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G-valued crystalline representations
with minuscule p-adic Hodge type

Brandon Levin

We study G-valued semistable Galois deformation rings, where G is a reductive
group. We develop a theory of Kisin modules with G-structure and use this to
identify the connected components of crystalline deformation rings of minus-
cule p-adic Hodge type with the connected components of moduli of “finite flat
models with G-structure”. The main ingredients are a construction in integral
p-adic Hodge theory using Liu’s theory of (¢, G)—modules and the local models
constructed by Pappas and Zhu.
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1. Introduction

1.1. Overview. One of the principal challenges in the study of modularity lifting
or, more generally, automorphy lifting via the techniques introduced in [Taylor and
Wiles 1995] is understanding local deformation conditions at £ = p. Kisin [2009]
introduced a ground-breaking new technique for studying one such condition, flat
deformations, which led to better modularity lifting theorems. Kisin [2008] ex-
tended those techniques to construct potentially semistable deformation rings with
specified Hodge—Tate weights. In this paper, we study Galois deformations valued
in a reductive group G and extend Kisin’s techniques to this setting. In particular,
we define and prove structural results about “flat” G-valued deformations.

Let G be a reductive group over a Z ,-finite flat local domain A with connected
fibers. Let [ be the residue field of A and F := A[1/p]. Let K/Q, be a finite ex-
tension with absolute Galois group 'k and fix a representation 1: 'y — G(F). The

MSC2010: primary 11S20; secondary 14L.15, 14F30.
Keywords: Galois representation, p-adic Hodge theory, finite flat group scheme, local model.
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(framed) G -valued deformation functor is represented by a complete local Noether-
ian A-algebra RD . For any geometric cocharacter p of Res( K®aq,F)/F G, there
exists a quotient R5t K (resp. Rcm’” ) of R Whose points over ﬁn1te extensions
F'/F are sem1stable (resp. crystalhne) representations with p-adic Hodge type
(see [Balaji 2012, Theorem 3.0.12]).

When G = GL, and p is minuscule, R
a quotient of a flat deformation ring. For modularity lifting, it is important to
know the connected components of Spec Rcm “#[1/ p]. Intuitively, Kisin’s [2009]
technique is to resolve the flat deformation rrng by “moduli of finite flat models”
of deformations of 7. When K /Q, is ramified, the resolution is not smooth, but its
singularities are relatively mild, which allowed for the determination of the con-
nected components in many instances when G = GL, [Kisin 2009, Propositions
2.5.6 and 2.5.15]. Kisin’s technique extends beyond the flat setting (for p arbi-
trary), where one resolves deformation rings by moduli spaces of integral p-adic

crisi ¢ appears the thesis changed is

Hodge theory data called G-modules of finite height, also known as Kisin modules.
In this paper, we define a notion of Kisin module with G-structure or, as we call
them, G -Kisin modules (Definition 2.2.7) and we construct a resolution

O: X;ris’” — Spec Rc-m

where © is a projective morphism and ®[1/ p] is an isomorphism (see Propositions
2.3.3 and 2.3.9). The same construction works for Ri—lt’” as well. The goal then
is to understand the singularities of X cris: The natural generalization of the flat
condition for GL;, to an arbitrary group G is minuscule p-adic Hodge type n. A
cocharacter p of a reductive group H is minuscule if its weights when acting on
Lie H lie in {—1,0, 1} (see Definition 4.1.1 and discussion afterward). Our main
theorem is a generalization of the main result of [Kisin 2009] on the geometry

of X ;m’”“ for G reductive and x minuscule:

Theorem 4.4.1. Assume p w1 (GY), where GY is the derived subgroup of G.

Let | be a minuscule geometric cocharacter of Res( K®q, F)/F GF. Then X cris 4

cris
is normal and X-

the reflex field of 73

o) A P is reduced, where Ay, is the ring of mtegers of

When G = Gszg, this is a result of Broshi [2008]; also, this is a stronger result
than in [Levin 2013], where we placed a more restrictive hypothesis on u (see
Remark 1.1.1). The significance of Theorem 4.4.1 is that it allows one to identify
the connected components of Spec RC-rls [1/p] with the connected components
of the fiber in X I over the closed point of Spec R- , a projective scheme
over [, (see Corollary 4.4.2). This identification led to the successful determina-
tion of the connected components of Spec R;m ""[1/ p] in the case when G = GL,

[Kisin 2009; Gee 2006; Imai 2010; 2012; Hellmann 2011]. Outside of GL,,



G-valued crystalline representations with minuscule p-adic Hodge type 1743

relatively little is known about the connected components of these deformations
rings without restricting the ramification in K.
When K /Q, is unramified, we have a stronger result:

Theorem 4.4.6. Assume K/Q is unramified, p > 3, and p t 71 (G*). Then the

universal crystalline deformation ring RS>

: n
%ns’“ [1/ p] is connected.

is formally smooth over Ap,). In
particular, Spec R

Remark 1.1.1. In [Levin 2013], we made the assumption on the cocharacter y that
there exists a representation p : G — GL(V') such that pou is minuscule. This extra
hypothesis on u excluded most adjoint groups like PGL,, as well as exceptional
types like E¢ and E7, both of which have minuscule cocharacters. One can weaken
the assumptions in Theorem 4.4.6 if one assumes this stronger condition on .

Remark 1.1.2. The groups 71 (G%") and 71 (G?%) appearing in Theorems 4.4.1
and 4.4.6 are the fundamental groups in the sense of semisimple groups. Note that
71(G%") is a subgroup of 1 (G). The assumption that p 4 71 (G%") insures that
the local models we use have nice geometric properties. The stronger assumption
in Theorem 4.4.6 that p } 1 (G%) is probably not necessary and is a byproduct of
the argument, which involves reduction to the adjoint group.

There are two main ingredients in the proof of Theorem 4.4.1 and its appli-
cations, one coming from integral p-adic Hodge theory and the other from local
models of Shimura varieties. In Kisin’s original construction, a key input was an
advance in integral p-adic Hodge theory, building on work of Breuil, which allows
one to describe finite flat group schemes over Ok in terms of certain linear algebra
objects called Kisin modules of height in [0, 1] [Kisin 2006; 2009]. More precisely,
then, X ;”S’“ is a moduli space of G-Kisin modules with “type” .. Intuitively, one
can imagine X ;rls’ﬂ as a moduli of finite flat models with additional structure.

The proof of Theorem 4.4.1 uses a recent advance of Liu [2010] in integral
p-adic Hodge theory to overcome a difficulty in identifying the local structure
of X ;HS’“ . Heuristically, the difficulty arises because for a general group G one
cannot work only in the setting of Kisin modules of height in [0, 1], where one
has a nice equivalence of categories between that category and the category of
finite flat group schemes. Beyond the height-in-[0, 1] situation, the Kisin mod-
ule only remembers the Galois action of the subgroup 'sc C 'y which fixes
the field K(z'/?, 7!/ P .) for some compatible system of p-power roots of
a uniformizer 7 of K.

Liu [2010] introduced a more complicated linear algebra structure on a Kisin
module, called a (¢, G)—module, which captures the action of I'k, the full Galois
group. We call them (¢, f‘)—modules to avoid confusion with the group G. Let
A be a finite local A-algebra which is either Artinian or flat. Our principal result
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(Theorem 4.3.6) says roughly that, if p : I'ee — G(A) has “type” u, i.e., comes
from a G-Kisin module (P4, ¢4) over A of type u with  minuscule, then there
exists a canonical extension p : 'y — G(A) and, furthermore, if A4 is flat over Z,
then p[1/ p] is crystalline. This is rough in the sense that what we actually prove is
an isomorphism of certain deformation functors. As a consequence, we get that the
local structure of X Crisi ot a point (P, pp) € X cris, (b (F’) is smoothly equivalent
to the deformation group01d D“ of P with type n.

To prove Theorem 4.4.1, one studles the geometry of D“ Here, the key input
comes from the theory of local models of Shimura varletles A local model is a
projective scheme X over the ring of integers of a p-adic field F such that X is sup-
posed to étale-locally model the integral structure of a Shimura variety. Classically,
local models were built out of moduli spaces of linear algebra structures. Rapoport
and Zink [1996] formalized the theory of local models for Shimura varieties of PEL
type. Subsequent refinements of these local models were studied mostly on a case
by case basis by Faltings, Gortz, Haines, Pappas, and Rapoport, among others.

Pappas and Zhu [2013] define, for any triple (G, P, i), where G is a reductive
group over F (which splits over a tame extension), P is a parahoric subgroup,
and p is any cocharacter of G, a local model M (u) over the ring of integers of
the reflex field of . Their construction, unlike previous constructions, is purely
group-theoretic, i.e., it does not rely on any particular representation of G. They
build their local models inside degenerations of affine Grassmannians extending
constructions of Beilinson, Drinfeld, Gaitsgory, and Zhu to mixed characteristic.
The geometric fact we will use is that M () is normal with special fiber reduced
[Pappas and Zhu 2013, Theorem 0.1].

The significance of local models in this paper is that the singularities of X
are smoothly equivalent to those of a local model M (u) for the Weil- restrlcted
group Resx g, F)/F G . This equivalence comes from a diagram of formally
smooth morphisms (3-3-9-2):

cris, b

N (00),
D‘B[F

/ \ (1-1-2-1)

w AL
D%F D op’

which generalizes constructions from [Kisin 2009, Proposition 2.2.11; Pappas and
Rapoport 2009, §3]. The deformation functor D ’éﬁ is represented by the completed
local ring at an F-point of M (w). Intuitively, the above modification corresponds
to adding a trivialization to the G-Kisin module and then taking the “image of
Frobenius”. We construct the diagram (1-1-2-1) in Section 3 with no assumptions
on the cocharacter u (to be precise, fo;[F is deformations of type less than or equal
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to u in general). It is intriguing to wonder whether DgF and diagram (1-1-2-1)
have any relevance to studying higher-weight Galois deformation rings, i.e., when
M 1s not minuscule.

As a remark, we usually cannot apply [Pappas and Zhu 2013] directly, since the
group Res( K®q,F)/F G will generally not split over a tame extension. In [Levin
2013], we develop a theory of local models following Pappas and Zhu’s approach
but adapted to these Weil-restricted groups (for maximal special parahoric level).
These results are reviewed in Section 3.2 and are studied in more generality in
[Levin 2014].

We now a give brief outline of the article. In Section 2, we define and develop
the theory of G-Kisin modules and construct resolutions of semistable and crys-
talline G-valued deformation rings (Propositions 2.3.3 and 2.3.9). This closely
follows the approach of [Kisin 2008]. The proof that “semistable implies finite
height” (Proposition 2.3.13) requires an extra argument not present in the GL,, case
(Lemma 2.3.6). In Section 3, we study the relationship between deformations of
G-Kisin modules and local models. We construct the big diagram (Theorem 3.3.3)
and then impose the p-type condition to arrive at the diagram (3-3-9-2). We also
give an initial description of the local structure of Xz"** in Corollary 3.3.15.
Section 4.2 develops the theory of (¢, I')-modules with G -structure and Section 4.3
is devoted to the proof of our key result (Theorem 4.3.6) in integral p-adic Hodge
theory. In the last section, Section 4.4, we prove Theorems 4.4.1 and 4.4.6, which
follow relatively formally from the results of Sections 3.3 and 4.3.

1.2. Notations and conventions. We take F to be our coefficient field, a finite
extension of Q,. Let A be the ring of integers of F' with residue field F. Let
G be a reductive group scheme over A with connected fibers and f Rep, (G) the
category of representations of G on finite free A-modules. We will use V' to denote
a fixed faithful representation of G, i.e., V € / Rep A(G) such that G — GL(V) is
a closed immersion. The derived subgroup of G will be denoted by G and its
adjoint quotient by G4,

All G-bundles will be with respect to the fppf topology. If X is a A-scheme, then
GBun(X) will denote the category of G-bundles on X. We will denote the trivial
G-bundle by €°. For any G-bundle P on a A-scheme X and any W € f Rep, (G),
P (W) will denote the pushout of P with respect to W (see the discussion be-
fore Theorem 2.1.1). Let F be an algebraic closure of F. For a linear algebraic
F-group H, X, (H) will denote the group Hom(Gy,, H ) of geometric cocharac-
ters. For 1 € X« (H), [u] will denote its conjugacy class. The reflex field Fj,) of
[i] is the smallest subfield of F over which the conjugacy class [14] is defined.

If T is a profinite group and B is a finite A-algebra, then f Repp(I') will be
the category of continuous representations of I" on finite projective B-modules
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where B is given the p-adic topology. More generally, GRepg (I") will denote the
category of pairs (P, n) where P is a G-bundle over Spec B and n: " — Autg(P)
is a continuous homomorphism.

Let K be a p-adic field with ring of integers Og and residue field k. Denote its
absolute Galois group by ['x. We furthermore take W := W (k) and Ko :=W|1/ p].
We fix a uniformizer 7 of K and let £ (1) the minimal polynomial of 7 over Kj.
Our convention will be to work with covariant p-adic Hodge theory functors, so
we take the p-adic cyclotomic character to have Hodge—Tate weight —1.

For any local ring R, we let m g denote the maximal ideal. We will denote the
completion of B with respect to a specified topology by B.

2. Kisin modules with G -structure

In this section, we construct resolutions of Galois deformation rings by moduli
spaces of Kisin modules (i.e., G-modules) with G-structure. For GL,, this tech-
nique was introduced in [Kisin 2009] to study flat deformation rings. In [Kisin
2008], the same technique is used to construct potentially semistable deformation
rings for GL,,. Here we develop a theory of G-Kisin modules (Definition 2.2.7).
In particular, in Section 2.4, we show the existence of a universal G-Kisin module
over these deformation rings (Theorem 2.4.2) and relate the filtration defined by
a G-Kisin module to p-adic Hodge type. One can construct G-valued semistable
and crystalline deformation rings with fixed p-adic Hodge type without G-Kisin
modules [Balaji 2012]. However, the existence of a resolution by a moduli space
of Kisin modules allows for finer analysis of the deformation rings; see Section 4.

2.1. Background on G-bundles. All bundles will be for the fppf topology. For
any G-bundle P on a A-scheme X and any W € / Rep A(G), define

P(W):=Px" W =(PxW)/~

to be the pushout of P with respect to W. This is a vector bundle on X. This
defines a functor from / Rep, (G) to the category Vecy of vector bundles on X.

Theorem 2.1.1. Let G be a flat affine group scheme of finite type over Spec A
with connected fibers. Let X be a A-scheme. The functor P +— {P (W)} from the
category of G-bundles on X to the category of fiber functors (i.e., faithful exact
tensor functors) from f Rep (G) to Vecy is an equivalence of categories.

Proof. When the base is a field, this is a well-known result [Deligne and Milne
1982, Theorem 3.2] in Tannakian theory. When the base is a Dedekind domain,
see [Broshi 2013, Theorem 4.8] or [Levin 2013, Theorem 2.5.2]. O

We will also need the following gluing lemma for G-bundles:
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Lemma 2.1.2. Let B be any A-algebra. Let f € B be a non-zero-divisor and G be
a flat affine group scheme of finite type over A. The category of triples (Py, P, Q),
where Py € GBun(Spec By), Pe GBun(Spec §) and « is an isomorphism be-
tween Py and P over Spec B £ » Is equivalent to the category of G-bundles on B.

Proof. This is a generalization of the Beauville-Laszlo formal gluing lemma for
vector bundles. See [Pappas and Zhu 2013, Lemma 5.1] or [Levin 2013, Theo-
rem 3.1.8]. O

Leti : H C G be a flat closed A-subgroup. We are interested in the “fibers” of

the pushout map
ix : HBun — GBun

carrying an H-bundle Y to the G-bundle ¥ x G. Let Q be a G-bundle on
a A-scheme §. For any S-scheme X, define Fibp(X) to be the category of
pairs (P,«), where P € HBun(X) and « : i«(P) = Qx is an isomorphism in
GBun(X). A morphism (P,«) — (P’,&’) isamap f : P — P’ of H-bundles
such that o’ 0 i, (f) oa™! is the identity.

Proposition 2.1.3. The category Fibg (X) has no nontrivial automorphisms for
any S-scheme X. Furthermore, the underlying functor |Fibg| is represented by
the pushout Q X6 (G/H). In particular, if G/H is affine (resp. quasiaffine) over S
then |Fibg | is affine (resp. quasiaffine) over X.

Proof. See [Serre 1958, Proposition 9] or [Levin 2013, Lemma 2.2.3]. U

Proposition 2.1.4. Let G be a smooth affine group scheme of finite type over
Spec A with connected fibers.

(1) Let R any A-algebra and I a nilpotent ideal of R. For any G-bundle P on
Spec R, P is trivial if and only if P @ g R/ 1 is trivial.

(2) Let R be any complete local A-algebra with finite residue field. Any G-bundle
on Spec R is trivial.

Proof. For (1), because G is smooth, P is also smooth. Thus, P(R) — P(R/I)
is surjective. A G-bundle is trivial if and only if it admits a section.
Part (2) reduces to the case of R = [ using part (1). Lang’s theorem says that
1 . .« . . .
H (F, G) is trivial for any smooth connected algebraic group over [ (see [Springer
1998, Theorem 4.4.17]) d

2.2. Definitions and first properties. Let K be a p-adic field with ring of inte-
gers O and residue field k. Set W := W(k) and K¢ := W]1/p]. Recall Breuil
and Kisin’s ring & := W{u] and let E(u) € W{u] be the Eisenstein polynomial
associated to a choice of uniformizer w of K that generates K over Ko. Fix
a compatible system {Jrl/p,nl/pz, ...} of p-power roots of 7 and let Koo =
K(w'/P, zV/P” ). Set Too := Gal(K/Koo).
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Let O¢ denote the p-adic completion of G[1/u]. We equip both O¢ and & with
a Frobenius endomorphism ¢ defined by taking the ordinary Frobenius lift on W
and u — u”. For any Z p-algebra B, let O¢ p := O¢ @7, B and Gp := G ®z, B.
We equip both of these rings with Frobenii having trivial action on B. Note that
all tensor products are over Z, even though the group G may only be defined over
the A.

Definition 2.2.1. Let B be any A-algebra. For any G-bundle on Spec O¢ g, we let
¢*(P):= P ®o, 5,0 O¢,p be the pullback under Frobenius. An (O g, ¢)-module
with G-structure is a pair (P,¢p), where P is a G-bundle on Spec O¢ g and
¢p . @*(P) = P is an isomorphism. Let GModg%‘B be the category of such pairs.

Remark 2.2.2. When G = GL,, GModg% , 1s equivalent to the category of
rank-d étale (O¢,p, ¢)-modules via the usual equivalence between GL,-bundles
and rank-d vector bundles.

When B is Z ,-finite and Artinian, the functor 7 defined by
Tg(M,¢) = (M Qg, G%:un)¢:1
induces an equivalence of categories between étale (O¢, g, ¢)-modules (which are
Oy, g-projective) and the category of representations of I's; on finite projective
B-modules (see [Kisin 2009, Lemma 1.2.7]). A quasi-inverse is given by
Mg(V):=(V ®z, 0z,)" .
This equivalence extends to algebras which are finite flat over Z.

Definition 2.2.3. For any profinite group I' and A-algebra B, define GRepg(I")
to be the category of pairs (P, n) where P is a G-bundle over Spec B and, with B
given the p-adic topology, n: I' — Autg (P) is a continuous homomorphism.

In the G-setting, GRepp (I") will play the role of representation of I' on finite
projective B-modules. We have the following generalization of Tp:

Proposition 2.2.4. Let B be any A-algebra which is Z p-finite and either Artinian
or Z p-flat. There exists an equivalence of categories

TG, : GMod¢, . — GRepg(I'oo)

with a quasi-inverse M g g. Furthermore, for any finite map B — B’ and any
(P,¢pp) € GMod& Y there is a natural isomorphism

Tg,p'(P ®p B') = Tg.p(P)Qp B'.

Proof. Using Theorem 2.1.1, we can give Tannakian interpretations of GModgg 5
and GRepp (I'so). The former is equivalent to the category

[f Rep, (G), Modgj;]@’
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of faithful exact tensor functors. The latter is equivalent to the category of faithful
exact tensor functors from / Rep A(G) to fRep B(T0). We define TG, g(P, ¢p)
to be the functor which assigns to any W € / Rep A(G) the I'o-representation
Tg(P(W),¢pw)). This is an object of GRepg (I's) because Tp is a tensor exact
functor (see [Broshi 2008, Lemma 3.4.1.6] or [Levin 2013, Theorem 4.1.3]). Sim-
ilarly, one can define M ¢, g which is quasi-inverse to T, g. Compatibility with
extending the coefficients follows from [Kisin 2009, Lemma 1.2.7(3)]. O

Definition 2.2.5. Let B be any Z,-algebra. A Kisin module with bounded height
over B is a finitely generated projective Gp-module 2p together with an iso-
morphism ¢op, : @* (Mp)[1/E(u)] = Mp[1/E(u)]. We say that (Mg, ¢, ) has
height in [a, b] if

E)*Mp > domys (¢ (Mp)) D Ew)* M
as submodules of Mp[1/E (u)].

Let Mod‘é’;h (resp. Mod(é’l[;a’b]) be the category of Kisin modules with bounded
height (resp. height in [a, b]) with morphisms being & g-module maps respecting
Frobenii. Then Mod%’t[}o’h] is the usual category of Kisin modules with height at
most &, as in [Brinon and Conrad 2009; Kisin 2006; 2009].

Example 2.2.6. Let G(1) be the Kisin module whose underlying module is & and
whose Frobenius is given by ¢ LE(u)ps where E(0) = cop. For any Z ,-algebra,
we define G g (1) by base change from Z , and define O¢ g (1) := &g (1) ®s, 0%, B,
an étale (O¢, g, ¢)-module.

In order to reduce to the effective case (height in [0, /]), it is often useful to
“twist” by tensoring with &g (1). For any Mip € Modg’;h and any n € Z, define
M p(n) by n-fold tensor product with Sp (1) (negative n being tensoring with the
dual). It is not hard to see that if Mg € Mod%’t[}“’b ! then Mg (n)e Modé’t[}“Jr”’b +n],

Definition 2.2.7. Let B be any A-algebra. A G-Kisin module over B is a pair
(BB, Ppy). where Bp is a G-bundle on Sp and

bps 9" (Bp)[1/E@)] = Pp[1/E )]

is an isomorphism of G-bundles. Denote the category of such objects by GModé’zh.

Remark 2.2.8. Unlike the Kisin module for GL,,, G-bundles do not have endomor-
phisms. Additionally, there is no reasonable notion of effective G-Kisin module.
The Frobenius on a G-Kisin module is only ever defined after inverting E (u).
Later, we use auxiliary representations of G to impose height conditions.

The category Modé’zh is a tensor exact category, where a sequence of Kisin
modules
0—)93?};—)9313—)931%—)0
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is exact if the underlying sequence of G g-modules is exact. For any representation
W e/ Rep A (G), the pushout (P (W), ¢ (W)) is a Kisin module with bounded
height. Using Theorem 2.1.1, one can interpret GModg’zh as the category of faith-
ful exact tensor functors from / Rep, (G) to Mod‘g’zh.
Since E(u) is invertible in Og, there is a natural map &Sp[l/E(u)] — O¢_p for
any Z p-algebra B. This induces a functor
Y : GMod% ™ — GMody

O¢,B

for any A-algebra B.

Definition 2.2.9. Let B be any A-algebra and let Pp € GModgg 5 A G-Kisin
lattice of Pp is a pair (Bp, «) where Lp € GMod‘é’zh and a : Yg(Pp) = Pp is
an isomorphism.

From the Tannakian perspective, a G-Kisin lattice of P is equivalent to Kisin
lattices My in P(W) for each W € / Rep A (G) functorial in W and compatible
with tensor products. Furthermore, we have the following, which says that the
bounded height condition can be checked on a single faithful representation.

Proposition 2.2.10. Let Pp € GModg%_B. A G-Kisin lattice of Pp is equivalent
to an extension *3p of the bundle Pp to Spec Gp such that, for a single faithful
representation V € / Rep A(G),

PBr(V) C Pp(V)
is a Kisin lattice of bounded height.

Proof. The only claim which does not follow from unwinding definitions is that,
if we have an extension PBp such that Pp (V) C Pp(V) is a Kisin lattice for a
single faithful representation V', then Pp (W) C Pp(W) is a Kisin lattice for all
representations W of G.

By [Levin 2013, Theorem C.1.7], any W € fRepA(G) can be written as a
subquotient of direct sums of tensor products of V' and the dual of V. It suffices
then to prove that bounded height is stable under duals, tensor products, quotients,
and saturated subrepresentations.

Duals and tensor products are easy to check. For subquotients, let

00— Mp—>Ng—Lg—0

be an exact sequence of étale (O¢ g, @)-modules. Suppose that the sequence is
induced by an exact sequence

0—->Mp >N > Lg—0

of projective Gp-lattices. Assume 9ip has bounded height with respect to ¢n,.
By twisting, we can assume 91p has height in [0, /].



G-valued crystalline representations with minuscule p-adic Hodge type 1751

Since Mp = Mp NNp, Mp is Ppp-stable. Similarly, £p is ¢y ,-stable. Con-
sider the diagram

0—— ¢*(Mp) — ¢* (M) — ¢*(£p) —— 0

l¢MB J/¢NB l(bLB

0 Mp Np LB 0.

All the linearizations are injective because they are isomorphisms at the level of
Og,g-modules. By the snake lemma, the sequence of cokernels is exact. If E (u)h
kills Coker(¢n ), then it kills Coker(¢ps,) and Coker(¢py) as well. Thus, Mp
and P both have height in [0, 4] whenever D1p does. O

Definition 2.2.11. For any B as in Proposition 2.2.4, define
T,ep: GMod‘é’Eh — GRepg(I'so)
to be the composition Tg,s, := Tg,B o VG-
We end this section with an important full faithfulness result:

Proposition 2.2.12. Assume B is finite flat over A. Then the natural extension
map
. @,bh %
Tg .GModGB — GMod@%'B
is fully faithful.

Proof. This follows from the full faithfulness of Ygp,, for all n > 1 by considering
a faithful representation of G. When B = Z,,, this is [Brinon and Conrad 2009,
Proposition 11.2.7]. One can reduce to this case by forgetting coefficients, since
any finitely generated projective G p-module is finite free over G. O

2.3. Resolutions of G-valued deformations rings. Fix a faithful representation
V of G over A and integers a, b with a < b. We will use V and a, b to impose
finiteness conditions on our moduli space.

Definition 2.3.1. Let B be any A-algebra. We say that a G-Kisin lattice Bp in
(PB.¢py) € GModg% ,, has height in [a, b] if ‘B (V) in Pp (V) has height in [a, D].

For any finite local Artinian A-algebra A and any (P4, ¢p,) € GMod& > con-
sider the moduli problem over Spec A4, for any A-algebra B,

X§-PN(B) := {GKisin lattices in P4 ®c, , O¢,p with height in [a. b]}/ = .

Theorem 2.3.2. Assume that Py is a trivial bundle over Spec Og 4. The functor
X l[fA’b] is represented by a closed finite-type subscheme of the affine Grassmannian
Grg’ over Spec A, where G' is the Weil restriction Res(W@,Zp M/AG.
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Proof. By Proposition 2.2.10, X I[,‘:b] (B) is the set of bundles over Gp extending
Pp := P4 ®q, 4 O¢,p with height in [a, b] with respect to V. We want to identify
this set with a subset of Grg/(B).

Consider the diagram

& @2, B—— (W 2, B)[u]

l |

O¢,p —— (W ®z, B)((w)),

where the vertical arrows are localization at u and the top horizontal arrow is u-adic
completion. The Beauville-Laszlo gluing lemma, Lemma 2.1.2, says that the set
of extensions of Pp to Gp is in bijection with the set of extensions of ﬁB to
Wg[u]], where Pg is the u-adic completion. This second set is in bijection with
the B-points of the Weil restriction Res(W®Zp A)/A Grg, which is isomorphic to
Grg’ by [Richarz 2015, Lemma 1.16] or [Levin 2013, Proposition 3.4.2].

Set My := P4(V). By [Kisin 2008, Proposition 1.3], the functor X ][‘Zb] of
Kisin lattices in M4 with height in [a, b] is represented by a closed subscheme of
GrRes ®2, 4/ AGL(V)- Evaluation at V' induces a map of functors

[a.b] [a.b]
XPi —>ng ) (2-3-2-1)

By Proposition 2.2.10, the subset Xl[[f;’b](B) C Grg/(B) is exactly the preimage
of X)771(B). O

We now extend the construction beyond the Artinian setting by passing to the
limit. Let R be a complete local Noetherian A-algebra with residue field F. Let
n: I'so = G(R) be a continuous representation.

Proposition 2.3.3. For anyn > 1, let 0, : T'oo — G(R/m'y) denote the reduction
modulo m’y. From {n,}, we construct a system Mg r/m, (Mn) =: (Py,. ¢n) in
GModgi Ryt Assume that Py, is a trivial G-bundle. There exists a projective
R-scheme  ®

CF X,[Ia’b] — Spec R

whose reduction modulo m'y is X }f; 0] foranyn > 1.
n

Proof. By Proposition 2.2.4, there are natural isomorphisms

P71n+1 ®@

w.R/m'T ] O¢,R/mly = P,

for all n > 1. Since Py, is a trivial G-bundle, all Py, are trivial, by Proposition
2.1.4(1), so we can apply Theorem 2.3.2. Consider then the system

b
XEPh
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of schemes over {R/m',}. Since G’ is reductive, the affine Grassmannian Grg is
ind-projective [Levin 2013, Theorem 3.3.11]. In particular, any ample line bundle
on Grgs will restrict to a compatible system of ample line bundles on {X 1[;; ’nb]}.
By formal GAGA [EGAIII; 1961, Théoreme (5.4.5)], there exists a projective
R-scheme X ,ga’b] whose reductions modulo m’, are X }3‘; ’nb]. O

Remark 2.3.4. Unlike for GL,, there are nontrivial G-bundles over Spec F((u)),
which is why we need the assumption in Proposition 2.3.3. If P, admits any
G-Kisin lattice 3,,, then by Proposition 2.1.4(2) the G-bundle B, is trivial,
since Gf is a semilocal ring with finite residue fields. Thus, the assumption in
Proposition 2.3.3 is natural if you are interested in studying ['o-representations of
finite height. By Steinberg’s theorem, one can always make Py, trivial by passing
to a finite extension ' of [.

We record for reference the following compatibility with base change:

Proposition 2.3.5. Let f : R — S be a local map of complete local Noetherian
A-algebras with finite residue fields of characteristic p. Let ns be the induced
map Too — G(S). Then there is a natural map | : X,[]‘;’b] — X,E“’b] which makes
the following diagram Cartesian:

f/
it L e

|, |

Spec S —— Spec R.

In particular, if R — S is surjective then f’ is a closed immersion.

We will now study the projective F-morphism
. yla.b]
®[1/p]: X;*7'[1/p] — Spec R[1/p].

We show it is a closed immersion (this is essentially a consequence of Proposition
2.2.12) and that the closed points of the image are G-valued representations with
height in [a, b] in a suitable sense; see Proposition 2.3.9. Next, we show that, if
n is the restriction of B’ : Ty — G(R), then the image of ®[1/p] contains all
semistable representations with 7’ (V') having Hodge—Tate weights in [a, b]. These
are generalizations of results from [Kisin 2008].

The following lemma will be useful at several key points:

Lemma 2.3.6 (extension lemma). Let G be a smooth affine group scheme over A.
Let C be a finite flat A-algebra and let U be the open complement of the finite set
of closed points of Spec G¢.
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(1) There is an equivalence of categories between G-bundles Q on U and the
category of triples (PB*, P,y) where SB* is a G-bundle on Spec S¢[1/p],
P is a G-bundle on Spec Og c, and y is an isomorphism of their restrictions
to Spec Og c[1/ p].

(2) Assume G is a reductive group scheme with connected fibers. Let V be a faith-
ful representation of G over A. If Q is a G-bundle on U such that the locally
free coherent sheaf Q(V') on U extends to a projective S ¢ -module Mc, then
there exists a unique (up to unique isomorphism) G-bundle Q over Spec Sc
such that Qly = Q and Q(V) =

Proof. Note that we can write U as the union of Spec ©¢[1/u] and Spec S¢[1/ p].
Recall also that O¢ ¢ is the p-adic completion of Sc[1/u]. Since p is a non-
zero-divisor in &¢[1/u], we can apply the gluing lemma, Lemma 2.1.2, to P
and P*[1/u] to construct a G-bundle Q' on Spec G ¢ [1/u] which, by construction,
is isomorphic to P* along Spec S¢[1/u, 1/ p]. The G-bundles P* and Q' glue to
give a bundle Q over U. Each step in the construction is a categorical equivalence.

For part (2), consider the functor |Fibgy.|, which by Proposition 2.1.3 and
[Levin 2013, Theorem C.2.5] is represented by an affine scheme Y. ¢ defines
a U-point of Fibgy.. Since I'(U, Oy ) = &¢, we deduce that

Homeg. (Spec S¢, Fibgy ) = Homg- (U, Fibgy,. ).

A G -point of Fibsgy. is exactly a bundle Q~ extending Q and mapping to Mc.
A similar argument, using that the Isom-scheme between G-bundles is repre-

sentable by an affine scheme, shows that if an extension exists it is unique up to

unique isomorphism (without any reductivity hypotheses). O

Let B be any finite local F-algebra with residue field F’. Define B° to be the
subring of elements which map to 0/ modulo the maximal ideal of B. Let Intp
denote the set of finitely generated O z/-subalgebras C of B® such that C[1/p]=

Definition 2.3.7. A continuous homomorphism 7 : ' — G(B) has bounded
height if there exists a C € Intg and g € G(B) such that

) ne = gng ! factors through G(C);

(2) Mg,c (77’C) € GMongg ¢ admits a G-Kisin lattice of bounded height.

We define height in [a, b] with respect to the chosen faithful representation V' by
replacing bounded height in (2) with height in [a, b].

Lemma 2.3.8. Let B be a finite local Qp-algebra and choose C € Intg and
Mc € Mod‘p et . If Mc, considered as an Og-module, has bounded height (resp.
height in [a, b]) then there exists some C' O C in Intg, such that M¢c ®c C’ has
bounded height (resp. height in [a, b)).
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Proof. This is the main content in the proof of part (2) of Proposition 1.6.4 in
[Kisin 2008]. If F' is the residue field of B, then one first constructs a Kisin lattice
Mo, in Mc ®c Ofs. The Kisin lattice in Mc ®c C’ is constructed by lifting
Mg ., (the extension to C " is required to insure that the lift is ¢-stable). O

Proposition 2.3.9. The morphism ® becomes a closed immersion after invert-
ing p. Furthermore, if Spec R%a’b] C Spec R is the scheme-theoretic image of ©,
then, for any finite F -algebra B, a A-algebra map x : R — B factors through R%"’b]
if and only if n ® g x B has height in [a, b].

Proof. The map O is injective on C-points for any finite flat A-algebra C, by
Proposition 2.2.12. The proof of the first assertion is then the same as in [Kisin
2008, Proposition 1.6.4].

For the second assertion, say x : R — B factors through R,[f’b]. Because ®[1/ p]
is a closed immersion, x : R — B comes from a B-point y of X ,,a’ . Any such x
is induced by xc : R — C for some C € Intg. By properness of ®, there exists
yc € X,[,a’b](C) such that ®(yc) = xc¢. This implies that n ® g x C has height
in [a, b] as a G-valued representation and hence 7 ® g » B also has height in [a, b]
(see Definition 2.3.7).

Now, let x : R — B be a homomorphism such that ng := n® g x B has height in
[a, b] as a G-valued representation. Any homomorphism R — B factors through
some C € Intg, so that np has image in G(C); call this map nc. We claim that
there exists some C’ D C in Intg such that ¢ = n¢ ® ¢ C’ has height in [a, b]
and hence x is in the image of X ,[]"’b] (B). Essentially, we have to show that if one
Galois stable “lattice” in np has finite height then all “lattices” do. For GL,,, this
is Lemma 2.1.15 in [Kisin 2006]. We invoke the GL,, result below.

Since np has height in [a, b], there exists C’ € Intg and g € G(B) such that
n = gnpg ! factors through G(C’) and has height in [a,b]. Enlarging C if
necessary, we assume both n¢ and 7 are valued in G(C). Let Py := M g.c(n)
and Py := M g,c(1'). Then g induces an isomorphism

Py [1/p] = Py [1/p].

Since P; has a G-Kisin lattice with height in [a, b], we get a bundle Q¢ over
Sc[1/p] extending Py [1/p]. By Lemma 2.3.6(1), P, and Qc glue to give a
bundle Q¢ over the complement of the closed points of Spec G¢.

We would like to apply Lemma 2.3.6(2). Py (V) has height in [a, b] as an
O¢-module by [Kisin 2006, Lemma 2.1.15] since it corresponds to a lattice in
nc(V)[1/p]l = n'(V)[1/p]. By Lemma 2.3.8, there exists C D C in Intg such that
Py (V) ®c C has height in [a, b] as an 0O g-module. Replace C by C. Then, if
M is the unique Kisin lattice in Py (V'), we have

c[1/pIN Pye (V) =M,
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where 907 is the unique Kisin lattice in P,/(V'). This shows that Q¢ (V') extends
across the closed points, so we can apply Lemma 2.3.6(2) to construct a G-Kisin
lattice of P.. u

Now, assume that 7 is the restriction to I's, of a continuous representation of I'g,
which we continue to call n. Recall the definition of semistable for a G-valued
representation:

Definition 2.3.10. If B is a finite F-algebra, a continuous representation npg :
'k — GF(B) is semistable (resp. crystalline) if, for all representations W in
Repr (GF), the induced representation ng (W) on W ® r B is semistable (resp.
crystalline).

Note that because the semistable and crystalline conditions are stable under ten-
sor products and subquotients, it suffices to check these conditions on a single
faithful representation of G .

Remark 2.3.11. Since we are working with covariant functors, our convention will
be that the cyclotomic character has Hodge—Tate weight —1. This is, unfortunately,
opposite to the convention in [Kisin 2008].

The following theorem generalizes [Kisin 2008, Theorem 2.5.5]:

Theorem 2.3.12. Let R be a complete local Noetherian A-algebra with finite
residue field and n : T'x — G(R) a continuous representation. Given any a, b
integers with a < b, there exists a quotient R,[;l’b]’St (resp. R%a’b]’ms) of R%"’b] with
the property that, if B is any finite F-algebra and x : R — B a map of A-algebras,
then x factors through R%"’b]’“ (resp. R%a’b]’ms) ifand only if ny : T'x — G(B) is

semistable (resp. crystalline) and nx (V') has Hodge—Tate weights in [a, b].

Since the semistable and crystalline properties can be checked on a single faith-
ful representation, the quotients Rff(’g])’“ and RL‘I(}I;])’C“S of R constructed by apply-
ing [Kisin 2008, Theorem 2.5.5] to n(V') satisfy the universal property in Theorem
2.3.12 with respect to maps x : R — B, where B is a finite FF'-algebra. What remains
is to show that R%“’b]’“ = Rga(’g])’“ is a quotient of R%a’b], 1.e., that “semistable

implies finite height”.

Proposition 2.3.13. Let R and n be as in 2.3.12. For any map x : R — B with
B a finite local F-algebra, if the representation 1y is semistable and n (V') has
Hodge-Tate weights in |a, b], then x factors through R,[7a’b].

Proof. By Lemma 2.3.8, there exists C € Intg such that 1, factors through GL(V¢),
hence G(C), and that M¢c := Py (V) admits a Kisin lattice ¢ with height
in [a, b]. By Proposition 2.2.10, it suffices to extend the bundle P, to Spec S¢
such that 3, (V) = M.



G-valued crystalline representations with minuscule p-adic Hodge type 1757

We will apply Lemma 2.3.6. Consider a candidate fiber functor §, for B,
which assigns to any W € f Rep (G) the unique Kisin lattice of bounded height
in My C Py, (W) = My (as an Og-module, not as an Og c’/-module). Such a
lattice exists since 7y (W) is semistable. The difficulties are that 9ty may not
be Og,c/-projective and that it is not obvious whether §;, is exact. It can happen
that a nonexact sequence of G-modules can map under T to an exact sequence
of I'no-representations (see [Liu 2012, Example 2.5.6]).

Let B=C[1/p]. By [Kisin 2008, Corollary 1.6.3], 9ty [1/ p] is finite projective
over Sc[1/p] = &p for all W. We claim furthermore that §;, ®s. Sp is exact.
For any exact sequence 0 — W” — W — W’ — 0 in /Rep, (G), we have a
left-exact sequence

0 — My [1/p] = Mw[1/p] = Mw[1/p].

Exactness on the right follows from [Levin 2013, Lemma 4.2.22] on the behavior
of exactness for sequences of G-modules. Thus, §,, ® s Sp defines a bundle ‘Bp
over Sp. Clearly, Bp Qs O¢, B = Py, o,  O¢,g. By Lemma 2.3.6(1), we get a
bundle Q over U such that Q(W) =M |y . Since My is a projective &¢-module
by our choice of C, Q extends to a bundle Q over S¢ by Lemma 2.3.6(2). O

2.4. Universal G-Kisin module and filtrations. For this section, we make a small
change in notation. Let Ry be a complete local Noetherian A-algebra with finite
residue field and let R = Ry[1/ p].

Define & R, to be the mp,-adic coppletion of & ®7, Ro. The Frobenius on
S ®z, Ro extends to a Frobenius on Gg,,.

Definition 2.4.1. A (é Rol1/ ], ¢)-module of bounded height is a finitely gener-
ated projective S g, [1/ p]-module Mg together with an isomorphism

PR @ (MR)[1/Ew)] = Mg[1/E ).

Let n: 'oo = G(Rp) be continuous representation. If @% R, 1s the m g -adic
completion of @% .Ro» then the inverse limit lim M g g, /mno(nn) defines a pair
(Py, ¢y) over @g ,Ro [Levin 2013, Corollary 2 3.5]. Assume Rg = R[ ]. For
any finite F-algebra B and any homomorphism x : Ry — B, there is a unique
G-Kisin lattice in P ®s, o x 0z, by Proposition 2.2.12; call it (Bx,Px). In
the following theorem, we construct a universal G-bundle over & Rol1/p] with a
Frobenius which specializes to (., ¢x) at every x.

Theorem 2.4.2. Assume that Ry = R[a b]. Let B be a ﬁnite F-algebra. The
pair (Py[1/p], ¢y[1/ p]) extends to a G- bundle ‘13,7 over GRO[I/p] together with
a Frobenius

$, - 0" P/ E@)] = Pyl1/Ew)]
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such that, for any x : Ro[1/p] — B, the base change

(B 8y 11/01 OB 85, B g, 11/ p.1/E o) S8/ E @)
is (Px, Px)-

Proof. Let X, := Xy [a’b] be the projective Rgy/ m’l‘eo—scheme as in Section 4.3.
Take Yy, := Xy Xgpec Ro/mR Spec 6R0/m , a projective GRo/m” -scheme. Let
Xy [a.b] _, Spec Ry be the algebralzatlon of hm X, as before. The base change Y

of Xy [a.b] along the map Ry — S Ro has the property that
Y mod m'}eo ~Y,.

Furthermore, Y is a proper S Ro-Scheme.

Over each Y;,, we have a universal G-Kisin lattice (3, ¢, ) with height in [a, b].
By [Levin 2013, Corollary 2.3.5], there exists a G-bundle 33, on Y such that
By, mod m'I’e = PB,. We would like to construct a Frobenius ¢ over Y [1/E (u)]
which reduces to ¢, modulo m’, for each n > 1. A priori, the Frobenius is only
defined over the m g,-adic completion of S Ro[1/E(u)], which we denote by S.

We have a projective morphism

Y¢ — Spec S,

where Y is the base change of Y[1/E(u)] along Spec S — Spec GRO[I/E(u)]
Y is falthfully flat over Y [1/E(u)], since S Rol1/E(u)] is Noetherian. Define
IsomG = Isomg (¢™* (Py), Py) to be the affine finite-type ¥ -scheme of G-bundle
isomorphisms. The compatible system {¢, } lifts to an element

$ € Isomg (Yg).

We would like to descend $ toa Y[1/E(u)]-point of Isomg. Leti : G — GL(V)
be our chosen faithful representation. Consider the closed immersion

ix : Isomg <> Isomgr vy (@™ (By) (V), By (V).

The image i « ($) descends to a Y [1/E (u)]-point of Isomgy (1) (¢ ™*(By) (V). By (V)
(twist to reduce to the effective case). Since Y is faithfully flat over Y [1/E(u)],
for any closed immersion Z C Z’ of Y -schemes we have

Z(YI/Ew)]) = Z(Yg) N Z' (Y [1/E))]).

Applying this with Z’ =Isomg and Z = Isomgy () (@™ (B5)(V), By (V)), we get
a universal pair (B, ¢,) over Y and Y [1/E (u)], respectively. Since Ry = R[“ b],

O[1/p]: X[“ b][l/p] — Ry[1/p] is an isomorphism and the pair ‘Bn = ‘,B,,[l/p]
and ¢y, [1 / p| over S Ro[1/ p] has the desired properties. O
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We now discuss the notion of p-adic Hodge type for G-valued representation
and relate this to a filtration associated to a G-Kisin module.

Let B be any finite F-algebra. For any representation of I'x on a finite free
B-module Vg, set

D (Vp) := (Vg ®a, Bir)"¥,

a filtered (K ®q, B)-module whose associated graded is projective (see [Balaji
2012, Definition 2.1.6, Lemma 2.4.2]). Furthermore, D4r defines a tensor exact
functor from the category of de Rham representations on projective B-modules to
the category Filg g, , p of filtered (K ®q, B)-modules (see [Balaji 2012, Lemma
2.4.2)). For any field «, Fil, will be the tensor category of Z-filtered vectors spaces
(V, {Fil' V}), where Fil' (V) D Fil: T1(V).

We recall a few facts from the Tannakian theory of filtrations:

Definition 2.4.3. Let H be any reductive group over a field x. For any exten-
sion k' Dk, an H -filtration over k' is a tensor exact functor from Rep, (H) to Fil,.

Associated to any cocharacter v : G, — H, is a tensor exact functor from
Rep, (H) to graded «’-vector spaces which assigns to each representation W the
vector space W/, with its weight grading defined by the Gy-action through v,
which we denote by w,, (see [Deligne and Milne 1982, Example 2.30]).

Definition 2.4.4. For any H -filtration % over «’, a splitting of & is an isomorphism
between gr(%) and w, for some v : Gy, — H,.

By [Saavedra Rivano 1972, Proposition 1V.2.2.5], all H -filtrations over " are
splittable. For any given %, the cocharacters v for which there exists an isomor-
phism gr(%) =~ w, lie in the common H (x’)-conjugacy class. If «’ is a finite
extension of x contained in i, then the type [vg] of the filtration F is the geometric
conjugacy class of v for any splitting w, over «’. For any conjugacy class [v] of
geometric cocharacters of H, there is a smallest field of definition, contained in a
chosen separable closure of «, called the reflex field of [v]. We denote this by «{,].

Let G be as before, so that Gg is a (connected) reductive group over F, and
let n : 'y — G(B) be a continuous representation which is de Rham. Then Dgg
defines a tensor exact functor from Repz (G r) to Fil K®q, B (see Proposition 2.4.2
in [Balaji 2012]), which we denote by FX.

Fix a geometric cocharacter i1 € X« ((Res( K®q, F)/F G) ) and denote its con-
jugacy class by [u]. The cocharacter w is equivalent to a set (/Lw)w: k_F of
cocharacters jty of Gz indexed by Qp-embeddings of K into F.

Definition 2.4.5. Let Fj,;) be the reflex field of [x]. For any embedding v : K — F
over Qp, let pry, : K ®q, F — F denote the projection. If F’ is a finite exten-
sion of F,, a G-filtration & over K ®q,, F' has type [u] if pry, (F ®F i F)
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has type [jy] for any Fj,j-embedding i : F/ — F. A de Rham representation
n: Tk — G(F') has p-adic Hodge type p if 3 has type [u].

Let A, denote the ring of integers of F[,}. For any u in the conjugacy class [u],
Gm acts on V ® o F through py foreach ¥ : K — F. We take a and b be the
minimal and maximal weights taken over all iy .

Theorem 2.4.6. Let Ro be a complete local Noetherian A[,)-algebra with finite
residue field and n : 'y — G(Ro) a continuous homomorphism. Let R[a blst pe

iy M of R[a bl.st such that for any

as in Theorem 2.3.12. There exists a quotient R,
finite extension F' of F,;), a homomorphism { : RO — F' factors through R f

and only if the G(F')-valued representation corresponding to ¢ is semzstable wzth
p-adic Hodge type [1L].

Proof. See [Balaji 2012, Proposition 3.0.9]. O

Remark 2.4.7. One can deduce from the construction in [Balaji 2012, Proposi-
tion 3.0.9] or by other arguments [Levin 2013, Theorem 6.1.19] that the p—adic
Hodge type on the generic fiber of the semistable deformation ring R[" blst §

locally constant so that Spec RSt H [1 /p] is a union of connected components of

Spec R[a bl. *1/p].
Finally, we recall how the de Rham filtration is obtained from the Kisin module.

Definition 2.4.8. Let B be a finite Q,-algebra. Let (Mg, ¢p) be a Kisin module
over B with bounded height. Define

Fil' (p*(Mp)) := ¢5 ' (E(u)' Mp) No*(Mp).

Set Dpg :=¢*(Mp)/E(u)p*(Mp), a finite projective (K ®q, B)-module. Define
Fil' (®p) to be the image of Fil* (¢*(9Mip)) in Dp.

Proposition 2.4.9. Let B be a finite Qp-algebra and Vg a finite free B-module
with an action of ' which is semistable with Hodge—Tate weights in [a, b]. Any
Z p-stable lattice in Vg has finite height. If Mp is the (&g, ¢)-module of bounded
height attached to Vg, then there is a natural isomorphism ®p = Daqr(VB) of
filtered (K ®q,, B)-modules.

Proof. The relevant results are in the proofs of Corollary 2.6.2 and Theorem 2.5.5(2)
in [Kisin 2008]. Since Kisin works with contravariant functors, one has to do
a small translation. Under Kisin’s conventions, 99t would be associated to the
B-dual Vg, and it is shown there that D == D} (V) as filtered K ®g,, B-modules
in the case where [a, b] = [0, h]. By compatlblhty with duality [Balaji 2012, Propo-
sition 2.2.9], D3 (V) = D4r(VB). The general case follows by twisting. O
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3. Deformations of G -Kisin modules

In this section, we study the local structure of the “moduli space” of G-Kisin
modules. This generalizes results of [Kisin 2009; Pappas and Rapoport 2009]. G-
Kisin modules may have nontrivial automorphisms and so it is more natural, as was
done in [Kisin 2009, §2.2], to work with groupoids. The goal of the section is to
smoothly relate the deformation theory of a G-Kisin module to the local structure
of a local model for the group Res(K®@pF)/F GF.

Intuitively, the smooth modification (a chain of formally smooth morphisms)
corresponds to adding a trivialization to the G-Kisin module and then taking the
“image of Frobenius™ similar to Proposition 2.2.11 of [Kisin 2009]. The target
of the modification is a deformation functor for the moduli space Grg(u)’W dis-
cussed in Section 3.3, which is a version of the affine Grassmannian that appears
in the work of Pappas and Zhu [2013] on local models. Finally, we show that
the condition of having p-adic Hodge type w is related to a (generalized) local
model M(u) C Grg(”)’W. In this section, there are no conditions on the co-
character . We will impose conditions on w only in the next section when we
study the analogue of flat deformations.

3.1. Definitions and representability results. Let [ be the residue field of A. De-
fine the categories

6 A = {Artin local A-algebras with residue field [}

and
% A = {complete local Noetherian A-algebras with residue field [F}.

Morphisms are local A-algebra maps. Recall that fiber products in the category % A
exist and are represented by completed tensor products. A groupoid over €,
(or @ A) will be in the sense of Definition A.2.2 of [Kisin 2009]; this is also known
as a category cofibered in groupoids over € (or 0 A)- Recall also the notion of a
2-fiber product of groupoids from (A.4) in [Kisin 2009]. See [Kim 2009, §10] for
more details related to groupoids.

Choose a bounded-height G-Kisin module (P, ¢F) € GMod‘é’lth. Define Dy, =

Ua<s D;[I‘;[F’b] to be the deformation groupoid of ‘¢ as a G-Kisin module of bounded

~

height over € 5. The morphisms D;%[F’b] C Dy, are relatively representable closed
immersions, so intuitively Dsp, is an ind-object built out of the finite-height pieces.

Let €° denote the trivial G-bundle over A. Throughout we will be choosing
various trivializations of the G-bundle ‘B and other related bundles. This is always
possible because G is a complete semilocal ring with all residue fields finite (see
Proposition 2.1.4(2)).
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Proposition 3.1.1. For any ‘Bf with height in [a, b], the deformation groupozd
D% b1 admits a formally smooth morphism 7 : Spf R — D[“ b] for some R € ‘GA
(i.e., has a versal formal object in the sense of [SGA 7y 1972])

Proof. One can check the abstract Schlessinger’s criterion in [SGA 71 1972, Theo-
rem 1.11]. However, it will be useful to have an explicit versal formal object. Fix
a trivialization B¢ of Br mod E ()N for any N > 1, and define

DY M (4) 1= {(Pa. Ba) | Ba € DEPN(A). Ba: Pa =€, mod E)"},
where B4 lifts Br. Since G is smooth, the forgetful morphism

(N) . pla,bl,(N) [a,b]
T : D‘B[F — D‘ﬁm

is formally smooth for any N.

IfN>((b—-a)/(p—1), then 5%[;17]’(1\]) is prorepresentable by a complete local
Noetherian A-algebra. The proof uses Schlessinger’s criterion. The two key points
are that objects in 5;%‘{;1’]’(1\’ )(A) have no nontrivial automorphisms, for which one
inducts on the power of p which kills A (see [Levin 2013, Proposition 8.1.6]), and
that the tangent space of the underlying functor is finite-dimensional, which uses
a successive approximation argument (see [Levin 2013, Proposition 8.1.8]). O

It will also be useful to have an infinite version of D[a bL.(V) . Fix a trivialization
Br :Br = %0 Define a groupoid on € by

b b
DAY () = {(Pu. Ba) | Ba € DEANA), B Py =€ ).
where B4 lifts Br. Define D(°°) =Uyzp D[“ b],(00).

3.2. Local models for Weil-restricted groups. In this section, we associate to any
geometric conjugacy class [j] of cocharacters of Res K®a,F)/F G r alocal model
M (1) (Definition 3.2.3) over the ring of integers A[,; of the reflex field FJ, of
[14] (the relevant parahoric here is Resg, ®7,A)/A G). By construction, M(u) is a
flat projective A[,j-scheme. The principal result (Theorem 3.2.4) says that M ()
is normal and its special fiber is reduced.

The details of the proof of Theorem 3.2.4 are in [Levin 2013, §10], where we
follow the strategy introduced in [Pappas and Zhu 2013]. We cannot apply Pappas
and Zhu’s result directly because the group Res( K®q,F)/F G usually does not
split over a tame extension of F. In [Levin 2014], we generalize [Levin 2013,
§10] and [Pappas and Zhu 2013] to groups of the form Res; ,r H, where H is
reductive group over L which splits over a tame extension of L, and allow arbitrary
parahoric level structure. Here we recall the relevant definitions and results, leaving
the details to [Levin 2013; 2014].
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For any A-algebra R, set Ry := R ®z,, W. Our local models are constructed
inside the following moduli space:

L —

Definition 3.2.1. For any A-algebra R, let Ry [u](g)) denote the E(u)-adic
completion of Ry [u]. Define

Grg(u)’W(R) := {isomorphism classes of pairs (¢, )},

L —

where € is a G-bundle on Ry [u]£)) and

1 —— ~g% .
« |RW[“](E(14))[E(“)_1] Rw [ul(gan E @) 1]

Proposition 3.2.2. The functor Grg(“)’W

over A. Furthermore:

is an ind-scheme which is ind-projective

(1) The generic fiber Grg(u)’W[l / pl is naturally isomorphic to the affine Grass-

mannian ofRes(K®@pF)/p GF over the field F.

(2) If ko is the residue field of W, then the special fiber Grg(u)’W QA is natu-

rally isomorphic to the affine Grassmannian of Res(k()@[Fp n/F(GE).
Proof. See §10.1 in [Levin 2013]. O

Let H be any reductive group over F' and Grg be the affine Grassmannian of H.
Associated to any geometric conjugacy class [u] of cocharacters, there is an affine
Schubert variety S(u) in (Grg) F,,;» where Fj,, is the reflex field of [u]. These
are the closures of orbits for the positive loop group L™ H.

The geometric conjugacy classes of cocharacters of H can be identified with
the set of dominant cocharacters for a choice of maximal torus and Borel subgroup
over F. The dominant cocharacters have partial ordering defined by p > A if
and only if 4 — A is a nonnegative sum of positive coroots. Then S(u)z is the
union of the locally closed affine Schubert cells for all ' < u [Richarz 2013,
Proposition 2.8].

Definition 3.2.3. Let [,/ F be the reflex field of [1] with ring of integers A[,;. If
S(1) C Grpes, K®q, £/ FGF ® F F, is the closed affine Schubert variety associated
to u, then the local model M (1) associated to p is the flat closure of S(u) in
Grg W AA[- Ttis a flat projective scheme over Spec A[,).

The main theorem on the geometry of local models is:

Theorem 3.2.4. Suppose that p t|m1 (G|, where G¥ is the derived subgroup
of G. Then M () is normal. The special fiber M(u) ®p , F is reduced, irreducible,
normal, Cohen—Macaulay and Frobenius-split.
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For the next subsection, it will useful to recall a group which acts on Grg(")’W

and M(w). Define

LHEOG(R) = G(Rw () = lim G(Rw ]/ (E@)"))

i>1

for all A-algebras R. L*-F G is represented by a group scheme that is the projec-
tive limit of the affine, flat, finite-type group schemes Res A®;, W)[ul/Eu)i)/ AG.

The group LTEMG acts on Grg(u)’W by changing the trivialization. This
action is nice in the sense of [Gaitsgory 2001, A.3], i.e., Grg(u)’W ~ 1i_)ml. Z;, where

Z; are LTE®) G_stable closed subschemes on which LTE®) G acts through the
quotient Res((A®Zp W)[ul/E w))/A G.

Corollary 3.2.5. For any [, the local model M() is stable under the action
of LTE WaqG.

Proof. Since everything is flat, it suffices to show that M(w)[1/p] is stable un-
der LTEMG[1/p]. The functor LT E®G[1/p] on F-algebras is naturally iso-
morphic to the positive loop group L+ReS( K®q, F)/F (G), so that the isomorphism
in Proposition 3.2.2(1) is equivariant. M (u)[1/p] is the closed affine Schubert
variety S(u) which is stable under the action of this group. |

3.3. Smooth modification. We begin by defining the deformation functor which
will be the target of our modification.

Definition 3.3.1. Choose a G-bundle Qf over &f together with a trivialization 8¢
of QO over &¢[1/E(u)]. Define a deformation functor on €5 by

EQ[F(A) := {isomorphism classes of triples (€, §, ¥)},

where € is a G-bundle on &4, § : €|g,[E@)-1] =
V1€ ®e, SF = QF is compatible with § and §p.

%OGA[E(u)—l]’ and the map

Example 3.3.2. Let G = GL(V). For any (Q4,84) € Dg,(A), 84 identifies Q4
with a “lattice” in (V ®a S4)[1/E(u)], that is, a finitely generated projective
& 4-module L4 such that L4[1/Eu)] = (V @A S4)[1/Eu)].

The main result of this section is the following:

Theorem 3.3.3. Let A be a Z ,-finite, flat, local domain with residue field F. Let G
be a connected reductive group over A and P a G-Kisin module with coefficients
in F. Fix a trivialization By of B¢ as a G-bundle. There exists a diagram of
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groupoids over € A ,

where Qf := (¢* (Br)., Br[1/ E(u)] o pop; ). Both w° and ¥ are formally smooth.

Later in the section, we will refine this modification by imposing appropriate
conditions on both sides. Intuitively, the above modification corresponds to adding
a trivialization to the G-Kisin module and then taking the “image of Frobenius”.
The groupoid 5;33?) is defined at the end of Section 3.1 and 7 ©°® is formally smooth
since G is smooth. Next, we construct the morphism W and show that it is formally
smooth. To avoid excess notation, we sometimes omit the data of the residual
isomorphisms modulo m 4. One can check that the everything is compatible with
such isomorphisms.

Definition 3.3.4. For any (P4, ¢y, B4) € D (A), we set
V((Ba, pyps» Ba)) = (9™ (Ba), 84),

where 84 is the composite

@ (PA)[1/E(u)] f{lﬁ‘_) Tull/Ew)] M

Proposition 3.3.5. The morphism V of groupoids is formally smooth.

Proof. Choose A € 65 and an ideal I of A. Consider a pair (Q4,684) € EQ[F(A)
over a pair (Q4/7.64/7)- Let (Ba/r.94/1.Ba/1) be an element in the fiber over
(Qay1-84/1)- The triple (B4/7.P4/1.Bay1) is isomorphic to a triple of the form
(%OGA/[ , ¢,,4/I’ Id4/r). Let y4, be the isomorphism between ¢* (%OGA/I) and Qy/1.
We want to construct a lift (B4, ¢4, B4) suchthat W(B 4, P4, B4) =(04,84). Take
LBy = %06,4 to be the trivial bundle and B4 to be the identity.

Now, pick any lift y4 : (p*(%%A) = (4, of y4,1 which exists since G is smooth.
We can define the Frobenius by

¢4 =0840ya[l/EW)].

It is easy to check that W (P4, ¢4, Ba) = (Q4,84). O

We would now like to relate D g, to Grg(“)’W from the previous section.

€2 [1/E)].

Proposition 3.3.6. A pair (Qf,80) as in Definition 3.3.1 defines a point xf in
Grg(”) ’W(I]:). Furthermore, for any A € €, there is a natural functorial bijection
between EQ[F(A) and the set of x4 € Grg(”)’W(A) such that x4 modmy4 = xr.
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Proof.  Recall that &4 = (W ®z, A)[u]] because A is finite over Z,. Also,
Grg(”)’W(A) is the set of isomorphism classes of bundles on the E(u)-adic com-
pletion of (W ® 7z, A)[u] together with a trivialization after inverting £ (u). Since
p is nilpotent in A, we can identify (w ®2z, A)[[u]] and the E(u)-adic com-
pletion (W ®z, A)[u](g))- This identifies D g, (A4) with the desired subset of
Grg W (4). O

For any Z ,-algebra A, let S4 denote the E (u)-adic completion of (W ®z,, A)[u].

Lemma 3.3.7. For any finite flat Z p-algebra N, there is a (W @z, A')[u]-algebra
isomorphism
61\/ —> §A/ .

Proof. For any n > 1, we have an isomorphism
Sa/p" =S /p"

since (E(u)) and u define the same adic topologies modulo p”. Passing to the
limit, we get an isomorphism of their p-adic completions. Both G 5, and S5’ are
already p-adically complete and separated. O

Fix a geometric cocharacter p of Res K®q,F)/F G, which we can write as
p= (). F» Where the [y are cocharacters of G . Assume that F' = FJ), so
that the generalized local model M () is a closed subscheme of Grg(u)’W over A;
see Definition 3.2.3. Recall that V is a fixed faithful representation of G. For
each ¥, iy induces an action of Gy, on V. Define a (resp. b) to be the smallest

(resp. largest) weight appearing in Vg over all juy,.

Definition 3.3.8. Define a closed subfunctor 5’&

D, (4) :={(04.64) € Dy(A) | (Q.84) € M(n)(A)}

under the identification in Proposition 3.3.6. Define 5;;:)’“ to be the base change
of 5% along W. It is a closed subgroupoid of Dgz®.

. of D, by

The following proposition says that ﬁ;;f)’“ descends to a closed subgroupoid
Dy of D,

Proposition 3.3.9. Let a and b be as in the discussion before Definition 3.3.8.
There is a closed subgroupoid Dg[F C Dggg[;b] C Dsp, such that | (oo factors
through D%F and ‘

N (00,1 K 1 (00)

D‘ﬁw - D‘B[F X Doy D‘J3[F
is an equivalence of closed subgroupoids. Furthermore, T : 5%?’“ — ng is
formally smooth.
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Proof. For any A € € define D” _(A) to be the full subcategory whose objects
are JT(OO)(D(OO) #(A4)). Observe that for any x € D“’ _(A) the group G(&4) acts
transitively on the fiber (7)™ 1(x) C D(°°)(A) by changmg the trivialization.
The key point is that D(Oo) #(A) is stable under G(S,4), by Corollary 3.2.5. Hence,

()7 (x) C Dgg " (A). (3-3-9-1)

It is not hard to see then that the map to the fiber product is an isomorphism and
that 7 is formally smooth.

It remains to show that Dg — Dy, is closed. Let P4 € Dy, (A) and choose

a trivialization B4 of Py, i.e., a lift to D(go’(A) We want a quotient 4 — A’
such that, for any f : 4 — B, P4 ®y, 7 B € D“ .(B) if and only if f factors
through A’. Let A — A’ represent the closed COIldlthIl ngo) H D(oo) Clearly,
PaR4A € DM (A’) and so any further base change is as well. Now, let f:A—>B
be such that ‘I}A ®aq,7r B € D“ (B) The trivialization 84 induces a trivialization
B onPp. The pair (Pp, ,BB) hes in D(oo) "(B) by (3-3-9-1). O

We have constructed a diagram of formally smooth morphisms

N (00),
D‘Bt

7 X (3-3-9-2)

2 14
Dy, Do,
where BZF is represented by the completed local ring at the F-point of M (u)
corresponding to (QF, 6r). Next, we would like to replace ngf)’“ by a “smaller”
groupoid which is representable.

Let a and b be as in the discussion before Definition 3.3.8 and choose N > b—a.
Recall the representable groupoid D;E?[F’b]’(N) (Proposition 3.1.1). Define a closed
subgroupoid

~(N), 1. i A la.b],(N)
D™ = Dig, XDy, Dy
of 55?[;17]’(1\’) . By Proposition 3.3.9, the morphism 5%;:’”“ — Dg;’)’“ is formally
smooth.

Proposition 3.3.10. For any N > b—a, the morphism V* ; D;go) s D’“‘ _ factors

through D(N) * . Furthermore, D( D formally smooth over D, 0:

Proof. By our assumption on N, D(N) Hi

factorization \IJ”“ D(N) s D“ on underlying functors. For any x € D(N) H(4),
set

is representable, so it suffices to define the

WV () i = WH(F)
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for any lift X of x to 5“?)’” (A). The image is independent of the choice of lift by
Corollary 3.2.5. The map NAGDRIEN formally smooth since W is. O

In the remainder of this section, we discuss the relationship between Dg and
p-adic Hodge type w. For this, it will useful to work in a larger category than % A-
All of our deformation problems can be extended to the category of complete
local Noetherian A-algebras R with finite residue field. For any such R, we de-
fine D%F (R) (and, similarly, 5?& (R), D b[F (R)) to be the category of deformations
to R of *Pr ®¢ R/mpg with condition *, where * is any of our various conditions.
For any finite local A-algebra A’, the category % A’ is a subcategory of the category
of complete local Noetherian A-algebras with finite residue field.

The functors D,% b1V D‘%N) * and DM are all representable on % A Itis
easy to check, using the criterion in [Chai et al. 2014, Proposition 1.4.3.6], that
these functors commute with change in coefficients, i.e., if Rla:b1.(N) represents

%Fb] ) over € A then RI@PLWN) & A/ represents the extension of D[” bL.(N)
restricted to the category € A+, and similarly for D(N) " and D‘é

An argument as in Theorem 2.4.2 shows that, in D[a bl (R), an object of D[@:0]
is the same as a G-bundle B on S R together with a Frobemus

Py 1@ (BRI EM)] = Pr[1/E )]

deforming Br @ R /m g and having height in [a, b]. The condition on the height is
essential in order to define the Frobenius over R. We would like to give a criterion
that says when (PBr, ¢y ) lies in D”“ (R).

Choose (Br, Ppr) € D[a’ (R) For any finite extension F’ of F and any
homomorphism x : R — F > denote the base change of B r to Sr/ by (B, dx).
Associated to (P, ¢dx) is a functor Dy from Repp (G ) to filtered (K ®q, F')-
modules given by D (W) = ¢*(Px)(W)/Ew)e™*(Px)(W) with the filtration
defined as in Definition 2.4.8.

Lemma 3.3.11. For any finite extension F’ of F and any x : R — F’, the func-
tor Dy is a tensor exact functor.

Proof. Any such x factors through the ring of integers A’ of F’, so that (Py, Px)
comes from a pair (Px,, Px,) over Sp-. Let Sas and Sgs be the E (u)-adic com-
pletions of (W ®z, A')[u] and (W ®z,, F')[u], respectively. By Lemma 3.3.7, we
can equivalently think of (P, . ¢x,) as a pair over Sx-.

Choose a trivialization o of Py, and set O, := ¢*(Pyx,) with trivialization
Ox0 := Poll/E(u)] o ¢y,. Define (Qx,dx) tobe (Qx,, bx,) ®s,, SFs and define a
filtration on Do, := Qx mod E(u) by

Fill (Do, (W) =(Qx(W)NE ) (W®SF))/(E)Qx(W)NEu) (W&SF))
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for any W € Repr(GF). Since §A/[1/p]/(E(u)) = §p//(E(u)), there is an
isomorphism
@x = QQX

of tensor exact functors to Modg g, , F/ identifying the filtrations.

It suffices then to show that ® ¢ is a tensor exact functor to the category of fil-
tered (K ®q,, F’)-modules. Without loss of generality, we assume that F’ contains
a Galois closure of K. Then

Spr = H F'lu—y ()]

over embeddings ¢ : K — F’ (ﬁrst decompose W ®z, F' and then decompose
E(u) in each factor). Thus, (Qx,x) decomposes as a product ]_[w(Qx ,SW)
where each pair defines a point zy, of the affine Grassmannian of G g-. The quotient
Do, decomposes compatibly as ]_[1/, D o¥. We are reduced then to a computation
for a point zy € Grg,,(F'). Without loss of generality, we can assume G- is
split. Up to translation by the positive loop group (which induces an isomorphism
on filtrations), zy, is the image [g] for some g € T'(F'((¢))) where T is maximal
split torus of Gf/. Using the weight space decomposition for 7" on any represen-
tation W, one can compute directly that ® g is a tensor exact functor. For more
details, see [Levin 2013, Proposition 3.5.11, Lemma 8.2.15]. O

Definition 3.3.12. Let F’ be any finite extension of F with ring of integers A’.
We say a G-Kisin module (PBa/, ) over A’ has p-adic Hodge type  if the
G F -filtration associated to B a/[1/ p] as above has type u.

Theorem 3.3.13. Assume that F = FJ,). Let R be any complete local Noe-
therian A algebra with finite residue field which is A-flat and reduced. Then

Pr € D (R) lies in DM (R) if and only if, for all finite extensions F'/F and
all homomorphzsms X:R —> F', the G g -filtration ® has type less than or equal

10 [1].

Proof. Choose a lift y of Pr to D[a b1, (N)(R) Clearly, Pr € D’“L .(R) if and only
if y € D N) *(R), which happens 1f and only W(y) € DM (R) Let R* be the
quotient of R representing the fiber product
Spr Xﬁ[é}b] B'Lé[F.
To show that R* = R, it suffices to show that Spec R*[1/p] contains all closed
points of Spec R[1/ p], since R is flat and R[1/ p] is reduced and Jacobson.
The groupoid D’“QL is represented by a completed stalk on the local model
M(p) C GrE(”) W so that, for any x : R — F', U(§)[1/ p] defines an F’-point
(O ) of GrEWW . Since M(2)(F') = S()(F'). (Qx.bx) € S(u)(F) if and
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only if the filtration © ¢ . has type less than or equal to 1] [Levin 2013, Proposition
3.5.11]. The proof of Lemma 3.3.11 shows that the two filtrations agree, i.e.,

@_x = @Qx

Thus, x factors through R* exactly when the type of the filtration D is less than
or equal to [u]. |

R[-a’b]’CrlS be the universal

Fix a continuous representation 7 : 'y — G(F). Let
framed G-valued crystalline deformation ring with Hodge—Tate weights in [a, b],

and let © : X)%a’b]’cris — Spec R%a’b]’cris be as in Proposition 2.3.3.

Definition 3.3.14. Assume F = F{,). Define R%ris’su“ to be the flat closure of the
connected components of

SpeC R%a,b] ,CriS [l/p]

with type less than or equal to u (see Theorem 2.4.6). Define X <ris<I (o be the
flat closure in X la-bleris o the same connected components (smce ®[1/p] is an

isomorphism).

Corollary 3.3.15. Let XS“S’S” be as in Definition 3.3.14. A point X € XErls ()
corresponds to a G- Kzsm lattice P over Spr. The deformation problem Dcm o
which assigns to any A € 6 A®z, W(F) the set of isomorphisms classes of trlples

(. Pa.8) | y: RS™= — A, Ba € DY (A), 84: Ti,e,(Ba) = nylr.}

is representable. Furthermore, if @ is the completed local ring of X cris, SH- gy X,
then the natural map Spf @“ Dcm M is a closed immersion which i lS an isomor-

phism modulo p-power torsion.

Proof. Without loss of generality, we can replace A by A @) W(F'). By con-
struction and Proposition 2.3.5, for any A € € 5, the deformation functor

SILA) =y RES > A Ba € DYPNA). 841 Ta.6,(Ba) = 1ylr )/ =

is representable. That is, cris b represents the completed stalk at a point of the

fiber product X ; La.bl.eris o ¢ pec RI-PLris Spec RES=F_ Since D” . C D[" bl s closed,
S0 is DErlq e DEisHbe and hence D™ is representable by Rcm’“ To see that
the closed immersion Spf @““ — Dcm’“ b¢ factors through Dcm’“, it suffices to
show that the “universal” lattice ‘B@u € ngg -0l (0%) lies in Dy, (@“ ).

By Proposition 2.3.9 and Theorem 2.3.12, ®[1/p] is an 1som0rph1sm Further-
more, by [Balaji 2012, Pr0p0s1t10n 4.1.5], R[“ bl.erist] / p] and RC-HS’SM[I/p] are
formally smooth over F. Hence, @ satisfies the hypotheses of Theorem 3.3.13.

By Theorem 3.3.13, we are reduced to showing that for any finite F’//F and any
homomorphism x : @;f“ — F’ the filtration D, corresponding to the base change
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By = %Ou ®y F’ has type less than or equal to . The homomorphism x corre-
sponds to a closed point of Spec R(ins’su [1/p], i.e., a crystalline representation 0
with p-adic Hodge type less than or equal to . Furthermore, P is the unique
(SF/, ¢)-module of bounded height associated to px. By Proposition 2.4.9, the de
Rham 97’%5 filtration associated to pyx is isomorphic to the filtration ©, associated
to (Px, ¢x) Thus, ®, has type less than or equal to p for all points x and so
Pou € Dy (6%), by Theorem 3.3.13.

By the argument above, Spec @M and Spec RC-HS’M have the same F’-points for
any finite extension of F. Since Rcr“ =K1/ p] is formally smooth over F, the

kernel of RC-rlS Ll @‘f is p-power torsmn O

Remark 3.3.16. In fact, Corollary 3.3.15 holds as well for semistable deformation
rings with p-adic Hodge type less than or equal to p. To apply Theorem 3.3.13
and make the final deduction, we needed that the generic fiber of the crystalline
deformation ring was reduced (to argue at closed points). This is true for G-valued
semistable deformation rings by the main result of [Bellovin 2014].

4. Local analysis

In this section, we analyze finer properties of crystalline G-valued deformation
rings with minuscule p-adic Hodge type. The techniques in this section are in-
spired by [Kisin 2009; Liu 2013]. We develop a theory of (¢, f’)—modules with
G -structure and our main result, Theorem 4.3.6, is stated in these terms. How-
ever, the idea is the following: given a G-Kisin module (34, ¢4) over some finite
A-algebra A, we get a representation of I's, via the functor 7 s ,. In general, this
representation need not extend (and certainly not in a canonical way) to a repre-
sentation of the full Galois group I'x. When G = GL,, and *J34 has height in [0, 1]
then, via the equivalence between Kisin modules with height in [0, 1] and finite
flat group schemes [Kisin 2006, Theorem 2.3.5], one has a canonical extension to
I'k which is flat. We show (at least when A is a A-flat domain) that the same
holds for G-Kisin modules of minuscule type: there exists a canonical extension
to I'x which is crystalline. This is stated precisely in Corollary 4.3.8. We end by
applying this result to identify the connected components of G-valued crystalline
deformation rings with the connected components of a moduli space of G-Kisin
modules (Corollary 4.4.2).

4.1. Minuscule cocharacters. We begin with some preliminaries on minuscule
cocharacters and adjoint representations which we use in our finer analysis with
(o, f‘)—modules in the subsequent sections.
Let H be a reductive group over field k. The conjugation action of H on itself
gives a representation
Ad: H — GL(Lie(H)). (4-1-0-1)
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This is algebraic, so, for any x-algebra R, H(R) acts on Lie(Hg) = Lie H ®, R.
We will use Ad to denote these actions as well. We can define Ad for G over
Spec A in the same way.

Definition 4.1.1. Any cocharacter A : G, — H gives a grading on Lie H defined
by .
Lie H(i):={Y e Lie H | Ad(A(a))Y =d'Y}.

A cocharacter A is called minuscule if Lie H(i) = 0 fori ¢ {—1,0, 1}.

Minuscule cocharacters were studied by Deligne [1979] in connection with the
theory of Shimura varieties. A detailed exposition of their main properties can be
found in §1 of [Gross 2000].

Assume now that H is split and fix a maximal split torus 7 contained in a
Borel subgroup B. This gives rise to a set of simple roots A and a set of simple
coroots AV. In each conjugacy class of cocharacters, there is a unique dominant
cocharacter valued in 7. The set of dominant cocharacters is denoted by X, (T)%.

Recall the Bruhat (partial) ordering on X(7)": given dominant cocharacters
wo b Gm =T, wesay W <pifu—p =3 ,eav o with ng > 0.
Proposition 4.1.2. Let u be a dominant minuscule cocharacter. Then there is no
dominant |1/ such that ' < p in the Bruhat order.

Proof. See Exercise 24 from Chapter IV.1 of [Bourbaki 2002]. O

Proposition 4.1.3. If i is a minuscule cocharacter, then the (open) affine Schubert
variety S°(1) is equal to S(w). Furthermore, S(i) is smooth and projective. In
fact, S(u) =~ H/P(u), where P(u) is a parabolic subgroup associated to the
cocharacter L.

Proof. Since the closure S(u) = | wepS O(u’) [Richarz 2013, Proposition 2.8],
the first part follows from Proposition 4.1.2. For the remaining facts, we refer to
discussion after [Pappas et al. 2013, Definition 1.3.5] and [Levin 2013, Proposi-
tion 3.5.7]. O

Forany u: Gy, — T, we get an induced map G, (€ ((¢))) — T (k((¢))) C H(x((2)))
on loop groups. We let (7) denote the image of ¢ € k((¢))*.

Proposition 4.1.4. For any X € Lie H ® «[[t]], we have
Ad((1)(X) € %(Lie H & «[[1]).
Proof. As in Definition 4.1.1, we can decompose
Lie H = Lie H(—1) @ Lie H & Lie H(1).

Then Ad(u(t)) acts on Lie H(i) ® k((r)) by multiplication by #/. The largest
denominator is then 1. O
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4.2. Theory of (¢, f)-modules with G-structure. We review Liu’s theory [2010;
Caruso and Liu 2011] of (¢, G). We call them (¢, f’)—modules to avoid confusion
with the algebraic group G. The theory of (¢, f’)—modules is an adaptation of the
theory of (¢, I')-modules to the non-Galois extension Koo = K(7/?, 71/ P ).
The T refers to an additional structure added to a Kisin module which captures
the full action of 'y as opposed to just the subgroup I'es := Gal(K/Koso). The
main theorem in [Liu 2010] is an equivalence of categories between (torsion-free)
(o, f‘)—modules and 'k -stable lattices in semistable @ ,-representations.
Let ET denote the perfection of Og/(p). There is a unique surjective map

O:WE™') - 0g

which lifts the projection E E+ 0% z/(p). The e compatible system (n1/P" )nso0 of
the p"-th roots of 7 defines an element 7 of Et. Let [] denote the Teichmiiller
representative in W(E +). There is an embedding

S W(ET),

defined by u — [], which is compatible with the Frobenii. If E is the fraction
field of E T, then W(E~ c W(E ). The embedding & — W(E *) extends to an
embedding

0¢ — W(E).

As before, let Koo = |J K(w'/P"). Set Kpeo := |J K(¢pn), where {pn is a
primitive p"-th root of unity. Denote the compositum of Ko, and Kpoe by Koo, poo;
Koo, poe 1s Galois over K.

Definition 4.2.1. Define
[ 1= Gal(Koo poo/K) and T := Gal(Koo,poo/Koo).

There is a subring R C W(E T) which plays a central role in the theory of
(¢, I')-modules. The definition can be found on p. 5 of [Liu 2010]. The relevant
properties of R are

D R is stable by the Frobenius on W(E ):
2) R contains S;

3) R is stable under the action of the Galois group I'x and 'k acts through the
quotient I'.

For any 7, algebra A, set Ry := R ®z, A with a Frobenius induced by the
Frobenius on R. Similarly, define W(E+)A = W(E"‘) ®z, A and W(E )4 =
W(E) ®z, A. For any &4-module M4, define

M = R4 @p.c, M4 = R4 R, ¢* (My)
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and
My = W(ET)4®p0, Ma=WET)4®z My,

Recall that ¢*(M4) := 64 Qy,c, M4 and that the linearized Frobenius is a map
P, - @ (Mg) — My (When My has height in [0, 00)).

If My is a projective &4-module then, by Lemma 3.1.1 in [Caruso and Liu
2011] P*(My) C 5)\114 - 97?14 Although the map m +— 1 ® m from 9y to
imA is not G 4-linear, 1t is injective when 94 is Gy- prOJectlve The image is a
©(64)-submodule of imA We will think of 94 inside of SDTA in this way. Finally,
for any étale (O¢, 4, ¢)-module Jil4, we define

Ma = W(E) 4 ®p.00 4 Ma=W(E)4 ¢, , 9" (Ma)

with semilinear Frobenius extending the Frobenius on 4. To summarize, for any
Kisin module ($714, ¢4), we have the diagram

Mg, pa) ~~r My ~~~mr My

é ¥

(Ma, pa) ~~~rnmnnnnss (Mg, Pa).

Now, let y € [ and let 93@1 be an ﬁA—module. A map g : S)?IA — 93?14 is
y-semilinear if

glam) = y(a)g(m)

forany a R 4, M E ii)\?A. A (semilinear) [-action on 5)\@4 is a y-semilinear map g,
for each y € I' such that

8y 08y = 8y’y

as (y’y)-semilinear morphisms. A (semilinear) [-action on 9/5(14 extends in the
natural way to a (semilinear) 'k -action on 971,4 and on A7LA.

For any local Artinian Z p-algebra A, choose a Z,-module isomorphism A =
@7/ p"iZ so that, as a W(E )-module, W(E)4 = P W, (E). We equip W(E )4
with the product topology, where W, (E ) has a topology induced by the isomor-
phism Wy, (E = E™i given by Witt components (see §4.3 of [Brinon and Conrad
2009] for more details on the topology of E). We can similarly define a topology
on W(E *)4 using the topology on E™, and it is clear that this is the same as the
subspace topology from the inclusion W(E 4 C W(E )4. Finally, we give R4
the subspace topology from the inclusion Ry C W(E *)4. The same procedure
works for A finite flat over Z,.
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A T-action on 9/5114 is continuous if, for any basis (equivalently for all bases)
of My, the induced map I' — GL, (R4) is continuous, where r is the rank of 94
(such a basis exists by [Kisin 2009, Lemma 1.2.2(4)]).

Definition 4.2.2. Let A be a finite Z,-algebra. A (g, f)-module with height in
[a,b] over A is a triple (M4, pon,, I'), where

(1) (Ma. dur,) € ModZ!*%;

(2) T is a continuous (semilinear) I"-action on iy4;

(3) the I'k-action on 971,4 commutes with gggm , (as endomorphisms of JI7LA);

(4) regarding 94 as a (S 4)-submodule of 9/3\?,4, we have My C 55?5""

(®)] [ acts trivially on 9/5IA/I+ (9/5?,4) (see §3.1 of [Caruso and Liu 2011] for the
definition of 7+ (M4)).

We often refer to the additional data of a (¢, f’)—module on a Kisin module as a
I-structure.

Remark 4.2.3. Although we allow arbitrary height [a, b] (in particular, negative
height), the ring R is still sufficient for defining the [-action. This follows from
the fact that the ['-action on &(1) is given by ¢ (see [Liu 2010, Example 3.2.3]),
which is a unit in R. See also [Levin 2013, Example 9.1.9].

Proposition 4.2.4. Choose (M4, pom,) € Modéﬁa’b] of rank r. Fix a basis { f;}
of M4. Let C' be the matrix for ¢on, with respect to {1®y, fi}. Then a I'-structure
on M4 is the same as a continuous map

B.:T — GL,(Ry)
such that
(i) C"-@(By) =By -y(C') in Mat(W(E)4) for all y € T';
(i) By =1ldforall y € Too;
(iii) B, =Idmod I (R)4 forally €T

(iv) Byy = By -y(By) forally,y’ €T.

Let Modw fa.b].T denote the category of (g, I')-modules with height in [a, b]

over A. A morphlsm between (¢, F) modules is a morphism in Mod‘p La-b] that s
I- -equivariant when extended to Ry.

Let Mod& b, = Up>o Mod&; [=h.h).0 , 50 Mod? Eh r has a natural tensor prod-
uct operation Wthh at the level of Mod‘p bh is the tensor product of bounded height
Kisin modules. The I'-structure on the tensor product is defined via

Ri®p.6,(Ms®c, M) = (R4 Ry, Ma) %z, (RA®p.6, M) = My ®%z, Ny.
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One also defines a I'-structure on the dual EITIX :=Homg , (M4, &4) in the natural
way (see the discussion after [Levin 2013, Proposition 9.1.5]). Note that, unlike in
other references (for example [Ozeki 2013]), we do not include any Tate twist in
our definition of duals.

We will now relate these (¢, f)—modules to I'g-representations. For this, we
require that A be Zp-finite and either Z,-flat or Artinian. Define a functor Ty

from Modé’:}l’r to Galois representations by
T4@a) := (W(E) @3 Ma)P1=" = (Mg *1=".

The semilinear I'g-action on JRA commutes with ¢~5A, SO TA (E)/J\ZA) is a 'k -stable
A-submodule of W(E) ® z My.
We now recall the basic facts we will need about YA‘A:

Proposition 4.2.5. Let A be 7 p-finite and either Z ,-flat or Artinian.
(D Ifii)\TA € Modg’:h’r, then there is a natural A[l ]-module isomorphism

04 : T, (Ma) — Ta(My).

: o . . h, T
Furthermore, 84 is functorial with respect to morphisms in Modg’: .

2) TA is an exact tensor functor from Mod2™T 10 Rep4 (') which is compati-
Sy A
ble with duals.

Proof. See [Levin 2013, Propositions 9.1.6 and 9.1.7]. O

We are now ready to add G-structure to (g, f‘)—modules. Let G be a connected
reductive group over a Z ,-finite and flat local domain A as in previous sections.

Definition 4.2.6. Define GModé’; to be the category of faithful exact tensor func-
tors [/ Rep A (G),Mod‘é’;’h’r]‘g. We will refer to these as (¢, I')-modules with
G -structure.

Recall the category GRep,4 (I'x) from Definition 2.2.3. By Proposition 4.2.5(2),
T4 induces a functor

f’G,A :GModé’j — GRepy (I'k).

Furthermore, if wr_ : GRepy(I'x) — GRepy(I'so) is the forgetful functor then
there is an natural isomorphism

TG,e4 = wry, © TG, 4.

The functor YA“G, 4 behaves well with respect to base change along finite maps
A — A’ by the same argument as in Proposition 2.2.4.
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We end this section by adding G-structure to the main result of [Liu 2010].
For A finite flat over A, an element (P4, p4) of GRepy(I'x) is semistable (resp.
crystalline) if p4[1/ p]: Tx — Autg(P4)(A[1/ p]) is semistable (resp. crystalline).
For A a local domain and p4 semistable, we say p4q has p-adic Hodge type | if
04[1/ p] does for any trivialization of P4 (see Definition 2.4.5).

Theorem 4.2.7. Let F'/F be a finite extension with ring of integers \'. The func-
tor TG A/ induces an equivalence of categories between GMod% F/ and the full
subcategory of semistable representations of GRep 5, (I'k).

Proof Using the Tannakian description of both categories, it suffices to show that
T+ defines a tensor equivalence between Mod‘p bh I and semistable representations
of 'k on finite free A’-modules. When F = @ p and the Hodge—-Tate weights are
negative (in our convention), this is Theorem 2.3.1 in [Liu 2010]. Note that Liu uses
contravariant functors, so that our 7/ is obtained by taking duals. The restriction
on Hodge-Tate weights can be removed by twisting by é(l), the (¢, f‘)—module
corresponding to the inverse of the p-adic cyclotomic character.

To define a quasi-inverse to Tas, let L be a semistable I'gx -representation on a fi-
nite free A’-module. Forgetting the coefficients, Liu [2010] constructs a [-structure
71 (L) on the unique Kisin lattice in M (L). This (¢, f’)—module over Z, has an
action of A’, by functoriality of the construction. By an argument as in [Kisin
2008, Proposition 1.6.4(2)], the resulting & A/-module is projective, so this defines
an object of Mod‘p’bh’r which we call YAX} (L).

Flnally, we appeal to Proposition 1.4.4.2 in [Saavedra Rivano 1972] to conclude
that 75 and T'5} define a tensor equivalence of categories given that T respects
tensor products (Proposition 4.2.5). O

4.3. Faithfulness and existence result. Fix anelement t € [ such that t(n)=¢em,
where ¢ is a compatible system of primitive p”-th roots of unity. If p # 2, then
T is a topological generator for f‘poo = Gal(Koo,poe / Kpeo). If p =2, then some
power of 7 will generate f‘poo. In both cases, t together with Too topologically
generate r (see [Liu 2010, §4.1]). Given condition (4) in Definition 4.2.2, the
[-action is determined by the action of 7.

Recall the element t € W(E T), which is the period for G(1) in the sense that
pt) =cy LE (u)t. We will need a few structural results about W(E ).

Lemma 4.3.1. For any y € 'k, we have the following divisibilities in W(E+):
ya) lu, ye®)e®). and y(Ew))|E(@u).

Proof. See [Levin 2013, Lemma 9.3.1]. O
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The (¢, f‘)—modules which give rise to crystalline representations satisfy an extra
divisibility condition on the action of 7 [Gee et al. 2014, Corollary 4.10; Levin
2013, Proposition 9.3.4]. We call this the crystalline condition.

Definition 4.3.2. __An object E)JIA € Mod(p la.b)T | is crystalline if, for any x € 94,
there exists y € My such that T(x)—x = (p(t)up y.

Proposition 4.3.3. If S)ﬁA is crystalline then, for all x e M4 and y € T, there exists
y € My such that y(x) —x = p(Hu?P y.

Proof. This is an easy calculation using that [ is topologically generated by f‘oo
and t [Levin 2013, Proposition 9.3.3]. O

Definition 4.3.4. We say an object 23,4 € GMod(p fa.6].F is crystalline if ‘,BA(W) is
crystalline for all W € f Rep, (G). For an ob]ect ‘B[F € GMod“’ a.b].T , define the
crystalline (¢, F) module deformation groupoid over € by

D%is’[a’b](A) — (B4, Vo) € D%”b] (A) | B4 is crystalline}
F F
forany A € €.

Proposition 4.3.5. Let F’ be a finite extension of F with ring of integers N’
The equivalence from Theorem 4.2.7 induces an equivalence between the full sub-
category of crystalline objects in GModg’IE with the category of crystalline repre-
sentations in GRep 5/ (I'k).

Proof. Tt suffices to show that if T4 (@A(W)) is a lattice in a crystalline represen-
tation then ‘f.?A(W) satisfies the crystalline condition. This only depends on the
underlying (¢, f)—module so we can take A = Z,. When p > 2, this is proven in
Corollary 4.10 in [Gee et al. 2014]. The argument for p =2 is essentially the same
and was omitted only because in [Gee et al. 2014] they need further divisibilities
on (7 — 1)", for which p = 2 becomes more complicated. Details can be found in

[Levin 2013, Proposition 9.3.4]. O
Choose a crystalline object ‘fi[p € GMod‘p la.b).T . If P is the underlying G -Kisin
module of ‘B[F, then we would like to study the forgetful functor

8 i Dcris,[a,b] D[a b]
% RU

More specifically, if u and a, b are as in the discussion before Definition 3.3.8,
and F = Fj;,), we consider

AN pycris,u ,__ pyeris,[a,b] u w
AP D‘ﬁm =Dg XD%[F,b] D‘B[F — D%.

We can now state our main theorem:
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Theorem 4.3.6. Assume that p does not divide 71(G%), where G is the derived
group of G, and that F = Fj,). If pu is a minuscule geometric cocharacter of
ReS(K®@[,F)/F GrF then

A DI Dl
B Br

is an equivalence of groupoids over € 4.
Remark 4.3.7. This generalizes [Levin 2013, Theorem 9.3.13], where we worked

with G-Kisin modules with height in [0, 1]. See Remark 1.1.1 for more informa-
tion.

Corollary 4.3.8. Assume F = Fj,) and that ju is minuscule. Let F' be a finite
extension of F with ring of integers A’'. There is an equivalence of categories be-
tween G-Kisin modules over G p» with p-adic Hodge type (. and the subcategory of
GRep /(') consisting of crystalline representations with p-adic Hodge type L.

Corollary 4.3.8 follows from the proof of Theorem 4.3.6. It generalizes the
equivalence between Kisin modules of Barsotti—Tate type and lattices in crys-
talline representations with Hodge—Tate weights in {—1, 0} [Kisin 2006, Theorem
2.2.7]. Note that we do not require p}|m1(G%")| here. For the relevant defi-
nitions, see Definition 3.3.12 and the discussion before Theorem 4.2.7. Before
proving Theorem 4.3.6 and Corollary 4.3.8, we begin with some preliminaries on
crystalline (¢, f‘)—modules with G-structure.

Definition 4.3.9. Define G(u? i) to be the kernel of the reduction map
GW(E™)a) = GW(E™ )/ (p(u?)).

Proposition 4.3.10. Choose (Pa, ¢p,) € GMod(g’:h. Fix a trivialization B4 of B 4.
Let C' € G(GA[I/Aw(E(u))]) be ¢z, with respect to the trivialization 1 ® Ba.
Then a crystalline T"-structure on B34 is the same as a continuous map
B.:T — G(Ry)

satisfying the following properties:

(@) C"-¢(By) =By -y(C')in G(W(E)4) forall y € T;

(b) B, =1d forall y € To;

(c) By € G(uP?) forally € I

(d) By, = By -y(By) forally,y €T.
Proof. Everything follows directly from Proposition 4.2.4. The only point to note

is that (uPp(t)) C I+ (1?) 4 because u € 14 (ﬁ). Hence, the crystalline condition,
which is equivalent to condition (c), implies condition (5) of Definition 4.2.2. [

Before we begin the proof of Theorem 4.3.6, we have two important lemmas.
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Lemma 4.3.11. Let Py € Dg[F (A) and choose a trivialization B4 of the bun-
dle By. If C € G(GA[l/E(u)]) is the Frobenius with respect to B4 then, for
any Y € Gu?"), "

P(C)p(Y)p(C) e Gw? ),
where p(C) =C’ € G(W(E)A) is the Frobenius with respect to 1 @, 4.
Proof. Let O denote the coordinate ring of G and let /. be the ideal defining the
identity, so that Og /I, = A and I,/12? =~ (Lie(G))". Then G(u?") is identified
with '

{Y € Homp (O, W(E)a) | Y(Ie) C (p(tu?)}.
Conjugation by C induces an automorphism of Gg ,[1/Eu)]- Let
Adog (C)* 106 ®A Gall/EW)] — Og ®4 Ga[l/E(u)]
be the corresponding map on coordinate rings. The key observation is that
Adog (C) U @D C Y 1] ®n E) /&4, (4-3-11-1)
j=1

By successive approximation, one is reduced to studying the induced automorphism
of

P /177 @A Sall/EW)]).

=0
The j-th graded piece is Sym’ (Lie(G)Y) ® o S4[1/E(u)] as a representation of
G(GA[I/E(M)]). Since p is minuscule, Lie(G) ® o &4 has height in [-1, 1] and
so Sym’ (Lie(G)Y @ S4) has height in [—j, j]. Thus,

Adog (C)* (Sym’ (Lie(G)¥ @4 6.4)) C E(u)™/ (Sym’ (Lie(G)") ®4 ).

from which one deduces (4-3-11-1).

Let Y € G?"). Then ¢(Y)(I,) C w((p(t)upi) - (ga(E(u))go(t)upiH). For
any x € I,

(@(C)p(¥Y)e(C)™H(x) = ((¥) ® D((1 ® p)(Adeg (C)* (1)),

which is a priori only in W(E)A. But since for any b € Iej, e(Y)(b) is divis-
ible by ¢(Eu))/g(t)/u/”""", we have Ad(¢(C))(¢(Y)(x) € (p(tu? ") so
@(C)p(Y)p(C)~! lies in GwP? ™). O

By [Kisin 2006, Corollary 1.3.15], a I'so-representation coming from a finite-
height, torsion-free Kisin module 9t extends to a crystalline I'x-representation if
and only if the canonical Frobenius equivariant connection on 9t ®s O[1/A] has
at most logarithmic poles. Kisin [2006, Proposition 2.2.2] states furthermore that
if 901 has height in [0, 1] then the condition of logarithmic poles is always satisfied.
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The following lemma is a version of that proposition for G-Kisin modules with
minuscule type:

Lemma 4.3.12. Let F'/F be a finite extension containing Fy,) and let (B p+, ¢F-)
be a G-Kisin module over F'. Fix a trivialization of Bf+; let C € G (GF/ [l/E(u)])
be the Frobenius with respect to this trivialization. If the G-filtration Dsg ., over
K ®q, F' defined before Lemma 3.3.11 has type ., then the right logarithmic
derivative (dC/du)-C 1 e (Lie GCRGF] /E(u)]) has at most logarithmic poles
along E(u), i.e., liesin E(u)~!(Lie G ® & f).

Proof. Choose an embedding o : Ko — F’. Without loss of generality, we
assume that o (E(u)) splits in F’ and write 0 (E(u)) = [[7—(u — ¥; (7)) over
embeddings ¥; : K — F’ which extend o. Let C,; denote the o-component of C
under the decomposition of S [1/E(u)] asa W ®z, F' = [[g,_, g F'-algebra.
We can furthermore compute the “pole” at ¥; () by working in the completion
at u — ¥ (7r), which is isomorphic to F'[[¢]] with t = u — ; (7).

Let uy; € X«(GF) be the y;-component of p. Fix a maximal torus 7 of
G F/ such that py, factors through 7. The Cartan decomposition for G(F’((¢)))
combined with the assumption that Ds;,., has type p implies that

Co = Biﬂwi (t)Di,

where B; and D; are in G(F'[[t])) (see the discussion before Proposition 4.1.4 for
the definition of wy, (¢)). Finally, we compute that (dCy/du)C; ! equals

dB; _ ' d,ul/,l.(l‘) _ ' ﬂ —
= 1+Ad(Bl)(Tu¢i(r> 1)+Ad(Bl)(Ad<u¢i<r)>( = 1))

We have (dB;/dt)B; 1 ¢ (LieG ® F'[[t]). Using a faithful representation on
which T acts diagonally, we have (duwy, (¢)/dt) iy, (1)1 € (1/t)(Lie G ® F'[t]).
Finally, since py, is minuscule, Ad(py,; (1))(X) € (1/1)(Lie G @ F'[t]) for any
X € Lie G so in particular for (dDi/dt)Di_l, by Proposition 4.1.4. O

Proof of Theorem 4.3.6. The faithfulness of A is clear. For fullness, let ‘ﬁA
and ‘i?;l be in D2 (A) and let ¥ : P4 = P/, be an isomorphism of underly-
ing G-Kisin modules. To show Y is equivariant for the [-actions, we can iden-
tify P4 and P, using ¥ and choose a trivializatiAon of P4. Then it suffices to
show that (B4. pg,) has at most one crystalline I'-structure. Let B; and B, in
G(W(E™)4) define the action of T with respect to the chosen trivialization of
©* (B, ) for the two [-structures. By the crystalline property, B;(B.)~! € G(uP).
By Proposition 4.2.4, if Frobenius is given by C’ with respect to the trivialization,
then
B.(B)™" = C'o(B(B)) ™) ().

But then, by Lemma 4.3.11, BI(B;)_1 = [ since it is in G(upi) forall i > 1.
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We next attempt to construct a crystalline [-structure on any P4 € D“  (A).
Along the way, we will have to impose certain closed conditions on D%F to make
our construction work. In the end, we will reduce to A flat over Z, to show that
these conditions are always satisfied. Fix a trivialization 84 of 34. We want ele-
ments {B)} € G(ﬁA) forall y € r satisfying the conditions of Proposition 4.3.10.
Choose an element y € T. Let C denote the Frobenius with respect to B4 and let
C’ = ¢(C) be the Frobenius with respect to 1 ® B4.

We use the topology on G(W(E),) induced from the topology on W(E) 4 (see
the discussion before Definition 4.2.2). Take Bo = I. For all i > 1, define

Bi :=C'o(Bi—1)y(C") ™' € GW(E) ). (4-3-12-1)

If P4 admits a [-structure, then the B; converge to By in G(I/Q\A) or, equivalently,
in G(W(E)4).

Base case: By = C'y(C’)~! € G(uP). Let V be a faithful n-dimensional repre-
sentation of G such that 34 (1) has height in [a, b]. Set r = b —a. Consider C as
an element of GL, (S4[1/E (u)]) such that

C":= E(u)™°C e Mat,(&4) and D”:=Ew)?C™! € Mat,(&4)
with C”" D" = E(u)" I. Working in Mat,, (W(E)4), we compute that

cven -1 = _(Cy(D") - E(u)‘“y(E(u))”l)).

1
Eu)~y(E(u))
It would thus suffice to show u¢(t) E ()"~ divides C”y(D")—E (u) "%y (E (u))?1
in Mat,, (W(E 7)), as then u t divides

1
E@u)~y(Eu))®
using Lemma 4.3.1.
Consider P(u1,u2) = C"”(u1)D"(uz), where we replace u by u; in C”, which
is in Mat, (&4), and u by up in D”. Let Pij(u1,uz) =Y 45¢ c,l(j (ul)u’zc be the

(i, j)-th entry, where c,’cj (u1) is a power series in u1 with coefficients in W ®z,, A.
We have that P;j(u,u) = 6;; E(u)". The (i, j)-th entry of C"y(D") is

Pij(u. [elu) = Y [elF e ok,

k>0

(C"y(D") = Eu) ™ “y(E(u))°I)

where ¢ = ({,i)i>o0 is the sequence of p”-th roots of unity such that y(@V/P"y =
fpnnl/ P" Note that ¢(t) divides [¢] — 1 since [e] =1 € I [I]W(E T) (see [Fontaine
1994, Proposition 5.1.3]) and ¢(t) is a generator for this ideal. Then

Pij(u.[el) = > ([e]F = Dyl uk +8;; E)”

k>0
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Since u([e] — 1)E(u)"~! divides E(u)r E(u)_ y(E(u))b, it suffices to show
that u([e] — 1) E (u)" ! divides Zk([s — l)c (u)u* . Using the Taylor expansion
forxkK — 1 at x = 1, we have

k
el —1= (5 )l -1,
from which we deduce that
1 = k+t
S (e — 1 (et = ]—1)(2(@]—1)‘ D )u)
k>0 =1 k>0
Since E(u) divides [¢] — 1, we are reducing to showing that

u Y (7 el et

k>0

E(M)r —L

for 1 < <r — 1 where the expression on the right is exactly

ue_l(dePij(ul,uz) )
(u,u)

!
Let (%) be the condition that E ()" ¢ divides dePlJ (uq, uz)/duz‘( for all

(i,j)and 1 <€ <r —1. This is a closed condition on Dfﬁ

4
dus

Inductlon step: Let‘4 € DM (A) satisfy (x1) with trivialization as above, so that
=C'y(C) ' e GuP). We have

Biy1B ' =Co(B;B)C .

AsC =¢(C), wecanapplyLemma43 11 to conclude that B 41 B;~ leGu lerl)

ie., Bit1B; =1 modgo(t)up W(E"')A Since W(E+)A is separated and
complete, lim B; = By € G(W(E"‘)A) and By satisfies By y(C) = Co(By). Itis
easy to see that Byy'(By) = By, for any y and y’, by continuity, so we have a
[-action. If y € oo, then y acts trivially on &4 and so on C as well, so By, = 1.

Let (x3) denote the condition that B, € G(ﬁA) for all y € . We claim this is
also a closed condition on D‘%r Since W(E )/ RisZ p-flat, the sequence

0— Ry —W(E)4— (W(E™T)/R) @z, A0

is exact for any A. Any flat module over an Artinian ring is free, so the vanishing
of an element f € (W(E+)/§) ®z, A is a closed condition on Spec A.

We have shown that any element 4 € D% (A) which satisfies (1) and (x2)
admits a crystalline [-structure and so lies in Dcm “#(A). Tt suffices then to show
that the closed subgroupoid defined by the conditions (*1) and (*») is all of D‘%r
Recall that D%F admits a formally smooth representable hull Dg;’)’“ = Spf R%[f Dtk
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where R;%: ):¢ is flat and reduced by Theorem 3.2.4 and Proposition 3.3.10. Since
R (]?F]) * is flat and R(N) "11/ p] is reduced and Jacobson, any closed subscheme of
Spec R( )M which contams Hom A(R(N) #_F’) for all F'/F finite is the whole
space. It sufﬁces then to show that, for any F’/F finite and A’ the ring of integers
of F’, every object of D“ () satisfies (1) and (x2).

First, for (x1), choose y € T. Then set Qy(u) := (d*P;; (ul,uz)/duz‘(u u))
which is in Mat, (S 4/) (we ignore ut1 /¢! since we are in the torsion-free set-
ting). We can check that E(u)"~¢| Q4 (u), working over F’ = A’[1/p] or any
finite extension thereof. In particular, we can put ourselves in the situation of
Lemma 4.3.12. We compute then that

Qo) = (E(u)~ “C> (E(u)” h

a (\d™E@u)? at—mc1
— (E() C)Z:O(m) du”’f o

V4 m b —m o ~—1
¢ _Ld™E(u) at-mc
=mX=:0(m)(E(u) e )(C e )

Since E(u)" ™™ divides E(u)~% d™E(u)? /du™, it suffices to show that

dk -1
Y = E(u)k(C % ) € Mat,, (&)
du

for all k > 0 (applied with k = £—m). The case k = 0 is trivial. By Lemma 4.3.12,
Xc :=Eu)(dC/du)C!' = —Eu)C d(C~')/du is an element of Lie G ® & g/
considered as subset of Lie(GL(V)) ® S f- so, in particular, Y; € Mat, (& f/). The
product rule applied to (d /du)(Eu)*C d*=1C~'/du) implies that

dE(u)

Yk:j_u(E(u)Yk—l)_k Y1+ Y1Ye1
s0, by induction on k, Y, k€ Mat, (S ) for all k > 0.

For (%), recall that R=R Ko N W(E T) (see p. 5 of [Liu 2010]) so it suffices
to show that By € G(Rg, ®z, A’) or, equivalently, B, € GL,(Rg, ®z, A’) with
respect to V. Denote by My the Kisin module ‘BA/(V) of rank n. Since ¢(E (1))
is invertible in Sk, C’ lies in GL,(Sk, ®z » A’) and defines a Frobenius on the
Breuil module My := Sk, ®s,, My . Using a similar argument to above, one can
construct the monodromy operator Ny, on Jly inductively, taking No = 0 and
setting

dc’
Nig1:=pC'o(Ni)(C")! +”E(C')_l’ (4-3-12-2)
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The sequence {N;} converges to an element of Mat, (u”Sk,). For each N;, let
N; be the induced derivation on Jly over —u d /du which, on the chosen basis, is
given by N;. Equation (4-3-12-2) is equivalent to

Nit1¢uy = pda, Ni. (4-3-12-3)

Let e(y) := y([x])/[rx]. Define a y-semilinear map B; on R, ® sk, My by

Bi(x) = ® (N’ (x)

3 (—loge(y))/
i

Jj=0 '

for all x € Jy . Equation (4-3-12-3) implies that

§i+1¢MV = du, Bi

By induction on i, one deduces that B; is exactly the y-semilinear morphism in-
duced by the matrix B; defined in (4-3-12-1).

If Ny, is the limit of the ]V,- and Ey is the y-semilinear morphism induced
by By, then we have the formula

Z (= IOg (J/))

B, (x):= ® N7 (x)

Jj=0

for all x € My . Working with respect to the chosen basis for Jily, we deduce that
By € GL,(Rg, ®z, A'), as desired. O

4.4. Applications to G-valued deformation rings. Let ij : 'x — G(F) be a con-
tinuous representation. As before, p is a minuscule geometric cocharacter of
Res( K®q, F)/F Gr. Let RCrlS " be the universal G-valued framed crystalline de-
formation ring with p-adic Hodge type i over Ay Let X ¢ris:I pe the projective

¢ris:l_scheme as in Corollary 3.3.15. The following theorem on the geometry of
X gm’“ has a number of important corollaries. The proof uses the main results from
Sections 3.2 and 4.2. We can say more about the connected components when K
is unramified over Q, (see Theorem 4.4.6).

Theorem 4.4.1. Assume p } 71 (Gder) Let . be a minuscule geometric cocharacter
ofReS(K®Q F)/FGF. Then XEm’M is normal and X—rls M ® Apy Frug is reduced.

Corollary 4.4.2. Assume p }1(G%). Let X Em " denote the fiber of X TS over
the closed point of Spec RCrlq M. The connected components of Spec RC“S”“‘[I /Pl

are in bijection with the connected components of X5 Cns’”

Proof. By Theorem 2.3.12, Spec R%m’M [1/p]= XSm’M [1/p]. Since XCHS’M ®AFis
reduced by Theorem 4.4.1, the bijection between 710 (X cris [1/p)) and o (X cris, 4 )
follows from the “reduced fiber trick” [Kisin 2009, Corollary (2.4.10)]. O
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Remark 4.4.3. Theorem 4.4.1 and Corollary 4.4.2 hold for unframed G-valued
crystalline deformation functors when they are representable, by exactly the same
arguments.

Before we begin the proof, we introduce a few auxiliary deformation groupoids.
The relationship between the various deformation spaces is described in (4-4-5-1).
Let D%:' be the deformation functor of 7, so D,-'I:](A) is the set of homomorphisms
n: 'k — G(A) lifting 7. Let Pr be the G-Kisin module associated to a [F-point X
of X"

]

Definition 4.4.4. Define D )[-Ca’b](A) to be the category of triples

{(n4.FB4.84) | 14 € D5(A), PBa € DEPNA), 84 Tg,6,(Ba) = nalrse -

Let ‘i?[p denote a crystalline f‘ structure on ‘Pr together with an isomorphism
TG [F(‘B[F) =~ 7. Define DCrls -0 (A) to be the category of triples

{(14,Ba,84) | na € DD(A) P € Dcm’“(A) 84:T6,4(Ba) = na}.

Proposition 4.4.5. For any By, the forgetful functor from DCHS”L O D[a b1
fully faithful.

Proof. One reduces immediately to the case of GL,, and then we have the following
more general fact: Choose any 551;1, My € Mod%fh’r. Let f: 9, — My be a
map of underlying Kisin modules such that T, (f) is I'k-equivariant (under the
identification YA“G 4, = Ts,). Then f is a map of (¢, f‘)—modules. This is proven in
[Ozeki 2013, Corollary 4.3] when height is in [0, /], but can be easily extended to
bounded height. The key input is a weak form of Liu’s comparison isomorphism
[2007, Proposition 3.2.1], which is also in [Levin 2013, Proposition 9.2.1]. O

The diagram below illustrates some of the relationships between the different
deformation problems. The diagonal maps on the left and the map labeled sm are
formally smooth. Maps labeled with ¢ ~ indicate that the complete stalk at a point
of the target represents that deformation functor. The horizontal equivalences are
consequences of Theorem 4.3.6 and the proof of Theorem 4.4.1, respectively.

(oo) w cm Ly |:| cns ;,L cris, b
Xﬁ
/ \ \ [ [ (4-4-5-1)
D,u Dcr]s L D[a b] X[a b]

Proof of Theorem 4.4.1. Let X be a point of the special fiber of X crisl defined over
a finite field F’. Since X5 cris 4 [1/p] = Spec Rcm M1/ p)is formally smooth over F
[Balaji 2012, Propos1t10n 4.1.5], it suffices to show that the completed stalk @“
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at x is normal and that @ ® Ary Fiug 1s reduced. To accomplish this, we compare
@“’ with D’é from Sectlon 3.3 and then use as input the corresponding results for
the local model M(u).

These properties can be checked after an étale extension of A). RC-”S com-
mutes with changing coefficients using the abstract criterion in [Chai et al. 2014,
Proposition 1.4.3.6] as does the formation of X cris, (b by Proposition 2.3.5. We can
assume then, without loss of generality, that A Apyy and F = F. Let Bf be
the G-Kisin module defined by x. Since p is minuscule, X crisf — X cris, <1 (see
Proposmon 4.1.3).

Since @’f“ is nonempty and A-flat (assuming that R is nonempty), it has
an F’-point for some finite extension F’/F. Any such point gives rise to a crys-
talline lift p of X to Op- such that the unique Kisin lattice in M ¢ 0,., (p) reduces
to Br ®F F'. Replace I’ by F. Then, by Proposition 4.3.5, the corresponding
G(@ F)-valued representation is isomorphic to TG 05 (‘B@ ) for some crystalline
(e, F) module with G-structure. Reducing modulo the maximal ideal, we obtain

cris, b

a crystalline [-structure ‘,]IS[F on Pr. By Proposition 4.4.5, this is the unique such
structure. '

Recall the deformation problem D;ﬂs’” from Corollary 3.3.15 and D )[-Ca’b] from
Definition 4.4.4. The natural map

cris, b [a,b]
D — D3

%
is a closed immersion (by Theorem 2.3.12). By Corollary 3.3.15, Spf @’f is closed

D(irls,p,

Fix the isomorphism B : 76,¢(Pr) = 7. Consider the groupoid Dcm T

Definition 4.4.4. There is a natural morphism from D;lg 0 to D[- ], given by
forgetting the [-structure. By Proposition 4.4.5, this morphlsm is fully faithful,
hence a closed immersion by considering tangent spaces.
We claim that
cris, ., e
< = Spf 0%
Br Spf0x

as closed subfunctors of D J[-Ca’b]. Since they are both representable, we look at their
F’-points for any finite extension F’ of . By Theorem 4.2.7 and Corollary 3.3.15,

cris, ., _ pyeris, i _ "
qu%; (F/)—D)-c (F/)—Spf@)-c(F’).

Since 0% is A-flat and 0%[1/ p] is formally smooth over F, we deduce that

Spt0f c DE™E.
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Finally, Dcm’“ ‘H is formally smooth over D““ , by Theorem 4.3.6. By (3-3-9-2),
there is a dlagram

Spf S»

PN

cris, ., Eu
Br

where S# €% A and both morphisms are formally smooth (Qy is as in Section 3.2).
The functor D’“QL is represented by a completed stalk Rlé on M(w). In particular,

Ré is A-flat so the same is true of D5 Thus,
F

cris, ;0,0 __ “w
2 = Spf 0%

F

By Theorem 3.2.4, R’é is normal and Cohen—Macaulay, and R‘é ® Fis reduced,

so the same holds true for 0% .
]

Theorem 4.4.6. Assume K /Q,, is unramified, p > 3, and p } 711(G*). Then the
universal crystalline deformation ring R%ris’“ is formally smooth over A .

Proof. First, replace A by Ay,). Without loss of generality, we can assume that
F contains all embeddings of K, since this can be arranged by a finite étale
base change. When K/Q, is unramified, GrE(“)’ is a product of [K : Qp]
copies of the affine Grassmannian Grg (see [LeV1n 2013, Proposition 10.1.11]). If

= (Uy)y:k—F then M(u)fF = ]_[w S(py ), where S(uy ) are affine Schubert
varieties of Grg,.. Under the assumption that p } 1 (G%), there is a flat closed
A-subscheme of Grg which, abusing notation, we denote by S(y ), whose fibers
are the affine Schubert varieties for j1y (see Theorem 8.4 in [Pappas and Rapoport
2008], especially the discussions in §§8.e.3-8.e.4). Thus,

M= ] S@y.
v:K—F
Since jty is minuscule, S(uy, ) is isomorphic to a flag variety for G, hence M ()
is smooth (see Proposition 4.1.3). The proof of Theorem 4.4.1 shows that the local
structure of X T smoothly equivalent to the local structure of M (). Thus,
cris L g formally smooth over A.
Finally, we have to show that

O: X;ris’” — Spec RC-rlb

cris, /b -

1s A -flat, it suffices

cris u,

is an isomorphism. Since ®[1/ p] is an isomorphism and R
to show that ® is a closed immersion. Let m g be the max1mal ideal of R
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Consider the reductions

On: ;n;“ — Spec R%ris’u/mrl’e.
We appeal to an analogue of Raynaud’s uniqueness result [1974, Theorem 3.3.3]
for finite flat models. For any Artin local Z p-algebra A and any finite A-algebra B,
let Pp and P’y be two distinct points in the fiber of ®, over x : R:-I“S”“L — A, i.e.,
G -Kisin lattices in Px®4 B. Let V2 denote the adjoint representation of G. Under
the assumption that p > 3, [Liu 2007, Theorem 2.4.2] (which generalizes Ray-
naud’s result) implies that 4 (V) = pUA (V24 as Kisin lattices in (Px®4B)(V2d),
using that p is minuscule.

Since B is Artinian, without loss of generality we can assume it is local ring.
Choose a trivialization of Pp. There exists g € G(Og,p) such that Pp = g-Pp
(working inside the affine Grassmannian as in Theorem 2.3.2). The results above
implies that Ad(g) € G*(&4). By assumption, Z := ker(G — G) is étale
so, after possibly extending the residue field F, we can lift Ad(g) to an element
g €G(Sy) suchthat g =gz, where z € Z(0%_4). We want to show that z € Z(&,4).
We can write Z as a product Zys X (Gp)* for some s > 0. Since Zo has order
prime to p by assumption, Ziors (©%,A) = Ztors (6A)e SO W€ can assume

2 € (Gm(0,4))° = (A ®z, W)(W)*)".

For any embedding v : W — OFf, we associate to z the s-tuple Ay of integers
of the degrees of the leading terms of each component base changed by . To
show that Ay, = 0, we can work over A/my4 = [F. We think of A as a cocharacter
of Z. Consider the quotient of G by its derived group Z’ := G/G%". The map
X«(Z) — X«(Z') is injective. Any character y of Z’ defines a one-dimensional
representation L, of G so, in particular, we can consider P (L) and P (Ly)
as Kisin lattices in Py (L ). Writing &f = @VHW 0y F[uy ], a Kisin lattice of
Pyx(Ly) has type (hy) exactly when ¢p (e) = (ayu”?)e for a basis element e
and ay, € F. Since both Pp and P have type 11, ‘Pp (L) and P’ (L) both have
type Ay 1= (). iy ). However, a direct computation shows that P’5 (L) has type
hy + (x. pAy’ — Ay), where Y’ = @ o . Thus, Ay, = pAys. We deduce that
plEQrly = Ay and so Ay = 0.

We are reduced to the following general situation: X — Spec A is proper mor-
phism which is injective on B-points for all A-finite algebras B, where A4 is a
local Artinian ring. By consideration of the one geometric fiber, X — Spec A4 is
quasifinite, hence finite. Thus, X = Spec A’. By Nakayama, it suffices to show
A/my — A’ /(my)A’ is surjective so we can assume A = k is a field. Surjectivity
follows from considering the two morphisms A" = A’ ®; A’, which agree by
injectivity of X — Spec 4 on A-finite points. O
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Indicators of Tambara—Yamagami
categories and Gauss sums

Tathagata Basak and Ryan Johnson

We prove that the higher Frobenius—Schur indicators, introduced by Ng and
Schauenburg, give a strong-enough invariant to distinguish between any two
Tambara—Yamagami fusion categories. Our proofs are based on computation of
the higher indicators in terms of Gauss sums for certain quadratic forms on finite
abelian groups and rely on the classification of quadratic forms on finite abelian
groups, due to Wall.

As a corollary to our work, we show that the state-sum invariants of a Tambara—
Yamagami category determine the category as long as we restrict to Tambara—
Yamagami categories coming from groups G whose order is not a power of 2.
Turaev and Vainerman proved this result under the assumption that G has odd
order, and they conjectured that a similar result should hold for groups of even
order. We also give an example to show that the assumption that |G| is not a
power of 2 cannot be completely relaxed.

1. Introduction

Fusion categories (see [Etingof et al. 2005]) occur in various branches of mathe-
matics: low-dimensional topology, subfactors, and quantum groups, to name a few.
Classification of fusion categories, although currently out of reach in general, is
a main driving question in the area. A natural method for classifying objects in
mathematics is via numerical invariants. Ng and Schauenburg [2007b] introduced
a class of invariants of spherical pivotal fusion categories (to be simply called
spherical categories) called the higher Frobenius—Schur indicators. Let C denote
a spherical category. For each simple object V of C and each integer k > 1, Ng
and Schauenburg define a complex number v (V), called the k-th indicator of V.
These build on and generalize many previous works, e.g., [Bantay 1997; Fuchs
et al. 1999; Fuchs and Schweigert 2003; Kashina et al. 2006; Linchenko and
Montgomery 2000; Mason and Ng 2005]; we refer the reader to the introduction
of [Ng and Schauenburg 2007b] for more details. For k = 2, these invariants

MSC2010: primary 18D10; secondary 15A63, 11105, 57M27.
Keywords: fusion category, Tambara—Yamagami category, Frobenius—Schur indicator, discriminant
form, quadratic form, Gauss sum.
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generalize the classical Frobenius—Schur indicator of a finite group representation.
The Frobenius—Schur indicators of the simple objects of C can be used to define the
Frobenius—Schur exponent of C, denoted FSexp(C). When C is the representation
category of a quasi-Hopf algebra, FSexp(C) is equal to exp(C) or 2 exp(C) [Ng and
Schauenburg 2007a, Theorem 6.2] where exp(C) denotes the exponent of C in the
sense of Etingof et al. (see [Etingof 2002] and its references).

The higher indicators are powerful tools for studying pivotal categories. For
example, they were used in [Ng and Schauenburg 2010] to prove that the projective
representation of SL,(Z) obtained from a modular tensor category factors through
a finite quotient SL,(Z/nZ) for some n. In this article, we demonstrate that the
numbers v;(V), as k varies over natural numbers and V varies over the set of
simple objects of C, give a strong-enough numerical invariant of C that is able to
distinguish between any two spherical categories in an interesting class, known as
Tambara—Yamagami categories (TY-categories for short).

Susan Montgomery has asked whether the FS-indicators of a semisimple Hopf
algebra determine the tensor category of its representations. This was shown to
be true for the class of semisimple Hopf algebras of dimension 8 in [Ng and
Schauenburg 2008]. The representation categories of these Hopf algebras are TY-
categories. Kashina et al. [2012] showed that, for the class of nonsemisimple Hopf
algebras called Taft algebras, the second indicator can distinguish between the
finite tensor categories of their representations. Along similar lines, Siu-Hung Ng
(private communication) has asked whether a spherical fusion category generated
by a simple object is completely determined by its FS-indicators. Our results give
an affirmative answer to this question for the class of TY-categories.

Let G be a finite group. Let S be a finite set that contains G and one extra
element, denoted m. Consider the following fusion rule on S:

gR®h=gh, mg=g@m=m, m®m=@x forall g,h € G.
xeG

Tambara and Yamagami [1998] classified all fusion categories that have the above
fusion rule; for a conceptual proof of this classification, see [Etingof et al. 2010,
Example 9.4]. Such fusion categories exist only if G is abelian and are classified by
pairs (x, t) where x : G x G — C* is a nondegenerate symmetric bicharacter on G
and 7 is a square root of |G|~!. For each tuple (G, x, t) as above, there exists a
spherical category, denoted TY (G, x, t). Two TY-categories C =TY (G, x, t) and
C'=TY(G', ', t’) are isomorphic as spherical categories if and only if v = 7’
and (G, x) >~ (G', x'), that is, there exists an isomorphism f : G — G’ such that
X' (f(x), f(y)) = x(x,y) forall x,y € G. Let Irr(C) = G U {m¢} be the simple
objects of C. There is a canonical (spherical) pivotal structure on C such that the
pivotal dimension of an object matches the Frobenius—Perron dimension. For an
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object V of C, let pdim(V) denote its pivotal dimension for this canonical pivotal
structure.
We shall prove the following theorem:

Theorem 1.1. Let C and C' be two TY -categories. If

doouy= ) wv),

Velrr(C) Velrr(C)
> pdim(V)ne(V)y= > pdim(V)ue(V)
Velrr(C) Velrr(C)

forall k > 1, then C >~ C' as spherical fusion categories.

Now we shall describe our plan for the proof of this theorem and give a sum-
mary of contents of the sections. Let C = TY(G, x, t) and C' = TY(G', x’, /)
be two TY-categories. Assuming G and G’ are nontrivial groups, the assump-
tions of Theorem 1.1 are quickly seen to be equivalent to vg (m¢) = v (me) and
Y e Vk(X) =) .5 vk(x). Based on work done in [Shimizu 2011], we can easily
conclude that G >~ G’ and T = t’. Most of our work goes into showing that, if
vi(me) = vi(me) for all k, then (G, x) ~ (G, x'). Shimizu [2011, Theorems 3.3
and 3.4] calculated v (m¢) using an expression for the indicator in terms of the
twist of the Drinfeld center of C [Ng and Schauenburg 2007a, Theorem 4.1]. This
project started for us when Siu-Hung Ng asked us whether the 8-th root of unity in
[Shimizu 2011, Theorem 3.5] is related to the signature modulo 8 for some related
lattice. This indeed turns out to be the case. A simple restatement of Shimizu’s
result gives us a formula relating the indicators vy (m¢) to certain quadratic Gauss
sums; see Lemma 4.1. This formula is the starting point for our calculations, and
we want to explain it in precise terms. For this, we need some notation.

Let G be an abelian group, always written additively in this paper unless otherwise
stated. Let ¢ : G — Q/Z be a quadratic form on G. Given a pair (G, ¢g), one defines
the associated quadratic Gauss sum

O(G,q) = |G|_1/22e(q(x)), where e(x) = ¢>*, )
xeG

For k € Z, it will be also convenient to define the invariant
£(G,q) = O(G, 9)*O(G, —k - q). 2

Let C =TY(G, x, t) be a TY-category where (G, x, ) is a triple as above. We
choose a quadratic form g on G such that x(x, y) = e(—dqg(x, y)) where dq :
G x G — Q/Z denotes the symmetric Z-bilinear form

dg(x,y)=q(x+y)—qx)—q(y). 3)
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One can show that such a g always exists. In Lemma 4.1, we prove that for £ > 1

v (me) = sign(v)* & (G, q).

Much of the calculation in Sections 3 and 5 is geared towards finding explicit
formulae for & (G, g) by using the classification of the irreducible quadratic forms
and the known values of Gauss sums of these irreducible forms. The calculations
are more complicated when G is a 2-group, which is a well known feature in the
theory of quadratic forms on finite abelian groups. When G is a 2-group, and v, (k)
(the two-valuation of k) is at least 1, we relate & (G, ¢) to an invariant ¢,,)(dq) of
the pair (G, dq) (see Lemma 3.8). The invariant ¢, (d¢q) is a generalization of the
Kervaire-Brown—Peterson-Browder invariant [Brown 1972; Kawauchi and Kojima
1980, p. 33]. Detailed calculation of the values of the Gauss sums and properties of
the invariant o,,(d¢q) lets us conclude that the bicharacter x can be recovered from
values of the Gauss sums, thus proving our theorem.

Sections 2 through 4 contain preparatory material. In Section 2, we collect the
background material necessary for quadratic and bilinear forms on finite abelian
groups and their classification. The results here are mostly due to C. T. C. Wall
[1963]; also see [Miranda 1984; Kawauchi and Kojima 1980; Nikulin 1979],
wherein the proofs can be found. However, we have chosen to include the proofs
of most of what we need in the detailed Appendix. In particular, we give a proof
of the existence part of Wall’s theorem (see Theorem 2.1) on the classification of
nondegenerate quadratic and bilinear forms on finite abelian groups. We have ex-
plained our reason for including the Appendix in Section 2, following the statement
of Theorem 2.1.

Section 3 contains the background on values of Gauss sums and calculation
of £&(G, q) in various cases. Section 4 introduces the TY-categories and relates
the indicator values vy (C) with Gauss sums. With these preparations, we prove
Theorem 1.1 in Section 5.

Finally, in Section 6, we apply Theorem 1.1 to address a recent conjecture
[Turaev and Vainerman 2012] regarding 3-manifold invariants constructed from
TY-categories. Given a compact 3-manifold M and a spherical category C, one
can define an invariant |M|¢, called the state-sum invariant in that paper. Turaev
and Virelizier [2013] showed that [M|c = tz()(M), where Z(C) is the Drinfeld
center of C and tz()(M) denotes the Reshetikhin—Turaev invariant. For k > 1,
let L1 ={(z1,22) € C?: |21 + |221% = 1}/ {(z1, 22) ~ €*™/*(z1, z2)) denote the
lens spaces. In Theorem 6.3, we show that a TY-category C = TY(G, x, 7) 1s
determined by the sequence of state-sum invariants {|L 1|c : K > 1} as long as
we restrict to categories such that |G| has an odd factor. Turaev and Vainerman
proved this result assuming that |G| is odd and conjectured that a similar result
should hold for groups of even order. In Section 6, we exhibit two nonisomorphic
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tuples (G, x, t) and (G', x’, ') such that |Li 1ltyG.x.r) = |Li.1lTY (G577 for
all k. In our example, both G and G’ have order 64. This example demonstrates
that one needs to put some hypothesis on the possible orders of G or else consider
state-sum invariants of other 3-manifolds if one has to recover the category from
the data of these invariants.

Quadratic and bilinear forms on finite abelian groups appear in various places in
topology and geometry. We give some examples:

o The “torsion linking pairing” on the torsion part of the n-th integral homology
of a (2n+ 1)-dimensional real compact manifold coming from Poincaré duality
and intersection pairing, for example [Kawauchi and Kojima 1980]. For 3-
manifolds, we get a pairing on the torsion 1-cycles related to the linking number.
For this reason, discriminant forms are called linking pairs in that paper.

« Intersection pairing on the torsion part of middle cohomology of a (4n + 2)-
dimensional manifold and computation of Kervaire—Arf invariants [Brown
1972].

» Study of integral lattices coming from algebraic geometry, for example study
of K3 surfaces [Nikulin 1979]. Let G be a finite abelian group and b be a
nondegenerate symmetric bilinear form on G. For each pair (G, b), there exists
apair (L, B), where L ~ 7" and B : L x L — Z is a nondegenerate symmetric
Z-bilinear form such that G = L’/L and b is the Q/Z valued form induced
on L'/L by B; here L’ denotes the dual lattice of L. For this reason, we have
borrowed the name “discriminant form” from [Nikulin 1979] for pairs (G, b).

We hope that the methods of calculation of Gauss sums will have other uses in
computations of Gauss sums coming from the above sources.

2. Bilinear and quadratic forms on finite abelian groups

Definitions. Let G be a finite abelian group (written additively). Let exp(G) denote
the exponent of G. A discriminant form is a pair (G, b) where G is a finite abelian
group and b : G x G — Q/Z is a symmetric bilinear form on G. As all the
bilinear forms considered in this article are symmetric, the adjective “symmetric”
will sometimes be dropped. Say that b or (G, b) is nondegenerate if for each
nonzero x € G there exists y € G such that b(x, y) # 0.

Let G be a finite abelian group and g be a quadratic form on G. We say that the
pair (G, q) is a premetric group. We say that g is nondegenerate and (G, q) is a
metric group if the bilinear form dgq (see (3)) is nondegenerate.

The morphisms in the categories of discriminant forms and premetric groups are
defined as usual. Isomorphisms are often called isometries. There is an obvious
notion of an orthogonal direct sum on discriminant forms and premetric groups.
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If (G1, q1) and (G3, g2) are two premetric groups, we let (G, q1) L (G2, q2)
denote their orthogonal direct sum. The map (G, q) — (G, dq) defines a functor
from the category of premetric or metric groups to the category of discriminant or
nondegenerate discriminant forms, respectively.

Remark. Let G be a finite abelian group. Note that a bilinear form on G takes
values in exp(G)~'Z/Z. Let (G, q) be a premetric group. Let a € G. Note that
dq(a, a) =2q(a), and so g takes value in (2 exp(G))_ll/Z. If G has odd order,
then a = 2(%(exp(G) +1))a. Soq(a) = %(exp(G) +1)dq(a, a). Hence, g actually
takes values in exp(G)~'Z/Z and dq determines ¢. But this fails for groups of
even order. For example, consider the nondegenerate bilinear form on Z/4Z given
by b(x, y) = xy/4. Then ¢ (x) =x2/8 and ¢’(x) = 5x2/8 are two distinct quadratic
forms on Z /47 such that g = dq’ = b.

Definitions. Let p be a prime. If a is a rational number, v,(a) will denote the
p-valuation of a. It will be convenient to extend the definition of p-valuation as
follows. Let G be an abelian p-group. Define v, : G — Z<o U {00} by v, (x) =
— logp (order(x)) if x is a nonzero element of G, and v,(0) = co. We say that
v, (x) is the p-valuation of x.

This definition of p-valuation is useful to us because of the following example.
Let Q) be the ring of all rational numbers of the form m/p" where m € Z
and r € Z>¢. If (G, q) is a premetric p-group, then observe that ¢ and dg take
values in the Z-module Q,)/Z. If « is a nonzero element of Q(,)/Z, then it can be

written as p~"a for some a € Z relatively prime to p. One has v,(a) = —n.

Let (G, b) be a discriminant form. Let e, ...,ex € G and b;; = b(e;, ¢;).
The matrix B = ((b;;)) is called the Gram matrix of ey, ..., ex. We shall write
Gramy(eq, ..., e,) = B. One has

b(Zgiei,Zhjej> :(gl,...,gk)B(hl, ...,hk)tr, gl,...,gk,hl,...,hkeZ.
i J

A discriminant form or premetric group is called irreducible if it cannot be written
as an orthogonal direct sum of two nonzero discriminant forms or premetric groups,
respectively. A finite abelian group is homogeneous if it is isomorphic to (Z/p”Z)"
for some prime p and positive integers r and n. For a p-group G, we let tk(G)
denote the minimum number of generators for G or equivalently dimg ,(G/®(G))
where @ (G) is the Frattini subgroup of G. In particular,

tk((Z/p"2)") = n.

An element of (Z/p"7Z)" will often be written as a vector whose entries come
from Z/p"Z. A discriminant form on a homogeneous finite abelian group will be
often written as ((Z/p"Z)", B) where B is an n x n matrix with entries in p~"Z/Z
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name in [Miranda 1984] (G, q) (G, 9q)
Ay (21072000 = L2 ) (212, ;)
By (2172, qu0 = 22 0) (z1rz.%2)
Ay (Z/Z’Z, q(x) = 2r+1x2> (Z/Z’Z, 21)
By (Z/Z’Z, g(x) = 2r+1x2> (Z/Z’Z, ;—1)
Cx (Z/Z’Z q(x) = —x2) (Z/Z’Z, 23)
D (/22,90 = F ) (2122 ;—5>
Ex (@222 g0 m="22)  (@2Dn (%)
B (@222 = ) (e (37 20))

Table 1. Irreducible quadratic and symmetric bilinear forms. In the
first two rows, p represents an odd prime. For the prime 2 and for r =1
or 2, some of the forms above are isometric. For example, A, >~ C».

such that b(x, y) = xBy" for all x,y € (Z/p"Z)". Let p be an odd prime and
u, denote a quadratic nonresidue modulo p. Table 1 lists the irreducible metric
groups (G, q) and corresponding irreducible discriminant forms (G, 0q).

Theorem 2.1 [Wall 1963; Miranda 1984; Nikulin 1979]. (a) Each nondegenerate
discriminant form is an orthogonal direct sum of the irreducible discriminant
forms listed in Table 1.

(b) Each metric group is an orthogonal direct sum of the irreducible metric groups
listed in Table 1.
It follows that, given any nondegenerate symmetric bilinear form b on a finite
abelian group G, there exists a quadratic form q on G such that dq = b.

A proof of Theorem 2.1 has been sketched in the Appendix. Here we shall only
give a brief indication of our argument. This argument seems to be different from
the proofs in the references above, and we believe it is simpler. It is probably well
known to experts, but we have not seen it in the literature.

Let (G, b) be a discriminant form. Write G = @p G(p) where G, is the p-
Sylow subgroup of G. Let b,) be the restriction of b to G () X G (). Clearly (G, b)
is an orthogonal direct sum of (G ), b)) as p varies over primes. So it suffices to
decompose (G, b) into irreducibles when G is a p-group for some prime p.
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Let G be a finite abelian p-group and b be a nondegenerate symmetric bilinear
form on G. The algorithm for decomposing (G, b) into irreducibles boils down
to diagonalizing symmetric matrices with entries in Q(,)/Z via conjugation. The
algorithm for diagonalization is the same as the well known algorithm for diagonal-
izing quadratic forms over p-adic integers; see for example [Conway and Sloane
1999, Chapter 15, §4.4]. This algorithm is the core of our argument. We repeat
that we could not find this argument in literature for bilinear forms on finite abelian
groups. This is our first reason for including the Appendix. A second reason is that
the argument is constructive, and so it can be useful in actually decomposing given
bilinear forms over finite abelian groups into irreducibles. A third reason is that part
(b) of Theorem 2.1 as well as Lemma 2.2 (which we need in our arguments) are not
explicitly stated in [Wall 1963]. They can probably be extracted from the arguments
in [Wall 1963] or [Miranda 1984; Nikulin 1979]. But this might require some work
mainly because each paper has its own rather complicated set of notations.

The following lemma, describing the nondegenerate quadratic forms on (Z /2" Z)?,
is essential to the proof of Theorem 2.1. It is stated here because we shall also use
it in the computation of some Gauss sums. It can be proved using Hensel’s lemma.
A proof is given in the Appendix.

Lemma 2.2. Set G =(Z/2"7)? and let q be an irreducible nondegenerate quadratic
form on G. Then there exist integers A, B, C with B odd such that q(x, x2) =
27"(Ax} + Bxixa + Cx3). If AC is even, then (G,q) =~ ((Z/2"Z)*, x1x2/2").
Otherwise, (G, q) ~ (Z/2"Z)*, (x? + x1x2 +x3)/2").

3. Gauss sums and related invariants of a quadratic form

Let G be a finite abelian group and g : G — Q/Z be a quadratic form on G. In
Section 1, we defined the quadratic Gauss sums ® (G, ¢g) and the related invariant
&x(G, q); see (1) and (2). In this section, we shall compute the invariants ® (G, q)
and & (G, g) for various pairs (G, g). One verifies that ® is multiplicative, that is,

OWG1, q1) L (G2, 92)) =0O(G1,q1)O(G2, q2).

In the same sense, & is also multiplicative. We start with the following well known
result. The proof is omitted.

Theorem 3.1. (a) Let x : G — C* be a character on G. Then ) x (x) = |G|
ifx="1and ) .; x(x) =0 otherwise.

(b) If q is a nondegenerate quadratic form on G, then ©(G, q)O(G, —q) =1 and,
in particular, |®(G, ¢)|> = 1.

The next lemma gives the values of the Gauss sums of irreducible nondegenerate
forms.
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Lemma 3.2. (a) Let p be an odd prime and « be an integer relatively prime to p.
Then

O(Z/p"Z, a(p" + Dx*/2p") = (2?&) €y

where (27“) denotes the Legendre symbol and €, = 1 if m = 1 mod 4 and
€n=11ifm=3 mod4.

(b) Let @ be an odd integer. Then
OZ)2°7, ax?/2+1y = (= 1)@ =D/Be(/8).
(c) Leta, B, and y be integers with 8 odd. Then
O((Z/2"2)*, (axi + Bxixa+yx3)/2") = (="

Proof. For part (a), see for example [Iwaniec and Kowalski 2004, p. 52]. Let G,
and G denote the left-hand sides of the formulae in parts (b) and (c), respectively.
Then one verifies that G, = 2G,_; and G, = 4G, _, for r > 2. Parts (b) and (c)
now follow by induction once the formulae for r =1 and 2 are verified. O

Since ® is multiplicative, one can calculate the Gauss sums of arbitrary non-
degenerate forms by first decomposing the forms into orthogonal direct sums of
irreducible forms and using Lemma 3.2. We will also need to compute the Gauss
sums of some singular forms. This is the purpose of the lemma below.

Lemma 3.3. (a) Let p be a prime. Let G = (Z/p"Z)", and let q be a p~"7/7Z-
valued quadratic form on G. Let O < s <r. Then p*q induces a quadratic
formon G/p"—*G and

@(G, psq) — psn/2®(G/prst’ pSQ)-

(b) Let a be an odd integer. Then one has

5 25/2(—1) =)@ =D/8g(q/8) if0 <5 <,
. ox .
®<Z/2rZ,2‘W>: 0 lfS:I",
2r/2 ifs>r.

Proof. (a) If x =x’ mod p"—*G, then p*q(x) = p*q(x’) since ¢ and dq take values
in p7"Z/Z. So p*q(x) induces a form on G/p"~*G. One has

GI20G. Py =Y e(pqe) =P Gl Y. e(p'a(y)
xeG yeG/p™=G
=1p"GIIG/p" ™ GI'*O(G/p"™ G, p'g).

Part (a) follows since |p" ~* G| = p*".
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(b) First suppose » — s > 1. Note that, if y = x mod 2" ™%, then ay?/2" 5+ =
ax?/2" =t mod Z. So

2 2"—1 2
r/2 r s (XX _ E : ax
x=0
2 —1

2 2
_ ax (r+s5)/2 ox
=2 Z e(zr—s+l> 2rirel 27, or—s+1

x=0

Part (b) now follows from Lemma 3.2 for 0 <s < r. Now let s = r. Note that, if
y = x mod 2, then «x?/2 = ay?/2 mod Z. So
2 2" —1

2r/2®<Z/2’z 25 2+1) Ze((xx /2)=2"" 1Ze(ax /2) =

For s > r, the quadratic form we have is identically equal to 0, so the result is
obvious. (]

Lemma 3.4. Let p be an odd prime, and let both r and k be positive integers. Let

q1 and g be the two nonisometric nondegenerate quadratic forms on G = Z/p"Z.
Then

(G, q1) = (=D &(G, q)
where e =r(k+ 1) —min{r, v, (k)}.

Proof. There are only two distinct nondegenerate quadratic forms on G; see Table 1.
Without loss of generality, we may thus assume that g;(x) = u;(p" + Dx2/2p"
for j = 1,2, where u; = 1 and up = u, is a quadratic nonresidue modulo p.
Lemma 3.2(a) implies O(G, q1) = (—=1)"O(G, ¢2). If v, (k) > r, the lemma holds
by the fact that ©(G, —kq) = /|G].

Now assume 0 < v, (k) <r. Write s = v, (k) and —k = p*a with a € Z relatively
prime to s. Then ©(G, —kgq;) is equal to

O(G, p’ag)) = p**OZ/p"Z, p’au;(p" + 1)x*/2p")
=p?O@/p" L, (p 7" + Daujx?/2p").
The first equality follows from Lemma 3.3(a). For the second, we need to observe
that the quadratic forms (p" ™ 4+ Dax?/2p"~* and (p” + 1)ax?/2p"~* are identical
on Z/p"~5Z. From Lemma 3.2(a), we have
O(Z/p"Z, (p"* + Dau,x*/2p" ™)
= (=1)7°0(Z/p" 77, (" + Dax?/2p" ),

which implies ©(G, —kgqy) = (=) rPE(G, —kq1). The lemma follows once
we recall that ®(G, q1) = (—1)"O(G, q2). U
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Next, we shall introduce an invariant o (b) of a discriminant form (G, b) defined
in [Kawauchi and Kojima 1980] and in Lemma 3.6 compare it to our Gauss sums
(discriminant forms are called linking pairs in [Kawauchi and Kojima 1980]).

Definitions. For the convenience of the reader, we shall recall some of the defi-
nitions from [Kawauchi and Kojima 1980; Wall 1963]. Let G be a finite abelian
group. Let

Gnl={xeG:nx =0}

denote the n-torsion subgroup of G. Let p be a prime. Then G () =, G[p"] is
the p-Sylow subgroup of G. For k > 1, define

GY = GIpM/(GIp* "1+ pGIp ).

Take a decomposition of G into a direct sum of cyclic groups of prime power
order. If such a decomposition has n factors isomorphic to Z/p*Z, then 5'; is an
elementary abelian p-group of rank n. Let b be a nondegenerate symmetric bilinear
form on G. Then

Dy (Lx1, [yD = p*~'b(x, y)

defines a nondegenerate bilinear form on 5’;. Here x and y denote any two elements
of G[p*] representing [x], [y] € Gk, respectively.

Let ck(b) be the characteristic element (also called parity element) of the ;-
quadratic space (G¥, l;]z‘). Explicitly, c¥(b) is the unique element of 5’5 such that
5’2‘ (x,x)= 15’5 (x, k(b)) for all x € 5’5 In other words, c*(b) is represented by any
¢ € G[2¥] that satisfies

25 1p(x, x) =25 b(x,c) forall x € G[2F].

Note that both sides of the above equality can only take the values 0 or 1/2. Also
observe that the characteristic element cX (b) is zero if and only if b(x, x) € 2! %77
for all x € G[2X].

The invariant oy (b) takes values in (Z/87)U{oo}, which is made into a semigroup
by defining 0o 4+ 00 = n + 0o = oo for n € Z/87. If ck(b) # 0, then o, (b) = oo by
definition. If ¢*(b) = 0, then one checks that

g (x) =25""b(x, x)

induces a well defined quadratic form on G2/ G[2¥] and, following [Kawauchi
and Kojima 1980], we can define oy (b) by

1G2)/ GI211"?© (G (2)/ G121, i) = Ce(or(b)/8),

where C is the absolute value of the left-hand side of the equation [Kawauchi
and Kojima 1980, §2]; we shall soon see that C # 0. If x, y € G(2) represent
[x]. [y] € G2/ G[2*], then dgy([x], [y]) = 2*b(x, y). Suppose [x] € G2)/ G[2*]
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such that g, ([x], [y]) =0forall [y] € G(z)/G[Zk]. Let x € G(2) be a representative
for [x]. Then 2*b(x, y) =0forall y € G(2). Since b is nondegenerate, it follows
that 2¢x = 0, so [x] = 0 in G(2)/G[2*]. So we have argued that, if c*(b) = 0,
then g (x) is a nondegenerate form on G2/ G[2*]. Hence, Theorem 3.1(b) gives
C=1Gp/ G[Zk]ll/ 2. S0 oy (b) is in fact given by the simpler formula

O(G)/GI2"1, qr) = e(ox(b)/8). “)

The following theorem is the reason for our interest in the invariant oy (b), and it
follows from Theorem 4.1 of [Kawauchi and Kojima 1980].

Theorem 3.5. Let G be a finite abelian 2-group, and let b and b’ be two non-
degenerate symmetric bilinear forms on G. Then (G, b) ~ (G, b") if and only if
ox(b) >~ o (V') forall k > 1.

Definition. It will be convenient for us to work with the invariant

k(D) = e(or(D)/8) &)

rather than oy (b). If oy (b) = oo, then we define ¢;(b) = 0. So ¢ takes values
in the multiplicative semigroup ug U {0} where ug is the group of 8-th roots of
unity. From Corollary 2.2 of [Kawauchi and Kojima 1980], it follows that, if
(G,b) = (G, b)) L (G, by), then ¢ (b) = ¢k (b1)sr(by). In other words, ¢ is
multiplicative, just like the Gauss sums or the invariant &. The multiplicativity
of ¢ (b) also follows from the next lemma.

Lemma 3.6. Let G be a finite abelian 2-group, and let b be a nondegenerate
symmetric bilinear form on G. Let k > 1. Then

(G, 2 b(x, x)) = G211 2 g1 ().

Let q be a nondegenerate quadratic form on G. Then with b = dq, the above
equation yields
sk(99) = 1G[2°]|720(G, 2q). (©6)

Proof. Let qr(x) = 2k=1p(x, x). Let w vary over a set of coset representatives of
G/ G[2¥] and y vary over G[2*]. Then

IG'20(G. qi) = Y e(qr(w +y)) = Y e(gr(w)) Y e 'b(y, *(B))). (1)

w,y w y
The second equality follows since 2¢b(w, y) =0 and 2K~1b(y, y) =25"1b(y, X (b)).
If K (b) #0, then y — e(2¥~'b(y, cX(b))) is a nontrivial character on G[2¥], so the
inner sum in (7) is zero; hence, © (G, 2¥~b(x, x)) = 0. Now suppose k) =0.
Then we find that 2~ 'b(w, w) = 28"'b(w’, w’) if w = w’ mod G[2*]. Thus,
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(w — gx(w)) induces a quadratic form on G/ G[2¥]. From (7), we get
GI'"?0(G, g0 = 1G22l ) elqr(w))

weG/ G2 =|G[2"1IVIG/G[24118(G/GI2"1, q).
The lemma follows from (4). U

Lemma 3.7. Let (G, q) be an irreducible metric 2-group with exp(G) = 2" (see
Table 1). Let 8 be an odd integer and n > 1. Then

n 0 ifn=randk(G) =1,
3g)P* = \ 8
5n(09) {(— k(G281 (G, q)’32 otherwise, ®
where §; j is the Kronecker delta, and
O(G. p2'q) = |G[2"]|"/2(— 1y KO maxtr=n.0F=D/8 o, (34)P ©

Proof. We treat the cases rk(G) = 1 and rk(G) = 2 separately. First suppose G
has rank 1, that is, (G, g¢) >~ (Z/2"Z, ax2/2’+1) where o € {£1, £5}. Then from
Lemma 3.2(b), we find that ® (G, q) = *e(x/8). Since n > 1, we have

O(G, )" = e(a/8)r*. (10)

Now we split the argument into three cases.

Case 1 (n > r). Then O(G,2"Bq) = |G|'/? = |G[2"]]'/?, and so (6) implies
¢,(dg) = 1. This verifies (9). From (10), we obtain ®(G, ¢)#*" = e(a/8)F?' =
(—1)%2%-1_ This verifies (8).

Case 2 (n = r). Lemma 3.3(b) implies that ®(G, 2"8g) = 0. From (6), we get
cn(0g) = |G[2"1I71?0 (G, 2"g) = 0 too. This verifies (8) and (9) in this case.

Case 3 (1 <n < r). From (6) and Lemma 3.3(b), we have

6. (3q) = |G[2"]7'*0(G, 2"¢)

2
= 2—"/2(9(2/2’2, 2"

ox
2r+l

) (1)@ 8.

Since n > 1, using (10), we obtain ¢,(3¢)?*" = e(a/8)P?" = O(G, ¢)#*", which
verifies (8). To verify the expression for ® (G, f2"q), we compute as follows:

n < r n,Ble2>
©(G,2"Bq)=0(2/2"2,2

2r+1
— /2 1)(r—n)(012,32—1)/8e(ﬁa/8)
_ 2n/2(_1)(r—n)(/32—1)/8((_1)(r—n)(012—1)/8e(a/8))'3
_ 2n/2(_1)(r—n)(52—1)/8§n(8q)5’
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where the third equality follows from the fact that for odd integers § and «
@B =) —(B* =D —B@* -1 =pB 1)@ —1)=0mod 16.  (11)

This verifies (9) and finishes the argument in the case rk(G) = 1.

Now assume rk(G) = 2. If n < r, then (6) and Lemmas 3.3(a) and 3.2(c) give us
Gn(0g) = %1 (or else see Corollary 2.2 of [Kawauchi and Kojima 1980]). If n > r,
then from (4), we obtain, ¢, (dq) = O(G/G[2"], 2"q). Since G[2"] = G, the Gauss
sum is equal to 1 and thus ¢, (dg) = 1. Thus, in any case, we find that ¢, (dq) = 1.
Lemma 3.2(c) tells us that ®(G, g) = %=1 as well. Now (8) follows since n > 1.

Since ¢, (dg) = %1, the right-hand side of (9) becomes

G121 6(39).
Since G is of type Eor or Fpr, Lemma 2.2 implies (G, Bq) >~ (G, q). So (G, 2" Bq) =
(G,2"g), and (9) follows immediately from (6). U

Lemma 3.8. Let (G, q) be a metric 2-group. Let n > 1 and B be an odd positive
integer. Let ¢,(0q) be the invariant introduced in (5). Then

%-Znﬁ(G, q) = (_l)rG‘[ﬁ_n |G[2n]|1/2§n(8q)(2n—l)ﬂ

where I'G g is an integer dependent on G, B, and n and independent of q. More
precisely, if we write G ~ @, (Z)2"Z7)N:, then

o.¢]
TG.pn=0x2Ni+ Y _ Ny max{r —n,0}(8> —1)/8.

r=1
Proof. Observe that both sides of the equation we want to prove are multiplicative
invariants of a metric group. Since any metric group (G, g) can be decomposed
into irreducibles by Theorem 2.1, it suffices to prove the equation when (G, q)
is an irreducible metric group. Assume (G, g) is an irreducible metric group
of exponent 2"; the possibilities for these are given in Table 1. Note that G is
isomorphic to (Z/2"Z) or (Z/2"7)* and N; =34; ,1k(G). So the equation we want
to prove becomes

0(G, 9" O(G, —p2"q)
— (_ 1)rk(G)5”,2811,-+1‘k(G) max{r—n,O}(ﬁz—l)/SlG[Zn] | 1/25_,1 (8q)(2"—1)5.

This equation follows directly from Lemma 3.7. (]

4. Indicator of Tambara-Yamagami categories as Gauss sums

Let G be a finite abelian group. A function x : G x G — C* is called a symmetric
bicharacter on G if x(x,-) and x (-, x) are characters on G and x (x, y) = x(y, x)
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for each x, y € G. A symmetric bilinear form b on G determines a symmetric
bicharacter x : G x G — C* given by x(x,y) = e(—b(x, y)) (the minus sign
in front of b is for consistency with notation in [Shimizu 2011]). This sets up
a natural correspondence between bilinear forms and bicharacters. We say y is
nondegenerate if b is.

Let G be a finite abelian group, x be a nondegenerate symmetric bicharacter
on G, and 7 be a square root of |G|~!. Let b be the bilinear form on G given
by x (x, y) =e(—b(x, y)). Given any triple (G, x, 1), there exists a spherical fusion
category C, called the Tambara—Yamagami category or TY-category for short. We
shall denote this category by TY(G, x, t) or by TY(G, b, 7). The simple objects
of C are G U {m}. We shall write m = m¢ if there is a chance of confusion. The
associativity constraint in TY (G, x, t) is dictated by the bicharacter x and sign(7).
See [Tambara and Yamagami 1998] or [Shimizu 2011] for more details on the
TY-categories. Caution: the abelian groups in [Shimizu 2011] are multiplicative
while for our purpose it is convenient to write the group G additively.

For each simple object x of a spherical fusion category and each integer k > 1,
one can associate a complex number v (x), introduced in [Ng and Schauenburg
2007b], called the k-th Frobenius—Schur indicator of x. The lemma below tells us
the indicators of the simple objects of a TY-category. This is an easy translation of
results in [Shimizu 2011]. Our main observation is noting that the indicators of the
object m¢ can be expressed in terms of certain Gauss sums.

Lemma 4.1. Let C =TY(G, x, 1) be a TY-category. From [Shimizu 2011, The-
orem 3.2], we know that vi(x) = 8,k | for x € G. Let b be the bilinear form on G
given by x(x,y) = e(—b(x, y)). Let g be any quadratic form such that 9g = b.
Then for all k > 1, one has vor—1(m¢) = 0 and

va(me) = sign()*©(G, ) O(G, —kq) = sign()"&(G, @),
and this value does not depend on the choice of q.
Proof. From Theorem 3.3 of [Shimizu 2011], we know that vy;_;(m) = 0. Let
CO)={9p:G— C:o@pex+y) "' = x(x,y) forx,y € G}.
From the proof of that result, we have
1 k
va(me) = 1 > (nga(x)) VIGI. (12)
peC(x) xeG

By definition, eog € C (). One checks that G acts simply transitively on C(x) by
a-p(x)=p)x (@, x)"". So C(x) ={p,:a € G} where g, (x) =e(q(x)) x (a, x)~".
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One has
sign(t)
T) ¢a(x)=—— ) e(q(x)+Db(a,x)+q(a)—q(a))
L= T 2
_ Slgn(f)qu(a)) Ze(q(x +a))
Y xeG

= sign(t)e(—q(a))O(G, q).

From (12), it follows that

sign(t)* ‘
vor(me) = e(—kq(a))®(G, q)
V1G] ;

= sign(0)*O(G, ¢)*O (G, —kq).

To complete the proof, observe that the expression on the right-hand side of (12)
only depends on x and is independent of the choice of g. ([

We shall need the following.

Lemma 4.2 [Shimizu 2011, Theorem 3.5]. Let C =TY(G, b, t) be a TY-category.
Let g be a quadratic form such that dq = b. Then vy (m) = |G[k]|'/*Y where
Y € ug U{0} (recall that g denotes the set of 8-th roots of unity). One has ¥ =0 if
and only if there exists a € G[k] such that kq(a) # 0.

Remark. We should mention that, from the values of the Gauss sums given in
the previous section and the decomposition of (G, g) into irreducibles, we can
show that & (G, ¢) = 0 if and only if (G, ¢g) contains an irreducible component that
equals Ayr, Byr, Cyr, or Dyr where r = vp(k) for some even k and that this yields
another proof of Lemma 4.2.

Let (G, g) be a premetric group. The invariant & (G, ¢g) can itself be expressed
as a Gauss sum as follows. Let F;(G, q) denote the premetric group given
by the abelian group {(g1,..., &) € G*: Y ;j &j = 0} with the quadratic form
q(g1,..., 8= Zj q(g;). Then one can show that § (G, q) = Fi (G, q). In view
of this formula, the appearance of the 8-th root of unity ¢ in the above lemma
becomes a consequence of Milgram’s formula.

5. Tambara-Yamagami categories are determined by the higher
Frobenius—Schur-indicators

In this section, we shall prove Theorem 1.1. Let C =TY(G, x, t) be a TY-category.
We shall show that the Frobenius—Schur indicators of the simple objects of C
determine the triple (G, x, 7). So the indicators can distinguish between any two
TY-categories. Most of the work goes into showing that the indicators v (m¢)
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determine the bicharacter x. Let ¢ be a quadratic form on G such that x (x, y) =
e(—dq(x, y)). Then Lemma 4.1 gives vi(m¢) = sgn(r)kék(G, q) where &.(G, q)
is a product of quadratic Gauss sums. Based on computations in Section 3, we shall
argue that the invariants & (G, g) determine the bicharacter x. We need a couple
of lemmas before proving Theorem 1.1. The lemmas let us handle special cases.

Lemma 5.1. Let G be an abelian group of odd order. Let by and b, be two
nonisometric nondegenerate symmetric bilinear forms on G. Let q1 and g, be
quadratic forms such that 3q; = b; for j =1, 2. Then either there exists an odd
positive integer k such that &,(G, q1) Z & (G, q2) or else, for each natural number y,
there exists a positive integer k with vo(k) =y and &(G, q1) # & (G, q2).

Proof. Fix a nonsquare u, modulo p for each odd prime p. Recall from Table 1

-1,2
X Upx

2—1 2
) and Bpr = (Z/prZ,q(x)=T>

Ay = <Z/prZ, q(x) =

We will also use the notation

2 1px?

2_1upnx2>

n-Apr:<Z/prZ,q(x)= ) and n-Bpr:<Z/prZ,q(x)= .

forn € Z. Write G >~ @p’r(l/p’Z)NPv" where p ranges over odd primes and r > 1.
Since Apr L Ay >~ By L By [Wall 1963, Theorem 4], the metric group (G, g;) is
an orthogonal direct sum, over all (p, r) such that N, , # 0, of the homogeneous
metric groups

el

Apr p.r’

where C ;,, r 1s either A,r or Bpr. Since & is multiplicative, we have

8G.qp=[] &@n™'ac),. (13)

p.r:Np 70
Let
A={(p.1) 1 Np, #£0. C,, #C ),
Amax ={(p,r) € A: (p,r') ¢ Aforall r' > r}.
If (p,r) ¢ A, then the (p, r)-th term in the product in (13) is the same for j =1, 2.

If (p, r) € A, then the (p, r)-th terms differ by a factor (— 1)65’ given in Lemma 3.4.
It follows that

8(G.q)=(-D"&(G.q») where A= Y ek
(p,r)eA
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Case 1. If there is a prime p such that (p, 1) € Anax, then choose such a prime pg
and let k = py. We find

> e =eb  =1k+1)—min{l, v, (k)} = po=1 mod 2.

po.r
r:(po,r)€A

For all prime (p, r) € A such that p # pg, we have e’;’, =r(po+1)=0 mod?2. It
follows that A = 1 mod 2, so & (G, q1) # & (G, q2).

Case 2. Otherwise, choose (po, r9) € Amax such that ryp > 1. Choose any y > 1,

and let
k=27 po_1 1_[ p.
(p,r)€Amax

Note that k is an integer with vy(k) =y and v,,(k) = ro — 1. One has

€y = rolk + 1) —min{ro, vy, (k)} = ro — (ro — 1) = 1 mod 2.
If r <ro, thenr <v,,(k), so ef,o’r =r(k—1)—r =0 mod 2. Finally if p # po, then
(p,r) € Aimplies r < v, (k) by our choice of k, so ef,’r =r(k+1)—r =0 mod 2.
Again, A =1 mod 2, s0 & (G, q1) # & (G, q2). O

Lemma 5.2. Let b and b’ be two nondegenerate symmetric bilinear forms on a finite
abelian 2-group G. Let g and q’ be quadratic forms such that 3g = b and 9q' =b'.
Let k be a positive integer such that v (k) =0 or vy (k) > max{2, v2(exp(G))}. Then
(G, q) =&(G, q").

Proof. By the structure theorem of finite abelian groups and by Theorem 2.1, we
can decompose G and (G, g) as

oo
G>~P@/2D™ and (G,q) =~ (Hy, 1) L+ L (Hp, i),

r=1
respectively, where each H; >~ Z7/2"7 or H; >~ (Z /2" Z)* and p; is an irreducible
nondegenerate quadratic form on H;.

Suppose k is odd. By Lemmas 3.2(b) and 3.3, if (H;, u;) =(Z/2"Z, ax?/2rithy,
then
Ec(Hy, 1) = (=DM D g /8) (— 1) e =D/ Be(—ka/8).

Using (11), this simplifies to
& (Hi, i) = (=116 D78,

By Lemma 3.2, if (H;, jt;) = ((Z/272)?, (ax] + x1x2 + x3)/27) with « € {0, 1},
then
sk(Hi, /‘Ll) — (_1)a2rik(_1)(—ko¢)2r[ — (_l)ar;k—i-arikz —1.
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We summarize both cases with the equation
& (Hy, i) = (=10,
Summing over all i such that r; = r yields ), tk(H;)ri =), rN,. So
5 (G, q) = (—1)Er N0,

The expression for & (G, q) does not depend on ¢, so we get & (G, q¢) = &(G, ¢')
for k odd.

Now suppose that k = 2" with 8 odd and n > max{2, v,(exp(G))}. Then
max{r — n, 0} = 0 for all r such that N, > 0. Since n > v,(exp(G)), the quadratic
forms 2" ~'b(x, x) and 2" !4’ (x, x) are identically equal to 0, so Lemma 3.6 implies
that ¢, (b) = ¢,(b’) = 1. From Lemma 3.8, we get

§2p(G,q) = G[2"1' 5, () "V = |G|'2.
Thus, £24(G, g) does not depend on g and we get £2:5(G, q) = 25(G,q"). O
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Write C; = TY(G1, by, 1) and C; = TY (G2, by, 172). Let
my =mg, and my =m¢,. We have pdim(x) =1 for x € G; and pdim(m ;) = ,/|G|.
So the hypothesis in the theorem yields

WV1G1 = Dv(my) = (VG2 = Dvg(mz)  forall k = 1. (14)

Lemma 4.1 implies that, if k is a multiple of 8|G||G2|, then vi(m;) = /|G|
for j =1, 2. It follows that (/|G| — 1)4/|G1]| = (V/|G2] — 1)4/|G3| and hence
|G| = G2l

First consider the trivial case: |G| = |G,| = 1. Then the bilinear forms b
and b, are trivial. So there are only two such TY-categories, and they are only
distinguished by the value of v € {£1}. We know erGf ve(x) = |Gj[k]| and
sign(z;) = (mcj). (See Theorem 3.2 of [Shimizu 2011] and the remark following
the proof of Theorem 3.4 of [Shimizu 2011]. Or else, see Lemma 4.1.) It follows
that 1+sign(t1) =Y ycpre, V2(V) =2 yerne, v2(V) = 1+sign(z2). Sosign(t)) =
sign(1,), and the theorem holds in the trivial case.

We may now assume that |G || =|G,| > 1. Equation (14) implies vi (m1) = vi (m»)
and hence ) . vk(x) = ) ., vk(x) for all k > 1. Tt follows that |G [k]| =
|G,[k]| for each k > 1. This forces G| >~ G», and so we may assume without loss
of generality that G| = G2 = G. By [Shimizu 2011], sign(z;) = vz(mcj), and so it
follows that t; = 15. Assume that b and b, are nonisomorphic.

Write G =G, ®G, where G, is the 2-Sylow subgroup of G and G, = @p#z G
is the “odd part”. Then (G, b;) = (G,, b;?) 1 (G, bj). Choose quadratic forms q;.’
and q}? such that b; = aqj. and bj. = 8qj . Then g; = q}’ 1 q;? is a quadratic form
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such that 9g; = b;. By Lemma 4.1, it is enough to show that & (G, q1) # & (G, g2)
for some k. Since & is multiplicative for j € {1, 2}, we have

(G, q)) = &(Go, 47)6k(Ge, 45)-
We split the argument into two cases.
Case 1 (b # b5). Then Lemma 5.1 implies that there is an integer k > 1 that is
either odd or vy (k) > max{2, v2(exp(G,))} such that & (G,, q7) # &(G,, q5) and
Lemma 5.2 implies that & (G, q7) =& (G, g3). So var(m1) # vor (m2) if b] 2 bS.
Case 2 (b = bj). In this case, we must have b{ 2 b5. From Theorem 3.5, there

exists some n > 1 such that 0, (b{) # 0,(b5), which implies ¢, (b]) # ¢, (b5). Now
Lemma 3.8 implies that

£2(Ge, q5) = (=191 G [2") 6, (0> !

where I'g, 1, is an integer dependent on G, and n but independent of qj. It follows
that £2: (G, q7) # &1 (G,, g5). On the other hand, since (G,, b)) = (G,, b3), we
have £ (G, q7) =£21(Gy, g5). SO voyur1(m1) # voui1 (m2). O

6. Tambara-Yamagami categories associated to groups with an odd factor
are determined by the state-sum invariants

Let G be a finite abelian group, x be a nondegenerate symmetric bicharacter on G
and t be a square root of |G|~!'. Let C = TY(G, x, t) denote the associated
Tambara—Yamagami category. If M is a closed compact 3-manifold, we denote
by |M|c the state-sum invariant of M defined using the category C, as in [Turaev
and Vainerman 2012]. Let L,, , denote the lens spaces.

Lemma 6.1. Forall k > 1, one has | Ly 1|c = (|G[k]| + |G| > v (me))/ 2|G)).

This lemma follows directly from Theorem 0.3 of [Turaev and Vainerman 2012]
as well as Lemma 4.1. The former expresses |Ly 1|¢ in terms of a quantity i (x)
that is essentially the right-hand side of the equation in Lemma 4.1.

Corollary 6.2. Forallk > 1, |Li 1lc = (pdim(C))*1 ZVGM(C) Ve (V) pdim(V).
The corollary follows from Theorem 3.2 of [Shimizu 2011], which implies

> vec V() = |GIk]|.

Theorem 6.3. Let C = TY(G, x,t) and C' = TY(G', x', ") be any two TY-

categories. Suppose |G| is not a power of 2. If |L.1lc = | Lk, 1l¢ for all k > 1, then

c~Cc.

Proof. Let G, and G/, be the 2-Sylow subgroups of G and G, respectively. Let G,

and G/, be the sums of the p-Sylow subgroups for all odd p. From Theorem 0.1 of

[Turaev and Vainerman 2012], we already know that |G| = |G| and that the p-Sylow
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subgroups of G and G’ are isomorphic for all odd p. It follows that |G| = |G|
We claim that G, 2~ G/, as well. The claim implies G >~ G’, and then Lemma 6.1
tells us vg(m¢) = vi(mer) for all k, which forces x >~ x’ by Theorem 1.1. Thus, to
complete the proof, we need to show G, ~ G/,. For this, it suffices to show that
|G[2"]| = |G'[2"]] for all n > 0. Suppose this is false. Since |G[2°]| = |G'[2°]| =1,
we may pick the smallest n > 0 such that |G[2"+!]| > |G'[2"*!]] (without loss of
generality) and |G[2"]| = |G'[2™]]| for all m < n.

Leta=|G,|=|G,|. Letn > 0. Then G[2"a] = G,® G[2"]. By Lemma 4.2, we
can write vyut1,(me) = |G[2"al|'/*v,, where ¥, € g U {0}. Define ¢ similarly
for C’. We have

21G | Lyrsig e = G2 all + |G| *vyus, (me)
= |Gol(IGI2" T+ |G| 21G12"11* ).

So [Lontiy 1lc = |Lont1,1]cr implies
G+ 1G PIGIR N 2 = 1G22 +1GL | 216 2" 2,

If ¥, = ¥, = 0, then the above equation would imply |G[2"*!]| = |G'[2"F1]].
So ¥, # 0 or ¥, # 0. Rearranging the above equation and remembering that
|Gel =1G. I, we get

IGI2" T — |G 12" 1| = |G| |GI2" 112 (W, — ). (15)

Each side of (15) belong to Z[e*"'/3]. Consider the absolute norm of each side.
If ¥ € ug U{0}, one verifies that the absolute norm of (¥ — 1) is a power of 2 or
zero. For example, if ¢ is a primitive 8-th root of unity, then Ng W’J(w —-1) =
]_[izo(e((2j +1)/8) — 1) =2.If ¥, # 0 or ¢, # 0, then writing (¢, — V) =
Vn (Y, /W, —1) or (Y, —¥,) =, (1—, /), respectively, we find that the norm of
(Y, — ) is a power of 2 or zero. So the norm of the right-hand side of (15) is also a
power of 2. However, note that the left-hand side is already an integer, so it must also
be a power of 2. The only way this is possible is if |G[2"+!]| =2|G'[2"+!]|. Write
vonsi (me) = |G[2"]|1/20,, and vyt (mer) = |G'[2"]|/21], for some A, A, € g U{0}.
Now the equality |Lynt1 1lc = |Lont1 j|er yields

IG'12" 1 = G121 = 1G' 12" = |G AIG 12" 112 (\), — &)

Now the left-hand side is a power of 2, so the norm of the right-hand side must
also be a power of 2. Since N (A, — A,) is a power of 2, it follows that |G| is also a
power of 2, which contradicts our assumption. It follows that (G, x) >~ (G, x/).
Now since vy (m¢) = sgn(t), the equality |Ly j|¢c = |L2,1|c implies 7 = 7'. O
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Example. We exhibit two Tambara—Yamagami categories that have the same
state-sum invariant for all lens spaces Ly 1. Recall that Ay: denotes the met-
ric group ((Z/2"7), x>/2"*t1). For k € Z, we shall denote the premetric group
(Z)2"Z), kx*/2"*1) by (k - Axw). Let (G1,by) = (A2)* L A4 and (Ga, by) =
(A2)? L (Ag)?% LetC; =TY(Gy, by, —%) and C, =TY(Go, by, %). Then we claim
that |L, 1l¢, = |Ln,1lc, for all positive integers n.

Proof of claim. Let g; be a quadratic form such that dg; = b; for i € {1,2}. We
will break the proof into cases according to possible 2-valuations of n. The trivial
case is that [L, 1]¢, = 11% =|Ly.1lc, if n is odd. By Lemmas 6.1 and 4.1, to prove
|Lok.1lc, = |Lak.1lc,, it is enough to show that

|G112k]] + (= 1)*8&(G, q1) = |Ga[2k]| + 8& (G, qo).

Since & is multiplicative,

£(G, q1) = &(A) & (A1) and  &(G, q2) = & (A2)* & (As)?.

From Lemma 3.2, we have £ (A2) = © (A2 ) O(—k-Ay) =e(k/8)O(—k- Ax).
The values of ®(—k - Ayr) were computed in Lemma 3.3. This lets us compute the
invariants. We shall consider three cases.

Case 1. Suppose k is odd. Then we have ©(—k - Ay) = (—1)®*~D/8¢(—k/8), so
&(A2) = (—=1)®=D/8 We have O (—k - Ay) = (—1)>K~D/8e(—k/8) = e(—k/8),
50 &, (A4) = 1. It follows that §(G, q1) = 1 = & (G, q»). Since |G1[2k]| = 32 and
|G2[2k]| = 16, we get | Lo 1 lc, = |Lak.1le, in this case.

Case 2. Suppose vy(k) =1 or 2. Then ®(—k - A;) =0 or O(—k - Ag) =0, so
& (A2)=0o0r & (As) =0. Since both (G, b1) and (G2, by) have components of type
A, and A4 and since & is multiplicative, it follows that & (G, q1) = & (G, ¢2) = 0.
Since |G;[2k]| = 64, we get | Lok 1lc, = |Lak,1lc, in this case.

Case 3. Finally suppose vp(k) > 3. Letr =1 or r = 2. Then O(Ay)k = e(k/8)=1.
The quadratic form —k- Ay- is identically equal to 1, s0 & (Ayr) = O(—k-Ay) = 2712,
It follows that &(G, ¢;) = |G|"/? = 8 for j = 1,2. Since |G,[2k]| = 64 and
(—D¥ =1, we get [Lok.1lc, = |Lak.1le, in this case too. O

Appendix: Diagonalization of bilinear and quadratic forms

In this appendix, we discuss the problem of decomposing quadratic and bilinear
forms on finite abelian groups into irreducible components.

Notation. If R is an abelian group, we let M, (R) be the set of all n x n matrices
with entries in R. If R is a commutative ring and S is an R-module, then S" is
a (left) M, (R)-module and M,,(S) is an M,,(R)-bimodule. The action of M,,(R)
on §" is obtained by writing elements of S as column vectors and multiplying by
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the matrix on the left. The two actions of M, (R) on M, (S) are by left and right
multiplication.

Recall from Section 2 that, if x is an element in a p-group of finite order, then we
write v, (x) = — log » (order(x)) and v,(0) = oco. The lemma below is elementary.
We leave the proof as an easy exercise.

Lemma A.1. Let p be a prime. Let G be an abelian p-group.
(@) Let x e Gandr € Z. Then rx =0 if and only if v,(r) +v,(x) > 0.
(b) If x € G and r € Z such that rx # 0, then v, (r) +v,(x) = v,(rx).

(c) Let x1,x2 € G. Then v,(x1 +x2) > min{v,(x1), v,(x2)}, and equality holds
if (x1) N (x2) =0 0rv,(x1) # v,(x2). (Here and later, (x) denotes the cyclic
subgroup generated by x.)

(d) Let b be a symmetric bilinear form on a finite abelian p-group G. If g € G,
then v,(g) < v,(b(g, h)) for all h € G. Further, if b is nondegenerate, then
v,(g) =min{v,(b(g, h)) : h € G}.

Decomposing symmetric bilinear forms into irreducible components is almost
equivalent to diagonalizing matrices by row and column operations. We introduce
these operations next.

Definitions. Let E;; be the n x n matrix whose (i, j)-th entry is 1 and all other
entries are 0. Let [, denote the n x n identity matrix. Let R be a commutative ring.
Let A be an n xn matrix with entries in some R-module M. The operations Flip;; (A),
Add’ (A), and Scale] (A) defined below are called row-column operations on A.

o Let Flipl-j (A) = S"AS where S=1, — E;; — E;i + E;; + E ;. This operation
interchanges the i-th and j-th rows of A and then interchanges the i-th and
j-th columns of A.

o Let Add;’j(A) = S"AS, where S = I, +rEj; for some r € R and i # j. This
operation adds r times the j-th row of A to the i-th row of A and then adds r
times the j-th column of A to the i-th column of A.

e Let Scale](A) = STAS where S = I, + (r — 1)E;; for some r € R. This
operation multiplies the i-th row of A by r and then multiplies the i-th column
by r.

Let (G, b) be a discriminant form and (e, ..., e,) € G". For each i # j, the
operation Flip; ; converts Gramy(eq, ..., e,) to Graml_,( Sf1s ..., fn) where f; =e;,
fi=ej,and fiy =e; fork ¢ {i, j}. The operation Addf’j converts Gramy(eq, ..., e,)
to Gramy (f1, ..., fu) where f; =e;+re; and fy =e; for k #i. The operation Scale]
converts Gramy(eq, ..., e,;) to Gramy(fi, ..., f,) where f; = re; and f; = e
for k # i. We shall say that a row-column operation on Gramy(ey, ..., e,) is valid
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if G = D (ex) implies G = P, (fi). Clearly, Flip;; is always valid. The operation
Scale] is valid if r is relatively prime to the exponent of G. Lemma A.2 lets us
decide when Add’;" is valid.

Lemma A.2. Let G be a finite abelian group and ey, . .., e, € G such that G =
@D, (ex). Let fi, ..., fu € G such that ord(f) = ord(ex) for all k and fi, ..., f,
generate G. Then there exists ¢ € Aut(G) such that ¢(ey) = fr. In particular,

G =D (fo)-

Proof. Let ny = ord(ex) = ord( fx). Since {ex) is a cyclic group of order n; and
Jx 1s an element of order nj in G, there exists a homomorphism ¢y : {ex) — G
given by ¢y (er) = fx. By the universal property of the direct sum, there exists a
homomorphism ¢ : G — G such that ¢ (ex) = fi for all k. Since the f; generate G,
the map ¢ is onto. Since G is a finite group, ¢ must be injective as well. U

Let A € M, (Q(,)/Z). The proofs of Lemmas A.3 and A.4 are based on the
algorithm to reduce A to a diagonal matrix (or a block-diagonal matrix with blocks of
size at most 2 when p = 2) by conjugation or equivalently using the elementary row-
column operations introduced above. This paves the way to proving Theorem 2.1 of
[Wall 1963]. Let diag(ay, ..., a,) denote the diagonal n x n matrix with diagonal
entries ay, ..., ay.

Lemma A.3. Let p be an odd prime. Let u, be a quadratic nonresidue modulo p.
Let A # 0 be a symmetric matrix in M,(Qp)/Z). Let r| be the smallest number
such that p"*' A = 0.

(a) Then there exists a matrix S € GL,,(Z) such that S mod p € GL,,(Z/pZ) and

SYAS =diag(p™"er, ..., p "ey)

withry >rp,>--->r, >0,¢; €{l,u,,0},and €; #0.

(b) Let (G, b) be a nondegenerate discriminant form where G is a p-group. Let
G=@'_(e)). Then there exists fi, ..., fn € G suchthat G =B’;_,(f;) and
Gramy (f1, ..., fu) =diag(p €1, ..., p "e) withri >rp>--->r, >0
and €; € {1, u,}.

Proof. (a) One proceeds by finding a pivot with the smallest p-valuation and then
using this pivot to sweep out the rows and columns. Let A = ((a;;)) € M, (Q(,/2)
be a symmetric nonzero matrix. Let r; > O be the smallest integer such that
p"'A = 0. By induction on #, it suffices to show that there is a sequence of row-
column operations that converts A to a matrix of the form (‘é‘ X,) where d; = p™"
ordy=upp~" and A" € M,,_1(Q(,)/Z) is a symmetric matrix such that p"' A’ = 0.
Claim (finding a pivot). After changing A by row-column operations, we may
assume that ayy = p~"" oray =u,p~".



Indicators of Tambara—Yamagami categories and Gauss sums 1817

Proof of claim. If there is a diagonal entry a;; such that v,(a;;) = —r;, then
apply Flip;; to A to get v,(aj;) = —ry. Otherwise, there exists i # j such that
vp(a;j) =—ryand v,(a;;) > —r1 and v,(a;;) > —ry. In this case, apply Add J 1o A.
This changes the (i, i)-th entry of the matrix from a;; to (a;; +2a;; +a; ]), whose
p-valuation is —r;.! Now we apply Flip,,. Either way, we get v plai) =—ry. Using
the operation Scale, we can change aj; to r2aj;. By choosing r appropriately, we
can make aj; = p~ "' orayy =up,p~"". This proves the claim.

Sweeping out. Now a1 = €;p~"! with €) = 1 or u,,. Since € is relatively prime
to p, we can pick € € Z such that €’¢; = 1 mod p™'. We can represent aj; in
the form B; p~"' with B; € Z. We add (—pB;€’) times the first row to the i-th row
and then add (—B;¢’) times the first column to the i-th column to make a;; = 0
and a;; = 0. Performing this operation for i =2, 3, ..., n converts A to a matrix of
the form (/7" ?). Finally note that the entries of A’ are Z-linear combinations
of entries of A, so p"'A =0 implies p"' A’ = 0. The row-column operations above
correspond to conjugating A by certain matrices that are always invertible modulo p.
Now part (a) follows by induction.

(b) Assume the setup of part (b). Let A = Gramy(ey, ..., e,). Part (a) shows that the
matrix A can be diagonalized by a sequence of row-column operations. Performing
a row-column operation on Gramy(ey, ..., e,) converts it to Gramy(f1, ..., fu)
where the f; are given in the definition preceding Lemma A.2. We need to verify
that all the row-column operation used in the proof of part (a) are valid (see
the definition preceding Lemma A.2). While finding the pivot, we may perform
Add} "/ to a matrix Gramy(ey, .. ., e,) if a nondiagonal entry of the matrix, say a; i
has the highest power of p in the denominator. Since a;; = aj;, Lemma A.1(d)
implies that order(e;) = order(e;). Since (e;) N (e;) =0, Lemma A.1 implies that
ord(e; +ej) = ord(e;). Now Lemma A.2 implies that Add is valid.

While sweeplng out, we perform the row-column opera’uon Add; “Pi€l Wwhere

ay; = Bip~"". This operation changes Gramy(ey, ..., e,) to Gramb(fl, cees )
where f; =e;—pBi€’e; and fi = ey fork #i. Assume G =P, (ex). Since the discrim-
inant form on G is nondegenerate, we have v, (e;) = —r and hence v, (—pBie’e;) =

vp(Bi) —r1. Also, v,(e;) < vp(ai) =v,(B;) —ri. Since (e;) N (—pie’er) = {0},
we have v, (f;) = min{v,(e;), v,(—pi€’e1)} = vp(e;). Lemma A.2 implies that the
row-column operations performed while sweeping out are valid.

It follows that there exist fi,..., f, € G such that G = @(f;) and that

Gramy(f1, ..., fn) = diag(p "€y, ..., p""€,) withry > rp > --- >r, > 0 and
€j €{1,up, 0}. Since (G, b) is nondegenerate, it follows that we must have €; # 0
and order(f;) = p'/ for all j. O

I This is the step in the argument that fails for p = 2.
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The next lemma handles the case of the prime p = 2. This proof is similar to the
proof of Lemma A.3 but somewhat more complicated. We only elaborate on the
necessary modifications.

Lemma A4. (a) Let A # 0 be a symmetric matrix in M,,(Q2)/Z). Let m be the
smallest number such that 2" A = 0. Then there exists a matrix S € GL,(Z)
such that (S mod 2) € GL,(Z/27Z) and S AS is block-diagonal with blocks of
size 1 or 2. Each block is of the form

@78 or 27(%0) (16)

where r is some nonnegative integer, a, b, and c are integers with b odd, and
6 € {0, £1, £5}. The largest r that occurs is equal to m.

(b) Let (G, b) be a nondegenerate discriminant form where G is a 2-group. Let
G =@’ _(ej). Then there exists fi, ..., fa € G such that G = _,(f;)
and Gramy, (f1, ..., fu) is a block-diagonal matrix with blocks of size 1 or 2.
Each block is of the form given in (16) where r is some positive integer, a, b,
and c are integers with b odd, and § € {£1, +5}.

Proof. (a) As above, we try to get a diagonal entry of A to have minimum 2-
valuation. If this succeeds, then we can proceed with the sweep out as before and
split off a 1 x 1 block from A. This procedure fails only in the situation when there
exists i # j such that (Z’]’l z;f/) = 2_’"(2; 2’?/) where o, B,y € Z, B is odd, and all
the diagonal entries of A have 2-valuation strictly larger than —m. In this case, we
can use row-column flips to move this 2 x 2 submatrix to the upper-left corner of A
so that (Z; Z;) =2"" (2; 2’?/ ) and then use this 2 x 2 block to sweep out the first
two rows and first two columns simultaneously.

This is how it is done. Suppose the first two entries of the i-th row are 27" (u, v)
for u, v € Z where i > 2. We want to find r; and r, such that

(ri,r)27" (% £) =27"(u, v) mod Z.

This system can always be solved since the determinant (4ay — 82) of the coefficient
matrix is odd. Solving the equation yields

(r1,rm)=dQyu— Bv, 2av — Bu)

where d is an inverse of (4ay — %) modulo 2. Now we add to the i-th row —r;
times the first row and —r; times the second row and then perform the corresponding
column operations to the i-th column. Verify that after these operations the first
two entries of the i-th row and i-th column become zero. Part (a) follows.

(b) Let A = Gramy(ey, ..., e,). The sweep-out operation above corresponds to
replacing Gramy(ey, ..., e,) by Gram(fi, ..., f,) where f; = e; + rie; + re>
and f; = e; for all j # i. The extra work needed in part (b) is to check that
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this operation is valid. Note that, since 2 is the maximum denominator in A,
order(e;) = order(e;) = 2™. Suppose order(e;) = 2%, Then u and v must be
divisible by 2”77 because the entries of the i-th row can have denominator at
most 2%. From the formula for r; and r,, we see that 2% divides r; and ry.
It follows that 2F fi = 0. On the other hand, since (¢;) N {(e1, e2) = 0, we have
order( f;) > 2*. So order(f;) = order(e;) and Lemma A.2 implies the sweep-out
operations using 2 x 2 blocks described above are valid. U

For p-groups with p odd, Wall’s Theorem 2.1(a) follows from Lemma A.3.
For p = 2, we need Lemma A.4 and we also need Lemmas 2.2 and A.7, which
describe the irreducible nondegenerate quadratic and bilinear forms on (Z/2"Z)>.
Proving Lemmas 2.2 and A.7 depends on solving a system of congruence equations
modulo 2" for all n. This can be done by a standard application of Hensel’s lemma,
which we now state in the necessary form.

Lemma A.5 (Hensel’s lemma). Let p be a prime. Let f1, ..., fu € Z[x1, ..., Xy]
and f = (f1,..., fm). Let Df = ((0f;/0x;)) be the Jacobian of f. Let t| € 7"
such that f(t;) = 0 mod p and the m x n matrix (Df (t;) mod p) has rank m
over . Then, for all k > 1, there exists ty € Z" such that ty | = t; mod pk and
f(t) =0 mod pk.

The proof is omitted.

Lemma A.6. (a) Lets = (f;: fz) be a 2 x 2 matrix of indeterminates. Let

(A(s), B(s), C(s))

= (57, + 511512 + 572, 2511521 + 511522 + 521512 + 2512522, 531 + 521522 + 53,).
Let A, B, and C be odd integers. Let n > 1. Then the equation
(A(s), B(s), C(s)) = (A, B, C) mod 2" (17)

has a solution S € M>(Z) such that S = I mod 2 (here I denotes the 2 x 2
identity matrix).

(b) Let s = (3 °12) be a 2 x 2 matrix of indeterminates. Let
§21 8§22

(A(s), B(s), C(s)) = (511512, 11522 + 521512, §21522).

Let A, B, and C be integers such that B is odd and AC is even. Let n > 1.
Then the equation

(A(s), B(s), C(s)) = (A, B, C) mod 2" (18)

has a solution S € M»(Z) such that S = (? é) mod 2.
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Proof. (a) Apply Hensel’s lemmato f = (f1, f2, f3) for fi (s):slz1 +s11s12+s122—A,
Fo(s) = 2511521 + 511522 + 521512 + 2512520 — B, and f3(s) = 53, + 521522+ 53, — C.
Since A, B, and C are odd, s = I is a solution to f(s) =0 mod 2. One computes

2511 + 812 0 S11+ 2812 0
Df = | 2521 + 522 2511 + 512 S21 + 28502 s11+2s12 |
0 25731 + 522 0 8§21+ 2520

0010
so Df(I)=]1001] mod?2,
0100

which has rank 3. For part (b), let f1(s) = s11512 — A, fo(s) = 511522 + s21512 — B,
and f3(s) = s2152 — C. Since B is odd and AC is even, s, = (/f é) satisfies
f(s4) =0 mod 2. One computes

s;2 0 511 O 1 0A0
Df =|s»n s12 521 sii|, so Df(s,)=|C 1 1 A] mod?2.
0 5220 0 s21 0CO0 1

Since A or C is even, either the second or the third column of the above matrix is
equal to (0, 1, 0)". So the matrix (Df (s4) mod 2) has rank 3. U

Proof of Lemma 2.2. (a) Note that 2q(x) = dq(x,x) € 27"Z/Z. So g(x) takes
values in 27"~17/7, and

q(x1, x2) = 27" N(ax] + 2Bx1x2 + yx3)

where ¢(1,0) =2""'a, g(0, 1) =2"""1y, and 3¢((1, 0), (0, 1)) =2~" B. Suppose
« is odd. Let @ be an inverse of @ modulo 2"+!. Then we can complete squares to
write

q(x1, x2) =27 Na(x; + Baxy)* + (y — B*@)x3).

This contradicts the irreducibility of g, and thus, « has to be even. For the same
reason, y has to be even. So we can write

g(x1,x)=2"" (Axl2 + Bxixy + Cx22).

If A, B, and C are all even, then dq takes values in 27" HZ/Z and hence cannot
be nondegenerate. If B is even, then A or C must be odd, and we can once again
complete squares (as above) and decompose (G, ¢) into an orthogonal direct sum
of two metric groups. So B must be odd.

First, suppose AC is odd. Let F(xy, x3) = x12 +X1X —I—x22. Lets = (i;: i;) Note
that

F((x1, X2)8) = A(s)x{ + B(s)x1x2 + C(5)x3
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where (A(s), B(s), C(s)) are the polynomials given in Lemma A.6(a). We want to
show ¢ (x1, x2) ~ 27" F(x1, x2). This is equivalent to finding a matrix s € M, (Z)
with odd determinant such that

F((x1,x2)s) = (Ax12 + Bx1xy + Cx%) mod 2"

or equivalently (A(s), B(s), C(s)) = (A, B, C) mod 2". The proof follows from
Lemma A.6(a) if AC is odd. If AC is even, then the proof is identical, using
F(x1, x2) = x1x> and using part (b) of Lemma A.6 instead of part (a). [l

Lemma A.7. (a) Let A, B, and C be odd integers. Let r > 1. Then there exists a

matrix S € My(Z) such that S(3 })S" = (! 2.) mod 2" and S = I mod 2.

(b) Let A, B, and C be integers such that AC is even and B is odd. Letr > 1.
Then there exists a matrix S € M»(Z) such that S ((1) (1))Str = (21‘; 2%) mod 2"
and S = (‘14 é) mod 2.

Proof. (a) The congruences in part (a) translate into A(s) = A mod 2" !, B(s) =
B mod 2", and C(s) = C mod 2"~! where A(s), B(s), and C(s) are as in Lemma
A.6(a). Part (a) follows from Lemma A.6. Similarly part (b) follows from part (b)
of Lemma A.6. O

Proof of Theorem 2.1. (a) Let (G, b) be a nondegenerate discriminant form. It suf-
fices to decompose (G, b) into irreducibles when G is a p-group for some prime p.
First suppose p is odd. From Lemma A.3, it follows that there exist fi, ..., f, € G
such that G = @(f;) and Gram,(fi, ..., f,) = diag(p™"€1,..., p~€,) with
ry=rp>--->r,>0ande€; € {1,u,}. Since (G, b) it nondegenerate, it follows
that we must have order(f;) = p'/ for all j. Thus, (G, b) is an orthogonal direct
sum of the rank-1 discriminant forms ((f}), b|(s;)) and each of these are of type A
or B. This completes the argument for odd p.

Now we consider the case p = 2. From Lemma A .4, it follows that there exist
fi,..., fu € G such that G = @(f;) and Gram,(fi, ..., fu) is block-diagonal
with blocks of size 1 or 2 as given in Lemma A.4. Accordingly, (G, b) is an
orthogonal direct sum of rank-1 or -2 discriminant forms spanned by one or two
of the f;. The rank-1 forms among these are clearly of type A, B, C, or D. The
Gram matrix of a rank-2 piece has the form 2_’(2; 2bc)- Lemma A.7 shows that
such a rank-2 piece is either of type E or F.

(b) Let (G, g) be a metric group. By part (a), (G, dq) is an orthogonal direct sum
of irreducible forms (G, b;). Each G; is a homogeneous p-group of rank 1 or
2. Further, G; can have rank 2 only if p = 2. It follows that (G, ¢) is also an
orthogonal direct sum of (G, g;) where g; = ¢|g;. The rank-1 forms are clearly
of type A, B, C, or D. The rank-2 forms either decompose into two rank-1 forms
or they are irreducible as metric groups. In the latter case, Lemma 2.2 shows that
(Gj,qj)isof type E or F. O
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The number of nonzero coefficients
of modular forms (mod p)

Joél Bellaiche and Kannan Soundararajan

Let f =) o, a,q" be a modular form modulo a prime p, and let 77 (f, x) be the
number of nonzero coefficients a, for n < x. We give an asymptotic formula for
7w (f, x); namely, if f is not constant, then

~ _* h(f)
(f,x) ~c(f) (og x)=(D (loglog x)™/”,

where «(f) is a rational number such that 0 < «(f) <3/4, h(f) is a nonnegative
integer and c(f) is a positive real number. We also discuss the equidistribution
of the nonzero values of the coefficients a,,.

1. Introduction

Let f =) .2, anq" be a holomorphic modular form of integral weight k > 0 and
some level I'1 (V) such that the coefficients a,, are integers. Let p be a prime number.
Serre [1976] has shown that the sequence a, (mod p) is lacunary. That is, the
natural density of the set of integers n such that p { a, is 0. More precisely, Serre
gave the asymptotic upper bound

l{n < x, a, #0 (mod p)}| K ey

X
(logx)P’
where f is a positive constant depending on f. Later, Ahlgren [1999, Lemma 2.1]
established the following asymptotic lower bound: assume that p is odd and that
there exists an integer n > 2 divisible by at least one prime £ not dividing Np such
that p {a,. Then

l{n < x, a, #0 (mod p)}| > 2

X
(logx)”
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Under the same hypothesis, this lower bound was recently improved by Chen [2012]:
for every K > 0,

X

K
(ogx) (loglogx)™, 3)

l{n < x, a, #0 (mod p)}| >

where the implicit constant depends on K.

We improve on results (1), (2) and (3) by giving an asymptotic formula for
{n < x, a, #0 (mod p)}|. To describe our results, we slightly change our setting
by working directly with modular forms over a finite field, which allows for more
generality and more flexibility.

Let p be an odd prime! and N > 1 an integer. We define the space of modular
forms of level I'i (N) with coefficients in [, denoted by M (N, [F,), as the subspace
of [, [[g]l generated by the reductions modulo p of the g-expansions at oo of all
holomorphic modular forms of level I'} (N) and some integral weight £ > 0 with co-
efficients in Z. For [ a finite extension of F,, we define M (N, F) as M(N, F,) ®r, F.
Given f in M(N, ), let

7(f,x)=Hn <x:a, #0}.

Theorem 1. Let f =) 2 a,q" € M(N,F), and assume that f is not constant,
that is, assume a,, # 0 for some n > 1. Then there exists a rational number o (f)
with 0 < a(f) < 3/4, an integer h(f) > 0, and a positive real constant c(f) > 0

such that
np)

X
(f,x) ~ c(f)w(loglogx)

This theorem was established by Serre [1976] for the case when f is an eigenform
for all Hecke operators T;, (thatis, T, f = A f, An € F), and in this case one
has h(f) = 0. However, the case of eigenforms is special because, as shown
by Atkin, Serre, Tate and Jochnowitz in the 1970s, there are only finitely many
normalized eigenforms in the infinite-dimensional space M (N, F). One can de-
compose every f € M(N,F) as a finite sum ), f; of generalized eigenforms® f;
but this fact does not seem to be of immediate use, for two reasons. The meth-
ods for treating genuine eigenforms do not seem to apply readily to generalized
eigenforms, and moreover it is not clear how to obtain an asymptotic formula
for w(f, x) from asymptotics for m(f;, x). For f an eigenform, the main tool
in Serre’s study is the Galois representation over a finite field attached to f by
Deligne’s construction, pr : Gg,np — GL2(F). To deal with a general modular
form f we replace pr by a two-dimensional Galois pseudorepresentation, ty,

I'When p = 2, similar but slightly different results may be obtained, see [Bellaiche and Nicolas
2015].

ZWe call a form f € M(N, ) a generalized eigenform if, for every £ not dividing Np, there exist
A¢ € Fand n; € N such that (Ty — 1)t f =0.
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of Gg,np over a finite ring Ay. The ring Ay is obtained as the quotient of A
by the annihilator of f, where A is the Hecke algebra acting on the space of
modular forms M (N, F). The ring Ay is not in general a field. In fact, it is a
field precisely when f is an eigenform for the Hecke operators 7y (£t Np). The
Hecke algebra A (at least in the case of I'g(N)) was introduced and studied in
the wake of Swinnerton-Dyer’s work on congruences between modular forms by
Serre, Tate, Mazur, Jochnowitz and others. More recent progress on understanding
its structure may be found in [Nicolas and Serre 2012a; 2012b; Bellaiche and
Khare 2015]. In Section 3, we recall the definitions of the Hecke algebra A,
its quotient Ay, and the pseudorepresentation 7y and gather the results we need
pertaining to them.

To prove Theorem 1, we introduce the notion of a pure form. A form f is pure
if every Hecke operator 7, (with £ { Np) in Ay is either invertible or nilpotent.
Generalized eigenforms are pure since the finite ring Ay is local in this case,
but there are pure forms that are not generalized eigenforms. For pure forms
we can give a reasonable description of the set of integers n with (n, Np) =1
and such that @, # 0, and using this and a refinement of the Selberg—Delange
method (see Section 2) we deduce (in Section 4A) an asymptotic formula for
the number of n < x with a, # 0 and (n, Np) = 1. For a general f, we show
in Section 4B that if f = ), f; is a minimal decomposition of f into pure
forms, then 7 (f, x) is asymptotically . w(f;, x). To complete the proof of
Theorem 1, it remains to handle coefficients a, with (n, Np) > 1, and this is
treated in Section 4C.

Theorem 1 gives an asymptotic formula for the number of n < x such that a, #0
but says nothing about the number of n < x such that a, = a, where a is a specific
fixed value in F*. Some partial results are given during the course of the proof
of Theorem 1 in Section 4A. We say that f has the equidistribution property if
the number of n < x such that a, = a is asymptotically the same for every a € F*.
In Section 5 we give sufficient conditions and, in some cases, necessary conditions
for the equidistribution property.

In Section 6 we consider a variant of the main theorem, where one counts only
the nonzero coefficients at square-free integers of a modular form.

Let us finally mention that the constants «(f), h(f) and c¢(f) of Theorem 1 can
be effectively computed from our proof. This is done in some cases in Section 7.
However, we do not have a satisfactory understanding of how A (f) and c(f)
behave as f varies. Such an understanding would require a more detailed study
of the structure of the Hecke algebra A and of the space M (N, ) as a Hecke-
module than is currently available (except in the case p =2, N = 1 [Nicolas and
Serre 2012b; Bellaiche and Nicolas 2015] and partially in the case p =3, N =1
[Medvedovki 2015]).
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2. Applications of the Landau-Selberg-Delange method

2A. Frobenian and multifrobenian sets. If X is a finite set of primes and L is a
finite Galois extension of @ unramified outside ¥ and oo, then for any prime ¢ ¢ X
we denote by Frob, € Gal(L/Q) an element of Frobenius attached to ¢. We recall
that Froby is only well-defined up to conjugation in Gal(L/Q).

Definition 2. Let z be a nonnegative integer and X a finite set of primes. We say
that a set M of positive integers is X-multifrobenian of height h if there exists a
finite Galois extension L of Q with Galois group G, unramified outside ¥ and oo,
and a subset D of G", invariant under conjugation and under permutations of the
coordinates, such that m € M if and only if m = £ - - - £;, where the ¢; are distinct
primes not in %, and (Froby,, ..., Froby,) € D. For such a Z-multifrobenian set M
we define its density § (M) to be

SM) = h\#G)h”

Observe that the condition (Froby, ..., Froby, ) € D depends only on the product
£y --- £y, since replacing each Frob,, by a conjugate in G amounts to replacing
(Froby,, ..., Froby,) by a conjugate in G" and D is invariant by conjugacy in
G", and since changing the order of the prime factors £y, ..., £, permutes the
components of (Froby,, ..., Frob,,) and D is invariant by permutations. Thus the
notion of a multifrobenian set is well-defined.

There is only one X-multifrobenian set of height # = 0, namely {1}. Note that
a X-multifrobenian set of height 1 is just a X-frobenian set of prime numbers in
the usual sense (see [Serre 2012, §3.3.1]). In what follows we will say that a set
is multifrobenian if it is X-multifrobenian for some finite set of primes X and
Jfrobenian if it is multifrobenian of height 1. We observe that this definition of
frobenian is slightly more restrictive than the one used by Serre (cf. [2012, §3.3.2])
for whom a set of primes is frobenian if it is frobenian in our sense up to a finite
set of primes. The more restrictive definition of frobenian that we adopt here will
be sufficient for our purposes, and we hope that its use will cause no confusion
to the reader.

Lemma 3. Let M be a multifrobenian set of height h and density §(M). Then

1
Y — ~5(M)(loglogx)".
m€<./\/l m

Proof. This follows from the Chebotarev density theorem. (]

Note in particular that § (M) depends only on the set M and not on the choice
of L, G and D.
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Remark 4. Using the Chebotarev density theorem, one may show that if M is a
multifrobenian set of height /4, then

X

l{n <x:neM}|~hs§(M) (loglog x)"~1,

log x

This formula clearly implies Lemma 3 by partial summation, but the weaker Mertens-
type estimate of Lemma 3 suffices for our purposes.

2B. Square-free integers with prime factors in a frobenian set and random walks.
We begin with a general result of the Landau—Selberg—Delange type, which follows
by the method discussed in Chapter I1.5 of Tenenbaum’s book [1995], or as in
Théoreme 2.8 of Serre’s paper [1976].

Proposition 5. Let a(n) be a sequence of complex numbers with |a(n)| < dy(n)
for some natural number k, where di(n) denotes the k-divisor function defined
by ¢(s)* = > o2 di(n)n~S. Suppose that in the region Re(s) > 1 the function
A(s) = ijozl a(n)n™" can be written, for some real number o, as

A(s) = £()*B(s),

where B(s) extends analytically to the region Re(s) > 1 —c/log(2 + |t|) for some
positive constant ¢ and is bounded in that region by |B(s)| < C(1 + |t]) for some
constant C. Then, for all x > 3 and any J > 0, there is an asymptotic expansion

J

N ij Cx
Za(n) - Z (1ng)l+jfa +0 ((10gx)J+2“)’

n<x j=0

where the A; are constants, with

_ B
T L@

and the implied constant in the remainder term depends only on c, k, and J.

0

Proof. As mentioned above, this is a straightforward application of the Landau—
Selberg—Delange method, and so we content ourselves with sketching the argument
briefly. The constant ¢ can be replaced by a possibly smaller constant so that ¢ (s)
has no zeros in the region Re(s) > 1 —c/log(2+|¢]), and moreover in this region we
have the classical bounds |¢ (s)*| < (log(]s| +2))4l%l for some constant A provided
we stay away from s = 1 (see for example II.3 of [Tenenbaum 1995]). Next, by
applying a quantitative version of Perron’s formula we see that, for x > 3 and with
X100 > 7> 1

N

1 1+1/logx+iT X X
§ a(n) = _/ A(s)=—ds + 0(7(1ogx)’<).
1 N

2700 J141)10gx—iT

n<x
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Now we deform the line of integration as follows. First make a slit along the real
line segment from 1 —c¢/log(7T 4 2) to 1. Then from 1+ 1/logx +iT we proceed
in a straight line to 1 —c¢/log(T +2) +iT and from there to 1 —c/log(T +2)+i0™"
(on the upper part of the slit) and from there to 1. We then circle around to the lower
part of the slit until 1 —¢/log(T 4+2)+i0~ and from there to 1 —c/ log(T +2)—iT
and thence to 1 +1/logx —iT. The integrand has a logarithmic singularity at 1,
and the change in the argument above and below the slit leads to the main terms in
the asymptotic expansion (by “Hankel’s formula”; see [Tenenbaum 1995, §11.5.2]).
The remaining integrals are estimated using the bounds for |£(s)%| in the zero-free
region, together with our assumed bound for | B(s)|. The resulting error terms are
bounded by O (x!=¢/1°6T+2 (T 4 2) log(T +2)). Choosing T = exp(c;/log x) for
a suitably small positive constant c¢;, we obtain the proposition. O

Now suppose we are given a frobenian set of primes ¢/ of density 8 = §(U) > 0,
a finite abelian group I', and a frobenian map? 7o : & — T such that the image
79(U) generates I". Using multiplicativity, extend 7y to a map t from the set of
square-free numbers composed of prime factors in ¢ to I'.

Theorem 6. Let g be any given element of 1", and let r be a positive integer. Then,
for x = 3 and uniformly in r, we have

#{n < x :n square-free, p|n = p U, t(n) =g, (n,r)=1}

PN ST SN G (0

= Gogmy 7 ¢ ((logx)l—ﬂ“)’
where CU,r)=(1/T(B)) ]_[pw,J with w, =(14+1/p)(1— 1/p)? if peUd with p1r,
and w, = (1 -1/ p)? otherwise. In the remainder term above, d(r) denotes the
number of divisors of r, and § is a fixed positive number (depending only on the
group T).

Proof. We use the orthogonality of the characters of the group I, which we write
multiplicatively even though it is abelian. Thus the quantity we want is

1

T Y x(@ Y x(xmy),

S
where we set x (t(n)) = 0 if n is divisible by some prime not in ¢/ or if »n is not
square-free.
We will use Proposition 5 to evaluate the sum over n above. Since the map t
is frobenian, by the usual proof of the Chebotarev density theorem (that is, by
expressing frobenian sets in terms of Hecke L-functions and using the zero-free

3A map from a frobenian set of primes to a finite set is called frobenian if its fibers are frobenian.
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region for Hecke L-functions) we may write

o
> @ =()PWBy (s), where B(x) =) x(8)8(r; '(2)),
(n',zr=)1=1 get
and B, ,(s) extends analytically to the region Re(s) > 1 —c/(log(2+|t|)) for some
1/10 > ¢ > 0 and in that region satisfies the bound |B, ,(s)| < Cd(r)(1 + |t]) for
some constant C. The constants ¢ and C depend only on &/ and I" but not on r.
First suppose that y equals the trivial character xq. Note that 8(x) then equals

and that
B (s)—||<1—i>ﬁ(1+i) ||<l—i>ﬁ
X057 - ps ps ps :

peU pEU
pir or plr
Therefore, appealing to Proposition 5, we obtain the main term of the theorem.
Now suppose that x is not the trivial character. Then Re(8(x)) < B — ¢ for
some fixed § > 0, since there is a g in the image of 7y such that x (g) # 1 (since
T(U) generates I'), and the frobenian set 7, ! (g) is nonempty and hence of positive
density 6(z, ! (2)). Therefore, by Proposition 5, we see that the contribution of the

nontrivial characters is
0 xd(r) 0
(log X) 1-B+8 )"

2C. A density result. We keep the notation and hypotheses of the preceding section:
U is a frobenian set with § =§(U) > 0, I is a finite abelian group, and 7o : U — I" is
a frobenian map whose image generates I". In addition, let M be a multifrobenian
set of height 2 > 0, such that every element in M is coprime to the primes in .
Let S be a given nonempty set of square-full numbers (we permit 1 to be treated as
a square-full number).

Define Z = Z(U, M, S) to be the set of positive integers n > 1 that can be
written as

(2.1) n=mm’m"” with m, m’, m” positive integers such that
(2.1.1) m is square-free and all its prime factors are in I/;
2.1.2) m' e M;
(2.1.3) m” € S and m” is relatively prime to mm’'.
These conditions imply that m, m’ and m” are pairwise relatively prime, and for

n € Z such a decomposition n = mm’m” is unique. Extend 7 to a map Z — I by
setting T(n) = t(m) for n as in (2.1). Let A be any nonempty subset of I".
Theorem 7. With notation as above, we have

|A]

. "y X h
#n<x:neZ t(n)e A} C8(M)mm(loglogx) ,



1832 Joél Bellaiche and Kannan Soundararajan

where (with C(U, s) as in Theorem 6)

CZZC(U,S)-

S
SES

Proof. Set R = (logx)? and z = x!/1°210g% We want to count n = mm’m" for
m’ eS8, m' e M, with im’, m") = 1, and for m composed of primes in I/, with
(m,m"”) =1 and t(m) = g. We now group these terms according to whether
() m”" <Randm’ <z, or (i) m” < R butm’ > z, or (iii) m” > R. We shall show
that the first case gives the main term in the asymptotics, and the other two cases
are negligible.

First consider case (i). This case contributes

S Y Sz tem=s om =1

m'eS m'eM geA
m'<R m'<z
(m’,m”):l

Now we use Theorem 6, so that the above equals

Z Z C(L{ //) |A| X 0 xd(m”) >
( " mm/m”(log(x/m'm"))l’ﬁ-i_ (m’m”(logx)lﬁ”)'

m’'eS m'eM
m'<R m'<z
(m/,m”):l

Using Lemma 3, and since ) _,,..s d(m")/m” converges, we see that the error term
above is O (x/(logx)'~#19=¢), which is negligible. Since log(x/m’m") ~ log x,
the main term above is (again using Lemma 3)

Al x i cU,m")
—|F|—(logx)l,ﬁ@(/\/l)(IOglOgX))E —
m/’/’e}%
m" <

which equals the main term of the theorem.
Now consider case (ii). Since all the terms involved are positive, we see that
they contribute (with w (1) denoting the number of distinct prime factors of u)

<> > > )

m’eS z=<u<x/m” m=<x/(um")
m’<sR  wu=h plm=pel

Now in the sums above either u < /x or m < ,/x. In the first case, note that
the largest prime factor of u lies in [z!'/”, \/x] and the others are all below |/x.
Moreover, using Proposition 5, the inner sum over m in (4) is < x /(um” (log x)1A).
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Thus we see that the first-case contribution to (4) is bounded by

N x 1 1 h—1
< Z Z um“(logX)l ;‘3 (IOg)C)l ﬁ( Z _>(Z _>

mNES Z<M<f l/h p piﬁp
m'<R )= P<ﬁ

X h—1
< W(log log x)"~ " logloglog x.

For the second case, note that for m < \/x (and m” < R = (log x)?) we have (by
standard estimates for the number of integers with £ distinct prime factors)

x  (loglog x)"!

Yok _(oglos )’
, mm log x

u<x/(mm'")

w(u)=h

and so we obtain that the second-case contribution to (4) is bounded by

X h—1 1 h—1 1
< 1 x(loglogx)l E n_1 (loglogx) 1_[ (1 + p)
m<./x Py
meld peUu
X
——(log1 h=1,
< (1ng)l_ﬂ(og 0g x)

Putting both cases together, we see that the contribution of the terms in case (ii) is

X
—— (loglogx)"~'logloglogx,
¢ (Togx) 17 (loglogx)™ " logloglog x
which is small compared to the contribution from case (i).

Finally, since the number of mm’ < x/m” is trivially at most x/m”, the contri-
bution in case (iii) is

which is negligible. This completes our proof. (Il

3. Modular forms modulo p

3A. The algebra of modular forms M (N, [F). As in the introduction, we fix an
odd prime p and a level N > 1. Let k > 0 be an integer. The space My(N, Z)
denotes the space of all holomorphic modular forms of weight k£ and level I'; (V)
and with g-expansion at infinity in Z[[¢]]. For any commutative ring A we define

Mi(N,A) = My(N,7)® A.
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The natural g-expansion map My (N, A) — Allq] is injective for any ring A (this
is the g-expansion principle; see [Diamond and Im 1995, Theorem 12.3.4]), and so
we may view below M (N, A) as a subspace of A[l¢]. Finally we define

o0
M(N,A)=>_Mi(N, A) C Alq].
k=0
Note that if A is a subring of C, then M (N, A) is the direct sum of the spaces
M (N, A) (see [Miyake 2006, Lemma 2.1.1]). However, the situation is different
for general rings A and, in particular, when A is a finite field. For instance, the
constant modular form 1 of weight 0 in My(N, [F,) and the Eisenstein series Ej,_;
in M,_(N, [F,) both have the same g-expansion 1, showing that the subspaces
My(N, F,) and M,_{(N, [,) are not in direct sum in [, [[¢]]. For the same reason
it is not true that M(N, A) ®4 A’ = M(N, A’) in general (though this is true if A’
is flat over A); rather M (N, A’) is the image of M(N, A) @4 A’ in A'[¢].

3B. Hecke operators on My (N, A). For any k > 0, the space of modular forms
My (N, C) is endowed with the action of the Hecke operators 7, for positive inte-
gers n. If n is a positive integer coprime to N, define the operator S, as n*~2(n),
where (n) is the diamond operator. Recall that these operators satisfy the following
properties.

(3.1) All the operators 7, and S,, commute.

(3.2) We have S; =1 and S,,,, = S, S,, for all m, n coprime to N.

(3.3) The Hecke relations 71 =1, T,,, = T,,T,, if (im, n) =1 hold. If £{ N is prime,
then Tpnt1 = Tpn Ty — £S¢Tpu—1. If £|N is prime then Tpn = (T;)".

As is customary, we shall also use below the notation U, for the operators T
when ¢ | N. From the above relations one sees that the operators 7, and S, for
£ prime determine all the others. Recall that the action of the Hecke operators on
g-expansions is given as follows.

(3.4) If £|N then a,(Uy f) = ae, (f).
(3.5) If £{N is prime, then a, (T¢ f) = apn (f) +Lane(Se f), with the understanding
that a,/, means 0 if £{n.

It follows that

(3.6) if (n,m) =1 then a,(T, f) = au,(f); in particular, a; (T, f) = a, (f) for
every m > 1.

Lastly, we recall the following important fact, which follows from the geometric
interpretation due to Katz [1973] of the elements of My (N, A) as the sections of a
coherent sheaf on the modular curve Y (N) 4 over A, and of the Hecke operators
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as correspondences on Y;(N). A convenient reference is [Diamond and Im 1995,
Chapter 12].

(3.7) Let A be a subring of C. All the operators 7,, and §,, leave stable the subspace
My (N, A) of My(N, C).

This fact allows us to define unambiguously the operators 7,, and S, over
My (N, A) = My (N, Z) ®z A by extending the scalars from Z to A for the linear
operators 7, and S, on My (N, Z).

3C. Hecke operators on M(N, F). From now on, [ is a finite field of characteris-
tic p. First we recall a result due to Serre and Katz, which allows us to assume that
the level N is prime to p; for a proof, see [Gouvéa 1988, pages 21-22].

(3.8) Let [ be a finite field of characteristic p. Write N = Nop" with (Ny, p) = 1.
Then as subspaces of F[[¢]] one has M (N, [,) = M(No, [,).

Henceforth, we assume that (N, p) = 1.

(3.9) There are unique operators 7}, (for any n > 1) and S, (forn > 1 with (n, N)=1)
on M (N, F) such that, for any k£ > 0, the inclusion My (N, F) — M(N,F) is
compatible with the operators 7, and S,, defined on the source and target.

Since the sum of the M (N, A) fork=0,1,2,...is M(N, A) by definition, the
uniqueness claimed in (3.9) follows. The existence relies on the interpretation of
the elements of M (N, A) as algebraic functions on the open Igusa curve (an étale
cover of degree p — 1 of the ordinary locus of Y;(N) /§,) which is due to Katz (see
[1973; 1975, Theorem 2.2]) and based on earlier work of Igusa. For a more recent
reference for (3.9), see [Gross 1990, Propositions 5.5 and 5.9].

It is clear that the operators 7, and S, still satisfy properties (3.1) to (3.6). We
record one more easy consequence of (3.9).

(3.10) The actions of the Hecke operators 7,, and S, on M (N, [F) are locally finite.
That is, any form f € M (N, ) is contained in a finite-dimensional subspace
of M (N, [F) stable under all these operators.

We shall use the notation U, instead of 7, when acting on the space M (N, [).
More generally, if m is an integer all of whose prime factors divide Np we shall
use the notation U, instead of 7,,.

Finally, we note that the space M (N, ) enjoys an additional Hecke operator
(see [Jochnowitz 1982, §1]).

(3.11) The subspace M (N, ) of F[[¢] is stable under the operator V,, defined by
v, (Z anq”) = anq’".
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3D. The subspace F(N,F) of M(N, ). Using the same notation as in [Nicolas
and Serre 2012a; 2012b], let us define F(N, ) as the subspace (1), y, ker Uy
of M(N, [F). In other words,

(3.12) F(N.F)={f =Y n2ganq" € M(N.F), a, #0=> (n, Np) = 1}.
Since the Hecke operators commute, 7; and S, for £ t Np stabilize F(N, [F).

3E. The residual Galois representations p and the invariant o(p). We denote
by Gg,np the Galois group of the maximal algebraic extension of @Q unramified
outside Np. We denote by ¢ a complex conjugation in Gg,n,. If £ is a prime not
dividing Np, we denote by Frob, an element of Frobenius associated to £ in Gg, np.
We fix an algebraic closure [F_p of F,.

We shall denote by R = R(N, p) the set of equivalence classes of continuous
odd* semisimple two-dimensional representations /5 of the Galois group G, Np
over I]:_p that are attached to eigenforms in M (N, [F_p). Here we say that p is attached
to an eigenform in M (N, I]:_p) if there exists a nonzero eigenform f € M (N, [fp) for
the Hecke operators T; and S for £  Np, with eigenvalues A, and oy, such that

(3.13) the characteristic polynomial of 5(Froby) is X> — A X + £oy.

Although we do not need this fact, we remark that Khare and Wintenberger have
shown Serre’s conjecture that every odd semisimple two-dimensional representation
of Serre’s conductor N is attached to an eigenform in M (N, [F_p).

A result of Atkin, Serre and Tate in the case N =1 [Serre 1973], and of Jochnowitz
in the general case [1982, Theorem 2.2], states that the number of systems of
eigenvalues for the 7; and S, appearing in M (N, [F_p) is finite. Hence R(N, p) is a
finite set. If p : Gg,np — GL2([F_p) is a representation, it is defined over some finite
extension [ of [, inside I]:_p (for absolutely irreducible p, this amounts to saying
that tr o(Gq,np) C T, since finite fields have trivial Brauer groups). Therefore,
there exists a finite extension [ of [, such that all representations in R(N, p) are
defined over F.

For p € R(N, p), we shall denote by U; the open and closed subset of Gg, np
of elements g such that tr p(g) # 0, and by N; its complement, the set of elements g
such that tr p(g) =0. We set x(p) = Gy (N;3), where KGa.np is the Haar measure
on the compact group Gg, np.

Proposition 8. For all representations p we have a(p) € Q with 0 < a(p) <3/4.
If p is reducible, we have a(p) < 1/2.

Proof. By definition, a(p) is the proportion of elements of trace zero in the finite
subgroup G = p(Gq,np) of GL,(F,). Thus a(p) is rational and is at most one.
Since p(c) has trace zero, we have a(p) > 0. It remains now to obtain the upper

4That is, such that tr 5(c) = 0.
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bounds claimed for a(p). Let G’ be the image of G in PGLZ([F_,,). Then a(p) is
also the proportion of elements of trace zero in G’ (it makes sense to say that an
element of PGLZ([F_,,) has “trace zero”, even though the trace of such an element
is of course not well-defined). Also, observe that an element g’ in PGLQ([F_,,) has
trace O if and only if it has order exactly 2. Indeed, let g be a lift of g’ in GLQ([F_],).
If g is diagonalizable and x, y are its eigenvalues, then g’ having order exactly 2
means that x # y, but x> = y?; thus x = —y, and tr g = 0. If g is not diagonalizable,
then the order of g’ is a power of p, hence not 2, and it has a double eigenvalue
x # 0 so its trace 2x is not 0. Hence «(p) is also the proportion of elements of
order 2 in G'.

If p is reducible, then, since p is assumed semisimple, G is conjugate to a
subgroup of the diagonal subgroup D = [Fp* X [F_p* and G’ may thus be assumed to
be a subgroup of the image D’ of D in PGL,. The group D’ is isomorphic to F,*,
by the isomorphism sending x € [F_p* to the image of ((1) 2) in PGLy([F,), and via this
identification the only element of trace zero of D’ is —1, which is always in G’
because G contains p(c). Thus one has a(p) = 1/|G’|. Therefore, a(p) < 1/2
since G’ is not the trivial group because p(c) is not trivial in PGLz([F_p).

Now assume that p is irreducible. We shall use the classification of subgroups
of PGLZ([F_,,) for which a convenient modern reference is [Faber 2012]. According
to Theorems B and C of [Faber 2012], if G’ is any finite subgroup of PGLZ([F_I,),
we are in one of the 9 situations described there and labeled B(1) to B(4) and
C(1) to C(5). The case B(3) does not arise since we assume p > 2, and neither
do cases B(2) and C(1) which contradict the assumed irreducibility of p (for B(2)
because G’ cyclic implies G abelian, and for C(1) by Remark 2.1 of [Faber 2012]).
In the other situations, we argue as follows.

C(2) G’ is isomorphic to a dihedral group Dy, of order 2n (for n > 2 an
integer) which is a semidirect product of a cyclic group C, by a subgroup
of order 2. In this case, the elements of order 2 are the elements not
in C,, and, if n is even, the unique element of order 2 in C,,. Thus

|3 if n is odd,

al@)=37 4 ...

3+5, ifniseven.

Note that if n = 2, then a(p) = 3/4, and in all other cases «(p) < 5/8.

C(3) G’ ~ A4, so a(p) = 1/4 since A4 has order 12, and has 3 elements of
order 2.

C4) G’ ~ 84,50 a(p) =3/8 since S4 has order 24 and 9 elements of order 2
(6 transpositions and 3 products of two disjoint transpositions).

C(5), B(4) G’ ~ As, so a(p) = 1/4 since As has order 60 and has 15 elements of
order 2 (the products of two disjoint transpositions).
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B(1) The subgroup G’ of PGLz([F_p) is conjugate to PGL;([F,), where g is
some power of p. In this case, the number of matrices of trace 0 in G’
is g%, while |G’] = g(q — 1)(g + 1), so

a(p) = . A —
(g—D(@+1
Thus in this case we have «(p) < 3/8, and this bound is attained for

q =3.

B(1) again The subgroup G’ of PGLQ([F_,,) is conjugate to PSL,(F,). The number
of matrices of trace 0 in SL;([F,) is g°> — q if —1 is not a square in Fy
and q2+q if —1is a square. Since | SLo(Fy)| =g (g —1)(g+1) one has

1 . . .
—— if —1 is not a square in [,

a(p)= {1 T A

-1 1f—lisasquareinf,.

Thus in this case we have «(p) < 1/4, and this value is attained for

g=3and g =5. U

3F. The Hecke algebra A. From now on, we assume that [ is a finite field con-
tained in I]:_p and large enough to contain the fields of definition of all the represen-
tations p € R(N, p).

Let A= A(N, F) be the closed subalgebra of Endy (M (N, [F)) generated by the
Hecke operators T, and S, for £ prime not dividing Np. Equivalently, by (3.3), A is
the closed subalgebra of Endg (M (N, F)) generated by the 7, for all m relatively
prime to Np. Here we give M (N, [F) its discrete topology and Endg (M (N, F)) its
compact-open topology. Then M = M(N, F) and F = F(N, [F) are topological
A-modules. Note that if f € M (orif f € F) the submodule Af of M (respectively
of F) generated by f is finite-dimensional over F by (3.10), and hence is finite
as a set.

By construction, the maximal ideals of A(N, [) correspond to the Gal([f,7 /F)-
conjugacy classes of systems of eigenvalues (for the 7y and Sy, £ Np) appearing
in M(N, [F_p). As recalled earlier, the set of such systems is finite and in natural
bijection (determined by the Eichler—Shimura relation (3.13)) with the set R(N, p).
Further, by our choice of F, all those eigenvalues are in F. It follows that A is a
semilocal ring; more precisely, we have a natural decomposition

A= ] 4
FER(N.p)

where A; is the localization of A at the maximal ideal corresponding to the system
of eigenvalues corresponding to p. The quotient A; of A is a complete local [F-
algebra of residue field [F, and if one denotes by T; the image of an element 7 € A
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in Az, then A; is characterized among the local components of A by the following
property.

(3.14) For every £ 1 Np, the elements Ty ; — tr p(Frob,) and £S5, — det p(Froby)
belong to the maximal ideal m; of A; (or, equivalently, are topologically
nilpotent in Az).

The decomposition of A as [[ A; gives rise to corresponding decompositions
of M=M(N,F)and F = F(N, [F):

M= P M. F= P 7.

PER(N,p) PER(N,p)

such that A;M; = M; and A;My = 0 if p # p’, and similarly for F. In other
words, Mj (or F5) is the common generalized eigenspace in M (respectively F)
for all the operators T; and £S, (¢ { Np) with generalized eigenvalues tr o (Froby)
and det p(Froby).

Let p € R. Since A acts faithfully on M, the algebra A; acts faithfully on M. In
particular M; is nonzero. It is easy to deduce that Mj contains a nonzero eigenform
for all the Hecke operators 7; and Sy, £ Np. We shall need on one occasion the
following slightly more precise result, due to Ghitza [2006].

(3.15) Let p € R. There exists a form f = Zflozl apq" in M, with ag =0, a; =1,
that is an eigenform for all the Hecke operators 7y and Sy, £t Np.

Indeed, according to [Ghitza 2006, Theorem 1], there exists an eigenform 2 € M;
which is cuspidal, that is, such that ag(h) = 0. Let m € N with a,,(h) # 0. Then
f = /ay(h))Uy,h is an eigenform and satisfies ag(f) =0, a;(f) = 1.

3G. The Hecke modules Af and the Hecke algebra Ay. For f € M(N, ), recall
that we defined Af to be the submodule of M (over A) generated by f, which
by (3.10) is a finite-dimensional vector space over [F. We shall denote by Ay the
image of A under the restriction map Endf(M) — Endp(Af). Thus Ay is a finite-
dimensional quotient of A. We continue to denote by 7, and S, the images of
Tg and Sg in Af.

3H. The support R(f) of a modular form. For f € M, we define the support
of f to be the subset of R consisting of those representations p such that the
component f; of f in Mj is nonzero. We will denote the support of f by R(f).
Thus R(f) =@ if and only if f =0, and R(f) is a singleton {p} if and only if f is
a generalized eigenform for all the operators Ty and S, (with ¢ { Np). Equivalently,
R(f) is the smallest subset of R such that the natural surjection A =[] SR A;— Ay
factors through [ ;. (s Ap. In view of (3.14), we have the following lemma.
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Lemma 9. Let €1 Np. The action of the operator Ty on the finite-dimensional space
Af is nilpotent if and only if Frob, € Nj; for every p € R(f). Similarly, the action
of Ry on Af is invertible if and only if Frob, € U; for every p € R(f).

31. Pure modular forms and the invariants o( ) and h(f).

Definition 10. We say that f € M is pure if, for every p, p’ € R(f), one has
N; = Ny, or equivalently U; = Uy If f is pure and nonzero, we denote by Ny
and Uy the common sets N; and U; for p € R(f). Further, we let Ny and Uy denote
the sets of primes £ { Np with Frob, € Ny and Frob, € Uy respectively.

Note that generalized eigenforms are pure, but that the converse is false in general.
Also note that, by Lemma 9, if f is nonzero and pure and £ { Np, then 7} is nilpotent
on Af if £ € Ny, and Ty is invertible on Af if £ € Uy.

Definition 11. Let f be a pure, nonzero, modular form. Define a(f) = Gy, (Nf)
such that a(f) = a(p) for any p € R(f). Define the strict order of nilpotence
of f, denoted by h(f), as the largest integer & such that there exist (not necessarily
distinct) prime numbers €1, ..., £, { Np in /\/f with Ty, - - - Ty, f #0.

Note that, in the definition of the strict order of nilpotence, the largest integer A
exists and is no more than the dimension of Af, since the Ty, act nilpotently on Af
for E,‘ € ./\/}

(3.16) Given a general nonzero form f, partition the finite set R( f) into equivalence
classes R; (f) based on the equivalence relation p ~ p’ if and only if N; = ng.

Thus we may write
f=X 1 fi= Yl

PER;(f)
so that the f; are pure. We call this decomposition the canonical decompo-
sition of f into pure forms.

We now extend the definitions of «( f) and /4 ( f) to forms that are not necessarily
pure.

Definition 12. If f =), f; is the canonical decomposition of f into pure forms,
we set a(f) =min; a(f;) and h(f) = max; o(f)=a(r) h(f).
3J. Existence of a pseudorepresentation and consequences.

Proposition 13. There exist continuous mapst: Go np — Aandd : Ggny — A
such that

(i) d is a morphism of groups Gg,n, — A%,
(1) t is central (i.e., t(gh) = t(hg)),
(i) #(1) =2,
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(iv) 1(gh)+1t(gh~"d(h) =1(g)t(h) for all g, h € G Np-
(v) t(Froby) = Ty for all £ 1 Np,
(vi) d(Frobg) = ¢S, for all £ 1 Np.

The uniqueness of such a pair (¢, d) is clear: the function ¢ is characterized
uniquely by (ii) and (v) alone using the Chebotarev density theorem, and d is
characterized by (i) and (vi) (or else by (iv); see (5) below). The existence of
t and d is proved by “glueing” the traces and determinants of the representations
attached by Deligne to eigenforms in characteristic zero and then reducing modulo p.
For details, see [Bellaiche and Khare 2015].

Remark 14. The properties (i) to (iv) express the fact that (¢, d) is a pseudorepre-
sentation of dimension 2. The map ¢ is called the trace, and the map d is called the
determinant of the representation (¢, d) (see [Chenevier 2014]). It is easy to check
that the trace and determinant of any continuous two-dimensional representation
(of a topological group over any topological commutative ring) satisfy properties
(i) to (iv). Since p > 2, one can recover d from ¢ by the formula

d(g) = (1(8)* —1(g*)/2. )
which follows upon taking g = & in (iv) and using (iii).
We prove for later use the following lemma.
Lemma 15. For every g € Go,np one has t(g7) =t(g)”.

Proof. Let m € GL(A) be the matrix ( d?g) ” gl)) with tr(m) =1 (g) and det(m) =d(g).
Since tr and det on the multiplicative subgroup generated by m satisfy properties
(i) to (iv) above, one sees easily by induction on n that tr(m") = #(g") for all n.
Thus it suffices to prove that tr(m?) = tr(m)?.

Let f:F,[D, T]— A be the morphism of rings sending D to d(g) and T to (g),
where D and T are two indeterminates. Let M € GLy(F,[D, T]) be the matrix
(g _Tl ). Since f(M) = m, it clearly suffices to prove that tr(M?) = tr(M)P. Since
F,[D, T] can be embedded in an algebraic field k of characteristic p, it suffices
to prove that, for all M € M, (k), one has tr(M?) = tr(M)?. Replacing M by a
conjugate matrix if necessary, we may assume that M is triangular, in which case
the formula is obvious. O

Let f € M(N, ) be a modular form. Let ty : G — Ay and df : G — Ay be the
composition of ¢ and d with the natural morphism of algebras A — A;. Note that
(t7, dy) satisfies the same properties (i) to (vi), and so (7, dy) is a pseudorepresen-
tation of G on Ay. In particular, (v) reads

1y (Froby) f =Ty f. (6)
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We now deduce certain consequences of the existence of the pseudorepresentation
(t, d) for the algebra A and for modular forms f € M.

Proposition 16. The Hecke algebra A is topologically generated by the Ty for
£t Np alone (that is, without the S).

Proof. Let A’ be the closed subalgebra of A generated by the Ty. Since the
elements Froby for £ { Np are dense in G, ~p and t(Froby) =Ty € A’, one sees that
t(Ga,np) C A’. In particular, for £ not dividing Np, we have t(Frob%) € A’, hence
we also have (¢ (Frob%) — t(FI'Obg)Z)/z. But this element is just d(Frob,) = £S,.
Hence Sy € A’ and A’ = A. O

Lemma 17. There exists a finite quotient Gy of Ga,np such that, for £ { Np, the
action of Ty on Af depends only on the image of Frob, in Gy.

Proof. Let H denote the subset of Gg,n, consisting of elements 4 such that
tr(gh) =t (g) for every g € G. Since 1 is central (property (ii) above), it follows
that H is a normal subgroup of G. We call H the kernel of the pseudorepresentation
(tr, dy). By (5) and (iii) one has dy(h) = 1 for h € H. Let Gy = Gq,np/H. The
maps tr, dr : Go,np — Ay factor through Gy to give maps Gy — Ay, which we
shall also denote by #; and dr. Note that, by construction, there is no 4 # 1 in Gy
such that t¢(gh) =ty (g) for every g € G¢. Since Ay is finite, it follows easily that
Gy is a finite group. Finally, by (6), T; f depends only on t¢(Frob,), which only
depends on the image of Frob, in Gy. Therefore, if g € Af, then g = Tf for some
T eA,and Tyg =T, Tf =TT, f depends only on the image of Frob, in Gy. [

We draw three consequences of this lemma.

Proposition 18. Let f =) 02 anq" € F = F(N,F). If f #0, then there exists a
square-free integer n such that a, # 0.

Proof. Since f is nonzero, a, # 0 for some n € N, and since f € F, one has
(n, Np) = 1. Thus a1 (T, f) # 0. By Proposition 16, T, is a limit of linear combina-
tions of terms of the form Ty, - - - Ty, with £1, ..., £, being (not necessarily distinct)
primes all not dividing Np. Since T +—> a(Tf) is continuous and linear, we deduce
that a; (T, - - - Ty, f) # O for some primes £y, ..., £; not dividing Np (again not
necessarily distinct). Since the action of 7y, on Af depends only on Froby, in the
finite Galois group Gy, one can replace ¢; by any other prime whose Frobenius has
the same image without affecting the action of 7j,. In this manner, we may find
distinct primes ¢; such that 7y, - - - Ty, = Ty - - - Ty;, and then with m = £} - - - £{ it
follows that a,,,(f) = a1 (T, f) = a](Tg/1 T fy=a(Te, - Te, f) #0. O
Proposition 19. Let f € M(N,F) be a pure form, and let f' be any element
of M(N, ). Let h be a nonnegative integer, and let M denote the set of square-

free integers m having exactly h prime factors, all from the set Ny, and such that
Tnf = f'. Then M is multifrobenian.
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Proof. Let Gy be as in Lemma 17 and let Dy, C G}’ denote the set of A-tuples
(81, ..., 8n) suchthatts(g1) - -tr(gn) f = f', where g; € Ny fori =1, ..., h. Then
Dy ¢ is invariant under conjugation and symmetric under permutations, and hence
by definition M is the multifrobenian set of weight & attached to Dy, s and Gy. [J

Proposition 20. Let f be a pure modular form. Then there exist h(f) distinct
primes Ly, ..., Lycyy in Ny such that Ty, - - - Ty, ) f #O.

Proof. The fact that we can find h(f) primes £y, ..., ¢y in Ny such that
f'i= Ty Ty, f # 0 simply follows from the definition of h(f). In the
notation of the previous proposition we see that Dy, ¢ is not empty as it con-

tains (Froby,, ..., Frob, ). Hence the multifrobenian set M of that proposi-
tion is not empty, and there exist distinct primes £}, ..., E;l( B in Ny such that
Ty, - Ty, f=f#0. -

h(f)
4. Asymptotics: proof of Theorem 1

Let f =) a,q" € M = M(N, F). We assume below that f is not constant. We set
Z(f)y={neN, a,#0} and =(f,x)=|{n<x, a, #0}|,

and our goal is to establish an asymptotic formula for 7 (f, x). For a given a € F*
it will also be convenient to define

Z(f,a)={neN, a,=a} and =n(f,a,x)=|{n<x, a, =a}ll.

By (3.8), we may assume without loss of generality that (N, p) = 1, so all the
results of Section 3 apply.

4A. Proof of Theorem 1 when f € F(N,[F) and f is pure. We assume in this
section that f is a pure form in F(N, ). From Section 31 recall that the set of
primes ¢ not dividing Np may be partitioned into two sets, Uy and Ny, such that
¢ e Uy if Ty acts invertibly on Af and € € Ny if T, acts nilpotently on Af.

Given a € F* we wish to prove an asymptotic formula for 7 (f, a, x). If n is an
integer with a,(f) = a (and since f € F we must have (n, Np) = 1) then we may
write n = mm'm" with m square-free and containing all prime factors from I/, with
m’ square-free and containing 4 < h(f) prime factors all from Ny, and with m”
square-full and coprime to mm’. Such a decomposition of the number 7 is unique,
and if we write f” = T, f and f' = T, f” then f’ and f” are forms in Af — {0}
with a,,, (f') = a. Thus integers n with a,,(f) = a uniquely define triples (7, f”, h)
and we may decompose

z(fay= 1] z(fa; £, " b, (7)
S
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where the disjoint union is taken over forms f’, f” in Af — {0} and integers
0 < h < h(f). Here the set Z(f,a; f', f”, h) is defined as the set of integers
n =mm’'m" with (n, Np) = 1 such that

(4.1) m is square-free and all its prime factors are in Uy;

(4.2) m’ is square-free, has exactly /& prime factors, and all its prime factors are in
Ny, and moreover [’ = T, f";

(4.3) m” is square-full, relatively prime to mm’, and f"” =T, f;
(4.4) an(f') =a.

Next we evaluate the number of elements up to x in the set Z(f, a; f’, f”, h)
using Theorem 7. Write Sy, s~ for the set of square-full integers m” such that
Tw f = f”, and write M ¢ ¢+ for the set of integers m’ that are the product of
h distinct primes in Ny and such that f" = T,, f”. By Proposition 19, M ¢ is a
multifrobenian set of height 2. Observe that conditions (4.1), (4.2), (4.3) are the
same as conditions (2.1.1), (2.1.2), (2.1.3) defining the set ZUs, My g, Sy 7).
Now, define a map 7y : Uy — A}k sending ¢ to 7y (Froby) = T, and extend it by
multiplicativity to the set of all square-free integers composed only of primes
from Uy. Let I'y be the image of 7, which is a finite abelian subgroup of the
finite group A}", and let A 7 , denote the set of y € I'y such that a;(y f) = a. For
n=mm'm" € Z(f,a; f’, f", h) set t(n) = t7(m) so that condition (4.4) is the
same as tr(n) € Ay ,. Thus we are in a position to apply Theorem 7, which yields,
assuming that the sets My ¢, Sy ¢» and Ay , are all not empty,

n<x:neZ(f.a: f', f" W}
= |{n <XxX:.:ne Z(Uf, ./\/lf/’f//, Sf,f”), ‘L’(l’l) € Af’,a}|
|Af’,a|
Il (log
where ¢ = ¢(f, f”) > 0 is a constant depending only on U, and Sy, s~ (thus only
on f and f”), and a(f) =1—8Uy) = §(Ny) as defined in Section 31. If at least
one of the sets Mf’,f”’ Sf,f” or Af’,a is empty’ then so is Z(f’ a: f/’ f//’ h)
Using (7), one deduces that either all the Z(f, a, f', f”, h) are empty for all
permissible choices of (f’, f”, h), in which case 7 (f, a, x) =0 for all x, or

NCS(Mf/,f”)

X h
e (loglogx)™, (8)

7(f,a,x)~c(f,a) (loglog x)"/: @, )

X
(log x)*(H)

where h(f, a) < h(f) is the largest integer & < h( f) for which there exist forms
f', f" e Af —{0} such that Z(f, a; f’, f”, h) is not empty, and where

/" #A '.a
c(fiay= 3 elf fIMp = L (10)
(f', " h(f,a)) f
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the sum being over those [/, f” € Af — {0} such that Z(f, a; f', f”, h(f, a)) is
not empty.

We claim that the set Z(f, a; f/, f”, h(f)) is not empty for some choice of
(f', f") € (Af —{0})? and some a € F*. To see this, take m” =1 and [’ = f =T f.
By Proposition 20, there exists an integer m’ with 2 ( f) distinct prime factors in Ny
such that 7, f # 0. Fix one such m’ and let ' = T, f. Proposition 18 tells us
that there exists a square-free integer m such that a,, (f") # 0. Note that 2(f") =0,
hence m has all its prime factors in U;. Define a = a,,(f’) € F*. Then the set
Z(f,a; f', f”, h(f)) contains n =mm’'m" and is therefore not empty, which proves
the claim.

Since w(f, x) =), 7(f, a, x), it follows from (9) and the above claim that

w(f, x) ~ c(f)maoglogm“f), with ¢(f) = X[Fj c(fra). O
h(f,a)=h(f)

4B. Proof of Theorem 1 when f € F(N, ) but f is not necessarily pure. Let
f =7D_, fi be the canonical decomposition (see (3.16)) of f into pure forms. By
the preceding section, one has

w(fi, x) ~c(fi) W(bglogx)h(ﬁ),

Consider the indices i such that o ( f;) is minimal (and by definition «( f;) = a(f));
among those, select the indices with /4 ( f;) maximal (and by definition 2 ( f;) =h(f)).
Let I denote the set of such indices. We claim that

7(f.x)~ c(f)maoglogx)"‘f), with c(f) =) c(f).

iel

To prove the claim, first note that we can forget those f; with i ¢ I, because they
have a negligible contribution compared to the asserted asymptotics (either the
power of loglog x is smaller, or the power of log x is larger). It remains to prove
that, for i, j € I, i # j, one has

- fx) = a h(f)
n(fl,fj,x)_o(w(loglogx) ( ) (11)

where 7 (f1, fj,x) = |{n < x, a,(fi) # 0, a,(f;) # O0}|. But if n is such that
a,(fi) # 0 and a,(f;) # 0, it has at most h(f;) + h(f;) = 2h(f) prime factors £
such that Frob, € Ny, U Ny, Moreover, the two open sets Ny, and Ny, of Go,np are
not equal by definition of the decomposition into pure forms (3.16). Therefore the
measure ' of the open set Ny U Ny, is strictly greater than the common measure
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a(f) =a(fi) =a(fj) of Ny, and Ny,. Hence an application of Theorem 7 gives

) = x 2h(f)
ﬂ(fl,fj,x)—O(W(loglogx) ,

which implies (11) since o’ > a(f). O
4C. Proof of Theorem 1: general case. Let B be the set of integers m > 1 all of

whose prime factors divide Np. Note that the series »_ 1/m converges. For
m € B, we consider the following operators on F[[¢]:

Un (Z anq") = Zamnq” and V, (Z anq”> = Zanqm".

We also consider the operator W defined by

W(Zanq") = Z anq".

(n,Np)=1

meB

The operators U, stabilize the space M (N, [F) (see Section 3C). The operator V,,
however does not stabilize M (N, F) (except for m = p; see (3.11)), but it sends
M(N,F) into M(Nm, [F) since it is the reduction modulo p of the action on
g-expansions of the operator on modular forms f(z) — f(mz). As for the opera-
tor W, it is easily seen from the definitions to satisfy

W= Z w(m) Vi, Uy,
meB

where p(m) is the Mobius function. Since p vanishes on integers that are not
square-free, the sum is in fact finite, and it follows that W sends M (N, [F) into
M(N?, F) and, more precisely, into F (N 2 F).

Let f =) a,q" € M(N, F) be a modular form. For any integer m € B, define

n
fm = § anq -,
n=mm’
(m’,Np)=1

so that f =ag+)_, .5 fm- This sum may genuinely be infinite, but it obviously
converges in F[[¢]. Clearly

T(f,x) =) 7 (fm, )+ O(1),

meB

where the error term O (1) is just O if ag = 0 and 1 otherwise. One sees from the
definitions that f,, = V,, WU, f, so that

T(fm, X) =7 (WU, f, x/m).
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Since 77 (fin, x) is clearly at most x/m, and since 3, .53 - (10gx)2 1/m K 1/ logx,
we conclude that

X
T(fx)= Y n(WUmf,x/m)+0(@>. (12)

meB
m<(logx)*
Now WU, f € F(N?,F), and we can apply the results of Section 4B and
thus estimate 7 (WU, f, x/m). Thus, if WU, f # 0 and m < (logx)2 (so that
log(x/m) ~ log x), then

T(WUy f, x/m) ~ c(WUy, f) (log log x)"WUn D). (13)

m(log x)e(WUn f)
Note that, since f is not a constant, WU,, f # O for at least one m € B. Further,
note that, while B is infinite, the set of forms WU,, f for m € B is finite since U, f
belongs to the Hecke-module generated by f which is finite-dimensional over [
(see (3.10)). Thus the asymptotic formula (13) holds uniformly for all m < (log x)?
with m € B and as x — o0. Finally, since the Hecke operators 7, for £ prime to Np
commute with the operators U, V;, and W, it follows that

a(f)y= min a(WUf) and h(f)= max a(WU,f).

m m
WU f#0 WU, f7#0
a(WUn f=a(f)

Thus, setting ¢,, = c(WU,, f) when WU,, f # 0 (which happens for at least one
m € B) and setting c¢,, = 0 otherwise, we may recast (13) as

7 (WUp f, x/m) = (cn + €n(x)) — (loglog x)"/), (14)

x
(log x)*(f)

where €,,(x) — 0 as x — oo, uniformly for all m € B with m < (log x)>.
From (12) and (14) we obtain
~ Cm X Wf) g X h(f)
(f, x) ”; t Gog e (loglog x) c oz (loglog x)"/),
m<(logx)?

with

c:z%n, (15)

meB

noting that this series converges because c,, takes only finitely many values (and
hence is bounded). This finishes the proof of Theorem 1. ]

5. Equidistribution

Definition 21. We say that a form f € M (I'[(N), F) has the equidistribution prop-
erty if, for any two a, b € F*, we have n(f,a,x) ~ n(f, b, x). We say that a
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subspace V. C M (I'1(N), F) has the equidistribution property if every nonconstant
form f € V has the equidistribution property.

In view of Theorem 1, f having the equidistribution property is equivalent to

DX (oglog ),

C
7(f,a,x)~
@D T T logloe)
where c(f) is the constant of Theorem 1.
We now give a sufficient condition for equidistribution for generalized eigen-

forms, which generalizes a similar criterion for true eigenforms due to Serre [1976,
Exercise 6.10].

Proposition 22. Let p : Gg,np, — GL2(F) be a representation in R(N, p). If the
set tr p(Ga,np) — {0} generates F* multiplicatively, then the generalized eigenspace
M(N, F); has the equidistribution property.

Proof. First assume that f € 7 (N, [);. Since f is pure, the asymptotic formula (9)
holds for 7 (f, a, x), and to obtain equidistribution it remains to show that the
constant ¢( f, @) appearing there is independent of a € F*. By formula (10), which
gives the values of c(f, a), it suffices to prove that the cardinalities of the sub-
sets Ay, of I'y are independent of a € F*, for any given form f’ € Af — {0}.
Recall that I'y is the subgroup of A; generated by the elements T; = t7(Froby)
for £ € Uy = U; and hence, by Chebotarev and the definition of U/, the sub-
group of A; generated by 77 (Gg,np) N A;. Recall also that Ay, is the set of
elements y € I'y such that a;(y f’) = a. To prove that |A ;' ,| is independent of a,
it therefore suffices to prove that I'; contains the subgroup F* of A}“, in which case
multiplication by ba~! will induce a bijection between A f.a and Ay, for any
b € F*. Since by hypothesis tr p(Gq,np) — {0} generates [, it suffices to show
that tr p(Gq,np) — {0} C I'y. For this, let g € Gg,np, and assume that tr p(g) # 0.
By (3.14), one has 7¢(g) = tr p(g) (mod my,) where my, is the maximal ideal of
the finite local algebra Ay. Let n be an integer such that m’f‘\f =0, and let g be the
cardinality of F. Then, by Lemma 15,

t1(g”) = 1(9)" = (wr p(g))?" (mod m} ),
so that, since x — x7 induces the identity on F,
(g7 =t p(g).

Hence tr p(g) € I'y and this completes the proof of the proposition for forms
feF(N,F);.
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Now consider a general nonconstant form f € M(N, [F);. Mimicking the proof
in Section 4C, one has

a(fia,x)= Y. w(WUnf.a,x/m)+ o(i)

1
meB ogx
m=(log x)?

and the asymptotic formula obtained for 7 (WU, f, a, x /m) is independent of a € F*,
since WU,, f € F(N?, F) 5 and by the result just established. U

Serre has given an example of an eigenform f mod p that does not have the
equidistribution property: namely, the form A mod 7 (see [Serre 1976, Exercise 12]).
Here is a generalization.

Proposition 23. Suppose f is a nonconstant eigenform in F(N,[F);. If the set
tr p(Ga,np) — {0} does not generate F* multiplicatively, then f does not have the
equidistribution property.

Proof. Let f =) 72 a,q". Since f is an eigenform for the Ty, €1 Np, and also is
killed by the U, for £ | Np (because it is in F), the sequence a, is multiplicative and
one has ay = 0 for £ | Np and a, = tr p(Froby) for all £4 Np. Also one has a; # 0
since f is nonconstant, and we may assume a; = 1.

Let B be the proper subgroup of F* generated by tr p(Gg,np) —{0}. By multiplica-
tivity, a, € B U {0} for all square-free integers m. Since a, # 0 for square-free n
exactly when n is composed only of primes in Uy, we see that

X
Y 1= Y l~e—— (16)
n<x n<x (logx)a(f)
a,€B n square-free
pln=>pely

for a suitable positive constant c. Now if f has the equidistribution property, then,
since |B| < |F* — B] for proper subgroups B of F*, we must have

Yo 1=d+on )] L.

n<x n=x

a,€B a,€F*—B
The right-hand side above is at most the number of integers of the form mr < x
where 1 < m is square-full and r < x/m is square-free with (r, m) =1 and a, # 0.
Ignoring the condition (r, m) = 1, the number of such integers is (arguing as in
Section 4C)

x c+o(l) X
=2 X=X ;WJFZ;’

l<m<x r<x/m 1<m=(log x)? m>(log x)?
m square-full r square-free m square-full m square-full
plr=pelly
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which is at most

x 1 $(2)¢3)
))——— — = 1 —1
oD gD L= D ogay ( £©)
m squ?lre-full
((0.9435.. )c + o(1)) ——
= ((0. o)t o(l)—m.
(log x)“(f)
But this contradicts the lower bound (16), completing our proof. O

We can use the above result to give a converse to Proposition 22 when the level N
is equal to 1.

Proposition 24. Let p € R(1,F). The space M(1,F); has the equidistribution
property if and only if the set tr p(Gq, ) — {0} generates F* multiplicatively.

Proof. By (3.15), M(1, [F); has an eigenform f = ZZOZI a,q" with a; =1 for all
the Hecke operators 7, and S¢, £ # p. Replacing f by f — V,U, f (see (3.11)),
we may assume that f is an eigenform in F(1,F);. If M (1, F)z, hence f, has
the equidistribution property, then by the preceding proposition tr p(Gq, ) — {0}
generates [F* multiplicatively. O

In the same spirit, but concerning forms that are not necessarily generalized
eigenforms, one has the following partial result.

Proposition 25. If 2 is a primitive root modulo p, then M(N, ) has the equidis-
tribution property.

Proof. One reduces to the case of an f € F(V, p) pure exactly as in Section 4B.
Then, arguing as in the proof of Proposition 22, it suffices to prove that the group I'y
generated by 77 (Gq,np) contains ;. But I'r contains #;(1) =2 which by hypothesis
generates [ O

Again, one has a partial converse to this proposition.

Proposition 26. In the case N =1 and p =3 (mod 4), M (1, F,) has the equidis-
tribution property if and only if 2 is a primitive root modulo p.

Proof. Let w), : Gg,p — [, be the cyclotomic character modulo p, and define
p=16& a)g,p_l)/z. The hypothesis p = 3 (mod 4) means that (p — 1)/2 is odd,
and so p is odd and thus belongs to R(1, p) (p is the representation attached to the
Eisenstein series E(z) where k =1+ (p —1)/2 for p > 3 and to E4(z) if p =3).
Reasoning as in Proposition 24, there is an eigenform f in F(1, p);. If M(1, p),
hence f, has the equidistribution property, then 5(Gq,p) — {0} generates [ by
Proposition 23. Since the image of p is {0, 2}, this implies that 2 is a primitive root
modulo p. U
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6. A variant: counting square-free integers with nonzero coefficients
Given a modular form f =)""° a,q" in M(N, p), let
s (f, x) = [{n < x, n square-free, a, # 0}|.

Our proof of Theorem 1 allows us to get asymptotics for s ( f, x), and indeed this
is a little simpler than Theorem 1. We state this asymptotic result, and sketch the
changes to our proof, omitting details.

Theorem 27. [f there exists a square-free integer n with a, # 0, then there exists a
positive real constant ci(f) > 0 such that
T (£, ) ~ e f) = (loglog )"/,
(log x)*(H)
If a, = 0 for all square-free integers n, then in fact a, % 0 only for those integers n
that are divisible by £* for some prime £ dividing Np.

Suppose below that f has some coefficient a,, % 0 with n not divisible by the
square of any prime dividing Np. We first prove Theorem 27 for a pure form
f € F(N, p), as in Section 4A. In this case, our hypothesis on f is equivalent
to saying that f is nonconstant. Then the proof given in Section 4A works by
replacing the sets Z(f), Z(f, a) by their intersection Zg(f), Zs(f, a) with the set
of square-free integers. We have a decomposition, analogous to (7) but simpler:

Za(foa) = | Za(foas £, b, (17)
frh
where the disjoint union is taken over forms f’ in Af — {0} and over integers

0<h <h(f). Here the set Zy(f, a; f', h) is defined as the set of integers n = mm’
with (n, Np) =1 such that

(6.1) m is square-free and all its prime factors are in U,

(6.2) m’ is square-free, has exactly / prime factors, and all its prime factors are in
Ny, and moreover f' =T, f;

(6.3) an(f) =a.

The asymptotics for the number of integers less than x in Z(f, a; f’, h) is then
exactly as in Section 4A, except that the set of square-full integers Sy, ¢~ is now {1}.
The desired asymptotics for mse( f) follows.

The case where f is in F(N, [) but not necessarily pure is reduced to the pure
case exactly as in Section 4B.

Finally, in the general case where f € M (N, [F), let By be the set of square-free
integers m whose prime factors all divide Np. We observe that B is a finite subset
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of the infinite set B defined in Section 4C. For m € By, we define as in Section 4C

n
fm = § anq -,
n=mm’
(m',Np)=1

and we have clearly

T (fox) = Y T fon, X).

meBgs

By the assumption made on f, at least one of the f,, for m € By is nonconstant.
The rest of the proof is therefore exactly as in Section 4C.

7. Examples

7A. Examples in the case N =1, p = 3. The simplest case where our theory
appliesis N =1, p=3. Letus denote by A =g +2¢*+¢q" +¢q"> +--- € F3[¢] the
reduction modulo 3 of the g-expansion of the usual A function. The space M (1, [F3)
is the polynomial algebra in one variable F3[A] and F(1, F3) is the subspace of
basis (A*) where k runs among positive integers not divisible by 3. The set of
Galois representations R(1, [F3) has only one element, p = 1 @ w3 where w3 is the
cyclotomic character modulo 3. Therefore, every nonzero form f € M(1, F3) is a
generalized eigenform, and hence pure. Thus the sets Uy, Ny are independent of f
and are respectively the sets U, N of prime numbers £ congruent to 1, 2 modulo 3;
the invariant «(f) is 1/2.

The invariant 4(f) is more subtle. Recall from Section 31 that A(f) is the
largest integer / such that there exist primes €1, ..., £; in Ny (that is, congruent to
2 mod 3) such that Ty, - - - Ty, f # 0. According to a result of Anna Medvedowski
[2015] A(f) is also the largest & such that T2h f #0. Using this it is easy to compute
the value of i (A¥) for small values of k, as shown below (we omit the values of k
divisible by 3 since h(A*) = h(A")):

f HA‘AZ‘A4‘A5‘A7‘A8‘AIO‘AII‘AB‘AM‘AIG‘AW‘AB
hpyffol1]2[3]4]5[4|5]|4]5]4]5]6

In general Medvedowski [2015] has shown that 4 (A¥) < 4k'°22/1°23  Numerical
experiments suggest that 4(A¥) is of the order +/k for large k with 3 1k, so there is
perhaps some room to improve this upper bound (note log2/log 3 ~ 0.63).

Calculation of (A2, x). The invariant c( f) is the most difficult to determine. We
shall calculate ¢(A?), illustrating the proof of our theorem in this simplest nontrivial
case. To ease notation, set f = A2. The Hecke module Af is a two-dimensional
vector space generated by f = A% and A, and the Hecke algebra Ay can be identified
with the algebra of dual numbers F3[€], where €A’ = A and €A = 0. The value
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of the operators T; and €Sy in Ay = [F3[e] is given by the following table (see
[Bellaiche and Khare 2015, §A.3.1]):
E(mod9) |1,47] 2] 538

26 0
-1 -1

[\

1

From this, using (3.3), it is not difficult to compute 7y for any n:

£ (mod 9) 1,4,7 2 5 8
n (mod6) || 0,3 \ 1,4\2,5 0,2,4\ 1 \ 3 \5 0,2,4\ 1 \3\5 0,2,4\1,3,5
7o | 1] 2]0] 1 |el2e]o] 1 J2c|elo] 1] 0

We are now ready to follow the proof of Theorem 1. Since f € F(1, F3) and f is
pure, only Section 4A is relevant. As in our analysis there, write f =), _, a,q"
and, fora =1, 2 (mod 3), let Z( f, a) be the set of integers n such that a, =a. The
set Z(f, a) is the disjoint union of sets Z( f, a; f', f”, h) asin (7), where f', f” are
in Af —{0} and 2 < h(f) =1 is a nonnegative integer. The subsets with 2z =0 have
negligible contribution in view of (8). When & = 1, for the set Z(f, a; f', f”, 1)
to be nonempty one must have A(f”) =1 and hA(f’) = 0. Since f” and f’ must
be the image of f by some Hecke operators, this implies, in view of the table
above, that f” is either 2A% or A% and that f' is either 2A or A, so we have 4 sets
Z(f,a; f', f”, 1) to consider for each value 1, 2 of a. As explained in Section 4A,
to each permissible choice of f, f” is attached a set Sy, v of square-full integers,
namely the set of square-full m” such that T,,» f = f”, and a multifrobenian set of
height 1, that is, a frobenian set, M s/ ¢, which is the set of primes £ in \V; such that
Tef" = f'. For every choice of f”, f’, one sees from the table above that M s ¢~
is either the set of primes congruent to 2 (mod 9) or to 5 (mod 9), and in any case
d(Myr gr) =1/6. The sets Sy, p» may be easily determined using our table above.
Thus Sx2 a2 consists of square-full numbers where primes = 2 (mod 3) appear in
an even exponent, an even number of primes = 1 (mod 3) appear in exponents
that are at least 2 and = 1 or 4 (mod 6), and other primes = 1 (mod 3) appear in
exponents that are multiples of 3. The set Sx2 a2 consists of square-full numbers
that are divisible by an odd number of primes = 1 (mod 3) appearing in exponents
at least 2 and = 1 or 4 (mod 6), other primes = 1 (mod 3) appearing in exponents
that are multiples of 3, and primes = 2 (mod 3) appearing in even exponents.

According to Theorem 7, fora =1 or 2, f' = A or 2A, and f” = A? or 2A2,
one has

Hn<x:neZ(f.a; f', f", D}

(B0
s 6 (log x)?

SESf’f//
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where
n-!
CU,s)=CU) (1—|——>
[T(r+7
£=1 (mod 3)
and
1 1 1\? 1\
CU) = [T (t+=)1-=) ] (1-=
INES! P p P
27 p=1 (mod 3) p#l (mod 3)
4 1
3 1\2
— f (1——2) =0.2913.... (19)
nﬁpz] (mod 3)

In (18), the factor 1/6 is 6(M g~ ;) and the factor 1/2 is |A|/|T"| (and this factor
would disappear if we counted cases a = 1 and a = 2 together).
Adding up all the possibilities, using (7), we finally obtain that

(A%, x) ~ c(A?) ~loglog x,
(logx)2
where
1 CU,s) CU) 1\! 1\!
2\ — _ _
W=z 2 ——=— 11 (1-5) Il ("-7)-
s€Ss fUSray £=1 (mod 3) £=2 (mod 3)

Calculation of T[Sf(Ak, x)fork=1,2,4,5,7,10. In these examples, we describe
the calculation of cs(A¥), which is simpler than evaluating c¢(A¥). For h > 0 an
integer, let M, be the set of integers that are the product of exactly 4 distinct
primes, all congruent to 2 or 5 modulo 9. This is a multifrobenian set, attached to
the cyclotomic extension Q(u9)/Q of the Galois group G = (Z/97)*, and one has
S(Mp) = 2h/(h!6h) = 1/(h!3h). One can show that, fork =1,2,4,5,7, 10 and
h=h(A)=0,1,2,3,4,4 respectively, and for m’ € M, one has (with f = A
that 7, f # 0, and in fact T,y f = A or T,y f = 2A. Also note that for f' = A or
f'=2A, one also has T,, f' = A or 2A for any square-free m with prime factors
in, so that a,, (f") #0.

Thus, the main contribution to Z(A) is the set we call Z(U, M, 1), namely
the set of all square-free numbers mm’, where m is any product of primes in ¢ (i.e.,
congruent to 1 (mod 3)) and m’ € My,. According to Theorem 6,

c)

h —
n3 (ogy2leglog ), k=1,2,4,57,10,

g (AF, x) ~

where h = h(k) =0, 1, 2, 3, 4, 4 respectively and C (&) is the constant appearing
in (19).
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7B. Example of a nonpure form in the case N =1, p =7. Examples of powers
of A that are not pure arise (mod 7). There one has A = f 4+ A, where f = A>— A
is an eigenform for all the Hecke operators 7, (£ a prime number with £ 7~ 7), with
eigenvalue ¢> + ¢3. The Galois representation ps corresponding to this system is
a)% @ w% where w7 is the cyclotomic character modulo 7. The set J\/ﬁf is the set of
prime numbers £ that are congruent to —1 modulo 7, and Uj, is the set of prime
numbers congruent to 1, 2, 3,4, 5 modulo 7. One has a(f) = a(or) =1/6.
The form A is also of course an eigenform, with system of eigenvalues £ + £*
for Ty, corresponding to the Galois representation pp = w7 ® a)‘7‘ with a(pp) = 1/2.
The decomposition A> = f + A is thus the canonical decomposition into pure
forms, and the pure form A can be neglected because «(A) > a(f). One finds
X

st (A, X) ~ i (f, x) ~ CUs) g 1

with

1 1 1\ 1\é
s I ()08 T (-0)

(=1,2,3,4,5 (mod 7) {=—1,0 (mod 7)
so that
(A2, x) ~ (A —— . c(A2) = C(Us,) = 0.5976
S ’ S (10gx)1/6’ S ,Oj . PR
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Noetherianity for infinite-dimensional
toric varieties

Jan Draisma, Rob Eggermont, Robert Krone and Anton Leykin

We consider a large class of monomial maps respecting an action of the infinite
symmetric group, and prove that the toric ideals arising as their kernels are
finitely generated up to symmetry. Our class includes many important examples
where Noetherianity was recently proved or conjectured. In particular, our results
imply Hillar—Sullivant’s independent set theorem and settle several finiteness
conjectures due to Aschenbrenner, Martin del Campo, Hillar, and Sullivant.

We introduce a matching monoid and show that its monoid ring is Noetherian
up to symmetry. Our approach is then to factorize a more general equivariant
monomial map into two parts going through this monoid. The kernels of both
parts are finitely generated up to symmetry: recent work by Yamaguchi—-Ogawa—
Takemura on the (generalized) Birkhoff model provides an explicit degree bound
for the kernel of the first part, while for the second part the finiteness follows
from the Noetherianity of the matching monoid ring.

1. Introduction and main result

Families of algebraic varieties parameterized by combinatorial data arise in various
areas of mathematics, such as statistics (e.g., phylogenetic models parameterized by
trees [Allman and Rhodes 2008; Draisma and Kuttler 2009; Draisma and Eggermont
2015; Pachter and Sturmfels 2005] or the relations among path probabilities in
Markov chains parameterized by path length [Haws et al. 2014; Norén 2015]),
commutative algebra (e.g., Segre powers of a fixed vector space parameterized by
the exponent [Snowden 2013] or Laurent lattice ideals [Hillar and Martin del Campo
2013]), and combinatorics (e.g., algebraic matroids arising from determinantal
ideals parameterized by matrix sizes [Kiraly and Rosen 2013] or edge ideals of
hypergraphs parameterized by the number of vertices [Gross and Petrovi¢ 2013]).
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A natural question is whether such families stabilize as some of the combinatorial
data tend to infinity. A recently established technique for proving such stabilization
is passing to an infinite-dimensional limit of the family, giving some equations for
that limit, and showing that those equations cut out a suitably Noetherian space.
This then implies that the limit itself is given by finitely many further equations,
and that the family stabilizes. This technique is applied, for instance, in the proof
of the independent set theorem [Hillar and Sullivant 2012], and in the first author’s
work on the Gaussian k-factor model, chirality varieties, and tensors of bounded
rank [Draisma 2010; Draisma and Kuttler 2014].

In the present paper, we follow a similar approach, utilizing the new concept
of a matching monoid to prove that stabilization happens for a large class of toric
varieties. Our main theorem provides one-step proofs for several existing results
that were established in a rather less general context; and it settles conjectures
and questions from [Aschenbrenner and Hillar 2007; Hillar and Sullivant 2012;
Hillar and Martin del Campo 2013]. There is a list of three such consequences at
the end of this Introduction. Moreover, we show Noetherianity in a constructive
manner by complementing the main theorem with an algorithm that produces a
finite set of equations whose orbits define the infinite-dimensional toric variety
under consideration.

Instead of working with inverse systems of affine varieties, we work directly
with direct limits of their coordinate rings. In fact, we formulate our main theorem
directly in the infinite-dimensional setting, as going back to families of finite-
dimensional coordinate rings of toric varieties is fairly straightforward. Throughout,
N denotes {0, 1, 2, 3, ...}, and for k € N we write [k] := {0, ..., k — 1}. We write
Sym(N) for the group of all bijections N — N, and Inc(N) for the monoid of all
strictly increasing maps N — N. Let Y be a set equipped with an action of Sym(N).
We require that the action has the following property: for each y € Y there exists a
ky € N such that y is fixed by all of Sym(N\ [k,]), i.e., by all elements of Sym(\)
that fix [k,] elementwise. In this setting, Inc(N) also acts on Y, as follows: for
m € Inc(N) and y € Y, choose a 7' € Sym(N) that agrees with = on [k,], set
ny := 7'y, and observe that this does not depend on the choice of 7’. Observe
that for each y € Y the Inc(N)-orbit Inc(N)y is contained in Sym(N)y, and that
the latter is in fact equal to the orbit of y under the countable subgroup of Sym(N)
consisting of permutations fixing all but finitely many natural numbers. See also
[Hillar and Sullivant 2012, Section 5].

Let R be a Noetherian ring (commutative, with 1), and let R[Y] be the commuta-
tive R-algebra of polynomials in which the elements of Y are the variables and the
coefficients come from R. The group Sym(N) acts by R-algebra automorphisms
on R[Y] by permuting the variables. Furthermore, let k be a natural number, and let
Z ={z;j |i € [k], j € N} be a second set of variables, with a Sym(N)-action given
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by mzij = zix(j)- Extend this action to an action by R-algebra automorphisms of
R[Z]. Note that the Sym(N)-actions on R[Y], Z, and R[Z] all have the property
required of the action on Y. Hence they also yield Inc(N)-actions, by means of
injective R-algebra endomorphisms in the case of R[Y] and R[Z]. In general, when
amonoid IT acts on a ring S by means of endomorphisms, S is called I1-Noetherian
if every I1-stable ideal in S is generated by the union of finitely many IT-orbits of
elements, i.e., if § is Noetherian as a module under the skew monoid ring S * I;
see [Hillar and Sullivant 2012].

Theorem 1.1 (main theorem). Assume that Sym(N) has only finitely many orbits
onY. Let ¢ : R[Y] — R[Z] be a Sym(N)-equivariant homomorphism that maps
each y € Y to a monomial in the z;;. Then Ker ¢ is generated by finitely many
Inc(N)-orbits of binomials, and im ¢ = R[Y]/ ker ¢ is an Inc(N)-Noetherian ring.

If an ideal is Sym(N)-stable, then it is certainly Inc(N)-stable, so the last state-
ment implies that R[Y]/ ker ¢ is Sym(N)-Noetherian. The conditions in the theorem
are sharp in the following senses.

(1) The ring R[Y] itself is typically not Sym(N)-Noetherian, let alone Inc(N)-
Noetherian. Take, for instance, ¥ = {y;; | i, j € N} with Sym(N) acting diagonally
on both indices, and take any R with 1 # 0. Then the Sym(N)-orbits of the
monomials

Y12Y215 Y12Y23Y31, Y12Y23Y34 Y415 - - -

generate a Sym(N)-stable ideal that is not generated by any finite union of orbits
(see [Aschenbrenner and Hillar 2007, Proposition 5.2]).

(2) The R-algebra R[Z] is Sym(N)-Noetherian, and even Inc(N)-Noetherian [Co-
hen 1987; Hillar and Sullivant 2012] — this is the special case of our theorem where
Y = Z and ¢ is the identity — but Sym(N)-stable subalgebras of R[Z] need not be,
even when generated by finitely many Sym(N)-orbits of polynomials. For instance,
an (as yet) unpublished theorem due to Krasilnikov says that in characteristic 2, the
ring generated by all 2 x 2-minors of a 2 x N-matrix of variables is not Sym(N)-
Noetherian. Put differently, we do not know if the finite-generatedness of ker ¢
in the main theorem continues to hold if ¢ is an arbitrary Sym(N)-equivariant
homomorphism, but certainly the quotient is not, in general, Sym(N)-Noetherian.

(3) Moreover, subalgebras of R[Z] generated by finitely many Inc(N)-orbits of
monomials need not be Inc(N)-Noetherian; see Krasilnikov’s example in [Hillar
and Sullivant 2012]. However, our main theorem implies that subalgebras of R[Z]
generated by finitely many Sym(N)-orbits of monomials are Inc(N)-Noetherian.

Our main theorem applies to many problems on Markov bases of families of
point sets. In such applications, the following strengthening is sometimes useful.
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Corollary 1.2. Assume that Sym(N) has only finitely many orbits on Y, and let S
be an R-algebra with trivial Sym(N)-action. Let ¢ : R[Y] — S[Z] be a Sym(N)-
equivariant R-algebra homomorphism that maps each y € Y to an element of S
times a monomial in the z;;. Then ker ¢ is generated by finitely many Inc(N)-orbits
of binomials, and im ¢ = R[Y]/ Ker ¢ is an Inc(N)-Noetherian ring.

Proof of the corollary given the main theorem. Let y,, p € [N] be representatives
of the Sym(N)-orbits on Y. Then for all p € [N] and 7 € Sym(N) we have
@(wyp) = spmu, for some monomial u, in the z;; and some s, in S. Apply the
main theoremto Y’ :=Y x N and ZU Z' with Z’ := {z’p’j | p€[N],jeN}and
¢’ the map that sends the variable (7y,, j) to z},’ jTUp. Consider the commutative
diagram

/

¢
R[Y'] —— R[Z U Z]
l p:(y, )=y l Yz, sy
¢
R[Y] —— S[Z]

of Sym(N)-equivariant R-algebra homomorphisms. By the main theorem, im ¢’
is Inc(N)-Noetherian, hence so is its image under v; and this image equals im ¢
because p is surjective. Similarly, ker(y o ¢”) is generated by finitely many Inc(N)-
orbits (because this is the case for both ker ¢” and ker v/ |im '), hence so is its image
under p; and this image is ker ¢ because p is surjective. (]

Here are some consequences of our main theorem.

(1) Our main theorem implies [Aschenbrenner and Hillar 2007, Conjecture 5.10],
to the effect that chains of ideals arising as kernels of monomial maps of the
form y;,, i z?l' . -zi“k", where the indices iy, . . ., i; are required to be distinct,
stabilize. Aschenbrenner and Hillar proved this in the squarefree case, where the
a; are equal to 1. In the Laurent polynomial setting more is known [Hillar and
Martin del Campo 2013].

(2) A consequence of [de Loera et al. 1995] is that for any n > 4 the vertex set
{vij :=ei+ej|i# j} CR" of the (n — 1)-dimensional second hypersimplex has a
Markov basis corresponding to the relations v;; = v;; and v;; +vg = v;; +vy;. Here
is a qualitative generalization of this fact. Let m and k be fixed natural numbers.
For every n € N consider a finite set P, € Z™ x Z**". Let Sym(n) act trivially on
7™ and by permuting columns on Z**”, Assume that there exists an ng such that
Sym(n) P,, = P, for n > ng; here we think of Zk*10 a5 the subset of Z¥*" where
the last n — ng columns are zero. Then Corollary 1.2 implies that there exists an
n1 such that for any Markov basis M, for the relations among the points in P,,,
Sym(n)M,, is a Markov basis for P, for all n > n;. For the second hypersimplex,
ng equals 2 and n; equals 4.
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(3) A special case of the previous consequence is the independent set theorem of
[Hillar and Sullivant 2012]. We briefly illustrate how to derive it directly from
Corollary 1.2. Let m be a natural number and let F be a family of subsets of a finite
set [m]. Let T be a subset of [m] and assume that each F € F contains at most one
element of 7. In other words, T is an independent set in the hypergraph determined
by F. Fort € [m]\T let r; be a natural number. Set Y :={y, | € NT x ]_[te[m]\T[rt]}
and Z :={zro | FEeF,a € NFNT % ]_[F\T[r,]}, and let ¢ be the homomorphism
Z1Y] — Z[Z] that maps y4 to ]_[Fef 2F,a|p» Where a|f is the restriction of o from
[m] to F. Then ¢ is equivariant with respect to the action of Sym(N) on the
variables induced by the diagonal action of Sym(N) on N7, and (a strong form of)
the independent set theorem boils down to the statement that ker ¢ is generated by
finitely many Sym(N)-orbits of binomials. By the condition that 7 is an independent
set, each z-variable has at most one index running through all of N. Setting S to
be Zlzro | FNT = @], we find that Y, S, the remaining zr o-variables, with
|FNT| =1, and the map ¢ satisfy the conditions of the corollary. The conclusion
of the corollary now implies the independent set theorem.

The remainder of the paper is organized as follows: In Section 2 we reduce
the main theorem to a particular class of maps ¢ related to matching monoids of
complete bipartite graphs. For these maps, finite generation of the kernel follows
from recent results on the Birkhoff model [Yamaguchi et al. 2014]; see Section 3,
where we also describe the image of ¢. In Section 4 we prove Noetherianity of
im ¢, still for our special ¢. As in [Cohen 1987; Hillar and Sullivant 2012], the
strategy in Section 4 is to prove that a partial order on certain monoids is a well-
partial-order. In our case, these are said to be matching monoids, and the proof that
they are well-partially ordered is quite subtle. In Section 5 we establish that a finite
Inc(N)-generating set of Ker ¢ is (at least theoretically) computable. The last section
describes a simpler procedure that one can attempt in order to obtain a generating
set; at the moment, we do not know if this procedure is guaranteed to terminate.
We conclude the paper with a computational example for which termination does
occur.

2. Reduction to matching monoids

In this section we reduce the main theorem to a special case to be treated in
the next two sections. To formulate this special case, let N € N and for each
p € [N]let k, € N. First, introduce a set Y’ of variables y/p’ ; where p € [N] and
J = jl)le[k,,] e Nkl ig a kp-tuple of distinct natural numbers. The group Sym(N)
acts on Y’ by er;,J = y:n,n(l) where 7 (J) = (7 (j1))ie[x,)- This action has finitely
many orbits and satisfies the condition preceding the main theorem.
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Second, let X be a set of variables x,; ; with p € [N],1 € [k,], j € N and let
Sym(N) act on X by its action on the last index.

Proposition 2.1. Ler ¢’ : R[Y'] — R[X] be the R-algebra homomorphism sending
y;” to Hle[k,,] Xp.1,j- Then the main theorem implies that ker ¢’ is generated by
finitely many Inc(N)-orbits of binomials, and that im ¢’ is an Inc(N)-Noetherian
ring. Conversely, if these two statements hold for all choices of N, k1, ..., ky € N,
then the main theorem holds.

Proof. The first statement is immediate — note that the pair (p, /) comprising the
first two indices of the variables x, ; ; takes on finitely many, namely ) » kp, values.
For the second statement, consider a monomial map ¢ : R[Y] — R[Z] with
Z ={z; j | i €[k], j € N} as in the main theorem. Let N be the number of Sym(N)-
orbits on ¥ and let y,, p € [N] be representatives of the orbits. Set k, := k,,, for
p € [N], so that 7y, depends only on the restriction of 7 € Sym(N) to [k,]. We
have thus determined the values of N and the k,, and we let Y ’ X be as above.

Let ¢ : R[Y'] — R[Y] be the R-algebra homomorphism defined by sending y;’ 7
to wy, for any w € Sym(N) satisfying 7 (/) = j;, [ € [k,]. This homomorphism is
Sym(N)-equivariant. The composition ¢” := @ o : R[Y'] — R[Z] satisfies the
conditions of the main theorem. Since i is surjective, it maps any generating set
for ker ¢” onto a generating set for ker ¢; moreover, we have im ¢” = im ¢. Hence
the conclusions of the main theorem for ¢” imply those for ¢.

Next write 9" (yp.7) = [Ticpa.jen zip].‘"'j. Observe thatd,,; j = 0 whenever j & J,
using the fact that any permutation that fixes J also fixes y, ;, and hence must also
fix ¢”(yp,s) by Sym(N)-equivariance. Now let ¢’ 5:1 K[Y'] = K[X] be as above
and define p : R[X] — R[Z] by p(x, ;) = ]_[ie[k] zi’?"’. By construction, we have
po §0/ — (,0//-

Now im ¢” is a quotient of im ¢" and ker ¢” is generated by ker ¢’ together with
preimages of generators of ker(p|im ), hence the conclusions of the main theorem
for ¢’ imply those for ¢”, as desired. O

In what follows, we will drop the accents on the y-variables and write Y for
the set of variables y, ;, X for the set of variables x; ;, and ¢ for the R-algebra
homomorphism

¢ :R[Y]— R[X], yp,s l_[ Xpl,ji- (D
lelk,]

Monomials in the x,; ; will be denoted x* where A € ]_[pe[N] NN §5 an [N]-
tuple of finite-by-infinite matrices A ,. Note that ¢(y, ;) equals x4 where only the
p-th component A, of A is nonzero and in fact has all row sums equal to 1, all
column sums labeled by J equal to 1, and all other column sums equal to 0. Thus
A, can be thought of as the adjacency matrix of a matching of the maximal size k),
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in the complete bipartite graph with bipartition [k,] U N. Thus the monomials in
im ¢ form the abelian monoid generated by such matchings (with p varying). We
call a monoid like this a matching monoid. In the next section we characterize these
monomials among all monomials in the x,; ;, and find a bound on the relations

among the ¢(y,, s).

3. Relations among matchings

We retain the setting at the end of the previous section: Y is the set of variables y, s
with p running through [N] and J € NI*»! running through the [k pl-tuples of distinct
natural numbers; X is the set of variables x,; ; with p € [N],l € [k,], j € N, and
@ is the map in (1). In this section we describe both the kernel and the image of
¢. Note that if some k), is zero, then the corresponding (single) variable y, () is
mapped by ¢ to 1. The image of ¢ does not change if we disregard those p, and
the kernel changes only in that we forget about the generators y, () — 1. Hence we
may and will assume that all k,, are strictly positive. The following lemma gives a
complete characterization of the x# in the image of ¢.

Proposition 3.1. For an [N]-tuple A € ]_[pe[N] NE PN the monomial x lies in
the image of ¢ if and only if for all p € [N] the matrix A, € NN has all row
sums equal to a number d, € N and all column sums less than or equal to d .

We call such A good. Note that d), is unique since all k, are strictly positive.
We call the vector (d,,) , the multidegree of A and of x4.

Remark 3.2. By replacing N with [n] for some natural number n greater than or
equal to the maximum of the k,, the proposition boils down to the statement that
for each p the lattice polytope in RI¥»1X["] with defining inequalities V; jaij >0,
v; Zj a;j=1,and V; ) . a;; < 1 is normal (in the case where n = k, this is the
celebrated Birkhoff polytope). This is a not new result; in fact, this polytope satisfies
a stronger property, namely, it is compressed. This follows, for instance, from
[Sullivant 2006, Theorem 2.4] or from the main theorem of [Ohsugi and Hibi 2001];
see also [Yamaguchi et al. 2014, Section 4.2]. For completeness, we include a proof
of the proposition using elementary properties of matchings in bipartite graphs.

Proof of Proposition 3.1. Let x,, denote the vector of variables x,; ; for [ € [k,]
and j € N. By definition of ¢, the monomial x* lies in im ¢ if and only if the
monomial x?” lies in im ¢ for all p € [N]. Thus it suffices to prove that x?" lies
in im ¢ if and only if all row sums of A, are equal, say to d € N, and all column
sums of A, are at most d. The “only if” part is clear, since every variable y, ; is
mapped to a monomial x 5 where B e N»1*N hag all row sums 1 and all column
sums at most 1. For the “if” part we proceed by induction on d: assume that the
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Figure 1. A bipartite graph on [2]UIN and its corresponding mono-
mial x;‘” (top). This graph can be decomposed into matchings in
two different ways (middle and bottom). Each decomposition
represents a monomial in the preimage ¢! (x?" ).

statement holds for d — 1, and consider a matrix A, with row sums d and column
sums < d, where d is at least 1. Clearly, the “if”” part is true in the case d = 0.
Think of A, as the adjacency matrix of a bipartite graph I' (with multiple edges)
with bipartition [k, ]UN (see Figure 1). With this viewpoint in mind, we will invoke
some standard results from combinatorics, and refer to [Schrijver 2003, Chapter 16].
The first observation is that I contains a matching that covers all vertices in [k ].
Indeed, otherwise, by Hall’s marriage theorem, after permuting rows and columns,

A, has the block structure
A 0O }
A, =
P [Alz A

with A;; € NUXU=1 for some / satisfying 1 </ < k,,. But then the entries of Ay
added row-wise add up to /d, and added columnwise add up to at most (/ — 1)d, a
contradiction. Hence I" contains a matching that covers all of [k,]. Next, let § € N
be the set of column indices where A, has column sum equal to the upper bound d.
We claim that I" contains a matching that covers all of S. Indeed, otherwise, again
by Hall’s theorem, after permuting rows and columns A, has the structure

Al A
=0 4]
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with A € NU=1XU for some [ with 1 <1 < |S|; here the first  columns correspond
to a subset of the original S. Now the entries of A;; added columnwise yield Id,
while the entries of Aj; added row-wise yield at most (I — 1)d, a contradiction.
Finally, we invoke a standard result in matching theory (see [Schrijver 2003,
Theorem 16.8]), namely that since I" contains a matching that covers all of [k]
and a matching that covers all of S, it also contains a matching that covers both.
Let B be the adjacency matrix of this matching, so that B has all row sums 1 and
all column sums < 1, with equality at least in the columns labeled by S. Then
A/p := A, — B satisfies the induction hypothesis for d — 1, so x;‘;’ € im . Also,
x]’f =o(Vp,1) where/: Ja € N is the neighbor of a € [k,] in the matching given by

B. Hence, x[’,“l’ = x;‘/’xg € im ¢ as claimed. (]

This concludes the description of the image of ¢. For the kernel, we quote the
following result.

Theorem 3.3 [ Yamaguchi et al. 2014, Theorem 2.1]. The kernel of ¢ from (1) is
generated by binomials in the y, j of degree at most 3.

Indeed, for each fixed p, and replacing N by some [n] with n > k,, the monomial
map (1) captures precisely the generalization of the Birkhoff model studied in
[Yamaguchi et al. 2014], where each voter chooses k, among n candidates. Then
their Theorem 2.1 yields that the kernel is generated in degrees 2 and 3. Since this
holds for each n > k, it also holds for N instead of [n]. Moreover, taking the union
over all p of sets of generators for each individual p yields a set of generators for
the kernel of ¢. A straightforward consequence of the theorem is the following.

Corollary 3.4. The kernel of ¢ from (1) is generated by finitely many Inc(N)-orbits
of binomials.

4. Noetherianity of matching monoid rings

By Corollary 3.4 and Proposition 2.1, the main theorem follows from the following
proposition.

Proposition 4.1. The ring R[x* | A € | P NN go0d] is Inc(N)-Noetherian.

Let § be the ring in the proposition, and let G C [,y N*1*N be the set of
good (N-tuples of) matrices. The monomials of S are precisely x*, for A € G. The
monoids Sym(N) and Inc(N) act on G by permuting or shifting columns, so we
have mx4 = x™4, where the 77 ( J)-th column of the matrix (7 A), equals the j-th
column of A,. Letds = (da,p)p € NIV denote the multidegree of A; recall that
this means that all row sums of A, are equal to d, ,. To prove Noetherianity we
will define a partial order < on G and prove that < is a well-partial-order. Thus we
need some basic results from order theory.
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A partial order < on a set P is a well-partial-order (or wpo) if for every infinite
sequence pi, pa, ...1in P, there is some i < j such that p; < p;; see [Kruskal 1972]
for alternative characterizations. For instance, the natural numbers with the usual
total order < is a well-partial-order, and so is the componentwise partial order on
the Cartesian product of any finite number of well-partially ordered sets. Combining
these statements yields Dickson’s lemma [1913] that N¥ is well-partially ordered.
This can be seen as a special case of Higman’s lemma [1952], for a beautiful proof
of which we refer to [Nash-Williams 1963].

Lemma 4.2 (Higman’s lemma). Let (P, <) be a well-partial-order and let P* :=
U P!, the set of all finite sequences of elements of P. Define the partial order
<" on P* by (ag, ...,ai_1) <" (by, ..., bu_1) if and only if there exists a strictly
increasing function p : [l] — [m] such that a; <X b, ;) for all j € [l]. Then <'isa
well-partial-order.

Our interest in well-partial-orders stems from the following application. Consider
a commutative monoid M with an action of a (typically noncommutative) monoid
[T by means of monoid endomorphisms. We suggestively call the elements of M
monomials. Assume that we have a [1-compatible monomial order < on M, i.e., a
well-order that satisfiesa <b = ac <bcanda <b=ma <mbforalla,b,ceM
and 7 € I1. Then it follows that the divisibility relation | defined by a|b if there
exists a c € M with ac = b is a partial order, and also that a < wa for all a € M.
Define a third partial order, the I1-divisibility order, < on M by a < b if there exists
am €Il and a c € M such that cra = b. A straightforward computation shows that
< is, indeed, a partial order — antisymmetry follows using a < wa.

Proposition 4.3. If < is a well-partial-order, then for any Noetherian ring R, the
R-algebra R[M] is T1-Noetherian.

Proof. This statement was proved in [Hillar and Sullivant 2012] for the case where
R is a field. The more general case can be proved with the same argument by
incorporating work done in [Aschenbrenner and Hillar 2007]. (]

Note that the monoid {x? | A € G} that we are considering here can be given a
monomial order which respects the Inc(N)-action. For example, take the lexico-
graphic order, where the variables x, ; ; are ordered by their indices: x, ; j <x, i j/
ifandonlyif p<p;orp=p'and j < js0orp=p',j=j',andi <i

The Inc(N)-divisibility order gives a partial order < on the set G of good (N-
tuples of) matrices by A < B if and only if there is a monomial x¢ € S and
7 € Inc(N) such that x¢7(x4) = x%, or equivalently there is = € Inc(N) such that
B —mA € G. Note that A < B not only implies there is some 7 € Inc(N) such
thatall A,; ; < B, i x(j), but additionally that all (N-tuples of) column sums of
B — A are at most dg —d, € NIVI. This prevents us from applying Higman’s
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lemma directly to (G, <). To encode this condition on column sums, for any A € G,
let A e [T, vy NE 1N be the N-tuple of matrices such that for all p € [N], the
first k,, rows of A are equal to A, and the last row of A p 1s such that all column
sums equal da,p:

~ Apij for i <kp,
”1’"'{dAm-—§jﬁ51ApLj for i =k,
We let G be the set of N- -tuples of matrices of the form Awith AeG. Itis precisely
the set of N-tuples of matrices of the form Ae I1 PpelN] NIk»+1XN with the property
that there exists a d4 € NIV such that for each p € [N] the first k,, row sums of A,
are equal to dy4,, and all column sums of A, are equal to du . Smce AeG has
only finitely many N-tuples of nonzero columns, A will have all but finitely many
N-tuples of columns equal to ((0,...,0,d4, ,,)T) pe[N]- Such N-tuples of columns
will be called rrivial (of degree d4). The N-tuple of j-th columns of A will be
denoted A.. ;- We define the action of Inc(N) on G as n(A) = n'/(\A/) Note that for

any j ¢ im(sr), the column (7 A).. j 1s trivial of degree d 4, rather than uniformly
Zero.

Proposition 4.4. For A, B € G, A < B if and only if there is w € Inc(N) such that
A < B entrywise.

Proof. The condition that (wA),, ; < B, ; for all p € [N], all i < k,, and all
J € N is equivalent to the condition that B — A is nonnegative. Using the fact that

kp—1

Bpiyj— (A ps, j=(dsp—dap)— Y (Bp—mApij,
i=0

the condition that glhkwi — (7 A)p,kp,j >0forall pe[N]andall j € Nisequivalent
to the condition that every N-tuple of column sums of B — A is less than or equal
todp —dy. Therefore TtA < Bifandonlyif B—mA €G. U

Example 4.5. Let A and B be the following good matrices in NI?1*N:

30000 --- 31000 -
Azblllon-] B=p2110~-]

Note that 7 A < B when r is the identity, however A A B. Consider

30000 --- 31000
A=|01110--- |, B=|02110--- [,
02223 - 11334

and note that there is no 7 € Inc(N) such that 7 A < B.
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We will work with finite truncations of N-tuples of matrices in G. Let H be
the set of N-tuples of matrices A € (72 [T,eqny N1 such that there exists
d 4 € NI guch that for all p, all column sums of A, are equal to d4 , and the firstk,,
row sums are at most d_p; we call d4 the multidegree of A. Note that the condition
on row sums is relaxed, which will allow us to freely remove columns from matrices
while still remaining in the set H. For A € H the number of columns of A is called
the length of A and denoted £ 4. We give H the partial order < defined as follows.
For A, B € H, A < B if and only if there is a strictly increasing map p : [€4] — [£5]
such that pA < B. Just as in G, here pA is defined by (pA).; = A.,-1(;) for
Jj €im(p), and (pA)..; trivial (of degree d,) for j € [£g]\im(p). For an N-tuple
of matrices A and a set J C N, let A..; denote the N-tuple of matrices obtained
from A by taking only the columns A..; with j € J.

Some care must be taken in the definition of H since we allow matrices with
no columns. In all other cases, the degree of A € H is uniquely determined by its
entries. However for the length 0 case the degree is arbitrary, so we will consider
H as having a distinct length O element Z¢ with degree d for each d € NIVI, and
we define Z¢ < A if and only if d < d4. Additionally, define A..;, = Z9.

Definition 4.6. For A € H, the N-tuple of j-th columns of A is bad if for some
pE[N],wehave A, i, i <dap/2. If Ap g, j <da p/2, we will call j a bad index
of A (with respect to p). Let H, denote the set of N-tuples of matrices in H with
exactly ¢ bad indices.

We will use induction on ¢ to show that (H;, <) is well-partially ordered for
all + € N. This will in turn be used to prove that (H, <) and then (G, <) are
well-partially ordered. First we prove the base case:

Proposition 4.7. (Hy, <) is well-partially ordered.

Proof. Let AV, A® | be any infinite sequence in Hy. We will show that there is
an r and an s, with r < s, such that A" < A®),

Fix p € [N]. There are now two possibilities: either the degrees of the elements
of the sequence ALY, AE,Z), ... are bounded by some d, € N, or they are not. In the
former case, it follows that the number of nontrivial columns in any Af,,r) is bounded
by d,k,. Then there is a subsequence Bél), B,(gz), ...of Agyl), Af), ... such that
every element has the same degree and same number of nontrivial columns. In

the latter case, A;,l), Aﬁ,z), ... has a subsequence with strictly increasing degree and
moreover a subsequence B ;,1), BI(,Z), ... with the property that dgs+v , > 2dpe
for all s € N.

In either case we replace AV A@ by BW B®@ . without loss of gen-
erality. We repeat this procedure for all p € [N], and we find that A(D, A®)
contains a subsequence BW B@  such that for all p € [N], one of the following
two statements holds.
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1: Both dgw , and the number of nontrivial columns in B, are constant.
2: We have dge+n , > 2dgo ), for all 1.

It now suffices to show that there are r < s such that B") < B®). Define the
partial order & on Hy by A T B if and only if there exists strictly increasing
p : [€a]l — [£p] such that A..; < B..,(; for all j € [€4]. By Higman’s lemma
(Lemma 4.2), C is a wpo. This means that there exist r < s such that B C B,
Fix such a pair r < 5. We will show that B") < B®),

Let p: [£3¢]— [£ ] be a strictly increasing map that witnesses B") = B®). We
claim that it also witnesses B < B®). For this, we have to show that ,oB(’ ) < B®,
By the properties of C, we already have (0 B™)..,( H= B_(fg( j)» which is to say that
it suffices to show that for all j ¢ im(p), we have dg¢) < (Bps,gcp,j)Pe[N]'

Let p € [N]. Suppose we are in the case that both dg» , and the number of
nontrivial columns in B, are constant. Since o must map nontrivial columns of
B,(f) to nontrivial columns of B;,S), we conclude that if j ¢ im(p), then the j-th
column of B;,S) is trivial, and hence (B(S) ;) =dpe ,- But the latter equals dge) .

) pikp.J
so certainly dpe) , < (Bpskp i)
Alternatively, suppose we have dge+v) , > 2dpw , for all 7. Since B[(,S) has no
bad columns, we have
1
(s)
B,i,.iZ Edgm,p >dgn p-
This is exactly what we wanted to show.
So in both cases, we find that dg» , < B;‘Y;{p i for all j ¢ im(p). This is true
for all p, so we have dp < (B;SLP /.)pe[N]. We conclude that BY) < B®)| as we

wanted to show. O
Proposition 4.8. (H;, <) is well-partially ordered for all t € N.

Proof. The base case, t = 0, is given by Proposition 4.7. For ¢t > 0, assume by
induction that (H;_;, <) is well-partially ordered. For any A € H,, let j4 be the
largest bad index of A. Then A can be decomposed into three parts: the N-tuple
of matrices of all N-tuples of columns before j4, A..j, itself, and the N-tuple of
matrices of all N-tuples of columns after j4. This decomposition is represented by
the map
6:H; > H,_| x 1_[ N+ Hy
PE[N]

..... Ca—1})-

.....

Let the partial order © on H,_ x [] pelN] Nk +11 « Hy be the product order of the
wpos (H;_1, <), (N[k+1], <) and (Hp, <). Note that the product order of any finite
number of wpos is also a wpo. Suppose for some A, B € H, that §(A) C §(B). This
implies that A..;, < B..;, and that there exist strictly increasing maps p and o such
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A A 0,513 A, A,
p o
A PA fo...51) Al A g 1)
IA IA IA
B B.{U,A,.,jﬂ-l} ,jB B,{jE+1 ..... 11}

Figure 2. §(A) C §(B) implies A < B.

that p(A.[j,) < B.jz and o (A (j,41,...0a—1)) < B.{jz+1,...5—1). We combine
these into a single strictly increasing map t : [£4] — [£p] defined by

p(J) for 0<j < ja,
T(j)=1Js for j = ja,
o(j—ja—D+jp+1 for ja<j<dia,
illustrated in Figure 2. Then TA < B so A < B. Since C is a wpo, (H,, <) is also
a wpo. (]

Proposition 4.9. (H, <) is well-partially ordered.

Proof. For any A € H, if j is a bad index of A, then for some p € [N], we have
da,p/2 > Zie[k,,] A, i j. Letting J, C N be the set of bad indices of A with respect
to p and let J C N be the union of the J,. Then

|Jp|dAT’p < Z Z Apij = Z ZAp,i,j <kpda,

JjeJyi€lky] i€lkp] jeN

with the last inequality due to the row sum condition on A ,. Therefore |J,| <2k,—1,
and hence |J| <23y kp—N.

Let AV, A® . be any infinite sequence in H. Since the numbers of bad
N-tuples of columns of elements of H are bounded by 2 ) pe[N] kp — N there exists
a subsequence which is contained in H; for some 0 <r <2 ZPE[N] k, — N. By
Proposition 4.8 there is r < s with A?) < A®), (]

Proposition 4.10. (G, <) is well-partially ordered.

Proof. Let AV, A® . be any infinite sequence in G. Each A" has some j, > 0
such that all N-tuples of columns A(r,zl are zero for m > j,.. Consider the sequence
A.(.l[)jl], A.(.z[)jz], ... in H obtained by truncating each A?) to the first j, N-tuples of
columns. By Proposition 4.9 there is some » < s and p : [j.] — [js] such that
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pA.(.r[)jr] < A.(,S[)js]. Note that this implies d ¢ < d 4. Extend p to some 7 € Inc(N)
so then

A _ A () A (s)
(nA(r))‘[jy] - /O(A..[jr]) = A"[jx]'

The remaining N-tuples of columns of 7 A®) and A® are trivial, so Tt A?) < A®
follows from the fact that d ) < d 4. Therefore A" < A®) by Proposition 4.4. [J

Now we can apply Proposition 4.3 to the monoid {x“ | A € G} which proves
that the ring R [x4 ] A € G] is Inc(N)-Noetherian. This concludes the proof of
Proposition 4.1.

5. Buchberger’s algorithm for matching monoid algebras

Assume the general setting of Proposition 4.3: M is a monoid with IT-action and IT-
compatible monomial order <. For a polynomial f and an ideal I in K[M], we can
define Im( f), Ic(f), in(Z), division with remainder, and the concept of equivariant
Grobner basis from [Brouwer and Draisma 2011]; all relative to the monomial
order <. We now derive a version of Buchberger’s algorithm for computing such a
Grobner basis, under an additional assumption. For a, b € M we define the set of
least common multiples

lem(a,b) ={l € M :a|l, b|l and (a|l’, b|l','|l =" =1)}.

We require the following variant of conditions EGB3 and EGB4 from [Brouwer
and Draisma 2011]:

EGB34. For all f, g € K[M], the set of triples in M x I1f x I[1g defined
by
Tre={W, . &) | f eNlf, g € g, I e lem(Im(f"), Im(g")},

is a union of a finite number of IT-orbits:

Tﬁg:Un(li,fi,gi), iE[r].

In particular, EGB34 implies that for all a, b € M and & € I1, we have 7 lem(a, b) C
Iem(ra, wb). (This is what condition EGB3 of [loc. cit.] looks like when least
common multiples are not unique.)

If EGB34 is fulfilled, then there is a unique inclusion-minimal finite set of orbit
generators as above, which we denote

Oy =1{:, fi,g) i elrl}.

Indeed, suppose that O and O’ are both inclusion-minimal sets of orbit generators
for Ty,. For any triple € O, there are t' € O', w € Il such that 7t = ¢, and



1872 Jan Draisma, Rob Eggermont, Robert Krone and Anton Leykin

similarly ” € O, t € I such that t¢” =¢'. Now t = wt¢” and since O is minimal,
t =1t". But since IT is compatible with a monomial order, 7w t¢” = t” implies that
also the intermediate expression ' = 7¢” equals t”. Hence O C O’ and equality
holds by minimality of O’.

Definition 5.1. For monic f, g € K[M] define the set of S-polynomials to be
Sre=laf —bg' | (. f'.g") € Os4; a,be M; and alm(f') =bIm(g) =1'}.

Furthermore, define I1-reduction of a polynomial f with respect to aset G C K[M]
as follows: while there exist g € G and 7 € I1 with 7 Im(g)|Im(f), replace f by

le(f) Im(f)

P = gm m(e) "

’

and when no such g and 7 exist, return the remainder f'.

One can generalize Grobner theory to our equivariant setting for a monoid algebra
satisfying EGB34. In particular, Buchberger’s criterion holds, and the following
procedure produces an equivariant Grobner basis if it terminates.

Algorithm 5.2. G = BUCHBERGER(F)

Require: F is a finite set of monic elements in K [M], the algebra of a monoid M
equipped with a IT-action, satisfying the assumptions above and the condition
EGB34.

Ensure: G is an equivariant Grobner basis of (F).

G <« F
S <= Uy 4eq Sr.elin particular, compute Oy, needed in Definition 5.1}
while S # 9 do
pick f €S
S < S\{f}
h < the IT-reduction of f with respect to G
if 4 # 0 then
G <~ GU{h}
S < SU(U;eq Ss.n)
10:  end if
11: end while

R A O o s

This algorithm has been implemented for the particular case where K[M] is a
polynomial ring and IT = Inc(N) (i.e., the algorithm described in [Brouwer and
Draisma 2011]) in the package EquivariantGB [Hillar et al. 2013] for the computer
algebra system Macaulay?2 [Grayson and Stillman 2002]. When the algebra K[M]
is [1-Noetherian, termination of Algorithm 5.2 is guaranteed, but in general we
cannot make this claim.
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We now turn our attention to the task of computing a finite Inc(N)-generating
set of binomials of a general toric map as in the main theorem. By the proof of
Proposition 2.1 we may assume that Y is as in (1), i.e., it consists of variables
¥p,s Where p runs through [N] and J runs through all k,-tuples of distinct natural
numbers. Section 2 then leads to the following analysis of this task.

Problem 5.3. Fix the names of algebras and maps in the following diagram:
@ v
R[Y] = R[X] — R[Z].

Here ¢ is the map defined by (1), whose image is the R-algebra spanned by the
matching monoid, and i is any Sym(N)-equivariant monomial map from R[X] to
R[z;j | i € [k], j € N]. For ker(y o ¢), how does one compute

(a) a finite set of generators up to Inc(N)-symmetry?

(b) a finite Inc(N)-Grobner basis with respect to a given Inc(N)-compatible mono-
mial order on K[Y]?

The algorithm we are about to construct solves Problem 5.3(a); indeed, we do
not know whether a finite Inc(N)-Grobner basis as in part (b) exists! Our algorithm
relies on the fact that we may replace R[X] above by the matching monoid algebra
im¢ = R[x“ | A good], so as to get the sequence

R[Y]1% RIx* | A good] % R[Z]. )

Most of our computations will take place in the ring R[x? | A good][Z], which is
itself a matching monoid with N replaced by N +k and k,, =1 for p € [N +k]\[N].
This monoid is Grobner friendly by the following proposition.

Proposition 5.4. Let M be a submonoid of NK¥N that is generated by the Sym(N)-
orbits of a finite number of matrices. For I1 = Inc(N), the monoid algebra K[ M
satisfies EGB34.

Proof. Any such K[M] is the image of some map ¢ as in the main theorem (with
R = K), and so is Inc(N)-Noetherian. Similarly K[M3] = K[M]®? is Inc(N)-
Noetherian. For any a, b € M, the monomial ideal (7, ) € K[M 3] is Inc(N)-stable.
Let L € T, be a minimal finite Inc(N)-generating set of (7, ).

For any (I, wa, ob) € T, , there is some (m,a’,b’) € L and 7 € Inc(N) such
that t(m, a’, b")|(, wa, ob). Itis clear that ta’ = 7a and tb' = ob. Since a’ and b’
divide m, ma and o b must divide tm, and in turn tm divides /. But! € lem(mwa, ob)
by assumption, so [ = tm. Therefore (I, wa, ob) = t(m, a’, b’). This shows that
T,.» is the union of the Inc(N)-orbits of the elements of L, and then L = O, p.

To establish the same fact for a general pair f, g € K[M] we first determine
Ou,p, where a = Im(f) and b = Im(g). For any (I, 7f,0g) € Ty, the triple
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(I,ma,ob) € T, p is in the orbit of some (m, a’,b’) € O, p. This implies a’ = ta
for some t € Inc(N), but 7 is not unique. Define

Agog = {1’ € Inc(N) | a =ta; andn €imrt for all n > Ea/}.

Here £, denotes the length of a’ as in Section 4, the maximum index value among
all nonzero columns of a’. Note that A, . is a finite set.

Since ma is in the orbit of a’, 7 factors through some t € A, . So (I, nf,08) =
(ym, aty f, Brag) for some y, o, B € Inc(N), 71 € A, and 72 € Ap . Therefore

TreS | MmxIf xIg
(m.f.8)eUfq

where
Urg= U {m, 11 f, 028) | 11 € Mg, T2 € Ap iy}

(m,a",b")eTyp

For each (m, f', g’), the set ITm x I1f’ x IlIg’ is the union of a finite number
of Inc(N)-orbits. To prove this one can follow closely the proof of [Brouwer
and Draisma 2011] Lemma 3.4. From the finite set of generators we select only
those (ym, af’, Bg') with ym € lem(af’, Bg’), and call this set Oy, s o). Then
Or.g=Upm, p.¢rev,, Om.f.g) 1s as desired. O

Algorithm 5.5. 7 = TORICIDEAL(p)

Require: ¢ : R[Y] — R[Z] is a monomial map as in the main theorem.
Ensure: T is a finite set of generators of ker ¢ as Inc(N)-stable ideal.

1:  Replace Y by the set of variables {y, s}, s as in the proof of Proposition 2.1.
Decompose ¢ with the composition of two maps ¢ and ¥ as in diagram (2).
Consider the ideal Iy, C R[x4 | A good][Z] generated by the finite set F' of
binomials ¥ (x*) — x#, where A € [,y NN is good of multidegree

de{(1,0,...,0),...,(0,0,0,..., D} c NIV

and <-minimal; the Inc(N)-orbits of such monomials x4 generate R[x4 |
A good].

4:  Run Algorithm 5.2 for the input F with respect to a monomial order that
eliminates the variables Z. Since R[x* | A good][Z] is the monoid algebra of a
monoid where Inc(N)-divisibility is a wpo, the algorithm terminates. Standard
elimination theory implies that G' = G N R[x4 | A good] generates

Iy, N Rx* | A good] =ker ¢ Nim g.

5: Let T consist of preimages of elements in G’ (one per element) and a finite
number of binomials whose orbits generate ker ¢ (see Corollary 3.4).
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Remark 5.6. We can execute Algorithm 5.5 for any coefficient ring R (not neces-
sarily a field), since all polynomials that appear in the computation are binomials
with coefficients £1.

In the following two remarks we comment on two major subroutines not spelled
out in the sketch of the algorithm above.

Remark 5.7. Unlike in the usual Buchberger algorithm, the task of computing
S-polynomials in Algorithm 5.2 is far from being trivial. To accomplish that, one
needs to compute the set O ,, which can be done following the lines of the proof
of Proposition 5.4. While this procedure is effective, by no means it is efficient.

Remark 5.8. In the last step of Algorithm 5.5 a preimage ¢ ~!(g) of an element
g € G can be computed by reducing the problem to one of computing maximal
matchings of bipartite graphs, a well studied problem in combinatorics. Any
monomial x4 € im ¢ can be considered as a collection of N bipartite graphs with
adjacency matrices Ao, ..., Ay_1 as in Section 3, where each A, has bipartition
[k,]UN. Fixing A,, let § C N be the set of vertices in the second partition with
degree dj, (i.e., the indices of the columns of A, with column sum equal to dy,).
A matching B covering [k,] and S can be computed using the Hungarian method or
other algorithms for computing weighted bipartite matchings (see [Schrijver 2003,
Chapter 17] for more details). The matching B directly corresponds to a variable
Vp,g €Y with ¢(y, j) = x8. Since B covers S, it follows that A, — Bisagood
matrix. Therefore x47 /¢ (y, ;) is also in im ¢ and can be decomposed further by
repeating the process.

Algorithm 5.5 yields a solution to Problem 5.3(a) as an important theoretical
consequence: a finite Inc(N)-generating set of the toric ideals in the main theorem
is computable. However, in view of Remark 5.7 and a more elementary procedure
(albeit with no termination guarantee) given in the following section that solves a
harder Problem 5.3(b) for a small example, we postpone a practical implementation
of Algorithm 5.5.

6. An example, and a more naive implementation

A more elementary approach to Problem 5.3 —indeed, to the hardest variant—is,
for a given order on [Y, Z], to directly apply the algorithm of [Brouwer and Draisma
2011] to the graph of the entire map i o ¢, rather than computing generators for the
kernels of ¢y and ¢ separately as in Algorithm 5.5. The advantages of this approach
are that it is simpler to implement, and that it produces not just a generating set,
but an Inc(N)-equivariant Grobner basis. The disadvantage is that we do not know
whether the procedure is guaranteed to terminate. We now set up a version of the
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usual equivariant Buchberger algorithm that is particularly easy to implement, and
conclude with one nontrivial computational example.

For convenience let w = ¥ o ¢. Let I, C R[Y, Z] be the ideal corresponding to
the graph of w, so I, is generated by the binomials of the form y — w(y) for each
variable y € Y. Choosing a representative y, = Yp.(0,...kp—1) of each Sym(N)-orbit
in Y, the ideal is Inc(N)-generated by the finite set

F = {pr _w(GYp) |pe[N], o€ Sym([kp])}-

Choose an Inc(N)-compatible monomial order < on R[Y, Z] that eliminates Z.
Then apply to F' the equivariant Grobner basis algorithm from [loc. cit.] (which is
essentially Algorithm 5.2). Note that since we are working in a polynomial ring
R[Y, Z], rather than a more complicated monoid ring R[X | X good][Z], every
pair of monomials has only one lcm, which is straightforward to compute. If
the procedure terminates with output G, then G N R[Y] is an Inc(N)-equivariant
Grobner basis of 1, N R[Y] = ker w.

This procedure can be adapted to make use of existing, fast implementations of
traditional Grobner basis algorithms. For each n € N truncate to the first #n index
values by defining

Y, = {yps | J €lnl*),
Zy:={zi,j €Z]|]je[n]},
Fp={y—w)|yel,}

Let I, be the ideal in R[Y,, Z,] generated by F,,. Each I,, is Sym([n])-stable and
U,en In = I,. Let Inc(m, n) be the set of all strictly increasing maps [m] — [n],
and equip K[Y,, Z,] with the restriction of the Inc(N)-monomial order <.
Algorithm 6.1. G = TRUNCATEDBUCHBERGER (w)

Require: ¢ : R[Y] — R[Z] is a monomial map in the main theorem.
Ensure: G is an Inc(N)-equivariant Grobner basis of ker ¢.

n <—MmMaxXpe[N] kp
while true do
Fp<—{y—ow(y)|yeY}
G, < GROBNERBASIS(F,)
m < [(n+1)/2]
if m > max ¢y k, and G, = Inc(m, n)G,, then
G <G, NR[Y]
return G
end if
n<n+1
end while
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Here GROBNERBASIS denotes any algorithm to compute a traditional Grobner
basis. If TRUNCATEDBUCHBERGER (w) terminates, this implies that there is some
m > maxpe(n] kp such that Inc(m, n)G,, satisfies Buchberger’s criterion for some
n >2m — 1. Then G,, satisfies the equivariant Buchberger criterion, so G, is an
equivariant Grobner basis. Because we require that m > max ¢y k), the set G,
generates I, up to Inc(N)-action. Finally G = G, N R[Y] is an equivariant Grébner
basis for ker w.

Example 6.2. Set Y :={yj, , | jo, j1 €N, jo # ji} and Z := {z; | i € N}, each
consisting of a single Sym(N)-orbit, and define the monomial map w: R[Y]— R[Z]
by

. 2,
@ Yjo iy Zjozjl‘

Whether ker w is finitely generated was posed as an open question in [Hillar and
Martin del Campo 2013] (Remark 1.6). This is answered in the affirmative by
Theorem 1.1, but by applying Algorithm 6.1 we have also explicitly computed an
Inc(N)-equivariant Grobner basis. The Grobner basis computations were carried out
using the software package 4ti2 [Hemmecke et al. 2008], which features algorithms
specifically designed for computing Grobner bases of toric ideals. The monomial
order on Y is lexicographic, where variables are ordered by y; ; < y; j» if i <i’, or
i=i"and j < j'.

The result displayed in Table 1 consists of 51 generators with indices from
{0, 1,2, 3,4, 5} and degrees up to 5. Note that a minimal generating set resulting
from a study of the family of equivariant toric maps of the form

yinZ?Z[;, i,jEN,i;éj,
for fixed a, b € N in [Kahle et al. 2014] is much smaller.

Remark 6.3. As pointed out in the Introduction, the technique laid out in this
article does not settle the question whether the finite generatedness of ker ¢ in the
main theorem persists when Inc(N) acts with finitely many orbits on Y and the
monomial map ¢ is required to be merely Inc(N)-equivariant (though we do know
that im ¢ needs not be Inc(N)-Noetherian in this case).

However, a naive elimination procedure terminates, for instance, for the Inc(N)-
analogue of Example 6.2, i.e., for the same map, but with the smaller set of variables

Y :={yjo.ji | Jo, j1 €N, jo> ji}.

A computation that can be carried out with EquivariantGB [Hillar et al. 2013]
produces a finite number of generators of the kernel:

{73,192,0 = ¥3.092,1, Y32V1,0 — Y3,1¥3.092,15 Y4.2Y3.2V1.0 — Y4.0¥3,172,1}-
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<YLY — VYoo > < Y13Y0.2 = V1.2Y0.3 >

< yz,oy&l - y1,oy§,2 > < Y2,0¥1,0 — Y1,2)0,2 >
yz,lyg’z — )’%,0)’0,1 Y2,1Y0,1 — Y1,2)0,2
< ¥2,1¥1,0¥0,2 — ¥2,0¥1,2Y0,1 & ¥2,3Y0,1 — ¥2,1Y0,3
yz,lylz’o — ¥ )01 ¥2,3Y1,0 = ¥2,0)1,3
Y3 1502 = Y3 oV1.2 ¥3,152,0 = ¥3,0)2.1
)’%1)’1,0 — y2:0y12’2 ¥3,2Y0,1 — ¥3,1)0,2
¥2,1Y1,0Y0,3 = ¥2,0)1,30,1 Y3,2Y1,0 = ¥3,0)1,2

2 2
¥Y2.1Y03 = Y3013

Y2.3¥1,2Y0,2 — y;oym

— 2
y3,oy1,2yg,2 y2’0y12’3y0’3 Y2,1¥1,2Y0,3Y0,2 = ¥5 0¥1,3)0,1
— 2
y3,02y1,2 Y2.0)13 Y3,1Y2,3Y1,3Y0,4 = ¥30Y2,1)1,4
- 2 2
¥3,0¥2,1 = ¥2,3Y2,0)1,3 Y3,1¥3.3Y0,4 = Y3 02,421

)@,1)’3’2 - }’2,1}’3,3
¥3,1¥1,0Y0,2 — ¥3,0Y1,2)0,1
Y3,1)1,2Y0,2 — ¥2,1Y1,3)0,3

¥3,1Y2,3Y0,3 — J’32,OJ’2,1

Y3102 = Y3 o122

2
¥3,2Y1,3Y0,3 — Y3 9)1,2 d
g egree 5
¥3,2¥2,0¥1,3 — ¥3,0Y2,3Y1,2

¥3,2Y2,3Y1,3)0,4 — y§,0y2,4)’1,2
Y4,1Y2,3¥1,4Y0,4 — YE,OY2,1Y1,3
Y4,1Y3,2Y1,4Y0,4 — Yiom,]w,z
Y4,1Y3,4Y2,4)0,5 — yz%,oy3,l)’2,5

2 2 2 .2
¥3,2Y2,0Y1,4 — Y3,0Y2,4)1,2 y22,1y1,2)’0,3 - y%oyljyo,l
¥3.2¥2.1Y0.3 — ¥3.1Y2.3Y0.2 YZ,IY1,22)’0,4)’0,3 - yz,oz)’l,42)’1,3y0,1
¥3,2¥2,150,4 — ¥3,1¥2,40,2 Y3.2Y53Y1,4Y0,4 — Y3 0Y2 4Y1.2

Y4,0¥2,3¥1,3 = ¥3,0Y2,4¥1,4 y3,2y§,3y1,4y0,5 - y32,oy2,5y2,4y1,2
Y4,1¥2,3Y0,3 — ¥3,1)2,4)0,4 )’4,1)’2,3)’12,4)’0,5 - yz,oy2,1y1,5y1,3
Y4,2¥1,3Y0,3 — ¥3,2Y1,4)0,4 y4,1y3,2y12,4y0,5 - )’io)’3,1)’1,5)’1,2
Y42Y2,0Y1,3 — Y4,0Y2,3)1,2 y4,3yioy3,zy3,1 - y4,2y4,1y32,4y0,3
Y4,2¥2,1Y0,3 — Y4,1Y2,3)0,2 )’5,1)’4,2)’32,5)’0,3 - y52,0y4,3y3,2y3,1

Table 1. An Inc(N)-equivariant Grobner basis for the kernel of @
in Example 6.2. The five highlighted binomials form a Sym(N)-
equivariant Markov basis according to [Kahle et al. 2014].
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On differential modules associated to
de Rham representations in the
imperfect residue field case

Shun Ohkubo

Let K be a complete discrete valuation field of mixed characteristic (0, p) with
possibly imperfect residue fields, and let Gk the absolute Galois group of K. In
the first part of this paper, we prove that Scholl’s generalization of fields of norms
over K is compatible with Abbes—Saito’s ramification theory. In the second
part, we construct a functor Ngg that associates a de Rham representation V to a
(¢, V)-module in the sense of Kedlaya. Finally, we prove a compatibility between
Kedlaya’s differential Swan conductor of Nyg (V) and the Swan conductor of V,
which generalizes Marmora’s formula.
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Introduction

Hodge theory relates the singular cohomology of complex projective manifolds X
to the spaces of harmonic forms on X. Its p-adic analogue, p-adic Hodge theory,
enables us to compare the p-adic étale cohomology Hg' (X 9, Q) of proper smooth
varieties X over the p-adic field Q, with the de Rham cohomology of X. Precisely
speaking, the natural action of the absolute Galois group Gg, of Q,, on the p-adic
étale cohomology can be recovered after tensoring both cohomologies with Bgg,
which is the ring of p-adic periods introduced by Jean-Marc Fontaine. If X has

MSC2010: 11S15.
Keywords: p-adic Hodge theory, ramification theory.

1881


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2015.9-8
http://dx.doi.org/10.2140/ant.2015.9.1881

1882 Shun Ohkubo

semistable reduction, then one can obtain a more precise comparison theorem
between the p-adic étale cohomology of X and the log-cristalline cohomology of
the special fiber of X. Thus, we have a satisfactory p-adic étale cohomology theory
on proper smooth varieties over Q,,.

A p-adic representation V of G, is a finite dimensional Q,-vector space with
a continuous linear G@p—action. Fontaine [1994] defined the notions of de Rham,
crystalline, and semistable representations, which form important subcategories of
the category of p-adic representations of Gg,. Then, he associated linear algebraic
objects such as filtered vector spaces with extra structures to objects in each category.
Fontaine’s classification is compatible with geometry in the following sense: for a
proper smooth variety X over Q,,, the p-adic representation Hé’:(X@p, Qp) of G,
is only de Rham in general. However, if X has a semistable reduction (resp. good
reduction), then Hg/ (X@p, Q) is semistable (resp. crystalline).

There also exists a more analytic description of general p-adic representations.
Let Bg, be the fraction field of the p-adic completion of Z,[[¢]I[1/¢]. We define
the action of I'g, := GQ,;(upoo)/@p on Bg, by y(#) = (1 + 1)*(® — 1, where x :
g, — Z; is the cyclotomic character. We also define a Frobenius lift ¢ on Bg,
by ¢() = (1+1)” — 1. An étale (¢, I'g,)-module over By, is a finite dimensional
Bq,-vector space M endowed with compatible actions of ¢ and I'g,such that the
Frobenius slopes of M are all zero. Using Fontaine—Wintenberger’s isomorphism

G, () = GF )

of Galois groups, Fontaine [1990] proved an equivalence between the category of
p-adic representations and the category of étale (¢, I'g,)-modules over Bg,. We
consider the overconvergent subring

Bap = { Zant” €Bg,; a, €Q)p, lay|p" — 0 for some p € (0, 1] and n — —oo}
neZ

of Bg,. Frédéric Cherbonnier and Pierre Colmez [1998] proved that the category

of étale (¢, 'g,)-modules over Bg, is equivalent to the category of étale (¢, I'g,)-

modules over BIQ,,' As a consequence of Cherbonnier—Colmez’ theorem, p-adic

analysis over the Robba ring

Ra, = U { Zant"; an € Q,, lay|p" — 0 forall p € (p', 1] and n — j:oo}
0'e0,1) \ nez
comes into play. Actually, via the above equivalences, Laurent Berger [2002]
associated a p-adic differential equation Ngr (V) over Rg ,toa de Rham represen-
tation V. By using this functor Ngr and the quasi-unipotence of p-adic differential
equations due to Yves André, Zoghman Mebkhout and Kiran Kedlaya, Berger
proved Fontaine’s p-adic local monodromy conjecture, which is a p-adic analogue
of Grothendieck’s /-adic monodromy theorem. We note that in the above theory,
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Gaq, is usually replaced by G, where K is a complete valuation field of mixed
characteristic (0, p) with a perfect residue field.

Recently, based on earlier work of Gerd Faltings and Osamu Hyodo, Fabrizio
Andreatta and Olivier Brinon [2008] started to generalize Fontaine’s theory in the
relative situation: instead of complete discrete valuation rings with perfect residue
fields, they work over higher dimensional ground rings R such as the generic fiber of
the Tate algebra Z ,{T1, Tl_1 s Iy, Td_1 }. In this paper, we work in the most basic
case of Andreatta—Brinon’s setup. That is, our ground ring K is still a complete
valuation field, but it has a nonperfect residue field kg such that pd = kg :kI’;] < 00.
Such a complete discrete valuation field arises as the completion of a ground ring
along the special fiber in Andreatta—Brinon’s setup.

Even in our situation, a generalization of Fontaine’s theory could be useful as
in the proof of Kato’s divisibility result [2004] in the Iwasawa main conjecture
for GL,. Using compatible systems of K, of affine modular curves Y (p" N) for
varying n, Kato defines (p-adic) Euler systems in Galois cohomology groups over
Q, whose coefficients are related to cusp forms. A key ingredient in this paper
is that Kato’s Euler systems are related with some products of Eisenstein series
via Bloch—Kato’s dual exponential map exp*. In the proof of this fact, p-adic
Hodge theory for “the field of g-expansions” K plays an important role, where
K is the fraction field of the p-adic completion of Z,[¢,~1[l¢"/V1[g~"]. Roughly
speaking, Tate’s universal elliptic curve together with its torsion points induces a
morphism Spec(K (¢, g”™")) — Y(p"N). Using a generalization of Fontaine’s
ring Bgr over K, Kato defines a dual exponential map for Galois cohomology
groups over K(¢pn, g? ™), and proves its compatibility with exp*. Then, the image
of Kato’s Euler system under exp* is calculated by using Kato’s generalized explicit
reciprocity law for p-divisible groups over (¢, q”™").

To explain our results, we recall Anthony Scholl’s theory [2006] of field of
norms, which is a generalization of Fontaine—Wintenberger’s theorem when kg
is nonperfect. In the rest of the introduction we restrict ourselves for simplicity
to the “Kummer tower case”: we choose a lift {¢;}1<j<4 of a p-basis of kx and
define a tower & := {K,},~0 of fields by K, := K (i, t]pin, e t{n) forn > 0,
and set K := |, K,. Then, the Frobenius on Ok, ., /pOk,,, factors through
Ok,/pOk, < Ok,.,/pOk,.,, and the limit X;%r :=1lim, Ok, /pOk, is a complete
valuation ring of characteristic p. Here, we denote the integer ring of a valuation
field F by Of. Let Xg be the fraction field of Xg. Then, Scholl proved that a
similar limit procedure gives an equivalence of categories FEt Koo = FEtXR, where
FEt, denotes the category of finite étale algebras over A. In particular, we obtain
an isomorphism of Galois groups

T: G[(OQ = GXg-
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The Galois group of a complete valuation field F is canonically endowed with
nonlog and log ramification filtrations in the sense of [Abbes and Saito 2002]. By
using the ramification filtrations, one can define Artin and Swan conductors of
Galois representations, which are important arithmetic invariants. It is natural to
ask that Scholl’s isomorphism 7 is compatible with ramification theory. The first
goal of this paper is to answer this question in the following form:

Theorem 0.0.1 (Theorem 3.5.3). Let V be a p-adic representation of G g, where
the G-action of V factors through a finite quotient. Then, the Artin and Swan
conductors of V |k, are stationary and their limits coincide with the Artin and Swan
conductors of T*(V|k_.).

We briefly mention the idea of the proof in the Artin case. Note that in the
perfect residue field case, the result follows from the fact that the upper numbering
ramification filtration is a renumbering of the lower numbering one, and this latter
filtration is compatible with the field of norms construction; see [Marmora 2004,
Lemme 5.4]. However, in the imperfect residue field case, since Abbes—Saito’s
ramification filtration is not a renumbering of the lower numbering one, we proceed
as follows. Let L/K be a finite Galois extension. Let X ¢ be an extension of Xg
corresponding to the tower £ = {L, := LK, },~0 under Scholl’s equivalence. Then,
it suffices to prove that the nonlog ramification filtrations of Gk, and Gx,,x
coincide with each other. Abbes—Saito’s nonlog ramification filtration of a finite
extension E/F of complete discrete valuation fields is described by a certain family
of rigid analytic spaces asf, . for a € Q> attached to E/F. In terms of Abbes—
Saito’s setup, we only have to prove that the number of connected components of
asy. x, and asj , are the same for sufficiently large n. An optimized proof of
this assertion is as follows: we construct a characteristic O lift R of XE, which is
realized as the ring of functions on the open unit ball over a complete valuation
ring. We can find a prime ideal p, of R such that R/p, is isomorphic to Ok, .
Then, we construct a lift ASY /X, Over Spec(R) of asy, /X whose generic fiber
at p, is isomorphic to asy /K, We may also regard AS;’(S /xg 384 family of rigid
spaces parametrized by Spec(R). What we actually prove is that in such a family
of rigid spaces over Spec(R), the number of the connected components of the fiber
varies “‘continuously”. This is done by Grobner basis arguments over complete
regular local rings, extending the method of Liang Xiao [2010]. The continuity
result implies our assertion since the point p,, € Spec(R) “converges” to the point
(p) € Spec(R).

Note that Shin Hattori reproved [2014] the above ramification compatibility of
Scholl’s isomorphism t by using Peter Scholze’s perfectoid spaces [2012], which
form a geometric interpretation of the Fontaine—Wintenberger theorem. We briefly
explain Hattori’s proof. Let C,, (resp. (Ci,) be the completion of the algebraic closure
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of K (resp. Xg). Scholze proved the tilting equivalence between certain adic
spaces (resp. perfectoid spaces) over C,, and (E?,. Let C be a perfectoid field and Y
a subvariety of Af.. A perfection of Y is the perfectoid space defined as the pull-
back of Y under the canonical projection LiLnT,. >T? Ar — AL, where T, ..., T,
denotes a coordinate of Ay.. Hattori proved that the tilting of the perfections of
(asy, /k,)C, and (ask, / XR)CE, are isomorphic under the tilting equivalence. Since
the underlying topological spaces are homeomorphic under taking perfections and
the tilting equivalence, he obtained the ramification compatibility.

The second goal of this paper is to generalize Berger’s functor Ngr and prove
a ramification compatibility of Ngr which extends Theorem 0.0.1. Precisely, we
construct a functor from the category of de Rham representations to the category of
(¢, V)-modules over the Robba ring. Our target objects (¢, V)-modules are defined
by Kedlaya [2007] as generalizations of p-adic differential equations. Kedlaya also
defined the differential Swan conductor Swan" (M) for a (¢, V)-module M, which
is a generalization of the irregularity of p-adic differential equations. Then, we
prove the following de Rham version of Theorem 0.0.1:

Theorem 0.0.2 (Theorem 4.7.1). Let V be a de Rham representation of Gg. Then
we have

Swan" (Ngr(V)) = lim Swan(V|x,),
n—oo

where Swan on the right-hand side means Abbes—Saito’s Swan conductor. Moreover,
the sequence {Swan(V |k, )}n>0 is eventually stationary.

Both Theorems 0.0.1 and 0.0.2 are due to Adriano Marmora [2004] when
the residue field is perfect. Even when the residue field is perfect, our proof of
Theorem 0.0.2 is slightly different from Marmora’s proof since we use a dévissage
argument to reduce to the pure slope case. As is addressed in [Kedlaya 2007, §3.7],
it seems to be possible to define a ramification invariant of Ngg (V) in terms of
(¢, I'k)-modules so that one can compute Swan(V) instead of Swan(V |k, ). It is
also important to extend the construction of Nggr to the general relative case: one
may expect that a relative version of slope theory, described in [Kedlaya 2013] for
example, will be an important tool.

Structure of the paper

In Section 1, we gather various basic results used in this paper. These contain
some p-adic Hodge theory, Abbes—Saito’s ramification theory, Kedlaya’s theory of
overconvergent rings, and Scholl’s fields of norms. In Section 2, we prove some
ring theoretic properties of overconvergent rings by using Kedlaya’s slope theory. In
Section 3, we develop a Grobner basis argument over complete regular local rings
and overconvergent rings. We apply the Grobner basis argument to study families
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of rigid spaces, and use it to prove Theorem 0.0.1. In Section 4, we generalize
Berger’s gluing argument to construct a differential module Ngg (V') for de Rham
representations V. We also study the graded pieces of Ngr(V) with respect to
Kedlaya’s slope filtration to reduce Theorem 0.0.2 to Theorem 0.0.1 by dévissage.

Convention

Throughout this paper, let p be a prime number. All rings are assumed to be
commutative unless otherwise stated. For a ring R, denote by ) Zar(R) the set of
connected components of Spec(R) with respect to the Zariski topology. For a field
E, fix an algebraic closure, denoted by E2 or E, and a separable closure EP. Let
G r/E be the Galois group of a finite extension F'/E, and let G be the absolute
Galois group of E. For a field k of characteristic p, let kP' := k?"" be the perfect
closure in a fixed algebraic closure of k.

For a complete valuation field K, we let Ok be its integer ring, wx a uniformizer,
and kg the residue field. Let vg : K — ZU {oo} be the discrete valuation satisfying
vk (mgx) = 1. We let K" be the p-adic completion of the maximal unramified
extension of K and denote by Ik the inertia subgroup of Ggx. We assume that
K is of mixed characteristic (0, p) and that [k : kI’;] = p? < oo in the rest
of this paragraph. Let ex be the absolute ramification index. Let C, be the p-
adic completion of K2 and let v » be the p-adic valuation of C,, normalized by
v,(p) = 1. We fix a system of p- power roots of unity {Zn},~0 in K% ie., {pisa
primitive p-th root of unity and ¢” k= = foralln e Nog. Let x : Gg — ZX be
the cyclotomic character defined by gp) = ;(g) for all n > 0. We denote the
fraction field of a Cohen ring of kg by K. Denote a lift of a p-basis of kg in Og
by {#;}1<j<q. For a given {t;},< <4, we can choose an embedding Ky — K such
that {7;}1<j<q4 C Ok,, see [Ohkubo 2013, §1.1]. Unless otherwise stated, we always
choose {7;}1<j<a and an embedding Ko < K in this way, and we fix sequences onf

p-power roots {t },,>0 1<j<d of {tj}1<j<q In K?2 je. we have (jp )p = tp
for all n > O For such a sequence, we define KP' as the p-adic completlon of
U, K ({t }1< j <d) This is a complete discrete valuation field with perfect residue
field kl;(t, and we regard C,, as the p-adic completion of the algebraic closure of K pf,

For a ring R, let W(R) be the Witt ring with coefficients in R. If R is of
characteristic p, then we denote the absolute Frobenius on R by ¢ and also denote
the ring homomorphism W(¢) : W(R) — W(R) by ¢. Let [x] € W(R) be the
Teichmiiller lift of x € R.

For an integer & > 0, define Q o= W(F,»)[1/p]. Let K be a complete discrete
valuation field, and F/Q), a finite extension. A finite dimensional F-vector space
V with continuous semilinear G g-action is called an F-representation of Gg. If
moreover I = @Q,, then we call V a p-adic representation of Gx. We denote the
category of F-representations of Gk by Rep(Gg). We say that V is finite (resp.
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of finite geometric monodromy) if G (resp. Ix) acts on V via a finite quotient. We
denote the category of finite (resp. finite geometric monodromy) F'-representations
of G by Repl(Gx) (resp. Reph* (G)).

For homomorphisms f, g : M — N of abelian groups, we denote by M/=¢ the
kernel of the map f —g. For x € R, let | x| :=inf{n € Z; n > x} be the least integer
greater than or equal to x. We let N = Z-( be the set of all natural numbers.

1. Preliminaries
In this section, we fix notation and recall basic results needed in this paper.

1.1. Fréchet spaces. We will define some basic terminology of topological vector
spaces. Although we will use both valuations and norms to consider topologies,
we will define our terminology in terms of valuations for simplicity. See [Kedlaya
2010] or [Schneider 2002] for details.

Notation 1.1.1. Let M be an abelian group. A valuation v of M is a map v :
M — RU{oo} such that v(x —y) > inf{v(x), v(y)} forall x, y € R and v(x) = 00
if and only if x = 0. Moreover, when M = R is a ring, v is multiplicative if
v(xy)=v(x)+v(y) forall x, y € R. Aring equipped with a multiplicative valuation
is called a valuation ring. If (R, v) is a valuation ring and (M, vyy) is an R-module
with valuation vy, then we say that vy, is an R-valuation if vy (Ax) = v(A) +vp(x)
holds for all A € R and x € M.

Let (R, v) be a valuation ring and M a finite free R-module. For an R-basis
el ...,e, of M, we define the R-valuation vy on M (compatible with v) associated
toey,..., e, by vM(Zl<i<n a,-el-) =inf; v(a;) for a; € R ([Kedlaya 2010, Definition
1.3.2]). The topology defined by vy, is independent of the choice of a basis of M
([Kedlaya 2010, Definition 1.3.3]). Hence, we do not refer to a basis to consider
vy and we just denote vy, by v unless otherwise stated.

For any valuation v on M, we define the associated nonarchimedean norm
|-|: M - R by |x| := a~'™ for a fixed a € R.; (nonarchimedean means that
it satisfies the strong triangle inequality). Conversely, for any nonarchimedean
norm |- |, v(-) = —log,| - | is a valuation. We will apply various definitions made
for norms to valuations, and vice versa in this manner.

Notation 1.1.2. Let (K, v) be a complete valuation field. Let {w,},<; be a family
of K-valuations of a K-vector space V. Consider the topology 7 of V whose
neighborhoods at 0 are generated by {x € V; w,(x) > n} forall r € I and n € N.
We call T the topology of V defined by {w,},<; and denote the topological space
V with this topology by (V, {w,},cr), or simply by V. If T is equivalent to the
topology defined by {w,},¢j, for some countable subset Iy C I, we call 7 the
K -Fréchet topology defined by {w, },<;. For a K-vector space, it is well-known that
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a K-Fréchet topology is metrizable (and vice versa). Moreover, when V' is complete,
we call V a K-Fréchet space. Note that V is just a K-Banach space when #[y = 1.
Also, note that a topological K-vector space V is a K-Fréchet space if and only
if V is isomorphic to an inverse limit of K-Banach spaces whose transition maps
consist of bounded K -linear maps. More precisely, let V be a K-Fréchet space with
valuations wg > wy > ..., and V,, the completion of V with respect to w,,. Then
the canonical map V — lim, V), is an isomorphism of K -Fréchet spaces. Also, note
that if V and W are K-Fréchet spaces, then Homg (V, W) is again a K-Fréchet
space with respect to the operator norm.

Let (R, {w,},<r) be a K-Fréchet space for aring R. If {w, },; are multiplicative,
then we call R a K -Fréchet algebra. For a finite free R-module M, we choose a basis
of M and let {w; p},e; be the R-valuations compatible with {w,},e;. Obviously,
(M, {wy pm}rer) is a K-Fréchet space. Unless otherwise stated, we always endow a
finite free R-module with such a family of valuations.

In the rest of the paper, we omit the prefix “K” unless otherwise stated.

Recall that the category of Fréchet spaces is closed under quotients, completed
tensor products and direct sums and that the open mapping theorem holds.

1.2. Continuous derivations over K. In this subsection, we recall the continuous
Kihler differentials ((Hyodo 1986, §4]). Let K be a complete discrete valuation
field of mixed characteristic (0, p) such that [k : kZ] = pd < 00.

Definition 1.2.1. Let ﬁ}QK be the p-adic Hausdorff completion of QéK /z and put
Q}( = QéK[l/p]. Letd: K — Qk be the canonical derivation.

Recall that ﬁ}( is a finite K-vector space with basis {dt;},<;<4. Moreover,
if K is absolutely unramified, then Q}QK is a finite free Og-module with basis
{dtj}1<j<a. Also, ﬁi is compatible with base change, i.e., L Qg ﬁ}( = ﬁlL for any
finite extension L/K.

Notation 1.2.2. Let R be a topological ring and M a topological R-module. We
let Dergont(R, M) be the R-module of continuous derivations d : R — M.

One can prove the next lemma by dévissage and the universality of the usual
Kéhler differentials.

Lemma 1.2.3. For an inductive limit M of K -Fréchet spaces, we have the canonical
isomorphism
d* : Homg (2L, M) = Dercon(K, M).

Definition 1.2.4. Let {3;}1<j<4 C Dercont(Ko, Ko) = Homg, (2, Ko) be the dual
basis of {d?;}1<j<q. We call {0;} the derivations associated to {z;}. We also denote
by d; the canonical extension of 9; to 9; : K alg _ K32 Since 9 i () = &;j, we may
denote d; by 9/0¢;.
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1.3. Some Galois extensions. In this subsection, we will fix some notation of a
certain Kummer extension which will be studied later. See [Hyodo 1986, §1] for
details. In this subsection, let K be an absolutely unramified complete discrete
valuation field of mixed characteristic (0, p) with [k FE k%] = pd < 00. We put

Ky:=K(@p,t! ...,t0 Yforn>0, Koo := U Kn. Karith := U K@p),
n>0 n>0
geom | o~ arith .__ ~ _ ~
FE T GKoc/Kari[h’ FE T GKamh/K’
Fg =Gk k  Hg=Gguyk,

Then, we have isomorphisms
arith ~ - x geom ~ —d
Mg =2, Ty =1,

which are compatible with the action of F%ﬁth on F%e M The isomorphisms are
defined as follows: an element a € Z corresponds to y, € F;‘?mh such that y, ({pn) =
;I‘,‘,, for all n. An element b = (b;) € Zf, corresponds to y, € ['8°™ for 1 < j <d

such that y,(¢pn) = ¢ for all n € N and yb(t]’.’_n) = ;ﬁ,{ t;’_n, By regarding F%fith
as a subgroup Gl?oo/ U, E(lefn’wtlpfn) of I'y, we obtain isomorphisms
— . T~ 2~ 1arith geom ~ - x d
n=0po,....na) : Tg =TT XTI =7, X Z,,.

Since we have a canonical isomorphism

zx zlp .. Z,

12

Zy x Zf, <GLy41(Zp),
1

the group I'g can be regarded as a classical p-adic Lie group with Lie algebra
' N J Q, ... Q
g:=Lie(I'g) =Q, xQ}, = 0 Cgly1(Qp).

For an integer n > 0 and a finite extension L/ K, we put
L,:=K,L, Lo :=KuL,
FL = GLoo/L’ HL = Gf(‘alg/Loo.

Then, I';, is an open subgroup of I'g. Hence, there exists an open normal subgroup
of Iy, which is isomorphic to an open subgroup of (1+2pZ,) x Z;l, by the map 7.
Also, we may identify the p-adic Lie algebra of I'; with g. Finally, we define
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closed subgroups of I'y,

Fro={yelL; nj(y)=0 forall 1 <j <d},
IFrj:={y el ny)=1n(y)=0foralll<i<d,i+#j} forl<j<d.

1.4. Basic construction of Fontaine’s rings. In this subsection, we recall the def-
inition of rings of p-adic periods due to Fontaine, see [Ohkubo 2013, §3] for
details.

Let K be a complete discrete valuation field of mixed characteristic (0, p) with
[k : kﬁ] = p? < oo. Let Et = lim, Oc,/pOc,, where the transition maps are
given by the Frobenius. This is a complete valuation ring of characteristic p
whose (algebraically closed) fractional field is denoted by E. We have a canonical
identification

E= {(x™)pen € CY; 2@ FD)? =x® forall n € NJ.

For x € C,, we denote by x € [ an element ¥ = (x™) such that x©@ = x. In
particular, we put & := (1,2, 2, ...), 1 := (), t}/p, ...) e E*. We define the
valuation vy of E by vE((x("))) =, x @), We put

At :=WEH) cA:=w(),
Bt :=A*[1/pl c B:=A[l/p],
mi=[el-1, q:=n/p '(m)= Z [sl/p]i e At
O<i<p
and we define a surjective ring homomorphism
0:B"—C,

> Pl ",
n>>—oo

which maps A* to Oc,- Note that g is a generator of the kernel of 0|7 .
Let K be a closed subfield of C,, whose value group v, (K*) is discrete. We will
define rings

. +
Aint.c,/k> Bare, o0 Barc, /i

Let Aint, ¢,/ be the universal p-adicallz formal pro-infinitesimal Oy-thickening of
Oc,. More precisely, if Oc,/k : Ok ®z AT — Oc, denotes the linear extension of 9,
then Ainf’(@p /x 1s the (p, ker 9@17 /xc)-adic Hausdorff completion of Ox ®z A*. The
map 9@p /K extends to 0@1, /K Ainf’([:p /K> O@p. Note that Ainf’(@p /Q, is canonically
identified with A*. Let B:{R,@,, e be the ker 6¢c , /ic-adic Hausdorff completion of
Ainf’([:p /cl1/p] and Oc,/x BdR,@p sk — C, the canonical map induced by b, /K-
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Let
wj:=1t; —[£;]1 € Ain.c,/Ko-

~ R e TR (0 el O
=log([e]) :=) (~1) .

n>1

+ +
€ Bur.c,/0, € Bar.c,/x:
Finally, we define Byr ¢ /K = [B%:{R c, /,C[l /t]. These constructions are functorial
with respect to C,, and K. In particular:

. . +
Amf*ch/@h C Amfa(EP/K:’ BdR,CP/@ C IBdR C p/ K BdR,C,,/@,, C BdR,C,,/K:-

Therefore, any continuous KC-algebra automorphism of C,, acts on these rings. We
also have the following explicit descriptions:

~ N + ~ m+
Ainf,(IZ,,/KO :A+[[M1, s ugll, BdRC K= BdR C,/Q, Mer, .o ual

and BdR C,/Q, is a complete discrete valuation field with uniformizer ¢ and residue
field C,. Also BdR C,/K and Bqr c,/k are invariant after replacing K by a finite
extension. In partlcular these rings are endowed with canonical K2-algebra
structures.

ForV e Rep@p(GK), we define Dgr (V) := (Bar.c,/x ®@IJV)G’< , which is a finite
dimensional K -vector space with dimg Dgr (V) < dimg , V. When the dimensions
are equal, we call V de Rham and denote the category of de Rham representations
of Gk by Repjr(Gk).

We endow lim, Ainf’([:p 1/ pl/ (ker@cp /;C)k with the inverse limit topology,
equipping Ainf,([:p /cl1/pl/ (ker bc, /;C)k with the KC-Banach space structure whose
unit disc is the image of Ainf,([:p /- The identification of BdR,@p sk and
lim, Ainr c,/xc[1/pl/ (kerbc, /;C)k gives B(J{R’Cp /K its canonical topology and it is a
KC-Fréchet algebra.

The ring BIR,C,, /K is endowed with a continuous B:{R,Cp /Q, -linear connection

geom . p+ + ol
VE B ¢,k > Bar.c, /i Ok Sk

which is induced by the canonical derivation d : K — /Q,IC More precisely, if we de-
note by {0} <<q the derivations of B(TR,C,,/K given by V& (x) = Zj 0j(x)® dt},
then 0; is the unique BXR,C,, /@p—linear extension of 0/9¢; : K — K. Thus, we can

regard the above connection as a connection associated to a “coordinate” ¢y, . .., ty
of K, hence we put the superscript “geom”. We denote the kernel of V&°™ by
BY+

dR.C, /K which coincides with the image of B;_R,Cp /0, Therefore, we may identify

Bik.c L/ With Bir,c .
We also define a subring [EBrlg C,/0, of [EBZ]LR c,/0, 3 follows: let Acris,@p /Q, be the

universal p-adically formal Z —thlckening of Oc,, i.e., the p-adic Hausdorff comple-
tion of the PD-envelope of AJF with respect to the ideal ker ¢, /q,, compatible with
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the canonical PD-structure on the ideal (p). Since the construction is functorial, the
Frobenius ¢ : AT — A acts on both Ay c,/0, and BCHS c,/a, = = Acris.c,/0,[1/p]-
We define Bng c,/0, = Maen " Bl ¢ ,/@,)» Which is the max1mal subring of

[EB;Frls C,/Q, that is stable under ¢. By construction, Brlg C,/Q, is a subring of
B+ BV+

dR,C,/Q, = ™dR,C,/K

Finally, for simplicity, we denote

V+ _mt Vo
Ber : BdRC »/Qp° Bgr := Bar Cp/Qp> BdR = BdRC /K>
. =V4 . mV4+
Bar :=Bar.c,/x, By, =B e o,
when no confusion arises.

1.5. Ramification theory of Abbes—Saito. In this subsection, we review Abbes—
Saito’s ramification theory, see [Abbes and Saito 2002, 2003] for details.

Let K be a complete discrete valuation field with residue field of characteristic p.
Let L/K be a finite separable extension. Let Z = {zp, . . ., 2,} be a set of generators
of O as an Og-algebra. View Ok (Zy, ..., Z,) as a Tate algebra, and let Z; — z;
be the corresponding surjective Ok -algebra homomorphism from Ok (Zy, ..., Z,)
to Op with kernel 1. For a € Q. ¢, we define the nonlog Abbes—Saito space by

asf ;x ,=D" V(g™ f; felp)={xeD" |[f)| <|nk|* Vf elz),

which is an affinoid subdomain of the (n 4 1)-dimensional polydisc D"*!. Let
geom
(as] /K, ) be the geometric connected components of asj /K. 2> i.e., the con-
nected components of asj /K7 XK K¢ with respect to the Zariski topology. We

define a Gg-set F4(L) := ngeom(asL/K ) and let
b(L/K):=infla e R; #F*(L)=[L: K]} € Q.

be the nonlog ramification break. If L/K is Galois, then F%(L) can be identified
with a quotient of G, k. Moreover, the system {F“(L)}, of G-sets defines a
filtration {GaL/K}ae@zo of Gk such that F4(L) = GL/K/G‘i/K as G g-sets.

There exists a log variation of this construction by considering the following
log structure. Let P C Z be a subset containing a uniformizer, and take a lift
gj€O0k(Zo, ..., Zy) ofze’(/n v (z)) foreachz; € P. Foreachpalr (zi,zj)€PXP,
we take a lift h; ; € Ok (Zy, ..., Z,) of z"L(Z’)/ ") Fora e Q-0, we define the
log Abbes—Saito space by

k17 f
asy x.z.p = D"H! e |7 (G — kg
|nK|_a_UL(Z[)UL(Z‘,-)/eL/K (X;fL(Zi) _ X;}L(Zj)hi’j)
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as an affinoid subdomain of D"*!. Here, f ranges over I, and the indices z; and
(zi, zj) range over P and P x P respectively. As before, we define the G g-set
l’f)g(L) = ngeom (as§ K.Z, p) and define the log ramification break by

biog(L/K) :=inf{a € R; #F (L) =[L: K]} € Q.

A similar procedure as before defines the log ramification filtration {G{ / K,log}GGQZO
of G L/K-

In this paper, we consider only the following simple Abbes—Saito spaces. With
the notation as above, let pg, ..., p,, be a system of generators of the kernel of
the surjection Ok (X, ..., X,) — Or. Assume that zg is a uniformizer of L and
po=X,""* —mxgo for some go € Og (X, ..., X,). In this case, we have a simple
log structure: we put P := {z9} and we choose g as a lift of z,"/* /mx. We also
choose 1 as i1 ;. Hence, Abbes—Saito spaces are given by

asi x.z = D" (|mg |~ p; for 0 < j <m),

1 —a—1 — .
asi k. zp= D" (lng |7 po, Ik |~ p; for 1 < j <m).

Let F/Q, be a finite extension and V an F-representation of G with finite
local monodromy. We define Abbes—Saito’s Artin and Swan conductors by

A (V)= Y a-dimp (Ve Ok v O,

ae@zo

SwanS(V):= Y a-dimp (Ve O v T

ae@zo

Note that the above construction does not depend on other choices, like Z and P.
Also, note that both the Artin and Swan conductors are additive and compatible with
unramified base change. When kg is perfect, the log (resp. nonlog) ramification
filtration is compatible with the usual upper numbering filtration (resp. shift by one).
Moreover, our Artin and Swan conductors coincide with the classical Artin and
Swan conductors when kg is perfect.

Theorem 1.5.1 (Hasse—Arf theorem, [Xiao 2012, Theorem 4.5.14]). Assume that
K is of mixed characteristic. Let F/Q), be a finite extension and V & Rep?g'(G K)-
Then, we have Art(V') € Z if K is not absolutely unramified; we have SwanAS(V) ez
if p#2, and Swan®S(V) e 2-'Z if p=2.

Xiao gives more precise results in the equal characteristic case, as we will see in
Theorem 1.7.10.



1894 Shun Ohkubo

1.6. Overconvergent rings. In this subsection, we will recall basic definitions of
overconvergent rings associated to complete valuation fields of characteristic p,
following [Kedlaya 2004, §2-3] and [Kedlaya 2005, §2].

Construction 1.6.1 ([Kedlaya 2005, §2.1-2.2]). Let (E, v) be a complete valuation
field of characteristic p. Assume that either E is perfect or that v is a discrete
valuation. We will construct an overconvergent ring associated to E. We first
consider the case where E is perfect. Note that any element of W(E)[1/p] is
uniquely expressed as ) o p*[xi] with x; € E. For n € Z, we define a “partial
valuation” on W(E)[1/p] by

vf"< > p"[xk]) = Inf (x).

k>—00

For r € R, we define
w,(x) = inf{rv="(x) +n},
W(E), :={x € W(E); w,(x) < o0}.

Then, W(E),[1/p]isasubring of W(E)[1/p] and w, is a multiplicative valuation of
W(E),[1/p]. Moreover, we have W (E), C W(E), for r’ <r. We put Weon(E) :=
li—I>nr—>0 W(E )r :

Next, we consider the general case, i.e., we do not need to assume that E is perfect
in the following. Let I" be a Cohen ring of E with a Frobenius lift ¢. Then, we can
obtain a Frobenius-compatible embedding I' < W (EP) <> W (E?*€), where E?2
is the completion of E¥2. By using this embedding, we can define v=" and w, on I".
Moreover, we define ', := '\ W (E®2), and Teop := lim,_ T, =TnN Weon (E02).
We say that I" has enough r-units if the canonical map I', — E is surjective. We
say that I" has enough units if I has enough r-units for some r > 0. Note that if
E is perfect, then I' has enough r-units for any . In general, by [Kedlaya 2004,
Proposition 3.11], I" has enough r-units for all sufficiently small r. In the following,
we fix rg such that I has enough r-units for all » < ry. Note that I', is a PID
for r < rg, and "oy is a Henselian local ring with maximal ideal (p), residue
field E and fraction field I'con[1/p] [Kedlaya 2005, Lemma 2.1.12]. We endow
I',[1/p] with the Fréchet topology defined by the family of valuations {w;}o<s<-
Let I"apn,» be the completion of I',[1/p] with respect to the Fréchet topology and
+—0 Fan,r. We extend v=" and w, to v=", w, : Ty, — R and we
endow I"ap , (resp. Tan,con ) With the Fréchet topology defined by {w;}o<s<, (resp.
the inductive limit topology of Fréchet topologies). Note that ¢(I',) C I';/,; hence,
@ extends toamap ¢ : 'y , — an r/p. In particular, I'cop and Iy con are canonically
endowed with endomorphisms ¢. Also, note that I'y, , for all » < rp and hence,

I"an,con are Bézout integral domains [Kedlaya 2005, Theorem 2.9.6].

Iﬁan,con = h_r>n
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In the rest of this subsection, we will see explicit descriptions of ['¢oy, together
with its finite étale extensions, by using rings of overconvergent power series ring.

Notation 1.6.2. Let O be a complete discrete valuation ring of mixed characteristic
(0, p). Let O{{S}} be the p-adic Hausdorff completion of O((S)) := O[ST[S~'].
For r € Q. , we define the ring of overconvergent power series over O as

O(S) ™ :={f € O{{S}); f converges on 0 <v,(S)<r}, O(S) = U oS) ™.

r>0

Recall that (O((S))T, (no)) is a Henselian discrete valuation ring [Matsuda 1995,
Proposition 2.2]. We also define the Robba ring R associated to o«S)* by

R:= {f :ZanS”; a, € Frac(0), f converges on 0 <v,(S) <r for some r > 0}.

neZ

Construction 1.6.3. We construct a realization of a finite étale extension of O((S))"
as an overconvergent power series ring. Let I' be a Cohen ring of a complete discrete
valuation field E of characteristic p. By fixing an isomorphism f : ' = O{{S}},
where O is a Cohen ring of kg, we identify I" and E with O{{S}} and kg ((S)). Let
[’/ T be a finite étale extension, with I’ connected and F/E the corresponding
residue field extension. Then, I’ is again a Cohen ring of F. We identify F with
kr((T)) and fix a Cohen ring O of kr. We claim that there exists an isomorphism
[TV = O'{{T}} such that ' modulo p is the identity, f'(O[ST) c O'[T] and
f/O[ST— O[T s finite flat. We can write S =T/ in O with some it € Oj.
We fix a lift u € O'[T]* of i with respect to the projection O'[T] — O and let
s":Z[So] — O'[T1; So > T¢F/Eu be a ring homomorphism. Let s : Z[Sy] — O[ S]]
be the ring homomorphism sending Sy to S. By the formal smoothness of s (see
[Ohkubo 2013, §1A]), there exists a local ring homomorphism g : O[S] — O'[T]:

ors1 Ok Or
]
N ~
s S A
VAR O'lNT]

By the local criteria of flatness and Nakayama’s lemma, § is finite flat. By the
definition of s and s’, B induces a map 8 : O((S)) — O'((T)), and hence a map
B O{S}} — O'{{T}). Since B is finite étale with residue field extension F/E,
there exists a canonical isomorphism f’: IV = O'{{T}}, which satisfies the desired
properties by the construction of 8.

The relation S = T/2u for u € O'[T]* gives f'(OW(S)"") C O'(T))""/eFrE,
In the limit » — 0o, we obtain a flat morphism f’: O((S))" — O’((T))". Finally,
we prove the finiteness of f': O((S))" — O'((T))'. We fix a basis wy, ..., w, of
O'[TT as an O[S]-module. Then, we only have to prove that x € O’ ((T¢#/£))""
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can be written as ) ; w; >, a; ,S" with ) a; ,5" € O((S))"rer/E . By the relation
Su~!=TerE again, any element x € O'(T¢F/£))™" can be written as Y ez @nS"
with a,, € O'[T] such that |a,]|| p|¢*/E" — 0 for n — —o0, where | - | is a norm of
O'[[T] associated to the p-adic valuation. We write a, =) ; a, ;®;. Then, we have
|an| = sup;|ay,i|, where | - | on the RHS is a norm of O[§] associated to the p-adic
valuation. Hence, ), a,;S" belongs to O((S ) FrerE which implies the assertion.

Lemma 1.6.4 [Kedlaya 2005, Lemma 2.3.5, Corollary 2.3.7]. Let I" be a Cohen
ring of a complete discrete valuation field E of characteristic pand ¢ : ' — T" a
Frobenius lift. By fixing an isomorphism [ : ' = O{{S}}, we identify I" and E with
O{{S}} and kg ((S)). Assume that ¢(S) € O(S))'. Then, we have

L, =0(S)™, Teon=0(S)"

for all sufficiently small r > 0.

Moreover, let F | E be a finite separable extension, I’/ T the corresponding finite
étale extension and ¢ : " — T/ the corresponding Frobenius lift extending ¢. We
fix an isomorphism f': T = O'{{T}} as in Construction 1.6.3. Then, f’ induces
isomorphisms

Lr=0/(T)erE, Te, =0T
for all sufficiently small r > 0.

Proof. Let ¢ be the Frobenius lift of O'{{T}} obtained by identifying O'{{T'}} with I"".
We only have to check that the assumption ¢(7) € O’ (T)T in [Kedlaya 2005,
Convention 2.3.1] is satisfied. This follows from the fact that O’ ((T)) is integrally
closed in O'{T}}, which in turn is a consequence of Raynaud’s criteria of integral
closedness for Henselian pairs [Raynaud 1970, Théoréme 3(b), Chapitre XI]. [J

Finally, we define (pure) ¢-modules over overconvergent rings.

Definition 1.6.5 [Kedlaya 2005, Definition 4.6.1]. Let R be I'[1/p], Tconl1/p],
or I"an.con (Construction 1.6.1) and let o := goh for some 7 € N.j. A o-module
over R is a finite free R-module M endowed with a semilinear o-action such
that 1 ® 0 : M ®r.c R — M is an isomorphism. Assume that E is algebraically
closed. Then, any o-module over I'[1/p] or "y con admits a Dieudonné—Manin
decomposition [Kedlaya 2005, Theorem 4.5.7] and we define the slope multiset of M
as the multiset of the p-adic valuations of the “eigenvalues”. For a 0 -module M over

Icon[1/p], we define the slope multiset of M as the slope multiset of I' @r.(1/p1 M,
which coincides with that of Ian con ®r,[1/ p) ! M. For a general E, we define the
slope multiset after the base change I' — W (E alg) A o-module over R is pure of
slope s if the slope multiset consists of only s. If M is a o-module that is pure of
slope 0, then we call M étale.
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Let ¢ be a Frobenius lift of I" := O{{S}} with ¢(S) C O(S))". By Lemma 1.6.4,
we can view O((S))T[l/p] and R in Notation 1.6.2 as I'con[1/p] and I'yp con, and
we can give similar definitions for R = oS 1 /pland R.

When R is one of the above rings, we denote the category of o-modules (resp.
étale o-modules, o-modules of pure slope s) over R by Mod (o) (resp. Mod‘;’,@t (0),
Mod} (0)).

1.7. Differential Swan conductor. The aim of this subsection is to recall the defi-
nition of the differential Swan conductor. The following coordinate free definition
of the continuous Kéhler differentials for overconvergent rings will be useful.

Definition 1.7.1. Let I" be an absolutely unramified complete discrete valuation
ring of mixed characteristic (0, p). For a subring R of I', we define Q}e as the
R-submodule of Qll- generated by the image of R underd : I' — QIL

Lemma 1.7.2. Let T := O{{S}} and T'" := O((S))", where © is a Cohen ring of a
field k of characteristic p. Assume that [k : kP] = p? < oo. Then, QIL is the unique
I'"-submodule M of 52\11- such that

(i) M is of finite type over 'Y
(ii) The image of T underd : T — ﬁlL is contained in M.
(iii) The canonical map I @+ M — ﬁll is an isomorphism.
. . . . . 1 . A1 Al
Also, if o : T'— T is a Frobenius lift o(T'") c T'7, Q. is stable under ¢ : Q. — Q.

We omit the proof since it is elementary. Note that if {r;} C O is a lift of a
p-basis of k, then Qll_T is a free of rank d + 1 with basis dS, dty, ..., dt,.

Corollary 1.7.3. With the notation as in Lemma 1.6.4, the canonical isomorphism
IV ®r QL = Ql, descends to a canonical isomorphism T, ®r.,, Ql]“mn =Ql, .

Notation 1.7.4. In the rest of this section, let the notation be as in Lemma 1.7.2.
We fix a Frobenius lift ¢ : I — T satisfying ¢(I'") c I'". Let R be the Robba ring
associated to I'" and assume that ¢(R) C R. We put Q;z =R Q®r+ Qlﬂ. Note that
the canonical derivation d : I'T — Q}T extends to d : R — Q.

Definition 1.7.5. A V-module M over R is a finite free module over R together
with a connection V=V, M > M Q@x Q%z such that the composition of V,; with
the map M Q@ Q%z - M Qr /\%Q%2 induced by V is the zero map. For i € N,
a (¢", V)-module M over R is a ¢"-module over R endowed with a V-module
structure commuting with the action of ¢”. We call a (¢", V)-module pure (resp.
étale) if the underlying ¢"-module is pure (resp. étale). Similarly, we define étale
or pure (¢", V)-modules over I'* and I". Denote by Modj} (¢", V) the category of
pure ((ph, V)-modules over R, where R is either I, [''[1 /plor R.
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Theorem 1.7.6 [Kedlaya 2007, Theorem 3.4.6]. For a (¢, V)-module M over R,
there exists a canonical slope filtration

0=Fil®(M) C--- CFil'(M) = M,
whose graded pieces are (¢, V)-modules of pure slope s; < --- < s;.

Construction 1.7.7 [Kedlaya 2007, Definition 3.3.4]. Let F'/Q, be a finite unrami-
fied extension and V € Replfp'g "(Gg). Let ' be the maximal unramified extension
of I'". We put Q%,w = lim Qllm where the limit runs all the finite étale extensions

FlT /T7 with 1“1T connected. We' consider the connection
VI ®o, V= QLw®o,V
AQYy > di®Yy. *)

Since er+,ur =i @ps er-r as Gg-modules by Corollary 1.7.3, we obtain a
connection

V:D'(V)— QL & DI (V),

where DT (V) := (DT-ur Qo V)CE is a finite dimensional FT[l/p]—module of rank
dimpV, by taking G g-invariants of (*). Thus, we obtain a rank preserving functor
D' :Rep}* (G ) = Modrify/p) (V).
By extending scalars, we also obtain a rank preserving functor
T

D rig
Note that if V is endowed with a semilinear action of ¢” for h € N, then DT(V)
and Dj;g(V) are also endowed with semilinear ¢”-actions.
Definition 1.7.8. For a V-module M over R, let Swan"(M) be the differential
Swan conductor of M as in [Kedlaya 2007, Definition 2.8.1].

Recall that the differential Swan conductor is defined in terms of the behavior
of the logarithmic radius of convergence [Xiao 2010, Definition 2.3.20], which
depends only on the Jordan—Hoélder factors of a given V-module by definition. In
particular, we have:

: Rep)# (G ) — Modg (V).

Lemma 1.7.9 (The additivity of the differential Swan conductor). Let 0 — M’ —
M — M"” — 0 be an exact sequence of V-modules over R. Then, we have
Swan"(M) = Swan"(M’) + Swan"(M").

The following is Xiao’s Hasse—Arf Theorem in the characteristic p case.

Theorem 1.7.10 [Xiao 2010, Theorem 4.4.1, Corollary 4.4.3]. Let V be an F-
representation of G g of finite local monodromy. Then, we have

Swan*$ (V) = Swan" (D[, (V).

Moreover, these invariants are nonnegative integers.
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1.8. Scholl’s fields of norms. In this subsection, we recall some results of [Scholl
2006, §1.3], which are a generalization of Fontaine—Wintenberger’s fields of norms.
Throughout this subsection, let K be a complete discrete valuation field of mixed
characteristic (0, p) with [k :kﬁ] = pd < 00.

Definition 1.8.1. Let K| C K, C.. .. be finite extensions of K and put Koo = | K.
We say that a tower K := {K},},,~0 is strictly deeply ramified if there exists ng > 0
and an element § € Ok, such that 0 < v, (§) < 1, and such that the following
condition holds: for every n > ng, the extension K,1/K, has degree p¢*!, and

there exists a surjection Qél@m jor, — (0K, /§0k, )% of Ok, ,-modules.

Let 8 = {K,}s>0 be a strictly deeply ramified tower. For n > ng, we have
ex,../k, =pand kg, =ky”, and the Frobenius Ok, , /EOk, ., — Ok, ., /EOk,.,
induces a surjection f, : Ok, ., /6 Ok, ., — Ok, /§ Ok, . We also choose a uniformizer
nk, of K, with JTIIénH = g, mod £ Ok, . Then, we define X := XT(&, &, ng) :=
lim, . Ok, /§Ok,, with transition maps {f,}. Let pr,, : Xt — Ok, /£ Ok, be the
n-th projection for n > ng. We put I := (7g, mod§Ok,) € X*. Let kg :=
lim, . kg, where the transition maps are induced by fy’s. Since kg, ,, = k}(/np , the
projections pr,, : kg — kg, are isomorphisms for all n > ny. Moreover, X is a
complete discrete valuation ring of characteristic p, with uniformizer I and residue
field kg. The construction does not depend on & or ng, and X is invariant after
changing {K,}, by {K,+m}. for some m. Hence, we may denote X (R, &, ng) by
X }g and denote the fractional field of X ; by X g. Note thatif K,/ K is Galois for all n,

then X ; and X g are canonically endowed with G,k -actions by construction.

Kn

Example 1.8.2 (Kummer tower case). Let K = K and {L,} be as in Section 1.3.
Then, {L,} is strictly deeply ramified [Ohkubo 2010, Example 6.2].

Let Lo/ Ko be a finite extension. We choose a finite extension L/K such that
Lo = LK. Then, the tower £:={L, := LK, } depends only on L, up to shifting,
and is also strictly deeply ramified with respect to any &’ € K,,, with 0 < v, (§') <
v, (&) ([Scholl 2006, Theorem 1.3.3]). Note that if L, /K is Galois for all n, then
X Z and X are canonically endowed with G,k -actions by construction.

Theorem 1.8.3 [Scholl 2006, Theorem 1.3.4]. Let the notation be as above. Denote
the category of finite étale algebras over K (resp. Xg) by FEtKoo (resp. FEty )
Then, the functor
X, :FEtx — FEty,
Loo — X e
is an equivalence of Galois categories. In particular, the corresponding fundamental
groups are isomorphic, i.e., Gk = Gx,. Moreover, the sequences {[L, : K,]},,

{er,/k, }n and {[kL, : kg, 1}n are stationary for sufficiently large n. Their limits are
equal to [X¢ : Xgl, exy/xq and [kxg : kxg].
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1.9. (¢, I'k)-modules. Throughout this subsection, let K be a complete discrete
valuation field of mixed characteristic (0, p). In this subsection, we will recall the
theory of (¢, I'x)-modules in the Kummer tower case [Andreatta 2006]. To avoid
complications, especially when verifying the assumption [Scholl 2006, (2.1.2)], we
will assume the following to work under the settings of [Andreatta 2006; Andreatta
and Brinon 2008; 2010].

Assumption 1.9.1 [Andreatta 2006, §1]. Let V be a complete discrete valuation
field of mixed characteristic (0, p) with perfect residue field. Let Ry be the p-adic
Hausdorff completion of V[T, ..., Ty][1/T; ... T4] and Ra ring obtained from
Ry by iterating finitely many times the following operations:

(ét) The p-adic Hausdorff completion of an étale extension.

(loc) The p-adic Hausdorff completion of the localization with respect to a
multiplicative system.

(comp) The Hausdorff completion with respect to an ideal containing p.
We assume that there exists a finite flat morphism R — O, which sends T;tot;.

Note that R is an absolutely unramified complete discrete valuation ring. Denote
R by Og and Frac(R) by K. Let L / K be a finite extension. In the rest of this
subsection, we will use the notation from Sections 1.3 and 1.4. We also apply the
results of Section 1.8 to the Kummer tower {L,},,~0.

Notation 1.9.2 [Andreatta and Brinon 2008, §4.1]. We will denote
[Ezr = X;g, E;, = Xg.
For any nonzero & € pOr_, we put

Ef == lim Op /60, Ep:=Frac(E}),

xX—>xP

where both rings are independent of the choice of £&. We also put
Ap=WED. Ap=wE). Br:=Acll/pl.

By definition, we have [EJr C [EJr and [EL - [EL, and [EL can be viewed as a closed
subrmg of E. In particular, the rings AL , A, and B, can be viewed as subrings
of A+, A and B. Note that the completlon of an algebraic closure of E, coincides
with E. Moreover, E is perfect and ([EL, %) Is a perfect complete valuation field,
whose integer ring is [EJr By using the G g-actions on [ and A, we can write

Ef=@EHA, o =F", A =AM, B,=B",

see [Andreatta and Brinon 2008, Lemma 4.1].
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Lemma 1.9.3 (a special case of [Andreatta and Brinon 2008, Proposition 4.42)).
We put Aw(k )= Wkp)lxl C A+, wherem =[] — 1 € A*. Let L/K be a finite
extension. The weak topology of A = [E is the product topology EN, where EL is
endowed with the valuation topology. Then, there exists a unique subring A of AL
such that:

(i) Ay is complete for the weak topology.
(i) pALNAL = pA;.

(iii)) One has an commutative diagram

Ap —= [,

L

A, —EL
(iv) [e], [7j1 € Ay forall j.
(v) There exists an A;rv(k) -subalgebra AJF of Ap and rp € Q¢ such that:
(a) There exists a € N such that p/n® € A"“ and A+/(p/n“) = [E+
(b) Ifa, B € Noq are such that o/ B < prL/(p — 1), then A} C N{p JP};

here, AJF{ p®/ 7P} denotes the p-adic Hausdorff completlon of A+ @ /h.
(©) A is complete for the weak topology.

Moreover, by the uniqueness, Ay is stable under the actions of ¢ and Gk if
L/K is Galois.
Definition 1.9.4. Let A be the p-adic Hausdorff completion of | J; g Az, which

is a subring of A that is stable under the actions of both G and ¢. We also put
By :=Ar[1/p] and B := A[1/p].

Remark 1.9.5. (i) As remarked in [Andreatta and Brinon 2008, §4.3], A is the
unique finite étale A z-algebra corresponding to E; /Eg; in particular, Az is a
Cohen ring of k.

(ii) The action of I'g on A is determined by the action of I'g on 7, [#1], .. ., [#4],
since ¢ — 1,71, ..., Iy form a p-basis of Eg. Explicit descriptions are given by:

Ya(m)=1+m)" =1, y,(5;]) =1i;] fora eZ},
v =7,  y(i;]) = 1+m)"[i;] forb= (b)) € 75,

Definition 1.9.6. For /1 € N, an étale (¢", I';)-module M over B is an étale ¢”-
module over B; endowed with a semilinear continuous G g -action that commutes
with the action of ¢". Denote by Mod%L (", T1) the category of étale (", T1)-
modules over B; .
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For V e Rep@ (GL) letD(V) = (B®qg i V)HL For M € Modﬁ’BfL (", Tp), let
V(M) =B ®BK M)¢'=

Theorem 1.9.7 ([ Andreatta 2006, Theorem 7.11] or [Andreatta and Brinon 2008,
Théoréeme 4.34]). Let h € N.g. Then, the functor D gives a rank preserving
equivalence of categories

D :Repg ,(Gr) — Mods, (9", T'1)
with quasi-inverse V.

1.10. Overconvergence of p-adic representations. In this subsection, we will re-
call the overconvergence of p-adic representations in [Andreatta and Brinon 2008].
We still keep the notations of Section 1.9 and Assumption 1.9.1.

Definition 1.10.1. We apply Construction 1.6.1 to (E, vp) with I' = A and write
AT :=T,, AT :=Teon, B :=T,[1/p), B :=Teonll/pl,

Bhr . Fi
Bng = an rs Brlg an con-

We define UES" and w, the same way. For a finite extension L/ K, we apply a similar
construction to the following (E, vg) with I and we denote:

F E Fr 1_‘(3011 Fr[l /p] Fcon[l/p] Fan,r Fan con
A E A Af o Bl B Bl B
iy T AT AT Bl mT nl mT
AL IEL AL ' AL IEBLr BL IBngrL IBng L
fr i T i fr i
AL [EL AL AL BL Bz Brlg L Bng L

By construction, we have B = U, Bt Bf =, B", BY =Bx nB", B =
U, By, BY = Bx NB"" and B}, =, B". We endow B, B, ..., etc. with
the Frechet topologies defined by { ws}0<ssr.

We can describe Az by the ring of overconvergent power series.

Lemma 1.10.2 (cf. [Berger 2002, Proposition 1.4]). Let O be a Cohen ring of ki.
Then, there exists an isomorphism Ag = O{{r}}, which induces an isomorphism
AT "= O(()' for all sufficiently small r > 0. Similarly, there exists an isomorphism
A = O'{{n'}}, which induces an isomorphism AT "= O/ (") LR | where O
is a Cohen ring of kg, .

Proof. Fix any isomorphism Az = O{{r}} (Remark 1.9.5(1)). Since ¢(7) =
[e]? —1=(14n)? —1 e Ofn}}', the assertion follows from Lemma 1.6.4. [



Differential modules associated to de Rham representations 1903

Notation 1.10.3. The isomorphism in Lemma 1.10.2 enables us to apply the results
of Section 1.7. In particular, for any finite extension L/K, we have a canonical
continuous derivation

+
d: [EBrlg L= QBLgL’
with Q[]B = Bng L ®u Q! o afree B ¢ -module with basis dr, dlnal, ..., d[t].

rig, L
Hence, we have a notion of ((p, V)- modules over [B;rlg ;, and the associated dlfferen-

tial Swan conductors.

Deﬁnition 1.10.4. Let & € Noy. An étale (¢", I';)-module M over BE 1s an
étale ¢"-module over [B%T endowed with a continuous semilinear G g -action that
commutes with the ¢”-action. Denote by Modet (¢", T'1) the category of étale
((p I';)-modules over [B%Jf

For V e Rep@ph(GL), let

D™ (V) :=B" @, V", DW= D"V,

r

DYy (V) =B, @ D™ (V), DL(V) =Dl V).

r

For M € MOdE+ (", Tp), let V(M) := (BY Qg M)w”zl‘
L L

Theorem 1.10.5 [Andreatta and Brinon 2008, Theorem 4.35]. Let h € N.o. The
functor DY gives a rank preserving equivalence of categories

D' - Rep@ph (Gp) — Modg2 ((ph, ')

with quasi-inverse \. Moreover, D' and \/ are compatible with D and \ in
Theorem 1.9.7. Furthermore, D" (V) is free of rank dimg hV over BY; & for all suffi-
ciently small r, and we have a canonical isomorphism B! ®BT ,DF (V) = DF(V).

The functor [D):ig will be studied in Section 4.5.

2. Adequateness of overconvergent rings

In this section, we will prove the “adequateness”, which ensures that the elemen-
tary divisor theorem holds, for overconvergent rings defined in Section 1.6. The
adequateness of overconvergent rings seems to be well-known to the experts: at
least when the overconvergent ring is isomorphic the Robba ring, the adequateness
follows from Lazard’s results [1962] as in [Berger 2002, Proposition 4.12(5)]).
Since the author could not find an appropriate reference, we give a proof.

Definition 2.0.1 [Helmer 1943, §2]. An integral domain R is adequate if the fol-
lowing hold:

(i) R is a Bézout ring, that is, any finitely generated ideal of R is principal.



1904 Shun Ohkubo

(i) For any a, b € R with a # 0, there exists a decomposition a = aja; such that
(a1, b) = R and (a3, b) # R for any nonunit factor as of a,.

Recall that if R is an adequate integral domain, then the elementary divisor
theorem holds for free R-modules, see [Helmer 1943, Theorem 3]. Precisely
speaking, let N C M be finite free R-modules of ranks n and m respectively. Then,
there exists a basis of ey, ..., e, (resp. fi,..., fn) of M (resp. N) and nonzero
elements Ay | ---| A, € R such that f; = Aje; for1 <i <n.

In the rest of this section, let the notation be as in Construction 1.6.1. We fix
ro > 0 such that I" has enough ry-units and let r € (0, ry) unless otherwise stated.
Recall that I'y, , is a Bézout integral domain.

Definition 2.0.2. We recall basic terminologies, see also [Kedlaya 2004, §3.5]. For
x € I'an, nonzero, we define the Newton polygon of x as the lower convex hull of
the set of points (v="(x), n), minus any segments of slope less than —r on the left
end and/or any segments of nonnegative slope on the right end of the polygon. We
define the slopes of x as the negatives of the slopes of the Newton polygon of x.
We also define the multiplicity of a slope s € (0, r] of x as the positive difference
in y-coordinates between the endpoints of the segment of the Newton polygon of
slope —s, or O if there is no such segment. If x has only one slope s, we say that x
is pure of slope s.

A slope factorization of a nonzero element x of I'y, » is a Fréchet-convergent
product x =[], _, ., x; for n either a positive integer or oo, where each x; is pure of
slope s; with s > Ez > ... (cf. an explanation before [Kedlaya 2004, Lemma 3.26]).

Recall that the multiplicity is compatible with multiplication, i.e., the multiplicity
of a slope s of xy is the sum of its multiplicities as a slope of x and of y [Kedlaya
2004, Corollary 3.22]. Also, recall that x € 'y, » is a unit if and only if x has no
slopes [Kedlaya 2005, Corollary 2.5.12].

Lemma 2.0.3 [Kedlaya 2004, Lemma 3.26]. Every nonzero element of Iy » has a
slope factorization.

For simplicity, we denote I'y, » by R in the rest of this subsection. The lemma
below is an immediate consequence of R being Bézout and the additivity of the
multiplicity of a slope.

Lemma 2.0.4. (i) Let x,y € R such that x is pure of slope s and let 7 be a
generator of (x, y). Then, z is also pure of slope s, with multiplicity less than
or equal to the multiplicity of slope s of x. In particular, if the multiplicity of
the slope s of y is equal to zero, then 7 is a unit and we have (x,y) = R.

(i1) Let x,y € R such that x is pure of slope s. Then, the decreasing sequence of
the ideals {(x, y")}neN is eventually stationary.
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Lemma 2.0.5 (the uniqueness of slope factorizations). Let x € R be a nonzero
element. Let x =, x; =[], x/ be slope factorizations whose slopes are sy > s> > . . .
and s\ > s5 > .... Let m; and m be the multiplicities of s; and s for x; and x;.
Then, we have s; = slf and x; = xi/u,- for some u; € R*. In particular, we have
m; =m;.

Proof. We can easily reduce to the case i = 1. Since the multiplicity of the slope s
of [[;- x/ is equal to zero, we have (x1, [[,., x/) = R by Lemma 2.0.4(i). Hence,
we have (x1, x) = (x1, x1 [ [;-; xi) = (x1). By assumption, we have s; # s;. except
for at most one j. Just as before, we have

(o) = (o1 [ T = oo = (0 [ T ) = oty = (3 [ ot ) = ),
i#j i>1 i#j

ie., (x1) = (x}). Hence, there exists u € R* such that x; = x}u. By the same

argument, x; = x;u’ for some / and u’ € R*. Since {s;} and {s/} are strictly

decreasing, we must have j = [ = 1, which implies the assertion. U

Lemma 2.0.6. The integral domain Ty, » is adequate. In particular, the elementary
divisor theorem holds over Iy ;.

Proof. We only have to prove that condition (ii) in Definition 2.0.1 is satisfied. Let
a,b e R witha #0. If b =0, then it suffices to put a; =1, a, = a. If b is a unit,
then it suffices to put a; = a, a, = 1. Therefore, we may assume that b is neither a
unit nor zero. Let b = [],_, b; be a slope factorization with slopes s; > 52 > ....
By Lemma 2.0.4(ii), there exists z; € R such that (a, b!") = (z;) for all sufficiently
large n. By [Kedlaya 2004, Proposition 3.13], we may assume that z; admits a
semi-unit decomposition, meaning that z; is equal to a convergent sum of the form
1+ Zj<0 u; jp’, where u; ; € R*U{0}. As in the proof of [Kedlaya 2004, Lemma
3.26], we can prove that {z; ...z;}i~o converges. Next, we claim that there exists
u; € R such thata =z ...z;u;. We proceed by induction on i. By definition, we
have a = zju; for some u;. Assume that we have defined u;. Since the multiplicity
of the slope s;41 of z; is equal to zero for 1 < j <i, we have (z;, z;4+1) = R for
1 <j <i. Hence, we have (z;+1)=(a, zi+1) =(21 - . - Zilti, Zi+1) = (Ui, Zi+1), Which
implies z;11 | u;. Therefore, u; 11 := u; /z;+1 satisfies the condition. By this proof,
we can choose u; = u1/(z1...z;). We put aj := lim;_,ocu; = u1/[[;~; zi and
ap ;= ]_[i>0 z;, which is a slope factorization of a;. We prove that the factorization
a = aya, satisfies the condition. We first prove (a;, b) = R. By the uniqueness
of slope factorizations, we only have to prove (a;, b;) = R for all i. Fix i € N..
Then, for all sufficiently large n € N, we have

(zi) = (a, b}) = (a, b]"™) = (@142, BIT1) C (a1, by) @z, b))
C (a1, bi)(zi, b)) = (a1, bi)(z;).
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Since z; # 0, we have R C (ay, b;), which implies the assertion. Finally, we prove
(az, b) # R for any nonunit a3 € R dividing a,. By replacing as by any factor of a
slope factorization of a3, we may assume that a3 is pure. By the uniqueness of slope
factorizations, a3 divides z; for some i. Since z; | b} for sufficiently large n, we
also have a3 | b}. Hence, we have (a3, b;) # R, and in particular, (a3, b) # R. U

3. Variations of Grobner basis argument

In this section, we will systematically develop a basic theory of Grobner bases
over various rings. Our theory generalizes the basic theory of Grobner bases over
fields ([Cox et al. 1997], particularly, §2). As a first application, we will prove the
continuity of connected components of flat families of rigid analytic spaces over
annuli (Proposition 3.4.5(iii)). As a second application, we prove the ramification
compatibility of Scholl’s fields of norms (Theorem 3.5.3).

The idea to use a Grobner basis argument to study Abbes—Saito’s rigid spaces of
positive characteristic is in [Xiao 2010, §1]. Some results of this section, particularly
Sections 3.2 and 3.3, are already proved there, however we do not use Xiao’s results.
We will work under a slightly stronger assumption and deduce stronger results, with
much clearer and simpler proofs, than Xiao’s. Note that this section is independent
from the other parts of this paper, except Sections 1.5 and 1.8.

Notation 3.0.1. Throughout this section, we will use multi-index notation. We
write n=(ny,...,n) €N, |n|:=ny+---+n; and X" = X' ... X;" for variables
X =(Xy,..., X;). We also denote by X" the set of monic monomials {X" | n € N/}.

In this section, when we consider a topology on a ring, we will use a norm | - |
rather than a valuation.

3.1. Convergent power series. In this subsection, we consider rings of strictly
convergent power series over the ring of rigid analytic functions over annuli, which
play an analogous role to Tate algebra in the classical situation. We also gather
basic definitions and facts on these rings for the rest of this section.

Definition 3.1.1. Let R be aring. For f =3, a,X" € R[X] with a, € R, we call
each a, X" aterm of f. If f = a,X" with a, € R, then we call f a monomial. If
a, =1, then f is called monic.

Definition 3.1.2 [Bosch et al. 1984, Section 1.4.1, Definition 1]. Let (R, |-|) be
a normed ring. We define a Gauss norm on R[X] by |)_, a,X"| :=sup, |a,|. A
formal power series ), a, X" € R[X]| is strictly convergen{ if |a,| — O as @ — Q.
We denote the ring of strictly convergent power series over R by R(X). The above
norm | - | can be uniquely extended to | - | : R(X) — Rxo. Note that if R is complete
with respect to | - |, then R(X) is also complete with respect to | - |, see [Bosch et al.
1984, Section 1.4.1, Proposition 3].
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We recall basic facts on rings of strictly convergent power series. Let R be a
complete normed ring, whose topology is equivalent to the a-adic topology for an
ideal a. Then, R(X) is canonically identified with the a-adic Hausdorff completion
of R[X]. We further assume that R is Noetherian. Then, R(X) is R-flat. Moreover,
for any ideal b of R, we have a canonical isomorphism

R(X) ®r (R/b) = (R/b)(X),

where the RHS means the a-adic Hausdorff completion of (R/b)[X].
For a complete discrete valuation ring O with F = Frac(O), we denote by O(X)
(resp. F(X)) the rings of convergent power series over O (resp. F).

Lemma 3.1.3. Assume that R is a complete normed Noetherian ring, whose topol-
0gy is equivalent to the a-adic topology for some ideal a of R. Let I C R(X) be an
ideal such that R(X)/I is R-flat. Then, I is also R-flat. Moreover, for any ideal
J CR,wehave INJ - R(X)=JI. Inparticular, if f € I is divisible by s € R in
R(X), then f/s € I.

We omit the proof since it is an easy exercise in flatness.

Notation 3.1.4. In the rest of this subsection, we fix the notation as follows. Let O
be a Cohen ring of a field k of characteristic p and fix anorm | - | on O corresponding
to the p-adic valuation. We put

RT:=O[S] C R:=0O((S))
and for r € Q). (, we define a norm
l-1r: R—> Rxo
> anS" > sup la|pl™,
n3>—00 "

which is multiplicative by [Kedlaya 2010, Proposition 2.1.2]. Recall the definition

R = { > a,S" € O S} |anS"|, — Oasn — —oo}
nez
from Notation 1.6.2. Note that we may canonically identify RY /pR"" with k((S)).
We can extend | - |, to | - |, : R — R0 by [>_, anS"|, :=sup, |a,S"|,. We define
subrings of R™" by
Ry ={f € R™: |fl, <1},

Ry =R NR=(feR; |fl, <1}

Note that for a,b € N with b > 0, |p“/Sb|, < 1 if and only if a/b > r. Also,
note that R™" = R(T)’r[S_l] since |S|, < 1. We may regard R™" as the ring of rigid
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analytic functions on the annulus [p”, 1) whose values at the boundary |S| =1 are
bounded by 1.

Lemma 3.1.5. (i) The R™-algebra Rg’r is finitely generated.
(ii) The topologies of Rg’r defined by | - | and by the ideal (p, S) are equivalent.
(iii) The rings Rg’r and R™" are complete with respect to | - |, and Rg’r is dense
. T.r
in Ry".
(iv) The rings Rg”, Rg’r, and R™" are Noetherian integral domains.

Proof. Let a, b € N, denote relatively prime integers such that r = a/b.

1 t 1s straightforward to check that 1S generated as an -algeora
() It i ightf d to check that R} is g d R -algebra by
plr?l st for b’ €0, ..., b).

(i1) For n € N, we have

sup{lxl;; x € (p, $)"RE"} < {inf(Ipl, IS1)}"

and the RHS converges to 0 as n — co. Hence, the (p, S)-adic topology of
Rg’r is finer than the topology defined by | - |. To prove that the topology of
Rg’r defined by | - |, is finer than the (p, S)-adic topology, it suffices to prove
that

{x e RY"s Ixl, <1(pS)"I;} C (p, )" Ry
foralln e N. Letx =) _,a,S" € LHS with a,, € O. Then, we have
lamS™ ", < |p"| < 1. Hence, x = 8", ,a,8"" € §"- Rg’r, which
implies the assertion.
(i) If f = Y ,c7anS" € R} with a, € O, then {¥,._, a,S"} _ C Ry
converges to f, which implies the last assertion. Since RS” is an open subring

n>—m

of R, we only have to prove completeness of Rg’r. Let { fin}men C Rg’r
be a sequence such that | f,|, — 0 as m — oo. We only have to prove that
the limit }_,, f;, exists in R} with respect to | - |,. Write f,, =Y,z al™ sn

with a!™ € . For n € 7, we have

| fnl .
jay™ | < —|S’jj|’ =1pI™" | fnlr
r

hence, |a,(1m)| — 0 as m — 0o. Moreover, a, := ), .\ a,(zm) € O converges

to 0 as n — —oo. Hence, the formal Laurent series f := > _,a,S" belongs
to O{{S}}. Since

neZ

|a,S"|» < sup |al™S"|, < sup|fulr <1,

meN meN
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we have f € RS”. For m € N, we have
|f = (fo+-+ f)lr <supla,S" — (a\” +- - +a)S"|,
n

< supsup |a\’§"|, = supsup |al’§"|, < sup| fil,

noI>m I>m n I>m
and the last term converges to 0 as m — oo, which implies f =" f.

(iv) This follows from (i), (i1) and (iii). O

Definition 3.1.6. Let R™(X) be the (p, S)-adic Hausdorff completion of R*[X].
We also define Rg’r (X) and R™"(X) as the rings of strictly convergent power series
over Rg’r and R™" with respect to | - |,. We endow R(J)”(X) and R"" (X) with the
topology defined by the norm |- |,. By Lemma 3.1.5(iii), RS”(X) and RV (X)
are complete. By Lemma 3.1.5(ii), RS”(X) can be regarded as the (p, S)-adic
Hausdorff completion of Rg’r[)_(], hence, Rg’r(X) and RT"(X) = Rg’r(X)[S_l] are
Noetherian integral domains by Lemma 3.1.5(iv). Also, we may view R (X) as a
subring of Rg’r(X).

The following lemma seems to be used implicitly in [Xiao 2010, §1].
Lemma 3.1.7. The canonical map R (X) — RV (X) is flat.

Proof (due to Liang Xiao). We may regard RS” (X) as the (p, S)-adic Hausdorff
completion of R (X) Q@+ Rg’r. Since Rg’r is dense in Rg’r by Lemma 3.1.5(iii),
Rg’r (X) can be viewed as the (p, S)-adic Hausdorff completion of R™(X) @+ R,
which is Noetherian by Lemma 3.1.5(i). Hence, the canonical map

@ RY(X) ®r+Ry" — Ry (X)

is flat. Since Rg’r[S_l] = R and Rg”(}_()[s—l] = R""(X), the canonical map
a[S™1] is also flat, which implies the assertion. |

Next, we consider prime ideals corresponding to good “points” of the open unit
disc R* = O[[S].

Definition 3.1.8. An Eisenstein polynomial in R™ is a polynomial in O[S] of the
form P(S) = S 4 ae_1S°~! 4+ ... 4+ ag with a; € O such that p | a; for all i
and p?{ay. We call p € Spec(R™) an Eisenstein prime ideal if p is generated by an
Eisenstein polynomial P(S). Then, we put deg (p) :=e if e # 0 and deg (p) := o0
if e = 0. Note that we may regard «(p) := R/pR as a complete discrete valuation
field with integer ring Rt /pR™*. We denote by 7, € O (y) the image of S, which is
a uniformizer of Oy (). Note that deg(p) < oo if and only if the characteristic of
R/p is zero. For simplicity, we write « (p) and S instead of x ((p)) and 7, ((p)).
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Lemma 3.1.9. Let p and q be Eisenstein prime ideals of R™. If
inf (Ve (p) (x mod P), ve(q) (x mod q)) < inf (degp, deg q),

for x € RT, then we have vy (x mod p) = v, (g (x mod q).

Proof. Let x € R* and i € N such that 0 <i < degp. Then, we have the following
equivalences:

Ve(py(x mod p) =i <= x € (p, )\ (p, S
Ex e, SH\ (. S & ve)(x mod p) =1,

where the second equivalence follows from the fact (p, ') = (p, '), and the other
equivalences follow from the definitions. By replacing q by p, we obtain similar
equivalences. As a result, v ) (x mod p) =i & v (x mod q) =i for x € R*
and i < inf(deg(p), deg(q)), which implies the assertion. U

The ring R (X) can be considered as a family of Tate algebras:

Lemma 3.1.10. Let p be an Eisenstein prime ideal of R with e = deg(p). Let
r € Qg satisfy 1/e < r. Then, there exists a canonical isomorphism

R™(X)/pR™ (X) => k(p)(X).
In particular, pR™" # R™".

Proof. We will briefly recall a result in [Lazard 1962]. Let F be a complete
discrete valuation field of mixed characteristic (0, p). Recall that L [0, r] is the
ring of Laurent series with variable S and coefficients in F, which converge in
the annulus |p|” < |S| < 1, see [Lazard 1962, §1.3]. For r’ € Q-, a polynomial
P € F[S] is said to be r’-extremal if all zeroes x of P in F¥2 satisfy v(x) =r/,
see [Lazard 1962, §2.7]. Let r' < r be a positive rational number and P € F[S] an
r’-extremal polynomial. Then, for f € L [0, r], there exist a unique g € L [0, r]
and a unique polynomial Q € F[S] of degree less than deg P such that f = Pg+ Q,
which is a special case of [Lazard 1962, Lemme 2]. Note that if f € F[S] with
deg(f) < deg(P), then we have g =0 and Q = f by the uniqueness. In particular,
the canonical map § : F[S]/P - F[S] — Lf¢[0,r]/P - L¢[O, r] is an isomorphism.

We prove the assertion. We can easily reduce to the case X = ¢. That is, we
only have to prove that the canonical map

R™ /pR™ — k(p)

is an isomorphism. The assertion is trivial when p = (p). Hence, we may assume
p # (p). Since p is invertible in « (p), p is also invertible in RT"/pR"". Hence,
we have R™" /pR™" = R7"[1/p]/pRT"[1/p]. Note that R™"[1/p] coincides, by
definition, with Lz[0, r] with F := Frac(OQ). Let P € O[S] be an Eisenstein
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polynomial which generates p. Then, P is 1/e-extremal by a property of Eisenstein
polynomials. Hence, the assertion follows from the isomorphisms

LFp[0,r1/pLF[0,r]1 = F[S]/P - F[S]
= (O[S1/P - OISDI1/p1 = (R /p)[1/p] = K (p).

Here, the first isomorphism is Lazard’s §, with r’ = 1/e. |

3.2. Grobner basis argument over complete regular local rings. In this subsec-
tion, we will develop a basic theory of Grobner bases over complete regular local
rings R, which generalizing that over fields. This is done in [Xiao 2010, §1.1],
when R is a 1-dimensional complete regular local ring of characteristic p. We
assume knowledge of the classical theory of Grobner bases over fields; our basic
reference is [Cox et al. 1997].

Recall that the classical theory of Grobner bases on F[X] for a field F can be
regarded as a multi-variable version of the Euclidean division algorithm of the
1-variable polynomial ring F[X]. To obtain an appropriate division algorithm
in F[X], we need to fix a “monomial order” on F[X] in order to define a leading
term, which is the analogue of the naive degree function in the 1-variable case.
Hence, we should first define a notion of leading terms over the ring of convergent
power series.

Definition 3.2.1. A monomial order > on a commutative monoid (M, +) is an
well-order such that if « > B, then o +y > B+ y. When o > B and o # 8, we
write o > f.

In the following, we restrict to the case where M is isomorphic to N/. Moreover,
the reader may assume that > is a lexicographic order; the lexicographic order >jex
on N/ is defined by (ay, . .., a;) >1ex @,....apifay=aj,...,a;=a},aiy1>aj .
A lexicographic order is a monomial order, see [Cox et al. 1997, §2.2, Proposition 4].

For convenience, we define a monoid MU{oco} by o400 = oo for any o € M U{oo}.

We extend any monomial order > on M to M U {oo} by co > « for any « € M.

Construction 3.2.2. Let R be a complete regular local ring of Krull dimension d
with fixed regular system of parameters {sy, ..., sq}. Weput R; :=R/(sy, ..., Si)R,
which is also a regular local ring. We denote the image of s;41, ..., s; in R; by
Si+1,--.,8q again and we regard these as a fixed regular system of parameters. Let
vy, : Ri = NU{oo} be the multiplicative valuation associated to the divisor s; =0. For
anonzero f € R and 0 <i < d, we define a nonzero f) € R; inductively as follows.
We put £ := £, and define £+ as the image of f(")/siv;"{1 U in Ri1, which is
nonzero by definition. We put v (f) := (vs, (f©), vs, (f D), ..., vy, (f@D)) eN?
and v (0) := oo. Thus, we obtain a map v, : R — N U {oo}. We also apply this
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construction to each R;. Note that we have a formula

vr(f) = (v, (), v, (f )). (1

Also, note that v is multiplicative, i.e., V4 (fg) = vr(f) + vz (g), which follows
by induction on d and by using the formula.

Let R(X) be the mg-adic Hausdorff completion of R[X]. We fix a monomial
order > on XV = N/ For any nonzero f = > ,an X" € R(X) with a, € R, we
define vy (f) = 1nf>]cx vp(ay), where >jex is the lexicographic order on N9, and
%R(f) =infy {n e N vp(a,) =vg(f)}. We put %R(O) := 00. Note that when
f # 0, we have a formula

deg (f) =deg, (f ) =deg (fV)="--=deg (f'D), )

which follows from (1). Also, note that deg is multiplicative. Indeed, formula (2)
allows us to reduce to the case where R is a field; here deg is multiplicative by
[Cox et al. 1997, Chapter 2, Lemma 8]. Thus, we obtain a multlphcatlve map

vadeg R(X) = (N4 x N') U {o0},
where oo in the RHS denotes (co, 00). We endow N? x N/ with a total order > by
(a,n)> (@, n)ifa<ixa ora=d andn = n’'

and extend it to (N x N/) U {co} as in Definition 3.2.1. Note that this order is an
extension of the fixed order on N = {0} x ... {0} x N’. As in the classical notation,
we also define

LTR(f) := s X% for f£0, LTx(0) :=0,

where s = (sq, ..., sqg). Note that LT is also multiplicative by the multiplicativities
of vp and deg .. We also have the formula

LTx(f) =LTx (f mod (si, ..., s)) mod (s1, ..., s), Vf € R(X). (3)

Indeed, if s; | f =1 for some i, then both sides are zero. If s; tf =1 for all i,
then the formula follows from (1) and (2). The map LTg takes values in the subset
sNXNU {0} of R(X). We identify sV XN U {0} with (N¢ x N*) U {oo} as a monoid
and consider the total order > on s NXNU{0).

When R is a field, the above definition coincides with the classical definition as
in [Cox et al. 1997, §2].

Remark 3.2.3. LT stands for “leading term” with respect to a given monomial
order in the classical case d = 0. To define an appropriate LT in the case d > 0, we
should consider a suitable order on the coefficient ring R, which is defined by using
an ordered regular system of parameters as above. Our definition is compatible with



Differential modules associated to de Rham representations 1913

dévissage, namely, compatible with parameter-reducing maps R — R; — - - - — Ry.
This property enables us to reduce everything about Grobner bases to the classical
case by assuming a certain “flatness” as we will see below.

In the rest of this subsection, let the notation be as in Construction 3.2.2. In
particular, we fix a monomial order > on X".

Definition 3.2.4. For [ an ideal of R(X), we denote by LTg (/) the ideal of R(X)
generated by {LTr(f); f € I}. Assume that R(X)/I is R-flat. We say that
fi, ..., fs € I form a Grobner basis if (LTg(f1),...,LTr(fs)) =LTr(l). Note
that a Grobner basis always exists since R(X) is Noetherian.

Note that for monomials f, fi, ..., fy € R(X), we have f € (f1,..., fy) if and
only if f is divisible by some f;. Indeed, any term of g € (f1, ..., fy) is divisible
by some f;, which implies the necessity.

Notation 3.2.5. Let [ be an ideal of R(X) such that R(X)/I is R-flat. We write
I :=1/(s1,...,s;)]. We may identify R(X) ®x R; and I ® R; with R; (X) and [;,
respectively. Note that R; (X)/I; is R;-flat.

Lemma 3.2.6. Let I be an ideal of R{X) such that R(X)/I is R-flat. The following
are equivalent for fi, ..., fs € I:

) fi, ..., fs form a Grobner basis of 1.
(ii) The images of fi, ..., fs form a Grobner basis of I; C R;{X) for some i.
Moreover, when fi, ..., fs is a Grobner basis of I, fi, ..., fs generate I.

Proof. We prove the first assertion by induction on d = dim R. When d =0, there is
nothing to prove. Assume the assertion is true for dimension < d. By the induction
hypothesis, we only have to prove the equivalence between (i) and (ii) with i = 1.

We first prove (i) = (ii). Let f € I be a nonzero element and f € [ a lift of
f. By assumption, we have LTz (f;) | LTg(f) for some j. Then, LTg, (f; mod s1)
divides LT, (f) by formula (3).

We prove Eii? = (i). Let f € I be a nonzero element. By Lemma 3.1.3, we have
fO=f/s" Per. By assumption, we have LTg, (f; mod s1) |[LTg, (fV mod s1)
for some j. Since LTg, (fV) mod s51) # 0, 51 does not divides f;, i.e., vs, (f;) = 0.
By formulas (1) and (2), LTg(f;) divides LTg(fV), and hence divides LTg(f),
which implies the assertion.

We prove the last assertion. By Nakayama’s lemma and (ii) with i = d, the
assertion is reduced to the case where R is a field. In this case, the assertion follows

from [Cox et al. 1997, §2.5, Corollary 6]. U
Remark 3.2.7. By Lemma 3.2.6, f, ..., fs is a Grobner basis of / if and only
if fj mod mg, ..., fy mod mg is a Grobner basis of I/mg/. In particular, the

definition of Grobner basis does not depend on the choice of a regular system of
parameters {sy, ..., Sq}.
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We can generalize the classical division algorithm, which is a basic tool in many
Grobner basis arguments.

Proposition 3.2.8 (division algorithm). Let I be an ideal of R(X) such that R(X)/1
is R-flat. Let fi,..., fs € I be a Grobner basis of 1. Then, for any nonzero
f € R(X), there exist a;, r € R(X) for all i such that

f=Y aifi+r
1<i<s
with LTr(f) = LTr(a; f;) if a; fi # 0, and any nonzero term of r is not divisible by

any X deg o (/i) Moreover such r is uniquely determined (but the a;’s are not), and
felifandonlyifr =0.

Proof. When d =0, i.e, R is a field, the assertion is well known (see [Cox et al.
1997, §2.6, Proposition 1] for example). We prove the first assertion by induction
on d =dim R. Assume that the assertion is true for dimension < d. We may assume
s11 fi for all i. Indeed, by Lemma 3.2.6, the set { f;; s;1 f;} forms a Grobner basis
of I. Moreover, any LTg( f;) is divisible by some LT ( f;) with sy 1 f;. Therefore,
if we can write f = Ziml)ﬁ-’_ a; fi + r with respect to {f;; s; 1 fi}, then we can
write f in the same way with respect to f1, ..., fs. First, we construct g, € R(X)
by induction on n € N. For & € R(X), let h be its image in R1(X). Put go := f.
Assume that g, has been defined. Put g, := g, /s, bl . By applying the induction
hypothesis to I} = (f_l, .. fs) we have a; ,,, r, € R1(X) with

gr/z = Z&i,nfi +Fna
i

such that no nonzero terms of 7, are divisible by any X , and such that
LTk, (g,) = LTk, (a;, nﬁ) if a; nfl # 0. We choose lifts a; , and r, in R(X) of
a; , and r,, respectively, such that no nonzero terms of a; , and r, are divisible
by s;. Then, we put g, := g, — vsl (g")(zi ainfi + rn). By construction, we
have vy, (gn+1) > vs,(gn), hence, {g,,? converges si-adically to zero. Moreover,
ai:=y., s;]"” & aipandr:=Y_, s;)” g")rn converge si-adically and we have f =
> i ai fi+r. We will check that ¢; and r satisfy the condition. Since s1{ f; and since
no nonzero term of 7, is divisible by s, no nonzero term of r is divisible by X deg, (/)
for all i. We have vy, (f;) =0 by assumption and vy, (a;) > vs, (f) by definition. If
vy, (a;) > vy, (f), then we have v, (f) <iex Vg(a; fi), hence, LTr(f) > LTr(a; f7).
If vy, (a;) = v, (f), then we have a\” = a; o mod s, hence, vg(f) < vg(a; fi) by
formulas (1), (2) and the choice of ag; o. In particular, LT (f) > LTr(a; f;). Thus,
we obtain the first assertion.

We prove the rest of the assertion. We first prove the uniqueness of r. Let
f =2 aifi+r=7)_a.fi+r' be expressions satisfying the conditions. Then, we

deg | )
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have r —r’ € I, hence, LTg(r —r) € LTg(I). Therefore, r — r’ is divisible by
LTg(f;) for some i. Since no nonzero term of » —r’ is divisible by any LTg(f;),
we must have » = r’. We prove the equivalence r = 0 < f € I. We only have
to prove the necessity. Since r € I, we have LTg(r) € LTg(I). Hence, LTg(r)
is divisible by LTz (f;) for some i. Since all nonzero terms of r are divisible by
XdER(f"), we must have r = 0. O

Definition 3.2.9. We call the above expression f =) a; f;+r a standard expression
(of f) and call r the remainder of f (with respectto fi, ..., fy). Note that standard
expressions are additive and compatible with scalar multiplications, that is, if
f=2,aifi+randg=>,af; +r are standard expressions, then f + g =
> ;(ai+a)) fi+r+r'isalso a standard expression of f+g,and Af =), Aa; fi+Ar
is a standard expression of Af for A € R by formulas (1) and (2). The remainder of
f depends only on the class f mod I by Proposition 3.2.8 and the above additive
property. Therefore, we may call r the remainder of f mod /.

As in the classical case, we have the following.

Lemma 3.2.10. Let I be an ideal of R(X) such that R(X)/I is R-flat. Let
fi...., fs € I be a Grobner basis of 1. Let f € R(X) be a nonzero element.
Forr € R(X), the following are equivalent:

(1) r is the remainder of f.

(i) f —r € I and no nonzero term of r is divisible by ng(f") foralli.

Proof. Since the assertion (i) = (ii) is trivial, we prove the converse. By applying the
division algorithm to f —r, we have f —r =) a; f; such that LTg(f) = LTr(q; f;)
if a; fi # 0. This means exactly that r is the remainder of f. O

Corollary 3.2.11. Let the notation be as in Lemma 3.2.10. We regard f, mod
S1, ..., fs mod sy as a Grobner basis of I1. For f € R(X) with s\t f, denote by r
and r' the remainders of f and f mod sy, respectively. Then, we have r mod s; =7,

Finally, we give a concrete example of a Grobner basis, which will appear in
Section 3.5.

Proposition 3.2.12. Let I = (f1, ..., f5) C R(X) be an ideal. Assume that there
exists relatively prime monic monomials T, . .., Ty and units uy, . .., us € R* such
that LT (f;) = u;T; for 1 <i <s. Then, we have the following:

(i) R(X)/I is R-flat.
@{i) fi, ..., fs is a Grobner basis of I.

(i) fi1, ..., fs is a regular sequence in R(X).
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Proof. We may assume that LTg(f1),...,LTr(f;) are relatively prime monic
monomials by replacing f; by f;/u;. We first note that in the case of d = 0, the
assertion is basic, since condition (i) is automatically satisfied. Condition (ii) directly
follows from [Cox et al. 1997, §2.9, Theorem 3 and Proposition 4]. Condition (iii)
follows from [Eisenbud 1995, Proposition 15.15] with F = S = R[X] and M =0,
hj= fj, where F, S and M, h;’s are as in the reference. We prove the assertion by
induction on s. In the case of s = 1, we have only to prove condition (i). We proceed
by induction on d. By the local criteria of flatness and the induction hypothesis,
we only have to prove that the multiplication by s; on R(X)/I is injective. Let
f € R(X) such that s; f € I. Write s; f = f1h for some h € R( ). By taking vy, ,
we have s1 | b since s 1 f1. This implies f; | f, i.e., f € I. This finishes the case
s = 1. We assume that the assertion is true when the cardinality of f;’sis <s. We
proceed by induction on d. The case d = 0 can be done as above. Assume that the
assertion is true for dimension < d. For & € R(X), denote by h its image in Ry (X).
By assumptlon s1 1 fi for all i, hence, we can apply the induction hypothesis to
fl, .. fs el = (fl, .. fs) C R(X) by formula (3). Hence, R{(X)/I; is R;-flat,
fl, R fs are a Grobner ba51s of I, and fl, ey fs is a regular sequence in Ry (X).
Condition (ii) follows from Lemma 3.2.6. Next, we check condition (i). By the
local criteria of flatness, we only have to prove that multiplication by s; on R(X) /I
is injective. It suffices to prove I Nsy - R(X) C s11. Denote by C, and C, Koszul
complexes for {fi, ..., fs} and {fi, ..., f;} [Matsumura 1980, 18.D]. Then, we
have C; = C;/s1C; forz >1by deﬁnltlon and C, is exact since fi,..., fs;isa
regular sequence. We also have a morphism of complexes C, — C,, whose first
few terms are

C, Ci 1 0
c,—2.¢c, 2. 0

Let f € I Ns; - R(X). Then, there exists a € Cy such that d;(a) = f. Since
dy (@) = 0 mod sy, there exists b € C, with d>(b) = a. Let b € C, be a lift of b.
Then, there exists a’ € C; such that a — d,(b) = sja’. Therefore, we have f =
di(a — dy (b)) = s1d1(a’) € s11. Thus, condition (i) is proved. Finally, we check
condition (iii). We only have to prove thatif f; f € (f1, ..., fi—1) forsome f € R(X)
and 1 <i <s, then we have f € (f1, ..., fi—1). Note that fi, ..., fi— is a Grobner
basis of (fi, ..., fi—1) by the induction hypothesis. Let f = Zlfj<i ajfj+rbea
standard expression of f with respect to fi, ..., fi—1. It suffices to prove that r = 0.
We suppose the contrary and deduce a contradiction. No nonzero term of r is
divisible by LT (f;) for any 1 < j < i; in particular, we have LTz (f;) { LTr(r).
By assumption, f; f = fi(3_1<;_; a; f;) + fir € (fi, ..., fi—1). We therefore have
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fir € (f1, ..., fi—1). In particular, there exists 1 < j <i with LTg(f;) | LTg(f;r).
Since LTg(f;) and LTg(f;) are relatively prime, we have LTg(f;) | LTz (r), which
is a contradiction. Thus, we obtain assertion (iii). O

A remarkable feature of the remainder is the compatibility with quotient norms:

Lemma 3.2.13. Let I be an ideal of R(X) such that R{(X)/I is R-flat. Let
fi, ..., fs € I be a Grobner basis of I. Let | - | : R = Rxq be any nonarchimedean
norm satisfying |R| < 1 and |mg| < 1. We extend |-| to a norm on R(X) by
1>, an X™| := sup,la,| < oo. If we denote by |- |q : R(X)/I — Rxg the quotient
norm of | - |, then the remainder r of f € R(X) achieves the quotient norm of
fmodl,ie.,

Ir| =1/ mod I1g.

Proof. Let f =) X,X" with A, € R. Let X" = ) a,,fi + r, be a standard
expression of X”. Let a; := ), A,a,; and r := ) A,r,, which converge since
An — 0 as |n| — oo. Then, f= dlaifi+ris a standard expression of f by
Lemma 3.2.10. We have |a; f;| < |a;| < sup,|A,a,,i| < sup,|r.| =|f]|. Hence, we
have |r| < | f]. Since the remainder depends only on the class f mod I, we have

|f mod I|qt=;2§|f+g| > |r| = |f mod Ilg,
which implies the assertion. ]

3.3. Grobner basis argument over annuli. In this subsection, we will give an
analogue of a Grobner basis argument over rings of overconvergent power series.
We use the notations of Section 3.1 and 3.2 and further use the following notation.

Notation 3.3.1. Let O, R™, and R be as in Notation 3.1.4. Fix {p, S} as a regular
system of parameters of RT. Let I C R (X) be an ideal such that RT(X)/I is
R*-flat. For r € Q-, we give R™" the topology defined by the norm | - |, and write

A=RY(X)/I, I :=1®rx)R"(X), A" :=A®rx) R"(X).

(When I =0, R""(X) is denoted by R(X)™" in this notation. However, we use this
notation for simplicity.) Since R (X) — R""(X) is flat (Lemma 3.1.7), we may
identify 77" and A™" with I - R""(X) and R™" (X)/I"". Since R* is an integral
domain, A and hence, A™" are R*-torsion free by flatness.

Let |- [qt: AT — R>o be the quotient norm of | - |,. Note that AT s complete
with respect to | - |,,qc by [Bosch et al. 1984, Section 1.1.7, Proposition 3].

Lemma 3.3.2 (cf. [Xiao 2010, Lemma 1.1.22]). Let fi, ..., fs € I be a Grobner
basis of I. For f € R™" (X)), there exists a unique v € R"" (X) such that f —ve I™"
and no nonzero term of ¢ is divisible by XdER(ﬁ). Moreover, we have |t|,r = | f|y gt
forr' e QN (0, r], and vt =0 if and only if f € I'". We call ¢ the remainder of f
(with respect to f1, ..., fs).
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Proof. We first construct t. Let f =), 4, X" € R""(X) with , € R™". Let

)_(ﬂ= Zaﬂ’ifi +ry

i

be the standard expression of X” in R™ (X)) with respectto fi, ..., f;. Since A, — 0

as |n| — oo, the series
a; ‘= E AnGpi, T:= E Anln
n n

converge in R™" (X) with respect to the topology defined by | - |,. Then, we have

[t],» <sup p‘grﬂr’ < sup p‘glr/ =|fl. 4)
n

n

Obviously, no nonzero term of t is divisible by any X deg (/1)

Zi a; f, el™r.

We prove the uniqueness of v. We suppose the contrary and deduce a contradiction.
Let ¢’ € R™"(X) be an element such that f —t’ € I™" and such that no nonzero term
of v/ is divisible by any )_( degz (/) We choose m € N such that § := §™ (t—t') belongs
to Ig’r =1 ®R+(X> R "(X). If we write § = p"8’ such that §' € RJ”(X) is not
divisible by p in R "(X), then we have §' € I I=r by Lemma 3.1.3. We may identify
IJr r/pl“ with I/pI by Lemma 3.1.10. We write 8’ := &’ mod pI' e l/pl.
We also write RJr = R*/pR™, which is a complete discrete valuation ring with
uniformizer S. Then, no nonzero term of &’ is divisible by X egﬁ(ﬁ mod #) . Hence,
8 is the remainder of 0 with respect to f1 mod p, ..., fy mod p in R;(X). By
Lemma 3.2.10, 8’ =0, i.e., 8’ € mod pI.", contradictmg pté.

We prove f =1"" < v=0.If f € I"", then 0 satisfies the required property for
the remainder, and hence v = 0 by uniqueness. If t =0, then f € I™" by definition.

We prove |t|» = | f mod I”|r/’qt. Let @ € I™". Since v satisfies the required
condition for the remainder of f + «, the remainder of f + « is equal to t by
uniqueness. In particular, the remainder depends only on the of class f mod I7".
Hence, the assertion follows from

and we have f —t =

| f mod I |1 g = inf [v+aly = |t = | f mod LA P
ael’

where the first equality follows from (4) and the second inequality follows by
definition. O

The following is an immediate consequence of the above lemma.

Lemma 3.3.3. Let fi, ..., f; be a Grobner basis of I. Let f, g € RV (X) and let
t, v be their remainders with respect to fi, ..., fs. Then, we have the following:

(i) The remainder of f + g is equal to v+ V.
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(ii) The remainder v depends only on f mod I"". One may call the remainder
of f the remainder of f mod I,

(iii) For A € R™", the remainder of Af is equal to Ax. Moreover, if f mod I is
divisible by . € R™", then t is also divisible by .

Corollary 3.3.4. Let a C R™" be a principal ideal. Then, we have Mhen @ AT =0.

Proof. Fix a Grobner basis fi, ..., fy of I. Let f € ), @" - A" and let t be the
remainder of f with respect to fi, ..., f;. By Lemma 3.3.3(iii) and the assumption,
we have t € (), " =0. O

neN

Remark 3.3.5. Using [Kedlaya 2005, Proposition 2.6.5], one can prove that R
is a principal ideal domain. We do not use this fact in this paper.

3.4. Continuity of connected components for families of affinoids. In this sub-
section, we will apply the previous results to prove a continuity of connected
components of fibers of families of affinoids.

Lemma 3.4.1. Let f : R — S be a morphism of Noetherian rings and let Idem(T)
denote the set of idempotents of a ring T. If the canonical map f, : Idem(R) —
Idem(S) is surjective and ;' ({0}) = {0}, then f*: J'rozar(S ) — nozar(R) is bijective.

Proof. We first recall a basic fact on commutative algebras. For a ring A, finite parti-
tions of Spec(A) into nonempty open subspaces as a topological space correspond to
finite sets of nonzero idempotents ey, ..., e, of Asuchthat ) ,e; =1 and ¢;e; =0
for all i # j. Precisely, ey, ..., e, correspond to Spec(Ae;) Ll - - L Spec(Ae,) (for
details, see [Bourbaki 1998, Proposition 15, II, §4, no 3]).

Decompose Spec(R) into connected components and choose the corresponding
idempotents ey, ..., e, as above. Since the nonzero idempotents f(e;), ..., f(e,)
satisfy )y, f(e;) =1and f(e;) f(e;) =0fori # j, we obtain a finite partition
Spec(S) =_Sﬁec(Sf(el)) L---USpec(Sf(en)). Hence, we only have to prove that
Spec(Sf (e;)) is connected for all 1 <i <n. Let ¢’ € Idem(Sf (e;)). By regarding
¢’ as an element of Idem(S), we obtain an x € Idem(R) such that ¢’ = f(x). Since
xe; € Idem(Re;) and Spec(Re;) is connected by definition, we either have xe; =0
or xe; = e;. Since we have ¢’ = ¢’ f(e;) = f(x)f(e;) = f(xe;), we either have
¢ =0ore = f(e;). Hence, Sf (e;) has only trivial idempotents, which implies the
assertion. O

Notation 3.4.2. In the remainder of this subsection, we let the notation be as in
Notation 3.3.1 and Definition 3.1.8, unless otherwise stated. For an Eisenstein
prime ideal p of R™, we fix a norm | - |, of the complete discrete valuation field
k (p) and write

Ay = (A/pAST.
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We identify RT(X)/pR™ (X) with O, ) (X), and denote the Gauss norm on « (p) (X)
by |- |p. We also denote the quotient (resp. spectral) norm of |- |, on A/pA and
Ay by |- lp,qu (resp. | - |y sp). For simplicity, we also write | f mod I/p1|p g (resp.
|f mod 1/ 1y by | £lp.qe (resp. | flpq) for f € k(p){X).

For f =3, a,X" € O (X) with nonzero a, € Oy, let a, € RT be a lift
of a,. Then, fi= Y, @ X" € RT(X) is called a minimal lift of f.

We may apply Construction 3.2.2 to R = O, and s1 = 7, with the same
monomial order > for O[S]. Let f1, ..., f; be a Grobner basis of /. Then, the
images of f;’s in R /mg+[X] form a Grobner basis by Lemma 3.2.6. Hence,
the images of f;’s in O (X) form a Grobner basis of I/p/ by Lemma 3.2.6
again. In particular, if v is the remainder of f € R*(X) with respectto fi, ..., fs,
then the image of v in O, y)(X) is the remainder of f mod p with respect to
fimodp,..., fy mod p.

By using our Grobner basis argument, Lemma 3.1.9 can be converted into the
following form:

Lemma 3.4.3. Let ¢ € N and let p, q be Eisenstein prime ideals of R such that
c < inf (degp, deg q). Assume that for n € N, we have

|f" lp.qt = |7Tp|;|f|;,qt’ Vf€Acp-

Then, we have
|fn|q,qt = |7Tq|g|f|g,qt’ Vf € AK(CI)'

Proof. We fix a Grobner basis f1, ..., fs of I. We may regard the f; mod p’s (resp.
fi mod g’s) as a Grobner basis of 1/pl (resp. I/ql). To prove the assertion, we
may assume that f € A/qA. Let v € O, () (X) be the remainder of f. We have

[flg.q = Itlqg = |nq|'g; for some m € N. To prove the assertion, we may assume
m

| flg,qt = Itlq = 1 by replacing f, vby f/mg", v/m".
Let ¥ € RT(X) be a minimal lift of v and let f € A denote the image of t. Denote
by t, € RT(X) the remainder of f". Then, we have

|ty mod plp = | f" mod plp.q = [7plylf mod plg o

by Lemma 3.2.13 and by assumption. Since |t[q = 1, the coefficient of some X" in
t belongs to O:(p). Therefore, the coefficient of X in t, hence, in t mod p is a unit.
Therefore, we have

| f mod plyq = [t mod plp, =1,

hence, |t, mod pl, > |7p[;. By applying Lemma 3.1.9 to the coefficient 2 of v, that
satisfies | mod pl[, > |7y |, we obtain [t, mod q|q > |nq|g. Since t, mod q is the
remainder of f", we have | f"|q q = |t, mod q|q > |nq|g by Lemma 3.2.13, which
implies the assertion. 0
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The following lemma can be considered as an analogue of Hensel’s lemma.
Lemma 3.4.4 (cf. [Xiao 2010, Theorem 1.2.11]). Assume that there exists c € R>g
such that

|+ Tpusp = 17pl°1 - [p.qt 0 Ay

Then, for all vt € Q.o N[1/degp, 1/2c), there exists a canonical bijection
TE (A — TET(ATT).

Proof. Replacing ¢ by [c|, we may assume ¢ € N. Denote by « the canonical
map Idem(A™") — Idem(A, ). By Lemma 3.4.1, we only have to prove that we
have ¢~ ({0}) = {0} and that « is surjective. Let e € Idem(AT") satisfy a(e) = 0.
Then, we have e € p- A™". Since e = ¢", we have e € [, p" - AT = 0 by
Corollary 3.3.4, which implies the first assertion. We will prove the surjectivity
of a. Let e € Idem(Ap)). Since |e|psp=1> |np|g|e|p,qt by assumption, we have
e € T, “A/pA. Hence, we can choose ¢’ € A such that e = S7“¢’ mod p. Put
ho:=S72¢(e’* — 5¢¢') € A[S™']. Since
¢ — 5% = (5%)% — 5 - S = §%(e2 — ¢) = 0 mod p,
we have ho € pS~2¢- A. Since p C (p, S°)R™T, we obtain

1—2cr

[holrq < sup (ISI°, [pDISI > = |p' 27| < 1.

We define sequences { f,,} and {4, } in A[S~!] inductively as follows. Put fo:=S"¢e’
and let /g be as above. For n > 0, we put

fort o= fathn=2hy fu, hugr = fH — fun € ALST'L.
Note that for n € N, we have
forr=—F1C[H=3.  fun—1=—(fi— D*Qfa+ D,
hence, hy+1 = f2(fy — D?(4f2? — 4h, — 3) = h%(4h, — 3). Then, we have
Vnit gt < Vil e sup (Bl rges 1)

Therefore, by induction on n, we have |h,|, <1, hence, |h, 41|, <|hp |f. In particular,
we have |h,|, — 0 for n — oo. We also have

Sup(|fn+1|r,qta 1)< Sup(lfn|r,qt» |hn|r,qt» |hn|r,qt|fn|r,qt, )= Sup(lfn|r,qta 1),

hence, sup (| fulr.qt> 1) < sup(| folr,qt» 1). Therefore, we have

|fn+l _fn |r,qt = |hn(1 _an)|r,qt = |hn|r,qt Sup(lfn|r,qt» 1) = |hn|r,qt Sup(|f0|r,qt9 1)-
In particular, { f,,}, is a Cauchy sequence in A" with respect to | - |r,qt- The element
f:=1lim,_ o f, satisfies f2 — f =lim,_ o0 h, = 0 and is an idempotent of AT".
Since we have &, € p- A" by induction on n, f = fo=e mod p, i.e., a(f) =e. O
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Proposition 3.4.5 (Continuity of connected components). Let A, () be reduced.

(1) There exists ¢ € R>q such that

| 1epysp = 181y [+ lip) .t
on Ay (py. We fix such c in the following.
(i) Let n € Nx; and p an Eisenstein prime ideal of R* with degp > nc. Then:

ne

| - |p,sp = |7Tp|£71 |- |p,qt on AK(P)'

(iii) Let p be an Eisenstein prime ideal of R* such that degp > 3c. Then, for
r e Q-oN[1/degp, %c), there exists a canonical bijection

TE (Aepy) = T (A™).
In particular, we have
#110(Acpy) = #10(Ax(py) = #mg " (AT).
Proof.

(i) By assumption, |- |(p),sp is equivalent to | - |(,) qt On Ay (py. Hence, there exists
A € R.g such that |- |gp > A - |q. From [1|s, = [1|qc = 1, we deduce A < 1.
Hence, ¢ = 10g| S| A > 0 satisfies the condition.

(i1) By (1), we have
L e = L s = 1 1y s = ISIS LF 1 e Y € Axip.
From Lemma 3.4.3, we obtain
|f" lp.qt = |7TP|;C |f|’§,qt» VfeAcp-

By using this inequality iteratively, we obtain

nr(n; -1

i 2 i i P i
" lpa 2 1y f g = 1l 1 g VS € Ac-

. i1l i " -1
Hence, forall f € Ay, we have | £l o =infien | £ [/ = [7pls” "™ | flp.qe

(iii)) When p = (p), the assertion follows from (i) and Lemma 3.4.4. We consider the
case p # (p). By applying Lemma 3.4.4 to the inequality in (ii) with n = 3, we
obtain the assertion for r € QN[1/deg p, %c). For general r € QN[1/degp, %c),

the assertion is reduced to the previous case by taking rrozar of the commutative
diagram
can. can.
Ax(p) AT A (p)
id l can. id

AK(p) can. 1, @ can. AK(p) 0
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Remark 3.4.6. In Theorem 1.2.11 of [Xiao 2010], Xiao proves #mo(Ax(p)) =
#75% (A™") under the slightly mild Hypothesis 1.1.10 on A by a similar idea. To
generalize Xiao’s result for Eisenstein prime ideals, it seems needed to assume that
A is flat over R.

To obtain a geometric version of this proposition, we need the following lifting
lemma.

Lemma 3.4.7. Let p be an Eisenstein prime ideal of Rt and L/k (p) a finite exten-
sion. Let O" be a Cohen ring of ki, and put R' := O'[T]. Then, there exists a finite
flat morphism a : R* — R’ and an isomorphism R’ /pR' = Oy of R™ /p-algebras.
Moreover, for any Eisenstein prime q of R™, qR’ is again an Eisenstein prime ideal
with degree ey ;i (p) deg(q).

Proof. We can define « similar to the definition of the homomorphism g in
Construction 1.6.3: we fix an O’-algebra structure on Oy, and let f : R — O
be the local O’-algebra homomorphism, which maps 7 to a uniformizer 7y of L.
Write 7, = 7,""*®ii with u € OF. Since f is surjective by Nakayama’s lemma,
we can choose a lift u € (R')* of i. Since R* is p-adically formally smooth over
7S], we can define a morphism « : Rt — R’, which maps S to T¢./«®y, by the
lifting property.

We claim that pR’ is an Eisenstein prime. Let P be an Eisenstein polynomial of
O[S] that generates p. We have P = T9e®eL/c)y mod pR’ for some unit u € R'.
By the Weierstrass preparation theorem, there exists a distinguished polynomial
Q(T) of degree deg(p)er i (p) and a unit U(T) € R’ such that P = Q(T)U(T). By
evaluating at T = 0, we see that Q(0) is equal to p times a unit of @', which implies
the claim. In particular, R'/pR’ is a discrete valuation ring. Hence, the canonical
surjection R'/pR’ — Oy induced by f is an isomorphism. By Nakayama’s lemma
and the local criteria of flatness, « is finite flat. The second assertion also follows
from the Weierstrass preparation theorem. O

The following is our main result of this subsection:

Proposition 3.4.8 (continuity of geometric connected components). Assume that
A (p) is geometrically reduced.

(1) If all connected components of A, (p) are geometrically connected, then all con-
nected components of A ) are also geometrically connected for all Eisenstein
prime ideals p of R™ with degp > 0.

(ii) For all Eisenstein prime ideals p of R* with degp > 0, we have

#5 " (Arep) = H5 (Ae(p))-
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Proof.

(i) By assumption, there exists ¢ € R>¢ such that |- |y sp > |S|Z'p)| “l(p).qt ON
A(p) ®rc(p) k(p)™€. We prove that all Eisenstein prime ideals p of R* with
deg(p) > 3c satisfy the condition. Let L /k (p) be a finite extension. Let R’ be as
in Lemma 3.4.7. Since R’ is finite flat over R™, we have RT(X)®p+ R’ = R'(X)
and I' := 1 ®g+xy R"(X) = I - R'(X). Hence, we can apply Proposition 3.4.5
toR"=R,I=1"and A=A":= AQg+ R"= R'(X)/I'. Note that cer (p) can
be taken as ¢ in Proposition 3.4.5(i). Therefore, Proposition 3.4.5(iii) yields

#15" (Acp) @) L) = #15" (Ap o) = 710 (A )

K

= #75 (A () = #TE (A

where the third equality follows from the assumption. Therefore, we have
#75°" (Arep)) = #70(Ay(p)), which implies the assertion.

(i) Let L/k(p) be a finite extension such that all connected components of
Ac(p) ®«(p) L are geometrically connected. Let R’ be a lifting of O as
in Lemma 3.4.7 and A’ as in the proof of (i). Part (i) and Proposition 3.4.5(iii)
give the assertion. U

3.5. Application: Ramification compatibility of fields of norms. In this subsec-
tion, we prove Theorem 3.5.3, which is the ramification compatibility of Scholl’s
equivalence in Theorem 1.8.3, as an application of our Grobner basis argument.

We first construct a characteristic zero lift of the Abbes—Saito space in character-
istic p.

Lemma 3.5.1. Let F/E be a finite extension of complete discrete valuation fields of
characteristic p. Assume that the residue field extension kg / kg is either trivial or
purely inseparable. For m € N, we put X := (Xg, ..., Xpm) and Y := (Yo, ..., V).

(i) [Xiao 2010, Notation 3.3.8] For some m € N, there exist a set of generators
{z0, ..., 2m} of OF as an Og-algebra, with zy a uniformizer of F, and a set
of generators {po, ..., pm} of the kernel of the Og-algebra homomorphism
Op(X) — Op defined by X j — z; such that

po= XS g
P :Xff —¢&j+Xodj +mEn; forl=j=m,
where §;,m; € Op(X),e; € Op(Xo,..., X ;1) and f; € N.

(i1) Let > be the lexicographic order on Og(X) defined by X,,, > --- > Xo. We
view g as a regular system of parameters of O and apply Construction 3.2.2.
Then, we have LTo, (py) = XgeF/E for alln € N. Let I,n € N.q satisfy
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p n > ep/E Then, for 1 < j < m, there exists 0;;, € Op(X) such that
LTOE(pj — pr ”/eF/EJ Oj1n) = qu’p for some unitu € 1 + ngOF.

(iii) (cf. [Xiao 2010, Example 1.3.4.]). Fix an isomorphism E = kg ((S)). Let O be
a Cohen ring of kg and let R := O[S]| with canonical projection R — Og.
Fix a lift P; € R(X) of pj forall j. Let a € Nt B e N";gl Assume that
Bj/er/e] = Boforalll < j < m, and assume that there exists | € N such
that p' | Bj forall 1 < j < m. Then, the R-algebra

Agpi=R(X.V)/(SUY; =PI 0< j<m).

is R-flat. Moreover, the fiber of Ay p at any Eisenstein prime p of R is an

affinoid variety, which gives rise to the following affinoid subdomain of D'"(';)l

Dm+1(|7.[p|*(¥j/lgj(Pj mod P), 0< J <m).
Proof.

(1) See [Xiao 2010, Construction 3.3.5] for details.

(i) Since the coefficient of X, 2 in Py isequal to 1, the first assertlon follows from

Py = X"eF/E modg. For the second, we put 6;; , :== Xpn er/iLp! n/eF/EJ(Sp "
Since
! ! . ! ! ! Lof.
pj[.'” = X;’ " —sf" +Xé’"5f” EX;-)nj] -l 4 Op n/eF/EJQJ 1., mod 7TE,
Lp'n/er) k] pinf;  pln
WehaveLTkE(p Po 6;.1,» mod nE)zLTkE(Xj —€; mod 7g) =

X fip " which implies the assertion.

(iii) The last assertion is trivial. We prove the first assertion. Let > be the lexico-
graphic order on Og (X, Y) defined by X,, > -+ > Xo> Yy, > --- > Yo. We
view {p, S} as aregular system of parameters of R and apply Construction 3.2.2.
For 1 < j <m, we choose a lift of 85 g,/ and denote it by © ; for simplicity.
Then, the ideal (S*/Y; — P; Pi , 0<j <m) is generated by Qg := S*Yy— P‘s0
and

Qj = SO{_,‘ Y] _ PJ/S/ _ (SO[()YO _ P(;SO)POL,B_i/eF/EJ_,B(J@j

for 1 < j < m. It follows from Proposition 3.2.12 that we only have to prove
that LTg /i, (—Q; mod mp) are relauvely prime momc monomials. We have
LT g jmg (Qo mod mg) = —LT g /e (p£0) = —X{57 . Since

LBj/eF/E] 9

sz—pj + Py jlﬁ/pzmodmR,

we have LTk /m, (Q; mod mg) = —ijﬁj by (ii), which yields the assertion. [
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In the rest of this subsection, let the notation be as in Definition 1.8.1.

Lemma 3.5.2. Fix an isomorphism X g = kg((I1)), let O be a Cohen ring of kg and
put R := O[IT].

(1) There exists a surjective local ring homomorphism ¢, : R — Ok, for all
sufficiently large n such that diagram

can. 4
—_—
R X}

L@ |

Ok, —= Ok, [EOk,

commutes, and ker (¢,) is an Eisenstein prime ideal of R. We fix ¢, in the
following and put p, := ker (¢,,).

(ii) Letr € Q¢ and let L/ K~ be a finite extension and £ = {L,},~0 a corre-
sponding strictly deeply ramified tower. Assume that the residue field extension
of X¢/ Xg is either trivial or purely inseparable. Then, there exists a flat R-
algebra AS” (resp. AS, 10g) of the form R(X)/I for anideal I C R(X), whose
fibers at (p) and p,, are isomorphic to the Abbes—Saito spaces as’ Xe/Xao and
aszn/Km. (resp. as§(£/Xﬁ’.’. and aszn/Kn’.’.)for all sufficiently large n.

(iii) With the notation and assumption of (ii), we have for all sufficiently large n:
#F (Xo) = #F (Ly),  #Fg(Xe) = #Fy(La).
Proof. Put E := Xg and F := X¢.

(i) For all sufficiently large n, the projection pr, : O — Ok, /£ Ok, induces
an isomorphism &, : kg — kg, of the residue fields. Hence, we can choose
an embedding O — Ok, that lifts ®,. Let mg, be a uniformizer of Og,,
which is a lift of pr,(IT) € Ok, /£ Ok, . Since the O-algebra homomorphism
O[] — R; IT — II is formally étale, we have a map ¢, sending IT to mg,.
Since Ok, /O is totally ramified, the kernel of ¢, is generated by an Eisenstein
polynomial.

(ii) Fix &’ € Ok, such that 0 < v, () < v,(§) and such that {L,},~ is strictly
deeply ramified with respect to £’. We denote the composite cano pr, : O —
Ok, /£0k, — Ok, /&' Ok, by pr, again, and fix an expression r = a/b with
a,beNandb > 0. Also, ﬁxleNW1thp > er/g. Define o, alog,ﬂ ,8 ENI
via g = a, Qg0 :=a+b, Bo := Piog,0 := b, and o; = aog,; _ap,ﬂj =
Blog,j = bp' for 1 < j < m. Then, we can apply Lemma 3.5.1 to the finite
extension F/E. In the following, we use the notation as of that lemma. We will
prove that Ay g (resp. Agy,.B Brog ) satisfies the desired condition. We first consider
the nonlog case. By Lemma 35, 1(iii), the fiber of Ay g at (p) is isomorphic to



Differential modules associated to de Rham representations 1927

asg g 7> where Z = {zo, ..., zn}. Recall that we have a canonical surjection
pr,:Or — O, /'Oy, for all sufficiently large n. We choose a lift z( " e Op, of
pr,(z;) € Or,/&'Or,. Then, the z( )s are generators of O, as an OK -algebra
by Nakayama’s lemma and, by lemma Lemma 3.5.1(%1), Z(O)
of Op,,. We consider the surjection ¢, : Ok, (X) — O ; X; Z;
alift p € ker (g) of pr, (p,) € O, /&' O, [X]:

is a uniformizer

) and choose

Xjr>zj
Op(X) Or
pr, Pr,
X./|—>prn(zj)
Ok, /&' Ok, [X] O.,/8'0y,
can. can.
ons X r—>z(")
OKn <X> OLn *

By Nakayama’s lemma, the p(")’s are generators of ker (¢,). We may assume
vk, (§") > r by choosing n sufﬁ01ently large. Since ¢, (P;) = (") mod (&), we
have |¢, (P;)(x)| < |mk, |" if and only if | (x)| < |7k, | for any x € Ot
This implies that the fiber of AS™ at p,, is 1somorphlc to asy K 20 where
zZm = { ,(()"), R ,m)}, which implies the assertion. In the log case, a similar
proof works if we choose n sufficiently large such that vk, (§') >r + 1.

(iii) This follows from applying Proposition 3.4.8 to AS” and AS{Og. ]

The following is the main theorem in this subsection. See [Hattori 2014, §6] for
an alternative proof.

Theorem 3.5.3. Let Lo,/ Koo be a finite separable extension and £ = {L,},~0 a
corresponding strictly deeply ramified tower. Then, the sequence {b(L,/K,)}n>0
(resp. {biog(Ln/Kp)}n=0) converges to b(X ¢/ X ) (resp. biog(X e/ Xg)).

Proof. Since the nonlog and log ramification filtrations are invariant under base
change, so are the nonlog and log ramification breaks. Hence, we may assume
that the residue field extension of X¢/ Xy is either trivial or purely inseparable
by replacing K and L, by their maximal unramified extensions. We first prove
the nonlog case. Recall that we have [X¢ : Xg] = [L, : K,] for all sufficiently
large n by Theorem 1.8.3. For r € Q. with b(X¢/Xg) < r, we have #F"(L,) =
#F (Xe) = [L, : K, ] for all sufficiently large n by Lemma 3.5.2. Hence, we
have limsup, b(L,/K,) <b(Xg/Xg). Forr € Q.o with b(X¢/Xg) > r, we have
#F (L) =#F"(X¢) <[Ly: K,] for all sufficiently large n by Lemma 3.5.2 and the
definition of F". Hence, we have liminf, b(L,/K,) > b(X¢/Xg). Therefore, we
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have b(X¢/Xg) < liminf, b(L,/K,) <limsup, b(L,/K,) < b(Xg/Xg), which
implies the assertion. In the log case, the same argument with b and 7" replaced
by biog and Fy,, works. O

The following representation version of Theorem 3.5.3 will be used in the proof
of Theorem 4.7.1.

Lemma 3.5.4. Let F/Q, be a finite extension and let V € Rep{,(G k,) a finite
F-representation for some n. We identify Gx, with Gk_, via the equivalence in
Theorem 1.8.3.

(i) Form=>n,let Ly, (resp. Loo, X') be the finite Galois extension corresponding to
the kernel of the action of G,, (resp. Gk, Gxz)on V. Then, L, corresponds
to X' under the equivalence in Theorem 1.8.3 and {L,,} >y is a strictly deeply
ramified tower corresponding to L.

(i1) The sequences {ArtAS(Vl Km)} and {SwanAS(V| K,) }m>n
stationary and their limits are equal to ArtAS(leﬁ) and SwanAS(V|XR).

Proof.

m=n are eventually

(i) The first assertion is trivial. We prove the second assertion. Since G, NGk, =
Gy, for all m > n, we have L,, = L, K,,. Therefore, {L,,} is a strictly deeply
ramified tower corresponding to L., :=J,, L,». Hence, we only have to prove
that Lo = L. Let p : Gk, — GL(V) be a matrix presentation of V. By the
commutative diagram

1 —> G ™ Gy, —2> GL(V)

can. id

inc. 'OlGKm

Gk

1—= Gy GL(V),

m m

where the horizontal sequences are exact, we obtain a canonical injection
G, — Gy, . Therefore, we have L,, C Lo, hence, L C L. To prove the
converse, we only have to prove [ Lo : Kool <[L : Koo]. Since (KooNLy)/ Ky
is finite, we have Ko, N L, = K,, N L,, for sufficiently large m. In particular,

[L;o Kol =[LnKoo : Kool =Ly : Koo N Ly]
= [Ln : Km an] = [LnKm : Km] = [Lm : Km]-
Then, the assertion follows from
[Loo: Kool =#p(Gi.)) < #p(G,) = [Lin : K],

(i) By Maschke’s theorem, there exists an irreducible decomposition V|x, =
@, V* with V* € Rep)(Gyx,). We choose mg € N such that the canonical
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map G, /k.. = GL,/k, 18 an isomorphism for all m > my. Then, V* is
Gk, -stable for all m > mg. Moreover, VMK € RepJFc(G k. ) 1s irreducible.
For m > my, let L* /K,, be the finite Galois extension corresponding to the
kernel of the action of Gg,, on V. By (1), o= {L),;l }m=m, 18 a strictly deeply
ramified tower and X ¢ corresponds to the kernel of the action of G, on V*.
By the irreducibility of the action of G, (resp. Gx,) on V*, we have

m m

Art™S (V) = b(L /K yy) dimp(V),

Art™S (V[xo) = b(X g1/ X ) dimp (V)

for m > mg. We apply Theorem 3.5.3 to each £*, to get lim, oo Art(V g, ) =
Art(V|x,). Note that K,, is not absolutely unramified for sufficiently large m.
Indeed, the definition of strictly deeply ramified implies that K,,+1/Kp, is
not unramified. By Theorem 1.5.1, the convergence of {Art(V|g,,)} implies
that {Art(V|g,,)} is eventually stationary, which implies the assertion for the
Artin conductor. The assertion for the Swan conductor follows from the same
argument by replacing Art and b by Swan and bjqg. |

Remark 3.5.5 (a Hasse—Arf property). Let the notation be as in Lemma 3.5.4 and
let p =2. By Theorem 1.7.10 and Lemma 3.5.4(ii), Swan(V |k, ) is an integer for
all sufficiently large m (cf. Theorem 1.5.1).

4. Differential modules associated to de Rham representations

In this section, we first construct Ngr (V) as a (¢, ['x)-module for de Rham repre-
sentations V € Rep@p(G k), see Section 4.2. Then, we prove that Nggr (V) can be
endowed with a (¢, V)-module structure (Section 4.4). Then, we define Swan con-
ductors of de Rham representations (Section 4.6) and we prove that the differential
Swan conductor of Ngr (V) and Swan conductor of V are compatible (Section 4.7).

Throughout this section, let K be a complete discrete valuation field of mixed char-
acteristic (0, p). Except for Section 4.6, we assume that K satisfies Assumption 1.9.1,
and we use the notation of Section 1.3.

4.1. Calculation of horizontal sections. For perfect kx, Ngr(V) is constructed
by gluing a certain family of vector bundles over K,[[¢] for n > 0, see [Berger
2008b, Section II.1]. When kg is not perfect, K,,[¢] should be replaced by the ring
of horizontal sections of K,[[u, t1, ..., tz]] with respect to the connection V&°™,
which will be studied in this subsection.

Definition 4.1.1. (i) We have a canonical K,-algebra injection

Kullt,ur, ..., uql > By
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since [B:{R is a complete local K #'¢-algebra. The topology of K, [[t, u1, ..., ug]l
as a subring of [EB(J{R (endowed with the canonical topology) is called the
canonical topology. Note that K, [[#, u1, ..., us]l is stable under the G g -action,
and that the G g -action factors through I'k.

(i) Let F be a complete valuation field. The Fréchet topology on

FlIXy, ..., X, =lm FIXy, ..., Xol/ (X1, 000 X)™
m
is the inverse limit topology, where F[X1, ..., X,,]1/(X1, ..., X,)™ is endowed
with a (unique) topological F-vector space structure. Note that F[[ X1, ..., X, ]
is a Fréchet space, and that the (X1, ..., X,)-adic topology of F[[ X1, ..., X,
is finer than the Fréchet topology.
Lemma 4.1.2. The canonical topology of K, |[t, ui, ..., ugql and the Fréchet topol-
ogy are equivalent. In particular, K,[[t,uy, ..., uq]l is a closed subring of B(';R.

Proof. Put V,, :=K,[t, uy, ..., uql/(t, uy, ..., uz)™ andidentify K, [#, uy, ..., uqll
with lim, V. If we endow V,,, with a (unique) topological K,-vector space struc-
ture, then the resulting inverse limit topology is the Fréchet topology. We have a
canonical injection V,, — B:{R [, uy, ..., uqg)™. If we endow V,, with the subspace
topology as a subset of BjR J(t, uy, ..., ug)", which is endowed with the canonical
topology, then the resulting inverse limit topology is the canonical topology. Since
B:{R /(t,uy,...,uqg)™ is K,-Banach space by definition, V,, endowed with this
topology is a topological K, -vector space. This implies the assertion. O

Notation 4.1.3. The subring K, [[7, u1, ..., ug]V*" —0 =By VK, llt, u1, ..., ugl
of BXRJ“ is denoted by K, [, u1, ..., ug]l¥ for n € N. We call the subspace topology
of K,llt,ui, ..., ug]Y asa subring of B:{R (endowed with the canonical topology)
the canonical topology. Note that K, [[¢, uy, ..., ugJV is a closed subring of Bg{
since the connection V&M : BIR — [BIR Rk Q}( is continuous and BXRJF is closed
in B

Lemma 4.1.4. The ring K, ([, uy, ..., ugllY isa complete discrete valuation ring
with residue field K, and uniformizer t.

Proof. We define a map

f:Kn[tvula--~aud]_>Kﬂﬂtaulv"'audﬂ
x>y

It is easy to check that this is an abstract ring homomorphism such that Im(f) C
Kullt,ur, ... uqllY, f(x)=tf(x) forallx € K,[t, uy, ..., uq) and f(u;)=0 for

(—ymttnd
WMTI .. .l/t;d 8;” O--- Oagd(X).
1...nyg!
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all j. In particular, f is (¢, uy, ..., ug)-adically continuous. Passing to the comple-
tion, we obtain a ring homomorphism f : K,,[[¢, uy, ..., ugll— K,[t, u1, ..., uqll".
Since f isidentity on K, [[¢, u1, ..., uqllV, f is surjective and f induces a surjection

f:Kn[[t]]gKn[[t,l/l],...,ud]]/(u],...,ud)% Kn[[t,l/l],...,l/ld]]v,

where the first isomorphism is induced by the inclusion K, [[¢] C K, [[¢, uy, ..., ugll-
Since f(t) =1 is nonzero, f is an isomorphism, which implies the assertion. [J
Lemma 4.1.5. The t-adic topology on K,[t,uy, ..., uglv is finer than the canoni-
cal topology.

Proof. Denote K, [[t,uy, ..., ugIv by R and identify R with lim R/t™R. If we
endow R/t™ R with the discrete topology, then the resulting inverse limit topol-
ogy is the r-adic topology. By Lemma 4.1.4 and dévissage, the canonical map
R/t"R — K,[t,uy,...,uql/(t, uy,...,ug)™ is injective. If we endow R/t"R
with the subspace topology as a subset of K[, uy, ..., uql/(t, uy,...,uqg)", en-
dowed with a (unique) topological K,-vector space structure, then the resulting
inverse limit topology is the canonical topology. Since the discrete topology is the
finest topology, we obtain the assertion. (I

The map f defined in the proof of Lemma 4.1.4 is continuous when K = K:

Lemma 4.1.6. Let ¢ : Og — Op be the unique Frobenius lift, characterized
by ¢(tj) = tf forall 1 < j <d. Then, the map f : Kullt, ur, ... ugll —
K Wt ur, ... uglly defined in the proof of Lemma 4.1.4 is continuous with respect
to the Fréchet topologies.

Proof. By the definition of f, we only have to prove the following claim: for all
meNand 1 < j <d, we have

37" (Og) Cm! Og.

. .~ ol .ol ol
We first note since d : Og — QOE and ¢, : QOE — QO,; commute, we have

i i p'=1_i
ajogo =pl‘JI-7 (poaj (®))
foralli e Nand 1 < j <d. We prove the claim. Fix m and choose i € N such

that v, (m!) <i. Since k; = k2 7. ... 4], we have Og = ¢! (Op)[11. ... ta] by
Nakayama’s lemma. By Leibniz’s rule, we have

. m . — )
(@' " .1y = Z (m )a;"oap’(x))rfl LT gt (6)
0
0<mo<m
for A € Og and ay, ...,a; € N. We have 3;"°(goi(k)) € p'Og C m!Of, unless
mo = 0, by (5), and 8;.” (t;.l") € m! Og. Hence, the RHS of (6) belongs to m! Oy,
which implies the claim. O
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4.2. Construction of Ngr. In this subsection, we construct Ngg (V) as a (¢, I'g)-
module for de Rham representations V. The idea is similar to [Berger 2008b, §11],
i.e., gluing a compatible family of vector bundles over K, [[¢, uy, ..., ug]lY to obtain

vector bundles over Bji’gr.

Notation 4.2.1. For n € N, put 7(n) := 1/p" " '(p —1). Forr € Q-¢, let n(r) € N
be the smallest integer n with r > r(n).

For each K, we fix ry such that Ax has enough ry-units (Construction 1.6.1)
and AL = O/ ((r)""/°x/% for all r € Q=N (0, rg) (Lemma 1.10.2), where O is
a Cohen ring of kg, . In the rest of this section, let r € Q. (, and when we consider
A}'(’r, [EBJ;(’r and Bzi’gr’ x> we tacitly assume r € Q- N (0, ro) unless otherwise stated.
Moreover, for V e Rep@p(G k), we further choose r( sufficiently small (dependent
on V though) such that D™ (V) admits a B;{—basis for all r € (0, ry). Note that

AL’ BY are PID’s and that B;(i’g”  is a Bézout integral domain.

Definition 4.2.2. Letr >0andn e N withn >n(r). Forx = Zk>>_oo pk [xe] € @”,

—n

the sequence {Zk <N pk[xlﬁ7 ]} Neg converges in BX; . Moreover, if we put
B — By
k —n
x> Y P,
k>>—o0
then ¢, is a continuous ring homomorphism (see the proof of [Andreatta and Brinon

2010, Lemme 7.2] for details). Since ng is Fréchet complete, ¢, extends to a

continuous ring homomorphism
.o V+
by - [Brig — By -
We also denote by ¢, the restriction of ¢, to [B:fi’gr x Or Bji’gr k- Unless otherwise

stated, we also denote by ¢, the composite of ¢, and the inclusion B} C B .

Lemma 4.2.3. For x ¢ B!’

rig, K » W have

xe@B) o xe @B

rig’K)X & x has no slopes & x € (@;’r)X &Sxe (@E’Q’K)X.

Proof. Note that the slopes of x as an element of [B%:i’gr’ x Or @;g x are the same by
definition (see Section 2). Therefore, the assertion follows from [Kedlaya 2005,
Corollary 2.5.12]. U

Lemma 4.2.4. For B = [B%;(’r, [E’B:i’gry K @y @:lgr «» we have

ker(@ot,: B— C,)=¢" '(q)B

forn = n(r).
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Proof. Note that since Ex and E x gt are isomorphic, the associated analytic rings
legr « and BL’; « o &re isomorphic. Hence, in the case of B = [B:lgr «» the claim
follows from [Berger 2008b, Proposition 4.8]. By regarding C,, as the completion of
an algebraic closure of KP' and applying [Berger 2008b, Remarque 2.14], we have

ker (0 o1, : BY — C,)=¢"!(¢)B"". Since B")Hx =B" and "~ (q) B,

we obtain the assertion for B = @' . We will prove the assertlon for B = Bng k- Let
xeker(@ot,: [EBE’g x — Cp). Since Bng x 1s a Bézout integral domain, we have
(x, 9" 1(q)) = (y) for some y € leng Lety € Blng such that ¢"~1(¢) = yy'.
Since y eker (B oy, : Blg k=~ Cp)=9¢"" 1(q)[B%rlg x> We have y = (p"‘l(q)y” for
some y” € [E’legr,(, hence, y'y” = 1. By Lemma 4.2.3, y’ is a unit in B - Hence,

for any x e ker (B oy, : B’

we have x € 9" (q)B"" e K

rig, K — Cp), Wthh implies

the assertion. For B = [By, a similar proof works since B;{ is a PID, hence, a

Bézout integral domain. U
Lemma 4.2.5. The image of Brg x under v, is contained in K, [[t,uy, ..., uql for
n > n(r). In particular, ,, induces a morphism t,, : Br'lg x = Kallt,uy, ..., uglIv

forn = n(r).

Proof. Since B ek C B""" we may assume r = r(n). By [Andreatta and

rig,K °
Brinon 2010, Lemme 8.5], there exists a subring Ag (1 (p—1)pr-1y Of A such that
AT rn) = Ag (1.(p—1p-H[@]17']. The inclusion Ln(B "y C Kullt,uy, ..., uql is
proved in Proposition 8.6 of the same paper. Since K,[[r, u, ..., uq] is closed
in [BIR, we obtain the assertion. O

Lemma 4.2.6. For h € N and n > n(r), the morphism

vV .h v
pr, oty : [B%LgK—>Kn[[t,u1,...,ud]] [ Kt uy, ..., ugll

is surjective.

Proof. Since t € BL’{;K we may assume i =1 by Lemma 4.1.4. Put 6, :=6 o¢,. Let
A;g C AJI((’V be as in [Andreatta and Brinon 2008, Proposition 4.42]. By the proof of
[Andreatta and Brinon 2010, Lemme 8.2], 6, : A;g — Ok, 1s surjective after taking
the reduction modulo some power of p. Since A;g is Noetherian and (p/7?, p)-
adically Hausdorff complete, A} is p-adically Hausdorff complete, which implies
the surjectivity of 6, : A;g — Ok, by Nakayama’s lemma. (I

Lemma 4.2.7. The image of Brlg
respect to the canonical topology for n > n(r).

x under iy, is dense in K,[[t,uy, ..., ugIV with

Proof. By Lemma 4.1.5, the assertion follows from Lemma 4.2.6. U
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Lemma 4.2.8 ([Kedlaya 2005, Corollary 2.8.5, Definition 2.9.5], see also [Berger
2008a, Proposition 1.1.1]). For B = Bng, B;gr, leg s leng and a B-submodule
M of a finite free B-module, the following are equivalent:

(1) M is finite free.
(1) M is closed.
(iii) M is finitely generated.

Lemma 4.2.9. Let B be either [B;rlg or [B;rlng

which divides (th) for some h € N, then I is generated by an element of the
Jorm [T yzpir (@" ' (@)/ p) P with j, < h.

Proof. Note that we have a slope factorization t = 7 ]_[n>1 (@""(q)/p) in Bng Q,

(see the proof of [Berger 2008b, Proposition 1. 2.2]). For n < n(r), ¢""'(¢)/p
is a unit in Brlg,@,, and for n > n(r), ¢"~'(q)/p generates a prime ideal of B by
Lemma 4.2.4. Hence, the assertion follows from the uniqueness of slope factoriza-
tions, see Lemma 2.0.5. |

If I is a principal ideal of B

Lemma 4.2.10 (The existence of a partition of unity). Let n € N and r > 0 satisfy
n > n(r). For w € N, there exists t, ., € B“K such that t,(t, ) = 1 mod

rig,
YKt uy, ..., uglly and tn(th w) € tYKyllt, ui, ..., uglly ifm #n and m >
n(r).
Proof. Since Bng@ C Brlg x and Q, ()] C Kullt, uy, ..., uglly, we may

assume K = Q,. The assertion then follows from [Berger 2008b, Lemma 1.2.1]. [J

Lemma 4.2.11. Let B be either [B%;r or B;rlg K Forn>n(r),writet, : B := @Lgr —
B, : BV+ in the first case and 1, : B := Bng xk = Bui=Kyllt,uy, .. SugllY in
the second case. Let D be a gp-module over B of rank d' and DV and D(z) two

B-submodules of rank d’ stable by ¢ on D[1/t] = B[1/t]1®pg D such that
@) DO[1/1]=DP[1/1] = D[1/1];

(i) B, ®,,.p DY =B, ®,, 5 D? foralln > n(r).

Then, we have DV = D@,

Proof. Since DV + D@ is finite free by Lemma 4.2.8 and satisfies the same
condition as D, we may assume that DV’ ¢ D® by replacing D® by DY+ D@,
Then, the proof of [Berger 2008b, Proposition 1.3.4] works by using the ingredients
Lemma 2.0.6 and Lemma 4.2.9 instead of [Berger 2008b, Proposition 1.2.2]. [J

Proposition 4.2.12 (cf. [Berger 2008b, Théoreme 11.1.2]). Let V € Repyr (G K) be
a de Rham representation with negative Hodge—Tate weights. Let B be either Brlg
or BZI k- Let By and v, : B— By, be as in Lemma 4.2.11. In the first case, let Dy,

(B ®k Dar(V)V*""=0, and let D, := (K,[[t, u, ..., uq] ®« DdR(V))Vg”"‘=0 in
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the second case. Put D 1= @r}lgr ®a, V in the first case and D := DLg(V) in the
second case. Then, the following holds.

(1) There exists h € N such that
tth ®Ln,B D C Dn - Bn ®zn,B D

foralln > n(r).

(i) Lett, : D — B, ®,, . D be given by x — 1 ® x and put
N :={x € D; 1,(x) € D, foralln > n(r)}.

Then, N is a finite free B-submodule of D, whose rank is equal to dimg, V.
Moreover, there exists a canonical isomorphism

Bn ®Ln,B N - Dn

foralln = n(r).

Proof.

(i) Since the inclusion B, C BS{R is faithfully flat by Lemma 4.1.4, we only have
to prove the assertion after tensoring B(J{R over B,. We have the following
isomorphisms:

BIR ®Bn By, ®z,,,B D= B(TR ®L,,,[EB“ BT’r Qmt.r DT’r
=Bk ®, 5 B" ®q,V =B} ®a,V,

where D .= BT ®aq, V in the first case and D := D" (V) in the second
case. Since [B:{R ®p, D, C BIR ®a,V by assumption and BIR ®p, Dp[l1/t] =
Bjr ®k Dar(V)[1/1] = Bar ®q, V, there exists h € N such that

t"Bjx ®a,V C Bjx ®5, Dy C B ®q, V.

which implies the assertion.

(ii) Since A is a closed B-submodule of D containing " D, N is free of rank
dimg,V by Lemma 4.2.8. To prove the second assertion, we only have to
prove that the canonical map B, ®,, g N — D,/tD, is surjective for all
n > n(r) since B, is a t-adically complete discrete valuation ring. Fix n and
let x € D,. Note that prj,, ;0t,: B — Bn/th“ B, is surjective. Indeed, when
B = B;}; x> this follows from Lemma 4.2.6. When B = @:i’gr, it is reduced to

— — .mhr ; iaot] ; B+ ~ R’
the case h =0, and pryot, =6 o0y : Brig — C, is surjective since B™ C Brig.

Hence, there exists y € D such that ¢,(y) —x € "B, ®,,.8 D €tD,. We put
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2: =ty p+1y € D, where t,, 41 1s as in Lemma 4.2.10. By the property of #, o,
we have

(z) —x = (Ln(tn,h—H) - 1)Ln(y) +uw(y) —x€tD,

and for m #n,
in(z) €t"'B, ®, p D CtD,.

These imply z € NV; hence, we obtain the assertion. ([

Definition 4.2.13. In the context of Proposition 4.2.12, we denote A/ by legr V)
in the first case and by Nggr (V) in the second case. For a de Rham representa-
tion V with arbitrary Hodge—Tate weights, we put legr (V) := legr (V(=n))(n)
and Ngr (V) := Ngr (V(—n))(n) for sufficiently large n € N. These defini-
tions are independent of the choice of n. We also put N;g(V) =, legr V)
and Ngr (V) = U Ngr,-(V). We note that for 0 < s < r, the canonical map
BLQK ®B“ Nar.r(V) = Ngrs(V) is an 1som0rph1sm by Lemma 4.2.11 and
Proposmon 4 2.12. So, the canonical morphism [EBrlg 1% ®Bw NdR (V) = Ngr(V)
is an isomorphism, and in particular, NdR(V) is a finite free’ B rig, K -module of rank
dimg, V. Since the map ¢ : I]])Ilgr(V) — IDT " p(V) induces a map ¢ : Ngg (V) —
Ngr,/p(V) by the formula Ln+1 oY =1Ly, NdR(V) is stable under the (¢, I'g)-action
of [D)rrlg(V) Slmllarly, Nng(V) is free of rank dimg,V and is stable under the
(¢, Gg)-action of Bn ®q, V. Thus, we obtain a (¢, G x)-module Nr (V) over

Blg and a (¢, ['g)- module Ngr (V) over Bng K-

4.3. Differential action of a p-adic Lie group. In this subsection, we recall basic
facts on the differential action of a certain p-adic Lie group. Throughout this
subsection, let G be a p-adic Lie group, which is isomorphic to an open subgroup
of (1+2pZ,) x Z;’, via a continuous group homomorphism 7 : G < Z7 x Z;’,.
Denote () = (no(¥), - ... na(y)) € Z x Z% fory € G. For 1 < j <d, let
Go:={y €G; nj(y)=0forall j > 0},
Gj:={y €G: no(y) =1, n;(y) =0 for all positive i # j}.

Notation 4.3.1. Let (R, v) be a Q,-Banach algebra and M a finite free R-module
endowed with an R-valuation v. Assume that G acts on R and M such that:

(i) The G-action on R is Q,-linear and the action of G on M is R-semilinear.
(i) We have voy(x) =v(x) forallx € R and y € G.
(iii) There exists an open subgroup G, <, G such that
v((y —Dx) = v(x) +v(p)

forall y € G, and x € R.
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(iv) For any x € M, there exists an open subgroup G, <, G, such that

v((y — Dx) > v(x) +v(p)
for all y € G,.

Construction 4.3.2. Let the notation be as in Notation 4.3.1. We extend the con-
struction of the differential operator Vy in [Berger 2002, §5.1] to this setting. By
assumption, there exists an open subgroup Gy <, G, such that

v((y — Dx) = v(x) +v(p)

for all x e M and y € Gys. Hence, we can apply Berger’s argument to the 1-parameter
subgroup yZ» for y € Gy. Thus, we can define a continuous Q@ p-linear map

log(y) : M - M

x = log(y)(x) := Z(—l)"—l(’/;—l)"x
n>1

for y € Gy;. Moreover, the operators

Vo) 1= 108 e Ga N Go,
log(no(y))
Vix):= M fory eGuNgG;
nj ()

for 1 < j <d are independent of the choice of y.
Assume that N satisfies the conditions of Notation 4.3.1. Then, M ® p N satisfies
the conditions of Notation 4.3.1, and we have

log(y ® y) =log(y) ®idy +idy ®log(y) fory € Gy NGy

in Endg (M ®g N). With (M, N) = (R, R) or (M, R), V;: R — R is a continuous
derivation and V; : M — M is a continuous derivation, compatible with V; : R — R,
thatis, V;(Ax) = V;(M)x +AV,(x) for L€ R and x € M.

Lemma 4.3.3. Let the notation be as in Construction 4.3.2. In Endg, (M), we have

VvV, ifi=0,1<j<d,

Vi, Vil=—[V;,Vi] =
[Vi, V;] [V;, Vil {0 ifl<ij<d

Proof. Since G; and G; are commutative for 1 <7, j < d, the assertion in the
second case is trivial. We prove the other case. Fix x € M. We regard G as
a subgroup of GLy(Z)) as in Section 1.3. For sufficiently small ug, u; € Z,,
put yo :=1+4+uoE1 0 € GoNGuy, vj :=1+u;E; € GiNGy, where E ; is the
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(1, j + 1)-th elementary matrix in My,1(Z,). Then, the assertion is equivalent to
the equality

log(yo) o log(y;)(x) —log(y;) olog(yo)(x) = log(1 + up) log(y;)x.
In the group ring Q,[G], we have

—1)y"— 1 -1 n—1 " -1 n—1 "
Z( rz ugu;Ey ;= Z( rz (woEq,1) Z( rz (u;Ey ;)

1<i<n 1<i<n 1<i<n

n—1
Z(ln) W, E J)Z

1<i<n 1<i<n

(MoEl,l)"-

After applying both sides to x, the LHS converges to log(1 + ug) log(y;)(x) and
the RHS converges to log(yp) o log(y;)(x) —log(y;) o log(yp)(x), which implies
the assertion. O

In the following, we will use the Fréchet version of Construction 4.3.2.

Construction 4.3.4. Let (R, {w,}) be a Fréchet algebra and M a finite free R-
module endowed with R-valuations {w,}. Assume that G acts on R and M and
assume that the G-actions on (ﬁr, w,) and (1\7,, w,) satisfy the conditions of
Notation 4.3.1 for all r, where ﬁr and Mr are the completions of R and M with
respect to w,. By applying Construction 4.3.2 to each R, and M, and passing to
the limits, we obtain continuous derivations V; : R — R and V; : M — M for
0 < j <d, which are compatible with V; : R — R, that satisfy

[Vo,V,1=V; forl<j<d, [V;,V;]=0 forl<i,j<d.

Thus, the actions of Vy, ...V, give rise to a differential action of the Lie algebra
Lie(G) = Q, x Q4.

4.4. Differential action and differential conductor of Nggr. In Section 4.2, we
constructed Ngr (V) for de Rham representations V' as a (¢, 'k )-module. The aim
of this subsection is to endow Ngr (V) with the structure of (¢, V)-module in the
sense of Definition 1.7.5 by using the results in Section 4.3. As a consequence, we
can define the differential Swan conductor of Ngg (V') (Definition 4.4.9). Throughout
this subsection, let V denote a p-adic representation of G .

Lemma 4.4.1. There exists an open normal subgroup I'y, <, U'x and rg > 0 such
that for all 0 < r < rg, there exists ¢, > 0 such that

w((1=y)x) > w,(x)+¢,, VxeBY,Vyel%.

Proof. We may assume x € A}f(’r. Recall that the ring A;(vi?o,( is a subring of &y
containing A;” for m € N by [Andreatta and Brinon 2008, page 82]. Hence, we
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only have to prove a similar assertion for Affzok. Then, the assertion follows
from [Andreatta and Brinon 2008, Proposition 4.22] if we define I'% as the closed
subgroup of I'g topologically generated by {yjp m; 0 < j < d} for sufficiently
large m. ]

By shrinking I'%, if necessary, we may assume that I'% is an open subgroup of
(I1+2pZ,) x Zi’, as in Section 1.3. In the rest of this paper, we assume that r( in
Notation 4.2.1 is sufficiently small such that ry < rg.

Lemma 4.4.2. Forx € B"" and ¢ > 0, there exists an open subgroup Uy . <, Gk
such that

w,((g—Dx)>c forallgeU,,.

Proof. We may assume that x is of the form [x] with x € [ Indeed, if we
write x = Zk>>_oo pk [xx] with x; € E, then, by definition, there exists N such that
w, (p*[xx]) = ¢ for all k > N. We choose U, such that w,((g — 1)(p*[xx])) > ¢
for all k < N and all g € Uy .. Then, U, . satisfies the condition.

Let x =[x] with x € . Since the action of G K on Eis continuous, there exists
Uy.c <o G such that vz((g — 1)x) > pllc/r (> 0) for all g € U, .. We prove that
U, . satisfies the desired condition. We can write

(¢ — DI¥I=[(g— DEI+Y_ prlxul

k>1

for some x; € . Since
[x ]([(g l)x] 1)=(g(i),—x{’,—x§’2,...),

x,f ' /X can be written as the value of a polynomial, with coefficients in Z with
zero constant term, at (g — 1)x/x. Indeed, let S, € Z[Xo, ..., Xm, Y0, ..., Y]
for m € N be a family of polynomials defining the addition on the ring of Witt
vectors, see [Bourbaki 2006, n°3, §1, IX]. Then, S,, is homogeneous of degree
p™, where deg(X;) = deg(Y;) = p’. Since Sy = Xo+ Yo and}_o_;_,, p"Sl.p’H =
Y 0<i<m p"Xth +Y gciom P’ Yipmil for m > 1, the coefficients of both Xé’m, Y(fm €
Sy, are equal to zero, which implies the assertion. Hence, for n € N, we have

(g = DIED = inf {up((g — DD, v
= it fur(e ~ DD, (e = DD | = (s - DD,

Note that v="((g — 1)[X]) = oo for n € z<o Hence, we have w,((g — D[X]) =
1nfn€N(rv~ ((g — D[x])+n) =inf(r- m vg((g — 1)x), [c]) = ¢, which implies
the assertlon O
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Lemma 4.4.3. Let {¢;} be a B}’r-basis of D" (V). We endow Dji’gr(V) with valu-
ations {wso<s<r that are compatible with the {w}o<s<, associated to {e;}. Then,
the actions of 'Y, on [Bng x and IDrTi’gr(V) satisfy the conditions of Notation 4.3.1.

Proof. Conditions (i) and (ii) follow from the definition. Condition (iii) follows
from the formula y? — 1 = Zl<l<p( )(y —1)' and Lemma 4.4.1. To prove
condition (iv), we may assume x € D7 (V). We choose a lattice 7 of V stable
under the G-action. Let { f;} be a basis of T and endow Br ®q, V with the
valuations {w}}o<s<,, compatible with the {w;}o<s<,, associated to the BT -basis
{1® f;}. By the canonical isomorphism B"" ®ptr Db (V) =B ®q, V following
from Theorem 1.10.5, we regard {1 ®e;} as a [EBTK’—basm of BT "®q, V. Then, wy is
equivalent to w}; therefore, we only have to prove that for any x € [B1 "®q, V and
O<s<r, there exists an open subgroup G% s o G such that w;((g — 1)x) >
wy(x) + wi(p) for all g € G s We may assume that x is of the form A ® v for
A eB and v € T. Since the action of G on T is continuous, there exists an open
subgroup U <, Gk such that U acts trivially on 7/pT. We apply Lemma 4.4.2
after regarding A € B, and get that there exists an open subgroup U’ <, G such
that w,((g — 1)A) > ws(k)+ws(p) forall g e U'. If we put G% (  :=UNU’, then
the assertion follows from

E-DOr®v)=g-1DHRM) g +1&(g— Du. U

Definition 4.4.4. By Lemma 4.4.3, we can apply Construction 4.3.4 to G = I'k,
R = [B:lgr g and M = I]])rlg (V). Thus, we obtain continuous differentials operators
V; on ID);( r(V) for 0 < j < d. The operator V; induces a continuous differential
operator on I]]Jng(V) which is denoted by V; again. Since the actions of 'y and ¢

commute, V; commutes with ¢ by deﬁnition.

rllgr(@ ) as Brlg - Then, V; can

In the following, we will describe

Until otherwise stated, let V = Q, and regard D
be regarded as a continuous derivation on B
this derivation explicitly.

rig, K *

Construction 4.4.5. As in [Andreatta and Brinon 2010, Propostion 4.3], the action

of 'k on K,[[t, uy, ..., us]] induces K, -linear differentials
~ 1 d
log(n0(y0)) om
~ 1 ; ._ 0
= 08D iy 0 i <jza
n;j(vj) du j

for all sufficiently small yy € 'k o and y; € 'k ;. Note that these are continuous
with respect to the canonical topology. Since the action of I'xy commutes with
veeom by definition, V; acts on K, [[t, ui, ..., uqll".



Differential modules associated to de Rham representations 1941

We assume K = K until otherwise stated. By the isomorphism A'Ir(’r = O(m)t,

we have derivations
d a 0
== ..., Oy i= =
om FIh Blial’
on A;(’r (see Section 1.7), which are continuous with respect to the Fréchet topol-
ogy defined by {ws}0<s<r By passing to the completion, we obtain continuous
derivations 9; Bng’ K= Bngr x for 0 < j <d. The derivation 9; also extends to

a derivation 0; B — B

rig, K rig, K *
dense subring of K, [[t, uy, .. ., ugllY via t,. Hence, we can extend any continuous
derivation 9 on [EBji’gr’ g toa continuous derivation on K, [[f, uy, ..., ugs]Y, which is

denoted by ¢,(9). Note that we have a formula
tn(0)(ty (%)) = 1, (3(x)) for x € Bng K (7

Lemma 4.4.6. For n > n(r), we have

By Lemma 4.2.7, we may regard BL’ng as a

Wt (14+m)30) =Vo,  4,(t[i;10) =V, for1<j<d.

Proof. Let 1 < j <d and put 8 := t,,(t (1 + 7)) — Vo and 8, := 1,,([1;18;) — V
Let f:K,lt,ui, ..., ugll— K,llt,uy,...,uq]lY be the map defined in the proof of
Lemma 4.1.4, which is continuous by Lemma 4.1.6. Since f induces a surjection on
the residue fields by definition, f(K,[?]) is a dense subring of K, [z, uy, ..., uglV
by Lemmas 4.1.4 and 4.1.5. Hence, we only have to prove that §g o f(K,[t]) =
djo f(Kylt])=0. Wev1ew500f|K , 8j0 flk, € Dercon(Kp, Kyllt, uy, .. Sugly),
which 18 1somorphic to Homg, (QK , K I, us, ..., uglly) by Lemma 1. 2 3. Since
Q}<n =K, ®k Q has a K,,-basis {dt;; 1 <i < d} and since we have f(¢) =t and
f(t) =[] by deﬁnition, we only have to prove §(t) = §;(t) =0 and So([t;]) =
8;([]) =0forall 1 <i <d. By using formula (7), we get

(L4 1)80) (1) =1 = Vo(t), 1, (t(14+m)d)[7:]1=0
Ln(t[fjiaj)(t):():%j(t), L (e[119))[1] = 8;jt(t;]

forall 1 <i <d. Since (a/auj)[fi] = —(0/0uj)u; = —6;; forall 1 <i <d, we
obtain the assertion. U

For the rest of this section, we drop the assumptions K = KandV =0 -

Corollary 4.4.7. The derivation

¥
d: Bng K~ Q
ng K
1

V V;

x> Vo) 1T+ > V@)= d[t]]
<J <d
coincides with the canonical derivation d : leg k> Q é .

rig, K
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Proof. Since the canonical map B' e Bng x 1s finite €tale by [Kedlaya 2005,

Proposition 2.4.10], we can reduce to the case K = K. Let the notation be as in
Lemma 4.4.6. Obviously, V; extends to Vi ; by passing to the completion. Since ¢,
is injective, we have

=t(1+m)dy, V;=1t[{;]9; for1 <j<d.

as derivations of B’

rig, K by Lemma 4.4.6, which implies the assertion. U

Lemma 4.4.8. Let V € Repyr(Gk).

(1) We have V;(Ngr(V)) C tNgr(V) for all 0 < j < d. We put V} = 1/tVj,
which is a continuous differential operator on Ngr (V).

(i1) Forall0 <i, j <d,we have
[V}, Vj1=0
(iii) Forall0 <i, j <d, we have
Viog=ppoV;
Proof.

(i) By Tate twist, we may assume that the Hodge—Tate weights of V are sufficiently
small. Let the notation be as in Construction 4.4.5 and Proposition 4.2.12
(with B = [Bng x)- By viewing tNgg (V') and tDgr (V) as Ngr (V (1)) and
Dgr(V (1)), respectively, we only have to prove that ¢,(V;(x)) € tD, for
all n > n(r) and x € Ngg (V). For sufficiently small y; € 'k ;, we have
tn 0 10g(¥/) () = 1og(y;)(ta(x)) and t,(x) € D, C B, ® Dar(V). Since
[k acts trivially on Dgr(V), log(y;) acts on B, @k Dgr(V) as log(y;) ® 1.
Since log(y;)(B,) C tB, (see Construction 4.4.5), we have ¢, olog(y;)(x) €
(By @k Dgr (V (1)))V¥"=0 = ¢ D,,, which implies the assertion.

(i1) This follows from a straightforward calculation using Lemma 4.3.3, Vy(¢) =1,
and V;(t) = V() =0.

(iii) Since V; commutes with ¢, we have tV} op=Vjop=g¢oV;=g¢(t)po V} =

pt(poV}. By dividing by ¢, we obtain the assertion since Ngg (V) is torsion free.

O

Definition 4.4.9. Let the notation be as in Lemma 4.4.8. For V € Repyr (G ), put

A NdR(V)—>NdR(V)®BT Q

rig, K ng K

x> Vo) @ p—dm + > Vi ®dlijl,

1<j=d
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which defines a V-structure on Ngr(V) by Corollary 4.4.7. Furthermore, this
V-structure is compatible with the ¢-structure on Nggr (V) by Lemma 4.4.8(iii)
and ¢((1 + )" 'dw) = p(1 + 7)"'dn and ¢(d[i;]) = pd[i;]. Thus, Ngr(V)
is endowed with a (¢, V)-module structure and we obtain the differential Swan
conductor Swan" (Ngr(V)) of Ngr (V). The slope filtration of Ngr (V) as a (¢, V)-
module (Theorem 1.7.6) is I' g -stable by the commutativity of the I"x - and g-actions,
and the uniqueness of the slope filtration ([Kedlaya 2007, Theorem 6.4.1]).

4.5. Comparison of pure objects. In this subsection, we will study “pure” objects
in various categories.

Notation 4.5.1. Let G be a topological group and R a topological ring on which G
acts. Let ¢ : R — R be a continuous ring homomorphism that commutes with the
action of G. A (¢, G)-module over R is a finite free R-module with continuous
and semilinear action of G and a semilinear endomorphism ¢, both of which are
commutative. We denote the category of (¢, G)-modules over R by Modg (¢, G).
The morphisms in Modg (¢, G) consist of R-linear maps commuting with ¢ and G.

Definition 4.5.2 [Berger 2008a, Definition 3.2.1]. Let 2 > 1 and a € Z be relatively
prime. Let Rep, ;, (G k) be the category with objects V,, , € Rep@ph (Gk), endowed
with a semilinear Frobenius action ¢ : V, , — V,; that commutes with the G-
action such that ¢" = p®. The morphisms of this category are Q pr-linear maps that
commute with (¢, G x)-actions. When h=1and a =0, Rep, ,(Gg)= Rep@p (Gk).

Lets:=a/h € Q. We denote by Dy, the Q ,-vector space P, _,; ., Q,e; endowed
with a trivial G g-action and with g-actions via ¢(e;) :=e; 1 if i ;é h and ¢(ep) :=
p“ei. Then, Q,n ®q, Djs) belongs to Rep, ;, (G k).

Definition 4.5.3. For s € Q, we define

Mod%; ((,0, GK)v MOd (90’ FK)7 MOdﬁET ((p’ GK)’ MOd?‘B§ ((p’ FK)

ng K

to be the full subcategories of Modg t ((p, Ggk), Most ((p, k), Mods (@, Gg)
and Mod (go, 'k ), whose objects are pure of slope s as @-modules.

Lemma 4.5.4. (i) For anyr > 0, there exists a canonical injection

V+ otr
IBrlg Brlg ’

which is (¢, G g)-equivariant. In the following, we regard B as a subring
of [B%T " and we endow BV+
valuatlons {w,},>0.

(i) For h € N,

with a Fréchet topology induced by the family of

— h_
BYH! =" = @7

= Q.
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Proof. By definition, Brvl; and Bk depend only on C,, and not on K. By regarding
C, as the p-adic completion of the algebraic closure of KP, we can reduce to
the perfect residue field case. Assertion (1) follows from [Berger 2002, Exemple
2.8(2), Definition 2.16]. Assertion (ii) for [B + is due to Colmez, see [Ohkubo 2013,

Lemma 6.2], and (ii) for BT "isa consequence of [Berger 2002, Proposition 3.2]. [J

Definition 4.5.5. For s € Q, an object M € Modgv+ (¢, Gk) is said to be pure of
slope s if M is isomorphic to (Bng ®a, D)™ asg a g-module for some m € N.
Denote by Mod% S+ (¢, Gg) the category of (¢, G g)-modules over BV+ which are
pure of slope s. B

Lemma 4.5.6. Let the notation be as in Notation 1.6.2 and Definition 1.7.5. For
s € Q, the forgetful functor

Modj, (¢, V) = Modj (¢).
is fully faithful.

Proof. We consider the following commutative diagram

. o
MOd‘}[l/p] (o, V) — MOdf“[l/p] (@)

ﬂlT Tm

o
rityp (@ V) —— Modpy,, ()

B2 l l 23
o3

Mod;, (¢, V) Mody, (¢)

Mod

where «, is a forgetful functor, and 8, and y, are base change functors. We first note
that y; (resp. y») is fully faithful (resp. an equivalence) by [Kedlaya 2005, Theorem
6.3.3(a)] (resp [Kedlaya 2005, Theorem 6.3.3(b)]). Let M, N € Modr /p ](cp, V)
andlet M, N be the base changes of M, N via the canonical map I''[1/p]— I'[1/p].
Then, we have

HomMod;‘T“/p]((p,V) (M, N) = Homr%[l/p] (M, N)QO:LV:()
= Hompryy (M, N)#=1V=0,

where the first equality follows by definition and the second equality follows
because y; is fully faithful. Therefore, 8; is fully faithful. For the same reason,
since y, is fully faithful, so is 8,. Note that «; is an equivalence in the étale case,
i.e., s =0 ([Kedlaya 2007, Proposition 3.2.8]). Let M, N € MOdr[l/p] (¢, V). Since
Homry/,1(M, N) = MY ®rp /p1 N can be regarded as an étale (¢, V)-module over
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['[1/p], where MY denotes the dual of M, we have
Homyiogr,, (o, v) (M, N) = Homryy ) (M, N)?=1V=0 — Hompyy, (M, N)¢=!
= HomMOdf‘U/p] (@) (M, N),

where the first and third equalities follow from the definition and the second
equality follows since «; is fully faithful in the étale case. Therefore, o is an
equivalence. Since «, 1 and y; are fully faithful, so is «,. Since ay, B> and y»
are fully faithful, so is o3. (I

Lemma 4.5.7. Let s € Q and let h € N>, a € Z be relatively prime with s = a/ h.
(1) There exist equivalences of categories
By +Rep,, (G )= Modie. (9, Gr); Vo = B ®e, Van

ﬁjig: Rep, ,(Gk)— Modz; (9. Gk): Van > B ®a, Vah:

rig
rig

[D:ig:Repa,h(GK)e ModfE§+ (¢, Tk); Vo Bjig,[( ®B; (BT ®a, V) K,

rig, K

Df:Rep, (Gx)— Mody. (¢, Gk);  Vau > B ®a, Van,
D*:Rep, ,(Gx)— Mod’, (9, Tk);  Vau > (BT ®q ), Van) .
K

More precisely, quasi-inverses of @X; , @Zig and D' are givenby M — M o'=p

(ii) We denote by «; for 1 <i <5 the following canonical morphisms of rings:

T @] T
BK Brig,K

laz jou

T - .- A 2
I]')brig Brig Brig ’

where the left square is commutative. Then, the «;’s induce the following base
change functors o}:

Mody, (¢, Tx) —>Mod}, (p.Tx)

rig, K

* *
Laz j%
ol al

Mods; (¢, Gx) —= Mods: (9. Gx) =—— Modsy. (¢. G),

rig rig

where the left square is commutative. Moreover, the functors o}’s are compati-

ble with the functor defined in (i) , i.e., o o D' =D,

g €IC In particular, the

al’s are equivalences.
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Proof.

®

(i)

We prove the assertion for [ﬁ)rVing .LetD:= fbrvi; and let V be, as before, the
functor in the other direction. Let V € Rep, ,(Gk). Then, there exists a
functorial morphism V — V o D(V), which is bijective by Lemma 4.5.4(ii).
Hence, we have a natural equivalence VoD ~~id. For M € Mod T (p, Gk), we
get a functorial morphism Do V(M) — M that is bijective by the isomorphism

= (BZ; ®q, Dis))™ of p-modules and Lemma 4.5.4(ii). Hence, we have a
natural equivalence DoV >~ id.

The assertions for ﬁj i and D' follow similarly: instead of using the
isomorphism M = (Bzg‘ ®@p D[s]) we use Kedlaya’s Dieudonné—Manin
decomposition theorems over [B% g and B, see Propositions 4.5.3 and 4.5.10
and Definition 4.6.1; Theorem 6.3.3(b) of [Kedlaya 2005], respectively. These
assert that any object M in Modif (p) or Mod . () is isomorphic to a direct
sum of Bng ®aq, Dys; or of B ®@ * Dis1, respectlvely

We next prove the assertion for [D)T For M € Mods ((p, '), let V(M) :=
(Bf Op ' M )“’ =", We will check that V gives a quas1 inverse of D, Let
Van € Repa (G K) By forgetting the action of ¢ on V,; and applying
Theorem 1.10.5 to V =V, ;, we get a canonical bijection Bf gt Df Van) —
B ®a Va.n- Since this map is ¢- equlvarlant we have canonlcal isomor-
phlsms Vo [I])T(Va ) = (@B )‘ph ! Ro i Va.n =V, by Lemma 4.5.4(ii). Thus,
we obtain a natural equivalence V o DT ~ id. We prove D oV ~ id. Let
M € Mod’ 5, (¢, 'k). From [Kedlaya 2005, Proposmon 6.3.5], we obtain
the ex1stence of an AT -lattice N of M such that p~“¢¢" maps some basis
of N to another basis of N. Let M’ denote M with the ¢"-action given by
x> p Yo " (x) and with the same I'k-action as M. By the existence of the
above lattice N, we have M’ € Modet (go I'k). Since we have G g -equivariant
isomorphisms V(M) = (B' @ B Mj‘w =7 = (B ® B M)H¥"=1 = (M), the
assertion follows from the étale case (Theorem 1.10.5).

Finally, we prove the assertion for I]]Jrlg By the base change equivalence

of :Mod®, () = Mod®, (),
[EBK ng K
see [Kedlaya 2005, Theorem 6.3.3(b)], we also have the base change equiva-
lence 0‘1 ModY (go, ') — Mods (¢, 'k). Hence, the assertion follows
from the D'- case B

To check that the «}’s are well-defined, we have only to prove that pure objects
are preserved by base change. For «; and a3, this follows from [Kedlaya 2005,
Theorem 6.3.3(b)]. For ay, a4, this follows from the definitions: M e ModB; (o)
and ModBr ((p) are pure if B ®BT M and [EB ®B+l M, respectively, are pure
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by [Kedlaya 2005, Definitions 4.6.1 and 6.3.1] . For «s, it follows from
[Kedlaya 2005, Proposition 4.5.10 and Definition 4.6.1].

The commutativity of the diagram is trivial. The compatibility follows from
the definition. (]

4.6. Swan conductor for de Rham representations. In this subsection, we define
Swan conductors of de Rham representations. In this subsection, Assumption 1.9.1
is not necessary since we do not use the results of [Andreatta and Brinon 2008].

We first recall the canonical slope filtration associated to a Dieudonné—Manin
decomposition.

Definition 4.6.1 [Colmez 2008b, Remarque 3.3]. A ¢-module M over B is a
finite free BV+-module together with a semilinear g-action. A gp-module M over
BZ; admits a Dieudonné—Manin decomposition if there exists an isomorphism
M= @1<l<m Bng ®aq, Di5; of ¢-modules over Brvi; withs; <. <s, €Q.
We define the slope multiset of M as the multiset of cardinality rank(M), consisting
of the s;, together with its multiplicity dimg, D). Let s; < --- < s/, be the
distinct elements in the slope multiset of M. Then, we define Fil’, (M ) :=0 and
Fll‘f(M) = f- (EB/ 5! [Bng ®a, D)) for 1 <i <r’. Note that the filtration
and the slope multiset are independent of the choice of f above.

Definition 4.6.2. Let V € Repyr(Gk). First, we assume that the Hodge—Tate
weights of V are negative. By assumption, we have Dgr(V) = ([B%dR ®aq, V)GK . As
in [Ohkubo 2013, Proposition 5.3], we define

Ny (V) = {x e BY, ®q,V; ta(x) € B @k Dar(V)™*"=" forall n € 7},
where ¢, : @rvi; ®a,V — B:ﬁz ®q, V is defined by x @ v = ¢ 7" (x) @ v. Since
erl; (V) admits a Dieudonné—Manin decomposition due to Colmez ([Ohkubo
2013, Proposition 6.2]), N tig (V) is endowed with a canonical slope filtration
F11'(erngr (V)) of p-modules by Definition 4.6.1. Let s; < - - - < s, be the distinct
elements in the slope multiset of NV+(V) Write s; = a;/ h; witha; € Z, h; € Nog
relatively prime. By the uniqueness of slope filtrations, Fil' is G g-stable and the
graded piece gr' (NZ‘(::|r (V)) lies in Mod? &Y + (¢, Gg). Hence, by Lemma 4.5.7, there
exists a umque Vi € Rep,, ;,.(Gk), up to isomorphism, such that gr’ (NV+(V))

BV+ ®aq ,, Vi- Itis proved in Step 1 of the proof of the main theorem of [Ohkubo
2013] thét the inertia Ik acts on V; via a finite quotient, i.e., V; € Rep@g (Gg) (in

the reference, Fil’ and V; are denoted by M; and W;). Hence, we can define

Swan(V) := Z SwanAS(Vi).
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In the general Hodge—Tate weights case, we define eri; (V):= erl; (V(—n))(n) and
Swan(V) := Swan(V (—n)) for sufficiently large n. The definition is independent

of the choice of n since the above construction is compatible with Tate twist.

Remark 4.6.3. As in [Colmez 2008a], we should consider an appropriate contribu-
tion of “monodromy action” to define the Artin conductor. To avoid complication,
we do not define Artin conductors for de Rham representations in this paper.

The lemma below easily follows from Hilbert 90.
Lemma 4.6.4. Let V € Repyr(Gk).

(1) If L is the p-adic completion of an unramified extension of K, then we have
Swan(V|;) = Swan(V).

(i) Assume V € Repqu (Gk). Then, we have Swan(V) = Swan™3(V).

Though the following result will not be used in the proof of the main theorem,
we remark that when kg is perfect, our definition is compatible with the classical
definition.

Lemma 4.6.5 (Compatibility of usual Swan conductor in the perfect residue field
case). Assume that ki is perfect. Then, we have Swan(V) = Swan(Dps(V)) (see
[Colmez 2008a, §0.4] for the definition of Dyg).

Proof. Let the notation be as in Definition 4.6.2. By Tate twist, we may assume that
all Hodge—Tate weights of V are negative. By Swan(Dps(V')) = Swan(Dps (V| gur))
and Lemma 4.6.4(i), we may assume that kg is algebraically closed by replacing
K by K". Since B R @k Dagr(V) is a lattice of [BdR ®aq, V, we may identify
NX;(V)[I/I] with [Elérvlg+ ®a, V[1/t]. By the p-adic monodromy theorem, there
exists a finite Galois extension L/K such that Dy (V) := (Bs ®q, V)CL has
dimension dimg, V. Moreover, we may assume that G, acts trivially on each V;. Put

D; = (B ®Bv+ Fil’ (Nv+(V)))GL This forms an increasing filtration of Dy 1 (V).
Then, we have canomcal morphisms

e (VN2 Bu®q , V) ZWk)I1/p1®a ), Vr.

Di/Dit1 = (Ba®gy- g’ (N

where the first injection is an isomorphism by counting dimensions. By the
additivity of Swan conductors, we have Swan(Dps(V)) = Swan(Dg 1 (V)) =
> i Swan(D;/D;i;1) = Y_; Swan(V;) = Swan(V). O

4.7. Main theorem. The aim of this subsection is to prove the following theorem,
which generalizes Marmora’s formula in Remark 4.7.2:

Main Theorem 4.7.1. Let V be a de Rham representation of Gg. Then, the
sequence {Swan(V |k, )}u~0 is eventually stationary and we have

Swan" (Ngr(V)) = lim Swan(V | ).
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Remark 4.7.2. When kg is perfect, we explain that our formula coincides with the
following formula from [Marmora 2004, Théoreme 1.1]:

Irr(Ngr (V) = lim Swan(Dps(Vx,,))-

Here, the LHS means the irregularity of Ngr (V') regarded as a p-adic differential
equation. By Lemma 4.6.5, the RHS is equal to the RHS in Main Theorem 4.7.1.
Therefore, we only have to prove Irr(D) = Swan" (D) for a (¢, V)-module D
over the Robba ring. Since D is endowed with a slope filtration and since both
irregularity and the differential Swan conductor are additive, we may assume that
D is étale by dévissage. Let V be the corresponding p-adic representation of finite
local monodromy. Then, the differential Swan conductor Swan" (D) coincides
with the usual Swan conductor of V ([Kedlaya 2007, Proposition 3.5.5]). On the
other hand, Irr(D) coincides with the usual Swan conductor of V ([Tsuzuki 1998,
Theorem 7.2.2]), which implies the assertion.

We will deduce Theorem 4.7.1 from Lemma 3.5.4(ii) by dévissage. In the
following, we use the notation as in Definition 4.6.2.

Lemma 4.7.3. Let V be a de Rham representation of G g with nonpositive Hodge—
Tate weights.

(1) The (¢, Gg)-modules

Bl ®g1 Nar(V). B, @5y N (V)

coincide with each other in Bilg ®aq, V. Moreover, the two filtrations induced

by the slope filtrations of Ngr (V) and erl; (V) also coincide with each other.
(i1) Let the notation be as in Construction 1.7.7. Then, there exists a canonical
isomorphism

' Nar (V) = D, (Vie,)

as (¢, V)-modules over B!

rig,K*
Proof. (i) We prove the first assertion. By Lemma 4.2.11 (with B = B %) we only
have to prove that D) := [B' o’ ®B” Ngr.,(V), D® := [BT 4 ®Bv+ N +(V) and

= [E{%T ! ®q, V satisfy the condltlons in the lemma. We have NdR’r(V) [1/t] =

Djlg’ (V)[1/1] by definition and

Bry ®g1r, Dy (V) =B @i B @51, DV (V)

=B @p B @,V =B @0,V

As we have Nv+(V) [1/t] = BV+[1/t] ®q, V by definition, we obtain a canonical

isomorphism [B r®Bv+erlg+(V)[1/t] = jlg [1/7]1®q,V, which implies condition (i).
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By Proposition 4.2.12(ii), we have a canonical isomorphism BdR®l Bl NdR F(VHE
BdR ®kDgr (V). On the other hand, we have canonical 1som0rph1sms

N (V) Z B ®gv: (B ®k Dar (V)" =" =B, ® Dar(V),

T Q~
BdR ®[El5rvigr erg

where the first isomorphism follows from [Ohkubo 2013, Proposition 5.3(ii)] and
the second isomorphism follows from [Ohkubo 2013, Proposition 5.4]. Since the
canonical map [BXR+ — [BIR is faithfully flat, condition (ii) is verified. The second
assertion follows from the uniqueness of the slope filtration [Kedlaya 2005, Theorem
6.4.1].

(i) By (i), there exists canonical isomorphisms

Bre ®p; & Nar(V)) = B, @ges o' NES (V) 2 B

rig rig rig ®@phi Vi

as ((p G k)-modules. By Lemma 4.5.7, we obtain a canonical isomorphism between
gr' (Ngr(V)) and IDLg(V) as (¢, FK) modules. Since V; is of finite local mon-
odromy, so is V;|g, . So, dlmBT DY, IEg) = dlm@ h V;; in particular, the canonical
injection DTV, lEg) — ([B%T ®@ i Vi) Hx is an 1s0m0rphlsm Therefore, we have
canonical isomorphisms Drlg Vi |[E K) ~pf (Vi) = gr' (Ngr(V)) as (pure) g-modules

rig
over B:lg x> hence, the assertion follows from Lemma 4.5.6. O

Remark 4.7.4. One can prove that there exist canonical isomorphisms

Bl @, Nar(V) 2 B, @0 N (V) 2N, (V).

Lemma 4.7.5. We have
Swan"” (Nar (V) = > Swan™S (Vg,).

1<i<r

Proof. We have

Swan” (Ngr(V)) = > Swan" (gr' (Nar (V)

1<i<r
= Y Swan" (D}, Wilg0) = Y Swan*(Viley),
1<i<r 1<i<r

where the first equality follows from the additivity of the differential Swan conductor
(Lemma 1.7.9), the second one follows from Lemma 4.7.3(ii), and the third one
follows from Xiao’s comparison theorem (Theorem 1.7.10). U

Proof of Main Theorem 4.7.1. By Lemma 4.7.5 and the definition of the Swan con-
ductor (Definition 4.6.2), we only have to prove Swan®S (V) | <) = Swan™S (V| K,)
for all sufficiently large n. This follows from Lemma 3.5.4(ii). U
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Appendix: list of notation

The following is a list of notation in order defined.

1.2:
1.3:
1.4:

1.5:

1.6:

1.7:
1.8:
1.9:
1.10:

3.1:

3.2
3.3
3.4:
3.5:
4.1:
4.2:
4.3:
4.4:
4.5:

4.6:

QL. 9;,0/0t;.
K”’ KOO’ FI?’ HI?’ ya’ yb’ 77 = (7707 e ey nd)’ g’ Lna LOOs FLs HL? FL,]

E(—’_)’ lLE’ &(J’_)’ @(+)’ 89 f]’ 7T, q’ Ail’lf) B((j—l:)’ uj’ t’ DdR( ° )s vgeom’ Bzé—‘r), ACI‘iS’
Bcris, Berg-i-
aSICi/K,Z’ ]:'a(L)’ b(L/K)’ aSZ/K,Z’P, ]:l%g(L)’ blog(L/K)7 AITAS( . ),
SwanAs(-).

USn, wr, W(E),, Weon(E), 'y, Teons Fan,h l_‘an,cona O{{S}}a O((S))T’ry 0((S))T,
R, Mod, (o), Modft(a), Mod; (o).

Qk, QL. d: R — Qk, Modi(¢", V) D, D7, Swan" ().

X =X (R € no).

B B AT, B, A, By, B, Modg) (9", Tr), D(-), V(-).

Rir R B, B Bl Bl AT, AT, BY BY BIY, B AR AL B B,
b B B’

.r At T gt mir , .r i
l‘ig,L’ l‘ig,L’ AL ’A[) BL ’ BL’ Brig’L’ l‘ig,L’ [D)T r(')’ [DT()’ Dng()’ Drlg()

R(X), O(S)¢", |- 1. OLSTX), O(SNE(X), OSSN (X), deg(p), & (p),
K(p)7 np
57 >, zlex, ER’ %Ra LTR( : )’ | . |qt
As IT,", Atr? | : |r,qt-
Idem(-), as -p.qi, | - lp,sp Ax(p)-
AS", AS],,.
Kullur, ..., ugl".
s s Nar (), Nar (), NEZ (), NE ().
v;.
V. V.
Repa,h(GK)’ D[S]a MOd%T (gov GK)7 MOdeT (‘p» FK)’ MOdﬁﬁi(gov GK)’
rig ~ rig, K ~
Mody, (9. T'e). Mody (9. G ). B (). D). Dl (0. BT, D)

Nya (), Vi, Swan(-).
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