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We generalize Kato’s (commutative) p-adic local e-conjecture for families of
(¢, I')-modules over the Robba rings. In particular, we prove the essential parts of
the generalized local e-conjecture for families of trianguline (¢, I')-modules. The
key ingredients are the author’s previous work on the Bloch—Kato exponential
map for (¢, I')-modules and the recent results of Kedlaya, Pottharst and Xiao on
the finiteness of cohomology of (¢, I')-modules.
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1. Introduction

1A. Introduction. Since the works of Kisin [2003], Colmez [2008], and Bellaiche
and Chenevier [2009], among others, the theory of (¢, I')-modules over the (relative)
Robba ring has become one of the main focuses in the theory of p-adic Galois
representations. In particular, the trianguline representation, which is a class of
p-adic Galois representations defined using (¢, I')-modules over the Robba ring,
is important since the rigid analytic families of p-adic Galois representations
associated to Coleman—Mazur eigencurves (or more general eigenvarieties) turn
out to be trianguline.

The recent works of Pottharst [2013] and Kedlaya, Pottharst and Xiao [Kedlaya
et al. 2014] established the fundamental theorems (comparison with Galois coho-
mology, finiteness, base change property, Tate duality, Euler—Poincaré formula) in
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the theory of the cohomology of (¢, I')-modules over the relative Robba ring over
Q,-affinoid algebras. As is suggested and actually given in [Kedlaya et al. 2014;
Pottharst 2012], their results are expected to have many applications in number
theory (e.g., eigenvarieties, nonordinary case of Iwasawa theory; see Remarks 1.6
and 1.7 below).

On the other hand, in [Nakamura 2014a], we generalized the theory of Bloch—
Kato exponential maps and Perrin-Riou’s exponential maps in the framework of
(¢, I')-modules over the Robba ring. Since these maps are very important tools in
Iwasawa theory, we expect that the results of [Nakamura 2014a] also have many
applications.

As an application of both theories, the purpose of this article is to generalize
Kato’s p-adic local e-conjecture [1993b] in the framework of (¢, [')-modules over
the relative Robba ring over Q,-affinoid algebras, and prove the essential parts of
its generalized version of the conjecture for rigid analytic families of trianguline
(¢, I')-modules.

In this introduction, we briefly explain these conjectures; see Section 3 for the
precise definitions. Let Gg, be the absolute Galois group of Q,. The main objects
of Kato’s local e-conjecture are the pairs (A, T), where A is a semilocal ring such
that A /my is a finite ring of order a power of p (where m, is the Jacobson radical
of A) and T is a A-representation of Gq,, i.e., a finite projective A-module with a
continuous A-linear Gg,-action. Let C¢,,(Gq,, T') be the complex of continuous
cochains of Gg, with values in T. By the classical theory of Galois cohomology
of Gq,, this complex is a perfect complex of A-modules which satisfies the base
change property, Tate duality, and other properties. This fact enables us to define
the determinant

Deta (Coon(Ga,, T)),

which is a (graded) invertible A-module. Modifying this module by multiplying a
kind of det, (T'), one can canonically define a graded invertible A-module

Ax(T),

called the fundamental line of the pair (A, T'), which is compatible with base change
and Tate duality.

Our main objects are the pairs (A, M), where A is a Q-affinoid and M is a
(¢, I')-module over the relative Robba ring R4 over A. By the results of [Kedlaya
et al. 2014], we can similarly attach a graded invertible A-module

Ax(M),

called the fundamental line for (A, M), which is also compatible with base change
and Tate duality. For a pair (A, T') as in the previous paragraph and a continuous
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homomorphism f : A — A, there exists a canonical comparison isomorphism
ApN(T) @pn A => Ap(Drig(T @a A))

by the result of [Pottharst 2013]. The following conjecture is Kato’s conjecture if

(B, N) = (A, T), and our new conjecture if (B, N) = (A, M).

Conjecture 1.1. (See Conjecture 3.8 for the precise formulation.) We can uniquely

define a B-linear isomorphism

e, (N) :1p = Ap(N),

for each pair (B, N) of type (A, T) or (A, M) and for each Z,-basis ¢ of Z,(1),
which is compatible with any base changes B — B’, exact sequences 0 — Ni —
N> — N3 — 0, and Tate duality, and satisfies the following:

(v) Forany f : A — A as above, we have
en,e(T) ®ida = ea ¢ (Drig (T @4 A))

under the canonical isomorphism Ap(T) @ A => As(Dyig(T @4 A)).

(vi) Let L = A be a finite extension of Q,, and let N be a de Rham representation
of Ga, or de Rham (¢, I')-module over R .. Then we have

e.c(N) = &% (N),

where the isomorphism
iR (N) : 1, => AL(N)

is called the de Rham e-isomorphism which is defined using the Bloch—Kato
exponential and the dual exponential of N and the local factors (L-factor,
e-constant) associated to Dy (N) and Dpgy(N™).

Remark 1.2. To define condition (vi) for de Rham (¢, I')-modules, we need to
generalize the Bloch—Kato exponential for (¢, I')-modules, which was one of the
main themes of [Nakamura 2014a].

Roughly speaking, this conjecture says that the local factor which appears in
the functional equation of the L-functions of a motif p-adically interpolate to all
the families of p-adic Galois representations and also rigid-analytically interpolate
to all the families of (¢, I')-modules in a compatible way. In fact, Kato [1993a]
formulated a conjecture, called the generalized Iwasawa main conjecture, which
asserts the existence of a compatible family of the zeta-isomorphisms

A Z[1/8), T) : 14 => A2 (T)

for any A-representation T of Gg, s (S is a finite set of primes) which interpolate
the special values of L-functions of a motif. Kato [1993b] also formulated another
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conjecture, called the global e-conjecture, which asserts the functional equation
between z4 (Z[1/S], T) and z5 (Z[1/S], T*), whose local factor at p is 8A,;(T|GQP).
Kato [1993b] (see also [Venjakob 2013]) proved the local (and even the global)
e-conjecture for the rank-one case. As a generalization of his theorem, the main
theorem of this article is the following.

Theorem 1.3. (See Theorem 3.11 for the precise statement.) Conjecture 1.1 is true
for the rank-one case.

From this theorem, we can immediately obtain some results for the trianguline
case. We say that a (¢, I')-module M over R4 is trianguline if M has a filtration
F:0:=MyC M| C---C M, :=M whose graded quotients M; /M;_, are rank-one
(¢, I')-modules over R4 for all 1 <i <n. We call the filtration F a triangulation
of M. For such a pair (M, F), we obtain the following theorem, a special case (in
particular, the rank-two case) of which will be used in Theorem 3.10 of our next
article, [Nakamura 2015].

Corollary 1.4. (See Corollary 3.12 for the precise statement.) Let M be a trian-
guline (¢, I')-module over Ry of rank n with a triangulation F as above. The
isomorphism

" M;/M;_
8_7:,A,;(M) 1, X 1ea,c (M /M;_1)

defined as the product of the isomorphisms

P AAM /M) = As(M),

eac (Mi/M;_1) : 14 => Ap(M; /M, 1),

which are defined in Theorem 1.3, satisfies (many parts of ) Conjecture 1.1; in
particular, it satisfies the following:

(vi)' Let L = A be a finite extension of Q,, and let M be a de Rham and trianguline
(¢, I')-module over Ry. Then, for any triangulation F of M, we have

er.L.o (M) = &N (M),

Remark 1.5. Before this article, the local e-conjecture was proved only for cyclo-
tomic deformations (or more general twists) of crystalline representations [Benois
and Berger 2008; Loeffler et al. 2015]. Since the (¢, I')-modules associated to any
twists of crystalline representations are trianguline, our Corollary 1.4 essentially
contains all the known results concerning the local e-conjecture. See Corollary 3.13
for the comparison of our theorem with the previous known results. Moreover,
since any twists of semistable representations are also trianguline, our results also
contain the semistable case, which seems to be unknown before this article.

Remark 1.6. Our method and previous known methods for the construction of local
e-isomorphisms cannot be applied to the nontrianguline case. That case is much
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more difficult but is much more interesting since the Weil-Deligne representation
D, (M) associated to a nontrianguline and de Rham (¢, I')-module M corresponds
to a nonprincipal series representation of GL,(Q),) via the local Langlands cor-
respondence, whose e-constants are in general difficult to explicitly describe. In
our next article, [Nakamura 2015], we construct e-isomorphisms for all rank-two
torsion p-adic representations of Gal(@p/ Q,) by using Colmez’s theory [2010] of
p-adic local Langlands correspondence for GL»(Q,). More precisely, we will
show that (a modified version of) the pairing defined in Corollaire VI.6.2 of
[Colmez 2010] essentially gives us e-isomorphisms for the rank-two case. In
the trianguline case, by using Dospinescu’s result [2014] on the explicit description
of locally analytic vectors of Banach representations of GL>(Q),), we will show
that the e-isomorphisms constructed in [Nakamura 2015] coincide with those
constructed in this article. More interestingly, for the de Rham and nontrianguline
case, we will show, by using Emerton’s theorem [2006] on the compatibility of
classical and p-adic Langlands correspondence, that the e-isomorphisms defined
in [Nakamura 2015] satisfy the suitable interpolation property (i.e., condition (vi)
of Conjecture 1.1) for the critical range of Hodge—Tate weights. Moreover, as an
application, we will prove a functional equation of Kato’s Euler systems associated
to Hecke eigen elliptic cusp newforms.

Remark 1.7. Other than the application to Theorem 3.10 of [Nakamura 2015], our
Corollary 1.4 should be applicable to some Iwasawa theoretic studies of Galois
representations over eigenvarieties. For example, the rank-two case of the local
g-isomorphism constructed in Corollary 1.4 should be the p-th local factor of
the conjectural functional equation satisfied by the conjectural zeta element over
the Coleman—Mazur eigencurve, whose existence is conjectured in (for example)
[Hansen 2016, Conjecture 1.3.3]. Since our article is long enough, we don’t study
this problem in this article, but we hope to study it in future works.

1B. Structure of the paper. In Section 2, we recall the results of [Kedlaya et al.
2014; Pottharst 2013; Nakamura 2014a]. After recalling the definition of (¢, I')-
modules over the relative Robba ring, we recall the main results of [Kedlaya et al.
2014; Pottharst 2013] on the cohomology of (¢, I')-modules, i.e., comparison with
Galois cohomology, finiteness, base change property, Euler—Poincaré formula, Tate
duality, and the classification of rank-one objects, all of which are essential for
the formulation of our conjecture. We next recall the result of [Nakamura 2014a]
on the theory of the Bloch—Kato exponential map of (¢, ')-modules. Since the
result of [Nakamura 2014a] is not sufficient for our purpose, we slightly generalize
the result. In particular, we show the existence of Bloch—Kato fundamental exact
sequences involving D.is(M) (Lemma 2.20), establishing Bloch—Kato duality for
the finite cohomology of (¢, [')-modules (Proposition 2.24). The explicit formulae
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of our Bloch—Kato exponential maps (Proposition 2.23) are frequently used in
later sections.

In Section 3, using the preliminaries recalled in Section 2, we formulate our
e-conjecture and state our main theorem of this paper. Since the conjecture is for-
mulated by using the notion of determinant, we first recall this notion in Section 3A.
In Section 3B, using the determinant of cohomology of (¢, I')-modules, we define
a graded invertible A-module A4 (M), called the fundamental line, for any (¢, I')-
module M over Ry4. In Section 3C, for any de Rham (¢, I')-module M, we define
a trivialization (called a de Rham e-isomorphism) of the fundamental line using
the Bloch—Kato fundamental exact sequence, Deligne—Langlands—Fontaine—Perrin-
Riou’s e-constants and the “gamma-factor” associated to Dy (M). In Section 3D,
we formulate our conjecture and compare our conjecture with Kato’s conjecture, and
state our main theorem of this article, which solves the conjecture for all rank-one
(¢, I')-modules.

Section 4 is the main part of this paper, where we prove the conjecture for the
rank-one case. In Section 4A, using the theory of analytic Iwasawa cohomology
[Kedlaya et al. 2014; Pottharst 2012], and using the standard technique of p-adic
Fourier transform, we construct our e-isomorphism for all rank-one (¢, I")-modules.
In Section 4B, we show that our e-isomorphism defined in Section 4A specializes
to the de Rham e-isomorphism defined in Section 3B at each de Rham point. In
Section 4B1, we first verify this condition (which we call the de Rham condition) for
the “generic” rank-one de Rham (¢, I')-modules by establishing a kind of explicit
reciprocity law (Proposition 4.11, 4.16). In the process of proving this, we prove a
proposition (Proposition 4.13) on the compatibility of our e-isomorphism with a natu-
ral differential operator. Using the result in the generic case and the density argument,
we prove the compatibility of our e-isomorphism with Tate duality and compare
our e-isomorphism with Kato’s e-isomorphism. In Section 4B2, we verify the de
Rham condition via explicit calculations for the exceptional case which includes the
case of R, R(1) (the (¢, I')-modules corresponding to Q,, @, (1), respectively).

In the Appendix, we explicitly calculate the cohomologies pr’y(R(l)) and
pr’y(R), which will be used in Section 4B2. Finally, we remark that, in our proof,
we don’t use any previous known results (e.g., [Kato 1993b; Benois and Berger 2008;
Loeffler et al. 2015]) on the local e-conjecture. Our proof essentially follows from
the results in Section 2 of this article and those of [Nakamura 2014a] on the explicit
definition of the exponential and the dual exponential maps for (¢, I')-modules. We
believe that our proof is the most simple and the most natural one.

1C. Notation. Throughout this paper, we fix a prime number p. The letter A will
always denote a Q,-affinoid algebra; we use Max(A) to denote the associated
rigid analytic space. We fix an algebraic closure Q, of Q,, and consider any finite
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extension K of Q, inside @p. Let |—|: @px — - be the absolute value such that
|pl = p~!. For n > 0, let us denote by mpn the set of p"-th power roots of unity
in @p, and put pupee :=J,>| tp. For a finite extension K of @, put K, := K (p4n)
for 0o > n > 0. Let us denote by x : I'g, := Gal(Q) 00/Qp) = ZX the cyclotomlc
character given by y ({) = (X fory eland ¢ e Mp=. Set GK = Gal(@p/K),
Hg = Gal(@ /Kx), and Ty := Gal(Ko/K).

We let k be the residue field of K, with F:= W (k)[1/p]. Put Z,,(1) :=lim, _, ppn.
For k € Z, define Z,(k) := Z, (1)®* equipped with a natural action of k. “For a

Z,|Gk]-module N, let us deﬁne N(k) := N ®z, Z,(k). When we fix a generator
¢ = {¢ptn=0 € Z,(1), we put ey := ¢ and ¢; := e?k € Z. For a continuous
Gg-module N, let us denote by C; ., (Gk, N) the complex of continuous cochains
of Gg with values in N. Define H' (K, N) := Hi( Ciont(Gk, N)). For a group G,
denote by G the subgroup of G consisting of all torsion elements in G. If G is a
finite group, let |G| be the order of G.

For a commutative ring R, let us denote by Pg(R) the category of finitely
generated projective R-modules. For N € Pg(R), denote by rkg N the rank of N
and let NY :=Homg(N, R). Let [—, —]: N1 x N2 — R be a perfect pairing. Then
we always identify N, with N, by the isomorphism N, => N, : x = (y = [y, x]).
Let us denote by D~ (R) the derived category of bounded-below complexes of
R-modules. For a; < a; € Z, let us denote by DI[)’;%”ZJ(R) (resp. Dperf(R)) the
full subcategory of D~ (R) consisting of the complexes of R-modules which are
quasi-isomorphic to a complex P* of P (R) concentrated in degrees in [ay, a2 ]
(resp. bounded degree). There exists a duality functor

RHomg(—, R) : DI (R) — DI~ "(R)
characterized by R Homg(P*, R) := Homg(P~*, R) for any bounded complex
P* of Pg(R). Define the notion xz(—) of Euler characteristic for any objects of
perf(R) which is characterized by

Xr(P*):=) (—1)'rtkg P’ € Map(Spec(R), Z)
ieZ

for any bounded complex P* of P (R).

2. Cohomology and Bloch—-Kato exponential of (¢, I')-modules

2A. Cohomology of (¢, I')-modules. In this subsection, we recall the definition
of (families of) (¢, I')-modules and the definition of their cohomologies following
[Kedlaya et al. 2014], and then recall the results of their article on the finiteness of
the cohomology.
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Put w = p‘l/(p_l) € R.g. For r € Q.¢, define the r-Gauss norm | — |, on
@p[Ti] by the formula ’Zl aiTi‘r := max;{|a;|@'"}. For 0 <s <r e Q., we
write A'[s, r] for the rigid analytic annulus defined over Q, in the variable T
with radii |T| € [0, ®']; its ring of analytic functions, denoted by R!*"], is the
completion of @p[Ti] with respect to the norm | - |5, ;= max{| - |,, | - [;}. We
also allow  (but not s) to be oo, in which case A![s, r] is interpreted as the rigid
analytic disc in the variable T with radii |T| < »°; its ring of analytic functions
RIs71 = RIs:>l s the completion of Q,[T] with respect to | - |;. Let A be a
Q,-affinoid algebra. Denote by RE”] the ring of rigid analytic functions on the
relative annulus (or disc if r = 0o) Max(A) x Al[s, r]; its ring of analytic functions
is RI[:”] =Rl @q;pp A. Put

= ﬂ RETT and Ra = URQ
O<s<r O<r

Let k" be the residue field of K, with F’ := W (k")[1/p]. Put ex := [K : F].

For0 <s <r, we let R (k) be the formal substitution of 7 by 7k in the ring
Rgﬁ/e"’r/e’(]; we set Rﬁf’r] (x) 1= RIS (k) @@p A. We define R/, (ng), Ra (k)
similarly; the latter is referred to as the relative Robba ring over A for K.

By the theory of fields of norms, there exists a constant C(K) > 0 such that, for
any 0 <r < C(K), we can equip R, (g ) with a finite étale R} (7q,) algebra free
of rank [ Koo : @ 0] with the Galois group Hg,/Hg. More generally, for any finite
extensions L 2 K 2 Q),, we can naturally equip R/, (7r;) with a structure of finite
étale R, (rx )-algebra free of rank [Lo, : K] with the Galois group Hg /Hj, for
any 0 <r <min{C(K), C(L)}.

There are commuting A-linear actions of 'y on RE\”](JTK) and of an operator

¢ Ry ) = Ry ()

for 0 < s <r < C(K). The actions on the coefficients F’ are the natural ones, i.e.,
[ through its quotient Gal(F’/F) and ¢ by the canonical lift of the p-th Frobenius
onk’. For0<s <r <C(K), ¢ makes Rk/p’r/p] (k) into a free Rﬁf’r] (g )-module
of rank p, and we obtain a 'k -equivariant left inverse

¥Ry ) — R (k)
by the formula

1 -1

p¥ O TR e 1o R ) -
The map v naturally extends to the maps R;‘/ P(ag) — R} (mg) for 0 < r < C(K)
and Ry (k) — Ra (k).

Remark 2.1. In fact, these rings are constructed using Fontaine’s rings of p-adic
periods. We don’t have any canonical choice of the parameter g for general K,
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but the ring R4 () and the actions of ¢, ['x don’t depend on the choice of mk.
More precisely, R(mg) is defined as a subring of the ring E:ig of p-adic periods
defined in [Berger 2002], and this subring does not depend on the choice of ngk,
and the actions of ¢, I’y are induced by the natural actions of ¢, Gg on 5:1 o

However, for unramified K, once we fix a Z,-basis { := {g“p Jn=0 of Z,(1) :=
lim, ., ppr, We have a natural ch01ce of g as follows. Let Z be the 1ntegra1
closure of Z,, in @p, let BT := lim 1204 Zy/ pZ be the projective limit with respect
to the p-th power map, and let [—]: - W([E+) be the Teichmiiller lift to the
ring W(E+) of Witt vectors. Under the fixed ¢, we can choose

g =g, =7 = [({p)nz0] — 1 € W(E") € B}

rig?
and then ¢ and I'g, act by ¢(7;) = (1 +7;)” — 1 and y (7r¢) = (1 +7r;)X(V) —1
fory e I'g,.
Notation 2.2. From Section 3, we will concentrate on the case K =Q),, and fix ¢ :=
{¢pn}n=0 as above. Then we use the notation I' :=Tg,, 7 := 7, and omit (7g,) from
the notation of Robba rings by writing, for example, R[S "instead of R[S r](n ,).In
this case, R[S/p /Pl =@o<i<, 11 —{—n)’go(R[s 1, soif f= > "1+ ) (p(f,
then v (f) = fo. We define the special element r = log(1 + ) € ROO. We have
o(t)=ptand y(t) = x(y)t for y € I".

We first recall the definitions of ¢-modules over R4 (k) following [Kedlaya
et al. 2014, Definition 2.2.5].

Definition 2.3. Choose 0 < ryp < C(K). A ¢-module over R (mg) is a finite
projective R (g )-module M™ equipped with a R ro/p (k )-linear isomorphism

@M = M0 ®Rr0 ) R / P(nk). A p-module M over R4 (k) is a base change
to Ra(mg) of a - module over some R 4 (77K ).

For a ¢-module M over R (k) and for 0 < s <r <rpy, we set

MBS = MO @ R Gk) and M =M™ @) R (k)

For 0 < s <7y, the given isomorphism ¢*(M"0) 2> M"0/P induces a ¢-semilinear map
Ry () =M*P,

@ MS—> (P*MS—N—NP*MrO@Rfo/P R;/P(n[() :_>MVO/P®RWP
4 A

(k) (k)

where the first map, M* — ¢*M?, is given by
x> xQleM QRS (k). Rz/p(ﬂ’[() =:¢"M°,

the second isomorphism is just the associativity of tensor products, and the third
isomorphism is the base change of the given isomorphism ¢*M" = M'0/P_ This
map ¢ also induces an A-linear homomorphism

Y M = (M) ®p(rs (x)) RYP (k) — M*
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given by ¥ (o(m) Q@ f)=mQY (f) form e M° and f € Rj‘/p(m(). For a ¢-module
M over Ry (mk), the maps ¢ : M* — M*/P and v : M*/P — M naturally extend
top: M —> Mand Y : M — M.

We recall the definition of (¢, I')-modules over R4 (k) following [Kedlaya et al.
2014, Definition 2.2.12].

Definition 2.4. Choose 0 < ryp < C(K). A (¢, T')-module over RZO (mg) is a
@-module over R (k) equipped with a commuting semilinear continuous action
of I'xk. A (¢, I')-module over R4 (7x) is a base change of a (¢, [')-module over
R (7k) for some 0 < rg < C(K).

We can generalize these notions for general rigid analytic space as in [Kedlaya
et al. 2014, Definition 6.1.1]

Definition 2.5. Let X be a rigid analytic space over Q,. A (¢, I')-module over
Rx (k) is a compatible family of (¢, [')-modules over R4 (g ) for each affinoid
Max(A) of X.

For (¢, I')-modules M, N over Rx(mg), we define M @ N := M Q@ (xx) N to
be the tensor product equipped with the diagonal action of (¢, I'x). We also define
MY :=Hompy (z.)(M, Rx(7k)) to be the dual (¢, I')-module.

For a (¢, I')-module M over R4 (mx ), we define

rm = 1KR, (rg) M € Map(Spec(Ra (1)), Z>0)

to be the rank of M, where Map(—, —) is the set of continuous maps and Zxg
is equipped with the discrete topology. We will see later (in Remark 2.16) that
ry is in fact in Map(Spec(A), Z>y), i.e., we have ryy = pro fy; for unique fy €
Map(Spec(A), Zsq), where pr: Spec(R4 (k) — Spec(A) is the natural projection.
We also let ryy := fu.

The importance of (¢, I')-modules follows from the next theorem.

Theorem 2.6 [Kedlaya and Liu 2010, Theorem 3.11]. Let V be a vector bundle
over X equipped with a continuous Ox-linear action of Gg. Then there is functori-
ally associated to 'V a (¢, I')-module Dyig (V') over Rx (ng ). The rule V +— Dig(V)
is fully faithful and exact, and it commutes with base change in X.

For example, we have a canonical isomorphism Dyjs(A(k)) = Ra (k) (k) for
keZ.

From Section 3, we will concentrate on the case where K = Q, and M is a
rank-one (¢, I')-module over Ry. Here, we recall the result of [Kedlaya et al. 2014]
concerning the classification of rank-one (¢, I')-modules. Actually, they obtained a
similar result for general K, but we don’t recall it since we don’t use it.
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Definition 2.7. For a continuous homomorphism 4 : @1); — I'(X, Ox)*, we define
Rx (8) to be the rank-one (¢, I')-module Ry - es over Rx with ¢(es) = §(p)es and
y(es) =38(x(y))es for y e I.

Theorem 2.8 [Kedlaya et al. 2014, Theorem 6.1.10]. Let M be a rank-one (p, I')-
module over Ry. Then there exist a continuous homomorphism & : Q If —T'(X, Ox)*

and an invertible sheaf L on X, the pair of which is unique up to isomorphism, such
that M = Rx () ®oy L.

Notation 2.9. (i) For 8,4’ : @; — I'(X, Ox)*, we fix isomorphisms

Rx(8) @ Rx(8') => Rx(88') by esQes — ess,
Rx(8)” => Rx(8™") by e} > es1.

(ii) For k € Z, we define a continuous homomorphism x* : Q) - I'(X,0x)*:
y > y*. Define |x| : QF > I'X,0x)* : p > plar 1forac Zy.
Then the homomorphism x|x| corresponds to the Tate twist, i.e., we have an
isomorphism Ry (1) = Rx(x|x|). When we fix a generator { € Z,(1), we
identify Rx (1) = Rx(x|x|) by e] > ey|x|.

We next recall some cohomology theories concerning (¢, I')-modules. Denote
by A the largest p-power torsion subgroup of I'x. Fix y € I'k, whose image
in Tk /A is a topological generator. For a A-module M, put M2 = {m € M |
o(m)=m forall o € A}.

Definition 2.10. For a (¢, I')-module M over R4 (7x ), we define the complexes
C(;’V(M ) and C;b,y(M ) of A-modules concentrated in degree [0, 2], and define a
morphism Wy, between them as follows:

—1,p—1 —1 1-

C(;’V(M)z[MA (y—Lo—1) MA@ MA (p—De(l-y) MA]

\le lid lidea—w l—llf ey
-1,y —1 -1 1-

CJ,V(M) — [MA (y—1¢y-1) MA @ MA Y-He(l-y) MA]

The map Wy, is a quasi-isomorphism by Proposition 2.3.4 of [Kedlaya et al. 2014].

For i € Z>, define pr’y(M) for the i-th Cohomology of C(;,V(M), called the
(¢, I')-cohomology of M. We similarly define Hi//’y(M ) to be the i-th cohomol-
ogy of Cj, (M), called th_e (¢, I')-cohomology of M. In'this article, we freely
identify C(;W(M) (resp. Hﬁp’y(M)) with Cfp,y(M) (resp. Hi//,y(M)) via the quasi-
isomorphism Wy,.

More generally, for i = ¢, ¥ and any module N with commuting actions of &
and I, we similarly define the complexes C},., (N) and denote the resulting cohomol-
ogy by Hj, ,(N). We denote by [x, y] € Hj ,,(N) (resp. [z] € Hj  (N)) the element
represented by a 1-cocycle (x,y) € N® @ N” (resp. by z € N*). The functor
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N +— Cj . (N) from the category of topological A-modules which are Hausdorff
with commuting continuous actions of 4, 'y to the category of complexes of
A-modules is independent of the choice of y up to canonical isomorphism; i.e., for
another choice y’ € T'k, we have a canonical isomorphism

—1,h—1 h—1 1—-
C;l’V(N):[NA (y ) NA@NA ( )o(l-y) NA]

tw/l lid lVy—j ®id l o ()

'—1,h—1 h—1 1—y’
C;. (V)= [N& L0 o g e BEDO0TS

For a commutative ring R, let us denote by D™ (R) the derived category of
bounded-below complexes of R-modules. We use the same notation, C;W(N ) €
D~ (A), for the object represented by this complex.

Let V be a finite projective A-module with a continuous A-linear action of Gg.
Let us denote by C¢,,,(Gg, V) the complex of continuous Gk -cochains with values
in V, and let H (K, V) be the cohomology. By Theorem 2.8 of [Pottharst 2013],
we have a functorial isomorphism

Ceont(Gk, V) = C(;;,y(Drig(V))
in D7 (A) and a functorial A-linear isomorphism
H (K, V) => H, , (Drig(V)).

Definition 2.11. For (¢, I')-modules M, N over Ra(;x), we have a natural A-
bilinear cup product morphism

G, (M)x C, ,(N)— C),(M®N);

see Definition 2.3.11 of [Kedlaya et al. 2014]. This induces an A-bilinear graded
commutative cup product pairing

U:H] (M) xH] (N)—H,H/ (M ®N).
For example, this is defined by the formulae
xUy]l:=x®y] fori=0, j=2,
[x1, yilU[x2, y21 == [x1 @ ¥ (2) = y1 ® ¢(x2)] fori=j=1.

Remark 2.12. The definition of the cup product for H,, (=) xH,, (=) = H _ (-),
given in our previous paper, [Nakamura 2014a], is (—1) times the above definition.
The above one seems to be the standard one in the literature. All the results of [Naka-
mura 2014a] hold without any changes when we use the above definition, except
Lemmas 2.13 and 2.14, where we need to multiply by (—1) for the commutative
diagrams there to be commutative.
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Definition 2.13. Let us denote by M* := MY (1) the Tate dual of M. Using the
cup product, the evaluation map ev: M* @ M — Ra(ng)(1) : f @ x — f(x), the
comparison isomorphism H2(K, A(1)) = Hé’y (Ra(mg)(1)) and Tate’s trace map
H?(K, A(1)) => A, one gets the Tate duality pairings
C;, (M) x C; (M) — G, (M*® M) — C,,,(Ra(x) (1))

— H2_ (Ra () (1)[ 2] = HA(K, A(1)[-2] => A[-2]
and

(— =) :H, (M*) x H;Z/(M) — A.
Remark 2.14. In the Appendix, we explicitly describe the isomorphism
H, ,(Ra(1)) => H*(Gq,, A(1)) = A
using the residue map; see Proposition 5.2.

One of the main results of [Kedlaya et al. 2014] which is crucial to formulating
our conjecture is the following.

Theorem 2.15 [Kedlaya et al. 2014, Theorems 4.4.3, 4.4.4]. Let M be a (¢, I')-
module over R4 (mk).

(D) Cq.m/ (M) e D;[)(;}%] (A). In particular, the cohomology groups pr,y (M) are finite

A-modules.

(2) Let A — A’ be a continuous morphism of Q,-affinoid algebras. Then the
canonical morphism C; (M) ®£ A — G, (M ®a A') is a quasi-isomorphism.
In particular, if A’ is flat over A, we have pr’y(M) Q4 A = pr’y(M R A).

(3) (Euler—Poincaré characteristic formula) We have x 4 (Cv.w (M) =—[K:Q,]ry.
(4) (Tate duality) The Tate duality pairing defined in Definition 2.13 induces a
quasi-isomorphism

G, (M) = R HomA(C(;,V(M*), A)[-2].

Remark 2.16. By the equality of (3), the rank ry € Map(Spec(Ra(k)), Z>0) is
contained in Map(Spec(A), Z¢).

Let X be a rigid analytic space over Q, and let M be a (¢, I')-module over
Rx (k). By (1) and (2) of the above theorem, the correspondence U +— Hﬁg’y (M|y)
for each affinoid open U in X defines a coherent Ox-module for each i € [0, 2],
which we also denote by pr’y (M).
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2B. Bloch—Kato exponential for (¢, I')-modules. For any Q,-representation V
of Gk, Bloch and Kato [1990] defined the diagram with exact rows

0— HY(K, V) 225 DK (vye=1 225 1 k) 2 HI(K, V) — 0

cris

lid lx%—)x lxl—)(o,x) lx'_)x (3)

XX f DK (v g
0— K.V 2 DE W) L DL k) — 0
with
G, y)=(1—¢)x,x) and g=exp;y Dexpy,

which is associated to the tensor product of V (over Q,) with the Bloch-Kato
fundamental exact sequences

x> (x,x) (x,y)—>x—y
—_— —_——

0—Q, B{.' ® By B —0

lid l(xﬁy)'*(x,)') lx'—’(O,X)

&, )= ((1=@)x,x—y)
0— @p Bis @ B(-ﬁg Biis ® Bgr — 0

x> (x,x)

in which B and Bgr are Fontaine’s rings of p-adic periods. We set DX (V) :=

cris
(Beris ®a, V), 1v(K) := (B ®a, V) /(Bfz ®a, V),

H)(K, V) :=Im(expy : tv(K) — H' (K, V))
and

H}(K, V)= Im(expf’V D expy : DX V)Yety(K) — Hl(K, V)).

cris

The boundary map
expy :ty(K) — H;(K, V)

is called the Bloch—Kato exponential, and its definition is generalized to (¢, I')-
modules over the Robba ring in [Nakamura 2014a]. To formulate the local e-
conjecture, we also need another boundary map,

eXpyy DX (V) — H;(K, V),

cris

which is not studied in [Nakamura 2014a].

The aim of this subsection is to define the map expy ), for all the (¢, I')-
modules M over the Robba ring purely in terms of (¢, I')-modules (Proposi-
tions 2.21 and 2.23), to prove Bloch—Kato duality for them (Proposition 2.24),
to compare our maps exp,, and exp; j, with the Bloch-Kato maps for the étale
case (Proposition 2.26), all of which we need in order to generalize the local
e-conjecture for (¢, I')-modules. The explicit formulae for the maps exp,, and
expy, ) (Proposition 2.23) is especially important in the proof of our main theorem
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(Theorem 1.3). We apologize to the readers that the arguments are slightly longer
than §2 of [Nakamura 2014a], but we think that these arguments are needed. This
is because, to define the map exp  ),, we need some additional arguments (Lemmas
2.17,2.18 and 2.20), and, to obtain the precise explicit formulae for the maps exp,,
and expy y, it seems to be safer not to omit any steps of the proofs.

Define (K > 1 to be the minimal integer n such that 1/p"~! <&x C(K), and put

R(n)(ﬂ' ) 1/(17 eK)(n )
for n > n(K). For n > n(K), one has a ['y-equivariant A-algebra homomorphism

R (k) — (K ®a, At]]
such that

tn(7T) = pn -exp(#) —1 and @) =9 "(a) (aeF).
For n > n(K), we have the commutative diagrams

Ry (k) > (Kn®q, AI1]

Jfﬂ lcan
RYTD (mx) =5 (Kuy1 ®0, Al

and
RV (k) 25 (Kps1 ®q, Ar

s I

Ry (k) —>  (Kx®a, Al]

in which can is the canonical injection and % -Trk,.,/k, 1s defined by

Zakl‘ I—)Z— Tr[(1+l/](n(ak)tk.

k>0 =0 P
Let M be a (¢, I')-module over R4 (k) obtained as a base change of a (¢, I')-
module M" over R (k) for some 0 < rg < c(K). Define n(M) € Z, k) to be the
minimal integer such that 1/p"~ U< &xro. Put M™ = p1/ " %) for n >n(M).
Then ¢ and ¥ induce ¢ : M™ — M®@+D and ¢ : M@+D — M® | respectively.
Define

D, (M) =M@ (K®a, 1] (resp. Daiga(M) =D, (M)[1/11),

which is a finite projective (K, ®q, A)[[#]-module (resp. (K, ®gq, A)((#))-module)
with a semilinear action of I'x. We also let ¢, : M™ — D:{iﬂ . (M) be the map
defined by x — x ® 1.
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Using the base change of the Frobenius structure ¢*M ™ = M "+ by the
map t,+1, we obtain a ['g-equivariant (K41 ®aq, A)[[t]-linear isomorphism

D, (M) ®(k,@q, virl (Knt1 ®a, A7
~ * (n)
= (MY )®Rﬁ,"“>(nk),tn+1 (Knt1®aq, A1l
=~ MDD BRI () 1y Knt1 B, D] = Dy, i1 (M).

Using this isomorphism, we obtain 'k -equivariant (K, ®aq, A)[[#]-linear morphisms
can: Dy (M) =285 DE (M) ®(k,@0, Hi1 (Knt1 ®a, AT => Dy, (M)
and

1 N
> Ttk 1 /K, Digip 1 (M) => D, (M) @k, 00, )il (Knt1 ®a, A1l

x®fr—>l~TrKn+1/Kn(f)x +
. Ddif,n (M)

These naturally induce can : Dgir, (M) — Dygirn+1(M) and % - Trg,, /k, :
Dgis n+1(M) — Dyis (M), and we have the commutative diagrams

mMm D, (M)

It Jean

+1 i1 +
M) = D¢ 1 (M)

and
Ma+D L Dc—l‘gf,n-l,-l(M)
lw l%.TrKn-H/Kn
M® = D, ()
Put Dg;)(M) =hm, o Déi?n (M), where the transition map is can: Dé;;?n (M)—
Dg;,)nﬂ (M). Then we have

D((;;)(M) = DS;IC,)”(M) Q(K,®q, M1 (Koo ®a, A)1]]

for any n > n(M), where we define (Kx ®q, A)[[1]] = Umzl(Km ®a, A1
For an A[I'x]-module N, we define a complex of A-modules concentrated in
degree [0, 1] by
Cy(N) = [N* L= N4]

and denote by H’y (N) the cohomology of C;, (N). If N is a topological Hausdorff
A-module with a continuous action of Iy, the complex C}, (N) is also independent
of the choice of y up to canonical isomorphism.



A generalization of Kato's local &-conjecture 335

Let M be a (¢, I')- module over Ra(mg). Forn >n(M) and My = M, M[1/t],
we define a complex C (M ) concentrated in degree [0, 2] by

A (=D& (p—1 A D,A (p=DHo(- D,A
(M(")):= [M(n) r=D&@-1 M(n) EBMé"+) )&(—y) Mé"+) ]

Of course, we have lim, C’ (M (")) = (Mo) where the transition map is the
natural one induced by the canomcal 1nc1usron M, QRSN M, 1) We define another
complex
C)(Mo) ==lim C;, ,(Mg"),
n,p

where the transition map is the natural one induced by ¢ : Mé") — M(()”H). We
similarly define
CyP* (Mo) = lim C; (Mg")
n.@

and denote by HY);' (My) (resp. HY"' (Mg)) the cohomology of C)*(Mo) (resp.
C(‘p) *(My)). For n > n(M), we equip C' (M(")) with a structure of a complex of
F-vector spaces by ax := ¢"(a)x fora € F, X € C’ (M(")) Then C(‘p) *(My) (resp.
H(‘p) ’(Mo)) is also naturally equipped with a structure of a complex of F-vector
spaces (resp. an F-vector space).

By the compatibility of ¢ : M™ < M+ and can: Dg; (M) < Dy . (M)
with respect to the map ¢, : M™ — D(';f (M), the map t,, induces canonical maps

L CY (M) — C(Df(M)) and ¢: CP*(M[1/1]) — C;,(Dgi(M)),
which are (F ®q, A)-linear.
Lemma 2.17. For n > n(M), the natural maps
Cy (Dgi, (M) = €3 (Dl (M), € (Mg") — €5 (Mg"™ ")

and

e (n) e (n+1)

C,,(My") — C; (My"™ )
for My = M, M[1/t], which are induced by ¢, are quasi-isomorphism. Similarly,
the maps

C; (DG (M) — Cy (DG (M), € (M) — C*(Mo)
and
Co.y (M5") — C 3" (o)

for My = M, M[1/t] are quasi-isomorphism.

Proof. The latter statement is trivial if we can prove the first statement. Let’s
prove the first statement. We first note that y — 1 : (Mé") yW=0 _ (Mé"))¢:0 is an
isomorphism for n > n(M)+1 by Theorem 3.1.1 of [Kedlaya et al. 2014] (precisely,
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this fact for Mo = M[1/¢] follows from the proof of this theorem). Taking the base
change of this isomorphism by the map ¢, : RX’)(JTK) — (K, ®aq, A)[[t]], we also
have that
y =11 (D0, (M) 7 ™55 =0 s (DD (M) T/ =0
is an isomorphism for n > n(M) + 1. Using these facts, we prove the lemma as
follows. Here, we only prove that the map C}, (M, (")) — C (M ("+1)) induced by
: M () — M, ¢+ is an quasi-isomorphism for n>nM ) since the other cases

can be proved in the same way. Since we have a 'k -equivariant decomposition
M, (n+D) _ (M, )y @ (M, (nt1y9=0  \e obtain a decomposition

C; (Mg"™) = p(C;, (M) @ C; (M) =0).

Since the complex C ((M, ("H))‘” 0 is acyclic by the above remark and ¢ : My ) _,

MV isan 1nject10n the map ¢ : C3 (M(")) —-C; (Mg"*") is a quasi- 1somorphlsm
(]

For another canonical map, C)'/ (Mé”)) — C; (My), which is induced by the
canonical inclusion M™ < M, we can show the following lemma.

Lemma 2.18. Forn >n(M) and My = M, M[1/t], the inclusion
HO (M) < H (Mo)
induced by the canonical inclusion Mé") — My is an isomorphism.

Proof. 1t suffices to show that HO (M, (")) — H0 (M, ("+1)) is an isomorphism for each
n > n(M). We first prove this clalm when A i 1s a finite ,-algebra. In this case, we
may assume A =(),. Since we have an inclusion ¢, : HO (M, (")) — H0 (Dgis(M)) and
the latter is a finite-dimensional Q,,-vector space, HY »(My (")) is also ﬁnlte dimensional.
Since ¢ : C;, (M(")) — C; (M("+l)) is a quasi- 1somorphlsm for n > n(M) by the
above lemma we get an 1somorphlsm Q: H0 (M, (")) = H0 (M, (m+1)y ). In particular,
the dimension of H° (Mé”)) is 1ndependent of n >n(M ) Hence, the canonical
inclusion H?, (Mé")) > H?/ (Mé"H)) is an isomorphism.

We next prove the claim for general A. By Lemma 6.4 of [Kedlaya and Liu 2010],
there exists a strict inclusion A — ]_[i.‘:] A; of topological rings, in which each A;
is a finite algebra over a complete discretely valued field. If we similarly define the
rings RXI',) (x ), Ra, (rk ), we can generalize the notions concerning (¢, I')-modules
for R4, (7). In particular, the above claim holds for M ; := My ®4 A; for each i.
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Consider the following canonical diagram with exact rows:

(n) (n+1) (n+1) (n)
0— M) — M) — M /MY —0

l l |

k (n) k (n+1) k (n+1) (n)
0— [Ti- My ; — [Ti= My, — [Tz My, /My — 0

If we can show that the right vertical arrow is an injection, then the claim for A
follows from the claim for each A; by a simple diagram chase. To show that the
right vertical arrow is an injection, we may assume that M = R4 (k) since M ™) is
finite projective over RX’) (g ) for each n. Then the natural map

k
Ry (o) 1/1)/RY (o) [1/11 — [[RYTY o1/ 01/ REY (i) [1/1]
i=1

is an injection since the inclusion A — ]_[5.‘:1 A; is strict, which proves the claim
for general A, hence proves the lemma. (]

Remark 2.19. We don’t know whether the natural map HJ, (M )y H}, (M)
induced by the canonical inclusion M, QRSN My is an 1s0m0rph1sm or not.

For the (¢, I')-cohomology, we can prove the following lemma.
Lemma 2.20. (1) Forn > n(M) and for My = M, M[1/t], the map
C,,(MJ") — C;., (M)
induced by the canonical inclusion M(g") — My is a quasi-isomorphism.
(2) In D™ (A), the isomorphism
C;.,(Mo) => C)*(My),

which is obtained as the composition of the inverse of the isomorphism in (1),
C(;W(Mé")) => C; ,(Mo), with the isomorphism C (M(")) =~ C((p) *(Mo)
in Lemma 2.17, is independent of the choice of n > n(M ).

Proof. For n > n(M), we define a map f, : 'CV(;’V(M(E")) — (NT(;)’},(MS"H))HI] b

fl :Mén),A @MS’H_I)’A N Mén-i—l),A (x, y) >y,
£ Mén-‘rl),A N Mén-i—l),A @ M(gn+2),A ‘x> (x,0).
This gives a homotopy between
N. ~. 1
9:C; L (My") — C, (M)

and
. e (n) e (n+1)
can: CW,(MO" ) — C(M(MO” )
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induced by the canonical inclusion M () — M, (nt+1) . Hence, can : C . (M (")) —
(M ("+1)) is also an 1somorph1sm by Lemma 2.17, and, by taking the limit, the
map C » (M (")) — C; ,,(Mp) is also an isomorphism, which proves ().

Ina 51m11ar way, we can show that the map can: C,, ((0) ‘(My) — C(w) *(Mp) induced
by the canonical inclusions can : M, ) —> M, (n+D) for any n > n(M) is homotopic to
the identity map. Hence, we obtain the following commutative diagram in D~ (A)
for any n > n(M):

Cyy (Mg") — Cgfy" (M)

lcan lid
~. +1 .
C;,, (M5") — C ) (Mo)
From this we obtain the second statement in the lemma. |

We define a morphism
f:C;, (Mg) — C¥* (M)

in D™ (A) as the composition of the isomorphism C; ,, (M) = C;‘f’]),”(Mo) in
Lemma 2.20(2) with the map C¥)*(Mo) — C¥"* (M), which is induced by

~ —D®(p—1 -hed-
C;’V(M(n)):[M(()n),A (y—DHdp—1) M(gn),A@M(ng»l),A (p—De(—y) M(gn+l),A]

I Jor

. A y—1 A
G My =[M"" = My

We define
L)L cW ) 5 C(DE(M))
and let
can : C¥*(Mo) — C¥"*(Mo)

be the map induced by the canonical inclusion can : Mé") — MO("+1) for each
n > n(M). Under this notation, we prove the following proposition, which is a
modified version of Theorem 2.8 of [Nakamura 2014a].

Proposition 2.21. We have a functorial map between the two distinguished triangles

y (M[1/1]) &
GBC' 5 (Di(M))

lid lf ®id le(O,x) )]

- (M)gC(“’)'(M[l/t]) 4 CYN ML)y
@,y @C' (Ddif(M)) GBC;/(Ddif(M))

d [+1]
C; (M) L C; (Dair(M)) —
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with

di(x) = (x, g(x)), da(x,y) =g(x) -y,

d3(x) = (f(x), g(x)), da(x,y) = ((can—1)x, g(x) —y).
Remark 2.22. In §2 of [Nakamura 2014a], we (essentially) proved that the top
horizontal line in the proposition is a distinguished triangle. For the application to

the local e-conjecture, we also need the bottom triangle, which involves DC’;S (M) :=
HY (M[1/1]).

Proof of Proposition 2.21. We first show that the top horizontal line is a distinguished
triangle. Actually, this is the content of Theorem 2.8 of [Nakamura 2014a], but
we briefly recall the proof since we also use it to prove that the bottom line is a
distinguished triangle. In this proof, we assume A = {1} for simplicity; the general
case follows by just taking the A-fixed parts.

For n > n(M), we have the exact sequence of A-modules

. 1
0— M™ 5 MO[1/1] @ ]_[Ddlfm(M) a, U ]_[ i Di;,,(M)—>0 (5

m=>n k>0m=n

with
C1 (x) = (X, (Lm (x))mzn) and ca(x, (ym)mzn) = (tm ()C) - ym)mzn

by Lemma 2.9 of [Nakamura 2014a] (precisely, we proved it when A is a finite
Q,-algebra, but we can prove it for general A in the same way). For n > n(M) and
k > 0, we define a complex C oy (ZITD;EM(M )) concentrated in degree in [0, 2] by

1 1
|:l_[[_k dlfm(M) hO l_[ tk dlf,m(ju)EB 1_[ Z_k dlfm(M)

m=>n m>n m>n+1
1
b
= I = dM(M)] (©)

m>n+1
with
bO((-xm)mZn) == ((()/ - l)xm)mZn’ (xm—l _xm)mzn—i-l)
and
bl((xm)mzn, (_Ym)mzlﬂ»l) = ((xmfl _xm) - (V - l)ym)m2n+1-

Put E(L’y(Ddif’n(M)) = Ukzo 5;,y(,lkD$f,n(M))- By the exact sequence (5), we
obtain the following exact sequence of complexes of A-modules:
0—>C,,(M™)—C, (M™[1/&C, (Df,(M))

— Cg , (Dditn(M)) — 0. (7)
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Moreover, the map C;, (D;Ef,n (M)) — Et.p,y(D;;f,n (M)), which is defined by

+ r-1 +
Dg,(M) — D g, (M)

lXH(x):;zzn va'_)((x)mznao) (8)

DL (M
ann Dcﬁf,m(M) — Hmzn dlf’m( )

— D, (M)
®TLyony1 D (M) Lzt Dt

and the similar map C;, (Dt n(M)) — aé’y(Ddif,n(M )) are easily seen to be quasi-
isomorphisms since we have the exact sequence

(+) X (X)m>n +)
0— Dy, (M) > l_[ D¢’ (M)

m=>n

(Xm)mzn'_) (Xm—1 _xm)mzn+1 1_[ Déj;)m (M) - 0 (9)

m>n+1

Put 5(;’}, (Dg;)(M)) =lim,_ . 5(;,7/ (Dg;?n (M)), where the transition map

—n,a

a:C, (DS (M) — C: (DS . (M)

is defined by
ao((xm)mzn) = (xm)mzn—Ha
al((xm)mZna (ym)mzn—H) = ((xm)erH—lv (Ym)m2n+2),
az((xm)mzrl—H) = (xm)m2n+2-

We also define Cy* (DS (M)) :=lim

lm, e 5(;’}, (Dg;?n (M)), where the transition
map (a’)* is defined by

@) (@mImzn) = Com—Dmzn11,
(61/)] ((xm)mznv (Ym)m2n+l) = ((xm—l)mzn—i-l s (ym—l)m2n+2)a
@) (CmImznt1) = Cm-1mznt2:
Then it is easy to see that the quasi-isomorphism C v (D((ﬁ?n(M )) = 5(;,7/ (Dg;)n(M )
defined in (8) is compatible with the transition maps a*, (a’)* and C v (Dg;?n (M)) —
C;, (D((j;;’)n +1(M)), hence induces quasi-isomorphisms
C; (DG (M) = C;, (DG (M), C; (DG (M) => C¥)* (DG (M)). (10)
For 5(%),"(D$?(M )), we also have a left inverse

C (DS (M) — C; (DS (M) (11)
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of the quasi-isomorphism C, (Dg;)(M ) —> Eé,‘f)),"(Dg;)(M )), which is obtained as
the limit of the map

[Twsn Daig.n (M)
l—[ N (M) m>n 7 dif,m _>1_[ | " (M)
m>n d1 m ®nm>n+1 Dd1f " (M) m>n+ d1 m
l(xm)mzn'_’xn l((xm)mznv(ym))712n+l)'_)xn
y—1
dlfn(M) d]fn(M)

Taking the limits of the map C;,_,(M™) — C, (D ,(M)) 1 X > (1 (X))m=n,
(ng = n, n+ 1), we obtain the maps

G, (M)— C,, (Df(M)) and C¥)*(M)— CY*(Di(M)).  (12)

Taking the limit of the exact sequence (7) with respect to the transition map
induced by the canonical inclusion M, QRSN M, ¢+ and a,, and taking the quasi-
isomorphism Cy (DSI)(M)) = C(p’y(Dg;)(M)) in (10), we obtain the following
exact triangle, which is the top horizontal line in the proposition:

Gy, (M) 4> Co (M1/1]) & C;(DE(M)) 2> € (Dgig(M)) 1>
On the other hand, since we have
C; ., (M™[1/1]) = Cone(l — ¢ : C3,(M™[1/1]) - C; (M"TP[1/1]))[—1]

for n > n(M) (where we define Cone(f : M* — N*)[—1]" = M" & N"~! and
d:M"®N'" ' > M@ N": (x,y) — (dy(x), —f(x) —dn(y))), taking the
limit of the exact sequence (7) with respect to the transition map induced by a/ and
¢ M — M, and taking the left inverse Cyfy" (DS (M) — C3 (D5 (M)
in (11), and identifying C(/'W (M) = C(q)) *(M) by Lemma 2.20(2), we obtain the
following exact triangle, which is the bottom horizontal line in the proposition:

LD B O M1/ e C (Ddlf(M»
Ly 1 (M[1/1]) ® C (Dair(M)) T

Here d3(x) = (f(x), g(x)) and dy4(x, y) = ((can — 1)(x), g(x) — y), which proves
the proposition. U

We next recall some notions concerning p-adic Hodge theory for (¢, I')-modules
over the Robba ring. For a (¢, [')-module M over R4 (7k), let us define
Dji (M) :=H)(Dgie(M)) and D (M)" := D (M) N1’ Df(M)
fori € Z, and

Kis(M) == H) (M[1/1]).

CI'lS
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By Lemma 2.17, ¢ : C]‘/ M[1/t]) — C;, (M[1/t]) induces a @-semilinear automor-
phism

¢ : DX (M) = DX

cris cris (

M).

More precisely, by Lemma 2.18, we have Dis(M) = H?, (M™]1 /t]), and ¢ induces
an automorphism ¢ : Hg(M(”)[l/t]) LN H?, (M(”+1)[1/t]) = Hg(M(")[l/t]) for
n > n(M). Using these facts, we define an isomorphism

ji s DE(M) = H) (M™1/1]) % H) (M"[1/1]) => HEO(M[1/1]),

which does not depend on the choice of n. Then the map ¢ : C)(,W)"(M [1/t]D) —
C; (Dgis(M)) induces an (F Qg ) A)-linear injection

t: DX (M) L HYO(M[1/1]) 5 D (M).
We define another isomorphism

J2: DEM) L5 HY O (M([1/1]) <05 HY O (M[1/1]),

cris
where H?"*(M[1/1]) <0 H\*(M[1/1]) is the map induced by
can: C¥*(M[1/1]) — C¥"*(M[1/1]),
which is an isomorphism by Lemma 2.20. Then we obtain the commutative diagram

17
pk.m) —5  DK.M)

ljl ljz
HYOM[1/1)) canid HY O Mm[1/1))
Let us denote by

expy i DS (M) —HL (M), expy,y,: DE (M) L HOOM[1/1]) - H, (M)

cris

the boundary maps obtained by taking the cohomology of the exact triangles in
Proposition 2.21. We define

H, (M), =Im(Dj (M) =% H,, (M)
and

H! (M); = Im(DX, (M) ® D& (M) S0 T2, gl (ap).

cris
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We call the latter group the finite cohomology. Put 7, (K) := D(ﬁ(M )/ D(ﬁ{(M ).
By Proposition 2.21, we obtain the diagram with exact rows

0— H, (M) =5 DE (=" 8 1k T HL (M), — 0

| [ T

K
0—HO ()25 pEany B D) Lyl oy o0

cris Dty ( K)
with
ds(x,y)=((1—¢)x,(x)) and ds=exps, Dexpy.
where we also define expy, : ty(K) — H}N,(M ), which is naturally induced by
expyy : D(ﬁ{(M) — H}p’y(M).
By the proof of Proposition 2.21, we obtain the following explicit formulae

for exp), and exp, ), which are very important in the proof of our main theorem
(Theorem 1.3).

Proposition 2.23. (1) Forx € DX (M), take 5 € M™[1/11* (n >n(M)) such that
tn(X) —x € D;;f’m(M)

for any m > n (such an X exists by the exact sequence (5) in the proof of
Proposition 2.21). Then we have

expy (¥) = [(y — DX, (9 — DX] € H,, ,(M).

(2) Forx € DX. (M), take X € M™[1/t]* (n > n(M)) such that

cris
tn(X) € D¢ (M)

and

k
pk(®) = D a1 (0" () € D, (M)
=1

for any k > 1 (we remark that we have ¢" (x) € M™[1/t] by Lemma 2.18 and
that such an X exists by the exact sequence (5)). Then we have

expy (1) =[(y — DX, (¢ = DI +¢"(1)] € HY (M),

Proof. These formulae directly follow from simple but a little bit long diagram
chases in the proof of Proposition 2.21. For the convenience of the reader, we give
a proof of these formulae.

We first prove formula (1). By the proof of Proposition 2.21, the above exact
triangle in this proposition is obtained by taking the limit of the composition of the
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quasi-isomorphism
5;0’ y( M™)
=> Cone(C;, ,(M™[1/1]) & C;, (D, (M) — C;, | (Dit,n(M)))[—1] := Cj
(obtained by the exact sequence (7)) with the inverse of the quasi-isomorphism

C3 := Cone(C;, ,(M™[1/t]) & C;, (D ,(M)) — C,(Daign(M)))[—1] = Cj

induced by the quasi-isomorphism C3, (D, (M) — C;, (DG (M) x> (X)pzn
of (10).

By definition of exp,,(—), for x € H0 (Dgir.n (M )) these quasi-isomorphisms
send exp,,(x) (whlch we see as an element of H! (C y (M (”)))) to the element
[0,0,x] € Hl(Cz) represented by

(0,0,x) € Cp, (M™[1/1]) & C) (D, (M) & CO (Daig.n(M)).

Take ¥ € M™[1/1]” satisfying the condition in (1). Then it suffices to show that
[(y = DX, (9 —Dx] e HI(C;, ,(M™)) and [0, 0, x] € H'(C) are the same element
in Hl(CI). By definition, [(y — 1)x, (¢ — 1)Xx] is sent to

[((y = DX, (¢ = DI, (tn (¥ = DD)mzn, tn (@ = DE)mznt1), 0]

and [0, 0, x] is sent to
[09 Ov (_x)mZn]

in H!(C 1). Both are represented by elements of
Ch,(MP/theC) ,(DE (M) & CY_, (Dait.n(M))

(we note the sign; for f : C* — D*, we define D*~! — Cone(C* — D*)[—1] by
X > (—x,0) and Cone(C* — D*)[—1] — C* by (x, y) — y). Then it is easy to
check that the difference of these two elements is the coboundary of the element

&, (tn(®) = Xmzn) € C) = MP[1/11% @ [ ] D, (M)™,

mz=n

which proves (1).

We next prove (2). The bottom exact triangle in Proposition 2.21 is obtained by
taking the limit of the composition of the quasi-isomorphism C 0.y (M my =5 C 1
defined above with the quasi-isomorphism

Ci => Cone(C; , (M™[1/1]) & C}, (D, (M) — C; (Dait.n(M)))[—1] := C;
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induced by the map [T, D, (M) = D3, (M) : (Xy)m=n — X4, With the
inverse of the quasi-isomorphism
C3 => Cone(C;,(M™[1/1]) & C;, (D (M)

— C;,(M"V[1/1]) @ C,(Dait.n (M)))[—1] := Cj,

which is naturally obtained by the identity
C,,(M™[1/1])) = Cone(C;,(M™[1/t]) =2 C;, (M™V[1/1]))[~1].

For x" € H) (M *D[1/1]), the image of x’ by the first boundary map of the
cone Cj is equal to [0, 0, x’,0] € H! (C3), which is represented by the element

0,0,x',0)€CL(M™[1/1)@CL (D ,(M)SCYM "V [1/1)@C) (Dais.n (M)).

Take X’ € M™[1/t]* such that

w(F)eDf (M) and 1, (F)— Ztn+l(x)eDdlfn+k(M) for any k> 1.
=1

Then, by definition of the map j; : DC’;S(M ) = H(‘”) Omr1y 1]) and expy, y, it suf-
fices to show that the element [(y — )X/, (¢ — )%’ +x/] eH' (C' , (M™)) is sent to
[0,0, x’,0] € H! (C3) by the above quasi-isomorphisms. By deﬁnltlon the element

[(y — DX, (¢ — 1)x’ + x'] is sent to
[(y — DF, ta((y — DF), (0 — DI +x', 01 e H'(C})

by the above quasi-isomorphism. Then it is easy to check that the difference of this
element with [0, 0, x’, 0] is the coboundary of the element

(&, 1 (¥)) € C) =M [1/0* & DF; ,(M)*,
which proves formula (2). U

We next generalize the Bloch—Kato duality concerning the finite cohomology for
(¢, I')-modules. Let L = A be a finite extension of Q,,, and let M be a (¢, I')-module
over Ry (g ). We say that M is de Rham if the equality dimg D RM)=[L:Qp]-ry
holds. When M is de Rham, we have a natural L-bilinear perfect pairing

[—. —lar : DX, (M*) x DE (M) L2229, pK (R, (1))

1 fe g, @tk ) (@)

=L®q, K e L, (14)

which induces natural isomorphisms

DX (M) = DX, (M*)Y and DX (M)° =5 1y (K)".
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We remark that, as in the étale case, we have

Hj, , (M) = Ker(H, , (M) — H,,,,(M[1/1)
and

H, (M) =Ker(H,, , (M) — H"' (M[1/1]))
under the assumption that M is de Rham.

Proposition 2.24. Let L = A be a finite extension of Q,,, and let M be a de Rham
(¢, I')-module over Ry (k). Then H;W(M )r is the orthogonal complement of
H;,y (M*) ¢ with respect to the Tate duality pairing

(— —):H (M*)xH] (M)— L.

Proof. We remark that we have dim,, Hé,’y(M)f =dimy (t);(K)) + dimg, Hg’y(M)
by the bottom exact sequence of (13). Using this formula for M, M*, it is easy to
check that we have dimz H}, ,, (M) s +dimz Hj, ,(M*); =dim; H}, (M) under the
assumption that M is de Rham. Hence, it suffices to show that we have (x, y) =0 for
any x € H;W (M*)fand y € H;W (M) by comparing the dimensions. By definition
of H;’y(—) 7, this claim follows from Lemma 2.25 below. [l

Let M be a (¢, I')-module over R4 (wg) (we don’t need to assume that M is
de Rham). Using the isomorphism j, : Dgis(M*) = H;‘p)’o(M*[l/t]), define an
A-bilinear pairing

h(—, =) : (D& (M*) @ DL (M*)) x (HY ' (M[1/1]) @ H}, (D}(M)))

cris
— HO'(M* @ M[1/1]) & H),(Dair(M* @ M))

by
h((x, y), (2], [w]) := (L2(x) @z, [y ® w]).
Lemma 2.25. For (x, y) € DX (M*) ® D§;(M*) and z € H,, , (M), we have

F(h((x, ), 8(2))) = (€XPyy (X) +€XPyy- () Uz € HZ  (M* ® M),

where
g :Hy, (M) — HP"'(M) © H, (D (M))

is induced by d; and
fr B (M* @ M[1/1]) @ H), (Dair(M* ® M)) — H,  (M* ® M)

is the second boundary map of the bottom exact triangle of Proposition 2.21.
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Proof. The equality exp, (y)Uz = f2(h((0, y), g(2))), y € D (M*), zeH,, (M),
is proved in Lemma 2.13 of [Nakamura 2014a]. Hence, it suffices to show the
equality

expys () Uz = fo(h((x,0), g(2)))

for x € DK

cris
Proposition 2.23, hence we omit the proof. (]

(M*), whose proof is also just a diagram chase similar to the proof of

Finally, we compare our exponential map with the Bloch—Kato exponential map
for p-adic representations V. Here, we assume that A = Q,, for simplicity. We can
do the same things for any L = A a finite (Q,,-algebra.

We want to compare the diagram (3) for V' with the diagram (13) for M = D, (V).
More generally, as in §2.4 of [Nakamura 2014a], we compare a similar diagram
defined below for a B-pair W = (W,, Wg}g) with the diagram (13) for the associated
(¢, I')-module Dy;z(W). For the definitions of B-pairs and the definition of the
functor W Dy;z (W), which gives an equivalence between the category of B-pairs
and that of (¢, I')-modules over R (7x ), see [Nakamura 2014a, §2.5; Berger 2008a].

Let W = (W, WdJi) be a B-pair for K. Put W5 := Beis @, W, which is
naturally equipped with an action of ¢. Since we have an exact sequence

=1 1—¢
0— Bcris — Bis > Beris — 0,

we have a natural quasi-isomorphism (the vertical arrows) between the following
two complexes of Gx-modules concentrated in degree [0, 1]:

(L)’)HX*)’
[We & Wi — War]
l(x,)')H(X,y) le(O,X)
(x,y)~>((1-p)x.x—y)
[Wcris 2] Wdt{ Weris @ WdR]

Put
C(:Qnt(GK? W) = Cone(c(;()nt(GKv VVe) @ C(:Qnt(GK9 W;i{) - C;on[(GKv WdR))[_l]
and

Ceon (O W)= COHC(CC'Om(GK, Weris) @ Céon(Gk W;l_()
- Cc.om(GK’ Weris) © Cgom(GK, WdR))[—l].

We identify
H (K, W) := H' (Clop (G, W)) = H (Cgpp (Gi, W)')
by the above quasi-isomorphism. Put DK (W) := HO(K, Wgis), D({%(W) =

cris

H(K, Wgr), and D(ﬁ{(W)i = D(ﬁ{(W) N t"W(;}r{ for i € Z. Taking the cohomology
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of the mapping cones, we obtain the similar diagram with exact rows

0 — HOK, W) 225 DK (wye=1 225 1y (k) 2% HI(K, W) — 0
lid lxr—m le(O,x) lxr—m (15)
0— HOK, W) =5 DK (w) L é"?(?% £ HLU(K, W) — 0

with
fx,y)=(—¢)x,x) and g=expsy Dexpy .

By definition, it is clear that the diagram (15) for the associated B-pair W (V) :=
(B.®q, V, B 4R ®q, V) 1s canonically isomorphic to the diagram (3) for V defined
by Bloch—Kato.

Our comparison result is the following.

Proposition 2.26. (1) We have the following functorial isomorphisms:
(i) H'(K, W) = H;,  (Dyig(W)),
(i1) D (W)/ = D (Dng(W))J for jelZ,
(iiiy DK (W) => DK (Dyig(W)).

Cris Cris
(2) The isomorphisms in (1) induce an isomorphism from the diagram (15) for W
to the diagram (13) for Dyig(W).

Proof. We have already proved (i), (ii) of (1) and the comparison of the top
exact sequence in (15) for W with that in (13) for Dy;z(W); see Theorem 2.21 of
[Nakamura 2014a] or the references in the proof of this theorem.

Moreover, the isomorphism (iii) may be well known to the experts, but we give
a proof of it since we couldn’t find suitable references. In this proof, we freely use
the notation in §2.5 of [Nakamura 2014a] or in [Berger 2008a]; please see these ref-
erences. We first note that the inclusion (B;lrg [1/1]® B W AL Dgls(W) induced
by the natural inclusion Bng =0 ® (BCJ;N) B_, is an isomorphism since

Cm(W) is a finite-dimensional Q,-vector space on which ¢ acts as an automor-
phism. Moreover, in the same way as the proof of Proposition 3. 4 of [Berger 2002],
we can show that the natural inclusion (B, [1/t1®p, W.)%k < (B [1/1]®p, W,)¥

rig
is also an isomorphism. Since we have

rlg[1/l] ®p, We = Brlg 1/t] @R (z)1/1] Drig(W)[1/1]

by definition of Dy;z(W), it suffices to show that the natural inclusion

rig

cm(Drlg(W)) = ( rig l/t] ®R(m()[l/t] Drlg(W) l/t )GK = DO

is an isomorphism. Moreover, it suffices to show that Do C Dyig(W)[1/1]. This
claim is proved as follows. Define R(ng) ® Dy < B ®F Dy, which are
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(¢, I')-modules over R(mx) (resp. (¢, Gg)-modules over E:ig). Then, by Théoréme
1.2 of [Berger 2009], the natural map

nt nt
Brig Qr Dy — Brig

[1/¢] QR (my)[1/1] Drig(W)[l/t] aQ@Qx—>a-x

(which is actually an inclusion) of (¢, Gg)-modules factors through R (g ) ® r Do —

D, (W)[1/1]. In particular we have Dy C Dyig(W)[1/t], which proves the claim.
We next prove that the bottom exact sequence in (15) for W is isomorphic to that

in (13) for Dyjg(W) by the isomorphisms in (1) of this proposition. Since the other

commutativities are clear, or were already proved in Theorem 2.21 of [Nakamura

2014a], it suffices to show that the following diagram commutes:

K XPLDG W)
Dcris(Drig(W)) Hg;,y (Drig(W))
I I
DEW) =% HUK.W)

In the same way as the proof of Theorem 2.21 of [Nakamura 2014a], we assume
that A = {1}, and using the canonical identifications

H'(K, W) = Ext'(B, W), H,_,(Dyig(W)) => Ext' (R(7x). Drig(W))

(where we denote by B = (B,, B;i) the trivial B-pair). It suffices to show that,
for a € DCI;S(Drig(W)), the extension corresponding to XDy Dy (W) (a) is sent
to the extension corresponding to expy (a) by the inverse functor W(—) of
D;i;(—). We prove this claim as follows. Take n > 1 sufficiently large such
that a € (DS (W)[1/t])*. Take & € D{)[1/1] satisfying the condition in (2) of
Proposition 2.23. Then, by (2) of Proposition 2.23, the extension D, corresponding

to expy, p,,,(w)(@) is written by
[0— Dyip(W) 2290 D (W) ® R (g e 292% R (g ) — 0]
such that
¢((x, ye)) = (¢(x) + 9(¥)((¢ — Da + ¢" (), ¢(y)e)

and
y((x,ye)) = (y(x)+y (¥ —Da,y(ye).
(Here, we remark that there is a mistake in [Nakamura 2014a]; in the proof of

Theorem 2.21 of [Nakamura 2014a], D, should be defined by

o((x, ye)) = (p(x) + o(y) (¢ — Da, p(y)e)
and
y((x,ye)) =(yx)+y((y —Da,y(e).)
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On the other hand, by definition of exp y,, the extension
Wa = (Weuar Wik o = Wik @ Blrear)
corresponding to exp y (a) is defined by
g(x, yeqr) = (8(x), g(y)edr)
for x € ng, y € Bcﬁz’ g € Gk, and W, , is defined as the kernel of the surjection
Weris.a = Weris © Beris€eris = Weris.a © (X, Yecris) = (90— Dx+@(y)a, (9 —1)yecrs)

on which Gk acts by g(ecis) = eqis (actually, this is equal to the kernel of the
surjection

Wrig a-= Wrigeag:g[l/t]ecris _>Wrig,a 2 (x, yeeris) > (0= Dx+e(y)a, (p—1) yecris),

where we deﬁne Whig := Br,g
Bar ®B+ dR is defined by

[1/t]®pB, W,), and the isomorphism Bgr ®p, W, o =

(X, yecris)— (X, yedr )
BdR ®B W e,.a — BdR ®B crls a M’ BdR ®B+ W(;l_z

cris

Then, by definition of the functor Dy (— ) 1n §2.2 of [Berger 2008a] (where the

notation D(—) is used), B ®R(n)(ﬂk) Drlg (W,) is equal to

{xe leg’"[l/z] ®B, Wea | tm(x) € Wi , forany m > n}. (17)

Since we have

B]Igrn 1/[] ®B() W e,a = Bl:ﬁgrn[l/t] ®§:g[l/t] Wrig’a,

and ¢ " (ecris) = €cris — ZZ’Zl <p_k (a) for m > 1 and we have ¢, 0 ¢" = <p‘k, it is
easy to see that the group (17) is equal to

Bl @i mp) DSy (W) @ B (@ + 9" (€cris)),

which is easily seen to be isomorphic to E:iigr” QOR® () Dfl") as a (¢, Gg)-module.
Therefore, we obtain the isomorphism

Drig(Wa) = Dy

as an extension by Théoreme 1.2 of [Berger 2009], which proves the proposition. [J

3. Local e-conjecture for (¢, I')-modules over the Robba ring

From now on, we assume that K = @Q,,, and we freely omit the notation Q,, i.e.,

we use the notation I', R4, D4gr (M), D¢iis(M), ty, ... instead of I'g,, Ra(ma,),

@, Q, . , )
R (M), D_i (M), ty(Qp), . ... Moreover, since Kato’s and our conjectures are
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formulated after fixing a Z,-basis ¢ = {{pn },>0 of Z,(1), we also fix a parameter
7 :=m; of R4 and let r =log(1 + ) as in Notation 2.2.

In this section, we formulate a conjecture which is a natural generalization of
Kato’s (p-adic) local e-conjecture, where the main objects were p-adic or torsion
representations of Gq,, for (¢, I')-modules over the relative Robba ring R4. Since
the article [Kato 1993b], in which the conjecture was stated, remains unpublished,
and since the compatibility of our conjecture with his conjecture is an important
part of our conjecture, here we also recall his original conjecture.

3A. Determinant functor. Kato’s and our conjectures are formulated using the
theory of the determinant functor. In this subsection, we briefly recall this theory
following [Knudsen and Mumford 1976] and §2.1 of [Kato 1993a].

Let R be a commutative ring. We define a category Pr whose objects are
pairs (L, r), where L is an invertible R-module and r : Spec(R) — Z is a locally
constant function, and whose morphisms are defined by Morp, ((L, 1), (M, s)) :=
Isomg(L, M) if r = s, and empty otherwise. We call the objects of this category
graded invertible R-modules. The category Pg is equipped with the structure of
a (tensor) product defined by (L, r) X (M, s) := (L Qg M, r + s) with the natural
associativity constraint and the commutativity constraint

(L,NHXM,s) = M, XL, r:I1@m— (—1)"mQI.

From now on, we always identify (L, r)X(M, s) = (M, s)X(L, r) by this constraint
isomorphism. The unit object for the product is 1 := (R, 0). For each (L, r), set
LY :=Homg (L, R). Then (L, r)~' := (LY, —r) becomes an inverse of (L, r) by
the isomorphism iz, »y : (L, r) X (LY, —r) => 1 induced by the evaluation map
L ®g Homg(L,R) = R:x® f  f(x). We remark that we have i ,y-1 =
(—D"i.ry. For a ring homomorphism f : R — R’, one has a base change functor
(—) ®g R’ : Pr — Pg defined by (L,r) — (L,r) Qg R := (L Qg R',r o f*),
where f* : Spec(R’) — Spec(R).

For a category C, denote by (C, is) the category whose objects are the same as C
and whose morphisms are all isomorphisms in C. Define a functor

Detg : (Pg(R),is) — Pg : P (detg P, kg P),

where 1k : Pgg(R) — Z> is the R-rank of P and detg P := /\;?R P p. Note that
Detr (0) =1y is the unit object. For a short exact sequence 0 - P} — P, - P3 — 0
in Prg(R), we always identify Detg (P;) X Detg (P3) with Detg (P) by the functorial
isomorphism (put r; :=rkg P;)

Detg (P;) K Detg(P3) => Detg(P>) (18)
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induced by
XIA - AX ) QXTI A AX) > XIA - AXp AXpp 1 Av s A Xy,

where x1, ..., x, (resp. X, +1,...,Xy,) are local sections of P; (resp. P3) and
x; € P, (ri+1<i<ryisalift of x; € Ps.
For a bounded complex P* in Pg(R), define Detg(P*) € Pg by

Detg(P*) := [X;.; Detg(P)V'.

For a short exact sequence 0 — P} — P; — P; — 0 of bounded complexes in
P (R), we define a canonical isomorphism

Detg (P}) K Detg(P;) <> Detg (P;) (19)

by applying the isomorphism (18) to each exact sequence 0 — Pli — Pzi — P3i — 0.
Moreover, if P* is an acyclic bounded complex in Pg;(R), we can define a canonical
isomorphism

hps : Detg(P®) = 1g, (20)

which is characterized by the following properties: when P* := [Pi 1 pi +1] is
concentrated in degree [i, i + 1], we define it as the composite

Detg(P*) = Detg(P') K Detg(P't!)~!

. . . 5 i

DetlBId, et (PIH1) K Detg (P~ 22ePFh, g0

when i is even (when i is odd, we similarly define it using f~': P/*! = P7) and

for a short exact sequence 0 — P; — P; — P; — 0 of acyclic bounded complexes
of Pg(R), we have the commutative diagram

Detg(P;) X Detg(P;) — Detg(Ps)

lhplo&hpg l]’lpzt

IRIXIR —> lR

The theory of determinants of [Knudsen and Mumford 1976] enables us to uniquely
(up to canonical isomorphism) extend Detg(—) to a functor

Detg : (D i(R). is) — P

such that the isomorphism (19) extends to the following situation: for any exact
sequence 0 — P; — P; — P; — 0 of complexes of R-modules such that each
P; is quasi-isomorphic to a bounded complex in Pg(R), there exists a canonical
isomorphism

Detg (P;) X Detg(P3;) = Detg(P5). 21
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By this property, if P* € Dgerf(R) satisfies H' (P*)[0] € D?

perf(R) for any i, there
exists a canonical isomorphism

Detg(P*) = X,z Detg (H (PH)[0]) V.

For (L, r) € Pg, define (L, r)” := (LY, r) € Pg, which induces an antiequivalence
(—)":Pr => Pg. For P € Py (R), we have a canonical isomorphism Detg (P") =
Detg(P)" defined by the isomorphism

detR(PV) => (detp P)v :

fl AR ’/\fr = |:x1 N AN Xy > Z Sgn(a)fl(xo(l)) te fr(xa(r)):|-

0eS,

This naturally extends to (Dgerf(R), is), i.e., for any P°* € Dgerf(R), there exists a
canonical isomorphism

Detg (R Homg(P*, R)) => Detg(P*)". (22)

3B. Fundamental lines. Both Kato’s conjecture and ours concern the existence of
a compatible family of canonical trivializations of some graded invertible modules
defined by using the determinants of the Galois cohomologies of Galois representa-
tions or (¢, I')-modules. We call these graded invertible modules the fundamental
lines, which we explain in this subsection.

Kato’s conjecture concerns pairs (A, T') such that:

(i) A is a noetherian semilocal ring which is complete with respect to the my-adic
topology (where m, is the Jacobson radial of A) such that A/m, is a finite
ring with order a power of p.

(i) 7 is a A-representation of Gg,, i.e., a finite projective A-module equipped
with a continuous A-linear action of Gq,,.

Our conjecture concerns pairs (A, M) such that:
(i) Aisa @Q,-affinoid algebra.
(i) M is a (¢, I')-module over R4.

For each pair (B, N) = (A, T) or (A, M) as above, we’ll define graded invertible
A-modules Ag ;(N) € Pg fori =1, 2 as below, and the fundamental line will be
defined as Ap(N) := Ap 1 (N)X Ap2(N) € Pp.

We first define Ap ;(T) for (A, T). Denote by C¢,,(Gaq,, T) the complex of
continuous cochains of Gg, with values in 7. It is known that C¢,(Gq,,T) €
D~ (A) is contained in D?_.(A) and that it satisfies properties similar to (1), (2),

perf
(3), (4) in Theorem 2.15. In particular, we can define a graded invertible A-module

Ap1(T) :=Detp (Clyn (Ga,, T))
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(whose degree is —rr := —rkp T by the Euler—Poincaré formula) which satisfies
the following properties:

(i) For each continuous homomorphism f : A — A/, there exists a canonical
A -linear isomorphism

Ap1(T)@p N => Apn 1 (T Qp A).

(i1) For each exact sequence 0 — 71 — T, — T3 — 0 of A-representations of Gq,,,
there exists a canonical A-linear isomorphism

Ap 1(T) X Ap 1 (T3) = Ap 1 (T2).

(iii) The Tate duality C¢, (Gq,, T) = RHomu (C,(Ga,, T™), A)[—2] and the
isomorphism (22) induce a canonical A-linear isomorphism

Ap(T) => Ap (T
We next define Ap 2(T') as follows. For a € A*, we define
Ag:={x e W) ®z, Al (p®idp)(x) = (1 ®a)x},

which is an invertible A-module. In the same way as in Theorem 2.8, for any rank-
one A-representation 7y, there exists a unique (up to isomorphism) pair (8z,, £7,),
where 7, : @X — A* is a continuous homomorphism and L7, is an invertible
A-module such that Tp = A(STO) ®a L1,, where we denote by (STO GZlb — AX
the continuous character which satisfies 87, o recg, = &z, Under these deﬁnltlons
we define a(T') := dger, 7(p) € A*, an invertible A-module

LA(T) ;= Aur) Qndetpy T
and a graded invertible A-module
A2 (T) == (LA(T), r7).

Since we have a canonical isomorphism A, ®x Ay, = Agje, : X @ y = xy for
any aj, ax € A, Ap2(T) also satisfies the following similar properties:

(i) For f: A — A/, there exists a canonical isomorphism
Ap2(T)@p N =5 Ap o (T @4 A).

(i) For 0 - T1 — T, — T3 — 0, there exists a canonical isomorphism
A 2(Th) K Ap 2(T3) => Ap 2(T2).

(iii) Let rr be the rank of T. Then there exists a canonical isomorphism

An2(T) => Ap (T B (A(r7), 0)
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which is induced by the product of the isomorphisms
Aoy 1(p) > N, () 1 X > [y > y ®x]
(note that we have
Asgey 1+(p) @ gy 1(p) => A1y @ X > yx

since we have dget, 7(P) = Sdet, T+ (p)_l) and the isomorphism dety 7 =
deta (T*)” ®x A(rr) induced by the canonical isomorphism 7' = (T*)" (1) :
x>y yx)®e_1]1®e;.

Finally, we define
AN(T) := Ap 1 (T) R AL 2(T) € Pp.
Then A (T') also satisfies properties similar to (i), (ii) for Ax ;(T) and

(iii) there exists a canonical isomorphism
AN(T) = AN (TF)Y B (A(rr), 0).

Next, we define the fundamental line A4 (M) for (¢, I')-modules M over Ry.
Let A be a Q,-affinoid algebra, and let M be a (¢, I')-module over R4. By
our Theorem 2.15 (Kedlaya—Pottharst—Xiao), we can define a graded invertible
A-module

Ap1(M) :=Dety C;’V(M) € Py

which satisfies properties similar to (i), (ii), (iii) for Ax 1(T). We next define
A4 2(M) as follows. By our Theorem 2.8 (Kedlaya—Pottharst—Xiao), there exists a
unique (up to isomorphism) pair (3detRA M ‘Cdet’RA M), Where 5detnA M. @; — A%
is a continuous homomorphism and ‘C’detRA m 18 an invertible A-module such that
detr, M = Ry (SdetRA M) Or, ﬁdetRA u. Then we define an A-module

LA(M):={x edetr, M |@9(x) =8detr, m(P)X, ¥ (X) =8detr, m(x (¥)x (y €T)},

which is an invertible A-module since it is isomorphic to EdetRA M, and we define a
graded invertible A-module

Ag2(M) = (La(M), ry) € Pa.

By definition, it is easy to check that A4 2 (M) satisfies properties similar to (i), (ii),
(iii) for Ap 2(T'). Finally, we define a graded invertible A-module A4 (M), which
we call the fundamental line, by

Ap(M) = Aps 1 (M)XK Ap (M) € Py,

which also satisfies properties similar to (i), (i1), (iii) for Ax (7).
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More generally, let X be a rigid analytic space over Q,,, and let M be a (¢, I')-
module over Ry . By the base change property (i) of A4 (M), we can also functorially
define a graded invertible Ox-module

Ax(M) € Po,

on X (we can naturally generalize the notion of graded invertible modules in this
setting) such that there exists a canonical isomorphism

I'(Max(A), Ax(M)) = Aa(M|max(a))

for any affinoid open subset Max(A) C X.

We next compare Kato’s fundamental line Ax (7)) with our fundamental line
Aa(M). Let f : A — A be a continuous ring homomorphism, where A is
equipped with my-adic topology and A is equipped with p-adic topology. Let
T be a A-representation of Gg - Let us denote by M := Dy;jg(T ®p A) the
(¢, I')-module over R4 associated to the A-representation 7 ®p A of G@p. By
Theorem 2.8 of [Pottharst 2013], there exists a canonical quasi-isomorphism
Ceont(Ga,, T) ®/L\ A= Cg;,y(M)’ and this induces an A-linear isomorphism

Ap1(T) Qr A = Ay 1 (M).

We also have the following isomorphism.

Lemma 3.1. In the above situation, there exists a canonical A-linear isomorphism
Ap2(T) @r A => App(M).

Proof. By definition, it suffices to show the lemma when T is of rank one. Hence, we
may assume that 7 = A(S) ®p L for a continuous homomorphism § : @; — A* and
an invertible A-module £ (where § is the character of G&E’p such that § o recg, = §).
Moreover, since we have a canonical isomorphism

Dyig (A (8) ®a L) @ A) => Drig(A(5) ®p A) ®@a (L @4 A)

by the exactness of Dyjg(—), it suffices to show the lemma when £ = A.
Since the image of Hg := Gal(@p /Qp.o0) in Gg; is the closed subgroup which
is topologically generated by recq, (p), we have

Drig(A(8) ®4 A) = (W(T)) Rz, A(8) V=" @, Ry,

by definition of Dyjz(—), and the right-hand side is isomorphic to R (f 03). Hence,
we obtain

£A(M) — ((W([l_:p) @Zp A(S))I‘SCQP (p)=1 ®A RA)‘PZf(S(P)),F:fO(SoX
= (WFE,) ®z, AG) "™ @u A= LA(T) @) A,
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which proves the lemma. (|

Taking the products of these two canonical isomorphisms, we obtain the following
corollary.

Corollary 3.2. In the above situation, there exists a canonical isomorphism
AA(T) @p A = Ap(M).

Example 3.3. The typical example of the above base change property is the follow-
ing. For A as above, let us denote by X the associated rigid analytic space. More
precisely, X is the union of affinoids Max(A,) for n > 1, where A, is the Q,-affinoid
algebra defined by A, := A[m} /p]"[1/p] (for aring R, denote by R" the p-adic
completion). Let T be a A-representation of Ga,, and let M,, := Dy (T @4 Ay).
Since M, is compatible with the base change with respect to the canonical map
A, — A,y for any n, {M,},>; defines a (¢, I')-module M over Ry. Then the
canonical isomorphism A (T) ®x A, = Aa,(M,) defined in the above corollary
glues to an isomorphism

AA(T) ®p Ox = Ax(M).

Moreover, using the terminology of coadmissible modules [Schneider and Teitel-
baum 2003], we can define this comparison isomorphism without using sheaves. Let
us define Ay :=T'(X, Ox) and Ay (Moo) :=1im, Ay, (M,). Taking the limit of
the isomorphism Ap (T) @5 A, = Ay, (M,) we obtain an Ay-linear isomorphism

AN(T) ®@r Ase = Ap (Mso).

Then the theory of coadmissible modules [Schneider and Teitelbaum 2003, Corol-
lary 3.3] says that to consider the isomorphism Ap (T) ®x Ox => Ax (M) is the
same as to consider the isomorphism A (T) ® Aco = As(Ms). In fact, we
will frequently use the latter object Ay (M) in Section 4.

3C. de Rham e-isomorphism. In this subsection, we assume that L = A is a finite
extension of Q,. We define a trivialization

e (M) : 1L => A (M),

which we call the de Rham g-isomorphism, for each de Rham (¢, I')-module M
over Ry and for each Z,-basis { = {{pn},>0 of Z,(1).

Let M be a de Rham (¢, I')-module over R;. We first recall the definition of
Deligne and Langlands’ [Deligne 1973] and Fontaine and Perrin-Riou’s [1994]
g-constant associated to M.
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We first briefly recall the theory of e-constants of Deligne and Langlands [Deligne
1973]. Let Wg, € Gq, be the Weil group of Q,. Let E be a field of character-
istic zero, and let V = (V, p) be an E-representation of W@p, i.e., V is a finite-
dimensional E-vector space equipped with a smooth E-linear action p of Wg,.
Let us denote by V" the dual (Homg(V, E), p¥) of V. Denote by E(|x|) the
rank-one E-representation of Wg, corresponding to the continuous homomorphism
x| : QF = E* : p>1/p, a > 1(a € Z) via the local class field theory. Put
VY(Ix|) := VY ®g E(|x]). Assume that E is a field which contains @(¢,~). The
definition of the ¢-constants depends on the choice of an additive character of Q,
and a Haar measure on @Q,. In this article, we fix the Haar measure dx on Q,, for
which Z,, has measure 1. For each Z,,-basis { = {{pn},>0 of Z,(1), we define an
additive character y; : @, — E* such that vy, (1/p") := {,» for n > 1. In this article,
we don’t recall the precise definition of e-constants, but we recall here some of their
basic properties under the fixed additive character v/, and the fixed Haar measure dx.
We can attach a constant e(V, Y, dx) € E* for each V as above which satisfies
the following properties (we let e(V, ¢) :=&(V, ¥, dx) for simplicity):

(1) For each exact sequence 0 — V| — V, — V3 — 0 of finite-dimensional
E-vector spaces with continuous actions of Wg,, we have

e(Va, §) =e(V1,0)e(V3, §).
(2) For each a € Z*, we define ¢¢ := {{;‘n }n>1. Then we have
e(V, % =detg V(recg,(@)e(V, ).

3) e(V,0e(VV(xD,¢H=1.
4) e(V,t)=1if V is unramified.

(5) If dimg V equals 1 and corresponds to a locally constant homomorphism
§:Q; — E* via the local class field theory, then

e(v,;)za(p)”“”( > 8(i>—‘;;;n<g>>,
ie(Z]pr®z)*

where n(8) > 0 is the conductor of §, i.e., the minimal integer n > 0 such that
8l(14pnz,)nz; =1 (then 8|z factors through (Z/p"®Z)*).

For a Weil-Deligne representation W = (V, p, N) of Wg, defined over E, we set
e(W,¢) :=e((V, p), §) - detg (=Fr, | VEr/(VN=0Tr),

which also satisfies
e(W,0)-e(WY(IxD, ¢ H =1
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Next, we define the e-constant for each de Rham (¢, I')-module over R, fol-
lowing Fontaine and Perrin-Riou [1994]. Let M be a de Rham (¢, I')-module
over Ry. Then M is potentially semistable by the result of Berger (for exam-
ple, see Théoreme I11.2.4 of [Berger 2008b]) based on Crew’s conjecture, which
was proved by André, Mebkhout, and Kedlaya Hence, we can define a filtered
(¢, N, Gg,)-module Dy (M) := UKC@ DX (M|) which is a free (@) ®q, L)-
module whose rank is ry;, where K runs through all the finite extensions of Q,
and we define DX (M) := (Rp(7mx)[log(n), 1/t] @z, M)T*=1. Set Dy(M) :=

(M. Followmg Fontaine, one can define a Weil-Deligne representation
W(M) = (Dpst(M), p, N) of Wq, defined over Q) ®q, L such that N is the
natural one and p(g)(x) := ¢*® (g - x) for g € Wa, and x € W (M), where we
denote by g - x the natural action of G@p on W(M) and

v: Wa, - Wg @X""

Taking the base change of W (M) by the natural inclusion Q) ®q, L < @f;b ®aq, L
and decomposing @;b ®q, L => [, L into a finite product of fields L., we obtain
a Weil-Deligne representation W (M), of Wgq, defined over L. for each 7. Hence,
we can define the e-constant (W (M), t(¢)) € L7, where t(¢) is the image of ¢
in L; by the projection @;b ®q, L — L. Then the product

eL(W(M), ¢) := (WMo, T(0)))e € [ [ LY

is contained in L, := (Q,(¢p=) ®a, L)* € (Q,(¢p=) ®a, Q) ®q, L) since it is
easy to check that e (W(M), ¢) isfixedby I @ ¢ ® 1.
Using this definition, for each de Rham (¢, [')-module M over R, we construct

a trivialization 8%1?§(M) 1, = Ap(M) as follows. We will first define two
isomorphisms

(M) : 1, = A 1 (M) X Dety (Dgr(M))
and

Oar,. (M, ¢) : Detp (Dgr(M)) => Ap 2(M)

(we remark that 64r 7, (M, ¢) depends on the choice of ¢), and then define ezﬂ’% (M)
as the composite

e (M) 1 1, LLED, A (M) K Dety, (Dar (M)
Bt WO, Ay ((MYR A 2(M) = Ar(M),
where I'7 (M) € Q* is defined by

FL(M) = l_[ F*(r)—dimL gr"DdR(M),

reZ
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where we set
(r—1! (r=1),

(=D"/(=n! (r=0).

We first define 6, (M) : 11 = Ap (M) X Dety (Dgr(M)). By the result of
Section 2B, we have the exact sequence of L-vector spaces

r*(r):= {

0— HY  (Mo) — Deris(Mo)1 =255 D (Mo)2 @ty

SR P, gl (Mo)y — 0 (23)

for My = M, M*, where we let D.s(My); = Diis(Mp) fori =1, 2.
Using Tate duality, the de Rham duality

Der(M)° => 1y, : x > [ > [y, x]ar]
(here y € Dgqr(M™) is a lift of y) and Proposition 2.24, we define a map

Rag! . 1 1 x> [y—(y,x)] 1
exp*M* .H(M(M)/f = HW’V(M)/HW,(M)f HW,(M*)}

XPyx v 0
— Iy —> DdR(M)

which is called the dual exponential map and was studied in §2.4 of [Nakamura
2014a]. Using this map, as the dual of the exact sequence (23) for My = M™*, we
obtain an exact sequence

XY 1 ® ExPl

0— H,_ (M)s Deis(M*)} & Dgp(M)°

&, Deis(M*)} > HZ (M) — 0, (24)
where the map Deris(M*)5 — Deris(M*)Y in (%) is the dual of (1 — ¢). Therefore,

as the composite of the exact sequences (23) for My = M and (24), we obtain the
exact sequence

l—o)x.i
0— Hg,y(M) g Dcris(M)l M Dcris(M)Z ©im — Hf.lo,V(M)

— Deris(M*); @ Dar(M)° — Derig(M*)Y — H, (M) — 0. (25)

Applying the trivialization (20) to this exact sequence and using the canonical
isomorphisms

iDety (Dess (M)1) * Detr, (Deris(M)2) K Det, (Deris(M)1) ™ = 1z,
IDet, (Deis(M*))) - DetL (Deris(M™)3) X Dety, (Deris(MHY) ™' =1y,

and
Det; (D% (M)) R Dety (ty) = Dety (Dar(M)),
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we obtain a canonical isomorphism
OL(M) : 1, = A1 (M) K Detr (Dgr(M)).

Next, we define an isomorphism Ogr_ 1 (M, ¢) : Dety (Dgr(M)) = Ay 2(M). To
define this, we show the following lemma.

Lemma 3.4. Let {hy, ha, ..., h,,} be the set of Hodge—Tate weights of M (with
multiplicity). Put hy = Zf"il h;. For any n > n(M) such that e, (W(M), ¢) €
Ly :=Qp(¢pn) ®q, L, the map

L1(M) — Ditn(detr, M) = Ly (1) ®, ro (detr, M)™:
1

S W, o) e YW

induces an isomorphism
fuct LoL(M) = Dgr(detg, M),
and doesn’t depend on the choice of n.

Proof. The independence of n follows from the definition of the transition map
Dt n (—) = Diif n+1(—)-

We show that fj  is an isomorphism. Comparing the dimensions, it suffices
to show that the image of the map in the lemma is contained in Dgr(detgr, M),
i.e., is fixed by the action of I'. Since we have g (W (M), ¢)/ep. (W (detg, M), ) €
L*(C LY%,), it suffices to show the claim when M is of rank one. We assume that
M is of rank one. By the classification of rank-one de Rham (¢, I')-modules, there
exists a locally constant homomorphism § : Q, — L™ such that M = Ry, (8- xm).
The corresponding representation W (M) of Wg, is given by the homomorphism
8 |x|fm . Q, — L* via the local class field theory. By the property (2) of e-constants,
we have y (e (Dps(M), §)) = S(X(y))sL(W(M), ¢) for y € I, which proves the
claim since we have y (¢"(x)) = S(X (y))x(y)hMgo"(x) for x € L (M), y €T,
by definition. (]

Since we have a canonical isomorphism Dgr(detg, M) = det; D4r(M), the
isomorphism fj ; induces an isomorphism fi; ; : Az 2(M) = Dety (Dgr(M)).
We define the isomorphism O4r 1. (M, ¢) as the inverse

Oar,L(M, {) := [yl Detr(Dar(M)) => Ap 2 (M).

Remark 3.5. The isomorphism fj ., and hence the isomorphism 04r 1 (M, ¢),
depends on the choice of ¢. If we choose another Z,-basis of Z,(1) which can
be written as ¢ := {{j}n>0 for unique a € Z7, then fy ¢« is defined using
e (W(M), ¢“) and the parameter ¢« (see Remark 2.1) and 7, :=log(1+m;«). Since



362 Kentaro Nakamura

we have e, (W(M), ) =det W(M)(recq, (a))er, (W(M), ¢) and mtge = (1+7)“ —1
and 7, = at, we have fy ;e = fM,{/SdetRL M (a), and hence we also have

Oar,2 (M, £%) = Sdet, m(a) -Oar,.L(M, ),
and obtain
0% (M) = 8aet, m(@) - 75 (M).

Remark 3.6. Kato [1993b] and Fukaya and Kato [2006] defined their de Rham
g-isomorphism egli(V)/ : 1z = Ap(V) (using a different notation) for each
de Rham L-representation V of Gq, using the original Bloch-Kato exponential
map. Using Proposition 2.26, we can compare our 8312 (Dyig(V)) with their SdLl,{C vy
under the canonical isomorphism A; (V) => Ay (Dyig(V)) defined in Corollary 3.2.
We remark that ours and theirs are different since they used (in our notation) the
e-constant &, ((Dpst(V), p), ¢) associated to the representation (Dps(V), p) of Wg,
instead of W (V). Since one has

et (W(V), §) = eL(Dpst(V), p), §) - detp (=@ | Dg(V)/Deris(V)),

the correct relation between ours and theirs is

ef (Diig(V)) = det, (= | Dy(V)/Derig(V) - e (V). (26)

Moreover, we insist that ours is the correct one, since we show in Lemma 3.7 below
that our 821} (M) is compatible with exact sequences (but 8?}1 (V)’ may not satisfy
this compatibility).

Finally in this subsection, we prove a lemma on the compatibility of the de Rham
e-isomorphism with exact sequences and the Tate duality.

Lemma 3.7. (1) For any exact sequence 0 —> M| — M, — M3 — 0, we have
epe (M) = e (M1) Beg (Ms)

under the canonical isomorphism Ap(My) = Ap (M) K Ap(M3).

(2) One has the following commutative diagram of isomorphisms

can

AL(M) — ApL(M*)" K (L(rm), 0)

82"}1 (M)T lsﬁi(M*)VIX[e,Mn—)l]

can

1L —> ILIX].L

Proof. We first prove (1). The proof is identical to that of Proposition 3.3.8 of
[Fukaya and Kato 2006], but we give a proof for convenience of the readers. We
first remark that we have

TL(M) - Ty (M*) = (—1)htdimeiv (27)
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since we have
(=D~ r=1,

rer (l_r):{(—w (r <0).

We next remark that one has the commutative diagram

1, 2 A, (M) R Det, (M)
(—1)dimz ’Ml lcan (28)
0L (M*)”

1, «<—— ALJ(M*)V @DetL(M*)V

in which the right vertical arrow is induced by the Tate duality, since one has the
commutative diagram

XD}

7CXpM 1 0
tm E—— H(p,y(M) e DdR(M)
i»—>[y,'—>[y,x]cm]l x'—>[y'—>(y,X)]l le[iHb‘,x}dR]
(expyy)” )Y
Dar(M*) =25 1L ()Y EP (1Y

Finally, we remark that one has the commutative diagram

Ouar 1 (M.z~]
Det; (M) Sar L (ML) AL (M)
(—=1)m .canl J{Can (29)
Det, (M*)” Oar,L (M* )" Rley,; > 1]

=Det, (M*)" K1, Apa(M*)K(L(ry), 0)

in which the vertical maps can are also defined by the duality, since we have
e W(V), ¢ ™D e (W(VH, ) =1.

Then (1) follows from the commutative diagrams (27), (28) and (29).
We next prove (1). We first define an isomorphism

OL(M)": 11 = Ar1(M) X Det (Dgr(M))
in the same way as 67 (M) using the exact sequence
0— HY (M) — Do (M) *= 0050 b2 (M), @ 1y
RS, gl M)y — 0 (30)
(we use ¢! instead of ¢) and (24), and define

Oar,..(M, )" : Detr (Dar(M)) => A 2(M)



364 Kentaro Nakamura

in the same way as 64r 1 (M, ¢) using the constant
eL(W(M), ¢) -detp,(—¢ | Deris(M)) = e (Dpst(M), p), ¢) - det(—¢ | Ds(M))
instead of &7 (W (V), ¢). Since we have 0, (M) =60, (M) -det; (—p~ ! | Deis(M)),

szui (M) can be defined using the triple (I', (M), 6,(M)’, 64r..(M, ¢)’) instead of
(I'L(M), 0. (M), O4r,. (M, £)).

Let0 - M; — M, — M3 — 0 be an exact sequence as in (1). Since one has
['(M,) = T'(M)) - T'(M3), it suffices to show that both 6, (—)" and 64r 1 (—)" are
compatible with the exact sequence.

Since we have

eL ((Dpst(M2), p), §) = e (Dpst(M1), p), &) - eL ((Dpse(M3), p), §)
and

det, (—¢ | Dst(M2)) = det . (—¢ | Dst(My)) - detr (—¢ | Ds(M3))

(since Dps(—) and Dg(—) are exact for de Rham (¢, I')-modules), the isomorphism
O4r.(—)' is compatible with the exact sequence.
We remark that the functor Ds(—) is not exact (in general) for de Rham (¢, I')-
modules, but we have the exact sequence
0— Dcris(Ml) - Dcris(MZ) - Dcris(M?a)
&, Deris(M})" = Deris(M3)” — Derig(M3)” — 0

such that the boundary map (x) satisfies the commutative diagram

()
Deris(M3) = Desig (M)

b L
) )V
Dcris(M3) — Dcris(Ml)

from which the compatibility of 6, (—)" with the exact sequence follows, which
finishes the proof of the lemma. (]

3D. Formulation of the local e-conjecture. In this subsection, using the defini-
tions in the previous subsections, we formulate the following conjecture, which
we call the local e-conjecture. This conjecture is a combination of Kato’s original
e-conjecture for (A, T) with our conjecture for (A, M). To state both situations at
the same time, we use the notation (B, N) for (A, T) or (A, M), and f : B — B’
for f:A— Nor f:A—> A

Conjecture 3.8. We can uniquely define a B-linear isomorphism

SB’Q-(N) . lB = AB(N)
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for each pair (B, N) as above and for each Z,-basis ¢ of Z,(1) satisfying the
following conditions:

(1) Let f : B — B’ be a continuous homomorphism. Then we have
e, (N)Qidp = ep (N ®p B')

under the canonical isomorphism Ag(N) ®@p B’ => Ap/(N ®p B’).

(i) Let 0 — Ny — N, — N3 — 0 be an exact sequence. Then we have
ep,c (N1) W ep ¢ (N3) = ep ¢ (N2)

under the canonical isomorphism Ag(N1) K Ag(N3) = Ag(N3).

(iii) Forany a € Z°, we have

eg,ca(N) = dqetz(nv)(a) - €, (N).

(iv) One has the following commutative diagram of isomorphisms:

can

Ap(N) — Ap(N*)" K (L(rn), 0)

can

Ep 1 (N)T lggy;(N*)VIX[e,NHI]
lB — lB X 13

(v) Let f: A — A be a continuous homomorphism, and let M := Dy;s (T @ A) be

the associated (¢, I')-module obtained by the base change of T with respect
to f. Then we have

enc(T)®idg = €4, (M)

under the canonical isomorphism Ap(T) @y A => Ay(M) of Corollary 3.2.

(vi) Let L = A be a finite extension of Q,, and let M be a de Rham (¢, I')-module
over Ry. Then we have

e (M) = e, (M).

Remark 3.9. Kato’s original conjecture [1993b] is the restriction of Conjecture 3.8
to the pairs (A, T). As explained in Remark 3.6, we insist that condition (v) should
be stated using &f (Dyig (V) (or &f%, (V) :=¢{*, (V) -dety, (¢ | Dy (V)/ Deris(V)))
instead of delz VY.

Remark 3.10. In Kato’s conjecture, the uniqueness of the e-isomorphism was not
explicitly predicted. Recently, it has been shown that the de Rham points (even crys-
talline points) are Zariski dense in “universal” families of p-adic representations, or
(¢, I')-modules in many cases ([Colmez 2008; Kisin 2010] for the two-dimensional
case, [Chenevier 2013; Nakamura 2014b] for general case), hence we add the
uniqueness assertion in our conjecture.
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Kato [1993b] proved his conjecture for the rank-one case (note that one has
Dy (V) = D5 (V) for the rank-one case, hence one also has 8‘21} (V) = s‘Lﬂ} V).
As a generalization of his theorem, our main theorem of this article is the following,
whose proof is given in the next section.

Theorem 3.11. Conjecture 3.8 is true for the rank-one case. More precisely, we
can uniquely define a B-linear isomorphism g  (N) : 13 => Ag(N) for each pair
(B, N) such that N is of rank one and for each Z,,-basis ¢ of Z,(1) satisfying the
conditions (1), (iii), (iv), (v), (vi).

Before passing to the proof of this theorem in the next section, we prove two
easy corollaries concerning the trianguline case. We say that a (¢, [')-module M
over Ry is trianguline if M has a filtration F: 0:=My S M| C--- C M, :=M
whose graded quotients M;/M;_; are rank-one (¢, I"')-modules over R4 for all
1 <i <n. We call the filtration F a triangulation of M.

Corollary 3.12. Let M be a trianguline (¢, I')-module over Ra of rank n with a
triangulation F as above. The isomorphism

i ea,; (Mi/Mi_1)
%

erac(M): 1, 2 " AAM;Mi_y) > As(M)

defined as the product of the isomorphisms ea ¢ (M;/M;_1) : 14 => Aa(M;/M;_1),
which are defined in Theorem 3.11, satisfies the following properties:
(1) Forany f: A — A, we have
erac(M)®ida = er o (M @4 A'),
where F' is the base change of the triangulation F by f.
(iii)" For any a € Z%, we have
er. aca(M) = bgety(my(a) - e a,c (M).

(iv)’ One has the commutative diagram of isomorphisms

can

Ap(M) — Aa(M*)Y X (A(ry), 0)
af‘Ag(M)T lsf*,A,g(M*)V&[erM’_)(_l)rM]
1, = 14 X1,
in which F* is the Tate dual of the triangulation F.

(vi)' Let L = A be a finite extension of Q,, and let M be a de Rham and trianguline
(¢, I')-module over Ry. Then, for any triangulation F of M, we have

eF.L.c (M) = €]~ (M).

In particular, in this case, er 1, (M) does not depend on F.
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Proof. This corollary immediately follows from Theorem 3.11 since 8%}1_ (M) is
multiplicative with respect to exact sequences by (1) of Lemma 3.7. U

Finally, we compare Corollary 3.12 with the previous known results on Kato’s
e-conjecture for the cyclotomic deformations of crystalline ones. Let F be a finite
unramified extension of Q,. Let V be a crystalline L-representation of Gr, and let
T C V be a Gp-stable O -lattice of V. In [Benois and Berger 2008] and [Loeffler
et al. 2015], they defined e-isomorphisms for some twists of 7. Here, for simplicity,
we only recall the result of [Benois and Berger 2008] under the additional assumption
that F = Q,, since other cases can be proven in the same way. Let O [I']] be
the Iwasawa algebra with coefficients in Op. We define an O [[I" ]-representation
DIm(T) :=T ®o, OLIT']l on which Gg, acts by g(x ® y) := g(x) ® [g]~'y for
any g € Gg,, x €T, y € OL[I']l. In [Benois and Berger 2008], by studying the
associated Wach modules very carefully, they essentially showed that Perrin-Riou’s
big exponential map induces an e-isomorphism, which we denote by

eoppry.. IM(D)) : 1o, ry => Ao, ry(Dfm(T)),

satisfying the conditions in Conjecture 3.8. Let Dy (V) be the (¢, I')-module
over R associated to V. Then, applying Example 3.3 to (A, T) = (O.[IT'], T),
we obtain a canonical isomorphism

Ao, r1MDIm(T)) ®o, 1 R () = Ageory(Dfm(Dyig (V))) 3D

(see the next section for the definitions of R7°(I") and Dfm(D;;z(V))). Since
D, (V) is crystalline, after extending scalars, we may assume that it is trianguline
with a triangulation F. Then Dfm(D;;;(V)) is also trianguline with a triangulation
F':=Dfm(F). Hence, by Corollary 3.12, we obtain an isomorphism

e re(r).c DIM(Dyig(V))) : 1) => Agoer)(DIM(Drig(V))).
Under this situation, we easily obtain the following corollary.

Corollary 3.13. Under the isomorphism (31), we have
Sg[f[[r]],; (DIfm(T)) ® idr ) = &7 rem),c (DIM(Drig(V))).
In particular, the isomorphism EF RP(T).¢ (Dfm(D;ig(V'))) does not depend on F.

Proof. By [Benois and Berger 2008] and Theorem 3.11, the base changes of both
sides in Corollary 3.13 by the continuous L-algebra morphism fs : R?°(I') — L :
[y]— 8(y)~! are equal to 821} (Dyig(V (8))) for any potentially crystalline character
6 : ' = L*. Since the points corresponding to such characters are Zariski dense
in the rigid analytic space associated to Spf(O.[[I']l]), we obtain the equality in
the corollary. (]
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4. Rank-one case

Kato [1993b] proved his e-conjecture using the theory of Coleman homomorphism,
which interpolates the exponential maps and the dual exponential maps of rank-
one de Rham p-adic representations of Gg,. In particular, the so-called explicit
reciprocity law, which is the explicit formula of its interpolation property, was very
important in his proof.

In this final section, we first construct the e-isomorphism

SA,g(M) . lA - AA(M)

for any rank-one (¢, [')-module M by interpreting the theory of Coleman homo-
morphism in terms of p-adic Fourier transforms (e.g., Amice transforms, Colmez
transforms), which seems to be standard for experts of the theory of (¢, I')-modules.
Then we prove that this isomorphism satisfies the de Rham condition (vi) by
establishing the “explicit reciprocity law” of our Coleman homomorphism using
our theory of Bloch—Kato exponential maps developed in Section 2B.

4A. Construction of the e-isomorphism. We first recall the theory of analytic
Iwasawa cohomology of (¢, I')-modules over the Robba ring after [Pottharst 2012;
Kedlaya et al. 2014]. Let A(I') := Z,[I']] be the Iwasawa algebra of I" with
coefficients in Z,, and let m be the Jacobson radical of A(I'). For each n > 1,
define a Q,-affinoid algebra RPN := (A(T)[m"/ p]) [1/ p], where, for any
ring R, we denote by R” the p-adic completion of R. Let X, := Max (RI/P"-°l(TY)
be the associated affinoid. Define X := [ J, ., X,, which is a disjoint union of open
unit discs. For n > 1, consider the rank-one (¢, I')-module

Dfm, := RI7"°UT") ®a, Re = Ry .irye
with
p(IQe)=1Re and y(1®e)=[yl '®e for yerl.

Put Dfm := lim, Dfm,,; this is a (¢, [')-module over the relative Robba ring over X.
For M a (¢, I')-module over R4, we define the cyclotomic deformation of M by

Dfm(M) := lim Dfm, (M)

with
Dfm, (M) := M @ Dfm, => M @, RL/”" (e,
which is a (¢, I')-module over the relative Robba ring over Max(A) x X. This

(¢, I')-module is the universal cyclotomic deformation of M in the sense that, for
each continuous homomorphism §jy : I' — A*, we have a natural isomorphism

Dfm(M) @re(ry. sy, A => M(80) : (x ®ne) ®a > f3,(n)axes,
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forx e M, ne € R°(I')e and a € A, where
foo :RE(@T) — A
is the continuous A-algebra homomorphism defined by
Sy =81~

for y € I' (and recall that M (8p) := M ®4 Aes, = Mes, is defined by ¢(xes,) =
@(x)es, and y (xes,) :=do(y)y (x)es, forx € M and y € I').

By Theorem 4.4.8 of [Kedlaya et al. 2014], we have a natural quasi-isomorphism
of R3°(I")-modules

gy 1 Gy, (DEM(M)) => Cj (M) := [M* L= M2,

where the latter complex is concentrated in degree [1, 2]. This quasi-isomorphism
is obtained as a composite of (a system of) quasi-isomorphisms

C;,, (Dfm, (M) => Cj, (M) &) RY" (D),

which are naturally induced by the following diagrams of RLI/ P n’oo](l“)—modules
for n > 1 with exact rows:

0 — Dfm, (M)2 2= Dfm, (M)2 25 m Brzer RY”FUT) — 0
vf—ll w—ll a/f—ll (32)
0 — Dfm, (M)® Y= Dfm, (M)2 5 m Brze Ry UMY — 0

Here

fy(ZX@me): : > xi®n
i

" Tl logo(x (1)) &

for x; e M, n;e € RE\I/ b n’oo](F)e, with the inverse of the natural quasi-isomorphism
. - . . 1 n, - . . ~ 1 n,
C; (M) 2> lim €3, (M @y RY 7)) 25 1im €, (M Breey RY 7))
n n

(see Theorem 4.4.8 of [Kedlaya et al. 2014] and Theorem 2.8(3) of [Pottharst 2012]
for the proof). This quasi-isomorphism is canonical in the sense that, for another
y’ € T’ whose image in I'/A is a topological generator, we have the commutative
diagram
g
C;, ., (Dfm(M)) — C;, (M)

tw/l idl (33)

c;,, (Dfm(M)) 25 5 (M)
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For 6o : ' — A*, using the natural isomorphism Dfm(M) QR (), fi, A = M (8p)
and the quasi-isomorphism g, , we obtain the quasi-isomorphism
g5 ), (M(80)) => C;,,(DEM(M) ®rz(r), fy, A)
~y (e L ~ (e L
= C,, , (Dfm(M)) ®R20(F)’f60 A= Cy (M) ®RXO(F),fBO A, (34)
where the second isomorphism follows from the fact that any (¢, I')-module My
over Ry, is flat over Ag for any Ay (see Corollary 2.1.7 of [Kedlaya et al. 2014]).
This quasi-isomorphism can be written in a more explicit way as follows. To recall

this, we see A as an R3°(I")-module by the map fs,. Then we can take the projective
resolution of A

0— RE() - psy, 5 REW) - pay 25 A — 0,

where

85 (@)o] e RY(T)

ogeA

P al

(this is an idempotent) and

diy () = Bo()yl—Dn and dy,(n) := Jso ().

[ Tior| logo (x (¥))

This resolution induces a canonical isomorphism
. d i ~ .
Cj, (M) @rze(r) [RE(T) - pa = R (D) - pay ]| = Cjy (M) @y, A
Moreover, using the isomorphism
M ®RX°(F> RXO(F) “Dsy = M(a)A mQ )‘ptso = )‘ptso(met?o)’
we obtain a natural isomorphism
di, e
C, (M) @) [RYE (D) - ps, =5 RE(T) - ps, | => €., (M (80)).
Composing both, we obtain a natural quasi-isomorphism
. L ~ .
CW (M) ®R§°(F),f50 A= CW,V (M (S0)),

which is easily seen to be equal to g, s,.

Using the theory of analytic Iwasawa cohomology recalled as above, we can de-
scribe the fundamental line Azee(r) (Dfm(M)) as follows. The quasi-isomorphism
gy : CI/'W(Dfm(M)) = Cfp(M) and the quasi-isomorphism C(;’V(Dfm(M)) Ras
CJ;, y (Dfm(M)) induce a natural isomorphism in Preer)

Argmr),1 (Dfm(M)) = Detree ) (Cy, ,, (Dfm(M))) = Detree ) (Cy, (M)).
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Moreover, since we have

Arzem) 2(Dfm(M)) = L%n ARE/P"M(F),z

(Dfm,, (M))

=> lim(As 2(M) @4 Ry (D) e® )

n

= A2 (M)e®™ @4 RE(T) <> Ap2(M) ®4 RE(D),

where the last isomorphism is just the division by e®"™, we obtain a canonical
isomorphism

Agz ) (Dfm(M)) = Detre ) (Cy (M) K (Ag 2(M) @4 R (D). (35)
Under this canonical isomorphism, we will first define an isomorphism
0 (M) : DC'ER;?O(F)(C,},(M)rl => (Ap2(M) @4 RY(T)),
and then define ERT(T).C (Dfm(M)) as the composite

erze(r).c DIM(M)) : 1o (r) < Detree (1) (C; (M) K Detree ry (Cj (M) ™!
id (0, (M
D, Detree ) (C (M) K (Ag 2 (M) @4 RE(T))
= ARXQ(F) (Dfm(M))

for the following special rank-one (¢, [')-modules M.

For A € A, define the “unramified” continuous homomorphism §, : Q7 — A*
by 8, (p) := XA and 8A|Z; := 1. We define an isomorphism 6, (M) for M =R (6;.)
by the following steps, which are based on the reinterpretation of the theory of the
Coleman homomorphism in terms of the p-adic Fourier transform.

Let LA(Z,, A) be the set of A-valued locally analytic functions on Z,,, and define
the action of (¢, ¥, I') on it by

¢(Nlz; =0, ()= f(%) (v € p2p),

1
YOG = Fpy),  y(HO) = —f(i> (y eT).
x)" \x()

One has a (¢, ¥, I')-equivariant A-linear surjection, which we call the Colmez
transform,

Col : Ry — LA(Z,, A) (36)

defined by

dm
Col(f (7)) (y) :=Resp ((1 + )’ f () a +n)>,
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where Resg: R4 — A is defined by Resg (Zn <7 ann”) :=a_ (note that Col depends
on the choice of the parameter r, i.e., the choice of ¢). By this map, we obtain the
short exact sequence

0— Ry = Ra < LAZ,, A) — 0. (37)

Twisting the action of (¢, ¥, I') by §,, we obtain the (¢, ¥, I')-equivariant exact
sequence

S LAZ,, A)(83) — 0,

0 — RY(82) = Ra(81)
from which we obtain the exact sequence of complexes of R3°(I")-modules
0—Cj, (R3°(80)) — Gy (Ra(8:)) = Cy(LA(Z), A)(5:)) — 0. (38)
For each k > 0, we define the algebraic function
k

yk:Zp—>A:a|—>a.

Then Ayke(gA C LA(Z,, A)(8,) is a y-stable sub-R3°(I")-module. By Lemme 2.9
of [Chenevier 2013], the natural inclusion

N
G (EB Aykeak) = C(LAZy, A)(6) (39)
0=k

is a quasi-isomorphism for sufficiently large N.
Set Pik = Ayke(;k fori =1, 2. Since we have Ayke,gk [0] € DI[);’O] (R3°(IM)) for
any k > 0, the natural exact sequence

0— Pf[—1]1— C; (Ay‘es,) > P5[-2]— 0
induces a canonical isomorphism

gk : Detree(r) (Cy, (Ay*es,)) => Detrse(r)(Py) B Detree(ry (Pf)

’DetRXo(r)(P{‘)
17320(1“).

We remark that, if the complex Cj, (Ay*es,) is acyclic, then the composite of this
isomorphism with the inverse of the canonical trivialization isomorphism

. o ( Ak ~
hDetRXo(r)(cl;(AykeM)) : Detreery (Cy, (Ay"es,)) = 1rg(r)
is the identity map. Hence, if we define the isomorphism

N
oV = Xlé\/:kgk : Detra(r) (CI;/ (@ Ayketh)) = 1gzr), (40)
k=0
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then, by (39) and (40) (for sufficiently large N), we obtain an isomorphism
to : Detree ) (Cy, (LA(Z),, A)(85))) = 1rger). (41)

which is independent of the choice of (sufficiently large) N.
Since CJ/ (LA(Zp, A)(5,)), Clz (R4 (8,)) are both perfect complexes, we also have

Cj (RY(T)) € D (R (T))

by the exact sequence (38), and then we obtain an isomorphism

t1 2 Detrzor) (€, (Ra(83)))
=> Detrser) (Cy (R (82))) KW Detrye ry (Cy, (LA(Zy, A)(83)))

9E9, Detres 1) (€5, (R (63))) <> Detraory (RE G0N, (42)
where the last isomorphism is the one naturally induced by the exact sequence
0— REG)V™ = REG) L5 RE(5:) — 0

(where the surjectivity is proved in Lemme 2.9(v) of [Chenevier 2013]).
We next consider the complex CJ/ (R3°(85.)). Fora R3°(I')-module M with linear
actions of ¢ and y, define a complex

Cs(M) :=[M L M] e DMI(RP (D)),

and define a map of complexes oy : ny (M) — Ci (M) by

;M) : [M L= m]

laM ll—w lidM 43)

< (M) - 14
Cs(M):[M — M]

For N > 0, set Dy := @y<;<n At*es, . Since Ates, [0] € DI[);?O] (R3°(I')), we
can define a canonical isomorphism

Detre ) (Cy, (Dn)) = 1z (44)

in the same way as the isomorphism (40). Then the natural exact sequence
0— CJ/(DN) — CJ/ (RF°(8,)) — C]'p (R3°(8,)/Dy) — 0 induces a canonical iso-
morphism
Detrz ) (Cy (R37(81)))
=> Detry ) (Cy, (D)) K Detre ) (G, (R (81)/ D))
=> Detrya) (Cy (RF(8,)/Dn)),  (45)

where the last isomorphism is induced by the isomorphism (44).
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Since the map 1 — ¢ : R3°(8,)/Dny — R (8,)/ Dy is an isomorphism for
sufficiently large N by Lemme 2.9(i1) of [Chenevier 2013], the map oz (s;)/Dy)
is also an isomorphism for sufficiently large N. Hence, for sufficiently large N, we
obtain a canonical isomorphism

Detrge ) (Cy, (R4 (8:)/ D)) => Detrse(ry (C5 (R5°(82)/ D). (46)

Since the complex Cé (Dy) is acyclic (since i : Atk es, — Atkeg.k is an isomorphism
for any k£ > 0), the natural exact sequence 0 — C:Z(DN) — Cl;~, (R3°(8,)) —
C;'/; (R3°(8x)/Dy) — 0 induces a canonical isomorphism

Detrye ) (C5(R3°(82)/ Dw))
= Detrge(r) (C5 (Dy)) W Detrger) (C5 (R (81)/ D))
= Detrge(r) (C5(RFT(82))),  (47)
where the first isomorphism is induced by the inverse of the isomorphism
hes (y) : Detrge ) (C5(Dn) = Irgem).

Moreover, the exact sequence 0 — R3° S)V=0 — R (81) ¥ R3°(8,) — 0 and
the isomorphism

R (Mes, <> REB)V=0: hes, > (A - (1 +7) Ves, (48)

(note that this isomorphism depends on the choice of ¢) naturally induces the
isomorphism

Detrye () (C5(RE(82)) ™" = Detrgr ) (R (8:1)V =) = (R (Mes,, D). (49)

Finally, as the composites of the inverses of the isomorphisms (42), (45), (46),
(47), and the isomorphism (49), we define the desired isomorphism

0 (Ra(82)) : Detrzer) (Cj (Ra(8:))) ™!
= (R (Des,, 1) = Ap 2(Ra(8:)) ®a R (D).

Definition 4.1. Using the isomorphism (35), for M = R4(5;), we define the &-
isomorphism by

erze(ry.c DEM(M)) : 1z ) <5 Detrae () (C;,(M)) K Detrae ) (Cp (M) ™!
id 56, (M
M, Detrse ) (C3 (M) B (Ag 2 (M) @4 RE(T))
= ARZO(F)(Dfm(M)).

Before defining the e-isomorphism for the general rank-one case, we check that
the isomorphism ER().¢ (Dfm(R4(8,))) defined above satisfies the properties (i)
and (iii) in Conjecture 3.8
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For the property (i), it is clear that, for each continuous homomorphism f: A — A’
(and set X = f (1)), we have

erer),c DIM(RA(82))) ®idar = erze ), DIM(RA (81)))
under the canonical isomorphism
Az (DIM(R4(8,))) ®a A" => Ages(r) (DEM(RA (83) ®aA))
= Areer) (DIm(RA (83))),
where the last isomorphism is induced by the isomorphism
Ra(8) ®a A" > Ra(8) 1 g(m)es, ® a v ag! (m)es, ;
here we define

glm) =) flan" e Ry for g(m) =) aym" € Ry.

nez nez

The property (iii) easily follows from (48) since one has (1 +7;e) = (1 +7,)* =
[oq]- (1 +m;) fora e Z[f.

Next, we consider a rank-one (¢, I')-module over R4 of the form R4 (8) for a
general continuous homomorphism § : Q7 — A*. Set

A:=68(p) and §g:= 5|z;,

which we freely see as a homomorphism & : I' — A* by identifying x : I' = Z.
We define the continuous A-algebra homomorphism

foo iR — A,

which is uniquely characterized by fs,([y]) = 8o(y)~! for any y € I". Then we
have a canonical isomorphism

Dfm(R(82)) ®rgry, 3, A => Ra(d)
defined by
(f(m)es, ®ne) @ a :=afs,(n) f ()es

for f(m) € Ra, n € RY(I'), a € A, which also induces a canonical isomorphism
Arger)(DFM(RA(8:))) @rg(r), f5, A = Aa(Ra(8)).
Definition 4.2. We define the isomorphism

ea,t (Ra(8)) : 14 = Ax(Ra(5))

by
ea.c (Ra(8)) = erse(r).c (DIM(RA(S5))) ®ida
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under the above isomorphism.

Next, we consider a rank-one (¢, I')-module of the form R4 (§) ®4 L for an
invertible A-module L.

Lemma 4.3. Let M be a (¢, I')-module over Ra (of any rank), and let L be an
invertible A-module. Then there exist a canonical A-linear isomorphism

Ag(M @u L) => Ay(M).

Proof. The natural isomorphism Cg;,y(M R4 L) = C(;ﬁy(M ) ®4 L induces an
isomorphism
Aa (M ®p L) => Mg 1 (M)R(LZT™0).

Since we also have a natural isomorphism L4 (M ®4 £) => LA(M) @4 LZ™, we
obtain a natural isomorphism

Ap2(M @4 L) <> Ag 2(M) K (LZ™, 0).

Then the isomorphism in the lemma is obtained by taking the products of these iso-
morphisms with the canonical isomorphism i (zery ) : (L2, 0)X(LZ ™, 0) => 14.
O

Definition 4.4. We define the isomorphism
€At (Ra(8) ®a L) : 14 => Ax(Ra(8) ®a L)
by
€At (Ra(8) ®a L) :=¢e4,:(Ra(8))
under the above isomorphism Ay (M ®4 L) = Asg(M).

Finally, let M be a general rank-one (¢, I')-module over R4. By Theorem 2.8,
there exists a unique pair (8, £) such that g : M => R(8) ®4 L. This isomorphism
induces an isomorphism g, : Ay (M) = Ag(Ra(6) ®4 L).

Definition 4.5. Under the above situation, we define
8A’§(M) = EA,g(RA((S) ®aL)ogy: 14 = Ap(M).
Lemma 4.6. The isomorphism g5 (M) is well defined, i.e., does not depend on g.

Proof. Since we have Aut(R4(5) ®4 L) = A* (where Aut(M) is the group of
automorphisms of M as (¢, I')-modules over R,), it suffices to show the following
lemma. O

Lemma 4.7. Let M be a (¢, I')-module over Ra. For a € A%, let us define g, :
M => M : x — ax. Then we have

(8a)« =1da, (M) -
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Proof. This lemma immediately follows from the fact that g, induces Aj 4 (M) =
Ap 1 (M) :x = a ™x (by the Euler—Poincaré formula) and Ay 2 (M) = A 2(M):
X = a™x by definition. (]

Remark 4.8. By definition, it is clear that 4 ; (M), constructed above, satisfies the
conditions (i) and (iii) in Conjecture 3.8. It also seems to be easy to directly prove
the conditions (iv), (v) of Conjecture 3.8. However, in the next subsection, we prove
the conditions (iv) and (v) using density arguments in the process of verifying the
condition (vi).

Remark 4.9. Define Og :={Y", ., ann" |ay €Zp, a_y — 0 (n— 400)}, Og+ :=
Zpll]l, and Og+ 5 = Og+ @Zp A. Define CO(ZP, A) to be the A-modules of
A-valued continuous functions on Z,,. Using the exact sequence

0= Og+ p = Op.p <> C°(Zy, A) — 0,

which is the continuous function analogue of the exact sequence (37), and using the
equivalence between the category of A-representations of Gg, with that of étale
(¢, I')-modules over O¢ A [Dee 2001], it seems possible to define an e-isomorphism
8A,;(A(<§)) for any S: Ggp — A* in the same way as the definition of g4 ; (R4 (5)).
Using this e-isomorphism, it is clear that our e-isomorphism &4 (R4 (8)) satisfies
the condition (v) in Conjecture 3.8. Moreover, it is easy to compare the isomorphism
enc (A (5)) with the one Kato defined [1993b].

4B. Verification of the conditions (iv), (v), (vi). In this final subsection, we prove
that our e-isomorphism &4 (M), constructed in the previous subsection, satisfies
the conditions (iv), (v), (vi) of Conjecture 3.8. Of course, the essential part is to
prove the condition (vi); the other conditions follow from it using density arguments.

Therefore, in this subsection, we mainly concentrate on the case where A = L
is a finite extension of Q,. Before verifying the condition (vi), we describe the
isomorphism ¢ (R (8)) : 17 => A (R (8)) for any continuous homomorphism
§ = 8,80 : Q7 — L* in a more explicit way.

For an R{°(I")-module N, define a I'-module N () := Nes, by y(xes) =
80(¥)([y]-x)es, for any y € I'. Then we have a natural quasi-isomorphism

~ di, ~ e
NI=11®%r). sy, L => N ®rer) [RE (D) ps, =5 RE (D) pa, | = €5 (N (80)).

Hence, if N[0] Dgerf(Rzo(F)), then we obtain a natural isomorphism

Detr (N[=1D ®ri ). s, L = Detr (G (N (G0))
- IEI’:O,] DetL(H;(N(éo)))(—l)’.
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Moreover, if N is also equipped with a commuting linear action of i such that

CI'# (M) € Dé’erf(Rzo(F)), then we obtain a natural isomorphism

Det, (G, (N)) ®rg ), 5, L = Detr (Cy, ,, (N (80)))

=5 X7 Dety (H), ,, (N (80)) V"
In particular, the isomorphism ég (RL(8)) :=0; (RL(32)) ®rz (1), Fo idz can be seen
as the isomorphism

O (RL(8)) : K7 Dety (H), (R (8)) ™V
= (RCL’O(F)eSA, 1) ®Rf(l"),f5o L = (Legs, 1), (50)

where the last isomorphism is induced by the isomorphism
R (Des, @rery, g, L = Les : (nes,) @ a > afsy(n)es.

Therefore, to verify the condition (vi) when R (8) is de Rham, we need to relate
the map 0} (R (8)) with the Bloch—Kato exponential map or the dual exponential
map.

To do so, we divide into the following three cases:

() § # x 7k, xk*1x| for any k € Z>(o (which we call the generic case).

(2) §=x"* fork>0.

(3) 8 =x x| fork > 0.
We will first verify the condition (vi) in the generic case by establishing a kind of
explicit reciprocity law (see Propositions 4.11 and 4.16). Then we will verify the
conditions (iv) and (v) using the generic case by density argument. Finally, we
will prove the condition (vi) in the case (2) via direct calculations, and reduce the
case (3) to the case (2) using the duality condition (iv).

In the remaining parts, we freely use the results of Colmez and Chenevier
concerning the calculations of cohomologies

H), (RL(8), H, (RP®) and Hj (LA(Z,, L)(®));

see Proposition 2.1 and Théoreme 2.9 of [Colmez 2008] and Lemme 2.9 and
Corollaire 2.11 of [Chenevier 2013].

4B1. Verification of the condition (Vi) in the generic case. In this subsection, we
assume that § is generic. Then we have

H),  (Lt*es) =Hi, (Ly*es) =H!, (LA(Z,,L)(8)) =0
forany k € Z>p and i € {0, 1, 2}, and
H, (RL(8)) =H], (R (8) =0
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fori =0, 2, and
dim Hj, (R, (8)) = dim; H}, ,(R°(8)) = 1.
Then ¢ 5 := ¢ QR (), fi, idy (see (42)) is the isomorphism
(Hy ,(R.(8)), D™ = H,(RF(®)="), D! (51)
in P, induced by the isomorphism
H (RE($)Y=") = H), , (RL()) : [x] — [x, 0.
Then the base change by f;s, of the isomorphism
Detree () (C}(R(8:))) ™" <> Detreer) (R (8:)V=[0]) => (RF°(Des, . 1),
which is induced by (45), (46), (47) and (49), becomes the isomorphism
(HL (R (3=, 1) K==, (1) (R )Y, 1) = (Les, 1), (52)

where the last isomorphism is explicitly defined as follows. For an explicit definition
of this isomorphism, it is useful to use the Amice transform. Let D(Z,, L) :=
Hom{"(LA(Z,, L), L) be the algebra of L-valued distributions on Z,, where the
multiplication is defined by the convolution. By the theorem of Amice, we have an
isomorphism of topological L-algebras

y
Dz ~5 R = "
Zp, L) = RP 1 > fu(r) Zu((n»n
n>0
(which depends on the choice of 7, i.e., the choice of ¢), where

(y> _Yo=D-G—ntD

n n!

Then the action of (¢, I', ¥) on R}° induces the action on D(Z,, L) by

ff(y)w(u)(y) :=/ Fpy)n(y), /f(y)W(M)(y):=f f(z)u(y)
z, z, z, pZ, \P

and

/ FOIoa(W() = / Fayn®),
z, 7,

where, for a € Z;, we define o, € I such that x (o,) = a.
Using this notion, it is easy to see that the second isomorphism in (52) is defined
by

3(=1)

H (R (5)Y=") = Les : ’
A S T N

8T m(y)es,
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where we note that we have an isomorphism
D(Z, Lyes => R (0" pes > fies.

since one has

S () = / 85 My )

i
for any A € R7°(I') and any continuous homomorphism &g : Z; — L*, where we
define ), € D(Z;, L) by f,,, () =A- (1 +m).

For a '-module N, we define H'(I", N) :== N /Ny, where Ny is the submodule
generated by the set {(y — 1)n | y € I', n € N}. Then we have the canonical
isomorphism

H' (T, RP(8)Y=") = H,(RP(8)"=") : [ fes] = [ITiorl logo (x (7)) pa(fes)]

(where “canonical” means that this is independent of y, i.e., is compatible with the
isomorphisms ¢, for any y’ € I'). Composing this with the isomorphism (52), we
obtain an isomorphism

H' (T, RLG)V=N, 1) = (Les, 1) (53)

in Pr. Concerning the explicit description of this isomorphism, we obtain the
following lemma.

Lemma 4.10. The isomorphism (53) is induced by the isomorphism
5 HUTREG) ) = Ley: esl > 51 [ 5700,
Zy

Proof. For f,es € R°(8)V=!, we have (1 — ¢)(fue5) = (1 — @) f,.) - €5. Then
the lemma follows from the formula

[ s@a-epmew = [ feone for uep@, 0. 0

Next, we furthermore assume that R (§) is de Rham. By the classification, it is
equivalent to 8 = 8x¥ for k € Z and a locally constant homomorphism § : QF — L~
In the generic case, we have the following isomorphisms of one-dimensional
L-vector spaces:

(1) exph, -  HY, , (RL(8)) => Dar(R1(8)) if k <0,
(2) expr, ) : Dar(RL(8)) =>H (R (8)) if k> 1.

Let us define n(8) € Z as the minimal integer such that § l(1+pz)nz) is trivial.
Then:

(1) n(8) =0 if and only if R (8) is crystalline.
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() e (W(RL()), ) =1 if n(8) =
(3) eL(W(RL()), §) =8(p)"D Yiczyporzy< 8¢ 1) if n(8) = 1.
@) e (W(RL®)), ) - eL(W(RL(3)), ¢) =8(—1).

By definition of &7 (R (8)) and 8 (RL (8)), and by Lemma 4.10, to verify the
condition (vi), it suffices to show the followmg two propositions (Proposition 4.11
for k < 0 and Proposition 4.16 for k > 1), which can be seen as a kind of explicit
reciprocity law.

Proposition 4.11. If k <O, then the map

o 1 I
H'(T, R ($)V=") = H), , (RL()) EPRLG, D (R1(8)) = (: Looe5>

(where the first isomorphism is defined by [ fes] — [|I'tor| logo(x (¥)) pa(fes), 0])
sends each element [ f, e;5] € HY(T, Rio(g)w:l) to

(1) =D* 8D .l./ =L n(es if n(®) £0
(—k)! e (W(RLE), ) 1 [z Muyes ,

(=D* detz(1 -9 | Deris(RL(®)*) $(=1) [ . B
@ (=k)! dety(1—¢ | Deris(RL(8))) ;5 Mu(yes if n(8) =0

Proof. Here, we prove the proposition only when k =0, i.e., § =4 is locally constant.
We will prove it for general k < 0O after some preparations on the differential
operator d (the proof for general k£ will be given after Remark 4.15).

Hence, we assume that k = 0. For such §, we define a map

gr.6) : Dar(RL(8)) = H), (Dair(RL(8))) : x = [log(x (¥))x],

which is easily seen to be an isomorphism. By Proposition 2.16 of [Nakamura
2014a], one has the commutative diagram

H! KPR, "
L, (RLE) —25  Dar(RL(8)

idl gr, (5)l (54)
can

Hy (RL(8) —  HL(Dair(R(3)))

Set ng := max{n(§), 1} if p # 2, and set ng := max{n(§), 2} if p = 2. Then
the image of [ f,es] € H'(T, ROO(S)‘” hy = H (RL (8)) by the canonical map
can : H}p ,(RL(8) — H} (Dgir(R(8))) is equal to

[ITtor| 1020 (X (7)) Pa (tny (fu€5))] € H}, (Dair(R(8))).
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Hence, it suffices to calculate ga(a)([lﬂoA logy(x (¥))Pa(tny(fues))]). By defini-
tion of gr, (s), it is easy to check that we have

8z & ([Tiorl 1020 (X (1)) P (tay ( f1€5))])

_ Torllogy(x (¥)) 1 | _
o log(x(¥)  [Qp(gpm) i @] Z i (tng (fues)li=0) =: (*).

ie(Z/poz)*

Concerning the right-hand side, when n(8) > 1 if p #£2, orn(§) >2if p =2,
one has the following equalities, from which the equality (1) follows in this case:

_ [Tior| logy(x (¥)) 1 Z

() :
log(x(y))  [Qp(gpw): Qpl

0 (tns)(fues)li=0)
ie(Z/p"O7)*

| Teor| IOgO(X ()/)) )4 1 ( 1 / y
- _ 2 (8) Z Oi\ Sne) Cpn@)li(y)ea
log(x(¥))  (p=Dp"® . s(p)"® Jz,

1 . i
N W Z 3(1) /Zp é“pi@)u(y)eg

ie(Z/pr®z)*

= (pg(p))n(é) Z 3(1)( Z gpn(s) /j+p"<5>zpu(y)>e8

ie(Z/p"®2)x jez/pr®z

—; T
= (p(g(p))n(é) Z < Z 3(l)§pn<s>) ~£+p'1<5>zpu(y)es

JeLip L e/ p O Ty

= W Z ( Z 5(l)§pn(5)) /;+pn(5)zpﬂ(y)€5

JE@/p Ty Nie@] p" Ty

I o o
_(pg(p))n(5)< Z 8(z)§pn<s>) Z 8(j) /Hpn(s)zpu(y)e(;

ie(Z/p®1)* je@/pr®z)
— L (WRLG), 0) f 5 (n(y)es
7

_ 8(—=1)
T @ WRLO)). O) Ju

Here the second equality follows from

s uy)es.

Ln(B)(fu)|t=0 = fﬂ(;p”(a) - = /Z é‘;n(a)/L(Y)’

the third equality follows from

[Ctor| logg(x () p
log(x(y)) p—1

=1
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(for any p), the sixth equality follows from the fact that

< Z 8@)¢ n<5)>

ie@/p"®2)*

if p | j, and the seventh and eighth follow from the property (4) of e-constants listed

before this proposition.
When n(§) =0, one has no = 1 if p #2 and ng =2 if p = 2. Then one has the

following equalities:

Y 0iltng(fues)li=0)

ie(Z/p"oz)*

_ ! > a-( : /Cyn M(y)ea)
po \s(pyo Jz, 7"

ie(Z/p"02)*

1
~ (ps(pym ) /é“nou(y)ea

i€(Z/p"oz)*

_; ij f )
—(ps(p)re 2 ( D G jﬂ)nozpu(y) es

ie(Z/p"0z)y< ~jez/p"oZ

1
= W Z < Z ¢ ’10) /;+p"OZpM(y)e6'

JEZ/p"OZ Nie(Z/p"oZ)*

() =

Here the first equality follows from

ol loggx(v) 11
og(x(1)  [@p(Ep): @p]  pr

for any p.
When p # 2, the last term is equal to

1
- -1 —
23(p) ((p )fpzpu(y) /qu(y))ea

P

since Y ez pzy- ¢ =p—1lifp|jand D ic/pzy ¢y =—1if p{j.
Since f,es € R™®(8)V=!, we have ¥ (f,) = 8(p) f., hence we have

/ M(y)=/ w(u)(y)=8(p)fu(y)=8(p)(f M(y)+/ M(y)>,
pZ,, ZP Zp z; pr

and we have 5(p)
. p
/,,Zp““(y)_—l—a(p) /Z;M(y)

since we have §(p) # 1 by the generic assumption on §.
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Therefore, we have

1 B 1 8 /
25 (p )((p )pZ u(y)— fﬂ()’)) S(p)(( ) ~5(p) )Z;M()’)es

1 p8(p)—1

=) 1-s(p O
]
 pé(p)
—1 ~5(p)) M()’)es,

from which we obtain the equality (2) for p # 2.
When p =2, then the last term is equal to

! 1
— (2 -2 - —
(p8(p))? ( fuz'u(y) /2+422My)> ~ pd(p)? ([xzzu(y) fzzzu(y)> “

since ZiE(ZMZ)X {jj isequalto 2if j =0 (mod 4), isequal to 0 if j =1, 3 (mod 4),
and is equal to —2if j =2 (mod 4). Since we have ¥ (f,.) = 3(p) fu, we have

F)
/ M(y)=/ w(u)(y)=8(p)f M(y)=5(p)l/ w(y),
4z, 22, 27, 1=4(p) Jzz

where the last equality follows from the same argument for p # 2.
Therefore, we have

: _ ! 5(p)  3(p) ) f
P5(P)2<f422M(y) 222M(y)) 5(P)2((p)1—5(p) 1-8(p) n(yes

1 28(p)*—3(p)

= n(y)es
ps(p? 1-8(p)  Jz
1
_ s
u(y)ea,
—d(p)
from which we obtain the equality (2) for p = 2. U

To prove the above proposition for general k£ < 0, we need to recall and prove
some facts on the differential operator 9 defined in §2.4 of [Colmez 2008], which
will be used to reduce the verification of the condition (vi) for general k to that for
k =0, 1 (even for the nongeneric case).

Let A be a Q,-affinoid algebra. We define an A-linear differential operator
0:Ra—>Ra: f(m)— (1 —I—n)%. Leté: @; — A* be a continuous homomor-
phism. Then 0 naturally induces an A-linear and (¢, I")-equivariant morphism

0 :Ra() = Ra(dx) : f(m)es — d(f())esx,
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which sits in the exact sequence

d
feﬁX'_)ReSO(f Tir )es\x\*l

0— A(S) 4829, 121 (8) 5 Ra(Sx) ABlx|™H = 0. (55)

By this exact sequence, when A = L is a finite extension of Q,, we immediately
obtain the following lemma.

Lemma 4.12. 9 : C;W(RL %)) — C(;,V(RL(Sx)) is a quasi-isomorphism except
when § =1, |x|.

For the general case, the exact sequence (55) induces the canonical isomorphism

Deta(C;, (A(8))) B Ag 1 (Ra(8)) ™ B Ap1(RA(8x))
X Deta(C;, (AGIx|"H) ™ => 14, (56)

For 8’ =8, 8|x|~!, since A(8') is a free A-module, the complex

Co (A®)) 1 [A@)E L=D2U=Ds A$)5 @ ASHS 220D, A(5h4]
(where A(8'); = A(8') fori =1, ..., 4) induces the canonical isomorphism
Deta(C, , (A(8)))

= (Deta(A(8) 1) K Dets (A(8)5) ") X (Deta(A(S")5) K Deta (A1)

iDetA (A(é/)lA)&iDetA (aeh2)
14.

Applying this isomorphism, the isomorphism (56) becomes the isomorphism
Ap1(Ra(8) 'R Ag 1 (Ra(8x)) => 14, and then, multiplying by A4 1(R4(8)) on
both sides, we obtain the following isomorphism, which we also denote by 0:

3 Au 1 (Ra(8)) <> Aa1(RA(8) B (A1 (RA(8) ' B Ay 1 (R (8x)))
BT A (R,
Taking the product of this isomorphism with the isomorphism
Apa2(Ra(8)) = An2(Ra(dx)) : aes > —aesy,
we obtain the isomorphism

3 : Ay (Ra(8)) = Aa(Ra(8x)).

By definition, it is clear that this isomorphism is compatible with any base change
A— A
Concerning this isomorphism, we prove the following proposition.

Proposition 4.13. 4 (Ra(6x)) =0 0e4,:(Ra(d)).
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Proof. The proof of this proposition is a typical density argument, which will be
used several times later.

Define the unramified homomorphism 8y : Q; — (G}, Ogm)™ by éy(p) :=Y
(where Y is the parameter of Gi'). Then R4 (8) is obtained as a base change of the
“universal” rank-one (¢, I')-module Dfm(Rgan (8y)) over Ryxem (X is the rigid
analytic space associated to Z,[[I']]). Since the isomorphism 9 : Ay (R (8)) =
Aa(Ra(8x)) is compatible with any base change, it suffices to show the proposition
for Dfm(Rgx (8y)). Since X x Gy is reduced, it suffices to show it for the Zariski
dense subset Sy of X x G3' defined by

So:={(80, A) € X(L)xG}'(L)| L is a finite extension of Q,,, §:=38,8 is generic}.

For any (80, A) in So(L), &1, (R (8)) corresponds to the isomorphism
15 HU(D, REG)TY = Les : [ fuesl = 8(=1)- / 5 ues
z;

by Lemma 4.10 and by the arguments before this lemma. Then the equality
eL,c (Rp(8x)) =0 oer (Rr(8)) is equivalent to the commutativity of the diagram

H' (T, RPS)V=") 2 Le;s

Bl les > —esx

H(T, RP(8x)V=1) 25 Les,
Finally, this commutativity follows from the formula
/ FOMaw(y) = / M)
ZP Zl’
for any f(y) € LA(Z,, L), which finally proves the proposition. U

We next prove the compatibility of @ with the de Rham g-isomorphism egi(’/z .(8))
for de Rham rank-one (¢, I')-modules R (§) under a condition on the Hodge—Tate
weight of Ry (8) as below.

Lemma 4.14. Let Ry (6) be a de Rham (¢, I')-module (here we don’t assume that
8 is generic). If the Hodge—Tate weight of R (8) is not zero, i.e., we have § = 8x*
such that k # 0, then we have the equality

e (RL(8x)) = B o 61 (RL(S)).

Proof. Since one has Dgr(R(8)) = (Loot%e(;) and 3(g(1)) = “% for g(1) €
Lo (()), the differential operator d naturally induces an isomorphlsm

9 : Dgr(RL(8)) = Dar(R1(8x)) : —ea*—>( k) T o
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under the condition k # 0. Hence, by definition of 82”} (M) using the isomorphisms
01 (M) and O4r 1, (M, ¢) and the constant I'7, (M) in Section 3B, it suffices to show
the following two equalities:

(1) OL(RL(8x)) = 9 0OL(RL(5)).
(2) TL(RL(8)) -0 00dr,L(RL(8),§) =TL(RL(8x)) - Oar,L (RL(8x), ) 0 d.

We first prove the equality (2). Since one has I, (R (8)) =T*(k) and I't, (R (8x)) =
[*(k + 1), it suffices to show that the diagram

(k) frp )¢
Li(Rp(®)=Les ————— Dgr(Rr())

leaH —€s5x JB

I*(k+1)- fr; 6,
LL(RL(8x)) = Les, ——— "% Dyr(R(5x))

is commutative, where the map fr, (s, (for 8’ =4, 6x) is defined in Lemma 3.4.
This commutativity is obvious by definition of fg, (5,),; since one has

et (W(RL(8)), §) =eL(W(RL(8x)), ¢)

(this is because one has a natural isomorphism Dy (R (8)) => Dy (R (8x)) :

Tes > tk%e(;x) and k- T*(k) =T*(k+ 1) for k # 0. We next show the equality (1).

Under the assumption that k& # 0, it is easy to see that d induces the isomorphisms
Dgr(RL(8)) => Dar(RL(8x)), Dar(R1(8))" <> Dar(R1(8x))°

and
Deig(RL(8)) <> Deris(RL(8x)),  Hi, ,(R1(8)) =>H], ,(R.(8x))

for any i =0, 1, 2 by Lemma 4.12. Hence, by definition of 6; (R (8)), it suffices
to show that the following two diagrams are commutative for M = R (5):

Hg,y(M) —  Dgis(M) — Diis(M) ®© ty — H(lp,y(M)

[ L | o e
HO,, (M(x)) — Des(M(x)) = Do (M) @ tarce) — HL, (M (x))

and

H! (M) — Dcris([W*)v —~ D (M)\/ — RH2 (M)
o & Dag (M)" o

la l(—av)eaa }av la (58)

Dyis (M (x)* N *\V
Y, (M) — DtV 00 ) = Deas(M()")" — HE, (M (x))
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Here 0V is the dual of
9 1 Deris (M (x)*) = Deris (R (87 1x])) =5 Deris(RL(8™ ' x[x])) = Deris (M*).

For the commutativity of the diagram (57), the only nontrivial part is the commuta-
tivity of the diagram

eXpy, f D expy,

Duis(M)®ty ~ ————  H, (M)

d| dl
€XPas(x). f D EXPyr(x)
Deris (M (x)) @ tyg () ——————— HL (M (x))
but this commutativity easily follows from Proposition 2.23. Using the commuta-
tivity of (57) for M =R S~ 1x)), to prove the commutativity of (58), it suffices
to show the commutativities of the following diagrams:

Dgr(M) — Dgr(M*)Y

al —aVl (59)
Dyr(M(x)) — Dgr(M (x)*)"

and ' .
1 —1 *\V
H, (M) — H, (M)

al —aVl (60)

H, (M (x)) — H2H (M (x)*)"

Here the horizontal arrows are isomorphisms obtained by (Tate) duality. Since
the commutativity of (59) is easy to check, here we only prove the commutativity
of (60). Moreover, we only prove it for i = 2 since other cases are proved in the
same way. For i = 2, it suffices to show the equality

[0(f)gel] =—[fd(g)er] €eH, ,(R.(1))

for any [fes] € H (RL(8)) and ges-1),| € H) ,(RL(87"|x])). Since we have
a(fg)=09(f)g+ fa(g), the equality follows from the fact that we have [d(h)e;] =0
in ng(RL(l)) forany h e Ry. [l

Remark 4.15. Proposition 4.13 and Lemma 4.14 and the following proof of
Proposition 4.11 should be generalizable to a more general setting. Let M be
a de Rham (¢, I')-module over R of any rank. In §3 of [Nakamura 2014a], we
developed the theory of Perrin-Riou’s big exponential map for a de Rham (¢, I')-
module, which is an R7°(I")-linear map Hllm,(Dfm(M)) — H}//,V(Dfm(Nrig(M))),
where Nyg(M) € M[1/t] is a de Rham (¢, I')-module equipped with a natural
action of the differential operator d,; defined by Berger. This big exponential map



A generalization of Kato's local &-conjecture 389

is defined using the operator d,;. Our generalization of Perrin-Riou’s & (V')-theorem
[Nakamura 2014a, Theorem 3.21] states that this map gives an isomorphism

Expy, © Arg ) (DEm(M)) = Agze ) (DEm(Niig (M))).

Therefore, as a generalization of Proposition 4.13, it seems to be natural to conjecture
that the conjectural e-isomorphisms should satisfy

ere(r),c (DIM(Nrig(M))) = Exp,, 0 eree(r),c (Dfm(M)),
which we want to study in future works.

Using these results, we prove Proposition 4.11 for general £ < 0 as follows.

Proof of Proposition 4.11 for general k <0. Let § =8x* be a generic homomorphism
such that k£ < 0. By the arguments before Proposition 4.11, it suffices to show
the equality ¢f, ; (RL ) = 8 (RL (8)). This equality follows from the equality
er.c(Re (5)) = s (RL (8)) proved in Proposition 4.11 for k = 0, since we have

eL.c(R(8) =0 0er ((RL(B)) and &f%(RL(8) =0 o, (RL(5))
by Proposition 4.13 and Lemma 4.14. ([

We next consider the case where k > 1. To verify the condition (vi), it suffices
to show the following proposition.

Proposition 4.16. If k > 1, then the map

H'(T, RE@®)Y=") = H,, , (RL(8)) —L3 R D (R (5))

sends each element [ f,es] € H'(T, RZO(S)WZI) to

o(=1) l .
et (W(RL(3)), £) tF /Z;5 (Vi(y)es when n(8) #0,

det, (1 = @ | Deris(R(6))) §(=1) 1
2) (k=D : | 8 (»)u(y)es when n(8)=0.
detr, (1 —¢ | Deris(RL(8))) 5 Jzz
Proof. In the same way as the proof of Proposition 4.11, it suffices to show the
proposition for k =1 (i.e., § = dx) using Proposition 4.13 and Lemma 4.14.
Hence, we assume k = 1. Then, in a similar way as the proof of Proposition 4.11

(for k = 0), we have the commutative diagram

(1) (k-1

~ ~ 153
H),  (RL(8)) «— H' (T, RP($)V=") = Le;

la la lengea (61)

HY (RL(8)) < H'(I, RP(6)=") = Le
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such that all the arrows are isomorphisms by Lemma 4.12. Hence, reducing to the
case of k =0, it suffices to show that the following diagram is commutative:

*
eXpRL(S_]xM)

H' (I, RP()Y=") — Hj, ,(Ri(5)) Dar(R1(3)) = (Loce;)"

T (R
HU(D RE®)=) — HY  (RLG) ot D(R1(8) = (Lot es)"

The following proof of this commutativity is very similar to that of Theorem 3.10
of [Nakamura 2014a]. Take [ fe;] € HI(I', R3°(8)¥=1). If we define

aes:=expy -1, ([Torl 10go(X (¥)) Pa(fez), 0]) € Dar (R (8)) € Dgis(R 1 (5)).

then it suffices to show the equality

expr, 1) (Ses) = orl logo (X (YD [PAD(f)es), O]
We prove this equality as follows. First, we have an equality

| Tior| 1ogo (X (¥))

log(x (¥))
for large enough n > 1 by the explicit definition of exp;‘zL Gxlx)) [Nak?mura 2014a,
Proposition 2.16]. This equality means that for some y, € D ,(RL (6))® we have
ITor| logo (X (¥))

log(x (7))

If we set Vg :=1log([y])/log(x (y)) € R7°(I') and define

[ta(pa(fes)] = [aes] € Hy, , (Df(RL()))

w(pa(fez) —aes=(y —1y,.

X ym—1 _1ym—1
Vo | 1 Z( D" ([yl-1 e RE(D),

y—1"" log(x(y)) m
then we obtain the equality
(|Ft0r| logy(x(¥)) Vo
log(x(y)) v—1

(pA(feg)))

aes+ Vo(yy) € aes+1DJ; (RL(8). (63)

~ log(x(»)) log(x (¥))
Since we have fej; € RL(S)‘”ZI, we have

(1—)(pa(fes) e RL (V=0
Hence, there exists 8 € R (S)A"”ZO such that

(I-e)(pa(fe)) = —Dp
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by (for example) Theorem 3.1.1 of [Kedlaya et al. 2014]. Then, for any m > n + 1,
we obtain

Vo i Vo )
lm (m(PA(f%))) —lm—1 (m(pA(fe(S)))

Vo Vo
=l ((1 —@) (—(m(fq;)))) =lp (—((1 —so)(pA(feg))))
y—1 y—1

Vo i ~
=lm ()/ 1 ((y — 1)/3)) =un(Vo(B)) € thif’m(RL((s))

since we have Vy(R . (5)) CtR. (5). In particular, we obtain

Vo Vo + ~
Un ﬁ(m(feg)) —ln ﬁ(pA(feg)) €tDg , (RL(S))  (64)

for any m > n + 1 by induction.

Since the map RL(S) = %RL((S) . gey —> §65 is an isomorphism of (¢, I')-
modules, the facts (63), (64) and the explicit definition of the exponential map
(Proposition 2.23(1)) induce the equality

o
eXpRL(a) 783

= IForl oz D[ = 1205 (s (Fes)). (0 = -2 (pa ()]

= ITurl Togg () [Vo(pa (Les)). 0]

t
= [Ttor| logo (X (¥ D[Pa(3(f)es), 01,

where the last equality follows from the equality Vo@e(;) = d(f)es since we have
V()(%e(g) =( by the assumption k = 1, from which the commutativity of the diagram
(62) follows. Ul

As a corollary of Propositions 4.11 and 4.16, we verify the conditions (iv), (v)
by the density argument as follows.

Corollary 4.17. Let M be a rank-one (¢, I')-module over Ry. Then the isomor-
phism eg (M) : 14 = Ax(M), which is defined in Section 4A, satisfies the condi-
tions (iv) and (v) of Conjecture 3.8.

Proof. We first verify the conditions (iv). By the definition of g4 (R4 (8) ®4 £), it
suffices to do this for (¢, I')-modules of the form M = R4(§) (i.e., L = A) since
the general case immediately follows from this case by Lemma 4.6. Then, in the
same way as the proof of Proposition 4.13, it suffices to verify these conditions for
any § = 8,90 : @;j — L* such that the point (§p, A) € X x G is contained in the
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Zariski dense subset S; of X x G defined by
S1:={(80, ) € X(L) x G} (L) | [L:Q,] < o0, §is generic, Ry (8) is de Rham}.

For such §, the conditions (iv) follow from Lemma 3.7 since we have &7, (R (5)) =
eL §(RL (8)) by Propositions 4.11 and 4.16.

We next verify the condition (v). Let (A, T) be as in Conjecture 3.8(v). We
recall that we defined a canonical isomorphism

AA(T) @p Ao = Ap (M)

(see Example 3.3 for definition and notation). Since any continuous map A — A
factors through A — A, — A, it suffices to show the equality

enc(T)®ida, = ea,, c(Mx) (:=limey, ((My)). (65)

Since condition (v) is local for Spf(A), it suffices to verify it for A- representatlons
of the form A(8) for some § : Gab — A*. Let us decompose § = So recq, into

8 = 38,8¢. Since A/my is a finite rmg, there exists k > 1 such that A* =1 (mod my).
Then we can define a continuous Z,-algebra homomorphism

Ap:=1lmZ,[Y]/(p, ¥ = 1) > A:Y > A

n

Hence, the A-representation A (8) is obtained by a base change of the “universal”
7,1 @Zp Ag-representation 7™, which corresponds to the homomorphism

guniv . QY — (Z,[T] @Z,, A i p 1®Y, ars [0,'181

for a € Z;. Hence, it suffices to verify the equality (65) for this universal one. In
this case, since the associated rigid space is an admissible open of X x G3' defined
by

={(80, ») € X x G | |AF — 1] < 1},
and the associated (¢, I')-module is isomorphic to the restriction of the universal

one Dfm(Rga (8y)) defined in the proof of Proposition 4.13, it suffices to show the
equality

‘9Zp[[1“]]®zp Ax,C (Tkumv) ® idF(Zk,Ozk) = 8F(Zk,(92k),§ (Dfm(RG;‘;’ (SY)) |Zk)'

Since both sides satisfy the condition (vi) for any point (5, A) € Z; N S7 by Kato’s
theorem [1993b] and by Propositions 4.11 and 4.16, and since the set Z; N S| is
Zariski dense in Zj, the equality above follows by the density argument. (]
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4B2. Verification of the condition (vi): the exceptional case. Finally, we verify the
condition (vi) in the exceptional case, i.e., § = x*oré=xF1x| fork e Zso.
We first reduce all the exceptional cases to the case 6 = x|x]|.

Lemma 4.18. We assume that the equality
er.c (Rp(x]x]) = ef % (R (x]x]))
holds. Then the other equalities
eL.c (RL(8)) =& (RL(8))
also hold for all § = x**|x|, x 7% for k > 0.

Proof. The equality for § = x° follows from that for § = x|x| by the compatibility
of 8212 (—) and &1 ; (—) with the Tate duality, which is proved in Lemma 3.7 and
Corollary 4.17. Then the equality for § = x*!|x| (resp. § = x %) follows from
that for § = x|x| (resp. 6 = x%) by the compatibility of 82112 (=) and ¢ ¢ (—) with 9,
which is proved in Lemma 4.14 and Proposition 4.13. ]

Finally, it remains to show the equality
eL.c(RL(D) = &f% (RL(1))

(we identify Rz (x|x|) = Rp(1) : fexx + fer). Since Rp(1) is étale, this
equality immediately follows from Kato’s result since we have ¢ ;(Rp(1)) =
€0,,:(Or(1)) ®idz under the canonical isomorphism

AL(RL(1)) = Ao, (OL(1)) ®p, L

by Corollary 4.17. However, here we give another proof of this equality only using
the framework of (¢, I')-modules.

In the remaining part of this section, we prove this equality by explicit calculations.
First, it is easy to see that the inclusion

C;,(L-1z,e1) = C}_(LAZ,. L)(1))

induced by the natural inclusion L - 1z,e; <> LA(Zp, L)(1) (here, 1z, is the
constant function on Z,, with the constant value 1) is quasi-isomorphism. This
quasi-isomorphism and the quasi-isomorphism

C;,(RFEMV=hH = ¢, (RE (1),
and the long exact sequence associated to the short exact sequence

0— RP(1) - Rp(1) > LA(Z,, L)(1) - 0
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induce the isomorphisms
oo :H), (L 1z,e) = H (T, RV,
ar :Hy ,(Rp(1)) = Hj, (L-1z,e)):

e N e €S N e Py €S ° e P}

dm
®2 :H%ﬁ,y(RL(l)) - H%p,y(L 1z,e1) :[fel]l > Res()(fl—l——n) 1z,e1.

Therefore, the isomorphism

)i+l

0 (Re(1)) : X7 Dety (HY, (R (D) TV =5 (L(D), 1),

defined in (50), is the composition of the isomorphisms By, 81 and ty|y:

)[+1

X7 Det, (H!, (R(1))"
Lo, )7 Dety, (HE, (L - 12,e)) V" ®HN T, REMYN, 1)
L |1 (I, RV, 1) 2 (L1, 1),

Here By is induced by «; (i =0, 1, 2), and B, is induced by the canonical isomor-
phism
. il
Bi: X Dety (H), (L -1z,e) """ =1y,

which is the base change by fy| : R7°(I') — L:[y]+— x ()~ ! of the isomorphism
(40) for M =R ;.

By definition, the isomorphism g; is explicitly described as in the following
lemma, which easily follows from the definition (hence, we omit the proof).

Lemma 4.19. If we define fo =17 € (resp. fi.1:= (1z,€1,0), fi2:=(0,1z,€),
resp. f2 := lz,e1) for the basis of H?b’y(L - 1z,e1) (resp. H}m,(L - 1z,e1), resp.
sz y(L -1z,€1)), then the canonical trivialization

Bi i(H?p,y(L'lzpeO, 1)71@(detL Hllp’y(L-lzpel), 2)&(1'112//,)/([4'12,,91), 1)*1 ~1;
satisfies the equality
BIfy ® (finfin® ) =1.
Lemma 4.20. The isomorphism
Hy (L -17,e1) “ H' (I, RP(HV=1) 2 Le,

sends the element fo to —e; € L(1).
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Proof. Since we have COI(HT”) =1z, and w(HT”el) = H—”el, we have

» 1 1+
= (2
@0(fo) |:|Ftor|10go(X()/))(y )< - ‘”ﬂ

by definition of the boundary map.
Since we have

(y — l)(1 R ) = 8(10g(y(n)»e1 and log(ﬂn)
T b1 b4

and have the commutative diagram

)em e RP(IxDV=1,

H' (I, RE(xDV=") = Leyy

la le.wm (66)

Lxx|

H'(C,RP(HY=!) = Le

we obtain an equality

A 1 y ()
Lepxl (@0 (fo)) = IFtorIlogo(X(J/))Lxlxl([a(log< - )>81i|>

My(y)el

ITiorl logo (x (¥)) ./Z;

by Lemma 4.10, where we define u,, € D(Z,, L) such that fuy (r)=log(y(m)/m).
We calculate fzx My (y) as follows. Since we have ¥ () = %My’ we obtain
P

1
/ My()’)=/ w(uy)(y)=—/ wy (3).
Pzp Zp PJz

P

Hence, we obtain

1
/My(y):fﬂy()’)_/ My()’)Z/My()’)——/ my (¥)
Z* Z »Z, Z PJz

4 P P P

p—l p—1 y () p—
— ()= log lr=0 =
P P b4

1
log(x (¥)).

ZP
Hence,
; log(x(y))  p—1
telx| (@0 (fo)) = — e =—e
o Crorl logo (X (1) P
(for any prime p), which proves the lemma. U

In the Appendix, we define a canonical basis { f 1, f1,2} of H (RL(I)) fr €
(RL(I)) ey € H (RL) and {e; 1, e12} of Hw V(RL) see the Appendix for
the deﬁmtlon
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Corollary 4.21. The isomorphism
0 (RL(1)) : (det, Hy, (R (1)), 2) K(H], ,(Rp(D), D71 => (Lei, 1)

sends the element (fi1 A f12) ® f, to —p771e1.

Proof. By definition, we have

p—1 z

a1 (fi,1) = log(x (»)) f1.1,
p—1-

ai1(fi2) = fi2,

p
p—1 :
a(f2) = log(x () fa.
Then the corollary follows from the previous lemmas. (]

Finally, since one has I';, (R (1)) =1 and 64r 1. (R (1), ) corresponds to the
isomorphism

1 a
L1 (Rp(1))=Le; = Dgr(R(1)) = ?Lel raey > ey,

it suffices to show the following lemma.

Lemma 4.22. The isomorphism
OL(RL(1)) : (det, Hy, ,(R(1)),2) K (H}, ,(R.(1), )~
1
> (Dar(RL(D), 1) = (L;el, 1)

—1
sends the element (fi1 A f12) ® f,) to —5re

Proof. By definition, the above isomorphism is the one which is naturally induced
by the exact sequence

0= Deris (R, (1) Y22 D (R1. (1) @ Dar(R. (1))

eXPywr, (1) DEXPR, (1)

Hy, ,(RL(1))y — 0
and the isomorphisms

expfr, :Hy , (RL(D)/Hy, , (RL(1); <> Deris(R1)"
and
Dei(R1)" = Hj,  (RL(1)),

which is the dual of the natural isomorphism H%’V(RL) => Dgis(Rp).
We have expr, (1) (+€1) = f1.2 by the proof of Lemma 5.1. Since we have

expyg, (1) =ei2
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fordp:=1¢€ L = D.is(Rr) by the explicit definition of exp ¢ (Proposition 2.23(2)),
and since we have (f] 1, e12) =1 by Lemma 5.4, we obtain

expsg, (fi1) = —dy € Deris(Rr)”

(we should be careful with the sign). Since the natural isomorphism H?p,y (Rp) =
D is(R1) sends ey to dy € L = Dis(R 1), we obtain

l)cris(,r\)/L)v - HZI/,V(RL(l)) : d(\)/ > fz

by Lemma 5.4. The lemma follows from these calculations and a diagram chase. [J

Appendix: Explicit calculations of pr’}, (Ry1) and pr’}, (Rr(1)

In this appendix, we compare H' (Q p» L(k)) with pr,y (R (k)) explicitly for k=0, 1,
and define a canonical basis of Hﬁp’y (R (k)), which is used to compare &, (R (1))
with eiﬂz (R (1)) in Corollary 4.21 and Lemma 4.22. All the results in this appendix
seem to be known (see for example [Benois 2000]), but here we give another proof
of these results in the framework of (¢, I')-modules over the Robba ring. Of course,
we may assume that L = @, by base change.

We first consider pr’y (Raq,). If we identify by

H'(Q,,0,) = Homcom(Gg’p, Qp) => Homeon(Q,, @) : T = T otecq,,
then this has a basis {[ord,], [log]} defined by
ord, : Q) > Qy:pr>1,a—0 for ae Z;,
log:@;< - Q,:pr—0, ar>log(a) for an;.
We define a basis ey of H))  (Ra,) and {e; 1, e1 2} of H, ,(Rqg,) by
eo=1€Rq,, e1:=[Iog(x(y)),0], e2:=I[0,1]

The basis is independent of the choice of y, i.e., is compatible with the com-
parison isomorphism ¢, ,-. We can easily check that the canonical isomorphism
Hl(@p, Q,) = H;)’y(R@p) sends [log] to eq,1 and [ord,] to ej ».

We next consider H(lp,y (Rq, (1)). Let us denote by

i Q@ — H'(Qp, @, (1))
the Kummer map. Composing this with the canonical isomorphism
H'(Q,, @y (1) = H, , (Ra, (1),
we obtain a homomorphism

ko: Q@ —HL(Ra,(1).
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We define a homomorphism

H,,(Ra,(1) » Q,© Q) :

14 1 dm p dm
Uier el = <p_1 log(x (1) 'Reso( ‘1+n)’ Ty 'Reso(f21 +n>)

(we note that £2=— log( X)) = [Ttor| - logg(x (¥))), which is also independent of
the choice of y, and is an isomorphism. Using this isomorphism, we define a basis
{f1.1, f1.2} ofHé’y(R@p(l)) such that fj | (resp. fi.2) correspondsto (1,0) e L L
(resp. (0, 1)) by this isomorphism. We want to explicitly describe the map «( using
this basis. For this, we first prove the following lemma.

Lemma 5.1. For eacha € Z;f, we have ky(a) =log(a) - fi1..

Proof. By the classical explicit calculation of the exponential map, we have

log(a)
/c(a)zexp@p(l)< ; e]).

Since we have the commutative diagram

P@p( )

Dgr(@,(1)) —— H'(@,, Q,(1))
epr@p(l)
Dar(Ra,(1)) ——— H!,_(Ra, (1))

by Proposition 2.26, it suffices to show that

1
CXPR@,,m)(;el) = fi2-

We show this equality as follows. We first take some f € (R?Qf’p)A such that
f (& —1)=1/p" for any n > 0, which is possible since we have an isomorphism
ROO /t = ]_[n>0 Qp(Epn) - fr (f (¢pn —1))n>0 by Lazard’s theorem [1962]. Then

the element {el € ( Rao (1)) satisfies

u(Ler) — Ler € DY, (Ra, (1)

for any n > 1, since we have

L (iel) o SO

1
/ t ~er (mod Dy (Rg, (1))).
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By the explicit definition of €XPRrg, (1) (Proposition 2.23(1)), we have

expro, o) (1¢1) = [ = D(Ler). (0 = D (Ler)] € HL, (Ra, (1.

Hence, it suffices to show that

(1L )

1 d -1
Reso((—(p(f) - f) o4z ) —_7 .
p t 14+4nm p
Here, we only calculate
1 d
Reso ((M _ f) 1 _ﬂ>
p t 1+m

(P27 07 )

is similar). By definition of f, we have

n— 1 a1 — 1 1 1 1
()& = 1) 1@, ) —fp D=t L g
p p p P p

and

(the calculation of

_f(é‘p"_l):

for each n > 1. Hence, we have

M_) (“Qn(m)Roo
(p 7)e(ll p )Y

n>1

by the theorem of Lazard [1962], where we define Q, () := ¢"~! ((p(n) /71) for
each n > 1. Since we have t =[], (Qn (n)/p), we obtain the equality

o(f) Lodn \ _((e(f) 1 1
Reso(<7_f)';'1+ﬂ>_(( P f> [T, &% 1+n)

)

where the second equality follows from the fact that 2.0 _ 1 for n > 1, which
proves the lemma. P U

=0

p p

=0

Before calculating o (p) € Hé,y(R@p(l)), we explicitly describe Tate’s trace
map in terms of (¢, [')-modules. We note that we normalize Tate’s trace map

H*(Q,, @,(1)) = Q,
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so that the cup product pairing

(—, =) :H(@,, Q,(1)) xH(Q,, Q,) > H*(Q,, Q,(1)) = Q,
satisfies

(k(a), [t]) = T(a)

fora € Q7 and [r] € Hom(Q,, Q) = H! (Qp, @p) (we remark that this normaliza-
tion coincides with the one used in §2.4 of [Nakamura 2014a] and with —1 times
the one in [Kato 1993a, Chapter 11, §1.4]).

Proposition 5.2. The map ¢, : Hé’y(R@p(l)) = HX(Q,, Q,(1)) => Q,, which is
the composition of the canonical isomorphism Hé’y(R@p(l)) -~ H? (Qp, Q, (1))
with Tate’s trace map is explicitly defined by

P 1 dm
el =0T loete ) Reso(fl +n)'

Proof. Since the map

d
t :Hé’y(R@p(l)) = Q,:[feil— Reso(f id )

1+m

is a well-defined isomorphism, there exists a unique o € Q such that 1, =« -¢.
We calculate « as follows.

We recall that the element [log(x (y)), 0] € Hé,’y (Rq,) is the image of [log] €
H'(Q,, Q,) by the comparison isomorphism. By the proof of Lemma 5.1, for each
ac Z;, we have

k@ =log@|(v = (Ler). (0 - (Le))]| M), (Ra, 1),
where f € Ra’p is an element defined in the proof of Lemma 5.1. Since the cup

products are compatible with the comparison isomorphism (see Remark 2.12),
we have

ty (ko(a@) Ullog(x (), 0]) = (x(a), [log]) = log(a). (67)

By definition of the cup product, we have
Ko(a) U [log(x (), 0] = log(a) [((p - ({el) ® ¢ (log(x ()/)))}

= —log(a) log(x () [«p —1) (felﬂ € H2 (R, (1).
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Since Reso<((p ) ({) . %) = —ijl by the proof of Lemma 5.1, we obtain

ty (1o(@) U Tlog(x (¥)), 01) = & - (ko (a) U [log(x (¥)), 01)

ez s oo

—1
= a - log(x () - log(a) - ”T

Comparing this equality with the equality (67), we obtain
p 1
o= . ,
p—1 log(x(y))

which proves the proposition. U

Finally, we prove the following lemma, which completes the calculation of the
map ko : Q; — Q, & Q).

Lemma 5.3. «o(p) = fi.1-

Proof. Take f1.1 =1[f1e1, fre1] € H}p’y(R@p(l)) to be a representative of fj 1. By
definition of the cup product, we have

ty (friUern) =1ty (f1.1 U llog(x (). 0])
- 1 -2 R )
=—1, (261 @ pog(x (¥)))]) = - eso(le +71) =0,

and
ty(fiiUer2) =1, (f1,1 U0, 1])

=y (fier®@y (D)) = o1 e ) eso(le—ﬂ> =

by Proposition 5.2. Since k (p) € H! (Qp, Q,(1)) satisfies the similar formulae
(k(p), [ord,]) =1, (k(p), [logl) =0,

we obtain the equality

ko(p) = fi,1. O
Using these lemmas, we obtain the following result. We define the basis f, of
H2 |, (RL(1) by fo:=15"(1).
Lemma 5.4. Tate’s duality pairings
(— —):Hy  (RL(1) xH,, ,(Rp) = H, ,(R.(1) > L

and
(— =) :H; ,(RL(1) xH) ,(R)=>H, ,(R.(1)) & L
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satisfy
(fii,er,1) =0, (fi1,e12)

=1
(fiz.er1) =1, (fi2,e12) =0,
(f2,e0) = 1.

Proof. That we have (f1 1, e1,1) =0and (f1,1, e12) =1 is proved in Lemma 5.3. We
prove the formula for f; . By Lemma 5.1, we have an equality f] » = «ko(a)/log(a)
for any nontorsion a € Z7. Hence, we obtain

(fiz,e11) = (k(a), [log]) =1,
log(a)
1
(fiz,e12) = log(@) (k(a), [ordp]) =0
by the compatibility of the cup products. Finally, that (f;, eg) = 1 is trivial by
definition. O
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