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Let F be a real quadratic field in which a fixed prime p is inert, and Ej be
an imaginary quadratic field in which p splits; put E = EgF. Let X be the
fiber over [sz of the Shimura variety for G(U(1,n — 1) x U(n — 1, 1)) with
hyperspecial level structure at p for some integer n > 2. We show that under some
genericity conditions the middle-dimensional Tate classes of X are generated by
the irreducible components of its supersingular locus. We also discuss a general
conjecture regarding special cycles on the special fibers of unitary Shimura
varieties, and on their relation to Newton stratification.
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1. Introduction

The study of the geometry of Shimura varieties lies at the heart of the Langlands
program. Arithmetic information of Shimura varieties builds a bridge relating the
world of automorphic representations and the world of Galois representations.
One of the interesting topics in this area is to understand the supersingular
locus of the special fibers of Shimura varieties, or more generally, any interesting
stratifications (e.g., Newton or Ekedahl-Oort stratification) of the special fibers
of Shimura varieties. The case of unitary Shimura varieties has been extensively

MSC2010: primary 11G18; secondary 11R39, 14C17, 14C25, 14G35.
Keywords: Supersingular locus, Special fiber of Shimura varieties, Deligne-Lusztig varieties, Tate
conjecture.
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studied. Vollaard and Wedhorn [2011] showed that the supersingular locus of the
special fiber of the GU (1, n — 1)-Shimura variety at an inert prime is a union of
Deligne—Lusztig varieties. Further, Howard and Pappas [2014] studied the case
of GU (2, 2) at an inert prime, and Rapoport, Terstiege and Wilson proved similar
results for GU (n — 1, 1) at a ramified prime. Finally, we remark that Gortz and He
[2015] studied the basic loci in a slightly more general class of Shimura varieties.

In all the work mentioned above, the authors use the uniformization theorem of
Rapoport—Zink to reduce the problem to the study of certain Rapoport—Zink spaces.
In this paper, we take a different approach. Instead of using the uniformization
theorem, we study the basic locus (or more generally other Newton strata) of certain
unitary Shimura varieties by considering correspondences between unitary Shimura
varieties of different signatures. This method was introduced by the first author in
[Helm 2010; 2012], and applied successfully to quaternionic Shimura varieties by
the second and the third authors [Tian and Xiao 2016].

Another new aspect of this work is that we study not only the global geometry
of the supersingular locus, but also their relationship with the Tate conjecture for
Shimura varieties over finite fields. We show that the basic locus contributes to
all “generic” middle-dimensional Tate cycles of the special fiber of the Shimura
variety. Similar results have been obtained by the second and the third authors
for even-dimensional Hilbert modular varieties at an inert prime [Tian and Xiao
2014]. We believe that, this phenomenon is a general philosophy which holds for
more general Shimura varieties. Our slogan is: irreducible components of the basic
locus of a Shimura variety should generate all Tate classes under some genericity
condition on the automorphic representations.

We explain in more detail the main results of this paper. Let F be a real quadratic
field, Eg be an imaginary quadratic field, and E = EyF. Let p be a prime number
inertin F, and splitin Ey. Let p, p denote the two places of E above p so that E,, and
Ej; are both isomorphic to Q 2, the unique unramified quadratic extension of 2, For
an integer n > 1, let G be the similitude unitary group associated to a division algebra
over E equipped with an involution of second kind. In the notation of Section 3.6,
our G is denoted G ,—1. This is an algebraic group over Q such that G(Q,) =~
Q) xGL, (Ep) and G(R) is the unitary similitude group with signature (1, n—1) and
(n—1, 1) at the two archimedean places. (For a precise definition, see Section 2.2.)

Let A denote the ring of finite adeles of Q, and A be its finite part. Fix a
sufficiently small open compact subgroup K € G (A*) with K), =277 x GL,(Z2) S
G(Qp), where Z,. is the ring of integers of Q. Let Sh(G)k be the Shimura
variety associated to G of level K.!

1Strictly speaking, the moduli space Sh(G)g is #ker! (Q, G)-copies of the classical Shimura
variety whose C-points are given by the double coset space G(Q) \ G(A)/Kso K, where Koo € G(R)
is the maximal compact subgroup modulo center. See [Kottwitz 1992b, page 400] for details.
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According to Kottwitz [1992b], when K7 is neat, Sh(G)x admits a proper
and smooth integral model over Z ,» which parametrizes certain polarized abelian
schemes with K-level structure (See Section 2.3). Let Sh; ,_; denote the special
fiber of Sh(G)k over F 2. This is a proper smooth variety over [, of dimension
2(n—1). Let Shsls’nf1 denote the supersingular locus of Sh; ,_1, i.e., the reduced
closed subvariety of Sh; ,_; that parametrizes supersingular abelian varieties. We
will see in Proposition 4.14 that Sh®, | is equidimensional of dimension n — 1.

Fix a prime £ # p. There is a natural action by Gal([Fp/[F )X Q[K\GA®)/K]
on the £-adic étale cohomology group H; 2—1) (Shy o Q¢ (n—1)). We will take
advantage of the Hecke action to con31der a variant of the Tate conjecture for Shy ,,_1.

Fix an irreducible admissible representation 71 of G(A™®) (with coefficients in Q).
The K -invariant subspace of 7, denoted by 7 X, is a finite-dimensional irreducible
representation of the Hecke algebra Q,[K \ G(Aoo) /K. We denote the 7 K -isotypic
component of H3" " (Shy ,_; ¢, Qe(n— 1)) by HZ" " (Shy ,_; ¢, Qe(n— 1))z
and put ] ’

H2V(shy, g Bei— D)= | BV (Shy,p et — 1),

Fy/F

where [, runs through all finite extensions of [F,.. By projecting to the 7K -isotypic
component, we have an £-adic cycle class map:

ety AT (Shy ) @2 Qe — HE" T (Shy g Qe = 1DYL (1L0.1)

where A"~! (Sh1,n—1,Fp) is the abelian group of codimension n — 1 algebraic cycles
on Shy ,_, g, Then the Tate conjecture for Shy , predicts that the above map is
surjective. Our main result confirms exactly this statement under some “genericity”
assumptions on 7.

From now on, we assume that 7 satisfies Hypothesis 2.5 to ensure the non-
triviality of the m-isotypic component of the cohomology groups. In particu-
lar, 7 is the finite part of an automorphic cuspidal representation of G(A), and
HY"™ 1)(Sh1 n—1.E,» , Q¢(n—1)); #0. Let 7, denote the p-component of 77, which is
an unramified pr1nc1pa1 series as K, is hyperspecial. Since G(Q,) ~Q; xGL, (Ey),
we write 77, = 7, 0 ® 7, Where 7 ¢ is a character of Q7 and 7, is an irreducible
admissible representation of GL,, (Ej).

Our main theorem is the following.

Theorem 1.1. Suppose m is the finite part of an automorphic representation of
G (A) that admits a cuspidal base change to GL,(Ag) x A% o and the Satake param-
eters of mry, are distinct modulo roots of unity. Then Hz(n D (Sh1 n—1 .o Qe(n— 1))fin
is generated by the cohomological classes of the lrreduablé co;vig)onents of the
supersingular locus Shifn_l. In particular, the cycle class map (1.0.1) is surjective.
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This theorem will be restated in a more precise form in Theorem 4.18. Here,
the assumption that the Satake parameters of 7, are distinct modulo roots of unity
is crucial for our method. It is closely tied to our geometric description of the
irreducible components. This condition will be reformulated in Theorem 4.18 in
terms of the Frobenius eigenvalues of certain Galois representation attached to
7y via the unramified local Langlands correspondence. The other automorphic
assumption on 7 is of technical nature. It is imposed here to ensure certain equalities
on the automorphic multiplicity on 7 (See Remark 4.19). The method of our paper
may be extended to more general representations 7 if we have more knowledge of
the multiplicity of automorphic forms on unitary groups.

What we will prove is more precise than stated in Theorem 1.1. We need another
unitary group G’ = Gy, over Q for E/F as in Lemma 2.9, which is the unique
inner form of G such that G'(A*) >~ G (A*) and the signatures of G’ at the two
archimedean places are (0, n) and (n, 0). Let Shg , denote the (zero-dimensional)
Shimura variety over [F,» associated to G". We will show in Proposition 4.14
that the supersingular locus Shbifn_l is a union of n closed subvarieties Y; with
1 < j < n such that each of ¥; admits a fibration over Shg , of the same level
K C G(A™®) >~ G'(A*) with fibers isomorphic to a certain proper and smooth
closed subvariety in a product of Grassmannians. In other words, each Y; is an
algebraic correspondence between Sh; ,_; and Shy ,:

N Y; — Ship—1.

This can be viewed as a geometric realization of the Jacquet-Langlands corre-
spondence between G and G’ in the sense of [Helm 2010]. Alternatively, we
may view these Y; as Hecke correspondences between special fibers of unitary
Shimura varieties of different signatures. To prove Theorem 1.1, it suffices to
show that, when the Satake parameters of m}, are distinct modulo roots of unity,
Hi("_l)(Sth_lﬁp, Qe(n — 1))211 is generated by the cohomology classes of the
irreducible components of Y;. The key point is to show that the -projection of the
intersection matrix of ¥; is nondegenerate under the assumption above on 7.

We briefly describe the structure of this paper. In Section 2, we consider a more
general setup of unitary Shimura varieties, and propose a general conjecture, which
roughly predicts the existence of certain algebraic correspondences between the
special fibers of Shimura varieties with hyperspecial level at p associated to unitary
groups with different signatures at infinity (Conjecture 2.12). Theorem 1.1 is a
special case of Conjecture 2.12. We believe that our conjecture will provide a new
perspective to understand the special fibers of Shimura varieties. In Section 3, we
review some Dieudonné theory and Grothendieck—Messing deformation theory
that will be frequently used in later sections. Section 4 is devoted to the study of
the supersingular locus Sh}®, _;, and constructing the subvarieties ¥; mentioned



Tate cycles on some unitary Shimura varieties mod p 2217

above. In Section 5, we compute certain intersection numbers on products of
Grassmannian varieties. These numbers will play a fundamental role in our later
computation of the intersection matrix of the ¥;. In Section 6, we will compute
explicitly the intersection matrix of the Y; (Theorem 6.7), and show that its 7-
isotypic projection of the intersection matrix is nondegenerate as long as the Satake
parameters of m, are distinct (as opposed to being distinct modulo roots of unity).
Then an easy cohomological computation allows us to conclude the proof of our
main theorem. In Section 7, we will generalize the construction of the cycles Y; to
the Shimura variety associated to unitary group for E/F of signature (r, s) x (s, r)
at infinity. In this case, we only obtain some partial results on these cycles predicted
by Conjecture 2.12: the union of these cycles is exactly the supersingular locus of
the unitary Shimura variety in question (Theorem 7.8).

2. The conjecture on special cycles

We will only discuss certain unitary Shimura varieties so that the description
becomes explicit. We will discuss after Conjecture 2.12 on how to possibly extend
this conjecture to more general Shimura varieties.

2.1. Notation. We fix a prime number p throughout this paper. We fix an isomor-
phism¢, :C = Q p- Let @} be the maximal unramified extension of ), inside Q -

Let F be a totally real field of degree f in which p is inert. We label all real
embeddings of F, or equivalently (via ¢p), all p-adic embeddings of F (into Q7)) by
Ti, ..., Ty so that post-composition by the Frobenius map takes 7; to 7;;1. Here the
subindices are taken modulo f. Let E( be an imaginary quadratic extension of Q in
which p splits. Put E = EyF. Denote by v and v the two p-adic places of Ey. Then
p splits into two primes p and p in E, where p (resp. p) is the p-adic place above v
(resp. D). Let g; denote the embedding E — E, = F), > Q » and g; the analogous
embedding which factors through Ej instead. Composing with L;l, we regard ¢;
and g; as complex embeddings of E, and we put Xoo £ =1{q1, ..., q4f. q1,---, G f}.

2.2. Shimura data. Let D be a division algebra of dimension n? over its center E,

equipped with a positive involution * which restricts to the complex conjugation ¢
on E. In particular, D°PP = D ® g . E. We assume that D splits at p and p, and we
fix an isomorphism

D ®q @p = Mn(Ep) X Mn(Eﬁ) = Mn(@pf) X Mn(@pf)y

where * switches the two direct factors. We use ¢ to denote the element of D ®¢ Q),
corresponding to the (1, 1)-elementary matrix? in the first factor. Let a, = (a;)1<i< f

2By a (1, 1)-elementary matrix, we mean an n x n-matrix whose (1, 1)-entry is 1 and whose other
entries are zero.
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be a tuple of f numbers with a; € {0, ..., n}. Assume that there exists an element
Ba. € (D*)*="1 such that the following condition is satisfied:?

Let G,, be the algebraic group over Q such that G, (R) for a (Q-algebra R
consists of elements g € (D°?? ®q R)* with gfB,,g* = c(g) B, for some c(g) € R™.
IfG (11 denotes the kernel of the similitude character ¢ : G,, — G, g, then there
exists an isomorphism

f
G, ®~[]U@.n—a.
i=1
where the i-th factor corresponds to the real embedding t; : F — R.
Note that the assumption on D at p implies that

Ga.(@p) = Q% x GL, (Ey) = Q% x GL, (@)

We put V,, = D and view it as a left D-module. Let (—, —),, : V,, x V,, = Q be
the perfect alternating pairing given by

(X, ¥)a, =Trp/a(xBa,y*) for x,y € V,,.

Then G,, is identified with the similitude group associated to (V,,, (—, —)4,), i.€.,
for all (D-algebra R, we have

Ga(R) ={g € Endpgor(Vo.®aR) | (8X,8Y)a. = c(g)(x,y)a, for some c(g) € R™}.

Consider the homomorphism of R-algebraic groups & : Resc/r(Gp) — G, R
given by

i
h(z) = l_[Diag(& 20Ty 7), forz=x++/—ly. (2.2.1)
i=1 a; n—a;

Let uy : G,y.c = Gg, . c be the composite of A¢c with the map
Gm.c — Resg/r(Gr)c =C* xC*,  z+>(z, 1).

Here, the first copy of C* in Resc/r (G, )c is the one indexed by the identity element
in Autg(C), and the other copy of C* is indexed by the complex conjugation.

Let Ej, be the reflex field of uy, i.e., the minimal subfield of C where the
conjugacy class of uy, is defined. It has the following explicit description. The
group Autg(C) acts naturally on ¥ g, and hence on the functions on X g.
Then E}, is the subfield of C fixed by the stabilizer of the Z-valued function a on
Yoo, defined by a(g;) = a; and a(g;) = n — a;. The isomorphism ¢, : C = @p

3As explained in the proof of [Harris and Taylor 2001, Lemma 1.7.1], when » is odd, such B,
always exists, and when n is even, existence of B4, depends on the parity of aj +- - - +a . See also
the proof of Lemma 2.9.
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defines a p-adic place g of Ej,. By our hypothesis on E, the local field Ej, , is
an unramified extension of , contained in @, the unique unramified extension
over Q, of degree f.

2.3. Unitary Shimura varieties of PEL-type. Let Op be a x-stable order of D and
Aq, an Op-lattice of V,, such that (A,,, Ay, )e, € Z and A,, ®7 Z,, is self-dual
under the alternating pairing induced by (—, —),,. We put K, = Z; x GL,(OE,) €
G4, (Q)), and fix an open compact subgroup K” € G, (A°>?) such that K = K7 K,
is neat, i.e., G,,(Q)NgKg~' is torsion free for any g € G, (A™).

Following [Kottwitz 1992b], we have a unitary Shimura variety Sh,, defined
over Z, s;% it represents the functor that takes a locally noetherian Z p/-scheme § to
the set of isomorphism classes of tuples (A, A, ), where

(1) Ais an fn2-dimensional abelian variety over S equipped with an action of
Op such that the induced action on Lie(A/S) satisfies the Kottwitz determi-
nant condition, that is, if we view the reduced relative de Rham homology
HdR(A/S)O : eHdR(A/S) and its quotient LleA/S =c¢-Lies/s as a module
over F, ®z, Os = @l | Os, they, respectively, decompose into the direct
sums of locally free Og-modules H dR(A /8); of rank n and, their quotients,
locally free Os-modules Lie}, g ; of rank n —a;

(2) A: A — AY is a prime-to-p Op-equivariant polarization such that the Rosati
involution induces the involution * on Op;

(3) n1is a collection of, for each connected component §; of § with a geometric
point 5;, a 1 (S}, §;)-invariant K ”-orbit of isomorphisms 7; : A,, ®z VARES
TP (A; ;) such that the following diagram commutes for an 1somorphlsm
v(n;) € Hom(Z(P) 7P (1)):

~ ~ (== =
Ao, @7 70 « Ag, ®7 70— 7P

ln_/xn_/ lv(nj)

Weil pairing —~
T(p)Agj X T(p)Agj 7P (1),

where 2P =T], +pZe and T(P)(Ajs,) denotes the product of the ¢-adic Tate
modules of Ag; for all £ # p.

The Shimura variety Sh,, is smooth and projective over Z s of relative dimension
d(a,) := Zif=1 a;(n — a;). Note that if a; € {0, n} for all i, then Sh,, is of relative
dimension zero; we call it a discrete Shimura variety.

4Although one can descend Shg, to the subring O Enp of Z pfoWe ignore this minor improvement.
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We denote by Sh,, (C) the complex points of Sh,, via the embedding
—1
Z pf —> (I:D P l) C.

Let Ko € G, (R) be the stabilizer of /4 (2.2.1) under the conjugation action, and
let X, denote the G,, (R)-conjugacy class of 4. Then K is a maximal compact-
modulo-center subgroup of G,, (R). According to [Kottwitz 1992b, page 400], the
complex manifold Sk, (C) is the disjoint union of #ker' (Q, G,,) copies of

Ga,(@)\ (G, (A%®) X Xo0)/ K = G, (@) \ G4, (A) /K X Koo (2.3.1)
Here, if n is even, then ker! (Q, G,,) = (0), while if # is odd then
ker'(Q, G,,) = Ker(F* /Q*Ng/r(EX) — AF /A Ng/r(AY)).

In either case, ker! (Q, G,,) depends only on the CM extension E/F and the parity
of n but not on the tuple a,.

Let Sh,, := Shy, ®pr. [Fp s denote the special fiber of Sh,,, and let ﬁa. =
Shy, ®[Fp +Fp denote the geometric special fiber.

2.4. {-adic cohomology. We fix a prime number £ # p, and an isomorphism
t¢ : C ~ Q. Let & be an algebraic representation of G, over Qy, and &c be the
base change via LZI. The theory of automorphic sheaves [Milne 1990, Section III]
or just reading off from the rational £-adic Tate modules of the universal abelian
variety allows us to attach to & a lisse Qg-sheaf Lg over Shy,. For example, if £ is
the representation of G,, on the vector space V,, (Section 2.2), the corresponding
¢-adic local system is given by the rational ¢-adic Tate module (tensored with Q)
of the universal abelian scheme over Sh,, .

We assume that & is irreducible. Let g = #(K, @g) be the Hecke algebra
of compactly supported K -bi-invariant @,-valued functions on G, (A*®). The
étale cohomology group H;i(“'>(§1a,, Le) is equipped with a natural action of
Hg x Gal(ﬁp /F,r). Since Sh, is proper and smooth, there is no continuous
spectrum and we have a canonical decomposition of #x x Gal(F,/F,)-modules
(see, e.g., [Harris and Taylor 2001, Proposition II1.2.1])

H{*Sh,.L)= P  w@®)®Rai(m). 24.1)
welr(Gy, (A))

where Irr(G,, (A®)) is the set of irreducible admissible representations of G,, (A*)
with coefficients in C, X is the K-invariant subspace of 7w € Irr(G,, (A*)) and
Ry, ¢ () is a certain £-adic representation of Gal([_Fp /F,r) which we specify below.

We write He‘i(a')(ﬁa., Lg)y for the m-isotypic component of the cohomology
group, that is, the direct summand of (2.4.1) labeled by w. We make the following
assumptions on 7.
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Hypothesis 2.5. (1) We have 7% #£0.
(2) There exists an admissible irreducible representation o, of G, (R) such that
T ® s 1 a cuspidal automorphic representation of G, (A),

(2a) 7o s cohomological in degree d(a,) for & in the sense that
HY) (Lie(G,,(R)), Koo, oo ® ) # 0, (25.1)

where K is a maximal compact subgroup of G, (R),
(2b) and 7 ® . admits a base change to a cuspidal automorphic representation
of GL,(Ag) x AEO

Note that Hypothesis 2.5(1) implies that the p-component 7, is unramified.
Hypothesis 2.5 (2a) ensures that R,, ¢(7) is nontrivial. Moreover, by [Caraiani
2012, Theorem 1.2], this hypothesis implies that the base change of 7 ® 7 to
GL,, £ is tempered at all finite places, and hence 7, is tempered.

We recall now an explicit description, due to Kottwitz [1992a], of the Galois
module R,, ((7). As G,,(Q)) = @X x GL, (Ey), we may write 7, = 1,0 ® 7,
where 7, ¢ is a character of Q7 tr1V1al on Z3, and 7, is an irreducible admissible
representation of GL, (Ep) such that nGL (é)Ep) # 0. Choose a square root ,/p of
p in Q. Depending on this choice of f , one has an (unramified) local Langlands
parameter attached to 7 ,:

On, = @00 07,) : Wa, = “(Ga,.0,) = C* x (GL,(C)*7% x Gal(@,,/Q,)).

Here, Wq, is the Weil group of Q,, and Gal(Q »/Qp) permutes cyclically the f
copies of GL,(C) though the quotient Gal(Q,//Q,) = Z/fZ. The image of
@r,lwa ; liesin (¢ G, )°~C*xGL, (C)%/7Z, The cocharacter ji, : Gm.g, = Ga,.E,
inducesp a character i), of (LGa_)O over Ej. Let ry, denote the algebraic representa-
tion of (:G,,)° with extreme weight fi;,. Denote by Frob p/ @ geometric Frobenius
element in Wg NE Let @g(l / 2) denote the unramified representation of Wg o which
sends Frob s to V/p)~ /. Then Rg, ¢ (1) can be described in terms of ¢, as follows.

Theorem 2.6 [Kottwitz 1992a, Theorem 1]. Under the hypothesis and notation
above, we have an equality in the Grothendieck group of W@p ;-modules:

[Ra,.c(m)] =#ker' (Q, Gy )ma, (1) [te(ry, 0 ¢x,) ® Qe (—3d(a.))],

where mg, () is a certain integer related to the automorphic multiplicities of
automorphic representations of G, with finite part 7.

3This automatically implies that wo, has the same central and infinitesimal characters as the
contragradient of &c.

6Rigorously speaking, Kottwitz’s theorem describes the direct sum of the 7-component of all
cohomological degrees. Since our 7, is tempered, so 7 appears only in the middle degree for purity
reasons because Shy, is compact.
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In our case, one can make Kottwitz’s theorem more transparent. Define an £-adic
representation

pry = (@) ® Qe (3(1 =) : Wa , — GL,(Qy), (2.6.1)

where <p,(,L) v W@p ; = GL,(C) denotes the contragredient of the projection to
the first (or any) copy of GL, (C). Both ¢,, and @((%) depend on the choice of
/P, but pr, does not. Explicitly, pr, (Frob ;) is semisimple with the characteristic
polynomial given by [Gross 1998, (6.7)]:

n
Xn +Z(—1)[(Np)i(i_1)/2aéi)xn_i, (262)
i=1

GLn (OEp)

is the eigenvalue on 7,

where aéi)

of the Hecke operator
Ty =GLy(Og,) -Diag(p, ... p. 1., 1)-GL,(Op,).

i n—i

An easy computation shows that r,,, = Stdgji ® ®if:1 (A% StdY). Since the projec-
tion of ¢z, lwy , to each copy of GL,(C) is %onjugate to all others, Theorem 2.6 is
equivalent to

[Ra,,e()]
= #ker (@, Gu,) - ma, (1) P () @ 27, © (Y 3@ = D). 2:63)

where pg, (71y) = ra, © pr, With ry, = ®l’; | A% Std, and xr,, denotes the character
of Gal([_Fp/[pr) sending Frob ,; to L[(Trp,O(pf)).

Remark 2.7. The reason why we normalize the Galois representation as above is the
following: By Hypothesis 2.5, 7 is the finite part of an automorphic representation
of G,, (A) which admits a base change to a cuspidal automorphic representation
I[M® x of GL,(Ag) x AEO. If pr1 denotes the Galois representation of Gal(Q/E)
attached to IT, then P, is the semisimplification of the restriction of pry to WE,
(See [Caraiani 2012, Theorem 1.1]).

2.8. Tate conjecture. We recall first the Tate conjecture [1966] over finite fields.
Let X be a projective smooth variety over a finite field [, of characteristic p. Put
X=X - For each prime ¢ # p and integer r < dim(X), we have a cycle class map

CIS( AT(X) ®z @[ — Heztr()_(, @Z(r))Gal(“?p/[Fq)’

where A" (X) denotes the abelian group of codimension r algebraic cycles in X
defined over F,. Then the Tate conjecture predicts that this map is surjective. One
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has a geometric variant of the Tate conjecture, which claims that the geometric
cycle class map:

ol 0 A7(X) ®2 Qr — HE (X, Qu(r)™ := ] HY (X, Qu () Er/Fam)
m>1
is surjective. Here, the superscript “fin” means the subspace on which Gal(l]_:p /Fy)
acts through a finite quotient. Note that the surjectivity of cl% implies that of cly
by taking the Gal([F,/F,)-invariant subspace.

Consider the case X = Sh,, with d(a,) even. Let w be an irreducible admissible
representation of G,, (A*) as in Theorem 2.6. By Theorem 2.6, the w-isotypic
component of Hft(a') (ﬁa,, @( (%d(a,)))ﬁn is, up to Frobenius semisimpliﬁcation7,
isomorphic to dim(sr X) -#ker' (Q, G,,) - mg, () copies of

. _ (I’l—l) f | fin
Pa. () ® Xz, @ Q| ——— ) Jai )| (2.8.1)

i=1

Note that X7p0 (Frob,s) = 7p 0( pf) is a root of unity. Hence, the dimension of
(2.8.1) is equal to the sum of the dimensions of the Frob ,,-eigenspaces of p,, (7y)
with eigenvalues (p/)®*—1/? 24 ¢ for some root of unity ¢. In many examples,
this space is known to be nonzero.

For instance, when f =2, aj=r anday =n—r forsome 1 <r <n—1, we
have d(a,) =2r(n —r) and

Pa, (np) = /\rpnp &® /\n_rpnp .

Let Vz, 4, denote the space of representation pg, (7p). If pr, (Frob,,s) has distinct
eigenvalues «y, ..., &y, then the eigenvalues of Frob,s on Vy ,, are given by
Q- -a - o ---aj,, for distinct subscripts iy, ..., i, and distinct subscripts
jis -+ ju—r. This product is exactly (p/)*=D/ 2a£n) (note that aé") is a root of
unity) if the set {iy, ..., i,} and the set {ji, ..., j,—r} are the complement of each
other as subsets of {1, ..., n}. On the other hand, if the subsets {i{, ..., i} and
{j1, ..., Jn—r} are not the complement of each other and if the «; are “sufficiently
generic”8, the eigenvalue o, - -+, - @, -+ -, , is not a root of unity. In other
words, the dimension of (2.8.1) is “generically” equal to (;’) As predicted by the
Tate conjecture, these cohomology classes should come from algebraic cycles. Our
main conjecture addresses exactly this, and it predicts that those desired “generic”

7Conjecturally, the Frobenius action on the étale £-adic cohomology groups of a projective smooth
variety over a finite field is always semisimple.

8For example, if r = 1 and o] = rp, the eigenvalues o] - @3y - - - o is equal to - - - oty and
hence is p" =1 times a root of unity. So to be in the generic case, we will need to require that o; /e
fori # j is not a root of unity if » = 1. For another example, if r = 2, “generic” will mean that o; /e
fori # j and aja;r fajajs for {i, i} # {j, j'} are not roots of unity.
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algebraic cycles can be given by the irreducible components of the basic locus, and
are birationally equivalent to certain fiber bundles over the special fiber of some
other Shimura varieties associated to inner forms of G,,. To make this precise, we
need the following lemma.

Lemma 2.9. Let b, = (b;)1<i< be a tuple with b; € {0, ..., n} such that Zif:1 b, =
Zile a; (mod 2) if n is even. Then there exists Bp, € (D*)*="" such that
e the alternating D-Hermitian space (Vy,, (—, —)»,) defined using By, in place
of Ba. is isomorphic to (V,,, (—, —)a.) when tensored with A*, and

« if Gy, denotes the corresponding algebraic group over Q defined in the similar
way with B,, replaced by By, , then

f
Gy, ® ~[JUti.n—by).

i=1
Proof. We reduce the problem to the existence of a certain cohomology class.
Note that Gt]l. = Aut(V,,, (—, —)a,) is the Weil restriction to (2 of a unitary group
U, over F. The cohomology set H'(Q, G}l.) = H'(F, U,,) is in bijection with
the isomorphism classes of one-dimensional skew-Hermitian D-modules V. As
U,, xr E ~GL, g, Hilbert’s Theorem 90 for GL,, implies that the inflation map
induces an isomorphism

HYE/F,U,) = H'(F,U,,).

Denote by g > gffae = B, g* ,3;.1 the involution on D induced by the alternating
pairing (—, —),,. Then a 1-cocycle of Gal(E/F) with values in U,, is given by an
element & € D* such that & = o, and &, ap € D* define the same cohomology
class in H'(F, U,,) if and only if there exists g € D* such that go g% = as.
Explicitly, given such an «, the corresponding skew-Hermitian D-module is given
by V = D equipped with the alternating pairing

<_a _>Ol VXV — @7 (-x7 y) = TrD/@(xa,Ba.y*)-
For a place v of F, we denote by
loc, : HY\(F, U,)) - H'(F,, U,,)

the canonical localization map. By [Helm 2012, Proposition 8.1], if Z,f: 1 bi =
Zile a; mod 2, there exists a cohomology class [«¢] € H I(F, U,,) such that
e loc,([e]) is trivial for every finite place v of F, and

e if v =1; with 1 <i <n is an archimedean place, one has an isomorphism of
unitary groups over R: Aut(V ®fr r, R, (—, =)o) = U(b;, n — b;).

Then the element S, = af,, meets the requirements of Lemma 2.9. O
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In the sequel, we always fix a choice of fp,, and as well as an isomorphism
Yaube - Va, @0 A% = V), ®@g A, which induces an isomorphism G,, (A*®) =~
Gp, (A*). Recall that we have chosen a lattice A,, € V,, to define the moduli
problem for Sh,,. We put Ap, := Vi, N Vo, b, (Ao, @2z i). Then applying the
construction of Section 2.3 to the lattice A, < V}, and the open compact subgroup
K? C G, (AP) > Gp, (A%P), we get a Shimura variety Shy, over Z 5 of level
K? as well as its special fiber Shy,,. Moreover, an algebraic representation & of
G,, over Q, corresponds, via the fixed isomorphism G,, (A*™) >~ G, (A*>), to an
algebraic representation of G, over Q. We use the same notation L to denote
the étale sheaf on Sh,, and Shy, defined by &.

2.10. Gysin/trace maps. Before stating the main conjecture of this paper, we recall
the general definition of Gysin maps. Let f: Y — X be a proper morphism of smooth
varieties over an algebraically closed field k. Let dx and dy be the dimensions
of X and Y respectively. Recall that the derived direct image R f, on the derived
category of constructible £-adic étale sheaves has a left adjoint f'. Since both X
and Y are smooth, the £-adic dualizing complex of X (resp. Y) is Q¢ (dx)[2dx]
(resp. Q, (dy)[2dy]). Therefore, one has

F1@e(dx)[2dx]) = Qe(dy)[2dy].
The adjunction map Rf, f'Q; — Q; induces a canonical morphism
Try @ RfQe — Qu(dx — dy)[2(dx —dy)].
More generally, if £ is a lisse Q¢-sheaf on X, it induces a Gysin/trace map
— 1®Tr
Rf(f*L) = L® Rf(Qp) —> L(dx — dy)[2(dx —dy)],

where the first isomorphism is the projection formula [SGA 4, 1972, XVII 5.2.9].
When f is flat with equidimensional fibers of dimension dy — dx, this is the trace
map as defined in [SGA 4, 1972, XVIII 2.9]. When f is a closed immersion
of codimension r = dx — dy, it is the usual Gysin map. For any integer g, the
Gysin/trace map induces a morphism on cohomology groups:

fii HLY, £5L) — HIPO (x| £idy — dy)). (2.10.1)

2.11. Representation theory of GL,. As suggested by the description of Galois
representations appearing in the middle cohomology group of Shimura varieties
in Theorem 2.6, as well as by the Tate conjecture, we need to understand the
representation theory of GL,, embedded diagonally into the Langlands dual group

(tG,)° ~C* x GL,(C)H/Z,
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The Hodge cocharacter i of G, gives rise to the representation r,, = ®if:1 (A% Std)
of the diagonal GL,. If X is a dominant weight of GL,, (with respect to the usual
diagonal torus and upper triangular Borel subgroup) appearing in r,,, we can write
this weight A as the sum of f dominant minuscule weights wp, + - - - + wj ., where
w; for 0 <i < n is the weight of GL,, that takes Diag(#,...,t,) to #;---t;. The
set {by1, ..., by} (counted with multiplicity) is unique, which we denote by B;.
Explicitly, if A takes Diag(¢q, ..., ;) to t{sl . t,f” (necessarily 8; < f), then

By={n,....n,n—1,...,n—1,...,1,...,1,0,...,0}
—— —— ——— S —
ﬂn ,Bn—l_ﬂn Bl_ﬂ() f_.Bl

Moreover, we always have > a; =Y b;. In particular, this implies by Lemma 2.9
that the Shimura variety Sh;,, makes sense, and the €tale sheaf L¢ is well defined
on Shy,.

We write m; (a,) for the multiplicity of the weight X in r,,.

Conjecture 2.12. Let Sh,, and L¢ be as in Section 2.4. Let A be a dominant weight
that appears in the representation r,, as in Section 2.11. Define By and m; (a,) as
in Section 2.11.

Then there exist varieties Y1, ..., Y, ) of dimension %(d(a,) + d(b.)) over
F

P
each Y; fits into a diagram

7, equipped with natural action of prime-to-p Hecke correspondences, such that

(MY PG

Plaq J
/ \
Sh,, Sh,

satisfying the following properties.

(1) For each j, bY) = (bij), cees b;j)) is a reordering of the elements of the
set B,, and both pré{ ) and pr,v are equivariant for the prime-to-p Hecke
correspondences.

(2) The morphism pré{ Vis a proper morphism and is birational onto the image.
The morphism pr, ) is proper and generically smooth of relative dimension
%(d(a,) —d(b,)) (note that d(b,) = d(a.) (mod 2) since Y, a; =), b;).

(3) There exists a p-isogeny of abelian schemes over Y
by 4, PTZE_» (Ayin) = prfl{)’*(Aa,),

where A,, and A
and Sh, ). Let

o) denote respectively the universal abelian scheme on Sh,,
by

P g :przﬁj) Le => prfl{)’* Le.
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be the isomorphism of the {-adic sheaves induced by d)bm via the construc-
tion in Section 2.4.°

(4) Let i be an irreducible admissible representation of G,,(A®) ~ G By (A) sat-
isfying Hypothesis 2.5 for both a, and b,, and assume that m,,(w) =m By ()
for all j '°. Suppose that the n eigenvalues o, ..., a, of P, (Frob, ) are
“sufficiently generic” in the sense that the generalized eigenspace decomposition
of pa, (Frob,n) for any large N is the same as the weight space decomposition
of the algebraic representation r,,. Then the natural homomorphism of -
isotypic components'! of the cohomology groups

m) (ae)

@ Hgt(h.)(ﬁbﬁf)v‘cé( d(b )))Frob f—)\.

Spr; b i (ae)

EB Hd(b)( ]’pr 0 55( d(b. )))Fmb

Do (J) . m;, (ae)
e @ HY") (Y., prs, Le(3d (b)),

Frobp F=X

)
2 Pl

d(a.) (Sha , ’CE( d( )))Frobp/ =X

is an isomorphism, where pr , is the Gysin map (2.10.1) and the superscript
Frob,; = A means taking the (dlrect sum of ) generalized Frob s -eigenspace
with eigenvalues in the Weyl group orbit

A o pr, (Frob,r) - Xn_,jo (") (/p) D Yibi

Here, since the semisimple conjugacy classes of GL,,(Qy) is in natural bijection
with the orbits of T(Qy) under the Weyl group of GL,, it makes sense to
evaluate a dominant weight of T on px,(Frob,) to get an orbit under the
action of the Weyl group of GL,; hence the notation A o px,(Frob,,r).

In particular, when & is the trivial representation and the weight A is a power
of the determinant (so automatically, Zi a; is divisible by n, and d(a,) is even),
the cycles given by the images of Y1, ..., Y, (a,) parameterized by the discrete
Bl generate the Tate classes of Hg(a')(s_ha., @e(%d(a,)))n
when pr, (Frob,r) is “sufficiently generic”.

Shimura varieties Sh

9This isomorphism depends on the choice of the isomorphism y,, ;, made earlier.

10This assumption is satisfied when 7 is the finite part of an automorphic cuspidal representation
of G4, (A) which admits a base change to a cuspidal automorphic representation of GL, (Ag) x A E
Indeed, in this case, White [2012, Theorem E] proved that m,, (1) =m b (r)y=1.

HThe 7 -isotypic component is the same as the 7 P -isotypic component according to Lemma 4.17.
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Remark 2.13. (1) A key feature of this conjecture is that the codimension of the cy-
cle map pr,, : ¥; — Shy, is the same as the fiber dimension of pr, ) : ¥; — Sh, .

(2) It seems that the fiber of pro Y, — Shb@ over a generic point n € Shbﬁp is
likely to be isomorphic to a certain “iterated Deligne—Lusztig variety,” that is,
atowerof maps Y;, =2, — --- — Zo=nsuch thateach Z; — Z;,_; is a
fiber bundle with certain Deligne—Lusztig varieties as fibers.

(3) Xinwen Zhu pointed out to us that since the universal abelian varieties A,,
and Ay, are isogenous over each Y}, the union of the images of Y1, ..., Yy, (a,)
on Sh,, is contained in the closure of the Newton strata, where the slope is the
same as the p-ordinary slope of the universal abelian varieties on Shb(. » (for
different j, they have the same p-ordinary slopes). In fact, one should expect
the union of images to be the same as the closure of this Newton stratum.

When X is central (i.e., a power of the determinant), Conjecture 2.12 says:
irreducible components of the basic locus of the special fiber of a Shimura
variety, generically, contribute to all Tate cycles in the cohomology. Implicitly,
this means that the dimension of the basic locus is half of the dimension of the
Shimura variety if and only if the Galois representations of the Shimura variety
has generically nontrivial Tate classes. Here two appearances of “generic”
both mean that we only consider those m-isotypic components where the
Satake parameter for 7, is sufficiently generic as in Conjecture 2.12(4). For
example, the supersingular locus of Hilbert modular surface at a split prime
or the supersingular locus of a Siegel modular variety (over Q) is not half the
dimension. This is related to the fact that the w-isotypic component of the
cohomology of the Shimura varieties are not expected to have Tate classes, at
least when the Satake parameter of 7, is sufficiently general.'?

(4) These varieties Y; may be viewed as Hecke correspondences at p between
the special fibers of two different Shimura varieties Sh,, and Shh@. These
correspondences certainly cannot be lifted to characteristic zero. We hope that
the conjecture will bring interests into the study of such Hecke correspondences.

Remark 2.14. (1) The assumption on the decomposition of the place p in E/Q
and working with unitary Shimura varieties is to simplify our presentation and
to get to a situation where most terms can be defined. We certainly expect the
validity of analogous conjectures for the special fibers of Shimura varieties
of PEL-type or more generally of abelian type (using the integral model of
M. Kisin [2010]). This would be a more precise version of the Tate conjecture
in the context of special fibers of Shimura varieties: if Shg and Shg are the

12The Siegel varieties are Shimura varieties associated to GSpy, (@). The Langlands dual group
is isogenous to Spin(2g + 1) and the associated representation r,, is the spin representation, which is
minuscule and hence does not contain trivial weight subspace.
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special fibers of two unitary Shimura varieties associated to the groups G and
G’ such that G(Ay) ~ G'(Ay), then, generically, the cycles on the product
Shg x Shgr predicted by the Tate conjectures are likely to be constructed by
understanding the “isogenies” between the corresponding universal abelian
varieties, and are closely related to the Newton stratifications of Shg and Shgr.
In the case of Shimura varieties of abelian type, we expect some technical
difficulties in reinterpreting the meaning of isogenies of abelian varieties in
terms of certain “G-crystals”.

For example, consider a real quadratic field F'/Q in which a prime p is inert.
Let Shi denote the special fiber of the Hilbert—Siegel modular variety for G :=
Resr/q GSp,,, with hyperspecial level structure at p. Then by Langlands’s
prediction of the cohomology of Sh¢, we should look at the representation rgfn
of the “essential part” Spin,, of the Langlands dual group, where ry is
the 2¢-dimensional spin representation.'!? The central weight space of rfgizn has
dimension 28. So we expect that the supersingular locus of Sh¢ is the union of
2¢ collection of varieties parameterized by the discrete Shimura variety Shg:
where G is the inner form of G which is split at all finite places and is compact
modulo center at both archimedean places. Unfortunately, the moduli problem
that describes G’ uses a different division algebra from that describing G. We do
not know how to interpret the meaning of isogenies of universal abelian varieties

in this case, and the method of our paper does not apply directly to this case.

(2) Xinwen Zhu pointed out to us that even if p is ramified, we should expect
Conjecture 2.12 continue to hold for (the special fiber of) the “splitting models”
of Pappas and Rapoport [2005]. Some evidences of this have already appeared
in the case of Hilbert modular varieties; see [Rapoport et al. 2014; Reduzzi
and Xiao 2017].

(3) In our setup, we took advantage of many coincidences that ensures that for
example the Shimura variety is compact and there is no endoscopy. It would be
certainly an interesting future question to study the case involving Eisenstein
series, as well as the case when the representations come from endoscopy
transfers.

(4) As explained in Remark 2.13(3), the images of Y; are expected to form
the closure of a certain Newton polygon where the slopes are related to A.
Conjecture 2.12(1)—(3) may have a degenerate situation: when ) . a; is not
divisible by 7, the representation V,, does not contain a weight corresponding
to a power of the determinant (which corresponds to the basic locus). So our

13As pointed out above, we have to work with the Hilbert—Siegel setup as opposed to the usual
Siegel setup because rypiy is a minuscule representation.
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conjecture does not describe the basic locus of Sh,,, and it is indeed not of
half dimension of Sh,,.

Yet, this basic locus may still have a good description as the union of
some fiber bundles over the special fibers of some other Shimura varieties for
reductive groups which are not quasisplit at p. For example, the supersingular
locus of modular curve is related to the Shimura variety associated to the
definite quaternion algebra which is ramified at p, by a theorem of Serre and
Deuring [Serre 1996]. More such examples are given in [Tian and Xiao 2016]
and [Vollaard and Wedhorn 2011].

2.15. Known cases of Conjecture 2.12. Conjecture 2.12 is largely inspired by the
work of Tian and Xiao [2014; 2016], where we proved the analogous conjecture
for the special fibers of the Hilbert modular varieties assuming that p is inert in the
totally real field.

Another strong evidence of Conjecture 2.12 is the work of Vollaard and Wedhorn
[2011], where they considered certain stratification of the supersingular locus of the
Shimura variety for GU (1, n — 1) with s € N at an inert prime p. What concerns
us is the case when n — 1 is even. In this case, it is hidden in the writing of their
Section 6 that one gets a correspondence (in the notation of loc. cit.)

1(Q)\ N, 57 (@,) x GAY)/CP (2.15.1)
I@\IAp/crey” M, C Mc».

Note that I(Ar) >~ G(Af). Here N, is a certain Deligne-Lusztig variety. In
[Vollaard and Wedhorn 2011], the parameterizing space, namely the first term
in (2.15.1), is interpreted very differently, in terms of Bruhat-Tits building. The
method of this paper should be applicable to their situation to verify the analogous
Conjecture 2.12. In fact, in their case, there will be only one collection of cycles as
given by (2.15.1), but the computation of the intersection matrix (only essentially
one entry in this case) of them requires some nontrivial Schubert calculus similar
to Section 5.

When n — 1 is odd, the result of [Vollaard and Wedhorn 2011] is related to the
degenerate version of the Conjecture 2.12 in the sense of Remark 2.14(4).

The aim of the rest of the paper is to provide evidence for Conjecture 2.12
for some large rank groups. In particular, we will construct cycles in the case
of the unitary group G(U(r,s) x U(s, r)) with s, r € N (Section 7). While we
expect these cycles to verify Conjecture 2.12, we do not know how to compute
the “intersection matrix” in general. Nonetheless, when r = 1, we are able to
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make the computation and prove Conjecture 2.12 (with trivial coefficients for the
sake of a simple presentation) in this case; see Section 4—6. We point out that our
method should be applicable to many other examples, and even in general reduce
Conjecture 2.12 to a question of a combinatorial nature. This combinatorics problem
is the heart of the question. In the Hilbert case [Tian and Xiao 2014], we model
the combinatorics question by the so-called periodic semimeander (for GL;). The
generalization of the usual (as opposed to periodic) semimeander to other groups
has been introduced; see [Fontaine et al. 2013] for the corresponding references.
The straightforward generalization to the periodic case does seem to agree with
some of our computations with small groups. Nonetheless, the corresponding Gram
determinant formula seems to be extremely difficult. Even in the nonperiodic case,
we only know it for a special case; see [Di Francesco 1997].

We also mention that in a very recent work [Xiao and Zhu 2017] of Zhu and
the last author, we relate Conjecture 2.12 with the geometric Satake theory of Zhu
[2017] in mixed characteristic, and we proved many new cases of Conjecture 2.12.

3. Preliminaries on Dieudonné modules and deformation theory

We first introduce the basic tools that we will use in this paper.

3.1. Notation. Recall that we have an isomorphism

! f
Op®2Z,r =(Op®0,.4, 2,1 ®Op ®0,.5 Zpr) =~ P M (Z,yr) ®MA(Z,,1)).
i=1 i=1
Let S be a locally noetherian Z,s-scheme. An Op ®z Os-module M admits a
canonical decomposition

f
M= @(Mqi ® M),
i=1

where M, (resp. Mj,) is the direct summand of M on which Of acts via g; (resp.
via g;). Then each M, has a natural action by M,,(Os). Let ¢ denote the element of
M, (Os) whose (1, 1)-entry is 1 and whose other entries are 0. We put M? :=eM,,,
and call it the reduced part of M, .

Let A be an fn*-dimensional abelian variety over an F,s-scheme S, equipped
with an Op-action. The de Rham homology HldR(A /S) has a Hodge filtration

0 — wav/s — H{R(A/S) — Lieass — 0,

compatible with the natural action of Op ®7 Os on H {jR(A /S). We call HldR(A /8)7
(resp. @y /5.0 Lie, /s.i) the reduced de Rham homology of A/S (resp. the reduced
invariant 1-forms of A /S, the reduced Lie algebra of A/S) at g;. In particular, the
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former is a locally free Og-module of rank n and the latter is a subbundle'* of the
former; when A — § satisfies the moduli problem in Section 2.3, w$. /8. is locally
free of rank «;.

The Frobenius morphism A — A?) induces a natural homomorphism

V:HRA/S): — HRA )T,

where the index i is considered as an element of Z/fZ, and the superscript “(p)”
means the pullback via the absolute Frobenius of S. The image of V is exactly
wj\v(% .1 Similarly, the Verschiebung morphism A”) — A induces a natural

homomorphism !
F:HRA/9)P - HRA/S)S.

We have Ker(F) = Im(V) and Ker(V) = Im(F).

When § = Spec(k) with k a perfect field containing [, let W (k) denote the
ring of Witt vectors in k. Let D(A) denote the (covariant) Dieudonné module
associated to the p-divisible group of A. This is a free W (k)-module of rank
2 fn? equipped with a Frob-linear action of F and a Frob~!-linear action of V
such that FV = VF = p. The Op-action on A induces a natural action of Op on
D(A) that commutes with F and V. Moreover, there is a canonical isomorphism
@(A) / pr(A) = HfR(A / k) compatible with all structures on both sides. For each
i € Z/fZ, we have the reduced part f)(A);’ = eﬁ(A)qi. The Verschiebung and the
Frobenius induce natural maps

V:D(A) - D(A);_,. F:D(A) — D(A),,.

Note that f)(A)q,. = (@(A)f)@", and @iel/fz f)(A)ql. is the covariant Dieudonné
module of the p-divisible group A[p*°].

For any fn?-dimensional abelian variety A’ over k equipped with an @ p-action,
an Op-equivariant isogeny A” — A induces a morphism f)(A’);’ — fD(A);? compat-
ible with the actions of F and V. Conversely, we have the following.

Proposition 3.2. Let A be an abelian variety of dimension fn? over prefect field k
which contains [pr,
polarization ). Suppose given an integer m > 1 and a W (k)-submodule & € D(A);
foreachi e Z/fZ such that

equipped with an O p-action and an O p-compatible prime-to-p

P'DA) €&, F(E)CE&ip, and V(E)CE . (3:2.1)

4Here and after, by a subbundle of a locally free coherent sheaf, we mean a locally free coherent
sheaf that is Zariski locally a direct factor.

15The notation F for Frobenius was also used to denote the real quadratic field. But we think the
chance for confusion is minimal.
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Then there exists a unique abelian variety A" over k (depending on m) equipped
with an O p-action, a prime-to-p polarization ), and an O p-equivariant p-isogeny
¢ : A — A such that the natural inclusion & C f)(A)l‘.’ is naturally identified with
the map ¢, : f)(A’)l? — @(A)l‘.’ induced by ¢ and such that ¢ oL o¢p = p"\.
Moreover, we have

(1) If dimw§, , ; = a; and lengthy, g, (D(A)S /&) =¢; fori € Z/fZ, then
dime/V/k’i =daji +£l _Ei+1. (322)

(2) If A is equipped with a prime-to-p level structure 1 in the sense of Section 2.3(1),
then there exists a unique prime-to-p level structure n’ on A’ such that n = ¢on'.

Proof. By Dieudonné theory, the Dieudonné submodule

P G/ < P DA/ P DA;)®"
iez/fz iel/f?
corresponds to a closed subgroup scheme H, C A[p™]. The prime-to-p polarization
A induces a perfect pairing

(—, —)u: Alp™] X A[P"] — pwpm.

Let Hy = HpL C A[p™] denote the orthogonal complement of Hy,. Put H, = H,® Hj.
Let ¥ : A— A’ be the canonical quotient with kernel H,, and ¢ : A’ — A be the
quotient with kernel ¥ (A[p™]) so that y o¢p = p™idy and ¢ oy = p™id. By
construction, H,, € A[p™] is a maximal totally isotropic subgroup. By [Mumford
2008, §23, Theorem 2], there is a prime-to- p polarization A" on A’ such that p”'A =
YV old oy, It follows also that p™ A" =¢" oAoep. The fact that ¢, ; : ZND(A/);? — ZND(A);?
is identified with the natural inclusion & C @(A);? follows from the construction.
The existence and uniqueness of the tame level structure is clear. The dimension of
the differential forms can be computed as follows:

V(ﬁ(A/)?H _di V(Eis1)

dimg oy ; = dimp ——————— = dimy
e pD(A); pé
V(D(A)? V(D(A)S D(A);
= dimkM—lengthW(mM +lengthw(k)p (~ )i
pD(A); V(&i+1) Péi
=a;—Lip1+4;. =

3.3. Deformation theory. We shall frequently use Grothendieck—Messing defor-
mation theory to compare the tangent spaces of moduli spaces. We make this
explicit in our setup.

Let R be a noetherian I]:p s-algebra and I C R an ideal such that 72 = 0. Put
R = I%/IA Let 65 denote the category of tuples (A, X, 1), where A is an fn?-
dimensional abelian variety over R equipped with an Op-action, Aisa polarization
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on A such that the Rosati involution induces the *-involution on Op, and n is alevel
structure as in Section 2.3(3). We define 6 in the same way. For an object (A, A, 1)
in the category 6, let H fris(A /R) be the evaluation of the first relative crystalline
homology (i.e., dual crystal of the first crystalline cohomology) of A/R at the
divided power thickening R — R, and H™™(A/R)? := ¢ H™™(A/R),, be the i-th
reduced part. We denote by Def(R, Ié) the category of tuples (A, A, n, (d)f)izl ,,,,,, £
where (A, A, n) is an object in €g, and & C chris(A/Ié);? foreachi € Z/f7 is
a subbundle that lifts w§. R S H ldR(A /R)?. The following is a combination of
Serre—Tate and Grothendieck—Messing deformation theory.

Theorem 3.4 (Serre-Tate, Grothendieck—Messing). The functor

(A, L, D)= (A®z R, A, 1, w}V/R,,‘)’

where ) and 1 are the natural induced polarization and level structure on AQ® 2 R,
is an equivalence of categories between 6 5 and Def(R, R).

Proof. The main theorem of the crystalline deformation theory (cf., [Grothendieck
1974, pp. 116-118], [Mazur and Messing 1974, Chapter II §1]) says that the category
% 1s equivalent to the category of objects (A, A, n7) in ‘6 together with a lift of
wav/R C HfriS(A /R) to a subbundle @ of HfriS(A / R), such that & is stable under
the induced Op-action and is isotropic for the pairing on H friS(A / R) induced by
the polarization A. But the additional information & is clearly equivalent to the
subbundles &Y € HfriS(A/Ié);? lifting W3V /R ;- O
Corollary 3.5. If A,, denotes the universal abelian variety over Sh,,, then the
tangent space Tsp,, of Shy, is

f
. o L)
EB Lieyy /sn,,.i ®Li€a, /sh,, i -
i=1

Proof. Even though this is a well-known statement often referred to as the Kodaira—
Spencer isomorphism (e.g., [Lan 2013, Proposition 2.3.4.2]), we include a short
proof, as the proof serves as a toy model of many arguments later. Let R be
a noetherian [,s-algebra and [ C R an ideal such that /2 = 0; put R = ﬁ/f.
By Theorem 3.4, to lift an R-point (A, A, n) of Sh,, to an R-point, it suffices
to lift, for i = 1, ..., f, the differentials a)zvi C chris(A/R)f to a subbundle
w; C Hfris(A / ﬁ)f. Such lifts form a torsor for the group

Hompg(wjv g ;» Lie} g ;) ®r I.
It follows from this
f f
Tsh,, = D Hom (@ ssn,, i Lieh,, sn,, ) = D Lieky /s, OLieh, /sh,.i -
i=1 i=1

Note that this proof also shows that Sh,, is smooth. O
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3.6. Notation in the real quadratic case. For the rest of the paper, we assume
f =2 so that F is a real quadratic field in which p is inert. For nonnegative integers
r <s such that n =r +s, we denote by G, ; the algebraic group previously denoted
by G,, with a;j = r and ap = s; in particular, G, ;(R) = G(U(r, s) x U(s, r)).
If #/, s’ is another pair of nonnegative integers such that n = r’ +s" and r’ < s/,
Lemma 2.9 gives an isomorphism G, ;(A®) >~ G, ¢ (A*).

Let Sh, s be the Shimura variety over Z P2 attached to G, ; defined in Section 2.3
of some fixed sufficiently small prime-to-p level K? C G, (A°P?). Let Sh,
denote its special fiber over [ 2. Let A = A, 5 denote the universal abelian variety
over Sh, ;. It is a 2n2-dimensional abelian variety, equipped with an action of Op
and a prime-to-p polarization A 4. Moreover, w%, /Shys 1 (resp. oy /Shm,z) is a
locally free module over Sh,. ; of rank r (resp. rank s).

Remark 3.7. When r =0 and s = n, the universal abelian variety A = Ao, over
Shy , is supersingular. Indeed, for each [F,-point z of Shy ,, the Kottwitz condition
implies that the Frobenius induces isomorphisms

D(A,)S L5 D(A)S L5 pD(AL)S.

In particular, (1/p)F 2 induces a o 2-linear automorphism of f)(AZ)‘l’. By Hilbert’s
Theorem 90, there exists a Z ,»-lattice L of ﬁ(Az)‘l’ that is invariant under the action
of (1/p)F? in other words, F? acts by multiplication by p for a basis chosen from
this lattice. It follows that all slopes of the Frobenius on D(A,) are % and hence
A; is supersingular.

4. Thecaseof G(U(1,n—1)xU(n—-1,1))

We will verify Conjecture 2.12 for Sh; ,_, namely the existence of some cycles Y;
having morphisms to both Shg , and Sh; ,_; and generating Tate classes of Shy ,_
under a certain genericity hypothesis on the Satake parameters. We always fix an
isomorphism G ,—1(A®) =~ Gy ,(A*>), and write G(A*) for either group.

Notation 4.1. For a smooth variety X over [ 2, we denote by Tx the tangent bundle

of X, and for a locally free Ox-module M, we put M* = Homp, (M, Ox).

4.2. Cycles on Shy ,_;. For each integer j with 1 < j < n, we first define the
variety Y; we briefly mentioned in the introduction. Let ¥; be the moduli space over
[,» that associates to each locally noetherian [ ,>-scheme S, the set of isomorphism
classes of tuples (A, A, n, B, X, n’, ¢), where

e (A, A, n) is an S-point of Shy ,_1,
e (B, 2, n') is an S-point of Shy , and

e ¢ : B — A is an Op-equivariant isogeny whose kernel is contained in B|[p],
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such that
« pM'=¢ okoo,
e pon’ =nand

« the cokernels of the maps
¢u1: HR(B/S); — H®(A/S); and ¢.o: HR(B/S); — HR(A/S)S
are locally free Og-modules of rank j — 1 and j, respectively.
There is a unique isogeny v : A — B such that {yo¢p = p-idp and poy = p-id4.
We have
Ker(¢s,;) =Im(y;) and  Ker(¢y ;) = Im(y;),
where v, ; for i = 1, 2 is the induced homomorphism on the reduced de Rham

homology in the evident sense. This moduli space Y; is represented by a scheme of
finite type over [ 2. We have a natural diagram of morphisms:

, Y; v,

pr p

B “.2.1)
Shl,nfl ShO,n:

where pr; and pr’j send a tuple (A, A, n, B, A", n’, ¢) to (A, A, n) and to (B, A, n'),

respectively. Letting K7 vary, we see easily that both pr; and pr’j are equivariant

under prime-to-p Hecke actions given by the double cosets K” \ G(A*?)/K?P.

4.3. Some auxiliary moduli spaces. The moduli problem for Y; is slightly com-
plicated. We will introduce a more explicit moduli space Yj’ below and then show
they are isomorphic.
Consider the functor Y ; which associates to each locally noetherian [ ,>-scheme §
the set of isomorphism classes of tuples (B, A', ', Hy, H>), where
e (B, X, n') is an S-valued point of Shy ,;
e« H C HldR(B/S)‘l’ and H, C H]dR(B/S)g are Og-subbundles of rank j and
J — 1 respectively such that
V- {(H")C H), HyC F(HP"). (4.3.1)
Here,

F:H®B/)TY = HR(B/S); and V:HR(B/S); = HF(B/S);"

are respectively the Frobenius and Verschiebung homomorphisms, which are
actually isomorphisms because of the signature condition on Shg .
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It follows from the moduli problem that the quotients H;/ y -l (Hz(p )), F (Hl(p )) /H»
are both locally free Og-modules of rank one.

There is a natural projection JT Y " — Shy , given by (B, A, n’, Hy, H,) —
(B, ), n).

Proposition 4.4. The functor Y ; is representable by a scheme Yj’ smooth and
projective over Shy ,, of dimension n — 1. Moreover, if (B, X', n’, H1, Hy) denotes
the universal object over Y; !, then the tangent bundle of Yj/ is

Ty = ((H1/ V™ (M) @ (H{R(B/ Sho,u) /H1) @ (H3 @ F(H{”) /Ha).

Proof. For each integer m with0 <m <mnandi=1, 2, let Gr(HldR(B/ Shy, )7, m) be
the Grassmannian scheme over Shy , that parametrizes subbundles of the universal
de Rham homology HldR (B/ Shg )7 of rank m. Then Y ; is a closed subfunctor of
the product of the Grassmannian schemes

Gr(H®(B/ Shy )3, j) x Gr(H{®(B/ Shy )3, j — 1).

The representability of X} follows. Moreover, Yj’ is projective.

We show now that the structural map n} 1Y ]’ — Shy , is smooth of relative
dimension n — 1. Let So <> § be an immersion of locally noetherian [F,2-schemes
with ideal sheaf I satisfying /> = 0. Suppose we are given a commutative diagram

80
So —— Yj/

b
8 ,
s T
7
7 h

S — Sho.,

with solid arrows. We have to show that, locally for the Zariski topology on Sy,
there is a morphism g : § — Yj’ making the diagram commute. Let B be the abelian
scheme over S given by /4, and By be the base change to Syp. The morphism gg
gives rises to subbundles H; C H®(By/S0)$ and H, C H®(By/S0)3 with

FEP) > Hy VAP C H.

Finding g is equivalent to finding a subbundle H; C HldR(B /)7 which lifts each
H; for i = 1,2 and satisfies (4.3.1); this is certainly possible when passing to small
enough affine open subsets of Sy. Thus 71 Y’ — Shy , is formally smooth, and
hence smooth. We note that Fg§ : Os — Og factors through Og,. Hence V™~ 1(H P) )
and F(H, (p )) actually depend only on H,, H,, but not on the lifts H; and H,.
Therefore, the possible lifts H, form a torsor under the group

Homoy, (Ha., F(H")/H2) @0, I,
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and similarly the possible lifts H; form a torsor under the group
Homog, (Hi/ V™" (HP), HX(Bo/S0);/H1) ®oy, |

To compute the tangent bundle Tyj/, we take S = Spec(Os,[€]/ €?) and I =€Og. The
morphism gg : So — Yj’ corresponds to an Sp-valued point of Yj’ , say yo. Then the
possible liftings g form the tangent space Tyj/ at yp, denote by TY}? yo- The discussion
above shows that

V1 s = Homoy (Hy F(H?)/Hy@Homoy (H,/ V™" (H), HR (Bo/So)}/H)).

which is certainly a vector bundle over Sy of rank j — 1+ (n— j) =n—1. Applying
this to the universal case when g : So — Yj/ is the identity morphism, the formula
of the tangent bundle follows. ([

Remark 4.5. Let (B, ), ', Hy, H>) be an S-point of Yj/.
(a) If j = n, H| has to be HldR(B/S)O, and H; is a hyperplane of HldR(B/S)g.
Condition (4.3.1) is trivial. In this case, Y, is the projective space over Shy ,

associated to H dR(B / Sho )3, where B is the universal abelian scheme over Shg ;.
So it is geometrically a union of copies of IP" L

(b) If j =1, then Hj is a line in HdR(B/S)° and H, =0. So Y/ is the projective
space over Shy , associated to (H dR(B / Sho )9

(¢) If j =2, H, € H™®(B/S)] is a line, and H; € HR(B/S)$ is a subbundle
of rank 2 such that F(H, (P )) contains both H and F(V ™~ 1(H (P ))(p)) Therefore,
if Hy £ F(V~ 1(H P )))(p) H, is determined up to Frobenius pullback. If H, =
F(V~(H, (P))(P)), then H; could be any rank 2 subbundle containing V~ '(H, Py,

We fix a geometric point z = (B, 1/, ') € Sho,n([Fp). It is possible to find good
bases for HR(B/F,)$, H®(B/F,)$ such that F,V : H®(B/F,); — HR(B/F,)S
are both given by the identity matrix. With these choices, we may identify the fiber
Yzl, .= né_l (z) with a closed subvariety of

Gr(F),2) x Gr(F), 1).
Moreover, one may equip Gr(_” H= [P’” ~! with an [ 2-rational structure such that
=FWV~ l(H(p))(f’)) if and only if [Hzp] € IP” Uis an [F,»-rational point. So Y2
is 1somorph1c to a “Frobenius twisted” blow- up of IP” 1 at all of its [ .-rational
points. Here, “Frobenius twisted” means that each 1rredu01ble component of the

exceptional divisor has multiplicity p. For instance, when n = 3, each Y, ; is
isomorphic to the closed subscheme of [P’%F X [P’%F defined by
p

p

a, bf+a2b§+a3b§:O, a{pb1 +a5b2 +a§7b3 =0,

where (a; : ap : a3) and (b; : by : b3) are the homogeneous coordinates on the two
copies of P2,
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Lemma 4.6. Let (A, X, n, B, ), n', ) be an S-point of Y;. Then the image of ¢ 1
contains both a)‘j‘v/s’l and F(HldR(A/S);’(‘D)), and the image of ¢. > is contained
in both ., 5 , and F(HIR(A/$)7'"),

Proof. By the functoriality, ¢, . sends w3, /5.2 to w$v /52" Since wj, /52 =
HldR(B /S)5 by the Kottwitz determinant condition, it follows that Im(¢y ) in
contained in % /8.2 Similar arguments by considering v/, 1 shows that %, 51 S
Ker(.1) = Im(¢.1). The fact that Im(g, ») is contained in F(HIR(A/$)T ")
follows from the commutative diagram

»)
HIR(B/$)” 2, g (a75)7 P (4.6.1)

F l = J/ F
HIR(B/S); — s HIR(A/S)S

and the fact that the left vertical arrow is an isomorphism. Similarly, the inclusion
F (HldR(A / S)z’ (P )) C Im(¢y 1) = Ker(y, 1) can be proved using the functoriality
of Verschiebung homomorphisms. U

4.7. A morphism from Y; to YJf. There is a natural morphism o : ¥; — Yj’ for
1 < j <n defined as follows. For a locally noetherian [ ,.-scheme § and an S-point
(A, A, n, B, ), 1, ¢) of Y;, we define

Hy:=¢_ (03 /s,) SHR(B/S)]. Hy=vn (0} /s,) SHN(B/S)S. (47.1)

In particular, H; and H, are Og-subbundles of rank j and j — 1, respectively. Also,
there is a canonical isomorphism w§., /5.2 /Im(¢y2) = H,. From the commutative
diagram (4.6.1), it is easy to see that F(Hl(p)) C Ker(¢«.2) =Im(y 2), but compar-
ing the rank forces this to be an equality. It follows that H, € F(H (P )). Similarly,
V=1(H") is identified with Im(y,. 1) = Ker(g. 1), hence V! (H”) C H;. From
these, we deduce two canonical isomorphisms:
HI/V_l(Hg(p)) - CUZV/SJ,

) . . 4.7.2)
F(H"”")/H, => Hj (A/8)3/wyv 52 = Lie] /55 -

Therefore, we have a well-defined map o : ¥; — Yj’ given by
a:(A, A, n, B, N, n,¢)— (B,\,n', H, Hy).
Moreover, it is clear from the definition that 7} oo = pr’;.

Proposition 4.8. The morphism o is an isomorphism.

Proof. Let k be a perfect field containing [,>. We first prove that « induces a
bijection of points « : Yj(k) = Yj/ (k). It suffices to show that there exists a
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morphism of sets f : Y k) — Y (k) inverse to o. Let y = (B, A, n/, Hy, H») €
Y (k). We define ,B(y) (A, A, n, B, )\, 7, ¢) as follows. Let & c D(B)° and
52 C D(B)2 be respectively the inverse images of V~ 1(H (P )) CH dR(B /k)] and
F(H, (P )) CH dR(B / k)5 under the natural reduction maps

D(B)? — D(B)?/pD(B)? = H®(B/k)? for i=1,2.

The condition (4.3.1) ensures that F (&) C &_; and V(&) C &_; fori = 1,2.
Applying Proposition 3.2 with m =1, we get a triple (A, A, ) and an Op-equivariant
isogeny ¥ : A — B, where A is an abelian variety over k£ with an action of Op, A
is a prime-to- p polarization on A, and 7 is a prime-to-p level structure on A, such
that ¥V oA oy = pA, pn’ =y on and such that v, ; : f)(A)l? — @(B);’ is naturally
identified with the inclusion 5',- — f)(B)f for i = 1, 2. Moreover, the dimension
formula (3.2.2) implies that o, Jk1 has dimension 1, and w. k.2 has dimension
n — 1. Therefore, (A, A, n) is a point of Sh; ,,_. Finally, we take ¢ : B — A to be
the unique isogeny such that ¢ oy = p -id4 and 1y o ¢ = p -idg. Thus we have
¢ on’ = n. This finishes the construction of B(y). It is direct to check that B is the
set theoretic inverse to o : Yj k) — Yj/ (k).

We show now that « induces an isomorphism on the tangent spaces at each
closed point; as we have already shown that Yj’ is smooth, it will then follow that
o is an isomorphism. Let x = (A, A, n, B, A", 1, ¢) € Y;(k) be a closed point.
Consider the infinitesimal deformation over k[e] = k[t]/ 12 Note that (B, \/, n)
has a unique deformation (B, 3’, #’) to k[e], namely the trivial deformation. By
the Serre—Tate and Grothendieck—Messing deformation theory (cf., Theorem 3.4),
giving a deformation (A, X, n) of (A, A, n) to k[e] is equivalent to giving free k[e]-
submodules a)AV - H““(A/k[e])O for i = 1, 2 which lift a)Av/k . Thei isogeny ¢
and the polarrzatlon A deform to an isogeny ¢ B— Aanda polarization AAY > A
(satisfying p)J = ¢V oho qb), necessarily unique if they exist, if and only if

(l)Av ,2 > ¢cr15(H]criS(B/k[€]);) and (¢cr15(H]crrs(B/k 6]) )) g (d\)zv,])v’

where the second inclusion comes from the consideration at the embedding ¢, by tak-
ing duality using the polarization A and is equivalent to @3 | C C”s (H cris (B / kle )
As discussed before Proposition 4.8, we have Ker(¢,. 1) =V~ 1(H b )) and
F(H, (p )) = Ker(¢s,2) = Im(, 2). Then according to the relation between w$. ki
and H; in (4.7.1), giving such &9 av; for i = 1,2 is equivalent to lifting each H;
to a free k[e] submodule H; C HdR(B/k)o Rk k[e] HCHS(B/k [e]); fori=1,2
such that Hl oV~ (H(p)) ®x kle] and Hz C F(H, () ) ®¢ kle]. This is exactly the
description of the tangent space of Y; "at a(x). This concludes the proof. U

In the sequel, we will always identify Y, with Y; ! and pr with 71 Before
proceeding, we prove some results on the structure of Shy, n([F,,)
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We turn to the study of the Shimura variety Shy ,. The following proposition
was suggested by an anonymous referee of this article.

Proposition 4.9. (1) The Shimura variety Sho, is finite and étale over Z 2. In
particular, the reduction map induces a bijection of geometric points

Sho.n(Qp) = Shq ,(F,).

(2) Let x; = (Ei, 5»;', n;) € Sho’n(@p) fori = 1,2 be two geometric points in
characteristic 0, and x; = (B;, A;, n;) € Shq ,(F,) be their reductions. Then
the reduction map on

Homo, (B1, By) <> Homo, (Bi, By)
is an isomorphism.

Proof. (1) LetZ € (B, &, ij) € Sho.,(C). Put H=H,(B(C), Q). Itis aleft D-module
of rank 1 equipped with an alternating D-Hermitian pairing (—, —); induced by
the polarization X. Let (Vo.n = D, (—, —)o.n) be the left D-module together with
its alternating D-Hermitian pairing as in the definition of Shg,. By results of
Kottwitz [1992b, §8], for every place v of Q, the skew-Hermitian Dg, -modules
Hg, and Vj , q, are isomorphic.16 Then Endp,, (B@)@ consists of the elements of
D°P? = Endp(H) that preserves the complex structure on Hy g >~ Vj , r induced
the Deligne homomorphism by / : C* — G ,(R). Since %(i) is necessarily central
(because G(l)’n is compact), it follows that Endp,, (Be)g = D°PP, and

D Qg D ~M,2(E) C End(B)g.

For dimension reasons, the inclusion above is an equality, and B is isogenous to
the product of n’-copies of abelian varieties with complex multiplication by E.
Therefore, B is defined over a number field and has potentially good reduction
everywhere. This implies that Sh , is proper over Z ..

To see that Shy , is finite and étale over Z 2, it remains to show its étaleness
over Z 2. But this is clear from the description of its relative differential sheaf
in Corollary 3.5, which is trivial as Lie 4v/sp,,,,1 = Li€ 4/5n,,,2 = 0 by Kottwitz’s
determinant condition.

(2) In general, the reduction map

Homo,, (Bi, By) = Homo,, (B1, By)

is injective. It remains to see that every element f € Home, (B, By) lifts to a
homomorphism f € Homp, (B;, B2). Note that points X, X» can be viewed over

16Note that the two skew-Hermitian forms (H, (—, =)z and (Vo n, (=, —)o,,) are not necessarily
isomorphic over Q. However, they differ at most only by a scalar in F, hence define the same
similitude unitary group. See [Kottwitz 1992b, p. 400] for details.
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W(I]_:p). As recalled in Section 3, to show that f lifts to a map f B, — By, it
suffices to see that the induced map on crystalline homology

[ H™(By/ W(Ey) — Hi™(Bi/ W (Fy))
preserves the Hodge filtrations
wge C H{N(Bi/ W(Fy) = H{™ (Bi/ W (Ey)).
It is clear that f* preserves the decomposition
H{®(Bi/ W (Ep) = H{® (Bi/ W (Ep)1 @ H{™ (Bi/ W (F,))2

according to the two embeddings of O into W([_Fp). By the Kottwitz’s determinant
condition for Shy ,, the Hodge filtrations on Hf‘R(B,- / W([_Fp)) are trivial, namely,

° 0, and ®° = H®(B;/W(F,))5 fori=1,2.

BY/W(E,)1 T BY W (E,).2
It is clear now f* preserves this trivial Hodge filtration, since it does so when
tensoring with [F,. U

Fix a geometric point z = (B, A, 1) € Sho,n([_Fp). Put C = Endp,,(B)q, and
denote by T the Rosati involution on C induced by A. Let I be the algebraic group
over Q such that

I(R)={xeC®qgR |xx"eR*},  forall Q-algebras R. (4.9.1)

Corollary 4.10. We have an isomorphism of algebraic groups over Q: I >~ Gy .

Proof. Let 7 = (é, X, n) € Sho,n(@p) denote the unique lift of z according to
Proposition 4.9 (1). By 4.9 (2), we have a canonical isomorphism

Endp, (B)g = Endp, (B)g = C.

In the proof of 4.9, we have seen that C = D°PP. Moreover, the Rosati involution
on C corresponds to the involution b — bon = Bo.nb* By rll on D°PP | where B, is
the element in the definition of (—, —) . It follows immediately that I >~ Gq ,. UJ

Let Isog(z) € Sho,n([_Fp) denote the subset of points 7/ = (B’, A, ") such that
there exists an O p-equivariant quasi-isogeny ¢ : B — B such that ¢¥ oA o¢ = oA/
for some ¢y € Q.. We denote such a quasi-isogeny by ¢ : 7/ — z for simplicity.

Corollary 4.11. There exists a natural bijection of sets
0, : Isog(z) = Go.x(@)\ Go.n(A®)/K

Proof. First, we give the construction of ®,. Put V@) (B) = TP (B) ®5(p AP,
Then 71 determines an isomorphism

72 Vy? @a A% =5 V(B
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modulo right translation by K?. For any 7' = (B’, 1/, n) € Isog(z) and a choice of
¢ : B’ — B as above. The quasi-isogeny ¢ induces an isomorphism ¢, : VP (B") =
V) (B). Then there exists a g” € Gy, (A>”), unique up to right multiplication
by elements of K7, such that the K ”-orbit of ¢! o7 o g gives 1’

We put

L, = @(B)‘;’FZZP ={veD(B)S: F*(v) = pu}. 4.11.1)

Since B is supersingular (See Remark 3.7), this is a free Z,>-module of rank
n, and we have D(B)} = L; ®z, W(F). Put L:[1/p] = L. ®z, Q. Then
¢ induces an isomorphism ¢, : Ly[1/p] = L;[1/p]. Fix a Z,-basis for L,.
Then there exists a g1 € GL, (Q),2) such that ¢, (L) = gi(L;), and the right coset
81 GL, (Z ) is independent of the choice of such a basis. We put g, = (co, g1) €
Q, x GL,(Q)2) = Go,,(Q), which is well defined up to right multiplication by
elements of K, = Z;z x GL,(Z ).

Finally, note that the quasi-isogeny ¢': B’ — B is well determined by z’ up to left
composition with an element y € I(Q) = G ,(Q). If we replace ¢ by y o ¢, then
g :=(g”, gp) € Go,n(A™) is replaced by yg = (yg”, vgp). Therefore, the map

0, :Is0g(z) = Gon(@\ Gon(A®)/K, '+ Goa(@gK

is well defined. The fact that ©, is a bijection follows from the similar classical
statement in characteristic 0. O

Remark 4.12. It follows from Proposition 4.9 and the description of Sk ,(C) in
Section 2.3 that Sho’n([_Fp) consists of #ker! (Q, Go.,) isogeny classes of abelian
varieties equipped with additional structures.

Lemma 4.13. Let N be a fixed nonnegative integer. Up to replacing K? by an
open compact subgroup of itself , the following properties are satisfied: if (B, A, n)
is an [I_:p-point of Shy,, and f : B — B is an Op-quasi-isogeny such that p" f €
Endp, (B), fYoAo f=Xxand f on=n, then f =id.

Proof. 1t suffices to prove the lemma for (B, A, ) in a fixed isogeny class Isog(z)
of Shy (I]_:p). We write Go,(A®) = [[;c; Go.»(Q)gi K with K = K”K,,, where
gi =8/ gip, with g’ € Gy ,(A®P) and g; , € Gy »(Q,), runs through a finite set
of representatives of the double coset

Gon(@\ Gon(A®)/K.

Let (B, A, n) be a point of Shg , corresponding to Gy ,(Q)g; K for some i € I, and
f be an Op-quasi-isogeny of B as in the statement. Then f is given by an element
of G(l)’ ,(Q). The condition that f on = n is equivalent to saying that the image
of fin Go,(A>P) lies in g’ K”g;”~'. Moreover, p" f € Endp,, (B) implies that
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the image of f in Gy ,(Q,) belongs to | [, g,-,p(KpcSKp)g;;, where 8 runs through
the set

{1, Diag(p™, p, ..., p™)) € Go.n(Q,) = Q% x GL,(Q)2) |

0zarzay>--->a, >N}

Write | [ K,8K) =], 1K) for some finite set J. Hence, it suffices to show
that there exists an open compact subgroup K’? C K? such that for all g;,

Gon(@ Ngi(K™-hiKp)gi " = (1)
if h; K, = K,, and empty otherwise. Since K is neat, we have
G(l)’n(CD) Ngi(K'7Ky)g ' ={1} forany g and any K'” C K”.

Note that this implies that, for each i € I, G(l)’n(@) Ngi(KP-h;jK,g ! contains at
most one element (because if it contains both x and y, then x 'y is contained in
Gé’n(@) N g,vKgl.’1 = {1}). Let S C I x J be the subset consisting of (i, j) such
that h;K, # K, and G(l)’n(@) Ngi(K? - h; Kp)gi_1 indeed contains one element,
say x; j. Then x; ; # 1 for all (i, j) € S. Hence, one can choose a normal open
compact subgroup K'? C K7 so that x; ; ¢ gipK”’gip’_1 for all i. We claim that
this choice of K'7 will satisfy the desired property. Indeed, if K” =] [, b;K'?, then
the double coset Go,,(Q) \ Go..(A*)/K'P K, has a set of representatives of the
form g;b;. Here, by abuse of notation, we consider b; as an element of K with
p-component equal to 1. Then one has, for i; K, # K,

G, (@ Ngibi(K'"h; Kb g7 = Gj (@) Ngi(K'PhiK,)g ' = 2.
The first equality uses the fact that K'? is normal in K 7. This finishes the proof. [
We come back to the discussion on the cycles Y; € Shy ,_; for 1 < j <n.

Proposition 4.14. Let (A, A, 1, B, X, 1, $"™V) denote the universal object on Y;
forl1 <j<n,and H; C HldR(B/ Shy.,) for i =1, 2 be the universal subbundles on
Y =Y.

J J

(1) The induced map Ty, — pr; Tsn,,_, is universally injective, and we have
canonical isomorphisms
Ny;(Shiu—1) :=pr} Tsn,, /Ty,
= (/v ) @ VT )
O(F (") /Ha2) @ (HIN(B/ Sho,)3/ F ()"
= Lie% ; ® Coker(¢™") @ Lie , ® Im(¢}"")*.

*,1
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(2) Assume that K? is sufficiently small so that the consequences of Lemma 4.13
hold for N = 1. For each fixed closed point z € Shg ,, the map pr; , :=
prjly;. : Yj. = Shin—1 is a closed immersion, or equivalently, the morphism
(pr s pr’j) :Y; — Shy 1 x Spec(F 2) Sho , is a closed immersion.

(3) The union of the images of pr; for all 1 < j < n is the supersingular locus of
Shy n—1, i.e., the reduced closed subscheme of Sh; ,,_1 where all the slopes of
the Newton polygon of the p-divisible group A[p*°] are 1/2.

Proof. (1) Let S be an affine noetherian F,2-scheme and let y = (A, A, n, B, AL, @)
be an S-point of ¥;. Put Y X Spec(F ) Spec([F 2[t]/ 1/t%). Then we have a natural
bijection

Bef(y, §) =TS, y*Ty,),

where Qbef(y 3‘) is the set of deformations of y to S. Similarly, Qbef(pr oy, 3‘) =~
I'(S, y*prj Tsn,,,). To prove the universal 1n]ect1v1ty of Ty, — pr Tsh,,_,» it
suffices to show that the natural map Zef(y, S) > Def(pr; oy, S) is mJectlve
By crystalline deformation theory (Theorem 3.4), glVll’lg a pomt of Def(y, S) is
equivalent to giving O-subbundles &}, ; € H Crls(A /S ); over S fori =1, 2 such that

~ O 3 o .
* Wy lifts W3y s i

o &%y S Im(ey1) ® Fiolr]/1* and Im(py2) ® Fiolr]/1> € &3, , are locally
direct factors.

Hence, one sees easily that
Fef(y, §) = Homo (@3 /5,1, I 1) /@5 /1)
® Homo, (@ /5 2/ Im($s 2), HIR(A/5)3 /055 )
= Liejg\//s 1 ®(Im(¢*’1)/a)ZV/S 1) D (C()XV/S 2/ Im(¢*,2))* ®Lie104/s 2.

Similarly, @ef(pr; oy, S) is given by the lifts of w3, /¢ /s, to S fori =1, 2. These lifts
are classified by Homos(wAv/Sl, HdR(A/S) /wAv/Sl) = LleAv/Sl Rk LleA/Sl
Hence, Def(pr; oy, §) is canonically isomorphic to

Liez\//svl ®OS LieOA/S,l @ LieZ\//S’Z ®OS LieZ/S,z .
The natural map Def(y, S) — Def(pr; oy, $) is induced by the natural maps

Im(¢y. 1)/ @5 /5. > HIR(A/S)] [@h )5y = Lieh g

(@3 5.2/ IM(42))" = @30 /5 = Liejv/s2 -

It follows that %ef(y, S ) = Def(pr oy, S ) is injective. To prove the formula for
Ny, (Shy ,—1), we apply the arguments above to affine open subsets of ¥;. We see
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easily that
Ny, (Shy 1) = Liedy 4 ®Oy Coker(qb”"“’) @ Liey , ®@Y Im(¢umv
~ (Hl/V 1(7_[(17))) QV~ 1(H§p))
® (F(H")/H2) @ (HIN(B/ Y3/ F(H))"
Here, the last step uses (4.7.2) and the isomorphism
Im(¢}"3") = H{®(B/Y))3/ Ker(@!5") = HIN(B/Y))3/F(H)”).

(2) By statement (1), pr; . induces an injection of tangent spaces at each closed
points of Y; .. To complete the proof, it suffices to prove that 77 ; ; induces injections
on the closed points. Write z = (B, A, ) € Shoyn([l_:p). Assume y; and y; are two
closed points of Y; , with 7;(y;) =m;(y2) = (A, A, n). Let ¢1, ¢ : B — A be the
isogenies given by y; and y,. Then the quasi-isogeny ¢ 2 = ¢, o) e Endp, (B)o
satisfies the conditions of Lemma 4.13 for N = 1. Hence, we get ¢; » = idp, which
is equivalent to y; = y,. This proves that 7; , is injective on closed points.

(3) The proof resembles the work of Vollaard and Wedhorn [2011]. Since all the
points of Sho,,,([l_:p) are supersingular by Remark 3.7, it is clear that the image of
each pr; lies in the supersingular locus of S_hL n—1- SUppose now we are given a
supersingular point x = (A, A, n) € Shy ,_1(F,). We have to show that there exists
(B, 2, n') € Shy,, and an isogeny ¢ : B — A such that (A, A, n, A, n’; ¢) lies in
Y; forsome 1 < j <n.

Consider

Lo = (D(A)[1/p])F =P = {a € D(A)[1/p] | F*(a) = pa}.

Since x is supersingular, Lg is a Q ,2-vector space of dimension n by the Dieudonné—
Manin classification, and D(A)S[1/p] = Lg ®q 2 W([Fp)[l/p We put £ =
(LgN D(A) ) ®z 2 W([Fp) and 5" F(E") c D(A)2 Thus &° = 5° &) 5" is a
Dieudonné submodule of D(A)°. We claim that £° contains pD(A)° as a submodule.
Then applying Proposition 3.2 with m = 1, we get an O p-abelian variety (B, A’, )
together with an Op- isogeny ¢:B— Awith¢”olog = pA. Itis easy to see in this
case that (A, A, n, B, X', n’, ¢) defines a point in ¥; with j = dlm[F (D(A)2/25'2

It then suffices to prove the claim that pD(A)° C &°. Suppose not, then
D(A)° SZ (1/p)5°. Consider M; := D(A)i/&';’ for i = 1, 2. For any integer o > 0,
its p“-torsion submodule is

Milp"1= (D n ;—aéf)/é;’.

It follows easily that

M,-[p““]/M,-[p“]s(p &0 (D +—5 ) #éﬁ.
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On the other hand, the Kottwitz’s signature condition implies that both F and
V: fD(A)‘l’ — @(A); have cokernel isomorphic to [_F,,, and both F and V : gf — 5‘5
are isomorphism. Therefore, the two induced morphisms

FandV: M, - M,

are injective and both have cokernel isomorphic to Fp. It follows that the induced
maps on the graded pieces

1

Fand V: <W€’f N (f)(A)cf + #Ef»/%gf

1 oo ~ o 1 oo 1 oo
= (Wsz N (B + ng))/ﬁsz (4.14.1)
are injective maps, and are isomorphisms for all & > 0 except for exactly one a.!”
The assumption ZND(A)0 g 1/ p)gO implies that there are at least two o > 0 for
which the right hand side of (4.14.1) is nonzero. So there exists & > 0 such that

(4.14.1) are isomorphisms of nonzero F,-vector spaces. Multiplication by p* gives
isomorphisms:

Fand V: (%E‘f N (P DAy +7)) - (%é; (P DA +5)). @142
Now, Hilbert 90 theorem implies that L' = ((1/p)E; N (p*D(A)S +éf))F "=P in fact
generates the source of (4.14.2). On the other hand, it is obvious that ' C g and
L' C p“f?(A)‘l’ +£‘f - f)(A)‘]’. This means that [/, and hence Lg N D(A)S, generates
the entire (1/p)ESN(p*D(A)S+E7), i.e., one has (1/p)EXN(pD(A)S +E7) = &7
But this contradicts with the nontriviality of the vector spaces in (4.14.1) by our
choice of «. Now the proposition is proved. ([

Corollary 4.15. The morphism pr (resp. pr,) is a closed immersion, and it identi-
fies Y1 (resp. Y,) with the closed subscheme of Shy ,_1 defined by the vanishing of
Vit , w;&’f (resp. V15 | — w;{s”’%).

Proof. We just prove the statement for pr;, and the case of pr,, is similar. Let Z; be
the closed subscheme of Sh; ,,_; defined by the condition that V : “’ZV,z — wi{g{’ ;
vanishes. We show first that pr; : ¥y — Shy ,_; factors through the natural
inclusion Z; < Shy ,—;. Let y = (A, A, n, B,X,n’, ¢) be an S-valued point
of Y;. By Lemma 4.6, Im(¢ ) has rank n — 1 and contains both w?W/s,z and
F(HldR(A/S)‘f’(p)), which are both Og-subbundles of rank n — 1. This forces
W50 = F(HldR(A/S)T’(p)), and therefore V : @4 5, — wZ’V(‘/’;’l vanishes. This
shows that pr,(y) € Z;.

1Twe point out that, for (4.14.1), F is an isomorphism if and only if V' is an isomorphism, because
this is equivalent to requiring the source and the target to have the same dimension.
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To prove that pr; : Y1 — Z; is an isomorphism, as Y is smooth, it suffices to show
that it induces a bijection between closed points and tangent spaces of Y; and Z;.
For any perfect field k containing [ >, one constructs a map 6 : Z; (k) — Y (k)
inverse to pr; : Y1(k) — Z;(k) as follows. Given x = (A4, A, n) € Zi(k). Let
EO = D(A)° and 82 C D(A)2 be the inverse 1mage of a)Av/k , C D(A)z/pD(A)2
Then the condition that y € Z; implies that 5° @ 55 is stable under F and V.
Applying Proposition 3.2 with m = 1, we get a tuple (B, 2/, n’, ¢) such that y =
(A, A, n, B, ), 0, ¢) € Y1(k). It is immediate to check that x — y and pr, are the
set theoretic inverse of each other. It remains to show that pr; induces a bijection
between Ty, y and T7, . Proposition 4.14 already implies that we have an inclusion
Ty, y <> Tz, x <> Tsn,,_, x- It suffices to check that dim TZl x =n — 1. The tangent
space Tz, . is the space of deformations (A k n) over k= k[€1/(€?) of (A, A, 1)
such that V : a) i — a)oAv(p ]3 . a):‘v(f ,Z | Bk k vanishes. This uniquely determines
the lift &v , = @%v ;. . So by deformation theory (Theorem 3.4), the tangent space
Tz, x is determined by the liftings &fv | = v i | of @fv . 1. Soitis of dimension
n — 1. This concludes the proof of the corollary. ([

4.16. Geometric Jacquet—Langlands morphism. Let £ # p be a prime number.
For 1 < j <n, the diagram (4.2.1) gives rise to a natural morphism

_ _ pr’ i n— _
JL; HO(Sho e, Qp) —> HO(T;, @) =25 H2" "V (Shyer, Qe(n—1)), (4.16.1)

where pr; , is (2.10.1), whose restriction to each Hg(Yjﬁ Q) forze N (I]_:p) is the
Gysin map associated to the closed immersion Y; ; < Shy ,,_;. Itis clear that the im-
age of JL; is the subspace generated by the cycle classes of [Y; ;] € A""1(Shy ,_1)
with z € Sho,n([_Fp). According to [Helm 2010], J£; should be considered as a
certain geometric realization of the Jacquet-Langlands transfer from Gg , to G ,—1.
Putting all the JL; together, we get a morphism

JL=Y " JL; @Ht(Shon,Qg)—)Hezt("_l)(S_hl,n,l,@g(n—l)). (4.16.2)

J Jj=1

Recall that we have fixed an isomorphism G ,_1(A*) =~ G ,(A*>), which we
write uniformly as G (A®). Denote by #(K?, Q;) = Q¢[K? \ G(A®P)/KP] the
prime-to-p Hecke algebra. Then the homomorphism (4.16.2) is a homomorphism
of #(K?, Q;)-modules.

For an irreducible admissible representation 7 of G(As), we write 7 =77 @7,
where 7 ? (resp. 7)) is the prime-to-p part (resp. the p-component) of 7.

Lemma 4.17. Let m; and my be two admissible irreducible representations of
G(A®), and (r;, s;) fori = 1,2 be two pairs of integers with 0 < r;, s; < n and
ri+si=ry+so mod 2. Assume that | satisfies Hypothesis 2.5 with a, = (ry, 1),
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and there exists an admissible irreducible representation 73 o of G (r,.5,)(R) such
that my ® T2 o is a cuspidal automorphic representation of G, s,)(A). If JTiD and
nzp are isomorphic as representations of G(AP**°), then 71 , >~ 13 p, and w5 @ M2 o
admits a base change to a cuspidal automorphic representation of GL, (Ag) X AXO;

in particular, w, satisfies Hypothesis 2.5 for a, = (r2, $3).

Proof. By assumption on 7y, there exists an irreducible admissible representation
71,00 Of G+, 5,)(R) such that 71 ® 71, 1s a cuspidal automorphic representation of
G, s, (A), which base changes to a cuspidal automorphic representation (I, x1)
of GL,(Ag) x AEO. On the other hand, by [Shin 2014, Theorem 1.1], there exists
always a base change of 7y ® >  to an automorphic representation (I, x2) of
GL,(Ag) x AEO. The base changes (I1;, x;) with i = 1, 2 satisfy the following
properties:

o I1; is conjugate self-dual,

« for every unramified rational prime x, the x-component of (I1;, ¥;) depends
only on the x-component of ; and

o if 7 p = 7i,0 ® 7; p as representation of G(Q,) ~ QF x GL,(Ey), then I1; ,, =
(Tip ® ﬁifp) as a representation of GL, (E ® Q,) = GL, (E}) x GL,(E}), and
Vi p =Tio ®7Ti,_01 as a representation of (Eo ® Qp,)* = Q; x Q. Here, ﬁifp
denotes the complex conjugate of the contragredient of 7; .

As nlp ~ 7'[2p , (ITy, Y1) and (I, ¥r») are isomorphic at almost all finite places.
By the strong multiplicity one theorem for GL, [Jacquet and Shalika 1981], we
have (I1y, Y1) =~ (I1p, ¥»); in particular, (ITo, ¥) is cuspidal. By the description
of (I; p, ¥ p), it follows immediately that 7y , >~ w3 ). O

Let sk be the set of isomorphism classes of irreducible admissible representa-
tions 7w of G(A*) satisfying Hypothesis 2.5 with a, = (0, n). In particular, each
7 € A 1is the finite part of an automorphic cuspidal representation of G, (A).

We fix sucham € dg. Let

n
Tl + @ HYSho . @o)xr = Hg" ™V (Shy o1, Qe — 1))z
i=1

denote the homomorphism on the (77)X”-isotypic components induced by JL,
where for an #(K”, Q;)-module M we put

Myr :=Homy g, g, (@)X, M) @ "X,

Then Lemma 4.17 implies that 7 is completely determined by its prime-to-p part.
Hence, taking the m”-isotypic components is the same as taking the m-isotypic
components. We can thus write M, instead of M, for a #(K, Qg)-module M.
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Recall that the image of JL, is included in Hz(" ])(Shl a1, Qe(n — 1)
which is the maximal subspace of H, (" 1)(Shl a1, Qg (n — 1)), where the actlon
of Gal([Fp /F,2) factors through a ﬁnlte quotient. Note that, at this moment, it is not
clear if the target of 7L, is nonzero. But this will follow from the proof of our
main Theorem 4.18 below.

Our main result claims that this inclusion is actually an equality under certain
genericity conditions on 7,. To make this precise, write 7, = 7,0 ® 7y as a
representation of G(Q,) ~ Q7 x GL,(Ey). Let

m : Wa, = GLa(Q)

be the unramified representation of the Weil group of Q> defined in (2.6.1). It
induces a continuous £-adic representation of Gal(F,/F,2), which we denote by
the same notation. Then p, (Frob ) is semisimple with Characterlstlc > polynomial
(2.6.2). Usmg this, we get an explicit description of H, (" ])(Shl net, @e(n — 1)),
and H (Sho 2 Q¢)x in terms of Pr, by (2.4.1) and (2. 6 3).

We can now state our main theorem.

Theorem 4.18. Fixam in Ag. Let Oy 1sems Oy, be the eigenvalues of P, (Frob p2)-
(1) If @ny 15 0x, 0 are distinct, then the map JLy is injective;

(2) Let my ,_1(w) (resp. mg (7)) denote the multiplicity for m appearing in
Theorem 2.6 for a,= (1, n—1) (resp. for a,= (0, n)). Assume that my ,_1(7w) =
mo,, () and that ox, i /0z, ; is not a root of unity for all 1 <i, j <n. Then
the map

N/ @ §(Shon. Qo) — Hey" ™ (Shy oy, Qu(n — 1)

is an isomorphism. In other words, H (" 1)(Sh1 ne1, @( (n— 1))hn is generated
by the cycle classes of the lrreduable components of Y; for1 < j <n.

The proof of this theorem will be given at the end of Section 6.

Remark 4.19. The equality m ,_;(w) = mg ,(r) is conjectured to be true ac-
cording to Arthur’s formula on the automorphic multiplicities of unitary groups,
and is known to hold when 7 is the finite part of an automorphic representation
of G1,-1(A) whose base change to GL,(Ag) x AEO is cuspidal, and G ,— is
quasisplit at all finite places. See for instance [White 2012, Theorem E].

On the other hand, Theorem 4.18(1) gives partial results towards the equality
mi p—1(w) =mp (). Indeed, when combining with Kottwitz’s description 2.6 of
the m-isotypic components of the cohomology groups, Theorem 4.18(1) implies
(under the assumption that the Satake parameters of 7, are distinct) that m ,,—y () >
mo,, (r) without using Arthur’s trace formula. If we use only the fact that JC,
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is nonzero (which is an easy consequence of our computation of the intersection
matrix in Theorem 6.7), we get the implication mg , () # 0 = m; ,—1 () # 0.

5. Fundamental intersection numbers

In this section, we will compute some intersection numbers on certain Deligne—
Lusztig varieties. These numbers will play a key role in the computation in the next
section of the intersection matrix of the cycles Y; on Shy ,_;.

Notation 5.1. Let X be an algebraic variety of pure dimension N over [_Fp. For an
integer r > 0, let A" (X) (resp. A, (X)) denote the group of algebraic cycles on X of
codimension r (resp. of dimension r) modulo rational equivalences. If ¥ € X is a
subscheme equidimensional of codimension », we denote by [Y] € A" (X) the class
of Y. We put A*(X) = @iv:o A" (X). For a zero-dimensional cycle n € AV (X), we
denote by

deg(n) = f n
X

the degree of n. Let V be a vector bundle over X. We denote by ¢, (V) € A" (X)
the r-th Chern class of V for 0 <r < N, and put c¢(V) = Zflzo ¢, V)t in the free
variable 7.

5.2. A special Deligne—Lusztig variety. We fix an integer n > 1. For an integer
0 <k < n, we denote by Gr(n, k) the Grassmannian variety over [, classifying
k-dimensional subspaces of F;‘f". Given an integer k with 1 <k <n, let Z ,ﬁ") be the
subscheme of Gr(n, k) x Gr(n,k — 1) whose S-valued points are isomorphism
classes of pairs (L1, L), where L and L, are respectively subbundles of (’)?" of
rank k and k — 1 satisfying L, C Lgp ) and Lép ) C L (with locally free quotients).
The same arguments as in Proposition 4.4 show that Z ,im is a smooth variety over
[, of dimension n — 1. We denote the natural closed immersion by

i : Z" < Gr(n, k) x Gr(n,k—1).

Let £; and £, denote the universal subbundles on Gr(n, k) x Gr(n,k — 1)
coming from the two factors, and Q; and Q) the universal quotients, respectively.
When there is no confusion, we still use £; and Q; for i = 1, 2 to denote their
restrictions to Z\". We

P put

& =Li/LPYV LY &L\ /Lr)®or P, (5.2.1)

which is a vector bundle of rank n — 1 on Z ,ﬁn). (This vector bundle is modeled on
the description of the normal bundle Ny, (Sh; ,—1) in Proposition 4.14(1), which is
how our computation will be used in the next section; see Proposition 6.4.) We have
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the top Chern class ¢, (&) € A"~ V4 ">) We define the fundamental intersection

number on Z< " a

N, k) = / , cnm1(E0). (5.2.2)
V4

k
The main theorem we prove in this section is the following:
Theorem 5.3. For integers n,r withQ <r <n, let
ny _ @' -D@"" =D (@ =1
(+),= (@@= =D

be the Gaussian binomial coefficients, and let d(n, k) = 2k — 1)n —2k(k — 1) — 1
denote the dimension of Gr(n, k) x Gr(n,k —1). Then, for 1 <k <n, we have

min{k—1,n—k}
No b= Y - 25)pd<n_28’k_8)<’§> . (5.3.1)
]72
8=0
Remark 5.4. We point out that this theorem seems to be more than a technical
result. It is at the heart of the understanding of these cycles we constructed.

Proof. We first claim that N(n, k) = N(n,n+1—k) for 1 <k <n. Let (L, L)
be an S-valued point of Gr(n, k) x Gr(n,k—1),and Q; = O?”/L,- fori =1,2be
the corresponding quotient bundles. Then (L1, L>) — (Q5, Q7F) defines a duality
isomorphism

0:Gr(n, k) x Gr(n,k—1) = Gr(n,n+1—k) xGr(n,n —k).

Since L(p) CLj(resp. Lo < L(p)) is equivalent to Q7 C Q (P) (resp. to Q1 (P) O
9 1nduces an isomorphism between Z;" ™ and Z" le _¢- Itis also direct to check that

= 0*(Ey+1-k). This verifies the clalm. Now since the right hand side of (5.3.1)
is also invariant under replacing k by n + 1 — k, it suffices to prove the theorem
when k < $(n+1).

We reduce the proof of the theorem to an analogous situation where the twists
are given on one of the L;. Let Z ") be the subscheme of Gr(n k) x Gr(n,k—1)
whose S-valued points are the 1som0rphlsm classes of pairs (Ll, L2) where L1 and
L are respectlvely subbundles of O?” of rank k and k — 1 satisfying LyCLand
L(p ) C L. The relative Frobenius morphisms on the two Grassmannian factors

1nduce two morphisms

¢ ¢

(n) 5 (n) (n)
Zk” an ( an )(p)

(L1, Ly) —— (LE”), L)

(Ly, Ly) — (Ly, i;p)),
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such that the composition is the relative Frobenius on V4 ,§">. Using a simple defor-
mation computation, we see that ¢ has degree p"* and ¢ has degree p*~!. Let Ly
and £, denote the universal subbundles on Gr(n, k) x Gr(n, k — 1) when restricted
to Z ,im; let Q; and O, denote the universal quotients, respectively. We put

e A DD o PP P 7 .
E=(L1/Ly VLY "D (L1/L2)® 9T, (5.4.1)

which is a vector bundle of rank n — 1 on Z ,§">.
Note that

~ 2 2
0 &) =LV @ L @ (L /L) @ QP

Comparing with &, we see that ¢, _ (go*(g’k)) = pkilcn_l (&), where the factor

p*~1 comes from the Frobenius twist on the first factor. Thus, we have

[ 1@ =tegn) ! [ et @)
Z(ﬂ) Z<n>
k k
=p" / P en1E) = p T TIN G ). (5:4.2)
Zk

Sinced(n —28,k—8)+2k—n—1=2(k—86—1)(n —k — 6+ 1), the theorem is
in fact equivalent to the following (for each fixed k). U

Proposition 5.5. For 1 <k < (n+1)/2, we have

k—1
a2y _ _1yn—1 _ 2k—8—1)(n—k—8+1) (T
/zw 1@ = (=1 Y —28)p (5)p2. (5.5.1)

k 5=0

Remark 5.6. Before giving the proof of this proposition, we point out a variant of
the construction of Z ,i"). Let Z,’f") be the subscheme of Gr(n, k) x Gr(n, k —1)
whose S-valued points are the isomorphism classes of pairs (L, I:/z), where I:’l and
Z/z are res?ectively subbundles of O?" of rank k and k — 1 satisfying l~/2 - I:’l and
Z/z - Z’I(P ) (Note that the twist is on L as opposed to be on L/). This is again a
certain partial-Frobenius twist of Z ,im; it is smooth of dimension n — 1. Define the
universal subbundles and quotient bundles £/, £}, Q}, and Q) similarly. We put

=Ly oL " L) (@H .
Using the same argument as above, we see that, for every fixed ,

[ eri@= "N b,

Z
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Note that the exponent is different from (5.4.2). So Proposition 5.5 for each fixed k
is equivalent to

k—1

SN o qyn—1 . 2(k—8)(n—k—38) (¥
é/<,z>c"_l(gk)_( 1)n Z(n 28)1) ’ (5) 2’

k §=0 p
as2(k—8)(n—k—-8)=dn—25,k—68)+n—2k+1.
Proof of Proposition 5.5. We first prove it in the case of k = 1,2 and then we
explain an inductive process to deal with the general case.
When k =1, Z, AR clasmﬁes a line subbundle L1 of (’) with no additional

condition (as Ly is zero) o) Z ~pr-land £, = Opn-1(—1). The vector bundle
& isequal to £; ® Q*. Itis stralghtforward to check that

c(&) = (1+c1(Opr-1(—1)))"  and hence /:()cn_l(g’l):(—l)"_ln;
Zn

1

the proposition is proved in this case.
When k = 2, we consider a forgetful morphism
lﬁ . Zén) — Z(n) (Z], iz) = Zz.

This morphlsm is an isomorphism over the closed points x € Z >([F ) for which
L2x # L(p ). because in this case L1 , 1s forced to be L2x + L(p ). On the

other hand for a closed point x € Z ">([Fp) where L2x = L(p ), ie., for x €

”>(|]: 2) E P l(I]: »), ¥~ 1(x) is the space classifying a line L1 in IFEB”/LZ x5 SO
(/2 1(x) ~ P"~2. A simple tangent space computation shows that v is the blowup
morphism of V4 Yl) =Pl atall of its [ 2-points. We use E to denote the exceptional
divisors, which is a disjoint union of ( ) , copies of P2,

Note that the vanishing of the morphism £, — £/ C(p ) defines the divisor E
(as we can see using deformation); so

Oz (B) = Ly /2 @ 5.
Put n = c1(Ly) = Y*c1(Opr-1(—1)) and & = ¢ (E). Then
(&) = (L1 /LYY @YD) - (L1 /L) ® OF)
=(I—E+@P* =D -(L+E+p™ )" /AL+E+ (P> = D), (5.6.1)

where the computation of the second term comes from the following two exact
sequences

0— (L£1/L2) ® Qf — (L1/L2)®" — (L1/L2) ® L} — 0;
0— OZ;’” — (L1/L2) @ L} — (L1/L2) ® L5 — 0.
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Note that f y&'n/ =0 unless (i, j) = (n—1,0) or (0, n — 1), in which case

n—1_ . 1\n—1 n—1_ . nfN
/zwn = (="' and fzémg =( 1)(1>p2.

2
Here, to prove the last formula, we used the fact that the restriction of O (E) to
each irreducible component P"~2 of E is isomorphic to Ops-2(—1). So it suffices
to compute

o the £"~!-coefficient of (5.6.1), which is the same as the £"~!-coefficient of
(1—&)(1+&)"!and is equal to 2 — n; and

n—1 n—1

o the "~ "-coefficient of (5.6.1), which is the same as the "~ '-coefficient of
(1+(p*=Dn)(A+p*n)"/(1+(p>— 1)) = (1+ p*n)" and is equal to np>*~ 1.

To sum up, we see that

/ erm1E) = ("D e -m(Y)
Zén) p2
which is exactly (5.5.1) for k = 2.

In general, we make an induction on k. Assume that the proposition is proved
for k — 1 > 1 and we now prove the proposition for k£ (assuming that k < -2 Lin+1)).
By Remark 5.6, we get the similar intersection formula for 512 L on Z

&y — (—1)*! - _ 2(k—8—1)(n—k—8+1) (1
[, en1Gp=c1 ;(n 2)p (8) 5:62)

2
k—1 P

We consider the moduli space W over [,» whose S-points are tuples (L1, L, =
L/z, 3) where L1, L, and L’ are respectlvely subbundles of O?” of rank k, k — 1
and k —2 satisfying L’3 cL,cL;and L’ L(p )¢ L. Itis easy to use deformation
theory to check that W is a smooth variety of dimension n — 1. There are two
natural morphisms

%2/ \\//23

Zm 71 (01D (5 LY.

(L, Ly =L, L)

Let E denote the subspace of W whose closed points x € W([Fp) are those such
that L2 y = L(p ) , l.e., Lz x 18 an [ »-rational subspace of F9" of dimension k — 1.
It is clear that E is a disjoint union of ( & )p2 copies (corresponding to the choices
of Zz) of Pr—k x k=2 (corresponding to the choice of I:l and Zg respectively). It
gives rise to a smooth divisor on W.

For a pomt X € (W \E )([Fp) we have Lz x F L(p ) and hence it uniquely deter-
mines both Ll » and L3 ; 80 Y2 and yrp3 are 1somorph1sms restricted to W\ E. On
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the other hand, when restricted to E, 1/, contracts each copy of Pr—k « Pk=2 of E
into the first factor " ~%; whereas /23 contracts each copy of P"~* x PX=2 of E into
the second factor P*=2. Tt is clear from this (w1th a little bit of help from a deforma-
tion argument) that v, is the blowup of zn Y along Y12(E) and yrp3 is the blowup
of Z 1 along 3 (E); the divisor E is the exceptional divisor for both blowups.

A simple deformation theory argument shows that the normal bundle of E
in W when restricted to each component P x P2 is Opni (—1) ® Opi—2(—1).
Moreover, we can characterize E as the zero locus of either one of the following
natural homomorphisms

B iy — L1 Ly, L) By — L1 /I
So as a line bundle over W, we have
~ (12 ~ ~ ~ ~ ~ ~ ~(n2
Ow(E) = (L /2™ @ (L1/L2) = (Lo/ L)™' @ (L1 /L).
We want to compare
f 180 = / en1 (U5 (&) and
Z} w

) (5.6.3)
[ o1 = [ amwi@ .
z" w

k— I

We will show that they differ by (2k —n — 2)(—1)" (kfl)p2 and this will conclude
the proof of the proposition by inductive hypothesis (5.6.2). Indeed, we have

c(Wh@E0) = (L1 /2 @ L) - ¢((£1/L2) ® OF). (5.6.4)
(WGl ) = (BT @ L) - (B2 ® 057, (5.6.5)

where Q; and Q, are the universal quotient vector bundles. Consider the following
two exact sequences where the two last terms are identified:

~ 2
OW(E)®(£1/£(‘” 1LY

0 — (Lo/Ly) ' ®Ly — (La/Lh)~ @L(”)—>(cz/£/) 1®(£(”)/£/)—>0

E

0 — (£1/L)®DF — (L1/L)®5 ") — (£1/L2)® (25" 10t —> 0.
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Here the right vertical isomorphism is given by

(E1/L2) ® (D577 107 = (L1 /L) ® (L /2L )™
= (/25 © Ow(E)) & ((E2/Ey) ® O (E)) ™
= (Lo/Ly) " ® (LY 1LY).

From these two exact sequences we see that

B2/ B @ 1) - c(OwEY @ (2Y /25 @ 0y )
=c((£1/L2)® Q}) - c(Ow(E)® (L /L) ®Z§p2)).

Comparing this with (5.6.5) and (5.6.4), we get

-1 (Wi EN) — 1 (W33 p)

= (a1 (B/EY ) OLY )~ Ow (EYS (L /LY ) O L)) ot (£1/ L) ® 25

—ekal(La/ B L) (rmirt (B VL@ DS ) —ri OW(E)R (LS ) L) 025 7).

Recall that E is the exceptional divisor for the blow-up ¥|» centered at a disjoint
union of [D” k. 50 ¢1(E) kills 1//12(A’ (Z<'1 )) fori >n—k+1. Similarly, c; (E) kills

V(A (Z )) for i > k — 1. As a result, we can rewrite the above complicated
formula as

cn1 (U (&) — en1 (W35 (EL_)))
= —c1(EY" 2|5 - cak (L1/L2) @ OF) + cka(La/ L)' @ LL) - c1 (E)"H| &

= (=D*"enk (L1/£2) @ QD lyn(py + (= D" crma(L2/ L) ™" @ L) lyns -
For the first term, over each P" % of Y12(E), it is to take the top Chern class of the
canonical subbundle of rank n — k twisted by Op»—« (—1); so the degree of the first
term is (—1)*"¥(n —k + 1) on each P"*, Similarly, for the second term, over each
P*=2 it is the top Chern class of the canonical subbundle of rank k — 2 twisted by

Opi—2(—1); so the degree of the second term is (=D*2(k — 1) on each P*~2 To
sum up, we have

/ch_lwf‘z(ék))— fwcn_1<w;3<é,1_1>>
_ (_1)k—1(_1)n—k(n_k+1)<kﬁ l)p{"(—l)"_k(—l)k_2(k— 1)(kﬁ 1>p2

= (— 1Y =2k +2) (kf 1)p2' (5.6.6)
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So by the inductive hypothesis,

_/Z('” Cn—l(ék) (Sg?)) /W cn—l(Wl*Z(ék))

k
5

(5.6.6) . a1 n
< /ch_1<wz3<5k))+<—1> n-2%+2(, ")

.6. ~ _ n
“@f a1 (&) +(—=1)" 1(n—2k+2)< )
Zk@l k—1 P2

k—2
_ 1yl _ 2(k—8—1)(n—k—5+1) (T
= O ey (5),:

+(=1)"" 2k +2)<kﬁ1)p2

p

k—1
_ o 1yn—1 . 2(k—8—1)(n—k—5+1) (1
= (=) 52(:)(” 28)p (8)p2.

This shows the statement of the proposition for k£ and hence concludes the proof. [

6. Intersection matrix of supersingular cycles on Shy ,_{

Throughout this section, we fix an integer n > 2 and keep the notation as in Section 4.
We will study the intersection theory of cycles Y; for 1 < j <n on Shy ,,_; considered
in Section 4. For this, we may assume the following:

Hypothesis 6.1. We assume that the tame level structure K7 is taken sufficiently
small so that Lemma 4.13 holds with N = 2.

6.2. Hecke correspondences on Shy ,. Recall that we have an isomorphism
G(Q,) ~ @; x GL,(Ey) = @; x GL,(Q,2).

Put K, = GL,(Of,) and K, = Z; x K. The Hecke algebra Z[ Ky, \ GL,, (Ey) /K]
can be viewed as a subalgebra of Z[K, \ G(Q,)/K,] (with trivial factor at the
Q -component).

For y € GL,(E}), the double coset T,(y) := K,y K, defines a Hecke correspon-
dence on Shg ,. It induces a set theoretic Hecke correspondence

Ty(y) : Sho u(Fp) = S(Sho ., (Fy)),

where S (Sho,n(ﬂ_:p)) denotes the set of subsets of Shoyn([_Fp). By Remark 4.12,
Sho,n([l_:p) is a union of #Xker' (Q, Go.n)-isogeny classes of abelian varieties. Fix a
base point zg € Sho,,,(l]_:p). Let

0, : 150g(20) <> Gou(@)\ (GA®P) x G(@,))/K” x K,
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be the bijection constructed as in Corollary 4.11. Write K,y K, = [[,; viKp.
If z € Isog(zp) corresponds to the class of (g7, g,) € G(A™F) x G(Q),) with
gp = (&0, &) then T, (¥)(z) consists of points in Isog(zg) corresponding to the
class of (g7, (gp,0, gpyi)) foralli € I.

Alternatively, T;,(y) has the follow%ng description. Write z=(A, A, ), and let L,
denote the Z ,>-free module ﬁ(A)?’F =P Then a point 7 = (B, X', ) € Sho,,,([l_:p)
belongs to 7, (y)(z) if and only if there exists an Op-equivariant p-quasi-isogeny
¢ : B'— B (i.e., p"¢ is an isogeny of p-power order for some integer m) such that

(1) ¢7ohogp =1

(2) ¢pon'=n,
3) ¢« (1) is alattice of L,[1/p] =1, ®Z,,2 Q 2 With the property: there exists a
Z -basis (e, - . ., ey) for L; such that (ey, ..., €,)y 18 a Z 2-basis for ¢, (Ly).
When y = Diag(p“, ..., p*) with a; € {—1, 0, 1}, For given z and 7/, such a ¢ is

necessarily unique if it exists, by Lemma 4.13 (with N = 2). Therefore, T,(y)(z)
is in natural bijection with the set of Z -lattices L’ C [L.[1/p] satisfying property
(3) above.

For each integer i with 0 <i <n, we put

T\ = T,(Diag(p, ..., p, 1,..., ).
—_—
i n—i
By the discussion above, one has a natural bijection

T,"(2) = {Ly S LA1/pl| pl, S Ly S L, dime , (L /L) =)

for z € Sho,n([l_:p). Note that Tp(o) =1id, and we put S, := Tp("). Then the Satake
isomorphism implies Z[K, \ GL,(Ep)/Kp1 = Z[T,", ..., T," ", 8,, 5;11. More
generally, for 0 <a < b <n, we put
R = T,(Diag(p?, ..., p*, p, . .. D).
———— —

I pa 17
a b—a n—>b

Note that Réo’i) = Tp(i), and Ré”’b) Sy !'is the Hecke operator
T,(Diag(p, ..., p, 1,..., 1, p~L ... p7h).
—_— —,—— —,—,—,—,——

a b—a n—b
For the explicit relations between Ré“’b) and Tp(i), see Proposition A.1.

6.3. Refined Gysin homomorphism. For an algebraic variety X over [_Fp of pure
dimension N and any integer r > 0, we write A,(X) = AY~"(X) to denote the
group of dimension r (codimension N —r) cycles in X modulo rational equivalence.
Recall that the restriction of pr;: Y; — Shy,_jtoeach Y forz e Sho,n([_Fp) and
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1 < j <n is aregular closed immersion (into ﬁll,n_ 1). There is a well-defined
Gysin homomorphism

pri: Ap 1) > A(¥) = @ Ao¥;2). (6.3.1)
z€Sho  (Fp)

whose composition with the natural projection Ao(Y ;) — Ao(Y; ;) is the refined
Gysin_ map (pr; |yj‘z)! defined in [Fulton 1998, 6.2] for regular immersions. Let
X C Shy ,—1 be a closed subvariety of dimension n — 1. Consider the Cartesian
diagram

Y F— hl,n—l-
Assume that the restriction of gx to each Y 2 XShy X with z € Shy, n(ﬁ )is a
regular closed immersion as well. Then pr ([X) € Ao(Y ) can be described as

follows. Put Ny, .(Shy 1) :=pr’(Tg, .~ )/ Ty, ., and we define Ny, g x(X)
in a similar way. ‘We define the excess vector bundle as ‘

EXjz, X) = g;fof,z(ﬁl,n—l)/Nxf,zx@l - x(X).

This is a vector bundle on Y , XSk, . X. Let r be its rank function, which is equal
to the dimension of Y Xgp,,_, X on each of its connected component. Then the
excess intersection formula [Fulton 1998, 6.3] shows that

pri((XD= > cr(E(Y)z, X)), (6.3.2)
z&Shg , (Fp) Yj’zxﬁl,nflx
where ¢, (£(Y; ;, X)) is the top Chern class of £(Y; ,, X) over Y , XSk, X. The

integration should be understood as the sum over all connected components of
Y. XSh, X of the degrees of ¢, (£(Y; ., X)).

Propositlon 6.4. Leti, j beintegerswithl <i <j<nandz,7 € Sho,n([ﬁp).

(1) The subvarieties Y; , and Y ; of §11,n—1 have nonempty intersection if and
only if there exists an integer § with 0 < § < min{n — j, i — 1} such that
7 e R;(,J_hL(S"Z_‘S)Sp_1 (2), or equivalently 7 € R,S,‘S’nﬂ_ré)Sp_1 (z'), where Réa’b)
and Sy, are the Hecke operators defined in Section 6.2.

(2) Ifthe condition in (1) is satisfied for some &, then Y; ; X ST Y} 2 is isomorphic

to the variety Z "+l j=28) deﬁned in Section 5.2. Moreover the excess vector
bundles E(Y; ;, Y . Z/) and E(Y 1, Y; ;) are both isomorphic to the vector bundle
(5.2.1) on Z"H =)
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Proof. Let (B;, A;, n;) and (B,, A/, 1,7) be the universal polarized abelian varieties
on §10,n at z and 7/, respectively. Then Y; , XShy oy Vi is the moduli space of
tuples (A, A, n, ¢, ¢") where ¢ : B, — A and ¢’ : B, — A are isogenies such
that (A, A, n, B;, A;,n;,¢) and (A, A, n, By, ny, ¢') are points of ¥; . and Y »
respectively.

Assume first that Y; , Xsh, ., Yiz is nonempty, and let (A, A, 7n, ¢, @) be an
[F -valued point of it. Denote by @4 %S D(A)? ¢ for k =1, 2 the inverse image of
S, = C H®(A/F,); D(A)k/pD(A)k We identify D(B,)¢ and D(B,)§ with
their images in D(A)° % via ¢, 4 and ¢ 4 x. Then we have a diagram of inclusions
of W([Fp) -modules:

D(B.);
y \ (6.4.1)
~ 5 —j—8 ~ ~
pPA = @5, , S DB N DB, D(B,); + D(B); "= D(A);.
\ j—i+s
@(Bz’ T

Here the numbers on the arrows indicate the [l_:p—dimensions of the cokernel of the
corresponding inclusions, which we shall compute below. By the definition of Y;
and Y;, we have

dimg (D(A)] /D(B,)S) = dimg Coker(¢,1) =i — 1,
and similarly, dimﬁp (f)(BZ/)‘i" / J)Zv’l) =n — j. Therefore, if we put
§ = dimg (D(B.)} + D(B.)})/D(B.); = dimg D(B.)7/(D(B,); ND(B.)S),

we have 0 < 8 <min{i — 1, n — j}. Moreover, the quasi-isogeny ¢, , = ¢~ 0 ¢’ :
B, — B, makes B, an element of Isog(z). We identify L. defined in (4.11.1) with
a Z -lattice of L;[1/p] via ¢ ; «1. Then

dimg , (L, NLy)/pL, = dimg (DB N DB/ pDB); =n+i—j 8.

Take a sz—basis (e1,...,e,) of L; such that the image of (e;_;1541,...,€,) in
L./pl, form a basis of (L, NL.)/pl, and such that p~le, 541, ..., p~'e, form a
basis of (L, +L,)/L;. Then

-1 -1
(Pely ..., Pejits, €j—itstls - -1€n—5, P €n—ssls---, D €n) (6.4.2)

is a basis of L/, that is 7’ € Réj_iﬁ’"_s)Sp_l(z) according to the convention of
Section 6.2.
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Conversely, assume that there exists § with 1 < § < min{i — 1, n — j} such
that the point 7’ € R,(JJ 7’”’"78)5; !(z). We have to prove statement (2), then the
nonemptiness of Y; , XShy o Vi will follow automatically. Let ¢/ , : B, — B, be
the unique quasi-isogeny Wthh identifies ;; with a Z »-lattice of L;[1/p]. By the
definition of R(j —iHdn— ‘S)S_1 there exists a basis ey, ..., e, of L, such that (6.4.2)
is a basis of /. One checks easily that p(L; +L,) C [LZ NL,. We put

My = (DB NDB}) / (DB} +D(B);)
for k =1, 2. Then one has
dimg (My) = dimg , (L. VL) /p(Le + L) =n+i—j—28.

The Frobenius and Verschiebung on D(B,) induce two bijective Frobenius semilinear
maps F: M| — M> and V=1 M, — M,. We denote their linearizations by the same
notation if no confusions arise. Let Zs(M,) be the moduli space which attaches
to each locally noetherian [I_:p—scheme S the set of isomorphism classes of pairs
(L1, Ly), where L1 C M, ®[’F,, Og and L, C M, ®|ﬁp Oy are subbundles of rank i —§
and i — 1 — § respectively such that

L,cFILY), v'aycL,.

Note that there exists a basis (g1, ...,k nti—j—26) of My for k =1, 2 under which
the matrices of F and V ~! are both identity. Indeed, by solving a system of equations
of Artin—Schreier type, one can take a basis (¢1,¢)1<¢<n4i—j—2s for My such that

VI (F(e10) =61y forall 1<€<n+i—j—26.

We put e3¢ = F(g1,¢). Using these bases to identify both M, and M, with Fp*' 7/~ 2

it is clear that Zs(M,) is isomorphic to the variety Z "+’ 7=2) considered in
Section 5.2.

We have to establish an isomorphism between Zs(M,) and Y; , XShy s Y; . Let
(L1, Ly) be an S-point of Zs(M,). Note that there is a natural surjection

(DB NDBR/PDB) ®5, Os — My ®, Os.

We define H,  for k =1, 2 to be the inverse image of L, under this surjection. Then
H i can be naturally viewed as a subbundle of D(B,); ®[F Og ofrank i +1—k, and
we have H,» C F(H(p)) and V— 1(H(p)) C H since the pair (L1, L,) verifies
similar properties. Therefore (L1, Ly) = (B;s, Azs, 02,5, Hz.1, H; 2) gives rise to
a well-defined map ¢; . : Zs(M,) — Y] _, where (B; s, A5, 11;.5) is the base change
of (B;, A, n;) to S. Similarly, we have a morphism (p;.’z, 1 Zs(M,) — Yj’.’z, defined
by (L1, L2) — (By.s, Ay.s, nz.s, Hy 1, Hy 2), where Hy i is the inverse image of
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Ly under the natural surjection:
(DB NDBY/ PDB}) ®, Os — My &, Os.
By Proposition 4.8, we get two morphisms
Giz: Zs(M,) = Y, @iz Zs(M) = Y
We claim that pr; og; . = pr; og; -, so that (¢; ., ¢, /) defines a map
¢:Zs(M.) = Yio xg, Y.

Since Y; ; XShy oy Vi is separated, the locus where pr; og; , coincides with
prj o). is a closed subscheme of Zs(M,). As Zs(M,) is reduced, it is enough to
show pr; _((p,-, ((x)) =pr ; (¢},-(x)) for each closed geometric point x = (L1, L) €
Zs(M,)(Fp). Let (A, A, n, B;, Az, nz, ¢) and (A", A, 0, By, Ay, né,, ¢’) be respec-
tively the image of (L1, L) under ¢; ; and ¢; ... To prove the claim, we have to
show that there is an isomorphism (A, &, ) = (A’, ', ') as objects of Sh; ,,_.
We identify D(B;), D(A), D(A’) with W (F,)-lattices of D(1,)[1/p] via the quasi-
isogenies ¢, . : By — B,, ¢! : A — B, and ¢;12 o¢’: A’ — B,. Then by the
construction of A (cf., the proof of Proposition 4.8), D(A){ and CZ)ZV,I fit into the
diagram (6.4.1) such that there is a canonical isomorphism

L= &%,/ p(DB)] +D(B.)3)
< (DB ND(B.)3) / p(D(B.); +D(B.)S) = M. (64.3)
Similarly, we have

Ly = p@y o/ p(D(B)3 +D(B.)3)
< (D(B.)sND(B.)3)/ p(D(B.)3 +D(B.)3) = Ma. (6.4.4)

It is easy to see that such relations determine D(A) uniquely from (L1, L;). But
the same argument shows that the same relations are satisfied with A replaced
by A’. Hence, we see that the quasi-isogeny f induces an isomorphism between
the Dieudonné modules of A and A’. As f is a p-quasi-isogeny, this implies
immediately that f is an isomorphism of abelian varieties, proving the claim.

It remains to prove that ¢ : Zs(M,) = Y; ; XShy oy Vi is an isomorphism. It
suffices to show that ¢ induces bijections on closed points and tangents spaces.
The argument is similar to the proof of Proposition 4.8. Indeed, given a closed
point x = (A, A, n, ¢, ¢") of ¥; , XShy Y; ., one can construct a unique point
y=(L1, L) of Zs(M,) with ¢(y) = x by the relations (6.4.3) and (6.4.4). It follows
immediately that ¢ induces a bijection on closed points. Let x and y be as above. By
the same argument as in Proposition 4.4, the tangent space of Zs(M,) at y is given by

Ty = (L1/ VL) @ (M /L) @ Ly @ F(LY)/La.
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On the other hand, using Grothendieck—Messing deformation theory, one sees easily
that the tangent space of ¥; ; Xg, ~ Yj - at x is given by

Ty,.xg, ¥y = Homg (@3 1, (DB)] ND(B:)S) /v )
® Hom; (0% ,/(D(B.)3 +D(B)3), DA /@ ).
From (6.4.3) and (6.4.4), we see easily that
o ZLYVTIAY), DB/ = Mi/Ly,
@5,/ (DB +DB) =Ly, DA/6%, =FLYP)/La.

It follows that ¢ induces a bijection between Tz;(u,),y and Ty, x oy Vit This
finishes the proof of Proposition 6.4. U

6.5. Applications to cohomology. Recall that we have a morphism JL; (4.16.1)
for each j =1, ..., n. We consider another map in the opposite direction:
vy H2 D Ghy e, @etn — 1) 2o B2V (75,80 2> HYGho s, B0,
where the second isomorphism is induced by the trace map
Trpy R?(—D pr’ . Q(n—1) = Q.
For 1 <i, j <n, we define

mi.;=v;0JLi HOShg . @) L5 B2 D (Shy ey, Q(n—1)) ~> HO(Sho . Q).

Putting all the morphisms JL; and v; together, we get a sequence of morphisms:
@ 8(Sho, @) 5 HZ" ™" Shyuot, Qeln = 1)
n
S @ HyShos, B0 (65.1)

We see that the composed morphism above is given by the matrix M = (m; ;) 1<, j<n.
and we call it the intersection matrix of cycles Y; on Shy ,_;. All these morphisms
are equivariant under the natural action of the Hecke algebra # (K7, Q). We de-
scribe the intersection matrix in terms of the Hecke action of @g [Ky\GL,(Ey)/Kp]
on H t(Sho s Q).

The group et(Sho,n, @4) is the space of functions on Sho,n([_Fp) with values
in Q. For z € Sho’n([_Fp), let e, denote the characteristic function of z. Then the
image of z under K,y K, for y € GL,(E}) is

[Kpy Kpla(e) = Y e,

ZeTy(¥)(2)
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where T, () (z) means the set theoretic Hecke correspondence defined in Section 6.2.
In the sequel, we will use the same notation 7}, (y) to denote the action of [Kyy K]

on HY(Shy,, Q). In particular, we have Hecke operators T®. Sy, R (a b
Proposition 6.6. For 1 <i < j <n, we have
min{i—1,n—j} N
mi, j = Z N(n+i_j—25,i—8)Rék’+5'”*5)5;1,
5=0
min{i —1,n—j} -
mji= Z Nn+i—j—25,i _5)R;37”+1—J—5)Sfl’
5=0

where N(n+1i — j — 28,1 — 8) are the fundamental intersection numbers defined

by (5.2.2).

Proof. We have a commutative diagram:

_ Pr; . _ pr; _
Ap1(Y)) ——— Ay—1(Shy 1) - Ao(Y) (6.6.1)

! ! ’

n— pr n— v M
et(Yz,@e) H" " D(Shy -, @e(n—l))—>H§( D(y;, Qo).

Here, the vertical arrows are cycle class maps, and pr is the refined Gysin map
defined in (6.3.1). For z € Shy, ,,([F ), the image of e, under m; j is given by

mij(ez) = Ty pr; Gys,, cl([Y;.]) = Ty, (cl(pr'j pr; . [Yi D)

=Trpr/j( > dereanEX, Yin)) (¥ xg, Y,-,Z)>

z/€Sho,, (Fp)

= Z </ CV(Z,Z/)((E‘(YJ"Z/, i,Z)))ez’,
- Yj,z/ XShl,n—] Y’.,Z

z’eShg , (Fp)

where r(z, 2') is the rank of £(Y; ./, ¥; ;), and we used (6.3.2) in the second step.
Indeed, Proposition 6.4(1) says that the schematic intersection Y; ; x5 ¥ o is
smooth, so the closed immersion Y; ; xg; ~ Yj <> Y; is a regular immersion
and the assumptions for (6.3.2) are thus satisfied here.

By Proposition 6.4(1), e,» has a nonzero contribution to the summation above
if and (_)n_ly if there exists an integer 6 with 0 < § < min{i — 1, n — j} such that
7€ Réj AR Sy !(z). In that case, Proposition 6.4(2) implies that the coefficient
of e, is nothing but the fundamental intersection number N(n +i — j — 28,1 —§)
defined in (5.2.2). The formula for m; ; now follows immediately. The formula for
m ; is proved in the same manner. |
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If we express m; ; in terms of the elementary Hecke operators Tp(k), we get the
following.

Theorem 6.7. Putd(n, k) = 2k —1)n—2k(k—1) —1 for integers 1 <k <n. Then,
for1 <i < j<n,wehave

min{i—1,n—j}

mij= Y (=) (ni— j—28) pdHTI R pUTE T m0) g
=0
min{i —1,n—j} o
mj; = Z (—)n itz (n_|_l’_j_25)pd(n+l*]*25,l*5)Tp(s)Tp("'f‘l—]—a)S;l‘
=0

Proof. We prove only the statement for m; ;, and that for m;; is similar. By
Proposition A.1 in Appendix A, the right hand side of the first formula above is

min{i —1,n—j}

Z (_l)n-‘rl—i—j(n +l _] _28)pd(n+i—j—25,i—3)

§=0
) . .
n4+i—j—25+2k (mit+8—k,n—8+k) o—1
’ Z k Ry Sp
P2
k=0

min{i—1,n—j}

_ (j—i4r,n—r) a—1
= > R St
r=0

Here, we have put r = 6 — k, and the expression * in the parentheses is

min{i —1—r,n—j—r}
* = o (=) (i — j—2r = 2k)
k=0

4

d(nti—j—2r—2k,i—r—k) (”—i‘i —Jj=2r )
k p2

=Nmn+i—j—2ri—r).

Here, the last equality is Theorem 5.3. The statement for m; ; now follows from
Proposition 6.6. U

Example 6.8. We write down explicitly the intersection matrices when 7 is small.

(1) Consider first the case n = 2. This case is essentially the same as the Hilbert
quadratic case studied in [Tian and Xiao 2014], and the intersection matrix can be

written:
(D
M:( (_1)2171 Ty )
I,'S," —2p
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(2) When n = 3, Theorem 6.7 gives

(1) 2

3112) 1 _21(71? 2 Tp Y]
M=\ -2pT,~'S; 3p* + 71, T, S_ —2pT,
T(l)S 1 _2pT(2)S 1 3p2

(3) The intersection matrix for n = 4 can be written:

2T(1) 7@ 73

—4p? 3p —2pT, p

3P2T(3)Sp_l 417 2pT(1)T(3)S 1 3p4T(1)+T(2)T(3)Sp_ Tp(z)
2pT(2)S 3p4T(3)S +T(1)T(2)S 1 4p 2pT(1)T(3)S 1 3 2T(1)
T(I)Spl _2pT(2)S 1 3 ZT(3)S— _4p3

6.9. Proof of Theorem 4.18(1). Letr € Ak as in the statement of Theorem 4.18(1).
Consider the (7?)K p-isotypic direct factor of the #(K?, Qy)-equivariant sequence
(6.5.1):

Jcrr n— oL —
eB 0Sho,u, Qe)rr 2 Ha ™V (Shy i, Qe(n — 1)

@ HS(Shou, Qp)rr. (6.9.1)
j=1

In particular, when i = j = 1, vy 0 JL; is given by multiplication by —np"~!. So
the 7 ”-isotypic component of (6.9.1) is nonzero. This implies that 7 ” appears in
H 2n— 1)(Sh1 a—1, @¢(n — 1)), i.e., there exist admissible irreducible representations
np of G1,,-1(Q)) and 7, of Gy ,—1(R), which is cohomological in degree n — 1,
such that 7” ® 7, ® 7}, is a cuspidal automorphic representation 7’ ® 75, of
G1.,-1(Ag). By Lemma 4.17, 7’ ~ 7 satisfies Hypothesis 2.5(2) for a, = (1, n —1).
Thus, taking the 7 ”-isotypic component of (6.9.1) is the same as taking its -
isotypic component. From now on, we use subscript 7 in places of subscript 7 ?.

If agl) denotes the eigenvalues of T( D on npK " for each 1 <i < n, then T(l) acts
as the scalar a ) on all the terms in (6 9.1). Therefore, v; o JL, is given by the
matrix M, Wthh is obtained by replacing T(l) by a(l) in each entry of M. By
definition, the .z, ; are the roots of the Hecke polynomlal (2.6.2):

X" + Z(_ l)ipi(ifl)a’gi)xnfi )
i=1
Then Theorem 4.18(1) follows easily from the following.
Lemma 6.10. We have
0021 [1; - (@i =y )
—1

(H?:l a”p~i)n
Here, + means that the formula holds up to sign. In particular, v; o JL; is an
isomorphism if the oy, ; are distinct.

det(M;) = :I:p
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Proof. Put i =, ;/p" ' for 1 <i <n. Fori =1,...,n, lets; be the i-th
elementary symmetric polynomial in B1, ..., B,. Then we have @)’ = p'®~s;. 1t
follows from Theorem 6.7 that the (i, j)-entry of M, with 1 <i < j <n is given by

min{i—1,n—j}
mijr)=s" > (=D n4i—j—26)
=0

 plnHi= 20,0 =8)+(j=i+8) (n+i— =) +5(n—8)

Sj—i+8Sn—6-
A direct computation shows that the exponent index on p in each term above is
independent of 8, and is equal to e(Z, j) :==(n+1)([i+j—1)— (i%>+ j?). The same
holds when i > j. In summary, we get m; ; () = sn_lp"(i’j)mgyj(n) with

in{i—1,n—j i .. cr e
o ‘(ﬂ):{ s (i = = 28)sjiasua, 10 <,
" T )y =i = 28) S5 jimss (>

For any n-permutation o, we have

n

2
—1
Y el o (i) = ne D)
, 3
i=1
Thus we get det(M,) = p”(”z_l)/ 3sn_ n det(m;’ ; (7r)). The rest of the computation is
purely combinatorial, which is the case ¢ = —1 of Theorem B.1 in Appendix B. [J

Remark 6.11. We point out that the determinant of the intersection matrix com-
puted by Theorem B.1 holds with an auxiliary variable g. A similar phenomenon
also appeared in the case of Hilbert modular varieties [Tian and Xiao 2014], where
the computation was related to the combinatorial model of periodic semimeanders.
These motivate us to ask, out of curiosity, whether there might be some quantum
version of the construction of cycles, or even Conjecture 2.12, possibly for the
geometric Langlands setup.

6.12. Proof of Theorem 4.18(2). Given Theorem 4.18(1), it suffices to prove that
ndim HY(Shg . @¢)x > dim H3" " (Shy,_1, Q(n — 1), (6.12.1)

Actually, by (2.4.1) and (2.6.3), we have

H2(Sho 1, Q)r =X @ R(0.0).0(70), H" P (Shy 1, Q) =7% QR n—1),e().

Write 71, = 7, 0 ® 7 as a representation of G(Q,) ~QF x GL,(Ey). Let xz,,
Gal(F,/F,2) — Q, denote the character sending Frob > to 7 o( p?), and let P,



Tate cycles on some unitary Shimura varieties mod p 2269

be as in (2.6.1). According to (2.6.3), up to semisimplification, we have

[R(0.n).¢(0)] = #ker' (Q, G n)mo., () (6.12.2)
[A" Py ® x|, ® Qe (500 — D)],
[Riin—1).e(m)] = #ker! @, G1n—1)mon(m) (6.12.3)

[0, ® A", @ X7 ! @ Qe (3(n — D(n—2))].
Note that

(n—l)z(n—2) ))ﬁ“

. _ — nn—1)
— Z dlm(,Onp @ A" Ipnp)Frobpz P C’
¢

dim(,o,,p ® /\"_1/0,,p ® Xﬂ_]jo ® @e<

where the superscript “fin” means taking the subspace on which Gal([_F,, /F,2) acts
through a finite quotient, and ¢ runs through all roots of unity. If ar, ; /e, ; is not
a root of unity for any pair i # j, the right hand side above is equal to the sum of the
multiplicities of ]_[7: | Oy i = p"=D¢ as eigenvalues of (o, ® Al pr,) (Frob ),
which is n. Therefore, under these conditions on the O, is WE have by (6.12.3)

dim R(1 u—1),e (7)™ < n-#ker' (Q, Gy u—1) - my o1 (70),

and the equality holds if Frob 2 is semisimple on R ,—1),¢(7w). On the other hand,
we have from (6.12.2)

dim R(o )¢ (7) = #ker' (Q, Go ) - mo (7).

By a result of White [2012, Theorem E], the multiplicity m,_ () above is equal to 1
fora,=(1,n—1) and a, = (0, n). Now the inequality (6.12.1) follows immediately
from this and the fact that #ker! (Q, Gin-1) = #ker' (Q, Go,n). This finishes the
proof of Theorem 4.18(2). O

7. Construction of cycles in the case of G(U (r, s) x U(s, r))

We keep the notation of Section 3.6. In this section, we will give the construction
of certain cycles on Shimura varieties for G (U (r, s) x U (s, r)). We always assume
that s > r.

7.1. Description of the cycles in terms of Dieudonné modules. Let § be a nonneg-
ative integer with § < r. We consider the case of Conjecture 2.12 when n =r +,
ay=r, ap=s, by =r—34, and b =s+46. The representation r,, of GL, involved is

Fa.= A" StA® A* Std.
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The weight A of Conjecture 2.12 is

A=@2,...,2,1,...,1,0,...,0).
—— — e e —

-

r—3s s—r+28 r—3s

By elementary calculation of representations of GL,,, the multiplicity of A in r,,
is my (a,) = (‘Y_r;z‘s). Then Conjecture 2.12 thus predicts the existence of (*~" ;23)

cycles Y; on Sh, s, each of dimension
3(dim Sy s + dim Sh, _s 545) = 3 (2rs +2(r — 8)(s +8)) = 2rs — (s —r)§ — &7,

and each admits a rational map to Sh,_; ;4s. The principal goal of this section is to
construct these cycles, at least conjecturally. We start with the description in terms
of the Dieudonné modules at closed points.

Consider the interval [r — §, s + 8]; it contains s — r 4+ 2§ unit segments with
integer endpoints. We will parametrize the cycles on the Shimura variety by the
subsets of these s —r 4-2§ unit segments of cardinality §. There are exactly (‘Y_r 5+25)
such subsets. Let j be one of them. Then we can write the union of all the segments
in j as

L1, j12lU L2, j2.21U- - Ulje s Je 2l (7.1.1)

such that all j, ; are integers,
r=0=<ji11<j2<j21<j22<-<]je1<Jje2 =<5+,

and we have Zzzl (Jo.2 — Ja,1) = 6. For notational convenience, we put jo; =
Joo2=0. )

We define Z; to be the subset of [,-points z of Sh,; such that the reduced
Dieudonné modules f)(AZ)‘f and ZB(AZ)S contain submodules &, and & satisfying
(3.2.1) form =¢, ie.,

PDACE, FE)CE, and V(E) Sy, fori=1,2,
and the following condition for i =1, 2:

f)(AZ)lO/g’l ~ (W(u_:p)/pé)@jl,i ® (W(u_:p)/pE—l)@(jz,i—jl,i) D --
P (W(H_:p)/p)@(je,i_je—l,i). (7.1.2)

We refer to the toy model discussed in Example 7.3 for the motivation of this
condition. For technical reasons, we will not prove the set Z; is the set of [l_:p—points
of a closed subscheme of Sh, ;; instead we prove that a closely related subset of Z;
is. See Remark 7.5.

Applying Proposition 3.2 with m = §, the submodules &; and &, give rise to a
polarized abelian variety (A, A.) over z with an Op-action and an O p-equivariant
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isogeny A’ — A.. Moreover, by (3.2.2), we have

e—1
dimafy, o =dimog, o+ (€ =) art1 = o) = (€= @) (ur12~ ja2))
e a=0
and similarly dim wj\;v JE, 2= s+46. So A’Z satisfies the moduli problem for Sh,_; s4s;
this suggests a geometric relationship between Z; and Sh,_s ;15 that we make
precise in Definition 7.4.

We make an immediate remark that when § = r, the abelian variety .4, coming
from a point z of Z; is isogenous to an abelian variety A’ that is a moduli object for
the Shimura variety Shy ,. Thus both A’ and A; are supersingular. So every Z; is
contained in the supersingular locus of Sh; 5. In fact, we shall show in Theorem 7.8
that the supersingular locus of Sh, ; is exactly the union of these Z;.

7.2. Towards a moduli interpretation. We need to reinterpret in a more geometric

manner the Dieudonné-theoretic condition defining Z;. Fora =0, ..., €, we define
submodules

~ ~ . 1 = ~ ~ . 1 =

a1 :=D(A)TN F& and &y :=D(A)N——&

of ﬁ(AZ)j’ and f)(.Az)g. They are easily seen to satisfy condition (3.2.1) with m = «.
Thus, Proposition 3.2 generates a polarized abelian variety (A, A,) With Op-action
and an Op-equivariant isogeny A, — A;, where

o

Fo 1= dirna)zv/[ﬁ =T > (Jw2— jor1) and
al " pe /

o'=l (7.2.1)

J— — 7 o
AYE2 = n—dimao

Sq ;= dimw AV 1

by the formula (3.2.2). In particular ro =r, so =5, re =r — 6 and sc =5 + 6.
In fact, applying Proposition 3.2 (with m = 1) to the sequence of inclusions

E=EiC&1iC--C&,;=D(A)S,
we obtain a sequence of isogenies (each with p-torsion kernels):
A=A L A 2=t 5 A0 = A, (7.2.2)

We have ker ¢, C Aq[p], so that there exists a unique isogeny ¥y : Ay—1 —> Aqy
such that Yoy = p -ida, and ¢q ¥y = p -idy,_,.
For each «, the cokernel of the induced map on cohomology

Guni : HR(Ag/F))? — H®(Ag-1/F));
(resp. Yuxi : HIR(Ag—1/Fp); — HR (A, /F))?)
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is canonically isomorphic to E'a_l, i /E’M- (resp. E‘a, i/ pc‘?a_l,i), which has dimension
Ja.i (t€sp. n — jo i) over [_F,7 by a straightforward computation using (7.1.2).

The upshot is that all these numeric information of the chain of isogenies (7.2.2)
can be used to reconstruct & inside @(Az)f. This idea will be made precise after
this important example.

Example 7.3. We give a good toy model for the isogenies of Dieudonné modules.
This is the inspiration of the construction of this section. We start with the Dieudonné
module D(A.); = Bi_; W(Fy)e; and D(A)3 = @, W(F,) f;. The maps Vi :
D(Ae)] — D(Ae); and Vo : D(A); — D(Ae)], with respect to the given bases,
are given by the diagonal matrices

Diag(1,...,1,p,..., p) and Diag(l,...,1,p,..., p),
N — —_—— ——
s+4 r—3§ r—34 s+36

respectively. Using the isogenies ¢, we may naturally identify @(Aa);? as lattices
in f)(Ae)lf’[l / p] with induced Frobenius and Verschiebung morphisms. For our toy
model, we choose

- o 1 1 1

D(Aa)l = SpanW(pr) {Fel, cees pe—ol ejaﬂ_l , pe—a—l eja+1_l+1, ey Wejwz_l s
;e 1’”',le~ 1e' 17"’9en ;
pe_a_z ]a+2,l+ p Je,1 ]e,l+

~ o 1 1 1 1

D(Aq); = Spany {Ff“'"’ peativar peat izt et i

1 1
pE—Ot—2‘f‘ja+2,2+l’ e ;‘f}e.2"f}e.2+l [ fn }

In particular, the Verschiebung V; : fD(AO,)Cl’ — @(Aa)g with respect to the bases
above is given by

Diag(1,..., 1, %%*---x%x, p,..., p),
—— —

Jat1.1 r—3é

where the * % part is p if the place is in [jy.1 + 1, jo.2] for some o’ > &, and is 1
otherwise. Similarly, the Verschiebung V> : D(A); — D(Ay)] with respect to the
bases above is given by

Diag(1,...,1, p, ..., p,ksxk---k%k, p,..., p),
A,—/g_\f_.z N———

r—34 Jo+1,1—T7+8 n_jaeyz

where the * % * part is 1 if the place is in [jy.1 + 1, jo.2] for some &’ > «, and is p
otherwise.
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So the sheaf of differentials is given by

o — Span- 1 | r
@y f, = SPang, pe_ael,..., e er,g,—pe_a eja,1+1,...,_pe_a €.
1
pefaflejaﬂ.l-‘-l"“’;ejefl.reje,ﬁ-l’""eje.z}7
1 1 1
o [— - ——— — .
wAZ/fF,,,Z _Span[F { =1 pe Ol‘fJoHrl I pe—a— lfja+1 2+1"“’p€7a71'fja+2.1’

1 1
Wfia+z,l’---’ ;f}s.l’f/e.2+1"“’fS+5—1}‘

Definition 7.4. Let j be as above. Define the numbers j,; as in (7.1.1) and the
numbers r,, s, as in (7.2.1). Let Y; be the functor taking a locally noetherian
[F 2-scheme S to the set of isomorphism classes of tuples

(AO’"'7A€’)\'Oa---’)\'6,7707---9n€a¢1’---7¢€’w1"'~aWE) (741)

such that:

p

(1) for each &, (Ay, Ay, 1) is an S-point of Sh,,  ;

(2) for each «, ¢, is an Op-isogeny A, — Ay—1, With kernel contained in A,[p],
which is compatible with the polarizations in the sense that pAy =@, 0Ay—10¢q
and with the tame level structures in the sense that ¢, 0 1y = ng—1;

(3) ¥y is the isogeny Ay,—1 — Aq such that ¢, = p-ida, and Yy ¢y = p-idy

a—1 ;
(4) the cokernel of the induced map ¢S%, ; : H{R(A/S); — HR(Ay—1/9)7 is a

locally free Og-module of rank jg ; for eacha andi =1, 2;

(5) the cokernel of the induced map Vfg,li,i : HldR(Aa_l/S)l‘.’ — HldR(Aa/S)l? is a
locally free Og-module of rank n — j, ; foreach o andi =1, 2,18

(6) for each «, Ker((;ﬁdR 1) 1s contained in w3 /¢ 5

(7) for each «, the (ry—1 —ry + re + 1)-st Fitting ideal of the cokernel of d) :

o,x,1 °

oy Ay /s 2 is zero, or equivalently, Zariski locally on S, if we rep-

1/s 1
resent the map qﬁa w1 a)Av/S e a) by an rq_] X re-matrix (after

choosing local bases) then all (r, — re 1) X (rq — re + 1)-minors vanish.

(8) the (r, —re +1)-st Fitting ideal of the cokernel ofw el a)Av Sl — wAv/S |
is zero for each «.

Note that conditions (6)—(8) are all closed conditions. So the moduli problem
Y; is represented by a proper scheme Y; of finite type over F,.. The moduli
space Y; admits natural maps to Sh, ; and Sh, 5 s by sending the tuple (7.4.1) to

18This is in fact a corollary of (2) and (4).
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(Ag, Ao, no) and (A, Ae, ¢ ), respectively.

- Yj v
Shr,x Shr—S,s+3

We also point out that conditions (2) and (3) together imply that, for each o and
i =1, 2, we have Im(wgi’i) = Ker(qbgi’i) and Im(qﬁgi,i) = Ker(wgi’i). We shall
freely use this property later.

Remark 7.5. Conditions (6)—(8) in Definition 7.4 are satisfied by the toy model in
Example 7.3. They did not appear in moduli problem in Section 4.2 because they
trivially hold in that case. The purpose of keeping these conditions in the moduli
problem and carefully formulating them is so that the moduli space may hope to have
the correct irreducible components. We think the picture is the following: Z; is prob-
ably or at least heuristically the set of [_Fp-points of a closed subscheme of Sh, ;. But
this scheme has many irreducible components, which may have overlaps with other
Zjr. Conditions (6)—(8) will help select one irreducible component that is “special”
for j. When taking the union of all images of the Y;, we should still get the union of
the Z;. This is verified in the case of supersingular locus (i.e., r = §) in Theorem 7.8.

Notation 7.6. Let Y; as above. It will be convenient to introduce some dummy
notation:

e ¢ is the identity map on Ao;

e . is the identity map on Ae.

We use Yj° to denote the open subscheme of Y; representing the functor that takes a
locally noetherian [ ,2-scheme S to the subset of isomorphism classes of tuples

(A09-",A€7)"07"'9)"€7n01--"n€’¢17-~"¢€7w1""7w€)
of ¥;(S) such that

(i) for each « = 1, ..., ¢, the sum ¢a,*,2(a)j‘v/5,2) + Ker(¢glil’*’2) is an Og-
subbundle of H ldR(Aa_l /)5 of rank

rank way/s,2 — rank Ker(qﬁgi,z) + rank Ker(qﬁgffl’*’z) =So — Ju2 + Ju—1.2,

(i) foreacha =1, ..., ¢, Ker(¢gi’1) +Ker(1ﬁg§1,*vl) is an Og-subbundle of rank

rank Ker(gg", ) + rank Ker(gs | , 1) = jo.1 + (7 — jat1,1),

dR . o
(iii) for each «, the cokernel of (ba?*’] PORys) T @

Ogs-module of rank ro_| — (rg —re),

dR . o
a1 - @Ay /s

(e}

A s is a locally free
a—1/">

(iv) for each «, the cokernel of
Og-module of rank r, — re.

R .
— Wy 18 2 locally free
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We note that the ranks in conditions (i) and (ii) are maximal possible and the ranks in
conditions (iii) and (iv) are minimal possible, under the conditions in Definition 7.4.
So Y7 is an open subscheme of Yj.

We point out an additional benefit of having conditions (ii)—(iv). By (iii),
a)Av/S | ﬂKer(qb 1) is an Og-subbundle of a)Av/S , of rank r,, fora =1, , €;
by (iv), wAV/S | ﬂKer(w ot 1) is an Og-subbundle of a)Av/S , of rank ro — e, for
a=0,...,e—1. Comblmng these two rank estimates and condition (ii) which
implies that Ker(¢>a % 1) and Ker(y R ar1.41) are disjoint subbundles, we arrive at a
direct sum decomposmon

fora =1,. — 1; and we know that a)Av/S 1N Ker(lﬁl .. ) hasrank ro —re =46
and a)Av/S | € Ker(qbfli -

We shall show below in Theorem 7.7 that Yj° is smooth. Unfortunately, we do not
know how to prove the nonemptiness of Yj°, nor do we know if some Y; is completely
contained in some other Y;; but the fact that the Dieudonné modules in Example 7.3
satisfy conditions (i)—(iv) above is good evidence for this nonemptiness. Of course,
if one can compute the intersection matrix in the sense of Theorem 6.7 and calculate
the determinant, one can then probably show that these Y; are essentially different.
But the difficulties of this computation lie in understanding the singularities at
Yi\ Yj°, which seems to be very combinatorially involved.

Theorem 7.7. Each Y.° is smooth of dimension rs + (r — 8)(s + 6) (if not empty).

Proof Let R be a noetherian F,»-algebra and I C R an ideal such that /2 = 0. Put
R=R / I. Say we want to lift an R-point

(AOa"'5A69)"07---9)"657705---’n€’¢]a---a¢69w1""7‘p€)

of YJ? an Ié—point and we try to compute the corresponding tangent space. By Serre—
Tate and Grothendieck—Messing deformation theory we recalled in Theorem 3.4,
it is enough to lift, for i =1, 2 and each @ =0, .. ., €, the differentials S ay /R S
H®(Ay/R)? to a subbundle &y ; € HI™ (A, /R)° such that

(@) ¢ (Dg.i) C By—1.; and wcr‘s.(wa_l,i) C @y,; (so that both ¢, and ¥, are

ok, 1 o, k,1

lifted, which would automatically imply Ker(¢y) € Aqlp]),
(b) &q,2 2 Ker(gy cris .2, and

(¢) the R—modules Do—1,1/P cris l(wa 1) and @y 1/
rank ro 1 — (Fq — 1e) and ro, re, respectively.

cris

o [(@g—1,1) are flat and of

We shall see that condition (i) of Notation 7.6 is automatic. Also, condition

(ii) already holds: since chris(Ao, / Ié)‘l’ / (Ker(qﬁ;“: 1) + Ker( ;ﬂirsl, w1)) 18 locall}:

generated by jo4+1.1 — je.1 €lements after modulo I, it is so prior to modulo /
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by Nakayama’s lemma. Note that rank of Ker(¢, cris +1) and Ker( ;:i-sl,*,l) and the
number of the generators of the quotient above add up to exactly n; it follows
that Ker(qbgr{: D+ Ker(wgr}f]’*’]) is a direct sum and the sum is a subbundle of
Hcrls( A / R)o

We separate the discussion of lifts at ¢; and ¢, and show that the tangent space
Tyjo is isomorphic to 71 @ 7> for the contributions 77 and 75 from the two places. 'We
first look at g7, as it is easier. Note that condition (b) @y 2 2 Ker(q&;fl:,z) = Im(wgff’z)

automatically implies that 1//31?2(6?)04—1 2) C @g.2; S0 we can proceed as follows:

Step 0: First lift ", 4y /R 02 subbundle &, of H Crls(A / R)2 so that it contains

Ker( ?ifz

Step 1: then lift o9 v JR2 to a subbundle @, of HfriS(Ae_l/Ié)g so that it
contains fﬁ:z(a)6 2) —|— Ker( le %0)

Step(s) «: then lift @S A /R2 to a subbundle &¢_y > of Hfris(Ae_a / 1@)‘2’ so that it

contains d)cr‘m+l w2 (@e—g412) + Ker(¢§“a «2)>

Step e: finally lift to a subbundle &g, of H fris(Ao / Ié)g so that it contains

T (@1.).

At Step 0, the choices form a torsor for the group

AY/R2

Homg (w4 2/ Ker(@X 5), Lieh z») ®x I

the Hom space is a locally free R-module of rank (s¢ — je 2)7e.

AtStepa =1, ..., €, we observe that condition (i) of the moduli problem XJC.’ im-
plies dc—g+1.x Z(U)Av /R, 5) +Ker(¢€ e, ,) is an R-subbundle of HldR(AE_a/R)g
of rank

Se—a+]_je—a+l,2+je—a,2=se—a+(je—a+l,l_je—a,Z) if a=1,...,e—1, (7.7.1)

and of rank 51 — ji» if @ = €. So ¢>C“fx+1 . 5 (@e—g41,2) + Ker (¢ C“S +2) is an R-

subbundle of H Cm(AE —a/ R)2 of the same rank. The choices of the hfts De—a.2
form a torsor for the group

A

Homg (0% g o/ @Beatte2@fe  po) +Ker(@, ,5). Lieh ko) ®r L.

By (7.7.1), this Hom space is a locally free R-module of rank (je—g+1,1— Je—a.2) e—a
ifao=1,...,e —1 and of rank (so — (s1 — j1,2))ro if « = €. This implies that
the contribution 7, to the tangent space Tyjo at ¢o admits a filtration such that the
subquotients are

Hom (wiév_a,z/(ﬁbefaJrl,*,Z(wi\: 2) + Ker(¢€ —a, %, 2))» Lieze_a,z)
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where the A._, are the universal abelian varieties and ¢ 1 «, 2(a) 2) is inter-
preted as zero. In particular, 7> is a locally free sheaf on Y ° of rank

e—1
(S — je)Te + (50— (51 = 1200+ D (emart1,1 — Jema2)Fe—a
a=1
e—1
= (e = jeITe + j1170+ ) ot 1,1 = ju)ra-  (17.2)
a=1

cris

We now look at the place g;. By condition (ii), ¢, ; when restricted to
Ker( ;Tl X, |) is a saturated injection of Ié—bundles; and Cm +1 When restricted
to Ker(¢°m ,.1) 1s also a saturated injection of R-bundles. We ﬁrst recall from the
discussion in Notation 7.6 especially (7.6.1) that, whena =1, ..., € — 1, wi\i JRA

is the direct sum of

oKer¢ ° dR oKeryy . o dR
Wy g = 0xyrg NKer(@y ) and - wyy e =0y p  NKer(Yy 1 1),

which are locally free R-modules of rank r. and r,, — r¢, respectively. Similarly, put

o ,Ker ¢ o,Kery | o,Ker ¢ drR .
4R —Cl)A\//Rl, a)Av/Rl =0, and a)Av/Rl—wAv/RlﬂKer(wly*‘l),
they have ranks r¢, 0, and ro —r¢, respectively. We shall avoid talking about @ A5</e2¢1

(as it does not make sense) but only psychologically understand it as the process

Ker ¢
that enlarges a)Av/R | to a)Av/R 1

Fora =1, ..., ¢, the lift &, takes the form of @, , where the two

dlrect summands are R-subbundles of Ker(¢; cris e 1) and of Ker( crs ), lifting

a+1,%,1
o35 k% and @ Ai(/ Rwl, respectively. Whereas, the lift @1 contains the lift @ i

o,Ker ¢
AJ/R,1
e1(@a,1) € Dg—1,1 and
equlvalent to

Ker¢ Y7 AKerw

of w%
Crl§

as an R-subbundle of Ker(wcml) Now the compatibility conditions

cris .l (@Dy—1,1) C @y.1 together with the condition (c) are

01 @,T ) Syt and Y@L € g

(The condition (c) on ranks of the quotients are also automatic) In particular,
the tangent space 7; has three contributions, coming from the lifts wKeW (for
a=1,...,¢€), from the lifts a)Ker'/’ (for a=0,. e) and from lifting w4 AY/R.1
to an R subbundle @o,1 of H C“S(Ao / R)° contalnlng wO | 'V We shall use TKe“f’
TlKe“/' nd TKM’ ¥ to denote these three parts of the tangent space; and they will
sit in an exact sequence

Ker ¢,0 Ker ¢

0— T, ST - T o1 - 0. (7.7.3)
We first determine the lifts a)Kerd’ fore=1,...,¢€. For c?)lfelrd) it lifts w A5</e;e¢1 as

an R-subbundle of H CrlS(A1 / R)° of rank r (w1th no further constraint). Then due
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to the rank constraint (and the injectivity of 1//““ ; when restricted to Ker(¢<"¥, 1))

the lift @ a) 1 ¢ foreach o =2, ..., € is then forced to be equal to the image

S i AKerqb
Y oo U BT,

So it suffices to consider the choices of the lift c?)felrd) which form a torsor for the

group

o.K 0,K 7
HomR(wAv/e;d)l, Ker((i)l *, 1)/“’A,V/elre?>1) ®r 1.

This Hom space is a locally free R-module of rank
re(J1,1 —7e). (7.7.4)
It follows that the tangent space T1K6r¢ is simply just

HOm((z)o Ker¢ Ker(¢§ﬂi 1)/ o Ker¢

We now determine the lifts c?)Ke”p fora =0, ..., € following the steps below:

Step 0: We start with putting a)Ke“/’ =

Step(s) ez lift 'y |

cris AKer‘ﬂ
¢e oz+l( e—a+l, 1)’

Step €: finally lift @
crm A Ker ¥
w1(@17 7).

0 because wg'?/e}erp] 1s,

~ Ker i . .
toasubbundle w, " of Ker(y:™, +1.4.1) 0 thatit contains

o,Kery

AY /R to a subbundle @ @q | Kery of Ker(wlcrjf 1) so that it contains
¥ %,

At Step a=1,..., ¢, the choices of the lifts (f)ffffl form a torsor for the group

o, K o, K o, K ~
Homp (a)AEVj:/ﬁ |/ Peati e (@) erw/zm)’ Ker(¢g§a+l,*,1)/wAZ,zr/ﬁ,1) ®r 1.

This Hom space is a locally free R-module of rank
((refa —7re) = (Fe—a+1 — re))((n — Je—at1,1) — (Fe—a — re))-

This implies that the tangent space TlKerw admits a filtration such that the subquo-
tients are

Hom (055" [dertoama @5 ) KerWlh /@5 Y).

In particular, TlKerw is a locally free sheaf on Yj° of rank

Z((’"e—a —re) — (Fe—a+1 — re))((” — Je—at+1,1) — (Fe—a — re))
a=1
e—1

:Zo(ro{ _rot—i-l)(sa _jot-i-l,l +re)- (775)
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~ Ker ¢

Finally, we discuss the R-module @o,1 that lifts @°, and contains a)o | we

AY/R1
obtained earlier. The lift is subject to one condition: @ ; C (wfrfl) 1(AKerq&) So

the choices of the lift form a torsor for the group

o o,Keryr 1, oKere o 7
HomR(wAg/R,l/‘”Ag/R,p (% wl) (“’AIV/R,l)/“)Ag/R,l) ®r 1.

This implies that
Ker,0 Ker y 1, oKerdy, o

T, R HOm(wAV /o Aver (1//1 *, D (wAIVir )/C’)Ag’l),
which is locally free of rank

(ro— (ro—ro))((re +n — ji,1) —ro) =re(so+re — ji,1)- (7.7.6)

To sum up, the tangent space Tyo as the direct sum 77 @ T with T sitting in the
exact sequence (7.7.3), is a locally free sheaf of rank given by (7.7.6) + (7.7.4) +
(7.7.5) 4+ (7.7.2), that is,

e—1

re(so+re — ji) FreGia = 1) + Y (ra = Fag1) (S — jat1.1 +7e)
a=0
e—1

+ (se = je)Te + 1170+ Y (ot 1.1 — Ja2)

a=1
e—1 €
=reso+ ) Fa(Se = jar11+7e) = O Fa(Sa—1 = ju1 +re)
a=0 a=1
e—1
+ (Se = je)Te + jraro+ Y (a1, = ju2)ra
a=l

=reso+ro(so — ji,1 +7e) Fre(Se—1 — je,1 +7e) + (Se — je2)Te + 1,170
e—1
+ D ra((Sa = Jat11 +7) = Sam1 = Jot +7) + (a1 — ju2)-
a=1
One easily checks that the first line adds up to r.se + rgsg, and the second line
cancels to zero. This concludes the proof. ([

In the special case of § = r, each abelian variety A, appearing in the moduli
problem of Y; is isogenous to A, which is a certain abelian variety parameterized
by the discrete Shimura variety Shy , and is hence supersingular (by Remark 3.7).
So in particular, the image pr;(Y;) in this case is contained in the supersingular
locus of Sh, ;. In fact, the converse is also true.

Theorem 7.8. Assume 6 = r. The supersingular locus of Sh, g is the union of all
pr;j(¥j).
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Proof. We say a finite torsion W([_Fp)—module has divisible sequence (a1, ay, . . ., ac)
with nonnegative integers a; < - - - < a. if it is isomorphic to

(W(E,)/p)® @ (W (EF,)/p™H® @ @ ... (W(F,)/p)®e ).

The following is an elementary linear algebra fact, whose proof we omit.

Claim: If M; € M, are two torsion W([l_:p)—modules with divisible sequences
(aii,...,ae;) fori =1, 2 respectively, then aq 1 < aqy o foralla =1,... €.

The proof of the theorem is similar to the proof of Proposition 4.14(3), which is
a special case of this theorem. It suffices to look at the closed points of Sh, ;. Let
z=(A;, A, n) € Shr,s([_Fp) be a supersingular point. Consider

Lo = (DASI1/p) T =P = {a e D(A)S[1/p] | F*(a) = pa).

Since x is supersingular, Lg is a Q ,2-vector space of dimension n, and f)(Az)‘l’[l /p]
may be identified with the extension of scalars of Lg from Q> to W(I]_:p)[l /p]. Put

& = LaNDA)) ®z, W(F,) and & =F(E) =V (E) S D(AS.
Then we have
DAL} /& = (W(Fy)/p)® @ (W(F,)/ pH®Pm g ..
@ (W(E,)/p)PUsi—ie1) | (78.1)
for non(}ecreasin~g sequences 0 < ji; < jo; <--- < je;, <n withi =1, 2; in other
words, D(A;);/&; has divisible sequence (j1,;, ..., je,;). Without loss of generality,

we assume that jj | and j;» are not both zero. The essential part of the proof
consists of checking the sequence of inequalities

O0<ji1<j1i2<jp1<jo2<-<je1<Jjep=n. (7.8.2)

We first prove (7.8.2) with all strict inequalities replaced by nonstrict ones.
Indeed, the obvious inclusion F (@(.Az)l‘-’) - f)(Az)g_i implies that

F(D(A)$/&1) = F(D(A)9) /& S D(A)S/E, and
F(D(A,)5/&) = F(D(A,)3)/pE1 € D(A,)}/ péi.

By (7.8.1), the first inclusion embeds a torsion W(Fp)-module with divisible
sequence (ji.1,..., je,1) into a torsion W([_Fp)-module with divisible sequence
(J1.25 - -+» Je2). The Claim above implies that j,; < jy2 foralla =1,..., €.
Similarly, by (7.8.1), the second inclusion embeds a torsion W([_Fp)—module with
divisible sequence (jj 2, ..., je.2) into a torsion W([I_:p)—module with divisible se-
quence (ji1,.-., je1,n). The Claim above implies that j,» < j,+1,1 for all
a=1,...,e—1,and je» <n.
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We now use the construction of Lg to show the strict inequalities in (7.8.2).
Suppose first that j, | = ju2 for some o =1, ..., €. Then it follows that the maps

F, V: <p€—“f>(,4z);’ N %é{’) +E (pé—“f)(Az); N %5’;) +E (783)

are both isomorphisms (due to an easy length computation as 52° =F (gf) = V(E’f)).
By the definition of Lg and E’f, we must have

(repeaninir)+8) " clonbui e,

But this is absurd because the isomorphisms (7.8.3) implies by Hilbert’s Theorem
90 that the left hand side above generates the source of (7.8.3), which is clearly not
contained in &7.

Similarly, suppose that jy2 = jo+1,1 for some ¢« = 1,..., e — 1. Then the
following morphisms are isomorphisms

v (peDasn %ég) FE s (pUDA)SNED + pES. (7.8.4)
since pgf =F (55 )= V(gﬁ’ ) and for length reasons. By the definition of Lg and E’f ,
—o - o oo oo Fol=y-! - o oo
((P6 “D(A)TNED) + P51) CLloNpD(A)] < péy.

(Note that ¢ —a > 1 now.) But this is absurd because the isomorphisms (7.8.4)
imply by Hilbert’s Theorem 90 that the left hand side above generates the target
of (7.8.4), which is clearly not contained in pg’f.

Summing up, we have proved the strict inequalities (7.8.2). So the j,; define
a j as in the beginning of Section 7.1. We now construct a point of ¥; which maps
to the point z € Sh,. ;. Put

1

~ - . 1 = ~ - . ~
got,l = D(AZ)I N Fgl and Sa,Q = D(AZ)Z N ng. (785)

Using the exact construction in Section 7.2, we get the sequence of isogenies of
abelian varieties
Pe Pe—1 ®1

Ac Ay A0=Az,
I!'e I//e—l 1/’1

such that A, together with the induced polarization A, and the tame level structure

N gives an [_Fp—point of Sh,, s, and f)(Ao,);? = S’a,,- foralle and i =1, 2.
Conditions (2)—(5) of Definition 7.4 easily follow from the description of the

quotients @(Az)f /& in (7.8.1). Condition (6) of Definition 7.4 is equivalent to

PD(Aa_1)5 S V(D(AL))).
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By the construction of these Dieudonné modules in (7.8.5), this is equivalent to
p(DeAsn 52) c V(DN 51)

But this follows from pf)(A )2 C VD(A,)S and & = vél. Condition (7) of
Definition 7.4 is equivalent to wjv ¢, 1 N Ker(q&a +.1) having dimension r¢, which
is zero in our case. Translating it into the language of Dieudonné modules, this is

equivalent to

VD(Ay)5 N pD(Ag—1); = pD(Ay)S.

By the construction of these Dieudonné module in (7.8.5), this is equivalent to

(VP3N VE) 1 (pDADT N — 1) = pDOAD; N r

which follows from observing that VD(A, )52 pD(A, )] and V& = pé&,. Condition
(8) of Definition 7.4 is equivalent to w§ Ay B, S Ker(lpﬂ1 1) (note that 7. =0 in
our case). Translating it into the language of Dieudonné modules and using (7.8.5),
this is equivalent to

Vﬁ(Aa_l)g - f)(Ao,)cf, or equivalently,

VDN —L - VE DAY N F),
P p¢

which follows from observing that V@(Az)g c f)(AZ)‘f and V& = p&;. This
concludes the proof. O

Conjecture 7.9. The varieties Y} together with the natural morphisms to Sh,_s 54
and Sh, s satisfy condition (3) of Conjecture 2.12. Moreover, the union of the images
of Yj in Sh, is the closure of the locus where the Newton polygon of the universal
abelian variety has slopes 0 and 1 each with multiplicity 2(r — §)n, and slope %
with multiplicity 2(n — 2r + 28)n.

This conjecture in the case of »r = § = 1 was proved in Theorem 4.18.

Appendix A: An explicit formula in the local spherical Hecke algebra
for GL,

In this appendix, let F be a local field with ring of integers O, w € O be a
uniformizer, F = O/w O and ¢ = #F. Fix an integer n > 1. We consider the
spherical Hecke algebra #x = Z[K \ GL,(F)/K] with K = GL,(O). Here, the
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product of two double cosets u = KxK and v = KyK in H is defined as

u-v:Zm(u,v; w)w,19 (A.0.1)

where the sum runs through all the double cosets w = KzK contained in KxKyK,
and the coefficient m(u, v; w) € Z is determined as follows: If KxK =[[;.; x;K
and KyK = ]_[jej y; K, then

m(u, v; w) =#{(i, j) €I x J | x;y;K =zK for a fixed element z in w}. (A.0.2)
By the theory of elementary divisors, all double cosets Kx K are of the form
T(ai,...,a,) := KDiag(w®,...,o)K for aq; € Zwitha; >a,>---> a,.

They form a Z-basis of #g. We put

TV =71,...,1,0,...,0) for 0<r <n,
——— ——
r n—r
R") =T2,...,2,1,...,1,0,...,0) for0<r<s<n.
e N\’
r S—r n—s

In particular, RO®) =T and T© = [K].
Because of the lack of references, we include a proof of the following:

Proposition A.1. For 1 <r <n, let

(") = (@"=D(@"' =D (g"* = 1)
r/q (=D =D (g =D

be the Gaussian binomial coefficients, and put (g)q =1. ThenforO<r <s <n,

(A.1.1)

min{r,n—s} .
TOTE) — Z <S—’”+2l> RU—is+D)
— i q .
1=

Proof. We fix a set of representatives FCOofF= O/w O which contains 0.
Then we have T =[], g, XK, where S(n,r) is the set of n x n matrices
X = (X j)1<i, j<n such that

« r of the diagonal entries are o and the remaining n — r ones are 1;

o ifi # j,thenx; ; =Ounlessi > j, x;; =1 and x; ; = @, in which case x; ;
can take any values in F.

19 we may also view elements of # g as Z-valued locally constant and compactly supported
functions on GL, (F) which are bi-invariant under K, and define the product of f, g € #g as
(f*xg)x) = fGL,AF) f(y)g(y_lx) dy, where dy means the unique bi-invariant Haar measure on
GL,, (F) with f x dy = L. For the equivalence between these two definitions, see [Gross 1998, p. 4].
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For instance, the set S(3, 2) consists of matrices:

1 00 @ 0 0 @ 00
x1 @ 0], 0O 1 0], 0 w 0},
x31 0 @ 0 x30 @ 0 01

with x2,1, x3,1, x32 € F. We have a similar decomposition TG = ]_[yes(n’s) yK. We
write 7" T®) as a linear combination of T (ay, . .., a,) witha; e Zand a; > - - - > ay,.
By looking at the diagonal entries of xy, we see easily that only R" =) with
0 <i < min{r, n — s} have nonzero coefficients, namely, we have

min{r,n—s}
TOT® = Z C") (n, H)R"™+)  for some C" (n, i) € Z.
i=0
By (A.0.1), C"*)(n, i) is the number of pairs (x, y) € S(n, r) x S(n, s) such that

xyK:Diag(wz,...,wz,w,...,w,};..,I)K.

r—i s—r—+2i n—s—i

In this case, x and y must be of the form

wl,_[ 0 0 ZD'Ir_,' 0 0
x= 0 A 0 , y= 0O B O ,
0 0 Infsfi 0 0 Infsfi

where I denotes the k x k identity matrix, and A € S(s —r + 2i,i) and B €
S(s—r+2i,s —r+i) satisfy AB - GL;_,12;(O) = w I;_,42; GL;_,12; (O). By
(A.0.1), we see that C"%)(n, i) = C s+ (s —r +2i, i ). Therefore, one is reduced
to proving the following lemma, which is a special case of our proposition. U

Lemma A.2. Under the notation and hypothesis of Proposition A.1, assume more-
over that n = r + s. Then the coefficient of RO in the product T T is ('r’)q.

Proof. We induct on n > 1. The case n =1 is trivial. We assume thus n > 1, and
that the statement is true when n is replaced by n — 1. The case of r = 0 being
trivial, we may assume that » > 1. We say a pair (x, y) € S(n,r) x S(n,n —r) is
admissible if xyK = @ I, K. We have to show that the number of admissible pairs
is equal to (’:)q Let (x, y) be an admissible pair. Denote by I (resp. by J) the
set integers 1 <i < such that x; ; = @ (resp. y;; = @ ). Note that (x, y) being
admissible implies that J = {1, ...,n}\ L.

Assume first that x; ; = 1. Then x and y must be of the form x = (i g) and
y=(% g) where (A, B) e S(n—1,r) x S(n — 1, n — 1 —r) admissible. Note that
xyK =wI,K always hold. We have x; | =0 fori ¢ I, and x; | can take any values
in [ for i € I. Therefore, the number of admissible pairs (x, y) with x;; =1 is



Tate cycles on some unitary Shimura varieties mod p 2285

equal to g*/ = ¢" times that of the admissible (A, B). The latter is equal to (":l)q
by the induction hypothesis.

Consider now the case xj,; = . One can write x = (7 2), and y = (i g)
with (A, B) e S(n—1,r — 1) x S(n — 1, n —r) admissible. Put z = xy. Then an
easy computation shows that z; 1 = y; 1 if j € J,and z;; =0 if j ¢ J. Hence,
xyK =w I, K forces that y; ; =0 for all j > 1. Therefore, the number of admissible
(x, y) in this case is equal to that of the admissible (A, B), which is ('r’:{)q by the
induction hypothesis. The lemma now follows immediately from the equality

ny _ ,(n—1 n—1
<r)q_q ( r )q+(r—1>q' =
Appendix B: A determinant formula

In this appendix, we prove the following:

Theorem B.1. Let oy, ..., «, be n indeterminates. Fori =1, ..., n, let s; denote
the i-th elementary symmetric polynomial in the o, and sy = 1 by convention. Let
q be another indeterminate. We put g, = q" ' +q" 3+ .- -4+ ¢'~". Consider the
matrix My, (q) = (m; ;) given as follows:

min{j—1,n—i}

min{i —1,n—j} o ..

[ { §=0 nvi—j—288j—i+sSn—s I =],
i,j — P .
5=0 Gn+j—i—2858Sn+j—i+s Ui > J.

Then we have |
det(M,(q)) = a1 ---ay ]_[<qozi - 504/)-
i#]j
Proof. Let N,,(gq) be the resultant matrix of the polynomials f(x)= ]_[:7:1 (x4+q ')
and g(x) = ]_[?:l(x + ga;), that is, N,(q) is the 2n x 2n matrix given by

so g st g% - ¢ syt g, 0 -0 \
0 so g st ¢ "2 ¢ sue1 ¢S - O

Ny (q) = 0 0 o ... S0 q‘lsl q_252 e g7 sy
" so gs1 g2 o q"lsumt qMsn 0o -~ 0
0 so gs1 - q" %2 ¢ sum1 gy - O

0 0 0 - s gsi  q’sy - q”sn)

It is well known that det(N, (g)) = ]_[i’j(—q_loz,- +qa;). Thus it suffices to show
that det(N,(q)) = (g —q~")" det(M,(¢)).

We first make the following row operations on N,(g): subtract row i from row
n+iforalli =1,...,n. We obtain a matrix whose first column is all 0 except
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the first entry being 1; moreover, one can take out a factor (g — ¢~') from row
n+1,...,2n. Let N, (g) be the right lower (2n — 1) x (2n — 1) submatrix of the
remaining matrix. Then we have

so g 's1 g% 0 ¢ "sym1 g7"se 0 o0
0  so g st g "su—a ¢ s g7 sy 0

N@g=| 0 0 0 s g g7 g
4 q151 9252 383 -+ Gn—1Sn—1  qnSn o -~ 0
0 qis1 @282 -+ Gn-251—2 Gn—-1Sn—1 GuSn --- O

0 0 o .- 0 qis1 q252 -+ QnSn

with det(N,(¢)) = (g —g~")" det(N, (g)). Thus we are reduced to proving that
det(N) (q)) = det(M,(q)). Consider the (2n — 1) x (2n — 1) matrix R = (1”51 g)
with the lower n x (2n — 1) submatrix given by

—q151 —q252 *+ —Gn—15n—1 1 ¢ 7's1 7252 qF " sum2 ¢ s
0 —qis1 = —Gn25p—20 1 q7's; - ¢ s 3 g% "su2
cpy= ¢ .t :
0 0 —q151 0 O 0 1 q_lsl
0 o - 0 0 O o - 0 1

By a careful computation, one verifies without difficulty that RN, (¢) = ( g M*(q)),
where U is an (n — 1) x (n — 1)-upper triangular matrix with all diagonal entries
equal to 1. Note that det(R) = det(D) = det(U) = 1, and it follows immediately

that det(N, (q)) = det(M,(q)). O
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