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The sixth moment
of automorphic L-functions

Vorrapan Chandee and Xiannan Li

We consider the L-functions L(s, f), where f is an eigenform for the congruence
subgroup I';(¢). We prove an asymptotic formula for the sixth moment of this
family of automorphic L-functions.

1. Introduction

Moments of L-functions are of great interest to analytic number theorists. For
instance, for ¢ (s) denoting the Riemann zeta function and

T
I(T) = / 2(d +ir)[* ar,
0

asymptotic formulae were proven for k = 1 by Hardy and Littlewood and for
k = 2 by Ingham; see [Titchmarsh 1986, Chapter VII]. This work is closely related
to zero density results and the distribution of primes in short intervals. More
recently, moments of other families of L-functions have been studied for their
numerous applications, including nonvanishing and subconvexity results. In many
applications, it is important to develop technology which can understand such
moments for larger k.

The behavior of moments for larger k remain mysterious. However, recently
there has been great progress in our understanding. First, good heuristics and
conjectures on the behavior of I (T) have appeared in the literature. To be precise,
a folklore conjecture states that

I(T) ~ ¢ T (log T)**

for constants ¢; depending on k, but the values of ¢; were unknown for general
k until the work of Keating and Snaith [2000], which related these moments to
circular unitary ensembles and provided precise conjectures for c;. The choice
of group is consistent with the Katz—Sarnak philosophy [Katz and Sarnak 1999],
which indicates that the symmetry group associated to this family should be unitary.
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Based on heuristics for shifted divisor sums, Conrey and Ghosh [1998] derived a
conjecture in the case k = 3 and Conrey and Gonek [2001] derived a conjecture in
the case k = 4. In particular, the conjecture for the sixth moment is

T (log T)°

9!
for some arithmetic factor az. Further conjectures, including lower order terms and
cases of other symmetry groups, are available from the work of Conrey, Farmer,
Keating, Rubinstein and Snaith [Conrey et al. 2005] as well as from the work of
Diaconu, Goldfeld and Hoffstein [Diaconu et al. 2003].

In support of these conjectures, lower bounds of the right order of magnitude are
available due to Rudnick and Soundararajan [2005], while good upper bounds of
the right order of magnitude are available, conditionally on the Riemann hypothesis,
due to Soundararajan [2009] and later improved by Harper [2013].

Despite this, verifications of the moment conjectures for high moments remain
elusive. Typically, even going slightly beyong the fourth moment to obtain a twisted
fourth moment is quite difficult, and there are few families for which this is known.

Quite recently, Conrey, Iwaniec and Soundararajan [Conrey et al. 2012] derived
an asymptotic formula for the sixth moment of Dirichlet L-functions with a power
saving error term. Instead of fixing the modulus ¢ and only averaging over primitive
characters x (mod gq), they also averaged over the modulus g < Q, giving them a
larger family of size Q2. Further, they included a short average on the critical line.
In particular, they showed that

> 3 [l il + din)ar
o0

g<Q x (mod g) "~ 2 9 poo
Q~(log Q) 1, 1:,)(6
~ 423 == 0 (3 + 5it) [ dt

I;(T) ~42a;3

for some constant b3. This is consistent with the analogous conjecture for the
Riemann zeta function above.

The authors of this paper subsequently derived an asymptotic formula for the eight
moment of this family of L-functions, conditionally on the generalized Riemann
hypothesis [Chandee and Li 2014], namely

% 00
. 8 (8
> X [ aPIr i P
q<Q x (mod q)” = 2 16 o0
Q-(log Q) 1 18
~ 24024b, =SB _Oo|1“(4—1 + 5it)|" dt

for some constant by.

In this paper, we study a family of L-functions attached to automorphic forms on
GL(2). To be more precise, let S¢(I'g(g), x) be the space of cusp forms of weight
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k > 2 for the group I'g(¢) and the nebentypus character y (mod ¢g), where

To(q) = {(CCI Z) ‘ad—bc: 1, c=0 (modq)}.

Also, let S¢(I'1(g)) be the space of holomorphic cusp forms for the group

Fﬂq):{(i Z) ‘ad—bc:l, c=0(modg), a=d=1 (modq)}.

Note that S;(I';1(g)) is a Hilbert space with the Petersson’s inner product

(f. ) = / FE@Y 2 dx dy.
Ci(@)\H

and

ScTi@N= P STo@). x)-

x (mod q)

Let H, C Sk(T'o(q), x) be an orthogonal basis of Si(I'o(g), x) consisting of
Hecke cusp forms, normalized so that the first Fourier coefficient is 1. For each
feH,, welet L(f,s) be the L-function associated to f, defined for Re(s) > 1 as

A A -
L(f,s):Z f(n) _l—[< f(P) Xp(i)) ’ (1-1)
n>1

where {A ¢ (n)} are the Hecke eigenvalues of f. With our normalization, A ¢(1) = 1.
In general, the Hecke eigenvalues satisfy the Hecke relation

mn
A g = Y x(@ (%), (1-2)
d|(m,n)
for all m, n > 1. We define the completed L-function as
1 q \*? 1 1
AF3+5)=(525) Tls+30L(f 3 +). (1-3)
which satisfies the functional equation
A(fo3+s) =i A(f. 5 —5),
where || =1 when f is a newform.

Suppose for each f € H, we have an associated number « r. Then we define
the harmonic average of oy over H, to be

h Tk—1)
2= Gy Z 7P

feH,

Note that when the first coefficient A /(1) = 1, I £112 is essentially the value of
a certain L-function at 1, and so on average, || f |1 is constant. As in other works,
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it is possible to remove the weighting by || f||> through what is now a standard
argument.
We shall be interested in moments of the form

2 h
s 2 2 IL(rs
x (mod q) feH,
x(=DH=(=1*
We note that the size of the family is around ¢2. For prime level, 1 £ can be expressed
in terms of Gauss sums, and in particular we expect 1 ¢ to equidistribute on the
circle as f varies over an orthogonal basis of S;(I"1(¢)). Thus, we expect our
family of L-functions to be unitary.

In this paper, we prove an asymptotic formula for the sixth moment; this will
be the first time that the sixth moment of a family of L-functions over GL(2) has
been understood. Following [Conrey et al. 2005], we have the following conjecture
for the sixth moment of our family. We refer the reader to Appendix A for a brief
derivation of the arithmetic factor in the conjecture.

Conjecture 1.1. Let g be a prime number. As g — 00, we have

% Z Z IL(f, | ~42%(1_$) <1+4+ )qu(logé!q) ’

x (mod q) feH,
x(=D=(=DF

¢ :=[]Cp
p

4 7 2 9 16 1 4 1\~
Cr=(1+2+ S-S+ 5 -2+ - ) (1+) .
b p p> p> pt p o pb P p

Iwaniec and Xiaoqing Li [2007] proved a large sieve result for this family, and
Djankovic [2011] used their result to prove, for an odd integer k > 3 and prime ¢,

that
i MM IR

x (mod g) feH,
X(=D=—1

where

(1-4)

as g — oo. In this paper, we shall prove the following.

Theorem 1.2. Let g be a prime and k > 5 be odd. Then, as g — 00, letting €3 and
C, be as defined in (1-4), we have

s o X[ sl

x (mod q) feH,
x(=D=-1

~ 426 (1- l) (1 +44 )c—l (089" (%1 (1 4ir) .
q N )
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In fact, we are able to prove this with an error term of ¢ ~!/4, as opposed to the
g~ '/19 error term in [Conrey et al. 2012]. The reason behind this superior error
term is explained in the outline in Section 1A. In future work, we hope to extend
our attention to the eighth moment.

The assumption that k is odd implies that all f € #, are newforms. This is for
convenience only and is not difficult to remove. Indeed, when k is even, all f € H,
are newforms except possibly when yx is the principal character and f is induced
by a cusp form of full level. We avoid this case for the sake of brevity. Similarly,
the assumption that £ > 5 simplifies parts of the calculation; it is possible to prove
Theorem 1.2 for smaller k.

Since the I" function decays rapidly on vertical lines, the average over ¢ is fairly
short. It is included for the same reason as in [Conrey et al. 2012; Chandee and
Li 2014]: it allows us to avoid certain unbalanced sums in the computation of the
moment. Although this appears to be a small technical change in the main state-
ment, evaluating such moments without the short integration over ¢ is a significant
challenge. Our theorem follows from the more general Theorem 2.5 for shifted
moments in Section 2.

1A. Outline of the paper. To help orient the reader, we provide a sketch of the
proof, and introduce the various sections of the paper. After applying the approxi-
mate functional equation developed in Section 3, the main object to be understood
is roughly of the form

2 h a3(m)as () s ()2 5 (m)
¢(q) Z Z Z Jmn '

X (mod q) fEHX m’nxq3/2
x(=DH=(=1

In fact, since the coefficients A ¢ (n) are not completely multiplicative, the expression
is significantly more complicated for the purpose of extracting main terms.

Applying Petersson’s formula for the average over f € H, leads to diagonal
terms m = n which are evaluated fairly easily in Section 4A, as well as off-diagonal
terms which involve sums of the form

o3(m)oz(n) 2 s
Z vmn  ¢(q) Z st(mv”Wfi)Jk—l(T),

x (mod g) ¢

m,n=q3/?
X (—=D=(—1)*

where S, (m, n; cq) is the Kloosterman sum defined in Lemma 2.3, and J;_(x) is
the J-Bessel function of order k — 1.

Let us focus on the transition region for the Bessel function where ¢ < ¢'/?, so that
the conductor is a priori of size gc =< ¢3/%. It is here that the addition average over
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x (mod g) comes into play. To be more precise, to understand the exponential sum

2

— S,(m,n;cq),

o 2 Smmc)
x (mod q)

x(=D=(=DF

* (am —|—Em>
> o= )
a (mod cq) cq

a=1 (mod q)

it suffices to understand

which, assuming that (c, g) = 1 and using the Chinese remainder theorem and

* ga—1)m+g(a—1)
(min) 3 offesbeiazin)

a (mod c)

reciprocity, is

Note that e(x) = exp(2wix). The factor e(m;;”) has small derivatives and may be
treated as a smooth function, while the conductor of the rest of the exponential sum
has decreased to ¢ < ¢'/%. The details of these calculations are in Section 5.

This phenomenon of the drop in conductor appears in other examples. In the
case of the sixth moment of Dirichlet L-functions in [Conrey et al. 2012], it occurs
when replacing ¢ with the complementary divisor (m —n)/q = q'/?. It is quite
interesting that the same drop in conductor occurs by seemingly very different
mechanisms. However, note that when the complementary divisor is small, the
ordered pair (m, n) is forced to be in a narrow region. That this does not occur in
our case is one of the reasons behind the superior error term in our result.

After the conductor drop, we apply Voronoi summation to the sum over m and
n in Section 6. We need a version of Voronoi summation including shifts. The
proof of this is essentially the same as the proof of the standard Voronoi summation
formula for o3(n) by Ivi¢ [1997]. We state the result required in Appendix B.

After applying Voronoi, it is easy to guess which terms should contribute to the
main terms and which terms should be error terms. The main terms are described
in Proposition 6.1 and the error terms are bounded in Proposition 6.2. Essentially,
we expect the main terms to be a sum of products of 9 factors of ¢, the same as
the diagonal contribution but with permutations in the shifts, as in Theorem 2.5.
This is by no means immediately visible from the expression in Proposition 6.1.
Indeed, it takes some effort to see that we get the right number of ¢ factors. Along
the way, we use, among other things, a calculation of Iwaniec and Xiaoqing Li in
[Iwaniec and Li 2007]. This is done in Section 7. In order to finish the verifications,
we need to check that the local factors of two expressions agree. The details here
are standard but intricate, and are provided in Appendix A.
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Finally, the error terms from Voronoi summation are bounded in Section 8. Here,
one needs to show that the dual sums from Voronoi summation are essentially quite
short, which is related to the reduction in conductor from cqg to c earlier.

2. Notation and the shifted sixth moment

We begin with some notation. Let & := («1, @3, @3) and B := (B4, B2, B3). For a
complex number s, we write & + 5 := (o + 5, @2 + 5, @3 +5). We define

3
D (i =B @-1)
j=1

3(e, B) :=

N —

3
G(s;a, B) := ]_[ T(s+3k—D+a;)T(s+1k—1)—B;). (2-2)
j=1
and

3
A(fssa, B) =] [ AL s +apA(F, s —B)). (2-3)

j=1

Note that we have

A(f;a, B) = A(f’ %;“aﬂ)

472

s E(a,ﬂ) 1 3 _
_<_) G(5: @ B) l_[L f +aj)L(f.5—Bj). (24
j=1

We define the shifted k-divisor function by

or(n;ay, ..., o) = Z ny"'ny %o % (2-5)
niny--ng=n
Let
. @o3(byon oo, 00+ a3, 03 +Oll)
Ba,b,a) = prEw—— (2-6)

Next we need the following lemmas, which help us generate the conjecture of the
sixth moment, namely

o L X A 27)

x (mod q) feHy
X (—D=(—=1*

Lemma 2.1. We have

or(niny; ay, ar) = d)d " *¢ <m;o¢,a>o (@;a,a).
2(ning; o, az) d|(X:)M() 2\ e e oo e o
ni,no
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Proof. Since both sides are multiplicative functions, it is enough to prove the lemma
when nn, is a prime power. We set n; = p“ and np = pb, where 1 <a <b. Then

—k(a1+a2)

o2 (p*pPien ) = Y w(ph)p o2 (p*™; a1, @2)oa (pP K @)

0<k<a

. b.
= o (p*; ar, ax)oa(p”; oy, a2)

—p oy (pt T a, w)oa (P ). (2-8)

On the other hand,
n
7 o o 1—1/prtD—a)
n, _ Lo (n—0ay __ na:
o2(p ,OlI»OQ)—ZP 'p P=p 1—1/pu—
=0

and the lemma follows by substituting the above formula into (2-8). U

We write the product of L-functions in terms of Dirichlet series in the next
lemma.

Lemma 2.2. Let L(f, w) be an L-function in H,. For Re(s +«;) > 1, we have

L(f? N +Ol])L(f, N +Ol2)L(f, § +O(3)
_ Z Z x(ab)#(a, b; a) Z Ay(an)os(n; o)
B (ab)¥ (an)s

a,b>1 n>1

Proof. From the Hecke relation (1-2) and Lemma 2.1, we have

L(f,s+a)L(f,s+a)L(f,s+a3z)
_ Z Ayp(ny) Z x(d) Z Ar(j)oa(j; az, a3)

5‘1‘051 d2s+012+a3 js
ni>1 jZl

x(d) sz(J ar, a3) Jni
=3 i L0 P 2 ()
d=1 ni,j>1 el(ny,j)
u(a)x (a) x(de)or(e; ar, a3)
= Z a2s+a1+a2+a; Z Z (de)ZSdaz-i-ozgeal

a>1

Ar(nyja)oa(j; ar, az)
) Z 2 (ajni)nf!
joni>1
_ Z wn(a)x(a) Z X (D)o3(b; ay +az, a0 + a3, a3 + )

a2s+a1 +ar+a3 b2s
a>1 b>1

Ar(an)osz(n; ay, az, az)
x Z (an)’ '

(2-9)

n>1

This completes the lemma. (]
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Lemma 2.3. The orthogonality relation for Dirichlet characters is

5 1 ifm=n (mod q), (mn, q) =1,
5@ Y. xmxm = =Dk ifm=-n(modq), mn,q)=1, (2-10)
f( (ll;locz ql))k 0 otherwise.
Y (—1)=(—
Petersson’s formula gives
-
D K m)kp(n) = e + 0y (m, 1), (2-11)

feH,

where

ax(m,n):2m'7k Z c*ISX(m,n;c)Jk_1<4?ﬂ«/mn)

¢=0 (mod ¢q)
= 4
=2mi K Z(cq)_lSX (m, n; cq)Jr—1 <£«/mn>,
c=1

and S, is the Kloosterman sum defined by

Symnicg) = Y x@e(

aa=1 (mod cq)

am—+an )
cq )
From Lemma 2.2, we have that

3
[TL(fs+adLif,s—B)
i=1
_ Z Z Z Z x(aiby) X (aabr)%(ay, by; a)PB(az, by; —P)

(a1biazby)?s

ay,by,az,br>1

A p(@ain)i p(azm)os(n; a)os(m; —p)
x Z Z .

(aynaym)?® @-12)

n,m>1

By the orthogonality relation of Dirichlet characters and Petersson’s formula in
Lemma 2.3, a naive guess might be that the main contribution comes from the
diagonal terms a;b| = apb; and a\n = apym, where (a;b;, q) = 1, which is

C(s,a, B):=
%(ay, by; a) B(az, by; —P) o3(n; a)oz(m; —P)
ZZZZZZ (lebl)]ZSa c(ljlzbj)Zs Nkt (2'13)

s s
ai,by,a2,by,m,n>1 (arn)*(axm)

ain=asm
a\by=arb;
(ai,q)=(j,q)=1
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for Re(s) large enough. This can be written as the Euler product
Cls,a, By =[] Cpls, . B,
P

where for p # g,
Cp(s,a, B):=

Sy A 50
2s(r1+t1) 2s(ra+12)
FLL T2, U2 >0 p=iT ps(ratiz

ri4ui=ry+uy
rit+t=ra+n a3(p"'; a)oz(p*?; —B)

pSritin) ps(ratuz) . (214
and for p =gq, . "
Cys, . B) :=263(q ,a)zzs(q =B (2-15)
u>0 q
Next, for ¢,(w) := (1 — l/pw)_l, let
303
Zp(s;00, B) = [[ [ ¢co@s + i = 8,
==t (2-16)

3 3
Zeie, By =] [¢cCs+ai 8.

i=1j=1
and

Als; a, B) :=C(s; o, B)Z(s; &, B)~ = [ [ Cplss @, BYZp (550, B)'. (2-17)
p
We define

Migia. B = (

b(a.B)
1) G0 B)AZ(S: e, B). (2-18)

4n2
When Re(w;), Re(B;) < 1/logg, the term A(%, o, ;3) is absolutely convergent.
Now, let S; be the permutation group of j variables. Based on the analysis of the
diagonal contribution, we expect M(q; &, B) to be a part of the average in (2-7),
and we also notice that the expression M(g; a, B) is fixed by the action of S3 x S3.
Since we expect our final answer to be symmetric under the full group Ss, we
sum over the cosets S¢/(S3 x S3). In fact, the method of Conrey, Farmer, Keating,
Rubinstein and Snaith [Conrey et al. 2005] gives the following conjecture for the
average of A(f; «, B).

Conjecture 2.4. Assume that «, 8 satisfy

1
Re(ai), Re(Bi) < 7—,
e(ai), Re(fi) < Togq

Im (¢;), Im (B) < q'~*.
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We have
¢<Lq> > Zth; w.p)= > Mm@ B)(1+0(g 7,
x (mod q) feEH, TESe/(53%83)
x(=D=(=1F*
where we define 7 (e, B) = n(ay, ..., a, Bi, ..., Br) for m € Sy, where 7 acts
on the 2k-tuple (¢, ..., o, B1, ..., Br) as usual.

We also write 7 (e, ) = (7 (), 7(B)) by an abuse of notation, where 7 (e, )
is as above. Our main goal is to find an asymptotic formula for

M(,(q):=¢(iq) 3 Z/ A(fsa+it, B+indr,  (2-19)

x (mod q) feH,
x(=D=(=1)*

and we will prove the following result.

Theorem 2.5. Let g be prime and k > 5 be odd. For «;, B; <K @, we have that

o0
M6(q)=/ Z M(q, () +it, w(B) +it) dt + O (g~ '/*F9).
O 7 eSs/(S3%S3)

We note that as the shifts go to 0, the main term of this moment is of the size
(log q)9, and we derive Theorem 1.2. We refer the reader to [Conrey et al. 2005]
for the details of this type of calculation.

3. Approximate functional equation

In this section, we prove an approximate functional equation for the product of

L-functions. Let
s =TT~ (52

j=1t=1
and define, for any £ > 0,

W(s;a,m:ﬁ/mc;( sia B)H s e BE L

Moreover, let Ag(f, o, B) be

8. ) x(a1b1)%(ay, by; a) X (a2by)%B(az, by; —B)
(47‘[2) ZZZZ a1b1 azbz

ay,by,ay,br>1

Ap(ain)oz(n; &) Ag(azm)oz(m; —B)
22 (am)'/2 (axm)!/2

2T 6 3b2 3b2
W<( ) a1q;a2 an;a,ﬂ)‘ (3_1)

n,m>1
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Lemma 3.1. We have

HO; o, BYA(f; 0, B) = Ao(f, e, B) + Ao(f, B, ).

Proof. We consider

=L 1. : ds
I:= 5 (I)A(f,s—i-z,a,ﬂ)H(s,a,ﬁ) =
Moving the contour integral to (—1), we obtain that
I =A(f;a,ﬂ>H<o;a,ﬂ)+L./ A(fos+hia B)H(s . )92
2ri J_yy s

=A(fra, BYH(0; &t, B) — ﬁ /(1>A(f’ —s+ 30, B)H(—s;, B) ?-

By the functional equation, we have A(f, s + %; o, ﬂ) = A(f, —s + %; ﬂ,oz).
Moreover, H is an even function, and H (s; &, 8) = H(s; B, o). Therefore,

A(fria, YH (O, B) = ﬁ /(1)A(f,S+%; a, B)H(s; a, B) ‘i—s

1 1. : ds
t o (1)A(f’s+2’ﬁ’a)H(s’a"B) s

The lemma follows after writing A as a product of L-functions and Gamma functions
and using Lemma 2.2. ([

Next, we let

Va8 (€, 13 u)=( - )Mﬁ)/oo (z)itW(&(i#;a—kit,ﬂ—kit) dr,

472 oo \E
and
x(a1b1)%(ar, by; &) x(axby)#(az, by; —B)
A(fsae, B=) 3> > b, wobs

ay,by,az,br>1

Vaﬁ(afblzn, aé’b%m; q). (3-2)

L r(@in)os(n; @) A p(am)os(m; —pB)
L2 (am)!/2 (am)!/2

n,m>1

Lemma 3.2. With notation as above, we have
o0
H(O;a,ﬂ)/ A(fsa+it, B+it)di = A (f; e, B)+ A (f; B, ).
—0o0

The proof follows easily from Lemma 3.1.

Remark. The integration over ¢ is added so that the main contribution comes from
when a’b?n < ¢3/>*¢ and a3b3m < ¢*/**¢, as we will see from Lemma 3.3 below.
Without the integration over ¢, the ranges of a;, b;, m, n that we need to consider
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satisfy the weaker condition a13b2na2b2m &« ¢>*¢, and the proof presented here
does not extend to this range.

Lemma 3.3. If£ or n>> ¢3/>*¢, then for any A > 1, we have

VapgE mq) <q™ 4,

where the implied constant depends on ¢ and A.

Proof. From the definition of W and V and a change of variables (s 4 it = w,
s —it =z), we can write Vy g(§, n; ) as

g @B g \"
(m) (2711)2/(0)1_[ w5 (k- 1)JFO")((4 2)3/25)

3/2
Lk—1)—8; 4 dzdw
X /gl)Jl:[] F(Z+§(k 1) ﬁj)((4712)3/2 ) ( (z+w); «a, ﬂ) o

When £ > ¢3/>+¢, we move the contour integral over w to the far right, and similarly,
when 7 > ¢3/>*¢, we move the contour integral over z to the far right. The lemma
then follows. O

4. Setup for the proof of Theorem 2.5 and diagonal terms

From Lemma 3.2, we have that for «;, 8; < 1/loggq,

HO@HM(@) = 5o 30 Y IM(fre B+ Al o).

x (mod q) feH,
x (—D=(—DF

Therefore, to evaluate Me(q), it is sufficient to compute asymptotically

Mgapi=—— 3 YA B @-1)
¢(Q) x (mod q) feH,
X (=D=(=D*

Applying Petersson’s formula, we obtain
h_
> Rplam)hp(@in) = aym—ain + 0y (azm, an),
feH,
where o, (aym, ain) is defined as in Lemma 2.3. We then write

M (q; o, B)=D(q;a, B)+ 7 (q; a, B), 4-2)

where Z(q; «, B) is the diagonal contribution from 84,/u=4,n, and ¢ (g; «, B) is
the contribution from o, (aom, an).
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In Section 4A, we show that the term 2(q; o, 8) contributes one of the twenty
terms in Conjecture 2.4, namely the term corresponding to M(q; a + it, B + it).
Moreover, % (q; o, B) gives another nine terms in the conjecture, namely those
transpositions in Sg/S3 x §3 which switch o; and B; for a fixed 7, j =1, 2, 3. We
explicitly work out one of these terms in Proposition 6.1. Similarly, 2(q; 8, )
gives rise to the term corresponding to M(q; B + it, « + it), and the last nine
expressions arise from ¢ (¢q; 8, o).

4A. Evaluating the diagonal terms %(q; o, ). Recall that

s p) =gl Y XY NP Y rab)xab)

x (mod q) ay,by,az,by,m,n>1
)((71)=(7l)k ajn=a;m

y B(ay, br; a) Blaz, br; —B) 03(n; a)oz(m; —p)
ayb; a>by (a1n)'/?(aym)!/?

Vapaibin, asb3m: q).

We compute the diagonal contribution in the following lemma.

Lemma 4.1. With the same notation as above, we have
oo
72(q: e, B)=H(0: e, ﬂ)/ M(q; a+it, B +it) dt + O (g~ V%),
—00

Proof. We apply the orthogonality relation for Dirichlet characters in (2-10) and
obtain that for (a;b;, q) =1,
1 if a1b; = axb, (mod q),
5o L r@bF(@by={ (=Dt ifaib = —ab; (mod ),

x (mod q) 0 otherwise.
x(=DH=(=1*
When a b; > q /4 or ayby > q /4, we have that afb%n > g%/16 or aﬁ’b%m > g%/16.
From Lemma 3.3, V,, ﬂ(afb%n, agb%m; g) < g~4 in that range, so the contribution
from these terms is negligible. Hence the main contribution from %(q; «, B) comes
from the terms with a;b; = axb, when (a;b;, g) = 1, and

%B(ay, by; a) Blaz, by; —B)
RN ED DI I Y B D

ai,by,az,by,m,n>1

ajn=am
arby=axb;
(aibi,q)=1
o3(n; a)oz(m; —B) 30 3.0 A
Ve glaibin, asbsm; q) + O .
(@m) 2 (aym)' 72 aplajbin, aybym; q) 4+ 0(q ")

Since a;by = ayb; and a\n = arm, afblzn = agb%m. Therefore, 2(q; o, 8) can be
written as
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1 ( q )5(0&!3)/‘00/ | ) )
—(— G(5+s;a+it, t
77\ a2 S (5 +s; 0 +it, B+ir)

x H(s; o, ﬂ)(

where we have used equations (2-13)—(2-17).

Note that A(s; a, ) is absolutely convergent when Re(s) > 3—1 + &. Furthermore,
the pole at s = —%(a,- — B;) from the zeta factor Z(% +5; o, ﬂ) is canceled by
the zero at the same point from H (s; &, ). Thus, in the region Re(s) > _}T + &,
the integrand is analytic except for a simple pole at s = 0. Moving the line of
integration to Re(s) = —4—1‘ + &, we obtain that 2(q; &, B) is

3s d
) AZ(h+s.a. B) Tar,

Sa,p) [
(=) ’ / G(Yiatit, B+it)H(O; o, BAZ(L: o, B) dr + O(g/+F).
—00

The lemma now follows from (2-18) and AZ(%; o, ,B) = AZ(%; o+it, B+ it). O

5. Setup for the off-diagonal terms .7 (¢q; o, )

Define Kf =i ¥ f + ik f. If g is a real function, then gk f = K(gf). Applying
the orthogonality relation for y from (2-10) to J¢ (q; &, 8), we obtain that

#(q; a, B) =2nZZZZ B(ay, by a) Blay, by; —PB)

arb arb
a1,b1,a2,b2>1 171 272
(a1azb1b2,q)=1

o3(n; &) o3(m; —B)
XZZ > . A aﬂ(a?bln aé’b%m;q)

(am)'/? (aym)'/?

X (S ) Y (i)

a (mod cq) “q

a=aibiazby (mod q)

where Z* denotes a sum over reduced residues. Let f be a smooth partition of
unity such that
> r(5) =1
)=
M

where f is supported in [% 3] and Zd denotes a dyadic sum over M = 2*, k > 0.
Rearranging the sum, we have ¥

CCLTES DD D DI
2

ay,by,ay,bry>1
d d
x Y Y " S(a.b.M.N:a.p),
M N

(arazb1ba,q)=1
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where

Sta,b, M, N, )= 133" 03 @03 =B 1y o, o),
c=1

w212

m,n>1

F(a,b,m,n,c):=G(a,b,m,n,c)
* aa2m+c_la1n) (47r )
x K Z C(— Jk—1 _cq Jamain|,

cq
a (mod cq)

a=abjazby (mod q) (5-1)

G(a, b, m. n,c) = Vo g(abn, a3bm; q)f(%)f(%). (5-2)

As described in the outline of the paper, we now endeavor to compute 2 (q; &, 8).

We write
H(q;o, B)=Ju(q; o, B)+ #E(q; o, B), (5-3)

letting %3 (q; o, B) represent the contribution from the sum over ¢ < C, where
C = JajaaMN /¢*3, and #%(q; a, B) the rest. We show that the contribution
from #g(q; o, B) is small in Section 5A. This is possible by the decay of the
Bessel functions, and such a truncation bounds the size of the conductor inside the
exponential sum.

For %y (q; o, B), we start by reducing the conductor inside the exponential sum
from cq to c in Section 5B. This step takes advantage of the average over y (mod g).

Before showing each step, we provide properties of Bessel functions that will be
used later.

Lemma 5.1. We have

Jea@ax) = —_{werxye(r — e+ 1) + Werx e(—x + 1 — 1)}, (5-4)
T/x
where W) (x) <k x~4. Moreover,
e 204k—1
_ 1y X -
Jk1(2x)—§( D = (5-5)
and

Jee1 (x) < min(x /2, x40, (5-6)

Finally, when calculating the main terms of % (q; &, ), we use the fact that for
o, B,y >0,

/c/ e((@+ B)x + yx D1 (4 apx) dTX
0
=21 Jy—1 (47 Jay ) k-1 (4 y/By),  (5-7)

and the integration is O if a, B > 0 and y <O.
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These results are standard. We refer the reader to [Watson 1944] for the first
three claims, and to [Oberhettinger 1972] for the last claim.

S5A. Truncating the sum over c. In this section we show that we can truncate the
sum over ¢ in S(a, b, M, N; o, B) with small error contribution.

Proposition 5.2. Let C = «/alagMN/qZB, k>5,and F(a, b, m,n, c) be defined
as in (5-1). Further, let

Helqie =T33 3N ‘%i/zb - %(az’a/bz; &
2

ay,by,ax,br>1
d d
x YN Sp(a,b,M,N:a,pB),
M N

(arazb1bs,q)=1

where

. 1 o3(n; a)os(m; —B)
Se(@, b, M, Nsat, By=2 =3 > =5 r——F(@ b,mn,c).
c>C m,n>1
Then #g(q; o, B) < g~/ 122,

Proof. Note that the contribution of terms when aszN or azsz > g3/7e s
Lz A q‘A, due to the fast decay rate of G(a, b, m, n, ¢) defined in (5-2). Thus we
discount such terms in the rest of the proof. For k > 5, we let

A(m, n)= A(m, n,a,b;C)
— Z l K Z* e(aazm—l-&aln)J(4Tr~/a1a2mn)
C

cq cq

c>C _a (mod cq)
a=a1byaxby (mod q)

= A1(m,n) + Ax(m, n),

where
3 * 7 4 Jayamn
Ay(m, n) = Z 1 K Z e(dazm—l—aaln)J( 142 )
c cq cq
c>C a (mod cq)
(c,9)=1 a=aybyazb (mod q)

and Ag(m, n) is the sum of the terms where (c, g) > 1. Now for (c, g) = 1, the
Weil bound gives

3 C(W) < M2 Saym, axn, o),

C
a (mod cq) q
a=aibiaxb; (mod q)

and from the bound in (5-6), we have

; (47r4 /alazmn> < (4 Jaia,mn )kl

cq cq
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When a}b?N and a3b3M < ¢*/>*¢, we obtain that for k > 5,

Al(m n)G(a,b,m,n, c)

k-1
ara
<« quk/sz/zz 161/24-5(\/ 1 2) < qglhe

Zoa(n oc)aa(m —B)

c>C

In the above, we have used that max(a;b? N, a3b3M) < ¢*/>*¢. Then summing
over ay, by, az, by gives the desired bound.
Now, for (c, g) > 1, we use the bound

3 C(W) < (e laim, amn, cq).

a (mod cq)
a=aibiazb; (mod q)

Hence, for ¢ | ¢ and k > 5, we obtain

Z0-3(1/1 a)(73(m ﬂ)Az(m n)G(a, b, m,n, c)

k-1
ara

<<ank/2Nk/ZZl(qc)l/2(\/ 1 2) « gl
C Cq

c>C
qle

Then summing over ay, by, az, by gives the desired bound. O

From this proposition, we are left to consider only

Hn(qi e, B) = X ZZZZ%(QQ/?’“) %(ajz;f);b’z .
2

ay,by,ay,by>1
(a1azb1by,q)=1

d d
x Z Z Su(a,b,M,N;a, B), (5-8)
M N
where

Su(@.b. M. N: . B) = Z% Z o3(n; a)o3(m; —ﬂ)]__(a’ b.m.n.c). (5-9)

n2m1/2

c<C m,n>1

5B. Treatment of the exponential sum. Next, we reduce the conductor in the
exponential sum in F(a, b, m, n, c¢) before applying Voronoi summation.

Lemma 5.3 (treatment of the exponential sum). Assume that (c, q) = 1 and let
. * au+av )
Y = Z e<—cq .

a (mod cq)
a=aibjab, (mod q)
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Then we have

Y=e((6lzb2)2M + (albl)zv) Z* e(é(alblx —azbz)u> e(é?(azbz)E —albl)v)‘

cqaibiazby arbic arbsc

x (mod ¢)

Proof. By the Chinese remainder theorem, for each a (mod cq), there exist unique
x (mod ¢) and y (mod g) such that

a=xqq+ycc, (5-10)

where g denotes the inverse of g (mod c), and ¢ denotes the inverse of ¢ (mod g).
Using (5-10) and the reciprocity relation

+

(mod 1),

QIS

1
ab

S| Q1

where (a, b) = 1, a is the inverse of a (mod b), and b is the inverse of b (mod a),
we obtain that

aiBrasbsdu + arbiabai < (xgu+ i
Y:e(al 1aobycu + arbray zcv) Z e(xqu—l—xqv)'

9 x (mod ¢) ¢
Thus
(a2b2)?u + (a1b1)*v * (xqu+xqu —qazbru —qaibyv
Y =e Z e e e ,
cqabyarby c carby carby
x (mod c¢)
and the lemma follows. O

Note that when ¢ < C < ¢, we automatically have (c, g) = 1. The point of this
lemma is that we may treat

e( (a2b2)*u + (a1by)*v >

cqaibrarby

as a smooth function with small derivatives, while the other exponentials have
conductor at most ca;b; < q1+8 after truncation. It should be noted, however, that
we are most concerned with the contribution from the transition region of the Bessel
function, where the conductor ca;b; should be thought of as around size ql/ 2,

6. Applying Voronoi summation

To calculate #3,(q; a, B) from Section SA, we first evaluate Sys(a, b, M, N; o, 8),
defined in (5-9). We write

Su@, b M N By =3 3 LSk, 0+ 8, 5,0,

c<C x (mod c¢)
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in which
2 _
+ — Tk o3(m; —B) (ﬂ) ( a2b2m) < Q(flle—azbz)azm)
Sa,ﬁ(C,X)—l mg:l /2 f M e icqalbl el £+ abic
q(axbrx —aiby)ain
L) FEp(m,n, ) e ).
x;@(n a)F, g(m,n,c)e s
with
Fiﬂ(m,n,c)
1 4 a%bln n
=7 Va.g(aibin, a3b3m; q)Jyi— 1( q«/azma1n> e(icqazbz)f(ﬁ)'
Let
M _ q(abaX —aibi)a 6
m arbsc
and
A2y qlaibix —azbz)ag’ 62

mo aibic
where (A, n1) = (A2, 12) = 1. Moreover, define

4ﬂ«/azza1y)

cq
b y alb,z
(ia = g ) ()7 Gi7)
e cqazby ~ cqaib; / N / M
We then apply Voronoi summation as in Theorem B.1 to the sum over n, m and
obtain that S;ﬂ(c, X) +S;ﬁ(c, x)1is

1 1

3 3
R R ’ ’
ZZH leson 5= 16—5/3,(7- M.a (6 %o 51,52) + Ty g (€5 X, 51, 52))

+Z( T p( )+ T 4(c, X)),

where in the region of absolute convergence,

Al A2
TA}taﬂ(C X, S1,82) —]:M(C o, ﬁ)D3(S1,:i:m >D3<S2,:|:— —ﬂ) (6—3)
]—“Ai,l(c; a,B) = ]-'M(c, s1,52; 0, B)

o0
= yiT 1,52 IVi (c;a,b,y,z)dydz,
0 0 4
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n3/2+a1+a2+a3

+ o A2
7—]’05”3(0,3() = WZS%CS D}(SQ,:E ﬂ)
1 i=l1

xiA3( L) Fem ), (64

Fli(c, n; o, B) = ]:li(c, n,s;ao, p)
3

o0
= [l lvi (c;a,b,y, z)U3(ﬂ . )dydz,
0 Jo - 77

1
and 7% (c, x) is defined similarly for i = 2, 3, 4. Further,
ia,p

g3t —pitor—prtaz—pz X X

+ —
7;:05aﬂ(c’ x) ' n3+0£1+a2+0l3)77> Bi— Z Z A3( )

1 2 n=1 m=1

xAg(m,in—j,—/s)f;—“(c,n,m;a,ﬂ), (6-5)

oo oo
F5(c,n,mye, B) :=/ f Vyp(cia by, 2)
0 JO

3 3

x U3(n e —ﬂ>U3(” . )dydz,
772 771

and ﬁi’ﬂ(c, x) is defined similarly for i =6, 7, 8.
As mentioned in Section 4, there are nine terms from % (q; &, 8). In particular,
we will show that these terms arise from

Z Z* (TJraﬂ(c x,s1,8)+7T, aﬂ(c X, 81, 52)),

c<C x (mod c)

and in fact each term comes from the residues at 51 = 1 —«; and s, = 1 + B; for
i =1, 2, 3. We state the contribution from the residues s; =1 —«; and s, = 1+ 8
in Proposition 6.1 below, and prove it in Section 7. By symmetry, the analogous
result holds for the other residues. Then, we will show that the rest of 7:j; ﬂ(c, X)
are negligible in Section 8§ as stated in Proposition 6.2.

Proposition 6.1. Let

HB(ar, by; o) B(az, by; —P)
Ray gy = ZZZZ a;/zl - ajl_z/zzbz
2

ay,by,az,br>1
(ara2b1b2,q)=1

XZ Z Z Z ~ Res Res (TMaﬂ(c,x,sl,sz)

C si=1— 1+
c<C x (mod ¢) 1=1-a1 =1+

+T[W_,a,ﬂ(ca X, 51, S2))
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Then we have
o
Ruy g, = H(O; a, ,3)/ M(q; () +it, T (B) +it) di + O (g~ /*+%),
—0Q

where (m(at), m(B)) = (B1, a2, a3; ay, B2, B3).
Proposition 6.2. Fori =1, ..., 8, define

5ii(q; v )i 2 ZZZZ %(ai;fl’ o) %(02;22[;2 B)
2

ay,by,ay,br>1
(e )
XZ Z D) ‘3—-

(arazb1by,q)=1
c<C x (mod ¢)

Then N »
(g, B) < g 1/HtE,

We will prove this proposition in Section 8.

7. Proof of Proposition 6.1
We begin by collecting some lemmas which will be used in this section.

7A. Preliminary lemmas.
Lemma 7.1. Let (a, £) = 1. We have

feni= 3 1=c[](1-1)=s@[] (1-1)

x (mod ct) ple pl(€,c)
x=a (mod ¢) pie

Proof. We first prove that if (m, nf) = 1, then
f(mn, &) = f(n, )¢ (m). (7-1)

For all x satisfying (x, mnf) = 1, we can write x = umin + vnénf such that
mim = 1 (mod nt), nént = 1 (mod m), and (u,nf) = (v, m) = 1. Moreover,
x =a (mod £) if and only if u = a (mod £). By the Chinese remainder theorem,

fom o= 3 1= 3 Y 1= 06m.

x (mod mnft) u (mod nf) v (mod m)
x=a (mod ¢) u=a (mod ¢)

Let ¢ = c¢p, where all prime factors of ¢ also divide £, and (¢, £) = 1. From
(7-1), we have that f(c, £) = f(c1, &)@ (c2).

Now let x be any residue modulo c{¢ with x = a (mod ¢). Then (x,c1€) =1
since (a, £) = 1. Thus all such x can be uniquely written as x = a + k£, where
k=0,...,c1 —1,s0 f(c1,€) = cy. We then have f(c, ) = c1¢(c3), and the
statement follows from the identity ¢ (c2) = ¢z [ | slea (1-1/p). U
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Lemma 7.2. Let «, B, v, z be nonnegative real numbers satisfying ay, Bz < q°
and define

o0

T=T(y,z,a/pB):= Z %Jk—l<4ﬂ— V(;X,Byz>lce<o;_y I %)
5=1

Further, let L = q'%

and w be a smooth function on R™ with w(x) =1if 0<x <1,
and w(x)

=01ifx > 2. Then for any A > 0, we have
T = 27‘[2 ( )Jk 147‘[ ocyE)Jk 1(47T\/,§)
o
—27'[/0 w(%)]k,l(471@)];(,1(471\/;326)dﬁ—i—OA(q_A).

Proof. We follow the arguments of Section 3 of [Iwaniec and Li 2007] to evaluate 7T'.

Let n(s) be a smooth function on R* with n(s) =0if 0 <s < 4
1

7 <5 =<5,and n(s) =1 if s > 5. We then obtain that

T = ,CZ@Jk ](‘“T_ Wﬁﬂ)e(i_uﬁ)

0<77(s)<11f

) )

After inserting this smooth function we apply Poisson summation to obtain that
A & 47
S S B (e P e
7 7 0 u u

By (5-4), we can write the integral above in terms of two integrals with the phase

ay +/aByz+ Bz
lu + .

u

If |€] > L, the factor £u dominates. Then integrating by parts A times, we have that

[ (o
0

Therefore, ‘
=Y ﬁ(z)w(lL—'> +0(@q™™).
l

Now, we write ), F@w(|£|/L) = T; — T», where

(e e o ()
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and
_ AR ENION ﬂz 47 JaPyz

We use (5-7) to evaluate 77 and obtain

T1—27r2 ( )Jk 1 (47 /oy ) Ji_1 (4 /BzL). (7-2)

ForTz,wenotethaté(u)—1—n(u)—11f0<s <3 0<"§(u) <11f <s< 2,
and £(u) =0if s > 5. Interchanging the sum over ¢ and the integration over u and
applying the Poisson summation formula, we have

T, = /C/OO §w) e<ﬂ + ﬁ) Tes <4”— V“ﬂyz) 3" Ld(L(E +u)) du.
0 u 1) u -

8

Since w(y) < (14 |y|)~4, the main contribution comes from £ =0 and 0 < u < le'

Therefore

f E(w) (ay ﬂz)-’k 1(4”_ V:‘W)L@(Lu)dwo(q"‘)

)
| 47/
- /c/ Le(® 1 B2 g (PY2N iy du + 0
0 u é 1) u
Iy
= 271/ w (Z) Je—1 (4 Jayl) Jioi (47y/Bze) de+ O(qg™™), (7-3)
0
where the last equality comes from Plancherel’s formula and (5-7). ([

The next lemma deals with the sum and the integral involving .

Lemma 7.3. Let w be a smooth function on R™ with w(x) =1if 0<x <1, and
w(x) =0ifx > 2. Also let y be a complex number with Re y < 1/logqg,Rey <0,
and L = q'%. Then

o
£y ! Y W 0(q™™
;wle—w_ow_el_w tI+y)+ 0@ 7).
Proof. Let w(z) be the Mellin transform of w, defined by
g ot
w(z) = / w(t)— dt.
0 t
From the definition, w(z) is analytic for Re z > 0, and integration by parts gives

w(z):_l/ w'(1)t* dt,
ZJo
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so w(z) can be analytically continued to Re z > —1 except at z = 0, where it has a
simple pole with residue w(0) = 1. For o > min{0, — Re y}, we have

AN 1 14
2 w(Z) e B /(U)w(Z)<Z) g
=1 £=1

1

=— | w@LCA+y+2)dz. (7-4)
2mi (o)
Shifting the contour to Re(z) = —}L, we have that (7-4) is
(A4 y) +(=y)L7" + 0@ ™>).

The lemma follows from noting that

=NV — A P
w(—y)L —/0 w(L)El+V de. O

7B. Calculation of residues. In this section, we calculate

Res  Res (7, c, X, 81,8 T L(C.x,51,5)).
si=l—a; 5= 1+,31( M“ﬂ( 1552) + Tpy 4 1552))

To do this, we essentially need to consider

Al s1—1
Res D3<S1,:|:—,Ol)y1 s
ni

si=1—ay

where A1/n is defined in (6-1). Let (a1by, axby) = A, a1by = ui X, azyby = us,
where (11, uy) = 1. Note that (u1x —uy, ¢) = (urx —uy, c) = 6. Hence

01 := ((a2bax —a1br)ay, azbrc) = A((u2Xx — ur)ay, usc) = Adé(ay, uxc/s),

and )\.1 = é(azbzf — a1b1)a1/51 and m = azbgc/cS] .
By (B-4), we obtain that

c MM
Rl(g,a,b> = Res D3<s1,:|:—,oc)

si=1—ay
1 1 4
— 2 2aitartas 2a1+a2+a3 ZZ (( —oyto, ){( —Ol1+0(3,a).
n 1<ai,ax<m
nilaiaz

Hence .
c
Res Dj (Sl, ﬂ:—l, Ot>ysl_1 =R <g, a, b)y_a
n

si=1—a

Similarly, we let R (c, @, b) :=Ress,—14p, D3(s2, £A2/m2, —B). Then

Rz(a @ b) n2+2ﬁ1 B2—B3 ZZ §(1+ﬁ1 P2 ) <1+,31—,33,%),

I<aj,ax<m
mlaiay
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and A
Res Dg(sl,:i:— a) _Rz(— a, b)

s=14+p1 s’
7C. Computing Ry, g,. From the previous section, Ry, g, can be written as

%(ay, by; o) B(az, by; —PB)
0!1/31_ ZZZZ a;/zl - 616213/22[72
2

ay,by,ay,by>1
(a1a2b1b2,9)=1

d d
x > " Ala.b, M, N)+0(g~'/*),
M N

where A(a, b, M, N) is defined as

ZHC) Z R1< >R2< b), (7-5)

x (mod ¢)

and
F(c) = Fq, ﬂ(c a, b)
4w Jaryaiz
2 2.
2 2
y) ( Z ) aybyy asbyz
x fl= — )Ke + dydz.
f<N ! M <cqa2b2 cqa1by Y

We remark that we can extend the sum over c to all positive integers in a similar
manner as in the truncation argument in Proposition 5.2. Now, we let

C%Q(a a,b) :=Ri(c, a, bRa(c, a, b),

so that we can write the sum over ¢ in (7-5) as

z“")z > 9(5eat)

Slc x (mod c)
(ulx Uur,c)=4

00 00
1 .7-"(c8) * Glc,ab)
252 > a
5=1 c=1 x (mod ¢8)
(u1x—uy,c§)=34

1 F(ed) (b)G(c,a,b)
=Yy o R

5=1 c=1 ¢ x (mod ¢8) b|((u1x—uz)/8,c)
1 ,u(b) G(ch, a, b)F(chs) .
=D 5 X X > > L
§>1 b>1 c>1 x (mod ¢8b)
S,uru2)=1 (b,uruz)=1 x=uyii; (mod bs)
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where the sum over x is O if (uu;, b)) # 1 since (u1, up) = 1. Applying Lemma 7.1
to the sum over x, we then obtain that

A(a,b, M, N)
3 é 3 “(b)z ZH(I——)f(ch)Q(cb a,b)
§>1 b>1 c>1 ¢ ple p
(B.uruz)=1 " (b,uuz)=1 pibs
-y #Zé 3 “(b) ZCZ I1 (1—;)]—"(cbh8)g(cb a.b)
Y

M(h) Z M(b) Z Q(Cb a,b)

h>1 b>1 c>1

hlutus (b,ujur)=1
xzml——)z Foh) 3 o

vle  ple 5>1 glc/v.8/v)
ptbhy
# 1
=D Gus(ih,b.cy,8) ) < F(cbhgyd),

§>1

where

#
> Gap(sih.b.c.y.g)

(h) (b) G(cb,a,b) ( )
= Z Nhs Z Zl-i-s Z cc1+‘§ Z Z . g 1_[ (1__)' (7_6)
h>1 b>1 c>1 Vlc gl(c/y) ple
hluyuy (b,uruz)=1 pibhy

Next, applying Lemma 7.2 to the sum over § and summing Z‘,{,, Z‘I{,, we have that

3 ZdA(a,b, M, N)

M

2 6(“'3) ” Gy p(1: 1 b,
= ”zm 4712 f fmz . ¢, 7:8)

o0
x{ (— / w } ( +s;oc+it,,3+it)H(s;oc,ﬂ)
P L 0 2
3b2 it 3s
292 q
X( ?b%) (aibiasbd” Gy
00 oo y—1/2—a1 7 1/2+h J A a%blyﬁ
X s+it s—it k=1 N o o
o Jo Y Z azbacbhgyq
2byzl
X Jr_1 4 612—22 d dz d_S dt.
aibicbhgyq
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The integration over y and z can be evaluated by Equation 707.14 in [Gradshteyn
and Ryzhik 2007], which is

/Oovﬂ(vk)l/zj (vk) dv = out1/2) —n—1 C'(u/2+v/2+3/4)
0 ! T(v/2—pu/2+1/4)

for —Rev— % <Re u <0. Then we apply Lemma 7.3 to the sum and the integration
over £. Therefore, after summing over ay, a», by, by, we obtain that the main term
of Ry, ., 18

1 g \o().7(B)) © G 1 . 't itV H (s M
i (i) [ ] G ssasinpin) i )M
\

s d
a7

X§(1—051+/31—2S)@ﬂ—2)s B

where (7 («), m(B)) = (B1, a2, a3; a1, B2, B3),
Gai,ﬂj <% +s; a, ﬂ)

:F(g—s—oz,)l"(%—s+ﬂj>nr(§+s+a6) HF<§+S—,3£),

0£i 0£]
and
HA(ay, by; a) HB(ay, by; —B)
a1 ﬁl(s) _ZZZZ 2 201 —B1+2s ; 1—a1—B14+2s 241 +2B1+2s ; 1+a1+B1+2s
ar,b1,az,br>1 b a, b,
1,.01,a2,02=

(a1a2b1b2,q)=1 #
X Y GupQ2s+ar—pBishbcy, g). (7-8)

Now, in the ensuing discussion, we temporarily assume Re(«;) < Re(a;), Re(a3)
and Re(B1) > Re(B,), Re(B3). In this region,

1

c

Ri(§e0)= XY e
n, n,

ny,n3>1

=25 | nans
8(ar,uzc/s)

and
A
Res Dg(sl,:l:—,a>y _Rl( a, b)
si=1—a; m (S
ZZ 1+« 7011 I4+a3—ag *
nanz=l 2 Py
28 | nyns
5@, usc/s
Similarly, (/)
Res D(s,:l:——) —R( ab)
SRes, Dsls: B 25

1
Z Z mé+ﬁl_ﬂ2mé+ﬂl_ﬁ3 )

ma,m3>1

uic
8(az,uic/s) | mams
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Thus,

1

_zg(ca a, b)

C
D : :

- 14+oar—a; . 1+az—o; Z Z 1+B1—B> 1+B1—PB3
P n3 mams=1 Mo ms
uxc/(ay,usc) | nans uic/(az,uic) | moms

o
_ (a1, uz0)(az, uic) Z op(uzen/(ay, uxc); an —ay, a3 — )

uusc? = "
8 i ox(uicm/(az, uic); By — B2, B — B3) ‘ (7-9)
m=1 "

From this, we may then check that

3

May g () =[e0+2s + o — BT +25 + 1 = BTy 5 (). (7-10)
j=2

where J,, g, is absolutely convergent in the region Re(s) = _zlt + ¢. Although
we have a priori only verified (7-10) for the region Re(«1) < Re(ay), Re(a3) and
Re(B1) > Re(B2), Re(B3), we see that (7-10) must hold for all values of «;, B; by
analytic continuation.

We note that the pole of ¢(1 — o + 1 —2s) at s = %(al — B1) and the poles
of {(1+2s+o; —Bj) ats = %(ai — B;) cancel with the zeros at the same point
from H(s; a, B). Thus, the integrand in (7-7) has only a simple pole at s = 0 and
is analytic for all values of s with Re s > —% + €. Moving the line of integration to
Re(s) = —% + ¢, we then obtain the main term

q )8(7r(oc),ﬂ(ﬂ))

m H(; o, B)

(- + ﬂoMm,ﬁl((»{(

* (1

x/ G(—; n(oc)+it,n(ﬂ)+it) dt},

oo N2

with negligible error term. To finish the proof of Proposition 6.1, we will show that

the local factor at prime p of the Euler product of ¢ (1 — a1 + B1) My, g, (0) is the

same as the one in AZ(3; 7 (), 7 (B)) defined in (2-16) and (2-17). The details of
this are in Appendix A.

8. Proof of Proposition 6.2

To prove the proposition, it suffices to show that €i+ (q;o, B) K g /4 fori=1
and i =5, since the proofs of upper bounds for other terms are similar. We start
with a lemma that will be used in the proof.
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Lemma 8.1. Let A, n be integers such that (A, n) =1 and 1, n K qA, where A is a
fixed constant. Moreover, fori, j =1,2,3, let a; < 1/logq and |ot; — ;| > 1/q°
when i # j. Then for ¢ > ¢y,

&

Res Dz(S, &, oz) < q—,
n n

s=1—q;
where D3(s, A/n, &) is defined in (B-4).

Proof. By symmetry, it suffices to prove the statement for the residue at 1 — «;. For
Re(s) > 1 +Re(a; —«;), where j =2, 3, let

m .
Z ox(m; ay — o, 03 — o)

mS

D(s) :=

m=1
nlm

_ 1 3 p(d)oa(n/d; an —ay, a3 — o)
- ns dsreatas—2a

(s +ar —a)(s +asz —ap),
d|n

where we have used Lemma 2.1 to derive the last line. Now, D(s) can be continued
analytically to the whole complex plane except for poles at s = 1 + o) — o for
Jj =2,3. Moreover, D(1) < ¢¢/n.

Fori =1, 2, 3, and Re(s + «;) > 1, the sum in the lemma can be rewritten as

A¥11213 o n E
3s+a1+a2+a3 ZZZ ( ) ( +O‘1’5)§<S+“2, ;)C(S‘FOG,;)-

r1,r2,r3 (mod n)

This sum can be analytically continued to the whole complex plane except for poles
ats =1—q; fori =1, 2, 3. After some arrangement, the contribution of the residue
ats =1 —oay is

e 222 ((1re—an Y )e(1e —a; ) = D),

r2,r3 (mod 1)
nlrars

and the lemma follows. |

8A. Bounding Si" (g; a, B). With the same notation as in Section 7 and % defined
as in (2-6), we recall that

% b, % 7b7
Elapld:a, ﬂ)—zn § :E :ZZ (a13/21 ” (a23/22bz 2
2

ay,by,ar,br>1
d d +
Y Bl W,
M N

(arazb1bs,q)=1
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where
1 (c, x)
Eagab =y ¥ e
c<C x (mod dc¢)
+
| T8, )
yiy oy el
§<C ¢<C/§ x (mod éc)
(u1x—uy,c8)=34
3/24a1+orta; 3 A
+ T 2
7-1,&,ﬂ(C87 -x) - n?+al+a2+a3 ; Sflisﬂi D3 <S, 772 9 )
XZA3< )]—"+(C(S n; a, B),
for
q(uxx —uy)a usc
AM=———, m=-——-:;
8(ar, uzc) (ar, uzc) _aibi
Y é(Lt]x —uz)az uic ! (a1b1,a2b2)’
2= =",
d(az, uic) (a2, uyc)
and

Fi(c8,n;a, B)
© e ] ZSil 3,2 3,2 4”\/a2yalz y z
2/0 /0 mﬁva,ﬂ(albly,azbzz; q)Jk—1 T f(ﬁ)f(ﬁ)

2 2
ab asb
xi ke oy 4+ 2 2 Us s . aldydz.
cdqarby  cSqaib; ;ﬁ

We first note that the contribution from the terms a3b2 y> q3/ 2+e or a3b2z > g3/
can be bounded by ¢~ for any A due to the factor V, ﬁ(a b1 v, aZbgz q). So from
now on we assume a;bIN < ¢*/*™ and a3 M < g/**.

Moreover, the dyadic sum over M and N contains only < log2 g terms, so it
suffices to prove that

Ef, 4a.b. M N) <a" ¢/ (8-1)

for fixed a, b, M, N satisfying a;b? N < ¢3/>*¢ and a3b?M < ¢*/**¢. On a first
reading, the reader may set a; = ap = by = by =1 as this simplifies the notation
without substantially changing the calculation.
We now write
Effa’ﬂ(a, b,M,N)=H, + H, (8-2)

where H is the contribution from the sum over n < nqu /N, and H, is the rest.
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8A1l. Bounding H,. By (B-6), U3(7r3ny/n?) < q® when n K n?qs/N. This and
(5-6) gives us that

MN —1/2 MN k—1
FHco,mi o, B) < MVANY2g0 m{(_) , (_) }
céq cdq

Then, from Lemma 8.1, Lemma B.2, (B-1), and the fact that (a», uic) < a; and
1/(ay, upc) <1, we obtain that H; is bounded by

MI2NV2ge Z Z %

5<C c<c/s T2

MN \"'/? MN !
() (|

c cé
n&miqf /N hiny, hin? q q
3/4 /4 3/2
< M5/4N1/4qaa1 a23 2‘2 < g3,
u1q¥/
as desired. In the above, we have used (a1b;, axby) > 1, afb%N < ¢*?*¢ and
a%b%M < g3,

8A2. Bounding H,. We start by rewriting ]-'1+ (cb,n; o, B) as

o o a3baz ds
Vl(s,t)/ PE_a(Z) e 2 Z(n,z)dz —dt,
[oo /(‘l/logq) 0 I(M> (65qa1b1> §

where Vi(s,t) := Vi(a, b,a, B,s,t, M, N) is defined as

1 q S(a,B) a3b2 it . .
sa) (G ) ot rsesin s cimia

2mwi
% (i)3SM—1/2—s+itN—l/2—s—it’ (8-3)
472
and Z(n, z) :=Zy(a,b, N, n, z, ¢, 8) is defined as

o0 a*b y 4 Japryaiz 3n
f Fr—i-it(l) e<#)-]k—l< >U3( 3y;05> dy, (8-4)
0 N céqarby cdq m

and F,(x) := f (x)/x"/>+?. Note that the j-th derivative, F.\ (y/N)= O (|¢|/ N~).
Note that the trivial bound for ]_-1+ (c,n; o, B) is

Fl(cs, n;a, B) K VMN (gn)°. (8-5)
. 8m/ajayMN 8m/ajayMN
There are two cases to consider: ¢ > ———— ande < ————.
8q 8q
871«/a1a2MN
Case 1. c> ————.

dq



The sixth moment of automorphic L-functions 615

By (5-5), (B-7), and n3ny/n? > ¢, we can rewrite Z(n, z) as

i<n3ny)(ﬁ1+ﬂz+ﬂ3)/3( m >1§: (—1)¢
: TN/ O +k—1)!

3
j=1 U =0

00 2b 3 1/3,,1/3 3 1/3,,1/3
X/ yj(y,z’g)e< aroyy >{Cje<u)+dje<_u>}dy
0 cdqasby m m

4 O(q—S(K-i-l))’

where c;, d; are some constants, and

20+k—1 .

y 2w Jaryaz y\—J/3
510200 = R () (ZLEIEE) T 2
iz, 0 s+it\ ( 5q ) N

is supported on y € [N, 2N]. Moreover,

9"F;(y,z,0) 1 e)f
Thus, picking K large enough so that ¢ ~*K+1 is negligible, it suffices to bound
integrals of the form

/O F5(3, 2 0 e(@-(y, ) dy,

h
where 3n1/3y1/3 a%bl
+By and B=

0,(y,n) ==+ _—
20 ) m cdqazby

Taking the derivative of 6,(y, n) with respect to y, we have that

173
0.(y,n) =B+ ——~—.
: y23m

When n > 64(Bn;)>N? orn < %(Bm)3N2, since n > n?qS/N we have

1/3 e

q
> —.
yB3m T N

Thus, integrating by parts many times shows that the contribution from these terms
is negligible. Therefore we only consider the contribution from when }‘(Bm )3N? <

n < 64(Bn;)>N?. Note however that

0.(y, n)| >

(a2b1)3N2 qé‘
(Bm)3N2 < 183T
and that there are no terms of this form unless N > q3/2/(a12b1)3/2 and § < ¢°.
From (8-5), trivially F, (¢8, n; &, B) = O(M'/>N'/2(nq)*). Hence the contribution
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to H, from these terms is bounded by

1 N
1277172 &

M"N'"q Z Z 32 Z\/ZZ LBN13

8<q° csJamMn/sq T 12 hiny n<qt

h*|n
&« af/4b}/2a§/4M1/4N1/4q8 < a11/2q3/4+e’

similar to before.
< 871«/a1a2MN

Case 2.
8q

By (5-4), we write Z(n, z) as

/()OO{R+(y,z)+R_(y,z)} Ve U3(ﬂ3’;y;a> e(ﬂ)d

m(aaxyz)'/* m c8qazbs

where

Ri(y’ 7) = Fs+it<

Y\ ot (A7 Jara2yz 2 /avayz k1
—)W VAR ) o (£ IV 2 ),
N cdq céq 4 8
and WH=W, W =W.

Similar to Case 1, we explicitly write Uj (m3ny/ r]%; o) as in (B-7) so it suffices
to bound

i<n3ny)(ﬁ1+ﬁz+ﬂ3)/3( N1 )j 1 VLY

0 A AN13) NVA 7(arar)/*

o 3nl/3y1/3 3nl/3y1/3 2y,
X/ %ji(y,z){ci%l)+dje<_l>}e< iy
0 ' n n cdgarby

2 k1
« (i(_wwz ke _>) dy 4+ 0(q—&+D),

j=1

cdq 4 8
where
HE (. 2) = Fopit(y/ NYW= (47 Jarazyz/c8q)
je (y/N)i/3+1/4

is supported on y € [N, 2N]. Note that

DA (y, 2) It]i
Bj—yi L na and c%”ji(y, 7) K 1.

Thus, the integration over y is of the form

/O A (y, 2) e(g: (v, ) dy,
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where
1/3,,1/3 2
n'3y ko1 Jaiaxz ayby
o)== (24545 —5)+By, A= . B=—11
g:(y, n) . VIt g y c5q pr—
Differentiating g,(y, n) with respect to y, we have
/( )=+ n'/3 4 A LB
g.\y,n)= ryru 5 .
: yH3m 12
When a3/ *byM'/2 > 4a>"* b N'12, it follows that
A - A B>1 A d 3 A A +B> A
yl/2 = yij2 2y1/2 2912 =y y1/2
Therefore
1 A B <3 A
§y1/2 = y1/2+ —Eyl/z'

When n > 54(An;)* N/ or n < £,(An1)>N'/2, since n >> njq® /N we have that

1/3 e

g ) > o 1
o y2/3m

ﬁ.
Integrating by parts many times shows that these terms are negligible. We then
consider only the terms where é(AmﬁNl/2 <n < 54(An)>N'/2. Note however

that
7 3 —\3
(A?]])3N1/2 << M ]\]1/2 << @ N1/2 << q_’
cdq sql/4 83
and that the left side is only > 1 if N > ¢%?/a3 and § < ¢°.
By (8-5), the contribution of ]_-1+ (cé,n; e, B) to the terms in this range is

O(M'?>NV2(ng)®). So the contribution to H> from these terms is bounded by

Nz
M'2N2gE N ) 3/2 DD < 1/3N1/3> (6!1021(‘:/11\’)1/4

8<q* cJaamMn /(g Tt 12 hpny n<&q®

&« a15/4b1/2“§/4 1/4N1/4 £ & a11/2q3/4+s,

which suffices.

When 4(1;/2172M1/2 < af/zblNl/z, we have that %B < B — A/yl/2 < B and
%B > Ay!/2 4+ B > B. By the same arguments as in Case 1, the range of n that
should be considered is of the size (Bn1)3N 2 and give a contribution to H> bounded
by al/? 3/4+s

y a,

When 1 3/zblNl/2 <a, byM'/? < 4a; biN'/2, we have that A/yl/2 = B,

and so the range of n that should be con51dered is of the size (An;)’N'/? by

3/2 3/2
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the same arguments as above. Hence the contribution from these terms to H, is
1/4
O(al/ q3/4+s)‘
This completes the proof of Proposition 6.2 for 51+ (g; o, B). The same proof
applies to bound El.i(q; a,p) fori =2,3,4.

8B. Bounding 8;' (q; oy B). We first recall that

&g f) = = ZZZZ‘%(“%’? e %(a;;/bzzz £
2

ay,by,ax,br>1
d d +
XY B gt M)
M N

(a1azb1b2,9)=1

where

Ef, (@ b, M,N) _Z Z

c<C x (mod dc)

7'5aﬁ(c x)

el o T p(c8,x)
6<C ¢<C/§ x (mod §c)
(u1x—up,c6)=0

3+a;—Bi+ar—pfrt+az—pB3
+ _ T ( )
7;,01,,3(6.8’ X) = n?+a1+cxz+a3 n;—ﬁl—ﬁz—ﬁs Z Z A3

n,m>1

A2 + . .
x A3(m, s —ﬂ)]—“s (c8,n,m; , B);

n2

for

q(urx —uy)ay usc
M=———"7" m=——7,
d(ay, uzc) (a1, uzc) _ab;
- r )
q(ui1x —us)az uic (a1b1, axby)
M=—---=="== Mm=————,
d(az, uic) (a2, uic)

Fi(cd,n,m, o, B) = / / 12 ; 1/2 Ve.p(aibiy, a3b3z; q)

x Jkl<47f—v6l2y012)f(l>f<i>i_ke( aibry n asbyz )

céq N M cégarby,  cdgqaby
3
3n T°mz
xU3< y >U3< 3 ;—ﬂ)dydz.
771 Up

The proofs in this section are very similar to the ones in the previous section.
Previously, we had one sum over n and now we have a double sum over m and
n which can be treated in a similar manner. To be precise, we begin by dividing
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E;ayﬂ(a, b, M, N) into 2?21 E;fi(a, b, M, N), where
ES.(a,b,M,N):=EJ, , 4(a,b,M,N)
is the contribution from case (i) below:

mq°

3 ¢

mq

—— and m ;
< M

) nk

3 ¢ 3 ¢

(2) n> % and m « 24

B

3 ¢
mq
3 —_
B nk N

3 & 3 ¢
m4q 79

4 ——— and =

4 n> N m> =

3 ¢

>4

and ;
m> ;

By symmetry, the treatment for cases (2) and (3) is the same, so we show only the
second case.

Similar to Section 8A, the contribution from the terms afblzy > q or
a3b3z 3> q/**¢ can be bounded by g~ due to the factor Vg g(a;ibly, a3b3z; q).
Thus it suffices to prove that

3/2+4¢

Ed (@b, M, N) < a;*ay/*¢¥***, (8-6)
for fixed a, b, M, N satisfying
@bIN < ¢**T and a@3b3M < ¢*FTE.
In fact, we prove the stronger bound E;fi (a,b, M,N) < a}/za;/qu/”g.

8B1. Bounding E;fl(a, b, M, N). For this case, we have U3(7T3ny/n?; a) K ¢g°
and Us (n3mz/ng; —B) < ¢° by (B-6). Similar to the arguments in Section 8Al,
from Lemma 8.1, Lemma B.2, and (5-6), we have that for k > 5,

E;’:l(avba M’ N)

<<M1/2N]/2qu Z % Z Z n?/z\/zl

5<C c<c/s M n<miqe /N hylni, hy|n?

> 2 ";/zﬁzmin{(@)_l/z’ (M)k—l}

céq céq
m<&n3q /M halna, halm?
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k—1
12128 3/2 3/2 aya, MN
cunrg Sl S (YA
s<C VairayMN /(g8)<Kc<C/$ 1

—1,2
32 32 VaraaMN
PR G

cL+/araaMN /(q8)
2 2 3/2 32
<« M32N32g 4 a2”14 ) < g2,
q

8B2. Bounding E;fz(a, b, M, N). We can write ]:5—"_(68, n,m;a, fB) as

3

/ fl/logq)VI(s g Fs- lt<M> (c;l;fz?;)l] <7T,ZZ —ﬂ)I(n Z)dz—dt

where Vi(s,t) and Z(n, z) are defined as in (8-3) and (8-4), respectively, and
Fy(x) = 1/x"/2 £ (x). Note that FJ). (y/N) < |t|/ N~

The integration over z can be bounded trivially, and the sum over m, h, can be
treated in the same way as in Section 8B1. For the integration over y, we argue as
in Cases 1 and 2 of Section 8 A2 and obtain that E;fz(a, b, M,N) K a11/2q1/2+8.

8B3. Bounding E;r 4@, b, M, N). We split into two cases as follows.
8 /ajayMN
dq '
We use (5-5) and (B-7), and the integral that we consider is of the form

a2 2 1/3,1/3 1/3,1/3
b b 3 3
/ f G(y, z)e< Ly e + nY + mox )dydz,
céqarby c8qa1b1 n P

Case 1. c>

where 8/9'G(y,z)/3y/dz' « 1/(N'M"), G(x,y) < 1, and it is supported in
[N,2N] x [M, 2M]. Therefore, the integration over y, z above is O (MN).

By the same arguments as Case 1 of Section 8A2, it is sufficient to consider
when ¢ (Bim1)*N? < n < c2(Bin)* N? and ¢1(Bam)  M? < m < e2(Bain)* M?,
where ¢y, ¢, are some constants, B; = azbl/(C(Sqazbz) and By = azbz/(c&]albl)
since the terms outside these ranges give negligible contribution from integration
by parts many times. By the same arguments as in Section 8A,

(atb1)’N?  ¢° (a3b))’M?  ¢*

< ~— and Bp)’M> <« 21— «—.

372
(Bm)'N <<W 53 5343 53

So there are no terms of this form unless N >> q3/2/(a12b1)3/2, M > q3/2/(a§b2)3/2,
and § << ¢®. We then obtain that the contribution from these terms to E ;’ 4(@a,b,M,N)
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is bounded by
1
1/2771/2
M°N qu Z 3/23/22\@122‘/%221
8<q® > Jaja;MN /(8q) 1 2 hilm n&q® halm m<&q*®
h2n h3lm
< all/za;/qu/”?
8/ MN
Case 2. c < %‘
dq
For this case, we use (5-4), and the integral that we consider is of the form
nn LY i
mB3nlAMIBNIA MYANYA(ayay) ' /4 /0 /0 H(y,z)e(g(y,z,n,m))dydz,
where .
— = K 1/(N'M"),
PREEREAS /( )

H(x, y) is supported in [N, 2N] x [M, 2M], and

a%bly N a%bzz n 3nlByl3 n 3m!/371/3 n 2. /aiayz
cdqaby ~ cdqaib n n cdq

g()’, z,n,m):

We note that the integration over y, z above is O (MN). Hence we obtain that

a b b b 1/3 A
g(yznm):Blin L AL
dy y¥3n ~ yl/2
a 9 9y b 1/3 A
g(yznm):Bzim LA
3Z Z2/3n2 Z1/2

where Ay = Jaja;z/(c8q) and Ay = Jajayy/(cég). We divide into three cases
to consider.

Case 2.1: a;/zszl/2 > 4af/2b1N1/2. For this case, we have that

A yp
1
Y172

A
22 4B,

= Bz.
Z1/2

= —— and
y

Similar to Case 2 of Section 8 A2, we consider the ranges n < (An 1)3N1/2 and
m = (Bany)> M?. By the same arguments as in Section 8A, we note that

3 e 2 3402 e
3y 172 ~Na N 2 9 32 o @0)MT  g°
(AN~ < (8q1/2> N7 <G and Bp)yM < s <

and there are no terms of this form unless N > q3/2/a13, M > q3/2/(a§b2)3/2, and
8 < ¢g®. Hence the contribution from these terms to E;r 4@, b,M,N)is
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1 1 1
MUSNYSS T Y mmmm oY) SR ) Vi Y

5<q* cyaramMN /6T T2 mim n<qt haln m<qthdm
hiln
1

1/2 1/2
&« al/ a2/ q1/2+s.

Case 2.2: c113/2b1N1/2 > 4a§/2b2M1/2. For this case, we do the same calculation as
11241121 /24ey,

in Case 2.1 and obtain that the contribution is also O(qa,
Case 2.3: }‘a?/zblNl/z < ag/zsz”2 < 4a13/2b1N1/2. For this case, we have that
Ay

A
WAB] and ZITABZ

By similar arguments to Case 2 of Section 8A2, we can focus on the ranges
n = (A1n)>NY? and m =< (A;n;)>N'/?. The contribution from these terms to
E;4(a, b, M, N) is then < a;/za;/qu/”g.

9. Conclusion of the proof of Theorem 2.5

Recall that from Section 4 and (4-1), we want to evaluate
H(0; o, B)Me(q) = #1(q; a, B) + .#1(q; B, o).

By (4-2), we see that .#(q; &, B) = P(q; &, B) + # (q; &, B), and in Lemma 4.1,
we showed that

7(q; @, B)=H(O; e, p) / Mg @ +it, B+it) di + O(qV*),

which is one of the twenty main terms of the asymptotic formula. Then we de-
composed .7 (q; o, B) as #uy(q; &, B) + #£(q; a, B). We proved in Section SA
that 7z (q; o, B) K q_l/ 2+¢ and then using the Voronoi summation formula, we
extracted another nine main terms of the asymptotic formula from 7y, (q; e, B)
with an error term O(q_l/ 4+e) (see Propositions 6.1 and 6.2, Section 7, Section 8§,
and Appendix A). As briefly discussed in Section 4, those terms correspond to
M(q; w () +it, w(B) +it), where 7 is the transposition (¢;, B;) fori =1,2,3
in S¢/83 x S3. Hence .#,(q; a, B) gives ten main terms the desired asymptotic
formula, and similarly the remaining ten terms come from .#;(q; B, o).
Therefore, combining everything together, we have that

H(0; a, B)Me(q)

=H(0; e, /3)/ Y Mgim(@) +it, w(B) +it)dt + O(g~4He),
T reSs/S3x 83



The sixth moment of automorphic L-functions 623

If Jo; —Bj|>q °forall 1 <i, j <3, then H(0; &t, B) > ¢~ ° and we immediately
get

M6(‘1)=/ > Mg m() +it, m(B) +it) dt + O(g~/*H).
T reS6/83x 83

However, since all expressions above, including the term bounded by O (g~'/?*¢),
are analytic in the «; and B;, we see that this in fact holds in general.

Appendix A: Comparing the main term of R,, g, and M(q; n (o), w(B))

To finish the proof of Proposition 6.1, we show that the local factor at prime
p of the Euler product of ¢(1 — oy + B1) My, g, (0) is the same as the one in
AZ(%; m(a), (B)), where

(), T(B)) = (Br, a1, az; a1, B2, Ba3),

and My, g, (s) is defined as in (7-10). To simplify the presentation, we work within
the ring of formal Dirichlet series, so that we need not worry about convergence
issues in this section. Indeed, if we show that ¢ (1 — a1 + B1) Mg, g, (0) is the same
as AZ (%, 7 (o), n(ﬂ)) as formal series, then they must have the same region of
absolute convergence. Thus, as analytic functions, they agree on the region of
absolute convergence, and so must be the same by analytic continuation. Note
that we have already verified that there is a nonempty open region of absolute
convergence at the end of Section 7.

For notational convenience, a3 = (a2, @3), and —f2 3 = (—p2, —fB3) in this
section.

Al. Euler product at prime p of AZ(%; w(e), w(B)). We start by rearranging
the sums in AZ(s; w(a), w(B)) by the same method as in (2-9). When

Re(s +B1 +ax +a3), Re(s —ag — o — B3) > 1,
we recall that from (2-13) and (2-17), AZ(s; 7 (er), m(B)) is

#ay, by; (@) Blaz, br; —(B))
ZZZZZZ (albl)zs (llzbz)zs

ai,by,az,by,m,n>1

ab=ab o3(n; 7 (@))03 (m; ~7(B))
(ai,q)=(b},q)= (arn)* (aym)* .

Using Lemma 2.1, the proof of (2-9), and the fact that
o3(a; a1, @, @3) = Y d~Moa(f; o, @3), (A-1)

df=a
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we see after a change of variables that

AZ(3: 7 (), 7(B))
1 1
=cA—a+p) D 3 ). s IR T T e), (AD)

dy,dy,er,er>1

diey=dre;
(diej,q)=1
where
oa(jier; @2.3)02(jae2; —Ba3) (i, jo) ! 71 HA
J(e1,e2) = Z Z e ' (A-3)
J1.j2>1 Ji

Because both ¢(1 — ay + B1) M, g,(0) and AZ(%; (@), 7(B)) have the factor
¢(1 —ay + B1), it suffices to consider only the local factor at prime p of the sum
over d;, e; in (A-2). For p # g, this is

T»(€1, €2, k)
ZZZZ D+61+62+elﬂ1 eray Z . 1k2 ’ (A'4)

81,82,€1,62>0 k=0 b
S1+e1=dr+e2
where p% || d;, p<i || ei, p¥ || ji,
D =481+ 8+ 81(ax +a3) — 82(B2 — B3), (A-5)

and
Tp(er, €2, k) == 02 (p"; a2, 3)02(p* T2 —B.3)

o t1+er. X o k+€2 _
N Z 2 (p 2.3)02(p B23)

ﬂl(k t)
0<i1<k
o2 (P @ 3) o0 (P72 —Ba3)
+ Z p—on(k—tz) N (A_6)
0<i,<k
For p = g, we have that §; = ¢; = 0, and the local factor at p is

0,0,k
p

k>0

We also comment here that when o; = 8; =0 fori =1, 2, 3, using 03 (P =k+1
in (A-4), (A-6), (A-7) and some straightforward calculation, we derive that the local
factor at p # q of AZ(%;0,0) is

1 -9
1——) c,,
(1-5)

where C, is defined in (1-4), and the local factor at g is

=5
(1—l> (1+i+i2).
q q " q
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This explains the presence of the arithmetic factor in our Conjecture 1.1, as in the
work [Conrey et al. 2005].

A2. The Euler product at p of Mg, ,(0). By the definition of #(a, b; a1, a2, a3)

in (2-6), G(c, a, b) in (7-9), Z# “ap(s; h,b,c,y, g) in (7-6), (A-1), and a change
of variables, we obtain that M, g, (0) can be rewritten as

1
Z Z Z Z 1 —a)— ,31+t¥2+a3 It+ai+pi—Po—B3 p1-Bi 140
d, hH T h

di, f1,d2, f2>1
i fi,9)=1
p(h) p(b) n(g) 1
X Z he—pi Z bai—pi Z c¥1—Bi Z yo —pB1 Z galfﬂl l_[ <1 - ;)
h>1 b>1 V|C gle/v) ple
hluyuy (b uruz)=1 plbhy
3 3 M) (DY g oD )
a +a ’ s
el @ 2793\ ajupchn (ay, urch)’ ay
1+
M(az) (a2, uicb) uichm A
ZZ - oo\ ———=; —Baz|o2| == —Ba3)-
’32 aruicbm (aa, uy cb) as
m>1a|f, ¢

In Section 7B, u; = a;b; /(a1b1, arxb,), but after changing variables, we write that
u; = fid;/(fid,, fod>). By comparing Euler products, we can show that

ZZ w(ar) ((ai, uxch) 1_“‘0 uzchn AW S
"‘2+°‘3 aurcbn (ap, urch)’ 2372 ay’ 23

n>1 al\fl

_ Z oo (fiuachn'; oz 3)

(uachbn’) -

We also have a similar expression for the sum over m and a,. Hence we can write
M, 6,(0) as

1
ZZZZ 1 —a— /31+az+a3dl+a1+ﬁ1 —B2—B3 fl /31 1— OllfH-Oll 1+81

dy, fi,d>, fr>1
(d; fi,q)=1
w(h) u(b) n(g) 1
Y DY Y ¥ s 10-7)
h>1 b ¢ y\c gl(c/y) ple
hluyuy (b,ujuz)=1 p)(bhy
o2 (fiuacbn; an 3) oo (fourcbm; — B, 3)
XD Y m+hi (A-5)

n,m>1

We note here that d; fiu, = d; fou; by the definition of u;, up. Next, we consider
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the local factor at p # g of (A-8), which is of the form

1
Z Z Z Z D (L1,£2)+281—L1a1—(E1+E2) (B1 al)f (61, 82, &1, 62), (A-9)

381,62,61,62>0
§1+81=52+4>

where p% || d;, p5 || fi, p¥ || ui, €1 = & + va, €2 = & + vy, min{vy, v2} =0,
D'(¢1,£5) = D+ (8, — 81) (g + B1) + £1 + £, and D is defined in (A-5). We
examine .2, (d1, da, f1, f>) below, but before that analysis, we need the following
two lemmas.

Lemma A.1. The contribution to the local factor at p from

Z yonl—ﬂl Z glil(igl l_[ <1 B %)

vle gle/y) ple
ptbhy
is 1if p{cor p|bh. Otherwise, it is
1 1
- ; + pl—i-()ll—ﬂ] :

Proof. For p {c or p | bh, the contribution to the local factor is 1 because

! 8) 1
Z ya—hi Z g/ilfﬁl = Z 21— Zu(g) =1.

vle glc/y) ale gla

Now suppose p | ¢ and p { bh. Below we write p || ¢ and p?» || y. Then the
contribution to the local factor at p is

1 1 1 1 1
(1 - pa1—61 ) (1 h ;) +1§§<cp pyp(oel—ﬂl) (1 o pal_,Bl ) + pc,,(al—ﬁl)
1 1

=1+ e U

Lemma A.2. Let

1 02(P€1+""+C" @z 3) o2 (plTITe — B )
np(l ay) pmp(l""ﬂl)

Py, L) =

. (A-10)

cp=0, np, mp>0

Then 5
Tp(Ly, €2, k) =i
Py ) =) L +pp2

k
k>0 p

PU+1,0,+1),

where J, (L1, £, k) is defined as in (A-6).
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Proof. We have

o2 (pYTCr; ap 3) 00 (PP — Ba 3)
per

P, )=

cp=0

Li+n,+c,. lr+cp.
o (PP T ap 3)02 (PP —Ba,3)
+ 2.

pcl,+np7npa1

cp=0, np>1

Li+cp. lo+mp+cp.
o2 (p" T ap 3) o (pT TN — B 3)
+ ZZ pcl)+m17+m17ﬁl
cp=>0, mp>1
pal—ﬁl
+ P P +1,6+1)

ar—pi

1,4, k
:ij(lkz )+P

3 PU+1,0,+1),
=0 p p

after some arrangement. ]

Now we examine %, (81, 82, &1, §&2), which we separate into two cases below.

Case 1: 61 + & = 6, + &. For this case, we have v; = vy =0, so & = ¢;. Hence
uiuy =1 and p t h. From Lemma A.1, we then obtain that

Zp(81, 82,81, 62)

1 1
= Py, b)) + ?(p*‘“*m —DPU I +1,6,+1)— ?9]’(21 +1,8,+1).

From Lemma A.2, %, (d1, d>, f1, f2) can be written as

Ty, lr, k 1 _ _
Z¥+_2(pal ﬂ1_2+pﬁ1 WY Py 41,0+ 1)
p p
k>0
T, (1, La, k 1 _ _ Tl +1,6,+1,k)
=ZM+_2(pm /31_2+pﬂ1 al)z p(l k2
pal—ﬁl
T P =2 PP 2+ 2. 604 D)
1
= —k{jp(ﬁl,ﬁz,k)+(p“‘_ﬂl—2+pﬂ'_"”)
kzop

< Z p(mp—l)(on—ﬁl)jp(gl+mp,£2+mp,k—2mp)}.
I<m,<|k/2]

Case 2: 81 + & # 02 + &. For this case, vi +v2 > 1. So p | ujuz, and b, =0,
where p? || b. By Lemma A.1 and A.2, we have
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fp(al’ 627 517 52)
1 1 1
= (1= ) 7@ - (1 pal_ﬂl)ﬂ(& +1.6+1)

1 Ly,45, k
=(1- a_ﬁ){ZLk” —(pah 1)9(z1+1,z2+1>}
pr Pl P p?

:<1_p 1 ){Z jp(ﬁhﬂz,k) ( ai—pr_ I)ZJP(Z1+1 , o+ 1,k)

—B k k
“h) | p =0 P
pou—ﬂl
n (PU P — 1) 2(l) +2. €z+2)}
(1-— )ZI{J(IZEk)
— —_ —ﬂ _k )4 1,12,
pe—h = p
+(p0(17ﬂ1 o 1) Z p(mpfl)(()llfﬁl)jp(gl +mp’£2 —|-mp,k—2mp)}.
lfmpftk/2J

From both cases, we obtain that (A-9) is, say,

2020 PG £1ﬂ|+[2a1$ (81, 82, £1, £2)

81,82,£1,£,>0
S1+L1=b2+¢

Zp(é1, 682,81, 82)
+ZZZZ( Z p(Zf—le)ﬂlz—éz(lﬁl—il)

81,62,41,£,>0 0=<é<t

81+ 1=582+4> &=L,
2y (81, 62, &1, 62) 1 )
+ Z pe=tDar=5(Bi—an) | pD'(@1.0) _‘ZZSP(‘SI"S?)' (A-11)
0=<é1 <t 81,62>0
&=l

For fixed 61, 82, where 8, > §;, we rearrange the term S, (81, 62) and obtain that

Sp(81,82)

ZZ ij(el,éz,k) 1 + 1 _ 1
D'(e1,e2)+k p(éz—él)al p(éz—él)ﬂl p—615|+€20t1

€1,6,>0 k>0
S14€1=0+€

(La—1D) (1 —B1)
ar—p1 _ Br1—ay P
+(p 2+p ) Z pf(elfﬂz)/ﬁlJr(Ezfﬁz)Otl
I<<e;
1 1 2p£2(a1*/31)
aj—p1 _ (l2—1D)(a1—pB1) _
+( D Z P (p(éz—él)al + p(éz—él)ﬁl p—€1ﬂ1+6206|
1<l<ex
Tp(er, €, k)
ZZ Z D+e1+ez+k+e|ﬁ1 -0y " (A-12)

€1,6,>0 k>0
S14€1=0+€
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By a similar calculation, S, (81, 82) yields the same value for §; > §>. In summary,
from (A-9), (A-11), and (A-12), the local factor at p of My, g, is

ZZ Z jp(€17€2’k)
pD+€]+€2+k+€l,3I—620l] ’
€1,62>0 k>0
S1+€1=8+¢€

which is the same as the local factor at p of AZ (%, (o), T (B )) in (A-4), as desired.
For p = g, we use similar arguments, with §; = ¢; =0, so that the Euler factor is

3 J,(0,0, k)

k
k>0 p

9

which is the same as the local factor at g of AZ (%, (o), n(ﬂ)) in (A-7). This
completes the proof of Proposition 6.1.

Appendix B. Voronoi summation

In this section, we state the Voronoi summation formula for the shifted k-divisor
function defined in (2-5). The proof of this formula is essentially the same as the
proof by Ivi¢ of the Voronoi summation formula for the k-divisor function, so we
state the results and refer the reader to [Ivi¢ 1997] for detailed proofs.

Let w be a smooth compactly supported function. For ¢ = («y, ..., o), let
or(n; a) =or(n; aq, ..., ar). Define

S(% oc) - iok(n; @) e(%)w(n),
n=1

where (a, ¢) = 1, and the Mellin transform of w,
o0
a(s) = / w(x)x*1dx.
0

Since w was chosen to be from the Schwarz class, @ is entire and decays rapidly
on vertical lines. We have the Mellin inversion formula

w(n>=ﬁ/ ZIOEC

where c is any vertical line. Let

a(m Ca) =L T e

my,...,mp>1
mi---my=m

« Y T {e(“‘“"'”"*“"")Jre(_"“l"'f"”"")}, (B-1)

C
a; (mod ¢) a; (mod c)
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and
a 1
Bk(m,—,ot>:— E mi{' - m
c 2
mi,..., mp>1
mi---mp=m

o Z Z {e(aal---a;—i—a-m)_e(—aa]---zzk—i-a-m)}‘ (B-2)

a; (mod ¢) a; (mod c)

Moreover, we define

—

(305 =) >

Ckx k
Gi(s,n, =
(s, m, ) b/ ( (1 —S+Olg))

ksns

~
Il
-

==

—_~ |~~~ A~
ST ST ST

(1+S—Ole)))
(2—s+ap))

1=

ks
Hi(s,n,a) = ‘ (

:q
=~ O
3
o~
I
X

andforO0 <o <5 —¢ -|— Ze | Re(ay), we let

( (s — o)) ds

U,

k(s o) =5~ /(“)z TG —s+ap) x* B3
(1+S—Otg))

V
(s 00 = 2mi /(o)g T (2—s+o¢g))

We note that by Stirling’s formula, both integrals for Uy and Vi are absolutely
convergent.
Finally, we define the Dirichlet series to be

Dk<s, %’ oc) _ Z or(n; oc)e(an/c),

nS
which converges absolutely for Re s > 1. We have that

Dk<s a a)_ 3 e(aniny - - -ni/c)
b 9 - ¢
C n‘i—‘ral .. .n‘;(—‘ra/"

Ryeelik

1 aaj - - - ag aj
= cks o+t Z e<f) 1_[5(5"'“1’ ?)’ (B-4)

ai,...,ar (mod c) j=1

where ¢ (s, a/c) is the Hurwitz zeta function defined for Res > 1 as

ay_y~_ 1
)= Earaor 9
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The Hurwitz zeta function may be analytically continued to all of C except for a
simple pole at s = 1. Therefore, Dy (s, a/c) can be analytically continued to all of
C except for a simple pole at s =1 —«; for j =1,..., k.

Theorem B.1. With notation as above and (a, c) =1 and

* < 1000k log(le] + 100)”

we have

( ) Z Res a)(s)Dk(s,%,oc)

s=1—ay
—_— , o w (X — ), X
Ck+a1+ +ay, k( ¢’ ) 0 e

k/2 o k
+.3k7-[ [2+a+ +akZB . a o oo (x)v m'a i
! ck+on+-+op K\ c’ 0 @ k ck :

n=1

We refer the reader to the proof of Theorem 2 in [Ivi¢ 1997] for details. Next, we
collect properties of A3(n,a/c, &), B3(n,a/c, a), Us(x; a), and V3(x; a). These
are useful for bounding error terms of Mg(q).

Lemma B.2. Leta, n, y be integers such that (a, y) = 1. Moreover, As(n,a/c, a)
and Bs(n, a/c, o) are defined as in (B-1) and (B-2). Then

o o s aryrary +ring +rony +r3ng
D onitngng YOy Y e

ninpni=n ri, ra, r3 (mod y) 14

=y Z hA(n, h, y)S<h2,—a, %)
hly, h%|n

where A(n, h, y) is a divisor function satisfying A(n, h, y) < (yn)¢. Moreover,

A3( )<< yn)y** > Vh,

hly, h%|n

B_o,(n, %,a) &L (yn)ey3/? Z Vh.

hly, h%|n
The proof of this lemma can be found in equations (8.7)—(8.9) in [Ivi¢ 1997].

Lemma B.3. IfU (x; a) := Us(x; &) and V (x; a) := V3(x; &), as defined in (B-3),
and

* < 1000k log(c| + 100)”
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then for any 0 < ¢ < % and x > 0, we have
U(x; o) < x°, Vi(x; o) < x°. (B-6)

Moreover for any fixed integer K > 1 and x > xg > 0,

K ¢ 1/3 - sin(6x1/3
o cjcos(6x/°)+d; sin(6x'/7) 1
U(x’“)_z yJ/3+@tartas)/3 0<x(K+1)/3+(a1+az+a3)/3)’ (B-7)
j=1
K- 1/3 o 1/3
L ejcos(6x'/7)+ fjsin(6x'/*) 1
V(x’“)_z 3@t tas)/3 +0(X(K+1)/3+(a1+a2+a3)/3>’ (B-8)
j=1

with suitable constants cj, ..., fj, and cy = 0,d, = —=2/+/37m, e = =2/ 37,
fi=0.

The proof of this lemma is a minor modification of the proof of Lemma 3 in
[Ivi¢ 1997].

Acknowledgment

Vorrapan Chandee acknowledges support from the Coordinating Center for Thai
Government Science and Technology Scholarship Students (CSTS) and the National
Science and Technology Development Agency (NSTDA) grant of 2014. Part of this
work was done while Chandee was visiting the Mathematical Institute, University
of Oxford; she is grateful for their kind hospitality.

References
[Chandee and Li 2014] V. Chandee and X. Li, “The eighth moment of Dirichlet L-functions”, Adv.
Math. 259 (2014), 339-375. MR Zbl

[Conrey and Ghosh 1998] J. B. Conrey and A. Ghosh, “A conjecture for the sixth power moment of
the Riemann zeta-function”, Internat. Math. Res. Notices 15 (1998), 775-780. MR Zbl

[Conrey and Gonek 2001] J. B. Conrey and S. M. Gonek, “High moments of the Riemann zeta-
function”, Duke Math. J. 107:3 (2001), 577-604. MR Zbl

[Conrey et al. 2005] J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein, and N. C. Snaith,
“Integral moments of L-functions”, Proc. London Math. Soc. (3) 91:1 (2005), 33—-104. MR Zbl

[Conrey et al. 2012] J. B. Conrey, H. Iwaniec, and K. Soundararajan, “The sixth power moment of
Dirichlet L-functions”, Geom. Funct. Anal. 22:5 (2012), 1257-1288. MR Zbl

[Diaconu et al. 2003] A. Diaconu, D. Goldfeld, and J. Hoffstein, “Multiple Dirichlet series and
moments of zeta and L-functions”, Compositio Math. 139:3 (2003), 297-360. MR Zbl

[Djankovi¢ 2011] G. Djankovié, “The sixth moment of the family of ' (¢)-automorphic L-functions”,
Arch. Math. (Basel) 97:6 (2011), 535-547. MR Zbl

[Gradshteyn and Ryzhik 2007] I. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and
products, Tth ed., Elsevier, Amsterdam, 2007. MR Zbl


http://dx.doi.org/10.1016/j.aim.2014.03.020
http://msp.org/idx/mr/3197660
http://msp.org/idx/zbl/1295.11087
http://dx.doi.org/10.1155/S1073792898000476
http://dx.doi.org/10.1155/S1073792898000476
http://msp.org/idx/mr/1639551
http://msp.org/idx/zbl/0920.11060
http://dx.doi.org/10.1215/S0012-7094-01-10737-0
http://dx.doi.org/10.1215/S0012-7094-01-10737-0
http://msp.org/idx/mr/1828303
http://msp.org/idx/zbl/1006.11048
http://dx.doi.org/10.1112/S0024611504015175
http://msp.org/idx/mr/2149530
http://msp.org/idx/zbl/1075.11058
http://dx.doi.org/10.1007/s00039-012-0191-6
http://dx.doi.org/10.1007/s00039-012-0191-6
http://msp.org/idx/mr/2989433
http://msp.org/idx/zbl/1270.11082
http://dx.doi.org/10.1023/B:COMP.0000018137.38458.68
http://dx.doi.org/10.1023/B:COMP.0000018137.38458.68
http://msp.org/idx/mr/2041614
http://msp.org/idx/zbl/1053.11071
http://dx.doi.org/10.1007/s00013-011-0334-2
http://msp.org/idx/mr/2885521
http://msp.org/idx/zbl/1312.11036
http://msp.org/idx/mr/2360010
http://msp.org/idx/zbl/1208.65001

The sixth moment of automorphic L-functions 633

[Harper 2013] A.J. Harper, “Sharp conditional bounds for moments of the Riemann zeta function”,
preprint, 2013. arXiv

[Ivi¢ 1997] A. Ivi¢, “On the ternary additive divisor problem and the sixth moment of the zeta-
function”, pp. 205-243 in Sieve methods, exponential sums, and their applications in number
theory (Cardiff, 1995), edited by G. R. H. Greaves et al., London Math. Soc. Lecture Note Ser. 237,
Cambridge University Press, 1997. MR Zbl

[Iwaniec and Li 2007] H. Iwaniec and X. Li, “The orthogonality of Hecke eigenvalues”, Compos.
Math. 143:3 (2007), 541-565. MR Zbl

[Katz and Sarnak 1999] N. M. Katz and P. Sarnak, Random matrices, Frobenius eigenvalues, and
monodromy, American Mathematical Society Colloquium Publications 45, American Mathematical
Society, Providence, RI, 1999. MR Zbl

[Keating and Snaith 2000] J. P. Keating and N. C. Snaith, “Random matrix theory and ¢(1/2 +it)”,
Comm. Math. Phys. 214:1 (2000), 57-89. MR Zbl

[Oberhettinger 1972] FE. Oberhettinger, Tables of Bessel transforms, Springer, Berlin, 1972. MR Zbl

[Rudnick and Soundararajan 2005] Z. Rudnick and K. Soundararajan, “Lower bounds for moments
of L-functions”, Proc. Natl. Acad. Sci. USA 102:19 (2005), 6837-6838. MR Zbl

[Soundararajan 2009] K. Soundararajan, “Moments of the Riemann zeta function”, Ann. of Math. (2)
170:2 (2009), 981-993. MR Zbl

[Titchmarsh 1986] E. C. Titchmarsh, The theory of the Riemann zeta-function, 2nd ed., Oxford
University Press, 1986. MR Zbl

[Watson 1944] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University
Press, 1944. MR Zbl

Communicated by Philippe Michel
Received 2016-02-16 Revised 2016-07-25 Accepted 2016-12-16

vorrapan@buu.ac.th Department of Mathematics, Burapha University,
169 Long-Hard Bangsaen rd Saensuk, Mueng 20131, Thailand

xiannan@math.ksu.edu Department of Mathematics, Kansas State University,
138 Cardwell Hall, Manhattan, KS 66506, United States

mathematical sciences publishers :'msp


http://msp.org/idx/arx/1305.4618
http://dx.doi.org/10.1017/CBO9780511526091.015
http://dx.doi.org/10.1017/CBO9780511526091.015
http://msp.org/idx/mr/1635762
http://msp.org/idx/zbl/0924.11069
http://dx.doi.org/10.1112/S0010437X07002679
http://msp.org/idx/mr/2330439
http://msp.org/idx/zbl/1149.11023
http://msp.org/idx/mr/1659828
http://msp.org/idx/zbl/0958.11004
http://dx.doi.org/10.1007/s002200000261
http://msp.org/idx/mr/1794265
http://msp.org/idx/zbl/1051.11048
http://msp.org/idx/mr/0352888
http://msp.org/idx/zbl/0261.65003
http://dx.doi.org/10.1073/pnas.0501723102
http://dx.doi.org/10.1073/pnas.0501723102
http://msp.org/idx/mr/2144738
http://msp.org/idx/zbl/1159.11317
http://dx.doi.org/10.4007/annals.2009.170.981
http://msp.org/idx/mr/2552116
http://msp.org/idx/zbl/1251.11058
http://msp.org/idx/mr/882550
http://msp.org/idx/zbl/0601.10026
http://msp.org/idx/mr/0010746
http://msp.org/idx/zbl/0063.08184
mailto:vorrapan@buu.ac.th
mailto:xiannan@math.ksu.edu
http://msp.org




Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Dave Benson
Richard E. Borcherds
John H. Coates

J-L. Colliot-Thélene
Brian D. Conrad
Hélene Esnault
Gavril Farkas
Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kolldr

Yuri Manin

Philippe Michel

Susan Montgomery

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Aberdeen, Scotland
University of California, Berkeley, USA
University of Cambridge, UK

CNRS, Université Paris-Sud, France
Stanford University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA
University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Northwestern University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

Shigefumi Mori
Martin Olsson
Raman Parimala
Jonathan Pila
Anand Pillay
Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas
J. Toby Stafford
Pham Huu Tiep
Ravi Vakil

Michel van den Bergh

Marie-France Vignéras

Kei-Ichi Watanabe
Shou-Wu Zhang

RIMS, Kyoto University, Japan
University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitidt Bonn, Germany
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2017 is US $325/year for the electronic version, and $520/year (4-$55, if shipping outside the US)
for print and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans
Hall #3840, c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage
paid at Berkeley, CA 94704, and additional mailing offices.

ANT peer review and production are managed by EditFLOoW® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2017 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 11 No. 3 2017

The umbral moonshine module for the unique unimodular Niemeier root system 505
JOHN F. R. DUNCAN and JEFFREY A. HARVEY

Geometry on totally separably closed schemes 537
STEFAN SCHROER

The sixth moment of automorphic L-functions 583
VORRAPAN CHANDEE and XIANNAN L1

A duality in Buchsbaum rings and triangulated manifolds 635
SATOSHI MURAI, ISABELLA NOVIK and KEN-ICHI YOSHIDA

Analytic functions on tubes of nonarchimedean analytic spaces 657
FLORENT MARTIN

Automatic sequences and curves over finite fields 685
ANDREW BRIDY

On an analogue of the Ichino-Ikeda conjecture for Whittaker coefficients on the 713
metaplectic group
EREZ LAPID and ZHENGYU MAO

1937-0652(2017)11:3;1-1



	1. Introduction
	1A. Outline of the paper

	2. Notation and the shifted sixth moment
	3. Approximate functional equation
	4. Setup for the proof of 0=thm.331=Theorem 2.5 and diagonal terms
	4A. Evaluating the diagonal terms D (q; , )

	5. Setup for the off-diagonal terms K(q; , )
	5A. Truncating the sum over c
	5B. Treatment of the exponential sum

	6. Applying Voronoi summation
	7. Proof of 0=thm.681=Proposition 6.1
	7A. Preliminary lemmas 
	7B. Calculation of residues
	7C. Computing R1, 1

	8. Proof of 0=thm.691=6.2 
	8A. Bounding E1+(q; , )
	8A1. Bounding H1
	8A2. Bounding H2

	8B. Bounding E+5(q; , )
	8B1. Bounding E+5,1(a, b, M, N)
	8B2. Bounding E+5,2(a, b, M, N)
	8B3. Bounding E+5,4(a, b, M, N)


	9. Conclusion of the proof of 0=thm.331=Theorem 2.5
	Appendix A. Comparing the main term of  R1, 1 and M(q; (), ())
	A1. Euler product at prime p of A Z cmr12; (), ()
	A2. The Euler product at p of M1, 1(0)

	Appendix B. Voronoi summation
	Acknowledgment
	References
	
	

