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Test vectors and central L-values for GL(2)

Daniel File, Kimball Martin and Ameya Pitale

We determine local test vectors for Waldspurger functionals for GL,, in the
case where both the representation of GL, and the character of the degree two
extension are ramified, with certain restrictions. We use this to obtain an explicit
version of Waldspurger’s formula relating twisted central L-values of automorphic
representations on GL, with certain toric period integrals. As a consequence, we
generalize an average value formula of Feigon and Whitehouse, and obtain some
nonvanishing results.
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1. Introduction

1A. Global results. Let F be a number field and 7 be a cuspidal automorphic
representation of GL,(Ar). Let L/ F be a quadratic extension and €2 an idele class
character of L™ such that €2|x = wy, the central character of 7. We are interested
in the central value of the L-function

L(s,m; ®Q)=L(s, T X 0g),

where 77, denotes the base change of m to GL>(Ay) and g denotes the theta series
on GL,(AF) associated to 2. Note this contains the following interesting special
case: when  is trivial, then L(s, 7, ® ) = L(s, w)L(s, m ® ), where n =/
denotes the quadratic character of Ay associated to L via class field theory. Assume

MSC2010: primary 11F67; secondary 11F41, 11F70, 11F66.
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that w, is trivial or . Then €(3, 7, ® Q) = =1, even though 7, ® Q need not be
self-dual (cf. [Jacquet and Chen 2001]). In the case where €(3, 7, ® Q) = —1, the
central value L(% 7 ® Q) = 0. Henceforth, assume e(% L ®Q) =+1.

Let D be a quaternion algebra over F' containing L such that 7 has a Jacquet—
Langlands transfer to an automorphic representation 7" of D*(Ar). We allow for
the possibility that D = M, (F) and 7’ = 7, so there is always at least one such 7’.
Embed L* as a torus 7T inside D*. The period integrals we are interested in are

Pp(¢) = / Q1) dt, (1-1)
Z(Ap)T (F\T(Af)

where ¢ € '’ and Z denotes the center of D> (with dt as in Section 7). If F =Q
and L is imaginary quadratic, then this period simplifies to a finite sum over certain

“CM points”.

When w, is trivial, a beautiful theorem of Waldspurger [1985] states that
|Pp(¢)|? LA, m®Q
D—=c<2>HaU<L,Q,¢)M (1-2)

(@, 9) ) L(1,m, Ad)

for any ¢ € n’. Here (-,-) is a certain inner product on 7’ and the factors
oy (L, 2, ¢) are certain local integrals which equal 1 at almost all places. For
all but one D, Pp =0 for local reasons. Namely, the linear functional Pp factors
into a product of local linear functionals Pp ,. There is a unique D D L for which
all Pp , # 0, and this D is determined by local epsilon factors in work of Tunnell
[1983] and Saito [1993]. Fixing this D, one now gets the nonvanishing criterion:
L(3, 7, ® Q) #0if and only if Pp #0.

It is useful to have a more explicit version of this formula for certain applications
like equidistribution, nonvanishing, subconvexity, p-adic L-functions, etc.; see, e.g.,
[Popa 2006; Martin and Whitehouse 2009; Feigon and Whitehouse 2009; Hsieh
2014]. In particular, it is not even obvious from (1-2) that L(%, T ® Q) >0, as
predicted by the grand Riemann hypothesis. This positivity result was subsequently
shown by Jacquet and Chen [2001] using a trace formula identity.

Explicit versions of (1-2) have been considered by many authors under various
assumptions; see, e.g., [Gross 1987; Zhang 2001; Xue 2006; Popa 2006; Martin
and Whitehouse 2009; Murase 2010; Hida 2010; Hsieh 2014]. These explicit
formulas rely on picking out a suitable test vector ¢ in (1-2). All of these works
rely on the theta correspondence (as did [Waldspurger 1985]), except for [Martin
and Whitehouse 2009], which uses the trace formula identity from [Jacquet and
Chen 2001]. The only assumption in [Martin and Whitehouse 2009] is that & and
2 have disjoint ramification, i.e., for any finite place v of F, 7 and 2 are not both
ramified at v. In this case one has a natural choice for the test vector ¢ from the
work of Gross and Prasad [1991] on local test vectors. In [Martin and Whitehouse
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2009], it was noted that this restriction of disjoint ramification is not essential to
the method and could be removed if one had a reasonable way to define the test
vector ¢ in a more general setting.

The main local results of this paper (see Theorems 1.6 and 1.7 below) are the
existence and characterization of suitable local test vectors in the case of joint
ramification under certain conditions. This allows us to extend the formula of
[Martin and Whitehouse 2009] to these cases. To be precise, for a finite place v
of F, let c(ir,) be the (exponent of) the conductor of w, and c(£2,) be the (exponent
of) the “F-conductor” of Q2 (see (2-19)). Then we make the following assumption:

If v < ooisinertin L and c(my), c(82y) > 0, then we have c(2,) > c(my). (1-3)

In particular, if the level N =[], _., @y ) of 7 is squarefiee, there is no condition
on 2. We note that a consequence of our determination of test vectors is that assump-
tion (1-3) implies that D and €2 do not have joint ramification at any finite place.

Theorems 1.6 and 1.7 below give suitable local test vectors ¢, under assumption
(1-3), which yields the desired global test vector ¢. Here suitable essentially means
that the local test vectors can be described purely in terms of ramification data, and
do not require more refined information about local representations. This is crucial
for global applications. Note that it is not even a priori clear if suitable test vectors
should exist in general.

Let us now describe the L-value formula more precisely. Denote the abso-
lute value of the discriminants of F' and L by A and Ay. Let e(L,/F,) be the
ramification degree of L,/F,. Let Sipert be the set of places of F inert in L.
Let S(;r) be the set of finite places of F where m is ramified, S(2) the set of
finite places of F where Q is ramified, S;(7) the set of places in S(7) where
c(my) = 1 and S>(r) the set of places in S(r) where c(mr,) > 2. Finally, let
So(m) = S2(m)U{v € S1(): L,/ F, is ramified and €2, is unramified}, and denote
by c(£2) the absolute norm of the conductor of €.

Theorem 1.1. Let w be a cuspidal automorphic representation of GL,(Afr) with
trivial central character and Q a character of A; /L*Af. Assume € (% T ®Q) =1
and that T and Q2 satisfy (1-3). Then, with the test vector ¢ € ' defined in Section 7A
and archimedean factors C, (L, 7w, Q) defined in Section 7B, we have

|Pp(@)?
(. ¢)

1 A S()
== [|———L 1 L 1 L 1,17)L 2.1
2‘/C(Q)AL s, M Lsaus) (1, N Lsens@) (1, 1F) (2,1p)

L™ (L 7, 9Q)
27

< I ?(LU/FU)HCU(L,H, Q) - LSO, 7, Ad)
veS(T)NS () vjoo
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Here (-, -) is the standard inner product on 7' with respect to the measure on
D> (Ap) which is the product of local Tamagawa measures.

After our paper was originally completed, the paper [Cai et al. 2014] appeared,
which gives a similar formula using a less explicit choice of test vector.

Note ¢ is specified up to a scalar, and the left-hand side is invariant under scaling.
As in [Martin and Whitehouse 2009, Theorem 4.2], one can rewrite this formula
using the Petersson norm of a normalized newform in 7 instead of L(1, , Ad).
See (8-19) for when 7 corresponds to a holomorphic Hilbert modular form. If
F = Q and  corresponds to a holomorphic new form of squarefree level N with
N | c(2), then the above formula simplifies considerably:

Corollary 1.2. Let f be a normalized holomorphic modular eigenform of weight k
and squarefree level N. Let S be the set of primes p | N which splitin L. Let Q2 be
any ideal class character of L such that N | c(2) and e(%, fx Q) = 1. Then

|Pp@)I> _ Cx(L, f, Q) ) e, L5, FxQ)
= Ly (Lo T[4 p~yr x =22 L2,
G0 2jama; @t }:IV( T

where €, is +1 if p splits in L and —1 otherwise, and (-, - ) is the Petersson inner
product.

In the setting of the corollary, C (L, f, 2) is also easier to describe. If L is real
quadratic, then Coo (L, f, ) = 2%. If L is imaginary quadratic, it is described by
beta functions, and if we also assume 2, is trivial, then

Loy GE=DE
Coo(L, f,R2) = Tk

We prove Theorem 1.1 by computing local spectral distributions appearing in the
trace formula identity of [Jacquet and Chen 2001], just as in [Martin and Whitehouse
2009]. For simplicity, we only do this when w, = 1, though the case of w; =7
should be similar. (One needs either w,; = 1 or w; = n to use the identity from
[Jacquet and Chen 2001].) Note this formula is considerably more general than the
one in [Martin and Whitehouse 2009] (for trivial central character) and one expects
that it should generalize the applications of the previously mentioned formulas.
For instance, we obtain the following generalization of an average value result of
Feigon and Whitehouse [2009, Theorem 1.1] by computing the geometric side of a
certain trace formula.

Theorem 1.3. Let F be a totally real number field with d = [F : Q). Let F (&, 2k)
be the set of cuspidal automorphic representations of GL,(Ar) associated to the
holomorphic Hilbert modular eigen newforms of weight 2k and level N, with
k= (ki,....,kg) #(,..., 1) and N squarefree. Let L be a totally imaginary



Test vectors and central L-values for GL(2) 257

quadratic extension of F, which is inert and unramified above each place p | N.
Fix a unitary character Q of A[ /L*AF%, and let € be the norm of its conductor in
F. Suppose N = NNy and € = Ny with Ny, Ny and €y all coprime. Assume
N, is odd, and that the number of primes dividing Wy has the same parity as d.
Further assume that for each infinite place v of F, we have k, > |m,|, where
Qy(2) = (z/2)™.
Then, if
19| > di/r(1€0l/19U D",

where hp is the class number of F, we have

l—[( 2ky —2 )Z 3 LG mee)
o SO
v]oo ky —my — 1 N ne]—'(‘ﬁ’,Zk)L (1.7, Ad)
= 227NN Ly 2, 17) Lseny (1, 1R LY (1, ),

where N runs over ideals dividing N which are divisible by Ny, and S(J) denotes
the set of all primes dividing J.

The parity condition guarantees the sign € (%, T Q Q) of the relevant functional
equation is +1 for 7 € F(N, k). Without a condition to the effect that 91 (or 91y)
is large, one does not expect a nice explicit formula, but rather just an asymptotic
in 91, which miraculously stabilizes for 1 large (cf. [Michel and Ramakrishnan
2012; Feigon and Whitehouse 2009]). Hence the condition above on the size of 91y
means we are in the stable range. The other assumptions in the theorem allow for
simplifications of the trace formula we will use, but are not necessary to express
such averages as the geometric side of an appropriate trace formula.

Theorem 1.3 specializes to [Feigon and Whitehouse 2009, Theorem 1.1] in the
case that 91 and € are coprime, i.e., 91 = 9. This case 9 = Ny is particularly nice
as one can transfer the problem to a trace formula computation on a quaternion
algebra that only picks up forms of exact level 91. Additionally, one can rewrite the
formula in terms of the complete adjoint L-value at 1, as in [Feigon and Whitehouse
2009]. However, this is impossible to manage in general, and the primary difficulty
in going from Theorem 1.1 to Theorem 1.3 is to determine the contribution to the
spectral side of the relevant trace formula coming from the oldforms. (In general,
it is not easy to isolate the newforms in such formulas — see, e.g., [Knightly and
Li 2010] or [Nelson 2013] —and the issue for us is that the contribution from the
oldforms is now weighted by local adjoint L-factors.)

Still, one can use the above formula together with formulas for smaller levels
to get both explicit bounds and asymptotics for average values over just the forms
of exact level 1. We do this in the case 91 is prime. This immediately implies
L(% mL ® Q) # 0 for some 77, € F(N, 2k).
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Theorem 1.4. With assumptions as in Theorem 1.3, and further assuming that
N, = p is an odd prime and |Ny| > dL/F|Qf|hF, we have

=XTOY =Ipl-

Ipl

1=2lp|~ +[p|~2 L+20p=! + [p| =2

where X (N) is equal to
2d—2

A32IM|L(1, 15,) Lseng (2, 1) LS (1, n)

2k, —2 L(3. 7. 9Q)
Xl_[(kv—mv—1> 2 LI, 7, Ad)

v]oo weF(N,2k)

In particular, () ~ |p| =1+ 0 (|p|™") as |[DMop| — oo such that || > dL/p|(’:|hF.
Furthermore, with p fixed, we have
lim 2 =|p|—1.
[9%g|—o00 P
In both of these asymptotics, Ny travels along squarefree ideals coprime to € which
are products of unramified primes and satisfy our previous parity assumption.

Note the above theorem implies the nonvanishing of X (1), and therefore at least
one of these central values, provided |p| > %(3 + \/5) and || > dL/F|€|hF, orp
is arbitrary and || is sufficiently large.

We remark that the bounds come from having to estimate the p-th Hecke eigen-
values {a,, a;l} of the oldforms of level 91y. The latter asymptotic comes from an
asymptotic for a weighted analogue of Theorem 1.3 in the case of disjoint ramifica-
tion (see [Feigon and Whitehouse 2009, Theorem 1.2]) to pick off the contribution
from the oldforms. One should be able to prove a version of Theorem 1.3 involving
weighting by Hecke eigenvalues (namely, extend [Feigon and Whitehouse 2009,
Theorem 6.1] to the case of joint ramification) whereby one could inductively
obtain asymptotics for the average values X (97) in the case where gcd(91, €) has
an arbitrary number of prime factors. (We remark Sugiyama and Tsuzuki [2016]
have recently obtained asymptotics for weighted averages using a different relative
trace formula approach when 2 is trivial, but 91 need not be squarefree.)

Note that in previous studies of such averages, 0 is typically required to be
prime (e.g., [Ramakrishnan and Rogawski 2005]) or have an odd number of prime
factors (e.g., [Feigon and Whitehouse 2009]) to force the sign of the functional
equation to be +1 if, say, d is odd. However, allowing for joint ramification we
can treat levels 91 with an arbitrary number of prime divisors, though we do not
always get an exact formula in this situation.

Lastly, we include another application of Theorem 1.3 when 91 = Dy (i.e.,
[Feigon and Whitehouse 2009, Theorem 1.1]). Here, having an exact formula for
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the average value over newforms allows us to deduce the nonvanishing mod p of
the algebraic part Lalg(%, T ® Q) (see (8-18)) of the central value for p suitably
large.

Theorem 1.5. With notation and assumptions as in Theorem 1.3, suppose that
N > dL/FI(’:IhF, that N is coprime to €, and that m, is even for each v | 0o. Let
p be an odd rational prime satisfying p > q + 1 for all primes q € S(2), and P a
prime of Q above p. Then there exists w € F(N, 2k) such that

LY(, 71, ®RQ) #0 mod P.

This generalizes a theorem of Michel and Ramakrishnan [2012] on the case
F =Qand 9= N is prime. The parity condition on m, ensures that 2 is algebraic
and that the above central value is critical.

As in [Feigon and Whitehouse 2009], one should be able to use Theorem 1.1 to
get estimates on more general averages of L-values, and apply this to subconvexity
and equidistribution problems, but we do not address this here. Theorem 1.1 has also
been used in very recent works of Hamieh [2014] on valuations of Rankin—Selberg
L-values in anticyclotomic towers and Van Order [2014] on constructing p-adic
L-functions.

We remark that similar L-value formulas have been recently proven in certain
cases of joint ramification with L totally imaginary, namely in Hida [2010] for F =
and in Hsieh [2014] for Hilbert modular forms of squarefree level (these works
have some additional conditions, but they do not assume trivial central character).
In general, when the joint ramification does not satisfy (1-3), this problem appears
considerably more complicated.

1B. Local results. Now, we pass to the local situation and discuss the local test
vectors in some detail.

Let F be a p-adic field and L a quadratic separable extension of F (either a
field or F & F). We may then embed L* as a torus 7' (F) of GL,(F). All such
embeddings are conjugate in GL;(F'), so the choice of embedding will be merely
one of convenience. Consider an (infinite-dimensional) irreducible admissible
representation 7 of GL,(F). We do not assume that the central character w; is
trivial. A basic question to ask is the following: which characters of T (F') appear as
quotients in 7 |7 (F)? Let 2 be a character of 7'(F'). If € is an irreducible constituent

of 7T|T(F)a i.e., if
Homrr)(m, 2) #0,

then we must have Q|zr) = w,, where Z denotes the center of GL,. Hence we
will assume Q2|z(F) = wx.

Let D be the unique quaternion division algebra over F, and let 7’ be the
Jacquet-Langlands transfer to D> (F) when it exists. If 7’ exists and T (F) embeds
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into D*(F), put A(rr) = {m, 7'}. Otherwise, put A(wr) = {7r}. From [Waldspurger
1985], one knows that

> dim¢ Homyp)(, @) = 1.
TeEA(m)

In other words, €2 is a constituent of 7 |7 () if and only if it does not occur in that
of 7’|r(ry (When this makes sense), and it occurs with multiplicity at most one.
Further, Tunnell [1983] and Saito [1993] gave a local e-factor criterion:

dime Homy(p) (7, Q) = 1 (1 + &(3, 71 ® Q)wx (—1)).

Applications to a global L-value formula (discussed in Section 1A) require
finer information than this. Namely, suppose dim¢ Homzr) (7, ) = 1 and let
¢ € Homy(r) (7, 2) be nonzero. Then one would like to have a test vector for ¢,
i.e., an element ¢ € 7 such that £(¢) # 0. For the applications, we will need ¢ to
satisfy two further conditions:

1) ¢ € Vf for a compact subgroup K of GL,(F) with dim(VnK )=1.

(i) The compact subgroup K above depends only on the ramification data attached
to 7 and €.

Let us note that, if £ 7~ 0, then some translate of the new vector of 7 is always a test
vector for £. Hence, we can always find a test vector satisfying the first condition
above. Under some restriction on the conductors of 7 and €2, we will obtain a test
vector satisfying the second condition as well.

Specifically, let o be the ring of integers of F, p its maximal ideal and @
a uniformizer. Let c(w) be the exponent of the conductor of 7w as defined in
Section 2A, and let

Ky (p™)) = {[‘C’ Z ] €GLy(0): c € p°™, d e 1 +pc(”)}.

Let ¢(2) be the conductor of 2 as defined in (2-19). Gross and Prasad [1991]
determine a test vector when c¢(r) = 0 (v is unramified) or ¢(£2) = 0 (€2 is unrami-
fied). In particular, when c(;r) = 0 so A(;r) = {m}, the vector they obtain can be
described as a translate of the new vector.

We will now describe test vectors when 7 and 2 are both ramified. We will
distinguish the split and field case.

1B1. The split case. In the following, w = [ _{{].

Theorem 1.6. Suppose L = F @ F and let T(F) = L* be the diagonal torus in
GLy(F). Let m be any infinite-dimensional, irreducible, admissible representa-
tion of GL,(F) with central character w, and conductor pc(” ), e() > 0. Let
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Q(diag(x, y)) = Q1(x)Q2(y) be a character of T (F) such that Q2,2 = w,. With-
out loss of generality, assume that c(21) > ¢(Q). Write Qi = | - |'/>~0u for
some so € C and some unitary character  of F* such that u(w) = 1. Then
dimec Homyz(r) (7w, Q) = 1, and for nonzero £ € Homyr)(m, 2), the subgroup
hK 1 (pCNh! fixes a 1-dimensional space of 7 consisting of test vectors for £,
where
1 o <@ ife(u) =0
[0 1 ] 0rL(s,71®u_l) does not have a pole at s = sg;
w[ 1 o=@ ] ifc(uw) >0and L(s, 7 ® M_l) has a pole at s = s,
0 1 but L(1 —s, T ® ) does not have a pole at s = sy.

h=

In particular, if both Q and m are unitary, then we are always in the first case
above.

The proof of the above theorem uses the theory of zeta integrals for GL, repre-
sentations given by their Whittaker models. The zeta integral Z (sg, *, u ') (defined
in (3-1)) divided by the L-value L(sg, 7 ® wh gives a concrete realization of a
nonzero £ € Homyzr)(r, 2). One checks that the newform in the Whittaker model
translated by the matrix % in the statement of the above theorem is a test vector
for £.

Note that we do not give a compact subgroup that fixes a 1-dimensional space of
7 consisting of test vectors for £ when both L(s, 7 ® wHand L(1 —s5,7® p)
have a pole at s = sp.

1B2. The field case.

Theorem 1.7. Suppose L is a field. Let w be any infinite-dimensional, irre-
ducible, admissible representation of GLo(F) with central character w, and
conductor pc(”). Let Q be a character on L™ such that Q| px = w,. Assume that
c(R2) = c(m) > 0. Embed L™ as a torus T (F) in GLy(F) as in Section 2C. Then
dimec Homy(r) (7, 2) = 1, and for a nonzero £ € Homy r)(w, $2), the subgroup

zD.C(Q)fc(z'[) 0
wv

0 1

o P AL = K T, h=
pelm—c(®) | 4 pem) 2(F) =hK i (p*")h™", =

fixes a 1-dimensional space of w consisting of test vectors for £.

If 7 has trivial central character, then we can replace the compact subgroup in
the statement of the above theorem by

o) o o 1l o—c®
R A R

since the Atkin-Lehner element normalizes the group | pf,;) o]
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The proof of the theorem breaks up into several cases depending on the type of
the representation 7. Although the proofs are quite different in all cases, it turns out
that one of the key ingredients of the proof is that a function roughly of the form
x = Q(1 4+ xpB) (see Section 2B for details on notation) is an additive character
of 0 of a specific conductor. The condition ¢(£2) > ¢(sr) is required to make this
key ingredient work. Also, in certain cases we obtain test vectors for more general
situations than the one mentioned above.

Principal series. If 7 is a principal series representation, then we realize it in its
induced model and explicitly define a linear functional

o) = / FOQ () dr.

Z(F)\T(F)

Itis easy to see that £ e Homr (r) (7, €2). We are able to show, for any c(7r), ¢(€2) >0,
that £ # 0. See (4-4) and (4-5) for details. It is not clear if the explicit test vector
for ¢ obtained in (4-4) belongs to a 1-dimensional subspace of 7 of vectors right-
invariant under a compact subgroup. It is also not clear how to obtain a component
that is right invariant under a conjugate of K(p¢“™). To obtain a test vector with
the right invariance mentioned in the statement of the theorem, we evaluate ¢ at
a translate of the newform of 7 by A and show that that is nonzero. For this, we
need c(2) > c(r) > 0. If we replace the 4 in the statement of the theorem by
h = [m’r 1], s =c(m) —c(2) — v(a), where a depends on a particular embedding
of T(F) in GL,(F'), then we can extend the result to the case c(2) > 2c¢(x1) (see
Proposition 4.2). Here, m = x1 X x2 and c(x1) < c(x2).

Twists of the Steinberg representation. If m is a twist of the Steinberg representation
by a ramified character x, then realizing it as a subrepresentation of the reducible
induced representation x |- |/ x x|-|~!/?, we see that we get the same linear func-
tional and the same nonvanishing of the translate of newform as in the irreducible
principal series case.

If 7 is a twist of the Steinberg representation by an unramified character y, then
we use the fact that such representations are characterized by the existence of a
unique (up to constant) vector that is right invariant under the Iwahori subgroup
I and is an eigenvector of the Atkin-Lehner operator with eigenvalue — x (@ ).
If we assume that ¢(2) > c¢(r), then [Waldspurger 1985] implies the existence
of a nonzero £ € Homr ) (mr, 2). As in Section 2D, we can then realize 7 as a
subrepresentation of the space of smooth functions B : GL,(F) — C satisfying
B(tg) =Q(¢)B(g). In this latter space, we look for a vector B with three properties:
one that is right invariant under /, is zero when averaged over GL,(0)//, and is an
eigenvector for the Atkin—Lehner operator with eigenvalue — x (z'). Using a double
coset decomposition for 7 (F)\GL,(F)/I, we obtain in Lemma 4.4 the explicit
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values of such a B for all g € GL,(F). This gives us B(h) # 0, for i defined in the
statement of the theorem. The advantage of the above method is twofold. It gives
us the explicit values of the newform in the Waldspurger model and it also gives
another proof of the uniqueness of the Waldspurger model. One can also obtain an
independent proof of existence using the methods of [Pitale 2011], but we do not
do that here.

Supercuspidal representations. In the case that 7 is an irreducible supercuspidal
representation we may appeal to Mackey theory. We begin with the explicit con-
struction of supercuspidal representations of GL;(F) by induction from an open
subgroup that is compact modulo the center. Suppose that J is such a subgroup and
T = c—Ind(J}LZ(F) p. We first describe the situation when 7 is minimal, i.e., when the
conductor of 7w cannot be lowered upon twisting by a character.

We say that p and 2 intertwine on T (F)gJ if Hom ng-17(pye(p, 28) # 0.
Understanding Hom7 (r) (77, 2) then reduces to understanding the double cosets
T (F)\GLy(F)/J on which p and €2 intertwine. We do this in two steps. The first
step is to consider a larger subgroup Ko 2 J where Ky is one of two subgroups
depending on J. There is a unique double coset T'(F)hoKg that depends only on
c(m) and c(2) containing a T (F)\GL,(F)/J double coset on which p and €2 can
possibly intertwine. This double coset decomposes as the disjoint union of finitely
many 7T (F)\GL,(F)/J double cosets

T(F)hoKa=| |T(F)h;J.
i
When ¢(2) > [%c(n)], we describe this decomposition explicitly, show that one
may choose the representatives 4; to be diagonal matrices, and show for each i that

(Jﬂhi_lT(F)hi)kerp/Z(F)kerp = (Jﬂﬁ)/(ker,oﬂﬁ),

where N is the subgroup of lower triangular unipotent matrices. It suffices to exam-
ine p| ;5. which decomposes as a direct sum of characters. We show that there is a
unique #o such that p and €2 intertwine on 7' (F)h;,J. We conclude that there exists
a nonzero linear functional £ € Homrzr) (7, €2). We describe the translate of the
newvector in the induced model explicitly, and show that this translate is a test vector.

Finally, we deal with the case of an irreducible supercuspidal representation t
that is not minimal. In this case T = 7 ® x, where 7 is a minimal supercuspidal
representation and x is a character of F'*. We construct a vector ¢, € 7 so that
¢y ® x is a translate of the newvector in 7. Using the results of the minimal case,
we show that ¢, is a test vector for Q2 ® x L

Similarly to the irreducible principal series case, if we replace £ in the statement of
the theorem by 1 = [w‘r | ], s =c(m)—c(R2)—v(a), then in the minimal supercuspidal
case, we can extend the result to the case ¢(2) > L%c(n)J + 1.
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1B3. Relation to test vectors of Gross—Prasad. We recall some results of Gross
and Prasad [1991]. For simplicity assume that w, = 1, that L/F is unramified and
that

dim@ HOIllT(F) (71', Q) =1.

For an order R of M,(F), let d(R) be the exponent of its reduced discriminant
and c(R) be the smallest ¢ > 0 such that 0 + @0y, C R. It is clear that R* can
only fix a test vector if ¢(R) > ¢(£2). Moreover, if we want R* to fix a line in
7, it is reasonable to try R with d(R) = c(mr). Thus one might consider orders
with ¢(R) = ¢(2) and d(R) = c¢(r). If either ¢(2) = 0 or c(;r) = 0, then there is
a unique-up-to-L*-conjugacy order R with c¢(R) = ¢(2) and d(R) = ¢(ir), and
[Gross and Prasad 1991] shows that R* fixes a line consisting of test vectors. If
c¢(w) =0 then R is a maximal order, but in general R is not an Eichler order.

When ¢(2) > 0 and c(;r) > 0, the invariants c(R) and d(R) no longer specify R
uniquely up to conjugacy by L*. However, with the above assumptions, Theorem 1.7
can be interpreted as follows: when c(£2) > c(rr), there is an Eichler order R with
c(R) = ¢(2) and d(R) = c(sr) such that R* fixes a line in = which consists of
test vectors. Moreover, this R can be described uniquely up to L*-conjugacy
as the intersection of two maximal ideals R; and R, with c¢(R;) = ¢(2) and
c(Ry) = ¢(2) — ¢ (), which are the maximal possible distance apart in the Bruhat—
Tits tree, i.e., d(Ry, Ry) = c(;r). This provides an intrinsic description of our test
vectors, i.e., one without reference to a specific embedding of L* in GL,(F). It
would be interesting to know whether other Eichler orders R satisfying c(R) = c(£2)
and d(R) = c(mr) also pick out test vectors.

Note that if ¢(r) > 2¢(£2), there is no Eichler order with ¢(R) = ¢(£2) and
d(R) = c(r), which suggests that the case when 7 is highly ramified, in comparison
with €2, is more complicated than the reverse situation.

1C. Outline. Our paper consists of two parts, one local and one global.

In the first (local) part of the paper we prove our results on local test vectors,
which we treat in three separate cases. Section 2 contains our local notation and
embedding of L* into GL,(F). Then in Section 3 we treat the case where L/F is
split, using zeta integrals. This proves Theorem 1.6. Now assume L/F is inert. In
Section 4, we treat the case of principal series and Steinberg representations. In
Section 5, we treat the case of supercuspidal representations. These two sections
complete Theorem 1.7. Finally, in Section 6 we compute certain local spectral
distributions associated to our local test vectors.

The global part of the paper consists of two sections. In Section 7, we use the
local spectral calculations of Section 6 to prove our L-value formula (Theorem 1.1).
In Section 8, we deduce our results on average values and nonvanishing (Theorems
1.3, 1.4 and 1.5).
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2. Local setup

Let F be a nonarchimedean local field of characteristic zero, o its ring of integers, p
the maximal ideal of 0 and @ a generator of p. Denote by ¢ the size of the residue
field and by v the normalized valuation map on F.

For a character yx of F*, let c()x) be the exponent of its conductor, i.e., c(x) >0
is minimal such that y is trivial on (1 + pC(X)) No*.

2A. Subgroups and representations of GL;. We use the following compact sub-
groups of GL,(F). Put K;(0) = K»(0) = GL;(0). For n > 0, put

K1<p")=[;Z lfpn} 3}
K>(p") = [ : :p 1 f o } (2-2)
ForseZ,n >0, let
k0= Jken[” ] 23)
We also have the Iwahori subgroup
I= [; ° |ncLa). (2-4)

Let (;r, V) be an infinite-dimensional, irreducible, admissible representation
of GL,(F). For n > 0, denote by V” the subspace of K (p")-fixed vectors. By
[Jacquet et al. 1981], one knows V" # 0 for some n. Further, if ¢(sr) is the minimal
n such that V" # 0, then dim(V¢®™)) = 1. Call the ideal p°™ the conductor of .
If ¢(7r) =0, then 7 is unramified.

Such a 7 is a principal series, twist of Steinberg (special), or supercuspidal
representation. Let x;, x2 be two characters of F'*. The representation 7 = x| X x2
is the standard induced representation of GL;(F) consisting of locally constant
functions f : GLy(F) — C such that

r([¢5]s) = n@e@lad ™ ).

forall g € GLa(F),a,d € F*,be F. (2-5)

This is irreducible if and only if xjx» # |- |*1, in which case we say x1 X x2 1s a
principal series representation. For a character y of F'*, the twist of the Steinberg
representation by x, which we denote by x Stgy,, is the unique irreducible sub-
representation of the induced representation x| - |!/? x x| -|~!/2. The supercuspidal

representations are described in Section 5.
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2B. The degree-two extension. As in [Furusawa 1993], we fix three elements
a,b,c € F such that d = b*> —4ac #0. We let L = F(v/d) if d ¢ F*2, and
L = F @ F otherwise. In the latter case we consider F diagonally embedded in L.
Let z — Z be the obvious involution on L whose fixed point set is F. We define the
Legendre symbol as

—1 if L/F is an unramified field extension,
(5) —1 0 if L/F is a ramified field extension, (2-6)
1 fL=F@&F.

We make the following assumptions:

ea,becoandceo”.
e If d ¢ F*2, then d is a generator of the discriminant of L/F.
e Ifd e F*2 thend € 0*.

We define elements 8 and &y of L by

”J;;/E if L is a field,
P= (B 00)  ioror =
2c 2c
#‘7 if L is a field,
_ 2.8
? ‘<_b;ﬁ,_b;ﬁ) fL=F@F. -

If L is a field, let oy, be its ring of integers, @z, a uniformizer, and vy the normalized
valuation. If L =F @ F, put oy =0® o0 and w; = (w, 1). By [Pitale and Schmidt
2009, Lemma 3.1.1], in either case,

o =0+408 =0+ 0&. (2-9)
Lemma 2.1. Suppose L is a field. The possible valuations of B and a are
(L
@) =v@=0 i ()=-1 (2-10)
(L
v (B) =v(a) €{0,1} if (E) =0. (2-11)

Proof. Consider the identity
b+vd b—vd _a (2-12)
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If (%) = —1, we get the result by observing that d is a nonsquare unit. If (%) =0,
we get the result since 1, 8 is an integral basis. (I

Fix the ideal in o;, given by

o (L
pL lf (E) = _la
e (L
pdp if (F) =1.
Here p; is the maximal ideal of 0, when L is a field. We have B} No = p" for all

n=>0.

Under our stated assumptions, it makes sense to consider the quadratic equation
cu’ + bu + a = 0 over the residue class field o/p. The number of solutions of this
equation is (%) + 1. In the ramified case we will fix an element u#( € o such that

cu +bug+a cp; (2-14)

see [Pitale and Schmidt 2009, Lemma 3.1.1]. Further, note that in the ramified case

we have
b+ 2cup € p. (2-15)

This follows from the fact that u is a double root of cu® 4+ bu + a over o/p.

2C. The torus. We now specify an embedding of L* as a torus in GL; for conve-
nience of calculations. With a, b, ¢ as above, let

S:a%b :%bc '
%bc’ —a—%b

Then F(§) = F - I, + F -& is a 2-dimensional F-algebra isomorphic to L. If L is a
field, then an isomorphism is given by x 4+ y& +— x + y/d/2.If L= F & F, then
an isomorphism is given by x + y& +— (x +y/d /2, x —yJd) 2). The determinant
map on F(€) corresponds to the norm map on L. Let

T(F) ={g € GLy(F) : 'gSg = det(g)S}. (2-16)

One can check that T'(F) = F(£)*. Note that T(F) = L* via the isomorphism
F(&) = L. Under the same isomorphism the group 7 (o) := T (F) N GL;(o0) is
isomorphic to oZ. Note that T'(F) consists of all matrices

x+%yb cy i|

t(-x’y)=[ _ay X—%yb

forall x, y € F, det(g) = x> — 1y*(b* —4ac) #0. (2-17)

We give a useful structural lemma here.
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Lemma 2.2. Let L/ F be a field extension. For any m,n > 0, we have

w.mfv(a)

r)[ 7 ke =1 |k, (2-18)

1

Proof. Set y=w ™ and x = %yb. Then

oM -1 om—v@

with
aw_—v(a) bw_m—v(a)
k:|: c c j|eK1(p") for all n > 0,
1
since v(b) > 1 whenever v(a) = 1. [l

2D. The Waldspurger model. Let Q2 be any character of L™, which we may view
as a character of the torus 7 (F'). Define

c(Q) :=min{m > 0: Q|1 quyner = 1. (2-19)

Note that this is the (exponent of the) conductor of €2 only in the case L/F is an
unramified field extension. Let B(2) be the space of all locally constant functions
B : GL,(F) — C satistying

B(tg) = Q(t)B(g) forallt € T(F), g € GLy(F). (2-20)

Let (;r, V) be any infinite-dimensional, irreducible, admissible representation
of GL,(F). We say that w has an Q-Waldspurger model if m is isomorphic to
a subrepresentation of B(€2). We call a linear functional ¢ on 7w an Q2-Waldspurger
functional if it satisfies

L (t)v) =Q@)(v) forallt e T(F), veV. (2-21)

If r has an ©2-Waldspurger model then we obtain an 2-Waldspurger functional £ by
£(B) = B(1). On the other hand, if 7 has an 2-Waldspurger functional £, we obtain
an Q2-Waldspurger model for = by the map v — B,, where B,(g) = £(m(g)v).
Observe that a necessary condition for an 2-Waldspurger model or functional to
exist is that Q|gpx = w,, the central character of 7.

If 7 has an 2-Waldspurger functional £, we say that v € V is a test vector for £
if £(v) # 0. From the discussion above, this is equivalent to B, (1) # 0. Suppose
By is the newform in an 2-Waldspurger model of . Lemma 2.2 states that, in the
field case, for m > 0, the vector

DL

("

m—uv(a)
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is a test vector if and only if n([w_m 1])Bo is also a test vector. This will be used
in the proof of Theorem 1.7 below.

Criteria for existence of Waldspurger functionals, which must be unique up to
scalars, are given in Section 1B.

3. Zeta integrals and test vectors for split Waldspurger models

In this section we show that any irreducible admissible representation 7 of GLy (F)
has a split 2-Waldspurger model for every character Q2 of L* = F* @ F*. Under
certain restrictions on the poles of the L-function of 7, we also determine test vectors
for the Waldspurger functional that are right invariant under certain conjugates
of the compact group K;(p“™). The conjugating elements depend only on c ()
and ¢(2).

Let 7 be any irreducible admissible representation of GL,(F') with central char-
acter w; (not assumed to be trivial). Let 7w be given by its Whittaker model W (i, ¥),
where 1 is a nontrivial character of F with conductor 0. For any W € W(zx, )
and a unitary character u of F*, define the zeta integral

Z(s. W, M1)1=fW<[x e @ (3-1)
F><
where d*x is the Haar measure on F* giving 0* volume 1 —¢~'. Since yu is

unitary, there is an r € R not depending on p such that Z(s, W, =) converges
absolutely for 9i(s) > r. By the theory of L-functions, we have

Z(s, W,u™h _
ol e Clgt g (3-2)
L(s,n~'®m)
and the functional equation
Z(—s, 7 (W)W, uw! Z(s, W, n!
=87 WW, mox]) _ oyt @, gy 20 ) 5
L(1—s,u®m) L(s,u=" ®@m)

for any W € W(m, ¢). Here w = [7 | 1]. Please refer to Theorem 6.12 of [Gelbart
1975] for details.

Let Wy be the unique K (pet ))—right invariant vector in W(m, ) such that
Wy (1) = 1. The formula for WO([X 1]) in various cases is given in Table 1 (see,
e.g., [Schmidt 2002]).

Proposition 3.1. Let w be any irreducible, admissible representation of GL,(F)
with central character w, and conductor y°7). Let Wy be the newform in the
Whittaker model W(m, V) of w such that Wo(1) = 1. Let u be a unitary character
of F*.
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(1) If c(u) =0 then, for any m, we have

—c(u)
Z(s, n([ Lo DWO, Ml) = (1 _ 1)L(s, e
1 q

(i) If c(u) > O then

1 —c(p) i i
Z(S, 7'[<|: @ 1 i|>W(), ,l,L_1> = q—ﬁ(M)/lu(w—c(M))(g(%’ w, w)

Proof. If c(u) = 0, then the values of the newform W; from Table 1 and the
normalization of the measure give us (i). We have, for any k € Z and any 7,

(oon([1 7 o)

- / v ywo([* | ])lar 2 @ d*a

FX
:Z/w(awj+k)WO<|:aw] 1:|)|awj|51/2,ul(awj)dxa

JEL 0%
— Z qJ(Sl/z)Ml(wj)W()([ w’ | :|) /lp‘(aw-j+k)//bl(a)d><a-
JjezZ o

If c(u) > 0, then, by the definition of the epsilon factor for © (see [Schmidt 2002,
equation (5)]), we have

/ Y(aw/ ™M a)d*a

0 _ {q—c(m/zu(wmk)g(%’ W, KZ’) if j+k=—c(u), (3-4)
0 if j+k # —c(w).
Now the proposition follows since Wy(1) = 1. ]
X
" W )
X1 X X2,

XX @)

. . —1
with x1, x2 unramified, x,x,  #|- |jEl kH—v(x)

X1 X X2,

1/2 1
with x| unramified, x, ramified ) 1o(x)

X Stgr,, with y unramified x| x(x)1,(x)
L(s,m)=1 1ox (x)

Table 1. Whittaker newform values.
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Proof of Theorem 1.6. For any W € W(m, ¥), define

Z(so, W, u™ 1)
L(so, ™' ®m)
The well-definedness of £ for all 5o and p follows from (3-2). By [Gelbart 1975,

Theorem 6.12], £ is nonzero. The definition of the zeta integral and 2, = w,
gives us the transformation property

LW) = (3-5)

Z(n([x , ])W) — QW) OEW), x,yeFX

Hence, we get Homr(r)(, 2) # 0. The 1-dimensionality follows from [Wald-
spurger 1985]. Note that, if ¢c(u) = 0 or if L(s, #~! ® 7) does not have a pole at

s = 5o, then we have
—c(2)
([ Jm) o

by Proposition 3.1. If ¢() > 0 and L(s, #~' ® ) has a pole at s = s, then

(7 )=

by Proposition 3.1. In this case, if we assume that L(1 — s, u ® 7) does not have a

pole at s = sg, then we can use the local functional equation (3-3), which gives us

the test vectors for £. The uniqueness statement follows from the uniqueness of Wj.

If Q and & are unitary, then sg = % and one can check that L(s, u~' ® ) does not

have a pole at s = % (I
4. Nonsupercuspidal representations

Here we assume that L is a field and prove Theorem 1.7 when 7 is not supercuspidal.
Let us define Haar measures dg on GL,(F) such that GL,(0) has volume 1;

d*x on F* = Z(F), the center of GL,(F), such that 0> has volume 1 (note this is

different from Section 3); and df on T (F) = L* such that the volume of o} is 1.

4A. Irreducible principal series representation. Let 7 be a ramified irreducible
principal series representation of GL,(F) given by

=< xixy #ELEL e() =),
c(m) =c(x1) +c(x2) >0, W = X1X2-

(4-1)

Recall that 7 consists of locally constant functions f on GL;(F) satisfying (2-5).
The unique, up to scalars, right K (p°“™)-invariant vector f; in 7 is given by the
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formula

. a x
la/d|'?xi (@) xa(d) if g € [ p ]%(xz)lﬁ (pee),
0 if g & B(F)Ve(e K1 (™),

where Y(y,) = [wfl(xz) 1] and B(F) is the Borel subgroup of GL,(F) consisting of
upper triangular matrices. See [Schmidt 2002] for details.

Let Q2 be a character of L* such that Q|px = w,. Let B(£2) be the space of all
locally constant functions B : GL,(F) — C satisfying (2-20) defined in Section 2D.
Define an intertwining operator A : m — B(2) by the formula

fo(®) = (4-2)

(A()(8) = / fa)Q ' (1dr,  fem geGLy(F).  (4-3)
Z(FO\T(F)

Since Z(F)\T (F) is compact and Q|rx = wy, this integral is well defined and
convergent. Note Z(F)\T (F) is isomorphic to Z(0)\T (o) if (%) = —1, and to
ZO\T (@) U@ (Z(\T (0)) if (£) =0.

Next we show that 4 is nonzero for all Q and, assuming c(2) > 2c(x1),
obtain g € GL,(F) such that (A(fp))(g) # 0. First observe that we can write
GLy(F) = M>(F)T(F), where M>(F) = {[g’l’] ta,b € F} NGLy(F) is the
mirabolic subgroup of GL,(F) and M, (F) N T (F) = {1}. Hence, the function f

defined by

A ab a b

o 1)) =t n@ee. [ ]emm. rerd. @
is a well-defined element of 7 and, for ¢ € T (F), satisfies 7 (1) f = Q(t) f, which
implies

A(f) #£0. (4-5)

For the computation of A applied to the newvector fy, we need to know when the
argument tg of fy is in the support of f; for certain elements g € GL,(F). We
obtain that information in the following lemma.

Lemmad4.1. Lett =t(x,y) € T(F). For s € Z, we have the following decomposi-
tion of t[® || as bk with b € B(F) and k € GL; (o).

1) Ifx — %by cewl0*,1>0,aw*y co, then

t[ w? 1 ] _ [det(t)ws/(x — %by) w‘lcy/()i— %by) ]

o 0 w!
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(i) If x — %by cw l0%,1>0,aw*ty &o, then

[ ] _[ det)/@y) —w’(x + 3by) 0 1
1|~ 0 awy —1 (x—1by)/(aw*y) |

(iii) Ifx — 3by € p, (x — 3by) /(@ ay) € o, then

[z _ [ det®)/(ay) —o*(x +1by) 0 1
1| 0 way —1 (x—3by)/(@’ay) |

@iv) If x — %by ey, (x — %by)/(w‘ay) & 0, then

J@ | _[detya?/(x = 3by) ey 1 0
1| 0 x—%by —awsy/(x—%by)l '

Proof. The lemma is obtained by direct computation. (I

Proposition 4.2. Let ¢(2) > 2¢(x1) and set s = c() — c(2) — v(a). Then

(| ]) o

Proof. Since Q| px = w, and c(2) > 2¢(x1), we have c(£2) > 0. Let us first compute
the part of the integral (A(fo))([ws .]) over Z(0)\T (0). The argument of f; is
given by t[w" . ]: where

t:|:x+%by cy

—ay x-— %by ] € T(0),

ie,y,x— %by coandx?— iyzd € 0. We write t[wé .| as bk with b € B(F) and
k € GL;(0) according to Lemma 4.1. Since ¢ € T (0), we must have [ = 0 in parts
(i) and (ii) of Lemma 4.1, and a, y € 0 in parts (iii) and (iv) of Lemma 4.1. The
support of fo is B(F)Yc(x,) K1 (p°@) and an element k € GL, (o) lies in the support
if and only if the (2, 1) entry of k has (strictly positive) valuation c(x2) if c(x1) >0
and > c(x»2) if c(x1) = 0. Hence, the k obtained in parts (ii) and (iii) of Lemma 4.1
is never in the support of fy. Since s < c(x2) — v(a), the k obtained in part (iv) of
Lemma 4.1 is not in the support of fj as well. Hence, the only possibility is part
(i) of Lemma 4.1. First suppose that c¢(x;) > 0. By successive change of variable
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X — x+%by and y — xy, we have

fo(t[ @ | Dsz—l(r) dt
Z(0)\T (o)

_ @*(1+by+acy?) cy 1 0
- / fo 0 1 || —ayw® 1

year et —s—v@ o

x QN (1+eyp)dy

1 0
— —S/2 s 1 b )
¢t f xall+byacy )fo([—ayws 1D
yewl«‘(m)—s—v(a)ox
x Q7' (1 +eyp) dy
= (1 =g Hg* Pl @y (%)
X/Xl(]+bw.c(xz)—s—v(a)y+acw2(c(XZ)—s_v(a))y2)

0%

! 01 g () =5 —v@
XfO([—aywc<xz>—v<a> 1DQ (1400 @yg) 4>y (4-6)

We get the factor (1 —¢g~") above by the normalization of measures. Now, we have

1 071 [-o'@/(@y) 0 —ayw '@
—ayw"(XZ)_“(")l = 0 1 Ye(x2) 1l

Hence the integral (4-6) is equal to
(1— q—l)qs/Z—C(Xz)—i-v(a)Xl(ws)

X / Xl(l +bw_c(X2)—S—v(a)y+acw2(c(xz)—s_v(a))y2)

0%

X x1(=@" @ /(ay) Q7N (1 + e DTS @ygy g%y (4-7)

Using c¢(x2) —s —v(a) = c(Q) —c(x1) = c(x1), we get
(1 = g~ 1)g CON—coI=e@+v@N/2y | (_gre(0—c(@ /gy
x / X )2 (1 + e @<t yg) 4%
UX

Since c(R2) > 2¢(x1), the map y > Q1 (1 4+ e D<) yB) is an additive char-
acter of o of conductor c(x;). This character extends to a character { of F with
conductor c(x1).
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Hence, using (3-4), we get

c(m)—c(2)—v(a)
fo(t[w 1])Q_l(t)dt

Z(0)\T (0)
=(1- qfl)q(*C(Xz)*C(Q)Jrv(a))/ZXl (_wc(xz)*c(ﬂ)/a)e(%’ X1, 17;) (4-8)

If c¢(x1) =0, the integral is much simpler. We get

f()(t[ws 1]>Q_l(t)dt

Z(0)\T (0)

([ @* (14 by +acy?) cy
fo

-1
0 | ])Q (14+cyB)dy

yepe®@
= x1(*)g /7@, (4-9)

If L/F is a ramified field extension, then it is also necessary to integrate over
@ (Z(0)\T (0)). Let

t:|:x+%by cy

—ay  x— %by] cwT(0).

Hence, we have
x2 = 1y%d = (x + 3by) (x — 1by) +acy? e wo*.

We claim that, for r < c(x2) — v(a), the element t[wr 1] is never in the support of
fo. We look at the four possibilities from Lemma 4.1. We know that the values
of x, y satisfying the conditions of parts (ii) and (iii) never give elements in the
support of fj.

» Suppose x — %by € w'o* with! > 0 and ayw’* € 0. To prove the claim, it

is enough to show that v(y) < —I. Suppose y € p~/*!. Then we have =’y € p.
By assumption, we have wl(x — %by) € 0*. Hence wl(x + %by) € 0*. But
then we get o ()c2 — A—I‘yzd ) € 0, which is a contradiction.
« Suppose x — 3by €p, (x — 3by)/("ay) ¢ 0. To prove the claim, it is enough
to show that v(y) < 0. Suppose y € p. Then x + %by € p. But then we get
(x2 — %yzd) € p?, a contradiction.
Hence, for r < c(x2) — v(a), we have
-
fo(t[w IDQ‘](t)dt:O. (4-10)
@ (Z(0)\T (0))

This completes the proof of the proposition by observing that s < c(x2) — v(a). U
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Observe that in the above proof, we have used c(£2) > 2c¢(x1) at two crucial steps
to simplify the integral. In the case c(2) < 2c(x1), it is not clear if the statement
of the proposition still remains valid.

Proof of Theorem 1.7 for principal series representations. By the definition (4-3) of
A and (4-5), the linear functional on 7 given by £(f) = (A(f))(1) is a nonzero
functional satisfying €(m(¢) f) = Q()¢(f) for all t € T(F) and f € m. Hence,
Homz ry(mr, 2) #0. The 1-dimensionality follows from [Waldspurger 1985]. Since
c(2) > c(r), we can apply Lemma 2.2 together with Proposition 4.2 to obtain the
existence of the required test vector. The uniqueness follows from the uniqueness
of f(). O

4B. Steinberg representation. Let m = x|-|'/2 x x|-|~'/2. Let V; be the unique
invariant (infinite-dimensional) subspace of m, so 7|y, is the twisted Steinberg
representation x Stgr,. If we set x; = x| - |'/2 and x» = x| -|~'/?, then Vj is
characterized as the kernel of the intertwining operator M : x1 X x2 — X2 X X1,

given by
(M<f>)<g>=/f([1 T ) de
F

Case 1: x ramified. If yx is a ramified character, then fy, defined as in (4-2),
is in Vp and is, in fact, the unique (up to a constant) newform in x Stgr, (see
[Schmidt 2002]). Hence the proof of Proposition 4.2 is valid in this case without
any modification.

Case 2: x unramified. If x is unramified, then the vector fj, defined as in (4-2),
is a spherical vector in x| X x2, hence clearly not the newform of yx Stgr,, which
has conductor p. Any vector in x Stgr, which is right K (p)-invariant is also right
I-invariant, where I is the Iwahori subgroup defined in (2-4). It is known (see
[Schmidt 2002]) that the newform in the induced model is given by

a/dix(ad)g ifge[“
Jo(g) = 4 s (4-11)
—la/d|x (ad) ifge[ d]wl.

We can try to compute (A(fy))(g) (defined in (4-3)) in this case for various
values of g. But instead, we use a double coset decomposition and properties of
the Steinberg representation to obtain the test vector. This has the added advantage
of obtaining a new proof of the uniqueness (up to a constant) of the Waldspurger
functional, and also gives us the explicit formula for B(g), where B is the newform
in the corresponding Waldspurger model and g is any element of GL,(F). By
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[Sugano 1985, Lemma 2-4], there is the disjoint double coset decomposition
e.¢] w_r
GL,(F) = |_| T(F)|: | ]GLz(a). (4-12)
=0
Note that, by the Iwasawa decomposition of SL,(o/p), we have
GL;(0) = wl U |_| bl w= ! (4-13)
2 wl|” N

ueo/p

For u € o and r > 0 set B, := aw? +bw"u + cu’. Arguing as in Lemma 3.1 of
[Pitale 2011], we have

T(F)[w 1:|wI=T(F)|:w 1}[11 1}I<E>ﬂu,,eox. (4-14)
Lemma 3.2 of [Pitale 2011] tells us exactly when 8, , € 0. Putting everything

together, we get the following proposition.

Proposition 4.3. Forr > 0, we have

r

T(F)|:wr I]GLZ(U):T(F)[ZU l}luT(F)[wr l}wl.

Forr =0, (%) = —1, we have
T(F)GL(o)=T(F)I=T(F)wl.

Forr =0, (%) =0, we have

T(F)GLa(0) = T(F)wI LU T(F)[ ul | ]1,
0

where ug is chosen as in (2-14).

The twisted Steinberg representation is characterized as the representation
with a newform vy which is invariant under / and satisfies the two conditions

> aew=0. ([ ']Jw=—x@nmw.

y€GLa(0)/1

These conditions follow from the action of the Atkin—Lehner element and the fact
that 7 does not have a vector invariant under GL;(0). See Proposition 3.1.2 of
[Schmidt 2002]. Let 2 be a character of L* with Q|px = w.
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Let B : GL,(F) — C be a function that satisfies B(tgk) = Q(¢)B(g) for all
teT(F),geGLy(F), kel and

> B(g[bl, 1]) = —B(gw), 4-15)

ueo/p

B(s| 1]) = —x(@)B(g) (4-16)

for all g € GL(F). If 7 has a 2-Waldspurger model, then B will precisely be the
unique (up to scalars) newform of 7 in the 2-Waldspurger model; otherwise B will
be 0.

Lemma4.4. (i) If c(2) > 2, then
o’ .
B(|: 1]w>=0 ifr <c(2)—2. 4-17)
(i) Forr > 0, we have

w’ .
B([” 1D= _qu l}w) ¥rzclid, (4-18)

0 ifr <c(2).

(iii) Forr > max{c(2) — 1, 0}, we have

(7 () e

(v) If (%) =0, then

L\ _ [~aBa) ife@ =0,
B([ up 1 D - { 0 if c(Q) > 0. (4-20)
(V) If c(2) =0and Q2= x o Ny, then
B(w) =0. (4-21)

Proof. We illustrate the proof of (i) and (ii) in detail here. Let u, v € pcCD=1 pe
such that Q(1+u+vB) #1. Take y=v/c, x =14+u+ %by and, for r <c(2) —2,

let
f— 14+u a/cvo’” I
| —o7v 14u+b/cv €l
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o171 J) =7 i J) o[ 71 ]0)
:Q(1+u—|—vﬁ)3([wr 1]w>

This gives us (4-17) and completes the proof of (i).
Next, we give the proof of (ii). Substitute g = [, ] in (4-15) to get

R PR e (N

ueo/p

Then

For u # 0, setting x =b/2w” 4+ cu,y = w’, we get

w’ 1 —c bw" +cu w”
L e[ e

Since r > 0 by assumption, 8, , € 0*. Hence, for u # 0 we have

o7 L D)o eon (7 ]1)

This gives us

(7 (5 emmraop( )

ue(o/p)*

Using (4-17) and the definition of ¢(£2) we get the result for r > ¢(€2) or r <c(2)—2.
For r = ¢(2) — 1, using Lemma 3.4 of [Pitale 2011], we see that the expression in
the parentheses on the right-hand side above is 0. This completes the proof of (ii).

Using (4-15), (4-16) and similar calculations as above, we get the remaining
results. ([l

Proof of Theorem 1.7 for twists of Steinberg representations. Let D be the quaternion
division algebra over F' and Np,r be the reduced norm. Since 7 = x St corresponds
to the 1-dimensional representation 7’ = x o Np,r of D*(F), one knows by
[Waldspurger 1985] that 7w has an 2-Waldspurger model if and only if 2 # x o Ny /r.
Since ¢(§2) > c(ir), this must be the case, i.e., dim¢c Homzr) (7, ) = 1. The case
of ramified y follows exactly as in the principal series case. For y unramified, the
result follows from Lemma 4.4, (Il

5. Supercuspidal representations

Throughout this section we continue to assume that L/ F is a field.
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5A. Chain orders and strata. This section contains a summary of the facts about
chain orders and fundamental strata that we will use to construct test vectors for the
supercuspidal representations 7w of GL,(F'), all of which can be found in [Bushnell
and Henniart 2006, Chapter 4].

Let 2 be a chain order in M, (F). Up to GL,(F')-conjugacy, 2l must be either
M =Mj(0) or J = [; z], so we always take 2 to be 9 or J.

Write eg = 1 if % = 97T and ey = 2 if 2l = J. For more intrinsic definitions, see
[Bushnell and Henniart 2006]. Let 33 = rad 2, the Jacobson radical of 2[. There is
an element I1 € GL,(F) such that 3 = 12, and one has

radM =M,  radJ = [ I ]3.
w

Let B* =I1"A for n € Z. Let Ugl = Uy =A%, Uy :=1+P" forn > 1, and
Ko ={g € GLy(F) : gg~' =2}. Then

Z(F)GLy(o)  ifA=9M,
K= <[w 1]>><3X i =13

We fix a character ¢ : F — C* so that the conductor of v is p. For @ € My (F),
define a function of Uy by ¥y (x) = ¥ (Tra(x — 1)). Then for 1 <m <n <2m,
there is an isomorphism

— — A
;B n/;p m N (U£l1+l/U£l[+l) ,
a+ B Yy
The normalized level of 7 is defined to be

£() =min{n/eg : 7| y+ contains the trivial character}.

A stratum in M, (F) is a triple (2, n, o) where 2l is a chain order in M (F') with
radical %3, n is an integer and o € YB™". For n > 1 one associates to a stratum the
character ¥, of Uy which is trivial on Ung.

We say that a smooth representation & contains the stratum (2, n, o) if 7T|Ugl
contains v/,. A fundamental stratum is one such that e +3'~" contains no nilpotent
elements. If an irreducible smooth representation 7w of GL,(F') contains a stratum
(A, n, @), then (A, n, «) is fundamental if and only if £(7) = n/eg [Bushnell and
Henniart 2006, 12.9 Theorem)].

Suppose that (2, n, «) is a fundamental stratum with eg = 1. Write ¢ = @ " g
for g € 2. Let f,(¢) € o[¢] be the characteristic polynomial of &g, and let fa e k[z]
be its reduction modulo p. Here k is the residue class field. If £, has two solutions
in k, then (2, n, «) is said to be a split fundamental stratum. If fu is irreducible,
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then the stratum (2, n, ) is said to be unramified simple. On the other hand, if
(A, n, a) is a fundamental stratum with ey = 2, and n odd, then (2, n, ) is said
to be ramified simple. A simple stratum is either a simple unramified stratum or
a simple ramified stratum. Suppose that (2, n, @) is a simple stratum with o as
above and let £ = F[wg]. Bushnell and Henniart define what it means for o to be
minimal [Bushnell and Henniart 2006, 13.4 Definition], and when this is the case
og = o[op] [Bushnell and Henniart 2006, 13.4 Lemma]. If (2, n, @) is a simple
stratum with 20 = 90, then « € 901 but oy ¢ L.

Define 7 to be minimal if, for all characters y of F*, £(w ® x) > £(). Every
irreducible supercuspidal representation of GL, (F) is either minimal, or isomorphic
to the twist of a minimal irreducible supercuspidal representation. Every minimal
irreducible smooth representation of GL,(F') contains exactly one of the following:
a ramified simple stratum, an unramified simple stratum, or a split fundamental stra-
tum [Bushnell and Henniart 2006, 13.3 Corollary]. If = contains a split fundamental
stratum, then 7 is not supercuspidal.

5B. Construction of minimal supercuspidals. In this section we review the con-
struction of minimal irreducible supercuspidal representations. See [Bushnell and
Henniart 2006, Section 19] for more details. In each case we describe a distinguished
vector vy in the inducing representation. This vector vy will be used to construct a
test vector for 7.

We remark that if a representation 7 contains a simple stratum (2, , ), then
it contains all GL,(F)-conjugates of (2, n, o). Therefore, we may always take
2 to be either 9 or J. Since Ky normalizes Ug, we may also consider o up to
Ky -conjugacy.

For the rest of Section 5 we assume that all supercuspidal representations are
irreducible.

SB1. 2A =90, ¢(7) =2r + 1. Suppose that 7 is a minimal supercuspidal represen-
tation containing the simple stratum given by (1, 2 + 1, «). Then E = F[«] is an
unramified quadratic extension of F, and 7 = c—IndS'aLZ(F))\, where J, = E* U;;{ !
and A is a character.

We have that AlUg;{l =y With o € ‘135)?2’_1 and o is minimal. One may take
oo = o to be in rational canonical form, i.e.,

w=[" 1] (5-1)

ap ap

fora; €0,i =0, 1. Then

Pl 2042
1+ [ p2rt2 pr+2 :| C ker Yq.
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5B2. A =3, () = %(Zr + 1). Suppose that 7 is a minimal supercuspidal repre-
sentation containing the simple stratum (3J, 2r+1, «), and let E = F[«]. In this case
E/F is aramified extension, and £(w)e(E/F) =2r +1. Then & = c- IndGLZ(F)k
where J, = E* U '+1 and A is a character. Observe

pr/2+1 pr/2
1+|: r/241 r/2+1:| if r is even,
r+1 =1 +q3r+1 — p p
J p(r+1)/2 p(r+1)/2 o
1+ [ F43)2 - (+1))2 i| if r is odd.
p p
Note that

pr—}—l pr—ﬁ—]
3”‘"2 =1+ |:pr+2 pr-&—] ] C ker .

Let g = ' o be of the form (5-1), where now ag € wo* and a; € p, and
k:= [%r] + 1. Then

pk pr+1
I+ |:pr+2 prtl ] < kerA.

5B3. A =9, £(r) = 2r > 0. Now suppose 7 contains an unramified simple
stratum (901, 27, ) for some o € P~ so that £(7) =2r > 0 and e(E/F) = 1,
where as before E = F[o]. Continue to assume that og = o 2"« has the form (5-1).
In this case, 7 is not induced from a character, and E is an unramified quadratic
extension of F. We describe a representation p of J, = E*Ugy, so that 7 is
compactly induced from p, and we follow Kutzko [1978, §1] since his construction
is more convenient for our applications.

Write Ué = Uz)ln N E*. Since ag € M P and o = o[ag] (see Section 5A), a
simple argument shows U }E C 1+ pEg. The opposite inclusion is obvious; therefore,
Ué =1+ pg. We similarly note that EX N Upy =: Ug = 02. There is a character
x of E* such that x (1 +x) = o Trg/r(ax) forall x € p?l. Define a character

AtHL = ULUR — C*

by A(ux) = x )Y (x) for u € UL and x € UL
Let A = {[x 1] X € FX}, and set A" = A N Uy, for n > 0. The character A
can be extended to a character A of A” Hal by ):(yx) =Ax)forye A" U9232+1 and
x€H, ! [Kutzko 1978, Definition 1. 8]
Let J1 UL U}y, and define n= IndA",Hl
of J! of dimension g. There is an irreducible representation p of J, such that
Ind L(F ),0, and p|]1 = 7 [Kutzko 1978, Lemma 1.10 and Proposmon 1.15].
Note that U%g“ C ker p. We must compute p|4r = n|4-. We have [J1 A’H 1=q,
and an irredundant set of coset representatives is given by {[Jl ] taeyp’/ p“rl }

. Then 7 is an irreducible representation
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. . . Jooz . .
It is a simple computation to show that 1| 4- = Ind;} ,,, A|ar is isomorphic to the
regular representation of A”/A”*!. In particular it contains the trivial character
with multiplicity one, 2solthere is a vector vy € p that is unique up to scalars which
. r r+
is fixed by 1+ [pfm 22“" ]
Sometimes it will be convenient to consider the corresponding vector fy € n
given by - _
AMk) ifke ATH],

. (5-2)
0 otherwise.

folk) = {

5B4. Depth zero supercuspidals. Now, consider a depth zero supercuspidal rep-
resentation, i.e., £(r) = 0. Then =7 is induced from a representation p of Koy
that is inflated from a cuspidal representation p of GL,(0/p), i.e., p is trivial on
Uglﬁ = 1+ pMs(0) and it factors through p. The cuspidal representations p are
parameterized by Galois conjugacy classes of regular characters 6 : F*, — C!. Such
a character 6 can also be regarded as a character of o that is trivial on 1+ pg,
where E/F is the unique unramified quadratic extension. Embed o in GL,(0),
and identify F*, with the image of oy under the reduction map modulo p. The
following proposition gives the character table for p, which is a well-known result
(see, e.g., [Bushnell and Henniart 2006, 6.4.1]).

Proposition 5.1. The character table of p is given by

Trp(z) = (g — 1)0(2), 7€ Z;
Tr p(zu) = —6(z), z€Z,ue N, u#1;

Trp(y) =—0(+67(y), yeFL\Z.

If g is not conjugate to an element of [F;2 UZN, then Tr p(g) = 0.

From the character table one sees that the restriction of p to A? is isomorphic to
the regular representation of A°/A!. In particular there is a vector vy € p such that
p(a)vy = vy for a € A°.

5C. Remarks on minimal supercuspidals. We consider a minimal supercuspidal
representation 7 = c—Indg’aLz(F) p, where E = F[a] for o € 7" such that = contains
the simple stratum (2, n, ). When e(E/F)£(rr) is odd, then p = A is a character
which restricts to . When e(E/F){(m) is even, then p is not a character, and if
additionally () > 0, then we sometimes identify p| ;1 with n as described above.

From the discussion in the previous section, we may always take J = J, of the
form E* (1 —I—‘B[(”‘Z(”)“)/z])x, where we take E = F if £(;r) = 0. In all cases, we
have E* C Ky, so J C Ky.

Definition 5.2. Suppose 7 = c—IndS‘LZ(F)p is an irreducible minimal supercuspidal

representation.
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(i) If p = A is a character, define vg to be the unique vector up to scalar multiples
in p. That is, p(k)vg = AL(k) for k € J. Then according to the constructions in
Sections 5B1 and 5B2, p(a)vo =A(a) =1forae ANJ.

(i1) Suppose dim¢ p > 1. Define vy € p to be the vector described in Sections 5SB3
and 5B4 such that p(a)vg = vy fora e AN J.

Let N={['{]} cGLo(F), N={[. ]} CGL2(F) and N" = NN U}, for r > 0.

Lemma 5.3. Suppose that w is a minimal supercuspidal representation and that
() =2r. Write ™ = c- IndGLZ( ),0, where p is not a character.

(1) If £(r) = 0, then p|jo = @?:_11 Vi, where ; runs over all the nontrivial
characters of N°/N!.

(1) If€(w) > 0and J = Jy, then :0|ij = @ Y j, where the sum runs over all
characters of N N Jy such that Vilvnn, = Yolynm,> and Hy := E* Ur'H.

Proof. The first part may be deduced from Proposition 5.1. Now, suppose that
() > 0. Since J, = EX Uy, we, have NNJ,=N",and similarly NN H, = N"+1.
Also, recall that p| = =n= Ind’ %, where X is obtained from A by extending it
trivially to A”.

A set of irredundant coset representatives for A” H!\J! is given by

a1 Jroewn)

Let ¥’ be one of the characters y; of N” as in (ii). For a € p’ /p’*!, define

fa) = w([:z )i ify:x[:z )} xeah (5-3)

0 otherwise.

A"H]}

This is well defined since v’ and A agree on N'*!. Note the f, span 7, and when
a =0, (5-3) agrees with (5-2). Define fy = Zaep, Jprtl fa- Then we have

n([)lc 1 ])f‘l’/ = ‘/’/(x)fl/,/.

From the explicit basis we computed for 7, one sees that each of these characters
appear with multiplicity one. This proves the lemma. ([

Later, it will be useful to have a case-by-case description of the kernel of p. We
summarize what we know about the kernel from the previous section in Table 2.
The quantities in the latter two columns will be denoted i and i” in Propositions 5.5
and 5.9, and are included here for the later convenience of the reader.
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(1) +3/2 31 [4m1.
) J C ket p [—2 ] [E(rr)+2] [—2 ] 1
prHl a2
21 | EX(14p 1+[p2r+2 pwz] rl rtl
" . pr+l p2r+1
2r>0| EX(1+3") 1+|:p2r+1 p2r+l:| r r
0 | Z(F)GLa(o) 149 0 0
2 +1 y . [r/2]4+1 r+1
o | B [pp,+2 E’“ [%]+1 r—[%]—f-l

Table 2. Data for minimal supercuspidal representations.

5D. Mackey theory. In this section we describe the strategy to obtain the desired
test vector for ;r. Consider a minimal supercuspidal representation 7w of GL,(F).
There is an open subgroup J of GL,(F) that contains the center Z(F'), is compact
modulo Z(F') and has an irreducible representation p of J with 7 = c-Ind(J}LZ(F) p.
As before, let Q2 : T (F) — C* be a character such that Q|zr) = wy.

Consider the space
~ GL,(F)
HomT(F) (7‘[, Q) = HomGLZ(F) (C-Ind] P, B(Q)) (5-4)

See Section 2D for the definition of B(£2) and details of the above isomorphism.
Following the proof of Proposition 1.6 of [Bushnell and Henniart 1998] and [Kutzko
1977], define 52 (GL,(F), p, 2) to be the space of functions
f : GLy(F) — Homg(p, ©)
satisfying
ftgh) =Q(@) f(g)op(k),

Then for ¢ € c-IndS}LZ(F)p and f € s (GLy(F), p, ), the convolution f * ¢
defined as

teT(F), geGLy(F), kel.

fe(x"'g)dx, geGLy(F),

f*o(g) =
GL2(F)/Z(F)
gives a function in the space B(£2). Furthermore, GL, (F') acts on .2 (GL,(F), p, 2)
through the convolution by (g- f) *x¢ = f * (g - ¢), and there is a GL,(F) homo-
morphism
H(GLo(F), p, Q) — Homg,(r (c-Ind;> " p, B(Q)),

f> (o fxe).
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This is in fact an isomorphism. By [Waldspurger 1985],
dime Homgy, () (e-Ind§ " p, B(2)) < 1.

Hence, there is at most one double coset T (F)hoJ which has nontrivial inter-
section with the support of any f € 2 (GLy(F), p, 2), and each f is uniquely
determined by its value at A (see 1.8 of [Bushnell and Henniart 1998]). Suppose
that f € J2(GLy(F), p, 2) has support in a double coset T (F)hoJ, and that
f(ho) = £y € Hom(p, C). For k € J Nhy ' T(F)ho, define Q" (k) = Q(hokhy ).
Then ¢y has the property that for k € J N halT(F)hO,

Lo(p(k)v) = QM (k) Lo(v).
Therefore,
to € Hom 17y (01 Q™). (5-5)

When the Hom space in (5-5) is not 0, we say that = and 2 intertwine on hg. If
this is the case, then the double coset 7' (F)hoJ supports a nonzero function in
H(GLy(F), p, ), and the Hom space in (5-4) is not zero.

5E. Test vectors for minimal supercuspidal representations. By [Henniart 2002,

Section A.3], if 7 is a minimal representation with level £(sr), then c(r) =2£(r)+2.
GL2(F)

Let w = c-Ind; p as described above. Let vg € p be the vector described in
Definition 5.2. Assume that ¢(£2) > ¢(7r). Set
mo = [£(7) + 2] — c(Q) — v(a). (5-6)

In the next proposition, we determine a double coset representative hg of
T (F)\GLy(F)/J such that Hommhng(F)ho (p, Q") #£ 0. We remark that this
result depends on our choice of inducing subgroup J, and in particular the quadratic
extension E = Fla] = F[ag], where o is always assumed to be of the form (5-1).
Form € Z and z € 0%, we define g(m, 7) := [Zwm 1].

Lemma 5.4. Forze o, T(F)Ng(mo, 2)Jg(mo, 7)™ = F* (14511027

Proof. We give the details when 20 = 9. First, suppose £(r) = 0. In this
case J = Z(F)GLy(0) and my = 1 — ¢(2) — v(a). Furthermore, for z € 0%,
g(mo, 2)Jg(mo, 2) ™' =g(mo, 1)Jg(mo, )~". Lett’ € T (F)Ng(mo, 1)J g(mo, 1)~".
Since J = Z(F)GL,(0), there is a unique integer k such that

@kt € T(F)Ng(mgy, 1)GLy(0)g(mg, 1)~

Lett = wkt = [x:by Cy]. Then
y X

x+by cymw ™™

—1
g(mo, 1) "tg(mo, 1) = [aywmo X

] € GL2(0).
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Therefore, y € p~07V@ = p¢E=1 —y_Since g(mg, 1)~ tg(mo, 1) € GLy(0), we
have x € 0*. This proves that T (F) N g(mo, 2)Jg(mo, 2)~" € F*(1+ P57,
The other inclusion is straightforward. This completes the proof for £(;r) = 0.
Now, assume £(7) > 0. Note that t € T (F) N g(mo, z)Jg(mo, z)~" if and only
if wt € T(F)Ng(mo, 2)Jg(mg,z)~" for all w € Z(F).
_ "+by' ¢y
Suppose that ¢’ € T(F) N g(mg, z)Jg(mg, z)~", where ¢’ = [{a; “ ] Let
k = max{—v(x'), —v(y) —mg—v(a)}, x =x'w*, y = ywk and t = w*¢’. Then

x+by <z leymmo
—zayw™o X '

g(mo, 2)"'tg(mo, 2) = [
Leti = [%(Z(n) + 1)], so J = EXUg"n. Thereisau € Ugﬁ such that
g(mo, )~ 'tg(mo, 2)u € E*.
Since g(mo, z)~'tg(mo, z) € M (0) and u € Uy, this implies that

apz leyw ™™ = —zayw™ mod p’

(see (5-1) for ag). As yer ™0 e p~2m0~v(@) e have y € pi "0 ~V(@) = pc(@— /211,
But this means that v(ay@ ™) > 0, and hence v(x) = 0 by our choice of «.
Therefore, we have t € 0 (1 + &B‘L'(Q)_[‘Z(” )/21=1y " The discussion above shows that
t' e F*(1 +p5E-16@/21=1) The inclusion

T (F)Ng(mo, 2)Jg(mo, 2)~" 2 F* (1 + @712
is straightforward. 0
Proposition 5.5. Let i = [1(¢(m) + 3)]. There is a unique zo € 0* /(1 +p') such
that we have

g(mo,zo) . o™
Hom ;g g, 20)- 17 (F)g(mo.20) (P $2 ) #0  for g(mo, z9) := Ol

Proof. We give the details when () > 0 and 2l = 9)1. In this case, we have
mo=~L(m@)+1—c(Q)—v(a)andi = [%(E(n) + 1)]. By Lemma 5.4,
T (F)N g(mo, 2)Jg(mo, )" = F* (1 + RO

Since Q|px = wy, intertwining only depends on €2 gpe@-tte/2-1. Recall the
definition of & from Section 2. The function given by y Q(l + y(é — %b)) is an
additive character of p¢—G)/21=1 /(@)

On the other hand, we have an isomorphism

pc(Q)f[K(n)/Z]fl/pc(Q) — ]\_/iUéJ%n)—H/U;J%n)—H,

y > g(mo. 2) 7 (14 y(& — 3b))g(mo. 2).
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Therefore, Q2("0:?) determines a character of ]ViUEf;g”)Jrl/Ug;g”)Jrl = Ni/NUO+L
As z runs over 0* /(1 + p*)+1=1) the character determined by Q209 runs over
all characters of N'/N‘C+! that are nontrivial on N*™_ In an abuse of notation
we also refer to the character of N’/ N‘D+! by Q&(mo.2),

If £(;r) is odd, then p is a character of J. Then p|5y: = v/, i.e., p restricts to a
single character, and £(x) + 1 —i = i, giving the proposition in this case.

Otherwise £(r) > 0 is even and, according to Lemma 5.3, p|g: is the direct sum
of characters all of which restrict to the same character ¥’ on N'*!. In this case
there is a unique zo € 0> /(1 +p’) such that

Pl = P s,

ze0* /(14p't1)
7=z (mod p)

proving the proposition. The other cases follow similarly. (]

Remark 5.6. Let us comment on the choice of the mg in (5-6). Put g, = g(m, 1).
One can exhibit the following double coset decomposition:

L] 7F)g-nKon £ 9 =,
m>v(a)
GL,(F) = |:!)T(F)g—mK3 i =73, (%) Y
> 1 o
m|>_v(|a)T(F)ng3UT(F)|:u0 1:|K3 ifA=73. (S) —o.

Then, still assuming ¢(2) > c(r), one can prove that if f € 2 (GLy(F), p, Q) is
nonzero and is supported on the double coset 7' (F') g_,, Ks(, one must have —m = my.
Thus it makes sense to look for intertwining on an element of T (F)g_,, Kg. The
decomposition above involves negative powers of the uniformizer in the double coset
representatives, whereas (4-12) uses positive exponents in the representatives. The
difference in the indices occurs because for m > v(a), g—, and g,,—y(q) represent
the same double coset.

Next, we define a vector in w which will be a test vector for a 2-Waldspurger
functional and have the desired right-invariance. Recall vy from Definition 5.2.
Define ¢y € & by

. _ J4 1
P(kl)vo lfg=k1gm(}k2, kl e, k2 c K1(m0+[ (m)+ ])(pQZ(ﬂ)-i-Z),

) (5-7)
0 otherwise.

<Po(g)={

See (2-3) for the definition of K fs)(p"). The vector ¢ is well defined because of
the inclusion

J mgn—u} K](mo+[€(ﬂ)+l])(pZZ(n)-i-Z)gmo C Stab(uy).
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Since ¢ is a translate of the newform in &, we see that ¢ is the unique (up to
scalar) K l(mOHZ(”)HD(pC(”)) fixed vector in 7.
For z € 0%, define

pkyvo if g =kg(mo,2)~", ke J,

) (5-8)
0 otherwise.

v, (8) = {

Proposition 5.7. Suppose 7 is a minimal supercuspidal representation. Let i and
z0 be as in Proposition 5.5. Then

) g = > ¢,and
ze0X/(14pi)

(i) €(po) = £(gz,) for £ € Homy g (m, 2).

Proof. The space (gmo‘]gr;(} N Kl(mo+[£(n)+1])(pzz(n)+2))\Kl(mo+[£(n)+1])(pze(n)+2)

has an irredundant set of coset representatives given by {g(0, z) : z € 0 /(1 4+ p")}.
This shows (i). It is a straightforward computation to show that the double cosets
T (F)g(my, z)J for z € 0% /(1 +p') are disjoint. Hence, 7 is the unique element
in 0% /(1 4 p’) such that the double coset T (F)g(my, z9)J is in the support of a
nonzero f € 7 (GL,(F), p, ). By the discussion in Section 5D, this gives (ii). [J

Proposition 5.8. Let w be a minimal supercuspidal representation. There is a
nonzero £ € Homr ) (r, Q2) satisfying £(¢o) 7 O.

Proof. Let zg € 0* /(1 + ') be as in Proposition 5.5 and £, be a nonzero element
of the space HOM g . 20)-1 T (F)g(mg.0) (P 280%)). Define

§ = 17(Fg(mo.z0)0 ® o € 7 (GLa(F), p, €2).

As in Section 5D, define £(¢) = & * ¢(1) € Homy(p)(r, ). After appropriate
normalization of measures, £(¢g) = £(¢;,) = £o(vp).

When p is a character, it follows immediately that £(¢g) 7%= 0. However, when p
is not a character, it must be shown that vy ¢ ker £.

Suppose that £(7) =2r > 0 and write J = J,,. Recall that under the identification

.
Jy Y

p|JO! gn:IndArHo} ’

the vector vy is identified with fj defined by (5-2). Consider any character ¥’
which is a summand of p|g,, and the vectors f, € n defined by (5-3) with respect
to ¥’. We may take £, to be given by

zo( ) f) =Y e

aepr/er aep’/p’“
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Indeed, with this definition, note that for f € n and x € p”,

([ ) =L Do
(o

viewing 802 ag a character of N” for some choice of z € 0* /(1 4+ p'*!) corre-
sponding to v/ as in the proof of Proposition 5.5. Hence £y(vg) = £o(fo) =1 # 0.

Finally, suppose that £(7r) = 0, so c(r) =2 and s = 1 — ¢c(R2) — v(a) < 0.
Let i = g;. The linear functional ¢ is the projection onto one of the irreducible
summands of p|5o. Let a € 0™, and denote by v, the character of NO given by
‘/’a([:{ 1]) = Y1 (au). Denote by v, the vector in p such that ,0([11 1])va =Y, (u)v,.

Now, write vo = Y ¢,v,, Where ¢, € C and a runs over 0* /(1 +p). For b € 0*,
we have p(g(0, b))vy = vg. However, p(g(0, b))v, = vp,. Therefore, c, = cp, for
all b € 0. Therefore, vy has a nonzero component in each summand of p|z.. U

Proof of Theorem 1.7 for minimal supercuspidal representations. Since c(2) > c(7),
we can apply Lemma 2.2 together with Proposition 5.8 and the definition (5-7) to see
that Homr r (7, 2) # 0 and that ¢ is a test vector with the required properties. [J

SF. Nonminimal representations. In this section we consider a nonminimal super-
cuspidal representation t and let €2 be a character of T (F') such that Q|zr) = w;
and ¢(2) > c(r). There exists a minimal supercuspidal representation 7 and a
(ramified) character x of F* such that T = 7 ® x. Identify T with 7 ® x. Since 7
is minimal and t is not, Proposition 3.4 of [Tunnell 1978] tells us

c(t) =2c(x) > c(m).

Then ¢c(Q® x 1) > ¢(Q) > c(n).

Observe that the considerations of the previous section guarantee the existence
of a vector in 7 that is a test vector for an (2 ® x ~!)-Waldspurger functional and is
the unique vector (up to scalars) in 7 that is right invariant under the corresponding
conjugate of K(p™). To get the desired test vector for 7, we actually need a
vector in 7 with respect to Q ® x !, but which transforms according to x ~! o det
under right translation by a conjugate of K(p°™). In the next proposition, we
obtain a vector ¢, with the correct right-transformation property, and then show
that it is a test vector for the appropriate linear functional.

Proposition 5.9. Suppose that 1 = C—Ind(J}LZ(F)p. Let s =2c(x) — c(2) — v(a),

b= [E(@) +3] =G0 mo = [€60) +3] = (@) = v(@), i =[5 (&) + 3)] and
i'=[em +3]-[5e@] -1
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(i) There is a unique u € 0 /((14+p')No>), and vy € p depending on u, which
is unique up to scaling, such that for all x € p,
l+xw? 0 _ _
,0([ xu~! 1 })Ux =X 1(1 +xo b)vX. (5-9)

(i1) Suppose u and v, satisfy (5-9). Let

o (g = | O odeO kDU, if g =kagihi ko € T, ki €KY (p00),
' 0 otherwise,
w—mo 0

where g, = [u—lwc(x)—-f 1]. Then @, is well defined, and is the unique vector (up
to scalars) in 7w such that, for k € K (p20), w(k)p, = (x " o det) (k).

Note that i =i’ when £() € Z or £() = %(Zr + 1) with r even; otherwise they
are off by 1 (see Table 2).

Proof. Observe that for [ 91 912] e Kfs)(pz“(X)), we have

az) ax

ain an] ar 0 ((m)eq+1 510
gx[am an ]gx < [(all_l)u_lwb 1:|+q3 ‘ ( )

We remark that b < 0. If g, [Z;: Z;i]g;1 € J,thena;; =1 mod p’'~?. To show that
¢y is well defined, we must check that p#x and x agree on g;'Jg, N K (p2e),
This is precisely the condition (5-9). Once this is established, uniqueness then
follows since ¢, ® x is a translate of the newform for r. Therefore, part (ii) of the
proposition will follow from part (i).

First, suppose p = A is a character. As in Section 5B we have

o[ )= VD)

As a function of x, both sides of (5-9) are nontrivial characters of pi// plée+3/21
(see Table 2). Therefore, there is a unique u € 0*/(1 + p') such that (5-9) holds.
This proves part (i) when p is a character.

If p is not a character, then b < 0. By Section 5B,

o[V =o s 1D

Suppose that 7 is a depth zero supercuspidal representation. Let u = 1. By
Lemma 5.3 there is a unique up to scalar v, € p such that, for x € o,

,o([ 1o ])Ux =x'1 —I—ch()‘)*l)vx.

x 1

Finally, suppose that () =2r > 0, and & = c—IndS’LZ(F) p, where p is not a

character of J. By Lemma 5.3, p|yny is a multiple of Yo |gny, - There exists a
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unique u € 0%/(1 4 p') such that (5-9) holds for x € p’’. By Lemma 5.3, with this
choice of u there is a unique up to scalar multiple v, € p such that (5-9) holds.
This completes the proof of (i) of the proposition. (]

The next lemma gives a double coset decomposition of the support of ¢, .

—myg

Lemma 5.10. Let g, = [ i 0 ] as in Proposition 5.9. Then

u s 1

5 Z
Jg K" >0 = L Ta ")
z€0 /(14pcO0—le@/21-1)

Proof. Recall

KO (p20) = 1 p’ 0
1 P = | pe@tv@ | 20 1l
We have, for z € 0%,

1 p° . | 4 pe00  p2eGO-lEe)+3/21
8x |: pc(9)+v(a) 1 +p26(x) ]gx = |: p[6(7r)+3/2] 1 +pC(X) s (5-11)

< -1 _ z ]
gXI: 1 ]gx o |:u1w-C(X)S+m0(Z _ 1) 1 i| (5 12)

Using the description of J in Table 2, we see that the right-hand side of (5-11) lies
in J. Also, the right-hand side of (5-12) lies in J if and only if z € 1 +-p¢CO~1E@/21=1,

This completes the proof of the lemma. U
The next two lemmas give a useful decomposition of g,. Fix g, and u to be

as in Proposition 5.9, and set yo = —u~la '@+ @—<00)_ For y e F, define
_ 1 _ [14bycy

ty=1(1+50y.5) =[50 7]

Lemma 5.11. We have g, = kog,, ty,, where ko € Uﬁ(”)ew].

1
ayo 1

Proof. Write g, = g,,1g, where g =[ ] Letky' = gy lty,87  gm,. We see

that

ol 1+byo+acy; cyow ™
o = 0 1 ‘

So ko € Uy ™™ and g, = kogy, 1y, O

Lemma 5.12. For each z € 0%, there exists k, € UQL;{(”) “+1 such that

_ Z 1<
gm(}tyo[ 1 ] = ngm(}[ 1 :Itzy()- (5-13)
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Proof. Write g, = kog,, 01 ty, as in Lemma 5.11. Then

—1 Z —1 Z 1 —1 <

T I SR Y E e B | Y
_.-1[z a1 1 1,
<[ Je Ly J=TE Bt

z _
=7 Jomen

For the second to last equality we have used a decomposition similar to Lemma 5.11,
and k;, is the corresponding element of Uy fmeat! Eor the last equality we use the
fact that the subgroup Uy Lmentl i normahzed by A°. O
Let us remark here that Uy tLmeatl Lieg in the kernel of o (see Table 2 for details).
For any g € GL,(F) and v € p, define

(h) = pkyv ith=kg, kel,
e0lt) = 0 otherwise.

Note that, for any z € 0%, the support of rr([zfl D #e, v, is exactly Jg, [*,]. Then

9y = > x“(z)n([ C ])ng,ux

2€0% /(1 4peCO-1e(m/21-1)

— T — Z
= g lm/2-1 Z X(z)n([ 1])<ng,vx

z€0* /(14pc0))

-1

= qi[an)ﬂ]il Z X(Z)n(tz_—llyo)(pg(mo,z)’l,vx- (5-14)

z€0* /(14p°0)
The first equality follows from the double coset decomposition in Lemma 5.10. To
get the second equality, note that for z € 1 4 p¢)~I/21=1 "we can apply (5-9) to

the right-hand side of (5-12). Finally, the third equality follows from Lemmas 5.11
and 5.12.

Write ¢o = [%(c(x) + 1)]. For x € p°, x — x (14 x) is an additive character
of pco /pc(x),
Proposition 5.13. Suppose £ € Homrpy(m, 2 ® x~ Y. Then there is a unique
wo € 0% /(1 + pcO=<0) satisfying the following conditions:

M 1If
Y X@ () Pemant,) #O,

ze(14p0) /(14pct0)
then w = wy mod pct—<o,

(H) Z((pg(mo,zwo)_l,UX) 75 0.
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Proof. Recall yg=—u"la e ¢(D+@=c00 First, note yx odet is trivial on elements

t-y, for z € 0™. We can define an additive character of 0 by ¥q(x) := Q(#yy,). By
(5-14), we have

Upy) = q—[13(71)/2]—1
x Y D T ) vg W) g -mpzwyvg)- (5-15)

weo* /(14+p0) ze(1+p0)/(14+p<00)
If z € 14-p, then p(g(0, zfl))vx =y, and Qg (—mg.zw),v, = Pg(—mg.w),v, - Consider

the inner sum of (5-15):

Yoo xTwavg )
2€(14p0) /(14pc0)
=x'wvg ) Y x40 v (wx). (5-16)

xepo /peto

This sum does not equal zero if and only if x ~' (1 +x) = Y¥q(xw) for all x € p,
and this occurs for exactly one element w = wg € 0*/(1 4+ p¢X) =), This proves
the first part.
Consider an element t € T(F) N ngJg,;g = Fx(l + ‘132(9)7[6(”)/2]71) (see
Lemma 5.4). Since 2¢(x) > c(w) = 2£(w) + 2, we see
(e = [3¢00] = 1) = (@) = c(x)) = c(x) = [3£(0)] = 1 > co.

Therefore, there exist x € p° and z € F* such that t = zt,,,, and, by the remarks
after (5-16),

x 0+ wy ') = Ya () = Qty,) = @) 7'Q@0).
By (5-9) we have

p([ 11x 1])UX:X_1(1+xw_b)vx.

.
Therefore, for all t € T(F) N gmyJ gma = T (F) N &mowod Emo. o
P oot 8mowo)Vy = 2DV, = Q) (x ™' o det) (H)vy.

This implies that there is £ € Homy 0 wo)-17(F)g(mg, wp)ns (0> (2 @ x ~1)glmo.wo)y
such that £y(v, ) # 0, and from the discussion in Section 5D, after a normalization,
E(Pgmy.wo)—1.v,) = Lo(vy)- U
Proof of Theorem 1.7 for nonminimal supercuspidal representations. We compute,
by Proposition 5.13,

o) = PPy g w10, Y x T wwg g (wwg )
= ¢ ARy i G (X Y Y@y mg g)-1.0,) 7 0.
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where the sum is over w € (1 4 p¢)=%) /(1 + p<), wy is the unique element of
0% /(14pc00=0) such that x ~! (1+2) = Yo (zwy ') forall z € p, and G (x, Yo ') is
the Gauss sum for the pair x, ¥ L. For the last equality see [Bushnell and Henniart
2006, 23.6 Proposition]. This shows that Homr ) (t, €2) # 0. The 1-dimensionality
follows from [Waldspurger 1985]. Since ¢(€2) > ¢(t), we can apply Lemma 2.2
to obtain the test vector with the required properties. The uniqueness of the test
vector follows from the uniqueness of the newform in . U

6. Local spectral distributions

Now we return to the setting where F is a p-adic field and L is a quadratic separable
extension as in Section 2B. Let 7 be an infinite-dimensional, irreducible, admissible
representation of GL,(F'), and €2 a character of L* such that Q|gx = w,. In this
section, we calculate certain local spectral distributions J; ( f) defined by Jacquet
and Chen [2001] for certain test functions f € C2°(GLy(F)). These are used in
Section 7 to generalize the global L-value formula previously obtained in [Martin
and Whitehouse 2009]. For simplicity, we prove this global L-value formula when
the central character of our automorphic representation is trivial, so we may as well
assume w, = 1 in this section also. We also assume that & and €2 are unitary, since
the global objects in the following sections are unitary as well.

The calculation of J ( f) is contained in [Martin and Whitehouse 2009] in the
cases where F is archimedean, L/F is split, or 7 and Q2 have disjoint ramification.
Hence, we assume L/F is a quadratic extension of nonarchimedean fields and
c(m), c(2) > 0. In particular, either L(s, ) =1 or ® = x Stgr,, where, for the rest
of this section, y denotes an unramified quadratic character. Further, we assume
¢(2) > c¢(7r) to use our determination of test vectors.

Write L* = F(§)*, where £ = $+/d. Let T = T (F) be the torus in GLy(F)
isomorphic to L™ defined in (2-16). Here it is convenient to take a slightly different
parameterization for 7' than the one given by #(x, y) in (2-17). Namely, we map

X cy
xtvbor | o (6-1)
where

fo=&—1b=1(Vd-b).
By [Tunnell 1983; Saito 1993] or Theorem 1.7, the assumption ¢(£2) > ¢ () implies

dim¢c Homy (77, 2) = 1. Fix a nonzero linear functional £ € Homy (7, €2).
Consider the Kirillov model for 7 and the inner product on 7 given by

(P1, ) = / p1(a)pr(a)d™a,
F><
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where d*a is the Haar measure giving vol(0>) = 1. This inner product is GL,(F')-
invariant. Let e be the unique (up to scalars) vector in 7 such that 7w (¢)e = Q(¢)e
for t € T, which we normalize so that (e, ¢) = 1. Let dg denote the local Tamagawa
measure on GL,(F). Then the local distribution we are interested in is defined in
[Jacquet and Chen 2001] by

T(f)=((f)e, e) = / [(@(g)e,e)dg, [ eCF(GL(F)). (6-2)
GLa(F)

N

Put s = ¢(Q) — c(7), h = [w 1i|w, and

(6-3)

c(m) c(2)
Klthl(pc(ﬂ))h—lz[ 1+p p }

pc(n)—c(Q) 0%

Then Theorem 1.7 says there is a unique (up to scalars) test vector ¢ € w which is
right invariant by K’ such that £(¢) # 0. Let ¢9 be the newvector in 77 normalized
so that ¢g(1) = 1. Then we may take ¢ = m(h)¢g.

Observe that € is trivial on T N ZK', where Z = Z(T), since ¢ is fixed by ZK'.
Consider the vector ¢’ €  given by

¢ = Z QO (). (6-4)

teT/(TNZK')

Note the index set for the sum is finite, so ¢’ is well defined. Then for any ¢ € T,
we have 7 (t)e’ = Q(t)e’, and £(¢’) # 0. In other words, we may assume

e/

€= (¢, e/)l/Z'

We take for our test function f = 1/ /vol(K’), so our calculations do not in fact
depend on the normalization of dg in (6-2). Then

(w(k)e', ) i

J(f) =vol(K")™! / (r(k)e, ) dk = vol(K")™!
(e, e)
K/

K/
Note, using the GL,(F)-invariance of the inner product, we get
€.eh= Y QO Ne)
teT/(TNZK')
=|T/(TNZK"|(¢.€).

Since 7 (f) is simply orthogonal projection onto (¢) = 7 X',

mwTmeaw&:mmawzﬁﬁggl
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Hence

~ 1 (e, 9)
I = . 6-5
S8 IT/(TNZK")| (¢, ) ©)
Note that a1y it S
_ _ L s, 1F if = X tGsz i
(¢>,¢)—(¢o,¢0)—{1 i L(s. ) = 1. (6-6)

so it remains to compute |7 /(TNZK')| and (¢, ¢). (Recall x denotes an unramified
character.) Only the latter computation is involved. This requires knowing some
facts about values of the Whittaker newform and determining a set of representatives
for T/(T N ZK'). We first tackle these two tasks, and then compute (¢’, ¢), and
hence J, (f), under our above assumptions.

Whittaker values. Assume 7 has trivial central character and let ¢ be a nontrivial
additive character of F' of conductor 0. Let W(zr, ¥) be the Whittaker model for
7 with respect to . Let Wy be the newform normalized so that Wy(1) =1, and
therefore ¢o(a) = WO([“ 1])

We are interested in certain values of the Whittaker newform when the local
L-factor of 7 has degree 1 or 0. For this, we recall (see Table 1 in Section 3) that
¢o(a) = x(a)l|a|l,(a) when m = x Stgr, and ¢g(a) = 1,x(a) when L(s, w) = 1.
From this, one obtains the following result on Whittaker newform values.

Lemma 6.1. (i) Ifu, v € 0%, then

Wo(é’[ ! y ]w) = Wo(gw).

(1) If m = x StgL, with x unramified, then for j € Z,

W([wj :|w>_{—x(w)jqjl if j =1,
0 1 1o else.

If L(s,m) =1, thenforany j € Z,

(7 ) e
0 1 1o else.

(i) If m = x StgL, with x unramified, for j >0 > k, we have

j .
fXquw ! 1:||:a)1_k 1]>dxu=—q1(x(0)ql)’2"-

If L(s,m)=1,thenforall j, k €Z,
1 if j=0and k > c(m),

/XWO([WM 1}[;'6 1])‘”: (=)™ fj=0andk=c(m -1,

0 else.
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Proof. Part (i) follows simply from the facts that W, is right invariant by K (p¢™ )
and w,; = 1. The proof of parts (ii) and (iii) follows from the functional equation
(3-3) with u = 1 by comparing coefficients of ¢°. ([

The toric quotient. We identify t = x + y§y € L™ with its image in T via (6-1).
Since we have assumed that ¢(2) > ¢(rr), we have t = x + y&; € K’ if and only if
x€14p@ and y e pcd,

Lemma 6.2. We have

g1 +q~" if L/F is unramified,

6-7
2g¢D if L/ F is ramified. ©-7)

IT/(TNZK") ={

Furthermore, if L/ F is unramified or v(a) =1, then a complete set of representatives
of T/(T N ZK') is given by

(14 y60:y € o/pDYUfx +80:x € p/p@ @), (6-8)
while if L/ F is ramified and v(a) = 0, then a complete set of representatives of
T/(TNZK') is given by

{L+y&:yeo/p™@, y#uy mod p}

U{L+ g+ %0y € p/p" P Ufx + 501 x € p/p @), (6-9)
where uy = —uo/a € 0* with ug as in (2-14).

Proof. We obtain the set of representatives of T/(T N ZK'), from which (6-7)
follows. Given an arbitrary t = x + y&y € T, we may multiply ¢ by an element of
Z to assume that x, y € 0 and either x = 1 or y = 1. Further, if x and y are both
units, we may assume x = 1. So we may consider a set of representatives of the
form x 4+ &y and 1 4 y&p, where x € p and y € 0. Observe ";‘g = —ac — b&,. For
t,t' €T, writet ~t' if t =1ryt' forsome 1o € TNZK'.

First we observe that x 4+ &y ~ 1+ y&p, where x € p and y € o, is not possible. If
it were, there would exist u € 1 +pc(”), re pC(Q) and z € F* such that

2x + 260 = (u+ré)(1 + y§o) =u —acry + (uy +r — bry)éo.

Since u —acry € 0>, we see v(z) <0, but z =uy +r — bry € o, a contradiction.
Now consider x; + & ~ x3 + & for x1, x, € p. Then, for some u € 1 + pt™),
rep™ and z € F*, we have

zx1 + 260 = (u +réo) (x2 +&0) = uxy —acr + (u +rxy — br)éy.
Hence z = u +rx, — br € 1 +p™ and

X1 =uxy +rxixy —brx; = ux, —acr,
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which implies
u(x, —x1) =r(ac —bx; + x1x7).

In particular, we must have x; = x, mod peE+v@),

In fact, if v(a) =0, we have x| + &y ~ x +&p if and only if x; =x, mod p
Similarly, if v(a) = 1, then v(b) > 0 and x| + &y ~ x2 + & if and only if x; = x;
mod p®»+1 The rest of the cases are computed similarly. U

C(Q)‘

Let us remark that the coset representatives in the previous lemma depend only
on ¢(£2) since we are in the case ¢(2) > ¢ (7).

Projection onto the test vector. Pute(L/F)=1if L/F is unramified, e(L/F) =2
if L/F is ramified. Denote by 7 the quadratic character of F'* associated to L/F.

Proposition 6.3. If c(;r) > 2, then

—e(Q) L, 1r)L(1,n)

Jn(f)=q e(L/F)

(6-10)

Ifc(m) =1, then
—c(Q) L, 1p)L(1, 1)
e(L/F)L(2,1p)"

J(f)=q (6-11)

Proof. By (6-5), (6-6) and (6-7), this proposition is equivalent to the statement that

(¢',¢)=L(1, 1p).

To show this, first observe

.= Y Qloang.e= Y Q' OGE  th, ).

teT/(TNZK') teT/(TNZK')

Recall that & = [w“ l]w with s = ¢(2) — c(;r). We give the details of the case
c(m) > 2 here. The other case is computed similarly. Hence, assume that c(7) > 2,
so L(s, ) = 1. Then, for g € GL(2),

@ o0 = [Wol[ " | Je)au
First suppose ¢t = x + &y, where x € p and v(x) < c(2) + v(a). Note

P x—b w'a
—w ¢ x

=wsc[l (b—xl)ws/c][det(t)wzs/cz 1}”[1 —wlsx/c]
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Since the rightmost matrix lies in K (pc(” )), we have

25 /2
g, g =wo( | 7 ) =0

where the last equality follows from Lemma 6.1(ii). Now suppose t = 1 + y&,
where y € 0. If y =0, then

(w(h~"th)¢o, o) = (¢, o) = 1.

Otherwise, assume v(y) < c(£2) and write

B | wlay [det) [ 1
1 _
h th_[ 1 ][ 1] —osey 1]

Then, by Lemma 6.1(iii),

(n(hlth)¢o,¢o)=/W0([det(t)u 1 [—wl‘scy 1])dxu

_ {(1 —g)7t ifu(y) =c() -1,
o else.

Observe that f1+w"oL Q 'u)d*u=0for0 <k <c(Q), together with Q =1,
implies
> @ l+yg) =0.
yeo/pe () =k
Hence, for 0 < k < ¢(£2), we have
0 if0<k<c(Q)—1,
Z Q_](1+y§o): —1 ifk=c(R)—1and c() > 1,
yeo/peDu(y)=k 1 if k=c(Q).

Summing up gives the desired calculation

€. p)=1+10-q)" > Q1+ y&) ' =

y€o/pDu(y)=c(Q)—1
since here ¢(£2) > 2. U

1—qV

7. A central-value formula

In this section we work globally. Specifically, let L/F be a quadratic extension of
number fields, A the adeles of F and A, the adeles of L. Let A and Ay be the
absolute values of the discriminants of F" and L, and let n = 1,/ r be the quadratic
idele class character associated to L/F via class field theory.
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Set G = GL(2)/F. Let m be a cuspidal automorphic representation of G(A)
with trivial central character, and 2 a unitary character of A} /L*A*. Assume the
sign of the functional equation € (% T ® Q) =1, where 7 is the base change of &
to L. Then by [Waldspurger 1985; Tunnell 1983; Saito 1993], one knows that there
is a unique quaternion algebra (possibly the split matrix algebra) D/F in which
L embeds, such that 7 has a Jacquet-Langlands transfer to a representation 7" of
D*(A) and the local Hom spaces Hom L (7, , 2,) # 0 for all places v, and in fact
have dimension 1. Fix this D and 5/, and write G’ for D*, regarded as an algebraic
group over F. Let T be a torus in G’ whose F-points are isomorphic to L*, and
view € as a character of T (A)/Z(A), where Z is the center of G'.

Let v be the standard additive character on A/ F, i.e., the composition of the
trace map with the standard additive character on Ag. Let S be a finite set of places
of F containing all archimedean places, such that, for all v € S, ¥, 7 and Q are
unramified and L is not ramified at or above v.

Put on G'(A) the product of the local Tamagawa measures times L32, 1),
i.e., take the local Tamagawa measure dg, for v € § and dg, normalized so that
G(0,) = G'(0,) has volume 1 if v € S (see, e.g., [Jacquet and Chen 2001, Section 2]
for the definition of local Tamagawa measures). Note we will renormalize our
measure on G'(A) later in Section 7C.

Jacquet and Chen [2001] prove a formula for a distribution appearing on the
spectral side of the relative trace formula,

Jn/(f)zz / 7'(feQ@) " di / ¢(H)Q®)~tde, (7-1)
¢ T)/ZMWT(F) T(A)/Z(A)T(F)
where ¢ runs over an orthonormal basis for the space of 7’. Here T (A) and Z(A)
are given the product of local Tamagawa measures, 7 (F) has the counting measure,
and dt is the quotient measure.
Let Sinert be the set of finite places v in S such that L,/ F, is inert (ramified or
unramified). For v € Sjpert, as in (6-2), define

Jn{,(fv): /‘fv(g)(nl/)(g)e;ve/v)dgv,
G'(Fy)

where ¢ is a norm 1 vector such that 7, (t)e, = Q,(t)e, for all r € T(F,). For
v € S — Sinert, St

=X [ (* Do )
([ D)) )

X
Fy
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where d*a is the local Tamagawa measure and W runs over an orthonormal basis
for the local Whittaker model W(m, V).
With the above normalizations, the formula of Jacquet and Chen is as follows.

Theorem 7.1 [Jacquet and Chen 2001]. Let S be a set of places containing all
infinite places and all places at which L, w or Q is ramified. Let

f=J]recG ®r)
with f, the unit element of the Hecke algebra for v € S. Then

Ls(1,nL5(3, 7, ® Q)
L5(1, , Ad)

T =3 [T I TT 26000, 4L, 1) x
S

VE Sinert

Note that if 7/ (f) is an orthogonal projection onto a 1-dimensional subspace {(¢),

then L
\fT(A)/Z(A)T(F)(b(t)Q(t)_ dt|
(@, 9)

This expression is written to be invariant under replacing ¢ by a scalar multiple.

Jo(f) = (7-2)

7A. Choice of test vector. To obtain an explicit L-value formula, we choose
f =11 fov so that it picks out a global test vector ¢ = X) ¢, as follows.

First suppose v is a finite place of F. We denote by o0,, 07, p, and @, what was
denoted in previous sections by these symbols without the subscript v for the local
field F,. Since we have assumed that the central character is trivial, we may work
with the congruence subgroups

Ko (p}) = {[i Z] €G(oy):c epﬁ}.

We assume that at any finite v € Sipere Such that c(£2,) > 0, we have c(€2,) > c(iry).
Recall that, if L,/F, is split or 0 < c(7,) < ¢(£2,), then we can identify G'(F,)
with G (Fy).

For v € S, let f, be the characteristic function of G(o0,). Then 7, = 7, and
7, (fy) is orthogonal projection onto the local newvector ¢,,.

Let v € S — Sipert- Take g, € G(F,) such that gv_lT(Fv)gv is the diagonal
subgroup of G(F,). Let f, be the characteristic function of the subgroup of G (F,)

given by
-1 1 _w.v—C(Qv) () 1 w.U—C(Qv)
gv 1 Ko,v(py v ) 1 gv

divided by its volume. Then ¢, is the unique (up to scalar multiples) vector in m,
fixed by this subgroup.
Consider v € Sipert.
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Suppose c(,) =0 or ¢(£2,) = 0. Let R(r}) be an order in D(F,) of reduced
discriminant pS™ such that R(@))N Ly, =0, + wlf(Q”)OLv (see [Gross 1988,
Proposition 3.4]). Note R(x,) is unique up to 7 (F,)-conjugacy. In this case, we
take f, to be the characteristic function of R(x))* divided by its volume. Then
7, (fy) acts as orthogonal projection onto the local Gross—Prasad test vector ¢,
[Gross and Prasad 1991], except in the case that c(;r,) > 2 and L,/ F, is ramified.
(Note [Gross and Prasad 1991] also assumes F, has odd residual characteristic if
7T, is supercuspidal because of this restriction in [Tunnell 1983], but this hypothesis
is no longer needed due to [Saito 1993].) When ¢(£2,) =0, ¢(7r,) >2 and L,/ F, is
ramified, ) ( f,) acts as orthogonal projection onto a 2-dimensional space containing
a vector ¢, which satisfies 7/ (t,) ¢, = Q, (t,) ¢, for all 1, € T (F,)) [Gross and Prasad
1991, Remark 2.7]; hence on this space any linear form in Hom(w,, €2,) is simply
a multiple of the map ¢, — (¢, ¢y).

If 0 < c(ry) < c(L2,), take g, so that gv_lT(Fv)gU is of the form (2-16), and
let K, be such that g, K, g, ! is the subgroup in (6-3). Let f, be the characteristic
function of K, divided by its volume, so 7, ( f;) acts as orthogonal projection onto
the line generated by ¢,, the unique (up to scalar multiples) vector in m, fixed
by K.

Lastly, suppose v is an infinite place of F. Let K, be a maximal compact
subgroup of G'(F),) whose restriction to T (F,) remains maximal compact. Let ¢,
be a vector of minimal weight such that ) (t,)¢, = Q,(t,)¢, for t, € K, N T (F,).
Choose f, so that 7} ( f,) is orthogonal projection onto (¢,).

Take f =[] fv and ¢ = ®¢,, so w(f) acts as orthogonal projection onto a finite-
dimensional space V containing ¢. Local considerations show the toric period
integral vanishes on the orthogonal complement of (¢) in V, and hence one has (7-2).

7B. Archimedean factors. Here we recall from [Martin and Whitehouse 2009]
certain archimedean constants C, (L, 7, ). Let v be an infinite place of F. By
assumption, €2, is a unitary character of L,.

First suppose F, =R and L, = R® R. Write

x|
Qy(x1,x2) = | —
X

it X
sgn™ (—),
2 b))

where ¢ € R and m,, is 0 or 1. If 7r, = ut,, x w; ! is a principal series with Laplacian
eigenvalue A, let €, € {0, 1} such that 1,2, =|-|"sgn® for some r. Then we put

82\
Cy(L,m, Q)= .
Ay

If 7 is a discrete series of weight k,, put

Co(L, 7, Q) =2k,
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Now suppose F, =R and L, = C. Write Q,(z) = (z/Z)imU, where m,, € %Zzo.
If my = py X !'is a principal series where p, is of the form |- |"*sgn®, then

my—1

Co(L, 7, Q) =)™ [ G +iG+1)7"
j=0

1

7= rg. If m, is a discrete series of weight k,,, then

where A, =

1
wB(ky/2+my, ky/2 —my)

CU(L97-[’ Q) =

if m, < $(k, — 1) and

Q) kg, |

v L’ sQ =
Gl ) = B e 2+ g 1 — k2 4 11y

if m, > %(kv —1). Here B(x, y) denotes the beta function.
Lastly suppose F,, =C, so L, = C&® C. Write 2, in the form

my —my
_ oz .z
Qv(ZhZZ):(ZlZl)”(__l) (Zzzz)_”(_—2> ,
21 22

where t € R and m,, € %Zzo- Then 7, is a principal series. Let k, be its weight, A,
the Laplacian eigenvalue and ¢, = max(k,, m,). Then
Ly 2
4
cm o= (5+6)(,,20) :
j_

lky — my| 14)»v+j2—1'

=ky+
7C. Proof of Theorem 1.1. We consider a measure on G’(A) which is the product
of local Tamagawa measures. Write A = Ajerc Agpiit, Where Ajpere is the part of A
coprime to every place over which L/ F splits. Then note that

1
2e(1, ny, Yu) L0, ) = —/——— e(Ly/Fy)
UEI;L veme(y) UGI;L

Ainer
= [] e@o/F).

VE Sinert

Let v € S be finite. The calculations of fné (fv) below for when L,/ F, is split,
v is infinite, or at most one of 7, and 2, is ramified are taken from [Martin and
Whitehouse 2009].
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Suppose L, = F, @ F,. Then
1
q—c(Qv)L(i’ 7L, ® )
0 (Wx,, Wxr,)

g LA 1r,)?
’ (Wxr,, Wz,)

if 2, is unramified,
Jn,ﬁ (fo) =

if 2, is ramified,

where W is the normalized Whittaker newvector. Furthermore,

L(1,my,, Ad)L(1,1F,)/L(2,1F,) if m, is unramified,
vol(0) ) (Wy,, We,) = { L(1, 7y, Ad) = L(2, 1F,) if c(my) =1,
1 if ¢(ry) > 1.

Since we are using local Tamagawa measures, the product over all such v of vol(o})
is \/ Asplit-
Suppose now L, /F, is inert. If ) is unramified, then Jrr (fo) is
gy L(L, 7w, @ Q)LEQ2, 15,
e(Ly/Fy) L(1, 7y, Ad)
where §, = —1 if Q, is unramified and §, = 1 if 2, is ramified. If 7, is ramified and
Q, is unramified, then Jy/ (f,) = 1. When both 7, and €2, are ramified, J;/ (f) is

calculated in Proposition 6.3.
Summing up, if 7, is unramified, then, up to factors of the form vol(o; ) and

e(Ly/Fy), jnt’,(fv) is
ety L3 T, ® Q) L2, 1R)
L(l’ﬂva Ad)

L(lv 771))6”7

L(1, ).

q

If ¢(ry) =1, then, up to factors of the form vol(o;’) and e(L,/Fy), J}; (fy) is

L(%’ L, ® Qv)
L(1, m,, Ad)
if ©, is unramified and L, /F), is split or unramified; 1 if 2, is unramified and
L,/ F, is ramified; and
1
—e() L(3. 7, ® Q)

L(1, 15)L(1, ny
L7y Ad) (L, 17 ) L(L, 10)

q

if 2, 1s ramified.

If ¢(;r,) > 2, then, up to factors of the form vol(o;) and e(L,/F)), J;,;(fv) is 1
if ©, is unramified and ¢ ~““* L (1, 1£,)L(1, n,) if 2, is ramified.

Now suppose v | co. Then from [Martin and Whitehouse 2009] one has

Co(L, 7, Q) L(3, 7, ®Q)L(2, 1)
e(Ly/Fy) L1, m,, AL, n,)

T (fo) =
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Combining the above calculations completes the proof of Theorem 1.1.

Remark 7.2. When S(7)NS(2) = &, Theorem 1.1 is exactly the main theorem of
[Martin and Whitehouse 2009], though their choice of measure on G'(A) is slightly
different. Our set Sy(rr) is denoted by S'(7r) in that paper.

As in [Martin and Whitehouse 2009], one can rewrite this formula using the
Petersson norm (¢, ¢) of the new vector ¢, € m instead of L(1, w, Ad). The
formula in [Martin and Whitehouse 2009] is also valid when w, = n, and one could
treat that case here similarly. The restriction that w, € {1, n} is not inherent in the
method, but is due to this assumption in [Jacquet and Chen 2001].

Remark 7.3. For many applications, one would like a formula for the complete
ratio of L-values L(% T Q)/L(l, 7, Ad). Theorem 1.1 of course gives this
when Sy = & (e.g., if the conductor c¢(m) of & is squarefree and 7w and L/F have
disjoint ramification). In general, one can of course multiply both sides by the
appropriate local factors, but then the rest of the formula will depend on more than
just the ramification of & and Q2 together with their infinity types. Specifically, for
v € S;(r) and T, = x, St,, the local factor L(%, wr, ® Qv) depends on the sign of
Xv When L,/ F), is ramified. Similarly, for v € S,(rr), the local factor L(1, m,,, Ad)
depends on more than just the ramification of .

8. An average-value formula

In this section, we prove Theorems 1.3, 1.4 and 1.5. Fix notation as in the first
paragraph of Theorem 1.3.

8A. The trace formula. Let D/F be the quaternion algebra which is ramified
precisely at the infinite primes and the primes dividing 9%y. Set G’ = D* and
G =GL(2)/F. Let Z denote the center of either of these. Let € be an element of
the normalizer of T (F) inside G’(F) which does not lie in T (F), so €2 € Z(F)
and D(F) = L @ ¢L. Then we may write an element of G’(F) in the form

[O’Bf 'f;], o, B el.

a0
r={[5all
0 o
As in Section 7, let ¥ be the standard additive character of A/ F, and take the
product of the local Tamagawa measures on T (A), G'(A), G(A) and Z(A). For
a cuspidal automorphic representation 77’ of G’(A), let JL(z") denote its Jacquet—

Langlands transfer to G(A). Denote by F' (N, 2k) the set of cuspidal automorphic
representations 7z’ of G’(A) such that JL(z") € F(N, 2k). We call N the conductor

With this representation,
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of 77/ and write ¢(r") = 91. Subject to assumption (1-3), we note that our choice of
D guarantees Homy (7', Q) # 0 for all 7’ € F' (N, 2k).

We now recall Jacquet’s relative trace formula for G’ from [Jacquet 1987]. This
is an identity of the form

1(f)=J(f), (8-1)

where I(f) is a certain geometric distribution, and J(f) is a certain spectral
distribution. Specifically, let f =[] f, € C°(G’(A)). The geometric (relative)
orbital integrals of f are defined by

10, f) = / FOQdr,

T(A)

I(co, f) = /f(z[? 8]>Q(I)dt

T(A)

10, f) = / /f(s[; €i8:|t)9(st)dsdt,

TA)/Z(A) TA)

and

where b = e N(B) for § € L*. Note this latter integral only depends on b and not
the choice of a specific 8. Then the left-hand (geometric) side of (8-1) is

I(f)=vol(T(A)/Z(A)T (F))I (0, f)+8(Q) (o0, fN+ Y (b, f), (8-2)
beeN(L*)
where §(x) = 1 if yx is trivial and 6(x) = O otherwise.

We now describe J(f), but for simplicity only in the situation that is rele-
vant for us. Namely, for each v | 0o, fix an embedding ¢, : G'(F,) < GL,(C)
and let ”ﬁkv be the irreducible (2k, — 1)-dimensional representation of G'(F,)
given by 75, = (Sym?*~2 @ det' %) 0 1,,. Hence JL(my, ) is the holomorphic
discrete series of weight 2k, on G(F,). The assumption that |m,| < k, implies
that there is a 1-dimensional subspace of nﬁkv consisting of vectors w, such that
néku Hw, = Qy(Hw, for all t € T (F,). Fix such a vector w, € néku which satisfies
(wy, wy) = 1. For all v | oo, we may take f, € C2°(G'(R)) as in Section 7A, so

that 2k, — 1
vol(G'(F,)/ Z(F,))

/ f v(z8) dz =
Z(F)
(cf. [Feigon and Whitehouse 2009, Lemma 3.4]).

For a cuspidal automorphic representation r’ of G’(A)/Z(A), we consider the
spectral distribution

(73, (&) Wy, wy)

T (f)=Y_ Pp('(f)$) Pp(@).
¢
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where ¢ runs over an orthonormal basis for 7/ and Pp is defined as in (1-1). In
general, the spectral side J(f) of (8-1) is a sum over all 7" of J,/(f) plus a
noncuspidal contribution. However, things simplify greatly for our choice of f.

We already specified f, for v | co. Now let v < oo and put m, = c(£2,). For
such a v, as in Section 7A, we take f, to be the characteristic function of R
divided by its volume, for an order R, of G'(F,) chosen as follows. If v {9,
then G'(F,) = G(F,) and we take R, to be a maximal order optimally containing
oy +w@)or,. If v | Ny, then G'(F,) is not split and we take R, to be a maximal
order containing oz,. If v | 91, then G'(F,) = G(F,) and, at least when v is odd,
we can take

R, = {[% ,3511 ] :Tr(a), Tr(B) € 0y, a, B € p}f’"”oLv,
anda— B € o, +p:,"”oLL,}. (8-3)

Note that for each v {0y, this agrees with our choice of test functions in Section 7A.
The difference of the present choice of f,, for v | 1y is simply out of convenience
so we can directly apply local calculations from [Feigon and Whitehouse 2009].
What is important is that one still has 7, (f,) being orthogonal projection onto our
local test vector for v | 9y (cf. [Feigon and Whitehouse 2009, Lemma 3.3]).
Consequently, for this f, assuming k, > 1 for some v | 0o, the spectral side of
(8-1) is given by
IH=>> I, (8-4)

N n'eF' (W,2k)

where 91 runs over ideals which divide 91 and are divisible by 9%. This is because,
for our choice of f’, 7'(f’) is zero unless 7’ is of weight 2k and has conductor
dividing 1. Furthermore, by our choice of D, J,/(f) vanishes for local reasons
if the conductor of 7’ is not divisible by 91y (cf. [Feigon and Whitehouse 2009,
Lemmas 3.6 and 3.7]). (The avoidance of the case k, = 1 for all v | oo is purely
for simplicity, for in this case there is also contribution from the residual spectrum,
which one would treat as in [Feigon and Whitehouse 2009].)

8B. Spectral calculations. Here we compute the spectral expansion (8-4). For
7’ e F' (N, 2k), we see that J/(f) = |Pp(¢)|>/(¢, ¢). Hence Theorem 1.1 implies

_1 ] A s 2
Jo(f) = W e @A L (2, 1F)Lseon (1, n) Ly (1, n)

2y —1( 2k,—2 \L(5.7m®Q)
VAR el N B
[T (kv—mv—l) L.z Ag &Y

v|oo

We now need to extend this equality to general 7’ € F' (2, 2k), where 9V
divides 91 and is divisible by 9. For v | ())~'MN, let R, be the maximal order of
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G'(F,) = G(F,) which contains R, given by (8-3). Let f' =[] f,, where f, = f,
if v (O)~'N, and f] is the characteristic function of (R)* divided by its volume
if v | (OV)~!91. Now, f’ agrees with our choice of test function for 77 in Section 7A,
and Theorem 1.1 gives

I (1) = 5\ g L0V @ 1) Lson (1 Lscey (1,1

2%y =1 [ 2ky—2 \L(3.7.®R)
[T cann]] T (kv—mv—l) L, 7, Ad) (8-6)

v|(9T) "IN v|oo

From Theorem 7.1, we see that

T, Jr (fo)
To(f) =T (f) T]
vl(m/ lm‘] (f)

From [Martin and Whitehouse 2009, Section 2.2.4], we know

T (f1) =gy, ™ L(2, 15,)L(1, nU)L(ln—Ad)’
L) Vs

so it remains to compute jn{y (fy). Here v | (M)~ 1M >Ny, so 7T, =1, is unramified
and m, = 1. We may write 7w, = x X x !, where x = x, is an unramified (unitary)
character of F.

Note 7, ( fy) is orthogonal projection onto rrv . Embedding L, in M;(F,) as in
(2-16), we may write

X m X
RX =K. = 0v vv _ Ov pU
v — HBv--— 1—m, 0>< - 0y 01>}< .

v

Note |
Kv:hUGLz(ov)h;Imhv[wv 1]GL2(OU)|:wU 1};1;1,

where h, = [?" , ]. So if we put ¢ to be a newvector in 7, and ¢/, = 7, (h ¢,
1 p 0 v

then
w50 = (7 () o, (o) g).

Normalize ¢ so that (¢, ¢g) = 1.

Lemma 8.1. We have
-1/2

T (@) +x(@) ™. 8-7)

qv

(0, $) = (¢, B0) = "
Proof. In the induced model for ,, we have

(@) 0) = (T ()0, o) = / dolkhy) dk.

GL>(0y)
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We may then use the fact that the subgroup K, of GL,(0,) is normalized by A, to
get the lemma. O

Lemma 8.2. For v | W)™'M, so that m, is unramified and m, = 1, we have
Jm,(fv) = qv_l-
Proof. Write ¢ = 1, (hy) o and

_ 90— (0. )¢ :(m,nv,Ad)(qul)
(1= (0, o))"/ L2 15)

so that {¢, ¢»} forms an orthonormal basis for an”. As in Section 6, put

=Y om0,

12
033 ) (Po — (d0, P1)P1),

teT, /(T,NZ,K))
SO
= N -1 (my(k)e', e') _ 1 ’o
Jnv(fv) =vol(K,) / . ¢) = T,/ (Ty N ZoKy)| (1, €) (my(fo)e', e).
Since 7, (fy)e’ = (€', p1)$1 + (€', $2)¢p2, we have

1

jnv (fv) =

T,/ (T, N Z,K )| (1, €') (€', o)(¢1. €) + (€', d2) (¢, €)).

From [Martin and Whitehouse 2009, Section 2.2.4], where (¢1, €') is denoted
(vo, €7.)/{vo, vo), we know (¢1, €’) = L(2, 1f,)/L(1, 7, Ad). Thus

- B 1 L2, 15)  L(,m,, Ad) o
Im (o) = |Tv/(TvﬂZUKU)|(L(l,nv,Ad) L2, 1) (@2, &) > 8-8)
Note
(LA, m, A1 +q; )\ / , L2, 1)
(¢2,€)—( L. IFU) ) ((¢0,€)—(¢ov¢o)m>- (8-9)
Hence it suffices to compute
(@o.€) = D Q) (@0, m (1))
teT, /(T,NZ,K,)
= > @Ok, th)dp, o).
tel, /(TuNZy Ky)

Using the set of representatives for 7, /(T, N Z,K,) given in Lemma 6.2, we see

-1 -1
= T s[5 7 o)
-1

_ o, ew,ly
+ Z SZv ](1 +y$0,v)(nv(|: —ay 1— by ]>¢Ov ¢O) (8‘10)

Y€, /Py
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Let ¢ and ¢’ be the realizations of the unit newvectors ¢ and ¢, respectively, in
the Kirillov model for 7, with respect to an unramified y,. Recall ¢ (z) = 0 unless
Z € 0,. Recall also the action of the standard Borel on the Kirillov model is given
by

(m]“ 7 J#)@ = wutxz/drpaz/a.

Since v is odd and unramified, we may assume b = 0 and a is a unit. For the
x =0 term in (8-10), note

cw,

-1 1
ﬂv[_a }b(z):nu[cw" a]¢(z)=¢(wvlz)=¢’(z).

For y € 0,, we have

o, ewly _ o (1 +acy?) co;ly 1
w(| e T Jeo=n(| L 1)
= Yu(cw, 'y2)¢(@, '2) = p(w, '2) = ¢/ ().

In the last line, we used the facts that 1 +acy? € 0., ¥ is unramified and ¢ vanishes
outside of 0,. Hence (8-10) becomes

(¢o, ¢") = <9;1<so,v>+ > 9;1<1+yso,v>>(¢a,¢o>=o, (8-11)

Y€, /Py

as this character sum is zero. Combining (8-7), (8-8) and (8-9) gives

. 1 L2, 1F) q," 12
I, (fo) = < " : (o) + x ()
) = T T A Zo Rl \ DL o, AD) T 1 gy7 L@+ 2 (@07
B 1+gq,!
|T,/(Ty N ZyKy)|
This, with Lemma 6.2, gives the result. O
Hence. Jo(f) L1, 7 Ad
~7rv v — ( » Ty, ) (8-12)
Ja (f) L2, 1p)L(L, ny)
for v | (D)™, which yields
J(f)=
1 A SOM) o177 2k —1 [ 2k, —2
— | ———L°"Y 2, 1)L 1,n)L 1
2‘/c(§2)AL 2. 1p) Lsony (L MLsey (L m* [ | 7z \—my—1

v|oo

L(1, 1, Ad)\ L(%. 7. ® Q)
DD ( I1 L2 1r) )L(l,n,Ad)‘

N meFOV,2k) “v|(OV)~IN
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Here D runs over all divisors of 91 which are divisible by 9. Writing

L, my,, Ad) 1
[1

gormig LG 1R) L Ad)

1 L2, 1F) 1
~ L LU A) Loy 2 1) LSV (1w, Ad)

and observing L(1, m,, Ad) = L(2, 1f,) for v | 9 and = € F(W, k) gives
1 A LST0Q2, 1p) 2
J == L 1,
D=2/ e@aL Ly 1) 5@

2k, — 1 2k, —2 L(%JTL@)Q)
Xl_[ T (kv—mv—l)z Z m (8-13)

v|oo N meFW,2k)

8C. Geometric calculations. We now obtain our average value formula from the
trace formula (8-1) and spectral calculation (8-5) by computing the geometric side
I(f). Most of the calculations we need are done in [Feigon and Whitehouse 2009],
with the proviso that our choice of test functions f, (for v { 91;) are essentially
constant multiples of those therein (the test functions in [Feigon and Whitehouse
2009] also come “preintegrated over the center”).

Lemma 8.3. Let b € e N(L>). We have the following vanishing of local orbital
integrals.

1) If v | N, then I (o0, f,) =0.
@) If v | No and b & p,, then I (b, f,) = 0.
(iii) If v {9 is finite and v(1 — b) > v(dr/rc(RQ)), then 1 (b, f,) = 0.
@iv) If v |9 and v(1 — b) > v(c(2)) — 2, then I (b, f,) =0.
Proof. The first three results are directly from [Feigon and Whitehouse 2009,

Lemmas 4.2, 4.10 and 4.11]. So suppose v | D is odd and write b = e N(B) for
some B € L*. For I (b, f,) to be nonzero we need that, for some @ € L andu € L},

o 1 €Bu %
[ &][,B_u 1}6&’
ie.,
N(a)(1—b) €0}, Tr(a)e€o,, aepL""”oLU, a(l —Bu) € o, +p)or,.

Note this implies v(1 — b) = —v(N («)) < 2m, — 2. Hence if v(1 — b) > 2m, — 1,
then 1 (b, f,) =0. U
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Proposition 8.4. If |Mo| > dy./(I€]/|M )", then I(f) =2L(1, 10, f) and

AN Lsey(1,n) 2k, —1
L2, 1F) )
Ve (Q)AL Lsony (1, 1F) d 1_[

Proof. This argument is adapted from the proof of [Feigon and Whitehouse 2009,
Lemma 4.21]. By the first part of the previous lemma, we know the global orbital
integral I (0o, f) = 0. Arguing as in Feigon and Whitehouse’s proof, we see that,
if | M| > dp/p|N; 21", then I (b, £) = 0 for all b.

Next we compute (0, f). For v {9, we recall the following calculations
from [Feigon and Whitehouse 2009, Section 4.1]; see [Jacquet and Chen 2001,
Section 2; Feigon and Whitehouse 2009, Section 2.1 and proof of Proposition 4.20]
for necessary facts about local Tamagawa measures. Due to the difference in our
definition of test functions from those in [Feigon and Whitehouse 2009], our local
orbital integrals (0, f,) (for v{9%) will be vol(Z, N R)/vol(R)) times theirs
for finite v, and (2k, — 1)/vol(G'(F,)/Z(F,)) times theirs for infinite v.

For v | Ny,

10, f) =

1(0, f,) = vol(o} /0 )vol(Z, N R))/vol(RY)
= (qv — 1)L(2, 1,)vol(o} )/vol(0))*,

since VOl(R) = L(2, 1)~ '(gy — 1)~ 'vol(0)* and RX N Z, = 0.
For a finite v {9, we have vol(R*) = L(2, 1}:,))*1V01(0,f)4 and

Vol(ozv/of)vol(zv NR))/vol(R))

for =0,
= L(2, 15,)v0l(0] ) /vol(0)* "
10, f,) =
g " L(1, ny)vol(o} )/vol(R})
o v « w4 formy, >0.
=q "L(1,ny)L(2, 1g,)vol(o, )/vol(o,)
For v | oo,
2k, — 1 2k, —1

1(0, fy) = vVvol(F,\L})

vol(G/(F,)/Z(F,))  2n2

Now, for v | 9y, our description of R, readily implies
1(0, f,) =vol(o, (1 +pvor,))/vol(R)) =¢q ™ L(1, nv)vol(ozv)/vol(Rv)X.

A simple calculation gives vol(R() = qv_lvol(ax)“/L(l, 1r,). Hence when v | 91y,
we have
10, f,) =q ™™ L(2, 1,)vol(o})/vol(o™)*.

Putting together the nonarchimedean calculations gives

VOl(OZ )

[T170. )= mLﬁn(z 1o [TLra g TTea. n) ]_[ W-

V<00 VMo v|&
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Noting that [ | vol(0*) = A~1/2 (and similarly over L), we have

V<00

A .
v];[ouo, f) = Wm(z, 1F>v]|"[%L<1, 1r,) };{L(l, ).

Recalling that L(2, 1r) = Lgn (2, 1r)/m%, we see

AN _ 2k, —
10, f) = mm 1F>U1|;[OL<1 ) };{ul m [ =5

v|oo

8D. Proofs.

Proof of Theorem 1.3. The result immediately follows from our above calculations
of both sides of the equality J(f) =I1(f) =2L(1, )10, f). O

Proof of Theorem 1.4. Suppose 1, contains exactly one prime p. Put
1
men=T1(,%,00) T iitean
v]oo neF (O, 2k)
Then Theorem 1.3 reads
TaNo) + (M) =227 AYVNILA, 15,) Loy 2. 1AL (1, n).  (8-14)
Applying our average value formula when 91 = 91, we also see
Zoy (M) = 227 A2 M| Ls(ony (2, 1R) L (1, ) (8-15)

if [Mo| >dr/rl€ |"#. (This is precisely [Feigon and Whitehouse 2009, Theorem 1.1].)
For 7, unramified, we have

1
-2

1
L(1, le)—z <L(l,mp, Ad) < L(1, 1FP)T
dp dp

14—2p + 4y

which implies
1
L, 15)————2Zn,0) < Zx(No)
P 1+g )2

1
<L, 1p)——75Zn,(0). (8-16)
-y
Combining the (in)equalities above gives

(D)

X 1
<2274 A3\ |L(1, 1)L 2, 17) L5 (1, — ,
< 19IL(1, 17,)Lsng (2, 1) (L m{ Ipl T+ 2 1 2

and a similar lower bound, which are precisely the bounds asserted in Theorem 1.4.
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To get an asymptotic, we use a special case of [Feigon and Whitehouse 2009,
Theorem 1.2], which is an asymptotic for

3 LP(3,7.99) I ( 2k, —2 )‘1 T (Mo)
rerouon AT AD D ky—my =1/ Lgmy(2, 1F)

as |9g| — oo. (Note LP(%, TLRQ) = L(%, 7L ® Q) since € is ramified at p.)
Specifically, [Feigon and Whitehouse 2009, Theorem 1.2] tells us

(M) ~ 22 AN L (1, 15,) Loy (2, 1p) L5 (1, ) (8-17)

as [Jp| — oo along a sequence of squarefree ideals 91y coprime to € satisfying our
parity and ramification assumptions. Consequently, we have

EnO) ~ 22 AL (L, 15,) Ly (1, LY (1, ) (Ipl = 1.
This gives the asymptotic asserted in the theorem. (I

8E. Nonvanishing mod p. Let 1 € F(N, 2k), and let f be the corresponding
normalized Hilbert modular newform of weight 2k and level Ot over F. As before,
2 is a unitary character of AZ / LXA; such that, for all v | 0o, 2,(z) = (z /Z)i’”v

with 0 <my, < k,. Putm = (my, ..., my). Then Q gives rise to a Hilbert modular
form g over F of weight m +1 = (m; + 1,...,myg 4+ 1); see [Shimura 1978,
Section 5]. Assume m; =my =---=my mod 2. This implies €2 is algebraic, so

that the field of rationality @(g) C Q [Shimura 1978, Proposition 2.8].
Put ko = maxy| ky and mg = maxy|c m,. Then Shimura [1978, Theorem 4.1]
proved
D(SO’ f’ g)

VARHK(S, f)

for any s¢ € Z such that %(2]{0 +mog—1) <s9 < %(Zko + mg + 2k, — m,) for all
v | 0o. Here D(s, f, g) is the Dirichlet series defined in [Shimura 1978], (f, f)
is the Petersson norm defined as in [Hida 1991], and |k| =) ky. Assume that
my =0 mod 2. Then, for sog = %(2/{0 + my), this means

cQ@g =0

v|oo

o/ 1 1 La(3m®Q) —
LY(3, 71, @ Q) := L AR, f)e@. (8-18)

(Note that we normalize the algebraic part of the L-value in a different way than

other authors.) Recall the archimedean L-factors are given by

Ly(}, 7 ® Q) = @n) 4T (ky + m)T(ky —m,), v 00,
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From [Hida and Tilouine 1993, Theorem 7.1; Hida 1991, (7.2¢)] (cf. [Getz and
Goresky 2012, Theorem 5.16]), we have

92lk|—-1
L(l,7,Ad) = ——(f. f). 8-19
(7 Ad) = S () (8-19)
Thus,
Llme9)
L(1, 7, Ad)
= Q2K A2 RUL (L, ) L8 (5, 71 @ Q) [ | Tlky +m)T (ky — ).

v|oo

Hence we can rewrite the average value formula from Theorem 1.3 as

1
23d—4lkI=1 A py (2k, —2)! Ll 7, 9Q)=——— (820
Fl:[ ' zre]:(z‘ﬁZk) (2 : ) L (1, m)

This immediately implies Theorem 1.5.
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A generalization
of Kato’s local €-conjecture
for (¢, N-modules over the Robba ring

Kentaro Nakamura

We generalize Kato’s (commutative) p-adic local e-conjecture for families of
(¢, I')-modules over the Robba rings. In particular, we prove the essential parts of
the generalized local e-conjecture for families of trianguline (¢, I')-modules. The
key ingredients are the author’s previous work on the Bloch—Kato exponential
map for (¢, I')-modules and the recent results of Kedlaya, Pottharst and Xiao on
the finiteness of cohomology of (¢, I')-modules.
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1. Introduction

1A. Introduction. Since the works of Kisin [2003], Colmez [2008], and Bellaiche
and Chenevier [2009], among others, the theory of (¢, I')-modules over the (relative)
Robba ring has become one of the main focuses in the theory of p-adic Galois
representations. In particular, the trianguline representation, which is a class of
p-adic Galois representations defined using (¢, I')-modules over the Robba ring,
is important since the rigid analytic families of p-adic Galois representations
associated to Coleman—Mazur eigencurves (or more general eigenvarieties) turn
out to be trianguline.

The recent works of Pottharst [2013] and Kedlaya, Pottharst and Xiao [Kedlaya
et al. 2014] established the fundamental theorems (comparison with Galois coho-
mology, finiteness, base change property, Tate duality, Euler—Poincaré formula) in
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the theory of the cohomology of (¢, I')-modules over the relative Robba ring over
Q,-affinoid algebras. As is suggested and actually given in [Kedlaya et al. 2014;
Pottharst 2012], their results are expected to have many applications in number
theory (e.g., eigenvarieties, nonordinary case of Iwasawa theory; see Remarks 1.6
and 1.7 below).

On the other hand, in [Nakamura 2014a], we generalized the theory of Bloch—
Kato exponential maps and Perrin-Riou’s exponential maps in the framework of
(¢, I')-modules over the Robba ring. Since these maps are very important tools in
Iwasawa theory, we expect that the results of [Nakamura 2014a] also have many
applications.

As an application of both theories, the purpose of this article is to generalize
Kato’s p-adic local e-conjecture [1993b] in the framework of (¢, I')-modules over
the relative Robba ring over Q,-affinoid algebras, and prove the essential parts of
its generalized version of the conjecture for rigid analytic families of trianguline
(¢, I')-modules.

In this introduction, we briefly explain these conjectures; see Section 3 for the
precise definitions. Let G, be the absolute Galois group of Q,. The main objects
of Kato’s local e-conjecture are the pairs (A, T), where A is a semilocal ring such
that A /my is a finite ring of order a power of p (where m, is the Jacobson radical
of A) and T is a A-representation of Gq,, i.€., a finite projective A-module with a
continuous A-linear Gg,-action. Let C¢,(Gq,, T) be the complex of continuous
cochains of Gg, with values in T. By the classical theory of Galois cohomology
of Gq,, this complex is a perfect complex of A-modules which satisfies the base
change property, Tate duality, and other properties. This fact enables us to define
the determinant

con

Deta (Cion(Ga, . T)),

which is a (graded) invertible A-module. Modifying this module by multiplying a
kind of dety (T'), one can canonically define a graded invertible A-module

Ap(T),

called the fundamental line of the pair (A, T'), which is compatible with base change
and Tate duality.

Our main objects are the pairs (A, M), where A is a Q,-affinoid and M is a
(¢, I')-module over the relative Robba ring R4 over A. By the results of [Kedlaya
et al. 2014], we can similarly attach a graded invertible A-module

Aa(M),

called the fundamental line for (A, M), which is also compatible with base change
and Tate duality. For a pair (A, T') as in the previous paragraph and a continuous
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homomorphism f : A — A, there exists a canonical comparison isomorphism
AN(T) @p A => Ap(Drig(T @4 A))

by the result of [Pottharst 2013]. The following conjecture is Kato’s conjecture if

(B, N) = (A, T), and our new conjecture if (B, N) = (A, M).

Conjecture 1.1. (See Conjecture 3.8 for the precise formulation.) We can uniquely

define a B-linear isomorphism

ep,c(N) : 13 = Ap(N),

for each pair (B, N) of type (A, T) or (A, M) and for each Z,-basis { of Z,(1),
which is compatible with any base changes B — B’, exact sequences 0 — N| —
N> — N3 — 0, and Tate duality, and satisfies the following:

(v) Forany f : A — A as above, we have
EAC (T)®idy = 7 We (Drig(T ®a A))
under the canonical isomorphism Ap(T) @ A => Ax(Dyig(T @4 A)).

(vi) Let L = A be a finite extension of Q,, and let N be a de Rham representation
of G@p or de Rham (@, I')-module over Ry. Then we have

eL.c(N) =&t (N),

where the isomorphism
efR (N) 111 => AL(N)

is called the de Rham e-isomorphism which is defined using the Bloch—Kato
exponential and the dual exponential of N and the local factors (L-factor,
e-constant) associated to Dy (N) and Dpg(N*).

Remark 1.2. To define condition (vi) for de Rham (¢, I')-modules, we need to
generalize the Bloch—Kato exponential for (¢, I')-modules, which was one of the
main themes of [Nakamura 2014a].

Roughly speaking, this conjecture says that the local factor which appears in
the functional equation of the L-functions of a motif p-adically interpolate to all
the families of p-adic Galois representations and also rigid-analytically interpolate
to all the families of (¢, I')-modules in a compatible way. In fact, Kato [1993a]
formulated a conjecture, called the generalized Iwasawa main conjecture, which
asserts the existence of a compatible family of the zeta-isomorphisms

A (Z[1/8), T) : 1, => A2 (T)

for any A-representation 7' of Gg s (S is a finite set of primes) which interpolate
the special values of L-functions of a motif. Kato [1993b] also formulated another
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conjecture, called the global e-conjecture, which asserts the functional equation
between zx (Z[1/S], T) and z5 (Z[1/S], T*), whose local factor at p is eA,;(T|G@p).
Kato [1993b] (see also [Venjakob 2013]) proved the local (and even the global)
e-conjecture for the rank-one case. As a generalization of his theorem, the main
theorem of this article is the following.

Theorem 1.3. (See Theorem 3.11 for the precise statement.) Conjecture 1.1 is true
for the rank-one case.

From this theorem, we can immediately obtain some results for the trianguline
case. We say that a (¢, I')-module M over R4 is trianguline if M has a filtration
F:0:=Mo S M| C---C M, :=M whose graded quotients M; /M;_, are rank-one
(¢, I')-modules over R4 for all 1 <i <n. We call the filtration F a triangulation
of M. For such a pair (M, F), we obtain the following theorem, a special case (in
particular, the rank-two case) of which will be used in Theorem 3.10 of our next
article, [Nakamura 2015].

Corollary 1.4. (See Corollary 3.12 for the precise statement.) Let M be a trian-
guline (¢, I')-module over R4 of rank n with a triangulation F as above. The
isomorphism

X

" M;/M;_
erac (M) 1y DA MM A (M Mi_y) =5 Aa(M),

defined as the product of the isomorphisms
eac(Mi/M;_1) : 14 = Ax(M; /M; 1),

which are defined in Theorem 1.3, satisfies (many parts of) Conjecture 1.1; in
particular, it satisfies the following:

(vi)' Let L = A be a finite extension of Q,, and let M be a de Rham and trianguline
(¢, I')-module over Ry. Then, for any triangulation F of M, we have

er.L. (M) =& (M),

Remark 1.5. Before this article, the local e-conjecture was proved only for cyclo-
tomic deformations (or more general twists) of crystalline representations [Benois
and Berger 2008; Loeffler et al. 2015]. Since the (¢, I")-modules associated to any
twists of crystalline representations are trianguline, our Corollary 1.4 essentially
contains all the known results concerning the local e-conjecture. See Corollary 3.13
for the comparison of our theorem with the previous known results. Moreover,
since any twists of semistable representations are also trianguline, our results also
contain the semistable case, which seems to be unknown before this article.

Remark 1.6. Our method and previous known methods for the construction of local
e-isomorphisms cannot be applied to the nontrianguline case. That case is much
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more difficult but is much more interesting since the Weil-Deligne representation
D, (M) associated to a nontrianguline and de Rham (¢, I')-module M corresponds
to a nonprincipal series representation of GL,(Q),) via the local Langlands cor-
respondence, whose e-constants are in general difficult to explicitly describe. In
our next article, [Nakamura 2015], we construct e-isomorphisms for all rank-two
torsion p-adic representations of Gal(@p /Q,) by using Colmez’s theory [2010] of
p-adic local Langlands correspondence for GL»(Q,). More precisely, we will
show that (a modified version of) the pairing defined in Corollaire VI.6.2 of
[Colmez 2010] essentially gives us e-isomorphisms for the rank-two case. In
the trianguline case, by using Dospinescu’s result [2014] on the explicit description
of locally analytic vectors of Banach representations of GL,(Q),), we will show
that the e-isomorphisms constructed in [Nakamura 2015] coincide with those
constructed in this article. More interestingly, for the de Rham and nontrianguline
case, we will show, by using Emerton’s theorem [2006] on the compatibility of
classical and p-adic Langlands correspondence, that the e-isomorphisms defined
in [Nakamura 2015] satisfy the suitable interpolation property (i.e., condition (vi)
of Conjecture 1.1) for the critical range of Hodge—Tate weights. Moreover, as an
application, we will prove a functional equation of Kato’s Euler systems associated
to Hecke eigen elliptic cusp newforms.

Remark 1.7. Other than the application to Theorem 3.10 of [Nakamura 2015], our
Corollary 1.4 should be applicable to some Iwasawa theoretic studies of Galois
representations over eigenvarieties. For example, the rank-two case of the local
e-isomorphism constructed in Corollary 1.4 should be the p-th local factor of
the conjectural functional equation satisfied by the conjectural zeta element over
the Coleman—Mazur eigencurve, whose existence is conjectured in (for example)
[Hansen 2016, Conjecture 1.3.3]. Since our article is long enough, we don’t study
this problem in this article, but we hope to study it in future works.

1B. Structure of the paper. In Section 2, we recall the results of [Kedlaya et al.
2014; Pottharst 2013; Nakamura 2014a]. After recalling the definition of (¢, I')-
modules over the relative Robba ring, we recall the main results of [Kedlaya et al.
2014; Pottharst 2013] on the cohomology of (¢, I')-modules, i.e., comparison with
Galois cohomology, finiteness, base change property, Euler—Poincaré formula, Tate
duality, and the classification of rank-one objects, all of which are essential for
the formulation of our conjecture. We next recall the result of [Nakamura 2014a]
on the theory of the Bloch—Kato exponential map of (¢, I')-modules. Since the
result of [Nakamura 2014a] is not sufficient for our purpose, we slightly generalize
the result. In particular, we show the existence of Bloch—Kato fundamental exact
sequences involving D.s(M) (Lemma 2.20), establishing Bloch—Kato duality for
the finite cohomology of (¢, [I')-modules (Proposition 2.24). The explicit formulae
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of our Bloch—Kato exponential maps (Proposition 2.23) are frequently used in
later sections.

In Section 3, using the preliminaries recalled in Section 2, we formulate our
g-conjecture and state our main theorem of this paper. Since the conjecture is for-
mulated by using the notion of determinant, we first recall this notion in Section 3A.
In Section 3B, using the determinant of cohomology of (¢, I')-modules, we define
a graded invertible A-module A4 (M), called the fundamental line, for any (¢, I')-
module M over Ry. In Section 3C, for any de Rham (¢, I')-module M, we define
a trivialization (called a de Rham e-isomorphism) of the fundamental line using
the Bloch—Kato fundamental exact sequence, Deligne—Langlands—Fontaine—Perrin-
Riou’s e-constants and the “gamma-factor” associated to Dy (M). In Section 3D,
we formulate our conjecture and compare our conjecture with Kato’s conjecture, and
state our main theorem of this article, which solves the conjecture for all rank-one
(¢, I')-modules.

Section 4 is the main part of this paper, where we prove the conjecture for the
rank-one case. In Section 4A, using the theory of analytic Iwasawa cohomology
[Kedlaya et al. 2014; Pottharst 2012], and using the standard technique of p-adic
Fourier transform, we construct our g-isomorphism for all rank-one (¢, I'")-modules.
In Section 4B, we show that our e-isomorphism defined in Section 4A specializes
to the de Rham e-isomorphism defined in Section 3B at each de Rham point. In
Section 4B1, we first verify this condition (which we call the de Rham condition) for
the “generic” rank-one de Rham (¢, I')-modules by establishing a kind of explicit
reciprocity law (Proposition 4.11, 4.16). In the process of proving this, we prove a
proposition (Proposition 4.13) on the compatibility of our e-isomorphism with a natu-
ral differential operator. Using the result in the generic case and the density argument,
we prove the compatibility of our e-isomorphism with Tate duality and compare
our e-isomorphism with Kato’s e-isomorphism. In Section 4B2, we verify the de
Rham condition via explicit calculations for the exceptional case which includes the
case of R, R(1) (the (¢, I')-modules corresponding to Q,, Q, (1), respectively).

In the Appendix, we explicitly calculate the cohomologies H;,V(R(l)) and
Hﬁm, (R), which will be used in Section 4B2. Finally, we remark that, in our proof,
we don’t use any previous known results (e.g., [Kato 1993b; Benois and Berger 2008;
Loeffler et al. 2015]) on the local g-conjecture. Our proof essentially follows from
the results in Section 2 of this article and those of [Nakamura 2014a] on the explicit
definition of the exponential and the dual exponential maps for (¢, I')-modules. We
believe that our proof is the most simple and the most natural one.

1C. Notation. Throughout this paper, we fix a prime number p. The letter A will
always denote a (,-affinoid algebra; we use Max(A) to denote the associated
rigid analytic space. We fix an algebraic closure Q, of @, and consider any finite
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extension K of Q, inside @p. Let |—|: @ , = Q- be the absolute value such that
|p| = p~!. For n > 0, let us denote by My the set of p”-th power roots of unity
in @p, and put pp :=J,~; mpn. For a finite extension K of Q,, put K, := K (1)
for 0o > n > 0. Let us denote by x :Tq, :=Gal(Q),/Qp) = Z the cyclotomic
character given by y(¢) =¢X@) fory eTand ¢ € mpoe. Set Gg = Gal(@p/K),
Hy :=Gal(Q,/K), and Tk := Gal(Keo/K).

We let k be the residue field of K, with F':= W (k)[1/p]. Put Z,(1) :=lim, _ p,n.
For k € Z, define 7, (k) := Zp(1)®k equipped with a natural action of k. For a
Z,|Gk]-module N, let us define N (k) := N ®z, Zp(k). When we fix a generator
¢ = {¢pmln=0 € Z,(1), we put e := ¢ and e, = e?k € Z. For a continuous
Gg-module N, let us denote by C;(Gk, N) the complex of continuous cochains
of Gx with values in N. Define H (K, N) := Hi(Cgont(GK, N)). For a group G,
denote by G the subgroup of G consisting of all torsion elements in G. If G is a
finite group, let |G| be the order of G.

For a commutative ring R, let us denote by Py (R) the category of finitely
generated projective R-modules. For N € Py (R), denote by rkg N the rank of N
and let NY :=Homg(N, R). Let [—, —]: N1 x N, — R be a perfect pairing. Then
we always identify N, with N, by the isomorphism N, => N\’ : x = (y — [y, x]).
Let us denote by D™ (R) the derived category of bounded-below complexes of
R-modules. For a; < a; € Z, let us denote by D][;;‘r;aﬂ(R) (resp. Dgerf(R)) the
full subcategory of D~ (R) consisting of the complexes of R-modules which are
quasi-isomorphic to a complex P* of Pg;(R) concentrated in degrees in [ay, a2 ]
(resp. bounded degree). There exists a duality functor

RHomg(—, R) : Dyt (R) — DL I(R)
characterized by R Homg(P*, R) := Homg(P~*, R) for any bounded complex
P* of Pg(R). Define the notion xg(—) of Euler characteristic for any objects of
Dgeﬁ(R), which is characterized by

Xr(P*):=) (—1)'tkg P’ € Map(Spec(R), Z)
ieZ

for any bounded complex P* of P (R).

2. Cohomology and Bloch—Kato exponential of (¢, I')-modules

2A. Cohomology of (¢, I')-modules. In this subsection, we recall the definition
of (families of) (¢, I')-modules and the definition of their cohomologies following
[Kedlaya et al. 2014], and then recall the results of their article on the finiteness of
the cohomology.
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Put w := p~/®=D ¢ R_g. For r € Q., define the r-Gauss norm | — |, on
@,,[Ti] by the formula |Z, aiT"ir := max;{|a;|o’"}. For 0 <s <r € Q., we
write Al[s, r] for the rigid analytic annulus defined over Q, in the variable T
with radii |T'| € [0, ®*]; its ring of analytic functions, denoted by R!*"], is the
completion of @p[Ti] with respect to the norm | - |(5,, ;= max{| - |, | - |s}. We
also allow r (but not s) to be co, in which case A'[s, r] is interpreted as the rigid
analytic disc in the variable 7" with radii |T| < «°; its ring of analytic functions
R = RIs1 g the completion of Q,[7T] with respect to | - [;. Let A be a
Q,-affinoid algebra. Denote by RE’” the ring of rigid analytic functions on the
relative annulus (or disc if 7 = o0) Max(A) x A'[s, r]; its ring of analytic functions
is Ry =R &g, A. Put

R = ﬂ RET and Ry = URZ
O<s<r O<r

Let k" be the residue field of K, with F’ := W (k')[1/p]. Put ex := [K : FL].

For0 <s <r, we let R (7rx ) be the formal substitution of T by 7k in the ring
RE/TK, we set RY M (g) := RE () 8, A. We define R} (k ), Ra (k)
similarly; the latter is referred to as the relative Robba ring over A for K.

By the theory of fields of norms, there exists a constant C(K) > 0 such that, for
any 0 <r < C(K), we can equip R, (g ) with a finite étale R}, (wq,) algebra free
of rank [Koo : @) o0] with the Galois group Hg, / Hg . More generally, for any finite
extensions L 2 K 2 Q,,, we can naturally equip R/, (7r;) with a structure of finite
€tale R/, (7x )-algebra free of rank [Lo : Koo] with the Galois group Hg/Hj, for
any 0 < r <min{C(K), C(L)}.

There are commuting A-linear actions of I'y on 'R,E’r](TL'K) and of an operator

¢ R () = Ry ()

for 0 < s <r < C(K). The actions on the coefficients F’ are the natural ones, i.e.,
[k through its quotient Gal(F’/F) and ¢ by the canonical lift of the p-th Frobenius
onk’. For0 <s <r < C(K), ¢ makes Rf/p’r/p] (7x) into a free Rf’r](nlg)-module
of rank p, and we obtain a ['x-equivariant left inverse

¥Ry ) — R ()
by the formula

1 -1

p? O TIREIPIP ) 1 R
The map 1 naturally extends to the maps R:;/ Pg) — R (k) for 0 < r < C(K)
and Ra (x) — Ra(mk).

Remark 2.1. In fact, these rings are constructed using Fontaine’s rings of p-adic
periods. We don’t have any canonical choice of the parameter nx for general K,
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but the ring R4 (rx) and the actions of ¢, ['x don’t depend on the choice of k.
More precisely, R(mg) is defined as a subring of the ring Brlg of p-adic periods
defined in [Berger 2002], and this subring does not depend on the choice of ng,
and the actions of ¢, ['x are induced by the natural actions of ¢, Gg on E:ig
However, for unramified K, once we fix a Z,-basis { := {§p Jn=0 of Z,(1) :=

lim, _, up, we have a natural choice of g as follows. Let Z be the integral
closure of Z,, in @p, let BT := =lim 104 z »/ pZ be the projective limit with respect
to the p-th power map, and let [—]: [EJr — W([E+) be the Teichmiiller lift to the
ring W([E*) of Witt vectors. Under the fixed ¢, we can choose

K =g, =7 = [({p)n=0] — 1 € W(E") € B}

rig’
and then ¢ and I'g, act by ¢(rr;) = (1 + ;)P — 1 and y (7r;) = (1 +7)* ) — 1
fory e I'g,.
Notation 2.2. From Section 3, we will concentrate on the case K =Q,, and fix ¢ :=
{¢pntn=0 as above. Then we use the notation I":=I'g,, 7 _n; and omit (7q,) from
the notation of Robba rings by writing, for example, R[ instead of R[ 57 (71@ ). In
this case, R[s/p 7/ Pl @O<l<p a —|—7T)’<p(R£f N soif f= ZP—O (I+m)(f)
then ¥ (f) = fo. We define the special element t = log(1 + ) € R3". We have
e()=ptand y(t) = x(y)t for y e I".

We first recall the definitions of ¢-modules over Ry (k) following [Kedlaya
et al. 2014, Definition 2.2.5].
Definition 2.3. Choose 0 < ryg < C(K). A ¢-module over Rr‘) (k) is a finite
projective RY? (7rx )-module M equipped with a R}/? (7t )-linear isomorphism
QM0 = M ®R'0 /p (k). A p-module M over R4 (mx) is a base change
to Ra(mg) of a ¢- module over some 72 (k).

For a ¢-module M" over R 4 (mg) and for 0 < s <r <rg, we set
MBS = M @0 RYGrk) and M = M @0 R ().
For 0 < s < rg, the given isomorphism ¢*(M") => M"0/? induces a ¢-semilinear map

@M — ‘/)*MS;)(P*MVO@RZO/P 'Rj‘/p(ﬂ[() ;)Mro/p®R;0/p(nK)R2/P(nK) :MS/[”

(k)
where the first map, M* < ¢*M?*, is given by
x> x®1 €M Qs Rj‘/p(m() =: o*M*,

the second isomorphism is just the associativity of tensor products, and the third
isomorphism is the base change of the given isomorphism @*M"® = M"0/P_This
map ¢ also induces an A-linear homomorphism

¥ MY = (M) ®prs () Ry (k) — M
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given by Y (p(m)® f)=my (f) form e M*® and f € Ri/p(m(). For a ¢-module
M over Ry (mk), the maps ¢ : M* — M*/P and v : M*/? — M naturally extend
top: M —> Mand Y : M - M.

We recall the definition of (¢, I')-modules over R4 (k) following [Kedlaya et al.
2014, Definition 2.2.12].

Definition 2.4. Choose 0 < ryp < C(K). A (¢, ')-module over RX’ (mg) is a
@-module over R} () equipped with a commuting semilinear continuous action
of I'x. A (¢, I')-module over R4 (;rx ) is a base change of a (¢, [')-module over
R (k) for some 0 < ry < C(K).

We can generalize these notions for general rigid analytic space as in [Kedlaya
et al. 2014, Definition 6.1.1]

Definition 2.5. Let X be a rigid analytic space over Q,. A (¢, I')-module over
Rx (k) is a compatible family of (¢, I')-modules over R4 (7g) for each affinoid
Max(A) of X.

For (¢, I')-modules M, N over Ry (mk ), we define M @ N := M Qry(z,) N to
be the tensor product equipped with the diagonal action of (¢, I'x). We also define
MY :=Homp, (x,)(M, Rx(7k)) to be the dual (¢, I')-module.

For a (¢, I')-module M over R4 (g ), we define

v :=1kR, (o) M € Map(Spec(Ra (k) , Z>0)

to be the rank of M, where Map(—, —) is the set of continuous maps and Zx
is equipped with the discrete topology. We will see later (in Remark 2.16) that
ry 1is in fact in Map(Spec(A), Z>y), i.e., we have ryy = pro fy; for unique fy €
Map(Spec(A), Z>¢), where pr: Spec(R4 (k) — Spec(A) is the natural projection.
We also let rys := fir.

The importance of (¢, I')-modules follows from the next theorem.

Theorem 2.6 [Kedlaya and Liu 2010, Theorem 3.11]. Let V be a vector bundle
over X equipped with a continuous Ox-linear action of Gg. Then there is functori-
ally associated to V a (¢, I')-module Dy (V') over Rx (g ). The rule V > Dyig(V)
is fully faithful and exact, and it commutes with base change in X.

For example, we have a canonical isomorphism Dy (A(k)) = Ra (k) (k) for
kel.

From Section 3, we will concentrate on the case where K = Q, and M is a
rank-one (¢, I')-module over Rx. Here, we recall the result of [Kedlaya et al. 2014]
concerning the classification of rank-one (¢, I')-modules. Actually, they obtained a
similar result for general K, but we don’t recall it since we don’t use it.
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Definition 2.7. For a continuous homomorphism § : @; — I'(X, Ox)*, we define
Rx (8) to be the rank-one (¢, I')-module Ry - e5 over Ry with ¢(es) = 3(p)es and
y(es) =3(x(y))es for y €T.

Theorem 2.8 [Kedlaya et al. 2014, Theorem 6.1.10]. Let M be a rank-one (¢, I')-
module over Ry. Then there exist a continuous homomorphism & : Q ;f —I'(X, Ox)*

and an invertible sheaf L on X, the pair of which is unique up to isomorphism, such
that M = Rx (8) ®oy L.

Notation 2.9. (i) For §, 6’ : Q, — I'(X, Ox)*, we fix isomorphisms

Rx(8) @ Rx(8") => Rx(88") by e; @ ey > essr,
Rx(8)Y <> Rx(8~") by e) > es1.

(ii) For k € Z, we define a continuous homomorphism xk @; — I'(X, Ox)* :
y = Y~ Define |x| : @F — I'(X,0x)* : pr> p~ ', a1 foraezy.
Then the homomorphism x|x| corresponds to the Tate twist, i.e., we have an
isomorphism Ry (1) = Ry (x|x[). When we fix a generator { € Z,(1), we
identify Rx (1) = Rx(x|x|) by e1 > ey|x|.

We next recall some cohomology theories concerning (¢, [')-modules. Denote
by A the largest p-power torsion subgroup of I'x. Fix y € 'k, whose image
in I'x /A is a topological generator. For a A-module M, put M = {m € M |
o(m)=m forall o € A}.

Definition 2.10. For a (¢, I')-module M over R4 (7g), we define the complexes
C,., (M) and CT;/’},(M ) of A-modules concentrated in degree [0, 2], and define a
morphism Wy, between them as follows:

—1,p—1 -D@(1-
C(;’V(M)=|:MA (y—1o )MA@MA (p—D&(1-y) MA]

\yMl lid lid -y l—w ey
C&’V(M): [MA (y—1,¢y-1) MA@ MDA Y-DHed-y) MA]
The map W), is a quasi-isomorphism by Proposition 2.3.4 of [Kedlaya et al. 2014].

For i € Z, define pryy(M ) for the i-th cohqrnology of C&’V(M ), called the
(¢, I')-cohomology of M. We similarly define le,y(M ) to be the i-th cohomol-
ogy of Gy, (M), called th.e (¢, I')-cohomology of M. In_this article, we freely
identify Cq',’y(M) (resp. H;’Y(M)) with Cl;,’y(M) (resp. Hi//,y(M)) via the quasi-
isomorphism Wy;.

More generally, for 4 = ¢, ¢ and any module N with commuting actions of 4
and I, we similarly define the complexes Cj, ., (N) and denote the resulting cohomol-
ogy by th,y (N). We denote by [x, y] € Hllw (N) (resp. [z] € H%W(N)) the element
represented by a 1-cocycle (x,y) € N® @ N® (resp. by z € N*). The functor
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N~ Cj (N) from the category of topological A-modules which are Hausdorff
with commuting continuous actions of A, I’y to the category of complexes of
A-modules is independent of the choice of y up to canonical isomorphism; i.e., for
another choice Y’ € T'k, we have a canonical isomorphism

—1,h—1 h—1 1—
c;, (V) =[No LR ya g na L0 A

w,yl lid lyy—j ®id l = (2)

'—1,h—1 h—®(1—y’
C; (Ny=[N& L8 o g ya L2080 ya

For a commutative ring R, let us denote by D™ (R) the derived category of
bounded-below complexes of R-modules. We use the same notation, C;W (N) €
D~ (A), for the object represented by this complex.

Let V be a finite projective A-module with a continuous A-linear action of Gg.
Let us denote by C¢, . (Gk, V) the complex of continuous G -cochains with values
in V, and let H (K, V) be the cohomology. By Theorem 2.8 of [Pottharst 2013],
we have a functorial isomorphism

Coon(Gx. V) =5 C;, (Dyig(V))
in D™ (A) and a functorial A-linear isomorphism
H (K, V) => H],  (Drig(V)).

Definition 2.11. For (¢, I')-modules M, N over R4 (7wg), we have a natural A-
bilinear cup product morphism

Cp (M) % C;,(N) > G}, (M@ N);
see Definition 2.3.11 of [Kedlaya et al. 2014]. This induces an A-bilinear graded

commutative cup product pairing
i j i+
U: H;’Y(M) X Hé,y(N) — H:M{(M®N).
For example, this is defined by the formulae
xUlyli=[x®y] fori=0,j=2,

[x1, yilU [x2, 2l :=[x1 ® Y (y2) —y1 ® ¢(x2)] fori=j=1
Remark 2.12. The definition of the cup product for Hé}’y (—)x Hé}’y (=) — Hé’y (-),
given in our previous paper, [Nakamura 2014a], is (—1) times the above definition.
The above one seems to be the standard one in the literature. All the results of [Naka-
mura 2014a] hold without any changes when we use the above definition, except

Lemmas 2.13 and 2.14, where we need to multiply by (—1) for the commutative
diagrams there to be commutative.
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Definition 2.13. Let us denote by M* := MY (1) the Tate dual of M. Using the
cup product, the evaluation map ev: M* @ M — Ra(ng)(1) : f @ x — f(x), the
comparison isomorphism H?(K, A(1)) => Hé’y (Ra(mx)(1)) and Tate’s trace map
H?(K, A(1)) => A, one gets the Tate duality pairings
s, (M) x C; (M) = G, (M*® M) — C,,.(Ra(x)(1)))

— H2_, (Ra(mx) (1)[~2] = B (K, A(1))[~2] = A[-2]
and

.l * 2—i
(— =) :H_(M*) x H2 /(M) — A.

Remark 2.14. In the Appendix, we explicitly describe the isomorphism
H, ,(Ra(1)) => H*(Gq,. A(1)) = A
using the residue map; see Proposition 5.2.

One of the main results of [Kedlaya et al. 2014] which is crucial to formulating
our conjecture is the following.

Theorem 2.15 [Kedlaya et al. 2014, Theorems 4.4.3, 4.4.4]. Let M be a (¢, I')-
module over Ra (k).

) G, (M)e D;E%r? (A). In particular, the cohomology groups pr’y (M) are finite
A-modules.

(2) Let A — A’ be a continuous morphism of Qp-affinoid algebras. Then the
canonical morphism Cq‘,’y (M) ®£ A — Cs;,y (M®4A)isa quasi-isomorphism.
In particular, if A’ is flat over A, we have pr,y (M) A = H;,y (M®4 A).

(3) (Euler—Poincaré characteristic formula) We have x4 (C; ,, (M))=—[K: Qpl-ry.
(4) (Tate duality) The Tate duality pairing defined in Definition 2.13 induces a
quasi-isomorphism

C;., (M) => RHom(C)_,(M*), A)[-2].

Remark 2.16. By the equality of (3), the rank 7y, € Map(Spec(R4 (7k)), Z>0) is
contained in Map(Spec(A), Z>).

Let X be a rigid analytic space over Q, and let M be a (¢, I')-module over
Rx (g ). By (1) and (2) of the above theorem, the correspondence U +— HfM/ (M)
for each affinoid open U in X defines a coherent Ox-module for each i € [0, 2],
which we also denote by H;, ,,(M).
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2B. Bloch—Kato exponential for (¢, I')-modules. For any Q,-representation V
of Gk, Bloch and Kato [1990] defined the diagram with exact rows

XX

0— HOK, V) 225 DE (vyv=! 225 4y (k) 2% HU(K, V) — 0

cris

[ Js P PO

XX f DK.‘ V g
0— HUK, V)25 pE (v) L énfv((lg) £ HY(K, V) — 0

with

f(X,)’):((l—Qﬂ)x,f) and g:expf,v@eXpV’
which is associated to the tensor product of V (over QQ,) with the Bloch-Kato
fundamental exact sequences

(x,y)—>x—y

0— Q, B/ @B —— Br —0

lid l(x,y)H(x,y) lXH(O,X)

(x.y)~>((1=9)x.x—y)
0— @p B.is ® B(;i B.is® Bir — 0

x> (x,x)

x> (x,x)

in which B.s and Bgr are Fontaine’s rings of p-adic periods. We set Dclfis(V) =
(Beris ®a, V), tv(K) := (Bgr ®a, V) /(Bf ®a, V),

H!(K, V) :=1Im(expy : tv (K) — H' (K, V))

and
H} (K, V) :=Im(exp;y ®expy : D5 (V) @1y (K) — H'(K, V).

The boundary map
expy :ty(K) — Hi(K, V)

is called the Bloch—Kato exponential, and its definition is generalized to (¢, I')-
modules over the Robba ring in [Nakamura 2014a]. To formulate the local &-
conjecture, we also need another boundary map,

eXpyy DX (V) — H;-(K, V),

cris

which is not studied in [Nakamura 2014a].

The aim of this subsection is to define the map expy,, for all the (¢, I')-
modules M over the Robba ring purely in terms of (¢, I')-modules (Proposi-
tions 2.21 and 2.23), to prove Bloch—Kato duality for them (Proposition 2.24),
to compare our maps exp,, and exp,, with the Bloch-Kato maps for the étale
case (Proposition 2.26), all of which we need in order to generalize the local
e-conjecture for (¢, I')-modules. The explicit formulae for the maps exp,, and
expy, y (Proposition 2.23) is especially important in the proof of our main theorem
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(Theorem 1.3). We apologize to the readers that the arguments are slightly longer
than §2 of [Nakamura 2014a], but we think that these arguments are needed. This
is because, to define the map expy, ;;, we need some additional arguments (Lemmas
2.17,2.18 and 2.20), and, to obtain the precise explicit formulae for the maps exp,,
and exp . it seems to be safer not to omit any steps of the proofs.

Define n(K) > 1 to be the minimal integer » such that 1/p"_1 <exC(K), and put

1 n—1s
RXZ) (7TK) — RA/(P eg) (nK)
for n > n(K). For n > n(K), one has a I'y-equivariant A-algebra homomorphism

tRY (k) = (Kn ®a, A)lt]
such that

L (7T) = Lo -exp(#) —1 and @) =9 "(a) (acF).
For n > n(K), we have the commutative diagrams
Ry (k) = (Ky ®a, 1]
l(p lcan
Ry () =5 (K1 @a, 1]

and
ln
Ry () = (Kny1 ®a, Al7]

1

Ry (k) = (Ka®q, 1]

in which can is the canonical injection and % -Trg,

Zaktk > Z

1
k>0 k>0 p

K, 1s defined by

+1/
k
' TrKH»l/Kn (ak)t :

Let M be a (¢, I')-module over R4 (rx) obtained as a base change of a (¢, I')-
module M" over R:{’ (7k ) for some 0 <7y < c(K). Define n(M) € Z~, k) to be the
minimal integer such that 1/p"~! < éxrg. Put M™ = MY ") for p >n(M).
Then ¢ and ¥ induce ¢ : M™ — M@+D and y : M@+D — M@ | respectively.
Define

Dy, (M)=M" Q) (Kn®a, D] (resp. Daig.n(M)= D, (M)[1/1]).

which is a finite projective (K, ®q, A)[[#]l-module (resp. (K, ®q, A)((#))-module)
with a semilinear action of I'x. We also let ¢, : M® — D;qf’n(M ) be the map
defined by x — x ® 1.
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Using the base change of the Frobenius structure ¢*M ™ = M®+D by the
map t,+1, we obtain a 'k -equivariant (K, +1 ®q, A)[[7]l-linear isomorphism

Dy ,(M) @k, 4, 111 (Knt1 ®a, Al
= (p*(M(n)) ®RXL+1)(7TK)J (Kn+1 ®@p A)H:t]]
o~ peth ®RX,+1)(”K),L"+ (Kn+1 ®q, At = DOhf n+1(M)'

Using this isomorphism, we obtain I'x -equivariant (K, ®q, A)[[7]l-linear morphisms

1
can: D[fif,,,(M) Rinil N ) dlfn(M) ®(k,®a, Al (Knt1®a, Al] = Ddlf 1 (M)

and

1
; TrK, /K, Ddlfn—i—l(M) - Dd]fn(M) ®(Kn®@pA)[[t11 (Knt1 ®aq, Azl

x®fr> 1 -Trg +l/1<,,(J‘)X

dlf n(M)

These naturally induce can : Dgif (M) — Dygirn+1(M) and % - Trg,,, /K, :
Dgif n+1(M) — Dyt ,(M), and we have the commutative diagrams

[)l
M(n) - dlf n (M)

It Jean

MOHD 25 D (M)
and
MO 25 DG (M)
v [FE—
M® 2 DE (M)
Put Dg;) (M) = hmn> n(M) ((1;)” (M), where the transition map is can: Dg;? o (M) —
Dé:;)n 41 (M). Then we have

DG (M) = D (M) @k, 00, a1 (Koo ®a, A]

for any n > n(M), where we define (K« ®q, A)[7] = Umzl(Km ®a, A1
For an A[I'x]-module N, we define a complex of A-modules concentrated in
degree [0, 1] by
Cy(N) = [N* L= N2

and denote by H’y (N) the cohomology of C3,(N). If N is a topological Hausdorff
A-module with a continuous action of Iy, the complex C, (N) is also independent
of the choice of y up to canonical isomorphism.



A generalization of Kato's local &-conjecture 335

Let M be a (p, [')-module over R4 (g ). For n > n(M) and Mo = M, M[1/t],
we define a complex C » (M (")) concentrated in degree [0, 2] by

6. (M(n)) — [M(n),A (y=Do(p-1 M(n),AEBM(gn-i-l),A (p—DHd-y) Mén—t—l),A]'

Of course, we have hm C . (M (")) = C . (MO) where the transition map is the
natural one induced by the canomcal 1nclu510n M, ) — M, ¢+ We define another
complex
Cyly"(Mo) :=1lim €, (Mg"),
n,g
where the transition map is the natural one induced by ¢ : M(g") — Mé"H) . We
similarly define
P~ (My) :=lim (My")

and denote by H((f;/ (M) (resp. H(‘p) '(MO)) the cohomology of Céfp,), (M) (resp.
C,(f”) (My)). For n > n(M), we equip C (M(")) with a structure of a complex of
F-vector spaces by ax := ¢"(a)x fora € F, X € C' (M(")) Then C(‘p) *(My) (resp.
H(‘D) l(Mo)) is also naturally equipped with a structure of a complex of F-vector
spaces (resp. an F-vector space).

By the compatibility of ¢ : M < M@+ and can: Dg; (M) < Dy . (M)
with respect to the map ¢, : M™ — D;ﬂ ,(M), the map ¢, induces canonical maps

L CY (M) — Cy(Df(M)) and ¢:C¥*(M[1/1]) — C;(Dais(M)),
which are (F ®aq, A)-linear.
Lemma 2.17. For n > n(M), the natural maps

C; (DS, (M) > Co (DS, (M), oM™y — Cp M)
and

5‘;’}/ (Mén)) N a‘;’y(Mén—i-l))
for Mo = M, M[1/t], which are induced by ¢, are quasi-isomorphism. Similarly,
the maps
Co(D§, (M) — C (DS (M), Co (M) — € (M)
and
Coy(Mg"™) — €0 (M)
for Mg = M, M[1/t] are quasi-isomorphism.

Proof. The latter statement is trivial if we can prove the first statement. Let’s
prove the first statement. We first note that y — 1 : (Mé"))‘”:() — (Mé"))‘/’zo is an
isomorphism for n > n(M)+1 by Theorem 3.1.1 of [Kedlaya et al. 2014] (precisely,
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this fact for My = M[1/¢] follows from the proof of this theorem). Taking the base
change of this isomorphism by the map ¢, : RX”(JTK) — (Ky ®q, A7, we also
have that

y =15 (D, ()3 T8 =0 s (D (M) T

is an isomorphism for n > n(M) + 1. Using these facts, we prove the lemma as
follows. Here, we only prove that the map C;, (M, )y Cs (M, 1y induced by
@M, ) _, M, ¢+ is an quasi-isomorphism for n>nM ) since the other cases
can be proved in the same way. Since we have a ['x-equivariant decomposition
M(nH) (M(")) ® (M("H))‘” =0 we obtain a decomposition

C3 (Mg D) = o(C; (M) @ C;, (Mg ")V =0).

Since the complex C3, (M, (1) =0y i5 acyclic by the above remark and ¢ : M, ) _

M(nJr )isan 1nJect10n the map ¢ : C;, (M(")) —-C; (M("H)) is a quasi-isomorphism.
(]

For another canonical map, C; (Mé") ) —> C)'/ (M), which is induced by the
canonical inclusion M < M, we can show the following lemma.

Lemma 2.18. Forn > n(M) and My = M, M[1/t], the inclusion

H) (M) < HY(Mo)

induced by the canonical inclusion Mé") — My is an isomorphism.

Proof. It suffices to show that H‘; (Mé")) > Hg (MS”H)) is an isomorphism for each
n >n(M). We first prove this claim when A is a finite Q,-algebra. In this case, we
may assume A = Q). Since we have an inclusion ¢, : H), (M )y s HY (Dgir(M)) and
the latter is a finite-dimensional Q,,-vector space, HY (M i )) is also ﬁmte dimensional.
Since ¢ : C' (M(")) — C (M("+1)) is a quasi- 1som0rph1sm for n > n(M) by the
above lemrna we get an 1sornorph1sm Q: H0 (M, (")) = H0 (M, ("H)) In particular,
the dimension of Hg (M(() )) is 1ndependent of n >n(M ) Hence, the canonical
inclusion H?, (Mé”)) — H?, (Mé"H)) is an isomorphism.

We next prove the claim for general A. By Lemma 6.4 of [Kedlaya and Liu 2010],
there exists a strict inclusion A — ]_[f: 1 A; of topological rings, in which each A;
is a finite algebra over a complete discretely valued field. If we similarly define the
rings R( )(TL'K) Ra, (mx ), we can generalize the notions concernmg (¢, I')-modules
for Ry, (JTK) In particular, the above claim holds for My ; := My ®a A, foreach i.
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Consider the following canonical diagram with exact rows:

0— M(()”) — Mé"H) — M(g"H)/Mé") —0

l l |

0— l_L 1 M(n) - 1_[?:1 M(§I,1i+1) — l_[l 1 M(n+1)/M(§Tli) —0

If we can show that the right vertical arrow is an injection, then the claim for A
follows from the claim for each A; by a simple diagram chase. To show that the
right vertical arrow is an injection, we may assume that M = R, (g ) since M™ is
finite projective over RX’) (k) for each n. Then the natural map

k
Ry o 1/11/RS (rio)[1/11 = [ [ R (o) [1/ 01/ RS () [1/1]
i=1

is an injection since the inclusion A — ]_[i.‘:1 A; is strict, which proves the claim
for general A, hence proves the lemma. O

Remark 2.19. We don’t know whether the natural map H1 (M, (")) — H1 (My)
induced by the canonical inclusion M QRSN My is an 1s0rn0rphlsrn or not.

For the (¢, I')-cohomology, we can prove the following lemma.
Lemma 2.20. (1) Forn > n(M) and for My = M, M[1/t], the map
C;, (MJ") — C;,(Mo)
induced by the canonical inclusion Mé")

(2) In D~ (A), the isomorphism

< My is a quasi-isomorphism.

C;. (Mo) => C,2* (Mo),

which is obtained as the composition of the inverse of the isomorphism in (1),
C('a’y(Mé")) = C, ., (My), with the isomorphism C (M(")) o~ C(‘D) *(Mo)
in Lemma 2.17, is independent of the choice of n > n(M)

Proof. For n > n(M), we define a map f, : (Afg;’y(Mén)) — aé’y(Mé"H))[—i-l] b

fi MO @ MDA s M (x, ) oy,
fy Mén-i—l),A = Mén-‘rl),A @M(gn-‘rZ),A ‘x> (x,0).
This gives a homotopy between
e (n) at (n+1)
C,,(My")— C, ,(My )

and
. [ (n) e (n+1)
can: CW,(MO" ) — C(p’y(MO" )
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induced by the canonical inclusion M, ) — M, (1) Hence, can : C (M )y
C’ (M ("H)) is also an isomorphism by Lemma 2.17, and, by taking the limit, the
map C‘ (M(”)) — C (Mo) is also an isomorphism, which proves (1).

Ina 51m11ar way, we can show that the map can: C,, (‘p) v (My) — Cy (‘/’) v (Mp) induced
by the canonical inclusions can : M, QRSN M, (D) for any n>n(M ) is homotopic to
the identity map. Hence, we obtain the following commutative diagram in D~ (A)
for any n > n(M):

Cyy(Mg") — Cgly" (M)

[ Ju

~o +1 ’®
C;,(M§"™") — €} (Mo)
From this we obtain the second statement in the lemma. O

We define a morphism
[:C, (M) — C¥* (Mo)

in D™ (A) as the composition of the isomorphism C, (MO) = Cy ((p) *(Mp) in
Lemma 2.20(2) with the map Céfa) (Mp) — Cy, (9). '(MO) Wthh is mduced by

~. A (=D& (p-1) A +D,A (p—=D&d-y) +1),A
Gy (M) = [M{" LD, g0 g g LD 2]

T Jor

n s y—1 s
Cy(Mg") =[M™ My™*]

We define
g:C,,(M)L CO*(M) % Co(DE(M))
and let
can: C}(,(”)"(Mo) — C)(,“’)"(MO)

be the map induced by the canonical inclusion can : Mé") — Mé"H) for each
n > n(M). Under this notation, we prove the following proposition, which is a
modified version of Theorem 2.8 of [Nakamura 2014a].

Proposition 2.21. We have a functorial map between the two distinguished triangles

. a G, M1/t 4 [+1]
C(p,y(M) - @C' (Ddlf(M)) — Cy(Ddif(M)) —

i |roid O @)

. i O (M[1/t])  d CY"(M[1/1])  1+1]
CrM =g co o) T e Cy(DaMy)
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with

di(x) = (x, g(x)), dy(x,y) =g(x) =y,

d3(x) = (f(x), g(x)), da(x,y)=((can— l)x, g(x)—y).
Remark 2.22. In §2 of [Nakamura 2014a], we (essentially) proved that the top
horizontal line in the proposition is a distinguished triangle. For the application to

the local e-conjecture, we also need the bottom triangle, which involves DK (M) =
HO (M[1/1]).

Proof of Proposition 2.21. We first show that the top horizontal line is a distinguished
triangle. Actually, this is the content of Theorem 2.8 of [Nakamura 2014a], but
we briefly recall the proof since we also use it to prove that the bottom line is a
distinguished triangle. In this proof, we assume A = {1} for simplicity; the general
case follows by just taking the A-fixed parts.

For n > n(M), we have the exact sequence of A-modules

C n C 1
0— M™ 4, M<>1/z]@]_[1)dlfm(M)—2>U1_[t—k Di;,,(M)—>0 (5

m>n k>0m=n

with
c1(x) =, u(X)m=n) and  c2(x, (Y)m=n) = Wn(X) = Ym)m=>n

by Lemma 2.9 of [Nakamura 2014a] (precisely, we proved it when A is a finite
Q,-algebra, but we can prove it for general A in the same way). For n > n(M) and
k = 0, we define a complex C;, , ( ! D("i':f (M )) concentrated in degree in [0, 2] by

1
|:l_[t_k dlfm(M) bo l_[ k dlfm(M) ® 1_[ dlfm(M)

m>n m>n m>n+1
1
- I = dlfm(M)] (©)

m>n+1
with
bO((xm)mzn) = (((V - l)xm)mzn» (Xm—1 _xm)mzn—H)
and
bl((xm)mzn’ (ym)mZn—H) = (=1 —2Xm) — (V - 1)ym)m2n+1-

Put é(zsy(Ddif’n(M)) = Ukzo 5(/) ( ! D;;fn(M)). By the exact sequence (5), we
obtain the following exact sequence of complexes of A-modules:
0—C;,(M™) - C;, ,(M™[1/1) @ C;,, (D, (M)

— €, (Dgit,n(M)) — 0. (7)



340 Kentaro Nakamura

Moreover, the map C: (Ddlfn(M ) —> C (Dd]fn(M )), which is defined by

y—1
Dg, (M) — D, (M)

lXH(x)mzn lx’_)((x)mzn ,0) (8)

1_[1 n df (M)
[Tz D (M) — @ﬁmin—:—lm dlfm(M) = Tzt Dt M)

and the similar map C v (Dgir.n(M)) — C oy (Dygif.n(M)) are easily seen to be quasi-
isomorphisms since we have the exact sequence

O N D((i;;)n (M) Xl—)(X)mzn l_[ Dé;;)m (M)

m>n

(xm)mzn'_)(xmfl _xm)mer»l l_[ Dc(lj%’)’n (M) — 0 (9)

m>n+1
Put 5;,’), (D((;})(M)) = hmn e ;’V(Dé;;?n (M)), where the transition map

e ~. (+) ~. (+)
a*:Cg (D, (M)) = Cg, \, (Dyig ',y (M)

is defined by

ao((xm)mzn) = (xm)mzn+1,
al((xm)mZn» (ym)mzn-i-]) = ((xm)mzn—Ha (ym)mzn+2)a

az((xm)mZn—i-l) = (xm)m2n+2-

We also define Cyy* (D (M)) :=lim

map (a’)* is defined by

lm, e C y (D((;;)n (M)), where the transition
(a/)o((xm)mZn) = (xm—l)mZn-‘rl’
(a/)l((xm)mZm (ym)mzn-H) = ((xm—l)mZn-Hv (ym—l)m2n+2)a
@) (Cm)mznt1) = Cm-Dmznt2-
Then it is easy to see that the quasi-isomorphism C?, (Dc(lj;)n(M ) = C (D((lj;)n(M )

defined in (8) is compatible with the transition maps a*, (a’)* and C? (Ddlf L (M) —

C;(Dc(l:?n +1(M )), hence induces quasi-isomorphisms

C; (DG (M) = C;, (DG (M), C (DG (M) = C¥)*(DG (M)). (10)
For 5(5,(?}),"(D$?(M )), we also have a left inverse

CO2 (DS (M) — € (DS (M) (11)
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of the quasi-isomorphism C? (D((;;)(M ) —> C(‘p) : DC(I;;)(M )), which is obtained as
the limit of the map

Hm>n d1f m (M)

M) —
l_[m>l’l dlfm @Hmszrl dltm(M)

+
HmZn-H Ddif,m(M)

l(xm)mzn’_)xn l((xm)mzna(ym)mznﬁ—l)'_)xn
My = Di M
d1f n( ) dif, n( )

Taking the limits of the map C;, (M) — C, (D ,(M)) 1 X > (1 (X))m=n,
(ng =n,n+ 1), we obtain the maps

G, (M) — C;, (Dg(M)) and C¥)*(M)— CO*(DE(M)).  (12)

Taking the limit of the exact sequence (7) with respect to the transition map
induced by the canonical inclusion M, ) — M, ¢+1) and a., and taking the quasi-
isomorphism C3 (DS (M)) = C;, (D((;;)(M)) in (10), we obtain the following
exact triangle, which is the top honzontal line in the proposition:

C;, (M) 4> C; (M[1/1]) & C3 (D (M) > C (Dgie(M)) 11>
On the other hand, since we have
C;,(M™[1/1]) = Cone(l — ¢ : C3,(M™[1/1]) - C;, (M"TV[1/1]))[-1]

for n > n(M) (where we define Cone(f : M* — N*)[—1]" = M" & N"~! and
d:M"®&N'" ' > M@ N (x,y) > (dy(x), —f(x) —dy())), taking the
limit of the exact sequence (7) with respect to the transition map induced by a/ and

@: M < M"Y, and taklng the left inverse )" (DY (M) — C; (D((;;)(M))

in (11), and identifying C (M ) = Cy ((p) ‘(M) by Lemma 2.20(2), we obtain the
following exact triangle, Wthh is the bottom horizontal line in the proposition:

LD S c M/ e, (Ddlf<M>>
Ly O (M[1/1]) & C;, (Daie(M)) 1>

Here d3(x) = (f(x), g(x)) and d4(x, y) = ((can — 1)(x), g(x) — y), which proves
the proposition. ([l

We next recall some notions concerning p-adic Hodge theory for (¢, I')-modules
over the Robba ring. For a (¢, [')-module M over Ry (7k), let us define

DdR(M) _HO (Dgis(M)) and DdR(M) = DdR(M) Nt Ddlt(M)
fori € Z, and

Kis (M) :=H,(M[1/1]).

CrlS
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By Lemma 2.17, ¢ : C; (M[1/t]) — C)', (M[1/t]) induces a p-semilinear automor-
phism
¢ : DK (M) = DX (M).

cris cris

More precisely, by Lemma 2.18, we have D (M) = H?, (M™I[1 /t]), and ¢ induces
an automorphism ¢ : H) (M™[1/t]) £ H)(M“+V[1/1]) = H)(M™[1/1]) for
n > n(M). Using these facts, we define an isomorphism

Ji e DEM) =R (M™[1/1]) & HO (M™[1/1]) = HPO(M[1/1)),

cris

which does not depend on the choice of n. Then the map ¢ : C}(,‘p) T(M[1/t]) —
C)’/ (Dgit(M)) induces an (F ®q, A)-linear injection

v DE(M) LS HOYM[1/1) 5 DS, ().
We define another isomorphism
Jo i DEM) L HP-O (M1 /1)) <2 HOO(M1/1)),
where HY"(M[1/1]) <0 HY*(M[1/1]) is the map induced by
can: C¥*(M[1/1]) — CY¥*(M[1/1]),
which is an isomorphism by Lemma 2.20. Then we obtain the commutative diagram
l—¢

D (M) D (M)

ljl ljz
HYC(M[1/1) <225 1Y (M[1/1)
Let us denote by
expy i Dip(M) — H,, (M), exp; : D& (M) N HYO(M[1/1]) > H,, (M)

the boundary maps obtained by taking the cohomology of the exact triangles in
Proposition 2.21. We define

HQ‘W(M)K = Im(DJ (M) =2, H;W(M))
and

- D
H), , (M) = Im(D (M) @ D (M) 22500 ) ().
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We call the latter group the finite cohomology. Put ), (K) := DX (M)/DE, (M)°.
By Proposition 2.21, we obtain the diagram with exact rows

0 — HY (M) = Df; (M)*~! O k) H, (M), — 0

lid lxr—m le(O,x) lxn—m (1 3)

DK (M) 4
0—H, (M) 5 DKy B ér;i([g) X HL (M), — 0

with
ds(x,y) = (1 —@)x,1(x)) and de=expysy Dexpy,
where we also define exp,, : ty(K) — Hé’y(M ), which is naturally induced by
expy : Diy (M) — H], ,(M).
By the proof of Proposition 2.21, we obtain the following explicit formulae

for expy, and exp ,, which are very important in the proof of our main theorem
(Theorem 1.3).

Proposition 2.23. (1) Forx € DX, (M), take ¥ € M™[1/t]* (n>n(M)) such that
tm(¥) —x € D (M)

for any m > n (such an X exists by the exact sequence (5) in the proof of
Proposition 2.21). Then we have

expy (¥) = [(y = DI, (¢ — DEl € Hy, , (M).

(2) For x € DX (M), take ¥ € M™[1/1]® (n > n(M)) such that

cris

tn(X) € D¢, (M)

and

k
ek (B) = Y a1 (@" (X)) € D (M)
=1

for any k > 1 (we remark that we have ¢" (x) € M"™[1/t] by Lemma 2.18 and
that such an X exists by the exact sequence (5)). Then we have

expyy(X) = [(y = D, (9 — DF +¢" (x)] € Hy, , (M).

Proof. These formulae directly follow from simple but a little bit long diagram
chases in the proof of Proposition 2.21. For the convenience of the reader, we give
a proof of these formulae.

We first prove formula (1). By the proof of Proposition 2.21, the above exact
triangle in this proposition is obtained by taking the limit of the composition of the
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quasi-isomorphism
5y (M)
=> Cone(C;, ,(M™[1/t) & C,, (D, (M) = C;, ,(Dait.n(M)))[—1] := C}
(obtained by the exact sequence (7)) with the inverse of the quasi-isomorphism

C3 := Cone(C;,, (M™[1/1]) ® C}, (D ,(M)) — C;,(Dgig.n(M)))[—1] => C;

induced by the quasi-isomorphism C;, (Dg;?n (M))— (Af(;’y (Dg;?n (M)):x = (X)m>n
of (10).

By definition of exp,,(—), for x € H0 (Dgir.n(M)), these quasi-isomorphisms
send exp,, (x) (which we see as an element of HI(C‘ (M™))) to the element
[0, 0, x] € H'(C3) represented by

(0,0,x) € C},(M™[1/1]) & CL (D, (M) & CO (Daig.n(M)).

Take ¥ € M™[1 /]2 satisfying the condition in (1). Then it suffices to show that
[(y — DX, (¢ —Dx] e H'(C; ,(M™)) and [0, 0, x] € H' (C3) are the same element
in H! (C?). By definition, [(y — 1)X, (¢ — 1)x] is sent to

[(y = DX, (¢ = DX), (@n (¥ = DX)mzns (9 = DX)mzn+1), 0]
and [0, 0, x] is sent to
[0, 0, (=X)m=nl
in H! (C?}). Both are represented by elements of

a;,y(M(n)[l/t]) ® C (D, (M) @ 52’V(Ddif,n(M))

(we note the sign; for f : C* — D, we define D*~! — Cone(C* — D*)[—1] by
x — (—x,0) and Cone(C* — D*)[—1] — C* by (x, y) — y). Then it is easy to
check that the difference of these two elements is the coboundary of the element

&, (tn @) = Om=n) € C) = MP[1/11* & [ | Dy, (M2,

m=>n
which proves (1).
We next prove (2). The bottom exact triangle in Proposition 2.21 is obtained by
taking the limit of the composition of the quasi-isomorphism C;, (M ™) = C3
defined above with the quasi-isomorphism

C; = Cone( L (MP[1/1]) @ C3 (D, (M) — C; (Dgign(M)))[—1] := C3
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induced by the map [],,-, dlfm(M) — Ddlfn(M) * (Xm)m=n — Xn, With the
inverse of the quasi-isomorphism
C3 => Cone(C;,(M™[1/1]) & C;, (D (M)

— C3(M"D[1/1]) & C; (Dyit.n (M)))[—1] := Cj,

which is naturally obtained by the identity
C;,(M™[1/11)) = Cone(C;,(M™[1/1]) == C;,(M™V[1/1]))[-1].

For x" € Hg (M@+D[1/¢]), the image of x’ by the first boundary map of the
cone Cj is equal to [0, O, x’,0] e H'(C 1), which is represented by the element

(0,0,x',0)€CL(M™[1/1)@C (D ,(M)SCYM "V [1/1)@C) (Dt n(M)).

Take ¥’ € M™[1/£]* such that

k

m(xHe an ,(M)  and Ln+k(i’)—z iy (x) € D;Ef’nJrk (M) forany k>1.
I=1

Then, by definition of the map j, : DX (M) = H(“’) O(M[1/¢]) and expy. - it suf-

Cris

fices to show that the element [(y — )X/, (¢ —1)X’ +x’] € Hl(C' (M(”))) is sent to
[0, 0, x’,0] € H! (C}) by the above quasi-isomorphisms. By deﬁmtlon the element
[(y — DX/, (¢ — DX’ +x'] is sent to

[(y — DI, tu((y — DF), (¢ — DI’ +x',01 e H(C)

by the above quasi-isomorphism. Then it is easy to check that the difference of this
element with [0, 0, x’, 0] is the coboundary of the element

(&, () € C§ = MP[1/11% & D, (M),
which proves formula (2). O

We next generalize the Bloch—Kato duality concerning the finite cohomology for
(¢, I')-modules. Let L = A be a finite extension of Q,,, and let M be a (¢, I")-module
over R (g ). We say that M is de Rham if the equality dimg D RM)=[L:Q,]ry
holds. When M is de Rham, we have a natural L-bilinear perfect pairing

[—. —lar : DX, (M*) x DE (M) L2229, pK (R, (1))

dei—> 7[,(:61’] (id Q@ trg j0,) (@)

L, (14)

1
=L ®aq, K ;6’1
which induces natural isomorphisms

DX.(M) = D (M*)Y  and DX (M)° = 1y (K)Y.
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We remark that, as in the étale case, we have

H()lo,y(M)e = Ker(H;W(M) — H;,V(M[l/t]))
and

Hy,, (M); = Ker(H,, , (M) — H{"'(M[1/1]))
under the assumption that M is de Rham.

Proposition 2.24. Let L = A be a finite extension of Q,, and let M be a de Rham
(¢, I')-module over Ry (k). Then Hrlp,y(M)f is the orthogonal complement of
H(]N/ (M*)y with respect to the Tate duality pairing

(— —):H,  (M*)xH, (M)~ L.

Proof. We remark that we have dim; H, , (M) = dimy (ty (K)) 4 dim H) (M)
by the bottom exact sequence of (13). Using this formula for M, M*, it is easy to
check that we have dimy, H;’y (M) +dimy, H;W (M*)y =dim, H;W (M) under the
assumption that M is de Rham. Hence, it suffices to show that we have (x, y) =0 for
any x € H;W (M*)fandy € Hé’y (M) s by comparing the dimensions. By definition
of Hé,y(—) £, this claim follows from Lemma 2.25 below. O

Let M be a (¢, I')-module over R4 (wg) (we don’t need to assume that M is
de Rham). Using the isomorphism j, : DX, (M*) => Hg,‘p)’o(M*[l/t]), define an
A-bilinear pairing

h(—, =) : (D5 (M*) & D (M*)) x (H'(M[1/1]) @ H}, (D}(M)))
— HO'(M* @ M[1/1]) @ H), (Dgie(M* ® M))

by
h((x,y), ([z], [w]) := ([)2(x) ® z], [y ® w]).
Lemma 2.25. For (x, y) € DX (M*) @ D§,(M*) and z € H,, (M), we have

Fr(h((x, ), 8(2))) = (€xp pp (x) +expy () Uz € Hy  (M* @ M),

where
g :H, , (M) — H"'(M) @ H,, (D (M)

is induced by ds and
fr:HY L (M* @ M[1/1]) @ H), (Dgie(M* ® M)) — H;,  (M* ® M)

is the second boundary map of the bottom exact triangle of Proposition 2.21.
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Proof. The equality exp,,. (y)Uz = f2(h((0, y), g(2))), y € D (M*), ZEH y (M),
is proved in Lemma 2.13 of [Nakamura 2014a]. Hence, it suffices to show the
equality

expy p+(X) Uz = fa(h((x,0), g(2)))

forx Dclilg(M *), whose proof is also just a diagram chase similar to the proof of

Proposition 2.23, hence we omit the proof. ]

Finally, we compare our exponential map with the Bloch—Kato exponential map
for p-adic representations V. Here, we assume that A = @, for simplicity. We can
do the same things for any L = A a finite Q,-algebra.

We want to compare the diagram (3) for V' with the diagram (13) for M = Dy, (V).
More generally, as in §2.4 of [Nakamura 2014a], we compare a similar diagram
defined below for a B-pair W = (W,, W&E) with the diagram (13) for the associated
(¢, I')-module D,jg(W). For the definitions of B-pairs and the definition of the
functor W Dy;g (W), which gives an equivalence between the category of B-pairs
and that of (¢, I')-modules over R (mg ), see [Nakamura 2014a, §2.5; Berger 2008a].

Let W = (W,, W(;i) be a B-pair for K. Put W5 := Beis ®p, We, which is
naturally equipped with an action of ¢. Since we have an exact sequence

1—

=1
0— B, — B —%5 Bgis — 0,

we have a natural quasi-isomorphism (the vertical arrows) between the following
two complexes of Gx-modules concentrated in degree [0, 1]:

(x,y)>x—y
[We ® W;I_Q S WdR]
l(x,y)'—>(x,y) lx'—>(0,X)
(x, )= ((I—p)x,x—y)
[Wcris &® W+ Wcris S WdR]

Put
COl’lt(GK’ W) - Cone( cont(GKa W ) @ COl’lt(GK’ W;}_{) - COIlt(GK’ WdR))[ ]
and

C(:Ont(GK’ W)/ = COHG(CC'Om(GK, Weris) © C.ont(GK’ W(;l_q)
- C.Qnt(GK ’ Cl‘lg) @ Ol’lt(GK ’ WdR))[ 1]

We identify
H' (K, W) :=H(C.,,(Gk, W)) = H (C:,,,(Gx, W))

by the above quasi- isomorphism Put Dclim(W) = H(K, W), D (W) =

H(K, Wgr), and D (W)’ = Dé;(W) Nt Wcﬁ”Q for i € Z. Taking the cohomology
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of the mapping cones, we obtain the similar diagram with exact rows

XX

0— HOK, W) 223 DK (wye=1 225 4 (k) 225 HI(K, W) — 0

Cris

lid lx,_m lx»—)(O,x} lx'—ﬂf (15)

0— HYK, W) =5 DK w) L ém(‘(”)) £ HYK, W) — 0
tw

with
f,y)=({-9)x,X) and g=expsy Dexpy .

By definition, it is clear that the diagram (15) for the associated B-pair W (V) :=
(B.®aq, V, BQ{Q ®q, V) is canonically isomorphic to the diagram (3) for V' defined
by Bloch—Kato.

Our comparison result is the following.

Proposition 2.26. (1) We have the following functorial isomorphisms:
(i) H'(K, W) = H,,  (Dyig(W)),
(ii) D W)/ => D 2 (Dyig (W) for j € Z,
(iii)) DX (W) => DX (Dyie(W)).

Cris Cris
(2) The isomorphisms in (1) induce an isomorphism from the diagram (15) for W
to the diagram (13) for Dyig(W).

Proof. We have already proved (i), (ii) of (1) and the comparison of the top
exact sequence in (15) for W with that in (13) for Dy;g(W); see Theorem 2.21 of
[Nakamura 2014a] or the references in the proof of this theorem.

Moreover, the isomorphism (iii) may be well known to the experts, but we give
a proof of it since we couldn’t find suitable references. In this proof, we freely use
the notation in §2.5 of [Nakamura 2014a] or in [Berger 2008a]; please see these ref-
erences. We first note that the inclusion (BJr [1/t]®pB, W ) Ok < Dglg(W) induced
by the natural inclusion Brlg =Ny (Bctm) < Bctls is an isomorphism since

Crls(W) is a finite-dimensional Q,-vector space on which ¢ acts as an automor-
phism. Moreover, in the same way as the proof of Proposition 3. 4 of [Berger 2002],
we can show that the natural inclusion (B [1/t]®3 W,) 0K (B [1/t]1®s, W,)Ck
is also an isomorphism. Since we have

rig

B;Eg[l/t] Qp, W = Brlg 1/¢] QR (mx)[1/t] Dng(W) 1/1¢]

by definition of Dy;z(W), it suffices to show that the natural inclusion

DL (Dyig(W)) — (Bng[l/f] ®R(x)11/1] Drig(W)[1/1] ) =: Dy

is an isomorphism. Moreover, it suffices to show that Do C D, (W)[1/t]. This
claim is proved as follows. Define R(ng) ® Dy B ®F Dy, which are
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(¢, I')-modules over R(mx) (resp. (¢, Gx )-modules over §$g). Then, by Théoréme
1.2 of [Berger 2009], the natural map

B}, ®F Dy — B} [1/11®@r /1 Dig(W)1/t] :a®x > a-x

(which is actually an inclusion) of (¢, Gk )-modules factors through R (7x ) Q r Dy —
Dyig(W)[1/1t]. In particular we have Dy C Dz (W)[1/t], which proves the claim.

We next prove that the bottom exact sequence in (15) for W is isomorphic to that
in (13) for Dyjg(W) by the isomorphisms in (1) of this proposition. Since the other
commutativities are clear, or were already proved in Theorem 2.21 of [Nakamura
2014a], it suffices to show that the following diagram commutes:

CXP. Dyjg (W)

Dgis(Dﬁg(W)) — H(lp,y(Drig(W))

R i

pE wy % HU(k, W)

cris

In the same way as the proof of Theorem 2.21 of [Nakamura 2014a], we assume
that A = {1}, and using the canonical identifications

H'(K, W) = Ext'(B, W), H,_,(Dyg(W)) => Ext' (R(mk), Drig(W))

(where we denote by B = (B,, B;%) the trivial B-pair). It suffices to show that,
for a € DgiS(Drig(W)), the extension corresponding to expy, Dﬁg(w)(a) is sent
to the extension corresponding to expyy (a) by the inverse functor W(—) of
D;i;(—). We prove this claim as follows. Take n > 1 sufficiently large such
that a € (D\f) (W)[1/t]))¥. Take & € D{J,'[1/1] satisfying the condition in (2) of
Proposition 2.23. Then, by (2) of Proposition 2.23, the extension D, corresponding

to expy, p,,,(w)(@) is written by
[0 = Duig(W) 2250 D (W) @ R(x e 2278 R (ng ) — 0]
such that
P((x, ye)) = (p(x) + o (y)((¢ — Da+¢" (@), p(y)e)

and
y((x,ye)) =y (x)+y((y —Da,y(ye).
(Here, we remark that there is a mistake in [Nakamura 2014a]; in the proof of

Theorem 2.21 of [Nakamura 2014a], D, should be defined by

((x, ye)) = (p(x) +o(y)(¢ — Da, p(y)e)
and
y((x,ye)) =(yx)+y(y —Da,y(e).)
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On the other hand, by definition of exp, y,, the extension
Wa i= (Weao Wik o i= Wi ® Birear)
corresponding to expy,y (a) is defined by

g(x, year) = (g(x), g(y)eqr)

for x € W(;;, y € B(ﬂ{, g € Gk, and W, , is defined as the kernel of the surjection

Wcris,a = Weris @ Beris€cris — Wcris,a 1(x, yegis) = ((0—Dx+e(y)a, (p—1)yecris)

on which Gk acts by g(eqis) = ecis (actually, this is equal to the kernel of the
surjection

Wrig,a = Wrig@ﬁr—z_g[l/t]ecris _>Wrig,a 2(x, yeeris) = ((0—Dx+o(y)a, (p—1) yeeis),
where we define W := Bt [1/t]®B, W,), and the isomorphism Bgr ® g, W o —

rig
Bar ® g Wy is defined by

Bir ®B, We,u = Bar ®B.;, Weris,a (oyeen) 2 (YR, B ®p Wik
Then, by definition of the functor Dy(—) in §2.2 of [Berger 2008a] (where the
notation D(—) is used), B:i;gr" QR™ (mg) Dg;)(Wa) is equal to

{x € BL"[1/11®p, Weua | tm(x) € Wik, forany m > n}. (17)

Since we have

Ez:grn[l/t] ®Be VVe,a = EI:sgr"[l/t] ®§r-:—g[1/t] Wrig,a,

and ¢ 7" (ecris) = €cris — Zle (p_k (a) for m > 1 and we have ¢, 0 ¢" = (p_k, it is
easy to see that the group (17) is equal to

Bl ®@po ) DL (W) @ Bl @+ 9" (ecris),

which is easily seen to be isomorphic to E:{’gr" QR® () D((,") as a (¢, Gg)-module.
Therefore, we obtain the isomorphism

Drig(%) - D,

as an extension by Théoreme 1.2 of [Berger 2009], which proves the proposition. [J

3. Local e-conjecture for (¢, I')-modules over the Robba ring

From now on, we assume that K = Q,,, and we freely omit the notation Q,, i.e.,
we use the notation I', Ry, Dgr(M), Dis(M), tuy, ... instead of F@p, Ra (n@p),

Q Q . s .
D (M), D! (M), ty(Q)), . ... Moreover, since Kato’s and our conjectures are
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formulated after fixing a Z,-basis ¢ = {{pn},>0 of Z,(1), we also fix a parameter
7 :=m; of R4 and let r =log(1 + ) as in Notation 2.2.

In this section, we formulate a conjecture which is a natural generalization of
Kato’s (p-adic) local e-conjecture, where the main objects were p-adic or torsion
representations of G@p, for (¢, I')-modules over the relative Robba ring R4. Since
the article [Kato 1993b], in which the conjecture was stated, remains unpublished,
and since the compatibility of our conjecture with his conjecture is an important
part of our conjecture, here we also recall his original conjecture.

3A. Determinant functor. Kato’s and our conjectures are formulated using the
theory of the determinant functor. In this subsection, we briefly recall this theory
following [Knudsen and Mumford 1976] and §2.1 of [Kato 1993a].

Let R be a commutative ring. We define a category Pr whose objects are
pairs (L, r), where L is an invertible R-module and r : Spec(R) — Z is a locally
constant function, and whose morphisms are defined by Morp, ((L, r), (M, s)) :=
Isomg(L, M) if r = s, and empty otherwise. We call the objects of this category
graded invertible R-modules. The category Pr is equipped with the structure of
a (tensor) product defined by (L, r) X (M, s) := (L ®g M, r + s) with the natural
associativity constraint and the commutativity constraint

(L,r)K(M,s) = (M,s)X(L,r):l@m> (—1)"m®]I.

From now on, we always identify (L, r))X(M, s) = (M, s)X(L, r) by this constraint
isomorphism. The unit object for the product is 1z := (R, 0). For each (L, r), set
LY :=Homg (L, R). Then (L, r)~! := (L", —r) becomes an inverse of (L, r) by
the isomorphism i,y : (L, r) X (LY, —r) => 1 induced by the evaluation map
L ®g Homg(L, R) = R :x ® f + f(x). We remark that we have i ,)-1 =
(—1)"i(z,). For a ring homomorphism f : R — R’, one has a base change functor
(=) ®r R’ : Pr — Pg defined by (L,7) +— (L, r) ®r R' :== (L ®g R',r o f*),
where f* : Spec(R’) — Spec(R).

For a category C, denote by (C, is) the category whose objects are the same as C
and whose morphisms are all isomorphisms in C. Define a functor

Detg : (Pgg(R),i8) — Pg : P+ (detg P,1kg P),

where rkg : Pg(R) — Z> is the R-rank of P and detg P := %R P p. Note that
Detg (0) = 1 is the unit object. For a short exact sequence 0 - Py — P, — P3— 0
in Py (R), we always identify Detg (Py) XDetg (P3) with Detg (P) by the functorial

isomorphism (put r; :=1kg P;)

Detg (P1) X Detg(P3) = Detr(P2) (18)
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induced by
(XIA - AX) QX I A AXR) > XIA - AXp AXp 41 A= v s A Xy,

where xi, ..., x, (resp. X, +1,...,Xr,) are local sections of P; (resp. P3) and
x;i€ePh(ri+1<i<ry)isaliftof x; € P;.
For a bounded complex P* in P (R), define Detg(P*) € Pg by

Detg(P*) := [X|;cy Detg(PHV",

For a short exact sequence 0 — Py — P; — P; — 0 of bounded complexes in
P (R), we define a canonical isomorphism

Detg(P}) K Detg(P;) <> Detg(P;) (19)

by applying the isomorphism (18) to each exact sequence 0 — Pli — Pzi — P3i — 0.
Moreover, if P* is an acyclic bounded complex in P (R), we can define a canonical
isomorphism

hps : Detg(P*) = 1g, (20)

which is characterized by the following properties: when P* := [ P’ EN P s
concentrated in degree [i, i + 1], we define it as the composite

Detg(P*) = Detg(P') K Detg (P'T1)~!
. . . 5
Det(f)Xid DetR(Pl-‘rl) X DetR(Pl+1)—1 Detg (Pit]) 1R
when i is even (when i is odd, we similarly define it using f~': PI*! = P and

for a short exact sequence 0 — P} — P; — P; — 0 of acyclic bounded complexes
of Pgg(R), we have the commutative diagram

Detg(P;) X Detg(P;) — Detg(P;)

lh pe&hps lh Py

1R®1R — lR

The theory of determinants of [Knudsen and Mumford 1976] enables us to uniquely
(up to canonical isomorphism) extend Detg(—) to a functor

Detpg : (D}(R), is) — Pr

such that the isomorphism (19) extends to the following situation: for any exact
sequence 0 - P; — P; — P; — 0 of complexes of R-modules such that each
P is quasi-isomorphic to a bounded complex in Py (R), there exists a canonical
isomorphism

Detg (Pr) X Detg(P35) = Detg(F5). 21
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(R) satisfies H' (P*)[0] € D?_.(R) for any i, there

By this property, if P* € D perf

perf
exists a canonical 1somorph1sm

Detg(P*) => X7 Detg (H (PH[0]) V.

For (L, r) € Pg, define (L, r)” := (L, r) € Pg, which induces an antiequivalence
(—)":Pr => Pg. For P € Pig(R), we have a canonical isomorphism Detg (P") =>
Detg(P)" defined by the isomorphism

detgr(PY) => (detg P)” :

Jin- A fr [xl ARRRRAS g ZSgH(U)fl(Xo(l))"'fr(xa(r))]-

e,

This naturally extends to (Dserf(R), is), i.e., for any P* € D?

perf(R), there exists a
canonical isomorphism

Detg (R Homg(P*, R)) = Detg(P*)". (22)

3B. Fundamental lines. Both Kato’s conjecture and ours concern the existence of
a compatible family of canonical trivializations of some graded invertible modules
defined by using the determinants of the Galois cohomologies of Galois representa-
tions or (¢, I')-modules. We call these graded invertible modules the fundamental
lines, which we explain in this subsection.

Kato’s conjecture concerns pairs (A, T') such that:

(1) A is a noetherian semilocal ring which is complete with respect to the m-adic
topology (where my is the Jacobson radial of A) such that A /my is a finite
ring with order a power of p.

(i) T is a A-representation of Gg,, i.e., a finite projective A-module equipped
with a continuous A-linear action of Gq,,.

Our conjecture concerns pairs (A, M) such that:

(i) A isa @Q,-affinoid algebra.

(ii)) M is a (¢, I')-module over R4.

For each pair (B, N) = (A, T) or (A, M) as above, we’ll define graded invertible
A-modules Ag ;(N) € Pg fori =1, 2 as below, and the fundamental line will be
defined as Ap(N) := Ap1(N)X Ap2(N) € Pp.

We first define Ap ;(T) for (A, T). Denote by C¢,,(Gq,, T) the complex of
continuous cochains of Gg, with values in 7. It is known that C¢,,(Gq,, T) €

D~ (A) is contained in Dserf(A) and that it satisfies properties similar to (1), (2),
(3), (4) in Theorem 2.15. In particular, we can define a graded invertible A-module

Ap1(T) :=Detp(Cly (Ga,, T))
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(whose degree is —rr := —rky T by the Euler—Poincaré formula) which satisfies
the following properties:

(i) For each continuous homomorphism f : A — A/, there exists a canonical
A -linear isomorphism

AA1(T) @7 N =5 Apn 1 (T @p A).

(ii) For each exact sequence 0 — T; — T, — T3 — 0 of A-representations of G,
there exists a canonical A-linear isomorphism

Ap 1 (T) K Ap 1(T3) = Ap 1 (T2).

(iii) The Tate duality Cc'om(G@p, T) = RHompu (CC'Om(G@p, T*), A)[—2] and the
isomorphism (22) induce a canonical A-linear isomorphism

Ap1(T) = Ay 1(T).
We next define Ap 2(T') as follows. For a € A*, we define
Agi={x e W(F,) Bz, Al (p®idr)(x) = (1 @a)x},

which is an invertible A-module. In the same way as in Theorem 2.8, for any rank-
one A-representation Ty, there exists a unique (up to isomorphism) pair (87,, L),
where 67, : @[f — A* is a continuous homomorphism and L7, is an invertible
A-module such that 7o = A(STO) ®a L1,, where we denote by STO : Gg’p — A
the continuous character which satisfies 87, o recg, = &g, Under these definitions,
we define a(T') := dger, 7(p) € A*, an invertible A-module

LA(T) :=Aur)@npdetpy T
and a graded invertible A-module
Ap2(T) == (La(T), rr).

Since we have a canonical isomorphism A, ®@a Ag, = Agja, 1 X ® y = xYy for
any aj, ax € A, Ax2(T) also satisfies the following similar properties:

(i) For f: A — A there exists a canonical isomorphism
Ap2(T) @a N =5 Apo(T @4 AN).

(i) For 0 - T; — T, — T3 — 0, there exists a canonical isomorphism
Ap2(T1) B Ap 2(T3) = Ap 2(T2).

(iii) Let rr be the rank of 7. Then there exists a canonical isomorphism

Ano(T) = Ay o(T*) B (A(r7), 0)
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which is induced by the product of the isomorphisms
Asgey 1(p) = Ny, pe(p)” X > [y > y @ x]
(note that we have
Aspey 7+ (p) ® Dsgery 1(p) => A1y @x > yx

since we have 8qer, 7(P) = Odet,, T (p)_l) and the isomorphism dety 7 =
detp (T*)Y ® A(rr) induced by the canonical isomorphism T' = (T*)¥ (1) :
Xy yx)RQe_1]Qe;.

Finally, we define
AN(T) := Ap 1((T) K Ap 2(T) € Pp.
Then A, (T') also satisfies properties similar to (i), (i) for Ap ;(T) and
(iii) there exists a canonical isomorphism
AN(T) => AN(T™) B (A(rr), 0).

Next, we define the fundamental line A4 (M) for (¢, I')-modules M over Ry.
Let A be a Q-affinoid algebra, and let M be a (¢, I')-module over R4. By
our Theorem 2.15 (Kedlaya—Pottharst—Xiao), we can define a graded invertible
A-module

Ap 1 (M) :=Dety C(:’J/(M) € Py

which satisfies properties similar to (i), (ii), (iii) for Ap (7). We next define
A4 2(M) as follows. By our Theorem 2.8 (Kedlaya—Pottharst—Xiao), there exists a
unique (up to isomorphism) pair (5det7aA M, EdetRA M), Where 8detRA M: @; — A*
is a continuous homomorphism and ﬁdetRA M 1s an invertible A-module such that
detr, M = Ry (5detRA M) Or, LdetRA m- Then we define an A-module

La(M) = {x edetr, M | p(x) =8detr, m(P)X, ¥ (X) =8detr, m (X (¥))x (¥ €T},

which is an invertible A-module since it is isomorphic to ﬁdetn,, M, and we define a
graded invertible A-module

Ap2(M) :=(La(M), ry) € Pa.

By definition, it is easy to check that A4 (M) satisfies properties similar to (i), (ii),
(iii) for Ap 2(T). Finally, we define a graded invertible A-module A4 (M), which
we call the fundamental line, by

Aa(M) :=Ap 1(M) X Ap 2(M) € Py,

which also satisfies properties similar to (i), (ii), (iii) for Ax (7).
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More generally, let X be a rigid analytic space over Q,, and let M be a (¢, I')-
module over Ry. By the base change property (i) of A4 (M), we can also functorially
define a graded invertible Ox-module

Ax (M) € Poy

on X (we can naturally generalize the notion of graded invertible modules in this
setting) such that there exists a canonical isomorphism

['(Max(A), Ax(M)) = Ax(M|max(a))

for any affinoid open subset Max(A) C X.

We next compare Kato’s fundamental line Aj (7)) with our fundamental line
Ap(M). Let f: A — A be a continuous ring homomorphism, where A is
equipped with my-adic topology and A is equipped with p-adic topology. Let
T be a A-representation of Gg,. Let us denote by M := Dyig(T ®a A) the
(¢, I')-module over R, associated to the A-representation T ®, A of Gg,. By
Theorem 2.8 of [Pottharst 2013], there exists a canonical quasi-isomorphism
Ceont(Ga,, T) QL A= C,., (M), and this induces an A-linear isomorphism

Ap1(T) ®@p A = Ap 1 (M).

We also have the following isomorphism.

Lemma 3.1. In the above situation, there exists a canonical A-linear isomorphism
Ap2(T) ®@p A => Ap2(M).

Proof. By definition, it suffices to show the lemma when 7 is of rank one. Hence, we
may assume that 7 = A (8) @ L for a continuous homomorphism § : Q; — A* and
an invertible A-module £ (where § is the character of Gg’p such that § o recg, = 8).
Moreover, since we have a canonical isomorphism

Dyig (A (8) @4 L) ®p A) <> Dyig(A(5) ®n A) ®4 (L R A)

by the exactness of Dyig(—), it suffices to show the lemma when £ = A.
Since the image of Hg := Gal(Q,/Q, ) in G%’p is the closed subgroup which
is topologically generated by recq, (p), we have

Diig(A(5) ®r A) = (W (F)) @z, A(8)) % V= @4 Ry,

by definition of Dy;g(—), and the right-hand side is isomorphic to R (f 0d). Hence,
we obtain

LaM) = ((W(F) Bz, M@)o PI=! @y Ry )=/ VT
= (W(F,) Bz, AG) > P~ @) A= LA(T) @4 4,
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which proves the lemma. O

Taking the products of these two canonical isomorphisms, we obtain the following
corollary.

Corollary 3.2. In the above situation, there exists a canonical isomorphism
ApN(T) @ A => Ax(M).

Example 3.3. The typical example of the above base change property is the follow-
ing. For A as above, let us denote by X the associated rigid analytic space. More
precisely, X is the union of affinoids Max(A,) for n > 1, where A, is the Q,-affinoid
algebra defined by A, := A[m} /p]1"[1/p] (for aring R, denote by R" the p-adic
completion). Let T be a A-representation of Gaq,, and let M,, := Dy (T @, Ay).
Since M,, is compatible with the base change with respect to the canonical map
A, — A, for any n, {M,},> defines a (¢, I')-module M over Ry. Then the
canonical isomorphism A (T) ®x A, => Aa,(M,) defined in the above corollary
glues to an isomorphism

AA(T) @p Ox = Ax(M).

Moreover, using the terminology of coadmissible modules [Schneider and Teitel-
baum 2003], we can define this comparison isomorphism without using sheaves. Let
us define Ay :=T'(X, Ox) and Ay (Moo) :=1lim, Ay, (M,). Taking the limit of
the isomorphism A (T) ®p A, = A4, (M,) we obtain an Ayo-linear isomorphism

AN(T) ®n Acc = Ay (Moo).

Then the theory of coadmissible modules [Schneider and Teitelbaum 2003, Corol-
lary 3.3] says that to consider the isomorphism Ap (T) ®y Ox = Ax (M) is the
same as to consider the isomorphism Ap(T) ®p Ao = As (Mso). In fact, we
will frequently use the latter object Ay (M) in Section 4.

3C. de Rham e-isomorphism. In this subsection, we assume that L = A is a finite
extension of Q,. We define a trivialization

e (M) 1L => AL (M),

which we call the de Rham ¢-isomorphism, for each de Rham (¢, I')-module M
over Ry and for each Z,-basis { = {{pn }n>0 of Z,(1).

Let M be a de Rham (¢, I')-module over R;. We first recall the definition of
Deligne and Langlands’ [Deligne 1973] and Fontaine and Perrin-Riou’s [1994]
g-constant associated to M.
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We first briefly recall the theory of e-constants of Deligne and Langlands [Deligne
1973]. Let Wg, € Gq, be the Weil group of 2,. Let E be a field of character-
istic zero, and let V = (V, p) be an E-representation of Wg,, i.e., V is a finite-
dimensional E-vector space equipped with a smooth E-linear action p of Wg,.
Let us denote by VV the dual (Homg(V, E), p”) of V. Denote by E(|x|) the
rank-one E-representation of Wg, corresponding to the continuous homomorphism
x| : Q) — E* : pr>1/p, a> 1(a € Z) via the local class field theory. Put
VY(Ix]) := VY ®g E(|x]). Assume that E is a field which contains Q(¢,~). The
definition of the e-constants depends on the choice of an additive character of Q,
and a Haar measure on Q. In this article, we fix the Haar measure dx on Q,, for
which Z,, has measure 1. For each Z,,-basis { = {{pn},>0 of Z,(1), we define an
additive character v, : Q, — E* such that vy, (1/p") := {pn for n > 1. In this article,
we don’t recall the precise definition of e-constants, but we recall here some of their
basic properties under the fixed additive character ¥, and the fixed Haar measure dx.
We can attach a constant e(V, Y, dx) € E* for each V as above which satisfies
the following properties (we let e(V, ¢) :=&(V, ¥, dx) for simplicity):

(1) For each exact sequence 0 — V| — V, — V3 — 0 of finite-dimensional
E-vector spaces with continuous actions of Wg,, we have

e(Va, ) =e(V1, §)e(V3, 0).
(2) For each a € Z*, we define ¢¢ := {;;’n},,zl. Then we have
e(V, ") =detg V(recg,(a)e(V, ¢).

(3) e(V,De(VY(xD),cH=1.
(4) e(V,¢)=1if V is unramified.

(5) If dimg V equals 1 and corresponds to a locally constant homomorphism
§:Q, — E* via the local class field theory, then

s(v,;>=8<p>"<‘”( > 6(1‘)1;;;@),
ie(Z/p"® )

where n(8) > 0 is the conductor of §, i.e., the minimal integer n > 0 such that
8l(14pnz,)nz; = 1 (then 8|7x factors through (Z/p"®@Z)*).

For a Weil-Deligne representation W = (V, p, N) of Wg, defined over E, we set
e(W,0):=e((V, p), ) -detg (—Fr,, | VEr /(VN=0)Tr),

which also satisfies
e(W,0)-e(WY(IxD, ¢ H =1
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Next, we define the e-constant for each de Rham (¢, I')-module over R, fol-
lowing Fontaine and Perrin-Riou [1994]. Let M be a de Rham (¢, I')-module
over Ry. Then M is potentially semistable by the result of Berger (for exam-
ple, see Théoreme I11.2.4 of [Berger 2008b]) based on Crew’s conjecture, which
was proved by André, Mebkhout, and Kedlaya. Hence, we can define a filtered
(¢, N, Gg,)-module Dpy (M) := Ungp DX (M|k) which is a free (Q, ®q, L)-
module whose rank is ry;, where K runs through all the finite extensions of Q,
and we define DS’f(Mlg) = (Rp(mx)llog(m), 1/t] ®r, M)'«=1_Set Dy(M) :=
D" (M). Following Fontaine, one can define a Weil-Deligne representation
W(M) = (Dpst(M), p, N) of Wq, defined over @;r ®q, L such that N is the
natural one and p(g)(x) := ¢"® (g - x) for g € Wg, and x € W(M), where we
denote by g - x the natural action of Gg, on W (M) and

W ab recd]‘) Qx Yp 7
v G:DI’ - @p P '

Taking the base change of W (M) by the natural inclusion Q) ®q, L < @;‘,b ®aq, L,
and decomposing @;b ®q, L =[], L into a finite product of fields L., we obtain
a Weil-Deligne representation W (M), of Wa, defined over L, for each 7. Hence,
we can define the e-constant ¢(W (M), t(¢)) € L%, where t(¢) is the image of ¢
in L, by the projection @';‘,b ®q, L — L. Then the product

sL(W(M), ) := (e(W(M)e, T(0)))r € [ [ L}

is contained in L7, := (Q,({p=) ®q, L)* € (Q,(5p~) Raq, (I;D;r ®q, L)* since it is
easy to check that &g (W(M), ¢) is fixedby 1 @ ¢ ® 1.
Using this definition, for each de Rham (¢, I')-module M over R, we construct

a trivialization 8%1} (M) : 1; = Ap (M) as follows. We will first define two
isomorphisms

O (M) : 1, = A 1(M) X Det (Dar (M))
and

Oar,. (M, ¢) : Det (Dgr(M)) => A 2(M)

(we remark that 4r 7 (M, ¢) depends on the choice of ¢), and then define 951’2 (M)
as the composite

e (M) 11, LLED, A (M) K Dety, (Dar (M)
MA“(M) XAL2(M)=AL(M),
where I'7 (M) € Q* is defined by

FL(M) = [ [T ()~ dime e D,

reZ
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where we set
o) e {(r— Dt ez,
(=D"/(=r)! (r=<0).

We first define 6, (M) : 1, = Ap (M) X Det; (Dgr(M)). By the result of
Section 2B, we have the exact sequence of L-vector spaces

0 — HY) , (Mo) = Deris(Mo)1 *= =253, i (Mo), @ 1y,
expr u, D exp
— L=, gl (Mo)y — 0 (23)

for My = M, M*, where we let D ;s(My); = Deis(Mp) fori =1, 2.
Using Tate duality, the de Rham duality

Dar(M)° =5 1y x = [7 > [y, x1r]
(here y € Dgr(M™) is a lift of y) and Proposition 2.24, we define a map

expyy. HL (M) )p :=HL  (M)/H] (M), 220200 gl )y

XPyyx v~ 0
—5 type => Dar(M)

which is called the dual exponential map and was studied in §2.4 of [Nakamura
2014a]. Using this map, as the dual of the exact sequence (23) for My = M*, we
obtain an exact sequence

XD}y B XD}

0— H, (M) Deris(M*)} ® Dgp(M)°

Es Derig(M*)Y — H2 (M) — 0, (24)
where the map Deyis(M*)y — Deris(M*)Y in (%) is the dual of (1 — ¢). Therefore,

as the composite of the exact sequences (23) for My = M and (24), we obtain the
exact sequence

0— H) (M) > Derig(M)y =025, s (M), @1y — H, (M)
— Deris(M*)3 ® Dar(M)° — Deris(M*){ — H_ (M) — 0. (25)

Applying the trivialization (20) to this exact sequence and using the canonical
isomorphisms

iDety (Do (M)1) © D€t (Deris(M)2) R Dety (Deris(M)1) ™" =5 11,
iDetL(DmS(M*)Y) : Dety (Dcris(M*)\z/) X Dety, (Dcsis (M*)\l/)_l =1,

and
Dety (DY (M)) K Dety (ty) <> Dety (Dgr(M)),
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we obtain a canonical isomorphism
OL(M) : 1, = A1 (M) X Detr (Dgr(M)).

Next, we define an isomorphism 6gqr, 1. (M, ¢) : Dety (Dgr(M)) = A 2(M). To
define this, we show the following lemma.

Lemma 3.4. Let {hy, hy, ..., h,,} be the set of Hodge—Tate weights of M (with
multiplicity). Put hy; = erﬁ] h;. For any n > n(M) such that e, (W(M), ¢) €
Ly :=Qp(¢p) ®q, L, the map

LL(M) = Dyign(detr, M) = La(1) ®, ro (detr, M)™ -
1

awon. o i 20w

induces an isomorphism
Img : LL(M) = Dgr(detg, M),

and doesn’t depend on the choice of n.

Proof. The independence of n follows from the definition of the transition map
Dyt (—) <= Dyif,pr1(—).

We show that fj ; is an isomorphism. Comparing the dimensions, it suffices
to show that the image of the map in the lemma is contained in Dgr(detr, M),
i.e., is fixed by the action of I'. Since we have e (W (M), ¢)/er. (W (detg, M), ) €
L*(C LY,), it suffices to show the claim when M is of rank one. We assume that
M is of rank one. By the classification of rank-one de Rham (¢, I')-modules, there
exists a locally constant homomorphism S @; — L* such that M = R, (S Cxlary,
The corresponding representation W (M) of Wg, is given by the homomorphism
S x| Q, — L* via the local class field theory. By the property (2) of e-constants,
we have y (e (Dpst(M), ¢)) = S(X (v)er (W(M), ¢) for y € I', which proves the
claim since we have y (¢"(x)) = S(X N x () ™e™(x) for x € LL(M), y €T,
by definition. U

Since we have a canonical isomorphism Dgr(detg, M) = det;, Dyqr(M), the
isomorphism fy . induces an isomorphism fy . : Ay 2(M) = Dety (Dgr(M)).
We define the isomorphism 64r 1. (M, ¢) as the inverse

Oar.L(M, ) := fyy )y : Det (Dar(M)) <> AL 2(M).

Remark 3.5. The isomorphism fy ., and hence the isomorphism 64r 1 (M, ¢),
depends on the choice of ¢. If we choose another Z,-basis of Z,(1) which can
be written as ¢ := {{j}n>0 for unique a € Z7, then fy, ¢« is defined using
e (W(M), ¢“) and the parameter ¢« (see Remark 2.1) and #, :=log(1+m«). Since
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we have 1 (W (M), ¢*) =det W(M)(recq, (a))eL (W (M), ¢) and rpa = (147)“ —1
and 1, = at, we have fy ¢« = fum,¢/8deir, m(a), and hence we also have

Oar,2 (M, §*) = Sdet, m(a) -Oar,.(M, ),
and obtain
380 (M) = Saet, m(@) - €35 (M).

Remark 3.6. Kato [1993b] and Fukaya and Kato [2006] defined their de Rham
g-isomorphism eilfg(V)/ : 1 = Ap(V) (using a different notation) for each
de Rham L-representation V of Gg, using the original Bloch-Kato exponential
map. Using Proposition 2.26, we can compare our 6‘212 (Dyig(V)) with their 8%12 wy
under the canonical isomorphism Az (V) => Ap (Dyig(V)) defined in Corollary 3.2.
We remark that ours and theirs are different since they used (in our notation) the
g-constant &7 ((Dpst(V), p), ¢) associated to the representation (Dps(V), p) of Wg ,
instead of W (V). Since one has

eL(W(V), ¢) =eL((Dpst(V), p), §) -detp(—¢ | Dy(V)/Deris(V)),
the correct relation between ours and theirs is
ei (Drig(V)) = det (=@ | Dy(V)/Deris(V)) - e (V). (26)

Moreover, we insist that ours is the correct one, since we show in Lemma 3.7 below
that our 82R§ (M) is compatible with exact sequences (but 8%R§ (V) may not satisfy
this compatibility).

Finally in this subsection, we prove a lemma on the compatibility of the de Rham
e-isomorphism with exact sequences and the Tate duality.

Lemma 3.7. (1) For any exact sequence 0 —~ M| — M, — M3 — 0, we have
et (My) = ef% (M) W efS (M3)
under the canonical isomorphism Ap (M) => Ap (M) X AL (M3).
(2) One has the following commutative diagram of isomorphisms
AL(M) = AL(M*)Y R (L(ry), 0)
Ef];—l (M)T lsﬁ"} (M*)'Rle,,, 1]
1, = 1, X1,

Proof. We first prove (1). The proof is identical to that of Proposition 3.3.8 of
[Fukaya and Kato 2006], but we give a proof for convenience of the readers. We
first remark that we have

TL(M) - T (M*) = (—1)"tdime iy (27)
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since we have
=D~ =1,

ot (1_r):{(—1)r (r <0).

We next remark that one has the commutative diagram

1, 2 AL (M)RDet, (M)
(—1)dimz, ’Ml lcan (28)
0L (M*)Y

1, <—— AL’l(M*)v XDetL(M*)V

in which the right vertical arrow is induced by the Tate duality, since one has the
commutative diagram

eXP)

—expM 1 O
tm e HW,(M) ——> Dgr(M)
iHly,Hly,XJdRJl x'—>[y'—><y,X>Jl lx'—>[§r—>ly,XJdRJ
(GXP* )\/ ( *)\/
Dar(M*) —5 HL  (M*)Y 2205 (1)

Finally, we remark that one has the commutative diagram

Oar, (Mg 1)

(—=1)m .canl lcan (29)
Det;, (M*)v Oar,L (M*,¢)" Xley, 1]

— Det, (M*)' K1, Ap2(M*)Y K (L(ru), 0)

in which the vertical maps can are also defined by the duality, since we have
el (W(V). £ et (W(VH. 0) = 1.

Then (1) follows from the commutative diagrams (27), (28) and (29).
We next prove (1). We first define an isomorphism

OL(M)": 1, = Ap1(M) K Det, (Dar(M))

in the same way as 67 (M) using the exact sequence

—oDxi
0— HY_ (M) — Dosy(M)y 200085 1y (M, @ 1y

RSyl (M); -0 (30)
(we use ¢! instead of ¢) and (24), and define

Oar,. (M, ¢)" : Dety (Dar(M)) => Ap 2(M)
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in the same way as 64r 1 (M, ¢) using the constant

et (W(M), ¢) -dety (—¢ | Deris(M)) = e ((Dpst(M), p), ¢) - detp (—¢ | Dst(M))
instead of &7 (W (V), ¢). Since we have 67 (M) =0 (M) -det; (—p~! | Deis(M)),
821} (M) can be defined using the triple (I', (M), 6,.(M)', 64r..(M, ¢)) instead of
(I'L(M), 6L.(M), Oar,.(M, £)).

Let 0 > M; — M, — M3 — 0 be an exact sequence as in (1). Since one has
['(My) = T'(M;) - T'(M3), it suffices to show that both 6, (—)" and 64r 1 (—)" are
compatible with the exact sequence.

Since we have

eL((Dpst(M2), p), ¢) = eL.(Dpst(M1), p), ¢) - eL.(Dpst(M3), p), §)
and

det, (=¢ | Dsi(M2)) = det(—=¢ | Ds(My)) - detr(—¢ | Ds(M3))

(since Dyg(—) and Dy (—) are exact for de Rham (¢, I')-modules), the isomorphism
O4r.(—)' is compatible with the exact sequence.
We remark that the functor D.js(—) is not exact (in general) for de Rham (¢, I')-
modules, but we have the exact sequence
0 = Dyis(M1) = Deris(M2) — Deyis(M3)
& Derig (M7)Y = Deris(M3)” — Deris(M5)” — 0

such that the boundary map (x) satisfies the commutative diagram

()
Dyyis(M3) — Dcris(Mik)v

bk
(%)
Dcris(MS) _*> Dcris(Mik)v

from which the compatibility of 6; (—)" with the exact sequence follows, which
finishes the proof of the lemma. O

3D. Formulation of the local e-conjecture. In this subsection, using the defini-
tions in the previous subsections, we formulate the following conjecture, which
we call the local e-conjecture. This conjecture is a combination of Kato’s original
e-conjecture for (A, T') with our conjecture for (A, M). To state both situations at
the same time, we use the notation (B, N) for (A, T) or (A, M), and f : B — B’
for f:A— ANorf:A— A

Conjecture 3.8. We can uniquely define a B-linear isomorphism

e, (N) :1p => Ap(N)
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for each pair (B, N) as above and for each Z,-basis { of Z,(1) satisfying the
following conditions:

(1) Let f : B — B’ be a continuous homomorphism. Then we have
ep.c (N) ®idp = ep (N ®p B')
under the canonical isomorphism Ag(N) @ B’ => Ap/(N ®p B’).

(i) Let 0 - Ny — Ny — N3 — 0 be an exact sequence. Then we have

¢p.c (N1) W ep  (N3) = ep ¢ (N2)
under the canonical isomorphism Ag(N1) X Ag(N3) = Ap(N3).

(iii) Forany a € Z’*, we have

eg,ca(N) = qetz(nvy(a) - €, (N).

(iv) One has the following commutative diagram of isomorphisms:

can

Ap(N) — Ap(N*)"®(L(rn), 0)

can

B —> 13&13

(v) Let f: A — A be a continuous homomorphism, and let M := Dy;s (T ® A) be
the associated (¢, I')-module obtained by the base change of T with respect
to f. Then we have

o o1 (N)T leg,;w*)v&[ewwu
1

enc(T)®idg =4, (M)
under the canonical isomorphism Ap(T) @ A => Ax(M) of Corollary 3.2.

(vi) Let L = A be a finite extension of Q,, and let M be a de Rham (¢, I')-module
over Ry. Then we have

e (M) = e, (M).

Remark 3.9. Kato’s original conjecture [1993b] is the restriction of Conjecture 3.8
to the pairs (A, T'). As explained in Remark 3.6, we insist that condition (v) should
be stated using &{' (Dyig(V)) (or &g (V) :=&{R, (V) -detr (—¢ | Dy (V) / Deris(V)))
instead of del?{ (V).

Remark 3.10. In Kato’s conjecture, the uniqueness of the e-isomorphism was not
explicitly predicted. Recently, it has been shown that the de Rham points (even crys-
talline points) are Zariski dense in “universal” families of p-adic representations, or
(¢, I')-modules in many cases ([Colmez 2008; Kisin 2010] for the two-dimensional
case, [Chenevier 2013; Nakamura 2014b] for general case), hence we add the
uniqueness assertion in our conjecture.
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Kato [1993b] proved his conjecture for the rank-one case (note that one has
Dy (V) = Ds(V) for the rank-one case, hence one also has ei“} (V) = gl} V).
As a generalization of his theorem, our main theorem of this article is the following,
whose proof is given in the next section.

Theorem 3.11. Conjecture 3.8 is true for the rank-one case. More precisely, we
can uniquely define a B-linear isomorphism eg  (N) : 13 = Ag(N) for each pair
(B, N) such that N is of rank one and for each Z,-basis ¢ of Z,(1) satisfying the
conditions (1), (iii), (iv), (v), (vi).

Before passing to the proof of this theorem in the next section, we prove two
easy corollaries concerning the trianguline case. We say that a (¢, [')-module M
over Ry is trianguline if M has a filtration F: 0:=My C M C--- C M, :=M
whose graded quotients M;/M;_; are rank-one (¢, I")-modules over R4 for all
1 <i <n. We call the filtration F a triangulation of M.

Corollary 3.12. Let M be a trianguline (p, I')-module over R4 of rank n with a
triangulation F as above. The isomorphism

I eac (Mi/Mi_1)
é

X ~
er.ac(M): 1y PAAM /M) = As(M)

defined as the product of the isomorphisms g ¢ (M; /M;_1) : 14 => A (M; /M, _1),
which are defined in Theorem 3.11, satisfies the following properties:

(i) Forany f : A — A’, we have
erac (M) Qidy =5 a0 (M Q4 A,
where F' is the base change of the triangulation F by f.

(iii)’ For any a € 7%, we have

er,aca (M) = 8aety (M) (@) - €F,4,c (M).
(iv)’ One has the commutative diagram of isomorphisms

AA(M) = Ax(M*)Y R (A(ry), 0)
sf,A,g(M)T lsf*,A_{(M*)v&[erM'_)(_l)rM]

1, = 14 X1,
in which F* is the Tate dual of the triangulation F.

(vi)' Let L = A be a finite extension of Q,, and let M be a de Rham and trianguline
(@, I')-module over Ry. Then, for any triangulation F of M, we have

ex.L.c (M) = e (M).

In particular, in this case, er 1, (M) does not depend on F.



A generalization of Kato's local &-conjecture 367

Proof. This corollary immediately follows from Theorem 3.11 since 8%1} (M) is
multiplicative with respect to exact sequences by (1) of Lemma 3.7. (I

Finally, we compare Corollary 3.12 with the previous known results on Kato’s
g-conjecture for the cyclotomic deformations of crystalline ones. Let F be a finite
unramified extension of Q,. Let V' be a crystalline L-representation of G, and let
T C V be a Gg-stable O -lattice of V. In [Benois and Berger 2008] and [Loeffler
et al. 2015], they defined e-isomorphisms for some twists of 7. Here, for simplicity,
we only recall the result of [Benois and Berger 2008] under the additional assumption
that F = Q,,, since other cases can be proven in the same way. Let O [I'] be
the Iwasawa algebra with coefficients in Op. We define an O [[I"]-representation
Dfm(T) :=T ®o, OLIT'] on which Gg, acts by g(x ® y) := g(x) ® [g]"'y for
any g € Gg,, x €T, y€ OLIT']. In [Benois and Berger 2008], by studying the
associated Wach modules very carefully, they essentially showed that Perrin-Riou’s
big exponential map induces an e-isomorphism, which we denote by

eopry.e OIN(T)) : 1o, 1ry => Ao, gy (Dfm(T)),

satisfying the conditions in Conjecture 3.8. Let Dy;z(V) be the (¢, I')-module
over Ry, associated to V. Then, applying Example 3.3 to (A, T) = (O.[T'l, T),
we obtain a canonical isomorphism

Ao, rPIm(T)) ®o, r R (I') => Ageery (Dfm(Drig(V))) €1y

(see the next section for the definitions of R7°(I") and Dfm(Dy;(V))). Since
D,i; (V) is crystalline, after extending scalars, we may assume that it is trianguline
with a triangulation 7. Then Dfm(D;;;(V)) is also trianguline with a triangulation
F':=Dfm(F). Hence, by Corollary 3.12, we obtain an isomorphism

er Re[),c (DIM(Drig(V))) @ 1oy => Agee(r) (Dfm(Drig(V))).
Under this situation, we easily obtain the following corollary.

Corollary 3.13. Under the isomorphism (31), we have
ebpiry.c DIM(T) @ idryr(r) = £5 mp(r),c DIM(Dyg(V)).
In particular, the isomorphism EF RP(T) ¢ (DIfm(Dy;¢(V))) does not depend on F.

Proof. By [Benois and Berger 2008] and Theorem 3.11, the base changes of both
sides in Corollary 3.13 by the continuous L-algebra morphism fs : R7°(I') — L :
[yl—$é ()/)_1 are equal to 82“} (Dyig(V (8))) for any potentially crystalline character
8 : ' — L*. Since the points corresponding to such characters are Zariski dense
in the rigid analytic space associated to Spf(O.[[I']]), we obtain the equality in
the corollary. U
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4. Rank-one case

Kato [1993b] proved his e-conjecture using the theory of Coleman homomorphism,
which interpolates the exponential maps and the dual exponential maps of rank-
one de Rham p-adic representations of Gg,. In particular, the so-called explicit
reciprocity law, which is the explicit formula of its interpolation property, was very
important in his proof.

In this final section, we first construct the e-isomorphism

8A,§(M) 14 = Ap(M)

for any rank-one (¢, I')-module M by interpreting the theory of Coleman homo-
morphism in terms of p-adic Fourier transforms (e.g., Amice transforms, Colmez
transforms), which seems to be standard for experts of the theory of (¢, I')-modules.
Then we prove that this isomorphism satisfies the de Rham condition (vi) by
establishing the “explicit reciprocity law” of our Coleman homomorphism using
our theory of Bloch—Kato exponential maps developed in Section 2B.

4A. Construction of the e-isomorphism. We first recall the theory of analytic
Iwasawa cohomology of (¢, I')-modules over the Robba ring after [Pottharst 2012;
Kedlaya et al. 2014]. Let A(I') := Z,[[I"]] be the Iwasawa algebra of I with
coefficients in Z,, and let m be the Jacobson radical of A(I"). For each n > 1,
define a @, -affinoid algebra R!!/P"->°I(T") := (A(I")[m"/p])"[1/ p], where, for any
ring R, we denote by R” the p-adic completion of R. Let X, := Max(RI/P"->°1(I"))
be the associated affinoid. Define X :=(J,.; X,,, which is a disjoint union of open
unit discs. For n > 1, consider the rank-one (¢, I')-module

Dfm, := RIY7"°NT) ®g, Re = R/ i€
with
p(1®e)=1®e and y(IQe)=[y] '®e for yeTl.

Put Dfm :=lim, Dfm,,; this is a (¢, I')-module over the relative Robba ring over X.
For M a (¢, I')-module over R4, we define the cyclotomic deformation of M by

Dfm(M) := lim Dfm,, (M)

with
Dfm, (M) := M &z Dfm,, => M &, RL/”" (e,
which is a (¢, I')-module over the relative Robba ring over Max(A) x X. This

(¢, I')-module is the universal cyclotomic deformation of M in the sense that, for
each continuous homomorphism 8y : I' — A*, we have a natural isomorphism

DIm(M) @), 5, A => M(80) : (x ®ne) ®a > f5,(n)axes,
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forx e M, ne € R°(IN)e and a € A, where
foo :RE(MT) — A
is the continuous A-algebra homomorphism defined by

Foo (¥ D) :=8o(y) ™"

for y € I" (and recall that M (8p) := M ®4 Aes, = Mes, is defined by ¢(xes,) =
@(x)es, and y (xes,) :=do(y)y(x)es, forx € M and y € I').

By Theorem 4.4.8 of [Kedlaya et al. 2014], we have a natural quasi-isomorphism
of R3°(I')-modules

gy 1 Gy, (DfM(M)) => Cj (M) := [M* L= M2,

where the latter complex is concentrated in degree [1, 2]. This quasi-isomorphism
is obtained as a composite of (a system of) quasi-isomorphisms

C;..,(Dfm, (M) => Cj(M) Brzry Ry /7 N(D),

which are naturally induced by the following diagrams of RLI /p n’OO](F)—modules
for n > 1 with exact rows:

0 — Dfm, (M) =5 Dfm, (M)> 2% M Brzer RYP XN T) — 0
w—ll w—ll w—ll (32)
0 — Dfm,, (M) 2= Dfm, (M) L5 M Sy RPNy — 0

Here

Tr (ZZ’” ®”"") ‘ |Ftor|10go(X(V)) 2 58

forx; e M, nie e RE/ p'.eel (I")e, with the inverse of the natural quasi-isomorphism
. ~ b . 1 nv ~ 3 . = 1 nv
C;, (M) =>1im €}, (M @y RY /P UT)) 25 1im €} (M By R P U(D))
n n

(see Theorem 4.4.8 of [Kedlaya et al. 2014] and Theorem 2.8(3) of [Pottharst 2012]
for the proof). This quasi-isomorphism is canonical in the sense that, for another
y' € I' whose image in I'/A is a topological generator, we have the commutative
diagram
g
C;,,(Dfm(M)) = C;, (M)

l idl (33)

C;,., (Dfm(M)) kit C;, (M)
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For §o: ' — A, using the natural isomorphism Dfm(M) @), foy A=> M (80)
and the quasi-isomorphism g, , we obtain the quasi-isomorphism

8y.5 1 Gy, (M(80)) = Cj , (DIM(M) ®rg (1), f;, A)

~ . L ~ . L

= C, , (Dfm(M)) ®R§o(r)’fgo A= Cy (M) ®Rj°(l“),fao A, (34)
where the second isomorphism follows from the fact that any (¢, I')-module M,
over Ry, is flat over A¢ for any A¢ (see Corollary 2.1.7 of [Kedlaya et al. 2014]).
This quasi-isomorphism can be written in a more explicit way as follows. To recall

this, we see A as an R3°(I")-module by the map fs,. Then we can take the projective
resolution of A

0— RPM) - ps, 25 RP(I) - ps, 25 A — 0,

where

1
Ph =T Y 5 o)1 e RE(T)

og€eA

(this is an idempotent) and

diy(n) = @o(Y)lyl—Dn and ds,(n) = Jso ().

| Ttor| logo (x (¥))
This resolution induces a canonical isomorphism
. d i ~ .
C‘(ﬁ (M) ®Rﬁ°([‘) [Rzo(r) * Pés i) RXO(F) : p&)] — Cl/; (M) ®%XO(F),]"§0 A.
Moreover, using the isomorphism
M ®rxr) RY(T) - ps, => M(8)™ : m ® Aps, > Aps,(mes,),
we obtain a natural isomorphism
di, o
Cj (M) ®rze(ry [RE(T) - psy =% RE(T) - psy,| => €., (M (80)).
Composing both, we obtain a natural quasi-isomorphism
. L ~y e
Cy (M) @y, A => €y, (M (),

which is easily seen to be equal to g, s,.

Using the theory of analytic Iwasawa cohomology recalled as above, we can de-
scribe the fundamental line ARf(r)(Dfm(M )) as follows. The quasi-isomorphism
gy CIZ’V(Dfm(M)) = C\?f (M) and the quasi-isomorphism CJ),},(Dfm(M)) =
Gy (Dfm(M)) induce a natural isomorphism in Pree(r)

Argem),1(Dfm(M)) = Detgzr)(Cy, |, (Dfm(M))) = Detrze ) (Cy (M)).



A generalization of Kato's local &-conjecture 371

Moreover, since we have

Arg ), 2(Dfm(M)) = lim A (Dfm,, (M)

RY/PNr),2
=5 1im(Aa (M) ®4 Ry 7N (1)e®)

n
= Mg 2(M)e®™ @4 R (I) > Ag 2(M) @4 RE (D),

where the last isomorphism is just the division by e®™™, we obtain a canonical
isomorphism

Arger)(Dfm(M)) => Detrze(r) (Cy (M) B (Ag 2(M) @4 RF (D). (35)
Under this canonical isomorphism, we will first define an isomorphism
0 (M) : Detrse(ry (Cy, (M)~ => (Mg 2(M) @4 RY(T)),
and then define ERS(T) ¢ (Dfm(M)) as the composite

erse(ry.c DEM(M)) : 1z ) <5 Detree () (C; (M) K Detree ) (Cr (M) ™!
id 56, (M
), Detrae(ry (CHM)) B (Ag 2(M) @4 RE(T))
=5 Agz(r) (Dm(M))

for the following special rank-one (¢, I")-modules M.

For A € A%, define the “unramified” continuous homomorphism 3;, : @; — A%
by 8, (p) := X and 5A|pr := 1. We define an isomorphism 6, (M) for M =R (6;)
by the following steps, which are based on the reinterpretation of the theory of the
Coleman homomorphism in terms of the p-adic Fourier transform.

Let LA(Z,, A) be the set of A-valued locally analytic functions on Z,,, and define
the action of (¢, ¥, I') on it by

o(P)lz; =0, 0()() = f(%) (v € pZ,).

1
VOO = Fpy).  y(HG) = —f(i) (y eD).
X)) \x()

One has a (¢, ¥, I')-equivariant A-linear surjection, which we call the Colmez
transform,

Col: R4 — LA(Z,, A) (36)

defined by

dm
Col(f(m))(y) :=Resg ((1 +m) f(m) i n)),
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where Resg: R4 — A is defined by Reso()",,c7 an7") :=a—; (note that Col depends
on the choice of the parameter 7, i.e., the choice of ¢). By this map, we obtain the
short exact sequence

0— Ry — Ry <5 LAZ,, A) — 0. (37)

Twisting the action of (¢, ¥, I') by §,, we obtain the (¢, ¥, I')-equivariant exact
sequence

0— R (8:) = Ra() Col®ey, | LA(Z,, A)(83) — O,
from which we obtain the exact sequence of complexes of R3°(I")-modules
0 — Cj(RY°(8:)) = Cj(Ra(8)) — Cy (LA(Zy, A)(82)) — 0. (38)

For each k > 0, we define the algebraic function

Y17, Arars d*.

Then Ayke(gk C LA(Z,, A)(8;) is a Y-stable sub-R$°(I')-module. By Lemme 2.9
of [Chenevier 2013], the natural inclusion

N
C;, (QB Ayke5A> — C;, (LA(Z), A)(8,)) (39)

0=k

is a quasi-isomorphism for sufficiently large N.
Set Pik = Ayke(gk fori =1, 2. Since we have Ayke‘;k [0] € D][Jgrlf’o] (R3°(IM)) for
any k > 0, the natural exact sequence

0— P{[-1]— Cj(Ay‘es,) - Py[-2]— 0
induces a canonical isomorphism

gk : Detrye () (Cj (Ay*es, ) <> Detrz(ry (Py) K Detrge ) (Pf) ™!

lDelRXo(r)(P{‘)
> AR () -

We remark that, if the complex Cl'p(Ay"egl\) is acyclic, then the composite of this
isomorphism with the inverse of the canonical trivialization isomorphism

. . k ~
hDCtRj"m(C]Z(Aykeak)) : DetRjo(F)(Cw (Ay“es,)) = 1723"(1")
is the identity map. Hence, if we define the isomorphism

N
gV = &(I)\]:kgk : Detre(r) (C;y (@ Ayke&)> = 1rem), (40)
k=0
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then, by (39) and (40) (for sufficiently large N), we obtain an isomorphism
to : Detree ) (Cy, (LA(Z), A)(8))) = 1rger), (41)

which is independent of the choice of (sufficiently large) N.
Since Cfp (LA(Z,, A)(31)), Cx'p (R4(8,)) are both perfect complexes, we also have

C; (RY(T) € Db(RY ()

by the exact sequence (38), and then we obtain an isomorphism

t1 2 Detree(ry (Cy, (Ra(82)))
> Detrge(r) (Cy, (R3°(8,))) KW Detrg 1) (Cy, (LA(Z, A)(83)))

4B, Detres (1) (€}, (R (81))) <> Detraory (RES)V 10D, (42)
where the last isomorphism is the one naturally induced by the exact sequence
0— REG)V™ = RPG) L5 RE(5:) — 0

(where the surjectivity is proved in Lemme 2.9(v) of [Chenevier 2013]).
We next consider the complex G, (R3°(83)). Fora R (I')-module M with linear
actions of ¢ and v, define a complex

Cs(M) := [Mﬁ M]e DR (I)),

and define a map of complexes oy : C«/‘; (M) — C;; (M) by

;M) : [M L= M)

laM ll"" lidM (43)

. . v
CJ(M).[M — M|

For N > 0, set Dy := @<y At*es,. Since Atkes, [0] € DI (RE(T)), we
can define a canonical isomorphism

Detre () (Cy, (Dn)) = 1rser) (44)

in the same way as the isomorphism (40). Then the natural exact sequence
0— C;b(DN) -G (R3°(81)) — G (R3°(8»)/Dy) — 0 induces a canonical iso-
morphism
Detree(r) (Cy, (Ry°(8:)))
=> Detry ) (Cy, (D)) K Detrer) (Cy, (R (81)/ D))
=> Detrg(r) (Cy (R3°(82)/Dn)),  (45)

where the last isomorphism is induced by the isomorphism (44).
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Since the map 1 — ¢ : R3°(8,)/Dy — R (8,)/Dy is an isomorphism for
sufficiently large N by Lemme 2.9(ii) of [Chenevier 2013], the map oz (s,)/Dy)
is also an isomorphism for sufficiently large N. Hence, for sufficiently large N, we
obtain a canonical isomorphism

Detry ) (Cy (R4 (82)/ D)) => Detrger) (C5 (RET(82)/ D). (46)

Since the complex C%(Dy) is acyclic (since v : Atkes, — At*es, is an isomorphism
for any £ > 0), the natural exact sequence 0 — C{’;(DN) — C$ (R3°(8r)) —
C1;~/ (R3°(81)/Dy) — 0 induces a canonical isomorphism

Detre ) (C5 (R3°(82)/ D))
= Detrge(r) (C5 (D)) W Detrzer) (C5 (R (82)/ D))
= Detrge(r) (C5(RF°(82))).  (47)
where the first isomorphism is induced by the inverse of the isomorphism
hes py)  Detrge ) (C5(Dn) = Irgm).

Moreover, the exact sequence 0 — R$° )V=0 - R3°(85) ¥ R (8,) — 0 and
the isomorphism

RE(Mes, => RL )V =": res, > (- (14+7) Ves, (48)

(note that this isomorphism depends on the choice of ¢) naturally induces the
isomorphism

Detrgs () (C5 (REP(8:.0) ™" 2> Detra(r) (RY (6:)7=") = (RF (Des,, 1. (49)

Finally, as the composites of the inverses of the isomorphisms (42), (45), (46),
(47), and the isomorphism (49), we define the desired isomorphism

0 (Ra(82)) : Detree(r) (Cj, (Ra(8:))) ™"
= (Ry (Des,, 1) = Ay 2(Ra(8)) ®4 Ry ().

Definition 4.1. Using the isomorphism (35), for M = R4 (8,), we define the &-
isomorphism by

erge(ry.c DIM(M)) : 1z ) < Detree () (C;,(M)) K Detrae ) (Cj (M) ™!
id &6, (M
M, Detrse ) (C3(M)) R (Ag 2(M) @4 RE(T))
= A'REO([‘)(Dfm(M)).

Before defining the e-isomorphism for the general rank-one case, we check that
the isomorphism ERP(I).¢ (Dfm(R4(8,))) defined above satisfies the properties (i)
and (iii) in Conjecture 3.8
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For the property (i), it is clear that, for each continuous homomorphism f: A — A’
(and set X = f (X)), we have

erg(),c (DIM(RA(8,))) ®idar = erzery,c (DFM(Ra (81)))
under the canonical isomorphism
Argr)(DIM(RA(S,))) ®4 A > Agosr) (DEM(R4 (8,) ®4 A))
= Arz @ (DIM(Ra (1)),
where the last isomorphism is induced by the isomorphism
Ra(8:) ®a A => Ra () : g(m)es, ®a — ag’ (w)es,;
here we define

gl(n) = Z fla)n" € Ry for g(w) = Zann” €R4.

nez nez

The property (iii) easily follows from (48) since one has (1 +me) = (1 +7,) =
[oa]- (1 4+m;) fora e Z;.

Next, we consider a rank-one (¢, I')-module over R4 of the form R4 (8) for a
general continuous homomorphism § : @, — A*. Set

A:=38(p) and Jp:= 8|Z;,

which we freely see as a homomorphism &y : I' — A* by identifying x : I' = Z.
We define the continuous A-algebra homomorphism

foo i RE(MT) — A,

which is uniquely characterized by f5,([v]) = 80()/)_1 for any y € I'. Then we
have a canonical isomorphism

Dfm(R(8,)) ®rgry, 3, A => Ra(8)
defined by
(f(m)es, ®ne) @a = afs,(n) f (n)es

for f(m) € Ra, n € RY(I'), a € A, which also induces a canonical isomorphism
Arger)(DEM(RA(82))) Qrg(r), f5, A = Aa(Ra(9)).
Definition 4.2. We define the isomorphism
ea,c (Ra(8)) : 14 => Ax(Ra(8))

by
€4,¢(Ra(3)) = eryr),c (DIM(RA(33))) ®ida
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under the above isomorphism.

Next, we consider a rank-one (¢, I')-module of the form R4(§) ®4 L for an
invertible A-module L.

Lemma 4.3. Let M be a (¢, I')-module over R4 (of any rank), and let L be an
invertible A-module. Then there exist a canonical A-linear isomorphism

Aa(M ®4 L) => Ay (M).

Proof. The natural isomorphism CJW(M ®a L) = Cq',’y(M ) ®4 L induces an
isomorphism
Au 1 (M @4 L) => Ay j (MR (LZT™,0).

Since we also have a natural isomorphism £ (M ®4 £) => L4(M) @4 LZ™, we
obtain a natural isomorphism

Ap2(M ®4 L) => Ay 2(M)R (LZ™0).

Then the isomorphism in the lemma is obtained by taking the products of these iso-
morphisms with the canonical isomorphism i zery gy : (L&, 0)BRI(LE ™ 0) =>14.
O

Definition 4.4. We define the isomorphism
At (Ra(8) ®a L) : 14 = Ap(RA(8) ®a L)
by
ea,t (Ra(8) @4 L) :=¢e4,:(Ra(8))
under the above isomorphism Aj (M ®4 L) => Ap(M).

Finally, let M be a general rank-one (¢, I')-module over R4. By Theorem 2.8,
there exists a unique pair (8, £) such that g : M = R(8) ®4 L. This isomorphism
induces an isomorphism g, : Ay (M) => Ay (Ra(6) ®4 L).

Definition 4.5. Under the above situation, we define
eac (M) :=ea ¢ (Ra(8) ®a L) 0 gx: 14 = Ax(M).
Lemma 4.6. The isomorphism ex (M) is well defined, i.e., does not depend on g.

Proof. Since we have Aut(R4(5) ®4 L) = A* (where Aut(M) is the group of
automorphisms of M as (¢, I')-modules over Ry), it suffices to show the following
lemma. U

Lemma 4.7. Let M be a (¢, I')-module over Rs. For a € A*, let us define g, :
M => M : x +— ax. Then we have

(8a)« =1da, (M) -
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Proof. This lemma immediately follows from the fact that g, induces Aj 4 (M) =
Ay 1 (M) :x — a”"™x (by the Euler—Poincaré formula) and Ay 2(M) > Ag 2(M):
X > a"™x by definition. O

Remark 4.8. By definition, it is clear that 4 (M), constructed above, satisfies the
conditions (i) and (iii) in Conjecture 3.8. It also seems to be easy to directly prove
the conditions (iv), (v) of Conjecture 3.8. However, in the next subsection, we prove
the conditions (iv) and (v) using density arguments in the process of verifying the
condition (vi).

Remark 4.9. Define Og :={}", ., ann" |an €Z,, a_y — 0 (n — +00)}, O+ :=
Zpllx]l, and Og+ 5 = Og+ ®Zp A. Define CO(Z,,, A) to be the A-modules of
A-valued continuous functions on Z,. Using the exact sequence

0— Ogip = Og.p <5 C0Z,, A) — 0,

which is the continuous function analogue of the exact sequence (37), and using the
equivalence between the category of A-representations of Gg, with that of étale
(¢, I')-modules over O¢ 5 [Dee 2001], it seems possible to define an e-isomorphism
enc (A (S)) for any S: Gg’p — A in the same way as the definition of &4 ; (R4 (5)).
Using this e-isomorphism, it is clear that our e-isomorphism &4 (R4 (6)) satisfies
the condition (v) in Conjecture 3.8. Moreover, it is easy to compare the isomorphism
en.; (A(8)) with the one Kato defined [1993b].

4B. Verification of the conditions (iv), (v), (vi). In this final subsection, we prove
that our g-isomorphism €4 (M), constructed in the previous subsection, satisfies
the conditions (iv), (v), (vi) of Conjecture 3.8. Of course, the essential part is to
prove the condition (vi); the other conditions follow from it using density arguments.

Therefore, in this subsection, we mainly concentrate on the case where A = L
is a finite extension of Q,. Before verifying the condition (vi), we describe the
isomorphism & ;(R1(8)) : 1z => Ar (R (8)) for any continuous homomorphism
§ = 8,00 : Q; — L* in a more explicit way.

For an R{°(I")-module N, define a I'-module N(y) := Nes, by y(xes) =
8o(y)([y]-x)es, for any y € I'. Then we have a natural quasi-isomorphism

~ d 5 ~ L]
NI=11®%r. 5y, L => N ®rzery [RE (D) ps, =5 RE (D) ps, | = €, (N (80)).

Hence, if N[0] € Dgerf(Rzo(F)), then we obtain a natural isomorphism

Dety (N[—1]) ®ryr), 3, L = Detr (€7, (N (80)))
=> ;0,1 Detr (H,, (N (80)) """
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Moreover, if N is also equipped with a commuting linear action of i such that

CI;,(M ) e Dgerf(R‘L’o(F)), then we obtain a natural isomorphism

Det; (G, (N)) ®rgm), 5, L = Detr (Cy, , (N (80)))

=5 7 Dety (H), , (N 80)) "'
In particular, the isomorphism 0_{ (RL(8)) :=0;(RL(32)) Ors (1), o id; can be seen
as the isomorphism

0 (R1(8)) : Ko Dety (H), , (R (8)) V"
= (RT (Des,, 1) @rye(ry, sy, L => (Les, 1), (50)

where the last isomorphism is induced by the isomorphism
RT (D)es, ®rzer), s, L => Les : (nes,) ® a > afs,(n)es.

Therefore, to verify the condition (vi) when R (8) is de Rham, we need to relate
the map 0_; (R1(8)) with the Bloch—Kato exponential map or the dual exponential
map.

To do so, we divide into the following three cases:

(1) 8 #£x7k, x**1x| for any k € Z>( (which we call the generic case).

(2) §=x"* fork>0.

(3) 8§ = xk1x| fork >0.
We will first verify the condition (vi) in the generic case by establishing a kind of
explicit reciprocity law (see Propositions 4.11 and 4.16). Then we will verify the
conditions (iv) and (v) using the generic case by density argument. Finally, we
will prove the condition (vi) in the case (2) via direct calculations, and reduce the
case (3) to the case (2) using the duality condition (iv).

In the remaining parts, we freely use the results of Colmez and Chenevier
concerning the calculations of cohomologies

Hy,, (RL®). Hy, (RE®) and Hy, (LAZ), L)®):

see Proposition 2.1 and Théoreme 2.9 of [Colmez 2008] and Lemme 2.9 and
Corollaire 2.11 of [Chenevier 2013].

4B1. Verification of the condition (Vi) in the generic case. In this subsection, we
assume that § is generic. Then we have

H, (Lt*es) =Hi, (Ly*es) =H), (LA(Z,, L)(8)) =0
forany k € Z>p and i € {0, 1, 2}, and
Hi, (Rp(8)) =H], (RF°(8) =0
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fori =0, 2, and
dim; Hy, ,(R.(8)) = dim, H, , (RF°(8)) = 1.
Then ¢ 5 :=1; QRE(I), fs, idy (see (42)) is the isomorphism
(Hy , (RL(8)), D™ = H (RF(®)Y="), D! (51)
in P, induced by the isomorphism
H) (R ()V=") = H), , (RL(8)) : [x] — [x, 0].
Then the base change by f;, of the isomorphism
Detrse(r)(Cj, (RE(8:))) " <> Detraery (RE(6:) 7 ="[0]) = (R (Des,., 1),
which is induced by (45), (46), (47) and (49), becomes the isomorphism
HL R @)Y=Y, 1) B0 (gl (REGY0), 1) = (Les, 1), (52)

where the last isomorphism is explicitly defined as follows. For an explicit definition
of this isomorphism, it is useful to use the Amice transform. Let D(Z,, L) :=
Hom{"(LA(Z,, L), L) be the algebra of L-valued distributions on Z,, where the
multiplication is defined by the convolution. By the theorem of Amice, we have an
isomorphism of topological L-algebras

D(Z,,L) = Ry : > fu(mw) = Z,u((z))n”
n>0

(which depends on the choice of =, i.e., the choice of ¢), where

(y) o y(y—l)---(y—n+1)‘

n n!

Then the action of (¢, I, ¥) on R}° induces the action on D(Z,, L) by

f FOIG0) = / Fn), / FOWW () = f f(X)u(w
z, z, z, pZ, \P

and

/Zf(y)aa(u)(y) :=/Zf(ay)u(y),

where, for a € Z;, we define o, € I" such that x (0,) = a.
Using this notion, it is easy to see that the second isomorphism in (52) is defined

by

5(—1)

. 5—1 ’
Torl logo (X (1)) J23 (Mur(y)es

H) (R (8)V=%) => Les : [ fues] —
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where we note that we have an isomorphism
D(Z), Lyes = RY(6)V=": nes — fes,

since one has

o) = [ 8510y )

for any A € R7°(I') and any continuous homomorphism & : Z; — L*, where we
define uy, € D(Z;, L) by fy, () =21 (1 + 7).

For a I'-module N, we define H' (', N) := N/Ny, where Ny is the submodule
generated by the set {(y — 1)n | y € I', n € N}. Then we have the canonical
isomorphism

H' (T, RP(8)"=") = H, (RP ()" : [fes] = [ITorl logo (x (7)) pa(fes)]

(where “canonical” means that this is independent of y, i.e., is compatible with the
isomorphisms ¢, , for any y’ € I'). Composing this with the isomorphism (52), we
obtain an isomorphism

H'(T, RLG)Y=, 1) = (Les, 1) (53)

in Pr. Concerning the explicit description of this isomorphism, we obtain the
following lemma.

Lemma 4.10. The isomorphism (53) is induced by the isomorphism
gl oo U=y ~ ) -1
s H(D, R (O)Y™) = Les : [ fues] — 6(—1) / S (u(y).
z;

Proof. For f,es € R;"(S)wzl, we have (1 —¢)(fu.es) = ((1 — o) fu) - es. Then
the lemma follows from the formula

[ swa-epme = [ fone toruep@,n. 0

Next, we furthermore assume that R (8) is de Rham. By the classification, it is
equivalent to 8 = 8x¥ for k € Z and a locally constant homomorphism § : @ , — L™
In the generic case, we have the following isomorphisms of one-dimensional
L-vector spaces:

(1) expl, 5+ HY, (RL(8) => Dr(R1 () if k <0.
(2) expr, (st Dar(RL(5) => Hl, (R1(8)) if k> 1.

Let us define 7(8) € Z~( as the minimal integer such that § |(14prz,)nz; 18 trivial.
Then:

(1) n(6) =0 if and only if R (8) is crystalline.
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() eL(W(RL()), O) =1 if n(8) =
(3) eL(W(RL(8)), £) =5(p)"® Zle@/,,w)x 5l if n(®) = 1.
@) eL(W(RL()). ) - eL(W(RL(8)), ) =5(—1).

By definition of &7 (R (8)) and 8%11 (Rr(5)), and by Lemma 4.10, to verify the
condition (vi), it suffices to show the following two propositions (Proposition 4.11
for k < 0 and Proposition 4.16 for £ > 1), which can be seen as a kind of explicit
reciprocity law.

Proposition 4.11. If k <0, then the map

Ry 1 i
H'(T, RP(5)"=") = Hj, , (RL(3)) SR, D (R (5)) = (t Looes)

(Where the first isomorphism is defined by [ f es] — [|Ttor| logy(x (¥)) pa(fes), 01)
sends each element | f,.e5] € H\(T, R%ﬁ(g)l//:l) to

(—DF ‘ (=1 1
(—k)! eL(W(RL(8)),¢) t*
(—D¥ (detr (1 —¢ | Derig(R(8)) 8(=1)

-1 . .
@ ol den (=g | DegsRi ) 1F ;8 Mues if n(d) =

ey

: /Z ST res if n(s) #0,

p

Proof. Here, we prove the proposition only when k =0, i.e., § = is locally constant.
We will prove it for general k < O after some preparations on the differential
operator d (the proof for general k£ will be given after Remark 4.15).

Hence, we assume that £ = 0. For such §, we define a map

gRr. ) : Dar(R1(8)) = H), (Dgir(RL(8))) : x > [log(x (¥))x],

which is easily seen to be an isomorphism. By Proposition 2.16 of [Nakamura
2014a], one has the commutative diagram

RL(B)

LR 8) £ Dr(RL(6)
idl gmml (54)

Hj ,(R(8) — H,(Dair(R(3)))

Set ng := max{n(§), 1} if p # 2, and set ng := max{n(s), 2} if p = 2. Then
the image of [ f,es] € H'(I', R (§)V=1) = H ,(R.(8)) by the canonical map
can: Hj,  (R.(8)) = H} (Dair(R(8))) is equal to

[ITorl 100 (X (7)) P (tn (f1€5))] € H), (Daie(R(8))).
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Hence, it suffices to calculate gﬁl(s)([lFtOA logy(x (V) pa(tny(fres))]). By defini-
tion of gr, (s), it is easy to check that we have

27! ) (Tiorl 1080 (X (1)) P (tag (fr€s))D)
_ [Tior| logy(x (¥)) 1
log(x(y)) [Qp(&pm) : Q]

Y il (fues)li=o) =: (%)

ie(Z/pnz)*

Concerning the right-hand side, when n(8) > 1 if p #£2, orn(§) >2if p =2,
one has the following equalities, from which the equality (1) follows in this case:

Tior| 1 1
_ Torllogy(x (v)) Z 0i (tn(s)(fues)|i=0)

() = :
log(X (1) [Qp(Gpo) : ]

ie(Z/p"®Z)*

[Tior| logo (x (¥)) 14 1 ( 1 f y
— _ n((S) Z Gi n(s) é‘pnw):u(y)eé
log(x(y)) (=D p"» 2Ty s(p) z,

1 N
B W Z 3(@) /Zp gp%z(&ﬂ(y)es

ie@/p 2y

~(ps(p))® Z 8(1)( Z é“pn«s) /Hpn(s)zpu(y))e(;

ie(Z/p"®z) jez/p®z

= W Z < Z 5(l)§p»z<5)) /jt+pn(3)zpl/b(y)85

J€Z/p"OZ1 “ie(Z/p"® )

_ i
= (ps(p))n(S) Z ( Z 8(l)§pn(6)> /ji+pn(5)zp/i(y)eg

JE@/p"®1)* “ie@/p"®1)*

—; o\ 1 n—1
_(pg(p))n(8)< Z 5(l)§pn<s>) Z 8(J) /j+pn(5)zpu(y)e5

i€/ p"® 7y Jje@ pn®z)*
= e (W(RL(8)), ¢) / ST u)es
zy

_ 5(—1)
et (W(RL(5)), ) 7y

Here the second equality follows from

ST uy)es.

i i = G =D = [ €,

the third equality follows from

IFf0r|10g0(X(V)) p
log(x(¥)) p—1

=1
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(for any p), the sixth equality follows from the fact that

( > s n@))

ie(z/pr® 1)

if p | j, and the seventh and eighth follow from the property (4) of e-constants listed

before this proposition.
When n(8) =0, one has ng = 1 if p # 2 and n9p =2 if p = 2. Then one has the

following equalities:

(%) =

Y 0iltng(fues)li=0)

ie(Z/p"z)*

1
o Z ( 5 () / ¢ nou(y)ea)

ie(Z/p"0z)*

1
= G > anoM()’)ea

ie(Z/p"oz)

— ; ij /‘ )
—(ps(p)ne 2 ( D G j+pnozpﬂ(y) es

ie(Z/p"02)* “jeZ/p"oZ

o N
~ (p8(p)m 2 ( 2 C,,n0> j+pnozpu(y)ea.

JELZ/p"Z Nie(Z/ p"oZ)*

Here the first equality follows from

for any p.

|Ftor|10g0(X(V)) 1 _ 1
log(x(¥))  [Q@p(&pm): Qy]  pro

When p # 2, the last term is equal to

1
-1 —
25 (p )<(p ) pzpu(y) /qu(y)>es

P

since D ;e z/p2)- ¢ =p—1ifp|jand Y e/ p2)* ¢ =—1if ptj.
Since f,es € R®(8)¥=!, we have Y (fu) =8(p) fu, hence we have

/ M()’)=/ W(u)(y)=8(p)f u(y)=8(p)<f
pZ, z, z, 7y

and we have

u(y) +/ M()’)),
PZp

P

_&(p)
/pzpu(y)——l_(s(p) Z;M()’)

since we have §(p) # 1 by the generic assumption on §.
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Therefore, we have

1(—)[ ()f ()) 1((_)5@) )/ (y)e
s \” P L) = b p) 1—s(p )10

__ 1 pdp—1
pé(p) 1-3(p)

n(y)es
VA
1
pz?(p)
= 3(p))

from which we obtain the equality (2) for p # 2.
When p =2, then the last term is equal to

1 |
— (2 _9 B
(p@(p)ﬂ([%“(y ) /mz“ v )) = P2 ([%“ ) /leu v ))e5

since Zie(z/4z)x {ij isequalto2if j =0 (mod4),isequaltoOif j =1, 3 (mod 4),
and is equal to —2 if j =2 (mod 4). Since we have z//(fﬂ) = S(p)fﬂ, we have

M(y) es,

/ u(y) = Y(w)(y) =48(p) u(y)—é(p) /
4 27, 27, 5( )

Z,

where the last equality follows from the same argument for p # 2.
Therefore, we have

! 1 5(p)  8(p) ) /
_ _ s
p(S(p)z ([llzlu(y) zzzu(y))es p(S(p)Z ( () 1— 5(17) 1-8(p) n(yes

1 28(p)*=48(p)

= n(yes
pé(p)?*  1-=48(p) x
1
— pé(p)
=T=5p) ), u(y)ea,
from which we obtain the equality (2) for p = 2. O

To prove the above proposition for general k£ < 0, we need to recall and prove
some facts on the differential operator 9 defined in §2.4 of [Colmez 2008], which
will be used to reduce the verification of the condition (vi) for general k to that for
k =0, 1 (even for the nongeneric case).

Let A be a Q,-affinoid algebra. We define an A-linear differential operator
0:Ra—>Ra: fm)— (1 +n)%. Leté: @; — A* be a continuous homomor-
phism. Then 9 naturally induces an A-linear and (¢, I")-equivariant morphism

9 :Ra(8) = Ra(dx) : f(m)es = d(f())esx,
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which sits in the exact sequence

d
fes>Reso(f 15 ) ey, -1

0— A(8)M>RA(5)$RA(8X) AGIx|™H — 0. (55)

By this exact sequence, when A = L is a finite extension of Q,, we immediately
obtain the following lemma.

Lemma 4.12. 0 : C;),},(RL(S)) — C(;’V(RL(Sx)) is a quasi-isomorphism except
when § =1, |x|.

For the general case, the exact sequence (55) induces the canonical isomorphism

Deta(C;, (A(8)) K Ax 1 (RA(8) ™" B Ap 1(Ro(5x))
X Deta (C;, (AIx|"))) ™" => 14, (56)

For 8’ =8, 8|x|~!, since A(8') is a free A-module, the complex

C(;,V(A((S/)) . [A((S/)lA ()/—1)@(@—1) A(B/)ZA @ A(a/)?’A (‘,0—1)65(1—)/) A((S/)f]
(where A(8'); = A(8') fori =1, ..., 4) induces the canonical isomorphism
Det (C}, (A(8)))

= (Deta(A(8)1) K Deta(A(8")5) ") X (Deta (A(8")5) K Deta(A(8)5) 1)

"Dety (A(a/)lA)‘X”DetA (46m2)

14.

Applying this isomorphism, the isomorphism (56) becomes the isomorphism
Ag1(Ra ) 'K A4 1(Ra(8x)) = 14, and then, multiplying by A4 1(R4(5)) on
both sides, we obtain the following isomorphism, which we also denote by 0:

3 Ap1(RA(8)) => Ap 1 (RA(G) B (As1 (RA(8) ™ K Ag 1 (Ra(8x)))
PO, N (RA(80)).
Taking the product of this isomorphism with the isomorphism
Apr2(RA(8)) = Ap2(Ra(8x)) : aes > —aesy,
we obtain the isomorphism

91 Ag(Ra(8)) = Aa(Ra(8x)).

By definition, it is clear that this isomorphism is compatible with any base change
A— A
Concerning this isomorphism, we prove the following proposition.

Proposition 4.13. ¢4 ;(Ra(8x)) = 0 0 ea,r (Ra(d)).
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Proof. The proof of this proposition is a typical density argument, which will be
used several times later.

Define the unramified homomorphism 8y : Q; — I'(G}', Ogm)™ by éy(p) :=Y
(where Y is the parameter of G3'). Then R, (8) is obtained as a base change of the
“universal” rank-one (¢, I')-module Dfm(R@%l (8y)) over Rxxgm (X is the rigid
analytic space associated to Z,[[I']]). Since the isomorphism 9 : Ay (Ra(8)) —
A4 (Ra(8x)) is compatible with any base change, it suffices to show the proposition
for Dfm(Rga (8y)). Since X x Gy, is reduced, it suffices to show it for the Zariski
dense subset Sy of X x G3 defined by

So:={(80, A) € X(L)x G} (L)| L is a finite extension of @, §:=4§,4¢ is generic}.

For any (80, A) in So(L), &, (R1(8)) corresponds to the isomorphism
5 HUEREG ™) = Le: [uesl > 5-1- [ 57 e
zZy

by Lemma 4.10 and by the arguments before this lemma. Then the equality
er,c (Rp(8x)) =0 oer (R (8)) is equivalent to the commutativity of the diagram

HY(T, R(6)Y=") = Les
Bl lesH—eax
H(T, RP(Sx)V=1) 25 Les,

Finally, this commutativity follows from the formula

/Zf(y)a(u)(y)=fzyf(y)u(y)

for any f(y) € LA(Z,, L), which finally proves the proposition. (]

We next prove the compatibility of d with the de Rham e-isomorphism 8212(72 1(8))
for de Rham rank-one (¢, I')-modules R (§) under a condition on the Hodge—Tate
weight of R (8) as below.

Lemma 4.14. Let R (8) be a de Rham (¢, I')-module (here we don’t assume that
8 is generic). If the Hodge—Tate weight of Ry (8) is not zero, i.e., we have § = 5x*
such that k #£ 0, then we have the equality

eig (RL(8x)) = d o] (RL(S)).

Proof. Since one has Dar(R.(8)) = (Lo kes)” and 3(g(1)) = 9 for g(1) €
Lo ((1)), the differential operator d naturally induces an isomorphlsm

9 : Dur(R1(3) = Dar(RL(63)) : “pes = (—k)—ress
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under the condition k # 0. Hence, by definition of egi (M) using the isomorphisms

01 (M) and 64r, 1, (M, ¢) and the constant Iy, (M) in Section 3B, it suffices to show
the following two equalities:

(1) 0L (R1(8x)) =006 (RL()).
(2) TL(RL(8))-0004r,L(RL(S), &) =TL(RL(3x)) - Ogr,L(RL(8x), ) 0 0.

We first prove the equality (2). Since one has I'y (Rz(8)) =T*(k) and I't, (R (8x)) =
[ (k + 1), it suffices to show that the diagram

r*k)-f ,
LL(RL(G) =Les ——="%  Der(RL())

le5|—> —esy la

I (k+1) fry (0.
Lrp(Rp(éx)) = Lesy ———————— Dgr(R(6x))

is commutative, where the map fr, (5, (for 8’ =4, 8x) is defined in Lemma 3.4.
This commutativity is obvious by definition of fg, (5,),; since one has

et (W(RL(8)), §) = e (W(RL(8x)), ¢)

(this is because one has a natural isomorphism Dy (R (8)) = Dps(R1(8x)) :

t%eg > t,%egx) and k- T*(k) =T*(k+ 1) for k # 0. We next show the equality (1).

Under the assumption that k£ £ 0, it is easy to see that d induces the isomorphisms
Dar(RL(8)) => Dar(RL(8x)), Der(RL(8))" => Dar(R(8x))°

and
Derig(RL(8)) <> Deis(RL(8x)),  H, ,(RL(8)) => H[, ,(R(8x))

forany i =0, 1,2 by Lemma 4.12. Hence, by definition of 6; (R (8)), it suffices
to show that the following two diagrams are commutative for M = R (§):

Hg’y(M) —  Deis(M)  — D.is(M) Dty — H(i),y(M)

L s K o 6D
HO, (M(x)) — Deis(M () — Do (M () ® tagce) — HL, (M (x))

and

H (M) — DM oy — B (M)
oy & Dg (M) o

la lvaw@a l—av la (58)

Dcris M )Y *\V
HY, (M) — Do) — D (M) — HE (M (x)
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Here 9V is the dual of
3 1 Deris(M (x)*) = Deris(RL (8 x])) <> Deris(RL(8™ ' x1x])) = Deris (M*).

For the commutativity of the diagram (57), the only nontrivial part is the commuta-
tivity of the diagram

€XPy, ¢ Dexpy

DeisM) @1ty —L%  HL (M)

| a
eXPar(x), f D exXpys(x
Deris (M (%)) @ tyg () ————> Hj, (M (x))
but this commutativity easily follows from Proposition 2.23. Using the commuta-
tivity of (57) for M = R (6~ !|x|), to prove the commutativity of (58), it suffices
to show the commutativities of the following diagrams:

Dgr(M) — Dgr(M*)"

aJ' —aVl (59)
Dyr(M(x)) — Dgr(M (x)*)"

and _ -
1 —1 *\V
H, (M) — H; (M)

al wl (60)

HY, (M (x) — H25 (M (x)")"

Here the horizontal arrows are isomorphisms obtained by (Tate) duality. Since
the commutativity of (59) is easy to check, here we only prove the commutativity
of (60). Moreover, we only prove it for i = 2 since other cases are proved in the
same way. For i = 2, it suffices to show the equality

[0(f)ger] = —[fd()er] € Hy |, (R(1))

for any [fes] € H, (R.(8)) and ges-1),| € H)  (R(87"|x])). Since we have
a(fg)=09(f)g+ fa(g), the equality follows from the fact that we have [d(h)e;] =0
inH, (Rr(1)) forany h € Ry. O

Remark 4.15. Proposition 4.13 and Lemma 4.14 and the following proof of
Proposition 4.11 should be generalizable to a more general setting. Let M be
a de Rham (¢, I')-module over R}, of any rank. In §3 of [Nakamura 2014a], we
developed the theory of Perrin-Riou’s big exponential map for a de Rham (¢, I')-
module, which is an R3°(I")-linear map H}M(Dfm(M)) — Hllp’V(Dfm(Nrig(M))),
where Ny (M) € M[1/t] is a de Rham (¢, I')-module equipped with a natural
action of the differential operator 9y, defined by Berger. This big exponential map
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is defined using the operator dy;. Our generalization of Perrin-Riou’s & (V')-theorem
[Nakamura 2014a, Theorem 3.21] states that this map gives an isomorphism

Expy @ Argery(Dfm(M)) => Ageer) (DEm(Niig(M))).

Therefore, as a generalization of Proposition 4.13, it seems to be natural to conjecture
that the conjectural e-isomorphisms should satisfy

erse(r),¢ (DIM(Nrig(M))) = Expy 0 eror).c (Dfm(M)),
which we want to study in future works.
Using these results, we prove Proposition 4.11 for general k < 0 as follows.

Proof of Proposition 4.11 for general k <0. Let § =8x* be a generic homomorphism
such that k < 0. By the arguments before Proposition 4.11, it suffices to show
the equality &7 (R (8)) = 8%12 (Rr(8)). This equality follows from the equality
eL,c(Re (S)) = eil?{ Ry, (S)) proved in Proposition 4.11 for k = 0, since we have

0.0 (RL(8) =0 0er ((RL(5)) and &7, (RL(8)) =" 0" (RL(5))
by Proposition 4.13 and Lemma 4.14. (]

We next consider the case where k > 1. To verify the condition (vi), it suffices
to show the following proposition.

Proposition 4.16. If k > 1, then the map

_ expr.
H'(T, RP(8)"=") = Hj, , (RL(8)) —L3 Dar(RL(3))

sends each element | f,.e5] € H/(I', R%°(8)V=1) to

0D -l-/ s (y)u(y)es when n(8) £ 0
s (WRLG). 0) 1F Jp” S ’

dCtL(l —Q | Dcrls(RL((S)*))a(_l) -1 —
(e D0 1 2;6 (Y)iu(y)es when n(8)=0.

Proof. In the same way as the proof of Proposition 4.11, it suffices to show the
proposition for k = 1 (i.e., 8 = 5x) using Proposition 4.13 and Lemma 4.14.

Hence, we assume k = 1. Then, in a similar way as the proof of Proposition 4.11
(for kK = 0), we have the commutative diagram

1) (k=1

(2) k=D

~ ~ Ly
HY (RL()) < H'(I REG)V=!) = Le;

la la le;»—etg 61)

Hy,, (RL@) — H'(DREE'™) = Les
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such that all the arrows are isomorphisms by Lemma 4.12. Hence, reducing to the
case of k = 0, it suffices to show that the following diagram is commutative:

.
*PR L G1xkx)

H(T, RP(6)Y=") — H), ,(RL(5)) Dar(RL(5) = (Loves)"

| )| |aestes (62)
HU(D, RES)'™) — HY (RL() -t Da(Ri(5)) = (Lootes)"

The following proof of this commutativity is very similar to that of Theorem 3.10
of [Nakamura 2014a]. Take [ fe;] € H'(I', R3°(8)¥="). If we define

aeg:=expy, -1, ([Torl 10go(x (¥)) Pa(fez), 0]) € Dar (R (8)) € Dgis(RL(5)).

then it suffices to show the equality

exPr, ) ( Ses) = Torl logo (X (V)P4 B(f)es), 01,
We prove this equality as follows. First, we have an equality

Tor| 10g0(X )

log(x (¥))
for large enough n > 1 by the explicit definition of exp;‘aL G-1xlx) [Nakflmura 2014a,
Proposition 2.16]. This equality means that for some y, € Da;f’n (R (8))” we have

[tn(pa(fes)] = [aes] € HY (D3 (RL(3)))

[Tor| logo(x »))
log(x (v))

If we set Vg :=1log([y])/log(x (y)) € R{°(I') and define

t(pa(fez) —ae;=(y — Dy,.

Vo 1 =D yl-pm!
y—1"" log<><(y))mZ m

>1

e RE(I),

then we obtain the equality

<|Ft0r|10g0(X(V)) Vo
log(x(y)) v -

N (pA(feg))>

ae; + Vo(yn) € aes+1DF  (RL(B)). (63)

1 1
" log(x(v)) log(x ()

Since we have fe; € Ry (5)V=', we have
(1—@)(pa(fep) € RL(B)> V0.
Hence, there exists 8 € Rz (8)2¥=0 such that

(I-e)(pa(fez) =y —DB
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by (for example) Theorem 3.1.1 of [Kedlaya et al. 2014]. Then, for any m > n + 1,
we obtain

Vo i Vo i
tm (m(m(feg))> —lm-1 <y 7 (PA(feg)))

Vo Vo
=lp ((1 —@) (—(m(f%)))) =lp (—((1 —<p)(pA(feg))))
y—1 y—1

Vo " -
=lm - ((y = D)) = tm(Vo(B)) € t Dy, (R1.(5))
since we have Vy(R [, (S)) CtRr (5). In particular, we obtain

Vo Vo N -
U - 1(PA(feg)) — 1y v (pa(fe)) €tDF;  (RL(B))  (64)

for any m > n + 1 by induction.

Since the map RL(S) = %RL((S) : ges —> %ea is an isomorphism of (¢, I')-
modules, the facts (63), (64) and the explicit definition of the exponential map
(Proposition 2.23(1)) induce the equality

o
eXpRL(S) 783
Vo

= Turl10go(x D[ = D=2 (pa (Fes)). (0 = D205 (pa (L))

= Vil gy (x () [Vo (pa (L e5)). 0]

= |Dior| logo(x (¥ N[ pa(@(f)es), O,

where the last equality follows from the equality Vo(%e(s) = d(f)es since we have

V()(%ea) = ( by the assumption k = 1, from which the commutativity of the diagram
(62) follows. O

As a corollary of Propositions 4.11 and 4.16, we verify the conditions (iv), (V)
by the density argument as follows.

Corollary 4.17. Let M be a rank-one (¢, I')-module over Ra. Then the isomor-
phism es (M) : 14 => Apx(M), which is defined in Section 4A, satisfies the condi-
tions (iv) and (v) of Conjecture 3.8.

Proof. We first verify the conditions (iv). By the definition of g4 ; (R4 (8) ®4 L), it
suffices to do this for (¢, I')-modules of the form M = R4 (5) (i.e., L= A) since
the general case immediately follows from this case by Lemma 4.6. Then, in the
same way as the proof of Proposition 4.13, it suffices to verify these conditions for
any § = 8,80 : @; — L such that the point (§p, A) € X x G is contained in the
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Zariski dense subset S; of X x G defined by
S1:={(80,A) € X(L) x G (L) | [L : Q,] < o0, § is generic, Ry () is de Rham}.

For such §, the conditions (iv) follow from Lemma 3.7 since we have &7, ; (R1(8)) =
82}} (R1(8)) by Propositions 4.11 and 4.16.

We next verify the condition (v). Let (A, T) be as in Conjecture 3.8(v). We
recall that we defined a canonical isomorphism

AN(T) ®n Aco = Ap (Moo)

(see Example 3.3 for definition and notation). Since any continuous map A — A
factors through A — Ay, — A, it suffices to show the equality

enc(T)®ida,, = ea,, c(Mxo) (:=limey, ((M,)). (65)

<~
n

Since condition (v) is local for Spf(A), it suffices to verify it for A-representations
of the form A(S) for some § : Gg’p — A*. Let us decompose § = §o recg, into

8 =8,80. Since A /my is a finite ring, there exists k > 1 such that A=1 (mod my).
Then we can define a continuous Z,-algebra homomorphism

A =1mZ,[Y1/(p, ¥* = 1)" > A:Y > A

Hence, the A-representation A (8) is obtained by a base change of the “universal”
7,1 ®Z,, Ag-representation 7;"™, which corresponds to the homomorphism

8]1(1niv . @[); N (Zp[[F]] @Zp Ak)x 1P 1®Y, a— [Ua71]®1

for a € Z;. Hence, it suffices to verify the equality (65) for this universal one. In
this case, since the associated rigid space is an admissible open of X x G3' defined
by

Zi i ={(0,2) € X x G | |\ — 1] < 1},
and the associated (¢, I')-module is isomorphic to the restriction of the universal

one Dfm(Rgu (8y)) defined in the proof of Proposition 4.13, it suffices to show the
equality

€2, [T 181, ArL (TP ® dr(z,,05,) = €rz,04,),c DIM(Rgz (8y))1 z,)-

Since both sides satisfy the condition (vi) for any point (§p, A) € Zx N S1 by Kato’s
theorem [1993b] and by Propositions 4.11 and 4.16, and since the set Z; N S is
Zariski dense in Zj, the equality above follows by the density argument. U
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4B2. Verification of the condition (vi): the exceptional case. Finally, we verify the
condition (vi) in the exceptional case, i.e., 8 = x % or § = x**!|x| for k € Z .
We first reduce all the exceptional cases to the case § = x|x]|.

Lemma 4.18. We assume that the equality
e (R (x|x])) = g% (R (x|x]))
holds. Then the other equalities
eL.c(RL(8)) = &f% (RL(5))
also hold for all § = x**'|x|, x~* for k > 0.

Proof. The equality for § = x follows from that for § = x|x| by the compatibility
of 8212 (=) and g1 ;(—) with the Tate duality, which is proved in Lemma 3.7 and
Corollary 4.17. Then the equality for § = x*T!|x| (resp. § = x %) follows from
that for § = x|x| (resp. § = x*) by the compatibility of 8212 (—) and ¢ ¢ (—) with 9,
which is proved in Lemma 4.14 and Proposition 4.13. O

Finally, it remains to show the equality

eL.c(RL(D) = &f (Ri(1))

(we identify Rz (x|x|) = Rp(1) : fexx) = fer). Since Rp(1) is étale, this
equality immediately follows from Kato’s result since we have ¢ ;(R.(1)) =
eo.,¢(Op(1)) ®id; under the canonical isomorphism

AL(Re (1) = Ao, (OL(1)) ®0o, L

by Corollary 4.17. However, here we give another proof of this equality only using
the framework of (¢, I')-modules.

In the remaining part of this section, we prove this equality by explicit calculations.
First, it is easy to see that the inclusion

;. (L-1z,e1) = Cj_(LA(Z,, L)(1))

induced by the natural inclusion L - 1z,e; <> LA(Z,, L)(1) (here, 1z, is the
constant function on Z,, with the constant value 1) is quasi-isomorphism. This
quasi-isomorphism and the quasi-isomorphism

C;,(RP(MV=hH = C;, (RFE(1),
and the long exact sequence associated to the short exact sequence

0—RP (1) = Rr(1) = LA(Z,, L)(1) - 0
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induce the isomorphisms
oo Hy, (L -1z,e1) = H'(T, RF (1)Y=,
o :Hy , (Rp(1) =>Hy, (L-1z,€)):

dm drm
[fie1, f2e2] — |Resy fll-i——n -1z,e1, Resg sz_n 1z,e1),

dm
o tHy,  (Rp(1) =>Hy, (L-1z,€): [fei] Reso(fH_—n) 1z,e€1.

Therefore, the isomorphism

O (R.(1) : K7, Det, (H, (R (D)™™ 25 (L(D), D,
defined in (50), is the composition of the isomorphisms By, B1 and ¢y |y :
X7 Det, (Hi, , (R (1))
o, [R7_ Det, (Hi, (L -17,e1) " ®H(T, REDY=, 1)
L, 1T, RS (Y=Y, 1) 25 (L(1), 1),

Here By is induced by «; (i =0, 1, 2), and B, is induced by the canonical isomor-
phism

: _1i-1
B ;o Dety (HY, (L 1z,e1) """ =1y,

which is the base change by fyx| : R3°(I'") — L : [y]+> x(y)~! of the isomorphism
(40) for M =R ;.

By definition, the isomorphism g; is explicitly described as in the following
lemma, which easily follows from the definition (hence, we omit the proof).

Lemma 4.19. If we define fo:=17,€) (resp. fi.1 := (1z,€1,0), f1.2:= (0, 17,ey),
resp. fr := lzpel)for the basis of H?b,y(l‘ . lzpel) (resp. H}//’y(L . lzpel), resp.
HY, (L - 1z,e1)), then the canonical trivialization

Bi:(H), ,(L-1z,€)), )™ R(det, Hy, , (L-17,€1), 2R(H,  (L-1z,e), D' =1,
satisfies the equality
Bify ® (fianfi® fr)=1.
Lemma 4.20. The isomorphism
HY)  (L-17,e) % H' (I, RE(1)V=) “s Le,

sends the element fo to —ey € L(1).



A generalization of Kato's local &-conjecture 395

Proof. Since we have Col(11%) =15, and ¥ (1% e|) = 2, we have

a(f)—[ : ( _1)(”’%)}
OO = Dorl Togo(x (7)) T

by definition of the boundary map.
Since we have

(y—l)(l—HT )_3<10 (y( )))e1 and log<y(ﬂ)
T T b4

and have the commutative diagram

>e|x| e RP(IxV=1,

HY(T, R (Ix)V= D = Ley,

la quF»_el (66)

Lxx|

H'(C,RE(MY=Y) — Le

we obtain an equality

. 1 y ()
LxlxI(O{O(fO))— |Ft0r|logo(x(y))txlxl([a(log< T )) 1])

1
=- Ky (y)el
ol logo (X () Jzx™ "

by Lemma 4.10, where we define u,, € D(Zp, L) such that f, () =log(y () /7).
We calculate fsz iy () as follows. Since we have /(1)) = % Iy, We obtain

1
/ uy(y)zf w(uy)(y)z—/ ty (¥).
pr Zp PJz

D

Hence, we obtain

1
/uy(y)=/ uy(y)—/ My(y)=/ My(y)——/ wy (¥)
zy z pZ, z pPJz

P P P P

_p—1 _p—1 y (1) pP—
=— (= log lr=0 =
p p T

P

1
log(x (¥))-

Hence,
; log(x(y) p—1
Lepxl (@0(f0)) = — e = —e
e ICrorl logo (x (1)) P
(for any prime p), which proves the lemma. ]

In the Appendix, we define a canonical basis { f1.1, f1.2} of H (RL(I)), fr €
(RL(I)) ey € H0 (RL) and {e; 1, €12} ofH (RL) see the Appendix for
the deﬁn1t10n
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Corollary 4.21. The isomorphism
O (RL(1) : (det, Hy, , (R(1)), 2) R (H, ,(R..(1), ™" => (Ley, 1)

sends the element (f1,1 A f1,2) ® f,’ to —ijlel.

Proof. By definition, we have

p—1 ~
a1 (fi,1) = log(x (¥)) fi.1,
-1 .
a1(fi) =2 fis,
p
p—1 ~
a(f2) = log(x (»)) fa.
Then the corollary follows from the previous lemmas. (]

Finally, since one has I't, (R (1)) = 1 and 64r 1. (R (1), ) corresponds to the
isomorphism

1 a
Lr(Rp(1)) =Le; = Dgr(R(1)) = ;Le1 rae > e,

it suffices to show the following lemma.

Lemma 4.22. The isomorphism
OL(RL(1)) : (det, H), ,(R.(1)),2) K (H}, ,(R.(1), D)~
1
=> (Dgr(RL (1), 1) = (L;el, 1)

sends the element (fi1 A f12) ® fy to —pp—_llel.

Proof. By definition, the above isomorphism is the one which is naturally induced
by the exact sequence

0 = Deris(R (1)) L2280 b (RL(1) @ Dar(R(1))

exprry (1) PEXPR (1)

Hy, ,(R(1))y — 0
and the isomorphisms

expfr, 1 Hy ,(RL(D)/Hy, , (RL(1)f => Deris(R1)”
and
Deis(R)” <> Hj, (R1.(1)),

which is the dual of the natural isomorphism H?/,’y (R1) = D¢is(Rpr).
We have expr, (1) (+€1) = f1.2 by the proof of Lemma 5.1. Since we have

exprg, (1) =e12
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for dp:=1 € L = Dis(Rr) by the explicit definition of expy (Proposition 2.23(2)),
and since we have (f] 1, e;2) = 1 by Lemma 5.4, we obtain

CXP}’RL (fl,l) = _dov € Dcris(RL)v

(we should be careful with the sign). Since the natural isomorphism H?y,y (Rp) =
D is(Rp) sends ey to dy € L = D,is(R1), we obtain

Dcris(RL)v - HZW’V(RL(I)) . d(\)/ > fz

by Lemma 5.4. The lemma follows from these calculations and a diagram chase. [J

Appendix: Explicit calculations of H,, ,(Rr) and H}, ,(R(1))

In this appendix, we compare H' (Q », L(k)) with Hio,y (R (k)) explicitly for k=0, 1,
and define a canonical basis of H;’y (R (k)), which is used to compare &7, (R (1))
with sgi (R (1)) in Corollary 4.21 and Lemma 4.22. All the results in this appendix
seem to be known (see for example [Benois 2000]), but here we give another proof
of these results in the framework of (¢, I')-modules over the Robba ring. Of course,
we may assume that L = @, by base change.

We first consider pr’y(R@p). If we identify by

Hl(@p, Qp) = Homcom(ngp, Q,) = Homcom(@;, Q):itT orecq,,
then this has a basis {[ord, ], [log]} defined by
ord, : Q) > Qy:pr>1,a—0 foraez,,
log: Q) - @, :pr>0, ar>log(a) foraeZ;.
We define a basis ¢g of Hg’y(R@p) and {e; 1, €12} of H;’V(R@p) by
eo=1€Rq,, e11:=[og(x(y)),0], e2:=I[0,1]

The basis is independent of the choice of y, i.e., is compatible with the com-
parison isomorphism ¢, ,-. We can easily check that the canonical isomorphism
H' Qp, Qp) = H;’V(R@p) sends [log] to e; 1 and [ord,] to e >.

We next consider Hiw (Rq, (1)). Let us denote by

k: Q) — H'(Q,. Q,(1))
the Kummer map. Composing this with the canonical isomorphism
H'(@Qy. @y (1)) = H, , (Ra, (1)),
we obtain a homomorphism

Ko : @y — H, , (Ra, (D).
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We define a homomorphism

H}p,y(R@p(l)) - @p @@p :

p 1 R dn p R dm
[fle“fzel]H(p—l'log(x(y))' eso(f11+n)’_p—1' es°<f21+n>>

(we note that ijl -log(x (¥)) = ITor| - logg(x (v))), which is also independent of
the choice of y, and is an isomorphism. Using this isomorphism, we define a basis
{fi.1, fi2} ofHé,’y(R@p(l)) such that fj | (resp. fi.2) correspondsto (1,0) e LGL
(resp. (0, 1)) by this isomorphism. We want to explicitly describe the map «¢ using
this basis. For this, we first prove the following lemma.

Lemma 5.1. For eacha € Z;j, we have ky(a) =log(a) - fi..

Proof. By the classical explicit calculation of the exponential map, we have

log(a)
K(a):exp@p(1)< ; el).

Since we have the commutative diagram

€XPay, (1)
_—

Dar(Q,(1)) H'(Q,, @) (1))

Dir(Ra, () — 5 H!_(Rg, (1)

by Proposition 2.26, it suffices to show that

1
g, (;1) = i

We show this equality as follows. We first take some f € (R?Qf;)A such that
f (& —1)=1/p" for any n > 0, which is possible since we have an isomorphism
R?Qf;/t = H”ZO Qp(&pn) : f = (f(&pr —1))u=0 by Lazard’s theorem [1962]. Then
the element {el € (%R@p(l))A satisfies

1
bn <§"l) — J€1 € Dy, (Ra, (1))

for any n > 1, since we have

n—1 1
ln (%el> = p” ' Mel = ;el (mod D(_itt,n(R@P(l)))
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By the explicit definition of eXPRg, (1) (Proposition 2.23(1)), we have

expr, ) (+e)) = [ = D(Ler), @ - D(Ler)] € H), (Ra, (1),

Hence, it suffices to show that

Res()()/(f)—f dm ) _o
t 1+m

1 —1
Resg ((_(p(f) — f) C— dn ) =_P .
p t 147 p
Here, we only calculate
1 d
Reso <<M _ f) 1 _,,)
4 t 14w

— d
Res()()/(f) [ dm )
t
is similar). By definition of f, we have

n— 1 a1 — 1 1 1 1
(e | JA et Py L P S
p p P p

and

(the calculation of

for each n > 1. Hence, we have

(e (2s

p n>1

by the theorem of Lazard [1962], where we define Q, () := ! ((p(n) /71) for
each n > 1. Since we have t = 7 [, (Qx(7)/p), we obtain the equality

¢(f) 1 dn \ _ ((e() 1 1
Res‘)((T‘f)‘?‘1+n)—((7‘f)'n:;%'1+n)

)

where the second equality follows from the fact that 2.0 _ 1 for n > 1, which
proves the lemma. P 0

=0

0 —1
_LO_ -2,
p p

7=0

Before calculating xo(p) € Hé’y(R@p(l)), we explicitly describe Tate’s trace
map in terms of (¢, [')-modules. We note that we normalize Tate’s trace map

H (@), @y (1) => @,
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so that the cup product pairing

(—, =) :H(@,, ©,(1)) x H(Q,, Q,) > H*(Q,, Q,(1)) = Q,
satisfies

(k(a),[t]) =7(a)

fora e @; and [r] e Hom(Q}, Q,) = H! (Qp, Q) (we remark that this normaliza-
tion coincides with the one used in §2.4 of [Nakamura 2014a] and with —1 times
the one in [Kato 1993a, Chapter II, §1.4]).

Proposition 5.2. The map v, - H; ,(Ra, (1)) => H*(Q,, Q,(1)) => Q,, which is
the composition of the canonical isomorphism Hé’y (R@p(l)) -~ H? (Qp, Q,(1))
with Tate’s trace map is explicitly defined by

% 1 R dm
D=0 Toetin eSO(f 1+_n>

Proof. Since the map
o N ) dm
L Hw’y(R@p(l)) — @p . [fe]] = RCS() fH-—ﬂ

is a well-defined isomorphism, there exists a unique o € Q7 such that t, = o - ¢.
We calculate « as follows.

We recall that the element [log(x (y)), 0] € H;’y Ro p) is the image of [log] €
H! (Q,, Q,) by the comparison isomorphism. By the proof of Lemma 5.1, for each
ace Z;, we have

k(@ =log@[(r — 1 (Ler), (0 -1 (Le))] €M, (Ra, (1),
where f € R?Q?p is an element defined in the proof of Lemma 5.1. Since the cup

products are compatible with the comparison isomorphism (see Remark 2.12),
we have

ty (ko(a@) Ullog(x (), 0]) = {x(a), [log]) = log(a). (67)

By definition of the cup product, we have

ko(a) U log(x (y)), 0] = log(a) [(cp -1 Gel) ® w(IOg(x(y)))]

— —log(a) log(x () [(w ~1) ({el)} e H2 ,(Rq,(1)).
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. . i) dm ) _ _p—1 .
Since Res()(((p 1)( ) 1o e by the proof of Lemma 5.1, we obtain

ty (ko(@) Ullog(x (), 0]) = o - t(k0(a) U [log(x (), 0])
= —alog(x (1) -log(@)- L([«p - 1)(%)])

p—1
=a-log(x(y)) -log(a) - T

Comparing this equality with the equality (67), we obtain

p 1
p—1 log(x(y)’
which proves the proposition. (I

Finally, we prove the following lemma, which completes the calculation of the
map ko : Q7 — Q, ®Q,.

Lemma 5.3. «o(p) = fi.1.
Proof. Take f11=1f1e1, fre1] € H;’V(R@p(l)) to be a representative of f] 1. By

definition of the cup product, we have
by (finUer ) =, (f1,1 Ullog(x (), 01)
)
p 1 dm
ty,([fier ®@y(1)]) b —1 Togx(r) eSO(fl 7 +7r>

= —1, (Lf2e1 @ p(log(x (¥)))]) = _p— Res (fz
by Proposition 5.2. Since k (p) € H' (Qp, Q,(1)) satisfies the similar formulae
(k(p), [ord,]) =1, (k(p), [log]) =0,

we obtain the equality

and
Ly (fiiVer2) =1, (f11U[0, 1])

ko(p) = fi,1- O
Using these lemmas, we obtain the following result. We define the basis f, of
H2,(R.(D) by fo:=0,"(1).
Lemma 5.4. Tate’s duality pairings
(— —):Hy ,(RL(1)) xH,, ,(Ry) = H; ,(RL(1)) > L

and
(— —):H (RL(1) x H) ,(Rp) = H; ,(RL(1)) > L
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satisfy
(fi,er,1) =0, (fi1,e12)

0 =1
(fizser1) =1, (fi2,e12) =0,
(f2,e0) = 1.

Proof. That we have (f 1, e1,1) =0and (f.1, e12) =1 is proved in Lemma 5.3. We
prove the formula for f; . By Lemma 5.1, we have an equality f; » =«ko(a)/log(a)
for any nontorsion a € Z;. Hence, we obtain

1
(f1.2,€1,1) = ——(k(a), [log]) =1,

log(a)
1
(fi2.e12) = log(@) (k(a),[ord,]) =0
by the compatibility of the cup products. Finally, that (f>, eg) = 1 is trivial by
definition. (]
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1. Introduction

Breuil [2004] constructed some Banach representations of GL,(Q),), which con-
jecturally should be nonzero and admissible and correspond to 2-dimensional
semistable, noncrystalline representations of Gg, under the p-adic local Langlands
correspondence. Here Gg, = Gal(Q,/Q),), where Q, is some fixed algebraic
closure of @,. Later on Colmez [2004] found the relationship between these Ba-
nach representations and (¢, ')-modules and proved their admissibility. Breuil and
Mézard [2010] also proved the admissibility in some cases by explicitly computing
the mod p reductions of these Banach representations. The aim of this paper is
to generalize Breuil’s work to some 2-dimensional tamely ramified, potentially
Barsotti-Tate representations of Gq,.

First we recall some of Breuil’s [2004] construction. Let E be a finite extension
of @, and k an integer greater than 2. Up to a twist by some character, all 2-
dimensional semistable, noncrystalline E-representations of Gg, with Hodge-Tate
weights (0, k — 1) are classified by the “L-invariant” [Breuil 2004, exemple 1.3.5].
We use V(k, £) to denote this Galois representation. Here £ is an element in E
and basically tells you the position of the Hodge filtration on the Weil-Deligne
representation associated to V(k, £). Notice that this Weil-Deligne representation
does not depend on L. So via the classical local Langlands correspondence, all
V(k, L) correspond to the same smooth representation of GL,(Q,), which is a twist
of St, the usual Steinberg representation.

Breuil’s idea is that for each £, there should exist a GL,(Q),)-invariant norm on
Sym* 2 E2®St; here Sym* ~2 E? is a twist of the algebraic representation Sym* ~2 E2.
Different £ should give different noncommensurable unit balls of Sym* 2 E? ® St.
If we take the completion, we get a Banach representation B(k, £) of GL,(Q))
for each £. Moreover, we hope this representation is admissible in the sense of
[Schneider and Teitelbaum 2002] and the correspondence between V(k, £) and
B(k, £) is compatible with the mod p correspondence defined by Breuil [2003].

So how to construct these B(k, £)? For simplicity, I assume E = Q,, and k
is even. The strategy of Breuil is to realize the unit ball O(k, £)Y of the dual
representation of B(k, £) in O (k) =T'(2, O(k)), where O(k) is a coherent sheaf
on the Drinfel’d upper half-plane €2 over Q. Concretely, O(2) is the sheaf of rigid
differential forms and O(2n) = O(2)®". Here Q is considered as a rigid analytic
space and GL,(Q,) acts on everything. We note that the de Rham cohomology of
Q is nothing but St"”, the algebraic dual representation of St [Schneider and Stuhler
1991, Theorem 1]. The construction of O (k, £)Y, as far as I understand, has the
following two important properties:

(1) O(k, £)V is “globally bounded” and hence compact. In other words, it is
contained in I'(Q, ®*/?), where Q is a semistable model of Q and w is an
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integral structure of ©(2). This guarantees that the dual of O (k, £)Y is indeed
a Banach representation (after inverting p).

2) If f € O(k) comes from a modular form of weight k£ (see [Breuil 2004,
section 5] for the precise meaning), then f € O(k, Lo)V if and only the
L-invariant of f is L.

Now consider the case where the Galois representation is tamely ramified. We
will see later that the situation is very similar. Fix E a finite extension of Q, large
enough and let O be its ring of integers. This time we need to work on the first
covering of Drinfel’d upper half-plane. According to Drinfel’d, there is a universal
p-divisible group X over ﬁ@)fy and Op acts on it, where Op is the ring of integers
inside the quaternion algebra D over Q,,. Fix a uniformizer IT € Op and define X,
as the generic fiber of X[I1"]. The first covering ¥; = &} — Ajp, also carries the
action of GL,(Q,) and O . It was shown by Drinfel’d [1976] that the action of
Oy can be extended to D*. This is a left action and we will keep this convention
in this paper unless explicitly inverting it. One remark is that the actions of Q;
inside D> and GL,(Q,) become the same once we invert the action of D*.

First we note that the (E-coefficient) de Rham cohomology Hle(Zl, E) def
Hle(Zl) ®q, E of X; has the following decomposition. Let ¢ : Q) — Of bea
unitary character of level O in the sense that 1 + pZ,, is contained in the kernel
of . We will view it as a character of Q7 C D*. In the following theorem, we
invert the action of D> so that it acts on the cohomology on the left. We denote the
Y-isotypic component of Hle(El, E) by H(}R(El, EY.

Theorem 1.1. As a representation of D* x GL»(Q)),

Hig(ELEY ~ @  @@IL() ®c Dx,
7eAYD*)(YV)o

where -V denotes the algebraic dual representation, A°(D*)(yY)g is the space of
admissible irreducible representations of D> of level 0 over E that are not charac-
ters and with central character ¥ (see [Bushnell and Henniart 2006, Chapter 13]),
JL(7) is the representation of GLy(Q)) associated to m by the Jacquet-Langlands
correspondence, and D is a two-dimensional vector space over E.

Remark 1.2. In fact, we can define more structures on D,. Roughly speaking, we
may find a finite extension F of Q, such that

F ®@p D, >~F RF, Dcrys,yr’

where Fj is the maximal unramified extension of Q, inside F and Dcrys 5 is
a (¢, N, F/Q,, E)-module (see Section 13 for the notation here). Then up to
some unramified character, the Weil-Deligne representation associated to Deyys,
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corresponds to JL(7) under the classical local Langlands correspondence. See
Theorem 1.10 below.

Explicitly, any 7 € A°(D*) (") is an induced representation
~ D* =)
T Indog ax &

where E: O5 Q) — Oy is a character which extends ¥ and is trivial on 1+ T1Op.
It is clear that  has an integral structure g over Og.

As we noted before, we need to construct a GL,(Q),) x D -equivariant formal
model f]?r of . This will be done by using Raynaud’s theory of F-vector space
schemes. As Breuil did in the case of the Drinfel’d upper half-plane, we can define
a GLy(Q,) x D*-equivariant integral model o' of lel on this formal model, where
Q%l is the sheaf of differential forms (see Remark 14.2). Consider the composition
of the following maps:

H'(EM, ') — HO(Z1, QL) - HR(Z)).

We will show that this map is injective (Proposition 14.6), so that H O(f)?r ,oh)
can be viewed as a subspace in the de Rham cohomology. Rewrite Theorem 1.1 as

Hix (21, E)(wY) = Hix (21, E) (V) = JL()" ® Dy,

where (-)(7") = Homgpx)(7", -). For any line £ inside D, (the L-invariant
in our case), we may view JL()Y ® L as a subspace inside H;R(El, E)(@Y)
by the above isomorphism. We can now define the (dual) of our Banach space
representations:

Definition 1.3. M (z, £) & (H*(E, 0') ®2, OF) (1) N (IL(7)" ® £L).
Recall that 7 is some integral structure of 7. Notice that M (;r, £) is contained
in (HO(E‘“, wh) ®z, OE)(JTV), a natural subspace of (HO(EI, 9121) ®q, E)(JTV).
This last space has a natural Fréchet space structure over E. The induced topology on
M (r, £) makes it into a compact topological space, and thus allows us to introduce:
Definition 1.4. B(r, L) = Hom‘g’;‘(M (m, L), E).
This is a unitary representation of GL>(Q),).

Remark 1.5. The argument of [Breuil 2004, lemme 4.1.1] shows that H O(ﬁr, wh)
and H°(Z™, »'') are commensurable, where ' is any other GL,(Qp)x D*-
equivariant integral model of 9121' Hence B(m, £) is independent of the choice
of w!.

Now we can state the main result of this paper. Assume p is an odd prime.

Theorem 1.6. (1) B(w, £) is nonzero and admissible as a representation of
GL2(Q)). In fact, its mod p reduction can be computed explicitly.
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(2) B(m, L) is a unitary completion of JL(ir).
The computation will give us an interesting GL,(Q,)-equivariant short exact
sequence (Corollaries 16.28 and 17.5):

Corollary 1.7. The sequence
0— JL(r) > H'(E™, 0Y(r) > B(m, L) — 0,

is exact, where szrr) is the universal unitary completion of JL(7) (see [Emerton
2005]), and
HO(Z), 0")g = Hom$™ (H* (", '), E).

Note that the kernel and the middle term are independent of £ while the map
between them depends on L.

Remark 1.8. Unfortunately, we have to assume p > 3 in the proof of Theorem 1.6
(for example in the proof of Lemma 16.4). However Theorem 1.1 is also true for
p=2.

Now we explain the strategy of proving Theorem 1.1. By twisting with some
unramified unitary characters, it suffices to deal with the case where the central
character i satisfies ¥ (p) = 1. This suggests we descend X from @r to Q,2,
the unramified quadratic extension of Q,, by taking the “p-invariant” of X; (see
Section 7). We use Elp to denote this rigid analytic space. One warning here: even
though Zf has a structure map to Q,2, I will view it as a rigid space over Q,. A
semistable model of Ef is very helpful (see Theorem 8.4):

Theorem 1.9. Zf) Xq, F has an explicit D*xGLy(Q))-equivariant semistable
model Z%%F over Of, where F >~ @pz[(—p)l/(pz_l)].

Similar results have been obtained before by Teitelbaum [1990].

Denote the generic fiber of this semistable model by 2{% = Zf’ Xq, F. With the
help of the semistable model, we can compute its de Rham cohomology. Let x (E)
be the character group of Oy /(14 I10p) with values in E*. Recall that O acts
on Zf?}. We have the following result (see Section 12, especially Corollary 12.10
and Remark 12.11):

Theorem 1.10. Forany x € x(E) such that x # x?, we have a Gal(F /Q,)x Op x
GL,(Q))-equivariant isomorphism:

GL,(Q Vo~ 1 0 X
F ®Fy Derys,x ®F (C'IndGLZEz;’))@; ,OX*I) — (HdR(Zi,}‘) ®a, E) )

where Fy ~ Q,
gebraic dual, p,-1 is a cuspidal representation of GLa(F,) over E defined via

2, ¢-Ind is the induction with compact support, -¥ means the al-

Deligne—Lusztig theory, and Diys y is a free Fo® E-module of rank 2 with an
action of Gal(F /Q)). In addition, we can define a Frobenius operator ¢ acting on
it. It is explicitly described in Proposition 12.8.
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Take m = Indlgg@x X, where x is viewed as a character of O Q] that is trivial
on p. Then JL(7) < c—Indgkgg%))@; py-1- Theorem 1.1 follows from the above
theorem by taking the Gal(F/Q),)-invariants. There is some inverse involved since
we invert the action of D> in Theorem 1.1.

It is clear from the theorem that Dy is a (¢, N, F//Q,, E)-module. A line
L inside Dy, or equivalently, a Gal(F/Q,)-invariant “line” inside F ® gy Derys, y»
essentially gives a filtration and makes Dcys , into a filtered (¢, N, F/Q,, E)-
module. See Section 13 for more details.

After fixing some basis for Dy , (see Proposition 12.8), any line £ can be
identified with an element b inside E or oo. Assume b € O for the moment. We
will write

M(x. [1,b]) = M(Indg; o X, £).
and similarly B(x, [1, b]) = B(Indgg@;x, L).

Some notation here: Fix a Z ,-linear embedding of W (F,2), the Witt vector of

F,> into Op. Then any x € x (E) can be viewed as a character of [Fsz by composing

this embedding with the Teichmiiller character. Also fix an embedding 7 of W (F2)
into E. Similarly the Teichmiiller character gives us a character x; : prz — E*.

Definition 1.11. We define m as the unique integer in {0, ..., p> — 2} such that
XIXT_mI[Fsz—>OE<.
We will write m =i+ (p+1)j, wherei € {0,..., p}, j €{0,..., p—2} and
[—mp] as the unique integer in {0, ..., p> — 2} congruent to —mp modulo p? — 1.
Let 0;(j) be the following representation of GL,(Q),):
0:(j) = IndGi2(Fr)o (Sym' F}) ® O/ p @ det/,

where Sym’ [Fﬁ is the i-th symmetric power of the natural representation of GL([F,)
on the canonical basis of [FI%, viewed as a representation of GL,(Z [,)CI;DIX7 trivial
on pZ.

Using our explicit semistable model, we can compute the mod p reduction of
My, [1, b]) (Corollary 16.29, Remark 16.30, Corollary 17.6).

Theorem 1.12. Let T be the usual Hecke operator (defined in [Breuil 2007]) and
let c(x, b) = (—1)/ 't (w{")b € Og/p, where T(wy) satisfies T(w1)"T! = —1 and
is independent of x, L.

(1) Assume p*> — 1 —m > [—mpl,i € {2,..., p— 1}. As a representation of
GL2(®[))’

0= {Xecoia(j+D]c(x.D)X=T(X)} > M(x,[1,b])/p
> {Xeop1-ili+ )| X=c(x.B)T(X)} — 0.
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(2) Assume p*—1—m < [—mpl,i €{2,...,p—1}

0> {Xeop1—ii+ )| X=c(x.D)T(X)} > M(x.,[1,b])/p
—>{Xeoi(j+D]c(x,)X=T(X)} - 0.

(3) Assume i = p. Then
M(x, [1,bD)/p={X €opa(j+ 1| —c(x,0)X +T(X)—c(x, hT*(X) = 0}.
(4) Assume i = 1. Then

M(x, [1,b))/p={X €0, 2(j+1), X +c(x, )T (X) + T*(X) =0}.
Thus in any case, B(x, [1, b]) is nonzero and admissible.

Remark 1.13. In a recent paper Gabriel Dospinescu and Arthur-César Le Bras
[Dospinescu and Le Bras 2015] independently use a very similar method to construct
some locally analytic representations of GL,(Q,) and verify the compatibilities
with the p-adic local Langlands correspondence, and thus generalize Breuil’s [2004]
work in this direction. Their method works for all the coverings of the Drinfel’d
upper half-plane and relies on the previous work of Colmez on the relationship
between Banach space representations and (¢, [')-modules. Combining their results
with some known results of p-adic local Langlands correspondence, they can also
prove Theorem 1.1 and Theorem 1.6. However, it seems that Corollary 1.7 does
not follow directly from their work.

We give a brief outline of this paper. The goal of the next eight sections (Sec-
tions 2-9) is to explicitly write down a semistable model of X;. Our strategy
is to apply Raynaud’s [1974] theory of [F-vector spaces schemes to X;. We will
collect some basic facts about the Drinfel’d upper half-plane in Section 2 and review
Raynaud’s theory in Section 3. To compute the data in Raynaud’s theory, we need
the existence of some “polarization” of X (Proposition 5.1), which comes from
a formal polarization of X (Section 4). Using this, a formal model is obtained in
Section 5. By comparing the invariant differential forms of X; computed in two
different ways, we write down the local equation of this formal model in Section 6.
From this, it’s not too hard to work out a semistable model in Section 8 and make
clear how GL,(Z,), Oy, and Gal(F/Q,) act on it in Section 9.

In Sections 10-12 we compute the de Rham cohomology of Ef?}?. Using our
semistable models, this can be expressed by the crystalline cohomology of the
irreducible components of the special fiber, which is well-understood via Deligne—
Lusztig theory. The main result is Corollary 12.10, which describes the structure of
the de Rham cohomology.

In Section 13 we classify all possible filtrations on Dys , with Hodge—Tate
weights (0, 1). We use this result to define M (x, [1, b]) in Section 14.
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Sections 15, 16, and 17 contain the computation of M (x, [1, b])/p. In Section 15,
we compute H O(flhr, w')/p (not exactly this space, see the precise statement there).
Roughly speaking, the method is by carefully studying the shape of differential
forms on each irreducible component of the special fiber. The main result is
Proposition 15.13 which says that this space is an extension of two inductions.
Sections 16 and 17 treat different cases of computations of M (x, [1, b])/ p according
to the value of i, but their strategies are the same: First we interpret M (x, [1, b])
as the kernel of a map 6, from (Ho(fﬁr, 0w)® Op/p)* to a space J. Then we
compute the mod p reduction 6, of this map explicitly and show that 6, is in fact
surjective. Hence 6 has to be surjective as well since both H O(ﬁr, w') and J, are
p-adically complete. Therefore M (x, [1, b]) is just the kernel of Op.

Notation. Throughout this paper, fix an odd prime number p.

Let Q) be the maximal unramified extension of Q, and @r be its p-adic
completion. We will write Z > = W(F,2), the ring of Witt vectors of [,> and fix
an embedding of it into Q. Denote the fractional field of Z > by Q.. We use
Fy to denote the unique unramified quadratic extension of Q,. Hence the fixed
embedding of Q> into Q; gives us an isomorphism between Fy and Q . Later
on, Fy will appear as some intermediate field extension when we try to compute a
semistable model. Let Op, be the ring of integers inside Fy. Frequently we will
identify Fo with @, by this fixed isomorphism.

We denote by D the quaternion algebra of Q, and fix a uniformizer IT € D such
that I1%2 = p. We will also fix a Z-linear embedding of Z P2 into Op, hence an
isomorphism:

Op/NOp ~Tp.

Let E be a finite extension of Q) such that Homg, (Fo, E) # 0. We use 7, T to
denote the embeddings of Fj into E and Of to denote its ring of integers. For any
Of,-module A, we denote A Q0p,.v Op by A; and A ®0p,.7 Of by A:.

For K = E, Fy, we use x (K) to denote the character group of Oy /(1+TI10p) =
(Op/T1)* with values in K *.

For any integer n, we will use [1] to denote the unique integerin {0, 1, ..., p?—2}
congruent to n modulo p? — 1.

For any ring A and integer n, we use w,(A) to denote {a € A | a" = 1}.

For any abelian group M, we denote the p-adic completion of M by M ~

We use Sym'’ [F; to denote the i-th symmetric power of the natural representation
of GL,(F,) on the canonical basis of [Fg for i nonnegative. Explicitly, we can
identify Sym’ [Fg with @, _, F,x"y"~", where the action is given by

A .
(Z d) X'V = (ax +cy) (bx +dy)' .
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Sometimes we will also view it as a representation of GL,(Z) by abuse of notation.
Also, we define an induced representation of GL,(Q),):

01 = Indr(G7ox (Sym' F) ® Ok /p.

where the induction has no restriction on the support and we view Sym’ [Fg as a
representation of GL,(Z p)(@; trivial on pZ. We define o_; as 0 and

0i(j) = Indgf;g;z@;;@; (Sym’ F2) ® Og/p ® det/,

where det is the determinant map.

We recall the definition of Hecke operator T here. See Section 3.2 of [Breuil
2007] for more details. Let 0 = Sym” [FI% ®det”, 0 <r < p —2 be an irreducible
representation of GLy([F,) over [,. I would like to view it as a representation of
GL»(Z,)Q} with p acting trivially. We use V;; to denote the underlying represen-
tation space. Hence,

IndGi2(Fra: 0 = {f : GLa(@,) — Vo | f(hg) =0 (W)(f(8)), h € GLo(Z,)Q} }.
Note that we put no restriction on the support. Following [Breuil 2007], denote by

[g, v]: GL2(Qp) — V5

the following element of Indgﬁ E%;))@x o:
P

W JoEov if g e GLa(Z,)Q5g 7",
[g, vI(g) = iy e 1
0 if g ¢ GLy(Z,)Q) g
We have g([g’, v]) = [g¢’, v] and [gh, v] = [g, o (h)v] if h € GL2(Z,)@Qy,. Ttis

clear that every element in Indgﬁ E%ﬂ))@; o can be written uniquely as an infinite sum

of [gi, v;] such that no two g; are within the same coset GL,(Q,)/ GL>(Z [,)@;.
Identify V, with @ _, F,x*y" =%, We define ¢, : GL»(Q,) — Endy, (V,, V) as
follows:

: (1 0
or(g) =0 if ¢ ¢GLy(Z,)Q, (0 ool

1 0 .

¢r ((O p_l)) &y =0 if k#£0,
1 0

v ((0 p_1>)(yr) =

@r(highy) = o (h)og,(g) oo (ha), hi, hy € GLa(Z,)Q;.

The Hecke operator T, (or T for simplicity) is defined as:

T(lg,v]) = > [2g", or (g HW)].

g GLa(Z,)Q; €GLy(Q))/(GLa2(Z ) Q)

) GLZ(Zp)’
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2. Some facts about the Drinfel’d upper half-plane

Let 2 be the p-adic upper half-plane (or Drinfel’d upper half plane) over Q,,. It
is a rigid analytic space over Q, and its C,-points are C, — Q,, where C, is the
completion of an algebraic closure of Q. There is a right action of GL,(Q,) on
2. On the set of C,-points, it is given by

az+c ab
It Zlg = m for g = <C d) S GLQ(@p)

2 has a GL,(Q),)-invariant formal model Q over Z p» Which is described in
detail in [Boutot and Carayol 1991]. One warning here: in this paper, the action of
GL>(Q)) on €2 is a right action rather than a left action used in Drinfel’d’s original
paper [1976] and in [Boutot and Carayol 1991]. Our action is the inverse of their
action. I apologize here if this causes any confusion.

Let me recall some facts we need to use later. There exists an open covering
{Qe}e on Q indexed by the set of edges of the Bruhat-Tits tree I of PGL,(Q),).
Two different Q. and Q. have nonempty intersection if and only e and ¢’ share a
vertex s. When this happens, §e N §e’ only depends on the vertex s. We call it
Q,. For two adjacent vertices s, s’, we denote the unique edge connecting them by
[s, s]. Explicitly, (" is for p-adic completion)

o~

S~ def 1
Oy ~ Spf O, —Sprp[n, n—np] (1)
Q, ~Spfo, ¥spfz, [;, L]A 2
{—¢b
S~ def Zp[§777]|: 1 1 ]A
Q[s,s’] =~ Spf Og,n = Spf {77—[7 ]_é_p_] ) 1—77’7_1 . (3)

The inclusion from QS (resp. Qs/) to Q[Mq under these isomorphisms is just ¢ (resp.
1) goes to p/n (resp. p/¢).

The set of vertices of the tree is in bijection with GL,(Z p)@; \GL>(Q,). Clearly
there is a right action of GL,(Q),) on this set and it extends to an action on the
set of edges. In fact, this action can be identified with the action on the open
covering {ﬁe}e. When s is the vertex that corresponds to the coset GL;(Z p)@;,
which I call the central vertex s(/), we can choose the isomorphism (1) such that the
action of GL,(Z,) on it is given by

an+c

ab
n— byt d for g = (c d) € GLy(Z)).

From the explicit description of §[s, &1 and Q, above, it is clear the special fiber
of €2 is a tree of rational curves over [, intersecting at all [,-rational points. The set
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of irreducible components (singular points) is nothing but the set of vertices (edges)
of the tree. The dual graph of the special fiber of Qs just the Bruhat-Tits tree.

In [Drinfel’d 1976], it was shown that there exists a universal family of formal
groups X of height 4 over Q& Z\‘;,r , where Z\‘;,r is the p-adic completion of the ring
of integers inside the maximal unramified extension Q) of Q,,. We denote by D
the “unique” quaternion algebra over Q,, and Op the ring of integers inside D.
Then from Drinfel’d’s construction, we know that Op acts on the universal formal
group on the left.

Fix a uniformizer IT inside Op such that 12 = p. Define X,, = X[I1"]. They
are finite formal group schemes over Xg = Q ® Z\‘;r . Let X}, be the rigid space
associated to X, or equivalently, &}, is the generic fiber of X,,. These X}, are étale
coverings of Xp = Q ® @r. Then Op/(IT") acts on it and we have equivariant
inclusions X,,_; < X,. Now define

X=X, — X1

It can be shown that X, is a finite étale Galois covering over Xy with Galois
group (Op/(I1"))*.

It is important that all the spaces (X, &,;, X,) we construct here have a natural
GL,(Q,) action and all the maps here are GL,(Q)- equlvarlant OnXo=0Q®
GL,(Q,) acts on Q as we described before and acts on an via Fr'” (@et(2)) , Where Fr
is the (lift of the) arithmetic Frobenius and v, is the usual p-adic valuation on Q,,.
One can show that the action of Z; in GL,(Q,) on X, is inverse to the action of
Z; in Op.

Now we want to describe the action of IT on the tangent space T of X. It is easy
to see from the construction that T is a rank 2 vector bundle on & ® ffll,f . Moreover,
T splits canonically into a direct sum of two line bundles Ty, 77 by considering
the action of Z . inside Op (recall that we fix such an embedding in the previous
section). Each eigenspace of this action is a line bundle because X is “special” in
the sense of Drinfel’d. IT interchanges Ty, 71 and under the isomorphisms (1)—(3),
we can write it down explicitly. But before doing that, I must introduce the notion
of odd and even vertices.

Definition 2.1. A class [g] in GL,(Z p)@; \ GL,(Q,) is called odd (resp. even) if
v, (det(g)) is odd (resp. even).

Notice that this is well defined. And we will call a vertex in the tree (or an
irreducible component of the special fiber of Q) even or odd according to the
corresponding class.

Back to the discussion of the tangent space. I should mention that all Ty, 77, I1
descend naturally to €, and I still call them Tp, Ty, T1 by abuse of notation. Suppose
s is an odd vertex and s’ is adjacent to s, and so must be even. On 5/2\[“/], both
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Ty, and T are trivial. If we choose appropriate bases eg, e; of them, then under the
isomorphisms (1)—(3), IT becomes

IMo:To — T1, eor> Cey, 4
I, : 7y —> Top, e+ nep. 5)

Identify Iy, IT; with global sections of Tiy ® T1 and T;* ® Ty, where T;* denotes
the dual of 7;, i =0, 1 (the cotangent space). Then the explicit description of I1
tells us that on an odd component of the special fiber, 1y has a simple zero at
each intersection point with other irreducible components. Since each irreducible
component is a rational curve over [, and intersects other components at [,-rational
points, Iy corresponds to the divisor that is the sum of all points of P! (Fp). On
the other hand, IT; is zero on an odd component because n = p/¢ = 0 (we are
working over the special fiber, so already modulo p). On an even component, a
similar argument shows that I1j is zero and I1; is the sum of all points of IPI([FI,)
as a divisor.

Ristricting everythi’lgg to the central vertex s, we have an isomorphism Q,é ~
SpfZ,[n,1/(n—n?)] , and GL,(Z,) acts on it via

an—+c
bn+d
The action of GL2(Z,,) on T} is easier to describe than the action on Ty. Using the

same basis as in the last paragraph and denoting the dual basis element of eg by e,
we have

n=

ab
for g = (c d) € GLy(Z)p).

1 a b
g Ty — Ty, f(n)eSHm (231—2)68 for g=(c d)eGLz(Zp). (6)

Most details here can be found in [Boutot and Carayol 1991], especially the
first chapter about Deligne’s functor (and notice the action of GL,(Q,) here is the
inverse of the action there).

3. Raynaud’s theory of [F-vector space schemes

We want to write down the equation defining X ;. Recall that there exists an action
of Op/(T) on X;. But F¥ Op /(10) is a finite field which is isomorphic to F,>. So
X is an “F-vector space scheme” in the sense of Raynaud. Let’s recall Raynaud’s
theory of F-vector space schemes in our situation. The reference is the first section
of [Raynaud 1974].

Definition 3.1. Let S be a scheme and [ a finite field. An F-vector space scheme
is a group scheme G over S with an embedding of [ into the endomorphism ring
of G (over S).
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Although the definition here is different from Raynaud’s original definition, it’s
clear that they are equivalent. Now let G be an [F-vector space scheme; we also use
G to denote the group scheme in the definition by abuse of notation. The action
of A € F is denoted by [A]. Following Raynaud, we assume G is finite, flat and of
finite presentation over S.

Let A be the bialgebra of G and Z be the augmentation ideal. Then F* acts on
A and Z. In Raynaud’s paper, he defined a ring “D”. Since we already use D for
the quaternion algebra, I will use Dg for Raynaud’s “D”. In our case, we can think
of Dg as Z 2, the quadratic extension of Z,, in Z};. Although this ring is much
bigger than Dg, both of them give the same result here. Under the hypothesis () in
Raynaud’s paper and fixing a map S — Spec Dg, we have a canonical decomposition

of Z:
T= EDI ,

XEM

where M is the set of characters of F* with value in D;, and 7, is defined as the
“x -isotypic component”. More precisely, for every open set V on S, H(V, Zy)is
the set of elements a € H%(V, ), such that [A]a = x (A)a for any A € F*.

Definition 3.2. Let x;, x2 be the characters of F* = (Op/I1)* with values in
Dy = Z;Z such that the composition

Fp2 =~ (Op/T)* 4> 77,

is the Teichmiiller character if i = 1 and its Galois twist if i = 2. Here, the first
isomorphism is the one we fixed in the beginning. They are the fundamental
characters defined in Raynaud’s paper.

It is clear that le = x2 and sz = x1. Every character y in M can be written
uniquely as

X=xi'x2, 0=<ni,ny<p-—1, (n;,n2) #(0,0).

Now, it is easy see to that given two characters x, x’ in M, we have two Og-linear
maps
{CX,X/ Ty = Iy Ly,
dyy Iy @Ly — Lyy
coming from the comultiplication and multiplication structure of A. A slight
generalization of this (or equivalently iterate this p — 1 times) gives us

) ®p
G- IXi+1 =Ly
di 130 -1

Xi+1

fori =1, 2, and we identify x3 as .
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Under the hypothesis (+*) in Raynaud’s paper, which says that each Z, is an
invertible sheaf on S, we have the following classification theorem of [F-vector space
schemes.

Theorem 3.3 [Raynaud 1974]. Let S be a Dg-scheme. The map

G (Zy.¢i:T

®p .. 79D
Xi+1 - IX,‘ ’ dl 'IXI' - IX!'+])

i=1,2

defines a bijection between the isomorphism classes of F-vector space schemes over
S satisfying (x*) and the isomorphism classes of (L1, L3, c1, ¢2, d1, d), where:

(1) L; is an invertible sheaf on S for anyi =1, 2.
(2) The c; and d; are Og-linear maps
{ci Ly, — ﬁ%p

d,'iﬁ%p—)£

Xi+1

such thatd; oc; =wldy,,,. Here w is a constant in D that only depends on
F and can be expressed using Gauss sums. More precisely, if we identify Dg
with Z 2, then w € £, C Z ,» with p-adic valuation 1. And if we write w = pu,
then u = —1(mod p).

The inverse map in the theorem is as follows: we define

A= P «P" o™

0<a;<p—1

and equip it with the multiplication and comultiplication structure using d;, c¢;. A is
now a bialgebra and thus defines a group scheme over S. The action of [ is defined
as the character y; on £; and more generally as the character x| x5 on L2 ® L3
We now define the action of 0 in F to be trivial on .A. The properties of ¢; and d;
guarantee that we indeed get a [F-vector space scheme. As a corollary, we have a
description of the invariant differential forms of G:

Corollary 3.4. g /s ~T/T> = (L1/d2(LEP)) ® (La/dy (LED)).

Remark 3.5. When S is an affine scheme, say Spec(A), and L; is free over S for
all i, we have an explicit description of 4. Suppose x; is a basis of £;. Under
such basis, d; becomes an element v; inside A, namely d; (xl@P ) = v;x;11. Then the
bialgebra A is isomorphic to A[xy, x2]/ (xlp — VX2, xé’ — vpx1) as an A-algebra.

Remark 3.6. The Cartier dual of an [F-vector space scheme is also an F-vector
space scheme by the dual action of F. On the level of bialgebra, the action of
[ is given by its transpose. If G corresponds to (£;, ¢;, d;), the Cartier dual G*
corresponds to (L7, d}, c}'), where L] = Homp(L;, Os) and d (resp. c}) is the
transpose of d; (resp. ¢;).
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4. Some results about the formal polarization

We want to apply Raynaud’s theory to our situation. Although our base scheme is a
formal scheme, the argument of Raynaud can be extended naturally to this situation.
As we remarked in the begmnlng of the previous section, X| = X[I1] is a [F-vector
space scheme over XO = Q& QY, where F = Op/(IT). Using that its generic fiber
A is étale over Q ® Z%r and applying Proposition 1.2.2. in Raynaud’s paper, we
know that X satisfies hypothesis (). So the classification theorem tells us there
exist 2 invertible sheaves £, £,, and maps

e Lo LEP, oLy L3P, (7
di: LY v Lo, dy: L3> L, (8)

such that djoci = w Id;,,and dyocr =w Idg1 .

In order to determine c;, d;, we need the existence of “formal *-polarization” of
the universal formal group X, which is a lemma in the proof of Proposition 4.3. of
[Drinfel’d 1976], and proved in detail in [Boutot and Carayol 1991, chapitre II1
lemma 4.2.]. I would like to recall it here without proof.

Lemma 4.1. Suppose t € D such that t* € pOp. There exists a symmetric iso-
mophism X : X — X*, where X* is the Cartier dual of X, such that the diagram

commutes for any d € Op, where d is the canonical involution of d in D, and d* is
the dual morphism of the endomorphism d. Here symmetric means A = \* under
the canonical identification between X and X**.

Remark 4.2. This isomorphism is not unique, but is unique up to Z;-action. From
now on, we will fix one such isomorphism A that is defined in [Drinfel’d 1976] and
[Boutot and Carayol 1991]. So we also fix such a z.

How does this isomorphism behave under the action GL,(Q,)? Recall that
Xo=Q®Z7Y.

Lemma 4.3. Suppose g € GL,(Q,) and det(g) € pLi then g “commutes” with .
More precisely, by abuse of notation, let g : Xo — X be the automorphism of X
induced by g. Then there exists a natural isomorphism g : X — g*X over X,
where g*X is the pull-back of X under g : Xo — X by the equivariance of the
GL2(Q)) action. Denote by uz the dual morphism of pg. We have the following
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commutative diagram:

*

"
X* e (X)) > gt X* — 5 X*

'R

X — " L erx X
XO = XO ;) XO

In general, for any g € GL,(Q,), we have the same diagram but replace the upper
left square by

%

* e * yk
X* et g x

[ Joo

%
Heg-p /det(g) gX
where n = vp,(det(g)). Notice that this makes sense since Z; has trivial action on
Xo, s0 g*X = (g- p"/det(g))*X.
Proof. Since I will use some formulas in [Drinfel’d 1976] and [Boutot and Carayol
1991], I think it’s better not to translate their left action of GL,(Q,) to right action
here. Hence I will follow their convention in this proof.

It’s clear that we only need to prove the general case. Thanks to Drinfel’d’s
lemma (the lemma on strictness for p-divisible groups in the appendix of [Drinfel’d
1976)), it suffices to verify this commutative diagram after we reduce modulo p.
But by Drinfel’d’s construction of the universal p-divisible group, X x [, is quasi-
isogenous of degree 0 to a constant p-divisible group ®x,«f, over Xo x [F,. Here,
recall that @ is a p-divisible group defined over I]?p, and D x,xr, def ¢ XF, Xo.
GL,(Q,) acts on ® as quasi-isogenies. A detailed description of ® can be found
in [Boutot and Carayol 1991, chapitre III 4.3] or the proof of Proposition 4.3. of
[Drinfel’d 1976]. Besides, the construction of the “formal polarization” A tells us
that A actually comes from a “formal polarization” Ly of ® that makes the following
diagram commutative:

X
X xF, —— X*xF,

20, X0 xFp

*
cIDX()Xl]:p qDX()X[Fp

where X‘iéfk(mod p), p isthe quasi-isogeny and p* is its dual. From the definition
of the action of GL,(Q)), we know how p changes under this action (basically
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the action of GL,(Q,) on ® with some twist of Frobenius, see [Drinfel’d 1976,
Section 2] or [Boutot and Carayol 1991, chapitre II section 9]). Thus we can
translate the diagram of X into a diagram of ®. It turns out that it suffices to verify
that the following diagram is commutative:

(Frobg" og)*
d* (Fr")**

Ao [ (Fr=")* a0
0]

Froby" o(g-p" /det(g))
Fr=)*d

HereFr: Spec(E,) — Spec(E,) is the arithmetic Frobenius and Frobg : (Fr~1)*® — &
is the Frobenius morphism over Spec(Fp). I would like to decompose the diagram
as the following diagram (and invert the arrow on the bottom line):

g*(det(g)) ™! (det(g) Frobg")*
(D* q)* (Fr—n ) * CD*
Ao Ao )[ Fr=™)*ro
g ! (det(g)/p™) Froby,
@ ) (Fr")*d

First we look at the right square:
_ det - det det
(det(g) Frobg")* = (%)( p" Frobg")* = (%) (Verh)* = (%) Frobl,.,

where Verg+ is the Verschiebung morphism. Now it is easy to see the diagram
commutes from the basic property of the Frobenius morphism.

As for the left square, the commutativity in fact comes from our explicit choice
of ®, Ao and the action of GL,(Q,). See the remarque in [Boutot and Carayol
1991, chapitre III 4.3] which says the Rosati involution associated to Ag is nothing
but the canonical involution on M (Q)). O

Remark 4.4. When g € SL,(Q),), the calculation above is essentially given in
[Boutot and Carayol 1991, chapitre III 4.5].
5. Structure of X} and a formal model of X

Now let’s see how the discussion above helps us study c¢;, d; in (7), (8). The main
result is the following:

Proposition 5.1. There exists an isomorphism ,| from X1 = X[I1] to X[I1]*, the
Cartier dual of X[I1], such that:
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(1) The following diagram commutes for any d € Op;:

X[TT] —25 X[II]*

|l

X[M] — X[II]*

Recall that d is the canonical involution of d in D.
(2) A} =A1o[—=1]=[—1]" o A1, where [—1] denotes the action of —1 € Op.

Proof. We can take t = I in Lemma 4.1. Then if we restrict to the p torsion points
of X, we certainly get an isomophism:

hp: X[p]=X[I"'pM] — X*[p*] = X*[p].

Notice that X*[ p] is canonically isomorphic to (X[ p])*, the Cartier dual of X[ p].
The inclusion of X[I1] into X[p] induces a canonical isomorphism
J X [pl/ X[ ]=X"[pl/ (X [pDIT*D = (X[pD)* /(X [pD*[TT*]) = X [TT]*.

Since I1? = p, the map IT* : X*[p] — X*[p] gives us an isomorphism

h: X*[pl) X*[IT*] = X*[IT*].
Finally, we restrict A to the IT torsion points of X and get an isomorphism
A X[TT] = X[ 'TII] — X*[IT%].

Now, we define A1 = joh~'oAp : X[I1] = X[I]*.
What is the Rosati involution associated to A;? I claim the following diagram
commutes:

X[IT] i) X*[I1*] o X*[pl/ X*[1T*] ;) X[ry*

n—ljnl d*l (l‘[dl'[l)*J l(ndnl)*
N .

X[I] —— X*[IT*] PR X*[pl/ X*[1T*] SN X[Iy*

The left-most square is commutative because we have a similar diagram for A and
Am is a restriction of A. The right-most diagram is commutative because j comes
from the canonical quotient map X*[p] >~ (X[p])* — X[I1]* and this certainly
commutes with the dual endomorphism of Op. As for the middle square, notice
that £ is induced by the map IT* : X*[p] — X*[p] and everything is clear.

Since I17'dI1 = d (mod I10p) and everything in the diagram above is killed
by IT or IT*, we can replace I[1~'dI1 by d and (ITdT1~")* by d*, and hence get the
desired commutative diagram in part (1).
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As for part (2), we use G, H to denote X[ p], X[IT] respectively. Then G*=X*[p].
We can decompose —I1: G — G as

G4 G/H"™S H s G,

where i (resp. ¢g) is the canonical inclusion of H to G (resp. canonical quotient
map of G to G/H). The induced isomorphism is A_rj.

Notice that [T~ 'TTIT = —TIT and G is killed by p. We have the following diagram,
which is a restriction of the diagram of Lemma 4.1 to G with d = IT:

GLG

)\pl J()Lp
*

G, G*

Similarly we can decompose IT* as we did for —IT and have the commutative
diagram

h7 .
G—' G/H " L H ’ G

}\p‘/ )LG/H‘/ AH‘/ )‘p‘/
ok *

hp
G — s g " (G/H) —— G*

such that the composition of all three maps in the bottom line is [1T*. The map
hr+ is induced from IT*. Thus it’s easy to see ([—1] o ~_11)* = A+ and its dual
hix =[=1loh_p.

Since A is symmetric, so is A, and we certainly have A o= Ag. Now it’s not
hard to see that our A; is nothing but hﬁl oAg. So,

M= (gt o hm)* =0 (hp)* = Agym o (W) ™!
=g/ o(—1oh-m)™" =dg/moh”yol—11"" =iio[-1].
The last identity comes from the middle square of the diagram above. (I
Corollary 5.2. The isomorphism )\ induces isomorphisms
Apy i L5 = Ly, Ag, 1 L7 = Lo,
Moreover, Lr, = —Ap, if p is odd and g, = Ay, if p=2.

Proof. Using Theorem 3.3, we can identify X| = X[I1] with (L1, £,, ¢1, ¢2,d1, d2),

and the final remark there tells us we can identify X [I1]* with (L7, £, d7, d5, ¢}, c3).
Now A gives us an isomorphism from X [IT] to X[IT]* but this is not F = Op /(IT)-

equivariant. For a character x of F*, considered as a character of O, we have

x(d) = x(@d") = x"(d)
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for any d € Op. This is because when we restrict the canonical involution to a
quadratic unramified extension of Z, inside Op, it is nothing but the nontrivial
Galois action. So modulo the uniformizer, it becomes the Frobenius automorphism.
Take x = x1, one of the fundamental characters; then Xf) = X2, SO X1 d) = x2(d).
Similarly, we have Xz(c;) = x1(d). From these identities and the commutative
diagram in Proposition 5.1, it is easy to see A really induces isomorphisms

AL, Z‘C;L) Ly, )\.gziﬁTl)Ez.

The last identity comes from the consideration that the difference between A; and
A} is the action of —1. And we know xi(—1) = x2(—=1) = —1if p is odd and 1
otherwise. (]

From now on, I will assume p is odd.

Corollary 5.3. Under the isomorphism Mz, we have —d = c3. More precisely, we
have the following commutative diagram:

—d,
L s,

®
ALTT Tx*ﬁl

(L) ——= L]
)
Proof. It is easy to see A1 induces a similar diagram by replacing —d; with d; and
Az, with Az,. Now the corollary follows from Az, = =247 . g

Corollary 5.4. Under the isomorphism A, , we can identify d; : E?p — L with
a global section of C?_p - Similarly, we can identify d, with a global section
of £?p *! The canonical pairing

H(Xo, £27771 x HO(Xo, £271") - H(X, Ox,)

sends (dy, dy) to the constant —w = — pu, where w is the constant in Theorem 3.3,
and u is w/ p.

Proof. Recall that dy o ¢y = w Id, .. Then everything follows from Corollary 5.3. [

Corollary 5.5. Recall that the bialgebra of X, is isomorphic as an Ox,-module to
@05[,1'5;:—1 E?’ & ,C?J. The isomorphism A, gives a global section )Cz, of L1 Ls.
Then as a global section of X1, we have

~p ~
)\,/;] = —w)%, ,

where everything is computed inside the bialgebra of X .
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Proof. We only need to verify this locally. Suppose L1, £; are free over an open set
U and generated by x1, x» such that x; ® x, = )CZI, or equivalently they are dual to
each other under A.,. Now dj, d» are given by two elements vy, vo € H (U, Ox,).
So x{’ = v1x7, and xé’ = vpx] (see Remark 3.5). But from the last corollary, we
have vjvy = —w. Thus the product of these two equations is just what we want. [J

Remark 5.6. Perhaps it is better to remark here that £, £, are nontrivial on the
formal model but we’ll see later that they become trivial on the generic fiber
(Lemma 10.1).

Now we can describe a formal model of ;. Recall that ¥ = A} — X)), where
X1, Xp are the rigid analytic spaces associated to X1, Xg.

Proposmon 5.7. Let A= Dy j<p-1 E®’ ® £®] be the blalgebra of X1. Then

A/ (Ar gl - + w) (the closed subscheme defined by the ideal sheaf (hr gl + w))isa
formal model of 1. We will use E?r to denote this formal model.

Proof. 1t suffices to check this locally on Xg, so we can assume L, £, are free.
A p01nt x on X; gives a morphism x : A — C,. If it does not factor through
A/ (kgl +w) x()%l) has to be 0 because last corollary tells us ()»[;1 +w)):Zl =0.
But
fo = xlpxl =V1X2X] = vl)le,

so x(x1) = 0 and x(x) = O by the same argument. Therefore x factors through
A modulo the ideal sheaf generated by x;, x, which is the augmentation ideal.
Therefore x is in X. The converse is trivial. O

It’s easy to see its underlying algebra of 21 is just

P ey
0<i,j<p-—1,
@ )H#(p—1,p=1)
Remark 5.8. There exist natural actions of GL,(Q),,) and OD on fﬁr The action
of Op is clear. To see the action of GL,(Q),), notice that Xz, isa global section of
a trivial line bundle on X, but H°(Xj, Ox,) is canonically 1som0rphlc to an (I
will prove this later; see Lemma 14.7). So GL,(Q),) acts on Vo £, as a scalar. Recall
that )TZ;I]) + w,\z = 0. This implies )Tz;f_l + w is GLy(Q))-invariant. The same
argument shows that the action of Op can be extended to D*.

But how does GL,(Q),) act on ):Zl? Here is a direct consequence of Lemma 4.3:

Proposition 5.9. With g € GL2(Q)) and n = v, (det(g)),

g(Xz,) = x1(det(g)/p™) 'z, .
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6. Local equation of X and ffr

In order to get a semistable model of S, we need to know the local equation
defining it. Recall that in Section 2, we described an open covering {Q, & 7%}, of
Xy such that

an' s -~
3. & 77 ~ Spf ple n][ 1_1’ 1_1] ‘
¢n—p L1=¢P=1 1—n?

We try to write down the equation of f?r above each Q, ® Z\‘;} . Our first
observation is:

Lemma 6.1. Any line bundle L over

A~ 7%(¢, ) 1 1 -
8, & 7t ~ spt 2 [ , ]
«® Ly =5p (n—p L1=¢p=t" 1—pp-1
is trivial.
Proof. Recall (see (3))
Z%e ol 1 11
0{,,]: |: 1 _1] .
(n—p L1=¢P71 1—p?

The special fiber of Spf O, , is Spec F,[¢, n, 1/(1 —¢P~H, 1/(1 —nP~H1/(¢n).
I claim every line bundle £ over it is trivial. Let L be H°(Spec O¢.n/ s L£). Then
we have the exact sequence

0>L—>L/¢cLY®L/(nL)=>L/(¢cL+nL)— 0,

where the inclusion is the canonical morphism and — is defined by taking their
difference. This sequence is exact because L is locally free and thus flat over
O¢ ./ p. Notice that L /(¢ L) defines a line bundle on

— 1
Spec O 1/(p.£) = Spec . 1—=r |

and hence has to be trivial. The same result holds for L /(nL). Also L/(¢L + nL)
is nothing but I]: Using these, it’s not hard to find an element that generates L. So
L is trivial.

Now we can find an element in H%(Spf O¢ .y, £) that generates £/p. But
HO(Spf O¢ .y, £) is p-adically complete, so this element actually generates the
whole H°(Spf O¢.p, £). Therefore L is trivial. (Here we use the fact that a surjective
map between two line bundles has to be an isomorphism.) (]

Thanks to this lemma, the restriction of £ on SZ ® an is trivial. We fix
an isomorphism between Q. & Z“f and Spf O, ,. Suppose x; is a generator of
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Ho(ﬁe ® Z\?} L1),and xp € Ho(ﬁe ® Z\‘;} L) is the dual basis under the isomor-
phism A., defined in the previous section. Let vy, v, be the elements given by
dy, d> under the basis x1, x,. Then we know that locally X is defined by xf’ = VX2,
Xg = UrX].

How to determine vy, v,? Our strategy is to compare the invariant differential
forms of X| computed in two different ways. First recall that the tangent space
T of the universal formal group over X is a rank 2 vector bundle over X that
naturally splits into a direct sum of two line bundles 7p, 77. So the sheaf of invariant
differential forms is its dual, namely T @ 7". The action of IT on Ty sends Ty
(resp. Tp) into T (resp. Tp), which we denoted by I (resp. I1;) in Section 2. Thus
IT§ (resp. 1) sends 77" (resp. 7)) to T (resp. T7) and the sheaf of invariant forms
wx,/X, of X1 = X[H] is

Ty /oIy @ Ty / T T
On the other hand, using Corollary 3.4, we know that this is also
L1/dr(L5") @ La/dy (LT,
It is natural to guess:
Lemma 6.2. T TETY = L1 /do(L37),  T)JTUTY = Lo/di (LE7).

Proof. If we restrict the action of Op to Z ., it acts by identity on Tp and by
conjugation on 7}. Recall that we fix an embedding of Z > into Op in the beginning.
This is just the definition of X being “special”. Now our desired identification
follows from a simple comparison of the action of Z;z in both ways. (I

Recall that all irreducible components of the special fiber of X are isomorphic
to I]j’[lfp such that the singular points are exactly P! (). From the explicit description
(4), (5) of I1p, I and the discussion in Section 2, we know that on an odd component
of the special fiber s, 7'/ TI;T}" is isomorphic to Dr. Ssng ip *[l?p, where sging is the
set of singular points of the special fiber on s, and ip : P — s is the embedding.

Restrict £y, £, d> : C?” — £ to s. From

L1/dy(L5") ~ T3/ TGTY ~ @ irsF,  (ons), ©)

P ESqing
it’s easy to see deg(L1]s) — deg(ﬁ?pls) =p+1.But £, =~ L], so
deg(Las) = —deg(Lyls). (10)
This implies:

Lemma 6.3. For any odd component s, deg(L1|s) = 1. Similarly, deg(Ls|y) =1
for any even component s’'.
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Now we would like to choose some good basis of £; so that vy, vy have a good
form. Using the isomorphism Q, ~ Spf O, we can identify two irreducible
components of its special fiber with Spec O ;,/(¢) and Spec O¢ ,/(n). Assume
the second one is odd and we use s to denote the corresponding component in the
special fiber of X( and use s’ for the other component. Moreover Spec O; , /() =
Spec [l?p[;“, 1/(1 — ¢P~1)] hence has an obvious embedding into [P’[lfp which can be
identified as the embedding into s.

Choose a global section x7 of £;|s such that it has a simple zero at infinity under
the identification above. It is a basis of H 0(Spec O¢,n/(m), L1). Then under this
basis,

. ®p~ ® ~ ~
dz.ﬁz _,CT p—)ﬁl, X1*®pl—>c(§p—§)xl

for some constant ¢ € I]?px, where x1* is the dual basis of x7*.

Notice that x7 is only defined up to a constant. If we replace x; by dxi, then
the constant ¢ is replaced by d~?~!¢. We can choose d = ¢!/?*1 to eliminate c.
More precisely, we can choose a section, which I still call X7 by abuse of notation,
such that under this basis, d5 is just multiplication by ¢? — .

We can do a similar thing for s’, which means we can choose a basis X, of
L3|spec 0;.,/(¢) such that under this basis, d; is multiplication by ¢'(n? —n). Here
we choose X3 so that x7, X>* can glue to a global basis x7 of £ |Spec 0.,/ (p) (see the
proof of Lemma 6.1). A priori we know nothing about the constant ¢’.

Now we can lift x to a global basis x; of L1 |[spec O¢.y» SO it determines a basis x, of
Ls|spec o, under the isomorphism A.,. And d|, d; are given by two numbers vy, v;.
The explicit description (4), (5) and Lemma 6.2 imply that

V) =Cuz, vV =nu (11)

for some units uq, uy € 0;,7. Note that uju, = —u because viv, = —w = —pu, by
Corollary 5.4, and n¢ = p. From our choice of x{, x;, we have

U2E§p_§(m0d 77)7 V1 Enp_n(mOd ;)7 (12)

SO
u, =P~ =1 (mod n), (13)
ur=c' (P~ =1) (mod ¢). (14)

This is because (¢, n) is a regular sequence in O¢ ;. In fact O, is normal. When
we take the product of the identities above considered in O ,/(¢, n) ~ F,, the
left-hand side is u# u; = —u, which is 1 modulo p (see Theorem 3.3), while the
right-hand side is just ¢’. Therefore:

Lemma 6.4. =1
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Notice that u, = ul_l (mod p), and (¢) N (n) = (p) in O¢ . It’s not hard to see
that:

p—l_l p—1
Lemma 6.5. ulz—n— (mod p), uz=-— ;“—

T - (mod p).

Now if we replace our x; by rx; for some unit r € O; . then X7 is replaced by
r~1x, and u; (resp. uy) is replaced by Py, (resp. r p 1uz) Write

_ -
up = - "
then r; = 1(mod p). Thus rll/(p+l) exists in O ,. Hence we can modify our x; to
make u; = —(n?~! = 1)/(¢P~! = 1). In summary:

Proposition 6.6. We can choose appropriate bases x1, x2 of L1, Ly over
Q ® an ~ Spf 05,7]
such that they are dual to each other under )., and under these bases,

n? —n

. r® ®

dl : ﬁl P — £2, X1 pl—) —W—_IXQ, (15)
. p® ® ¢h=¢

d2.£2P_>£1, xzp _)u—nl’*l—l)q. (16)

Corollary 6.7. The restriction of X to Q. ® fm >~ Spf O, is defined by

p_
spfog,n[xl,xz]/(x1 n ;Z —1 xz,x;—uniilflxo. (17)

Similarly, the restriction of f]\?r to Qe ® Z%r is defined by

p_ pP_
Spf0¢,n[xl,xz]/<xf’+Jw—lsz,xf—uni_lflm, (X1Xz)”_1+pu)- (18)

Proof. The first statement follows from the above discussion. As for 2” notice

that xx; is just rr ¢, defined in Corollary 5.5. So this is the definition of E“r. ]

Fix a ii; = (—u)"/?’=D in Z,. If we replace x| by i1x1, and xp by @t x,
then our new X1, xp are dual to each other under u ”1 ~1 c,- Under this basis,
X1Xp = ul o )‘El

Corollary 6.8. The restriction of X to Q. ® Z\?f >~ Spf O, is defined by

Spfog’n[xl,xz]/( +;Z x, g gp 51”)'

Similarly, the restriction of i\?r to Qe ® Zgr is defined by

Spf O¢ ylx1 x2]/<xp+np—_nm xp+§p—_§x1 (x1x2)P ! —p)
G R TR :
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Suppose e = [s, s'] and we have (1), (2), and (3). Then ﬁs/ ® Z\f;,r is obtained by
inverting 1 in O, and taking the p-adic completion. Therefore, we have:

Corollary 6.9. The restriction of X to Q& Z\f;,r o~ Spfff;,r[n, 1/(n? — n)]A is
defined by

o~

_ 1 p_ p
Spr’;,r[n, —771’—77] [xl,le/(xlp—l-—(p/z)p_?_lxz x5 —(p/gz)v 1_(119/77) )

Similarly, the restriction of f]?r to §3/ ® Z\’;,r is defined by

o~

SprAf,‘f[n, 1 ] [x1, x2]
" ’ (p/m)P—(p/n)
p n”—n p/mP=(p/n p—1_
/(xl + (p/n)l’*l—lxz X2 + P T—1 x1, (x1x2) P)-

7. The action of GL2(Q,) on flﬁr and a descent fl to Z

Recall that we fix an embeddrng Ly — an In this section, I want to describe
the action of GL,(Q,) on E“r Asa corollary, we can descend the formal model
from Z“f to Z,> by taking the p-invariants”, where p is considered as an element
in GLz(@ »)- This descent is not quite canonical. On the other hand, as we explained
in the introduction, it suffices to prove Theorem 1.1 when the central character is
trivial on p, and this is exactly the descent we are considering here.

Denote the canonical morphism 2” — Xo by m and 1(Q ® Z“f) by Zl o

o (Q ® an) by E{‘rv, for edge e and vertex s. Then {E“r }e is an open covering
of E“r such that each open set has a nice description as in the previous section.
Then the action of GL,(Q,) on this covering can be identified with the action on
the Bruhat-Tits tree.

Now let s0 be the central vertex defined in Section 2. Then, GL,(Z,) acts
on Em . I want to write down explicitly this action under the identification in
Corollary 6.9. Since 7 is GL,(Z))-equivariant, we only need to describe the action
on x, xo. However it’s clear from the equation in Corollary 6.9 that x, can be
expressed using x| because n” — 1 is invertible. So it suffices to describe the action
on xj.

We first observe that 75" /(IT;; T*) o~ £1/d2(£®p) isa free O, /p-module of rank
one with a basis xi. Recall O, = an[n, 1/(n? — n)] In Section 2, we gave an
explicit description (6) of the action of GL>(Z,) on T, which is given by

* 1 an+c\ « _(a b
Fmey = gy (bn+d)60’ &= <c d)
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for some basis e;. So if we write x| = f(1)eg, for some f(n) € (O,/p)*, then the
action of GL»(Z,) on x; in O,/p is

1 an+c 1
gt = g F (g ) T e (19)

Notice that on ™

1,s°
1 _ 1)~
P = (P — mxixa = (P — ) (=) "V PVIE (mod p).

Thanks to Proposition 5.9, we know how g = (‘C’ Z) acts on the right-hand side:

g((m” —m) (=)~ /PHVRL )

_ an+6>”_‘”7+c>_ ~1(p=D (g _ =11
_<(bn+d pnta) Y (ad =be) e,

Here we use the fact y;(det(g)) = det(g) (mod p). An easy computation shows
X 8 8 14 y p
this is just (1/(bn +d))PH (n? — n)(—u)_l/(p_l))le
But from (19),
1 p+1
= (ra) G ron)

Comparing both expressions, we have

an+c\Pt P+ _f(a b
f(—bn+d) = fapr*! forany g= (" V) € GLaZ,).

Since f(n) € (0,/p)* = E[n, 1/(n? —n)]*, it can only have poles and zeros
at [,-rational points. Now GL,(Z,) acts transitively on these points, so f(n) has
to be a constant. In other words:

Proposition 7.1. The action of GLy(Z ) on the special fiber of fﬁé is given by

g(x) = ——xi (modp), g= (j Z) € GLa(Z,).

1
bn+d
Corollary 7.2. This action factors through GL;([F,).

What’s the action of GL,(Z,) on E/l\nrs, ? Using Proposition 7.1 we can write
20

p+1 _ 1
glxn) <b +d

for some h(n) € O, which only depends on g. Then:

)" phony)

Proposition 7.3. glx)) = X1(1 + ph(n)V/@+D,

where (1 + ph(n)V/P+D =14 1 p+1 ph(n) + - - - is the binomial expansion.
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Now let eg be the edge that connects the central vertex s; and the vertex so that
corresponds to GLy(Z,)Q - w, where w = (g o' )- Then w acts on Enr What
is it?

We fix an 1som0rph1sm of E“re with the explicit formal scheme described above.
On Qeo ® an >~ Spf O 5, the action of w is given by

14 14
WH_:_Q f*_)_:_ﬂ’
- ¢
and acts as the (lift) of arithmetic Frobemus on an Notice that w interchanges £
and £, because it acts semilinearly (over an) Usmg this, it’s not hard to see w
has the form

X1 — wWiXxy, X2 = WwoXy,

where wi, ws € O;n
An easy computation shows that w1, wy must satisfy the following relation:

wf = —ws. (20)

Since w € {g € GL,(Q),) | det(g) € p?}, we can apply Proposition 5.9, which
tells us xjxp = )CZI is invariant by w. So,

wiwy = 1. (21)

Combining these together, we get:

Lemma 7.4. The action of w = (g o) on =i, is given by
X1 = wixz, Xxo > wflxl,

1
where wy € Z* 2 satisfies wer =—-1

Now we are ready to prove the main result of this section:

Proposmon 7.5. E“r can be descended to a formal scheme T overZ p2e In fact
T = E“rp the formal scheme defined by the p € GL,(Q),)-invariant secttons of Enr

Proof. 1t suffices to prove this locally, so we only need to work on Enr Since
GL,(Q)) acts transmvely on this covermg, and p is in the center of GLQ(@ )
we can just work with Em Qeo ® an certainly descends to Z .. The question
is whether the descents of El, Ly, d, d2 are effective. We show this by explicit
computations.

Choose ¢ € an such that ¢cP+! = vlw1 , where vy is a choice of (p— 1) th root
of —1, then c is a root of unity, and Fr(c) = cP. Define e = cxy, € = ¢ 'xp. We
have

~ 2 _ 2 _
w?(e) = w(Fr(c)wix2) = w(c?wixz) = c? wfwl lyi=c? lwf le = —e.
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Similarly, w?(e’) = —e’. Notice that p = —w? and —1 acts on xj as x;(—1) "' =—1
(the action of Z; in GL,(Q),) is the inverse of the action of it in O}). So e and ¢’
are invariant by p, and £, £ can be descended to Z P2
What about d;, d»? Now
dy : e®P > —cpH—np_77 e
: T—1¢
Since ¢P*t! = (—1)1/(P_1)w1_1 € Z,2, dy is defined over Z ,>. A similar argument
works for ds. |

Remark 7.6. Sometimes e also denotes an edge of a graph. I hope that it is clear
from the context whether e refers to an edge or a section of £; (locally).

Corollary 7.7. (1) The action of GL,(Q),) can also be defined over fl.

2) fl has an open covering {ET;}E indexed by the edges of the Bruhat-Tits tree,
such that this identification is GLy(Q)-equivariant.

3) 2/1; is isomorphic to

-~

1 1 '
Z,ﬂl:{a n’ l_é_pil’ 1_nP*1’e’e:|
Spf Oc.or = Spf 1 nP—n 1, §P—¢ 1 ’
P — ’Ip — Y 2t S —
(e Fowr e ¢ v e (e€) p, g p)

where w; = (=D @D s a (p>—1)-th root of unity, and v, is a choice of
(p—1)-th root of —1.

(4) The action of w on 2/1;) is given by

e vie, e~ vl_le.
Remark 7.8. The reason that everything can be defined over Z ., 1 believe, is
that the universal formal group can be defined over Z .. This is because when

we formulate the moduli functor it represents, the “unique” 2-dimensional special
formal group of height 4 and all endomorphisms can be defined over F..

8. A semistable model of ):7\1

In this section, our goal is to work out a semistable model of 3| as a formal scheme
over Z, (not Z2!). Notice that 2 has a structural map to Spec Z ,». Hence if we
change our base from Z, to Op,, then

S1 Xspecz, Spec O, ~ T U Z]. (22)

Here Ei is the same scheme fl but with twisted map to Op,. Recall that Fj is the
unique unramified quadratic extension of Q,, and we fix an isomorphism between it
and Q> in the beginning. Hence we may identify ¥, as a formal scheme over Of,.
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Therefore we only need to work over the scheme fl as a scheme over ASpec 7z p2s
and use the equation above to translate everything into the Z,-scheme X;. I hope
this won’t cause too much confusion.

I say a formal scheme X is a semistable curve over Spec R, where R is a complete
discrete valuation ring, if:

(1) The generic fiber of X is smooth over the generic fiber of Spec R.
(2) The special fiber of X is reduced.
(3) Each irreducible component of the special fiber of X is a divisor on X.

(4) Each singular point has an étale neighborhood that is étale over

Spec R[x, y]/(xy — ),
where 7, is a uniformizer of R.

Back to our situation; we first work locally on f] , SO we just work with 2/1;.
Moreover we can assume e = ¢g defined in the previous section and use the results
there.

First notice that in O, . (see the notation in Corollary 7.7), ee’ = ﬁl_p _I)CZI (see
the equation before Corollary 6.8 and recall in the proof of Proposition 7.5, x1x; =
ee'), so it is a globally defined section on fl, and satisfies (ee’)?~! — p. Now if we
do base change from Z ,» to Z [ p'/(?=V], the generic fiber of Spf O, .[p'/ P~ "]
will split into p—1 connected components. Each connected component corresponds
to a choice of (p—1)-th root of p. Adjoining e’/ p' P~ = a7 ?~' X7, /p' @~V into
O, p/(P=D7 which I would like to call 0! . the formal scheme also splits into

e e’
p—1 connected components, namely,

) 1
Opv=[1 Olvon-

p=1_
@ =p

Explicitly, O, ,, . is

;0]

. 1 L
1/(p=1 !
sz[p ]I:’%é-seaeanpil_l’é-pfl_l]

p_ P )
e’ +vw;! - e, e” +vlw, ¢ =¢ e, ee —w
bogr1-1 1 nP1—1

Now, we have (write @ as p!/(P~1)

p_ p_
Pt =l o=y 0 o=yt 0 =D
1 é-pfl _ 1 1 §p71 _ 1

e
= —w, ;P—l—l( p) .
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Recall v; is a (p—1)-th root of —1. This clearly shows that if we adjoin a (p>—1)-th
root of — p, then the normalization of this ring contains e/((— p)/P=D)1/(r+D =
e/(—p)V/P*=D_ Similarly, ¢’ /(—p)/?*=D is also contained in the normalization.

Definition 8.1. Let @ be a fixed choice of (—p)l/(pz_l). Define F = Fy[w ], and
Or as the ring of integers inside F.

We change our base from Spec Z > to Spec OF via the fixed identification between
Q,2 and Fp, and take the normalization Ofge,e’,wl [eor] (it’s not hard to verify it’s
integral). Denote the normalization by O, . -, [@]. I claim basically this is just
adjoining e/w, ¢’ /w.

Lemma 8.2. O:;/,wl @] =

1 e e
OF[U,C, = §P 1 g]
e \PH! nf—n (€t C C ee . 1)
((5) oy Eé‘l’ _ ’(5) U wlé 1 oo @
where & = % isa (p—1)-th root of —1.

Proof. 1t’s clear both sides become the same after inverting p and certainly the
right-hand side is contained in the left-hand side. Thus it suffices to prove the
right-hand side is normal. First, since the generic fiber is smooth, there is no
singular point on the generic fiber. Now if we modulo @, the uniformizer, it’s
easy to see the only singular point is the maximal ideal (e/w, ¢’ /@, @). We only
need to show (e/w, ¢’ /@) is a regular sequence. Simple calculations indicate that
the right-hand side is p-torsion free, so e/z is not a zero divisor. In fact this
already proves that the right-hand side is integral. Modulo e¢/w, the right-hand
side becomes Z 2w ]/ (@ P~ D¢, €' /@ ]/ (€' /@ )Pt +a(¢P —¢)) for some unit a.
The element ¢’ /o is clearly neither a zero divisor, nor a unit. So we’re done. [

Remark 8.3. The special fiber of 0:;/@1 [zo] has two irreducible components,
defined by e/ = 0 and ¢’/ = 0. Each one maps to an irreducible component of
the special fiber of €2, X specz, Spec OF, and has the form

1
F [x, v, ﬁ]/()’p —y —exPTh,

where ¢ is some root of unity. So each irreducible component is smooth and is
an open set of an Artin—Schreier curve. In fact, if we do not split these connected
components, then the special fiber is isomorphic to

1
By [x’ Y ﬁ]/((y” — )P w2,
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which is an open set of a twist of Deligne—Lusztig variety of GL,([,) (see [Deligne
and Lusztig 1976, Section 2]). More precisely, if we invert x and define X = 1/x,
Y = y/x, this curve now has the form (XY? — Y XP)P~! = —w, -2,

Notice that O:;/,wl [z] is not semistable, because locally the singular point is
defined by (e/w)(e'/m) — wP~1g, where £ is some unit. To get a semistable
model, keep blowing up the singular points until our scheme becomes regular. In
fact, we need to blow up [(p — 1)/2] times. On the level of special fiber, this
singular point will be replaced by p —2 rational curves in this process. After this,
we finally get our desired semistable model of 21 e XSpecZ,» Spec Or.

So far we have been working locally on 31, but our construction above can be
done globally. First, we change the base to Spec Or and adjoin u, A o, /P!
(equivalently, )CZI /@ P~1). Here, since the difference between o ”~! and a (p—1)-th
root of p is a (p — 1)-th root of —1, it doesn’t matter which one we use. Then our
formal scheme will split into p — 1 connected components, indexed by (p—1)-th
roots of —1. Now take the normalization of each connected component. Call the
total space ET,JOF. For each component, it is clear from the above explicit local
description that the dual graph of its special fiber is the same as Q’s, which is
nothing but the Bruhat-Tits tree. Finally, blow up each singular point to get rid of
singularities and we end up with a semistable model of fl XSpeeZ,» Spec Or.

Theorem 8.4. fl (over Spec Z »2) has a semistable model ET\OF over Op, such
that:

Q) EEF has (p — 1) connected components, indexed by (p—1)-th roots of —1.

(2) The dual graph of the special fiber of each connected component is the graph
adding p — 2 vertices to each edge of the Bruhat-Tits tree.

(3) Vertices that come from the Bruhat-Tits tree correspond to some Artin—Schreier
curves (yP*! = c(x? — x) in P2, where ¢ € [F;z). Singular points are points
with y = 0. If we put the p — 1 connected components together, then a dense
open set of it is isomorphic to the Deligne—Lusztig variety of GLy(F,) over
any algebraically closed field.

(4) Other vertices correspond to rational curves. Singular points are zero and
infinity.

Proof. We only need to prove our assertion for the special fiber. In the previous
discussion, we already know the dual graph of the special fiber of each connected

component of E,;,()F is the Bruhat-Tits tree. Since blow-ups replace each singular
point by p — 2 rational curves, everything is clear. (]

Let 7 and 77 be the canonical maps from EEF and E/;/OF to Q X Specz, Spec OF.
For each edge e of the Bruhat-Tits tree, we can define X; o, . and X1 g, . as
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1(Q X SpecZ, Spec Or) and 7~ (Q Xspecz, Spec OF), respectlvely Slmllarly
we can define 21 Op.s = 21 or.s for each vertex s. Define 21 OF,e.&> 21 OF 5.6
21 Op.e.E 21 Op.5.E> Where Eisa (p 1)-th root of —1, as the corresponding con-
nected component of 21 Op.e> 21 1.0p.s> 21 OF.e5 El .0r.s- Note that in the notation
of Lemma 8.2, 21 ,Op,e,e =Spf 06 o wriglo].

In Lemma 8.2, we have an explicit descrlptlon of 21 or.e- To simplify notation, I
will use e, &’ for e/w, €'/ . Now let s’ be an even vertex (for example, the central
vertex ). It’s not hard to see that

— —~ 1 1,/ B p_
X1,0p,56 = 51,0556 SpfOF[ﬂ, nP—n’ e]/<€p+l +viw, ISM),

(p/mPr~'—1
(23)
— L /(01,2 nP—n__\"!
EI,OF,S/_EI,OF,S/—SpfOF[TL np_ﬁ,e]/(ep +w1<(p/n)T—l) )
(24)
If s is an odd vertex, then similarly we have
— o ~ 1 ~/ ~/p+1 —1 é‘p — C
X1,0p.5.6 = X1,0p,5.8 = SPfOF[f, @, e]/<€p +v w1$W>,
(25)
— o~ 1 N o e p—1
El,op,s—zl,oF,s—SPfOF[C, gp_g’e/]/< " wy (W) )
(26)

Remark 8.5. If we view 2/)\1 as a Z,-scheme, then 2/)\1 Xspecz, Spec Of has a
semlstable model over Spec OF, Wthh I call Efo)o Itis canomcally isomorphic
o o1 o U El op» Where 21 oy 18 isomorphic with E/I\OF as a scheme, but the
structure morphism to Spec O is twisted: O — Of is the unique automorphism
that fixes @ and acts as Frobenius on Op,. We use g, to denote it as an element
in Gal(F/Q)).

From now on, I will use the exponent (0) for everything that is base changed

from Z, to Or. For example, we can define EI(O)OF o Zfo)o s - Also we use
the exponent ’ for things with same underlying scheme but with twisted structure

morphlsm to OF For example s

1,0f,s’
~(0)
21 Op.s = ZLOF,S UEI,OF,s’ e

X Op.s.&+ - - Under this notation, we have

9. The action of GLy(Z,), Gal(F/Fy), O} on %19, and %1, o,

By acting on the first factor, we have an action of GL,(Q,) on fl X Specz, Spec Of

which extends naturally to our semistable E(O) Since GL,(Q),) will mterchange

Zl o and El o~ it does not act on ZT\OF The reason is that g € GL2(Q),) acts on
2 by Fr”P(det(g)) However, GL,(Z),) acts on 21 Or-
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So how does GL»(Z ) act on the central component E:,\cyp,s(’) of 2/1,\01; ? We have
an explicit description above (23), (24). We will fix this identification from now on.

,é]/(él’+1+v1w;1§&), 27)

Xy 0p.5)6 = Spf OFO[w][n,

nP—n (p/mP~1-1
S 0. =SpfO o) /(67 1 4w (— =Ty, (08
1.0p.sy = SPFOnlr ]|, - @ /e il ) ) @9

Proposition 9.1. (1) The action of GL,(Z,) on ET,/OF,S(/) = E/;OF,X(/) is given by

i i b
¢(8) = ¢ (mod p), g= (i d) € GLy(Z,). (29)

bn+d
So it factors through GL,(F,) when acting on the special fiber.
(2) g € GLa(Z,,) maps %1 o, 5,.& 10 T1.04 55,6 11 (det(s))-

Proof. Since ¢ = e/w, we can apply Proposition 7.1 here and everything is clear
except for the claim that how it interchanges connected components. Notice that
the “£” component is defined by ﬁl_p _1)»’21 — wPTlE. So our claim follows from
Proposition 5.9. (]

Corollary 9.2. The identification of the special fiber of ET,/OF,S(/) with a Deligne—
Lusztig variety is GL,(F))-equivariant.

We will come back to this point later when we review Deligne—Lusztig theory.
For X1, o, since we change our base from OF, to Op, there is a natural action
of Gal(F/ Fp).

Definition 9.3. @&, : Gal(F/Fy) — 0;0 is the character given by s (g) = M

2]
[
Any other character is a multiple of @j.

Remark 9.4. Another equivalent definition of @, is as follows: By local class field
theory, it suffices to give a character of F;*. This character is trivial on p%, and on
0;0 it is given by first reducing modulo p, then taking the inverse of the Teichmiiller
character. Our convention on the local Artin map is that uniformizers correspond to
arithmetic Frobenius elements.

Remark 9.5. Recall that we defined two characters yi, x2 of (Op/I1)* (see
Definition 3.2). Using the above remark, the relation of x; and @; can be described
in the following diagram:

X < Artpo — ab
7%~ 0 — Gal(Fo/ Fy)

Lk



First covering of the Drinfel'd upper half-plane 439

where the left arrow is our fixed embedding of Z > into Op, Artg, is the Artin map
in local class field theory, the isomorphism between Z;z and O}; is the one we
fixed in the beginning.

Under the isomorphisms (23)—(26), we have:
Proposition 9.6. The action of g € Gal(F/Fy) is given by

g@ =an(g) e, g@) =an(g)'¢. (30)

This is trivial because ¢ = ¢/w, and ¢’ = ¢'/w.
The last group action we want to consider here is the action of Oj;.

Proposition 9.7. Under the isomorphisms (23)—(26), for d € O}y,
d@) = xi1(d)e, d(@) = x(d)é'. (31)

Remark 9.8. The action of Op on E/i\OF is a twist of what we considered above:

d(@) = Fr(x1(d))é = xa(d)e = x1(d)Pé,  Vd € 0. (32)
d(@) =Fr((d)é = x1(d)é = x2(d)?é, Vd € OF. (33)

Here I identify E/i,\op with 2/17\0,, but with twisted structure morphism. And by
saying x2(d) I consider it as an element in the “Op” coming from the structure
map, not the Z 2 coming from the original scheme fl However, the action of
Gal(F/ Fy) is the same, not twisted. Another way to see this is using a g € GL,(Q),)
with vp(det(g)) odd, then 18 sends El Op.s tO El Or.sg" Finally, g, € Gal(F/Q,)
interchanges 21 or and El o, DY acting as Frobenius endomorphism on Op, but
fixes other things under the isomorphisms (23)—(26).

10. Another admissible open covering of the Drinfel’d upper half-plane and
the generic fiber of X1 ¢,

In this section, we work on the generic fiber of everything we considered before.
The main result of this section is a description of the generic fiber X r of 21 Or
(and a similar result for the generic fiber ={°), of E(O) ).

Recall that ¥; is the generic fiber of Z“r. The latter is defined by two line
bundles, L1, £, and maps

di: L2 — Lo, dr: L3P — L (34)

(see the beginning of Section 4). Denote by Ly ;, L2 5, d1 5, d2,, the restriction of
the corresponding item to Xy, the generic fiber.
First we observe:

Lemma 10.1. Any line bundle over Xy, the generic fiber of the Drinfel’d upper
half-plane (and base changed to 7%), is trivial.
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To do this we need another admissible open covering of Xj, which is described
in [Drinfel’d 1974] (“topological” analog) and in [Schneider and Stuhler 1991] in
detail. Let me recall it now.

Define

Up(Cp) ={z€Cpllzl =p", lz—al = p™", Ya € Q,}, (35)

where | - | is the canonical norm on C, such that |p| = p~!. Notice that we only
need finitely many a to define this set, so U, can be identified as an open set of P!
by removing some open discs. Therefore U, is an affinoid space. In fact, we can
identify it as an affinoid subdomain of a closed unit ball.

Remark 10.2. Another way to construct U, is by using the formal model we already
have. We can define a distance of two vertices of the Bruhat-Tits tree by counting
the number of edges on the unique path between these two vertices. For example,
two adjacent vertices have distance 1 and any vertex has distance 0 with itself. Now
define Z,, as the set of vertices having distance < n from the central vertex. Let Qg
be the union of €2, such that e is an edge between two vertices in Z, and Qy, = Qsé.
Then U, is the generic fiber of Q2.

It is clear U, C U, 4+ and | U, = €, the Drinfel’d upper half-plane. Also it’s not
hard to verify the open covering {U,} is admissible. Let Oy, be the ring of rigid
analytic functions on U, (over Q). The key property we need is:

Lemma 10.3. The image of the canonical inclusion ¢, : Oy,., — Oy, is dense
under the canonical topology on Oy,.

Proof. Choose ay, ..., a, € Q, such that {B(a;, p™")}; is an open covering of
p~"Z,in Q,, where B(a;, p~") is the open ball centered at g; of radius p™" in Q.
Now when we define U,, we can use ay, ..., a,, rather than all a € Q,. Thus,

Oy

n

+00 m 00 n k
={F(z)=Zbo,k(p”z)k+22b,-,k(zl_’a_) |b,~,ke@,,, khrfoob,-,k=o,vl'}.
k=0 i=1 k=0 i -

We define a norm | - |, on Oy, by |F(2)|, = sup; ;|b;«|. This is nothing but the
supremum norm: |f|, = SUP, Spm Oy, | f(x)]. Now the Q,-algebra generated by
z,1/(z—a;) i=1,...,m)is dense in Oy,. But these functions are defined over €2
and so live in Oy, . O

Remark 10.4. Notice that in fact p"z, p"/(z —a;) (i = 1,...,m) are affinoid
generators of Oy, over Q, in the sense there exists a surjective map from the Tate
algebra Q,(To, ..., Ty) to Oy, that sends Tj to p"z and other T; to p"/(z —a;). If
we restrict p"z or p"/(z —a;) to U,—1, by definition of U,,_1, its norm is less than 1
(in fact < p~1). From this description, it’s easy to see U,_; is relatively compact
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in U,. See [Bosch 2014, §6.3] for a precise definition. A direct corollary of this
is that the inclusion map Oy, — Oy,_, is a strictly completely continuous map in
the sense of [Bosch 2014, §6.4 Definition 1]. Another consequence is that €2 is a
Stein-space as defined in [Kiehl 1967].

Now we return to the proof of Lemma 10.1. We still need one more lemma:
Lemma 10.5. Any line bundle on U, is trivial.

Proof. It suffices to prove Oy, is a principal ideal domain. It’s obvious that Oy, is
regular and hence normal. So we only need to show every maximal ideal of Oy, is
principal. But we know U, is an affinoid subdomain of a (one dimensional) closed
unit ball by removing several open discs centered at Q,-points, with radiuse L.
Our claim follows from the fact that Q,(T'), the Tate algebra, is a PID [Bosch 2014,
§2.2 Corollary 10]. U

Proof of Lemma 10.1. 1 learned this argument from [Kiehl 1967, proof of Satz 2.4].
Since {U,}, is an admissible open covering of 2 and every line bundle on U, is
trivial, a line bundle on Q is equivalent with a 1—cocycle: {f;;}i<;, fij € 0&,,
such that

Jij®ji (fik) = fik

fori < j <k, where ¢;; is the canonical inclusion from Oy; to Oy;. It’s easy to
see that f12, f23, ... determine all f;;. Two cocycles { fii+1)}, {fi/(i-i-l)} define the
same line bundle if and only if there exists {g;}, gi € 0&, such that

fii+n8idi(gi+s) " = flipy, Vi= 1.

Now let { fii+1)} be a fixed cocycle. Define g = 1 € Oy,. Thanks to Lemma 10.3,
we can find g/, € Oy,, i > 1 by induction, satisfying

=g} fiasndi (gl i < 5
This implies, after modifying our cocycle, we can assume |1 — fii41)li < 2—5
Now define g; = ]_[j';l ¢ji(fj(j+1))*l. Here ¢;; is the identity map. Notice that
| f1j = 1¢;i(f)li for f € Oy;; see Remark 10.4. So the infinite product makes sense
by our assumption. But now f; ;418 ¢i(gi+1 )~! = 1. Therefore it corresponds to
a trivial line bundle. O

Although our proof is working over the base field Q,, the argument still works
if we change the base to other fields.

Corollary 10.6. L, and L, , are trivial line bundles.
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Now let E; be a basis of £, and E} the dual basis of E; under the isomor-
phism A.,. Then d;, d> become two elements Uy, U in H 0, Oy,) such that X
is now defined by

OxlE1, EY1/(EY — UEY, (E))? — U2E)).
We know E ET = ):Z], so U1U; = —w (see Corollary 5.5). ¥ is
OxlEr, EXN/(EP — U E}, (ED)? — U2Ey, (E1EF)P ™!+ w).
Since w is invertible on the generic fiber, so is U;. We can write Ef = E f’ U L

Proposition 10.7. ¥ = OXo[El]/(Ef’z_l " Ulp—lw)'

In other words, X1 is Xy adjoined with a (p*>—1)-th root of a rigid analytic function
on Xy.

Remark 10.8. If we are careful enough in the beginning and take E;| to be p €
GL,(Q))-invariant, we can descend our description to Op,. This means we have
the same description of the generic fiber 31 ¢ of ¥ o;.

Corollary 10.9. X  is a Stein-space.

Proof. As we remarked before (Remark 10.4), U, is relatively compact in U, 4;. It’s
easy to see the open set of X1  above U,, which we denote by V,, r is an affinoid
space and relatively compact in V41 . U

11. De Rham cohomology of X1 r and Z{?},

Let Q%L . be the sheaf of holomorphic differential forms on ¥ r and 9%1 =03, ;.
Then we can consider the de Rham complex:

0—> Q% Lo . (36)
where d is the usual derivation. Define the de Rham cohomology:
Definition 11.1. H(;R(El, P& ith hypercohomology of the de Rham complex.

Remark 11.2. In a pair of papers GroBe-Klonne [2000; 2004] introduced a theory
of de Rham cohomology for rigid analytic spaces. His approach uses the over-
convergent de Rham complex rather than the usual De Rham complex. However
in our case, they are the same since Qy, , is a Stein space [GroBe-Klénne 2000,
Theorem 3.2].

Thanks to Kiehl [1967, Satz 2.4.2], we know that all higher cohomology groups
of Q%l o le . vanish:
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Proposition 11.3 (de Rham cohomology).

Hy (1) =ker(H)(Z1 7. Q% ) -5 HY(Z1r, Q5 ) =F, (37
Hp(21,F) = coker(H (2 r, Q% )~ HO(Z1.r, Q5 ). (38)
Hix(Z1.7) =0, Vi >2. (39)

We can put a certain topology on Hle(EL r). This is done by writing:

HY(Zyp, Q5 ) =limH(V, p, Q) fori=0,1.
n

See the proof of Corollary 10.9 for the notation. Since each H O(Vn, F, Qiz._F) is a
Banach space and has a canonical topology, we can equip H(Z F, QiEl,F) with the
projective limit topology. Now V,, r is relatively compactin V,4 r. As we observed
in Remark 10.4, the transition map from HO(VnH,F, QiEl.F) to HO(Vn,p, Qi&,r) is
completely continuous. Using Corollary 16.6 of [Schneider 2002], we have (notice
that a completely continuous map between two Banach spaces is compact; see
Proposition 18.11 of [Schneider 2002]):

Proposition 11.4. H*(Z; f, Qizl o), 1 =0, Lis a reflexive Fréchet space.
See page 55 of [Schneider 2002] for the definition of reflexive.

Proposition 11.5 [Grofie-Klonne 2004, Corollary 3.2]. The image of the derivation
map d : HO(ELF, Q%LF) — HO(ELF, Q%l F) is closed.

Corollary 11.6. H (X, r) is a Fréchet space.

But how to compute de Rham cohomology? We need our semistable ET\OF
constructed in Section 8. Let E (2/1,\(;}‘) (resp. V(ET\OF)) be the set of singular
points (resp. irreducible components) of the special fiber of 2/1,\0F. By definition,
we can identify them as the set of edges (resp. vertices) of the dual graph of the
special fiber. Now fix an orientation for each edge e € E (ETBF), and we use vT (e)
(resp. v~ (e)) to denote the target (resp. source) vertex of the orientation.

Definition 11.7. Let U, (resp. U,) be the tubular neighborhood of the singular
point indexed by e (resp. irreducible component indexed by v).

It is clear that {U,}, is an admissible open covering of X o,. Hence:
Lemma 11.8. We have a long exact sequence of de Rham cohomologies:
0> HR(E1r)— ] HRWO)-S ] HRW) - Hig(Z1F)
veV(Z1 0p) c€E(Z1.0p)

— [ HkO)L [] HikW..

veV(Z,0p) ecE(XZ1,05)
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where the arrows without labels are canonical restriction maps, and a, b are the
canonical restriction maps to v*(e) minus the restriction map to v~ (e) for an
element indexed by e.

Here the de Rham cohomologies of U,, U, are defined by the same method as
above. We note that they are not affinoid but Stein spaces.

We first look at U,, the tubular neighborhood of a singular point. It’s not
hard to see from the explicit description in Lemma 8.2 that U, is an annulus
{T | || < |T| < 1}. So its de Rham cohomology is: H(?R(Ue) = F, generated by
the constant function; Hle(Ue) ~ F, generated by dT /T, where T is a coordinate
of U,.

In Lemma 8.2, although we haven’t resolved the singularities there, de/e still
makes sense on the generic fiber, and it generates all of Hle(Ue) for any singular
point e above the singularity there. In fact, the process of resolving the singularities
xy — " is just “dividing” the annulus into several small annuli. For example, the
tubular neighborhood of xy —z" can be thought as the annulus {7 | |z |" < T < 1}.
For any e above this singular point, U, can be identified as {T | | 1 < T < |w |}
for some [ < n.

Recall that O} acts as characters on e, so acts trivially on H(?R(Ue)’ Hd]R(Ue)-

What about U,? There are two possibilities. One is that v corresponds to a
rational curve. U, is an annulus and the result is the same as U,. In particular Oy
acts trivially on their de Rham cohomologies.

The other one is more interesting. We will compute it in the next section. Some
notation here: recall that every such vertex can be indexed by (s, &), where s is a
vertex of the Bruhat-Tits tree and & satisfies £7~! = —1.

Definition 11.9. From now on we will use (s, £) to denote these vertices.

Definition 11.10. Denote the irreducible component indexed by (s, £) b _Y Us.¢ and
its generic fiber by U ¢. We also denote the smooth loci of Uy ¢ £ by U ¢ (viewed
as a subscheme in the spe01al fiber of Zl .or)- Notice that this is nothlng but the
special fiber of El,OF,s,s = El,OF,s,s- Define

U Us‘,é’

Ep-l=—1

and ITSO similarly.

Recall that in the beginning, we fix a finite extension E of Q,, that is large enough
and define x (E) as the set of characters of (Op/I1)* with values in E*.

Oy acts naturally on Hle(EL F) ®q, E by acting on the first factor. Since
the action of O} on X r factors through O /(1 4+ I10p), we can decompose
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H{x(31,F)Qa, E as

Hip(Z1.r) ®0, E= P (Hi(Z1.r) ®q, E). (40)
xE€x(E)
where (H{x (21,F) ®a, E)* ={a|d(a)=(1® x(d))a, ¥d € O}} is the x-isotypic
component.

Now tensor everything in the long exact sequence of Lemma 11.8 with E, and
take the x -isotypic component for a nontrivial character x € x (E). As we explained
above, Oy acts trivially on the cohomology of any annulus, so only the de Rham
cohomology of U contributes. In other words:

Lemma 11.11. For a nontrivial character x,

(Hig(Z1.7) ®a, E) > [ [(Hix(Us) ®a, E)*,

N

(Hi(Z%)) ®0, ) ~ [ [(HRUL) ®q, E)*
= [[((H&R W) ® Hi(U) ®a, E)”.

where s takes value in the set of vertices of the Bruhat-Tits tree.

It’s clear that GL,(Q),) preserves (H(}R(Ef?}) ®a, E)* because the action of
GL,(Q,) commutes with O5. Also g € GL»(Q,) induces an isomorphism from
U Y(O) to U, Y(g), hence an isomorphism from Hle(U Y(g)) to Hle(U S(O)). Note that the
set of vertices of the Bruhat-Tits tree is nothing but GL,(Z,)@}; \ GL2(Q)). Thus
we have:

Proposition 11.12. As a representation of GL2(Q)) over E, we have
(Hip(Z{°p) ®q, E)* = Indgr2(@ro- (Hip (UD) ®a, E)*

for any nontrivial character x € x (E). Recall that s is the central vertex. Here the
induction has no restriction on the support.

12. An Fj-structure of (H&R(Z{O},) ®q, E)* and the computation of H(}R(Us(f))

Recall that Fj is the maximal unramified extension of Q,, inside F and we fixed an
isomorphism between it and Q> in the beginning.

Following Coleman and lovita [1999], we can define an Fy/Frobenius structure
on the de Rham cohomology H(}R(Ef}). This means we can find an Fy-linear
subspace HF, equipped with a Fr-linear Frobenius morphism, such that Hg, ® g, FF >
H (}R(E{%). Let’s recall their construction in our situation now.

By Lemma 11.11, we only need to define an Fj/Frobenius structure on each

(HC}R(US(O)) ®q, E)*, in fact, each (Hd]R(US,g) ®q, E)* (using the notation from
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Definition 11.7). Theorem C of [GroBe-Klonne 2002] tells us we have a natural
isomorphism between Hle(Us’g) and Hr%g(US ¢/ F), the rigid cohomology of U 3 £
with coefficients in F' defined in [Berthelot 1986]. Recall that Ug £ is an open
set of Uy ¢ by removing (p + 1) [F,-rational points (each corresponds to an edge

connecting s). Then we have the following exact sequence:
0— Hj,(Usg/F) — Hi (U JF) - F®*! — F 0. (41)

Explicitly, we can construct an isomorphism ¥ ¢ : Us ¢ — F} ¢, where Fy ¢ is
defined as

[, y) e AL |y = v wiE (P —x), [x—k|>p~ /P D k=0,1,....,p—1,
x| <p1/(p*1)}

for an odd vertex s (even case is similar). If we restrict this isomorphism to the
generic fiber of X1 o, ¢ and use the description in (25), it is given by

x>,y (1= (p/)r~Hl/ et

where (1 — (p/O)P~HVPHD =1 —1/(p + 1)(p/¢)P~" + --- is the binomial
expansion. The rigid space F1 ¢ is clearly an open set of a projective curve Dy ¢
in IP% defined by yI’Jrl = vl_lwlé(xl’ —x). We note that Dy ¢ — Fj ¢ is a union of
p + 1 closed discs. Each disc is centered at a point with zero y-coordinate. We

denote these points by Co, ..., Cp,. Then, we have
)4
1 1 Res sum
0 — Hig(D1¢) — Hig(Fie) 2= P F 2 F -0, (42)
i=0

where Res is the residue map to each C;, and sum is taking the sum. A proof of this
can be found in Section IV of [Coleman 1989]. Notice that D; ¢ has an obvious
formal model over OF (in fact over Op,!), and its special fiber is nothing but (Tg
So we have a natural isomorphism between Hle(Dl,g) and Hr}g(m). Using these
isomorphisms, we can identify the two exact sequences (41), (42) with each other.

It is not hard to see O acts trivially on the residues. For example, near x =y =0,
t =y/(1 —xP~H/P+D is a local coordinate. Oy acts as a character on y and
acts trivially on x, hence acts trivially on dt/¢. Therefore if we tensor the exact

sequence (41) with E and take the x-isotypic component, we obtain:

Lemma 12.1.  (Hg(U;) ®a, E)* = (Hg,(Us/F) ®g, E)*.

Since we have a natural isomorphism H, ! g(a JF) =~ Hclrys(ljs /Fo)®F, F, there is
an Fy/Frobenius structure on (Hr%g(Us/F) ®a, E)X and thus on (Hle(US) ®aq, E)X.
Here H! (U;/F) is the first crystalline cohomology of U, tensored with Q p-

crys
Explicitly, as we mentioned above, Dy ¢ can be defined over Fy and its formal

model D’l,\ofﬂo,g over O, is a smooth lifting of Uy ¢. So the de Rham cohomology
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of Dl Ory.¢ can be identified with the crystalline cohomology of Us ¢ . Thus we
obtain an Fy-linear subspace inside HdR(D1 g). But to get a Frobenius operator, we
need to identify it with the crystalline cohomology.

Remark 12.2. For an even vertex s’, we can define similar objects:

Yy g Uy e — Fog, Do, D0,0F0,§7 ce
In summary, combining the above results with Proposition 11.12, we have:

Proposition 12.3. (H R(Eio}) ®a, E)* has an Fo/Frobenms structure that comes
from the crystalline cohomology of the special fiber of 2{0)0 More precisely, under
the identification of (H (0) r) ®a, E )X with

Indgfggg ;@X (HdR(U;(,?)) ®aq, E)*,
the Fy-subspace is

GL>(Q, _o
IndGL;EZ ))@X( crys Us((’))/FO) ®@,, E)*,

and the Frobenius operator is defined in the obvious way.

Remark 12.4. We can also define a monodromy operator, but for any y such that
X # x? itis zero on (H(}R(Eg?},) ®q, E)*. The reason is that the definition of
monodromy operator uses the cohomologies of the tubes of the singular points,
which do not contribute to the cohomology we are interested in. See [Coleman and
Iovita 1999] for the precise definition of monodromy operator.

As we remarked before, U_*o has a close relation with the Deligne-Lusztig variety
of GL,(F,) (Corollary 9.2), which we call DL. In fact, the open set

UO, ~ Spec F z[n e, ]/(e” Yt wimP —n)P™h

is GLy(Zp)-equivariantly isomorphic with DL over the algebraically closed field
(or up to taking a transpose of GL,([F,)). So we can apply Deligne-Lusztig theory
(established in [Deligne and Lusztig 1976]). Although Deligne and Lusztig [1976]
use [-adic cohomology, their results can be applied directly to crystalline cohomol-
ogy thanks to Katz and Messing [1974] and Gillet and Messing [1987]. Notice that
the action of O} on Ug,), which factors through O /(1 4 I1Op), can be identified
with the inverse of the action of a nonsplit torus (T(w)* in [Deligne and Lusztig
1976]) of GLo([F,).

Theorem 12.5. Let x (Fy) be the character group of Op /(1 + I10p) with values
in Fy (it’s generated by x1; see Definition 3.2). We can decompose

Cr)'s(U‘o/FO) - @ crys /FO)X

x'€x(Fo)
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into the sum of different x'-isotypic components. Each component has a natural
action of GLy(F,). Then:

(D HJm(U U, | Fo)* =0 ifand only if x' = (x)?.

) IfH Cryg / FO)X # 0, it’s an irreducible representation of GLy([F)).

(3) Hlyo(Uy/Fo)¥ = Hl,

among these nonzero representations.

Definition 12.6. Define p, as the representation ( Cryq(U /Fo)®r, E)* of GLy(F)),
forany x € x (E). The theorem above guarantees that different choices of embedding
Fy — E give the same representation.

Remark 12.7. Gal(F/Fy) also acts on
we have

(US(/)/FO)(X )" and these are the only isomorphisms

crys(U /FO)X By the results in Section 9,

crys(U /FO)X crys /FO)w2 )

the J)i(xl) -isotypic space for Gal(F/Fo), where i (x') € {0, ..., p>—2} is defined
~() — 4/ Using results in Remark 9.5, another
is the unique character making the following

as the unique integer such that x ]
equivalent definition is that w2(x )
diagram commutative:

Artr, _
z;z ~ 0p — Gal(Fo/Fo)™

~i(x")
l J’wz
X/

X X X
_ o~
0} 75~ 05

Recall that @, is defined in Remark 9.5.

Now I want to translate the theorem above to our situation. Fix an embedding
7 : Fy — E, and use T to denote the conjugate embedding. Let x' € x (Fp) be the
unique character that satisfies 7 o x’ = x. Recall that g, € Gal(F/Q),) is the unique
element that fixes @ but acts as Frobenius on Fj.

Proposition 12.8. Dy , < HomGLz([pp (py, (H Crys U(O)/Fo) ®a, E)) is a free
Fo®q, E-module of rank 2. Gal(F/Q,) and the Frobenius operator ¢ act on it
naturally In fact, Deyys, y is of the form

Derys,y = (Fo®q, E) - €1 ® (FyQq, E) - €2,
pler) =€, g@(e2) =(1Qcy)e,
=(@(@"®er, g-ea=(2(8)" ®1)ex, VgeGal(F/F),
8p €1 =€, Zyp-€r=¢e,

with ¢x € E and vp(cy) =1, m =i(x') defined in Remark 12.7.
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Proof. We can write (using the fact l?(,)o) = U_‘(f) L U_s/0 )
( crysw“’)/Fo) ®a, E) = (Hy Uy / Fo) ®a, E)* @ (Heyy (U, / Fo) ®a, E)”
= Hl\ Uy /Fo)" ®pyc E® Hyy(Uy /Fo)* @7 E
® Horys (U], / Fo) ®@iyx E @ Hopy (UL, / Fo)* @i E,

where x’ = (x')?, the conjugate character, satisfies 7 o x’ = x.

Recall that we can identify Ul with U, U’, but with different structure map to
Spec Fe. Us1ng Remark 9.8, such an 1dent1ﬁcat10n induces an isomorphism between
(U /Fo)X and H, (U’ /Fy)*'. By definition,

crys crys

Homgr,,) (0 Hcrys(Us’/Fo) ' ®yc E)~Fy®p: E

and similar results for other factors of ( Cryg(U U /Fo)®q, E)* follow from Deligne—
Lusztig theory. It’s easy to see Dy, =~ Fo ®@ E®? from these descriptions.
By Remarks 12.7 and 9.8, Gal(F/Fp) acts via @5' (as an Fy- vector space) on
Crys(U /FO)X ®F0 . E, and Hclrys(U’O/Fo)X ®rF,.z E and acts as a)2 on the other
two factors since i (x') =i ((x")?) = pi( X/) Remark 9.8 also tells us that 8¢ induces
an isomorphism between Hclrys SO/FO)X ®r,r £ and Hclrys(Us/O/Fo) Qryz E
Now, choose a generator f; of

Homar, ,) (0 Hclrys(U_sg)/Fo)X Q. E),

and define

e =1 +g, -1, e2=0p(e),

where ¢ is the Frobenius operator coming from the crystalline cohomology. We
need to verify our claim in the proposition.
First it’s easy to see e; is indeed a generator of

HomG,(r,) (px'+ Herys U/ FO)* ®ri.c E ® Hopy (U}, / Fo)* @i 2 E)

as a free Fp ®q, E-module and satisfies g - 1 = ((2)" ® ey, g € Gal(F/ Fy).
Next we verify the desired property of the Frobenius operator ¢. It’s induced by
the Frobenius endomorphlsm on Uy 5,» Which is nothlng but raising anything to its
p-th power. So it sends H! (U /FO)X to H (Uy /Fo)(X Y =H! (Uy /FO)X

crys crys crys

Therefore everything is clear except our claim for go(ez) This can be shown by
explicit computations. See the next lemma. (I
Lemma 12.9. Cy = —pr(wl_zi).

Proof. This can be done using Gauss sums. Since Cryg(U /Fy)*" is an irreducible
representation of GLo([F,), ©? acts as a scalar ¢, on it. It’s easy to see ¢y = t(Cy).
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To compute ¢, we only need to restrict to one component. So let & be a
root of £7~! = —1. Then Uy ; 1 £ can be identified as the curve in |]3’2 defined by

yPH = vwy le(xP —x). There is an action of
wpr1p) =laeFila’ =1

on it given by
a-x=x, a-y=ay, aec ,le_H([F;z).

Let x : pp+1(Fp2) = Fy * be the Teichmiiller character. It’s obvious that

(Uy, | Fo)* = Uy e/ Fo)*

crys crys (

the x ~/-isotypical component. Here i € {1, ..., p} is the unique number satisfying
i =mmod p+1.

On the other hand, [, also acts on lm, which comes from the action of an
unipotent subgroup of GL([F,):

b-x=x+1, b-y=y, bekl,.

This action commutes with the action of 1,+1(F,2). It’s easy to see Fy contains all
p-th roots of unity. Let ¥, : [, — F* be a nontrivial additive character. We view
p=x""x ¥, as a one dimensional representation of G déf,u p+1(Fp2) X Fp.

Using Lemma 1.1. of [Katz 1981], we know that the eigenvalue of ¢? on
( Cryg(U s &/ F0) QR F )? is (we will see later that this lemma indeed can be applied
to our situation)

~SWye/Fpe. i DE ~ Ztr(p(g))#Fm(F T}
gEG

where F,» is the Frobenius endomorphism of Uy ¢ 1 ¢ relative to 2 and Fix(F,2g -1
is the subset of Uy, 5([F ») fixed by F 2 g n Followmg the strategy of lemma 2.1.
of [Katz 1981], we can express S(Uso,g/[sz, 0, 1) as the Gauss sum:

SWye/Fpes e 1) = w6770 3y (a0,

xeF*
2

where ¥/ ,2 def v (‘[r[sz /5, (x)) = ¥, (x? +x). Notice that for any x € F;z,
1 ifxP4x#£0,
2 V@) =) el +0) = { —1 ifxP4x=0.

acky ack)

From this, it’s easy to see S(Us £/be,0,1) = wl(p_l)p(—l)i = wl_Zip (recall
vy - wf“ =Pl = ). Hence

Cy = —pt(wI_Zi). U
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Corollary 12.10. We have a Gal(F /Q ) x Op xGLo(Q p)-equivariant isomorphism:

F®F0 erys,x QF IndGLz(z )@xpx = (HC}R(EI(O}") ®@p E)%, (43)

where Gal(F/Q)) acts on the first two components, Op acts on the second, and
GL2(Q)) acts on the third. Moreover, Derys y ®F Indgligg%ﬂ))@; py maps to the Fy
subspace we constructed in Proposition 12.3.

Here we extend p, to a representation of GL,(Z,)Q/ by p acting trivially and
GL,(Z,) acting through GL, ().

Remark 12.11. It’s easy to see the dual representation of p, is p,-1, we use (-, -)
to denote the pairing of them. Then we can construct a pairing:

GL,(Q GL,(Q
(f1, ) = E[g]GGLz(Z,;)@;\GLz(@p)<f1 (&), f2(8)),

where is the compact induction. More precisely,

c-Indg 27l oy
= {f :GL2(Qp) — py1 | f has compact support mod GL,(Z,)Q,
fkg) = p, 1K) [ (), k€ GLoZ,)Qy, g €GLa@y)].

and IndCIL @ )@x Py 1s defined similarly without any restrictions on the support.
The sum makes sense because it only has finitely many nonzero terms.

This pairing induces an isomorphism Indglig(z Yoz Px = (c- Indglig(%))@x Py-1)",
the algebraic dual representation. We can rewrite the result in Corollary 12.10 as a

Gal(F/Q,)x Op xGL,(Q,)-equivariant isomorphism (Theorem 1.10):
F @y Derys,x ® (¢-Indgi2 (g py-1) = (Hi(Z%)) ®a, E)'.  (44)

By Corollary 11.6, there is a natural Fréchet space structure on the right-hand side
of the above map. In fact, we can describe this topology directly on the left-hand
side. Choosing a family of representatives of GL»(Z,)Q, \ GL2(Q),), we have a
noncanonical isomorphism between Indg’}?(z jQx Px and [[gy, (Z,)Q;\GL2(@,) Px 3
E-vector spaces. The topology is nothing but the weakest topology on this product
such that each projection to p, is continuous under the canonical (Banach space)

topology on p,.

13. Some considerations from Galois representations

Let’s recall what we have on D¢y , (see Proposition 12.8 for more details):

» Frobenius operator ¢: an Fy-semilinear, E-linear automorphism;
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» monodromy operator N, which is zero here;

e an action of Gal(F/Q),), which is Fy-semilinear, E-linear commuting with ¢
and N.

So if we have a decreasing filtration on Dr = F @, Derys, ., such that Fil' D is
zero if i >> 0 and is equal to Dy if i <« 0 and preserved by the action of Gal(F/Q,),
Derys, is called a filtered (¢, N, F/Q),, E)-module of rank 2. Moreover, if the
underlying (¢, N, F, E)-module is weakly admissible, Dcys , is called weakly
admissible. See Definitions 2.7 and 2.8 of [Savitt 2005] for the precise definition.
The importance of this kind of module is that we have the following result (see
[Savitt 2005, Corollary 2.10]).

Theorem 13.1. The category of E-representations of Ga, which become semistable
when restricted to Gr and the category of weakly admissible (¢, N, F/Q,, E)-
modules are equivalent. Here Gq, (resp. Gr) is the absolute Galois group of Q,
(resp. F).

Now I want to classify all two dimensional potentially semistable E-representa-
tions of Gq, that

» have Hodge-Tate weights (0, 1), and
o correspond to Dyys , if we forget about the filtration.

Proposition 13.2 [Savitt 2005, Proposition 2.18]. Any such weakly admissible
(¢, N, F/Qp, E)-module is of the form

DpF, n =<0,
Fil'(DF) = { (F ®q, E)(@ P V' ®a)e;+(1®@b)ey), n=1,
0, n>2,

where (a, b) # (0,0) € E2, and i, j are defined as follows: writem =i+ (p +1)j
withi €{l,...,p}land j€{0,..., p—2}
We denote the filtered module in the above proposition by D, 14 5. It’s not hard
to see
Dy la.61 = Dyr bee/p.~al - a0d Dy jap) = Dy fca,ch)-

So we may assume a =1 and v, (b) > 0 (recall that ¢, is defined in Proposition 12.8).
We use V(1) to denote the Galois representation it corresponds to in Theorem 13.1.

Now suppose we have an element f in D = F QF, Dcrys,x. How do we
check whether or not f is in Fil'(F ®p, Dy 1,p)) for a given b? First assume
f €Fil'(F®p, Dy 1.5). Write f = fi+f», fi € (F®aq,E)-e1, f»€(F®q,E)-e.
Then we must have

fi= (Z a; ® bk) (@P Vi@e, for= <Z ar ® bk) (1®b)ey,



First covering of the Drinfel'd upper half-plane 453

for some a; € F, by € E. Notice that g, ® ¢ is well-defined on F' ® g, Dcyys, , since
8y acts as Frobenius on Fj. Here g, is considered only acting on F, not on De;ys -

8y ®9)(f1) = (Z 8o(ar) ® bk) @P V" @ 1es.
On the other hand, g, (f2) = (Xg,(ar) ® by)(1 ® b)e>. Therefore,

(1®b)(g, ®9)(f1) = (@ @ 1)g,(f2).
A simple dimension counting shows that this condition is even sufficient. Hence:

Proposition 13.3. Suppose f € F ®p, Dcrys, . Write
f=h+r fieF®a,E) e, fr€(F®aq,E)-e.
Then f € Fil'(F ®p, Dy.1.)) if and only if

(1®b)(g, ®9)(f1) = (@ P @ g, (f).

Remark 13.4. In practice, we will assume f is fixed by g,; then the condition
above is simplified to (1 ®b)(g, ® 9)(f1) = (@ PV @ 1) f.

14. Construction of Banach space representations of GL2(Q,)

In this section, I want to construct some Banach space representations B(x, [1, b])
that should correspond to V)X (1.5) (UP to a twist by some character) under the p-adic
local Langlands correspondence.

First we define an integral structure ' of Q , the sheaf of holomorphic
differential forms, on 21 oy defined in Section 8 Recall that 3 ¢ 1,07 1s a formal
model of Ql . which is not semistable, but only has some mild singularities
xy—oP~ 1) From now on, I will do all computations on this formal model rather
than the semistable model.

View Ql . as a sheaf on e _0p- The coherent sheaf »' will be a subsheaf of
it. Recall that there is an open covering {21 Or,e.tee OF 21 .op» Where e takes
value in the set of edges of the Bruhat-Tits tree and £”~! = —1. Using the explicit
description of Lemma 8.2, we define »' on each EIJOF,@,S as the trivial line bundle
with a basis de/e = —dé’ /e’ (recall that e = e¢/w, e’ = €/ /). It’s easy to see that
this really defines a line bundle 2/1\,;);,@,5 which becomes QIELF if we restrict this
line bundle to the generic fiber.

Remark 14.1. We can do exactly the same thing on the semistable model E/l,\OF7
but this won’t give us any extra sections: the sections on Efl’vop’e and 2’1,\0”9 will
be the same. This can be checked locally around the singularities. So I can do all
the computations on X o, ..
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Remark 14.2. We note that ! in fact has an “Fy-structure”. In other words, we
can define it on X;. Using the explicit description in Corollary 7.7, locally on X ,,
it is defined as the trivial line bundle generated by de/e. Notice that de/e = de/e

since e = éz. Hence its pull-back to %1 o, is @'.

Similarly, we can define the same thing on EEF, El(%F, which we still denote
by ', by abuse of notation. Now if we restrict w! to the special fiber, it becomes
the dualizing sheaf (over Spec[F ). So there is an action of GL2(Q,) on it. In
fact, GL»(Q,) even acts on o'. This can be seen using the explicit description in
Section 9. Also, it’s clear from the definition that O7 and Gal(F/Q),) act on the
global sections of w!.

Consider the following maps:

H'(2), , 0" ®z, Op — H(2{), Qg{%) ®q, E — Hi(Z{%) ®q, E.
Both maps are GL,(Q,), Oy, Gal(F/Q,)-equivariant. Take the x-isotypic com-
ponent, where x € x (E) (see Section 11). We get a map (use Corollary 12.10):

fr: (HY (2%, 0) ®2, 0p)" — (Hi(E{}) ®a, E)*
~ F ®F, Derys.x ® IndgGr2(7 7o py.-
Now for each two dimensional Galois representation Vy (1,5) of Gq, defined in
the previous section, we have a free F®q, E-module Fil'(F ® r, Dy [1.5)) inside
F ®F, Derys,x- We note that Gal(F/Q),) acts on this Fil! (F ®F, Dy 11,p)- Define

M(x. [1,6]) = (f; ' (Fil' (F ® g, Dy 1.67) ® IndGr2(7 7)o )
= f ((EL(F ®p, Dy 11.6/) ™ @ IndGr2Z g oy -

)Gal(F/@,,)

Schneider and Teitelbaum [2002] introduced a category Modcﬂomp(OE) whose ob-
jects are all torsion-free and compact, Hausdorff linear-topological Og-modules, and

morphisms are all continuous Og-linear maps. Our first result about M (x, [1, b]) is:

Proposition 14.3. M (x, [1, b]) with the topology induced from
H(S{), 230,) ®a, E

is an object in Modcﬂomp(OE).

Proof. 1 learned this argument from Proposition 4.2.1 of [Breuil 2004]. It is clear
that M (x, [1, b)) is torsion free and Hausdorff. To prove compactness, we use
Proposition 15.3(iii) of [Schneider 2002] (c-compactness is equivalent with com-
pactness here since O is locally compact [Perez-Garcia and Schikhof 2010, Corol-
lary 6.1.14]). Proposition 11.4 already shows that HO(Eg%, leﬁ)r) ®q, E is are-
flexive Fréchet space, so it suffices to show M (y, [1, b]) is closed and bounded (see
[Schneider 2002] for the definition of boundedness). In fact it’s easy to see we only
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need to prove closedness and boundedness for H O(ETZ)F, o) in H O(Efo}, ]zfo% ).
Recall the topology on HO(Z{), Q%io% ) is defined in Section 11 by: ’

HY(Z1r, QY ) =1im HO(V, r, Q).
n

where {V), r}, is an admissible open covering of X r and each V, r is affinoid and
contained in V41 r. Now {X1 ¢, .}, 1S another admissible open covering. Thus
we have:

» Each ZT;)M is contained in some Vj, r.

e Each V,, r is covered by finitely many generic fibers of ETfOF,e.

Then closedness follows from the first claim above and boundedness follows from
the second. O

Suppose M is an object in Modcomp(OE) following [Schneider and Teitel-
baum 2002], the E-vector space MddﬁfHomcom(M E) with the norm | f| =
max,, ey | f (m)|g is a Banach space.

Definition 14.4.  B(x, [1, b]) & (M (x, [1, b]))? = Hom$%™ (M (x, [L, b)), E).
It’s clear from the definition that this is a Banach space representation of GL,(Q),).

Remark 14.5. The relation between B(yx, [1, »]) and the Banach representation
B(m, £) defined in the introduction (see Definitions 1.3 and 1.4) is as follows:
Take 7 = IndOXQX X, where x is viewed as a character of Oj5 Q) trivial on p.
Also Fil' (Dy.11,6] ® F) essentially gives a line “£;” in Definition 1.3 by taking
Gal(F/Q))-invariants. Then B(y, [1, b]) = B(x, L).

Back to the definition of M (x, [1, b]). By Remark 12.11, we can replace the
induced representation by the dual representation of the compact induction. Also
by Galois descent, we have (Fill(F ®F, DX,[l,b]))Gal(F /@) ~ E. Under these
isomorphisms, f, induces a GL,(Q,)-equivariant map,

Feton s M(x, 1, b]) = (e-IndGr2 (G2l oy 1)
It is natural to ask whether such a map is injective or not. The answer is positive.
Proposition 14.6. The composition
H (2%, o) — H' (S F. Q3 )X — Hi(Z10),
for a character x' € x (F) such that x' # x'P, is injective.

Proof. Since x' # x'?, the kernel of the second map is H 0(21 F. Ox, F)X/ Consider
the intersection of HO(EI(?) )X and HO(El Fs Q%l )X in HO(El Fi lel F)X

It can be viewed as a subset in HO(Zl F, Q 21 F)X and we denote it by H. On the
other hand, we use J to denote the same set but viewed in H*(Z; r, Q 21 F)X The
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induced topology on H and J can be different. Proposition 14.3 tells us that J is
compact since H'(Z1 r, Q% )X isclosedin HO(Z f, Qg )*" (Proposition 11.5).
Clearly SL,(Q),,) preserves both H and J.

Let’s recall some notation here: For each connected component of E%F, the
dual graph of its special fiber is the Bruhat-Tits tree (see Section 8), and Uy ¢ is the
tubular neighborhood of IT,E, the irreducible component indexed by (s, &) in the
special fiber (see Definition 11.10).

Similar to what we did in the beginning of Section 12, we can prove Uy ¢ is
isomorphic with

le=(x, y) eA: |y =viw] 'e(xP—x), Ix—k|>p~ " k=0,..., p—1, |x| <p},

and its de Rham cohomology is of finite dimension. Since Uy ¢ is a Stein space,

R(US £) = HO(US £y S2 )/HO(US £ Q%) (we use Q' for Q’ . for simplicity).

Fix a £&. Under the 1som0rphlsm above, we can write Uy, 5 =U p<p Us, £.05
where Uy ep C Uy e is defined by the same equatlon but Wlth lx —k| > p~ 1,
k=0,. ..,p—l |x| < p. Thenforeach,o <p, H° (Uv/sp,9)1saBanach
space, and we have H° (Us(/)yg, Q) = l(inp_)p HO (Us(/),g,p, QY. So HO(US(/)’E, Q) is
a Fréchet space.

Notice that O} acts on Uy, s0 HO(US(/), QX HO(US(/), Q)*" and the quotient
is a finite dimensional space. Thus this inclusion has to be a closed embedding
because both of them are Fréchet spaces.

Now consider the canonical maps H(Z p, Q)X — HO(US(/), QN k=0, 1.
They’re clearly continuous and we denote the image of H and J by H; and J;.
Since J is compact, J; is compact. Hence H, is also compact in H 0(21, F, SZO)X'
because HO(US(/), QX' s HO(US(/), QH*" is a closed embedding. We will show
this cannot happen unless H; = {0}.

Suppose f is a nonzero rigid function in H. We will prove later that f is
unbounded on X r (see the next lemma). For each Uj ¢, the maximum principle
implies that f must obtain its maximum on the boundary annuli which are the
tubes of the singular points on the special fiber. Therefore f is unbounded on
Uy’ even Us'.£. But we know SL,(Q,,) acts on X ¢ and acts transitively on the set
of even vertices. Hence using the action of SL>(Q,), we can get functions in H
with arbitrary large norms when restricted to Uy . and H; cannot be compact. So
there is no such f. ([

Lemma 14.7. Any globally bounded function on a connected component of X
must be a constant.

Proof. Fix a connected component £. Suppose f is such a function. By multiplying
f by some powers of @, we may assume f € H'(Z] o, £, 0 ) Recall that
the special fiber is connected and each irreducible component 1s a complete curve.
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Hence,
H(S1,0r.6. O57, /(@) =Fp.

Using induction on n1, we can prove HO(ET\OF £, 0 s o E/(w”)) = Or/(w"). Here
we use the fact that 02/1\0 ‘ is flat over the constant sheaf Or. Now the lemma
follows from o

/(@")) = OF. U

0/ T 0,
H (EI’OF’E’OELOF,E)_L%HH (EI,OF,;?, 210 &

Remark 14.8. The proposition is also true if ¥’ # x'?. In this case, it is equivalent to
the same result on the Drinfel’d upper half-plane. See Proposition 19 of [Teitelbaum
1993] for a proof.

So we have an injective GL,(Q),)-equivariant map:

Fenen s M(x, 11, b)) = (e-IndGr2(G 7o o).

A simple consideration of the topology (see Remark 12.11) shows that this induces
a map
c-Indg29) P oy = B, [1,b]).

It is GL,(Q,)-equivariant and has to be injective if B(x, [1, b]) is nonzero since
the left-hand side is an irreducible representation of GL,(Q,). If B(x, [1, b]) is
nonzero, or equivalently if M(x,[1, b]) is nonzero, we can define a lattice inside

C- Il’ldGLz(Z )@X pX_l

O(x, [1,bD
= {X € c-IndGr2(Fng oyt | (X, frnim(Y)) € Op, VY € M(x, [1,bD)},
where
(-,-) :c—Indgﬁg%’)QXpX 1 % (c- Indgﬁ(z Qs Px- Y — O

denotes the canonical pairing. This is equivalent to the intersection of the unit ball
of B(x., [1,b]) with c-Indg2(Fr)q oy 1.

Proposition 14.9. B(y, [1, b]) is the completion of C-IndngE% Joy Oy-1 With re-

spect to the lattice ©(x, [1, b]) if M (x, [1, b]) # 0.

Proof. The argument of Proposition 4.3.5 of [Breuil 2004] works here. I would like
to recall it here. By [Schneider and Teitelbaum 2002, Theorem 1.2.], it suffices
to prove that the natural map M (x, [1, b]) — Homgp, (O (x, [1, b]), Of) is a topo-
logical isomorphism. The topology on the right hand side is defined by pointwise

convergence. Notice that C—Indgli &Q yoy Py-1 can be viewed as the continuous dual

space of (c- Indglﬁg ))@x Py~ )v with the topology described in Remark 12.11 and

M (x,[1, b]) is closed in (c- IndGL2(Z Jo py-1)" since it’s already compact. We can
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apply Corollary 13.5 of [Schneider 2002] and get the desired isomorphism. It’s
also clear from the definition that this is a topological isomorphism. (]

So if we can show M (x, [1, b]) is nonzero and moreover admissible as defined
in [Schneider and Teitelbaum 2002], we indeed get an admissible Banach space
representation of GL,(Q,), which is a completion of the smooth representation
c- IndglL“g(Z Yoy P!+ This is the goal of the rest of the paper.

15. Computation of (H“(EI(O)OF, w!) ®z, Op)X-GalF/Qp) 1y

Our ultimate goal is to prove M (x, [1, b]) is nonzero and admissible. The method is
by explicit computation of its mod p representation. First we review some notation
defined in the previous sections that will be used frequently from now on.

Let x € x(E) be a character of (Op/I1)* such that x? # X Since we fix an
embedding 7 : Fy — E, we may write x = 1 o x/, where x’ is a character of
(Op/T)* with values in F;°. Then x" = x,;™, where x; is one of the fundamental
characters (Definition 3.2) and m € {1, ..., p> —2}. Write m =i + (p + 1)j with
iefl,...,p}tand j € {0,..., p—2}. Finally, g, € Gal(F/Q),) is the unique
element that fixes @ and acts as Frobenius on Fj.

Also recall that for any integer n, we use [n] to denote the unique integer in
{0,1, ..., p>—2} congruent to n modulo p*— 1. For any Or,-module A, we denote
A®0F0af Og by A; and A®0F07f Of by A;.

Recall that

=0 =0, U o

and g, interchanges (H° (21 Op» @ D) ®zp Op)* and (HO(E1 or ,wh) ®z, Op)*.
Hence a g¢—1nvar1ant element in (H O(Zf?)op, w') ®z, Op)* is determined by its
(H (El Op» ® )®z Op)* component By definition, M (x, [1, b)) is g(p-invariant.
Hence it suffices to Work on El ,op- This means that we may identify HO( 21 Op», @ 1
as the g,-invariant sections of H 0(2(9) Ops @ 1. Hence there is a natural action of
GL2(Q,) on it: this is nothing but g;» (det(e) o g,

Definition 15.1. For any x € x(E), x' € x(Fy), we define (see Section 8 for the
definition of these formal schemes)

HO.x.Qp (HO(El(O)opv wl/p) ®zp OE)X,Gal(F/@,,),
HY" = (H(Z1 0y '/ ) @2, 0p) 1T,
Hx’,Fo _ HO(ET;)F .. wl/p)x’,Gal(F/Fo)
HE™ = HE P @0, 2 Op = HO(S1 0,0, 0!/ p) ST @, OF,

where * is either a vertex s or an edge e of the Bruhat-Tits tree or nothing, and
7=1,71.
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It is clear from the definition that if x = 7 o x/, then
HY o~ g g BT (45)
Also, the discussion above shows that we have a canonical isomorphism:

H(O),X,@p ~ HXFo

Definition 15.2. For a vertex s in the Bruhat-Tits tree, we use A(s) to denote the
set of vertices adjacent to s.

Now fix £7~! = —1. We can do all the computation on one &-component Efl\,dOnE-
This is because Op acts transitively on all connected components.

The goal of this section is to compute (HO(El(%F, o) ®z, OE)X’Gal(F/@f')/p.
The next lemma implies that this is nothing but H©-x-@,

Lemma 15.3. H(Z 0, oY/ = HY(Z) 0., 0" /™).

Proof. Clearly there is an injection from the left-hand side to the right-hand side.
Since we have

HY(Z1 0, 0" =lim H(Z| o, 0' /™),
n

we only need to prove the canonical map
HO(ET’JOF, o' /o) —> HO(ET,/OF, o' /o™, n>m

is surjective. Notice that @' is flat over the constant sheaf Of. It suffices to prove
H'(Z1.0,,®'/w") = 0 for all n € N*. Do induction on n and use the flatness
again. It turns out that it’s enough to show H 1(2’1"“01“ w! /@) = 0. However, the
construction of @' tells us '/ is the dualizing sheaf on the special fiber. This
means that if we restrict w' /z to each irreducible component V of the special fiber,
it is Q{,(Dsmg), where Q%, is the usual sheaf of differential forms on V, Dy is
the sum of singular points of D (considered in the whole special fiber) as a divisor.
Also, we have the following exact sequence of sheaves:

0— o' /o — [ [ive(Q) (Dsing)) = [ [ ig«(F,2) — 0,
\% E

where E (resp. V) runs through all singular points (resp. irreducible components)
of the special fiber, and ig (resp. iy) is the corresponding inclusion. Take the long
exact sequence of cohomologies of this sequence. H° of the third map is surjective
since the dual graph of the special fiber of each connected component is a tree. H'
of the middle term in the exact sequence above vanishes by Riemann—Roch. So we
indeed get the vanishing of H' (X} ,, ®'). O
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Hence we only need to compute
HO.x.Qp ~ pgrx-Fo ~ er’,Fo ® Hf(x’)”,Fo. (46)
It’s not hard to see that we have an injection:

! ’
gx Fooy l_[ HsX ,FO’

N

where s takes values in the set of vertices of the Bruhat-Tits tree. Similarly, we
have the same injection for H "o, Notice that by identifying the sections on
X1, 0, as the gy-invariant sections on Eff))OF, we have an action of GL,(Q,) on

[cH: ™ @ HOO™ oy
s

(see the beginning of this section). Exl;hcltly, g sends Hj XFo g Hs)i, Foify p(det(g))
(g € GL2(Q))) is even and to Hjj OO Fo g it is odd. From this description, we have
an obvious GL,(Q p)—equivarlant isomorphism (recall s(/) is the central vertex):

! Y4 JFq 7, F
[ [T @ IO o) ~ TndG2 )@XHX "ealndGLZ(@l’@xH(X) " @, i Fpe-

N

The following lemma basically says that we may identify H; XFo with sections
of o'/ on USO introduced in Definition 11.10. Notice that ' /= is the dualizing
sheaf of the special fiber.

Lemma 15.4. For each vertex s of the Bruhat-Tits tree, we have natural isomor-
phisms:

W, o HEOP = HO(S1 o, 0! /o)X = HOUD, o' /o),
W oy HEO P 2= B0 o, 6, 0! /o)X = HOWUD, o' fo) 1,

such that their product
H(\ps,x/7 \I”S,(X/)p) :

[1H e - [THOWY, o' /o) & [ HOWY, o' o) "
N S

is GLo(Q))-equivariant. As usual, s takes its value in the set of vertices of Bruhat—
Tits tree.
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Proof. First let’s see what happens when s = ;). Recall that we have a concrete
description ((23), (24)) of Xy o, 5.&» Z1,0p.s, from Section 8:

p_
l_n’é]/<ép+l +”1wfl'§n——n_1>’

%1 0p.sp6 = SPf O[] 1, o

(p/mP~!
E%F’Sf) = SpfOFO[w][n, npl—n’é]/<ép27l - w%((})/?;;%)p_l>-

An element of H O(EIJOF, s} o)X’ is determined by its restriction to ETTOF, sk It’s
easy to see (using the results in Section 9) it must have the form

Papert= 42,
e
where P (1)) € Or[n, 1/(n?~" = 1)]" . Recall (Proposition 13.2) that x' = x; ", and
m=i+(p+1)j,ie{l,...,p}, jel{0,..., p—2}. Itis Gal(F/Fy)-invariant if
and only if
P = "),

where Fy (1) € Og,[n. 1/(n?~' = 1)]”. Similarly, a section of H*(Z o, ;. &")*""
fixed by Gal(F'/ Fp) must have the form

wr = F e &,

where I>(n) € Of)[n, 1/(pP~! — 1)]A, and [—mp] is defined in the beginning of
this section.

Thus any element F of HO(E,LVOF,%, w'/p)
uniquely as

’ ! F .
x.Gal(F/Fo) — X' can be written

w_pz—]—m Fl (T])ép_H_i d_?
on &-components, where F (n) € F2ln, 1/(nP~ "'~ 1)]. Now define \I!s/ ' (F) =
Fy(n)éPT1=1 dé/é. Equivalently, it is “multiplication” by @ —(?=1=m) 1¢s trivial
to see this is indeed an isomorphism. We can define Wy (,)» in exactly the same
way.
Note that lIJS o s ! (x)p are GL,(Z)-equivariant; we can extend both isomor-
phlsms to any vertex s usmg the action of GL,(Q,). Concretely, for an even vertex
, Wy, is “multiplication” by @ ~?*~1=™ and Wy (,, is “multiplication” by
_[ ’””] For an odd vertex s, W, , is “multiplication” by & ~1=""1 and W, ,)»
is “multiplication” by @ —(p?=1=m), ]

By abuse of notation, I will identify HO(U?, o' /m) . HO(IT w!' /@)X with
H; x'-Fo HSXr via the isomorphisms in Lemma 15.4. Notice that w / w is the sheaf
of differential forms on U?, thus we may view elements in H; X Fo g meromorphic
differential forms on Us.
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From now on, I would like to describe an element of HX-f0 via its image
in [], HY™ @ [1; HY(’)i-,)p’FO. In other words, using Lemma 15.4, any element
h=(hy, hy) in H*Fo ~ HX T g Hf(xl)p’F0 corresponds to a family of meromorphic
differential forms

{(ws,t’ ws,f)}s»

/p,F
where wg = hi|~ GHer and w7 = hy| <~ H()%) g
T10p.s Z10p ,

To further determine H* 0, we need to know when such a {(wy, 1, ws 7)}s comes
from a global section. We will give a necessary condition in Proposition 15.8 and a
sufficient condition in Proposition 15.11. To this end, it is crucial to understand
the local structure of w' on ET,JOF,S. Recall that Z%F,g has an open covering
{E%F,e,s}e and an explicit description of E%F,e,g (Lemma 8.2) is:

1 |
SpfOF[n, Z, 1 gl’—l—l’e’e]
— .
(ép+l+v1w1 5;2 1 ~/p+l+”;IWIéni—lf1’ Eé/—w"“§>

Note that e/w, ¢/ in Lemma 8.2 is ¢, ¢’ here. Suppose e = [s, s'], where s’
(resp. s) is an even (resp. odd) vertex and corresponds to i (resp. ¢). It’s not too
hard to see:

Lemma 15.5. Any element h of HO(EfLVOF’[S,S/], )X GAEIF) yohen restricted to
X1,0p,[5.5'1,6> can be written in the following form:

h= w_pz—l—mf(n)ép-‘rl i d +w_[ mp] g(€)~/t de

where f(n) € Or,[n, 1/ P~ = D1, g(¢) € Ogl¢, 1/(cP~' = D]

Proof. 1t suffices to verify this after reducing modulo p. Equivalently, we need to
show that any i € HZ "™ has the form

de =t 0)e = de’

wpz—l—mf(n)ép—H i
wheﬁf(n) € Fpeln, 1/(1 — n?~hHl, g(¢) € o[, 1/(1 — g“pfl)] when restricted
t0 21, 0r [s.51.6 - ~

Recall that o' is free over 21,0p.5,5/),6 With a basis de/e = —deé’/e’ (see the
beginning of the previous section). Hence any element 4 in H O(ZT,/OF,[S, 1.6, @'/ p)
can be written as

Zflk(’? £)e —+Zg1k(n 0t = de

k=0
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where fix(1, ¢), g1k(1,¢) € O /(P)[n, ¢, 1/(A=n"~1), 1/(1=£P~H)]/(4¢). This
is because using the explicit description of X, o, [s.s'.6 above, we see that 7!,
¢'’P*1 and é¢’ can each be written as an element only containing 7, ¢.

Using the results in Section 9, we see that such an element comes from an element
in the x'-isotypic component of H O(ET,/OF,[S, ' w'/p) if and only the coefficients
of &* (resp. &%) are zero unless k = p + 1 —i (resp. k = i). Hence we may write it
as

~/

~pt1—i de ~i d
= fipei-i(n, TS 4110 (47)

Next consider the action of Gal(F'/ Fyp). Using the results in Section 9 once again,
it’s not hard to see that such an element comes from a Galois-invariant section if
and only if

fip i O = " Hhm ), g0 = TPgm, 1), (48)

where f2(n, ), 82(1,¢) € Fe[n, ¢, 1/ =071, 1/ =P~ H] /().
Now in order to prove the lemma, we need to “eliminate” the ¢ in f>(#n, ¢) and
n in g2(n, ¢). We will prove this under the following assumption:

p*—1—m>[—mp].

Equivalently, this means p?> — 1 —m = [—mp]+i(p — 1). The other case is similar.
First we eliminate the 1 in g(n, £): We can write

&, &) = f3(n) +g3(%),

such that g3(n) € Fj2[n, 1/(1 —n?~H] and g3(¢) € F,2[¢, 1/(1 —¢P~1)]. This is
because we can think g»>(7, ¢) as a regular function on a union of two irreducible
smooth affine curves crossing transversally. Such a decomposition is obtained by
restricting this function on each irreducible component (with some modification by
some constants).

Notice that f3(0) makes sense here. Replacing f3(n) with f3(n) — f3(0), we
may assume

f3(m) =nfa(n),

where f4(n) € F2[n, 1/(1 —»?~1)]. Now in O~ , we have
F

LOF,[s,s'],€

1gP—1

n=Ce’!,  where C = —vjw &~ —-
nP=i—1
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Plug this into (47) and use (48):

h= P "1 £y (n, £)eP T ’d + o nfan) + 830" S
/i de

d~/

_ w_p2_]—mf2(n’ ;)ép-i-l—t d? + w_[—mp]g (C)e
gz
+ et <.

Since é¢' = w?~ &, the last term in the above equation is

de'

. . . . =~/
faCarl ey P Dgigr = 8 — fupyCa T g de

e
= —w e gt L

by our assumption. In other words,

b= (o0, €) — Clag )T LS oty ) 42

Hence in (47), we may assume

g1i(n, o) = 7™lg3(¢), where g3(¢) € Felg, 1/(1—¢P7 ]

Now we are going to eliminate the ¢ in f>(n, ¢). As before, write f(n, ) =
f5(n) 4+ ¢g5(¢) and notice that in (’)2'1*; e We can write { = C'e'P*!. Plug this
into (47): B

h= a1 fs(n) + cgs(@))er = 48 ’

=t g ()@ 4 =
— w_pzflfme(n)EzH»lfi d_? + P 717mg5(§)c/§/p+lép+lfl dTe
e e

gy )8 42

Here comes the difference between this case and the former case. The middle term
actually vanishes:

_ide 2 —i)(p— _i~ide

w_p gs({)C/ o/p+1gp+1 l7 pp— mgs(g)clw_(p+l D(p 1)§p+l igh ?
=0,

Since wpz—l—m+(p+1—i)(l7—1) — w—[—mP]"‘(P‘H)(P—l) — _p . w_[mp] — 0 by our

assumption. Hence we may write
b=t et 9y gy e 9

which is exactly what we want. U

Now suppose h € HZ o we may assume it has the form

d ~1i de

R — 5 i m
ol = fyerts +w[ Plg(g)é
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where f(n) € F2[n, 1/(1—nP~ H1, g({) €Fplg, 1/(1=¢P™ 1] when restricted to

21 0. [5.5']. £. What s its restrlctlon t0 X105y £? Algebralcally, this means that we

replace ¢ by p/n=0and & by w?~ lE/e. So we have (notice that de/e = —dé'/e’):
W~ =P et de P g () (P Dgi i de

X op.s & e e

We make the following assumption in the rest of this section:
p*—1—m=[-mp). (49)

Equivalently, this means p?> — 1 —m = [—mp]+i(p — 1).
On Xy o, &, We have

A Sp+1—i p—1__ R .
oTi= & T =- (p/_?) L gpti-i o S PR ! &P+~ (mod p).
el viw; §(mP—n) viw; §(mP—n)
Hence,
2 1 - _.de
I, =@l T T et
_w_pQ—l—mg(O)é_-i — 1 él’-i—l—i d_~e
viw, §mP—n) €
_ _ 1 p=2 epil_i dé
=0 (Fon 4O oy (- ) ) E L 60

. -2 / —
Write F(n) = £(n) — gO& v wi 25, €1 = g(O)& v

Lemma 15.6. Under the assumption p2 —1—m > [—mpl],

2
=P ! mC1

~ p*—1—m ~p+1— lde
S . L partmpeerti e (s

where F(n) € F,2[n, 1/(1 — P~ )], Cy € Fpo.

Now if we view h|z1 op.slc 382 differential form on U 1 g OF what’s the same, a
meromorphic dlfferentlal form on Uy ¢ s.& With poles at the singular points (Uy ¢ £ 18
viewed as a subvariety in the special fiber of i 1,0r,¢), the order of the pole at the
intersection point of [Tg and [Tg must be i + 1 (if there is a pole) since 1/n has
order p + 1 at this point (n = e = 0) and e is a uniformizer of this point.

Now restrict & to ETJOF,S,&. This time we replace n by p/¢ =0and e by w P~ 1£ /¢’

~  =—gl- (p+1=i)(p—1) g p+1—i 5~ (p+1-i) €
hlzl.op,s,g =-—o’ mf(o)w' P VAP %-p te'—\p l 7

+alrlg(o)E 4o

~/i de

=l "lg(0)e (52)
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The first term is zero since g~ 1= (P+1=D(P=D — _ 5.z =[mP] by our assumption.
Lemma 15.7. Under the assumption p* —1 —m > [—mp],

~ de
hlsys,, .. =o' ") =

where g(¢) € F2[¢,1/(1 — P hH.

Thus if we view h|2 ,asa meromorphic differential form on Uy ¢, it is
holomorphic at the intersection point of Us ¢ and Uy ¢. In summary,

Proposition 15.8. Assume p> — 1 —m > [—mp). Under the identification in
Lemma 15.4, an element h of HX-Fo = H(Z1 o, o'/ p)¥ CAEIF) pas the follow-
ing description:

(1) If s is odd, then h|2~ - is a holomorphic differential form on ng

(2) If s’ is even, then hlE ., can have poles at the intersection points of Uy ¢
with adjacent components If there are poles, their order must be i+1. More-
over, as an element of the space of meromorphic differential forms on Uy ¢ ‘g
modulo holomorphic differential forms, h|): e is uniquely determined by
the restriction of h to the components adjacent to 5. In other words, hl): Cop.s

is holomorphic on Uy ¢ ¢ If the restriction of h to the components adjacent t0s'
is zero.

Proof. The first part is a direct consequence of Lemma 15.7. The assertion for
the order of poles follows from Lemma 15.6. As for the last assertion, using the
notation before Lemma 15.6, we know that the pole of /|5~ op o AL the intersection
point of Uy ¢ £ and U, ¢ & 1s determined by g(0) (in fact this pole 1s given by
. Sp+1—i
SO vyt de

e

modulo holomorphic terms). However, g(0) is indeed determined by h|El o
since h|g~ = =wlPlg(r)e dé' /e .
LOF s,

Remark 15.9. Under the assumption p> — 1 —m > [—mp], we have a similar
description for elements in H*)"-F0 while interchanging the descriptions for odd
and even vertices. This is obvious if one uses the action of GL,(Q),).

If we assume p® — 1 —m < [—mp], an element i of HX"f0 has the following
similar description:

(1) If s’ is even, then hlz’l‘; i is a holomorphic differential form on lm
LOF s,

(2) If s is odd, then h|>fl‘j) . can have poles at the intersection points of ng
with adjacent components. The order of these poles, if they exist, must be
p+2—i. Moreover, h|s~ o is holomorphic on IE if the restriction of /4 to
the components adjacent {0 s is zero.
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To get a converse result, we need one more lemma to see when we can glue
sections on X o, s, 21,05,s' L0 @ section on X1, o [s.s']-

Lemma 15.10. Assume p>— 1/—m > [—mp], and s' is an even vertex and s € A(s').
Given hy € Hf Fo e HEOT such that they have the forms in Lemmas 15.6
and 15.7 (under the explicit description in Lemma 8.2):

s~ _ g iome €T de pP—1-m ~p+1—i de
h |21,0F~’€ =w C z +w F(ne 5 (53)
- ~; de’
hs&flﬁ?}mf — ol mp]g(é.)e/t 7’ (54)

where F(n) €F2[n, 1/(1—nP"1)], C1€Fyp, g(¢) €F [t 1/(1—=¢P~1)]. Moreover
assume

Cr =g oy wy. (55)
Then we can find a (unique) section h € H[)S(j‘;{;" such that
hlz:;F,S, = hy, hIETOF.s = hy.

Proof. 1t is direct to see that the following section s¢ on ET/OF, [s,'],¢ can be extended

to an element in H[)S( ;ﬁo and satisfies all the conditions:

p—2 14 7
h‘f = wpzflfm(F(n)+C1h>ép+lﬂ de?e_kw[*mp]g(;)'é/z deTe/ H

Proposition 15.11. Assume p> —1 —m > [—mp].

(1) Given hy € HY o for each odd vertex s that corresponds to a holomorphic
differential form on U ¢, we can find an element h in H* “Fo such that for any
odd vertices s,

hlETOF,s = hy.
. . . 'R

(2) Moreover, we have the following freedom of choosing h: given fy € H;f 0

for each even vertex s’ that corresponds to a holomorphic differential form on

Uy &, we may find a (unique) element f in HX"Fo such that

f|2’1‘,’ON/ = fy for any even vertices s’

f|ZToF_5 =0  foranyodd vertices s.

Proof. Both are local questions. The second part is a direct consequence of
Lemma 15.10: For any even vertex s” and s € A(s’), applying Lemma 15.10 with
hs =0, hy = fy (in this case, C; = 0), we can glue to a section on Efl’vop’[s,sq
whose restriction to ETfOF’ s (resp. E,LVOF’ s) s fy (resp. zero). Hence we can glue
to a global section on ZT’/OF.
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As for the first part, our strategy is similar. For any even vertex s’, we will find a
section hy € H) ¥Fo such that for any vertex s € A(s’), we can use Lemma 15.10 to
glue hy, hy to a section on 21 .0r.[5.s'] and obtain a global section on 21 Op-

By Lemma 15.4, we may identify elements in H X-Fo \ith differential forms
on U SO . Since (Op/T1)* =~ [sz acts transitively on the connected components of U o>
it is easy to see wp41(F,2) = {a € F,2 | a?*! =1} fixes U . As we noted in the
proof of Lemma 12.9,

HUS, o' Jm)*' ~ HO(UT, e ol o) ’

where we view Id : pp1(F,2) — l]:;2 as a character of u p+1([sz)_, and Id™" is
its (—i)-th power. We denote the intersection point of Uy ¢ with Us ¢, by Py for
s € A(s).

Now using Lemma 15.10, finding such an hy € H X ’ is equivalent to finding a
meromorphic differential form wy € H 0(U g @ / w)ld such that:

« It can only have poles at Py, s € A(s") with order at most i + 1 (in fact, it has
to be i + 1 if there is a pole, by considering the action of 1 p4+1(F,2)).

 The “leading coefficient” of the pole at Py is prescribed by &, for all s € A(s”).

More precisely, using the explicit description in Lemma 8.2, the first condition
allows us to write wy into the form (53). Also our condition in the proposition
allows us to write A into the form (54). Then C| in (53) is the leading coefficient
in this case and we want it to satisfy (55).

The existence of such a meromorphic differential form follows from:

Lemma 15.12. Let C be a smooth geometrically connected curve over [ and
{Pi}k be a nonempty finite subset of C(F,2). Then for n > 2, the restriction map

H(C. Q¢ (nD)) — @ HO(Pe. Q¢ (nD)|p,)
k

is surjective, where D is the divisor ), Py.

Assume this lemma for the moment. In our case, let C = lm, {P} = {Ps}
and n =i 4+ 1. The prescribed leading coefficients become a family of elements
cs € HO(Py, Qlc (nD)|p,), s € A(s"). Notice that the uniformizer for P; is either ¢
or e/n, hence pp41(F,2) acts on

H(’(Ps, Ql (Z(i + l)Pk)
k

via Id™. So taking the Id " -isotypic component of the map in the lemma (which
remains surjective since p + 1_ is coprime to p), we may find an element in
H O(U € Q! (Z i+ 1P )) la having the correct leading coefficient at each P
and that’s exactly what we want. U

) = H(P;, QL(G + DD)|p)
PS
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Proof of Lemma 15.12. Consider the following short exact sequence of sheaves:
0 — Q¢((n — 1)D) - QD) — @ QD) 5, — 0.
k

It suffices to show H'!(C, Q! c((n —1)D)) vanishes. However by Serre duality, this
space is dual to H°(C, Oc(—(n —1)D)), which is zero since we assume n > 2. [J

Now, we can prove the main proposition of this section.

Proposition 15.13. Assume p*> — 1 —m > [—mp]. There exists a GL,(Q))-equi-
variant short exact sequence:

0 — Indgr2@no HO Ty, @ )X — HO* % — Indg2@no- H Uy, Q- )(“ — 0.

Proof. Write [], H o ]_[ (HX Fog Hs(xf) “Foy Wwhere as usual, s runs over the
vertices of the Bruhat—Tits tree. Define

_ X Fo g GOy,
= ]_[ HY: ]_[ H;'

s’ even s odd
' F (x"?, Fo
Hy=[]H: e [ 5"
s odd s’ even

Notice that GL»(Q,) actually acts on H;, H,. Then we have a GL,(Q)-equivariant
(split) short exact sequence:

0— H — HHSX’F°—> Hy — 0.
N
Recall that we have an injection of H©-x-@ ~ HX-Fo into [T, HY™. So this
short exact sequence induces another short exact sequence:

0—> K— H"P 5 Cc 0.

It remains to determine K, and C.

Let f be an element of H*-f. We will write f = f, + fz under the decomposition
H©o ~ g @ HOOTT (see (46)).

Suppose f is in K. This means for any odd vertex s and even vertex s/,

frlg’l‘”o .;:0 and ff|2'\'0 J:0.

By the second part of Proposition 15.8, we know that fr|5 7 0. , corresponds to a
holomorphic differential form on Uy ¢ ' ¢ for any even vertex s’ (tensored with Og).
However the second part of Proposition 15.11 1nd10ates that f7[5 7 op.» CAN be any
holomorphic differential form inside H(Uy, Q- Uo )%( . Slmllarly fr |2 can be
any holomorphic differential form inside H°(Uj, QU )%, where s is an odd vertex.
This certainly implies that

K =~ Indgr3(F7o H(Uy;. QUT )X
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By the first part of Proposition 15.8, we know that C is inside

[1 8. epre [] BT o),

s:odd s’z even
as a subset of H,. However the first part of Proposition 15.11 tells us that in fact C
is equal to this set. Clearly this is nothing but Indglﬁgg ))@x H O(U_S(/) , QILT%))(%X 'O

Remark 15.14. See the beginning of the paper for the notation here: Under the iso-
morphlsm (27), an element of HO(US , QU )X must have the form f(n)eP*1= dée/e
on Uy ¢ 5.&» Where f(n) is a polynomlal of n of degree at most i — 2. Using the results
in Sectlon 9, it’s not hard to construct a GL,([F,)-equivariant isomorphism:

H(Uy, Q%,—S(,))X/ — (Sym' 2 F2) @ det/ ', (56)
T]rép+1_i d?? — xryi—Z—r’ (57)

where Sym’ 2 [F > is the (i —2)-th symmetric power of the natural representation of
GL,(F,) on the canonlcal basis of [Fl%
Similarly, we can identify H° (USO, Q}T%))(X/)p with (Sym?~1~ [ng) ® det' .

Then we can rewrite the exact sequence in Proposition 15.13 as
0—>0,02(+1)— H®xQp op—1-i(i +j)— 0.

Remark 15.15. If we assume p>— 1 —m < [—mp], then we have the exact sequence
of the opposite direction:

GLy(@p) 0 1 \(xHP 0),x,@ GLy(Qp) 0 1 !
0— IndGL’é‘(Z")@ «H (U ,Q@é)f — HO%Rr IndGLZ(Zl’)@ «H (U, ,QKT_{))? — 0.

16. Computation of M (x, [1,b])/p, :2<i<p-—1

In this section, we compute M (x, [1, b])/p as a representation of GL,(Q,,) when
i €{2,..., p—1}. The strategy is as follows. We first identify the crystalline
cohomology with the de Rham cohomology of some formal scheme. Then H*fo
will map to some meromorphic differential forms on this formal scheme. Now
any cohomology class of the de Rham cohomology can be expressed using 1-
hypercocycles and any meromorphic differential form can be naturally viewed as a
1-hypercocycle. The question becomes how to write this 1-hypercocycle into some
“good form”. This will be done by explicit calculations. We keep the notation from
the last section.
Consider the composite of the following maps, which we denote by ¢,

HY o — HO(Z p, @) — Hjp (21 0)7 ~ l"[HdR(U ) ~1"[ Hyy(Us/ Fo)* @, F
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See Sections 11 and 12 for the notation. Our first result is about the image of . We
denote the first crystalline cohomology of Uy (over Spec[,2) by Crys(U /OF,). It
is not hard to see that this is a lattice inside HL. (U, /Fo) = CtyS(U /OF,) Q0 Fy.

crys

Proposition 16.1. W(HY Ty ¢ ]_[ Hy (U;/ Op)* ®0y, OF.

Proof. We only deal with the even case, that is to say, for an even vertex s’, we
will prove that the image of HX%0 in H}y Uy / Fo)* ®p, F is actually inside
Crys(U / Ory) ® o, O . The 0dd case is similar.
First we recall some results from Section 12; see the discussion below Lemma 12.1.
We constructed an isomorphism ¥y ¢ : Uy ¢ — Fo ¢ (recall that Uy ¢ is the tubular

neighborhood of IKE in X1, r), where

Foe(x, yead [y =vuwl (" =), [x—kl > p~/07D, k=0, p-1,
Ix| < pl/(pfl)}_

Cleary Fo.¢ is an open set in a projective curve Dy g in IP’ defined by y?*! =
viw, 5 (x? —x). The curve Dy ¢ has an obvious formal model Dy, O,y £ OVer Or,.
Its spe01a1 fiber can be canomcally identified with Uy ¢ .£. Hence we can identify
crys(US S/OF()) Wlth HdR(DO OFO 5)
Definition 16.2. For s € A(s’), let V, ¢ be the affine open formal subscheme of
Dy, op,.& Whose underlying space is the union of U 30/7 ¢ and the intersection point of
Uy and Uy ¢. Also we define Ve ¢ = (1 c () Va6 (itis equal to Vs, ¢ NV, ¢ for
any s1 # 52 € A(s")).
Hence C = {Vielseaqs) 1s an open covering of Do Ory & Any element in

dR(Do O, 5) can be represented asal hypercocyele {wy }YEA(S/) {fs1.50)s1,50€A(5))s
where wy € H° (Vs,e, Q2 ) and f;, 5, € H° (Vs NV, e, (’)vgl sﬁszs) such that

de],Sz = a)S| |VslﬂVS2 - CUs2|V3| ﬂVSZ'

Two 1-hypercocycles ({ws}, { fs,.5,}), (@i}, { fs’l’s2 }) represent the same cohomology
class if and only there exists a family of functions {g;}scacs), &5 € H'(Vsg, Oy, ,),
such that

/
C()s - a)S = dgs’ fﬁ‘] 852 fS] 52 gxl |V.rlﬂvsz - gS2|VxlﬂV52'

Given a differential form w on Fpg, we view it as a cohomology class in
Hle(Fovg). How do we relate it, as above, with a 1-hypercocycle in

Hip (Do g) = Hig (Do, 0y, 6) ®F, F?

Definition 16.3. Since the generic fiber of D’O,\OFO,E becomes Dy ¢ when tensored
with F, the generic fiber of Vi ¢ corresponds to an open rigid subspace of Dq g,
which we denote by W, . We also define Z; ¢ = W, ¢ N F ¢.
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If w is in the x’-isotypic component and x' # x'?, we will see later that we can
find a rigid analytic function f; on Z; ¢ for each s € A(s") such that w|z, . —df;
can be extended to a holomorphic differential form wy; on Wi ¢. Define

fsl,sz = fsz |Ws1’gﬁW52.g - fS1 |W51.50W52,g . (58)

Then ({ws}, { fs,.5,}) 18 an element in Hle(Dovg), whose image in H(}R(Foyg) is w.
Roughly speaking, what we did above is to “remove” the poles of w so that w
can be extended to a hypercocycle on Dy ¢.
Now apply the above abstract discussion to our situation. Let s’ be an even vertex
and s € A(s’). Then, under the isomorphism in Lemma 8.2,

Wee={(x,y) €Doe |lx—kl=1k=1,...,p—1, [x| <1},
Zsg = {(x, y) € Wye | x| > p—l/(p—l)}_

Recall that in Lemma 15.5, we showed that a section w of H O(Efl\foF, wh)X " has the
following form when restricted to X1, o, [5,5,¢:

= oI p et L g o)z 4

(59)

o| ~
ZI,OF.[S,S’LE

where f(n) € Or,[n, 1/(n"~' = DI, (&) € Ok [¢, 1/~ = D] .
Hence if we restrict it to £ o, s ¢ (replace ¢ by p/n and & by wP~ & /é):

= i pperti= 4 ol g (2 ) Vel Ry

Wl o~
|21,0F,s/,s P

where

rone ol ] o(B) e on[2 ] con[2])

Notice that the restriction of ¥ ¢ to the generic fiber of ETTOF, s, has the form

X,y el = (p/mPHlern, 61
Lemma 16.4. Under the isomorphism Yo ¢, the 1-form w has the following form
onZg
. N\ d
w1 (F(x)yl’“’ + G<3>y') 2, (62)
X y

where F(x) € Of,|[x, 1/()61’_1 — 1)]A and G(p/x) = ;28 an(p/x)" with a, € OF,
for all n. Moreover, using (60):
(1) f(x)=F(x)mod pOp[x, 1/(xP~' = D] .

(2) ap=—£"g(0) mod pOF, if p>—1—m >[—mp] and ag=0mod p OF, otherwise.
Wheni = p, ayp/p = —&'g(0) mod p Op,.
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Assume this lemma for the moment. Hence we can write @ on Z; ¢ as

oy PRl (F(x)yp-i-l—i n G<£>y—i) d_y

X y
where F(x) € Oglx, 1/(xP™" = DI, G(p/x) = X 5 an(p/x)" € Og[lp/x].
Certainly F (x)y?*!= dy/y extends to W; ¢, so we only need to “remove” the poles
of the other term (essentially the pole at x =y =0). On Z?’Sdéf{(x, V)EZse||x] <1},

we can write
+o0

r= Z C’ly(p+1)n’

n=1
where ¢, € OF,, c] = vl_lwlé_l € 0};. Thus a simple computation shows:
Lemma 16.5. On Z°

s,&°
Za”(_> v = ) by ay,
n=0 X y n=—00

where b, € Op,,Vn € Z and for n > 0, v,(b,) > n. Moreover by = ag mod p.

Now define
+00 b

it W —— i 63
fi=w g—n(p—i—l)—iy (63)

It can be viewed as a rigid analytic function on Z ¢. Also, it is clear from the
above computation that w — df; can be extended to a holomorphic differential
form wg; on W; ¢. Do the same thing for each s € A(s’); we can define wy, f;, s,
as explained before. Then ({ws}, { f5,.5,}) 18 the 1-hypercocycle in H(}R(Do,g) ~
H;R(D/O,\OFO,S) ® oy, F that represents w.

Notice that fori € {1, ..., p—1}, v,(b,/(—n(p+1)—i)) > 0 since v,(b,) > n.
When i = p, by =ap=0mod p since we are in the case p> —1 —m < [—mp]. We
still have v, (b, /(—n(p+1)—1i)) > 0. In fact, equality only can happen when n = 0.
Therefore all the coefficients appearing in w;, fs, s, Will be integral. In other words,

({os}, {fﬂ,sz}) € Hle(D/O,\OFO,S) ®0F0 OF. O

Proof of Lemma 16.4. We only give a sketch of the computations here. Using
the notation in (60), it suffices to deal with the case g(p/n) =0 and f(n) =0
separately.

(1) Assume g(p/n) = 0. Plug (61) into (60). A direct computation shows that @
has the form

where G1(x) € O, [x, ﬁ] [[%]]
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Let G2(x) € Op,lx, 1/()(“’_1 — 1)]A|[p/x]] be

-2
G0 = vywy 6P = DG f) ()
Clearly we can decompose G2 (x) as
Ga(x) = Fi() + Ga(2),

where F3(x) € Oplx, 1/(xP~! — 1)]A, G3(p/x) € Ogllp/x]l. Replacing F3(x)
by F3(x) — F5(0), we may assume F3(x) € x Of[x, 1/(x"’_1 — 1)]A. Since there is
a(p/x)? ~2 in the definition of G,(x), it is easy to see (for example, expand G, (x)
as an element in Fp[[x, 1/x]) that the constant term of G3(p/x) is divisible by p
(in fact, by p”~2). Recall that we assume p is odd; hence at least 3.

Now @ ~(P>~1=™)¢, can be written as

Fx)yPti=i d7y +p<F3(x))( 1 )yP+l—i dy

X (xl’—l—l)vlwflé y
Galp/x)__ pi-idy.
(xl’—x)vlwl_lé y

Notice that y?*! = vlwl_lé(x” — x). The last term is nothing but
_idy
Gs( L)y~ 2.
pGs( )Y y
Now let

rior= 0 0B (). o(2)=r0i(2).

xS\ @rl=Dvwy'E x

It is clear they satisfy all the conditions in the lemma. So we’re done in this case.

(2) Assume f(n) =0. When p?> — 1 —m > [—mp], we can write @~ "’ ~1=" ¢ as

(2 ()

where H (x) € Of,[x, 1/(xp_1 — 1)]A[[p/x]]. Make the decomposition
. p—2
—g(%)é’H(x)(%) =F1(x)x2+Ax+H1(§),

where Fj(x) € Op,lx, 1/(x1”*1 — 1)]A, A € pOf,, Hi(p/x) € Ogllp/x]. No-
tice that A is divisible by p since there is a (p/x)?~? in the expression. Then
o~ (PP=1=m) g, s

i i d i d i d _;
—g(§>€ y Iy pxFi(x)y 7y+pAy l7y+§H1(£)y

ay dy
y x '

y
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Using yl’Jrl = vlwl_lé(xp — x), the second term is

pFy () ——— pHizidy,
viw; E(xP7I-1) y

It’s easy to see the following F(x), G(p/x) actually work:

Fo=rhto vlwllé(il’—l—l)’ G(%) - _g<§>§i TpATt §H1(§)

When p? — 1 —m > [—mp] does not hold, then
__-mpl (2) i(p-Dgiz—i de _  _p—1-m (2) 5-i de
w o g n o E'e s =P@ g - Ee -
Repeat the previous argument and it’s direct to see the claim in the lemma is true. [J

In the previous proposition, we showed how to turn a differential form w € H*X R,
when restricted to Uy, into a 1-hypercocycle ({ws}, { f5,.5,}) inside the de Rham
cohomology H(}R(D’o:\gﬁ.o £) ® 05, Or (via the isomorphism v ¢). It is crucial to
understand the mod p properties of this hypercocycle. Essentially, we need to
understand f; in (63) modulo p (recall that f;, ;, = fi, — fs,; see (58)).

Fix an even vertex s” and s € A(s’). Recall that Ve ¢ = (1) ca(y) Vs, 6 Itis clear
from our definition that w_(l’z_l_’”)fs € HO(Vc,g, Ov,.)-

Lemma 16.6. (Using notation from the proof of Proposition 16.1.)

(1) Wheni = p,
I f = S5 =T —gPg(0)y ™" mod pHO(Veg, Ov,,).
D :
(2) Wheni e{l,...,p—l}andpz—l—m <[—mp],

—(»’—1—m
o~ foe pHO(Veg, Oy, ).

(3) When p2 —1—m > [—mp], we have

—i

b a —i i 0 —i
ol = T = T Esg(i)y mod pH(Vee, Ov,.,).

except the case i = p — 1 and the case p = 3,1 = 1. I claim that in these

exceptional cases, we can find another 1-hypercocycle ({a);v}, {f, |.5,)) in the
/

same cohomology class as ({ws,}, { fs,.5,}) such that we can write f , =
/

s s/l forany sy, s, € A(s") and

b —i
wf(pzflfm)fsfE o_y'

fy, = fs foranys, #s.

mod pH°(V¢, Ov,,).
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Proof of Lemma 16.6. Everything is clear by Lemma 16.5 and the definition of f;
in (63), except for the exceptional cases. First we assume i = p — 1, then

boy~ P~V b1y
—-(p—-10  —2p

This makes sense since v, (b1) > 1. Now define g;, € HO(VSU,,;, Ov,,)s Sv € A(s))
as:

w—(pz—l—m)fs — mod pH®(V,, Ov,.e)-

b (x2P=4 = 2xP73)y?
o = —2pvfwf2$2 (xP~1—1)?
Sy T
I
—2pviw;?E2 X2

if s, =s,

— if s, # 5.

Hence define o) = wy, + ol lmgg, v = S+ ol (g —go);
the hypercocycle ({wy, }, { fs,.5,}) and ({wy }, { f;, 5,}) are in the same cohomology
class. A simple computation shows the following identity in H 0(Vcﬂg, Oy, .):

by (2P —2xP73)y? by y: by
—2pviw; g2 (I 1)? —2pviw PE2 Xt =2p

Thus if we define f/ = f; — b1y =2 /(—2p), s, = [5,» Su # 5, they satisfy
fs/l,sz = fs/z - fs/l’

and clearly have the property we want.
The case i = 1, p = 3 can be done by the same method. This time

(] _ by _
o P = byy 1+_—9)’ ’

by 3y’ y3
= boy ! — ) mod3H*(V, ¢, Oy ).
oy + _9v%w;3§3 ((xz _ 1)3 %3 ( c,& Vc,g)
We can define g, similarly. I omit the details here. 0

Remark 16.7. In the odd case, things are similar. We only restrict ourselves to
the case p2 — 1 —m >[—mp]. Let s be an odd vertex. We also have ¥ ¢ (see the
beginning of Section 12). Let w be an element of H*-f0. Similarly to Lemma 16.4,
o has the form (using (52)):

ol (Fay 4 pG(2)yr ) 2 (64)
where F'(x) € Op,[x, 1/()cp_1 —1)]A, G(p/x)= :i?) a,(p/x)", a, € Of, Yn. All
the above arguments work here and we can define a I-hypercocycle ({oy}, { fs o })
that represents . Notice that there is a “p” in front of G(p/x) in (64). Thus when
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2<i<p(esp.i=1),
-l e pHO(Vc,s,OVC,s) (resp. HO(VCvS’OVaf))’
w_7[7}%‘0]](51’3‘é e pHO(Vsi,SmVSé»E’OVSimeJéf) (I'E:Sp. H (Vs‘/ SHVSQ S’OV/ FW/ ))

Here Vi ¢, s" € A(s) is defined similarly.

Before stating the main result of this section, we still need to do some extra work.
Most results here can be found in [Haastert and Jantzen 1990]. Since Do Ory & isa
curve in P2, the Hodge—de Rham spectral sequence gives us the followmg exact
sequence:

0— HO(DO,OFO,S,Q;)/OE ) = Hix(Do o oy 8) = H' (Do.o o6 O )= 0. (65

Fo bo.op, &

And each group in this exact sequence is a finite free Or,-module. If we use a
1-hypercocycle ({wy}, { fvl S2}) to represent a cohomology class in HdR(DO Ory:)>
then every element in H° (Do Ory &> Ql—~ Doop, ) can be identified as the hypercocycle

with all f;, 5, = 0. And the map to H' (Do Ory &> ODg 0, i5) is just mapping the
hypercocycle to { fs, s,}, which is considered as a 1- cocycle Similarly, we have

0— H'Uyg ¢, Qp—) = Hig(Ug ¢) > H' (Ug ¢, O—) = 0,
5o S8

which can be identified with the reduction mod od p of the previous exact sequence.

Recall that the de Rham cohomology of DO Or,,& can be identified as the crys-
talline cohomology of Us/ &- It is equipped with a Frobenius operator ¢. It is
important to understand the relationship between ¢ and the above exact sequence.
Denote (Jgp-1-_; Do,o,.& by Do,oy,-

Lemma 16.8. Under the isomorphism between HdR(DO Or, £)and H Crys S(’w £ / Or,),
(1) @(Hix(Do,0,,)%) C Hig (Do,0,) """
(2) @(Hip(Do,0;)*) € H(Do oy, QD?OFO)W + pHlx(Do,0,) """

(3) The above inclusion is in fact an equality and ¢ induces an isomorphism
between HI(US(/), (’)U—S())X' and HO(US(/), Q%{))(X’)P'

Proof. See Section 3 of [Haastert and Jantzen 1990], especially Proposition 3.5.
Although our curve is slightly different from the curve in that paper, all arguments
in their paper work here. ]

Remark 16.9. A variant of Lemma 16.8 is that ¢ induces an isomorphism

H%(Dy o, » @'~ ) + pH}(Do,0, )" <> pHlr(Do,0, )"
0" Do,og, 0 0
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This follows from the fact that g02 is a scalar ¢, on these spaces and v,(cy) = 1;
see Proposition 12.8. A direct corollary is that ¢ induces an isomorphism between

(H*(D0,07,, s~ )" + pHr(Do.05)" ) / P Hi (Do.0;, )"
]
and

pHgg (Do, OFO)(X )’ /(pHO(DO Ory Q! ,0\ yx? +p2HdR(D0 Pl )(x’)”)

which can be viewed as an isomorphism H° (US , QU ; )X =~ H! (U (’)U )(X'V’

In fact, we can write down the isomorphism between H! (Us ,OU,)X and
H O(U QUO)(X) explicitly (Lemma 16.13 below). Some notation here as
before (see (27)), we may identify US & with the projective curve defined by
ertl = VW) ~1&£(n? —n) and the srngular points of U (considered in the special
fiber of 21 or.£) are those points with ¢ = 0.

Definition 16.10. We write A(so) ={S0, ..., 8p—1, 500}, Where fork =0, ..., p—1,
sk 1s the vertex that corresponds to n =k, e =0 in U, 5.& and so0 corresponds to the
point n = oo, ¢ = 0 (equivalently, if we use projective coordinates [7, ¢, 1], then
this point is [1, 0, 0]).

Definition 16.11. Let V|, be the open set of IT(/)E that is the complement of the
point n = oo, ¢ = 0. We also define V, as the complement of n = ¢ = 0.

Using the notation from Definition 16.2, it is clear that set theoretically, Vj
is the union of Vi, ¢, ..., Vs, | ¢ and Vo is the union of Vi, ¢, ..., Vs, 6, V&
By abuse of notation, we also view Vj, Vs as open affine formal subschemes
of DO Or.» £

Notice that VO, Vo 1s an open covering of DO or,.&- Hence every cohomology
class of HdR(Do Or, ,£) can be represented by a 1- hypercocycle (w0, Woos J0.00) AS
before. Every element of H'(Uy ¢ 5,.&» Ogyz) can be represented by an element in

HO(VoN Vo, Oy,nv,,), viewed as a 1- cocycle The next lemma is easy to see.
Lemma 16.12. H'(Uy 5 OlTr(/)) " has a basis, when restricted to Uy ¢ 56> given by

obt+1-i

, k=1,...,p—1i.
77k

Ifi = p, then H'(Uy,, OU—)X’ =

Hence we may view é”T!1=7 /y¥ as an element in H' (Uc , OU,)X Then, as a 1-
hypercocycle, (e?t1=7 /n*) is (0, 0, ePT1=Dr jyrk)y, A direct computation shows:

Lemma 16.13. ¢ (7= /n%) is the same as the holomorphic differential form

(vlu)l_lé)p_i(—l)p_i_kk<pl:l >nP—i—kEi—l de.
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Remark 16.14. We will need to translate a 1-cocycle inside H' (lm, (’)m) using
the open covering {V; ¢ }sea(s) to a 1-cocycle using the open covering {Vp, Voo}.
This is done as follows. If we start with a 1-cocycle { fs/’s,,}, we can find another
I-cocycle {fs s} that represents the same cohomology class and fy, ;. can be
extended to a section in H°(Vy N Vo, Oy,nv,,). Then fy, 5. can be viewed as a
I-cocycle of the covering {Vy, Vo). In fact, this is just what we want.

Example 16.15. Let’s compute one example here. Consider the 1-cocycle { f},”s,,}:

fig=fi—f, where fj =&, f/=0fors#sp.

Then clearly f; ; has poles on VpN V. But we can modify this cocycle a little
bit: define
n p—2 ép+1—i

v lEmrT =)

25 € H'(Vyy£, Oy, ), g =0 for s # so,

and let
fs,s” = s/,S” — &8s 1+ 8&s-

Then { f; v} and {f .} represent the same cohomology class. Moreover,
np—Zép—H—i ép—i—l—i

vwEMPT =1 vw; ey

Jso.s00 = f.s'/o,soo + 80 =St 80 = -+

(using ertl = vlwl_lé(np —n)) clearly extends to Vp N V. Hence,
ept1=i
vlwflén’

viewed as a 1-cocycle of the covering {Vy, Vo }, represents the same cohomology
class as {f ,}.

A combination of Remark 16.7 and the Lemma 16.8 gives:

Lemma 16.16. Assume p> —1—m > [—mp]and i # 1. Let s be an odd vertex and
we Hx" o,

(1) Using the method in the proof of Proposition 16.1, we may view @ ~""Plw as

a cohomology class inside Hc1 U,/ OFO)X/. Then

rys
0@ " w) € pHY(Us/ Op)*",
or equivalently (using Remark 16.9),

@ 7w € p(Hly (Us/ Op)* "),
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(2) In fact, Proposition 15.8 shows that @ ~ =™l modulo p is a holomorphic
differential form inside

HO(Us, Qp) = o(HR (),

which is nothing but @ ~\="Plw considered as a cohomology class in H;R(IZ).

In particular, if
0 1
w|21.0F’X € pH (Z1,0p,5, @),

then the cohomology class of w """l is inside pH  (U,/ Or,).

crys

Proof. Following Remark 16.7, let ({wy}, {fs 5}) be the 1-hypercocycle that
represents @ in F ®F, Crys(U JFp) (by 1dent1fy1ng the crystalline cohomology
of U, with the de Rham cohomology of Do Or, ). Since

w_[_mp]fsi,sé € pH (Vsi,f N Vsé,év o‘/sigﬁvsé.é)’

all these o ~1="7] fs.s; vanish if we reduce modulo p. This means that the image
of ="l in Hle(US) actually lies inside H(U;, 9%7?). Now our first claim is
a direct consequence of Lemma 16.8. Referring again to Remark 16.7, the rest of
the lemma follows from

ol g, e PHO(Vc,S’ Ov..o)-
Thus when we restrict everything to the special fiber of V. ¢ (equivalently, ITO’E)’
wl TPl = @l — dfy = @ "Ply  mod pHO(VC’E’ Q%/Cé)'

This indicates that the cohomology class of @ ~[="Ply is just the 1-form @ ~=""lw
after reducing modulo p. O

Remark 16.17. Using the action of GL,(Q),), it’s not hard to see that if we replace
s by an even vertex 5" and w € HXFo by w € HD"Fo_we have a similar result:

e € (HYyyo(Ug ) O,
and exactly the same statement for the second part.
Similarly, by combining Lemmas 16.6 and 16.8, we obtain:

Lemma 16.18. Letw € HO(ZT,JOF, "X CAFEIF) gnd 5" be an even vertex. Assume

0)| - c pHO(E/T,-Z)F,sa wl))(/,Gal(F/F()) (66)

Z1,0p.s

for any s € A(s").
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(1) The image ofw_(Pz_l_’”)w in H! ((TV//OFO)X/ is actually inside

crys
@(Hy(Us/ Op) %",

. . . (21— o — /
Equivalently, if we view @ ~P" 1" as an element inside Hclrys(Us/ /Or)*,

—(n2_1_ — ’
(@ (P*=1=m) ) EPHclrys(Us/OFo)(X o

(2) Assumei # p. Proposition 15.8 shows that in this case =P =1=m) 4y modulo p
is a holomorphic differential form inside

H(Uy, Qi) = (Hf (Uy)),

and we may identify it with the cohomology class of =P =1=m g i Hle(KTS/).
In particular, if
ol~ €pH'(Zi 05, 0",
10ps’
then the cohomology class of w~? =1=m) is inside pHclrys(U_s/ / OF,).
(3) Assume i = p. We have a slightly weaker result: assume

wl ~ €pH (S 05y, 0h); (67)

1 0.
then the cohomology class ofw_(pz_l_m)a) is inside pHclrys(U_s//OFO).
Proof. First we prove the first two parts. If i = p, we know that (Lemma 16.12)
H' Uy, 0g)* = H Uy, Qp7;)"*" =0.

Hence Lemma 16.8 tells us that
O(Hyy (Us ) Or) ") = Hypy (Uy | OR)* .

So in this case, the first part is trivially true.

Now assume i # p. We need to use some results from Lemma 16.6; see the
notation there. We can represent a)|2~ as a 1-hypercocycle ({ws}, { fs,.5,}) and
for s € A(s’), there exists LoF

2_1_
fiem? M HY (Vg Oy,

such that f;, 5, = fs, — f5,. Hence, as in the proof of Lemma 16.16, it suffices to
prove
—(pP—1—m
@ P f € pHO (Veg, Oy, ).

If p>2—1—m <[—mp] and i # p, this already follows from the second part of
Lemma 16.6. So we only need to treat the case p>—1—m > [—mp]. Then the desired
result follows from our condition that w|g~ € pHO(Z| 0., "X CAE/Fo)

NojoR
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More precisely, using the notation from the proof of Proposition 16.1 (espe-
cially (59)), we can write

| ~ — Pl p et de | wl=mPlg(r)é" e’ (68)
21 0p.ls.5'1.€ e e’
Notice that Lemma 16.6 tells us that

g0y
i
It suffices to show g(0) € pOp,. But by Lemma 15.7,

o~

8 € pOn [t | -

since we assume a)lzflvo € pHO(ZTfOF,S, wh)x G/ S0 we’re done for the
first two parts. e
As for the last claim, we keep using the notation ({ws}, { fs,.5,}) and {fs} as
above. Notice that we already assume a)|2~ e pH O(ET,Z;F, &, o). Hence if we
can show Lo
@~ P e pHOV, g, Oy, ), (69)

w_(pz_l_’")fs = mod pHO(Vc,g, Ov..)-

then we would know that both w, and f;, s, are divisible by p. Thus it suffices to
prove (69).
But using the notation (68) above and Lemma 16.6, which says that

_(p—1— _
w PTIT f=Pg(0)y™P mod pH"(Veg, Ov,.,),

we only need to show g(0) is divisible by p. But by our assumption (67),
1

f(n) € pOr, [n, —]

nP=t—1

o~

Since we also assume a)|2~ € pHO(ELoF,s, wh),
1,0f.s

o~

1
8(&) € POFO[C, U’_l——l]
See the computations around Lemma 15.6. Therefore g(0) € p Op,. (]

Remark 16.19. Using the action of GL,(Q),,), we can get a variant of the previous
lemma. Let w € HO(ELOF, wl)(x/)p’Gal(F/FO) and s be an odd vertex. Assume

0/ — 1 "\P ,Gal(F/F
Ol € PHO(E1 0y, )G/
JOF.s

for any s” € A(s). Then the cohomology class of @~ PP=1=m) gy in {] (ITS//OFO)(X/)')

S ! . . crys .
is inside (p(Hclrys(U s/ Or,)* ). And we have a similar result for the last two parts: if
we assume

0 1
a)|2~ e pH (Z1,0p,5. 0 ),
1,0p,s

then the cohomology class of @~ (P’=1=m, is inside pHclrys((Z / OF,).
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Remark 16.20. When i = p, we will see in Section 17 that the second part of the
lemma is actually still true (Lemma 17.12).

Now let’s recall the construction of M (x, [1, b]) in Section 14. First we write
[ [(F ®r, Hayo(Us/ Fo) ®a, E) = F1 & Fa,
S
where

P [ F®r Hyy U /F)X @ [| F®r, Hyy U/ Fo) "

s’ even s odd

RE T] FOr HeyUe/F)" @ [ ] F ®r Hey(Us/Fo)Y .

s’ even s odd

(70)

It is clear from Lemma 16.18 that g, ® 9 ® Idg sends F; to F,. Let f be an element
of (HO(E%F, @) ® Op)x-CalF/Fo) By Proposition 14.6, we have an injective
map (H'(Z1,0,. @') ® Op)* S/ R into [ (F ®F, Hys(Us/ Fo) ®q, E)*. Let
(f1, f») be the decomposition of the image of f into F; & F,. Then:

Lemma 16.21. M (x, [1, b]) =
{f € HUE 0, @O0 T | (10h) (8,09@1dp) (fi)) = (@ "~V @D) fa).
Here 1 ® b and P~V ® 1 are viewed as elements in F®@pE.
Proof. Considering

(H(S7 0, ©) ® 0p) 0 S0 — (HO(S, | ') @ 0) /8 (71)
the lemma follows from Proposition 13.3 and the remark below it. U

Thus we can rewrite M (x, [1, b]) as the kernel of 6;,, which is defined as the
composite of the following maps:

—~ — L
(H (21,0, @) ®0) 7 S TT(F &, Hapyo (Us / Fo)®a, E) =5 Fy,  (72)

N

where Ly, : F1 @ F, — F> is defined as

(fi. ) > —(1®b) (8, ® 9 ®Ldp) (f) + (@ P @ 1) fo.
To understand the image of 6, we introduce:

Definition 16.22.

N [ B Oo/0p)? @ [] HeyUs/0r)E" c B, (73)

s’ even s odd

L (@1, ® e ®1do,) (1) C Fa. (74)
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Lemma 16.23. Under the assumption p2 —l—m>[—-mpland2 <i<p—1,we
have
0y (H'(E1 0y, @) ® Op) 0 CUE/I) .

Remark 16.24. In the next section we show that the lemma also holds for i =1, p.

Proof. Let » be an element in (H(Z o, , »')® Og)*-C4F/F) Write w = (w;, w2)
as the decomposition into F; @ F,. By Proposition 16.1, we have w; € P’ 1-m Ji.
Hence

Ly((@1,0) = —(gy @9 Q@ b(w1)) € J>.

It remains to prove that Lj,((0, w»)) € J», or equivalently, (zw P~ @ 1)w» € Jo.
Using the action of GL,(Q,), we only need to check this for one odd vertex. In
other words, it suffices to show

1y 2 —n J— np
(@ PV @ Do,y € (@78, ® p ®1do, ) (Hy (Us/ Or) ),

where s is an odd vertex and w;  is the image of w inside F ®F, Hclrys(lz /Fo)¥ /.
But this is nothing but the first part of Lemma 16.16. (]

By abuse of notation, we use 0 to denote the map
(H(E1.0p, ") ® Op) SR — gy,
Also we use 6, to denote the modulo p map of 6, that is:
Op: H*F = (H(Z1 0y, ") ® O/ p) SR — 1/ p.
Recall that we have an exact sequence (Proposition 15.13):
J— ’ J— np
0 — Indgr2@riox H' Uy, Q},Sé)g — H* — IndGi29r) HO(U,,, sz}jxé);” — 0.
As for J,/p, it’s obvious that
~ T GL2(Q U 7 !
J2/ p = IndGrG 0 ¢ (Hery(Usy / OR )1/ p.
Using Lemma 16.8, the filtration
p(p(HleYs(U_S(/)/OFO)X ) C pHclrys(U_S()/OFo)(X ’ C ¢(Hclrys(U_56/0Fo)X )
induces the following exact sequence:
—_— np —_— / —_ 1 7
0— H'(Uy, Og)™" — ¢(Hy Uy Or)*)/p — H°(Uyy, Q)™ — 0.

Another way to see this is that J,/p is canonically isomorphic with J;/p, and J;/p
has the usual exact sequence for de Rham cohomology. In other words, we have:

GLy(Q, 177 o \&XDP GLy (@ 077~ ol \x)?
0 — Indg2(77gx H Wy, Ogg)? " = ho/p = Indgp2(zox H' Uy, Q,TY(,))f — 0.
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Lemma 16.25. Assume p2 —1—m>[-mplandi €{2,...,p—1}. Then o),
induces the following commutative diagram:

GL,(Q@p) 077, ol / JF, GL,(Qp) 077 ol \&)?
IndGL§<z,f')@;H (Us(/), Q[TY(,));( - s HXF IndGL;(Z;)@;H (US(/), Q(TY(,))f

GLy(Qp) L7 )P GL,(Qp) 0,77 ol \x)HP
IndGL;(pr)@; H (Uv(’)v OUS(/))‘E JZ/P IndGLg(Zi}@; H (Uvés Q[T(,))f

Proof. Let w be an element of (HO(E’;’OF, w') ® 0g)*CF/Fo) whose mod p

reduction lies in Indglfg E%’))@; H O(U_s() , Q2 ;/Té )% . We need to show that

2 q_ _ np
Op(w) € m? ! mIndgtgggpp))QzpHclrys(Us(/)/OFo)S?X) C Ja.
Write w = w; + w; as in the decomposition

(HO(E/-I,\/OF, Cl)l) ®@p OE)XvGal(F/FO)

~ / ~ )P Gal(F/F,
_ HO(El,oF,wl)f ,Gal(F/ Fy) @HO(ZI,Opva)l)-([—X) al(F/ 0).

It is clear from the construction in the proof of Proposition 15.13 that w is in H;
modulo p (see the notation there). This means that

wl~ epH S ors, oMY and w:ls~ €pH'(Z1 0y, oY (75)
UZ10p.s :OF s> T TIE) op ,OF,s"s 7

for any odd vertex s and even vertex s’. Then, by Lemma 16.16, we know that the
image of @ ~[="Plw, in HCIWS(ZZ/OFO)%(/ actually lies in pHclrys(ITS/OFO)%(/ for any
odd vertex s. Similarly the image of w ~=mPlgy; will be in pHclrys(U_s/ / OFO)(fX 0’
for any even vertex s'. Let w = (w1, ;) be the decomposition of w into F; & F;.
Then the discussion before indicates that

1 2 1 JE— "np
(@ 7V @ Nan € @~ IndGEG oy P Horys Uy Or)E" C .

It remains to prove that

2_1_ J— np
(8 ®¢ ®1dp) (@) € " " IndG2 (P pHory (Uyy / Or) " C .

crys
This follows from Lemma 16.18 (the condition in that lemma is satisfied since we
have (75)). O

Now we can state the main theorem of this paper.

Theorem 16.26. The maps 9_1,,1, 0_1,,2 are surjective. More precisely, if we identify
HO(T,, Q}TY(,));X " with (Sym?~'~(0g/p)?) ® detit/ (see Remark 15.14), and
identify
_ , _ np
HO Uy, )¥ = H' Uy, 0
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with (Symi_z(OE /P)?) @ det/ !, where the isomorphism is induced by ¢ (see
Remark 16.9), then éb,l, 9_;7,2 are given by
Op.1:0i2(j +1) > 61 2(j + D, X > —bX + (=D () T(X),
Ob2:0p1-ili+J) > opo1oili+ ), X X — (=DMt HbH)TX),

where T is the Hecke operator (defined in [Breuil 2007]). See the beginning of the
paper for its definition.

We list some direct consequences of this theorem.
Corollary 16.27. 0, is surjective.

Corollary 16.28. 6, : (HO(E%F, w') ® Op)X-CAF/F) 5 I, s surjective and we
have the following exact sequence:

0— M(x,[1,b]) = (H'(Z) 0y, 0") @ Op)CIEF/F) s jy 0. (76)
Applying the functor M +— M9 = Homcom(M E) defined in Section 14, we get
0— J{ — (H(Z10,, 0" ® 0p) 0 FE PN By [1,6]) - 0. (77)

Notice that the kernel and the middle term of this exact sequence do not depend

d GL2(Qp)
on b. In fact, the unitary representation J; is the completion of c- IndGLg(Z})@x Py-1
with respect to the lattice c- IndGng%))@p p;,l, where px’l C py-1 is an Og-lattice.

It is the universal unitary completion of c- Indglii(%)@xpx_l

Proof. Recall that B(x, [1,b]) = (M(x, [1, b]))¢ defined in Section 14. The
surjectivity of @, follows from the surjectivity of 6}, and the fact that J, and
(H O(Z%F, ') ® 0g)*-GIF/Fo) are p-adically complete. The explicit description
of J; ¢ follows from the obvious 1s0m0rphlsm between J, and Ji, which is clearly
isomorphic to Indgkzgg s Hclrys s,/ Or,)% . Itis easy to verify that it satisfies
the universal property. ([

Corollary 16.29. Under the assumption p*> —1 —m > [—mp], i € {2,..., p —1},
as a representation of GL,(Q)),
0> {Xeoia(j+Dcx.))X=T(X)} > M(x,[1,bD)/p

—>{Xeop_i_ii+ )| X=c(x.D)T(X)} -0,
where c(x,b) = (— 1)/+1r(w )b € Og/p. Thus B(x,[1, b)) is nonzero and
admissible.

Remark 16.30. If we assume p2 —1—m<[—-mpl,i €{2,..., p— 1}, the same
proof will yield a similar exact sequence:

0> {Xecop1-ii+ )| X=c(x,D)T(X)} > M(x,[1,b])/p
—>{X e i+ D]c(x.)X=T(X)} >0
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Proof of Theorem 16.26. First we introduce some notation.

Definition 16.31. Let w € (H*(X) o, ©') ® Op)*-CF/F0)  Then

(1) w; + w; will be the decomposition of  in
(H(510,.0") ® 0p) = H'(S10,. )} @ H'(E10,. )"

We will use w; s ¢ (resp. wz s ¢) to denote the restriction of w, (resp. wz) to E%F,s,g,
where s is a vertex of the Bruhat-Tits tree and £7~! = —1.

(2) w = w1 + wy will be its decomposition into F; @ F> (see (70)). For an even

vertex s’ and odd vertex s, we define w; ¢ and w; s as the images of w inside
J— ’ 2 np

F ®pF, HCIWS(US//FO)%( and I ®F, Hclrys(Us/Fo)(fX ) , respectively. It is clear that

)5, w2 s can be defined similarly. We also use w4 ¢ to denote the image of w in

F ®F, HC1 (ng/Fo)(fX )" and define 1,56, W25, and wy o ¢ similarly.

Tys

In fact, Proposition 16.1 tells us that for an even vertex s” and odd vertex s,

pz—l—mHl U./O x pz—l—mHl U./0 x"H?
a)l,S/ cw Crys( S// Fo)-[ ’ a)l,S cEw crys( S/ FO)-E ’

and

_ — e _ — '
wyy € wTPHL (Ug)0r)Y, wr e w TP HL (U, 0R)Y).

crys crys
Now we start to prove the surjectivity of
A, - TndGL2(Q 077, ol \O&"? GLy (@ 077, oL y&)”
Ob,2 : IndGLiEz,f))@;H Uy, Q) — IndGLiﬁz;’f@;H Uy, Q)i -
Consider [Id, x¥y?~1=1=%] in (See the beginning of the paper for the notation
here)

IndZ3i2(@. (Sym” ™7 0/ p)®) @ det 7 ~ Ind@2Pn)e HO Wy, g &

Let @ € H*F0 be a lift of [Id, x*y?~!=i=%] in the first row of Lemma 16.25 and
letw e (H'(Z1.0,, 0") ® Op)*C1F/F0) be a lift of @.
It is clear that we may assume w; = 0. Then our choice of w implies:

Lemma 16.32. Under the identification in (27),

_ _.de —~
Vs =@ e = mod pH (% 0, 56, @), (78)
Wi 5 € pHO(ZT,JOF,S,g, w'):  for any even vertex s' # 50- (79)

Using this and Remark 16.17, we know that for any even vertex s’ # s,

—1yi 2-1- 1 57 ne
w—(l’ )le,s’ c w—P mpHcrys(US//OFo)-(EX) ,
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: ; 077, oL 1 (77
and considered as elements in H (Us(r), QUS(,J) C HdR(US(/)),

ki

- de P
o ! mp]wz,s(g,s =n'e — mod pH, /OFO)(X)

crys
Similarly, Remark 16.19 tells us that for any odd vertex s ¢ A(s),

—(p2—1—m »
P(@ P M, ) € pHL (Us/ Op) "

Hence it is clear from the definition of 6, that we have:
Lemma 16.33. 0, ([1d, x*y?™ ") = [ld, vy ]+ ) [g;" vl
s€A(sy)
where g5 is a chosen representative in the coset defined by s. Recall that we identify

the set of vertices of the Bruhat-Tits tree with GL,(Z p)@); \ GL2(Q)).

Since w) ; = 0, it follows from (78) that vy = xkyp=1=i=k,
To determine other terms, we recall some results in Section 7. Recall that s is the
vertex that corresponds to n = ¢ = 0. As a coset, it corresponds to GL,(Z,)Q} - w,

where
0 —1
w= (p 0 ) . (80)

Then E,LVOF,[S(), sol,£ 18 isomorphic to
1 1 I
OF[n,C, By T ,e,e]

P
(e”+1+v1wl S;’?’ — ”’H—l-v wlé { gl,éé’—w”qé)

Spf

in such a way that the following lemma is true.

Lemma 16.34. The action of w sends ZT/OF,[S(,),SQ], g 1o

X1, 0p,I5},501,67 = 21,08, [5},501, & -

Explicitly, it is given by (see Corollary 7.7; recall that e = ¢/ ):

n——¢, (> —-n ér—uve, ¢ vl_lé.
Now we come back to our situation. Using Lemma 15.5, the restriction of w; to
21,05 [s).50] CAN be written as
- de 2_1_ sipr1—i de’
oly~  =al G ra  e()d

21,01:,[3'6,3'0] £
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where f(n) € O,[n, 1/mP~" = DI, g(0) € O [¢, 1/¢P~" = DI Since w is
in the (x')?-isotypic component, we must have (using results in Section 9):
w ~

|21,OF,[A'6,50],7€

N . . ~ . . =~/
= oy e (— 1)~ LE gt g gy (1)U 4
By our construction of w,

ki de 0,5 1
Wz 5 & = W |5~ - mp]n é = mod pH (EI,OF,X(’),S"‘) ).

1035

Hence:

Lemma 16.35. fm) =n* mod p0F0|:77: ﬁ]

o~

I would like do all the computations on the central component, so we define
hyy = W) (@) € H(Z1 05, @), 81

Then (notice that w maps the (—&)-component to the £-component) a direct conse-
quence of Lemma 16.34 is:
Lemma 16.36. /| ~ = (w™*(wz 5. —¢) has the form

]0,:5 E3

P g (et (P (it de
1 e

+ o ) (—uy (1) L e’

where f(—t) = Fr(f(—¢)). applying Frobenius operator on the coefficients, and
g(—n) is defined similarly.

In fact, by Lemma 16.35, we know that

~

f=0)= (0" mod pogs, g,,_;l_l]

We need to compute the cohomology class of w_(pz_l_’”)h in Hclrys(US6 /OF)«
(modulo p). Following the strategy in the proof of Proposition 16.1 (see the notation
there), we may use a 1-hypercocycle ({ws}, { f5,.5,}) tO represent hg,. Also recall
that f;, 5, = st f5, (all considered as elements in @ ? =1- mHO(Vc £ 0v..)). By

definition of 9;, 2, we only need to know the image of ¢(w ~ (p*—1- M p) in
HdR(US(/))f = crys(UYO/OFO) /PH crys S(’)/OFO)f'

Hence Lemma 16.8 tells us that we only need to know the image of w*(PZ*I*m)hSO
inside
H'(Uy, Oy )z
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In other words, we are only concerned with the mod p properties of f.
Since w interchanges s, and so, w(s) # s;, for any odd vertex s # so. Then it
follows from Lemma 16.32 that for any s € A(s()), s # 50,

0,y 1
hsolz’l‘fops € PH (El,Op,s, ® ).
Therefore the proof of Lemma 16.18 implies that for any s € A(s()), s # 50,
—(p?—1—
(2] (=1 m)fs € pHO(Vc,é‘, OVE,E)T’

Moreover, Lemma 16.6 tells us that (compare Lemma 16.36 with (59) and notice
that g(¢) there is f(—¢)(—v;)'(—1)'*/ here)

Pl E FO) (=) (=) y ™

i

mod pH®(V.¢, Ov,,)z.

Recall that the identification of (T()g and the special fiber of D/O,\OFO £ 1s given by
X+—n, yr>e.
Lemma 16.37. The image of w ™ (p?=1- ’”)h in H' (Us £ OU )r is the following
1-cocycle { f s} If we use the open covering {VS £ls:
Ro=Lr=1£. where fi = fO)(—v) (=D'Ti7le™",  f{=0 fors #so.

Now we want to write this cohomology class as a 1-cocycle fy « of the open cov-
ering {Vo, Vo) (Definition 16.11). But this is already computed in Example 16.15:

Lemma 16.38. The image OJCGI*(l’LI*’")le0 in H! ((Téf’ (’)@), is the following
1-cocycle { fo.00} if we use the open covering {Vo, Vo }:

epll
n

fo.co = FOI(=D i wy (v )

Thanks to Lemma 16.13, a simple computation shows:

Lemma 16.39. The image of ¢(w =P ~1=™p ) in Hle(lm)f is

7 j—1 ipert
o(FOD i s =)
= FO D w17 9 e 0T 0l ).
Us &

Recall that in the isomorphism

HO(Uy,. Q}Jxéw’)” — (Sym?P ™' ) @ det Y,
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nP~171¢! dé/é is identified with x?~'~/. By Lemma 16.35, f(0) = 1 if k =0
and f(0) = 0 otherwise. Hence, considering the definition of 9_;,,2, Lemma 16.39
implies:

[w, (=D e (wiHbxP~'"] ifk =0,

0 otherwise.

Lemma 16.40. [w, vyl = {

Now we compute the same term of T ([Id, x*y?~!=1=k]) (see the beginning of
the paper for the notation here):

[, g (w™ ) ey~ = [w, (_01 (1)) oor (((1) p01>> (xkyp—l—f—k)},

which is nonzero if and only if k = 0. When k = 0,

e (o )
= [w’ (_01 (1)> (yp”)] = [w, x?7'7].

[w, x?~1=11 + other terms, k =0,
[w, 0] 4 other terms, k #0.

Since GL,(Z ) acts transitively on A(s(’)), the above computation implies

Lemma 16.41. T ([Id, x*y?~177=F]) = {

O 2 ([1d, x* yP=171=kY)
= [1d, x*y? 1 = (=) e OB T (11, xR,

Notice that 0_;,,2 is GL,(Q,)-equivariant. Therefore,
Op2=1d—((—1)/ e (wHb)T.

As for 6, 1, the computation is almost the same. I omit the details here. ]

17. Computation of M (x, [1,b])/p, I:i =1, p

In this section, we deal with the case i = 1, p. We keep the notation used in the
last two sections. Now Proposition 15.13 becomes:

Proposition 17.1. (1) Ifi =1, there exists a GLy(Q,)-equivariant isomorphism
x.Fo ~ GL(Q,) 077, oL \&)?
H 0 —_— IndGLi(Z’ﬁ)@; H (Us()’ QUY(/))f .
2 Ifi=p, 1
x.Fo ~ GL>(Q)) 077, ol \x

Proof. Notice that wheni =1, H O(U_Sé , Q;]j(,))x/ = 0. So everything follows from
Proposition 15.13 and Remark 15.15. ]
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In fact, we can see the above isomorphisms in the following way. If i = p, for
any h € H*-To_ the restriction of &, (resp. f_zf) to EI/ONr (resp. ET,/OF,S) for an odd
(resp. even) vertex s’ (resp. s) corresponds to a holomorphic differential form on
Uy (resp. U,) under the isomorphism in Lemma 15.4. Hence we can define the
above map. The case i =1 is similar.

As we promised earlier, we have:

Lemma 17.2. Assumei =1 or p. Then
0p (H(Z1.0,. ") ® Op) 0T/ .

Proof. See (73), (74) for the definitions of Ji, J,. First we assume i = p. Then by
Lemma 16.8, we have

(/)( crys(U /OFo)X ) =p cryg(U /OFO)(X )I’

Thus we may identify J> = (@ ”" =" ®p®1do,)(J;) with (recall F> is an F®q, E-
module)

2_1_ —_— / —_— np
@’ " 1>( [] PHayUs/Or)E @ [ | PHyUs/ O >’) C F,.

s’ even s odd
Letwe (HO(ET,/OF, ") ® Op)-GE/Fo) and @ = w; + w, be the decomposition
of w into F| @ F,. By definition ¢(w;) € J,. Since
[-mpl+i(p—1)=(p* =D +p*—1—m

in this case, Proposition 16.1 implies that (P _l)wz € Jz Hence 6, (w) € J5.
Now assume i = 1; then ¢( Crys(U /OFO)X )=pH, (Uy /OFO)(X )’ Hence

crys

h=w"" '"( [1 ey @os0r)f @ ] Crys<UA«/0Fo>§X’)”).

s’ even s odd
So the lemma follows directly from Proposition 16.1. (]
Let 0, : H — J,/p be the mod p map of 6. It is clear that
GL,(Q x"H? s
~ [ndCL2(@) G | dGEE ey H' (U O™ i =p.
Do/ p = IndGE G o Hir (U GL(©@,)  p0 N
IndGLZ(Z]))QXH (UY N Qng(/))f N 1= 1.
We can now state our main results of this section.

Theorem 17.3. 6, is surjective. More precisely:

(1) Assume i = p. If we consider the following isomorphism induced by ¢
(Remark 16.9):

R 1 ’ 1,7 np
H Uy, Qup)¥ =~ H' Uy, 057"
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and use Remark 15.14 to make the identification
HOWy, Q) = (Sym" (0 /p)?) ® det/ !,
then 6, is given by
Op:0p2(j+1)— 0pa(j+1),
X > —bX + (=) ()T (X) —bT*(X).
(2) Assume i = 1. If we use Remark 15.14 to make the identification
HOTy, Qp) " = (Sym?~(0g/ p)) ® det’*,
then 6, is given by
Op:0pa(j+1) = 0pa(j+1)
X > X+ (=) br(wHT(X) + T*(X).
Just like the previous section, we list some corollaries first.

Corollary 17.4. 0, is surjective.

Corollary 17.5. 6, : (HO(ET/OF, o) ® 0p)CUFE/F) s I, is surjective and we
have the following exact sequence:

0— M(x,[1,b]) > (H'(Z) 0, 0" @ Op)C1F/F) 5 ) 5 0. (82)
Applying the functor M +— M* Homcom(M E), we get
0— J{ > (H(Z10,, 0" ® 0p) 0 FE PN By [1,b]) - 0. (83)

The kernel and the middle term of this exact sequence are independent of b.

The kernel sz is the completion of c- Indglig(z Yoy Py with respect to the lattice

c- Indgliigg ))@x,o _1» Where ,OX 1 C py-1 is an Og-lattice. It is the universal unitary

completion of c- IndGL2 @, )@p Py~

Corollary 17.6. Assume i = p. As a representation of GL,(Q),),

M, 1,6/ p={X €0opa(j+1) | =bX +(=1)/ (T (X)—bT*(X) =0}.
Wheni =1,

M(x.[1,b))/p={X €0pa(j+ 1) | X+ (=D br(w;HT(X) + T*(X) =0}.
Thus in any case, B(x, [1, b]) is nonzero and admissible.

Proof of Theorem 17.3. We only deal with the case i = 1. The case where i = p
can be treated in almost the same way.
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Consider [Id, x* yP —2-k] as an element in
)4
Ind2(8n0 (SymP2(05/p)?) @ det/ ! =~ Ind G287 HOUy, Qi) "

Let w € (H° (ZLOF, w') ® Op)*-CAF/F) pe g lift of [Id, x¥y?~27%]. As before,
we may assume w; = 0. It is clear from our construction that for any even vertex
s" # s,

wz sz € pH (1 0p5 6, @) (84)

Hence for any odd vertex s ¢ A(s(),

wise € pHO(Z | 0pser @)z, (85)

This follows from Remark 15.9 and the fact HO(U;, Q%jx)(xl)p = 0. Thus using
Lemma 16.18 and Remark 16.19, we know that 6, ([Id, xkyf’_z_k]) must be of the
following form:

Lemma 17.7. 6,([1d, x“y" D =[ld, ug]+ > [g; " ]+ Y lgy'usl,
s€A(s)) s'€A2(s))
where Az(s(/)) ={s' € A(s) | s € A(s)), s" # 5}

First we compute [Id, u]. It suffices to compute the image of @~ ""lo; in
1 7 Y4 — 1 \p
Hig (U)?" = HO Uy, Q)¢

As before, on ZT,JOF,[S(/), sol.£» WE can write (use a variant of Lemma 15.5 and notice
that ws is in the (x’)?-isotypic component)

|~ — o [—mp] ~de
wt|2|,0p,[s6.sojé w S(me

where f (1) € O, [n, 1/("~' = DI, g(0) € OR[¢, 1/(¢P~' = DI As usual,
we ldentlfy El,OF’[S(/)sSO]’f with

— sip de’
R L (ST

1 1 S
0F[?7,§, np—1—1" ¢p=1— ¢ e]

Spf

(ep+1 +viwy g{p - 77 ol 4 Ul_ wié nplil_fl , ee — wl’ﬂS) .
Our choice of w implies:
Lemma 17.8. £ =n* mod pOFO[n, ﬁr
Now restricted to ETfOF, 50,62
wens =y =0T (82 (2) d + g @)@ d?).

By (84), we know that for any s € A(so) that is not s),

0,5 1
wz s e € pH (X1,0p,5.6, 0 )7
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Then Remark 15.9 implies that the reduction of w_(l’z_l_’")wf,so,g modulo p, as a
meromorphic differential form on Uy, ¢, can only have poles at { = ¢’ = 0. Here
we identify Uy, ¢ with the projective curve in IP% , defined by

P

et =vlwiE(” - 0).

Therefore the only possible pole must come from —&f(p/¢) dé’ /é">. Notice that
by Lemma 17.8, this term is nonzero modulo p if and only if k = 0. Thus when
k # 0, the reduction of wz s, ¢ is a holomorphic differential form on Uy, . But

_ np
H (s, Q)" =0,
hence g(¢) has to be zero modulo p in this case. Therefore we have proved:
Lemma 17.9. Ifk # 0, then g(¢) € pOr,[¢, 1/(¢P~! — DI, and
7,506 € PHO (1055065 @)z

When k = 0. Rewrite

~—2 P\ _ 1 _é/p_l _ é‘/p—l
¢ )= m T = p
es e v wi(Er—=1¢)
E/p—l g’P—lgl’—Z

_vl_lwlés“ " vl wiE(r-1)
(modeFO[é/, Z, ﬁ}/\/(é'pﬂ + vflw@@/?;%)).
Thus

2
—(p°—1—-m
w P )wf,SO,E

_ é/p_l de' ( 'é/p—lg-p—Z
= -1 T _
v, wig v, wi(gP=1)

+8(0)&" ") dé' mod pH (X105 5060 )z

Notice that the first term, &'7~! dé//(vl_1 w1¢), only has a pole at &’ = ¢ =0 and the
second term is holomorphic at this point. Therefore the second term (modulo p)
is a holomorphic differential form on Uy, which has to be zero since it is in
H(U,,, Q;T)(X')p = 0. Hence:

S0

Lemma 17.10. When k =0,
2P e
vflwlg
g2
v wi @ =1)

— 0/ — 1
wf,So,E = wp mod pH (Zl,OF,SQ,Sa w )‘E

~

5(0)= mod O£, oy

A direct corollary of Lemma 17.9 and Lemma 17.10 is:
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Lemma 17.11. For any k, we always have g(0) € p Op,.

Now we try to compute the image of w inside @ ? P=l-m Hclrys(U 5, /OFr,)z (mod p).
As we did in the previous section, we can use a 1-hypercocycle ({ws}), { f5,.5,})
to represent this cohomology class. Moreover, there exists { fs}c A(sh) where
fsewm? -l- mHO(ch, Oy, ) such that f 5, = f5, — f5, and oy = w — df;. See
the proof of Proposition 16.1 for the notation here.

From Lemma 17.11, we know that g(0) is divisible by p. Therefore Lemma 16.6
tells us that

_(p2_1—
o Pl e pHY(Veg, Oy,,).

Using the action of GL;(Z,), it is easy to see that the above inclusion is also

true for other vertex s € A(s(/)). Hence all f;, s, are divisible by p and all w; are

congruent to w modulo p. This certainly implies that the image of @~ (P=1=m),

. — Y4 — 1 Y4

in Hig T)" = H' Wy, Qi7" is
=P =lmm g, — r/k de,

considered as a differential form using Lemma 15.4. In other words:

Lemma 17.12. uy = xkyP=27k,
0

Next we compute uz,. As we did in the previous section, we define
h, = i) (@) € H(Z op.56. @) . (86)
Hence Lemma 16.36 tells us that

K. |~
S0 21 Of s(/),E

. ~ - . =~/
= @I (—p)eP (—uy HP (~ 1) % —al f (e (=17 "e—e

where f(—{) = F~r(f(—;)), and g(—n) is defined similarly.
We need to compute the image of w*(PZ*I*WhQO in

Hyp(Uy)¥ = H'(Uy, Ogy)*

Now the argument becomes exactly the same as the proof of Theorem 16.26:
By abuse of notation, we use a 1-hypercocycle ({wy} {fs,.5,}) to represent the
cohomology class of h{ € w? A=l chlrys(U /Or,)7¥ . Also there exists { f;} such
that f5, s, = fs, — fs,- By (84) and Lemma 16.18, we know that all f; are divisible
by p for s # s9. As for fj,, we can compute it using Lemma 16.6 and Lemma 17.8.
We omit all the details here but just refer to the arguments from Lemma 16.36 to

Lemma 16.38 in the proof of Theorem 16.26.
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(— )/ br(wHxr=2, k=0,
0, k # 0.

Finally we come to the case s'eA? (sy), which does not exist whenie{2, ..., p—1}.

Lemma 17.13. uy, = up,-1) = {

Definition 17.14. We define s()/ € A(sp) as the vertex that corresponds to the coset

1 1/p
1
When k # 0, Lemma 17.9 tells us that wz 5, ¢ € pH (ET;)F 50,67 w");. Therefore
by Lemma 16.18, the cohomology class of & ~\="Plwz in H} (U / Or,)z is inside
PHy Uy / OF,)z.

crys

Lemma 17.15. When k # 0, Ug) = 0.

GLy(Z,)Q ( > € GLy(Z,)Q% \ GL2(Q,).

So we assume k£ = 0 from now on.

Notice that
0 —1\""(11/p\ (1 0\(0 -1\
p 0 o 1) \c11J\p o) -

Hence the (right) action of ( (1) 1/1p ) fixes the vertex sy and sends So to s0 This
clearly implies that ( ! 1/ P ) sends the edge [sO, so] to [sO, so]. In other words, we

get an isomorphism

Wi st 21,00, 150501 = 21,0, [s),501-

Restrict \I’s(’) s to EI,OF, s0» We thus get an automorphism of X ¢, s,. As usual, we

identify e . Op.s0.6 With

spfoF[g, 2 gpl_g_]/<g’l’+l +v1_1w1§(/€;;+§1_)

To see Wy, s explicitly on it, we use (2 0 ) to send 21 OF.s0.—& tO El OF .s).& and
then apply the results in Section 9. An easy computation shows:

Lemma 17.16. vy Y//| is

Z1,0p,50.8

-~

o~

L+, é’r—>é’modp0p[§, e, Ul_;]/(g/pﬂ_}_vl—lwlg(p/{;)’p—_g;_l)

Now consider
1 1/ —1\ *
o~ np
hy & ((o 1p) ) (wz) € H' (1.0, 0¥ (87)

On X1, 0p.Is).500.£ > it can be written as

m - ~p de
hyly~ =m0 4

N
0 X1, 0p.[s).50).6
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By our construction (see (84)), wz g ¢ € pHO(EIJOF,sg,g, ®'):. Hence,
US> 1
h‘Y(/)/|Z:;)F.S(,),E € pH (EI,OF,Sé,%" @ )f-

This implies:

o~

Lemma 17.17. f1(n) € pOrF, [77, +]
nP=i—1

Restrict i1,y to E%F,So,g. Then we have

21— ~p de ~
hyle~  =o? T Ta©E" Z mod pHO (S op060 @)e-

S0 X1,0p,50.6
1 1/[9 =1\ *
() Yo

Hence Wy, i+ maps a)f|z’1‘;)F_sof to hs5|ET;F,so,g- Thanks to Lemma 17.16, we can
write down this map explicitly (after reducing modulo p). Recall that an explicit ex-
pression of w; ; is given in Lemma 17.10. Thus a simple computation gives:

By definition,

| E’I\;IFJO,

Lemma 17.18. When k =0,

1 1 -
=— d O | .

With this lemma in hand, we can compute the image of w_(l’z_l_m)hsg in
—_— "np e /)]) — —~
Hip (U = HOUy;, (91756)(;( . We note that hy |57, . € HO (1 0,5, @)z
for any s € A(sy) that is not s9. So the computation is exactly the same as the case
where we computed u,. I omit the details here. The final result is:

Lemma 17.19. Whenk =0, ug = —x?~%.

We need to compute the same term of T2([1d, x*y?=27%]). Assume k =0. When
k # 0, it’s easy to see this term is zero. We already computed that

T([Id, y?~2]) = [(2 _01> ,xp_z} + other terms.

("7)=6 ) 50

by definition we have,

(G =[6 )l ) o)

Since
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0 p '\ (0 —=1\/1 0\[/10
—1—p') TP\ o J\op )1 1)

Then

—1nd _
() Yo ) e
—or((} )0

Write

= P2
Hence:
11
[(0 /lp) —xl’_z] + other terms, k=0,
Lemma 17.20. T*([Id, y"~?]) = 1
[(0 /1p)’ O] + other terms, k #0.

Combining the results of Lemmas 17.12, 17.13, 17.15, and 17.19 together with
Lemmas 16.41 and 17.20:

6p(X) = X + (= 1)/ br(wH T (X) + T*(X). 0

18. A conjecture on B(yx, [1, b])

In the previous two sections, we have proved the admissibility of B(x, [1, #]) and
explicitly compute its residue representation (see Corollaries 16.29 and 17.6, and
Remark 16.30). Recall that for each data (x, [1, b]), we associate a two dimensional
Galois representation V), 1 5) (Proposition 13.2) and prove that B(x,[1,b]) is a
completion of the smooth representation c- Indgli2 @/ )@x py -1 With respect to the
lattice ®(x, [1, b]) (Proposition 14.9). Up to some twist, this smooth representation,
via the classical local Langlands correspondence for GL;, corresponds to the Weil—-
Deligne representation associated to V)X [1.p) In [Fontaine 1994]. It is natural to
make the following:

Conjecture 18.1. Up to a twist of some character, B(x, [1, b]) is isomorphic to
H(V 1. bJ) as a Banach space representation of GL,(Q),), where H(V 1. bJ) is
deﬁned via the p-adic local Langlands correspondence for GL,(Q),) (see [Colmez
2010; Colmez et al. 2014]).

The evidence for this conjecture is that we can verify it modulo @, the uni-
formizer of E, namely:

Theorem 18.2. Via the semisimple modulo-p Langlands correspondence defined
by Breuil ([2003] or [2007]), up to a twist by some character and semisimplification,
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O(x, [1, b])/@E corresponds to the residue representation of VXV (1.5] with respect
to some lattice inside.

Proof. The residue representation of V, (1 ;) is computed in Theorem 6.12 of
[Savitt 2005]. I almost follow his notation except that his w there is my u,
here. ®(x, [1,b])/me®(x,[1, b]) is computed in Corollaries 16.29 and 17.6,
and Remark 16.30. A direct computation shows that they indeed match via Breuil’s
dictionary. I omit the details here. U

Remark 18.3. There is some duality involved in the conjecture. The reason is that
we are using de Rham cohomology rather than its dual, de Rham cohomology with
compact support.

Remark 18.4. It seems that this conjecture follows from the work of Dospinescu
and Le Bras [2015] by taking the universal unitary completion in their construction.
The interested reader is referred to their paper.
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Acknowledgements

I heartily thank my advisor Richard Taylor for suggesting this problem and his
constant encouragement and numerous discussions. I also wish to thank Gabriel
Dospinescu, Yongquan Hu, and Ruochuan Liu for helpful discussions and for
answering my questions. Finally, I would like to thank the referees for their careful
work.

The author was partially supported by NSF grant DMS-1252158.

References

[Berthelot 1986] P. Berthelot, “Géométrie rigide et cohomologie des variétés algébriques de carac-
téristique p”, pp. 3, 7-32 in Introductions aux cohomologies p-adiques (Luminy, 1984), Mém. Soc.
Math. France (N.S.) 23, 1986. MR Zbl

[Bosch 2014] S. Bosch, Lectures on formal and rigid geometry, Lecture Notes in Mathematics 2105,
Springer, Cham, 2014. MR Zbl

[Boutot and Carayol 1991] J.-F. Boutot and H. Carayol, “Uniformisation p-adique des courbes de
Shimura: les théoremes de Cerednik et de Drinfel’d”, pp. 7, 45-158 in Courbes modulaires et
courbes de Shimura (Orsay, 1987/1988), Astérisque 196-197, Société¢ Mathématique de France,
1991. MR Zbl

[Breuil 2003] C. Breuil, “Sur quelques représentations modulaires et p-adiques de GL,(Qp), I, J.
Inst. Math. Jussieu 2:1 (2003), 23-58. MR Zbl

[Breuil 2004] C. Breuil, “Invariant £ et série spéciale p-adique”, Ann. Sci. Ecole Norm. Sup. (4)
37:4 (2004), 559-610. MR Zbl

[Breuil 2007] C. Breuil, “Representations of Galois and of GL in characteristic p”, course notes,
Columbia University, 2007, http:/www.math.u-psud.fr/~breuil/PUBLICATIONS/New- York.pdf.

[Breuil and Mézard 2010] C. Breuil and A. Mézard, “Représentations semi-stables de GL,(Q)),
demi-plan p-adique et réduction modulo p”, pp. 117-178 in p-adic representations of p-adic
groups, 111 : global and geometrical methods, edited by L. Berger et al., Astérisque 331, Société
Mathématique de France, Paris, 2010. MR Zbl

[Bushnell and Henniart 2006] C. J. Bushnell and G. Henniart, The local Langlands conjecture for
GL(2), Grundlehren der Math. Wissenschaften 335, Springer, Berlin, 2006. MR Zbl

[Coleman 1989] R. F. Coleman, “Reciprocity laws on curves”, Compositio Math. 72:2 (1989),
205-235. MR Zbl

[Coleman and Iovita 1999] R. Coleman and A. Iovita, “The Frobenius and monodromy operators for
curves and abelian varieties”, Duke Math. J. 97:1 (1999), 171-215. MR Zbl

[Colmez 2004] P. Colmez, “Une correspondance de Langlands locale p-adique pour les représen-
tations semi-stables de dimension 2”, preprint, 2004, http://webusers.imj-prg.fr/~pierre.colmez/
sst.pdf.

[Colmez 2010] P. Colmez, “Représentations de GL2(Qp) et (¢, I')-modules”, pp. 281-509 in
Représentations p-adiques de groupes p-adiques, 1 : Représentations de GLy(Qp) et (¢, I')-
modules, edited by L. Berger et al., Astérisque 330, 2010. MR Zbl


http://msp.org/idx/mr/865810
http://msp.org/idx/zbl/0515.14015
http://dx.doi.org/10.1007/978-3-319-04417-0
http://msp.org/idx/mr/3309387
http://msp.org/idx/zbl/1314.14002
http://msp.org/idx/mr/1141456
http://msp.org/idx/zbl/0781.14010
http://dx.doi.org/10.1017/S1474748003000021
http://msp.org/idx/mr/1955206
http://msp.org/idx/zbl/1165.11319
http://dx.doi.org/10.1016/j.ansens.2004.02.001
http://msp.org/idx/mr/2097893
http://msp.org/idx/zbl/1166.11331
http://www.math.u-psud.fr/~breuil/PUBLICATIONS/New-York.pdf
http://msp.org/idx/mr/2667888
http://msp.org/idx/zbl/1271.11106
http://dx.doi.org/10.1007/3-540-31511-X
http://dx.doi.org/10.1007/3-540-31511-X
http://msp.org/idx/mr/2234120
http://msp.org/idx/zbl/1100.11041
http://www.numdam.org/item?id=CM_1989__72_2_205_0
http://msp.org/idx/mr/1030142
http://msp.org/idx/zbl/0706.14013
http://dx.doi.org/10.1215/S0012-7094-99-09708-9
http://dx.doi.org/10.1215/S0012-7094-99-09708-9
http://msp.org/idx/mr/1682268
http://msp.org/idx/zbl/0962.14030
http://webusers.imj-prg.fr/~pierre.colmez/sst.pdf
http://webusers.imj-prg.fr/~pierre.colmez/sst.pdf
http://msp.org/idx/mr/2642409
http://msp.org/idx/zbl/1218.11107

502 Lue Pan

[Colmez et al. 2014] P. Colmez, G. Dospinescu, and V. Paskiinas, “The p-adic local Langlands
correspondence for GLy(Qp)”, Camb. J. Math. 2:1 (2014), 1-47. MR Zbl

[Deligne and Lusztig 1976] P. Deligne and G. Lusztig, “Representations of reductive groups over
finite fields”, Ann. of Math. (2) 103:1 (1976), 103-161. MR Zbl

[Dospinescu and Le Bras 2015] G. Dospinescu and A.-C. Le Bras, “Revétements du demi-plan de
Drinfeld et correspondance de Langlands p-adique”, preprint, 2015. arXiv

[Drinfel’d 1974] V. G. Drinfel’d, “Elliptic modules”, Mat. Sb. (N.S.) 94(136) (1974), 594-627, 656.
In Russian; translated in Math. USSR-Sb. 23:4 (1974), 561-592. MR

[Drinfel’d 1976] V. G. Drinfel’d, “Coverings of p-adic symmetric domains”, Funkcional. Anal. i
PriloZen. 10:2 (1976), 29-40. In Russian; translated in Funct. Anal. Appl. 10:2 (1976), 107-115.
MR

[Emerton 2005] M. Emerton, “p-adic L-functions and unitary completions of representations of
p-adic reductive groups”, Duke Math. J. 130:2 (2005), 353-392. MR Zbl

[Fontaine 1994] J.-M. Fontaine, “Représentations /-adiques potentiellement semi-stables”, pp. 321—
347 in Périodes p-adiques (Bures-sur-Yvette, 1988), Astérisque 223, Société Mathématique de
France, Paris, 1994. MR Zbl

[Gillet and Messing 1987] H. Gillet and W. Messing, “Cycle classes and Riemann—Roch for crystalline
cohomology”, Duke Math. J. 55:3 (1987), 501-538. MR Zbl

[GroBe-Klonne 2000] E. Grofie-Klonne, “Rigid analytic spaces with overconvergent structure sheaf”,
J. Reine Angew. Math. 519 (2000), 73-95. MR Zbl

[GroBe-Klonne 2002] E. Grofie-Klonne, “Finiteness of de Rham cohomology in rigid analysis”, Duke
Math. J. 113:1 (2002), 57-91. MR Zbl

[GroBe-Klonne 2004] E. GroBe-Klonne, “De Rham cohomology of rigid spaces”, Math. Z. 247:2
(2004), 223-240. MR Zbl

[Haastert and Jantzen 1990] B. Haastert and J. C. Jantzen, “Filtrations of the discrete series of SLy(q)
via crystalline cohomology”, J. Algebra 132:1 (1990), 77-103. MR Zbl

[Katz 1981] N. M. Katz, “Crystalline cohomology, Dieudonné modules, and Jacobi sums”, pp. 165—

246 in Automorphic forms, representation theory and arithmetic (Bombay, 1979), Tata Inst. Fund.
Res. Studies in Math. 10, Tata Inst. Fundamental Res., Bombay, 1981. MR Zbl

[Katz and Messing 1974] N. M. Katz and W. Messing, “Some consequences of the Riemann hypothe-
sis for varieties over finite fields”, Invent. Math. 23 (1974), 73-77. MR Zbl

[Kiehl 1967] R. Kiehl, “Theorem A und Theorem B in der nichtarchimedischen Funktionentheorie”,
Invent. Math. 2 (1967), 256-273. MR Zbl

[Perez-Garcia and Schikhof 2010] C. Perez-Garcia and W. H. Schikhof, Locally convex spaces over
non-Archimedean valued fields, Cambridge Studies in Advanced Mathematics 119, Cambridge
University Press, 2010. MR Zbl

[Raynaud 1974] M. Raynaud, “Schémas en groupes de type (p, ..., p)”, Bull. Soc. Math. France
102 (1974), 241-280. MR Zbl

[Savitt 2005] D. Savitt, “On a conjecture of Conrad, Diamond, and Taylor”, Duke Math. J. 128:1
(2005), 141-197. MR Zbl

[Schneider 2002] P. Schneider, Nonarchimedean functional analysis, Springer, Berlin, 2002. MR
Zbl

[Schneider and Stuhler 1991] P. Schneider and U. Stuhler, “The cohomology of p-adic symmetric
spaces”, Invent. Math. 105:1 (1991), 47-122. MR Zbl


http://dx.doi.org/10.4310/CJM.2014.v2.n1.a1
http://dx.doi.org/10.4310/CJM.2014.v2.n1.a1
http://msp.org/idx/mr/3272011
http://msp.org/idx/zbl/1312.11090
http://dx.doi.org/10.2307/1971021
http://dx.doi.org/10.2307/1971021
http://msp.org/idx/mr/0393266
http://msp.org/idx/zbl/0336.20029
http://msp.org/idx/arx/1509.00606
http://dx.doi.org/10.1070/SM1974v023n04ABEH001731
http://msp.org/idx/mr/0384707
http://dx.doi.org/10.1007/BF01077936
http://msp.org/idx/mr/0422290
http://msp.org/idx/mr/2181093
http://msp.org/idx/zbl/1092.11024
http://msp.org/idx/mr/1293977
http://msp.org/idx/zbl/0873.14020
http://dx.doi.org/10.1215/S0012-7094-87-05527-X
http://dx.doi.org/10.1215/S0012-7094-87-05527-X
http://msp.org/idx/mr/904940
http://msp.org/idx/zbl/0651.14014
http://dx.doi.org/10.1515/crll.2000.018
http://msp.org/idx/mr/1739729
http://msp.org/idx/zbl/0945.14013
http://dx.doi.org/10.1215/S0012-7094-02-11312-X
http://msp.org/idx/mr/1905392
http://msp.org/idx/zbl/1057.14023
http://dx.doi.org/10.1007/s00209-003-0544-9
http://msp.org/idx/mr/2064051
http://msp.org/idx/zbl/1078.14026
http://dx.doi.org/10.1016/0021-8693(90)90253-K
http://dx.doi.org/10.1016/0021-8693(90)90253-K
http://msp.org/idx/mr/1060833
http://msp.org/idx/zbl/0724.20030
http://msp.org/idx/mr/633662
http://msp.org/idx/zbl/0502.14007
http://dx.doi.org/10.1007/BF01405203
http://dx.doi.org/10.1007/BF01405203
http://msp.org/idx/mr/0332791
http://msp.org/idx/zbl/0275.14011
http://dx.doi.org/10.1007/BF01425404
http://msp.org/idx/mr/0210949
http://msp.org/idx/zbl/0202.20201
http://dx.doi.org/10.1017/CBO9780511729959
http://dx.doi.org/10.1017/CBO9780511729959
http://msp.org/idx/mr/2598517
http://msp.org/idx/zbl/1193.46001
http://www.numdam.org/item?id=BSMF_1974__102__241_0
http://msp.org/idx/mr/0419467
http://msp.org/idx/zbl/0325.14020
http://dx.doi.org/10.1215/S0012-7094-04-12816-7
http://msp.org/idx/mr/2137952
http://msp.org/idx/zbl/1101.11017
http://dx.doi.org/10.1007/978-3-662-04728-6
http://msp.org/idx/mr/1869547
http://msp.org/idx/zbl/0998.46044
http://dx.doi.org/10.1007/BF01232257
http://dx.doi.org/10.1007/BF01232257
http://msp.org/idx/mr/1109620
http://msp.org/idx/zbl/0751.14016

First covering of the Drinfel'd upper half-plane 503

[Schneider and Teitelbaum 2002] P. Schneider and J. Teitelbaum, “Banach space representations and
Iwasawa theory”, Israel J. Math. 127 (2002), 359-380. MR Zbl

[Teitelbaum 1990] J. Teitelbaum, “Geometry of an étale covering of the p-adic upper half plane”,
Ann. Inst. Fourier (Grenoble) 40:1 (1990), 68-78. MR Zbl

[Teitelbaum 1993] J. T. Teitelbaum, “Modular representations of PGL, and automorphic forms for
Shimura curves”, Invent. Math. 113:3 (1993), 561-580. MR Zbl

Communicated by Marie-France Vignéras
Received 2015-10-12 Revised 2016-06-17 Accepted 2016-11-18

Ipan@math.princeton.edu Department of Mathematics, Princeton University, Fine Hall,
Washington Road, Princeton, NJ 08540, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/BF02784538
http://dx.doi.org/10.1007/BF02784538
http://msp.org/idx/mr/1900706
http://msp.org/idx/zbl/1006.46053
http://www.numdam.org/item?id=AIF_1990__40_1_68_0
http://msp.org/idx/mr/1056774
http://msp.org/idx/zbl/0687.14019
http://dx.doi.org/10.1007/BF01244318
http://dx.doi.org/10.1007/BF01244318
http://msp.org/idx/mr/1231837
http://msp.org/idx/zbl/0806.11027
mailto:lpan@math.princeton.edu
http://msp.org




Guidelines for Authors

Authors may submit manuscripts in PDF format on-line at the Submission page at
the ANT website.

Originality. Submission of a manuscript acknowledges that the manuscript is orig-
inal and and is not, in whole or in part, published or under consideration for pub-
lication elsewhere. It is understood also that the manuscript will not be submitted
elsewhere while under consideration for publication in this journal.

Language. Articles in ANT are usually in English, but articles written in other
languages are welcome.

Length There is no a priori limit on the length of an ANT article, but ANT con-
siders long articles only if the significance-to-length ratio is appropriate. Very long
manuscripts might be more suitable elsewhere as a memoir instead of a journal
article.

Required items. A brief abstract of about 150 words or less must be included.
It should be self-contained and not make any reference to the bibliography. If the
article is not in English, two versions of the abstract must be included, one in the
language of the article and one in English. Also required are keywords and sub-
ject classifications for the article, and, for each author, postal address, affiliation (if
appropriate), and email address.

Format. Authors are encouraged to use ISIEX but submissions in other varieties
of TgX, and exceptionally in other formats, are acceptable. Initial uploads should
be in PDF format; after the refereeing process we will ask you to submit all source
material.

References. Bibliographical references should be complete, including article titles
and page ranges. All references in the bibliography should be cited in the text. The
use of BibTgX is preferred but not required. Tags will be converted to the house
format, however, for submission you may use the format of your choice. Links will
be provided to all literature with known web locations and authors are encouraged
to provide their own links in addition to those supplied in the editorial process.

Figures. Figures must be of publication quality. After acceptance, you will need
to submit the original source files in vector graphics format for all diagrams in your
manuscript: vector EPS or vector PDF files are the most useful.

Most drawing and graphing packages (Mathematica, Adobe Illustrator, Corel Draw,
MATLAB, etc.) allow the user to save files in one of these formats. Make sure that
what you are saving is vector graphics and not a bitmap. If you need help, please
write to graphics @msp.org with details about how your graphics were generated.

White space. Forced line breaks or page breaks should not be inserted in the
document. There is no point in your trying to optimize line and page breaks in
the original manuscript. The manuscript will be reformatted to use the journal’s
preferred fonts and layout.

Proofs. Page proofs will be made available to authors (or to the designated corre-
sponding author) at a Web site in PDF format. Failure to acknowledge the receipt of
proofs or to return corrections within the requested deadline may cause publication
to be postponed.


http://dx.doi.org/10.2140/ant
mailto:graphics@msp.org

Algebra & Number Theory

Volume 11 No. 2 2017

Test vectors and central L-values for GL(2) 253
DANIEL FILE, KIMBALL MARTIN and AMEYA PITALE

A generalization of Kato’s local e-conjecture for (¢, I')-modules over the Robba ring 319
KENTARO NAKAMURA

First covering of the Drinfel’d upper half-plane and Banach representations of GL,(Q,) 405
LUE PAN

1

1937-0652(2017)1

1-J

=



	 vol. 11, no. 2, 2017
	Masthead and Copyright
	Daniel File and Kimball Martin and Ameya Pitale
	1. Introduction
	1A. Global results
	1B. Local results
	1B1. The split case
	1B2. The field case
	1B3. Relation to test vectors of Gross–Prasad

	1C. Outline

	2. Local setup
	2A. Subgroups and representations of GL2
	2B. The degree-two extension
	2C. The torus
	2D. The Waldspurger model

	3. Zeta integrals and test vectors for split Waldspurger models
	4. Nonsupercuspidal representations
	4A. Irreducible principal series representation
	4B. Steinberg representation

	5. Supercuspidal representations
	5A. Chain orders and strata
	5B. Construction of minimal supercuspidals
	5B1. A=M, ()=2r+1
	5B2. A=J, ()=2r+12
	5B3. A=M, ()=2r >0
	5B4. Depth zero supercuspidals

	5C. Remarks on minimal supercuspidals
	5D. Mackey theory
	5E. Test vectors for minimal supercuspidal representations
	5F. Nonminimal representations

	6. Local spectral distributions
	7. A central-value formula
	7A. Choice of test vector
	7B. Archimedean factors
	7C. Proof of 0=lemma.71=Theorem 1.1

	8. An average-value formula
	8A. The trace formula
	8B. Spectral calculations
	8C. Geometric calculations
	8D. Proofs
	8E. Nonvanishing mod p

	Acknowledgements
	References

	Kentaro Nakamura
	1. Introduction
	1A. Introduction
	1B. Structure of the paper
	1C. Notation

	2. Cohomology and Bloch–Kato exponential of (,)-modules
	2A. Cohomology of (,)-modules
	2B. Bloch–Kato exponential for (,)-modules

	3. Local -conjecture for (,)-modules over the Robba ring
	3A. Determinant functor
	3B. Fundamental lines
	3C. de Rham -isomorphism
	3D. Formulation of the local -conjecture

	4. Rank-one case
	4A. Construction of the -isomorphism
	4B. Verification of the conditions (iv), (v), (vi)
	4B1. Verification of the condition (vi) in the generic case
	4B2. Verification of the condition (vi): the exceptional case


	Appendix: Explicit calculations of Hi,(RL) and Hi,(RL(1))
	Acknowledgements
	References

	Lue Pan
	1. Introduction
	2. Some facts about the Drinfel'd upper half-plane
	3. Raynaud's theory of -vector space schemes
	4. Some results about the formal polarization
	5. Structure of  and a formal model of 
	6. Local equation of  and 
	7. The action of  on  and a descent  to 
	8. A semistable model of 1mu-1mu 1-1mu"0362-1mu 1-1mu1mu
	9. The action of GL2(Zp),  `39`42`"613A``45`47`"603AGal(F/F0),  O``D on 2mu-2mu to 6pt1,O``F-6mu"0365-2mu to 6pt1,O``F-6mu6mu and 2mu-2mu to 6.5pt1,O``F-6mu"0362-2mu to 6.5pt1,O``F-6mu6mu
	10. Another admissible open covering of the Drinfel'd upper half-plane and the generic fiber of 2mu-2mu to 6.5pt1,O``F-6mu"0362-2mu to 6.5pt1,O``F-6mu6mu
	11. De Rham cohomology of  and 
	12. An -structure of  and the computation of 
	13. Some considerations from Galois representations
	14. Construction of Banach space representations of 
	15. Computation of (H0(4mu-4mu to 7.5pt `1,O``F(0)-4mu"0365-4mu to 7.5pt `1,O``F(0)-4mu4mu,1)ZpO``E),`39`42`"613A``45`47`"603AGal(F/Qp)/p
	16. Computation of , : 
	17. Computation of , : 
	18. A conjecture on 
	List of symbols
	Acknowledgements
	References

	Guidelines for Authors
	Table of Contents

