a flat coherent graded B-module
mapping surjectively onto the fibered product of the morphisms k : V — W and
h : € — W (see the beginning of the proof of Theorem 1.4 again). Then there is a
surjective morphism of graded B-modules g : @ — £ and its composition with the
morphism % : £ — W can be lifted to a morphism of graded B-modules  : Q — V
of degree —1. Consider the induced morphism of CDG-modules G : G (Q) — £.
By Lemma F, the composition 4§ : GT(Q) — W can be lifted to a morphism of
graded B-modules 7 : G1(Q) — V of degree —1.
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Let R denote the kernel of the closed morphism . Then the cone F of the
embedding R — G+ (Q) maps naturally onto £ with the cone absolutely acyclic
with respect to B-cohs. As a graded B-module, the CDG-module F is isomorphic to
G T (Q)®R[1]; the composition F — £ — M factorizes through the direct summand
G (Q), where it is defined by the triple ( f§, g, hg). Since the morphism hg
can be lifted to V, so can the corresponding component 7 — W of the morphism
F — M. Thus the latter morphism is homotopic to zero by Lemma E(b). O

In some cases, the use of Lemma F in the above proof of part (b) can be avoided.
Assume that X is a projective scheme over a Noetherian ring and the category of
coherent graded B-modules is equivalent to the category of coherent modules over
some coherent (graded) Ox-algebra A. In this situation, one takes Q to be the
graded B-module corresponding to the (graded) .A-module induced from a large
enough finite direct sum of (shifts of) copies of a sufficiently negative invertible
Oyx-module; then there is a surjective morphism of graded B-modules Q@ — £ and
any morphism of graded B-modules G (Q) — W lifts to V.

Remark 1.5. We do not know how to extend the proof of Proposition 1.5 (a) and (b)
to the coderived categories of quasicoherent CDG-modules. Instead, this argument
appears to be well-suited for use with the contraderived categories (see [Positselski
2011b, Section 3.3] for the definition). In particular, it allows to show that the
contraderived category of left CDG-modules over a CDG-ring B with a right
coherent underlying graded ring is equivalent to the contraderived category of
CDG-modules whose underlying graded B-modules are flat (cf. [loc. cit., paragraph
after the proof of Theorem 3.8]).

This is the main reason why we sometimes find it easier to deal with the absolute
derived rather than the coderived categories of infinitely generated CDG-modules
(cf. Remark 2.8). On the other hand, for the coderived category of quasicoherent
CDG-modules we have the compact generation result (part (d) of Proposition 1.5),
the results and arguments of Sections 1.7, 1.10, 2.5, 2.9, etc. The conditions under
which these two versions of the construction of the derived category of the second
kind for a given class of CDG-modules lead to the same triangulated category are
discussed below in Section 1.6.

1.6. Finite homological dimension theorem. Let B-qcoh,, denote the DG-cate-
gory of quasicoherent CDG-modules over B whose underlying graded B-modules
are locally projective (see Remark 1.4 and Theorem A.2). Denote by D*(B-qcoh,,)
and Dabs(B—qcoh|p) the corresponding coderived and absolute derived categories.

Theorem 1.6. The triangulated categories D*°(B-qcohy,) and Dabs(B-qcoh|p) coin-
cide; i.e., every CDG-module over B that is coacyclic with respect to B-qcohy, is
also absolutely acyclic with respect to B-qcohy,
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Proof. The reason for this assertion to be true is that the exact category of lo-
cally projective graded B-modules has finite homological dimension [Orlov 2004,
Lemma 1.12] and exact functors of infinite direct sums. If this exact category also
had enough injectives, the simple argument from [Positselski 2011b, Theorem 3.6(a)
and Remark 3.6] would suffice to establish the desired D = D2* isomorphism
for it (see also [Positselski 2010, Remark 2.1]). The lengthy argument below is
designed to provide a way around the injective objects issue in this kind of proof.

Our aim is to show that for any closed morphism P — £ from a CDG-module
P € B-qcohy, to a CDG-module £ absolutely acyclic with respect to B-qcohy,, there
exists an exact sequence 0 > Q4 — Q41 — - - — Qo — P — 0 of CDG-modules
and closed morphisms in B-qcoh,, such that the induced morphism from the total
CDG-module of Q; — --- — Qg to L is homotopic to zero. Here d is a fixed
integer equal to the homological dimension of the exact category of locally projective
graded B-modules, which does not exceed the number of open subsets in an affine
covering of X minus one.

Taking P = £ and the morphism P — L to be the identity, we will then conclude
that P is isomorphic to a direct summand of the total CDG-module of Q5 — --- —
Qo — Pin HO(B—qcoh|p). Hence an object of HO(B—qcoh|p) is absolutely acyclic
with respect to B-qcoh,, if and only if it is isomorphic to a direct summand of
the total CDG-module of a (d +2)-term exact sequence of CDG-modules from
B-qcohy, with closed morphisms between them. It will immediately follow that the
class of CDG-modules absolutely acyclic with respect to B-qcohy, is closed under
infinite direct sums, so it coincides with the class of coacyclic CDG-modules.

We can suppose that there exists a sequence of distinguished triangles

Ki-1 — Ki — M; — Ki—1[1]

in H O(B—qcoh|p) such that o =0, I, = £, and M; is the total CDG-module of
an exact triple ¢; — V; — W; of CDG-modules from B-qcoh, for all I <i <n.
We will start with constructing an exact sequence 0 — Q; A — Q{) —-P -0
with the above properties, but of the length n rather than d. Then we will use the
finite homological dimension property of locally projective graded B-modules in
order to obtain the desired resolution Q, of a fixed length d from a resolution Q.

Lemma G. Let M be the total CDG-module of an exact triple U —V — W of
CDG-modules from B-qcoh,, and K — L — M — K[1] be a distinguished triangle
in HO(B-qcoh|p). Then for any CDG-module P € B-qcoh, and a morphism P — L
in HO(B-qcoh|p) there exists an exact triple R — Q — P of CDG-modules from
B-qcoh,, and a morphism R[1] — K in HO(B—qcoh|p) such that the composition
F — P — L, where F is the cone of the closed morphism R — Q, is equal to the
composition F — R[] - K — L in HO(B—qcoh|p).
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Proof. The argument is based on Lemmas E and F from Section 1.5. We can assume
that £ is the cone of a closed morphism M[—1] — K and fix a closed morphism
P — L representing the given morphism in the homotopy category. Arguing as
in the proof of Proposition 1.5, we can construct a surjective closed morphism
Q' — P onto P from a CDG-module Q' € lS’—qcoh|p such that the composition
Q' — P — L —> M — W[—I] lifts to a morphism of graded B-modules Q' — V[—1].
Here it suffices to apply the functor G to the fibered product of the morphisms of
graded B-modules P — W[—1] and V[—1] — W[—1] and use Lemma F.

Then the morphism Q" — M is homotopic to zero with a natural contracting
homotopy (provided by the proof of Lemma E), so the morphism Q" — £ factorizes,
up to a homotopy, as the composition of a naturally defined closed morphism
Q' — K and the closed morphism K — L. Set Q to be the cocone of the closed
morphism Q" — K; then we have a surjective closed morphism Q — Q' such that
the composition Q@ — Q" — K is homotopic to zero.

Let R be kernel of the morphism Q — P and F be the cone of the morphism
R — Q; then there is a natural closed morphism F — P. Using Lemma E and
arguing as in the end of the proof of Proposition 1.5 again, we can conclude that
the composition F — P — L — M is homotopic to zero. Indeed, the composition
F — M — W[—1] lifts to a graded B-module morphism F — V[—1] since F ~
Q @ R[—1] as a graded B-module, the morphism F — M factorizes through the
projection of F onto Q, and the morphism Q — Q" — W[—1] lifts to a graded
B-module morphism Q — Q" — V[—1] by our construction.

Notice that the contracting homotopy that we have obtained for the closed
morphism F — M forms a commutative diagram with the closed morphisms
Q — F, Q— @, and the contracting homotopy that we have previously had for
the closed morphism Q' — M (since so do the liftings 7 — V[—1] and Q" — V[—1]).
This allows to factorize, up to a homotopy, the closed morphism F — L as the
composition of a closed morphism F — K and the closed morphism X — £ in
such a way that the morphism F — K forms a commutative diagram with the
closed morphisms Q@ — F, Q — @/, and the closed morphism Q" — K that we
have previously constructed. The composition Q@ — F — K, being equal to the
composition @ — Q" — K, is homotopic to zero; hence the morphism F — K
factorizes through the closed morphism F — R[1] in H 0(lS’—qcoh,F,). |

Applying Lemma G to the morphism P — £ and the distinguished triangle
Kn—1— L—>M; — K,_1, we obtain an exact triple 7% — Q6 — P and a morphism
Roll] = Ky—1in H 0(lS’—qcoh|p). Applying the same lemma again to the morphism
Rp[1] = Kn—1 and the distinguished triangle K, —» — Kp—1 = Mp_1 = Kn—2[1],
we construct an exact triple R} — Q) — Ry and a morphism R [2] — K,—2,
etc. Finally we obtain an exact triple R, _;, — Q,_, — R, _, and a morphism
R, [n] — Ko =0.

n—1
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Let us check that the natural morphism from the total CDG-module of the
complex 0 > R, _; — Q,_, — --- = Qq to the CDG-module £ is homotopic
to zero. Denote this morphism by f,. It factorizes naturally through the cone
Fo of the closed morphism Ry, — Qj, and the morphism Fo — £ is homotopic
to the composition Fo — Ry[1] = K4—1 — L. Hence, up to the homotopy, the
morphism f,, factorizes through the morphism f;,—; from the total CDG-module of
the complex 0 > R),_; — Q,_; — --- — Q] to K,—; induced by the morphism
Rp[1] = Kn—1. Continuing to argue in this way, we conclude that the morphism f
factorizes, up to a homotopy, through the morphism fo : R;,_,[n] = Ko = 0.

It remains to “cut” our exact sequence of an unknown length 7 to a fixed size d.
For this purpose, we will assume that # > d and construct from our exact sequence
of length n another exact sequence with the same properties, but of the length n — 1.
This part of the argument is based on the following lemma.

Lemma H. For any CDG-module M € B-qcoh,,, locally projective graded B-mod-
ule £, and a homogeneous surjective morphism of locally projective graded B-mod-
ules £ — M, there exist a CDG-module Q € B-qcoh,,, a surjective closed morphism
of CDG-modules Q — M, and a homogeneous surjective morphism of locally
projective graded B-modules Q — £ such that the triangle Q — & — M commutes.

Proof. For any open subscheme U C X, one can simply define Q' (U) as the
abelian group of all pairs (¢’ € £/ T1(U), e € £/ (U)) such that df (e) = f(e’), where
f denotes the morphism of graded B-modules £ — M and d is the differential in M.
The action of B in Q is defined by the formula b(e’, €) = ((—1)!?lbe’ +d(b)e, be);
the differential in Q is given by the obvious rule d(e’, ¢) = (he, ¢’). The morphism
Q — & is defined as (¢’, ¢) —> e; the morphism Q — M, given by (¢’, e) —> f(e),
obviously commutes with the differentials.

It remains to check that the graded B-module Q is locally projective. This can
be done by comparing the above construction with the constructions of the freely
(co)generated CDG-modules G (£) and G~ () from [Positselski 2011b, proof of
Theorem 3.6] (see the beginning of the proof of Theorem 1.4). One can simply
define G~ (&) as being isomorphic to G1(£)[1]. Since M is a CDG-module, there
is a natural closed morphism of CDG-modules M — G~ (M). The CDG-module Q
is the fibered product of the surjective closed morphism of CDG-modules G~ (£) —
G~ (M) and the closed morphism M — G~ (M); hence the graded B-module Q
is locally projective. The morphism Q — £ is induced by the natural morphism of
graded B-modules G~ (£) — £. It forms a commutative diagram with the morphism
& — M, since the composition M — G~ (M) — M is the identity morphism. [

The exact sequence of CDG-modules

O—>R;_1—>Q;_1—>---—>Q6—>P—>O
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represents a certain Yoneda Ext class of degree n between the locally projective
graded B-modules P and R),_,. Since the homological dimension of the exact
category of such B-modules is equal to d and we assume that n > d, this Ext class
has to vanish. This means that there exists an exact sequence of locally projective
graded B-modules 0 — R, _, = &,—1 — -+ — & — P — 0 mapping to our
original exact sequence, with the maps on the rightmost and leftmost terms being
the identity maps, such that the embedding of B-modules R, _; — &£,—1 splits.

As explained in [Positselski 2011a, proof of Lemma 4.4], one can assume the
morphisms & — Q/ to be surjective. Applying Lemma H, we obtain a surjective
closed morphism of CDG-modules Qo — Q;, and a morphism of graded 3-modules
Qo — &o forming a commutative triangle with the morphism £ — Q. Applying
Lemma H to the surjective morphism of fibered products Q¢x¢g,&1 — Qox% Q.
we obtain a surjective closed morphism Q; — Q’l and a closed morphism Q; — Qp
forming a commutative square with the closed morphisms Q¢ — Q{) and Q’l — Qb.
Besides, the sequence Q; — Q¢ — P is exact at Q. We also obtain a morphism
of graded B-modules Q1 — £ forming a commutative triangle with the morphisms
to Q] and a commutative square with the morphisms to &.

Proceeding in this way, we construct a sequence Q,_p» —> -+- — Qg — P — 0,
which is exact at all the middle terms, maps onto the sequence Q),_, — --- —
Q, — P by closed morphisms, and maps into the sequence £, — -+ — & — P
so that the triangle of the maps of sequences commutes. Finally, notice that
En_1>=En_r Xgr Q, _,,and set Q, 1 = Qp > Xgr Q! _,. Then the exact
sequence of CDG-modules 0 — R;_l — Qp—1 =+ — Qo — P — 0 maps onto
the exact sequence 0 >R, _;, — Q) | —---— Qy — P — 0 by closed morphisms,
and this map of exact sequences factorizes through the exact sequence of graded
B-modules 0 — R;l_l — &—1 —> -+ —> & — P — 0. The composition of the
morphism Q1 — &, with the splitting £, —R,_, of the embedding R}, _, —
En—1 provides a graded B-module splitting 9,1 — R),_, of the embedding of
CDG-modules R, _; — Qu—1.

Denote by R,,—» the image of the morphism of CDG-modules Q,,—1 — Q,—>.
The morphism from the total CDG-module of the complex R;_ 1= Q;_ = Q6
to the CDG-module £ is homotopic to zero; hence so is the morphism to £
from the total CDG-module of the complex R, _; — Qp—1 — -+ — Q. The
latter morphism factorizes naturally through the total CDG-module of the complex
Rn—2 — Qn—p — -+ — Qp. The cone of this closed morphism between two
total CDG-modules is homotopy equivalent to the total CDG-module of the exact
triple R),_, — Qu—1 — Rn—2. Since this exact triple splits as an exact triple
of graded B-modules, its total CDG-module is contractible. Consequently, the
morphism between the total CDG-modules of R;_l — Q1 — -+ — Qp and
Rn—2 —> Qn—2 — -+ — Qo is a homotopy equivalence.
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It follows that the natural morphism from the total CDG-module of the resolution
Rn—2 — Qu—p — -+ = Qg of the CDG-module P to the CDG-module L is
homotopic to zero, and we are done. O

So far we have only considered flat coherent CDG-modules over quasicoherent
CDGe-algebras B whose underlying quasicoherent graded algebras are Noetherian.
But the latter restriction is not necessary, as flat and locally finitely presented
(or, which is equivalent, locally projective and finitely generated) quasicoherent
graded B-modules always form an exact subcategory of flat (or locally projective)
graded B-modules. The notation B-cohj, (understood in the obvious sense as
the DG-category of CDG-modules over B with coherent and locally projective
underlying graded B-modules) is synonymous with B-cohg (see Remark 1.4).

Corollary 1.6. The functor D3(B-coh),) — D (B-qcohy,) induced by the embed-
ding of DG-categories B-cohy, — B-qcoh,, is fully faithful.

Proof. When B is Noetherian, one can show that the functor DabS(B—coh|p) —
D2bs (B-qcohy,) is fully faithful by comparing parts (a)—(c) of Proposition 1.5 (with
the flatness condition replaced by the local projectivity). In the general case, one
proves this assertion directly, using an argument similar to the proof of Proposi-
tion 1.5(a) and (b). Then it remains to use Theorem 1.6. O

When every flat quasicoherent graded module over B has finite locally projective
dimension (see Remark 1.4), one has

D (B-qcohy,) =~ D(B-qcohg) >~ D“(B-qcohgy),
D% (B-qcohy,) ~ D***(B-qcohy) ~ D***(B-qcohgy)

by appropriate versions of Theorem 1.4. Consequently, it follows from Theorem 1.6
that D2P5(B-qcohy) = D (B-qcohy) and DP5(B-qcohgy) = D% (B-qcohgy) in this
case. Thus the functor D2**(B-cohq) — D°(B-qcohy) is fully faithful; when B is
Noetherian, so is the functor D2**(B-cohgrg) — D (B-qcohgy).

1.7. Gorenstein case. Here we establish a sufficient condition for the functor
D°(B-qcohy) — D°(B-qcoh) to be an equivalence of triangulated categories.

Let B-qcoh;,; denote the full DG-subcategory in B-qcoh consisting of the CDG-
modules whose underlying quasicoherent graded B-modules are injective. Fur-
thermore, let B-qcohgy be the full DG-subcategory in B-qcoh consisting of the
CDG-modules whose underlying quasicoherent graded 3-modules have finite injec-
tive dimension (i.e., admit a finite right resolution by injective quasicoherent graded
B-modules). Let D*(B-qcohgy) and D®(B-qcohyy) denote the corresponding
derived categories of the second kind. (The difficulty in the definition of the latter
category, similar to the difficulty in the definition of D°(B-qcohgy) discussed in
Section 1.3, does not actually arise, as it is clear from part (a) of the next lemma.)
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Lemma 1.7. (a) For any quasicoherent CDG-algebra B over X, the natural
functors HO(B-qcohinj) — D?5(B-qcohgy) — D(B-qcohyy) are equivalences
of triangulated categories.

(b) Let B be a quasicoherent CDG-algebra over X whose underlying quasico-
herent graded algebra B is Noetherian. Then the functor H O(B—qcohinj) —
D (B-qcoh) induced by the embedding B-qcoh;,; — B-qcoh is an equivalence
of triangulated categories.

Proof. Part (a) is provided by [Positselski 2011b, Theorem and Remark in Sec-
tion 3.6]. Part (b) is a particular case of [loc. cit., Theorem and Remark in Sec-
tion 3.7] since the class of injective quasicoherent graded B-modules is closed
under infinite direct sums in its assumptions. (Cf. [Lin and Pomerleano 2013,
Proposition 2.4].) O

Proposition 1.7. Let B be a quasicoherent CDG-algebra over X such that the
quasicoherent graded algebra B is Noetherian and the classes of quasicoherent
graded B-modules of finite flat dimension and of finite injective dimension coincide.
Then the functors D**5(B-qcohy) — D°(B-qcohy) — D°(B-qcoh) induced by the
embedding B-qcohy — B-qcoh are equivalences of triangulated categories.

Proof. Since B-qcohgy = B-qcohgy, the isomorphism of categories D2P5(B-qcohyy) =
D (B-qcohgy) follows from part (a) of Lemma 1.7. Applying Theorem 1.4, we
obtain the isomorphism of categories D2b(B-qcoh) — D% (B-qcohy). Similarly, it
suffices to compare parts (a) and (b) of Lemma 1.7 in order to conclude that the
functor D°(B-qcohgy) — D (B-qcoh) is an equivalence of categories; hence so
are the functors D°(B-qcohg) — D°(B-qcohgy) — D°(B-qcoh). (Cf. [Positselski
2011b, Section 3.9].) |

1.8. Pull-backs and push-forwards. Let f : Y — X be a morphism of separated
Noetherian schemes, By be a quasicoherent CDG-algebra over X, and By be a
quasicoherent CDG-algebra over Y. A morphism of quasicoherent CDG-algebras
Bx — By compatible with the morphism Y — X is the data of a CDG-ring morphism
Bx(U) — By (V) for each pair of affine open subschemes U C X and V C Y
such that (V') C U. This data should satisfy the obvious compatibility condition:
for any affine open subschemes U’ C U and V' C V such that f (V') C U’, the
square diagram of CDG-ring morphisms between the CDG-rings By (U), Bx (U’),
By (V), and By (V') must be commutative.

Let By — By be a morphism of quasicoherent CDG-algebras compatible with a
morphism of schemes ¥ — X. Then for any quasicoherent left CDG-module M
over By, the quasicoherent graded left module f* M =By ® f-155, f ! M over By
has a natural structure of quasicoherent CDG-module over By . Similarly, for any
quasicoherent left CDG-module N over By the quasicoherent graded left module
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f«N over By has a natural structure of quasicoherent CDG-module over By.
These CDG-module structures are defined in terms of the CDG-ring morphisms
Bx (U) — By (V). The above constructions provide the underived direct and inverse
image functors, which can be viewed as triangulated functors f* : H?(Bx-qcoh) —
HO(By-qcoh) and fi : H%(By-qcoh) — H°(Bx-qcoh). The functor f; is right
adjoint to the functor f*.

The derived inverse image functor L f* is in general only defined on CDG-mod-
ules satisfying certain finite flat dimension conditions. Restricting the functor f*
to flat CDG-modules, we obtain a triangulated functor

HO(BX—qcohﬂ) — HO(By-qcohﬂ),

which takes objects coacyclic with respect to By-qcohy to objects coacyclic with
respect to By-qcohy since the inverse image preserves infinite direct sums and short
exact sequences of flat quasicoherent graded modules. Hence there is the induced
triangulated functor D°(By-qcohy) — D°(By-qcohy). Applying Theorem 1.4(a),
we construct the derived inverse image functor

Lf* : D°(Bx-qcohgy) —> D (By-qcohgy).

Assuming that there are enough vector bundles on X and Y, and restricting
the functor f* to flat coherent CDG-modules, we obtain a triangulated functor
HO(Bx-cohy) — HO(By-cohy), which induces a triangulated functor

DabS (BX—COhﬂ) —> Dabs (BY—COhﬂ).

Assuming additionally that the quasicoherent graded algebras By and By are
Noetherian and applying Theorem 1.4(c), we construct the derived inverse image
functor

Lf* : D2 (By-cohgg) —> D (By-cohgg).

When f is an affine morphism, the direct image of quasicoherent sheaves is an ex-
act functor (preserving also infinite direct sums), so the functor fy : H ®(By-qcoh) —
HO(Bx-qcoh) induces a triangulated functor D°(By-qcoh) — D (Bx-qcoh). To
construct the derived direct image functor between the coderived categories in the
general case, we need to use injective resolutions.

From now on we assume that By and By are Noetherian; so Lemma 1.7(b) is ap-
plicable to By . Restricting the functor f to the full subcategory H O(By—qcohinj) C
HO(By-qcoh) and composing it with the localization functor H°(Bx-qcoh) —
D (Bx-qcoh), we obtain the derived direct image functor

R f« : D°(By-qcoh) —> D°(By-qcoh).
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Proposition 1.8. Assume that there are enough vector bundles on X and Y. Then
the functors L f* : D2P5(By-cohgg) — D2P5(By-cohgry) and R fi : D<°(By-qcoh) —
D°(Bx-qcoh) are partially adjoint to each other in the following sense: for any
objects M € D?®*(By-coh¢q) and N € D°(By-qcoh), there is a natural isomorphism
of abelian groups

Hocho(BX_qcoh) (LXM, Rf*N) ~ Hocho(By_qcoh) (LY H_f*M, ./V),

where

tx : D5 (By-cohgg) —> D (Bx-qcoh),
ty : D (By-cohgq) —> D°(By-qcoh)

are the natural fully faithful triangulated functors.

Proof. The functors ty and ty are fully faithful by Theorem 1.4(c) and Proposi-
tion 1.5(b) and (d). Using Theorem 1.4(c), let us assume that M € D2b(By-cohg).
We can also assume that N € HO(By—qcohinj).

Then the left-hand side is the (filtered) inductive limit of

HomHO(BX—qcoh) (MH’ f*N)

over all morphisms M — M in H°(Bx-qcoh) with a cone coacyclic with respect to
Bx-qcoh. According to the proofs of Proposition 1.5(b) and [Positselski 2011b, The-
orem 3.11.1], any morphism from M to an object coacyclic with respect to Bx-qcoh
factorizes through an object absolutely acyclic with respect to Bx-cohg. Thus the
above inductive limit coincides with the similar limit taken over all morphisms
M’ — M in H®(Bx-cohq) with a cone absolutely acyclic with respect to By-cohg.

By [loc. cit., Theorem 3.5(a), Remark 3.5, and Lemma 1.3], the right-hand side
is isomorphic to Homgo (s, qeon) (f *M, N) and to Homgo g, qeon (f *M', N)
since the objects of H O(By—qcohinj) are right orthogonal to any coacyclic objects
in H(By-qcoh). So the assertion follows from the adjointness of the functors f*
and fi on the level of the homotopy categories of quasicoherent CDG-modules. [

Remark 1.8. It is not immediately obvious from the above construction that the
derived functor R f is compatible with the compositions; i.e., for g : Z — Y
and f : Y — X, one has R(fg)« >~ R fx o Rgx. The problem is that the direct
image functor f, does not preserve injectivity of quasicoherent graded modules
in general. When the derived direct image functors are adjoint to appropriately
defined derived inverse images (see Section 1.9 below for some results of this kind),
the problem reduces to checking that the derived inverse images are compatible
with the compositions, which may be easier to see from our definitions.

One general approach to this problem is to replace injective quasicoherent graded
B-modules with quasicoherent graded B-modules that are flabby as sheaves of
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graded abelian groups in our construction of the derived direct images. The class
of flabby sheaves of abelian groups is closed under infinite direct sums since the
underlying topological space of the scheme is Noetherian; it is also always closed
under extensions and cokernels of injective morphisms. Whenever the quasicoherent
graded algebra B is Noetherian, all injective quasicoherent graded B-modules are
flabby by Theorem A.3. Therefore, the coderived category of flabby quasicoherent
CDG-modules over B is equivalent to the homotopy category H O(B—qcohinj) by a
version of Lemma 1.7(b); hence it is also equivalent to the coderived category of
all quasicoherent CDG-modules D°(53-qcoh) (cf. the proof of Proposition 1.7).

The direct images preserve exact triples of flabby sheaves, so derived direct
images can be defined using flabby resolutions. The direct images also take flabby
sheaves to flabby sheaves; hence the desired compatibility of their derived functors
with the compositions of scheme morphisms follows.

Moreover, assuming additionally that the scheme has finite Krull dimension, the
absolute derived category of flabby quasicoherent CDG-modules is equivalent to
D2bs(B-qcoh) by a dual version of Theorem 1.4(b), as the “flabby dimension” of
any quasicoherent graded B-module is finite. This allows us to define the derived
direct images on the absolute derived categories of quasicoherent CDG-modules
(another approach to this question is to use the construction from the proof of
Proposition 1.9 below). Notice that all our constructions of derived inverse images
are also applicable to the categories D2**(B-qcoh).

Finally, let us point out that for any morphism of quasicoherent CDG-algebras
Bx — By with Noetherian underlying quasicoherent graded algebras By and By
compatible with a morphism of separated Noetherian schemes f : Y — X, the
functor R fx has a right adjoint functor

7' D°(Bx-qcoh) —> D (By-qcoh).

Indeed, the triangulated category D°(By-qcoh) is compactly generated by Proposi-
tion 1.5(d), and the functor R f preserves infinite direct sums since the class of
injective quasicoherent graded By-modules is closed under infinite direct sums, due
to Noetherianness of By . So it remains to apply [Neeman 1996, Theorem 4.1].

There is a special situation when one can construct the above functor £ explicitly.
Assume that f : Y — X is an affine morphism. Let us say that the quasicoherent
graded algebra By is finite over By if for any affine open subscheme U C X, the
graded By (U)-module By (f ~1(U)) is finitely generated, or in other words, if the
quasicoherent graded By-module fiBy is coherent.

Let By — By be a morphism of Noetherian quasicoherent CDG-algebras compat-
ible with an affine morphism of separated Noetherian schemes f : Y — X such that
the quasicoherent graded algebra By is finite over By. Given a quasicoherent graded
left module M over By, we set (f'M)(f~1(U)) to be the graded left module of
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homogeneous morphisms (of various degrees) Homg, (/) (By (f “L(U)), M(U))
over the graded ring By (f ~!(U)) for any affine open subscheme U C X. Due to
the finiteness condition on By over By, for any affine open subscheme V' C U, there
are natural isomorphisms ( ' M)(f (V) ~ Ox (V)®oyx ) (f'M)(fHU)) ~
Oy (f~L(V)) Roy (f-1(U)) (f'M)(f~1(U)), which allow us to extend the assign-
ment f~1(U) — (f'M)(f~1(U)) to a quasicoherent graded module f'(M)
over the quasicoherent graded algebra By .
Given a quasicoherent CDG-module M over By, the conventional rule

d(g)(m) = d(g(m)) — (—=1)8lg(d(m))

(with the usual change-of-connection modifications) defines the structure of a quasi-
coherent CDG-module over By on the quasicoherent graded module f'(M). This
construction provides a triangulated functor f': H%(Bx-qcoh) — H°(By-qcoh)
right adjoint to the triangulated functor f : H®(By-qcoh) — H°(Bx-qcoh). Re-
stricting the functor f': HO(Bx-qcoh) — HO(By-qcoh) to the full subcategory
of injective quasicoherent CDG-modules in H °(Bx-qcoh) and taking into account
Lemma 1.7(b), we obtain the right derived functor

R /' : D(Bx-qcoh) —> D (By-qcoh),

which is right adjoint to the (underived, as the morphism f is affine) direct image
functor fyx : D®(By-qcoh) — D°(Bx-qcoh). In other words, the functor R f"
coincides with the above adjoint functor f': D% (Bx-qcoh) — D°(By-qcoh) in our
special case.

1.9. Morphisms of finite flat dimension. Let f : Y — X be a morphism of
separated Noetherian schemes, and let By — By be a compatible morphism of
quasicoherent CDG-algebras. We will say that the quasicoherent graded algebra By
has finite flat dimension over By if (the left derived functor of) the functor of
inverse image f* acting between the abelian categories of quasicoherent graded
modules over By and By has finite homological dimension. Equivalently, for any
affine open subschemes U C X and V' C Y such that f (V) C U, the graded right
Bx (U)-module By (V') should have finite flat dimension.

A quasicoherent graded By-module is said to be adjusted to f* if its derived
inverse image under f, as an object of the derived category of the abelian category
of quasicoherent graded By-modules, coincides with the underived inverse image.
Denote the DG-category of quasicoherent CDG-modules over By whose underlying
graded By-modules are adjusted to f* by Bx-qcohy.,q;. When By is Noetherian,
let Bx-cohy.,4; denote the similarly defined DG-category of coherent CDG-modules.
We will use our usual notation for the absolute derived and coderived categories of
these DG-categories of CDG-modules.
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Lemma 1.9. Assume that the quasicoherent graded algebra By has finite flat
dimension over By. Then

(@) the functor D°(Bx-qcohs.,4;) — D°(Bx-qcoh) induced by the embedding
of DG-categories Bx-qcohy.,q; — Bx-qcoh is an equivalence of triangulated
categories;

(b) the functor Dabs(BX-qcohf_adj) — D?b%(By-qcoh) induced by the embedding
of DG-categories Bx-qcohy.,q; — Bx-qcoh is an equivalence of triangulated
categories;

(c) if there are enough vector bundles on X and By is Noetherian, the functor
D2bs (Bx-cohy.,q) — D2bs(By-coh) induced by the embedding of DG-categories
Bx-cohy.,4j — Bx-coh is an equivalence of triangulated categories.

Proof. This is a version of Theorem 1.4, provable in the same way (cf. Corollary 2.6
below). The assertions hold, because any quasicoherent graded By -module has a
finite left resolution consisting of quasicoherent CDG-modules adjusted to f*, and
it is similar for coherent CDG-modules. O

The functor of inverse image f* : H%(Bx-qcoh) — H°(By-qcoh) takes CDG-
modules coacyclic with respect to Bx-qcohy.,q; to CDG-modules coacyclic with
respect to By-qcoh, and hence induces a triangulated functor D°(Bx-qcohy.,q;) —
D°(By-qcoh). Taking Lemma 1.9 into account, we construct the derived inverse
image functor

Lf*:D(Bx-qcoh) —> D°(By-qcoh).

One shows that this functor is left adjoint to the functor R fi constructed in Sec-
tion 1.8 in the way analogous to (but simpler than) the proof of Proposition 1.8.

When there are enough vector bundles on X, and By and By are Noetherian,
we construct the derived inverse image functor

Lf* : D*(By-coh) —> D (By-coh)

in a similar way.
Let B;p and B;p denote the quasicoherent graded algebras with the opposite
multiplication to By and By .

Proposition 1.9. When B;),p has finite flat dimension over By, the derived inverse
image functor L f* : D (Bx-qcohgy) — D (By-qcohgy) constructed in Section 1.8
has a right adjoint functor

R f« : D“°(By-qcohgy) —> D=(Bx-qcohgy).
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Proof. Let {Uy} be a finite affine covering of Y. To any object N/ € By-qcohgy,
assign the total CDG-module R,y f« N of the finite Cech complex

D f1vexNv) — B flvanupsNugnu,) — -

a<p

of CDG-modules over By.

The terms of this complex belong to Bx-qcohy since the morphism f|y : V — X
is affine for any intersection V' of a nonempty subset of affine open subschemes
Uy C Y and the quasicoherent graded algebra B;’,p has finite flat dimension over B;p.
Hence one has Ry} fxV € Bx-qcohgy; it is clear that Ry, y fx is a DG-functor
By-qcohgy — By-qcohgy taking coacyclic objects to coacyclic objects. So we have
the induced functor R fi between the coderived categories.

It remains to obtain the adjunction isomorphism

Hoch"(Bx—qcohﬁd)(Mv Rf*N) = HomDCO(By—qcohfrd)(lf*M’ N)

for M € D°(Bx-qcohgy). Denote by Ny the total CDG-module of the finite
complex
Cly N = (EB JariE N — @ Jurigge it nu N — )
o

a<fB

of CDG-modules over By (where jy : V — Y denotes the embedding of an affine
open subscheme). Then we have Ry, /x>~ f«N4. There is a natural closed
morphism A" — A of CDG-modules over By with the cone coacyclic (and even
absolutely acyclic) with respect to By-qcohgy.

For any CDG-module Q € By-qcohgy such that fiQ € By-qcohgy, there is a
natural map

v Home(BX-qcohffd)(M’ f+Q) — Hocho(BY'qCOhffd)([Lf*M’ Q).

Indeed, by the proof of Theorem 1.4(a), any morphism M — f, Q in D°(By -qcohgy)
can be represented as a fraction formed by a morphism M’ — M in H®(Bx-qcohgy),
with M’ € Bx-qcohg and a cone coacyclic with respect to By-qcohgy, and a mor-
phism M’ — £, Q in H°(Bx-qcohgy). To such a fraction, the map v assigns the
related morphism L f*M = f* M’ — Q.

For a fixed M, the map ¥ is a morphism of cohomological functors of the
argument Q € H%(By-qcohgy) with £ Q € By-qcohgy. Thus in order to show that
it is an isomorphism for @ = A4, it suffices to check that it is an isomorphism for
Q = jy«P for every affine V C Y and P € By |y-qcohgy. This follows from the
adjunction isomorphism

HomDC"(BX—qcohffd)(Mv f|V*P) = HomD°°(By|V—qcohffd)(|]-f|>Ik/M’ P)
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and the similar isomorphism for the embedding jy, which hold because the functors
flv« and jy are exact, the morphisms f|y and jy being affine. O

Remark 1.9. One can also use the above Cech complex approach in order to
construct a version of the derived functor R f : D°(By-qcoh) — D (Bx-qcoh).
One can check that this construction agrees with the injective resolution construction
from Section 1.8, using the fact that the restrictions of injective quasicoherent
graded By-modules to open subschemes are injective (Theorem A.3). Alternatively,
in the assumption of finite flat dimension of By over By, one checks that both
constructions provide functors right adjoint to I f*, hence they are isomorphic.

This allows us to conclude that the derived functors R fx acting on arbitrary qua-
sicoherent CDG-modules and quasicoherent CDG-modules of finite flat dimension
form a commutative diagram with the natural functors from the coderived categories
of the latter to the coderived categories of the former.

1.10. Supports of CDG-modules. Let X be a Noetherian scheme. The set-theoretic
support of a quasicoherent sheaf M on X is the minimal closed subset 7" C X such
that the restriction of M to the open subscheme X \ 7' vanishes. Given a Noetherian
quasicoherent graded algebra B over X and a quasicoherent graded B-module M,
the set-theoretic support 7' = Supp M of M is defined similarly. It only depends
on the underlying quasicoherent Ox-module of M.

Let B be a quasicoherent CDG-algebra over X whose underlying quasicoherent
graded algebra B is Noetherian. Fix a closed subset T C X . Denote by B-qcohy the
full DG-subcategory in 5-qcoh consisting of all the quasicoherent CDG-modules
whose underlying quasicoherent graded B-modules have their set-theoretic supports
contained in 7. The DG-category B-coht of coherent CDG-modules with set-
theoretic support in 7 is defined similarly.

Let D°(B-qcohy) and D2**(B-coh7) denote the coderived and the absolute
derived category of these DG-categories of CDG-modules. Finally, let B-qcohr;p;
denote the DG-category of quasicoherent CDG-modules over B whose underlying
quasicoherent graded modules are injective objects of the abelian category of
quasicoherent graded B-modules with set-theoretic support contained in 7.

Proposition 1.10. (a) The functor H 0(B-qcohT,inj) — D (B-qcohr) induced by
the embedding of DG-categories B-qcohr i, — B-qcoh is an equivalence of
triangulated categories.

(b) The functor D5 (B-cohy) — D®(B-qcohy) induced by the embedding of
DG-categories B-coht — B-qcoh is fully faithful and its image is a set of
compact generators of the target category.

(¢) The functor D*°(B-qcohy) — D°(B-qcoh) induced by the embedding of
DG-categories B-qcohp — B-qcoh is fully faithful.
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(d) The functor D*®5(B-coh7) — D"(B-coh) induced by the embedding of DG-
categories 3-coht — B-coh is fully faithful.

Proof. Part (a) is essentially a particular case of [Positselski 2011b, Theorem and
Remark in Section 3.7]. It is only important here that there are enough injective
objects in the abelian category of quasicoherent graded B-modules supported set-
theoretically in 7" and the class of such injective objects is closed under infinite direct
sums. This is so because the abelian category in question is a locally Noetherian
Grothendieck category (since X and B are Noetherian). Part (b) can be proven
in the same way as the results of [loc. cit., Section 3.11]. Part (d) follows from
parts (b) and (c) and Proposition 1.5(d).

Finally, part (c) follows from part (a), Lemma 1.7(b), and the fact that any
injective object J in the category of quasicoherent graded B-modules supported
set-theoretically in T is also an injective object in the category of arbitrary qua-
sicoherent graded B-modules. The latter is essentially a reformulation of the
Artin—Rees lemma.

Indeed, it suffices to check that for any coherent graded B-module M and its
coherent graded B-submodule N\, any morphism of quasicoherent graded B-modules
¢ : N — J can be extended to M. Let Z be a closed subscheme structure on the
closed subset 7" C X. Then there is an integer n > 0 such that the morphism ¢
annihilates I%N (where Z7 is the sheaf of ideals of the closed subscheme Z). By
Lemma A.3, there exists m > 0 such that 77 M NN C I/, N. Then there exists
a morphism M/Z7? M — J of quasicoherent graded B-modules supported set-
theoretically in 7" which extends the given morphism into 7 from the quasicoherent
graded B-submodule N'/(ZZ M NN) C M/IFM. O

Let U C X denote the open subscheme X \ 7.

Theorem 1.10. (a) The functor of restriction to the open subscheme D*°(B-qcoh) —
D (B|y-qcoh) is the Verdier localization functor by the thick subcategory

D°(B-qcoht) C D*°(B-qcoh).

In particular, the kernel of the restriction functor coincides with the subcategory
D<°(B-qcohy).

(b) The functor of restriction to the open subscheme D?**(B-coh) — D2"5(B|y-coh)
is the Verdier localization functor by the triangulated subcategory

Db (B-cohy) C D*(B-coh).

In particular, the kernel of the restriction functor coincides with the thick envelope
of (i.e., the minimal thick subcategory containing) D°5(B-coht) in D?°S(B-coh).
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Proof. Let j : U — X denote the natural open embedding. To prove part (a), consider
the functor Rj, : D°(B|y-qcoh) — D(B-qcoh) as constructed in Section 1.8.
Since the quasicoherent graded algebra B|y is flat over B, the functor R j is right
adjoint to the restriction functor j * : D°(B-qcoh) — D®°(B|y-qcoh). Obviously, the
composition j *R j is the identity functor. It follows that the functor j * is a Verdier
localization functor by its kernel, which is the full subcategory consisting of all the
cones of the adjunction morphisms M — R, j * M, where M € D°(B-qcoh).

Represent the object M by a CDG-module with an injective underlying quasico-
herent graded B-module. By Theorem A.3, the quasicoherent graded B|y-module
J * M is then also injective, so we have R j* M = j.j* M. Obviously, both the
kernel and the cokernel of the closed morphism of CDG-modules M — j. j* M
belong to B-qcohy, and it follows, in view of Proposition 1.10(c), that the cone
also belongs to D*°(B-qcohr).

To prove part (b), notice first that any coherent CDG-module over B|y can be
extended to a coherent CDG-module over B (because a coherent sheaf C on U can
be extended to a coherent subsheaf of j«K), so the restriction functor is essentially
surjective. Taking this observation into account, part (b) follows from part (a),
Proposition 1.10(b), Proposition 1.5(d), and the standard results about localization
of compactly generated triangulated categories [Neeman 1992, Lemma 2.5 to
Theorem 2.1]. g

Define the category-theoretic support supp M of a quasicoherent CDG-module M
over B as the minimal closed subset 7 C X such that the restriction M|y of M
to the open subscheme U = X \ T is a coacyclic CDG-module over B|y. In
other words, X \ supp M is the union of all open subschemes V' C X such that
M|y is a coacyclic CDG-module over B|y (see Remark 1.3). Obviously, one has
supp M C Supp M.

The category-theoretic support of a coherent CDG-module M over B can be
equivalently defined as the minimal closed subset 7 C X such that the restriction
M|y of M to the open subscheme U = X \ T is absolutely acyclic. Indeed,
any CDG-module from B|g-coh that is coacyclic with respect to B|y-qcoh is also
absolutely acyclic with respect to B|y-coh by Proposition (d).

Corollary 1.10. (a) For any quasicoherent CDG-module M over B with category-
theoretic support supp M contained in T , there exists a quasicoherent CDG-
module M’ over B such that M is isomorphic to M’ in D®°(B-qcoh) and
set-theoretic support Supp M’ is contained in T .

(b) For any coherent CDG-module M over B with category-theoretic support
supp M contained in T, there exists a coherent CDG-module M’ over B
such that M is isomorphic to a direct summand of M’ in D*®*(B-coh) and
set-theoretic support Supp M’ is contained in T .
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Proof. Follows immediately from Theorem 1.10. O

Remark 1.10. One can prove that the restriction functor in Theorem 1.10(a) is a
Verdier localization functor without assuming the quasicoherent graded algebra
B to be Noetherian. Indeed, one can construct a right adjoint functor R j, to the
restriction functor j * in the way similar to that of Proposition 1.9; then it is easy to
see that j *Rj is the identity functor.

When B is Noetherian, Theorem 1.10 can be generalized as follows. Let S and T
be closed subsets in X; set U = X \T. Then the restriction functor D°(8-qcohg) —
D (B|y-qcohyng) is the Verdier localization functor by the thick subcategory
D (B-qcohrns), and the restriction functor D2P$(B-cohg) — D**(B|y-cohyns)
is the Verdier localization functor by the triangulated subcategory D**(B-cohns).
The proof is similar to the above.

It is not difficult to deduce from the latter assertions, using the result of [Neeman
1996, Theorem 2.1(5)], that the property of an object of D°(53-qcoh) to belong to
the thick envelope of D2b%(53-coh) is local in X . Using the Cech exact sequence as
in Remark 1.3, one can easily see that the property of an object of D2P5(B-qcoh) to
belong to DP$(B-qcohy) is also local.

We do not know whether the property of an object of D2P%(3-coh) or D2Ps(B-qcohy)
to belong to DP5(B-cohy) is local in general. In the particular case of matrix
factorizations, such results will be proven in Section 3.2 using the connection with
singularity categories (cf. Remark 3.6).

Notice that the theory of localization for compactly generated triangulated cate-
gories, on which the proof of Theorem 1.10(b) is based, was originally applied in
algebraic geometry for the purposes of the Thomason—Trobaugh localization theory
of perfect complexes. In this section we apply it to coherent CDG-modules. In fact,
we will see in Section 3.3 that the localization theory fails for locally free matrix
factorizations of finite rank.

2. Triangulated categories of relative singularities

2.1. Relative singularity category. Recall that X denotes a separated Noetherian
scheme with enough vector bundles. The triangulated category of singularities
ng g(X ) of the scheme X is defined [Orlov 2004, Section 1.2] as the quotient
category of the bounded derived category DP(X-coh) of coherent sheaves on X by
its thick subcategory Perf(X) of perfect complexes on X.

The perfect complexes, in our assumptions, can be simply defined as bounded
complexes of locally free sheaves of finite rank, so Perf(X) = DP(X-cohy) is the
bounded derived category of the exact category X-cohy of locally free sheaves of
finite rank on X . Equivalently, the perfect complexes are the compact objects of the
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unbounded derived category of quasicoherent sheaves D(X-qcoh) on the scheme X
[Neeman 1996, Examples 1.10-1.11 and Corollary 2.3].

Let Z C X be a closed subscheme such that @7 has finite flat dimension as
an Oy -module. In this case the derived inverse image functor i * for the closed
embedding i : Z — X acts on the bounded derived categories of coherent sheaves,
DP(X-coh) — DP(Z-coh). We call the quotient category of D®(Z-coh) by the thick
subcategory generated by the objects in the image of this functor the triangulated
category of singularities of Z relative to X and denote it by D Sin g(Z /X).

Note that the triangulated category of relative singularities Db (Z /X) is a
quotient category of the conventional (absolute) triangulated category of singularities

Smg(Z ) of the scheme Z. Indeed, the thick subcategory Perf(Z) C DP(Z-coh) is
generated by any ample family of vector bundles on Z since any such family is a set
of compact generators of the unbounded derived category of quasicoherent sheaves
D(Z-qcoh) on Z [Neeman 1996]; in particular, it is generated by the restrictions
to Z of vector bundles from X (see also Lemma 2.8).

The functor Li * : DP(X-coh) — DP(Z-coh) induces a triangulated functor

1% D (X) —> D80 (2).

Furthermore, since the sheaf i« Oz belongs to Perf(X ), the functor iy : D?(Z-coh) —
DP(X-coh) takes Perf(Z) to Perf(X) (cf. [Orlov 2004, paragraphs before Propo-
sition 1.14]). Hence the functor i, induces a triangulated functor i : Sm g(Z )—
Smg(X ) right adJ01nt to i °. The triangulated category D Smg(Z /X) is the quotient
category of D2 (Z) by the thick subcategory generated by the image of the
functor i °.
When X is regular, any coherent sheaf on X has a finite resolution by locally
free sheaves of finite rank. So ng (X) = 0, and hence the triangulated categories
Sm g(Z ) and D® Sin g(Z /X)) coincide. The converse is also true: the structure sheaf
of the reduced scheme structure on the closure of any singular point of X is not a

perfect complex on X, so D%, ¢(X) # 0 when X is not regular.

Sing

Remark 2.1. Roughly speaking, the triangulated category of relative singularities
Sm g(Z / X)) measures how much worse the singularities of Z are compared to the
singularities of X in a neighborhood of Z.

The basic formal properties of DSm g(Z /X) are similar to those of DSm g(Z ).
When the Ox-module @7 has finite flat dimension, the derived category DP(X-coh)
is generated by coherent sheaves adjusted to i*. Let Ez,x denote the minimal
full subcategory of the abelian category of coherent sheaves on Z containing the
restrictions of such coherent sheaves from X and closed under extensions and the
kernels of epimorphisms of sheaves. Then Ez, x is naturally an exact category and
its bounded derived category D°(E» /x) is equivalent to the thick subcategory of
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DP(Z-coh) generated by the derived restrictions of coherent sheaves from X, so
D8ing(Z/X) = DP(Z-coh)/DP(Ez,x). One can define the E-homological dimen-
sion of a coherent sheaf (or bounded complex) on Z as the minimal length of a left
resolution consisting of objects from Ez, x. This dimension does not depend on
the choice of a resolution (in the same sense that the conventional flat dimension
doesn’t). The thick subcategory DP(E /x ) consists of those objects of DP(Z-coh)
that have finite E-homological dimensions.

Unlike in the case of perfect complexes, we do not know whether the property
to belong to Ez, x or Db(EZ/X) is local, though. In the case when Z is a Cartier
divisor, locality can be established using Theorem 2.7 below and Remark 1.3.

2.2. Matrix factorizations. Following [Polishchuk and Vaintrob 2011], we will
consider matrix factorizations of a global section of a line bundle. So let £ be a
line bundle (invertible sheaf) on X and w € £(X) be a fixed section, called the
potential.

Let B = (X, £, w) denote the following Z-graded quasicoherent CDG-algebra
over X. The component B” is isomorphic to £8"2 for n € 2Z and vanishes
for n € 27 + 1, the multiplication in B being given by the natural isomorphisms
L£O2 Q4 LOM/2 5 £B®n+m)/2 For any affine open subscheme U C X, the
differential on B(U) is zero, and the curvature element is w|y € B2(U) = L(U).
The elements ayy defining the restriction morphisms of CDG-rings B(V) — B(U)
all vanish.

The category of quasicoherent Z-graded B-modules is equivalent to the category
of quasicoherent Z/2-graded Oy -modules, the equivalence assigning to a graded
B-module M the pair of Ox-modules which we denote symbolically by ¢/° = M°
and Y' ® £®1/2 = M. Conversely, M" ~ Y" ™42 g, £®/2 for all n € Z
(the meaning of the notation in the right-hand side being the obvious one). This
equivalence of abelian categories preserves all the properties of coherence, flatness,
flat dimension, local projectivity/local freeness, etc. that we were interested in in
Section 1.

Following [Lin and Pomerleano 2013], we will consider CDG-modules over
B = (X, £, w) whose underlying graded 5-modules correspond to coherent or qua-
sicoherent Oy -modules, rather than just locally free sheaves (as in the conventional
matrix factorizations). A quasicoherent CDG-module over (X, £, w) is the same
thing as a pair of quasicoherent Oy -modules &/ and U! ® £81/2 endowed with
Oy -linear morphisms 4° — U' ® £21/2 and U' ® £B1/2 — U ® ¢, L such that
both compositions

U U QL2 51U0R0, £ and U'RLZV? 5U'R0y LU Q0 L8

are equal to the multiplications with w.
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2.3. Exotic derived categories of matrix factorizations. The following corollary
is a restatement of the results of Section 1 in the application to the quasicoherent
CDGe-algebra B = (X, £, w). We will use the notation (X, £, w)-cohjs (instead of
the previously introduced B-cohyg) for the DG-category of locally free matrix factor-
izations of finite rank, and the notation (X, £, w)-qcohy (instead of the previously
introduced B-qcohy,) for the DG-category of locally free matrix factorizations of
possibly infinite rank (see Remark 1.4). The rest of our notation system for various
classes of quasicoherent CDG-modules over B = (X, £, w) remains in use.

In addition, we also denote by (X, £, w)-qcohy the DG-category of quasicoher-
ent CDG-modules of finite locally free/locally projective dimension over (X, £, w)
(see Remark 1.4 again). Let D*°((X, £, w)-qcoh;¢y) and D**((X, £, w)-qcohgy) be
the corresponding derived categories of the second kind.

Corollary 2.3. (a) The functor D°((X, L, w)-qcohy) — D ((X, L, w)-qcohgy) in-
duced by the embedding of DG-categories (X, L, w)-qcohy — (X, L, w)-qcohgy is
an equivalence of triangulated categories.

(b) The functor D?*((X, £, w)-qcohy) — DP5((X, £, w)-qcohgy) induced by the
embedding of DG-categories (X, L, w)-qcohy — (X, L, w)-qcohgy is an equiva-
lence of triangulated categories.

(¢) The functors

D((X, £, w)-qcoh) —> D((X, L, w)-qcohyy),
Dabs((X, L, w)-qcohs) — Dabs((X, L, w)-qcohyy)
induced by the embedding of DG-categories (X, L, w)-qcoh; — (X, £, w)-qcoh;gy
are equivalences of triangulated categories.

(d) The triangulated categories D°((X, L, w)-qcohy¢) and D**((X, £, w)-qcohy)
coincide, as do the categories D°((X, L, w)-qcohy) and D*5((X, £, w)-qcohyey).
The natural functors between these four categories form a commutative square of
equivalences of triangulated categories.

(e) When the scheme X has finite Krull dimension, the functors

D((X, L, w)-qcohs) —> D((X, L, w)-qcohy),
Db5((X, £, w)-qcohy;) —> D**((X, £, w)-qcohy)
induced by the embedding of DG-categories (X, L, w)-qcohy — (X, L, w)-qcohy

are equivalences of triangulated categories. The natural functors between these
four categories form a commutative square of equivalences.

(f) When the scheme X has finite Krull dimension, the triangulated category
D((X, £, w)-qcohy) coincides with D***((X, £, w)-qcohy) and the triangulated
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category D°((X, L, w)-qcohgy) coincides with D®*5((X, £, w)-qcohgy). The natu-
ral functors between these four categories form a commutative square of equiva-
lences.

(g) The functor D5 ((X, £, w)-cohyf) — D5 ((X, £, w)-cohgy) induced by the em-
bedding of DG-categories (X, L, w)-cohyy — (X, L, w)-cohgy is an equivalence of
triangulated categories.

(h) The triangulated functors
D**((X, £, w)-qcohy) — D*((X, £, w)-qcohy) — D***((X, £, w)-qcoh)

induced by the embeddings of DG-categories (X, L, w)-qcoh — (X, £, w)-qcohy —
(X, L, w)-qcoh are fully faithful.

(i) The triangulated functor D®**((X, £, w)-cohy) — D*((X, £, w)-coh) induced
by the embedding of DG-categories (X, L, w)-cohis — (X, L, w)-coh is fully faithful.

(j) The triangulated functor D*®*((X, £, w)-cohyf) — D((X, £, w)-qcohy¢) induced
by the embedding of DG-categories (X, L, w)-cohy — (X, L, w)-qcohy is fully
faithful.

(k) The triangulated functor D**5((X, £, w)-coh) — D?**((X, £, w)-qcoh) induced
by the embedding of DG-categories (X, L, w)-coh — (X, L, w)-qcoh is fully faithful.

() The triangulated functor D*®*((X, £, w)-coh) — D((X, £, w)-qcoh) induced
by the embedding of DG-categories (X, L, w)-coh — (X, L, w)-qcoh is fully faithful
and its image forms a set of compact generators for D°°((X, L, w)-qcoh).

Proof. Parts (a), (b) and (g) are particular cases of Theorem 1.4, and the proof
of part (c) is similar (see Remark 1.4). Part (g) also essentially follows from
Proposition 1.5(b) (and part (b) can be proven similarly). Parts (h), (i), (k) and (1)
are particular cases of Proposition 1.5 (except for “locally free half” of part (h),
which is similar to the “flat half”). Part (d) is Theorem 1.6 together with part (c).
Part (j) is Corollary 1.6. Part (e) follows from parts (a)—(c) and Remark 1.4 (cf. the
discussion in the end of Section 1.6). Part (f) follows from parts (a), (b), (d) and (e);
alternatively, it can be proven directly in the way similar to part (d), using the fact
that the exact category of flat quasicoherent sheaves on X has finite homological
dimension when the Krull dimension of X is finite. O

2.4. Regular and Gorenstein scheme cases. When the scheme X is regular or
Gorenstein, the assertions of Corollary 2.3 simplify as follows.

Corollary 2.4. (a) When the scheme X is Gorenstein of finite Krull dimension,
the functors

Dabs((X, L, w)-qcohy) —> D((X, £, w)-qcohy) —> D°((X, L, w)-qcoh)
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induced by the embedding of DG-categories (X, L, w)-qcohy — (X, £, w)-qcoh
are equivalences of triangulated categories.

(b) When the scheme X is regular of finite Krull dimension, the natural func-
tors between the categories D**((X, £, w)-qcohg), D<((X, £, w)-qcohy),
Dbs((X, £, w)-qcoh), and D°((X, £, w)-qcoh) form a commutative square of
equivalences of triangulated categories.

(c) When the scheme X is regular, the natural functor D?*((X, £, w)-cohys) —
Dbs((X, £, w)-coh) is an equivalence of triangulated categories.

Proof. Part (a) is a particular case of Proposition 1.7. Part (c) follows from
Corollary 2.3(g) since any coherent sheaf on a regular scheme has finite flat di-
mension. In the assumptions of part (b), the functor D*5((X, £, w)-qcoh) —
D ((X, £, w)-qcoh) is an isomorphism of triangulated categories by [Positselski
2011b, Theorem 3.6(a) and Remark 3.6] since the abelian category of quasicoherent
sheaves on a regular scheme of finite Krull dimension has finite homological
dimension and enough injectives (cf. Theorem 1.6). The remaining assertions of
part (b) follow from Corollary 2.3(a) and (b), or alternatively from part (a). O

Assuming that X has finite Krull dimension, the assertions of Corollaries 2.3
and 2.4 may be summarized by the following commutative diagram of triangulated
functors. Here, as above, BB denotes the quasicoherent CDG-algebra (X, £, w):

= when X regular

D2P*(B-cohy) D% (B-cohgq)

D2b%(B-coh)

DCO:abS(B'qCOh|fd) ICZ;HG[;
= N gene.
— — = when X G i
D=*(B-qcoh;) = D“~***(B-qcohg) — Orem? D (B-qcoh)
ES =
DCO:abS(B—qCOhﬂ) = when X Dabs (B-qcoh) = when X

regular regular

The four categories in the left lower area are coderived categories coinciding with
absolute derived categories (of the same classes of quasicoherent CDG-modules).
The five double lines between these four categories are equivalences, as is the upper
left horizontal line. All the arrows going down are fully faithful functors. The
image of the rightmost vertical arrow is a set of compact generators in the target
category. The only arrow going up is a Verdier localization functor.

Nothing is claimed about the long horizontal arrow in the right lower area of
the diagram in general; but when X is Gorenstein, this functor is an equivalence
of categories. When X is regular, all the arrows going right are equivalences of
categories (so the whole diagram reduces to one triangulated category with infinite
direct sums, containing a full triangulated subcategory of compact generators).
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Recall also that, by Lemma 1.7, for any X we have a commutative diagram of
triangulated functors

HO(B-qcohinj) =— D°=(B-qcohyy) D (B-qcoh)

e

D2P*(B-qcoh)

with equivalences of categories in the upper line. The fully faithful embedding
D3bs(B-qcohgy) — D3PS(B-qcoh), which in the Gorenstein case (of finite Krull
dimension) coincides with the embedding D2"5(B-qcohgy) — D2"5(B-qcoh), is
always right adjoint to the localization functor D2**(B-qcoh) — D°(B-qcoh).

Remark 2.4. When X is an affine Noetherian scheme of finite Krull dimen-
sion, the embeddings of DG-categories (X, £, w)-qcoh;, — (X, £, w)-qcohy —
(X, L, w)-qcoh induce equivalences HO(B—qcoh|p) ~ D?bs(B-qcohy ) ~ D" (B-qcoh)
between the homotopy category of (locally) projective matrix factorizations of
infinite rank, the absolute derived category of flat matrix factorizations, and the con-
traderived category of arbitrary quasicoherent matrix factorizations (see [Positselski
2011b, Section 3.8]; cf. Remark 1.5).

2.5. Serre—Grothendieck duality. The aim of this section is to show that the
somewhat mysterious long horizontal arrow in the above large diagram is actu-
ally a functor between two equivalent triangulated categories, for a rather wide
class of schemes X. The functor D°((X, £, w)-qcohy) — D((X, £, w)-qcoh)
in the above diagram, which is induced by the embedding of DG-categories
(X, £, w)-qcohyg — (X, L, w)-qcoh, is not the equivalence that we have in mind,
however (unless the scheme is Gorenstein). Instead, the equivalence between the
categories D°((X, L, w)-qcohy) and D°((X, £, w)-qcoh) is constructed using a
dualizing complex on X [Hartshorne 1966, Section V.2].

Before recalling the definition of a dualizing complex, let us discuss the no-
tion of the quasicoherent internal Hom. Given quasicoherent sheaves M and N/
over X, the quasicoherent sheaf Hom y_qc(M, N) is defined by the isomorphism
Hom oy (— ®oy M, N) =~ Homoy (—, Homx_qc(M,N)) of functors from the
category of quasicoherent sheaves to the category of abelian groups. Equiva-
lently, the quasicoherent sheaf Homy_q.(M,N) can be obtained by applying
the coherator functor [Thomason and Trobaugh 1990, Sections B.12-B.14] to
the sheaf of Ox-modules Hom oy (M, N). Whenever M is a coherent sheaf,
the sheaf Hom o, (M, N) of Ox-module internal Hom is quasicoherent, and
Homy. qc(M,N) ~ Homey (M, N).

Notice that the construction of the sheaf Hom x_qc (M, N) is not local in general;
i.e., it does not commute with the restrictions of quasicoherent sheaves to open
subschemes; when the sheaf M is coherent, it does.
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Lemma 2.5. (a) For any injective quasicoherent sheaf J over a separated Noe-
therian scheme X , the functor M +—— Homx_qc(M, J) is exact.

(b) For any flat quasicoherent sheaf F and injective quasicoherent sheaf J over X,
the quasicoherent sheaves F ® oy, J and Homx.qc(F, J) are injective.

(c) For any injective quasicoherent sheaves J' and J over X, the quasicoherent
sheaf Homx.qc (T, T) is flat.

Proof. The second assertion of part (b) is obvious from the universal property defin-
ing Hom x_qc. To prove the first one, notice that injectivity of quasicoherent sheaves
over a Noetherian scheme is a local property ([Hartshorne 1966, Lemma I1.7.16 and
Theorem I1.7.18] or Theorem A.3), a flat quasicoherent sheaf over an affine scheme
is a filtered inductive limit of locally free sheaves of finite rank [Bourbaki 1980,
Numéros 1.5-6], and injectivity of modules over a Noetherian ring is preserved by
filtered inductive limits.

The proof of parts (a) and (c) follows the argument in [Murfet 2007, Lemma 8.7].
Choose a finite affine covering U, of the scheme X and consider the morphism
J — P, Ju,« jl"]‘aj . Being an embedding of injective quasicoherent sheaves, it
splits, so 7 is a direct summand of the direct sum of j Uy * j L"}aj . Hence it suffices
to prove both assertions in the case when J = jy.J”, where J” is an injective
quasicoherent sheaf on an affine open subscheme V C X.

Now we have Hom x_qc (M, jy«T") = jvs Homy 4 (jy M, T"). Since V. — X
is a flat affine morphism, the functor jy « is exact and preserves the flatness of quasi-
coherent sheaves. This proves part (a) and reduces (c) to the case of an affine scheme
X =V. It remains to apply [Cartan and Eilenberg 1956, Proposition VI1.5.3]. [

For our purposes, a dualizing complex Dy, on X is a finite complex of injective
quasicoherent sheaves such that the cohomology sheaves of Dy are coherent and for
any coherent sheaf M over X, the natural morphism of finite complexes of quasi-
coherent sheaves M — Homx_qc(Homx_qc(M, Dy ), Dy ) is a quasi-isomorphism.
Note that it follows from the former two conditions on Dy, that the complex
Homx_qc(M, Dy ) has coherent cohomology sheaves. This makes the conditions
imposed on Dy, actually local in X, so the restriction Dy, = Dy |y of the complex
of sheaves Dy, to an open subscheme U C X is a dualizing complex on U.

Given a quasicoherent CDG-algebra B over X, a quasicoherent left CDG-module
M over B, and a complex of quasicoherent sheaves F* on X, consider the complexes
of quasicoherent left CDG-modules F* @, M and Homx.qc(F*, M) over B.
Taking their totalizations (formed, if necessary, by taking infinite direct sums along
the diagonals), construct two triangulated functors H °(B-qcoh) — H%(B-qcoh)
depending on a complex F*. Given a right CDG-module N over B (see [Positselski
2011b, Sections 3.1 and B.1]), similarly construct a complex of quasicoherent left



1200 Alexander |. Efimov and Leonid Positselski

CDG-modules Hom x.qc (N, F*) over B, obtaining a triangulated functor from the
homotopy category of right CDG-modules H °(qcoh-B) to H°(B-qcoh).

In the particular case of matrix factorizations, we conclude that the covariant
functors F* ® o, — and Hom x_qc(F*, — ) take quasicoherent matrix factorizations
of a potential w € L(X) to (complexes of) quasicoherent matrix factorizations
of w, while the contravariant functor Hom x_q.(—, F*) transforms quasicoherent
matrix factorizations of the opposite potential —w € £(X) into (complexes of) qua-
sicoherent matrix factorizations of w. Of course, the quasicoherent CDG-algebras
(X, £, w) and (X, £, —w) over a scheme X are naturally isomorphic, but we prefer
to keep the distinction between the two.

The next proposition provides the matrix factorization version of the conventional
(contravariant) Serre—Grothendieck duality for bounded complexes of coherent
sheaves. We assume that X is a separated Noetherian scheme with a dualizing
complex Dy . Recall that any such scheme has finite Krull dimension [Hartshorne
1966, Corollary V.7.2]. We denote by D°P the opposite category to a category D.

Proposition 2.5. The triangulated functor
Homy qc(—,Dy) : HO((X, £, —w)-qcoh)®P — H((X, £, w)-qcoh)

induces a well-defined triangulated functor between the absolute derived categories
DPS((X, £, —w)-qcoh)P and D**((X, L, w)-qcoh) taking the full triangulated sub-
category D> ((X, £, —w)-coh)°® C D?*5((X, £, —w)-qcoh)°P into the full subcate-
gory D**((X, £, w)-coh) C D*5((X, £, w)-qcoh). The composition of the duality
functors D**5((X, £, w)-coh) — D25((X, £, —w)-coh)°P — D2*((X, £, w)-coh) is
the identity functor.

Proof. The functor Homyx_qc(—, Dy ) preserves absolute acyclicity, because Dy
is a complex of injective quasicoherent sheaves, so Lemma 2.5(a) applies. Given
a coherent matrix factorization M, the finite complex of matrix factorizations
Homx qc(—, Dy ) has coherent cohomology matrix factorizations, so one can use
its canonical truncations in order to prove by induction that its totalization belongs
to the triangulated subcategory D®((X, £, w)-coh).

Finally, for any quasicoherent matrix factorization M, consider the bicomplex of
matrix factorizations Hom x.qc(Hom x.qc(M, Dy ), Dy ) and take its totalization in
the two directions where it is a complex, obtaining a complex of matrix factorizations.
Then there is a natural morphism of finite complexes of matrix factorizations M —
Homx_qc(Homx_qc(M, Dy ), Dy ), which is a quasi-isomorphism of complexes of
matrix factorizations when M is coherent. The induced closed morphism of the
total matrix factorizations is an isomorphism in D2**((X, £, w)-qcoh) since the to-
talization of a finite acyclic complex of matrix factorizations is absolutely acyclic. It
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remains to use the fact that the functor D2°5((X, £, w)-coh) — D?*5((X, £, w)-qcoh)
is fully faithful (see Corollary 2.3(k)) again. O

The next result is our covariant Serre-Grothendieck duality theorem for matrix
factorizations. It is the matrix factorization analogue of the similar results for
complexes of projective and injective modules [Iyengar and Krause 2006, The-
orem 4.2] and sheaves [Murfet 2007, Theorem 8.4]. It also strongly resembles
the derived comodule-contramodule correspondence theory (see [Positselski 2010,
Corollaries 5.4 and 6.3; 2011b, Theorem 5.2]; cf. Remark 2.4 above). Notice that
our proof is more akin to the arguments in [Positselski 2010; 2011b] than those
of [Iyengar and Krause 2006; Murfet 2007] in that we give a direct proof of the
covariant duality independent of both the contravariant duality and any descriptions
of the compact objects in the categories to be compared.

Theorem 2.5. The functors

Dy ®oy —: H*((X. £, w)-qeohg) —> HO((X, L, w)-qcohy).
Homyx qc(Dy,—): H((X, L, w)-qcohy,) — H((X, L, w)-qcohg)

induce mutually inverse equivalences between the coderived categories
D®((X, £, w)-qcohy) and D@((X, L, w)-qcoh).

Proof. Recall that H°((X, L, w)-qcoh;;) >~ D°((X, £, w)-qcoh) by Lemma 1.7(b)
and D25 ((X, £, w)-qcohy) = D((X, £, w)-qcohy) by Corollary 2.3(f) (though we
will reprove the latter fact rather than use it in the following argument; see also
Remark 2.6 below and Lemma A.1). The functor

Dy ®oy —: H*((X. £, w)-qcohg) —> HO((X, £, w)-qcoh;,;)

obviously takes matrix factorizations coacyclic with respect to (X, £, w)-qcohg
to matrix factorizations coacyclic with respect to (X, £, w)-qcoh;,;, which are all
contractible. It remains to check that the induced functors are mutually inverse.

Let £ be a matrix factorization from (X, £, w)-qcohg. As in the previous proof,
consider the bicomplex of matrix factorizations Homy_qc(Dy, Dy ®oy £) and
take its total complex of matrix factorizations. Then there is a natural morphism
& — Homyx.qc(Dy. Dy ®oy &) of finite complexes of matrix factorizations from
(X, L, w)-gcohy. To prove that the induced morphism of the total matrix factoriza-
tions is an isomorphism in D°((X, £, w)-qcohy), we once again use the fact that
the totalization of a finite acyclic complex of matrix factorizations is absolutely
acyclic. So it suffices to check that for any flat quasicoherent sheaf F over X,
the natural morphism F — Homy_qc(Dy, Dy ®oy F) is a quasi-isomorphism of
complexes of flat quasicoherent sheaves. This will be done below.



1202 Alexander |. Efimov and Leonid Positselski

Similarly, let M be a matrix factorization from (X, £, w)-qcoh;,;. Consider
the morphism of finite complexes of injective matrix factorizations given by
Dy oy Homx.q.(Dy,, M) — M. To prove that the cone of the induced morphism
of the total matrix factorizations is contractible, it suffices to check that for any
injective quasicoherent sheaf 7 over X, the natural morphism of complexes of
injective sheaves Dy ®oy Homx.qc(Dy, J) —> J is a quasi-isomorphism.

Let "Dy, denote a finite complex of coherent sheaves over X endowed with a
quasi-isomorphism ‘D5, — Dy. Then the morphism Homx_q.(Dy . Dy ®oy F) —
Homyx qc('Dy. Dy ®oy F) is a quasi-isomorphism for any flat quasicoherent
sheaf F. The construction of the composition

F —> Homy 4(Dy, Dy ®ox F) —> Homx oDy, Dy Qox F)

is local in X, so it suffices to check that the composition is a quasi-isomorphism
when X is affine. Then, using the passage to the filtered inductive limit, we may
assume that 7 is locally free of finite rank, and further that 7 = Ox. It remains to
recall that the morphism Ox — Homy.q.('Dy. Dy) is a quasi-isomorphism by the
definition of Dy .

Let "Dy be a bounded-above complex of flat quasicoherent sheaves mapping
quasi-isomorphically to ‘Dy . Then for any injective quasicoherent sheaf 7 over X
there are quasi-isomorphisms

”Di/ ®OX HomX—qc(D).(a j) I D).( ®OX HomX—qc(DA./, \.7),
//Di’ ®OX HomX-qc(D}.(a j) — //D).( ®OX HOmX—qc(/D}.(» \7)

forming a commutative diagram with the evaluation morphisms into 7. Hence
it remains to check that the morphism "Dy ®o, Homx.q(Dy.J) — J is a
quasi-isomorphism, which is a local question. Assume further that "Dy is a
bounded-above complex of locally free sheaves of finite rank. Then there is a
natural isomorphism of complexes of sheaves

"Dy ®oy Homx.qc( Dy, J) = Homx.qc(Homx.qc("Dy. D). ).
The related morphism
HomX—qc(HomX—qc(//D).(’ ,,D).()7 j) —J

is induced by the natural morphism of complexes Ox — Homx_q.("Dy . Dy ). The
latter is again a quasi-isomorphism essentially by the definition of Dy,. O

From this point on we resume assuming that X has enough vector bundles.
Notice that the equivalence functor

Dy ®oy —: D((X, L, w)-qcohr) —> D((X, £, w)-qcoh)
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that we constructed takes the full triangulated subcategory D2P*((X, £, w)-cohy) C
D((X, £, w)-qcohy) into the full triangulated subcategory D2P*((X, £, w)-coh) C
D((X, L, w)-qcoh). This is so because the dualizing complex Dy has bounded
coherent cohomology sheaves.

Now we will use Proposition 2.5 and Theorem 2.5 in order to construct compact
generators of the triangulated category D°((X, £, w)-qcohy) (cf. [Jorgensen 2005;
Neeman 2008]).

Consider the abelian category Z°((X, £, —w)-coh) of coherent matrix factor-
izations of —w and closed morphisms of degree 0 between them, and its exact
subcategory of locally free matrix factorizations of finite rank Z°((X, £, —w)-cohy).
The natural functor between the bounded-above derived categories of our abelian
category and its exact subcategory

D™ (Z°((X, £, —w)-cohy¢)) — D™ (Z°((X, £, —w)-coh))

is an equivalence of triangulated categories. The vector bundle duality functor
Homx qc(—,Ox) : Z%((X, £, —w)-cohy)®® — ZO((X, £, w)-cohy) induces a tri-
angulated functor D™ (Z%((X, £, —w)-cohi))°® — D (ZO((X, £, w)-cohy)) taking
bounded-above complexes to bounded-below ones.

Let DT (Z°((X, £, w)-qcoh)) denote the bounded-below derived category of the
exact category of locally free matrix factorizations of possibly infinite rank. Since the
bounded-below acyclic complexes over any exact category with infinite direct sums
are coacyclic [Positselski 2010, Lemma 2.1], there is a well-defined, triangulated
direct sum totalization functor D*(Z°((X, £, w)-qcoh)) — D((X, £, w)-qcohy¢).
Consider the composition

Z%((X, £, —w)-coh)®® — D~ (Z°((X, £, —w)-coh))°?
~ D (Z°((X, £, —w)-cohi))®® — DT (Z°((X, £, w)-cohys))
— DT(Z%((X, £, w)-qcohy)) —> D°((X, £, w)-qcohy),

where two of the functors are the duality and the totalization discussed above, while
the other two are the natural embedding and the functor induced by such.

One easily checks that this composition takes cones of closed morphisms in
Z°((X, £, —w)-coh) to cocones in D°((X, £, w)-qcoh); hence it induces a triangu-
lated functor H°((X, £, —w)-coh)°® — D°((X, £, w)-qcoh). Similarly, the above
composition takes the totalizations of short exact sequences in (X, £, —w)-coh to ob-
jects corresponding to the totalizations of short exact sequences in (X, £, w)-qcohy;
one checks this by considering a left locally free resolution of a short exact sequence
of coherent matrix factorizations. Thus we obtain a triangulated functor

Q: D®((X, £, —w)-coh)®® —> D°((X, L, w)-qcohyc).
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Corollary 2.5. The functor <2 is fully faithful, and its image forms a set of compact
generators in D°((X, £, w)-qcohy). The following diagram of triangulated functors
is commutative:

D*((X, £. —w)-cohyr)°P vz D3S((X, £, —w)-coh)°P
Homx qc(—,0x) o Homxqc(—,Dy)
DY R0y —
D> ((X. £, w)-cohyf) ———— D((X, £, w)-coh)
comp.
“ gener.
co Dy ®ox — co
D((X, £, w)-qcohy) D((X, L, w)-qcoh)

Homxqc(Dy ,—)

Here v, k, and y denote the fully faithful functors induced by the natural embeddings
of DG-categories of CDG-modules. The two upper vertical lines are the natural
contravariant dualities (antiequivalences) on the (absolute derived) categories of
locally free matrix factorizations of finite rank and coherent matrix factorizations.
The lower horizontal line is the equivalence of categories from Theorem 2.5, and
the middle horizontal arrow is the fully faithful functor discussed after the proof of
Theorem 2.5.

The above diagram is to be compared with the following subdiagram of the large
diagram in the end of Section 2.4:

D5((X, £, w)-cohy) D5((X, £, w)-coh)

I Icomp.
K Y
gener.

DCO((X’ ‘C’ w)_qCOhlf) Dco((Xv E’ w)_qCOh)

Here A denotes the triangulated functor induced by the embedding of DG-categories
of CDG-modules (X, £, w)-qcoh;s — (X, £, w)-qcoh.

Notice that it is clear from these two diagrams that the functor A is an equiv-
alence of triangulated categories whenever the functor v is. Indeed, if v is an
equivalence of categories, then the image of « is a set of compact generators in
the target category, and A is an infinite direct sum-preserving triangulated functor
identifying triangulated subcategories of compact generators, and hence A is an
equivalence. In this case, the functor D§ ® o, — becomes an autoequivalence of
the triangulated category D°((X, £, w)-qcoh) and restricts to an autoequivalence
of its full subcategory of compact generators D*5((X, £, w)-coh).

Proof of Corollary 2.5. The assertions in the first sentence follow from the second
one, as we know y to be fully faithful and its image to be a set of compact generators
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by Corollary 2.3(1). The commutativity of both squares and the upper left triangle is
clear. To check commutativity of the lower right triangle, consider a coherent matrix
factorization M of the potential —w; let £, be its left resolution in the abelian
category Z°((X, £, —w)-coh) whose terms &, belong to Z%((X, £, —w)-cohy).
Then the finite complex of matrix factorizations Hom x.qc(M, Dy ) maps quasi-
isomorphically to the bounded-below complex of injective matrix factorizations
Homx_qc(E, D)‘() ~ Dy oy Hom x_qc(Ea, Ox ), so the cone of the corresponding
morphism of the total matrix factorizations is coacyclic. O

2.6. w-flat matrix factorizations. From now on we will assume that for any affine
open subscheme U C X the element w| is not a zero divisor in the O(U )-module
L(U); in other words, the morphism of sheaves w : Oy — L is injective.

The following results will be used in the proof of the main theorem and its
analogues below. Let us call a quasicoherent Ox-module £ w-flat if the map
w: €& — € ®py L is injective. Notice that any submodule of a w-flat module is
w-flat, so the “w-flat dimension” of a quasicoherent sheaf over X never exceeds 1.

Denote by (X, £, w)-cohy,_5 the DG-category of coherent CDG-modules over
(X, £, w) with w-flat underlying graded Ox-modules and by (X, £, w)-qcoh,, 4 the
similar DG-category of quasicoherent CDG-modules. Let D2*5((X, £, w)-cohy.q),
D2Ps((X, £, w)-qcohy, ¢, and D((X, £, w)-qcoh,, ¢) denote the corresponding de-
rived categories of the second kind.

Furthermore, denote by (X, £, w)-cohy, finsd the DG-category of coherent CDG-
modules over (X, £, w) whose underlying graded Oy-modules are both w-flat
and of finite flat dimension, and by (X, £, w)-qcoh,,_qniq the DG-category of
w-flat quasicoherent CDG-modules of finite locally free dimension. Let the cor-
responding exotic derived categories be denoted by D?*S((X, £, w)-cohy _finfrd),
D***((X, £, w)-qcohy, fnig)> and DP((X, £, w)-qcohy, anisa)-

Corollary 2.6. (a) The functor D°((X, L, w)-qcohy, 4) = D°((X, L, w)-qcoh) in-
duced by the embedding of DG-categories (X, L, w)-qcoh,, 4 — (X, L, w)-qcoh is
an equivalence of triangulated categories.

(b) The functor D*®*((X, £, w)-qcohy, 4) — D**((X, £, w)-qcoh) induced by the
embedding of DG-categories (X, L, w)-qcoh,, 4 — (X, L, w)-qcoh is an equiva-
lence of triangulated categories.

(c) The functor D**((X, £, w)-cohy.g) — D®*((X, £, w)-coh) induced by the em-
bedding of DG-categories (X, L, w)-cohy,.q — (X, L, w)-coh is an equivalence of
triangulated categories.

(d) The functor D°((X, L, w)-qcohy, _ania) — DC((X, L, w)-qcohsy) induced by
the embedding of DG-categories (X, L, w)-qcohy,_anirqa — (X, £, w)-qcohyey is an
equivalence of triangulated categories.
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(e) The functor D**((X, £, w)-qcohy, anita) — D*5((X, £, w)-qcohsy) induced by
the embedding of DG-categories (X, L, w)-qcohy,_anirga — (X, £, w)-qcohyy is an
equivalence of triangulated categories.

(f) The functor D®*((X, L, w)-cohy_fingd) — DP((X, L, w)-cohgry) induced by
the embedding of DG-categories (X, L, w)-cohy ansa — (X, L, w)-cohgy is an
equivalence of triangulated categories.

Proof. The proofs are analogous to those of Corollary 2.3(a)—(c) and (g) (except
that no induction in d is needed, as it suffices to consider the case d = 1). Parts (d),
(e), (f) are analogous to parts (a), (b), (c), respectively. Parts (b), (c), (e), and (f)
can be also proven in the way similar to Corollary 2.3(h) and (i). O

Remark 2.6. The assertions of parts (a) and (b) hold under somewhat weaker
assumptions than above: namely, one does not need to assume the existence of
enough vector bundles on X. And one can make parts (d) and (e) hold without
vector bundles by replacing the finite locally free dimension condition in their
formulation with the finite flat dimension condition. The reason is that there are
enough flat sheaves on any reasonable scheme (see Lemma A.1).

In fact, even part (c) does not depend on the existence of vector bundles since a
surjective morphism onto a given coherent sheaf M from a w-flat coherent sheaf
can be easily constructed, e.g., by starting from a surjective morphism onto M
from a flat quasicoherent sheaf 7 and picking a large enough coherent subsheaf
in F. Accordingly, one does not need vector bundles to prove the equivalence of
categories in the lower horizontal line in Theorem 2.7 below and the other two
equivalences in Theorem 2.8. Replacing locally free sheaves with flat ones in the
relevant definitions and assuming the Krull dimension to be finite, one can have the
whole of Proposition 2.8 hold without vector bundles as well.

Another alternative is to use very flat quasicoherent sheaves, which there are
always enough of and which always form a category of finite homological dimension
on a quasicompact semiseparated scheme [Positselski 2012, Section 4.1]. Similarly,
the existence of vector bundles is not needed for the validity of Theorem 1.4(a)
and (b), Proposition 1.5(a), (c), and (d), all the assertions of Sections 1.7 and 1.10,
Corollary 2.3(a), (b), (f), (k), and (1), Corollary 2.4(a) and (b), Proposition 2.5,
Theorem 2.5, and some other results.

2.7. Main theorem. Let Xo C X be the closed subscheme defined locally by the
equation w =0, and i : Xg — X be the natural closed embedding. The next theorem
is the main result of this paper.

Theorem 2.7. There is a natural equivalence of triangulated categories

D**((X. £, w)-coh) =~ D, (Xo/X).
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Together with the functor T : D**((X, £, w)-cohy) — ngg(Xo) constructed in

[Orlov 2012], this equivalence forms the following diagram of triangulated functors:

ngg(X)

i.’i/
l‘O
>

0 —— D*((X, £, w)-cohyr) ————— D, (Xo)

=
[x]

Dabs((X,E, w)_coh) E— ngg(Xo/X)

=

0

where the upper horizontal arrow X is fully faithful, the left vertical arrow is
Sfully faithful, the right vertical arrow is a Verdier localization functor, and the
lower horizontal line LE = Y™V is an equivalence of categories. The square is
commutative; the three diagonal arrows i,, i°, i, (the middle one pointing down
and the two other ones pointing up) are adjoint.

Furthermore, the image of the functor % is precisely the full subcategory of ob-
Jjects annihilated by the functor i, or equivalently, by the functor i,. In other words,
the image of X is equal both to the left and to the right orthogonal complements to
the thick subcategory generated by the image of the functor i°; that is, an object
Fe Dging(Xo) is isomorphic to (M) for some M € D*((X, £, w)-cohy) if and
only if for every £ € Dgin ¢ (X), one has

Honging(XO)(fé', F)=0,

or equivalently, for every £ € Dging(X), one has HoleEi,,g(Xo)(}—’ i°6)=0.
The thick subcategory generated by the image of the functor i ° is the kernel of
the right vertical arrow. So the upper horizontal arrow and the right vertical arrow
are included into “exact sequences” of triangulated categories (as marked by the
zeros at the ends; there is no exactness at the uppermost rightmost end).
When X is a regular scheme, the functor

D***((X, £, w)-cohr) —> D***((X, £, w)-coh)

is an equivalence of categories by Corollary 2.4(c), and so is the functor Dg in g(X 0)—

ng ¢ (Xo/X) (as explained in Section 2.1). Hence it follows that the functor X is
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an equivalence of categories, too. Thus we recover the result of Orlov [2012, Theo-
rem 3.5] claiming the equivalence of triangulated categories D**((X, £, w)-cohys) =~
Dging(XO) for a regular X.

A counterexample in Section 3.3 will show that when X is not regular, the functor
Ds((X, £, w)-cohir) — DP5((X, £, w)-coh) does not have to be an equivalence,
and indeed, the thick subcategory generated by D ((X, £, w)-cohif) can be a
proper strictly full subcategory in D2*5((X, £, w)-coh).

Proof of the lower horizontal equivalence. To obtain the equivalence of triangulated
categories in the lower horizontal line, we will construct triangulated functors in
both directions and then check that they are mutually inverse. Given a bounded
complex of coherent sheaves F* over X, consider the CDG-module Y (F*) over
(X, £, w) with the underlying coherent graded module given by the rule

Tn(]:.) — @mel l-*]_-n—Zm ®OX £®m

and the differential induced by the differential on F*. Since d2 = 0 on F* and w
acts by zero in iyF 7 , this is a CDG-module. It is clear that Y is a well-defined
triangulated functor DP(Xo-coh) — D?**((X, £, w)-coh) since the derived category
of bounded complexes over an abelian category coincides with their absolute
derived category.

Let us check that Y annihilates the image of the functor Li*. It suffices to
consider a w-flat coherent sheaf £ on X and check that Y (coker w) = 0, where
w:E®oy LB — £. Indeed, Y (coker w) is the cokernel of the injective morphism
of contractible coherent CDG-modules N' — M, where N2+l = p2n+l —
E®oy LB and N2 = £ ®p, LB, while M?" = £ Qp, L®" forn € Z.

This provides the desired triangulated functor

Y : DY, (Xo/X) —> D*™*((X. L, w)-coh).

The functor in the opposite direction is a version of Orlov’s cokernel functor, but in
our situation it has to be constructed as a derived functor since the functor of the
cokernel of an arbitrary morphism is not exact. Recall the equivalence of triangulated
categories D?5((X, £, w)-cohy.q) — D5((X, £, w)-coh) from Corollary 2.6(c).
Define the functor E : Z%((X, £, w)-cohy¢) — Dging(Xo/X) from the category
of w-flat coherent CDG-modules over (X, £, w) and closed morphisms of degree 0
between them to the triangulated category of relative singularities by the rule

E(M) = coker(d : M~ — M%) = coker(i*d : i*M ™1 — i* M),

where the former cokernel, which is by definition a coherent sheaf on X annihilated
by w, is considered as a coherent sheaf on Xo. One can immediately see that the
functor E transforms morphisms homotopic to zero into morphisms factorizable
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through the restrictions to X of w-flat coherent sheaves on X. Hence the functor £
factorizes through the homotopy category H((X, £, w)-cohy.q).

It is explained in [Polishchuk and Vaintrob 2011, Lemma 3.12] that the functor E
is triangulated (see also Lemma 3.6 below) and in [Orlov 2012, Proposition 3.2] that
the functor E factorizes through D2*5((X, £, w)-cohy_q). The latter assertion can
be also deduced by considering the complex (1.3) from [Polishchuk and Vaintrob
2011]. Indeed, the complex i * M corresponding to the total CDG-module M of
an exact triple in B-cohy, ¢ is the total complex of an exact triple of complexes
in the exact category Ey,,/x from Remark 2.1; hence the complex i*M is exact
with respect to Ex,/x and the cokernels of its differentials belong to this exact
subcategory in the abelian category of coherent sheaves over Xo. So we obtain the
triangulated functor

E : D*™((X, £, w)-cohy.q) —> D, (Xo/X).
and consequently, the left derived functor
LE : D**((X. £, w)-coh) —> Dg,,..(Xo/X).

Let us check that the two functors T and LE are mutually inverse. For any
w-flat coherent CDG-module M over (X, £, w), there is a natural surjective closed
morphism of CDG-modules ¢ : M — Y E (M) with a contractible kernel. Clearly,
¢ :1d - YTLE is an (iso)morphism of functors.

Conversely, any object of Dg’ing (Xo/X) can be represented by a coherent sheaf
on X, and any morphism in ng ¢ (Xo/X) is isomorphic to a morphism coming from
the abelian category of such coherent sheaves. Indeed, the bounded-above derived
category D™ (X-coh) of coherent sheaves over Xy is equivalent to the bounded-
above derived category D™ (Xg-cohjs) of locally free sheaves; using a truncation far
enough to the left, one can represent any object or morphism in ng g(X o/X) by
a long enough shift of a coherent sheaf or a morphism of coherent sheaves. Now
for any coherent sheaf F on Xy, there is a natural distinguished triangle

F ®oy, i *LE 1] — Li*isF — F — F Qoy, i *LZ7[2]

in D®(Xo-coh), which provides a natural isomorphism F ~ F ®oy, i *£®~'[2] in
D8ing(Xo/X).

Let F be a coherent sheaf on Xy; pick a vector bundle £ on X together with a
surjective morphism £ — i, F with the kernel £’. Then the CDG-module M over
(X, £, w) with the components M?" =EQ o, L& and M?" 1 =£'® o, L& maps
surjectively onto Y (F) with a contractible kernel, and LEY' (F) = E(M) = F
(cf. [Lin and Pomerleano 2013, Lemma 2.18]). Denote the isomorphism we
have constructed by ¥ : LEY (F) — F. The composition Yy o ¢pY : Y(F) —
YTLEY(F)— Y (F) isclearly the identity morphism. It is obvious that ¥ commutes
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with any morphism of coherent sheaves F on Xy, but checking that it commutes
with all morphisms, or all isomorphisms, in Dging(X o/ X) is a little delicate (cf.
Remark 2.7 below).

Notice that Y is an (iso)morphism of functors since ¢ is, and consequently
LE Yy is an (iso)morphism of functors. Thus it remains to check that the functor
LET is faithful, i.e., does not annihilate any morphisms. Indeed, any morphism
in Dgin " (Xo/X) is isomorphic to a morphism coming from the abelian category
of coherent sheaves on X, and the functor LEY transforms such morphisms into
isomorphic ones. The construction of the equivalence of categories in the lower
horizontal line is finished. One still has to check that the isomorphisms ¢ commute
with the isomorphisms Y E (M([1]) >~ T E(M)[1], but this is straightforward.

Alternatively, one can use w-flat coherent sheaves on X or objects of the exact
category Ex,/x of coherent sheaves on Xy (as applicable) instead of the locally
free sheaves everywhere in the above argument. O

Proof of “exactness” in the upper line. We start with a discussion of the three
adjoint functors in the right upper corner. The functor i, right adjoint to the functor
i°: Dging(X ) = Dg’ing(Xo) was constructed in Section 2.1.

To construct the left adjoint functor to i °, notice that the right derived functor of
the subsheaf with scheme-theoretic support in the closed subscheme

Ri': D®(X-coh) —> DP(Xp-coh)

only differs from the functor Li* by a shift and a twist; Ri'E® ~ Li*&* oy,
Llx,[—1]. One can check this first for w-flat coherent sheaves £, when both objects
to be identified are shifts of sheaves, so it suffices to compare their direct images
under i, which are both computed by the same two-term complex £ — £ Qo L;
then replace a complex £° with a finite complex of w-flat coherent sheaves (for a
general result of this kind, see [Neeman 1996, Theorem 5.4]).

Hence the functor Ri' takes Perf(X) to Perf(Xo) and induces a triangulated
functor i° : ngg(X ) —> Dgin g(Xo) right adjoint to i,. It follows that the functor
io(F) = io(F) ®0oy L[—1] is left adjoint to the functor i°.

To prove the vanishing of the composition of functors in the upper line and the
orthogonality assertions, notice that

Honging(XO) (iog, EM) ad Hongmg(X) (g, io EM)

and iy X (M) = coker(M ™1 — M?) € Perf(X) for any M € D**5((X, £, w)-cohys)
since the morphism M~ — M? of locally free sheaves on X is injective. Similarly,

Honging(Xo)(EM, i°) ~ Honging(X) (i XM, E)

and i, 2 (M) = io 2 (M) ®p, L[—1] =0 in D’

Sing (X)
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Obviously, our derived cokernel functor L= makes a commutative diagram with
the cokernel functor ¥ from [Orlov 2012]. The left vertical arrow is fully faithful
by Corollary 2.3(i). The assertion that the upper horizontal arrow is fully faithful is
due to Orlov [2012, Theorem 3.4]. We have just obtained a new proof of it with
our methods. Indeed, it follows from orthogonality that the functor Dgin ¢ (Xo) —
Dging(X o/ X) induces isomorphisms on the groups of morphisms between any
two objects, one of which comes from D®*((X, £, w)-cohy). Conversely, Orlov’s
theorem together with the orthogonality argument and the equivalence of categories
in the lower horizontal line imply that the left vertical arrow is fully faithful.

Now assume that ioF = 0 for some F € DY, ¢(X0). Clearly, there exists m > 0
and a coherent sheaf IC on X¢ such that 7 >~ K[m] in Dging(X 0). Then i, K is a
perfect complex, i.e., a coherent sheaf of finite flat dimension on X. Let us view it
as an object of (X, £, w)-cohgyq; i.e., consider the CDG-module A over (X, £, w)
with the components N2 = . K R0y L8 and N2+ =,

The construction of the cokernel functor X can be straightforwardly extended to
w-flat coherent matrix factorizations of finite flat dimension, providing a triangulated
functor

S D**((X, £, w)-cohy-finfid) —> D3 (Xo0)-

The functor . is well-defined since one has i *M € Perf(Xy) for any w-flat coherent
sheaf M of finite flat dimension on X. Using the equivalence of triangulated cate-
gories DP5((X, £, w)-cohyanfa) =~ DP5((X, £, w)-cohgy) from Corollary 2.6(f),
one constructs the derived functor

LS : D*S((X, £, w)-cohsg) —> Dging(XO)

in the same way as it was done above for the derived functor LE. Since the functor
D2bs((X, £, w)-cohr) — D*((X, £, w)-cohgy) is an equivalence of categories by
Corollary 2.3(g), the (essential) images of the functors X and LS coincide.

Let us check that I]_i(/\f ) >~ K as an object of Dging(Xo). We argue as above,
picking a vector bundle £ on X together with a surjective morphism £ — i
with the kernel £’. Then the CDG-module M over (X, £, w) with the components
M2 = £ ®py LB and M2 = &' ®¢, L®" maps surjectively onto N with
a contractible kernel. Hence the object M € (X, £, w)-cohy,_snfrg 1S isomorphic
to N in D**S((X, £, w)-cohgq), and we have LE(N) = £(M) = K. Therefore,
the object K € Dls’mg(X 0) belongs to the (essential) image of the functor X, and it
follows that so does the object F ~ K[m].

One can strengthen the above argument so as to obtain a construction of the
(partial) inverse functor A to the functor X similar to the above construction of the
functor Y inverse to the functor L E. Consider the full subcategory Fx,/x C Xo-coh

in the abelian category of coherent sheaves on X consisting of all the sheaves F
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such that the sheaf i, F has finite flat dimension (i.e., is a perfect complex) on X.

The category Fy,/x contains all the locally free sheaves on X and is closed under

the kernels of surjections, the cokernels of embeddings, and the extensions.
Hence Fy,/x is an exact subcategory in Xo-coh. The natural functor

D®(Fx,/x) —> D°(Xo-coh)

is fully faithful; its image coincides with the kernel of the composition of the direct
image and Verdier localization functors D®(Xo-coh) — D®(X-coh) — D, .(X).
Accordingly, the quotient category D°(Fx,,x)/DP(Xo-cohy) is identified with the
kernel of the direct image functor i, : ng g(X 0) — Dg’in ¢ (X).

Now the functor

A : DP(Fx,/x)/D"(Xo-cohir) —> D***((X, £, w)-cohgrq)

is constructed in the way similar to the construction of the functor Y, by taking the
direct image from X to X and applying the periodicity summation. That is,

A (F*) = Bpez ixF" 72" @0y LE™

for any F°* € Db(FX0 /x)- One checks that the functor A is inverse to the functor LS,
the latter being viewed as a functor taking values in the triangulated subcategory
D®(Fx,/x)/D"(Xo-cohi) C ngg(Xo), in the same way as it was done above for
the functors Y and L E. This provides yet another proof of the fact that the functor ¥
is fully faithful, together with another proof of our description of its image. It is also
obvious from the constructions that the functor A makes a commutative diagram

with the functor Y. O

Remark 2.7. The somewhat tricky technical argument in the first part of the above
proof can be clarified and generalized using the approach developed by the first
author in [Efimov 2013, Appendix A].

Let C be an abelian category, L : C — C be its covariant autoequivalence, and
w : Id — L be a natural transformation commuting with L (that is for any object
B € C, one has wy () = L(wg)). Let MF(C, L, w) denote the abelian category of
“matrix factorizations of w in C”, i.e., pairs of objects U°, LY/2(U') e C endowed
with pairs of morphisms U°% — Ll/z(Ul), L1/2(U1) — L(U?) such that the
compositions

U — L2y — LW® and LY?>WU')— LWU°) — L¥2@W")

are equal to wyo and wy1/2(g 1y, respectively. Given a matrix factorization M =
(U°, U, one sets
M = Ln/Z(Un m0d2)
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Passing to the quotient category by the ideal of morphisms homotopic to zero,
one obtains the homotopy category of matrix factorizations of w in C, and their
absolute derived category, denoted by D*(C, L, w), is produced by the Verdier
localization procedure similar to the one discussed in Section 1.3. (Cf. [Positselski
2011a, Remark 4.3].)

Let Co C C denote the full subcategory formed by all the objects A € C for which
wyq = 0; so Cyp is an abelian subcategory in C closed under subobjects and quotient
objects. An object B € C is said to have no w-torsion if the morphism wg is
injective; and one says that the potential (natural transformation) w does not divide
zero in C if every object of C is the quotient object of an object without w-torsion.
Let iy : Co — C denote the exact identity embedding functor and i* : C — Cy
be the functor left adjoint to ix, so i*(B) = coker(wz-1(p) : L~Y(B) - B).
Assuming that w does not divide zero (as we do in the sequel), one can construct
the left derived functor Li* : D?(C) — DP(Co) with Lsi*(B) =0 forall s # 0, 1
and any object B € C. The functor i * is left adjoint to the triangulated functor
ix : DP(Co) — DP(C) induced by the identity embedding i : Co — C.

Similarly, let v” : Co — MF(C, L, w) denote the exact functor assigning to an
object A € Cq the matrix factorization M with M" = A and M nt+l — 0, and
let £&" : MF(C, L, w) — Cg be the functor left adjoint to v", assigning the object
coker(M"~1 — M"™) e Cy to a matrix factorization M. Considering the bounded
derived category D?MF(C, L, w) of the abelian category MF(C, L, w), one can
construct the left derived functor

LE" : DPMF(C, L, w) —> D°(C);

once again, the functor L£" is left adjoint to v" : DP(Co) — DPMF(C, L, w) and one
has Ls&" (M) = 0 for all s # 0, 1 and any matrix factorization M € MF(C, L, w).

Then the composition of the functor v" : D?(Cy) — DPMF(C, L, w) with the
totalization functor DPMF(C, L, w) — D?*(C, L, w) induces an equivalence of
triangulated categories

T" : DP(Co)/(Li*DP(C)) — D*5(C, L, w)

between the quotient category of the derived category DP(Cq) by the thick subcate-
gory generated by the image of the functor i * and the absolute derived category
of matrix factorizations. The composition of the functor L£” : D°PMF(C, L, w) —
DP(Cp) with the Verdier localization functor D°(Cg) — D®(Cq)/(Li*DP(C)) factor-
izes through the totalization functor D°MF(C, L, w) — D?**(C, L, w), providing
the triangulated functor

LE" : D*(C, L, w) —> D®(Co)/(Li*D®(C))

inverse to Y.
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Indeed, let F"* : MF(C, L, w) — C denote the forgetful functor taking a matrix
factorization M to the object M" € C, and let G"~ : C — MF(C, L, w) denote the
functor left adjoint to F”~! (and right adjoint to F™); so the functor G"~ takes an
object B € C to a contractible matrix factorization M with M"~! = M" = B (cf.
the constructions of the functors G and G~ in the proofs in Sections 1.4 and 1.6).
It is claimed that the induced triangulated functors G"~ : D*(C) — D°MF(C, L, w)
and v" : D°(Co) — D°MF(C, L, w) are fully faithful and their images form a
semiorthogonal decomposition of the derived category DPMF(C, L, w).

To check the first assertion, it suffices to notice that the triangulated functor G~
is left adjoint to the functor F"~!:DPMF(C, L, w) — DP(C), and their composition
F"10G" is the identity endofunctor on D°(C). Similarly, the composition of
triangulated functors L£” o v” is the identity endofunctor on D°(Cy), so v” is
fully faithful as a functor between the derived categories. Furthermore, one has
F" lou™ =0 = L£" o G, implying the semiorthogonality. Finally, for any
matrix factorization M whose terms are objects without w-torsion, there is a short
exact sequence

0—G"" FM)— M —vV"'"M —0

in MF(C, L,w) and LE" M = &" M, proving the decomposition claim.
Now we notice that for any object B € C having no w-torsion, there is a short
exact sequence

0— G2~ (B) — GtV (B) — V" j*B—0

in MF(C, L, w). According to (the proof of) [Efimov 2013, Proposition A.3(1)
and (2)], the totalization functor DPMF(C, L, w) — D(C, L, w) is the Verdier
localization functor by the thick subcategory generated by the objects of the form
G"(B) = G2~ [(B) and GtV (B) € MF(C, L,w) C D°PMF(C, L, w).
The assertions about the existence of triangulated functors Y” and [LE” and their
being mutually inverse equivalences of categories follow from these observations.

Returning to a separated Noetherian scheme X with enough vector bundles and
the Cartier divisor Xo C X of a global section w of a line bundle £ on X, the above
approach based on [loc. cit., Proposition A.3] provides an elegant construction of
Orlov’s triangulated cokernel functor X : D2**((X, £, w)-cohys) — Dgin g(X 0) in addi-
tion to a proof of our equivalence of categories D25((X, £, w)-coh) ~ ng ¢ (Xo/X).

2.8. Infinite matrix factorizations. Following [Orlov 2004, paragraphs after Re-
mark 1.9], one can define a “large” version of the triangulated category of singular-
ities DY, " (X) of a scheme X as the quotient category of the bounded derived cate-
gory of quasicoherent sheaves DP(X-qcoh) by the thick subcategory DP(X-qcoh;)
of bounded complexes of locally free sheaves (of infinite rank). When X has
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finite Krull dimension, the latter subcategory coincides with the thick subcategory
DP(X-qcohy) of bounded complexes of flat sheaves (see Remark 1.4).

Similarly, let Z C X be a closed subscheme such that Oz has finite flat dimension
as an Oy-module. Let us define a “large” triangulated category of relative singular-
ities D’Sing(Z /X) as the quotient category of D?(Z-qcoh) by the minimal thick sub-
category containing the image of the functor Li* : D?(X-qcoh) — DP(Z-qcoh) and
closed under those infinite direct sums that exist in D?(Z-qcoh). The quotient cate-
gory of DP(Z-qcoh) by the minimal thick subcategory containing [Li * D?(X-qcoh)
(without the direct sum closure) will be also of interest to us; let us denote it

by DY,y (Z/X).
Lemma 2.8. The triangulated categories ngg(Z /X) and ngg(Z /X) are quo-

tient categories of D;, g(Z ). When the scheme X is regular of finite Krull dimension,

these three triangulated categories coincide.
Proof. To prove the first assertion, let us show that any locally free sheaf on Z,
considered as an object of D(Z-qcoh), is a direct summand of a bounded complex
whose terms are direct sums of locally free sheaves of finite rank restricted from X.
Indeed, pick a finite left resolution of a given locally free sheaf on Z with the middle
terms as above, long enough compared to the number of open subsets in an affine cov-
ering of Z. Then the corresponding Ext class between the cohomology sheaves at the
rightmost and leftmost terms has to vanish in view of the Mayer—Vietoris sequence
for Ext groups between quasicoherent sheaves [Orlov 2004, Lemma 1.12]. Hence
the rightmost term is a direct summand of the complex formed by the middle terms.
The second assertion holds for the categories D, ((Z/X) and Dging(Z ) since
any quasicoherent sheaf on a regular scheme of finite Krull dimension has a finite
left resolution consisting of locally free sheaves. To identify these two categories
with D§;, g(Z /X ), one needs to know that the subcategory of bounded complexes
of locally free sheaves on Z is closed under those infinite direct sums that exist
in DP(Z-qcoh). The latter is true for any Noetherian scheme Z of finite Krull
dimension with enough vector bundles since the finitistic projective dimension of
a commutative ring of finite Krull dimension is finite [Raynaud and Gruson 1971,
Théoréme 11.3.2.6]. U

Now let £ be a line bundle on X, w € £(X) be a global section corresponding
to an injective morphism of sheaves Oy — £, and Xo C X be the locus of w = 0.

Proposition 2.8. There is a natural equivalence of triangulated categories
D**((X, £, w)-qcoh) =~ D, (Xo/X).
Together with the infinite-rank version ¥’ : D*®((X, £, w)-qcohs) — Dging(XO) of

Orlov’s cokernel functor X from [Orlov 2012], this equivalence forms the following
diagram of triangulated functors:
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Dging(X)
z.%'
bl i
0 — D*((X, £, w)-qcohyr) ———— Dig;e(Xo0)
Dabs((X,[:,w)-QCOh) _ ngg(XO/X)
0

where the upper horizontal arrow ¥ is fully faithful, the left vertical arrow is fully
faithful, the right vertical arrow is the Verdier localization functor by the thick
subcategory generated by the image of the diagonal down arrow i°, and the lower
horizontal line is an equivalence of categories. The square is commutative; the three
diagonal arrows i,,1°, i, are adjoint.

Furthermore, the image of the functor X' is precisely the full subcategory of ob-
Jjects annihilated by the functor i, or equivalently, by the functor i,. In other words,
the image of X' is equal both to the left and to the right orthogonal complements to
(the thick subcategory generated by) the image of the functor i°.

Proof. The proof is completely similar to that of Theorem 2.7. It uses Corollar-
ies 2.6(b), 2.3(h), 2.6(e), and 2.3(c). The first assertion can be also obtained as a
particular case of the result of Remark 2.7.

Alternatively, one can prove that the functor X’ is fully faithful in the same way
as it was done for the functor X in [Orlov 2012, Theorem 3.4], and deduce the
assertion that the left vertical arrow is fully faithful from the orthogonality.

Note that one can check in a straightforward way that the functor ¥’ annihilates
the objects coacyclic with respect to (X, £, w)-qcohy. This provides another proof
of Corollary 2.3(d), working in the assumption that w is a local nonzero-divisor. [

The functors X and ¥’ together with the direct image functors i, form the com-
mutative diagram of an embedding of “exact sequences” of triangulated functors:

Z .O
0 DabS((X’ L, w)-cohjs) —— ngg(XO) l—) Dging(X)

I [

0 —— D®((X, £, w)-qcohy) —————— Dl (Xo) —— Dl (X)

The leftmost vertical arrow is fully faithful by Corollary 2.3(j). The other two ver-
tical arrows are fully faithful by Orlov’s theorem [2004, Proposition 1.13] claiming
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that the functor ng ¢ (X) — DY, g(X ) is fully faithful for any separated Noetherian

scheme X with enough vector bundles. The leftmost nontrivial terms in both lines
are the kernels of the rightmost arrows by Theorem 2.7 and Proposition 2.8.

Theorem 2.8. There is a natural equivalence of triangulated categories
D ((X, £, w)-qcoh) ~ D/Sing(Xo/X)

forming a commutative diagram of triangulated functors:

Dabs((X,ﬁ, w)-coh) =—— ngg(XO/X)
comp. comp.
gener. D**((X, £, w)-qcoh) == /S/i”g(XO/X) gener.
DCO((X’ E, w)-QCOh) _ ./Szng(XO/X)

with the equivalences of categories from Theorem 2.7 and Proposition 2.8. The
upper vertical arrows are fully faithful, the lower ones are Verdier localization
functors, and the vertical compositions are fully faithful. The categories in the lower
line admit arbitrary direct sums, and the images of the vertical compositions are
sets of compact generators in the target categories.

Proof. The construction of the desired equivalence of categories is very similar to
the construction of the equivalence of categories in Theorem 2.7 and Proposition 2.8.
Using Corollary 2.6(a), one defines the infinite-rank version of the functor L&, then
shows that the obvious infinite-rank version of the functor Y is inverse to it. Notice
that the functor E : Z°%((X, £, w)-qcoh,, 4) — D°(Xo-qcoh) preserves infinite
direct sums and the functor Y : D®(Xg-qcoh) — D°((X, £, w)-qcoh) preserves
those infinite direct sums that exist in D®(Xg-qcoh), so the functors

B : D°((X, £, w)-qcohy,q) —> Do (Xo/ X),
T: D/Smg(Xo/X) —> D°((X, L, w)-qcoh)

are well-defined.

The upper left vertical arrow is fully faithful by Corollary 2.3(k); it follows that
the upper right vertical arrow is fully faithful, too. The assertions about the vertical
compositions are proved similarly. The category Dging(Xo /X) admits arbitrary
direct sums, since the category D°((X, £, w)-qcoh) does. By Corollary 2.3(1), the
left vertical composition is fully faithful and its image is a set of compact generators

in the target, so the right vertical composition has the same properties. O
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The following square diagram of triangulated functors is commutative:

D((X, £, w)-qcohy) =+ D, (Xo)

| |

D((X. £, w)-qcoh) == Df;,,(Xo/X)

The upper horizontal arrow X’ is fully faithful; the right vertical arrow is a Verdier
localization functor. The lower line is an equivalence of triangulated categories.
Nothing is claimed about the left vertical arrow in general.

When the scheme X is Gorenstein of finite Krull dimension, the left vertical
arrow is an equivalence of categories by Corollary 2.4(a). When X is also regular,
the right vertical arrow is an equivalence of categories by Lemma 2.8. So X’ is an
equivalence of categories D2*5((X, £, w)-qcohy¢) ~ D%, +(X0) and we have obtained
a strengthened version of [Polishchuk and Vaintrob 2011, Theorem 4.2] (in the
scheme case).

Remark 2.8. It is well-known that the Verdier localization functor of a triangulated
category with infinite direct sums by a thick subcategory closed under infinite
direct sums preserves infinite direct sums [Neeman 2001, Lemma 3.2.10]. This
result is not applicable to the localization functors D®(X-qcoh) — D’Smg(X ) and
DP(Z-qcoh) — D%, g(Z /X), as the category D°(X-qcoh) does not admit arbitrary
infinite direct sums.

Using the equivalence of categories from Theorem 2.8 and the observation that
the functor Y preserves infinite direct sums, one can show that the localization
functor D°(X¢-qcoh) — D, g(Xo / X) takes those infinite direct sums that exist in
DP(Xg-qcoh) into direct sums in the triangulated category of relative singularities

Smg(XO / X) of the zero locus of w in X. However, there is no obvious reason
why the localization functor D (Xg-qcoh) — D/ ¢ (Xo) should take those infinite
direct sums that exist in Db(X 0-qcoh) into direct sums in the absolute triangulated
category of singularities D, g(X 0).

That is the problem one encounters attempting to prove that the kernel of the
localization functor D}, (X¢) — D%, (Xo/X) is semiorthogonal to the image of

Sing Sing
the functor X'.

2.9. Stable derived category. Following Krause [2005], we define the stable de-
rived category of a Noetherian scheme X as the homotopy category of acyclic
unbounded complexes of injective quasicoherent sheaves on X. As explained below,
this is another (and in some respects better) “large” version of the triangulated

category of singularities of X; for this reason, we denote it by D, g(X ).
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In view of Lemma 1.7(b) (see also [Positselski 2010, Remark 5.4]), one can
equivalently define Dg;, g(X ) as the quotient category of the homotopy category
of acyclic complexes of quasicoherent sheaves over X by the thick subcategory
of coacyclic complexes, or as the full subcategory of acyclic complexes in the
coderived category D°(X-qcoh) of (complexes of) quasicoherent sheaves over X .
It is the latter definition that will be used in the sequel.

Clearly, the category D¥;, ¢ (X) has arbitrary infinite direct sums. Krause [2005,

Corollary 5.4] constructs a fully faithful functor Dgin " (X) — D%, g(X ) and proves

that its image is a set of compact generators of the target category.
Theorem 2.9. For any separated Noetherian scheme Z with enough vector bundles,
there is a natural triangulated functor D, (Z) — D, (Z) forming a commutative
diagram with the natural functors from Dg’ing(Z ) into both these categories. The
composition
b
D°(Z-qcoh) —> Dging(Z) — D§tl~ng(Z)

preserves those infinite direct sums that exist in D°(Z-qcoh). When Z = Xg is a
divisor in a regular separated Noetherian scheme of finite Krull dimension, the
functor D, " (Xo) — D%, g(X 0) is an equivalence of triangulated categories.
Proof. The construction of the functor ng g(Z ) — D%, g(Z ) in [Krause 2005] is
given in terms of the Verdier localization functor Q : D°°(Z-qcoh) — D(Z-qcoh)
by the triangulated subcategory ngtmg(Z ) C D°(Z-qcoh) and its adjoint functors
on both sides, which exist according to [loc. cit., Corollary 4.3]. The proof of
our theorem is based on explicit constructions of the restrictions of these adjoint
functors to some subcategories of bounded complexes in D(Z-qcoh).

It is well known that the Verdier localization functor H°(Z-qcoh) — D(Z-qcoh)
from the homotopy category of (complexes of) quasicoherent sheaves on Z to their
derived category has a right adjoint functor D(Z-qcoh) — H®(Z-qcoh). The objects
in the image of this functor are called homotopy injective complexes of quasicoherent
sheaves on Z. The composition D(Z-qcoh) — H%(Z-qcoh) — D“(Z-qcoh) pro-
vides the functor Q, : D(Z-qcoh) — D°(Z-qcoh) right adjoint to Q. In particular,
any bounded-below complex in D(Z-qcoh) has a bounded-below injective resolution
and any bounded-below complex of injectives is homotopy injective. Furthermore,
any bounded-below acyclic complex is coacyclic [Positselski 2010, Lemma 2.1].
It follows that any bounded-below complex from D (Z-qcoh), considered as an
object of D“°(Z-qcoh), represents its own image under the functor Q.

On the other hand, any bounded-above complex from D(Z-qcoh) has a locally
free left resolution defined uniquely up to a quasi-isomorphism of complexes in
the exact category of locally free sheaves; i.e., there is an equivalence of bounded
above derived categories D™ (Z-qcoh¢) >~ D™ (Z-qcoh). Since the exact category
Z-qcohy has finite homological dimension, any acyclic complex in it is coacyclic
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(and even absolutely acyclic [loc. cit., Remark 2.1]), so there are natural functors
D_(Z-qCOhhc) —> D(Z-qCOhhc) ~ DCO(Z-qCOh|f) e DCO(Z-qCOh).

Lemma 2.9. The composition of the embedding D™ (Z-qcoh) — D(Z-qcoh) with
the functor Qj : D(Z-qcoh) — D°(Z-qcoh) left adjoint to Q is isomorphic to the
functor D™ (Z-qcoh) — D°(Z-qcoh) constructed above.

Proof. We have to show that Hompeo(z.qcon) (£°, £°) = 0 for any bounded-above
complex of locally free sheaves £* and any acyclic complex £° of quasicoherent
sheaves on Z. Let us check that any morphism £* — £° in H°(Z-qcoh) factorizes
through a coacyclic complex of quasicoherent sheaves. Clearly, we can assume
that the complex £° is bounded above, too. Let K°® be the cocone of a closed
morphism of complexes £* — £°; then K* is bounded above and the composition
K* — L* — £° is homotopic to zero. Pick a bounded-above complex of locally
free sheaves F* together with a quasi-isomorphism F* — K*. Then the cone of the
composition F* — K* — L*, being a bounded-above acyclic complex of locally
free sheaves, is coacyclic. Since the composition F* — £* — £° is homotopic to
zero, the morphism £* — £° factorizes, up to homotopy, through this cone. [

Now we can describe the action of the functor 7 : D“°(Z-qcoh) — Dg;, g(Z -qcoh)
left adjoint to the embedding Dgting(Z -qcoh) — D(Z-qcoh) on bounded-above
complexes in D°(Z-qcoh). If K* is a bounded-above complex of quasicoherent
sheaves and F* is its locally free left resolution, then the cone of the closed
morphism F* — K°* represents the object I (K*) € D;tmg(Z -qcoh). In view of
Lemma 2.9, this cone is functorial and does not depend on the choice of F* for the
usual semiorthogonality reasons.

The embedding of compact generators Dging(Z) — D;tmg(Z) is constructed
in [Krause 2005] as the functor induced by the restriction of the composition
I 0Qp:D(Z-qcoh) — Dgtmg(Z) to the full subcategory DP(Z-coh) C D(Z-qcoh).
Let us explain why this is so. By Proposition 1.5(d) (cf. [loc. cit., Proposition 2.3
and Remark 3.8]), the natural functor D?(Z-coh) — D(Z-qcoh) is fully faithful
and its image is a set of compact generators in the target. This is the image of
DP(Z-coh) C D(Z-qcoh) under the functor Q,, as constructed above. It is clear
from the above construction of the functor Q that it preserves compactness (and
in fact coincides with the functor O, on perfect complexes in D(Z-qcoh) [loc. cit.,
Lemma 5.2]). Since the functors Q, and [}, being left adjoints, preserve infinite
direct sums, and [, is a Verdier localization functor by the image of Q, it follows
that the image of any set of compact generators of D°(Z-qcoh) under /) is a set
of compact generators of DS, g(Z ) [Neeman 1996, Theorem 2.1(4)].

In order to define the desired functor

Dging(z) - D?Stz'ng(z)y
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restrict the same composition I, o Q, to the full subcategory D°(Z-qcoh) C
D(Z-qcoh). According to the above, this restriction assigns to any bounded complex
of quasicoherent sheaves KC® on Z the cone of a morphism F* — K* into it from
its locally free left resolution F°. Clearly, the functor

D®(Z-qcoh) —> D%;,,,(2)

that we have constructed preserves those infinite direct sums that exist in D?(Z-qcoh)
and annihilates the triangulated subcategory DP(Z-qcohys) C D°(Z-qcoh). So we
have the induced functor D, g(Z ) — D%, g(Z ), and the first two assertions of the
theorem are proven.

To prove the last assertion, we use the results of Section 2.8. Assume that
Z = Xy is the zero locus of a section w € £(X) of a line bundle on X; as usual,
w : Ox — L has to be an injective morphism of sheaves. Then by Theorem 2.8
and Lemma 2.8, the category DY, g(Z ) admits infinite direct sums and the image of
the fully faithful functor ng " (Xo) — Dy, g(X 0) is a set of compact generators in
the target. Furthermore, it follows from the proof of Theorem 2.8 that any object
of DY, g(X 0) can be represented by a quasicoherent sheaf on Xy and the direct
sum of an infinite family of such objects is represented by the direct sums of such
sheaves (see Remark 2.8). Thus the functor D;. (Z) — D% (Z), being an infinite

Sing Sing
direct sum-preserving triangulated functor identifying triangulated subcategories of
compact generators, is an equivalence of triangulated categories. O

We keep the assumptions of Theorem 2.9 and the notation of the last paragraph of
its proof; i.e., X is a regular separated Noetherian scheme of finite Krull dimension
with enough vector bundles and Xo C X is the divisor of zeros of a locally nonzero-
dividing section w € £(X). The closed embedding Xo — X is denoted by i.

Corollary 2.9. The functor

A :D((X, L, w)-qcohy) >~ D((X, L, w)-qcoh) —> ngting(Xg)

assigning to a locally free (or just w-flat) quasicoherent matrix factorization M
the acyclic complex of locally free (or quasicoherent) sheaves i *M on Xy is an
equivalence of triangulated categories.

Proof. Given a w-flat matrix factorization M, the complex of sheaves i * M on X
is acyclic by [Polishchuk and Vaintrob 2011, Lemma 1.5]. Clearly, the assignment
M +— i* M defines a triangulated functor D« ((X, £, w)-qcoh,, ¢) — D;ting(Xo).

To prove that this functor is an equivalence of categories, it suffices to identify it,
up to a shift, with the composition of the equivalences

D((X. L. w)-qeohy) —> Dl (Xo) —> D, (Xo).
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Here one simply notices that for any M € D“((X, £, w)-qcohjs) the complex
i* M is isomorphic in DY, g(Xo) to its canonical truncation t<;i*M, and the latter
complex is the cocone of the morphism into X (M) from one of its left locally free

resolutions. So the functor A is identified with X[—1]. |

2.10. Relative stable derived category. The goal of this section is to generalize
the results of the previous one to the case of a singular Noetherian scheme X.
The relative version of stable derived category, defined for a closed embedding of
finite flat dimension i : Z — X, is equivalent to the categories DY, ¢ (Xo/X) and
D ((X, L, w)-qcoh) in the case of the Cartier divisor Z = X corresponding to a
locally nonzero-dividing section w of a line bundle £ on X.

Let X be a separated Noetherian scheme of finite Krull dimension andi : Z — X
be a closed embedding of schemes such that i, Oz has finite flat dimension as an
Ox-module. According to Section 1.9, there is a left derived inverse image functor
Li* : D®(X-qcoh) — D°(Z-qcoh). This functor forms a commutative diagram
with the similar functor Li* : D(X-qcoh) — D(Z-qcoh), and consequently, takes

acyclic complexes in D*°(X-qcoh) to acyclic complexes in D°(Z-qcoh).

Proposition 2.10. The following four triangulated categories are naturally equiva-
lent:

(a) the full subcategory in D°(Z-qcoh) consisting of all the objects annihilated by
the direct image functor iy : D°°(Z-qcoh) — D (X-qcoh);

(b) the quotient category of the homotopy category of complexes over Z-qcoh whose
direct images are coacyclic complexes over X-qcoh by the thick subcategory of
coacyclic complexes over Z-qcoh;

(¢) the quotient category of D°(Z-qcoh) by its minimal triangulated subcategory,
containing the objects in Li *D°(X-qcoh) and closed under infinite direct sums;

(d) the quotient category of the full subcategory of acyclic complexes in D<°(Z -qcoh)
by its minimal triangulated subcategory, containing the left derived inverse images
of acyclic complexes in D°(X-qcoh) and closed under infinite direct sums.

Proof. The equivalence of (a) and (b) is obvious. To show that the natural functor
from the category (d) to the category (c) is an equivalence, notice that the minimal
triangulated subcategory containing flat quasicoherent sheaves and closed under
infinite direct sums together with the triangulated subcategory of acyclic complexes
form a semiorthogonal decomposition of D°(X-qcoh), and similarly for Z [Positsel-
ski 2012, Corollary A.4.7]. Since flat quasicoherent sheaves on Z belong to the thick
subcategory in DP(Z-qcoh) C D%(Z-qcoh) generated by the inverse images of flat
quasicoherent sheaves from X (see the proof of Lemma 2.8), the assertion follows.

Finally, the functor Li* preserves infinite direct sums and compactness of objects
since its right adjoint functor i, preserves infinite direct sums. Hence the minimal
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triangulated subcategory in D®°(Z-qcoh) containing [i * D°(X-qcoh) and closed
under infinite direct sums is compactly generated by some objects which are compact
in D*°(Z-qcoh). By Brown representability, the quotient category in (c) is equivalent
to the right orthogonal complement to this triangulated subcategory, which is the
kernel category in (a). O

We call any of the equivalent triangulated categories in Proposition 2.10 the rela-
tive stable derived category of Z over X and denote it by DS, g(Z /X)) (cf. [Becker
2014, Section 2]). In particular, defining the relative stable derived category by the
construction (c), we have natural triangulated functors

D®(Z-qcoh) —> D®(Z-qcoh) —> ngting(Z/X).

Clearly, the composition D?(Z-qcoh) — D$t (Z/X) factorizes through the rela-

Sing
tive singularity category D, g(Z /X), providing a natural functor D, g(Z /X)—
D%, (Z/X).

Lemma 2.10. The composition of triangulated functors

D.tS)‘mg(Z/X) - D.,S‘ing(Z/X) - Dgtlng(Z/X)
is fully faithful and its image forms a set of compact generators for the triangulated

category Dg;, (Z/ X).

Proof. By Proposition 1.5(d), the full triangulated subcategory D"$(Z-coh) com-
pactly generates the triangulated category D°(Z-qcoh), and similarly this holds
for X. In view of the construction (c) and the argument in the proof of Proposi-
tion 2.10, the assertion follows from [Neeman 1992, Theorem 2.1]. O

Now let £ be a line bundle on X, let w € £L(X) be a locally nonzero-dividing
section of £, and leti : Xo — X be closed embedding of the zero locus of w. Defining
the category D¥;, g(Xo /X)) by the construction (d), let LA : D°((X, £, w)-qcoh) —
D%, ¢ (Xo/X) be the triangulated functor assigning to a w-flat quasicoherent matrix
factorization M the acyclic complex i *M over Xg-qcoh.

Since any bounded-below acyclic complex over Xg-qcoh is coacyclic, and
any bounded-above complex belongs to the minimal triangulated subcategory in
D (Xp-qcoh) generated by its terms and closed under infinite direct sums, the

following diagram of triangulated functors is commutative (cf. Corollary 2.9):

LE[-1]

D((X, £, w)-qcoh) Dising (Xo/X)

T~

DSing(Xo/ X)



1224 Alexander |. Efimov and Leonid Positselski

Theorem 2.10. For any locally nonzero-dividing section w of a line bundle L on a
separated Noetherian scheme X of finite Krull dimension, all the three functors on
the above diagram are equivalences of triangulated categories.

Proof. The functor L2 is an equivalence by Theorem 2.8. To show that the functor
LA is an equivalence, let us check that it identifies compact generators. By Propo-
sition 1.5(d), the category D°((X, £, w)-qcoh) is compactly generated by its full
triangulated subcategory D2P5((X, £, w)-coh), while according to Lemma 2.10 the
category D}tmg(X o/ X) is compactly generated by its full triangulated subcategory
ng g(X 0/ X). The restriction of the functor LA being an equivalence between these
two subcategories (in view of commutativity of the diagram and) by Theorem 2.7,

it follows that the functor LA itself is an equivalence, too. O

Remark 2.10. Another proof of Theorem 2.10 can be obtained using the approach
based on [Efimov 2013, Appendix A]. In the notation and assumptions of Re-
mark 2.7, suppose that C is an abelian category with exact functors of arbitrary
infinite direct sums. Then so is the abelian category MF(C, L, w); the full abelian
subcategory Co C Cis closed under infinite direct sums; and the triangulated functors
s, Li*, U™, LE", F", G"™ act between the coderived categories D°(C), D°(Cyp),
and D°MF(C, L, w).

As in Remark 2.7, one proves that the functors G~ : D°(C) — D°MF(C, L, w)
and v" : D°°(Cp) — D°MF(C, L, w) are fully faithful and their images form a
semiorthogonal decomposition of the coderived category D°MF(C, L, w). By (the
proof of) [loc. cit., Proposition A.3(3) and (4)], the totalization functor

DMF(C, L, w) —> D*°(C, L, w)

acting between the coderived category of the abelian category MF(C, L, w) and the
coderived category of matrix factorizations D*°(C, L, w) (defined as in Section 1.3)
is the Verdier localization by the minimal triangulated subcategory containing the
objects G"~(B) and G+ D~ (B) forall B € C and closed under infinite direct sums.

It follows that the composition of the functor v” : D°(Cy) — D°MF(C, L, w)
with the totalization functor D°MF(C, L, w) — D°(C, L, w) induces an equiva-
lence of triangulated categories

D(Co)/{Li*D®(C))ge —> D°(C, L, w)

between the quotient category of the coderived category D°(Cgp) by its minimal
triangulated subcategory containing the image of the functor i * : D<°(C) — D°(Cy)
and closed under infinite direct sums, and the coderived category of matrix fac-
torizations. The composition of the functor 1" : D°MF(C, L, w) — D(Cp)
with the Verdier localization functor D°(Co) — D°(Cq)/(Li*D°(C))¢ factorizes
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through the totalization functor, providing the inverse equivalence D*°(C, L, w) —
D(Co)/(Li*D*(0))e-

Returning to quasicoherent matrix factorizations of a global section w € £(X) of
a line bundle £ on a separated Noetherian scheme X with the zero locus Xo C X,
we obtain direct constructions of two mutually inverse triangulated equivalences
between the coderived category D°((X, £, w)-qcoh) and the relative stable derived

category Dgtmg(X 0/ X) as defined in part (c) of Proposition 2.10.

3. Supports, pull-backs, and push-forwards

3.1. Supports. This section paves the ground for the results about preservation of
finite rank or coherence by the push-forwards of matrix factorizations with proper
supports, which will be proven in Sections 3.5-3.6.

Let X be a separated Noetherian scheme and 7" C X be a Zariski closed subset.
Denote by X-coh7 the abelian category of coherent sheaves on X with set-theoretic
support in 7'; and we will use similar notation for quasicoherent sheaves.

It is a well-known fact (essentially, a reformulation of the Artin—Rees lemma)
that the embedding of abelian categories X-qcohy — X-qcoh takes injectives to
injectives. It follows that the functor D®(X-coh7) — DP(X-coh) is fully faithful.
Clearly, its image is a thick subcategory and the corresponding quotient category
can be naturally identified with DP(U-coh), where U = X \ T (cf. Section 1.10).

Assume additionally that X has enough vector bundles. Let Perf 7 (X) C Perf(X)
denote the full subcategory of perfect complexes with the cohomology sheaves set-
theoretically supported in 7. By the above result, Perfr(X) can be considered as a
thick subcategory in D?(X-cohr). According to [Orlov 2011, Lemma 2.6], the func-
tor DP(X-cohr)/Perfp(X) — ng ¢ (X) induced by the embedding D°(X-cohr) —
DP(X-coh) is fully faithful. We denote the source (or the image) category of this
functor by D& (X, T).

Sing
By [Chen 2010, Theorem 1.3], the restriction functor ng g(X ) — Dging(U ) is
the Verdier localization functor by the triangulated subcategory ng ¢ (X, 7). In

particular, the kernel of the restriction functor coincides with the thick envelope of
(i.e., the minimal thick subcategory containing) Dg, (X, T) in Dy, (X).

Now we are going to establish the similar results for the triangulated cate-
gories of relative singularities. Let i : Z — X be a closed subscheme such that
ixOz € Perf(X), and let Perf(Z/X) = Db(EZ/X) (see Remark 2.1) denote the
thick subcategory in DP(Z-coh) generated by Li*DP(X-coh). Let T C Z be a
Zariski closed subset; put U = X\ 7 and V = Z\ T. We denote by Perf7(Z/X)
the full subcategory of all objects of Perf(Z/X) with the cohomology sheaves
set-theoretically supported in 7. Consider it as a thick subcategory in D?(Z-cohr),

and denote by Dging(Z/X, T) the quotient category D°(Z-cohr)/Perf(Z/X).
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Lemma 3.1. (a) The functor Dging(Z/X, T)— Dging(Z/X) induced by the em-
bedding D®(Z-coht) — DP(Z-coh) is fully faithful.

(b) The restriction functor Dging(Z/X) — Dging(V/ U) is the Verdier localiza-

tion functor by the triangulated subcategory Dging(Z /X, T). In particular,

the kernel of the restriction functor coincides with the thick envelope of

D8ing(Z/ X, T) in DY, (Z/X).
Proof. The proof of (a) is similar to that of [Orlov 2011, Lemma 2.6]. One only needs
to notice that the tensor product of an object of Perf(Z / X') with an object of Perf(Z)
belongs to Perf(Z /X). This follows from the fact that Perf(Z) as a thick subcat-
egory in DP(Z-coh) is generated by the restrictions of vector bundles from X (see
Section 2.1). Part (b) is true since the thick subcategory Perf(V/U) C D®(V -coh) is
generated by the image of the restriction functor Perf(Z /X ) — Perf(V/U), which

is true because any coherent sheaf on U can be extended to a coherent sheaf on X. [

Let £ be a line bundle over X and w € £(X) be a section; set Xog ={w =0} C X.
The definitions of the set-theoretic and category-theoretic supports Supp M and
supp M of a coherent matrix factorization M € (X, £, w)-coh were given (in a
greater generality of coherent CDG-modules) in Section 1.10.

Given a locally free matrix factorization of finite rank M € (X, £, w)-cohy,
define the (category-theoretic) support supp M C X as the minimal closed subset
T C X such that the restriction M|y of M to the open subscheme U = X\ T
is absolutely acyclic with respect to (U, L|y, w|y)-cohis. By Corollary 2.3(i), the
definitions of category-theoretic supports of coherent matrix factorizations and of
locally free matrix factorizations of finite rank agree when they are both applicable.

Equivalently, for a locally free matrix factorization M of finite rank over X, the
open subscheme X \ supp M is the union of all affine open subschemes U C X such
that the matrix factorization M|y is contractible (see Remark 1.3). For any coherent
matrix factorization M, one has supp M C Xy since any matrix factorization of an
invertible potential is contractible (cf. [Polishchuk and Vaintrob 2011, Section 5]).

Let T C X be a closed subset. Denote by DaTbS((X , L, w)-cohys) (respectively
D‘;?S((X , L, w)-coh)) the quotient category of the homotopy category of locally free
matrix factorizations of finite rank (resp. coherent matrix factorizations) supported
category-theoretically inside 7" by the thick subcategory of matrix factorizations
absolutely acyclic with respect to (X, £, w)-cohys (resp. (X, £, w)-coh). Clearly, the
functors D;?S((X, L, w)-cohr) — D5((X, £, w)-cohy) and D;‘PS((X, L, w)-coh) —
Dbs((X, £, w)-coh) are fully faithful [loc. cit.].

By the definition, the thick subcategories

Da"bs((X’ L, w)-cohif) C Dabs((X, L, w)-cohy),
D3P*((X, £, w)-coh) C D**((X, £, w)-coh)
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only depend on the intersection Xo N 7 (rather than the whole of 7). Equiv-
alently, they can be defined as the full subcategories of objects annihilated by
the restriction functors D**((X, £, w)-cohy) — D5((U, L]y, w|y)-cohi) and
DS((X, £, w)-coh) — D***((U, L|y, w|y)-coh), where U = X \ T.

As in Section 1.10, we denote by D**((X, £, w)-cohr) the absolute derived
category of coherent matrix factorizations with set-theoretic support in 7. The
functor D2®((X, £, w)-coh7) — D"5((X, £, w)-coh) is fully faithful by Proposi-
tion 1.10(d). By Corollary 1.10(b), the full subcategory

D3P*((X, £, w)-coh) C D**((X, L, w)-coh)

is the thick envelope of the full subcategory D**((X, £, w)-cohT).
Now assume that w : Ox — L is an injective morphism of sheaves.

Proposition 3.1. (a) The equivalence of categories
D**((X. £, w)-coh) ~ D, (Xo/X)

identifies the triangulated subcategory D**((X, £, w)-coh) with the triangu-
lated subcategory Dg’m ¢ (Xo/X, XoNT). In particular, the former triangulated
subcategory only depends on the intersection Xo N T.

(b) The full preimage of the thick envelope of the triangulated subcategory
D8ing(Xo0. XoN'T) C Dg;,.(Xo)

under the fully faithful functor ¥ : D*((X, £, w)-cohy) — ngg(Xo) coincides
with the triangulated subcategory D%?S((X, L, w)-coh).

Proof. Part (b) follows from the fact that the thick envelope of D2 (Xo, XoNT) is

Sing
the kernel of the restriction functor Dg’in " (Xo) — D2 (Xo\T), the similar fact for

Sin,
DE}PS((X , L, w)-cohyr), and the compatibility of the fuflctors 3 with the restrictions
to open subschemes, together with their full-and-faithfulness.

To prove part (a), notice first that the functor T obviously takes Dgin g(X o/ X,
Xo N T) into D*((X, £, w)-coh7). Let us check that the functor LE takes
D***((X, £, w)-cohr) into DY, .(Xo/X, Xo N'T). Let M be a coherent matrix
factorization supported set-theoretically in 7. Present M as the cokernel of an in-
jective morphism of w-flat coherent matrix factorizations X — N. Since the functor
LE is triangulated, the object LE (M) € DlS’ing(X 0/ X) is isomorphic to the cone of
the morphism E(K) — E(N) (cf. Lemma 3.6). The morphism E(K) — E(N) of
coherent sheaves on X is an isomorphism outside 7', so its kernel and cokernel are
supported in Xo N 7. Thus the cone is quasi-isomorphic to a two-term complex of

coherent sheaves on X with the terms supported set-theoretically in Xo N 7. [
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3.2. Locality of local freeness. The aim of this section is to show that the property
of an object of D?**((X, £, w)-qcohy) or D*((X, £, w)-coh) to be a direct sum-
mand of an object from D 5((X, £, w)-cohy) is local in a separated Noetherian
scheme X with a dualizing complex and enough vector bundles, assuming that the
potential w € £L(X) is not locally zero-dividing.

Let Z be a Noetherian scheme of finite Krull dimension with enough vector
bundles. Recall that the natural functor DIS’in g(Z ) —> D, g(Z ) is fully faithful [Orlov
2004, Proposition 1.13] (cf. Section 2.8).

Proposition 3.2. Let Z = U UV be a covering by two open subschemes. Then any
object of D, g(Z ) whose restrictions to U and V belong to the full subcategories
Dls’ing(U ) C Dy (U) and ngg(V) C D (V), respectively, is a direct summand

of an object belonging to the full subcategory Dging(Z) C D’Sing(Z).

Proof. Consider the bounded derived category of quasicoherent sheaves D (Z-qcoh)
on Z and two full triangulated subcategories D°(Z-coh) and DP(Z-qcohy) in it.
Clearly, the intersection D°(Z-coh) N D?(Z-qcohy) coincides with the full subcate-
gory of perfect complexes Perf(Z) = DP(Z-cohi) C DP(Z-qcoh).

Lemma 3.2. Any morphism from an object of the full subcategory DP(Z-qcohy)
into an object of the full subcategory DP(Z-coh) C DP(Z-qcoh) factorizes through
an object belonging to D®(Z-cohy).

Proof. See the proof of [Orlov 2004, Proposition 1.13]. O

It follows from Lemma 3.2 ( by the way of the octahedron axiom) that any object
IC* of the full triangulated subcategory D®(Z-qcoh)y.. generated by DP(Z-qcohy)
and D°(Z-coh) in D(Z-qcoh) can be included in a distinguished triangle

F*—K*— M*— F°[1],

with F* € D°(Z-qcohy) and M* € DP(Z-coh). Besides, the natural functor
DP(Z-qcohy)/DP(Z-cohs) — DP(Z-qcoh)/DP(Z-coh) is fully faithful.

To prove Proposition 3.2, one has to show that any object £* € D(Z-qcoh)
whose restrictions to U and V' belong to the subcategories DP(U-qcoh).c and
DP(V-qcohy.), respectively, is a direct summand of an object from DP(Z-qcoh)q.c C
D"(Z-qcoh). According to the above, there exist two objects 7, € D°(U-qcohy)
and 7}, € DP(V-qcohy) and two morphisms 7}, — K*|y and F}, — K*|y whose
cones belong to DP(U-coh) and DP(V -coh), respectively.

Set W =UNV C Z; then the restrictions of F7; and F7, to W are isomorphic in
DP(W-qcoh)/DP(W-coh), and consequently, in D°(W -qcohy)/DP(W -cohy), too.
Notice that the category Perf(W) = DP(W-cohy) is idempotent complete, and
therefore, a thick subcategory in D (W -qcohy). It follows that there exists a finite
complex of flat quasicoherent sheaves Fy, on W together with two morphisms
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Filw — Fy, and Fp |w — Fy, whose cones are perfect complexes. Denote the
cocones of these morphisms by Gy, and Hy,.

For any object A of a triangulated category D, let us denote by ‘A the object
A @ A[1]. For any triangulated subcategory C C D, whenever an object A € D is
a direct summand of an object from C, the object ‘A belongs to C, as A @ B € C
implies A @ A[l] € C in view of the distinguished triangle A& B —- A ® B —
A® A[l] - A[1] @ B[1] [Thomason 1997, Theorem 2.1].

By the Thomason—Trobaugh theorem [1990, Section 5], the objects 'Gy,, and '#3},
can be extended to perfect complexes on U and V, respectively. Moreover, these
extensions G§; € D(U-cohy) and H}, € DP(V-cohs) can be chosen in such a way
that the morphisms 'Gy, — "F |w and "Hy, — ' |w would be extendable to
morphisms Gy, — "F; and Hj, — ', [Neeman 1996, Theorem 2.1(4) and (5)].

Furthermore, the objects ’ Gy and ! 1, can be extended to perfect complexes G*
and H° on the whole scheme Z so that the compositions of morphisms

/g;] //_/_"(.] //IC0|U and /H;/ //]:I./ //’C.|V

would be extendable to morphisms G* —”K*® and H* — " K*. Denote by K (1) acone
of the morphism G*® H* —"K*, by F 0.1 & cone of the morphism 'Gy = "F
and by 7y, | a cone of the morphism "#3, — " F},. We have come back to the orig-
inal situation with an object IC('l) € DP(Z-qcoh), two objects ]—"[']’(1) € DP(U-qcohy)
and Fj, ;) € DP(V-qcohy), and two morphisms

whose cones belong to D(U-coh) and DP(V -coh), respectively. In addition, the
objects }'[']’(1) |w and .7-"{,’(1) |w are now isomorphic in D°(W -qcohy).

The construction does not guarantee commutativity of the diagram formed by
the isomorphism

Fo.mlw =Fw.q) = Frmlw

and the restrictions of the morphisms 7, a IC('I) and Fy, a IC('I) to W.
However, the original choice of the morphisms

Folw — Fyy and  Flw — Fyy

makes this diagram commute in the quotient category D? (W -qcoh)/DP(W -coh).
Hence the difference of two morphisms ]:I:V,(l) = IC(°1)|W factorizes through a
bounded complex of coherent sheaves on W, and consequently (according to
Lemma 3.2) also through a perfect complex on W. Denote the latter by £° €
Db(W'COh|f).
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Nowlet j: U - Z, k:V — Z,and h : W — Z denote the natural open
embeddings. Consider the square diagram formed by the morphisms

RJ*F(},(I) (&) Rk*fl;,(l) —> Rh*f[']’(l)lw’
Rkl |y @ RkGKCE [y —> Rh Kl -

According to the above, this diagram is not necessarily commutative; but it can
be made commutative by adding the new direct summand RA.E® to the term
IRj*IC(‘l)|U <) Rk*IC(‘l)|V with the morphism RA.E* — RhA IC‘1 |w induced by
the morphism £* — IC('l) |w and the morphism R j« 7, U.31) DB Rk« F V.() equal to zero
on the first direct summand and induced by the morphlsm Fy V.(1) |W Fyw W)~ &
on the second one.

Let F* denote a cocone of the morphism

and £* denote a cocone of the morphism

Then the commutative square can be extended to a morphism of distinguished
triangles, so we obtain a morphism F°* — L°®. Since IC(°1) is a cocone of the
morphism

RjxK{plu @ Rk« (v —> RAKE [,

there is also a distinguished triangle IC(I) — L* > Rh& — IC(‘l)[ I

Notice that the complexes F* and RA.E*® belong to DP(Z-qcohy) (since the class
of bounded complexes of flat quasicoherent sheaves is preserved by the derived direct
images with respect to flat morphisms of Noetherian schemes; cf. Proposition 1.9).
Furthermore, the complex R/ 4E* is perfect over W. Restricting to W our morphism
of distinguished triangles, and recalling that cones of the morphisms

‘7:(.],(1) — IC('1)|U and ‘7:1./,(1) — IC('1)|V

are coherent complexes over U and V', one easily concludes that a cone of the
morphism F* — L* is a coherent complex over W.

Denote this cone temporarily by ICZZ). Clearly, in order to show that the original
complex K* is a direct summand of an object from D®(Z-qcoh)y.c in D(Z-qcoh)
(which is our goal), it suffices to check that the complex K7, is as well. It also
follows from the constructions that the restrictions of the complex IC' (2) to U and
V belong to D?(U-qcoh)s.c and DP(V-qcohy, ), respectively. Dropping the lower
index and redenoting ICZz) simply by K°, we are coming back to the situation in the
beginning of the proof with the new knowledge that X* may be assumed to be a
coherent complex over W.
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The next segment of our proof is based on the localization theory for coderived cat-
egories of quasicoherent sheaves on Noetherian schemes (similar to the Thomason—
Trobaugh—Neeman theorem for the conventional derived categories, the difference
being that arbitrary bounded complexes of coherent sheaves play the role of per-
fect complexes). What we need is a particular case of the theory developed in
Section 1.10 (corresponding to the choice of the quasicoherent CDG-algebra Oz
over Z).

Specifically, it follows from Proposition 1.5(d) and Theorem 1.10 together with
[Neeman 1996, Theorem 2.1(5)] that any morphism from an object of D°(W-coh)
into a restriction to W of an object C* from DP(Z-qcoh) (or even from D°(Z-qcoh))
can be extended to a morphism to K* from an object of DP(Z-coh). Applying this
assertion to the identity morphism K*|y — K°®|w in the above situation, we obtain
a morphism M*® — K* into K*® from a coherent complex M*® over Z that is a quasi-
isomorphism over W. Passing to a cone of this morphism, we may assume K° to
be acyclic over W.

By Corollary 1.10, such a complex X*® is quasi-isomorphic to a (bounded) com-
plex of quasicoherent sheaves on Z whose terms are concentrated set-theoretically
in the complement Z \ W. The latter is a disjoint union of two nonintersecting
closed subsets in Z, namely, the complements S = Z\U and T = Z\ V. Now
the complex K* decomposes into a direct sum of two complexes with set-theoretic
supports inside S and 7', respectively.

One can consider the two direct summands separately. We have to show that
any bounded complex of quasicoherent sheaves K°® on Z, which is supported
set-theoretically in 7 and whose restriction to U belongs to Db(U -qcoh)y.c, itself
belongs to DP(Z-qcoh)sc. Arguing as in the beginning of this proof, we have
an object G* € DP(U-qcohy) together with a morphism G* — KC*|y whose cone
belongs to DP(U-coh). The restriction G*|y then belongs to both DP(W -qcohy)
and DP(W-coh), and is, therefore, a perfect complex on W.

Again by the Thomason—Trobaugh theorem, the object 'G®|y can be extended
to a perfect complex H*® on V. A cocone of the morphism

Rj*/g. @ Rk*H. — Rh*,g.lw
provides an object F* € D®(Z-qcohy) isomorphic to 'G* over U and to H* over V.
Now the morphism 'G®* — 'K *|y over U extends uniquely to a morphism F* —'K*
over Z since the set-theoretic support of 'K* is contained in a closed subset lying

inside U. A cone of the morphism F* — ’K* is a coherent complex on Z since it
is so in restrictions to U and V. Thus, the proposition is proven. O

Now let X be a separated Noetherian scheme of finite Krull dimension with
enough vector bundles, £ be a line bundle on X, and w € £(X) be a locally
nonzero-dividing potential. Let Xo C X be the zero locus of w.
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Corollary 3.2. Let X = U NV be a covering by two open subschemes. Then any
object of D°((X, L, w)-qcohy) whose restrictions to U and V belong to the full
triangulated subcategories

D**((U, L|y . w|y)-coh) € D°((U, L|y, w]y)-qcohy),
D***((V, Ly, w]y)-cohir) C D((V. L]y w|y)-gcohy),

respectively, is a direct summand of an object from the full triangulated subcategory
D*((X, £, w)-cohir) C D((X, £, w)-qcohy).

Proof. By Proposition 2.8, the category D°((X, £, w)-qcohy) is a full triangulated
subcategory of the triangulated category D Sing (Xo). The (essential) intersection
of the full subcategories D°((X, £, w)- qcohﬂ) and DSmg(XO) in Dg;, (Xo) is the
triangulated category D**((X, £, w)-cohy).

Indeed, an object of F € DSm (Xo) belongs to D®*((X, £, w)-cohy) if and only
if the object i, F vanishes in DSmg(X ) (Theorem 2.7); an object F € DSmg(XO)
belongs to D°((X, £, w)-qcohy) if and only if the object i F vanishes in DSmg(X)
(Proposition 2.8); and the functor D® Sing (X) — Dy ng (X) is fully faithful.

Moreover, the (essential) intersection of D°°((X , L, w)-qcohy) with the thick
envelope of DSlng(XO) in DSmg(XO) is the thick envelope of D#((X, £, w)-cohy)
in D Sing (X0). Indeed, let M be an object of the intersection; then M & M][1] belongs
to both D ((X, L, w)-qcohg) and DSmg(XO) hence also to D**((X, £, w)-cohy),
and consequently M belongs to the thick envelope of D**((X, £, w)-cohy).

Now let K be our object of D°((X, £, w)-qcohg); it can be also viewed as an ob-
ject of DSm (Xo). If its restrictions to U and V belong to D***((U, L]y, w|y)-cohys)
and Dabs((V L|y, w|y)-cohi), they also belong to DSmg(UO) C DSmg(UO) and

Smg(VO) - DSmg(VO) (where we set Up = U N Xg and Vo = V N Xp).
Applylng Proposition 3.2, we can conclude that IC belongs to the thick envelope of
Sm g(X 0) in D%, (Xp). The assertion of Corollary 3.2 follows from the above. [J

Assume additionally that the scheme X admits a dualizing complex Dy .

Sing

Theorem 3.2. Let X = U NV be a covering by two open subschemes. Then any
object of D*((X, £, w)-coh) whose restrictions to U and V belong to the thick
envelopes of the triangulated subcategories
D**((U. Ly, w|y)-cohy) C D™ ((U. Ly, w|y)-coh),
D*>*((V. LIy wly)-cohir) € D***((V. Ly w]y)-coh)

itself belongs to the thick envelope of the triangulated subcategory
D5((X, £, w)-cohi) C D**5((X, £, w)-coh).

Proof. The argument is based on the Serre—Grothendieck duality theory for matrix
factorizations as developed in Section 2.5, which allows us to reduce the question to
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the result of Corollary 3.2. Specifically, let M be our coherent matrix factorization

over X . Replacing, if necessary, M with M @ M[1], we may assume the restrictions

of M to U and V to be isomorphic to locally free matrix factorizations of finite rank.
Let us apply the construction of functor

Q :D®((X, £, w)-coh)®P — D((X, L, —w)-qcohy)

from Section 2.5 to the matrix factorization M. That is, we pick a left res-
olution of M by locally free matrix factorizations of finite rank, dualize by
applying Homy_q.(—, Ox), and totalize using infinite direct sums. By Corol-
lary 2.5, the functor € is fully faithful; it also identifies D25((X, £, w)-cohys)°P
with D?PS((X, £, —w)-cohy). Hence it suffices to check that the matrix fac-
torization (M) belongs to the thick envelope of D2*s((X, £, —w)-cohy) in
D ((X, L, —w)-qcoh;). But we know as much from Corollary 3.2. O

3.3. Nonlocalization of local freeness. The lack of a workable notion of the con-
ventional derived category (as opposed to the coderived category) for quasicoherent
matrix factorizations stands in the way of a direct extension of the Thomason—
Trobaugh—Neeman localization theorem for perfect complexes [Thomason and
Trobaugh 1990; Neeman 1992; 1996] to locally free matrix factorizations of finite
rank. We have seen in Section 1.10 how the localization theory can be developed
for coherent matrix factorizations. In this section we demonstrate a counterexample
showing that the localization theory, in its conventional form, actually does not
hold for locally free matrix factorizations.
In other words, the restriction

D**((X, £, w)-cohir) —> D (U, L|y, w|y)-cohir)

for an open subscheme U C X is not always a Verdier quotient functor, even up
to the direct summands. Moreover, the triangulated category D2P5((X, £, w)-cohy)
may fail to be generated by a single object, unlike in the case of the categories of
perfect complexes on quasicompact quasiseparated schemes.

All the potentials in our example will be simply regular functions, i.e., sections of
the trivial line bundle Oy or Oy, etc.; so we drop the line bundle £ from our notation
in the rest of the section and write simply D2P*((X, w)-cohy¢) or DPS((X, w)-coh),
etc. For simplicity, we will work over the basic field of complex numbers C.

Consider the 3-dimensional affine quadratic cone

X ={xy =zw} C A* = SpecC[x, y, z, w].
Further, let us take the open subset

U={z#0}CX.
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Clearly, we have an isomorphism of pairs (algebraic variety, regular function on it)
Uw) = (A7, x G, 112, (roy.zw)— ((v.2).2). @)
’ zZ

where we denote Afl’tz = Spec Clt1, #2] and, as usual, G, = Al \ {0}.
Lemma 3.3. (a) We have a natural equivalence of triangulated categories
D3PS ((U, w)-coh) =~ D*P*((G,,, 0)-coh).
(b) The restriction functor
Db5((X, w)-coh) —s D*5((U, w)-coh)
is an equivalence.

Here the category of matrix factorizations of the zero potential D2°5((Y, 0)-coh)
is, of course, simply the derived category of 2-periodic complexes of coherent
sheaves on a smooth variety Y.

Proof. Part (a): By (1), we have the equivalence

DPS((U, w)-coh) =~ D***((A? , X Gy, 1112)-coh).

11,2
By Knorrer periodicity (cf. [Orlov 2006, Theorem 3.1]), we have the equivalence
D5 ((A2 , X Gy, t112)-coh) ~ D?*5((G,y, 0)-coh).

11,02

Part (b): Let us put D = X \ U. By Theorem 1.10(b) (see also Section 3.1), we
have the short exact sequence of triangulated categories

0 —> D3*((X, w)-coh) —> D**((X, w)-coh) —> D***((U, w)-coh) —> 0

Thus, we need to show that the category D?;’S((X , w))-coh) is zero. It suffices to
check that the category D2P*((D, w)-coh) is zero.
Let us put S = {xy = 0} C A2. Then we have the isomorphism

(D, w) => (SxAL 1), (x,y,0,w)+— ((x,y),w).
Since D3((A}, 1)-coh) = 0, it follows that
Db5((D, w)-coh) =~ D*®*((S x A}, )-coh) = 0. O
Since U is smooth, we have the equivalence
DBS((U, w)-cohy) ~ D?((U, w)-coh).
Now we turn to the category D2P*((X, w)-cohy). As usual, we put

Xo={w=0} C X.
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According to Theorem 2.7, the triangulated category D2**((X, w)-cohy¢) is equiv-
alent to the kernel of the direct image functor i : Dging(Xo) — Dging(X ) acting
between the triangulated categories of singularities of the schemes X and X . This
can be rephrased by saying that D**((X, w)-cohy) is equivalent to the quotient cate-
gory of the category of bounded complexes of coherent sheaves on Xo whose direct
images are perfect complexes on X by the category of perfect complexes on Xp.
Denoting the triangulated category of coherent complexes on Xy whose direct
images are perfect on X by Perf(Xo, X) C DP(Xg-coh), we have the equivalence

of triangulated categories

DP*((X, w)-cohy) =~ Perf(Xo, X)/Perf(Xo). )
Note that we have the natural isomorphism

Xo~SxAl  (x,y,2,0)— ((x,),2).
It follows immediately that
D%, (X0) = D**((A', 0)-coh). (3)
Proposition 3.3. (a) We have the natural equivalence of triangulated categories
Perf(Xo. X)/Perf(Xo) 2= D***((Gm, 0)-coh)o-gim.

where D ((Gy,, 0)-coh)o-gim C D2°5((Gy, 0)-coh) is the subcategory of complexes
with zero-dimensional support.
Moreover, we have a commutative diagram of fully faithful triangulated functors:

Perf(Xo. X)/Perf(Xo) ———— Dg;,,(Xo)

| |

D5 (G, 0)-coh)o.aim ——— D5((AL,0)-coh),

where j : G, — Al is the open embedding.

(b) We have a commutative diagram of fully faithful triangulated functors and
equivalences:

Dabs((X’ w)'COhlf) — Dabs((U, U))-Cohhc)

D***((Gm, 0)-coh)o-dim — D5((Gyy, 0)-coh),

where L is the tautological embedding.
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Proof. Part (a): Indeed, from the equivalence (3) we have the natural fully faithful
triangulated functor

Perf(Xo, X)/Perf(Xo) — D*®((A, 0)-coh).

Let us denote by T C DP5((A!, 0)-coh) the essential image of this functor. For
each zg € C\ {0} we have a line /5, :={y =0, z = zo} C Xp. Since [;, C U
and U is smooth, the coherent sheaf (9120 is contained in Perf(Xy, X). Further,

its image in Dging(Xo) corresponds to the skyscraper O, € D**((Al, 0)-coh)
under the equivalence (3). It follows that the triangulated category T contains
j%(D?®*((Gy, 0)-coh)o_gim) as a full subcategory.

Suppose that T is strictly bigger than j«(D**((Gy,, 0)-coh)o.gim). Then it con-
tains an object Fo = Oy @ Op[1] € D"5((A, 0)-coh), where Oy is the structure
sheaf of the origin. Denote by O € Xy the origin (0,0,0,0). Then the image
of the coherent sheaf Op € Xp-coh in Dging(X o) corresponds to Fp under the
equivalence (3). But the object Op € D°(X(-coh) is not relatively perfect under the
inclusion Xog — X (i.e., it does not belong to Perf(Xo, X)) since O is the singular
point of X. We get a contradiction.

Thus, we have an equivalence T =~ j4(D*((Gyy, 0)-coh)o.gim). This proves (a).

Part (b) follows immediately from part (a) and the equivalence (2). O

In particular, we see that the functor D2°5((X, w)-cohjs) — D2**((U, w)-cohy) is
not essentially surjective, even up to the direct summands. Moreover, the triangu-
lated category D2P5((X, w)-cohy) does not even have a countable set of generators.

3.4. Pull-backs and push-forwards in singularity categories. Let f :Y — X be
a morphism of separated Noetherian schemes with enough vector bundles. The
morphism f is said to have finite flat dimension if the derived inverse image functor
L f*: D™ (X-qcoh) — D~ (Y -qcoh) takes D°(X-qcoh) to DP(Y -qcoh).

In this case, the functor L f* induces the inverse image functors on the triangu-
lated categories of singularities

fo : Dg‘ing(X) - Dging(Y)

f° D% (X) —> D (V).
Under the same assumption of finite flat dimension, the derived direct image
functor R fyx : DP(Y -qcoh) — DP(X-qcoh) takes DP(Y -qcohy) to DP(X-qcohy), as
one can see by computing R f in terms of an affine covering of Y in the spirit of the

proof of Proposition 1.9. When the scheme X has finite Krull dimension, one has
DP(X-qcohy) = DP(X-qcohy), so the functor R fyx induces the direct image functor

fo : D./S‘lng(Y) — D.,S’ing(X)7
which is right adjoint to f°.
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Whenever the morphism f is proper of finite type and has finite flat dimension, the
functor R f; takes DP(Y -coh) to D(X-coh) [Grothendieck 1961, Théoréme 3.2.1]
and induces the direct image functor

fo : Dglng(Y) — Dging(X)a

which is right adjoint to f*° [Orlov 2004, paragraphs before Proposition 1.14]. More
generally, for a morphism f* of finite flat dimension and any closed subset T C Y
such that (a closed subscheme structure on) 7" is proper of finite type over X, the
functor R f; takes DP(Y -coh7) to D?(X-coh) and induces the direct image functor

f° : Dging(Yv T) - Dglng(X)

Indeed, the intersection of DP(X-qcohy) and DP(X-coh) in DP(X-qcoh) is equal
to DP(X-cohy), as any complex of finite flat dimension with bounded coherent
cohomology is easily seen to be perfect.

Let Z C X and W C Y be closed subschemes such that Oz is a perfect
Ox-module, Oy is a perfect Oy-module, and f(W) C Z. Assume that both
morphisms f :Y — X and f|w : W — Z have finite flat dimensions. Then the
derived inverse image functor L £}, : DP(Z-qcoh) — DP(W-qcoh) induces the
inverse image functors on the triangulated categories of relative singularities

fe: D,smg(Z/X) — Dging(W/Y)
f° D%, (Z/X) —> D, (W/Y).

Now let Z C X be a closed subscheme; set W = Z xx Y. Denote the closed
embeddings Z — X and W — Y by i and i, respectively; also let f denote the
morphism f|w : W — Z. Assume that W coincides with the derived product of Z
and Y over X; ie., Lf*i«Oz =i, Ow. Assume further that i.Oyz is a perfect

Ox -module; then also i), Oy is a perfect Oy -module.
For any M € DP(Y -qcoh), there is a natural morphism

Par: Li*RfxuM — RFLLI™* M

in DP(Z-qcoh). Using the projection formula for tensor products with perfect
complexes, one easily checks that the morphism is¢ 4 is an isomorphism. Hence,
so is the morphism ¢, since the functor i, does not annihilate any objects of the
derived category. Hence we obtain the induced functor of direct image

fo: D/Sl-ng(W/ Y)— D’Sing(Z/X).
When the morphism f is proper of finite type, there is also the induced functor

fo 1 D8 (W/Y) —> D%, (Z/X).
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Assume additionally that the morphism f has finite flat dimension; then so does
the morphism f”. In this case, the functor f, : D, .(W/Y) — Dy, (Z/X) is right
adjoint to the functor f°: Dy, (Z/X) — D, (W/Y). When the morphism f is
proper of finite type, the functor f, : ng g(W/ Y)— Db (Z/X) is right adjoint

Sing
to the functor f°: Dging(Z/X) — Dging(W/ Y).

Remark 3.4. In the case when Z is a Cartier divisor in X, we will construct the
functor £, : Dging(W/ Y) —> Dls’mg(Z /X) under somewhat weaker assumptions
below in Section 3.5. Namely, it will suffice that the morphism f’: W — Z be
proper of finite type, while the morphism f : ¥ — Z need not be. A generalization

to the case of proper support will also be obtained.

3.5. Push-forwards of matrix factorizations. Let f : Y — X be a morphism of
separated Noetherian schemes with enough vector bundles, £ be a line bundle on X,
and w € L£(X) be a section.

Set By = (X, £, w) and By = (Y, f*L, f*w); then there is a natural morphism
of CDG-algebras By — By compatible with the morphism of schemes f : Y — X.
Therefore, according to Section 1.8, there are the derived inverse image functors

Lf*:D®((X, £, w)-qcohgy) —> D((Y, f*L, f*w)-qcohgy),
Lf* : D*®((X, £, w)-cohqa) —> D**((Y. f*L. f*w)-cohqg)
and the derived direct image functor
R fi : D°((Y, f*L, f*w)-qcoh) —> D((X, £, w)-qcoh).

The latter two functors are “partially adjoint” to each other.

Given a triangulated category D, we denote by D its idempotent completion.
By [Balmer and Schlichting 2001, Section 1], the category D has the natural structure
of a triangulated category.

Lemma 3.5. For any closed subset T C Y such that (for a closed subscheme
structure on T) the morphism f |7 : T — X is proper of finite type, the functor R fx
takes the full subcategory D**((Y, f*L, f*w)-cohy) CD((Y, f*L, f*w)-qcoh)
into the full subcategory D*®*((X, £, w)-coh) C D®((X, £, w)-qcoh), thus defining
a triangulated functor of direct image

R fi : D**((Y, f*L, f*w)-coh) —> D®*((X, £, w)-coh).

Consequently, there is the triangulated functor

R fi: D;PS((Y, f*L, f*w)-coh) —> D2bs((X, L, w)-coh).
Proof. We will use the construction of the functor

R fix : D°((Y, f*L, f*w)-qcoh) —> D°((X, L, w)-qcoh)
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similar to the one in the proof of Proposition 1.9 (see Remark 1.9). According
to this construction, given a matrix factorization M € (Y, f*L, f*w)-qcoh, the
object R fu M € D°((X, L, w)-qcoh) is represented by the total matrix factoriza-
tion R,y f« M of the finite Cech complex fxC {.Ua}M of matrix factorizations
on X. The derived functor of direct image of complexes of quasicoherent sheaves
R fi : DP(Y -qcoh) — DP(X-qcoh) can be constructed in the same way.

By [Grothendieck 1961, Théoreme 3.2.1], the latter functor takes D®(Y -cohT)
into DP(X-coh). Hence the cohomology matrix factorizations of the finite complex
of matrix factorizations f;C {.Ua}M belong to (X, £, w)-coh when the matrix fac-
torization M belongs to (Y, f*L, f*w)-cohr. It follows that the object R fix, M
belongs to D**((X, £, w)-coh) C D°((X, £, w)-qcoh) in this case.

To prove the last assertion, it remains to apply Corollary 1.10(b). O

Now assume that both morphisms of sheaves w : Ox — L and f*w: Oy — f*L
are injective. Let Xy C X and Yy C Y denote the closed subschemes defined locally
by the equations w = 0 and f*w = 0, respectively. In this setting, we will
compare the constructions of direct image functors for matrix factorizations and
for the triangulated categories of relative singularities, and prove the assertions of
Lemma 3.5 in a different way. Recall that in Section 3.4 we constructed the functor

of direct image fo:D%, (Yo/Y)— D (Xo/X).

/
Sing Sing

Proposition 3.5. (a) Whenever the morphism fo = f|y, : Yo = Xo is proper of
finite type, the functor R fi takes the full subcategory
DS((Y, f*L, f*w)-coh) C DP((Y, f*L, f*w)-qcoh)
into the full subcategory
D5((X, £, w)-coh) C D((X, £, w)-qgcoh),
thus defining a triangulated functor
R fyx : DY, f*L, f*w)-coh) —> D*((X, £, w)-coh).

(b) For any closed subset T C Yo such that (for a closed subscheme structure
on T) the morphism fo|lr : T — X is proper of finite type, the functor fo
takes the full subcategory Dgin g(YO /Y, T)C D'Sing(Y 0/ Y) into the full subcategory
Dging (Xo/X) C DL, (Xo/X), thus defining a triangulated functor

Sing
fo : D34 (Yo/ Y. T) —> DY, (Xo/ X).

(c) The equivalences of categories D**>((Y, f*L, f*w)-cohy) ~ Dging(Xo/X, T)
from Proposition 3.1(a) and D***((X, £, w)-coh) ~ ngg(Xo/X)fmm Theorem 2.7
transform the direct image functor

R fi : D**5((Y, f*L, f*w)-coht) —> D***((X, £, w)-coh)

from Lemma 3.5 into the direct image functor fo from part (b).
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Proof. Part (a) follows from Lemma 3.5 and Proposition 3.1(a), or alternatively,
from part (b) and the proof of part (c) below. In part (b), the fact of key im-
portance is that the functor D, . (Xo/X) — D, (Xo/X) is fully faithful (by
Theorem 2.8). The functor f, takes ngg(YO /Y, T) into ngg(X o/ X) because the
functor R fo« : D?(Yo-qcoh) — DP(Xg-qcoh) takes DP(Yy-coh7) into DP(X¢-coh)
[Grothendieck 1961]. To prove part (c), we will check that the equivalences of cate-
gories from Theorem 2.8 transform the functor R fi : D°((Y, f*L, f*w)-qcoh) —
D ((X, L, w)-qcoh) into the functor f, : D./S'ing(YO/ Y) — Dging(XO/X). (To-
gether with part (b) and Proposition 3.1(a), this will also provide another proof of
Lemma 3.5.)

For this purpose, extend the functor
Yy : DP(Yo-qcoh) —> D((Y, f*L, f*w)-qcoh)

to the functor Yy : DT (Yo-qcoh) — D°((Y, f*L, f*w)-qcoh) in the obvious way
(taking infinite direct sums of quasicoherent sheaves in the construction of the
matrix factorization Yy (F*)). The functor Ty is well-defined since any bounded-
below acyclic complex of quasicoherent sheaves is coacyclic [Positselski 2010,
Lemma 2.1]. Furthermore, the functor Yy can be presented as the composition of the
“periodicity summation” functor D (Yg-qcoh) — D%((Yo, i’* f* L, 0)-qcoh) taking
values in the coderived category of quasicoherent matrix factorizations of the zero
potential on Yy, and the functor of direct image i}, : D°((Yo,i'* f*L, 0)-qcoh) —
D ((Y, f*L, f*w)-qcoh) with respect to the closed embedding i’.
The functors

R fox : DT (Yo-qcoh) —> DT (Xo-qcoh),
R fix : D°((Y, f*L, f*w)-qcoh) —> D((X, £, w)-qcoh)

form a commutative diagram with the functors Yx and Yy. Indeed, the “periodicity
summations” of bounded-below complexes of quasicoherent sheaves on Y and X,
taking injective resolutions to injective resolutions, obviously commute with the
derived direct images with respect to f”, as the direct image preserves infinite direct
sums. Furthermore, the derived direct images of quasicoherent matrix factorizations
are compatible with the compositions of morphisms of schemes (see Remark 1.8),
and hence also commute with each other. It follows that the functors R fx and fo
agree as they should. (Alternatively, one can prove this in the way similar to the
proof of Proposition 3.6 below.) O

3.6. Push-forwards for morphisms of finite flat dimension. et f : Y — X be
a morphism of finite flat dimension between separated Noetherian schemes with
enough vector bundles, £ be a line bundle on X, and w € £(X) be a section. As
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in Section 3.5, we have a natural morphism of CDG-algebras By = (X, £, w) —
By = (Y, f*L, f*w) compatible with the morphism of schemes ¥ — X.

The quasicoherent graded algebra By has finite flat dimension over By. There-
fore, according to Section 1.9, there are derived inverse image functors

Lf*:D°((X, L, w)-qcoh) —> D((Y, f*L, f*w)-qcoh)

Lf*:D*®((X, £, w)-coh) —> D**((Y, f*L, f*w)-coh),
the former of which is left adjoint to the functor

R fi : D°((Y, f*L, f*w)-qcoh) —> D((X, £, w)-qcoh)

from Section 3.5.
Furthermore, according to Proposition 1.9, there is a derived direct image functor

R fe : D((Y, f*L, f*w)-qcohgy) = D((Y, f*L, f*w)-qcohy)
—> D°((X, L, w)-qcohgy) >~ D((X, L, w)-qcohy),

which is right adjoint to the functor
Lf*:D®((X, £, w)-qcohgq) —> D((Y, f*L, f*w)-qcohgy)

from Section 3.5.

Now assume that X and Y have finite Krull dimensions. Recall that the
natural triangulated functors D2*5((X, £, w)-cohs) — D<°((X, £, w)-qcohy) and
D3s((Y, f*L, f*w)-coh) — D@((Y, f*L, f*w)-qcohy) are fully faithful by
Corollary 2.3(e) and (j).

As in the second half of Section 3.5, assume that both morphisms of sheaves
w:Ox — Land f*w: Oy — f*L are injective, and denote by fo : Yo — Xo
the induced morphism between the zero loci schemes of f*w and w. Since the
morphism f has finite flat dimension, so does the morphism fp.

Proposition 3.6. (a) Whenever the morphism fy is proper of finite type, the functor
R fi : D°((Y, f*L, f*w)-qcohy) —> D°((X, £, w)-qcohy)

takes the full subcategory D> ((Y, f*L, f*w)-cohir) CD((Y, f*L, f*w)-qcohy)
into the full subcategory D*®((X, £, w)-cohi) C D®((X, £, w)-qcohy). Besides,
the functor

Joo : Dg;u(Yo) —> DS, (Xo)

takes the full subcategory D ((Y, f*L, f*w)-cohy) C Dging(YO) into the full
subcategory D*®((X, £, w)-cohy) C Dging(XO). Both restrictions define the same
triangulated functor

R fi : D5((Y, f*L, f*w)-cohi) —> D**((X, £, w)-cohy).
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(b) For any closed subset T C Yq such that ( for a closed subscheme structure on T')
the morphism fo|T : T — Xo is proper of finite type, the functor

R fe : DC((Y, f*L, f*w)-geohy) —> D((X, L, w)-qcohy)

takes the full subcategory D3F*((Y, f*L, f*w)-cohir) CD((Y, f*L, f*w)-qcohy)
into the thick envelope of the full subcategory

D5((X, £, w)-cohy) C D((X, £, w)-qcohg).

Besides, the triangulated functor

foo : D%, (Yo. T) —> DS, (Xo)

takes the full subcategory DE}PS((Y, f*L, f*w)-cohy) C DSEmg(Yo, T) into the thick
envelope of the full subcategory

D**((X, £, w)-cohy) C DY, (Xo).

Both restrictions define the same triangulated functor

Rfx : DP((Y, f*L, f*w)-cohir) —> Dbs((X, L, w)-cohy).
Proof. Both categories D*°((X, £, w)-qcohg) and Dls’ing(Xo) are full triangulated
subcategories of the triangulated category Dy, g(X 0) (see Proposition 2.8 and [Orlov
2004, Proposition 1.13]). According to the proof of Corollary 3.2, the intersection
of D°((X, L, w)-qcohy) with (the thick envelope of) Dging(Xo) in Dging(XO) (is
the thick envelope of) the subcategory D2P5((X, £, w)-cohy) C D%, g(Xo)-

Thus it suffices to show that the direct image functor
Rf* : Dco((X’ L’ w)'qCOhfI) - Dco((X’ E’ w)'qCOhfl)

agrees with the direct image functor fpo : D./S'ing(YO) — D’Smg(Xo). The latter
assertion does not depend on any properness assumptions.

Recall that the derived functor R fi was constructed in the proof of Proposition 1.9
in terms of the Cech complex whose terms are direct sums of the CDG-modules
flv«M|y, where M € D((Y, f*L, f*w)-qcohgy) and V C Y. The derived
direct image R fo« : DP(Yp-qcoh) — DP(Xg-qcoh) can be constructed in the similar
way; moreover, one can use for this purpose the restriction to Yy of an affine open
covering U, of the scheme Y.

B We will make use of the flat dimension analogue of Corollary 2.6(d). Let ig( and
¥ denote the obvious extensions of the functors X’ from (X, £, w)-qcohy to the cat-
egory of w-flat matrix factorizations of finite flat dimension (X, £, w)-qcohy, g
and from (Y, f*L, f*w)-qcohy to (Y, f*L, f*w)-qcoh r«y, s (see the proofs
of Proposition 2.8 and Theorem 2.7). Notice that the direct image functors f'|y «
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take f*w-flat sheaves to w-flat sheaves and (V, f* L]y, f*wl|y)-qcoh rxy, g e
to (X, £, w)-qcohy,_anq-

Let \V be a matrix factorization from (Y, f*L, f*w)-qcoh gy, g nrq- Since the
open subschemes V are presumed to be affine, there are natural isomorphisms

Ex (flvNlv) = folvary« 2y (Mlvar,
of quasicoherent sheaves on X¢. Now it remains to use the next lemma. O

Lemma 3.6. Let M™" — ... — M be a finite complex of matrix factoriza-
tions from (X, L, w)-qcohy, qngg and M be its totalization. Then the complex
(M) = - = S/ (MN) and the quasicoherent sheaf /(M) on X¢ represent
naturally isomorphic objects in the triangulated category of singularities DY, 2 (Xo).
The same applies to a finite complex of matrix factorizations from (X, L, w)-qcohy, ¢,

the functor 2, and the triangulated category of relative singularities D, < (Xo/X).

Proof. For each —n < p < N, the restriction of the matrix factorization M? to
the closed subscheme Xo C X is an unbounded complex of quasicoherent sheaves
i *MP-*. By [Polishchuk and Vaintrob 2011, Lemma 1.5], this complex is acyclic.

The complex 3 M > > 3 (MN) of quasicoherent sheaves on X
is quasi-isomorphic to the total complex of the bicomplex K**® with the terms
PO = i*mP0 kPl = j* MPl P2 = ker(i*MP ! — i* MP-0), and
KP4 =0 for ¢ # 0, —1, —2. Similarly, the quasicoherent sheaf s (M) on X
is quasi-isomorphic to the total complex of the bicomplex £°° with the terms
EPP = ¥ MP:P gPPL = j*MPPTL eP P72 — Ker(i*MPPTL s (X MPoP),
and P9 =0 forqg—p #0, —1, =2.

We can assume that N,n > 0. Consider the bicomplex F** with the terms
FP4 =i*MP4 for —-n—1<g <N, FP7"2 =ker(i *MP"~1 5 j* P>,
and FP4 =0 forq < —n—2 or ¢ > N. Then there are natural surjective morphisms
of bicomplexes F** — K** and F** — £*°. The kernels of both morphisms
are the direct sums of a finite bicomplex of quasicoherent sheaves of finite flat
dimension on X and a finite bicomplex of quasicoherent sheaves on Xg with

acyclic columns. Thus both morphisms become isomorphisms in D’Sing (Xp9). O

Remark 3.6. One would like to have a theory of set-theoretic supports for locally
free matrix factorizations of finite rank that would allow us to prove Proposition 3.6
in the way similar to the proof of Lemma 3.5. However, we do not know how to do
this. In particular, we do not know whether every locally free matrix factorization
of finite rank with category-theoretic support in 7" is isomorphic in the absolute
derived category to a direct summand of an object represented by a coherent
matrix factorization of finite flat dimension with set-theoretic support in 7" (cf.
Corollary 1.10 and Section 3.3).
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Another alternative approach to proving Proposition 3.6 would be to show that the
intersection of the full subcategories D2°((X, £, w)-coh) and D2 5((X, £, w)-qcohys)
in the absolute derived category D**((X, £, w)-qcoh) coincides with the full sub-
category D?*5((X, £, w)-cohis). We do not know whether this is true.

3.7. Duality and push-forwards. In the following two sections we discuss the
compatibility properties of the derived direct and inverse image functors for matrix
factorizations with the Serre—Grothendieck duality functors from Section 2.5.

Let X be a separated Noetherian scheme with a dualizing complex Dy,, and let
f Y — X be a separated morphism of finite type. As usually, we set D}, = f Dy,
where f ¥ is the functor denoted by f* in [Hartshorne 1966] (right adjoint to R fx for
proper morphisms f and left adjoint to R f. for open embeddings f'; see [Neeman
1996, Example 4.2] and [Hartshorne 1966, Remark before Proposition V.8.5 and
Deligne’s Appendix]). This formula defines the dualizing complex Dj, up to a
natural quasi-isomorphism only, and we presume this derived category object (as
well as Dy ) to be represented by a finite complex of injective quasicoherent sheaves.

Proposition 3.7. Let T C Yg be a closed subset such that (for some closed sub-
scheme structure on T) the morphism f|1 : T — Xy is proper. Then the derived
direct image functor

Rfx : DP((Y, f*L, f*w)-coh) —> D3s((X, L, w)-coh)

and the similar functor for the potential —w form a commutative diagram with the
Serre duality functors

Homy qc(—, Dy) : D***((X, L, —w)-coh)®® —> D**((X, £, w)-coh),
Homy qo(—, DY) : DF((Y, f*L,—f*w)-coh)® —> DF((Y, f*L, f*w)-coh).
Two proofs of Proposition 3.7 are given below. One of them is based on the
theory of set-theoretic supports of coherent CDG-modules developed in Section 1.10
and the arguments similar to the proof of Lemma 3.5. It does not depend on the
assumption about w and f*w being local nonzero-divisors and does not mention

the zero loci. The other proof is based on the passage to the triangulated categories
of relative singularities and uses Proposition 3.5(c).

First proof. First of all, the duality functor

Homy qc(—,Dy) :D*((Y, f*L,— f*w)-qcoh)*® —> D**((Y, f*L, f*w)-qcoh)

obviously takes the full subcategory D2®*((Y, f*L, — f *w)-coh)°? into
DS((Y, f*L, f*w)-cohr)

and vice versa. Furthermore, for any quasicoherent sheaf /C on Y denote by
I'r K C K the maximal quasicoherent subsheaf with set-theoretic support in 7.
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Then for any matrix factorization M € D5((Y, f*L£, — f *w)-coh7), the natu-
ral morphism Homy oc(M, T'rDy) — Homy (M, Dy) is an isomorphism in
DbS((Y, f*L, f*w)-cohr).

As in the proof of Lemma 3.5, we will use the construction of the functor

R fi : D**5((Y, f*L, f*w)-qcoh) —> D**((X, £, w)-qcoh)

similar to the one from the proof of Proposition 1.9 (see Remarks 1.8 and 1.9). Let
{Uq} and {Vg} be two affine open coverings of the scheme Y. For any matrix fac-
torization N € (Y, f*L, — f*w)-qcoh, there is a natural morphism of bicomplexes
of matrix factorizations

f*C{.UO,} Homy qc(N, T7D}) —> Homx_qc(fxN, f*C{'Ua}FTD'Y).

Passing to the total complexes and taking the composition with the adjunction
morphism f,Ciy,1*I'1D} = R fix(I'rD}) — Dy, we obtain a natural morphism
of complexes of matrix factorizations

F+Ciy,y Homy qc(N, T1Dy) —> Homx (/i N, Dy)

(cf. [Neeman 1996, beginning of Section 6]).
Substituting N = C{'Vﬁ}/\/l for some M € (Y, f*L,— f*w)-qcoh, we get a
natural morphism of bicomplexes of matrix factorizations

f* C{.Uo[} HOI’I’!Y—qc(C{.Vﬂ}M, FTD;I) —> HOmX_qc(f*C{.Vﬁ}M, Div)

When M is a coherent matrix factorization supported set-theoretically in 7', the
induced morphism of the total complexes is a quasi-isomorphism of complexes of
matrix factorizations by the conventional Serre-Grothendieck duality theorem for
bounded derived categories of coherent sheaves and proper morphisms of schemes
(see [Hartshorne 1966, Theorem VII.3.3] or [Neeman 1996, Section 6]). Hence
the induced morphism of the total matrix factorizations is an isomorphism in
D2bs((X, £, w)-qcoh), and consequently also in D2P((X, £, w)-coh). O

Second proof. Assume that w and f*w are locally nonzero-dividing sections of
the respective line bundles. Let i : Xo — X be the zero locus of w and i’ : Yo — Y
be the zero locus of f*w. As above, we set Dy = Ri !D)} and Dy = Ri ! !D;
[Hartshorne 1966, Proposition V.2.4], and presume all these dualizing complexes
to be finite complexes of injective quasicoherent sheaves.

The duality functor

Homy qo(—, DY) : D**5((Y, f*L, — f*w)-coh)®® —> D*((Y, f*L, f*w)-coh)

is compatible with the restrictions to the open subscheme Y \ 7' and thus identifies
the full subcategories D;Ps((Y, f*L,— f*w)-coh)°P and D;PS((Y, f*L, f*w)-coh).
To prove the proposition, we will define the Serre duality functors on the triangulated
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categories of relative singularities DY, (Yo/Y) and Dg, . (X/Xo), then check that
the equivalences of triangulated categories LE = Y~! commute with the dualities,
and finally reduce to the conventional Serre—Grothendieck duality theorem for
bounded complexes of coherent sheaves.

The duality functor Hom xqc(—, Dy ) : DP(X¢-coh)°P — DP(Xg-coh) takes
objects of the form Li *K*, where K* € Dg(X—coh), to similar objects. Indeed, one
has

Homxyqc(Li*K®, Dy,) ~ Ri' Homx.qc(K*, DY)

[loc. cit., Proposition V.8.5] and Ri' ~ Llx,[—1] R0y, Li* (see the proof of
Theorem 2.7). Therefore, we have the induced duality functor

Homxqc(—,Dx,) ngg()(o/)()Op — ngg(Xo/X).
Similarly, the duality functor
Homy,.qc(— . Dy,) : DP(¥Yp-coh)®® —> D®(Yo-coh)

takes the full subcategory DP(Yg-cohr )P into DP(Yo-cohr) and Perfr(Yo/Y )P
into Perf(Yo/Y ). Hence the induced duality functor

Homy,qc(—. Dy,) : D3 (Yo/ Y. T)® —> DY, (Yo/ Y. T).

Checking that the equivalence of categories D*P*((X, £, w)-coh) ~ D%, <(Xo/X)
commutes with the dualities is easily done using the functor Y. It suffices to notice
the functorial quasi-isomorphism Hom x.q(ixF*, Dy) > ixHomxq.qc(F*°, D;(o)
for any complex F* € DP(Xg-coh) [loc. cit., Theorem II1.6.7]. The same applies to
the equivalence of categories

DP((Y, f*L, f*w)-coh) ~ D, . (Yo/Y, T).

Furthermore, by Proposition 3.5(c), the equivalences of categories L8 = Y~!
transform the derived direct image functor

R fx : D3=((Y, f*L, f*w)-coh) —> Dbs((X, £, w)-coh)

into (the idempotent closure of) the direct image functor f, : Dging(YO /1Y, T)—
D8ing(Xo/X).

Finally, the direct image functor fo : ngg(Yo /Y, T) —> Dging(Xo /X) com-
mutes with the Serre duality functors since so do the derived direct image functors
Rf|Tx: DP(7'-coh) — DP(Xg-coh) for all the closed subscheme structures 7' C Yo
on the closed subset T and the similar functors related to the closed embeddings
T’ — T” of various such subscheme structures into each other. This is the conven-

tional Serre—Grothendieck duality theorem for proper morphisms of schemes. [
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3.8. Duality and pull-backs. Let X be a separated Noetherian scheme with a
dualizing complex Dy and f : ¥ — X be a separated morphism of finite type; set
Dy = f+D)'(. Let £ be a line bundle on X and w € £(X) be a section.

Let us first suppose that the morphism f is smooth of relative dimension 7.
Then the functor f+ : DT (X-qcoh) — DT (Y -qcoh) is naturally isomorphic to
wy,x[n] ®oy f*, where wy, x is the line bundle of relative top forms.

In particular, D}, >~ wy, x [n]®o, f*Dy (Where f*Dy is also presumed to have
been replaced by a complex of injectives). Then it is clear that the equivalences of
categories

Dy ®oy — : D((X, L, w)-qcohy) —> D((X, L, w)-qcoh),
f*Dy ®0y —: DY, f*L, f*w)-qcohyg) —> D((Y, f*L, f*w)-qcoh)

from Section 2.5 transform the inverse image functor for flat matrix factorizations
f*:De((X, L, w)-qcohy) — D((Y, f*L, f*w)-qcohy) into the (underived, as
the morphism f is flat) inverse image functor for quasicoherent matrix factorizations
f*:D°((X, L, w)-qcoh) — D ((Y, f*L, f*w)-qcoh).

Furthermore, for any quasicoherent matrix factorization M on X there is a natural
morphism of finite complexes of matrix factorizations f* Homy.qc(M,Dy) —
Homy qc(f*M, f*Dy) on Y. When M is a coherent matrix factorization, this
is a quasi-isomorphism of complexes of matrix factorizations (since the similar
assertion holds for coherent sheaves [Hartshorne 1966, Proposition 11.5.8]), so the
related morphism of total matrix factorizations has an absolutely acyclic cone. Thus
the antiequivalences of categories

Homy qc(—,Dy) : D*5((X, £, —w)-coh)°® — D?**((X, £, w)-coh),
Homy qc(—, f*Dy):D***((Y, f*L,— f *w)-coh)°P—D***((Y, f*L, f*w)-coh)
form a commutative diagram with the inverse image functors f* for coherent matrix
factorizations.
Now suppose that f is a proper morphism of finite type. The following the-
orem describes the compatibility property of the covariant Serre—Grothendieck
duality with the inverse images of matrix factorizations (cf. [Positselski 2012,

Theorem 5.15.3], where a similar result is proven for complexes of quasicoherent
sheaves).

Theorem 3.8. The equivalences of categories
Dy Qoy —: D*P((X, £, w)-qcohy) —> D°((X, £, w)-qcoh),
Dy ®oy —: D™ (Y. f*L. f*w)-qeohy) —> D((Y. f*L. f*w)-qcoh)
transform the inverse image functor

¥ D*((X, £, w)-qcohg) —> D***((Y, f*L, f*w)-qcohy)
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into the functor f':D®((X, L, w)-qcoh) — D((Y, f*L, f*w)-qcoh) right ad-
Jjoint to the direct image functor

R fi : D°((Y, f*L, f*w)-qcoh) —> D((X, £, w)-qcoh)
(see the end of Section 1.8).

Proof. For any quasicoherent matrix factorization A" on Y and any flat quasicoherent
matrix factorization £ on X, we have to construct an isomorphism

Hompeo((x,2,w)-qeon) (R fx N, Dy @0y £)
>~ Hocho((Y’f*ﬂ’f*w)_qcoh) (N, D;I ®OY f*g)

The composition

Homy (N, Dy ®oy f*E) — Homyx (RN, Rfx(Dy ®oy f*E))
~ Homy (R fx N, fiD} ®oy £) — Homy (R fx NV, Dy ®oy €)

provides a morphism from the right-hand to the left-hand side. Here all the Hom
functors are taken in the coderived categories of quasicoherent matrix factorizations
on Y and X; the middle isomorphism holds since D} ®o, f*£ is an injective
matrix factorization on Y (so the derived direct image can be computed for it by
applying the underived direct image functor f, termwise) and by the projection
formula; the last morphism is induced by the adjunction f,Dj — Dy.

Furthermore, on both sides of the desired isomorphism we have injective matrix
factorizations in the second arguments of the Hom functors; hence the Hom can
be computed in the homotopy category of matrix factorizations instead of the
coderived category in both cases. Finally, one can assume A to be an injective
matrix factorization, too, and compute R fx N = fi N termwise (alternatively, one
could use the Cech construction). Similarly, the tensor products in the second
arguments are totalizations of termwise tensor products.

Now one can fix the components involved for both matrix factorizations N
and &, obtaining a morphism of finite complexes of abelian groups of the same
kind as above, but related to (one-term) complexes of quasicoherent sheaves rather
than matrix factorizations. The latter is an isomorphism by [Positselski 2012,
Theorem 5.15.3]. It remains to notice that the totalization of an acyclic finite
complex of (unbounded) complexes of abelian groups is acyclic. O

The next corollary is a matrix factorization version of the main result of Deligne’s
appendix to [Hartshorne 1966] (see also [Positselski 2012, Section 5.16]).

Corollary 3.8. For any morphism of finite type between separated Noetherian
schemes with dualizing complexes f .Y — X, a line bundle L on X, and a section
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w € L(X), one can define a triangulated functor
T D((X, £, w)-qcoh) —> D°((Y, f*L, f*w))-qcoh)
in such a way that

(i) for an open embedding f,one has f+ = f*, and more generally, for a smooth
morphism f of relative dimension n one has f+ = wy/x[n] ®oy [

(ii) for a proper morphism f, the functor f+ = f'is right adjoint to R fy;
(iii) the construction is compatible with the compositions of the morphisms f .

Proof. It suffices to define £+ :D°((X, £, w)-qcoh) — D®((Y, f*L, f*w)-qcoh)
as the functor corresponding to the inverse image of flat quasicoherent matrix
factorizations f* : D*((X, £, w)-qcohy) — D*®((Y, f*L, f*w)-qcohy) under
the identifications of categories

Dy Qoy —: Dabs((X, L, w)-qcohg) —> D((X, L, w)-qcoh),
Dy ®oy —: D™((Y, f*L, f*w)-qcohg) —> DP((Y, f*L, f*w)-qcoh),

where Dy, is any dualizing complex on X and D}, = f +D}'(. O

Appendix A. Quasicoherent graded modules

A.1. Flat quasicoherent sheaves. 1 am grateful to A. Neeman for suggesting that
a result of the following kind can be proven without much difficulty.

Lemma A.1. On any quasicompact semiseparated scheme, any quasicoherent sheaf
is the quotient sheaf of a flat quasicoherent sheaf.

Proof. Let X be our scheme. Assume that a quasicoherent sheaf M over X is flat
over an open subscheme V' C X; given an affine open subscheme U C X, we will
construct a surjective morphism A" — M onto M from a quasicoherent sheaf N
over X that is flat over U U V. Let j denote the embedding U — X. There exists
a surjective morphism onto j * M from a flat quasicoherent sheaf F over U; let K
denote the kernel of this morphism of sheaves.

Since the morphism j : U — X is affine and flat, the functor j is exact and
preserves flatness. Consider the pull-back of the exact triple j«/KC — j«F — jxj* M
with respect to the morphism M — j j * M; denote the middle term of the resulting
exact triple by /. One has N'|y = F|y, so N is flat over U. Furthermore, the sheaf
J*M is flat over V N U; hence, so is the sheaf K. The embedding U NV — V
is an affine flat morphism, so the sheaf ;. is flat over V. From the exact triple
JjxK — N — M, we conclude that N is flat over V. O

It follows immediately that any quasicoherent graded module over a quasicoherent
graded algebra B over X is a quotient module of a flat quasicoherent graded module.
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A.2. Locally projective quasicoherent graded modules. The following result is
essentially due to Raynaud and Gruson [1971] (for a discussion, see [Drinfeld 2006,
Section 2]); here we just briefly explain how to deduce the formulation that interests
us from their assertions.

Theorem A.2. Let X be an affine scheme and {Uy} be its finite affine covering.
Let B be a quasicoherent graded algebra over X and P be a quasicoherent graded
module over B. Then the graded B(X)-module P(X) is projective if and only if the
graded B(Uy)-module P(Uy,) is projective for every a.

Proof. First of all, a graded module P over a graded ring B is projective if and only
if it is projective as an ungraded module. Indeed, if P is graded projective, then it is
a homogeneous direct summand of a free graded module; hence P is also ungraded
projective. Conversely, pick a homogeneous (of degree 0) surjective homomorphism
F — P onto a given graded module P from a free graded module F. If P is
ungraded projective, this homomorphism has a (perhaps nonhomogeneous) section s,
and the homogeneous component of s of degree 0 provides a homogeneous section.
Hence it suffices to consider ungraded modules over an ungraded quasicoherent
algebra B.

It is clear that if P(X) is a projective B(X)-module, then P(V') is a projective
B(V)-module for any affine open subscheme V' C X. Conversely, assume that the
B(Uy)-module P(Uy,) is projective for every . Then by the result of [Kaplansky
1958], the B(U,)-modules P(Uy) are direct sums of countably generated modules,
and it follows easily that so is the B(X)-module P(X) (essentially, since a connected
graph with an at most countable set of edges at each vertex has a countable number of
vertices). Hence we can assume the B(X )-module 7P(X) to be countably generated.

Besides, the B(U,)-modules P(U,,) are flat; hence so is the 5(X )-module P(X).
By [Raynaud and Gruson 1971, Corollaire I1.2.2.2], it remains to show that the
B(X)-module P(X) satisfies the Mittag-Leffler condition; this can be easily deduced
from the similar property of the B(U,,)-modules P(Uy) using the formulation of this
condition given in Proposition I1.2.1.4(iii) or Propositions 11.2.1.4(ii) and I1.2.1.1(i)
of [Raynaud and Gruson 1971] (cf. Sections II.2.5 and II.3.1 of the same paper). [

A.3. Injective quasicoherent graded modules. The following result is a noncom-
mutative generalization of a theorem of Hartshorne [1966, Theorem 11.7.18] about
injective quasicoherent sheaves on Noetherian schemes. Our proof method, based
on the Artin—Rees lemma, is different from the one in [loc. cit.].

Theorem A.3. Let B be a Noetherian quasicoherent graded algebra over a Noe-
therian scheme X . Then any injective object in the category of quasicoherent graded
left modules over B is also an injective object of the category of arbitrary sheaves
of graded B-modules over X .
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Consequently, the restriction J |y of an injective quasicoherent graded module [J
over B to an open subscheme U C X is an injective quasicoherent graded module
over B|y. Conversely, if Uy is an open covering of X and the quasicoherent graded
By, -modules J|y, are injective, then a quasicoherent graded B-module J is
injective. Besides, the underlying sheaf of graded abelian groups of any injective
quasicoherent graded B-module J is flabby.

Proof. First of all, notice that the abelian category B-qcoh of quasicoherent graded
modules over B is a locally Noetherian Grothendieck category with coherent graded
modules forming the subcategory of Noetherian generators [Hartshorne 1977, Ex-
ercise 11.5.15]; so, in particular, B-qcoh has enough injectives and the assertions
of Theorem A.3 are not vacuous. The category of sheaves of graded B-modules
B-mod has similar properties, with the extensions by zero of the restrictions of B to
(small) open subschemes of X forming a set of Noetherian generators [Hartshorne
1966, Theorem I1.7.8].

Secondly, let us check that the main result in the first paragraph implies the
assertions in the second one. Indeed, injective sheaves of graded B-modules have
all the properties we are interested in. They remain injective after being restricted to
an open subscheme since the extension by zero from an open subscheme is an exact
functor. They are flabby since given two open subschemes U C V C X and jy, jv
being their identity embeddings U, V — X, the morphism of sheaves of graded
B-modules jy1Bly — jyvi1B|y is injective. And their property is local [loc. cit.,
Lemma I1.7.16] because sheaves of graded 3-modules supported inside one of the
subschemes U, form a set of generators of the category 3-mod.

Now let J be an injective quasicoherent graded module over 3. To prove the main
assertion, we have to show that for any open subscheme U C X and a subsheaf of
graded B-modules G C jy1B|y, any homogeneous morphism of sheaves of graded
B-modules G — J can be extended to a similar morphism jyB|y — J. Indeed,
G is a subsheaf of graded B-modules in the coherent graded B-module B; hence
according to the following proposition, there exists a quasicoherent graded B-module
G C F C B such that the morphism G — 7 can be extended to a homogeneous
morphism of quasicoherent graded B-modules F — J.

Since J is injective in B-qcoh, the latter morphism can in turn be extended to a
similar morphism B — 7. Restricting to jiy 15|y, we obtain the desired morphism
of sheaves of graded B-modules jyBly — J. O

Proposition A.3. In the assumptions of Theorem A.3, let £ be a coherent graded
left B-module, G C &€ be a subsheaf of graded B-modules, M be a quasicoherent
graded B-module, and ¢ : G — M be a morphism of sheaves of graded B-modules.
Then there exists a coherent graded B-module G C F C & such that the morphism ¢
can be extended to F.
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Proof. Before proving Proposition A.3, let us reformulate its conclusion as follows.
In the same setting, there exists a quasicoherent graded 5-module K together with
an injective morphism M — K and a morphism £ — K forming a commutative
diagram with the embedding G — £ and the morphism ¢ : G — M. Indeed, if a
coherent B-module F exists, one can take K to be the fibered coproduct of £ and M
over F; conversely, if a quasicoherent B-module C exists, one can take F to be
the full preimage of M C K under the morphism £ — K. Notice also that one can
always replace M with its sufficiently big coherent graded B-submodule.
Now let us state the version of Artin—Rees lemma that we will use.

Lemma A.3. In the assumptions of Theorem A.3, let M be a coherent graded
B-module, N C M a coherent graded B-submodule, and Z C X a closed subscheme
with the sheaf of ideals Tz C Ox. Then for any n > 0, there exists m > 0 such that
the intersection T M NN is contained in T, N.

Proof. Clearly, the question is local, so it suffices to consider the case of an affine
scheme X. Then (the graded version of) the Artin—Rees lemma for ideals generated
by central elements in noncommutative Noetherian rings [Goodearl and Warfield
1989, Theorem 13.3] applies. O

Being a Noetherian object, the sheaf of graded B-modules G is generated by
a finite number of homogeneous sections s, € G(U,), where U, C X are some
open subschemes. If all of these subschemes coincide with X, the sheaf G, being
a subsheaf of a coherent sheaf generated by global sections, is itself coherent, so
there is nothing to prove. In the general case, we will argue by induction on the
number of open subschemes U, that are not equal to X.

Let U = U; & X be one such open subscheme, and 7 = X \ U be its closed
complement. We can assume that M is a coherent graded B-module. Let N
denote its maximal coherent graded B-submodule supported set-theoretically in 7.
Applying Lemma A.3 to ' C M, we conclude that there is a closed subscheme
structure i : Z — X on T such that the morphism N — i.i*M is injective.
Consequently, so is the morphism M — ixi *M & j« j* M, where j denotes the
open embedding U — X.

Let us show that there is a thicker closed subscheme structure i’ : Z/ — X on T
such that the kernel of the morphism of sheaves i}i’*G — i}i’*£ is contained in
the kernel of the morphism of sheaves ii"*G — i.i *G. Indeed, there exists a finite
collection of subsheaves of graded B-modules in G, each of them an extension by
zero of a coherent graded B|y -module from some open subscheme V' C X such that
the stalk of G at each point of X coincides with the stalk of one of these subsheaves.
So the assertion reduces to the case when G is a coherent graded B-submodule in £
when it is an equivalent reformulation of Lemma A.3.
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Let H C i’*€ denote the image of the morphism of sheaves of graded i"* B-mod-
ules i’*G — i’*E over the scheme Z’. Let ¢ : Z — Z’ be the natural closed
embedding. Then, according to the above, the morphism of sheaves of graded
i"”*B-modules i"*G — 1,1 *G induces a morphism H — (i *G.

The sheaf of graded i"* B-modules H is generated by the images of the restrictions
of the sections s,, n > 2, to the closed subschemes Z’ N U, C U,. Hence the
induction assumption is applicable to #, and we can conclude that there exists a
quasicoherent graded i"* B-module K on the scheme Z’ together with an injective
morphism ¢,i *M — K and a morphism i"*€ — K forming a commutative diagram
with the embedding H — i’*€ and the composition H — 141 *G — 141 * M.

Similarly, the sheaf of graded B|y-modules j *G is generated by the restrictions of
the sections sy to the open subschemes U; N U, C Uy, among which the (restriction
of) the section s is a global section over U = U;. Hence the induction assumption
is applicable to j *G, and there exists a quasicoherent graded B|y-module £ together
with an injective morphism j * M — £ and a morphism j *& — £ forming a commu-
tative diagram with the embedding j*G — j*€ and the morphism j*G — j* M.

Now the injective morphism M — i, K & j«L (whose first component is the
composition M — i *M >~ i} 14i* M — i}, K) and the morphism & — i, K @ j«L
provide the desired commutative diagram of morphisms of sheaves of graded
B-modules over X . O

Appendix B. Hochschild (co)homology of matrix factorizations

This appendix complements the paper [Polishchuk and Positselski 2012] in two
ways. Section B.1 contains some modifications and improvements of the main
results of [loc. cit.] generally, and as applied to locally free matrix factorizations of
finite rank in particular. The main thrust consists of replacing the finite homological
dimension conditions in [loc. cit.] with the Noetherianness conditions to the (limited)
extent possible.

Section B.2, on the other hand, presents an elementary approach to the comp-
utation of Hochschild (co)homology of coherent matrix factorizations, entirely un-
related to that in [loc. cit.] and not based on any notion of Hochschild (co)homology
of the second kind, but rather on the Serre—Grothendieck duality theory.

B.1. Locally free matrix factorizations of finite rank. In Sections B.1.1-B.1.4, we
start with a bit of categorical nonsense, following the lines of [Polishchuk and Posit-
selski 2012, Sections 3.3-3.5], but with the additional coherence/Noetherianness
conditions imposed from the very beginning. We use the notation from [loc. cit.]
rather than that of the main body of this paper. Then in Section B.1.5, we turn
to locally free matrix factorizations of finite rank over certain possibly singular,
affine algebraic varieties. Finally, Section B.1.6 presents an improvement over
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the discussion of matrix factorizations over smooth affine varieties in [loc. cit.,
Section 4.8]. An example of an application of our techniques to nonaffine varieties
can be found in the preprint [Efimov 2012].

B.1.1. Coherent and Noetherian CDG-categories. Let (', 0, 1) be a grading group
data [Polishchuk and Positselski 2012, Section 1.1] and B* be a small I'-graded
preadditive category [Positselski 2011a, Section A.1]. Both left and right I"-graded
B*-modules form abelian categories.

A T'-graded B*-module is said to be finitely generated (respectively, finitely
presented) if it is a quotient module of a finitely generated free I'-graded B*-module
[Polishchuk and Positselski 2012, Section 1.5] (respectively, the cokernel of a
morphism of finitely generated free I'-graded B*-modules).

A T'-graded preadditive category B is called left Noetherian if any submodule of
a finitely generated I'-graded left B#-module is finitely generated, or equivalently,
if the abelian category of I'-graded left B*-modules is locally Noetherian. A
I'-graded preadditive category B is called left coherent if any submodule of a
finitely presented I'-graded left B*-module is finitely presented.

Let B be a small (I'-graded) CDG-category [loc. cit., Section 1.2] and B*
be its underlying I'-graded preadditive category. Following [loc. cit.], we de-
note the DG-categories of left and right CDG-modules over B by B-mod®‘2
and mod“®-B. The DG-subcategories of left CDG-modules whose underlying
I"-graded B*-modules are flat or injective are denoted by B—rnodcﬁdg and B—modicr%g C

B-mod®®2. Similarly, the DG-subcategories of left and right CDG-modules over B
whose underlying F -graded B*-modules are projective and finitely generated are
denoted by B- modfgp and mod?gf B.

Assuming that the I"-graded category B is left Noetherian, the DG-subcategory
of left CDG-modules whose underlying I'-graded B*-modules are finitely generated
is denoted by B—rnodlfgg C B-mod®. Assuming that the I'-graded category B*
is right coherent, the DG-subcategory of right CDG-modules whose underlying
I'-graded B*-modules are finitely presented is denoted by modCdg B.

The coderived and contraderived categories of left CDG- modules over B are
denoted by D®°(B-mod®®¢) and D" ( B-mod®#), respectively [loc. cit., Section 3.2].
Assuming that the I'-graded category B¥ is right coherent, the class of flat I"-graded
left B-modules [loc. cit., Section 2.2] is closed under infinite products, so the
contraderived category DCtr(B mod g) is well-defined. The homotopy category of
the DG-category B- modm] is denoted, as usually, by H%(B- modCdg)

In the respective assumptions of left Noetherianness or right coherence of the
I"-graded category B¥, the absolute derived categories of CDG-modules with finitely
generated or finitely presented underlying I'-graded B*-modules are denoted by

Dabs(B—modgg) and D" (modﬁsg—B), respectively.
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B.1.2. Derived functors of the second kind. Let k be a commutative ring and B
be a small k-linear CDG-category. Assume that the I'-graded category B is left
Noetherian. Let L and M be left CDG-modules over B; suppose that the I'-graded
left B¥-module L* underlying the CDG-module L over B is finitely generated.

As in [Polishchuk and Positselski 2012, §§ 2.1-2], we denote by Z 0(B —modCdg)
and Z°(mod®®-B) the abelian categories of left and right CDG-modules over B.
Let Z O(B—modigg) C Z%(B-mod®) and H O(B—modﬁgg) C H°(B-mod®®) denote
the abelian and homotopy categories of left CDG-modules over B with finitely gen-
erated underlying I"-graded B*-modules, and Z O(modCdg B) C Z°(mod®®-B) and
H 0(modCdg B) C H%(mod-B) be the similar categories of right CDG-modules
with ﬁmtely presented underlying I'-graded modules.

Let J* be a right resolution of M in Z°(B-mod®®) such that the I'-graded
left B*-modules J* are injective, and let J be the total CDG-module of the
complex of CDG-modules J* constructed by taking infinite direct sums along the
diagonals. Then the complex Tot® Hom® (L, J*) computing Ext I(L, M) [loc. cit.,
Section 2.2] is isomorphic to the complex Hom?® (L, J) [loc. cit., formula (6)],
which computes the k-modules of morphisms from L into M [«] in the coderived
category D°(B-mod®®®) [Positselski 2011b, Theorems 3.5(a) and 3.7]. Thus,

H* Exty (L. M) o Hompeo(g_poqetey (L. M [%]).

Just as in [Polishchuk and Positselski 2012, Section 3.3], one can lift this iso-
morphism from the level of cohomology modules to that of the derived category
D(k-mod) in the following way. Consider the functor

Hom? : H%(B-mod®®)? x H°(B-mod®®¢) —> D(k-mod),

and restrict it to the full subcategory H°(B- mod g) in the second argument. This
restriction factorizes through the coderived category D®°(B-mod®?) in the first
argument. Taking into account [Positselski 2011b, Theorem 3.7], we obtain a right
derived functor

D®°(B-mod®€)°P x D (B-mod®‘¢) — D(k-mod).

Restricting to the full subcategory D*(B —rnodlfgg)"p C D(B-mod®¥)°P [loc. cit.,
Theorem 3.11.1] in the first argument, we have the derived functor

D™ (B-mody®)® x D®(B-mod**#) — D(k-mod). )
The composition of this functor with the localization functors
ZO(B-modggg) — DabS(B-mod‘;gg) and  Z%(B-mod®®) — D (B-mod?)

agrees with the derived functor Extg where the former is defined.
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Now assume that the I'-graded category B* is right coherent. Consider the
functor [Polishchuk and Positselski 2012, formula (5)]

®p : H%(mod*2-B) x H°(B-mod®¢) —> D(k-mod)
and restrict it to the Cartesian product of full subcategories
HO(mod;®-B) x H®(B-mod*®) C H®(mod**-B) x H®(B-mod*%).

Since the tensor product with a finitely presented I'-graded right B*-module com-
mutes with infinite products of I'-graded left B*-modules, this restriction factorizes
through the contraderived category DCtr(B—modf,dg) in the second argument. Clearly,
it also factorizes through the absolute derived category D" (modﬁsg—B) in the
first argument.

By Remark 1.5 of the main body of this paper (see also [Positselski 2012,
Proposition A.3.1(b)]), the natural functor D" (B- modCdg) — D"(B-mod®®) is an
equivalence of triangulated categories. Hence we obtain the left derived functor

Dabs (mOdCdg-B) % Dctr(B_mOdCdg) — D(k—mod) (5)

Up to composing with the localization functors Z 0(modCdg B) — Dabs(modmlg B)
and Z%(B-mod®%) — D" (B-mod®®?), this functor agrees with the derived functor
Tor® 1! from [Polishchuk and Positselski 2012, Section 2.2] where the former
is defined.

Indeed, let N be an object of Z O(modlfsg—B). Let P, be a left resolution of
an object M € Z°(B-mod®®®) by left CDG-modules over B with flat underlying
I'-graded B*-modules, and let P be the total CDG-module of the complex P,
constructed by taking infinite products along the diagonals. Then the complex
Tot” (N ®p P.) computing Tor3// (N, M) is isomorphic to the complex N @ P
computing the derived functor (5) on the objects N and M.

B.1.3. Comparison of the two theories. Let C be a small k-linear (I"-graded)
DG-category. The above constructions applicable to CDG-categories and CDG-mod-
ules over them can be also applied to DG-categories and DG-modules as a particular
case. Following [Polishchuk and Positselski 2012], we denote the DG-categories of
left and right DG-modules over C by C-mod® and mod“¢-C, and generally use
the upper index “dg” instead of “cdg” in the notation related to DG-modules.

As in [loc. cit., Sections 2.1, 3.1 and 3.4], we denote by H°(C -mOddg)inj and
HO(C-mod“)g the homotopy categorles of h-injective and h-flat left DG-modules
over C. The notation H°(C-mod: g)mj and H°(C-mod g)ﬂ stands for the full
triangulated subcategories in H 0(C moddg) formed by h-injective DG-modules
over C whose underlying I'-graded C#-modules are injective, or h-flat DG-modules
whose underlying I'-graded C*-modules are flat, respectively. Finally, we let
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HO(C- modfgp)prJ C H%(C-mod®) and Ho(modfgp C)g C H%(mod*-C) denote
the full triangulated subcategories of h-projective left and h-flat right DG-modules
whose underlying I"-graded C*-modules are projective and finitely generated.

Assume that the I'-graded category C* is left Noetherian. Let L be an object
of Z%(C-mod g) Given a left DG-module M over C, pick its injective resolution
J* in the exact category Z%(C-mod?®) [loc. cit., Section 2.1]. Let Tot®(J*) —
Tot"'(J*) be the natural closed morphism between the total DG-modules of the
complex J* constructed by taking infinite direct sums and infinite products along
the diagonals. Then the induced morphism of complexes of k-modules

Hom¢ (L, Tot®(J*)) — Hom¢ (L, Tot™'(J*))

represents the comparison morphism Ext I'(L, M) — Extc (L, M) [loc. cit., for-
mula (10)] in D(k-mod) between the two klnds of Ext objects for the DG-modules
Land M.

Similarly, assume that the I'-graded category C* is right coherent. Let N be an
object of Z O(mod -C). Given a left DG-module M over C, pick its projective
resolution P, in the exact category Z%(C-mod®). Let Tot®(P,) — Tot"'(P,) be
the natural closed morphism between the total DG-modules of the complex P,
constructed by taking infinite direct sums and infinite products along the diagonals.
Then the induced morphism of complexes of k-modules

N ®c Tot®(P,) — N ®c Tot" (P.)

represents the comparison morphism Tor® (N, M) — TorS!I (N, M) [loc. cit.,
formula (9)] in D(k-mod) between the two kinds of Tor objects for the DG-modules
N and M.

Proposition A. Assume that the T'-graded category C* is left Noetherian. Let L
be a left DG-module over C whose underlying T'-graded left C*-module is finitely
generated, and let M be a left DG-module over C. Then the natural morphism
Extg (L, M) — Extc (L, M) is an isomorphism provided that either

(i) the object M € D®°(C -mod®®) belongs to the image of the fully faithful functor
H°(C-mod: g)InJ — D(C-mod“®); or

inj
(ii) the object L € D™S(C-mod®®) belongs to the image of the fully faithful functor
HO(C-modg?,)pr — D™ (C-modg?).

Proof. Let J* be an injective resolution of the DG-module M in the exact cat-
egory Z%(C-mod®). Then the natural morphism M — Tot®(J*) is always an
isomorphism in D (C-mod®) [Positselski 201 1b, proof of Theorem 3.7], while
the morphism M — Tot"'(J*) is an isomorphism in the conventional derived
category D(C-mod?®) [loc. cit., proofs of Theorems 1.4-5]. Furthermore, one has
Tot®(J*) € HO(C-mod:?) and Tot"(J*) € HO(C-mod);y.

inj inj
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Part (i): The functor is fully faithful by [loc. cit., Theorem 3.5(a) and Lemma 1.3].
According to formula (4) from Section B.1.2 and [Polishchuk and Positselski
2012, Section 3.1], both kinds of Ext involved are well-defined as functors of the
argument M € D®(C-mod®). Hence one can assume M € H(C -modiﬁ)inj. Then
both morphisms M — Tot®(J*) and M — Tot"'(J*) are homotopy equivalences
by semiorthogonality; hence so is the morphism Tot®(J*) — Tot"'(J*) and the
assertion follows.

Part (ii): In view of the first paragraph of this proof, a cone K of the morphism
Tot® (J*) — Tot™(J*) in H%(C-mod®) is an acyclic DG-module over C whose
underlying I'-graded C*-module is injective. Hence the complex of morphisms
Hom® (—, K) is a well-defined functor D?P$(C —mod?g‘g)Op — D(k-mod) annihilating

HO(C-mod; ). O

Proposition B. Assume that the T'-graded category C* is right coherent. Let N be
a right DG-module over C whose underlying T'-graded right C*-module is finitely
presented, and let M be a left DG-module over C. Then the natural morphism
Tor® (N, M) — Tor S 'L (N, M) is an isomorphism provided that either

(i) there exists a closed morphism P — M into M from a DG-module P <
H°(C -modgg)ﬂ with a cone contraacyclic with respect to C-mod®® or com-
pletely acyclic with respect to C -mod(filg (see [Polishchuk and Positselski 2012,
Sections 3.2 and 4.7]); or

(ii) the object N € D™ (mod®-C) belongs to the image of the fully faithful functor
HO(modyf -C)g — D™ (mod;?-C).

Proof. Let P, be a projective resolution of the DG-module M in the exact
category Z°(C-mod“®). Then the natural morphism Tot"(P,) — M is always
an isomorphism in D(C-mod“) [Positselski 2011b, proof of Theorem 3.8],
while the morphism Tot® (P,) — M is an isomorphism in D(C-mod®) [loc. cit.,
proof of Theorem 1.4]. Furthermore, one has Tot'(P,) € H°(C -modgg) and
Tot®(P,) € HO(C-mod¥)g.

Part (i): Acyclic DG-modules in the second argument are annihilated by the func-
tor Tor® by [Polishchuk and Positselski 2012, Section 3.1], while contraacyclic
DG-modules in the second argument are annihilated by the functor Tor&1 (N, —)
according to the formula (5). The latter also applies to DG-modules completely
acyclic with respect to C -modgg since the functor of a tensor product with a finitely
presented DG-module preserves infinite direct sums and products. So one can
replace M with P and assume that M € H°(C —modgg)ﬂ.

Then a cone of the morphism Tot"'(P,) — M is contraacyclic with respect to
C-mod“2 with a flat underlying I'-graded C*-module, and hence also contraacyclic
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with respect to C —modgg. On the other hand, a cone of the morphism Tot® (P,) — M
is acyclic and h-flat. It follows that the functor N ® ¢ — transforms both of these
morphisms, and therefore also the morphism Tot®(P,) — Tot™(P,), into quasi-
isomorphisms of complexes of k-modules.

Part (ii): A cone K of the morphism Tot®(P,) — Tot"™(P,) in H°(C-mod®) is an
acyclic DG-module over C whose underlying I'-graded C*-module is flat. Hence
the tensor product — ®C K is a well-defined functor Dabs(mod -C) = D(k-mod)

annihilating H° (modfgp C)g. O

In partlcular assuming that the category C* is left Noetherian, the natural
morphism Ext (L M) — Extc (L, M) is an isomorphism for all L € C-mod gg
and M € C- moddg provided that the Verdier localization functor D*°(C-mod‘¢) —
D(C-mod®) is an equivalence of triangulated categories. Assuming that the cate-
gory C* is right coherent, the natural morphism Tor€ (N, M) — Tor&-IL (N, M)
is an isomorphism for all N € mod(fjg—C and M € C-mod® provided that the
Verdier localization functor D"(C-mod®) — D(C-mod®) is an equlvalence of
categories, or alternatively, that any acyclic DG-module from C - modﬂ is completely
acyclic with respect to C-modg <3

B.1.4. Comparison for the DG-category of CDG-modules. Let B be a k-linear
CDG-category and C = modCdg B be the DG-category of right CDG-modules
over B whose underlying I'- graded B*-modules are projective and finitely generated.
The DG-categories of (left or right) CDG-modules over B and DG-modules over C
are naturally equivalent [Polishchuk and Positselski 2012, Sections 1.5 and 2.6] (as
are the categories of I'-graded modules over B* and C¥).

Following [loc. cit., Section 3.5], we denote by M¢ the DG-module over C
corresponding to a CDG-module M over B.

Let k¥ be an injective cogenerator of the abelian category of k-modules. Intro-
duce the notation B- modlc;rijg C B-mod®® for the DG-category of left CDG-modules
over B with projective underlying I'-graded B*-modules. The results below in this
section are to be compared with those from [loc. cit., Sections 3.5 and 4.7].

Proposition A’. Assume that the I'-graded category B* is left Noetherian. Let L be
a left CDG-module over B whose underlying T'-graded left B¥-module L* is finitely
generated and let M be a left CDG-module over B. Then the natural morphism
Ext (Lc Mc) — Extc(Lc, Mc) is an isomorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory of D®(B-mod®®2)
containing the objects Homy (F,kY) for all F € Ho(modfgg B) and closed
under infinite products; or

(ii) the object L belongs to the minimal thick subcategory of D¥(B- modCdg)

cdg)

containing the image of H°(B- modfgp
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Proof. Part (i): The equivalence of categories

H(C moddg)mJ ~ D(C-mod?)

inj

makes the embedding functor H °(C-mod: g)lnj — D(C-mod“®) right adjoint to
the localization functor D®(C -mod?¢) — D(C -mod?®®). It follows that the functor
HO(C- modlr‘:’;)mj — D(C-mod) preserves infinite products (also, all infinite
products exist in the coderived category since it is compactly generated [Positselski
2011b, Theorem 3.11.2]). Since the category H°(C- modmj)mj is the minimal
triangulated subcategory of H(C-mod“) containing the objects Homy (F¢, k)
and closed under infinite products [loc. cit., Theorem 1.5], the assertion follows

from Proposition A(i).

Part (ii): The equivalence of absolute derived categories
D™ (B-modjy?) ~ D**(C-mod;¥)

takes objects of the full subcategory H O(B—modﬁgﬁ) C DabS(B—modigg) to repre-
sentable (and, consequently, perfect and h-projective) DG-modules in

H°(C-mod(£ ) c D*(C-mod o)

fgp
so it remains to apply Proposition A(ii). O

Proposition B'. Assume that the I'-graded category B is right coherent. Let N be
a right CDG-module over B whose underlying T'-graded right B*-module N* is
finitely presented, and let M be a left CDG-module over B. Then the natural mor-
phism Tor€ (Nc,.Mc)— Tor¢-11 (Nc, Mc) is an isomorphism provided that either

(1) the object M belongs to the minimal triangulated subcategory of

HC(B-mod¥) C D*"(B-mod*®)

containing the image of H O(B—modCdg) and closed under infinite direct sums; or

(i1) the object N belongs to the minimal thick subcategory of D“bb(modCdg B) con-
cdg )

taining the image of H 0(modfgp

Proof. Similar to that of Proposition A’ and based on Proposition B. O

Now assume that the commutative ring k has finite weak homological dimension
and all the I"-graded k-modules of morphisms in the category B¥ are flat. Clearly,
the DG-categories of left and right CDG-modules over the CDG-category B ®j BP
are naturally equivalent, as are the DG-categories of left and right DG-modules over
the DG-category C ®j C°P. The DG-category of CDG-modules over B ®; B°P
is also naturally equivalent to the DG-category of DG-modules over C ®j C°P
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[Polishchuk and Positselski 2012, Section 2.6]. As above, we denote by M¢ the
DG-module over C ®; C°P corresponding to a CDG-module M over B ®; B°P.

To any left CDG-module G and right CDG-module F over B, one can assign the
left CDG-module G ®; F and the right CDG-module F ®; G (corresponding to
each other under the above equivalence) over the CDG-category B ® B°P. There
are also the natural diagonal CDG-module B over B ®; B°° and DG-module C
over C ® C°P [loc. cit., Section 2.4]; these also correspond to each other with
respect to the above equivalence of DG-categories.

For any DG-module M¢ over C ®; C°P, we are interested in the comparison
morphisms between the two kinds of Hochschild cohomology HH 1>*(C, M¢) —
HH™*(C, M¢) and Hochschild homology HH«(C,M¢)— HH{I (C,M¢) [loc. cit.,
formula (23)].

Proposition C. Assume that the T-graded category B* ®@; B*°P is Noetherian
and the diagonal T'-graded module B* over it is finitely generated. Let M be a
CDG-module over B ®j, B°P. Then the natural morphism HH'*(C, M¢c) —
HH*(C, M¢) is an isomorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory of
D%(B ®; B°P-mod%)

containing the CDG-modules Homy (F ® G, k) forall F € HO(modgEf—B)
and G e H O(B-modﬁgff) and closed under infinite products; or

(ii) the diagonal CDG-module B over B ®j B°P belongs to the minimal thick
subcategory of

D*™(B ®) B-mody,*)
containing the CDG-modules G Q. F for all F € Ho(modgf-B) and G €
d

H°(B-mod;,).
Proposition D. Assume that the T'-graded category B¥ @ B*°P is coherent and the
diagonal T'-graded module B¥ over it is finitely presented. Let M be a CDG-module
over B ®j B°. Then the natural morphism HH«(C, M¢c) — HHI (C, Mc¢) is
an isomorphism provided that either

(i) the object M belongs to the minimal triangulated subcategory of

HO(B-mod¥) C D*"(B ®; B°P-mod™)

containing the CDG-modules G Q. F for all F € HO(modgf-B) and G €

H O(B—modﬁgf) and closed under infinite direct sums; or
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(ii) the diagonal CDG-module B over B ®j B°P belongs to the minimal thick
subcategory of D“bS(B ®y B°P- mod g) containing the CDG-modules G Q. F

forall F € H'(mod-B) and G € HO(B mod:®).

fep fgp

Proofs of Propositions C and D. Similar to the proofs of Propositions A’ and B. 0O

In particular, assume that the I"-graded category B* ®; B*°P is Noetherian and
the diagonal I'-graded module B* over it is finitely generated. Suppose that the
diagonal CDG-module B over B ®; B°P belongs to the minimal thick subcategory
of Dabg(B ®p B°P- mod g) contalnmg the CDG-modules G ®; F for all F €
H O(modc £_B) and G e HO(B- modC g) Then, according to [Polishchuk and
P0s1tselsk1 2012, formulas (44-45) in Sectlon 2.6] and parts (ii) of Propositions C
and D, there are natural isomorphisms

HH*(C,M¢) ~ HH'*(C, M¢c) ~ HH'* (B, M), (6)
HH,.(C,Mc)~ HHI'(C,M¢c) ~ HH!T (B, M) (7

for any CDG-module M over B ®; B°P. Specializing to the case of the diagonal
CDG-module M = B and DG-module M = C, we obtain

HH*(C)~ HH":-*(C) ~ HH'"*(B),

8
HH.(C)~ HH!T(C) ~ HH!T (B). ®)

B.1.5. Locally free matrix factorizations. Let k be a regular commutative Noether-
ian ring of finite Krull dimension and X be an affine scheme of finite type over
Speck. Let w € O(X) be a global regular function on X. Consider the Z/2-graded
CDG-algebra B over k with B = O(X), B! =0, d =0,and h = —w € B®. We
will find it convenient to denote the CDG-algebra B simply by (X, #) = (X, —w)
(cf. Section 2.2 of the main body of this paper).

Then C = modg;f—B is the Z/2-graded DG-category of locally free matrix fac-
torizations of finite rank of the potential w on X . Furthermore, one has B ®; B =
(X xx X, wa—wy), where w; = pXw e O(X xx X), i=1,2,and p; : X x3 X - X
denote the coordinate projections. Let A : X — X x; X be the diagonal embedding
and A.Oyx be the corresponding coherent sheaf on X x; X.

Consider the coherent matrix factorization of the potential w, —wj on X x X
whose even-degree component is the sheaf A,Oyx, while the odd-degree com-
ponent vanishes. We will denote this “diagonal” matrix factorization simply by
AOx € HO((X xx X, wy — wl)—modﬁgg). Applying the machinery of the previ-
ous sections leads to the following result (cf. [Polishchuk and Positselski 2012,
Sections 4.8-4.10]).
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Corollary B.1.5. Suppose that the diagonal matrix factorization A«Oyx belongs
to the minimal thick subcategory of D®((X x; X, ws — wl)-modgg) containing
the external tensor products of locally free matrix factorizations of finite rank
P1G ® p>F forall G € HO((X,—w)—modﬁgs) and F € HO((X, w)—mod?;f).
Then the natural isomorphisms (8) hold for the CDG-algebra B = (X, w) and the
DG-category of locally free matrix factorizations C = m0d§§§ -B. O

Notice that the condition under which the conclusion of Corollary B.1.5 has been
proven is a rather strong one, particularly when X is not assumed to be a regular
scheme. Then it is not even clear when or why the diagonal matrix factorization
A4+Ox should belong to the thick envelope of the full triangulated subcategory of
locally free matrix factorizations

HO((X % X, wp— wl)—modﬁgg) C D™ (X xx X, wp — wl)—modf«gg)

on X Xz X, let alone to the thick subcategory generated by external tensor products
of locally free matrix factorizations from the two copies of X.

B.1.6. Smooth stratifications. A scheme X of finite type over a field k is said to
admit a smooth stratification [Efimov 2013] if it can be presented as a disjoint union
of its locally closed subsets X = |, S¢ so that each S,, when endowed with the
structure of a reduced locally closed subscheme in X, becomes a smooth scheme
over k. In particular, every scheme of finite type over a perfect field k admits a
smooth stratification, as any regular scheme of finite type over a perfect field is
smooth over it [Grothendieck 1967, Corollaires 17.15.2 and 17.15.13]. Notice that
a scheme of finite type over a field admits a smooth stratification if and only if its
maximal reduced closed subscheme does.

The definition of a regular stratification of a Noetherian scheme is similar, except
that the strata S, are only required to be regular schemes in their reduced locally
closed subscheme structures. Any scheme of finite type over a field admits a regular
stratification [Grothendieck 1965, Scholie 7.8.3(iii)—(iv) and Proposition 7.8.6(1)].

Let X be a smooth affine scheme over a field k and w € O(X) be a regular
function on X. Set Xo = {w = 0} C X to be the zero locus of w. The following
result is a slight generalization of [Polishchuk and Positselski 2012, Corollary 4.8.A]
based on the above definitions.

Corollary B.1.6. Assume that there exists a closed subscheme Z C X such that
w:X\Z —> A]i is a smooth morphism, w|z = 0, and the scheme Z admits a
smooth stratification over k. Then the conditions of Corollary B.1.5 are satisfied,
so its conclusions apply.

Proof. According to the argument in [Polishchuk and Positselski 2012, Section 4.8],
it suffices to show that the bounded derived category of coherent sheaves on Z x Z
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is generated by external tensor products of coherent sheaves on the two Cartesian
factors. This is a particular case of the following lemma. |

Lemma B.1.6. Let Z' and Z" be schemes of finite type over a field k. Assume that
the scheme Z' admits a smooth stratification. Then the bounded derived category of
coherent sheaves D°((Z' x Z"")-coh) on the Cartesian product Z' xj Z" coincides
with its minimal thick subcategory containing the external tensor products K' @y K"
of coherent sheaves on K' on Z' and K" on Z".

Proof. One proceeds by induction on the total number of strata in a smooth
stratification of Z’ and a regular stratification of Z”. Clearly, one can replace
Z' and Z” with their maximal reduced closed subschemes. Now if Sy, is an
open stratum in Z’ and T, is an open stratum in Z”, then Sy, is smooth as an
open subscheme in Z’ and T, is regular as an open subscheme in Z"”, while the
induction assumption applies to (Z’\ Sy, ) xx Z” and Z’ xy (Z"\Tg,). The scheme
Sao Xk Tg, is regular since it is smooth over a regular scheme. The rest of the
argument is based on [Orlov 2011, Proposition 2.7] and follows the lines of [Lin
and Pomerleano 2013, proof of Theorem 3.7]. O

B.2. Coherent matrix factorizations. In this section, we return to the notation
system typical for the main body of this paper. The notion of a critical value of a
regular function on a singular variety is defined in Section B.2.1. In Section B.2.2
we show that the external tensor product of coherent matrix factorizations is a fully
faithful functor between the absolute derived categories and provide a sufficient
condition for the pretriangulated extension of its DG-category version to be a
quasiequivalence. The Hochschild cohomology of the DG-category corresponding
to the absolute derived category of coherent matrix factorizations of a potential
having no critical values but zero is computed in Section B.2.4.

The notion of cotensor product of complexes of quasicoherent sheaves and
quasicoherent matrix factorizations is discussed in Sections B.2.5-B.2.6 and used in
order to compute the Hochschild homology of the (same) DG-category of coherent
matrix factorizations in Section B.2.7. The direct sum formula for the Hochschild
(co)homology of the DG-categories of coherent matrix factorizations of a potential
with several critical values is established in Section B.2.8.

In some sense, the results of this section (as compared to those of Section B.1)
suggest that the DG-category corresponding to the absolute derived category of
coherent matrix factorizations on a singular variety may be better behaved than the
similar category of locally free matrix factorizations of finite rank. Other (and in
some way related) arguments in support of the same conclusion are provided by
the results of the papers [Lunts 2010; Efimov 2013] showing that the DG-category
corresponding to the absolute derived category of coherent matrix factorizations is
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smooth (and even homotopically finitely presented), under suitable conditions on
the field k. (Cf. the counterexample in Section 3.3.)

B.2.1. Noncritical functions. Let k be a field and X be a scheme of finite type
over Speck. Let f € O(X) be a global regular function on X.

Let Y be a scheme of finite type over Spec k and g € O(Y) be a global regular
function. Let p1: X Xz Y — X and ps: X Xz Y — Y be the natural projections.
Consider the regular function f1 + g2 = pj f + p5gon X xx Y.

Suppose that f : X — A,i is a flat morphism from X to the affine line (when k&
is algebraically closed, this means that the function f — ¢ is a local nonzero-divisor
on X for every ¢ € k). Then the morphism f; 4+ g : X Xz ¥ — A]i is also flat as
it is the composition of two flat morphisms

Xxp Y — Al xx Y — A}

(the former morphism being flat since the morphism f : X — A]i is and the latter
one because the polynomial x + g does not divide zero in B[x] for any commutative
ring B and element g € B). In particular, it follows that the function f; + gs is a
local nonzero-divisor on the Cartesian product X Xz Y.

A function f € O(X) is said to be noncritical (or to have no critical values) if for
any regular function g € O(Y') on a scheme Y of finite type over Spec k the absolute
derived category of coherent matrix factorizations D®*((X x Y, O, f1 + g2)-coh)
vanishes (i.e., is equivalent to the zero category). According to Remark 1.3 and
Theorem 1.10(b), this condition is local in both X and Y.

Therefore, given a scheme X of finite type over Spec k and a regular function
f € O(X), there is a unique maximal open subscheme X } C X where the function f
is noncritical. We will see below that the open subscheme X/, is always dense in X
if the morphism f : X — A is flat and the field k has zero characteristic.

Similarly, there is a umque maximal open subscheme Al k.fC Al such that the
restriction of f to its full preimage in X is noncritical. The scheme Al k. f is always
nonempty if the field k has zero characteristic. The points in the complement
Al \Al k. f are called the critical values of f. In particular one says that f has no
crmcal values but zero if the restriction of fto f~ (Al \{0}) C X is noncritical.

Notice that when the schemes X and Y are separated and the morphism of
schemes f : X — A is flat, the category D ((X x; Y, O, fi + g2)-coh) is
equivalent to the trlangulated category Dy, ({f1 + g2 = 0}/ X x; Y) of relative
singularities of the zero locus of the function f7 + g» on X x; Y (see Theorem 2.7).

Remark B.2.1. It would be interesting to have a geometric characterization of non-
criticality of functions on singular schemes. For example, how does our definition
of noncriticality relate to the condition that the differential of f at every closed
point x € X be a nonzero element of the Zariski cotangent space 77 X ? We do not
know this; cf. the smooth stratification approach below.
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Lemma B.2.1. Let X = | |, So be a scheme of finite type over Speck presented
as a disjoint union of its locally closed subsets, endowed with their reduced
locally closed subscheme structures. Let L be a line bundle on X and w €
L(X) be its global section. In this setting, if the absolute derived categories
Db5((S, L|s,, w|s, )-coh) vanish for all a, then so does the absolute derived
category D**((X, £, w)-coh).

Proof. Proceeding by induction on the number of strata in the stratification Sy, it
suffices to consider the case when there are only two of them, namely, a closed subset
S C X and its open complement X \ S. One can also replace X with its maximal
reduced closed subscheme. Then the desired assertion follows from Theorem 1.10(b)
since the triangulated category D**((X, £, w)-cohg) is generated by the image of
the natural functor D2®*((S, £|s,w|s)-coh) — D2"5((X, £, w)-cohg). |

Proposition B.2.1. Let X be a scheme of finite type over Speck and f € O(X) be
a regular function on X. Let X = | |, Sq be a smooth stratification of the scheme
X over k (see Section B.1.6) such that the morphisms of schemes f|s, : Sq¢ = A]i
are smooth for all a. Then the function f is noncritical on X.

Proof. Let Y be a scheme of finite type over Spec k and g € O(Y') be a regular func-
tion. We have to show that the triangulated category D**((X x; Y, O, f1 +g2)-coh)
vanishes. Choosing a stratification of Y by regular locally closed subschemes and
applying Lemma B.2.1, one can assume that X is smooth over k and Y is regular.

Then the scheme X xj Y is also regular, the derivative of the function fj + g5 €
O(X x; Y), viewed as an element of the Zariski cotangent space, does not vanish
at any points where the function itself does (and, in a sense, at any other closed
points, too), and it follows that the zero locus of f; + g» in X x; Y is also a
regular scheme. It remains to use Theorem 2.7 (or [Orlov 2012, Theorem 3.5] and
Corollary 2.4(c)). O

It follows from Proposition B.2.1 that for any scheme of finite type X with a
smooth stratification X = | |, Sy over Spec k and any regular function f € O(X),
the set of critical values of the function f on X is contained in the union of the
sets of critical values of the functions f|s,. In particular, if the characteristic of k
18 zero, then all of these sets are finite.

B.2.2. External tensor products. Let X’ and X" be separated schemes of finite
type over a field k, and let w’ € O(X’) and w” € O(X") be regular functions. Let
X’ x; X" be the Cartesian product, p; and p, be its natural projections onto the
factors X’ and X", and wj + w5 = pfw’ + p5w” be the related regular function
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on X’ x; X”. Then there is the external tensor product functor

®r : DP((X’, 0, w’)-qcoh) x DC((X”, O, w”)-qcoh)
—> D((X' xx X", O, wj + wj)-qcoh), (9)

which restricts to the similar functor

Rk : D*P((X’, 0, w')-coh) x D***((X”, ©, w"")-coh)
— D5 ((X xx X", O, w) 4+ wh)-coh) (10)

on coherent matrix factorizations.

Proposition B.2.2. Let K’ and M’ be coherent matrix factorizations of the poten-
tial w" on the scheme X', and let K" and M"' be coherent matrix factorizations of
the potential w" on the scheme X". Then the natural map of Z/2-graded k-vector
spaces of morphisms

Hompas ((x7,0,w")-con) (K's M [¥]) ®  Hompas ((x77,0,0/)-coh) (K", M”[])
—> Hompas((x 75 X7, 0, w} +w5)-coh) (K’ @ K. M @ M"[x]) - (11)

induced by the additive functor of two arguments (10) is an isomorphism.

Proof. By Proposition 1.5(d), it suffices to show that the natural map

Hompeo ((x7,0,w")-qeoh) (K's M'[%]) @ Hompeo ((x77,0,1)-qeoh) (K, M [%])
—> HoMpeo ((x/x; X7, 0, w} +w)-qeoh) (K’ ®k K, M’ @i M [x])  (12)

induced by the functor (9) is an isomorphism for any coherent matrix factorizations
K’, K" and quasicoherent matrix factorizations M’, M” of the potentials w’" and w”.
One easily checks that the desired assertion holds for the Hom spaces in the
homotopy categories of matrix factorizations (since it holds for morphisms between
the external tensor products of coherent and quasicoherent sheaves).

Furthermore, one can assume the quasicoherent matrix factorizations M’ and
M to be injective. Then the Hom spaces in the left-hand side of the map (12)
coincide with the similar Hom spaces computed in the homotopy categories of
matrix factorizations. Let Z*® be a right resolution of M’ ®; M” in the abelian
category of quasicoherent matrix factorizations (and closed morphisms between
them) consisting of injective matrix factorizations, and let 7 be the total matrix
factorization of the complex Z*° constructed by taking infinite direct sums along the
diagonals. Then the k-vector spaces of morphisms from X’ ® K" into 7 in the
homotopy category of matrix factorizations are isomorphic to the right-hand side
of (12) [Positselski 2011b, Theorem 3.7].
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It remains to show that the spaces of morphisms from K’ ®j K" to M’ @y M”
in the homotopy category of matrix factorizations are isomorphic to the similar
spaces of morphisms from X’ ®; K” to 7. Indeed, taking the termwise Hom from
K’ ® K" preserves exactness of the sequence 0 — M’ ®; M” — Z* since the
higher Ext spaces from the components of K’ ®; K" into those of M’ ®; M”
in the abelian category of quasicoherent sheaves on X’ ®; X" vanish. The latter
assertion can be checked for affine schemes X/, X" using projective resolutions
and then globally for the cohomology of quasicoherent sheaves using, e.g., the
Cech approach. |

Theorem B.2.2. Assume that the morphisms of schemes
w X' - AL and w":X"—A]

are flat. Suppose that there exist closed subschemes Z' C X' and Z" C X" such
that w'|z = 0 = w%,,, the functions w' and w" are noncritical on X'\ Z' and
X"\Z", and the scheme Z' admits a smooth stratification over k. Then the absolute
derived category D**((X' x; X", O, w]| + w})-coh) coincides with its minimal
thick subcategory containing the image of the functor (10).

Proof. By the definition of noncriticality, one has
D¥®*(((X'\ Z') xx X"), O, w} + wh)-coh) =0
= D™ (X" xx (X"\ Z")), O, w} + w})-coh).

Therefore, any coherent matrix factorization of the potential w] + w5 on X’ x; X”
has its category-theoretic support inside Z’ x; Z”, and is consequently isomorphic
in D*P((X' xx X", O, w} + w)-coh) to a direct summand of an object represented
by a coherent matrix factorization supported set-theoretically inside Z’ x; Z” (see
Corollary 1.10(b)). It follows that the triangulated category

D (X' xx X", 0, w} 4+ w})-coh)

is generated by the direct images of coherent matrix factorizations of the zero
potential from the closed embedding Z’ x; Z” — X' x; X”.

Furthermore, let X, X, and Yy denote the zero loci of the functions w’, w”,
and w] + wj on X', X”, and X’ x; X", respectively. Denote the natural closed
embeddings by i’ : Xy — X', i” : X{ — X", 1: X{x X] — Yo, and h : Yo —
X’ x X"”. The external tensor product functor (cf. [Polishchuk and Positselski 2012,
Lemma 4.8.B])

® : D3ing (X0/X") X DYy, (X / X") —> D Yo/ (X' xx X)) (13)

is well-defined since for any bounded complexes of coherent sheaves F* on X’ and
KC* on X one has t4(Li"* F* @ £*) > Lh* ((idy’ xi")+«(F* Q@ K*)). Indeed, the
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square diagram of closed embeddings

X0 xp XU — X' xi XU

| |

Yo —— X' x X"

is Cartesian and the higher derived tensor products related to the construction of
this relative Cartesian product of schemes all vanish.

The functor Y : Dging(Yo/(X/ Xk X)) = D**((X' % X", O, wy + wh)-coh)
(see Section 2.7) and the similar functors for the potentials w’ and w” on X’ and
X" transform the external product functor (10) into the external tensor product
functor (13). By the assumption, one has Z’ C X and Z” C X{/. It remains to

apply Lemma B.1.6 in order to finish the proof of the theorem. O

B.2.3. Internal Hom of matrix factorizations. Let X be a separated Noetherian
scheme. Let £ be a line bundle on X and w’, w” € £(X) be its global sections. Then
given a matrix factorization 4® — U! @ £L®1/2 — 10 ®oy L of the potential w’
and a matrix factorization V* — V1 ® £81/2 - V0 ®4, L of the potential w”
on the scheme X (in the symbolic notation of Section 2.2), one can construct the
matrix factorization

U @0, VP U @0, V!
—U' @ L82 @0, V' dU’ ®0, V! @ LBV/?

— U’ R0, VP R0y LOU R0y V! Q0 L
of the potential w’ + w” on X. Here the tensor product 4! ®¢, V! is defined as
the sheaf (U' ® L8/?) @0, (V! ® LBV/2) @0, L2~ on X, while the differential
on the tensor product of matrix factorizations is given by the conventional rule
du®v) =dw) ®v+ (-H"u®d(@).

We denote the matrix factorization so obtained by i/ ® o, V and call it the tensor
product of two matrix factorizations ¢ and V of two sections w’ and w” of the
same line bundle £ on a scheme X. Restricting to the cases when one or both

matrix factorizations are flat, and passing to the coderived categories, one obtains
the induced tensor product functors

Roy : D((X, L, w)-qcohy) x D((X, £, w”)-qcohg)
— D°((X, £, w’ +w")-qcohg) (14)
and

Roy : D((X, £, w)-qcohy) x DC((X, £, w")-qcoh)
— D((X, £, w +w")-qcoh). (15)
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The functors (14) and (15) are well-defined since the tensor product with a flat
(quasicoherent) matrix factorization takes a short exact sequence of flat matrix
factorizations to a short exact sequence of flat matrix factorizations, the tensor
product with a flat matrix factorization takes a short exact sequence of quasicoherent
matrix factorizations to a short exact sequence of quasicoherent matrix factorizations,
and the tensor product with a quasicoherent matrix factorization takes a short exact
sequence of flat matrix factorizations to a short exact sequence of quasicoherent
matrix factorizations. Also, the tensor product functor preserves infinite direct sums.

Given a quasicoherent matrix factorization U° — U' ® £L&1/2 - U ®¢,, L of a
potential w’ € £(X) and a quasicoherent matrix factorization V° — V! @ £®1/2 —
V! ®p, L of a potential w” € L£(X) on the scheme X, one can construct the
quasicoherent matrix factorization

Homy (U, V°) ® Homx o U, V')
— Homy o U, V' ® 82 g Homx o U' V) ® /2

— ’Homx_qc(uo, Vo) Qoy L Homx.qc(ul Vh Qoy L
of the potential w” —w’ on X . Here the sheaf Homx_q(U", V°) ® LB1/2 is defined
as the tensor product Hom x_qc U'eL® 1/2 VR0 £, while the differential on the
internal Hom is given by the conventional rule d(g) (1) = d(g(u))—(—1)!8lg(d (u)).
We denote the matrix factorization so obtained by Hom x_qc(U, V) and call it
the matrix factorization of quasicoherent internal Hom between the quasicoherent
matrix factorizations I/ and V of two sections w’ and w” of the same line bundle £

on a scheme X . Restricting to the case when the matrix factorization in the second
argument is injective, one obtains the induced internal Hom functor

Homx.qc DP((X, £, w')-qcoh)® x HO((X, L, w”)—qcohinj)

— D*((X, £, w” —w')-qcoh), (16)
which can be also viewed as the right derived internal Hom functor
RHomy qc : D**((X, £, w)-qcoh)P x D((X, £, w”)-qcoh)

—> D*((X, £, w” —w')-qeoh). (17)

Remark B.2.3. Alternatively, one could restrict the quasicoherent internal Hom
functor to pairs of quasicoherent matrix factorizations which are both injective,
obtaining the triangulated functor

Homyx.qc : HO((X. £, w')-qcoh;y) x HO((X, £, w")-qcoh;,)
— HO((X, £, w” —w")-qcohy), (18)
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which can be also viewed as a derived internal Hom functor

LR Homx_qc : D°°((X, £, w")-qcoh)® x D°((X, £, w")-qcoh)
— D*((X, £, w” —w')-qcohg) (19)

that is a left derived functor in its first argument and a right derived functor in the
second one. Notice that the derived functor so obtained does not agree with the right
derived functor defined above; i.e., the composition of the functor (19) with the natu-
ral fully faithful functor D**((X, £, w” —w’)-qcohg) — D*5((X, £, w” —w’)-qcoh)
and the Verdier localization functor D2®5((X, £, w’)-qcoh) — D((X, £, w’)-qcoh)
is not isomorphic to the functor (17).

In particular, when w’ = w”, the functors (16) and (17) take values in the
absolute derived category of quasicoherent matrix factorizations of the zero potential
0 € L(X). The objects of this category are simply complexes of quasicoherent
sheaves M*® on X endowed with a 2-periodicity isomorphism M*[2] >~ M* ®o, L.
So there is a natural forgetful functor

D*((X, L, 0)-qcoh) —> D“°(X-qcoh) (20)

and the similar functors acting on the homotopy, absolute derived, etc. categories
of flat, coherent, locally free, etc. matrix factorizations.
Furthermore, there is the derived global sections functor

RT(X,—) : D*°(X-qcoh) —> D(Z-mod) 21

taking values in the derived category of abelian groups and defined using either the
injective resolutions or the Cech construction (see Sections 1.8—-1.9). In fact, the
functor (21) factorizes through the conventional derived category D(X-qcoh).
Composing the forgetful functor with the functor of underived global sections of
complexes of quasicoherent sheaves, one obtains a triangulated functor

I'(X,—): H°(X, £,0)-qcoh) —> D(Z-mod). (22)

Alternatively, the functor (22) can be defined as the functor Hom(x,  0)-qcon (Ox, —),
where the structure sheaf Oy is viewed as a matrix factorization (4°, 1) of the
potential 0 € £(X) with the components 2/° = Oy and U! ® £L®1/2 = 0.
Similarly, composing the functors (20) and (21), one obtains a triangulated
functor
RI(X,—):D°((X, L, 0)-qcoh) —> D(Z-mod), (23)

which can be alternatively described as the functor Hompeo((x, £,0)-qcoh) (Ox » —[*])-
In the case when £ = Oy, the functors (22) and (23) can be viewed as taking values
in the derived category of Z/2-graded (2-periodic) complexes of abelian groups.
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For any quasicoherent matrix factorizations X and M of a potential w € L(X)
on the scheme X there is a natural isomorphism of complexes of abelian groups

Hom(X,L,w)—qcoh (]Cv M) x~ F(X’ /HomX—qc(IC’ M))’ (24)

and more generally, for any quasicoherent matrix factorizations /C and £ of potentials
w’ and w” € £(X) and a quasicoherent matrix factorization M of the potential
w’ + w” on the scheme X there is a natural isomorphism of complexes

Hom(X, L, w’+w")-qcoh (’C ®(9X &, M) = Hom(X,L,w”)-qcoh (5, HomX—qc(,C’ M))
(25)

Lemma B.2.3. Let KC be a quasicoherent matrix factorization and M be an injective
quasicoherent matrix factorization of a potential w € L(X). Let

HOmX—qc(’C, M) — \7

be a closed morphism with a coacyclic cone between quasicoherent matrix factor-
izations of the potential 0 € L(X) from the matrix factorization of quasicoherent
internal Hom into an injective matrix factorization J. Then the induced morphism

T(X, Homy qc(K, M)) — T'(X, 7)
is a quasi-isomorphism of complexes of abelian groups.

Proof. Let 0 — Hom x_qc(K, M) — I°* be a right resolution of the matrix factoriza-
tion Hom x_qc(K, M) by injective matrix factorization 7'. Then one can take J to
be the total matrix factorization of the complex Z* constructed by passing to the
infinite direct sums along the diagonals. Notice that the functor of global sections of
quasicoherent sheaves on X commutes with the infinite direct sums. It remains to
show that the functor I'(X, —) = Homx, £,y77)-qcoh (Ox , — ) preserves the exactness
of the sequence 0 — Hom x_qc(K, M) — Z* (cf. the proof of Proposition B.2.2).
In fact, we claim that the Ext groups from flat quasicoherent sheaves to the com-
ponents of Hom x_qc(KC, M) vanish in the abelian category X-qcoh. This assertion
follows from the results of [Positselski 2012, Lemma 2.5.3(c) and Corollary 4.1.9(b)]
(the argument is based essentially on the above Lemma A.1). O

We recall the constructions of the (underived and derived) direct and inverse
image functors for matrix factorizations from Sections 1.8-1.9 and 3.5-3.6. In
addition to the conventional adjunction of the (underived) direct and inverse image
functors fi and f* (as mentioned in Section 1.8), there is also the “internal Hom
adjunction”, formulated as follows.

Let f: Z — Y be amorphism of separated Noetherian schemes, £ be a line bundle
on Y, and w’, w” € L(Y) be two global sections. Let K € H((Y, £, w’)-qcoh)
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and M € H°((Z, f*L£, f*w")-qcoh) be quasicoherent matrix factorizations on
Y and Z. Then there is a natural isomorphism

S+ Homz_qc(f*lC, M) = Homy o (I, fxM) (26)

of quasicoherent matrix factorizations of the potential w” —w’ on Y.

Now let X be a separated scheme of finite type over a field k, and let w’, w” €
O(X) be two global regular functions on X. Denote by p; and p, the natural
projections X xx X = X, and consider the regular function w} +w) = pfw’+ psw”
on X x; X. Let A: X — X xi X denote the diagonal map.

Let AV and K be quasicoherent matrix factorizations of the potentials w’ and w”
on X. Then there is a natural isomorphism N ®p, K >~ A*(N ® K) of matrix
factorizations of the potential w’+w"” on X . Therefore, given a quasicoherent matrix
factorization M of the potential w’ + w” € O(X), one has a natural isomorphism
of 7/2-graded complexes of abelian groups

Hom(X,O,w”)—qcoh (}Cv HomX—qc(Nv M))
= Hom(XXkX, O,wi—‘,—wé’)—qcoh(/\/ ®r K, A>|<-/\/l) (27)

Proposition B.2.3. (a) Assume that the matrix factorization N is coherent and the
matrix factorization M is injective. Let Ax M — J be a closed morphism with a
coacyclic cone between quasicoherent matrix factorizations of the potential w'y +w?
on X Xy X from the direct image AxM into an injective matrix factorization [J.
Then there is a natural closed morphism with a coacyclic cone Homx_qc(N', M) —
P2x Homx x, x-qc(PTN, T ) of quasicoherent matrix factorizations of the poten-
tial w" on X, and the matrix factorization pa+ Homx x, x-qc(py N, J) is injective.

(b) There is a natural isomorphism of 7 /2-graded complexes of abelian groups

Hom(X,O,w”)—qcoh (K, p2x HOmXka-qc(PTN’ J))
= Hom(XXkX,O,wi-l—wé/)—qcoh('/\/‘ ®k K, j)

Proof. Part (a): The desired closed morphism is provided by the composition

Homx qc(N', M) = prs Ay Homx g (A" pI N, M)
= Pax HomXXkX—QC(pikN’ A*M) — P2x HomXXkX-QC(pikN9 j)

To prove that this morphism has a coacyclic cone, pick a right resolution Z* of
the matrix factorization AxM on X Xj X by injective matrix factorizations, and
take J to be the totalization of the complex of matrix factorizations Z*° constructed
by passing to the infinite direct sums along the diagonals.

Then the complex of matrix factorizations 0 — Homx x; x-qc(PTN, Ax M) —
Homx x, x-qc(PTN,I°*) is acyclic since for any affine open subscheme U C X the
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higher Ext spaces between the components of the restrictions of py A and A4xM to
U x; U vanish. The latter assertion follows from the adjunction of derived functors
LA* and Ay = RA or pi = Lp] and Rp« together with the agreement of the
derived direct/inverse images of (complexes of) quasicoherent sheaves with the
compositions of morphisms of separated Noetherian schemes.

It remains to show that our complex will stay acyclic after applying the direct im-
age functor p«. According to the argument in the proof of Lemma B.2.3, the compo-
nents of the matrix factorizations Hom x x, x-qc(P7 N, T') are acyclic for the direct
image; so are the components of the matrix factorization Homy x; x qc (P} N, Ax M),
in view of the above local argument and since for any affine open subscheme U C X,
the higher Ext spaces between the components of the restrictions of pj A and A M
to X xj U vanish. The latter assertion is checked in the same way as above.

Finally, the claim that the matrix factorization in question is injective follows
from the computation in part (b), which shows that the left-hand side is an exact
functor of the argument /C, because the right-hand side is.

Part (b) is straightforward:

Hom(X,O,w”)—qcoh(IC’ P2 ,HOmXXkX—qc(pTN’ \—7))
~ Hom(xx; x, 0, w)-qeonh (P2 Ks Homx s, x-qc (PN, T))
= Hom(Xka, O,w;+w§’)-qcoh(pTN ®OX><kX p;/C, J)

= Hom(XXkX,O,w;+wg)-qcoh(N Ok K, j) U

B.2.4. Hochschild cohomology. Our goal in the rest of this appendix is to compute
the Hochschild (co)homology of the DG-category DGP*((X, ©, w)-coh) corre-
sponding to the triangulated category D**((X, O, w)-coh). The word “correspond-
ing” here means, first of all, that there is a natural equivalence of (triangulated)
categories H°DG**((X, O, w)-coh) ~ DP5((X, O, w)-coh) (see [Positselski 201 1b,
Section 1.2]).

As the absolute derived category is constructed from the homotopy category of
matrix factorizations using the Verdier localization procedure, so the DG-category
DG5((X, O, w)-coh) is obtained by applying a DG-version of localization to the
DG-category of coherent matrix factorizations (X, O, w)-coh of the potential w
on the scheme X (see Section 1.2). Several such localization procedures are
known, leading to naturally quasiequivalent DG-categories. As the Hochschild
(co)homology of DG-categories are preserved by quasiequivalences [Polishchuk and
Positselski 2012, Sections 2.1 and 2.4], it is not very important which localization
procedure to choose. To be specific, let us say that we prefer Drinfeld’s localiza-
tion [Drinfeld 2004]. Similarly one localizes the DG-category (X, O, w)-qcoh and
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obtains a DG-category DG ((X, O, w)-qcoh) “corresponding” to the coderived
category D*°((X, O, w)-qcoh).

Our method will naturally allow us to compute the Hochschild cohomology
HH*(DG((X, O, w)-coh)) together with its structure of an associative (in fact,
supercommutative, but we will neither prove nor use this fact) Z/2-graded algebra
over k. Similarly, the Hochschild homology HH(DG?*((X, ©, w)-coh)) will be
computed together with its structure of a Z/2-graded module over the Z/2-graded
associative algebra HH *(DG**((X, O, w)-coh)).

Let X be a separated scheme of finite type over a field k and w € O(X) be a
global regular function. Assume that the morphism of schemes w : X — A}c is
flat. Consider the Cartesian square X xj X and endow it with the potential (global
function) wy —wy = p3(w) — pf(w).

Any Z/2-graded complex of quasicoherent sheaves K*® on X can be viewed
as a matrix factorization of the potential 0 € O(X). Furthermore, one can take
its direct image A4/C* with respect to the diagonal embedding A : X — X x; X
and consider it as a quasicoherent matrix factorization of the potential w, — wj on
X xx X. Given a bounded Z-graded complex of quasicoherent sheaves K°, one
can associate a Z/2-complex with it (by taking direct sums of all terms with the
same parity) and then apply the above constructions.

Theorem B.2.4. Assume that there exists a closed subscheme Z C X such that
w|z =0, the function w is noncritical on X \ Z, and the scheme Z admits a smooth
stratification over k. In particular, if the field k is perfect, it suffices to require
that the function w on X have no critical values but zero (and take Z = {w = 0}).

Then there is a natural isomorphism between the Hochschild cohomology algebra
HH*(DG?™((X, O, w)-coh)) and the Ext algebra

HomDCO((XXk X, O, wy—w1)-qcoh) (A*D).( ’ A*D)‘( [*]) ’
where Dy, denotes a dualizing complex on X.

Proof. By the definition, the Hochschild cohomology algebra of a Z/2-graded
DG-category DG is the Z/2-graded algebra Homppc, DGer-mod) (DG, DG[*]),
where the Hom is taken in the conventional derived category D(DG ®j DG°P-mod)
of DG-bimodules over DG (or DG-modules over DG ®; DG°P) between two copies
of the diagonal DG-bimodule DG over DG [Polishchuk and Positselski 2012,
Sections 2.4 and 3.1].

Specializing to the case of the DG-category DG,, = DG((X, O, w)-coh),
we notice, first of all, that the contravariant Serre—Grothendieck duality functor
M—Hom oy (M, Dy,) (see Section 2.5) provides a quasiequivalence between the
DG-categories DG?*5((X, O, w)-coh)°? and DG?>5((X, O, —w)-coh). Furthermore,
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the external tensor product is a DG-functor

DGabs((X, 0, _w)-coh) Qx DGabs((X, O, U))-COh)
—> DG™((X xx X, O, wy —wy)-coh), (28)

which, according to Proposition B.2.2 and Theorem B.2.2, induces an equiv-
alence between the derived categories of (left or right) DG-modules over the
two DG-categories in the left-hand and right-hand sides. Composing the Serre—
Grothendieck duality with the external tensor product, we obtain (perhaps, after
replacing our DG-categories with naturally quasiequivalent ones) a DG-functor

DGP*((X, O, w)-coh)®® ®; DG5((X, O, w)-coh)
—> DG ((X xx X, O, wp —wy)-coh) (29)

having the same property with respect to the derived categories of DG-modules
over the left-hand and right-hand sides as the DG-functor (28).

We are interested specifically in the diagonal right DG-module over DGy ® DGy,
that is, the contravariant functor from DG, ®; DGy, to the DG-category of Z/2-
graded complexes of k-vector spaces taking an object (M°P, K) to the complex
Hompg (K, M). It is claimed that the diagonal DG-module is naturally quasi-
isomorphic to the DG-module obtained by composing the DG-functor (29) with
the right DG-module over the right-hand side represented by the object

AxDy € DG*((X xx X, O, wp —w1)-coh) C DG ((X x X, O, wa —w1)-qcoh).

Indeed, for any quasicoherent matrix factorizations XC and N\ of the potentials w
and —w on X there is a natural isomorphism of Z/2-graded complexes of abelian
groups (see (27))

Hom(x,0,w)-qeon (K, Hom oy (N, D))
= Hom(XXkX,O,wz—w1)—qcoh (N Qi K, A*D)})

Proposition B.2.3 shows how one can pass from this isomorphism to a quasi-isomor-
phism of the similar complexes of morphisms in the DG-categories DG ((X, O, w)
-qcoh) and DG ((X xi X, O, wa — wy)-qcoh).

Now morphisms between representable DG-modules in the derived category of
DG-modules over a DG-category DG are computed by the complex of morphisms
in DG between the representing objects, so our proof is finished. O

Remark B.2.4. Given a separated scheme X of finite type over a field k, let Dy
be a dualizing complex on X and D)’(Xk x be a dualizing complex on X X X such
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that Dy ~ [R{A!(D)'(Xk x)- Then the antiequivalence of absolute derived categories

Homxx, X-qe(—» Dy, x) : DP((X xx X, O, w1 — wy)-coh)*®
~ D5 ((X x; X, O, wy — wy)-coh)

from Proposition 2.5 transforms the object A Oy € D?®((X xx X, O, w1 —w5)-coh)
into the object AxDy € D((X xx X, O, wy — wy)-coh) (see Proposition 3.7).
Therefore, in the assumptions of Theorem B.2.4, the Hochschild cohomology
algebra HH *(D?*5((X, O, w)-coh)) of the DG-category DG**((X, @, w)-coh) can
be also identified with the Ext algebra

Hompass (X x; X, 0, w) —wn)-coh) (Ax Ox , AxOx [*])°P
(cf. Remark B.2.7 below).

B.2.5. Cotensor product of complexes of quasicoherent sheaves. Let X be a sepa-
rated Noetherian scheme. Then there is a tensor product functor on the coderived
category of (Z-graded complexes of) flat quasicoherent sheaves on X (cf. [Murfet
2007, Chapter 6])

®oy : D(X-qcohy) x D°(X-qcohy) —> D°(X-qcohy), (30)

and a similar functor of the tensor product on the coderived categories of flat and
arbitrary quasicoherent sheaves (see [Positselski 2012, Section 4.12])

®oy : D°(X-qcohy) x D(X-qcoh) —> D°(X-qcoh). (31

Now let Dy be a dualizing complex on X (viewed, as usual, as a finite com-
plex of injective quasicoherent sheaves). Then the equivalence of triangulated
categories D°(X-qcohy) >~ D (X-qcoh) constructed using the dualizing complex
Dy (see [Murfet 2007, Chapter 8]) transforms the tensor product functor (30) into
the tensor product functor (31). One can use the same equivalence of categories
to define a tensor triangulated category structure with the unit object Dy on the
coderived category D°(X-qcoh). We call this operation the cotensor product of
complexes of quasicoherent sheaves on X and denote it by

Ops : D (X-gcoh) x D“°(X-qcoh) —> D°(X-qcoh). (32)

Explicitly, N* Ops M* = Dy Qoy Homy.qc(Dy . N*) ®oy Homx.qc(Dy, M?*)
for any complexes of injective quasicoherent sheaves N* and M*® on X (cf.
Lemma 1.7(b)) and also N* Ope M* = Homx.qc(Dy,N*®) ®oy M* for any
complex of injective quasicoherent sheaves N'* and any complex of quasicoherent
sheaves M* on X.

Recall that the full triangulated subcategory of bounded-below complexes in
D(X-qcoh) is equivalent to D™ (X-qcoh) (see [Positselski 2010, Lemma 2.1 and
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Remark 4.1] or [Positselski 2012, Lemma A.1.2]). Denote by D;h (X-qcoh) the
full triangulated subcategory in D (X-gcoh) consisting of complexes with coherent
cohomology sheaves; then the category Dc+oh (X-qcoh) can be also viewed as a full
triangulated subcategory in D<°(X-qcoh).

For any complexes of quasicoherent sheaves N'* and M* on X there is a natural

morphism of complexes of quasicoherent sheaves

D)} ®OX HomX-qc(D)},N.) ®OX HomX-qc(D}.(, M.)
— Homy_qc(Homx_qc(N°, Dy) ®oy Homx.qc(M*, Dy), Dy) (33)

on X defined in terms of the composition morphisms
Homx_qc(Dy, K*) @0y Homx_qc(K*, Dy) —> Homx.q(Dy, Dy)
for complexes of quasicoherent sheaves IC® on X and the natural quasi-isomorphism
Dy ®oy Homy qc(Dy. Dy) @0y Homx o(Dy, Dy) —> Dy .

Theorem B.2.5. For any bounded-below complexes of injective quasicoherent
sheaves N'* and M® with coherent cohomology sheaves on a separated Noetherian
scheme X with a dualizing complex Dy, , the natural morphism (33) is a homotopy
equivalence of bounded-below complexes of injective quasicoherent sheaves on X
with coherent cohomology sheaves.

Proof. By Lemma 2.5(b) and (c), both sides of (33) are bounded-below complexes
of injective quasicoherent sheaves. Since the functor

Homx_qc(—, Dy) : D(X-qcoh) — D(X-qcoh)

takes D:;h (X-qcoh) C DT (X-qcoh) into D™ (X-coh) C D™ (X-qcoh) and vice versa,
while the derived tensor product functor

®[)L( : D™ (X-qcoh) x D™ (X-qcoh) —> D™ (X-qcoh)

takes D™ (X-coh) x D™ (X-coh) into D™ (X-coh), the right-hand side has coherent
cohomology sheaves.

It remains to prove the homotopy equivalence claim. Since the homotopy category
of bounded-below complexes of injectives is equivalent to DT (X-qcoh), one only
has to check that the map is a quasi-isomorphism. Let us first show that it suffices
to do so for complexes of sheaves on affine open subschemes U C X.

Indeed, for any quasicoherent sheaves £ and K on X there is a natural mor-
phism of quasicoherent sheaves Homy_qc (€, K)|ly — Homy qc(Elu, K|y) on U.
The morphism of complexes of quasicoherent sheaves Homy_.(£°,K*)|ly —
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Homy 4 (E°|u, K*|v) is a quasi-isomorphism whenever the complex £° has co-
herent cohomology, K* is a complex of injective quasicoherent sheaves, and one of
the complexes £° and K° is finite.

Finally, the tensor product in the right-hand side preserves quasi-isomorphisms
of bounded-above complexes of flat quasicoherent sheaves, while the one in the
left-hand side is well-defined on the coderived category of (complexes of) flat
quasicoherent sheaves. It remains to notice that the functor Homy_q.(Dy, —) in
the equivalence of categories in Theorem 2.5 agrees with the restrictions to open
subschemes since so does its inverse functor Dy ®oy —.

Now that we are on an affine scheme U, pick bounded-above complexes of vector
bundles ‘N* and ‘M* isomorphic to Homy 4c(N*, Dy;) and Homy o (M*®, D)),
respectively, in D™ (U -coh). Given the isomorphisms

HomU—qc(D;] s HomU—qc (W. > DZJ)) = /HomU—qc(W.: HomU—qc(D;] s DZJ))
~ Homy ««(N*, Oy),

and similar isomorphisms for ‘M* in D (U -qcohy), the assertion reduces to the
obvious isomorphism of complexes

D}.( Koy %OmU—qc(N.a OU) Roy HomU—qc(M.7 OU)
~ Homy 4 (N* ®oy 'M*, Dy;). O

For any complexes of quasicoherent sheaves £°® and M*® on X we denote by
Hom;‘?_qc(l(l', M?*) the complex of quasicoherent sheaves on X obtained .by to.taliz-
ing the bicomplex of quasicoherent internal Hom sheaves Hom x_qc(K', M) by
taking infinite direct sums along the diagonals. Assuming that M* is a complex
of injective quasicoherent sheaves, the complex Hom;?_qc(lC', M?®) is absolutely
acyclic with respect to X-qcoh whenever the complex IC° is (see Lemma 2.5(a)).

In the same assumption, the complex Hom??_qc(lC *, M?*) is also coacyclic with
respect to X-qcoh whenever the complex of quasicoherent sheaves K* is acyclic
and bounded from above [Positselski 2010, Lemma 2.1]. Therefore, representing
the second argument of Hom;?_qc by complexes of injectives, one can construct the

right derived functors

R Hom ;?_qc : D*P*(X-qcoh)°P x D°(X-qcoh) —> DP*(X-qcoh) (34)
and

R?—lom;?_qc : D™ (X-qgcoh)®P x D*°(X-qcoh) —> D°(X-qcoh) (35)

®
of the functor Hom X-qc-
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For any complexes of quasicoherent sheaves N'* and M* on X there is a natural
morphism of complexes of quasicoherent sheaves

N* ®oy Homx qo(Dy, M*) —> Hom3  (Homx qc(N*,Dy), M*)  (36)
on X defined in terms of the composition/evaluation morphism
N*® ®oy Homx qc(N°, Dy) ®oy Homx.qc(Dy, M®) — M°.

Proposition B.2.5. For any bounded-below complex of injective quasicoherent
sheaves N'* with coherent cohomology sheaves and any complex of injective quasi-
coherent sheaves M* on X, the natural morphism (36) is a homotopy equivalence
of complexes of injective quasicoherent sheaves on X.

Proof. Tt suffices to check that the morphism (36) is an isomorphism in D (X-qcoh).
Since both sides of the desired isomorphism are well-defined as functors of the ar-
gument A'* € DT (X-qcoh) taking values in D°(X-qcoh), one can freely replace A/®
with any quasi-isomorphic bounded-below complex of quasicoherent sheaves. The
same applies to the bounded-above complex Hom x_qc(N*, Dy ) in the right-hand
side of (36).

Since all the functors involved are local in X up to isomorphism in the relevant
triangulated categories, it suffices to consider complexes of sheaves over affine open
subschemes U C X (see Remark 1.3). Representing the object Homy qc(N*, Dy;) €
D~ (U-coh) C D~ (U-qcoh) by a bounded-above complex of vector bundles 'A®, it
remains to notice the isomorphism of complexes

HomU_qc(W°, Dy) ®oy F* ’Homg_qc('/\/', Dy oy F*)

for any complex of quasicoherent sheaves F° on U and point out that the functor
’Homg_ qc(//\/ *, —) takes a homotopy equivalence

Dy ®oy Homy_qc(Dyy, M*) — M®
to a homotopy equivalence. O

In the particular cases when either A/* is a finite complex of quasicoherent
sheaves with coherent cohomology sheaves, or A/* is a bounded-below complex of
quasicoherent sheaves with coherent cohomology sheaves and M?* is a bounded-
below complex of quasicoherent sheaves, the direct sum totalization of the bicomplex
Hom x_qc in the right-hand side of the isomorphism (36) in the coderived category
D (X-qcoh) is no different from the conventional direct product totalization.

Finally, let X be a separated scheme of finite type over a field k and 7 : X — Speck
be its structure morphism. Then Dy, =~ 7T+OSpeck (see Section 3.7) is a natural
choice of the dualizing complex on X. Let m x; 7w : X Xz X — Speck be the
structure morphism of the Cartesian square of X over k. Then the dualizing complex
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Y x x = (7 %, Jr)JrOspec r on X X X is quasi-isomorphic to the external tensor
product Dy ®j Dy, and one has Dy ~ A+(D).(xkx) ~ [RA!(D}’( ®k Dy ), where
A : X — X xj X denotes the diagonal map.

The equivalence of categories D (X x; X-qcohyg) >~ D (X x X-qcoh) constructed
using the dualizing complex D}Xk x and the similar equivalence D*°(X-qcohg) ~
D(X-qcoh) constructed using the dualizing complex Dy, transform the external
tensor product functor

®p : D°(X-qcohy) x D°(X-qcohy) —> D°(X X X-qcohy)
into the external tensor product functor
®p : D(X-qcoh) x D°(X-qcoh) —> D°(X xj X-qcoh)

since so do the functors Dy ®oy — and Dy, y 0y, x —

Let N* and M* be two complexes of injective quasicoherent sheaves on X, and
let 7° be a complex of injective quasicoherent sheaves on X x; X isomorphic to
N°®®j M*® in D°(X xj X-qcoh). Then in the coderived categories of quasicoherent
sheaves one has

N Opg M® =Dy oy A*(Homoy (Dy,N*) & Hom oy (Dy., M*))
~ Dy ®oy A* Homoy (Dyy, x- T*) = RA'W® @ M®)

by [Positselski 2012, Theorem 5.15.3] applied to the proper morphism (actually,
closed embedding) A. We have obtained the formula

N* Ot og M® = RANN® @ M®) (37)

for the cotensor product of complexes of quasicoherent sheaves on the scheme X
(see the end of Section 1.8 for the notation R /! as applied to objects of the coderived
category of quasicoherent sheaves).

B.2.6. Cotensor product of matrix factorizations. The equivalences of triangulated
categories

D((X, £, w")-qcohg) ~ D°((X, £, w")-qcoh)
De((X, £, w' 4+ w")-qcohq) =~ D((X, £, w’ + w”)-qcoh)

constructed using a dualizing complex Dy, (see Section 2.5) transform the tensor
product functor (14) into the tensor product functor (15). So one can use the same
equivalences of categories together with the similar equivalence

D((X, £, w')-qcohy) ~ D°((X, £, w’)-qcoh)
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(constructed using the same dualizing complex Dy, ) in order to define a triangulated
functor of two arguments

Ops : D((X, £, w')-qcoh) x D°((X, £, w")-qcoh)
—> D((X, £, w' +w")-qcoh), (38)

which we call the cotensor product of matrix factorizations.
As in the case of complexes of quasicoherent sheaves, one explicitly has

N DD)’( M =Dy ®oy Homx.qc(Dy , N) @0y Homyx_qc(Dy, M)
for any injective quasicoherent matrix factorizations N and M on X, and also
N Ops M = Homy.qo(Dy. N) ®oy M

for any injective quasicoherent matrix factorization N and any quasicoherent matrix
factorization M on X. As in Section B.2.3, N and M must be matrix factorizations
of two sections w’ and w” of the same line bundle £ on a scheme X; then the
cotensor product A" Ope M is a matrix factorization of the section w’ + w” of the
line bundle L.

Remark B.2.6. While a matrix factorization version of Proposition B.2.5 is pre-
sented below, Remark B.2.3 explains the reason why a matrix factorization version of
Theorem B.2.5 cannot be formulated in the way similar to the version for complexes
of quasicoherent sheaves above. Still, let A and M be coherent matrix factoriza-
tions of sections w’ and w” of the same line bundle £ on a separated Noetherian
scheme X with enough vector bundles. Let P and Q be coherent matrix factoriza-
tions of the potentials —w’ and —w” € £(X) isomorphic to Hom x_q. (N, Dy) and
Homx_qc(M, Dy ) in the respected coderived categories.

Let £, and F, be left resolutions of the matrix factorizations P and Q by locally
free matrix factorizations of finite rank (of the respected potentials). Then the total-
izations of the bounded-below complexes of matrix factorizations Hom x_qc (s, Dy ),
Homx_qc(Feo, Dy ), and Homyx_qc(Ee ®oy Fo, Dy) represent objects naturally iso-
morphic to N, M and N/ Opg M in the coderived categories of matrix factorizations
of the potentials w’, w”, and w’ 4+ w” (cf. Corollary 2.5).

For any quasicoherent matrix factorizations M and N of sections w’ and w”
of the same line bundle £ on the scheme X, there is a natural morphism of quasi-
coherent matrix factorizations of the section w’ + w” of the line bundle £ on X

N ®oy Homx.qc(Dy, M) — Homx_qc(Homx_qc(N, Dy ), M) (39)

constructed in the same way as it was done for complexes of quasicoherent sheaves
in Section B.2.5.
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Proposition B.2.6. For any coherent matrix factorization N and injective quasico-
herent matrix factorization M of sections w' and w" of the same line bundle L on
a separated Noetherian scheme X , the natural morphism (39) is an isomorphism
in the coderived category of quasicoherent matrix factorizations of the potential
w +w” € L(X).

Proof. The argument follows the lines of the proof of Proposition B.2.5. The left-
hand side of the desired isomorphism is well-defined as a functor of the argument
N € D((X, L, w")-qcoh) taking values in D°((X, £, w’ + w”)-qcoh), while the
right-hand side is well-defined as a functor of the argument N'e D***((X, £, w")-coh)
taking values, say, in the same coderived category. Besides, the right-hand side,
viewed as an object of the coderived category, only depends on the matrix factor-
ization Homy_qc (N, Dy ) viewed as an object of the absolute derived category.

Furthermore, the contravariant Serre-Grothendieck duality Hom x_qc(—, Dy)
is well-defined as a functor D2®((X, £, w"")-qcoh) — D5((X, £, —w"’)-qcoh) and
takes DP*((X, £, w”)-coh) C D***((X, £, w")-qcoh) into D2P5((X, £, —w"’)-coh) C
Ds((X, £, —w"")-coh), inducing an equivalence between these two subcategories
(see Proposition 2.5). In particular, one can conclude that all the functors involved
are local in X, and it suffices to prove the desired assertion for matrix factorizations
over affine open subschemes U C X.

Now let K be a coherent matrix factorization of the potential —w”" isomorphic
to Homy qc (N, Dy;) in D*P*((U, £, —w")-qcoh), and let &, be its left resolution by
locally free matrix factorizations of the same potential —w” € £(U). Then the matrix
factorization Hom y.qc(K, M) is isomorphic in D°((X, £, w’ 4+ w”)-qcoh) to the
totalization of the complex of matrix factorizations Hom x_qc(E,, M) constructed
by taking infinite direct sums along the diagonals; and the matrix factorization
N =~ Homy o (K, Dy ) can be described similarly (cf. the proof of Corollary 2.5).

It remains to notice that the functor of tensoring with Hom x.q.(€., Ox) and
totalizing by taking infinite direct sums along the diagonals takes the homotopy
equivalence

Dy ®oy Homy qc(Dy, M) — M
to a homotopy equivalence of matrix factorizations. O

As in Section B.2.5, we finish by discussing the case of a separated scheme
X of finite type over a field k. From now on we also assume that £ = Ox. So
let w’, w” € O(X) be two global regular functions on X; as in Section B.2.2, we
consider the regular function wj + w) = pfw’ + pSw” on X x; X. We use the
dualizing complexes Dy, = 7r+(’)spec x and D}Xk x = (T %k 7T)+Ospec k-

The equivalence of categories

D((X xx X, O, wj + w5)-qcohg) =~ D((X xx X, O, wj + w5)-qcoh)
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constructed using the dualizing complex D)’(Xk x and the similar equivalences of
coderived categories of matrix factorizations of the potentials w’ and w” on X
constructed using the dualizing complex Dy, transform the external tensor product
functor (cf. (9))

®i : DP((X, O, w')-qcohy) x DP((X, O, w”)-qcohy)
—> D((X x¢ X, O, w| + w5)-qcohy)

into the external tensor product functor

Rk : DP((X, 0, w’)-qcoh) x D((X, O, w”)-qcoh)
—> D((X x¢ X, O, w| + w5)-qcoh)
since so do the functors Dy ®oy — and Dy, y Qoxy, x —
Let A/ and M be injective quasicoherent matrix factorizations of the potentials

w’ and w” on X, and let J be an injective quasicoherent matrix factorization of
the potential w] + w5 on X x; X isomorphic to N ®j M in

D((X xx X, O, w| + w))-qcoh).

Then in the coderived categories of quasicoherent matrix factorizations one has

N Opy M =D ®oy A*(Homoy (Dx, N) ® Homoy (Dx, M))
~ Dy ®oy A* Homoy (Dyy, x-J) =~ RA' (N ® M)

by the result of Theorem 3.8 applied to the proper morphism A. We have obtained
the formula

N Ot ogr M = RANN ®; M) (40)
for the cotensor product of quasicoherent matrix factorizations on the scheme X.

B.2.7. Hochschild homology. Let X be a separated scheme of finite type over a
field k and 7 : X — Speck be its structure morphism. Let w € O(X) be a global
regular function; as in Section B.2.4, we assume that the morphism of schemes
w:X — A]i is flat. Consider the scheme X xj X and endow it with the potential
wy — w1 = p;(w) — pj(w). Let A: X — X x; X denote the diagonal morphism.

Theorem B.2.7. In the assumptions of Theorem B.2.4, there is a natural isomor-
phism between the Hochschild homology module HH 4 (DG®((X, O, w)-coh)) over
the algebra HH* (DG ((X, O, w)-coh)) and the Ext module

Hompeo((x x4 X, 0, wr—w1)-qeoh) (AxOx , AxDy[*])
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over the algebra

HomDCO((XXkX, O, wz—wl)—qcoh)(A*ID).(? A*D).( [*])
Here Dy denotes the dualizing complex 7T+OSpec ronX.

Proof. By the definition, the Hochschild homology of a Z/2-graded DG-category
DG is the Z/2-graded vector space Tory ©®« DGOP(DG, DG) for the diagonal right
and left DG-modules DG over the DG-category DG ®; DG°®P [Polishchuk and
Positselski 2012, Sections 2.4 and 3.1]. This is the conventional derived tensor
product (“of the first kind”) of a left and a right DG-module over a small DG-category.
The Hochschild cohomology algebra Homp(pgg, peer) (DG, DG[*]) acts on the
Hochschild homology space via its action on, say, the first argument of the Tor.
As in the proof of Theorem B.2.4, we set DG,, = DG?**((X, O, w)-coh); accord-

ingly, DG_,, = DG®*((X, ©, —w)-coh) and
DGuy,—w, = DG**((X xx X, O, wy — wy)-coh).

The DG-functor DGy ®4 DGy — DGy, —w; (29) induces a fully faithful functor
between the homotopy categories H%(DGy)° ®y H®(DGy) — H®(DGyr—w,)
such that every object in the target category can be obtained from objects in the
image using the operations of a cone and the passage to a direct summand.

Let DG(mod-DGyy ®x DGy,) denote the DG-category version of the (conven-
tional) derived category of right DG-modules over the DG-category DGy ®x DG
(i.e., contravariant DG-functors from DGy ® DG into the DG-category DG (k-vect)
of Z/2-graded complexes of k-vector spaces). Let DG(mod-DGif ®j DGy,)° C
DG(mod-DG;} ®x DGy,) denote the full DG-subcategory of DG-modules corre-
sponding to compact objects of the derived category D(mod-DG,} ®; DG,,) of right
DG-modules.

The derived tensor product with the left DG-module DGy, over DGy, ®x DGy,
can be viewed as a covariant DG-functor DG(mod-DGy ®f DGy,) — DG(k-vect).
We are interested in the restriction of this DG-functor to the DG-subcategory
DG(mod-DGyf ®x DGy,)?; let us denote it by

F : DG(mod-DG ®; DGy,)® —> D(k-vect).

There is a natural DG-functor DGy ®x DGy — DG(mod-DGyy ® DG,,)° as-
signing to any object of DGy ®j DGy, the contravariant DG-functor represented by
it. Similarly one constructs a DG-functor DGy, —y, — DG(mod-DGg} ®; DGy,)°
whose composition with the DG-functor DGy, ®j DGy, — DGy, —yp, is naturally
quasi-isomorphic to the DG-functor DGy ®k DGy — DG(mod-DGyp ®y DGy)°.

It is claimed that the composition of the DG-functor

DGuyyp—w; —> DG(mod-DGZ ®; DGy,)°
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with the DG-functor F : DG(mod-DGsp ®j DGy, )° — D(k-vect) is naturally quasi-
isomorphic to the DG-functor Hompg,,,_,, (A+Ox, —). Since the derived cat-
egories of left DG-modules over DGy, —y, and DGy ®k DGy, are equivalent, it
suffices to construct a quasi-isomorphism between the compositions of the two
DG-functors in question with the DG-functor DGy, ®j DGy, — DGuwy—w; -

Indeed, let (K°, M) be an object of DG,y ®x DG,,. Then the functor of the
(derived or underived) tensor product with the diagonal left DG-module DG, takes
the right DG-module over DGy, ®4 DGy, represented by (K°P, M) to the complex
of k-vector spaces Hompg,, (K, M). Substituting K = Homx 4. (N, Dy) with
N € DG_y, and assuming M to be represented by an injective matrix factorization
isomorphic to the given coherent one in DG ((X, O, w)-qcoh), we have to compute
the complex of k-vector spaces Hom(x, 0, 1)-gcoh (HOMm x-qc (N, Dy ), M).

Now the formula (24) together with Lemma B.2.3 allow us to interpret this com-
plex as RI'(X, Hom x_qc(Homx.qc (N, Dy ), M)). According to Proposition B.2.6
together with the formula (40), this is the same as RT'(X, RA'(WV ®; M)), or, in
other notation, Hompge ((x,0,0)-qeon) (Ox » RA'(N ®j M)). Finally, the adjunction
of A4 and RA' allows us to rewrite the complex in question as

Hompgeo((x x; X, 0, wr—wi)-qeoh) (AxOx, N @ M).

The desired quasi-isomorphism of DG-functors is obtained.

It remains to recall that, according to the proof of Theorem B.2.4, the diagonal
right DG-module DGy, over DGy ®g DGy, is represented by the object AxDy €
DGy, —w; » In order to finish our proof here. a

Remark B.2.7. The Hochschild homology module HH,((DG?*(X, O, w)-coh))
over the Hochschild cohomology algebra HH * ((DG?P5(X, O, w)-coh)) can be also
computed as the Ext module

Hompeo ((x x4 X, 0, w1 —w2)-geoh) (A Ox . AxDx[*])
over the Ext algebra
Hompass (X x; X, 0, wi —wn)-coh) (AxOx , AxOx [*])°F,

according to Remark B.2.4. Moreover, the contravariant Serre duality for matrix
factorizations over X Xy X can be used in order to obtain an alternative proof of our
Hochschild homology computation. Indeed, for any coherent matrix factorizations
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N and M of the potentials —w and w on X there are natural quasi-isomorphisms

Hompgavs((x,0,1)-coh) (HOMX qc (N, Dy ), M)
>~ Hompgavs((x,0,w)-coh) (HOMX -qc (N, Dx ), Homx qc(Homx qc (M, Dx), Dy ))
~ Hompgabs ((x x, X,0.w; —ws)-coh) (HOMX_qc (N, Dy )@ Homy (M, Dx), AxDy)
=~ Hompgabs ((x x X,0,w1 —w2)-coh) (HOMX x; X-qc (N @k M, Dy ., x), AxDy)
~ Hompgavs((x x, X,0,w2—w; )-coh) (A5 Ox , N ®p M)

by Proposition 2.5 and the proof of Theorem B.2.4. In other words, while the right
diagonal DG-module DGy, over DGy, ®j DGy, is represented by the object

A«Dy € DG**((X x X, O, wa — w1)-coh)

as a contravariant DG-functor on DGy, ®j DGy, C DGyy,—y,, the left diagonal
DG-bimodule DG,, over DG;5 ®j DG,, is represented by the object

A+O% € DG (X xi X, O, wy — wy)-coh)
as a covariant DG-functor on
DG ®j DGy C DGyy—y; = DGP*((X xi X, O, wy —wy)-coh).

B.2.8. Direct sum over the critical values. Let X be a separated scheme of fi-
nite type over a field k and & : X — Speck be its structure morphism. As in
Sections B.2.5-B.2.7 (see also Section 3.7), we choose the dualizing complex
Dy ~ JT+OSPCC ron X. Let w € O(X) be a global regular function on X such that
the morphism of schemes w : X — A}C is flat (cf. [Orlov 2004; 2012]).

Letcy, ..., cn € k be a finite number of different elements of the ground field.
Assume that there exist closed subschemes Z; C X such that the function w is
noncritical on X\(Z{U---UZ,), the restriction of w to Z; is equal to the constant ¢;,
and the schemes Z; admit smooth stratifications over k.

In particular, if the field k is perfect, it suffices to require that the function w has
only a finite number of critical values ¢y, ..., ¢y € A]i (i.e., the open subscheme
A}c, rC A,i is nonempty; see Section B.2.1), and all of these values belong to the
field k (rather than its algebraic closure). When the field k has zero characteristic,
the former condition holds automatically. Then one simply takes Z; to be the zero
locus of the function w; —c¢; on X.

Consider the Cartesian square X xj X with the global function w, — w; =
p5(w) — py(w) onit. Let A: X — X Xz X denote the diagonal morphism.
The following result is to be compared with [Polishchuk and Positselski 2012,
Corollary 4.10].



1288 Alexander |. Efimov and Leonid Positselski
Corollary B.2.8. There are natural isomorphisms of Z /2-graded k-algebras

@, HH*(DG***((X, O, w — ¢;)-coh))
=~ Hocho((XXkX, O, wz—w1)-qcoh) (A*D).( ’ A*D).( [*])
~ HOI’nDabs((XXkX’O, wl—wz)-coh)(A*OXv A*Ox[*])Op. 41)

There are also natural isomorphisms of Z/2-graded k-modules

@7, HH«(DG**((X, O, w — ¢;)-coh))
>~ Hompeo ((x x4 X, 0, wa—wy)-geoh) (AxOx , AxDx [*])
= HomDC°((XXkX,O,wl—wZ)-qcoh)(A*OXv A*D}'( [*]) (42)

over the 7 /2-graded k-algebra (41).

Proof. Foreachi =1, ..., n, let ¥; denote the open subscheme X\Uj# Z; CX.
Let w; € O(Y;) denote the restriction of the regular function w —¢; to ¥;. The argu-
ment is based on the results of Sections B.2.4 and B.2.7 applied to the schemes Y;
(or their open subschemes) endowed with the potentials w; .

The restriction of morphisms (in the coderived categories) of quasicoherent
matrix factorizations to the open subschemes Y; C X defines a Z/2-graded k-algebra
morphism from the (middle or) right-hand side to the left-hand side of (41), and
a Z/2-graded k-module morphism from the (middle or) right-hand side to the
left-hand side of (42). It remains to show that these morphisms are isomorphisms.

For this purpose, one can start with replacing A«Dy or AxOy in the second
argument of the Hom spaces in the middle or right-hand sides of (41) and (42) with
an injective matrix factorization J on X X3 X representing the same object in the
coderived category. Then one notices that the restriction from X x; X to its open
subscheme V = J!'_; Y; xx Y; does not change the Hom spaces in the right-hand
sides, as the image of A is contained in V.

Finally, one writes down the Cech resolution of the matrix factorization 7|y
corresponding to the covering of the scheme V' by its open subschemes Y; X ;. This
is a finite acyclic complex of injective matrix factorizations, so applying the functor
Hom(y, 0, (wy—w1)|y)-qeon (K, —) from any quasicoherent matrix factorization K
preserves its acyclicity. Since the Hom spaces on any intersection of at least two
different open subschemes in the covering are zero by Theorems B.2.4— B.2.7 (as
w is noncritical on ¥; NY; for any i # j), the desired isomorphisms follow. [

Remark B.2.8. The Hochschild cohomology algebra and the Hochschild homology
module of the DG-category version DGP(X-coh) of the bounded derived category
DP(X-coh) of (complexes of) coherent sheaves on a separated scheme X of finite
type over a field k can be computed in the way similar to (but simpler than) the
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above. The answers are the same as in Theorems B.2.4 and B.2.7:

HH*(DG"(X-coh)) =~ Homp(xx X-qeoh) (AxDy. AxDy[*])
~ Homps(x x; X-coh) (A+Ox, AxOx[*])P  (43)

and
HH(DG®(X-coh)) =~ Homp(xx X-qeoh) (AxOx, AxDy[*]), (44)

the only difference being that DG?(X-coh) is a Z-graded DG-category and the right-
hand sides describe the Hochschild (co)homology as a Z-graded algebra and module.
The only assumption is that the scheme X should admit a smooth stratification
over k (i.e., it suffices that the field k be perfect).
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