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Quasi-Galois theory
in symmetric monoidal categories

Bregje Pauwels

Given a ring object A in a symmetric monoidal category, we investigate what
it means for the extension 1→ A to be (quasi-)Galois. In particular, we define
splitting ring extensions and examine how they occur. Specializing to tensor-
triangulated categories, we study how extension-of-scalars along a quasi-Galois
ring object affects the Balmer spectrum. We define what it means for a separable
ring to have constant degree, which is a necessary and sufficient condition for the
existence of a quasi-Galois closure. Finally, we illustrate the above for separable
rings occurring in modular representation theory.
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Introduction

Classical Galois theory is the study of field extensions l/k through the group of
automorphisms of l that fix k. If f is a polynomial over k, the splitting field of f
over k is the smallest extension over which f decomposes into linear factors. If
f ∈ k[x] is moreover separable, its splitting field is the smallest extension l such that
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l⊗k k[x]/( f )∼= l× deg( f ). The field extension l/k is often called quasi-Galois1 if l
is the splitting field of some polynomial in k[x]. Then, an algebraic field extension
is called Galois whenever it is quasi-Galois and separable.

The generalization of Galois extensions from fields to rings originated with Aus-
lander and Goldman [1960, Appendix]; see also Remark 5.6. Grothendieck [SGA 1
1971] took on an axiomatic viewpoint to Galois theory and revealed its relation with
the fundamental group. Janelidze [2001] adopted a purely categorical approach
which covered the above examples. More recently, Rognes [2008] introduced a
Galois theory up-to-homotopy. For more generalizations in various directions, see
[Chase and Sweedler 1969; Hess 2009; Kreimer 1967].

In this paper, we adapt some of these ideas to the context of ring objects in an
additive symmetric monoidal category (K,⊗,1), with special emphasis on tensor-
triangulated categories. That is, our analogue of a field extension will be a monoid
η : 1→ A in K with associative commutative multiplication µ : A⊗ A→ A. We
call A a ring in K, and moreover assume that A is separable, which means µ has
an (A, A)-bilinear right inverse A→ A⊗ A.

Separable ring objects play an important (though at times invisible) role in
various areas of mathematics. In algebraic geometry, for instance, they appear as
étale extensions of quasicompact and quasiseparated schemes; see [Balmer 2016a;
Neeman 2015]. More precisely, given a separated étale morphism f : V → X ,
the object A := R f∗(OV ) in Dqcoh(X) is a separable ring, and we can understand
Dqcoh(V ) as the category of A-modules in Dqcoh(X). In representation theory, we
can let K(G) be the (derived or stable) module category of a group G over a field k,
and consider a subgroup H < G of finite index. Balmer [2015] showed there
is a separable ring AG

H in K(G) such that the category of AG
H -modules in K(G)

coincides with K(H), and such that the restriction functor

ResG
H : K(G)→ K(H)

is just extension-of-scalars along AG
H . In the same vein, extension-of-scalars along

a separable ring recovers restriction to a subgroup in equivariant stable homotopy
theory, in equivariant KK-theory and in equivariant derived categories; see [Balmer
et al. 2015]. For more examples of separable rings in stable homotopy categories,
we refer to [Baker and Richter 2008; Rognes 2008].

Thus motivated, we study how much Galois theory carries over. Recall that a
ring A in K is indecomposable if it does not decompose as a product of nonzero
rings. Separable ring objects have a well-behaved notion of degree [Balmer 2014]
and our first Galois-flavored result (Theorem 4.5) shows that the number of ring
endomorphisms of a separable indecomposable ring in K is bounded by its degree.

1see [Bourbaki 1981, V.9.3]. In the literature, a quasi-Galois extension is sometimes called normal
or Galois, probably because these notions coincide when l/k is separable and finite.
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Definition. Let A and B be separable rings of finite degree in K. We say B splits A
if B⊗ A ∼= B× deg(A) as (left) B-algebras in K. We call an indecomposable ring B
a splitting ring of A if B splits A and any ring morphism C→ B, where C is an
indecomposable ring splitting A, is an isomorphism.

Definition. If A is a ring in K and 0 is a group of ring automorphisms of A, we
call A quasi-Galois in K with group 0 if the A-algebra homomorphism

λ0 : A⊗ A→
∏
γ∈0

A

defined by prγ λ0 = µ(1⊗ γ ) is an isomorphism.

Under mild conditions on K, Corollary 6.10 shows an indecomposable ring B
is quasi-Galois in K for some group 0 if and only if B is a splitting ring of some
separable ring A in K. By Theorem 5.9, this happens exactly when B has deg(B)
distinct ring endomorphisms in K. Moreover, Proposition 6.9 shows that every
separable ring in K has (possibly multiple) splitting rings. In particular, l is a
splitting field of a separable polynomial f over k if and only if l is a splitting ring
of k[x]/( f ) in the category k-mod; our terminology matches classical field theory.

If, in addition, we assume that K is tensor-triangulated, we can say more about
the way splitting rings arise. Balmer [2005] introduced a topological space Spc(K)
associated to K, in which every object x ∈K has a support supp(x)⊂ Spc(K). The
Balmer spectrum Spc(K) provides an algebro-geometric approach to the study of
triangulated categories, and a complete description of the spectrum is equivalent to
a classification of the thick ⊗-ideals in the category.

For the remainder of the introduction, we assume K is tensor-triangulated and
nice (say, Spc(K) is noetherian or K satisfies Krull–Schmidt). If A is a separable
ring in K, the Eilenberg–Moore category A-ModK of A-modules in K admits a tri-
angulation such that extension-of-scalars K→ A-ModK is exact; see [Balmer 2011,
Corollary 4.3]. We can thus extend scalars along a separable ring without leaving the
tensor-triangulated world or descending to a model category. If A is quasi-Galois
with group 0 in K, then 0 acts on A-ModK and on the spectrum Spc(A-ModK).
By Theorem 9.1, the 0-orbits of Spc(A-ModK) are given by supp(A) ⊂ Spc(K).
In particular, we recover Spc(K) from Spc(A-ModK) if supp(A)= Spc(K), which
happens exactly when A⊗ f =0 implies f is⊗-nilpotent for every morphism f in K.

Recall that for a quasi-Galois field extension l/k, any irreducible polynomial
f ∈ k[x] with a root in l splits in l; see [Bourbaki 1981, V.9.3]. Proposition 9.6
provides us with a tensor triangular analogue:

Proposition. Let A be a separable ring in K such that the spectrum Spc(A-ModK)

is connected, and suppose B is an A-algebra with supp(A) = supp(B). If B is
quasi-Galois in K, then B splits A.
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Finally, Theorem 9.7 reveals which separable rings have a quasi-Galois closure
in K. Given P ∈ Spc(K), we consider the local category KP at P, the idempotent
completion of the Verdier quotient K/P. We say a ring A has constant degree in K

if the degree of A as a ring in KP is the same for every prime P ∈ supp(A).

Theorem. If A has constant degree in K and the spectrum Spc(A-ModK) is con-
nected, then A has a unique splitting ring A∗. Furthermore, supp(A)= supp(A∗)
and A∗ is the quasi-Galois closure of A in K. That is, for any A-algebra B that is
quasi-Galois in K with supp(A)= supp(B), there exists a ring morphism A∗→B.

We conclude this paper by computing degrees and splitting rings for the separable
rings AG

H := k(G/H) mentioned above. Here, H < G are finite groups and k is a
field with characteristic p dividing |G|. The degree of AG

H in Db(kG-mod) is simply
[G : H ] and AG

H is quasi-Galois if and only if H is normal in G. Accordingly, the
quasi-Galois closure of AG

H in Db(kG-mod) is the ring AG
N , where N is the normal

core of H in G (see Corollary 10.11). On the other hand, Proposition 10.13 shows
the degree of AG

H in kG-stab is the greatest 0≤ n ≤ [G : H ] such that there exist
distinct [g1], . . . , [gn] in H\G with p dividing |H g1 ∩ · · · ∩ H gn |. In that case, the
splitting rings of AG

H are exactly the AG
H g1∩···∩H gn with g1, . . . , gn as above.

1. The Eilenberg–Moore category

Definition 1.1. Let K be an additive category. We say K is idempotent-complete
if for all x ∈ K, any morphism e : x → x with e2

= e yields a decomposition
x ∼= x1 ⊕ x2 under which e becomes

(
1 0
0 0

)
. Every additive category K can be

embedded in an idempotent-complete category K\ in such a way that K ↪→ K\ is
fully faithful and every object in K\ is a direct summand of some object in K. We
call K\ the idempotent-completion of K, and [Balmer and Schlichting 2001] shows
that K\ stays triangulated if K was.

Notation 1.2. Throughout, (K,⊗,1) denotes an idempotent-complete symmetric
monoidal category. For objects x1, . . . , xn in K and a permutation τ ∈ Sn , we also
write τ : x1⊗ . . .⊗xn→ xτ(1)⊗ . . .⊗xτ(n) to denote the isomorphism that permutes
the tensor factors.

Definition 1.3. A ring object A ∈ K is a monoid (A, µ : A⊗ A→ A, η : 1→ A)
with associative multiplication µ and two-sided unit η. We call A commutative
if µ(12) = µ. All ring objects in this paper will be commutative and we often
simply call A a ring in K. For rings A and B in K, a ring morphism f : A→ B is
a morphism in K that is compatible with the ring structure.

A (left) A-module is a pair (x ∈ K, % : A ⊗ x → x), where the action % is
compatible with the ring structure in the usual way. Right A-modules as well as
(A, A)-bimodules are defined analogously.
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The Eilenberg–Moore category A-ModK has left A-modules as objects and
A-linear morphisms, which are defined in the usual way. See [Eilenberg and Moore
1965] or [Mac Lane 1998, Chapter VI] for more details. Every object x ∈K gives
rise to a free A-module FA(x)= A⊗ x with action given by

% : A⊗ A⊗ x
µ⊗1
−−→ A⊗ x .

We call the functor FA :K→ A-ModK the extension-of-scalars, and write UA for
its forgetful right adjoint:

K

a

A-ModK

FA UA

A ring A in K is separable if the multiplication map µ has an (A, A)-bilinear
section σ : A→ A⊗ A. That is, µσ = 1A and the diagram

A⊗ A

A⊗ A⊗ A A A⊗ A⊗ A

A⊗ A

σ⊗1 1⊗σ
µ

1⊗µ
σ

µ⊗1

commutes.

Remark 1.4. The module category A-ModK is idempotent-complete whenever K

is idempotent-complete.

Example 1.5. Let R be a commutative ring and consider the category R-mod
of finitely generated R-modules. Let A be a commutative projective R-algebra
and suppose A is separable over R, that is A is projective as an A⊗R A-module.
Then A is finitely generated as an R-module by [DeMeyer and Ingraham 1971,
Proposition 2.2.1], so A defines a separable ring object in R-mod. On the other
hand, we can think of A= A[0] as a separable ring object in Dperf(R), the homotopy
category of bounded complexes of finitely generated projective R-modules. Note
that the category of A-modules in Dperf(R) is equivalent to Dperf(A) by [Balmer
2011, Theorem 6.5].

Notation 1.6. Let A and B be rings in K. The ring structure on A⊗ B is given
by (µA⊗µB)(23) : (A⊗ B)⊗2

→ (A⊗ B). We write Ae for the enveloping ring
A⊗ Aop, so that left Ae-modules are just (A, A)-bimodules. We write A× B for
the ring A⊕ B with componentwise multiplication.
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Remark 1.7. If A and B are separable rings in K, then so are Ae, A⊗B and A×B.
Conversely, A and B are separable whenever A× B is separable.

Remark 1.8. Let A be a ring in K. Note that every (left) A-linear endomorphism
A→ A is in fact Ae-linear, by commutativity of A. What is more, any two A-linear
endomorphisms A→ A commute.

Definition 1.9. We call a nonzero ring A in K indecomposable if the only idem-
potent A-linear endomorphisms A→ A in K are the identity 1A and 0. In other
words, A is indecomposable if it does not decompose as a direct sum of nonzero
Ae-modules. By the following lemma, this is equivalent to saying A does not
decompose as a product of nonzero rings.

Lemma 1.10 [Balmer 2014, Lemma 2.2]. Let A be a ring in K. Suppose there is
an Ae-linear isomorphism h : A −→∼ B⊕C for some Ae-modules B,C in K. Then
B and C admit unique ring structures under which h becomes a ring isomorphism
h : A −→∼ B×C.

Let (A, µ, η) be a separable ring in K with separability morphism σ . In what
follows, we define a tensor structure ⊗A on A-ModK under which extension-of-
scalars becomes monoidal. The following results all appear in [Balmer 2014, §1].
For detailed proofs, see [Pauwels 2015, §1.1]. Let (x, %1) and (y, %2) be A-modules.
Here, we can write %1 to indicate both a left and right action of A on x , as A is
commutative. Seeing how the endomorphism v : x ⊗ y→ x ⊗ y given by

x ⊗ y x ⊗ A⊗ y x ⊗ A⊗ A⊗ y x ⊗ y
1⊗η⊗1 1⊗σ⊗1 %1⊗%2

is idempotent and K is idempotent-complete, we can define x ⊗A y as the direct
summand im(v) of x ⊗ y. Note that x ⊗A y is independent, up to canonical
isomorphism, of the choice of separability section σ . We get a split coequalizer in K,

x ⊗ A⊗ y x ⊗ y x ⊗A y,
%1⊗1

1⊗%2

and A acts on x ⊗A y by

A⊗ x ⊗A y A⊗ x ⊗ y x ⊗ y x ⊗A y.
%1⊗1

Proposition 1.11. The tensor product ⊗A yields a symmetric monoidal structure
on A-ModK under which FA becomes monoidal. We will write 1A = A for the unit
object in A-ModK.

Notation 1.12. If A and B are rings in K and h : A→ B is a ring morphism, we
say that B is an A-algebra. As usual, we equip B with the A-module structure
given by

A⊗ B B⊗ B B,h⊗1 µB
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and we write B for the corresponding object in A-ModK, so that B =UA(B).

Remark 1.13. Let A be a separable ring in K. There is a one-to-one correspondence
between A-algebras B in K and rings B in A-ModK. More precisely, if (B, µ, η)
is a ring in K and h : A→ B is a ring morphism, then (B, µ, η := h) defines a
ring in A-ModK, with µ : B⊗ B � B⊗A B −→µ B. Moreover, B is separable in K

if and only if B is separable in A-ModK.

Remark 1.14. Let A be a separable ring in K and suppose B is an A-algebra via
h : A→B. For every A-module x , we let B act on the left factor of Fh(x) := B⊗A x
as usual. This defines a functor Fh : A-ModK→ B-ModK and the following diagram
commutes up to isomorphism:

K

A-ModK B-ModK

FA FB

Fh

Note also that Fgh ∼= Fg Fh for any ring morphism g : B→ C .

Proposition 1.15. Let A be a separable ring in K and suppose B is a separable
A-algebra, say B ∈ L := A-ModK. There is an equivalence B-ModK ' B-ModL

of symmetric monoidal categories such that

K L

B-ModK B-ModL,

FA

FB
FB

'

commutes up to isomorphism.

2. Separable rings

Proposition 2.1. Let A be a separable ring in K. If A∼= B×C for rings B,C in K,
then any indecomposable ring factor of A is a ring factor of B or C. In particular,
if A can be written as a product of indecomposable A-algebras A ∼= A1× · · ·× An ,
this decomposition is unique up to isomorphism.

Proof. Suppose A1 ∈ K is an indecomposable ring factor of A, say A ∼= A1× A2

for some ring A2 in K. The category A-ModK decomposes as

A-ModK
∼= A1-ModK× A2-ModK,

with 1A corresponding to (1A1,1A2). Accordingly, the A-algebras B and C corre-
spond to (B1, B2) and (C1,C2) respectively, with Bi ,Ci in Ai -ModK for i = 1, 2,
such that B ∼= B1× B2 and C ∼= C1×C2 in A-ModK. Given that 1A ∼= B×C , we
see 1A1

∼= B1×C1, hence A1 ∼= B1 or A1 ∼= C1. �
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Lemma 2.2. Let A be a separable ring in K.

(a) For every ring morphism α : A→ 1, there exists a unique idempotent A-linear
morphism e : A→ A such that αe = α and eηα = e.

(b) Suppose 1 is indecomposable. If αi : A→ 1 are distinct ring morphisms for
1 ≤ i ≤ n, with corresponding idempotent morphisms ei : A→ A as above,
then ei ej = δi, j ei and αi ej = δi, jαi .

Proof. Let σ be a separability morphism for A. To show (a), consider the A-linear
map e := (α⊗1)σ : A→ A. We immediately see that αe= α(α⊗1)σ = αµσ = α.
Idempotence of e follows from the diagram

A A⊗ A A

A⊗ A⊗ A A⊗ A

A A⊗ A A

σ α⊗1

1⊗σ σ

α⊗1⊗1

µ⊗1 α⊗1

σ α⊗1

in which the left square commutes by bilinearity of σ . Seeing how

A 1 A

A⊗ A A⊗ A⊗ A A⊗ A

A A⊗ A 1⊗ A

α

1⊗η

η

σ

1⊗σ

µ

α⊗1⊗1

µ⊗1 α⊗1

σ α⊗1

commutes, we moreover get eηα= e. Suppose e′ is also an A-linear morphism with
αe′ = α and e′ηα = e′. Then, e = eηα = eηαe′ = ee′ = e′e = e′ηαe = e′ηα = e′

by Remark 1.8. For (b), let 1≤ i, j ≤ n. From the commuting diagram

A 1 A

A⊗ A A⊗ A A

A A 1,

αi

1⊗η

η

ej

1⊗ej

µ µ

αi⊗1

αi

ej αi

we see that αi ejηαi = αi ej . Hence, (αi ejη)(αi ejη) = αi ej ejη = αi ejη, so the
morphism αi ejη : 1 → 1 is idempotent and equals 0 or 11. In the first case,
αi ej = αi ejηαj = 0 and ei ej = eiηαi ej = 0, in particular i 6= j . On the other hand,
if αi ejη = 11 we get αi ej = αi ejηαi = αi and αi ej = αi ejηαj = αj , so i = j . �
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Lemma 2.3. Let (A, µA, ηA) and (B, µB, ηB) be separable rings in K.

(a) Suppose f : A→ B and g : B→ A are ring morphisms such that g f = 1A. We
equip A with the structure of Be-module via the morphism g. There exists a
Be-linear morphism f̃ : A→ B such that g f̃ = 1A. In particular, A is a direct
summand of B as a Be-module.

(b) Suppose A is indecomposable. Let gi : B→ A be distinct ring morphisms for
1 ≤ i ≤ n and suppose f : A→ B is a ring morphism with gi f = 1A. Then
A⊕n is a direct summand of B as a Be-module, with projections gi : B→ A
for 1≤ i ≤ n.

Proof. Considering the A-module structure on B given by f , we note that g : B→A
is A-linear:

A⊗ B B⊗ B B

A⊗ A A⊗ A A

f⊗1

1⊗g

µB

g⊗g g

µA

We can thus apply Lemma 2.2 to the ring morphism ḡ : B→ 1A in A-ModK and
find an idempotent Be-linear morphism ē : B→ B such that ḡē = ḡ and ēηB̄ ḡ = ē.
Forgetting the A-action, UA(ē) := e : B → B is idempotent and Be-linear, with
ge = g and e f g = e. Let f̃ := e f . We need to show that f̃ is Be-linear, where Be

acts on A via g. Left B-linearity of f̃ follows from the commuting diagram

B⊗ A A⊗ A A

B⊗ B B

B⊗ B B⊗ B B

B⊗ B B

g⊗1

1⊗ f

µA

f⊗ f f

µB

e⊗1 e

e⊗1

1⊗e

µB

µB

and right B-linearity follows similarly. Finally, g f̃ = ge f = g f = 1A.
For (b), let gi : B→ A be distinct ring morphisms with gi f = 1A for 1≤ i ≤ n.

As in part (a), we find idempotent Be-linear morphisms ei : B→ B and Be-linear
morphisms f̃i := ei f with gi f̃i = 1A and ei = f̃i gi . In fact, Lemma 2.2(b) shows the
ei are orthogonal. Seeing how A = im(ei ), we conclude A⊕n is a direct summand
of B as a Be-module, with projections gi : B→ A for 1≤ i ≤ n. �

Corollary 2.4. Let A and B be separable rings in K and suppose B is an A-algebra.
The corresponding ring B in A-ModK is a ring factor of FA(B).
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Proof. Applying Lemma 2.3 to the ring morphisms f : B
ηA⊗1B
−−−−→A⊗ B and g given

by the action of A on B, we see that B is a direct summand of A⊗ B as (A⊗ B)e-
modules in K. In particular, B is a direct summand of FA(B) as FA(B)e-modules
in A-ModK. By Lemma 1.10, B admits a ring structure under which B becomes a
ring factor of FA(B). This new ring structure on B is the original one, seeing how
the projection g : FA(B)→ B is a ring morphism for both structures. �

3. Degree of a separable ring

We recall Balmer’s definition [2014] of the degree of a separable ring in a tensor-
triangulated category, and show the definition works for any idempotent-complete
symmetric monoidal category K.

Theorem 3.1. Let A and B be separable rings in K. Suppose f : A → B and
g : B→ A are ring morphisms such that g f = 1A. There exists a separable ring C
in K and a ring isomorphism h : B −→∼ A×C such that pr1 h = g. If we equip C
with the A-algebra structure coming from pr2 h f , it is unique up to isomorphism of
A-algebras.

Proof. This proposition is proved in [Balmer 2014, Theorem 2.4] when K is
a tensor-triangulated category. In our case, Lemma 2.3 yields an isomorphism
h : B −→∼ A⊕C of Be-modules with pr1 h = g. By Lemma 1.10, A and C admit
ring structures under which h becomes a ring isomorphism. This new ring structure
on A is the original one, seeing how

1A : A
f
−→ B

pr1 h
−−→ A

is a ring morphism. The rest of the proof is identical to the proof in [loc. cit.]. �

Definition 3.2 [Balmer 2014, Definition 3.1]. Let (A, µ, η) be a separable ring
in K. Applying Theorem 3.1 to the ring morphisms f = 1A⊗ η : A→ A⊗ A and
g = µ : A⊗ A→ A, we find a separable A-algebra A′, unique up to isomorphism,
and a ring isomorphism h : A⊗ A −→∼ A× A′ such that pr1 h = µ.

The splitting tower

1= A[0]
η
−→ A = A[1]→ A[2]→ · · · → A[n]→ A[n+1]

→ · · ·

is defined inductively by A[n+1]
= (A[n])′, where we consider A[n] as a ring in

A[n−1]-ModK. We say the degree of A is d, writing degK(A)= d, if A[d] 6= 0 and
A[d+1]

= 0. We say A has infinite degree if A[d] 6= 0 for all d ≥ 0.

Remark 3.3. By construction, we have (A[n])[m+1]∼= A[n+m] as A[n+m−1]-algebras
for all m ≥ 0 and n ≥ 1, where we regard A[n] as a ring in A[n−1]-ModK. In other
words, degA[n−1]-ModK

(A[n])= degK(A)− n+ 1 for 1≤ n ≤ degK(A)+ 1.
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Example 3.4. Let R be a commutative ring and suppose A is a commutative
projective separable R-algebra. If Spec R is connected, then the degree of A as
a ring in Dperf(R) (see Example 1.5) recovers its rank as an R-module. This will
follow from Proposition 7.9.

Proposition 3.5. Let A and B be separable rings in K.

(a) We have FA[n](A)∼= 1×n
A[n] × A[n+1] as A[n]-algebras.

(b) Let F : K→ L be an additive monoidal functor. For every n ≥ 0, the rings
F(A[n]) and F(A)[n] are isomorphic. In particular, degL(F(A))≤ degK(A).

(c) Suppose A is a B-algebra. Then degB-ModK
(FB(A))= degK(A).

Proof. The proofs for (a) and (b) in [op. cit., Theorems 3.7 and 3.9] still hold in our
(not necessarily triangulated) setting. To prove (c), note that A[n] is a B-algebra
and hence a direct summand of FB(A[n]) ∼= FB(A)[n]. This means FB(A)[n] 6= 0
when A[n] 6= 0 so that degB-ModK

(FB(A))≥ degK(A). �

Lemma 3.6 [Balmer 2014, Lemma 3.11]. Let n ≥ 1 and A := 1×n
∈ K. There is

an isomorphism A[2] ∼= A×(n−1) of A-algebras.

Proof. We prove there is an A-algebra isomorphism λ : A⊗ A −→∼ A× A×(n−1)

with pr1 λ= µA. We write A =
∏n−1

i=0 1i , A⊗ A =
∏

0≤i, j≤n−1 1i ⊗1j and A×n
=∏n−1

k=0
∏n−1

i=0 1ik with 1= 1i = 1ik for all i, k. Define λ : A⊗ A→ A×n by mapping
the factor 1i ⊗1j identically to 1i(i− j), with indices in Zn . Then, λ is an A-algebra
isomorphism and prk=0 λ= µA. �

Corollary 3.7. Let n ≥ 1. Then degK(1
×n)= n and (1×n)[n] ∼= 1×n! in K.

Proof. Let A := 1×n . The result is clear when n = 1, and we proceed by induction
on n. By Lemma 3.6, we know A[2]∼= 1×(n−1)

A in A-ModK. Assuming the induction
hypothesis, degA-ModK

(A[2])= n− 1 and

A[n] ∼= (A[2])[n−1] ∼= 1×(n−1)!
A

∼= (1×n)×(n−1)! ∼= 1×n!. �

Lemma 3.8. Let A and B be separable rings of finite degree in K. Then,

(a) deg(A× B)≤ deg(A)+ deg(B)

(b) deg(A×1×n)= deg(A)+ n

(c) deg(A×t)= deg(A) · t .

Proof. To prove (a), let n := deg(A×B) and C := (A×B)[n]. Writing A′ := FC(A)
and B ′ := FC(B), we know from Proposition 3.5(a) that

A′× B ′ = FC(A× B)∼= 1×n
C .

If we let D := (A′)[deg(A′)] and apply FD to the isomorphism, we get

1× deg(A′)
D × FD(B ′)∼= 1×n

D .
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Similarly, putting E := (FD(B ′))[deg(FD(B ′))] and applying FE gives

1× deg(A′)
E ×1× deg(FD(B ′))

E
∼= 1×n

E .

This shows n = deg(A′)+ deg(FD(B ′))≤ deg(A)+ deg(B) by Proposition 3.5(b).
For (b), let B := A[deg(A)]. Then, FB(A×1×n)∼= 1× deg(A)

B ×1×n
B and we find

deg(A×1×n)≥ deg(FB(A×1×n))= deg(A)+ n.

To prove (c), we write B := A[deg(A)] again and note that FB(A×t)∼= (1× deg(A)
B )×t.

Hence, deg(A×t)≥ deg(FB(A×t))= deg(A) · t . �

4. Counting ring morphisms

Lemma 4.1. Let A be a separable ring in K and suppose 1 is indecomposable. If
there are n distinct ring morphisms A→ 1, then A has 1×n as a ring factor. In
particular, there are at most deg A distinct ring morphisms A→ 1.

Proof. Let αi : A→ 1 be distinct ring morphisms for 1≤ i ≤ n. By Lemma 2.3(b),
we know that 1⊕n is a direct summand of A as an Ae-module, with projections
αi : A→ 1 for 1≤ i ≤ n. Moreover, Lemma 1.10 shows that every such summand 1
admits a ring structure, under which 1×n becomes a ring factor of A and the
projections αi are ring morphisms. In fact, these new ring structures on 1 are the
original one, seeing how αiηA = 11 is a ring morphism for every 1≤ i ≤ n. Finally,
Lemma 3.8(b) shows that deg(A)≥ n. �

Proposition 4.2. Let A and B be separable rings in K and suppose B is indecom-
posable. Let n ≥ 1. The following are equivalent:

(i) There are (at least) n distinct ring morphisms A→ B in K.

(ii) The ring 1×n
B is a ring factor of FB(A) in B-ModK.

(iii) There is a ring morphism A[n]→ B in K.

Proof. Firstly, we claim there is a one-to-one correspondence between ring mor-
phisms α : A→ B in K and ring morphisms β : FB(A)→ 1B in B-ModK. Indeed,
this correspondence sends α : A→ B in K to the B-algebra morphism

B⊗ A
1B⊗α
−−−→ B⊗ B

µ
−→ B,

and conversely, β : FB(A)→ 1B gets mapped to A
ηB⊗1A
−−−−→ B⊗ A

β
−→ B in K.

To show (i)⇒ (ii), note that n distinct ring morphisms A → B in K give n
distinct ring morphisms FB(A)→ 1B in B-ModK. By Lemma 4.1, 1×n

B is a ring
factor of FB(A). For (ii)⇒ (i), suppose 1×n

B is a ring factor of FB(A) in B-ModK

and consider the projections pri : FB(A)→ 1B with 1≤ i ≤ n. By the claim, there
are at least n distinct ring morphisms A→ B in K.
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We show (ii)⇒ (iii) by induction on n. The case n = 1 has already been proven.
Let n≥1 and suppose 1×(n+1)

B is a ring factor of FB(A). By the induction hypothesis,
there exists a ring morphism A[n]→ B. As usual, we write B for the separable ring
in A[n]-ModK corresponding to the A[n]-algebra B in K. The diagram

K A[n]-ModK

B-ModK B-ModA[n]-ModK

FA[n]

FB FB

'

(4.3)

from Proposition 1.15 shows that FB(A) is mapped to FB(FA[n](A)) under the
equivalence B-ModK ' B-ModA[n]-ModK

. It follows that 1×(n+1)
B

is a ring factor
of FB(FA[n](A)). On the other hand, by Proposition 3.5(a) we know that

FB(FA[n](A))∼= FB(1
×n
A[n] × A[n+1])∼= 1×n

B × FB(A
[n+1]). (4.4)

Hence, 1B is a ring factor of FB(A
[n+1]) by Proposition 2.1 and we conclude there

exists a ring morphism A[n+1]
→ B in A[n]-ModK.

To show (iii)⇒ (ii), suppose B is an A[n]-algebra and write B for the corre-
sponding separable ring in A[n]-ModK. Using diagram (4.3) again, it is enough to
show that 1×n

B
is a ring factor of FB(FA[n](A)). This follows from (4.4). �

Theorem 4.5. Let A and B be separable rings in K, where A has finite degree and
B is indecomposable. There are at most deg(A) distinct ring morphisms from A
to B.

Proof. If there are n distinct ring morphisms from A to B, we know 1×n
B is a

ring factor of FB(A) by Proposition 4.2. So, n ≤ degB-ModK
(FB(A))≤ degK(A) by

Proposition 3.5(b) and Lemma 3.8(b). �

Remark 4.6. The assumption B is indecomposable is necessary in Theorem 4.5.
Indeed, deg(1×n)= n but 1×n has at least n! ring endomorphisms.

5. Quasi-Galois theory

Suppose (A, µ, η) is a nonzero ring in K and 0 is a finite set of ring endomorphisms
of A with 1A ∈ 0. Consider the ring

∏
γ∈0 Aγ , where we write Aγ = A for all

γ ∈ 0 to keep track of the different copies of A. We define ring morphisms
ϕ1 : A→

∏
γ∈0 Aγ by prγ ϕ1 = 1A and ϕ2 : A→

∏
γ∈0 Aγ by prγ ϕ2 = γ for all

γ ∈ 0. Thus, ϕ1 renders the (standard) left A-module structure on
∏
γ∈0 Aγ and

we introduce a right A-module structure on
∏
γ∈0 Aγ via ϕ2.

Definition 5.1. We will consider the following ring morphism:

λ0 = λ : A⊗ A −→
∏
γ∈0

Aγ with prγ λ= µ(1⊗ γ ).
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Note that λ(1⊗ η)= ϕ1 and λ(η⊗ 1)= ϕ2,

A

A⊗ A
∏
γ∈0 Aγ

1⊗η

η⊗1

ϕ2

ϕ1
λ

(5.2)

so that λ is an Ae-algebra morphism.

Lemma 5.3. Suppose λ0 : A⊗ A→
∏
γ∈0 Aγ is an isomorphism.

(a) There is an Ae-linear morphism σ : A→ A⊗ A such that µ(1⊗ γ )σ = δ1,γ

for every γ ∈ 0. In particular, A is separable.

(b) Let γ ∈ 0. If there exists a nonzero ring B in K and ring morphism α : A→ B
with αγ = α, then γ = 1.

(c) The separable ring A has degree |0| in K.

Proof. To prove (a), consider the Ae-linear morphism σ := λ−1 incl1 : A→ A⊗ A.
The following diagram shows that µ(1⊗ γ )σ = δ1,γ :

A A⊗ A A⊗ A A

∏
γ∈0 Aγ

∏
γ∈0 Aγ

σ

incl1

1⊗γ

λ

µ

λ−1 prγ

For (b), suppose αγ = α and σ : A→ A⊗ A as in (a). We get

α = αµσ = µ(α⊗α)σ = µ(α⊗α)(1⊗ γ )σ = αµ(1⊗ γ )σ = αδγ,1.

Hence, either α = 0 or γ = 1A. Finally, given that FA(A) ∼= 1×|0|A in A-ModK,
Proposition 3.5(c) shows that deg(A)= |0|. �

Definition 5.4. Suppose that A is a nonzero ring in K and 0 is a finite group of
ring automorphisms of A. We say that A is quasi-Galois in K with group 0 if
λ0 : A⊗ A→

∏
γ∈0 Aγ is an isomorphism. By the above lemma, it follows that A

is separable of degree |0| in K. We also call FA : K−→ A-ModK a quasi-Galois
extension with group 0.

Example 5.5. Let A := 1×n and consider the ring morphism γ := (1 2 · · · n) which
permutes the factors. Then A is quasi-Galois with group 0={γ i

|0≤ i ≤n−1}∼=Zn .
Indeed, the isomorphism λ : A⊗ A→ A×n constructed in the proof of Lemma 3.6
is exactly λ0 . In particular, 0 does not always contain all ring automorphisms of A.

Remark 5.6. The Galois theory of commutative rings was introduced by Auslander
and Goldman [1960, Appendix], and was further developed by Chase, Harrison
and Rosenberg [Chase et al. 1965] and many others. They considered commutative
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rings R ⊂ A such that A is separable and projective as an R-algebra. If 0 is a finite
group of ring automorphisms of A fixing R, then A is Galois over R with group 0
if the maps R ↪→ A0 and

A⊗R A→
∏
γ∈0

A, x ⊗ y 7→ (x · γ (y))γ∈0

are isomorphisms. In particular, A defines a ring object in the categories R−mod
and Dperf(R) (see Example 1.5), which is quasi-Galois with group 0.

Lemma 5.7. Let A be quasi-Galois of degree d in K with group 0 and suppose
F : K→ L is an additive monoidal functor. If F(A) 6= 0, then F(A) is quasi-
Galois of degree d in L with group F(0) = {F(γ ) | γ ∈ 0}. In particular, being
quasi-Galois is stable under extension-of-scalars.

Proof. We immediately see that

F(λ0) : F(A)⊗ F(A)∼= F(A⊗ A)→
∏
γ∈0

F(A)

is an isomorphism in L, so it suffices to show 0 ∼= F(0) and F(λ0)= λF(0). Now,
λ0 is defined by prγ λ0 = µA(1A⊗ γ ), hence prγ F(λ0) = µF(A)(1F(A)⊗ F(γ ))
for every γ ∈ 0. In particular, the morphisms µF(A)(1F(A)⊗ F(γ )) with γ ∈ 0 are
distinct. This shows the morphisms F(γ ) with γ ∈0 are distinct, so that 0∼= F(0)
and F(λ0)= λF(0). �

Proposition 5.8. Suppose A is quasi-Galois in K with group 0.

(a) If B is a separable indecomposable A-algebra, then 0 acts freely and transi-
tively on the set of ring morphisms from A to B. In particular, there are exactly
deg(A) distinct ring morphisms from A to B in K.

(b) If A is indecomposable then 0 contains all ring endomorphisms of A.

Proof. Note that the set S of ring morphisms from A to B is nonempty and 0 acts
on S by precomposition. The action is free by Lemma 5.3(b) and transitive because
|S| ≤ deg A = |0| by Theorem 4.5. In particular, if A is indecomposable, then A
has exactly deg A = |0| ring endomorphisms in K. �

By the above proposition, we can simply say an indecomposable ring A in K

is quasi-Galois, with the understanding that the Galois group 0 contains all ring
endomorphisms of A.

Theorem 5.9. Let A be a separable indecomposable ring of finite degree in K and
write 0 for the set of ring endomorphisms of A. The following are equivalent:

(i) |0| = deg(A).

(ii) FA(A)∼= 1×t
A in A-ModK for some t > 0.
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(iii) λ0 : A⊗ A→
∏
γ∈0 Aγ is an isomorphism.

(iv) 0 is a group and A is quasi-Galois in K with group 0.

Proof. First note that d := deg(A)= deg(FA(A)) by Proposition 3.5(c). To show
(i)⇒ (ii), recall that 1×d

A is a ring factor of FA(A) if |0| = d by Proposition 4.2.
By Lemma 3.8(b), we know FA(A)∼= 1×d

A . For (ii)⇒ (iii), we note that t = d and
consider an A-algebra isomorphism l : A⊗A

'
−→ A×d. We define ring endomorphisms

αi : A A⊗ A A×d A,
η⊗1A l pri i = 1, . . . , d,

such that µ(1A⊗αi )= pri l(µ⊗ 1A)(1A⊗ η⊗ 1A)= pri l for every i . This shows
the αi are all distinct, so that 0 = {αi | 1≤ i ≤ d} by Theorem 4.5 and l = λ0 . For
(iii)⇒ (iv), we show that every γ ∈0 is an automorphism. By Lemma 5.3(a), we can
find an Ae-linear morphism σ : A→A⊗A such thatµ(1⊗γ )σ =δ1,γ for every γ ∈0.
Let γ ∈ 0 and note that γ = µ(γ ⊗ 1)(1⊗ γ )σ so that (1⊗ γ )σ : A→ A⊗ A is
nonzero. Thus there exists γ ′ ∈ 0 such that

prγ ′ λ0(1⊗ γ )σ = µ(1⊗ γ
′)(1⊗ γ )σ = δ1,γ ′γ

is nonzero. This means 1= γ ′γ and γ ′(γ γ ′)= γ ′ so γ γ ′ = 1 by Lemma 5.3(b).
Finally, (iv)⇒ (i) is the last part of Lemma 5.3. �

Corollary 5.10. Let A, B and C be separable rings in K with A ∼= B × C , and
suppose B is indecomposable. If FA(A)∼=1×d

A , then B is quasi-Galois. In particular,
being quasi-Galois is stable under passing to indecomposable ring factors.

Proof. Consider the decomposition A-ModK
∼= B-ModK×C-ModK, under which

FA(A) corresponds to (FB(B×C), FC(B×C)) and 1×d
A corresponds to (1×d

B ,1×d
C ).

Given that 1B is indecomposable and FB(B) is a ring factor of 1×d
B in B-ModK, we

know FB(B)∼= 1×t
B for some 1≤ t ≤ d . The result now follows from Theorem 5.9.

�

6. Splitting rings

Definition 6.1. Let A and B be separable rings of finite degree in K. We say B
splits A if FB(A) ∼= 1× deg(A)

B in B-ModK. We call an indecomposable ring B a
splitting ring of A if B splits A and any ring morphism C → B, where C is an
indecomposable ring splitting A, is an isomorphism.

Remark 6.2. Let A be a separable ring in K with deg(A)= d . The ring A[d] in K

splits A by Proposition 3.5(a). Moreover, if B is a separable indecomposable ring
in K, then B splits A if and only if B is an A[d]-algebra. This follows immediately
from Proposition 4.2.
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Remark 6.3. Let A be a separable ring in K with deg(A)= d . The ring A[d] in K

splits itself by Proposition 3.5(a), (b) and Corollary 3.7:

FA[d](A
[d])∼= (FA[d](A))

[d] ∼= (1×d
A[d])
[d] ∼= 1×d!

A[d] .

Lemma 6.4. Let A be a separable ring in K that splits itself. If A1 and A2

are indecomposable ring factors of A, then any ring morphism A1 → A2 is an
isomorphism.

Proof. Let A1 and A2 be indecomposable ring factors of A and suppose there is a
ring morphism f : A1→ A2. We know FA1(A)∼= 1× deg(A)

A1
because A splits itself.

Meanwhile, FA1(A2) is a ring factor of FA1(A), so that FA1(A2) ∼= 1×d
A1

for some
d ≥ 0. In fact, d = deg(A2)≥ 1 by Proposition 3.5(c). Proposition 4.2 shows there
exists a ring morphism g : A2 → A1. Note that A1 and A2 are quasi-Galois by
Corollary 5.10, so that the ring morphisms g f : A1→ A1 and f g : A2→ A2 are
isomorphisms by Proposition 5.8(b). �

Definition 6.5. We say K is nice if for every separable ring A of finite degree in K,
there are indecomposable rings A1, . . . , An in K such that A ∼= A1× · · ·× An .

Example 6.6. Let G be a group and k a field. The categories kG-mod, Db(kG-mod)
and kG-stab (see Section 10) are nice categories. More generally, K is nice if it
satisfies Krull–Schmidt.

Example 6.7. Let X be a noetherian scheme and let Dperf(X) be the derived category
of perfect complexes over X with left derived tensor product. By Example 7.4 and
Proposition 7.12, Dperf(X) is nice.

Lemma 6.8. Suppose K is nice and let A, B be separable rings of finite degree
in K. If B is indecomposable and there exists a ring morphism A→ B in K, then
there exists a ring morphism C→ B for some indecomposable ring factor C of A.

Proof. Since K is nice, we can write A ∼= A1× · · ·× An with Ai indecomposable
for 1≤ i ≤n. If there exists a ring morphism A→B in K, Proposition 4.2 shows that
1B is a ring factor of FB(A)∼= FB(A1)×· · ·×FB(An). Since 1B is indecomposable,
it is a ring factor of some FB(Ai ) with 1≤ i ≤ n by Proposition 2.1. �

Proposition 6.9. Suppose K is nice and let A be a separable ring of finite degree
in K. An indecomposable ring B in K is a splitting ring of A if and only if B is a
ring factor of A[deg(A)]. In particular, any separable ring in K has a splitting ring
and at most finitely many.

Proof. Let d :=deg(A) and suppose B is a splitting ring of A. By Remark 6.2, B is an
A[d]-algebra. Hence, there exists a ring morphism C→ B for some indecomposable
ring factor C of A[d] by Lemma 6.8. Now, A[d] splits A, so C splits A and the ring
morphism C→ B is an isomorphism. Conversely, suppose B is an indecomposable
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ring factor of A[d], so B splits A. Let C be an indecomposable separable ring
splitting A and suppose there is a ring morphism C→ B. As before, C is an A[d]-
algebra and there exists a ring morphism B ′→ C for some indecomposable ring
factor B ′ of A[d]. The composition B ′→C→ B is an isomorphism by Remark 6.3
and Lemma 6.4. In other words, B is a ring factor of the indecomposable ring C ,
so that C ∼= B. �

Corollary 6.10. Suppose K is nice and B is a separable indecomposable ring of
finite degree in K. Then B is quasi-Galois in K if and only if there exists a nonzero
separable ring A of finite degree in K such that B is a splitting ring of A.

Proof. Suppose B is indecomposable and quasi-Galois of degree t , so B[2]∼=1×(t−1)
B

as B-algebras. Then, B is a splitting ring for B because B is a ring factor of B[t]:

B[t] ∼= (B[2])[t−1] ∼= (1×(t−1)
B )[t−1] ∼= B×(t−1)!.

Now suppose B is a splitting ring for some A in K, say with deg(A) = d > 0.
Seeing how FB(B) is a ring factor of

FB(A[d])∼= FB(A)[d] ∼= (1×d
B )[d] = 1×d!

B ,

we know FB(B)∼= 1×t
B for some t > 0. By Theorem 5.9, B is quasi-Galois. �

7. Tensor triangular geometry

Definition 7.1. A tt-category K is an essentially small, idempotent-complete tensor-
triangulated category. In particular, K comes equipped with a symmetric monoidal
structure (⊗,1) such that x⊗− :K→K is exact for all objects x in K. A tt-functor
K→ L is an exact symmetric monoidal functor.

Throughout the rest of this paper, (K,⊗,1) will denote a tt-category.

Remark 7.2. Balmer [2011] proved in that extension along a separable ring object
A preserves the triangulation: (A-ModK,⊗A,1A) is a tt-category, extension-of-
scalars FA becomes a tt-functor and UA is exact.

Definition 7.3. We briefly recall some tt-geometry and refer the reader to [Balmer
2005] for precise statements and motivation. The spectrum Spc(K) of a tt-category K

is the set of all prime thick ⊗-ideals P ( K. The support of an object x in K is
supp(x) = {P ∈ Spc(K) | x /∈ P} ⊂ Spc(K). The complements of these supports
U(x) := Spc(K)− supp(x) form an open basis for the Zariski topology on Spc(K).

Example 7.4. Let X be a noetherian scheme. Then (Dperf(X),⊗L
OX
) is a tt-category

with spectrum Spc(Dperf(X)) homeomorphic to X ; see [op. cit., Theorem 6.3].
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Remark 7.5. The spectrum is functorial. In particular, every tt-functor F :K→L

induces a continuous map

Spc(F) : Spc(L)→ Spc(K).

Moreover, for all x ∈ K, we have

(Spc F)−1(suppK(x))= suppL(F(x))⊂ Spc L.

Let A be a separable ring in K. We will consider the continuous map

f A := Spc(FA) : Spc(A-ModK)→ Spc(K)

induced by the extension-of-scalars FA : K→ A-ModK.

Theorem 7.6 [Balmer 2016b, Theorem 3.14]. Let A be a separable ring of finite
degree in K. Then

Spc((A⊗ A)-ModK) Spc(A-ModK) suppK(A)
f1

f2

f A (7.7)

is a coequalizer, where f1, f2 are the maps induced by extension-of-scalars along
the morphisms 1⊗ η and η⊗ 1 : A→ A⊗ A respectively. In particular, the image
of f A is suppK(A)⊂ Spc(K).

Definition 7.8. We call a tt-category K local if x ⊗ y = 0 implies that x or y is
⊗-nilpotent for all x, y ∈K. The local category KP at the prime P ∈ Spc(K) is the
idempotent completion of the Verdier quotient K/P. We write qP for the canonical
tt-functor K � K/P ↪→ KP.

Proposition 7.9 [Balmer 2014, Theorem 3.8]. Suppose A is a separable ring in K.
If the ring qP(A) has finite degree in KP for every P ∈ Spc(K), then A has finite
degree and

degK(A)= max
P∈Spc(K)

degKP
(qP(A)).

Proposition 7.10 [Balmer 2014, Corollary 3.12]. Let K be a local tt-category
and suppose A, B are separable rings of finite degree in K. Then deg(A× B) =
deg(A)+ deg(B).

Lemma 7.11 [Balmer 2014, Theorem 3.7]. Let A and B be separable rings in K

and suppose supp(A)⊆ supp(B). Then degB-ModK
(FB(A))= degK(A).

Proposition 7.12. Suppose the spectrum Spc(K) of K is noetherian. Then K is
nice. That is, any separable ring A of finite degree in K has a decomposition
A ∼= A1× . . .× An where A1, . . . , An are indecomposable rings in K.
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Proof. Let A be a separable ring of finite degree in K. We prove that any ring
decomposition of A in K has at most finitely many nonzero ring factors. Suppose
there is a sequence of nontrivial decompositions A = A1× B1, B1 = A2× B2, . . . ,
with Bn = An+1× Bn+1 for n ≥ 1. By Proposition 7.10, we know

deg(qP(Bn))≥ deg(qP(Bn+1))

for every P ∈ Spc(K). We note that deg(qP(Bn))≥ i if and only if P ∈ supp(B[i]n ),
so we get supp(B[i]n ) ⊇ supp(B[i]n+1) for every i ≥ 0. Since Spc(K) is noetherian,
we can find k ≥ 1 with supp(B[i]n ) = supp(B[i]n+1) for every i ≥ 0 and n ≥ k. In
particular, deg(qP(Bk))= deg(qP(Bk+1)) for every P ∈ Spc(K), so qP(Ak+1)= 0
for all P ∈ Spc(K). By Proposition 7.9, we conclude Ak+1 = 0, a contradiction. �

8. Rings of constant degree

Definition 8.1. We say a separable ring A in K has constant degree d ∈ N if the
degree degKP

qP(A) equals d for every P ∈ supp(A)⊂ Spc(K).

Lemma 8.2. Let A be a separable ring of degree d in K. Then A has constant
degree if and only if supp(A[d])= supp(A).

Proof. Note that supp(A[2]) ⊆ supp(A) because A⊗ A ∼= A× A[2] in K. Hence
supp(A[d]) ⊆ supp(A). Now, let P ∈ supp(A). Then qP(A) has degree d if and
only if qP(A[d]) 6= 0, in other words P ∈ supp(A[d]). �

Lemma 8.3. Let A be a separable ring in K and suppose F :K→L is a tt-functor
with F(A) 6= 0. If A has constant degree d, then F(A) has constant degree d.
Conversely, if F(A) has constant degree d and supp(A)⊂ im(Spc(F)), then A has
constant degree d.

Proof. We first note that deg(F(A))≤ deg(A) by Proposition 3.5(b). Now, if A has
constant degree d , then

suppL(F(A)
[d])= suppL(F(A

[d]))= Spc(F)−1(suppK(A
[d]))

= Spc(F)−1(suppK(A))= suppL(F(A)) 6=∅,

which shows F(A) has constant degree d . Conversely, suppose F(A) has constant
degree d and supp(A) ⊂ im(Spc(F)). In particular, supp(A[d+1]) ⊂ im(Spc(F)),
so

∅= supp(F(A[d+1]))= Spc(F)−1(supp(A[d+1]))

implies supp(A[d+1])=∅. Thus A has degree d . Moreover, seeing how

Spc(F)−1(suppK(A
[d]))= suppL(F(A)

[d])

= suppL(F(A))= Spc(F)−1(suppK(A)),

we can conclude suppK(A
[d])= suppK(A). �
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Proposition 8.4. Let A be a separable ring in K. Then A has constant degree d if
and only if there exists a separable ring B in K with supp(A)⊂ supp(B) and such
that FB(A) ∼= 1×d

B . In particular, if A is quasi-Galois in K with group 0, then A
has constant degree |0| in K.

Proof. If A has constant degree d , we can let B := A[d] and use Proposition 3.5(a).
On the other hand, if A and B are separable rings in K with supp(A)⊂ supp(B),
then Theorem 7.6 and Lemma 8.3 show that A has constant degree d whenever
FB(A) has constant degree d . �

Proposition 8.5. Let A be a separable ring of constant degree in K with connected
support supp(A)⊂ Spc(K). If B and C are nonzero rings in K such that A= B×C ,
then B and C have constant degree and supp(A)= supp(B)= supp(C).

Proof. Given that A has constant degree d , we claim that for every 1≤ n ≤ d ,

supp(A)= supp(B[n])t supp(C [d−n+1]).

Fix 1≤ n ≤ d and suppose P ∈ supp(B[n])∩ supp(C [d−n+1]), so deg(qP(B))≥ n
and deg(qP(C))≥ d−n+1. By Proposition 7.10, deg(qP(A))≥ d+1, which is a
contradiction. So far we’ve proven supp(A)⊃ supp(B[n])t supp(C [d−n+1]). Now,
if P ∈ supp(A)− supp(B[n]), we get deg(qP(A))= d and deg(qP(B))≤ n− 1. It
follows that deg(qP(C))≥ d−n+1, so P ∈ supp(C [d−n+1]) and the claim follows.

Assuming A has connected support, we note that for every 1 ≤ n ≤ d, either
supp(B[n]) = supp(A) or supp(B[n]) = ∅. In particular, taking n = deg(B) and
then n = 1 shows that supp(A) = supp(B[deg(B)]) = supp(B). Similarly, we see
supp(A)= supp(C [deg(C)])= supp(C) by letting n= d+1−deg(C) and then n= 1.
In other words, supp(A)= supp(B)= supp(C) and B,C have constant degree. �

9. Quasi-Galois theory and tensor triangular geometry

Let A be a separable ring in K and suppose 0 is a finite group of ring automorphisms
of A. Then, 0 acts on A-ModK (see Remark 1.14) and therefore on the spectrum
Spc(A-ModK).

Theorem 9.1. Suppose A is quasi-Galois in K with group 0. Then,

supp(A)∼= Spc(A-ModK)/0.

Proof. Diagram (5.2) yields a diagram of topological spaces

Spc(A-ModK)

Spc((A⊗ A)-ModK) Spc(
∏
γ∈0 Aγ -ModK),

f1

f2
∼=

l

g2

g1
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where f1, f2, g1, g2 and l are the maps induced by extension-of-scalars along the
morphisms 1⊗η, η⊗1, ϕ1, ϕ2 and λ respectively (in the notation of Definition 5.1).
That is, g1, g2 :

⊔
γ∈0 Spc(Aγ -ModK)→ Spc(A-ModK) are continuous maps such

that g1 inclγ is the identity and g2 inclγ is the action of γ on Spc(A-ModK). Now,
the coequalizer (7.7) turns into⊔

γ∈0

Spc(Aγ -ModK) Spc(A-ModK) supp(A),
g1

g2

f A

which shows supp(A)∼= Spc(A-ModK)/0. �

Remark 9.2. Let A be a ring in K. We call A nil-faithful if FA( f )= 0 implies f
is ⊗-nilpotent for any morphism f in K. By [Balmer 2016b, Proposition 3.15], A
is nil-faithful if and only if supp(A)= Spc(K). If A is nil-faithful and quasi-Galois
in K with group 0, Theorem 9.1 recovers Spc(K) as the 0-orbits of Spc(A-ModK).

The following is a tensor-triangular version of Lemma 6.4.

Lemma 9.3. Let A be a separable ring in K that splits itself. If A1 and A2 are
indecomposable ring factors of A, then supp(A1)∩ supp(A2)=∅ or A1 ∼= A2.

Proof. Let A1 and A2 be indecomposable ring factors of A and suppose A splits
itself. We know FA1(A)∼= 1× deg(A)

A1
and hence FA1(A2)∼= 1×t

A1
for some t ≥ 0. In

fact, t = 0 only if supp(A1⊗ A2) = supp(A1)∩ supp(A2) = ∅. If t > 0, we can
find a ring morphism A2→ A1 by Proposition 4.2. Now Lemma 6.4 shows this is
an isomorphism. �

Proposition 9.4. Suppose K is nice. Let A be a separable ring in K with connected
support supp(A) and constant degree. Then the splitting ring A∗ of A is unique up
to isomorphism and supp(A)= supp(A∗).

Proof. Let d := deg(A). Recall that by Proposition 6.9, the splitting rings of A
are exactly the indecomposable ring factors of A[d]. We now prove that any two
indecomposable ring factors, say A1 and A2, of A[d] are isomorphic. Note that
supp(A)= supp(A[d]) is connected and A[d] has constant degree d! by Remark 6.3,
so that supp(A) = supp(A1) = supp(A2) by Proposition 8.5. Now, Lemma 9.3
shows A1 and A2 are isomorphic. �

Remark 9.5. In what follows, we consider a separable ring A in K and assume
the spectrum Spc(A-ModK) is connected, which implies that A is indecomposable.
Moreover, if the tt-category A-ModK is rigid, Spc(A-ModK) is connected if and
only if A is indecomposable, see [Balmer 2007, Theorem 2.11]. We note that many
tt-categories are rigid, including all examples given in this paper.

Proposition 9.6. Suppose K is nice. Let A be a separable ring in K and suppose
Spc(A-ModK) is connected. Let B be an A-algebra with supp(A)= supp(B). If B
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is quasi-Galois in K with group 0, then B splits A. In particular, the degree of A in
K is constant.

Proof. If B is quasi-Galois in K for some group 0, then all of its indecom-
posable ring factors are also quasi-Galois by Corollary 5.10. What is more,
supp(B) = f A(Spc(A-ModK)) is connected, so the indecomposable ring factors
of B have support equal to supp(B) by Proposition 8.5. It thus suffices to prove
the proposition when B is indecomposable. Now, FA(B) is quasi-Galois by
Lemma 5.7 and supp(FA(B))= f −1

A (supp(B))= Spc(A-ModK) is connected. By
Corollary 2.4, B is an indecomposable ring factor of FA(B), and all ring factors
of FA(B) have equal support by Proposition 8.5. In fact, Lemma 9.3 shows that
FA(B)∼= B×t for some t ≥ 1. Forgetting the A-action, we get A⊗ B ∼= B×t in K

and FB(A⊗ B)∼= FB(B×t)∼= 1×dt
B in B-ModK, where d := deg(B). On the other

hand, FB(A⊗B)∼= FB(A)⊗B 1×d
B
∼= (FB(A))×d . It follows that FB(A)∼= 1×t

B , with
t = deg(A) by Lemma 7.11. �

Theorem 9.7 (Quasi-Galois closure). Suppose K is nice. Let A be a separable ring
of constant degree in K and suppose Spc(A-ModK) is connected. The splitting ring
A∗ is the quasi-Galois closure of A. That is, A∗ is quasi-Galois in K, supp(A)=
supp(A∗) and for any A-algebra B that is quasi-Galois in K with supp(A) =
supp(B), there exists a ring morphism A∗→ B.

Proof. Corollary 6.10 and Proposition 9.4 show that A∗ is quasi-Galois in K and
supp(A)= supp(A∗). Suppose there is an A-algebra B as above. By Proposition 9.6,
B splits A, so there exists a ring morphism A[deg(A)]

→ B. The result now follows
because A[deg(A)] ∼= A∗× · · ·× A∗ by Proposition 9.4. �

Remark 9.8. By Proposition 9.6, the assumption that A has constant degree is
necessary for the existence of a quasi-Galois closure A∗ of A with supp(A) =
supp(A∗).

10. Some modular representation theory

Let G be a finite group and k a field with characteristic p> 0 dividing |G|. We write
kG-mod for the category of finitely generated left kG-modules. This category is
nice, idempotent-complete and symmetric monoidal: the tensor is ⊗k with diagonal
G-action, and the unit is the trivial representation 1= k.

We will also work in the bounded derived category Db(kG-mod) and stable cate-
gory kG-stab, which are nice tt-categories. The spectrum Spc(Db(kG-mod)) of the
derived category is homeomorphic to the homogeneous spectrum Spech(H •(G, k))
of the graded-commutative cohomology ring H •(G, k). Accordingly, the spectrum
Spc(kG-stab) of the stable category is homeomorphic to the projective support
variety VG(k) := Proj(H •(G, k)); see [Benson et al. 1997].
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Notation 10.1. Let H ≤ G be a subgroup. The kG-module AH = AG
H := k(G/H)

is the free k-module with basis G/H and left G-action given by g · [x] = [gx] for
every [x] ∈ G/H . The kG-linear map µ : AH ⊗k AH → AH is given by

γ ⊗ γ ′ 7→

{
γ if γ = γ ′,
0 if γ 6= γ ′,

for all γ, γ ′ ∈ G/H .

We define η : 1→ AH by sending 1 ∈ k to
∑

γ∈G/H γ ∈ k(G/H).
We will write K(G) to denote any of kG-mod, Db(kG-mod) or kG-stab and

consider the object AH in each of these categories.

Proposition 10.2 [Balmer 2015, Proposition 3.16 and Theorem 4.4]. Let H ≤ G
be a subgroup. Then,

(a) The triple (AH , µ, η) is a commutative separable ring object in K(G).

(b) There is an equivalence of categories

9G
H : K(H)−→

' AH -ModK(G)

sending V ∈ K(H) to kG⊗kH V ∈ K(G) with AH -action

% : k(G/H)⊗k (kG⊗kH V )→ kG⊗kH V

given for γ ∈ G/H , g ∈ G and v ∈ V by γ ⊗ g⊗ v→
{

g⊗ v if g ∈ γ ,
0 if g /∈ γ .

(c) The following diagram commutes up to isomorphism:

K(G)

K(H) AH -ModK(G).

FAHResG
H

9G
H

'

So, every subgroup H ≤ G provides an indecomposable separable ring AH

in K(G), along which extension-of-scalars becomes restriction to the subgroup.

Proposition 10.3. The ring AH has degree [G : H ] in kG-mod and Db(kG-mod).

Proof. Seeing how the fiber functor ResG
{1} is conservative, we get

degkG-mod(AH )= degk-mod(ResG
{1}(AH ))= [G : H ].

The degree of AH in Db(kG-mod) is computed in [Balmer 2014, Corollary 4.5]. �

Lemma 10.4. Let K(G) denote Db(kG-mod) or kG-stab and consider subgroups
K ≤ H ≤ G. Then supp(AH ) = supp(AK ) ⊂ Spc(K(G)) if and only if every
elementary abelian p-subgroup of H is conjugate in G to a subgroup of K .
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Proof. This follows from [Evens 1991, Theorem 9.1.3], seeing how supp(AH )=

(ResG
H )
∗(Spc(K(H))) can be written as a union of disjoint pieces coming from

conjugacy classes in G of elementary abelian p-subgroups of H . �

Notation 10.5. For any two subgroups H, K ≤ G, we write H [g]K for the equiv-
alence class of g ∈ G in H −G/K , just [g] if the context is clear. We will write
H g
:= g−1 Hg for the conjugate subgroups of H .

Remark 10.6. Let H, K ≤ G be subgroups and choose a complete set T ⊂ G of
representatives for H\G/K . Consider the Mackey isomorphism of G-sets,∐

g∈T

G/(K ∩ H g)−→
∼= G/K ×G/H,

sending [x]∈G/(K∩H g) to ([x]K , [xg−1
]H ). The corresponding ring isomorphism

τ : AK ⊗ AH −→
∼=
∏
g∈T

AK∩H g

in K(G) [Balmer 2016b, Construction 4.1] is given for g ∈ T and x, y ∈ G by

prgτ([x]K ⊗[y]H )=
{
[xk]K∩H g if H [g]K = H [y−1x]K ,
0 otherwise,

with k ∈ K such that y−1xkg−1
∈ H . This yields an AK -algebra structure on AK∩H t

for every t ∈ T , given by

AK
1⊗η
−−→ AK ⊗ AH ∼=

∏
g∈T

AK∩H g
prt
−→ AK∩H t ,

which sends [x]K ∈ G/K to ∑
[k]∈K/K∩H t

[xk]K∩H t ∈ AK∩H t .

In the notation of Proposition 10.2(b), this just means AK∩H t = 9G
K (A

K
K∩H t ) in

AK -ModK(G). In other words, τ defines an isomorphism

FAK (AH )∼=9
G
K

(∏
g∈T

AK
K∩H g

)
of rings in AK -ModK(G).

Lemma 10.7. Let H < G. Suppose x, g1, g2, . . . , gn ∈ G and 1≤ i ≤ n. Then

H [x]H∩H g1∩···∩H gn = H [gi ]H∩H g1∩···∩H gn

if and only if H [x] = H [gi ].
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Proof. It suffices to prove that for x, y ∈G, we have H [x]H y = H [y]H y if and only if
H [x] = H [y]. This follows because for [x] = [y] in H−G/H y , there are h, h′ ∈ H
with x = hy(y−1h′y)= hh′y. �

Notation 10.8. We fix a subgroup H < G and a complete set S ⊂ G of representa-
tives for H −G/H . Likewise, if g1, g2, . . . , gn ∈ G we will write Sg1,g2,...,gn ⊂ G
to denote some complete set of representatives for H −G/H ∩ H g1 ∩ · · · ∩ H gn .

Recall that K(G) can denote kG-mod, Db(kG-mod) or kG-stab.

Lemma 10.9. Let 1≤ n < [G : H ]. There is an isomorphism of rings

A[n+1]
H
∼=

∏
g1,...,gn

AH∩H g1∩···∩H gn

in K(G), where the product runs over all g1 ∈ S and gi ∈ Sg1,...,gi−1 for 2 ≤ i ≤ n
with H [1], H [g1], . . . , H [gn] distinct in H\G.

Proof. By Remark 10.6, we know that

AH ⊗ AH ∼=
∏
g∈S

AH∩H g = AH ×
∏
g∈S

H [g]6=H [1]

AH∩H g ,

so Proposition 2.1 shows

A[2]H
∼=

∏
g∈S

H [g]6=H [1]

AH∩H g in K(G).

Now suppose
A[n]H
∼=

∏
g1,...,gn−1

AH∩H g1∩···∩H gn−1

for some 1≤ n< [G : H ], where the product runs over all g1 ∈ S and gi ∈ Sg1,...,gi−1

for 2≤ i ≤ n− 1 with H [1], H [g1], . . . , H [gn−1] distinct in H\G. Then

A[n]H ⊗ AH ∼=
∏

g1,...,gn−1

AH∩H g1∩···∩H gn−1 ⊗ AH ∼=
∏

g1,...,gn−1

∏
gn∈Sg1,...,gn−1

AH∩H g1∩···∩H gn ,

again by Remark 10.6. We note that every gn ∈ Sg1,...,gn−1 with either H [gn] = H [1]
or H [gn] = H [gi ] for 1≤ i ≤ n− 1 provides a copy of A[n]H . By Lemma 10.7, this
happens exactly n times. Hence,

A[n]H ⊗ AH ∼=
(
A[n]H

)×n
×

∏
g1,...,gn

AH∩H g1∩···∩H gn ,

where the product runs over all g1 ∈ S and gi ∈ Sg1,...,gi−1 for 2≤ i ≤ n with distinct
H [1], H [g1], . . . , H [gn] in H\G. The lemma follows by Proposition 3.5(a). �

Corollary 10.10. Let d := [G : H ]. There is an isomorphism of rings

A[d]H
∼=
(
AnormG

H

)×k(G,H)
, where k(G, H)= d!

[G : normG
H ]

,
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in kG-mod and Db(kG-mod). Here, normG
H :=

⋂
g∈G

g−1 Hg is the normal core of H
in G.

Proof. From the above lemma, we know

A[d]H
∼=

∏
g1,...,gd−1

AH∩H g1∩···∩H gd−1 ,

where the product runs over some g1, . . . gd−1 ∈ G with

{H [1], H [g1], . . . , H [gd−1]} = H −G.

This shows A[d]H
∼= A×t

normG
H

for some t ≥ 1. Now, deg(AnormG
H
)= [G : normG

H ] and
deg(A[d]H )= d! by Remark 6.3, so t = d!/[G : normG

H ] by Lemma 3.8(c). �

Corollary 10.11. The ring AH in Db(kG-mod) has constant degree [G : H ] if and
only if normG

H contains every elementary abelian p-subgroup of H. In that case, its
quasi-Galois closure is AnormG

H
. Furthermore, AH is quasi-Galois in Db(kG-mod)

if and only if H is normal in G.

Proof. By Lemma 8.2, AH has constant degree [G : H ] in Db(kG-mod) if and
only if supp(A[d]) = supp(A) ⊂ Spc(Db(kG-mod)). Hence, the first statement
follows immediately from Lemma 10.4 and Corollary 10.10. By Proposition 6.9,
the splitting ring of AH is AnormG

H
, so the second statement is Theorem 9.7. Since

AH is an indecomposable ring, it is quasi-Galois if and only if it is its own splitting
ring. Thus AH is quasi-Galois if and only if AnormG

H
∼= AH , which yields normG

H = H
by comparing degrees. �

Remark 10.12. Let H ≤ G be a subgroup. Recall that AH ∼= 0 in kG-stab if and
only if p does not divide |H |. On the other hand, AH ∼= k in kG-stab if and only
if H is strongly p-embedded in G, that is p divides |H | and p does not divide
|H ∩ H g

| if g ∈ G− H .

Proposition 10.13. Let H ≤ G and consider the ring AH in kG-stab. Then,

(a) The degree of AH is the greatest 0≤ n ≤ [G : H ] such that there exist distinct
[g1], . . . , [gn] in H\G with p dividing |H g1 ∩ · · · ∩ H gn |.

(b) The ring AH is quasi-Galois if and only if p divides |H | and p does not divide
|H ∩ H g

∩ H gh
| whenever g ∈ G− H and h ∈ H − H g.

(c) If AH has degree n, the degree is constant if and only if there exist distinct
[g1], . . . , [gn] in H\G such that H g1 ∩ · · · ∩ H gn contains a G-conjugate of
every elementary abelian p-subgroup of H.
In that case, AH has quasi-Galois closure given by AH g1∩···∩H gn .

Proof. For (a), recall that deg(AH ) is the greatest n such that A[n]H 6= 0, thus such that
there exist distinct H [1], H [g1], . . . , H [gn−1] with |H ∩H g1 ∩· · ·∩H gn−1 | divisible
by p.
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To show (b), recall that FAH (AH ) ∼= 9
G
H

(∏
g∈S AH

H∩H g

)
by Remark 10.6. It

follows that FAH (AH )∼= 1× deg(AH )
AH

in AH -ModkG-stab if and only if∏
g∈S

AH
H∩H g

∼= k× deg(AH )

in kH -stab. So, AH is quasi-Galois in kG-stab if and only if AH 6= 0 and for every
g ∈ G, either AH

H∩H g = 0 or AH
H∩H g

∼= k in kH -stab. By Remark 10.12, this means
either p does not divide |H ∩ H g

|, or p divides |H ∩ H g
| but does not divide

|H∩H g
∩H gh

| when h ∈ H−H g. Equivalently, p does not divide |H∩H g
∩H gh

|

whenever g ∈ G− H and h ∈ H − H g.
For (c), suppose AH has constant degree n. By Proposition 9.4, any indecom-

posable ring factor of A[n]H is isomorphic to the splitting ring A∗H , so Lemma 10.9
shows that the quasi-Galois closure is given by A∗H ∼= AH g1∩···∩H gn for any dis-
tinct H [g1], . . . , H [gn] with |H g1 ∩ · · · ∩ H gn | divisible by p. Then, supp(AH ) =

supp(A∗H )= supp(AH g1∩···∩H gn ) so H g1∩· · ·∩H gn contains a G-conjugate of every
elementary abelian p-subgroup of H . On the other hand, if there exist distinct
[g1], . . . , [gn] in H\G such that H g1 ∩ · · · ∩ H gn contains a G-conjugate of every
elementary abelian p-subgroup of H , then supp(A[n]H ) = supp(AH g1∩···∩H gn ) =

supp(AH ), so the degree of AH is constant. �

Example 10.14. Let p = 2 and suppose G = S3 is the symmetric group on 3
elements {1, 2, 3}. Consider the subgroup H := {( ), (1 2)} ∼= S2 of permutations
fixing {3}. Its conjugate subgroups in G are the subgroups of permutations fixing
{1} and {2} respectively, so normG

H = {( )}. Now, AH is a ring of degree 3 in
Db(kG-mod), and we immediately see that supp(AH )=Spc(Db(kG-mod)) because
p does not divide [G : H ]. Seeing how supp(A[3]H )⊂ Spc(Db(kG-mod)) contains
only one point, the ring AH does not have constant degree in Db(kG-mod). On the
other hand, the ring AH considered in kG-stab is quasi-Galois of degree 1, since
H is strongly p-embedded in G.

Example 10.15. Let p = 2 and suppose G = S4 is the symmetric group on 4
elements {1, 2, 3, 4}. If H ∼= S3 is the subgroup of permutations fixing {4}, the
ring AH in kG-stab has constant degree 2. Indeed, the intersections H ∩ H g

with g ∈ G − H each fix two elements of {1, 2, 3, 4} pointwise, so p does not
divide [H : H ∩ H g

]; thus supp(A[2]H )= supp(AH ). Furthermore, the intersections
H∩H g1∩H g2 with [1], [g1], [g2] distinct in H\G are trivial, so A[3]H =0 in kG-stab.
The quasi-Galois closure of AH in kG-stab is AS2 , with S2 embedded in H .
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