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1. Introduction

Let p be a prime and let L be a finite extension of Q, with the ring of integers O
and uniformizer @ . We prove the following modularity lifting theorem.
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Theorem 1.1. Assume that p = 2. Let F be a totally real field where 2 is totally
split, let S be a finite set of places of F containing all the places above 2 and all the
infinite places and let

p:Grs — GLy(0)

be a continuous representation of the Galois group of the maximal extension of F
unramified outside S. Suppose:

(1) p:Grs 2 GL12(O) — GL, (k) is modular with nonsolvable image.
(i) If v |2 then p|gy, is potentially semistable with distinct Hodge—Tate weights.
(ii1) det p is totally odd.
(iv) If v|2 then plg,, # ()é ;)for any character x : G, — k™.
Then p is modular.

Kisin [2009a] and Emerton [2011] have proved an analogous theorem for p > 2.
Our proof follows the strategy of Kisin. We patch automorphic forms on definite
quaternion algebras and deduce the theorem from a weak form of the Breuil-Mézard
conjecture, which we prove for all p under some technical assumptions on the
residual representation of Gg " (see Theorems 2.34 and 2.37) which force us to
assume (iv) in the theorem.

The Breuil-Mézard conjecture is proved by employing a formalism developed in
[Paskiinas 2015b], where an analogous result is proved under the assumption that
p > 5 and the residual representation has scalar endomorphisms. We can prove the
result for primes 2 and 3 by better understanding the smooth representation theory
of G := GL,(Q)) in characteristic p: in the local part of the paper we extend the
results of [Paskiinas 2013] to the generic blocks, when p is 2 and 3, which we will
now describe.

Let Modg' (O) be the category of smooth G-representation on O-torsion modules.
We fix a continuous character y : @[f — O* and let Modl(';‘fcll//m(O) be the full
subcategory of Mod' (O), consisting of representations on which the center of G
acts by the character ¢ and which are equal to the union of their admissible
subrepresentations. The categories Mod;' (O) and Modlézf‘fpm(O) are abelian; see
[Emerton 2010a, Proposition 2.2.18]. A finitely generated smooth admissible
representation of G with a central character is of finite length by Theorem 2.3.8 of
[Emerton 2010a]. This makes Modlgf‘}/,m((’)) into a locally finite category. Gabriel
[1962] has proved that a locally finite category decomposes into a direct product of
indecomposable subcategories as follows.

Let Irrgdm be the set of irreducible representations in Modl(';fcll//m(O). We define

an equivalence relation ~ on Irrgdm by writing w ~ t if there exists a sequence

T =7, T2, ..., T, =T IN Irrgdm such that for each i one of the following holds:
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D) m ZEmivr; (2) Exté (i, miv1) #0; (3) ExtIG (i41, m;) 0. We have a canonical
decomposition

Modgy"(©) =[] Modgy"©)(B). .
Belrrddm/~

where Modlé"‘f//m(O) [B] is the full subcategory of Modlc';a"fpm(O) consisting of repre-
sentations with all irreducible subquotients in ‘B. A block is an equivalence class
of ~.

For ablock B let ms =P, .5 7, let s < Jos be an injective envelope of 7oz and
let Egs :=Endg (Jx). Then Jyys is an injective generator for Modlcf‘f/,m (O)[B], Ex is
a pseudocompact ring and the functor k¥ — Homg (k, Jos) induces an antiequivalence
of categories between Modl(f‘iym((’))[%] and the category of right pseudocompact
Ex-modules. The inverse functor is given by m — (m R Ex J%)v, where V denotes
the Pontryagin dual; see [Gabriel 1962, Chapitre IV, §4]. The main result of
[Paskiinas 2013] computes the rings Eg for each block 5 and describes the Galois
representation of Gg, obtained by applying the Colmez’s functor to Jg under the
assumption p > 5 or p > 3, depending on the block 8.

Ifr e Irrgdm then one may show that, after extending scalars, 7 is isomorphic
to a finite direct sum of absolutely irreducible representations of G. It has been
proved in [Pasktinas 2014] that the blocks containing an absolutely irreducible

representation are given by
(1) B = {m} with 7 supersingular;
(i) B ={(Ind§ x1 ® xo0 '), (Id§ x2 ® x107"), } with xox; ' # 0*! 1;
_ G —1 .
(i) p>2and B = {(IndB XQ xw )sm},
(iv) p=2and B ={1, Sp} ® x odet;
(v) p>=5and B = {1, Sp, (Ind§ 0 ®w™")__} ® x odet;
(vi) p=3and B = {1, Sp, w o det, Sp ® w o det} ® x odet;

where x, x1, x2 : Q) — k> are smooth characters, w : Q — k™ is the character
w(x) = x|x| (mod @w) and we view x; ® x» as a character of the subgroup of
upper-triangular matrices B in G which sends (%) to x1(a) x2(d). An absolutely
irreducible representation  is supersingular if it is not a subquotient of a principal
series representation (they have been classified by Breuil [2003a]) and Sp denotes
the Steinberg representation.

To each block above one may attach a semisimple 2-dimensional k-representation
p* of Gg,: in case (i) p* is absolutely irreducible, and such that Colmez’s functor V
(see Section 2B1) maps 7 to p%; in case (ii) p** = x1 @ x2; in cases (iii) and (iv)
p® = x @ x; in cases (v) and (vi) o> = x @ x w, where we consider characters of G,
as characters of @ via local class field theory, normalized so that uniformizers
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correspond to geometric Frobenii. We note that the determinant of p% is equal to
Y& modulo @, where ¢ is the p-adic cyclotomic character and w is its reduction
modulo .

Theorem 1.2. If B = {7} with & supersingular (so that p> is irreducible) then
Ess is naturally isomorphic to the quotient of the universal deformation ring of p>
parametrizing deformations with determinant e, and V (Jg)” (W ¢) is a tautologi-
cal deformation of p** to Es.

We also obtain an analogous result for blocks in (ii); see Theorem 2.23. Let
RP be the deformation ring parametrizing all the 2-dimensional determinants, in
the sense of [Chenevier 2014], lifting (tr 5%, det 5°°), and let RP>Y be the quotient
of RP® parametrizing those which have determinant ¢.

Theorem 1.3. Assume that the block *B is given by (i) or (ii) above. Then the center
of the category Modlcf‘i,,m((’))[%] is naturally isomorphic to RP>V.

We view this theorem as an analogue of the Bernstein center for this category.
Theorems 1.2 and 1.3 are new if p =2 and if p =3 and B = {7} with 7 supersingular.
Together with the results of [Pasktinas 2013] this covers all the blocks except for
those in (iv) and (vi) above.

One also has a decomposition similar to (1) for the category Bane(‘g‘f‘// (L) of
admissible unitary L-Banach space representations of G on which the center of G
acts by r; see Section 2B4. An admissible unitary L-Banach space representation I1
lies in Ban%‘;j"f; (L)[*B] if and only if all the irreducible subquotients of the reduction
modulo @ of a unit ball in IT modulo @ lie in 8. An irreducible I1 is ordinary if
it is a subquotient of a unitary parabolic induction of a unitary character. Otherwise

it is called nonordinary.

Corollary 1.4. Assume that the block B is given by (i) or (i) above. Colmez’s
Montreal functor T1+— V (I1) induces a bijection between the isomorphism classes of

e absolutely irreducible nonordinary Tl € BanaGd’rl'/‘/ (L)[B];

e absolutely irreducible p : Gg, — GLa(L) such that detp = e and the
semisimplification of the reduction modulo @ of a Gq,-invariant O-lattice in p
is isomorphic to p*S.

A stronger result, avoiding the assumption on B, is proved in [Colmez et al.
2014]. However, our proof of Corollary 1.4 avoids the hard p-adic functional
analysis, which is used to construct representations of GL(Q),) out of 2-dimensional
representations of Gq, via the theory of (¢, I')-modules by Colmez [2010], which
plays the key role in [Colmez et al. 2014].

It might be possible, given the global part of this paper, and the results of
[Paskiinas 2015a], where various deformation rings are computed, when p = 2,
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to prove Theorem 1.1 by repeating the arguments of Kisin [2009a]. We have not
checked this. However, our original goal was to prove Theorems 1.2 and 1.3;
Theorem 1.1 came out as a bonus at the end.

1A. Outline of the paper. The paper has two largely independent parts: a local one
and a global one. We will review each of them individually by carefully explaining
which arguments are new.

1A1. Local part. For concreteness, assume that 8 = {7} with 7 supersingular.
Let p = V (i), let R; be the universal deformation ring of p and let Rg/ be the
quotient of R; parametrizing deformations with determinant yr¢. We follow the
strategy outlined in [Pagkiinas 2013, §5.8]. We show that Jy is the universal
deformation of 7V and Esy is the universal deformation ring by verifying that
hypotheses (HO)-(HS), made in Section 3 of [Pasktinas 2013], hold. In Section 3.3
of the same work we developed a criterion to check that the ring E is commutative.
To apply this criterion, one needs the ring R'é' to be formally smooth and to control
the image of some Ext'-group in some Ext*-group. The first condition does not
holdif p=2andif p=3and p = pQ®w. Evenif p=3and p Z p ® w, so
that the ring is formally smooth, to check the second condition is a computational
nightmare. In [Colmez et al. 2014] we found a different characteristic-0 argument
to get around this. The key input is the result of [Berger and Breuil 2010] which
says that if a locally algebraic principal series representation admits a G-invariant
norm, then its completion is irreducible, and 7 occurs in the reduction modulo @
with multiplicity one. We deduce from [Colmez et al. 2014, Corollary 2.22] that the
ring Eg is commutative. The argument of Kisin [2010] shows that V (Js)¥ (Y e) is
a deformation of p to Exs and we have surjections R; — Eg — R;ff.

To prove Theorem 1.2 we have to show that the surjection ¢ : Eg — R is an
isomorphism. The proof of this claim is new and is carried out in Section 2B3.
Corollary 1.4 is then a formal consequence of this isomorphism. If p > 5 then Rg
is formally smooth and the claim is proved by a calculation on tangent spaces in
[Pasktinas 2013]. This does not hold if p =2 or p =3 and p = p ® w. We also
note that even if we admit the main result of [Colmez et al. 2014] (which we don’t),
we would only get that ¢ induces a bijection on maximal spectra of the generic
fibers of the rings. From this one could deduce that the map induces an isomorphism
between the maximal reduced quotient of Ex and Rg/, and it is not at all clear
that Ex is reduced. However, by using techniques of [PaSkiinas 2015b] we can
show that certain quotients Eg/a are reduced and identify them with crystabeline
deformation rings of p via ¢. Again the argument uses the results of [Berger and
Breuil 2010] in a crucial way. Further, we show that the intersection of all such
ideals in Es is zero, which allows us to conclude the proof. A similar argument
using density appears in [Colmez et al. 2014, §2.4], however we have to work a bit
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more here, because we fix a central character; see Section 2A. Theorem 1.2 implies
immediately that det V(1) = Yeforall I1e Ban‘gfl‘; (L)[B]. This is proved directly
in [Colmez et al. 2014] without any restriction on ‘B, and is the most technical part
of that paper.

Once we have Theorem 1.2, the Breuil-Mézard conjecture is proved the same
way as in [Pasktnas 2015b]; see Section 2C. If %8 is the block containing two
generic principal series representations, so that p** = x| @® x2, with xj x, ! #£1, 0t
then we prove the Breuil-Mézard conjecture for both nonsplit extensions ()8 ;‘2) and
(): )?2) and deduce the conjecture in the split case in a companion paper [Paskuinas
2015a], following an idea of Hu and Tan [2015]. We formulate and prove the
Breuil-Mézard conjecture in the language of cycles, as introduced by Emerton and
Gee [2014]. All our arguments are local, except that if the inertial type extends
to an irreducible representation of the Weil group Wq, of (,,, the description of
locally algebraic vectors in the Banach space representations relies on a global input
of Emerton [2011, §7.4]. Dospinescu’s results [2015] on locally algebraic vectors
in extensions of Banach space representations of G are also crucial in this case.

1A2. Global part. As already explained, an analogue of Theorem 1.1 has been
proved by Kisin if p > 2. Moreover, if p =2 and p|g,, is semistable with Hodge—
Tate weights (0, 1) for all v |2, then the theorem has been proved by Khare and
Wintenberger [2009b] and Kisin [2009b] in their work on Serre’s conjecture. We
use their results as an input in our proof.

The strategy of the proof is the same as in [Kisin 2009a]. By base change
arguments, which are the same as in [Khare and Wintenberger 2009b; Kisin 2009b;
2009c] (see Section 3F) we reduce ourselves to a situation where the ramification of
p and p outside 2 is minimal and p comes from an automorphic form on a definite
quaternion algebra. We patch automorphic forms on definite quaternion algebras
and deduce the theorem from a weak form of the Breuil-Mézard conjecture, which
is proved in the local part of the paper. Assumption (iv) in Theorem 1.1 comes
from the local part of the paper.

Let us explain some differences with [Kisin 2009a]. If p > 2 then the patched
ring is formally smooth over a completed tensor product of local deformation rings.
This implies that the patched ring is reduced, equidimensional and O-flat and that its
Hilbert—Samuel multiplicity is equal to the product of Hilbert—-Samuel multiplicities
of the local deformation rings. For p = 2 we modify the patching argument used
in [Kisin 2009a] following [Khare and Wintenberger 2009b]. This gives us two
patched rings, and the passage between them and the completed tensor product of
local rings is not as straightforward as before. To overcome this we use an idea
which appears in errata to [Kisin 2009a] published in [Gee and Kisin 2014]. If
pr is a Galois representation associated to a Hilbert modular form lifting o and
v is a place of F above p, then one knows from [Blasius 2006; Katz and Messing
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1974; Saito 2009] that the Weil-Deligne representation associated to p|g,, is pure.
Kisin shows that this implies that the point on the generic fiber of the potentially
semistable deformation ring, defined by pr|g,, , cannot lie on the intersection of
two irreducible components, and hence is regular. Using this we show that the
localization of patched rings at the prime ideal defined by py is regular, and we
are in a position to use the Auslander—-Buchsbaum theorem; see Lemma 3.14 and
Proposition 3.17. As explained in [Gee and Kisin 2014], this observation enables
us to deal with cases when the patched module is not generically free of rank 1
over the patched ring, which was the case in the original paper [Kisin 2009a]. In
particular, we don’t add any Hecke operators at places above 2 and we don’t use
[Darmon et al. 1997, Lemma 4.11].

As a part of his proof, Kisin uses the description by Gee [2011] of Serre weights
for p, which is available only for p > 2. We determine Serre weights for o0 when
p = 2 in Section 3D under assumption (iv) of Theorem 1.1. As in [Gee 2011]
the main input is a modularity lifting theorem, which in our case is the theorem
proved by Khare and Wintenberger [2009b] and Kisin [2009b]. We do this by a
characteristic-0 argument, where Gee argues in characteristic p; see Section 3D.

The modularity lifting theorems for p = 2 proved by Kisin [2009b], and more
recently by Thorne [2016], do not require 2 to split completely in the totally real
field F, but they put a more restrictive hypothesis on p|g, for v|2. Kisin assumes
that p|g,, for all v|2 is potentially crystalline with Hodge-Tate weights equal to
(0, 1) for every embedding F, — @, and F, = Q, if plcy, is ordinary. Thorne
removes this last assumption, but requires instead that p|¢,, be nontrivial for at least
one v | 0o. We need 2 to split completely in F in order to apply the results on the
p-adic Langlands correspondence, which is currently available only for GL,(Q),).

2. Local part

2A. Capture. Let K be a profinite group with an open pro-p group. Let O[[ K] be
the completed group algebra, and let Mod‘,’(m((’)) be the category of compact linear-
topological O[[K ]]-modules. Let ¢ : Z(K) — O be a continuous character. We
let Mod}®, (O) be the full subcategory of Mody"(O) such that M € Mody " (O)
lies in Mod‘,)(r?w (0) if and only if Z(K) acts on M via ¥ . Let {V;};c; be a family
of continuous representations of K on finite-dimensional L-vector spaces, and let
M € Mod%°(0).

Definition 2.1. We say that {V;};c; captures M if the smallest quotient M — Q
such that Homg’[r[‘}(]](Q, V= Homg’[‘[l}(]] (M, VF)foralli el isequal to M.

We let ¢ := (_(1) _?) and note that the center of SL,(Z,) is equal to {1, c}.

Lemma 2.2. If K =SL,(Z,) then O[K1/(c—1) and O[K]/(c+1) are O-torsion-
free.
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Proof. If K, is an open normal subgroup of K such that the image of ¢ in K /K, is
nontrivial, then O[K /K, ] is a free O[Z]-module, where Z is the center of K. This
implies that O[K /K, ]/(c £ 1) is a free O-module and by passing to the limit we
obtain the assertion. ([

Lemma 2.3. Let K = S1,(Z,), let Z be the center of K and let {V;};c1 be a family

which captures O[ K such that each V; has a central character. Let I and 1~

be subsets of I consisting of i such that c acts on V; by 1 and by —1, respectively.

Let vy : Z — L* be a character. If ¥ (c) = 1 then I captures every projective
pro

object in Mod kv (O). If ¥ (c) = —1 then I~ captures every projective object in
Modj’, (O).

Proof. If M € ModI;(m(O) is O-torsion-free then I captures M if and only if
the image of the evaluation map €, ., V; ® Homg (V;, IT) — IT is dense, where
I1 = Hom{®" (M, L) is the Banach space representation of K with the topol-
ogy induced by the supremum norm [Colmez et al. 2014, Lemma 2.10]. Let
T = Hom{$™(O[K], L) and T1* := Hom&™(O[K]/(c £ 1), L). Since I =
[T, and {V;} captures O[K ]|, we deduce that the image of the evaluation map
®D;.;Vi®Homg (V;, IT*) — MM+ is dense. Ifi € I'* then ¢ acts trivially on V; and so
Homg (V;, IT7) = 0. This implies the image of @, _;+ V; ® Homg (V;, TIT) — IIT
is dense. Using Lemma 2.2 we deduce that I captures O[K]/(c — 1). A sim-
ilar argument shows that /~ captures O[K]/(c 4+ 1). Every projective object in
Modl;(r?w (O) can be realized as a direct summand of a product of some copies of
O[K1/(c — ¥ (c)), which implies the assertion; see the proof of [Colmez et al.
2014, Lemma 2.11]. O

Lemma 2.4. Let K =S1,(Z,), and let Z be the center of K, {r : Z — L* a charac-
ter and V a continuous representation of K on a finite-dimensional L-vector space
with a central character . If Y (c) = ¥y, (c) then {V ® SymzaLz}aeN captures
every projective object in Modl;(r?w (O);if ¥ (c)=—1,(c) then {V®Sym2“+l L%} gen
captures every projective object in Modl;(r?w (0).

Proof. Proposition 2.12 in [Colmez et al. 2014] implies that {Sym?L?},cn captures
O[K]. We leave it as an exercise for the reader to check that this implies that
{(V® Sym“Lz}aeN also captures O[[ K ]|. The assertion follows from Lemma 2.3. [

Lemma 2.5. Let M € Modgﬁ2 ) 1//((’)) and let V be a continuous representation
of K on a finite-dimensional L-vector space with a central character . Then

ﬂKerq& = ﬂKeré,
¢ £

where the first intersection is taken over all ¢ € Homg’[’[‘éL2 @)1 (M, V*) and the

second intersection is taken over all characters 1) : Z;j — L* withn?> =1 and all
t

Ee Homg)[‘[‘GLz(Zp)]](M, (V ® nodet)™).



On 2-dimensional 2-adic Galois representations of local and global fields 1309

Proof. Let Z be the center of GL,(Z,). The determinant induces the isomorphism
GLy(Z,)/Z Sy (Z,) = ZX/(ZX)2 which is a cyclic group of order 2 if p # 2, and
a product of cyclic groups of order 2 if p = 2. Hence IndzlgzL(Zgz ) 1= P nodet,

where the sum is taken over all characters n with n?> = 1. The isomorphism

t t
Homé’[‘[‘SLz(Z M, V¥ = Homg’[‘[‘Z SLyZ))1 (M, V™

~ cont * GLZ(ZJ)

= Homo[[GLz(Zp)]] (M,V*®Ind, SLz(lZp) 1)

= @ Hom%)[l[ltGLz(zp)]](M, V* ®nodet)

implies the assertion. ([

Lemma 2.6. Let Me Modgrf @) (O) and let {V;}i 1 be a family of continuous rep-
resentations of K on finite- dimensional L-vector spaces with a central character .
If {V,-|SL2(ZP)},~61 captures M|SL2(Z,,) then {V; @ n odet};c; , captures M, where 1
runs over all characters 1 : Z; — L with n? =1

Proof. The assertion follows from Lemma 2.5 and [Colmez et al. 2014, Lemma 2.7].
O

Proposition 2.7. Let K = GLy(Z),), and let Z be the center of K and  : Z — L*
a continuous character. There is a smooth irreducible representation t of K which
is a type for a Bernstein component containing a principal series representation,
but not containing a special series representation, such that

{t ® Sym“L* ® n’ o det}sen,

captures every projective ob]ect in Modpr K. (O). Here, foreacha € N, 1’ runs over
all continuous characters ' 4y — L* suchthat T ® Sym® L% ®n’ odet has central
character .

Proof. If p # 2 (resp. p =2) then 1+ pZ, (resp. 1 +42>) is a free pro-p group
of rank 1. Using this one may show that there is a smooth, nontrivial character
X : Z;j — L* and a continuous character 7 : Z; — L* such that ¥ = Xn(z). Lete
be the smallest integer such that x is trivial on 1+ p®Z,,. Let

/- < Zy Z,,)
rZ, Z;j ’
and let x ® 1: J — L* be the character which sends (‘C‘ Z) > x(a). The rep-
resentation 1 := Ind§ (x ®1) is irreducible and is a type. More precisely, for an
irreducible smooth f—representation 7 of G =GL,(Q)), we have Homg (7, ) #0
if and only if 7 = (IndG Y1 @ ¥2)sm, Where B is a Borel subgroup and |Z>< =¥
and Y| 7y = =1; see [Henniart 2002, §A.2.2]. The central character of 7 is equal to x.

We clalm that the family {r ® SymZ“L2 ® (det) "* @ nng o det} where 1 runs

eN,n’
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over all the characters with n*> = 1, captures every projective object in Modpro (0).
If M e Modp © ((’)) is projective then M|sL,(z,) i projective in MOdSLz(Z ). w(o)
[Emerton 2010b Proposition 2.1.11]. Lemma 2.4 implies that the family captures
M|sL,z,)- Since each representation in the family has central character equal to
XU(2) = 1, the claim follows from Lemma 2.6. Since the family of representations
appearing in the claim is a subfamily of the representations appearing in the propo-
sition, the claim implies the proposition. U

2B. The image of Colmez’s Montreal functor. Let G =GL2(Q,), K =GL,(Z,).
Let B be the subgroup of upper-triangular matrices in G, let T be the subgroup of
diagonal matrices and let Z be the center of G. We make no assumption on the
prime p. We fix a continuous character ¢ : Z — O*.

Let Modl();m((’)) be the category of profinite augmented representations of G
[Emerton 2010a, Definition 2.1.6]. The Pontryagin duality

7+’ := Hom3" (7, L/O)

induces an antiequivalence of categories between Mody;" (O) and ModprO(O) [Emer-
ton 2010a, (2.2.8)]. Let Mod" adm((’)) be the full subcategory of Mody;'(O) con-
sisting of locally admissible [Emerton 2010a, Definition 2.2.17] representations
of G and let Modlcf“i/,m (O) be the full subcategory of Modlg1dm (O) consisting of
those representations on which Z acts by the character . Let €(O) be the full
subcategory of Modp (O) antiequivalent to Mod®; adm((’)) via the Pontryagin duality.
Formy, m;p € Mod!: “dm((’)) we let ExtG v (7r1, m2) be the Yoneda Ext group computed
in Mod}: “dm(O)

Let € Mod1 ddm(O) be absolutely irreducible and either supersingular [Barthel
and Livné 1994; Breull 2003a] or a principal series representation isomorphic to
(Ind B X1 ® xza)*l)s for some smooth characters xi, x» : @ — k> such that
x1x; ' #o*!, 1. This hypothesis ensures that 7’ := (Ind$ x» ® xiw™') s also
absolutely irreducible and & 2% 7’. Let P — 7 be a projective envelope of 7"
in €(0) and let E = Endg(e)(P). Then E is naturally a topological ring with a
unique maximal ideal and residue field k = Endg () (r"); see [Paskiinas 2013, §2].

Proposition 2.8. If v is supersingular then k @ g P = . If 70 is a principal series
then k g P = k", where k is the unique nonsplit extension 0 — & — k — 1’ — 0.

Proof. In both cases, (k ®g P)” is the unique representation in Mod} adm((9) which
is maximal with respect to the following conditions: (1) socg(k Rk P = m;
(2) 7 occurs in (k Rk P)¥ with multiplicity one; see [Paskianas 2013, Remark 1.13].
For, if T € Mod: adm((’)) satisfies both conditions, then (1) and [Paskiinas 2013,
Lemma 2.10] 1mply that the natural map Home ) (P, ") Qr P — 1V is surjec-
tive, and (2) and the exactness of Homg(o) (P, *) imply that Homg ) (P, t7) =
Homg(o) (P, 7¥) = k. Hence, dually we obtain an injection v < (k ®f P).
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Let 7r; be an irreducible representation in Mod! adm((’)) such that ExtG v (my, w) 18
nonzero. It follows from Corollary 1.2 in [Paskunas 2014] that if 7 is supersingular
then 71 = 7 and hence (k g P)” = m, and if 7 is a principal series as above
then 71 = 7 or m; = . We will now explain how to modify the arguments
of [Paskiinas 2013, §8] so that they also work for p = 2, the main point being
that Emerton’s functor of ordinary parts works for all p. Proposition 4.3.15(2)
of [Emerton 2010b] implies that Exth 1/,(71/ ) is one-dimensional. Let x be the
unique nonsplit extension 0 — 7 — k — 7’ — 0. We claim that Extg W(n K)=
for all n > 0. The claim for n = 1 implies that (k ®¢ P)" = «. It is proved in
[Emerton and PaSkiinas 2010, Corollary 3.12] that the §-functor H* Ordp, defined in
[Emerton 2010b, Definition 3.3.1], is effaceable in Mod! adr“(O) Hence it coincides
with the derived functor R* Ordg. An open compact subgroup Ny of the unipotent
radical of B is isomorphic to Z,, and hence H'(Ny, %) vanishes for i > 2. This
implies that R Ordg = H' Ordg = 0 for i > 2. The proof of [Paskiinas 2013,
Lemma 8.1] does not use the assumption p > 2 and gives that

Ordpk ZOrdg 7 ZR!' Ordg 7’ =R Ordg k = 00~ ' @ x1. )

Our assumption on x; and x, implies that x;jo~' ® x» and xo0~! ® x; are
distinct characters of T. It follows from [Emerton 2010b, Lemma 4.3.10] that
all the Ext-groups between them vanish. Since 7’ = (IndG o '® Xz) , Where
B is the subgroup of lower-triangular matrices in G, all the terms in Emerton’s
spectral sequence [2010b, (3.7.4)] converging to EXtG,w(” , k) are zero. Hence,
Extg, y (T2, 6) = 0 for all n > 0. Let us also note that the 5-term exact sequence
associated to the spectral sequence implies that ExtG o (7, ) is finite-dimensional.

O

Proposition 2.9. If 7 is supersingular then let S = Q = n". If 7 is a principal
series then let S =¥ and Q = «". Then S and Q satisfy the hypotheses (HO)—(H5)
of [Paskinas 2013, §3].

Proof. If m is supersingular then there are no other irreducible representations in
the block of 7 and hence the only hypothesis to check is (H4), which is equivalent
to the finite-dimensionality of Ext};’w(n, 7). This follows from Proposition 9.1 in
[Paskiinas 2010b]. If & is a principal series then the assertion follows from the
Ext-group calculations made in the proof of Proposition 2.8. U

The proposition enables us to apply the formalism developed in [Paskiinas 2013,
Section 3]. Corollary 3.12 of [Paskiinas 2013] implies:

Proposition 2.10. The functor Qg P is an exact functor from the category of pseudo-
compact right E-modules to €(O).
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If m is a pseudocompact right E-module then Homg o) (P, m ®fr P) = m by
[Paskiinas 2013, Lemma 2.9]. This implies that the functor is fully faithful, so that

Hom$™(my, my) = Home(o)(m| ® P, my Q¢ P). (3
Proposition 2.11. E is commutative.

Proof. Let E(O) be the full subcategory of Mod%ro(O) which is antiequivalent
to Modl(';adm(O) via the Pontryagin duality. Let Pbea projective envelope of 7"
in 6((’)), let £ := Endg ¢, (ﬁ) and let a be the closed two-sided ideal of E generated
by the elements z — 1 ~!(z), for all z in the center of G. We may consider €(0O) as
a full subcategory of E(O). Since the center of G acts on ﬁ/ aP by ¥ ~!, we have
IS/ aP e ¢(0). The functor Homg(@)(ﬁ/ aP , %) 18 exact, since

Homg o) (P/aP, M) = Homg (P, M) )

for all M € €(0), and P is projective. Hence, }N’/ aP is projective in €(0). Its
G-cosocle is isomorphic to 7Y, since the same is true of P. Hence, P / aPisa pro-
jective envelope of 7¥ in €(0). Since projective envelopes are unique up to isomor-
phism, P / aP is isomorphic to P. Since a is generated by central elements, any pe E
maps aP to itself. This yields a ring homomorphlsm E— Endg(@)(P/ aP)

Projectivity of P and (4) applied with M = P / aP implies that the homomorphlsm
is surjective and induces an isomorphism E Ja= EndQ(@)(P/ aP). Since E is com-
mutative [Colmez et al. 2014, Corollary 2.22] we deduce that E is commutative. [J

Proposition 2.12. E is a complete local noetherian commutative O-algebra with
residue field k.

Proof. Proposition 2.11 asserts that E is commutative. Corollary 3.11 of [PaSkiinas
2013] implies that the natural topology on E (see [Paskiinas 2013, §2]) coincides
with the topology defined by the maximal ideal m, which implies that E is com-
plete for the m-adic topology. It follows from Lemma 3.7, Proposition 3.8(iii) of
[Pasktnas 2013] that m/ (m2 4 (o)) is a finite-dimensional k-vector space. Since
E is commutative, we deduce that E is noetherian. O

Proposition 2.13. Let Q = n¥ if 7 is supersingular and let Q = k" if w is a
principal series. The ring E represents the universal deformation problem of Q
in €(0), and P is the universal deformation of Q.

Proof. Since E is commutative by Proposition 2.11 and since hypotheses (HO)-(HS)
of [Paskiinas 2013, §3] are satisfied by Proposition 2.9, the assertion follows from
[Paskinas 2013, Corollary 3.27]. O
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2B1. Colmez’s Montreal functor. This subsection is essentially the same as Section
5.7 of [Paskunas 2013]. Let Gq, be the absolute Galois group of Q,. We will
consider ¥ as a character of Gg, via local class field theory, normalized so that the
uniformizers correspond to geometric Frobenii. Let ¢ : Gg, — O™ be the p-adic
cyclotomic character. Similarly, we will identify & with the character of Q, which
maps x to x |x|.

Colmez [2010] has defined an exact and covariant functor V from the category
of smooth, finite-length representations of G on O-torsion modules with a central
character to the category of continuous finite-length representations of Gg, on
O-torsion modules. This functor enables us to make the connection between the
GL,(Q)) and Gg, worlds. We modify Colmez’s functor to obtain an exact covariant
functor

V : €(0) - Modg, (0)

as follows. Let M be in €(O). If it is of finite length then V(M) := V(M"Y (),
where V denotes the Pontryagin dual and ¢ is the cyclotomic character. In general,
we may write M = lim M;, where the limit is taken over all quotients of finite length
in €(0), and we define V(M) := lim V(M;). If = € Modg™, (k) is absolutely
irreducible, then 7V is an object of €(0), and if 7 is supersingular in the sense
of [Barthel and Livné 1994], then f/(nv) = V() is an absolutely irreducible
continuous representation of Ga, associated to w by Breuil [2003a]. If 7 =
(Ind§ x1 ® o0~ "),, then V(7¥) = ;. If 7 = x o det then f{(nV) = 0 and if
7 = Sp ® x odet, where Sp is the Steinberg representation, then V (%) = x. Since
V is exact we obtain an exact sequence of Gg,-representations

0— 2> V(KY) = x1 — 0. ®)

The sequence is nonsplit by [Colmez 2010, Proposition VIL.4.13(iii)]. If m is a
pseudocompact right E-module then there exists a natural isomorphism of Gg,-
representations

Vim®zP)=m®g V(P), (6)

by [Paskunas 2013, Lemma 5.53]. It follows from (6) and Proposition 2.10 that
f/(P) is a deformation of p := ‘V/(k Qe P)to E. If  is supersingular then p is an
absolutely irreducible 2-dimensional representation of Gg,, and if 7 is a principal
series then p is a nonsplit extension of distinct characters; see (5). In both cases,
Endg,, (p) = k and so the universal deformation problem of p is represented by a
complete local noetherian O-algebra R. Let RY be the quotient of R parametrizing
deformations of p with determinant equal to Y ¢.

Proposition 2.14. The functor V induces surjective homomorphisms R — E and
¢: E — RV.
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Proof. This is proved in the same way as [PaSkiinas 2013, Proposition 5.56, §5.8],
following [Kisin 2010]. For the first surjection it is enough to prove that V induces
an injection

Exty(0)(Q. Q) = Extg, (0. p).

This follows from [Colmez 2010, Théoreme VII.5.2]. To prove the second surjection,
we observe that RV is reduced and O-torsion-free: if p > 5 then RV is formally
smooth over O, if p = 3 then the assertion follows from results of [Béckle 2010],
and if p =2 then the assertion follows from [Chenevier 2009, Proposition 4.1]. Thus
it is enough to show that every closed point of Spec R¥[1/p] is contained in Spec E.
This is equivalent to showing that for every deformation p of p with determinant &
there is a Banach space representation IT lifting Q" with central character ¢ such
that f/(l'l) = p. This follows from [Colmez et al. 2015, Theorem 10.1]. O

2B2. Banach space representations. Let Banzg{‘}/’j (L) be the category of admissible
unitary L-Banach space representations [Schneider and Teitelbaum 2002, §3] on
which Z acts by the character . If [T BanaG‘{rE (L) then we let

VI :=V©OH®eL, (7

where O is any open bounded G-invariant lattice in I1. Therefore, V is exact and
contravariant on Ban‘gff}/ (L).

Remark 2.15. One of the reasons we use V instead of V is that this allows us to
define V (IT) without making the assumption that the reduction of IT modulo @
has finite length as a G-representation.

If m is an E[1/p]-module of finite length then we let

I(m) := Hom$™(m° & P, L), ®)

where m°

is any E-stable O-lattice in m. Then IT(m) is an admissible unitary
L-Banach space representation of G, by [Paskiinas 2015b, Lemma 2.21], with
the topology given by the supremum norm. Since the functor ® P is exact by
Proposition 2.10, the functor m — IT(m) is exact and contravariant. Moreover, it is

fully faithful, as
Homg (I(my), TT(my)) = Homg (o) (m) ® P, m &g P),
= HomE[l/p](mz, my), €))

where the first isomorphism follows from Theorem 2.3 of [Schneider and Teitelbaum
2002] and the second from (3).

Lemma 2.16. Let m be an E[1/p]-module of finite length and let I1 € BanaGd’r:; (L)
be such that w does not occur as a subquotient in the reduction of an open bounded
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G-invariant lattice in T1 modulo w. Then Extlc(l'l, [T(m)) computed in BanaGde‘; (L)
is zero.

Proof. If ® is an open bounded G-invariant lattice in B € Ban‘gff; (L) then we define
m(B) :=Homgo) (P, 0%);. Proposition 4.17 in [Paskiinas 2013] implies that m(B)
is a finitely generated E[1/p]-module. The functor B — m(B) is exact by [Paskiinas
2013, Lemma 4.9]. The evaluation map Homg) (P, ©9) ®g P — ©7 induces a
continuous G-equivariant map B — IT(m(B)). If m is an E[1/p]-module of finite
length and B = I'1(m) then m(B) = m and the map B — IT(m(B)) is an isomorphism
by [Paskiinas 2013, Lemma 4.28]. Moreover, m(B) = 0 if and only if = does not oc-
cur as a subquotient of ® /(z@), by [Colmez et al. 2014, Proposition 2.1(ii)]. Hence,
if we have an exact sequence 0 — [1(m) — B — I1 — 0 then by applying the functor
m to it, we obtain an isomorphism m = m(IT(m)) = m(B) and hence an isomorphism
[T(m) = [T(m(B)). The map B — IT(m(B)) splits the exact sequence. O

The proof of [Paskiinas 2015b, Lemma 4.3] shows that we have a natural iso-
morphism of Gg,-representations

V(II(m) = m®g V(P). (10)

Let us point out a special case of this isomorphism. If nis a maximal ideal of E[1/p]
then its residue field « (n) is a finite extension of L. Let O,y be the ring of integers
in k(n) and let @y () be the uniformizer. Then ® := Hom®™ (Oy(n) ®p P, 0) is
an open bounded G-invariant lattice in I1(x (n)). The evaluation map induces an
isomorphism 4= Ocm) ®g P. Since E is noetherian, Ok 1s a finitely presented
E-module and thus the usual and completed tensor products coincide. We obtain

V(O Z Oy @ V(P), V(1)) Zkm) @ V(P). (11)
Since the residue field of O, ) is k, we have
O /(W) = Hom{™ (k ®¢ P, k) = (k®f P)". (12)

Recall from [Paskinas 2013, §4] that IT € Bane(‘ffg (L) is irreducible if it does
not have a nontrivial closed G-invariant subspace. It is absolutely irreducible if
IM1®; L' is irreducible in Bangrg (L") for every finite field extension L'/L. An
irreducible I is ordinary if it is a subquotient of a unitary parabolic induction of a
unitary character. Otherwise it is called nonordinary.

Proposition 2.17. If nis a maximal ideal of E[1/p] then either the x (n)-Banach
space representation I1(x (n)) is absolutely irreducible nonordinary or

T = (Indg X1 ® Xza)_l)

sm
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and (after possibly replacing k(n) by a finite extension) there exists a nonsplit
extension

0— (Ind§ 81 ®&e™")  — Mkm) — (Id§ ®81e7") _—0, (13)

cont cont

where 61, 6> : @[f — k(n)* are unitary characters congruent to x| and x», respec-
tively, such that §16, = Ve.

Proof. It follows from (11) that dim, () ‘7(1"1(/( (n))) = 2. Since v applied to a
parabolic induction of a unitary character is a one-dimensional representation of
Gq,, we deduce that if TT(x (n)) is absolutely irreducible then it cannot be ordinary.

If 7 is supersingular then (12) implies that ® /(@) (n)) = 7, which is absolutely
irreducible. This implies that IT(x (n)) is absolutely irreducible. If & is a principal
series then © /() (n)) is of length 2 and both irreducible subquotients are absolutely
irreducible. Hence, I1(k (n)) is either irreducible or of length 2. Let us assume that
[1(x (n)) is not absolutely irreducible. Then after possibly replacing « (1) by a finite
extension we have an exact sequence of admissible x (n)-Banach space representa-
tions 0 — 1 — II(k(n)) — I1, — 0. This sequence is nonsplit, since otherwise
V(H(K (n))) would be a direct sum of two one-dimensional representations, which
would contradict [Paskiinas 2015b, Lemma 4.5(iii)]. Let ®; := ® N I1; and let ©,
be the image of ® in IT,. Since we are dealing with admissible representations, ®,
is a bounded O-lattice in I1,. Lemma 5.5 of [Paskiinas 2010a] says that we have
the exact sequences of Oy y)-modules

0->0;—>0—>0,—>0, (14)
0— O1/(@cw) = O/(@im) = O2/(@iwm) — 0. (15)

It follows from (12) that the exact sequence of G-representations in (15) is the
unique nonsplit extension 0 — 7 — k — 7’ — 0. Proposition 4.2.14 of [Emerton
2010b] applied with A = O, )/ (zer"(n)) for all n > 1 implies that

M = (Ind§ 8; ® $¢ ") M, = (Ind§ 85 ® 8} ")

cont’ cont’

where 81, 85, 8, 8, : Q, — K (n)* are unitary characters with §i, 8] congruent
to x1 and 6», 8; congruent to x, modulo @ ). We reduce (14) modulo w,("(n)
to obtain an exact sequence to which we apply Ordg. This gives us an injection
Ordp(©y/(@],))) < R! Ordg(©2/(@],)). Since both are free Ocw)/(@],))-
modules of rank 1, the injection is an isomorphism. This implies that §; is congruent
to 8] and 85 is congruent 85 modulo wK”(n) foralln > 1. Hence, §; =48] and §, =4,. [J

2B3. Main local result. We will prove that the surjection ¢ : E — RY in Proposition
2.14 is an isomorphism. The argument combines the first part of the paper with
methods of [PaSkiinas 2015b]. The argument in [PaSkiinas 2013] used to prove this
statement when p > 5 uses the fact that the rings RV are formally smooth in that
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case. This does not hold in general; when p = 2 or 3 and even when the ring is
formally smooth and p = 3, the computations just get too complicated.

Let V be a continuous representation of K with a central character ¥ of the form
T ® Sym“L? ® 1 o det, where 7 : Z; — L* is a continuous character, and 7 is a
type for a Bernstein component containing a principal series representation, but not
containing a special series representation.

Proposition 2.18. If n is a maximal ideal of E[1/ p] then the following hold:

(i) dimy ) Homg (V, TI(x(n))) < 1.
(i) dim, ) Homg (V, TI(E,/n?)) <2.

Moreover, if Homg (V, [T(k(n))) # O then det ‘V/(H(K(n))) =Ye.

Proof. If mis an E[1/p]-module of finite length and L’ is a finite extension of L, then
MM(m®; L) =TI(m)®; L and Homg (V, I[1(m)) ®;, L' = Homg (V, [T(m) ®; L’).
This implies that it is enough to prove the assertions after replacing «(n) by a
finite extension. In particular, we may assume that IT(x(n)) is either absolutely
irreducible or a nonsplit extension as in Proposition 2.17. Since V is compatible
with twisting by characters, to prove the proposition it is enough to assume that n
is trivial, so that V is a locally algebraic representation of K.

Since t is a type and I1(x(n)) is admissible, Homg (V, I1(x(n))) # 0 if and
only if (after possibly replacing «(n) by a finite extension) I1(x(n)) contains a
subrepresentation of the form ¥ ® Sym®L?2, where W is an absolutely irreducible
smooth principal series representation in the Bernstein component described by 7;
see the proof of [Paskiinas 2010a, Theorem 7.2]. Let IT be the universal unitary
completion of ¥ ® Sym®L?. Then IT is absolutely irreducible, by [Berger and
Breuil 2010, Corollaire 5.3.4] and [Breuil and Emerton 2010, Proposition 2.2.1].

If T1(x (n)) is absolutely irreducible, we deduce that I1(x(n)) = I1. Since IT in
[Berger and Breuil 2010] is constructed out of a (¢, I')-module of a 2-dimensional
crystabeline representation of Gg, with determinant ¢, applying V undoes this
construction to obtain the Galois representation we started with. In particular,
detV (IT(k (n))) =re. Moreover, it follows from [Colmez 2010, Théoréme VI1.6.50]
that the locally algebraic vectors in IT(k (n)) are isomorphic to ¥ ® Sym“ L2, which
implies that

dim, ) Homg (V, IT(k (n))) = dim,(ny Homg (V, ¥ ® Sym“Lz) =1, (16)

giving part (i).
If I1(x (n)) is reducible, then using the fact that (13) is nonsplit we deduce that I1
is the unique irreducible subrepresentation of IT(k (n)). It follows from [PaSkiinas
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2013, Lemma 12.5]" that the locally algebraic vectors in IT are isomorphic to
v ® Sym“L2 and the locally algebraic vectors in IT(x(n))/Il are zero. Thus
locally algebraic vectors in IT(k (n)) are isomorphic to ¥ ® Sym“L2 and so part (i)
holds. Moreover, applying V to (13) we obtain an exact sequence 0 — 5, —
V(I1(k(n))) — 8 — 0. Hence, det V (IT1(x (n))) = 88, = V.

The exact sequence 0 — n/n2 — En/n2 — k() — 0 of E[1/p]-modules gives
rise to an exact sequence of admissible Banach space representations of G

0 — I(k(n)) = I(Ey/n%) — Mk (n)®¢ - 0,

where d = dim, ) n/ n2. We claim that Homg (IT, TT(E, / n?)) is one-dimensional as
a k (n)-vector space. Given the claim we can deduce part (ii) by the same argument
as in [Pasktinas 2015b, Corollary 4.21]. To show the claim let IT" := I1(x (n))/I1.
If T is zero then the assertion follows from (9). If IT’ is nonzero then the reduction
of the unit ball modulo @ () is isomorphic to 7”. Since (13) is nonsplit we obtain
Homg (IT, TT(x (n))) = 0, and Lemma 2.16 implies that Ext};(l'[/, [T(x(n))) =0.
Hence, Homg (IT(k (n)), IT(E,/n?)) =Homg (I1, T1(E,/n?)) and the claim follows
from (9). [l

Let ® be a K-invariant O-lattice in V and let M (®) := Homg’[‘[l}(]] (P, ©9)4 where
(x)? :=Homp (x, ©). It follows from Proposition 2.8 that (k®gP)” is an admissible
representation of G dually, this implies that k ® ¢ P is a finitely generated O[[ K |-
module. Hence, [Pasktinas 2015b, Proposition 2.15] implies that M (®) is a finitely
generated E-module. We will denote by m-Spec the set of maximal ideals of a
commutative ring.

Proposition 2.19. Let a be the E-annihilator of M(®). Then E/a is reduced
and O-torsion-free. Moreover, m-Spec(E/a)[1/p] is contained in the image of
m-Spec R¥[1/p] under ¢* : Spec RY — Spec E.

Proof. Theorem 5.2 in [Pasktinas 2015b] implies that there is a P-regular x € E such
that P/x P is a finitely generated O[[ K ]]-module which is projective in Modll)(rf)w 0).
It follows from [Paskiinas 2015b, Lemma 2.33] that M (®) is Cohen—Macaulay as
a module over E and its Krull dimension is equal to 2. If m is an E[1/p]-module
of finite length then

dim; Homg (V, II(m)) = dim; m Qg M (O), (17)

by [Paskiinas 2015b, Proposition 2.22]. Proposition 2.18 together with [PaSkiinas
2015b, Proposition 2.32] imply that E /a is reduced. Itis O-torsion-free, since M (®)
is O-torsion-free. Let n be a maximal ideal of E[1/p]. Since E is a quotient of R,
n lies in the image of m-Spec R'/’[l/p] if and only if detk(n) @ V(P) = Ye.

I The assumption p > 5 in [Paskiinas 2013, §12] is only invoked in the proof of Theorem 12.7 by
appealing to Theorem 11.4. All the other arguments in that section work for all primes p.
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Proposition 2.18, (11) and (17) imply that this holds for all the maximal ideals of
(E/0)[1/p]. u

Corollary 2.20. The surjection ¢ : E — RV, given by Proposition 2.14, induces an
isomorphism E Ja = RV/¢(a).

Proof. Since (E/a)[1/p] and (RY/¢(a))[1/p] are Jacobson, Proposition 2.19
implies that ¢ induces an isomorphism between E /a and the image of RY in the
maximal reduced quotient of (RY/@(a))[1/p]. This implies that the surjection
E/a — RY/@(a) is injective, and hence an isomorphism. (]

Lemma 2.21. The E-annihilators of Hom$" (P, V*) and M (®) are equal.

Proof. One inclusion is trivial; the other follows from [PaSkiinas 2015b, (11)],
which says that Hom$™ (P, V*) is naturally isomorphic to Hom$" (M (®), L). [

Theorem 2.22. The functor V induces an isomorphism ¢ : E => RY. Moreover,
V (P) is the universal deformation of p with determinant €.

Proof. 1t follows from Corollary 2.20 and Lemma 2.21 that the kernel of ¢ is
contained in the E-annihilator of Hom@™ (P, V*). It follows from Proposition 2.7
that the intersection of the annihilators as V varies is zero. Hence, ¢ is injective, and
hence an isomorphism by Proposition 2.14. The second part is a formal consequence
of the first part. U

2B4. Blocks. As explained in the introduction the category Mod! adm((’)) decom-
poses into a product of subcategories

Mod!: adm((f)) 1_[ Mod!: “dm(O)[SB] (18)

%elrradm/~

where Mod}: adm((’)) [B] is the full subcategory of Mod}: adr“(O) consisting of repre-
sentations W1th all irreducible subquotients in 8. Dually we obtain a decomposition

co= [] eors, (19)
Belrrddm/~

where M € €(0) lies in €(O)[B] if and only if M" lies in Modg'y™(O)[B].

For a block B let w3 = P, g 77, and let w3 < Joys be an injective envelope
of . Then Py := (Jg)V is a projective envelope of ()" in €(O). Moreover,
Jos 1s an injective generator of Modk adm((’))[%] and Py is a projective generator of
C(O)[*B]. The ring E := Endg(o)(P%) carries a natural topology with respect to
which it is a pseudocompact ring; see [Gabriel 1962, Chapitre IV, Proposition 13].
In addition, the functor

M — HOIIIQ(@)(P%, M)
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induces an equivalence of categories between €(O)[*B] and the category of right
pseudocompact Eg-modules; see Corollaire 1 after [Gabriel 1962, Chapitre 1V,
Théoréeme 4]. The inverse functor is given by m — m ® Ex P, as follows from
Lemmas 2.9 and 2.10 in [Paskiinas 2013]. Moreover, the center of the category
of €(O)[*B], which by definition is the ring of the natural transformations of the
identity functor, is naturally isomorphic to the center of the ring Esg; see Corollaire 5
after [Gabriel 1962, Chapitre IV, Théoreme 4].

Let us prove Theorem 1.2, stated in the introduction. If 8 is a block containing
a supersingular representation 7 then 8 = {7} and so 7z = 7, Py is a projective
envelope of ¥ and Esx coincides with the ring denoted by E in the previous
section. Theorem 2.22 implies that E« is naturally isomorphic to RY, the quotient
of the universal deformation ring of p := V(rY) parametrizing deformations with
determinant {&. Since this ring is commutative, we deduce that the center of
C(O)[*B] is naturally isomorphic to Rp'//. Moreover, V(P%) is the tautological
deformation of p to RZ; see Theorem 2.22.

If ¥B contains a generic principal series representation then ‘B = {m, 72}, where

m = (Ind§ 1 ® po0™), . 1= (Ind§ o @ x107") (20)

sm sm’

and x1, x2: @;,( — k* are continuous characters such that y; x, ! #1, wt!. Then
s = w1 D o and so Py = P; @ P,, where P is a projective envelope of 7'[1\/ and
P is a projective envelope of ;" in €(O). Thus

Ex = Ende(o)(P1 ® Py) = Endg)) (V(P) @ V(Py), 1)

where the last isomorphism follows from [Paskiinas 2013, Lemma 8.10]. The
assumption on the characters xi, x» implies that if we consider them as repre-
sentations of G, via the local class field theory, Ext!-groups between them are
1-dimensional. This means there are unique up to isomorphism nonsplit extensions

X1 x1 0
P11 = , P2 = .
(0 X2> (* Xz)
Let R; be the universal deformation ring of pi, let R'l’b be the quotient of R;
parametrizing deformations of p; with determinant ¥, and let p"™" be the tauto-
univ

logical deformation of p; to R;’”. We define R;, R;ﬁ and py™" in the same way with
02 instead of pj. It follows from Theorem 2.22 and (21) that

Eq = Endgy' (o™ @ p3™). (22)

We have studied the right-hand side of (22) in [Paskiinas 2013, §B.1] for p > 2 and
in [Paskiinas 2015a] in general. To describe the result we need to recall the theory
of determinants due to Chenevier [2014].
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Let p : Gg, — GLa(k) be a continuous representation. Let 2l be the category of
local artinian augmented O-algebras with residue field k. Let DP® : 2 — Sets be the
functor which maps (A, m4) € 2 to the set of pairs of functions (¢, d) : Gg, > A
such that:

e d:Gg, > A is a continuous group homomorphism, congruent to det p
modulo my.

» 1:Gg, — A is a continuous function with 7 (1) = 2.
e Forall g, h € G@p, the following are satisfied:
(@) t(g) =trp(g) (modmy).
(ii) 1(gh) =1(hg).
(iii) d(g)r(g~"h) —1(g)t(h) +1(gh) =0.
The functor DP*® is prorepresented by a complete local noetherian O-algebra RP®.
Let RP>Y be the quotient of RP® parametrizing those pairs (7, d) where d = ye.

Combining (22) with [Pasktinas 2015a, Propositions 3.12 and 4.3, Corollary 4.4]
we obtain the following:

Theorem 2.23. Let B = {m|, w2} as above and let p = x1 @ x2. The center of Es,
and hence the center of the category €(O)[B], is naturally isomorphic to RP>V.
Moreover, Eg is a free RPY-module of rank 4:

Epx (B en R™VOLY
RPSV @y RPSVe,,

The generators satisfy the following relations:

e;] = x> e)%z =€y, ey =epeyy =0, (23)

ey, @12 =Dpoe, = Dpp, ey, Pa1 = Dajey, = Dy, (24)
eX2d~>12 = &)126)(1 = ey, CT>21 = &>216X2 = &)%2 = &)%1 =0, (25)
DDy = cey,, Dy Py = cey,. (26)

The element c is regular in RP*V and generates the reducibility ideal.

In order to state the result about the center of €(O)[*B] in a uniform way, as
in Theorem 1.3, we note that if p is an irreducible representation then mapping a
deformation py4 to (tr p4, det p4) induces a homomorphism of O-algebras R”* — R,,,
which is an isomorphism by [Chenevier 2014, Theorem 2.22, Example 3.4].

For a block ‘B, let Banac‘m (L)[®8] be the full subcategory of Bane(";dff‘p (L) consist-
ing of those IT for which, for some (equivalently any) open bounded G-invariant
lattice ®, all the irreducible subquotients of ® ®p k lie in B. It is shown in
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[Paskiinas 2013, Proposition 5.36] that Banadm (L) decomposes into a direct sum
of subcategories
Banad“rl (L) = @ Banaldm (L)[*B

Belrradm/~

Corollary 2.24. If B = {n} with © supersingular then let p = ‘V/(JTV). If 8 =
{mm1, w2} with 1, p given by (20) then let p = V() ® V(7)) = x1 @ xo. The
map I1 +— V (I1) induces a bijection between the isomorphism classes of

o absolutely irreducible nonordinary Tl € Banalclm (L)[B];

e absolutely irreducible p : Gg, — GLa(L) such that detp = Ve and the
semisimplification of the reduction modulo @ of a Gq,-invariant O-lattice in p
is isomorphic to p.

Proof. Given Theorems 1.2 and 2.23, this is proved in the same way as [Paskiinas
2013, Theorem 11.4]. |

IfIle Banadm (L)[®B] and @ is an open bounded G-invariant lattice in IT, then
®/w" is an object of Mod!: adr’“((9)[88] for all n > 1. Theorem 1.3 gives a natural
action of RP>Y on © /" for all n > 1. Passing to the limit and inverting p, we
obtain a natural homomorphism RP>V[1/p] — End@™(11).

Corollary 2.25. Let B be as in Corollary 2.24 and let Tl € Banaldm (L)[*B] be
absolutely irreducible. Then tr V() is equal to the specialization of the universal
pseudocharacter t*™ Ga, — R* Voatx: RSV — End®"(IT) =

Proof. This is proved in the same way as [PaSkiinas 2013, Proposition 11.3]. To carry
out that proof we need to verify that IV/(P%) is annihilated by gz —1""V(g)g+v&(g)
for all g € Gg,. If ‘B contains a supersingular representation this follows from
Cayley—Hamllton since V (Pg) is the universal deformation of p with determinant
Ye, and tr V(P%) = puniv by [Chenevier 2014, Theorem 2.22, Example 3.4]. If B
contains a generic principal series then V(Psg) =p “‘V @ ,o”"lv and the assertion
follows from [Paskiinas 2015a, Proposition 3.9]. O

Corollary 2.26. For any I as in Corollary 2.24, we have dimp, Extg o (ILTT) = 3.
Proof. Let Bana‘]lm (L)[B] be the full subcategory of Bana“lm (L)[*B] consisting of

objects of finite length It follows from [Paskiinas 2013, Theorem 4.36] that this
category decomposes into a direct sum of subcategories

Banfly"(L)[B1= P Bang} (LBl
nem-Spec RPS-¥[1/p]
where, for a maximal ideal n of RP>Y[1/p], the direct summand Banadm A [B]a

consists of those finite-length representations which are killed by a power of n.
Moreover, the last part of [Paskiinas 2013, Theorem 4.36] implies that the functor
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[T — Homg ) (Ps3, N1 /pl, where ® is any open bounded G-invariant lattice
in I1, induces an antiequivalence of categories between Ban"gffz'ﬂ(L)[%]n and the
category of modules of finite length over the n-adic completion of Eg[1/p], which
we denote by E%,n.

Let p= V(1). Corollary 2.24 tells us that p is an absolutely irreducible represen-
tation with determinant v/ ¢. Let n be the maximal ideal of RP>Y[1/p] corresponding
to the pair (tr o, det p). It follows from Corollary 2.25 that IT is annihilated by n
and hence lies in Ban‘gf;ﬂ (L)[*B]s. Let A be the completion of RPSY[1/p] at n.
In the supersingular case, Egs = RP*Y = RY, and so E\%,n = A. In the generic
principal series case, since p is absolutely irreducible, the image of the generator
of the reducible locus in RP>¥ in « (n) is nonzero. It follows from the description
of Eg in Theorem 2.23 that Eg,n is isomorphic to the algebra of 2 x 2 matrices
with entries in A. Thus in both cases we get that Ban‘z;({‘f‘ﬁ'ﬂ (L)[®B], is antiequivalent
to the category of A-modules of finite length, and IT is identified with the residue
field « (n) of A. Hence,

Extg ,, (IT, TT) = Ext)y (k (n), k (n)).

Arguing as in [Kisin 2009c, Lemma 2.3.3] we may identify A with the universal
deformation ring parametrizing pseudocharacters with determinant ¥ & and values
in local artinian L-algebras which lift tr p. Since p is absolutely irreducible we
may further identify this ring with the quotient of the universal deformation ring
of p to local artinian L-algebras parametrizing deformations with determinant yre.
This ring is formally smooth over L of dimension 3, as H 2(G@p, ado(ﬁ)) =
H O(G@p, ado(ﬁ)(l)) = 0 and so the deformation problem of p is unobstructed.
In particular, dimy, Ext}q (k(n), k(n)) =dim; nA/n?A = 3. [l

2C. The Breuil-Mézard conjecture. In this section we apply the formalism de-
veloped in [Paskiinas 2015b] to prove new cases of the Breuil-Mézard conjecture,
when p = 2. We place no restriction on p in this section.

Let p : Gg, — GLa(k) be a continuous representation which is either abso-
lutely irreducible, in which case we let 7 be a supersingular representation of G
such that V() = p, or which is isomorphic to ()8 ;‘2 ), a nonsplit extension with
x1x; ' #1, ®*, in which case we let 7 = (Ind§ x1 ® x2w™ '), . As before we let
RV be the quotient of the universal deformation ring of p parametrizing deformations

with determinant y& and let p"™" be the tautological deformation of p to RY.
Proposition 2.27. P satisfies the hypotheses (NO)—(N2) of [Paskiinas 2015b, §4].

Proof. (NO) says that k ® gy P is of finite length and finitely generated over O[K].
This follows from Proposition 2.8. To verify (N1) we need to show that

HomSLz(@p)(l, Pv) =0.
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The SL»(Q),)-invariants in P" are stable under the action of G. Since P" is an in-
jective envelope of 7, if the subspace is nonzero then it must intersect 7 nontrivially.
However, 752(@) = 0, which concludes the proof. (N2) requires V (P) and p""i"
to be isomorphic as Rw[[G@p]]—modules and this is proved in Theorem 2.22. [J

Recall from [Serre 2000, §V.A] that the group of d-dimensional cycles Z;(A) of a
noetherian ring A is a free abelian group generated by p € Spec A withdim A/p=d.
For d-dimensional cycles ), npp and ), myp, we write ), npp < >, mpp, if
ny < my for all p € Spec A with dim A/p =d.

If M is a finitely generated A-module of dimension at most d then My, is an Ay-
module of finite length, which we denote by £4,(My), for all p withdim A/p=d. We
note that £4,(My) is nonzero only for finitely many p. Thus z4(M) := Zp La,(Mp)p,
where the sum is taken over all p € Spec A such that dim A /p =d, is a well defined
element of Z;(A).

If (A, m) is a local ring then we define a Hilbert—Samuel multiplicity e(z) of
acyclez =3}, nyp € Z4(A) to equal ), nye(A/p), where e(A/p) is the Hilbert—
Samuel multiplicity of the ring A/p. If M is a finitely generated A-module of
dimension d then the Hilbert—Samuel multiplicity of M is equal to the Hilbert—
Samuel multiplicity of its cycle z;(M); see [Serre 2000, §V.2].

If © is a continuous representation of K on a free O-module of finite rank, we let

M(©) == (HomZ, (P, ©%h)“,

where ()¢ := Homop (x, ©). If A is a smooth representation of K on an O-torsion
module of finite length then we let

M) := (Hom3™ (P, 1)),
where the superscript v denotes the Pontryagin dual.
Proposition 2.28. Let © be a continuous representation of K on a free O-module of
finite rank with central character . Then M(®) is a finitely generated RY-module.

If M () is nonzero then it is Cohen—Macaulay and has Krull dimension equal to 2.
We have an equality of 1-dimensional cycles

2 (M(©)/w) =) mez1(M(0)), (27)

where the sum is taken over all the irreducible smooth k-representations of K, and
me denotes the multiplicity with which o appears as a subquotient of ® Qo k.

Moreover, M (o) # 0 if and only if Homg (o, ) # 0, in which case the Hilbert—
Samuel multiplicity of z1(M (o)) is equal to 1.

Proof. We showed in Proposition 2.27 that k ® gy P is a finitely generated O[ K |-
module. It follows from Corollary 2.5 in [Paskiinas 2015b] that M (®) is a finitely
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generated R¥-module. The restriction of P to K is projective in Mod?(rf)w(O) by
[Paskiinas 2015b, Corollary 5.3]. Proposition 2.24 in [Pasktinas 2015b] implies
that (27) holds as an equality of (d — 1)-dimensional cycles, where d is the Krull
dimension of M (®). Theorem 5.2 in [PaSkiinas 2015b] shows that there is an x
in the maximal ideal of RY such that we have an exact sequence 0 — P %> P —
P /x P — 0, where the restriction of P/x P to K is a projective envelope of (socg )"
in Modr;{rf’w (O). Lemma 2.33 in [Paskiinas 2015b] implies that M (®) is a Cohen—
Macaulay module of dimension 2 and that zz, x is a regular sequence of parameters.
If o is an irreducible smooth k-representation of K with central character i then
the proof of [PaSkiinas 2015b, Lemma 2.33] yields an exact sequence

0— M(0) = M(o) — (Hom@ (P/xP, o))" —> 0.

Since P/xP is a projective envelope of (socg 7)Y in Modl;(rf)w (0), we deduce that
dimy M(0)/xM (o) is equal to dimy Homg (o, ). If Homg (o, ) is zero then
Nakayama’s lemma implies that M (o) = 0. If Homg (o, ) is nonzero then it is a
one-dimensional k-vector space, since the K-socle of 7 is multiplicity free. The
exact sequence 0 — M (o) > M (o) — k — 0 implies that M (o) is a cyclic module,
and if a denotes its annihilator then R‘”/ a=Zk[x]. O

Remark 2.29. If p is absolutely irreducible and p| Ia, = (a)g+1 ® a)éJ (r+1)) Q w™
then

sock 7w = (Sym” P ®Sym’ "k’ ® det”) ® det”,

where 0 <r < p—1, 0 <m < p —2 and w; is the fundamental character of Serre
of niveau 2; see [Breuil 2003a; 2003b]. If p = ()8 Xz(;", +l) ® o™, where i, x» are
unramified and x| # yo"*! then

T = (Indg xR ng’)sm Q" odet.

Hence, socg m = Sym’ k2 @ det” if 0 < r < p — 1 and det” & Sym” ™! k? ® det™
otherwise. In particular, sock 7 is multiplicity free.

If n € m-Spec RY[1 / p] then the residue field « (n) is a finite extension of L. Let
Ok be the ring of integers in k (n). By specializing the universal deformation at n,
we obtain a continuous representation ,o]‘;“iv : Gg, = GL2(Ok(m)), which reduces to
p modulo the maximal ideal of O, ). A p-adic Hodge type (w, 7, ¥) consists of
the following data: w = (a, b) is a pair of integers with b > a, 7 : lg, — GL,(L) is
a representation of the inertia subgroup with an open kernel and ¢ : Gg, - O™ is a
continuous character such that {ye = det p (mod @), V| Io, = e4tb=1 det r, where
¢ is the p-adic cyclotomic character. If pi™" is potentially semistable then we say

n

that it is of type (w, 7, ¥) if its Hodge—Tate weights are equal to w, the determinant
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is equal to ¢ and the restriction of the Weil-Deligne representation, associated to
py" by Fontaine [1994], to Ig, is isomorphic to 7.

Henniart [2002] has shown the existence of a smooth irreducible representation
o (t) (resp. 0 (7)) of K on an L-vector space such that if 7 is a smooth absolutely
irreducible infinite-dimensional representation of G and LL () is the Weil-Deligne
representation attached to s by the classical local Langlands correspondence then
Homg (o (), w) # 0 (resp. Homg (6 (), w) # 0) if and only if LL(]T)|IQP =1
(resp. LL()| Ia, = t and the monodromy operator N is 0). The representations
o (7) and 0" (7) are uniquely determined if p > 2. If p =2 there might be different
choices; we choose one.

Weleto(w,7):=0(1)® Sym”_"_lL2 ® det”. Then o (w, 7) is a finite-dimen-
sional L-vector space. Since K is compact and the action of K on o(w, 7) is
continuous, there is a K-invariant O-lattice ® in o (w, t). Then ® /(') is a smooth
finite-length k-representation of K, and we let o (w, 7) be its semisimplification.
One may show that o (w, t) does not depend on the choice of a lattice. For each
smooth irreducible k-representation o of K we let m, (w, T) be the multiplicity
with which o occurs in o (w, 7). We let 0% (w, 7) := 0 (7) ® Sym”“~! L2 ® det*
and let m$ (w, 7) be the multiplicity of o in o (w, 7). If p =2 then one may show
that o (w, 7) and 0 (w, t) do not depend on the choice of o (7) and (7).

Proposition 2.30. Let V=0 (w, 7) (resp. V=0 (w, 7)) and let ® be a K-invariant
lattice in V. Then n € m-Spec RV[1/p] lies in the support of M(®) if and only
if p;miv is potentially semistable (resp. potentially crystalline) of type (w, T, ¥).
Moreover, for such n, we have dimy ) M(O) Qgv k(1) = 1.

Proof. Proposition 2.22 of [Paskiinas 2015b] implies that
dimy () M (©) @ gy ic(n) = dim, () Homg (V, T (ic (n)).
Since V is a locally algebraic representation,
Homg (V. T1(k (n))) = Homg (V, T1(x (n))"%),

where the superscript alg denotes the subspace of locally algebraic vectors. This last
subspace is nonzero if and only if p"™" is potentially semistable (resp. potentially
crystalline) of type (w, t, 1), in which case it is one-dimensional. The argument is
identical to the proof of [Paskiinas 2015b, Proposition 4.14], except that, because

we assume that p is generic, we don’t have to consider the nasty cases here. [

Corollary 2.31. There exists a reduced, O-torsion-free quotient RY (w, t) of RY

such that a map of O-algebras x : RY — L’ into a finite field extension of L factors

through RY (w, t) if and only if p*™ is potentially semistable of type (w, T, ).
Moreover, if © is a K-invariant O-lattice in o (w, T) and a is the RY -annihilator

of M(®) then RY (w, 7) = RV//a.
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The same result holds if we consider potentially crystalline instead of potentially
semistable representations with o (w, t) instead of o (w, 7).

Proof. Since the support of M (®) is closed in Spec RY, the assertion follows from
Proposition 2.30. (]

Corollary 2.32. Let © be a K-invariant lattice in either o (w, T) or 0 (w, ) and
let a be the RY-annihilator of M(®). Then we have equalities of cycles

2(RV/a) =2(M(©)), 21(R?/(a, @) =21(M(©)/w).

Proof. The last part of Proposition 2.30 implies that M (®) is generically free of
rank 1. This implies the first assertion; see [Paskiinas 2015b, Lemma 2.27]. The
second follows from the first combined with the fact that @ is both RY/a- and
M (®)-regular; see Proposition 2.2.13 in [Emerton and Gee 2014]. O

Proposition 2.33. Let a be the RV -annihilator of M(®), where ® is a K-invariant
O-lattice in o (w, 7) (resp. o (w, ). Then RY/a is reduced. In particular, it is
equal to RY (w, T) (resp. RV (w, 1)).

Proof. Proposition 2.30 of [Paskiinas 2015b] together with the last part of Proposition
2.30 of the current paper says that it is enough to show that, for almost all n in
m-Spec RY[1/p] lying in the support of M(®),

dim, () Homg (V, TI(RY/n*RY)) < 2.

This amounts to checking that the subspace £ of ExtIG (I (x (n)), T (x(n))) generated
by the extensions of admissible unitary « (n)-Banach spaces 0 — I1(x(n)) - B —
[1(k (n)) — 0 such that the induced map between the subspaces of locally algebraic
vectors B48 — TT(k(n))¥¢ is surjective, is at most one-dimensional; see the proof
of [Paskiinas 2015b, Corollary 4.21].

If v does not extend to an irreducible representation of Wg, then the proof
of [PaSkiinas 2015b, Theorem 4.19] carries over: the key input into that proof
is that the closure of IT(k(n))¢ in IT(x(n)) is equal to the universal unitary
completion of IT(x (n))¥2 and the only case of this fact not covered by the ref-
erences given in the proof of [Paskiinas 2015b, Theorem 4.19] is when p =2 and
I (k ()™ = (Ind§ x ® x|.17"),, ® W, where W is an algebraic representation
of G and y : @; — k(n)* is a smooth character. However, in that case it is
explained in the second paragraph of the proof of [Paskiinas 2014, Proposition 6.13]
how to deduce from [Pasktinas 2009, Proposition 4.2] that any G-invariant O-lattice
in IM(k(n))¢ is a finitely generated O[G]-module, which provides the key input
also in this case. We note that the assumption p > 2 in [Paskiinas 2009, §4] is only
used to apply the results of Berger, Li and Zhu; in particular, the proof of [Paskiinas
2009, Proposition 4.2] works for all p.



1328 Vytautas Paskunas

If 7 extends to an irreducible representation of Wg, then the assertion is proved
by Dospinescu [2015]. Although? the main theorem of [Dospinescu 2015] is stated
under the assumption p > 5, the argument only uses that assumption if we let
IT =TII(k(n)), in which case det ‘v/(l'[) = e and dimy, Extlc’w(l"[, IT) = 3. This is
given by Corollaries 2.24 and 2.26. ]
Theorem 2.34. There is a finite set {Cy}y C Z1(RY/w), indexed by the irreducible
smooth k-representations o of K, such that for all p-adic Hodge types (w, T) we
have equalities

aRY (w, 0)/m) =) me(w, )Co,
ARV (w, 1) /) =) m(w, 7)Cs.

The cycle Cy is nonzero if and only if Homg (o, ) # 0, in which case its Hilbert—
Samuel multiplicity is equal to 1.

Proof. Let a be the RY-annihilator of M (®), where © is a K-invariant O-lattice in
o (w, 7). Corollary 2.31 and Proposition 2.33 imply that

2RV (w, 1) /) = 21 (RY/(Va, @) = 21 (RY/(a, @)).

Corollary 2.32 and Proposition 2.28 imply that
a(RY/(@, ) =) my(w, 1)21(M(0)).

We let C, = 71 (M (0)). The proof in the potentially crystalline case is the same. [

Remark 2.35. One may use a global argument to prove Proposition 2.33, without
using the results of [Dospinescu 2015]. However, one needs to assume that the local
residual representation can be realized as a restriction to Gg, of a global modular
representation.

Let b be the kernel RY/a — RY/./a. Since M (®) is Cohen-Macaulay, RY/a is
equidimensional. Thus if b is nonzero then it is a 2-dimensional RY-module, and
the cycle z;(b/@) is nonzero. Since

21(RY/(a, @) = 21 (RY/(Va, @) + 21 (b/ ),

if R¥/a is not reduced then we would conclude that e(RY/(a, @)) > e(RY (w, 7) /).
Since e(RY/(a, w)) = e(M(®)/w) = > s Mo (w, 7)e(Cy), in this case we would
obtain a contradiction to the Breuil-Mézard conjecture.

If the residual representation can be suitably globalized (when p = 2 this means
that it is of the form '5|G®p’ where p satisfies the assumptions made in Section 3B)
then a global argument gives an inequality in the opposite direction, thus allowing

2] thank G. Dospinescu for pointing this out to me.
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us to conclude that R¥/a is reduced. If p > 2 then such an argument is made in
[Kisin 2009a, §2.3]. If p = 2 then the same argument can be made using inequality
(41) in the proof of Proposition 3.17 and the proof of Corollary 3.27.

Remark 2.36. If R" is the framed deformation ring of p and R is the universal
deformation ring of p then R™ = R[[x1, x», x3]]. Thus we have a map of cycle groups

f:2i(R) = Ziy3(RY),  p>plxi, x2, x31l,

which preserves Hilbert—Samuel multiplicities. The extra variables only keep
track of a choice of basis. This implies that if RY"U(w, 1) is the quotient of R"
parametrizing potentially semistable framed deformations of type (w, 7, ) then
RVP(w, 1) = RY (w, 1)[[x1, x2, x3], so that the cycle of R¥'U(w, 1)/ is the
image of the cycle of RY (w, 7)/e under f. Using this, one may deduce a version
of Theorem 2.34 for framed deformation rings.

Let p = ()8 )?2), and let R" be the universal framed deformation ring of p. Let
RVP(w, 1) (resp. RY"P"(w, 7)) be the reduced, O-torsion-free quotient of R"
parametrizing potentially semistable (resp. potentially crystalline) lifts of p-adic
Hodge type (w, 7, ¥).

Theorem 2.37. There is a subset {Ci »,Cs.4}s Of Z4(R‘”’D/w) indexed by the ir-
reducible smooth k-representations o of K such that for all p-adic Hodge types
(w, T) we have equalities

2(RVP(w, 1) /@) =) me(w, 1)(Cro +Ca0),
Z4(R‘/”D’°r(w, r)/w) = me,r(u), 7)(Cl,0 +Co0).

The cycle C,  is nonzero if and only if Homg (o, (Indg X1 X2w_1)sm) #0, and
Ca.» is nonzero if and only if Homg (U, (Indg X2 ® Xla)_l) ) # 0, in which case

sm

the Hilbert—Samuel multiplicity is equal to 1.

Proof. Given Theorem 2.34, the assertion follows from Theorem 7.3 and Remark 7.4
of [Paskiinas 2015a]. U

The following corollary will be used in the global part of the paper.

Corollary 2.38. Assume that p = 2,  is unramified and either p is absolutely
irreducible or p> = x1 @ xo, with x1 # x2. f w=(0,1) and t =161 then

RV (w, 1) = RV (w, 7).

In other words, every semistable lift of p with Hodge—Tate weights (0, 1) is
crystalline.
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Proof. 1t is enough to prove the statement when p is nonsplit. Since if the assertion
was false in the split case then by choosing a different lattice in the semistable,
noncrystalline lift we would also obtain a contradiction in the nonsplit case. Since
framed deformation rings are formally smooth over the nonframed ones, it is enough
to prove that RV (w, 1) = RV (w, 7). By the same argument as in Remark 2.35
we see that it is enough to show that RY (w, 7)/ and RY"“"(w, T)/w have the
same cycles (and even the equality of Hilbert—Samuel multiplicities will suffice).
Since p =2 there are only 2 irreducible smooth k-representations of K: 1 and st.
The K-socle of m in all the cases is isomorphic to 1@ st, o(w, )/ = st and
0% (w, t)/w = 1. The assertion follows from Theorem 2.34. U

Remark 2.39. Assume that p =2, let § : Gg, — O™ be unramified and congru-
ent to ¢ modulo @, and let (w, 7) be arbitrary. It follows from Theorem 2.34,
Remark 2.36, Theorem 2.37 and the proof of Corollary 2.38 that

(R (w, 1) /@) = (mi(w, T) + mg(w, 7)za(RE2((0, 1), 10 1)/w),

where the cycles live in Z4(R"). This equality implies the equality of the respective
Hilbert—Samuel multiplicities.

3. Global part

In the global part of the paper we let p = 2, so that L is a finite extension of
with the ring integers O and residue field k.

3A. Quaternionic modular forms. We follow very closely [Kisin 2009b, §3.1].
Let F be a totally real field in which 2 splits completely. Let D be a quaternion
algebra with center F, ramified at all the infinite places of F and a set of finite
places ¥ which does not contain any primes dividing 2. We fix a maximal order Op
of D, and for each finite place v ¢ ¥ we have an isomorphism (Op), = M2(OF,).
For each finite place v of F we will denote by N (v) the order of the residue field
at v, and by @, € F, a uniformizer.

Denote by AIJ; C Ay the finite adeles, and let U = [[, U, be a compact open
subgroup contained in [[,(Op)). We assume that if v € X then U, = (Op)J
and if v |2 then U, = GL2(OF,) = GL2(Z,). Let A be a topological Z,-algebra.
For each v | 2, we fix a continuous representation o, : U, — Aut(Wj, ) on a finite
free A-module. Write W, = ®v|2’ 4 Ws, and denote by o : ]—[U|2 U, — Aut(W,)
the corresponding representation. We regard o as being a representation of U by
lettmg U, act trivially if v{2. Finally, assume there exists a continuous character
(/2 (A )*/F* — A such that, for any place v of F, the action of U, N (’)X on o
is given by multlphcatlon by . We extend the action of U on W, to U (A )*
by letting (A F)X act via .
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Let S5 4 (U, A) denote the set of continuous functions
I DX\(D®FA )= Wo

such that for g € (D@FA )* we have f(gu) =0 (u)~' f(g), ueU, and f(gz) =
Y 12) f(9), z € (AL, If we write (D @ AL)* =] [,., D*4;U(AL)* for some
t, e (D®F Aﬁ)x and some finite index set /, then we have an isomorphism of
A-modules
(VAN D*1)/F*

Soy (U, A) => P W, " . e (fW)ier. (28)
iel
Lemma 3.1. Let Unax =[[,0, » Where the product is taken over all finite places
of F. Lett € (D ®F AL ) Then the group (Umax(AF)X NtD*t _1)/FX is finite
and there is an integer N, independent of t, such that its order divides N.

Proof. This is explained in Section 7.2 of [Khare and Wintenberger 2009b]; see
also [Taylor 2006, Lemma 1.1]. U

I thank Mark Kisin for explaining the proof of the following lemma to me.

Lemma 3.2. Let v; be a finite place of F such that D splits at vy and v, does
not divide 2N, where N is the integer defined in Lemma 3.1. Let U =[], U, be a
subgroup of (D ®F AL 7)) such that U, = (’)Xv if v # vy and U,, is the subgroup of
upper triangular, unipotent matrices modulo w,. Then

(UAD*NiD*1™Y)/F* =1 forall t € (D®FA})*. (29)

Proof. Letu € (U(A})* NtD*1~") such that u ¢ F*. Then the F-subalgebra F[u]
of tDt~! is a quadratic field extension of F. Let u’ be the conjugate of u over F.
Then u' = Nm(u)/u, where Nm is the reduced norm. Consider w = u/u’ =
u?/Nm(u). Write u = hg with h € U and g € (AI{)X. Then Nm(g) = g2 and so
w=u/u = hz/Nm(h) Thus w is in U and also in tD*¢ ™,
Since (U(A )*NeD*t~1)/F* is a subgroup of (U, Unax (A1) NtD*t~1)/F*,
u® isin F* and hence w" = u" /()N = 1. Let [ be the prime dividing N (v;).
Since U, is a pro-/ group and / does not divide N, the image of w under the
projection U — U, is equal to 1. Since for every v the map D — D, is injective,
we conclude that w = 1, which implies that u € F. (]

If (29) holds then it follows from (28) that o — S, y (U, A) defines an exact
functor from the category of continuous representations of U on finitely generated
A-modules, on which U, for v12 acts trivially and U N (Al,f:)X acts by ¥, to the
category of finitely generated A-modules.

Let S be a finite set of places of F containing X, all the places above 2,
all the infinite places and all the places v for which U, is not maximal. Let
Tg“;{ = A[T,, Sylvgs be a commutative polynomial ring in the indicated formal
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variables. We let (D ® g A{,)X act on the space of continuous W, -valued functions
on (D®FA£)X by right translations, (hf)(g) := f(gh). Then S, (U, A) becomes
a Tg?}i\v-module with S, acting via the double coset U, (a(’)” a(r)v)UU and T, acting via
the double coset Uv(l(U)“ ?)Uv. We write T, (U, A) or T, y (U) for the image of
T§" in the endomorphisms of S, y (U, A).

3B. Residual Galois representation. Keeping the notation of the previous section
we fix an algebraic closure F of F and let G, g be the Galois group of the maximal
extension of F in F which is unramified outside S. We view ¢ as a character of
Gr.s via global class field theory, normalized so that uniformizers are mapped to
geometric Frobenii. Let xcyc : Gr,s — O™ be the global 2-adic cyclotomic character.
We note that ycyc is trivial modulo @ . For each place v of F, including the infinite
places, we fix an embedding F < F,. This induces a continuous homomorphism
of Galois groups Gf, := Gal(F, /F,) — GF s. We fix a continuous representation

p: Ggs — GLa(k)
and assume that the following conditions hold:

o The image of p is nonsolvable.
« p is unramified at all finite places v{2.

o If v € S is a finite place, v € X, and v {2, then the eigenvalues of p(Frob,) are
distinct.

o If v € X then the eigenvalues of p(Frob,) are equal.
e det p = ¥ xcye (mod o).
o If v € S is a finite place, v € ¥, and v 12, then

Uy={g €GLy(OF,) : g = (y}) (mod )}

and at least one such v does not divide 2N, so that the condition of Lemma 3.2
is satisfied.

3B1. Local deformation rings. We fix a basis of the underlying vector space Vj
of p. For each v € § let Ry be the framed deformation ring of p|¢, and let RY"
be the quotient of R} parametrizing lifts with determinant ¥ xcyc. We will now
introduce some quotients of R:J/f ',

For v | 2 let 7, be a 2-dimensional representation of the inertia group [, with an
open kernel, and let w, = (a,, b,) be a pair of integers with b, > a,. Let o (1)
be any absolutely irreducible representation of U, = GL,(Z,) with the property
that, for all irreducible infinite-dimensional smooth representations 7 of GL,(Q5),
Homy, (0 (zy), ) # 0 if and only if the restriction to [, of the Weil-Deligne
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representation LL(;r) associated to 7 via the local Langlands correspondence is
isomorphic to 7. The existence of such o (t,) is shown in [Henniart 2002], where it
is also shown that if Homy, (o (7,), ) # O then it is one-dimensional. We choose
a U,-invariant O-lattice o (1,)" in o (1,) and let

oy =0 (1)’ ®o Sym” ' 0% @ det™ . (30)

We let RY "“(o,) be the reduced, O-flat quotient of RYH parametrizing potentially
semistable lifts with Hodge—Tate weights w, and inertial type t,. This ring is
denoted by RY"U(w, ) in the local part of the paper.

We similarly define o' (7, ) by additionally requiring that Homy, (0 (1), w) #0
if and only if the monodromy operator N in LL(7r) is zero and LL(7)|;, = 7. In
this case we let

oy =0 (1,)" ®0 Sym™ 1 O® ®¢ det ™. 31)

We let RY Z(o,) be the quotient of RVE parametrizing potentially crystalline
lifts with Hodge—Tate weights w, and inertial type t,. This ring is denoted by
RV (w, T) in the local part of the paper.

It follows either from the local part of the paper or from [Kisin 2008], where a
more general result is proved, that if Rf)p ’D(av) is nonzero then it is equidimensional
of Krull dimension 5. Since the residue field of Z, has 2 elements, o (7,) need not
be unique (see [Henniart 2002, §§A.2.6, A.2.7]); however, the semisimplification
of 0 (7,)? @0 k is the same in all cases.

If v is infinite then R,')p 7 is a domain of Krull dimension 3 and RL/’ - [%] is regular
[Kisin 2009b, Proposition 2.5.6; Khare and Wintenberger 2009b, Proposition 3.1].

If v is finite, p is unramified at v and p (Frob,) has distinct Frobenius eigenvalues,
then R:f’ ‘“ has Krull dimension 4 and R:,/f ’D[%] is regular. This follows from
[Kisin 2009b, Proposition 2.5.4], where it is shown that the dimension is 4 and
the irreducible components are regular. Since we assume that the eigenvalues of
p(Frob,) are distinct, o cannot have a lift of the form y @ y xcyc. It follows from
the proof of [Kisin 2009b, Proposition 2.5.4] that different irreducible components
of RY ’D[%] do not intersect.

If v is finite, ¥ and p are unramified at v and p(Frob,) has equal eigenvalues,
then for an unramified character y : Gr, — O such that y2 =Ygy, welet R;p ’D(y)
be a reduced O-torsion-free quotient of R:f/ 7 with the property that if L’/L is a
finite extension then a map x : R:,// P > L/ factors through R:,// ’D(y) if and only if V,
is isomorphic to (y)(()Cyc ;’;) It follows from [Kisin 2009b, Proposition 2.5.2] via
[Kisin 2009c, Proposition 2.6.6] and [Khare and Wintenberger 2009b, Theorem 3.1]
that R:f/’D(y) is a domain of Krull dimension 4 and R},y’m(y)[%] is regular. If L is
large enough then there are precisely two such characters, which we denote by y;
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and y,. We let Ié:,p 'Z be the image of
Ry — RYS([5] x RV [3]-

Then Ié:,// Hisa reduced, O-flat quotient of R;,// ‘J such that if L’ /L is a finite extension
then a map x : R;,p Y s L' factors through R})” 2 if and only if V, is isomorphic to
(7% *) for an unramified character y. Moreover,

0 vy
RVO[A1= RUC(n[3] < REPom[4].

Thus R:,p - [%] is regular and equidimensional and the Krull dimension of R,ﬁb s 4.

We let A . o
.0 .

R§=QRY, Ry =R R, o:=)o..
vesS ves v|2
and . . o -

0 D
RY(0) = Q) RI (0 @ RIE Q) RIZ Q) R,
v|2 veX veS\X v|oco
v{200

It follows from above that RSW’D(U) is equidimensional of Krull dimension equal to

1+4Zl+3|2|+3<|S|—|2|—Zl—Z 1)+2Zl=1+3|5|. (32)

v|2 v|2 v|oo v|oo

3B2. Global deformation rings. Since p is assumed to have nonsolvable image,
p is absolutely irreducible. We define R}/f s to be the quotient of the universal
deformation ring of p parametrizing deformations with determinant ¥ xcyc. If Q
is a finite set of places of F disjoint from S then we let Sop = S U Q and define
RF‘/f So in the same way by viewing p as a representation of Gr,s,, .

Denote by Ry 4y F.So the complete local O-algebra representing the functor which as-
signs to an artmlan augmented O-algebra A the set of isomorphism classes of tuples
{Va, Bu}wes, where V, is a deformation of p to A with determinant v xcyc and By,
is a lift of a chosen basis of Vj to a basis of V4. The map {Va, Buwlwes = {Va, Bu}
induces a homomorphism of O-algebras Rw — RF So for every v € S and hence
a homomorphism of O-algebras Rw 5 R;ﬁ’ SDQ

3C. Patching. Foreachn > 1 let O, be the set of places of F disjoint from S, as in
[Kisin 2009b, Lemma 3.2.2] via [Khare and Wintenberger 2009b, Proposition 5.10].
We let Qg = 9, so that SQ = S forn=0. Let Up, = HU(UQn)v be a compact
open subgroup of (D ®F AL ) such that (Up,), = U, for v € Q, and (Up,), is
defined as in [Kisin 2009b, §3.1.6] for v € Q,,.

Let m be a maximal ideal of Tgng such that the residue field is k, 7, is mapped to
tr p(Frob,) and S, is mapped to the image of v (Frob,) in & for all v ¢ S. We define
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mp, in T“g‘v o in the same manner. Let o = ®U|2 oy, where each o, is given by
either (30) or (31). We assume that S, y (U, O)y, # 0. Then for all n > 0O there is
a surjective homomorphism of O-algebras RZ{ Son To.y (Ug,)my, such that for

all v € Sp, the trace of Frob, of the tautological Rg So -representation of G5,
is mapped to 7T,. Set

My(0)=Rl's) ®ps Soy(Ug,, Ohmg, -
4 n F'SQn
with the convention that if n =0 then 0, = 9, Sg, = S, mg, =m, so that
Mo(0) = Ry ®4v Soy (U, Ol
It follows from the local-global compatibility of Jacquet—Langlands and Langlands
correspondences that the action of Rw _on M, (o) factors through the quotient

R, (0) :=RY’ D(o) ® pu0 REs,, -

Let & = dimy, Hl(GF,S, adp) —2=|Q,|. Let as denote the ideal of O[[y1, ..., yxl
generated by (yq, ..., yn). Since RK’EQ is formally smooth over Rﬁ So of relative
dimension j = 4|S| — 1 we may choose an identification

o
R;:IISQ = RFSQ [[yh—i-la ) yh+j]]
and regard M, (o) asan O[[y, ..., yn+;l-module. This allows us to consider Rw
as an RSw’D—algebra via the map R? U R}/'SQ JOhg1s oo Yhej) = ;/{SQ . We let

RY s, (@) :=R{7 @) ® e R s, -

Letg=2|Q,|+1andt=2—|S|+]|Q,| and let @m be the completion of the O-group
Gy, along the identity section. The patching argument as in [Khare and Wintenberger
2009b, Proposition 9.3] shows that there exist O[[yi, ..., yn+,l-algebras R, (o)
and Ry (0) and an Ry (0 )-module M, (o) with the following properties:

(P1) There are surjections of O-algebras
RYT (@)Xt -, xg]l = Ro(0) = Reo(0).
(P2) There is an isomorphism of RS‘//’D(U)-algebras
Rss(0) /05 Ros(0) => RY'$(0)
and an isomorphism of R}//”SD (0)-modules
Moo (0) /0o Moo (0) => Mo (o).

(P3) My (o) is finite flat over Oy, ..., yntjll.
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(P4) Spf R (o) is equipped with a free action of (@m)t, and a (@m)’—equivariant
morphism 8 : Spf R (0) — (Gy,)", where (G,,)" acts on itself by the square
of the identity map.

(P5) We have §7!1(1) = SpfRy(0) C Spf R_ (0), and the induced action of
(G [2])" on Spf Roo(0) lifts to Moo (o).

If A is a local noetherian ring of dimension d and M is a finitely generated
A-module, we denote by e(M, A) the coefficient of x? in the Hilbert-Samuel
polynomial of M with respect to the maximal ideal of A, multiplied by d!. In
particular, e(M, A) =0if dim M <dim A. If M = A we abbreviate e(M, A) to e(A).

It follows from [Khare and Wintenberger 2009b, Proposition 2.5] that there is a
complete local noetherian O-algebra (Rf)‘;" (0), mg“’) with residue field k such that
Spf R (o) = Spf R, (0)/(Gy,)". Moreover,

R, (0) = R™(0) ®0 OIZ5] = R™ (0)[z1, - - - » 2]l (33)

This implies that

dim R, (0) =dim R () +1, e(RL,(0)/@) =e(RY(0)/w). (34)
Lemma 3.3. Thereareay, ...,a; € mgw such that
Rinv Rinv
Ru(0) = 0 (@)z1] s (@)[z1 (35)

® invigy ® inv (g .
(T+z)—(+a)) & "D (42— (1 +a))
In particular, Ry (0) is a free R;‘g’ (0)-module of rank 2'.

Proof. 1t follows from [Khare and Wintenberger 2009b, Lemma 9.4] that Spf R (o)
is a (G,,[2])!-torsor over Spf RL‘Z)V (o). The assertion follows from [SGA 3, 1970,
Exposé VIII, Proposition 4.1]. U

Lemma 3.4. Let p € Spec Rgg’ (o). The group (@m [21)'(O) acts transitively on the
set of prime ideals of R~ (o) lying above p.

Proof. Let us write X for Spf R (c) and G for (@m [2]). The action of G on X
induces an action of (£1)" = G(0O) — G(Rx(0)) on X (R (0)). If g € G(O)
we let ¢, € X (R (o)) be the image of (g, idgr, (0)). The map g — ¢, induces a
homomorphism of groups G(O) — Aut(R(0)). Explicitly, if g = (€1, ..., &),
where ¢; is either 1 or —1, then ¢, is Rg‘)v(a)—linear and maps 14 z; to €;(1 4 z;)
for 1 <i <¢t. It follows from (35) that G(O) acts transitively on the set of maximal
ideals of « (p) @ Rinv(¢) Ry (o). O

Lemma 3.5. The support of M (o) in Spec R (o) is a union of irreducible com-
ponents. The Krull dimension of Spec Roo(0) is equal to h + j + 1.
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Proof. 1t follows from part (P3) above that the support of M, (o) is equidimensional
of dimension h+ j+1. To prove the assertion it is enough to show that the dimension
of Ry (o) is less than or equal to 2+ j +1. Using Lemma 3.3, (34), (P1) and (32) we
deduce that dim R (0) < dim R (o) +g—1=3|S|+1+g—t=h+j+1. O

Lemma 3.6. ¢(R.(0)/@) <e(RY (o) /).
Proof. It follows from (33) and Lemmas 3.3 and 3.5 that
dimR, (o) =dimRx(0)+t=t+h+j+1=3|S|+1+g,

which is also the dimension of R?’D(o)[[xl, ..., Xg] by (32). The surjection in
(P1) above implies that

e(Rly(0) /@) < e(RY7()x1, ..., x /@) = e(RY (o) /). O

Lemma 3.7. If S5 (U, O), is supported on a closed point n € Spec Rg’m(o)[%]
then the localization Rlsﬁ’D(o*)n is a regular ring.

Proof. Since the rings RE[%] are regular for all v{2 it is enough to show that n
defines a regular point in Spec Rf)p Do) for all v | 2. This follows from the proof of
Lemma B.5.1 in [Gee and Kisin 2014]. The argument is as follows: if the point
is not regular, then it must lie on the intersection of two irreducible components
of Spec RL// ’D(o), but this would violate the weight—-monodromy conjecture for
WD(pnlcy,); see [Gee and Kisin 2014] for details. U

Lemma 3.8. If S, (U, O)n is supported on a closed point n € Spec Ry (0)[%]
then the localization Ry (0)y is a regular ring.

Proof. Let ng be the image of n in Spec R?’D[[xl, ooy Xl let n’ be the image of n
in Spec R (o) via the maps in (P1), and let ni" be the image of n in Spec Rgg’ (o)
via (35). It follows from Lemma 3.7 that RSW’D(U)[[xl, ..+, Xgllng s a regular ring.
If the map

RYZ(O)x1, ., Xgllng = Ri(0)w (36)

is an isomorphism, then R’ (o)y is a regular ring. We may assume that L is
sufficiently large, so that using (33) we may write n’ = (W™, z; —ay, ...,z —a;)

with a; € w© for 1 <i <t. The images of z; —ajy, ...,z —a; in n'/(w)? are
linearly independent. Since

R (0)yine = R (0)w /(1 — a1, .. .. 2t — @) R (0,
we deduce that Rggv (0)qinv is regular. It follows from (35) that the map
R (@)[3] = Reo(0)[5]

is étale. Hence R (o), is a regular ring.
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If (36) is not an isomorphism then the dimension of the quotient must decrease.
This leads to the inequality dim Ry (o), < dim Ry (0)—1. Since M. (o) is a Cohen—
Macaulay module, as follows from (P3), its support cannot contain embedded
components, hence dim My, (o), = dim My, (o) — 1. This leads to a contradiction,

as Moo (0)y is a finitely generated Ry (0 )y-module. O
Lemma 3.9. Let A be a local noetherian ring and let (xy, ..., xq) be a system of
parameters of A. If A is equidimensional then every irreducible component of A
contains a closed point of (A/(xa, ..., xq))[1/x1].

Proof. Let p be an irreducible component of A. If A/(p, x2,...,xg)[1/x1] is
zero then x; is nilpotent in A/(p, x2, ..., xg). Since (x, ..., x4) iS a system of
parameters of A, we conclude that A/(p, x2, ..., x4) is zero dimensional, which
implies that dim A/p < d — 1, contradicting equidimensionality of A. ]

Lemma 3.10. There is an integer r, independent of o and the choices made in
the patching process, such that for all p € Spec Ry (o) in the support of M (o)
we have

dimy (p) Moo (0) ®Rou(0) K (P) = 7,
with equality if p is a minimal prime of R (o) in the support of Mo (o).

Proof. Let q be a minimal prime of R (o) in the support of M, (o). It is enough
to show that dim, ) M (0) ®r.. (o) K (q) is independent of q and o. Since

Moo (@)/(V1s -+ -3 Vit ) Moo () = So.y (U, O

and Sy, (U, O)y 1s a finitely generated O-module, yy, ..., yp4j, @ is a system of
parameters for R (0)/q and it follows from Lemma 3.9 that there is a maximal
ideal n of Ry (0) [%], contained in V (q), such that S, y (U, O), #0. It follows from
(P3) that M (o) is a Cohen—Macaulay module. The same holds for the localization
at n. Since Ry (0 )y is a regular ring by Lemma 3.8, a standard argument with the
Auslander—Buchsbaum theorem shows that M, (o), is a free Ry (0),-module. By
localizing further at q we deduce that

dimK(q) My (0) @ Roo (o) k(q) = dim,{(n) My (0) QO Roo(0) Kk(n)
= dimy ) So,y (U, O)mn @Ry (0) K (). (37)
Soitis enough show that dimy () o,y (U, O)m®Rr.. o)k (1) is independent of nand o
The action of Ry (o) on Sy (U, O), factors through the action of the Hecke algebra

Ts,4 (U), which is reduced. Thus T, (U )[%] is a product of finite field extensions
of L and we have

So.y (U, O ®Ro(0) K(M) = So,y (U, O)n = (S,y (U, O)m ®0 L)[n].
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Let 7 = @/ m, be the automorphic representation of (D @ A{,)X corresponding to
fPe (So,y (U, O)m ®o L)[n]. We assume that L is sufficiently large. It follows
from the discussion in [Kisin 2009¢, §3.1.14], relating S, , (U, L) to the space of
classical automorphic forms on (D ® ¢ AIJ;)X, that

dimy, (Sg,y (U, O)m ®0 L)[n] = [ | dim, 7 [ | dim;, Homy, (0 (7). m).

ves v|2

v{200
We claim that the right-hand side of the above equation is equal to 2!S\(*U{vI2o0b],
The claim will follow from the local-global compatibility of Langlands and Jacquet—
Langlands correspondences. Let p, be the representation of Gr s corresponding
to n, considered as a maximal ideal of R}b’ S(o)[%]. If v |2 then the results of
[Henniart 2002] imply that dim; Homy, (o (7,), ) = 1. If v € X then 7, is an
unramified character of D), and hence dim;, 7> = 1. If v € S, v{200 and v ¢
then D is split at v, p|gy, is unramified and p(Frob,) has distinct eigenvalues. This
implies that py|c;, is an extension of distinct tamely ramified characters ¥y, ¥
such that ¥y, V£ 2! We deduce that 7, is a tamely ramified principal series.

cyc*
Since U, is equal to the subgroup of unipotent upper-triangular matrices modulo @,
in this case, we deduce that dimy, JTUU” =2. |

Lemma 3.11. There is an integer r, independent of o and the choices made in the
patching process, such that for all minimal primes p of Rgg’ (o) in the support of
My (o) we have

dimy () Moo (0) @ piny (o) K (P) = 2.

Proof. To ease the notation, let us drop o from it in this proof. Since p is minimal,
it is an associated prime and so M, will contain RL‘;V /p as a submodule. Since My
is O-torsion-free, this implies that the quotient field « (p) has characteristic 0. It
follows from (35) that R ® Rinv k(p) is étale over « (), and so

Roo ®gin k(p) = [ [ (@),
q

where the product is taken over all prime ideals q of Ry, such that ¢ N RV = p.
From this we get

dimy p) Moo Qpinv & (p) = Z[K(CI) sk (p)]dimy q) Moo R, k(q).
q

It follows from Lemma 3.4 and (P5) that all q appearing in the sum lie in the support
of M. Lemma 3.10 implies that dim,(q) Moo ®r,, £ (q) = r. Thus

dlm,((p) Moo ®R1012}v K(p) =r dlmK(p) ROO ®Rg2>v K(p) = I’ZI,

where the last equality follows from Lemma 3.3. U
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Lemma 3.12. Let A be a local noetherian ring, let M, N be finitely generated
A-modules of dimension d, and let x € A be M -regular and N-regular. If €5 (Mg) <
s, (Ng) for all q € Spec A with dim A/q = d then

e(M/xM,A/xA) <e(N/xN,A/xA).

If €a,(My) = £4,(Ng) for all q € Spec A with dim A/q = d then
eM/xM,A/xA)=e(N/xN,A/xA).

Proof. It follows from Proposition 2.2.13 in [Emerton and Gee 2014] that

e(M/xM,AJxA) = "Ls,(M)e(A/(q. x)), (38)
q

where the sum is taken over all primes ¢ in the support of M such that dim A/q=d.
The above formula implies both assertions. ([

Lemma 3.13. ¢(Mx(0)/@, R (0) /@) <2're(R% (0)/w).
Proof. Let —H—ZQ)V(O’) be the image of REQ)V(U) in Endp(My(0)). Then
e(T(0) /@, RN (0)/w) < e(RY (0)/w).

If q is a minimal prime of Ré‘g (0) in the support of My (o) then it follows from
Lemma 3.11 that there are surjections TZ;‘DV (0)3‘92” — Moo (0)q. Thus £(Muo(0)g) <

2're (Tio‘gv(or)q). The assertion follows from Lemma 3.12 applied with x = @,
M = My (o) and N = T (5)®2". a

Lemma 3.14. If the support of Sg (U, O)m meets every irreducible component of
RV (o) then the following hold:

@) RSw’D(cr)[[xl, ... Xg]l = R. (o) is an isomorphism.
(i1) Rg;v (0) is reduced, equidimensional and O-flat.
(i) Reo(0) is reduced, equidimensional and O-flat.
(iv) The support of M~ (o) meets every irreducible component of Roo(0).
V) 2're(RY7(0) /@) = e(Mo(0) /m, R (0) /).

Proof. Since Rg’m(o)[[xl, ..., Xg]| is reduced and equidimensional and has the
same dimension as R/ (o), to prove (i) it is enough to show that R (c)q # 0 for
every irreducible component V () of Spec RSw’D(o)Ile, ..., Xg|l. Since the diagram

RYZ(0)x1, .. ., xg]l—— Roo(0)

Ry (0)———— R} 5(0)
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commutes and the support of S, y (U, O)n, meets every irreducible component
of Spec Rf’m, V(q) will contain a maximal ideal ng of RSw’D(o)Ile, o xgl[3]s
which lies in the support of S, y (U, O)y. It follows from the proof of Lemma 3.8
that (36) is an isomorphism in this case. Thus R} (0)q # 0.

From part (i) we deduce that R/ (o) is reduced, equidimensional and O-flat. It
follows from (33) that the same holds for Rio‘g’(o). Since Ry (o) is a free Rg;v (0)-
module by Lemma 3.3, it is O-flat. Hence, it is enough to show that R (o)[%] is
reduced and equidimensional. It follows from Lemma 3.3 that R, (o)[%] is étale
over R (o')[1], which implies the assertion. We also note that it follows from (i)
that the inequality in Lemma 3.6 is an equality, and (33) implies that

e(R™(0)/w) = e(RY" o). (39)

It follows from our assumption that the support of My, (o) meets every irreducible
component of st’m(a)[[xl, ..., Xg]l. Part (1) and (33) imply that the support of
M (o) meets every irreducible component of Rf;v (o). It follows from Lemma 3.4
that the group (@m [2])!(O) acts transitively on the set of irreducible components
of Ry (o) lying above a given irreducible component of Rgg’ (o). Thus for part (iii)
it is enough to show that the support of My, (o) in Spec Ry (o) is stable under the
action of (@m [2])"(O). This is given by (P5) and can be proved in the same way as
[Khare and Wintenberger 2009b, Lemma 9.6].

Let V(q) be an irreducible component of Spec Ry (o). It follows from (iii) that
the localization R (o), is a reduced artinian ring, and hence is equal to the quotient
field « (q). Thus Moo (0)q = Moo(0) QR (o) K (q). It follows from Lemma 3.10 that
My (0)q has length r as an R, (0)¢-module. By part (iv) M (0) is supported on
every irreducible component of Ry (o), and thus the cycle of M (o) is equal to
r times the cycle of Ry (o). Since both are O-torsion-free, we deduce that the cycle
of M (0)/w is equal to r times the cycle of Ry (0)/z, which implies that

¢(Ms(0) /R (0)/w)=re(Roc(0) /w0, R (0) /) =2're(RY (0) /). (40)
Part (v) follows from (39) and (40). U
Proposition 3.15. For some s > 0 there is an isomorphism of RSW’D-algebras

R}vb,’sm = RY Mty XS 1/ oo o)

Proof. The assertion follows from the proof of [Khare and Wintenberger 2009b,
Proposition 4.5], where s = dimy H{lLle_}(S , (AdY*(1)) in the notation of that paper;
see their Lemma 4.6 and the displayed equation above it. ([

Corollary 3.16. For some s > 0 there is an isomorphism of R?D(G)-algebms

RYS(@) = RY @), - Xewisi—1 1/ (fro e £o).
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In particular, dim RL'§ () = 4|S| and dim RY. (o) > 1.

Proof. Since

,0 ~ ,O0 ,0
R;)'?,S (G) = RII://',S ®R?D R;// (U)

the assertion follows from Proposition 3.15. Since dim RSVI’D((T) =3|S5|+1 by (32),
the isomorphism implies that

dim R} (0) = 3|S|+ 1 +5+[S| — 1 —s = 4]S].

Since RK’SD (0) is formally smooth over R}f’ ¢(0) of relative dimension 4[S| — 1, we
conclude that dim R;,/f s(0)>1. O

Proposition 3.17. If S, (U, O)n # O then the following are equivalent:

(@) 2're(RY7(0)/w) = e(Muo(0) [, R (0) /).
(b) 2're(Ry " (0) /@) < e(Moo(0) /@, RY (0) /).
(¢c) the support of M (o) meets every irreducible component of R (o).

(d RF]//’ 5(0) is a finitely generated O-module of rank at least 1 and
So.y (U, O)n #0  forall n € m-Spec R},’fs(a)[%].

In this case any representation p : Gp.s — GL(O) corresponding to a maximal
ideal of RFI//y s(@) [%] is modular.

Proof. Lemmas 3.6 and 3.13 and (33) imply that
e(Mu(0) /@, R™ (o) /) < 2're(RY7(0) /o). (41)

Thus (a) is equivalent to (b). Moreover, if (a) holds then the inequalities in the
lemmas cited above have to be equalities. Since Rg’D(o) is reduced and O-torsion-
free, we deduce that R (o) = R?’D(o)[[xl, ..., xg]l. Hence, R (o) is reduced,
equidimensional and O-torsion-free. The isomorphism (33) implies that the same
holds for Rgg’(a), which implies that R, (o) is reduced, equidimensional, and
O-torsion-free; see the proof of Lemma 3.14. Since we have assumed (a), we have

2're(R2(0) /@) = e(Moo(0) [, R (0) /). (42)

Let V(q1), ..., V(qn) be the irreducible components of the support of My, (o)
in Spec Ry (o). Since Ry (o) is reduced, if V (q) is an irreducible component of
Spec Ry (o) then £(Rx(0)q) = 1. It follows from Lemma 3.10 that if V (q) is an ir-
reducible component of Spec Ro, (o) in the support of My, (0') then £(Muo(0)q) =T
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It follows from (38) that

3

e(Moo(0) /. R (0) /) =1 e(Roo(0) /(. 0). RN (0) /), (43)
i=1
¢(Roo(0) /@, R (0)/w) =Y e(Rac(0) /(@ q), R (0) /), (44)
q
where the last sum is taken over all the irreducible components V(q). Since
e(Rso(0)/(w, q), R (0) /@) # 0 we deduce from (42)—(44) that (b) implies (c).
We have ’
Reo(a) /(Y15 - -, yh-i—j) = RF,S(U)»
Mo (0)/ (1, -y Vit j)Moo(0) = So.y (U, O
Thus, if M (o) is supported on the whole of Spec Ry (o) then S, y (U, O) is
supported on the whole of Spec RF ¢(0). Since Sy y (U, O)y, 18 a free O-module of

finite rank, we deduce that (c) implies (d).
If (d) holds then it follows from Corollary 3.16 that fi, ..., fs, @ is a part of a

system of parameters of R'/I’D(J)[[xl, .. +s Xs4+5|—11l, and Lemma 3.9 1mphes that
every irreducible component of that ring contains a closed point of R (cr)[ ]
Since every such component is of the form q[[xq, ..., x;s-1], we deduce that

every irreducible component of Rw’D(o) contains a closed point of Rw (0)[ 1]

follows from the second part of (d) that the support of S, y (U, O)m meets every
irreducible component of R i (0). It follows from Lemma 3.14 that (d) implies (a).
Since S, 4 (U, O)[ ] is a ﬁnlte dimensional L-vector space, the last assertion is a
direct consequence of (d). U

3D. Small weights. Let 1 be the trivial representation of GL,(Z,) on a free O-
module of rank 1. We let st be the space of functions f : P!(F,) — O such that
Y o iep! (Fy J (x) =0 equipped with the natural action of GL»(Z,). The reduction of 1
modulo @ is the trivial representation, the reduction of st modulo @ is isomorphic
to k%, which we will also denote by st. These are the only smooth irreducible
k-representations of GL,(Z5).

The purpose of this subsection is to verify that the equivalent conditions of
Proposition 3.17 hold when, for all v |2, o, is either 1or st, under the assumption
that p|g, does not have scalar semisimplification at any place v | 2. If o is the trivial
representation then the result will follow from the modularity lifting theorem of
[Khare and Wintenberger 2009b; Kisin 2009b]. In the general case, our assumption
implies that any semistable lift of p|g,, with Hodge-Tate weights (0, 1) is crystalline
(see Corollary 2.38). This implies that S (U O)m and Sy y (U, O)yy and R}ps(l)
and Rg ¢(0) coincide.

If p > 2, the results of this section are proved in [Gee 2011] by a characteristic-p
argument.
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Proposition 3.18. Assume that  is trivial on U N (A )%, oy = 1 forall v|2
and p|g, does not have scalar semisimplification for any v |2. Then R;f’ g(0)isa
finite O-module of rank at least 1.

Proof. It follows from Lemma 2.2 in [Taylor 2003] that there is a finite solvable,
totally real extension F’ of F such that, for all places w of F’ above a place
v e S, wehave F| = F,, except if v|2 and p|¢, is unramified, in which case F),

is an unramified extension of @, and p|g, . is trivial. Let S’ be the places of F o
above the places S of F. By changing F by F’ we are in position to apply Propo-
sition 9.3 of [Khare and Wintenberger 2009b], part (II) of which says that the
ring R;e,‘ ¢(0) is a finite O-module. We now argue as in the last paragraph of the
proof of Theorem 10.1 of [Khare and Wintenberger 2009b]. The restriction to
Gp ¢ induces a map between the deformation functors and hence a homomorphism
RP'/f/’ g(0)— R}lf s(0). Let ,o}/f s:Grs— GLy (R}// 5(0)) be the universal deformation.
Since R;/f,’ ¢(0) /@ is finite, the image of G, s in GL, (R}/’ §(0) /@) under ,0}/’ gisa
finite group. Since F'/F is finite the image of GF s in GLZ( ;” s(@)/ w) is a finite
group. Lemma 3.6 i 1n [Khare and Wintenberger 2009a] implies that RF S(cr) /T is
finite. Since dim RF g(0) > 1 by Corollary 3.16, we conclude that d1m RF s(o)=1
and @ is a system of parameters for RY S(o) which implies that RY S(o) is a finite
O-module of rank at least 1. U

Corollary 3.19. Assume that  is trivial on U N (A;)X, o, =1 forall v|2 and
plG, does not have scalar semisimplification for any v | 2. If S5 (U, O)m # 0 then
the equivalent conditions of Proposition 3.17 hold.

Proof. Since S y (U, O)y, is nonzero and O-torsion-free, there is a maximal ideal n
of R}f 5[1] such that S, y (U, O), # 0. This implies that o satisfies hypotheses («)
and () made in Section 8.2 of [Khare and Wintenberger 2009b].

Let n be any maximal ideal of R;;//,’E(O')[%], and let p, be the corresponding
representation of Gr g. It follows from Theorem 9.7 in [Khare and Wintenberger
2009b] or Theorem 3.3.5 of [Kisin 2009b] that there is a Hilbert eigenform f over F
such that p, = py. Let 7 = &, m, be the corresponding automorphic representation
of GL; (A‘I’;). If v is a finite place, where D ramifies, then, because of the way we
have set up our deformation problem, py|g;, is isomorphic to (y”)ém : ) where y,
is an unramified character. The restriction of the 2-adic cyclotomic character to Gp,
is an unramified character which sends the arithmetic Frobenius to ¢, € ZJ. Since
P arises from a Hilbert modular form, the representation py|g,, cannot be split,
as in this case we would obtain a contradiction to the purity of p,; see [Blasius
2006, §2.2]. Hence, pu|G,, 1s nonsplit, and this implies that , is a twist of the
Steinberg representation by an unramified character, at all v, where D is ramified.
By Jacquet-Langlands correspondence there is an eigenform 2 € S, 4 (U, O)n



On 2-dimensional 2-adic Galois representations of local and global fields 1345

with the same Hecke eigenvalues as f. This implies that S5 (U, O)y, is supported
on n. Proposition 3.18 implies that part (d) of Proposition 3.17 holds. ([

Lemma 3.20. Fix a place w of F above 2. Let o and o' be such that for all
v | 2, v # w, we have o, = o,, which is equal to either 1 or $t, and o, = 1 and
= St. Assume that  is trivial on un (A )%, and p|cy,, does not have scalar
semzszmpllﬁcanon Then the rings RF g(0) and RF'// s(0") are equal. Moreover, if n
is a maximal ideal of R S(O’)[ ] then Sy 4 (U, O)y is supported on n if and only if
So' (U, O)m is supported onn.

Proof. The ring RI/’ 1) parametnzes crystalline lifts of p|g, with Hodge-Tate
weights (0, 1). The ring Rw (st) parametrizes semistable lifts of PlGp, with Hodge—~
Tate weights (0, 1). Since both rings are reduced and O-torsion-free, we have a
surjection R%’D(ST) —» RK’D(i). The assumption that p|¢,, does not have scalar
semisimplification implies that every such semistable lift is automatically crystalline,
hence the map is an isomorphism. This implies that the global deformation rings
are equal; see Corollary 2.38.

We will deduce the second assertion from the Jacquet-Langlands correspondence
and the compatibility of local and global Langlands correspondence. Let T be either
o or o’. We fix an isomorphism i : @, = C, let 7. = T ®0 C and let 7;: be the C-
linear dual of 7. Since UN (Alfp)X acts trivially on t by assumption, we may consider
rE as a representation of U (A;)X, on which (A{;)X acts by ¥. Let U’ = ]_[v U, be
an open subgroup of U such that U, =U,, if v{2 and U, ={g € U, : g =1 (mod 2)}
for all v | 2. Then U’ acts trivially on 7. Let C*®°(D*\ (D®rAFr)*/U’) be the space
of smooth C-valued functions on D* \ (D ® r Ar)* which are invariant under U’.
Since U’ is a normal subgroup of U, U acts on this space by right translations.
It follows from [Kisin 2009c¢, §3.1.14; Taylor 2006, Lemma 1.3] that we have an
isomorphism

Sy (U, 0) ®0 € = Homy 1 . (v, C¥(D*\ (D@ Ap)*/U'DY)).

This isomorphism is equivariant for the Hecke operators at v ¢ S. The action of
'/f’SD(r) on S; 4 (U, O)n factors through the action of the Hecke algebra T  (U).

Let n be a maximal ideal of T(U), W[ ] The isomorphism above implies that
Sz.¢ (U, O)y 1s nonzero if and only if there is an automorphic form

fPec®D*\(D®rAp)*/U' DY),

on which the Hecke operators for v ¢ § act by the eigenvalues given by the map
Ty (U) — k() 4 C. Additionally, HomU(N)X (rC, ) # 0, where 7 = Q) 7, is
the automorphic representation corresponding to fP.
If S,y (U, O)y is nonzero then the above implies that Homy;, (1, ) # 0, which
implies that 7, is an unramified principal series representation, which implies that
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Homy, (st, 7)) # 0. Since o, = o, for all v # w, we conclude that Sy (U, O),
is nonzero.

If S5 4 (U, O)y, is nonzero then the same argument shows that Homy, (st, m,,) #0,
which implies that m,, is either an unramified principal series representation, in
which case Homy, (1, ) # 0 and thus S, y (U, O), # 0, or 7y, is a special series.
We would like to rule the last case out. By Jacquet—Langlands correspondence
to 7 we may associate an automorphic representation 7’ = @/ 7, of GL2(Ar) such
that , = m, for all v, where D is split. In particular, 7, = m,. Let p, be the
representation of G g corresponding to the maximal ideal n of R}f’ s[3]- By the
compatibility of local and global Langlands correspondence, if 7, is special then
plGy, 1s semistable noncrystalline. However, this cannot happen, as explained
above. ([

Corollary 3.21. Assume that  is trivial on U N (A,{)X, oy is either 1 or st
for all v|2, and p|g, does not have scalar semisimplification for any v|2. If
So,y (U, O)m # O then the equivalent conditions of Proposition 3.17 hold.

Proof. If o, =1 for all v | 2 then the assertion is proved in Corollary 3.19. Using
this case and Lemma 3.20 we may show that part (d) of Proposition 3.17 is verified
for all o as above. (]

3E. Computing Hilbert—Samuel multiplicity. Let o = ®v|2 o, be a continuous
representation of U on a finitely generated O-module W, where the o, are of the
form (30) or (31). Let v : (A;)X/ F* — O be a continuous character such that
un (Aﬁ;) * acts on W, by the character y. Let & and v/ be representations obtained
by reducing o and ¥ modulo . We assume that U satisfies (29), which implies
that the subgroups Up, also satisfy (29). Hence, the functor o — S, y (Up,, O)
is exact. We note that since R}f”SD is formally smooth over R}f’ g» it 1s a flat R}D’ 5"
module; therefore, the functor ® RFwSR}//”SD is exact, and so is the localization at mg, .
Hence the functor ’

o+ M,(0) = R%’Sgn By, So.y(Ug,s O)my, (45)
2 0n

is exact. Following [Kisin 2009a, §2.2.5] we fix a U-invariant filtration on ¢ by
k-subspaces

O0=LopCLiC---CL;=W, R0k

such that, fori =0,1,...,s — 1, 0; := L;4+1/L; is absolutely irreducible. Since
the functor in (45) is exact, this induces a filtration on M,(c) @ k, which we
denote by

0=Mo)C My(0) C---CM(0)=M,(0) R0k, (46)



On 2-dimensional 2-adic Galois representations of local and global fields 1347

such that, fori =0, 1,...,s — 1, we have
M (o) /Mi(0) = My (0y). (47)

Each representation o; is of the form ®v|2 oi.v, Where o; , is either the trivial rep-
resentation, in which case we let 6, , = 1, or st, in which case we let ; , := st. We
let 6; = ®U|2 0;.» and consider it as a representatlon of U by letting U, for v
not above 2 act tr1v1ally We note that, since both 1 and st have trivial central
character, U N (A F)X acts trivially on 6;. We choose a continuous character
E:F* \(A )* — O* such that = & (mod @) and the restriction of & to U H(A )*
is trivial. For example, we could choose & to be a Teichmiiller lift of . Let

~ ,0
Mn (Ul) = RI%;,SQn ®R§‘S S&,-,?’-‘(UQH, O)an :
P0On

The exactness of the functor in (45), used with &; and & instead of o and ¥, and
(47) give us an isomorphism

ain: MY (o) /M (0) = My (07) = M, (67) ®0 k. (48)

The isomorphism «; , is equivariant for the action of the Hecke operators out-
side Sg,, since they act by the same formulas on all the modules Hence (48) is an
isomorphism of RD[[xl, ..., Xg[l-modules. We let a; ,, be the R S (a,) annihilator
of M,,(6;) ®p k. Since the action of R [x1,...,xg]l on M, (a) and M, (6;) fac-
tors through R}f So (a) and RE So (a,) respectlvely, we obtain a surjection

Gin: Ris, (@) = RS (67)/ain. (49)
Proposition 3.22. We may patch in such a way that:
o There is an Ry, (0)-module My, (o) as in Section 3C.
o There is a filtration
0=M2(c)c M. (0)C - C M (0)=Mx(0) R0k

by Roo(0)-submodules.

o Foreach 1 <i <s there is an Ry (6;)-module M~ (6;) as in Section 3C and
a surjection ¢; : Roo(0) = Roo(67)/0;, where a; is the Ry (0;)-annihilator of
Moo (6;) o k, which allows us to consider My (6;) @0 k as an Rs(0)-module.

e Foreach 1 <i < s there is an isomorphism of R (0)-modules
ai: ML (0)/MIS (0) = M (67) ®o k.

Proof. We modify the proof of [Khare and Wintenberger 2009b, Proposition 9.3],
which in turn is a modification of the proof of [Kisin 2009¢, Proposition 3.3.1]. Let
A(0)p :=(D(0)pm, L(0)m, D'(0)) be the patching data of level m as in the proof
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of [Khare and Wintenberger 2009b, Proposition 9.3], where o indicates the fixed
weight and inertial type we are working with. In particular, D(o),, and D’(0),,
are finite R?’D(a)llxl, ..., Xg]l-algebras, where g =h+ j+t—d,and L(0), is a
module over D(o),, satisfying a number of conditions, listed in the proof of [Khare
and Wintenberger 2009b, Proposition 9.3]. Our patching data of level m consists
of tuples

A = (A@)my {L@) Yoy {AGmYI_1s {@imYi_1s {dimb)),

where {L(o*)ﬁn}f:0 is a filtration of L(0),, ®» k by D(c),-submodules, ¢; , :
D(o)m — D(6i)m/aim is a surjection of R?[[xl, ..., Xg[l-algebras, where a;
is the D(6;),,-annihilator of L(6;) ®e k, and «; ,, is an isomorphism of D(¢),,-
modules between L(o)! /L(o)! ! and L(6;) ®c k, where the action of D(o),, on
this last module is given by ¢; ,,.

An isomorphism of patching data between A, and A/, is a tuple (,8, {Bi}Yi_ l),
where 8: A, (0) = A, (o) and B; : A, (6;) = A, (6;) are isomorphisms of patching
data, in the sense of [Khare and Wintenberger 2009b, Proposition 9.3], which
respect the filtration and the maps {¢; »};_;, {@im};_,. There are only finitely
many isomorphism classes of patching data of level m, since there are only finitely
many isomorphism classes of patching data of level m in the sense of [Khare and
Wintenberger 2009b, Proposition 9.3], and a finite O-module can admit only finitely
many filtrations and there are only finitely many maps between two finite modules.

We then proceed as in the proof of [Khare and Wintenberger 2009b, Proposition
9.3]. In particular, the integers a, r,,, nog and ideals ¢, and b, are those defined in
[loc. cit.]. For an integer n > ng 4+ 1 and for m withn > m > 3, let A, ,,(0) =
(D(0)n.ms L(0)n.m, D' (0)n.m) be the patching data of level m as in the proof of
[Khare and Wintenberger 2009b, Proposition 9.3]. Then

D(©@)nm = Ruta (0)/(cmRn+a(G) + m%:lja(a)),
L(U)n,m =Myt (0)/cmMn+a (o),

where R, (o) := R}/f’i) (o). We define A, ,,(6;) analogously with ¢; instead of o
and with £ instead of 1/. We let (L(o)! , )$_, be the filtration obtained by reducing

n,m/i=1
(46) modulo c,,. Similarly, we let {¢; u,m};_;, {cin,m};_, be the maps obtained by
reducing (48) and (49) modulo ¢,,. Then

Ay = (A(U)n,in’ {L(O-);,m ;'v:()’ {A(éi)n,m}f:17 {‘pi,n,m}f:p {ai,n,m}le})

is a patching datum of level m in our sense. Since there are only finitely many
isomorphism classes of patching data of level m, after replacing the sequence

((Rn+a(0), My14(0)), {(Rnta(00), M”*“(&i))}f=1)nzno+l
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by a subsequence, we may assume that, for each m > ng+4 and all n > m, we
have A, , = Ap . The patching data A, ,, form a projective system; see [Kisin
2009c, Proposition 3.3.1]. We obtain the desired objects by passing to the limit. [J

We need to control the image of Ré%v(a) under ¢;. Following [Khare and
Wintenberger 2009b] we let CNLy be the category of complete local noetherian
(O-algebras with a fixed isomorphism of the residue field with k, and whose maps
are local O-algebra homomorphisms. If A € CNLy then we let Sp, : CNLp — Sets
be the functor Sp,(B) = Homeni,, (A, B). Let G be a finite abelian group. We
let G* be the group scheme defined over O such that, for every O-algebra A,
G*(A) = Homgyoups (G, A™). Assume that we are given a free G* action on Sp,.
This means that, for all B € CNLp, G*(B) acts on Sp, (B) without fixed points.
By Proposition 2.6(1) in [Khare and Wintenberger 2009b] the quotient G* \ Sp,
exists in CNLy and is represented by (A™, mij\‘V) € CNLp. Moreover, Spy is a
G*-torsor over Sp 4in .

Lemma 3.23. Let (A, my) and (B, mp) be in CNLo. Assume that G* acts freely
on Sp, and Spy and we are given a G*-equivariant closed immersion Spy < Sp,.
Then the map induces a closed immersion Sp gine <> SP 4inv.

Proof. Since G* acts trivially on Sp 4w, by the universal property of the quotient,
the map Spp — Sp4 — Spuinv factors through Spginv — Sp4inv. Hence, we obtain
the following commutative diagram in CNL:

Ainv Binv

L]

A—»B

Since Sp, is a G*-torsor over Sp 4w, it follows from [SGA 3, 1970, Exposé VIII,
Proposition 4.1] that A is a free A™-module of rank |G|. Similarly, B is a free B™-
module of rank |G|. It follows from the commutative diagram that the surjection
A — B induces a surjection A /mij“VA — B /mil;“’B. Since both k-vector spaces have
dimension |G|, the map is an isomorphism and this implies that the image of mij\“’
is equal to migv. Hence, the top horizontal arrow in the diagram is surjective. [J

Let CNL[C';” be the full subcategory of CNL¢ consisting of objects (A, my4) such
that m’} = 0. We have a truncation functor CNLp — CNLE;"], A A= Ay my.
If A represents the functor X, we denote by X" the functor represented by A"l For

group chunk actions, we refer the reader to [Khare and Wintenberger 2009b, §2.6].

Lemma 3.24. Let (A, my) and (B, mp) be in CNLo. Assume that G* acts freely on
X :=Sp, and Y := Spy and we are given an isomorphism X" = Y™ compatible
with the group chunk (G*)"-action. If m is large enough then the image of miIf‘“’A
in A/w’} = B/’ is equal to the image of mié“’B.
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Proof. Let X™ and Y™™ denote the quotients of X and Y by G*. Then we have
isomorphisms

G*XX;XXXian, G*XYEYXYian,

where the map is given by (g, x) — (x, gx). We define Z := X"l = yl"l and
C := A/m’} = B/m’}. The restriction of the above isomorphism to CNLEZ” gives
us isomorphisms

(G* x )M = (Z xxime Z)IM | (G* x 2)™ = (Z xyiv Z)™.
Thus we have an isomorphism
(Z X xine )M = (Z X yine Z)IM,

where the map is given by (z1, z2) — (z1, z2). On rings this isomorphism reads
(C ® 4iv O)™M = (C @pinv O™, ¢1 @y 1 Q@ cy.

Both A/ mi}‘“’A and B/ ming are k-vector spaces of dimension |G|. In particular,
if m > |G| then my C miXVA and m C miII;VB. So we obtain a map C — A/mifx”A.

If m > 2|G]| then by base changing along this map, we obtain an isomorphism
A/MVA®; A/mVA = A/mVA ®pgin A/mIVA.

If the image of B™ in A /mij“VA is not equal to k then, for some b € B™, 1®b
and b ® 1 will be linearly independent over k in the left-hand side of the above
isomorphism and linearly dependent in the right-hand side. This implies that the
image of B™ in A/ mif“VA is equal to k. Thus mié‘VC C mif;vC and by symmetry we
obtain the other inclusion. O

Let G, be the Galois group of the maximal abelian extension of F, of degree a
power of 2, which is unramified outside O, and split at primes in S. Let G, 2> =
G,/2G,. It follows from [Khare and Wintenberger 2009b, Lemma 5.1(f)] that
G2 = (Z2/27)". Let G:,z be the group scheme defined over O such that, for every
O-algebra A, G:Q(A) = Homgoups(Gp,2, A*). For a local artinian augmented
O-algebra A and yx € G:,Z(A), if pa is a GF g, -representation lifting p to A then
50 is p4 ® x. Moreover, since x? is trivial, p4 and ps ® x have the same determinant.
This induces an action of G:,z on

Spf R, - spr;ﬁ*SDQn(a), and spr%?Qn(&i).

It follows from [Khare and Wintenberger 2009b, Lemma 5.1] that this action is free.
Proposition 2.6 of [Khare and Wintenberger 2009b] implies that the quotient by
G,,is represented by a complete local noetherian O-algebra, which we will denote
by (RE’&Z: , min), (RK’EQ’:HV (o), mi"™ ) and (R??;nnv (6,), mi,l‘ff}i), respectively.

n,o
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Lemma 3.25. The map
Spf Ry, (51)/ain — Spf R}, ()
induced by (49) is G;z-equivariant. Moreover,
. O ) o -
Grn (7 RE 5, (0)) = W% RES, (31)/ 0.

Proof. The first part follows from [Khare and Wintenberger 2009b, Lemma 9.1];
see the paragraph after the proof of Proposition 7.6 and the third paragraph of the
proof of Lemma 9.6 of the same paper.

Let

,a a o~
q@ﬁ%%ﬂmMEquﬁ%%@%m

denote the natural surjections. Since ¢; , o0 g» = g5 (mod ay;), it is enough to
show that g, (mL“VRE SQn) = mﬁ% RFI//’&E;”(O’) for all o and  as above. This follows
from Lemma 3.23. O

Let mi,“v and mgll_v be the maximal ideals of Rg;" (o) and Ré‘g (a;), respectively.

Proposition 3.26. The surjection ¢; : Ry (0) — Rxo(67)/a; maps mg“’Roo (o) onto
the image of mg;VRoo (6y). In particular,

e(Mi(0)/ M (0), RY (0)/w) = e(Mo(5:) ®0 k, R (6:)/w).  (50)

Proof. If (A, m) is a complete local noetherian algebra then by A"l we denote the
ring A/m’. We will use the same notation as in the proof of the previous proposition.
It is shown in the course of the proof of part (I) of [Khare and Wintenberger 2009b,
Proposition 9.3] that
m
where D) . (0) = Ruta (o)), Moreover, it is shown that the map is (G,[2])’-
equivariant by fixing an identification of G, 4, with (Z/2Z7)'".
For each fixed r > 0 we have
Roo (@) = 1im D’ (o).

= “m,m
m

Hence, by choosing m large enough we may assume that Roo (o)1 = D], (o)
with r <7, . Since (@m [2])!-action on SPr., (o) and on SPRH,,(U) is free by [Khare
and Wintenberger 2009b, Lemmas 5.1 and 9.4], we are in the situation of Lemma
3.24. Hence the image of mf;“’Roo(o) in D,Q;’m(a)[’] is equal to the image of

mj,’;im o Rimn+ta(o). It follows from Lemma 3.25 that the composition

Roo(0) —> Ruyia (@) 22 (R4 (67) /07 )
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maps m””Roo(U) onto the i 1mage of mmVRoo(a,) The action of R,;4+,(6;) on Ly, 1, (6;)
factors through R, (6;)lrm rml. Since by construction

@i =lm@im,  Roo(61) =1m Ry 10 (6", Moo(5;) = lim Ly 1 (57).
m m m
we deduce that ¢; maps mi(;“’ROO (o) onto the image of mgv Roo (67). O

Corollary 3.27. Assume that S, (U, O)w # 0 and that p|c,, % (% ;) forv|2and
any character x : G, — k*. Then the equivalent conditions of Proposition 3.17
hold, and any p : Gp.s — GL2(O) corresponding to a maximal ideal of Rg S(o)[%]
is modular.

Proof We will verify that part (b) of Proposition 3.17 holds. We first note that, since
So,y (U, O)m #0 and U satisfies (29), there is an i such that S5, ¢ (U, k) # 0. This
implies that S5, £ (U, O) #0, and it follows from Lemma 3.20 that S& eWU,0)n#0
forall 1 <i < s and Si (U O)m # 0. In particular, the rings R (al) are nonzero
and equal to R S@). Corollary 3.21 implies that for all 1 <i < the equality

2 re(RS’ 61)/@) = e(Mx(6) /7, R (51) /) (51)

holds. Since the Hilbert—Samuel multiplicity is additive in short exact sequences,
we have

N

e(Mso(0)/w, R (0) /) = Z e(ML(0)/ M (o), RN (o) /).  (52)

i=1

Proposition 3.26 implies that for all 1 <i < s we have
e(ML(0)/M S (0), R (0)/w) = e(Mx(6)) /7, R (G1) /). (53)
Thus

S
¢(Mss(0)/m, R (0) /) =2'r Z e(R?D(&,-)/w). (54)
i=1
Thus to verify part (b) of Proposition 3.17 it is enough to show that
N
e(RY“(0)/m) =) e(RE" (1) /m). (55)
i=1
If A and B are complete local k-algebras with residue field « then it is shown in
[Kisin 2009a, Proposition 1.3.8] that e(A ®. B) = e(A)e(B). Since Y is congruent
to £ modulo @, inequality (55) reduces to the following inequality on Hilbert—
Samuel multiplicities of potentially semistable rings at all v | 2:

Sy

e(RV7(0) /) <Y e(RY7(6y.0) /). (56)

i=1
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Here the o, ; are irreducible k-representation of GL,([F,) which appear as graded
pieces of a GL;(Z;)-invariant filtration on o, ®» k. Inequality (56) is proved in the
local part of the paper; see Remark 2.39. ([

3F. Modularity lifting. Let F be a totally real field in which 2 splits completely.

Definition 3.28. An allowable base change is a totally real solvable extension F’
of F such that 2 splits completely in F’.

Lemma 3.29. Assume that [F : Q] is even. Let p : Gp — GL, (k) be a continuous
absolutely irreducible representation. If there is a Hilbert eigenform f such that
P = py then there is a Hilbert eigenform g of parallel weight 2 such that p = p,
and at v | 2 the corresponding representation m, of GL,(F,) is either an unramified
principal series or a twist of Steinberg representation by an unramified character.
Moreover, if plc, F ()é ;)for all v |2 and any character x : Gp, — k™ then we
may assume that mw, is an unramified principal series representation for all v | 2.

Proof. Let D be the totally definite quaternion algebra with center F split at all
the finite places. Let f? € S; (U, O) be the eigenform on D associated to f
by the Jacquet-Langlands correspondence, where U = [ [, U, is a compact open
subgroup of (D® ¢ A*;)X such that U, = GL2(OF,) forall v |2, and U is sufficiently
small, so that (29) holds, and t = ®U|2 T, is a locally a]gebraic representation of U.
Let m be the maximal ideal of the Hecke algebra T corresponding to p. Then
fPe Sty (U, O), and hence S; y (U, O)y, is nonzero.

Let T denote the reduction of a U-invariant lattice in 7, and let ¥ denote ¥
modulo z. Since U satisfies (29) the functor o — S, 4 (U, O) is exact. The
localization functor is also exact. Hence there is an irreducible subquotient o
of T such that SU’,/-,(U, k)m 1s nonzero. Such a o is of the form ®U|2 oy, where
o, is a representation of GL,(F,). Thus o, is either trivial, in which case we let
oy = 1, or k2 in which case we let 6, = st. Then the reduction of &, modulo @, is
isomorphic to o, and F,* NU, acts trivially on 6,. Let 6 := ®v‘2 0,. Choose a lift
& (A'};)X/FX — O* of ¥, which is trivial on U N (AI{:)X. The exactness of the
functor o = S5 ¢ (U, O) implies that S5 ¢ (U, O)y, is nonzero, since its reduction
modulo @ is equal to S, £ (U, k). We may take any eigenform gP e S&’&(U, ()M
and then using Jacquet—Langlands transfer it to a Hilbert modular form, which will
have the prescribed properties. The last part follows from Lemma 3.20. O

Theorem 3.30. Let F be a totally real field where 2 is totally split, and let
p:Grs— GLy(0)

be a continuous representation. Suppose:
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1) p:Grs 2 GL,(0) — GL,(k) is modular with nonsolvable image.
(i) If v |2 then p|Gy, is potentially semistable with distinct Hodge—Tate weights.
(iii) det p is totally odd.
(iv) If v |2 then plg,, # (g ;),for any character x : Gg, — k™.
Then p is modular.

Proof. Let ¢ = chc det p, where xcyc is the 2-adic cyclotomic character. By
solvable base change it is enough to prove the assertion for the restriction of p
to Gg/, where F’ is a totally real solvable extension of F. Using Lemma 2.2 of
[Taylor 2003] we may find an allowable base change F’ of F such that [F’: Q] is
even and p|g,, is unramified outside places above 2. We may further assume that
if p is ramified at v{2 then the image of inertia is unipotent. Let ¥ be the set of
places outside 2 where p is ramified. If v € X then

YvXcye *
plGF/ = ( 0 yv> s

where y, is an unramified character such that sz = 1//|GF1<.

Since p is assumed to be modular, Lemma 3.29 implies that o = pr, where
f is a Hilbert eigenform of parallel weight 2, and an unramified principal series at
v |2. Using Lemma 3.5.3 of [Kisin 2009c] (see also Theorem 8.4 of [Khare and
Wintenberger 2009b]) there is an admissible base change F”/F’ such that p|g,, is
ramified at an even number of places outside 2. We still denote this set by X, and
there is a Hilbert eigenform g over F” such that p|g,, = p,, and such that g has
parallel weight 2, is special of conductor 1 at v € X, and is unramified otherwise.

Let D be the quaternion algebra with center F” ramified exactly at all infinite
places and all v € . Choose a place v; of F” as in Lemma 3.2 and such that p
is unramified at v; and p(Frob,,) has distinct eigenvalues. Let S be the union of
infinite places %, places above 2 and v;. Let U = [ [, U, be an open subgroup of
(D®Fr A F,,)X such that U, = (913( if v # vy and U,, is unipotent upper triangular
modulo @,,. We note that Lemma 3.2 implies that U satisfies (29). Let m be the
max1mal ideal in the Hecke algebra T“”‘V corresponding to p.

Let g? be the elgenform on D corresponding to g via the Jacquet-Langlands
correspondence. Then gl e So,y' (U, O)m, where o is the trivial representation
of U and ¥ : (A ,,)X — O* is a suitable character congruent to ¥ modulo z. In
particular, S,y (U, O)y # 0. It follows from Lemma 3.20 that S,y (U, O)n #0
for all 0 = ®v|2 oy, where o, is either 1 or §t. Since U satisfies (29), we
deduce that S, (U, k)i # 0 for any irreducible smooth k-representation o of
Hv|2 GL,(Z5). Since U satisfies (29), we deduce via Lemma 3.1.4 of [Kisin 2009¢]
that S, (U, O)n # 0 for any contmuous finite-dimensional representation o of
HUIZ GL,(Z5) on which U N (AF,/)X acts by .
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For v | 2 suppose that pl(;Fé/ has Hodge-Tate weights w, = (a,, b,) with b, > a,
and inertial type 7,. Let o, be defined by (30) and let 0 = ®U‘2 o,. The above
implies that Sy (U, O)n # 0 and, since p|g,, defines a maximal ideal of R;f,,’ S[%],
the assertion follows from Corollary 3.27. O
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