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Let f be a primitive Hilbert modular form of parallel weight 2 and level N for the
totally real field F, and let p be a rational prime coprime to 2N. If f is ordinary
at p and E is a CM extension of F' of relative discriminant A prime to Np, we
give an explicit construction of the p-adic Rankin—Selberg L-function L,(fg, -).
When the sign of its functional equation is —1, we show, under the assumption
that all primes g | p are principal ideals of Of that split in O, that its central
derivative is given by the p-adic height of a Heegner point on the abelian variety A
associated with f.

This p-adic Gross—Zagier formula generalises the result obtained by Perrin-
Riou when F = Q and (N, E) satisfies the so-called Heegner condition. We
deduce applications to both the p-adic and the classical Birch and Swinnerton-
Dyer conjectures for A.
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Introduction

In this work, we generalise the p-adic analogue of the Gross—Zagier formula of
[Perrin-Riou 1987] to totally real fields, in a generality similar to [Zhang 2001a;
2001b; 2004]. We describe here the main result and its applications.

The p-adic Rankin—Selberg L-function. Let f be a primitive (that is, a normalised
new eigenform) Hilbert modular form of parallel weight 2, level N and trivial
character for the totally real field F of degree g and discriminant Dfg. Let p be a
rational prime coprime to 2N . Fix embeddings ¢, and ¢, of the algebraic closure Q
of F into C and Q p» respectively; we let v denote the valuation on Q p» normalised
by v(p)=1.

Let E C Q be a CM (that is, quadratic and purely imaginary) extension of F' of
relative discriminant A coprime to DrNp; let

e=¢eg/p: F{/F* — {£1}
be the associated Hecke character and 91 = N, r be the relative norm. If
W: EX/E* — Q*
is a finite-order Hecke character! of conductor § = §(W') prime to N A, the Rankin—
Selberg L-function L(fr, W, s) is the entire function defined for Re s > % by

L(fg, W, 9) =LY (W|px, 25 = 1)) W

where A(W) = ANF), rw(m) = Z‘)’I(a):m W (a) (the sum running over all nonzero
ideals of Of) and

LA (Wl )= Y e(m)Wm)Nm™.
(m,NA(W))=1

This L-function admits a p-adic analogue (Section 4). Let E/_ be the maximal
abelian extension of E unramified outside p and ¢’ = Gal(E. /E ).2 (It has rank
1+ 68+ g over Z,,, where § is the Leopoldt defect of F.) For each prime g of Of
dividing p, let

Py r(X)=X*—a(f,9)X + N

be the p-th Hecke polynomial of f, and assume that v(¢,(a(f, ))) = 0; in this
case, f is said to be ordinary, and there is a unique root a, € Q of Py, r(X) such

IWe will use the same notation throughout for a Hecke character, the associated ideal character
and the associated Galois character.

2The reason for the notation is that later in the paper we will denote by Eoo the maximal Z -
subextension of E/.
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that ¢, (a,) is a p-adic unit. Let L C Q » be the finite extension of @, generated by
the Fourier coefficients a( f, m) of f and by the «, for p | p.

Theorem A. There exists a unique element L ,( fg) of Op[9'] ®q, L satisfying the
interpolation property

W(dP) T (WYN(AW)) 2V, (f, W)W (A)

L(fg, W, 1
<2 (fE )

Ly(fe)(W) =

for all finite-order characters W of 9 of conductor §(‘W). Here both sides are
algebraic numbers,> W =W~ and

Qr = @)L, fin

with (-, - ) n the Petersson inner product (1.1.2); (W) is a normalised Gauss sum;

V,(f, W) is a product of partial Euler factors at p; and finally o5 = [ | olp a;f 2

This is essentially a special case of [Panchishkin 1988; Hida 1991]; we reprove
it entirely here (see Section 4, especially Theorem 4.3.4) because the precise
construction of L, ( f£) will be crucial for us. It is obtained, using a technique of
Hida and Perrin-Riou, by applying a p-adic analogue of the functional ‘“Petersson
product with f” to a convolution ® of Eisenstein and theta measures on ¢’ valued in
p-adic modular forms (so that ® = ® (‘W) is an analogue of the kernel of the classical
Rankin—Selberg convolution). The approach we follow is adelic; one novelty
introduced here is that the theta measure is constructed via the Weil representation,
which seems very natural and would generalise well to higher-rank cases.

On the other hand, Manin [1976], Dimitrov [2013] and others have constructed
a p-adic L-function L ,(f,-) € Or[[%F] as an analogue of the standard L-function
L(f,s), where ¢/, is the Galois group of the maximal abelian extension of F
unramified outside p; it is characterised by the interpolation property

tGONGON'* L(f, X, 1)
() QJfr

L,(f. x)=xdP)

for all finite-order characters x of conductor f(x) that are trivial at infinity and
ramified at all primes v | p. (Here Q}r is a suitable period (see Section 9.1) and
7(x) is again a normalised Gauss sum.) The corresponding formula for complex
L-functions implies a factorisation (4.4.1)

Q}Q?
Ly(fe, x oM = x (A —52—L,(f. X)Lp(fer X),
/
Dy "y

where f; is the form with coefficients a( f,, m) = e(m)a(f, m) and Dg = N(A).

3By a well-known theorem of [Shimura 1978]. They are compared via L;l and Lgo‘ .
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Heegner points on Shimura curves and the main theorem. Suppose that ¢(N) =
(—1)¢~!, where g = [F : Q]. Then for each embedding t: F — C, there is a
quaternion algebra B(t) over F ramified exactly at the finite places v | N for
which ¢(N,) = —1 and the infinite places different from t; it admits an embedding
p: E — B(t), and we can consider an order R of B(t) of discriminant N and
containing p(Og). These data define a Shimura curve X. It is an algebraic curve
over F, whose complex points for any embedding 7: F — C are described by

X(C,) = B(1)*\ H* x B(r)*/F*R* U{cusps}.

It plays the role of the modular curve Xo(N) in the works of Gross and Zagier
[1986] and Perrin-Riou [1987], who consider the case F' = @ and ¢(v) = 1 for all
v | N (it is only in this case that the set of cusps is not empty).

The curve X is connected but not geometrically connected. Let J(X) be its
Albanese (= Jacobian) variety; it is an abelian variety defined over F, geometrically
isomorphic to the product of the Albanese varieties of the geometrically connected
components of X. There is a natural map ¢: X — J(X)®Q given by ¢(x) = [x]—[£],
where [£] € CI(X) ® Q is a canonical divisor class constructed in [Zhang 2001a]
having degree 1 in every geometrically connected component of X; an integer
multiple of ¢ gives a morphism X — J(X) defined over F.

As in the modular curve case, the curve X admits a finite collection of Heegner
points defined over the Hilbert class field H of E and permuted simply transitively
by Gal(H/E). They are the points represented by (xo, t) for ¢ € EX/EXfxﬁg
when we use the complex description above and view E C B via p. We let y be
any such Heegner point, and let [z] denote the class

[2]=u""(Tra/e y) € J(X)(E)®Q,

where u = [0 : 0% ].

As a consequence of Jacquet—Langlands theory, the Hecke algebra on Hilbert
modular forms of level N acts through its quaternionic quotient on J(X). Let
2r € J(X)(E)® Q be the f-component of [z].

Heights and the formula. On any curve X over a number field E, there is a notion
(Section 5.2) of p-adic height (-, - ), attached to the auxiliary choices of splittings
of the Hodge filtrations on H(}R(X /Ey) for w | p and of a p-adic logarithm
¢: EX/E* — Q,. It is a symmetric bilinear pairing on the group of degree-0
divisors on X modulo rational equivalence, which we can view as a pairing on
J(X)(E). More generally, for any abelian variety A/E, there is defined a p-adic
height pairing on A(E) x AY(E). In our case, there is a canonical choice for the
Hodge splittings on the f-components of the Albanese variety J(X), given by the
unit root subspaces, and we choose our height pairing on J(X) to be compatible
with this choice.
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Under the assumption £(N) = (—1)8~!, the value L,(fg,1) is zero by the
complex functional equation and the interpolation property; in fact, we have more
generally L,(fg, W) = 0 for any anticyclotomic character W of . We can then
consider its derivative in a cyclotomic direction. Let thus W be a Hecke character
of E induced from a Hecke character of F taking values in 1+ pZ, C Z};, and
assume W' is ramified at all places dividing p. The derivative of L ,(f£) in the
W-direction is

d
L,y (fe 1) = —

75 Ly (fe)(W?).

s=0

Theorem B. Assume that Ag,r is totally odd and that every prime © | p is a
principal ideal in O and splits in Og. Suppose that ég/p(N) = (—=1)¢~L. Then
L,(fg,1)=0and

1\ 1
L},w(fE,1)=DEZH(1—@> (1— ) (zfszp)w

plp s(plap

where (-, - )y is the height pairing on J(X)(E) associated with the logarithm
_d
b= 251 oW
The hypothesis that the primes g | p are principal is a technical assumption
that intervenes only in Proposition 8.1.1.* The assumption that they split in E is
essential to the argument, but like the assumption on Ag,r, it can be removed

a posteriori if the left-hand side of the formula below is nonzero—see Section 8.2.

Applications to the conjecture of Birch and Swinnerton-Dyer. It is conjectured
that to any Hilbert modular newform f one can attach a simple abelian variety
A=Ay over F, characterised uniquely up to isogeny’ by the equality of L-functions

LA.s)= ] L9,
o: My—C
Here M = My is the field generated by the Fourier coefficients of f; A has
dimension [M : @], and its endomorphism algebra contains M (we say that A is
of GL,(M)-type; in fact since F is totally real, A is of strict GL,-type; that is, its
endomorphism algebra equals M — see, e.g., [Yuan et al. 2013, Lemma 3.3]). The
conjecture is known to be true [Zhang 2001a, Theorem B] when

either [F : Q] is odd or v(N) is odd for some finite place v (%)

(the assumptions of Theorem B above imply that one of these conditions holds);
in this case, A is a quotient ¢ of J(X) for a suitable Shimura curve X of the type

4A somewhat more sophisticated approach to our main result should remove this and other
restrictions [Disegni 2015].
SThanks to Faltings’s isogeny theorem [1983].
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described above. Vice versa, any abelian variety of GL,-type (for some field M)
over a totally real field F is conjectured to be associated with a Hilbert modular
form f as above. This is known to be true for all elliptic curves A over F when
F is Q or a real quadratic field and for all but possibly finitely many geometric
isomorphism classes if F is a general totally real field (see [Le Hung 2014], whose
result is somewhat stronger than this, and [Freitas et al. 2015]; the results build on
the method of Wiles for F = Q).

In view of known Aut(C/(D)-equivariance properties of automorphic L-functions
and the above equality, the order of vanishing of L(A, s) at s =1 will be an integer
multiple [M : Q] of the dimension of A. We call r the M-order of vanishing of
L(A, s) or the analytic M-rank of A.

Conjecture (Birch and Swinnerton-Dyer). Let A be an abelian variety of GLy(M)-
type over a totally real field F of degree g.
(1) The M-order of vanishing of L(A, s) at s = 1 is equal to the dimension of
A(F)g as M-vector space.
(2) The Tate—Shafarevich group I1(A/F) is finite, and the leading term of L(A, s)
ats =1 is given by
L*(A, 1)

—d)2
o D *|I(A/F)|Rs | [ cv =BSD(A),

vfoo

where d =dim A = [M : Q], the ¢, are the Tamagawa numbers of A at finite
places (almost all equal to 1),

Qa= f lwalr
1 A®:)

T: F>R
for a Néron differential® w4 and
_ det(x;, y;)
[ACF) : Y Zxi][AY(F) : Y- Zy)]
is the regulator of the Néron—Tate height paring on A(F) x AV (F), defined

using any subsets {x;} and {y;} of A(F) and A" (F) inducing bases of A(F)q
and AV (F)q.
By the automorphic description of L(A, s) and [Shimura 1978], we know that

LA, s)/T],. M;—C Q;&, is an algebraic number. Comparison with the Birch and
Swinnerton-Dyer conjecture suggests the following conjecture:

R4

6 When it exists, which is only guaranteed if F = Q. Otherwise, we take for w4 any generator
of HO(A, Q%/F) and to define 24 we divide by the product of the indices [HO(.st, ng'v/@F D
OF,y@a] of (the extension of) w4 in the space of top differentials on the local Néron models i, /OF ,
of A.
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Conjecture (period conjecture). We have

~ [ @ ncy@
02Mf—>(]:

The conjecture is known for F = Q [Shimura 1981] or when A has complex
multiplication (over @) [Blasius 1986]; see Section 9 below for a more precise
conjecture and some further evidence and motivation.

Assuming the conjecture, we can define a p-adic L-function L,(A) for A by

Q7
Ly(A)= H;—Af [T z,u"

o: My—C

for any prime p such that A has good ordinary reduction at all primes above p.
Then, fixing a ramified Hecke character v: ¢, — 14+pZ, C Z; that we omit from

the notation, one can formulate a p-adic version of the Birch and Swinnerton-Dyer

conjecture similarly as above for L ,(A, v*):” the conjectural formula reads

[ —eph) LY (A, 1) =BSD,(A)
Plp

where BSD,(A) differs from BSD(A) only in the regulator term, which is now
the regulator of the p-adic height pairing on A(F) x AY(F) associated with the
p-adic logarithm ¢ deduced from v as in Theorem B. One can also formulate a
main conjecture of Iwasawa theory for L,(A) [Schneider 1985].

Then, just as in [Perrin-Riou 1987], we can deduce the following arithmetic
application of Theorem B:

Theorem C. Assume the period conjecture holds for the abelian variety A = A ¢
and that A satisfies (x). For an ordinary prime p > 2 decomposing into principal
prime ideals in Op:

(1) The following are equivalent:
(a) The p-adic L-function L ,(A, v*) has M ¢-order of vanishing r < 1 at the
central point.
(b) The complex L-function L(A,s) has My-order of vanishing r < 1 at
the central point, and the p-adic height pairing associated with v is
nonvanishing on A(F).

(2) If either of the above assumptions holds, the rank parts of the classical and
the p-adic Birch and Swinnerton-Dyer conjecture are true for A and the
Tate—Shafarevich group of A is finite.

"Here s € Z p and the central point is s = 0, corresponding to 0 =1.
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3) If moreover the cyclotomic Iwasawa main conjecture is true for A, then the
classical and the p-adic Birch and Swinnerton-Dyer formulas for A are true
up to a p-adic unit.

Proof. In part (1), the statement follows trivially from the construction of L ,(A) if
r = 0; if r = 1, both conditions are equivalent to the assertion that, for a suitable
CM extension E, the Heegner point z y = z 7, g is nontorsion: this is obvious from
our main theorem in case (a); in case (b), by [Zhang 2001a; 2001b] (generalising
[Gross and Zagier 1986; Kolyvagin 1988; Kolyvagin and Logachév 1991]), the
Heegner point
P=>) Trg/r¢p(zpo ) € A(F)@Q
o

(with ¢: J(X) — A) generates A(F) ® Q as M y-vector space so that the p-adic
height pairing on A(F’) is nonvanishing if and only if it is nonzero at z r. Part (2)
then follows from (1) and [Zhang 2001a; 2001b].

Schneider [1985] proves an “arithmetic” version of the p-adic Birch-Swinnerton-
Dyer formula for (the Iwasawa L-function associated with) A, which under the
assumption of (3) can be compared to the analytic p-adic formula as explained in
[Perrin-Riou 1987] to deduce the p-adic Birch and Swinnerton-Dyer formula up to
a p-adic unit. In the analytic rank-0 case, the classical Birch and Swinnerton-Dyer
formula follows immediately. In the case of analytic rank 1, recall that the main
result of [Zhang 2001a; 2004] is, in our normalisation, the formula

L'(fe, 1) 1 ~12

(where (-, -) denotes the Néron—Tate height), whereas we introduce the notation
GZ,(fE) to write our formula (for any fixed ramified cyclotomic character W' =
vo M) as

2
) GZ,(fEe).

2
L(fp. 1) = ]_[<1 - i) (1 -
%o

olp s(@lag

Then, after choosing E suitably so that L(f., 1) # 0 (which can be done by
[Bump et al. 1990; Waldspurger 1985]), we can argue as in [Perrin-Riou 1987] to
compare the p-adic and the complex Birch and Swinnerton-Dyer formulas via the
corresponding Gross—Zagier formulas to get the result. Namely, we have

L*(A, 1) _ HU Q—;J 1 l_[ L/(fg, 1) chr Qj;:,
QuBSD(A) Q4 BSD(A) Qe QL QY L(f7. D

o

_ +
_ [, 2% [1, GZ(f2) I D;'’Qp, Q.
Q4 BSD(A) Q}Q} L(fg,1)
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by the complex Gross—Zagier formula and the factorisation of L( fg, s). Similarly,

+ —-1/2 +
1_[(1 T L;(A’ D = [T Qf“ [1, GZ,(fE) l—[ Dy / Qo Qfé’
® BSD,(A) Q4 BSD,(A) QJ,% Q'}‘o L(fo, 1)

®lp

by the p-adic Gross—Zagier formula, the factorisation of L ,( f£) and the interpola-
tion property of L ,(f,). Since we are assuming to know that the left-hand side of
the last formula is a p-adic unit, the result follows from observing the equality

[, GZ(f5) _ I, GZp(fE)
BSD(A) ~ BSD,(A)

of rational numbers.® O

Alternative approaches to the Birch and Swinnerton-Dyer formula in rank 1 have
recently been proposed, at least for the case F = (), by Wei Zhang [2014] and
Xin Wan.

Discussion of the assumptions. The conjecture on periods could be dispensed of
if one were willing to work with a “wrong” p-adic L-function for A (namely, one
without the period ratio appearing in the definition above). Then at least the rank
part of the p-adic Birch and Swinnerton-Dyer conjecture makes sense and parts (1)
and (2) of Theorem C hold. The nonvanishing of the p-adic height pairing is only
known for CM elliptic curves [Bertrand 1984]. The Iwasawa main conjecture is
known in most cases for ordinary elliptic curves over () thanks to the work of Rubin,
Kato and Skinner and Urban [2014]. For Hilbert modular forms, one divisibility in
the CM case is proved by [Hsieh 2014]; results on the general case are obtained
by [Wan 2013]. We can then record the following unconditional result, whose
assumptions are inherited from [Hsieh 2014]:

Theorem D. Let A/F be an elliptic curve with complex multiplication by the ring of
integers Ok of an imaginary quadratic field K. Let K' = FK , and let hy,, = hg' [/ hk
be the relative class number of K'/F. Let p { 6h%, D be a prime such that, for all
primes g | p, g is principal and A has good ordinary reduction at . Suppose that
A satisfies (x) and that ords—1L(A, s) < 1. Then

L*(A, 1)
v, (m) < vp<|IH(A/F)| I1 cv>.

vfoo

8The rationality of the ratios follows from the fact that the z fo essentially belong to J (X)(F) —
that is, they belong to the +1-eigenspace for the action of Gal(E/F) on J(X)(E) ® Q— and that, in
this sense, their images ¢ (z o) form a Gal(Q/Q)-invariant basis of A(F) ® Q, orthogonal for the
height pairing.
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Results toward the divisibility in the opposite direction can be obtained from the
method of Kolyvagin; see [Kolyvagin 1991] (for F = Q) and [Howard 2004] (for
general F but excluding the CM case).

Plan of the proof. The proof of the main formula follows the strategy of [Perrin-
Riou 1987]. It is enough (see Section 8) to study the case where W' is cyclotomic
(W = W*®) since both sides of the formula are zero when W is anticyclotomic
(Wwe =1).

In the first part of this paper, we construct the measure ¢ on % valued in p-adic
modular forms such that L ,( fg) (W) essentially equals [z, (®(W')), where I, is a
p-adic analogue of the functional “Petersson product with f”” on p-adic modular
forms. This allows us to write

L;yfw(fE: D=1, (CDiW),

where = denotes equality up to suitable nonzero factors and @/, = d D (W)

is a p-adic Hilbert modular form. e

On the other hand, there is a modular form W with Fourier coefficients given
by (z, T(m)z)y so that [ (W) = (27, zr)w. It can be essentially written as a sum
of modular forms Wg, + V¥, where Wy, encodes the local contributions to the
height from places not dividing p and W, = ) W,,, the contribution from the
places g above p. Then we can show by explicit computation that the Fourier
coefficients of @’ are equal to the Fourier coefficients of Wy, up to the action of
suitable Hecke operators at p. The desired formula then follows once we show that
Iz, (W),) vanishes. To prove this, we examine the effect of the operator U, on W,
and find that, in a suitable quotient space, the ordinary projection of Wi, is zero.
The study of W, follows the methods of Perrin-Riou.

One difficulty in the approach just outlined is that compared to the case of
modular curves there are no cusps available so that in this case the divisors z and
T (m)z have intersecting supports and the decomposition of the height pairing into
a sum of local pairings is not available. Our solution to this problem, which is
inspired by [Zhang 2001a], is to make use of p-adic Arakelov theory as developed
by [Besser 2005] (see Section 5.3) and work consistently in a suitable quotiented
space of Fourier coefficients.

Perspective. The original Gross—Zagier formula has undergone an impressive trans-
formation since its first appearance in 1986, culminating in the recent book of Yuan,
Zhang and Zhang [Yuan et al. 2013]. Obviously, this work is only a first step in
catching up on the p-adic side.’ The latter has also seen important developments,
with generalisations to the nonordinary case, by [Kobayashi 2013] and, to the case

9For a more accomplished attempt, see [Disegni 2015].
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of higher weights, by [Nekovar 1995; Shnidman 2014]. It would certainly be of
interest to generalise those results to the setting of the present work.'”

Results similar to those presented here were recently obtained in the thesis of
Li Ma (Paris 6).

Part I. p-adic L-function and measures
This part is dedicated to the construction of the measure giving the p-adic Rankin—
Selberg L-function L ,(f£) and to the computation of its Fourier coefficients.
1. p-adic modular forms
1.1. Hilbert modular forms. Let us define compact subgroups of GL,(A):
« Ko(N)={(*%) € GL1(GF) | c =0 mod NOr} if N is an ideal of OF,
« Ki(N)={(“%) € Ko(N) | a =1 mod NOF}.

Let k be an element of legm(F’@) and v be a character of F /F* of conductor

dividing N satisfying 1//1,(—1) = (—=D* for v | co. A Hilbert modular form of
weight k, level K1(N) and character ¥ is a smooth function

fi GLy(F)\ GL2(Af) — C

of moderate growth'! satisfying!'?

f((Z Z) 8 (j Z) r(e)) =V @YN @esx(k-0)f(2)

foreachz € F, (“%) € Ko(N) and 6 = (6,)vjoc € Foo, With r(6) =[]

r@,) = ( cos 6, sm@v) € SOA(Fy.

r(6,) and

v|oo

—sinf, cosb,

If k is constant, we say that f has parallel weight; in this work, we will be almost
exclusively concerned with forms of parallel weight, and we will assume that we
are in this situation for the rest of this section.

10Results in the nonordinary case were presented in a preliminary version of this paper, assuming
a suitable construction of p-adic L-functions generalising [Urban 2014]; I hope to present them in
revised form in a future work.

! That is, for every g, the function AX 3 y > f((* |)g) grows at most polynomially in |y| as
|y| = o0.

12Recall the notation ¥y = ]_[Ul N Yo
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We call f holomorphic if, for each x> € A* and y*> € F ., the function on
HHMED) — 1y  +iy € FRCT | yoo > 0}

oo +ivoo = ¥ YIS <y ’1‘)

is holomorphic; in this case, such function determines f.

Petersson inner product. We define a Haar measure dg on Z(Afr) \ GLy(AF)
(where Z = G,, denotes the centre of GL,) as follows. Recall the Iwasawa
decomposition

GL>(Ar) = B(Ap)Ko(1) Koo (1.1.1)

where Ko = Hvloo SO, (F,). Let dk = @, dk, be the Haar measure on K =
Ko(1)Ko with volume 1 on each component. Let dx = (), dx, be the Haar
measure such that dx, is the usual Lebesgue measure on R if v | co and Of,
has volume 1 if v { co. Finally let d*x = ), d*x, on F; be the product of the
measures given by d*x, = |dx,/x,| if v | co and by the condition that ©1>;,v has
volume 1 if v | co. Then we can use the Iwasawa decomposition g = (Z Z)(y )1‘ )k to

define
/ rwds=[ [ [r((*)r)arar T
Z(A\GL,(A) Jalk 1 A

The Petersson inner product of two forms f; and f, on GL,(F)\ GL;(A) such that
f1f> is invariant under Z(A) is defined by

s fope = / 70 f2(e) dg

Z(A)\GL>(A)
whenever this converges (this is ensured if either f; or f> is a cuspform as defined

below). It will be convenient to introduce a level-specific inner product on forms f
and g of level N:

(f’ g)Pet

<f’ g)N = M(N)

(1.1.2)

where t(N) is the measure of Ko(N).

1.2. Fourier expansion. Let f be a (not necessarily holomorphic) Hilbert modular
form. We can expand it as

F@=Cr)+ Y. Wf((“ 1) g)

aeFX
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Cr(g) =D;'"? /A/F f((l f) g) dx,
_ 1
Wy (g) =Dp"? fA/F f<< ;‘) g)e(—x)dx

are called the constant term and the Whittaker function of f, respectively. The
form f is called cuspidal if its constant term C is identically zero. The functions
of y obtained by restricting the constant term and the Whittaker function to the
elements () are called the Whittaker coefficients of f. When f is holomorphic,
they vanish unless yo, > 0 and otherwise have the simple form

where

Cr <y f) =a’(f.y) =y MIyI"a(£.0).
Wy (y T) =a(f, y)eso(iyso)e(x) = Yy 2a(f, y P dr)es(iyo)e(x)

for functions a°(f, y) and a(f,y) of y F>, which we call the Whittaker—
Fourier coefficients of f, and a function a( f, m) of the fractional ideals m of F that
vanishes on nonintegral ideals whose values are called the Fourier coefficients of f.

For any Z-submodule A of C, we denote by M (K(N), i, A) the space of
holomorphic Hilbert modular forms with Fourier coefficients in A of weight &, level
K{(N) and character ¥ and by S¢(K{(N), ¥, A) its subspace of cuspidal forms.
When the character 1 is trivial, we denote those spaces simply by My (Ko(N), A)
and Sy (Ko(N), A), whereas linear combinations of forms of level K;(N) with
different characters form the space My (K1(N), A). The notion of Whittaker—Fourier
coefficients extends by linearity to the spaces My (K{(N), C).

We can allow more general coefficients: if A is a Z[1/N]-algebra, we define
Sr(Ko(N), A) = Sk (Ko(N), Z[1/N]) ® A; this is well-defined thanks to the g-
expansion principle [Andreatta and Goren 2005].

1.3. p-adic modular forms. Let N and P be coprime ideals of O and v a charac-
ter of conductor dividing N. If f is a holomorphic form of weight k, level K{(N P)
and prime-to- P character ¥ (thatis, f is a linear combination of forms of level N P
and character ¥/’ with ¥ a character of conductor dividing P), we associate to it
the formal g-expansion coefficients

ap(f, y°) =y Wyl ™*2a(f, ).

If ' is trivial, we set a,(f, m) = a,(f, y*°) if m is the ideal m = y®d.
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Let N be an ideal prime to p and i a character of level dividing N. Consider the
space of classical modular forms My (K (N p®), @) with character whose prime-
to-p part is equal to i, and endow it with the norm given by the maximum of
the p-adic absolute values (for the chosen embedding @ < C p) of the Fourier
coefficients. Its completion

Mk(Kl(N)’ wv (C[J)

of this space is a p-adic Banach space called the space of p-adic modular forms of
weight k, tame level K1(N) and tame character . We view My (K{(Np", ¥y’, o)
(for any character ¥ of conductor divisible only by primes above p) as a subset
of Mi(K((N), ¥, i) via the g-expansion map.

If « is a complete Z ,-submodule of C,,, we also write M (K{(N), ¥, o) with
obvious meaning and S;(K{(N), ¥, A) or Sx(Ko(N), ) (in the case of trivial
tame character) for cuspforms; when k = 2, we simply write

Sn(d) = $2(Ko(N), )
or just Sy if 4 =Q,, or { = C,, (as understood from context).

1.4. Operators acting on modular forms. There is a natural action of the group
algebra Q[GL,(A™)] on modular forms induced by right translation. Here we
describe several interesting operators arising from this action.

Let m be anideal of O and 7, € F :x(oc a generator of m0 F that is trivial at places
not dividing m.

The operator [m]: M(K{(N), ) - Myp(K{(Nm), ) is defined by

- 1
[m1f(g) = N(m) "”f(g( N )) (1.4.1)
It acts on Fourier coefficients by

a(fmlf,n) =a(f,m 'n).

If x is a Hecke character of F, we denote by f|x the form with coefficients
a(flx,n) = x(ma(f,n).
For any double coset decomposition
TTm
Ki(N) ( 1) Ki(N) =[]y K1(N),
i

the Hecke operator T (m) is defined by the following level-preserving action on
forms f in My (K{(N)):

T(m)f(g) = Nm)"*"' 3 f(gvi).
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For m prime to N, its effect on Fourier coefficients of forms with trivial character
is described by

a(Tm f,m)= Y N@* 'a(f, mn/d*).

d|(m,n)

When m divides N, we can pick as double coset representatives the matrices

o TTm Ci
Vi= 1

for {c;} C 4] r a set of representatives for Or/mOf. Then the operator T (m) is
more commonly denoted U (m), and we will usually follow this practice. It acts on
Fourier coefficients of forms with trivial character by

a(U(m) f, n) = Nm)*'*~La(f, mn).

Let T be the (commutative) subring of End S»(Ko(N), Z) generated by the T (m)
for m prime to N. A form f that is an eigenfunction of all the operators in T} is
called a Hecke eigenform. It is called a primitive form if moreover it is normalised
by a(f, 1) =1 and it is a newform (see Section 1.5 below for the definition) of
some level dividing N.

As usual [Perrin-Riou 1987, Lemme 1.10], we will need the following well-
known lemma to ensure the modularity of certain generating functions:

Lemma 1.4.1. Let A be a Q-algebra. For each linear form
a: Ty — A,

there is a unique modular form in @ NN Sp¥(Ko(N'), A) whose Fourier coeffi-
cients are given by a(T (m)) for all m prime to N.

Proof. In [Zhang 2001a, Corollary 3.18], the result is stated and proved when A =C
as a consequence of the existence of a pairing (T, f) — a;(Tf) between Ty and
the space of modular forms of interest. But this pairing is defined over Q; hence,
the result is true for A = Q and by extending scalars for any Q-algebra A. O

Atkin—Lehner theory. For any nonzero ideal M of O, let Wy, € GL,(A°) be a
matrix with components

1
Wuw=( _van it M, W= ifotM (142
! 1

where m, is a uniformiser at v. We denote by the same name Wy, the operator
acting on modular forms of level N and trivial character by

W f(g) = f(gWn);
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it is self-adjoint for the Petersson inner product, and when M is prime to N, it is
proportional to the operator [M] of (1.4.1). On the other hand when M equals N,
or more generally M divides N and is coprime to NM~!, the operator Wy, is
an involution and its action is particularly interesting. In this case, extending the
definition to forms of level K(N) and character'® ¥ = ) ¥y a-1y With ¥(c) of
conductor dividing C, we have

Wit £(8) = ¥y, (et @)V g (Tan) £ (8 Wir) (14.3)

where 1), is the idele with nontrivial components only at v | M and given there
by M Ttis easy to check that this definition is independent of the choice of
uniformisers. The effect of the W)y,-action on newforms is described by Atkin—
Lehner theory; we summarise it here (in the case M = N), referring to [Casselman
1973] for the details.

Let mw be an irreducible infinite-dimensional automorphic representation of
GL,(AF) of central character ¢. Up to scaling, there is a unique newform f
in the space of . It is characterised by either equivalent property: it is fixed by
a subgroup K;(N) with N minimal among the N’ for which 7X1™" £ 0 or its
Mellin transform is (a multiple of) the L-function L (s, s) of 7. In the case of a
holomorphic cuspform, this is equivalent to requiring that it belongs to the space
of newforms defined in Section 1.5 below. There is a functional equation relating
the L-function L(s, ) of 7 and the L-function L(1 — s, 77) of the contragredient
representation; as 7 = ~! . 77, it translates into the following description of the
action of Wy on newforms. Suppose that the eigenform f € Si(K;(N), ¥) is a
newform in the representation 7 it generates; then we have

Wy f(g) = (=) () £ (g) (1.4.4)

where f* is the form with coefficients

a(f?,m)=a(f,m) (1.4.5)
and 7(f) = t(;r) is an algebraic number of complex absolute value 1.

Trace of a modular form. The trace of a modular form f of level N D and trivial
character is the form of level N

Tovpin (D@ = Y. f(gy).

y€Ko(N)/Ko(N D)

3Notice that a decomposition of ¢ as described is only unique up to class group characters (that
is, Hecke characters of level 1). We will only be using the operator Wy, for M a proper divisor of N
in a case in which a decomposition is naturally given.
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It is the adjoint of inclusion of forms of level N for the rescaled Petersson product:

(fs Trnpynv 8)v = ([, &)ND

if f haslevel N and g has level D.

Suppose that D is squarefree and prime to N, in which case we can write
Trp = Tryp,n without risk of ambiguity. A set of coset representatives for
Ko(N)/Ko(N D) is given by elements y;s for § | D, j € Of,/80F,, having

components
(1 N 1 (7 1
Viso=\ 1 J\=1 )T 7, 1) \=x,

at places v | § and y; 5, = 1 everywhere else. From the second decomposition
given just above, if f has weight 2, we obtain

a(Trp(f).m) =Y aUE) f@.m)=> a(f>.ms) (1.4.6)

8|D 3|D
where f©®(g) = f(gWs) with W; as in (1.4.2).

Remark 1.4.2. If D is prime to p, the various trace operators Tryp,/n, extend
to a continuous operator Tryp,y on p-adic modular forms of tame level ND.
Similarly, the operators [m], T (m) and W, for m prime to Np extend to continuous
operators on p-adic modular forms of tame level N.

Ordinary projector. Let L be a complete subfield of C,. Following Hida (see, e.g.,
[Hida 1991, §3]), we can define for each g | p an idempotent

. !
ep = nli)n;o Ug: SN(L) = Snp(L)
that is surjective onto Sﬁ;rd(L), the subspace of Sy, (L) spanned by U,,-eigenforms
with unit eigenvalue.
Let P=]] o|p 8- Then we similarly have a surjective idempotent

e=]]ep: Sw(L) = SYH(L).
®lp

where Sx,rdp (L) is the subspace of Sy p(L) spanned by simultaneous U,,-eigenforms
with unit eigenvalue.

1.5. Fourier coefficients of old forms. As we will study modular forms through
their Fourier coefficients, we give here a criterion for recognising the coefficients of
certain old forms.'* Let N and P be coprime ideals of OF. The space SN 14 C Sy p

is the space spanned by forms f = [d]f’ for some 1 #d | N and some cuspform f’

145ee [Zhang 2001a, §4.4.4].
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of level N’ P with N’ | d~'N. In the case P = 1, we define the space of newforms
of level dividing N to be orthogonal to the space of old forms for the Petersson
inner product. We denote by Sl‘i,ld C Sn the closed subspace generated by the image
of Sﬁ;,%id in Sy. (The coefficient ring will always be either a finite extension of Q,,
or C, as understood from context when not present explicitly in the notation.)

Let now & be the space of functions f: Ny — & modulo those for which there
is an ideal M prime to p such that f(n) = O for all n prime to M. A function
f € ¥ is called multiplicative if it satisfies!? f(mn)= f(m)f(n) forall m,n)=1.
For 4 a multiplicative function, a function f is called an h-derivative if it satisfies
fmn)=h(m)f(n)+h@n)f@n) forall m,n) =1.

Let o1 and r be the multiplicative elements of & defined by

oi(m)=Y N(d),  r(m)=) er/r(d)

dlm d\m

(where E is a totally imaginary quadratic extension of F' of discriminant prime
to p).!% Let P = H@\p © C Op. We define a subspace @y C & to be generated
by o1, r, oy-derivatives, r-derivatives and Fourier coefficients of forms in Sy N- °1d.

Lemma 1.5.1. The g-expansion map SOrd /SN ol _s 9 /%y is injective.

Proof. First notice that it is enough to show this when the coefficient ring is a
number field L over which S,?,“}, is defined (it suffices for L to contain all the
eigenvalues of the operators T; (£ { Np) and U, on Syp(L)). By [Zhang 2001a,
Propos1t10n 4.5.1], the kernel of Syp(L)/ SN Old(L) — ¥ /Dy is at most generated

Sp 0]d(L) = me Sp 01d(L) the space of forms that are old at some g | p. To
conclude, it suffices to show that for each g | p we have [ := Sf)v ;,Jld S}p\, ;,)rd =0.
The intersection I is stable under the action of Ty p, which decomposes it into
spaces I[f;] C Syp[fi] corresponding to eigenforms f; of level N’ or N'gp for
some N' | NPp~!. If f; has level N'p, then Sy p[ f;] does not contain any nonzero
g-oldforms. If f; has level N” with o t N’, then SOrd [ fi] is either zero or the line
spanned by the ordinary g-stabilisation of f;, Whereas s& ;,’ld[ fi]is the line spanned
by [¢1fi. We conclude that /[ f;] = 0 in all cases. O

Remark 1.5.2. The operators U, for p | p extend to operators on ¥ via Uy, f (m) =
f(mg). The Hecke algebra Ty, acts on the image ¥y of Sy in /D y.

1.6. The functional l;,. Recall from the introduction that we have fixed an ordinary
primitive Hilbert modular newform f of level Ko(N). If «, is the unit root of

15This relation and the following are of course to be understood to hold in &.
16wWe will see below that o1 and r are the Fourier coefficients of weight-1 Eisenstein series and
theta series.
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the p-th Hecke polynomial of f, B, is the other root and the operator [g] is as
in (1.4.1), then the p-stabilisation of f is

fa=[T=BoleD f.
®lp

a form of level Ko(N lep ) satisfying Uy, fo = o, fo for all g | p.

We define a functional, first introduced by Hida, that plays the role of projection
onto the f-component. Both sides of our main formula will be images of p-adic
modular forms under this operator.

Let P be an ideal of O divisible exactly by the primes g | p. For a form
g € My(Ko(N P)) with r > 1, let

(Whpfd.8)

[ =
&) =y f)

Let LCQ » be the extension of Q, generated by a( f, m) for all ideals m and o,
for g | p.

Lemma 1.6.1 (Hida). The above formula defines a linear functional
lf,: Ma(Ko(Np™), L) — L
satisfying:

(1) On M>(Ky(N), L), we have

where 17(g) = (f, g)/{f., f).
(2) On My(Ko(Ng")), we have, for each nonnegative t <r — 1,
lfa o U;, = Olga(f)tlfa'

(3) If each 1, (ay,) is a p-adic unit, ly, admits a continuous extension to p-adic
modular forms still denoted

lfal MN(L) — L.

Proof. See [Hida 1991, Lemma 9.3], where the well-definedness of the functional
and its extension to p-adic modular forms are proved more generally for Hida
families. For part (1), the computation is the same as in the case of elliptic modular
forms: see [Perrin-Riou 1988] or [Hida 1985, §4]. O
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Some quotient spaces. Let ¥ = $/%y. The ordinary projection operator e is not
defined on all arithmetic functions; however, its kernel Ker(e) is a well-defined
subspace of . We define

Fod .= P /% n + Ker(e).

The quotient map ¥ — ¥° is clearly injective when restricted to the image of Sl‘i,rf,,

where P =[] o|p 8- Then we denote by 57’0“1 the image of S}i,r?) in either ¥ or $°1,
It is also identified with the common image of Syp and Sy in Ford We denote by
g “dic — % the image of Sy.

We obtain a commutative diagram (where L is as usual any sufficiently large
finite extension of Q)):

Sy (L) ——— Fade(py——; Ford

le l (1.6.1)

l
ord (L)/SN old gyord(L) o L

where the right-hand vertical map is the restriction of the quotient ¥ — $°'4 and
the bottom horizontal map is an isomorphism by Lemma 1.5.1.

2. Theta measure

We construct a measure on the Galois group of the maximal abelian extension of
E unramified outside p with values in p-adic theta series and compute its Fourier
expansion.

2.1. Weil representation. We first define the Weil representation. See [Bump 1997,
§4.8] for an introduction and [Waldspurger 1985] or [Yuan et al. 2013] for our
conventions on the representation for similitude groups.

Local setting. Let V = (V, g) be a quadratic space over a local field F of character-
istic not 2 with a quadratic form g; we choose a nontrivial additive character e of F.
For simplicity, we assume V has even dimension. For u € F*, we denote by V,, the
quadratic space (V, uqg). We let GL,(F) x GO (V) act on the space ¥(V x F*)
of Schwartz functions as follows (here v: GO (V) — G, denotes the similitude
character):

r(h)é(t,u) = ¢h="t,v(h)u) for h € GO(V),

F(n()$ (1, u) = e(xuq(t)$(t, u) for n(x) = (') € GL,,
r(“ )@ w) = xv@la/d| "™V ¢ ar, d'a ),
r(w)p(x, u) =y (V)(x,u) forw=(_,").
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Here yy is the quadratic character associated with V, y (V) is a certain square root
of x(—1) and ¢ denotes the Fourier transform in the first variable

¢3<x,u>=/V¢<y,u>e<—u<x,y>>dy

where (-, -) is the bilinear form associated with ¢ and dy is the self-dual Haar
measure.

Global setting. Given a quadratic space (V, g) over a global field F' of characteristic
not 2 (and a nontrivial additive character e: F\ A — C*), the Weil representation is
the restricted tensor product r of the associated local Weil representations, with spher-
ical functions ¢, (t, u) = lcvvx@;v(x, u) for some choice of lattices V', C V(F,).

The case of interest to us is the following: F is a totally real number field,
V = (E,M) is given by a quadratic CM extension E/F with the norm form
M = Ng,r and the lattices O, C E, and the additive character e is the standard
one. We denote G = GL, and H = GO (V), two algebraic groups defined over F;
we have H = Resg/r G,. In this case, we have

Xv =E€E/F =&,
where ¢/ is the quadratic character of F : associated with the extension E/F.
The self-dual measure on E), is the one giving Of , volume |Of ,/ D,|~? where
D, is the relative different. Moreover, the constant y can be explicitly described
[Bushnell and Henniart 2006, §38.6, §30.4, §23.5]: in the case v | A/ F, which is the
only one we will be using, such description is in terms of a local Gauss sum « (v):

y(Ey, uM) =,k (v) =&, )| Y e(x/m)es(x/m). (2.1.1)
xe(@F,v/ﬂUGF,v)X

Notice that our « (v) is the inverse of the quantity denoted by the same name in
[Zhang 2001a, Proposition 3.5.2].

2.2. Theta series. We define the theta kernel to be
Op(g. )= r(g, e, u),

(t,u)eVx FX*
an automorphic form for the group GL(F)\ GL2(Afr) x GO(V)\ GO(Vy4,).
If W is an automorphic function for H that is trivial at infinity (which is the same
thing as a linear combination of finite-order Hecke characters of E), we define the

theta series”

05 (W) (g) = / W0, (g, ) dh,
H(F)\H(AF)

17The reason for taking W (h™ 1) rather than W (h) is that we want 6 (W) to be the series classically
denoted ® (W) for a suitable choice of ¢ — this will be clear from the computations below.
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which is an automorphic form on G. Here the measure dh is the product of the
measure on H(A®) that gives volume 1 to the compact Uy = @2 and any fixed
measure'® on H(A).

Let us explain how to explicitly compute the integral in our situation. For each
open compact subgroup U C H(A%) = E4~, we have exact sequences

1> 0F y\UEL — EX\ E} —» EXU\ Efn — 1
and
I —> w(U)\UEL — 0F , \UEZL 2% N(©F )\ F — 1.

The notation used is the following: @E’U = E*NU D u(U) = the subset of roots of
unity, Moo : EX — FJ; is the norm map at the infinite places and E_ is its kernel.

We can choose a splitting ¢ of the first sequence, for example
1 EXU\E} ZE*U\(E)" — E*\ E},

where (E;)l’” denotes the set of ideles of adelic norm 1 with infinity component
heo = (h, ..., h) for some real number /2 > 0 and the isomorphism is the unique
one that gives the identity once composed with projection onto the finite part.

We begin to expand the series, evaluating the integral as explained above and ex-
ploiting the fact that the action of H (F) = EZ, on ¢ (¢, u) factors through the norm.
We take U to be small enough so that W and ¢ are invariant under U and denote

q_bv(t,u)=/ r(h)gy(t,u)dh ifv|oo
H(Fy)

and ¢ = | | B I ¢,. A specific choice of ¢, will be made shortly; for
the moment, we just say, and use in the following computation, that we will take
u — ¢,(t, u) to be supported on RT.

We have

6 (W) (g) = f W(h~"0 (g h) dh

EX\E

i [ Lo o
U JEL JNOF O\FS JEXU\E

3" (g @)t u)dadh.

(t,u)eExF*
Here wy = | (U)| and dh denotes the measure on U x Eéo X F;g =U x H(Fx).

We partially collapse the integral over ‘JT(@E y) \ F and the sum over u € F* and

18There will be no ambiguity since later we will choose ¢ to again be any fixed Schwartz
function whose integral over H (A) with respect to the chosen measure is a specified function ¢ec.
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use our choice of ¢, to get

=wy' vol(U) CWe@™ Y Y (g u@)dt,uyda
EXU\E ;0o UeN(OF I\F+ teE
. W@ vy Y D r(g. @)t uyda. (2.2.1)

hy EXU\En WEN(OL )\ FH IEE
Here in the last step, we have defined vy = [‘ﬁ(@g) : ‘.)"((@EU)] and computed
vol(U) = Vol(UO)(h/hU)(wU/w)vl}l, where Uy = @E hy =|E*U\E x|, h=hy,
and w = wy,. Recall that our measure satisfies vol(Up) = 1. The remaining integral
is just a finite sum.
The sum over u is actually finite due to the integrality constraints imposed by ¢
at finite places.'”

2.3. Theta measure. We define a measure with values in p-adic modular forms
on the group

G = Gal(EL,/E) Zlim EXUpn \ E

where the overline denotes closure and E. is the maximal abelian extension of E
unramified outside p, that is, the union of the ray class fields of E of p-power
ray U,» =[], {units = 1 mod p"Of ,}, and the isomorphism is given by class field
theory. The topology is the profinite topology.

Recall that a measure on a topological space ¢ with values in a p-adic Banach
space M is a C-linear functional

n:64,C))—>M

on continuous C,-valued functions, which is continuous (equivalently, bounded)
with respect to the supremum norm on €(%, C,). The linearity property will be
called distributional property in what follows. The boundedness property will in
each case at hand be verified on the set of p-adic characters of %, which in our
cases generates the whole of €(%, C,) (classically, the continuity of x goes by the
name of abstract Kummer congruences for p).

When M = M, ®q, C,, for a p-adic Banach space M, over Q,, the measure u
is said to be defined over Q,, if u(W) € My ® Q, (W) whenever the function W
on % has values in Q, (W) C @p cC,.

19We will see this in more detail shortly. We are also using the definition of ¢o in order to freely
replace the sum over u € F* with a sum over u € F* —in fact, a slight variation would be necessary
when det goo ¢ FJO, but this is a situation we won’t encounter.
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Definition 2.3.1. The theta measure d©® on ¢ is defined by

W) = / W(o)dO (o) :=04h(W),
@

for any function W : ¢ — @ factoring through a finite quotient of ¢, where the
function ¢ is chosen as follows:

e For vt poo, ¢ (1, u) = l@E_U(t)ld;Lx ().

e Forv | p,
Gu(t,u) = [@E,U : U;]lU{ (t)ld;}-x (u),

where U, C @2& is any small-enough compact set— that is, U, C U, if W' is
invariant under U = [ [, U,, and the definition does not depend on the choice
of U,. (In practice, we will choose U, = U, if U, is maximal with respect to
the property just mentioned.)

e For v | oo, ¢, (t, u) is a Schwartz function such that
/ r(h)gy(t, u) dh = ¢, (t, u) = Ig+ (u) exp(—=27uN (1)).
H(F)

(See [Yuan et al. 2013, §4.1] for more details on this choice.)

In Corollary 2.4.2 below, we will show that this in fact defines a measure on ¢’
with values in p-adic Hilbert modular forms of weight 1, tame level Ag,r and
character ¢.

2.4. Fourier expansion of the theta measure, I. We compute the Fourier expan-

sion of the theta measure on ¢/, carrying on the calculation started in Section 2.2.

In the case where g = (y )1‘) with yoo > 0, the sum over (i, t) in (2.2.1) evaluates to

eIV ¢® @y, M)y~ u)eco (1yoott N (1)) e (xuM(1)). (2.4.1)
u,t

Then we compute the sum of this expression over the finite quotient 9, of ¢', with
G, = E*U\E .

We assume W' is a character so that W(a~!) = W(a) where W =W~1.

First we precompute the product of all the constants appearing in the theta series
of (2.2.1), including the one from ¢ — we take

¢t u) =[0F , : U1y, (1) 1gx (w),
SO
h . R
Wiy [0F,: Ul =w[05\ 05, : 0%, \UI"'[N(OF) : M(OF N1 '[0F : U]
= wlp(0p) : p(U)] =wy'.
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This computation together with (2.2.1) and (2.4.1) gives

O =eylwy' Y W@ ) ¢y, M@y
a€EXU\E oo t€E, ueMN(OF \F*

Aog, (@900 M@y 1) eoo ([N () e (xu (D))

=T w3 W@ g, @'
a€EXU\E s 1€E, ueN(OF ;)\ F+ -

-1[N@) yuOF = d ' leao (iyoouMN (1)) e(xuN (1)),

where we have made the change of variable a — ay®°.

Now we make the substitution u91(¢) = £ and observe that the contribution to
the £-th term is equal to 0 if (£ydr, p) # 1 and otherwise it equals W (a) times the
cardinality of the set

Ry1(&, y)={(t,u)eOpx F* |t €U,, uM(t) =&, N(t/a)0r =Eydr}/NO% ),

which admits a surjection 7 : (¢, u) — a~ 110 to the set r,-1(§ydr) ofideals b COf
in the U-class a~!, whose norm is D91(b) =& yd . The fibres of 7 are in bijection with
0 E’U /O E’U), which has cardinality wy. We deduce the following description of
the Fourier coefficients of ® (‘W):

Proposition 2.4.1. The series ® (W) belongs to S;(K1(A(W)), W) F:), where
A(W) = ANGF(W)). Its Fourier coefficients are given by

a@EW),m)y="Y " W) =ry(m)

bCOg
N(b)=m

for (m, p) = 1 and vanish for (m, p) # 1.

Corollary 2.4.2. The functional ® of Definition 2.3.1 is a measure on 9’ with values
in S1(K1(A), €), defined over Q.

Proof. The distributional property is obvious from the construction or can be seen
from the g-expansion given above, from which boundedness is also clear. See also
[Hida and Tilouine 1993, Theorem 6.2], where a slightly different theta measure is
constructed. U

Lemma 2.4.3. Assume that (Dg, Dpp) = 1. The theta series admits a functional
equation

Waen®(W) = (—)F AW @YW (D )T (W) O ()
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where D is the relative different, df,p ) is the prime-to-p factor of the different and
(W) = ]_[Ulp T (W) with

T(Fy) = " f Ty (h)es (= Tz, /5, (he)) dhy
E)

if the relative norm of the conductor of W is 7 0F v.

Proof. Let
(g, 1, 1) = / W) (g, W) (1, u) dh,
H(F)\H(A)
B (g. 1, 1) = W (Tacr) W(h™")r(gWaawy. h) (1, u) dh

H(F)\H(A)

for (t,u) € E4 x Fj. The behaviour in g is through the Weil representation.
Then we have

Waean©W)(g) =eW(detg) > ¢i(g.t,u),
(t,u)eEx FX
oM@ =Y. ¢y tuw
(t.u)eEx F*
so that the lemma follows if we show that for all (1, u) € E4 x FJ

eW(det 9)ply- (g, t, u) = ()T HW D)t (W)eW (W) psp(g, T, u)  (2.4.2)

where 7 is the conjugate of ¢ under the nontrivial automorphism of E over F.
We write

(W) = (=)W @YW (D p)T (W)
for short.
We claim that it suffices to prove (2.4.2) for g = 1. Indeed it is clear that this
implies the same result for all g € SL,(A) by acting via the Weil representation

on both sides (viewed as functions of (¢, u)). Then it suffices to verify it for the
elements of the form d(y) = (1 y):

eNWOrd($iy (1, 1, u) = T(W)e(WO)Irdy)eW w1, i, u)]
= T(NeW W (v~ uyrd ()1, 7, u)
= T(W)e@)W)pyr(d(y), 1, ).
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We now prove (2.4.2) for g = 1, thus dropping g from the notation. We can write
#yit0 = [ Wy r(L WP ) dho
H(F)\H(AP%)
JTwe Why Yy (Waeo, D (hy 't v(hy)u) dh,
v)

vipA H(F,

where ¢, is the appropriate exponent. We can rewrite this as

Pyt w) =" w) [ bty (1. 0)

v|Ap

with obvious notation. A similar factorisation holds for ¢ (¢, u).
For v{ Ap, we have, by the explicit description of ¢, (dropping the subscripts v),

r(th)o(t,u) = qb(h’lt, v(h)u) = ¢(ndpuﬁt, v(h)u)
= ¢ (rapuhi, v w7, ?) = r((Grg,uh) e, u).

A change of variable and integration over H(F) \ H(A®P) then gives
PP (2, u) = £ (udp) WP (udp)¢>%p (,u). (2.4.3)
For v | A, we have by (2.5.1) below and the previous argument
e()r (We, ) () (¢, 1) = ek (V)¢ (h™ ' tmp, = v (hu)
= e(u)x(u)r(u*lnd;m*ln@)qs(i, u)

where 7o € 0 ;:5 , 18 a generator of the local relative different of E, / F,,. After change
of variable and integration, we obtain

Py (1, 1) = 1 (), W)Wy (wd )W (D) iy, (7, ). (2.4.4)

For v | p, we have

W () W™ Yr(h, wee)d (¢, u) d*h
H(Fy,)

=|n|—0/2/ /W(n_ch)e(—n_cuv(h)Tr(h_ltf_))q&(s,ﬂ_cv(h)u)df;‘dxh
EXJE

Using the fact that ¢ (€, u) dé = ¢ (&, u) d*& and a change of variables { = ~“uhés,
this equals

W ()T (W) EXW(Sf)dﬁ(é,v(tS)u)dXé

after integration, where the new second argument in ¢ gives the condition for the
integral in d¢ to be nonzero. We observe that ¢ (§) = ¢ (§ ~1) so that with the new
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variable A’ = &%, and reintroducing v in the notation, this can be rewritten as

W, () (7F,) / Ty (h) ¢ (™7, vk, ) I,
E)

so that
by, (t,u) = 8v(dF)sv(u)Wu(u)f(WvMW,v(f, u). (2.4.5)

Putting together (2.4.3), (2.4.4) and (2.4.5) and using the formula ]_[vIA k(v) =
(—)F Qg (dp) from [Zhang 2001a, p. 127],%° we obtain (2.4.2) as desired. [

2.5. Fourier expansion of the theta measure, I1. For later use in computing the
trace of the convolution of the theta measure with the Eisenstein measure (defined
below), we need to consider the expansion of ®(W)® (g) = O (W)(gWs) for
g =("7); for such a g, we have

(=)0 )

where 75 is an idele with components 7, at v | § and 1 everywhere else. Here m,, is
a uniformiser chosen to satisfy ¢(m,) = 1.

The modular form ®(W)° can be expanded in the same way as in Section 2.4
except that for v | § we need to replace ¢, (¢, u) = 1@E,v(t)1d;1.>< (u) by

1 _
Wiy (t, u) = &,(y) ( . ) V(”)l@E,v(t)ld;_‘f (u)
:SU(L{)K(U)].,DLTI(l‘)ld;l,x(ﬂa_lu). (2.5.1)

Here recall that © is the relative different of £/F and that w acts as Fourier
transform in ¢ with respect to the quadratic form associated with u1, with the
normalising constant y (u) = y (E,, u)l) as described in (2.1.1).

The computation of the expansion can then be performed exactly as in Section 2.4.
We omit the details but indicate that the relevant substitution is now a — myay,
where 0 is an ideal of O of norm § and 7, € 6; is a generator with components
equal to 1 away from 0.

Proposition 2.5.1. The Whittaker—Fourier coefficients of the series ®(W)® are
given by
a©)®, y) =Wyl (W @)esrw (vdr),

where k (§) = nv\é k (V).

20Recall that our k (v) are the inverses of the « (v) of [loc. cit.].
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3. Eisenstein measure

In this section, we construct a measure (see Section 2.3) valued in Eisenstein series
of weight 1 and compute its Fourier expansion.

3.1. Eisenstein series. Let k be a positive integer, M be an ideal of O, and
@: Fy/F* — C* be a finite-order character of conductor dividing M satisfying
@o(—1) = (=1)¥ for v | co. Let

LMGs, )= ) emNm)™, G.1.1)
(m,M)=1

where the sum runs over all nonzero ideals of Of.

Let B C GL; be the Borel subgroup of upper-triangular matrices; recall the
notation from Section 1.1 and the Iwasawa decomposition (1.1.1); the decomposition
is not unique, but the ideal of Or generated by the lower-left entry of the Ky(1)-
component is well-defined.

For s € C, define a function Hy (g, ¢) on GL2(AF) by

IV1/yl ena)es k) if u= (") e Ko(M),

Hi s(8 = qur(9); ¢) = i 0 if u € Ko(1) \ Ko(Mo),

where g = qur(0) with g = ("' ;2) € B(Ar), u € Ko(1) and r(0) € K.

We define two Eisenstein series

Ef(g.si9)=L"2s,0) Y His(rg o),
y€B(F)\GL,(F)

EM(g,5:0)=WnEM(g,s;9) = ¢ (det gmu) EM (gWat, 53 9),

which are absolutely convergent for Res > 1 and continue analytically for all s to
(nonholomorphic) automorphic forms of level M, parallel weight k and character ¢
(for E) and ¢~ (for E ). Here Wy, is as in (1.4.3). The superscript M will be
omitted from the notation when its value is clear from context.

3.2. Fourier expansion of the Eisenstein measure. We specialise to the case
where k is odd, M = AP with (A, P) =1 and ¢ = ¢¢ with ¢ = ¢g,r and ¢
a character of conductor dividing P, trivial at infinity (in particular, we have
oy(—1) = &,(—1)¢py(—1) = —1 as required). We assume that A is squarefree. For
8| A, we compute! the Whittaker coefficients (see Section 1.2; we suppress ¢, M
and k from the notation) of E®:

cf(oe, y) = D;l/Z/ E((y x) Ws, s)e(—otx) dx
Ap/F 1

21See [Zhang 20014, §3.5, §6.2].



1600 Daniel Disegni

for ¢ € F and § dividing A; since cs(¢, y) = ¢5(1, ay) for a # 0, we can restrict
to o = 0 or 1. The choice of uniformisers , at v | § implicit in the above formula
is made so that £(r,) = 1 to save some notation.

Proposition 3.2.1. In the case just described, the Whittaker coefficients cf, (o, y) of
) . -~TE% . .
the Eisenstein series E,"" (g, s; @) are given by

eI Vi O UL Qs — 1, eg) ifs =1,
20, y) =1 D}*N(AP)S
0 iFo#1,
N .
T(AP) eyl k(8¢ (8)es(y)
s s — ] ..
&)= -5 (ydp) | ymsdp s~ oks.ep(v) if ydr is integral,
0 otherwise,

where k (8) = nv\é Kk (v) with k(v) as in (2.1.1) and

v(ydr)
oseM= [ D @@ Iml"> VT VisOw)
vtAMoo n=0 v|oo

with
72myx

Vk Y(y) /(X2 l)s k/z(x—f—l)k

Proof. We use the Bruhat decomposition

GL>(F) = B(F) [ B(F)wN (F)

with w = ( ) and the unipotent subgroup N (F) = F via N(F) > ( ) —~xeF

to get

1

£ ()¢ (Tuys)cl (e, y) = L(2s, o) D' / Hs((y 1“) WM/B)a—ax) dx
Ap/F

+L(2s,<p)D;1/2/ Hs(w (y ’lc) WM/g)e(—ozx)dx.
Afr

At any place v | M /5, we have the decomposition

Yv Xy [ Yv Xy 1
(5w = (" 7} (1)

so that the first summand is always zero.
For the second integral, we use the identity

()= 60
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and the substitution x — xy to get

f B (w (y T) WM/S)“‘“WX = I TV ),
Afp

v

where for y € F,

vM(y) = /F Hs<<1 _xl) WM,u)e<—xy>dx. (3.2.1)

Archimedean places. See [Zhang 2001a, Proposition 3.5.2].

Nonarchimedean places vt M /3. If v is a finite place, we have (1 ;1) € GL>(0OF )
if x € O ,, and otherwise we have the decomposition

()= G)

. Po)|x|™> if v(x) < -1,
H, (1 _x ) = 1 if v M and v(x) > 0, (32.2)
0 if v|éand v(x) > 0.

Therefore,

The case v M. We deduce that

VMB(y) = /

OF

e(—xy)dx + Z f@x Gy, xm " e(—xym, ™) d () " x)
sV F.v

n>1

=1y ed; 1+ Y g > [ etoxymya.

n>1 Fv

The integral evaluates to 1 — || if v(ydFr) > n, to —|m,| if v(ydr) =n — 1 and
to 0 otherwise. Therefore, we have VSM (y) =0 unless v(ydr) > 0, in which case
if y£0

v(ydr)
VgM/B(Y) =1 + (1 - |7Tv|) Z ((pv(nv)|nv|2s—1)” _ |ﬂv|((pv(nv)|nv|2s—1)v(ydf)+l
n=1
v(ydr)
) 3
n=0
v(ydr)

=Ly(25.9)"" Y u(ry)" |y "V,
n=0
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whereas for y = 0 we have

VMBO) =14 (1= |m]) Y (o) my 7"

n=1

=14+ 1 — |71 — @y () || 71 = @y () 77, )
=L,(2s,0) 'Ly(2s — 1, ¢).
The case v | §. Again by (3.2.2), we find
VMR =" oy x| Ve(—xym, ™) dix.

n>1 ©F,v

All the integrals vanish except the one with n = v(ydp) + 1, which gives
£ (V7)) (VT 0T Y0700 12 |2 (0);
therefore, we have??
VP () = 600y et YTt~ o 20 ()

if y 20 and v(ydg) > 0 and V,(y) = 0 otherwise. In particular, we see that if § #~ 1
then V(0) = ¢,(0, y) =0.
Places v | M/$. For

1 x 1 _ Ty ()
v 1)\ =gy T\ —xt™ g )
we have the decompositions

20D V0D 1
(—xnf(M) 1) - ( 1) (—xnff(M) 1)
(w _n;wn) 1
= X VD (_1 x_lm—vuvn);

for v(x) > 0, we use the first one to find
_T[U(M)
H| o = ¢y ()" M|y D
XTTy —1

for v(x) < 0, the second decomposition shows that the integrand vanishes. We
conclude that

Yy = [om it v(vde) 2 0,
’ 0 otherwise.
The final formula follows from these computations. O

22Recall that we always choose my so that &, () = 1.
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We specialise to the case s = % and consider the rescaled holomorphic Eisenstein

series: 23
1/2 1/2
N(AP)
El(9) = W ER"(g. 3 64),
1/2 1/2
5 N(AP)
Eplo) = W EfP (g, L eq).

(-2
We further specialise to the case k = 1.

Corollary 3.2.2. The Eisenstein series E belongs to Mi(K1(AP), e¢p™"). The
Whittaker—Fourier coefficients of E E® = AP ) for § | A are given by

ep
-0, L0, e¢)
a"(Ely, y) = 8¢(y)|y|1/22—g

if6=1and &O(Eg), y) = 0 otherwise, and

) =a(Ey). y) = e (01| (8)p (8)ests (Y dr)oeg (y¥dr),

where for any integral ideal m of Op[A~' P~1]

Tep(m) =) £4(d),

d|im
the sum likewise running over integral ideals of Op[ A~ P~1].
(If m is an integral ideal of O prime to P, then o.1(m) =r(m).)
Proof. This follows from Proposition 3.2.1 together with the evaluation

0 ift <0,
Vi) = —7i if r =0,
—2mwie ™ ifr >0,

which can be found in [Gross and Zagier 1986, Proposition IV.3.3 (a) and (d)] (for the
case t = 0, this is deduced from (a) of [loc. cit.] using lims_,o I'(2s)/T"(s) = %). O

Definition 3.2.3. Let F be the maximal abelian extension of F unramified out-
side p, and let ¢, = Gal(F.,/F). We define the Eisenstein (pseudo)measure’* E.
on 4. by
1/2 1/2
~ ~ D/ N(AP)/2 -
_pap _ Pp NAL) " ~pp
E:@)=Ey = (—2mi)¢ Ees

23Notice that these series do not depend on the ideal P but only on its support.
We do not need to assume that A is squarefree when making the definition. See after the
definition for the meaning of the term pseudomeasure.



1604 Daniel Disegni

for any character ¢ of ¢, of conductor dividing P (it does not depend on the choice
of P once we require P to satisfy v | P <> v | p). We denote with the same name
the distribution induced on the group %’ of Section 2.3 by

E. (W)= E.(W|z).
It has values in M;(K{(NA), ¢) and is defined over Q,,.

To prove the soundness of the definition, it is easy to see that the nonzero Fourier
coefficients interpolate to a measure on %/, that is, an element of Z » [[(Q}]]. The L-
values giving the constant term interpolate to the Deligne—Ribet p-adic L-function
[1980]; it is a pseudomeasure in the sense of Serre [1978], that is, an element of
the total quotient ring of Z,[%¢’.] with denominators of a particularly simple form.

4. The p-adic L-function

4.1. Rankin-Selberg convolution. Let f and g be modular forms of common
level M, weights kr and k, and characters vy and v, respectively. We define a
normalised Dirichlet series

DY (f,g.5)=L"@2s — 1,y s¥) Y a(f, m)a(g, m)Nm™,

where the imprimitive L-function LY (s, ¢) of a Hecke character ¢ of conductor
dividing M is as in (3.1.1).

When f and g are primitive forms of level Ny and N, (that is, normalised new

eigenforms at those levels), for a prime g { N, denote by yg(,l)( f) and yg(,z)( f) the

two roots of the gp-th Hecke polynomial of f
Po.y(X) = X? —a(f. )X + ¥ (9)Ne" ™!

and by )/K,(,])(g) and yK,()Z) (g) the analogous quantities for g. Then the degree-4

Rankin—Selberg L-function L(f x g, s) with unramified Euler factors at g given by
2 1
[Ta-vHyS @Ne™)
i,j=1

equals the above Dirichlet series

L(f xg,s)=D""s(f, g,5)

if Ny and N, are coprime.
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Suppose now for simplicity that ky = 2, k, = 1 and f is a cusp form (not
necessarily primitive). The Rankin-Selberg convolution method® gives

T(s+1)

[F:Q]
- < M 1
(47T)s+1/2:| D" (f xg,s+3), “&L1)

(fP, 8EV (55 ¥ s W) = D}“[
where (-, - )y is the Petersson inner product (1.1.2).

4.2. Convoluted measure and the p-adic L function in the ordinary case. Con-
sider the convolution pseudomeasure ® E e.n on ¢ defined by © x E e N (W) =
®(°W)E€ N(°W) for any character W': ¢ — ZX where Es, N=I[N ]E We deduce
from it the (pseudo)measure

D (W) =Tra[O s Eo ny(W)] = Tra[@ (W) - [N1E, (W)] (4.2.1)

on ¥, which is a kind of p-adic kernel of the Rankin—Selberg L-function as will
be made precise below. It is valued in M>(Ky(N), C,). Notice that, while ® (W),
like E, y, is not a measure, we can see that, for any g | p,

Uy ® (W)

is. Indeed its Fourier coefficients are the Fourier coefficients of ® (W) at ideals m
divisible by g and hence sums of coefficients of the theta and Eisenstein series at
pairs of ideals (m| = nm, my, = (1 —n)m) for some n € F; since the coefficients
of the theta series are zero at ideals m; divisible by g, only those pairs (my, m;)
with m; and m, both prime to g contribute. In particular, the constant term of
the Eisenstein series does not contribute to the Fourier expansion of U, ®, which
therefore belongs to Z,[9'] ® S2(Ko(N), C,).

Thanks to this discussion and the identity ly, = o, lf o Uy, the following
definition makes sense:

Definition 4.2.1. The p-adic Rankin—Selberg L-function is an element of Oz [9]|® L
that is defined by

Ly(fg, W)= D>H,(f)ly, (d(W))

for any character W': ¢ — O, where

_ B 1 _ Ngp
H”(f)_n<1 ap<f>2><1 %(f)Z)' *22)

®lp

25See [Shimura 1978] or [Jacquet 1972, Chapter V] for general treatments; our setting and
normalisations are the same as in [Zhang 2001a, Lemma 6.1.3] (where g is a specific form, but the
same calculation works in general to prove (4.1.1)).
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Functional equation. The p-adic L-function admits a functional equation; we prove
it in the case of anticyclotomic characters, which is the only one we shall need.

Proposition 4.2.2. Suppose W is an anticyclotomic character of 4, i.e., W|f,, = 1.
Then there are functional equations for the p-adic L-function

L,(fE)YW) = (=1)*e(N)L,(W) (4.2.3)
and for the analytic kernel
O (W) = (=1)Ee(N)D(W). (4.2.4)
In particular, if e(N) = (—1)8~1, we have
W) =L,(fe)(W)=0.

Proof. The functional equation for L, is implied by the functional equation for ®.
We prove the latter by comparing the coefficients on both sides. From (4.5.1)
below,?® the coefficients of ® (W) are given by

bom) =" > es((n—DHmry-((1 = n)m8)oea (nm/N).

S|A neF
O<n<l1

(We use the notation 1 for the character of ideals defined by 1(m) =1 if (m, p) =1
and 1(m) = 0 otherwise.) We rewrite this as b(m) = ZM bs n(m) with, using
es(x) = &%(x) for x € F* and writing in columns to highlight the factors,

bs n(m) = es(—1) = (—=D¥eass(=1)
~ea/s(1 —nym)ep j5(nm) ~eas((L—=n)ym)ep 5(nm)
-SA((l —n)ym)ry ((1 —n)ymé) -ry((1 —n)mA/S)
-&(N) -e(N)
- (nm/N)oe1(nm/N) -ae1(nm/N) = (=1)3e(N)bassn-

Here we have used the following facts. In the first line, ea(—1) = e5(—1) =
(—1)8. In the third line, we have that ryy(m) = 1 if m is divisible only by ramified
primes in E since in that case m = m? is a square and W (m)> = W (m) = 1 —
this implies W (m) = £1 and hence W (m) = 1 since W', which is a character
of ¢ = Z},"Lg +8, has values in 1 + pZ,. Finally, in the third and fifth lines, one can
observe that, if g = 0,1 or ¢ = r, then &2 (m)q(m) = q(m); indeed this is trivial
if ¢2(m) = 1 while both sides are zero if ¢ (m) = —1. O

26Which does not use the present result. The formula (4.5.1) is stated in the case when the
anticyclotomic part W™ = 1, but the very same calculation gives the result in general.
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4.3. Interpolation property. We manipulate the definition to show that the p-adic
L-function L ,(fg)(W) of Definition 4.2.1 interpolates the special values of the
complex Rankin—Selberg L-function L(fg, W',s) = L(f x ®(W), s) defined in
the introduction.

We will need a few technical lemmas.

Lemma 4.3.1. Let P be an ideal of O such that v | P if and only if v | p. We have

(Wnp [, fadnp =ap(H)(=D3t(/YH, (S, fin
with H,(f) as in (4.2.2) and
ap(f)=]Jap()?.
®lp

Proof. When P = Py := ]_[p| » - this is the direct generalisation of [Perrin-Riou
1988, Lemme 27], and it is proved in the same way. In general, we can write
P = Py Py, and then

Wnp fl=NP)HIPI1Wnp, fL.

Observing that [g] is the adjoint of U, for the Petersson inner product and that
N(P)) =[Ko(NP): Ko(N Pp)], we deduce

(Wnp f&)np =[Ko(NP): Ko(NP)Wnp, fo, U(P) fa)np
- (XP] (WNP()f(;f’ f()l)NPo-
The lemma then follows from this and the special case P = Py. O

For the next lemma, let M and N be coprime; then we define the space of weakly
N-old forms of level N M to be the subspace of M (K(M N)) spanned by forms
f =1[d]f for some d | N and some modular form f’ of level N'M with N’ |d~'N.
(This is often simply called the space of N-old forms, but we have reserved that
name for the span of forms [d]f’ as above with d # 1.)

Lemma 4.3.2. For a character ¢ of conductor dividing M and an ideal N prime
to M, let ES’I = E{”(g, %; @) and Eg[ = WMEgI. We have

WyuINIEY = EY'N + g

where the form E°' is weakly old at N (in particular, E®Y is orthogonal to newforms
of exact level N and so is its product with any other form of level prime to N ).

Proof. 1t is easy to see that Wy, [N ]E g’ =[N]E (2/[ . Then we are reduced to showing

[NIE)! = E)'Y + E°1.
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In fact, we have more generally and more precisely that

— 1 ¢(d)
M _ EMN/d .
N(N)'E} (g ( nM) , s) > NaE @ B
dIN
this is [Zhang 2001a, Lemma 6.1.4] with ¢ replaced by ¢. The lemma then holds with

pold _ Z ‘P(d) EMN/d 0
E; N
dIN, d#£1 N)

Lemma 4.3.3. With notation as in Section 4.1, we have
D([A]f, ®©(W), 1) =W@D)D(f, (W), 1).
The proof is as in [Nekovat 1995, §1.5.9].

Theorem 4.3.4. Let W : ¢ — Q* be a finite-order character of conductor § divisi-
ble only by primes above p. Then we have

W)t (WYN AWV, (f, WYW(A)

L W)= —~L L(fg, W, 1),
p(fE)W) o (2 (fE )
where Q= (8n2)g(f, FIn, (W) is as in Lemma 2.4.3 and
o W(p)
V,,(f,‘“W’):HH(l— ) (4.3.1)
olp ple %o (f)

Proof. Denote P =M(f(W)), A(W)=AP and ¢ = ‘WlF:. We suppose that W is
ramified at all places v | p (in this case, we have V,(f, W) = 1). Then the result
follows from the definition and the following calculation:

(Wxp fL, Tral® (W) E y (W) wp

Ir (DEW)) =
7 (2D (Wnpfd, fa)np
il (Wya fo, WA(W)®(W)WA(°W)Eip(imlf)N>NA(W)
Lemma 4.3. = .
ap(f)(=D8t(fHH,(f)Lf
Lemmad32  (—=)$W( L)t (W)W (D)Dg N
— WyIA]£L, @ W)ENA!
Lemma 2.4.3 ap(f)(—l)gr(f)Hp(f)szf< NIALG OONE 5 Inaon
(—D)EW (@) (W)W (D) NAGHT©)
- INVARCIRTRY A
ar () H, (2 ([A1fF, ©W) YNAEK)
(p) S D2 1/2
@iy = V)TN DENAD T fvaon (o) £, 06, 1)
ap(fHH(f)Qy
(P)\— (G 2 /28717
Lemma43s = @ JTNDENAD) W(A)L(fE,W, 1,

ap(f)H, ()2
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where we have used various results from Section 1.4 and the fact that in our case
fP = f as f has trivial character.

The previous calculation goes through in general with A (W) replaced by A(W')' =
lem(A (W), [] olp £); then one further needs to compare the imprimitive Dirichlet
series DAY (f,, ©(W, 1)) with the L-value L(fg, W, 1). This is done in the
same way as in the case of elliptic modular forms [Perrin-Riou 1988, Lemme 2.3 (i),
§4.4 (I1I1)].%” We omit the details since no new phenomena appear in our context
and, strictly speaking, we do not need to use the precise form of the interpolation
result except in the ramified case (which already determines L ,( f£) uniquely). [

4.4. Factorisation. The p-adic analogue of the standard L-function of f has
been studied by several authors (Manin, Dabrowski, Dimitrov, etc.). Let G =
Gal(Fx/F) where Fy, is the maximal Z ,-extension of F' unramified outside p.

Theorem 4.4.1. There is a p-adic L-function L,(f) € O.[9,] ®¢, L uniqufly
determined by the following property: for each finite-order character x : §p — Q*
of conductor §(x) divisible by all the primes © | p, we have

TGONGON'? L(f. X,

(p)
L,(f, x)=xWdg")
! g ®f(x) Q}r

where Q; € C* is a suitable period and t(X) = [],,, T(Xv) with

vlp
T(Xy) = || ~? f Wy (xp)ey (—xy) dx,
F)

if c=v(F(x))
Similarly, we have L, ¢, (f¢) and a period Qz satisfying

tONGG)2 L(fe. X, D
e(FOXO)ax) Q};

Lp,aa(va X) = X(d;"p))

for ramified finite-order characters x. (In fact, e(f(x) = 1 under our assumptions).)

For the proof of the existence of L,(f), we refer to [Dimitrov 2013]: notice
that our L,(f, x) equals X(d(Fp))Lp(rrf, x~ 1 in [op. cit.], where moreover the
notation 7 (,) refers to unnormalised Gauss sums. The definition and properties

2TNotice that, as in [op. cit.], our ® (W) is not the primitive theta series when W' is unramified at
some | p; in general, we have

OW) = ( []a- N(so)‘/ZW(p)[m)@(W)P““‘
plolp

if @(W)Prim is the primitive theta series (i.e., the normalised newform in its representation). This
replaces the second-to-last equation of [Perrin-Riou 1988, p. 21], whose © (W) and © (W) are our
G)(°W)1Drim and © (W), respectively. The factor V,(f, W) comes from the analogue of [Perrin-Riou
1988, Lemme 23].
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of the period Q+ and of a related period €2, (both of which are a pr10r1 defined
up to an M7 p; amblgulty) are given in Sectlon 9 below; here we need Q7 7 Q7 i Qy
and Qt ~ Dy 12q- P where ~ denotes equality in C* /M ; Then from the com-
plex faétorisation L(fg, x o, s) = L(f, x,s)L(fe, x,s) and the interpolation
properties satisfied by each factor, we obtain

QrtQt
L,,(fE,xom)=x(A>2D fl/zg Ly(f. XOLp(fer 2. (4.4.1)
E

where the period factor is in M ;f (in particular, it is algebraic).

4.5. Fourier expansion of the analytic kernel. Consider the restriction of ® to ¢,
the Galois group of the maximal Z,-extension of E unramified outside p. Any
character W of % decomposes uniquely as W = W W~ with (W) = W and
(W) =W~ (we say that W is cyclotomic and W~ is anticyclotomic or dihedral).
Since we are interested in the case £(N) = (—1)¢~! in which ® is zero on the
anticyclotomic characters, we study the restriction of @ to the cyclotomic characters.
We can write W = x o1 for a Hecke character y : F*\ Fy — 1+ pZ,,, and we
denote

O, =0(x oM, O, =P(xoMN).
From now on, we assume that (A, 2) = 1 and all primes g | p are split in E.

Proposition 4.5.1. The Fourier coefficients b(m) = a,(®,, m) of the p-adic mod-
ular form ®, are given by

bm)y= Y x((A—mm) [ [[Llv(m) = 0]+ ey ((n — Dn)x, > (nmgp,/N)]

Oiii:l l v|A r((] —n)mA)O’Exfz(l’lm/N)-
neNm—" A~

Proof. By (1.4.6), the Fourier coefficient b(m) of ®, =Tra[O, Evgxz,N] is given by

b(m) = Z b (ms)

8|A
with

b’ (m) =a(®, m) = |y|”'a(®P, y)
=IyI7' Y a®f, A —myaES)., , ny)

neF
=7 D a@P, (1 —myaEs),, ny/my)
neF

if y € FJ satisfies yoo > 0 and y*®°dr =m
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Then by Proposition 2.5.1 and Corollary 3.2.2, we have®®

bm)=Y_" > &5((n—Dn)x ' @) x (1 —n)ym8) x5 > (nms/N)
I AN Oiiil -r((1 —n)mS)o'gxfz(nm/N). 4.5.1)

We interchange the two sums and notice that the term corresponding to § and n is
nonzero only if » € Nm~"A~" and & | 8, where

So=sm)= [] o
v|A
v(nm)=—1

(v being the prime corresponding to v). Now for each n, we can rewrite the sum
over § (omitting the factor y ((1 —n)m) and those on the second line of (4.5.1),
which do not actually depend on §) as

£3,((n = 1)n) x5, 2 (nmdo/N) Y &5 ((n — n) x5 (nmd'/N)

8'|A /8o
_ l—[ -2 -2
=| | es((n — Dn)x, “(nmgpy) 1_[ [1+e,((n—Dn)x,  (nmgpy)].
v|8o v[A /8o
The asserted formula follows. O
Remark 4.5.2. If v(nm) = —1, then (n — V)7, m, = nmy,my in (Op,/7,0F )™ so

that we actually have
ey((n — Dn) = &y ((n — Dy my) ey (nmy,my) = 1.

We can now compute the Fourier coefficients of the analytic kernel giving the cen-
tral derivative of the p-adic L-function in the cyclotomic direction. To this end, let

v: Gal(@/F) — 1+ pZ, C Q.

Since [z, is continuous, we have

dL YoM —dl ) =1 dCD
T Lp(fi, " 09 = -l (s))—f(,(a <s>).

In particular, L;);Uom(fE’ 1) =15, (9'(0)).
Letlp = j—S|S:0vS: F*\ F{ — Q, be the p-adic logarithm associated with v.

Proposition 4.5.3. Assume that ¢(N) = (—1)¢~'. Then ®(0) = 0 and the Fourier
coefficients b’ (m) of

28Recall that x (v)2 = ey (—1).
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are nonzero only for m integral and nonzero, in which case
/ /
b'(m) =3 b, (m)
v

with the sum running over all finite places v of F and b (m) given for (lep 59) | m
by the following:

() If v= g isinertin E, then

bymy= Y 220r(@ —mymA)r(nmA/N)wnm/N) + 1)Lr (),

gy((n—n)=1Vv|A
O<n<l1

where
woa(n) =#{v | (A, nmA)}.

(2) If v=g | A is ramified in E, then

b (m) = > 298 (1 —n)ymA)r(nmA /N)(v(nm) + 1)EF , ().
neNm='A™!
(p,nm)=1
&y ((n—Dn)=—1
g ((n—1)n)=1VYv£w|A
O<n<l1

3) Ifvis splitin E, then
b, (m) = 0.

Proof. The vanishing of ®(0) = ®; follows from the functional equation (4.2.4)
and the sign assumption.

By Proposition 4.5.1, the Fourier coefficient bs(m) of ®(s) = ®,s can be ex-
pressed as bg(m) =Y _p b, (m) with

neklF
by s(m) = v ((1 =n)ym)r((1 —n)mA) l_[ o, (m/N)
vipoo
where, using Remark 4.5.2,
1 —e(nmp)v(nmep) ™

1—s(p)v(p)~
l14+e,(mn—D)vnmp)™ ifv=gp|A and v(nm) =0,

v(nmgp) > ifv=gp|A and v(nm) = —1.

Then b'(m) = ), by, (m) = >, > b, ,(m) with }_ b, (m) = b,(m), and
b;,(m) can be nonzero only if exactly one of the factors o', vanishes at s = 0. If this
happens for the place vy, then the set over which n ranges accounts for the positivity
and integrality conditions and the nonvanishing conditions at other places, whereas
the condition (p, nm) = 1 results from observing that lim,_.o v*(a) = 1[(p, a) =1].

ifv=ptA,
crx’fv(m)=
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The values of b;, , can then be determined in each case from the above expressions.
For v ramified, this is straightforward. For v = g inert, notice that if v(nm/N) is
odd then r(nmA /Ng) = r((nmA /N)®), where the superscript denotes prime-
to-g part, whereas if v(nm/N) is even then a& ,(m/N) does not vanish so (n, v)
does not contribute to b'(m) and indeed r (nm/Ng) = 0. O

Part II. Heights
5. p-adic heights and Arakelov theory

By the work of many authors (Schneider, Perrin-Riou, Mazur and Tate, Coleman and
Gross, Zarhin, Nekovif, etc.), there are p-adic height pairings on the Mordell-Weil
group of an abelian variety defined over a number field. In this section, we first recall
(Sections 5.1-5.2) a definition of the height pairing as a sum of local symbols follow-
ing [Zarhin 1990; Nekovar 1993] and explain how it induces a pairing on degree-0
divisors on curves. In Sections 5.3-5.4, we explain how p-adic Arakelov theory al-
lows us to extend the height pairing for curves to a pairing on divisors of any degree.

5.1. Local symbols. Let A be an abelian variety of dimension g over a local field E,
and A its dual abelian variety, and let V = V,A = T,A ®7, Q, be the rational
Tate module of A, a continuous Gal(E /E )—representation.29 Let¢,: Ef — Q, be
a homomorphism; we call £ a local p-adic logarithm and assume that it is ramified,
that is, £,: E — Q) does not vanish identically on GE,U' Let D4r(V,) be the
filtered Q,-vector spaces attached to V, by the theory of Fontaine. The comparison
theorem identifies Dgr(V,) with Hle(Av /Ey), equipped with the Hodge filtration;
it is also identified with the filtered Dieudonné module of the special fibre of the
p-divisible group of A (after an extension of scalars if E, is ramified over Q,
[Fontaine 1982]). Let L be a finite extension of the coefficient field Q,, and
if v | p, let W, C Dgr(V,) ® L be a splitting of the Hodge filtration, that is, a
complementary subspace to Q!(AY/E,) ® L C Dgr(V,) ® L, which is isotropic’
for the cup product. When V,, is ordinary, there is a canonical choice for W,,, the
“unit root” subspace (see, e.g., [lovita 2000] for a nice discussion).
We proceed to define pairings, called local Néron symbols,’!

(3 Jow: (@o(A)(Ey) x Zo(A)(Ey))e — L

29 Nekovar [1993] defines height pairings for Galois representations in much greater generality
than described here.

30The isotropy condition ensures that the resulting height pairing is symmetric [Nekovar 1993,
Theorem 4.1.1 (4)]

31The notation is a bit abusive: the subscript W is meant to recall that the local pairing depends on
the choice of Wy, when v | p; when v 1 p, it has no meaning. Although the symbol also depends on ¢,
we will usually omit it from the notation.
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on the subset of pairs with disjoint supports in the product of the group %Do(A)(Ey)
of divisors algebraically equivalent to 0 defined over E, and the group Zo(A)°(E,)
of O-cycles of degree 0 defined over E,.

Let s4/0g , and A" /O , be the Néron models of A and AV, and let 54° be the
identity component of . The rational equivalence class [D] of D € %¢(A)(Ey)
defines a point in AY(E,) = AV (Og ) = Ext}ppf(&do, G,,) and hence an extension

1- G, — Yp — A° > 1

of abelian fppf sheaves on O ,, and ¥p; is represented by a smooth commutative
group scheme. On the generic fibre, ¥ p1® E,, can be identified with the complement
Yp of the zero section in the total space of the line bundle O(D) on A, and thus,
the extension admits a section

sp: A\ |D|— Yp,

which is canonical up to scaling.
Suppose we are given a morphism ¢, p w that makes the following diagram
commute:

0—— 05, &L —— Yp)(Op,) ® L — A°(O0p ) ® L —— 0

! | H

0—— EX®L——Yp(E,)®L ——— A(E,)® L —— 0

lfu lzv,D,W

L=L

Then we can define the local pairing by

(D, z)v,w = £v,p,w(sp(2)), (.1.1)

where sp is extended to the divisor z in the obvious way. Notice that, since z has
degree 0, this is well-defined independently of the scaling ambiguity in sp.
When v { p, the logarithm ¢, vanishes on @E,v for topological reasons and we
can uniquely extend it to an £, p as in the above diagram by requiring its restriction
to Y;p1(Of,y) to be trivial. When v | p, given the splitting W,,, one can construct a
section
so,pw: A(E,) ® L — Yp(E,) ® L

and define the extension ¢, p w by requiring it to be trivial on the image of s, p w.
The standard construction is explained, e.g., in [Kobayashi 2014, §3.2]. In the
ordinary case, when W, is chosen to be the unit root subspace, the crucial properties
of the (canonical) local symbol are the last two in Proposition 5.1.2 below; in
this case, the construction rests on the following result (see [Schneider 1985] or
[Nekovar 1993, §6.9]):
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Lemma 5.1.1. Let E,  be a totally ramified Z ,-extension of E,, and denote by
E,.p its n-th layer. Let e € End(A) ® Q be an idempotent. Assume that eV is
ordinary as a Galois representation. Then the module of universal norms

U(eA(E,) =(Im([Trg, ,/k,: eA(Ey ) = eA(E,)]
has finite index in e A(Ey). '
Proposition 5.1.2. The p-adic local symbol
(o o= 1{"Jow: @o(A)(Ey) x Zo(A)(E,)) — L
defined by (5.1.1) has the following properties (valid whenever they make sense):
(1) It is bilinear.
(2) If h € E,(A) is a rational function, we have
((h), 2)y = £y (h(2))
where, ifz=Y npP,h(z) =[] h(P)"*.
3) If p: A — A is a finite endomorphism, we have
("D, 2)p = (D, $s2)0-
(4) Forany D € 9¢(A)(Ey) and xg € A(Ey) \ | D| the map from A(E,)\ |D| — L
defined by
x> (D, x —x0)y
is continuous.
(5) (compatibility) Let E| /E, be a finite extension. If D € %9y(A)(E,)) and
z € Zo(A)(E,), we have
(Trey /6,(D), 20y = (D, 2)w

where (-, - )y, is the local pairing associated with £, = {,0oNg, /g, and (if v| p)
the splitting W, is induced from W,.

(6) (boundedness) If v | p, let Ef ., =, E, be the ramified®* Z ,-extension
of E, determined by the isomorphism

E} D Ker((,) = Gal(E{ ,/E) C Gal(EX/E)

induced from class field theory. In the ordinary situation of Lemma 5.1.1, if
eW, is the unit root subspace of eV , there is a nonzero constant ¢ € Z , such that

(D, 2o €™ LW(ES)

if D € eDo(A)(Ey,), z € eZo(A)NE,.,) and (-, - )y, is the local pairing
associated with the extension Ef’n /Ey asin (5).

If vt p, the local symbol is characterised by properties (1)—(4).

32Recall that we choose £, to be ramified.
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We refer to [Nekovar 1995, §11.1; Kobayashi 2013, §4.2] and references therein
for the proof and more details on the construction. See also Proposition 5.4.1 below.

5.2. The p-adic height pairing. Let A be an abelian variety over a number field E.
Let £: EX\ E; — Q, be a homomorphism (which we call a global p-adic
logarithm) whose restrictions £, = £|x are ramified for all v | p. Let W, be Hodge
splittings at the places v | p as in Section 5.1. Then we can define a height pairing

(-, )1 AY(E)x A(E) = L
as the sum of local height pairings

(x,y) =2 (%, v,
v
where ¥ is a divisor on A whose class in A (E) = Pic®(A) is x and j = > npl[P]
is a O-cycle of degree 0 on A with support disjoint from the support of X, which
satisfies Y _np P = y. The result is independent of the choices of X and ¥.
Let X be a (proper, smooth) curve over E of genus g > 1, together with a degree-1
divisor class defined over E inducing an embedding

t: X — J(X)

into its Albanese variety J (X).>3 Let Div(X) be the group of divisors on X,
DivO(X ) the subgroup of degree-0 divisors and similarly CH(X) = Div(X)/ ~ and
CH(X)o = Div’(X)/ ~, the Chow group of 0-cycles modulo rational equivalence
and its subgroup of degree-0 elements. Then, given a p-adic logarithm and Hodge
splittings for V), J (X), we can define local and global pairings on degree-0 divisors
on X (denoted with a subscript X) from the above pairings on J (X) (here denoted
with a subscript J(X)). Let D and D, be divisors of degree 0 on X defined over E
and with disjoint support. The morphism ¢ induces an isomorphism ¢*: Pic® J(X) =
Pic’(X); hence, we can pick an algebraically trivial divisor Dj on J(X) satisfying
Dy = "D/ + (h) for some rational function & € E(X). If D] is chosen so that its
support is disjoint from the support of ¢, D, and the support of (k) is disjoint from
the support of D;, we can define

(D1, D2)y x = —(D}, t:D2)y y(x) — Lu(h(D2))
and
(D1, Dy)x =) (D1, Dy)y x.

v

331n our applications, we only have a rational divisor class, inducing a compatible system of
maps (g : X(E')®Q — J(X)(E") ® Q for E/ a finite extension of E such that, for some integer n,
(ntgr) g is induced from an E-morphism. This causes no extra difficulties.
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The latter pairing descends to a height pairing on divisor classes
(+,): CH(X)o x CH(X)p — L.

There are various conventions in the literature for the normalisation of the signs
of height pairings. Our choices are the same as those of [Kobayashi 2013, §4.3],
whose discussion we have followed and to which we refer for a comparison with
other authors’ choices.

5.3. p-adic Arakelov theory: local aspects. Here and in Section 5.4, we sum-
marise the main results of Besser [2005], who develops the p-adic analogue of
classical Arakelov theory.

Metrised line bundles. Let X, be a proper smooth variety over the finite extension
E, of Q,, and fix a ramified local p-adic logarithm ¢,: E — Q,, which we
extend to @; by &y gix = Z/U\o NE; /g, for any finite extension E|/E,.

A metrised line bundle £ = (£, log,) on X, is a line bundle on X, together
with a choice of a log function loge on the total space of & minus the zero section
(which will also be viewed as a function on the nonzero sections of &). A log
function is the analogue in the p-adic theory of the logarithm of a metric on the
sections of a line bundle on a Riemann surface. It is a Coleman function having
a certain analytic property>* and the following algebraic property. If the p-adic
logarithm ¢, factors as

£, =t,o0log, (5.3.1)

for some log, : Ef — E, and some Q-linear t,: E, — Q,, then for any nonzero
section s of &, and rational function f € E(X,), we have

logy ,(fs) =log,(f) +logg ,(s). (53.2)

Adding a constant to a log function produces a new log function; this operation is
called scaling.

One can define a notion of d3-operator on Coleman functions and attach to any
log function log, on & its curvature 90 logg € Hle(XU) ® Q' (X,); its cup product
is the first Chern class of &.

Log functions on a pair of line bundles induce in the obvious way a log function
on their tensor product and similarly for the dual of a line bundle. If 7 : X, — Y, is
a morphism, then a log function on a line bundle on Y, induces in the obvious way
a log function on the pullback line bundle on X,. If moreover = is a finite Galois
cover with Galois group G and & is a line bundle on X, with log function logg

34For which we refer to [Besser 2005, Definition 4.1].
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and associated curvature B8, then the norm line bundle N, on Y, with stalks

(Nz )y = Q) L2

x>y

has an obvious candidate log function N, log, obtained by tensor product. A
delicate point is that it is not automatic that the latter is a genuine log function (i.e.,
it satisfies the analytic property alluded to above); see [Besser 2005, Proposition 4.8]
for a sufficient condition.

The canonical Green function. Now let X,/ E, be a curve of genus g > 1 with good
reduction above p. Choose a splitting W, C Hle (Xy)® L of the Hodge filtration as
in Section 5.1, which we use to identify W, = Q'(X,)V; we then define a canonical
element

wx, = éid cEnd Q'(X,) =W, ® Q' (X,)
and similarly for the self-product X, x X, (denoting by mr; and 7, the projections)

1 —1
®= (_/f 1/g> €End(; Q' (X))@ Q2 (X,)) = Hip (X, x X,) @21 (X, ®X,).
The first Chern class of @ is the class of the diagonal A C X, x X,.

Let s denote the canonical section of the line bundle O(A) on X, x X,. Given
any log function logg ), on O(A) with curvature ®, we can consider the function G
on X, x X, given by

G(P, Q) =logg)(sa)(P, Q).

It is a Coleman function with singularities along A; we call G a Green func-
tion for X,.
A Green function G induces a log function on any line bundle O(D) on X, by

loggp)(sp)(Q) =) _n;G(P;, Q)

if D =) n; P; and sp is the canonical section of O(D). A log function log, on the
line bundle & and the resulting metrised line bundle (&£, log) are called admissible
with respect to G if, for one (equivalently, any) nonzero rational section s of £, the
difference logg(s) —10gg;,(s) 1s @ constant. Such a constant is denoted by g, ()
Or (jog, (s) in the case of the trivial line bundle with the log function log,,. It is the
analogue of the integral of the norm of s. It follows easily from the definitions that
any isomorphism of admissible metrised line bundles is an isometry up to scaling.

Let wy, be the canonical sheaf on X,. The canonical isomorphism wy, =
A*O(—A) gives another way to induce from G a log function logng on wy, , namely
by pullback (and the resulting metrised line bundle has curvature (2g —2)ux, ).
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The requirement that this log function be admissible, together with a symmetry
condition, leads to an almost unique choice of G.

Proposition 5.3.1 [Besser 2005, Theorem 5.10]. There exists a unique-up-to-
constant symmetric Green function G with associated curvature ® such that
(wx,, loggxl) is an admissible metrised line bundle with respect to G.

In the following, we will arbitrarily fix the constant implied by the proposition.
In our context, the canonical Green function thus determined is, in a suitable sense,
defined over E, [Besser 2005, Proposition 8.1].

5.4. p-adic Arakelov theory: global aspects. Let E be a number field with ring
of integers Og. Let /0 be an arithmetic surface with generic fibre X; that is,
& — Og is a proper regular relative curve and ¥ ®¢, £ = X. We assume that &
has good reduction at all places v | p, and denote X, = ¥ ® E,. Fix choices of a
ramified p-adic logarithm ¢ and Hodge splittings W, as in Section 5.3.

Arakelov line bundles and divisors. An Arakelov line bundle on ¥ is a pair

@ = (£’ (logsfv)vlp)

consisting of a line bundle & on ¥ together with admissible (with respect to the
Green functions of Proposition 5.3.1) log functions logy, on &£, = £|x,. We denote
by Pic"(%) the group of isometry classes of Arakelov line bundles on %.

The group DivA" (%) of Arakelov divisors on % is the group of formal combina-
tions

D = Dgin + Do

where Dg, is a divisor on ¥ and Dy, = Zmp Ay X, 18 a sum with coefficients A, € E,,
of formal symbols X, for each place v | p of E. To an Arakelov line bundle & and
a nonzero rational section s of &, we associate the Arakelov divisor

div(s) = ()in + (5o

where ()i 1S the usual divisor of s and (5)s = Zvlp Uogy, (sy)Xy. The group
Prin®" (%) of principal Arakelov divisors on & is the group generated by the div(h)
for h € E(X)*. The Arakelov Chow group of & is

CHA"(%) = DivA" (%) / Prin® (%),
and we have an isomorphism
Pic®" (%) = CHA ()

given by [N [agz(s)] for any rational section s of <.
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The p-adic Arakelov pairing. Most important for us is the existence of a pairing on
CHA'(X), extending the p-adic height pairing of divisors of Section 5.2. Let (-, - ),
denote the (Z-valued) intersection pairing of cycles on ¥, with disjoint support.

Proposition 5.4.1 [Besser 2005]. Let £/0f be an arithmetic surface with good
reduction above p. For any choice of ramified p-adic logarithm £: E /E* — Q,,
and Hodge splittings (Wy) v, as above, there is a symmetric bilinear paring®

(-, YA CHA" (%) x CHA(%) — L
satisfying:

(1) If Dy and D, are finite and of degree 0 on the generic fibre and one of them
has degree O on each special fibre of X, then

(D1, D)™ = (D1, Do.£),
where D; g € Div?(X) is the generic fibre of D; and (- , - ) denotes the height
pairing of Proposition 5.1.2 associated with the same choices of £ and W,,.

(2) If Dy fin and D3 gy have disjoint supports on the generic fibre, then
(D1, D)™ =Y (D, Dy)"

v
v

where the sum runs over all finite places of E, and the local Arakelov pairings
are defined by
(D1, D2)y" = (D1, D2)yly (1)

for vt p and below for v | p.
If moreover we are in the situation of (1), then for each place v, we have

(Dy, D)2 = (D1 g, Da.E)y.

(3) In the situation of (2), if moreover D; = cTi;(h) is the Arakelov divisor of a
rational function h, then

(D1, D2)y" = £y (h(D2,n))
for all places v.

For completeness, we give the description of the local pairing at v | p of divisors
with disjoint supports. If £, = t, olog, as in (5.3.1) and G, is the Green function
on X, x X,, we have (D, X,)A" = 0 if v # w, (Xy, X,)2" =0, (D, A, X,)2" =
(deg Dg)t,(Ay) and, if Dy and D, are finite divisors with images D; , = ) n; P;
and D>, =) m;Q;jin X,,

(D1, D2)y" = Y nim j1,(Gy(P;, Q).
L]

35The notation of [Besser 2005] is D - D for (D, D).
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In fact, in [Besser 2005], it is proved directly that the global Arakelov pairing
and its local components at p coincide with the global and local height pairings of
[Coleman and Gross 1989]. The latter coincide with the Zarhin—Nekovar pairings
by [Besser 2004].

6. Heegner points on Shimura curves

In this section, we describe our Shimura curve and construct Heegner points on it,
following [Zhang 2001a, §1-§2], to which we refer for the details (see also [Zhang
2001b, §5] and [Carayol 1986] for the original source of many results on Shimura
curves). We go back to our usual notation, so F is a totally real number field of
degree g, N is an ideal of O, E is a CM extension of F of discriminant A coprime
to 2Np and ¢ is its associated Hecke character.

6.1. Shimura curves. Let B be a quaternion algebra over F that is ramified at all
but one infinite place. Then we can choose an isomorphism B®R = M, (R)@ HS ™!,
where H is the division algebra of Hamilton quaternions. There is an action of B>
on HT = C\ R by Mdbius transformations via the map B* — GL;(R) induced
from the above 1som0rphlsm For each open subgroup K of Bx = (BQr F )>< that
is compact modulo F*, we then have a Shimura curve

My(C) = B*\ $* x B*/K,

where $T = C \ R. Unlike modular curves, the curves Mk do not have a natural
moduli interpretation. However, by [Carayol 1986], Mg (C) has a finite map
to another (unitary) Shimura curve M, (C) that, if the level K’ is small enough,
has an interpretation as the moduli space of certain quaternionic abelian varieties.
Namely, M., parametrises isomorphism classes of abelian varieties of dimension
4[F : Q] with multiplication by the ring of integers Op' of B ® p F’ and some extra
structure (a polarisation and a K'-level structure, compatible with the quaternionic
multiplication) [Zhang 2001a, Proposition 1.1.5].

We will usually denote a point of M., simply by [A], where A is the underlying
abelian variety. If K’ has maximal components at places dividing m, one can
define a notion of an admissible submodule D of level m [Zhang 2001a, §1.4.3]: it
is an Op/-submodules of A[m] satisfying a certain condition, which ensures that
the quotient A/D can be naturally endowed with the extra structure required by
the functor M},. We denote by [Ap] the object whose underlying abelian variety
is A/ D, with the induced extra structure.

As a consequence of the moduli interpretation, the curve Mg (C) has a canonical
model Mg defined over F (it is connected but not, in general, geometrically

36That is an embedding if K S F*.
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connected) and a proper regular integral model®” Mg over Of; if v is a finite place
where B is split, then Mg is smooth over Of , if K, is a maximal compact subgroup
of B, and K" is sufficiently small. We denote Mg , = Mg @ OF .

Universal formal group and ordinary points. Assume that the level structure K
is maximal at . The curve (g (, carries a universal gp-divisible Op (,-module 4
obtained from the g-divisible group [ °°] of the universal abelian scheme
over JI/UI“ o More precisely, choosing an auxiliary quadratic field F’ that is split
at » and an isomorphism j: O , = 0F , ® OF ,, we have

G=sl[p™]? = ersl[9™],

where e; is the idempotent in O (, corresponding to (0, 1) under j.

Assume that B is split at g. Then we denote by %' and 9> the images under the
projectors corresponding to (' ;) and (° |) under a fixed isomorphism B = M, (F,,);
they are isomorphic via the element (_1

Let x be a geometric point of the special fibre Ak . Then the 9, are divisible
0y,-modules of dimension 1 and height 2 and hence isomorphic to either

o the direct sum Xy @ Fy,/OF ,, where X is the unique formal O (,-module of
height 1 —in this case, x is called ordinary — or

o the unique formal O,-module of dimension 1 and height 2—in this case, x is
called supersingular.

Let Mg (@p)ord C Mg (@p) be the set of points with ordinary reduction. Then
the Frobenius map Frob,, admits a lift

@: Mg (Fp)™ — Mg (F )" (6.1.1)

given in the moduli interpretation by [A] — [Acanca)], where can(A) is the canonical
submodule of A, that is, the sub-Of (,-module of A[¢] in the kernel of multiplication
by g in the formal group of A.

The order R and the curve X. Assume that e(N) = (—1)¢~!. Then the quaternion
algebra B over A r ramified exactly at all the infinite places and the finite places v | N
such that e(v) = —1 is incoherent; that is, it does not arise via extension of scalars
from a quaternion algebra over F. On the other hand, for any embedding 7: F < R,
there is a nearby quaternion algebra B(t) defined over F and ramified at t and
the places where B is ramified. Fix any embedding p: E — B(7), and let R be an
order of B=B (7) that contains p(Og) and has discriminant N (this is constructed
in [Zhang 2001a, §1.5.1]). Then the curve X over F of interest to us is the

371n the modular curve case F = @, e(v) = 1 forall v | N, Mg and Mg are proper only after the
addition of finitely many cusps. (We caution the reader that [Carayol 1986] uses the notation /M g to
denote instead the set of geometrically connected components of M .)
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(compactification of) the curve Mg defined above for the subgroup K = F*R* CB;
that is, for each embedding 7: F — C, we have

X(C) = B(r)* \ H* x BX/F*R* U{cusps}. (6.1.2)

The finite set of cusps is nonempty only in the classical case where F = (@ and
e(v) =1 forall v | N so that X = Xy(N). In what follows, we will not burden the
notation with the details of this particular case, which poses no additional difficulties
and is already treated in the original work of Perrin-Riou [1987].

We denote by ¥ the canonical model of X over Or and by &, its base change
to Or,. We also denote by J(X) the Albanese variety of X and by ¢, its Néron
model over O ,.

Hecke correspondences. Let m be an ideal of O that is coprime to the ramification
set of B. Let y,, € O be an element with components 1 away from m and such
that det y,,, generates m at the places dividing m. Then the Hecke operator T (m)
on X is defined by

Tl ol= Y [z gy

yeKymK/K

under the complex description (6.1.2). When m divides N, we often denote the
operator T (m) by U(m) or U,,,.

Let Ty, be the algebra generated by the T (m) for m prime to N. Then by [Zhang
2001a, Theorem 3.2.1], the algebra T, is a quotient of the Hecke algebra on Hilbert
modular forms Ty (hence, the names 7T (i) are justified). It acts by correspondences
on X x X, and taking Zariski closures of cycles on & x & extends the action to .

As in the classical case, the Hecke operators T (m) admit a moduli interpretation,
after base change to a suitable quadratic extension F’ and passing to the curve X'.
Namely we have

T(m)[A]=)"[Ap],
D
where the sum runs over the admissible submodules of A of level m.

6.2. Heegner points. The curve X defined above has a distinguished collection of
points defined over abelian extensions of E: we briefly describe it, referring the
reader to [Zhang 2001a, §2] for more details.

A point y of X is called a CM point with multiplication by FE if it can be
represented by (xp, g) € 97T x B> via (6.1.2), where xo € ™ is the unique point
fixed by E*. The order

End(y) = gRg™' N p(E)
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in E = p(E) is defined independently of the choice of g, and
End(y) = 0g[c] =0F + cOg

for a unique ideal ¢ of Of called the conductor of y. We say that the point
y = [(x0, g)] has the positive orientation if for every finite place v the morphism
t— g 'p(t)g is R -conjugate to p in Hom(Og ,, Rv)/R,f.38 Let Y, be the set
of positively oriented CM points of conductor c. By the work of Shimura and
Taniyama, it is a finite subscheme of X defined over E, and the action of Gal(@ /E)
is given by

o [(xo0, 8)1 = [(x0, recg(o)g)l,

where recg: Gal(E/E) — Gal(E/E)® => EX\ E* is the reciprocity map of
class field theory. If y = [(xg, g)] has conductor ¢, then the action factors through

Gal(H[c|/E) = E*\ E*/F*0g[c]*,

where H|[c] is the ring class field of E of conductor c; the action of this group on Y,
is simply transitive.
For each nonzero ideal ¢ of O, let u(c) = [Og[c]™ : @?] and define the divisor

ne=u)" Y . 6.2.1)

yeYe

Let n = n;. By the above description of the Galois action on CM points, each
divisor 1, is defined over E.

A Heegner point y € X (H) is a positively oriented CM point with conductor 1.
We can use the embedding ¢: X — J(X) ® Q to define the point

[z]=1t(m) =[n]—hl§] € J(X)(E)RQ,

where h is a number such that [z] has degree O in each geometrically connected
component of X and [£] is the Hodge class of the introduction (see below for more
on the Hodge class).

Arakelov Heegner divisors. The Heegner divisor on X can be refined to an Arakelov
divisor z having degree 0 on each irreducible component of each special fibre. On
a suitable Shimura curve X = X of deeper level away from NAg,r, we can give
an explicit description of the pullback Z of 2 and of the Hodge class as follows.
As outlined in Section 6.1, after base change to a suitable quadratic extension F’
of F, we have an embedding X>XofX=M % into the unitary Shimura curve
X =M }5, parametrising abelian varieties of dimension 4g with multiplication

38This set has two elements only if v | N (the other element is called the negative orientation
at v); otherwise, it has one element and the condition at v is empty. There is a group of Atkin—Lehner
involutions acting transitively on orientation classes.
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by Op’ and some extra structure. Then by the Kodaira—Spencer map, we have an
isomorphism wg, = detLie s{" |5/, where s — X' is the universal abelian scheme
and the determinant is that of an Oz,-module of rank 4 (the structure of O z--module
coming from the multiplication by O on s4). This gives a way>® of extending the
line bundle wy to the integral model %' and to a line bundle ¥ on ¥. For each
finite place v | p, we endow £|5 with the canonical log functions logg ,, coming
from the description £|3 = wy, and a fixed choice of Hodge splittings on X. We
define [5 RS CHAr(%) ® Q to be the class of (£, (logg)yp) divided by its degree,
[£] to be its finite part and S to be any Arakelov divisor in its class.
Then the Arakelov Heegner divisor Z € DivA" (X ® Of) is described by

F=h—hi+7Z, (6.2.2)

where 727 is the Zariski closure in ¥ ® O of the pullback of 7 to X and Z is a finite
vertical divisor uniquely determined by the requirement that z should have degree 0
on each irreducible component of each special fibre.

6.3. Hecke action on Heegner points. Recall from Section 1.5 the spaces of
Fourier coefficients @y C ¥, the arithmetic functions oy, r € @y and the space
¥ = $/%Dy. The action of Hecke operators on the Arakelov Heegner divisor is
described as follows.

Proposition 6.3.1. Let m be an ideal of O coprime to N. We have:

(1) Tn)n =Yy r(m /).
(2) Let nc Z@F;ﬁdlc N4, and let TO(m)n = qu s(c)nm/c Then n and T°(m)n
have disjoint support, and if m is prime to N A, then T (m)n = TO(m)n+r(m)n.

3) Tm)[E] =o1(m)[&], and m — T(m)é iszeroin¥ ® DiVAr(%).

(4) The arithmetic function m +— T (m)Z is zero in P @ DivA (X).
Proof. Parts (1), (2) and (4) are proved in [Zhang 2001a, §4]. For part (3), we
switch to the curve X. By definition, [£] is a multiple of the class of the Arekelov
line bundle & = detLie s¢V on ¥ with the canonical log functions on ¥, = a)Xv,
where ol — & is the universal abelian scheme. We view T (m) as a finite algebraic
correspondence of degree o (m) induced by the subscheme &, C ¥ x ¥ of pairs

(A, A/ D) where D is an admissible submodule of A of level m. If py, p»: B — X
are the two projections, then we have

T(m)¥ =N, p><,

39See [Zhang 2001a, §4.1.3, §1] for more details on this construction.
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and the log functions logz )¢, on T (m)¥|5 are the ones induced by this descrip-
tion. (That these are genuine log functions — see the caveat in Section 5.3 — will
be shown in the course of proving Proposition 6.3.1(3) below.)

Let w: o — s, be the universal isogeny over gﬁm. As pf¥ = detLie sﬁiv, we
have an induced map

Ym = Npt*: T(m)L — Ny piE = F71™,

and [Zhang 2001a, §4.3] shows that v, (T (m)&¥) = ¥ where ¢,, C Op
is an ideal with divisor [¢;;] on Spec Of such that m — [c,,] is a o-derivative
(Section 1.5) and hence zero in % ®Div(Spec 0r) C ¥ @ DivA (%). In fact if the
finite divisor £4n = div(s) for a rational section s of &£, the same argument shows
that 7 (m)&q, = div(T (m)s) = o1 (m) div(s) + div(c,,); hence, m — &g, is zero
in ¥ ® DivAT(%).

We complete the proof by showing that, for each v | p, the difference of log
functions

h(ﬁ:l logggl(zn) - IOgT(m)gv (63 1)

on the line bundle T (m)¥, on X v 1S a constant on the total space of ¥,, and it
is a op-derivative when viewed as a function of m. (In particular, this shows that
logr iy, = 01(m) Y, logy + constant is a genuine log function.)

It is enough to show this after pullback via p; on X,n, where (denoting pulled-
back objects with a prime) the map v/, decomposes as

Y =@} @detLie(sd’/D)Y — (detLie s’V )®1 ™),
D D
where the tensor product runs over admissible submodule schemes of level m of '

(since base change via p; splits the cover pj, there are exactly o;(m) of those).
Now the difference (6.3.1) is the sum of the o () differences

()" logy — logy,

which are all the same since they are permuted by the Galois group of p;. As 1},
acts by multiplication by (deg 7p)!'/> = N (m)?, by (5.3.2), each of these differences
is 2log, N (m) so that (6.3.1) equals

201(m) log, N(m),

which is indeed a o;-derivative. O

7. Heights of Heegner points

Let W be the modular form of level N with Fourier coefficients given by the p-adic
height pairing (z, 7' (m)z) (it is a modular form because of Lemma 1.4.1 and the
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fact that the quaternionic Hecke algebra T, is a quotient of Ty, as explained at the
end of Section 6.1). We will compute the heights of Heegner points, with the goal
of showing (in Section 8) that I, (®') and Iy, (¥) are equal up to the action of some
Hecke operators. The main theorem will follow.

The strategy is close to that of Perrin-Riou. Namely, we separate the local contri-
butions to W from primes above p, writing ¥ ~ W, + W ,; using the computations
of [Zhang 2001a; 2001b], we find an explicit expression for W, which in Section 8
we will show to be “almost” equal to the expression for ®’, while the contribution
of W, is shown to vanish. We circumvent the difficulties posed by the absence of
cusps through the use of p-adic Arakelov theory.

It will be crucial to work in the quotient spaces ¥ and ¥°¢ introduced in
Section 1.6; for the convenience of the reader, we copy here the diagram (1.6.1)
that summarises the relations among them.

Sy (L) ——— P41y Ford

| |,

SYH(L)/SNP —— FRUL) ——— L

We will abuse notation by using the same name for a modular form and its image
;1 gpord
in $3°.

The height pairings ( -, - ) (and the accompanying Arakelov pairings) on the base
change of X to E that will be considered are the ones associated with a “cyclotomic”
p-adic logarithm given by £ = £ oM: EX\ E. — Q,, for some*’

tr: FX\Fl — Q,

and with choices of Hodge splittings on V,, | = Hle(X v/ Ev) ® L (v| p) such that,
onesV, =erMg 1, the induced Hodge splitting is the unit root splitting.

As mentioned before, the Shimura curve X and its integral model & may not
be fine enough for the needs of Arakelov and intersection theory, so we may need
to pass to a Shimura curve %5 o of deeper level away from p and consider the
pullbacks 7 of the divisors 7, etc. Then notation such as (7}, T°(m)H)A" is to be
properly understood as (727, To(m)fy)Ar /deg.

7.1. Local heights at places not dividing p. The next two results will be used to
show the main identity.

Lemma 7.1.1. In the space ¥ we have
(2, T(m)z) = (2, T(m)2)™ ~ (i), T°(m))™.

40In our application, we will take £ = % ‘ S=0VS for a character v: G — 1+ pZ).
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Proof. First observe that, by Lemma 1.4.1, the first member is a modular form
of level N, so it does indeed belong to . The first equality is a consequence
of Proposition 5.4.1(1) and the construction of Z. The second part follows from
expanding the second term for m prime to N A according to (6.2.2) and observing
that the omitted terms are zero in & by Proposition 6.3.1. ([

We can therefore write

WY W, =W, =W, + 0, (7.1.1)
w v

in &, with the first sum running over the finite places w of E, the second sum
running over the finite places v of F and

Wy (m)= (A, TOm)AE, W= W,  Ugp=> W,  W,=> U,
wlv vip vlp

(We are exploiting the fact that for m prime to N A the divisors 7 and 7°(m)# have
disjoint supports so that we can apply Proposition 5.4.1(2).)
For each prime g of F above p, we define an operator*' on &

Rp=Up—1,  Rp=][]%-
®lp
We also define, for integers 1, > 1, operators
®lp
Proposition 7.1.2. In the space &, we have
W, ~ Z v, +h,
vip

where h is a modular form that is killed by ly,; the sum runs over the finite places
of F, and the summands are given by:

(1) Ifv=g isinertin E, then

WV, (m) = E 2‘“A(”)r((1—n)mA)r(nmA/Ngo)(v(nm/N)—l—1)EF,U(7rU).
neNm~—1A~!
gy((n—1)n)=1Vv|A
O<n<l

41This is different from the operator bearing the same name in [Perrin-Riou 1987].
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) If v=g | A is ramified in E, then

W, (m) = > 298y ((1 = n)ymA)r(nmA /N)(v(nm) + 1), (1,).
neNm~ 1A~
&y((n—Dn)=—1
ep((n—1n)=1Vv#w|A
O<n<l1

3) Ifvis splitin E, then
W,(m) =0.

Proof. For m prime to NA, we have Wg,(m) = Zw@(ﬁ, TO(m)H)A" (the sum run-
ning over all finite places w of E). By Proposition 5.4.1(2), up to the factor £ ¢ , (;r,)
(which equals £,, (7r,,) or its half for each place w of E above v), each term is given
by an intersection multiplicity (7, T (m)7),,, which is computed by Zhang.

When v(N) <1 for all v that are not split in E, the result is summarised in [Zhang
2001a, Proposition 5.4.8]; in this case, the values obtained there are equivalent to
the asserted ones by [Zhang 2001a, Propositions 7.1.1 and 6.4.5], and there is no
extra term h. In fact (and with no restriction on N), these values also appear as
the local components “®/, at finite places of a form ©®’ of level N, which is a
kernel of the Rankin—Selberg convolution for the central derivative L’( fg, 1) of the
complex L-function.

In general, [Zhang 2001b, Lemma 6.4.3] proves that*?

q”v Cq);ﬁ
gF,v(T[v) log N(py)

where 4 is a modular form with zero projection onto the f-eigenspace (see the
discussion at the very end of [Zhang 2001b]; the forms ,/ come from intersections at
bad places) and ©®'* is a form of level N A that is a kernel for the complex Rankin—
Selberg convolution in level NA (in particular, it is modular and Tra Cot) =
€@’ 4+ 1’, where k'’ is a modular form of level N that is orthogonal to f). Applying
the operator Trp in (7.1.2), we recover the asserted formula. U

+uh, (7.1.2)

7.2. Local heights at p, I. The following is the key result concerning the local
heights at places dividing p. We assume that all primes g of F dividing p are split
in E.

Proposition 7.2.1. The arithmetic function 97{‘1‘, W, belongs to g%d c 9° and

Iy, (R W,) = 0.

42We are adapting the notation to our case. In [Zhang 2001b], the form f is denoted by ¢ and the
functions 4 are denoted by  f.
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The modularity assertion follows, as in [Nekovar 1995], by difference from
the modularity of W (hence of QR‘},II') and the modularity of QR‘;, Wy, proved in
Proposition 8.1.1 below.

The proof of the vanishing of the f,-component will be completed in Section 7.3
using the results of the rest of this subsection.

We start by fixing for the rest of this section a prime g of F dividing p. Fix an iso-
morphism By, = B ®r F,, = M>(F,) identifying the local order R, with M>(Of )
and the field £ C B with the diagonal matrices in M>(F,). Let the divisors . be
as in (6.2.1), and denote

Hs:H[BOS]» Us ZM(@S)

Let y, € X (H,) be the CM point of conductor g* defined by

[l )]

where (,: GLy(Fy,) — B* is the natural inclusion and 7 is a uniformiser at ©-

Fix a place w of H above g; we still denote by w the induced place on each H;
and by p the prime of E lying below w. Since g splits in E, by [Zhang 2001a,
§2.2], the CM points y; = [A;] are ordinary, and their canonical submodules with
respect to the reduction modulo w are given by A;[p].

Proposition 7.2.2 (norm relations). Let y; be the system of CM points defined
above.

(1) Let m = mog" be an ideal of F with mq prime to o N. We have

[T (me ) = 2T (me"™™) + Tme") () = u,}, T (mo) Trh,,, /e Ontr42)
as divisors on X.
(2) Forall s > 1, we have
T(@)ys = TrH.r-%—],w/Hs,w (y5+1) + yS—l .

(3) Forall s > 1, we have

O(ys) = Ys—1,
where @ is the lift (6.1.1) of Frobenius with respect to the reduction modulo w.

Proof. By the multiplicativity of Hecke operators, it is enough to prove the statement
of part (1) for my = 1. A simple computation based on Proposition 6.3.1 shows that
the left-hand side is equal to 7.+-+2. Since the Galois action of Gal(Hy1,+2/E) 18
simply transitive on Y.+r+2, the right-hand side is also equal to ngn+r+2.
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For part (2), use the notation [g] to denote [(xo, t,(g))]. Then we have

row= 3 [("D D)D)

J€OF /9

The last term is identified as y,_; after acting by the diagonal matrix 7 ~'id (whose
action is trivial on X). On the other hand, by local class field theory and the
description of the Galois action on CM points of Section 6.2, we have

1+ j7° nx+1 1
TrHv-f—l,u:/Hr‘w (yv""l) = Z [( J 1) ( 1)}’

J€0F /9

which is the same as the above sum in j.

For part (3), which in fact is not needed in what follows, we switch to the moduli
description,43 so ys = [As] = [Ap,] for an increasing sequence of admissible
submodules D; of level ©°® (this follows from part (2), together with a variant
for s = 0 that we omit, and the moduli description of Hecke correspondences).
Now D; is different from can(A) = A[p] since [A [p)] has conductor 1, and in fact
each Dy does not contain A[p] since if it did then [As] would be in the support
of T(p)*~'[A Alp1l, which is easily seen* to consist of CM points of conductor
dividing p*~!. It follows that the point ¢([A,]) = [AD,+can(a, ] = [AD,+a[py] 1s in
the support of T (¢)[A;], but it is not one of the Galois conjugates of ys; since as
just seen it has lower conductor; by part (2), it must then be y;_;. (]

Lemma 7.2.3. Let w a place of E dividing g, and let h € E,,(X) be a rational
function whose reduction at w is defined and nonzero. Let |1 = i, be the order of
the ideal ., in the relative class group of E/F. Then the arithmetic functions

2 (W) 1 div 0\ AVA 39
PR (div(h), TOmRE, R (divih), T(m)2).,
belong to the kernel of the p-partial ordinary projection ey,.

Proof. We show more precisely that
V(U (div(R), T m)A)p) = v(Np*) = C (7.2.1)

for a uniform constant C, where v is the p-adic valuation. We may assume m prime
to pNA.

For the second expression, under our assumptions, T (mg*)n = T*(mge*)n +
r(mgp®*)n—ho;(mgp®)E&, so the analogue of (7.2.1) holds with the same proof together

43 As usual, after base change to a suitable quadratic extension F’.
44By the following observation: if y is a CM point of conductor c, then the support of 7 (m)y
consists of CM points of conductors dividing cm.
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with the observation that %?}r(m) =0 and v(o(mg*®)) = v(Ng®) [Perrin-Riou
1987, Lemme 5.4].
As @tér(m) = 0, Proposition 7.2.2(1) gives

Sop2 -1
UoRon=ug > Trh, ,/E ys42

where y;i2 € Y,s+2; we make a compatible choice of y, such as the one described
above Proposition 7.2.2.

For s large enough, the divisor of 4 is supported away from y, and its conjugates.
Then by Proposition 5.4.1(3), we have

USR2 (div(h), TO(m)d)" = uy 0w (R(T(m)ys12))

=u; Y w(Nu,,, e, (V542)),

w'|w

where w’ runs over the places of H above w (which are identified with the places
of H,, above w since Hy1,/H is totally ramified above ).
For any w’ | w, we have

RIVC, (N, 7B, (Vs42))
= lw O Nt /£, (NH, 5 1 H PO 54200 I N 1, P Os42))

Suppose that (for s large enough)

the w'-adic valuation of Ny_,/u,, (h(ys)) only

KR

7.2.2
depends on the residue class of s (mod w). ( )

Then each w’-summand in the expression of interest is the product of u;:z (which
is eventually constant in s) and the p-adic logarithm of a unit that is a norm from an
extension of E,, whose ramification degree is a constant multiple of Ng?*; hence,
its p-adic valuation is also at least a constant multiple of the valuation of N g?,
which proves the lemma.
It remains to prove (7.2.2). We have
w'(Ny

S,

/H,y (1(35))) = [Hywr 2 Hy J((R), ys), (7.2.3)

where the pairing in the right-hand side denotes the intersection multiplicity of the
Zariski closures in the integral model. Now as in [Perrin-Riou 1987, Lemme 5.5],
if 7y denotes a uniformiser of Hj ,y, we can show that we have

Ys = Ys—u mod s, Ys # Ys— mod ). (7.2.4)

In fact, we first check that the two points have the same reduction. By [Zhang
2001b, Lemma 5.4.2], the set of points in the special fibre & x¢,. , F o having CM



p-adic heights of Heegner points on Shimura curves 1633

by E (and thus being ordinary as g splits in E) is identified with
E*\ (N(F,)\ GLy(F,)) x B®®* /F*R* (7.2.5)

(where N is the group of upper-triangular unipotent matrices) in such a way that
the reduction map sends the CM point [(xg, g)] € X(C) to the class of g. Then
if ~ denotes the equivalence relation in (7.2.5) and t € E* is a generator of the
ideal piya for some ideal a of O with adelic generator m,, the reduction of y; is
the class of

% 1 s Tt aTSTH
o (71 (7)) (7))
~ Tt (ns_ﬂ 1) ([@oo)—lﬂa—l ~ g (ns_ﬂ 1) ~lp (ns_ﬂ 1) ,

which is the same as the reduction of y,_,.

We can then verify the congruence relation (7.2.4) on the completed local ring
@% Jw(F,).y of the common reduction y; here W is the ring of integers in the
completion of the maximal unramified extension of F,. By [Carayol 1986, §5.5,
Proposition], this is the universal deformation ring of the p-divisible module (Q;
(with the notation of Section 6.1). As the point y is ordinary, such module is
isomorphic to the product F, /Of ,, x Xy, where X is the Lubin-Tate formal OF -
module of height 1. Now its lifting %! = CQ;S is defined precisely over the ring of
integers of H; .y, and so it is a quasicanonical lifting of level s of its reduction %5, in
the sense of [Gross 1986]. Then by [Gross 1986, §6] (see also [Meusers 2007] for a
detailed account), C!ésl is congruent to the canonical lifting modulo 73 but not modulo
2, whereas ! .. 1s congruent to the canonical lifting modulo 7, = V" this
implies (7.2.4). Then for each irreducible component g in the support of (h), the
sequence [H; v : Hyr](a, ys) stabilises to either 0 or 1 so that the expression (7.2.3)
is indeed eventually constant along the arithmetic progression. O

Lemma 7.2.4. For each divisor D € Div° (X)(E,) or De DivA'(X), the element
of $° given by

mi—> RERIND, T(m)2)w,  m—> REZRE(D, T (m)i)s"

is well-defined independently of the choice of D in its class [ D] or D in its class [5],
respectively; it will be denoted by

RIRUNDY, T(m)2)w,  RIRE(D], TO(m)i)s".
If D = D, then the two elements coincide as elements of $°'4; moreover, for the
arithmetic function V., € & with W,,(m) = (1], TO(m)n)ar, we have
RERUIW,, ~ RERI([2], T (m)z) (7.2.6)

in gaord
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Proof. The first part follows from Lemma 7.2.3. For the second part, we may argue
as in the proof of Lemma 7.1.1: for example, in ¥, we have
2ap(W) 1n 0 NAAT a2 ap() 1A 1 Tig 07, \A\A
PRI (7, TO(m)A)ar ~ RZRUD (7 + div(h), TO(m)i)A"
a2 s 1 T A\A
%@97{@“ (z+div(h), T(m)z),’
=R R (2 +div(h), T (m)z)u. O

7.3. Local heights at p, II. Here we prove the vanishing statement for p-adic local
symbols asserted in Proposition 7.2.1. In fact, we will show the equivalent statement

Ly, @RGOW,) = [T(@h” — Dl @4 w,) =0,
®lp
where the integers u = (1) |y are as in Lemma 7.2.3.

Letey € Ty, ® My be the maximal idempotent satisfying 7' (m)oey =a(f, m)ey
for all m prime to Np;* viewed as an endomorphism of Sy M, ©° it is the projector
onto the subspace generated by f and [g] f for all the primes g of F dividing p.
With z; = e¢[z], we have by (7.2.6)

efe%i%fn“)\lfp = 97{;1,97%5,”) (zf, T(m)z)p

in g"}\ﬁd, where the left-hand side makes sense by the modularity part of Proposition
7.2.1 and the right-hand side makes sense by Lemma 7.2.4. We also denote, for w
a place of E above the F-prime g | p, and i > 2,

e reRLRLT W, = RERES (21, T ()2, (73.1)

where the right-hand side makes sense as an element of ¢ by Lemma 7.2.4.
(As we have not shown that QR% V., 1s modular, the left-hand side is not otherwise
defined.) Then by definition, we have

ereRIRYIW, =" ereRIRIIW,,. (7.3.2)
w|p

Now since Iy, =1y, 0oer =1y, 0eyoe, by (7.3.2), the desired result is implied by
the following lemma for all g | p:

Lemma 7.3.1. Suppose that f is ordinary at . For each place w of E above g | p,
the element e f%égtp“ Ny, is zero in For.

Proof. The ordinarity assumption and Lemma 5.1.1 [Perrin-Riou 1987, Exem-
ple 4.12] imply that z is “almost” a universal norm in the totally ramified Z,-
extension Efv,oo of E,: that is, after perhaps replacing z ¢ by an integer multiple,

4SRecall that M f 1s the number field generated by the Fourier coefficients a(m, f).



p-adic heights of Heegner points on Shimura curves 1635
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w.n» We have

for each layer E
zf = Trn(zn)

for some z,, € efJ(X)(EﬁJL), where Tr, = TrEé JEw- Then we have
(p) (p) (p)
ey R Ry Wy (m) = RERG (Try (20), T(M)2)w = RERS ™ (20, T (M),

where (-, - )y ., is the local height pairing on DiVO(X)(Eﬁ}’n) associated with the
logarithm ¢, , = £, 0o N EL JEy- By Proposition 5.1.2(5)—(6), the right-hand side
above has image in c! Im(f,,) C Z, for a uniform nonzero constant ¢ € Z,,. As the
extension £ 5;,;1 / E,, has ramification degree p”, we have for some nonzero ¢’ € Z,,

erTERY W, (m) € ¢ Im(e,) € ¢ p'Z,

for all n; therefore, e f@tﬁ,gii,ﬂp )\IJw =0. O

Part III. Main theorem and consequences
8. Proof of the main theorem

In this section, we prove Theorem B.

8.1. Basic case. First we prove the formula when Ag,f is totally odd and each
prime g of F dividing p splits in E.

Let Wy € Py denote the modular form with coefficients ([z], T (m)[z])w, where
W =voNand (-, - )y is the height pairing on J (X)(E) associated with the p-adic
logarithm £ o 1, with

d

bp=—
F ds

v F* \FAXOO - Q,.
s=0

Recall that /;, is a continuous functional so that it commutes with limits and

, d
L,y (fe)) =1y, (—

’p :OCD(°W )) =l (Pq).

N

We compare the Fourier coefficients of <I>£W and Wy = Wy fin + Wy .

Proposition 8.1.1. Suppose that all of the prime ideals p of F dividing p are
principal. Then we have

(]_[ Ul - U;) Dl ~ (]_[(Up — 1)4) Wiy fin
®lp ®lp

in the quotient space 5"‘1’\5‘1 / Ker(ly,).
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Proof. We prove that the identity holds in 9/ (DN + Ker(ly,)), where Ker(ly,)
denotes the image in & of classical modular form killed by If,. Then since the
left-hand side belongs to S?Z adlc, so does the right-hand side (and after further
quotienting by Ker(e), we descend to g"]’\}d / Ker(lz,)).

The coefficients of W5, = Way sy are computed in Proposition 7.1.2. To lighten

the notation, we write the explicit expression for W(m) =), nonsplit W, (m) as

Vom) = Y cllamDr((1=mmA)r(umA/Np;®),

neSy([m])
v, (nm)>0Vp|p

where the value ¢, ([nm]) only depends on the prime-to-p part of the fractional
ideal nm and the set S, ([m]) only depends on v and the prime-to-p part of m; here
g(v) =1 1if visinert and e(v) = 0 if v is ramified.

The coefficients of @’ are computed in Proposition 4.5.3. They look “almost” the
same in that, up to the modular form % of Proposition 7.1.2, which is in Ker(ly, ),
we have, when m is divisible by every g | p,

Diy(m)y= > W(m),

v nonsplit
where for a product P of some of the primes g | p we denote

wiflmy= > cy(lnmhr((1 = n)mA)r(nmA /N).
nes,(im)
v (nm)=0Vp|p
vp (nm)=0Vp| P
Then it is enough to show that, for each vt p, each g | p and each g t P with P
as above, we have
U, — U)W = (U, — 1wl

For the sake of notation, we write the computation when v is ramified in £ and
P = ]_[p, Lo g’ (for more general P, one just needs more notation to keep track
of vy (nm) for the primes p’ # ).

The right-hand side equals

4
4 . .
SE() Y clnmbr —nome A (rimg' A/N).
i=0 n; €8, ([ml) (8.1.1)
vy (nim)=0Vp'#p, ©'|p
v (nimgp')>0
From the relation r (mog") = (t + 1)r (my), valid for g tmg, we deduce the relations
2r(m) = r(mgp) +rmp™),
2r(m) =r(m*) +rmp?) if p |m,

2r(m) = r(mg?) —r(m) if o tm,



p-adic heights of Heegner points on Shimura curves 1637

where we recall that » (m) =0 if m is not an integral ideal. Then we can pick a totally
positive generator in F for the ideal g, which abusing notation we will still denote
by &, and make the substitution n; = o' ~'ng with p’ || n;mg’ to write (8.1.1) as

YooY cllngmDr((om) ) + DA,

t>0 noeSy(m)
v, (nom)=0Vgp|p
where we recall that for an ideal m we denote m® = mgp U™ and

A, =r(mAp*(1 —noe" N[t +1=2t+2( —1)]

At+1)—2t ifr>1,
3 ifr=0

+r(mAp?(l —nosof—2>)[—2<r +2)+ i

+rmA( —no)[t+3 =2t +2)+t+1].

The three expressions in square brackets vanish when ¢ > 0 and yield, respectively, 1,

1 and 0 when ¢ = 0. Substituting back n4 = o' ~*ng in the first line and n, = p'~2ng
in the second line, we deduce that (8.1.1) equals

U —Ul)wlrs!
as desired.*® O

Combining this proposition with Proposition 7.2.1, which says

(T ons) -0

®lp
we find for W =voN

1 N
D} ] ~ )Ly (. 1) = [T = o@)(l - %) (1 _ a_f’)zfa«p;v)

»

1 Ngp
=T1( _1)4<1——>(1——)za(\u)
e )\ S

1
= ];[(ozp — 1)4<1 — a—2> (Zr,zf)w.

5
Here, besides the definition of L,(fr) (Definition 4.2.1), we have used various
properties of the functional /7, from Lemma 1.6.1 and the observation that the
projection onto the f-component of the modular form Wy, € S$(Ko(N), Q)) is

Lr(Ww) =(zp, 2p)w-
This completes the proof of Theorem B when (Ag,r, 2) =1 and all primes g | p
splitin E.

46See [Perrin-Riou 1987, proof of Proposition 3.20].
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8.2. Reduction to the basic case. The general case, where E is only assumed to
satisfy (Ag/r, Np) = 1, can be reduced to the previous one under the assumption

L,y (fe. 1) #0

by the following argument due to [Kobayashi 2013, proof of Theorem 5.9] using
the complex Gross—Zagier formula (which is known with no restrictions on A) and
the factorisation L ,(fg, x o) ~ L, (f, x)L,(fe, x)-

By the factorisation, the orders of vanishing at the central point of the factors
of L,(fg,v* o) will be 1 (say for L,(f)) and O (say for L,(f;)). Then, by the
first part of Theorem C.* the orders of vanishing of L(f,s) and L(f,,s) ats =1
will also be 1 and 0. Moreover, the Heegner point z s ¢+ attached to f and any E’ also
satisfying L(f¢,, - 1) # 0 is nontorsion, and in fact, its trace z s, p = TrE/ JF(ZfE) 18
nontorsion and z 7 is up to torsion a multiple of z ¢ ¢ in J(X)(E’) ® Q. Therefore,
by the complex and p-adic Gross—Zagier formulas for a suitable E’ satisfying the
assumptions of Section 8.1 and L(f,, ,, 1) # 0, we have

/F?

1\> L(f1
L, (f, 1)=l_[(1——> #(Zﬁnz]ﬂﬂu,

olp Up f<Zf,F,Zf,F)

where (-, - ), is the p-adic height pairing on J (X)(F’) attached to v and (-, - ) is the
Néron—Tate height (the ratio appearing above belongs to M ? by the Gross—Zagier
formula). This allows us to conclude

Qray
L;J,OW(fEa 1) = TZSL;),u(fs 1)Ll7(f€a l)
Dp "y

2 277
=D2/21_[<1—i> (1_8(9)) LUDLGD

olp %p ap ) QplzpF.2pF)
1\? () 2<ZfE 2fE)
S e
F E O!KJ O[p (Zf,F7Zf,F> fF f,Flv
- LN (L e
=DF21_[(1—0[—> (1— o ) <Zf,E’Zf,E>°W-
plp & (2

Remark 8.2.1. It is natural to conjecture that when L;fw( fe, 1) =0 we should
have (z7,zy)w = 0. However, in this case, the above argument fails because,
without knowledge of the nontriviality of the p-adic height pairing, the vanishing of
L,(fg,W?) to order > 2 does not imply a similar high-order vanishing for L( fg, ).

4TWhich can be proved by using the p-adic Gross—Zagier formula attached to a field E’ satisfying
the assumptions of Section 8.1.
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9. Periods and the Birch and Swinnerton-Dyer conjecture

As seen in the introduction, the application of our result to the Birch and Swinnerton-
Dyer formula rests on a conjectural relation among the periods of f and the
associated abelian variety A. Here we would like to briefly elaborate on this
conjecture and its arithmetic consequences. (This section contains no new results or
conjectures and is a very brief survey of work of Shimura and [Yoshida 1994].) We
retain the notation of the introduction and set M = My and dim A = [M : Q] =d.

9.1. Real periods. The conjecture on periods stated in the introduction can be
refined to a conjecture on rationality rather than algebraicity. First we need to define
the automorphic periods Q;&, for o € Hom(M, C); they are naturally defined as
elements of C*/M* (see [Raghuram and Tanabe 2011] for a modern exposition):
one can choose them “covariantly” in the sense of [Yoshida 1994] in order to
have [], QJ,C(, defined up to @* or define directly the product as follows. Let
#Hy =Z(A)\ GL,(A)/Ky(N)K be the open Hilbert modular variety of level N.
Then the perfect pairing of (-vector spaces

Hy(%n, Q)" x $2(Ko(N), @) — C 9.1.1)

(where + denotes the intersection of the +1-eigenspaces for the complex con-
jugations) decomposes under the diagonal action of Ty into (Q-rational blocks
parametrised by the Galois-conjugacy classes of eigenforms. Then

[12}., eC*/Q*

is (2771)%¢ times the discriminant of the pairing on the rational block corresponding
to { J_‘ ?}s. (The individual Q}r{, € C*/M* are defined as the discriminants of (9.1.1)
on Q-rational Ty-eigenblocks. One can similarly define periods Q. by paring
with H, (¥, Q)" the —1-eigenspace for the complex conjugations.)

Conjecture 9.1.1. We have
Q4 ~ 1;[ Q%

in C* /.

The conjecture is originally due [Shimura 1988, especially §11] and was refined
by [Yoshida 1994]. When A has complex multiplication, it has been proved by
[Blasius 1986]. It is also known when F' = QO; before discussing that, let us translate
it into a language closer to conjectures of Shimura.
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For each 7: F — R, let fp(;) be the Jacquet-Langlands transfer of f to a
rational*® form on the quaternion algebra B(t)/F defined in the introduction (recall
that B(t) is ramified at all infinite places except 7), and let X be our Shimura curve.
Then A is (up to isogeny) a quotient ¢ of J(X), and for each embedding 7, we
can write

¢ wa =cc \27ifp(2)dz

as forms in H°(J(X)(C,), Q%) for some ¢, € F* (since both are generators of
arank-1 F-vector space); here z denotes the coordinate on the upper half-plane
uniformising X. Then we have

lwal: ~[[RF,  inC*/F*,
/A(R) i o Tb)

where QJfr is 2771 times the discriminant of the f7, p(r)-Part of the analogue of the
palrmg . T l) on X (C;). When choices are made covariantly in 7, we then get
~ .. F I in C*/Q*.

. ) S . .
Our conjecture, decomposed into its o -constituents, can then be rewritten as

~T19,, nC/MP*. (9.1.2)

In this form, this is a stronger version of Shimura’s conjecture [1983] on the
factorisation of periods of Hilbert modular forms up to algebraic factors in terms of
P-invariants. The reader is referred to [ Yoshida 1994] for a discussion of this point.

Notice that (9.1.2) is nontrivial even when F = (Q: it asserts that the periods of
the transfers of f to any indefinite quaternion algebra have the same transcendental
(or irrational) parts. However, in this case, the conjecture is known by [Shimura
1981] (for the algebraicity) and [Prasanna 2009] (for the rationality).

For general F, Shimura’s conjecture on P-invariants is largely proved by [ Yoshida
1995] under an assumption of nonvanishing of certain L-values.

Remark 9.1.2. It is clear that our conjecture implies that the Birch and Swinnerton-
Dyer conjectural formula is true up to a nonzero rational factor when A has analytic
M-rank 0. By the complex and p-adic Gross—Zagier formulas, the conjecture
for f also implies the complex and p-adic Birch and Swinnerton-Dyer formulas,
respectively, up to a rational factor when A has (p-adic) analytic M-rank 1.

9.2. Quadratic periods. We can formulate a conjecture analogous to Conjecture
9.1.1 for the periods of the base-changed abelian variety Ap = A Xgpec r Spec E.

48 For consistency with the case in which B(t) = GL,(Q) and “rational” means “rational g-
expansion coefficients”, here fp(;) is considered F-rational for the structure H 0x /F,Qx/F)®
Qmi)~ locH 0(X /F,Qx/F) ®F,r C(where X is the Shimura curve defined in the introduction).
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Conjecture 9.2.1. We have
Qup ~ 120
o

in C*/Q~.
Here the period of Ag is

Qa, = 1‘[/A |,

rE—c Y AC)

where for a differential form w = h(z) dzy A-- - Adz; we have |w|; = |h(z)|$ dzi A
dzy A Ndzg ANdZy.
As above, this conjecture can be “decomposed” into

Qf ~[1Qp, nC*/(MF)X, 9.2.1)

where Q. is 72 times the Pertersson inner product of fp(r). This is essentially
Shimura’s conjecture on Q-invariants [1983]. Up to algebraicity, it has been
proved by [Harris 1993] under a local condition (a new proof of the same result
should appear in forthcoming work of Ichino and Prasanna, yielding rationality
and removing the local assumption). As Q2 = Q}FQ},@ the factorisation (9.2.1)
is implied by (9.1.2) and its analogue for Q7 thus, Harris’s result can be seen as
evidence for the conjecture on real periods.

We take the opportunity to record an immediate consequence of the conjecture
on quadratic periods and the Gross—Zagier formulas.

Theorem 9.2.2. If Ag has complex or p-adic analytic M-rank < 1, then the com-
plex or p-adic Birch and Swinnerton-Dyer formula, respectively, for Ag is true up
to a nonzero algebraic factor.

List of symbols
Throughout this text, we use the following notation and assumptions, unless other-
wise noted:
o F is atotally real field of degree g.
e Ny is the monoid of nonzero ideals of Of.
e |-y is the standard absolute value on F.

e A = Arp is the adele ring of F; if *x is a place or a set of places or an ideal
of F, the component at * or away from * of an adelic object x is denoted x,
or x*, respectively. For example if ¢ =[], ¢, is a Hecke character and § is an

OSee, e.g., [Shimura 1978, Theorem 4.3 (II)], where the assumption on the weight can now be
removed thanks to the work of Rohrlich.
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ideal of O, we write ¢5(y) = Hv\é ¢y (yy) and |y|s = ]_[U|5|ylv. We also use
the notation

|m|y = |7y, |mls = |7wmls, ¢p(m) = @y (), @s(m) = ¢s ()
if m is an ideal of O and ¢ is unramified at & (here 7, satisfies 7,0 = m).

» > denotes the partial order on A given by x > 0 if and only if x is totally
positive.

e R4 =R®pF Aif R is an F-algebra.

e Nm is the absolute norm of an ideal m in a number field (the index of m in
the ring of integers: it is a positive natural number).

¢ dr is the different of F'.

e my, for N an ideal of O, is the idele with components 7, N for v fooand 1
for v | co.

e Dp = Nd is the discriminant of F.

em™* ={ace F: | a0 = m} if m is any nonzero fractional ideal of F (this
notation will be used with m = d;l).

o E is a quadratic CM (that is, totally imaginary) extension of F.
o D =Dg/r is the different of E/F.
e M= Ng/r is the relative norm on E or any E-algebra.
o A= Ag/r =MND) is the relative discriminant of E/F, and we assume
(Ag/r, DpNp) =1,
in Sections 2.5, 4.5 and part of 3.2, we further assume that
(A,2)=1
and in Sections 7.2, 7.3 and 8.1 that
(A,2) =1 and all primes g dividing p are split in E.
e D = N(A) is the absolute discriminant of E.

« Up(N) is the subgroup of 0} =[], 05, C F consisting of elements x =
1 mod NOp, if N is any ideal of Op.

o ey(x) =exp(—27i{Trf,/q,(x)},) forv| p < oo and {y}, the p-fractional part
of y € Q,, is the standard additive character of F,, with conductor a’;’lu; for
v |00, ey(x) =expmi Trp, r(x)).

 e(x) =], ev(xy,) is the standard additive character of Af.
o 1y is the characteristic function of the set Y.

o If ¢ is any logical proposition, we define 1[¢] to be 1 when ¢ is true and 0
when ¢ is false—e.g., 1[x € Y] = 1y (x).
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