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We associate a bivariant theory to any suitable oriented Borel-Moore homology
theory on the category of algebraic schemes or the category of algebraic G-
schemes. Applying this to the theory of algebraic cobordism yields operational
cobordism rings and operational G-equivariant cobordism rings associated to
all schemes in these categories. In the case of toric varieties, the operational
T -equivariant cobordism ring may be described as the ring of piecewise graded
power series on the fan with coefficients in the Lazard ring.
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1. Introduction

The purpose of this article is to study the operational bivariant theory B* associated
to a refined oriented Borel-Moore prehomology theory B, and the equivariant
versions of these theories. We apply this to the algebraic cobordism theory €2, of
Levine and Morel [2007] to construct the operational bivariant cobordism theory Q*.
As an application, we describe the operational T-equivariant cobordism Q7.(X a)
for a quasiprojective toric variety Xa.

Bivariant theories were defined in [Fulton and MacPherson 1981; Fulton 1998]. A
bivariant theory assigns a group B*(X — Y') to every morphism X — Y of schemes.
The theory contains both a covariant homology theory B« (X) = B*(X — pt) and
a contravariant cohomology theory B*(X) = B*(Idy : X — X), but the bivariant
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theory can be more general in the sense that there may be invariants of the theory that
are not determined by homology and cohomology alone [Fulton and MacPherson
1981]. It was also shown in [Fulton and MacPherson 1981; Fulton 1998] how
to extend a given homology theory B to a bivariant theory. Bivariant classes in
this theory are certain compatible operators on the homology groups Bs; hence
the bivariant theory is called the operational bivariant theory. The only bivariant
theories we consider in this paper are the operational ones. An operational bivariant
theory can be viewed as a method of constructing a cohomology theory B* out of a
homology theory By. The cohomology theory takes values in rings, hence there is a
well-defined intersection product in this theory. The Chern class operators naturally
lie in the cohomology B*.

The operational cohomology theory B* at first seems very intractable. A single
element of B*(X) is defined by an infinite set of homomorphisms. However, Kimura
[1992] has shown that, in case of Chow theory A, the bivariant cohomology groups
A*(X) for an arbitrary variety X can often be computed if one knows the homology
groups A (Y) for smooth varieties Y. Payne [2006] carried out this computation for
the equivariant Chow cohomology A7, of toric varieties. By a result of Brion [1997],
the 7" -equivariant Chow ring A%.(Xa) of a smooth toric variety X A can be identified
with the group of integral piecewise polynomial functions on the fan A. Payne
showed that the ring of such functions on an arbitrary fan A gives the operational
T -equivariant Chow cohomology A%.(Xa). A similar computation in the case of
K-theory is done by Anderson and Payne [2015]. Brion and Vergne [1997] (see
also [Vezzosi and Vistoli 2003]) proved that the 7 -equivariant K-theory ring of a
smooth toric variety X A is isomorphic to the ring of integral piecewise exponential
functions on the fan A. Anderson and Payne show that for an arbitrary fan A this
ring gives the operational T-equivariant K-cohomology of the variety Xa.

One of the goals of this article is to extend Anderson and Payne’s results to the
case of algebraic cobordism. The T -equivariant algebraic cobordism of smooth toric
varieties was computed by Krishna and Uma [2013]. Using the same terminology as
in the case of Chow theory and K -theory, the equivariant cobordism ring 27.(X ) of
a smooth quasiprojective toric variety X o can be identified with the ring of piecewise
graded power series on the fan A, with coefficients in the Lazard ring L. We prove
below that, for any quasiprojective toric variety X a, the ring of piecewise graded
power series on A gives the operational T -equivariant cobordism ring Q7.(Xa).

We start by constructing the operational bivariant theory B* for a suitably general
class of homology theories By. To carry out the construction of the operational
bivariant theory, it suffices to assume that By is a refined oriented Borel-Moore
prehomology theory (ROBM prehomology theory). This is a weakening of the
notion of oriented Borel-Moore homology theory [Levine and Morel 2007, Def-
inition 5.3.1] with refined Gysin homomorphisms, where we do not require the
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projective bundle, extended homotopy and the cellular decomposition properties.
The various constructions can be summarized by a diagram as follows:

B —— B,

I

Each horizontal arrow associates to an ROBM prehomology theory its operational
bivariant theory. This step can be applied to an arbitrary ROBM prehomology
theory B, including its equivariant version BC for a linear algebraic group G.
The vertical arrows associate to a theory its G-equivariant version using Totaro’s
[1999] algebraic approximation of the Borel construction from topology. For these
constructions to be well-defined, we need to assume that the ROBM prehomology
theory By has the localization and homotopy properties. The construction of BZ is
a direct generalization of similar constructions in Chow theory by Totaro [1999] and
by Edidin and Graham [1998], and in algebraic cobordism by Deshpande [2009],
Krishna [2012] and Heller and Malagén-Loépez [2013]. Note that, unlike equivariant
Chow and algebraic cobordism theories, the equivariant K-theory is constructed
not by the Borel construction, but using equivariant sheaves.

We will prove that the above square commutes; more precisely, the two ways
to construct B(’; agree if we assume that the original theory By has certain exact
descent sequences for envelopes. Such sequences were first proved by Gillet [1984]
in K-theory and Chow theory, and they were used by Edidin and Graham [1998] to
prove the commutativity of the square above for Chow theory. The Edidin-Graham
proof can be generalized to an arbitrary ROBM prehomology theory, but the descent
property depends on the theory. The descent property for the algebraic cobordism
theory was proved in [Gonzdlez and Karu 2015].

The descent property in the Chow theory was used by Kimura [1992] to give an
inductive construction of operational Chow cohomology classes. We will generalize
Kimura’s proofs to arbitrary ROBM prehomology theories that satisfy the descent
property.

Levine and Morel [2007] showed that the algebraic cobordism theory is universal
among all oriented Borel-Moore homology theories. We do not know any similar
universality statement for the operational cobordism theory. In any bivariant theory,
multiplication with a bivariant class defines an operation on homology. This gives
a functor from the bivariant theory to the operational theory constructed from its
homology. Hence the operational theory is the universal target of all bivariant
theories with a fixed homology theory. Yokura [2009] has proposed a geometric
method for constructing a bivariant algebraic cobordism theory $*, which would
be universal among a class of oriented bivariant theories. The homology of this
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bivariant theory Q* is expected to be the algebraic cobordism 2. By universality,
there should exist a natural transformation from Yokura’s bivariant Q* to the
operational %, restricting to an isomorphism between the homology theories. To
relate these two theories would then be an interesting problem.

We state our result describing the operational 7 -equivariant cobordism of a
toric variety only in the quasiprojective case since this assumption is used in the
development of equivariant cobordism in our references [Deshpande 2009; Krishna
2012; Heller and Malagén-Loépez 2013]. However, for torus actions one could
define a version of equivariant cobordism without the quasiprojectivity assumption,
and our description would still hold in that setting. More precisely, the required
GIT quotients for the Borel construction exist for torus actions even in the non-
quasiprojective case because 7 is a special group (see Proposition 23 in [Edidin
and Graham 1998]); in addition in the case of T-equivariant cobordism one has
induced pushforwards for proper morphisms, and then the argument provided in
Section 7 goes through without the quasiprojectivity assumption.

Dependence on the refined Gysin homomorphisms for cobordism. Following Ful-
ton and MacPherson, we associate an operational bivariant theory to any ROBM
prehomology theory, which in particular must have refined Gysin homomorphisms
as in Definition 2.5. Constructing the refined Gysin homomorphisms in the theory
of algebraic cobordism is the most delicate part of [Levine and Morel 2007]. A
reader with the case of algebraic cobordism in mind may therefore wonder how
much our results depend on these homomorphisms. Refined Gysin homomorphisms
appear in our definition of operational theories B* in Section 3C (in axiom (C3)),
in the definition of equivariant theories B in Sections 4B—4C (as the maps in
a directed system used to define BY), in the definition of the ring structure on
B, in the smooth case in Section 2C (as a pullback along the diagonal), in the
proof of the Poincaré duality isomorphism Proposition 3.2 (as a pullback along
a graph morphism), and in the proof of the commutativity of the square above in
Proposition 5.2 using Poincaré duality. Finally, Gysin homomorphisms appear in
the theorem of Krishna and Uma, Theorem 7.2, that describes the cobordism ring
of a smooth toric variety via pullback to the fixed-point set.

The paper is organized as follows. We define refined oriented Borel-Moore
prehomology theories in Section 2. In Section 3 we define bivariant theories and
associate the operational bivariant theory B* to any ROBM prehomology theory B
in the categories Schy and G-Schy, which among other properties has the original
theory By as its associated homology theory (see Proposition 3.1) and has a Poincaré
duality isomorphism between homology and cohomology in the nonsingular case
(see Proposition 3.2). In Section 4 we start from any ROBM prehomology theory
B, on Schy, that satisfies the localization and homotopy properties and construct
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the G-equivariant ROBM prehomology theory BS on G-Schy by taking a limit
over successively better approximations of the Borel construction. In Section 5
we show that if By has exact descent sequences (5-1), then the computation of
bivariant classes can be inductively reduced to the nonsingular case (see Theorem 5.6
and Theorem 5.3), and that furthermore the operational equivariant theory Bg
can alternatively be computed by applying the limit construction directly to the
operational theory B* (see Proposition 5.2).

In Section 6 we overview the theory of algebraic cobordism £2.. We conclude this
article in Section 7 by showing in Theorem 7.3 that the operational T-equivariant
cobordism ring of a quasiprojective toric variety can be described as the ring of
piecewise graded power series on the fan with coefficients in the Lazard ring.

2. Refined oriented Borel-Moore prehomology theories
2A. Notation and conventions.

2A.1. Throughout this article all of our schemes will be defined over a fixed field k.
We denote by Schy, the category of separated finite-type schemes over Spec k and by
Sch;c the subcategory of Schy with the same objects but whose morphisms are the
projective morphisms. We denote by Smy the full subcategory of Schy of smooth
and quasiprojective schemes. By a smooth morphism we always mean a smooth and
quasiprojective morphism. Ab, will denote the category of graded abelian groups.

2A.2. Let G be a linear algebraic group. A G-linearization of a line bundle
f L — X over the G-scheme X is a G-action ® : G x L — L on L such that f
is G-equivariant and for every x € X and g € G the action map ®g : Ly — Lgx
is linear. We denote by G-Schy the category whose objects are the separated finite-
type G-schemes over Spec k that admit an ample G-linearizable line bundle and
whose morphisms are G-equivariant morphisms. We denote by G—Sch}c the sub-
category of G-Schy with the same objects but whose morphisms are the projective
G-equivariant morphisms. Note that all schemes in G-Schy are assumed to be
quasiprojective; this is needed in the construction of equivariant theories using the
GIT quotients.

2A.3. In Sections 5-7 we will assume that k& has characteristic zero and in Sections
4B—4D we will assume that k is infinite. The assumption on the characteristic
of k is only meant to guarantee the existence of smooth projective envelopes
in the categories Schy and G-Schy and to provide the setting for the use of the
Levine—Pandharipande version of algebraic cobordism, which requires resolution
of singularities by projective morphisms, weak factorization for birational maps
and some Bertini-type theorems that hold in characteristic zero. The assumption on
the cardinality of k is only used explicitly in the proof of Proposition 4.3.
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2A.4. We call a morphism f : Z — X in one of the categories ¢ = Schy or
€© = G-Schy a locally complete intersection morphism in %, or simply an Ici
morphism in €, if there exist a regular embedding i : Z — Y and a smooth
morphism g : Y — X, with g and i in € such that f = gi. When we work in the
category G-Schy and we say that a morphism f is an equivariant lci morphism,
or simply an lci morphism, we mean that f is an lci morphism in G-Schy. We
follow the convention that smooth morphisms, and more generally lci morphisms,
are assumed to have a relative dimension. If f : X — Y is an lci morphism of
relative dimension d (or relative codimension —d ) and Y is irreducible, then X is
a scheme of pure dimension equal to dimY + d.

2B. ROBM prehomology theories.

2B.1. For simplicity, we unify the treatment of the cases when the ambient category
is Schy, or G-Schy, for some algebraic group G. Therefore, through the rest of this
section we fix the category €, which is either Sch; or G-Schy, and we assume
that all the schemes and morphisms are in € (e.g., the statement for any morphism
should be interpreted as for any morphism in €). Likewise, when € = G-Schy,
by an Ici morphism we mean an equivariant Ici morphism. The category 6’ is
defined to be Sch;C or G—Sch}c, depending on whether € is equal to Schy or G-Schy,
respectively.

Let us start by recalling the definition of a Borel-Moore functor on €, and several
extra structures on it, from [Levine and Morel 2007].

Definition 2.1. A Borel-Moore functor on € is given by:
e (Dy) An additive functor H, : ¢’ — Aby, i.e., a functor Hy : ¢’ — Aby such

that, for any finite family (X1, ..., X;) of schemes in %', the morphism
r r
P H.(xi) > H*(]_[ Xl-)
i=1 i=1

induced by the projective morphisms X; C [[/_; X; is an isomorphism.

¢ (D) For each smooth equidimensional morphism f : Y — X of relative dimen-
sion d in 6, a homomorphism of graded groups

F* He(X) = Hopa(Y),

These data satisfy the following axioms:

¢ (A}) For any pair of composable smooth equidimensional morphisms (f : Y — X,
g:Z —Y) of relative dimensions d and e respectively, one has

(fog)" =g o f*: Hi(X) > Hitate(Z).

In addition, Idy = Idg, (x) for any X € 6.
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¢ (A) For any projective morphism f : X — Z and any smooth equidimensional
morphism g : Y — Z, if one forms the fiber diagram
W—

Ll

g*f* = s:g,*’

g/

f/
g
—
then

Notation 2.2. For each projective morphism f the homomorphism H.(f) is
denoted by fi and is called the pushforward along f. For each smooth equi-
dimensional morphism g the homomorphism g* is called the pullback along g.

Definition 2.3. A Borel-Moore functor with exterior product on € consists of a
Borel-Moore functor H on 6, together with:

¢ (D3) An element 1 € Hy(Spec k), and for each pair (X, Y) of schemes in € a
bilinear graded pairing (called the exterior product)

X1 Hx(X) X He(Y) > Hi(X XY),
(. ) —>axp
which is (strictly) commutative, associative, and admits 1 as unit.
These satisfy:

* (A3) Given projective morphisms f : X — X’ and g : Y — Y/, one has that for
any classes @ € H«(X) and B € H«(Y)

(f x@)x(axB) = fula) x g«(B) € He(X'x Y').

* (A4) Given smooth equidimensional morphisms f: X — X' and g:Y — Y/,
one has that for any classes @ € H«(X’) and B € H.(Y')

(f x@ (@xp)=f*(a) xg"(B) € Ha(X xY).

Remark 2.4. Given a Borel-Moore functor with exterior product Hy, the axioms
give Hy(Speck) a commutative, graded ring structure, give to each H.(X) the
structure of H. (Spec k)-module, and imply that the operations fx and f* preserve
the H«(Spec k)-module structure.

Definition 2.5. A Borel-Moore functor with intersection products on % is a Borel-
Moore functor Hy on 6, together with:
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e (Dy4) For each Ici morphism f : Z — X of relative codimension d and any
morphism g : Y — X giving the fiber diagram

w f—> Y
o, |
VA L X
a homomorphism of graded groups

[} Ho(Y) = Hoog(W).

These satisfy:

e (A5)If f1:Z1— X and f»: Z, — Z; are Ici morphisms and g : ¥ — X any
morphism giving the fiber diagram

7 £
W, 22w sy

|, b, b

Zz—)Zl—>X

one has (f10 f2)} = (f2)y 0 (f1)g-

e (Ag)If f1:Z1— Xy and f,: Zy — X, are Ici morphisms of relative codimen-
sions d and e, respectively, and 4 : Y — X; and hy : ¥ — X are arbitrary
morphisms giving the fiber diagram

W—)Wz—)Zz

l lfz/ lfz
S ho

W1—>Y—>X2

|, I

Zl—>X1

one has (1)}, ;0 (f2)j,, = (2, g © (S, : BaY — Baca—cW.

¢ (A7) For any smooth morphism f :Y — X one has fI(!jX = f*.
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For any Ici morphism f : Z — X, any morphism g : ¥ — X and any morphism
h:Y' — Y, if one forms the fiber diagram

then:

* (Ag) If g and f are Tor-independent in Schy (i.e., if TorJQX (Oy,0z) =0 for all

j > 0) then

fon =N}

e (Ag) If h is projective then fg! ohy =hl o g!h'
e (Ajo) If i is smooth equidimensional then f; poh*=h%*o fg!.
Notation 2.6. Given a Borel-Moore functor with intersection products Hy, for any
lci morphism f : Z — X of relative codimension d, the map fl<!iX Hy(X) =
H,._4(Z) is called the Ici pullback along f and denoted by f*. For each Ici
morphism f : Z — X and each morphism g : ¥ — X we call the morphism
fg! the refined Ici pullback along f associated to g. We will usually denote fg!
simply by f' with an indication of where it acts. When the Ici morphism f is
a regular embedding then fg' is called a refined Gysin homomorphism. Refined
Gysin homomorphisms and smooth pullbacks can be composed to construct all
refined Ici pullbacks.

Definition 2.7. A Borel-Moore functor with compatible exterior and intersection
products on € consists of a Borel-Moore functor H, on € endowed with exterior
products and intersection products that in addition satisfy:

e (A If,fori =1landi =2, f; : Z; — X; is an Ici morphism and g; : ¥; — X;
is an arbitrary morphism, and one forms the fiber diagram

’

Wi ——= Y
lg{ lgi
Z; L Xi
one has that for any classes o] € H« (Y1) and o € H«(Y3)

(f1 X ) xga (@1 X 02) = (f1)g, (@1) X (f2)g, (2) € Hu(Wy x Wh).
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Notation 2.8. We will call a Borel-Moore functor with compatible exterior and
intersection products a refined oriented Borel-Moore prehomology theory (ROBM
prehomology theory, for short).

Examples of ROBM prehomology theories are Chow theory A (see [Fulton
1998]), K-theory (i.e., the Grothendieck K-group functor Gg of the category of
coherent Oy -modules, graded by Gy ®7Z[B, B~']— see [Levine and Morel 2007,
Example 2.2.5]), and algebraic cobordism 2, (see [Levine and Morel 2007]) on
the category Schy; and equivariant Chow theory AS and equivariant algebraic
cobordism Q*G on the category G-Schy constructed as in Section 4 (see [Edidin
and Graham 1998; Krishna 2012; Heller and Malagén-Lépez 2013]).

Levine and Morel [2007] considered the notion of an oriented Borel-Moore
homology theory, which is an ROBM prehomology theory but with Ici pullbacks
only instead of refined Ici pullbacks, and with additional axioms called projective
bundle, extended homotopy and cellular decomposition properties. Because of the
refined Ici pullbacks, an oriented Borel-Moore homology theory is not necessarily
an ROBM prehomology theory. However, one can construct refined Ici pullbacks
from ordinary Ici pullbacks by the deformation to the normal cone argument of
Fulton and MacPherson, provided that the theory additionally satisfies the homotopy
and localization properties (see Section 4 for these properties). We will need the
homotopy and localization properties when working with equivariant theories;
hence an alternative theory that is sufficient for the constructions below would be a
Borel-Moore functor with compatible Ici pullbacks and exterior products, which
additionally satisfies the homotopy and localization properties.

Definition 2.9. If H, is an ROBM prehomology theory, for any line bundle L — Y
in 6 with zero section s : Y — L one defines the operator ¢1 (L) : H«(Y) — Hx«—1(Y)
by €1 (L) = s*s4, and calls it the first Chern class operator of L.

2C. Cohomology theory. Let Hy be an ROBM prehomology theory. For a smooth
scheme X of pure dimension n, define

H*(X) = Hy—x (X).

For an arbitrary smooth scheme we extend this notion by taking the direct sum over
pure-dimensional parts of X.
The groups H *(X) are commutative graded rings with unit, with product defined
by
H*(X)x H*(X) - H*(X),
(a,b) — A% (axDb),
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where Ay : X — X x X is the diagonal map and AY is the Ici pullback. Associativity
of the product follows from (As) and (A1) applied to two different ways to construct
the diagonal X — X x X x X by composing Ay.

Let 7 : X — Spec k be the structure morphism, and define 1y = 7*(1) € H%(X),
where 1 = lgpeck € H 0(Spec k) is the element specified in (D3). Then ly is the
multiplicative identity in the ring H*(X).

Axioms (As) and (A;;) imply that, if f : X — Y is an Ici morphism between
smooth schemes, then f*: H*(Y) — H*(X) is a homomorphism of graded rings
with unit. Thus, we may view H* as a contravariant functor from the category of
smooth schemes and Ici morphisms in ‘6 to the category of commutative graded
rings with unit. In the next section we extend this functor to the whole category 6.

3. Operational bivariant theories

In this section we consider a refined oriented Borel-Moore prehomology theory B
on one of the categories € = Schy or 6 = G-Schy, and associate to it a bivariant
theory B* on 6. We present a unified treatment of these two cases. Therefore
throughout this section we fix one of these two categories and denote it by 4, and
we assume that all the schemes and morphisms are in ‘6 following the conventions
described in Section 2B.1.

Operational theories were defined for general homology theories by Fulton and
MacPherson [1981]. The constructions that we present in this section follow [Fulton
1998, Chapter 17] where the operational theory A* is constructed for the Chow the-
ory As. Some definitions and proofs have been modified to adapt them to our setting.

3A. Bivariant theories. A bivariant theory B* on % assigns to each morphism
f :X — Y in %6 a graded abelian group B*(X — Y). The groups B*(X — Y) are
endowed with three operations called product, pushforward and pullback, which
are mutually compatible and admit units:

e (P1) Product. For all morphisms f : X — Y and g : Y — Z, and all integers p
and g, there is a homomorphism

gf
—

B?(x Lo v)® By 5 7) s BPH(x z).

The image of ¢ ® d is denoted ¢ - d.

e (Py) Pushforward. If f : X — Y is a projective morphism, g : ¥ — Z is any
morphism and p is an integer, there is a homomorphism

gf

fu:BP(X 25 7) — BP (Y 55 7).
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e (P3) Pullback. If f : X — Y and g: Y’ — Y are arbitrary morphisms, f': X’ =
X xy Y’ — Y is the projection and p is an integer, there is a homomorphism

’

g*BP(X N Y)— B?(X'—Y').

e (U) Units. For each X there is an element 1y € BO(X -, X) such that
a-ly =a and 1y - 8 = B for all morphisms W — X and X — Y and all classes
a € B¥(W — X) and B € B*(X — Y). These unit elements are compatible
with pullbacks, i.e., g*(1x) = 1z for all morphisms g: Z — X.

These operations are required to satisfy seven compatibility properties:

e (B)) Associativity of products. If ¢ € B*(X — Y), d € B*(Y — Z) and
e € B*(Z — W), then

(c-d)-e=c-(d-e) e B¥*(X - W).

e (By) Functoriality of pushforwards. If ¢ € B*(X — Y), then Idy,c = ¢ €
B*(X —Y). Moreover, if f:X — Y and g : Y — Z are projective morphisms,
Z — W is arbitrary, and d € B*(X — W), then

(gf)xd = g«(fud) € B*(Z - W).

* (B3) Functoriality of pullbacks. If c € B*(X — Y, thenIdy c =ce B*(X = 7Y).
Moreover, if f:X —>Y,g:Y' —Y and h:Y"” — Y’ are arbitrary morphisms,
X" =X xy Y” —Y" is the projection, and d € B*(X — Y), then

(gh)*d = h*(g*d) € B*(X" = Y").

e (B12) Product and pushforward commute. If f : X — Y is projective, ¥ — Z
and Z — W are arbitrary, and ¢ € B*(X — Z) and d € B*(Z — W), then

fie)-d = fu(c-d) e B*(Y — W).

* (B13) Product and pullback commute. If c € B* (X i) Y) andd € B* (Y AN Z),
and i : Z' — Z is arbitrary, and one forms the fiber diagram

x Ly &g

e ]
x-L .y 2.7

then
W (c-d)=h"()-h*(d) e B*(X' = Z').
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¢ (Ba3) Pushforward and pullback commute. If f : X — Y is projective, g: Y — Z
and h : Z' — Z are arbitrary morphisms, and ¢ € B*(X — Z), and one forms
the fiber diagram

X/ S’ , & /
l/, lh, lh
x—L .,y %,z

then
h*(fxc) = fi(h*c)e B*(Y' — Z').

e (B123) Projection formula. If f : X — Y and g:Y — Z are arbitrary morphisms,
h' .Y’ —Y is projective and ¢ € B*(X — Y) and d € B*(Y' — Z), and one
forms the fiber diagram

X/LY/

then
c-h (d)=h.("""(c)-d) e B*(X = Z).

The group BP(X L> Y) may be denoted by simply by B (X —Y) or BP(f).
We will denote by B*(X — Y), B*(X — Y) or B*(f) the direct sum of all
BP (X — Y), for p € Z.

3B. Homology and cohomology. A bivariant theory B*(X — Y') contains both a
covariant homology theory B, (X) and a contravariant cohomology theory B*(X).

The homology is defined by B,(X) = B~?(X — Speck). For any projective
morphism f : X — Y, the pushforward in the bivariant theory defines the functorial
pushforward map in homology fx : B«(X) — B« (Y).

The cohomology is defined by BP(X) = B?(Idy : X — X). The product
operation in the bivariant theory turns B*(X) into a graded ring with unit 1y
and turns B«(X) into a graded left module over B*(X). The product operation
B*(X) X B«(X) — B« (X) is called the cap product and denoted (&, B) = a N B.
For any morphism f : X — Y, the pullback in the bivariant theory defines a
functorial pullback f*: B*(Y) — B*(X). The pullback map is a homomorphism
of graded rings. When f is a projective morphism, the projection formula relates
the pullback, pushforward, and cap product as follows:

H(fH@)np)=an fu(B).
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3C. Operational bivariant theories. We now fix an ROBM prehomology theory
B on €, and associate a bivariant theory B* to it.

Let f : X — Y be any morphism. For each morphism g : Y’ — Y, form the
fiber square

with induced morphisms as labeled. An element ¢ in B? (X i) Y), called a
bivariant class, is a collection of homomorphisms

™ BpY' — Bp_pX'
forall g: Y’ — Y and all m € Z, compatible with projective pushforwards, smooth
pullbacks, intersection products and exterior products, that is:

e (C)Ifh:Y"” —Y'is projective and g : Y/ — Y is arbitrary, and one forms the
fiber diagram

X// f// Yll

v, |

X ——Y
[« s
f

then, for all @ € B, (Y"),
e (hae) = Wyl (@)
in Bp_p(X).

e (Cp)If h:Y” — Y’ is smooth of relative dimension n and g : Y’ — Y is arbitrary,
and one forms the fiber diagram

X// f// Yll

v, |

X ——Y'

Nt
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then, for all @ € By, (Y'),

(m+n)(h*a) h/*cém)(a)
in Butn—p (X").

e (C)Ifg:Y - Y and h:Y’' — Z' are morphisms, and i : Z” — Z’ is an Ici
morphism of codimension e, and one forms the fiber diagram

X// f” Y// 4 Z//

T

X’—>Y’L>Z/

b

then for all « € B, (Y"),

(m—e) —
cgr Vlite) =it (@)

e (Cy)Ifg:Y - Y isarbitrary,and h: Y'x Z — Y and ' : X' x Z — X’ are

the projections, and one forms the fiber diagram

X’fo—>Y’><Z

I

X —Y

b

X —Y

then, for all @ € By, (Y’) and 8 € B;(Z),

D@ x p) =™ (@) x B

in Byy1—p(X' ' xZ).

The three operations are defined as follows:
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e Product: Let ¢ € BI’(X L> Y)andd € BY (Y LN Z). Given any morphism
h:Z — Z, form the fiber diagram

x Ly £, g

1,

XL ,y_%.,7

and for each integer m define (c - d);lm) = c}(l',"_‘” o dlgm) :BnZ' — By—p—gX'.

e Pushforward: Given ¢ € BP(X L) y 2 Z) and any morphism 4 : Z' — Z,
form the fiber diagram

x Ly &g

bl

X vy_£.,7

and for each integer m define (f*c)glm) = flo c}(lm) :BnZ' — Bm—pY'.

e Pullback: Given ¢ € B? (X BEAR Y) and morphisms g : Y’ — Y and h:Y" > Y,
form the fiber diagram

X// f// Yll

v, |

X ——Y

Pt

X —Y

and for each integer m define (g*c)glm) = cgz) :BnY" = Bp—pX".

It is straightforward to verify that these three operations are well-defined (i.e., that
c-d, fxc and g*c satisfy (C;)—(Cy), so that they define classes in the appropriate
bivariant groups). For each X, unit elements 1y € B%(X — X) satisfying the
property (U) are defined by letting them act by identity homomorphisms. It is also
straightforward to check that the three operations satisfy properties (B;)—(B123). In
conclusion, the operational theory is a bivariant theory.

The only bivariant theories we will consider are the operational ones. By a
bivariant theory we will mean an operational bivariant theory associated to an
ROBM prehomology theory.
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3D. Homology and cohomology for operational bivariant theories. Recall that
any bivariant theory B*(X — Y) contains both a covariant homology theory
B™*(X — Spec k) and a contravariant cohomology theory B*(Idy : X — X). We
claim that if the bivariant theory B*(X — Y') is the operational theory associated to
an ROBM prehomology theory By, then the homology theory B~ (X — Spec k)
is isomorphic to the original theory Bs«(X). Similarly, the cohomology theory
B*(X — X) agrees with the cohomology theory B*(X) constructed in Section 2C
for smooth schemes X. The proofs in this section are adapted from the proofs in
[Fulton 1998] for the Chow theory.

Proposition 3.1. For any X and each integer p, the homomorphism
@ : B7P(X — Speck) — B,(X)

taking a bivariant class c to ¢(1) is an isomorphism. Here 1 = lgpe. k. € Bo(Spec k)
is the element specified by (D3) in Definition 2.3. The isomorphism ¢ is natural
with respect to pushforwards along projective morphisms.

Proof. Define a homomorphism v : B, (X) — B™?(X — Speck) as follows: given
any a € Bp(X), any morphism f :Y — Speck and a class « € B, (Y), we set
Y(a)(a) =axa € By p(X xY). It follows at once that ¥ (a) satisfies (C1)—(Cs),
and v is a well-defined homomorphism.

Foreacha € B,(X), onehas (Y (a)) =y (a)(1)=ax1=a € B,(X),sopoy
is the identity. Given any ¢ € B~ (X — Spec k), any morphism ¥ — Spec k and
any class @ € By, (Y), one has ¥ (p(c)) (@) =¥ (c()) (@) =c() xa=c(l xa) =
c(a) € B"TP(X xY), so ¥ o is also the identity.

Naturality of ¢ with respect to projective pushforwards follows from the definition
of pushforward in the operational bivariant theory. O

Let us now consider the cohomology theory B*(X — X). Note that an element
¢ € B?(X — X) is a collection of homomorphisms c}m) :BuX'— Bp_p X', for
all morphisms f : X’ — X and all integers m, that are compatible with projective
pushforwards, smooth pullbacks, and exterior and intersection products. Using the
previous proposition, we identify By (X) with B~*(X — Speck), and thus give
B (X) the structure of a module over B*(X — X).

Proposition 3.2 (Poincaré duality). Let X be a smooth purely n-dimensional
scheme and let B* (X ) = Bp—«(X) be the cohomology theory defined in Section 2C.
The homomorphism defined by cap product with 1x € B°(X),

0 BY(X =X, x) X, gy,

is an isomorphism of graded rings that takes 1x € B®(X — X) to 1x € B°(X).
The isomorphism @ is natural with respect to pullbacks by Ici morphisms.
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Proof. Let us fix an integer p and define a homomorphism ¢ : BP(X) =B, ,(X) —
BP(X — X) as follows: given any a € B,_,(X), any morphism f : Y — X and
aclass @ € By, (Y), we set ¥ (a)(a) = W(a)}m)(a) = y}‘(a X o) € By—pY, where
Yr = (f.1dy):Y — X x Y is the transpose of the graph of f, which in this case
is a regular embedding of codimension n. It is straightforward to check that v (a)
is a bivariant class and v is a group homomorphism.

For eacha € B, X, one has (¥ (a)) =¥ (a)(1x) = )/I’EX (axly)=Idya=
a € B,_pX, so ¢oy is the identity. Given any ¢ € B”(X — X), any morphism
f Y — X and any class @ € B, Y, one has ¥ (¢(c))(a) = ¥(c(1x))(a) =
yi(e(lx) x ) = yFe(ly x @) = c(yi(ly x @) = c(@) € Bu_pY. 50 Y0
is also the identity.

To verify the compatibility with multiplication, we show that for arbitrary classes
a € By—p(X)and b € B,_y(X) we have Y (a-b) =¥ (a)- ¥ (b) € BPTI(X — X).
Indeed, given any morphism f : Y — X and any class 6 € B;,Y, we have

V(a-b)(0) = v (s (@xb) x 6) = (/. £.1dy)*(ax b x 6)
= 7} ((dy.yp)* (@ xbx 0)) = yF(a x y}(b x 0))
= Y@ W (1)) = (Y(@) - ¥ (0))(6) € Bu—p—gY.

The element 1y € B®(X — X) acts as multiplicative identity, hence the cap
product with it maps 1y € B%(X) to itself.

Let f: X — Y be an Ici morphism between pure-dimensional smooth schemes.
Naturality of ¢ with respect to pullback by f is equivalent to the identity

fHnly = f*(cnly)
for any ¢ € B*(Y — Y'), which holds by (C3) since 1y = f*(1y). O

Notation 3.3. We will set B*(X) = B*(Idy : X — X) for an arbitrary scheme X
in 6. Proposition 3.2 shows that this contravariant functor on %, when restricted to
the category of smooth schemes and Ici morphisms, is isomorphic to the functor
B* defined in Section 2C.

Remark 3.4. In his construction of a bivariant theory associated to Chow theory,
Fulton [1998, Chapter 17] used the Chow theory versions of our axioms (C;), (C»)
and (C3), namely, compatibility of the bivariant classes with proper pushforwards,
flat pullbacks and refined Gysin homomorphisms, but there is no explicit requirement
of our axiom (C4), compatibility with exterior products. This axiom (C4) does not
appear explicitly in Fulton’s construction because, in the case of Chow theory A,
axioms (C;) and (C;) imply axiom (C4). More generally, this is true for any ROBM
prehomology theory B. for which, for every X in 6, the group B« (X) is generated
by the projective pushforward images of the classes 1y for all smooth varieties Y
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with a projective map to X . Indeed, using (C;), one reduces (Cy4) to the case where
both Y’ and Z are smooth vanetles ando =1ly and = 172. In that case, from
(C,) one obtains that c (ly/ x1z) = (m+ (ly'xz) = c (h*l ) =
h’*cé(,m)(ly/) = cg )(ly/) x 1z, and then (C4) holds in general for B..

4. The equivariant version of an ROBM prehomology theory

In this section we fix an ROBM prehomology theory B, on the category Schy,
and construct its equivariant version BS , which is an ROBM prehomology theory
on G-Schy. The construction of B*G generalizes to arbitrary ROBM prehomology
theories similar constructions in Chow theory by Totaro [1999] and Edidin and
Graham [1998], and in algebraic cobordism by Krishna [2012] and Heller and
Malagén-Lépez [2013].

We will need to assume throughout this section that the field k is infinite and the
theory B satisfies the homotopy property (H) and the localization property (L):

¢ (H) Let p: E — X be a vector bundle of rank r over X in Schy. Then p*
By« (X) — By4r(FE) is an isomorphism.

e (L) For any closed immersion i : Z — X with open complement j : U =
X \ Z — X, the following sequence is exact:

B.(Z) = B.(X) L B.(U) — 0.

4A. Algebraic groups, quotients and good systems of representations. Let G be
a linear algebraic group. If X is a scheme with a G-action 0 : G x X — X and the
geometric quotient of X by the action of G exists, it will be denoted by X — X/G.
When the geometric quotient 7 : X — X/ G exists, it is called a principal G-bundle
if the morphism 7 is faithfully flat and the morphism ¢ = (o,pry) : G x X —
X xx /G X is an isomorphism. By [Mumford et al. 1994, Proposition 0.9], if G acts
freely on U € G-Schy and the geometric quotient w : U — U/ G exists in Schy,
for some quasiprojective scheme U/ G, then & : U — U/ G is a principal G-bundle.
Moreover, by [Mumford et al. 1994, Proposition 7.1], for any X € G-Schy the
geometric quotient 7’ : X x U — (X x U)/G also exists in Schy, it is a principal
G-bundle and (X x U)/ G is quasiprojective. In this case we denote the scheme
(X xU)/Gby X xCU.

Definition 4.1. We say that {(V;, U;)}, <7+ is a good system of representations of
G if each V; is a G-representation, U; C V; is a G-invariant open subset and they
satisfy the following conditions:

(1) G acts freely on U; and U; /G exists as a quasiprojective scheme in Schy,.

(2) For each i there is a G-representation W; so that V1 = V; & W;.
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(3) U; ®{0} C U; 41 and the inclusion factors as U; = U; ®{0} CU; ®W; C U; 41.
(4) codimy;, (V; \ U;) < codimy; (V; \ Uj) fori < j.

For any algebraic group G there exist good systems of representations (see
[Totaro 1999, Remark 1.4]). The following lemma lists some basic facts regarding
the properties of morphisms induced on geometric quotients:

Lemma 4.2. Let f : X — Y be a G-equivariant morphism in G-Schy, and let
{(V;, Up)} be a good system of representations of G.

(1) For each i the quotient X xG U = (X x U;)/G exists in Schy and it is
quasiprojective. The induced morphisms ¢;j : X x6 U - Xx9U i are lci
morphisms for j > i. If X is smooth then X xC U; is also smooth.

(2) Let P be one of the following properties of morphisms: open immersion, closed
immersion, regular embedding, projective, smooth, Ici. If f : X — Y satisfies
the property P in the category G-Schy, then the induced maps f; : X x¢ U; —
Y xC U; satisfy property P in the category Schy.

(3) For any morphisms g : Y — X and f : Z — X in G-Schy and any indices
j >, the square diagrams

W x Uy —— Y x U W xC U —— Y x9 U,
] l |+
ZxUi —— X xUj Zx0U;, —— x x%U;

induced by the Cartesian product W =Y xx Z are fiber squares, and further-
more they are Tor-independent if f and g are Tor-independent.

Proof. For proofs of the assertions in (1) and (2) see [Edidin and Graham 1998,
Proposition 2] and [Heller and Malagén-Lépez 2013, 2.2.2, Lemma 9]. For (3),
givenany T € Schk and morphisms g”: T — Y xGUj and f: T — Z x9 U; such
that f’of” =g'og” weletG acton T = T'xxx6y, y (X xUj) via the morphism
GxT — T induced by the product of the trivial action of G on T and the action of G
on X x U;. By [Mumford et al. 1994, Amplification 7.1], G-equivariant morphisms
from 7T to each of X x U i, Y xUj, ZxU; and W x U; correspond to the morphisms
induced on the quotients from T to X x® U;, Y x® U;, Z xG U; and W x% U;,
respectively. The assertion that the squares in (3) are Cartesian follows easily from
these observations. If f and g are Tor-independent, then Tor@X (0y,0z) =0 for
all m > 0, and clearly Tor 7 (Oy;, 0y;) = 0 for all m > 0. Hence, by applying
locally the spectral sequence associated to the double complex obtained as the
tensor product of two complexes, we obtain that Torgf xUj (@nyj ,Ozxy;) =0
for all m > 0. Since ¥ xU; = (¥ xC Uj) X(xxGU;) (X xUj)and Z x U; =
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(Z X8 Uy) X(XXGU y (X x Uj), by faithfully flat base change for Tor,, we have

that TorCX “7Yi(Oyxoy;,O0zx6y,;) = 0 for all m > 0. Therefore, in this case the
given squares are also Tor—mdependent O

4B. Construction of B*G (X). Fix a good system of representations {(V;, U;)}
of G. For any scheme X € G-Schy, define BS (X) = D, s BnG (X), where

BE(X)= lim; By tdim U; —dim G (X xGU).
To simplify notation, we will often write
BE(X) =lim, B.(X x% Uj),

where the limit is taken in each degree separately. Equivalently, the limit is taken in
the category of graded abelian groups, with B« (X xC U;) having grading shifted
so that the maps in the inverse system are homogeneous of degree zero.

To see that BC is independent of the choice of a good system of representations,
one can formally follow the argument presented in the case of algebraic cobordism
in [Heller and Malagén-Lépez 2013, Proposition 15 and Theorem 16], which we
outline below for the reader’s convenience. The proof of the next proposition
requires the field k to be infinite (this is used in the proof to construct a local section
of the projection 7|y : U — X).

Proposition 4.3. Assume that the ROBM prehomology theory By satisfies properties
(H) and (L). Let w : E — X be a vector bundle over a scheme X of rank r. Let
U C E be an open subscheme with closed complement S = E\ U.

(1) If X is affine and codimg S > dim X then nt|f; : Bm(X) — Bm+r(U) is an
isomorphism for all m.

(2) For X arbitrary, there is an integer n(X) depending only on X, such that
7|3y : Bn(X) — Bum+r(U) is an isomorphism for all m whenever codimg S >
n(X).

Proof. The case when By is algebraic cobordism is [Heller and Malagén-Lopez
2013, Proposition 15]. The proof given there only uses the formal properties of
algebraic cobordism as an ROBM prehomology theory satisfying (H) and (L), so it
translates formally to the present setting. O

Proposition 4.4. For any X € G-Schy, BS (X) is independent of the choice of a
good system of representations of G up to canonical isomorphism.

Proof. We use Bogomolov’s double filtration argument. Assume that {(V;, U;)}
and {(V;,U/)} are good systems of representations of G. For a fixed index i, since
G acts freely on U;, it also acts freely on U; x Vj’ and U; x U jf for all j. Hence
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X xC (U; x Vj’) — X x% U; is a vector bundle. By Proposition 4.3(2) there is an
integer N; such that the Ici pullbacks induce canonical isomorphisms

Bw(X x9 Up) = Bu(X x% (U; x U)))
for each j > N;. Therefore, there is a canonical isomorphism
lim, B«(X x¢ U;) = lim, lim, B (X < (Ui x U))). (4-1)

Similarly, exchanging the role of the good systems of representations we obtain a
canonical isomorphism

lim, B (X xGU)) = lim, lim; B (X < (U; x U))). (4-2)

To obtain the conclusion, we only need to observe that the right-hand sides of
(4-1) and (4-2) are canonically isomorphic to the inverse limit of the system
{B+(X xC (U; x Ujf))}i,j, where the maps

Bi(X X (Ui x U})) = Bx(X x (Ui x U})))
are the corresponding Ici pullbacks for all i >i" and j > j’. O

4C. The induced ROBM prehomology theory structure on B,,G . We now show
that the ROBM prehomology structure of the theory B induces an ROBM pre-
homology structure on Bf . We use functoriality of the inverse limit to construct
projective pushforwards, smooth pullbacks, and exterior and intersection products
on BC. To define a homomorphism between two inverse limits, we construct a
map between the two inverse systems.

Fix a good system of representations {(V;,U;)} of G. Given any projective
G-equivariant morphism f : X — Y, the morphisms { f; : X x% U; — Y x% U;}
are projective. The fiber square on the left in (4-3) is Tor-independent for any j > 1,

Jix

XxC0U — Y x9U; B«(X x9 Up) = B (Y x9 Uy)
| | T | @
XxU; — Y x9U; B.(X xC Uj)iw*(y xGU;)

hence the square on the right in (4-3) is commutative for any j > i. Hence, the
maps f;, induce a homomorphism between the limits fi : B (X) — BY (Y).
Smooth pullbacks are defined in a similar way. For intersection products, given
a G-equivariant Ici morphism f : Z — X of codimension d and any G-equivariant
morphism g : ¥ — X, with W = Z xx Y, first we apply the operation x®U; to
the whole intersection product diagram. The result is again an intersection product
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diagram. The two fiber squares on the first line of (4-4) are Tor-independent for
any j >1i:

ZxGU,-LXxGUi W xG U —— Y xG U;
Zx6U; L5 x x6 y; WxGU;, — Y x0U,

(4-4)
fi!
B g (W xC Uy) +——— B (Y x9 Up)

o,

Buq(W xS Uj) «—L B.(Y xXO U,)

hence the square on the bottom line of (4-4) is commutative for any j > i. Hence,
the maps fi! induce a homomorphism between the limits f': BS (V) — B*G_ 4.
To define the exterior product, note that the morphisms

di - (X xY)xC (Ui x Up) > (X x9 U;) x (Y xC Uy)

are smooth (see [Borel 1991, Theorem 6.8]). We compose the associated smooth
pullback and the exterior product of By to get

x; : Bo(X X% Up) x B (Y x9 U;) > Bo((X xC Uy) x (Y xC Uy))
— B.((X xY) x% (Ui x Uy)).

The morphisms X; are compatible with maps in the inverse systems, and hence
they define the exterior product map between limits:

x:BCX xBOY - BE (X xY).

The elements 1y, /G € B«(Speck xC U;) define 1 € BY (X).

It remains to prove that the theory B with the operations defined above satisfies
the axioms of an ROBM prehomology theory. Each axiom amounts to a statement
about the commutativity of a diagram of homomorphisms. One can check that in
each case the commutativity holds at each level i, and hence it also holds in the
limit. Using the double filtration argument as before, one can also check that these
projective pushforwards, smooth pullbacks, exterior and intersection products are
independent of the good system of representations.

The conclusions of this section can then be summarized as:



1316 José Luis Gonzalez and Kalle Karu

Theorem 4.5. The functor B*G with the projective pushforwards, smooth pullbacks,
and exterior and intersection products constructed above is a refined oriented Borel—
Moore prehomology theory on the category G-Schy. We call B*G the equivariant
version of By.

4D. Operational equivariant theory. For a given ROBM prehomology theory B
on Schy, we constructed an associated equivariant version B¢ as an ROBM pre-
homology theory on G-Schy. The construction of Section 3 applied to By and to
B*G produces operational bivariant theories B* on Schy and (B)* on G-Schy
respectively. We denote (BY)* by B¢, and call it the operational equivariant
version of By

One can switch the order of the two steps in the construction of B¢, and define
an “equivariant operational” theory

B&(X) =lim, B*(X x9 U).

The two theories B¢ (X) and gé (X) turn out to be isomorphic if we assume that
B, satisfies the descent property (D) described in the next section. This property
was first proved by Gillet [1984] in the case of Chow groups and K-theory. It has
several other consequences for ROBM prehomology theories that are studied in the
next section.

5. Descent sequences

We assume in this section that the field k has characteristic zero, or, more generally,
we assume that every scheme X in Schy or in G-Schy has a smooth projective
(equivariant) envelope 7 : X — X as defined in Section 5A. We fix an ROBM
prehomology theory B on one of the categories Schy or G-Schy and consider the
following property (D):

¢ (D) For any envelope 7 : X - X, with projective, the sequence

Bo(X xx X) 222 B (X)) =5 Bu(X) — 0, (5-1)
is exact, where p; : X xx X — X is the projection on the i-th factor fori =1, 2.

5A. Envelopes. An envelope of a scheme X in Schy is a proper morphlsm b/
X — X such that for every subvariety V' of X there is a subvariety V of X that
is mapped birationally onto V' by z. If G is an algebraic group, a G-equivariant
envelope of a scheme X in G-Schy, is a proper G-equivariant morphism 7 : X—>X
such that for every G-invariant subvariety V' of X there is a G-invariant subvariety
V of X that is mapped birationally onto V by .
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In the following, an envelope in the category Schy means an ordinary envelope
and an envelope in the category G-Schy means a G- equlvarlant envelope. If
7:X - Xisan envelope, we say that it is a smooth envelope if X is smooth, and
we say that it is a projective envelope if 7 is a projective morphism. Likewise, we
say that the envelope 7 : X — X is birational if, for some dense open subset U
of X, 7 induces an isomorphism 7| : 7~1(U) — U. The composition of envelopes
is again an envelope and the fiber product of an envelope by any morphism is again
an envelope.

The domain X of an envelope is not required to be connected; hence, if we
assume that varieties over k admit (equivariant) resolutions of singularities via a
projective morphism, then by induction on the dimension it follows easily that for
every scheme X in Schy (respectively in G-Schy) there exists a smooth projective
birational (equivariant) envelope 7 : X > X.

Notice that if 7 : X — X is an envelope in G-Schy and if UeG- Schy, has a
free G-action such that U /G exists as a quasiprojective scheme in Schy, then the
induced morphism 7g : Xx%U - X x9U isan envelope in Schy. Furthermore
if 7 is either a smooth, projective or birational envelope, then mg is a smooth,
projective or birational envelope, respectively. Moreover, if 7| : 7~1(U) — U is an
isomorphism for some G-invariant open subset U of X and {Z;} are G-invariant
closed subschemes of X such that X \ U= U Z;, then mg maps the open subset

_1(U xG U) = n_l(U) xC U of X xC U 1s0m0rphlca11y onto the open subset
U xG U of X xG U, and the closed subschemes {Z; x U }of X x€¢ U satisfy
that (X \U) xS U = (X x U)\ (U xC U) =J(Z; xC 0).

5B. Operational equivariant versus equivariant operational. Assume now that
the theory B, on Schy satisfies properties (H) and (L), and we can thus define the
operatlonal equivariant theory Bg; as well as the “equivariant operational” theory
B* as in Section 4D. We show that if By also satisfies property (D), then these
two bivariant theories are isomorphic. For simplicity, we prove this isomorphism
only for the bivariant cohomology theory B¢ (X).

Lemma 5.1. Let By be an ROBM prehomology theory on Schy that satisfies (H),
(L) and (D). Then, for any scheme X € G-Schy and any projective envelope
7:X > X, the pushforward homomorphism . : BG(X ) — B (X) is surjective.

Proof. Recall that the inverse limit lim is a left exact functor from the category
of inverse systems of (graded) abelian groups. Given a short exact sequence of
inverse systems

0— (E;j) — (Fi) — (Gi) — 0,

the sequence of limits

0—limE; — lim F; — 1lim G; — 0
<~ < <~
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is exact if the system (E;) satisfies the Mittag-Leffler condition. This condition is
satisfied, for example, if the maps E; — E; for i > j in the inverse system are
all surjective.

Given an exact sequence

(Ei) — (F;) — (G;) — 0,

one may replace the system (E;) with its image (/;) in (F;) to get a short exact

sequence. If all maps in the inverse system (E;) are surjective, then they are also

surjective in (/;), and it follows that the map of limits lim F; — lim G; is surjective.
We apply the previous discussion to the sequence of inverse systems

Bi((X xx X)x% Uj) — B4 (X x% U;) —> B (X x% U;) — 0.

This sequence is exact by property (D): the map X x6U; - X x% U; is an
envelope and

(f Xx )7) xC U; =~ ()? xG Ui) xxx6y, (f xG U;).
For any scheme Y in G-Schg, the Ici pullbacks
B.(Y xS U;) - B.(Y xS U))

are surjective for all i > j. This follows from properties (H) and (L) because
the inclusion ¥ xG U; — Y xG U; can be factored as the inclusion of the zero
section of a vector bundle followed by an open immersion. Applying this to the
case Y = X xx X gives the statement of the lemma. O

Proposition 5.2. If the ROBM prehomology theory By on Schy, satisfies properties
(H), (L) and (D), then for any X in G-Schy, there exists an isomorphism

B&(X) = lim, B*(X x9 Uy).

The isomorphism is natural with respect to pullback by any morphism f : X' — X
in G-Schy.

Proof. Given X in G-Schy we define a homomorphism
¢x :lim, B*(X x® Up) — B&(X)

as follows: given ¢ = (¢;) € lim, B*(X xG U;), where ¢; € B*(X x© U,~) for
each i, and given any G- equivariant morphism f : Y — X and a class o =
(i) e BE(Y) = lim, By (Y x G U;), where o € B+ (Y x% U;) for each i, one sets
ex (¢)(a) = (c; (a,)) €lim, B«(Y xC@ U;) = BO(Y). It is straightforward to verify
that px (c) is well- deﬁned and is indeed a bivariant class in B (X), so that @y is a
well-defined homomorphism.

It is clear from the definitions that @y is natural with respect to pullbacks.
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We prove that ¢y is an isomorphism. First, we consider the case when X
is smooth. In this case, each X xC U; is smooth as well. By Poincaré duality
(Proposition 3.2) we have isomorphisms
x Nx 56 *(y 5 G MxxGy; G
Bs(X) —— B/ (X) and B¥(X x7 U;) ———— B«(X x7 U;)

for each i. Passing to the component-wise inverse limit and composing appropriately,
one obtains the isomorphism

(ml xG »)i N1 —1
lim, B*(X x6 U;) — " lim. B.(X x U;) = BS ()~ B (x)

ox
which can be verified directly to be ¢yx.
For the general case, given X we choose a G-equivariant envelope 7 : X — X so

that  is projective and X is smooth. Let T X xG U —-> X x G U; be the induced
morphisms. We get a commutative diagram

() ) ~
lim, B*(X x% U;))—————— lim. B*(X x9 U;)
<1 <1

fpx = |es

B (X)C i B (X)

We claim that 7* and (") are injective. To see this, assume that 7 *¢ = 0 for some
¢ € B§(X). Given a G-equivariant map f : ¥ — X and a class a € BS(Y), form
the fiber product

b4
X —

with morphisms as indicated. Since 7’ is an envelope, by Lemma 5.1 there exists
@ € BO(Y) such that 7. (&) = a. We have c(a) = c(nL(@)) = nL(c(@)) =
. ((r*c)(@)) = 0, and it follows that 7* is injective. Since each m; is also an
envelope, the same argument proves that the 7 are injective, and then so is the
component-wise inverse limit homomorphism (7). In particular, it follows that
¢x 1is injective, as ¢ is an isomorphism by the smooth case.

To prove the surjectivity of ¢x, we consider ¢ € Bg; (X), and construct an element
mapping to gaj}l(zr*c) by (7). Let

pi:XxxX—X and p}:(fo Ui) XxxGy, (X xS U) - X x°u;
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be the projections on the corresponding j-th factor for j = 1,2. Let (¢;) €
lim, B*(X x% U;) be the image of ¢ under (p)‘zl o7*, where & € B*(X x6 U;) for
alli. Now using that PZxy X ¢ is injective and that (p—p3) (7 *c) =0, it follows that
(P} *—p )(cl) 0 for each i. We define aclass (¢;) € lim, B*(Xx%U;) as follows:
given a morphlsm f:Y > Xx%U;andaclassa € B*(Y) form the fiber product

Y ;) Y
b
X x© U; L X x6 Ui

with morphisms as indicated, and set ¢; (o) = 7] , (¢; (&)), where & € B*(?) is any
class satisfying 7/ (&) = a (which exists since 7/ is an envelope) To see that
¢i (@) is independent of the choice of @, it is enough to see that 7/, (¢;(8)) =0
for each class 8 € B*(Y) such that 7/ o B = 0. By property (D), given such a class
B there exists a class y € By(Y xy Y) such that B = g14(y) — g2+(y), where
gi: Y xy Y — Y are the projections for j =1,2. Since ;0 g1 = 7] 0 g3, it follows
that 7/, (& (B)) =/ , (€ (81 ()~ 82+ (1)) = (i} 081 )~ (w/082) ) i (1)) =0,
and then ¢; is well-defined. It is straightforward to verify that each ¢; satisfies
conditions (C)—(Cy), so they define bivariant classes ¢; € B*(X x© U;). Moreover,
it is clear that the classes c; agree under the bivariant pullbacks B*(X x¢ U i) —
B*(X xG U;) for each j > i, so they define a class (c,) € lim. B*(X xG U;). To
prove that @x is sur]ectlve it is enough to see that 7" ¢; = ¢; for each i. For this,
let f:Y — X xC U; be any morphism and form the fiber diagram

’
i

Y Y
L b
(X xG Uy) XxxGU; (X xC Uy) # X x6y;
L B
T

X x6 y; X x6 y;

with morphisms as indicated. Consider a class « € B«(Y) and any class & € B« (Y)
such that 7} (&) = a. Since p{*(¢;) = p5'(¢i), we have that

(" c)p (@) = ] (@) (@) = 7] o ((f " PYFE) (@)
= 1}, (f* P3'&) @) = 7], (€) fon (@) = (Ei)f (@)

Hence 7"c; = ¢; for each i, and the proof is complete. O
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5C. Kimura-type descent sequence for bivariant theories and inductive compu-
tation of bivariant groups. Theorem 5.3 and Theorem 5.6 below were proved by
Kimura [1992] in the case of Chow theory A.. We generalize his proofs to arbitrary
ROBM prehomology theories.

Theorem 5.3. Let By« be an ROBM prehomology theory on € = Schy or € =
G-Schy, that satisfies property (D). Let w : X — X be a projective envelope in 6,
Y — X amorphismin6,and Y = X xx Y. Then the following sequence is exact:

*

* ~ ~  DPi-p ~ ~ ~ ~
0— B*(Y - X) =—— B*¥ - X) 5 B*(¥ xy ¥ — X xx X). (5-2)

Proof. Assume that 7*c = 0 for some ¢ € B*(Y — X). Given a morphism
f X' — X and a class a € B«(X’), form the fiber diagram on the left in (5-3):

Y’ X’
~ ~ ‘7[/
Y — X/ Y’ X’ £
T[//
/| /. I P
y — v x’ Yxy Y —|— X xx X
| / ‘ / (5-3)
= - p v D2
Yy —|—X Y X D1
/ e | .
Yy —— X Y X
e e

Y X

with morphisms labeled as indicated. Since 7’ is an envelope, there exists & €
B.(X') such that 7.(@) = . We have that c(a) = c(rL(@)) = 7/ (c(@)) =
7/((7*c)(@)) = 0, and it follows that 7* is injective. By the functoriality of
pullbacks it follows that (pf — p5)on™ =0.

Now, let & € B*(Y — X) be a bivariant class such that (py —p3)(€)=0. We
define a class ¢ € B*(Y — X) as follows: given a morphism f : X’ — X and a class
o € B«(X'), form once again the fiber diagram on the left in (5-3), with morphisms
as indicated, and set ¢(«) = 7}/ (C(&)), where & € By (f ") is any class satisfying
7, (&) = o (which exists since 7’ is an envelope). To see that ¢ («) is independent
of the choice of @, it is enough to see that n”(c (B)) = 0 for each class B € B (X’)
such that 7,8 = 0. Let g; : X' xx' X' = X' and g Y’ xy, Y — Y’ be the
pI‘OJCCthIlS for ] =1, 2. By property (D), given such a class B there exists a class
y € By (X/XX/X’) such that B = g1x(y)—g2+(y). Since n”0g] =n"0g), it follows
that 77/ (€(B)) = 73/ (€ (g1x( 7) = 82+(¥))) = (7" 0 g})x — (7" 0 g5)£) (¢(¥)) = O,
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and then ¢ is well-defined. It is straightforward to verify that ¢ satisfies the conditions
(C1)—(Cy), so this construction yields a bivariant class ¢ € Bx(Y — X). To finish
the proof we show that 7*¢ = ¢. For this, let f : X' — X be any morphism
and consider a class o € B«(X’) and any class & € B ()?’) such that 7} (&) = «.
Form the fiber diagram on the right in (5-3) with morphisms as indicated. Since
p1(€) = p3(¢), we have that

() f (@) = 7 (Cpyof(@) = m ((f* p1E)@))
= (f" p26)(@) = 7, (Cfon/ (&) = Cf ().

Hence 7 *c = ¢, and the proof is complete. O

Corollary 54. Let By be an ROBM prehomology theory on € = Schy or € =
G-Schy, that satisfies property (D). Then for any projective envelope w : X — X in
€ the following sequence is exact:

* ~ Di—D5 ~ ~
0— B*(X) — B*(X) ——25 B*(X xx X).

The following lemma is a simple consequence of the localization property (L)
or of the property (D).

Lemma 5.5. Let By« be an ROBM prehomology theory on € = Schy, or € = G-Schy,
that satisfies either property (L) or property (D). If X = \J;_, Zi, where each
fi : Zi — X is a closed subscheme of X, then

Bu(X) =) fix(Bu(Z))

i=1
Proof. The general case follows at once from the case r = 2, so we assume that
X =Z1UZ,. If By satisfies (L), we have that the sequence

Bo(Z1) 2 B (x) 25 Ba(x\ Z1) — 0.

is exact. By the compatibility of pullbacks and pushforwards and using localization,
it is clear that f>|* maps f2 «(Bx(Z32)) onto B«(X \ Z1). It is clear now that
B«(X) = fix(B«(Z1)) + f2+(B«(Z3)), as desired. If B, satisfies (D), the result
follows since By is additive and the projective morphism from the disjoint union
Z1]] Z> — X induced by the inclusions is an envelope. g

The following result can be proved as a corollary of Theorem 5.3. It gives an
inductive method for computing bivariant groups:
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Theorem 5.6. Let By« be an ROBM prehomology theory on € = Schy or € =
G-Schy. Let 7 : X — X be a projective and birational envelope in ‘6. Let Y — X
be a morphism in € and Y = X xx Y. Assume that B satisfies the conclusion of
Lemma 5.5 and that the sequence (5-2) in Theorem 5.3 is exact (e.g., it is enough to
assume that By satisfies (D)). Let w : 1=V (U) => U for some open dense U C X.
Let S; C X be closed subschemes such that X \U = J S;. Let E; = a7 1(S;), and
let i . E; — S; be the induced morphism. Then for a class ¢ € B*(? — f) the
following are equivalent:

(1) ¢ =n*(c¢) for some c € B*(Y — X).
(2) Foralli, C|g; = (c;) for some ¢c; € B*(Y xx S; — S;).

Proof. If ¢ = 7*(c) for some ¢ € B*(Y — X), then by the functoriality of pullbacks
¢|g;, =m;*(c|s;) forall i, and then (2) holds if we take ¢; =c|s; € B*(Y;XX S,-—> Si,),‘
Reciprocally, assume that there are classes ¢; as in (2). Let p1, p2 : X xx X — X
be the projections. By Theorem 5.3 it is enough to show that pi¢ = pj¢, ie.,
that for any morphism f : Z — X xx X and for any class @ € B4« Z we have that
(pio)(@) = (p5¢)(a). Let f/: . Ei xx Ej — X xx X be the corresponding closed
embeddings and let A : X — X xx X be the diagonal morphism which is also a
closed embedding. Notice that X xx X is the union the closed subschemes A(X )
and f/(E; xx E;) foralli. Let Zo = f 1 (A(X)) and Z; = f~1(f/(Ei xx Ei)),
with inclusions A’ : Zog — Z and f;" : Z; — Z for each i. Then, by Lemma 5.5, in
order to prove that (pj¢)(a) = (p5¢)(e), we can assume that either o = f;”, (a;)
for some i and some «; € B«(Z;) or « = A/, («p) for some ag € B«x(Zp). In the
first case, for j = 1 and j = 2 consider the fiber diagram
7!
El Xx E, —_— X Xx X

Djl Dj

S —— — X

with morphisms as labeled. Let A”: ZoxxY — ZxxY and g/ : Zixx Y — ZxxY
be the morphisms obtained from A" and f;” by base change. We have

(P;O)(@) = (pFO)(fis(@)) = g/ ((pFE) i) = g/ ((ai))
=g/ (Ji &) ) = g/ (mi*ci) (@) = g/ ((pj | *mi*ci) (i)
= g/ (((wi o pj)*ci)(@)).
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Since 7; o p1| = 7; o ps|, it follows that in the first case (p]¢)(a) = (p5¢)(a). In
the second case, for j =1 and j = 2 we have

(P} &) (@) = (p;O)(AL(e0)) = AL((P; ) (@0)) = AL((A™ p;é) (o))
= AL(((pj 0 A)*E) (@) = AL((Idg"¢)(e0)) = AL(E(e0)).

Therefore, in the second case (p}¢)(a) = (p5¢) (@), and the proof is complete. [

5D. Kimura-type descent sequence for bivariant equivariant theories and induc-
tive computation of bivariant equivariant groups. Theorem 5.3 and Theorem 5.6
proved above can be applied to the equivariant theory BG, provided that it satisfies
property (D). We cannot prove property (D) for B assuming that it holds for
B... We will therefore give a different proof of the statements of Theorem 5.3 and
Theorem 5.6 for B*G that depends only on B, satisfying property (D). We give
proofs for the bivariant cohomology groups B (X) only.

Theorem 5.7. Let B, be an ROBM prehomology theory on Schy that satisfies
properties (H), (L) and (D). Let w : X — X be a projective envelope in G-Schy,,
and let the terminology be as in Theorem 5.6.

(a) The following sequence is exact:

*

0— BL(X) —— BL(X) =225 BL(X xx X).

(b) If m is also birational, then for a class ¢ € B, (X) the following are equivalent:

(1) ¢ = m*(c) for some c € B (X).
() Foralli,c|g; =} (c;) for some ¢ € BE(S;).

Proof. (a) Since for each i the map X xC U - X xC Uj is an envelope, by
Corollary 5.4 the sequence

0— B*(X x6 U;) — B*(X x9 U;)) — B*((X xx X) x® Uj)

is exact. Applying the left exact functor lim and using Proposition 5.2 gives the
desired result.

(b) In view of part (a), the conclusion follows from Theorem 5.6 if we show that
the ROBM prehomology theory BY satisfies the conclusion of Lemma 5.5.

For this, it is enough to consider the case r =2, so we let X = Z; U Z, and let
Z = 71 U Z,. The projective morphism Z — X induced by the inclusions is an
envelope; hence BS (Z) — BZ(X) is surjective by Lemma 5.1 O



Bivariant algebraic cobordism 1325

6. An overview of algebraic cobordism theory

In this section we recall the definition and main properties of algebraic cobordism
Q4. This theory was constructed by Levine and Morel [2007]. Later, Levine and
Pandharipande [2009] found a geometric presentation of the cobordism groups.
We will use the construction of [Levine and Pandharipande 2009] as the definition,
but refer to [Levine and Morel 2007] for its properties. This construction and the
proofs of some of the facts stated below use resolution of singularities, factorization
of birational maps and some Bertini-type theorems; thus, we will assume for the
remainder of this article that the field k£ has characteristic zero.

The equivariant algebraic cobordism Q*G was constructed first by Krishna [2012]
and by Heller and Malagén-Lépez [2013]. Krishna and Uma [2013] showed how to
compute the equivariant and ordinary cobordism groups of smooth toric varieties;
we will recall their result in Section 7.

For X in Schy, let (X ) be the set of isomorphism classes of projective mor-
phisms f :Y — X for Y € Smy. This set is a monoid under disjoint union of the
domains; let LT (X) be its group completion. The elements of T (X) are called
cycles. The class of f :Y — X in M (X) is denoted [f : Y — X]. The group
M (X) is free abelian, generated by the cycles [f : ¥ — X | where Y is irreducible.

A double point degeneration is a morphism 7 : ¥ — P!, with Y € Smy of pure
dimension, such that Yo, = 77 !(c0) is a smooth divisor on ¥ and Yy = 71 (0)
is a union A U B of smooth divisors intersecting transversely along D = AN B.
Define

Pp = P(0p(A) ®Op) = Projg,, (Symg,, (Op (4) ® Op)),

where Op (A) denotes Oy (A)|p. (Notice that P(Op (A4) ® Op) = P(Op(B) dOp)
because Op(A + B) = 0p.)

Let X € Schg, and let Y € Smy have pure dimension. Let pi, p> be the two
projections of X x P1. A double point relation is defined by a projective morphism
7:Y — X x P! such that ppom : Y — P! is a double point degeneration. Let

[Yoo > X], [A—X], [B—X], [Pp— X]
be the cycles obtained by composing with p;. The double point relation is
[Yoo = X]—[A— X]—[B — X]+[Pp — X] € MT(X).

Let R(X) be the subgroup of .M+ (X) generated by all the double point relations.
The cobordism group of X is defined to be

Qu(X) = MT(X)/R(X).
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The group T (X) is graded so that [f : Y — X] lies in degree dim Y when Y has
pure dimension. Since double point relations are homogeneous, this grading gives
a grading on Q24 (X). We write €, (X) for the degree-n part of Q4 (X).

There is a functorial pushforward homomorphism fi : Q4 (X) — Q4 (Z) for
f : X — Z projective, and a functorial pullback homomorphism g* : Q4 (Z) —
Quyq(X) for g : X — Z a smooth morphism of relative dimension d. These
homomorphisms are both defined on the cycle level; the pullback does not preserve
grading. The exterior product on Q. (X) is also defined on the cycle level:

Y > X|x[Z—>W]=[Y xZ— X xW].

Levine and Morel [2007] presented a construction of functorial pullbacks g* along
Ici morphisms g, and, more generally, of refined Ici pullbacks.

The groups Q24 (X) with these projective pushforward, Ici pullback and exterior
products form an oriented Borel-Moore homology theory (see [Levine and Morel
2007]). Moreover, with those refined Ici pullbacks it is also an ROBM prehomology
theory (see [Levine and Morel 2007]).

As in the case of a general ROBM prehomology theory, Q2 (Spec k) is a ring,
Q4(X) is a module over 24 (Spec k) for general X, and Q2. (X) is an algebra over
Q4 (Spec k) for smooth X. When X is smooth and has pure dimension, we also
use the cohomological notation

Q*(X) = Qaim x—+(X).

Then Q*(X) is a graded algebra over the graded ring Q2*(Speck). The class
1y = [ldy : X — X] is the identity of the algebra. Similar conventions are used
for the equivariant cobordism groups.

Remark 6.1. Algebraic cobordism satisfies the homotopy property (H) and the
localization property (L) [Levine and Morel 2007], as well as the descent property
(D) [Gonzilez and Karu 2015]. It follows that everything proved in the previous
sections for general ROBM prehomology theories can be applied to the algebraic
cobordism theory. This includes the construction of the equivariant cobordism theory
QY the operational cobordism theory Q* and the operational equivariant cobordism
theory Q. This also includes the descent exact sequences for the operational
theories 2* and Qg and the inductive method for their computation using envelopes.

The following part of Theorem 5.7 applied to 27, (X) will be used in the next
section:

Theorem 6.2. Assume thatw:X — X isa projective birational envelope in G-Schy,
withw : v~V (U) 2> U for some open nonempty G-equivariant U C X. Let S; C X
be closed G-equivariant subschemes, such that X \U = J S;. Let E; = n~1(S;),
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and let tj : E; — S; be the induced morphism. Then 7* : Qg(X) — Q*GO?) is
injective, and for a class ¢ € QZ(X) the following are equivalent:

(1) ¢ = m*(c) for some c € Qf;(X).
(2) Foralli,C|g; = m](c;) for some c; € Qg (S;).

6A. Formal group law. Algebraic cobordism is endowed with first Chern class
operators associated to line bundles, whose definition agrees with the one in
Definition 2.9. We recall the formal group law satisfied by these operators.

A formal group law on a commutative ring R is a power series Fr(u, v) € R[[u, v]|

satisfying:

(@) FRr(u,0) = Fr(0,u) =u.

(b) Fr(u,v) = Fr(v,u).

(¢) FR(FRr(u,v),w) = Fr(u, Fr(v, w)).
Thus

Fru,v) =u+v+ Z aj, ju'v’,
i,j>0

where the a; ; € R satisfy a; ; = a;,; and some additional relations coming from
property (c). We think of Fg as giving a formal addition

U+rpv=Fgr(u,v).

There exists a unique power series y(u) € R[[u] such that Fgr(u, y(u)) = 0. Set
[—1]Fru = x(u). Composing Fr and y, we can form linear combinations

[m1)Frut +Fp M2]Fru2 +Fr - +Fg [Mr]Fpitr € Rut, ... ur]l

for n; € Z and u; variables.

There exists a universal formal group law Fp, and its coefficient ring L is called
the Lazard ring. This ring can be constructed as the quotient of the polynomial ring
Z[A;,}li,j>o0 by the relations imposed by the three axioms above. The images of
the variables A; ; in the quotient ring are the coefficients a; ; of the formal group
law Fy. It is shown in [Levine and Morel 2007] that *(Spec k) is isomorphic as
a graded ring to L with grading induced by letting A; ; have degree —i — j + 1.
The power series F (1, v) is then homogeneous of degree 1 if u and v both have
degree 1.

The formal group law on L describes the first Chern class operators of tensor
products of line bundles:

Ci(L®M) = Fi(Ci(L),c1(M))

for any line bundles L and M on any scheme X in Schy.
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7. Operational equivariant cobordism of toric varieties

Let XA be a smooth quasiprojective toric variety corresponding to a fan A. Krishna
and Uma [2013] showed that the T'-equivariant cobordism ring of X is isomorphic
to the ring of piecewise graded power series on the fan A. Our goal here is to show
that, for any fan A, the ring of piecewise graded power series on A is isomorphic
to the operational T'-equivariant cobordism ring of Xa. When X is smooth, this
follows from the result of Krishna and Uma by Poincaré duality. For singular XA
we follow the argument of [Payne 2006] in the case of Chow theory to reduce to
the smooth case.

We use the standard notation for toric varieties [Fulton 1993]. Let N = 7" be
a lattice. It determines a split torus 7" with character lattice M = Hom(N, Z). A
toric variety X is defined by a fan A in N.

Every quasiprojective toric variety XA with torus 7 is in the category T-Schy,
since each line bundle on such variety admits a T -linearization. We will write
QT (X ) for the T-equivariant cobordism group of X A. For a smooth X we also
use the cohomological notation Q7.(Xa) = ng XA— +(Xa). The operational T'-
equivariant cobordism ring is denoted Q7. (X ). For smooth XA, the two definitions
of Q7. (Xa) are identified via Poincaré duality.

7A. Graded power series rings. We start by recalling some notions from [Krishna
and Uma 2013].
Let A =D, Ai be a commutative graded ring. The graded power series ring is

Alltr. 12, talle = D Sa.

dez

Here Sy is the group of degree-d homogeneous power series ) ; a ! , Where
the sum runs over multi-indices I = (iy,...,in) € Z'éo, 1 = ti‘ oot} and
ary € Ag_;,—..—;,. This ring can be viewed as the inverse limit in the category of

commutative graded rings
Alltr. 12, ]l = lim Al /().

Let us also recall the topological tensor product. Given two inverse limits of
graded A-modules B =1im; B; and C =lim. C;, define
< <~

B®4C =lim (B; ®4C)).

(All limits are in the category of graded A-modules, hence the tensor product is
again a graded A-module.) Consider now the case where C = A[[t1, 12, ..., tn]lor
and B is a limit of graded A-algebras. We may then identify

B®RaAlt1,t2, ... .tnller = Blt1, 12, . . . . t]lr-
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Let T be a torus determined by a lattice N, and let y1, ..., x, be a basis for the
dual lattice M. It is shown in [Krishna 2012] that the equivariant cobordism ring
of a point with trivial T'-action is isomorphic to

Q7 (Speck) = L{r1, ..., tnler (7-1)

with #; corresponding to the first Chern class transformation EIT (Ly;) of the equi-
variant line bundle L. Since this ring depends on the lattice M only, we will
write it as L[M]lg (see Section 7D for a presentation of Q7 (Speck) = L[M]g
functorial in M and independent of the choice of a basis for M).

We will need a slight generalization of the isomorphism (7-1). First recall that,
given a closed subgroup H C G, there is a natural change of groups homomorphism
T: Qg5 (X) — QF(X) for any smooth X in G-Schy.

Lemma 7.1. Let X be a smooth scheme in G-Schy, and let T act trivially on X.
Then there is an isomorphism

Gxr (X) = QG (X) &1 LIM [l = Q5 (X)[M g

This isomorphism is compatible with Ici pullbacks and change of groups in the follow-
ing sense. Let f :Y — X be an Ici morphism between smooth schemes in G-Schy,
and let H C G be a closed subgroup. Then the following diagrams commute:

f*
Q*GXT(X)—>Q*GXT(Y) Q*GxT(X);>QTLIXT(X)

QXN [M]lgr — QG (V) [M]gr Qe(XM]lgr — Qg (X)[M]lgr

Here the lower horizontal maps are the maps induced on the tensor product by
the identity on L[M |lor and the maps f*, T on the other factor. (Equivalently, the
maps are |* and t applied to the coefficients of power series.)

Proof. We may assume that dim 7" = 1. Let
QE(X) = lim, Q*(X xG U;),
where {(V;, U;)} is a good system of representations of G. Let T act on A/ =k/

diagonally. Then we may choose {(A/, A/ \ {0})} as a good system of representa-
tions for 7. Now,

Gxr (X) = lim, @* (X xOT (U; x A7\ {0}))
= lim, Q*((X xG U;) x P/ 71y
=lim, Q*(X xG Uy @ L[t]/ ()
= Q5(X) &1 L[1]ler-
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In the third equality we used the projective bundle formula [Levine and Morel 2007]
QY(Z xP") = Q*(Z)[1]/ ("),

for any smooth scheme Z. The compatibility of each step with the change of group
homomorphisms and the compatibility of the projective bundle isomorphism with
Ici pullbacks W — Z give the compatibility statement of the lemma. O

7B. Piecewise graded power series on A. Consider now a toric variety X a. There
is a one-to-one correspondence between cones o € A and T'-orbits in Xa. Let Oy
be the orbit corresponding to a cone o. Then the stabilizer (of a point) of Oy is
the subtorus T, C T corresponding to the sublattice N = Spano NN C N. The
Morita isomorphism [Krishna and Uma 2013] then gives

Q7 (05) = Q5(T xT7 Speck) = QF. (Speck).

We set Sg = Q27(00) = Q7 (Speck). When  is a face of o', we have the inclusion
of lattices N; C N, giving rise to the inclusion of tori 77 C T ; the change of groups
homomorphism then defines the restriction map Sy — S;. Let S = Q7.(Spec k).
The rings S, and S; are graded S-algebras and the restriction map Sy — S; is a
morphism of graded S -algebras.

A piecewise graded power series on A is a collection (¢¢ € Sy )gea such that
aq restricts to a; whenever 0 > t. Let PPS(A) be the graded S-algebra of all
piecewise graded power series on A. Similarly, let PPS(St p) be the graded S-
algebra of piecewise graded power series on Stp = {0 € A | p < ¢}, that is,
collections (ag € Sg)gestp such that a, restricts to a; for o > v € St p.

7C. Operational equivariant cobordism of toric varieties. The inclusion map i, :
Og < X A is an Ici morphism when X A is smooth; hence there exists a pullback map

i Q5 (Xa) > Q5(0g) = Sy

Theorem 7.2 [Krishna and Uma 2013]. Let XA be a smooth quasiprojective toric
variety. Then the morphism of S -algebras

i
Q3 (Xa) —= [] So
g€EA

is injective and the image is equal to the S-algebra PPS(A) of piecewise graded
power series on A.

In the proof of Krishna and Uma, the group Q7.(X ) stands for the cohomologi-
cal notation of ng Xa— .(Xa) and the maps iy are Ici pullbacks. We claim that
the same statement is true for general XA when Q7 (X a) stands for the operational

cobordism ring and i is the pullback morphism in the operational theory.
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Theorem 7.3. Let XA be a quasiprojective toric variety. Then the morphism of
S-algebras
Q5 (Xa) — [T So
o€A
is injective and the image is equal to the S-algebra PPS(A) of piecewise graded
power series on A.
Proof. We prove the theorem by induction on dim X A. In the inductive proof we
will need a slightly stronger statement. Let T be another torus and 7 — T a split
surjective group homomorphlsm T =~ T x T’ from some torus T’. Let T act on
X via the homomorphlsm T—>T. Replacing 7" with T, we define as above
S =Qx (Spec k) Sy = Q% (00) and the restriction maps Sy — St foro >t
(note that T and T have the same orbits). We let PPS(A) denote the § algebra of
piecewise graded power series on A defined using the rings Ss. The S algebra
1513§(St p) is defined similarly.
Instead of the theorem, we prove the following stronger statement:

Claim. The morphism
i ~
*
Q5 (Xa) —— [] S
o€A
is injective and the image is equal to the graded S -algebra 1313§(A)

Let us first check the claim for smooth X A. The statement of Theorem 7.2 can
be restated as saying that the following sequence is exact:

0—>QT(XA)—> 1_[ Sa:; 1_[ Saﬂ‘c

geA o,TEA

Here the last two maps are constructed from restrictions S¢ — Sgn¢ and S¢ — Szne-
Let us write T = T x T', where T has character lattice M’. Tensoring the sequence
with L[M]ler, we get the exact sequence

. o , ,
0— QT(XA)[[M ]]gr—) 1_[ S(r[[M ]]gr3 l_[ SGﬂ‘E[[M ]]gr-

g€eA o,TEA

The maps in this sequence are the old maps applied to coefficients of power series.
From Lemma 7.1 we know that this sequence is isomorphic to the sequence

() ~ ~
0—Q5(Xa) —— [[ S = [] Son-.
g€EA o,TEA

where the maps are again Ici pullbacks and change of group homomorphisms. This
proves the claim in the case of smooth X .
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When X, is singular, we resolve its singularities by a sequence of star subdivi-
sions of A:
XA <— Xpa<— - «— Xar.

We may assume by induction on the number of star subdivisions that the claim
holds for Xas. The morphism f : Xpr — X is the blowup of X along a closed
subscheme C C X with support |C| equal to the orbit closure V;; = O, where
7 € A is the cone containing the subdivision ray in its relative interior. Let p € A’
be the new ray. Then the exceptional divisor E = f~!(C) has support |E| = V.
The morphism f is a birational envelope. In order to use Theorem 6.2, we need to
identify SZ’%(C ), Q*T(E ) and the pullback map between them.

Lemma 7.4. For any 0 # w € A, the map

% (3 ~
Q(Ve) — [] S

o €St()

is injective and the image is equal to the graded S -algebra I;IEE(St ).

Proof. The orbit closure V; is again a toric variety corresponding to the fan A
that is the image of St in N/(Spanw N N). There is a split surjection from the
torus 7' (and hence also from T) to the big torus in V. The result now follows by
induction on the dimension of the toric variety. O

We can also apply the previous lemma to p € A/, to get that Q’%(Vp) is isomorphic
to PPS(Stp). Moreover, since by assumption we know the claim for Xas, the
pullback mapff_l/ 2 (Xa) — Q*T(Vp) is the restriction of piecewise power series
PPS(A’) — PPS(Stp).

Next we describe the pullback morphism Q;(Vn) — Q;;(Vp). Note that every
cone o € Stp lies in some cone of T € Str, and hence we have the restriction map
S; — Sy. These maps combine to give a well-defined pullback map of piecewise
graded power series f’F@(St ) —> Iﬁ(St 0)-

Lemma 7.5. The pullback morphism
Q% (V) = PPS(St ) — Q% (V) = PPS(St p)
is the pullback of piecewise graded power series.

Proof. Define amap ¢ : A’ — A so that ¢ (o) is the smallest cone in A containing o.
Then the map f : Xar — Xa takes O onto Og(4). The pullback morphism

Q%(0p(0)) = Sp0) = 25(05) = S5

is the restriction of power series.



Bivariant algebraic cobordism 1333

Consider the commutative diagram

Q%(Vp) — [lsesto Q*f(OU)

T |

Q%(Vn) — l—[rEStn Q*f(or)

where all maps are pullback morphisms. The right vertical map sends (a;) to
(bo) such that by is the restriction of @gs); this map restricts to the pullback of

piecewise power series 1313§(St7r) — 1;13§(St p), which proves the lemma. O

To finish the proof of the claim, we apply Theorem 6.2 with $; = C™d =V,
and E; = E™ = V,. Since the pullback map Q’%(Vn) — Q’%(Vp) is injective,
Theorem 6.2 implies that we have a Cartesian diagram, with all maps pullbacks:

QZ(Xa) — Q=(Vz)

| |

Q%L (Xa) — QL(V))

The following diagram of piecewise power series and pullback maps is clearly
Cartesian:

PPS(A) —— PPS(St )

l l

PPS(A’) —— PPS(St p)

The first diagram maps to the second one by the pullback maps i} . This implies
that Q*%(XA) =~ PPS(A). O

7D. Piecewise graded exponential power series. We give in this subsection a
canonical presentation of the ring

Q7 (Speck) = L[M ]l

that is functorial in M and independent of the choice of a basis for M. This leads
to the description of 27.(X ) as the algebra of piecewise graded exponential power
series, similar to the case of equivariant K-theory [Anderson and Payne 2015]. An
even more general construction of the formal group ring R[M]r was given in
[Calmes et al. 2013] for an arbitrary ring R with a formal group law F.
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Let M be the character lattice of a torus 7', and define

L[M T = D [ [ La—k ® Sym* M.
d k

This ring is (noncanonically) isomorphic to the graded power series ring in rank(M )
variables.
For any formal group law F on aring R there exists a unique power series

er(x)=x —I—b2x2 + b3x3 +---€ R[[x]]gr ® Q,
called the exponential series, such that

F(ep(u),er(v)) =er(u+v).

The series e (x) is homogeneous of degree 1. (See [Levine and Morel 2007,
Lemma 4.1.29] for the construction of the inverse power series /g (x).) For the
additive group law F(u,v) = u + v, we have er (x) = x. For the multiplicative
group law F(u,v) =u + v + buv,

2 3
_ X 2 X
€F(X)—X+b2—!+b ?4‘

We consider the exponential power series e(x) for the formal group law Fy on L.
The map

e M —L[M]y®0Q

that sends u to e(u) satisfies the equality Fi(e(u),e(v)) = e(u +v). We get a
canonical isomorphism

LMo ® @ = Q7 (Speck) ® Q,

identifying e(u) with the first Chern class transformation EIT(Lu). The integral
cobordism ring Q7 (Speck) is then canonically isomorphic to the subring of
L[M]ler ® Q consisting of graded power series in e(u) for u € M and coefficients
in L. (Here we need the fact that the additive group L is a free abelian group and
hence embeds in L ® Q.)

The construction of the ring of graded exponential power series is functorial in M .
Indeed, a homomorphism of lattices M — M’ gives rise to the ring homomorphism
LIM Jlgr — L[M']gr, such that the diagram

M ——1[M]y®Q

|

M =1 [M]e®Q
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is commutative. It follows that graded exponential power series are mapped to
graded exponential power series. This corresponds to the pullback map

Q7 (Speck) — Qr/(Speck).

Theorem 7.3 now states that the equivariant operational cobordism ring of XA
is canonically isomorphic to the ring of piecewise graded exponential power series
on A.

Acknowledgments. The authors would like to thank Dave Anderson, William Ful-
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in explaining to us why the quasiprojectivity requirement can be relaxed in defining
T -equivariant theories. We also thank the anonymous reviewer for the very useful
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