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The role of defect and splitting
in finite generation of extensions of
associated graded rings along a valuation

Steven Dale Cutkosky

Suppose that R is a 2-dimensional excellent local domain with quotient field K,
K* is a finite separable extension of K and S is a 2-dimensional local domain
with quotient field K* such that S dominates R. Suppose that v* is a valuation of
K* such that v* dominates S. Let v be the restriction of v* to K. The associated
graded ring gr,(R) was introduced by Bernard Teissier. It plays an important
role in local uniformization. We show that the extension (K, v) — (K*, v*) of
valued fields is without defect if and only if there exist regular local rings R; and
S| such that R; is a local ring of a blowup of R, S is a local ring of a blowup of
S, v* dominates S, S; dominates R; and the associated graded ring gr . (S;) is a
finitely generated gr, (R;)-algebra.

We also investigate the role of splitting of the valuation v in K* in finite
generation of the extensions of associated graded rings along the valuation. We
say that v does not split in S if v* is the unique extension of v to K* which
dominates S. We show that if R and S are regular local rings, v* has rational rank 1
and is not discrete and gr . (S) is a finitely generated gr,(R)-algebra, then S is a
localization of the integral closure of R in K*, the extension (K, v) — (K*, v*)
is without defect and v does not split in S. We give examples showing that such
a strong statement is not true when v does not satisfy these assumptions. As a
consequence, we deduce that if v has rational rank 1 and is not discrete and if
R — R’ is a nontrivial sequence of quadratic transforms along v, then gr, (R’) is
not a finitely generated gr, (R)-algebra.

Suppose that K is a field. Associated to a valuation v of K is a value group
@, and a valuation ring V,, with maximal ideal m,. Let R be a local domain with
quotient field K. We say that v dominates R if R C V,, and m, N R = mpg, where mpg
is the maximal ideal of R. We have an associated semigroup S®(v) ={v(f)| f € R},
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as well as the associated graded ring along the valuation

e, R =P, (R)/PF(R)= B P, (R)/P}(R), (1)

yed, yeSR(v)

which is defined in [Teissier 2003]. Here

Py(R)={feR|v(f)=y} and PJ(R)={feR|v(f)>r})

This ring plays an important role in local uniformization of singularities [Teissier
2003; 2014]. The ring gr,,(R) is a domain, but it is often not Noetherian, even when
R is.

Suppose that K — K* is a finite extension of fields and v* is a valuation which
is an extension of v to K*. We have the classical indices

e(V*/V) =[®Py«:P,] and f(V*/V) =[Vis/my« 2V, /my]

as well as the defect §(v*/v) of the extension. Ramification of valuations and
the defect are discussed in [Zariski and Samuel 1960, Chapter VI; Endler 1972;
Kuhlmann 2000; 2010]; a survey is given in [Cutkosky and Piltant 2004, Section 7.1].
By Ostrowski’s lemma, if v* is the unique extension of v to K*, we have that

[K*: K]=e(*/v) f(v* /) p*/"), 2)

where p is the characteristic of the residue field V, /m,. From this formula, the
defect can be computed using Galois theory in an arbitrary finite extension. If
V., /m, has characteristic 0, then § (v*/v) = 0 and p‘s(”*/") =1, so there is no defect.
Further, if ®, = Z and K* is separable over K then there is no defect.

If K is an algebraic function field over a field k, then an algebraic local ring R of
K is a local domain which is essentially of finite type over k and has K as its field
of fractions. In [Cutkosky 1999], it is shown that if K — K™ is a finite extension
of algebraic function fields over a field k of characteristic 0, v* is a valuation of
K* (which is trivial on k) with restriction v to K and if R — S is an inclusion of
algebraic regular local rings of K and K* such that v* dominates S and S dominates
R, then there exists a commutative diagram

Rl—)Sl

T ®

R—— S

where the vertical arrows are products of blowups of nonsingular subschemes along
the valuation v* (monoidal transforms) and R; — S is dominated by v* and is a
monomial mapping; that is, there exist regular parameters xi, ..., x, in Ry, regular
parameters yi, ..., ¥, in Sy, units §; € Sy, and a matrix A = (a;;) of natural numbers
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with Det(A) # 0 such that

n
xi=5,-1_[yj” for1 <i <n. 4)
j=1

In [Cutkosky and Piltant 2004], it is shown that this theorem is true, giving a mono-
mial form of the mapping (4) after appropriate blowing up (3) along the valuation,
if K — K™ is a separable extension of two dimension algebraic function fields over
an algebraically closed field, which has no defect. This result is generalized to the
situation of this paper, namely when R is a 2-dimensional excellent local ring, in
[Cutkosky 2016b]. However, it may be that such monomial forms do not exist, even
after blowing up, if the extension has defect, as is shown by examples in [Cutkosky
2015].

In the case when k has characteristic O and for separable defectless extensions of
2-dimensional algebraic function fields in positive characteristic, it is further shown
in [Cutkosky and Piltant 2004] that the expressions (3) and (4) are stable under
further simple sequences of blowups along v* and the form of the matrix A stably
reflects invariants of the valuation.

We always have an inclusion of graded domains gr,(R) — gr,.(S) and the index
of their quotient fields is

[QF(gr,-(S)) : QF(gr, (R)] = e(v*/v) f(v*/v), ®

as shown in [Cutkosky 2016a, Proposition 3.3]. Comparing with Ostrowski’s
lemma (2), we see that the defect has disappeared in (5).

Even though QF(gr,-(S)) is finite over QF(gr, (R)), it is possible for gr . (S) to
not be a finitely generated gr, (R)-algebra. Examples showing this for extensions
R — § of 2-dimensional algebraic local rings over arbitrary algebraically closed
fields are given in Example 9.4 of [Cutkosky and Vinh 2014].

It was shown by Ghezzi, Ha and Kashcheyeva [Ghezzi et al. 2006] for extensions
of 2-dimensional algebraic function fields over an algebraically closed field k of
characteristic 0, and later by Ghezzi and Kashcheyeva [2007] for defectless separable
extensions of 2-dimensional algebraic functions fields over an algebraically closed
field k of positive characteristic, that there exists a commutative diagram (3) such
that gr . (S1) is a finitely generated gr, (R;)-algebra. Further, this property is stable
under further suitable sequences of blowups.

In [Cutkosky 2016a, Theorem 1.6], it is shown that for algebraic regular local
rings of arbitrary dimension, if the ground field £ is algebraically closed of character-
istic 0 and the valuation has rank 1 and is O-dimensional (V,,/m, = k), then we can
also construct a commutative diagram (3) such that gr .(S;) is a finitely generated
gr,(R;)-algebra, and this property is stable under further suitable sequences of
blowups.
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An example is given in [Cutkosky and Piltant 2004] of an inclusion R — S in
a separable defect extension of 2-dimensional algebraic function fields such that
gr,«(S1) is stably not a finitely generated gr,(R;)-algebra in diagram (3) under
sequences of blowups. This raises the question of whether the existence of a finitely
generated extension of associated graded rings along the valuation implies that K*
is a defectless extension of K.

We find that we must impose the condition that K* is a separable extension
of K to obtain a positive answer to this question, as there are simple examples
of inseparable defect extensions such that gr .(S) is a finitely generated gr,(R)-
algebra, such as in the following example, which is Example 8.6 of [Kuhlmann
2000]. Let k be a field of characteristic p > 0 and k((x)) the field of formal power
series over k with the x-adic valuation v,. Let y € k((x)) be transcendental over k(x)
with v, (y) > 0. Let y = y?, and K =k(x,y) C K* =k(x, y). Let v = v,|K* and
v = v, |K. Then we have equality of value groups &, = &+ = v(x)Z and equality
of residue fields of valuation rings V,,/m, = V,«/m,» = k, so e(v*/v) = 1 and
f(v*/v) = 1. We have that v* is the unique extension of v to K* since K* is purely
inseparable over K. By Ostrowski’s lemma (2), the extension (K, v) — (K™, v*) is
a defect extension with defect §(v*/v) =1. Let R =k[x, Y] 5y = S =k[x, ylix,y)-
Then we have equality

gr,(R) = k[t] = gr,«(S),

where ¢ is the class of x.
In this paper we show that the question does have a positive answer for separable
extensions in the following theorem.

Theorem 0.1. Suppose that R is a 2-dimensional excellent local domain with
quotient field K. Further suppose that K* is a finite separable extension of K and
S is a 2-dimensional local domain with quotient field K* such that S dominates R.
Suppose that v* is a valuation of K* such that v* dominates S. Let v be the
restriction of v* to K. Then the extension (K, v) — (K*, v*) is without defect if
and only if there exist regular local rings Ry and S| such that R, is a local ring of a
blowup of R, S is a local ring of a blowup of S, v* dominates Sy, S| dominates Ry
and gr - (S1) is a finitely generated gr,(R1)-algebra.

We immediately obtain the following corollary for 2-dimensional algebraic
function fields.

Corollary 0.2. Suppose K — K™ is a finite separable extension of 2-dimensional
algebraic function fields over a field k and v* is a valuation of K* with restriction v
to K. Then the extension (K, v) — (K*, v*) is without defect if and only if there
exist algebraic regular local rings R of K and S of K* such that v* dominates S, S
dominates R and gr . (S) is a finitely generated gr,(R)-algebra.
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We see from Theorem 0.1 that the defect, which is completely lost in the extension
of quotient fields of the associated graded rings along the valuation (5), can be
recovered from knowledge of all extensions of associated graded rings along the
valuation of regular local rings R; — S within the field extensions which dominate
R — S and are dominated by the valuation.

The fact that there exists R; — S as in the conclusions of the theorem if the
assumptions of the theorem hold and the extension is without defect is proven
within 2-dimensional algebraic function fields over an algebraically closed field
in [Ghezzi et al. 2006; Ghezzi and Kashcheyeva 2007], and in the generality of
the assumptions of Theorem 0.1 in Theorems 4.3 and 4.4 of [Cutkosky 2016b].
Further, if the assumptions of the theorem hold and & (v*/v) # 0, then the value
group @« is not finitely generated by [Cutkosky and Piltant 2004, Theorem 7.3] in
the case of algebraic function fields over an algebraically closed field. With the full
generality of the hypothesis of Theorem 0.1, the defect is zero by [Endler 1972,
Corollary 18.7] in the case of discrete rank 1 valuations and the defect is zero by
[Cutkosky 2016b, Theorem 3.7] in the case of rational rank 2 valuations, so by
Abhyankar’s inequality [Abhyankar 1956, Proposition 2] or [Zariski and Samuel
1960, Appendix 2], if §(v*/v) # 0, then the value group @« has rational rank 1 and
is not discrete and V,+/m,+ is algebraic over S/mg. Thus, to prove Theorem 0.1,
we have reduced to the following proposition, which we establish in this paper.

Proposition 0.3. Suppose that R is a 2-dimensional excellent local domain with
quotient field K. Further suppose that K* is a finite separable extension of K and
S is a 2-dimensional local domain with quotient field K* such that S dominates R.
Suppose that v* is a valuation of K* such that v* dominates S. Let v be the
restriction of v¥ to K.

Suppose that v* has rational rank 1 and v* is not discrete. Further suppose that
there exist regular local rings Ry and S| such that Ry is a local ring of a blowup
of R, 81 is a local ring of a blowup of S, v* dominates S1, S| dominates Ry and
er,«(S1) is a finitely generated gr,(Ry)-algebra. Then §(v*/v) = 0.

Another factor in the question of finite generation of extensions of associated
graded rings along a valuation is the splitting of v in K*. We say that v does not
split in S if v* is the unique extension of v to K™* such that v* dominates S. After a
little blowing up, we can always obtain nonsplitting, as the following lemma shows.

Lemma 0.4. Given an extension R — S as in the hypotheses of Theorem 0.1, there
exists a normal local ring R’ which is a local ring of a blowup of R such that v

dominates R’, and if
R — S

[

R—— S
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is a commutative diagram of normal local rings, where Ry is a local ring of a
blowup of R and S| is a local ring of a blowup of S, v* dominates S| and R,
dominates R’, then v does not split in S.

Lemma 0.4 will be proven in Section 1. We have the following theorem.

Theorem 0.5. Suppose that R is a 2-dimensional excellent regular local ring with
quotient field K. Further suppose that K* is a finite separable extension of K
and S is a 2-dimensional regular local ring with quotient field K* such that S
dominates R. Suppose that v* is a valuation of K* such that v* dominates S. Let v
be the restriction of v* to K. Further suppose that v* has rational rank 1 and v* is
not discrete. Suppose that gr . (S) is a finitely generated gr,(R)-algebra. Then S is
a localization of the integral closure of R in K*, §(v*/v) = 0 and v* does not split
in S.

We give examples showing that the condition that v* has rational rank 1 and
is not discrete in Theorem 0.5 are necessary. As an immediate consequence of
Theorem 0.5, we obtain the following corollary.

Corollary 0.6. Suppose that R is a 2-dimensional excellent regular local ring with
quotient field K. Suppose that v is a valuation of K such that v dominates R.
Further suppose that v has rational rank 1 and v is not discrete. Suppose that
R — R’ is a nontrivial sequence of quadratic transforms along v. Then gr,(R') is
not a finitely generated gr,(R)-algebra.

Michel Vaquié [2007] extended Mac Lane’s theory of key polynomials [Mac Lane
1936] to show that if (K, v) — (K*, v*) is a finite extension of valued fields with
8(v*/v) =0 and v* is the unique extension of v to K*, then v* can be constructed
from v by a finite sequence of augmented valuations. This suggests that a converse
of Theorem 0.5 may be true.

1. Local degree and defect

We will use the following criterion to measure defect. This result is implicit in
[Cutkosky and Piltant 2004] with the assumptions of Proposition 0.3.

Proposition 1.1 [Cutkosky 2016b, Proposition 3.4]. Suppose R is a 2-dimensional
excellent local domain with quotient field K. Further suppose that K* is a finite
separable extension of K and S is a 2-dimensional local domain with quotient field
K* such that S dominates R. Suppose that v* is a valuation of K* such that v*
dominates S, the residue field V,« /m, of V,« is algebraic over S/mg and the value
group @« of v* has rational rank 1. Let v be the restriction of v* to K. There exists
a local ring R' of K which is essentially of finite type over R, is dominated by v and
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dominates R such that if we have a commutative diagram

Vv — VU*

[

R1 —)Sl

T 6)
R/

[

R——S

where
e Ry is a regular local ring of K which is essentially of finite type over R and

dominates R,

o Sy is a regular local ring of K* which is essentially of finite type over S and
dominates S, and

e Ry has a regular system of parameters u, v and S| has a regular system of
parameters x, y such that there is an expression

u=yx?, v=x"f,
wherea > 0,b >0,y isaunitin S, x 1t f in Sy and f is not a unit in Sy,
then
ad[Si/ms, : Ri/mg,]1 = e(*/v) f* /) p**/, (7)
where d = v(f mod x) with v being the natural valuation of the DVR S/xS.

Proof of Lemma 0.4. Let vi = v*, vy, ..., v, be the extensions of v to K*. Let T
be the integral closure of V,, in K*. Then T =V, N---NV,  is the integral closure
of V,» in K* by [Abhyankar 1959, Propositions 2.36 and 2.38]. Let m; =m,, N T
be the maximal ideals of 7. By the Chinese remainder theorem, there exists u € T
such that u e my and u ¢ m; for 2 <i <r. Let

W' +au" '+ 4a,=0

be an equation of integral dependence of u over V,,. Let A be the integral closure of
Rlai,...,a,]in K and let R" = Anm,. Let T’ be the integral closure of R" in K*.
We have that u € 7" Nm; if and only if i = 1. Let §' = T7,, . Then v does not
splitin S" and R’ has the property of the conclusions of the lemma. U

2. Generating sequences

Given an additive group G with Ag, ..., A, €G,let G(Ag, ..., A, ) and S(hg, ..., Ar)
denote the subgroup and the semigroup, respectively, generated by Ag, ..., A,.
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In this section, we suppose that R is a regular local ring of dimension 2, with
maximal ideal mg and residue field R/mg. For f € R, let f or [ f] denote the
residue of f in R/mg.

The following theorem is Theorem 4.2 of [Cutkosky and Vinh 2014], as inter-
preted by [Cutkosky and Vinh 2014, Remark 4.3].

Theorem 2.1. Suppose that v is a valuation of the quotient field of R dominating R.
Let L =V, /m, be the residue field of the valuation ring V,, of v. For f € V,, let
[ f] denote the class of f in L. Suppose that x, y are regular parameters in R. Then
there exist Q € Z U {oo} and P;(v, R) € mg fori € Z4 withi < min{Q2+ 1, co}
such that Py(v, R) = x, Pi(v, R) =y and for 1 <i < Q, there is an expression

Pis1(v, R) = Pi(v, R)" ")
A
+ P, RO P, BT P, BT (8)
k=1
where n;(v, R) > 1, A; > 1, the cy are nonzero units in R for 1 <k <X;, 0; s(k) e N
forall s, k,and 0 < o; (k) <ng(v, R) for s > 1. Further,
ni (v, R)v(P;(v, R)) = v(Po(v, RO Py (v, )7 - Pi(v, B)74O)  (9)
forall k.
Foralli e 7, withi < Q, the following are true:

(1) v(Pi+1(v, R)) > n;i(v, R)v(P;(v, R)).

(2) Suppose thatr e Nyme Z, jr(l) eNfor1 <l <mand0 < j,(I) <ni(v, R)
for 1 <k <r are such that (jo(l), j1(l), ..., j-()) are distinct for 1 <l <m,
and

v(Po(v, RY*OP v, R P, RYF D) = w(Po(v, ROV - P (v, R)TD)
for1 <l <m. Then

. Py(v, R)@ p (v, R)'@ ... P.(v, R)}r?

| Po(v, R)IOD P (v, R)I D ... P.(v, R)ir(D |’

Po(v, RO Py (v, RYN™ ... P, (v, R
1 Py(v, R)oM Py(v, R)IID ... P.(v, R)Ir(D

are linearly independent over R /mg.
(3) Let
I’_li(l), R)
=[G(v(Py(v. R)), ..., v(P;(v, R)) : G(v(Py(v, R)), ..., v(Pi—1 (v, R)))].

Thenn;(v, R)|o; (k) forall k in (8). In particular, n; (v, R)=n;(v, R)d; (v, R)
withd;(v, R) € Z.
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(4) There exists U; (v, R) = Py(v, Ry D P (v, YD ... P,_1 (v, R)¥~'D fori > 1
with wo (i), . .. ,_w,-_l(i) eNand0<w;(i) <n;(v,R) for1 < j <i—1such
that v(P; (v, R)") = v(U; (v, R)). Setting

P R (. R)
a;i(v, R) = L ,
Ui(v, R)

we have

Py(v, R)70® Py(v, R)7 0 .. Py (v, R)7i-1®)
>« U; (v, R R=0)

€ R/mp(at1(v, R), ...,ai—1(v, R))

bi,t =
o0, (k)=tn;(v,R)

forO<t<d;(v,R)—1,and
filu) = %R + bi,di(v,R)—ludi(v’R)_l +---+big
is the minimal polynomial of a; (v, R) over R/mg(ca1(v, R), ..., a;—1(v, R)).
The algorithm terminates with Q2 < oo if and only if either

no(v,R)=[G(v(Py(v,R)),...,v(Pa(v,R))):G(v(Py(V,R)), ..., v(Pa-1(v,R)))]
or
nog(v, R) <oo (sothat ag(v, R) is defined as in (4)) and
do(v, R) =[R/mg(a1(v,R), ..., aq(v,R)) : R/mg(a1(v,R), ..., aqg_1(v,R))]
Ifng(v, R) = oo, set ag(v, R) = 1.

Let notation be as in Theorem 2.1. The following formula is statement B(i) on
page 360 of [Cutkosky and Vinh 2014].

Suppose M is a Laurent monomial in Py(v, R), Pi(v, R), ..., P;(v, R)
and v(M) = 0. Then there exist s; € Z such that

LT Pi(v, R
M= f—} , 12
1:[1[ U;j(v, R) (12)
so that

[M] e R/mgla;(v, R), ..., o (v, R)].

Define §8; (v, R) = v(P;(v, R)) for 0 <i.
Since v is a valuation of the quotient field of R, we have that

<I>V=UG(,30(v, R), B1(v, R), ..., Bi(v, R)) (13)

i=1



1470 Steven Dale Cutkosky

and

Vo/my = R/mglai(v, R). ... (v, R)]. (14)

i=1
The following is [Cutkosky and Vinh 2014, Theorem 4.10].

Theorem 2.2. Suppose that v is a valuation dominating R. Let
Po(v,R)=x, Pi(v,R)=y, PO, R),

be the sequence of elements of R constructed by Theorem 2.1. Suppose that f € R
and there exists n € 7 such that v(f) < nv(mg). Then there exists an expansion

f£=) " arPy(v, R Pi(v, R)" -+ P,(v, )"+ @ Po(v, R)™ -+ P, (v, R)/" +h,
1 J

where r € N and

o I =(,...,iy) € N with0 < i < ng(v, R) for 1 <k<r, the ay are units in
R and v(Py(v, R)O P (v, R)' - - - P.(v, R)") = v(f) forall I in the first sum;

o« J=0(o,..., jr)eN* 0, e Rand v(Py(v, R)- .- P.(v, R)/") > v(f) for
all J in the second sum; and

e hemp.

The terms in the first sum are uniquely determined, up to the choice of units ay,
whose residues in R/mg are uniquely determined.

Let og(v, R) = 0 and inductively define

oi+1(v, R) =min{j > 0;(v, R) | nj(v, R) > 1}. (15)
In Theorem 2.2, we see that all of the monomials in the expansion of f are in terms
of the Py,.
We have that

S(Bo(v, R), B1 (v, R), ... o0 (v, R)
= S(IBUO(vv R)? ,Bal(v,R)(Vv R)7 MR ] ﬂo‘j(l),R)(v’ R))
for all j > 0 and

R/mR[al(U7 R)v 052(‘), R)v ceey aaj(v,R)(Va R)]
= R/mR[aO'I(U,R)(U7 R)’ ao’z(U,R)(v’ R)’ cee an(U,R)(U’ R)]

forall j > 1.
Suppose that R is a regular local ring of dimension 2 which is dominated by a
valuation v. The quadratic transform 7 of R along v is defined as follows. Let



Defect and splitting in finite generation of extensions of graded rings 1471

u, v be a system of regular parameters in R. Then R[v/u] C V, if v(u) < v(v) and
Rlu/v] C V, if v(u) > v(v). Let

T, :R[E

] or T = R[Z
u IRw/ulnm,

U]R[u/u]mmv’
depending on whether v(u) < v(v) or v(u) > v(v). T} is a 2-dimensional regular
local ring which is dominated by v. Let

R>T —>T—- - (16)

be the infinite sequence of quadratic transforms along v, so that V,, = |J,-, T
[Abhyankar 1959, Lemma 4.5] and L = V,,/m, = J,, T/ m1,. -

For f € R and R — R* a sequence of quadratic transforms along v, we define
a strict transform of f in R* to be f; if fi € R* is a local equation of the strict
transform in R* of the subscheme f =0 of R. In this way, a strict transform is only
defined up to multiplication by a unit in R*. This ambiguity will not be a difficulty
in our proof. We will denote a strict transform of f in R* by stg«(f).

We use the notation of Theorem 2.1 and its proof for R and the P;(v, R). Recall
that U; = UM, Let w = wo(1). Since 71; (v, R) and w are relatively prime, there
exist a, b € N such that

g:=n1(v, )b —wa = =*1.
Define elements of the quotient field of R by

x1=@E"yT5 oy =Ty Rye (17)
We have that i
xzxf'(v’R)yi’, y:xi‘)yi’. (18)

Since n1 (v, R)v(y) = wv(x), it follows that
ni(v, Ryv(x;) =v(x)>0 and v(y;)=0.

We further have that
ai(v, R) =[y1I° e V,,/m,,. (19)

Let A=R[x;, 1] CV,and my =m, N A.

Let Ry = A,,,. We have that R is a regular local ring and the divisor of xy in R,
has only one component (x; = 0). In particular, R — R; is “free” [Cutkosky and
Piltant 2004, Definition 7.5]. R — R; factors (uniquely) as a product of quadratic
transforms and the divisor of xy in R; has two distinct irreducible factors in all
intermediate rings.

Theorem 2.3 [Cutkosky and Vinh 2014, Theorem 7.1]. Let R be a 2-dimensional
regular local ring with regular parameters x, y. Suppose that R is dominated by
a valuation v. Let Py(v, R) = x, P1(v, R) = y and {P;(v, R)} be the sequence
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of elements of R constructed in Theorem 2.1. Suppose that Q > 2. Then there
exists some smallest value i in the sequence (16) such that the divisor of xy in
Spec(T;) has only one component. Let Ry = T;. Then Ry/mpg, = R/mg(a1(v, R)),
and there exists x; € Ry and w € Z such that x; = 0 is a local equation of the
exceptional divisor of Spec(R;) — Spec(R), and Qo = x1, Q1 = P»/x|"" are
regular parameters in R|. We have that

Pi-‘rl(vv R)
P()(U, Rl)wnl(v,R)n-ni(v,R)

P(v, Ry) =

for 1 <i < max{2, oo} satisfy the conclusions of Theorem 2.1 for the ring R,.
We have that
G(Bo(v, R1), ..., Bi(v, R1)) =G(Bo(v, R), ..., Bi+1(v, R))

for i > 1, so that
ni(v, Ry) =nj;1(v,R) fori>1

and
Ri/mpga1(v, R1),...,0;(v, R))]=R/mgploe;(v, R), ..., aj+1(v, R)] fori>1,
giving
di(v, R\) =di+1(v, R) and n;(v,R;)=n;+1(v,R) fori>1.
Let og(v, R;) = 0 and inductively define
oi+1(v, Ry) =min{j > o;(1) [ n;(v, Ry) > 1}.

We then have that og(v, R;) = 0 and for i > 1, o;(v, R)) = 0i+1(v, R) — 1 if
ni(v,R)>1,and o;(v, Ry) =0;(v,R)— 1 ifn;(v, R)=1. Forall j >0,

S(Bo(v, R1), Bi(v, R1), ..., Bojpyw.r) (Vs R1))
= S(ﬁao(l)(v5 Rl)a ﬁ(T[(U,Rl)a AR | ﬂo'j(l),Rl)(U7 Rl))

Iterating this construction, we produce a sequence of sequences of quadratic
transforms along v,
R — Rl — s > RJI(U,R).

Now x,y = Py ,r) are regular parameters in R. By (17) (with y replaced
with y) we have that R, (,,g) has regular parameters

x; =@l oy = (O neR 0 R)E (20)

where w, a, b € N satisfy & =n4,,r) (v, R)b —wa = £1. Furthermore, Ry, (v r))
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has regular parameters X, (v, r), Yo, (v,R)» Where

fioy 0.0 (V. RY)
x=08x, ey and Yo Ry = StR, R Poyv.R) (V; R)

with § € R, (v,R) unit.

For the remainder of this section, we suppose that R is a 2-dimensional regular
local ring and v is a nondiscrete rational rank 1 valuation of the quotient field of R
with valuation ring V,, so that V,,/m,, is algebraic over R/mg. Suppose that f € R
and v(f) = y. We denote the class of f in P, (R)/P;F(R) C gr,(R) by in, (f). By
Theorem 2.2, we have that gr, (R) is generated by the initial forms of the P; (v, R)
as an R/mg-algebra. That is,

gr,(R) = R/mg[in, (Py(v, R)), in,(P; (v, R)), .. .]
= R/mg[in, (Poy,r) (v, R)), in, (Po, (v, 1) (v, R)), ...].
Thus the semigroup S¥(v) = {v(f) | f € R} is equal to

SRW) = S(Bo(w, R), Bi(v, R), ...) = S(Boyv. &) (Vs R), By v,y (s R), .. ),

the value group @, is equal to
G(Bo(v, R), Bi(v, R), ...)
and the residue field of the valuation ring V, /m,, is
R/mpgla1(v, R), a2(v, R), ...]1 = R/mglas, (v, R), ats, (v, R), .. .].

By (1) of Theorem 2.1, every element 8 € S®(v) has a unique expression
r
B=) aifi(v,R)
i=0

for some r with a¢; € N for all i and 0 < a; < n;(v, R) for 1 <i. In particular, if
a; # 0 in the expansion then g; (v, R) = Bo;w.r) (v, R) for some ;.

Lemma 2.4. Let
o; =0;(v, R), oi(1) =0;(v, Ry),

Bi = Bi(v, R), Bi(1) = Bi(v, Rs)),
P = P;(v, R), P;(1) = Pi(v, Ry)),
ni =n;(v, R), ni(1) =n;(v, Ry,),
n; =n;(v, R), ni(1) =n;(v, Ry).

SupposethatieN,reNandajENforj:O,...,r,withOfaj<ngjf0rj21,

are such that
V(P Pyr) > v(Py,)
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orr <1iand
V(P PIr) = v(Py,).

By (18) and Theorem 2.3, we have expressions in
Rs, = R[x1, Y1lm,nRLx 311
where x1, y1 are defined by (20),
PO PO = R (1% Py 1y (DY Poyy (1)

where t = iy a0 + way +wngay + - -+ wng, - ng,_,a, and
Y Pog(y (1) ifi =0,
Po, = 1 Y} Poyy (1)® ifi =1,
Pifxel(1)(1)Pao(l)(Dwnalmno"*1 ifi > 2.
Let

Moy ifi =0,

A= ifi=1,

NG~ Mg, If1 > 2.

Thent > A, except in the case where i =1, Pyl - - - Pjr = Poy and ngy = w = 1. In
this case we have A =t.

Proof. First suppose thati > 2 and r > i. Then
t—A= (ﬁalao +a)a1 +Cl)7’lglaz T+ +a)nal t ‘nar,lar) —Whg - Ny > 0.
Now suppose that i > 2 and r < i. We have that

(ng,a0 +way +---+wng, -+ Ng,_,ar — NG, -+ Ng_ ) Boy1) (1)
> Bo (1) —azBo,1y(1) — -+ —a,Bo,_,1)(1) > 0,

since nq;(1)(1) = ng,,, forall j, and so ns,,, B5;1)(1) < Bs,;,,1)(1) for all j.

Now suppose that i = 1. As in the proof for the case i > 2, we have thatt —A > 0
if r > 1, so suppose that i =1 and r = 0. Then 714, 85, = ®wBs,. From our assumption
aov(Py) > v(P1), we obtain t — A = ny,a0 — @ > 0 with equality if and only if
ap = w =ng, = 1 since ged(w, ng,) = 1.

Now suppose i = 0. As in the previous cases, we have t —A > 0 if r > 1
and t — A > 0 if r = 1 except possibly if Py°--- P/ = P;"'. We then have that
v(Pg!) > v(Py,), and so

Since

Po _ @
ﬂo’o ﬁal

we have that t — A = wa; —ny, > 0. O
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Lemma 2.5. Let notation be the same as in Lemma 2.4. Suppose that f € R,
with v(f) = v(Py,) for some i > 0, and that f has an expression of the form of
Theorem 2.2, P
f= cPy + Zci Pél(;)(j)Pgll(j) . P(?rr(j) +h,
j=1
where
o 5, reN;

e ¢,cjareunits in R;

O<ar(j)<ng forl <k <randl<j<s;
V() =v(Po) < (PGP P ) for 1 < j <s;
a(j) =0 fork > i ifv(f) =v(Per? ... P&D); and

e h emy withn > v(f).

Then stg, (f) is a unitin Ry, ifi =0o0r 1, and if i > 1, there exists a unit ¢ in Ro,
and Q € Ry, such that

str,, (f) = cPo_,(y(1) +x122
with v(stg, (f)) = v(Po,_,1)(1)) and v(Ps,_,1)(1)) < v(x1£2).

Proof. Let il iti=0,
A=3w ifi =1,
Whg, -+ Ng,_, 1fi>2.

Then

s
f=cH; + ZCj(yl)aa()(j)+bal(j)P()'()(l)(l)tj Py, (l)tlz(j) .. Pa,,](l)(l)ar(j)

=1
’ + Pao(l)(l)th,
with i} o
()4 Py (1™ ifi =0,
Hi = ()" Poy1y (D® ifi=1,
PJO(I)(I)wnl...ni*IPo‘,—_l(l)(l) lfl 2 27
h' € R,, and

ti =nyao(j) +wa(j) +wnga(j)+---+owng - -ng,_ ar(j)

forl <j<sandt>A. ByLemma24,ifi>2ori=0,we have that ¢; > A for
all j. Thus f = Pao(l)(l)kf, where

S
F=cGi+ Y cjPoyy()T Poy iy (N2 - Py 1y (D@D Poyiy (1) 41
j=1

is a strict transform f = stg, (f) of f in Ry, with
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() ifi =0,
Gi=1{ )’ ifi =1,
Pgifl(l)(l) ifi >2.

If i =1, then by Lemma 2.4, ¢; > A for all j, except possibly for a single term
(which we can assume is 1) which is P,,, and we have that w = ns = 1. In this

case 11 = A. Then
Py,

[P_UO] - adl (U, R) € VU/ml)a

which has degree d, (v, R) =ns > 1 over R/mp. By (18), x =x1, y = x1y1 and
f=xilc+ciyr +x19]

with Q € R,,. We have that ¢ 4 ¢y, is a unit in R, since

_ | foo R O
[yl]—[P—]¢ /mg.

o]

3. Finite generation implies no defect

Suppose that R is a 2-dimensional excellent regular local ring and S is a 2-
dimensional regular local ring such that S dominates R. Let K be the quotient field
of R and K* the quotient field of S. Suppose that K — K™ is a finite separable
field extension. Suppose that v* is a nondiscrete rational rank 1 valuation of K*
such that Vi« /m,« is algebraic over §/mg and that v* dominates S. Then we have
a natural graded inclusion gr,(R) — gr,«(S), so that for f € R, we have that
in,(f) = in,=(f). Let v = v*|K. Let L = V,«/m«. Suppose that gr.(S) is a
finitely generated gr,,(R)-algebra.

Let x, y be regular parameters in R, with associated generating sequence to v,
Py= Py(v, R)=x,Py = Pi(v,R) =y, P, = P,(v, R),... in R as constructed
in Theorem 2.1, with U; = U;(v, R), Bi = Bi(v, R) = v(P), y; = a;(v, R),
m; = m;(v,R), m; =m;(v,R), di = d;(v, R) and 0; = 0;(v, R) defined as in
Section 2.

Similarly, let u, v be regular parameters in S, with associated generating se-
quence to v*, Qo = Po(v*,S) =u, Q1 = Pi(v*, S) = v, @ = P,(v*, S), ... in
S as constructed in Theorem 2.1, with V; = U;(v*, S), y; = B;(v*, S) = v*(Q;),
5,‘ = O[,'(l)*, S), n; = n,-(v*, S), ﬁ,- = fl,‘(U*, S), e = (X,‘(V*, S) and T = O'i(l)*, S)
defined as in Section 2.

With our assumption that gr.(S) is a finitely generated gr,,(R)-algebra, we have
that for all sufficiently large /,

gr,«(S) =gr,(R)[iny=Qx,, . .., In= 0y ]. 21
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Proposition 3.1. With our assumption that gr . (S) is a finitely generated gr,,(R)-
algebra, there exist integers s > 1 and r > 1 such that for all j > 0,

ﬁo’r+j = yferj ’ mO’rJrj = n‘ESJrjv dUrJrj == e‘L'H,j ’ mO'H,j == n‘[ﬁ,j )

G(ﬂa(p R ﬂ(frf,') C G(y‘f()v cee y‘L'S+j)a
[G(yfov MR y‘[ﬁ._,‘) . G(ﬂo‘oa crey ﬂJH__,')] = e(V*/V),

R/mR[(SJl, ey 80r+j] C S/ms[é‘rl, ceey 8fs+j]
and
[S/ms[g‘[[v AR ] gferj] : R/mR[80'19 MR 8U,~+j]] = f(V*/U)

Proof. Let [ be as in (21). For s > [, define the subalgebra A, of gr .(S) by
Ars = S/mS[inv* Qros ey inv* QIX]-
For s > 1, let
rs = maX{j | inU*PU'j € A‘L’S}’

As =[G (Vegs -+ > ¥2,) : G(Boys - - > B, )]s
and

XS = [S/ms[g‘[()a R 81’5] : R/mR[a(T()’ AL 6LT,S]]'
To simplify notation, we write r = rs.

We now show that B, ., = y;,.,. Suppose that B, , > y; . We have that

iny« Q[\*+] € grv(R)[inv* Q‘Eov RO | Q‘L’S]'
Since
:30r+1 < :80r+2 <t

we then have that in,« Q. ., € A, which is impossible. Thus B, | <y . If
ﬁGH,] < y‘cs+1, then Since

)/Ts+1 < yfx+2 < and inU* P6r+l € grl)*(S)’

we have that in,« P, € A, which is impossible. Thus B, = y¢,.,.
We now establish that either we have a reduction Ay < Ag or

Ast+1 = As, ,BU,H =V, and rﬁarH = ﬁrﬁl. (22)
Let w be a generator of the group G(yy,, ..., ¥z,), so that G(yy,, ..., ¥r,) = Zow.
We have that
G(yfov---»yfs+1): - Zw
Ts+1
and
G(IBUO’ ceo ﬁo-r+1) == Z(hsw).

Or+1
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There exists a positive integer f with gcd(f, n,,_,) = 1 such that

yTS-H == w,
Ts+1

and a positive integer g with gcd(g, m,,,,) = 1 such that

8
Bo,1 = = Asw.

Or+1

Since B, = Vr,,,» We have
g)"Snsz = fmUH—l :

Thus 7, divides m,, ., and m,, ., divides Asnn,,,, so that

a= n_/lar-%—l
nferl
is a positive integer, and defining
_ Ag
A=—,
a
A is a positive integer with
As A
mUr+1 nfs+1

and
= [G(y‘fo’ cees yferl) : G(ﬁd()’ cees ﬂo‘r+1)]-

Since Ag41 < A, either Ay < As O Ay = Ay and g, = iiy,,,-
We now suppose that s is sufficiently large that (22) holds. Since

inQq,, €gr,«(S) =gr,(R)[iny«Qq, ...,in+ Q¢ ],
if n, ., > 1 we have an expression
il’lv* PJH_I = il’lv* (O{)il’lv* QT.H—I (23)

. + . . . . —_ _ . .
n PVTM(S)/P%H](S) with o a unitin S, and if n,, =1, since iny« P,, | & Ay we
have an expression

iny- ParH = iny+ (a)in,« Q‘fs+l + Z iny«(ay)(iny+ Qro)jo <o (iny er)jx (24)

in Py, 1(S) /P+ 1(S) with o a unit in S, where the sum is taken over certain
J=({o,.--, ]S) e N**1 such that the oy are units in S, and the terms inQq
and (iny« Q)% - - - (iny= Q)% are all linearly independent over S/ms.
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The monomial Uy, ,, in Py, ..., P, and the monomial V; in Q, ..., O

both have the value 71,y ., = Mg, Bo,,,, and satisfy

Mg
Ts+1
8rs+1 - [ vV ]

Ts+1
and _
nT.
. [Po,:' ]
Or41 — U .
Or+1
Since Uy, ,,, Vz,,, € A, and by (12) and Theorem 2.1(2), we have that

vz,
[U—“} € S/msler, ..., el

Or+1

If n,, > 1, then by (23), we have

i, firy
[Par+J1rl } — [ st+1 }([a]ﬁfﬁ—l [ fﬁ:l })
UO-H» 1 Uo-r +1 Vts+ 1
in L =V,+/m«, and if n,_ =1, then by (24) we have
[P 28 } _ [ Yo }([a][—Q’”‘] Y [aj][_ig - 0x ])
U0r+1 U0r+1 st+1 VTH—I
Thus by (12),

S/mS[Sna MR ST.V][ETH_]] = S/mS[erp LI 81’5][80',4_1]' (25)

We have a commutative diagram

S/mS[S‘L’]v ceey 8‘1,’.;] —_— S/ms[g‘n’ D) 81’;5 81}4_]]: S/ms[gtp ceey 81}][80}4_1]

I I

R/mR[8017 ey 80‘,-] I R/mR[aala ey 80,][8(7,“]

Let
X = [S/ms[g‘t']? ] 8‘[5’ 81,'5-+1] : R/MR[(SUI, LR ] 50‘,9 80r+1]]'
Since
S/mS[Erp L] 81’57 87,’54_1] = S/mS[S‘L’]’ L] 813][80,+]]5
we have that e, ,, | do,. . Further,

d

Or41 =
——X = Xs»
erﬁrl
whence ¥ < x;. Thus x;41 < xy andif x5 = xs, thend,, ., =e;_ andry j=r+1,
since Py, ., € Ay, implies Agy1 < Ag OF X541 < Xs-
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We may thus choose s sufficiently large that there exists an integer r > 1 such
that for all j > 0,

ﬂar+j = yTs+j’ mffrﬂ' = ﬁTerj’ dfTr+j = Croygs Me,,; = Nrysjs
G(ﬁd()’ ceey ﬁ0r+j) C G(yfoa cee y'f,v+_j)v
there is a constant A (which does not depend on j) such that
(G (Vs + s Vo) 2 G(Bogs - o5 By )1 =4,
R/mR[sal’ ceey 8(7,-+j] C S/mS[Srp cee S‘ESJrj]’

and there is a constant y (which does not depend on j) such that

[S/msleq, ..., erm.] :R/mplés,, ..., 5a,+j]] =¥x.
Then 1
D« = Z
v Uﬁrv Tl @,
]Zl s+1 s+J

where G(y,, ..., ¥r,) = Zw, and
1 1

d, = — Mo = — Mo,
’ jL;Jl Mo,y 'm0r+_j ]L>Jl Ry g nf.v+_j
so that
A=[D: D] =e(*/v).
Fori >0, let K; = R/mg[ds,, ..., 85,1 and M; = §/mgeq, ..., &, ]. We have
that M; 1 = M;[d,,,,.,] fori >0 and x = [M; : K;] for all i. Further,

o0 [e.¢]
UMi=Vie/my and | JKi=V,/m,.
i=0 i=0

Thus if g1, ..., g1 € Mp form a basis of My as a Ky-vector space, then g, ..., g
form a basis of M; as a K;-vector space for all i > 0. Thus

X =[Ve/my: V,/m,] = f(V*/v). O

Let r and s be as in the conclusions of Proposition 3.1. There exists t; with t > s
such that we have a commutative diagram of inclusions of regular local rings

Ry, — S,

1

R——S

(with the notation introduced in Section 2). After possibly increasing s and r,
we may assume that R” C R,,, where R’ is the local ring of the conclusions of
Proposition 1.1. Recall that R has regular parameters x = Py, y = P; and S has
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regular parameters u = Qo, v = Q1; and that R, has regular parameters x,,, Yo,
such that

.

Mg,
X = SXU, ) Yo, = StRnr Par+1 ’

where § is a unit in R, and Sy, has regular parameters u.,, v, such that

ﬁfl.“ﬁ'[f
u = 8”‘[; ’ v'L’[ = StSf, Q‘L’,_H )

where ¢ is a unit in S;,. We may choose ¢ >> 0 so that we have an expression
A
Xo, = QU7 (26)

for some positive integer A, where ¢ is a unit in Sy, since [ 7o, S, = V.
We have expressions P; = y;x’ in R,,, where the y; are units in R, fori <oy,
so that P, = i//l.*ug’\ in S;,, where the ¥/ are units in S;, for i < o,, by (26).

Lemma 3.2. For j > 1 we have

)‘.
Sthr(PO‘,Jrj) = uftj StSft(PUr+j)

Jor some A ; € N, where we regard P, . as an element of R on the left-hand side of

the equation and regard P, as an element of S on the right-hand side.

Proof. Using (26), we have

fi Mt
Parﬂ- = StRa,(PorJrj)xo,j = StRUr(Parﬂ-)”f; J(pf,,
where f; € N. Viewing P,, . as an element of S, we have that

P

_ 8
Or+j — Stsrz (PUr+j)uTt

for some g; € N. Since u,, { sts, (Ps,,;), we have that f;1 < g; and therefore
Aj:gj—fjkzo. O

By induction on the sequence of quadratic transforms above R and S from
Lemma 2.5, and since v*(Py,, ;) = Bs,,; = V1,,; by Proposition 3.1, we have by
(23) and (24) an expression

sts,, (Po,, ;) = csts, (Qr,, ;) + ur, 2 (27
with ¢ € §;, a unit, Q € S, and v*(u,, Q) > v*(sts, (O, ;) if s+ j >1; and

St (P,

r+j

) is a unit in S, (28)

. . dj - . . P -
if s+ j <t. Thus P, , = u7 ¢; in S;,, where d; is a positive integer and ¢; is a
unitin S, if s +j <1.

Suppose s < t. Then

Yo, = str,,(Ps,.,) = Gul,
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where ¢ is a unit in S, and 4 is a positive integer. As shown in (20) of Section 2,

Rs, ., = Ro,[X1, Y1lm,nR,, (71,5115
where

b &

- — - — m
X1 = (%, 95", V1=, “yo," )",

with e =mgs b —wa = %1, v(x1) > 0 and v(y;) = 0. Substituting
Xg, = gouﬁt and y, = €5”¢,v

we see that R, ., is dominated by S;,. We thus have a factorization

Or+1

Rs;, — R — S,

Or+1
with x5, ,, =X = gﬁuﬁ:, where ¢ is a unit in S;, and A’ is a positive integer. We may
thus replace s with s + 1, r with r +1 and R,, with R, ;.

Iterating this argument, we may assume that s = ¢t (with r = ry), so that by
Lemma 3.2, (28) and (27),

Yo, = StR(,,(Po,_H) = Mfé_Ster(Pgr_H),

where
StSrs(PUrJrl) =c StSrS(Qrﬁrl) + ufs Q

with ¢ a unit in S, and 2 € S;,. Thus by (26), we have an expression
Xo, = (/’ui-: s Yo, = éu‘é (Urx +us, Q),

where A is a positive integer, « € N, ¢ and & are units in S, and 2 € S;,.
We have that
V*(xar) = )\U*(uts),

V(x5,)Z = G(v(x5,)) = G(Boy, - - -5 Bo, )

V()2 =G0 (ur,)) = G(Vrys - - -5 V)
Thus
A=[G(Vry - s V) i G(Boys - -+, B, )] = e(v*/v)

by Proposition 3.1.
By Theorem 2.3, we have that

Ry, /mpg, = R/mg[ds,,...,05] and Sg/ms_=S§/mgler,..., ]

Thus
[Sts/ers : Ror/mRa,-] = f(v*/v)
by Proposition 3.1.
Since the ring R’ of Proposition 1.1 is contained in R, by our construction, we
have by Proposition 1.1 that (K, v) — (K*, v*) is without defect, completing the
proofs of Proposition 0.3 and Theorem 0.1.
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4. Nonsplitting and finite generation

In this section, we maintain the following assumptions. Suppose that R is a 2-
dimensional excellent local domain with quotient field K. Further suppose that K*
is a finite separable extension of K and S is a 2-dimensional local domain with
quotient field K* such that S dominates R. Suppose that v* is a valuation of K*
such that v* dominates S. Let v be the restriction of v* to K.

Suppose that v* has rational rank 1 and v* is not discrete. Then V«/m« is
algebraic over S/mg, by Abhyankar’s inequality [1956, Proposition 2].

Lemma 4.1. Let assumptions be as above. Then the associated graded ring gr . (S)
is an integral extension of gr, (R).

Proof. It suffices to show that in,«(f) is integral over gr,(R) whenever f € S.
Suppose that f € S. There exists n; > 0 such that njv*(f) € ®,. Let x € mg and
w = v(x). Then there exists a positive integer » and natural number a such that

bnv*(f) = aw, so fbnl
v*( ) =0.
xll

bny
§=[f ]GVU*/mV*a
X

Let

a

and let g(¢) =1¢" +a,_1t" '+ +ay withg; € R/mpg be the minimal polynomial
of & over R/mg. Let q; be lifts of the a; to R. Then

V*(fblnlr +ar_1xafbn1(r—1) + - +a0xar)

> U*(fbnlr) — U*(Clrflxafbnl(r_l)) e — U*(a()xar).
Thus,
in,,*(f)bl’“’ + inv(ar,lx“)inv*(f)b’”(’_l) + - +iny(agx®) =0
in gr . (S), so in,«(f) is integral over gr,.(R). ([l

We now establish Theorem 0.5. Recall (as defined after Proposition 0.3) that v*
does not split in S if v* is the unique extension of v to K* which dominates S.

Theorem 0.5. Let assumptions be as above and suppose that R and S are regular
local rings. Suppose that gr,.(S) is a finitely generated gr, (R)-algebra. Then S is
a localization of the integral closure of R in K*, §(v*/v) = 0 and v* does not split
in S.

Proof. Let s and r be as in the conclusions of Proposition 3.1. We first show that
P, ,; is irreducible in S for all j > 0. :Fhere exists a unique extension of v* to
the quotient field of S which dominates S [Spivakovsky 1990; Cutkosky and Vinh

2014; Herrera Govantes et al. 2014]. The extension is immediate since v* is not



1484 Steven Dale Cutkosky

discrete; that is, there is no increase in value group or residue field for the extended
valuation. It has the property that if f € S and { fi} is a Cauchy sequence in S
which converges to f, then v*(f) = v*(f;) for all i > 0.

Suppose that Py, ; is not irreducible in S for some j > 0. We derive a contra-
diction. With this assumption, Py, = fg with f, g € mg. Let { f;} be a Cauchy
sequence in S which converges to f and let {g;} be a Cauchy sequence in S which
converges to g. For i sufficiently large, f — fi, g —gi € m’; , where n is so large
that nv*(mg) = nv*(mg) > v(Pys, ;). Thus Py, = figi+h withh € m’S’ NS =mf,
and s0 iny« (Py,, ;) = iny«(f;)iny«(g;). Now

V*(ﬁ)v V*(gi) < V(P(TH__,‘) = ﬂ(TH_j = )/rs+,~ = v*(QTH__,‘)v
so that
in(f;), iny(g;) € §/mglin(Q), . . ., inu*(Qrsﬂ-,,)],

which implies
inv*(PO'H__,‘) € S/ms[inv*(Q‘L'())v D) inv*(QTs+j—])]'

But then (24) implies
iny+(Qr, ;) € S/msling(Qq), ..., iy (Qr; )],

which is impossible. Thus P, , , is irreducible in S for all j > 0.

If S is not a localization of the integral closure of R in K*, then by Zariski’s
main theorem (Theorem 1 of Chapter 4 in [Raynaud 1970]), mgS = f N, where
f € mg and N is an mg-primary ideal. Thus f divides P; in S for all i, which
is impossible since we have shown that Py, ; is analytically irreducible in § for
all j > 0; we cannot have Py, ,, = a; f where a; is a unit in § for j > 0O since
v(Py,, ;) =v*(Qr,_,) by Proposition 3.1.

Now suppose that v* is not the unique extension of v to K* which dominates S.
Recall that V, is the union of all quadratic transforms above R along v and V,« is the
union of all quadratic transforms above S along v* [Abhyankar 1959, Lemma 4.5].

Then for all i > 0, we have a commutative diagram

Ry, — T;

[

R——T

where T is the integral closure of R in K*, T; is the integral closure of R,, in K*,
§ =T, for some maximal ideal p in T which lies over mg, and there exist r > 2
prime ideals p; (i), ..., p, (i) in 7; which lie over m Ry, and whose intersection with
T is p. We may assume that p; (i) is the center of v*.
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There exists an mg-primary ideal /; in R with blowup y : X;, — Spec(R), where
X, 1s regular and Ry, is a local ring of X,,. Let Z,, be the integral closure of
X5, in K*. Let Yy, = Z,, X Spec(r) Spec(S). We have a commutative diagram of
morphisms

Yo — s X,

5| K

Spec(S) — Spec(R)

The morphism § is projective by [EGA II 1961, Proposition I1.5.5.5 and Corollary
I1.6.1.11] and it is birational, so since Y, and Spec(S) are integral, it is a blowup
of an ideal J; in S [EGAIII; 1961, Proposition I11.2.3.5], which we can take to
be mg-primary since S is a regular local ring and hence factorial. Define curves
C =Spec(R/(P5,)) and C' = o l(C)= Spec(S/(Ps;)). Denote the Zariski closure
of a set W by W. The strict transform C* of C’ in Y,,, is the Zariski closure

C*=8"1(C"\mg) =8"1a=(C\mp) = p~'y~1(C \ mp)
=B~ Yy—1(C \ mp)) (since B is quasifinite)
=B~ 1(0), (29)

where C is the strict transform of C in Xo,. We have Z,, x X, Spec(Ry,) = Spec(T;),

S0
Yo, Xx, Spec(Ry,) = Spec(T; ®r ).

Let x,, be alocal equation in R,, of the exceptional divisor of Spec(R,,) — Spec(R)
and let y,, = stRoi(Pgl.). Then x,,, y5, are regular parameters in R,,. We have that

Vg, (T, ®7 ) =) p,; ()T ®r S).

j=1

The blowup of J;(S/(P,.)) in C" is § : C* — C', where § is the restriction of § to
C* [Hartshorne 1977, Corollary I1.7.15]. Since y,, is a local equation of C in R,
we have by (29) that

pl(i)= o 7pr(l) S S_](ms) C C*

Since § is proper and C’ is a curve, C* = Spec(A) for some excellent 1-dimensional
domain A such that the inclusion S/(P;,) — A is finite [Milne 1980, Corollary
[.L1.10]. Let B=A ®5/(pni) S/(Pgi). Then

C* XSpec(s/(ry) Spec(8/(Py,)) = Spec(B) — Spec(S/(Py,))

is the blowup of J,~(S‘ /(Ps;)) in S /(P5;). The extension S /(Ps,) = B is finite since
S/(P,,) — A is finite.
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Now assume that S/(F,,) is analytically irreducible. Then B has only one
minimal prime since the blowup Spec(B) — Spec(S‘ /(Ps;)) is birational.

Since a complete local ring is Henselian, B is a local ring [Milne 1980, Theorem
1.4.2 on page 32], a contradiction to our assumption that r > 1. ([

As a consequence of the above theorem, we now obtain Corollary 0.6.

Corollary 0.6. Let assumptions be as above and suppose that R is a regular local
ring. Suppose that R — R’ is a nontrivial sequence of quadratic transforms along v.
Then gr,(R’) is not a finitely generated gr, (R)-algebra.

Proof. The integral closure of R in its quotient field is R, which is not equal to
R’ since mg R’ is a principal ideal. Thus gr, (R’) is not a finitely generated gr,(R)-
algebra by Theorem 0.5. U

The conclusions of Theorem 0.5 do not hold if we remove the assumption that
v* is not discrete, when V,,/m,, is finite over R/mg. We give a simple example.
Let k be an algebraically closed field of characteristic not equal to 2 and let p(u)
be a transcendental series in the power series ring k[[u#] such that p(0) = 1. Then
f =v—up(u) is irreducible in the power series ring k[[u, v] and k[[u, v]]/(f) is a
discrete valuation ring with regular parameter u. Let v be the natural valuation of this
ring. Let R = k[u, v],v) and S = k[x, y](,y). Define a k-algebra homomorphism
R — S by u+s x? and v — y%. The series f(x2, y?) factors as

f=0=—xvpe®)(y+xvpx?))
in k[[x, y]. Let fi =y —xvp(x?) and f» = y +xvp(x?). The rings k[[x, y1/(f)

are discrete valuation rings with regular parameter x. Let v; and v, be the natural
valuations of these ring.

Let v be the valuation of the quotient field of R which dominates R and is defined
by the natural inclusion R — k[[u, v]l/(f), and let v; for i = 1, 2 be the valuations
of the quotient field of S which dominate S and are defined by the respective natural
inclusions S — k[[x, yII/(f;). Then v; and v, are distinct extensions of v to the
quotient field of S which dominate S. However, we have that gr,(R) = k[in, («)] and
gr,, (8) = k[iny+(x)] with in,» (x)? =in,(u). Thus gr,, (S) is a finite gr, (R)-algebra.

We now give an example where v* has rational rank 2 and v splits in S but gr . (S)
is a finitely generated gr,(R)-algebra. Suppose that k is an algebraically closed
field of characteristic not equal to 2. Let R = k[x, y],y) and S = k[u, v],v).
The substitutions # = x> and v = y> make S into a finite separable extension
of R. Define a valuation v; of the quotient field K* of S by vi(x) = 1 and
vi(y —x) = + 1, and define a valuation v, of the quotient field K* by vp(x) =1
and v(y +x) =7 + 1. Since u = x? and v —u = (y — x)(y + x), we have that
vi(u) = vp(u) =2 and vi(v —u) = (v —u) = m + 2. Let v be the common
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restriction of v; and v; to the quotient field K of R. Then v splits in S. However,
gr,,(S) is a finitely generated gr, (R)-algebra since gr,, (S) = k[in,, (x), in,, (y —x)]
is a finitely generated k-algebra. Note that gr (R) = k[in, (), in, (v — u)] with
iny, (x)? =in,(«) and in, (v — u) = 2iny, (y — x)iny, (x).
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