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Families of nearly ordinary Eisenstein series
on unitary groups

Xin Wan

With an appendix by Kai-Wen Lan

We use the doubling method to construct p-adic L-functions and families of
nearly ordinary Klingen Eisenstein series from nearly ordinary cusp forms on
unitary groups of signature (r, s) and Hecke characters, and prove the constant
terms of these Eisenstein series are divisible by the p-adic L-function, following
earlier constructions of Eischen, Harris, Li, Skinner and Urban. We also make pre-
liminary computations for the Fourier—Jacobi coefficients of the Eisenstein series.
This provides a framework to do Iwasawa theory for cusp forms on unitary groups.
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1. Introduction

Let p be an odd prime. Let X be a CM field with the maximal totally real subfield ¥
such that [F : Q] = d. Suppose p is totally split at X. We fix an isomorphism
tp :=C, =~ C and a CM type X, which means a set of d different embeddings
J{ — C such that ¥, U XS, where ¢ means complex conjugation, is the set of all
embeddings of J{ into C. This determines a set of embeddings K < C,, using ¢,
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which we denote by X,. Let r > s > 0 be integers. We often write a =r — s
and b =s. Let U(r, s) be the unitary group associated to the skew-Hermitian matrix

where ¢ is a diagonal matrix such that i ~!¢ is positive definite.

Eischen et al. [> 2015] constructed the p-adic L-function for an irreducible
cuspidal automorphic representation of U(r, s) that is nearly ordinary at all primes
dividing p, which interpolates (the algebraic part of) critical values of the standard
L-function of the representation twisted by general CM characters at far-from-
center critical points. The main tool used in [loc. cit.] is the doubling method of
Piatetski-Shapiro and Rallis. This paper can be thought of as a continuation of
their work, but instead using a more general pullback formula of Shimura (which is
actually due to Garrett [1984; 1989] and is called the “Garrett map”) to construct
p-adic families of Klingen Eisenstein series on U(r + 1, s + 1) from the original
automorphic representation.

The motivation for doing this is to provide a framework to generalize the im-
portant work of Skinner and Urban [2014] on the Iwasawa main conjectures for
GL; to forms on general unitary groups. The general strategy is, starting with a
family of cuspforms on the unitary group U(r, s) and a family of CM characters, we
construct a family of Klingen Eisenstein series on the bigger group U(r +1, s + 1).
One tries to prove the constant terms of the Klingen Eisenstein family are divisible
by the standard p-adic L-function of the cuspforms on U(r, s) and, therefore, the
Eisenstein family is congruent to cuspidal families modulo this p-adic L-function.
Passing to the Galois side, such congruences enable us to construct elements in
the Selmer groups, proving one divisibility of the corresponding Iwasawa main
conjecture.

We have been able to use it to prove one divisibility of the Iwasawa main
conjectures for Hilbert modular forms and some kinds of Rankin—Selberg p-adic L-
functions; see [Wan 2013; 2015]. C. Skinner has recently been able to use the result
of [Wan 2015] to prove a converse of a theorem of Gross, Zagier and Kolyvagin
that states that, if the rank of the Selmer group of an elliptic curve is one and the
p-part of the Shafarevich-Tate group is finite, then the Heegner point is nontorsion
and the central L-value vanishes at order exactly one [Skinner 2014]. The first step
towards the plan outlined above is to construct the family of Klingen—FEisenstein
series and study the p-adic properties of its Fourier—Jacobi coefficients, which is
the main task of the present paper.

In [Eischen et al. > 2015] the interpolation formulas are proved at all arithmetic
points. However, in this paper we are only able to understand the pullback Eisenstein
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sections in the “generic case” (to be defined in Definition 4.42; basically this puts
restrictions on the ramification of the form at primes dividing p). The reason is
that it seems difficult in general to describe the nearly ordinary Klingen Eisenstein
sections. Fortunately, since along a Hida family the set of forms that are “generic”
is Zariski-dense, these computations are enough to construct the whole Hida family
of Klingen Eisenstein series (similar to the [Skinner and Urban 2014] case). Thus,
we only work with a Hida family of forms instead of a single cusp form, due to this
“generic” condition. We remark that when s = 0, by working with forms of general
vector-valued weights, we are able to construct a class of the p-adic L-function
and Klingen Eisenstein family for a single form unramified at p (not necessarily
ordinary; see [Eischen and Wan 2014]).

Now we state the main results. Let ¥, be the maximal abelian pro-p-extension
of J{ unramified outside p. We write I'yy = Gal(¥ /J{). This is a free Z ,-module
whose rank should be d 4 1, assuming the Leopoldt conjecture. Take a finite
extension L over Q. Let Oy be the integer ring of L. Let O}" be the completion of
the integer ring of the maximal unramified extension of L. We define Ay =0 [y 1.
Let k > 4 be an integer and 7 a Hecke character of 3\ A, whose infinite types are
( é/c, 3K ) at all infinite places. We have a Ag-valued family of Hecke characters
of IH* \A% containing 7g as a specialization (to be made precise later). Let A be
the weight algebra for U(r, s), defined later, and [ a normal domain containing A
which is finite over A. Let [ be the normalization of an irreducible component
of 1&¢, 0}". (In fact, for each such irreducible component we can make the following
construction.) Let 2, € C¥>* be the CM period of the CM field J{ and 2, € (Z“r)z
be the p-adic period (we refer to [Hida 2004a] for the definition). We write Q Zeo
for the product of the d elements of 2., and define ng similarly. Throughout
this paper, we write

ZK:%(K_r_s_1)9

Zp =30k —r—s).

Theorem 1.1. Let f be an [-coefficient, nearly ordinary, cuspidal eigenform on
GU(r, s) such that the specialization fy at a Zariski-dense set of “generic” arith-
metic points ¢ is classical and generates an irreducible automorphic representation
of U(r, s). Let X be a finite set of primes containing all primes dividing any entry
of ¢, or the conductor of f, or K.

In the case when s # 0, we make the assumptions TEMPERED, Proj pv and DUAL,
or assumptions TEMPERED, Proj  and Proj p (to be defined in Section 5A).

Then:

(1) There is an element 52? w€ Y [Ty | @qur Fpor such that, for a Zariski-dense subset
of arithmetic points ¢ € Spec I [Ty ]l (to be specified in Definition 4.42), we have
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that, if s =0, then £% € I"'[Ty]| and

—d(a+2b) (9 iyd(a+2b d(a+2b)(a+2b—1)/2\ ~1
(—2)~d(@+2b) (77 j)d(@+2b)ks (2 /7 yd(a+2b)a+2b-1)/ ) o
l—la-‘er 1(K¢> ] _ l)d

.
<[] (Ip"*"'*” |72 pm DR Zi i TT g7 Hxg ' (p’~"))

¢ (L5 .1) =cr (z;¢><

vlp j=1
L (g, T5 ke — 1)U
X Qgg"’z
If s #0, then
(L5 1)

_ )((—Z)d(a+2b) (27 i)d(a+2b) (z/n)d(a+2b)(a+2b1)/z)—1 o
” [T520" e — j =
p(r+s)(r+s—1)/2 (p—1)t
% H( 4 pli (rts—i) s trii (r4s—i) T+ pi
I )'(nizlp“ )1_[ 1(p/ —=1)

v|p
X p—SS2(1+a+2b)/2p*Z;=l tj(a+l)/2pzf=lI,ur,'(a—‘rb)Iptl+~-~+t,+s.32|—l(¢/2
r+s
< [T et ' nits (p”)]_[g(x]fl )X; n(p“)>
i=r+1
L (nf¢, ¢,K¢ r—s)
(@9, 94)

where the x; are defined in Definition 4.42 and 1y , = (11, T, ) such that t; has
conductor p* with s, > s1. Also,
_ _ _ A —(a+2b))2
CZ) = l_[ T(yvyvxv)|(yvyv)2xvxv|v ¢
vtp, vEX

Vol(.)

(the x,, and y, are the x and y in Section 4C1 and %), is defined in Definition 4.11.)
The ¢, (z) and c,.(z) are defined in Lemma 4.3 and k is the weight associated to the
arithmetic point ¢. The ¢4 and (pord are the specialization of f and the f" provided
by the assumption Proj pv (notlce that they are ordinary vectors with respect to
different Borel groups, e.g., when s = 0, the level group for ¢4 at p is with respect
to the upper-triangular Borel subgroup, while that for (pord is with respect to the
lower-triangular Borel subgroup). The factor

p(r+s)(r+s—])/2 . (p _ 1)r+s
(H?:l pt;-(r+s—i)) . (1—[?:1 pt,+,~(r+s—i)) .Hr-ﬂ (pf —1
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is the volume of a set K' defined in Definition 4.34 (this is smaller than the level
group for gﬁgrd). The Fyr is the fraction field of 1. The t4 are specializations
of the family of CM characters containing tyg. The p' are conductors of some
characters defined in Definition 4.21. The B,v is defined in (17), whose p-order is
S taspriat+b—i).

(i1) There is a set of formal q-expansions Ey ; = {Zﬁ a?gJ (B)g? }([g],h) for
Zﬂ a{’g](ﬂ)qﬂ € (ﬂurﬂrgg]](g)ngi[g]’oo) ®pur Fur, where Rig) o0 is Some ring to be
defined later, in Section 5, and ([g], h) are p-adic cusp labels (Definition 2.6) such
that, for a Zariski-dense set of arithmetic points ¢ € Spec I[T'y]l, ¢(E s 1,) is the
Fourier—Jacobi expansion of the holomorphic, nearly ordinary Klingen Eisenstein
series E( fKiing.¢» Zk,» —) We construct in Section 5C (see the interpolation formula
in Proposition 5.8). Here, fKiing is a certain “Klingen section” to be defined there.

(iii) The terms afg] (0) are divisible by §£§ - -SB?,, where 55?, is the p-adic L-function
’ 0 0
of a Dirichlet character to be defined in the text.

The assumption “TEMPERED” is included so that we can easily write down the
explicit range of absolute convergence for pullback formulas. It is not serious
and may be relaxed using ideas of [Harris 1984]. Besides the theorem, we also
make some preliminary computations for the Fourier—Jacobi coefficients for Siegel
Eisenstein series. This is crucial for analyzing the p-adic properties of the Klingen
Eisenstein series we construct. When doing arithmetic application we need to prove
that certain Fourier—Jacobi coefficient of this Eisenstein family is prime to the
p-adic L-function.

This paper is organized as follows. In Section 2 we recall various backgrounds.
In Section 3 we recall the notion of p-adic automorphic forms on unitary groups
and Fourier—Jacobi expansion. In Section 4 we recall the notion of Klingen and
Siegel Eisenstein series, the pullback formulas relating them and their Fourier—
Jacobi coefficients, and then do the local calculations. (This is the most technical
part of this paper.) We manage to take the Siegel sections so that, when we are
moving our Eisenstein datum p-adically, these Siegel Eisenstein series also move
p-adic analytically. The hard part is to choose the sections at p-adic places. At
non-Archimedean cases prime to p the choice is more flexible. (We might change
this choice whenever doing arithmetic applications; see [Wan 2013; 2015].) At the
Archimedean places we restrict ourselves to the parallel scalar weight case, which
is enough for doing Hida theory. In Section 5 we make the global calculations and
construct the nearly ordinary Klingen Eisenstein series by the pullbacks of a Siegel
Eisenstein series from a larger unitary group. Finally, we include an Appendix by
Kai-Wen Lan for detailed proofs of some facts used for the p-adic g-expansion
principle. (This is not strictly needed in our construction. But we think it is good to
include it for completeness and for the convenience of readers.)
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2. Background

In this section we recall notations for holomorphic automorphic forms on unitary
groups, Eisenstein series and Fourier—Jacobi expansions.

2A. Notation. Suppose F is a totally real field such that [F : Q] =d and ¥ is a
totally imaginary quadratic extension of F. For a finite place v of F or X, we usually
write @, for a uniformizer and g, for the cardinality of its residue field. Let ¢ be
the nontrivial element of Gal(¥/F). Let r and s be two integers with r > s > 0.
We fix an odd prime p that splits completely in %/Q. We fix i : @ <> C and
1:C~C, and write i, for tois. Let X be the set of Archimedean places of F.
We take a CM type of J, still denoted by X, (thus X, U XS are all embeddings
J — C, where ¢ ={toc |1 € Zx}).

We use € to denote the cyclotomic character and w the Teichmiiller character.
We will often adopt the following notation: for an idele class character x = ), xu.
we write x,(x) = ]—[U| » Xv(xy). For a character ¢ of 3 or A;{, we often write
¥’ for the restriction to F, or A. For a character t of %* or Aj;, we define t¢
by 7¢(x) = t(x¢). (Note: we will write 7 (x) for the complex conjugation of t(x)
while the “c” means taking complex conjugation for the source.)

If v is a prime of F with characteristic £ and 0,0f , = (d,), d, € F, is the
different of F/Q at v and, if v, is a character of F and (cy ,) C Of, is the
conductor, then we define the local Gauss sums

oW cpad) =Y wv(a)e(Trpv/@z(Cw“ y ))

aE((,j/‘-“,v/‘f'l/z,v)><

where £ is the rational prime above v. If Q) v, is an idele class character of A
then we set the global Gauss sum,

g(@ 1pv) = 1—[ WJI(Cw,udu)G(l/f, Cw,vdv)-

This is independent of all the choices of 4, and Cy ,. Also, if F, ~Q, and (p") is
the conductor for v, then we write g(v/,,) := g(¥, p'). We define the Gauss sums
for I similarly.

Let J{» be the maximal abelian Z,-extension of J unramified outside p. Write
[y := Gal(J o /H) and Gy the absolute Galois group of J. Define Ag; :=Z,[T'y].
For any finite extension A of Z, define Ay 4 := A[[I'y]l. Let ey : Gy — I'yy — A;C
be the canonical character. We define Wy to be the composition of ey with the reci-
procity map of global class field theory, which we denote as recy; : H*\Ag — G;‘F.
Here we used the geometric normalization of class field theory. We make the
corresponding definitions for F as well.
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Let S, (R) be the set of matrices S € M,,(R ®g, Oy) such that § = 'S, where
conjugation is with respect to the second variable of R ®g, Oy. We write B = B,
and N = N, for the upper-triangular Borel subgroup and unipotent radical of the
group GL,,. Let N°P? or N~ be the opposite unipotent radical of N. We define the
function ep, =[], ey with e, the function on Q; such that e, (x,) = 2T} for {x,}
the fractional part of x, and e (x) = e~ 2% We will usually write n = ( 1, 1’”)
if m is clear from the context.

2B. Unitary Groups. We define

where ¢ is a fixed diagonal matrix such that i ~'¢ is totally positive. Let V =V (r, s)
be the skew-Hermitian space over K with respect to this metric, i.e., H"* equipped
with the metric given by (u, v) := u6, ;'v. We define algebraic groups GU(r, s)
and U(r, s) as follows: for any Of-algebra R, the R points are

GU(r, s)(R) :={g € GL, 45 (0% ®¢, R) | 86,58 = ()05, 1(g) € R*}

(where g* = 'g and u : GU(r, s) — G, F is called the similitude character) and
U(r, s)(R) :=={g € GU(r, s)(R) | u(g) = 1}.

So the unitary group U(r, s) in this paper really means the unitary group with
respect to our fixed metric 6, ;. Sometimes we write GU,, and U, for GU(n, n)
and U(n, n). For two forms ¢, ¢ on U(r, s)(AF), we define the inner product by

(1, 02) = f e1(8)p2(g) dg,
U(r,s) (F)\U(r,5)(AF)

where the measure is chosen so that U(r, s)(Of,) = 1 for all finite v and we take
the measure at Archimedean places as in [Shimura 1997, (7.14.5)].
We have the embedding

GU(r, s) x Resgy /0, G — GU(r + 1,5 + 1),

a b c

abc n(g)x!
gxx=\de f|lxx—|d e f
hl k h I k

X

We write m(g, x) for the right-hand side. The image of the above map is the
Levi subgroup of the Klingen parabolic subgroup P of GU(r + 1, s 4+ 1), which
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consists of matrices in GU(r + 1, s 4+ 1) such that the off-diagonal entries of the
(s+1)-st column and the last row are 0. We denote this Levi subgroup by Mp. We
also write Np for the unipotent radical of P. We also define B = B(r, s) to be the
standard Borel subgroup, consisting of matrices

A, B
()
8

where the blocks are with respect to the partition r + s and we require that A, is
lower-triangular and Dy is upper-triangular.

We write —V (r, s) = V (s, r) for the Hermitian space whose metric is —6, ;. We
define some embeddings of GU(r + 1,5 + 1) x GU(—V (r, s)) into some larger
unitary groups. These will be used in the doubling method. Recall we wrote a =r —s
and b = s at the beginning of the introduction; we define GU(r +s+1,r +s+ 1)’
to be the unitary similitude group associated to

1
1
¢
-1,
_lb
—1
-
1y
and G(r + s, r +s)’ to be associated to
1,
¢
—1,
_117
—¢
1y

We define an embedding

a:{g1xg eCUr+1,5s+1)xGU=V(r,s) | n(g) = n(g)}
—-GUr+s+1,r+s+1)

by viewing g; as a block matrix with respect to the partition s + 1+ (r —s) +s+1
(this means we use this partition to divide both the rows and the columns into blocks)
and g» as a block matrix with respect to s+ (r —s) +s, then we define o by requiring
the 1, 2, 3, 4, 5-th (blockwise) rows and columns of GU(r + 1, s 4+ 1) embed to the
1,2,3,5, 6-th (blockwise) rows and columns of GU(r +s + 1, r +s + 1)’ and the
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1,2, 3-rd (blockwise) rows and columns of GU(V (s, r)) embed to the 8, 7, 4-th
rows and columns (blockwise) of GU(r +s+1,r +s+1).
We also define an embedding

o' {g1 x g2 € GU(r, s) x GU(=V(r, 9)) | u(g) = n(g2)} > GU(r +s, 7 +5)’

in a similar way to above: Consider GU(r, s) and GU(—V (r, s5)) as block matrices
with respect to the partition s + (r —s) + 5. Put the 1, 2, 3-rd (blockwise) rows
and columns of the first GU(r, s) into the 1, 2, 4-th (blockwise) rows and columns
of GU(r + s, r +s)" and put the 1, 2, 3-rd (blockwise) rows and columns of the
second GU(r, s) into the 6, 5, 4-th rows and columns of GU(r + s, r +5)’.

We also define isomorphisms

B:GUGr+s+1,r+s+1) = GUr+s+1,r+s+1), g+ S g8,

and
B :GUrr +s,r+s) = GU(r+s,r+s), g+ S g8,
where
1p —11,
1
la _%g
1
S= gt A (1)
1, L1,
1
_la —%C
=1, —3 1
and
Ly -3 1,
la _%g
1
S = Lo ?'1” )
_la _%C
-1, _% 1

Remark 2.1 (about unitary groups). In order to have Shimura varieties for doing
p-adic modular forms and Galois representations, we need to use a unitary group
defined over (2. More precisely, consider V as a skew-Hermitian space over Q and
still write 6, ; for the metric on it. Let 7" be a Oy lattice that we use to define GU(r, s).
Then the correct unitary similitude group should be

GU'(r, 5)(A) := {g € GLoyg,a(T ®7 A) | g0,58" = 1()0,.5, 1(g) € A}

for any commutative ring A. This group is smaller than the one we defined before.
However, this group is not convenient for local computations, since we cannot treat
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the primes of F independently. So what we do (implicitly) is: For the analytic
construction, we write down forms on the larger unitary similitude group defined
above and then restrict to the smaller one. For the algebraic construction, we only
do the pullbacks for unitary (instead of similitude) groups.

We are going to fix some bases of the various Hermitian spaces. We let

be the standard basis of V such that the Hermitian forms is given above. Let
W be the span over X of wl, ..., w ™. Let XY = Oyx! @ --- @ Oyx® and
Y= @ggyl ®---®0xy*. Let L be an Oy-maximal lattice such that L, := L ®z 7, =
> I 21(0% ®7 Zp)w'. We define a Oy-lattice M of V by

M=Y®LX".

Let M\, = M ®z Z,,. A pair of sublattices Pol, = (N1, N} of M), is called an
ordered polarization of M), if N ~! and N are maximal isotropic direct summands
in M, and they are dual to each other with respect to the Hermitian pairing. More-
over, we require that, for each v = ww® with w € £, rank N,;! = rank N0, =r
and rank N;cl = rank Ng = 5. The standard polarization of M, is given by
M;' =Y, ®L, ® Yy and M? = Xye ® Lye ® X,. We let —V be the Her-
mitian space V with the metric given by the negative of V. We let 3!, ..., 7",
wh, ..., w ™, X!, ..., X° be the corresponding basis. Let #y*! @ Hx**! be a
2-dimensional Hermitian space with metric (_1 1). We define

W:=VaoXyeHsH e (V).

Let Y € U(n+1, n+1)(F,) be such that, for each v|p with v = ww¢, where w is
in our p-adic CM type £,, T, =S, !. We define another basis of W by

tool 1.1 —s .1 1.1 1 —s .1
Oyt wt o w xS wh L w xS

— t(yl’”"yr+s+l’xl,.”’xr+s+l).

Then Y := @;:f+l(@g{ ®zZ,)y" and X := @;if“(@“g{ ®z Z,)x" gives another
polarization (Y, X) of L, := M, ® (—M,) ® Oy y**! & Ogxs+1,

2C. Automorphic forms.

2C1. Hermitian symmetric domain. Suppose r > s > 0. Then the Hermitian
symmetric domain for G := GU(r, s) is

Xt=X,, = {f - (’y‘) ‘x € My(C®), y € My_y)xs(CE), i(x*—x) > —iy*e—ly}.
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For o € GU(r, 5)(Fx), Where Fo := F ®g R, we write

b c

f

a
a=|d e
hl d

according to the standard basis of V together with the block decomposition with
respect to s + (r —s) +s. There is an action of @ € G(Fx)™ (here the superscript +
means the component with positive similitude factor at all Archimedean places)
on X, ;, defined by

X ax+by+c 1
= hx+1ly+d)—.
a(y) (gx+ey+f)(x+ y+d)

If rs =0, X, ; consists of a single point, written x,, with the trivial action of G (Fx)™.
For an open compact subgroup U of G(Ap, r), put

Mg(X*,U):=G(F)"\X" x G(Ar,7)/U,
where U is an open compact subgroup of G(Ar, 7). We let
Cr,s — C(EL)Y ® C(EC)V—S ® C(E)Y

and define a map ¢, 5 on it by (u1, ua, uz)c,s = (U1, 2, uz). We define the map
p(@): V@gR~C" by p(r)v=vB(t)c5. Let

* *

B(r) =

—_— O =
S Yy =

X
y
s ls

We define the automorphic factors « (o, ) and p(a, t) by
aB(t) = B(at)(k(a, 7), u(e, 7))

for @ € G(R) and T € X. We sometimes write «, s(, 7), i,s(, T) to emphasize
the group U(r, s). We define j(g, z) :=det(u(g, z)). For z € X, 41 5+1, we define
& (z) € X, to be the lower-right r x s submatrix. For z; = (’y‘;) and z € (’;), we
define 7(z1, 2) = i(xf —x) — y} (¢~ Dy and 8(z1, 2) = 27 det(n(z1, 2)).

2C2. Automorphic forms. We will mainly follow [Hsieh 2014] to define the space
of automorphic forms, with slight modifications. We define a cocycle

J:RrgGR)" x X* — GL,(C¥) x GL,(C*¥) := H(C),

(a, 7) = (k(a, 7)), (e, 7)),
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where

hix+d h'y+16
= s.,- A= = -7 d ,T)=hx+1ly+d
Kk (o, T) <—0_1(g’x+f) 13y +0-120 and pu(o,v)=hx+ly+

ab c
forr:(x> anda=|ge f
Y hild

Let i be the point (i(l)s) on the Hermitian symmetric domain for GU(r, s) (here 0
means the (r —s) x s matrix 0). Let GU(r, s)(R)™ be the subgroup of GU(r, s)(R)
whose similitude factor is totally positive. Let K, be the compact subgroup of
U(r, 5)(R) stabilizing i and K, be the group generated by K1 and diag(1,, —1).
Then J : K& — H(C), koo +> J (koo, i), defines an algebraic representation of K.

Definition 2.2. A weight k is defined by a set {k,},cx, Where

I_Ccr = (Cr—',-s,ay vy Cs41,05Clos -+ s Cs,a)
withcy o > > C56 > Csq16 +7+5> - > Csqr6 +1r+s for the ¢; » in Z.

Remark 2.3. Our convention is different from others in the literature. For example,
in [Hsieh 2014] the a,_; there for 1 <i <r is our —cy4;, and by, _; there for
l<j<sisourc;. We letk' :=(ai,...,a; by, ..., bs). We also note that if each
ke =(0,...,0;k,...,«) then L¥(C) is 1-dimensional with pX(h) = det u(h, i)~.

For a weight k = (¢4, ..., cs+1; C1, - . ., C5), We define the representation of
GL, x GL; with minimal weight —k by

Ly=1{f €0cL, xqL, | ftnig) =k ®)f(g), t € T, x Ty, ny € N, x "Ny},

where Ogr, x L, 18 the structure sheaf of the algebraic group GL, x GL; see
[Hsieh 2014, Section 3]. The group action is denoted by pr. We define the
functional/ly on Ly by evaluating at the identity and define a model LX(C) of the
representation H (C) with the highest weight k as follows. The underlying space of
LE(©) is L (C) and the group action is defined by

pE(h)y=p('h™"), heH(C).
For a weight k, define [|k|| = {||k|ls}ocx € Z*> by
lkllo := —Cs41,6 =+ — Cs4ro +Clg + -+ C50
and |k| € Z¥* by

k| = Z(Cl,a +--- +Cs,o) 0 — (Cs4l,0+ -+ Coqro) of.

oEX
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Let x be a Hecke character of J{ with infinite type |k|, i.e., the Archimedean part
of x is given by

C 0+"'+ §,0 —\ls .a+"‘+ s+r.o
X(Zoo) _ (1_[ Z((;l’ Cs.o) 'Zac(c +1 Cot )).
o

Definition 2.4. Let U be an open compact subgroup in G(Ar r). We denote by
M. (U, C) the space of holomorphic LX(C)-valued functions fon Xt x G(Ap, )
such that, fort € X*, o € G(F)* and u € U, we have

flat, agu) = u(e) ok (I (@, ) f(1, g).

Now we consider automorphic forms on unitary groups in the adelic language.
Leti € X* and KL C U(r, s)(Fx) be the stabilizer of i. The space of au-
tomorphic forms of weight k£ and level U with central character x consists of
smooth and slowly increasing functions F : G(Ar) — L (C) such that, for every
(o, koos ut,2) € G(F) x K, x U x Z(AF),

F (zagkoout) = p*(J (koo, i) "D F (9)x ' (2).

2C3. The group GU(s, r). Now we consider the unitary group GU(s, r) which has
the same Hermitian space as GU(r, s) but with the metric (, ); , :== —(, ).s. We
define the symmetric domain X; , = X, but with the complex structure such that
a function is holomorphic on X , if and only if it is holomorphic on X, ; after
composition with the map

Xrs = Xsr, (x) > (_)f) .
y -y

We let C*" = C(2)’ @ C(X) ° @ C(X°)* and define ¢;, by (u1, u2, u3)cs,, =
(u1, up, u3). For GU(s, r), we define p(t) : V®@q R~ C*" by p(r)v =vB(1)cs,
We define the automorphic factors «; . (a, 7) and s (o, T) by

aB(t) = B(at) (s, (a, T), ks, (o, T)).

We define a weight k of U(r, s) such that k = (¢y41.65 -+ Crts5.05 Clios - -+ Cro)o
withcio > >¢ro > Crq16+7+5> - >cCrig0 + 1 +s. Using these we can

develop the theory of holomorphic automorphic forms on GU(s, r) similar to the
GU(r, s) case.

2C4. Embeddings of symmetric domains. We still follow [Shimura 1997]. Pick one

Archimedean place. Write z = (’yc) € Xyi1.5+1, Xrs,and w = (Z) € X, ,. We define
the embeddings ¢ from X, 41 511 X Xsr Or Xy g X X 10 Xppo1 rs4+1 OF Xpgg ris
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by
b 0 0
1z, w) > y 3¢ 0

_é——lv*y —v* —u*

(The ¢ really means the image of ¢ at this Archimedean place.) Let U = RT Q,
for

N—

—_
0=
w
NS}
|
—
L
|
=3
\e}
|
—_
z
|
©

=

l _;71 _§71
—1 —%é‘ I

1
-11

where A = (ls 1). (The U here is the U, defined in [Shimura 1997, Section 22] and
other notations are slightly different.) We also define Q' to be Q with the second
and sixth rows and columns (blockwise) deleted. Let

L

27, 271,

Ly
A
—¢! -t
15

with A’ = 1. Define U' = R'T’'Q’. Let g (z) be the lower-right r x s block for
7€ Xyq1.541 and (y(z, w) = (U™ " (z, w) as in [Shimura 1997, (22.2.1)]. If z = (’;)
and z; = (’;;), let 8(z1, 7) =2°"" det[i (x} —x)—yF0~'y]. If we write [h]s for S~'AS
then we have [diag(g, g1)lstv(z, w) = w(gz, g1w), [diag(g, g)ls v (z, w) =
tyr(8z, g 1w) and

J ([diag(g, g1)]s, 1w (2, w)) = 8(w, 9 (2)) ™' 8(gw, 9 (g12))det(y) g (W) jg, (2). (3)

For a function g on X, 541 r+s5+1 OF Xy4s.r+5, We define the pullback g° to be
the function on X, 41 541 X X5, or X, 5 X X, » given by

g°(z. w) = 8(w, o (2))“gw (z, w)).
Definition 2.5. We define a scalar weight « of U(s, r) to be the weight

(—k,...,—x;0,...,0).
—_— ——
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2D. Shimura varieties and Igusa varieties. Fix a neat open compact subgroup K
of GU(r, s)(A r) whose p-component is GU'(r, 5)(Z p); we refer to [Hsieh 2014]
for the definitions and arithmetic models of Shimura varieties over the reflex field E,
which we denote by S (K). It parameterizes isomorphism classes of the quadruples
(A, A, ¢, ﬁ(D))/S, where [ is a finite set of primes, (A, 1) is a polarized abelian
variety over some base ring S, X is an orbit (see [Hsieh 2014, Definition 2.1])
of prime-to-[] polarizations of A, ¢ is an embedding of Oy into the endomor-
phism ring of A, and 7™ is some prime-to-[J level structure of A. To each point
(r,2) € X* x G(AF, £), we attach a quadruple as follows:

o The abelian variety dg (1) :=V Q@ R/ Mg (M) := Hi(dg(T), 2”)).

 The polarization of s is given by the pullback of —(, ), on C"* to V ®g R
via p(7).

» The complex multiplication ¢ is the Ox-action induced by the action on V.

o The prime-to-p level structure nép ) ML~ M [¢] 18 defined by nép ) (x)=g*x

forx e M.

We have a similar theory for Shimura varieties for GU(s, r) as well.

There is also a theory of compactifications of Sg(K), developed in [Lan 2008].
We let Sg(K) be a fixed choice of a toroidal compactification and S, (K) the
minimal compactification.

We define some level groups at p, as in [Hsieh 2014, Section 1.10]. Recall that
G(Af) D K =]y K, is an open compact subgroup such that K, = G(Z,) and let
Y. be a finite set of primes including all primes above p such that K, is spherical
for all v ¢ X. If we write g, = (2 g) for the p-component of g, then define

—_ 11’ * n
gp:(o 1Y> modp },

K{={geK|AeN,(Z,) modp", De N, (Z,) mod p", C =0},
K!'={geK |AeB,(Z,) modp", De B (Z,) modp", C=0}.

K":{geK

Now we recall briefly the notion of Igusa schemes over 0,, (the localization of
the integer ring of the reflex field at the p-adic place vy determined by ¢, : C >~ C))
in [Hsieh 2014, Section 2]. Let V be the Hermitian space for U(r, s), M be a
standard lattice of V and M), = M ®7 Z,,. Let Pol, = {N ~1, N9} be a polarization
of M. The Igusa variety I (K") of level p" is the scheme representing the usual
quadruple for a Shimura variety together with

jipmpn ®z N® — A[p"],
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where A is the abelian variety in the quadruple. Note that the existence of j implies
that if p is nilpotent in the base ring then A must be ordinary. For any integer m > 0,
let 0,, :=0,,/p™.

Igusa schemes over S¢(K). To define p-adic automorphic forms one needs Igusa
schemes over S¢(K). We fix such a toroidal compactification and refer to [Hsieh
2014, Section 2.7.6] for the construction. We still denote it by Ig(K"). Then,
over 0,,, I(K") is a Galois covering of the ordinary locus of the Shimura vari-
ety with Galois group Hvlp GL,(OF,y/p") x GLs(OF/p"). We write Ig(K{) =
I6(K™Xo and I(K) = Ig(K™)XT over 0,,.

Cusps. Let 1 <t <s. We let P, be the maximal parabolic subgroup of GU(r, s)
consisting of matrices which, in the block form with respect to t + (r +s — 2¢t) + ¢,
are of the form

Let G p, be the unitary similitude group with respect to the skew-Hermitian space
for ¢. Let Y, be the Oy span of {y!, ..., y'}. We define the set of cusp labels by

Ci(K) := (GL(Y;) x Gp,(Ap)Np (A)\GA ) /K.

This is a finite set. We write [g] for the class represented by ¢ € G(Ay). For

I and

each such g whose p-component is 1, we define K f;t =Gp(Ay)NgKg™
write Spg) := Sg,, (K ;i;) the corresponding Shimura variety for the group G p with
level group K fgt). By the strong approximation we can choose a set C,(K) of
representatives of C,;(K) consisting of elements g = pk® for p € P, (A?) and

k® € K for K° the spherical compact subgroup.

Definition 2.6 (p-adic cusps). Asin [Hsieh 2014], each pair (g, h) e C;(K)x H (Z )
can be regarded as a p-adic cusp, i.e., cusps of the Igusa tower.

Igusa schemes for unitary groups. We refer to [Hsieh 2014, Section 2.5] for the
notion of Igusa schemes for the unitary groups U(r, s) (not the similitude group). It
parameterizes quintuples (A, A, ¢, 7P, ) /s similar to the Igusa schemes for unitary
similitude groups but requiring A to be a prime-to-p polarization of A (instead of an
orbit). In order to use the pullback formula algebraically we need a map of Igusa
schemes, given by

i([(Ay, Ay e, Ky, D], [(Az, A2, 12, 15 Ko, ji2)])
= [(A1 X Ag, Ay X Ao, 1, 2, (0] X 05)K3, ji X j)].



Families of nearly ordinary Eisenstein series on unitary groups 1971

Similar to [Hsieh 2014], we know that, taking the change of polarization into
consideration,

i([z, g], [w, h]) = [u(z, w), (g, M) Y]
(Y is as defined at the end of Section 2B).

2D1. Geometric modular forms. Let H = Hu|p(GLr x GL;) and let N C H be
Hu|p(Nr x 'Ny). To save notation we also write H = ]_[v‘p GL, (OF ) x GL(OF )
and let N C H be ]_[vlp N, (OF ) X 'Ng(OF ). We define @ = "S5,k for Q
the sheaf of differentials on the universal semiabelian scheme % over the toroidal
compactification (see [Hsieh 2014, Section 2.7.2] for a brief discussion). Recall that
for v[p we have v = ww in % with w € . Let e,, and ey; be the corresponding
projections for ¥, >~ K, x H3; then w = e, P eyw. We also define

+._

€ = Isom(@gG(K), eyw),
I A _

€ = Isom(@EG(K), eqw),
¢ =¢to¢ .

This is an H-torsor over S (K ). We can define the automorphic sheaf w; =€ x H Ly.
A section f of wy is a morphism f : € — L such that

fx, hw) = pe(h) f(x,®), heH, xeSgK).

2E. p-adic automorphic forms on unitary groups. Let R be a p-adic Z ,-algebra
and let R, := R/p™. Let T,, , := Ig(K") R, . Define
Vim = H*(Tym, 01,

n,m

Vk(K:l, Rm) = HO(Tn,m/Rmv wlj)K:l~

Let Voo = lim, V. and Voo oo = lim, Vo . Define V, (G, K) := VZ . the
space of p-adic modular forms. Let T =T (Z,) C H and let A :=Z,[[T]. The
Galois action of T on V2 , makes the space of p-adic modular forms a discrete
A r-module.

Suppose n > m. To each R,-quintuple (A, j) of level K", we can attach a

canonical basis w(j) of H O(A, ©4). Therefore, we have a canonical isomorphism

HO(Tn,m/Rm» (Ulg) > Vim ® Lk(Rm)
given by
e f(A )= (A, . 0()).

We call f the p-adic avatar of f.
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Similarly, we can define an embedding of geometric modular forms into p-adic
modular forms by

f fA )= fA o).

We also define the morphism
B V(KT Ru) = Vi [+ Bi() =1 ().

We can also pass to the limit for m — oo to get the embedding of Vi (KY, R)
into VOIX’ - We refer to [Hsieh 2014, Sections 3.8-3.9] for the definition of a U,
Hecke operator and define Hida’s ordinary projector
1 n!

e:= hy{n u,.
2F. Algebraic theory for Fourier-Jacobi expansions. We suppose s > 0 in this
subsection. Let X, = span@%{xl, coo,x'}and Y, = span@%{yl, ..., y'}. Let W, be
the skew-Hermitian space span@%{y’“, cen Y wi, ., xTL L xS) Let GY be
the unitary similitude group of W;. Let [g] € C,(K) and Kg, = Gp(Ap)N gKg_l
(we suppress the subscript [g] so as to not make the notation too cumbersome). Let
A, be the universal abelian scheme over the Shimura variety Sg p (KGp, ). Write
g" =kg/y fory e G(F)" and k € K. Define X = X,'g)y and Yg = Y, g,y Let
Xe={ye¥i®aZ) -y |y, XéY) € Z}. Then we have

i:Y, — X,.
Let g[g] be

Homg, (X, &ﬁtv) X Homgy, (Ye, 1)) Homy, (Y, sd;)
={(c, ") [c(i(y) = A" (y)), y € Y}

Here the Hom are the obvious sheaves over the big étale site of Si, , represented by
abelian schemes. Let ¢ and ¢” be the universal morphisms over Homg,, (X, s4,")
and Homg,, (Y,, o;). Let Np, be the unipotent radical of P, and Z(Np,) be its center.
Let Hyg):=Z(Np(F))NgiKg;,~ ! Note that if we replace the components of K at
v|p by K{ then the set Hj,) remains unchanged. Let I'[g) := GLy(Y;) N g,-Kgl._l.
Let P, be the Poincaré sheaf over o, x s, o, and QP;gt its associated G,,,-torsor.
Let Sio) := Hom(Hg, Z). For any h € S, let c(h) be the tautological map
Fio1 = A x A, and L(h) := c(h)*@’gr its associated G,, torsor over % g).

It is well known (see [Lan 2008, Chapter 7], for example) that the minimal
compactification S5 (K) is the disjoint union of boundary components corresponding
toeachz=1,...,s. Let Oc, be the valuation ring for C,. The following proposition
is proved in [Lan 2008, Proposition 7.2.3.16]. Let [g] € C;(K) and x be a @@p -point
of the 7-stratum of S5 (K)(1/E) corresponding to [g].
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Proposition 2.7. Let [g] and x be as above. We write the subscript X to mean
formal completion along X. Let  be the map S¢(K) — SG(K). Then ,(Og, x))x
is isomorphic to

Tig
{ > H@py, i(h»;qh} :

T
heS[g]

Here S[Z] means the totally nonnegative elements in Sig). The q" is just regarded as
a formal symbol and T4 acts on the set by a certain formula, which we omit.

For each [g] € C;(K) we fix an X corresponding to it as above. Now we consider
the diagram

’ *
Tﬂ,m Tn,m

l l

SG(K)[1/Elo, —— SL(K)[1/Elg,,,

where T, ,, — Tn’fm — SG(K)[1/E]g, is the Stein factorization. By [Lan 2013b,
Corollary 6.2.2.8], T,;‘jm is finite étale over S;(K)[1/E]g, . Take a preimage of x
in 7,7, which we still denote by x. (To do this, we have to extend the field of
definition to include the maximal unramified extension of L.) Then the formal
completion of the structure sheaf of Tn"jm and S5 (K)[1/E]g, at x are isomorphic.
So, for any p-adic automorphic form f € lim, lim H O(T,,,m, 0,.m) (with trivial
coefficients), we have a Fourier—Jacobi coefficient

FI(f) € { [] limlim B0, £h)s -q”} )

+ m n [g]
heS[g]

by considering f as a global section of 7 , (O7,,) = Or: and pullback at the x.
Note that if # = s = 1 then there is no need to choose the % and pullback, since the
Shimura variety for G, is O-dimensional (see [Hsieh 2014, (2.18)]). In application,
when we construct families of Klingen Eisenstein series in terms of Fourier—Jacobi
coefficients, we will take t = 1 and define

Rigloo == | [ limlim HO @), £(h))s - g". (5)
g+ m n

he el

We remark that the map FJ is injective on the space of forms with prescribed
nebentypus at p (this is not needed for our result though). This can be seen using
the discussion in [Skinner and Urban 2014] right before Section 6.2 (which in turn
uses result of Hida [2011] about the irreducibility of Igusa towers for the group
SU(r, s) C U(r, s), the kernel of the determinant map). In particular, to see this injec-
tivity we need the fact that there is a bijection between the irreducible components
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of the generic and special fibers of S (K) (see [Lan 2008, Section 6.4.1]) and that
there is at least one cusp of any given genus on the ordinary locus of each irreducible
component. (Note that the signature is (r, s) for r > s > 0 at all Archimedean
places, so there is at least one cusp in C;(K) at each irreducible component. Since
p splits completely in ¥, the cusps of minimal genus must be in the ordinary locus.
On the other hand by the construction of minimal compactification the closure of
the stratum of any genus r is the union of all stratums of genus less than or equal
to r. Note also that, since the geometric fibers of the minimal compactification are
normal, their irreducible components are also connected components. This implies
the existence of such a cusp on the ordinary locus.) See the Appendix for more
details.

3. Eisenstein series and Fourier-Jacobi coefficients

The materials of this section are straightforward generalizations of parts of [Skinner
and Urban 2014, Sections 9 and 11] and we use the same notations as there, so
everything in this section should work out the same as [Skinner and Urban 2014]
when specialized to the group GU(2, 2) /q.

3A. Klingen Eisenstein series. Let gu(R) be the Lie algebra of GU(r, 5)(R). Let
8 be a character of the Klingen parabolic subgroup P such that §472/+! = §p (the
modulus character of P).

3A1. Archimedean picture. Let v be an infinite place of F, so that F, >~ R. Let
i’ and i be the points on the Hermitian symmetric domain for GU(r, s) and
GU(r + 1,s + 1) which are (i(l)s) and (“g ‘), respectively (here 0 means the
(r —s) x s or (r—s) x (s + 1) matrix 0). Let GU(r, s)(R)* be the subgroup of
GU(r, s)(R) whose similitude factor is positive. Let K ;“o and K ;g’ be the compact
subgroups of U(r + 1, s + 1)(R) and U(r, 5)(R) stabilizing i or i’, and let Ko,
(resp. K.,) be the group generated by K1 (resp. K;') and diag(1, 4541, —ls+1)
(resp. diag(lr-i-Sa _ls))-

Now let (;r, H) be a unitary tempered Hilbert representation of GU(r, s)(R) with
H the space of smooth vectors. We define a representation of P(R) on Hy, as
follows: for p = mn, where n € Np(R) and m = m(g, a) € Mp(R) with a € C*,
geGU@r+1,s+ 1) (R), put

p(p)v:=t(@)m(gv, vE He.

We define a representation by smooth induction, I (Hy,) := IndgtjﬂgH’Hl)(R) p and

write I (p) for the space of K o-finite vectors in I (Hy). For f € I(p) we also
define, for each z € C, a function

f2(8) := 8(m) T2V 2 h(m) £ (k), g =mk € P(R)K oo,
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and an action of GU(r 4+ 1, s + 1)(R) on it by

(0(p,2)(g) k) := f.(kg).

Let (rV, V) be the irreducible (gu(R), K., )-module given by 7V (x) =7 (n~'xn)
for

and x in gu(R) or K (this does not mean the contragradient representation!). Let
pY, 1(pY), IV(Hs), o (pY,z) and I (p“) be the representations and spaces defined
as above but with 7 and 7 replaced by 7V ® (t o det) and 7¢. We are going to
define an intertwining operator. Let

lpt1
w= 1,

—1pq

For any z € C, f € I (Hx) and k € K, consider the integral

A(p,z, )= | fo(wnk)dn. (©)
Np(R)
This is absolutely convergent when Re(z) > %(a +2b+1) and A(p,z,—) in
Homc¢ (I (Hy), 1Y (Hy)) intertwines the actions of o (p, z) and o (pV, —2z).
Suppose 7 is the holomorphic discrete series representation associated to the
(scalar) weight (0, ..., 0; «, ..., k); then it is well known that there is a unique (up
to scalar) vector v € w such that k - v = det ;u(k, i) (here u means the second
component of the automorphic factor J instead of the similitude character) for
any k € KX’. Then, by the Frobenius reciprocity law, there is a unique (up to
scalar) vector ¥ € I (p) such that k - 0 = det u(k, i) ™0 for any k € KI. We fix v
and multiply ¥ by a constant so that (1) = v. In 7V, 7 (w)v has the action of K1,
given by multiplying by det u(k, i) ™. We define w' e U(r +1, s + 1) by

1

1p

There is a unique vector 0¥ € I(p“) such that the action of KF, is given by
det pu(k, i)~ and vV (w’) = 7 (w)v. Then, by uniqueness, there is a constant c¢(p, z)
such that A(p, z, V) = c(p, 2)0".

Definition 3.1. We define F,, € I(p) to be the v as above.
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3A2. Prime-to-p picture. Our discussion here follows [Skinner and Urban 2014,
§9.1.2]. Let (r, V) be an irreducible, admissible representation of GU(r, s)(F})
which is unitary and tempered. Let ¥ and t be unitary characters of X such
that 1 is the central character for 7. We define a representation p of P(F,) as
follows. For p =mn, where n € Np(F,) and m =m(g, a) € Mp(F,) witha € K
and g € GU(Fy), let

p(pv:=t(a)m(g)v, vevV.

Let I(p) be the representation defined by admissible induction, that is, /(p) =
Indg%:;“ LstD) 5 - As in the Archimedean case, for each f € I(p) and each z € C
we define a function f, on GU(r + 1, s 4+ 1)(F,) by

f2(g) == 8(m) @T2PTV242 5 m) f (k) for g =mk € P(F,)K,
and a representation o (p, z) of GU(r + 1, s 4+ 1)(F,) on I (p) by
(o(p,2)(8) k) := f(kg).

Let (rV, V) be given by 7V (g) =7 (™' gn). This representation is also tempered
and unitary. We denote by p, I(p¥) and (o (p", z), I(p")) the representations
and spaces defined as above but with 7 and 7 replaced by 7¥ ® (t o det) and 7€,
respectively.

For f € I(p), k € K, and z € C, consider the integral

A(p, z,v)(k) := / fz(wnk) dn. @)
Np(Fy)

As a consequence of our hypotheses on 7 this integral converges absolutely and uni-
formly for z and k in compact subsets of {z | Re(z) > %(a +2b+ 1)} x K,. Moreover,
for such z, A(p, z, f) € I(p"), and the operator A(p, z, —) € Hom¢c (I (p), I(p"))
intertwines the actions of o (p, z) and o (p", —z2).

For any open subgroup U C K, let 1(p)Y C I(p) be the finite-dimensional
subspace consisting of functions satisfying f(ku) = f (k) for all u € U. Then the
function

[z€C|Re(z) > La+2b+ 1)} = Home(I(0)V, 1(p)Y), z+> A(p,z,—)

is holomorphic. This map has a meromorphic continuation to all of C.
We finally remark that, when 7 and t are unramified, there is a unique (up to
scalar) unramified vector F, € I(p).

3A3. Global picture. We follow [Skinner and Urban 2014, §9.1.4]. Let (i, V)
be an irreducible, cuspidal, tempered automorphic representation of GU(r, 5)(AFr).
This is an admissible (gu(R), K. )vjcc X GU(r, 5)(A r)-module which is a restricted
tensor product of local irreducible admissible representations. Let ¢, t : Aj; — C*
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be Hecke characters such that ¢ is the central character of 7. Let t = ) 7,, and
V¥ = ) Y, be their local decompositions, w running over places of F. Define a
representation of (P (Fuo) N Kxo) X P(Af, ) by putting

p(P)v = Q(ow(Pw)vw),

Let I (p) be the restricted product ) I (p,,) with respect to the F, at those w at
which 7, ¥, and pi,, are unramified. As before, for each z € C and f € I(p), we
define a function f, on GU(r + 1, s + 1)(AF) as

fz(8) = ® fw,z(gw)v

where f, , are defined as before, and an action o (p, z) of
(gu, Koo) @ GU(r + 1, s + D (Ay)

on I(p) by o(p, z) := Q@ o (pw, z). Similarly, we define p”, I (p") and o (p", z2),
but with the corresponding things replaced by their v, and we have global versions
of the intertwining operators A(p, f, z).

Definition 3.2. Let X be a finite set of primes of F' containing all the infinite places,
primes dividing p, and places where 7 or t is ramified. Then we call the triple
9 = (m, T, X) an Eisenstein datum.

3A4. Klingen-type Eisenstein series on G. We follow [Skinner and Urban 2014,
§9.1.5] in this subsubsection. Let 77, ¢ and t be as above. For f € I(p) and z € C,
there are maps from 7 (p) and I(p") to spaces of automorphic forms on P(Ap)
given by

f— (g f2(e)(1)).

In the following we often write f, for the automorphic form on P(Ar) given by
this recipe.
If geGU(r+1,s+1)(Ap), it is well known that

E(f.z8):= Y  frg) ®)

ye€P(F)\G(F)
converges absolutely and uniformly for (z, g) in compact subsets of
[z€C|Re() > 2a+2b+ 1)} x GUr + 1,5 + 1)(AF).

Therefore, we get some automorphic forms which are called Klingen Eisenstein
series.

Definition 3.3. For any parabolic subgroup R of GU(r + 1, s + 1) and an auto-
morphic form ¢, we define pr to be the constant term of ¢ along R, defined
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by

or(g) = / o(ng)dn.
neNg(F)\Ngr(Afr)

The following lemma is well known (see [Skinner and Urban 2014, Lemma 9.2]).

Lemma 3.4. Let R be a standard F-parabolic subgroup of GU(r + 1,5 + 1) (i.e,
R D B, where B is the standard Borel subgroup). Suppose Re(z) > %(a +2b+1).
Then:

(i) If R # P then E(f,z, g)r =0.
() E(f,z,—)p = f:+Ap, [, 2)—

3B. Siegel Eisenstein series on G,.

3B1. Local picture. Our discussion in this subsection follows [Skinner and Urban
2014, §§11.1-11.3] closely. Let Q = Q,, be the Siegel parabolic subgroup of GU,,
consisting of matrices (%" g‘f ) It consists of matrices whose lower-left n x n block
is zero. '

For a finite place v of F and a character x of J, we let 1,(x) be the space of
smooth K, ,-finite functions (here K, , means the open compact group G, (OF ,))
f K, — Csuchthat f(gk) = x(det D,) f (k) for all ¢ € Q,,(F,) N K, ,, where
we write g as a block matrix g = (AO,, gz ) For z e Cand f € I(x), we also define
afunction f(z, =) : Gu(F,) = Cby f(z, gk) := x (det Dy)|det A, D, ;™" f (k)
forq € Q,(Fy) and k € K, .

For f € I,(x), z € C and k € K, ,, the intertwining integral is defined by

M(z, f)(k) = X" (un(k)) f @z, wark) dr.
Ng, (Fy)
For z in compact subsets of { Re(z) > %n}, this integral converges absolutely and
uniformly, with the convergence being uniform in k. In this case it is easy to see
that M (z, f) € I,(x°). A standard fact from the theory of Eisenstein series says
that this has a continuation to a meromorphic section on all of C.

Let AU < C be an open set. By a meromorphic section of 7,(x) on U we mean a
function ¢ : U — [I,,()) taking values in a finite-dimensional subspace V C I,,(x)
and such that ¢ : U — V is meromorphic.

For Archimedean places there is a similar picture (see [loc. cit.]).

3B2. Global picture. For an idele class character x = ) x, of Ay, we define a
space I,,(xx) to be the restricted tensor product defined using the spherical vectors
,fph € L,(xv), fUSph(K,,,v) = 1, at the finite places v where x, is unramified.

For f € I,,(x) we consider the Eisenstein series

E(fiz9)= Y, [y

Y €Qn(F\Gn(F)
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This series converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > %n} X G, (AF). The automorphic form defined is called Siegel Eisenstein
series.

Let ¢ : U — I,(x) be a meromorphic section; then we put E(p;z,g) =
E(¢(2); z, g)- This is defined at least on the region of absolute convergence and it
is well known that it can be meromorphically continued to all z € C.

Now, for f € I,(x), z € C and k € l_[vj(oo Ky Hvloo Ko, there is a sim-
ilar intertwining integral M (z, f)(k) as above, but with the integration being
over Ng,(Ar). This again converges absolutely and uniformly for z in compact
subsets of {Re(z) > %n} x Ky. Thus, z = M(z, f) defines a holomorphic section
{Re(z) > %n} — I,(x°). This has a continuation to a meromorphic section on C.
For Re(z) > %n, we have

M(Z’f)=®vM(Z’fv)v f=®fv

The functional equation for Siegel Eisenstein series is

E(f,z,8)=x"(W@NEM(z, f); =z, 8),

in the sense that both sides can be meromorphically continued to all z € C and the
equality is understood as of meromorphic functions of z € C.

3B3. The pullback formulas. Let x be a unitary idele class character of A;. Given
a unitary, tempered, cuspidal eigenform ¢ on GU(r, s) which is a pure tensor, we
formally define the integral

Fo(fi2,8) = / f(z, S (g, g1h)S)x (det g1g)p(g1h) dgi,
U(r,s)(Ar)

f€lyst100), g €GUIr + 1, s+ 1D(AF), h € GU(r, s)(Ar), u(g) = u(h).

This is independent of /4. (We suppress the x in the notation for F, since its choice
is implicitly given by f.) We also formally define

Ffizgi= [ s el sh)S)xdet g d,
U(r,s)(Ar)

€ Lis(x), § € GUr, s)(Ap), h € GU(r, s)(Ar), n(g) = n(h).
The pullback formulas are the identities in the following proposition.

Proposition 3.5. Let x be a unitary idele class character of Ay.

W) If f € I 45(x), then Fy(f; z, g) converges absolutely and uniformly for (z, g)
in compact sets of {Re(z) > r + s} x GU(r, s)(Ap) and, for any h € GU(r, 5)(AF)
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such that p(h) = u(g),

E(f;z, 8 'a(g, g1h)S")j (det gih)p(gih) dg

=F,(f;z.8). 9

fU(r,S)(F)\U(r,S)(AF)

() If f € Lys41(x), then Fy(f; z, g) converges absolutely and uniformly for
(z, &) in compact sets of{Re(z) >r+s+ %} x GU(r +1, s + 1)(Ar) and, for any
h € GU(r, s)(Af) such that nw(h) = u(g),

/ E(f;z, S 'a(g, g1h)S)x (det g1h)p(g1h) dgi
U(r,s) (F)\U(r,s)(Af)

_ 3 Fo(f:2.78), (10)

yeP(F)\G(r+1,s+1)(F)

with the series converging absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > r+s+ 1} xGU@ + 1,5+ )(Ap).

Proof. The global integral F, and F(; can be written as a product of local integrals.
The absolute convergence of local integrals for F, 92 is proved in [Lapid and Rallis
2005, Lemma 2]. The absolute convergence for the global integral F(; follows
from this and the explicit computations in [Lapid and Rallis 2005] at all unramified
places, together with the assumption that ¢ is tempered. The absolute convergence
for F,, is proved in the same way. Then part (i) is proved by Piatetski-Shapiro and
Rallis [Gelbart et al. 1987] and (ii) is a straightforward generalization by Shimura
[1997], which is in turn due to earlier works of Garrett [1984; 1989]. Both are
straightforward consequences of the double coset decompositions in [Shimura 1997,
Propositions 2.4 and 2.7]. U

3C. Fourier-Jacobi expansion.

3C1. Fourier-Jacobi expansion. We will usually write e (x) = eay (Tra, /aq X)
for x € Ag. For any automorphic form ¢ on GU(r, s)(Afr), B € S,,(F) form <s.
We define the Fourier—Jacobi coefficient at g € GU(r, s)(AF) as

Lo oo
05(8) = f oll o, O e eac-TrBs) s,
S (F)\Spn (AF) r—s
0O O 1

In fact, we are mainly interested in two cases: m = s, or ¥ = s and arbitrary m <'s.
In particular, suppose G = G,, = GU(n, n), 0 <m <n are integers, and 8 € S,,, (F).
Let ¢ be a function on G(F)\G(A). The B-th Fourier-Jacobi coefficient ¢g of ¢
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at g is defined by

L S0
vp(8) 3=/<p "00]|g|ea(—TrBS)ds.
L,

Now we prove a useful formula on the Fourier—Jacobi coefficients for Siegel
Eisenstein series.

Definition 3.6. Put

| z 0
7 = "00]|ze8Sn(I)y,
On 1n
L, x )y \
V= ] X,y € Mpyu—my@F), z—xy" € S () ¢,
m
U
1n x
Licw O
X = 1 X € Mm(nfm)(fjf) >
0y —x* 1pm
L 5
Y = " y* 0 ‘ y € Mm(n—m)((f]{)
0, 1,

From now on we will usually write w, for (_, Ln )-

Proposition 3.7. Let [ be in I,,(t) and suppose B € S,,(F) is totally positive. If
E(f;z, g) is the Siegel Eisenstein series on GU, defined by f for some Re(z)
sufficiently large, then the B-th Fourier-Jacobi coefficient Eg(f; z, g) satisfies

Eg(fiz,8) ¢

y
= > > / Flw [ 50 ) awm(t, 1)g | ea(=Trgs) ds.
Y €Qu-m(F)\GU,_,(F) yey 7S

—

n

where

D C
Ap—m(y) = 1

B A

ifg1= (é g), where A, B, C and D are (n — m) x (n — m) matrices.
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Proof. We follow [lkeda 1994, Section 3]. Let H be the normalizer of V in G.
Then

Gu(F)=|_| Qu(F)EH(F)
i=1

for
Om 1 0 lm l O
%__ . 0 ln—m-‘ri 0 0
T 1mfi 0 Omfi 0
0 0n7m+i 0 1n7m+i
Unfolding the Eisenstein series, we get
Eg(fiz.9)=)_ b g | ea(=Tr(gS))ds
i>0 VGQn(F)\Qn(F)EzH(F) ln
S0
+ L 00|g]|ea(—Tr(BS))dS.
VEQn(F)\Qn(F)EoH(F) 1,

By [Ikeda 1994, Lemma (3.1)] (see [ibid., p. 628]), the first term vanishes. Also,
we have [loc. cit.]
On(F)\Qn(F)soH (F) = 8§ Z(F)X(F)Qn-m(F)\Gp—m(F)
= SOX(F) : Qn—m(F)\Gn—m(F) : Z(F)
=w, Y (F)Sn(F)Wh—m Qnemn (FI\Gy— (F)

(note that S,, commutes with X and G,,_;;). So

Sy
Eg(fiz2,8) = ) ) /S(A)f wo |15 0| 1,108

YE€Qn-m(FO\Gy—m(F) yeY (F) 1,
xep(—Tr(BS))dS
Note that the final integral is essentially a product of local ones. ([l
Now we record some useful formulas:
Definition 3.8. If ¢, € U,,_,,(F,) and x € GL,,(¥,), then define
Flg(fv;2,y, 8. %)
Sy

=/ f 1w Ln 'y 0 | a(diag(x, N, 9 er,(—TrBS)dS,
Sm(Fv) ln
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where

A B

p c| . A B A B
cC D itei=\cp) &=\c p)

B’ A’

a(gr, &) =

We also define

fo.p.2(g) = f<z, Wy (1" f ) g>ev(— TrBS)dS.

Since
L l, XBA~! S—XB'X XA
S X i i b fg
n li —
L L ’
1, » . 1,
BA A BA A

it follows that:

(i (M5 )
= tS(det A)~'|det AA|ST 2, (— Tr('XBX B)) Fls(f; z, XA, g, Y).
Also, we have
Flg(f: 2, v, 8, %) = tp(detx)|detxx |, "> Lo (f3 2, x 7'y, g, 1).

3C2. Weil representations. We define the Weil representations which will be used
in calculating local Fourier—Jacobi coefficients in the next section.

The local set-up. Let v be a place of F. Let h € S,,(F,),deth # 0. Let U, be
the unitary group of this metric and denote by V,, the corresponding Hermitian
space. Let V,_p = H"™™ @™ := X, @ Y, be the skew-Hermitian space
associated to U(n — m,n —m). Let W =V, ®x%, Vi—m,». Then (—, —) =
Trye, /F, ((—, =)n ®%, (=, —)u—m) is a F, linear pairing on W that makes W into
a 4m(n—m)-dimensional symplectic space over F,. The canonical embedding of
Uy, x U,_,, into Sp(W) realizes the pair (Uy, U,,_,,) as a dual pair in Sp(W). Let
Ay be a character of J{ such that A, |px = Xy';?/ .o 1tis well known (see [Kudla
1994]) that there is a splitting Uy, (F},) X U,,_,, (F,)) = Mp(W, F,) of the metaplectic
cover Mp(W, F,) — Sp(W, F),) determined by the character A,. This gives the
Weil representation wp, (u, g) of Up(Fy,) x U,_, (Fy), where u € Uy (F,) and
g € U,_,,(Fy), via the Weil representation of Mp(W, F),) on the space of Schwartz
functions ¥(V, ®y, X,). Moreover, we write wj, ,(g) to mean wy (1, g). For
X € My (n—m)(Hy), we define (X, X)), := 'XBX (note this is an (n —m) x (n —m)
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matrix). We record here some useful formulas for wy, , which are generalizations
of the formulas in [Skinner and Urban 2014, Section 10]:

o po(t, )PX) = wp(1, P ™' X).

o wy,y(diag(A, "A71))D(X) = A(det A)|det Al P (X A).

e wpp(r($)P(x) = P (x)ey(Tr(X, X)55).

« opo(MP(x) = |dethl, [ @(V)ey(Try,/r, (Tr(Y, X)p)) dY.

Global setup. Let h € §,,(F) be positive definite. We can define global versions of
Uy, GUy, X, Y, W, and (—, —), analogously to the local case. Fixing an idele class
character A = @) A, of Ag /0 such that A| px = X3, the associated local splitting
described above then determines a global splitting Uy, (Ar) xU; (Ap) — Mp(W, Af)
and hence an action wy := @y, of Uy (Ar) x U1(Af) on the Schwartz space
F(Vay, Q3 X).

4. Local computations

In this section we do the local computations for Klingen Eisenstein sections real-
ized as the pullbacks of Siegel Eisenstein sections. We will compute the Fourier
and Fourier-Jacobi coefficients for the Siegel sections and the pullback Klingen
Eisenstein sections.

4A. Archimedean computations. Let v be an Archimedean place of F.

4A1. Fourier coefficients.
Definition 4.1.  f, ,(z, g) = Ju(g,i1,) |/ (g, i1,)[c"%,

Now we recall [Skinner and Urban 2014, Lemma 11.4]. Let J,(g,il,) :=

det(Cgil, 4 D,) for g = (éﬁ gi).

Lemma 4.2. Suppose B € S, (R). Then the function z — fi p(z, &) has a meromor-
phic continuation to all of C. Furthermore, if k > n then fi , g(z, g) is holomorphic
at 7 := L(c = n) and, for y € GLy(C), fen (2, diag(y, '51) =0 if det g <0,
while, if det 8 > 0, then

Fenp(ze, diag(y, '571))
(=" Qi)™ (2/m)" D2

[TiZotc—j—1)!

4A2. Pullback sections. Now we assume that our 77 is the holomorphic discrete
series representation associated to the (scalar) weight (0, ..., 0; «, ..., «x) and let
¢ be the unique (up to scalar) vector such that the action of K ;g’/ (see Section 3A)
is given by det ;u(k, i)7*. Recall also that in Section 3A we defined the Klingen

ey (i Te(By ') det(B) ™" det y*.
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section F(z, g) (denoted F). Recall we have defined S and S’ in equations (1)
and (2). Let
1
5il
Ftlp 1 ‘1
i 2t b

~
Il
o
=
DN —
Vo

¢

1
jllb

D —

1-
Ellb

be the distinguished point in the symmetric domain for GU(n, n) or GU(n+1, n+1),
for n = a + 2b. We define Archimedean sections to be

fe(@) = Tur1 (g, )™ | g (g, D7)
and

FU8) = Ju(g, D71, DI ="

and the pullback sections on GU(a +b+ 1, b+ 1) and GU(a + b, a) to be

Fe(z,8) :=f fe(z, S (g, g1)S)T(det g1) (g1 dg
U(a+b,b)(R)

and
Fl(z g) = / £z S alg, g1)S)E(det g (g dgi.
U(a+b,b)(R)

Lemma 4.3. The integrals F, and F, are absolutely convergent for Re(z) suffi-
ciently large and, for such z, we have

(1) Fe(z, 8) = cc (D) Fr2(8)3
(i) Fi(z, 8) =, (m(g)e;
where
@by, (24 I +k)—a, —by)

cr(z, g)=2"|det |, x Ty (z4+1+0)"" ifb>o0,
1 otherwise.

and ¢, (z, g) = ¢, (z + %, g). Here Ty (s) := g™m+D/2 ]_[km:_o1 I'(s —k)and v =
(a +2b)db (recall that d = [F : Q)).

Proof. See [Shimura 1997, Propositions 22.2 and A2.9]. Note that the action
of (B,y) € U(r,s) x U(s, r) is given by (B, ¥’), defined there. Taking this into
consideration, our conjugation matrix S is Shimura’s S times ¥ ~' (with notation
as there), which is defined in (22.1.2) in [Shimura 1997]. Also our result differs
from [Skinner and Urban 2014, Lemma 11.6] by a power of 2, since we are using a
different S here. [l
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4A3. Fourier-Jacobi coefficients. We write Flg , for the Fourier-Jacobi coefficient
defined in Definition 3.8 with f, chosen as f; ,.

Lemma 4.4. Let 7, = %(K —n), BeSH(R), m <nanddetB > 0. Then:
() Flp s 1, 1) = femp(zc + 50 —m), 1)e( Tr('X BX)).
(i) If g € Up—m(R), then

FJﬂ,K (2, X, 8, 1) = e(i Tr B)cm (B, ©) ficmmn—m(Zics g/)wﬁ(g/)(bﬂ,oo(x)’

,{1a 1,
£ —1y § 1, ’
_ (—=2) 7' Qmi)* (2/m)!t—D/2

Cl(ﬂ’K)— 1_[3_:100(_]_1)

and ®g o (x) = e~ 2 Tr((x.x)p)

where

det g¥~1

Proof. Our proof is similar to [Skinner and Urban 2014, Lemma 11.5]. For (i) we first
assume that m < %n; then there is a matrix U € U,,_,, such that XU = (0, A) for A
an m X m positive semidefinite Hermitian matrix. It follows that FJg (z, X, n, 1) =
Flg (2, (0, A),n, 1) and e(iTr('XBX)) = e(i Tr(U~''XBXU)), so we are re-
duced to the case when X = (0, A).

Let C be an m x m positive definite Hermitian matrix defined by C =~/ A% + 1.
(Since A is positive semidefinite Hermitian, this C exists by linear algebra.) We
have

AC™! c! —-C7'A c!

+ .
n,00°

Write k(A) for the second matrix in the right of the above, which belongs to K
then, as in [Skinner and Urban 2014, Lemma 11.5],

c! X X
1 X v-lsu!
1 S X c! 1
n — X X X n
wy X = Wy k(A).
C
L,
1 1,
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Thus,
Flg o (zc, (0, A), n, 1) = (det C)*" * Flg . (z¢, 0,1, 1), B = CBC
= (det O) " * fe . pr (2 + 3(n —m), 1)
= femp(z+30—m), 1)e( Tr(CBC — B)).
But

e(i Tr(CAC — B)) = e(i Tr(C2B — B)) = e(i Tr((C2 — 1) B))
= e(i Tr(A%B)) = e(i Tr(ABA)).

This proves part (i).
Part (ii) is proved completely the same as [Skinner and Urban 2014, Lemma 11.5].
In the case when m > %n, we proceed similarly as in [Skinner and Urban 2014,
Lemma 11.5], replacing a and u there by corresponding block matrices just as
above. We omit the details. (|

4B. Finite primes, unramified case.
4B1. Pullback integrals.

Lemma 4.5. Suppose w, W and t are unramified and ¢ € 7 is a new vector. If
Re(z) > %(a + b) then the pullback integral converges and

L@, % z+1)
M 'Lz +a+2b+1—i, T'xd)

Fo(fiP 2, 9) = F, (),

where F, . is the spherical section taking value ¢ at the identity and

L(7, 7% z+1)
MNP Lz +a+2b—i, 7 xi)

Fo(fPz,8) = 7(g)e.

This is computed in [Lapid and Rallis 2005, Proposition 3.3].

4B2. Fourier—Jacobi coefficients. Let v be a prime of F not dividing p and 7 a
character of J{;*. For f € I,(t) and B € S,,(F,), 0 <m < n, we define the local
Fourier—Jacobi coefficient to be

S0
1
fﬂ(Z;g)i=f flzw, [ " 00]g]|e(~TrBs)ds.
Sm(Fv) 1n

We first record straightforward generalizations of [Skinner and Urban 2014,
Lemmas 11.7 and 11.8] to any fields [Shimura 1997, Propositions 18.14 and 19.2].
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Lemma 4.6. Let 8 € S,,(F,) and let r := rank(B). Then, for y € GL, (¥,),
h . —_ i —nln—

£ (2. diag(y, '§7")) = (det y)|det yF|; <t/ Dy =D/

y = LQe+i—n+1,7x)
[Ty LQz+n—i, Tl

hy 5y (F (@) gy ™),

where h, 15, € Z[X] is a monic polynomial depending on v and 'y By but not on t.
If B € $,(0F,) and det € @;’v, then we say that B is v-primitive and, in this
case, hy g = 1.

Lemma 4.7. Suppose v is unramified in K. Let B € S,,(Fy) with det 8 # 0 and
let B € S, (OF,) and let A be an unramified character of X\ such that A px = 1.
If B € GL,,(OF,) then, for u € Ug(F,),

h
—z+1/2 fnsgm(zv g)wﬂ(uv g)CDO(.x)
YIS L@t —i Txd)

Flg(f™; 7, x, g, u) = t(detu)|det uit|

4C. Prime-to-p ramified case.

4C1. Pullback integrals. Again let v be a prime of F not dividing p. We fix
some x and y in ¥ which are divisible by some high power of @, (which can be
made precise from the proof of the following two lemmas). (When we are moving
things p-adically, the x and y are not going to change.) We define [ € I, (1)
to be the Siegel section supported on the cell Q(F,)wa425+1No(OF ), where
Wa42b+1 = (_1a+2/7+1 1"””“) and the value at No(Of ,) equals 1. Similarly, we
define f ¥/ e I,(7) to be the section supported in Q(Fy,)wa425No(OF, ) that takes
value 1 on Ng(OF ).

Definition 4.8. fosiea(@) 1= f1 (S, 7)) € Ly (0),

where y, is defined to be

1p (1/x)1p
1
1, (1/(yy)Nla
1 (1/x)1p
1p

1p
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1989
and
1p —11,
1
1

1, L1

S — b 721b

v Iy 31

1
1,

—1p —35lp

Similarly, we define f; ;.,(g) := (g8 1)) for

1 —11,
lq
& —1p 31,
$ = i
lq
—1p —51p
and
1 (I/x)1p
la (I/(yy)la
- _ I, (1/%)1,
v lb
lq
1p

Lemma 4.9. Let K 52) be the subgroup of G (F,) of matrices of the form

—
2
—_
>
— 0 0y O

where e = —'a, b="'d, g=—¢'f, be M(0,), ¢c— f¢'f € Opy, a € (x),

ec(x), fe(yy) and g € (20yy). Then Fy(z; g, f) is supported in Plegz) and
. . . 2)
is invariant under the action of K.
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Proof. Let S, consist of matrices

S11 S12 S13 Sus
S21 S22 823 So4
S31 832 833 Sma
Sa1 Sa2 Sa3 Sua

in the space of Hermitian (a +2b+ 1) x (a +2b + 1) matrices (the blocks are with
respect to the partition b 4 1 + a + b) such that the entries of Si3 and S>3 (resp.
S14 and S>4, S31 and S32, S41 and Sgp) are divisible by y (resp. x, y, x), while
the entries of S33 (resp. S34, S43, S44) are divisible by yy (resp. xy, xy, xx). Let
Quy:=0F) (5 )

Write ;

As in [Skinner and Urban 2014, Proposition 11.16], for

ay ax az by by
as as ag bz by
g=\|a7 as a9 bs bg |,
c1 ¢ ¢c3 dy do
c4 C5 cg d3 dy

we have

(g, 1) € SUpp fusice <= S, (g, DAWasops1di 77 € Oxy
= S la(gw, ndiag(x ™!, 1, x)Aw'd,7 " € Q. .

Here,

1y
dy.y =diag(1, 1, y,x, 1, 1,571, 71,
dy =diag(1,1,y, 1,1, 1,571, 1),



Families of nearly ordinary Eisenstein series on unitary groups 1991

(1b 1p
1 1
1, la

w = and y=

Here, x and y stand for the corresponding block matrices of the corresponding
size. Recall that y(m(g1, 1), g1) € Q; by multiplying this to the left for g; =
diag(x, 1, x~1n~!, we are reduced to proving that, if y (g, Dw'd,7 ' € Qy.y, then

g€ PwKPw'. A computation tells us that y (g, 1)w'd,7 " equals the product

1 —11,

1

la
1
—1p 51p
1p
1
la
—1,

a a %é“aay—aﬂ_l —by b b azy~!

as as 5Cagy—asy ! —bs b3 Dy agy !

la; lag 1 (2—1)—1( +D)y3 " —1bs Lbs lbg Lag+1)y!

747 284Cya9 > a9 y 705 505 3D6 5(d9 y

1

X —_ - )

4 5¢czy—c3y ! l-di di d» c3y !

¢4 Cs %CC@’_CG)_’_] —dy dz dy cey !

—3a7 —3a8 —3(ao+1)y+3(a9—1)3~" 3bs —3bs —3bs 3(1—ag)y~!

ai—1 a sCazy—azy™! b1 b b azy~t 1
where 3 = ¢!

One first proves that d4 # 0 by looking at the second row of the lower left of
the above matrix, so by left-multiplying g by some matrix in Np, we may assume
that dy = by = by = bg = 0, then the result follows by an argument similarly to the
proof of Lemma 4.36 later on. (]

Now recall that
as de ds4
g=\|das ag ay
az as ai
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Let ) be the set of g such that the entries of a, are integers, the entries of a3
(resp. a; — 1, 1 —as, as, a4, as, ap) are divisible by yy (resp. x, x, Xy, xXx,
%yy;, yyx¢),and 1 —ag = yy¢ (1 + yyN) for some N with integral entries.

Lemma 4.10. Let ¢, = m(diag(x, 1, x =Y, where ¢ is invariant under the
action of ) defined above; then:

() Fy,(fosieg: 2 w) = T(y70) | (y9)2xx ], D2 vo19) - 0.
Q) F) (f] g 2 ) =TIy 20k ]~ 2 Vo1(D) - .

Proof. First, one computes

1 1 1
1 1 1
o] Lk
1 aj as az 1
11 1 1
1 1 1
—é'_l —§_1 ar ag ag -1 —%{
1 1 ay ae ds 1
1 1 1
1 1 1
1 y 1
y 1 1 1
1 1 —11
1 1 1
—1 y=I —1 1
1 1 —1 1
1
1
sas i6y(I—a)—=35"" (14ap)  —3ar 35 '(4ag)  —3as
| @ sas{y+asy™! a —azy~! a
| —a %a3§y+a3y_' a—1 1 —azy~! a
1
¢lag —3y(1+¢ao)+¢ 7 5 (A—ag) ¢ Tlar =gy (1—ag) —¢ 7 ag
1—as a6t y+agy ™! as —agy ™! as

One checks the above matrix belongs to Qy , if and only if the a; satisfy the
conditions required by the definition of ). The lemma follows by a similar argument

to Lemma 4.38 below. |

Definition 4.11. We will sometimes write ), for the ) above to emphasize the
dependence on v.
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4C2. Fourier—Jacobi coefficient. We first give a formula for the Fourier coefficients
for fusiee == P (7o) f; seg 04 f} g 7= DT [ g

Lemma 4.12. (i) Let B = (Bij) € Sut+1(Fy); then for all z € C we have

Fosieq.p (2, 1) = Vol(Sy41(OF »))ey <Trf]{,,/Fv ( T

Bo+2,p4+2+ -+ Bot1+a,b+1+a )
yy

Batbt2.1+ -+ ,3a+2b+1,b)

+

(ii) Let B = (Bij) € Sy(Fy). Then

i Batb+1,1+ -+ Bat2vb
flj,sieg,ﬁ(z’ 1= VOI(Sn (©F,v))ev (TI'%){U/F{< — a+

X

+

Bo+1,p+1+ -+ ,3b+a,b+a)
yy

The proof is straightforward.
Here we record a lemma on the Fourier—Jacobi coefficient for fj e I,(ty)
and 8 € S, (Fy).

Lemma 4.13. If 8 & S,,(OF,)* then FJﬂ(fT; z,u,8,hy)=0.If B € S,(OF,)* then
Flg(ffz,u,8.h) = £ (z, gmwp(h, gn) Py () - VoI(S,, (OF,)),

where g' = (1””” _1n_m)g(1"7m —1,,_,,,)'

The proof is similar to [Skinner and Urban 2014, Lemma 11.15].

4D. p-adic computations. In this subsection we first prove that, under some
“generic conditions”, the unique (up to scalar) nearly ordinary vector in 7 (p) is just
the unique (up to scalar) vector with certain prescribed action of level subgroup.
Then we construct a section F in I (p") which is the pullback of a Siegel section f
supported in the big cell. We can understand the action of the level group of this
section. Then we define FO to be the image of F' under the intertwining operator.
By checking the action of the level subgroup on F, we can prove that it is just the
nearly ordinary vector.

In our calculations we will usually use the projection to the first component of
Hy =Ty x Wy = Q) x Qp.

4D1. Nearly ordinary sections. Let A1, ..., A, be n characters of F, which we
identify with @, and 7 = Ind5™" (A1, ..., An).
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Definition 4.14. Letn =r + s and k = (¢y45, ..., Cs+1; C1, - - -, Cs) be a weight.
We say (A1, ...A,) is nearly ordinary with respect to k if

{Valpkl(p),...,Valpkn(p)}={cl—i-s—1—%n+%,cz+s—2—%n+%,...,cs—%n—i-%,
Cs+1+r+s—1— %n—k%,...,crﬂ—l—s— %n—k%}.

We write the elements of the right side in order as k1, . . . , Ky4s5, SOK] >+ - * > Kpqs.
Let A, :=2Z,[t1, 12, ..., 1y, 1] be the Atkin—Lehner ring of G(Q,), where 1;

n

is defined by #; = N(Zp)a;N(Z)p), a; = (1"‘[ pl_). Then ¢#; acts on 7™ Z») by
v|t; = Z xiozi_lv.
xeNIalea;

We also define a normalized action with respect to the weight k, following [Hida
2004b]:
vllt; = 8(a) ™12t

Definition 4.15. A vector v € 7 is called nearly ordinary if it is an eigenvector for
all ||#; with eigenvalues that are p-adic units.

We identify 7 as a set of smooth functions on GL,(Q)):
7 ={f:GL,(@p) = C| f(bx) = a(b)35(b)'* f (x)}.
Here, A(b) := []i_, Ai(b;) for

and 4 is the modulus function for the upper-triangular Borel subgroup. Let w, be
the longest Weyl element,

1
and let f* be the element in 77 (which is unique up to scalar) that is supported in
Bw¢N (Z,) and invariant under N(Z,). We have:
Lemma 4.16. f* is an eigenvector for all t;.

Proof. Note that, for any i, f*|; is invariant under N (Z p). By looking at the
definition of v|f; for the above model of 7, it is not hard to see that f¢|; is
supported in B(Q,)w,B(Z,). So £t must be a multiple of 7. U
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Lemma 4.17. Suppose that (M1, ..., An) is nearly ordinary with respect to k and
suppose
Vp(A1(p)) > vp(ha(p)) > -+ > vp(Xn(p));

then the eigenvalues of ||t; acting on ¢ are p-adic units. In other words, ¢ is an
ordinary vector.

Proof. A straightforward computation gives that

ff”[i = )\‘1 “e )"i (p—l)plc]-l,-..._H(i ff,

which is clearly a p-adic unit by the definition of (A1, ..., A,) being nearly ordinary
with respect to k. ([

Remark 4.18. Hida proved [2004b, Theorem 5.3] that the nearly ordinary vector
is unique up to scalar.

Lemma 4.19. Let Ay, ..., Ay12p be characters of @; such that cond(Ag42p) >

- > cond(Ap41) > cond(hy) > --- > cond(rp). We define the subgroup K, of
GLy42p(Z)) to be those matrices whose below-diagonal entries of the i-th column
are divisible by cond(Mg42p+1-;) for 1 <i < a+ b, and the left-to-diagonal entries
of the j-th row are divisible by cond(Ay12p+1-j) fora+b+2 < j <a+2b. Let
A°P be the character of K, defined by

Aa+26(811) av20—1(822) - - A1(8a+2b a+2b)-

Then f* is the unique (up to scalar) vector in 7 such that the action of K, is given
by multiplying by \°P.

Proof. We only need to prove the uniqueness. We use the model of induced
representation as above. Letn =a+2b and letey, .. ., e, be the standard basis of the
standard representation of GL,,. Let p" be the conductor of A;. So #,,2, = max{;};.
Write Ko(p) C GL,,(Z,) for the subgroup consisting of elements in B(Z,) modulo p.
Suppose f is any vector satisfying the requirement of the lemma. Let w be a Weyl
element of GL, such that f is not identically O on wKy(p). Then we see that

w - 1 = eq42p by considering right-multiplication by diag(1 + p+»~1 1,... 1).
Continuing this argument, we see that w - ey = e;z42p—1, . ... Finally, we have
w = w’ and the lemma is clear by Bruhat decomposition. (]
We let
1
wp = 1
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Now let B = B"! and K; = K}

Corollary 4.20. Denote a; := v,(X;(p)). Suppose \i, ..., Aqq2p are such that
cond(Ay) > -+ >cond(Agqop) and a; < - -+ < Agap < Agi2p < -+ < dg+p+1- Then
the unique (up to scalar) ordinary section with respect to B is

ord, | A1(g11) - Aav2b(8at2b.avan) if € K,
o) = )
0 otherwise.

Proof. We only need to prove that 7w (w;) £°"4(x) is ordinary with respect to B¥' =B,
Let A} = Aatbtts -+ s Ay = hay2bs Apyy = hatbs - - » Ay o), = A1. Then A’ satisfies
Lemma 4.17 and thus the ordinary section for B (up to scalar) is fﬁ. Since A" also
satisfies the assumptions of Lemma 4.19, ff is the unique section such that the
action of K, is given by A/, (g11) - - - A (8a426,a+25)- But A is clearly regular, so
Indg’L“”b ) ~ IndgL””” (A)). So the ordinary section of IndgL””” (1) for B also
has the action of K given by this character. It is easy to check that 7 (w) f° has
this property and the uniqueness (up to scalar) gives the result. U

4D2. Pullback sections. In this subsubsection we construct a Siegel section on
U(a+2b+1, a+2b+ 1) which pulls back to the nearly ordinary Klingen sections
onU(a+b+1, b+ 1). We need to rearrange the basis since we are going to study
large block matrices and the new basis will simplify the explanation. One can check
that the Klingen Eisenstein series we construct in this subsection, when going back
to our previous basis, is nearly ordinary with respect to the Borel subgroup

*
*
*1,

*
* ¥ ¥ X *

*

where the first four blocks are upper-triangular and the fifth is lower-triangular. But
the one we need is nearly ordinary with respect to the Borel subgroup

* % % k %
* % ok %

B = * k% %

*

* %

(it is for this one that we can use the A-adic Fourier—Jacobi expansions). (Here the

blocks are with respect to the partition b+ 1 +a + b+ 1.) There is a Weyl element

Wgore; Of GL41 2542 such that wg(:relewBorel = By. This wg_, is in fact in the Weyl

group of GLj4 14, embedded as the upper-left minor. In the case of the doubling

method (U(r, s) x U(s,r) — U(r +s, r +5)) we have a corresponding change of
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index and we write wy , for the corresponding Weyl element. In Section 4D4 we
will come back to the original basis.

Now we explain the new basis. Let V, ; and V, 541 be the Hermitian space with
respective matrices

¢1q ¢

1 b and 1 b+1
—1p —Lpt1
(These are our skew-Hermitian spaces for U(r, s) and U(r + 1, s + 1) under the

new basis.) The matrix S for the embedding U(V, p) X U(V, p41) = U(Vag2p+1)
becomes

ST
(Sl

N —

1
-1 -1

Godement sections at p. Let v|p be a prime of F and ¥, ~ Q, x Q,. Let 7
be a character of @ x Q7. Suppose T = (71, 7, 1y and let p% be the conductor
oft;,i=1,2. Let x1, ... Xa» Xat1s - - - Xat2p b€ characters of @If whose conductors
are p', ..., p'«t?_ Suppose we are in the generic case:

Definition 4.21 (generic case).
h>0>:->1liqpp >8] >Ilaggptl > > lgq2p > 52

Also, let & = y;r; ' for 1 <i<a+band§;=x;'n fora+b+2<j<a+2b+1.
Let & ypr1=1.

Let ®; be the following Schwartz function on M, 2,41(Q)): let I' be the
subgroup of GL,12,+1(Z)) consisting of matrices y = (y;;) such that p'k divides
the below-diagonal entries (i.e., i > j) of the k-th column for 1 <k <a + b and
p* divides y;j whena+b+2 <i <a+2b+1and j =a+ b+ 1; while p'-!
divides y;; whena+b+2 < j <a+2b+1andeitheri <a+b+1lori > j.

Let& = yit, ', 1 <i <a-+b, £ = Xj—‘rl, a+b+2<j<a+2b+1,and
&l = rlrz_l. (Thus, & = ";‘krlrz_l for any k.)

if x¢T,
atbtlel (qy) if x €T

Now we define another Schwartz function ®; on M, 2,41(Q)).

Definition 4.22. di(x) = {0
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Let X be the following set: if

Ayp A Az Al
Ay Ay Axz Ap
Az Az Aszz Ay
Ay Ay Agz Ay
is in block matrix form with respect to the partition a +2b+1=a+b+1+b, then

e x has entries in Z ;

. (A“ A“) has i-th upper-left minors A; such that det A; EZ; fori=1,...,a+b;

Agy Ay
and
o Ay has i-th upper-left minors B; such that det B; € Z; fori=1,...,b.
We define
0 if x € X,
&1 Eatb—1
Pe(x)= g(det Ap) - ) (det Agyp—1)Ea+p(det Agyp)
a+
w Satbt2 qo gy et g Bo—1)Earapsr (det By) if x € X.
a+b+3 a+2b+1

(11

This is a locally constant function with compact support. Let
220 = b= [ @y, Ty dy
My12p+1(Qp)

(where tilde stands for Fourier transform). Let ® be the Schwartz function on
My 12p41,2(a+26+1)(Q)p) defined by

D(X,Y) = D1 (X)Po(Y)
and define a Godement section (terminology of Jacquet) by

)= ‘fz(detg)|detg|;S+(a+2b+1)/2

X / ®((0, X)), ' Ta(det X)|det X | ;3 He 20+ g .
GLg12p+1(Qp)

Lemma 4.23. [fy € T, then

a+2b+1
(Y X)= [] Em)Pe(X).
k=1
Proof. This is straightforward. For example, to see that the A4, block of 'y X has
invertible upper-left minors (i.e., has determinants in Z;) fory el’, X € X, one
notes that all entries of the upper-right block of y are zero modulo p, and that
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multiplying by invertible matrices which are lower-triangular modulo p does not
change the property that all upper-left minors are invertible. ([

Fourier coefficients. For z in the absolutely convergent range and B € S,12p41(Q))
(which is isomorphic to M,254+1(Q),) through the first projection), the Fourier
coefficient is defined by

P _ ® latop+1) (1 N B
fﬂ 9= /1Ma+2b+l(@p) / ((_10+2b+1 ) ( 1 ))ep( TrpN) AN

:/ f d)((O X)( 1u+2b+1)>
Mui2p41(Qp) JGL12p11(Q)) —lat2p 1 -N

x 7)1y (det X) |det X |+ 2P+ e (— Tr BN)dN d* X

:f P (—X) D (— X7 'B) 1 1o (det X)|det X |7 d* X
GL4+2p+1(Qp)

=7, "5 (=1) Vol(T) D¢ (). (12)
Definition 4.24. Let 7 = j 4op41 De the Siegel section supported on
1 M VA
0(Qp)was2p41 < a+2b;r1( p>)

and fT(wa+2b+l(l )1()) =1for X € Muyi2p41(Zp).

L if BeMayoni1(Zy),
0 if BE Myyopi1(Zp),

(here we used the projection of B onto its first component in X, = F,, X Fy), where

Lemma 4.25. fg(l) = {

the first component corresponds to the element inside our CM-type X under
1:=C>=C, (see Section 2A).

f<I>
;7 't (1) Vol(T)

Definition 4.26. f =

Thus, f; = ®:(').
We define
‘L'/( nt) 2ntz—tn(n+1)/2 if t> O,
T J e | (13)
p if t=0.
Now we recall a lemma from Skinner and Urban [2014, Lemma 11.12], which will
be useful later.

Lemma 4.27. Suppose v|p and B € S,(Qy), det 8 # 0. Then:
() If B & Su(Zy) then M(z, f)p(=z, 1) =0.
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(ii) Suppose B € S,(Z,). Let t := ord,(cond(t")). Then
Mz, fHp(=z, 1) = t'(det B)|det BI; Zg(F)"ca(', 2).

Note that our /' is the /T in [Skinner and Urban 2014] and our 7 is their x.
Now we want to write down our Godement section f® in terms of f'. First we
prove the following:

Lemma 4.28. Suppose ®¢ ,, is the function on M,(Q,) defined as follows: If
cond(§;) = (p") for ti > - -- > t, and &; are characters of Q; with conductor pli.
Let X,, be the subset of M,,(Z ) such that the i-th upper-left minor M; has determi-
nant in Z,. Define @ , 1o be

E—l(det My)--- il (det M,,_1)&, (det M,,)
52 Sn
on X, and 0 otherwise. Let
L pZ;
Xen=Xe : =N(Zp) NPP(Z,).

—1Iy
p "z,

Then the Fourier transform Ci:'g of ®¢ is the function

&D(x)—{o ifxffis,
: Tl 0@ [T & ip™) if x € Xe
1 x x X1 1
where x = X X

1 Xn x x 1

Proof. First suppose x is in the “big cell” N(Q,)T (Q,)N°?P(Q)). Itis easily seen
that we can write x in terms of block matrices,

S(E )

where z € GL,_1(Q)), w € Q%, u € M,,_1,1(Q,) and v € My ,_1(Q,). A first
observation is that CTDS is invariant under right-multiplication by N°PP(Z,) and
left-multiplication by N(Z,). We show that v € M ,—1)(Z)) if d~>g (x) #0. By
definition,

By (x) = f ¢ ()e, (Tr y ') dy,
M, (Qp)

=) D= )

0, writing
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we have

b= | e e cemzezs ()

EEIE I D)
ol ol ) )T D)
[((")

a fa("t +u) z
x ep<Tr<<(’m+v) 'a ('m+v) ta(‘Z—l—uH—b) < w))) ay

::/q@<Clb)>q4ﬂ(%z+(0m+4»b(%+u)+bnw)dy

(Note that & is invariant under transpose.)

If d~>g (x) # 0, then it follows from the last expression that w € p""Z;. Suppose
v & Mixu-1(Zp); then 'm+4+v ¢ Mixn-1)(Zp). We let a, m and b be fixed
and let £ vary in My ,—1)(Z),); we find that this integral must be 0. (Notice
that a € X, and w € p""Z;, thus (‘m + v)‘aw & Mix,—1(Zp)). Thus, a
contradiction. Therefore, v € M|x,—1(Z)), and similarly u € M,,_ 1(Z,). Thus,
by the observation at the beginning of the proof, we may assume u =0 and v =0
without loss of generality.

Thus, if we write ®¢ ,_1 as the restriction of ®¢ to the upper-left (n —1) x (n—1)
minor,

e (x) = / P ((a b))ep(Tr(’az—F(tm ‘a’t +byw)) dy

= p_mng(sn)én(wptn) q)é},n—l(a)ep(taz) dy.

116%5‘,1,1
By an induction procedure one gets

. 0 if x & X0,
(DS (x) = - i T n  z £ . =
p- ==l 9@ [T &G p)  if x € Xg .
We have thus proved that CTDg,n, when restricted to the “big cell”, has support in igy,,.
Since X¢ , is compact, &Dg,n itself must be supported in X¢ ,. U
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Lemma 4.29. Let ig be the support of ©, = &Dg; then a complete set of represen-
tatives of X¢ mod M, 12p41(Z ) is given by the elements

where the blocks are with respect to the partition a+ b+ 1+ b and (2 g) runs over

the set

L mpp -+ migy X1 1
) .. : na1
Te. Mayb—1a+b . : . . ’
1 Xa+b) \Matb,1 *+* Natbat+b—1 1

—ti 77X tj
where Xx; runs over p ’Zp modZ,, m;; runs over Z, mod p'/, n;; runs over
Z, mod p", and E runs over the set

I kip -+ kip b4l 1
. L : . 0
o kp—1p .. ol ’
1 ) \Lp1 - Lpp-1 1

where y; runs over p_”'+"+”Z; modZ,, k;;j runs over Z,, mod p'++i and {;; runs
over Z, mod p'atv+i,

Proof. This is elementary and we omit it here. (]

We also define, for g € GL442,(Q),),

laxa 1bxb
g‘ = Ipxp | & | laxa
lbxb lbxb

and

laxa lbxb
Lpxp g\ laxa
Lpxp Lpxp

8
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Corollary 4.30. We have

a+b

fiz g) = p~ DXt T g6)8 (— 1)]"[g<sa+b+1+,>su+b+1+,( )

i=1 i=1

detA; b det D; -
X Z 1_[51<th[ 1 ) U$a+i,a+i<mp[+)

A,B,C,D,E i i=1
A B
b C D
. detE; , \ = latopt1
% . woit ) 71 2. a+2b+
H5a+b+1+z (det Ei—lp )f Z, 8
i=1 E
Lag2p41

Here A; is the i-th upper-left minor of A, D; is the (a+i)-th upper-left minor of
(é g) (not of D), E; is the i-th upper-left minor of E, and the sum runs over the set
of representatives of Lemma 4.29.

Proof. We only need to check the Siegel Eisenstein sections on both sides coincide
on wNg12541(Q)), since the big cell Qui2p4+1(Qp)WNy42,41(Q)) is dense in
GLy4+4p+2. To see this we just need to know that they have the same S-th Fourier
coefficients for all B € S,125+1(Q,). But this is seen by (12) and Lemmas 4.28
and 4.29. ([

Now we define several sets. Let B’ be the set of (a+b) x (a+b) upper-triangular
matrices of the form

1 my -+ Migtp X1

Te. Mayp—1,a+b .
1 Xa+b

where x; runs over Z; mod p’ and m;; runs over Z, mod p'i.
Let ®’ be the set of b x b lower-triangular matrices of the form

1
nai

Natb,1 *** Natbatb—1 1

where n;; runs over Z,, mod p'ite+t.
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Let &' be the set of b x b upper-triangular matrices of the form

L ki -+ kip

’

o kp—1p
1

where k;; runs over Z, mod p'etb+i .
Let ¢’ be the set of (a + b) x (a + b) lower-triangular matrices of the form

i 1
: €21

Vb o1 -+ Lpp—1 1

where y; runs over Z; mod pfi+e+* 7, and ¢;; runs over Z,, mod p'e+b+i.
Thus, if B/, C’, D, E’ run over the set B’, ¢, ©’, &', respectively, then

fT(Za g) = p_z?;rlbit"_z?ﬁ athti

a-+b
x Y JTee&- 1)]‘[g<sa+b+1+l>sa+h+1+,( 1)
B',C',D',E" i=1 i=1
a-+b
x Y ]"[s,(B,,)]"[sHH,(cL,)
B',C',D',E" i=1 i=1

» ’ t ’
x f <Z, gu (diag(B/, 1,C'D), (E D’)) (2 ?)
— p—Z?jiti—Z?=1 itapbyiti

E, i\ —1
X o (diag(B’, 1,C'D, ( D’) ) )
a+b

E | |9(§z)§z( 1§ | |9(§a+b+1+z)§a+b+1+z( 1)
B',C',D',E' i=1
a+b a+b

x> ]‘[s,<B,,>1'[sa+h+l<c”)Hrl(B,l)l_[mc

B',C',D',E’ i=1

o1 s () (1)
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where
ph
. -
p_ta+1
A = - ptars (14)
0
p_ta+b+l
. p—ta+2b
We let
—1 —1
— 1
(¢ e \
1 1
1 1
y=1, ! ] and w' = !
2 2 —1
1 1 1
1 1

1 1 1)

Definition 4.31 (pullback section). If f is a Siegel section and ¢ € 7, then

Fy(z, f. 8) = / [z yalg, gy~ Hi(detg)p(g)gdg:.
GL4125(@))

Now we define a subset K of GL,2p42(Z)) so that k € K if and only if pli
divides the below-diagonal entries of the i-th column for 1 <i <a+b, p*! divides
the below-diagonal entries of the (a+b+1)-th column, and p’e++i divides the right-
to-diagonal entries of the (a+b+14j)-th row for 1 < j < b — 1. We also define v,
a character of K, by

v(k) = 11 (katpi1,a+b+1)T2(kat2p42,a+20+2)
a+b b
X 1_[ Xi (kii) l_[ Xa+b+i (Kavbrivt.atbrivi)
i=1 i=1

for any k € K.

Definition 4.32. We define T to be the element in U(n, n)(F,) (which equals
U(n,n)(Q,)) such that the projection to the first component of J, = F, x F,
equals that of y (note that y & U(n, n)(Fy)).
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Lemma 4.33. Let K' C K be the compact subgroup defined by, for k € K ,

ay ay az by by
a4 as deg b3 b4
k= az ag ag b5 b6 EK/
cp ¢ c3d dy
cy4 c5 cg d3 dy

(here the blocks are with respect to the partition (a +b+ 1+ b+ 1)) if and only if
pletv+itli divides the (i, j)-th entry of 1 for 1 <i <b, 1 < j <a, and p'«++itlat
divides the (i, j)-th entry of co for 1 <i <b, 1 < j <b. (It is not hard to check that
this is a group.)

Then Fy(z, o (1) 1, gk) = v(k)Fy(z, o(0) £, ¢) forany ¢ € w and k € K'.

Proof. This follows directly from the action of K’ on the Godement section f'. O]

We define K” to be the subgroup of K that consists of matrices

1

c1 ¢ 1
1

such that p' divides the (i, j)-th entry of ¢; for 1 <i <b, 1 < j <a, and p'e+i
divides the (i, j)-th entry of ¢ for 1 <i <b,1 < j <b.

Definition 4.34. Let K C GL4425(Z)) be the set of matrices

ap as a
ajy ag dag
a4 de ds

(the blocks are with respect to the partition (b 4+ a + b)) such that the columns
of a3 and ag are divisible by p", ..., p'a, the columns of a4 are divisible by
plett, ..., pletv plati divides the below-diagonal entries of the i-th column of a;
(1 <i < b), p' divides the below-diagonal entries of the j-th column of ag
(1 <j <a), and p'++ divides the above-diagonal entries of the k-th row of as.
Let K’ C K be those matrices such that p'e+b+itiati divides the (i, j)-th entry
of ag for 1 <i <b, 1 < j <b, and pla+s+i*1i divides the (i, j)-th entry of ag for
1<i<bh,1<j<a.Wealso define K” to be the subset of K consisting of matrices

1

as ag 1
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such that p'a+i divides the (i, j)-th entry of a4 for 1 <i <b, 1 < j <b, and p"
divides the (i, j)-th entry of a¢ for 1 <i < b, 1 < j < a. We also define v, a
character of K, by

b a b
5 = [ xari ki) [ xi o o) | | xatbi Raroriasisi)-
i=1

i=1 i=1
The following lemma will be useful in identifying our pullback section:

Lemma 4.35. Suppose Fy(z, o(0) £, ¢) as a function of g is supported in PwK
and

Fuo(z, p(O) £, gk) = v(k) Fy(z, p(0) f, )

fork € K, and F,(z, p(Y) f, w) is invariant under the action of (K")". Then
Fy(a, p(0) f . g) is the unique section (up to scalar) whose action by k € K is
given by multiplying by v (k).

Proof. This is easy from the fact that K = K'K” = K” K’. The uniqueness follows
from Lemma 4.19. O

From now on in this subsection we use w to denote

1, la
lp 41 or 1y
—lp+1 —1p

Lemma 4.36. If ya(g, 1)y~ € supp(p(T)fT) then g € PwK. (Here p denotes
the action of GUg40p+1(Fy) on the Siegel sections given by right-translation.)

Proof. Since fT is of the form fT(g) =Y 45 f' (g(] ?)), where X is some set,
we only have to check the lemma for each term in the summation.

Recall we defined A’ in (14), where the blocks are with respect to the partition
(a+b+1+Db). Let ¢, and y, be the projection of ¢ and y, to the first component
of i, ~ F, x F,; then

! -
1

Vv
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We denote the last term by p, (different from the definition in the prime-to-p case).

Using the expression for f' involving the various B, C’, D’ and E' as above and
the fact that y (m(g, 1), g) € Q and that K is invariant under right-multiplication by
any B or C, we only need to check that if y,a(g, 1))71)_1 € supp(,o(T),o((1 f}/)))ff
then g € PwK. Our calculations below are generalizations of the proof of [Skinner

(2t

=

Xin Wan

1y

and Urban 2014, Proposition 11.16]. If

W =

then this is equivalent to

1p

x M

ap
aq
az

C1
C4

az
as
as

2
Cs

az
as
as
2
Cs

as
ae
ag

a3
Co

1p

as
ae
ag
3
Ce

1,

by
b3
bs
d
ds

by
by
be
dp
dy

by

bs

d

1p

—1,

_lb

1

by

be

d>
dy

1y

1y

1

Iy

1y

1

a(l, w Hw'

1,

1, -1
MW, ap4
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being in supp /', where
M = diag(p", ..., p', 1,, 1, platt, ..., platb 1, 1, 1, p~latort | p~lat2b)
temporarily, which is equivalent to

—1p
e | gw, 14 diag(p '+, ..., ph, L plen ) | w'p!
1y

belonging to

supp(p M was2p+1) f7).

The right-hand side is contained in

1
Q=0 <S 1)

where the blocks for S; are with respect to the partition a + b + 1 4+ b and consist
of matrices S;; € M(Z,) such that p" divides the i-th column of the matrix §
for 1 <i <a, p'+ divides the (a+b+1+i)-th column for 1 <i <b, pla++i divides
the (a+b+1+i)-throw for 1 <i <b, and the (i, j)-th entry of S4; and Su4 is divisible
by plevb+itli and pla+b+itlati respectively. Observe that we have only to show that
if pa(gw, Dw'y ! € Q, then g € PwK,ie., gw e PKY for K := wKw (note
that y (m(g1, 1), g1) € Q).

S11 S12 S13 Suis
S21 S22 S23 o4
S31 832 833 Saa ||
S41 S42 S43 Saa

SES;Z

Let
—a a az —by a; by by
—ay as as —bz as by by
—a; ag a9 —bs a7 bs bg
1
- Dw'yl = =H.
Yo (gw, Dw Yo —1—a1 a a3 —by a1 by by
—C1 c c3 l—dl C1 dl d2
—cCy Cs5 Ce —d3 Cq d3 dy

—day4 a5—1 de —b3 ag b3 b4 1

Thus, if H € Q;, then
ay by by
cy dy da
C4 d3 d4
ay b3 b4 1
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is invertible and there exists S € S; such that

—1l—a; a a3 —b ay by by
—C o cl=di| |a di dy s
—c4 cs ¢ —d3 cs dsy dy '
—as as—1 ag —b3 as by by 1

By looking at the third row (blockwise), one finds d4 # 0, so by left-multiplying g
by a matrix

&
X X X

1, x
d;!

(which does not change the assumption and conclusion) we may assume that ds = 1
and d» = b, = by = bg = 0. So we assume that gw is of the form

ay ay az by
as as ag bs
az as ag

¢ ¢ 3 di
c4 c5 cg d3 1

Next, by looking at the second row (blockwise) and noting that d, = 0, we find
that d; is of the form

Z; Zp ...... Zp
pla-HZp Z; . Zp
pta+ZZp 7> :
. . Zp
Iq
p +1Zp cee e e Z;

So, by multiplying by a matrix of the form

la
1p
1 x
1p
1

on the left we may assume that b5 = 0. Also, by looking at the third row again
we see ¢4 = (p""Z,, ..., pZ,), cs, c6 € M(Z,) and d3 € (p't', ..., p'“+),
while, from the second row, c1 € (Mpx1(p"Z),), Mpx1(p2Z,), ..., Mpx1(p"“Zp)),
c2 € Myyp(Z)p) and c3 € Mpy1(Z)).
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By looking at the first row and noting that b, = 0, we know

Z; Zp Zp
ptlzp Z; Zp
ael| optz, Zy oo |
ptlzp Z;

ap, az € M(Zp) and bl € (Muxl(pzuﬂzp)a Muxl(ptaﬂzp)a ) Muxl(pta+bzp))-
Finally, looking at the fourth row (blockwise), we note that b4 = 0. Similarly,

as € (Mpx1(p"Zp), My (p2Zy), ..., Mpx1(p“Z})),
bz € (bel(pl“lzp), bel(ptﬁzzp), cees bel(Pta+pr))s

Mlxb(PlaH’HZp) pfa+h+1zp

Mlxb(p1a+[7+zzp) pla+b+zzp

as—1¢€ and ag €

Mlxb(P‘[“Hth) plaJrépr

Now we prove that gw € PK™ using the properties proven above. First we
right-multiply gw by

1,
Ly
1 e K",
-1 -1 -1 -1
_dl C1 _dl (&) _dl C3 dl
—cC4 —c5 —cg —dj 1
which does not change the above properties or what needs to be proven, so without

loss of generality we assume that ca =cs5=cs=ds =ci=co=c3=0and d; = 1.
-1
Moreover, we set (91 9)7 (%) :=T = (%) Then

ay as ag
la Tl
I, T
1 e Kv.
1p
1
By multiplying
la - Tl
1p b
1
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to the right we get an element in P. So it is clear that gw € PK™. U

Now suppose that 7 is nearly ordinary with respect to k. We define ¢ to be
the unique (up to scalar) nearly ordinary vector in & with respect to the Borel
subgroup B. Let ¢, = 7w (w)¢.

Now write

t
_117
n

¢ =m | diag(pletott, o, pit, L, plett L), la Q-
1y

Compute the value Fy(z, p(Y) fT, w). In fact, Fy(z, p(Y) f7, w) is equal to

B 1 (
b
| - 1 E
[ £ A P Y T
B,C,D.E GLa+2b(@p) 1 _lb
xw P Bw, !y, | Tdetg)p(ge’dg
with (temporarily)
M = diag(p "+, ... ph, L, plet, L),
E = diag(p_tlv LI ] p_t“5 117’ 15 p_ta+l’ sy p_taer, 1(19 1[]5 19 pta+b+l’ pta+2h)’

where the sum is over Be B, C € ¢, D € ®  and E € &. A direct computation
gives

-1, L
1p
¢ 1

ay az az

vall,|ar a9 ag wy = 4 R a“ @

’ —ag—1, —asg a1, as
a4 ae as

—as3 —da) ay — lb 1;) ay

1
—dg 15—(15 ag as

Now we define 9) to be the subset of GL,;2,(Z ) consisting of block matrices

ay az ap
ay ag dag
a4 de ds
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such that
ay az ap ‘
vall, | a7 as ag w'p!
a4 de ds

is in the Q; defined in the proof of Lemma 4.36. It is not hard to prove that it can
be described as follows: the i-th columns of —ag — 1 and a3 (resp. a7 and a; — 1)
are divisible by p'i (resp. p'e+i) for 1 <i < a, the (i, j)-th entry of ag (resp. a4)
is divisible by pe+t+itli (resp. platb+itla+i) and the i-th row of 1 — as is divisible
by p'«+»+i. The entries in a» and ag are in Z,,. Then the pullback section is equal to

> f [T (FaQ, ghw' 7 B, ly,, )T (detg)T (8¢ dgi,
B,C,D,E
where
E=diag(p™™,...,p " 1,1, p~latt .. pTlatb 1,1, 1, platott .., plat2)
and the integration is over elements (with superscript w meaning conjugation by w)

1

B \" . (E .

g€ < C) 2 ( D) 1, diag(plert+i ... . p7", ..., pTltr L))

t conj \ —1,
for

Iy
E ) . _ _ E

= 1, diag(p™++, ....p7", ..., p t’”',...)( )

< D conj _119 D
—1,
x diag(p~fatert o ph L plett L) 1,

Lemma 4.37. If ¢, is invariant under the action of (K")", then
Fy(z, p(0) [T, w)
is such that the action of K* on it is given by .

Proof. By the above two lemmas we only need to check that i/ (z, p(T) f T w) is
invariant under the action of K”. We first claim that > pem((F D)lconj)(p’ is invari-
ant under (K”)". The claim follows from direct checking. Also, for any k; € K”, we
canfindak, € K" such that ki (B C):Ukz_ ! runs over the same set of representatives
as (B C)Z” For any k; € K”, we can find a k; € K” such that kﬂjk;l =9). The

lemma follows from these observations. O
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The value of f at

Ly
: 17 —t —1,
g1 = 1, diag(p'att+t, ..., pT, L, pTer L)
_117
is
-L-((p[a+[7+l+"'+ta+2b ptl+"'+l‘a+b))|p[1+"'+ta+2b |_Z_(a+2b+])/2'

So, a straightforward computation using the model for 7 = 7w (x1, ..., Xa+25)
tells us the following:

Lemma 4.38. If ¢ and ¢’ are defined as after the proof of Lemma 4.36, then:

Fy(z, p(0) 7, w)
— .L—((pll+"'+ta+b, pta+h+1+---+ta+zh)) |pt1+"'+fa+2b |—Z—(u+2b+1)/2 Vol(lz/)

a+b b
q+b

x p~ T =Xl iteosi TT g(60& (=D [ | 0Gassri+)Earpri+i(—Du.

i=1 i=1
Combining the three lemmas above, we get the following:
Proposition 4.39. With assumptions as in the above lemma, Fy (z, p(Y) f T g)is

the unique section supported in PwK such that the right action of K is given by
multiplying the character v, and its value at w is

Fy(z, p(0) 7, w)
— -E((ptl+"‘+tzz+b’ pla+b+1+"-+ta+2b))|pll+~--+fa+2b |—Z—a+22b+l VOI(I%/)
" a+b b

it~ .
x pm it ten TT ()8 (=D [ | 0Gassriv)arsri+i(=Deu.
i=1 i=1

Proof. Clearly ¢, is invariant under (K")". O

This Fy(z, p(T) f 7, g) we constructed is not going to be the nearly ordinary
vector unless we apply the intertwining operator to it. So now we start with
some p = (7, 7). We define our Siegel section f 0¢ Iy 1op+1(T) to be

Pz g) =M=z fH.(9),

where fT € I, 2,1(¢). We recall the following generalization of a proposition
from [Skinner and Urban 2014].

Proposition 4.40. Suppose our data (7w, T) comes from the local component at v of
a global data. Then there is a meromorphic function y® (p, z) such that

Fpo(—2, M(z, £),8) =vP(p, A0, 2, Fp(f; 2, —))—z(8).
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Moreover, if T, ~ (X1, . . ., Xa+2b) then, if we write y D (p, z) = y? (P’ z+ %)’
then
‘ L(7,7% 52
y (o, 2) =¥ (=Dea(t', () e(m, T 2+ %)(—21),
L(m ¢ 2+5)
where ¢, (T, z) is the constant appearing in Lemma 4.27.
Proof. The same as [Skinner and Urban 2014, Proposition 11.13]. O

Remark 4.41. Here we are using the L-factors for the base change from the unitary
groups, while [Skinner and Urban 2014] uses the GL, L-factor for 7, so our formula
appears slightly different.

Now we are going to show that
F)(z: 8) = Fy (2, p(1) f°, )

is a constant multiple of the nearly ordinary vector if our p comes from the
local component of the global Eisenstein data (see Section 3A). Return to the
situation of our Eisenstein data. Suppose that at the Archimedean places our
representation is a holomorphic discrete series associated to the (scalar) weight
k=(0,...0;k,...k) withr zeroes and s kappas. Here r =a+b and s =b. Suppose
m >~ 1Ind(xy, ..., Xat2p) 1S nearly ordinary with respect to the weight k. We may
reorder the x; so that v,(x1(p)) =5 — %n + %, sV (r(p))=r+s—1-— %n+ %,
Vp (s (P)) =k = 3n+3, o V(1 () =k +s—1—gn+ g and 1= (11, 7, 1)
is a character of @ x Q@ with v, (71(p)) = vp(r2(p)) = 3, s0

vp(X1(p) <+ < vp(Xats(P)) < vp(T2(p)p™*)
<v,(ti(p)p*)
<Vp(Xat26(P)) < -+ <Vp(Xatp+1(P))s
where z, = %(K —r —s —1). Itis easy to see that
1 (v, 2ic) = Ind(x1, .. Xrgss T2l - 1%, 7] - [ 759).
By definition, 7 (py, z,) is nearly ordinary with respect to the weight

©O,...,0;k,...,K).
——— | —
r+1 s+1

Definition 4.42. With assumptions and conventions as above, we say (7, 7) is
generic if

cond(x;) > --- > cond(xu+p) > cond(ry)

> cond(xa+p+1) > -+ - > cond(¥a+25) > cond(ty).
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We suppose also that the conductor of 7; is p%. Notice that we have s, > s; by
our assumption, which is different from Definition 4.21 (since we have applied the
intertwining operator here).

Let us record the following formula for the e-factor in Proposition 4.40:

r N
e(m et z+3) = ot 'xn '@ [ [s0 i)t ' (™)
i=1 i=1
r+s

x [pZim it 3 T gGury Dx i (ph) - [pZei 2. (15)
i=1
From the form of Fy/(z, p(Y1) f T: g) and the above proposition we have a descrip-

tion in the “generic” case for F,? (z, g) as in [Skinner and Urban 2014, Lemma 9.6]:
it is supported in P(Q,)K,, with

FO(z, 1) = y @ (p, —2) 7 ((p" -t plasvsrtetasany)
% |pt1+"'+ta+2b |Z—(a+2b+1)/2 Vol(k/)p— Z?:lh(i‘i‘l)ti_Zﬁ’:l (+Dtaypr1+i

a+b

x]‘[g(& )& (— 1)1‘[g(sa+b+1+,>sa+b+l+,< Dy

i=1

=c, (T;’ —7— Q)g(fp)"ft((ptﬁ +la+b’ pla+b+|+ +la+2b))

_ ~ _ a+b .. b X
% |pt1+"'+ta+2b |z (a+2b+1)/2 VOl(K/)p Dot iti=Y ity

r—+s
< [T ot 'nity (psZ)l—[g(xjfl )X T(pe(r, T D)
i=r+1 j=1

x| pRint e | R

where the &; T are the &; defined in Definition 4.21 but using (7, 7¢) instead of (7, 7).
Here we also used Proposition 4.40 and the formula for the epsilon factor there.
Notice that we have absorbed a factor p = X =i b , which comes from
computing the i image under the intertwining operator of Fy (z (1) fT; g) to get
the factor p~ 2i- G+ 06— 31+ Diasba1si i the above expression. The right action
of K, is given by the character

x1(811) =+ Xa+b(atb a+p)T2(8atb+1 atb+1) Xatb+1(8atb+2 atbi2) X -+
X Xa+2b(8a+2b+1 at+2b+1)T1(8a+2042 a+2b+2)-

(It is easy to compute A(p, z, Fw/(p(T)fT; Z, —))—;(1) and we use the uniqueness
of the vector with the required K, action. Here, on the second row of the above
formula for FI?(Z’ 1), the power for p is slightly different from that for the section
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F(z, f, w). This comes from the computations for the intertwining operators for
Klingen Eisenstein sections.)
Thus, Corollary 4.20 tells us that FB (z, g) is a nearly ordinary vector in I (p).
Now we describe f°:

Definition 4.43. Suppose (p') = cond(z’) for 7 > 1, then define f; to be the section
supported in Q(Q,)K o (p") with f;(k) = t(detdy) on Ko(p").

Lemma 4.44. fo=M(—z, fH. = f..
Proof. This is just [Skinner and Urban 2014, Lemma 11.10]. ([

Corollary 4.45. We have

a+b
_ c_t+bl~ b l
FOzg) = p~ DXt TT g6 (— 1)1‘[g<sa+b+1+,>sa+b+1+,( D
i=1 i=1
b
detA; = detD; ,
X 1 . . a+i
Z 1_[51 (det A 1 ) H§a+l,a+l (det Di_ p
A,B,C,D,E i=1 i=l1
A B
b C D
z detE: ..\ 7 Latopt1
X . a+b+i ,
H$a+b+1+l<detEi_1p )fz .8
i=1 E
latop+1

Here, A; is the i-th upper-left minor of A, D; is the (a+i)-th upper-left minor
Of(é f;) and E; is the i-th upper-left minor of E.

We define the Siegel section ¥ € I,,2,(1) by

a+b
a+b -
Yz g) = p~ X X it T g(68: (1) ]‘[g<sa+b+1+,>sa+h+1+,( 1)
i=1 i=1
b
det A; _ det D; )
X Z 1_[ ( ti> H§a+i,a+i <—Pt"+'>
AB,.C.D,E i det A;—1 i=1 det Di—
- det E; i
% 1_[ Sa_;’_h_i_l_;’_l (det E 1 1 pla+h+t>
— =
A B
~ 1 C D
~1 +2b+1
X ﬁ <, gw]/Borel ¢ E wi%orel

Layopt1
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Then, similar to before, the corresponding pullback section F,(z, p(Y") f 1)
equals

en (T, —2)@(z))" T (p!HHsr, plasparttlusany)| phittue @202 Vol (K')

r+s

x p~ 2D Dews TT g(x ™ ) xity ' (p™)
i=r+1

.
< [To0um Hx;  mipe(m. = 2+ 3)o
j=1

x | pXi=i fi+“2|*1+% ) |pZ?If ti|*1+%‘

Fourier coefficients for f°. We record a formula here for the Fourier coefficients
for 0 which will be used in p-adic interpolation.

Lemma 4.46. Suppose |det 8| # 0; then:
() If B & Savap+1(Zp) then fg(z, 1) =0.
(ii) Lett :=ord,(cond(t")). If B € Sagyop+1(Z)) then
f5(z, 1) = 7' (et B)ldet B a(x ) H ey (T, —2) e ('),
where cqyop41(—, —) is as defined in (13) and ®¢ is defined in (11).

Proof. This follows from [Skinner and Urban 2014, Lemma 11.12] and the argument
of Corollary 4.30, where we deduce the form of f from the section f. O

4D3. Fourier-Jacobi coefficients. Now let m = b+ 1. For 8 € §,,,(F,) NGL,,(0,)
we are going to compute the Fourier—Jacobi coefficient for f; at §.

Lemma 4.47. Let x := ( [1) ) ) (this is a block matrix with respect to (a+b)+(a+Db)).
Then:

@ Flp(fii 20,007, 1) =0if D & p' Mysy(Z,y).
(b) If D € p'M,(Z,) then Flg(f; z, v, xn~ 1 1) =c(B, 1, 2)Do(v), where
c(B, 7, 2) 1= T(—det B)|det 17" " g(x)"em (T, =z — 5(n —m))
and c,, is as defined in Lemma 4.27.

Proof. Similar to the proof of [Skinner and Urban 2014, Lemma 11.20]. We only
give the detailed proof for the case when a = 0. The case when a > 0 is even easier
to treat.
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Assuming a = 0, we temporarily write n for b and save the letter b for other use.
We have

| S v | Ly
5 g . _
wasr | 2% D el = . v” 5
Lony1 " D —i ]
n

This belongs to Q2,+1(Q,)Kg,,,, (p") (Where Kg,, ., (p") consists of matrices
in Q2,+1(Z,) modulo p’) if and only if S is invertible with S™! € p'M,41(0,),
S7 € p'Mu11)xn(0y) and 5S~'v — D € p'M,(Z,). Since v = y (b, 0) for
some y € SL,11(0,) and b € M, (J,), we are reduced to the case v = (b, 0).
Writing b = (b1, by) with b; € M, (Q,), and S = (T, 'T) with T € M,4+1(Q),)
and T-1' = (Z; Zi), where a1 € M,(Q),), a» € Myx1(Qp), a3 € Mix,(Q,) and
a4 € M(Q)), the conditions on S and v can be rewritten as

detT #0, a; EptMn(Zp)» ayb; EptMn(Zp)a azb; EptMlxn(Zp)’ *)

talbg € ptMn(Zp), tazbg € pth, tbgalbl —De ptMn(Zp).

Now we prove that if the integral for Flg(f;; z, v, xn‘l, 1) is nonzero then
by, by € M, (Z,). Suppose otherwise; then without loss of generality we assume b,
has an entry which has the maximal p-adic absolute value among all entries of b;
and by, Suppose it is p” for w > 0 (w means this only inside this lemma). Also,
for any matrix A of given size, we say A € by if and only ‘b, A has all entries
in Z,, (of course we assume the sizes of the matrices are correct so that the product
makes sense).

Now let

L
F::{y:(k ;)GGL,Z(Z,,) heGLyy1(Zy), l€ZX, h—1€ by Np' M, (Z,),

JEZ,N'by, ke p’M1xn(Zp)}-

Suppose that our by, b, and D are such that there exist a; satisfying (*); then one
can check that I' is a subgroup and, if T satisfies (*), so does Ty for any y € I.
Let J denote the set of T € M, 1(Q),) satisfying (*). Then

) 1 -1
FJ,g(f;,Z,v, <D 1)17 ,1)

=y |detT|§,"+2—2Z/r/(—detTy)e,,(—TrﬂTy)dy.
TeJ/T r

Let T’ := BT = (2 Z) (with blocks with respect to the partition (n + 1)); then the

above integral is zero unless we have ¢; € p™' M, (Z),) ® ['b2lnxn, ca € p~'Z,,
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2 € p~'Myu41(Z)) and ¢3 € ['Dr]1xn ® Mixn(Z ). Here ['by];«,» means the set of
i x n matrices such that each row is a Z,-linear combination of the rows of ’h,.

But then
by A c1a1by + crazby
=TT = .
p (0) 0 c3aiby + cqaszby
Since B € GL,11(Z,), the left-hand side must contain some entry with p-adic
absolute value p”. But it is not hard to see that all entries on the right-hand side
have p-adic values strictly less than p"; a contradiction. Thus we conclude that
b1 eM,(Zp) and by € M, (Z,). By (*), b2'a1by—D € p' M, (Z,) and a; € p' M,,(Z ).
So D e p'M,(Z,).
The value claimed in part (b) can be deduced similarly to in [Skinner and Urban
2014, Lemma 11.20] U

4D4. Original basis. Recall that we changed the basis at the beginning of this
subsection. Now we go back. We define the corresponding sections (we use the
same notations)

a+b b

Fiz )= p~ B Tt T a6 (- 1H arbr1+0)Easbriri(—1)

i=1 i=1

b
det A; det D; fasi
< 3 TTa () oo (o)

A,B,C,D,Ei i=1

b
= det E; ,
x [ [&aspr14i <detE‘ l ) Pt“““’)

1p C D
1
1, A B
~ _ 1, E
XfT <, ng(:rel b 1, WBorel | »
1
lq
1p

and f9(z, g) the same except using f; in place of f%. Here, A; is the i-th upper-left
minor of A, D; is the (a+i)-th upper-left minor of (é g) and E; is the i-th upper-
left minor of E. The wgore 1s the element in G(F),) such that, for any v = ww
dividing p with w € ¥, its projection to the first factor of K, ~J{,, x K is the
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Weyl element defined at the beginning of Section 4D2. We also define

a+b
F1(e g) = p~ T iRt T g(6)8 (— 1)1‘[g<sa+b+1+,>sa+b+1+,< 1
i=1 i=1

b
det A; - det D;
* Z l_[ (detAz 1)n§a+l'a+l(det0i—1)

A,B,C,D,E i
b
- det E;
X N .
Esa—kb—&-lﬂ(det Eil)
1, C D
A B
3 —1
x fT Z, gw]%orel lb wéorel ’

1y

and f¥ the same except with f; instead of f*. The corresponding pullback section
Fy(f 0z, —) is the nearly ordinary section with respect to the Borel B, defined in
Section 4D2 such that Fy/ (f 0.2, Whorel) 1S given by

1 1= b arpst e
Cn—i-l(f;,s —Z— §)g(r Yl ((phtHass | plasbsitHlas2by)
x | pht s =it ED/2 o) (K1) p= L= 2 e

r+s

< [T s ' oxirs ' (0" )1‘[g<x,r1 )X T (pe(, T 2.
i=r+l Jj=1

Also, we have that F(//)/ (z, p(Y") f7, Whpe) 18 given by

Cn (‘1,’/ , _Z)g(.[l/))nfc((p11+--~+ta+b’ pta+b+1+~~-+fa+2b)) |pt1+~--+ta+2b |*Z*(a+2’?)/2 VOl(IZ/)

r—+s

Xp—Zili_ZitzH—hH 1_[ g(Xi_lfz)Xifz_l(P”)
i=r+1

< [ToGGt Hxg ' n(pe(r. w2+ 3)e.
j=1
5. Global computations
5A. p-adic interpolation.

SA1. Weight space and Eisenstein datum. Recall that we have the algebraic group
H = Hvl » GL» x GL; such that H(/Z)) is the Galois group of the Igusa tower
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over the ordinary locus of the toroidal compactified Shimura variety. Let Tz,
be the diagonal torus. Let T := T(1 + Z,). We define the weight ring A = A,
as O, [T]. Fix throughout a finite-order character xo of T'([F,) (the torsion part
of T(Zp)); a Q p-point ¢ € Spec A is called arithmetic if there is a weight k =
(Csp1sevvs Csgr Cly o e ey cs) = (0 ,0; k, ..., k) such that ¢ is given by a char-
acter xo X¢t1”1 R SN R S of T for X¢ a character of order and conductor

r+1
powers of p, with k > 2(a + b+ 1). We write this « as k. Let Ay = O [T'y].

Definition 5.1. For [ a normal domain over A which is also a finite module over A,
a Q,-point ¢ € Spec [ is called arithmetic if its image in Spec A is arithmetic.

1) Ifs >0, let Voﬁ” oo (K, 1, x0) be the set of [-adic formal Fourier—Jacobi expansions

{fx =Y ap(x, f)q"}
ﬁ X

such that, for a Zariski-dense set of generic arithmetic points ¢ € Specl, the
specialization fj is the formal Fourier—Jacobi expansion of a form on U(r, s)
whose p-part nebentype at diag(t, ..., t,+s) iS given by

Cs+1

XoXg@ (1) - 85 1)

for the weight (cy41, ..., Cs4riC1, ..., ¢) =(0,...,0; k¢, ..., kp). Here, by x4
we also mean the character of T'(Z,) restricting to x4 on T that is trivial on
the torsion part of T'(Z,). We say f € VOIZyOO(K , ) is a family of eigenforms if
the specializations f, above are eigenforms. We define VN °rd(K , I, xo) for the
subspace such that the specializations above are nearly ordmary.

(ii) If s =0, then let K =[], K, and let

Ko(p) =[] Ko [ ] Ko(p)

vip vlp

(with Ko(p)y, C G(OF,) be the set of matrices which are in B(Of ) modulo p).
Then G(F)\G(AFr)/Ko(p) is a finite set with {g;}; a set of representatives. We
identify the set

S§(K) = G(F)\G(Ar)/K"N(OF,,)

with the disjoint union of g; - N~ (pOF ,)T (OF,,) and endow the latter with the
p-adic topology on N~ (pOr ,)T (O ,). We define VOIZ’OO(K, [, xo) to be the set
of continuous [-valued functions on Sg (K) such that, for a Zariski-dense set of
arithmetic points ¢ € Spec [, the specialization f; is a form on U(r, 0) whose p-part
nebentype at diag(ty, ..., t) is given by

Xoxgw (' -+ 1)
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for the weight (0, ..., 0). Note that, by the description of nebentypus at p, such
a family is determined by its values on g; - N~ (pOp ;). Similarly we define
vy Orcl(K , I, xo) for the nearly ordinary part.

Remark 5.2. To see this is a good definition, we have to compare it with the
notion of Hida families in the literature. We refer to [Hida 2004b, Chapter 8;
Hsieh 2014, Sections 3—4] for the definition of Hida families. We have to check
that a Hida family in Hsieh’s terms does give a Hida family here. We need to
show that, if k4 > 0 (depending on the p-part of the conductor at ¢)) when s > 0,
then any nearly ordinary p-adic cusp form is classical. If s > O this is proved
by the argument of [Hsieh 2014, Theorem 4.19]. (It is assumed that s = 1 in
[loc. cit.]; however, the proof for this particular theorem works in the general case.)
If s = O the situation is even easier: the contraction property of the U, operator
[Hsieh 2014, Proposition 4.4] (which again works in our case as well) shows that the
specialization at ¢ is right-invariant under an open subgroup of U(r)(Z ) depending
only on the conductor of the nebentypus (note also that we have trivial weight
if s = 0), and is thus classical.

Definition 5.3. We define an Eisenstein datum as a quadruple D := (I, f, 10, X0),
where xo is a finite-order character of 7(Z,), 7o is a finite-order character of
H>\A; whose conductors at primes above p divides (p), and f € Volgjgéd(K ,0) s
a Hida family of eigenforms defined as above. We define Ap := A ®q, Ax. We
call a @ p-point ¢ € Spec A p is arithmetic if @[y is arithmetic with some weight «
and ¢ (y ) = (14 p)?¢c,, ¢(y™) = (1 + p)<¢/?¢_ for p-power roots of unity ¢...
We define 74 = ¢ o Wy.

Let & be the set of arithmetic points. If fy is classical and generates an irreducible
automorphic representation 7, of U(r, s), we say that ¢ is generic if (7 £y T) IS
generic (see Definition 4.42). Let &&°" be the set of generic arithmetic points.

5B. Some assumptions.

5B1. Including types. Consider the group U(s, r). Suppose K? =Kz K* C G(A?)
for a finite set of primes X and let Wy be a finite Oz-module on which Ky
acts through a finite quotient. Let K5 C Kx be a normal subgroup contain-
ing ]—[UGE\{U‘ 1 Dy, defined in Definition 4.11 and acting trivially on Wy, and
let K'=G(Z,)K$ K %~ The modules of modular forms of weight «, type Wy, and
character Y are

M (K, Wy; 01) = (M (K'; 01) ®q, Ws)X=.

Suppose for v € ¥\ {v|p} we have open compact subgroups K c K, C G(F,)
such that K ' is a normal subgroup of K, and an irreducible finite-dimensional rep-
resentation W, of K, /K /. Suppose ¢, € 7, is a vector in W,,. We fix a K, -invariant
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measure and let vy, vy, ... be a basis such that ¢, is v;. We also assume that IZ;
includes the )} defined in Section 4. We let W,/ be the dual representation and we
write v)’, vy, ... for the dual basis. We first prove the following lemma:

Lemma 5.4. Let G be a finite group and p : G — Aut(V) an irreducible repre-
sentation on an n-dimensional vector space V. We fix a G-invariant norm and a

unitary basis vy, . .., v,. Let p" be the dual representation on V" with dual basis
v/, ..., vy. Then, as elementsin VQ V",

Y (gui®gv)) =0, i #J,

geG

n
Y (gui®gy)) =G| Y v
8 i=1

Proof. This is a straightforward application of the Schur orthogonal relation. [J
Definition 5.5. We define Wx\(p} =[] ,cx\(, Wo and vi =[], cx\(p) Vu.1 € Wry(p)-

We can also make a notion of Wy (p)-valued Hida families in a similar manner
to Definition 5.1.

5B2. Assumption TEMPERED. Let f be a Hida family of eigenforms as defined in
Definition 5.1. We say it satisfies the assumption “TEMPERED” if the specializations
Js in the definition are tempered eigenforms.

5B3. Assumption DUAL. We first define an O -involution o : A — A sending any
diag(ty, ..., t,) € T(1+Z)p) to diag(tn_l, e tl_l). We define [° to be the ring [ but
with the A-algebra structure given by composing the involution o with the original
A structure map of [.

Let f be an [l-adic cuspidal eigenform on U(r, s) such that, for a Zariski-dense
set of generic arithmetic points ¢, the specialization f; is classical and generates an
irreducible automorphic representation 7, of U(r, s); we say it satisfies assumption
DUAL if there is an [°-adic nearly ordinary cusp form f on U(s, r) such that
f¢v € n}(p for all the arithmetic points ¢ € Specl that are in the image of some
point in ¥#°". (Here we identified U(r, s) and U(s, r) in the obvious way. At an
arithmetic point both f, and fd)v have scalar weight «. Note also that we only
require the specialization f to be “generic” (not required for f¢v ).)

SB4. Assumptions Proj ;v and Proj ;. We say a nearly ordinary cuspidal eigenform
fY on U(s, r) satisfies assumption Proj fv if (mpv @ Wxyg p})K is 1-dimensional
and there is a Hecke operator 1 v on U(s, ) that is an L-coefficient polynomial
of Hecke operators outside ¥ such that, for any g € M, (K, Wx\p}), we have that
g —1 fveord - g is a sum of forms in irreducible automorphic representations
which are orthogonal to 7 pv.
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We say a nonzero nearly ordinary cuspidal [°-adic family of eigenforms f
in (VY (K. 1°, xo h ® W) k= satlsﬁes assumptlon Proj ;v if there is an ac-
tion e°™ acting on (Vadoo (K, 1%, X He Ws\( p}) ® interpolating the e°™ of spe-
cializations and there is a Hecke operator 1yv which is an Fj polynomial of
Hecke operators outside ¥ such that, for Zariski-dense set of arithmetic points
RS Spec [°in the 1mage of &&", ( £ ® Ws\(p ) is 1-dimensional and, for any
g € (V3 (K, 1 ) ® Ws)k=, (eOrd — lfve"rdg)¢ is a sum of forms in
1rredu01ble automorphlc representations Wthh are orthogonal to e

Remark 5.6. If r +s =2 then these assumptions often hold, since the unitary group
is closely related to GL, or quaternion algebras. It is easy to see DUAL by simply
taking f¥ = f ® (x)~! for x the central character of f. To see Proj ¢ and Proj ¢v,
we first suppose r = s = 1 and f is a Hida family of GL, newforms with tame
level M such that (M, pdy) = 1 and trivial character. The existence of ¢°™ is as in
[Skinner and Urban 2014, Lemma 12.2] Since we have an isomorphism of algebraic
groups over F,
GU(, 1) ~ GL; xg,, Resy/r Gy,

we can obtain a family on U(1, 1) from f and the trivial character of Aj /3>,
which we still denote by f. Take an arithmetic point ¢ and a GL, Hecke operator ¢
involving only Hecke operators 7, at primes v outside ¥ which are splitin I/ F
such that the ¢-eigenvalue 7 ( f,) is different from its eigenvalues on other forms on
S,?;d(Fo(M )N T (p™), C) (the space of ordinary cusp forms on U(1, 1) of weight
(0, k) and level To(M) N T (p™), with p’ being the p-part level at ¢p. Also here
we use the U(1, 1) Hecke operators at split primes v = ww which are associated
to the elements (diag(w, 1), diag(1, @ 1))). This is possible since any form in
S,?;d(FO(M YN T(p'), C) is the restriction of a form on GU(1, 1) obtained from
a GL, form of conductor dividing Nmy;, 8y, Mp'@ and a character of A /H*
unramified outside p. Note that any cuspidal automorphic representation on GL; / F
with the same Hecke eigenvalue with fy on split primes is g, or s, ® x3/F, and
that any element g € GL,(F,) such that det(g) € Nmy;,r (J{;) can be written as ag’'
witha € X and g’ € U(1, 1)(F,). A simple representation-theoretic argument shows
that the only forms in S,‘j;d(l"o(M )N T (p™), C) with the same Hecke eigenvalues
with fy at split primes are in the 1-dimensional space spanned by fy. Let A be the
weight space for U(1, 1) and define

S(T(M), 1) := S (To(M), A) @4 1.

It follows from Hida’s control theorem for unitary groups (see [Hsieh 2014, The-
orem 4.21], for example) that this is a free module over [ of finite rank, and the
specialization of this free module to ¢ gives the space S,‘(’;d(FO(M YN (p'), Op) for
some L finite over Q,, provided ky > 0 with respect to the p-part of the conductor
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of ¢. We consider det(T —¢), where T is a variable and we regard ¢ as an operator
on this free [-module. We thus obtain an [-coefficient polynomial of 7. Moreover,
we can write det(T —t) = (T —t(f)) - g(T) for some polynomial g(7). Then we
define

)

T e

(note that g(¢(f)) is not identically zero.) This proves Proj £ and Proj I is seen in
a similar way. If (r, s) = (2, 0) we observe that if we set

D ={g e M) | g'¢g = det(g)¢)

then D is a definite quaternion algebra over @ with local invariants inv, (D) =
(=8, =Dy /@)y (the Hilbert symbol). The relation between GU(2) and D is ex-
plained by

GUQ2) = D" xg Resy 0 G-

m

We can similarly show that, if f is a Hida family of newforms on D* with trivial
character, tame level prime to p and all primes of §3 such that D is unramified, and
is the trivial representation at primes where D is ramified, then we can produce a
family f on U(2, 0) from f and the trivial character of AJ; /%*. A similar argument
proves that Proj ; and Proj ;v is true.

5C. Klingen Eisenstein series and p-adic L-functions.

SC1. Construction. Now we are going to construct the nearly ordinary Klingen
Eisenstein series (and will p-adically interpolate them in families). First of all, let T
be a Hecke character which is of infinite type (—%K, %K) at all infinite places (here
the convention is that the first infinite place of I is inside our CM type). Recall
that we write % := {m, 7, X} for the Eisenstein data (see Definition 3.2). We define

the normalization factor
Qr« PSS (_2) —d(a+2b+1) (27Ti)d(a+2b+l)K (2/ﬂ)d(a+2b+l)(a+2b)/2 -1
B@ = }I’)KEOO ( a+2b . d )
o 14580 e—j—1)
a+2b

x [ L7 Quctat2b+1-i, 7' xip) [ @@ carapri(zy, =2 ™,
i=0 v|p

prl( Yoo ( (_2) —d(a+2b) (27”-)d(a+2b)/( (2/n)d(a+2b)(a+2b—l)/2 )1
1448 e—j—1)d

B, =
D - kY
Qoo ™

a+2b—1
x [] L¥Qac+a+2b—i. 7'xi) [ [(0@)  casan(r), =z "
i=0 v|p
Here, z¢ = 3(k —a—2b—1) and z, = 1(k —a — 2b), ¢, is defined in (13), and
Qo is the CM period in Section 2A.
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We construct a Siegel Eisenstein series Egep associated to the Siegel section

f@,sieg = By 1_[ f/( 1_[ p(Tv)fl? l_[ ﬁ),sieg l_[ f;ph € Ia+2b+l(f, Z)

vjco  vlp veX,vip v

and E’

sieg associated to the section

fg/b,sieg = BQ/D l_[ f/(, 1_[ p(Tll))fr?/ l_[ ﬂ,sieg l_[ fvsph’/ € Ia+2b(f, Z)-

v|oo vlp veX, vip v

Here T, and Y, are as defined in Definition 4.32. First note that, since 7 is nearly
ordinary with respect to the scalar weight «, its contragradient is also nearly ordinary
on U(s, r) with respect to the scalar weight k. We denote this representation by 7.
We consider E(y (g, —)) as an automorphic form on U(s, r). For each v { p we
choose an open compact group K v.s C U(s, r), such that

[] pr.ndiagi; " 1.x,).5,H)(E(y(g. —) ® T(det —))

veX,vip
is invariant under its action. We have the following lemma:

Lemma 5.7. There is a bounded measure €g sieg 0n U'sy X T (1 + Z ) with values
in the space of p-adic automorphic forms on U(r +s + 1, r +s + 1) such that, for
all arithmetic points ¢ € X" with the associated character ¢ on 'y x T (1 +Z,),

we have
/ ¢ d%@,sieg
Ty xT(14+Z,)

is the Siegel Eisenstein series p(l_[vez’v*p y(1, ndiag(iv_], 1, xv)S'U_l))Esieg,g%,

where Esieg 9, is the Siegel Eisenstein series we construct using the characters
. p

(X1,¢> - - +» Xn.¢» Tp)- Similarly, we can define a measure %D’Sieg

!/

Esieg,Eb¢‘

interpolating the

Proof. 1t follows from our computations for Fourier coefficients, Lemmas 4.2, 4.6,
4.12 and 4.46, and [Skinner and Urban 2014, Lemma 11.2], that all the Fourier
coefficients of Ege, and E ;ieg are interpolated by elements in A, s[[I's]l. Then the
lemma follows from the abstract Kummer congruence. We refer to [Hsieh 2011,

Lemma 3.15, Theorem 3.16] for a detailed proof. ([

Now we define our Klingen Eisenstein series using the pullback formula. Note
that by (3) the pullback of the Siegel Eisenstein series are still holomorphic auto-
morphic forms. Let 8 be the embedding given in Section 2B. Let K, be the open
compact subgroup of G(Of 5 ), which is Igv’s as above for v € X\ {v|p}, K, for v|p
and spherical otherwise. We define Ep kjing by, for any points x and x; on the
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Igusa schemes of U(r + 1, s + 1) and U(s, r),

N AR Trg g (@™ (BT (€D sieg) - T(det(g1))) ®@ v1)(x, x1)

= Ep xiing(X) X f (x1)
(as a Wx\(p)-valued form —recall v; € Wx\(,); see Section 5B1). Here we let
K $\{p} act on both € p ez and Wx,\ (). We get a Ag-adic formal Fourier—Jacobi
expansion from the measure ¢!~ (¢ D sieg) and then apply the Hecke operators to

the expansion. We also define the X-primitive p-adic L-function ££?%r0 e "[[Ty1l
by, for elements x and x; in the Igusa schemes of U(r, s) and U(s, r),

N AN Trg g (@B (€] ep) - T(det g1) @ v1) (x, 1)

= L% 5o LB [V (x).
The f; is the v)’-component of f (see Section 5B1). This is possible by Lemma 5.4.
Here note that the necessity of enlarging the coefficient ring to include O} is caused

when specifying points on Igusa schemes (recall Section 2F).
Here we used the superscript “low” to mean that, under

U@a+b+1,b+ 1) xUb,a+b)— Ua+2b+1,a+2b+1),
the action is for the group U(b, a + b).

5C2. Identify with Klingen Eisenstein series constructed before. We define a Klin-
gen Eisenstein section by

fi,Kling(Z’ g) = Bg 1_[ Fy, (z; fv,siega 8)s

v

where the Fy, (z; fy sieg, &) are the pullback sections we computed in Section 5 and
@, for v e X\ {v|p} is the v’ -component, as in Sections 5B1 and 5B4. We first look
at places dividing p. The pairing (, ) induces a natural pairing between 7 and 7.

Write
ow=[]o [Te™ [] eo]]ewo

vjoo  vgX veEX,vip vlp

Then

<H Tri g, p(v(Lndiag(x, ", 1,x,).5,1) (Esieg (v (g, )T (det -)),
vip

-1,
p | [T | diag(p=errs, ... p" o plest, ) 1, (pw>
vlp I
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equals

<pl°w < [ [diag(p=t, ..., s, 1, lb)‘)

vlp

< [ [Tz, &, p(r (1 ndiag@, ", 1, x,) 85, ) (E(y (3. —) T (det —)),

vtp
L

_lb
p | TT| diag(ls, p. ... p s, ) 1, (pw>.
Iy

v|p

Since Esieg(y (g, —))T(det —) satisfies the property that, if K is the subgroup of
GL,425(Z)) (defined in the last section) consisting of matrices

ay az az
aj dg dag
a, ag as

such that the (i, j)-th entries of a7 and a4 are divisible by p'i Tla+b+i and pla+itla+b+i
respectively, the i-th row of ag and the right-to-diagonal entries of ag are divisible by
plifori=1,...,a, the below-diagonal entries of the i-th column of a; are divisible
by p'atb+i, the up-to-diagonal entries of the i-th row of as are divisible by pe+i, and
a, az, as € M(Z,), then the right action of 4" for h € K" on E(y(g, —))T(det—)
is given by the character

AR = Xasp+1(hin) - - Xagv2p Bop) X1 hps1.641) - - X (hagb,atd)
X Xa+l(ha+b+l,a+b+l) T Xa+b(ha+2b,a+2b)-

(This is easily checked from the definition of the Godement section.) It is elementary
to check that the above expression equals

1
l_[ Hibzl platbi (a+b)

vlp

X <HZp1°W<y>p‘°W<diag<pf“+"+‘ oo Ty 1))

vlp ¥y

< [ 1Trz, 2,50 (v (Lindiag®, ", 1,x)8; ) (Esieg (v (g, —)) T (det—)),

vip
—1,\"

Jo l_[diag(lb,p’1 ...,p’““,...)‘ 1, gow>, (15)
vlp 1p
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where y runs over N(Z,)/BN(Z,) B~ for N consisting of matrices of the form

(1* 10) with * having Z ,-entries and B = diag(p'++', ..., 14, 15). Write the ex-
pression
eord,low 1_[ Z plow(y)plow(ﬂt)
vlp ¥y
< [ 1Tz, k.., p(v (1 ndiag@, ", 1, x)5,) (Esieg(v (8, ) E(det ). (16)
vip

Now let K" consists of matrices in GL,(Z,) whose below-diagonal entries of
the i-th row are divisible by p!, yppi Tor 1 <i <s. Let K" be the set of elements in
GL4425(Z)) whose right-to-diagonal entries of the i-th row are divisible by p'i for
1 <i <a+ b and whose lower-right b x b block is in

diag(pla+b+1 e, pta+2h)[€b diag(pta+b+| e pfa+2h)—1_

Then a similar argument as in Section 4D1 shows that there is a unique (up to
scalar) vector (ﬁv en( Xl_ e Xg +2b) such that the action of (k;;) € K % is given
by the character diag(x, (k] Dy eevs Xy +2b (kg+2pa+26)). We use the model of the
induced representation from X1 1o @y p J:Zb on the space of smooth functions
on GLa+2b (Z,). We take ¢ <pv such that, if (pl‘)’rd takes value 1 on identity in this model,
then ¢ gav also takes value 1 on identity (and has support K* C GL42,(Z p)). From the
action of the level group we know that the action of p'°% (K ) on the left part of the in-
ner product in (15) is given by the character diag(x,” ! k11), ..., Xa_+12b (ka+2ba+2b))-
For v|p define Té"z‘jv to be the Hecke operator corresponding to 8 just in terms of
double cosets acting on ng (with no normalization factors involved). By checking
the actions of the level groups at primes dividing p (certain open compact subgroups
of G(OF,,)) we can see that the 7 component of the left part, when viewed as an
automorphic form on U(a + b, b), is a multiple of ¢°. Suppose the eigenvalue for
the Hecke operator Té")w on ¢ is A g,v- It is easy to compute that

b
~ b . o _ .
Mgy = pZi:] tarpti ((a+2b+1)/2—i) l_[ Xa+12b+1—j (plathiiy (17)
j=1

with the convention on the y; after Remark 4.41.

Let
(p/:l_[(pvl_[(psph 1_[ Pv
v|oo vgX UGE,UJ([J
—1, ¢
X 1_[,0 diag(p~letort .., p™t, L., plert, L)Y 1, Ow.v

vlp 1
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and
90N=1_[(pv l_[‘PSph 1—[ Py
v|oco ) veX,vip
—1, ¢
<[] o | diag(l,....p" ... p', ) la Du.v-
vlp 1,

Here, for v|oo, the ¢, is the unique vector mentioned before Definition 3.1. Define
the Klingen Eisenstein section promised in the introduction as

fEZLp,Kling = Béb¢< 1_[ |I€v/kv,s|>f9|b:|¢,Kling'
veX,vip
Then we have:

Proposition 5.8. For a classical generic arithmetic point ¢, we have

d)(ED,Kling)
~ ~ E 1 ings $kys
1—[ Ko/ Ko Khng(fébqg,Khng Kp )

~ord
vesutp (05" 99)
S r
Xl_[( l—[ Xt (p'r+) l—[ Xj—l(pfj)pZL] tu+b+i((a*1)/2+i),p_ P fj((a+1)/2—j)).
vlp *j=1 Jj=1

Proof. Here, let ® be the expression (15) and E the expression (16). We have
® (E, ") g0

(@ 9" l‘[mp(l_[lsisjs plasbrilani) (GO, @)

((ﬁﬁv (p//> = <¢01‘d’ (p//> : 1_[< l_[ pta+b+i_ta+b+.f>

vlp “1<i<j<s

and

(e.g., using the model of the induced representation). So

(B, ") _ S Hv\p(nlgigjgs Pt“+b+1_’“+b+./)
<¢0rd’ 74) )‘ﬁ,v((z)ﬁ, o)
® Hv|[’(1—[lfi§j§s pla+b+i—la+b+.i)

nv\p(nlsifjfs pta+b+i—ta+b+j)iﬁ’v<¢Ord’ @) :

We also have
p
@ ¢ = [Ty pn) - pXimt v,
j=1

The proposition follows. O
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Then parts (i) and (ii) of Theorem 1.1 are just a corollary of the above proposition
(except the statement in the s = 0 case, which we are going to consider next).

Similarly, we obtain an interpolation formula for the p-adic L-function as in
Theorem 1.1, using also the formula (15).

5C3. Interpolating Petersson inner products for definite unitary groups. To sim-
plify the exposition we only discuss the case when F = (D in this subsubsec-
tion. In the case when s = 0, we hope that the periods showing up are CM
periods. Thus, by our assumption, the Archimedean components of 7 are trivial
representations. For this purpose we prove that, under certain assumptions, the
Petersson inner products of two families can be interpolated by elements in the
Iwasawa algebra. Let K =[], K, be an open compact subgroup of U(r, s)(Ay)
which is G(Z) at all primes dividing p and Ko (p), obtained from K by replacing
the v-component by K(} at all primes v dividing p. Now we take a set {g;}; of
representatives for U(r, s)(F)\U(r, s)(Ar)/Ko(p). We take K sufficiently small
so that for all i we have U(r,s)(F) N g Kg; ''= 1. For the nearly ordinary
Hida family f" of eigenforms (recall that this Hida family is nearly ordinary
with respect to the lower-triangular Borel subgroup) we construct a bounded
[-valued measure pu; on N~ (pZ,) as follows. Let T~ be the set of elements
diag(p“, ..., p*) with a; < --- < a,. We only need to specify the measure for
sets of the form nt‘N‘(Zp)(t_)_l, where n € N™(Z),) and 1~ € T~. We assign
its measure w;(nt~N~(Z,)(t™)™") by f¥(gin-t7)A(™)~!, where A(t7) is the
Hecke eigenvalue of fV for U,-. This does define a measure. We briefly explain
the point when r = 2 (the general case is only notationally more complicated).
Write Tpyp = (X1,ps X2,p) such that v, (x1,,(p)) = % v, (x2,p(p)) = —%. Then
A(diag(1l, p™)) = (x2,p(p) - pY/%)". One checks that

3 n((nll 1) )n(diag(l, PN,
mep"=12,/p"Z, P = (2. p(p) ) (diag(1, pn_l)P)f;;/,p'
This implies that, for any m| € pr/p”_IZp,

Y. wilmimadiag(l, pYYN™(Z,) diag(1, p™™))
e = iom ding(1, p")N™(Z,) diag(1, p' "),

i.e., this u; does define a measure.
Proposition 5.9. If we define

U= [ e e

then, for all ¢ € X&", the specialization of (f, f") to ¢ is ( fy. f¢v) -Vol(ngb)_l.
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Proof. For each ¢ € %", we choose ¢~ such that t_N_(pr)(t_)_1 - 154,. We
consider

o G

Unfolding the definitions, note ¢_ ! (t7)6p(t™) gives the Hf:cke eigenvalue A(t7);
this gives §p (f_)qu_l(f_) > fneN,(pr) Sf(gin)du; - Vol(Ky). On the other hand,
using the model of 7z, , and 77 s, as the induced representation 77 (X1.4, - - - » Xr.g)
and n(xf;, ey Xr:;;l) of GL,(Q)), we get that

(fo w3, ) F) =85y () fps fy)-
This proves that the specialization of (f, f) to ¢ is ( fy. f¢v) -VOI(K¢)_1. O

So, to see the main theorem in the case when s = 0, instead of applying the Hecke
operator e ] fv we pair the pullback of Siegel Eisenstein series (I"'[T'y]-valued)
with the measure determined by the Hida family f using the above lemma. That is,
considering

Exiing(8. %) = Y / o )Esiegw—la(g,gm)S,zK)du,»,
ne 717{\1‘“‘[)

where the {du;}; are the measures constructed from f as above. In our situation,
when restricting to U(s, r), the level group at p for Eisenstein series is lower-
triangular modulo a certain power of p while that for f is upper-triangular modulo
a certain power of p. The above construction works in the same way. The powers of
CM and p-adic periods enter when applying the comparison between the standard
basis and the Néron basis for differentials of CM abelian varieties while doing
pullback (see [Hsieh 2014, (3.14)]).

SD. Constant terms. We explain part (iii) of the main theorem.

SD1. p-adic L-functions for Dirichlet characters. There is an element £z in Ay o,
such that ¢ (L) = L(T), kp — r).r(; (p_l)p’%_’g(f(;))_1 at each arithmetic point ¢
in ¥P°. For more details see [Skinner and Urban 2014, §3.4.3].

5D2. Archimedean computation. As in [Skinner and Urban 2014], we calculate
the Archimedean part of the intertwining operator for Klingen Eisenstein sections
and prove the “intertwining operator” part (see Lemma 3.4) of the constant term
vanishes. Suppose 7 is associated to the weight (0, ..., 0; «, ..., «); then it is well
known that there is a unique (up to scalar) vector v € 7 such that k-v =det u(k, i)™
for any k € KI’v (with notations as in Section 3A1). Recall we defined c(p, z) in
Section 3Al.
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Lemma 5.10. With assumptions as above,

1 1 azl 1
a+2b+1
c(p.2)=n ]‘[(Z+ 1 )H—l+i—2z+2b

sk—5—i—az— 2K+2—l

F(2Z+a)2—1—21+2b
Fra+nD+z+i)rG@+n+z- 1)
Proof. This follows the same way as [Skinner and Urban 2014, Lemma 9.3]. U

Corollary 5.11. When « > %a +2b, or k > 2b and a = 0, we have ¢(p, z) = 0 at
the point 7 = %(K —a—2b-1).

det( ;)

In the case when « is sufficiently large, the intertwining operator

AP, 2, F) = A(poos Zic FK)®A(/0f’ Zics Ff)

and all terms are absolutely convergent. Thus, as a consequence of the above
corollary we have A(p, z,, F) = 0. Therefore the constant term of Ekjing is
essentially

L¥(7, 7% zc + 1) 2
_ L*Qze + 1, T x50,
Qggfi (word’ (p//> K H

up to a product of normalization factors at local places. Interpolating the calculations
in p-adic families, part (iii) of Theorem 1.1 follows from the above discussion,
Lemma 3.4 and our local descriptions for the Fy, (z; fy sieg, &) in Section 4. (See
also the proof of [Skinner and Urban 2014, Theorem 12.11].)

Index of symbols

A(p,z,—) 1975 H 1965 Mp 1962
B 1962 L(x) 1978 Np 1962
8(m) 1975 I 1984 P 1961
Ep 1977 k 1966 ¢’ 2012
Eg 1977 K 2005 Y 1975
Vil 1999 K’ 2006 O 1978
Yl 1999 K" 2006 oV 1975
fusieg 1989 K 2006 s’ 1985
1O 2014 K" 2006 6.5 1961
F, 1976 KL 1974 80 2005
F? 2015 K. 1974 W 1981
F,, 1976 Ky 1978 x+ 1965
G 1961 Ik 1966 (X, X), 1983

y 2005 M(z; —) 1979
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Appendix: Boundary strata of connected components
in positive characteristics

by Kai-Wen Lan

Under the assumption that the PEL datum involves no factor of type D and that the
integral model has good reduction, we show that all boundary strata of the toroidal
or minimal compactifications of the integral model (constructed in earlier works of
the author) have nonempty pullbacks to connected components of geometric fibers,
even in positive characteristics.

A.1. Introduction. Toroidal and minimal compactifications of Shimura varieties
and their integral models have played important roles in the study of arithmetic
properties of cohomological automorphic representations. While all known models
of them are equipped with natural stratifications, they often suffer from some impre-
cisions or redundancies due to their constructions. The situation is especially subtle
in positive or mixed characteristics, or when we need purely algebraic constructions
even in characteristic zero (for example, when we study the degeneration of abelian
varieties), where the constructions are much less direct than algebraizing complex
manifolds created by unions of explicit double coset spaces.

For example, integral models of Shimura varieties defined by moduli problems of
PEL structures suffer from the so-called failure of Hasse’s principle, because there
is no known way to tell the difference between two moduli problems associated with
algebraic groups which are everywhere locally isomorphic to each other. Similarly,
when their toroidal and minimal compactifications are constructed using the theory
of degeneration, the data for describing them are also local in nature. Unlike in the
complex analytic construction, one cannot just express all the boundary points as
the disjoint unions of some double coset spaces labeled by certain standard maximal
(rational) parabolic subgroups. (Even the nonemptiness of the whole boundaries
in positive characteristics was not straightforward — see the introduction to [Lan
2011].) As we shall see, in Example A.7.2, when factors of type D are allowed, it is
unrealistic to expect that the boundary stratifications in the algebraic and complex
analytic constructions match with each other.

Our goal here is a simple-minded one — to show that the strata of good reduction
integral models of toroidal and minimal compactifications constructed as in [Lan
2013a] have nonempty pullbacks to each connected component of each geometric
fiber, under the assumption that the data defining them involve no factors of type D
(in a sense we will make precise). We will also answer the analogous question for
the integral models constructed by normalization in [Lan 2014], allowing arbitrarily
deep levels and ramifications (that is, bad reductions in general).

This goal is motivated by the study of p-adic families of Eisenstein series,



2036 Appendix by Kai-Wen Lan

for which it is crucial to know that the strata on connected components of the
characteristic- p fibers are all nonempty. For example, this is useful for the consid-
eration of algebraic Fourier—Jacobi expansions. We expect it to play foundational
roles in other applications of a similar nature.

A.2. Main result. We shall formulate our results in the notation system of [Lan
2013a] — henceforth abbreviated [KWL]— which we shall briefly review. (We
shall follow [KWL, Notation and conventions, pp. xXi—xxiii] unless otherwise
specified. While for practical reasons we cannot explain everything we need from
there, we recommend the reader to make use of the reasonably detailed index and
table of contents there when looking for the numerous definitions.)

Let (O, %, L, (-, ), ho) be an integral PEL datum, where O, x, and (L, (-, -), hg)
are as in [KWL, Definition 1.2.1.3], satisfying [KWL, Condition 1.4.3.10], which
defines a group functor G over Z as in [KWL, Definition 1.2.1.6], and the reflex
field Fy (as asubfield of C), as in [KWL, Definition 1.2.5.4], with ring of integers OF,.
Let p be any good prime, as in [KWL, Definition 1.4.1.1]. Let %? be any open
compact subgroup of G(ip) that is neat, as in [KWL, Definition 1.4.1.8]. Then
we have a moduli problem Mg, over So = Spec(OF,,(»)), as in [KWL, Definition
1.4.1.4], which is representable by a scheme that is quasiprojective and smooth
over Sg, by [KWL, Theorem 1.4.1.11 and Corollary 7.2.3.10]. By [KWL, Theorem
7.2.4.1 and Proposition 7.2.4.3], we have the minimal compactification M‘;‘Ci,,“ of My,
which is a scheme that is projective and flat over Sy, with geometrically normal
fibers. Moreover, for each compatible collection X” of cone decompositions for
Mser, as in [KWL, Definition 6.3.3.4], we also have the toroidal compactification
M;{?rp’z » of Mger, which is an algebraic space that is proper and smooth over Sy, by
[KWL, Theorem 6.4.1.1], and which is representable by a scheme projective over
Mo when X7 is projective, as in [KWL, Definition 7.3.1.3], by [KWL, Theorem
7.3.3.4]. Any such Mtg%rp’g » admits a canonical surjection fw : I\/I%,’E , = M%P,
which is constructed by Stein factorization as in [KWL, Section 7.2.3], whose fibers
are all geometrically connected. (The superscript “p” indicates that the objects are
defined using level structures “away from p”. We will also encounter their variants
without the superscript “p”, which also involve level structures “at p”.)

By [KWL, Theorem 7.2.4.1(4)], there is a stratification of M%ip“ by locally
closed subschemes Z{(a.,,,s,,)> Where [(®ger, d5r)] runs through the (finite) set
of cusp labels for My»r (see [KWL, Definition 5.4.2.4]). The open dense sub-
scheme Mg is the stratum labeled by [(0, 0)]; we call all the other strata the
cusps of Mg . Similarly, by [KWL, Theorem 6.4.1.1(2)], there is a stratification
of Mgéf,’z,, by locally closed subschemes Z(a,, s, ,07)]» Where [(Pger, d5er, 07)]
runs through equivalence classes, as in [KWL, Definition 6.2.6.1], with a? C P;;fp
and o” € Xg,, € X?. By [KWL, Theorem 7.2.4.1(5)], the surjection 55%,, induces
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a surjection from the [(Pyr, d3r, o) ]-stratum Zj(a,,p. s,p,07)] OF Mgg;’w to the
[(Dser, S9¢r)]-stratum Z[(q>%,,,5%p)] of M%Ln.

Let s — Sp be any geometric point with residue field k(s), and let U be any
connected component of the fiber My x5, s. Since M%i,,“ — Sy is proper and has
geometrically normal fibers, the closure U™ of U in l\/I%,Il Xs, § is a connected
component of M%i,,“ Xs, 5. Similarly, since M%%IP’E » = So is proper and smooth, the
closure U™ of U in M%’,z » Xs, § is a connected component of Mgéfjﬂz » Xs, 5. (In
these cases the connected components are also the irreducible components of the
ambient spaces.)

The stratifications of M;“Cip“ and M;{’fpyE , induce stratifications of U™" and U,
respectively, by pullback. We shall denote the pullback of Z.,,.s,,)1 to U min
by U(o,p,5,0)) and call it the [(Pger, d5r)]-stratum of ymin, Similarly, we shall
denote the pullback of Za,,.5,p,07)] 0 U bY Up(@wyp,s4p.07), and call it the
[(Dyer, S3r, o P)]-stratum of U'". By construction, the surjection f%,, induces a
surjection U™ — U™™" which maps the [(®ypr, Sy, o 7)]-stratum Ul(@p 850 ,07)]
of U'" surjectively onto the [(Dye», S%p)]—_stratum Ul(@yp 850 OF U min Tt is natural
to ask whether a particular stratum of U™" or U'" is nonempty.

From now on, we shall assume the following:

Assumption A.2.1. The semisimple algebra O ®z Q over Q involves no factor of
type D (in the sense of [KWL, Definition 1.2.1.15]).

Our main result is the following:

Theorem A.2.2. With the setting as above, all strata of U™™ are nonempty.
An immediate consequence is the following:

Corollary A.2.3. With the setting as above, all strata of U are nonempty.

Proof. Since the canonical morphism Uj(a,,p 8,p,07)] = Ul(@yp,840)]1 18 Surjective for
each equivalence class [(®Py»r, d%r, 0”)] with underlying cusp label [(Pyr, d5¢r)]
as above, the nonemptiness of Uj(g.,,,s,»)) implies that of Uy, s.p,07)]- O

Remark A.2.4. Each stratum Z{(¢.,, z,,)] (t€SP. Z[(dyp,zy»,0r)]) 1S NONEMpty by
[KWL, Theorem 7.2.4.1(4)—(5), Corollary 6.4.1.2, and the explanation of the ex-
istence of complex points as in Remark 1.4.3.14]. The question is whether its
pullback to U™™ (resp. U'"") is still nonempty for every U as above.

Remark A.2.5. It easily follows from Theorem A.2.2 and Corollary A.2.3 that their
analogues are also true when the geometric point s — Sy is replaced with morphisms
from general schemes, although we shall omit their statements. In particular, we
can talk about connected components of fibers rather than geometric fibers.

The proof of Theorem A.2.2 will be carried out in Sections A.3, A.4, and A.5. In
Sections A.5 and A.6, we will also state and prove analogues of Theorem A.2.2 in



2038 Appendix by Kai-Wen Lan

zero and arbitrarily ramified characteristics, respectively (see Theorems A.5.1
and A.6.1). We will give some examples in Section A.7, including one (see
Example A.7.2) showing that we cannot expect Theorem A.2.2 to be true without
the requirement (in Assumption A.2.1) that 0 ®7 Q involves no factor of type D.

A.3. Reduction to the case of characteristic zero. The goal of this section is to
prove the following:

Proposition A.3.1. Suppose Theorem A.2.2 is true when char(k(s)) = 0. Then it is
also true when char(k(s)) = p > 0.

Remark A.3.2. Proposition A.3.1 holds regardless of Assumption A.2.1.

Remark A.3.3. It might seem that everything in characteristic zero is well known
and straightforward. But Proposition A.3.1, which is insensitive to the crucial
Assumption A.2.1, shows that the key difficulty is in fact in characteristic zero.

By [KWL, Theorem 7.2.4.1(4)], each Z{(s,, s,,)] 1S isomorphic to a boundary
moduli problem Mg/ ’“ defined in the same way as My (but with certain integral
PEL datum assomated with Zgr). Then it makes sense to consider the minimal
compactification Zf[r(‘g‘%p’ 8,001 OF Z1(@yp ,8,p)1» Which is proper flat and has geometri-
cally normal fibers over Mg, as in [KWL, Theorem 7.2.4.1 and Proposition 7.2.4.3].
(So the connected components of the geometric fibers of Z‘[‘(ﬁ(f;w’ syl > Sp are
closures of those of Zj(e,, 5,,)] = So.) By considering the Stein factorizations of
the structural morphisms Z“(lg‘ b)) So (see [EGAIII; 1961, Corollaire (4.3.3)
and Remarque (4.3.4), pp. 131-132]), we obtain the following:

Lemma A.3.4 (cf. [KWL, Corollary 6.4.1.2] and [Deligne and Mumford 1969,
Theorem 4.17]). Suppose char(k(s)) = p > 0. Then there exists some discrete valu-
ation ring R that is flat over OF, (), with fraction field K and residue field k(s), the
latter lifting the structural homomorphism O, () — k(s) such that, for each cusp
label [(Dyr, d3r)] and each connected component V of Zj(w,p 40)] ®0r,. ) R, the

induced flat morphism V — Spec(R) has connected special fiber over Spec(k(s)).

Proof of Proposition A.3.1. Let R be as in Lemma A.3.4. Let U denote the
connected component of Mge» ®¢ Fop) R="70,0190 Fop) R such that U ® rk(s)=

as subsets of M%p Q0 () k(s) = My xs, s, and let U™n denote its closure
in M ®¢ fom B Wthh is a connected component of MT! ®¢ ro.n R because
Mm‘“ Q0 () R is normal by [KWL, Proposition 7.2.4. 3(4)] For each cusp label
[(q)ggp Syr)], let U[(q)%,, S5e0)] denote the pullback of Z[(@W,, syp)] tO Umm Then
U[@M, s,»)] 18 an open and closed subscheme of Zj(a,, s,r)] ®0p,,, R such that
U[@M 8,1 ®RK(S) = U(@,p.5,p)) S subsets of I\/I%,“(X)@F (»k(s). By Lemma A.3.4,
it suffices to show that Uy(a,,.s5,,)] ®r K # @ for some algebraic closure K of K.
Also by Lemma A.3.4, U®rK #+ &, and so UMin @, K contains at least one



Boundary strata of connected components 2039

connected component of M ®¢ For(#) K. Thus, U(a,, 5,0 ®r K # @ under the
assumption of the proposition, as desired. U

A.4. Comparison of cusp labels. Let ¥, := G(Z,) and 3 := #7¥,, the latter
being a neat open compact subgroup of G(Z). By the same references to [KWL] as
in Section A.2, we have the moduli problem Mg and its minimal compactification
M;‘Ci“ over So.g := So ®z Q = Spec(Fj). For each compatible collection ¥’ of cone
decompositions for Mg, we also have a toroidal compactification M;‘éfz,, together
with a canonical morphism ,, : My, — M@ over So,q. (Here £ does not have
to be related to the X7 above.)

Each cusp label [(Zg, g, d3¢)] for My (where Zg has been suppressed in the
notation for simplicity) can be described as an equivalence class of the #-orbit
(Zy, Dge, b3) of some triple (Z, ®, §), where:

(1) Z ={Z_;}icz is an admissible filtration on L ®y 7 that is fully symplectic,
as in [KWL, Definition 5.2.7.1]. In particular, Z_; = (Z_; ®7 Q) N (L Q7 2),
the symplectic filtration Z ®z Q on L ®7z A* extends to a symplectic filtration
Zp on Z®z A, and each graded piece of Z or Z ®7 Q is integrable, as in [KWL,
Definition 1.2.1.23], that is, it is the base extension of some O-lattice.

2) = (X,Y, ¢, 92, ¢p) is a torus argument, as in [KWL, Definition 5.4.1.3],
where ¢ : ¥ < X is an embedding of O-lattices with finite cokernel, and where
0_7: Grz_2 —> Homy (X ®z Z Z(l)) and ¢ : Gr(z) = Y ®z 7 are isomorphisms
matching the pairing (-, - )20 : Grzf2 X Grg — Z(l) induced by (-, -) with the
pairing (-, - )¢ : Homs (X ®z Z, 2(1)) x (Y ®z Z) — Z(l) induced by ¢.

(3) 8:Gr?* = L is an O-equivariant splitting of the filtration Z.

(4) Two triples (Zy, Py, 8y) and (Z,, P!, 85,) are equivalent (as in [KWL, Defi-
nition 5.4.2.2]) if Zy = Z;, and there exists a pair of isomorphisms, yx : X’ = X
and yy : Y = Y’, matching ®g with &g,

Since # = #P I, it makes sense to consider the p-part of (Zge, Py, d3), which
is the €, -orbit of some triple (Zzp, ((p_2,zp, goo,zp), 8Zp), where:

) 2z, = {ZZP,,,'}Z'EZ is a symplectic admissible filtration on L ®z Z,, which
determines and is determined by a symplectic admissible filtration Zg,= { 2q,. i tiez
of L&z @p by Z@]h_,' = ZZ],,—i ®z Q and Zzlh_i = Z@,,,—i N(L ®z Zp) foralli e Z.

Zp

(2) 927, :Gr 3 <> Homy, (X ®7Z,,Z,(1)) and ¢y : Gr,” <> Y ®; Z,, are
isomorphisms matching the pairing (-, - )20,z, : Grz_zzp X Gr(Z)Z” — Z (1) induced by
(-, -) with the pairing (-, '>¢,Z,, :Homzp(X ®zLy, L,(1)) x (Y QzZ,) — Z,(1)
induced by ¢.

(3) 8z, : Gr**» => L ®; Z,, is a splitting of the filtration Zz,.
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By forgetting its p-part, each representative (Zg, Py, %) for Mg induces a
representative (Zyer, Pger, 83¢r) for Mger, and this assignment is compatible with
the formation of equivalence classes. Therefore, we have well-defined assignments

(Zge, Py, 83¢) = (Zger, Poer, S5er) (A4.1)
and
[(Zge, Py, 89¢) ] = [(Zger, Per, S5er)]. (A4.2)

By construction, these assignments are compatible with surjections on both their
sides (see [KWL, Definition 5.4.2.12]). We would like to show that they are both
bijective.

Lemma A.4.3. Let k be any field over Z ). Consider the assignment to each flag W
of totally isotropic O ®z k-submodules of L @z k (with respect to { -, ) Qz k) its
stabilizer subgroup Py in G ®z k. Then each such Py is a parabolic subgroup
of G ®z k and the assignment is bijective. Moreover, given any minimal parabolic
subgroup Pw, of G ®z k, which is the stabilizer of some maximal flag Wy of
totally isotropic O ®z k-submodules of L Q7 k, every parabolic subgroup of G @z k
is conjugate under the action of G(k) to some parabolic subgroup of G Q7 k
containing Pw,, which is the stabilizer of some subflag of Wy.

Although the assertions in this lemma are well known, we provide a proof because
we cannot find a convenient reference in the literature in the generality we need.

Proof. Let k°P be a separable closure of k. Since the characteristic of k is either O
or p, the latter being a good prime by assumption, it follows from [KWL, Proposition
1.2.3.11] that each of the simple factors of the adjoint quotient of G ®z k*P is
isomorphic to one of the groups of standard type listed in the proof of [KWL,
Proposition 1.2.3.11]. Then we can make an explicit choice of a Borel subgroup B
of GRzkP stabilizing a flag of totally isotropic submodules, with a maximal torus T
of GR7k*P contained in B which is isomorphic to the group of automorphisms of the
graded pieces of this flag. By [Springer 1998, Theorem 6.2.7 and Theorem 8.4.3(iv)],
since all parabolic subgroups of G ®z k*°P are conjugate to one containing B, the
parabolic subgroups of G ®z k°P are exactly the stabilizers of flags of totally
isotropic 0 ®z k**P-submodules of L ®z k°P. Then the analogous assertion over k
follows, because the assignment of maximal parabolic subgroups of G ®z k%P is
compatible with the actions of Gal(k**P/k) on the set of flags of totally isotropic
submodules of L ®z k*P and on the set of parabolic subgroups of G ®z k*°P. The
last assertion of the lemma follows from [Springer 1998, Theorem 15.1.2(ii) and
Theorem 15.4.6(1)]. O

Lemma A.4.4. The assignment

Zy — Zy, (A4.5)
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is bijective.

Proof. Let Zz, = {Zz, —i}icz be a symplectic admissible filtration on L ®z Z,,
as above, which determines and is determined by a symplectic filtration Zg, =
{Zq, —iticz on L ®7 Q). By Lemma A.4.3, the action of G(Q,) on the set of
such filtrations Zg, is transitive, because the O-multirank (see [KWL, Definition
1.2.1.25]) of the bottom piece Zg, 2 of any such Zg, is determined by the existence
of some isomorphism

0-22,:Gr ¢ <> Homyz, (X ®7Z,, Z,(1)).

Let P denote the parabolic subgroup of G ®z Q, stabilizing any such Zq, (see
Lemma A.4.3). Since p is a good prime by assumption, the pairing (-, ) ®z Z,
is self-dual, and hence G(Z,) is a maximal open compact subgroup of G(Q,),
by [Bruhat and Tits 1972, Corollary 3.3.2]. Since G ®7 Q, is connected under
Assumption A.2.1 (because the kernel of the similitude character of G ®7 Q,,
factorizes over an algebraic closure of Q, as a product of connected groups, by
the proof of [KWL, Proposition 1.2.3.11]), we have the Iwasawa decomposition
G(Q,) = G(Z,)P(Q,), by [Bruhat and Tits 1972, Proposition 4.4.3] (see also
[Casselman 1980, (18) on p. 392] for a more explicit statement). Consequently,
#, = G(Z)p) acts transitively on the set of possible filtrations Zz, as above, and
hence the assignment (A.4.5) is injective.

As for the surjectivity of (A.4.5), it suffices to S}%OW that, for some symplectic ad-
missible filtration Zz,, an isomorphism ¢_5 7, Gr_zz” - Homgz,(X®z7Z,, Z,(1))
exists. By [Reiner 1975, Theorem 18.10] and [KWL, Corollary 1.1.2.6], it suffices
to show that there exists some symplectic filtration Zg, such that Zg, —» and
Homg, (X ®z Qp, Q,(1)) have the same O-multirank. Or, rather, we just need
to notice that the O-multirank of a totally isotropic 0 ®z Q,-submodule can be
any O-multirank below a maximal one (with respect to the natural partial order),
by Assumption A.2.1 and by the classification in [KWL, Proposition 1.2.3.7 and
Corollary 1.2.3.10]. ([

Lemma A.4.6. The assignment (A.4.1) is bijective.

Proof. 1t is already explained in the proof of Lemma A.4.4 that an isomor-
phism ¢ 7, : Grfzzp —> Homgz, (X ®z Z,, Z,(1)) exists for any Zz, considered
there. Since p is a good prime, which forces both [L* : L] and [X : ¢(Y)] to
be prinzle to p, any choice of ¢_; 7, above uniquely determines an isomorphism
o : GrOZ” = Y ®z Z,. Also, by the explicit classification in [KWL, Proposition
1.2.3.7 and Corollary 1.2.3.10] as in the proof of Lemma A.4.4, there exists a
splitting 6z, : G = L®77 p and the action of G(Z,) NP(Q),) acts transitively
on the set of possible triples (p-2.2,, 90.z, (Szp). Hence the assignment (A.4.1) is

bijective, as desired. U
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Lemma A.4.7. The assignment (A.4.2) is bijective.

Proof. By Lemma A 4.6, it suffices to show that (A.4.2) is injective. Suppose two
representatives (Zy, @y, 8y) and (Z,, DY, 85,) with Oy = (X, Y, b, 9_2 3, ©o,5)
and ¢, = (X", Y', ¢/, (plz’%, (p{)’%) are such that the induced (Zyer, ®yr, S9r) and
(Zep, Py, 85p) are equivalent to each other. By definition, Zy» = Zj,, so that
Zy = Z4 by Lemma A.4.4, and there exists a pair (yx : X' = X, yy : ¥V = Y/)
matching ®g» with ®f,,. Hence we may assume that (X, Y, ¢) = (X', Y', ¢'), take
any Z in Zy» = Zi,,, and take any pairs

(92 : G2, = Homy (X ®7 Z, Z(1)), g0 : Gré => Y @7 7)
and
(¢ ,:Gr%, = Hom, (X ®7 Z, Z(1)), ¢, : Grt = Y ®z72)

inducing (¢—_2.%, ¢o.9) and (¢" 2,90 go(’)y%), respectively, and inducing the same
(9—2.9¢, ®0.9¢r) and (¢’ 297> go{)’w). Then the injectivity of (A.4.2) follows from
that of (A.4.1). O

Lemma A.4.8. If (Zyer, Pyr, S3¢r) is assigned to (Zge, Py, S3¢) under (A.4.1), then
we have a canonical isomorphism

Fe, = To,, (A.4.9)
(see [KWL, Definition 6.2.4.1]). Moreover, we have a canonical isomorphism

S, = Soy, (A.4.10)
which induces a canonical isomorphism

(Sqw)},é RN (Sq;w)},é (A4.11)

matching Pe, with Py, and P&;« with ng{p, both isomorphisms being equivariant
with the actions of the two sides of (A.4.9) above.

Proof. Since p is a good prime, with ¥, = G(Z,,), the levels at p are not needed
in the constructions of I'g,, and S¢,, in [KWL, Sections 6.2.3-6.2.4], and hence
we have the desired isomorphisms (A.4.9) and (A.4.10). The induced morphism
(A.4.11) matches Py, with Py, and P&f% with P;{W because both sides of (A.4.11)
can be canonically identified with the space of Hermitian forms over Y ®z R, as
explained in the beginning of [KWL, Section 6.2.5], regardless of the levels #
and 77, O

Therefore, we also have assignments
(Dy, 89, 0) > (Pyer, S5r, ) (A4.12)

and
[(Dy, 89, 0)] = [(Pyer, Syer, 0P)] (A.4.13)
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(see [KWL, Definition 6.2.6.2]), which are compatible with (A.4.1) and (A.4.2).
Here we have suppressed Zg and Zg» from the notation; also, o C (Sq;x)ﬁ and
o? C (So,,)y is the image of o under the isomorphism (A.4.11).

Lemma A.4.14. The assignment (A.4.12) is bijective.

Proof. This follows from Lemma A.4.6 and the definition of (A.4.12), based on
Lemma A .4.8. U

Lemma A.4.15. The assignment (A.4.13) is bijective.

Proof. By [KWL, Definition 6.2.6.2], given any representative (P, d%) of a cusp
label, the collection of the cones o C (Sq,); defining the same equivalence class
[(Pye, 83, 0)] form a "¢, -orbit. Similarly, the collection of the cones o” C (So,, )ﬁ
defining the same equivalence class [(Pyr, d3r, 0P)] form a I'g,,, -orbit. Hence,
given (A.4.9), the lemma follows from Lemma A.4.7. U

Definition A.4.16. X is induced by X7 if, for each cusp label [(Zg¢, g, d3¢)] of My
represented by some (Zg, Py, dy), with assigned (Zger, Pyer, S3r) as in (A4.1),
the cone decomposition X¢.,, of Py, is the pullback of the cone decomposition
Yo, of Py, under (A.4.11).

By forgetting the p-parts of level structures, we obtain a canonical isomorphism
Mgy => Myer @7 Q (A4.17)

over So.g (as in [KWL, 1.4.4.1]), by [KWL, Proposition 1.4.4.3 and Remark 1.4.4.4]
and by Assumption A.2.1. Given any X? for My, with induced X for Mg as in
Definition A.4.16, by comparing the universal properties of M{'s, and M}, 5, as
in [KWL, Theorem 6.4.1.1(5)—(6)], the isomorphism (A.4.17) above extends to a
canonical isomorphism

MYy => MY} 5, ®7 Q (A.4.18)

over So,@, Mapping Z{(dy.sy,0)] isomorphically to Zya,, 5,07 ®z Q@ when
[(DPyer, b5¢r, 0 P)] is assigned to [(Pye, Sy, 0)] under (A.4.13), such that the pullback
of the tautological semiabelian scheme over Mt?%f,,z » ®7z Q is canonically isomorphic
to the pullback of the tautological semiabelian scheme over M;‘gz. Consequently,
by [KWL, Theorem 7.2.4.1(3)—(4)] and the fact that the pullback of the Hodge
invertible sheaf over M;%Z,’Z » ®z Q is canonically isomorphic to the pullback of the
Hodge invertible sheaf over Mg{’fz (because their definitions only use the tautological
semiabelian schemes), the canonical isomorphism (A.4.18) induces a canonical
isomorphism

mmin -, Mmin @) Q (A.4.19)

over Sp g, extending (A.4.17), compatible with (A.4.18) (under the canonical
morphisms ¢, : My — ME™ and f,, ®7Q : MY}, o, ®7 @ — M) Q7 Q),
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and mapping Z[(ay.s,)] isomorphically to Zj(e,, 5,,)] ®z Q when [(Pger, d5r)] is
assigned to [(Pye, §3¢)] under (A.4.2) (where we have suppressed Zg and Zger from
the notation).

A.5. Complex analytic construction. By Proposition A.3.1, in order to prove
Theorem A.2.2 we may and we shall assume that char(k(s)) = 0. Thanks to
the isomorphisms (A.4.17) and (A.4.19), we shall identify U with a connected
component of My @, k(s), U min with the connected component of Mg‘em ®F, k(s)
that is the closure of U, and U (o, 5,»)] With Uj(oy,s4)1» the pullback of the stratum
Z{(®y.5,] Of MI™ under the canonical morphism U™ — MT", when [(Pyr, S5r)]
is assigned to [(Dg, d3)] under (A.4.2).

Now, in characteristic zero we no longer need € to be of the form 3¢ =" ¥, as in
Section A.4. We shall allow # to be any neat open compact subgroup of G(Z). Then
Mgy, and I\/I%irl are still defined over My g = Spec(Fp), with the stratification on the
latter by locally closed subschemes Z[(¢,,s,)] labeled by cusp labels [(Pg, d9)] for
Mg (see the same references as in Section A.2). For any geometric point s — So g
with residue field k(s) and for any connected component U of the fiber Mg xs, s,
we define U™ to be the closure of U in MI™ x5 s and Uj(a,, s, to be the pullback
of Z[(@y,54) to of U min for each cusp label [(Pg, d%)]. (These are consistent with
what we have done before, when the settings overlap.)

Then we have the following analogue of Theorem A.2.2:

Theorem A.5.1. With the setting as above, every stratum Uy oy, s,)] iS nonempty.

Since M%n is projective over Sg g, we may and we shall assume that k(s) = C.
We shall denote base changes to C with a subscript, such as My, ¢ = My ®f, C.

Let X denote the G(R)-orbit of /g, which is a finite disjoint union of Hermitian
symmetric domains, and let X denote the connected component of X containing /.
Let G(Q)o denote the finite index subgroup of G(Q) stabilizing Xy. Let Shge :=
G(@)\X x G(A*>)/%. By [Lan 2012, Lemma 2.5.1], we have a canonical bijection
G(@)o\Xo X GA®)/FH — G(D)\X x G(A®) /. Let {g;}ics be any finite set of
elements of G(A*) such that G(A>) = | |,.; G(Q)oh; ¥, which exists because of
[Borel 1963, Theorem 5.1] and because G(Q)g is of finite index in G(Q). Then we
have

Shye = G(@)o\Xo X GA®) /% = |_| 6\ X, (A5.2)
iel

where (&) ;= (gi%gl._l) N G(Q)o for each i € I. By applying [Baily and Borel
1966, Theorem 10.11] to each "¢ )\Xo, we obtain the minimal compactification
Shg%in of Shy, which is the complex analytification of a normal projective variety
Shf;‘églg over C. Th}ls, Shy s the analytification of a quasiprojective variety Shye a1
(embedded in Shg",).
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By [Lan 2012, Lemma 3.1.1], the rational boundary components Xy of Xy (see
[Baily and Borel 1966, Section 3.5]) correspond to parabolic subgroups of G @z Q@
stabilizing symplectic filtrations Von Lz Q withV_3=0CV_,CV_; = sz CVp=
L ®7 Q. Consider the rational boundary components of X x G(A®°) as in [Lan 2012,
Definition 3.1.2], which are G(Q)-orbits of pairs (V, g), where the V are as above and
g € G(A*). Consider the boundary components G(Q)\ (G(Q)Xy) x G(A®) /¥ =
G()o\(G(Q)oXy) x G(A®) /H of Shye = G(Q)\Xo x G(A*)/F. By the construc-
tion in [Baily and Borel 1966], each such component defines a nonempty, locally
closed subset and meets all connected components of ShT", corresponding to a
nonempty, locally closed subscheme of Sh%fglg, called its G(Q)(V, g)#-stratum.
Thus, we obtain the following:

Proposition A.5.3 (Satake, Baily—Borel). Each G(Q)(V, g)#-stratum as above

min
meets every connected component of Shg, alg-

For each g € G(A™), let L®) denote the O-lattice in L®7 Q such that L&) @77 =
g(L ®z 7)in L@z A®. Letr € QZ, be the unique element such that v(g) = ru
for some u € Z, and let (-, -)® : L& x L& — 7(1) denote the pairing induced
by r(-,-) ®z Q (see [Lan 2012, Section 2.4], the key point being that (-, - )@ is
valued in Z(1)).

Construction A.5.4. As explained in [Lan 2012, Section 3.1], we have an assign-
ment of a fully symplectic admissible filtration Z®) on Z®7 Z and a torus argument
O© = (X®, ¥, ®, %), g) 10 G@)(V, g), by setting;

(1) F® = {F¥) =V N L&}z
) z(g) i {Z(é’) i —I(F(é’) ® Z) I . | ) AP L Z )
=4l =8 i oz }lEZ = {g (V—l da )N (L ®z )}teZ-
(3) X® :=Homy(F), Z(1)) = Homz(G*S , Z(1)).
@) Y® :=Gr5" =F® /F%).
(5) ¢® :Y® < X© equivalent to the nondegenerate pairing
(-, )% GfS x GE” — 7(1)
induced by (-,-)® : L@ x L® — 7(1).

(6) (pﬁgz) : Grz_(;) = HomZ(X(g) Rz Z 2(1)), the composition

2y = GrfYy ®77 <> Homy (X® ®72, 2(1)).
(N 90(()g) :Gr2® = Y® @, 7, the composition

Gro(g) A A
62" = G @2 = Y® ®, 7.
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By the assumption that our integral PEL datum satisfies [Lan 2013a, Condition
1.4.3.10] and by the fact that maximal orders over Dedekind domains are hereditary
(see [Reiner 1975, Theorem 21.4 and Corollary 21.5]), there exists a splitting
e® . GrfY = L®, whose base extension from Z to Z defines, by pre- and post-
compositions with Gr(g) and g~ !, a splitting §(® : G2 = L ®7 Z. These define
an assignment

G(Q)(V, g) > [(29, & 5@, (A.5.5)

which is compatible with the formation of #-orbits and induces an assignment
GQ)(V, g)9 > [(z, D, 85)1. (A.5.6)

Definition A.5.7. For each cusp label [(Zg, @y, d5)], the [(Pge, d5)]-stratum of
Shg‘églg is the union of all the G(Q)(V, g)# -strata such that [(Zg, Py, dy)] is as-
signed to G(Q)(V, g)3€ under (A.5.6).

Proposition A.5.8. Given the #-orbit Zg of any Z=1{Z_;};cz as above, there exists
some totally isotropic 0 @z Q-submodule V_» of L @7 Q such that V_; ®g A lies
in the ¥-orbit of Z_, @7 Q.

Proof. Up to replacing # with an open compact subgroup, which is harmless for
proving this proposition, we may and we shall assume that % = #5%g, where S is
a finite set of primes containing all bad ones for the integral PEL datum (see [KWL,
Definition 1.4.1.1]), such that %5 = G(Z%) = [],45 G(Z) and %5 C G(Zs) =
[ L5 G(Z¢), where € ¢ S means that £ runs through all prime numbers not in S.

By Assumption A.2.1, by reduction to the case where 0 ®7 Q is a product of
division algebras, by Morita equivalence (see [KWL, Proposition 1.2.1.14]) and,
by the local-global principle for isotropy in [Scharlau 1985, table on p. 347 and its
references], it follows that, if Z_, ®7 Q is nonzero and extends to some isotropic
0 ®z A-submodule of L ®7z A isomorphic to the base extension of some O-lattice,
then there exists some nonzero isotropic element in L ®z (2. By induction on
the O-multirank of Z_, ®7 Q@ —by replacing L ®z Q (resp. L ®z A*) with the
orthogonal complement modulo the span of a nonzero isotropic element in L @z Q
(resp. L ®7z A°)— there exists some totally isotropic 0 ®z Q-submodule VO_2 of
L ®7 Q such that V(lz ®o A% and Z_, ®7 Q have the same O-multirank.

Let G’ denote the derived subgroup of G ®7 Q (see [SGA 3, 1970, Définition
7.2(vii), p. 364 and Corollaire 7.10, p. 373]). Then the pullback to G’ induces a
bijection between the parabolic subgroups of G ®z Q and those of G’ (see [SGA 31
1970, Propositions 6.2.4 and 6.2.8, pp. 264-266; Springer 1998, Theorem 15.1.2(ii)
and Theorem 15.4.6(1)]), and they both are in bijection with the stabilizers of flags
of totally isotropic 0 ®z Q-submodules, as in Lemma A.4.3. Therefore, there
exists some element 2 = (hy) € G'(A™), where the index £ runs through all prime
numbers, such that V(iz RoA® =h(Z_, ®7 Q).
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Since G’ is simply connected, by Assumption A.2.1 (because the kernel of the
similitude character of G ®7 Q factorizes over an algebraic closure of Q as a
product of groups with simply connected derived groups, by the proof of [KWL,
Proposition 1.2.3.11]), by weak approximation (see [Platonov and Rapinchuk 1994,
Theorem 7.8]) there exists y € G'(Q) such that ¥ (h¢)ees € Hs. On the other
hand, by using the Iwasawa decomposition at the places £ € § as in the proof of
Lemma A.4.4, up to replacing s, with a right-multiple of 4, by an element of
G'(Qy) stabilizing Z_» ®5 Q¢, we may assume that y hy € G(Z,) for all £ ¢ S. Thus,
we can conclude by taking V_; := y(ng). ]

Proposition A.5.9. For each cusp label [(Zy, @y, S5¢)], there exists some ratio-
nal boundary component G(Q)(V, g) of X x G(A*®) such that [(Zge, Dy, S3¢)] is
assigned to G(Q)(V, g)¥ under (A.5.6).

Proof. Let (Z,® = (X, Y, ¢, o2, ¢p),5) be any triple whose #-orbit induces
[(Zge, Py, 5%)] and let V_, be as in Proposition A.5.8. Up to replacing (Z, P, §)
with another such triple, we may and we shall assume that

Z=(_12®A®)N(L®;2) =21), (A.5.10)

where FO = (F}icz, 20 = (21))icz and @ = (x D, v D, 9D, o) V) are
assigned to (V, 1) as in Construction A.5.4, together with some noncanonical choices
of e and 6.

Let P denote the parabolic subgroup of G®7zQ stabilizing V_; (see Lemma A.4.3).
By (A.5.10), the elements of P(A™) also stabilize Z_, ®7 Q. Therefore, for
each g € P(A™), the filtration Z‘®) defined as in Construction A.5.4 coincides
with Z.

Using (A.5.10) and the compatibility among the objects, both ¢®Zz and ¢(1)®ZZ

can be identified (under (¢_3, ¢o) and ((p(_lz), (p(()l))) with the canonical morphism

(. -)3 : Gr§ — Hom;(Gr%,, (1)) (AS.11)
induced by the pairing (-, - ), which induce compatible isomorphisms
050w XV @72 > X®11 (A5.12)
and
(1) ~l.y 7 =y 7
Wy o¢y Y®z4 ®z 2. (A.5.13)

By [KWL, Condition 1.4.3.10], there exists some maximal order 0’ in 0 ®7 Q,
containing O, such that the O-action on L extends to an 0’-action; hence the O-actions
on Y and YV also extend to 0’-actions. Using the local isomorphisms given
by (A.5.13), by [Reiner 1975, Theorem 18.10] (which is applicable because we
are now considering modules of the maximal order 0') and [KWL, Corollary
1.1.2.6] there exists an element ggp € GLgg,ax (Grg ®zQ) and an O-equivariant
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embedding /o : Y1) < ¥ ®7 Q such that (ho(Y ")) ®7 7 = (9o ®7 Q) (g0(Gr2))
inY @z A, Let g_, := ’go_ le GLgg,A® (Grz_2 ®zQ), where the transposition
is induced by (A.5.11). Then there is a corresponding O-equivariant embedding
h_» :Homz (X, Z(1)) — Homz(X, Z(1)) ®7 Q such that

(h—2(Homz(XD, Z(1)))) ®2 Z = (9-2 ®7 Q) (g-2(Gr?,))

in Homyz (X, Z(1)) @7 A%.

Take g € P(A®) such that Gr_»(g) = g_»2, Gro(g) = go, and v(g) = 1, which
exists thanks to the splitting 8. Then X and Y® are realized as the preimages
of X and Y under 'h_, ®7 Q and hy ! ®z Q, respectively, and the induced pair
(yx : X® = X, yy 1 ¥ =5 Y®) matches ®© with ®. Such a (V, g) is what we
want. O

As explained in [Lan 2012, Section 2.5], there is a canonical open and closed
immersion
Shye,alg = My, c. (A5.14)

As explained in [Kottwitz 1992, §8, p. 399] (see also [KWL, Remark 1.4.3.12]),
Mge,c is the disjoint union of the images of morphisms like (A.5.14), from certain
Sh{,, defined by some (0, %, LY, (-, ), ho) such that (LY, (-, -)) ®7 7=
(L,(-,-)®zZand (LW, (-, Y@z RX= (L, (-, -)) ® R, but not necessarily
satisfying (LY, (-, )V)®@7 Q= (L, (-,-)) ®7 Q, for all j in some index set J
(whose precise description is not important for our purpose). (Each (L), (-, .)())
is determined by its rational version (LY, (-, -))) ®7 Q by taking the intersection
of the latter with (LY, (-, YO)Y®zZ=(L, (-, -N®zZin (LY, (-, - )))®@,A® =
(L, {-,-))®zA%. Due to the failure of Hasse’s principle, J might have more than
one element.)
By [Lan 2012, Theorem 5.1.1], (A.5.14) extends to a canonical open and closed
immersion
Shiph . <= ML (A5.15)

respecting the stratifications on both sides labeled by cusp labels (see Definition
A.5.7). Again, Mg‘gfé is the disjoint union of the images of morphisms like (A.5.15),
from the minimal compactifications Sh;éi’ﬂrgm of Sh;{f’)a]g forall j e J.

Everything we have proved remains true after replacing the objects defined by
(L, (-, -)) with those defined by (LD, (-,-)Y) for each j € J. Thus, in order
to show that Uj(g,.s,)1 1s nonempty, it suffices to note that, by Propositions A.5.3
and A.5.9, the [(Dy, d%)]-stratum of Sh;é:fgm meets every connected component
of Sh%’)élrgm for all j € J. The proof of Theorem A.5.1 is now complete.

By Proposition A.3.1, and by the explanations in Section A.4 and in the beginning
of this section, the proof of Theorem A.2.2 is also complete.
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A.6. Extension to cases of ramified characteristics. In this section, we shall no
longer assume that p is a good prime for the integral PEL datum (O, x, L, (-, - ), hg),
but we shall assume that the image #? of # under the canonical homomorphism
G(Z) — G(Zl’) 18 neat.

Even for such general ¥ and p, for any collections of lattices stabilized by #
as in [Lan 2014, Section 2] we still have an integral model |\7|';;€ of Mg that is flat
over Sy, constructed by “taking normalization” (see [Lan 2014, Proposition 6.1 and
also the introduction]). Moreover, we have an integral model I\Q/I‘gnein of Mg‘fi“ that is
projective and flat over Sg (see [Lan 2014, Proposition 6.4]), with a stratification
by locally closed subschemes 2[@%5%)] labeled by cusp labels [(Py, §3)] for Mg,
which extends the stratification of My by the locally closed subschemes Zj(a,,,5,)]
(see [Lan 2014, Theorem 12.1]). For certain (possibly nonsmooth) compatible
collections ¥ (not the same ones for which we can construct M“’rZ over My q),
we also have the toroidal compactifications Mg‘érg of Mg{ that are projective and
flat over Sy (see [Lan 2014, Section 7]), with a stratification by locally closed
subschemes Z[(%f 84.0)] (see [Lan 2014, Theorem 9.13]) and a canonical surjection
95 9 - M“’rE — Mmm with geometrically cclnnected ﬁbersﬁ(see [Lan 2014, Lemma
12.9 and its prooﬂ) inducing surjections Zj(ady.,sy.0)] = L[(®y.85)] (€€ [Lan 2014,
Theorem 12.16]).

As in Section A.2, consider a geometric point s — So = Spec(OF, () with
algebraically closed residue field k(s) and consider a connected component U™™ of
the fiber M%“ Xs, S. For each cusp label [(Py, d3¢)] for Mg, we define Uyay,sy)]
to be the pullback of Z[(q> .850)] to U™ . Since the fibers of f 4 are geometrically
connected, the preimage of U™" under 55 4 Xs, § is a connected component U™
of M“’rE xs, s. (In general, neither Mmln Xs, § NOr M;‘éf; Xs, s is normal.) For
each equivalence class [(Dg, 35, 0)] deﬁmng a stratum Z[(gy.54.0)] Of M;‘grz,
define Uj(ay,s4,0)] to be the pullback of Z[@% 5y.0)]- Then we also have a canonical
surjection U@y, 5,0,0)] = U(@y,5,)] induced by ¢,

we

Theorem A.6.1. With the setting as above, all strata of U™™ are nonempty.

By using the canonical surjection Uy, s:,0)] = Ul(dy,84)] (@s in the proof of
Corollary A.2.3), Theorem A.6.1 implies the following:

Corollary A.6.2. With the setting as above, all strata of U are nonempty.
As in Section A.3, it suffices to prove the following:

Proposition A.6.3. Suppose Theorem A.6.1 is true when char(k(s)) = 0. Then it is
also true when char(k(s)) = p > 0.

Remark A.6.4. Since I\7Ige ®z Q@ = My and I\7I§‘Ci“ R7Q= M;‘Ci“ by construction, by
Theorem A.5.1 the assumption in Proposition A.6.3 always holds. Nevertheless, the
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proof of Proposition A.6.3 will clarify that the deduction of Theorem A.6.1 from
Theorem A.5.1 does not require Assumption A.2.1 (cf. Remark A.3.2).

The remainder of this section will be devoted to the proof of Proposition A.6.3.
We shall assume that char(k(s)) = p > 0.

While each Z(ay.s,)) 18 1som0rph1(: to some boundary moduli problem M ,

each stratum Z[(q)% 55)] Of Mm‘“ is similarly isomorphic to some integral rnodel
M ¢ defined by taking normahzatlon (see [Lan 2014, Proposition 7.4 and Theorems
12 1 and 12.16]). Hence it also makes sense to consider the minimal compactification
ZF(ICI)% 3501
fibers) over Sy, and we obtain the following:
Lemma A.6.5 (cf. Lemma A.3.4 and [Deligne and Mumford 1969, Theorem
4.17(i1)]). There exists some discrete valuation ring R that is flat over O, (p), with
fraction field K and residue field k(s), the latter lifting the structural homomorphism
OFy,(py — k(s), such that, for each cusp label [(Py, d%)] and each connected
component V OfZ[(<I> 501 Q0.0 R, the induced flat morphism V. — Spec(R) has
connected special fiber over Spec(k(s)).

Proof of Proposition A.6.3. By [Lan 2014, Corollary 12.4], it suffices to show that
Ul(oy.54)1 7 D when [(Py, d9)] is maximal with respect to the surjection relations,
as in [KWL, Definition 5.4.2. 13] In this case, by [Lan 2014 Theorem 12.1],
Z[(cpx 5] 1s a closed stratum of M”lln and so Z[(cp,( S0] = Z[(c[)% sl Hence the
lemma follows from Theorem A.5.1 and the same argument as in the proof of
Proposition A.3.1, with the reference to Lemma A.3.4 replaced with an analogous
reference to Lemma A.6.5. U

of 2[@%5%)], which is proper flat (with possibly nonnormal geometric

As explained in Remark A.6.4, the proof of Theorem A.6.1 is now complete.

A.7. Examples.

Example A.7.1. Suppose O ®z Q is a CM field F with maximal totally subfield
F*, with positive involution given by the complex conjugation of F over F*.
Suppose L = @%Hb, where a > b > 0 are integers. Suppose (2r+/—1)7!(-, ) is
the skew-Hermitian pairing defined in block matrix form

where S is some (a — b) x (a — b) matrix over F such that ~/—1S is Hermitian and
either positive or negative definite. Then, for each 0 < r < b, the O-submodule Z(r)
of L= @®(a+b) with the last a 4+ b — r entries zero is totally isotropic, and V( 0.

F(r) ®7Q is a totally isotropic F-submodule of L®7Q = F®“*? which is max1ma1
when r =b. The stabilizer of V") ~, either is the whole group (when r = 0) or defines a
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maximal (proper) parabolic subgroup P"”) of G®7 Q (when r > 0), and all maximal
parabolic subgroups of G ®z (0 are conjugate to one of these standard ones, by
Lemma A.4.3. Similarly, Z(_r% = F(_r% Rz Zisa totally isotropic 0 ®z 7-submodule
of L ®z Z and the left G(Q)- and right #-double orbits of Z(g, forO0 <r <b,
exhaust all the possible Zg appearing in cusp labels [(Zg, Py, d%)] for Mg, by
Proposition A.5.8. By Lemma A.4.7, by forgetting their p-parts, their left G(Q)- and
right #”-double orbits also exhaust all the possible Zg,» appearing in cusp labels
[(Zger, Pyer, 89¢r)] for Myep. Let us say that a cusp label [(Zge, Py, 53)] for My
is of rank r if Zg is in the double orbit of Z(_r;, and that a cusp [(Zgr, Pyer, S3¢r)]
for My is of rank r if it is assigned to one of rank » under (A.4.1). (This is
consistent with [KWL, Definitions 5.4.1.12 and 5.4.2.7].) On the other hand, as
a byproduct of the proof of Proposition A.5.9, any Zg in the double orbit of Z(I%
does extend to some cusp label [(Zg, Py, d%)] for Mg, inducing some cusp label
[(Zgr, Pyer, S9¢r)] for My under (A.4.1). Then Theorem A.2.2 shows that, in the
boundary stratification of every connected component of every geometric fiber of
Mg‘ei,}’ — So = Spec(OF,,(p)), there exist nonempty strata labeled by cusp labels
for Mg of all possible ranks 0 < r < b. (The theorem shows the more refined
nonemptiness for strata labeled by cusp labels, not just by ranks.)

The next example shows that we cannot expect Theorem A.2.2 to be true without
the requirement (in Assumption A.2.1) that 0 ®7 Q involves no factor of type D.

Example A.7.2. Suppose O ®7z Q is a central division algebra D over a totally
real field F, as in [KWL, Proposition 1.2.1.13] such that D @ r ; R = H, the real
Hamiltonian quaternion algebra, for every embedding t : F — R, with x = ¢ given
by x = x°® :=Trp,r(x) — x. Suppose that D is nonsplit at strictly more than two
places. Suppose L is chosen such that L ®7 @ = D®2, By the Gram—Schmidt
process, as in [KWL, Section 1.2.4] and by [KWL, Corollary 1.1.2.6], there is up
to isomorphism only one isotropic skew-Hermitian pairing over L @7 Q. But we
do know the failure of Hasse’s principle (see [Kottwitz 1992, §7, p. 393]) in this
case (see [Scharlau 1985, Remark 10.4.6]), which means there exists a choice of
(L, (-,-)) as above that is globally anisotropic but locally isotropic everywhere.
Thus, even when k(s) = C, there exists some connected component U of Shy ¢
and some nonzero cusp label [($y, §3)] for My such that Upay, 5] = 9.
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