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Indicators of Tambara—Yamagami
categories and Gauss sums

Tathagata Basak and Ryan Johnson

We prove that the higher Frobenius—Schur indicators, introduced by Ng and
Schauenburg, give a strong-enough invariant to distinguish between any two
Tambara—Yamagami fusion categories. Our proofs are based on computation of
the higher indicators in terms of Gauss sums for certain quadratic forms on finite
abelian groups and rely on the classification of quadratic forms on finite abelian
groups, due to Wall.

As a corollary to our work, we show that the state-sum invariants of a Tambara—
Yamagami category determine the category as long as we restrict to Tambara—
Yamagami categories coming from groups G whose order is not a power of 2.
Turaev and Vainerman proved this result under the assumption that G has odd
order, and they conjectured that a similar result should hold for groups of even
order. We also give an example to show that the assumption that |G| is not a
power of 2 cannot be completely relaxed.

1. Introduction

Fusion categories (see [Etingof et al. 2005]) occur in various branches of mathe-
matics: low-dimensional topology, subfactors, and quantum groups, to name a few.
Classification of fusion categories, although currently out of reach in general, is
a main driving question in the area. A natural method for classifying objects in
mathematics is via numerical invariants. Ng and Schauenburg [2007b] introduced
a class of invariants of spherical pivotal fusion categories (to be simply called
spherical categories) called the higher Frobenius—Schur indicators. Let C denote
a spherical category. For each simple object V of C and each integer k > 1, Ng
and Schauenburg define a complex number v (V), called the k-th indicator of V.
These build on and generalize many previous works, e.g., [Bantay 1997; Fuchs
et al. 1999; Fuchs and Schweigert 2003; Kashina et al. 2006; Linchenko and
Montgomery 2000; Mason and Ng 2005]; we refer the reader to the introduction
of [Ng and Schauenburg 2007b] for more details. For k = 2, these invariants
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generalize the classical Frobenius—Schur indicator of a finite group representation.
The Frobenius—Schur indicators of the simple objects of C can be used to define the
Frobenius—Schur exponent of C, denoted FSexp(C). When C is the representation
category of a quasi-Hopf algebra, FSexp(C) is equal to exp(C) or 2 exp(C) [Ng and
Schauenburg 2007a, Theorem 6.2] where exp(C) denotes the exponent of C in the
sense of Etingof et al. (see [Etingof 2002] and its references).

The higher indicators are powerful tools for studying pivotal categories. For
example, they were used in [Ng and Schauenburg 2010] to prove that the projective
representation of SL,(Z) obtained from a modular tensor category factors through
a finite quotient SL,(Z/nZ) for some n. In this article, we demonstrate that the
numbers v;(V), as k varies over natural numbers and V varies over the set of
simple objects of C, give a strong-enough numerical invariant of C that is able to
distinguish between any two spherical categories in an interesting class, known as
Tambara—Yamagami categories (TY-categories for short).

Susan Montgomery has asked whether the FS-indicators of a semisimple Hopf
algebra determine the tensor category of its representations. This was shown to
be true for the class of semisimple Hopf algebras of dimension 8 in [Ng and
Schauenburg 2008]. The representation categories of these Hopf algebras are TY-
categories. Kashina et al. [2012] showed that, for the class of nonsemisimple Hopf
algebras called Taft algebras, the second indicator can distinguish between the
finite tensor categories of their representations. Along similar lines, Siu-Hung Ng
(private communication) has asked whether a spherical fusion category generated
by a simple object is completely determined by its FS-indicators. Our results give
an affirmative answer to this question for the class of TY-categories.

Let G be a finite group. Let S be a finite set that contains G and one extra
element, denoted m. Consider the following fusion rule on S:

gR®h=gh, mg=g@m=m, m®m=@x forall g, h € G.
xeG

Tambara and Yamagami [1998] classified all fusion categories that have the above
fusion rule; for a conceptual proof of this classification, see [Etingof et al. 2010,
Example 9.4]. Such fusion categories exist only if G is abelian and are classified by
pairs (x, t) where x : G x G — C* is a nondegenerate symmetric bicharacter on G
and 7 is a square root of |G|~!. For each tuple (G, x, t) as above, there exists a
spherical category, denoted TY (G, x, t). Two TY-categories C =TY (G, x, t) and
C'=TY(G', x', t’) are isomorphic as spherical categories if and only if t = 7’
and (G, x) ~ (G’, x), that is, there exists an isomorphism f : G — G’ such that
X' (f(x), f(y)) = x(x,y) forall x,y € G. Let Irr(C) = G U {m¢} be the simple
objects of C. There is a canonical (spherical) pivotal structure on C such that the
pivotal dimension of an object matches the Frobenius—Perron dimension. For an
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object V of C, let pdim(V) denote its pivotal dimension for this canonical pivotal
structure.
We shall prove the following theorem:

Theorem 1.1. Let C and C' be two TY -categories. If

doou= ) wv),

Velrr(C) Velrr(C)
> pdim(V)ne(V)= > pdim(V)ue(V)
Velrr(C) Velrr(C)

forall k > 1, then C >~ C' as spherical fusion categories.

Now we shall describe our plan for the proof of this theorem and give a sum-
mary of contents of the sections. Let C = TY(G, x, t) and C' = TY(G', x', /)
be two TY-categories. Assuming G and G’ are nontrivial groups, the assump-
tions of Theorem 1.1 are quickly seen to be equivalent to vg (m¢) = v (me) and
Y e Vk(X) =) .5 vk (x). Based on work done in [Shimizu 2011], we can easily
conclude that G >~ G’ and T = t’. Most of our work goes into showing that, if
vi(me) = vi(me) for all k, then (G, x) ~ (G, x'). Shimizu [2011, Theorems 3.3
and 3.4] calculated v (m¢) using an expression for the indicator in terms of the
twist of the Drinfeld center of C [Ng and Schauenburg 2007a, Theorem 4.1]. This
project started for us when Siu-Hung Ng asked us whether the 8-th root of unity in
[Shimizu 2011, Theorem 3.5] is related to the signature modulo 8 for some related
lattice. This indeed turns out to be the case. A simple restatement of Shimizu’s
result gives us a formula relating the indicators vy (m¢) to certain quadratic Gauss
sums; see Lemma 4.1. This formula is the starting point for our calculations, and
we want to explain it in precise terms. For this, we need some notation.

Let G be an abelian group, always written additively in this paper unless otherwise
stated. Let ¢ : G — Q/Z be a quadratic form on G. Given a pair (G, ¢), one defines
the associated quadratic Gauss sum

0(G,q) = IGI_I/ZZe(q(x)), where e(x) = >+, (1
xeG

For k € Z, it will be also convenient to define the invariant
£(G.q) = O(G, 9)*O(G, —k - q). )

Let C =TY(G, x, t) be a TY-category where (G, x, ) is a triple as above. We
choose a quadratic form ¢ on G such that x(x, y) = e(—dq(x, y)) where dq :
G x G — Q/Z denotes the symmetric Z-bilinear form

dg(x,y)=q(x+y)—qx)—q(y). 3)
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One can show that such a g always exists. In Lemma 4.1, we prove that for k > 1

v (me) = sign(v)* & (G, q).

Much of the calculation in Sections 3 and 5 is geared towards finding explicit
formulae for & (G, g) by using the classification of the irreducible quadratic forms
and the known values of Gauss sums of these irreducible forms. The calculations
are more complicated when G is a 2-group, which is a well known feature in the
theory of quadratic forms on finite abelian groups. When G is a 2-group, and v, (k)
(the two-valuation of k) is at least 1, we relate & (G, ¢) to an invariant oy, )(dq) of
the pair (G, dq) (see Lemma 3.8). The invariant ,,(d¢q) is a generalization of the
Kervaire-Brown—Peterson—Browder invariant [Brown 1972; Kawauchi and Kojima
1980, p. 33]. Detailed calculation of the values of the Gauss sums and properties of
the invariant 0, (dq) lets us conclude that the bicharacter x can be recovered from
values of the Gauss sums, thus proving our theorem.

Sections 2 through 4 contain preparatory material. In Section 2, we collect the
background material necessary for quadratic and bilinear forms on finite abelian
groups and their classification. The results here are mostly due to C. T. C. Wall
[1963]; also see [Miranda 1984; Kawauchi and Kojima 1980; Nikulin 1979],
wherein the proofs can be found. However, we have chosen to include the proofs
of most of what we need in the detailed Appendix. In particular, we give a proof
of the existence part of Wall’s theorem (see Theorem 2.1) on the classification of
nondegenerate quadratic and bilinear forms on finite abelian groups. We have ex-
plained our reason for including the Appendix in Section 2, following the statement
of Theorem 2.1.

Section 3 contains the background on values of Gauss sums and calculation
of £&.(G, q) in various cases. Section 4 introduces the TY-categories and relates
the indicator values vy (C) with Gauss sums. With these preparations, we prove
Theorem 1.1 in Section 5.

Finally, in Section 6, we apply Theorem 1.1 to address a recent conjecture
[Turaev and Vainerman 2012] regarding 3-manifold invariants constructed from
TY-categories. Given a compact 3-manifold M and a spherical category C, one
can define an invariant | M|, called the state-sum invariant in that paper. Turaev
and Virelizier [2013] showed that [M|c = tz()(M), where Z(C) is the Drinfeld
center of C and tz()(M) denotes the Reshetikhin—Turaev invariant. For k > 1,
let L1 ={(z1,22) € C?: |z1]*> + |221> = 1}/((z1, 22) ~ €*™/*(z1, z2)) denote the
lens spaces. In Theorem 6.3, we show that a TY-category C = TY(G, x, 7) is
determined by the sequence of state-sum invariants {|L 1|c : K > 1} as long as
we restrict to categories such that |G| has an odd factor. Turaev and Vainerman
proved this result assuming that |G| is odd and conjectured that a similar result
should hold for groups of even order. In Section 6, we exhibit two nonisomorphic
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tuples (G, x, t) and (G', x', t’) such that |Lg 1|ty x.t) = |Lk.1lTv(6' 5. for
all k. In our example, both G and G’ have order 64. This example demonstrates
that one needs to put some hypothesis on the possible orders of G or else consider
state-sum invariants of other 3-manifolds if one has to recover the category from
the data of these invariants.

Quadratic and bilinear forms on finite abelian groups appear in various places in
topology and geometry. We give some examples:

o The “torsion linking pairing” on the torsion part of the n-th integral homology
of a (2n+1)-dimensional real compact manifold coming from Poincaré duality
and intersection pairing, for example [Kawauchi and Kojima 1980]. For 3-
manifolds, we get a pairing on the torsion 1-cycles related to the linking number.
For this reason, discriminant forms are called linking pairs in that paper.

« Intersection pairing on the torsion part of middle cohomology of a (4n + 2)-
dimensional manifold and computation of Kervaire—Arf invariants [Brown
1972].

o Study of integral lattices coming from algebraic geometry, for example study
of K3 surfaces [Nikulin 1979]. Let G be a finite abelian group and b be a
nondegenerate symmetric bilinear form on G. For each pair (G, b), there exists
apair (L, B), where L ~ 7" and B : L x L — Z is a nondegenerate symmetric
Z-bilinear form such that G = L’/L and b is the Q/Z valued form induced
on L'/L by B; here L’ denotes the dual lattice of L. For this reason, we have
borrowed the name “discriminant form” from [Nikulin 1979] for pairs (G, b).

We hope that the methods of calculation of Gauss sums will have other uses in
computations of Gauss sums coming from the above sources.

2. Bilinear and quadratic forms on finite abelian groups

Definitions. Let G be a finite abelian group (written additively). Let exp(G) denote
the exponent of G. A discriminant form is a pair (G, b) where G is a finite abelian
group and b : G x G — /7 is a symmetric bilinear form on G. As all the
bilinear forms considered in this article are symmetric, the adjective “symmetric”
will sometimes be dropped. Say that b or (G, b) is nondegenerate if for each
nonzero x € G there exists y € G such that b(x, y) # 0.

Let G be a finite abelian group and g be a quadratic form on G. We say that the
pair (G, q) is a premetric group. We say that g is nondegenerate and (G, q) is a
metric group if the bilinear form dg (see (3)) is nondegenerate.

The morphisms in the categories of discriminant forms and premetric groups are
defined as usual. Isomorphisms are often called isometries. There is an obvious
notion of an orthogonal direct sum on discriminant forms and premetric groups.
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If (G1, q1) and (G3, g2) are two premetric groups, we let (G, q1) L (G2, q2)
denote their orthogonal direct sum. The map (G, q) — (G, dq) defines a functor
from the category of premetric or metric groups to the category of discriminant or
nondegenerate discriminant forms, respectively.

Remark. Let G be a finite abelian group. Note that a bilinear form on G takes
values in exp(G)~'Z/Z. Let (G, q) be a premetric group. Let a € G. Note that
dq(a, a) =2q(a), and so g takes value in (2 exp(G))_ll/Z. If G has odd order,
then a = 2(%(exp(G) +1))a. Sog(a) = %(exp(G) +1)dq(a, a). Hence, g actually
takes values in exp(G)~!Z/Z and dq determines ¢. But this fails for groups of
even order. For example, consider the nondegenerate bilinear form on Z/4Z given
by b(x, y) = xy/4. Then g(x) =x2/8 and ¢’(x) = 5x2/8 are two distinct quadratic
forms on Z /47 such that g = dg’ = b.

Definitions. Let p be a prime. If a is a rational number, v,(a) will denote the
p-valuation of a. It will be convenient to extend the definition of p-valuation as
follows. Let G be an abelian p-group. Define v, : G — Z<o U {00} by v, (x) =
— logp (order(x)) if x is a nonzero element of G, and v,(0) = co. We say that
v, (x) is the p-valuation of x.

This definition of p-valuation is useful to us because of the following example.
Let Q) be the ring of all rational numbers of the form m/p” where m € Z
and r € Z>¢. If (G, q) is a premetric p-group, then observe that ¢ and dg take
values in the Z-module Q,)/Z. If « is a nonzero element of Q(,)/Z, then it can be

written as p~"a for some a € Z relatively prime to p. One has v,(a) = —n.

Let (G, b) be a discriminant form. Let e, ...,ex € G and b;; = b(e;, ¢;).
The matrix B = ((b;;)) is called the Gram matrix of ey, ..., e;. We shall write
Gramy(eq, ..., e,) = B. One has

b(Zgiei,Zhjej) Z(gl,...,gk)B(hl,...,hk)tr, gl,...,gk,hl,...,hkez.
i J

A discriminant form or premetric group is called irreducible if it cannot be written
as an orthogonal direct sum of two nonzero discriminant forms or premetric groups,
respectively. A finite abelian group is homogeneous if it is isomorphic to (Z/p”Z)"
for some prime p and positive integers r and n. For a p-group G, we let tk(G)
denote the minimum number of generators for G or equivalently dimg ,(G/®(G))
where @ (G) is the Frattini subgroup of G. In particular,

tk((Z/p"2)") = n.

An element of (Z/p"Z)" will often be written as a vector whose entries come
from Z/p"Z. A discriminant form on a homogeneous finite abelian group will be
often written as ((Z/p"Z)", B) where B is an n x n matrix with entries in p~"Z/Z
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name in [Miranda 1984] (G, q) (G, 9q)
Ay (21072900 = LD (2172, ;)
By (2172 qu0 = 22 0) (z1r2.%2)
Ay (222,90 = erxZ) (2122 21)
By (Z/Z’Z,q(x) 2r+1x2> (Z/Z’Z, ;—1)
Cy (Z/Z’Z g(x) = x2> (Z/Z’Z, 23)
Dy (222,900 = 2+1 ) (2122 ;5)
Ey (@22 g =52) (@2 (%))
B (@222 = ) (@pp (3 20))

Table 1. Irreducible quadratic and symmetric bilinear forms. In the
first two rows, p represents an odd prime. For the prime 2 and for r =1
or 2, some of the forms above are isometric. For example, Ay >~ Cj.

such that b(x, y) = xBy" for all x,y € (Z/p"Z)". Let p be an odd prime and
u, denote a quadratic nonresidue modulo p. Table 1 lists the irreducible metric
groups (G, q) and corresponding irreducible discriminant forms (G, 0q).

Theorem 2.1 [Wall 1963; Miranda 1984; Nikulin 1979]. (a) Each nondegenerate
discriminant form is an orthogonal direct sum of the irreducible discriminant
forms listed in Table 1.

(b) Each metric group is an orthogonal direct sum of the irreducible metric groups
listed in Table 1.
It follows that, given any nondegenerate symmetric bilinear form b on a finite
abelian group G, there exists a quadratic form q on G such that dq = b.

A proof of Theorem 2.1 has been sketched in the Appendix. Here we shall only
give a brief indication of our argument. This argument seems to be different from
the proofs in the references above, and we believe it is simpler. It is probably well
known to experts, but we have not seen it in the literature.

Let (G, b) be a discriminant form. Write G = @p G(p) where G is the p-
Sylow subgroup of G. Let b(,) be the restriction of b to G () X G (). Clearly (G, b)
is an orthogonal direct sum of (G p), b)) as p varies over primes. So it suffices to
decompose (G, b) into irreducibles when G is a p-group for some prime p.
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Let G be a finite abelian p-group and b be a nondegenerate symmetric bilinear
form on G. The algorithm for decomposing (G, b) into irreducibles boils down
to diagonalizing symmetric matrices with entries in Q(,)/Z via conjugation. The
algorithm for diagonalization is the same as the well known algorithm for diagonal-
izing quadratic forms over p-adic integers; see for example [Conway and Sloane
1999, Chapter 15, §4.4]. This algorithm is the core of our argument. We repeat
that we could not find this argument in literature for bilinear forms on finite abelian
groups. This is our first reason for including the Appendix. A second reason is that
the argument is constructive, and so it can be useful in actually decomposing given
bilinear forms over finite abelian groups into irreducibles. A third reason is that part
(b) of Theorem 2.1 as well as Lemma 2.2 (which we need in our arguments) are not
explicitly stated in [Wall 1963]. They can probably be extracted from the arguments
in [Wall 1963] or [Miranda 1984; Nikulin 1979]. But this might require some work
mainly because each paper has its own rather complicated set of notations.

The following lemma, describing the nondegenerate quadratic forms on (Z/2"Z)?,
is essential to the proof of Theorem 2.1. It is stated here because we shall also use
it in the computation of some Gauss sums. It can be proved using Hensel’s lemma.
A proof is given in the Appendix.

Lemma 2.2. Set G =(Z/2"7)? and let q be an irreducible nondegenerate quadratic
form on G. Then there exist integers A, B, C with B odd such that q(x, x2) =
27"(Ax} + Bxixa + Cx3). If AC is even, then (G,q) =~ (Z/2"Z)*, x1x2/2").
Otherwise, (G, q) ~ (Z/2"Z)*, (x? + x1x2 +x3)/2").

3. Gauss sums and related invariants of a quadratic form

Let G be a finite abelian group and g : G — Q/Z be a quadratic form on G. In
Section 1, we defined the quadratic Gauss sums ® (G, ¢) and the related invariant
& (G, q); see (1) and (2). In this section, we shall compute the invariants & (G, q)
and &, (G, q) for various pairs (G, g). One verifies that ® is multiplicative, that is,

OWG1,q1) L (G2, 92)) =0O(G1,q1)0O(G2, q2).

In the same sense, & is also multiplicative. We start with the following well known
result. The proof is omitted.

Theorem 3.1. (a) Let x : G — C* be a character on G. Then ). x (x) = |G|
ifx="1and ) .; x(x) =0 otherwise.

(b) If q is a nondegenerate quadratic form on G, then ©(G, q)O(G, —q) =1 and,
in particular, |®(G, ¢)|> = 1.

The next lemma gives the values of the Gauss sums of irreducible nondegenerate
forms.
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Lemma 3.2. (a) Let p be an odd prime and « be an integer relatively prime to p.
Then

O/ Z.ap +15%120) = (22) e,

where (27“) denotes the Legendre symbol and €,, = 1 if m = 1 mod 4 and
€n=11fm=3 mod4.

(b) Let @ be an odd integer. Then
Q)2 7, ax? /21y = (= 1)@ =D/Bg(q/8).
(c) Let a, B, and y be integers with B odd. Then
O(Z/2"2), (axi + Bxixa +yx3)/27) = (—1)*".

Proof. For part (a), see for example [Iwaniec and Kowalski 2004, p. 52]. Let G,
and G, denote the left-hand sides of the formulae in parts (b) and (c), respectively.
Then one verifies that G, = 2G,_; and G, = 4G, _, for r > 2. Parts (b) and (c)
now follow by induction once the formulae for r = 1 and 2 are verified. (|

Since ® is multiplicative, one can calculate the Gauss sums of arbitrary non-
degenerate forms by first decomposing the forms into orthogonal direct sums of
irreducible forms and using Lemma 3.2. We will also need to compute the Gauss
sums of some singular forms. This is the purpose of the lemma below.

Lemma 3.3. (a) Let p be a prime. Let G = (Z/p"Z)", and let g be a p~"7/7Z-
valued quadratic form on G. Let 0 < s <r. Then p*q induces a quadratic
formon G/p"—*G and

@(G, psq) — psn/2®(G/prst’ pSQ)-
(b) Let a be an odd integer. Then one has

5 25/2(—1) =)@ =D/8g(q/8) if0 <5 <,
oax X
®(Z/2rZ,2YW>= 0 zfs=r,
2r/2 ifs>r.

Proof. (a) If x =x" mod p"*G, then p*q(x) = p*q(x’) since ¢ and dq take values
in p7"Z/Z. So p*q(x) induces a form on G/p"~*G. One has

GI'20(G, P9y =Y e(p'qe) =1p""Gl Y e(p’qa(y)
xeG yeG/p™=°G
=1p"’GlIG/p"*GI'*O(G/p" G, p*q).

Part (a) follows since |p" ~* G| = p*".
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(b) First suppose » — s > 1. Note that, if y = x mod 2" ™%, then ay?/2 5+ =
ax?/2" 7t mod Z. So

2 271 2
/2 Rl e
2 ®(Z/2rZ’ 2 2r+1> - Z e(zr—s-H

2 —1

2 2
2>y GX ) o902 —sz XX
=2f e(Zr_s+l)—2r § ® Z/Zr SZ’ZF——S—H .

x=0

Part (b) now follows from Lemma 3.2 for 0 <s < r. Now let s = r. Note that, if
y = x mod 2, then «x?/2 = ay?/2 mod Z. So
- -1 1
2’/2®<Z/2’Z, 2. F) =) e(@x’/2)=2"">"e(ax’/2) =0.
x=0 x=0
For s > r, the quadratic form we have is identically equal to 0, so the result is
obvious. ([
Lemma 3.4. Let p be an odd prime, and let both r and k be positive integers. Let

q1 and g be the two nonisometric nondegenerate quadratic forms on G = Z/p”"Z.
Then

(G, q1) = (—) &(G, q2)
where € . = r(k + 1) — min{r, v, (k)}.

Proof. There are only two distinct nondegenerate quadratic forms on G; see Table 1.
Without loss of generality, we may thus assume that g;(x) = u;(p" + Dx2/2p"
for j = 1,2, where u; = 1 and up = u, is a quadratic nonresidue modulo p.
Lemma 3.2(a) implies O(G, q1) = (—=1)"O(G, q2). If v, (k) > r, the lemma holds
by the fact that ©(G, —kq) = /|G].

Now assume 0 < v, (k) <r. Write s = v, (k) and —k = p*a with a € Z relatively
prime to s. Then ©(G, —kgq;) is equal to

O(G, p’ag)) = p**OZ/p"Z, p*au;(p" + 1)x*/2p")
=p*?O@/p" L, (p + Daujx?/2p").
The first equality follows from Lemma 3.3(a). For the second, we need to observe
that the quadratic forms (p" ™ 4+ Dax?/2p"~* and (p” + 1)ax?/2p"~* are identical
on Z/p"~*Z. From Lemma 3.2(a), we have
O(Z/p"Z, (p"* + Dau,x*/2p" ™)
=(=1)"70(Z/p" 2, (p"* + Dax*/2p"™*),

which implies O (G, —kg,) = (—1)""»® O (G, —kg;). The lemma follows once
we recall that ®(G, q;) = (—1)"O(G, q2). U
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Next, we shall introduce an invariant o (b) of a discriminant form (G, b) defined
in [Kawauchi and Kojima 1980] and in Lemma 3.6 compare it to our Gauss sums
(discriminant forms are called linking pairs in [Kawauchi and Kojima 1980]).

Definitions. For the convenience of the reader, we shall recall some of the defi-
nitions from [Kawauchi and Kojima 1980; Wall 1963]. Let G be a finite abelian
group. Let

Glnl={xeG:nx =0}

denote the n-torsion subgroup of G. Let p be a prime. Then G () =, G[p"] is
the p-Sylow subgroup of G. For k > 1, define

GY = GIpM/(GIp* "1+ pGIp ).

Take a decomposition of G into a direct sum of cyclic groups of prime power
order. If such a decomposition has n factors isomorphic to Z/p*Z, then 6'; is an
elementary abelian p-group of rank n. Let b be a nondegenerate symmetric bilinear
form on G. Then

By (Ix1, [y = p*~'b(x, y)

defines a nondegenerate bilinear form on 5’;. Here x and y denote any two elements
of G[p*] representing [x], [y] € Gk, respectively.

Let ¢ (b) be the characteristic element (also called parity element) of the [F;-
quadratic space (G¥, 5’2‘). Explicitly, c (b) is the unique element of 515 such that
512‘ (x,x)= 15’2‘ (x, c*(b)) for all x € 5’5 In other words, c*(b) is represented by any
¢ € G[2¥] that satisfies

25 1p(x, x) =25 b(x,c) forall x € G[2F].

Note that both sides of the above equality can only take the values 0 or 1/2. Also
observe that the characteristic element cX (b) is zero if and only if b(x, x) € 2! %77
for all x € G[2X].

The invariant oy (b) takes values in (Z/87)U{oo}, which is made into a semigroup
by defining 0o 4+ 00 = n 4 0o = oo for n € 7/87. If ck(b) # 0, then o, (b) = oo by
definition. If ¢*(b) = 0, then one checks that

qr(x) =25"b(x, x)

induces a well defined quadratic form on G2/ G[2¥] and, following [Kawauchi
and Kojima 1980], we can define oy (b) by

1G2)/ GI211"?© (G 2)/ G121, qi) = Ce(or(b)/9),

where C is the absolute value of the left-hand side of the equation [Kawauchi
and Kojima 1980, §2]; we shall soon see that C # 0. If x, y € G(2) represent
[x]. [y] € G(2)/ G[2*], then dq([x], [y]) = 2*b(x, y). Suppose [x] € G 2)/ G[2*]
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such that g, ([x], [y]) =0forall [y] € G(z)/G[2k]. Let x € G(2) be a representative
for [x]. Then 2*b(x, y) =0forall y € G(2). Since b is nondegenerate, it follows
that 2¢x = 0, so [x] = 0 in G(3)/G[2*]. So we have argued that, if c*(b) = 0,
then g (x) is a nondegenerate form on G2/ G[2*]. Hence, Theorem 3.1(b) gives
C=1Gp/ G[2¥11'/%. So oy (D) is in fact given by the simpler formula

O(G )/ GI2"1, qr) = e(or(b)/8). )

The following theorem is the reason for our interest in the invariant oy (b), and it
follows from Theorem 4.1 of [Kawauchi and Kojima 1980].

Theorem 3.5. Let G be a finite abelian 2-group, and let b and b’ be two non-
degenerate symmetric bilinear forms on G. Then (G, b) >~ (G, b') if and only if
ox(b) >~ o (b') for all k > 1.

Definition. It will be convenient for us to work with the invariant

k(D) = e(0r(D)/8) &)

rather than oy (b). If oy (b) = oo, then we define ¢;(b) = 0. So ¢ takes values
in the multiplicative semigroup ug U {0} where ug is the group of 8-th roots of
unity. From Corollary 2.2 of [Kawauchi and Kojima 1980], it follows that, if
(G,b) = (G, b)) L (G, by), then ¢ (b) = ¢ (b1)sr(by). In other words, ¢ is
multiplicative, just like the Gauss sums or the invariant &. The multiplicativity
of ¢ (b) also follows from the next lemma.

Lemma 3.6. Let G be a finite abelian 2-group, and let b be a nondegenerate
symmetric bilinear form on G. Let k > 1. Then

(G, 2 b (x, x)) = G211 2 g1 ().

Let q be a nondegenerate quadratic form on G. Then with b = dq, the above
equation yields
sk(39) = G[2]]7/?0(G. 2*g). (©6)

Proof. Let qr(x) = 2k=1p(x, x). Let w vary over a set of coset representatives of
G/ G[2¥] and y vary over G[2*]. Then

IG|'20(G. qi) = Y e(qr(w+ ) = Y e(qr(w)) Y e b(y, *(B)). (1)
w,y w y

The second equality follows since 2¢b(w, y) =0 and 2"1b(y, y) =28"1b(y, K (b)).

If K (b) #0, then y — e(2*~'b(y, ck(b))) is a nontrivial character on G[2¥], so the

inner sum in (7) is zero; hence, © (G, 2¥~b(x, x)) = 0. Now suppose k) =0.

Then we find that 2~ 'b(w, w) = 2K"'b(w’, w’) if w = w’ mod G[2*]. Thus,
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(w — gx(w)) induces a quadratic form on G/ G[2*]. From (7), we get
GI'"?0(G, g0 = 1G22l ) elqr(w))

weG/GI2!] = |G[2"1IVIG/ G[2*11©(G/ G[2"], qv).
The lemma follows from (4). U

Lemma 3.7. Let (G, q) be an irreducible metric 2-group with exp(G) = 2" (see
Table 1). Let 8 be an odd integer and n > 1. Then

n 0 ifn=randk(G) =1,
3g)P* = \ 8
5n(99) {(— k(@289 (G, q)ﬂ2 otherwise, ®
where §; j is the Kronecker delta, and
O(G. p2"q) = |G[2"]|'A(— 1yKO maxtr=n0F*=D/S ¢, (5P ©

Proof. We treat the cases rk(G) = 1 and rk(G) = 2 separately. First suppose G
has rank 1, that is, (G, q) >~ (Z/2"Z, ax2/2’+1) where o € {1, £5}. Then from
Lemma 3.2(b), we find that ® (G, q) = *e(x/8). Since n > 1, we have

O(G, )" = e(a/8)r*. (10)

Now we split the argument into three cases.

Case 1 (n > r). Then O(G,2"Bq) = |G|'/? = |G[2"]]"/?, and so (6) implies
¢,(dg) = 1. This verifies (9). From (10), we obtain ©(G, ¢)#*" = e(a/8)F? =
(—1)%2%-1_ This verifies (8).

Case 2 (n = r). Lemma 3.3(b) implies that ®(G, 2"8g) = 0. From (6), we get
¢, (0g) = |G[2"1I7120 (G, 2"g) = 0 too. This verifies (8) and (9) in this case.

Case 3 (1 <n < r). From (6) and Lemma 3.3(b), we have

6. (3q) = |G[2"]7'?0(G, 2"¢)

2
= 2—"/29(2/27, 2"

ox
2r+l

) _ (_1)(r—n)(a2—l)/8e(a/8).

Since n > 1, using (10), we obtain ¢,(3¢)?*" = e(a/8)P?" = O(G, ¢)#*", which
verifies (8). To verify the expression for ® (G, f2"q), we compute as follows:

n < r nﬁaxz)
O(G,2"Bq)=0\2/2"Z,2

2r+l
= 2" (1) D e (B 8)
_ 2n/2(_1)(r—n)(/32—1)/8((_1)(r—n)(a2—1)/ge(a/8))'3
_ 2n/2(_ 1)(r—n)(52—1)/8 Cn (86])5,
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where the third equality follows from the fact that for odd integers § and «
@B =) —(B* =D —B@* -1 =pB 1@ —1)=0mod 16.  (11)

This verifies (9) and finishes the argument in the case rk(G) = 1.

Now assume rk(G) = 2. If n < r, then (6) and Lemmas 3.3(a) and 3.2(c) give us
Gn(0g) = %1 (or else see Corollary 2.2 of [Kawauchi and Kojima 1980]). If n > r,
then from (4), we obtain, ¢, (dqg) = O(G/G[2"], 2"q). Since G[2"] = G, the Gauss
sum is equal to 1 and thus ¢, (dg) = 1. Thus, in any case, we find that ¢, (dq) = 1.
Lemma 3.2(c) tells us that ®(G, g) = %1 as well. Now (8) follows since n > 1.

Since ¢, (dg) = %1, the right-hand side of (9) becomes

1G12"11"?5,(3q).

Since G is of type Eor or Fpr, Lemma 2.2 implies (G, Bq) >~ (G, q). So (G, 2" Bq) =
(G,2"q), and (9) follows immediately from (6). U

Lemma 3.8. Let (G, q) be a metric 2-group. Let n > 1 and B be an odd positive
integer. Let ¢,(0q) be the invariant introduced in (5). Then

£25(G, q) = (—D)Tern|G[2")| 26, () > ~ VP

where I'G g is an integer dependent on G, B, and n and independent of q. More
precisely, if we write G =~ @f‘;l(Z/Z’Z)M, then

o.¢]
TG.pn=0x2Ni+ Ny max{r —n,0}(8> —1)/8.

r=1
Proof. Observe that both sides of the equation we want to prove are multiplicative
invariants of a metric group. Since any metric group (G, g) can be decomposed
into irreducibles by Theorem 2.1, it suffices to prove the equation when (G, q)
is an irreducible metric group. Assume (G, g) is an irreducible metric group
of exponent 2"; the possibilities for these are given in Table 1. Note that G is
isomorphic to (Z/2"Z) or (Z/2"7)* and N; =4;,1k(G). So the equation we want
to prove becomes

0(G, 9)"* (G, —p2"q)
— (_ l)rk(G)zSn_zBl,,-i-rk(G) max{r—n,O}(,B2—1)/8|G[2n] | l/zgn (aq)(Z"—l)ﬁ'

This equation follows directly from Lemma 3.7. (]

4. Indicator of Tambara-Yamagami categories as Gauss sums

Let G be a finite abelian group. A function x : G x G — C* is called a symmetric
bicharacter on G if x(x,-) and x (-, x) are characters on G and x (x, y) = x(y, x)
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for each x, y € G. A symmetric bilinear form b on G determines a symmetric
bicharacter ¥ : G x G — C* given by x(x,y) = e(—b(x, y)) (the minus sign
in front of b is for consistency with notation in [Shimizu 2011]). This sets up
a natural correspondence between bilinear forms and bicharacters. We say y is
nondegenerate if b is.

Let G be a finite abelian group, x be a nondegenerate symmetric bicharacter
on G, and 7 be a square root of |G|~!. Let b be the bilinear form on G given
by x (x, y) =e(—b(x, y)). Given any triple (G, x, ), there exists a spherical fusion
category C, called the Tambara—Yamagami category or TY-category for short. We
shall denote this category by TY(G, x, t) or by TY(G, b, 7). The simple objects
of C are G U {m}. We shall write m = m¢ if there is a chance of confusion. The
associativity constraint in TY (G, x, t) is dictated by the bicharacter x and sign(7).
See [Tambara and Yamagami 1998] or [Shimizu 2011] for more details on the
TY-categories. Caution: the abelian groups in [Shimizu 2011] are multiplicative
while for our purpose it is convenient to write the group G additively.

For each simple object x of a spherical fusion category and each integer k > 1,
one can associate a complex number v (x), introduced in [Ng and Schauenburg
2007b], called the k-th Frobenius—Schur indicator of x. The lemma below tells us
the indicators of the simple objects of a TY-category. This is an easy translation of
results in [Shimizu 2011]. Our main observation is noting that the indicators of the
object m¢ can be expressed in terms of certain Gauss sums.

Lemma 4.1. Let C =TY(G, x, t) be a TY-category. From [Shimizu 2011, The-
orem 3.2], we know that vi(x) = 8, 1 for x € G. Let b be the bilinear form on G
given by x(x,y) = e(—b(x, y)). Let g be any quadratic form such that dg = b.
Then for all k > 1, one has vyr—1(m¢) = 0 and

var(me) = sign(1)*O(G, ) O(G, —kq) = sign()*&(G. q),
and this value does not depend on the choice of q.
Proof. From Theorem 3.3 of [Shimizu 2011], we know that vy;_;(m) = 0. Let
C(X)=1{p:G = C: o) +y) ' =x(x,y) forx,y € G}.
From the proof of that result, we have
1 k
var(me) = 1 > (rZw(x)) VIGI. (12)
peC(x) xeG

By definition, eog € C(x). One checks that G acts simply transitively on C(x) by
a-p(x)=p)x (@, x)"". S0 C(x) ={ps:a € G} where g, (x) =e(q(x)) x (a, x)~".
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One has

sign(t)
T ) pi(x)=——-+ ) e(q(x)+Db(a,x)+qa)—q(a))
Z JIG| ;

__sign(t)e(—q(a))
= el ge(q(x+a))

= sign(t)e(—q(a))O(G, q).

From (12), it follows that

xeG

sign(7)* .
vk (me) = e(—kq(a))®(G, q)
V1G] ;

= sign(0)*O(G, ¢)*O (G, —kq).

To complete the proof, observe that the expression on the right-hand side of (12)
only depends on x and is independent of the choice of g. ([

We shall need the following.

Lemma 4.2 [Shimizu 2011, Theorem 3.5]. Let C =TY(G, b, t) be a TY-category.
Let q be a quadratic form such that dq = b. Then vy (m) = |G[k]|"/*¥ where
Y € ug U{0} (recall that g denotes the set of 8-th roots of unity). One has ¥ =0 if
and only if there exists a € G[k] such that kq(a) # 0.

Remark. We should mention that, from the values of the Gauss sums given in
the previous section and the decomposition of (G, g) into irreducibles, we can
show that & (G, ¢) = 0 if and only if (G, ¢g) contains an irreducible component that
equals Ayr, Byr, Cyr, or Dyr where r = vp(k) for some even k and that this yields
another proof of Lemma 4.2.

Let (G, g) be a premetric group. The invariant & (G, ¢g) can itself be expressed
as a Gauss sum as follows. Let F;(G, q) denote the premetric group given
by the abelian group {(g1,..., &) € GF: Y j &j = 0} with the quadratic form
q(g1, ..., 8= Zj q(g;)- Then one can show that & (G, q) = Fi (G, q). In view
of this formula, the appearance of the 8-th root of unity i in the above lemma
becomes a consequence of Milgram’s formula.

5. Tambara-Yamagami categories are determined by the higher
Frobenius—Schur-indicators

In this section, we shall prove Theorem 1.1. Let C =TY(G, x, t) be a TY-category.
We shall show that the Frobenius—Schur indicators of the simple objects of C
determine the triple (G, x, 7). So the indicators can distinguish between any two
TY-categories. Most of the work goes into showing that the indicators v (m¢)
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determine the bicharacter x. Let ¢ be a quadratic form on G such that x (x, y) =
e(—dq(x, y)). Then Lemma 4.1 gives v;(m¢) = sgn(r)"ék(G, q) where &.(G, q)
is a product of quadratic Gauss sums. Based on computations in Section 3, we shall
argue that the invariants & (G, g) determine the bicharacter x. We need a couple
of lemmas before proving Theorem 1.1. The lemmas let us handle special cases.

Lemma 5.1. Let G be an abelian group of odd order. Let by and b, be two
nonisometric nondegenerate symmetric bilinear forms on G. Let q1 and g, be
quadratic forms such that dq; = b; for j =1, 2. Then either there exists an odd
positive integer k such that &,.(G, q1) # & (G, q2) or else, for each natural number y ,
there exists a positive integer k with vo(k) =y and &(G, q1) # & (G, q2).

Proof. Fix a nonsquare u, modulo p for each odd prime p. Recall from Table 1

-1,2
X Upx

2—1 2
) and Bpr = (Z/prZ, q(X) = T)

Ay = <Z/p’Z, q(x)=

We will also use the notation

, 27 nx? , 27w pnx?
nAp=\2Z/p'Z,q(x)= and n-By=\Z/p'Z,q(x)=———
P’ p

r

forn € Z. Write G >~ @p’r(l/p’Z)Nl’v’ where p ranges over odd primes and r > 1.
Since Apr L Ay >~ By L By [Wall 1963, Theorem 4], the metric group (G, g;) is
an orthogonal direct sum, over all (p, r) such that N, , # 0, of the homogeneous
metric groups

Nor=l | i

Apr p.r’

where C ;,, » is either A, or B)r. Since & is multiplicative, we have

8G.qp=[] &@m™ & . (13)

p.r:Np 70
Let
A: {(pv r) . Np,r # 09 Cll,’,- # C127,r}’
Amax ={(p,r) € A: (p,r') ¢ Aforall r' > r}.
If (p,r) ¢ A, then the (p, r)-th term in the product in (13) is the same for j =1, 2.

If (p, r) € A, then the (p, r)-th terms differ by a factor (— l)éﬁf given in Lemma 3.4.
It follows that

£(G,q1) = (D &(G,q2) where A= ) e .
(p,r)eA
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Case 1. If there is a prime p such that (p, 1) € Anax, then choose such a prime pg
and let k = pg. We find

> e =ep =1+ 1)—min{l, v, (k)} = po=1 mod 2.

Dot
r:(po,r)eA

For all prime (p, r) € A such that p # pg, we have 6;‘,’, =r(po+1)=0mod?2. It
follows that A = 1 mod 2, so & (G, q1) # & (G, q2).

Case 2. Otherwise, choose (pg, r9) € Amax such that ryp > 1. Choose any y > 1,

and let
k=27 po_] 1_[ p.
(p,r)€Amax

Note that k is an integer with v(k) =y and v,,(k) = ro — 1. One has

€roro = rolk + 1) —min{ro, vy, (k)} = ro — (ro — 1) = 1 mod 2.
If r < ro, thenr <v,,(k), so eﬁoﬁr =r(k—1)—r =0 mod 2. Finally if p # po, then
(p,r) € Aimplies r < v, (k) by our choice of k, so ef,’r =r(k+1)—r =0 mod 2.
Again, A =1 mod 2, 50 &(G. q1) # &(G. q2). O

Lemma 5.2. Let b and b’ be two nondegenerate symmetric bilinear forms on a finite
abelian 2-group G. Let g and q’ be quadratic forms such that 3qg = b and 9q' =b'.
Let k be a positive integer such that v, (k) =0 or vy (k) > max{2, v2(exp(G))}. Then
& (G, q) =&(G, q").

Proof. By the structure theorem of finite abelian groups and by Theorem 2.1, we
can decompose G and (G, g) as

o0
G>@P@/2DN and (G,q) =~ (Hy, 1) L+ L (Hp, i),

r=1
respectively, where each H; >~ Z/2"Z or H; >~ (Z /2" Z)* and p; is an irreducible
nondegenerate quadratic form on H;.

Suppose k is odd. By Lemmas 3.2(b) and 3.3, if (H;, u;) =(Z/2"Z, ax? /25T,
then
Ec(Hy, 1) = (=DM D g /8) (— 1) e =D/ Be (ko /8).

Using (11), this simplifies to
& (Hi, i) = (1)1 D78,

By Lemma 3.2, if (H;, ;) = ((Z/272)?, (ax} + x1x2 + ax3)/27) with o € {0, 1},
then
& (H;, pi) = (_1)a2r,k(_1)(—ka)2r,~ _ (_1)ar;k+ar[k2 _1
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We summarize both cases with the equation
§(Hy ) = (— 1m0,
Summing over all i such that r; = r yields ), tk(H;)ri =), rN,. So
§(G, q) = (=X VD,

The expression for & (G, q) does not depend on ¢, so we get & (G, q¢) = & (G, ¢')
for k odd.

Now suppose that k = 2" with 8 odd and n > max{2, v,(exp(G))}. Then
max{r — n, 0} =0 for all r such that N, > 0. Since n > v,(exp(G)), the quadratic
forms 2" ~'b(x, x) and 2" !4 (x, x) are identically equal to 0, so Lemma 3.6 implies
that ¢, (b) = ¢, (') = 1. From Lemma 3.8, we get

524(G.q) = G[2"]] /6, () VP =G|/,
Thus, £24(G, g) does not depend on g and we get £2:5(G, q) = 25(G,q"). O
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Write C; = TY(G1, by, 11) and C; = TY (G2, by, 12). Let
my =mg, and my =me¢,. We have pdim(x) =1 for x € G; and pdim(m;) = ,/|G|.
So the hypothesis in the theorem yields

W1G1 = Dv(my) = (VG2 = Dvg(mz)  forall k = 1. (14)

Lemma 4.1 implies that, if k is a multiple of 8|G||G2|, then viy(m;) = /|G|
for j =1, 2. It follows that (/|G| — 1)4/|G1] = (V/]G2] — 1)4/|G3| and hence
|G| =|G2|.

First consider the trivial case: |G| = |G,| = 1. Then the bilinear forms b
and b, are trivial. So there are only two such TY-categories, and they are only
distinguished by the value of v € {£1}. We know erci vk(x) = |Gj[k]| and
sign(t;) = (mcj). (See Theorem 3.2 of [Shimizu 2011] and the remark following
the proof of Theorem 3.4 of [Shimizu 2011]. Or else, see Lemma 4.1.) It follows
that 14sign(t1) =Yy cpre, V2(V) =Dy enre, v2(V) = 1+sign(r2). So sign(ty) =
sign(1y), and the theorem holds in the trivial case.

We may now assume that |G| =|G,| > 1. Equation (14) implies vi (m1) = vi (m2)
and hence ) . v (x) =} ., vk(x) for all k > 1. Tt follows that |G [k]| =
|G1[k]| for each k > 1. This forces G| >~ G», and so we may assume without loss
of generality that G| = G2 = G. By [Shimizu 2011], sign(z;) = vz(mcj), and so it
follows that t; = 1. Assume that b and b, are nonisomorphic.

Write G = G.®G, where G, is the 2-Sylow subgroup of G and G, = @p#z Gp
is the “odd part”. Then (G, b;) = (G,, b;?) 1 (G, b?). Choose quadratic forms qj.’
and qje. such that b;? = aq;’ and bj. = aqj . Then g; = qjo. 1 q;? is a quadratic form
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such that 9g; = b;. By Lemma 4.1, it is enough to show that & (G, q1) # & (G, g2)
for some k. Since &; is multiplicative for j € {1, 2}, we have

(G, q)) = &(Go, 47)61(Ge, 7).
We split the argument into two cases.
Case I (b] £ b5). Then Lemma 5.1 implies that there is an integer k > 1 that is
either odd or vy (k) > max{2, v2(exp(G,))} such that & (G,, q7) # &(G,, g5) and
Lemma 5.2 implies that & (G, q7) =& (G, g3). So var(m1) # vor (m2) if b] 2 bS.
Case 2 (b{ = bj). In this case, we must have b] 2 b5. From Theorem 3.5, there

exists some n > 1 such that 0, (b{) # 0,(b5), which implies ¢, (b]) # ¢, (b5). Now
Lemma 3.8 implies that

£21(Ge, q5) = (=)' |G 12125, () !

where I'g, 1, is an integer dependent on G, and n but independent of qj. . It follows
that £2: (G, q7) # &1 (G., g5). On the other hand, since (G,, b)) = (G,, b3), we
have £ (G, q7) =21(Gy, g5). SO Vi1 (m1) # vous1 (m2). O

6. Tambara—Yamagami categories associated to groups with an odd factor
are determined by the state-sum invariants

Let G be a finite abelian group, x be a nondegenerate symmetric bicharacter on G
and t be a square root of |G|~'. Let C = TY(G, x, ) denote the associated
Tambara—Yamagami category. If M is a closed compact 3-manifold, we denote
by |M|c the state-sum invariant of M defined using the category C, as in [Turaev
and Vainerman 2012]. Let L,, , denote the lens spaces.

Lemma 6.1. Forall k > 1, one has | Ly 1|c = (|G[k]| + |G| v (me))/ 2|G)).

This lemma follows directly from Theorem 0.3 of [Turaev and Vainerman 2012]
as well as Lemma 4.1. The former expresses | Lo, 1]c in terms of a quantity & (x)
that is essentially the right-hand side of the equation in Lemma 4.1.

Corollary 6.2. Forallk > 1, |Li 1lc = (pdim(C))*1 ZVEI“(C) Ve (V) pdim(V).
The corollary follows from Theorem 3.2 of [Shimizu 2011], which implies

> vec V() = |GIk]|.

Theorem 6.3. Let C = TY(G, x, 1) and C' = TY(G', x', ") be any two TY-

categories. Suppose |G| is not a power of 2. If |Lx.1lc = | Lk 1l¢ for all k > 1, then
c~C.

Proof. Let G, and G, be the 2-Sylow subgroups of G and G, respectively. Let G,
and G/, be the sums of the p-Sylow subgroups for all odd p. From Theorem 0.1 of
[Turaev and Vainerman 2012], we already know that |G| = |G’| and that the p-Sylow
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subgroups of G and G’ are isomorphic for all odd p. It follows that |G,.| = |G|
We claim that G, 2~ G/, as well. The claim implies G >~ G’, and then Lemma 6.1
tells us vg(mc) = vi(mer) for all k, which forces x >~ x’ by Theorem 1.1. Thus, to
complete the proof, we need to show G, =~ G/,. For this, it suffices to show that
|G[2"]| = |G'[2"]] for all n > 0. Suppose this is false. Since |G[2°]| = |G'[2°]| =1,
we may pick the smallest n > 0 such that |G[2"+!]| > |G'[2"*!]] (without loss of
generality) and |G[2"]| = |G'[2™]]| for all m < n.

Leta=|G,|=|G,|. Letn > 0. Then G[2"a] = G,® G[2"]. By Lemma 4.2, we
can write vy, (me) = |G[2"a]|'/*,, where ¥, € g U{0}. Define ¥, similarly
for C'. We have

|G| Lypsigrle = 1G22 al| + |G 2vyuir, (me)
= |Gol(IGI2" T+ G| 21G12"11* ).

So [Lontiy 1lc = |Lont1,1|cr implies
G2+ 1G 2IGLR N 2 = 16121 +1GL I 2 IG 2" 11 2,

If ¥, = ¥, = 0, then the above equation would imply |G[2"*!]| = |G'[2"F1]].
So ¥, # 0 or ¥, # 0. Rearranging the above equation and remembering that
1Gel =1G.l, we get

IGI2" T — |G 12" | = |G|V |GI2" 112 (W, — ). (15)

Each side of (15) belong to Z[e*"/3]. Consider the absolute norm of each side.
If ¥ € ug U{0}, one verifies that the absolute norm of (¥ — 1) is a power of 2 or
zero. For example, if ¢ is a primitive 8-th root of unity, then Ng [W(w —-1) =
]‘[;zo(e((Zj +1)/8) — 1) =2.If ¥, # 0 or ¢, # 0, then writing (¢, — ¥,) =
Vn (W /W —1) or (Y, —,) =, (1—, /), respectively, we find that the norm of
(Y, — ) is a power of 2 or zero. So the norm of the right-hand side of (15) is also a
power of 2. However, note that the left-hand side is already an integer, so it must also
be a power of 2. The only way this is possible is if |G[2"+!]| =2|G'[2"+!]|. Write
vy (me) = |G[2"]|1/?0,, and vyue1 (mer) = |G'[2"]|/21], for some A, A, € g U{0}.
Now the equality |Lynt1 1lc = |Loynt1 jer yields

IG'12" 1| = G121 = 1G' 12" 11| = |G AIG12" 112 (\, — &)

Now the left-hand side is a power of 2, so the norm of the right-hand side must
also be a power of 2. Since N (A, — A,) is a power of 2, it follows that |G| is also a
power of 2, which contradicts our assumption. It follows that (G, x) >~ (G, x/).
Now since vy (m¢) = sgn(t), the equality |Ly 1|¢c = |L2.1|c implies T = 7'. O
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Example. We exhibit two Tambara—Yamagami categories that have the same
state-sum invariant for all lens spaces Ly 1. Recall that Ay: denotes the met-
ric group ((Z/2"Z), x*>/2"+1). For k € Z, we shall denote the premetric group
((Z)2"Z), kx*/2"1) by (k - Axw). Let (G1,by) = (A2)* L A4 and (Ga, by) =
(A2)? L (Ag)%. LetC; =TY(Gy, by, —%) and C, =TY(Go, by, %). Then we claim
that |L, 1l¢, = |Ln,1lc, for all positive integers n.

Proof of claim. Let g; be a quadratic form such that dg; = b; for i € {1,2}. We
will break the proof into cases according to possible 2-valuations of n. The trivial
case is that [L, 1|¢, = llﬁ =|Lp,1lc, if n is odd. By Lemmas 6.1 and 4.1, to prove
|Lok.1lc, = |Lak.1lc,, it is enough to show that

|G112k]] + (= 1)*8& (G, q1) = |Ga2k]| + 8& (G, qo).

Since & is multiplicative,

£(G, q1) = &(A) & (A1) and  &(G, q2) = & (A2) & (As)?.

From Lemma 3.2, we have & (A2) = © (A2 ) O(—k-Ay) =e(k/8)O(—k- Ax).
The values of ®(—k - Ayr) were computed in Lemma 3.3. This lets us compute the
invariants. We shall consider three cases.

Case 1. Suppose k is odd. Then we have ©(—k - Ay) = (—1)**~D/8¢(—k/8), so
£(A2) = (—1)®~D/8 We have O (—k - Ay) = (—1)>K=D/8¢(—k/8) = e(—k/8),
50 &x(A4) = 1. It follows that £ (G, q1) = 1 = & (G, q»). Since |G[2k]| = 32 and
|G2[2k]| = 16, we get | Lok 1 lc, = Lok 1le, in this case.

Case 2. Suppose vp(k) =1 or 2. Then ®(—k - Ay) =0 or O(—k - Ag) =0, so
& (A2)=0o0r & (As)=0. Since both (G, b1) and (G,, by) have components of type
A, and A4 and since & is multiplicative, it follows that & (G, q1) = & (G, ¢2) = 0.
Since |G;[2k]| = 64, we get | Lok 1l¢, = |Lak.1lc, in this case.

Case 3. Finally suppose vy (k) > 3. Letr =1 or r =2. Then © (A )¥ =e(k/8) = 1.
The quadratic form —k- A is identically equal to 1, s0 & (Ay) = O (—k- Ay ) =2'72.
It follows that &(G, ¢;) = |G|"/? = 8 for j = 1,2. Since |G,[2k]| = 64 and
(—DF =1, we get |Lok.1le, = | L2k 1le, in this case too. O

Appendix: Diagonalization of bilinear and quadratic forms

In this appendix, we discuss the problem of decomposing quadratic and bilinear
forms on finite abelian groups into irreducible components.

Notation. If R is an abelian group, we let M, (R) be the set of all n x n matrices
with entries in R. If R is a commutative ring and S is an R-module, then S" is
a (left) M,,(R)-module and M,,(S) is an M,(R)-bimodule. The action of M, (R)
on §" is obtained by writing elements of S” as column vectors and multiplying by
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the matrix on the left. The two actions of M, (R) on M,,(S) are by left and right

multiplication.
Recall from Section 2 that, if x is an element in a p-group of finite order, then we
write v, (x) = — log » (order(x)) and v,(0) = oo. The lemma below is elementary.

We leave the proof as an easy exercise.

Lemma A.1. Let p be a prime. Let G be an abelian p-group.
(@) Letx e Gandr € Z. Then rx =0 if and only if v,(r) +v,(x) > 0.
(b) If x € Gandr € Z such that rx # 0, then v,(r) +v,(x) = v,(rx).

(c) Let x1,x2 € G. Then v,(x1 + x2) > min{v,(x1), v,(x2)}, and equality holds
if (x1) N (x2) =0 0rv,(x1) # v,(x2). (Here and later, (x) denotes the cyclic
subgroup generated by x.)

(d) Let b be a symmetric bilinear form on a finite abelian p-group G. If g € G,
then v,(g) < v,(b(g, h)) for all h € G. Further, if b is nondegenerate, then
v,(g) =min{v,(b(g, h)) : h € G}.

Decomposing symmetric bilinear forms into irreducible components is almost
equivalent to diagonalizing matrices by row and column operations. We introduce
these operations next.

Definitions. Let E;; be the n x n matrix whose (i, j)-th entry is 1 and all other
entries are 0. Let I,, denote the n x n identity matrix. Let R be a commutative ring.
Let A be an n xn matrix with entries in some R-module M. The operations Flip;; (A),
Add;’ (A), and Scale] (A) defined below are called row-column operations on A.

o Let Flipij(A) =S"AS where S=1,— E;; — E;i+ E;; + E ;. This operation
interchanges the i-th and j-th rows of A and then interchanges the i-th and
Jj-th columns of A.

o Let Add:’j(A) =SYAS, where S =1, +rEj; forsome r € R and i # j. This
operation adds r times the j-th row of A to the i-th row of A and then adds r
times the j-th column of A to the i-th column of A.

o Let Scale](A) = STAS where S = I, + (r — 1)E;; for some r € R. This
operation multiplies the i-th row of A by r and then multiplies the i-th column
by r.

Let (G, b) be a discriminant form and (e, ..., e,) € G". For each i # j, the
operation Flip; ; converts Gramy(eq, ..., e,) to Gramb( Sfio ..., fn) where f; =e;,
fi=ej,and fy =e; fork ¢ {i, j}. The operation Add;’] converts Gramy (eq, ..., e,)
to Gramy (f1, ..., f,) where f; =e;+re; and f; =e; fork #i. The operation Scale]
converts Gramy(eq, ..., e,) to Gramy(f1, ..., f,) where f; = re; and f; = e
for k # i. We shall say that a row-column operation on Gramy(ey, ..., e,) is valid
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if G = @, (ex) implies G = P, ( fi). Clearly, Flip, ; 1s always valid. The operation
Scale] is valid if r is relatively prime to the exponent of G. Lemma A.2 lets us
decide when Add’;" is valid.

Lemma A.2. Let G be a finite abelian group and ey, . .., e, € G such that G =
D, (ex). Let fi, ..., fu € G such that ord(fi) = ord(ex) for all k and fi, ..., f,
generate G. Then there exists ¢ € Aut(G) such that ¢(ey) = fx. In particular,

G =D (fo)-

Proof. Let ny = ord(ex) = ord(fx). Since {ex) is a cyclic group of order n; and
fx 1s an element of order nj in G, there exists a homomorphism ¢y : (ex) — G
given by ¢y (er) = fx. By the universal property of the direct sum, there exists a
homomorphism ¢ : G — G such that ¢ (e;) = f; for all k. Since the f; generate G,
the map ¢ is onto. Since G is a finite group, ¢ must be injective as well. ([

Let A € M, (Q(,)/Z). The proofs of Lemmas A.3 and A.4 are based on the
algorithm to reduce A to a diagonal matrix (or a block-diagonal matrix with blocks of
size at most 2 when p = 2) by conjugation or equivalently using the elementary row-
column operations introduced above. This paves the way to proving Theorem 2.1 of
[Wall 1963]. Let diag(ay, ..., a,) denote the diagonal n x n matrix with diagonal
entries ay, ..., a,.

Lemma A.3. Let p be an odd prime. Let u, be a quadratic nonresidue modulo p.
Let A # 0 be a symmetric matrix in M,(Qp)/Z). Let r\ be the smallest number
such that p"* A = 0.

(a) Then there exists a matrix S € GL,,(Z) such that S mod p € GL,,(Z/pZ) and

SYAS =diag(p™"er, ..., p"ey)

withry >ry>--->r, >0,¢; € {1,u,,0},and €; #0.

(b) Let (G, b) be a nondegenerate discriminant form where G is a p-group. Let
G=@'_(e)). Then there exists fi, ..., f, € G suchthat G =’;_,(f;) and
Gramy(f1, ..., fn) = diag(p™ ey, ..., p mey) withri >rp>--->r, >0
and €; € {1, u,}.

Proof. (a) One proceeds by finding a pivot with the smallest p-valuation and then
using this pivot to sweep out the rows and columns. Let A = ((a;;)) € M, (Q(,/2)
be a symmetric nonzero matrix. Let r; > O be the smallest integer such that
p"'A = 0. By induction on #, it suffices to show that there is a sequence of row-
column operations that converts A to a matrix of the form (‘8 2/) where d| = p™"!
ordi =upp~" and A" € M,_1(Q(,)/Z) is a symmetric matrix such that p"' A’ = 0.
Claim (finding a pivot). After changing A by row-column operations, we may
assume that ayy = p~"" oray =u,p~".
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Proof of claim. 1f there is a diagonal entry a;; such that v,(a;;) = —ry, then
apply Flip;; to A to get v,(aj1) = —ry. Otherwise, there exists i # j such that
vp(a;j) =—ryand v,(a;;) > —ry and v, (a;;) > —ry. In this case, apply Add J 1o A.
This changes the (i, i)-th entry of the matrix from a;; to (a;; +2a;; + a”), whose
p-valuation is —r1.! Now we apply Flip,;. Either way, we get vp(ay) =—ry. Using
the operation Scale!, we can change aj; to r2aj;. By choosing r appropriately, we
can make aj; = p~ " orayy =up,p~"". This proves the claim.

Sweeping out. Now a1; = €;p~"" with € = 1 or u,. Since € is relatively prime
to p, we can pick € € Z such that €’e; = 1 mod p"'. We can represent a;; in
the form B; p~" with B; € Z. We add (—pB;€’) times the first row to the i-th row
and then add (—pg;€’) times the first column to the i-th column to make aj; = 0

and a;; = 0. Performing this operation for i =2, 3, ..., n converts A to a matrix of
the form (“'#"" ?). Finally note that the entries of A’ are Z-linear combinations

of entries of A, so p"'A =0 implies p’"' A’ = 0. The row-column operations above
correspond to conjugating A by certain matrices that are always invertible modulo p.
Now part (a) follows by induction.

(b) Assume the setup of part (b). Let A =Gramy(ey, ..., e,). Part (a) shows that the
matrix A can be diagonalized by a sequence of row-column operations. Performing
a row-column operation on Gramy(ey, ..., e,) converts it to Gramy(fi, ..., fu)
where the f; are given in the definition preceding Lemma A.2. We need to verify
that all the row-column operation used in the proof of part (a) are valid (see
the definition preceding Lemma A.2). While finding the pivot, we may perform
Addi1 "/ to a matrix Gramy(ey, .. ., e,) if a nondiagonal entry of the matrix, say a; B
has the highest power of p in the denominator. Since a;; = aj;, Lemma A.1(d)
implies that order(e;) = order(e;). Since (e;) N (e;) =0, Lemma A.1 implies that
ord(e; +ej) = ord(e;). Now Lemma A.2 implies that Add is valid.

While sweeplng out, we perform the row-column operatlon Add, “Pi€l where

a;; = Bip~"". This operation changes Gramy(ey, ..., e,) to Gramb(fl, ceos )
where f; =e;—Bi€’e; and fi = ey fork #i. Assume G =P, (ex). Since the discrim-
inant form on G is nondegenerate, we have v, (e;) = —r; and hence v, (—pBi€e’e;) =

vp(Bi) —r1. Also, v,(e;) < vp(an) =v,(B;) —ri. Since (e;) N (—pie’er) = {0},
we have v, (f;) = min{v,(e;), v,(—pi€’e;)} = vp(e;). Lemma A.2 implies that the
row-column operations performed while sweeping out are valid.

It follows that there exist fi,..., f, € G such that G = @(f;) and that

Gramy(f1, ..., fn) = diag(p™ €1, ..., p""€,) withry > rp > --- >r, > 0 and
€;j €{1,up,, 0}. Since (G, b) is nondegenerate, it follows that we must have €; # 0
and order(f;) = p'/ for all j. O

I This is the step in the argument that fails for p = 2.
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The next lemma handles the case of the prime p = 2. This proof is similar to the
proof of Lemma A.3 but somewhat more complicated. We only elaborate on the
necessary modifications.

Lemma A4. (a) Let A # 0 be a symmetric matrix in M,,(Q2)/Z). Let m be the
smallest number such that 2" A = 0. Then there exists a matrix S € GL,(Z)
such that (S mod 2) € GL,(Z/27) and S*AS is block-diagonal with blocks of
size 1 or 2. Each block is of the form

@78 or 277(%0) (16)

where r is some nonnegative integer, a, b, and c are integers with b odd, and
8 €{0, £1, £5}. The largest r that occurs is equal to m.

(b) Let (G, b) be a nondegenerate discriminant form where G is a 2-group. Let
G = @’_(ej). Then there exists fi, ..., fo € G such that G = @j_,(f;)
and Gramy (f1, ..., fn) is a block-diagonal matrix with blocks of size 1 or 2.
Each block is of the form given in (16) where r is some positive integer, a, b,
and c are integers with b odd, and § € {1, +5}.

Proof. (a) As above, we try to get a diagonal entry of A to have minimum 2-
valuation. If this succeeds, then we can proceed with the sweep out as before and
split off a 1 x 1 block from A. This procedure fails only in the situation when there
exists i # j such that (Z’]” g;f/) = 2_'”(2;’ 2’5;/) where o, B,y € Z, B is odd, and all
the diagonal entries of A have 2-valuation strictly larger than —m. In this case, we
can use row-column flips to move this 2 x 2 submatrix to the upper-left corner of A
so that (Z; ZZ) =2 (2};‘ 2"‘; ) and then use this 2 x 2 block to sweep out the first
two rows and first two columns simultaneously.

This is how it is done. Suppose the first two entries of the i-th row are 27" (u, v)
for u, v € Z where i > 2. We want to find r; and r, such that

(r1, 7’2)2_’"(25‘ 2@) =2""(u, v) mod Z.

This system can always be solved since the determinant (4ay — 82) of the coefficient
matrix is odd. Solving the equation yields

(r1,m) =dQyu — Bv, 2av — Bu)

where d is an inverse of (4ay — %) modulo 2. Now we add to the i-th row —r;
times the first row and —r, times the second row and then perform the corresponding
column operations to the i-th column. Verify that after these operations the first
two entries of the i-th row and i-th column become zero. Part (a) follows.

(b) Let A = Gramy(ey, ..., e,). The sweep-out operation above corresponds to
replacing Gramy(ey, ..., e,) by Gram(fi, ..., f,) where f; = e; + rie; + re>
and f; = e; for all j # i. The extra work needed in part (b) is to check that
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this operation is valid. Note that, since 2" is the maximum denominator in A,
order(e;) = order(e;) = 2™. Suppose order(e;) = 2%, Then u and v must be
divisible by 2”7* because the entries of the i-th row can have denominator at
most 2%. From the formula for r; and r,, we see that 2% divides r; and ry.
It follows that 2F fi = 0. On the other hand, since (¢;) N (e1, e2) = 0, we have
order( f;) > 2k, So order( fi) = order(e;) and Lemma A.2 implies the sweep-out
operations using 2 x 2 blocks described above are valid. U

For p-groups with p odd, Wall’s Theorem 2.1(a) follows from Lemma A.3.
For p = 2, we need Lemma A.4 and we also need Lemmas 2.2 and A.7, which
describe the irreducible nondegenerate quadratic and bilinear forms on (Z/2"Z)>.
Proving Lemmas 2.2 and A.7 depends on solving a system of congruence equations
modulo 2" for all n. This can be done by a standard application of Hensel’s lemma,
which we now state in the necessary form.

Lemma A.5 (Hensel’s lemma). Let p be a prime. Let f1, ..., fu € Z[x1, ..., Xy]
and f = (f1,..., fm). Let Df = ((3f;/dx;)) be the Jacobian of f. Let t; € 7"
such that f(t;1) = 0 mod p and the m x n matrix (Df (t;) mod p) has rank m
over I,. Then, for all k > 1, there exists ty € Z" such that ty 1 = t; mod pk and
f ) =0 mod p*.
The proof is omitted.

Lemma A.6. (a) Lers = (f; fg) be a 2 x 2 matrix of indeterminates. Let
(A(s), B(s), C(s))

= (57, + 511512 + 572, 2511521 + 511522 + 521512 + 2512522, 531 + 521522 + 53,).
Let A, B, and C be odd integers. Let n > 1. Then the equation
(A(s), B(s), C(s)) = (A, B, C) mod 2" (17)

has a solution S € M>(Z) such that S = I mod 2 (here I denotes the 2 x 2
identity matrix).

(b) Let s = (3" °12) be a 2 x 2 matrix of indeterminates. Let
§21 8§22

(A(s), B(s), C(s)) = (511512, 11522 + 521512, 521522).

Let A, B, and C be integers such that B is odd and AC is even. Let n > 1.
Then the equation

(A(s), B(s), C(s)) = (A, B, C) mod 2" (18)

has a solution S € M»(Z) such that S = (’f é) mod 2.
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Proof. (a) Apply Hensel’s lemmato f = (f1, f2, f3) for fi (s):slz1 +s11s12+s122—A,
Fo(s) = 2511521 + 511522 + 521512 + 2512520 — B, and f3(s) = 53, + 521522+ 53, — C.
Since A, B, and C are odd, s = I is a solution to f(s) =0 mod 2. One computes

2511 + 812 0 S11+ 2812 0
Df = | 2521 + 522 2511 + 512 21 + 28502 s11+ 2512 |,
0 25731 + 522 0 $21 + 2520

001
so Df(I)=1100 mod 2,
010

S = O

which has rank 3. For part (b), let fi1(s) = s11512 — A, fo(s) = 8511520 + s21512 — B,
and f3(s) = s2152 — C. Since B is odd and AC is even, s, = (’f é) satisfies
f(s5) =0 mod 2. One computes

s;2 0 511 O 1 0A4A0
Df =|s»n s12 521 sii|, so Df(s,)=|C 1 1 A] mod?2.
0 s 0 s21 0CO0 1

Since A or C is even, either the second or the third column of the above matrix is
equal to (0, 1, 0)". So the matrix (Df (s4) mod 2) has rank 3. [l

Proof of Lemma 2.2. (a) Note that 2q(x) = dq(x,x) € 27"Z/Z. So g(x) takes
values in 27"~17/7, and

q(x1, x2) =27 N(ax] + 2Bx1x2 + yx3)

where ¢(1,0) =2""'a, g(0, 1) =2"""1y, and 3g((1, 0), (0, 1)) =27" B. Suppose
« is odd. Let @ be an inverse of @ modulo 2"+!. Then we can complete squares to
write

q(x1, x2) =27 Na(x; + Baxy)* + (y — B*@)x3).

This contradicts the irreducibility of g, and thus, « has to be even. For the same
reason, y has to be even. So we can write

gx1,x)=2"" (Axl2 + Bxixy + Cx22).

If A, B, and C are all even, then dq takes values in 27" +lz /Z and hence cannot
be nondegenerate. If B is even, then A or C must be odd, and we can once again
complete squares (as above) and decompose (G, ¢g) into an orthogonal direct sum
of two metric groups. So B must be odd.

First, suppose AC is odd. Let F(xy, xp) = x12+x1x2 —I—x22. Lets = (i;: i;) Note
that

F((x1, X2)8) = A(s)x{ + B(s)x1x2 + C(s)x3
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where (A(s), B(s), C(s)) are the polynomials given in Lemma A.6(a). We want to
show ¢ (x1, x2) ~ 27" F(x1, x2). This is equivalent to finding a matrix s € M,(Z)
with odd determinant such that

F((x1, x2)s) = (Ax12 + Bxixy + Cx%) mod 2"

or equivalently (A(s), B(s), C(s)) = (A, B, C) mod 2". The proof follows from
Lemma A.6(a) if AC is odd. If AC is even, then the proof is identical, using
F(x1, x2) = x1x> and using part (b) of Lemma A.6 instead of part (a). [l

Lemma A.7. (a) Let A, B, and C be odd integers. Let r > 1. Then there exists a

matrix S € M»(Z) such that S(f é)Str = (2]? 219C) mod 2" and S = I mod 2.

(b) Let A, B, and C be integers such that AC is even and B is odd. Letr > 1.
Then there exists a matrix S € M»(Z) such that S (? (1))5tr = (21? 2%) mod 2"
and S = (? é) mod 2.

Proof. (a) The congruences in part (a) translate into A(s) = A mod 2" !, B(s) =
B mod 2", and C(s) = C mod 2" ! where A(s), B(s), and C(s) are as in Lemma
A.6(a). Part (a) follows from Lemma A.6. Similarly part (b) follows from part (b)
of Lemma A.6. O

Proof of Theorem 2.1. (a) Let (G, b) be a nondegenerate discriminant form. It suf-
fices to decompose (G, b) into irreducibles when G is a p-group for some prime p.
First suppose p is odd. From Lemma A.3, it follows that there exist fi, ..., f, € G
such that G = @(f;) and Gram,(fi, ..., f,) = diag(p™"€1,..., p~€,) with
ry>=rp>--->r,>0ande€; € {1,u,}. Since (G, b) it nondegenerate, it follows
that we must have order(f;) = p'/ for all j. Thus, (G, b) is an orthogonal direct
sum of the rank-1 discriminant forms ((f;), b|(s;)) and each of these are of type A
or B. This completes the argument for odd p.

Now we consider the case p = 2. From Lemma A .4, it follows that there exist
fi,..., fu € G such that G = @(f;) and Gram,(fi, ..., fu) is block-diagonal
with blocks of size 1 or 2 as given in Lemma A.4. Accordingly, (G, b) is an
orthogonal direct sum of rank-1 or -2 discriminant forms spanned by one or two
of the f;. The rank-1 forms among these are clearly of type A, B, C, or D. The
Gram matrix of a rank-2 piece has the form 2_’(2; 2bc)- Lemma A.7 shows that
such a rank-2 piece is either of type E or F.

(b) Let (G, g) be a metric group. By part (a), (G, dq) is an orthogonal direct sum
of irreducible forms (G, b;). Each G; is a homogeneous p-group of rank 1 or
2. Further, G; can have rank 2 only if p = 2. It follows that (G, ¢) is also an
orthogonal direct sum of (G, g;) where g; = g|g;. The rank-1 forms are clearly
of type A, B, C, or D. The rank-2 forms either decompose into two rank-1 forms
or they are irreducible as metric groups. In the latter case, Lemma 2.2 shows that
(Gj,qj)isof type E or F. (I
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