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In previous papers we formulated an analogue of the Ichino—Ikeda conjectures
for Whittaker—Fourier coefficients of automorphic forms on quasisplit classical
groups and the metaplectic group of arbitrary rank. In the latter case we reduced
the conjecture to a local identity. In this paper we prove the local identity in the
p-adic case, and hence the global conjecture under simplifying conditions at the

archimedean places.
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Let G be a quasisplit group over a number field F* with ring of adeles A. In [Lapid
and Mao 2015a], we formulated (under some hypotheses) a conjecture relating
Whittaker—Fourier coefficients of cusp forms on G (F)\G (A) to the Petersson inner
product. This conjecture is in the spirit of conjectures of Sakellaridis and Venkatesh
[2012] and Ichino and Ikeda [2010], which attempt to generalize the classical
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work of Waldspurger [1985; 1981]. In the case of (quasisplit) classical groups, as
well as the metaplectic group (i.e., the metaplectic double cover of the symplectic
group), we made this conjecture explicit using the descent construction of Ginzburg,
Rallis and Soudry [Ginzburg et al. 2011] and the functorial transfer of generic
representations of classical groups by Cogdell, Kim, Piatetski-Shapiro and Shahidi
[Cogdell et al. 2001; 2004; 2011].

In a follow-up paper [Lapid and Mao 2017], we reduced the global conjecture in
the metaplectic case to a local conjectural identity. We also gave a purely formal
argument for the case of S:vpl (i.e., ignoring convergence issues). In this paper we
prove the local identity in the p-adic case, justifying the heuristic analysis (and
extending it to the general case).

Let us recall the conjecture of [Lapid and Mao 2015a] in the case of the
metaplectic group STpn (A), the double cover of Sp, (A) with the standard (Rao)
cocycle. We view Sp,, (F) as a subgroup of §i)n (A). For any genuine function ¢ on
Sp,, (F )\§i)n (A) we consider the Whittaker coefficient

W(@) = WYF () := (vl (N'(F)\N'(A)) ™! Yy~ du.
N (F)\N'(A)
Here v/ is a nondegenerate character on N'(A) which is trivial on N'(F), where N’
is the standard maximal unipotent subgroup of Sp,. (We view N’(A) as a subgroup
of Sp, (A).) We also consider the inner product

(@, 8 )sp, (F)\ Sp, ) = (VOl(Sp,, (F)\ Sp, (&))" ()9 (g)dg
Sp, (F)\ Sp, (A)
of two square-integrable genuine functions on Sp, (F )\S})n (A).
Another ingredient in the conjecture of [Lapid and Mao 2015a] is a regularized

integral .
S
f f(u)du
N'(Fs)

for a finite set of places S and for a suitable class of smooth functions f on N'(Fs).
Suffice it to say that if S consists solely of nonarchimedean places then

st
/ ) du = / ) du
N/(Fs) N

for any sufficiently large compact open subgroup N of N'(Fs). (The definition of
the regularized integral is different in the archimedean case, however in this paper
we do not use regularized integrals over archimedean fields.)

The conjecture of [Lapid and Mao 2015a] is applicable for v 5-generic represen-
tations which are not exceptional, in the sense that their theta -lift to SO(2n + 1)
is cuspidal (or equivalently, their theta y-lift to SO(2n — 1) vanishes; here i is
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determined by v#). By [Ginzburg et al. 2011, Chapter 11], which is also based on
[Cogdell et al. 2001], there is a one-to-one correspondence between these represen-
tations and automorphic representations 7w of GLy, (A) which are the isobaric sum
B - - - By of pairwise inequivalent irreducible cuspidal representations m; of
GLay, (M), fori =1,...,k (with ny +- - +nx =n), such that L5(3, 7;) # 0 and
L5(s, w;, A?) has a pole (necessarily s1mple) at s =1 for all i. Here LS (s, ;) and
L5(s, 7t;, A?) are the standard and exterior square (partial) L-functions, respectively.
More specifically, to any such 7 one constructs a ¥ 5-generic representation 77 of
S~pn (A), which is called the v/ 5-descent of 7. The theta v -lift of 7 is the unique
irreducible generic cuspidal representation of SO(2n + 1) which lifts to .

Conjecture 1.1 [Lapid and Mao 2015a, Conjecture 1.3]. Assume that 7 is the
Y -descent of 7 as above. Then for any ¢ € 7 and ¢ € 7~ and for any sufficiently
large finite set S of places of F, we have

L%(3.7)
7, sym?)

WYR(@WE () = (H ¢pQ2i )) L5(1.

st

x (Vol(N"(Os)\N'(Fs)))~"! ( )(ﬁ(u)ﬁa’(Z)V)Spn(F)\Sp,,(A)wﬁ(”)_ldu- 1-1)
N'(Fs

Here ¢ ;2 (s) is the partial Dedekind zeta function, Oy is the ring of S-integers of F,
and L5(s, 7, sym?) is the symmetric square partial L-function of 7.

The main result in [Lapid and Mao 2017] is the following.
Theorem 1.2 [Lapid and Mao 2017, Theorem 6.2]. In the above setup we have

vy WN ( ) —1
W (QD)W ( (1_[ §F(2l)> LS(I T, SymZ) (Hcﬂv>

st

X (vol(N'(O5)\N'(F5)) ™" /N TP I Dsporsp V(0 du, (12)

where ¢z, v € S are certain nonzero constants which depend only on the local
representations 1.

The main result of this paper specifies a value for the ¢, .

Theorem 1.3. In Theorem 1.2 we have c,, = 6(% Ty, 1//1,) (the root number of m,)
for all finite places v.

We also show in Proposition 8.6 that the root number of m, equals the central
sign of 7. In [Ichino et al. 2017] it is shown that Theorem 1.3 implies the formal
degree conjecture of Hiraga, Ichino and Ikeda [Hiraga et al. 2008] (or more pre-
cisely, its metaplectic analogue) for generic square-integrable representations of S~pn.
Conversely, in the real case (where the formal degree conjecture is a reformulation
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of classical results of Harish-Chandra) it is shown that ¢, = e(%, Ty, wv) if 7, is
square-integrable. (Note that in the square-integrable case, matrix coefficients are
integrable on N'(F)) and no regularization is necessary.) We conclude:

Corollary 1.4. Conjecture 1.1 holds if F is totally real and 7o is a discrete series.

Theorem 1.3 is the culmination of the series of papers [Lapid and Mao 2014;
2015b; 2017]. More precisely, the theorem can be formulated as an identity — the
main identity (MI) made explicit in Section 3F (based on [Lapid and Mao 2017])
between integrals of Whittaker functions in the induced spaces of 7 (in a local
setting). In principle, formal manipulations using the functional equations of [Lapid
and Mao 2014] reduce the identity to the results of [Lapid and Mao 2015b]. Such
an argument was described heuristically for the case n =1 in [Lapid and Mao 2017,
§7]. However, making this rigorous (even in the case n = 1 and for & supercuspidal)
seems nontrivial because the integrals only converge as iterated integrals. This is
the main task of the present paper.

In Section 3F we reduce the theorem to the cases where 7 is tempered and
satisfies some good properties. Here we rely on the classification, due to Matringe
[2015], of the generic representations admitting a nontrivial GL, x GL,-invariant
functional. We also use a globalization result from [Ichino et al. 2017, Appendix A]
which is based on a result of [Sakellaridis and Venkatesh 2012].

The rest of the argument is purely local. In Section 5 we start the manipulation of
the left-hand side of the main identity. It is technically important to restrict oneself
to certain special sections in the induced space. This is possible by a nonvanishing
result on the Bessel function of generic representations proved in the Appendix.
Another useful idea is to write the left-hand side of the main identity (for W special)
as B(W, M(n, %)WA, %), where B(W, WY, s) (for s € C) is an analytic family of
bilinear forms on I (7, s) x I (w", —s), and M (7, s) is the intertwining operator
on I (m,s). This relies on results of Baruch [2005], generalized to the present
context in [Lapid and Mao 2013].

The reason for introducing this analytic family is that because of convergence
issues, we can only apply the functional equations of [Lapid and Mao 2014] for
Res « 0. This is the most delicate step, and is described in Section 7. It entails
a further restriction on W” (which is fortunately harmless for our purpose). The
upshot is an expression (for special W and W” and for Re s < 0)

dt
|detz|’
where ¢ is integrated over a certain n-dimensional torus and EV is a certain integral
of W. The restriction on W” ensures that the integrand is compactly supported.

Moreover, by [Lapid and Mao 2015b], as a distribution in ¢, E V(Wy, 1) extends
to an entire function on s. Therefore, the above identity is meaningful for all s

B(W, M(zt, s)W", s) = /E‘”(MS*W, HEY (W), 1)
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where M (7, s) is holomorphic. Specializing to s = %, the remaining assertions are
that EY(M*W, t) is constant in ¢ (and in particular, is a function), whose value can
be determined, while the integral of E l”A(WIA/Z, t) factors through M (71, %)WA,
again in an explicit way. This is the content of Corollaries 8.2 and 8.5, respectively,
which follow from the representation-theoretic results established in [Lapid and
Mao 2015b]. We refer the reader to Section 4 below for a more detailed sketch of
the proof.

2. Notation and preliminaries

For the convenience of the reader we introduce in this section the most common
notation that will be used throughout.

We fix a positive integer n (not to be confused with a running variable n). In the
following m is either n or 2n. Let F be a local field of characteristic 0.

2A. Groups, homomorphisms and group elements. All algebraic groups are de-
fined over F. We typically denote algebraic varieties (or groups) over F by boldface
letters (e.g., X) and denote their set (or group) of F-points by the corresponding
plain letter (e.g., X). (In most cases X will be clear from the context.)

e [, is the identity matrix in GL,,, w,, is the m x m matrix with ones on the
nonprincipal diagonal and zeros elsewhere.

» For any group Q, Zy is the center of Q; e is the identity element of Q. We
denote the modulus function of Q (i.e., the quotient of a right Haar measure by a
left Haar measure) by .

e Mat,, is the vector space of m x m matrices over F.

o x > x' is the transpose on Mat,,; x > X is the twisted transpose map on Mat,,
given by X = wy,x'w,,; g — g* is the outer automorphism of GL,, given by
g =w1(g") wp.

e 5, = {x € Mat,, : X = x}.

e M = GLyy, M = GL,,.

* G=Spy={8€CLin: 8 (—up, )&= (—us ")}

* G'=Spy={g€Clon: g (-, )&= (-u, ")}

o G’ is embedded as a subgroup of G via g — n(g) = diag(ly, g, In)-

e P=MxU and P’ = M’ x U’ are the Siegel parabolic subgroups of G and G’,
respectively, with the standard Levi decomposition.

e« P=Plisthe opposite parabolic of P, with unipotent radical U="U".

» We use the isomorphism p(g) = diag(g, g*) to identify M with M C G. Similarly
foro’:M' — M' CG'.
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« We use the embeddings nyi(g) = diag(g, In) and ny;(g) = diag(ly, g) to identify
M’ with subgroups of M. We also set 7y =@ onw and ny, =g ony =no0"

e K is the standard maximal compact subgroup of G. (In the p-adic case it consists
of the matrices with integral entries.)

e N is the standard maximal unipotent subgroup of G consisting of upper uni-
triangular matrices; T is the maximal torus of G consisting of diagonal matrices;
B =T x N is the Borel subgroup of G.

o For any subgroup X of G, we set X' = n~NX), Xy =XNM and Xy =Q_1(XM);
similarly, X, = X'"NM" and X{, = o~ N(Xxh,).

e Uy : Maty — Ny is the group embedding given by £yi(x) = (™ i) and £y =
0 oy

« £: 5y — U is the isomorphism given by £(x) = (™ ).

«G= §i)n is the metaplectic group, i.e., the nontrivial two-fold cover of G’ (unless
F is complex). We write elements of G as pairs (g, €), for g € G and € = £1, with
the multiplication given by Rao’s cocycle. See [Ginzburg et al. 2011].

o When g € G/, we write g = (g, 1) € G. Of course, g — g is not a group
homomorphism, but we do have gn = gn and ng =ng forany g € G’ andn € N'.

« N and P are the inverse images of N’ and P’ under the canonical projection
G — G'. We identify N’ with a subgroup of N via n > 7.

e £,=(,...,0,1)e F™.
« P is the mirabolic subgroup of Ml consisting of the elements g such that &, g = &y,.

e F = diag(l,—1,...,1,—1) € M. H is the centralizer of o(F) in G. It is
isomorphic to Sp, x Sp,.

e Hy is then the centralizer of E in M. It is isomorphic to GLy x GL,.

e wy=(_y, ™) € G’ represents the longest Weyl element of G'.

s Wy = (7 D 12“) € G represents the longest M-reduced Weyl element of G.

o Wy, = (_ I I“) € G’ represents the longest M’-reduced Weyl element of G'.

. wg’" = wyy € M represents the longest Weyl element of M; w(’)"’ = Q(wg/”)

. w('y] = wp € M’ represents the longest Weyl element of M/; wO =0 (wO .

'wzn»“:(ln )EM’w2n,n:(w(’§/”' )GM'

In
y =wyn(w),) " = <_In 1“) €aG.
In

0=diag(l, -1, ..., (—l)n_l) € Maty,, €; =Ly ((—1)™0) € Ny, €2 =Ly (D) € Ny,
€3 = wén’nég eM, e4 = ZM(—%Dwg/ﬂ,) € Ny.
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o V and V* are the unipotent radicals of the standard parabolic subgroup of G with
Levi GL!' x Sp,, and GL'I'_1 X Spp. 1, respectively. Thus, N =n(N’)x V, V¥ is nor-
mal in V and V/ V* is isomorphic to the Heisenberg group of dimension 2n+1 (see
below). Also, V = Vi x Vg, where Vy = VN U = {£((* 1)) : x € Maty, y € sp}.
e V_= Vlﬁl X Vy. (Recall Vf,l = V¥ N M by our convention.)

eV, =VNy INy =nw}) Vun(wy) ' =nu(N) x {€((* 1)) :x eMaty} C V_.
e V4, C V is the image under £, of the space of n x n matrices whose rows are
zero except possibly for the last one. Thus, V =V, x V_. For c = £y;(x) € V1 we
denote by ¢ € F™ the last row of x.

e N%=V_ xn(N’) is the stabilizer in N of the character vy defined below.
e Ny = (ND*™.

« J is the subspace of Mat, consisting of the matrices whose first column is zero.

« R={(" /):xel.neN}
. T”=ZM|><n,{m(T’,)={diag(t1,...,t2n):t1 ="'=tn}CTy\/|].

2B. Characters. We fix a nontrivial unitary character v of F. For each of the
unipotent groups X listed below we assign a character ¥y of X as follows:

YNy, ) =Y uio+---+um—12n) (nondegenerate),
YNy ©0 = Yy,
v, (u')=vYW),+---4u,_;,) (nondegenerate),
YN, 00 =V, (e, Y, (n) =Y, (yny =),
Y () =Yy Y (Stnngr) . neNy, uel,
Y5 is the extension of Yy to a genuine character of N,
Yy(mu) =vyn,(n), neNy,uclU, (degenerate),
Yu L) = ¥ (3(Wnne1 — van1),

Yy () = Yy, @ Yo, ve Vi, ue vy,
Yne(n(n)v) =Yy W)Yy (v), neN,veV_,
Vg, =Yz oo,

Yy (m) =Yz (m™),  m e Ny,
VgL =9 (vi1), vEsm.

2C. Other notation. « We use the notation a <4 b to mean that a < cb with ¢ > 0
a constant depending on d.
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» For any g € G, define v(g) € R.g by v(up(m)k) = |detm| for any u € U, m € M,
ke K.Letv(g) =v(n(g)) for g € G

* CSGR(Q) is the set of compact open subgroups of a topological group Q.

« CSGR*(G') is the subset of CSGR(G’) consisting of the K¢ for which k € Ko — k
is a group isomorphism. Any sufficiently small Ky € CSGR(G’) belongs to
CSGR*(G'). We identify any Ko € CSGR’(G’) with its image under k — k
(an element of CSQR(&)).

e For an £-group Q, let C(Q) be the space of continuous functions on Q, and S(Q)
the space of Schwartz functions on Q.

e When F is p-adic, if Q' is a closed subgroup of Q and x is a character of
Q', we denote by C(Q'\Q, x) (resp. C*™(Q'\Q, x), C°(Q'\Q, x)) the spaces
of continuous (resp. Q-smooth,! smooth and compactly supported modulo Q")
complex-valued left (Q’, x)-equivariant functions on Q.

« For an ¢-group Q, we write Irr Q for the set of equivalence classes of irreducible
representations of Q. If Q is reductive, we also write Irrgg, O and Irreen, Q for
the subsets of irreducible unitary square-integrable (modulo center) and tempered
representations, respectively. We write Irrge, M and Irrpe, M for the subsets of
irreducible generic representations of M and representations of metaplectic type
(see below), respectively. For the set of irreducible generic representations of G,
we use the notation Irrgep y o G to emphasize the dependence on the character 5.

o For m € Irr Q, let 7" be the contragredient of 7.

o For 7 € Irrgen, M, we denote by W ¥ae (r) the (uniquely determined) Whlttaker
space of w with respect to the character ¥y;,. We use the notation WWM WYNu |
W%, W%, WYs' similarly.

o For € Irrgen M, let Ind(WYMu (1)) be the space of smooth left U-invariant
functions W : G — C such that for all g € G, the function m > §p(m)~12W(mg)
on M belongs to WYV (7). Similarly define Ind(W¥~y (17)).

« If a group Gy acts on a vector space W and H is a subgroup of Gy, we denote
by WHo the subspace of Hy-fixed points.

« We use the following bracket notation for iterated integrals: [/(f[...)...
implies that the inner integrals converge as a double integral and after evaluating
them, the outer double integral is absolutely convergent.

2D. Measures. We take the self-dual Haar measure on F with respect to . We
use the following convention for Haar measures for algebraic subgroups of G. (We
consider G’, M, M as subgroups of G through the embeddings 7, ¢ and noQ’.)

IThat is, right-invariant under an open subgroup of Q.
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When F is a p-adic field, let O be its ring of integers. The Lie algebra 91 of
GLy4p consists of the 4n x 4n matrices X over F. Let 91 be the lattice of integral
matrices in 1. For any algebraic subgroup Q of GL4, defined over F (e.g., an
algebraic subgroup of G), let q C 91 be the Lie algebra of Q. The lattice g NNy
of q gives rise to a gauge form of Q (determined up to multiplication by an element
of O*) and we use it to define a Haar measure on Q by the recipe of [Kneser 1967].

When F = R, the measures are fixed similarly, except that we use 917 in place
of M. When F = C we only consider subgroups of G which are defined over R
and take the gauge forms induced from the above recipe for R.

2E. Weil representation. Let V be a symplectic space over F with a symplectic
form (-,-). Let H = Hy be the Heisenberg group of (V, (-, -)). Recall that
‘Hy =V @ F with the product rule

(1) (y,2) = (x+y. 1 +24 5(x, »)).

Fix a polarization V=V, @V_. The group Sp(V) acts on the right on V. We write a
typical element of Sp(V) as (& §), where A € Hom(V,, V,), B € Hom(V,, V_),
C e Hom(V_,V ) and D e Hom(V_, V_). Let S})(\/) be the metaplectic two-fold
cover of Sp(V) with respect to the Rao cocycle determined by the splitting. Consider
the Weil representation wy, of the group Hy x SNp(\/) on S(V,). Explicitly, for any
® e S(V4) and X € V4, the action of Hy is given by

wy(a,0)P(X) =D (X +a), aeVy, (2-1a)
wy (b, 0)P(X) =y (X, b)P(X), beV_, (2-1b)
wy (0, )P (X) =Y (1) P(X), teF, (2-1¢)

while the action of S~p(\/) is (partially) given by

oy ((§ ). €)2(X)

= eyy(detg)ldetg|'*®(Xg), g eGL(V,), (2-2a)
oy ((§7) €)@X)
= ey (3(X, XB))®(X), B € Hom(V,, V_) self-dual, (2-2b)

where yy, is Weil’s factor.
We now take V = F" with the standard symplectic form

n n
(1, oo x2n)s 1y ee s yon)) = inyZn—H—i - Z)’iXZn—H—i
i=1 i=1

and the standard polarization

Vi ={(x1, oo Xm0, O Vo ={(0, ..., 0, y1, ..., yn)).
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(We identify V, and V_ with F™.) The corresponding Heisenberg group is
isomorphic to the quotient V/V?® (with V, V¥ as defined in Section 2A) via

For X = (x1,...,xn), X' = (x], ..., xp) € F", define
(X, XY = xpxp 4+ -+ xpx7.
For ® € S(F™), define the Fourier transform

d(X) ZfFHCD(X/)l//((X, X))dx'.

Then, realized on S(F™), the Weil representation satisfies

wy (0 () P(X) = |det(h)|'*By (¢ ()@ (Xh), heM (2-32)
ww((lf\';/))q>(X) =¥ (3(X, XB))®(X), B € sy, (2-3b)
w0y (W) D (X) = By (w); ) D(X). (2-3¢)

Here By (g) for g € G’ is a certain root of unity; moreover, By (0'(h)) = yy (deth).
We extend wy, to V x G by setting

0y (WP =Y Wi2+ -+ vn1n) @y () (@y(RP), veV,geG. (2-4)
Then for any g € G, v € V we have
oy (1(2)vn(8) NP = wy (§) (wy (V) D). (2-5)

2F. Stable integral. For the rest of the section, we assume F is p-adic.

Suppose that Uy is a unipotent group over F' with a fixed Haar measure du. Recall
that the group generated by a relatively compact subset of Uy is relatively compact.
In particular, the set CSGR(Up) is directed. Recall the following definition of stable
integral from [Lapid and Mao 2015a].

Definition 2.1. Let f be a smooth function on Uy. We say that f has a stable
integral over Uy if there exists U; € CSGR(Up) such that for any U, € CSGR(Uy)
containing Uj, we have

/f(u)du:/f(u)du. (2-6)
Us Ui

In this case, we write ff,; f(u) du for the common value of (2-6) and say that
;L f (u) du stabilizes at U;. In other words, f ;L f(u) du is the limit of the net

( fu) du)
Uy U ECSQR(U())

with respect to the discrete topology of C.
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Given a family of functions f, € C™(Up), we say that the integral f IS]; Sfr(u)du
stabilizes uniformly in x if U; as above can be chosen independently of x. Similarly,
if x ranges over a topological space X, then we say that |, 5:) fx(u) du stabilizes
locally uniformly in x if any y € X admits a neighborhood on which |, 52 Sfx(m)du
stabilizes uniformly.

2G. A remark on convergence. We frequently make use of the following elemen-
tary remark.

Remark 2.2. Let H be any algebraic group over F and H' a closed subgroup.
Assume that 85| ;, =38p. Suppose that f € C™(H) and that the integral | gy f(h)dh
converges absolutely. Then the same is true for [y, f(h') dh'.

3. Statement of main result

3A. Local Fourier-Jacobi transform. For any f € C(G) and s € C, we define
fs(@)=f(g)v(g)’ for g € G. Letm €Irrge, M with Whittaker model WY¥Nu (7). Let
Ind(W'pNM (7)) be the space of G-smooth left U -invariant functions W : G — C such
that for all g € G, the function 8p(m)~'/>W (mg) on M belongs to WY (7). For
any s € C we have a representation Ind(WYMu (1r), s) on the space Ind(WYMu (77))
given by (I (s, g)W);(x) = W,(xg) for x, g € G. It is equivalent to the induced
representation of 7 ® v*¥ from P to G. The family W, s € C is a holomorphic
section of this family of induced representations.

Let F be a p-adic field. As in [Ginzburg et al. 1998], for any W € C*™(N\G, ¥n)
and ® € S(F™) define a genuine function on G by

AV (W, @, 3) = \ W(yvn(g)wy1(vg)®En)dv, geG', (3-D
V,\V

where the element y € G and the groups V' and V,, are as defined in Section 2A. Its

properties were studied in [Lapid and Mao 2017, §4]. In particular, the integrand is
always compactly supported and AY gives rise to a V x G-intertwining map

AV L C™(N\G, ¥y) ® S(F™) — Csm(N/\é, Vi), (3-2)

where V x G acts via V x n(G’) by right translation on C*™(N\G, ¥y), through
wy-1 on S(F™) and via the projection to G by right translation on C™(N’ \5, vR).

Let Vy C V be the image under £, of the space of n x n matrices whose rows
are zero except possibly for the last one. For ¢ = £),(x) € V., we denote by c € F™
the last row of x. Then

AV(W(-¢), ®(-+¢),5) =AY (W, ®,5), ceV,, geG.
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It follows that the function A‘/’(W, ®, -) factors through W ® ® — & « W, where
for any function f € C*(G) we set

Pxf(e)= [ f(go)P(c)dc.
Vi
We denote by A;f the map

Al 1 C(N\G, ) — C™(N\G, ¥/g)
such that
AV (W, @, )= AV (@ W, ).

(Informally, A;f(W, ) = AY(W, 8, - ), where & is the delta function at 0.) The
map A;f is no longer G or V-equivariant since neither G nor V (acting through
wy,-1) stabilizes §p. However, A;ﬂ satisfies the following equivariance property. Let
Vo=Vy x 1% , where Vy =V NU and V]fl C Vy is defined in Section 2A. Thus,
V_ is the preimage of V_ under the composition V — V/V* ~#H — V and we
have V =V, x V_. Note that V_ is normalized by P’. Let ¥y be the character on
V_ given by

Yy (ou) = Yy, ) Yo W), ve Vi, ueVy.
Lemma 3.1. Forany v € V_ and p =mu € P' where m € M’ and u € U’, we have
AYW(on(p)), &) = v/ (m) By (m) " Yy (0)AY (W, g p).

Proof. The statement simply reflects the fact that V_ x P acts on & by multiplication
by the character

m'u'v > v/(m’)_l/z,Bl/,fl(m/)w;_l(v), veV_,meM 6 u el

More rigorously, fix W, p and v and let C be a small neighborhood of 0 in F™.
Suppose that & € C2°(F™) is supported in C and that [, ®(c)dc = 1. Then
AV (W, ®, ) = A;//(W, g) for all g € G’ provided that C is sufficiently small. On
the other hand, if ®' = w,,-1 (vp)®P then

AV (W (-vn(p)), @, 8) = AV (W, D, §p).

By (2-1b), (2-1c), (2-3a), (2-3b) and (2-4), supp ®’ € Cm~! and, when C is
sufficiently small,

| @@ de= v @)y
Thus, if C is small enough then

' W(-vp) =Yy () Byt () (m) T 2W (- vp).
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Hence, AY (W (-vn(p)), @', §) = Yv_(v) ™' Byt (m)v'(m)~2AL (W (- vn(p)), B).
The lemma follows. O

For later reference we record the following result, which is implicit in the proof
of [Lapid and Mao 2017, Lemma 4.5].

Lemma 3.2. Suppose that F is p-adic. Then for any Ky € CSGR(G), there exists
Q € CSGR(Vy) such that for any W € C(N\G, Yn) Ko, the support of W(y -)|v_
is contained in Vyn(wb,)Qn(wb,)_l.

Remark 3.3. When F is an archimedean field, the above discussion still holds
for W € Ind(W¥¥u (1)) (or more generally if W € C™(N\G, ) is of moderate
growth). From [Lapid and Mao 2017, Lemma 4.9], the integral (3-1) converges.
Moreover, AY (W, ®, -) factors through W ® ® > ® % W, and the induced linear
form A;// satisfies the equivariance property in Lemma 3.1 (by an approximate
identity argument).

3B. Explicit local descent. Let F be a local field of characteristic 0. Define the
intertwining operator

M(r, s) = M(s) : Ind(WYMm (1), s) — Ind(W¥Mu (V) —s)
by (the analytic continuation of)
M(s)W(g) =v(g)’ /U Ws(e(Wwyug) du, (3-3)

where t =diag(1, —1, ..., 1, —1) is introduced in order to preserve the character
¥y, . By abuse of notation we also denote by M (s, s) the intertwining operator
Ind(W‘/’@L (), s) — Ind(W’/’@L ("), —s) defined in the same way.

For simplicity, we define M;W := (M (s)W)_;, so that

MW = / Ws(e(®Wwyu - ) du
U

for Res >, 1. Set M*W := Mf‘ﬂW.

Recall that Hyy is the centralizer of E =diag(1, —1, ..., 1, —1)(=t), isomorphic
to GL,, x GL,. The involution wg/” lies in the normalizer of Hy;. We consider the
class Irrmeta M of irreducible representations of Ml which admit a continuous nonzero
Hyy-invariant linear form £ on the space of 7. It is known that any such 7 is self-dual
and /£ is unique up to a scalar [Jacquet and Rallis 1996; Aizenbud and Gourevitch
2009]. Thus, £ on(wg’”) =€, ¥, where €,; € {1} does not depend on the choice of £.
By [Lapid and Mao 2017, Theorem 3.2], when F'is p-adic, for any 7 € Irrypeta, gen M

we have .
&r =€(5. 7, V), (3-4)

where €(s, , ) is the standard e-factor attached to 7.
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Let m € Irrgenmeta M, considered also as a representation of M Via o. By
[Lapid and Mao 2017, Proposition 4.1], M (s) is holomorphlc at s = 5. Denote
by Dy () the space of Whittaker functions on G generated by AV (M *W D, ),
W € Ind(W¥"u (1)), ® € S(FM), i.e.,

Dy (1) = {AY(M*W, ) : W € Ind(W™n ()}

This defines an explicit descent map 7 +— Dy, () on Irrgen meta M. By [Ginzburg
etal. 1999, theorem in §1.3], Dy, (r) # 0. It can be shown that Dy, (;r) is admissible
but we do not do it here since we do not use this fact directly.

3C. Good representattons Consider 7w € Irrgey M and 0 € Irrg -1 G with Whit-
taker model W' (6). Following [Ginzburg et al. 1998], for any

W eWs 6), W e Ind( WY (7)),

define the local Shimura type integral
B W= [ @AW de. (3-5)
N\G’

By [Ginzburg et al. 1998, §6.3; 1999], J converges for Res > 5 1 and admits a
meromorphic continuation in s. Moreover, for any s € C we can choose W and W
such that f(ﬁ/, W,s) #£0.

Let m € Irrgen,meta M. We say that 7 is good if the following conditions are
satisfied for all :

(1) Dy () is irreducible.
(2) J(W, W, s) is holomorphic at s = § for W € D1 (), W € Ind(W"¥u ().
(We do not assume that the integral defining J converges at s = %)

(3) There is a nondegenerate G-invariant pairing [ -, - ] on Dy, -1 (1) X Dy, (7r) such
that }
J(W, W, 1) =W, Al (M*W, )]

for any We Dy-1(m), W e Ind(WY¥u (7). In particular, Dy, ()" =~ Dy-1 (7).

This property was introduced and discussed in [Lapid and Mao 2017, §5]. In
partlcular if i is good and 7 = Dy, -1 () then there is a constant ¢, such that for
any W eWvs (JTV) WY € WY# (), we have

st

[Z@W, WYY (n) dn = c, W(e) WY (e). (3-6)
N/

More explicitly, for any W € Ind(W'/’NM (w)) and W € Ind(WWL (7)) we have
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/S/tf(A;/’_l(M*WA, ), W, D (n) dn
—c Al (MW AT (M*W, ). (3-7)
Let F be a p-adic field. In the rest of the paper, we prove the following statement:
Theorem 3.4. For any unitarizable 7w € Ittgen meta M which is good we have c; = €.

Remark 3.5. Of course, we expect Theorem 3.4 to hold in the archimedean case
as well. However, we do not deal with the archimedean case in this paper.

The following special case is of particular importance (see Remark 3.9 below).

Corollary 3.6. Suppose w =1 X - - - X 77, where T; € ItTsgr, meta GLgmj, j=1,...,1,
are distinct andn=mj + - - - +my. Then 7 is good and 7 := Dy,-1 (1) is square-
integrable. Moreover,

/ JER@W, W, )yg®n)dn = e WAL (M*W, e)
for any W € Ind(W¥ (1)) and W € WY5 (7).

3D. Relation to global statement. Suppose now that F' is a number field and A is
its ring of adeles. We say that an irreducible cuspidal representation 7 of M is of
metaplectic type if
oh)dh #0
Hy (F)\ Hy(A)NMI(A)!

for some ¢ in the space of w. (Here, MA)! = {m € M(A) : |detm| = 1}.)
Equivalently, LS(%, 71) ress—; L5(s, w, A?) # ( [Friedberg and Jacquet 1993].2 In
particular, 7 is self-dual and admits a trivial central character. We write Cusp, .., M
for the set of irreducible cuspidal representations of metaplectic type.

Consider the set MCusp M of automorphic representations 7w of M(A) which are
realized on Eisenstein series induced from 71 ®- - - ® g, where m; € Cusp o1, GL2y,

i=1,...,k,aredistinctand n =n; + - - - +ny. The representation r is irreducible:
it is equivalent to the parabolic induction 7; X - - - X ;. Moreover, w determines
7y, ..., Tk uniquely up to permutation [Jacquet and Shalika 1981a; 1981b].

Recall that Conjecture 1.1 is pertaining to the representations = € MCusp M.
The following fact is crucial for us.

Proposition 3.7 [Lapid and Mao 2017, Theorem 6.2]. If m € MCusp M, then its
local components m, are good.

Thus, Theorem 3.4 implies Theorem 1.3, our main result.

ZWe can replace the partial L-function by the completed one since the local factors are holomorphic
and nonzero.
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3E. Relation to Bessel functions. We record here a purely formal argument that
relates Theorem 3.4 to an identity of Bessel functions, which are defined in [Lapid
and Mao 2013]. We do not worry about convergence issues in this subsection.

Using the functional equation (see [Kaplan 2015], noting that the central character
of 7 is trivial)

y(@ @, s+15,9)

Y@, s, )y, A2, 25, 9) JW, W.s),  (3-8)

J(W, M(s)W, —s) = [2]*™

(3-6) becomes

f/f(ﬁ(ﬁ)W,M(%) , =) ¥x(n) dn
y(FAQm, s+1,9)
y (. s, Yy (m, A2 25, %)

Explicitly, the left-hand side is

=2/

cﬂvT/(e)A;f’ (M*W, e).
s=1/2

[ [ wamagorw. o ds v an
N\G'

= / W (En)W'(3)dg v (n)dn,
N\G’

where W/ = A;f (M*W, -). Using Bruhat decomposition, this is

/ f / 8 ()W (whin'it) W' (w)yin')yriy (n) dn’ dn dt
=/ f / 85 ()W (w)iit) W' (wpin') g () (n') dn’ dn dt.
—1
By definition of Bessel functions Bi"’ (see (5-1)), this is
i~ g Ui V(T x
W W (e) | B.Y (wyi)BLY (wyi)dp (1) dr.
T/

Here 7 = Dy (7). Thus, on a formal level, Theorem 3.4 becomes the following
inner product identity:

(AT s+3,Y)

. (3-9)
)/(T[, /\2, 2S, '(//) S=1/2

//Bf( P)BYT (w85 (1) dt = 2|

(It is easy to determine the order of the poles in the numerator and denominator on
the right-hand side in terms of the data of Theorem 3.8 below.) Of course, the above
manipulations are purely formal as the integrals are not absolutely convergent.
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3F. A reduction of the main theorem. For the rest of the paper, let F be a p-adic
field. The proof of Theorem 3.4 is essentially local under the additional assumption
that 7 € Irremp M and 77 := Dy-1(m) € ItTemp G. We first show that it indeed
suffices to prove Theorem 3.4 under these additional assumptions. This uses a
global argument as well as the following classification result due to Matringe. We
denote by x parabolic induction for GL,,.

Theorem 3.8 [Matringe 2015]. The set Ittgen meta M consists of the irreducible
representations of the form

T=01xX0) X X0 X0, XT| X+ X1,

with o1, ..., oy essentially square-integrable,® 1, ..., 1, square-integrable and
L(0, 7;, A%) = oo for all i.

(We expect the same result to hold in the archimedean case as well.)
Denote by w, the central character of o € Irr GL,,. We also write o [s] for the
twist of o by |det - |*.

Let t; € Iitsqrmeta GLom,, j = 1,...,1, be distinct, and let §; € Irrgg GL,,,
i=1,....,kwithn=n;+---+nr+m;+---+m;. (Possibly k =0 or ! =0.) For
s=(51,...,8) € C* we consider the representation

7(s) =81[s1] x 8 [—s11 % - -+ x §lse] x 8 [—sxl x 71 x -+ - X 7.

Suppose that our given p-adic field is the completion at a place v of a number
field. We claim that for a dense set of s € iR¥, 7 (s) is the local component at v
of an element of MCusp M. This follows from [Ichino et al. 2017, Appendix A].*
Indeed, let m =my +---+my, let p € Irrgyr gen SO(2m + 1) be the representation
corresponding to 71 x - - - x 7; under Jiang and Soudry [2004] and let p € Ity gen S})m
be the theta lift of p. Let o(s) = §1[s1] X - -+ X 8k[sx] X p (parabolic induction)
and 6 (s) = &1[s1] X - - - X 8g[sx] ¥ p. Then for s in a dense open subset of iR¥ we
have o (s) € IrrSO(2n+ 1) and o (s) € Irr G and moreover, by [Gan and Savin
2012], o (s) is the theta lift of o (s). By [Ichino et al. 2017, Corollary A.8], for
a dense set of s € iR¥, 5(s) is the local component at v of a generic cuspidal
automorphic representation of SE)H (A) whose theta lift to SO(2n+ 1) is cuspidal.
The Cogdell-Kim—Piatetski-Shapiro—Shahidi lift [Cogdell et al. 2004] of the latter
to M is the required representation in MCusp M.

It follows from Proposition 3.7 that for a dense set of s € iRk, 7 (8) € Irremp, meta M
is good. Moreover, by [Ichino et al. 2017, Proposition 4.6], D1 (7 (s)) = o (s),
and in particular, it is tempered.

3That is, a twist of a square-integrable representation by a quasicharacter.
4We remark that the appendices and §4 of [Ichino et al. 2017], and in particular the proof of [Ichino
et al. 2017, Theorem 3.1], are independent of the results of the current paper.
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Suppose that s is in the domain
= {(sl,...,sk) G(Dk:—% < Res; <%f0ralli}.

We recall that by [Lapid and Mao 2017, Lemma 4.12], the integral defining
(Aw (M*W",-), W, s) converges and is holomorphic at s = § for any

W € Ind(WYVm (1(s))), W e Ind(W”[’NM (7 (s))). (3-10)

Moreover, by the properties of A'/’ and J (see [Lapld and Mao 2017, (4.4) and
(4.13)]), the function g — J(Aw (M*WH,-8), W, ) is bi-Kg-invariant, provided
that Ko € CSGR*(G') is such that I(3, n(k))W = W and I(%, n(k))W" = w"
for all k € Kj. It follows from [Lapid and Mao 2015a, Proposition 2.11] (applied
to 5) that the stable integral on the left-hand side of (3-7) can be written as an
integral over a compact open subgroup of N’ depending only on K. Thus, taking
the Whittaker functions in (3-10) to be defined through Jacquet integrals, both
sides of (3-7) for m(s) are holomorphic functions of s € ®. Note that by [Lapid
and Mao 2017, Lemma 3.6], we have that €, ;) = ws, (—=1) - - - ws, (—1)€q, - - - € 18
independent of s. Thus, in order to prove (3-7) for s € D, it is enough to show it for
a dense set of 5 € iRk, Since every unitarizable 7w € Irryea M is of the form 7 (s)
for some 7y, ..., 77, 81, ..., 8 as above and s € D, the reduction step follows.

Remark 3.9. In the case kK =0, we can globalize 7 itself. Thus, by Proposition 3.7,
7 is good; Dy,-1(7) is irreducible and square integrable (see [Ichino et al. 2017,
Theorem 3.1]).* This yields Corollary 3.6 from Theorem 3.4.

In the remainder of the paper we prove Theorem 3.4, i.e., the main identity

!

[ ( [ arov.payorw. g dg)wma)du\
N\G’

s=1/2

_ Y * 1A ¥ *

=€x A, (M*W*, e)Ati (M*W,e) (M)
under the assumptions that 77 € Irriemp, meta M is good and 77 := Dy, -1 () is tempered.

Remark 3.10. As already pointed out before (and used in the reduction step), by
[Lapid and Mao 2017, Lemma 4.12] the inner integral on the left-hand side of (MI)
converges (and is analytic) for Re s > % (for any unitary 7). We will not need to
use this fact explicitly any further.

4. An informal sketch

Before embarking on the rigorous proof of the relation (MI), let us give a brief
sketch of the argument. For convenience we momentarily ignore all convergence
issues (which are of course at the heart of the argument, and will be discussed
below). Thus, the discussion of this section is purely formal.



On an analogue of the Ichino—lkeda conjecture 731
Define (assuming convergent)
~ 71 ~ o~ ~
sov.w) = [ ( [ atowgay’ o gu)dg) V(@) du,
’ N\G’

so that the left-hand side of (MI) is B(W; 2, M*W).
We use the following formal identity (which follows from the Bruhat decompo-
sition for G”): for (suitable) W € C*™(N\G, ¢5) and WY € C*™(N\G, 1//51),

[ ([ 7w )y
!’ N/\G!

/ 8 (1) W(woml)wN(m) Ldn, f WY (witiin) gy in) dna dr. (4-1)

! N/

(In the ensuing discussion it would be more natural to replace the right-hand side by
/ / Spr(m) | W (wpmiiy) g (i) ™" duy

N AM v’

/ WY (wy, min) Yy (it2) dus dm Yy () dn. (4-2)

However, it is analytlcally advantageous to work w1th the former expression.)
Applying this to W = A (W, ) and W" = A“’ (WY, ) we get

B(W,WY) = / Yv(w, t)YW‘(WV, 1)ép (1) dt, (4-3)

’

where

YV (w, 1) ;=/ AL (W, wyrn) Y ()~ dn.

We note the following equivariance property of Y¥ (W, t). Let N* = V_ x n(N'),
which is the stabilizer of ¥y in N. Let 1y: be the character

V() = Yy )Py (v), neN, veV-

on N¥. Then by Lemma 3 1, Yll’(W t) is (N®, ¥ y:)-equivariant in W.
Next, we consider A (W, wotn) By Lemma 3.1 it is enough to determine
Aw(W wU,) We have (up to an immaterial root of unity, which we suppress)

AL (W, wp) =+ /V . Wwyo)py @) dv=x | Wwgv)ygy )™ dv

(See Remark 6.5 for a more precise statement.) We also mention that
ayw.o= | W (yem)prye(n) " dn
€ (Vyxn(N"))ei\N*

for a suitable unipotent element € (this will be used for the right-hand side of (MI);
see Lemma 6.1). This expression is clearly (N¥, yy:)-equivariant in W.
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Remark 4.1. By [Ginzburg et al. 1999, theorem in §4.4; Lapid and Mao 2015b,
Lemma 6.1], for 7 € ItTieta,remp M the space of (N %, Y y:)-equivariant linear forms
on the Langlands quotient of Ind(W'/’NM (), %) is one-dimensional. This implies
that Y¥ (M*W, t) is proportional to A;//(M *W, e). The constant of proportionality
is a complicated function of ¢ which is probably related to the Bessel function. At
best, the putative equality becomes something like (3-9), which seems difficult to
approach directly. Instead, we take a different approach.

It follows from the formula for A;f W, 117;,) above that
YV(W,1)
- *v/(t)“‘l/Z/ / W (wyn(wg” tn)v) ¥y ()~ Yy @)~ dudn.  (4-4)
Ny, JU

Substituting this in (4-3) and using the Bruhat decomposition for M’, we obtain

B(W, WV)=f// / Wy (gm)wyun) W (nu (g)wyuz)
U JU JN, JN \M
x 8p(nu(8)) ™ Idetg|' ™" dg vy () dn Yy ()™ Yy (u2) duy dua. - (4-5)

For the inner integral, we will use the following functional eﬂuation proved in
[Lapid and Mao 2014]: for any W € W¥Mu (r) and WY € W¥mu (V), we have

/ W ma(e) W (nua(e))det g1 ™ dg
N/ AMY

M

_ / / f W (w2 (@) s (X)W (wan s () s (V)
7 J1IN W
x |detg|" 'dgdX dY,

where J is the subspace of Mat, consisting of the matrices whose first column is
zero. From this it is easy to infer that

/ (/ W(HM(gn))WV(nM(g))Idetgll_"dg>¢NN’/I,(n)dn
Ny NIN AW

=/ b_/ R W(’?r\v/ﬂ(l‘)fﬁl)WV(n,{,ﬂ(t)egrz)
M (Ng )\ Ny g (N )O\Nyy I T,

x [dett*'8p ()W (ry'r2) dt drydry,  (4-6)
v M
where N,g/ﬂ = (N,g/ﬂ)*, ¥, 1s the character on erA] with
M

Yy (m) =Y (m”)

and €3 € M is a suitable element to be introduced in Section 7B. Substituting this
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in (4-5), we obtain
dt

BOW, W) = / EV W, 0EY " wY, 1 -2,
(1) |det?|

where

EV(W,1):=85"(01)) / W (o(tesez)wyv)¥y: (v) " dv, teny(Tyy)-
WM(NM/)\N:I

Here, €4 € M is an auxiliary unipotent element chosen so that p(e4€3)wy conjugates
Yy to a character which is supported on a single (short negative) root. The sought-
after identity (MI) is now a consequence of the following two results concerning
(N*, ¥y:)-equivariant linear forms in W, which are proved in [Lapid and Mao
2015b].

(1) EY(M*W, 1) is the constant function e,‘T‘AgI (M*W).

dt
2) EV(Wip,t) = eMTAV (M W).
nr\v/ﬂ(Ty\//u/) |d€tf|

It is here that we use in an essential way that 7 € Irrye, M (and where the factor
€, shows up).

This concludes the sketch of the argument. We finish with a few technical
remarks about the rigorous justification of the above argument, and also give a few
pointers to the upcoming sections. Hopefully, this will shed some light on (if not
motivate) the contents of the remaining sections.

1) To Justify (4-1), with f - replaced by /, :,t, on both sides, we are forced to assume
that W (wtn) is compactly supported on 7’ x N’ (see Lemma 5.4). This entails
imposing a certain support condition on the section W (see Definition 5.5 and
Lemma 5.6). Fortunately (and this is a key point in our argument), it is enough
to prove (MI) for a single pair (W, W”) for which the right-hand side is nonzero.
For the special sections as above, the nonvanishing is guaranteed by that of the
Bessel function of 77, which is proved in the Appendix, following ideas of Ichino
and Zhang [2014].

(2) The fact that YV is well-defined (with | If,t, instead of [};,) relies on results and
techniques of Baruch [2005] (modified to the case at hand in [Lapid and Mao 2013])
on the stability of Bessel functions (Corollary 5.3). This is the reason why we use
the Bruhat decomposition with respect to B’ (i.e., (4-1)) rather than P’ (i.e., (4-2)).

(3) Since we cannot control the support of M*W", it is necessary to justify (4-4)
for general sections. To that end, we introduce a complex parameter s and consider

the family
B(W,W",s) = B(W;, W/).

The equality (4-4) is then justified for Wy with Res > 1. (See Lemma 6.6.) This
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yields the analogue of (4-5) for B(W, W, s), provided that —Re s >> 1 and W is
special (Lemma 6.11).

(4) A similar issue arises with (4-6): we can only justify it if at least one of the
Whittaker functions satisfies an additional support constraint (which is in some sense
dual to the support condition considered in the first remark). (See Definition 7.5
and Proposition 7.6.) Thus, we take W to be special of the first kind and W” to be
special of the second kind (see Definition 7.8).

(5) Ultimately, we need to consider B(W, M (s)W",s) ats = % In order to exploit
the assumptions on W and W”, we need to know that M (s) is self-adjoint with
respect to the bilinear form B. Such a relation was proved in [Lapid and Mao 2014,
Appendix B] for a variant of B (where the order of integration is slightly different).
(See Corollary 7.2.) For —Res > 1 and W special of the first kind, this agrees
with the original B.

(6) The upshot is an identity

- dt
B(W, M(s)WA,s)=/ EV(M*W,EY" (W), 1)
Voo |dett|
’Yy\,ﬂ( M’)

for special sections W, WY and for —Re s > 1 (see Proposition 7.11). To finish
the argument, we need to show that the right-hand side has analytic continuation at
s and compute its value at s = % These steps are carried out in [Lapid and Mao
2015b]. See Section 8, where it is also explained why the restriction on W” is
harmless from the point of view of the relation (MI).

5. A bilinear form

We begin the analysis of the main identity. A key ingredient is the stability of the
integral defining a Bessel function, which was proved in [Lapid and Mao 2013]
following ideas of Baruch [2005].

5A. We recall the main result of [Lapid and Mao 2013] for the group G.

Theorem 5.1 [Lapid and Mao 2013]. Let Ky € CSGR*(G’). Then the integral
st — o~ —
f W(wb,wg’[,tn)l/fﬁ(n)_l dn

stabilizes umformlyfor We C(N\G U)X and locally uniformly int € T'. In
particular, lfW e WYA (7) with 7 € Irrgen, y 5 G then

S

t — L~
W (wl, w tn) g ()~ dn = BYY (i, wi? W (e), (5-1)
N/

where [B;{T/ﬁ is the Bessel function of w (see (A-1)).
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Remark 5.2. Note that wo =w U,wo " Of course, one can state the theorem above
(equivalently) for

st o
/ W (wytn)yg(n) ™" dn.
N/
The original formulation will be slightly more convenient for computation.
We apply this to the function W(g) = Ag(W, g).

Corollary 5.3. Let Ky € CSGR(G). Then the integral
st —_ ———
YV(W, 1) := / AY W, wpwi )y ()~ dn, el
N/

stabilizes uniformly for W € C(N\G, ¥x)X° and locally uniformly int € T'. In
particular, YY(W;, t) is entire in s € C, and if €lrrgen Mand W € Ind(W'/’NM (m))
then YV (M}W,t) is meromorphic in s. Both YV (Wi, t) and YV (MFW,t) are
locally constant in t, uniformly in s € C.

Finally, if we assume that m € Ittieqa,gen M and that w1 = Dy-1(m) is irreducible
then for any W" € Ind(WWNM (n)) we have

_ oy —1
YV MW, 1 = BYY (), wl DAY (MW, e).
Another useful consequence of Theorem 5.1 is the following.

Lemma 5.4. Let W € C™(N\G. y5) and WY € C™(N\G. ¥;"). Assume that
the function
(t,n)€T' x N+ W(wétn)

is compactly supported. (In particular, WecC gm(ﬁ \5, ¥7).) Then the iterated
integral

st
/ ( W@)WV(gmdg)wma)du
N\G’

!

is well defined and is equal to

PR st P
/ / 53’(1)W(wb/wgl/tn)l/fﬁ(ﬁ_l)( (wU/w0 tu)wN(u)du) dndt.

N/

Proof. Using the Bruhat decomposition we can write the left-hand side as

st —
/ <f W(w’U,wéwtn)Wv(wU,wo tni)sp (t)wN(u)dndt) du.
’ ’ Nl
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Note that by the assumption on W, the integrand is compactly supported in ¢, n.
Consider

/ ( / W Wi wl ey W (i, wi tn@)s g (1) ¥ () dndt) du
Q ’ N/

:f / /83/(t)W(1I)7;,w3”’tn)WV(wU,wO i)Yy @) du dn dt
"IN JQ

for Q € CSGR(N'). By Theorem 5.1 this is equal to

st —~—
// SBl(t)W(w/U/wg’[/tn)(f WV(wU,wO tnu)l//N(u)du) dndt,
/ !’ N/

provided that €2 is sufficiently large (independently of ¢ and n, since they can be

confined to compact sets by the assumption on W). Making a change of variable

U nilu, we get

st —_ ———
/ f 8 (1) W (W], wi’ m)wN(*—‘)< WV(wb,w(’)”'tu)z//ﬁ(ﬂ)du> dndt,
’ !’ N/
as required. U

5B. In order to apply Lemma 5.4 for AW(WS, ), we make a special choice of W.
Consider the P-invariant subspace Ind(W‘/’NM ())° of Ind(WY¥u (7)) consist-
ing of functions supported in the big cell Pwy P = PwyU. Any element of
Ind(WYMu (7r))° is a linear combination of functions of the form

W' mwyu) =8p(m) * WY (m)pw), meM, u,u €U, (5-2)

with W™ € WYV () and ¢ € C2°(U). Let ny be the embedding ni(g) = (% ;)
of M into M. Also let 1y = 0 o ny, so that

g
nm(g) = ( In *)
g

Definition 5.5. Let Ind(WYVu (n))g be the linear subspace of Ind(WYMu (77))°
generated by those W as in (5-2) that satisfy the additional property that the function
(t,n)—> WM (mm (twy M'11)) is compactly supported on Ty, x Ny, or equivalently,
that the function WM o ), on M’ is supported in the big cell B,wwO NM, and its
support is compact modulo Nj,,.

This space is nonzero; see the proof of Lemma 6.13 below. It is also invariant
under n(T') x N.

Lemma 5.6. For any W € Ind(W¥™ (1)), the function AY(Wy, wi,ws tn) is
compactly supportedint € T' and n € N' uniformly in s € C.
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Proof. Since ® x W € Ind(WYNu (71))° whenever W € Ind(WY¥u (71))° (for any
d € CX(F™)), it is enough to show (in view of the definition of Ati , upon re-
placing the domain of integration in (3-1) by n(wU,)VUn(wU,) 1, that for any
W e Ind(W¥"x ())z, the function (v,1,n) — W(yn(wU,)vn(w0 'tn)) is com-
pactly supported in Vy x T" x N'. Write t = 0'(t') and n € N as n = ¢'(n))n»
with ni € Ny, and ny € U'. Also let m’ = wg/”/t/n/1 € M and m = n(o’(m')) =
n(w t,Q (”1)) Then

W (yn(wy)vn(wg! tn)) = W (wyvmn(nz)) = W (i ()Y wym ™ vmn(ny)).

It follows immediately from the definition of the space Ind(WYMu (n))g that this
function is compactly supported in (v, n1, n2,t") € Vy x Ny x U’ x Ty, O

5C. For W € Ind(W"" ()3 and W" € Ind(W"¥y (¥)), we define

st

B(W, WY, s) :=/ (/ . A;”(Ws,g)A;f_'(WVS,ga)dg)wﬁ(ﬁ)du.
N/ ’

/

By Lemma 5.6 and the proof of Lemma 5.4, B(W, WY, s) is an entire function of s
and we have

B(W, Wv,s)=/ YV (W, YV ' ( WY, )8p () dt (5-3)
T/

for any W € Ind(W¥"u (1)) and W € Ind(W¥my (1))
Assume that 77 € Irrgen meta M and 7 = Dy-i(m) is irreducible. Then for any
W € Ind(W™ () and W € Ind(W¥m (),

the left-hand side of the main identity (MI) is B(W, M($)W",1).  (5-4)

We obtain a more explicit form of B(W, WY, s) for W € Ind(W¥¥n (n))g in the
next section.

6. Further analysis

6A. The function A;h(Ws , £). Atthis point it is necessary to investigate A;i/f (We, )
on the big cell.

We start with A;”(W, e), which is easier and also useful for the right-hand side
of (6-12).

Fix an element €; € V of the form £,,(X), where X € Mat, and the last row of
X is —&,. For any W € C™(N\G, y¥n), define

AV (W) = W (yve) ¥y (e, ve)) ™" dv. (6-1)
V,\V_
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Since Yry_ (eflvel) = Yy_(v)¥ (vn,2n+1), this expression is clearly independent of
the choice of €; as above. Moreover, we have

AZ(W) =/ W()/n61)l//Nrt(€l_ln61)_l dn
(Vy xn(N))\N?

W (yein)yy:(n)~ " dn. (6-2)

/e;‘wmn(zv/))el\zvﬁ

The integrand in the first equation is invariant under n(N’) since the character
VN (el_ln(u)el) is trivial on U’ and agrees with x/fN]rW on Ny,,.

Lemma 6.1. For any W € C*™(N\G, ¥n), the integrand in (6-1) is compactly
supported on V,\V_ and we have A;//(W, e) = AZ(W).

Remark 6.2. Note that by Lemma 3.1, the linear form W +— Ag/(W, e)is (N, Yrys)-
equivariant. By (6-2) the same is true for Agf (W).

Proof. The support condition follows from Lemma 3.2. By (3-1) we have
ATW, @)= | W(yvwy-1(0)P(En) dv.
V,\V

We can write this as
f W(yve)wy-1(ve)@ () dvde,
vy Jvv_
which by (2-1a)—(2-1c) is equal to
/ W (yve)yry_ ()™ ¥ (vnans 1)~ (e + £n) dv de.
vy Jvvo

Changing variables in ¢ and v, we can rewrite this as

/ W (yveic)® () Yy. (v) 'Y (vnant1) ' dvde
Vi JVAV

=/ (D W) (yve) ¥y (v) 'Y (vnoni1) ' dvde.
V,\V-

This is AY (@ % W), as yrv_ (€, 'ver) = Yv_ (W)Y (Un.2nt1). O

We now turn to A;p(WS, -) on the big cell. By Lemma 3.1, it is enough to
consider the element wy,.

Lemma 6.3. Let 70 € Ittgen M. Then for Ress 3>, 1 and any W € Ind(W¥™n (7)),
we have
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A (Wy, i) = By-1 () : W (wyv) gy (v) ™' dv
U
) [ Wy ) 63)
VI\V_

Remark 6.4. It is easy to see that both sides of (6-3) are ( V_xn(N,,), ¥y W;,l )-
equivariant in W. "

Proof. From (3-1),

AV (Wy, @, wy,) = Wi (yon(wy))wy-1 (vw,)® (&) dv.
V,\V

Make a change of variable v n(w;]/)vn(wb,)_l. Note that

V,, = n(wy) Vi (wy,) ™,

n(wb,) normalizes V, and V = Vy; x Vy. By (2-5) we infer that

AV (W, @, w),) = / Wi (wyv)wy, -1 (W), v)® (&) dv,
Vu

and using (2-3c) we get

By (w)y) /V ( FnWS(wUU)a),/,-l(U)CD(Y)i//(Yl)_ldY) dv.

We claim that the double integral converges absolutely when Re s is large enough.
Note that Vi = {€((* 1)) : x € Maty, y € 85} and hence |wy-1(v)P(Y)| =D (Y)]
for v € V. Thus,

/ | Wy (wyv)wy-1 ()@Y (Y~ |dY dv = [®](0) | |Wy(wyv)|dv.
vy JFn Vu
The integration on the right-hand side is absolutely convergent when Re s >, 1.
This follows from the convergence of f y|Ws(wyu)| du and Remark 2.2.

For ¢ € V. such that c =Y € F™, we have W (wycg) = w(Yl)_le(ng) by
the equivariance of W, and w,-1(c)®(0) = ®(Y) by (2-1a). Thus,

/gw—l(w;]/)_lAw(Ws, D, u’)\’l;,) = /v ) Ws(wycv)wy-1(cv)®(0) de dv.
v v Vs

Since V, normalizes Vi and the double integral converges we can write the last
integral as
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/ Ws(wyve)wy-1(ve)®(0) de dv
vy Jv,

= [ [ wwron o dedv= [ @xWosuwy. @ dv.

Vu J Vi Vu
This gives the first equality in (6-3), and the second one follows from it since the
integrand is left Vf,,-invariant. O

Remark 6.5. One can show that for any W € C™(N\G, ¥n), we have

Ag’(W, z;’;,) = By (wé],) </ W(wyvx)yry (vx)_1 dv) dx, (6-4)
VIN\V_ yi

M\V//

where on the right-hand side V" is the preimage of the center of the Heisenberg
group under v — vy and in both the inner and outer integral the integrand is
compactly supported, thus convergent. We do not give the details since we are not
going to use this result.

6B. We can now compute YV (W, t) for Res > 1.

Lemma 6.6. Let 7w € Irrgeny M. For Res > 1 and any W € Ind(W¥¥u (7)), t € T,
we have the identity

YV (W, 1) = v/ ()" V2B, 1w By (wdl 1)

X/_ W wun(wy' Hv)gy:(0) "' dv,  (6-5)
Vit

w\N?
where the right-hand side is absolutely convergent.
Remark 6.7. Clearly, both sides of (6-5) are (N*, ¥ y:)-equivariant in W.
We first need the following convergence result.

Lemma 6.8. Let w € Irrgey M. Then for Res > 1, we have
/ f [Ws(o(m)wyug)|dudn < oo, (6-62)
NP Ju
| [ iwtemuugidudn < oo, (6-6b)
NynP* JU

for any W € Ind(WY¥¥u (7)), g € G.

Proof. We may assume without loss of generality that g = e. Denote by g(a(x)) the
torus part in the Iwasawa decomposition of x € G. Let A;(x) be the set of nonzero
i X i minors in the last i rows of x (with the convention that Ayg(x) = {1}). Then
A;(o(a(x))) is (obviously) a singleton and its absolute value is maxsea, (x)|8]-
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For any n € N{; and u € U consider

a(o(n)wyu) = diag(ay, ..., am).

Notice that
2n

l_[lail = |det(a(e(Mwyu))| = |det(a(wyu))| <1 (6-7)
i=1
and forall 1 < j <i <2n we have n; ; € {0} U A;_1(0(n)wyu) (since n; ; is an
entry in the adjugate of n*). Hence

i—1
ne il < ] Jlael ™. (6-8)
k=1

We show below that for all n € N{,N(PUP*) and u € U such that W (o(n)wyu) #0,
we have

|det(a(wyu))| Kw lai| <w |det@(wyu)>~>", i=1,...,2n. (6-9)

Assuming this, we first show the lemma. It follows from (6-7) and (6-9) that
there exists A € R, depending only on 7 such that

|Ws(e(m)wyu)| Kw |det(a(wyu)) RS~ (6-10)

forany u € U and n € N,{,H N (P U P*). Together with (6-8) and (6-9) we obtain
Ini ;| <w |det(a(wyu))|'~ whenever W(o(m)wyu) # 0. Thus,

/ /IWS(Q(n)wUu)|dudn <<W/Idet(a(wUu))lRe“'_A_Z?nlliz du
Nyne Ju U

(and similarly for |, N,§,Hm7>*)’ where the last integral is finite when Res >, 1 by a
standard result on intertwining operators.

We are left to prove (6-9). First, consider the case where n € NM NP. Then
the 2n-th row of o(n)wyu is &4n. Thus, Arpr1(0c(M)wyu) C Axp(o(n)wyu), and

hence n n
—1 -1
jazal [ Jlael ™ < [ Jlail ™",

i=1 i=1

or equivalently |azn| < 1. Thus, if W(e(n)wyu) #0 then |a1| Lw - - - <Lw laz| < 1.
The relation (6-9) follows (since 1 < |det(a(wyu))|>~).

Next, consider the case n € ervu N P*. The last row of o(n)wyu is the same as
the last row of wyu. Thus, |a;]~! is bounded above by the norm of the entries in u,
which in turn is bounded above by |det(a(wy u))|~! (since each nonzero entry of
u belongs to Aop(wyu)). Again, if W(o(n)wyu) # 0 then |a||lw < - - - Kw |a2nl.
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From (6-7) we conclude that |det(a(o(n)wyu))| < |ai| <w |a;| for all i. On the
other hand,
|det(a(wy)[™ 2 = |ai ™" 2|az - - azn—1 """ *|azl*"

2n—1 2n—2
B

<Lw laz -+ - a1l
= lay- - an™ az| ™" < laz| ™,
and the relation (6-9) follows. ]

Remark 6.9. From the proof it is clear that we can take a uniform region of
convergence Re s > 1 for all unitarizable 7.

Lemma 6.6 is an immediate consequence of Lemmas 6.3, 3.1 and 6.8. Indeed,
the right-hand side of (6-5) can be viewed as a “partial integration” of the double
integral (6-6a) for g = n(wé"[ 't). Thus, by Remark 2.2, it is absolutely convergent
for Res >, 1. Meanwhile, by Lemma 3.1,

P

YV (W, 1) = / AY (W, wiywl )y ()~ dn
N/

=V (O 2By (wn) /N AL W g ), wp) ()~ dn,
assuming the integral converges. From (6-3), this is
V()T 2By (w1 By (w])

x / Wi (wyon(wd! 1)y () Yy ()~ dvdn.
’ VU

Conjugating v over n(wé"’ 't) and combining the two integrals (which converge by
the above), we get Lemma 6.6. (We note that the integrand on the right-hand side
of (6-5) is indeed left V[, -invariant.)

6C. We now go back to the bilinear form B defined in Section 5C. Recall the
definition of the space Ind(W¥ (7)) in Section 5B.

Lemma 6.10. For W € Ind(WYVu (n))g, the integrand on the right-hand side of
(6-5) is compactly supported in t, v uniformly in s (i.e., the support in (t, v) is
contained in a compact set which is independent of s). In particular, the identity
(6-5) holds for all s € C.

Proof. Suppose that W € Ind(WYNu (Jr))g is of the form (5-2). Then for n € NM,,
ueUandt e Ty, we have n(o’(wh'tn)) € M and

W (wy (e’ (wg tn))u) = 8p ()~ P WM (ny ((wg” 1)) ().
The lemma follows from the definition of Ind(W¥¥u (n))g. O
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Lemma 6.11. Let v € Irrgen M. Then for —Res > 1, we have

sovw'=[ [ [ wom@uen W aeuwon
v Jviwe In e

Sp(m(g)~'det g|' ™y (v) Yy () dg dv du

for any W e Ind(WYNu ()2, WY e Ind(WWA; (TL’V)), with the integral being
absolutely convergent.

Proof. Suppose that —Res > 1and W € Ind(WYVu (n))§. Then by (5-3), Lemmas
6.6 and 6.10, and the fact that §p/ () = 835\4/ (V' (O™, B(W, WY, 5) equals

/ / / Wi (e (wd' 0 Ywyv) WY (nar ((wh! 1)) wyva)
Ty In(N},)xU J(N}, ) xU 5 |
X |det ] HSBM,(I)WNﬁ(Ul)f Yz (v2) dvy dvy dt,
where the integral is absolutely convergent. Here we use (N}, x U as a section
of VI \NE.
Making a change of variable v; > vyv; and writing v, = (0’ (n))u with n € NM/
and u € U, we get that B(W, WY, s) is equal to

/ / / / Wi (¥ tn) ) wyuv) WY, (s (wh 1) wyu)
Ty I Ny JU In(N,, )xU

X |detz|3“3% (O Yn: (1)~ dvi dudndt.
Make a further change of variable v| — u—lv;. It remains to use the Bruhat
decomposition for M’ and to note that §p(177(g)) = |det g|*™*! for any g € M/
and that as a function of v, the integrand in the statement of the lemma is left
V,nw-invariant. [l

Define when convergent
(w, w”} i=f W (@)W (0 (2)8p (ar (8)) ™' |det g|' ™ dg.
N \MY

Then we get, for any W € Ind(W¥¥u ())s, WY e Ind(WW/L (nv)) and when
—Res> 1,

B(W, WY, s)
:f / (W (- wyv), WY wy) )y (0) " Yy ) dvdu.  (6-11)
U Jvj\N*
Remark 6.12. If 7 is unitarizable then the integral defining {W, WV} is absolutely

convergent for any (W, WY) € Ind(W¥Mv (7)) x Ind(WWzL (nv)) by [Lapid and
Mao 2014, Lemma 1.2].
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6D. We need a nonvanishing result which follows from Theorem A.1.

Lemma 6.13. Assume that w € Ittgen meta M and m = Dy-1(m) is irreducible and
tempered. Then the bilinear form B(W M ( )WA 1) does not vanish identically
on Ind(W¥¥u ()2 x Ind(W¥¥u (1))

Proof. Since the image of the restriction map WY (1) — C (N \o(P), ¥ny,)
contains C°(Ny\o(P), ¥y,,), it follows that for any ¢ € C°(Ty, x Ny;) and
¢ € C°(U) there exists W € Ind(WYMu (77))° (necessanly in Ind(WYNu (n))ﬁ) of
the form (5-2) such that ¢ (¢, n) = WM (nM((twO n) )). It follows from Lemma 6.10
that the linear map Ind(WYVu (71'))° — C°(T') given by W — Yw(Wl/z, ) is onto.
Therefore, by (5-3), the lemma amounts to the nonvanishing of the linear form
WA > YV (MW, t) on Ind(W‘/’NM (n)) for some ¢ € T'. This follows from
Theorem A.1 and the last part of Corollary 5.3. U

6E. By (5-4), Lemma 6.1 and Lemma 6.13, we conclude the following corollary.

Corollary 6.14. Suppose that w € Ittmeta,temp M is good and & = Dy (r) is
tempered. Then

B(W, M(H)W", 1) = e, AV (M*W)AY (M* W)
forall W e Ind(WYVu (7‘[))0 and W" € Ind(WI/’NM (7‘[)) Moreover, the linear form
Aw (M*W) does not vanish identically on Ind(WY¥u (71))°

In other words, taking into account the reduction step of Section 3F we have
reduced Theorem 3.4 to the statement below.

Proposition 6.15. Assume 1 € Ittyeqa temp M is good and 7T =Dy,-1(7) is tempered.
Then for any W € Tnd(WY% ()3 and W* € Ind(WYNx (), we have
B(W, M(H)WA, 1) = ez AV (M*W)AY (M*W™). (6-12)

The proposition will eventually be proved in Section 8 after further reductions,
using the results of [Lapid and Mao 2014; 2015b].

7. Applications of functional equations

In this section we use the functional equations established in [Lapid and Mao 2014]
to analyze B(W, M(s)W", s).

7A. We first apply a functional equation proved in [Lapid and Mao 2014, Appen-
dix B]. To that end we introduce a variant of B. We define B(W, WV, s) to be
the right-hand side of (6-11) whenever the integral defining { -, - } and the double
integrals over VALEI\N “and U are absolutely convergent.



On an analogue of the Ichino—lkeda conjecture 745
Clearly for g € M/, with |detg| =1,

(W nm(@), WY (-nu(g)} ={W, W'}
Thus, B(W, WY, s) is equal to

/' /;//U{WS('”M(n)wUU)’ W—vs('wUM)}wU(U)_IWU(”)‘/fNM(n)dvdudn
:// /U[U{Ws(-wuv), WXS(-TIM(n)wUu)}pr(v)*le(u)wNM(n)qdvdudn

:/Vu\anU{Ws(-va), WY, (- wyv) gy () s (v2) dv dvs. (7-1)

By (6-11), for any 7 € Irtgen M, W € Ind(WY™n ())3, WY € Ind(W¥¥ (V)
and — Res > 1, we have

B(W, WY, s)=B(W,W",s).
On the other hand, we have the following result.
Proposition 7.1 [Lapid and Mao 2014, Appendix B]. Let 7 € Irremp M.

(1) For Res > I,IE(W, WY, s) is well defined for any W € Ind(WY¥u (7)),
WY € Ind(WYnu (V))°.

(2) For —Res > 11, B(W, WY, s) is well defined for any W € Ind(WYM (11))°,
WY € Ind(WYvu (V).

(3) For —Res > 1, we have
B(W,M(s)W",s) = B(M(s)W, W", —s)
for any W € Ind(W"Nw (r))°, W & Ind (WY (7))°.
Combined with the above we obtain:
Corollary 7.2. For —Res > 1, we have
B(W,M(s)W",s)=B(M(s)W, W", —s)
for any W € Ind(WY¥ ()2, W € Ind (WY ())°.

7B. An identity of Whittaker functions on GL3,. A key fact in the formal argu-

ment for the case n = 1 in [Lapid and Mao 2017, §7] was that for any unitarizable
7 € Irrgen GLy, the expression

[ w(e opw( )

defines a GL,-invariant bilinear form on WY () x W'mml/ﬂ (V).
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In the general case, we encountered (in the definition of { -, - }) a similar integral

Anw. W)= [ W (gl det '~ d.

where W € WY (1) and WY e W (V).
Let J be the subspace of Mat, consisting of the matrices whose first column is
zero. Note that for any g € M', X e Mat,, Y € J, ny,ny € NM,, we have
An (7 (i (@) (X + V(e )W, 7 (i (@) e (X) myy(n2)) W)
=y, (niny Hldetg" ' An(W, W) (7-2)
(with £yg, v and 7y, defined in Section 2A). We also have the following relation,
for wonn = (. ).

Theorem 7.3 [Lapid and Mao 12014, Theorem 1.3]. Let m € Ittiemp M. Then for
any W e WM (7), WY € WY (rV), we have

An(W, W) = f / / W (wan i (2) (X))
7 Jr I

x WY (wanni(9)m(Y))ldet g "' dgdX dY. (7-3)
The integrals on both sides are absolutely convergent.

Note that it is not a priori clear that the right-hand side of (7-3) satisfies (7-2)
for X € Mat, —J.

We can slightly rephrase Theorem 7.3 as follows. First, we write the right-hand
side of (7-3) as

/// W (3 (8) wan (X)W (nyy(8) won b (Y)) |det g|* " dg dX dY.
7 J5 N

We may multiply won n on the left by any element x € ny;(M') with [detx| = 1. In
particular, we take w’2n ni= ( wt In ) instead of wop n. Let €3 € £y(eq,1 + J), where
€1,1 1s the matrix in Mat, with 1 in the upper left corner and zero elsewhere. Since

An(T()W, 77 ()W) = An(W, W),

we infer that A, (W, W) equals

/ / / W (133 (8) wan nfm(X)€2)
75 In W
X Wv(n,\\v/ﬂ(g)wén’nEM(Y)ez)|detg|“*1 dgdXdY.

Using Bruhat decomposition for g, the integral can be rewritten as
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/// W (i () Wi n it (M) €aa(X)€2)
J7J1JIN, T,
X WY ()W ana(m) (Y €)|det 1"~ 85, (1)~" dr dndX dY.

Since £py(€1,14J) is invariant under conjugation by nyy (Ny, ), by changing variables
in X and Y we get

AW, W) = f / / Wy (1) (X) s ()
J JJ &/ﬂ T/

X Wv(n,\v,ﬂ(t)q{M(Y)nM(n))|dettln_lé%/ () 'drdndXx dy, (7-4)
where €3 = w) €.

7C. In the first expression of (7-1) for B, we have an inner integral of the form
/ (W, (g (), WY, Wi, () .

This leads us to apply the above functional equation in the following settlng Let
7 € Itriemp M. Define the bilinear form D(W, W) on WYNu (1) x WY g (") by

DWW, W) := fN An( ()W, W)Yy, (n) dn. (7-5)

It is shown in [Lapid and Mao 2014, Appendix A] that the integral is absolutely
convergent.

Remark 7.4. For (W, WY) € Ind(W¥"u (1)) x Ind(w'ﬂz%b (")), we have

172 —-1/2 1/2

DG, *Wo0,8,"*WYo0)=D(6,"*Wy00,8," WY, 00)

/ Wy G), WYy, () dn.— (7-6)

For convenience, set

R = e3(mu(Nyp) < eua(I)€5 " = why o (ma(Ni) X () wh,
={(™ ):xeJ.neNy}cNNP~

X n

Definition 7.5. Let W', (7r)y be the linear subspace of W () consisting of
W such that

W(-e3)lp: € CENU\P* Yy and - W€l v ) € CEOma(Tig) < R,

It is easy to see that this definition is independent of the choice of €; (and
correspondingly €3).
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We note that Wmml/n (JT)t is nonzero, since the restriction of Wmml/u () to P*
contains C°(Ny\'P*, WN ) and )y (Ty,) X RC B{,NP*. On the other hand, even
if we assume that 7 is supercuspidal, WY (7)y is a proper subspace of WY ()
since the set Ny - (”M(TM) X R) is not closed.

Let N,@H = (N,g/ﬂ)* and let ¥, » be the character on N,gm given by
M
‘ﬁN';m(m) = ‘ﬁNN:m(m*)

Note that N,im consists of the elements of Ny; whose (n+ 1)-st column vanishes
above the diagonal.

Proposition 7.6. Let v € Ittiemp M. For any W e WYNu (1) and WY € WY ()g,
D(W, WY) is equal to the absolutely convergent integral

f i / i Wy (0)esr) WY (nyy (£ €sr)
My (N[ \Noy oy N AN, T, 1 1 1
x |detf|™” SBM,([)_ 'l//N? (ry 'r2) dtdrydry,
M

where the integrand is compactly supported in all variables.

Proof. From (7-4) and (7-5), we get that D(W, WV) is equal to

/ </f/ W (D) €3 (X)) nvi(nan ) WY (nyg (1) €3 (Y ) ni(n2))
Ny w ¥ Ty
X |detz|“—‘a%, ()" 'dtdnydX dY) Yy, () dni.

By the condition on W, the integrand is compactly supported in 7, ¥ and n,. Since
Ny () normalizes R, it is also compactly supported in X, n; in view of Lemma 7.7
below. A change of variable ny — n, 5| gives the identity in the proposition. [J

Lemma 7.7. The restriction to N,{/H N(PUP*) of any W € C*™(Ny\M, ¥ry,,) is
compactly supported.

Proof. This is standard. By passing to W(-*), it is enough to consider the support
in N,{A] NP. Let n = uak with a = diag(ay, . . ., a,) be the Iwasawa decomposition
ofn e N,{A]HP. Then ary =1 and |n; j| <la; ...am| forall 1 < j <i <2n. Thus,
if W(n) # 0 then the @; are bounded in terms of W, and hence n is bounded. The
lemma follows. U

7D. We apply Proposition 7.6 to get a new expression for B(W, WY, s). Before
stating the result, we first introduce an integral that appears in the new expression.
As in [Lapid and Mao 2015b, §7.4], define

172

A(t) =085 (o(t)), t=diag(ti,...,1n) € Ty.

In particular, when ¢ = ny;(t') with ¢’ € T}, we have A(f) = 8p (0 ()2,
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For now, let €4 be an arbitrary element in Ny. (We will fix it in the next
section in order to make the formulas look nicer.) Let T” = ny;(T,) x Zy. For
W e C*™(N\G, yn), t € T, let

EV(W,1):=A@0)~! f W (o(tes€3)wyv)Py:(v) " dvu
(N )\N?

= AW) W, (teat™) W(o(te3)wyv)Yry:(v) ™ dv
(N )\N?

=A@ ", (teat™) / / W (o(tvez)wyu)
UJR
X Yy (€3 ves) " Yy @)~ dvdu,  (7-7)

provided that the integral converges. (It is easy to check that the integrand above
is invariant under 1y (Ny,) when ¢t € T”.) Similarly, define E‘/’_I(WA, t) for
W" e CS™(N\G, ¥y ).

Note that for any t € T”, EV(W, t) is (N*, ¥y:)-equivariant in W. It is also
clear from the definition that whenever defined,

EV(Wy, tz) = EV (W, t)|detz) ™ 2w, (), z€2Zm, teT”, (7-8)
for W € Ind(WYMu (1)) with 7w € Irrgen M, where wy, is the central character of 7.

Definition 7.8. Let Ind(WWL (n)); be the linear subspace of Ind(WW;L (m))°
spanned by the functions which vanish outside Pwy N and on the big cell are given
by

W' mwyu) =8> (m)WM(m)¢w), meM, u,u' €U,

with ¢ € C2(U) and WM 0 o € W¥Nu ().
This space is clearly nonzero since WY (7r)y 1s nonzero.

Lemma 7.9. Let w € Irrgen M. For Res > 1, the integral (7-7) defining EV (W, 1)
converges for any W € Ind(W¥Mv (7)) and t € T" uniformly for (s, t) in a com-
pact set. Hence, EV(Wy, t) is holomorphic for Res > 1 and continuous in t. If
W e Ind(Wwﬁzlw (7'[))o then Ew_l(WSA, t) is entire in s and locally constant in t,
uniformly in s. If moreover W" € Ind(W'/’;f/L (7‘[)); then EV"' (WX, 1) is compactly
supported in t € ny(Ty,), uniformly in s.

Proof. For the first assertion, since Ty normalizes the group R and U is normalized
by M, we need to check the convergence, locally uniformly in m € M, of

/f|Ws(Q(v)wUum)|dudv.
rRJu
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This expression is clearly locally constant in m, so we can assume m = e. Since
R C Ny, NP*, the integral above is a “partial integration” of the double integral
(6-6b) in Lemma 6.8 (with g = e), thus converges by Remark 2.2.

By Lemma 7.7, when W € Ind (WwNM (71)) the integrand in the last expression
of (7-7) (with W* in place of W) is compactly supported in v and u, uniformly in
s and locally uniformly in ¢. It is then clear that E v (W2, 1) is locally constant
in r. The second part follows. Furthermore, if W" € Ind(WV/NM (n)) » it is clear
from the definition of the latter space that the integrand in (7-7) (with W” in place

of W) is compactly supported in v and r € ny;(7},). The lemma follows. (|
7E.
Proposition 7.10. Let v € Iitiep M. Then for Res > 1, we have
dt
B(W, WY, s>=/ EV(Wo, NEV ™ (WY, 1) (7-9)
nK/U(Tr\//u’) |d€tl|

for any W € Ind(W¥Mv (7)) and WY e Ind(w% (")), where (by Lemma 7.9)
the integrand on the right-hand side is continuous and compactly supported.

Proof. First note that the element €4 has no effect on the validity of (7-9), so we may
ignore it from the consideration. By Proposition 7.1, if WV Ind(WW}L (Tv))°,
the integrals defining B(W, WY, s) are absolutely convergent when Res > 1. If
moreover WV € Ind(W‘”@ (nv));, then by the relation (7-6), (the first expression
of) (7-1) and Proposition 7.6, B(W, WV, s) is equal to

ff(/ / / W (o (nyp(D)esr)wyuy)
NG OANN Iy (N )\

x WY (e(my(esr)wyuz)dp (1) 8p(ny (1)~ [det !
< Yy )™ Yy )" WU )y (r2) dridrs dz) duy dus.

Using the fact that for t € T},

8, (0 8p(nyy (1))~ Idets|™" = 85 (0" (1))~ dets| !,

to finish the proof of Proposition 7.10 it suffices to show the convergence of

/(/ [Ws(0(nyy()€3)wyvr)| dvy
7/, \ s (V] )\ N2

x (WY (0 (1)e3)wy )| dvz)am )"
(N )\N?

dt
|dett|

It follows from Lemma 7.9 that the integrals over v; and v, converge for a fixed ¢
and that the integral over v, is compactly supported as a function of ¢. The argument
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in Lemma 7.9 also shows that the resulting integrals over v; and v, are smooth in ¢.
Thus, the integral converges. U

Combining Proposition 7.10 with Corollary 7.2 and (7-8) we get the following.

Proposition 7.11. Let v € Ittiemp M. Then for —Re s > 1 and any

W € Ind(W"¥ (1)),
W € Ind(Wn (m);,
we have
- dt
B(W, M(s)WA,S):/ EV(M*W,EY (W), 1) ——, (7-10)
Zu\T” |det ]

where the integrand is continuous and compactly supported.

8. Proof of Proposition 6.15

Proposition 7.11 is an important (and hard-earned) step towards the proof of
Proposition 6.15. However, it is still insufficient. First, it is not valid at the point
s = %, which is pertinent for the left-hand side of (6-12). Second, the functions
EV have to be investigated in order to match the right-hand side of (6-12). Also,
so far we have only used the fact that = € Irrpe, M to reduce to special sections,
but it should be clear from the nature of our formula that this fact has to enter the
computation in a more substantial and quantitative way. Fortunately, these issues
were taken up in [Lapid and Mao 2015b, §11]. We recall these results and explain
how they are used to conclude the proof of Proposition 6.15 from Proposition 7.11.

8A. Let 0 =diag(l, —1, ..., (=)™ ') € Mat,,. We now fix
€4 = EM(—%DU)M) € Ny.

This element is denoted by ¢’ in [Lapid and Mao 2015b, p. 9550] with the parameter
a= —% in the notation of that paper. We also fix €; = £j(0) (and correspondingly
€3= wén’nez; see Section 7B). The reason for fixing the elements this way is (partly)

due to the special form of the character ¥ on U given by

Y5 (D) = Yy ((o(ese3)wy) ' vo(ese)wy) ' =Y (ant11), veU.  (81)

We rewrite the first expression on the right-hand side of (7-7) by splitting the
integral into integrals over U and n M(NM/)\N/L’ making the change of variables

v (0(es€3)wy)  'Do(esen)wy
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in the integral over U, and conjugating the variable in the second integral by wy .
We get, for Res > 1,

EV(W,, 1) = A(z)‘lf

’ /WY(Q(I)I_JQ('EMS”)WU)‘//U(1_1)‘//1\,7 )~ 'dvdr
ma(N{)\Ny JU M

— A /R fU Wy (o(Dvo(earewo) Vg @) Wa(r) didr,  (82)

where Yz(r) = ¥, (€5 're3) L.
M
We now quote the first pertinent result from [Lapid and Mao 2015b, §11]. Let S be
the subtorus ]_[?:_11 T; of T” (of codimension two), where T; is the one-dimensional

torus 2n—i i

—_—
T, :={diag(z™",...,z7 " z,...,2) 1z € F*}.
For any f € C2°(S) and g € C(T"), we write f xg(-) :fS f()g(-1)dt.

Theorem 8.1. Forany W € CS™(N\G, {n) which is left-invariant under a compact
open subgroup of Zy and any f € C2°(S), the function f x EV(W;, t) extends to
an entire function in s which is locally constant in t, uniformly in s. Moreover, if
7T € Irtmeta temp M then

f*EV(MW, z)yszm = e;A;/f(M*W)/ f@drt
S

orany W € Ind(WY¥u (1)), t € T" and f € C2(S).
C

The first part is [Lapid and Mao 2015b, Corollary 11.9], except for a slight
correction which we now explain. Recall some notation from that paper. As in
Section 6 of [ibid.] let Z be the unipotent subgroup of M given by

Z={meM:m;; =1Vi,m; ; =0if either (j >i andi + j > 2n)
or(i>jandi+j<2n+4 1)},

and let /= be its character
VYz(m)=v¢(mi2+---+mMp_1n—Mni2nt1 — - —Mumon-1), MmeZ. (8-3)
The group ¢(Z2) stabilizes the character ¥j;. Let € = o(2Z) X U with the character
Ve(o(m)u) = Wz(m)lﬁgl(ﬁ), meZ, uel.
Also, let Z¥ = ZN Ny, Va = ZN N{; and
Nvia={uX) :XelJ X;;=0ifi+j>n+1}.

We have Z = ZT .V, and R = Vj - Nm,a- In Section 10.4 of [ibid.] it was
erroneously claimed that the second product is semidirect. Fortunately, this does
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not have any bearing on the argument. All what matters is that the character ¥ is
given by Y z(vn) = Yy, (v), v € Va, n € Ny a, Where Yy, (r) is defined right after
(7.11) of [ibid.]. Thus, the middle integral in (11.11) of [ibid.] should be taken over
Va-Nu.a, i.e., over R in our notation. (Also, the variable v should be replaced by r.)
With this correction, the expression in (11.11) of [ibid.], evaluated at p(€3)wy, is
(fA)* EV(W;, t) and its analytic continuation is given by the expression in (11.10)
of [ibid.], which amounts to a finite sum.
Meanwhile, from the definition of Ag’ in (6-1) we have

A;”(vv)=/ Wye)yy ((ve)) 'vye) ™ dv.
o(Vi\yV_y~!

We can integrate instead over the group U ' in Section 11.5 of [ibid.], consist-
ing of elements u in U such that Uonyi,; = 0 whenever i > n and j < n. The
character 1/fU () =Yy _((yer)” uyel) Uon U ' also matches the one defined in
Sections 11.3 and 11.5 of [ibid.] (Wlth the parameter a = ——) Thus, Aw(W) 1s
T'(W)(yer) in the notation there. The second part of Theorem 8.1 amounts to the
first statement of [ibid., Corollary 11.10] upon taking

= (Wy) o(e3)wy = Ly ((—1)™),

where ;
12) = n(w/U’)Q(wén,n) = (wn wn)
In

is as in the bottom of p. 9523 of [ibid.].
Theorem 8.1 is a crucial step. Recall that the Langlands quotient of

Ind(WY"s (), 1),

i.e., the image under M*, admits a unique (N¥, ¥y:)-equivariant functional. Thus,
EV(M*W, t) (which is technically not defined) is a priori proportional to Af (M*W)
and the constant of proportionality is a function depending on ¢. Theorem 8.1
essentially says that in fact this function is a constant which can be computed
explicitly. The main input is that the Langlands quotient admits a realization in
C*™(H\G), where H =~ Sp, x Sp,, is the centralizer of o(E) in G. (Recall that
E =diag(1, —1,..., 1, —1).) We refer to [Lapid and Mao 2015b] for more details.
We may thus conclude the following corollary.

Corollary 8.2. Suppose that w € Ittega temp M. Then for any W € Ind(W'/’NM (ﬂ))ﬁ,
W e Ind(WwNM (71)) we have

dt
B(W,M(3)W", J) =2 AV (M*W) VW 1) (8-4)
ZM\T” |detr|’
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Proof. By Lemma 7.9, for any W" € Ind(W‘”NM (71)) there exists Ko € CSGR(T")
such that EV~' (W), -)eC(T")Xo forall s and EV (W -) is compactly supported
modulo Zy; uniformly in s. Suppose that f € C2°(S) is supported in SN K and let
Y@ = f(t_l). By Proposition 7.11, for —Res > 1 and W € Ind(WYNu (n))g
we have

B(W, M(s)WA,s)/f(t)dt
S

: dt
- EV(M*W, ) fY «EV" (W), 1)
Zu\T” |det ]

= * EV(M* .t )
/ZM\T”f (M y |det ¢

From the first part of Theorem 8.1 (i.e., [Lapid and Mao 2015b, Corollary 11.9])
we infer that both sides of (8-5) are meromorphic functions in s and the identity
holds whenever M (s) is holomorphic. Specializing to s = % and using the second
part of Theorem 8.1 (i.e., [ibid., Corollary 11.10]) the corollary follows. ([

(8-5)

8B. It remains to compute the integral on the right-hand side of (8-4). Again, this
is essentially done in [Lapid and Mao 2015b] and it relies heavily on the fact that
7T € Irtppea M.

Let

WY (1) gy = (W € WY () : W1ps € C°(Ny\P*, ¥w,) and
Wln,\Vm(TN//U,)xZ e CXZM\n(Tiy) X 2, ¥2)}.

Then WY (7)yy is invariant under 7 (e4) and 7w (ue3)W € WM (7)yy for any
W e W¥¥u ()y and u € Ny, a. Note that €4 normalizes Z, Z* and ¥z (by direct
computation). Similarly 63(w§nyn)_1 stabilizes (Z, ¥z).

Theorem 8.3. Let w € Ittyeqa temp M. Then

(1) [Lapid and Mao 2015b, Proposition 3.2; Matringe 2015]. The integral

PH (W) = / W(p)dp

NuNHy\PNHy

converges and defines a nonzero Hy-invariant functional on WY (17).

(2) [Lapid and Mao 2015b, Proposition 11.1]. Forany W € WYMu (1) we have

/ f A" dett|PW(tr)Yz(r) "' dt dr
ZA\Z (1)
= / P ()W) Yz ()~ dn.
ZNHy\Z
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(3) [Lapid and Mao 2015b, Lemma 4.3]. The integral

Lw(g) :=/ f W (o(p)hg)|det p|~ ™V dp dh
PNH\H J NyNHy\PNHy

= [ (51 (g W) o) di
HNU
converges for any W € Ind(W‘pNM (), %) and defines an intertwining map
Ind(WY" (), 3) — C™(H\G).

(4) [Lapid and Mao 2015b, second statement of Corollary 11.10]. We have

AV (M*W) :eg“/

Nvi,a

( / LW(UQ(€4M€3)wU)¢@1(U)dv)du- (8-6)
HNE\&

The first part is based on a variant of Bernstein’s theorem [Bernstein 1984] on
‘P-invariant distributions. The second part is proved by “root killing”, a method
which goes back at least to [Jacquet et al. 1979] and has been used constantly ever
since. The third part is essentially a formal consequence of the first part. The last
(and most complicated) part is closely related to Theorem 8.1 (with € as before).
We refer to [Lapid and Mao 2015b] for more details.

Remark 8.4. While the above formula for Alf (M*W) is convenient for computing
the right-hand side of (8-4), it is also helpful to write the integration with the
variables at the right. We do that in (8-9) below.

Corollary 8.5. Let w € Ittieqa temp M. Then for any W € Ind(W”bNM ( ))E’ we have

dt
/ EV(Wi)p,t) =M AV (M W). (8-7)
Zu\T" Idettl

Note it is not a priori clear that the left-hand side of (8-7) factors through M*W.

Proof. We may assume without loss of generality that for m € M, u, u’ € U,
Wip2(u'o(mywyu) = W (m)|detm|'28p (0 (m))' > () (8-8)

with WM e W¥Mu () and ¢ € C°(U). We evaluate the left-hand side I of (8-7)
using the last expression in (7-7) (where we recall that the integrand is compactly
supported by Lemma 7.9). Thus,

I = 1// W)Yy (v)dv
U
where

1/:/ /A(t)_l|dett|“WM(t€4r63)i//R(r)d”df-
my(Tyy) R
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The integrand in I’ is compactly supported because W™ e W¥»u (7r)y. Note that
for r € Vo = ZN R, we have V() = Vz(r)~'. We write

I/:/ (/ f A([)_l|dettln“IM(t€4ru€3)1ﬁz(l")_l d[d}") dl,[
Nua NI Va Iny(T)
:/ </ / A(t)_l|detf|n“7M(l‘€4ru€3)tﬂg(r)_ldtdr) du
Naa NS ZR\Z Jpy(T))

=/ </ / A(t)_l|dett|“WM(tre4u63)wg(r)_ldtdr)du
Nyia NI ZH\Z (T}

(since €4 stabilizes ¥ z). For the double integral in the brackets we apply part (2) of
the theorem above to 7 (e4ue3) WM (which is applicable since WM e W ()p).
We get

: / (/ P (nesues) W )Wz(n)_ldn> du.
Nuv,a \J ZNHy\Z
Thus,

I=f (/ /mHM(n(n€4ME3)WM)wZ(n)1¢(v)w51(v)dvdn) du_
Nvia \Y ZNHW\Z JU

From (8-8), (8, *1 (1, 0(m)wyv) W) oo = ¢ ()8 /> (0(m))|det m|"/ 7 (m) WM for

any v € U, m € M. Thus, I equals

/N (/zmH \Z/UmHM((‘S;UzI(%vQ(ne4u63)va)W)OQ)

Y)Yy (v) "' dvdn) du.

Because e;lNM,Aq C Nb, the group Q(eglNM,AQ) stabilizes the character
Yy (wal -wy) on U. Making a change of variable

v (o(nesues)wy) ' vo(nesues)wy

on U we obtain
= f (f ;‘BHM((a;’l/zl(%’ UQ(€4M€3)wU)W) o Q)I//gl(v) dv> du.
Nu,a \Jo(ZNHw)\E

Integrating over H N U first, we get from part (3) of the theorem that

I =/ (/ LW(vQ(e4u63)wU)w€_1(v)dv> du.
Nui.a HNE\ &

Finally, by part (4) of the theorem, this is equal to €2+! AZ/ (M*W) as required. [
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8C.

Proof of Proposition 6.15. From Corollariels 8.2 and 8.5 we get that (6-12) holds
for (W, W*) € Ind(WY"n ())g x Ind(WYNu (7)), namely

B(W, M(H)W, 1) = ez AV (M*W)AY (M*W™H).

On the other hand, as in the proof of Lemma 6.13, it follows from the definition (7- 7)
and the fact that the image of the restriction map WY (r) = C(Npy\o(P"), WNM)
contains C>°(Ny\o (P*) wN ) that the linear map Ind(Wll’NM (n)) — C®(Ty,)
glven by Wh— E v (W1 »» +) 1s onto. Therefore, by Corollary 8.5 the linear form
AW (M*W") is nonvamshmg on Ind(W“’NM (71))u By Corollary 6.14 we conclude
that (6-12) holds for all W" (not necessarily in Ind(W'/’NM (7‘[)) ) Proposition 6.15
follows. ([l

By the discussion before Proposition 6.15, this concludes the proof of Theorem 3.4
and thus the proof of Theorem 1.3.

8D. Central character of the descent. Assume that 7w € ItTpera emp M. Let us give
another expression for AW (M*W), which we use to prove a formula for the so-called
“central sign” of the descent Dy, ().

Denote by €5 the element p(€4€3)wy. A change of variables in # and v in (8-6)
gives

AV (MF*W) = Mt / < / Ly (€500()) ¥ gel (1) dv) du.  (8-9)
N, (HNE)$5\ €S

A
Here
Nipa = {u(X) : X;.; =0 if either j > i or i =n},
¢& = 65_19365 =o(ZHx U,
Vees (0(m)u) = Yz:(m)Yy W), meZ* uel,
with

Zﬁ = {(’11); Il’lji) np,ny € Nrg/”/, In+v1, In+'()2 = NM,}’
Yzs(m) =Y (=mip— = Mo i+ Masinr2+- o+ Moot on),  me 25
From this expression we get the next proposition.

Proposition 8.6. Let € Itrgen meta M, and m = Dy, (7). Then
T (=Im) = yy-1((=1)Mex.

Recall that 7%(:\1_2;)/)/1#71 ((=1)™) is the central sign of 77 (with respect to v
introduced by Gan and Savin [2012]. (However, we do not assume 7 is irreducible.)
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Proof. We need to show AY (M*W, —I) = yy-1(—D™ez AY (M*W). For the
moment assume that 7 is tempered. By Lemma 3.1 and (8-9), A;/'(M* W, —I)
equals

pos(imert [

NM.A

(/ LW(GSUQ(M)U(—Izn))Wg_e]s (v) dv) du.
(HNE)S5\ €SS
Conjugating vo(u) by n(—1I,) we obtain

yy-1((—=DMert! / u ( / Lw(esn(—lz,.)vg(u)):/fa(v)dv) du.
va VW (HNE)es\ s

N i

Here we need to verify that n(—1Ip,) stabilizes (€€, yrges) (which is clear) and
normalizes H¢. The second fact follows from the observation that €5n(—Ir,) =
o(a)es, where

a= diag(%b, 20*)w('§’ﬂ € Hyw)'.

Since Lw(Q(w%/ﬂ) -) =€, Lw(-) [Lapid and Mao 2015b, (4.8)], we get

AY(M*W, = Iy)

= Yy (= DMe / ﬁ ( f Lw(esvg(u»wg%(v)dv) du.
Niya \J (HN@)S5\ €<

The claim now follows from the comparison with (8-9). Finally, the same argument
as in Section 3F using the classification result Theorem 3.8 gives the proposition
for all w € Irrgen meta M. U

Appendix: Nonvanishing of Bessel functions

Let G be a split group over a p-adic field.> Let B = A x N be a Borel subgroup
of G. Let G° = BwgB be the open Bruhat cell where wy is the longest element
of the Weyl group. Fix a nondegenerate continuous character ¥y of N. For any
7 € Irrgen yy (G), the Bessel function B, = B,'/{N of m with respect to ¥y is the
locally constant function on G° given by the relation

st
/N W (gmwrn ()~ dn = B, ()W (e) (A-1)

for any W € WY (1r); see [Lapid and Mao 2013]. In this section we prove the
following result.

Theorem A.1. For any tempered w € Ittgen y (G) the function By is not identically
zero on G°.

S5The notation in the appendix is different from the body of the paper.



On an analogue of the Ichino—lkeda conjecture 759

The argument is similar to the one in [Ichino and Zhang 2014]. Fix a tempered
7 € Irrgen yy, (G) and realize it on its Whittaker model WY (7). Slmllarly realize w"
on WWNI(]TV) Thus, we get a pairing (-, -) on W¥¥ (1) x wWos' (V).

Fix Wy’ € W¥n 1(JTV) such that

/N (e ()W, Wy Y ()™ dn = W(e)

for all W € WY (rr). This is possible by [Lapid and Mao 2015a, Propositions 2.3
and 2.10]. Then for any g € G we have

st
W(g) = /N (e (ng) W, Wy Yy (n)~" dn. (A-2)
Similarly, fix Wy € WY () such that for all WY € W¥' (zV),
st
/ (Wo, ¥ )W)y (n)dn =W (e). (A-3)
N

Set ®(g) = ((g)Wo, Wy'). Let N be the derived group of N. Also let E be
the Harish-Chandra function on G (see, e.g., [Waldspurger 2003]).

Lemma A.2. The function

g»—)/ / O (nigny)dnydn,
Nder Nder

on G° is locally L' on G. Moreover,
g»—>/ / E(nigny)dnidn;
Nder J prder

Proof. The argument is exactly as in [Ichino and Zhang 2014, Lemma A.4] using the
convergence of f Nder & (n) dn [Sakellaridis and Venkatesh 2012, Lemma 6.3.1]. [

is locally L' on G.

Remark A.3. Note that g+ [y [yeer E(m1812) dny dny is locally constant on G°.
Thus, its local integrability on G implies its convergence for any g € G°.

For any feCX(G)let Ly(W) = fG f@W(g) dg for W € WYV (;r). Then
Lyem”. Let L* be the corresponding element in W' (wY)andset B, (f)=L"% (e).
The dlstrlbutlon f +— By (f) is called the Bessel distribution. It is nonzero: we
can choose f € C2°(G) such that L ¢ is nontrivial, and then, by translating f if
necessary we can arrange that L* (e) # 0.

Note that by (A-3),

st st
Ba(f) = /N (Wo, " () L5 )y () dn = fN ( fG f(g)W()(gn—l)dg)wN(n)dn,
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and therefore by (A-2) we have

st st
Bﬂ(f>=fN (fo(g)(/N d><mgn;1>w<m)‘dm) dg)wN(nzmnz. (Ad)

Let A! be the maximal compact subgroup of A. Fix Qo € CSGR(N), which is
invariant under conjugation by A! (e.g., take 20 = NNK). Fix an element a € A such
that |a(a)| > 1 for all @« € Ag. Consider the sequence 2, =a"Qpa" € CSGR(N),
n=1,2,.... Any Q, is invariant under conjugation by A!, Q; C Q, C --- and
UL, =N.

Let A? = AN G%". Consider the family

Ap=1{t € A% ja(t) — 1] < g " forall @ € Ay} € CSGR(AY),

which forms a basis of neighborhoods of 1 for A?. We only consider n sufficiently
large so that the image of A, under the homomorphism ¢ € A (@ (f))gen, € (F ) A0
is ]_[aer(l + @"O), where @ is a uniformizer of O.

For any o € Ag choose a parameterization x, : F' — N, such that iy ox,, is trivial
on O but not on & ~'O. Let N, be the group generated by (x,(z " 0), a € Ag)
and the derived group N of N. The following lemma is clear.

Lemma A.4. Forany u € N we have

Yn(u) foru € Ny,
0 otherwise.

(volA,,)‘l/ wN(tut‘l)dt={
Ay

Next we prove:

Lemma A.5. Suppose that f and ® are bi-invariant under A,. Then we have

Ba(f) = /G F(@)an(e) dg
where

an<g)=/N /N@(nlgngl)wml)—lwmnz)dnzdnl.

Remark A.6. Of course we cannot conclude from the lemma by itself that B, is
given by a locally L' function (though this is conjectured to be the case.)

Proof. We start with (A-4). Let m be such that

st
Bﬂ<f>=/g2 /G(/N f(g)q>(n1gn2_1)wzv(n1)_ldnl)dngv(nz)dnz.
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Then for any ¢t € A, we have
st
Bo(f) = fQ fG ( /N f(gt>d>(n1gn;‘t>w<n1>—1dm) dg Y (na) dns
st
=f /(/ f(gt)cb(”lgtnz_l)wN(nl)_ld”l) dg Yy (tnat™ ") dny
Q. Jo \Jn

:/ /(/ f(g)qD(nlgng_l)wN(nl)_]dn1> dg Y (tnat ™"y dn.
Q2, JG\JN

Averaging over t € A, we get

st
Bz (f) =/ / (/ f(@@migny Yy ()™ dnl) dg yn(n)dny
NaNQu /G \JIN
by Lemma A.4. Thus, for m’ sufficiently large (depending on f and m) we have
B (f) =/ / F(@)®(nigny Y (n) " dny dg Yy (n2) dny.
NaNQ /G J 2,y
Once again, for any t € A,,

B, (f)= / f f(tg)®(tnigny YWy (n1) " dny dg Yy (n2) dny
N,NQy VG IR,
= / f fg)®(nitgny Yy 'mit) " dny dg Yy (n2) dny
NNQy, /G IR,

=/ f F@®Guigny Yn ™ min) ™" dny dg Yy (n2) dna.
NaNQ /G J R,y
As before, averaging over A, we get
By (f) =f / / F(@)®(nign, YW (n) " dny dg Yy (n2) dns.
N2 J G INNQ,,

Since m and m’ can be chosen arbitrarily large, the lemma follows from the conver-
gence of

[ [ [ 1@ omgn; am dgans

N, JG JN,

i.e., Lemma A.2. O
We prove the following analogously.

Lemma A.7. For g € G°, let B4 (g) := vol(A,) 2 fAn fAn B, (t1gt2) dt, dty. Sup-

pose that ® is bi-invariant under A,. Then

B2 (g) Wo(e) = au(g)
forall g € G°.
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Proof. First note that for any compact subset C of G° we have

st
/Q ( / @(nlgn;‘mv(nl)—ldm)W(nz)dnz=Bn<g>Wo<e)

N

for all g € C and m sufficiently large. Indeed, by (A-2) the inner stable integral is
Wo(gn, 1). Thus, the relation above follows from [Lapid and Mao 2013] and (A-1).
Now, for any ¢ € A, we have

st
B,,(gt)Wo(e)zf (/ q)(nlgmzl)lﬁzv(nl)_ldnl)lﬁN(nz)dm
o \JN

st
=/ (f d>(n1gn2lth(m)—ldnl)wmflnzr)dnz
Q"l

N
st

=/ (/ q)(nlgnz_l)l/fzv(nl)_ldn1)1//1v(t_lﬂ2t)dn2-
Qu \JN

Thus, by Lemma A.4, we have
vol(A,) ™! f By (g1) dt Wo(e)

An st
=/ (/ ®(ni1gny Yy (ny) ™! dm)l/fzv(nz)dnz-
N,NQ,, N

For g in a compact set C of G° and for m’ sufficiently large (depending on C and m)
we can write this as

/ f<1><n1gn21>w(n1)—1dn1w(nz)dnz.
N,NY,, ’
Now, for any #; € A,,
vol(A,) ™! / By (11812) dty Wo(e)
Ay
= [ [ @tmmngny o) dny yynz)
NaQ /2,
=/ / d(tnigny Yyt H ™ dny Yy (n2) dno
NaQ /2,
=/ / d(nigny ¥ (tinit; ) dny Yy (na) dna.
NaQ /2,
Averaging over t; € A, we get

B2 (g) Wo(e) = / / ®(mgny Y (n)) " Yy (n2) diny dina.
N,NQ,, J NN,
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The lemma follows from the convergence of

[ ] 1@engnz idm dns,
Ny J Ny
i.e., Remark A.3. ]

Proof of Theorem A. 1. Since B (f) #0, we have o, |ge £ 0 forn > 1 by Lemma A.5.
Hence, by Lemma A.7, B4 |G° = ( and therefore B, |G° £ 0. ([

Remark A.8. Theorem A.1 and its proof are also valid for S~pn.
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