Algebra &

Volume 11

2017

|

J

| Distinguished-root formulas

JJ for generalized Calabi—Yau hypersurfaces

| 5 al Alan Adolphson and Steven Sperber

a

ol - - =L R
o LI T L JJ“JJ“TJ
't | J" _|JJ a ul JJ ]
1 I J . = J d JJ o A
JJJ J |- o “ u'al J J JJ J_I 2
g j JJJJ Jj_l _IJ J " J J
al 177 e i =l
Dt e gy R JJJ JJJJ



ALGEBRA AND NUMBER THEORY 11:6 (2017)
dx.doi.org/10.2140/ant.2017.11.1317

Distinguished-root formulas
for generalized Calabi—Yau hypersurfaces

Alan Adolphson and Steven Sperber

By a “generalized Calabi—Yau hypersurface” we mean a hypersurface in P" of
degree d dividing n 4+ 1. The zeta function of a generic such hypersurface has
a reciprocal root distinguished by minimal p-divisibility. We study the p-adic
variation of that distinguished root in a family and show that it equals the product
of an appropriate power of p times a product of special values of a certain p-adic
analytic function F. That function F is the p-adic analytic continuation of the
ratio F(A)/F(A?), where F(A) is a solution of the A-hypergeometric system of
differential equations corresponding to the Picard—Fuchs equation of the family.

1. Introduction

Dwork [1963; 1969] was the first to obtain p-adic analytic formulas for eigenvalues
of Frobenius. In [Dwork 1969, Section 6], he developed an analytic theory of
Frobenius for families of hypersurfaces: Frobenius acts semilinearly on the space of
local solutions of the Picard—Fuchs equation and preserves p-adic growth conditions.
In particular, p-adically bounded local solutions and p-adic unit eigenvalues of
Frobenius are closely related. In this article, we apply these ideas (with some
modifications) to obtain p-adic analytic formulas for the unique eigenvalue of
minimal p-divisibility for what we call generalized Calabi—Yau hypersurfaces.
The Legendre family of elliptic curves was the first case to be studied in detail.
In characteristic zero the Picard—Fuchs equation is of order 2, but Igusa [1958]
noted that in odd characteristic p it has only one series solution (up to p-th powers).
The truncation of the unique series solution ; F (%, %; 1; A) in characteristic zero
at the (p — 1)-st term makes sense in characteristic p and is the unique solution in
characteristic p. Furthermore, for the elliptic curve in characteristic p, the number
of rational points is determined modulo p by this truncation. Dwork used the
Frobenius action on local solutions of Picard—Fuchs to give a much more precise
result, namely, a formula for the unit root of the zeta function of a nonsupersingular
elliptic curve of the Legendre family in terms of special values of the p-adic analytic
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continuation of the ratio 2F1(2 3 L A)/2F1(2 7 L AP) [Dwork 1969, (6.29)].
Similar formulas have been found as well for the Dwork family of hypersurfaces by
Dwork [1969] and J.-D. Yu [2009], more general families of varieties by N. Katz
[1985], and for families of toric exponential sums [Dwork 1974; Adolphson and
Sperber 1984; 1987b; 2012].

Novel features of this work are that we obtain explicit formulas for very gen-
eral families of generalized Calabi—Yau hypersurfaces where the defining form is
subject only to condition (1.9) below. We avoid in particular any hypothesis of
nonsingularity. Dwork had suggested this might in fact be possible in his 1962
International Congress talk [1963, Section 5]. This is achieved here in part by
adopting the A-hypergeometric point of view, which makes it easy to write down
the explicit solution (1.15) of the Picard—Fuchs equation satisfied by the differential
form (1.10), and by avoiding any computations involving the cohomology of the
hypersurfaces in the family.

In addition, we apply here the dual theory associated with Dwork’s 6,-splitting
function. While this is technically more complicated than the dual theory associated
with the 6 -splitting function used in [Dwork 1964], the advantage is that our results
are valid for all primes rather than just all sufficiently large primes.

We proceed now to make precise the main results. Let

N

Fuxo, ) =D AjxY e Fr[xo, ..., xi) (1.1)
j=1

be a homogeneous polynomial of degree d > 2 over the finite field F,, g = p°,

p a prime. Let N denote the set of nonnegative integers. For each j we write

a;=(apj,...,anj) € N+ with Y i_paij =dand x% _xgw coxg Let X; € [P’”

be defined by the vanishing of f; and let X C A”H be the affine cone over X -

By [Ax 1964] we have for all s

card X} (F4s) =0 (mod ¢**), (1.2)

where u is the least nonnegative integer that is greater than or equal to ”jl 1.

Equivalently,
card X, (Fys) = —— L (mod¢™) (1.3)

for all s.
This latter congruence can be expressed in terms of the zeta function of X.
Define a function P, (¢) by

Pu)=(Z(X,/Fg, HA =) —gqt) -+ - (1 — qnflt))H)”‘

When the fiber X, is smooth, P, (¢) is the characteristic polynomial of Frobenius
acting on middle-dimensional primitive cohomology. In this case, P, () has degree
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d='((d — 1)"*!' 4+ (=1)"*1(d — 1)). In the general setting, we have only that P; (1)
is a rational function [Dwork 1960]. The congruence (1.3) is equivalent to the
assertion that all reciprocal zeros p and reciprocal poles o of P, (¢) satisfy

ord, p, ord, o > L, (1.4)

where ord, is the p-adic valuation normalized by ord, ¢ = 1 [Ax 1964; Katz 1971,
Proposition 2.4].

The integer u has Hodge-theoretic significance. Let ¥ € P{ be a smooth
hypersurface of degree d and let {A/"~ 1~ }l'.':_o1 be the Hodge numbers of the primitive
part of middle-dimensional cohomology of Y (the 1" ~1~/ depend only on n and d).
Then i = p is the smallest value of i for which pin—l-i # 0 and, as such, is referred
to as the Hodge type of Y. Furthermore, for X smooth over [, the rational function
P, (¢) is a polynomial and, by [Illusie 1990], the generic smooth X has exactly
h*"=1=1 reciprocal zeros p satisfying ord, p = .

In this paper we focus our attention on cases where h*"~ 1=/ =1, i.e., where
the polynomial P, (¢) has a unique reciprocal zero p with smallest g-ordinal ©
for generic smooth X, . By standard formulas for Hodge numbers — a convenient
source, with references, is [Adolphson and Sperber 2006, (1.3)] — this occurs when
d is a divisor of n 4+ 1. From the definition of u, we then have

n+1l=du+1)), (1.5)

which we assume from now on. We refer to these varieties as generalized Calabi—
Yau hypersurfaces. (The case u = 0 is the classical case of projective Calabi—
Yau hypersurfaces.) Assuming only this condition, one can refine the description
of P, ().

For j=1,..., N, put

aj_:(aj,1):(a0j,alj7---’anj7I)ENH+2-
Let Ay, ..., Ay be indeterminates and set
AU LU ARN
H(A) = LN c@nNZ)[Ay,....AN]. (1.6
(A) >, T € @NZpIA Nl (1.6)

u=(uy,...,un)eNV
Y ujaf=(p=D(,....1,u+1)
Note that the conditions on the summation imply 0 <u; < p—1for j=1,..., N.
We denote by H(A) e F,[A1, ..., Ay] the reduction mod p of H(A).
We express the rational function P, (¢) as a ratio Py () = PA(I)(t) / PA(Z) (t), where
PA(I) (t) and PX(Z) (t) are relatively prime polynomials with integer coefficients and
constant term 1. By (1.4) we have

P (g "), PP (g7") e 1 +1Z]1].
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We prove the following result in Section 7.

Proposition 1.7. Let f; be as in (1.1) and suppose (1.5) holds. Let Ae Q, (gq,l)N
be the Teichmiiller lifting of \. Then P)fz) (g "*t) =1 (mod gq) and

a—1
P =1—1 [J(=D" HEP)) (mod p).
i=0
As an immediate consequence of Proposition 1.7, we get a criterion for the
zeta function of a generalized Calabi—Yau hypersurface to have a reciprocal root
distinguished by minimal p-divisibility.

Proposition 1.8. Under the hypotheses of Proposition 1.7, the rational function
P;.(t) has a unique reciprocal root of q-ordinal v if and only if H().) # 0. Further-
more, when H()) # 0, that reciprocal root is a reciprocal zero, not a reciprocal

pole, of Py (t).

When H (A) # (0, we denote by pmin(A) the unique reciprocal root of P () having
g-ordinal . Let F, denote an algebraic closure of [,. We call the set

eFy 1 HO) #0)

the Hasse domain for the family.

It can happen that the sum defining H (A) is empty, for example, if f; is the
diagonal hypersurface of degree d dividing n+ 1 and p # 1 (mod d). To guarantee
that for all primes p the polynomial H(A) is not identically zero, we make the

assumption that u + 1 of the vectors {a j}i.V:1 sum to the vector (1, ..., 1), say,
u+1
Y aj=(.....D. (1.9)
j=1

The monomial ]_[5.‘:11 (Af - /(p — 1)!) then appears in H (A) and, as a consequence,

the subset of (F;)" where H (L) #0 is nonempty. Equation (1.9) is equivalent to the
condition that x*' - - . x%+ = xgx; - - - x,,. For example, in the case of Calabi—Yau
hypersurfaces where d = n + 1 and p = 0, this just says that xgx; - - - x, must be
one of the monomials that appear in f,. Our main goal in this paper is to give
a p-adic analytic description of ppin(A) in terms of A-hypergeometric functions
when H()) # 0.

Let U C P{ be the open complement of a smooth hypersurface Y defined by a
homogeneous polynomial g of degree d. Under the hypothesis (1.5), there is an
n-form on U which can be expressed in homogeneous coordinates as

Z?:O(_l)ixl' dX() .. -3}l~ . dxn

e (1.10)
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This n-form determines a cohomology class in Hpj, (U), and also, by applying
the residue map, a cohomology class in HSEI (Y). The one-dimensional space
spanned by this cohomology class is the Hodge subspace of “colevel” u. When Y
varies in a family, this cohomology class satisfies a Picard—Fuchs equation. The
A-hypergeometric equation that describes the variation of ppin(A) when H) #0
is the A-hypergeometric version of this Picard—Fuchs equation.

We describe the relevant A-hypergeometric system. Let A = {a;r =1 and let
L C 7V be the lattice of relations on the set A:
N
N
L= {1:(11,...,1N)ez }Zl,aj:()}.
j=1
Foreachl=(ly, ..., Iy) € L, we define a partial differential operator [; in variables
{Aj};v:l by
a \l 9\ b
Dl_H(zm,-) _n(aAj) ' (1-11)
1;>0 1j<0
For B = (Bo, Bi, ..., Bns1) € C"2, the corresponding Euler (or homogeneity)
operators are defined by
o 5
]:
fori =0,...,n+ 1. The A-hypergeometric system with parameter 3 consists of

(1.11) for!/ € L and (1.12) fori =0, 1,...,n+ 1.
The A-hypergeometric system satisfied by the n-form (1.10) is obtained by taking
the parameter g to be

u+1
bi=->al=(-1,....-1,—p—1eC"™ (1.13)

j=1
(using (1.9) above). Let v = (—1,...,—1,0,...,0) € CV (-1 repeated u + 1

times followed by O repeated N — i — 1 times). Then
N
D vjaf =b (1.14)
j=1

and v has minimal negative support in the terminology of Saito—Sturmfels—Takayama
[Saito et al. 2000], so by [Saito et al. 2000, Proposition 3.4.13] we get a series
solution of this A-hypergeometric system. Let L’ be the subset of L consisting of all
I=(y,...,Iy)suchthat/; <Ofor j=1,...,u+1land/; >0for j=pu+2,..., N.
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The series solution is (Aq - - - Au+1)_1 F(A), where

DX L et N
F(A):Z( ) =1 1) AZJ:’. (1.15)

|
lel’ H/ M+2l j=1

Since the last coordinate of each a;’ equals 1, the condition / € L implies
that Z?’:] l; =0, and hence that F'(A) is homogeneous of degree O in the A ;.
For j =1,...,u+1, the A; occur to nonpositive powers in F'(A), while for
J=m+2,...,N,the A; occur to nonnegative powers in F(A). The coefficients
of the series F(A) are integers by [Adolphson and Sperber 2013, Proposition 5.2]
and it has constant term 1. Therefore it converges and assumes unit values on the
set

D={(A1.....AN) €CY [ |Aj|>1for1<j<p+1
and|Aj|<1f0r,u—|-2§j§N}

(where C,, denotes the completion of an algebraic closure of Q). Note that the
Laurent polynomial (A --- A,41)~ "~V H(A) has only nonpositive powers of A ;
for j=1,..., u+1, only nonnegative powers of A ; for j =u+2,..., N, and con-
stant term ((p — 1)1)~®+D_ This implies that (A - - - A,H])_(P_UH(A) assumes
unit values on D. In particular, F(A)/F(A?) and (A --- A,hq)_(f’_l)H(A))_1
assume unit values on D and can be represented by convergent series there.

Note that D is a subset of

Dy:={AeC)||Ajl=1forl1<j<p+1|Aj<lforp+2<j<N,
and (A1 -+ Ay)”PTVH @A) = 1)

Let R’ be the C,-vector space of uniform limits on D+ of rational functions whose
numerators are polynomlals in {A; }“ ! and {A; W i=u-+2 and whose denominators
are powers of (Aj - Ayy1)~ P~ l)H (A) The elements of R’ define functions
on D,. Since H(A) has coefficients in Z,, we have H(A?) = H(A)? (mod p).
This implies that the set D is closed under the mapping A — AP, and that if
&(A) € R then £(A?) € R’ also.

Our main result is the following.

Theorem 1.16. Under hypotheses (1 5) and (1.9), the ratio F(A) := F(A)/F(AP)
lies in R'. Let A € ([FX)N and let ). € Q (&g DN be its Teichmiiller lifting. If
H(A)#Othenkp ED+f0r1_ ,a—1and

a—1
pmin() = g* [ ] FGP).

i=0
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Examples. (1) Whend =n+1 and u =0, Theorem 1.16 gives a unit root formula
assuming only that xq - - - x,, is one of the monomials appearing in f;. If f, defines
a smooth hypersurface, then P, (¢) is a polynomial and this is its unique unit root.
Consider for instance the Dwork family of hypersurfaces:

Fo(X0,s - o Xp) = A1X0 - - Xy +A2x6’+1 + )\.3X?+1 oo Appax™ T

One computes that L' = {(—(n+ 1)1, 1,...,1) € 7"2 |1 e N} and

(=D (DD Ay Apga )
FM =) G ( Aer*).
=0

By Theorem 1.16, the ratio 7(A) = F(A)/F(A”) defines a function on D, and
the product ]_[f:_(; FALPY gives the unit reciprocal zero of P, (t) when H()) #0.
The more usual way of normalizing the Dwork family is

gt = A DAY D
which we can recover from the specialization A — —(n+1)AYV#+D and A i1
for j=2,...,n+42, giving
(e @]
_ (n+ 1!
F(=(n+ DAV ) = !
( (n+ ) ) lg(; (l!)"+1(n+1)(”+1)l

=,F_1(1/(n+1),....,n/(n+1);1,...,1; A).

The assertion of Theorem 1.16 for this normalization of the Dwork family was
recently proved by Yu [2009].

(2) Let s

3
(X0, ..., X5) = A XoX1X2 + ApX3X4X5 + Z Aig3X;.
i=0
One computes that

L'={1(-3,0,1,1,1,0,0,0) +12(0, =3,0,0,0, 1, 1, 1) | I, € N},

and hence
F(A) = i (=D BINIBL)! (A3AsAs) (AgA7Ag)"
1.1,=0 UDHCDA A A" :

By Theorem 1.16, the ratio #(A) = F(A)/F(A”) defines a function on D, and
q]_[f’:_(} FAPY equals the reciprocal zero ppmin(A) of Py (¢) with ord, pmin(A) =1
when H (1) #0.
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Remark. Even when there is no choice of i 4+ 1 elements of the set {a j}yzl
satisfying (1.9), results similar to Theorem 1.16 may be true. For example, suppose
that p =1 (mod d) and that

a;=(0,...,0,d,0,...,0) forj=1,...,n+1,

where the d occurs in the (j — 1)-st coordinate (i.e., the polynomial f; is a defor-
mation of the diagonal hypersurface). Equation (1.14) remains valid if we choose

v=(=1/d,...,—1/d,0,...,0),

where the —1/d is repeated n + 1 times. Since this vector v has minimal negative
support, there is a corresponding series solution of the A-hypergeometric system
with parameter b given by [Saito et al. 2000, Proposition 3.4.13]. And by [Adolphson
and Sperber 2013, Corollary 3.6], this series has p-integral coefficients for p = 1
(mod d). Arguments similar to those of this article then show that an analogue of
Theorem 1.16 is true for this series solution when p =1 (mod d).

This paper is organized as follows. In Section 2 we collect some notation
that is used throughout the paper. In Section 3 we recall some estimates from
[Dwork 1962] that play a key role in what follows. In Section 4 we show that
Theorem 1.16 is equivalent to the same statement with F'(A) replaced by a related
series G(A). The series G(A) depends on the prime p but satisfies better p-adic
estimates than F(A). (Without introducing G(A), we would only be able to prove
Theorem 1.16 for almost all primes.) We use these estimates in Sections 5 and 6
to prove that G(A)/G(A”) and some related series are elements of R’. Finally, in
Section 7, we prove Proposition 1.7 and derive the formula for ppyy (1) in terms of
special values of G(A)/G(AP) at Teichmiiller points.

In a future work, we hope to treat as well the case in which the first nonvanishing
Hodge number /4 := h*"~1=# is > 1. In this case, the (higher) Hasse—Witt matrix
is h x h and, as in the case & = 1, its entries may be described in terms of power
series solutions of appropriate A-hypergeometric systems.

2. Notation

For the convenience of the reader we collect in this section some notation that will
be used throughout the paper.

Let NA C Z"*2 be the semigroup generated by A and let M C 7" be the
abelian group generated by A. Note that M lies in the hyperplane ) 7 u; = duy41
in R"*2. Set M_ = MN(Z_¢)"*?, M, = MNN"*2. We denote by §_ the truncation
operator on formal Laurent series in variables xo, . . ., x,41 that preserves only those
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terms having all exponents negative:

8_< Z ckxk>= Z ckxk.
kezn+2 ke(Z<0)”+2

We use the same notation for formal Laurent series in a single variable #:

00 -1

6_< Z cktk> = Z crtk.

k=—00 k=—00
It is convenient to note that if £ and &, are two series for which the product &,&; is
defined and for which §_(&;) =0, then §_ (5,(51)52) =46_(&1&).
Let E C 7V be the set

E={(li,....Iy)|1; <0for 1 <j<p+1andl; >0for u+2<j<N}

Note that, in the notation of Section 1, L’ = L N E. We need to consider series in
the A ; that, like F'(A) in (1.15), have exponents lying in E. For u € NA, put

N
Eu:{(vl,...,vN)eE‘Zvjafzu}.
j=1

Let C, be the completion of an algebraic closure of Q,. For each u € M, put

N
R, = {S(A) = ch l_[AlJ)J

veE,  j=I

¢y € Cp and {lcy |}y 1s bounded}.

We define the degree of a monomial A" to be Z?’:l % ja}L € M. The series in R,
are convergent and bounded on D and are homogeneous of degree u.

For each u € M, let R), be the space of uniform limits on D of sequences of ra-
tional functions of the form 1(A)/((A1 - -+ Au1) =P~V H(A)), where h(A) € R,
is a Laurent polynomial and k € N. The elements of R/, define functions on D.
Since (A1 -+ A1)~ P"DH(A))™! lies in R}, we have R, C R,.

The set Ry is a ring, R, is a module over Ry, R(/) is a subring of Ry, and R}, is a
module over R;,. We define anorm on R, by setting, for §(A)=}_ .. ¢y ]_[?]:] A;" ,

|&] = sup|cy|.
Vv

Note that for £(A) € R,, we have |§| = sup,p |E(A)| (for example, apply the
argument of [Dwork 1962, Lemma 1.2]). Furthermore, if £(A) € R}, then

& = sup [E(A)[ = sup |E(A)]

AeD AeDy

since this equality holds for Laurent polynomials in R/. Both R, and R/ are
complete in this norm.
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From the discussion in Section 1 we see that F(A)/F(A?) € Ry. To prove
the first assertion of Theorem 1.16 we need to show that F(A)/F(AP) € R(’).
In Section 4, we show that this is equivalent to the same assertion for a related
function G (A), for which the desired assertion is proved in Corollary 5.17.

Let yp be a zero of the series ) .- t?'/p' having ord, yo =1/(p — 1), where
ord, is the p-adic valuation normalized by ord, p = 1 (the role of yy is discussed
more fully in the next section). Define S to be the C,-vector space of formal series

S = ig(A, x) = Z E.(N)yy ' x" | E4(A) € R, and {[€, ]}, is bounded}.
ueM_

Let S’ be defined analogously with the condition “£,(A) € R,” being replaced by
“£4(A) € R,”. Define a norm on S by setting

§(A, x)| = sup {|&.]}.

Both S and S’ are complete under this norm.

3. Some p-adic estimates

We begin by recording some basic p-adic estimates from [Dwork 1962, Section 4]
that will play a role in what follows. Let AH(¢) = exp(Zin tP') pi) be the Artin—
Hasse series, a power series in ¢ that has p-integral coefficients, and set

x
0(t) = AH(yot) = Y _ 61",
i=0
We then have

ord, 6; > p’_l. (3.1)

We define 6 (1) = 172, 0(t”"). which gives 0(t) = (1)/0(t7). If we set

J yp
yi=y (3.2)
i=0
then o -
o(t) = exp(z yjtpj) = 1_[ exp(yjtpj). 3.3)
j=0 j=0

Since (p'/(p — 1)) —i is an increasing function of i for i > 1, we have from the
definition of yy that
j+1

p—1

Qrdp V= —(j—l—l). (3.4)
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We estimate each of the series exp(yjt”j) = Z,fio(yjﬂ’j)k/k!. We have

k
Vi Jj+1 k—
ordpk—]'=k<5_ —(]+1)) p_sf

. . S
:k(p’+p]_1+---+p—j)+p—_k1» (3.5

where s; denotes the sum of the digits in the p-adic expansion of k. It follows that
if exp(y;17’) = Y. a1, then ) = 0 if p/ ti, while if i = p/k then we have

' . . s
ord a(])——j(pj—i-pjil-f—'--—i-p—j)-i-—l
p—1
1 1 ] S
— Za... L 3.6
l( p pi! pf>+p—1 G0
(using s; = s¢). This equation implies that ord, a(“) > ord, a(m if ji > It
follows that for all j > 1,
-1 . .
ord, a; ) > ord), a l(p ) il > SN =ord, a(o). 3.7
p p -17p-1
If we write 6(r) = 372, 0; (yot)'/i!, then (3.3) and (3.7) imply
ord, ; > 0. (3.8)
We also need the series
x ) o "
) =] Jexpyjt"h =7 —(y 0y (3.9)
j=1 i=0 !

Note that é(t) = exp(yot)él (). Using the relation s;, 4 i, > 8;,+i,, (3.7) implies

ord, 6, > P~ D (3.10)
p
Define a series él(A, x) by the formula
N
(a0 =[]0, 3.11)

j=1

Expanding the product (3.11) according to powers of x, we get
(A x) = > B (Nyyxt, (3.12)

where

N
R O1,k;
Oa(d) = > <]_[ kj!f)A’;l NS (3.13)
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We have similar results for the reciprocal power series

01" = 1_[ exp(—yjtpj).

j=1
If we write o g

A =1 _ “Li i

(" = ZO )’

1=
then the coefficients satisfy
A i(p—1
ord, 0} ; > Hp ).

We also have

N
Ve [ VN U
j=1

which we again expand in powers of x as

a0 = Y (M

U=(1g, .. n11)ENA
with

. 0«
0. (D)= ) <1_[ k’.vj)Allq AW
!

kl ..... kNEN j=l
We also define

N
(A, x) =[]0 x").
j=1

Expanding the right-hand side in powers of x, we have

O(A, )= D O (A)x",

ueNA
where
bu(A) =) O A
veNV
and
N . N
g — [Tj=1 0y X5 viaf =u.
’ 0 if Y vial #u,

so 0,(A) is homogeneous of degree u. The equation Zi-vzl v;a

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

u has only

finitely many solutions v € NV, so 6,(A) is a polynomial in the A j- Equations

(3.1) and (3.22) show that
N
Z]:l Uj _ Un+1

p—1 p—1

(3.23)
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We observe one congruence that will allow us to simplify some later formulas.
From (3.2) and (3.4) with j = 1 we have

yP
Yo+ 7? =0 (mod yp”™ ).

Multiplying this congruence by p/yo gives yop o p (mod p?), so, a fortiori,

yop_l = —p (mod p?) for all primes p. (3.24)

4. Generating series for A-hypergeometric functions

In Dwork’s theory, hypergeometric functions often appear in contiguous families
as coefficients of a generating series. We describe the relevant generating series
that will appear in our situation.

Consider the formal series ¢ (¢) defined by

o) = Z(—l)lm—l—l. 4.1

=0

We note that the series ¢(¢) shares a property with the exponential series expt:
differentiating a term of the series with respect to ¢ equals the term of the series
involving the next lower power of ¢.

We define the formal generating series F (A, x) by the formula

u+l
F(A, x) =<S_(]'[ £l jx ) H exp(yA jx ,)> 4.2)

Jj=1 J=n+2
where §_ is as defined in Section 2. A straightforward calculation shows that
F(A,x)= )" Fu(A)y"™'x", (4.3)

ueM_
where

gty TIA (<1t Y

_ B

FuA)=(ArAp)™ Y (=1 A (44

]_[ l;!

leE J=u+2°71" j=1
b+27=1 lja;.r:u
It follows from the definition of ¢(¢) that for j =1,..., u+1,
ad + + + 1
aTjC(VOijaf ) =yox“ E (oA jx“ ) — A
A straightforward calculation then gives
0 at

—F(A,x) =6_(yx" F(A, x)) 4.5)

oA
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for j =1,..., w4+ 1. Equivalently, for u € M_ we have by (4.3)
d

oA —F,(A)=F,_ a+(A) (4.6)
More generally, if /1, ..., [y are nonnegative integers, then
N
(i>lj Fu(A)=F A 47
[1 3a;) B =Foyy (). 4.7

j=1
In particular we have, from the definition of the box operators,

O;(F,(A))=0 forallle Landallue M_. 4.8)

It is immediate from (4.4) that F,(A) satisfies the Euler operators (1.12) with
B = u, hence by (4.8) the series F,(A) satisfies the A-hypergeometric system with
parameter 8 = u.

Comparing (4.4) with (1.15), one sees that

Fp(A) = (A1 M) T F (D), 4.9)
a series which we noted in Section 1 has integer coefficients.

Lemma 4.10. For all u € M_, the series F,(A) given by (4.4) has integer coeffi-
cients.

Proof. Enlarge the set {x“/} , by adding additional monomials {x* f} —N41» SO that
{x% }N | consists of all monomlals of degree d in xo, ..., x,. As in (4 2) and (4.3),
we deﬁne
N pu+1
F(A.x) =s_<1_[ ¢ x7) H exp(Y A jx ,))
Jj=1 J=n+2
and set

F(A,x)= )" F(A)yy"'x",
ue_
where M C Z"2 denotes the abelian group generated by the set {(a;, 1)} =1 and
M_ =M N (Z-yp)"*2. The same argument that proved (4.7) shows thatif /1, ..., [§
are nonnegative integers, then

H(ai) Pty =Fy g o ().
i

Note that for u € M_, the series F,(A) is obtained from the series Fu (A) by setting
Aj=0for j=N+1,...,N. To prove the lemma, it thus suffices to prove that
F,(A) has integer coefficients for all u € M_.
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Every monomial in x, .. ., x, of degree divisible by d is a product of monomials
of degree d. In particular, if xV is such a monomial which is divisible by xq - - - x,,,
then one can write

N
xv — xa| .. .xal’-'H 1_[ xlfaj
j=1

for some nonnegative integers /1, ..., [5. It follows from this that every u € M_
can be written in the form y
+
u=>b-> la
j=1
for some nonnegative integers /1, ..., [5. We thus have
N
9 lj ~ ~
I1 <—) Fy(A) = F (A). 4.11)
o OA
J:

The series Fj(A) has integer coefficients by [Adolphson and Sperber 2013, Propo-
sition 5.2]. It now follows from (4.11) that F,(A) also has integer coefficients. []

We can improve the conclusion of Lemma 4.10. Fix u € M_. There are finitely
many N-tuples (ki, ..., kn) € N¥ such that

N
u+y kjateM_. (4.12)
j=1

Define K, to be the least common multiple of the integers ]_[?’:1 k;! over all
(ki, ..., ky) e NN satistying (4.12).

Lemma 4.13. Foru € M_, all coefficients of the series F,(A\) are divisible by K,,.
Proof. Let (ky, ..., ky) € NV satisfy (4.12) and put

N
w=u+Y kjaf eM_.
j=1
It follows from (4.7) that

N L
1_[ (%) "Fy(A) = Fy(A).

Jj=1

By Lemma 4.10, F,,(A) has integer coefficients, so an elementary calculation shows
that the coefficients of F, (A) are divisible by ]_[7: 1kl O

Although the relevant hypergeometric functions appear as coefficients in the
series F'(A, x), it is necessary for our proof of Theorem 1.16 to work with a related
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series which satisfies better p-adic estimates. Define G (A, x) to be

G(A,x)=5_(F(A, x)0 (A, x))

utl +.a + N ~ +
=5<<1_[§(yoij”f )01 (A jx ))( [T 6cax® ))) (4.14)

j=1 J=n+2
If we set
G(A.x)= > Gu(A)y,"'x", (4.15)
ueM_
then we have from (3.12) and (4.3) that
GuM) = Y, Fo@ o) (4.16)
uMeM_,u®eNA
u®4y@=y

Let Ko be defined as in Lemma 4.13. By (3.13) we have

Gu(A) = > Kb Fn(A)

uDeM_ u@eNA N
) A K, ki kn
O +u® =y . [[01k ) = ——A1 - AY. @17
o ]—[N k" 1 N
ki,..., kyeN j=1 j=1%J"
S ke =

The series K (])F @ (A) has integral coefficients by Lemma 4.13, and the ratio
u<'>/1_[ k‘ !l is an integer by the definition of K. For each u® € NA in the
inner sum on the right—hand side of (4.17) we have

ord,,l_[elk >—(Z’< (p_1)> (,ﬁ)](p—l)) (4.18)

by (3.10). This 1mphes that the series on the right-hand side of (4.17) converges to
a series with p-integral coefficients, and hence

1Gu(A)| <1 forallueM-_. (4.19)

To simplify notation, for u, u'” € M_ set

u®
Cowr = Y (nm,) Ay

ki,...kyeN j=1
Z?]:l kja;.r:u—u“)
(a finite sum). Note that C, ,o) is p-integral by the definition of K, o), Cy, =1,
and ord,, C, ,o) > 0 for u # u‘? by (4.18). Then (4.17) becomes

Gu(A)=F,(A)+ Y Coun K Fun(A). (4.20)

uMeMm_
u(l)aéu



Distinguished-root formulas for generalized Calabi—Yau hypersurfaces 1333

Furthermore, the estimate (4.18) implies that C,, ,) — 0 as u — oo, in the sense
that for any « > 0, the estimate ord,, C,, ,) > « holds for all but finitely many u®,
By analogy with (4.9) we define G(A) € Ry by

Gp(A) = (A1 M) G(A). (4.21)
Lemma 4.22. We have G(A,x) € S, |G(A, x)|=|Gp(A)| =1, and G(A) assumes
unit values on D.

Proof. The preceding calculation shows that G(A,x) € S and |G(A, x)| < 1.
Equation (4.20) shows that

G(A) = F(A) (mod yy).

We noted in Section 1 that F(A) assumes unit values on D, hence the same is true
of G(A). It then follows from (4.21) that |Gp(A)| = 1. ([l

Remark. The congruence G(A) = F(A) (mod y;) shows that the constant term
of G(A) is a p-adic unit and that the series G(A) € Ry has p-integral coefficients.
This implies that the reciprocal series G(A)~! also has constant term a p-adic unit
and p-integral coefficients.

Before proceeding to the main result of this section, we show that the G, (A)
satisfy the analogue of Lemma 4.13.

Lemma 4.23. For u € M_, the coefficients of the series K;['G,(A) are p-integral.

Proof. By (4.17), it suffices to prove that the coefficients of F,a)(A)/ ]_[?[:1 k;! are
divisible by K, whenever ki, ..., ky € N satisfy

N
u +> kjal =u. (4.24)
j=1
By the definition of K, this is equivalent to showing that if /1, ..., [y € N satisfy
N
ut+y lLial eM_, (4.25)

Jj=l

then the coefficients of F,u)(A)/ ]_[jvz | k! are divisible by 1—[1/\/: 1 ;! The equations
(4.24) and (4.25) imply that

N
u +3 (k; +1))al eM_, (4.26)
j=1

so by Lemma 4.13 the coefficients of F,a)(A) are divisible by ]_[jyzl(kj + ).
Since (k; +1;)! is divisible by k;!/;!, the result follows. (]
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Theorem 4.27. (a) The ratio F,(A)/F(A) lies in R), for all u € M_ if and only
if the ratio G,(A)/G(A) lies in R), for all u € M_. When either of these
equivalent conditions is satisfied, the ratios F,(A)/G(A) and G,(A)/F(A)
also lie in R, for allu € M_.

(b) If either of the equivalent conditions of part (a) is satisfied, then the ratio
F(A):=F(A)/F(AP) lies in R, if and only if the ratio G(A) :== G (A)/ G(AP)
lies in R{. Furthermore, lfthls is the case, then for any A € ([FX)N with
HO) # O we have

a—1 a—1
[T7G) =]TeGm,
i=0 i=0

where A € Q, (g“q_l)N denotes the Teichmiiller lifting of A.

Proof. Suppose that the ratios F,,(A)/F (A) lie in R), for all u € M_. Divide (4.20)
by F(A):

Gu(N) Fu(A) 1 F, <1>(A)
= C, K~ 4.28
F(A) F(A) (1)24 u,u® u® F(A) ( )
u“);éu

Since F(A) assumes unit values and | F,(A)| <1 on D, we have | F,(A)/F(A)| <1
on D,.. Our earlier observation that C,, ,a) — 0 as u — oo then shows that this
series converges to an element of R), that is bounded by 1.

Taking u = b in (4.28) and multiplying both sides by Ay --- A, 41 gives

G(A)  F, <1)(A)

— =1 Aq- C K

F(A) =+ (I)X;VI 1 A1 Cp 0 K g F(A)
uu(l)i,g;

Thus G(A)/F(A) € R(’) and it assumes unit values on D.. This equation also shows
that |G(A)/F(A) — 1| < 1, so the reciprocal of G(A)/F(A) can be written as a
geometric series to give

F(A) 1 Fo(A)
m:l—l— Z VACRER u+lcbu<1)Ku<1) F(A)
uVeM_

u(”;éb

for some polynomials C; ., whose coefficients have positive p-ordinal and ap-
proach 0 as u® — oo. Thus the ratio F(A)/G(A) also lies in R6 and assumes
unit values on D, . It now follows that the product

Gu(A)  Gu(A) F(A)
G(A)  F(A) G(A)

lies in Ry,. This proves one direction of part (a).
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For the other direction, suppose that the ratios G, (A)/G(A) lie in R),. It follows
from (4.14) that
F(A,x)=8_(G(A,x)9Al(A,x)’l). 4.29)

This leads to the analogue of (4.17):

F(A) = Y K \Gun(A)

uVeM_u®eNA

N
s A K
MUNMCT S ( 9{,,9_) —HN”(” SAY AN (430)

where the 0] &, are defined by (3.14) and Lemma 4.23 tells us that the K (I)Gu(l) (A)
have p- mtegral coefficients. One can then argue as before since the 9/ Lk also satisfy
the estimate (4.18) (see (3.15)). This completes the proof of part (a).

When the equivalent conditions of part (a) are satisfied, we showed in the proof
of part (a) that the ratio #(A) := G(A)/F(A) lies in R;, and assumes unit values
there. The same assertions are true for its reciprocal. The first assertion of part (b)
then follows from the equation

G(A)  F(A) H(A)
G(AP)  F(AP) H(AP)

(4.31)

on D. Since H is a function on D, we have H()A»P") = H()A\) when AP = ):, SO

a—1

H(Al’)
i H()\,pHd)

i

The second assertion of part (b) now follows from (4.31). [l

Once we establish one of the equivalent conditions of part (a) of Theorem 4.27,
part (b) implies that Theorem 1.16 is equivalent to the following statement (the
assertion of Theorem 1.16 with F(A) replaced by G(A)).

Theorem 4.32. Under hypotheses (1. 5) and (1.9), the ratio G(A) := G(A)/G(AP)
lies in Ry Let A € ([FX)N and let % € Q p(&q— DN be its Teichmiiller lifting. If
H(A)#Othen)»f’ ED+forl— ,a—1and

a—1
pmin(V) =g [J GG,

Sections 5 and 6 are devoted to establishing the conditions of Theorem 4.27(a).
In Section 7 we prove Proposition 1.7 and Theorem 4.32.
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5. Contraction mapping

We construct a map ¢ on a certain space of formal series whose coefficients are
p-adic series. Hypothesis (1.5) will then imply that ¢ is a contraction mapping.
Let
SA =) &My X" es.

veM_

We claim that the product 8 (A, x)§ (AP, x?) is well defined as a formal series in x.
Formally, we have

O(A, DEAP, xP) =" £, (A)x?,

peEM
where
Lp(AN) = Z Yo M 0u (A& (AP). (5.1
ueNA,veM_
u+pv=p

Since 6,(A) is a polynomial, the product 6,(A)&,(AP) is clearly well defined.
It follows from (3.21), (3.23), and the equality u + pv = p that the coefficients
of yov”“eu(A) all have p-ordinal at least (0,+1/(p — 1)) — v,41. Since |£,(A)] is
bounded independently of v and there are only finitely many terms on the right-hand
side of (5.1) with a given value of v,4, the series (5.1) converges to an element
of R,. This estimate also shows that if £(A, x) € §’, then {,(A) € R;).

For £(A, x) € S, define

a®(E(A, x)) =8-(O(A, )E(AP, xP))

= > p(A)x”.

peM_

For p € M_, put n,(A) =y, "¢, (A), so that

aFEA, X)) =) np(A)yy X (52)
peEM_
with (by (5.1))
No(A) = Yy T, (A)E(AD). (5.3)
ueNA,veM_
u+pv=p

Proposition 5.4. The map a* is an endomorphism of S and S', and for E(A, x) € S

we have
la*(E(A, x))| < [p"TE(A, X)|. (5.5)

Proof. By (5.2), the proposition follows from the estimate
np(M)] < [p*HE(A, x)| forall p e M_.
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Using (5.3), we see that this estimate follows in turn from the estimate
~—Fn + n 1
lyo TG (M) < P

for all u € NA and v € M_ with u + pv = p. From (3.21) and (3.23) we see that
all coefficients of yo_p 1716 (A) have p-ordinal greater than or equal to

—Pn+1 + Vnt1 + Unyt
p—1 '

Since u + pv = p, this expression simplifies to —v,4, which is greater than or
equal to . + 1 because v e M_. (]

Note that the equality —v,+; = p + 1 occurs for only one point v € M_, namely,
v=(—1,...,—1,—u—1) (= b). The following corollary is then an immediate
consequence of the proof of Proposition 5.4.

Corollary 5.6. If &,(A) =0, then |a*(E(A, x))| < |p*T2E(A, x)|.
We examine the polynomial 6_(,_1)5(A) to determine its relation to H (A). Let
N
V = {v:('t)],...,l)]\/) e NV | Zvja;_:—(p—l)b}.
j=1

From (3.21) and (3.22) we have

O_(p—1p(A) = Z(

veV N j=

N
0, )AL Y.
1

Clearly v; < p—1forall j, s06,;, = y:j/vj!. Furthermore, Z;VZI vi=(p—D(u+l),
so this formula can be written

=D+ = A A
O _1\p(A) =y P i S—\
(p—0p(A) =¥y > ol !

veV

It now follows from (3.24) that
(=p)* T H(A) =6_(p-1p(A) (mod p"*?). (5.7)

Corollary 5.8. The Laurent polynomial (A - - - A,LH)_(”_D@,(,,,l)b (A) is an in-
vertible element of R(, with

[(A1 - A1) P00 s (M) = | p*T.

Proof. 1t is clear that (A --'A,L+1)_1H (A) is an invertible element of R, of
norm 1. The assertion of the corollary then follows from (5.7). O
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Let £(A, x) € S and let n(A, x) = «*(£(A, x)). Then n(A, x) is given by the
right-hand side of (5.2), and by (5.3) we have

(A=Y T, (A)E(A)

ueNA, veM_
u+pv=b
1+v,
=0_(pr-np(MEA) + > T, ME WMD), (5.9)
ueNA, veM_
u+pv=>b
7Un+12/4+2

Lemma 5.10. Let £(A, x) € S (resp. £(A, x) € S') with (1‘[“+1 i)&p(A) an in-
vertible element of Ry (resp. Rj) and |Ep(A)| = |E(A, x)|. Then (H”H )Ub(A)
is also an invertible element of Ry (resp. RO) and

In(A, ) = s (A)| = | p"HE(A)].

Proof. First note that
1
( I1 A{,)e_@_l)b(A)sb(Af’)

J=l uAt1 —(p=1) p+1 »
= (( []A j) 9_<p_1)b(A)) : (( []A ,-) &(AP))

j=1 j=1
where the right-hand side is a product of two invertible elements by Corollary 5.8
and our hypothesis. Also by Corollary 5.8, it has norm
PE (M) = [P E (AL ). (5.11)
Equation (5.9) gives

(/2] Aj)mp(A)
(HM+ Aj)O_(p—1)p(N)ER(AP)
- Z yéA+I+Vn+l (HM—H j)9u(A)§U(AP)

wenimen. (T2 AJ)0-(p-np(M)ER(AP)

u+pv=>b
7”n+12“+2

(5.12)

From (3.21), (3.23), and the condition u + pv = b it follows that each term in

yl 119, (A) has p-ordinal greater than or equal to

w+l+ver  —pvgpr—p—1
+
p—1 p—1

=—Vp1 = pH+2.

Corollary 5.8 and our hypothesis then imply that each term in the summation on the
right-hand side of (5.12) has norm < 1 and that this norm approaches 0 as v — oo,
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in the sense that for any « > O this norm is < « for all but finitely many v. This
proves that the right-hand side of (5.12) is invertible and has norm equal to 1. The
assertions of the lemma now follow from (5.12) and the relations

Ins(A)] < In(A, x)| < [p“HEA, x)| = [p“TE ),

where the second inequality follows from Proposition 5.4 and the equality holds by
hypothesis. ([l

Put
T =1{&(A,x)€S|&(A) = (A Auy) ' and [E(A, x)| = 1}

and 7’ =TnNS’. It follows from Lemma 5.10 that if (A, x) € T (resp. E(A, x) € T'),
then Ay --- A, 11mp(A) is invertible in Ry (resp. in R{)). We may thus define

a*(E(A, x))
Ar- Apgimp(A)

P(E(A, x)) =
Lemma 5.10 also implies that

EA ) |
Ar Ayrmp(A)

sop(TYCTandp(T)CT'.

’

Proposition 5.13. The operator ¢ is a contraction mapping on the complete metric
space T. More precisely, if €D (A, x), EP (A, x) € T, then

| ED (A, %) —pEP (A, )| <Ipl- [EV (A, x) —EP(A, )|

Proof. We have (in the obvious notation)

p(EV (A, x) —pEP (A, X))
CEDVA ) @GP )
Ar- A (D) Ap-- Ay (A)
FEVA,N)—EDA X)), o ny (M) — 17 (A)
= M —a (E (A, X)) ) D AN
Ar- Apgamy (A) Ar- Apgany (A)ﬂb (A)

By Corollary 5.6 and Lemma 5.10 we have

a*ED (A, x) —ED(A, X))
Ar- A (A)

<Ipl- VA, x) —EP(A, x)|.
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Since 05" (A) —1\” (A) is the coefficient of x? in a*(E D (A, x) — @ (A, x)), we
have
Iy (A) — 02 (A)] < | ED (A, x) =P (A, 1))

<Ip*2- gD (A, x) =P (A, x)|

by Corollary 5.6. We have |75 (A)ny” (A)] = | p***2| by Lemma 5.10, so by (5.5)

M Ay @
ny (A) (1?1) (A()z) <Ipl- |5(1)(A’ X) —5(2)(A,x)|.
Ay Apany  (AM)ny " (A)

This establishes the proposition. (|

a* (@ (A, x))

By a well-known theorem, Proposition 5.13 implies that ¢ has a unique fixed
point in 7. And since ¢ is stable on 7’, that fixed point must lie in 7’. This fixed
point of ¢ is related to a certain eigenvector of o*.

Theorem 5.14. We have a*(G(A, x)) = p*T1G(A, x).

The proof of Theorem 5.14 will be given in the next section. In the remain-
der of this section, we use Proposition 5.13 and Theorem 5.14 to prove that
G(A)/G(AP) lies in R;. This establishes the first sentence of Theorem 4.32.
Note that G(A, x)/G(A) € T by the remark following Lemma 4.22.

Proposition 5.15. The unique fixed point of ¢ in T is G(A,x)/G(A); hence
G(A,x)/G(A) € T'. In particular, for each u € M_, the ratio G,(A)/G(A)
lies in R),.

Proof. We have

*(G(A,x) _a*(G(A,x))_ p”HG(A) G(A, x)
e )‘ G(AP) _( G(AP) ) G(A)

(5.16)

where the second equality follows from Theorem 5.14. By the definition of ¢, this
implies the result. ([

Corollary 5.17. With the above notation, G(A)/ G (AP) lies in R{).

Proof. Since o* is stable on §’, Proposition 5.15 implies that the right-hand side
of (5.16) lies in S’. Since the coefficient of yofu ~Ix? on the right-hand side of (5.16)
is p“tH (AL - Au1) TIG(A)/ G(AP), the result follows. O

6. Proof of Theorem 5.14

Consider the space of formal series

o
C = {g = Zcii!yo_i_lt_i_l {ci}i2y s bounded}.
i=0
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Recall that é_ is the truncation operator on series:

[o,0) o0
5( Z dit‘i“> = ; dit =1,

i=—00

Lemma 6.1. The map §_ o 6, (t) is an isomorphism of C with itself. The inverse
isomorphism is 8_ 0 01(t)~\. (We use 0,(t) as an operator to mean multiplication
by 6, (1), and likewise 0 (t)~". )

Proof. Let & = Z —0CjJ! Vo 4=/ e C and let k be a nonnegative integer. To
simplify the estimate, assume that the c¢; are bounded by 1. The coefficient of ¢~ —k=1
in the product 91 (1€ is

0, . > . (i +k)!

191 —k—

Z cjJ! )/0] —l)/o—<201,icz'+k“—k')k!y0k L
P k!

i—j—l=—k—1
We have, by (3.10),
(+R!_i(p=1) | —siucksits i(p=1)
ikl — p p—1 - p
This shows that the series 220 él,,-clqu (i +k)!/(i!k!) converges and is bounded
by 1. Hence §_ o 6;(¢) maps C into itself. Since the coefficients of the reciprocal
power series 6, O ' = 1 s 1exp( yjt” ) satisfy the same estimate (3.15), the

same argument shows that §_ o 6; ()~ also maps C into itself and hence is the
inverse of 6_ o 91 (1). U

ord, 6y ;citx

Define an operator D’ on C by
d ~ - d
i pl A Ayon—
D’:&o(ta—zoyjpfﬂ’)=5_oe(t)ot%oe(t) I (6.2)
j:

Proposition 6.3. The operator D' has a one-dimensional (over C,) kernel as an
operator on the space C.

Proof. If & € C is a solution of D/, then 8_(91 (t)7'€) lies in C by Lemma 6.1 and
is a solution of the operator

d d
§_o <t% — y0t> =Jd_oexp(yt)o tE oexp(—yot). (6.4)

Conversely, if £ € C is a solution of (6.4), then 6_ (él ()€) lies in C and is a solution
of D'. Thus it suffices to show that (6.4) has a unique solution (up to scalars) in C.
Applying the operator (6.4) to § =) 2 c,-i!yo_’_lt_"_1 € C gives

§:<q—mwoa+n'—’lﬂl,

i=0
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from which it is clear that the solutions of (6.4) in C are scalar multiples of

o0
gty =Y (=Dilyy (6.5)
i=0
This completes the proof. ]
Define 00
Q) =5_(6i()g0) = Qilyy 't (6.6)
i=0

From Lemma 6.1 we have Q(t) € C; the proof of Lemma 6.1 shows that the Q;
are p-integral. From the proof of Proposition 6.3 we get the following corollary.

Corollary 6.7. The solutions of D’ in C are the scalar multiples of Q(t).
For £(t) = Y0 ciily, ' 't77! € C, define o/ (£) to be

a'(§) =8_(0(EET)).
Proposition 6.8. The operator o’ maps C into itself.
Proof. For k > 0, the coefficient of t ¥~ in 6(r)&(t?) is

Z Qjcii!)/o_i_l.

i,j>0
J—pi—p=—k—1

We may assume the ¢; to be p-integral, in which case we have the estimate

o j i—si_i—i-l_j—si—l
“p—1 p-1 p-1  p-1"~

Since i is a linear function of j (k is fixed) and s; is bounded above by a positive
multiple of logi, this estimate shows that the series converges. The condition

j—pi—p=—k—1gives j+k = pi+ (p—1), which implies

o o—i—
ord, 0;c;ily,

Sj+k =si +(p—1).
Since s; + sk > 54, we get the estimate

i j—s;i+(p—1 sy +1
ordpejc,-i!yo’ IZ] ]p—(f )—;_1.

The first term on the right-hand side is always > 1, which implies that we can write

.| —k—1
E Oiciily, = pdik!y,
i,j=0
j—pi—p=—k—1

for some d which is p-integral. This proves the proposition. (]

Proposition 6.9. We have D' oo’ = pa’ o D’ as operators on C.
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Proof. Let£(t) = 322 ciilyy '~ 't~~! € C. The proof of Proposition 6.8 shows
that

o
o ED) =) cilyy Tl 7.
i=0
From the definition of D', it is clear that

D'(s(1)) = Z c,-i!yo_"—lD/(t—i—l)’

i=0
so to prove the commutativity relation of the proposition it suffices to verify it on

the ¢+ ~/~!. If we let ® be the map that sends an element £(7) € C to £(¢”), then the
formal factorizations of o’ as

@' =8 0B(t)o®ol(t)!

and D’ in (6.2) may be used to compute the actions on the !, This reduces the
assertion of the proposition to the obvious equality

d d
ZEOQD_pCI)otE. O

It follows from Corollary 6.7 and Proposition 6.9 that Q(¢) is an eigenvector
of a’. More precisely, we have the following result.

Proposition 6.10. a' (Q(t)) = pQ(1).

Proof. Let C* be the space of series

o
C*= {n(t) =Y ayt
i=0

and let Cj be the subset consisting of those series n € C* with ¢ = 0. The
differential operator D :=td/dt + Z;O:o Vi p/tP" acts on C*, and by [Adolphson
and Sperber 2000, Theorem 3.8] the map D : C* — Cy is an isomorphism.

Define ¥ : C* — C* by ¥ (X oy civit’) = Y2y cpiy(fiti andleto : C* — C*
be the composition ¥ 06 (¢). A calculation analogous to the proof of Proposition 6.9
shows that as operators on C*,

{ci}is bounded}

aoD=pDoa. (6.11)

We have a commutative diagram with exact rows
0 —— C; Cc* C, 0

l lD lD l l (6.12)

0 —— ¢ —4 ¢ 0 0
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where Cj — C* is the inclusion, Cj — Cj is the identity, and C* — C,, is the map
defined by setting r = 0. Since D : C* — Cy is an isomorphism, the long-exact
cohomology sequence associated to (6.12) implies that there is an isomorphism
C, = C;/DCy which identifies 1 € C, with the class D(1) + DC € C5/DCy. 1t
is easily seen that «(1) € 1 4+ CZ, so (6.11) implies

a(D(1)) = pD(a(1)) = pD(1) (mod DCY). (6.13)

It follows that the induced action of & on C,, = Cj/DCy is multiplication by p.
Define a pairing between the spaces C and C: for§ = > c,-i!yo_’_1 t~i-lecC
andn=>) 12, biy6+1ti+1 € Cj, put

En) =) bicil.
i=0

The series on the right-hand side converges because the {c;} and {b;} are bounded
andi! — 0 as i — oo. Note that if u € Z.¢ and v € Z ., then
u if u+v=0,
(t*, D(t"))y = —(D'(t"), 1"y = { y;p’ ifu+v=—p’ for some j,
0 otherwise,
which implies that

(D'(§), n) = —(&, D(n)) (6.14)
for & € C and n € Cj. A direct calculation also shows that

(@' (%), 1"y = (t*, a(t")) = O py—us,

which implies that
(@' (€), n) = (&, a(m)) (6.15)

for & € C and n € C;j. We then have

(@' (Q(), D)) = (), a(D(1)) =(Q(t), pD(1) + 1)

for some n € DC;j by (6.13). But (Q(¢), DCj) = 0 by (6.14) and Corollary 6.7, so
we get

(@' (@), D(D) = p(Q®), D(D)).

Since we already know that «’(Q (7)) is a scalar multiple of Q(¢), the proposition
will follow from this equality once we have checked that (Q(z), D(1)) # 0.

We have D(1) =} 7, yipit? and Q(1) = Y, Qiityg 11771, s0

(). D) =" y;p! Qpioi (P! = Dlyy " (6.16)

j=0

We have, by (3.4) and the p-integrality of the Q;,
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) ) J+l J_1—i(p—1 J
ordy i p Q1 (P =Dty = L= (4 D4+ p_’i” )—pp_l,

which simplifies to
o
ord, v p? Qi (p! = Dy P = " (p' = 1).

The right-hand side of this inequality is an increasing function of j, positive for
Jj > 0, so to prove the expression (6.16) is not zero, it suffices to show that Qg, the
contribution to the sum on the right-hand side of (6.16) for j = 0, is a unit. From
the definition (6.6) we compute

Qo=>) (=1)'0;.
i=0

The desired assertion about Q¢ then follows from (3.10) and the fact that él,O =1. 0

Proposition 6.10 implies that

0(1)Q(t")=At)+pQ(t)

for some series A(t) in nonnegative powers of ¢. Replacing ¢ in this equation by
A x% fori = 1,..., n+ 1 and multiplying gives

ut1 p+l

[Toax®Howl s =] (A(Aix"f+ )+ QA >), (6.17)
i=1

i=1

where A(A x4 ) is a series in nonnegative powers of x% . Our choice of the set
{a+}“ | implies that an integral linear combination Zf‘:l l,a;r lies in M_ only if
l; <0fori=1,..., u+ 1. It follows that When the product on the right-hand side
of (6.17) is expanded all terms except for ]_[ pQ(A x% ) are annihilated by 6_,
so we get

u+l pu+l
(HG(Axl)Q(Apxp“ > <1_[pQ(Ax1)).
But cS_(]—[”Jr1 PO(Aix4 ) = ]_[“H pO(A;x%), giving finally
u+1 n+1
6( [Towxomrxre )) =p [Temn).  ©18)
i=1 i=l

Lemma 6.19. We have

n+1 N N R .
G(A,x)=6_ (( []owix" )) ( [T oca;x% )))
j=1 '



1346 Alan Adolphson and Steven Sperber

Proof. From the definitions of F(A, x) and ¢g(¢) we have

u+1
F(A,x)=6<1_[q(A x) H exp(yo A\ jx ,)>

j=1 J=n+2

From the definitions of G(A, x) and 91 (A, x) (see (4.14) and (3.11)), we get

n+1 N
G(A,x)zs_(]_[q(A,-x“?) [T exp(vonjx ]_[ (A% )
j=1 j=wet2 j=1

Using the definitions of é(t) and 91 (t) (see (3.3) and (3.9)), this equation may be
rewritten as

ptl
G(A, x) =8_(1_[(q(A 2461 () H O jx ,))
j=nA42
The assertion now follows from the definition of Q(t) (see (6.6)). O
We can now prove Theorem 5.14. First note that since 6(t) = é(t) /é(t” ), we

have
N N N

[T o(ax®) TT é(arxrs) = TT 6(a;x%). (6.20)

j=n+2 j=u+2 =2

We now compute:
a*(G(A, x))

N N u+1 N N
=5 (1_[ 0(A;jx)5_ (( I1 Q(Af’xf’“?)) ( [T écalxre ))))
j=1 i=1

Jj=n+2

1
=6_(<1_[9(A,~x“i+ )O(AL X ))( 1‘[ oA, x4 1‘[ B(ATx )))

i=1 =pu+2 =u+2
n+1 N N
pHrls (( ]_[ O(A;x% )( ]_[ (A ;x ))) = p"T1G(A, x),
J=n+2

where the first equality follows from Lemma 6.19, the next-to-last equality follows
from (6.18) and (6.20), and the last equality follows from Lemma 6.19.

7. Zeta functions

Let f, (xo, ..., x,) be as defined in Section 1. We associate to fj exponential sums

S)»(m) = Z \Il(Trﬂ:qm/ﬂ:p (xn—i-lf)»(xO’ ceey xn)))a

xeAn+2 (ﬂ:qm )



Distinguished-root formulas for generalized Calabi—Yau hypersurfaces 1347

where W : F, — Q,(¢,)* is the additive character satisfying
W(l)=1+y (modyy).

We denote the corresponding L-function by L (¢):

L, (t) = exp( > S,\(m)%)
m=1

Recall the relationship [Adolphson and Sperber 2008, (2.3)] between L, (¢) and the
rational function P, (¢) defined in Section 1:

) P, A(q t)
Pi(q*t)’
We first prove Proposition 1.7 and then prove the last assertion of Theorem 4.32.

We begin by reviewing the expression for L, (¢) that comes from Dwork’s trace

formula [Adolphson and Sperber 2008, Section 2]. For s € Z, let L, be the space
of series
n

Ly = { Z cuyop”"“x” Zu; —duy41 =5, ¢y € Cp, and {c,} is bounded}.

ueNn+2 i=0

L = (1 =g ! (7.1)

For a subset I = {i{, ..., it} C{0,...,n+ 1}, define

LB iftntigl
"T\Lysisr ifn+lel.

We construct a de Rham-type complex as follows. For k =0, ...,n+1, let

Qk = @ L{il ..... i) dxi] - d-xik-

0<iy<--<ipr<n+l1

Define d : Q% — Q! by

n+1 r’;:
dEdx; - dx) =) oo dxidx - d
iz i
for & € Ly;,..._,)- Define f,\ to be the Teichmiiller lifting of x,t fi:
N +
Sfa(xo, ooy Xng1) = Z )‘jxaj € @p(gq—l)[xm ey Xpg1 ]
j=1
Set

00
ioagi o i
h= Z ijf+1fa’(xp/),

j=0
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where N

framy =3 i
=1
and note that dh € Q'. We observe that in general, if w; € Q¥ and w, € QF, then
w) Awy € QTR Let D : QF — QF! be defined by
D(w)=dw+dh Aw.

This gives a complex (R2°, D).
We define the Frobenius operator on this complex. From (3.19) we have

N
6Gh,x) =[0G x). (7.2)
j=1
We also need to consider the series Go(i, x) defined by

a—1 N

Bo(h, x) = ]_[]_[e(a xf)f’)—]_[e(,v’ xP'). (7.3)

i=0 j=1

Define an operator ¥ on formal power series by

1//( Z c x”) = Z Cpux". (7.4)

MEN"+2 MEN"+2

Denote by «; the composition
a; =Y 0fp(h, x),

where 6y (}, x) is used as an operator to represent multiplication by 6y (A, x).
We define a map o , : 2° — Q° by additivity and the formula
qn+2—k
—a; (xj, - - X §) dxi - - dxgy, (7.5)

o (Edxiy - dxyy) =

’ i xl-k
when § € Ly;, ;. Note that in this case x;, - - - x;,§ and a3 (x;, - - - x;, &) lie in L.
The map «; , is a map of complexes and by the Dwork trace formula (as formulated

by Robba; see [Adolphson and Sperber 2008, Section 2]) we have

n+2
Ly(t) = [ [ det(t —tag , | 5!
k=0

1
)k+

(7.6)

The factors on the right-hand side of (7.6) are p-adic entire functions.
We now combine (7.1) and (7.6) to get a formula for P, (qt). First of all, for
I={i,...,i;} €{0,1,...,n+ 1}, let L(I) C Ly be the image of L;dx;, ---dx;
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under the map ¢ defined by
deil e -dx,'k — Xt -xiké.

We have a commutative diagram

¢

L[ dxi]---dxik E— L(I)
ai'kl qun+27kai

¢ I

L[ dxi1-~-dxik — LO

in which the horizontal arrows are isomorphisms, hence there is a product decom-
position
det(I —tag , | Q5 = [ det(d —g"*Ftay | LY. (1.7)
|1|=k
Combining this with (7.6) gives
L= [[ detd =g Moy | LHD" (7.8)
10,1,...,n+1}

Note that x* € L(’) if and only if Z?:o u; =du,41 and u; > 0 fori € I. Suppose
1C{0,1,...,n}and I #@. If x* € L] then u,4 > 0 also, and hence L} = L[V"+1},
It follows that for such / we have

det(1 _‘1"+1_|”t“i | L(I)) =det(1 _qn+2—|1u{n+l}|tai | L(I)U{n—kl}). (7.9)
We can therefore rewrite (7.8) as

det(I —q"ta; | Lng})
det(/ — q"+?ta; | LY)

d t I_ ﬂ+2*|1|t ~ LI (_I)HHI
I (e( q % | °)> . (7.10)

— gn+1=It0ya Ji
o1c(0.1,..m NI — 4" tas | L))

L) =

We examine the first quotient on the right-hand side of (7.10) more closely. It is easy
to see that the quotient Lg / L({)"+l} is one-dimensional, spanned by the constant 1,
and that «; acts on this quotient as the identity map. We therefore have

det(I —¢"ta; | L) = (1 — ¢" 'ty det(1 — ¢" o | LY.
Thus (7.10) implies
Lo = (=g

[lico,..ny detd —g" > Mtas | L)
HIQ{O,I,...,n} det(/ _Q"H_'”tai | L(I))(_l)n+u|

)n+\l|

(7.11)
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Comparing (7.1) and (7.11) now gives the desired formula:

Pugn= [] dett —q" " "Mraz | LEHD", (7.12)
1<{0,1,...,n}
For notational convenience, we set I' = {0, 1, ..., n}.

Proposition 7.13. (a) The entire function det(l — ta; | Lg ) has at most one
reciprocal zero of g-ordinal equal to ;u + 1; all other reciprocal zeros have
q-ordinal > w+ 1. If it has a reciprocal zero of q-ordinal equal to p + 1, then
all other reciprocal zeros have g-ordinal > o + 2.

(b) The reciprocal zeros of det(I — q"“_'”tai | L(’)) all have q-ordinal > p + 2
for I C{0,1,...,n}.

Proof. Consider first the case I = @, i.e., the entire function det(/ — q”“tai | Lg ).
All reciprocal zeros are divisible by ¢"*! and n 41> pu+2since n+1=d(u+1)
and we are assuming d > 2.

Now suppose that I # & and let

w(I) = min{u,, | x* € L}}.

Since x* € L(I) if and only if Z:‘lzo u; = duyy and u; > 0 for i € I, we have
w(l)=1T|1]/d], where [z] denotes the least integer that is > z.

It follows from [Adolphson and Sperber 1987a, Proposition 4.2] that the first side
of the Newton polygon of deg(! —ra; | L(I)) has slope > w (/). Hence all reciprocal
zeros of the entire function det(/ — g™+~ ‘tozi | L(I)) have g-ordinal greater than
or equal to

n+1—I+[1/d]. (7.14)
Firsttake I =T, i.e., |I| =n+1. In this case the hypothesis thatn+1=d(u+1)
reduces the expression (7.14) to u + 1. Furthermore, since (1, ..., 1, u+ 1) is the

unique element u with x* € Lg and u,+1 = u + 1, it follows from [Adolphson and
Sperber 1987a, Proposition 4.2] that the Newton polygon of det(/ — ta; | Lg ) has
a lower bound whose first side has slope © + 1 and length 1. This implies that
det(! — taj | Lg ) has at most one reciprocal zero of g-ordinal equal to © 4+ 1 and
all other reciprocal zeros have g-ordinal > u + 1. This proves the first sentence of
part (a). If det(/ — rasy | Lg ) has a reciprocal zero of g-ordinal equal to u + 1, then
by [Adolphson and Sperber 1987a, Proposition 4.2] the second side of its Newton
polygon has slope > p + 2. This proves the second sentence of (a).
Next take |/| = n. The expression (7.14) reduces to

[ 2] =14 [nr1- 2] =nt2

since d > 2. Furthermore, (7.14) cannot decrease when |I| decreases, which proves
part (b) of the proposition. (]



Distinguished-root formulas for generalized Calabi—-Yau hypersurfaces 1351

Recall from Section 1 that we write Py (1) = P)fl)(t) / P)fz) (t), where Pk(l)(t) and
PA(Z) () are relatively prime polynomials with integer coefficients and constant term
1 which satisfy

PO ), PR (g ) € 1 +1711).
Proposition 7.13, together with (7.12), shows that
PP (@ "1)=1 (mod q)
and that Pk(l) (g7"t) (mod p) has degree at most 1 in ¢. To complete the proof of

Proposition 1.7 it suffices, by Proposition 7.13(a), to show that

a—1
Tr(ey | L)) ="' [T (="' HGEPY)) (mod pgth). (715
i=0

Using (5.7), one sees that (7.15) is equivalent to the following assertion.

Proposition 7.16. For A € ([F;)N , we have

a—1

Tr(es | Lg) = 1_[ 9—(p—l)b(3‘pl) (mod pg"*1h.
i=0

Proof. Consider the series

Oo(h, x) = > Bow)x".

weNA
By (7.3) we have
a—1
b = Y. J]uwG. (7.17)
u® . u@DeNAg i=0
X =

Let U € N"*2 be the set of all exponents u such that x* € Lg . For w € U, a direct
calculation shows that

g (x") =Y 00.gu—w(R)x". (7.18)
uel
It then follows from the Dwork trace formula that
Tr(e; | Lg) =Y Go.q-nuw). (7.19)

welU

Equation (7.17) gives

a—1
bog-nw® = > J]OwG. (7.20)
u®  yle-bena  i=0
Y% plu=(g—w
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It follows from (3.21) and (3.23) that

ordp 0(), (q—l)w()‘)
a—1 (@)

> min{z !

a—1
L ©O D eNAand Y piu® = (g - Dwi. (7.21)
i=0 p—1 i=0

We prove Proposition 7.16 by studying this estimate for w € U.
Fixu®, ..., u"D e NA with

a—1
> pu? =(g—hw (7.22)
i=0
and w € U. We define inductively a sequence w®, ..., w® e U such that
u® = pwi*H — @D fori=0,...,a—1. (7.23)

First of all, take w® = w. Then (7.22) shows that u©@ +w©® = pw® for some
w® € 7"*2; since u® € NA and w® e U we conclude that w" € U. Suppose
that for some 0 < k < a — 1 we have defined w@, ..., w® e U satisfying (7.23)
fori =0,...,k— 1. Substituting pw(i+1) —w® foru® fori =0,...,k—11in
(7.22) gives

a—1
—w©® 4 pky® 4 Zpiua) = piw—w. (7.24)
i=k

Since w® = w, we can divide this equation by p* to get w® +u® = pw*+D for
some w**tD e 7"*2_ Since u® € NA and (by induction) w® € U, we conclude
that w**D e U. This completes the inductive construction. Note that in the special
case k = a — 1, this computation gives w@ = w.

Summing (7.23) overi =0, ...,a — 1 and using w® = w® = w gives

a—1 a—1

du=p-1) w? (7.25)

i=0 i=0

Hence

a—1 u(i) a—1 .
D DU (726)
i—o P i=0

Since w® € U, we have
wh = p1 ifw® =1, D,

o , (7.27)
we =p+2 ifw®@EA L e+ D).
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It now follows from (7.26) that

L 7.08)

2‘: u'), {:a(u—l—l) ifw®=(1,...,1, u+1) fori =0,...,a

—~p > a(u+1)+1 otherwise.

Therefore, by (7.23), Z ,(;J)r]/(p —1) = a(u + 1) if and only if for all i,

M(’)—(P—l)(l,--.,l,u+l)
By (7.21), this implies that if w # (1, ..., 1, u+ 1), then

00.(g-1yw () =0 (mod pg*h).

fw=(1,...,1, u+ 1), this implies by (7.20) that

a—1
00.6g-1) (1. L1y (B) = 1_[ 0p-1(1....tut (A7) (mod pghth).
i=0
Since —b=(1,...,1, u+1), (7.19) now implies the proposition. ]

Let A € (FX)N In the course of proving Proposition 1.7, we have shown that
H) # 0 is a necessary and sufficient condition for det(/ — fo; | LF) to have a
unique reciprocal zero of g-ordinal equal to p + 1. To prove the last assertion of
Theorem 4.32, it suffices by (7.12) and Proposition 7.13 to prove the following result.

Theorem 7.29. If A € ([F;)N and H(\) # 0, then g"*+! ]_[?;01 G(WP') is an eigen-
value of a; on Lg.

Before beginning the proof of Theorem 7.29, we give an alternate description of
det(/ —toy | L{). Let

n
M_ = {u = (ug, ..., Uy+1) € (Z<0)n+2 ‘ Zui =dun+1},
i=0

n
M, = {M = (Ug, ..., Unt+1) € (Z>0)n+2 ‘ Zui =duyy }
i=0

Set

— {s* — Z C*y(fmnﬂ u

ueM_

c;‘—>0asu—>—oo},

a p-adic Banach space with norm [§*| = sup,_,; {lc;|}. We define a pairing
(,):BxL{— C, as follows. If

S_ Z Cuypun-H u e LO and s Z C* P”n+l M B,

ueMJr ueM_

(E%.6)= ) cuct,,

MEM+

define
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the constant term of the product £*£. This pairing identifies B with the dual space
of Lg , the space of continuous linear mappings from Lg to C,; see [Serre 1962,
Proposition 3]. We extend the definition of the mapping ® defined in the proof of

Proposition 6.9 by setting
CD( Z cux“) = Z c,xPH.

ueZm" uez"

Consider the formal composition a; =d_o 90():, x) o @, where again 90()1, X)
represents multiplication by 6y(A, x).

Proposition 7.30. The operator a;: is an endomorphism of B which is adjoint to
a3 Lg — Lg .

Proof. Since a7 is the a-fold composition of the operators §_ o 9(5J’i ,x)o® and
a; the a-fold composition of the operators ¥ o OGP, x) fori =0,...,a—1,
it suffices to check that 8_ o 6(%, x) o ® is an endomorphism of B adjoint to
Vv ob(A, x) Ly — L. Let&*(x) =Y. _;; ciyy ™' x” € B. The proof that the
product 8(A, x)E*(x?) is well defined is analogous to the proof of convergence
of (5.1). We have

8 (OC, )E (PN =Y Cryd™ ' x",
ueM-_
where

C*: Z 9 (}\.)C* P(Un+1 Mn+|) (731)

u
w+pv=u

Note that by (3.23),

Ord 9 ()L)yp(vnﬂ “n+1) Wn+1 + PUn+1 . PUn+1 = Uy (732)

-1 p—-1 p-1
since w + pv = u. Since ¢ — 0 as v — —oo, this implies that the series on the
right-hand side of (7.31) converges. Furthermore, the estimate (7.32) then shows
that C;; — 0 as u — —oo. We conclude that 6_(6 (A, x)§*(x”)) € B. In fact, (7.32)

implies

18_(0(h, )E*(xP))| < |pFTE*(x)],
since U] < —(u+1) forallu e M_. O

Proof of Theorem 7.29. From Proposition 7.30, it follows by [Serre 1962, Proposi-
tion 15] that r
det(/ —ta | Ly) = det(] — ta:{ | B), (7.33)
so to complete the proof of Theorem 7.29 it suffices to show that if H () #0, then
a; has an eigenvector in B with eigenvalue g**! 1—[?:—01 G(\P"). From (5.16) we

have a*(G(A’x)) M+1g( )G(A x)
G(A) G(A)
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It follows by iteration that for m > 0,

wm G(A,X) m(u+1)(m ! P )G(A x)
() (—G( 5 ) P ]‘[m )G (7.34)

From (4.15) we have

GA,x) Z( —(p—Ditn i1 Gu(A)> Pty
- 0

G & Yo G(M)

By Proposition 5.15, the ratio G, (A) := G,(A)/G(A) lies in R),. We may therefore
evaluate the G, (A) at A = A:
G(A, x)

G(A) — Z (y (p— l)un+lgu()\)) P”n+1x )

A=A ueM_

Since yo_(p “Dunsl 0 as u — oo, this expression lies in B. It is straightforward to

check that the specialization of the left-hand side of (7.34) withm = a at A = A is
exactly of (G(A, x)/G(A)],_3) so specializing (7.34) with m =a at A = A gives

Ol;:( Z(y (p— l)un+1gu()\‘)) Pun+1x )
ueM_ a1 .
_qu-i-l(l_[g()tp’))( Z (y—(P I)Mn+1gu()\‘)) p””“x ) (7.35)
i=0

ueM_
This equation shows that g#*! |1 'g ()J’ ) is an eigenvalue of oei. U
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