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p-rigidity and Ilwasawa p-invariants

Ashay A. Burungale and Haruzo Hida

Let F be a totally real field with ring of integers O and p be an odd prime
unramified in F. Let p be a prime above p. We prove that a mod p Hilbert
modular form associated to F is determined by its restriction to the partial
Serre—Tate deformation space @m ® O, (p-rigidity). Let K/F be an imaginary
quadratic CM extension such that each prime of F above p splitsin K and A a
Hecke character of K. Partly based on p-rigidity, we prove that the p-invariant
of the anticyclotomic Katz p-adic L-function of A equals the p-invariant of the
full anticyclotomic Katz p-adic L-function of A. An analogue holds for a class of
Rankin—Selberg p-adic L-functions. When A is self-dual with the root number —1,
we prove that the p-invariant of the cyclotomic derivatives of the Katz p-adic
L-function of X equals the pu-invariant of the cyclotomic derivatives of the Katz
p-adic L-function of 1. Based on previous works of the authors and Hsieh, we
consequently obtain a formula for the p-invariant of these p-adic L-functions
and derivatives. We also prove a p-version of a conjecture of Gillard, namely the
vanishing of the p-invariant of the Katz p-adic L-function of X.
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1. Introduction

Zeta values seem to suggest deep phenomena in Mathematics. They seem to
mysteriously encode deep arithmetic information. They also seem to suggest
surprising modular and Iwasawa-theoretic phenomena.
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Sometimes, they are a sum of evaluations of modular forms at CM points.
Such an expression for critical Hecke L-values and conjectural nontriviality of the
corresponding anticyclotomic p-adic L-function, suggested to the second named
author a linear independence of mod p Hilbert modular forms. Based on Chai’s
theory of Hecke-stable subvarieties of a Shimura variety (see [Chai 1995; 2003;
2006]), this guess was proven in [Hida 2010]. Let p be a prime above p (see the
abstract). Recently, the expression and conjectural nontriviality of the corresponding
anticyclotomic p-adic L-function suggested to us a rather surprising rigidity property
of mod p Hilbert modular forms. Partly based on the rigidity, we obtain intriguing
equalities of Iwasawa p-invariants of seemingly independent p-adic L-functions.

Let F be a totally real field of degree d and O the integers ring. Let p be an odd
prime unramified in F. Let py, ..., p, be the primes above p. Fix two embeddings
leo: @ — C and lLp: 0— C,. Let v, be the p-adic valuation of C, normalised
such that v, (p) = 1. Let [ be an algebraic closure of [,.

Let Shr be the Kottwitz model of the prime-to- p Hilbert modular Shimura variety
associated to F'. We refer to Section 2B for the definition. Here we only mention
that in the moduli interpretation for Sh,z,, the full prime-to-p level structure
appears. Let x € Sh be a closed ordinary point. From Serre-Tate deformation
theory, a p®-level structure on x induces a canonical isomorphism

Spf(Dsn.x) = [ [ Gm ® Oy, (1-1)

1

Let p = p;, for some i. Let f be a mod p Hilbert modular form in the sense of
Section 2D. In view of the irreducibility of the connected components of Sh, the
form f is determined by its restriction to Spf(@sh, +)- In fact, we have the following
rigidity result.

Theorem 1.1 (p-rigidity). Let F/ Q be a totally real extension with integer ring O,
p an odd prime unramified in F and p|p a prime in F. Let f be a nonzero mod p
Hilbert modular form over F as above.

Then, f does not vanish identically on the partial Serre—Tate deformation space
@m ® Oy. In particular, a mod p Hilbert modular form is determined by its
restriction to the partial Serre—Tate deformation space @m ® Oy.

We now describe the results regarding the Iwasawa p-invariants.

Let K be a totally imaginary quadratic extension of F. Let ks denote the
class number of ?, for ? = K, F'. Let ¢ denote the complex conjugation on C
which induces the unique nontrivial element of Gal(K / F) via . We assume the
following hypothesis:

(ord) Every prime of F above p splits in K.
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The condition (ord) guarantees the existence of a p-adic CM type X, i.e., X is a
CM type of K such that the p-adic places induced by elements in X via ¢, are disjoint
from the ones induced by Xc¢. We fix such a CM type. We also identify it with the
set of infinite places of F. Let K (resp. K) be the anticyclotomic ZZ—extension
(resp. cyclotomic Z-extension) of K and K, C K be the p-anticyclotomic
subextension, i.e., the maximal subextension unramified outside the primes above
pin K. Let Ky oo = K, KT, Let T* := Gal(K3,/K), Ty := Gal(K, ,,/K) and
[y :=Gal(Ky o0/ K).

Let € be a prime-to- p integral ideal of K. Let A be an arithmetic Hecke character
over K. Suppose that € is the prime-to-p conductor of A. Associated to this data, a

natural (d + 1)-variable Katz p-adic L-function
Ly, =Ls (T, ..., T4, S) € Z,[T]]

is constructed in [Katz 1978; Hida and Tilouine 1993]. Here, the T; are the
anticyclotomic variables and § is the cyclotomic variable. The Katz p-adic L-
function interpolates critical Hecke L-values L(0, Ax) as x varies over certain
Hecke characters over K factoring through the Ray class group with conductor €p>
(Eee [Hida and Tilouine 1993, Theorem II]). Let LiA € Z,,[[F_]] (resp. Lg,k,p €
Z,T', 1) be the anticy_/clotomic (Eesp. p—anticyclotomic)_projection _obtained from
the projecEion 7~ 2 Zy[T] — Z,[T""] (resp. Ty Zp_[[F]] —» Zp_[[Fp_]]). Let
Ls sp € Z,[[T'y] be obtained from the projection 7y, : Z,[I']] = Z,[T',]l. We
call Ly j , the Katz p-adic L-function to emphasise the consideration of the p-
component. This is a slightly nontraditional terminology as the construction is still
under the same embedding ¢,.

For the notion of Iwasawa p-invariants, we refer to [Hida 2010, §1]. Here we
only mention that the p-invariant measures nontriviality modulo p. We now state
our results regarding the Iwasawa p-invariants of p-adic L-functions and derivatives
arising in the context of the Iwasawa theory of an arithmetic Hecke character over
a CM field as above.

The p-invariant of Ly ; . is given by the following theorem.

Theorem 1.2. Let F/ Q be a totally real extension, p an odd prime unramified in F
and p|p a prime in F. Let K/ F be a p-ordinary CM quadratic extension. Let A be
an arithmetic Hecke character over K. Let Ly, ; (resp. L MJ) be the corresponding
anticyclotomic Katz p-adic (resp. anticyclotomic Katz p-adic) L-function as above.
Then, we have

M(LE)L) = /’L(Lgkp)

In most of the cases, ,u(Li ;) has been explicitly determined (see [Hida 2010;
Hsieh 2014a]). Thus, we obtain a formula for pu(Ly. MJ).



1924 Ashay A. Burungale and Haruzo Hida

We show a result analogous to Theorem 1.2 for a class of Rankin—Selberg
anticyclotomic p-adic L-functions.

When A is self-dual with the root number —1, all the Hecke L-values appearing in
the interpolation property of Ly, ; vanish. Accordingly, Ly, ; and Ly op identically
vanish. The anticyclotomic arithmetic information contained in Ly , and Ly, ,
may seem to have disappeared. However, we can look at the cyclotomic derivatives

d
Ly, = (ﬁLE,A(TI, ooy I, S)) ‘s:o (1-2)
and L/):’ 5.p (defined analogously).

The p-invariant of le, 5.p 1s given by the following theorem.

Theorem 1.3. Let F/ Q be a totally real extension, p an odd prime unramified in
F and p|p a prime in F. Let K/F be a p-ordinary CM quadratic extension. Let A
be an arithmetic self-dual Hecke character over K with root number —1. Let L/z, )
(resp. L/E, A’p) be the corresponding cyclotomic derivative of the Katz p-adic (resp.
Katz p-adic) L-function as above.

Suppose that p{hy., where h, is the relative class number given by hy =hg [ hr.
Then, we have

WLy ) = (L )

In most of the cases, ,u(L/X ;) has been explicitly determined (see [Burungale
2015]). Thus, we obtain a formula for /,L(L,E’)\,p).

Finally, we consider the p-adic L-function. We have the following p-version
of a conjecture of Gillard [1991, Conjecture (i)] regarding the vanishing of the
u-invariant of Katz p-adic L-function.

Theorem 1.4. Let F/ Q be a totally real extension, p an odd prime unramified in F
and p|p aprime in F. Let K/ F be a p-ordinary CM quadratic extension. Let A be
an arithmetic Hecke character over K. Let Ly ; , be the corresponding cyclotomic
Katz p-adic L-function as above. Then, we have

m(Ls jp)=0.

We now describe the strategy of the proof of Theorem 1.1. Some of the notation
used here is not followed in the rest of the article.

We begin with general remarks on rigidity. Here is a geometric reason for this
rigidity, which we refer to as L-rigidity. Let S be a formal torus over a field which
is the residue field of a mixed characteristic ring. Suppose that we have a rational
structure coming from an algebraic subscheme S over the mixed characteristic
ring whose formal completion at a closed point x € § gives S. Here S is not
necessarily an algebraic torus. We suppose that there exists a positive dimensional
transcendental linear subvariety L of S with strictly smaller dimension, i.e., a
nontrivial formal subtorus which does not equal the formal completion along x of
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an algebraic subscheme of S. Transcendence of L implies the “algebraic” Zariski
closure of L in S is the entire S. This may not happen for the formal Zariski closure.
Let A = Og , and L = Spf(B). Thus, the transcendence of L is equivalent to the
injectivity of the natural morphism A — B given by ¢ > ¢|; for ¢ € A and hence
the L-rigidity, i.e., ¢ is determined by its restriction to the formal subtorus L. The
rigidity remains true for ¢ o a for any automorphism a of S. It turns out that often
the rigidity also remains true for ) ; ¢; o a; for a well chosen set of automorphisms
a; of S and ¢; € T'(S, Oy), i.e.,

Y ¢ioai=0=¢; =0

for all i. As the notion of well chosen may vary from context to context, we only
mention that {a;}’s typically satisfy a transcendental property which we later specify
in this context. We study the case for the Serre—Tate deformation space S with
rational structure induced from the Hilbert modular Shimura variety. The formal
subtorus we study is the partial p-deformation subspace of S. We consider certain
{a;}; such that the differences {a,-aj_l}i# ;j are “transcendental” automorphisms of
the Serre—Tate deformation space (see Section 4A).

Let G = Resp,z(GL;). The group G(Z,)) acts on the prime-to-p Hilbert
modular Shimura variety Sh,z , . We refer to Section 3B for the action. Here we
only mention that in terms of the moduli interpretation, the action corresponds to
the one on the level structure. Let V be an irreducible component of Sh containing
x. Let H(Z ) be the stabiliser of x in G(Z ). It acts on Spec(Oy ) and thus
on the Serre-Tate deformation space Spf(@v, x). In view of the description of the
action on the Serre—Tate coordinates, we observe that the formal subtorus

ﬁm &® Op C SPf(av,x)

is stable under the action of H,(Z,,). Chai and the second named author have
proven that a positive dimensional closed irreducible subvariety of V containing
x and stable under H,(Z,,) equals V itself. In this sense, the formal subtorus
@m ® Oy is transcendental in the Shimura variety. Recall that the Igusa tower is
étale over V. As a mod p Hilbert modular form is an algebraic function on the
Igusa tower, we prove p-rigidity (Theorem 1.1) based on the transcendence.

We now describe the strategy of the proof of Theorem 1.2. Some of the notation
used here is not followed in the rest of the article.

Let us first recall the second named author’s strategy [2010] to determine u(Ly; ;).
Let 0, =0®Z,. Let

Gz € Z,Th, ..., T4l
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be the power series expansion of the measure Ly, , regarded as a p-adic measure
on O, with support in 1 + pO,, given by

G = / P dLs, ()
1+pO,

"L </1+po<k1,--y.,kd)dLix(y))le'---Tdk". (1-3)

(kt,..ska) €(Z20)?

The starting point is the observation that there are classical Hilbert modular Eisen-
stein series (f3.;); such that

Gsa= aio(fri(t), (1-4)

where f; ;(t) is the t-expansion of f; ; around a well chosen CM point y with
the CM type (K, £) on the Hilbert modular Shimura variety Sh and @; is an
automorphism of the Serre—Tate deformation space Spf(@Sh, y), e, a; € H(Z)p)
(see Section 3B). Based on Chai’s study of Hecke-stable subvarieties of a Shimura
variety, the second named author has proven the linear independence of (a; o f ;)i
modulo p. It follows that

nu(Ly ;) = ml_in (S (1))

LetGx . p€ Z b [[Fp_ 1l be the analogous power series expansion of the measure Li aopr
Based on the action of p-adic differential operators on the z-expansion of a p-adic
Hilbert modular form around an ordinary point in terms of the partial Serre—Tate
coordinates, we show that

Gsap=Y aipo(frilty), (1-5)

where q; , is the projection of a; to H,(Z,), (see Section 3B) and f) ; (1) is the
p-adic Serre—Tate expansion of f around y (see Section 6A). Based on p-rigidity
and Chai’s theory of Hecke-stable subvarieties of a Shimura variety, we prove
p-independence, i.e., the linear independence of (a,»,p o ( fk,i(fp)))i modulo p. It
follows that

Ly ;) = miin w(foi(tp)).
In view of the p-rigidity, we have

w(fai (1) = pn( fa,i(tp)).

This concludes the proof of Theorem 1.2.
The strategy of the proof of Theorem 1.3 is similar to the above strategy. It
involves p-adic modular forms fx/,i arising from the p-adic derivative of f)ys;
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with N being the norm Hecke character. In this sense, the proof involves p-rigidity
for nonclassical p-adic modular forms. Finally, Theorem 1.4 is proven based on
Theorem 1.2 and the proof of results in [Hida 2011; Burungale and Hsieh 2013]. As
in [Hida 2010], we would like to emphasise that Chai’s theory plays an underlying
role in all of the above results.

In this article, we give an elementary construction of p-adic differential operators
on the space of p-adic Hilbert modular forms avoiding the use of Gauss—Manin
connection in Katz’s construction. This is based on the ideas of the second named
author in the early nineties. Based on this construction, we determine the action of
p-adic differential operators on the t-expansion of a p-adic Hilbert modular form
around an ordinary point in terms of the partial Serre—Tate coordinates.

Along with the p-adic Gross—Zagier formula, Theorem 1.2 and Theorem 1.3 have
application towards generic nonvanishing of p-adic heights on CM abelian varieties
(see [Burungale and Disegni > 2017]). This provides evidence for Schneider’s
conjecture on the nonvanishing of p-adic heights in the CM case. In view of
[Burungale 2017], the underlying ideas also have application towards generic
nonvanishing of the p-adic Abel-Jacobi image of generalised Heegner cycles in
the non-CM case. We refer to [Burungale 2016b] for a survey.

Let p; and p; be primes above p as above. Theorem 1.2 implies an intriguing
equality

I’L(LE")L’pi) = 'U“(LE,)»,]JJ')

of Iwasawa p-invariants. This is rather surprising as theses p-invariants could
be nonzero and one in general does not expect any relation between the p-adic
L-functions Ly ; p,. These p-adic L-functions correspond to independent variables
whose number may vary with i. As far as we know, Theorem 1.2 is a first phenomena
possibly suggesting a relation. It would be interesting to see whether an analogue
holds for Iwasawa A-invariants. One can perhaps first collect experimental data.
In the case of self-duality and the root number being —1, the equality of the u-
invariants persists even after taking the cyclotomic derivative. It seems tempting to
suppose that a deeper phenomena mediates the relation.

In view of the anticyclotomic main conjectures, Theorem 1.2 would imply an
equality of the corresponding algebraic u-invariants. Note that the underlying
Selmer groups correspond to rather different local conditions. In many cases, the
anticyclotomic main conjecture has been proven (see [Hida 2006; 2009b]). It would
be interesting to prove the equality of the algebraic p-invariants directly. This sort
of equality does not seem to be conjectured in the literature.

In [Burungale > 2017], the first named author proves the analogue of p-rigidity
and p-independence for quaternionic modular forms over totally real fields. These
results concern a quaternion algebra which is not totally definite. In the near
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future, he hopes to consider an analogue of Theorem 1.2 for a class of quaternionic
Rankin—-Selberg p-adic L-functions. In [Harris et al. 2006], a construction of p-adic
L-functions for unitary Shimura varieties is announced (see [Eischen et al. 2016]).
In such a case, the number of variables of the p-adic L-function is typically less
than the dimension of the Shimura variety. The variables of the p-adic L-function
may correspond to an analogue of the @m ® Op-variables. In the future, we hope to
consider this question starting with the case of U (n, 1) Shimura varieties.

Formulating a p-rigidity type statement for a PEL Shimura variety may have an
independent interest. In characteristic zero, we hope to explore rigidity based on
the approach in [Burungale and Hida 2016].

The article is organised as follows. In Section 2, we recall basic facts about
the Hilbert modular Shimura variety Sh. In Section 3, we prove Theorem 1.1. In
Sections 3A-3B, we firstly recall some facts about Serre—Tate deformation theory of
an ordinary closed point in Sh. In Section 3C, we prove the theorem. In Section 4,
we prove p-rigidity, i.e., the linear independence of mod p Hilbert modular forms
restricted to the partial Serre—Tate deformation space @m ® Oyp. In Section 5A, we
give an elementary construction of p-adic differential operators on the space of
p-adic Hilbert modular forms. In Section 5B, we use it to compute the action of
the p-adic differential operators on the 7-expansion of a p-adic Hilbert modular
form around an ordinary point in terms of the partial Serre—Tate coordinates. In
Section 6, we consider Iwasawa p-invariants as in Theorems 1.2—1.4. In Section 6A,
we determine the p-invariant of certain anticyclotomic p-adic L-functions (see
Theorem 1.2). In Section 6B, we determine the p-invariant of the cyclotomic
derivative L/z, aop of the Katz p-adic L-function, when the branch character X is
self-dual with the root number —1 (see Theorem 1.3). In Section 6C, we prove a
p-version of a conjecture Gillard regarding the vanishing of the p-invariant of the
Katz p-adic L-function (see Theorem 1.4).

Notation. We use the following notation unless otherwise stated.

For a number field L, let Ay be the adele ring and A{ the finite adeles of L.
Let h;, denote the ideal class number. Let G be the absolute Galois group of L
and Gib the maximal abelian quotient. Let rec; : A} — G‘*Lb be the geometrically
normalised reciprocity law.

2. Hilbert modular Shimura variety

In this section, we recall basic facts about Hilbert modular Shimura varieties. We
follow [Hida 2004].

2A. Setup. In this subsection, we recall a basic setup regarding Hilbert modular
Shimura varieties.
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Let G =Resr/g GL; and hg : Resc/r G, — Gg be the morphism of real group

schemes arising from
a+bi— @ —b
b al

where a + bi € C*. Let X be the set of G(R)-conjugacy classes of iy. We have a
canonical isomorphism X ~ (C — R)!, where I is the set of real places of F. The
pair (G, X) satisfies Deligne’s axioms for a Shimura variety. It gives rise to a tower
(Shg = Shk (G, X))k of quasiprojective smooth varieties over Q0 indexed by open
compact subgroups K of G(A/). The pro-algebraic variety Sh /0 18 the projective
limit of these varieties. The complex points of these varieties are given as follows

Shx (C) = G(Q\X x G(A')/K, Sh(C)=G(Q\X x G(A)/Z(Q). (2-1)

Here, Z(_Q) is the closure of the center Z( Q) in G(A') under the adélic topology.
From (2-1) and the general theory of Shimura varieties, it follows that Sh,¢ is
endowed with an action of G(A') (see [Hida 2004, §4.2]). This gives rise to the
Hecke action.

2B. p-integral model. In this subsection, we briefly recall a canonical p-integral
smooth model Sh(/pz)(p) of the Shimura variety Sh/G(Z,),¢.

Hilbert modular Shimura variety Sh, ¢ represents a functor F classifying abelian
schemes having multiplication by O along with additional structure, where O
is the ring of integers of F' (see [Hida 2004, §4.2; Shimura 1963]). As in the
introduction, let p be an odd prime unramified in F. Under this hypothesis, a p-
integral interpretation 77’ of F leads to a p-integral smooth model of Sh/G(Z,),¢.

The functor 7 is given by

FP: SCH/g,,, — SETS,
S {(A, 4,205}/ ~ (2-2)
Here,
(PM1) A is abelian scheme over S of dimension of d.

(PM2) ¢: O — Endgy A is an algebra embedding.

(PM3) A is the polarisation class of a homogeneous polarisation A up to scalar
multiplication by t(O(Xp)’Jr), where O(p) 4 :={a € O, |o(a) >0, Vo € 1}.
Also, the Rosati involution of Endg A takes ¢() to ¢({*), for [ € O.

(PM4) Let T (A) be the prime-to-p Tate module l(ian,[N A[N]. Then n” is a
prime-to-p level structure given by an O-linear isomorphism

n(p) - 02 Q7 2”” ~ TP (A),
where Z? = [lizp Zi-
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(PM5) Let Lieg(A) be the relative Lie algebra of A. There exists an O®zOs-
module isomorphism

Lies(A) ~ O ®z Oy,
locally under the Zariski topology of S.

The notation ~ denotes up to a prime-to-p isogeny.

Theorem 2.1 (Kottwitz). Let the notation and assumptions be as above. Then, the
functor F'P) is represented by a pro-algebraic scheme Sh'" (G, X) z, . Moreover,
there exists an isomorphism given by

Sh'” x Q@ ~Sh/G(Z,),0.
(see [Hida 2004, §4.2.1]).

The pro-algebraic scheme Sh'”’ (G, X) /Z, 18 usually referred as the Kottwitz
model. In what follows, we let Sh(/pz)(p) denote Sh'”(G, X),z,,, for simplicity of
notation.

2C. Igusa tower. In this subsection, we briefly recall the notion of p-ordinary
Igusa tower over the p-integral model (see Section 2B).

Let Q be an algebraic closure of Q and Q p be an algebraic closure of Q p- We
fix a complex embedding i : Q <> C and a p-adic embedding P Q00— 0 -

Let W be the strict Henselisation inside Q of the local ring of Z, p corresponding
to t,,. Let [ be the residue field of W. Note that [ is an algebraic closure of [,.

Let Shif,, = Sh'” x 7z, W and Shif = Sh/}}, xwF.

From now let Sh denote Sh(p ’. Let A be the universal abelian scheme over Sh.

Let Sh° be the subscheme of Sh on which the Hasse-invariant does not vanish.
It is an open dense subscheme. Over Sh°" the connected part A[p™]° of A[p™]is
étale-locally isomorphic to u,m ®z, O* as an Op-module, where O* = oo,
0 is the different of F/Q and 0, =0 Q® Z,,.

We now define the Igusa tower. For m € N, the m-th layer of the Igusa tower
over Sh° is defined by

Ig,, = Isomo, (1L ®2z, 0%, Alp"1°). (2-3)

hord

Note that the projection 7, : Ig,, — S is finite and étale. The full Igusa tower

over Sh° is defined by
Ig=1Ig,, =limlg, =Isomg,(u,~ ®z, O*, A[p™1°). (2-4)
(Et) Note that the projection 7 : Ig — Sh°™ is étale.

Let x be a closed ordinary point in Sh. We have the following description of the
level p®-structure on the corresponding p-divisible group A,[p°].
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(PL) Let n;’, be a level p°-structure on A, [p°°]°. For the primes p in O dividing p,
itis a collection of level p structures 7,, given by isomorphisms

77; : 0;‘ i Ax[poo]o»
where Oy = O* ® Oy. The Cartier duality and the polarisation A, induces an

isomorphism

My 1 Op = Ax[p™]%
Thus, we get a level p™-structure nit on A,[p™]¢ from ;-

Let V be an irreducible component of Sh and V' be V NSh°Y. Let I be the
inverse image of vord under 7. In [Hida 2004, Chapter 8; 2009a], it has been shown
that

(Ir) I is an irreducible component of Ig.

2D. Mod p modular forms. In this subsection, we briefly recall the notion of mod
p modular forms on an irreducible component of the Hilbert modular Shimura
variety (see Section 2B).

Let V and I be as in Section 2C. Let B be an F-algebra. The space of mod p
modular forms on V over B is defined by

MV,B)=H5,0;,), (2-5)

where 1,5 := I xf B. In view of Sections 2B-2C, we have the following geometric
interpretation of mod p modular forms.

A mod p modular form is a function f of isomorphism classes of x = (x, 1)/,
where B’ is a B-algebra, x = (A, ¢, A, n'”),pr € FP(B’) and

ny: Upe @z, OF = A[p™]°
is an O,-linear isomorphism, such that the following conditions are satisfied.

(Gl) f(¥) e B

(G2) If X ~X/, then f(X)= f(X"), where X >~ %’ means x ~ x’ and the corresponding
isomorphism between A and A’ induces an isomorphism between n;, and n;’.

(G3) f(x xp B”) =h(f(x)) for any B-algebra homomorphism x: B’ — B”.

We also have the key notion of g-expansion and g-expansion principle for mod
p modular forms (see [Hida 2004, Theorem 4.21]).
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2E. p-adic modular forms. In this subsection, we briefly recall the notion of p-
adic modular forms on an irreducible component of the Hilbert modular Shimura
variety (see Section 2B).

Let W denote the Witt ring W(F). The construction of the Igusa tower in
Section 2C is well defined for the base W. Let I,y be the irreducible component
of the Igusa tower Ig,y, over an irreducible component V,y of the Shimura variety
Sh,w. Let C be a p-adically complete local W-algebra with maximal ideal mc.
The space of p-adic modular forms on V over C is defined by

M(V,C)=H"(;c.0p,). (2-6)

where I,c :=1;w x,w C.

By definition, a p-adic modular form over C modulo m¢ is a mod p modular
form.

We have an analogous moduli interpretation as in Section 2D and also the
g-expansion principle, for p-adic modular forms (see [Hida 2010, §4.1]).

3. p-rigidity

In this section, we prove the rigidity of mod p modular forms (see Theorem 1.1). In
Sections 3A-3B, we firstly recall basic facts about Serre-Tate deformation theory
of an ordinary closed point on the Hilbert modular variety (see Section 2B). In
Section 3C, we prove the rigidity.

3A. Serre-Tate deformation theory. In this subsection, we briefly recall Serre—
Tate deformation theory of an ordinary closed point on the Hilbert modular variety
(see Section 2B). We follow [Hida 2004, §8.2; 2010, §2; 2013b, §1].

Let the notation and assumptions be as in Section 2. Let x be a closed point
in Sh° carrying (A, ty, Ax, ) /5. Let V be the irreducible component of Sh
containing x.

Let CLy be the category of complete local W-algebras with residue field . Let
D,w be the fiber category over CLy of deformations of x defined as follows. Let
R € CLy. The objects of D,y over R consist of x™* = (x', t,/), where x" € F7(R)
and

Lo x xpF~x.

Let x™ and x”* be in D,y over R. By definition, a morphism ¢ between x"* and
x"”* is a morphism (still denoted by) ¢ between x’ and x” satisfying [Hida 2004,
(7.3)] and the following condition.

(M) Let ¢ be the special fiber of ¢. The automorphism ¢, o ¢pg o L;/l of x equals
the identity.
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Let F, be the deformation functor given by
F.:CL;w — SETS,

(3-1)
R {xy €D}/ ~.

The notation >~ denotes up to an isomorphism.

Recall, R € CLy. As R is a projective limit of local W-algebras with nilpotent
maximal ideal, we can (and do) suppose that R is a local Artinian W-algebra with
nilpotent maximal ideal m. Let x;’;e € D and A denote A,. By Drinfeld’s theorem
(see [Hida 2004, §8.2.1]), A[p*>°]°(R) is killed by p"° for sufficiently large ng. Let
y € A(F) and y € A(R) such that yy = y, where ¥y denotes the special fiber of y
(as A,p is smooth, such a lift always exists). By definition, y is determined modulo
ker(A(R) — A(F)) = A[p®™]°(R). Thus, for n > ng, “p"”yo := p"y is well defined.
From now, we suppose that n > ng. If y € A[p"](F), then “p"*”’y € A[p*°]°(R).
Strictly speaking, we apply the idempotent e}, corresponding to p so that e,“p"”y €
A[p>]°(R). We let “p"”y denote e,“p"”y for simplicity of notation.

Thus, we have a homomorphism

“p" i Alp"1(F) —> A[pTI°(R). (3-2)

We also have the commutative diagram

« n+1s

Alp™ 1 (R) —— Alp"1(F) —— A[p™1°(R)

| P, ]

Alp"1%(R) — = A[p"](F) —— A[p™]°(R).

Passing to the projective limit, this gives rise to a homomorphism
“p>7 L ApTI[E) - AT (R). (3-3)
(CC) For lim y, € lim A[p"](F), let
v =limy, € A[pT1(F) = A [p™".
The isomorphism is induced by ¢, .
Let gn p(yn) = “p"”yn and gp(y) = lim g, (y,). By definition,
g5 (») € Alp™1°(R) = Hom(AY [p™1%, G (R)),

where A is the dual of the abelian variety A,. Let g4 , be the pairing given by

:Ax 0076t Av 0076t GmR,
qap [pT]" x AL [P™]" — Gu(R) (34)
qap(y,2) = qp(y)(2).

We have the following fundamental result.
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Theorem 3.1 (Serre-Tate). (1) There exists a canonical isomorphism

Fe(R) ~ [ [ Homz, (A [p™1* x AY[p™1%, Gn(R)) (3-5)
p
given by x"™* + q4 := ]_[p qA . p-
(2) The deformation functor Fy is represented by the formal scheme §/W =
Spf((/Q\V, x). A level p™-structure as in (PL), gives rise to a canonical isomor-

phism of the deformation space §/W with the formal torus ]_[p @m ®z, Oy (see
[Hida 2013b, Proposition 1.2]).

Let xst be the universal deformation of the closed ordinary point x.
We now recall key underlying notions.

Definition 3.2. Let x be a closed ordinary point on the Hilbert modular variety as
above. Recall that a level p®>-structure on x (see (PL)) gives rise to a canonical
isomorphism of the deformation space §/W with the formal torus ]_[p Gm ® z, Oy
(see part (2) of Theorem 3.1). Under this identification, let

be the coordinates of the deformation space §/W, where 1, is the coordinate
of G, ® z,0p. We call 1 = (t), the Serre-Tate coordinates of the deformation
space S/ w.

o —

We have S = Spf(W[O]), where S = G,, ® 0*, W[O]= W[X(S)] and W[O]
is the completion at the augmentation ideal. Here, X (.S) is the character group of S.
Note that W[ O] is the ring consisting of formal finite sums Zg coa )5, where
a(£) € W and t is the coordinate of G,,. Here, ¢¢ is the character given by

3 (tQu)= fTrr/0 ()

for u € O*.

Definition 3.3. Let f be a mod p modular form over F (see Section 2D). A level
p°-structure 1y, of x gives rise to a canonical level p>°-structure 17‘;j gt of the
universal deformation xst. We denote by

(st n%.s7)) € FLO]

the 7-expansion of f around x.
We have the following ¢-expansion principle.

(t-expansion principle) The above ¢-expansion of a mod p modular form f around
a closed ordinary point determines f uniquely (see (Ir)).

We have an analogous #-expansion principle for p-adic modular forms (see [Hida
2010, §4.1]).
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3B. Reciprocity law for the deformation space. In this subsection, we recall the
action of the local algebraic stabiliser of a closed ordinary point x on the Serre—Tate
coordinates of the deformation space of x. This can be considered as an infinitesimal
analogue of Shimura’s reciprocity law.

Let g € G(Z;)) act on Sh through the right multiplication on the prime-to-p
level structure, i.e.,

(A, 1, 4, nP) s> (A, L, kP o g)ss

(see Section 2B).

Recall that x is a closed ordinary point in Sh with a p®-level structure n;’fd.
Let (K, Xx) be the CM-type of x. We suppose that ¢ : O < End(A) extends
to ¢y : O < End(A), where O is the ring of integers of K. Let H,(Z,,) be the
stabiliser of x in G(Z ). Note that

HX(Z([))) = (ReSO(p)/Z(p) Gm)(z(p)) = O(>;7)’ (3'6)

where O, = O ® Z ), (see [Hida 2010, §3.2; Shimura 1998]). We call H,(Z,))
the local algebraic stabiliser of x.

Let ¢, be the complex conjugation of K.

As x is ordinary, X, is a p-ordinary CM type. When considered as a p-adic
CM type, we denote it by X, ,. Let p = Hvezw Py, for the primes p, associated
to the valuation v € X, ,. Note that O, = 0, = ]_[p Oy and O) = Op x Opex . Let
H,(Z,), be the p-component OpX of H\(Z),) = (9;(. We have a natural inclusion
Oy C Op. Thus, we regard H,(Z,)) C H(Z)). Let H,(Z ), be the projection
of Hy(Z ) to H,(Z,),. Note that we have an isomorphism H\(Z ) =~ H\(Z ).
Leta € Hy(Zp)). Let ap be the projection of « to the p-component O, of Oéi . As
H,(Z ) stabilises x, it follows that « acts on Spec(Oy ) and thus on Spf(Oy ,).
In particular, it acts on the Serre—Tate coordinates (see Definition 3.2). The action
is given by the following lemma.

Lemma 3.4 [Hida 2010, Lemma 3.3]. The endomorphism « acts on the Serre-Tate
coordinates t = (tp)p by

. I—cx
fort ™ =@? ),
We have the following immediate corollary.

Corollary 3.5. The partial Serre—Tate deformation space @m ® 0, C Spf((/’)\v, x) IS
stable under the action of the local algebraic stabiliser Hy(Z,)).

This simple corollary is crucial for p-rigidity. It may lead to rigidity-style
phenomena with different flavour.
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3C. p-rigidity. In this subsection, we prove the rigidity of mod p modular forms
(see Theorem 1.1).

Recall that x is a closed ordinary point in V' with p>-level structure 1}, and
V = lgLn Vi, where Vi is the projection of V to Shx = Sh/K for K small and
maximal at p. This/gives rise to a closed point x = (x, n7,) in the Igusa tower /
over x. In view of (Et), there exists a canonical isomorphism

OV,J\7 ~ O[’g.

Thus, a mod p modular form can be considered as a function on Spec(Oy ).

Let f be a nonzero mod p modular form. We suppose that f is a nonunit
in Oy ;. Let b C Oy, be the zero ideal of f,ie., b = (f)NOy,. As f is an
algebraic function on 7, it follows that V (b) is nonempty not only in Spf((”)\v, %)
but also in Spec(Oy ). In particular, we have b # 0. Let X be the Zariski closure
of Spec(Oy ,/b) in V. Note that X C V is a closed irreducible pro-subscheme
containing x and X = lim Xg, where X is the projection of X to Vi.

We start with a preparatory lemma.

Lemma 3.6. Let Y; be a family of closed subschemes of an irreducible noetherian
scheme Y such that there exists a closed point y € Y;, for all i, i.e., y € (), ;.
Suppose that the intersection of the Spf(@ v;,y) (viewed inside Spf((/’)\y, y)) IS positive
dimensional. Then, the intersection of the Y; is positive dimensional.

Proof. It suffices to consider the affine case.
Let A be a noetherian integral domain and R; = A/a;, for ideals a;. Take nonunits
f1,...,tin A and let (t) = (¢, ..., t,). Suppose that

V(t) = Spec(R/(t)) C V; = Spec(R/a;), forall i.

This implies ¢; C (¢). In particular, ) ; a; C (¢).
If A is local noetherian with maximal ideal m, by faithful flatness of A =

lim A/m" over A,

< ———
E a,-:E a
i i

So, the above argument can be applied to (¢) € m, A and m.
This finishes the proof as

dim(ﬂ Spec(A /a,-)) = dim (Spec (A /> a,-)) = dim (Spec (Z /> a))
= dim(ﬂ spec(X/a?i)> > dim(A/(1)). O

We are now ready to prove the rigidity.
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Theorem 3.7 (p-rigidity). Let the notation and assumptions be as above. The par-
tial Serre=Tate deformation space G,, ® Oy is not a formal subscheme of Spf(Ox )
(viewed inside Spf(Oy y)).

Proof. Suppose that it is a formal subscheme.

We now consider Z = ("), Ho(Z() o (X) (viewed inside V). As above, recall that

= hm ZK

Note that Spf((’)a(x) x) = a(Spf((’)x ) (viewed inside Spf(OX ). It follows
that if G ® Oy C Spf((’)x +), then G ® Oy C Spf((’)a(x) x) (see Corollary 3.5).
In particular, we have G ® 0, C Spf((’)a( X)x.x). 1n the last equality, o (X)g is
the projection of «(X) to Vg. By Lemma 3.6, Zg is positive dimensional. As the
projection g : V — Vi is étale, we conclude that Z itself is positive dimensional.

Thus, Z is a closed irreducible pro-subscheme of V containing x and stable
under H,(Z,). We conclude that Z =V (see [Hida 2010, Proposition 3.8]). It
follows that b = 0. This is a contradiction for f being nonzero as noted in the
paragraph before Lemma 3.6. ([

In particular, Theorem 1.1 holds. The following consequence is immediate.

Corollary 3.8. Let g be a p-adic modular form. Then,

(@) = n(glg,e0,):

Proof. Let g be nonzero and defined over a p-adically complete local W-algebra C.
If g is a unit in Oy 4, the corollary follows instantly. We thus suppose that g is a
nonunit in Oy .
In view of the r-expansion principle, we have

1(g) = nglr 6,8,0,)-

Let ¢ € C such that u(g/c) = 0. By definition, g/c modulo the maximal ideal m¢
is a nonzero mod p modular form. In view of Theorem 3.7, it thus follows that

ng/clg,z0,) =0 O

4. p-independence

In this section, we consider p-independence, i.e., a linear independence of mod p
modular forms restricted to the partial Serre—Tate deformation space @m ® Oy (see
Section 3A). In Section 4A, we first state the formulation and in Section 4B, we
prove the independence.

4A. Formulation. In this subsection, we give a formulation of the linear indepen-
dence of mod p modular forms restricted to the partial Serre—Tate deformation
space G,, ® Oy (Section 3A).
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Let the notation and assumptions be as in Section 3. Recall that x is a closed
ordinary point in V with p*-level structure 7. This gives rise to a closed point
X =(x, n;) in the Igusa tower I over x and a canonical isomorphism

Spf(Oy.) > [ [ Gm ®z, O; (4-1)
p
(see Theorem 3.1).
Recall that we have a canonical isomorphism @V,x ~0 1.5 (see (Bt)). Thus, the
p-completed stabiliser H,(Z ) acts on 4] I3
Let f be amod p modular form and a € H,(Z,). Note that

@)z, 00, = ®(f15,00,)

(see Corollary 3.5). Here ay, is as in Section 3B.
To provide context for the following independence, note that there exists a €
Hy(Z),) such that ap, € Hy(Zp))y, and ay; ¢ H(Z )y, for j # i. Indeed,

H (Z,) =0 =[]0y
b

and we may choose a to be nonidentity precisely at the p;-th component.

Let n be a positive integer. For 1 <i <n, leta; € H,(Z) such that (a,-a;l),g ¢
H,(Z ), for all i # j (see Section 3B). Let fi, ..., f, be n nonconstant mod p
modular forms on V (see Section 2D).

Our formulation of the linear independence is the following.

Theorem 4.1 (p-independence). Let the notation and assumptions be as above, and
suppose that (aia]fl)p & H (Z )y foralli # j. Then, the (a; o (fi|Gm®0p))i are
linearly independent in the partial Serre—Tate deformation space G,, @ Oy.

Note El\lat ajpo (f; 18,® Op) is not necessarily the restriction of a mod p modular
form to G, ® Oy.

The above independence is p-analogue of the linear independence in [Hida 2010,
§3.5]. As expounded in Section 4B, the approach in [Hida 2010, §3] is fundamental
to the p-independence.

4B. p-independence. In this subsection, we prove the linear independence of
mod p modular forms restricted to the partial Serre—Tate deformation space @m ® 0y
(see Section 4A).

The approach is based on p-rigidity and Chai’s theory of Hecke-stable subvarieties
of amod p Shimura variety adopted for local algebraic stabilisers in [Hida 2010,
§3]. For a detailed treatment of the latter, we refer to [Chai 1995; 2003; 2006; Hida
2010].

Let n be a positive integer. In this subsection, any tensor product is taken n-times.
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We consider an F-algebra homomorphism

$1:01:®F QFOr; — Gp ® O, (4-2)
given by

@@ fur [ Jaipo (filg,e0,)- (4-3)
i=1

As we are interested in the linear independence of (ai p(filg, & 0,,)) i, we consider
b; := ker(¢y).
Similarly, we consider an [F-algebra homomorphism
=0y : Oy x Q- QF Oy x — @m®0p (4-4)
given by

i=n

h® - Qhy, l_[ai,po(h,-|@m®0p). (4-5)

i=1
In view of Theorem 3.7, it follows that ¢; and ¢y are both nontrivial.
(EQ) We note that ¢ is equivariant with the H,(Z,,)-action.
Let b; = ker(¢y) and b = ker(¢y ).
Lemma 4.2. b; =0ifand only if b =0.

Proof. In view of (Et), we have an étale morphism
" Oy ®F - ®FOvx—> 01 ®F - ®F Op x.
Note that b; is the unique prime ideal of O; ; ®F - - - ®F O; 5 over b. O

As ¢ is equivariant with the H,(Z,)-action (see (EQ)), it follows that b is a
prime ideal of Oy ; ®f - - - ®F Oy , stable under the diagonal action of H,(Z,)).
Let Y be the Zariski closure of Spec(Oy , ®F - - - ®F Oy ,/b) in V". Thus, Y is a
closed irreducible subscheme of V" containing x” stable under the diagonal action
of H,(Z,). We also have an analogue of the commutative diagram [Hida 2010,
(3.22)] with @s replaced by @m ® Oy. For n > 2, the subscheme Y thus satisfies
the hypothesis in [Hida 2010, Corollary 3.19].

Theorem 4.3. The subscheme Y equals V".

Proof. When n = 1, this is nothing but [Hida 2010, Proposition 3.8].

We thus suppose that n» > 2. From [Hida 2010, Corollary 3.19], we have two
possibilities, namely ¥ = V72 x A, g (up to a permutation of the factors) for some
a, B e H(Z,),orY = V" The skewed diagonal A, g is given by

Agp={(a(v), B(v)) v eV}
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Suppose that ¥ = V"2 x A, p (up to a permutation of the factors). Let (¢, ') be
the Serre-Tate coordinates of the last two factors A, g at (x, x), respectively. It
follows that

tﬂlfcx _ t/alfcx‘

On the other hand, from the definition of Y it follows that

An,p

— f/an—1,
ty"? = tnte.

Thus, (a,,an__ll),J = (,Ba_l)éfc* € H(Z))p. This contradicts the hypothesis on
the a;. We conclude that Y = V", U

We have the following immediate consequence.
Corollary 4.4. Theorem 4.1 holds.

Proof. In view of Theorem 4.3, it follows that b = 0. Thus, b; =0 (see Lemma 4.2).
O

5. p-adic differential operators

In this section, we consider p-adic operators on the space of p-adic Hilbert modular
forms. This is a p-adic analogue of the Maass—Shimura differential operators on
complex Hilbert modular forms. In Section 5A, we give an elementary construction
of these operators. In Section 5B, we compute their action on the ¢-expansion of
a p-adic Hilbert modular form around an ordinary point in terms of the partial
Serre-Tate coordinates. For a more detailed account in the elliptic modular case,
we refer to [Hida 2013a, §1.3.6]. In Section 6, we will use these results to compute
the power series expansion of anticyclotomic Katz p-adic L-functions and variants
(see Section 1).

5A. Elementary construction. In this subsection, we give an elementary construc-
tion of p-adic differential operators on the space of p-adic Hilbert modular forms.

Let the notation and assumptions be as in Section 2. For the geometric definition
of classical and p-adic modular forms on the Hilbert modular Shimura variety, we
refer to [Hida 2004, §4.2; 2010, §4.1].

Recall that [ denotes an algebraic closure of [,, W the Witt ring W(F), ¢, :
0 — C, a p-adic embedding and t : 0 — C a complex embedding. Let W
denote L;l(W). Possibly enlarging W, we suppose that 7(O) C W, for all T € X.

In this subsection, we suppose the prime-to- p level of classical or p-adic Hilbert
modular forms is one. This is only to simplify the notation.

Let G, (I'1(p™), W) be the space of classical Hilbert modular forms of weight «
and level I'; (p™) over W, where k € Z>o[X] and m is a nonnegative integer. Let
feG (T1(p™), W). Via 1, we regard f as a Hilbert modular form over C. Let
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Z = (2¢)rex be the complex variables of the Hilbert modular Shimura variety or
those of $3%, where §) is the upper half plane (see [Hida 2010, §4.1]). Let (a, b) be
a pair giving rise to a cusp of the Hilbert modular Shimura variety (see [Hida 2010,
§4.1]). The Fourier expansion of f at the cusp corresponding to (a, b) is given by

@)= a@)er ()

EeO

forep(£z) = exp(2m’ Y ores ‘L'(é})z,).
Let ¢ : O/p"O — W be an arbitrary function with the normalised Fourier
transform ¢* given by

GO = Y dwerGu/p. (5-1)

ueO/p" O

where y € O/p"O and ep(w) = exp(2mi Trr/g(w)) for w € F.
Let f|¢ be the classical Hilbert modular form given by

[l (2) = > ¢*(—u) f(z+u'/p"), (5-2)

u'=(o1(u),...,00W)),uc0/p 0

where z+u'/p" = (z +t(W)/p"):.

Note that f|¢p € G, (I'1(p®), W), where s = max(m, 2r). In view of the Fourier
inversion formula, it follow that the Fourier expansion of f|¢ at the cusp corre-
sponding to (a, b) is given by

fle(2) = Z¢(§)a(5)6F($z)- (5-3)
EeO

Let (¢; : O/p"O — W), be a sequence of functions such that

¢, (§) =0 (§) (mod p"W).

In view of the g-expansion principle, it follow that the sequence ( f|¢7 ), of classical
Hilbert modular forms converges p-adically to a p-adic Hilbert modular form d° f
whose formal Fourier expansion at the cusp corresponding to (a, b) is given by

d°f(@) =) oEaE)er(&2). (5-4)

E€0
In other words, the operator d° equals the Maass—Shimura differential operator

so— 1 9
0™ 27i 9z,
on G, (I'1 (p™), W).
This construction extends to the space of p-adic Hilbert modular forms over W

as follows. Let V(W) be the space of p-adic Hilbert modular forms of prime-to-p
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level one over W. Via ), we can regard G, (I'1(p™), W) as a subspace of V(W)
(see [Hida 2004, §8.1]). The space G, (I'1(p™), W) = U,, G« (T1(p™), W) is
p-adically dense in V(W) (see [Hida 2004, §8.1]). Thus, the differential operator
d° extends to V(W).

Remark. In [Katz 1978, Chapter II], the operator d° is constructed based on the
Gauss—Manin connection of the universal abelian scheme over the Shimura variety.
The above approach can be generalised for a class of PEL Shimura varieties.

5B. Action on the t-expansion. In this subsection, we compute the action of the
differential operator on the ¢-expansion of a p-adic Hilbert modular form around a
p-ordinary point in terms of the partial Serre—Tate coordinates.

Let (¢pn = exp(2mi/p")), € 0 be a compatible system of p-power roots of
unity. Via ¢,, we regard it as a compatible system in C,.

Let p be the prime corresponding to o via ¢, and X, be the set of places above
pin F. For q € X,, let £; C X be the subset giving rise to q under ¢,.

Let W, = W[ ,»] and m,, be the maximal ideal. We have

Gn ® 0))(Wy) = (1+m,) ® OF (5-5)
and
Gn®0; =[] Gu. (5-6)
TEY,

Let u € O and a(u/p™) € G(A') such that
m L u/p™
a(u/p )p = |:0 1 :|

and a(u/p™) =1, for [ # p.

Let us recall some notation. Let 7 : I[g — Sh be the Igusa tower over W. Let
X € Sh‘/’@rFd be a closed point and X be a point above it in Sh. Let S /w be the
deformation space of x. For g € X, recall g =1® Iy € G ® Oy is the Serre-Tate
coordlnate of the partial deformation space Gm ® Oy (see Sectlon 3A). We regard
1®@u GG ® Oy via the image u € Oy.

We start with a preparatory lemma.

Lemma 5.1. The isogeny action of a(u/p™) on the Igusa tower 7 :1g — Sh,w,
preserves the deformation space S and induces t, — {,nt @ u (see (5-5)) and

ty &> ty, forp’ #p.

Proof. Let xst = (Ay, -) be the universal deformation and xy = (Ao, - ) be the
origin of the deformation space S. In particular, we have

Aolp™] = ppn @ OF @ Oy /9" O, (5-7)
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By the universal level structure, we have an exact sequence

0 —— ppn ® OF —— A[p"] — 0,/p"0, —— 0.
A section of the morphism £ determines an Op-cyclic subgroup C, isomorphic to
Oy /p™ Oy defined over W,,, which specialises at the origin A to a cyclic subgroup
generated by ({,m @ u, yo) in Ag[p™] (see (5-7)). Here yy denotes the image of 1
under the identification Ag[p™]% = O,/p"Oy.

The isogeny action «(u/p™) corresponds to the isogeny A, — Ay, := A,/C,.
By an argument similar to the proof of [Brakocevi¢ 2011, Lemmas 7.1, 7.2], it
follows that the p-Serre—Tate coordinates of A, , is given by ¢,»t ® u. For p’ # p,
in view of the construction of the Serre-Tate coordinates (see Section 3A), it follows
that the p’-Serre-Tate coordinate is given by f,. U

For 7 € X, let tqf be the T-component of 7, (see (5-6)).

Proposition 5.2. The action of the p-adic differential operator d° on the deforma-
tion space Sis given by
ty a%.
p
Proof. As a p-adic Hilbert modular form is a p-adic limit of classical Hilbert
modular forms, it suffices to verify the proposition for classical Hilbert modular
forms.

Let f € G, (I'1(p™), W) and the ¢-expansion of f around x be given by
f0=> a) [] " (5-8)

2 IS)IM

Here by tg) 1. we mean the character t®% (see Section 3A) and the summation is over
w € O (see [Hida 2010, pp. 106-107]). To emphasise the notion of #-expansion
around a point, we use the indexing notation w instead of the traditional notation &
for g-expansion around a cusp.
We have
flo= > ¢*(—u)flatu/p").

ue0/p o

as a(u/p™) acts on H= by 7+ z4+u'/p" (see (5-2)).
In view of Lemma 5.1, it follows that

f|¢;‘:<r>=2a<w>( > <¢:>*<—u>;§¥/g“‘%>)t;vHt;fv’
< ueO0/p"0 p'#p

=Y ¢ (wpaw) [] 13" (5-9)

qex,
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The last equality follows from the Fourier inversion formula.
Thus, we have
. w a
f @) =1im f167 () = Yo @pa@) [| 1" =tpost—. O
w

ot
qes, p.o

We have the following immediate consequence.
Corollary 5.3. The p-adic differential operator d° is S-invariant.

Remark. The above corollary is proven in [Katz 1981, §4.3] based on the compu-
tation of the Gauss—Manin connection in terms of the Serre-Tate coordinates. The
above approach can be generalised for a class of PEL Shimura varieties.

6. Iwasawa p-invariants

In this section, we consider Iwasawa p-invariants as in Theorems 1.2—-1.4. In
Section 6A, we determine the p-invariant of certain anticyclotomic p-adic L-
functions (see Theorem 1.2). In Section 6B, we determine the p-invariant of
the cyclotomic derivative L/):, op of the Katz p-adic L-function, when the branch
character A is self-dual with the root number —1 (see Theorem 1.3). In Section 6C,
we prove a p-version of a conjecture Gillard regarding the vanishing of the -
invariant of Katz p-adic L-function (see Theorem 1.4).

6A. p-invariant of anticyclotomic p-adic L-functions. In this subsection, we first
obtain a formula for the p-invariant anticyclotomic Katz p-adic L-function (see
Theorem 1.2). Towards the end, we comment on a similar formula for a class of
Rankin—-Selberg anticyclotomic p-adic L-functions.

Let the notation and assumptions be as in the introduction. Let € be a prime-to-p
ideal of K. Let Z(€) be the Ray class group of K modulo €p>°. Let Z (€)™ be the
anticyclotomic quotient. The reciprocity law reck : (Aﬁ)x — Z(€®)~ induces the
isomorphism

rec : lim K * (A7) \(A%)*/ Uk (€p") => Z(€)~

for Uy = (Ox ® Z)* and
Uk(€p") ={uec Uk |u=1 (mod €p™)}.

Let I'™ be the maximal Z ,-free quotient of Z (€)™ and Fp_ be the p-part of '™ (see
Section 1).
Let I and F{J be the open subgroups of '~ generated by the images via recx of

oy x [] ks and 0F x [] k..
v|Dg/r v|Dk/F
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respectively. Let X, be the places above p in K induced by the p-ordinary CM
type X'. The reciprocity law recg at X, induces an injective map

recy,: 14+ p0, — O = @ OIX(W =5 7))~
weX),
with finite cokernel as p { Dr. It induces isomorphisms recy, : 1 + pO, = I"
and recy, : 1 +pOy, = T Via these isomorphisms, we identify I'" (resp. I'})
with the subgroup recy, (1 + pOp) (resp. recs, (1 +pOy)) of the anticyclotomic
quotient Z(&) ™.

In [Katz 1978; Hida and Tilouine 1993], a Zp—valued p-adic measure L¢ x on
Z(€) is constructed. It interpolates a class of critical Hecke L-values corresponding
to Hecke characters over K with prime-to-p conductor € (see [Katz 1978; Hida
and Tilouine 1993; Burungale 2016a]). Let A be an arithmetic Hecke character over
K with prime-to-p conductor €. Let Ly ; (resp. L ap) be the p-adic measure on
'™ (resp. T',") obtained by the push—forwgrd of L¢ » along A.

Recall that the p-invariant (@) of a Z,-valued p-adic measure ¢ on a p-adic
group H is defined by

n(p) = chl(f)pen vp(@(U)).

The w-invariants of the above measures are related by the following theorem.

Theorem 6.1. Let the notation and assumptions be as above. Then, we have
M(ﬁg,)‘) = M(ﬁg,)‘,p)-

Proof. Let Ly ; (resp. Ly ; ) be the power series of the measure L, ; (resp. Lz ; )
in the sense of (1-3).

We first suppose that p { hy, where hy is the relative class number given by
hy =hk/hr and hs is the class number of ?, for ? = F, K. We thus have

Z(@)" ~T".

We now describe the approach of the second named author to determine 1 (Ly; ;)
(see [Hida 2010]).

Under the hypothesis, there exist a finite number of classical Hilbert modular
Eisenstein series (f3 ;); such that

Ly, =Y aio(fui(t) (6-1)

1

up to an automorphism of Zp[[F_]]. Here f; ;(t) is the t-expansion of f; ; around a
well chosen CM point x with the CM type (K, ¥) on the Hilbert modular Shimura
variety Sh and g; is an automorphism of the deformation space of x in Sh for each i
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(see [Hida 2010, Theorem 5.1; Hsieh 2014a, §5.2]). Moreover, the a; satisfy the
hypothesis in Theorem 4.1.
For k € Z>o[X], let v, be the p-adic character of I’ such that

v (recy, (y)) = y*

fory € 1+ pO,. Let d* be the p-adic differential operator corresponding to « (see
Section 5A). From (6-1), we thus conclude

(d” > aio (fx,,-m))

1

=/ vedLy ;. (6-2)
t=1 r= '

In view of the linear independence of (a; o (f3,;)); (see [Hida 2010, Theorem 3.20]),
it follows that

p(Ly,) = min u(fo.i(0) = min w(fi)- (6-3)

We now turn towards the anticyclotomic Katz p-adic L-function.
For a p-adic Hilbert modular form f, let f(#,) be obtained from f(z) by substi-
tuting ¢, = 1, for all p" # p.
Let
Frap=2 aipo(frity)). (6-4)
1

Recall that ¥, C X denotes the subset of infinite places of F corresponding to p,
via t,. For o € %y, let d’’ be the formal differential operator given by

0
ftp) — t;’%
p

In view of Proposition 5.2, it follows that

d? (f(tp)) = (do [)(ty). (6-5)

From now on, let k € Z-o[X},]. Let d*' be the corresponding formal differential
operator.
We now have

&' (f5; o1 = @ L3 )1 = / vedLy, = f vedLs, . (66)
) .

p

The first two equalities follow from (6-5) and (6-2), respectively. The last equality
follows from the fact that for x € Z-([ X, ], the character v, factors through Fp_ .

In other words, d* /( fz_’ a p)| 1,=1 interpolates the x-th moment of the measure Eg’ aop:
Thus,

fE_,A,p = LE‘,A,p

up to an automorphism of Z LI, 1.
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In view of the linear independence of (a; p o (f3..ilg
it follows that

®0p)),~ (see Theorem 4.1),

m

H(Ly 5 p) =min n( i) =min u(f.ilg,e0,)- (6-7)

In view of Corollary 3.8, this finishes the proof of the theorem for the case p { h .

When p | hy, the power series Ly, ; restricted to an explicit finite open cover of
'™ is still of the form (5-1) (see [Hsieh 2014a, §5.2]). Thus, a similar argument
proves the Theorem. (]

In most of the cases, M(Li ,) has been explicitly determined [Hida 2010; Hsieh
2014a]. Thus, we obtain a formula for M(Lg,k,p)‘

Remark. A class of Rankin—Selberg anticyclotomic p-adic L-functions for Hilbert
modular forms is constructed in [Hsieh 2014b]. It also satisfies a property analo-
gous to (6-1) [Hsieh 2014b, §6.2]. Thus, by an argument similar to the proof of
Theorem 6.1, we get an analogue of Theorem 6.1. In the near future, the first named
author hopes to consider Rankin—Selberg anticyclotomic p-adic L-functions for
quaternionic modular forms. In these situations, the underlying Shimura variety
turns out to be a quaternionic Shimura variety arising from a quaternion algebra
over a totally real field which is not totally definite.

6B. p-invariant of the cyclotomic derivative of the Katz p-adic L-function. In
this subsection, we determine the p-invariant of the cyclotomic derivative of the
Katz p-adic L-function, when the branch character A is self-dual with the root
number —1 (see Theorem 1.3).

Let KX be the cyclotomic Z,-extension of K and Kp o = K, K +. Let
I' = Gal(K K1 /K) and I’y = Gal(Kp oo/K). Let A be an arithmetic Hecke
character over K. Let Ly ; (resp. L5 ;) be the p-adic measure on I' (resp. I'p)
obtained by the pull-back of L¢ 5 (see Section 6A) along A. We call Ly ; ,, the Katz
p-adic L-function with branch character A. Let Ly ,(T1, T2, ..., 14, S) € Zp[[F]]
(resp. L s p(-,S) € Zp[[Fp]]) be the power series of Ly ; (resp. Lx ; p). Here,
Ty, ..., Ty are the anticyclotomic variables and S is the cyclotomic variable.

In this subsection, we now suppose that A is self-dual, i.e.,

Max =7k/F| - |ap,

where 1, F is the quadratic character associated to K /F and |- |4, is the adelic
norm. In particular, the global root number of A is 1. Now, suppose that the global
root number is —1. In view of the functional equation of the Hecke L-function, this
root number condition forces all the Hecke L-values appearing in the interpolation
property of Ly, ; to vanish. Accordingly, we have Ly , = 0. This also follows from



1948 Ashay A. Burungale and Haruzo Hida

the functional equation of Ly ; [Hida and Tilouine 1993, §5]. In particular, we
have Ly, , ,=0.
We can consider the cyclotomic derivatives

d
Ly, = (ELE,A(TI, s Ty, S)) ‘s—o (6-8)

and L , , (defined analogously).
The w-invariants of these derivatives are related by the following theorem.

Theorem 6.2. Let the notation and assumptions be as above. In addition, suppose
that p { hy, where hy is the relative class number given by hy, = hy /hp. Then,

M(L/z,)) = M(L/z,x,p)-

Proof. We follow the notation in the proof of Theorem 6.1.
In the proof of [Burungale 2015, Theorem 3.2], it is shown there are p-adic
Hilbert modular forms (f; ;); such that

¢ = —1 i O / . -
L0 = fog, (14 p) Za (f1.: (), (69)

up to an automorphism of Z p[[T"~ 1. More precisely, fx/,i is the p-adic derivative of
Sfansi at s =0 for N the norm Hecke character over K. Being a p-adic limit of
classical Hilbert modular forms, it is a p-adic Hilbert modular form. We refer to
the proof of [Burungale 2015, Theorem 3.2] for details.

In view of (6-4), (6-6) and by a similar argument as in the proof of [Burungale
2015, Theorem 3.2], it follows that

o1 o _
Loin = g (15p) i o ([ 1)), (6-10)

up to an automorphism of Z P 1.
We finish the proof in the same way as in Theorem 6.1. ]

In most of the cases, M(L/E, ,) has been explicitly determined [Burungale 2015,
Theorem A]. Thus, we obtain a formula for ,u(L/E’ MJ)'

Remark. When p | hj, we do not know an expression for Ly ; in terms of the
t-expansion of certain Hilbert modular forms. Such an expression seems to be
essential in the above approach.

6C. p-version of a conjecture of Gillard. In this subsection, we prove a p-version
of a conjecture Gillard regarding the vanishing of the p-invariant of Katz p-adic
L-function (see Theorem 1.4).

Let A be an arithmetic Hecke character over K. Recall that we have the Katz p-
adic L-function Ly € Z pl[T'p 1l (see Section 6B). As a consequence of Theorem 6.1
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and the results of [Hida 2011; Burungale and Hsieh 2013], we prove a p-version
of a conjecture of Gillard [1991, Conjecture (i)] regarding the vanishing of the
p-invariant of the Katz p-adic L-function. The conjecture was originally formulated
for the (d + 1)-variable Katz p-adic L-function.

Theorem 6.3. Let the notation and assumptions be as above. Then, we have

w(Lsx sp) =0.

Proof. Let X be the set consisting of finite order characters € : '™ — . For
every € € X1, we regard € as a Hecke character.
In [Hida 2011; Burungale and Hsieh 2013], it has been shown that

liminf u(Ly ,.) =0. (6-11)
eex+ ’
In view of Theorem 6.1, this finishes the proof:
0<u(Ls,;p) <liminfu(Ly , ). O
. ,

The theorem evidently implies the main results of [Hida 2011; Burungale and
Hsieh 2013].
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