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For an odd prime p, we construct some admissible Banach representations of
GL,(@Q),,) that conjecturally should correspond to some 2-dimensional tamely
ramified, potentially Barsotti—Tate representations of Gal(@, /Q,) via the p-adic
local Langlands correspondence. To achieve this, we generalize Breuil’s work
in the semistable case and work on the first covering of the Drinfel’d upper
half-plane. Our main tool is an explicit semistable model of the first covering.
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1. Introduction

Breuil [2004] constructed some Banach representations of GL,(Q),), which con-
jecturally should be nonzero and admissible and correspond to 2-dimensional
semistable, noncrystalline representations of Gg, under the p-adic local Langlands
correspondence. Here Gg, = Gal(Q,/Q,), where Q, is some fixed algebraic
closure of Q,. Later on Colmez [2004] found the relationship between these Ba-
nach representations and (¢, I')-modules and proved their admissibility. Breuil and
Meézard [2010] also proved the admissibility in some cases by explicitly computing
the mod p reductions of these Banach representations. The aim of this paper is
to generalize Breuil’s work to some 2-dimensional tamely ramified, potentially
Barsotti-Tate representations of Gq,.

First we recall some of Breuil’s [2004] construction. Let E be a finite extension
of @, and k an integer greater than 2. Up to a twist by some character, all 2-
dimensional semistable, noncrystalline E-representations of Gg, with Hodge-Tate
weights (0, k — 1) are classified by the “L-invariant” [Breuil 2004, exemple 1.3.5].
We use V(k, £) to denote this Galois representation. Here £ is an element in E
and basically tells you the position of the Hodge filtration on the Weil-Deligne
representation associated to V(k, £). Notice that this Weil-Deligne representation
does not depend on L. So via the classical local Langlands correspondence, all
V(k, L) correspond to the same smooth representation of GL,(Q,), which is a twist
of St, the usual Steinberg representation.

Breuil’s idea is that for each £, there should exist a GL,(Q),)-invariant norm on
Sym* 2 E2®St; here Sym* 2 E? is a twist of the algebraic representation Sym* 2 E2,
Different £ should give different noncommensurable unit balls of Sym* 2 E? ® St.
If we take the completion, we get a Banach representation B(k, £) of GL,(Q),)
for each £. Moreover, we hope this representation is admissible in the sense of
[Schneider and Teitelbaum 2002] and the correspondence between V(k, £) and
B(k, £) is compatible with the mod p correspondence defined by Breuil [2003].

So how to construct these B(k, £)? For simplicity, I assume E = Q,, and k
is even. The strategy of Breuil is to realize the unit ball O(k, £)V of the dual
representation of B(k, £) in O (k) =I'(2, O(k)), where O(k) is a coherent sheaf
on the Drinfel’d upper half-plane 2 over Q,,. Concretely, O(2) is the sheaf of rigid
differential forms and O(2n) = O(2)®". Here R is considered as a rigid analytic
space and GL,(Q,) acts on everything. We note that the de Rham cohomology of
Q is nothing but St”, the algebraic dual representation of St [Schneider and Stuhler
1991, Theorem 1]. The construction of O (k, £)Y, as far as I understand, has the
following two important properties:

(1) O(k, L)Y is “globally bounded” and hence compact. In other words, it is
contained in ['(2, ©®*/2), where Q is a semistable model of Q and w is an
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integral structure of O(2). This guarantees that the dual of O (k, £)V is indeed
a Banach representation (after inverting p).

) If f € O(k) comes from a modular form of weight k£ (see [Breuil 2004,
section 5] for the precise meaning), then f € O(k, L)V if and only the
L-invariant of f is Ly.

Now consider the case where the Galois representation is tamely ramified. We
will see later that the situation is very similar. Fix E a finite extension of Q, large
enough and let Og be its ring of integers. This time we need to work on the first
covering of Drinfel’d upper half-plane. According to Drinfel’d, there is a universal
p-divisible group X over ﬁ@ff;} and Op acts on it, where Op is the ring of integers
inside the quaternion algebra D over Q,. Fix a uniformizer IT € Op and define A},
as the generic fiber of X[I1"]. The first covering ¥; = X] — Xy, also carries the
action of GL»(Q),) and Op. It was shown by Drinfel’d [1976] that the action of
Op can be extended to D*. This is a left action and we will keep this convention
in this paper unless explicitly inverting it. One remark is that the actions of Q;
inside D> and GL,(Q,) become the same once we invert the action of D*.

First we note that the (E-coefficient) de Rham cohomology Hle(El, E) def
Hd‘R(El) ®q, E of X has the following decomposition. Let ¢ : Q) — O bea
unitary character of level 0 in the sense that 1 + pZ, is contained in the kernel
of . We will view it as a character of Q7 C D*. In the following theorem, we
invert the action of D> so that it acts on the cohomology on the left. We denote the
Y-isotypic component of Hle(Zl, E) by HJR(El, E)Y.

Theorem 1.1. As a representation of D> x GL,(Q)),

Hi (L. E)Y ~ @ @ ®IL()’ ®c Dy,
TeAND*)(YV)o

where - denotes the algebraic dual representation, A°(D*)(¥V)g is the space of
admissible irreducible representations of D> of level 0 over E that are not charac-
ters and with central character " (see [Bushnell and Henniart 2006, Chapter 13]),
JL(7r) is the representation of GL»(Q),) associated to 7 by the Jacquet—Langlands
correspondence, and Dy, is a two-dimensional vector space over E.

Remark 1.2. In fact, we can define more structures on D, . Roughly speaking, we
may find a finite extension F of Q, such that

F ®@p D; ~ F ®F, Dcrys,nv

where Fj is the maximal unramified extension of Q) inside F and Dcrys r is
a (¢, N, F/Q,, E)-module (see Section 13 for the notation here). Then up to
some unramified character, the Weil-Deligne representation associated to Deyys,
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corresponds to JL(r) under the classical local Langlands correspondence. See
Theorem 1.10 below.

Explicitly, any 7 € AY(D*) (V) is an induced representation
T Indgg s g,

where E: O5 Q) — Oy is a character which extends Y and is trivial on 1+T10p.
It is clear that 7 has an integral structure g over Og.

As we noted before, we need to construct a GL,(Q),) x D* -equivariant formal
model f?r of . This will be done by using Raynaud’s theory of F-vector space
schemes. As Breuil did in the case of the Drinfel’d upper half-plane, we can define
a GLy(Qj) x D*-equivariant integral model &' of Q§, on this formal model, where
Q%l is the sheaf of differential forms (see Remark 14.2). Consider the composition
of the following maps:

HY(EM, ') — HO(Z1, QL) - HR(Z)).

We will show that this map is injective (Proposition 14.6), so that H O(ﬁr, wh)
can be viewed as a subspace in the de Rham cohomology. Rewrite Theorem 1.1 as

Hip (21, E)(rY) = Hig (31, E)Y (V) ~ JL(7)" ® Dy,

where (-)(") = Homgpx)(7", -). For any line £ inside D, (the L-invariant
in our case), we may view JL()¥ ® £ as a subspace inside Hle(Zl, E)(Y)
by the above isomorphism. We can now define the (dual) of our Banach space
representations:

Definition 1.3.  M(z, £) & (H*(ZT, ") ®2, Or) (7)) N (IL(7)" ® £).
Recall that 7y is some integral structure of 7. Notice that M (r, £) is contained
in (H*(Z}", ') ®7, Og) ("), a natural subspace of (H(Xi, le) ®a, E)(@Y).
This last space has a natural Fréchet space structure over E. The induced topology on
M (r, £) makes it into a compact topological space, and thus allows us to introduce:

Definition 1.4. B(m, £) =Homy™ (M (r, L), E).
This is a unitary representation of GL,(Q,).

Remark 1.5. The argument of [Breuil 2004, lemme 4.1.1] shows that HO(S™, »!)
and HO(E?I, o'!) are commensurable, where o'! is any other GL,(Q,)xD>-
equivariant integral model of QIZ]. Hence B(m, £) is independent of the choice
of .

Now we can state the main result of this paper. Assume p is an odd prime.

Theorem 1.6. (1) B(w, L) is nonzero and admissible as a representation of
GL,(Q)). In fact, its mod p reduction can be computed explicitly.
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(2) B(m, L) is a unitary completion of JL(1r).

The computation will give us an interesting GL,(Q,)-equivariant short exact
sequence (Corollaries 16.28 and 17.5):

Corollary 1.7. The sequence
0— JL(r) » H'(E™, )¢ (x) - B(x, L) — 0,

is exact, where Jﬁn) is the universal unitary completion of JL(m) (see [Emerton
2005]), and
HO(Z), 0§ = HomZ™ (HO (], '), E).

Note that the kernel and the middle term are independent of £ while the map
between them depends on L.

Remark 1.8. Unfortunately, we have to assume p > 3 in the proof of Theorem 1.6
(for example in the proof of Lemma 16.4). However Theorem 1.1 is also true for
p=2.

Now we explain the strategy of proving Theorem 1.1. By twisting with some
unramified unitary characters, it suffices to deal with the case where the central
character i satisfies ¥ (p) = 1. This suggests we descend X; from @r to Q,2,
the unramified quadratic extension of @, by taking the “p-invariant” of X (see
Section 7). We use E{’ to denote this rigid analytic space. One warning here: even
though Ef has a structure map to Q,,2, I will view it as a rigid space over Q. A
semistable model of Ef’ is very helpful (see Theorem 8.4):

Theoren/l\l.9. Ef Xq, F has an explicit D*xGLy(Q))-equivariant semistable
model ZE(,))OF over Of, where F >~ @pz[(—p)l/(pz_l)].

Similar results have been obtained before by Teitelbaum [1990].

Denote the generic fiber of this semistable model by E{% = 2{’ Xq, F. With the
help of the semistable model, we can compute its de Rham cohomology. Let x (E)
be the character group of Of /(1+IT1Op) with values in E*. Recall that O5 acts
on Ef?}. We have the following result (see Section 12, especially Corollary 12.10

and Remark 12.11):

Theorem 1.10. Forany x € x(E) suchthat x # x?, we have a Gal(F /Q,)x O} x
GL,(Q))-equivariant isomorphism:

A\
F ®#, Derys.x ® (c-IndGi3{Z0a; 1) = (Han(Z1F) ®a, E)",

where Fy ~ Q,, c-Ind is the induction with compact support, - means the al-
gebraic dual, p,- is a cuspidal representation of GLa(F,) over E defined via
Deligne—Lusztig theory, and Deyys  is a free Fo® E-module of rank 2 with an
action of Gal(F/Q)). In addition, we can define a Frobenius operator ¢ acting on
it. It is explicitly described in Proposition 12.8.
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Take m = Indox@x X, where x is viewed as a character of O} @; that is trivial
on p. Then JL(]T) s Indgliing)@xpx_l Theorem 1.1 follows from the above
theorem by taking the Gal(F/Q),)-invariants. There is some inverse involved since
we invert the action of D* in Theorem 1.1.

It is clear from the theorem that Dy, is a (¢, N, F//Q,, E)-module. A line
L inside Dy, or equivalently, a Gal(F/Q,)-invariant “line” inside F ® g, Derys,  »
essentially gives a filtration and makes Dcys , into a filtered (¢, N, F/Q,, E)-
module. See Section 13 for more details.

After fixing some basis for Dy , (see Proposition 12.8), any line £ can be
identified with an element b inside E or oco. Assume b € O for the moment. We
will write

M(x,[1,b]) = M(Indox@xx, L),

and similarly B(y, [1, b]) = B(Indox@xx L).

Some notation here: Fix a Z, hnear embedding of W (F,.), the Witt vector of
F,> into Op. Then any x € x (E) can be viewed as a character of I]:Ifz by composing
this embedding with the Teichmiiller character. Also fix an embedding 7 of W (F )
into E. Similarly the Teichmiiller character gives us a character x; : [prz — E*.

Definition 1.11. We define m as the unique integer in {0, ..., p> — 2} such that
X:XT_m:[F;z—>0g.
We will write m =i+ (p+ 1)j, where i € {0,...,p}, j€{0,..., p—2} and
[—mp] as the unique integer in {0, ..., p> — 2} congruent to —mp modulo p> — 1.
Let 0;(j) be the following representation of GL,(Q,):
0i(j) =TIndgr2(5" ;@X (Sym' F;) ® O /p ® det/,

where Sym’ [FI% is the i-th symmetric power of the natural representation of GL;([F,)
on the canonical basis of IFI%, viewed as a representation of GL,(Z p)Q; trivial
on pZ.

Using our explicit semistable model, we can compute the mod p reduction of
M((x, [1, b]) (Corollary 16.29, Remark 16.30, Corollary 17.6).

Theorem 1.12. Let T be the usual Hecke operator (defined in [Breuil 2007]) and
let c(x,b) = (—1)/ o (wy b € O/ p, where T(w)) satisfies T(w))?T' = —1 and
is independent of x , L.

(1) Assume p> —1 —m > [—mp],i € {2,..., p — 1}. As a representation of
GL»(Q,),

0> {Xeoair(j+DIlcix.)X =T(X)} > M(x,[1.b])/p
—>{Xeopmimii+ )| X=c(x.)T(X)} >0
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(2) Assume p*> —1—m <[-mpl,i €{2,...,p—1}.

0= {Xeop 1+ ) X=c(x,DTX)} = M(x,[1,b])/p
—>{Xeoi2(j+D]cx.)X=T(X)}— 0.

3) Assume i = p. Then
M, 1L bD/p={X €0pa(+1) | —c(x, D)X +T(X) —c(x, b)T*(X) =0}.
4) Assume i = 1. Then

M(x.[1.b)/p = (X €0pa(j+ 1), X +c(x. )T (X) + T*(X) =0}.
Thus in any case, B(x, [1, b]) is nonzero and admissible.

Remark 1.13. In a recent paper Gabriel Dospinescu and Arthur-César Le Bras
[Dospinescu and Le Bras 2015] independently use a very similar method to construct
some locally analytic representations of GL,(Q),) and verify the compatibilities
with the p-adic local Langlands correspondence, and thus generalize Breuil’s [2004]
work in this direction. Their method works for all the coverings of the Drinfel’d
upper half-plane and relies on the previous work of Colmez on the relationship
between Banach space representations and (¢, I')-modules. Combining their results
with some known results of p-adic local Langlands correspondence, they can also
prove Theorem 1.1 and Theorem 1.6. However, it seems that Corollary 1.7 does
not follow directly from their work.

We give a brief outline of this paper. The goal of the next eight sections (Sec-
tions 2-9) is to explicitly write down a semistable model of X;. Our strategy
is to apply Raynaud’s [1974] theory of F-vector spaces schemes to X;. We will
collect some basic facts about the Drinfel’d upper half-plane in Section 2 and review
Raynaud’s theory in Section 3. To compute the data in Raynaud’s theory, we need
the existence of some “polarization” of X (Proposition 5.1), which comes from
a formal polarization of X (Section 4). Using this, a formal model is obtained in
Section 5. By comparing the invariant differential forms of X; computed in two
different ways, we write down the local equation of this formal model in Section 6.
From this, it’s not too hard to work out a semistable model in Section 8 and make
clear how GL,(Z,), Oy, and Gal(F/Q),) act on it in Section 9.

In Sections 10—12 we compute the de Rham cohomology of 21((,))F' Using our
semistable models, this can be expressed by the crystalline cohomology of the
irreducible components of the special fiber, which is well-understood via Deligne—
Lusztig theory. The main result is Corollary 12.10, which describes the structure of
the de Rham cohomology.

In Section 13 we classify all possible filtrations on Dcys , with Hodge-Tate
weights (0, 1). We use this result to define M (x, [1, b]) in Section 14.
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Sections 15, 16, and 17 contain the computation of M (x, [1, b])/p. In Section 15,
we compute H O(ﬁr, w')/p (not exactly this space, see the precise statement there).
Roughly speaking, the method is by carefully studying the shape of differential
forms on each irreducible component of the special fiber. The main result is
Proposition 15.13 which says that this space is an extension of two inductions.
Sections 16 and 17 treat different cases of computations of M (x, [1, b])/p according
to the value of i, but their strategies are the same: First we interpret M (x, [1, b])
as the kernel of a map 6;, from (Ho(f?r, w') ® Op/p)* to a space J,. Then we
compute the mod p reduction 6, of this map explicitly and show that 6, is in fact
surjective. Hence 6, has to be surjective as well since both H O(EHr, o') and J, are
p-adically complete. Therefore M (x, [1, b]) is just the kernel of 6.

Notation. Throughout this paper, fix an odd prime number p.

Let Q) be the maximal unramified extension of @, and @f be its p-adic
completion. We will write Z > = W(F,2), the ring of Witt vectors of [,> and fix
an embedding of it into @}). Denote the fractional field of Z > by Q,>. We use
Fy to denote the unique unramified quadratic extension of Q,. Hence the fixed
embedding of Q> into Q7 gives us an isomorphism between F and Q2. Later
on, Fy will appear as some intermediate field extension when we try to compute a
semistable model. Let Op, be the ring of integers inside Fy. Frequently we will
identify Fo with Q> by this fixed isomorphism.

We denote by D the quaternion algebra of Q,, and fix a uniformizer IT € D such
that T2 = p. We will also fix a Z p-linear embedding of Z > into Op, hence an
isomorphism:

Op/NOp ~T.

Let E be a finite extension of @, such that Homg, (Fo, E) # 0. We use 7, T to
denote the embeddings of Fj into E and Of to denote its ring of integers. For any
Or,-module A, we denote A Q®0p,.t Op by A; and A Q05,7 Of by A:.

For K = E, Fy, we use x (K) to denote the character group of Oy /(14+T10p) =
(Op/IT)* with values in K *.

For any integer n, we will use [r] to denote the unique integerin {0, 1, ..., p>—2}
congruent to n modulo p? — 1.

For any ring A and integer n, we use w,(A) to denote {a € A | a" = 1}.

For any abelian group M, we denote the p-adic completion of M by M ~

We use Sym'’ I]:If to denote the i-th symmetric power of the natural representation
of GL,(F,) on the canonical basis of [Fl% for i nonnegative. Explicitly, we can
identify Sym’ F> with €B,_, F,x"y'~", where the action is given by

(‘C’ Z) X'y = (ax +cy) (bx +dy) .
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Sometimes we will also view it as a representation of GL,(Z ) by abuse of notation.
Also, we define an induced representation of GL,(Q),):

o1 =IndGi3 (71 (Sym' F) ® Or/p.

where the induction has no restriction on the support and we view Sym’ [Fg as a
representation of GL,(Z p)@X trivial on pZ. We define o_; as 0 and

0i(j) = Indgkgg% ;@X (Sym' F}) ® O /p ®det/,

where det is the determinant map.

We recall the definition of Hecke operator T here. See Section 3.2 of [Breuil
2007] for more details. Let 0 = Sym” [FI% ®det™, 0 <r < p —2 be an irreducible
representation of GLy([F,) over [,. I would like to view it as a representation of
GL»(Z)Q, with p acting trivially. We use V;, to denote the underlying represen-
tation space. Hence,

IndGi2(7rax 0 = {f : GLa(@,) = Vo | f(hg) = o (W)(f(8)). h € GLo(Z,)Q} }.
Note that we put no restriction on the support. Following [Breuil 2007], denote by
[g, v]: GLZ(@p) - Vs

the following element of IndgL2 EZ P))@x o:

W Jo(gu if g €GLy(Z,)Q5g ",
[g. vl(g) = Iy P
0 if ' ¢ GLa(Z,)Q 8.
We have g([g’, v]) = [gg’, v] and [gh, v] = [g, o (h)v] if h € GLQ(Z,,)G;DX It is

clear that every element in Indg]]:2 (% ))@X o can be written uniquely as an infinite sum

of [g;, v;] such that no two g, are within the same coset GL2(Qp)/ GL2(Z)Q;.
Identify V, with @ _, F,x*y" 7. We define ¢, : GL2(Q,) — Endy, (V,, V) as
follows:

. 1 0
¢ (g) =0 if g ¢GLa(Z,)Q, (0 pl) GL2(Z)),

1 0 .

%((O pl»(xky’_k):O if k #0,
1 0 .

%((0 pl))(y )=y

@r(highy) =0 (h)og,(g) oo (ha), hi, hy € GLa(Z,)Q;.

The Hecke operator T, (or T for simplicity) is defined as:
T([g, v]) = > [2g', or (g™ HW)].

g’ GL2(Z,)Q, €GL(Q,)/(GL2(Z,,)Q})
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2. Some facts about the Drinfel’d upper half-plane

Let Q be the p-adic upper half-plane (or Drinfel’d upper half plane) over Q,,. It
is a rigid analytic space over Q, and its C,-points are C, — Q,, where C, is the
completion of an algebraic closure of Q. There is a right action of GL,(Q,) on
2. On the set of C,-points, it is given by

az+c b
>zl = betd for g = (Ccl d) € GL2(Q)).

Q2 has a GL,(Q),)-invariant formal model Q over Z »» wWhich is described in
detail in [Boutot and Carayol 1991]. One warning here: in this paper, the action of
GL,(Q,) on 2 is a right action rather than a left action used in Drinfel’d’s original
paper [1976] and in [Boutot and Carayol 1991]. Our action is the inverse of their
action. I apologize here if this causes any confusion.

Let me recall some facts we need to use later. There exists an open covering
{§ }e on Q indexed by the set of edges of the Bruhat-Tits tree I of PGL2(® p)-
Two different Q, and Q. have ‘nonempty intersection if and only e and ¢’ share a
vertex s. When this happens, Q. NQw + only depends on the vertex s. We call it
Q,. For two adjacent vertices s, s’, we denote the unique edge connecting them by
[s, s']. Explicitly, (" is for p-adic completion)

o~

P 1
s = Spf Oy, dgspfzp[n, m] )]
O, ~ Spf O, & spf 7, [g, L]A )
{—=¢b
S5~ def Zp[;“,n][ 1 1 ]A
Qs = Spf O, & Spf G LT 15T 3)

The inclusion from €; (resp. ﬁsx) to ﬁ[& 1 under these isomorphisms is just ¢ (resp.
n) goes to p/n (resp. p/¢).

The set of vertices of the tree is in bijection with GL,(Z ,,)@; \GL>(Q)). Clearly
there is a right action of GL,(Q),) on this set and it extends to an action on the
set of edges In fact, this action can be identified with the action on the open
covering {Q }e. When s is the vertex that corresponds to the coset GL,(Z p)@ ,
which I call the central vertex so, we can choose the isomorphism (1) such that the
action of GL,(Z,) on it is given by

an+c _(a b
— byt d for g = <c d) € GLy(Z)).

From the explicit description of ﬁ[s, ] and Q, above, it is clear the special fiber

of  is a tree of rational curves over [, intersecting at all [F,-rational points. The set
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of irreducible components (singular points) is nothing but the set of vertices (edges)
of the tree. The dual graph of the special fiber of Qis just the Bruhat-Tits tree.

In [Drinfel’d 1976], it was shown that there exists a universal family of formal
groups X of height 4 over Q& 7, where Z\%r is the p-adic completion of the ring
of integers inside the maximal unramified extension Q7 of Q,,. We denote by D
the “unique” quaternion algebra over Q,, and Op the ring of integers inside D.
Then from Drinfel’d’s construction, we know that Op acts on the universal formal
group on the left.

Fix a uniformizer IT inside Op such that 1> = p. Define X,, = X[IT"]. They
are finite formal group schemes over Xg = Q® Z/\‘l‘,f . Let X}, be the rigid space
associated to X, or equivalently, &;, is the generic fiber of X,. These X}, are étale
coverings of Xy = Q & @f. Then Op/(I1") acts on it and we have equivariant
inclusions X,,_; — X,,. Now define

Tp =X, — Xy

It can be shown that ¥, is a finite étale Galois covering over Xy with Galois
group (Op/(T")*.

It is important that all the spaces (X, &,;, X,) we construct here have a natural
GL>(Q),) action and all the maps here are GL»(Q,)- equlvarlant OnXo=0Q® Z“r,
GL>(Q)) acts on € as we described before and acts on an via Fr'” (det(s))
is the (lift of the) arithmetic Frobenius and v, is the usual p-adic valuation on Q.
One can show that the action of Z; in GL,(Q)) on X, is inverse to the action of
Z, in Op.

Now we want to describe the action of IT on the tangent space T of X. It is easy
to see from the construction that T is a rank 2 vector bundle on Q ® Z/\‘;,r . Moreover,
T splits canonically into a direct sum of two line bundles Ty, 77 by considering
the action of Z > inside Op (recall that we fix such an embedding in the previous
section). Each eigenspace of this action is a line bundle because X is “special” in
the sense of Drinfel’d. IT interchanges Ty, 71 and under the isomorphisms (1)—(3),
we can write it down explicitly. But before doing that, I must introduce the notion
of odd and even vertices.

, where Fr

Definition 2.1. A class [g] in GL,(Z p)@; \ GL,(Q,) is called odd (resp. even) if
v, (det(g)) is odd (resp. even).

Notice that this is well defined. And we will call a vertex in the tree (or an
irreducible component of the special fiber of Q) even or odd according to the
corresponding class.

Back to the discussion of the tangent space. I should mention that all Ty, T, I1
descend naturally to €, and I still call them Ty, Ty, T1 by abuse of notation. Suppose
s is an odd vertex and s’ is adjacent to s, and so must be even. On ﬁ[mq, both
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Ty, and T are trivial. If we choose appropriate bases eg, e; of them, then under the
isomorphisms (1)—(3), IT becomes

o:To— T1, eyt Cei, “4)
Hl : T1 —> To, e1 = neyp. (5)

Identify Io, IT; with global sections of Tif ® T1 and T}* ® Ty, where T;* denotes
the dual of 7;, i =0, 1 (the cotangent space). Then the explicit description of IT
tells us that on an odd component of the special fiber, 1y has a simple zero at
each intersection point with other irreducible components. Since each irreducible
component is a rational curve over [, and intersects other components at [,-rational
points, Iy corresponds to the divisor that is the sum of all points of I]j’l([Fp). On
the other hand, IT; is zero on an odd component because n = p/¢ = 0 (we are
working over the special fiber, so already modulo p). On an even component, a
similar argument shows that IT is zero and I1; is the sum of all points of P! (Fy)
as a divisor.

Rg\stricting everythi/l\lg to the central vertex s, we have an isomorphism QS(/) ~
SpfZ,[n,1/(n—n?)] , and GLy(Z,) acts on it via

an+c

ab
n— byt d for g = <c d) € GLy(Z)).

The action of GL2(Z,,) on T} is easier to describe than the action on Tp. Using the
same basis as in the last paragraph and denoting the dual basis element of eg by e,
we have

1 an-+c ab
T T, : —(—)*f - Lo (Z,).
Most details here can be found in [Boutot and Carayol 1991], especially the
first chapter about Deligne’s functor (and notice the action of GL,(Q,) here is the

inverse of the action there).

3. Raynaud’s theory of F-vector space schemes

We want to write down the equation defining X ;. Recall that there exists an action
of Op/(I1) on X . But [ def Op /(1) is a finite field which is isomorphic to F,. So
X is an “F-vector space scheme” in the sense of Raynaud. Let’s recall Raynaud’s
theory of F-vector space schemes in our situation. The reference is the first section
of [Raynaud 1974].

Definition 3.1. Let S be a scheme and [ a finite field. An F-vector space scheme
is a group scheme G over S with an embedding of [ into the endomorphism ring
of G (over S).
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Although the definition here is different from Raynaud’s original definition, it’s
clear that they are equivalent. Now let G be an [F-vector space scheme; we also use
G to denote the group scheme in the definition by abuse of notation. The action
of A € [ is denoted by [A]. Following Raynaud, we assume G is finite, flat and of
finite presentation over S.

Let A be the bialgebra of G and Z be the augmentation ideal. Then F* acts on
A and Z. In Raynaud’s paper, he defined a ring “D”. Since we already use D for
the quaternion algebra, I will use Dg for Raynaud’s “D”. In our case, we can think
of Dg as Z 2, the quadratic extension of Z, in Z};. Although this ring is much
bigger than Dg, both of them give the same result here. Under the hypothesis () in
Raynaud’s paper and fixing a map S — Spec Dg, we have a canonical decomposition

of Z:
T= @I :

XeM

where M is the set of characters of F* with value in D, and Z,, is defined as the
“x -isotypic component”. More precisely, for every open set V on S, H(V, I,)is
the set of elements a € H°(V, Z), such that [A]a = x (1)a for any A € F*.

Definition 3.2. Let xi, x» be the characters of F* = (Op/I1)* with values in
Dy = Z;z such that the composition

F)> =~ (Op/T)* 2o Z;2

is the Teichmiiller character if i = 1 and its Galois twist if i = 2. Here, the first
isomorphism is the one we fixed in the beginning. They are the fundamental
characters defined in Raynaud’s paper.

It is clear that x{ = x» and x4 = x1. Every character x in M can be written
uniquely as

nj

X=X1 X;zv OS”I,UZSP—I» (nlanZ)#(O70)'

Now, it is easy see to that given two characters x, x’ in M, we have two Og-linear
maps
{CX,X/ Ly = LIy @Ly,
dy v Ly Q@Ly — ITyy
coming from the comultiplication and multiplication structure of 4. A slight
generalization of this (or equivalently iterate this p — 1 times) gives us

. ®p
Ci i Ty = Ly s
d :Ifsp -7

Xi+1

fori =1, 2, and we identify x3 as .
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Under the hypothesis (**) in Raynaud’s paper, which says that each Z, is an
invertible sheaf on S, we have the following classification theorem of [F-vector space
schemes.

Theorem 3.3 [Raynaud 1974]. Let S be a Dg-scheme. The map

G (I ¢i T

®p L. TP
o = Lol di 2 TP — Zyin)

i=1,2

defines a bijection between the isomorphism classes of F-vector space schemes over
S satisfying (xx) and the isomorphism classes of (L1, L2, c1, ¢3, d1, dy), where:

(1) L; is an invertible sheaf on S for any i =1, 2.
(2) The c; and d; are Og-linear maps
{ci Ly, — LS

d,-:C%p—>£

Xi+1

such that d; oc; = wldg,,,. Here w is a constant in Dy that only depends on
F and can be expressed using Gauss sums. More precisely, if we identify Dg
with Z >, then w € Z, C Z > with p-adic valuation 1. And if we write w = pu,
then u = —1(mod p).

The inverse map in the theorem is as follows: we define

A= P «res
0<a;<p—1

and equip it with the multiplication and comultiplication structure using d;, ¢;. A is
now a bialgebra and thus defines a group scheme over S. The action of F* is defined
as the character x; on £; and more generally as the character x| x5 on L2 ® L3
We now define the action of 0 in [ to be trivial on .A. The properties of ¢; and d;
guarantee that we indeed get a [F-vector space scheme. As a corollary, we have a
description of the invariant differential forms of G:

Corollary 3.4. s ~ T/T% = (L1 /dr(L5")) @ (L2 /dy (LE7)).

Remark 3.5. When S is an affine scheme, say Spec(A), and L; is free over S for
all i, we have an explicit description of A. Suppose x; is a basis of £;. Under
such basis, d; becomes an element v; inside A, namely d; (x,-®1’ ) = v;X;j+1. Then the
bialgebra A is isomorphic to A[x1, xg]/(xf — VX2, xé’ — vpX1) as an A-algebra.

Remark 3.6. The Cartier dual of an F-vector space scheme is also an [F-vector
space scheme by the dual action of F. On the level of bialgebra, the action of
[ is given by its transpose. If G corresponds to (£;, ¢, d;), the Cartier dual G*
corresponds to (L}, d, c}), where LT = Homo,(L;, Og) and d} (resp. c}) is the
transpose of d; (resp. ¢;).
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4. Some results about the formal polarization

We want to apply Raynaud’s theory to our situation. Although our base scheme is a
formal scheme, the argument of Raynaud can be extended naturally to this situation.
As we remarked in the beginning of the previous section, X| = X[I1] is a F-vector
space scheme over Xo = Q& Q1 where F = O /(IT). Using that its generic fiber
X is étale over Q ® Z\r;,r and applying Proposition 1.2.2. in Raynaud’s paper, we
know that X satisfies hypothesis (xx). So the classification theorem tells us there
exist 2 invertible sheaves L1, £, and maps

e Lo L2 oLy L7, (7

di: LE7 v Ly, dy: L3P Ly, 8)

such that dj oc; =wldg,, and dy oo = wldg,.

In order to determine c;, d;, we need the existence of “formal x-polarization” of
the universal formal group X, which is a lemma in the proof of Proposition 4.3. of
[Drinfel’d 1976], and proved in detail in [Boutot and Carayol 1991, chapitre III
lemma 4.2.]. I would like to recall it here without proof.

Lemma 4.1. Suppose t € D such that t* € pOp. There exists a symmetric iso-
mophism X : X — X*, where X* is the Cartier dual of X, such that the diagram

commutes for any d € Op, where d is the canonical involution of d in D, and d* is
the dual morphism of the endomorphism d. Here symmetric means A = A* under
the canonical identification between X and X**.

Remark 4.2. This isomorphism is not unique, but is unique up to Z; -action. From
now on, we will fix one such isomorphism A that is defined in [Drinfel’d 1976] and
[Boutot and Carayol 1991]. So we also fix such a ¢.

How does this isomorphism behave under the action GL,(Q,)? Recall that
Xo=Q&Z%.

Lemma 4.3. Suppose g € GL,(Q,) and det(g) € pL; then g “commutes” with .
More precisely, by abuse of notation, let g : Xo — X be the automorphism of X
induced by g. Then there exists a natural isomorphism 1, : X — g*X over X,
where g*X is the pull-back of X under g : Xo — X by the equivariance of the
GL,(Q,) action. Denote by MZ’ the dual morphism of js. We have the following
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commutative diagram:

X* e (g*X)* ~ g*X* X*

e

Hg

X g* X X

In general, for any g € GL,(Q),), we have the same diagram but replace the upper
left square by

*

* He * Yk
X* e g*x

] o

g*X

Hg-p" /det(g)

where n = v, (det(g)). Notice that this makes sense since Z; has trivial action on
Xo,50 g*X = (g - p"/det())*X

Proof. Since I will use some formulas in [Drinfel’d 1976] and [Boutot and Carayol
1991], I think it’s better not to translate their left action of GL(Q),) to right action
here. Hence I will follow their convention in this proof.

It’s clear that we only need to prove the general case. Thanks to Drinfel’d’s
lemma (the lemma on strictness for p-divisible groups in the appendix of [Drinfel’d
1976]), it suffices to verify this commutative diagram after we reduce modulo p.
But by Drinfel’d’s construction of the universal p-divisible group, X x [, is quasi-
isogenous of degree O to a constant p-divisible group Px,xr, over Xg X [,. Here,
recall that @ is a p-divisible group defined over [Fp, and @ XoxF, def ¢ <, Xo.
GL,(Q,) acts on @ as quasi-isogenies. A detailed description of ® can be found
in [Boutot and Carayol 1991, chapitre III 4.3] or the proof of Proposition 4.3. of
[Drinfel’d 1976]. Besides, the construction of the “formal polarization” A tells us
that A actually comes from a “formal polarization™ Ly of ® that makes the following
diagram commutative:

X
XxF, —— X*xF,
)\'OXOX[FP
Dxoxk, — Pxoxr,

where 1 & . (mod p), p is the quasi-isogeny and p* is its dual. From the definition
of the action of GL,(Q,), we know how p changes under this action (basically
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the action of GL,(Q,) on ® with some twist of Frobenius, see [Drinfel’d 1976,
Section 2] or [Boutot and Carayol 1991, chapitre II section 9]). Thus we can
translate the diagram of X into a diagram of &. It turns out that it suffices to verify
that the following diagram is commutative:

(Frobg" og)*

Ao [ (Fr")*ao
)

Froby" o(g-p" /det(g))
(Fr—l’l)* (I)

Here Fr: Spec (E) — Spec(ﬂ?p) is the arithmetic Frobenius and Frobe : (Fr~1)*® — &
is the Frobenius morphism over Spec(Fp). I would like to decompose the diagram
as the following diagram (and invert the arrow on the bottom line):

g*(det(g)) ™" (det(g) Frobg,")*
d* d* (Fr—n ) *p*
Ao Ao )[ (Fr—")*rg
gt (det(g)/p™) Froby,
() ) Fr—)*d

First we look at the right square:
—nNk det(g) n —nNk det(g) noNk det(g) n
(det(g) Frobg")* = (—pn )( p" Frobg")* = <—pn )(Verq,) = (—pn )Frobq,*,

where Verg+ is the Verschiebung morphism. Now it is easy to see the diagram
commutes from the basic property of the Frobenius morphism.

As for the left square, the commutativity in fact comes from our explicit choice
of @, Ap and the action of GL,(Q,). See the remarque in [Boutot and Carayol
1991, chapitre III 4.3] which says the Rosati involution associated to Aq is nothing
but the canonical involution on M (Q,). O

Remark 4.4. When g € SL,(Q),), the calculation above is essentially given in
[Boutot and Carayol 1991, chapitre I1I 4.5].
5. Structure of X} and a formal model of X,

Now let’s see how the discussion above helps us study c¢;, d; in (7), (8). The main
result is the following:

Proposition 5.1. There exists an isomorphism , from X = X[I1] to X[I1]*, the
Cartier dual of X[I1], such that:
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(1) The following diagram commutes for any d € Op:

X[ — X[

||

Al
X[M] — X[IT]*
Recall that d is the canonical involution of d in D.
(2) A} =A1o[—1]=[—1]" o Ay, where [—1] denotes the action of —1 € Op.
Proof. We can take ¢ = I1 in Lemma 4.1. Then if we restrict to the p torsion points
of X, we certainly get an isomophism:

Ap: X[p]=X[IT"'pII] - X*[p*] = X*[p].

Notice that X*[ p] is canonically isomorphic to (X[p])*, the Cartier dual of X[p].
The inclusion of X[IT] into X[p] induces a canonical isomorphism

J X*Ipl/ XHIT¥ = X*[p1/(X*[pDITT*]) => (X[p])* /(X [p)*[TT*]) => X[TT]*
Since T1%2 = p, the map IT* : X*[p] — X*[p] gives us an isomorphism
h: X*[pl/ X*[IT*] = X*[IT*].
Finally, we restrict A to the I torsion points of X and get an isomorphism
Am o X[M] = X[ '] — X*[IT*].

Now, we define A; = joh~'oAp : X[IT] = X[IT]*.
What is the Rosati involution associated to A;? I claim the following diagram
commutes:

X[IT] i) X*[IT*] PR X*[pl/ X*[1T*] % X[II7*

nlénJ d*l (ndn—l)*l l(l‘[dl‘[‘l)*

X[TT] =y X*[TT*] —"— X*[p]/ X*[IT*] —— X[TT]*

The left-most square is commutative because we have a similar diagram for A and
A is a restriction of A. The right-most diagram is commutative because j comes
from the canonical quotient map X*[p] >~ (X[p])* — X[I1]* and this certainly
commutes with the dual endomorphism of Op. As for the middle square, notice
that 4 is induced by the map IT* : X*[p] — X™*[p] and everything is clear.

Since T1-'dT1 = d (mod I10p) and everything in the diagram above is killed
by IT or IT*, we can replace [T~ 'dTI by d and (ITdTT1~!)* by d*, and hence get the
desired commutative diagram in part (1).
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As for part (2), we use G, H to denote X[ p], X[IT] respectively. Then G*=X*[p].
We can decompose —I1: G — G as

G4 G/H"™S H s G,

where i (resp. ¢) is the canonical inclusion of H to G (resp. canonical quotient
map of G to G/H). The induced isomorphism is 4 _r.

Notice that TT~'TTIT = —IT and G is killed by p. We have the following diagram,
which is a restriction of the diagram of Lemma 4.1 to G with d = IT:

GL)G

Apl PP
* n *
G*——G

Similarly we can decompose IT* as we did for —IT and have the commutative
diagram

h- i
G—1 > G/H T L H G
}‘p‘/ ?»G/Hl )\H‘/ )“pl
* i * b * 7 *
G H (G/H — G

such that the composition of all three maps in the bottom line is I1*. The map
hp+ is induced from IT*. Thus it’s easy to see ([—1] o ~_1)* = A+ and its dual
hi» =[—=1loh_n.

Since A is symmetric, so is A, and we certainly have A7, /g = An. Now it’s not
hard to see that our A is nothing but hﬁi oly. So,

A= (hohm)* =My o (hp)* = gm0 (W)™
=g/ o(—oh-m) ™" =dg/moh”pol—11"" =iio[-1].
The last identity comes from the middle square of the diagram above. U
Corollary 5.2. The isomorphism )| induces isomorphisms
Apy i L5 => Ly, g, LT 5> Lo,
Moreover, hr, = =M}, if p is odd and hg, = Ay, if p =2.

Proof. Using Theorem 3.3, we can identify X| = X[I1] with (L1, £, c1, ¢2, d1, d2),

and the final remark there tells us we can identify X[I1]* with (£}, £3,d},d], c], c3).
Now A; gives us an isomorphism from X [IT] to X[IT]* but this is not F = Op /(IT)-

equivariant. For a character x of F*, considered as a character of Oy, we have

x(d) = x(@) = x"(d)
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for any d € Op. This is because when we restrict the canonical involution to a
quadratic unramified extension of Z, inside Op, it is nothing but the nontrivial
Galois action. So modulo the uniformizer, it becomes the Frobenius automorphism.
Take x = x1, one of the fundamental characters; then le = %2, 50 x1(d) = x2(d).
Similarly, we have x»(d) = xi(d). From these identities and the commutative
diagram in Proposition 5.1, it is easy to see A really induces isomorphisms

Az, ZE;L)EL )»[;ZIZZTL)[Q.

The last identity comes from the consideration that the difference between A; and
A} is the action of —1. And we know xi(—1) = x2(—1) = —1if p is odd and 1
otherwise. U

From now on, I will assume p is odd.

Corollary 5.3. Under the isomorphism Az, we have —d, = c. More precisely, we
have the following commutative diagram:

—d;
L 1,

®p %
o

(3% —— £
)
Proof. It is easy to see A; induces a similar diagram by replacing —d; with d; and
A7, with Az,. Now the corollary follows from Az, = —A7 . ]

Corollary 5.4. Under the isomorphism A, , we can identify d; : E?‘” — Ly with
a global section of Lli@*p - Similarly, we can identify dy with a global section
of L‘?p *! The canonical pairing

HO(Xo, £27771 x HO(Xo, £271") - HO(X, Ox,)

sends (dy, dy) to the constant —w = — pu, where w is the constant in Theorem 3.3,
and u is w/p.

Proof. Recall that dy oc» = w 1d, . . Then everything follows from Corollary 5.3. U

Corollary 5.5. Recall that the bialgebra of X is isomorphic as an Ox,-module to
Do<ij<p-1 L ® E?J. The isomorphism )., gives a global section Xz, of L1 ® L».
Then as a global section of X1, we have

~p ~
)‘51 = —w)\.gl,

where everything is computed inside the bialgebra of X;.
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Proof. We only need to verify this locally. Suppose L1, £, are free over an open set
U and generated by x1, x, such that x| ® x; = )CZI, or equivalently they are dual to
each other under A.,. Now dj, dy are given by two elements vy, vo € H (U, Ox,).
So x{ = vixz, and xJ = vox; (see Remark 3.5). But from the last corollary, we
have vivy = —w. Thus the product of these two equations is just what we want. [l

Remark 5.6. Perhaps it is better to remark here that £, £, are nontrivial on the
formal model but we’ll see later that they become trivial on the generic fiber
(Lemma 10.1).

Now we can describe a formal model of X;. Recall that ¥ = A} — &), where
X1, Xp are the rigid analytic spaces associated to X1, Xo.

Proposntlon 5.7. Let A= Dy j<p1 £ ® £®j be the bzalgebra of Xi. Then

A/ (A E1 - + w) (the closed subscheme defined by the ideal sheaf (A E1 - + w))isa
formal model of . We will use E‘" to denote this formal model.

Proof. 1t suffices to check this locally on Xy, so we can assume L, £, are free.
A pomt x on X gives a morphism x : A — C,. If it does not factor through
A/(k,c1 —|—w) x()%,) has to be 0 because last corollary tells us (AL, +U)))\.£| =0.

But
p—H

Xy = x{)xl = V1X2X] = vl)czl,
so x(x1) = 0 and x(x) = O by the same argument. Therefore x factors through
A modulo the ideal sheaf generated by xi, x, which is the augmentation ideal.
Therefore x is in X. The converse is trivial. U

It’s easy to see its underlying algebra of El is just

P ey
0<i,j<p-1.
(@, H#p—1,p—1)
Remark 5.8. There exist natural actions of GL>(Q,) and Op on f?r. The action
of Oy is clear. To see the action of GL,(Q),), notice that )CZ] is a global section of
a trivial line bundle on X, but H°(Xy, O X,) 1s canonically isomorphic to Z\’;,r (I
will prove this later; see Lemma 14.7). So GL>(Q,) acts on A., as a scalar. Recall
that A7) 4+ wXz, = 0. This implies )72‘771 + w is GLy(Q,)-invariant. The same
argument shows that the action of Oy can be extended to D*.

But how does GL,(Q,) act on )CZI ? Here is a direct consequence of Lemma 4.3:

Proposition 5.9. With g € GL2(Q,) and n = v, (det(g)),

g(Xz,) = x1(det(g)/p™) Xz,
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6. Local equation of X; and flﬁr

In order to get a semistable model of f]\“r, we need to know the local equation
defining it. Recall that in Section 2, we described an open covering {Q, ® 7%}, of
X0 such that

~ A~ 7%1¢, nl 1 1 -
3, & 70 ~ Spf =2 [ , ] .
«® Ly = 5p ¢n—p L1—gp=1" 1—pr-1

We try to write down the equation of X]" above each Q. &® Z\r;,r . Our first
observation is:

Lemma 6.1. Any line bundle L over

Sofy=sprov L LT
is trivial.
Proof. Recall (see (3))
_Iylelp 1 11
T e —p [I—C’H’ 1—77"*1] '

The special fiber of Spf O, , is Spec E,[{, n, 1/(1—=¢P~H, 1/(0 —nP~H]/(¢n).
I claim every line bundle £ over it is trivial. Let L be H%(Spec Oc¢.n/p, L). Then
we have the exact sequence

0—>L—L/¢cLY®L/(nL)=>L/(¢L+nL)— 0,

where the inclusion is the canonical morphism and — is defined by taking their
difference. This sequence is exact because L is locally free and thus flat over
O¢ .,/ p- Notice that L/(¢ L) defines a line bundle on

= 1
Spec O¢»/(p, §) = Speckp [77, m],

and hence has to be trivial. The same result holds for L / (nL). Also L /(& L+nL)
is nothing but [F Using these, it’s not hard to find an element that generates L. So
L is trivial.

Now we can find an element in H%(Spf O¢ y, £) that generates £/p. But
HO(Spf O¢ .y, £) is p-adically complete, so this element actually generates the
whole H°(Spf O¢.p, £). Therefore L is trivial. (Here we use the fact that a surjective
map between two line bundles has to be an isomorphism.) (]

Thanks to this lemma, the restrlctlon of £; on Q ® an is trivial. We fix
an isomorphism between Q. ® an and Spf O, ,. Suppose x; is a generator of
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Ho(ﬁe ® Z\gr, L1),and xp € Ho(ﬁe ® Z\’[‘,r, L) is the dual basis under the isomor-
phism A., defined in the previous section. Let v, v, be the elements given by
dy, d> under the basis x1, x. Then we know that locally X is defined by xf’ =v1Xp,
xé’ = voX].

How to determine vy, vy? Our strategy is to compare the invariant differential
forms of X computed in two different ways. First recall that the tangent space
T of the universal formal group over Xy is a rank 2 vector bundle over X that
naturally splits into a direct sum of two line bundles Ty, T}. So the sheaf of invariant
differential forms is its dual, namely T;j @ 7,". The action of IT on Ty sends Ty
(resp. Tp) into T (resp. Tp), which we denoted by ITg (resp. 1) in Section 2. Thus
IT; (resp. 1) sends 77" (resp. T) to T (resp. T7°) and the sheaf of invariant forms
wx,/X, of X1 = X[H] is

Ty /Ty @ T/ T T .
On the other hand, using Corollary 3.4, we know that this is also
L1/dr(L5") @ Lofd (LT,
It is natural to guess:
Lemma 6.2. T TGET] = £1/do (L3P, T} TUT =~ La/dy (L57).

Proof. 1f we restrict the action of Op to Z ., it acts by identity on Ty and by
conjugation on 7. Recall that we fix an embedding of Z > into Op in the beginning.
This is just the definition of X being “special”. Now our desired identification
follows from a simple comparison of the action of Z;z in both ways. U

Recall that all irreducible components of the special fiber of X are isomorphic
to I]j’[lfp such that the singular points are exactly P! (F,). From the explicit description
(4), (5) of [y, I and the discussion in Section 2, we know that on an odd component
of the special fiber s, T/ IT5T;* is isomorphic to B, Esuing ! p«[Fp, Where sging is the
set of singular points of the special fiber on s, and ip : P — s is the embedding.

Restrict £1, Lo, d> : E?p — £ to s. From

L1/dy (L") ~ T3 /TGT ~ @ ipuF,  (ons), )

PESsing
it’s easy to see deg(L1]s) — deg(ﬁ?”ls) =p+1. But L, = L], so
deg(Lals) = —deg(L1]s)- (10)
This implies:

Lemma 6.3. For any odd component s, deg(L1|s) = 1. Similarly, deg(L;|y) =1
for any even component s’
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Now we would like to choose some good basis of £ so that vy, vy have a good
form. Using the isomorphism Q. ~ Spf O¢ ,, we can identify two irreducible
components of its special fiber with Spec O, ,/(¢) and Spec O¢ , /(7). Assume
the second one is odd and we use s to denote the corresponding component in the
special fiber of X( and use s’ for the other component. Moreover Spec O, , /() =
Spec E,[g“, 1/(1 —¢P~1)] hence has an obvious embedding into lp[lf,, which can be
identified as the embedding into s.

Choose a global section x7 of L[, such that it has a simple zero at infinity under
the identification above. It is a basis of H 0(Spec O¢,n/(m), L1). Then under this
basis,

dzzﬁ?p:ﬁf@p—) L1, X*®P = c(c? —0)x

for some constant ¢ € H?,,X, where x1* is the dual basis of x7*.

Notice that x7 is only defined up to a constant. If we replace xi by dxj, then
the constant ¢ is replaced by d~?~!c. We can choose d = ¢!/?*1 to eliminate c.
More precisely, we can choose a section, which I still call x; by abuse of notation,
such that under this basis, d5 is just multiplication by ¢? — ¢.

We can do a similar thing for s, which means we can choose a basis X, of
L3 |spec 0., /() such that under this basis, d; is multiplication by ¢’(n? — n). Here
we choose X7 so that X7, X2* can glue to a global basis ¥; of Li|spec 0,,/(p) (see the
proof of Lemma 6.1). A priori we know nothing about the constant ¢’.

Now we can lift x; to a global basis x; of Li|spec 0, ,» SO it determines a basis x; of
L3 ]spec 0, , under the isomorphism Az, . And dy, d; are given by two numbers vy, v3.
The explicit description (4), (5) and Lemma 6.2 imply that

vy =Cuy, v =nu (11)

for some units u;, uy € O;“X,n' Note that u;u, = —u because vjv, = —w = —pu, by
Corollary 5.4, and n¢ = p. From our choice of x;, x;, we have

vy =¢P —¢@mod ), vi=n"—n(mod ¢), (12)

SO
u, = P71 =1 (mod n), (13)
u=c' (P~ = 1) (mod ). (14)

This is because (¢, n) is a regular sequence in O¢ ;. In fact O, , is normal. When
we take the product of the identities above considered in O; ,/(¢, n) =~ I]?p, the
left-hand side is ujuy = —u, which is 1 modulo p (see Theorem 3.3), while the
right-hand side is just ¢’. Therefore:

Lemma 6.4. =1
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Notice that u, = ufl(mod p), and (£) N (n) = (p) in O ,. It’s not hard to see
that:
n?~! (P -1

1
(mod p), wux= —ﬁ

-
Now if we replace our x; by rx; for some unit r € O

Lemma 6.5. u;=-— (mod p).

* , then x; is replaced by

&’
r~x, and u; (resp. u») is replaced by r?+u; (resp. r=?~1u,). Write
-1
__n =1
M=

then r; = I(mod p). Thus rll/(pH) exists in O ,. Hence we can modify our x; to

make u; = —(n?~! — 1)/(;1’*1 —1). In summary:

Proposition 6.6. We can choose appropriate bases x1, x of L1, L, over

-~

Q, ® 7% ~ Spf O, ,

such that they are dual to each other under M., and under these bases,

n’—n
d, :E(lg)p — L, Xi@pl—> —ﬁxz, (15)
P _
dy: L3P = Ly, x37 Hu%)ﬁ. (16)

Corollary 6.7. The restriction of X to Q. ® f‘;} >~ Spf O¢, is defined by

11 xg,xg—ugp—_{)q). (17)

p
SpfO;,,,[X1,X2]/<Xf+;Z_—1_1 nP1—1

Similarly, the restriction of fl\?r to ﬁe ® Z\gr is defined by

— P _
U SR Sl ST P +pu). (18)

Spng,n[Xl,XZ]/(xf)+§.Z_—1_l P T—1

Proof. The first statement follows from the above discussion. As for T, notice
that x;x, is just X, defined in Corollary 5.5. So this is the definition of =t 0

. ~ 2 . ~ ~
Fix a i) = (—u)/@ =D in Z,. If we replace x; by u1x1, and xo by ufxz,
then our new xi, x, are dual to each other under ftl_p 1 c,- Under this basis,

—1.~

X1Xp = ftl_p Ag,.
Corollary 6.8. The restriction of X to Q. ® Z\‘;,r >~ Spf O¢, is defined by
n’—n ¢r=¢
Spf O¢ ,[x1, Xz]/(X{) + W)@, Xg + WX]).
Similarly, the restriction of f)?r 0 Qe ® f‘;{ is defined by

n? —n p . P=¢

Spf 0{,n[X1,X2]/(xf) + TE IR + T (x1x2)? ™! —P>-
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Suppose e = [s, s'] and we have (1), (2), and (3). Then §s/ ® Z\I},r is obtained by
inverting 1 in O; , and taking the p-adic completion. Therefore, we have:

Corollary 6.9. The restriction of X to Q& an ~ Sprnr[n, 1/(n? — 77)] is
defined by

A 1 1™ p_ p_
Spr’,‘f[n, —77”—77] [xr,le/<Xf+—(p/?7)p,? X2, xz (p/;?[)) 1_(‘1;/77) )

Similarly, the restriction of f)\?r to ﬁs/ ® Z\‘[‘,f is defined by

o~

Sprf},f[n, : ] [x1, x2]
L p (p/m)?—=(p/n)
n¥—n r/n pr/n -1
[ (& + oyt b LR B, (i) ™! = p)

7. The action of GL2(Q,) on Z“r and a descent fl to 7,2

Recall that we fix an embeddrng Ly — an In this section, I want to describe
the actron of GL,(Q,) on Enr As a corollary, we can descend the formal model
from an to Z > by taking the “p-invariants”, where p is considered as an element
in GL, (@ p)- Tl‘llS descent is not quite canonical. On the other hand, as we explained
in the introduction, it suffices to prove Theorem 1.1 when the central character is
trivial on p, and this is exactly the descent we are considering here.

Denote the canonical morphism an — Xoby 7 and 7 1(Q, & Z“f) by El .

_1(52 ® an) by El ,» for edge e and vertex s. Then {E“’r }e 1S an open covering
of E“r such that each open set has a nice description as in the previous section.
Then the action of GL,(Q),) on this covering can be identified with the action on
the Bruhat-Tits tree.

Now let s0 be the central vertex defined in Section 2. Then, GL(Z,) acts
on E“rA I want to write down explicitly this action under the identification in
Corollary 6.9. Since 7 is GL,(Z))-equivariant, we only need to describe the action
on x1, xo. However it’s clear from the equation in Corollary 6.9 that x, can be
expressed using x; because n” — n is invertible. So it suffices to describe the action
on Xxj.

We first observe that 7;"/(TT;; T*) >~ Ly/dr(L, 2Py is 2 free O,/ p-module of rank
one with a basis x;. Recall 0, = an[n 1/(n” — )1 . In Section 2, we gave an
explicit description (6) of the action of GL2(Z,) on T}, which is given by

* 1 (an—i—c) " _f(a b
Fme = g M onra)e 4=\ 4
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for some basis e;. So if we write x| = f(1)e;, for some f(n) € (O,/p)*, then the
action of GL,(Z)) on x1 in O,/ p is

1 an+c -1
gt = o F (g ) F o0 (19)

Notice that on E/)ﬁ,
= P = mxin = 0 —m) (- VPV (mod p).
Thanks to Proposition 5.9, we know how g = (‘C’ d) acts on the right-hand side:
g(n” =m(=wy VDL )

_((an+c ”_‘”7+C>_ (=17 =11
_(<bn+d> onta) (ad =be) "hsy.

Here we use the fact x;(det(g)) = det(g) (mod p). An easy computation shows
this is just (1/(bn +d))?+' (n? —n)(—u)~"/ P~V .
But from (19),
() (s s
o™ = () (FGg)ro™) ™

Comparing both expressions, we have

an+c\P*tt P+l _fa b
F(Gg) = rert forany g= (7 ) eGLa@,).

Since f(n) € (0,/p)* = Fp[n, 1/(n? —n)1*, it can only have poles and zeros
at [F,-rational points. Now GL,(Z,) acts transitively on these points, so f(n) has
to be a constant. In other words:

Proposition 7.1. The action of GLy(Z ) on the special fiber of frﬁé is given by

b
x1 (mod p), g= (i d) € GLy(Z,).

1
glx1) = bn+d
Corollary 7.2. This action factors through GL;([F)).

What’s the action of GL,(Z,) on f‘l’\rs, ? Using Proposition 7.1 we can write
20
p+1 _ (1 ) P pr 1
g0 = (opg) A+ phOy)
for some h(n) € O, which only depends on g. Then:

Proposition 7.3. glx)) = YAl (14 ph(n)V/P*D,

where (1 + ph(n)Y/P+D =1 + o5 ph(n) + - - - is the binomial expansion.
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Now let ey be the edge that connects the central vertex So and the vertex sg that
corresponds to GL»(Z,)Q) - w, where w = (2 0 ) Then w acts on E“r What
is it?

We fix an 1som0rph1sm of E“re with the explicit formal scheme described above.
On Qeo ® an >~ Spf O ,, the action of w is given by

p p
N =g (=,
-n —¢
and acts as the (lift) of arithmetic Frobenlus on an Notice that w interchanges £
and £, because it acts semilinearly (over an ). Usmg this, it’s not hard to see w
has the form

X1 = wiXx2, X2 > WX,

where w, w; € OCX,]
An easy computation shows that w1, wy must satisfy the following relation:

w? = —w,. (20)

Since w € {g € GL,(Q),) | det(g) € p%}, we can apply Proposition 5.9, which
tells us xjxp = )CZI is invariant by w. So,

wiwy = 1. (21

Combining these together, we get:

0 —

Lemma 7.4. The action of w = ( » 01) on Z’Ji‘\’rgo is given by

X1 wixp, XyH> wl_lxl,

x . p+1
where wy € sz satisfies w; = —1.

Now we are ready to prove the main result of this section:

PrOpOSItlon 7.5. E“r can be descended to a formal scheme 21 over Z . In fact
S E“rp the formal scheme defined by the p € GL,(Q)-invariant sectlons of an

Proof. It suffices to prove this locally, so we only need to work on E“r Since
GL>(Q)) acts trans1t1vely on th1s covenng, and p is in the center of GL2(@ »)s
we can just work with 2“f QLO ® an certainly descends to Z,.. The question
is whether the descents of £, £», d, d2 are effective. We show this by explicit
computations.

Choose ¢ € an such that ¢?t! = v, w1 where v is a choice of (p— 1) th root
of —1, then c is a root of unity, and Fr(c) = ¢P. Define e = cxy, ¢ =c x,. We
have

~ 2 _ 2 _
w?(e) = w(Fr(c)wix2) = w(c’wixy) = c” wlw;'x; =c” twl le = —e.
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Similarly, w?(e’) = —e’. Notice that p = —w? and —1 acts on xj as x;(—1) "' =—1
(the action of Z;j in GL,(Q)) is the inverse of the action of it in OF). So e and €’
are invariant by p, and £, £; can be descended to Z P2
What about dy, d»? Now
dy : e®? —c”“—np_n e
: 1%
Since P! = (=)~ Dyil e Z,, dy is defined over Z 2. A similar argument
works for d5. O

Remark 7.6. Sometimes e also denotes an edge of a graph. I hope that it is clear
from the context whether e refers to an edge or a section of £; (locally).

Corollary 7.7. (1) The action of GL,(Q),) can also be defined over fl

2) S has an open covering {2/1;}6 indexed by the edges of the Bruhat-Tits tree,
such that this identification is GL,(Q,)-equivariant.

3) 2/1; is isomorphic to

o~

1 1 /
Zp[en. =t 1—np—1’e’e]
Spf O, .» = Spf 71 —¢ ,
-1 — ro —1 - np—1
e’ + v w; Cpil_le,ep—i—vl wlﬁf?, (e~ —p, n{-P)

where w; = (—DYP+D s a (p>—1)-th root of unity, and v, is a choice of
(p—1)-th root of —1.

(4) The action of w on 2/1:0 is given by

e vie, e m— vl_le.
Remark 7.8. The reason that everything can be defined over Z ., I believe, is
that the universal formal group can be defined over Z .. This is because when
we formulate the moduli functor it represents, the “unique” 2-dimensional special
formal group of height 4 and all endomorphisms can be defined over [ ..

8. A semistable model of fl

In this section, our goal is to work out a semistable model of fl as a formal scheme
over Z, (not Z ,»!). Notice that X has a structural map to Spec Z ,». Hence if we
change our base from Z, to Op,, then

fl X Spec z, Spec OFO ~ fl L Ei (22)

Here Ei is the same scheme f1 but with twisted map to Op,. Recall that Fy is the
unique unramified quadratic extension of Q,, and we fix an isomorphism between it
and Q,» in the beginning. Hence we may identify 3 as a formal scheme over Of,.
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Therefore we only need to work over the scheme | as a scheme over ’?pec 2y,
and use the equation above to translate everything into the Z,-scheme X;. I hope
this won’t cause too much confusion.

I'say a formal scheme X is a semistable curve over Spec R, where R is a complete
discrete valuation ring, if:

(1) The generic fiber of X is smooth over the generic fiber of Spec R.
(2) The special fiber of X is reduced.
(3) Each irreducible component of the special fiber of X is a divisor on X.

(4) Each singular point has an étale neighborhood that is étale over

Spec R[xs y]/(xy - T[R)v
where 7, is a uniformizer of R.

Back to our situation; we first work locally on $1, so we just work with 2/1:.
Moreover we can assume e = eq defined in the previous section and use the results
there.

First notice that in O, . (see the notation in Corollary 7.7), ee’ = 121_” _1)»2 (see
the equation before Corollary 6.8 and recall in the proof of Proposition 7.5, x1x; =
ee’), so it is a globally defined section on fl, and satisfies (ee’)?~! — p. Now if we
do base change from sz to sz [pl/(p_l)], the generic fiber of Spf 09,6/[1)1/(1’_1)]
will split into p—1 connected components. Each connected component corresponds
to a choice of (p—1)-th root of p. Adjoining e¢’/p'P=D =a "~ 57, /p'®=D into
O,.o[p'/?=D], which I would like to call O;’e,, the formal scheme also splits into
p—1 connected components, namely,

1 _ 1
Opv=[1 Oiv.on-

-1
wlp =p

Explicitly, O! is

e,e/,

. 1 L1
1/(p—1) !
sz[p ]I:nvgsese’np_l_l’é-p—l_lil

P_ P_ :
eP w0 e oy, §7=¢ e, ee —w)
Uoer-1-1 ! nP—1—1

Now, we have (write @} as p!/(P~D)

» 1 n’—n
=e-e=—-vw, —U’_l—l =—w, —{1’_1—1

1 n’—n 1/(p—1
=—w, ;P—l——l(_p) /b,
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Recall vy is a (p—1)-th root of —1. This clearly shows that if we adjoin a ( pz— 1)-th
root of — p, then the normalization of this ring contains e/((— p)V/p=Dyl/(p+D) —
e/(—p)l/(pz_l). Similarly, e//(—p)l/(pz_l) is also contained in the normalization.

Definition 8.1. Let @ be a fixed choice of (—p)l/(pz_l). Define F = Fy[w ], and
Or as the ring of integers inside F.

We change our base from Spec Z > to Spec OF via the fixed identification between
Q 2 and Fy, and take the normalization oi/Oe,e/,wl [zo] (it’s not hard to verify it’s
integral). Denote the normalization by O, ., [@]. I claim basically this is just
adjoining e¢/w, €' /w.

Lemma 8.2. 0:;’,51 [o] =

o~

1 e ¢
0 I: s 6§ ) a_v_]
Fm ¢ nP-l—1"¢r -1’ @
e \Ptl 1. nP—n NG =t e e ol ’
(&) i e e (£) ot me S 28—
where § = @1 isa (p—1)-th root of —1.

Proof. It’s clear both sides become the same after inverting p and certainly the
right-hand side is contained in the left-hand side. Thus it suffices to prove the
right-hand side is normal. First, since the generic fiber is smooth, there is no
singular point on the generic fiber. Now if we modulo @, the uniformizer, it’s
easy to see the only singular point is the maximal ideal (e/w, €'/, @w). We only
need to show (e/w, €’/@) is a regular sequence. Simple calculations indicate that
the right-hand side is p-torsion free, so e¢/w is not a zero divisor. In fact this
already proves that the right-hand side is integral. Modulo e/w, the right-hand
side becomes sz[w]/(w”_l)[g“, ¢ /wl/ (€ /)P +a(c? —¢)) for some unit a.
The element ¢’ /o is clearly neither a zero divisor, nor a unit. So we’re done. [J

Remark 8.3. The special fiber of Of;/,wl [ ] has two irreducible components,
defined by e/ = 0 and ¢’/ = 0. Each one maps to an irreducible component of
the special fiber of €2,y Xspec z, Spec Of, and has the form

1 +1

F, [x, v, W]/()’p —y—cxPTh,

where c is some root of unity. So each irreducible component is smooth and is
an open set of an Artin—Schreier curve. In fact, if we do not split these connected
components, then the special fiber is isomorphic to

1 _ 2 p2e
F vy g JO7 =P ),
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which is an open set of a twist of Deligne—Lusztig variety of GL,([,) (see [Deligne
and Lusztig 1976, Section 2]). More precisely, if we invert x and define X =1/x,
Y = y/x, this curve now has the form (XY? — Y X?)P~! = —w, -2,

Notice that 0:;@1 [z ] is not semistable, because locally the singular point is
defined by (e/w)(e'/w) — wP~'&, where £ is some unit. To get a semistable
model, keep blowing up the singular points until our scheme becomes regular. In
fact, we need to blow up [(p — 1)/2] times. On the level of special fiber, this
singular point will be replaced by p —2 rational curves in this process. After this,
we finally get our desired semistable model of El e XSpecZ,» Spec Or.

So far we have been working locally on 21, but our constructlon above can be
done globally. First, we change the base to Spec Or and adjoin u, T o, /ol
(equivalently, ):z] Vioks ~1). Here, since the difference between ”~! and a ( p—1)-th
root of p is a (p — 1)-th root of —1, it doesn’t matter which one we use. Then our
formal scheme will split into p — 1 connected components, indexed by (p—1)-th
roots of —1. Now take the normalization of each connected component. Call the
total space E/:/OF. For each component, it is clear from the above explicit local
description that the dual graph of its special fiber is the same as s, which is
nothing but the Bruhat-Tits tree. Finally, blow up each singular point to get rid of
singularities and we end up with a semistable model of f] XspeeZ, Spec OF.

Theorem 8.4. 2/3\1 (over Spec Z ,2) has a semistable model ZTBF over Op, such
that:

(D) E/I-IJF has (p — 1) connected components, indexed by (p—1)-th roots of —1.

(2) The dual graph of the special fiber of each connected component is the graph
adding p — 2 vertices to each edge of the Bruhat-Tits tree.

(3) Vertices that come from the Bruhat—Tits tree correspond to some Artin—Schreier
curves (yPT! = c(x? — x) in P2, where ¢ € [F;z). Singular points are points
with y = 0. If we put the p — 1 connected components together, then a dense
open set of it is isomorphic to the Deligne—Lusztig variety of GLo(F,) over
any algebraically closed field.

(4) Other vertices correspond to rational curves. Singular points are zero and
infinity.

Proof. We only need to prove our assertion for the special fiber. In the previous
discussion, we already know the dual graph of the special fiber of each connected

component of E%F is the Bruhat-Tits tree. Since blow-ups replace each singular
point by p — 2 rational curves, everything is clear. ([

Let 7 and 77 be the canonical maps from E/l,\OF and E%F to © X Specz, Spec OF.
For each edge e of the Bruhat-Tits tree, we can define X o, . and X1 g, as
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1(Q X SpecZ, Spec Or) and 7~ (Q X SpecZ, Spec OF), respectlvely Slmllarly
we can define El Op.s = 21 or.s for each vertex s. Define El OF.e.6> 21 OF 5.6
El OF.e.6> El OF 5,6 where Eisa (p 1)-th root of —1, as the corresponding con-
nected component of X1 o 1.0p.e> 21 1.0p.s> 21 OF.es Y1 1,0r.s- Note that in the notation
of Lemma 8.2, El OF.e.& _SpfOee wriig[@]. .

In Lemma 8.2, we have an explicit description of X ¢, .. To simplify notation, I
will use e, €’ for e/, ¢/ /. Now let s be an even vertex (for example, the central
vertex s(’)). It’s not hard to see that

— —~ 1 . p_
21,056 = 21,0558 = Spf Op [77, pr— e]/( PH 4 vwy 1577—”1),

(p/mP~"—

23)

— e~ L 1y (a71 4 g2 n"=n "7
T = Frons =000 [n. 2/ (7 ol (=) )
(24)

If s is an odd vertex, then similarly we have
— e N 1 ~/] <~/p+1 -1 tr=¢

EI,OF,s,S = El,OF,S,S ~ SpfOF[f, —é_p_é, , € / e +U1 w1§—(p/§)p_1 — 1>a
(25)

— o~ -1 /(= 2 {r—¢ p=l
El,Op,s = El,OF,S _Spf0F|:§‘ é‘p ; /]/< 1p*— +w1 ((p/{)pfl—l) )
(26)

Remark 8.5. If we view 21 as aZ, scheme then 21 X SpecZ, Spec Of has a
sermstable model over Spec O, Wthh I call 21(0)0 Itis canonlcally isomorphic
to El op U Zl o where Ei or is isomorphic with 21 .0r as a scheme, but the
structure morphism to Spec Op is twisted: O — Op is the unique automorphism
that fixes @ and acts as Frobenius on Op,. We use g, to denote it as an element
in Gal(F/Q)).

From now on, I will use the exponent (0) for everything that is base changed
from Z, to Or. For example, we can define Ef%m, Zio)o SEr . Also we use
the exponent ” for things with same underlying scheme but with twisted structure
morphlsm to OF For exarnple 21 Op.s> E’{’\OB SEr Under this notation, we have
2{‘”0 P T NTD [

9. The action of GLy(Z ), Gal(F/ Fy), O} on 31,9, and 21,0,

By acting on the first factor, we have an action of GL,(Q,,) on 2/)\1 X specz, Spec OF
Wthh extends naturally to our semlstable 2(0) Since GL,(Q),) will interchange
El .o and El oy~ it does not act on 21 Op- The reason is that g € GL,(Q,,) acts on
Z,2 by Fr“l’(det(g)). However, GL,(Z ) acts on El,OF‘
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So how does GL,(Z,) act on the central component Z/l,\OF, sh of 2/1,\0p ?7 We have
an explicit description above (23), (24). We will fix this identification from now on.

51/(5 — n’—n

n’—n _

Proposition 9.1. (1) The action of GLy(Z,,) on EfLVOF’ s = 2/1,\();, s, is given by

X1.0p.s)& = Spf OFO[ZZT][U, =7

— 1 B a2
21,055, = Spf OFO[W][H, v n,e]/(ep P wi(

i b
¢ (mod p), g= (‘C’ d) e GLy(Z,). (29)

N
8= bn+d

So it factors through GL,([F,) when acting on the special fiber.
(2) g € GLo(Zp) maps %y, 0y 5.6 10 X1, 0p.5).£ 1 (det(g))-

Proof. Since ¢ = ¢/w, we can apply Proposition 7.1 here and everything is clear
except for the claim that how it interchanges connected components. Notice that
the “£” component is defined by ﬁfp 71)?51 — wPTlE. So our claim follows from
Proposition 5.9. U

Corollary 9.2. The identification of the special fiber of Efl’vop’ s} with a Deligne—
Lusztig variety is GL,([F,)-equivariant.

We will come back to this point later when we review Deligne—Lusztig theory.
For X1, 0., since we change our base from Of, to O, there is a natural action
of Gal(F/ Fp).
g(@)

Definition 9.3. @, : Gal(F/Fy) — 0}; is the character given by @, (g) = g

Any other character is a multiple of @,.

Remark 9.4. Another equivalent definition of @, is as follows: By local class field
theory, it suffices to give a character of F‘. This character is trivial on p%, and on
o ;0 it is given by first reducing modulo p, then taking the inverse of the Teichmiiller
character. Our convention on the local Artin map is that uniformizers correspond to
arithmetic Frobenius elements.

Remark 9.5. Recall that we defined two characters i, xo of (Op/IT)* (see
Definition 3.2). Using the above remark, the relation of x; and @; can be described
in the following diagram:

X % ArIFO _ ab
sz =~ OF() — Gal(Fo/F())

N

X1
X X X
, ~
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where the left arrow is our fixed embedding of Z > into Op, Artg, is the Artin map
in local class field theory, the isomorphism between Z;z and 0;0 is the one we
fixed in the beginning.

Under the isomorphisms (23)—(26), we have:
Proposition 9.6. The action of g € Gal(F/ Fy) is given by

g@ =an(g)'e, g@) =an(g)'¢. (30)

This is trivial because € = ¢/, and ¢’ = ¢’ /w.
The last group action we want to consider here is the action of O}}.

Proposition 9.7. Under the isomorphisms (23)—(26), for d € O}y,
d@) = yi(de, dE@)= (e (31
Remark 9.8. The action of Op on E/iTOF is a twist of what we considered above:

d(@) =Fr(x1(d))é = xa(d)é = xi(d)’é,  Vd € 0}. (32)
d(@) = Fr(x2(d))é = x1(d)& = x2(d)?é, Vd € 0. (33)

Here I identify Z 1.0, With 21 or but with twisted structure morphism. And by
saying x2(d) 1 consider it as an element in the “Of” coming from the structure
map, not the Z,> coming from the original scheme T. However, the action of
Gal(F/Fy) is the same, not twisted. Another way to to see thisis using a g € GL,(Q))
with vp(det(g)) odd, then 18 sends El Op.s 1O El Or.se" Finally, g, € Gal(F/Q),)
interchanges Zl,oF and ¥/ 1.0, by acting as Frobenius endomorphism on Of, but
fixes other things under the isomorphisms (23)—(26).

10. Another admissible open covering of the Drinfel’d upper half-plane and
the generic fiber of X1, ¢,

In this section, we work on the generic fiber of everything we considered before.
The main result of this section is a description of the generic fiber X r of 21 OF
(and a similar result for the generic fiber E(O) of E(O) )

Recall that ¥ is the generic fiber of E“r. The latter is defined by two line
bundles, £, £,, and maps

di: LYP — Lo, dr: L7 — L (34)

(see the beginning of Section 4). Denote by Ly ;, L2, d1,y, d>,, the restriction of
the corresponding item to X, the generic fiber.
First we observe:

Lemma 10.1. Any line bundle over Xy, the generic fiber of the Drinfel’d upper
half-plane (and base changed to Z7%), is trivial.
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To do this we need another admissible open covering of Xj, which is described
in [Drinfel’d 1974] (“topological” analog) and in [Schneider and Stuhler 1991] in
detail. Let me recall it now.

Define

Un(Cp) ={z€Cpllzl <p" lz—al = p™", YaeQ,}, (35)

where | - | is the canonical norm on C, such that [p| = pil. Notice that we only
need finitely many a to define this set, so U, can be identified as an open set of P!
by removing some open discs. Therefore U, is an affinoid space. In fact, we can
identify it as an affinoid subdomain of a closed unit ball.

Remark 10.2. Another way to construct U, is by using the formal model we already
have. We can define a distance of two vertices of the Bruhat-Tits tree by counting
the number of edges on the unique path between these two vertices. For example,
two adjacent vertices have distance 1 and any vertex has distance 0 with itself. Now
define Z,, as the set of vertices having distance < n from the central vertex. Let ¢,
be the union of €2, such that e is an edge between two vertices in Z, and Qy, = Qsé.
Then U, is the generic fiber of Q2.

It is clear U, C U+ and | U, = €, the Drinfel’d upper half-plane. Also it’s not
hard to verify the open covering {U,} is admissible. Let Oy, be the ring of rigid
analytic functions on U, (over Q). The key property we need is:

Lemma 10.3. The image of the canonical inclusion ¢, : Oy,

1 —> Oy, is dense
under the canonical topology on Oy,.

Proof. Choose ay, ..., a, € Q, such that {B(a;, p~")}; is an open covering of
p"Z,inQ,, where B(a;, p~") is the open ball centered at a; of radius p™" in Q,,.
Now when we define U,, we can use ay, ..., a,, rather than all a € Q. Thus,

Oy,

n

!F(Z)—ZbOk(p Z)k+ZZb1k(

i=1 k=0

) )b,ke@,,, lim b =0. Vl}

We define a norm | - |, on Oy, by |F(2)|, = sup; ;|b; |. This is nothing but the
supremum norm: | f|, = sup,cgpm o, | f(x)]. Now the Q,-algebra generated by
z,1/(z—a;) (i=1, ..., m)is dense in Oy,. But these functions are defined over 2
and so live in Oy, . O

Remark 10.4. Notice that in fact p"z, p"/(z —a;) (i = 1,...,m) are affinoid
generators of Oy, over Q,, in the sense there exists a surjective map from the Tate
algebra Q,(To, ..., T,) to Oy, that sends Ty to p"z and other T; to p" /(z —a;). If
we restrict p”z or p" /(z —a;) to U,_1, by definition of U,_1, its norm is less than 1
(in fact < p~!). From this description, it’s easy to see U,_; is relatively compact
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in U,. See [Bosch 2014, §6.3] for a precise definition. A direct corollary of this
is that the inclusion map Oy, — Oy, , is a strictly completely continuous map in
the sense of [Bosch 2014, §6.4 Definition 1]. Another consequence is that €2 is a
Stein-space as defined in [Kiehl 1967].

Now we return to the proof of Lemma 10.1. We still need one more lemma:
Lemma 10.5. Any line bundle on U, is trivial.

Proof. It suffices to prove Oy, is a principal ideal domain. It’s obvious that Oy, is
regular and hence normal. So we only need to show every maximal ideal of Oy, is
principal. But we know U, is an affinoid subdomain of a (one dimensional) closed
unit ball by removing several open discs centered at Q ,-points, with radiuse pL.
Our claim follows from the fact that Q,(T'), the Tate algebra, is a PID [Bosch 2014,
§2.2 Corollary 10]. ([

Proof of Lemma 10.1. 1 learned this argument from [Kiehl 1967, proof of Satz 2.4].
Since {U,}, is an admissible open covering of Q2 and every line bundle on U, is
trivial, a line bundle on 2 is equivalent with a 1—cocycle: {fi;}i<;, fij € 05[,
such that

Jij9ji (fir) = fi

fori < j <k, where ¢;; is the canonical inclusion from Oy; to Oy;. It’s easy to
see that f12, f23, ... determine all f;;. Two cocycles { fii+1)}, {fi/(i-i-l)} define the
same line bundle if and only if there exists {g;}, g € 05[, such that

fii4n8i®i(QirD) ™ = flypry Viz 1

Now let { fii+1)} be a fixed cocycle. Define g| =1 € Oy,. Thanks to Lemma 10.3,
we can find g/, | € Oy,, i > 1 by induction, satisfying

1

1 —8z{ﬁ(i+1)¢i(8,{+1)71|i <5

This implies, after modifying our cocycle, we can assume |1 — fii+1li < 2—1,
Now define g; = Hj’;l ¢)jl'(fj(j+l))_l. Here ¢;; is the identity map. Notice that
| f1j = 1¢;i(f)i for f € Oy;; see Remark 10.4. So the infinite product makes sense
by our assumption. But now f;i+1)8i®i(gi+ 1)~! = 1. Therefore it corresponds to
a trivial line bundle. O

Although our proof is working over the base field Q,, the argument still works
if we change the base to other fields.

Corollary 10.6. L, , and L, , are trivial line bundles.
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Now let E; be a basis of £, and E} the dual basis of E| under the isomor-
phism Az,. Then d;, d» become two elements Uy, U in H 0, Oy;,) such that A
is now defined by

Oxy[E1, EY1/(EY — UL EY, (E})? — U2E)).
We know EE} = ):Zl, so U1U; = —w (see Corollary 5.5). ¥ is
Ox[E1, E{1/(EY — U Ef, (E})P — U2Ey, (E1ED)P ™ + w).
Since w is invertible on the generic fiber, so is U;. We can write Ef = E f U I

Proposition 10.7. ¥ = OXO[EI]/(Elpz_l " U{)—lw).

In other words, %1 is Xy adjoined with a (p*>—1)-th root of a rigid analytic function
on Xj.

Remark 10.8. If we are careful enough in the beginning and take E; to be p €
GL,(Q,)-invariant, we can descend our description to Op,. This means we have
the same description of the generic fiber ¥ g of X ¢,

Corollary 10.9. X ¢ is a Stein-space.

Proof. As we remarked before (Remark 10.4), U, is relatively compact in U,,4;. It’s
easy to see the open set of X1  above U,, which we denote by V,,  is an affinoid
space and relatively compact in V41 . ]

11. De Rham cohomology of X1 r and E{O}V

Let Ql):l . be the sheaf of holomorphic differential forms on X ¢ and Q()):l P = Os, p-
Then we can consider the de Rham complex:

0— Q3 , -5 Q5 . (36)
where d is the usual derivation. Define the de Rham cohomology:
Definition 11.1. HéR(El’ F) &l th hypercohomology of the de Rham complex.

Remark 11.2. In a pair of papers Grofie-Klonne [2000; 2004] introduced a theory
of de Rham cohomology for rigid analytic spaces. His approach uses the over-
convergent de Rham complex rather than the usual De Rham complex. However
in our case, they are the same since Q2 . is a Stein space [GroBe-Klonne 2000,
Theorem 3.2].

Thanks to Kiehl [1967, Satz 2.4.2], we know that all higher cohomology groups
of Q%l o lel.F vanish:
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Proposition 11.3 (de Rham cohomology).

Hyp (21 p) =ker(H' (21 r, Q%, ) 5 H' (17, Qg ) =F. (37
Hig (Z1,7) = coker(H (21,7, Q% ) -5 HO(Z1.r, QF, ), (38)
Hlp(Z1.r) =0, Vi >2. (39)

We can put a certain topology on Hd]R(EL r). This is done by writing:

HY(Z) p, Q%, ) =lim HO(V, p, 5, ) for i =0, 1.
n

See the proof of Corollary 10.9 for the notation. Since each H O(Vn, F, SZ’;:LF) isa
Banach space and has a canonical topology, we can equip H’(Z; r, QiEl,F) with the
projective limit topology. Now V,, r is relatively compactin V,, 1 r. As we observed
in Remark 10.4, the transition map from HO(VnH,F, QiEl,F) to HO(Vn,F, QiEm) is
completely continuous. Using Corollary 16.6 of [Schneider 2002], we have (notice
that a completely continuous map between two Banach spaces is compact; see
Proposition 18.11 of [Schneider 2002]):

Proposition 11.4. HO(ZLF, Qizl F), i =0, 1 is a reflexive Fréchet space.
See page 55 of [Schneider 2002] for the definition of reflexive.

Proposition 11.5 [GroBe-Klonne 2004, Corollary 3.2]. The image of the derivation
map d : HO(ELF, Q%l F) — HO(ZLF, QIELF) is closed.

Corollary 11.6. Hd]R(EL r) is a Fréchet space.

But how to compute de Rham cohomology? We need our semistable E/I,\Op
constructed in Section 8. Let E (E/l,\OF) (resp. V(Z/L\OF)) be the set of singular
points (resp. irreducible components) of the special fiber of ETBF. By definition,
we can identify them as the set of edges (resp. vertices) of the dual graph of the
special fiber. Now fix an orientation for each edge e € E (Z/l,\of), and we use vT (e)
(resp. v~ (e)) to denote the target (resp. source) vertex of the orientation.

Definition 11.7. Let U, (resp. U,) be the tubular neighborhood of the singular
point indexed by e (resp. irreducible component indexed by v).

It is clear that {U,}, is an admissible open covering of ¥ o,. Hence:
Lemma 11.8. We have a long exact sequence of de Rham cohomologies:
0> HR(E1r)— ] HRxW)-> ] HRWU) - Hig(E1F)
veV(Z1 0p) c€E(1.0p)

— [ HrO» [] HrW..

veV(Z1,0p) e€E(X1,0p)
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where the arrows without labels are canonical restriction maps, and a, b are the
canonical restriction maps to v*(e) minus the restriction map to v~ (e) for an
element indexed by e.

Here the de Rham cohomologies of U,, U, are defined by the same method as
above. We note that they are not affinoid but Stein spaces.

We first look at U,, the tubular neighborhood of a singular point. It’s not
hard to see from the explicit description in Lemma 8.2 that U, is an annulus
{T | || <|T| < 1}. So its de Rham cohomology is: H(?R(Ue) = F, generated by
the constant function; Hle(Ue) ~ F, generated by dT /T, where T is a coordinate
of U,.

In Lemma 8.2, although we haven’t resolved the singularities there, de/eé still
makes sense on the generic fiber, and it generates all of Hd]R(Ue) for any singular
point e above the singularity there. In fact, the process of resolving the singularities
xy — " is just “dividing” the annulus into several small annuli. For example, the
tubular neighborhood of xy — " can be thought as the annulus {7 | |z |" < T < 1}.
For any e above this singular point, U, can be identified as {T | |z |'*!
for some [ < n.

Recall that Op acts as characters on e, so acts trivially on H(?R(Ue), Hle(Ue).

What about U,? There are two possibilities. One is that v corresponds to a
rational curve. U, is an annulus and the result is the same as U,. In particular O}
acts trivially on their de Rham cohomologies.

The other one is more interesting. We will compute it in the next section. Some
notation here: recall that every such vertex can be indexed by (s, £), where s is a
vertex of the Bruhat-Tits tree and £ satisfies £/~ = —1.

<T <|w|}

Definition 11.9. From now on we will use (s, £) to denote these vertices.

Definition 11.10. Denote the irreducible component indexed by (s, &) by ng and
its generic fiber by U ¢. We also denote the smooth loci of U ¢ £ by Ug 0 ¢ (viewed
as a subscheme i in d the spemal fiber of X, OF) Notice that this is nothing but the
special fiber of ZI,OF,S,S = Zl,op,s,g- Define

U UT,& 9
ép— 1—_1
and [750 similarly.
Recall that in the beginning, we fix a finite extension E of Q,, that is large enough
and define x (F) as the set of characters of (Op/I1)* with values in E*.

Op acts naturally on Hle(E],F) ®q, E by acting on the first factor. Since
the action of Oy on X r factors through Oy /(1 4+ I1O0p), we can decompose
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Hix(31,F)Qaq, E as

Hix(Z1.7) ®a, E= P (Hig(Z1r) ®a, E), (40)
X€X(E)
where (H(}R(El’F) ®q, E)*={ald(@)=(1®x(d))a, Vd € Oy} is the x-isotypic
component.

Now tensor everything in the long exact sequence of Lemma 11.8 with E, and
take the y -isotypic component for a nontrivial character y € x (E). As we explained
above, Op acts trivially on the cohomology of any annulus, so only the de Rham
cohomology of U, contributes. In other words:

Lemma 11.11. For a nontrivial character

(Hig(Z1,F) ®a, ) ~ [ [(Hix (Us) ®a, E)*.

(Hig(Z{%) ®q, E) > [ [(Hir(UL) ®q, E)*

\)

= [[((H&R W) ® Hi(U) ®q, E)".

where s takes value in the set of vertices of the Bruhat-Tits tree.

It’s clear that GL,(Q),) preserves (HC{R(E}?}) ®q, E)* because the action of
GL,(Q,) commutes with O5. Also g € GL2(Q,) induces an isomorphism from
U toU S(g), hence an isomorphism from H j, (U S(g)) to Hjx(U®). Note that the
set of vertices of the Bruhat-Tits tree is nothing but GL,(Z p)@; \ GL»(Q,). Thus
we have:

Proposition 11.12. As a representation of GL2(Q)) over E, we have
(Hip (Z{°F) ®q, E)* = IndGR2(Fro (Hig (UY) ®a, E)*

for any nontrivial character x € x (E). Recall that s/, is the central vertex. Here the
induction has no restriction on the support.

12. An Fj-structure of (H‘}R(Z‘{%) ®q, E )X and the computation of H(}R(Usé)

Recall that Fj is the maximal unramified extension of Q,, inside F and we fixed an
isomorphism between it and Q> in the beginning.

Following Coleman and Iovita [1999], we can define an Fy/Frobenius structure
on the de Rham cohomology H(}R(Ef?}). This means we can find an Fy-linear
subspace Hp, equipped with a Fr-linear Frobenius morphism, such that Hr, ® g, F >~
H&R(Zg%). Let’s recall their construction in our situation now.

By Lemma 11.11, we only need to define an Fp/Frobenius structure on each
(H;R(US(O)) ®a, E)*, in fact, each (H(}R(Us,g) ®aq, E)* (using the notation from
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Definition 11.7). Theorem C of [Grof3e-Klonne 2002] tells us we have a natural

isomorphism between H(}R(U 5,£) and Hrllg(U Uo, ¢/ F), the rigid cohomology of Ug 0

with coefficients in F' defined in [Berthelot 1986]. Recall that U OS is an open
set of Uy ¢ & by removing (p + 1) [F,-rational points (each corresponds to an edge
connecting s). Then we have the following exact sequence:

0— H! (Usg/F)—>

g (UOE/F) — Fertl L F 0. (41)

rig

Explicitly, we can construct an isomorphism v ¢ : Us ¢ — F1 ¢, where F ¢ is
defined as

{(X,y) EA% | yPtl zvflwlé(x”—x), Ix—k|>p VP D k=0,1,...,p—1,
x| <p1/(l7—1)}

for an odd vertex s (even case is similar). If we restrict this isomorphism to the
generic fiber of ¥ o, ;¢ and use the description in (25), it is given by

x> ¢,y (1= (p/o)PHl/ et

where (1 — (p/O)P~HV@P+D =1 —1/(p + 1)(p/c)P~! + --- is the binomial
expansion. The rigid space Fj ¢ is clearly an open set of a projective curve Dy ¢
in |]3’2 defined by yl”Jrl =, lwlé(xp —x). We note that Dy ¢ — Fj ¢ is a union of
p + 1 closed discs. Each d1sc is centered at a point with zero y-coordinate. We
denote these points by Cy, ..., C,. Then, we have

p
0— HY(Dys) — Hip(Fe) B @ Fms p s, (42)

where Res is the residue map to each C;, and sum is taking the sum. A proof of this
can be found in Section IV of [Coleman 1989]. Notice that D; ¢ has an obvious
formal model over OF (in fact over Op,!), and its special fiber is nothing but ZE
So we have a natural isomorphism between H(}R(D 1,¢) and Hr]ig((m). Using these
isomorphisms, we can identify the two exact sequences (41), (42) with each other.

It is not hard to see Oy acts trivially on the residues. For example, near x =y =0,
t =y/(1 —xP~H/(P+D 5 a local coordinate. O} acts as a character on y and
acts trivially on x, hence acts trivially on d¢/¢. Therefore if we tensor the exact
sequence (41) with E and take the y-isotypic component, we obtain:

Lemma 12.1.  (Hj(Uy) ®q, E)X ~ (H},(Us/F) ®q, E)*.

rig
Since we have a natural isomorphism H (U JF) >~ Crys(U /Fo)®F, F, there is

an Fy/Frobenius structure on (Hng(U JF) ®@ E)* and thus on (HdR(U ) ®a, E)*.

Here H!  (U,/Fp) is the first crystalline cohomology of U tensored with Q,.

crys
Exphcltly, as we mentioned above, D¢ can be defined over Fj and its formal

model D1 Ory.& OVer O, is a smooth lifting of Us ¢. So the de Rham cohomology
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of D1 or,.¢ can be identified with the crystalline cohomology of Us ¢ . Thus we
obtain an Fp-linear subspace inside HdR(Dl g). But to get a Frobenius operator, we
need to identify it with the crystalline cohomology.

Remark 12.2. For an even vertex s’, we can define similar objects:

Ws’,s : Us/’g — F()yg, Do,g, DO,OFO,E’ e
In summary, combining the above results with Proposition 11.12, we have:

Proposition 12.3. (Hd]R(Z(O) ) ®aq, E)* has an Fo/Frobemus structure that comes

from the crystalline cohomology of the special fiber of E(O) More precisely, under
the identification of ( dR(Z(O) ) ®aq, E)* with

Indgi2 1oy (Hir (Uy") ®a, E)*.
the Fy-subspace is
IndGi2(7 "0 (Hay (U / Fo) ®a, E)*,
and the Frobenius operator is defined in the obvious way.

Remark 12.4. We can also define a monodromy operator, but for any x such that
X #% x? it is zero on (Hle(Z(O) ) ®q, E)*. The reason is that the definition of
monodromy operator uses the cohomologies of the tubes of the singular points,
which do not contribute to the cohomology we are interested in. See [Coleman and
Iovita 1999] for the precise definition of monodromy operator.

As we remarked before, U_s0 has a close relation with the Deligne—Lusztig variety
of GL;([F,) (Corollary 9.2), which we call DL. In fact, the open set

5 EEL e .
UA%ZSpec[FPZ[n,e, 5]/(6” " wim? =P

is GL,(Zp)-equivariantly isomorphic with DL over the algebraically closed field
(or up to taking a transpose of GL2([F,)). So we can apply Deligne—Lusztig theory
(established in [Deligne and Lusztig 1976]). Although Deligne and Lusztig [1976]
use [-adic cohomology, their results can be applied directly to crystalline cohomol-
ogy thanks to Katz and Messing [1974] and Gillet and Messing [1987]. Notice that
the action of O5 on U 0,, which factors through Oy /(1 +I10Op), can be identified
with the inverse of the actlon of a nonsplit torus (T(w)’ in [Deligne and Lusztig
1976]) of GLo([F,).

Theorem 12.5. Let x (Fy) be the character group of Op /(1 + I10p) with values
in Fy (it’s generated by x1; see Definition 3.2). We can decompose

crys(U /FO)_ @ cryg(U /FO)X

x'€x (Fo)



448 Lue Pan

into the sum of different x'-isotypic components. Each component has a natural
action of GLy(F,). Then:

D crys(U /FO)X =0ifandonly if x' = (x")*.

Q) If Cryg( / Fo)X' # 0, it’s an irreducible representation of GL([F,).

3) Crys(U / FO)X ~ Crys(U / Fo)(X )" and these are the only isomorphisms
among these nonzero representations.

Definition 12.6. Define p, as the representation ( Crys(U 5, /F0)®F, E)* of GL,(F)),
forany x € x (E). The theorem above guarantees that different choices of embedding
Fy — E give the same representation.

Remark 12.7. Gal(F/Fy) also acts on H (U / FO)X By the results in Section 9,

crys
we have o
-_— I — (Z)l X
Hclrys(US(/)/FO)X = Hclrys(Us(’J/FO) 2,
the a)l(x ) -isotypic space for Gal(F/Fo), where i(x) € {0, ..., p>—2} is defined

—) — 4/ Using results in Remark 9.5, another

is the unique character making the following

as the unique integer such that X,
equivalent definition is that a)’ 0 5
diagram commutative:

AI‘I[:
z;z ~0p — Gal(Fy/ Fo)®

~i(x")
l J’wz
X/

X X X
—_— ~
0 7y~ 05

Recall that @, is defined in Remark 9.5.

Now I want to translate the theorem above to our situation. Fix an embedding
7 : Fy — E, and use T to denote the conjugate embedding. Let x’ € x (Fp) be the
unique character that satisfies 7 o x" = x. Recall that g, € Gal(F/Q),) is the unique
element that fixes @ but acts as Frobenius on Fj,.

Proposition 12.8. Dy , = HomGLz([F y(oys ( Crys(U(O)/FO) ®a, E)*) is a free
Fo®aq, E-module of rank 2. Gal(F/Q,) and the Frobenius operator ¢ act on it
naturally. In fact, Dyys y is of the form

Derys,y = (Fo®q, E) - €1 ® (FyQq, E) - €2,
pler) =e, ¢(e2) =(1Qcyey,
=(@(@)" ®e1, g-e2=(2(8)"" ®1)ey, VgeGal(F/F),
8p-€1=¢€1, gyp-€r=¢e,

with ¢, € E and v,(cy) =1, m =i(x') defined in Remark 12.7.
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Proof. We can write (using the fact IF,O) = U_Sé L U_: )
( Cryg(lF(f?)/Fo) ®a, E) = (Hyy(Uy / Fo) ®a, E)* & ( Cryg(U’ /Fo) ®q, E)*
= Hyy (Ug /Fo)* ®Fy« E® Hcrys(Us(’)/Fo) '®r.: E
® Hopy (U], / F0)X @iy E @ Hopy (U}, / Fo) @y ¢ E

where x’ = (x')?, the conjugate character, satisfies T o X' =x.

Recall that we can identify U with U, U’, but with different structure map to
Spec Fpe. Usmg Remark 9.8, such an 1dent1ﬁcat10n induces an isomorphism between
(U /Fo)X and H (U/ /Fy)*". By definition,

crys crys

Homg, ) (0, Hcrys US’/FO)X Qryc E) > Fy®p,c E

and similar results for other factors of (H, Crys(U ((?) /Fo)®q, E)* follow from Deligne—
Lusztig theory. It’s easy to see Derys, y =~ Fo ®q, E ®2 from these descriptions.
By Remarks 12.7 and 9.8, Gal(F/Fp) acts via @5’ (as an Fy- Vector space) on
Cryg(U /Fo)* ®Fry, E, and Hclryg(U’ /Fo)* ®F, : E and acts as 5™ on the other
two factors since i ( X/ Y=i((x)P)=pi ( x’ ) Remark 9.8 also tells us that g¢, induces
an isomorphism between Cryg(U  Fo)X' ®F,.r E and H! (U;O/FO)X Qr.t E

crys
Now, choose a generator f; of

Homg, () (0 Horys(Uyy / Fo)* ®Fy  E),

and define
ep =1 +g, f1,e2=0(e),

where ¢ is the Frobenius operator coming from the crystalline cohomology. We
need to verify our claim in the proposition.
First it’s easy to see e; is indeed a generator of

Homory(r,) (0y'+ Hays(Usy/ FO)X ® e E ® Hypy (U], [ Fo)* @, ¢ E)

as a free Fy ®q, E-module and satisfies g - e; = (02(8)" ® D)ey, g € Gal(F/Fy).
Next we verify the desired property of the Frobenius operator ¢. It’s induced by
the Frobenius endomorphlsm on Uy 5} Wthh is nothlng but raising anythlng to its
p-th power. So it sends H, (U /FO)X to H (U /Fo)(X " = H! (U /FO)X

crys Cl'yS crys
Therefore everything is clear except our claim for gp(ez) This can be shown by
explicit computations. See the next lemma. ]
Lemma 12.9. ey = —pr(w; ).

Proof. This can be done using Gauss sums. Since Crys(U /Fo) is an irreducible
representation of GL([F,), <p acts as a scalar ¢, on it. It’s easy to see ¢, = T(¢y).
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To compute ¢, we only need to restrict to one component. So let £ be a
root of £7~! = —1. Then US & can be identified as the curve in [P’2 defined by

yPH = viw, S(xp — x). There is an action of
tp1(F) ={aeF|a’™ =1}

on it given by
a-x=x, a-y=ay, ac /Lp+1([’:;<2).

Let x : ppt1(Fp2) = Fy * be the Teichmiiller character. It’s obvious that

(Uyy/ Fo)* =~ Hypy (Uy ¢/ Fo)*

crys
the ¥ ~-isotypical component. Here i € {1, ..., p} is the unique number satisfying
i =mmod p+1.

On the other hand, [, also acts on ITOS which comes from the action of an
unipotent subgroup of GL,([F,):

b-x=x+1, b-y=y, bekl,.

This action commutes with the action of 1t 41(F,2). It’s easy to see Fy contains all
p-th roots of unity. Let ¥, : [, — F;° be a nontrivial additive character. We view
p=x""x ¥, as a one dimensional representation of G déf,u p+1(Fp2) x Fp.

Using Lemma 1.1. of [Katz 1981], we know that the eigenvalue of ¢ on
( Crys(U s.£/ F0) ®F, F)? is (we will see later that this lemma indeed can be applied
to our situation)

~SWye/Fpe. 5. DE ~ Ztr(p(g))#ﬁx(F Tab}
geG

where F, is the Frobenius endomorphism of US/ . relative to F» and Fix(F 2 ¢ -
is the subset of Uy 5([F 2) fixed by F)» g -1 Followmg the strategy of lemma 2.1.
of [Katz 1981], we can express S(U‘ 5/[F 2, 0, 1) as the Gauss sum:

S(Us(’)’g/[’:pz, ,5, 1) = (Ulw]_ g_-)—l(P—l) Z ¢p2(X)X_l(p_1),
xef”
P
where ¥, = Vp (terz/[Fp (x)) = ¥, (x? + x). Notice that for any x € [prz,

1 if x? +x #0,
ZWp (ax)—ZWp(a(xp'i_x))_{ —1 ifxP+x=0.

acky ack;
From this, it’s easy to see S(Uy Uy ¢/Fp, p, 1) = wl(p Dp(=1)i = wi ¥ p (recall
e T ) Hence

Cx =—pr(wl_2i). O
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Corollary 12.10. We have a Gal(F /Q ) x Opy xGLo(Q p)-equivariant isomorphism:

F ®p, Derys.x ® IdGR2(7 0005 => (HiR(S{F) ®, E)*, (43)

where Gal(F /Q),,) acts on the first two components, Op acts on the second, and
GL>(Q)) acts on the third. Moreover, Deys y ® Indgligg%l’))@; Py maps to the Fy
subspace we constructed in Proposition 12.3.

Here we extend p, to a representation of GL,(Z,)Q; by p acting trivially and
GL,(Z ) acting through GL,(F,).

Remark 12.11. It’s easy to see the dual representation of p, is p,-1, we use (-, -)
to denote the pairing of them. Then we can construct a pairing:

GL,(
C- IndGLg(Z )@x 'OX 1 X IndGLZ(Z )@x 'OX e E
(f1, ) — Z[g]eGLz(Zp)@;\GLz(@p)<f1 (&), f2(8)),

where is the compact induction. More precisely,

C- Il’ldGLz(Z )@p pX—l
= {f :GL2(Qp) — )1 | f has compact support mod GL,(Z,)Q,
fkg)=p (0 f(g), k€ CLAZ,Q;, g €CLa@))},

and Indgliz%%])@x Py 1s defined similarly without any restrictions on the support.
The sum makes sense because it only has finitely many nonzero terms.

This pairing induces an isomorphism Indgkz(z jQx Px = (c- Indgki&a Yoy Px- nY,
the algebraic dual representation. We can rewrite the result in Corollary 12.10 as a

Gal(F/Q,)x 05 xGL,(Q)-equivariant isomorphism (Theorem 1.10):
F ®F, Derys.x ® (€-Indgr2(Frlgx oy -1)" = (Hi(ZF) ®@a, E)*.  (44)

By Corollary 11.6, there is a natural Fréchet space structure on the right-hand side
of the above map. In fact, we can describe this topology directly on the left-hand
side. Choosing a family of representatives of GL2(Z,)Q; \ GL2(Q)), we have a
noncanonical isomorphism between IndGL @ )@x py and nGLz(Zp)@p \GLy(@,) Px S
E-vector spaces. The topology is nothing but the weakest topology on this product
such that each projection to p, is continuous under the canonical (Banach space)

topology on p,.

13. Some considerations from Galois representations

Let’s recall what we have on D¢y , (see Proposition 12.8 for more details):

» Frobenius operator ¢: an Fp-semilinear, E-linear automorphism;
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« monodromy operator N, which is zero here;

« an action of Gal(F/Q)), which is Fy-semilinear, E-linear commuting with ¢
and N.

So if we have a decreasing filtration on Dr = F @, Derys, y, such that Fil' Df is
zero if i 3> 0 and is equal to D if i < 0 and preserved by the action of Gal(F/Q),),
Derys,  is called a filtered (¢, N, F/Q,,, E)-module of rank 2. Moreover, if the
underlying (¢, N, F, E)-module is weakly admissible, Dcys , is called weakly
admissible. See Definitions 2.7 and 2.8 of [Savitt 2005] for the precise definition.
The importance of this kind of module is that we have the following result (see
[Savitt 2005, Corollary 2.10]).

Theorem 13.1. The category of E-representations of Gq, which become semistable
when restricted to Gr and the category of weakly admissible (¢, N, F/Q,,, E)-
modules are equivalent. Here Gq, (resp. G) is the absolute Galois group of Q,
(resp. F).

Now I want to classify all two dimensional potentially semistable E-representa-
tions of Gq, that

» have Hodge-Tate weights (0, 1), and
e correspond to Dyys , if we forget about the filtration.

Proposition 13.2 [Savitt 2005, Proposition 2.18]. Any such weakly admissible
(¢, N, F/Q,, E)-module is of the form

DF, n S Oa
Fil'(Df) = { (F ®a, E)(@ P ®@a)e; + (1®@b)es), n=1,
0, n>2,

where (a, b) # (0,0) € E?, and i, j are defined as follows: writem =i+ (p+1)j
withi € {1,...,pland j €{0,..., p—2}
We denote the filtered module in the above proposition by D (4.5]. It’s not hard
to see
Dy la.b) = Dyr bee/p,—al - a0 Dy jap) = Dy ca,ch]-

So we may assume a =1 and v, (b) > 0 (recall that ¢, is defined in Proposition 12.8).
We use V, (1, to denote the Galois representation it corresponds to in Theorem 13.1.

Now suppose we have an element f in Dp = F ®p, Deys,x. How do we
check whether or not f is in Fil'(F ®p, Dy.[1.6)) for a given b? First assume
[ €Fil'(F®p, Dy 11.5)). Write f = fi+ f2, fi€(FQq,E)-e1, € (FQaq,E)-e.
Then we must have

fi= (Z ax ®bk) (w(p—l)i ®Dey, fo= (Z ai ®bk>(1 R b)es,
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for some a; € F, by € E. Notice that g, ® ¢ is well-defined on F' ® gy Dcyys, , since
8y acts as Frobenius on Fj. Here g, is considered only acting on F, not on De;ys -

(g, @ @) (f1) = (Z go(ar) ® bk) @V @ De,.
On the other hand, g,(f2) = (¥gy(ar) ® br)(1 ® b)es. Therefore,

(1®b)(8, ®P)(fi) = (@ " @ 1)gy(f2).
A simple dimension counting shows that this condition is even sufficient. Hence:

Proposition 13.3. Suppose f € F @F, Derys,y. Write
f=h+/f felFQqg,E) e, fre(F®aq,E)- e.
Then f € Fil'(F ®p, D, .[1.5) if and only if

(1®b)(g, ®9)(f1) = (@P V' @ g, (fo).

Remark 13.4. In practice, we will assume f is fixed by g,; then the condition
above is simplified to (1 ®b)(g, ® ¥)(f1) = (@ P~V ®1) f.

14. Construction of Banach space representations of GL,(Q,)

In this section, I want to construct some Banach space representations B(x, [1, b])
that should correspond to V)X (1.5 (up to a twist by some character) under the p-adic
local Langlands correspondence.

First we define an mtegral structure w' of 521 , the sheaf of holomorphic
differential forms, on ¥ ¢ .oy defined in Section 8. Recall that ¥ ¢ .oy 1s a formal
model of Ql . » Which is not semistable, but only has some mild singularities
xy—owP~ 1) From now on, I will do all computations on this formal model rather
than the semistable model.

View Ql ,asa sheaf on ¥ ¢ 1,0r- The coherent sheaf ' will be a subsheaf of
it. Recall that there is an open covering {21 Op,e.}ee OF Y1 1,0r» Where e takes
value in the set of edges of the Bruhat—Tits tree and £”~! = —1. Using the explicit
description of Lemma 8.2, we define ! on each ET,JOF,&S as the trivial line bundle
with a basis de/e = —dé’ /e’ (recall that ¢ = e/, & = ¢’ /). It’s easy to see that
this really defines a line bundle Z,-]T/OF,E,S which becomes Qlil,F if we restrict this
line bundle to the generic fiber.

Remark 14.1. We can do exactly the same thing on the semistable model 2/1,\01“
but this won’t give us any extra sections: the sections on ET,JOF,e and E/l,\oF,e will
be the same. This can be checked locally around the singularities. So I can do all
the computations on EfLVOF,e.
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Remark 14.2. We note that ! in fact has an “Fy-structure”. In other words, we
can define it on %;. Using the explicit description in Corollary 7.7, locally on 2/1,\&
it is defined as the trivial line bundle generated by de/e. Notice that de/e = de/e
since e = ew . Hence its pull-back to ET/OF is w!.

S1m11ar1y, we can define the same thing on E] 0r Zl(f”OF, which we still denote
by ', by abuse of notation. Now if we restrict ' to the special fiber, it becomes
the dualizing sheaf (over Spec[F2). So there is an action of GL(Q,) on it. In
fact, GL>(Q,) even acts on o'. This can be seen using the explicit description in
Section 9. Also, it’s clear from the definition that O7 and Gal(F/Q,) act on the
global sections of w'.

Consider the following maps:

HO(zl(O())F’ 0" ®z, Op — H(Z{), Qgﬂ) ®q, E — Hip(2\%) ®a, E

Both maps are GL,(Q,), Oy, Gal(F/Q,)-equivariant. Take the x-isotypic com-
ponent, where x € x(E) (see Section 11). We get a map (use Corollary 12.10):

£ (HOED,, 0") ®2, 05) — (HR (%) ®a, E)*
~ F ®Fy Derys,x ®F IndGLz(Z )@pr

Now for each two dimensional Galois representation Vy [1,5) of Gq, defined in
the previous section, we have a free F®q, E-module Fil'(F ®F, D, [1.6)) inside
F ®F, Derys, . We note that Gal(F/Q,) acts on this Fil! (F ®F, Dy 11,]). Define

Gal(F/Q
M(x. 115D = (f il (F @, Dy j1.0) © IndS Gl p,0) S/
= f (L (F ®p, Dy 11.6) "7 @ IndGr27 R oy -

Schneider and Teitelbaum [2002] introduced a category Modcomp(OE) whose ob-
jects are all torsion-free and compact, Hausdorff linear-topological Og-modules, and
morphisms are all continuous Og-linear maps. Our first result about M (x, [1, b]) is:

Proposition 14.3. M (y, [1, b]) with the topology induced from
HO(={), 91259;) ®q, E

is an object in Modgomp(OE).

Proof. 1 learned this argument from Proposition 4.2.1 of [Breuil 2004]. It is clear
that M(x, [1, b]) is torsion free and Hausdorff. To prove compactness, we use
Proposition 15.3(iii) of [Schneider 2002] (c-compactness is equivalent with com-
pactness here since O is locally compact [Perez-Garcia and Schikhof 2010, Corol-
lary 6.1.14]). Proposition 11.4 already shows that H 0(250}, Ql o ) ®q, E is are-
flexive Fréchet space, so it suffices to show M (x, [1, b]) is closed and bounded (see

[Schneider 2002] for the definition of boundedness). In fact it’s easy to see we only
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need to prove closedness and boundedness for H O(E,LVOF, o) in H O(Efo}, QIE{O)F ).
Recall the topology on H O(Eg%, leo)); ) is defined in Section 11 by: ‘

HO(Zy p, QY ) =lim HO(V, . Q).
n

where {V,, r}, is an admissible open covering of X r and each V,,  is affinoid and
contained in V11 r. Now {X] ¢, .} 1S another admissible open covering. Thus
we have:

» Each E/:;)F,e is contained in some Vj, r.

« Each V,, r is covered by finitely many generic fibers of E?JOF,e.

Then closedness follows from the first claim above and boundedness follows from
the second. O

Suppose M is an object in Modcomp(OE), following [Schneider and Teitel-
baum 2002], the E-vector space MddifHomCO‘)Em(M , E) with the norm | f| =
maXx,,cpm| f (m)|g is a Banach space.

Definition 14.4.  B(x, [1, b)) & (M (x, [1, b1))? = Hom$™ (M (%, [1, b]), E).
It’s clear from the definition that this is a Banach space representation of GL2(Q),).

Remark 14.5. The relation between B(x, [1, b]) and the Banach representation
B(m, £) defined in the introduction (see Definitions 1.3 and 1.4) is as follows:
Take m = Indox@; X, where x is viewed as a character of Oj5 Q) trivial on p.
Also Fil! (Dy 11,5 ® F) essentially gives a line “£;,” in Definition 1.3 by taking
Gal(F/Q))-invariants. Then B(y, [1, b]) = B(x, L).

Back to the definition of M (x, [1, b]). By Remark 12.11, we can replace the
induced representation by the dual representation of the compact induction. Also
by Galois descent, we have (Fil'(F ®pg, D, [1.,)) /%) ~ E. Under these
isomorphisms, f, induces a GL,(Q,)-equivariant map,

Feier s M(x, 11, b)) = (c-IndGr(G gy o).
It is natural to ask whether such a map is injective or not. The answer is positive.

Proposition 14.6. The composition
HOED, o) <> HOZ1 5, Q) )X — Hig(S1.0)7
for a character x' € x (F) such that x' # x'P, is injective.

Proof. Since x" # x'?, the kernel of the second map is H 0()31 F, Ogx, f)X/ Consider
the intersection of H0(2<°> 0" and HO(Z,, F QY )X in HO(E1 r, Q2 Zl F)X

It can be viewed as a subset in H 0(21 F Q% )X and we denote it by H. On the
other hand, we use J to denote the same set but viewed in H O(El F, QIE )X The
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induced topology on H and J can be different. Proposition 14.3 tells us that J is
compact since HO(ZI F, Q% )X is closed in HO(EI F QIE )X (Proposition 11.5).
Clearly SL,(Q),) preserves both H and J.

Let’s recall some notation here: For each connected component of | o,, the
dual graph of its special fiber is the Bruhat-Tits tree (see Section 8), and Uy ¢ is the
tubular neighborhood of (Tg the irreducible component indexed by (s, &) in the
special fiber (see Definition 11.10).

Similar to what we did in the beginning of Section 12, we can prove Uy e 18
isomorphic with

{z:(x,y)eAQF|y”+1:v1wl_1$(xp—x), Ix—k|>p~ L k=0,..., p—1, |x|<p},

and its de Rham cohomology is of finite dimension. Since Uy | is a Stein space,
dR(Us £) = HO(US/ £5 2 )/HO(US/ £ Q%) (we use Q' for Q’ for simplicity).

Fix a £&. Under the 1somorphlsm above, we can write US/ g =U p<p Us £.p0
where Ug g0 C Uy e is defined by the same equatlon but w1th lx —k| > p~ 1,
k=0,. ..,p—l |x| < p. Then for each p < p, H° WUy SP,QI) is a Banach
space, and we have H° WUy ¢ Q) = l(glp HO Uy £.p5 Q’) So H Uy ¢ Q) is
a Fréchet space.

Notice that Op5 acts on Uy, so HO(US(/), QX s HO(US(/), Q1)*" and the quotient
is a finite dimensional space. Thus this inclusion has to be a closed embedding
because both of them are Fréchet spaces.

Now consider the canonical maps HO(ELF, Qk)X/ — HO(US(/), Qk)x/, k=0,1.
They’re clearly continuous and we denote the image of H and J by H; and J;.
Since J is compact, J; is compact. Hence H; is also compact in HO(ELF, QO)X/
because HO(US(/), QX' s HO(US(/), QH*" is a closed embedding. We will show
this cannot happen unless H; = {0}.

Suppose f is a nonzero rigid function in H. We will prove later that f is
unbounded on ¥ r (see the next lemma). For each U ¢, the maximum principle
implies that f must obtain its maximum on the boundary annuli which are the
tubes of the singular points on the special fiber. Therefore f is unbounded on
Uy’ even Us.&- But we know SL,(Q),) acts on X; r and acts transitively on the set
of even vertices. Hence using the action of SL>(Q,), we can get functions in H
with arbitrary large norms when restricted to Uy  and H; cannot be compact. So
there is no such f. O

Lemma 14.7. Any globally bounded function on a connected component of X
must be a constant.

Proof. Fix a connected component £. Suppose f is such a function. By multiplying
f by some powers of @, we may assume f € H(X1 o, £, O ) Recall that
the special fiber is connected and each irreducible component 1s a complete curve.
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Hence,

HY(Z 0p6, O~ /(@) =Fp.

Z105

Using induction on 7, we can prove H° (EI,OF,éa sy o0 E/(w")) = Op/(zw"). Here

we use the fact that (’)2’1; ‘ is flat over the constant sheaf Or. Now the lemma
,OF,

follows from

HY(Z 0,6, 0 )_11mH (Z1.0p.6, O /(@")) = OF. O

231 Op &
Remark 14.8. The proposition is also true if ¥’ # x’?. In this case, it is equivalent to
the same result on the Drinfel’d upper half-plane. See Proposition 19 of [Teitelbaum
1993] for a proof.

So we have an injective GL,(Q),)-equivariant map:

Feron s M(x, 1, b]) = (e-IndGr2 (77l oy 1)

A simple consideration of the topology (see Remark 12.11) shows that this induces
a map

c-IndGr2(77)qy oy = B(x. [1,b)).

It is GL,(Q))-equivariant and has to be injective if B(x, [1, b]) is nonzero since

the left-hand side is an irreducible representation of GL,(Q),). If B(x, [1, b]) is

nonzero, or equivalently if M(x, [1, b]) is nonzero, we can define a lattice inside
GL;( @

c-Indgr3z” )@x,ox

O(x, [1,b])
= {X € cIndgr2F7)q 0y 1 (X, frnm(Y)) € O, VY € M(x, [1,bD)},

where
GL>(Q,

(-, ) e-Indgi2(Fnlg py-1 X (c-IndGi2(Frle py 1) — Ok
denotes the canonical pairing. This is equivalent to the intersection of the unit ball
of B(x, [1, b]) with c-Indgkggg ;@; Pyt

Proposition 14.9. B(y, [1 b]) is the completion of c-IndgEi%’ Joy Oy -1 With re-

spect to the lattice ©(x, [1, b]) if M(x, [1, b]) #0.

Proof. The argument of Proposition 4.3.5 of [Breuil 2004] works here. I would like
to recall it here. By [Schneider and Teitelbaum 2002, Theorem 1.2.], it suffices
to prove that the natural map M (x, [1, b]) — Homo, (®(x, [1, b]), Og) is a topo-
logical isomorphism. The topology on the right hand side is defined by pointwise
convergence. Notlce that c- IndGL @ )@x Py -1 can be viewed as the continuous dual
space of (c- IndCIL @ )@x py-1)" Wlth the topology described in Remark 12.11 and
M(yx,[1,b])is closed in (c- Indglﬁg Yoy Py~ 1) since it’s already compact. We can
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apply Corollary 13.5 of [Schneider 2002] and get the desired isomorphism. It’s
also clear from the definition that this is a topological isomorphism. U

So if we can show M (x, [1, b]) is nonzero and moreover admissible as defined
in [Schneider and Teitelbaum 2002], we indeed get an admissible Banach space
representation of GL»(Q,), which is a completion of the smooth representation
c—Indgkg&Q jay Py~ This is the goal of the rest of the paper.

15. Computation of (HO(ZI(O)OF, ©") ®7, Op) -Gl F/) [ p

Our ultimate goal is to prove M (x, [1, b]) is nonzero and admissible. The method is
by explicit computation of its mod p representation. First we review some notation
defined in the previous sections that will be used frequently from now on.

Let x € x(E) be a character of (Op/I1)* such that x? # x. Since we fix an
embedding 7 : Fy — E, we may write x = 7 o x/, where x’ is a character of
(Op/T1)* with values in F‘. Then x' = x,™, where x; is one of the fundamental
characters (Definition 3.2) and m € {1, ..., p> —2}. Write m =i + (p + 1)j with
iefl,...,ptand j € {0,..., p—2}. Finally, g, € Gal(F/Q),) is the unique
element that fixes @ and acts as Frobenius on Fj.

Also recall that for any integer n, we use [n] to denote the unique integer in

0,1,..., p>*—=2} congruent to n modulo p*>—1. For any Of,-module A, we denote
A®OF0,T Of by A; and A®0F0,f Of by A;.
Recall that

2%, =Z10, UZ] o,

and g, interchanges (HO(E] Op» @ 1 ®z, OE)X and (HO(Zl or , o) ®z, Op)X.
Hence a gw—mvarlant element in (H O(Zl(moF, wh) ®z, Op)* is determmed by its
(HO(El Op» @ )®Z Op)* component By definition, M(X [1,b]) is g¢—1nvar1ant.
Hence it suffices to Work on 21 ,op- This means that we may identify HO (El Op» @ 1
as the g,-invariant sections of H 0(2(0) , »"). Hence there is a natural action of
GL,(Q,) on it: this is nothing but ggﬁ(det(g)) og.

Definition 15.1. For any x € x(E), x' € x(Fp), we define (see Section 8 for the
definition of these formal schemes)

H(O) xQp _ (HO(El(Og)F’ a)l/p) ®Zp OE)X’Gal(F/@"),
HLP = (HO(S1 0y 4 @'/ p) ®2, Op) /),
HX’,FO — HO(E’I‘“OF .. wl/p)x’,Gal(F/Fo)
HI = H 0 ®0, 2 Op = HY(S7 0, 0 0!/ ) G 0, 5 O,

where x* is either a vertex s or an edge e of the Bruhat-Tits tree or nothing, and
7=1,1.
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It is clear from the definition that if x = 7 o x’, then
HI T = HEP o HIT. (45)
Also, the discussion above shows that we have a canonical isomorphism:

H(O),X,@p ~ X Fo

Definition 15.2. For a vertex s in the Bruhat-Tits tree, we use A(s) to denote the
set of vertices adjacent to s.

Now fix £7~! = —1. We can do all the computation on one &-component ET,/OF,S.
This is because Op acts transitively on all connected components.

The goal of this section is to compute (HO(EI(?)OF, o) ®z, Op) X CAE/Qp) /.
The next lemma implies that this is nothing but H©-x-@»,

Lemma 15.3. H(S1 0, 0Y)/@" = HO (S 0,, 0" Joo™).

Proof. Clearly there is an injection from the left-hand side to the right-hand side.
Since we have

HY(Z( oy, 0") =1im HO(Z1 0,, 0" /o™,
n

we only need to prove the canonical map
HO(ET,/OF, o' /") —> HO(ET,/OF, o' /o™, n>m

is surjective. Notice that o' is flat over the constant sheaf Or. It suffices to prove
H'(Z, 0,,0'/w") = 0 for all n € N*. Do induction on n and use the flatness
again. It turns out that it’s enough to show H I(ZT/OF, w' /@) = 0. However, the
construction of @' tells us w' /= is the dualizing sheaf on the special fiber. This
means that if we restrict w' /@ to each irreducible component V of the special fiber,
it is Q{,(Dsing), where Q%, is the usual sheaf of differential forms on V, Dy is
the sum of singular points of D (considered in the whole special fiber) as a divisor.
Also, we have the following exact sequence of sheaves:

0= o' /m — [ [iv+(Qy (Dsing) > [ [ iE+(F,2) > 0,
\4 E

where E (resp. V) runs through all singular points (resp. irreducible components)
of the special fiber, and ig (resp. iy ) is the corresponding inclusion. Take the long
exact sequence of cohomologies of this sequence. H° of the third map is surjective
since the dual graph of the special fiber of each connected component is a tree. H'
of the middle term in the exact sequence above vanishes by Riemann—Roch. So we
indeed get the vanishing of H'! (Ef;)F, ob). (]
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Hence we only need to compute
HOx.Qp ~ gx-Fo ~ HTX/,FO ® Hf(x’)”,Fo' (46)
It’s not hard to see that we have an injection:

! !
X Fo 1_[ HY ,Fo’
S

where s takes values in the set of vertices of the Bruhat-Tits tree. Similarly, we
have the same injection for H " Fo, Notice that by identifying the sections on
1,0 as the g, -invariant sections on El(%F, we have an action of GL>(Q,) on

[Tcax P @ noO" 1oy

N

(see the beginning of this section). E;q}licitly, g sends HSX/, Fo o Hs)g,Fo if v, (det(g))
(g € GL»(Q))) is even and to Hs(g )"Fo i it is odd. From this description, we have
an obvious GL,(Q),)-equivariant isomorphism (recall s(/) is the central vertex):

" F NP, Foy ~ T dOL2(Q x'.Fo GLy(Q@ (X, Fo -
[[HX " @O0 = IndG(F o, HY " @ IndGRre: Hy " @ , 5 Fpe.
N

The following lemma basically says that we may identify HSX/’FO with sections
of w! /e on UY introduced in Definition 11.10. Notice that ' /e is the dualizing
sheaf of the special fiber.

Lemma 15.4. For each vertex s of the Bruhat-Tits tree, we have natural isomor-
phisms:

! ~ I - !
W o HOP = HO(E 0, 4, 0 o) = HOUD, o' jo),

NP o —~ AY4 0 Y4
Wy et HXO"Fo = HY(S 0, 5, 0! /o))" = HOUD, o' jo) X",
such that their product
l_[(\ps,x’a \I’s,()(’)F) :
N

l—[ HYX/’FO @HY(X/)]]’FO — HHO(IT?’ wl/w_)x’ @HHO(ITP’ a)l/w_)(x/)b
N N S

is GL»(Q))-equivariant. As usual, s takes its value in the set of vertices of Bruhat—
Tits tree.
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Proof. First let’s see what happens when s = ). Recall that we have a concrete
description ((23), (24)) of X1, 0p.5).85 21,0p.5, from Section 8:

—_~ 1 - - _ p_
ZI,OF,S(/),S ~ Spf OFO[W][T], m, e]/(eP-H + viw, 1§M>’

(p/mP~1-1
.y 1 B a2 r_ p—1
EI,OF,S(’) o~ Spf OFO[ZD'][n, 07 —n s e]/(el’ I _ w%(—(p/:??)p_?—l) )

An element of H(X; g, ,;, @) is determined by its restriction to X o, ¢. It’s
easy to see (using the results in Section 9) it must have the form
Pper+i=i 42,
e
where P(17) € Op[n, 1/(n?~' — D] . Recall (Proposition 13.2) that x" = x,™, and
m=i+(p+1j,ief{l,...,p}, jel0,..., p—2}. Itis Gal(F/Fp)-invariant if
and only if
P =" """ Fy (),

where Fi(n) € Of,[n, 1/(nP~ 1= 1)]A. Similarly, a section of HO(ET,/OF’S(/), )’
fixed by Gal(F/Fp) must have the form

e &

where F>(n) € OF,[n, 1/(7)1”*1 — 1)]A, and [—mp] is defined in the beginning of
this section.

Thus any element F of HO(ZT,JOF,S(/), w! /) CalF/Fo) — X Fo can be written
uniquely as

w_pz—l—m Fl (n)ép—H—i d_?
on &-components, where F (n) € F2ln, 1/(nP™ ' —1)]. Now define \IJS/ X (F) =
Fi(n)ePt'1=i dé/é. Equivalently, it is “multiplication” by = (P’=1=m)_1’s trivial
to see this is indeed an isomorphism. We can define Yy e in exactly the same
way.

Note that \Ifs/ o s o (x)p are GL,(Z )-equivariant; we can extend both isomor-
phisms to any vertex s usmg the action of GL,(Q),). Concretely, for an even vertex
s', Wy o is “multiplication” by @ —(p*=1=m) and W, .(xyr 1s “multiplication” by
@ ~L=mP1. For an odd vertex s, W, is “multiplication” by & """ and W; (,/)»
is “multiplication” by &~ (P’ ~1-m) O

By abuse of notation, I will identify HO(IF’, w /w)X/ Ho(m w /w),/ with
H; X'-Fo HAXT via the isomorphisms in Lemma 15.4. Notice that w'/w is the sheaf
of differential forms on U¢, U9, thus we may view elements in Hj X Fo g meromorphic
differential forms on Us.
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From now on, I would like to describe an element of HX-' via its image
in [], Hs)f;’FO &[], HS(’)%/)IJ’FO. In other words, using Lemma 15.4, any element
h=(h1, hy) in HFPo ~ gX-Fogy Hf(x/)p’FO corresponds to a family of meromorphic
differential forms

{(ws,r’ ws,f)}S7

where w; ; = h |ZTOF € Hﬁ(f and wy,; = ho| 5 . Hy(,)g)l)’Fo

To further determine H* 0, we need to know when such a {(w;,7, s 7)}s comes
from a global section. We will give a necessary condition in Proposition 15.8 and a
sufficient condition in Proposition 15.11. To this end, it is crucial to understand
the local structure of @' on ETZ)F’g. Recall that ZT/OF,g has an open covering
{ET,JOF,E,S}@ and an explicit description of ET,/OF,&; (Lemma 8.2) is:

1 1 - 17
Sor O [1. ¢ i ey 2.7
— :
(éb+1+l)1w]_1€ C:’)_l _nl’ é/[7+l+vl— w]%-ni_lfl’ 'é'é/_w.,”—ls)

Note that e/w, ¢’/ in Lemma 8.2 is ¢, ¢’ here. Suppose e = [s, s'], where s’
(resp. s) is an even (resp. odd) vertex and corresponds to 7 (resp. ¢). It’s not too
hard to see:

Lemma 15.5. Any element h of HO(ET,JOF,[S,S/], wl)X/’Gal(F/F"), when restricted to
X1,0p,[5.5'1,6> can be written in the following form:

de de

h=w? "' faet T E g

where f(n) € O[n, 1/(?~" = D], g(¢) € OR [, 1/(cP~" = 1))

Proof. 1t suffices to verify this after reducing modulo p. Equivalently, we need to
show that any i € HZ "™ has the form

de de

e T (e
where f(n) € F2[n, 1/(1—nP~ D1, 8(2) € Felg, 1/(1 —¢P~1)] when restricted
0 X1, 0. (5,51 _

Recall that w! is free over X o, [s.s1.¢ With a basis dé/é = —dé' /&’ (see the
beginning of the previous section). Hence any element 4 in H O(ETJOF,[S,S%, o'/p)
can be written as

Zflk(’? £)e —+2g1k(77 K)Ekde

k=0
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where f1.x(n, ), g1.4(m. £) € Op/(p)[n. ¢, 1/(A=nP~ D, 1/(=¢P~H]/(¢). This
is because usmg the explicit description of 21 Or.[s,s'],& above, we see that ert+1,

¢’P*! and é¢' can each be written as an element only containing 7, ¢.

Using the results in Section 9, we see that such an element comes from an element
in the x’-isotypic component of H O(ETJOF,[X,S/], w'/p) if and only the coefficients
of & (resp. &) are zero unless k = p + 1 —i (resp. k = i). Hence we may write it
as

i de (47)

~ d
h= fi p+1-i(n, £)erT-i +g11(77 ¢)e
Next consider the action of Gal(F'/ Fy). Using the results in Section 9 once again,
it’s not hard to see that such an element comes from a Galois-invariant section if
and only if

fip i O = " Hhm, ), g O = TPgm, ), (48)

where f2(n, ¢), 82(1,¢) € Fe[n, ¢, 1/ =071, 1/(1 =P~ H] /().
Now in order to prove the lemma, we need to “eliminate” the ¢ in f>(#n, ¢) and
n in g2(n, ¢). We will prove this under the following assumption:

pP—1—m=>[-mpl.

Equivalently, this means p?> — 1 —m = [—mp] +i(p — 1). The other case is similar.
First we eliminate the 1 in g(7, ¢): We can write

&2(n, &)= f3(n) +g3(%),

such that g3(n) € F2[n, 1/(1 —n?~H] and g3(¢) € F2[¢, 1/(1 —¢P~h)]. This is
because we can think g»(n, ¢) as a regular function on a union of two irreducible
smooth affine curves crossing transversally. Such a decomposition is obtained by
restricting this function on each irreducible component (with some modification by
some constants).

Notice that f3(0) makes sense here. Replacing f3(n) with f3(n) — f3(0), we
may assume

S3(n) =nfa(m),

where fa(n) € F,2[n, 1/(1 — n?~1]. Now in (92’]‘“0 e Ve have
p=1_
n=Cé’t!  where C=—v1w1§*1§ !

nP=l—1"
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Plug this into (47) and use (48):

de e’

h=w """ fon, e E 4 ol ’””](nf4(n)+g3(<:))é”

= w7 (0, )2 'd + g ()8 4
T famat etz 42
e

Since é¢' = P~ &, the last term in the above equation is
de'
7

= @l ot df

. . . ~/ ) )
Ja()Carl ey P Vgl Sy Car gl

by our assumption. In other words,

h=a """, ©) = ChamE" et ld‘f+w[ "lgs(£)e" = i

Hence in (47), we may assume

gLi(n, O) = 7"lgs(r),  where g3(0) € Falg, 1/(1—¢P7H].

Now we are going to eliminate the ¢ in f>(7, {). As before, write f,(n,¢) =

f5(n) + ¢g5(¢) and notice that in O S e’ WE CAN write { = C’&’PT!. Plug this
into (47): "
h= pP—l-m ~p+1—i de [ mp] ~/i de

=w (fs(m) +&gs(8))e st g3(¢)e

de de

— w_pz—l—mfs(n)ép-i-l i +w_p 21— mgs({)c ~/p+l~p+1 i

_ ~ide
‘HU[ "Plgy(g)e" ¥

Here comes the difference between this case and the former case. The middle term
actually vanishes:

2 ~ ~ de 2_1_ e . dé

wl 1 Mes(p) et et s =o' 1= g (£)C ey PHI=D(P=Dgpt] leu?
=0,

since g P 1D = g l=mp(p+D(=D = =Pl — () by our

assumption. Hence we may write
b= fyer g gl g e 4

which is exactly what we want. (]

Now suppose h € H/ o we may assume it has the form

w1 e 4y g mlg ) 42
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where f(n) € F2[n, 1/(1—nP"N)], g(¢) € F[¢, 1/(1—¢P~1)] when restricted to
X1,0p,[s.5',6- What’s its restriction to X1 o, .¢? Algebraically, this means that we
replace ¢ by p/n=0and & by w”~'&/é. So we have (notice that dé/é = —dé' /&'):

B~ =@l paperti= d?f — Pl g (0) g (P Dgii d?f_

z:1 Of, s/ &
We make the following assumption in the rest of this section:
p*—1—m=[-mpl. (49)

Equivalently, this means p> — 1 —m = [—mp]+i(p — 1).
On X4 o, ,&, we have

AR ) e S— )
ert viw; &P —n) viw, EMmP—n)
Hence,
~ — PP —1-m ~p+1-i de
|21.0F1X,,E =w f(me =
_ wpzflfmg(o)g' 1 opti-i dTe
viw; &P —n) e
— pz_l_m( i—1,-1 (1_ "2 >)~p+1—id_é
@ F)+g0)E v wy n 1)) = (50)

. — -2 ; —
Write F(1) = f () — ()&~ v w1 5., €1 = g0 v w.
Lemma 15.6. Under the assumption p> —1 —m > [—mp],

I — s AR et O

X1 0p .58

where F(n) € F2[n, 1/(1—nP~h], C; € Fpu.

Now if we view h|21 o' A8 A differential form on U 5 g2 OF what’s the same, a
meromorphic dlfferentlal form on Uy ¢ £ with poles at the singular points (Uy ¢ £ 18
viewed as a subvariety in the special fiber of 21,01’,-‘3)’ the order of the pole at the
intersection point of m and ZE must be i + 1 (if there is a pole) since 1/n has
order p + 1 at this point (n = ¢ = 0) and ¢ is a uniformizer of this point.

Now restrict / to E%F,S,g. This time we replace by p/¢ =0and éby w P~ '&/¢.

P—1-m (p+1=D)(p=1) g p+1—i 5/—(p+1—i) de
|>:10 =T fO)o & =

+ ol g

= o 7"lg(¢)e

~/i de (52)
e



466 Lue Pan

The first term is zero since P’ ~ 1=+ (P+1=D(r=1) — _ p.zx=mP] by our assumption.
Lemma 15.7. Under the assumption p> —1 —m > [—mp],

~ __[=mp] ~ de
|21,0F,s§ wl"Plg(g)e" 5

where g(¢) € F2[¢, 1/(1 —¢P~h)].

Thus if we view /|y, . as a meromorphic differential form on Usg, it is
holomorphic at the intersection point of Uy ¢ £ and Uy ¢ ,e. In summary,

Proposition 15.8. Assume p> — 1 —m > [—mp). Under the identification in
Lemma 15.4, an element h ofHX/’FO = HO(ELOF, wl/p)X/’Gal(F/FO) has the follow-
ing description:

(1) If s is odd, then h|2~ e is a holomorphic differential form on ZTS

(2) If s’ is even, then h|2 - can have poles at the intersection points oflrg
with adjacent components If there are poles, their order must be i+1. More-
over, as an element of the space of meromorphic differential forms on Uy ¢ 'E

. is uniquely determined by

the restriction of h to the components ad]acent tJ s’. In other words, hl2 op.s

modulo holomorphic differential forms, h|s~ o

is holomorphic on Uy ¢ & If the restriction of h to the components adjacent to s’
is zero.

Proof. The first part is a direct consequence of Lemma 15.7. The assertion for
the order of poles follows from Lemma 15.6. As for the last assertion, using the
notation before Lemma 15.6, we know that the pole of hlzT;) . at the intersection
point of Uy ¢ £ and U, ¢ . 1s determined by g(0) (in fact this pole 1s given by

g oyt S 4

e

modulo holomorphic terms). However, g(0) is indeed determined by hl21 o
since h|yy = =wlPlg(r)e dé' /e

Remark 15.9. Under the assumption p> — 1 —m > [—mp], we have a similar
description for elements in H x""-Fo while interchanging the descriptions for odd
and even vertices. This is obvious if one uses the action of GL2(Q),).

If we assume p2 — 1 —m < [—mp], an element h of HX'Fo has the following
similar description:

(1) If s’ is even, then h|2~ y is a holomorphic differential form on [T’s

(2) If s is odd, then h'z e can have poles at the intersection points of lTs
with adjacent components The order of these poles if they exist, must be
p+2—i. Moreover, hlZl.Op,s,E is holomorphic on Uy ¢ s,¢ 1f the restriction of 4 to
the components adjacent to s is zero.
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To get a converse result, we need one more lemma to see when we can glue
sections on X o5, %1,0p,s [0 @ section on X1 o [s.s']-

Lemma 15.10. Assume p2 — 1/—m > [—mp], and s’ is an even vertex and s € A(s’).
Given hy € Hs)f ’FO, hy, € Hf o such that they have the forms in Lemmas 15.6
and 15.7 (under the explicit description in Lemma 8.2):

|~ — P 1mm —ép+1_i d_é pi—l-m ~p+1—i d_é
hs |>:1_0N,,s =w Cy ma— +o F(n)e 5 (53)
bl = ol )e 4 (54)
121 0p 5.8 8 PN

where F(n) e[sz[n, 1/(1—171’_1)], Cy e[sz, g(g‘)e[sz[{, 1/(1—;‘1’_1)]. Moreover
assume

Ci = g(@f"*lv;lwl. (55)
Then we can find a (unique) section h € H, [s s,] ° such that
hlz’r’o o = hs@ hlilvo r = hs-

Proof. Itis direct to see that the following section /¢ on El Or.[s,s'],& can be extended
to an element in H X Fo and satisfies all the conditions:

1i de

p—2
]’lg ZD'p -1- m(F(n)+C1p—l O

1 )ép+l_i % + w—[_mp]g(g)e

Proposition 15.11. Assume p> — 1 —m > [—mp].

(1) Given hy € Hf Fo for each odd vertex s that corresponds to a holomorphic
differential form on U ¢, we can find an element h in HX"Fo gych that for any
odd vertices s,

hlETOF,x - hs :

(2) Moreover, we have the following freedom of choosing h: given fy € H X'+ Fo

for each even vertex s’ that corresponds to a holomorphic differential form on
Uy &, we may find a (unique) element f in H* “Fo such that

flg= = fy foranyevenvertices s
1,0p.s’

fls= =0 foranyoddvertices s.
2:1,01:,5

Proof. Both are local questions. The second part is a direct consequence of
Lemma 15.10: For any even vertex s” and s € A(s"), applying Lemma 15.10 with
hy =0, hy = fy (in this case, C; = 0), we can glue to a section on ET,JOF,[S,S/]
whose restriction to ET,JON/ (resp. E%F, s) 1S fy (resp. zero). Hence we can glue
to a global section on E%F.
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As for the first part, our strategy is similar. For any even vertex s’, we will find a
section hy € HY “Fo guch that for any vertex s € A(s’), we can use Lemma 15.10 to
glue hy, hy to a section on 21 Or.[s.s'] and obtain a global section on 21 OF-

By Lemma 15.4, we may identify elements in H *Fo with differential forms
onUj. Y. Since (Op/TT)* ~ F S acts transitively on the connected components of U9 prR
it is easy to see pup+1(F2) ={a € Fyp | aPt! =1} fixes U ¢~ As we noted in the
proof of Lemma 12.9,

HO(U o' /o) ~ HOUY, Ul 0 /o)

where we view Id @ pp41(Fp2) — I]:pxz as a character of ;,Lp+1(|]:p2)_,and Id~ is
its (—i)-th power. We denote the intersection point of Uy ¢ with U; ¢, by Py for
s € A(s)).

Now using Lemma 15.10, finding such an hy € H, X ’ is equivalent to finding a
meromorphic differential form wy € H 0(USO w / w)Id such that:

« It can only have poles at Py, s € A(s") with order at most i + 1 (in fact, it has
to be i + 1 if there is a pole, by considering the action of 1 p+1(F,2)).

¢ The “leading coefficient” of the pole at P; is prescribed by & for all s € A(s”).

More precisely, using the explicit description in Lemma 8.2, the first condition
allows us to write wy into the form (53). Also our condition in the proposition
allows us to write & into the form (54). Then C; in (53) is the leading coefficient
in this case and we want it to satisfy (55).

The existence of such a meromorphic differential form follows from:

Lemma 15.12. Let C be a smooth geometrically connected curve over [» and
{Pi}k be a nonempty finite subset of C(F2). Then for n > 2, the restriction map

H(C. Q¢ (D)) > @ HO(Pe. Q¢ (nD)|p,)
k

is surjective, where D is the divisor ) « Pr.
Assume this lemma for the moment. In our case, let C = leg {P} = {P)
and n =i 4+ 1. The prescribed leading coefficients become a family of elements

cs € HO(Py, Q}: (nD)|p,), s € A(s"). Notice that the uniformizer for P; is either ¢
or ¢/, hence p+1(F,2) acts on

HO(PS, Ql. (Z(i + 1)Pk)
k

via Id~". So taking the Id~-isotypic component of the map in the lemma (which
remains surjective since p + 1 is coprime to p), we may find an element in
H 0( A (Z (i+1)P )) la having the correct leading coefficient at each P
and that’s exactly what we want. (]

) = HO(P,, Q¢((i + 1)D)|p)
Ps
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Proof of Lemma 15.12. Consider the following short exact sequence of sheaves:
0 — Q&((n—1)D) — Q&(nD) — EB Q¢(nD)|p — 0.
k

It suffices to show H'!(C, Q}:((n — 1) D)) vanishes. However by Serre duality, this
space is dual to H(C, O¢c(—(n — 1)D)), which is zero since we assume n > 2. [

Now, we can prove the main proposition of this section.

Proposition 15.13. Assume p> — 1 —m > [—mp). There exists a GL2(Q))-equi-
variant short exact sequence:

0 IndGi Gy (U, 24, ) — HOX % — ndGiz @ 1Oy, 2y )& 0.

Proof. Write [], Hf = ]_[S(Hs)fr’ Fo gy HS(’Xf )"-F0y \where as usual, s runs over the
vertices of the Bruhat-Tits tree. Define

| HYFo g HH(X ViR
s, T

s’ even s odd

x . Fo (X", Fo
= [T e T
s odd s’ even

Notice that GL,(Q),) actually acts on H;, H. Then we have a GL,(Q,)-equivariant
(split) short exact sequence:

0— H — HHSX’FO — H, — 0.
N
Recall that we have an injection of H©-x-@» ~ HX-Fo into [T, HX™. So this
short exact sequence induces another short exact sequence:

0— K— HYP 5 Cc—o.

It remains to determine K, and C.

Let f be an element of H*-f, We will write f = f, + fz under the decomposition
HxFo ~ BP0 g HOOT 0 (see (46)).

Suppose f is in K. This means for any odd vertex s and even vertex s/,

fels,, =0 and  fel =0

By the second part of Proposition 15.8, we know that fr |57 o , corresponds to a
holomorphic differential form on Uy ¢ & for any even vertex s’ (tensored with Og).
However the second part of Proposition 15.11 1ndlcates that fz|5 7 op.¢ AN be any
holomorphic differential form inside HO(Uy, QU ,)r . Slmllarly Iz |2 _ can be
any holomorphic differential form inside H U, Ql )r , where s is an odd vertex.
This certainly implies that

~ GL>(Q, 0 L \x/
K = Indg2(7" ;@XH WUy, QY-
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By the first part of Proposition 15.8, we know that C is inside

_ , _ .
[1 2T epfe [] BT 25",
s:odd s’: even

as a subset of H,. However the first part of Proposition 15.11 tells us that in fact C
GLZ(@p

is equal to this set. Clearly this is nothing but Indgy? 7" A HO(US , QUA )(X Yoo
Remark 15.14. See the beginning of the paper for the notation here: Under the iso-
morphlsm (27), an element of H° (UX ,SZU,)X must have the form f(n)eerl idele
on Uy ; 5,.&» Where f(n) is a polynomlal of n of degree at most i — 2. Using the results
in Sectlon 9, it’s not hard to construct a GL([F,)-equivariant isomorphism:

H(Uy, Q},—%)X’ — (Sym' 2 F2) @ det/ *, (56)
nré‘pﬁ-l—i% — xryi—Z—r’ (57)

where Sym’ 2 [Fzz is the (i —2)-th symmetric power of the natural representation of
GL,(F,) on the canonlcal basis of I]:2

Similarly, we can identify HO(U s> ijé)(xl)p with (Sym?~1~ [Fﬁz) ® det' /.
Then we can rewrite the exact sequence in Proposition 15.13 as

0—0i2(j+1) > HOX% & 6, | i+ j)—0.

Remark 15.15. If we assume p>—1—m < [—mp], then we have the exact sequence
of the opposite direction:

0—>Indglﬂ§§%)>@;H°(U QL )<X’p H“’)X@v—>Indg{2§§v;@XH0(U QL )X — 0.

16. Computation of M (x, [1,b])/p, :2<i<p-—1

In this section, we compute M (x, [1, b])/p as a representation of GL,(Q,) when
i €{2,..., p—1}. The strategy is as follows. We first identify the crystalline
cohomology with the de Rham cohomology of some formal scheme. Then H*:fo
will map to some meromorphic differential forms on this formal scheme. Now
any cohomology class of the de Rham cohomology can be expressed using 1-
hypercocycles and any meromorphic differential form can be naturally viewed as a
I-hypercocycle. The question becomes how to write this 1-hypercocycle into some
“good form”. This will be done by explicit calculations. We keep the notation from
the last section.
Consider the composite of the following maps, which we denote by ¢,

H? 0 — HYS) p, @Y = Hig (2100 ~ [ [ Hg(U)" ~ H Hy (U /Fo)" ®g, F
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See Sections 11 and 12 for the notation. Our first result is about the image of . We
denote the first crystalline cohomology of U (over Specl,2) by Cryg(U s/ OF,). It
is not hard to see that this is a lattice inside H!. . (U,/Fy) = Crys(U /OF,) ®o, Fo.

crys

Proposition 16.1. ((HX oy ¢ 1_[ Crys(Us/OFO)X/ ®oy, OF-
\

Proof. We only deal with the even case, that is to say, for an even vertex s’, we
will prove that the image of H*X"% in Hclryg(Us/ /Fo)X ®p, F is actually inside
Hclrys(ITS/ / Ory) ® o, OF. The odd case is similar.

First we recall some results from Section 12; see the discussion below Lemma 12.1.
We constructed an isomorphism vy ¢ : Uy ¢ — Fy ¢ (recall that Uy ¢ is the tubular

neighborhood of lTrg in ¥ r), where

Foe| (e, v €A} [y = vl g (e =), =kl > p~ /07 k=0, .., p-1,
x| < p1/<p—1>}.

Cleary Fo ¢ 1s an open set in a projective curve Dy ¢ in [P’ deﬁned by y?*t! =
viw, E (x? —x). The curve Dy ¢ has an obvious formal model Do Oy ,& OVer Or,.
Its special fiber can be canonlcally identified with Uy ¢ .£. Hence we can identify
crys(US ,S/OFO) with HdR(DOvOFOsS)‘
Deﬁnition 16.2. For s € A(s), let V; ¢ be the affine open formal subscheme of
Do Ory & whose underlying space is the union of Uo, s ¢ and the intersection point of
Uy g and U, ¢ . Also we define V, ¢ = ﬂSUGA(S,) Vi,.e (itis equal to Vi, ¢ NV, ¢ for
any s # 5o € A(s')).
Hence C = {Vjelsea(s) 1s an open covering of Do Oy k- Any element in

dR(Do Or, ,;e) can be represented asal- hypercocycle ({a)s}seA(s/) {fs1.5)s1.5€A())
where w, € H° (Vse, 2 ) and f5, 5, € H° (Vs e NV, g, Ovl NV, &), such that

5"

df&‘[,sz = a)sl |Vs1 mVxZ - a)SZ |Vsl mVYz'

Two 1-hypercocycles ({ws}, { fs,.5, 1), (@i}, { f) . Sz}) represent the same cohomology
class if and only there exists a family of functions {gs}sca(s). & € HO(VS,g, Ov,),
such that

/ /
wg =y =dgs,  fs15 = S5, = 8s1lvinv,, = &salvy, v,

Given a differential form @ on Fyg, we view it as a cohomology class in
Hle(Fo,g). How do we relate it, as above, with a 1-hypercocycle in

Hgp(Do.e) = Hyg (Do, 05, £) ®F, F?

Definition 16.3. Since the generic fiber of D/O,\opo,g becomes Dy ¢ when tensored
with F, the generic fiber of V; ¢ corresponds to an open rigid subspace of Dq ¢,
which we denote by W . We also define Z; s = W ¢ N Fy¢.
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If w is in the x'-isotypic component and x’ # x'?, we will see later that we can
find a rigid analytic function f; on Z, ¢ for each s € A(s’) such that wl|z, . —df;
can be extended to a holomorphic differential form wy; on W ¢. Define

fsl,sz = fsz |W5]_gﬂW32,§ - fSl |WS|,§ﬂW52§ . (58)

Then ({ws}, {f5,.5,}) 1 an element in Hle(Dof), whose image in Hle(Fo,g) is w.
Roughly speaking, what we did above is to “remove” the poles of w so that w
can be extended to a hypercocycle on Do ¢.
Now apply the above abstract discussion to our situation. Let s’ be an even vertex
and s € A(s’). Then, under the isomorphism in Lemma 8.2,

Wie={(.y) €Dog |lx—kl=Lk=1.....p—1 |x| =1},

Zoe ={(x,y) € Wz | Ix| > p~/~ D).
Recall that in Lemma 15.5, we showed that a section w of H O(ETJOF, ") has the
following form when restricted to X1, o, [s,s5/],¢:

o~ =l et ey ol E (s
I,OF,[S.S’],E e e

where f(n) € Or,[n, 1/~ = D", g(¢) € Ok ¢, 1/ = D] .
Hence if we restrict it to 2y o, . ¢ (replace ¢ by p/n and & by wP~&/é):

| X1 0p.sk

— wpz—l—mf(n)ép-i-l—i d?e _ w—[_mp]g<%)wi(p_l)§ié_i %, (60)

where

reon[n =] s(F) eonl ] ] < onll3])

Notice that the restriction of v/ ¢ to the generic fiber of ZT,JOF, s,¢ has the form
x>,y el = (p/mPmHYEED. (61)

Lemma 16.4. Under the isomorphism g, the 1-form w has the following form

onZ;
P’ ~lom (F(x)ypH_I + G(g)y_’) —yy, (62)

where F(x) € Of,[x, 1/(xP~ 1= 1)]A and G(p/x) = :Of) a,(p/x)" with a, € Op,

for all n. Moreover, using (60):

(1) f(x)=F(x)mod pOg[x, 1/xP~' = 1)]".

(2) ap= —gig(O) mod p O, ifpz—l—m > [—mp] and ap=0mod p OF, otherwise.
Wheni = p, ap/p = —&'g(0) mod p Op,.



First covering of the Drinfel'd upper half-plane 473

Assume this lemma for the moment. Hence we can write w on Z; ¢ as

P —1-m <F(x)yp+l—i n G(£>y—i) dy
X y
where F(x) € Op[x, 1/(x?™ = DI", G(p/x) = ¥, %5 au(p/x)" € O llp/x].
Certainly F(x)y?*'~/ dy/y extends to W; g, so we only need to “remove” the poles
of the other term (essentially the pole at x =y =0). On Z?’gdg{(x, V)EZse||x]| <1},
we can write

+00
X = Z cny(pH)”,
n=1

where ¢, € OF,, c1 = vl_lwlé_l € 0}; . Thus a simple computation shows:
Lemma 16.5. On ZSS’

+o00 p n dy +0o0
L i —n(p+1)—i—1
Zan(x) yi= > bay dy,

n=0 n=—oo
where b, € Of,,Vn € Z and for n > 0, v, (b,) > n. Moreover by = ag mod p.
Now define

S b
— p-—1—-m e —n([’+1)—i‘ 63
fs=w@ g—n(p-l—l)—l'y (63)

It can be viewed as a rigid analytic function on Z ¢. Also, it is clear from the
above computation that w — df; can be extended to a holomorphic differential
form w; on W; . Do the same thing for each s € A(s); we can define wy, f5, 5,
as explained before. Then ({w;}, {fs,.5,}) is the 1-hypercocycle in H le(Do,g) ~
H le(D/O,\OFO,S) ®oy, F that represents w.

Notice that fori € {1, ..., p—1}, v,(b,/(—n(p+1) —i)) > 0 since v, (b,) > n.
When i = p, by = ay=0mod p since we are in the case p> — 1 —m < [—mp]. We
still have v, (b, /(—n(p+1)—i)) > 0. In fact, equality only can happen when n =0.
Therefore all the coefficients appearing in w;, fs, 5, Will be integral. In other words,

(@5} {for.5)) € Hig (D0.04,.6) ® 0, OF - O

Proof of Lemma 16.4. We only give a sketch of the computations here. Using
the notation in (60), it suffices to deal with the case g(p/n) =0 and f(n) =0
separately.

(1) Assume g(p/n) = 0. Plug (61) into (60). A direct computation shows that @
has the form
—1 .
o (14 () G0 )y 4,
| ~
where G1(x) € Or[ v, —=—| [[2]]

X
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Let G2 (x) € O [x, 1/(x?~" = D] [p/x] be

Ga(x) = vjwy ' E(P ! — 1)Gl(x>f(x>(f)p
Clearly we can decompose G (x) as
G2(x) = F3(x) + Ga( ),

where F3(x) € Oplx, 1/(x1"_1 — 1)] , G3(p/x) € Og,p/x]. Replacmg F3(x)
by F3(x) — F3(0), we may assume F3 (x) € xOf,lx, 1/(xP~ - 1)] . Since there is
a(p/x)— 2 in the definition of G, (x), it is easy to see (for example, expand G (x)
as an element in Fy[[x, 1/x]) that the constant term of G3(p/x) is divisible by p
(in fact, by p?~2). Recall that we assume p is odd; hence at least 3.

Now @ ~(P*~1=™)¢, can be written as

FOyP I d7y +p<F3(X))( 1 >yp+1—i dy

x (Pl —Dvw; g y
Gi(p/x) pri-i dy
(xP—x)vlwl_lé y

Notice that y?*! = v, wl_lé(xp — x). The last term is nothing but
2) i dy
PG3<x oS

Now let

roor= o 0 (B0 (). o(8)=ren(2)

X J\@pl=Dw; e

It is clear they satisfy all the conditions in the lemma. So we’re done in this case.

(2) Assume f(n) =0. When p% — 1 —m > [—mp], we can write &~ "’ ~1=™ ¢ as

oA r\"! i dy
g(x)é <1 + <x) H(x))y y’
where H(x) € Op,[x, 1/(xP~ 1 — 1)]A[[p/x]]. Make the decomposition
. -2
—g(%)f’H(x)(f)p = Fi(0)x%+ Ax + H, <§)
where F(x) € Op[x,1/(x?~' —1)]", A € pOg,. Hi(p/x) € Oglp/x]. No-

tice that A is divisible by p since there is a (p/x)?~2 in the expression. Then
o~ (PP =1=m) g g

- dy —idy  py(P\,~idy
gy~ y+ xFi0)y 24 pA —+—H1<—) 4y,
( ) p v AT S TH( TS
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Using yl”+1 = vlwflé(xp — x), the second term is

1 1—-i dy
Fi(x) pi=t 22
Pt vlwl_lé(xl’—l—l)y y

It’s easy to see the following F(x), G(p/x) actually work:

o= pFl(x)vlw;‘g(ipl—n’ G(%) - _g<§>5i trat §H1<£)'

When p? — 1 —m > [—mp] does not hold, then
— _ o [=mp] (B) i(p—1)giz—i d_é — p>—1-m (B) ~—i d_é
1) @ g - () E'e 5 =P g " Ee R
Repeat the previous argument and it’s direct to see the claim in the lemma is true. [J

In the previous proposition, we showed how to turn a differential form w € HX %o,
when restricted to Uy, into a 1-hypercocycle ({ws}, { fs,.5,}) inside the de Rham
cohomology Hle(D/o,\OFo,g) oy, Or (via the isomorphism v ¢). It is crucial to
understand the mod p properties of this hypercocycle. Essentially, we need to
understand f; in (63) modulo p (recall that fs, 5, = fs, — f5,5 see (58)).

Fix an even vertex s” and s € A(s). Recall that Ve g = (") ca(y) Vs, 6 Itis clear
from our definition that z ~(?*~1-m) £, € H(V¢, Oy,,).

Lemma 16.6. (Using notation from the proof of Proposition 16.1.)

(1) Wheni = p,
. _
P = D5 = S0 —gPe(0)y™” mod pH (Veg, Ov,,).
—-p
(2) Whenie{l,...,p—1}and p*> —1—m < [—mp],

—(p2_1—
o P e pHO(Ve g, Oy,,).

(3) When p2 —1—m > [—mp], we have

—i

P boy
= (PP 1=m) _

_apy” _ &gy’
—i - i

mod pH®(V, ¢, Ov,,),
except the case i = p — 1 and the case p = 3,1 = 1. I claim that in these

exceptional cases, we can find another 1-hypercocycle ({wg }, { f5, ;,}) in the

same cohomology class as ({ws,}, { fs,.5,}) such that we can write f] , =

1,52
fy, = fs, for any s1, 52 € A(s') and

boy ™!

fi, =fs foranys, #s.

w-—(pZ_l—m)fs/ = mod pHO(VC,Sv OVC_é)v
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Proof of Lemma 16.6. Everything is clear by Lemma 16.5 and the definition of f;
in (63), except for the exceptional cases. First we assume i = p — 1, then
boy—P=D  p 20
~(p?=1-m) ; _ P0Y Ly d pH'(V,, O
2 fs— —(p—l) + _2p mod p ( c,&» Vag)'
This makes sense since v, (b1) > 1. Now define g;, € HO(VSU,S, Oy, )s Sv € A(s)
as:

b, (2Pt = 2x Py
- 55 pE—Te if s, =,
] —2pviwiE (x )
B = b y?
—Tzz—z iva #S.
—2pviw; &2 X
Hence define a)él = Wy, + wpz—l—mdgsu, fs/1,sz = fsl.Sz + w.pz—l—m (gsl - gsz);

the hypercocycle ({ws,}, { fs,.5,}) and ({a);v}, { s/],sz}) are in the same cohomology

class. A simple computation shows the following identity in H O(Vc,g’:, Ov,.):

by (PPt —2xP)y? by by
—2pviwEr (pml—1)2 —2pviwilerx? 2p

Thus if we define f/ = f; — b1y~ 2" /(—=2p), Iy, = fs,» Sv # 5, they satisfy
fs/l,sz = fs/z - fS/|’

and clearly have the property we want.
The case i = 1, p = 3 can be done by the same method. This time

b
Py 22

by x3y3 y3
— oyl 0
=yt s, e ((x2 T1p ) Mot (Ves, Ove).
1%
We can define g, similarly. I omit the details here. U

Remark 16.7. In the odd case, things are similar. We only restrict ourselves to
the case p2 —1—m >[—mp]. Let s be an odd vertex. We also have v, ¢ (see the
beginning of Section 12). Let w be an element of HXf0. Similarly to Lemma 16.4,
w has the form (using (52)):

@y’ 4 pG(L)ymr) O (64)
where F'(x) € Opy[x, 1/(x1’_1—1)]A, G(p/x)= :;’8 a,(p/x)", a, € Op, Vn. All
the above arguments work here and we can define a 1-hypercocycle ({ws'}, { fs D)
that represents w. Notice that there is a “p” in front of G(p/x) in (64). Thus when
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2<i<p(resp.i=1),
S € pHO(Vee Ov.,) (resp. H(Veie O, ).
ol e pHO(Vs;,smVSH’OV.s;,s“Vfo) (resp. HO(VsifﬂVséf’Ovs/l‘sﬁvsé_s)).

Here Vi ¢, s’ € A(s) is defined similarly.

Before stating the main result of this section, we still need to do some extra work.
Most results here can be found in [Haastert and Jantzen 1990]. Since DO Ory is a
curve in P2, the Hodge—de Rham spectral sequence gives us the followmg exact
sequence:

0—) HO(DQOFU-E’QID/O-\ s)—) HC}R(DOvOFO»E)_) HI(DOwOFO-f’OA )—)0 (65)

D,
,0[:0. 0, OFO £

And each group in this exact sequence is a finite free Or,-module. If we use a

1-hypercocycle ({ws}, { fs,, 32}) to represent a cohomology class in HdR(DO Ory» £)

then every element in H 0(Do Ory &> Q! Doop ¢ ) can be identified as the hypercocycle
O

with all f;, ;, = 0. And the map to H'(Dy, 0o+ ODo.opy ) is just mapping the
hypercocycle to { fs,.s,}, which is considered as a 1- cocycle Similarly, we have

0— H(Uy . Q) = Hig WUy ¢) > H' (Ug ¢, Og—~) = 0,
.v0,§ So-g

which can be identified with the reduction mod od p of the previous exact sequence.
Recall that the de Rham cohomology of Do Or,,& can be identified as the crys-

talline cohomology of Uy ; 1 - It is equipped W1th a Frobenius operator ¢. It is

important to understand the relationship between ¢ and the above exact sequence.

Denote U+, Door < by Doy,

Lemma 16.8. Under the isomorphism between H R(D() Or, £)and H ryg( o /OFr,),
(1) @(Hlx(Do,0,,)X) C Hig(Do,0,) """

(2) @(H(Do.0,)*) € H(Do.o, - QDTOFOW’)” + pHJp (Do.05,) X"

(3) The above inclusion is in fact an equality and ¢ induces an isomorphism
between H‘(U_S(/), O@)X/ and HO(U_S(), Q}TY(/))(X/)".

Proof. See Section 3 of [Haastert and Jantzen 1990], especially Proposition 3.5.
Although our curve is slightly different from the curve in that paper, all arguments
in their paper work here. (]

Remark 16.9. A variant of Lemma 16.8 is that ¢ induces an isomorphism

H"(Do. o5, @~ )" + pHig(Do,0;)* <> pHgr(Do.0,)""".
0.0f,
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This follows from the fact that (p2 is a scalar ¢, on these spaces and v, (cy) = 1;
see Proposition 12.8. A direct corollary is that ¢ induces an isomorphism between

(H"(D0.0y,, s )"+ pHar(Do.07)" ) / PHag (Do.0,,)"
(]
and

PHY (Doo, )" [ (pH* (Do oy, QID’OBF YO 4+ p2H (Do) "),

which can be viewed as an isomorphism H° (US , QU = H! (U (’)U )(X/)p

In fact, we can write down the isomorphism between H' (UY ,(’)U ) and
HO(U QU,)(X )” explicitly (Lemma 16.13 below). Some notation here as
before (see (27)) we may identify US/ & with the prOJectlve curve defined by
ertl = viwy T'&(mP —n) and the smgular points of U (considered in the special
fiber of El or.£) are those points with ¢ = 0.

Definition 16.10. We write A(so) ={50,...,8p—1, S0}, Where fork =0, ..., p—1,
sx is the vertex that corresponds to n = k, ¢ =0 in IT()’E and s, corresponds to the
point n = 0o, ¢ = 0 (equivalently, if we use projective coordinates [n, e, 1], then
this point is [1, 0, 0]).

Definition 16.11. Let V) be the open set of ng,g that is the complement of the
point = 00, e = 0. We also define V4, as the complement of n = e = 0.

Using the notation from Definition 16.2, it is clear that set theoretically, Vj

is the union of Vy, ¢, ..., Vs, , ¢ and Vi is the union of Vg, ¢,..., Vs, ¢, Vs ¢
By abuse of notation, we also view V), Vo, as open affine formal subschemes
Ofll)oﬁ)g

Notice that VO, Vo 1 an open covering of Do or,.&- Hence every cohomology
class of HdR(DO Oy & g) can be represented by a 1- hypercocycle (w0, Woos f0.00) @S
before. Every element of H'(Uy ; spoE OUo ;) can be represented by an element in
HO(VyN Vs, Oy,nv,,), viewed as a 1-cocycle. The next lemma is easy to see.

Lemma 16.12. H' (U, 5 OUT(’)) " has a basis, when restricted to Uy ¢ 5).&» 8iven by

Ep+1_’

, k=1,...,p—1i.
nk

Ifi = p, then Hl(U_Y/,OW)X’ =

Hence we may view e'”Jrl i /n* as an element in H' (US , O )*'. Then, as a 1-
hypercocycle, @(e?t1=7 /n*) is (0, 0, ePT1=Dr jyrk)y, Adlrect computation shows:

Lemma 16.13. ¢(é?t'=7 /nk) is the same as the holomorphic differential form

(vlwl—ls)pfi(_l)pfifkk<pk_l >npfifkéi71 de.
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Remark 16.14. We will need to translate a 1-cocycle inside H' ((m, Om) using
the open covering {V; ¢ }sea(s) to a 1-cocycle using the open covering {Vp, Voo}.
This is done as follows. If we start with a 1-cocycle { fs/, o> we can find another
I-cocycle {fs.s} that represents the same cohomology class and f;, s, can be
extended to a section in H%(Vy N Vao, Oy,nv,,). Then fy, s, can be viewed as a
1-cocycle of the covering {Vy, Vo). In fact, this is just what we want.

Example 16.15. Let’s compute one example here. Consider the 1-cocycle { fs”s//}:

flo=fi—fl, where fj =&, f/=0fors#so.

Then clearly s/o, 55, Nas poles on Vo N Voo But we can modify this cocycle a little
bit: define
n p—2 ép-i—l—i 0
8so € H (Vye, OVso,s)’ gs = 0 for s # 59,

"o e = 1)
and let
fssr = fs/,s” — &8s+ &s.
Then {f; ¢} and { fs/’s,,} represent the same cohomology class. Moreover,
. pp=2er+1=i ep+l-i

Froso = Foysn 850 = —fro 80 = —&7" + N
5 = g0 T 850 =~ fin + 80 viw g =1 vy 'y

(using eP*! = vlwflé(np —n)) clearly extends to Vy N V. Hence,
ép—i—l—i
viw;'En’

viewed as a 1-cocycle of the covering {Vy, Vo }, represents the same cohomology
class as { ] ,}.

A combination of Remark 16.7 and the Lemma 16.8 gives:

Lemma 16.16. Assume p>—1—m >[—mplandi # 1. Let s be an odd vertex and
we HX o,

(1) Using the method in the proof of Proposition 16.1, we may view @ ~""""lw as

a cohomology class inside HC1 (ITS/OFO)X/. Then

rys
o(@ Pw) € pHYL (U Op) ™",
or equivalently (using Remark 16.9),

@ "y € g(HL (U 0r) ).

rys
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(2) In fact, Proposition 15.8 shows that w """l modulo p is a holomorphic
differential form inside

H'(U,, Qp) = ¢(Hix (Uy)),

which is nothing but @ ~="Plw considered as a cohomology class in Hle(l7S).

In particular, if
05 1
C()lEN EpH (EI,OF,Sva) )7

1,0f,s

then the cohomology class of w ~="Plw is inside p

H.y(Us/ OF,).

Proof. Following Remark 16.7, let ({wy}, { fs/ s/}) be the 1-hypercocycle that

represents w in F ®F, Cryg(U /Fo)X (by 1dent1fy1ng the crystalline cohomology
of U, with the de Rham cohomology of Do Or, ). Since

w_[_mp]fs’l,s; € pH (Vs{,é N Vs/ £ OV/ EQV/ )

all these o ~1="P] £ o vanish if we reduce modulo p. This means that the image
of w ="l in H, (U,) actually lies inside H°(Uj, 9%75). Now our first claim is
a direct consequence of Lemma 16.8. Referring again to Remark 16.7, the rest of
the lemma follows from

w_[—l11p]ﬂ, = pHO(Vc,E’ (/)vas)‘
Thus when we restrict everything to the special fiber of V. ¢ (equivalently, lﬂ),
ol ™lyg = oy —dfy = o T"lw mod pHO(V, ¢, szlvﬂg).

This indicates that the cohomology class of @ ~[="Pl is just the 1-form & ~=""le
after reducing modulo p. ([

Remark 16.17. Using the action of GL,(Q),), it’s not hard to see that if we replace
s by an even vertex s’ and w € HX 0 by w € H*)" %o we have a similar result:

o [ mp]w € (p( crys(US//OF())X/)a
and exactly the same statement for the second part.
Similarly, by combining Lemmas 16.6 and 16.8, we obtain:

Lemma 16.18. Letw € HO(ET/OF, "X CAEIF) and s' be an even vertex. Assume

wl~ €pH'Z oy, ") CUE/F0) (66)

Z1,0p.s

forany s € A(s').
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(1) The image ofw_(pz_l_m)a) in H] (U_S//OFO)X/ is actually inside

Crys
@ (Hy (Us/ OR) X)),

. . . —(pP—1— o — ’
Equivalently, if we view @~ P"~1=™ ¢ as an element inside Hclrys(Us’/OFo)X ,

—1—m)

w) € pHL (Us/ Or) X"

crys

go(w_(pz

(2) Assumei # p. Proposition 15.8 shows that in this case =P’ =1=m ty modulo p
is a holomorphic differential form inside

H(Uy, Q) = ¢(HR (Uy)),

and we may identify it with the cohomology class of =P =1=my in Hle((Tgr).
In particular, if

0/ 1
o|l~ €pH (Z1,0p,5,®),
21,01:‘.?’

then the cohomology class of @~ (P’ =1=m, is inside pHclrys(lTs/ / OR,).

(3) Assume i = p. We have a slightly weaker result: assume

oy~ €pH (S 0p0 ) 67)

l,OF.x’

then the cohomology class of @~ (P’ =1=m, is inside pHclrys(lTS/ / OF,).

Proof. First we prove the first two parts. If i = p, we know that (Lemma 16.12)
H' Uy, 0g)" = H'(Uy, 24" =0.
Hence Lemma 16.8 tells us that

@(H)

arys U3/ Or) X ") = Hopy (Ut | ORy)
So in this case, the first part is trivially true.

Now assume i # p. We need to use some results from Lemma 16.6; see the
notation there. We can represent a)|2~ as a 1-hypercocycle ({ws}, { fs,.5,}) and

for s € A(s’), there exists Lor
2_1_
fie@” M HY Ve, Oy, ),

such that fy, s, = fs, — f5,.- Hence, as in the proof of Lemma 16.16, it suffices to
prove
—(pP—1—
o P e pHO(Ve g, Oy,,).

If p2—1—m <[—mp] and i # p, this already follows from the second part of
Lemma 16.6. So we only need to treat the case p>—1—m > [—mp]. Then the desired
result follows from our condition that a)|2’lvo € pHO(El,OF,S, a)l)X/’Gal(F/FU).

,OF s
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More precisely, using the notation from the proof of Proposition 16.1 (espe-
cially (59)), we can write

ol =w P et A g i) 42 (68)
l,OF.[s.S’],E e
Notice that Lemma 16.6 tells us that
0
P lm) Eg% mod pH(V,.z, Ov,.).
It suffices to show g(0) € pOp,. But by Lemma 15.7,
{ -
8@ € POn [t o] -
since we assume | ~ € pH (| o,.5, )X -CUF/F0) S we're done for the

10 s
first two parts. "

As for the last claim, we keep using the notation ({ws}, {f5,.5,}) and {f;} as

above. Notice that we already assume a)| e pH'( E%p, s» o'). Hence if we

can show F1orsf
—(pP—1—

o~ "I f € pHO (Ve Ov,,), (69)

then we would know that both ws and f;, s, are divisible by p. Thus it suffices to
prove (69).
But using the notation (68) above and Lemma 16.6, which says that

C(1— _
w P £ =£Pg(0)y” mod pH (Vg Ov,,),

we only need to show g(0) is divisible by p. But by our assumption (67),
1

f(n) € pOr, [77, ﬁ]

Since we also assume a)| € pHO(ELON, wl),
101: s

g(¢) e pOFo[C’ ;p—l;_]]

See the computations around Lemma 15.6. Therefore g(0) € p Op,. (]

o~

o~

Remark 16.19. Using the action of GL,(Q),), we can get a variant of the previous
lemma. Let w € HO(ELOF, a)l)(X/)p’Gal(F/FO) and s be an odd vertex. Assume
ol € pHO(E1 0y, @)X G
,Of s
forany s’ € A(s) Then the cohomology class of o= =l=m gy in HL (Uyg/Op,)*

crys
is inside @(H!, (U,/ OFO)X ). And we have a similar result for the last two parts: if
we assume

crys

0, 1
a)IEI.OF,s € pH (Z1,0p,5, @),

then the cohomology class of @~ (P’=1=mg) is inside )4 crys(U /OFr,).
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Remark 16.20. When i = p, we will see in Section 17 that the second part of the
lemma is actually still true (Lemma 17.12).

Now let’s recall the construction of M (x, [1, b]) in Section 14. First we write

[ [(F ®r Hayo(Us/ Fo) ®a, EY* = Fi & Fa,

where

J— 7 J— np
FY ] For HyUs/F)X & [| F®r Hey(Us/F) "

s’ even s odd

JE— np — ’
RY T] For HyUo/F)?" @ [ | F ®r HeyUs/Fo) .

s’ even s odd

(70)

It is clear from Lemma 16.18 that g, ® ¢ ® Idg sends F to F;. Let f be an element
of (H*(Z1.0,, ") ® O)*C3F/F) By Proposition 14.6, we have an injective

map (H(Z1, o, ') ® Op)*CUE/T0) into [ (F @, Hlyo(Us/ Fo) ®q, E)”. Let

(f1, f») be the decomposition of the image of f into F; & F>. Then:
Lemma 16.21. M(x, [1,b]) =
{f € (HZ1 05, @H@O0E) FTTV | (10D) (g,@9@1dE) (/1) = (@ P~V @1) f2).
Here 1 ® b and w P~V ® 1 are viewed as elements in F®@1’E.
Proof. Considering

(HO(E%F» w0 ® O )0 CF/Fo) (HO(E%F, 0 @ 0p)CER) (71
the lemma follows from Proposition 13.3 and the remark below it. ([

Thus we can rewrite M (x, [1, b]) as the kernel of 6, which is defined as the
composite of the following maps:

~ — L
(H' (1,0, @)@ O0p)* S S TT(F@p Hayyo (Us ) Fo)®a, E) =5 Fy,  (72)
S

where L, : F1 @ F» — F» is defined as

(fi. ) > —(1@D)(8y ®9 ®dp) (fi) + @ " @ 1) fo.
To understand the image of 6, we introduce:

Definition 16.22.

B T HyOo/0p)! @ [] HeyUe/OR)¥" c . (73)

s’ even s odd

L (@1, @ 9 ®1do,)(J)) C Fy. (74)
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Lemma 16.23. Under the assumption p> —1 —m > [—mpland2 <i < p—1, we
have
0, ((H'(E1.0,. 0") ® Op)* FE/0) .

Remark 16.24. In the next section we show that the lemma also holds fori =1, p.

Proof. Let w be an element in (H(X] o, ") ® O ) %G /F0)  Write o = (w1, ;)
as the decomposition into F; & F>. By Proposition 16.1, we have w; € @ P —l-m Ji.
Hence

Ly((@1,0)) = —(gy @9 ® b(w1)) € J>.

It remains to prove that L, ((0, wy)) € J», or equivalently, (@P V@ Dws € Js.
Using the action of GL,(Q,), we only need to check this for one odd vertex. In
other words, it suffices to show

—Di 2_1_ J— ’
(@ PV @ Dy € (@ 7" g, ® p ® ldo, ) (Hhyo (Us/ Op) ).

where s is an odd vertex and w, s is the image of w inside F ®r, H/yy,(Us/ Fo)!'.
But this is nothing but the first part of Lemma 16.16. ([

By abuse of notation, we use 6 to denote the map
(H(Z 0, 0") @ Op)* CIE/F) s ).
Also we use 6, to denote the modulo p map of 6, that is:
Op: H*F = (H*(S1 0, 0") ® O / p) S 7 — 1/ p.
Recall that we have an exact sequence (Proposition 15.13):
0~ Indgl3(8nios H' (T, 2 ) — HA > a8 H'T, 9 ) = 0
As for Jp/p, it’s obvious that
2/ p = Indr2En ¢ (Hay (U, / OR)X)/ p-
Using Lemma 16.8, the filtration
Po(Hiy (U / Op)*) C pHly (U | Op) X" C @(Hyy (U / O)Y)
induces the following exact sequence:
0— H'(Uy, 05" — ¢(Hyy (Uy, ) Or) )/ p = H Uy, Q)" — 0.

Another way to see this is that J,/p is canonically isomorphic with J;/p, and Ji/p
has the usual exact sequence for de Rham cohomology. In other words, we have:

GL(Q)) L oy \xXDP GLy(Q)p) 0,77 ol \&x)HP
0— IndGLi(Z;)@; H (Us(r), OUS(,))f — bL/p— IndGLg(Zlf)@; H (Us(/), QZT(,))f — 0.
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Lemma 16.25. Assume p> —1 —m > [—-mpl and i € (2,...,p —1}. Then 6,
induces the following commutative diagram:

GL, (@) 077 ol / F GL, (@) 077 ol )P
IndGLi(z,f)@;H (US(/), QIT('))%( s HXFo IHdGLi(z,f)@;H (US(/), Q@))f

GLy(@p) L7 XD GLy(Qp) 077 ol &)?
IndGL;(Z,f)@FH (Usé,OUS())f J/p IndGL;(Z;)@;H (US(/J, Q(TT(,))f

Proof. Let w be an element of (HO(E%F, w') ® 0)*CUF/Fo) whose mod p

reduction lies in Indgligg%))@; H O(U_S(/), Q%T(’) )% . We need to show that

21— L, (Q, 1 7 Hr
Op(@) € w? " IndGE G0 pHory (Usy / Or) " C .
Write @ = w; + w; as in the decomposition

i~ ,Gal(F/ F
(HO(EI,OF,wl)(X)@p OE)X al(F/ Fp)

o / o "VP,Gal(F/F
— HO(ELOF’Q)I)%( ,Gal(F/Fy) @HO(EI,OF’Q)I)({X) al(F/ 0).

It is clear from the construction in the proof of Proposition 15.13 that w is in H;
modulo p (see the notation there). This means that

~ 05— Iyx' — 0, < NGO
wt|El,OF,S GPH (EI,OF,va )-)[( and a)f|):1’0”, EpH (Zl,Op,s’aa) )fX (75)

for any odd vertex s and even vertex s’. Then, by Lemma 16.16, we know that the
image of & ="l in HJWS(ZTS/OFO)%(, actually lies in pHclrys(ZTS/OFO)%(/ for any
odd vertex s. Similarly the image of w ~7mPlg- will be in pHclrys(lTs/ / OFO)(fX r
for any even vertex s’. Let w = (w1, ;) be the decomposition of w into F|; & F;.
Then the discussion before indicates that

(@P D@y € wﬂz—l—MIndggg%;@; pHL (U 0r) " .

crys

It remains to prove that
21 — Y4
(8 ®¢ ®1dp)(@1) € @” " IndG2(Frg- pHory (Uyy/ Or) " C o

This follows from Lemma 16.18 (the condition in that lemma is satisfied since we
have (75)). O

Now we can state the main theorem of this paper.

Theorem 16.26. The maps 0y, 1, 0y 2 are surjective. More precisely, if we identify
J— np N sy s
HO(Uy. Q}]—S(,))(f” with (Sym?~'~(0g/p)?) ® det't/ (see Remark 15.14), and
identify
_ , _ np
H Uy, Q)¥ = H' Uy, Og)
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with (Symi_z(OE/p)z) ® det/*!, where the isomorphism is induced by ¢ (see
Remark 16.9), then 0_;,, 1, 9_;,’2 are given by
Op1 10120 + 1) = 0i-2(j + 1), X =bX + (=D e )T (X),
Op2:0p-1-i(i +)) = opoiii+ ). X > X — (=) e DT (X),
where T is the Hecke operator (defined in [Breuil 2007]). See the beginning of the
paper for its definition.
We list some direct consequences of this theorem.
Corollary 16.27. 0y is surjective.

Corollary 16.28. 6, : (H(X| ,, 0") ® Og)*-CF/F0) s J) is surjective and we
have the following exact sequence:

0— M(x.[1,b]) > (H(Z1.0,. @) @ Op)SUF/F) — ) 0. (76)
Applying the functor M — M? = Homcom(M E) defined in Section 14, we get
0— J§ — (H' (21,0, 0" ® OE)X’GaMF/Fo)) — B(x,[1,b]) = 0. (77)

Notice that the kernel and the middle term of this exact sequence do not depend
on b. In fact, the unitary representation J, d is the completion of c- IndGL2 @ )@x Py

with respect to the lattice c- Indgkigi@!’;@x pX 1» where p?_, C py-1 is an OE lattice.

It is the universal unitary completion of c- Indgkggz ;’))@; Pyt

Proof. Recall that B(x, [1,b0]) = (M(x, [1, b]))? defined in Section 14. The
surjectivity of @), follows from the surjectivity of 6, and the fact that J, and
(H O(Z%F, w') @ OF)*-CAF/F0) are p-adically complete. The explicit description
of J; 4 follows from the 0bv10us 1som0rphlsm between J> and J;, which is clearly
isomorphic to Indglizg%))@x erys ( / Or,)7 - Itis easy to verify that it satisfies

the universal property. U

Corollary 16.29. Under the assumption p2 —1l—m=>[-mpl,ie{2,...,p—1},
as a representation of GL,(Q)),

0> {Xecoia(j+D|cx.))X=T(X)} > M(x,[1,bD)/p

—{Xecop 1+ )| X=c(x.D)T(X)} =0,
where c(x,b) = (—1)j+1r(wfi)b € Og/p. Thus B(x,[1,b]) is nonzero and
admissible.

Remark 16.30. If we assume p2 —1—m<[-mpl,i €{2,..., p—1}, the same
proof will yield a similar exact sequence:

0> {Xeo, 1+ )| X=c(x.D)T(X)} - M(x.,[1,bD)/p
—>{X e+ Dlc(x,.)X=T(X)} >0
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Proof of Theorem 16.26. First we introduce some notation.

Definition 16.31. Let w € (H*(Z) ,, ©') ® Op)*-CF/F0)  Then
(1) w; + wz will be the decomposition of w in
(H'(Z1 0, ©) ® 0p) = H(S1 o, o) @ H(E1 0y, )Y,
We will use w; ¢ (resp. wz s ¢) to denote the restriction of w; (resp. wz) to ZT,;)F,S,S,
where s is a vertex of the Bruhat—Tits tree and £7~! = —1.

(2) w = w1 + wy will be its decomposition into F; & F> (see (70)). For an even
vertex s’ and odd vertex s, we define w; y and w; s as the images of w inside
F ®F, crys(U /FO)r and F ®F, crys(U /Fo)(X) respectively. It is clear that
)5, w2, can be defined similarly. We also use w1 s ¢ to denote the image of w in
F ®F, Crys(Us g/Fo)(X )" and define w158, W5, and wy ¢ ¢ similarly.

In fact, Proposition 16.1 tells us that for an even vertex s” and odd vertex s,

w1y €w? VHL (Ug/0R)Y . w1y ew? T MHL (Us)0p) Y,

crys crys
and
mn gl (T Op) =mn gl (O ) ORy)Y
wy s €W Uy / F())f , Wy €W Us/ F())‘[ ).

crys crys

Now we start to prove the surjectivity of
b, - TndGL2(Q), 077, ol \&")? GL>(Q)) 0 o
6.2 : Indg2(7 7 HO(Uyy. Qg )7 — Indgi27 50 H (U, QUS )

Consider [Id, x¥y?~!1=7=k] in (See the beginning of the paper for the notation
here)

P
IndZ2(% ;@X(symp 171(0p/p)?) @ dett/ ~ Ind 32 ;@XHO(US ,QUV,)(X)

Let @ € H*-Fo be a lift of [Id, xkyp_]_i_k] in the first row of Lemma 16.25 and
letw e (H'(Z1,0,, ©") ® Op)*C1E/F0) be a lift of @.
It is clear that we may assume w, = 0. Then our choice of w implies:

Lemma 16.32. Under the identification in (27),

_ . de —
s =@ e = mod pH (%) o, 56, @), (78)
wi g € pHY(E) 0p.56r @)z for any even vertex s' # s, (79)

Using this and Remark 16.17, we know that for any even vertex s” # so,

Y 21— P
w_(p l)la)z’s/EZD'p 1 m crys(U /OFO)(X)
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and considered as elements in HO(U_S(/), QbTé) C Hle(U_s(/)),

N

el kg d? mod pHc]

J— A2
rys(UY(,)/OF())-(EX) .

wZ,S(’),E =70
Similarly, Remark 16.19 tells us that for any odd vertex s ¢ A(s),
—(n2_1_ — Y4
o(@ =P "Man ) € pHY (U ) Op) X"
Hence it is clear from the definition of 6;, that we have:

Lemma 16.33.  6,2([1d, x*y? """ ) = [Id, vyl + ) (8" vsl.
seA(s))

where gs is a chosen representative in the coset defined by s. Recall that we identify
the set of vertices of the Bruhat-Tits tree with GL,(Z p)@; \ GL2(Q)).

Since w5 = 0, it follows from (78) that vy, = xkyp=1=i=k,
To determine other terms, we recall some results in Section 7. Recall that s is the
vertex that corresponds to n = ¢ = 0. As a coset, it corresponds to GL»(Z,)Q} - w,

where
0 —1
w= <p 0 ) . (80)

Then E/IJOF,[S(/)ySO]f is isomorphic to

1 1 S
OF[H,C, , ,e,e’]
p—1_ p—1_
Spf n 1 ¢ 1

pP__ pP_
((EPJrl +oiwy'é C?H_nl A ST ni—lfl e~ wpilé)

in such a way that the following lemma is true.

Lemma 16.34. The action of w sends E/:/OF,[S(,), sol.£ 1O

21,05, [s),501,67 = 21,0, [s),501,—& -

Explicitly, it is given by (see Corollary 7.7; recall that ¢ = ¢/ ):

~ ~/ ~/ -1~
n—>—=¢ fr—>—n, er—>ve, e v e

Now we come back to our situation. Using Lemma 15.5, the restriction of w; to
21,05 [5).50] CAN be written as

de'
e’

_ ~i de 21— ~ pt1—i
|~ =l fape &L 4P I (g)E Pt
1,0F,[5(),x01,g e
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where f (1) € Op,l1. 1/?~" = DI". g(¢) € Ogle. 1/(P~" = D] . Since w is
in the (x’)?-isotypic component, we must have (using results in Section 9):

w| ~
ELOF.[S(/),.COJ‘—S

— w[_mp]f(n)éi(—l)_(i+j) de?e_i_wpz—l mg(é‘)e/p-l-l t( D~ U+ d:
By our construction of w,

N ol-mpl ki de 05 i
a)f,s(’),é—a)r|210 e = Pinte = mod pH (X1 o 56> @ )-

Hence:

Lemma 16.35. f(n) =n* mod POF, [77, P+l]
np—1—

-~

I would like do all the computations on the central component, so we define
hyy = (™) (@) € H(Z1,0,, @)r (81)

Then (notice that w maps the (—&)-component to the £-component) a direct conse-
quence of Lemma 16.34 is:

Lemma 16.36. ‘0|>:T) = = (w™ )" (wz.5,.—¢) has the form
OF, VU

pz—l—m~( n)gp-i-l—i( U;l)p+1—i( 1)j+1 df;
e dé
+ol” p]f( ()N/l( v)' (=1 J—;,

where f(—¢) =Fr(f(—=2)), applying Frobenius operator on the coefficients, and
g(—n) is defined similarly.

In fact, by Lemma 16.35, we know that

o~

0= 0 mod pOs[t. o]

We need to compute the cohomology class of P l-myp 5o 10 Hcrys(U s,/ OFy)
(modulo p). Following the strategy in the proof of Proposition 16.1 (see the notation
there), we may use a 1-hypercocycle ({ws}, { f5,.5,}) to represent hy,. Also recall
that f;, 5, = st f5, (all considered as elements in Ay < O(VC £, Ov,.)). By

definition of Qb 2, we only need to know the image of ¢ (@~ (p?=1- M o) 1n

Cl‘y§ /OFO) /p cryg Sé/OFo)f

Hence Lemma 16.8 tells us that we only need to know the image of o= =1-mp 50
inside

HdR(U_s(’J)f =

-
H' Ty, Ogy)e.
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In other words, we are only concerned with the mod p properties of f;.
Since w interchanges s, and so, w(s) # s, for any odd vertex s # so. Then it
follows from Lemma 16.32 that for any s € A(s(’)), s 7 80,

hylg= € pH (10550 @)r.

EIT()F
Therefore the proof of Lemma 16.18 implies that for any s € A(s)), s # so,
—(p2—1—
@~ P f € pHO(Veg, Oy, -

Moreover, Lemma 16.6 tells us that (compare Lemma 16.36 with (59) and notice
that g(¢) there is f(—¢)(—v;)'(—1)'*/ here)

P =1em E O (—v) (=D y

i

mod pH®(V,¢, Oy, ).

Recall that the identification of IT(/)S and the special fiber of D/O\,OFO,S is given by
XH—1n, Yy e.

Lemma 16.37. The image of w ™~ (p?-1- “Mhg, in H (Us/ &0 Uy s ), is the following
1-cocycle {f s} If we use the open covering {Vs £)s:

flo=fh—fl, where f, =8 fO)(—v) (—=D)"i~'e™  f/=0 fors #s.

Now we want to write this cohomology class as a 1-cocycle fj  of the open cov-
ering {Vy, Vo) (Definition 16.11). But this is already computed in Example 16.15:

Lemma 16.38. The image ofw_(”2_1_"1)hs0 in H' (IT(/),S, (Ql@)r is the following
1-cocycle { fo.00} if we use the open covering {Vy, Vo }:

lgp+lfi

fo.co = FO=D i wi(u18)

Thanks to Lemma 16.13, a simple computation shows:

Lemma 16.39. The image ofgo(w_(pz_l_”’)hs(,) in HJR(%)f is

- A ,',1517"'1_"
o(FOED i mwe ™ =)

de

= FOED™ w1 T € B Uy e Qs

Recall that in the isomorphism

H(Uy, Q%,Sé)(x/)” — (Sym” ™' F) @ det'
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np_l_iéi de/e is identified with xP—1- By Lemma 16.35, f(0) =1if k=0
and f(0) = 0 otherwise. Hence, considering the definition of 6}, 5, Lemma 16.39
implies:
—1 Jj+1 —i b p—1—i ifk =0
Lemma 16.40.  [w, vy, 1] = {[w, (=17 * (] Hbx 1 if :
0 otherwise.

Now we compute the same term of 7 ([Id, x¥y?~1=/=k]) (see the beginning of
the paper for the notation here):

[w. g, (=) (xkyP 1=k = [w’ <_01 (1)) o0, (((1) p(z]»(xkyplik)}

which is nonzero if and only if kK =0. When k£ =0,

[w, - (W™ H ")) = [w’ (—01 (1)) o r (((1) p(zl))(yp_l_i)]
= |:U), (_01 (1)) (yl’—l—i)] — [w’xp—l—i]'

[w, xP~1=1] + other terms, k=0,
[w, O] + other terms, k # 0.

Since GL,(Z ) acts transitively on A(s(), the above computation implies

Lemma 16.41. T ([Id, x*y?~1==]) = {

éb’z([ld, xkyp—l—i—k])
= [1d, x*yP R = (=D e DB T (11, 2y,

Notice that éb,z is GL,(Q))-equivariant. Therefore,
Opr =1d—((— 1)/ e (w;Hb)T.

As for 9_1,,1, the computation is almost the same. I omit the details here. |

17. Computation of M (x, [1,b])/p, II:i =1, p

In this section, we deal with the case i = 1, p. We keep the notation used in the
last two sections. Now Proposition 15.13 becomes:

Proposition 17.1. (1) Ifi = 1, there exists a GLy(Q)-equivariant isomorphism
Fy ~ GLy(Q,) 0,77 ol \&")?
@) Ifi=p, 1
Fy ~ GLy(Q,) 0,77, oL \x'

Proof. Notice that wheni =1, H O(U_S(/) , Q%fé)x/ = (0. So everything follows from
Proposition 15.13 and Remark 15.15. (]
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In fact, we can see the above isomorphisms in the following way. If i = p, for
any h € H*-fo, the restriction of /1, (resp. /1z) to ZT,;)N/ (resp. Efl’vop’s) for an odd
(resp. even) vertex s’ (resp. s) corresponds to a holomorphic differential form on
Uy (resp. Uy) under the isomorphism in Lemma 15.4. Hence we can define the
above map. The case i = 1 is similar.

As we promised earlier, we have:

Lemma 17.2. Assume i =1 or p. Then
0y (HO(Z1.0,, @) @ Op)CNF/F)Y .

Proof. See (73), (74) for the definitions of J;, J,. First we assume i = p. Then by
Lemma 16.8, we have

0 (Hyy (Uy | Op,)¥) = pHoy Uy / OR) X"

Thus we may identify J, = (wpz_l_m ®¢®ldo,)(J1) with (recall F; is an FQq, E-
module)

(@’ 1)( [T pHL,Uo/0r)E @ [ pHA U5/ Or) “’) C F,.

s’ even s odd

Letw e (HO(E%F, o ® Op)*-GF/Fo) and &) = w; + w, be the decomposition
of w into F| @ F>. By definition ¢(w;) € J,. Since

[—mpl+i(p—1)=(p* =) +p*—1-m

in this case, Proposition 16.1 implies that &' (p_l)a)g € J2 Hence 6 (w) € J,.
Now assume i = 1; then @(H gy (Uy JOr)*) = pHL (Uy/Or)*"". Hence

crys
b=l ( [1 By To/0r)¥ @ [ Hey(Us/ OR) >”)
s’ even s odd
So the lemma follows directly from Proposition 16.1. ([

Let 0, : Hf — J,/p be the mod p map of 6. It is clear that
GL,(Q, W T N ' L
T GLA(@)) G [ MAELEe; H' Uy, 07 ™ i=p.
J2/p =Indgrz, )@XH‘?‘R( ok GL2(@,) 170 (L
IndGLZ(Z )@XH (US 5 QUY ) 1= 1
We can now state our main results of this section.

Theorem 17.3. 6, is surjective. More precisely:

(1) Assume i = p. If we consider the following isomorphism induced by ¢
(Remark 16.9):

0,77 ol ! L7 P
H Uy, Qup)¥ =~ H' Uy, 057"
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and use Remark 15.14 to make the identification
H (U, Q¥ = (Sym"2(0g/p)’) @ det/ ™,
then 6, is given by
Op:0p2(j+1) = 0pa(+1),
X > —bX + (= 1)/ e (T (X) —bT*(X).
(2) Assume i = 1. If we use Remark 15.14 to make the identification
HO(Uy, 25) " = (Sym?=2(0g/ p)?) @ det/*!,
then 6, is given by
Oy 0p2(j+ 1) = 0pa(j +1)
X X+ (=D)MbrwiHT(X) + T2 (X).
Just like the previous section, we list some corollaries first.
Corollary 17.4. 0, is surjective.

Corollary 17.5. 6, : (HO(EI/OF, o) ® 0p)CEF) s 1, is surjective and we
have the following exact sequence:

0— M(x,[1,b]) > (H'(Z| 0, ") ® 0g)- SR 5 ) 0. (82)
Applying the functor M — M? = Homco‘);t(M , E), we get
0— J{ > ((H(Z10,, @) ® 0p)CE N L By [1,b]) - 0. (83)

The kernel and the middle term of this exact sequence are independent of b.

The kernel J§ is the completion of c-Indggg Joy Py -1 With respect to the lattice

c- Indng(%i’))@x p;_] , Where p°_, C p,-1 is an Og-lattice. It is the universal unitary

completion of c- Indgkggg Ya Py -1

Corollary 17.6. Assume i = p. As a representation of GL,(Q,),

M, [L,b)/p={X €opa(j+1) | =X +(—1)/ Tz T(X)—bT*(X) =0}.
Wheni =1,

M, [LbD/ p={X €0pa(j+1) | X + (=D Tbr(w HT(X) + T*(X) =0}.
Thus in any case, B(x, [1, b]) is nonzero and admissible.

Proof of Theorem 17.3. We only deal with the case i = 1. The case where i = p
can be treated in almost the same way.
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Consider [Id, x* yP —2-k] as an element in
— : P
nd32@ro. (Sym? 20/ p)®) @ det/ ™! = 2. HOUy, )"

Let w € (H)(Z1.0,, 0") ® Op)0 G/ F0) be a lift of [Id, x¥y?~27K]. As before,
we may assume w, = 0. It is clear from our construction that for any even vertex
s" # s,

weye € pHO(Z1 0p 560 )z (84)

Hence for any odd vertex s ¢ A(s(),

wi 56 € pHY(Z| 0p s> )z, (85)

This follows from Remark 15.9 and the fact HO(U;, Q}Z)(X/)p = 0. Thus using
Lemma 16.18 and Remark 16.19, we know that 6, ([Id, xkyp_z_k]) must be of the
following form:

Lemma 17.7. 0,([1d, x*y? > N =[1d, ugl1+ Y g7 ud+ > [g;" usl,
seA(s)) s'€A%(sp)
where Az(s(’)) ={s"€ A(s) | s € A(s)), s" # 5}
First we compute [Id, uy]. It suffices to compute the image of @ =Py in
J— np J— 1 np
Hig (U = H Uy, Q)"
As before, on E:/OF,[S(/)’SO], g, we can write (use a variant of Lemma 15.5 and notice
that wz is in the (x)?-isotypic component)

_ - d”
wily~ | =l ’""]f(n)e—+wp I=mg()e'? €5
l,OF.[SO.JO]E

where f(n) € O[n, 1/mP~ = DI", g(0) € O [£, 1/~ = D] As usual,
we identify 21, 0p [s)50).£ with

1 1 S
OF[nsé‘v }’]p_]—l’ é'p_l—]’e’e:l
Spf ~pt1 “1e NP1 i1 P—c 1)
(e +viw, sgl’—l—l’e +v; wlénp_l_l,ee—w S)
Our choice of @ implies:
Lemma 17.8. f(m)= n* mod pOr, [n, P+l}
nP—1—
Now restricted to E?Jop,sovg,
Orsps = el =PI <—$é"2f(£) dé +g(£)eP! dé’).
1,0F.50.§ e

By (84), we know that for any s” € A(so) that is not s,

0/ 1
wz s € pH (X1,0p,5.6, @ )z.
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Then Remark 15.9 implies that the reduction of w‘“’z_l_’")a)i 50,6 modulo p, as a
meromorphic differential form on Uy, ¢, can only have poles at { = ¢’ = 0. Here
we identify Uy, ¢ with the projective curve in [P’% , defined by

P

ertt =y lwiEe? —0).

Therefore the only possible pole must come from —&f(p/¢) dé’ /&, Notice that
by Lemma 17.8, this term is nonzero modulo p if and only if k = 0. Thus when
k # 0, the reduction of wz 4, ¢ is a holomorphic differential form on lm But

_ "y
H°(Us,, Q}Tm)(x " =0,
hence g(¢) has to be zero modulo p in this case. Therefore we have proved:
Lemma 17.9. Ifk # 0, then g(¢) € pOg,[¢, 1/(¢"~' = D], and
07,506 € PHY (21,05 50,6 01z

When k& = 0. Rewrite

épaf(z)zhi,_ém‘lz er”!
IS &2 o'p+l1 Ul—lwlé(gp_;)
o/r—1 é/pflé-p72

ok +v;lw@(;p—l—l)
<modp0p0[é’, ¢ I ]A/<é/p+] —I—vl_lwlégp—_{)).

Tir—¢ (p/o)P—1—1
Thus
(p2—1—
w1 rn)wf’mé
—é/p—l dé ( é/p—lé-p—Z ip—1 ) 0, |
= . +g(0)E? )de mod pHO (S op 60 @)z
ot N u et PR O

Notice that the first term, &/?~! dé//(vl_lun ), only has a pole at &’ = ¢ = 0 and the
second term is holomorphic at this point. Therefore the second term (modulo p)
is a holomorphic differential form on Uy, which has to be zero since it is in
HO(U_SO, Q}T)(X/)p = 0. Hence:

50
Lemma 17.10. When k =0,

2 _m é/p—ld'é/

vy wid

¢r?

vy w1 =1)

— 0,5 — 1
a)fsSO,E = w-p mOd pH (EI,OF,S(),§’ w )‘E

o~

8(&) = mod POFO[C, Cp_;l—l]

A direct corollary of Lemma 17.9 and Lemma 17.10 is:
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Lemma 17.11. For any k, we always have g(0) € pOp,.

Now we try to compute the image of  inside wh'-1- chlrys(US(/) /OF,)z (mod p).
As we did in the previous section, we can use a 1-hypercocycle ({ws}, { f5,.5,})
to represent this cohomology class. Moreover, there exists {fi};c A(sy)» Where
fr em? "M HO(V, ¢, Oy,,) such that fi, , = fi, — fs, and 0, =  — df;. See
the proof of Proposition 16.1 for the notation here.

From Lemma 17.11, we know that g(0) is divisible by p. Therefore Lemma 16.6
tells us that

—(p2—_1—
w (Pl m)fS()epHO(VC,SaOVC_E)'

Using the action of GL,(Z)), it is easy to see that the above inclusion is also
true for other vertex s € A(s(’)). Hence all f;, 5, are divisible by p and all w; are
congruent to w modulo p. This certainly implies that the image of (P =1=my,
in Hip (U = HOUy;, Q@gﬁ" is

o PP=1-m) = nk de,

considered as a differential form using Lemma 15.4. In other words:

Lemma 17.12. uy = xkyP=27k,
0

Next we compute ug,. As we did in the previous section, we define
Iy, = (W) (we) € H(Z 0, 5.6, @)Y . (86)
Hence Lemma 16.36 tells us that

B |~

kY
0 2140F,s6‘§

=@ g (—p)eP (—v P (- 1>f+1 de [—ml’]f(—oé/v](—l)f“dg—%/,

where f(—¢) =Fr(f(=¢)), and g(—n) is defined similarly.
We need to compute the image of w_(pz_l_’”)hfYO in

Hix(Ug)t = H' Uy, Og)¥ .

Now the argument becomes exactly the same as the proof of Theorem 16.26:
By abuse of notation, we use a 1-hypercocycle ({a);} {fs,.5,}) to represent the
cohomology class of iy € w? 1= ’"Hclrys(U /Or,)% . Also there exists { f;} such
that fy, s, = fs, — f5,- By (84) and Lemma 16.18, we know that all f; are divisible
by p for s # so. As for f;,, we can compute it using Lemma 16.6 and Lemma 17.8.
We omit all the details here but just refer to the arguments from Lemma 16.36 to

Lemma 16.38 in the proof of Theorem 16.26.
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(— )/ brwHxr=2, k=0,
0, k # 0.

Finally we come to the case s’eAz(sé), which does not exist whenie{2, ..., p—1}.

Lemma 17.13. uy, = up,-1y = {

Definition 17.14. We define s(’)’ € A(sp) as the vertex that corresponds to the coset

1

When k # 0, Lemma 17.9 tells us that wz g, g e pH (ET;)F 50,6 > w")z. Therefore
by Lemma 16.18, the cohomology class of o ~=""?lw: in Hclrys(Usg / OF,)z is inside
crys /OFO)T

Lemma 17.15. When k # 0, Ugy = 0.

GL,(Z,)Q <1 1/”> € GL2(Z,)Q \ GL(Q)).

So we assume k = 0 from now on.

Notice that
0 =1\ ' (1 1/p\_ (1 0\(0 -1\
p 0 o 1) \=11)\p o) -

Hence the (right) action of ( (1) 1/1”) fixes the vertex sy and sends s0 to sO This
clearly implies that (1 1/p ) sends the edge [so, so] to [so, sol. In other words, we
get an isomorphism

Wit 210p.05fs01 —7 21,05.[5).50]-

Restrict \IJS(’) sy 10 X1, 0p,50» We thus get an automorphism of Xy o, . As usual, we

identify El,OF,SO,S with
1 Sp+l 1 ¢r—¢
st 0p[c.2. L] /(7 uptwne—E2=E )
R ST v pror =1
To see Wy o explicitly on it, we use (2 oh) to send E1 0, 5 -2 t0 1 0, o6 and
then apply the results in Section 9. An easy computation shows:

Lemma 17.16. vy Yw| is

21,0p.50.£

o~

o~

{41, é’|—>é/modp0p[§, e, é’pl_{]/(é/p+]+vl_lw1§ (p/@;l;;g;_l)

Now consider

1 1/p\
L~ ! )4
hy <<o 1p) ) (@e) € HO(X1 0, )7 (87)
On E%F,[sé,so],g, it can be written as
— o [—mp] pi—l—-m ~p dé’
h50|2 =w f](n)e——{—w g1(¢)e I

1,0, [v 50L&
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By our construction (see (84)), wz 5 € pHO(EfLVOF,S(/;,g, w')z. Hence,

0, <~ I
hs(’) EI,OF.S(/),E € pH (EI,OF,56,§7Q) )r-

This implies:

-~

Lemma 17.17. f1(n) € pOrF, [77, +]
nP~—1

Restrict i1y to Efl,VOF, s0.£- Then we have

=~/

2_q_ ~p de
— - p—1-m 'p

| ~ =w er —
15 81(¢) 5

—1 *
({1 1/p ]

Hence Wy, v maps wz|5, . to hAO |51 0p .50~ Thanks to Lemma 17.16, we can
write down this map explicitly (after reducing modulo p). Recall that an explicit ex-
pression of w; is given in Lemma 17.10. Thus a simple computation gives:

mod pH(Z1 0y 506> @)z

By definition,

| Z’.ITOF»JO,é

Lemma 17.18. When k =0,

-~

1 1
1) =———— mod Op[¢, |
vy lwi (1) repmi—1
With this lemma in hand, we can compute the image of @ —(p?=1- M ¢ in

Hi(U)¥"" = HO(Uy, 0g) ™", We note that hy|5,, . € H(S1.0,.5, o)
for any s € A(sy) that is not so. So the computation is exactly the same as the case
where we computed uy,. I omit the details here. The final result is:

Lemma 17.19. When k =0, Us) = —xP72,

We need to compute the same term of T2([1d, xkyf’_z_k]). Assume k = 0. When
k # 0, it’s easy to see this term is zero. We already computed that

T ([1d, yl’_2]) = [(2 _01) ,xp_2:| + other terms.

(6")=G ) 50

by definition we have,

(G- =[G ) )]

Since
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0 p'\' (0 —=1\/1 0\[(10
1 —p~1) TP\ o )\op 1 1)
Then
—1n L .
O (G (i e

Write

— —xP2,
Hence:
[<(1) 1/1p), _xp—z} + other terms, k=0,
Lemma 17.20. T2([ld, y?7%]) = 11
[(0 /1p>’ O:| + other terms, k #0.

Combining the results of Lemmas 17.12, 17.13, 17.15, and 17.19 together with
Lemmas 16.41 and 17.20:

6p(X) = X + (= 1)/ M br(wHT(X) + T*(X). O

18. A conjecture on B(yx, [1, b])

In the previous two sections, we have proved the admissibility of B(x, [1, b]) and
explicitly compute its residue representation (see Corollaries 16.29 and 17.6, and
Remark 16.30). Recall that for each data (y, [1, b]), we associate a two dimensional
Galois representation V, |1 5 (Proposition 13.2) and prove that B(x,[1, b]) is a
completion of the smooth representation c- Indglig @, )@x py-1 With respect to the
lattice ®(x, [1, b]) (Proposition 14.9). Up to some twist, this smooth representation,
via the classical local Langlands correspondence for GL;, corresponds to the Weil—
Deligne representation associated to V 11.5] in [Fontaine 1994]. It is natural to

make the following:

Conjecture 18.1. Up to a twist of some character, B(x, [1, b]) is isomorphic to
H(V 1. b]) as a Banach space representation of GLy(Q,), where I1(V “ pp) 1S
deﬁned via the p-adic local Langlands correspondence for GL,(Q),) (see [Colmez
2010; Colmez et al. 20141]).

The evidence for this conjecture is that we can verify it modulo @ g, the uni-
formizer of E, namely:

Theorem 18.2. Via the semisimple modulo-p Langlands correspondence defined
by Breuil ([2003] or [2007]), up to a twist by some character and semisimplification,
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O(x, [1, b])/@E corresponds to the residue representation of VXv (1.5] With respect
to some lattice inside.

Proof. The residue representation of V), i1 ) is computed in Theorem 6.12 of
[Savitt 2005]. I almost follow his notation except that his w there is my u,
here. ®(x, [1,b])/@me®(x,[1, b]) is computed in Corollaries 16.29 and 17.6,
and Remark 16.30. A direct computation shows that they indeed match via Breuil’s
dictionary. I omit the details here. (]

Remark 18.3. There is some duality involved in the conjecture. The reason is that
we are using de Rham cohomology rather than its dual, de Rham cohomology with
compact support.

Remark 18.4. It seems that this conjecture follows from the work of Dospinescu
and Le Bras [2015] by taking the universal unitary completion in their construction.
The interested reader is referred to their paper.
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0y (72); J1, J2 (Definition 16.22); 0y; 6.1, Op 2 (Lemma 16.25);
vy (Lemma 16.33); hy, (81);



First covering of the Drinfel'd upper half-plane 501

W, Wi, Wy 58, O], W2, O] 55, O] 585 - - - (Deﬁnition 16.31)
Section 17 Ug) Usys Us) (Lemma 17.7); s(/)’ (Definition 17.14); h;o (86); hsé/ 87)

Acknowledgements

I heartily thank my advisor Richard Taylor for suggesting this problem and his
constant encouragement and numerous discussions. I also wish to thank Gabriel
Dospinescu, Yongquan Hu, and Ruochuan Liu for helpful discussions and for
answering my questions. Finally, I would like to thank the referees for their careful
work.

The author was partially supported by NSF grant DMS-1252158.

References

[Berthelot 1986] P. Berthelot, “Géométrie rigide et cohomologie des variétés algébriques de carac-
téristique p”, pp. 3, 7-32 in Introductions aux cohomologies p-adiques (Luminy, 1984), Mém. Soc.
Math. France (N.S.) 23, 1986. MR Zbl

[Bosch 2014] S. Bosch, Lectures on formal and rigid geometry, Lecture Notes in Mathematics 2105,
Springer, Cham, 2014. MR Zbl

[Boutot and Carayol 1991] J.-F. Boutot and H. Carayol, “Uniformisation p-adique des courbes de
Shimura: les théorémes de Cerednik et de Drinfel’d”, pp. 7, 45-158 in Courbes modulaires et
courbes de Shimura (Orsay, 1987/1988), Astérisque 196-197, Société Mathématique de France,
1991. MR Zbl

[Breuil 2003] C. Breuil, “Sur quelques représentations modulaires et p-adiques de GL(Q)), 117, J.
Inst. Math. Jussieu 2:1 (2003), 23-58. MR Zbl

[Breuil 2004] C. Breuil, “Invariant . et série spéciale p-adique”, Ann. Sci. Ecole Norm. Sup. (4)
37:4 (2004), 559-610. MR Zbl

[Breuil 2007] C. Breuil, “Representations of Galois and of GL; in characteristic p”, course notes,
Columbia University, 2007, http://www.math.u-psud.fr/~breuil/PUBLICATIONS/New-York.pdf.

[Breuil and Mézard 2010] C. Breuil and A. Mézard, “Représentations semi-stables de GL,(Q)),
demi-plan p-adique et réduction modulo p”, pp. 117-178 in p-adic representations of p-adic
groups, 111 : global and geometrical methods, edited by L. Berger et al., Astérisque 331, Société
Mathématique de France, Paris, 2010. MR Zbl

[Bushnell and Henniart 2006] C.J. Bushnell and G. Henniart, The local Langlands conjecture for
GL(2), Grundlehren der Math. Wissenschaften 335, Springer, Berlin, 2006. MR Zbl

[Coleman 1989] R. F. Coleman, “Reciprocity laws on curves”’, Compositio Math. 72:2 (1989),
205-235. MR Zbl

[Coleman and Iovita 1999] R. Coleman and A. Iovita, “The Frobenius and monodromy operators for
curves and abelian varieties”, Duke Math. J. 97:1 (1999), 171-215. MR Zbl

[Colmez 2004] P. Colmez, “Une correspondance de Langlands locale p-adique pour les représen-
tations semi-stables de dimension 2”, preprint, 2004, http://webusers.imj-prg.fr/~pierre.colmez/
sst.pdf.

[Colmez 2010] P. Colmez, “Représentations de GL2(Qp) et (¢, I')-modules”, pp. 281-509 in
Représentations p-adiques de groupes p-adiques, Il : Représentations de GL,(Qp) et (¢, T')-
modules, edited by L. Berger et al., Astérisque 330, 2010. MR Zbl


http://msp.org/idx/mr/865810
http://msp.org/idx/zbl/0515.14015
http://dx.doi.org/10.1007/978-3-319-04417-0
http://msp.org/idx/mr/3309387
http://msp.org/idx/zbl/1314.14002
http://msp.org/idx/mr/1141456
http://msp.org/idx/zbl/0781.14010
http://dx.doi.org/10.1017/S1474748003000021
http://msp.org/idx/mr/1955206
http://msp.org/idx/zbl/1165.11319
http://dx.doi.org/10.1016/j.ansens.2004.02.001
http://msp.org/idx/mr/2097893
http://msp.org/idx/zbl/1166.11331
http://www.math.u-psud.fr/~breuil/PUBLICATIONS/New-York.pdf
http://msp.org/idx/mr/2667888
http://msp.org/idx/zbl/1271.11106
http://dx.doi.org/10.1007/3-540-31511-X
http://dx.doi.org/10.1007/3-540-31511-X
http://msp.org/idx/mr/2234120
http://msp.org/idx/zbl/1100.11041
http://www.numdam.org/item?id=CM_1989__72_2_205_0
http://msp.org/idx/mr/1030142
http://msp.org/idx/zbl/0706.14013
http://dx.doi.org/10.1215/S0012-7094-99-09708-9
http://dx.doi.org/10.1215/S0012-7094-99-09708-9
http://msp.org/idx/mr/1682268
http://msp.org/idx/zbl/0962.14030
http://webusers.imj-prg.fr/~pierre.colmez/sst.pdf
http://webusers.imj-prg.fr/~pierre.colmez/sst.pdf
http://msp.org/idx/mr/2642409
http://msp.org/idx/zbl/1218.11107

502 Lue Pan

[Colmez et al. 2014] P. Colmez, G. Dospinescu, and V. Paskiinas, “The p-adic local Langlands
correspondence for GLy(Qp)”, Camb. J. Math. 2:1 (2014), 1-47. MR Zbl

[Deligne and Lusztig 1976] P. Deligne and G. Lusztig, “Representations of reductive groups over
finite fields”, Ann. of Math. (2) 103:1 (1976), 103-161. MR Zbl

[Dospinescu and Le Bras 2015] G. Dospinescu and A.-C. Le Bras, “Revétements du demi-plan de
Drinfeld et correspondance de Langlands p-adique”, preprint, 2015. arXiv

[Drinfel’d 1974] V. G. Drinfel’d, “Elliptic modules”, Mat. Sb. (N.S.) 94(136) (1974), 594-627, 656.
In Russian; translated in Math. USSR-Sb. 23:4 (1974), 561-592. MR

[Drinfel’d 1976] V. G. Drinfel’d, “Coverings of p-adic symmetric domains”, Funkcional. Anal. i
PrilozZen. 10:2 (1976), 29-40. In Russian; translated in Funct. Anal. Appl. 10:2 (1976), 107-115.
MR

[Emerton 2005] M. Emerton, “p-adic L-functions and unitary completions of representations of
p-adic reductive groups”’, Duke Math. J. 130:2 (2005), 353-392. MR Zbl

[Fontaine 1994] J.-M. Fontaine, “Représentations /-adiques potentiellement semi-stables”, pp. 321—
347 in Périodes p-adiques (Bures-sur-Yvette, 1988), Astérisque 223, Société Mathématique de
France, Paris, 1994. MR Zbl

[Gillet and Messing 1987] H. Gillet and W. Messing, “Cycle classes and Riemann—Roch for crystalline
cohomology”, Duke Math. J. 55:3 (1987), 501-538. MR Zbl

[Grofie-Klonne 2000] E. Grofie-Klonne, “Rigid analytic spaces with overconvergent structure sheaf”,
J. Reine Angew. Math. 519 (2000), 73-95. MR Zbl

[GroBe-Klonne 2002] E. Grofie-Klonne, “Finiteness of de Rham cohomology in rigid analysis”, Duke
Math. J. 113:1 (2002), 57-91. MR Zbl

[GroBle-Klonne 2004] E. GroBe-Klonne, “De Rham cohomology of rigid spaces”, Math. Z. 247:2
(2004), 223-240. MR Zbl

[Haastert and Jantzen 1990] B. Haastert and J. C. Jantzen, “Filtrations of the discrete series of SL>(g)
via crystalline cohomology”, J. Algebra 132:1 (1990), 77-103. MR Zbl

[Katz 1981] N. M. Katz, “Crystalline cohomology, Dieudonné modules, and Jacobi sums”, pp. 165—
246 in Automorphic forms, representation theory and arithmetic (Bombay, 1979), Tata Inst. Fund.
Res. Studies in Math. 10, Tata Inst. Fundamental Res., Bombay, 1981. MR Zbl

[Katz and Messing 1974] N. M. Katz and W. Messing, “Some consequences of the Riemann hypothe-
sis for varieties over finite fields”, Invent. Math. 23 (1974), 73-77. MR Zbl

[Kiehl 1967] R. Kiehl, “Theorem A und Theorem B in der nichtarchimedischen Funktionentheorie”,
Invent. Math. 2 (1967), 256-273. MR Zbl

[Perez-Garcia and Schikhof 2010] C. Perez-Garcia and W. H. Schikhof, Locally convex spaces over
non-Archimedean valued fields, Cambridge Studies in Advanced Mathematics 119, Cambridge
University Press, 2010. MR Zbl

[Raynaud 1974] M. Raynaud, “Schémas en groupes de type (p, ..., p)”, Bull. Soc. Math. France
102 (1974), 241-280. MR Zbl

[Savitt 2005] D. Savitt, “On a conjecture of Conrad, Diamond, and Taylor”, Duke Math. J. 128:1
(2005), 141-197. MR Zbl

[Schneider 2002] P. Schneider, Nonarchimedean functional analysis, Springer, Berlin, 2002. MR
Zbl

[Schneider and Stuhler 1991] P. Schneider and U. Stuhler, “The cohomology of p-adic symmetric
spaces”, Invent. Math. 105:1 (1991), 47-122. MR Zbl


http://dx.doi.org/10.4310/CJM.2014.v2.n1.a1
http://dx.doi.org/10.4310/CJM.2014.v2.n1.a1
http://msp.org/idx/mr/3272011
http://msp.org/idx/zbl/1312.11090
http://dx.doi.org/10.2307/1971021
http://dx.doi.org/10.2307/1971021
http://msp.org/idx/mr/0393266
http://msp.org/idx/zbl/0336.20029
http://msp.org/idx/arx/1509.00606
http://dx.doi.org/10.1070/SM1974v023n04ABEH001731
http://msp.org/idx/mr/0384707
http://dx.doi.org/10.1007/BF01077936
http://msp.org/idx/mr/0422290
http://msp.org/idx/mr/2181093
http://msp.org/idx/zbl/1092.11024
http://msp.org/idx/mr/1293977
http://msp.org/idx/zbl/0873.14020
http://dx.doi.org/10.1215/S0012-7094-87-05527-X
http://dx.doi.org/10.1215/S0012-7094-87-05527-X
http://msp.org/idx/mr/904940
http://msp.org/idx/zbl/0651.14014
http://dx.doi.org/10.1515/crll.2000.018
http://msp.org/idx/mr/1739729
http://msp.org/idx/zbl/0945.14013
http://dx.doi.org/10.1215/S0012-7094-02-11312-X
http://msp.org/idx/mr/1905392
http://msp.org/idx/zbl/1057.14023
http://dx.doi.org/10.1007/s00209-003-0544-9
http://msp.org/idx/mr/2064051
http://msp.org/idx/zbl/1078.14026
http://dx.doi.org/10.1016/0021-8693(90)90253-K
http://dx.doi.org/10.1016/0021-8693(90)90253-K
http://msp.org/idx/mr/1060833
http://msp.org/idx/zbl/0724.20030
http://msp.org/idx/mr/633662
http://msp.org/idx/zbl/0502.14007
http://dx.doi.org/10.1007/BF01405203
http://dx.doi.org/10.1007/BF01405203
http://msp.org/idx/mr/0332791
http://msp.org/idx/zbl/0275.14011
http://dx.doi.org/10.1007/BF01425404
http://msp.org/idx/mr/0210949
http://msp.org/idx/zbl/0202.20201
http://dx.doi.org/10.1017/CBO9780511729959
http://dx.doi.org/10.1017/CBO9780511729959
http://msp.org/idx/mr/2598517
http://msp.org/idx/zbl/1193.46001
http://www.numdam.org/item?id=BSMF_1974__102__241_0
http://msp.org/idx/mr/0419467
http://msp.org/idx/zbl/0325.14020
http://dx.doi.org/10.1215/S0012-7094-04-12816-7
http://msp.org/idx/mr/2137952
http://msp.org/idx/zbl/1101.11017
http://dx.doi.org/10.1007/978-3-662-04728-6
http://msp.org/idx/mr/1869547
http://msp.org/idx/zbl/0998.46044
http://dx.doi.org/10.1007/BF01232257
http://dx.doi.org/10.1007/BF01232257
http://msp.org/idx/mr/1109620
http://msp.org/idx/zbl/0751.14016

First covering of the Drinfel'd upper half-plane 503

[Schneider and Teitelbaum 2002] P. Schneider and J. Teitelbaum, “Banach space representations and
Iwasawa theory”, Israel J. Math. 127 (2002), 359-380. MR Zbl

[Teitelbaum 1990] J. Teitelbaum, “Geometry of an étale covering of the p-adic upper half plane”,
Ann. Inst. Fourier (Grenoble) 40:1 (1990), 68-78. MR Zbl

[Teitelbaum 1993] J. T. Teitelbaum, “Modular representations of PGL, and automorphic forms for
Shimura curves”, Invent. Math. 113:3 (1993), 561-580. MR Zbl

Communicated by Marie-France Vignéras
Received 2015-10-12 Revised 2016-06-17 Accepted 2016-11-18

Ipan@math.princeton.edu Department of Mathematics, Princeton University, Fine Hall,
Washington Road, Princeton, NJ 08540, United States

mathematical sciences publishers :.msp


http://dx.doi.org/10.1007/BF02784538
http://dx.doi.org/10.1007/BF02784538
http://msp.org/idx/mr/1900706
http://msp.org/idx/zbl/1006.46053
http://www.numdam.org/item?id=AIF_1990__40_1_68_0
http://msp.org/idx/mr/1056774
http://msp.org/idx/zbl/0687.14019
http://dx.doi.org/10.1007/BF01244318
http://dx.doi.org/10.1007/BF01244318
http://msp.org/idx/mr/1231837
http://msp.org/idx/zbl/0806.11027
mailto:lpan@math.princeton.edu
http://msp.org

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar

Yuri Manin

Philippe Michel

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud

University of California
Berkeley, USA

BOARD OF EDITORS

University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
Stanford University, USA

Freie Universitit Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA
University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Northwestern University, USA

Ecole Polytechnique Fédérale de Lausanne

Susan Montgomery
Shigefumi Mori
Raman Parimala
Jonathan Pila

Anand Pillay

Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Vasudevan Srinivas

J. Toby Stafford

Ravi Vakil

Michel van den Bergh
Marie-France Vignéras
Kei-Ichi Watanabe
Shou-Wu Zhang

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

University of Southern California, USA
RIMS, Kyoto University, Japan
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Tata Inst. of Fund. Research, India
University of Michigan, USA
Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2017 is US $325/year for the electronic version, and $520/year (+$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditF Low® from MSP.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2017 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 11 No. 2 2017

Test vectors and central L-values for GL(2) 253
DANIEL FILE, KIMBALL MARTIN and AMEYA PITALE

A generalization of Kato’s local e-conjecture for (¢, I')-modules over the Robba ring 319
KENTARO NAKAMURA

First covering of the Drinfel’d upper half-plane and Banach representations of GL,(Q,) 405
LUE PAN


http://dx.doi.org/10.2140/ant.2017.11.253
http://dx.doi.org/10.2140/ant.2017.11.319
http://dx.doi.org/10.2140/ant.2017.11.405

	1. Introduction
	2. Some facts about the Drinfel'd upper half-plane
	3. Raynaud's theory of -vector space schemes
	4. Some results about the formal polarization
	5. Structure of  and a formal model of 
	6. Local equation of  and 
	7. The action of  on  and a descent  to 
	8. A semistable model of 1mu-1mu 1-1mu"0362-1mu 1-1mu1mu
	9. The action of GL2(Zp),  `39`42`"613A``45`47`"603AGal(F/F0),  O``D on 2mu-2mu to 6pt1,O``F-6mu"0365-2mu to 6pt1,O``F-6mu6mu and 2mu-2mu to 6.5pt1,O``F-6mu"0362-2mu to 6.5pt1,O``F-6mu6mu
	10. Another admissible open covering of the Drinfel'd upper half-plane and the generic fiber of 2mu-2mu to 6.5pt1,O``F-6mu"0362-2mu to 6.5pt1,O``F-6mu6mu
	11. De Rham cohomology of  and 
	12. An -structure of  and the computation of 
	13. Some considerations from Galois representations
	14. Construction of Banach space representations of 
	15. Computation of (H0(4mu-4mu to 7.5pt `1,O``F(0)-4mu"0365-4mu to 7.5pt `1,O``F(0)-4mu4mu,1)ZpO``E),`39`42`"613A``45`47`"603AGal(F/Qp)/p
	16. Computation of , : 
	17. Computation of , : 
	18. A conjecture on 
	List of symbols
	Acknowledgements
	References
	
	

