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A nonarchimedean Ax—Lindemann theorem
Antoine Chambert-Loir and Francois Loeser

A Daniel Bertrand, en témoignage d’amitié

Motivated by the André—Oort conjecture, Pila has proved an analogue of the Ax—
Lindemann theorem for the uniformization of classical modular curves. In this
paper, we establish a similar theorem in nonarchimedean geometry. Precisely, we
give a geometric description of subvarieties of a product of hyperbolic Mumford
curves such that the irreducible components of their inverse image by the Schottky
uniformization are algebraic, in some sense. Our proof uses a p-adic analogue of
the Pila—Wilkie theorem due to Cluckers, Comte and Loeser, and requires that
the relevant Schottky groups have algebraic entries.

1. Introduction

1.1. The classical Lindemann—Weierstrass theorem states that if algebraic numbers

or, ..., o, are Q-linearly independent, then their exponentials exp(«1), . . . , exp(ey,)
are algebraically independent over Q. More generally, if «y, ..., «a, are any
Q-linearly independent complex numbers, no longer assumed to be algebraic,
Schanuel’s conjecture predicts that the field Q(«y, ..., oy, exp(ay), ..., exp(ay,))

has transcendence degree at least n over Q. Ax [1971] established power series
and differential field versions of Schanuel’s conjecture. In particular, the part of
Ax’s results corresponding to the Lindemann—Weierstrass theorem can be recast
into geometrical terms as follows:

Theorem 1.2 (exponential Ax—Lindemann). Let exp : C* — (C*)" be the mor-
phism (z1, ..., 2,) — (exp(z1), ..., exp(z,)). Let V be an irreducible algebraic
subvariety of (C*)" and let W be an irreducible component of a maximal algebraic
subvariety of exp~' (V). Then W is geodesic, that is, W is defined by a finite family
of equations of the form Y i_, a;z; = b withay, ...,a, € Qand b € C.

In a breakthrough paper, Pila [2011] succeeded in providing an unconditional
proof of the André—Oort conjecture for products of modular curves. One of his

MSC2010: primary 11G18; secondary 03C98, 11D88, 11J91, 14G22, 14G35.
Keywords: Schottky group, Ax-Lindemann theorem, Pila—Wilkie theorem, nonarchimedean analytic
geometry.
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main ingredients was to prove a hyperbolic version of the above Ax—Lindemann
theorem, which we now state in a simplified version.

Let k denote the complex upper half-plane and j : h — C the elliptic modular
function. By an algebraic subvariety of A", we mean the trace in A" of an algebraic
subvariety of C". An algebraic subvariety of A" is said to be geodesic if it can
be defined by equations of the form z; = ¢; and zx = gkez¢, With ¢; € C and
gke € GL(2, Q).

Theorem 1.3 (hyperbolic Ax-Lindemann). Let j : h* — C" be the morphism
z1y ..y zn) > (J(21)s ..., j(2n)). Let V be an irreducible algebraic subvariety
of C" and let W be an irreducible component of a maximal algebraic subvariety
of j~(V). Then W is geodesic.

Pila’s method to prove this Ax—Lindemann theorem is quite different from the
differential approach of Ax. It follows a strategy initiated by Pila and Zannier
[2008] in their new proof of the Manin—-Mumford conjecture for abelian varieties;
that approach makes crucial use of the bound on the number of rational points
of bounded height in the transcendental part of sets definable in an o-minimal
structure obtained in [Pila and Wilkie 2006]. Recently, still using the Pila and
Zannier strategy, Klingler, Ullmo and Yafaev [Klingler et al. 2016] have succeeded
in proving a very general form of the hyperbolic Ax—Lindemann theorem valid for
any arithmetic variety; see also [Ullmo and Yafaev 2014] for the compact case.

1.4. In the recent paper [Cluckers et al. 2015], Cluckers, Comte and Loeser estab-
lished a nonarchimedean analogue of the Pila—Wilkie theorem of [Pila and Wilkie
2006] in its block version of [Pila 2009]. The purpose of this paper is to use
this result to prove a version of Ax—Lindemann for products of algebraic curves
admitting a nonarchimedean uniformization and whose corresponding Schottky
group is “arithmetic” and has rank at least 2 (Theorem 2.7). In particular, this
theorem applies for products of Shimura curves admitting a p-adic uniformization
a la Cerednik-Drinfel’d (see Section 3).

The basic strategy we use is strongly inspired by that of [Pila 2011] (see also
[Pila 2015]), though some new ideas are required in order to adapt it to the nonar-
chimedean setting. Similarly as in Pila’s approach one starts by working on some
neighborhood of the boundary of our space (which, instead of a product of Poincaré
upper half-planes, is a product of open subsets of the Berkovich projective line).
Analytic continuation and monodromy arguments are replaced by more algebraic
ones and explicit matrix computations by group theory considerations. We also take
advantage of the fact that Schottky groups are free and of the geometric description of
their fundamental domains. Compared with Pila’s proof, where parabolic elements
are used in a crucial way, one main difficulty of the nonarchimedean situation lies
in the fact that all nontrivial elements of a Schottky groups are hyperbolic.
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To conclude, let us note that there are cases where p-adic analogues of theorems
in transcendental number theory seem to require other methods than those used to
prove their complex counterparts. For instance, it is still an open problem to prove
a p-adic analogue, for values of the p-adic exponential function, of the classical
Lindemann—Weierstrass theorem.

Since his first works (see, for example, [Bertrand 1976]), Daniel Bertrand has
shown deep insight into p-adic transcendental number theory, and disseminated his
vision within the mathematical community. We are pleased to dedicate this paper
to him.

2. Statement of the theorem

2.1. Nonarchimedean analytic spaces. Given a complete nonarchimedean valued
field F, we consider in this paper F-analytic spaces in the sense of Berkovich [1990;
1993]. However, the statements, and essentially the proofs, can be carried on mutatis
mutandis in the rigid analytic setting. In this context, there is a notion of irreducible
component; see [Ducros 2009], or [Conrad 1999] for the rigid analytic version.

If V is an algebraic variety over F, we denote by V2" the corresponding F'-
analytic space. There is a canonical topological embedding of V (F) in V", and its
image is closed if F is locally compact.

If F’ is a complete nonarchimedean extension of F, we denote by Xp the
F’-analytic space deduced from an F-analytic space X by base change to F’.

2.2. Schottky groups. Let p be a prime number; we denote by C, the completion
of an algebraic closure of Q,, and let F' be a finite extension of Q, contained
in C,. The group PGL(2, F) acts by homographies on the F-analytic projective
line P{". In the next paragraphs, we recall from [Gerritzen and van der Put 1980] a
few definitions concerning Schottky groups in PGL(2, F), their limit sets and the
associated uniformizations of algebraic curves.

One says that a discrete subgroup I' of PGL(2, F) is a Schottky group if it is
finitely generated, and if no element (# id) has finite order [Gerritzen and van der
Put 1980, I, (1.6)]. If I" is a Schottky group, then I" is free; moreover, any discrete
finitely generated subgroup of PGL(2, F) possesses a normal subgroup of finite
index which is a Schottky group [Gerritzen and van der Put 1980, I, (3.1)].

We say that I' is arithmetic if its elements can be represented by matrices whose
coefficients lie in a number field. In this case, it follows from the hypothesis that I" is
finitely generated that there exists a number field K C F such that I' C PGL(2, K).

2.3. Limit sets. Let I' be a Schottky subgroup of PGL(2, F). Its limit set is the
set 2 of all points in P1(C)) of the form lim, (y, - x), where (y,) is a sequence of
distinct elements of I" and x € P(C,) [Gerritzen and van der Put 1980, I, (1.3)].
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By [Gerritzen and van der Put 1980, I, (1.6)], the limit set .4t is a compact subset
of P (F). If the rank of I" is at least 2, then .1 is a perfect (that is, closed and
without isolated points) subset of P (F); see [Gerritzen and van der Put 1980, I,
(1.6.3) and (1.7.2)].

Let Qr = (P1)* =%t it is a ["-invariant open set of P{". By Lemma 5.4 below,
it is geometrically irreducible.

2.4. Quotients. Letus assume that I" is a Schottky group and let g be its rank. From
the explicit description of the action of the group I" given by [Gerritzen and van der
Put 1980, 1.4] and recalled in Section 6.5 below (see also [Berkovich 1990, p. 86]),
it follows that the group I' acts freely on Qr, and the quotient space Qr/I" admits
a unique structure of an F-analytic space such that the projection pr : Qr — Qr/ T’
is both a topological covering and a local isomorphism. Moreover, Qr/ I is the
F-analytic space associated with a smooth, geometrically connected, projective
F-curve X of genus g [Gerritzen and van der Put 1980, 111, (2.2); Berkovich 1990,
Theorem 4.4.1, p. 86], canonically determined by the GAGA theorem in this context,
[Berkovich 1990, Theorem 3.4.12, p. 68].

2.5. Let us now consider a finite family (I';)1<j<, of Schottky subgroups of
PGL(2, F) of rank > 2. Let us set @ = [[;_, @r, and X = [];_, Xr,, and let
p : S — X™ be the morphism deduced from the morphisms pr, : Qr, — Xp.

2.6. Flat subvarieties. Let K be a complete extension of F' and let W be a closed
analytic subspace of Q.

The following terminology is borrowed from the analogous notions in the differ-
ential geometry of hermitian symmetric domains.

We say that W is irreducible algebraic if there exists a K -algebraic subvariety Y
of (P})k such that W is an irreducible component of the analytic space Qg N Y.
In this case, one can take for Y the Zariski closure of W in (P})k; it is irreducible
and satisfies dim(Y) = dim(W); see [Ducros 2009, Proposition 4.22].

We say that W is flat if it can be defined by equations of the following form:

(1) zi=cforsomei €({l,...,n}and c € Qr,(K);
(2) zj = g - z; for some pair (i, j) of distinct elements of {1, ..., n} and some
g € PGL(2, F).
Assume that W is flat and let ¥ be the subvariety of (P])x defined by equations of
this form which define W on Q. There exists a subset / of {1, ..., n} such that the

projection g; : P} — P{ given by the coordinates in / induces an isomorphism of ¥
to (P{ )k - This implies that ¢; induces an isomorphism from W to ]_[l.E 1 Qi k. In
particular, W is irreducible, even geometrically irreducible, and hence is irreducible
algebraic. Conversely, we observe that if W is geometrically irreducible and if there
exists a complete extension L of K such that W is flat, then W is flat.
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We say that W is geodesic if, moreover, the elements g in (2) can be taken such
that gTjg ' and T ; are commensurable (i.e., their intersection has finite index in
both of them).

Here is the main result of this paper.

Theorem 2.7 (nonarchimedean Ax—Lindemann theorem). Let F be a finite exten-
sion of Q, and let (I';)1<ij<pn be a finite family of arithmetic Schottky subgroups of
PGL(2, F) of ranks > 2. As above, let us set Q=[['_, Qr, and X =[]'_, Xr,, and
let p : Q — X" be the morphism deduced from the morphisms pr, : Qr, — X %‘II

Let V be an irreducible algebraic subvariety of X and let W be an irreducible
algebraic subvariety of Q, maximal among those contained in p~'(V®™). Then
every irreducible component of W, is flat.

The proof of this theorem is given in Section 8; it follows the strategy of Pila—
Zannier. In the archimedean setting, this strategy relies crucially on a theorem
of Pila—Wilkie about rational points on definable sets; we recall in Section 4 the
nonarchimedean analogue of this theorem [Cluckers et al. 2015] which is used here.
It is at this point that we need the assumption that the group I' be arithmetic. This
restriction is inherent to Pila—Zannier’s strategy and we do not know whether it can
be bypassed.

In Section 6, we recall a few more facts on p-adic Schottky groups and p-adic
uniformization, essentially borrowed from [Gerritzen and van der Put 1980].

In a final section, we prove a characterization (Theorem 9.2) of geodesic subvari-
eties of 2 as the geometrically irreducible algebraic subvarieties whose projection
to X is algebraic (“bialgebraic subvarieties”), in analogy with what happens in the
context of Ax’s theorem or of Shimura varieties.

3. The example of Shimura curves

We begin by recalling the definition of Shimura curves and their p-adic uniformiza-
tion. The literature is unfortunately rather scattered; we refer to [Boutot and Carayol
1992] for more detail, as well as to [Clark 2003, Chapter 0].

3.1. Complex Shimura curves. Let B be a quaternion division algebra with cen-
ter Q; we assume that it is indefinite, namely B ®q R =~ M»(R). Let then O
be a maximal order of B, that is a maximal subring of B which is isomorphic
to Z* as a Z-module. Let H be the algebraic group of units of ¢z, modulo
center, considered as a Z-group scheme. For every field R containing Q, one has
H(R)=(B®qR)*/Z((B ®q R)™); in particular, the group H (R) is isomorphic
to PGL(2, R), and we fix such an isomorphism. Then the group H (R) acts by
homographies on the double Poincaré upper half-plane

hT =C—=R.
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Let also A be a congruence subgroup of H (Z); recall that this means that there
exists an integer N > 1 such that A contains the kernel of the canonical morphism
H(Z) - H(Z/NZ). We assume that A has been chosen small enough so that
the stabilizer of every point of h¥ is trivial. The quotient /A has a natural
structure of a compact Riemann surface and the projection p : k¥ — h*/A is an
étale covering.

This curve parameterizes triples (V, ¢, v), where V is a complex two-dimensional
abelian variety, ¢ : 0p — End(V) is a faithful action of &5 on V and v is a level
structure “of type A” on V. When A is the kernel of H(Z) to H(Z/NZ), for some
integer N > 1, such a level structure corresponds to an equivariant isomorphism
of Vy, the subgroup of N-torsion of V, with 0/NC3.

By [Shimura 1961], it admits a canonical structure of an algebraic curve S which
can be defined over a number field £ in C.

3.2. The p-adic uniformization of Shimura curves. Let p be a prime number at
which B ramifies, which means that B ®q Q) is a division algebra. Let also F' be
the completion of the field E at a place dividing p; we denote by C, the p-adic
completion of an algebraic closure of F'. We still denote by S the F-curve deduced
from an E-model of the complex curve S.

Let Q@ = (P)% =—P1(Q,) be the extension of scalars to F' of Drinfel’d’s upper
half-plane. According to the theorem of Cerednik and Drinfel’d [Cerednik 1976;
Drinfel’d 1976] (see also [Boutot and Carayol 1992] for a detailed exposition), and
up to replacing F' by a finite unramified extension, the F-analytic curve S*" admits
a “p-adic uniformization” which takes the form of a surjective analytic morphism

jiQ— s,

identifying $*" with the quotient of € by the action of a subgroup I' of PGL(2, Q,,).
Up to replacing A by a smaller congruence subgroup, which replaces S by a finite
(possibly ramified) covering, we may also assume that I" is a p-adic Schottky
subgroup acting freely on €2, and that j is topologically étale. Then the morphism
j 2 — S$%" is the universal cover of $%".

Let us describe this subgroup. Let A be the quaternion division algebra over Q
with the same invariants as B, except for those invariants at p and oo which
are switched. In particular, A ®q R is Hamilton’s quaternion algebra, while
ARq@Q, =M>(Q),). Let G be the algebraic group of units of A, modulo center;
in particular, G(Q,) >~ PGL(2, Q,). As explained in [Boutot and Carayol 1992],
the discrete subgroup I is the intersection of G (Q) with a compact open subgroup
of G(Ay), the adelic group associated with G where the place at co is omitted.

Lemma 3.3. The group T" is conjugate to an arithmetic Schottky subgroup in
PGL(2, Q)), its rank is at least 2, and its limit set is equal to P1(Q,).
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Proof. The group I is a discrete subgroup of PGL(2, Q,), so its limit set .Zf
is a ['-invariant subset of P1(Q,,). In other words, the Drinfeld upper half-plane
Q =P{"=P(Q,) is an open subset of Qr =P{"—_%. By the theory of Mumford
curves and Schottky groups (see [Gerritzen and van der Put 1980]), the analytic
curve (Pi"=_21)/T is algebraic, and admits the analytic curve $*" = Q/T" as
an open subset. According to the Cerednik—Drinfel’d theorem, the curve S is
projective. This implies that Q& = P{"=_2t, and hence £ =P(Q)).

After base change to Q,, the algebraic Q-group G becomes isomorphic to
PGL(2)q,- Consequently, there exists a finite algebraic extension K of Q, contained
in Q,, such that Gy ~ PGL(2)g. By such an isomorphism, G(Q) is mapped
into PGL(2, K); this implies that the group I'" is conjugate to an arithmetic group.

Since I' is a Schottky group, it is free. Since it is nonabelian, its rank is at
least 2. ]

By this lemma, the following result is a special case of our main theorem
(Theorem 2.7).

Theorem 3.4. Let F be a finite extension of Q,, let Q@ = (P1)7 —=P1(Q),) and let
j Q" — 8™ be the Cerednik—Drinfel’d uniformization of a product of Shimura
curves. Let V be an irreducible algebraic subvariety of S and let W C Q" be
a maximal irreducible algebraic subvariety of j~ (V™). Then every irreducible
component of Wc,, is flat.

3.5. By the same arguments, one can show that Theorem 2.7 also applies to the
uniformizations of Shimura curves associated with quaternion division algebras over
totally real fields, as considered by Cerednik [1976] and Boutot and Zink [1995].

3.6. As suggested by J. Pila and explained to us by Y. André, Theorem 3.4 can
also be deduced from its complex analogue, which is a particular case of [Ullmo
and Yafaev 2014]. The crucial ingredient is a deep theorem of André [2003, III,
4.7.4] stating that the p-adic uniformization and the complex uniformization of
Shimura curves satisfy the same nonlinear differential equation. His proof relies on
a delicate description of the Gauss—Manin equation in terms of convergent crystals
and on the tempered fundamental group introduced by him. From that point on, one
can apply Seidenberg’s embedding theorem [1958] in differential algebra to prove
that both the complex and nonarchimedean Ax-Lindemann theorems are equivalent
to a single statement in differential algebra, in the original spirit of [Ax 1971].

4. Definability —a p-adic Pila—Wilkie theorem

4.1. There are two distinct notions of p-adic analytic geometry: one is “naive”,
and the other rigid analytic. (Regarding rigid analytic geometry, we work in the
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framework defined by Berkovich.) These two notions give rise to three classes of
sets, and we use them all in this paper. Let F be a finite extension of Q,,.

a) Semialgebraic and subanalytic subsets of Q), are defined by Denef and van
den Dries [1988]; see also [Cluckers et al. 2015, p. 26].

Replacing Q,, by a finite extension F, this leads to an analogous notion of
F-semialgebraic, or F-subanalytic, subset of F”. Considering affine charts,
one then defines F-semialgebraic or F-subanalytic subsets of V (F), for every
(quasiprojective, say) algebraic variety V defined over F.

On the other hand, the Weil restriction functor assigns to V an alge-
braic variety W defined over Q, together with a canonical identification
V(F) — W(Q)); we say that a subset of V(F) is Q,-semialgebraic or Q-
subanalytic if its image in W(Q,) is Q,-semialgebraic or Q,-subanalytic,
respectively. Observe that F-semialgebraic subsets of V (F) are Q,-semi-
algebraic, and that F-subanalytic subsets of V (F) are Q,-subanalytic.

Recall that an F-subanalytic subset S is said to be smooth of dimension d
at a point x if it possesses a neighborhood U which is isomorphic to the unit
ball of F¢; then S is smooth of dimension d at every point of U.

b) Lipshitz [1993] defined a notion of rigid subanalytic subset of C’,. We use in
this paper the variant [Lipshitz and Robinson 2000a, Definition 2.1.1] where
the coefficients of all polynomials and power series involved belong to F; we
call them rigid F-subanalytic. The notion extends to subsets of V(C,), where
V is an algebraic variety defined over F.

These classes of sets are stable under boolean operations and projections [Lipshitz
and Robinson 2000b, Corollary 4.3], admit cell decompositions [Cluckers et al.
2006, Theorem 7.4], a natural notion of dimension (in fact, they are b-minimal in
the sense of [Cluckers and Loeser 2007]), as well as a natural notion of smoothness.

Lemma 4.2. Let F be a finite extension of Q, contained in C, and let V be an
algebraic variety over F. Let Z be a rigid F-subanalytic subset of V(C)). Then
Z(F)=ZNV(F)is an F-subanalytic subset of V (F).

Proof. We may assume that V = A”. Then Z can be defined by a quantifier-free
formula of the above-mentioned variant of Lipshitz’s analytic language, and our
claim follows from the very definition of this language. (]

4.3. A block in Q), is either empty, or a singleton, or a smooth subanalytic subset
of pure dimension d > 0 which is contained in a smooth semialgebraic subset of
dimension d.

A family of blocks in Q), x Qj, is a subanalytic subset W such that there exists an

integer ¢ > 0 and a semialgebraic set Z C Q’I‘, X Q’p such that for every o € Qsp, there
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exists T € Q; such that the fibers W, and Z, are smooth of the same dimension,
and W, C Z;. (In particular, the sets W, for o € Q,, are blocks in Q}.)

Let F be a finite extension of Q,. Considering Weil restriction, we deduce from
these notions the definition of a block in F”, or of a family of blocks in F" x qu.

4.4. Let H be the standard height function on Q; for x € Q, written as a fraction
a/b in lowest terms, one has H (x) = max(|a|, |b|). We also write H for the height
function on Q" defined by H(x1, ..., x,) =max;(H (x;)). Viewing GL(d, Q) asa
subspace of (_)dz, it defines a height function on GL(d, Q). There exists a strictly
positive real number ¢ such that H(gg’) < cH(g)H(g’) for every g, g’ € GL(d, Q),
and H(g™") <« H(g)* for every g € GL(d, Q). When d =2 and g € SL(2, Q), one
even has H(g~!) = H(g).

Consider g € GL(d, Q). If g is diagonal, then H(g") = H(g)" for every
n € Z. More generally, if g is semisimple, then we have upper and lower bounds
H(g)" <« H(g") < H(g)" for every n € Z.

By abuse of language, if G is a linear algebraic Q-group, we implicitly choose
an embedding in some linear group, which furnishes a height function H on G(Q).

The actual choice of this height function depends on the chosen embedding,
but any other height function H' is equivalent, in the sense that there is a strictly
positive real number ¢ such that H (x)'/¢ « H'(x) <« H (x) for every x € G(Q).

4.5. Let Z be a subset of F” and let K be a finite extension of Q contained in F.
We write Z(K) = ZN K" (K -rational points of Z). For every real number T, we
define Z(K; T) = {x € Z(K) : H(x) < T}; for every integer D, we also define
Z(D; T) to be the set of points x € Z(F) such that [Q(x;) : Q] < D for every
ie{l,...,n}and H(x) < T. These are finite sets.

We say that Z has many K -rational points if there exist strictly positive real

numbers ¢, « such that
Card(Z(K;T)) > cT*

for all T large enough. This notion only depends on the equivalence class of the
height.

4.6. In [Cluckers et al. 2015], Cluckers, Comte and Loeser established a p-adic
analogue of a theorem of Pila and Wilkie [2006] concerning the rational points
of a definable set. We will use the following variant of [Cluckers et al. 2015,
Theorem 4.2.3].

Theorem 4.7. Let F be a finite extension of Q, and let K be a finite extension
of Q contained in F. Let Z C F" be a Q,-subanalytic subset. Let ¢ > 0. There
exist s € N, ¢ € R and a family of blocks W C Z x Qj, satisfying the following
property: for every T > 1, there exists a subset St C Q), of cardinality < cT? such
that Z(K; T) C Uy es, Wo-
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Proof. Letd =[F :Q,]. By Krasner’s lemma, there exists an algebraic number e € F
of degree d such that F = Q(e). Then the basis (1,e, ..., e?=1) defines a Q,-
linear bijection v : Qf, SOF, (X1, xg) = Y oxiet! Letg: F~ Qf, be its
inverse.

By construction, if K is a number field contained in F and x € K 4 then
¥ (x) € K(e); in particular, [Q(¥(x)) : Q] < d[Q(x) : Q]. Conversely, if x € K,
then the coordinates of ¢(x) in Q;l) belong to the Galois closure K (e)' of the
compositum K - Q(e), hence are algebraic numbers of degrees < D = [K (e)" : Q].
In other words, ¢ and ¥ induce bijections at the level of algebraic points. Since
these maps are linear, there exists a positive real number a > 0 such that a "' H (x) <
H(p(x)) <aH(x) for every x € K.

We deduce from ¢ a Q-linear isomorphism ¢ : F" — Q';,d . In particular,
Z' = ¢(Z) is a subanalytic subset of Q’[’,d. The morphism ¢ maps algebraic points
of given degree to algebraic points of uniformly bounded degree, and there exists
a positive real number a > 0 such that a~"H(x) < H(p(x)) < aH(x) for every
x € Z(K).

The definition of a family of blocks that we have adopted here is slightly stronger
than the one used in Theorem 4.2.3 of [Cluckers et al. 2015]. However, all proofs go
over without any modification, so that there exists a family of blocks W' C Z’ x Q,
such that for any 7' > 1, there exists a subset S C Qj, of cardinality < ¢T*
such that Z'(D; T) C U, cs, Wy Let ¥ 1 F" x Q}, — Q’I’f’ x Q, be the map
(x,y) = (p(x), y)and let W =y~ (W) C F" x Q‘;,. By definition, W is a family
of blocks in Z. Moreover, for any 7" > 1, one has

Z(Fs Ty cy 2 Dsam) c | o' W = [ We.
0 €Sar 0 €Sar

Since Card(S,7) < ca®T?, the family of blocks W satisfies the requirements of the
theorem. U

5. Zariski closures and analytic functions

5.1. Let F be a complete nonarchimedean valued field. Let V be an F-scheme
of finite type. One says that a subset K of V" is sparse if there exist a set T and
a subset Z of V¥ x T such that foreveryr € T, Z; = {x € V¥ : (x,t) € Z} is a
Zariski-closed subset of V" with empty interior, and K = |, Z;.

Lemma 5.2. A sparse set has empty interior.

Proof. Let us say that a point x € V2" is maximally Abhyankar if the rational
rank of the value group of .#(x) is equal to dim, (V?"). If V is irreducible, then
maximally Abhyankar points are dense in V"; moreover, each of them is Zariski
dense. Let K be a sparse set in V"; write K = | J, Z; as above. Let us argue by
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contradiction and let U be a nonempty subset of V" contained in K. By what
precedes, there exists a maximally Abhyankar point x € U. Let t € T be such that
x € Z,. Then Z, contains the Zariski closure of x in V", so that Z, contains an
irreducible component of V2", contradicting the definition of a sparse set. (I

Lemma 5.3. Let F’ be an algebraically closed complete extension of F and
q : Vi — V the base change morphism. Let K be a closed sparse subset of V™"
and let K' = g~ (K). Then K’ is sparse.

Proof. Indeed, if K = (J,.; Z" is a description of the sparse set K, then the
equality K" = J,.;(Z;)% shows that K’ is sparse as well. O

Lemma 5.4. Let us assume that K is sparse, and let C C V be a geometrically
irreducible curve such that C*™ ¢ K. Then C* = K is connected.

Proof. Using Lemma 5.3, we reduce to the case where F is algebraically closed;
moreover, we may assume that C is reduced. Let K =, Z" be a description
of K as above. Up to adding the singular locus of C to K, we may assume that
C is smooth. By assumption, for every t € T, C ¢ Z"; consequently, Z" N C*"
consists of rigid points of C*", and hence K N C?*" consists of rigid points of C*".
In the topological description of smooth geometrically irreducible analytic curves
as real graphs [Berkovich 1990, Chapter 4], their rigid points are endpoints, so
C*™ = (K NC*™) is connected as well. O

Proposition 5.5. Let F be a complete nonarchimedean valued field. Let V be
an F-scheme of finite type which is geometrically connected (resp. geometrically
irreducible) and let K be a closed sparse subset of V. Then V* =K is a
geometrically connected (resp. geometrically irreducible) analytic space.

The particular case K = & implies the “GAGA”-type consequence that if V is
geometrically connected (or geometrically irreducible), then so is V2",

Proof. Using Lemma 5.3, we reduce to the case where F is algebraically closed.
By assumption, V is connected. Let us prove that V" — K is connected. Let
x,y € V=K. Let F’ an algebraically closed complete valued field containing
both J#(x) and 5 (y), and view x, y as elements of V (F’). Let g : V2 — V" be
the base change morphism and let K’ = ¢~!(K); by Lemma 5.3, this is a sparse
subset of V'. By [Mumford 1970, p. 56], there exists an irreducible curve C C Vpr
which passes through x and y. Then C*" is connected. One has C ¢ K’, by
definition of K'; it follows from Lemma 5.4 that C*" — (K’ N C*") is connected.
Consequently, x and y belong to the same component of V' — K’, and hence their
images in V" — K belong to the same connected component. This proves that
V& =K is connected.

Let us now assume that V is geometrically irreducible. The normalization
morphism p : W — V is finite, and W is geometrically connected. Since p~!(K) is
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a sparse subset of W2, it follows from the first part of the lemma that W= p~!(K)
is geometrically connected. Since W2" is the normalization of V2" [Ducros 2016,
Lemma 2.7.15], then W¥=p~—!(K) = p~! (V3 =K) is the normalization of V¥=K .
By Theorem 5.17 of [Ducros 2009], this implies that V2" — K is geometrically
irreducible. ([

Corollary 5.6. Let F be a complete valued field, let V be an F-scheme of finite
type and let K be a closed sparse subset of V*. The set of irreducible com-
ponents of V¥ = K is finite. If V is equidimensional, then each of them has
dimension dim(V).

Proof. We may assume that V is irreducible. Let Q = V* =K. Let E be the
completion of an algebraic closure of F. By Proposition 5.5, Qg NZ*" is irreducible
for every irreducible component Z of Vg, and the family of these intersections is
the family of irreducible components of Q. The finiteness statement then follows
from [Ducros 2009, Lemme 4.25], while the one about dimension follows from
[Ducros 2009, Proposition 4.22]. O

Corollary 5.7. Let F be a complete valued field, let V be an irreducible F-scheme
of finite type and let K be a closed sparse subset of V*. Let W be an irreducible
component of V" =K. If W is geometrically irreducible, then V is geometrically
irreducible as well, one has W = V¥ =K and W is topologically dense in V",

Proof. Let E be a complete algebraically closed extension of F, and let Vi, ..., V,
be the irreducible components of V. Let L be the preimage of K in Vg;itisa
closed sparse subset of V" (Lemma 5.3). Consequently, L; = V;m N L is a closed
sparse subset of V]?‘“, for every j. By Proposition 5.5, W; = VJ?“—L j 1s geometri-
cally irreducible. The automorphism group Aut(E/F) acts transitively on the set
{V1, ..., V,} of irreducible components of Vg, hence on the set {Wy, ..., W,} of
irreducible components of V"= L. Since Vg is geometrically irreducible, there
exists an index j such that W = W;; then Aut(E/F) fixes W}, so that n = 1 and
j = 1. This proves that V is geometrically irreducible. By Proposition 5.5, one has
W =V*® =K. By Lemma 5.2, W is topologically dense in V". O

Proposition 5.8. Let F be a finite extension of Q. Let A be an affine scheme of
finite type over F and let Q C A™ be the complement of a closed sparse subset. Let X
be a closed analytic subspace of 2. Let V be a Q,-semialgebraic subset of A(F),
contained in X (F), and let W be its Zariski closure in A. Then W N Q C X.

Proof. This proof is inspired by that of [Pila and Tsimerman 2013, Lemma 4.1].

We argue by noetherian induction on W, assuming that if W’ is the Zariski closure
of a Q,-semialgebraic subset V' of A(F) contained in X (F), and if W' C W, then
wH™NQcX.
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First assume that W is not irreducible. Then any irreducible component W’ of W
is the Zariski closure in A of V. N W'(F), a Q,-semialgebraic subset of A(F); by
induction, (W)* N Q C X, so that W NQ C X.

We may thus assume that W is irreducible; since its subset W (F') of F-rational
points contains V/, it is Zariski-dense in W, so that W is geometrically irreducible.

Let K = A™=Q. By assumption, K is closed and sparse. Let K =[] S*" be
a presentation of K, where for every ¢, S; is a Zariski-closed subset with empty
interior of A. Since W is irreducible and not contained in S;, W N §; is a strict
Zariski-closed subset of W. Consequently, W2" N K is a sparse subset of W2". By
Proposition 5.5, W2 N Q is thus a geometrically irreducible analytic space.

Let R be the Weil restriction functor from F to Q,. By definition, A(F) is
identified with R(A)(Q,) and we write R(V) for the image of V inside R(A)(Q,).
Let then Z be the Zariski closure of R(V) inside R(A).

Let Z’ be an irreducible component of Z. Then Z' NR(V) is a semialgebraic
subset of R(A), of the form R(V’), for a unique Q,-semialgebraic subset V' of V.
When Z’ varies, the corresponding subsets V' cover V; we may thus choose Z’
such that V' is Zariski dense in W. Replacing V by V', we may assume that Z
is irreducible; then it is geometrically irreducible, because its set of Q,-points is
Zariski dense.

Since V is Q-semialgebraic, the subset R(V) of R(A)(Q,) is semialgebraic;
hence, the dimension of Z coincides with the dimension of V' as a Q,-semialgebraic
subset of A(F). Consequently, dimz,(Z) = dim(Z(Q))) = dim(R(V)).

Since W is a Zariski closed subset of A containing V, the subscheme R(W) is
Zariski closed in R(A) and contains R(V'), so that Z C R(W). By Weil restriction,
the inclusion Z — R(W) corresponds to a morphism g : Zr — W. Let x € A(F)
and let X € R(A)(Q)) be the corresponding point; if x € V, then X e R(V) C Z(Q,),
and hence x € Zp(F). By the definition of the Weil restriction functor, one has
g(x) = x. In particular, the image of Zr(F) under g contains V. Hence, g is
dominant, by definition of W.

The morphism g induces an analytic morphism g*" : Zi#' — W C A*". The
inverse image of W' N is the complement of a closed sparse subset of Z%"; since
Z% is geometrically irreducible, Corollary 5.6 implies that (@MW N Q) is
geometrically irreducible, of dimension dim(Z%"). Let Y = (g™~ ' (W™ N X);itis
a Zariski closed analytic subset of (")~ /(W2 N Q).

Let us admit for a moment that dim(Y) = dim(Zr) and let us conclude that
W NQ C X. Since dim(Z%') = dim(Zr) = dim((g®™) "' (W2 N Q)), we see that

Y=g WrNXx) = (g7 W N Q).

The morphism g : Zr — W being dominant, its image contains a nonempty open
subset W’ of W. Since W is geometrically irreducible, (W')®" is dense in W?";
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in particular, the image of g?" meets any nonempty open subset of W#". Since
(g™~ 1 (W N (Q = X)) is empty, by the preceding equality, this implies that
W N (Q=X) is empty; hence, W NQ = W"N X.

It remains to prove the equality dim(Y) = dim(Zp).

Let us consider a semialgebraic cell decomposition of R(A)(Q,,) which is adapted
toR(V), Z(Q)), Zsing(Q), and to their singular loci: a finite partition of R(A)(Q)
into “open cells” such that these Q,-semialgebraic subsets are unions of cells; see
[Denef 1986] and also [Cluckers and Loeser 2007].

Let C be a cell of dimension dim(R(V)) which is contained in R(V). Since

dim(Zing(Qp)) = dim(Zsing) < dim(Z) = dim(R(V)),

the cell C is disjoint from Z,s(Q)). By definition of a cellular decomposition, C
is open in R(V) and in (Z = Zine)(Q)).

Let C be the subset of V corresponding to C. Since the identification of C
with C provided by the Weil restriction functor is a homeomorphism which respects
the singular loci, C is an open subset of V.

Let x be a point of C and let X be the corresponding point of C. By what precedes,
R(V), Z(Q,) and Z are smooth at x, so that T;(R(V)) = Tz(Z(Q,)) = Tx(Z).
In particular, these three Q,-vector spaces have the same dimension, equal to
dim(7,(V)) = dim(V).

Since g(X) = x € X, one has X € Y; more generally, C CY.The tangent space
T;z(Y) of Y at X is an F-vector subspace of Tz (Zr) = (T3(Z))r which contains
Tz(C) = T;(Z). Consequently, T5(Y) = Tz(Zr). This implies that the analytic
space Y has dimension dim(Z ), and concludes the proof. O

6. Complements on p-adic Schottky groups and uniformization

Let F be a finite extension of Q,,. Unless specified otherwise, analytic spaces are
F-analytic spaces.

6.1. Leta € F and r € R.; as usual, we let B(a, r) and E(a, r) be the subsets
of (A1) of points x such that |7 (x) —a| < r and |T(x) — a| < r, respectively.
The subspace B(a, r) is called a bounded open disk; we say that E(a, r) is the
corresponding bounded closed disk. If B is a bounded open disk, we write B
for the corresponding bounded closed disk. We say that such a disk is strict if its
radius r belongs to | F*|Q.

To these disks, we also add the unbounded open disks P{" = E(a, r) and the
unbounded closed disks P{" = B(a, r). An unbounded disk is said to be strict if its
complementary disk is strict.

The image by an homography y € PGL(2, F) of an open (resp. closed, strict)
disk is again an open (resp. closed, strict) disk.
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6.2. We endow P;(C,) with the distance given by

lx — I
max(1, |x|) max(1, |y|)

d(x,y)=

for x, y € C, —it is invariant under the action of PGL(2, ﬁcp). Moreover, an
elementary calculation shows that every element g € PGL(2, C),) is Lipschitz for
this distance; see also Theorem 1.1.1 of [Rumely 1989].

6.3. Let I" be a Schottky group in PGL(2, F), % C P{(F) its limit set and Qp =
P{" = 7. For any rigid point x € Qr, let dr(x) be the §-distance of x to Zr.

For every y € PGL(2, F), there exists a real number ¢ > 1 such that c18r(2) <
dr(y - z) < cdr(z) for every rigid point z € Qr-.

Lemma 6.4. Let & be a compact subset of Qr. There exists a strictly positive real
number c such that 5r(x) > c for every rigid point x € ®.

Proof. Arguing by contradiction, we assume that there exists a sequence (x;)
of rigid points of & such that ér(x,) — 0. For every n, let &, € 4 such that
or(x,) = 8(x,, &); it exists since T is compact. Extracting a subsequence if
necessary, we assume that the sequence (&,) converges to a point & of .41. Then
8(x,, &) — 0. This implies that the sequence (x,) converges to & in the Berkovich
space P{". Since & is compact, one has & € &, a contradiction. ]

6.5. Let I' be a Schottky subgroup of PGL(2, F). Let us assume that the point at
infinity oo does not belong to its limit set 2. Then, by [Gerritzen and van der Put
1980, I, (4.3)], the group I" admits a basis (y1, ..., ¥g) and a good fundamental
domain §r with respect to this basis, in the following sense:

(1) There exists a finite family (B, ..., B,, Ci, ..., C,) of strict bounded open
disks in P§" such that §r =P{"— (| B; UJ C)).
(2) The corresponding bounded closed disks B, ..., B;, Cfr, el C; are pair-
wise disjoint.
Let then 37 =P{"— (U B UJ C}).
(3) The elements y1, ..., Y, satisfy y; (P{"=B;) = C;r and y; (P‘I’“—B;“) = C; for
everyie{l,..., g}
With this notation, let W = Pj‘“—U B;; this is an affinoid domain of P{" containing §,
stable under each y;. Indeed, one has W C P{"=B;. Hence, y; W C y; (P{"=B;) = Cl.+,
and hence the claim since C;.L is disjoint from each B;.
Moreover, the following properties are satisfied:
(4) One has Uyer y-§r =P —4A.
(5) For y € I', one has §r Ny - §r # @ if and only if y € {id, ylil, e ygil}.
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(6) For every y € I'={id}, one has §. Ny - §r = 2.

In this context, we identify an element y of I" with a reduced word in the letters
{)/li, R y;} and denote its length by £ (y).

For every y € I' = {id}, [Gerritzen and van der Put 1980, I, §4, p. 29] define
a bounded open disk B(y), equal either to y - (P2"—=B;") or to y - (P{"—=C;"),
according to whether the last letter of the reduced word representing y is y; or yi_l;
in any case, one has y - oo € B(y). Moreover, they prove:

(7) B(y') C B(y) if and only if y is an initial subword of y'.

(8) For every integer n, one has

Pr— | J v-3= U B».

Lr(y)<n Lr(y)=n

(9) There exists a real number ¢ > 1 such that for every y, the radius of the
disk B(y) is <« ¢~r®),

(10) The intersection of every decreasing sequence of open disks (B(y,)), where
Lr(vy) = n, is reduced to a limit point of I', and every limit point can be
obtained in this way.

Proposition 6.6. Let I' be a Schottky group in PGL(2, F) and let & be a compact
analytic domain of Qr. There exist positive real numbers a, b such that for every
y € I' and every rigid point x € y - &, one has

fr(y) =a—blog(r(x)).

Proof. To prove this proposition, we may extend the scalars to a finite extension of F
and henceforth assume that the limit set .- is not equal to P (F'). Placing a point of
P (F)=—4r atinfinity, Section 6.5 furnishes a basis (y1, ..., ¥,) and a good funda-
mental domain with respect to this basis of the form § = P3"— ((J%_, B; UJ5_, Ci).
Let b and ¢ > 1 be positive real numbers such that the diameter of B(y) is bounded
by b=, for every y € I' = {id}.

Let x € Qr and let y € I" be such that x € y - §. Let £ € 41 (x) be such that
Sr(x) =8(x, £). As the disk B(y) contains both x and &, one has 8 (x) < bc=r®),
that is,

lr(y) < (—log(ér(x)) +1log(h)),

log(c)
since log(c) > 0. This proves the proposition in the particular case where & = §.
Let us now prove the general case. Let a be a real number such that §,, (x) >a >0
for every rigid point of & (Lemma 6.4). The preceding inequality shows that there
exists a finite subset S of I" such that & meets y - § if and only if y € S. It then
follows from property (8) that & is contained in the finite union (J; g s - 5. To
conclude the proof, we observe that if x € y - &, then there exists s € S such that
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x € ys - §. The proposition then follows from the particular case already treated
and from the inequality £r(y) < €r(ys) + £r(s). (I

Corollary 6.7. Let & and &' be compact analytic domains of Qr. The set of y € T’
such that y - 8 N &' #£ & is finite.

Proof. Let S be this set. For y € S, the intersection y - &N &' is a nonempty affinoid
domain of Pi"; hence, it contains a rigid point x,,. With a and b as in the statement
of Proposition 6.6, one has £r(y) < a —blog(r(x,)). Since x,, € &', 5r(x,) is
bounded from below by Lemma 6.4. This shows that £1-(y) is bounded above when
y runs over S. (I

Proposition 6.8. Let I be a Schottky group in PGL(2, F) and let g be its rank. Let
& € 2 and let U be an open neighborhood of & in P{".

There exist an open neighborhood U’ of &, contained in U, a basis yi, ..., ¥,
of T, an affinoid domain § C Qr such that the following properties hold:

(1) One has § C U'.
(2) Foreveryi,one has y;(U) C U'.
(3) One has\J,r v = Qr.
Such an affinoid domain will be called a fundamental set.

Proof. We first treat the case where 41 # P (F'). Placing a point of P (F)— %t at
infinity, Section 6.5 furnishes a basis (y1, .. ., ¥¢) and a good fundamental domain §
with respect to this basis of the form § =P3"— ({J%_, B; U5, Ci).

By (10), for every integer n > 1, there is an element y € I" of length n such that
£ € B(y); if n is large enough, one has B(y)™ C U, because the diameter of B(y)™"
tends to O when n = £ (y) tends to oo. Since y - § C B(y)™, this implies that
y-§cU.

Up to changing the basis (yy, ..., y,) into (yl_l, ey yg_l), and exchanging B;
and C; for every i, we may assume that the last letter of y is y,, for some
sef{l,...,g}. Set W =P{" = Ule B;; recall that W is an affinoid domain
of P{" containing §§ and stable under y1, ..., y,. By definition, one has

B(y)" =y -(P"=B) Dy W,
since W C P{" — B;.

Letusnowset§ =y -F, W =y -Wandy/ =yyy ' forie{l,..., g} By
construction, § and W are affinoid domains of P{" such that §' C W' C B(y)* C U,
the translates of §’ under I' cover Qr, and W' is stable under the basis (y;, ..., yé)
of I.

This almost proves (1-3), except that W' is affinoid and not open. To conclude
the construction, one sets U’ to be the interior of W’ and redoes the construction
starting from U’ instead of U. The second paragraph of the proof shows that there
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exists y’ € I such that ' - § is contained in U’. The affinoid y’ - §, the open
subset U’ and the basis (y;, ..., yéﬁ) satisfy the requirements of the proposition.
Let us now treat the case where % = P (F). Let F’ be a finite extension of F
of degree > 1. The preceding construction can be applied starting with a point of
P\ (F’) = 4 and furnishes an open neighborhood V' of & in (P{") f/, contained
in Up/, a basis (y1, ..., ¥,) of I and an affinoid domain §" of Qr ;' satisfying
properties (1-3). The images U’ of V' and § of §' by the projection (P{") » — Pi"
satisfy the required properties. U

Lemma 6.9. Let " be an arithmetic Schottky group in PGL(2, F) and let H be
a height function on PGL(2, Q). There exists a positive real number ¢ such that
H(y) <crOH for every y e T.

Proof. Let (y1,...,y,) be a basis of I' as above. Let ¢; be a positive real
number such that H(hh') < ciH(h)H (k') for every h,h’ € PGL(2, Q). Let
¢ =cysup(H(id), H(y1), ..., H(yg)). One proves by induction on £r(y) that

ctH(y) <sup(ciH(yi). ..., ct Hy)N ™ Pe H(id) < ¢t

for every y € I', as was to be shown. (]

Lemma 6.10. Let I' be a Schottky subgroup of PGL(2, F) and let A be a subset of
P, (F) of cardinality 2. Let K be a number field contained in F. The stabilizer of A
inside I" does not have many K -rational points.

Proof. Let S be this stabilizer; we may assume that S # {id}. Let g € S={id}. Then
g is hyperbolic (see [Gerritzen and van der Put 1980, p. 7, line 2]), and hence has
exactly two rational fixed points in P;(F). Up to a change of projective coordinates,
we may thus assume that A = {0, oo}. Then every element £ of S is of the form
z = A(h)z, for some unique element A(h) € K*; moreover, unless & = id, any
such £ is hyperbolic and thus is represented by a matrix having two eigenvalues
with distinct absolute values, so that |[A(k)| # 1. Let us choose 4 € S —{id} such
that |A(h)] is > 1 and minimal. By euclidean division, one has S = (h).

Then S NPGL(2, K) is generated by an element of the form 4¢ for some a € Z.
Since A% is semisimple, we have H (h?)" <« H(h"") < H(h*)", for every n € Z
(see Section 4.4). This shows that S N PGL(2, K) does not have many rational
points. U

In Section 8, we will need the following lemma.

Lemma 6.11. Let r be a positive real number, f € C,[[z]l a power series which
converges on the closed disk E (0, r), and Ly and L closed subsets of C, such that
f~Y(L,) C L,. Forevery x € C,. let 5(x; L1) and §(x; L) be the distances of x
to L1 and L, respectively. Then there exist real numbers m > 0, ¢ > 0 and s such
that 0 < s < r and such that 5 (f (x); Ly) > c¢é(x; L1)™ for every x € E(0, s).
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Proof. Write f =) ¢,z". We may assume that there exists a € C, such thatr =lal;
composing f with homographies which map E (0, r) to E(0, 1) and f(E(O,r))
into the disk E(0, 1), we assume that r = 1 and that |¢,| < 1 for all n. (Recall
from Section 6.2 that homographies are Lipschitz for the distance §.)

Let us first treat the case where f(0) & L;. Then there exists a real number s > 0
such that E(f(0),s) N L, = @. For every x € E(0, 1) such that |x| < s, one has
| f(x) — f(0)| <s; hence, 5(f(x); Lp) > s. It suffices to set m =0 and c = s.

We now assume that f(0) € Ly, and hence 0 € L. Let m = ordo(f — f(0)).
Since f'(z) = Y_,-,, ncaz" !, there exists a real number s such that 0 < s < 1 and
such that | f/(z)| = [mep| |z~ provided |z| < s. Moreover, | f ™ (z)/n!| < 1 for
every n > 0 and any z € E(0, 1). Considering the Taylor expansion

FO) =3 L O @ -,

n>0

we then see that there exists a real number s’ such that

fE@,w) =E(f(x), |f (x)|u)

for every real number u such that 0 < u < s’ and x € E(0, 1) such that 0 < |x| <.
If u < 8(x; Ly), then E(x,u) N Ly = &; hence, E(f(x),|f (x)|u) N L, = @.
Consequently, §(f (x); L2) >|f'(x)| 8(x; Ly). Since 0 € L1, one has |x| >&(x; Ly).
Consequently,

8(f(x); Lo) = [mey| |x|™ 18 (x; Ly) > [mey| 8(x; L)™.

This concludes the proof. ]

7. Automorphisms of curves

The following result is already present in [Pila 2013]. For the clarity of exposition,
we isolate it as a lemma.

Lemma 7.1. Let k be an algebraically closed field of characteristic zero, B a
smooth connected projective k-curve and f : B — P a nonconstant morphism. Let
Ry C B be the ramification locus of f (the set of points of B at which f is not étale)
and let Ay = f(Ry) be its discriminant locus.

Assume that there exist automorphisms g € Aut(Py) and h € Aut(B) such that
foh=go f,andthat g has infinite order. Then B is isomorphic to Py, and one of
the following cases holds:

o The morphism f is an isomorphism (and Ay = Q).
e One has Card(Ry) =2 and g(Ay) = Ay.
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Proof. By construction, f induces a finite étale covering of Py — A ;.

Letb € Ry. One has df (b) =0; hence, d(f oh)(b) =d(go f)(b) =0. Since h is
an automorphism of B, this implies that df (h(b)) = 0; hence, h(b) € Ry. We thus
have h(Ry) C Ry; hence, h(Ry) = Ry, because A is an isomorphism. Consequently,
g(Ar) = Ay, so that some power of g fixes A pointwise. Since the identity is
the only homography that fixes 3 points and g has infinite order, this implies that
Card(Ayr) <2.

If Card(A y) <1, then P;=—A ; is simply connected. Hence, f is an isomorphism
(and Ay = 2).

Otherwise, one has Card(A y) =2. Let n =deg(f). Up to a change of projective
coordinates in Py, we may assume that Ay = {0, 00}. Then g is a homothety,
because it leaves A ¢ invariant and has infinite order (otherwise, it would be of the
form g(z) = a/z). Since all finite étale coverings of P; — A y are of Kummer type
(equivalently, 7y (P =A ) = Z), one has B ~ P and the morphism f is conjugate
to the morphism z — 7" from P to itself.

We then remark that 4 is a homography of infinite order. Indeed, if £ = idp,
then f = g°o f. Hence, g° = id since f is surjective. Hence e = 0, since g has
infinite order. As above, the formula 2(R ) = Ry then implies that Card(R ) < 2.
On the other hand, Card(Ry) > Card(A y) = 2. Hence, Card(Ry) = 2. U

Proposition 7.2. Let k be a field of characteristic zero. Let B be an integral k-
curve in P} possessing a smooth k-rational point. Let I'g be the stabilizer of B in
(Aut(P1))" and let 'y C Aut(Py) be its image under the first projection. Assume
that Iy contains an element of infinite order. Then one of the following cases holds:

(1) The morphism p1|p is constant.

(2) The morphism p|p is an isomorphism and the components of its inverse are
either constant or homographies.

(3) There is a subset of Pi(k) of cardinality 2 which is invariant under every
element of T'y.

Proof. Assume that p|p is not constant. Let v : B’ — B be the normalization of B
and let p/1 =piov: B —P;. Letg=(g1, ..., gn) be anelement of I"g. There exists
a unique automorphism /4 of B’ that lifts g, so pj oh = g; o p|. Since the curve B
has smooth rational points, the curve B’ is geometrically integral. Choosing g such
that ¢; has infinite order, the preceding lemma implies that Card(R ) € {0, 2}.
Let us first assume that Card(R pﬁ) = 2. Then Card(A p/l) =2 as well. Moreover,
the relation pj o h = g| o p| implies that g; (A p)) C Ay, so that case (3) holds.
Let us now assume that Card(R Pl ) = 0 and fix g such that g; has infinite order. By
the preceding lemma, p| is an isomorphism; this implies that p;| is an isomorphism
as well. Let f be its inverse and let fi, ..., f, be its components. Assume that
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case (2) does not hold, that is, for some j, the rational map f; is neither constant,
nor a homography; its ramification locus R; is nonempty. Since g; has infinite
order, the relation g; o f; = f; o g1 implies that g; has infinite order as well. By
the preceding lemma, one has Card(R;) = 2. Let then g’ = (g}, ..., g,,) be any
element of I'g. The relation g;. o fj = fj o g implies that g|(R;) C R;, so that
case (3) holds. O

8. Proof of Theorem 2.7

We will reduce the proof of Theorem 2.7 to the following variant:

Proposition 8.1. Let F' be a finite extension of Q, and let (I';)1<i<, be a finite
Sfamily of arithmetic Schottky subgroups of PGL(2, F) of ranks > 2. As above, let
us set Q =[[;_, Qr, and X =[]/_; Xr,, and let p : Q@ — X*" be the morphism
deduced from the morphisms pr, : Qr, — Xp..

Let V be an irreducible algebraic subvariety of X and let W be an irreducible
algebraic subvariety of 2, maximal among those contained in p~'(V®). If W is
geometrically irreducible, then it is flat.

Lemma 8.2. Proposition 8.1 implies Theorem 2.7.

Proof. Let Y be the Zariski closure of W in P7; by assumption, W is an irre-
ducible component of Y*' N 2. Let Wy be an irreducible component of W¢,. By
[Ducros 2009, Théoréme 7.16(v)], there exists a finite extension F’ of F, contained
in C,, and an irreducible component W’ of Wg such that Wy = Wép. Then W’
is geometrically irreducible, as well as its Zariski closure Y’. By Proposition 5.5,
QNY’is geometrically irreducible. The inclusion W/ C QN Y’ and the inequality
dim(W’) = dim(Wy) = dim(W) = dim(Y) > dim(Y’) imply that W' =QNY’. In
particular, W is irreducible algebraic and is contained in p~! (VED. Let us show
that it is maximal. Let W C Qf be an irreducible algebraic subvariety contained
in p~! (Vi) such that W C Wy, and let Y| C (P}) ' be the Zariski closure of W/.
The image Y; of Y| in (P})F is Zariski closed, because F’ is a finite extension
of F, and Y| C (Y1)r. Moreover, Y C Y;. There exists a unique irreducible
component W; of N Y; that contains W, and Wl/ is an irreducible component
of Wi p. Necessarily, W is contained in p~!(V"), because W C p’l(Vﬁf‘); this
contradicts the maximality of W.

Applying Proposition 8.1 to W/, we conclude that W’ is flat. Consequently,
Wo = Wép is flat, as was to be shown. O

8.3. To prove Proposition 8.1, we argue by induction and assume that it holds if
there are less that n factors. Let W be an irreducible algebraic subvariety of €2,
maximal among those contained in p~!' (V") and geometrically irreducible. Let
Y be an irreducible subvariety of P such that W is an irreducible component
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of Y N Q. By Corollary 5.7, Y is geometrically irreducible, W = Y*" N Q and W
is topologically dense in Y.

The proof that W is flat requires intermediate steps and will be concluded in
Proposition 8.11.

A crucial step will consist in proving that the stabilizer of W inside I" has many
points of bounded heights (Proposition 8.10). To that aim, we define in Section 8.7
an F-subanalytic subset R of PGL(2, F')". The definition, close to that of a similar
set in [Pila 2011; 2015], guarantees the following important property (Lemma 8.8):
if B is a small enough subset of R then, for every g € B, the translate (g - Y*") N Q
is contained in p~!(V"), and is independent of g. At this point, the maximality
of W is invoked.

The existence of such blocks is established by applying the p-adic Pila—Wilkie
theorem of [Cluckers et al. 2015]. We thus prove that R has many rational points
(Lemma 8.9); these points are constructed using the action of the Schottky groups
in a neighborhood of a boundary point &, applying material recalled in Section 6.
The construction of such a point &, performed in Lemma 8.5, is actually the starting
point of the proof.

The actual statement of Proposition 8.10 furnishes elements in I" of a precise
form. Using Proposition 7.2, we will finally conclude the proof of Proposition 8.1.

8.4. By assumption, W = Y*"NQ; consequently, the j-th projection g; : (P1)" — P;
is constant on Y if and only if it is constant on W, if and only if the j-th projection
from X to X; is constant on V, and in this case, its image is an F-rational point
of Py, because W is geometrically irreducible. Deleting these constant factors, we
thus assume that there does not exist j € {1, ..., n} such that the j-th projection
q;j : (P1)" — Py is constant on Y. Consequently, g;|y : ¥ — Pj is surjective for
every j; in particular, Y*" meets qj_1 (“r))-
Let m = dim(Y); by what precedes, we have m > 0, and Y*" ¢ Q.

Lemma 8.5. Up fo reordering the coordinates, there exists a smooth rigid point

& € Y™ and a connected open neighborhood U of & in (P})™" such that the following
properties hold:

(1) The first component q1(§) of & belongs to the limit set <1, of T'y.

(2) Letting J = {1, ..., m}, the projection q; : P| — PIJ induces a finite étale
morphism from U NY*" to its image in (P{ )an,

(3) Forevery j €{l,...,n}and every point y € U NY™ such that q;(y) € <,
one has q1(y) € <7,.

Proof. For every subset V of Y?", let us define a relation <y on {1, ..., n} as
follows: i <y j if and only if, for every y € V such that g;(y) € 2T ,, one has
q;(y) € Zr;. This is a preordering relation. If U CV C Y™ and i <y j, theni <y j.
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We define a decreasing sequence (Vy, Vi, ..., V,) of nonempty open subsets
of Y* and a sequence (jo, j1,-..., ju) of elements of {1,...,n}, such that for
every k, g, (Vi) meets ,,%_,.k and 1, ...,k <y, jk.

We start with Vo = Y*'. We have reduced to the case where g;(Y*") =Py for
every j. In particular, g;(Y™") meets Zr,. We may take jo = 1.

Letk>0be suchthat Vo, Vi, ..., Vi and jo, ji, ..., jr are defined. If k41 <y, ji,
we set Vi1 = Vi and ji41 = jk. Otherwise, one has k+1 Ay, ji. Hence, there exists
y € Vi such that g 41(y) € £, and g, (y) € Zr, . Let Vig1 = ViN(g;,) " (Qr, );
this is an open neighborhood of y in Vj such that g, (Vi) meets f[‘jkﬂ. By
construction, no element z of Vi satisfies ¢, (z) € £t , so that jix <y,,, k+ 1.
We then set jri =k + 1.

Let V=V, andi = j,, and let y € V be such that g; (y) € 4,. Let Z be the dense
open subscheme of Y consisting of smooth points at which dg; does not vanish.
Then Z*" is open and dense in Y*", and V N Z?" is open and dense in V; hence,
qi(V N Z*) is dense in g; (V). Since 2T, has no isolated points, we may assume
that y € Z*". Rigid points are dense in g; Y(gi(») NV N Z™; there exists a rigid
point & in (¢;) "' (¢:(y)) NV N Z. Since ¢, (y) is a rigid point, the point £ is a rigid
point of V N Z*" (and not only of its fiber of g;). Moreover, g;(§) = q;(y) € 4.

Since dg; does not vanish at &, there exists a subset J of {1, ..., n} containing i
such that the projection g from V to (Plj )" is finite étale at £. One has Card(J) =
dim(V) = m. Consequently, there exists an open neighborhood U of & in (P})™"
such that ¢; induces a finite étale morphism from U N Y*" to its image in (Plj ),

Reordering the coordinates, we may assume thati = 1 and J = {1, ..., m},
hence the lemma. O
8.6. Choose &, J = {1,...,m} and U as in the previous lemma; we may even

assume that U is of the form U; x --- x U,, where, for each i, U; is an open
neighborhood of g; (¢§) in P{".

Let F’ be a finite extension of F such that & € Y (F’). Since W is geometrically
irreducible, W is an irreducible algebraic subvariety of €2. It is also maximal.
Note that the flatness of Wy implies the flatness of W. Replacing F by F’, we
thus may assume that & € Y (F); then ¢, induces a local isomorphism at &.

Let o =(¢1,...,9,): O — Y*™NU be an analytic section of g;|y=ny, defined
on an open neighborhood O of g;(£§); we may assume that O = Uy x - -+ X Uy,.

By condition (3) of Lemma 8.5, ql(goj_] (.er)) C Zr, forevery jef{l,...,n}.

8.7. Let G be the Q-algebraic group PGL(2)", and let G be the algebraic subgroup
of G defined by

&1, 8 €Gy & g=-=gn=1 (8.7.1)

We denote by ¢, ..., g, the projections of G to PGL(2). For every compact
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analytic domain § of €2, we define a subset Rz of Go(F) by
geR; & dim(g-Y"ngnp L(V™) =m. (8.7.2)
Lemma 8.8. Let § be an affinoid domain of 2.

(1) The set Ry is an F-subanalytic subset of Go(F).
(2) Forevery g € Ry, one has (g- Y™ NQ C p~L(Va).

(3) Let M C Rz be a subset whose Zariski closure is irreducible; for every g, he M,
onehasg-Y=h-Y.

Proof. (1) The sets V and Y are algebraic over F; hence, V(C,) and Y (C,)
are rigid F-subanalytic. Since § is affinoid, the morphism p|z defines a rigid
F-subanalytic map from §(C,) to V(C,), so that (§ N p‘l(Va“))(Cp) is a rigid
F-subanalytic set. Consequently, taking C,-points, (g - Y NF N p~1(Van),
furnishes a rigid F-subanalytic family of rigid F-subanalytic subsets of (C)),
parameterized by G(C,). By b-minimality, the set of points g € Go(C)) such that
dim(g-Y*™NFN p~'(V¥™)) =m is arigid F-subanalytic subset of Go(Cp). It then
follows from Lemma 4.2 that Ry is an F-subanalytic subset of Go(F).

(2) Let g € Rz and let us prove that (g-Y*") NQ C p~L(Va). Since g- Y is
irreducible and g - Y** N § has dimension m = dim(g - Y*"), this intersection is
Zariski dense in g - Y*". Moreover, there exists a finite extension F’ of F such that
g- Y& NF(F') is Zariski dense in Y (it suffices that g - Y*" N § admits a smooth
F’-point), so that the Zariski closure of g - Y* NF(F') in (P)f is equal to g - Y.
Moreover, g - Y (F') NF(F') is F’-semialgebraic. Hence, Proposition 5.8 implies
that g- Y7/ NQp C p;/l (VEh. Since p is defined over F and g € G(F), this implies
that (g- Y™ NQ C p~ (V).

(3) As a subset, (M - Y*) N Q is contained in p~! (V). By Proposition 5.8, its
Zariski closure Y’ satisfies (Y)® N Q2 C p~! (V) as well. Since Y and the Zariski
closure of M are geometrically irreducible, Y’ is geometrically irreducible.
Letge M;thenY*™ C g~ 'M.Y*™ Cc g='.(Y")®™, and hence W C g~!- (Y)™NQ.
By maximality of W, one has W = g~! - (Y/)® N Q. This implies g - ¥ = Y. Thus
g-Y=h-Yforevery g,he M. (]
We return to the context of Section 8.6. In particular, £ is a point of Y (F') such

that g1 (§) € 4T,, and the restriction to Y of the projection to the first m coordinates
is étale at &, with a local analytic section ¢ defined on U; X - - - x U,,.

Lemma 8.9. There exist a real number ¢ > 0, fundamental sets §; C Qr, and a
subset Y of Ry N\ T, where § = [ | §i, such that the following hold:

(1) Forall T large enough, one has Card(Yr) > T, where Yt denotes the set of
ally € Y suchthat H(y) <T.
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(2) The projection q is injective on Y.

(3) Forall j €{1,...,n}suchthat q;(§) & £r;, one has Card(q; (1)) = 1.

Recall that there exists a number field K contained in F such that ' C PGL(2, K)",
and H is induced by a fixed height function on PGL(2, Q)”. In particular, Lemma 8.9
implies that the subset Rz of PGL(2, F)" has many K -rational points, in the sense
of Section 4.5.

Proof. Let g be the genus of Xr,; by Proposition 6.8, there exists a basis «p, ..., o
of I'1, an open neighborhood U { of ¢ (&) which is contained in U; and stable under
the action of a1, ..., a4, and a fundamental set §; for I'y contained in U { For

simplicity of notation, we now assume that U; = Uj.
We have introduced in Section 8.6 a local analytic section

o=(p1,...,00): Uy x---xU, = Y"NU; x---x U,

of the projection g : ¥ — P{, where J ={1,...,m}. Let j € {1, ..., n} be such
that g;(§) ¢ £r;. Then q;(§) has a compact analytic neighborhood U J/ contained
in Qr;. Shrinking Uy, ..., Uy if necessary, we assume that the image of ¢; is
contained in U ]’ for every such j.

Leta’ = (ay,...,a,) € W be arigid point that belongs to the image of ¢ and
such that a; € §1. Leta = (ay, ..., ay,); we have a’ = ¢(a). For j € {2,...,n},
we also choose a fundamental set §; that contains a;.

We claim that we can complete any element y; € F; which is a positive word y;
inaj,...,a, to an element y € I" such that yle Rz and H(y) K i for
some real number c.

Let us now prove the asserted claim. For any positive word y in aq, . .., &, one
has y; -a; € Uy; in particular, we can consider the point a(y;) = (y1-ai, aa, - .., an)
of Uy x - -+ x Uy, and its image ¢(a(y;)) under the section ¢.

By Section 6.3, there exists a real number ¢; > 1 such that §(«; - a1; %)) >
01_18(a1; Zr,), uniformly in a;. By induction on the length £, (y1) of the positive
word y, this implies the inequality

Sn-an; Zr) = ¢, 1Y, (8.9.1)

We firstset yp =+ - =y, = 1.
Let j >m. Lety; : Uy — U be the analytic map with ¥/ (x) =¢; (x, az, ..., am).
By construction (Lemma 8.5), if ¥;(x) = ¢;(x,a2,...,am) € £r;, one has

x=qi(x,az,...,an) € Zr,. In other words, one has w;l(frj) C Zr,. Applying
Lemma 6.11 to v/;, we obtain an inequality of the form

8(gj(x, @z, ... am); Zr,) > 8(x; ),
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for some integer k > 0 and all x € U;. In particular,

8(p;i(a(y)); L)) > 8(y1 -ar; £~ (8.9.2)

By Proposition 6.8, there exists y; € I'; such that ¢;(a(y1)) € y; - §;. By
Proposition 6.6 and Lemma 6.9, one has

H(y;) < 8(pjlaly); Zr)~", (8.9.3)

where « is a positive real number, independent of y;. By equations (8.9.1), (8.9.2)
and (8.9.3), we thus have

er, (y1)kic

H(y)) <8(y1-ai: £) ™ <¢, (8.9.4)

Let ¢ = c’l"(.

Let y = (y1,...,vy) € I'. By what precedes, H(y) < ¢"1™). Moreover,
@j(a(y1)) € yj -§; for every j; this follows from the fact that a; € §; if j <m,
and from the construction of y; if j > m.

Let us prove ¥ ! € Rz. One has W C p~! (V) by assumption; since y € T,
this implies y ~! - W C p~!(Va"). Consequently,

y Yt ngnp (v oy wngnp (v =y Wng.
The analytic morphism
U x---xU, > W, X1y oo Xm) = (V1 X1, X2, o ooy Xin)

is an immersion and maps the point a = (ay, . .., a,) to the point ¢(a(y1)) € y - §.
Since a is a rigid point, this morphism maps a neighborhood of a into y - §, so that
dim(W Ny - F) > m. This proves y ~! € Ry.

Applying Lemma 6.9 to estimate H (y;), we thus have shown the existence of
a positive real number ¢ such that for every positive word y; in a1, ..., a4, there
exists an element y = (y, ..., y,) completing y; such that H(y) < ¢‘"1"") and
yleRzNT.

Let Y’ be the set of all such elements y ', where y; ranges over positive words
inay,...,a,. Itis asubset of RzNI". By construction, the projection g is injective
on Y’. Moreover, since the number of positive words of length ¢ in «y, ..., ay
is g, the cardinality of Y. is bounded from below by g'0&(7)/108(c) — Tlog(q)/log(c)
and the exponent of T is strictly positive, since ¢ > 2. Finally, let j be such
that g;(§) ¢ £r;. By construction, ¢;(a(y1)) € y;3§;; hence y;§; meets U}. By
Corollary 6.7, the set S; of such elements y; in I'; is finite. It follows that there is
a subset Y of Y’ that satisfies the conclusion of the proposition. O

1

Proposition 8.10. Let G, be the subgroup of G consisting of elements (g;) such
that g; =id if q;(§) & <r;. Both the stabilizer of W inside G, NT and its image
in 'y under the first projection have many rational points.
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Proof. Let ¢, Y, §;, § = [[ 8 and R = R be as given by Lemma 8.9; let Ty > 1
be such that Card(Y7) > T€ for T > Ty.

Let K be a number field contained in F such that all groups I'; are contained
in PGL(2, K); the points of RN T are K-rational points. Recall that for every real
number 7', we denote by R(K; T') the set of K -rational points of R of height < T'.
Onehas Yy =Y NR(K; T).

Since R is F-subanalytic (Lemma 8.8), it is also Q,-subanalytic and we may
apply the p-adic Pila—Wilkie theorem of [Cluckers et al. 2015], as stated in
Theorem 4.7. Thuslet s e N, d €e R, ¢ > 0and B C R x Q;, be a family of
blocks such that for every 7' > 1, there exists a subset X7 € Q), of cardinality
<dT* such that R(K; T) C Uyeyx, Bo- Letalsot € Nand Z C Go(F) x Q/, be
a semialgebraic subset such that for every o € Q,, there exists 7 € Q’p such that
B, C Z; and dim(B,) = dim(Z;). Let finally r be an upper bound for the number
of irreducible components of the Zariski closure of the sets Z;, for T Q;,.

Let T > Ty. Since Yr C R(K; T), by the pigeonhole principle, there exists
o € X7 such that

Card(TT)
Card(Yy N B,) > —2 1)
ad(Yr N Bo) = = ics,) =

c—¢&

Moreover, the Zariski closure of B, in PGL(2)’. has at most r irreducible com-
ponents. Consequently, we may choose such an irreducible component M whose
trace M on B, satisfies

I, .
Card(YrNM) > —T°°.
dr

(Observe that M is indeed the Zariski closure of M.)

Let g € Yr N M. Since the Zariski closure of M is irreducible and M C Rg, it
follows from Lemma 8.8 that the stabilizer of W inside GoNI" contains g ~' M; hence
g~ (Y7 N M). By construction, the image of g~! (Y7 N M) under the projection
of index j is {id} if ¢;(§) & Z1;. This shows in particular that the stabilizer of W
inside G, N T contains g ' (Y7 N M). This set contains > T°~¢/dr points, and
their heights are < T2; the same holds for its image by the first projection, since
this projection is injective on g~' (Y N M).

We thus have shown that the stabilizer of W inside G, N I" has many rational
points, as well as its image under the first projection, concluding the proof. ]

Proposition 8.11. The subvariety W is flat.

Proof. We have constructed in Section 8.6 an analytic map ¢ : Uy X --- x U, = Y,
which is a local section of the projection to the m first coordinates.

Leta € ]_[?IZZ(QF,. N U;); let us denote by W, the fiber of W over a under the
projection to [ [/L, P{", and Y, similarly. When a varies, the number of irreducible
components of Y, is uniformly bounded.
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Let ¥4 : (U1) ) — Y2 be the analytic morphism deduced from ¢. We claim
that the components of v, are either constant or homographies.

Let g € Go N T be an element such that g- W = W, g; #id and g; = id if
q;(&) & Zr; (Proposition 8.10). Since g- W = W, one has g-Y =Y. Hence
g-W,=W,and g-Y, =Y,. The element g induces a commutative diagram

Y, —% vy,

A X
wa(l l;wa

P1) 7 LN P1) 7

where the section v, is analytic and defined over the open subset (Uy) () of
(Pl)aj‘;,( )" Let Y, be the irreducible component of Y, that contains v, (&)); it is
geometrically irreducible. Recall that g; has infinite order; replacing g; and g by
some fixed power, we may thus assume that g-Y, =Y.

By Proposition 7.2, either Y, — (P1) s(a) is an isomorphism and the components
of its inverse are constant or homographies, or there exists a subset A of P; (A (a))
such that Card(A) =2 and g (A) = A for every element g = (g1, ..., &) € GoNT
such that g- W =W and g-Y, =Y. Let us assume that we are in the latter case.
Using that Iy C PGL(2, F), we see that A C Py (F). By Lemma 6.10, the projection
to I'y of the stabilizer of W inside G, N T" has few rational points, contradicting
Proposition 8.10.

We thus have shown that the components of the analytic map y, are either
constant or given by homographies.

Letje{m+1,...,n}.

First assume that g (§) € Q2r;. Then g; =id, whence the relation ¥, ; =¥, jog1.
Since g # id, this implies that v, ; is constant, i.e., ¢; does not depend on the
coordinate x;. Since U is reduced, the morphism ¢; is deduced by pull-back of an
analytic map 6; : [[/L, U; — P{".

Let us then assume that g;(§) € T;. Since the j-th component of ¢ takes the
value g, (&), the section v, ; cannot be constant. It is thus a homography t; ,.

A priori, one has 7; , € PGL(2, 7#(a)) for every a. However, by condition (3)
of Lemma 8.5, one has goj_l (“r;) C 4. The limit sets .ZT, and “r; are contained
in Py (F) and have no isolated points, so that r;; maps an infinite subset of P (F)
into Py (F); this implies that 7; , € PGL(2, F).

Observe that for x € Uy NP (F), one has 7, - x = ¥, j(x) = ¢(x,a). In
particular, the assignment a — 7; , is induced by an analytic morphism. Since it
takes its values in PGL(2, F), it is constant.

Let J" and J” be the set of all j € {m+1, ..., n} such that g; (&) belongs to .t,
and Qr;, respectively. Let Q' = Qr, x ]_[jej, Qr; and Q" = [TL, Qr, x ]_[jej/, Qr;;
similarly, write X" = X1 x[] ;. X and X" =[TiL, X; x[],c;» X ;, and decompose
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the projection p: Q@ — X as (p/, p”), where p' : Q' — X' and p” : Q" — X" are
the natural projections.

Let Z' be the graph in (P; x [lier P1)an of (tj)jes and Z” the graph in
(]_[;":2 P; x ]_[jel,, P1)an of (6;)jeyr. Let Y’ and Y” be the Zariski closure of
Z' and Z”, let W’ and W” be their traces in Q" and ", and let V' and V" be
the Zariski closures of p’(Z’) and p”(Z"). It is clear that Y’ = Z’ is the curve
inP; x[] jer P; (with coordinates x; and x; for j € J') given by the equations
x; =7j(x1), and W' is its trace on Q'. In particular, W' is flat.

By construction, Z’ x Z” is a subspace of ¥Y*" which meets W in a Zariski dense
subset of itself; hence Y = Y’ x Y and W = QNY* = W' x W’. Moreover,
p(W) = p'(W) x p"(W") C V; hence V' x V/ C V. Consequently, W” is a
maximal algebraic irreducible subset of (p”)~'((V")®). By induction, W” is flat.

Consequently, W = W’ x W” is flat, as was to be shown. O

9. A characterization of geodesic subvarieties

9.1. Let F be a finite extension of Q, and let (I';);<;<, be a finite family of
arithmetic Schottky subgroups of ranks > 2 in PGL(2, F) Let us set Q = [['_, Qr,,
X =TT'_, Xr,, and let p : @ — X" be the morphism deduced from the morphisms
pr; : Ql",- — Xfiril.

Theorem 9.2. Let W be a Zariski closed subvariety of 2, geometrically irreducible.
Then the following properties are equivalent:

(1) The variety W is geodesic.
(ii) Its projection p(W) is algebraic.
(iii) The dimension of the Zariski closure of p(W) in X is equal to dim(W).

Proof. Let us assume that W is geodesic and show that p(W) is algebraic.

We may assume that no projection pr, is constant on W. Define a relation ~ on
{1,...,n} given by i ~ j if there exists g € PGL(2, F) (necessarily unique) such
that gT';g =" and I” j are commensurable and z; = g - z; for every z € W. This is an
equivalence relation. Fix an element j in each equivalence class; for i such that
i ~ j, we may replace I'; by its conjugate gI';g~! and assume that zj=z;on W.
This shows that W and Q2 decompose as a product indexed by the set of equivalence
classes of the following particular situation: all the subgroups I'; are commensurable,
and W is the diagonal of €2. It thus suffices to treat this particular case.

LetTo=(); I'; and X, be the algebraic curve associated with Qr,/ I'g. Then, for
every i, the morphism f; : W — X" deduced from f = p|w factors as the composi-
tion of the uniformization pg : Qr, — X" and of a finite morphism X§" — X". By
GAGA [Berkovich 1990, Corollary 3.5.2; Poineau 2010, Appendix], a finite analytic
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morphism of algebraic curves is algebraic; consequently, there exists a finite mor-
phism g; : Xo — X; such that f; =g o po. Then p(W) is the image of X by the fi-
nite morphism ¢ = (g1, ..., q») : Xo — X, hence is algebraic. This shows that (i) im-
plies (ii). Since it is clear that (ii) implies (iii), it remains to prove that (iii) implies (i).

Let us assume now that the dimension of the Zariski closure V of p(W) in X is
equal to the dimension of W. By construction, W is a maximal irreducible algebraic
subvariety of p~!(V). By Proposition 8.1, W is flat. A similar analysis as in the
proof of the first implication shows that there is a partition of the indices {1, ..., n}
under which W decomposes as a product of flat curves and points. Since it suffices
to prove that each of these curves is geodesic, we may assume that W is a flat curve

of the form
W={(Z,82Z,agnz)}mg2,

where g7, ..., 8, € PGL(2, F).

First assume that n = 2. Let then g € PGL(2, F) be such that W = {(z, g-2)}NQ
and let us prove that I'; and gI';g~! are commensurable, a property which is
equivalent to the finiteness of both orbit sets I',)\I'ogI'; and I" l\Flg_1 Is.

Let us argue by contradiction and assume that I',\I">,gI"; is infinite. (The other
finiteness is analogous, or follows by symmetry.) Fix a rigid point z € Qr,. Let
A C T be asetsuch that gA is a set of representatives of I';\I",gI";; by assumption,
A is infinite. Since '\W C V?", the algebraic variety V contains the infinite set of
points p(a -z, g-az) = (p1(z), p2(ga-z)), for a € A; hence it contains its Zariski
closure {p;(z)} x X». Since this holds for every z € W, we deduce that V contains
X1 x X», contradicting the assumption that dim(W) = 1.

Let us now return to the general case. To prove that W is geodesic, it suffices
to establish that the subgroups I'; and g;I"; gj_] are commensurable for every
j €{2,...,n}. Uptorenumbering the indices, it suffices to treat the case j =2. Let
Q' =Qr, xQr,, let p: Q' — X' = X x X be the uniformization map, and denote
by 7 the projections from £ to " and from X to X'. Let W = (W) and V' =7m (V).
By Chevalley’s theorem, V' is an algebraic curve in X’. Obviously, W' is a flat curve
contained in (p")~'((V’)), and hence is a maximal irreducible algebraic subset of
(P)~ N (V™) N Q'. By the case n = 2, the Schottky groups I'» and g2F1g2_1 are
commensurable, as was to be shown. This concludes the proof of Theorem 9.2. [J

Corollary 9.3. Let V be an irreducible curve in X. Then every irreducible alge-
braic subvariety of ¢, which is maximal among those contained in p! (VCa’;) is
geodesic.

Proof. Let Wy be an irreducible algebraic subvariety of €2¢,, maximal among
those contained in p‘l(Vé‘;); let us prove that Wy is geodesic. We may as-
sume that dim(Wj) > 0. Since p is surjective and has discrete fibers, one has
dim(p_l(VéI;)) = dim(Véz), hence dim(Wy) = 1, so that Wy is an irreducible
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component of p‘l(Va“)cp. By Theorem 7.16 of [Ducros 2009], there exists a
finite extension E of F and an irreducible component W of p~! (V) such that
Wo = Wc,.

By Theorem 9.2, W is geodesic. Consequently, W is geodesic. (I

Remark 9.4. This corollary suggests that the main results of the paper extend to
maximal algebraic irreducible subvarieties of p‘1 (V™ e s without assuming that
they are defined over a finite extension of F.
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A modular description of 2y(n)

Kestutis Cesnavicius

As we explain, when a positive integer n is not squarefree, even over C the moduli
stack that parametrizes generalized elliptic curves equipped with an ample cyclic
subgroup of order n does not agree at the cusps with the I'y(n)-level modular
stack Zy(n) defined by Deligne and Rapoport via normalization. Following
a suggestion of Deligne, we present a refined moduli stack of ample cyclic
subgroups of order n that does recover 2y(n) over Z for all n. The resulting
modular description enables us to extend the regularity theorem of Katz and
Mazur: Zp(n) is also regular at the cusps. We also prove such regularity for 27 (n)
and several other modular stacks, some of which have been treated by Conrad
by a different method. For the proofs we introduce a tower of compactifications
&eL,, of the stack €¢¢ that parametrizes elliptic curves—the ability to vary m in
the tower permits robust reductions of the analysis of Drinfeld level structures on
generalized elliptic curves to elliptic curve cases via congruences.
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Chapter 1. Introduction

1.1. Algebraic stacks that refine Xo(n). The study of the compactification X¢(n)
of the coarse moduli space of the algebraic stack #(n) that parametrizes elliptic
curves equipped with a cyclic subgroup of order n is key for many arithmetic
problems, so one seeks to understand the arithmetic properties of X¢(n), especially
over Z. For this, it is desirable to conceptualize the construction of Xy(n) by
realizing it as a coarse moduli space of an algebraic stack that compactifies %#y(n).
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The sought compactifying stack %Z(n) was defined by Deligne and Rapoport
[1973, IV.3.3] via a normalization procedure. However, Z(n) lacks an a priori
moduli interpretation, so instead one often considers the stack 2o (n)"ve that
parametrizes generalized elliptic curves whose smooth locus is equipped with a
cyclic subgroup of order n that is ample, i.e., meets every irreducible component of
every geometric fiber. Even though 25 (n)""¢ is algebraic, has X((n) as its coarse
moduli space, and agrees with Zp(n) on the elliptic curve locus, it seems to have
been overlooked that

If n is not squarefree, then 2p(n) and Zo(n)™aive are genuinely different,
even over C.

1.2. Pathologies of 23(p*)™"°. To explain the difference, we set n := p? for
some prime p, let 2°(1) denote the stack that parametrizes those generalized elliptic
curves whose geometric fibers are integral, and consider the structure morphism

¢t Zo(pH)"™ — 2(1)

which in terms of the moduli interpretation forgets the subgroup and contracts the
generalized elliptic curve with respect to the identity section. We claim that the
morphism c is not representable.

To see this, let E be the standard p-gon over C and let ¢,> € C* be a primitive
root of unity of order p?. Then E*™ = G,, x Z/pZ and each of the p worth of
automorphisms of E fixing G, x {0} stabilizes the cyclic subgroup ((¢,2, 1)) of
order p?. Each such automorphism contracts to the identity, so c is not representable.

In contrast, the morphism

20(pH — 2(1)

is representable by construction, so the 2°(1)-stacks 2¢( pz)naive and 25(p?) are not
isomorphic. The same p-gon example carried out over F » shows that 2p(p?)naive
is not even Deligne-Mumford (whereas 2, (p?) is), a pathology that has already
been pointed out in [Edixhoven 1990, 1.1.1.1; Conrad 2007].

1.3. A modular description of Zy(n). One of the main goals of this paper is to
refine the definition of 2 (n)™ "¢ to obtain a moduli interpretation of 24 (n) even
when n is not squarefree. The elliptic curve locus needs no refinement, so the
issue is to incorporate the cusps in a way that avoids the nonrepresentability of
¢ phenomenon. For this, we follow a suggestion of Deligne [2015]. To present
Deligne’s idea, we assume that n = p? for a prime p and work over Z[1/p].

In vague terms, the idea is to subsume the automorphisms causing the nonrep-
resentability of ¢ into the moduli problem. To make this possible, the data being
parametrized will involve algebraic stacks and not merely schemes. In precise
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terms, the moduli problem that in Chapter 5 will be proved to recover Z( p2) Z11/pl
assigns to every Z[1/p]-scheme S the groupoid of tuples

(E—S. G. Say. Spy- Sipy» Gy Gy Gipo)
consisting of:

 a generalized elliptic curve £ — S;
« acyclic subgroup G C Eg_g of order p? over the elliptic curve locus § — §;

* open subschemes S(1), S(;), and S(,2) of § that cover S, have § — §° as their
pairwise intersections, and such that the degenerate geometric fibers of E,
and Ey, are 1-gons and those of Es(pz) are p>-gons;

« ample cyclic subgroups G(1y C E;r(rl‘) and G(,2) C E;r(nz) of order p? that recover
G over § — S 3

 an ample cyclic subgroup G,y C E(S;l) of order p? of the universal generalized
elliptic curve &£(,) whose degenerate geometric fibers are p-gons and whose
contraction is E,, , subject to the requirement that G ) recovers G over §—S§
(over which &) is identified with E).

In essence, the moduli problem parametrizes generalized elliptic curves equipped
with an ample cyclic subgroup of order p? with the caveat that over the part
of the degeneracy locus prone to the nonrepresentability of ¢ the subgroup has
been upgraded to live inside a suitable universal “decontraction” &£,y (which is
an algebraic stack and not a scheme). The role of the S, is to remember the
subdivision of the degeneracy locus $°° — without S(;) and §(,) we cannot single
out those 1-gon degenerate geometric fibers of E that were “meant” to be p-gons
but had to be “upgraded” in order to avoid the nonrepresentability of c.

1.4. Incorporating bad characteristics. After the work of Drinfeld and of Katz and
Mazur, the extension of the above modular description of 2( pz)z[l /p] 0 Zo( p2)
is a matter of technique. However, new difficulties at the cusps in characteristic
p force us to impose an additional coherence requirement on G, a requirement
that holds automatically away from p and also on the elliptic curve locus (see
Section 5.5 and Lemma 5.6) and that seems well suited for the analysis of G, even
over Z[1/p]. With this proviso, we prove that for any n the analogue of the moduli
problem described in Section 1.3 gives a moduli interpretation for Zp(n). We
then use this moduli interpretation to prove the following extension of a regularity
theorem of Katz and Mazur:

Theorem 1.5 (Theorem 5.13(a)). The Deligne—Mumford stack Zy(n) is regular.

In fact, Zo(n)z(1/a1 is even Z[1/n]-smooth by [Deligne and Rapoport 1973,
IV.6.7], whereas the elliptic curve locus % (n) is regular by [Katz and Mazur 1985,
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5.1.1], so Theorem 1.5 was known away from the closed substack of the cusps that
lies in characteristics dividing n.

In the proof of Theorem 1.5, the eventual source of regularity is the combination
of [Deligne and Rapoport 1973, V.4.13] and [Katz and Mazur 1985, 5.1.1] that
proves the regularity of another modular stack 2°(n). The reduction to Z°(n) rests
on the moduli interpretation of Z5(n) and on the regularity of #4(n). In particular,
no stage of the argument requires any computations with universal deformation
rings, other than what comes in from [Katz and Mazur 1985, Chapters 5-6] through
our reliance on the regularity of % (n) and %(n).

We use Theorem 1.5 and the moduli interpretation of Zy(n) to prove that
the coarse moduli space Xg(n) is regular in a neighborhood of the cusps (see
Theorem 6.7). This regularity is not new (see the introduction of Chapter 6) but our
proof seems more conceptual.

1.6. The compactifications €¢¢,,. We have been vague about the base of the uni-
versal “decontraction” &,). For the construction of this base in general (beyond
n= pz), it is natural to fix an m € Z>; and to consider the Z-stack €, that
parametrizes those generalized elliptic curves whose degenerate geometric fibers
are m-gons. We prove in Theorem 3.1.6 that ‘€¢¢,,, is algebraic, as well as proper
and smooth over Z, albeit is not Deligne-Mumford unless m = 1. Thus, each
€L, compactifies the stack €£¢ that parametrizes elliptic curves, and €€/, is the
compactification that is sometimes called M ;.

As we describe in Section 3.2, the compactifications €04, form an infinite tower,
with transition maps given by contractions of generalized elliptic curves. This tower
is the backbone of our study of Zy(n) and of several other “classical” modular
curves. For these curves, the most important moduli-theoretic phenomenon that is
not seen on the elliptic curve locus is the fact that “forgetful” contractions change
generalized elliptic curves that underlie level structures. The ability to vary m in the
tower {%ﬂm}mw allows us to isolate the part of this phenomenon that has nothing
to do with level structures. The remaining part that is specific to the level structure
at hand may then be studied via “congruences” that reduce to the elliptic curve
case.

1.7. Other modular curves. To illustrate the utility of €00, let us consider the
stack .2'(n)""¢ that parametrizes pairs consisting of a generalized elliptic curve
E — S with n-gon degenerate geometric fibers and a Drinfeld (Z/nZ)?-structure
on ES[n]. (In the end, 2 (n)"aive agrees with 2(n) mentioned earlier and gives
Z'(n) a moduli interpretation.) Using the work of Katz and Mazur, we prove via
“mod n congruences with elliptic curves” that the forgetful map

%(n)naive — %n
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is representable and finite locally free of rank #GL,(Z/nZ). It follows that
2 (n)""e is algebraic, proper and flat over Z, and even Cohen—-Macaulay. Other
proofs of these properties of 2 (n)"¥® have been given by Conrad [2007]: the proof
of the algebraicity used Hilbert schemes via tricanonical embeddings, whereas the
Cohen—Macaulay property required a detailed analysis of the universal deformation
rings at the cusps (in addition to the work of Katz and Mazur on the elliptic
curve locus).

The relations with €£¢,, together with the “congruence method” that crucially
uses the work of Katz and Mazur allow us to reprove the main results of [Conrad
2007] in Chapter 4. These include the moduli interpretations and the regularity of
the modular stacks 2°(n) and 27 (n) (as well as some variants) and the construction
of Hecke correspondences for .27 (n). The latter takes advantage of the theory of
isogenies of generalized elliptic curves developed in Chapter 2. Away from the
level, the moduli interpretations and the regularity have been proved by Deligne and
Rapoport [1973, IV.3.5 and IV.4.14]; away from the cusps, they have been proved
by Katz and Mazur [1985, 5.1.1]. Prior to the work of Conrad, [2007], the moduli
interpretations and the regularity of 2(n) and £7(n) (among others) have been
considered in an unfinished manuscript of Edixhoven [2001, especially 2.1.2].

1.8. Reliance on the literature. For what concerns generalized elliptic curves and
Drinfeld level structures on them, we wish to explicate the logical dependence of
our work on the three main references that we use: [Deligne and Rapoport 1973;
Katz and Mazur 1985; Conrad 2007].

» We rely on [Deligne and Rapoport 1973] almost in its entirety; the sections of
[op. cit.] that are logically independent from the work of this paper are 11.§3,
V.§2-3, VI.§2-6, and VII.§3-4.

» We make essential use of the results of [Katz and Mazur 1985, Chapters 1-6]
and extend some of them to generalized elliptic curves (see, in particular,
Section 4.2), but have no need for the results of [Katz and Mazur 1985,
Chapters 7-14] (other than for comparison in Proposition 6.3 and Remarks 6.5
and 6.8).

* We use some auxiliary general results from sections 2.1 and 2.2 of [Conrad
2007] but the rest of [op. cit.] is logically independent from our work (as
mentioned in Section 1.7, we give different proofs to the main results of
[Conrad 2007]).

1.9. Notation and conventions. We let €¢£ denote the Z-stack that, for variable
schemes S, parametrizes elliptic curves E — S. More precisely, for a scheme S,
the objects (resp. the morphisms) of the groupoid €£¢(S) are the elliptic curves
E — § (resp. the isomorphisms between elliptic curves over §) and, for a scheme
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morphism §” — S, the induced functor €££(S) — €LL(S") is E +— E x5 S’. We use
the analogous meaning of “parametrizes” when defining other stacks. Other than
in the introduction, we use the notation 21, (resp. 2T, ), etc.) introduced in
Section 4.1.2 for stacky modular curves defined via normalization and the notation
Zo(n) (resp. Z1(n), etc.) for stacks defined in terms of a moduli problem; once
we prove that 21, = Zo(n) (and similarly in the other cases), we use the two
notations interchangeably.

We use the definition of an fpqc cover for which all Zariski covers are fpqc;
explicitly, " — S is an fpqc cover if it is flat and every affine open U C S is the
union of images of finitely many affine opens of S’. An S-scheme §’ is an fppf
cover (or simply fppf) if S" — S is faithfully flat and locally of finite presentation.
For a scheme S, we let S denote its associated reduced scheme. For an S-group
algebraic space G, we let G” denote the subsheaf of sections that fiberwise factor
through the identity component. We let 2™ and A 4,5 denote the smooth locus
and the diagonal of a morphism 2" — S. For a field k, we let k denote a choice of
its algebraic closure. A geometric point is the spectrum of an algebraically closed
field. For an n € Z1, we set ¢ (n) :=#(Z/nZ)*.

For what concerns algebraic stack and algebraic space conventions, we follow [SP
2005—-], except that “representable” stands for “representable by algebraic spaces.”
In particular, quasicompactness or separatedness of the diagonal are not part of the
definition, but in practice end up being present (along with even stronger properties).
An algebraic stack is Deligne—-Mumford if its diagonal is unramified — for the
equivalence with the étale atlas definition in the presence of quasicompactness
and separatedness of the diagonal, see [Laumon and Moret-Bailly 2000, 8.1]. The
relative dimension (at a point) of a smooth morphism of algebraic stacks is the
difference of the relative dimensions (at a lift of the point) of the morphisms from a
smooth atlas of the source, cf. [Laumon and Moret-Bailly 2000, bottom of p. 98].

Chapter 2. Isogenies of generalized elliptic curves

The main goal of this chapter is to expose a robust theory of isogenies of generalized
elliptic curves. This theory is the subject of Section 2.2 and will be useful on several
occasions, particularly, for algebraizing homomorphisms of formal generalized
elliptic curves in Section 3.4 and for constructing Hecke correspondences for .27 (n)
in Section 4.7. In order to prepare for the study of isogenies, in Section 2.1 we review
several basic concepts, such as that of a homomorphism of generalized elliptic
curves, and record some general results that will be useful throughout the paper.

2.1. Homomorphisms between generalized elliptic curves

In this section, we review basic definitions and properties of generalized elliptic
curves, building up to the notion of a homomorphism, which will be studied in
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Section 2.2. We assume that the reviewed concepts are familiar, so we concentrate
on those aspects that will be used later. We begin with the notion of an n-gon,
which is needed in order to define generalized elliptic curves. Informally, an n-gon
is the curve obtained by gluing n-copies of P! in a cyclic manner: the point 0 of
the i-th copy gets identified with the point co of the (i+1)-st copy.

Definition 2.1.1. For an n € Z- and an scheme S, the standard n-gon over § is

the coequalizer of
I_|Z/nZ S (:i I_|Z/nZ PIS’

where the top (resp. the bottom) closed immersion includes the i-th copy of S as
the O (resp. the oo) section of the i-th (resp. (i+1)-st) copy of IP’}?. A Néron n-gon
over S (or an n-gon over S) is an S-scheme isomorphic to the standard n-gon over
S. (We often omit “over S” if the base is implicit.)

Remark 2.1.2. Even though colimits usually do not exist in the category of schemes,
the ones used in Definition 2.1.1 do exist and their formation commutes with base
change in S. To see this, one checks directly (or with the help of [Ferrand 2003,
4.3]) that for n > 2 the sought coequalizer is the base change to S of the gluing of

Licz/nz SPec(ZIX:, Yil/(Xi Y1)

obtained by identifying the opens
Spec(Z[Y;, YL,]) and  Spec(Z[Xit1, ﬁ])

via Y; =1/X;4 forevery i € Z/nZ, and one treats the n = 1 case by realizing the
standard 1-gon as the Z/nZ-quotient of the standard n-gon, cf. [Conrad 2007, top
of p. 215].

We recall the definition of a generalized elliptic curve, which is a central notion
for this paper.

Definition 2.1.3. A generalized elliptic curve over a scheme S is the data of

« a proper, flat, finitely presented morphism E — S each of whose geometric
fibers is either a smooth connected curve of genus 1 or a Néron n-gon for some
n>1,and

e an S-morphism ES™" x g E % E that restricts to a commutative S -group scheme
structure on E%™ for which + becomes an S-group action,
such that via pullback of line bundles the action 4 induces the trivial action of ES™
on Pic%. /s-

Remark 2.1.4. Our definition of a generalized elliptic curve is equivalent to the
one given in [Deligne and Rapoport 1973, 11.1.12]: the difference is that we have
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imposed the requirement that E5™ acts trivially on Pic% /s at the outset. In [loc. cit.]
this is replaced with the a priori milder requirement that on degenerate geometric
fibers every translation by a smooth point induces a rotation on the underlying
n-gon, which ends up being equivalent due to [Deligne and Rapoport 1973, I1.1.7(ii)
and II.1.13].

The requirement about the triviality of the induced action on Pic(()j /s holds auto-
matically on a large part of E5", namely, it always holds on the relative identity
component (E™)? —to see this, we apply [Deligne and Rapoport 1973, I1.1.14]!
to Pic) E/s x s ES™ to get the openness of the locus of E5™ where the induced action
on Pid} E/s 18 trivial, note that this locus is closed under the group law of E sm - and
conclude by noting that it contains the zero section. In particular, every elhptlc
curve is a generalized elliptic curve, and a generalized elliptic curve E — S is an
elliptic curve over the open of S over which E is smooth.

Remark 2.1.5. The standard n-gon is canonically a generalized elliptic curve: due
to its description recalled in Remark 2.1.2, its smooth locus is G,,;, x Z/nZ and the
translation action of this group scheme on itself extends to an action on the n-gon.
By the previous remark, the triviality of the induced action on Pic® may be checked
on the geometric fibers using [Deligne and Rapoport 1973, 11.1.7(ii)]. For later use,
we now describe the automorphism functor of this generalized elliptic curve.

Lemma 2.1.6. For a fixed n € Z>1, let E — Spec Z be the standard n-gon general-
ized elliptic curve. There is the following identification of the automorphism functor
of E:

Aut(E) = p, x /27,
where the generator of Z/2Z acts as inversion on E*™ and, for a scheme S and an
indexi € Z/nZ, a section { € u,(S) acts on the i-th component of

ES"=(Gu)s x Z/nZ

as scaling by ¢'.
Proof. By [Deligne and Rapoport 1973, 11.1.10], we have

AUt(E) = p, ¥ Z/27

IWe could also apply [Conrad 2007, 2.2.1] to avoid using the representability of Pic% /s by a
scheme. On the other hand, such representability may be proved as follows: by [Artin 1969, 7.3], the
functor Pic% /S is an algebraic space, so [Deligne and Rapoport 1973, I1.2.6(i)] proves that the map

(ES™)9 - Pict) /s definedby 1 Op(N® Op(e)™!

is an open immersion (where e € E(S) denotes the identity section), and the representability of PicY E/S
by a scheme follows from [BLR90 1990, 6.6/2(b)] applied to Pic¥ E/S acting on itself by translation
(see also Remark 2.1.16).
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with w, and Z/27 acting as described above, so we need to argue that Z/27 is
central in Aut(E). For this, due to the Z-universal schematic density of ES™ in E
supplied by [EGA1V3 1966, 11.10.10], it suffices to note that every generalized
elliptic curve automorphism of a base change of £ must commute with inversion
on E™, (Il

We turn to the closed subschemes ES"8 ¢ E and S°°7 C S that measure the
degeneration of E.

Definition 2.1.7. The subscheme of nonsmoothness of a generalized elliptic curve
E I S is the closed subscheme E*" C E defined by the first Fitting ideal sheaf
Fittl(SZ}g /s) C 0Og. The degeneracy locus of E %> § is the schematic image
§7 C S of ESNg,

Remark 2.1.8. The closed subscheme E®" is supported at those points of E at
which 7 is not smooth and its formation commutes with arbitrary base change
in S, see [SGA 7; 1972, VI, 5.3 and 5.4]. Even though the formation of schematic
images often does not commute with nonflat base change, the formation of S
does commute with arbitrary base change, see [Conrad 2007, 2.1.12].

Remark 2.1.9. By [Deligne and Rapoport 1973, I1.1.15], we have
SOOJT — I_l 1500,71,11
n>

for closed subschemes S°>*" C S such that only finitely many of the S°™" meet
a given affine open of S and such that E ge.r.» is fppf locally on $°°™" isomorphic
to the standard n-gon (which was discussed in Remark 2.1.5). In particular, every
generalized elliptic curve E %> S is, Zariski locally on §, projective because, by
[Deligne and Rapoport 1973, 11.1.20; Katz and Mazur 1985, 1.2.3], over the open

8 = Ly S
the n’-torsion subscheme ES™[n’] C E is a w-ample relative effective Cartier divisor.

We record a basic relationship between E*"2 and its schematic image S°*7 in
the following lemma:

Lemma 2.1.10. For a generalized elliptic curve E — S, the map
Esing — SOOJT
is finite étale; it has degree n over §°™",

Proof. The map in question exists by the definition of $°*7" and its formation
commutes with base change in S by Remark 2.1.8. We may therefore assume that
S = §°7™" and that E is the standard n-gon. But in this case E®"® is a disjoint
union of n copies of S and there is nothing to prove. U
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Degenerate generalized curves possess canonical finite subgroups of multiplica-
tive type and their torsion subgroups are amenable to scrutiny. We make this precise
in the following lemma:

Lemma 2.1.11. For every generalized elliptic curve E > § with S™4 = (§°°7)red
and every d € 7, the d-torsion (ES™)°[d] is a finite locally free S-group scheme
of order d that is étale locally on S isomorphic to juy. The S-group scheme

E™[d]/(E™)°[d]

is étale and if m € Z> divides both d and the number of irreducible components
of each geometric fiber of E, then (ES™[d]/(E*™°[d])[m] is étale locally on S
isomorphic to 7 /mZ.

Proof. Due to the fibral criterion for flatness [EGA IV3 1966, 11.3.11], the quasifi-
nite, finitely presented, separated S-groups (ES™)°[d] and E*™[d] are flat. The
fibers of (ES™)°[d] — S have degree d, so, due to [Deligne and Rapoport 1973,
I1.1.19], the S-group (E smy0[4] is finite locally free of rank d. Due to [Conrad 2014,
B.4.1 and B.3.4], the claim about the étale local structure of (E*™)°[d] reduces to
case of geometric fibers.

Thanks to the settled claims about (ES™)°[d], [EGAIV; 1966, 8.11.2] and
[SGA 34w 2011, V, 4.1] imply that ES™[d]/(E"™)'[d] is a separated, quasifi-
nite, finitely presented, flat S-scheme. By inspecting geometric fibers we see that
ES™[d]/(E™)%[d] is étale. The étale local structure of

(E™[d]/(ES™)°[d])[m]

may be seen over the strict Henselizations of S, and hence even on geometric
fibers. (]

The focus of Chapter 2 is generalized elliptic curve homomorphisms. We recall
their definition.

Definition 2.1.12. A homomorphism between generalized elliptic curves £ — S
and E’ — S is an S-morphism

f:E— E with f(E™) CE"™

that intertwines the group laws of E*™ and E"*™. Its kernel is the S-subscheme
Ker f:=E X g, S of E, where X ¢, g o denotes the base change along f of the
identity section ¢’ : S — E’.

Remark 2.1.13. Due to the S-universal schematic density of £5™ in E supplied by
[EGAIV3 1966, 11.10.10] and the separatedness of E’ — S, a homomorphism f
necessarily also intertwines the group actions ES™ x £ — FE and E" x E' — E'.
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Remark 2.1.14. If a homomorphism f is surjective, then f|gsm is flat and Ker f is
contained in E*™, as may be checked on geometric fibers using the fibral criterion
for flatness [EGA IV3 1966, 11.3.11]. In this case, Ker f is a finite locally free
S-subgroup scheme of E*™.

Example 2.1.15. The constant morphism that factors through ¢’ is a homomor-
phism, the “zero homomorphism.” Any elliptic curve isogeny is also a homomor-
phism. For a d € Z-, the map

Py — P§  given on homogeneous coordinates by [x : y] > [x? : y/]
respects 0 and oo, so it induces an S-morphism from the standard 1-gon over S to
itself. This morphism restricts to the d-th power map on the (G,,)s of the smooth
locus of the 1-gon, so it is a homomorphism with kernel (4)s.

Remark 2.1.16. Generalized elliptic curves are susceptible to limit arguments
that reduce to a Noetherian base. More precisely, by [EGA IV, 1965, 8.8.2(ii),
8.10.5(xii), 11.2.6(ii)], Zariski locally on S, the underlying relative curve E — S
is the base change of a proper and flat relative curve Ey — Sg for which Sy is of
finite type over Z. Thus, since the formation of Ej™ commutes with base change,
E*™ is necessarily of finite presentation. Moreover, by [EGA IV, 1965, 8.8.2(1)],
after enlarging Sy, the commutative S-group action

+ . . +
E*"xsE — E descends to a commutative So-group action Ej" x5, Eg = Ej.

The degenerate geometric fibers of Eg — Sy are Néron n-gons: indeed, [Deligne
and Rapoport 1973, I1.1.3] applies because the condition of having only ordinary
double points as singularities is equivalent to the unramifiedness of E(S)mg, whose
formation commutes with base change (see Remark 2.1.8), whereas the triviality of
the relative dualizing sheaf may be descended from an overfield using specialization
techniques. Using Remark 2.1.4 to infer the triviality of the induced action of
EJ™ on Pic%o /s, We conclude that Eg — Sp is a generalized elliptic curve that
descends E — S to a Noetherian base. Similarly, Zariski locally on S, elliptic curve
homomorphisms are defined over a base that is of finite type over Z.

By the limit arguments above, the open immersion § — §°°7 < § is always
quasicompact.

2.2. Quotients of generalized elliptic curves by finite locally free subgroups

Even though homomorphisms between generalized elliptic curves are useful in
practice, their structural properties are not immediately apparent. Moreover, guided
by the theory of isogenies of elliptic curves, one suspects that for any finite locally
free S-subgroup scheme G C ES™ with E — S a generalized elliptic curve, there
should be an essentially unique homomorphism E — E’ with kernel G. If G
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intersects the identity components of the degenerate geometric fibers of £ — S
trivially, then the translation action of G on E is free, the fppf sheaf quotient £/G
is a generalized elliptic curve, and

E—E/G

is the sought “isogeny.” This special case is already useful — for instance, such
isogenies are discussed in [Conrad 2007, 2.1.6] and exploited in several key proofs
of [op. cit.].

The goal of this section is to explain how to make sense of isogenies of generalized
elliptic curves in general. Theorem 2.2.4 and its proof explain how to build the
desired “quotient by G homomorphism £ — E /G, and we arrive at the concept of
an isogeny in Definition 2.2.8. With Theorem 2.2.4 in hand, structural properties of
arbitrary homomorphisms are susceptible to scrutiny and are detailed in Propositions
2.2.9 and 2.2.10.

We begin with an example that illustrates what E/G should be in a certain
degenerate situation.

Example 2.2.1. Let E be the standard n-gon over Z, and consider the subgroup
wa C (ES™) for some d € Z>1. We would like to build a generalized elliptic curve
homomorphism

fa:E— E' with kernel ug.

By Remark 2.1.13, any such f; is wg-equivariant, so it factors through the categori-
cal quotient E /g4, which exists because E is projective and p4 is finite. We claim
that

E — E/uq

is already the desired f; : E — E’.
This claim follows from the description of E recalled in Remark 2.1.2. More
precisely, if n > 2, then on Spec(Z[X;, Y;]1/(X;Y;)) the action of

1ta = Spec(Z[T1/(T* — 1))
is determined by
X,— X;®T and Y~ Y, QT,

so the ring of invariants is the Z-subalgebra of Z[X;, Y;]/(X;Y;) generated by X ld
and Yl.d, and hence E/u 4 is the standard n-gon with the quotient map £ — E/ug
induced by the d-th power map on each IP%. The same description holds if n =1,
as the same computation performed Z/mZ-equivariantly on the m-gon cover for
some m > 2 proves. Thus, the map E — E/u4 is a homomorphism whose kernel
is (g, and it is initial among such homomorphisms, so it is the desired f;.
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Remark 2.2.2. Example 2.2.1 may be carried out over any base scheme S, which
shows that the formation of f; commutes with arbitrary base change. In particular,
the formation of the categorical quotient £/, commutes with arbitrary (possibly
nonflat) base change.

Remark 2.2.3. For d > 1, the “isogeny” E — E/u4 constructed in Example 2.2.1
is not flat at the singular points, as the formal criterion for flatness [Bourbaki 1965,
II1, §5, n° 2, Theorem 1] reveals. In contrast, every isogeny between elliptic curves
is flat.

Example 2.2.1 suggests that over an arbitrary base S, the desired quotient of
a generalized elliptic curve E — S by a finite locally free S-subgroup G C E*™
may simply be the categorical quotient £/G. In Theorem 2.2.4 we prove that this
indeed the case. The main issue that needs to be addressed is that the formation of
categorical quotients does not in general commute with nonflat base change (as in
the special case of forming the ring of invariants under the action of a finite group).
Such phenomena do not occur for generalized elliptic curves because the analysis
of E/G may be reduced to the cases when G is either diagonalizable or acts freely
on E.

Theorem 2.2.4. Let S be a scheme, E Z> S a generalized elliptic curve, and
G C E™ an S-subgroup scheme that is finite locally free over S. There is an
S-scheme morphism

q:E—E/G

that is initial among G-equivariant S-morphisms from E to an S-scheme equipped
with the trivial G-action (E is equipped with the translation action of G). Moreover,
q has the following properties.

(1) The formation of g commutes with arbitrary base change in S, and E/G is
S-flat.

(i) The map q : E — E /G is surjective, finite, and universally open.

(iii) There is a unique structure of a generalized elliptic curve on
E/G— S

for which q is a homomorphism. For this structure, q induces an S-group
isomorphism
E™/G=(E/G)™,

where ES™ /G is the fppf sheaf quotient; in particular, E sm 2, (E/G)S™ is finite
locally free.

(iv) If E is an elliptic curve, then q : E — E /G is an isogeny with kernel G.
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Proof. Zariski locally on S the map 7 is projective (see Remark 2.1.9), so every finite
set of points of any m-fiber is contained in an affine open of E (see [EGAII 1961,
4.5.4]). Therefore, by [SGA 3wy 2011, V, 4.1(i)] and its proof, E is covered by
G-invariant affine opens and the initial g is nothing but the categorical quotient that
is glued together from the rings of invariants of such G-invariant affines; moreover,
this ¢ is automatically a quotient map on the underlying topological spaces.

Since G acts freely on ES™, by [SGA 314w 2011, V, 4.1(iv)], the open S-
subscheme

E™/GCE/G

that results from the G-invariance of E®™ is identified with the fppf sheaf quotient
of E’™ by G, the map E sm 2, psm /G is finite locally free, and the formation of
E*™/G commutes with base change.

(i) The formation of E/G commutes with flat base change, so we may first assume
that S is affine and then use Remark 2.1.16 to assume that S = Spec R for some
Noetherian R. Moreover, by the previous paragraph, the claim is clear on the elliptic
curve locus, so we may replace R by its completion along the ideal / C R that cuts
out the degeneracy locus S°7* C S to assume that R is [-adically complete and
separated.

For such R, the intersections

Gryri N (ER);)" for j =1

are finite locally free R/I/-subgroup schemes of G. By Grothendieck’s existence
theorem [Illusie 2005, 8.4.5, 8.4.7], these subgroups algebraize to a finite locally
free R-subgroup

HCG with HcC (E™°.

The R/I-fibers of H are of multiplicative type, so H itself is of multiplicative type.
At the cost of replacing R by a finite locally free cover we may assume that H is
diagonalizable.

By [SGA 3w 2011, 1, 4.7.3], any R-module M equipped with an action of a
diagonalizable H is a direct sum of x -isotypic submodules for characters x of H, so
the submodule M* of H-invariants is of formation compatible with arbitrary base
change and is R-flat if M is. In particular, the categorical quotient £/H is R-flat
and of formation compatible with base change. As may be checked on geometric
R-fibers, G/ H acts freely on E/H, so the further quotient E/G = (E/H)/(G/H)
is also R-flat and of formation compatible with base change.

(ii) The surjectivity of g follows from the first paragraph of the proof. By [SGA 3 ew)
2011, V, 4.1(ii)], the morphism g is integral, and hence even finite because it inherits
the property of being of finite type from £ — S. In particular, ¢ is universally
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closed, so it is also universally open by [Rydh 2013, 2.4] (which applies due to the
bottom of p. 636 there and [SGA 3 ewy 2011, V, 4.1(ii)]).

(iii)) We begin by arguing that E /G possesses the S-scheme properties required in
Definition 2.1.3.

Due to [Atiyah and Macdonald 1969, 7.8], the morphism E/G — S inherits
finite presentation from E — S thanks to the finiteness of E — E/G (and an initial
reduction to Noetherian S based on (i)). By (ii),

E— E/G, andhencealso ExgsE— E/G xsE/G,

is a finite surjection, so the image of Ag/s(E) in E/G xsE/G,i.e., Ay s(E/G),
is closed. In other words, the finite type morphism E/G — S inherits separatedness
from E — S, so it also inherits properness by [EGAII 1961, 5.4.3 (ii)]. Finally,
E/G — S is flat by (i). For the fibral properties, due to (i), we may assume that S
is a geometric point.

If S is a geometric point and E is an elliptic curve, then E/G is its isogenous
quotient. If S is a geometric point and E is the standard N-gon, then we set

H:=GN(E™ soHZX=puy, forsomed > 1.

By Example 2.2.1, E — E/H is a “self-isogeny” of the standard N-gon, and, by
construction, G/ H acts freely on E/H. Therefore, E /G, which is identified with
(E/H)/(G/H), is the standard n-gon with n = N/#(G/H). This analysis also
shows that g (E®™) = (E/G)*™.

Due to the paragraph preceding the proof of (i), all that remains to be shown is
that the S-group scheme structure of (E/G)™ = E®" /G extends to a unique action
of (E/G)*™ on E/G; indeed, the induced action on Pic?E /G)/S will automatically
be trivial due to the fibral analysis of the previous paragraph and Remark 2.1.4. The
uniqueness follows from the separatedness of E/G and the universal schematic
density of (E/G)*™ in E/G supplied by [EGATV3 1966, 11.10.10]. For the same
reason, for the existence we only need to produce a morphism

(E/G)™ xsE/G— E/G

that extends the group law of (E/G)*™ —the relevant diagrams that encode the
property of being a group scheme will automatically commute. To build this
morphism from the one for E, it suffices to prove that

E™/G x5 E/G = (E™ x5 E)/(G x5 G),

where the quotients are categorical. For this isomorphism, it suffices to form the
quotient on the right in stages and to note that the formation of £ /G commutes
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with base change along E — § whereas the formation of £/G commutes with base
change along E5™/G — S.

(iv) By (iii), g : E — E/G is a finite locally free homomorphism between elliptic
curves over S and its kernel is G, i.e., g is an isogeny with kernel G. (]

Remark 2.2.5. The categorical quotient £/G may also be analyzed with the tame
stack formalism of Abramovich, Olsson, and Vistoli [AOV0S8 2008]. For this, the
key point is that the quotient stack [E/G] is tame by [AOV08 2008, Theorem 3.2]
because the automorphism functors of its geometric points are of multiplicative
type. Then, since E/G is the coarse moduli space of [E/G] (see [Conrad 2005,
Theorem 3.1]), E/G is S-flat and of formation compatible with arbitrary base
change by [AOV08 2008, Corollary 3.3].

2.2.6. The quotient notation. In the sequel, whenever E — S is a generalized
elliptic curve and G C E®™ is a finite locally free S-subgroup, we write E /G for the
generalized elliptic curve constructed in Theorem 2.2.4. In the following corollary,
we record some further properties of this quotient construction that follow from
Theorem 2.2.4 and its proof.

Corollary 2.2.7. Let E — S (resp. E' — S) be a fixed (resp. variable) generalized
elliptic curve over a scheme S.

(a) If G C E®™ is finite locally free S-subgroup, then the homomorphism E — E |G
is initial among homomorphisms f : E — E' with G C Ker f.

(b) If f : E — E’ is a surjective homomorphism, then Ker f is a finite locally free
S-subgroup of E®™, and Ker f determines f up to an isomorphism in the sense
that f induces an isomorphism

E/(Ker f)= E'.
(c) If G| C G, C E®™ are finite locally free S-subgroups, then
(E/G1)/(G2/G1) = E/G.

Proof. (a) The map f is G-equivariant for the trivial G-action on E’, so it uniquely
factors through the categorical quotient E — E/G. It remains to note that the
induced map (E/G)™ — (E’)*™ intertwines the group laws, as may be checked
on the fppf cover E5™ — (E/G)*™.

(b) The first claim was proved in Remark 2.1.14. Due to (a), f induces a homomor-
phism E /(Ker f) — E’ that is an isomorphism on the smooth loci. Due to [EGATV4
1967, 17.9.5] and the S-flatness of E/(Ker f), checking that E/(Ker f) — E’ is an
isomorphism may be done on geometric fibers, where it follows from the fact that
an endomorphism of the standard n-gon that is an automorphism on the smooth
locus must be an automorphism.
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(c) The claim follows from the universal property of £ — E /G, recorded in (a). [

Corollary 2.2.7(b) and the analogy with elliptic curves justify the following
definition:

Definition 2.2.8. Anisogeny between generalized elliptic curves E — S and E' — S
is a surjective homomorphism f : E — E’ (so, by Corollary 2.2.7(b), it induces an
isomorphism E’ = E /(Ker f)). The degree of an isogeny f is the locally constant
function on S given by the order of Ker f.

The principal difference with the elliptic curve case is that an isogeny between
generalized elliptic curves is not necessarily flat (see Remark 2.2.3). As we explain
in Proposition 2.2.9 (whose elliptic curve case is [Katz and Mazur 1985, 2.4.2]), the
structure of an arbitrary homomorphism may be completely understood in terms of
isogenies (in turn, by Corollary 2.2.7(b), the structure of an isogeny is completely
determined by its kernel).

Proposition 2.2.9. Every homomorphism f : E — E’ between generalized elliptic
curves E — S and E' — S is Zariski locally on S either an isogeny or the zero
homomorphism.

Proof. Limit arguments described in Remark 2.1.16 allow us to reduce to the case
when S is Noetherian, so the claim follows from [MFK94 1994, Proposition 6.1],
which proves that on each connected component of S the map f is either surjective
(i.e., an isogeny) or the zero homomorphism. ]

Due to Proposition 2.2.9, the following result describes how homomorphisms
interact with the degeneracy loci of Definition 2.1.7 and the subschemes of nons-
moothness:

Proposition 2.2.10. If f : E — E’ is an isogeny between generalized elliptic curves
E Z> S and E' =5 S, then f|gsne factors through E""€ and §%°7 C §°7,

Proof. The second claim follows from the first because S°7" (resp. S°7 ) is
the schematic image of ES"¢ — S (resp. of E”"¢ — S). Moreover, since the
formation of all the subschemes in question commutes with base change in S (see
Remark 2.1.8), we may use Remark 2.1.9 to assume that § = §°" and that E is
the standard n-gon.

The intersection G of Ker f with the relative identity component (ES™) = G,
is a finite locally free S-subgroup scheme of both Ker f and G,,. By parts (b) and
(c) of Corollary 2.2.7, f is identified with the composite

E—E/G— (E/G)/((Ker f)/G)

of isogenies. Therefore, since the assertion about f|gsing is compatible with compo-
sition, it suffices to treat the cases G = Ker f and G = 0 separately.
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Since G, has a unique finite locally free S-subgroup of a given order, Zariski
locally on S we have G = g4 for some d € Z. Thus, if G = Ker f, then we may
assume that f is the f; described in Example 2.2.1 (see also Remark 2.2.2). For
this fy, the claim is clear:

ES"¢ s identified with | |, /nz S used in Definition 2.1.1

and f; is induced by the d-th power map on every P !5 so maps E*™ to itself.

If G =0, then f is étale, so that 9}5/5 = f*Q}i,/S. By [SGA 71 1972, VI, 5.1(a)],
the formation of the closed subscheme cut out by a Fitting ideal of a finite type
quasicoherent module commutes with pullback to another scheme, so this relation
between the sheaves of differentials gives ES"¢ = f~1(E"ing), O

The inclusion %7 C §°7 of Proposition 2.2.10 may be sharpened to a
precise relation between the corresponding ideal sheaves. We record this in
Proposition 2.2.11 and Remark 2.2.12.

Proposition 2.2.11. If f : E — E’ is an isogeny between generalized elliptic curves
and if there is a d € Z>1 such that for every degenerate geometric fiber E; the
intersection (Ker f); N (Egm)O has rank d, then the ideal sheaves in Cs of the
degeneracy loci S and S°7 of E and E' are related by

jsoo.rr’ = ﬂgoo,rr .

Remark 2.2.12. For any f, Zariski locally on S there exists a required d. In order
to prove this, we may assume that S = §°”" and may work fppf locally on S,
so Remark 2.1.9 reduces to the case when E is the standard n-gon. In this case
Ker f N (E*™)Y is an open and closed S-subgroup of Ker f, and the claim follows
from the local constancy of its rank over S.

Proof of Proposition 2.2.11. It suffices to treat the case when § = Spec R for
some Artinian local ring (R, m) that has a separably closed residue field R/m. The
elliptic curve case is clear, so we assume that Egy, is degenerate. Moreover, by
Corollary 2.2.7(c), quotients may be taken in stages, so we assume that either

Ker f c (E™" or Ker fN(E™%=0.

We begin with the case Ker f N (E™)0 = 0, when f is finite étale of rank
#(Ker f), so that ES"¢ = f~1(E"I"¢) by [SGA 7; 1972, VI, 5.1(a)]. Lemma 2.1.10
then gives the desired §°°7 = §°%°7',

In the remaining case when Ker f C (ES™)°, we first replace S by a flat cover to be
able to assume that there is a finite étale S-subgroup G C E*™ such that G g/, maps
isomorphically to the component group of E ;“/lm. Due to the settled Ker fN(ES™)" =
0 case, passage to £/G and E’/f (G) does not affect the degeneracy loci. Therefore,
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we may replace
Eby E/G and E' by E'/f(G)

to reduce to the case when E is irreducible.
In this situation, since S is Artinian local and strictly Henselian, [Deligne and
Rapoport 1973, VII.2.1] ensures that E is a base change of the Tate curve

Tate; — Spec Z[q]

[loc. cit.] proves that Tate, realizes Spec Z[q] as an étale double cover of the formal
completion of €, along €00°°; in the notation of [loc. cit.], Tate; =91,/ qZ). If,
moreover, Ker f C (E™), then Ker f = M(Ker 1) inside (E smy0 (see Lemma 2.1.11),
so that we are reduced to the case when

E— S is Tate; — SpecZ[q] and Ker f = 1g.

However, in this case the quotient map2 Tate; — Tate| /g is identified with the
map

Tate; — Tate; (qd) induced by “raising the coordinates to the d-th power,”

as in Example 2.2.1 (compare with [Conrad 2007, 2.5.1]). It remains to recall from
[Deligne and Rapoport 1973, VII.1.11] that the degeneracy locus of Tate; (resp. of
Tate; (%)) is cut out by the principal ideal (¢) C Z[q] (resp. (¢¢) C Z[q]). O

Chapter 3. Compactifications of the stack of elliptic curves

Our approach to the study of level structures on generalized elliptic curves makes
essential use of the tower {@n}nln’ of compactifications of the stack €¢¢ that
parametrizes elliptic curves. The purpose of this chapter is to construct this tower
and to detail its properties. We begin with the construction of the individual com-
pactifications €€¢,, in Section 3.1, and proceed to expose the transition morphisms
€L, — €LL, in Section 3.2. Section 3.3 proves that the coarse moduli space of
(€el,)s is the « j-line” Pg for every n and every scheme S, whereas Section 3.4
uses the global structure of the stacks €€¢,, to algebraize formal generalized elliptic
curves and their homomorphisms.

3.1. The compactification ¢¢¢,, obtained by allowing n-gons for a fixed

The goal of this section is to detail algebro-geometric properties of the Z-stack
€L, obtained from the stack of elliptic curves €¢¢ by “adjoining Néron n-gons”
(see Definition 3.1.1). We prove in Theorem 3.1.6 that €€¢,, is a proper and smooth

_d
2In the notation of [Deligne and Rapoport 1973, VII.1.10], we have Tate; (q‘l) =9 ?,, / (q"')Z over
A=17[q].
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compactification of ‘€. This result has already been proved over Z[1/n] in [Deligne
and Rapoport 1973, 1V.2.2], which uses deformation-theoretic methods through
its reliance on [Deligne and Rapoport 1973, III.1.2]. These methods require the
number of the irreducible components of each geometric fiber of the generalized
elliptic curve in question to be prime to the characteristic, so they do not seem
to work without inverting n. A related difficulty is that even though the stack
€L, is algebraic, outside the elliptic curve locus it is not Deligne-Mumford in
characteristics dividing n (see Theorem 3.1.6(b)), so €, may not possess universal
deformation rings at some of its geometric points. To overcome these difficulties,
we proceed indirectly by exploiting a convenient auxiliary algebraic stack %, whose
relationship to é¢¢,, is described in Proposition 3.1.5.
We begin by defining the stack é¢¢,, that we are going to study and later use.

Definition 3.1.1. For an n € Z-, let ‘€¢(,, denote the Z-stack parametrizing those
generalized elliptic curves E &> § whose degenerate geometric fibers are n-gons.
Let %ﬂﬁo denote the closed substack of €€¢, cut out by the degeneracy loci %7
(defined in Definition 2.1.7).

Remark 3.1.2. The effectivity of descent data that is needed for €¢¢,, to be a Z-
stack (for the fpqc topology) results from the S-ampleness of the relative effective
Cartier divisor ES™[n] C E.

Remark 3.1.3. The well-definedness of the closed substack €€€2° rests on the
compatibility (recalled in Remark 2.1.8) of the formation of the degeneracy locus
S$°°7 with base change.

We turn to the auxiliary stack 4, and to its relation to €el,,.

3.1.4. The stack %,. Following [Deligne and Rapoport 1973, V.1.3], for an n €
Z> we let %, be the Z-stack that, for variable schemes S, parametrizes the pairs
(E, G) consisting of a generalized elliptic curve E — S whose degenerate geometric
fibers are n-gons and a finite étale subgroup G C E®™ that is étale locally on §
isomorphic to Z/nZ and meets every irreducible component of every geometric
fiber of E — S. If n = 1, then G is the zero subgroup, so #; = @1.

Proposition 3.1.5. Fixann € Z-.
(a) The Z-stack %, is Deligne—Mumford and Z-smooth of relative dimension 1.
(b) The morphism
By, — L,

that forgets G factors through the open substack %Z ord — €¢¢, obtained by
removing the supersingular elliptic curves in characteristics dividing n. The
induced morphism

%n — wz-ord
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is representable by schemes, separated, quasifinite, faithfully flat, and of finite
presentation.

(c) The stack %ﬁﬁ'ord is algebraic and Z-smooth of relative dimension 1.
Proof. (a) Both claims follow from [Deligne and Rapoport 1973, V.1.4].
(b) The morphism

q :€l, — €t is well defined by ¢(E) = E/E™[n]

(see Section 2.2.6), and, as in [Deligne and Rapoport 1973, VIL.1.1], the j-invariant
gives the morphism j : €€¢; — P). Since €¢¢"° is the preimage under j o g of
the open subscheme of IP’% obtained by removing the supersingular j-invariants in
characteristics dividing #, it is indeed an open substack of €¢¢,,.

The morphism %, — €€, factors through %ﬁﬁ'ord because a supersingular
elliptic curve over an algebraically closed field of positive characteristic p cannot
have Z/pZ as a subgroup. Therefore, our task is to prove that for any generalized
elliptic curve E — § whose geometric fibers are n-gons, ordinary elliptic curves in
characteristic dividing n, or arbitrary elliptic curves in characteristic not dividing 7,
the functor

Fo: 8"+ {S'-ample subgroups G C E3" that are
étale locally on S” isomorphic to Z/ nZ}

on the category of S-schemes is representable by a separated, quasifinite, faithfully
flat S-scheme B of finite presentation (the S’-ampleness of G as a relative effective
Cartier divisor on Eg is equivalent to the condition that G meets every irreducible
component of every geometric fiber of Eg — S§’). In fact, it suffices to prove
the same statement with “faithfully flat” replaced by “flat” and for the functor
F{; obtained by dropping the S’-ampleness requirement from the definition of Fy:
indeed, the surjectivity of B — S will follow from the imposed fibral assumptions
on E — S, whereas [EGA IV3 1966, 9.6.4] together with limit arguments ensures
that the inclusion Fy C F|j is representable by quasicompact open immersions.
We analyze F|j by studying the related functor

Fy: 8"+ {P e E*™[n](S) that define
a closed immersion Z/nZ — Eg'[n] by 1 — P}.

The map F; — F{ that sends P to the copy of Z/nZ that P generates is repre-
sentable by schemes and finite étale of rank ¢ (n). Therefore, once we prove that
F is representable by a finitely presented, separated, quasifinite (and hence also
quasiaffine, see [EGA V3 1966, 8.11.2]), flat S-scheme, the desired claim about
Fé will follow from [SGA 3;qewy 2011, V, 4.1] (combined with [EGA TV, 1965,
2.2.11(ii); EGAIV4 1967, 17.7.5]).
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The S-scheme ES™[n] represents the functor of §’-homomorphisms
Z/nZ — E3"[n].

Such a homomorphism is a closed immersion if and only if its corresponding map
f of finite locally free ¢s-algebras is surjective, which is an open condition on
S’ because Coker( f) is a finitely generated &s,-module. Therefore, the inclusion
F) C E*™[n] is representable by open immersions, and is quasicompact by limit
arguments, so the claims about F; follow.

(c) Both claims follow from (b). More precisely, if X — 2, is a smooth atlas, then
the composed morphism

X — %Z'Ord

is representable by algebraic spaces, faithfully flat, and locally of finite presentation,
SO %ﬂﬁ'ord is algebraic by [SP 2005—, 06DC] (see also [Laumon and Moret-Bailly
2000, 10.6] for a related result), whereas, due to [EGAIV4 1967, 17.7.7], the Z-
smoothness of €£¢7-°" follows from that of %, (for the relative dimension aspect,
one may use [EGA IV, 1965, 6.1.2]). U

With Proposition 3.1.5 in hand, we are ready to address algebro-geometric
properties of €¢¢,, (see Proposition 3.3.2 for some further properties).

Theorem 3.1.6. Fixann € Z>,.
(a) The Z-stack €L, is algebraic with finite diagonal, proper, and smooth of
relative dimension 1.

(b) The largest open substack of €¢,, that is Deligne—Mumford is
€Ly, — (U7 /nz-

(¢) The morphism SpecZ — %ﬁ;’lo that corresponds to the standard n-gon is
surjective, representable, and finite locally free of rank 2n. In particular, the
proper Z-algebraic stack %Wflo is irreducible, has geometrically irreducible
Z-fibers, and is Z-smooth of relative dimension 0.

(d) The closed substack %@,ﬁo C €L, is a reduced relative effective Cartier divisor
over Spec Z.

Remark 3.1.7. In (b), the largest Deligne-Mumford open substack of the separated
Z-algebraic stack €¢¢, does make sense a priori. Indeed, the proof of [Conrad
2007, 2.2.5(2)] shows that if S is a scheme and 2" is an S-algebraic stack that is
covered by S-separated open substacks, then there is a unique open substack

UCx
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containing exactly those geometric points of 2” that have an unramified auto-
morphism functor. (Equivalently, %/ contains those S-scheme valued points of
2" whose automorphism functors are unramified.) By Nakayama’s lemma (or
simply by [SP 2005—, 02GF (1)4>(2)]), the diagonal Ay /s is unramified, so %
is Deligne-Mumford, and, by construction, % contains every Deligne—-Mumford
open substack of Z". Even though we take the unramifiedness of the diagonal as
our definition of being Deligne—Mumford (see Section 1.9), in the case in hand %
inherits separatedness from %@n, so, by [Laumon and Moret-Bailly 2000, 8.1], it
also satisfies the étale atlas definition of a Deligne—Mumford stack.

Proof of Theorem 3.1.6. (a) The stack €¢¢, is a union of open substacks €£¢
and €€¢"-°", both of which are algebraic and Z-smooth of relative dimension 1
by Proposition 3.1.5. Therefore, €€£,, is also algebraic and Z-smooth of relative
dimension 1.

By [Conrad 2007, 3.2.4], the isomorphism functor of two generalized elliptic
curves E — S and E’ — S whose degenerate geometric fibers are n-gons is
representable by a finite S-scheme,? so A@n /Z is finite and, in particular, €l is
separated. The morphism

€0 L Spec Z — €L,

whose restriction to Spec Z corresponds to the standard n-gon is surjective on
underlying topological spaces, so €€, is quasicompact, and hence is of finite
type over Z. Its properness therefore results from the valuative criterion [Laumon
and Moret-Bailly 2000, 7.10], which is satisfied due to the semistable reduction
theorem for elliptic curves (and the availability of contractions, which are reviewed
in Section 3.2.1).

(b) In the view of Remark 3.1.7, we only need to show that
€L, — (€L 7 nz

contains those geometric points x of é¢¢, whose automorphism functor is un-
ramified. If x lies in €¢¢ = €L, — €€L;°, then Aut(x) is unramified by [Deligne
1975, 5.3(D)] (or by [MFK94 1994, Corollary 6.2]). If x lies in €€¢°, then, by

3 Here is a sketch for a proof of this representability that bypasses blowups used in [Conrad 2007,
3.2.2 and 3.2.4]: as in the proof of [Deligne and Rapoport 1973, I11.2.5], one uses Hilbert schemes to
get representability by a quasifinite, separated S-scheme; then, due to the valuative criterion, the key
point is to check that if S is the spectrum of a strictly Henselian discrete valuation ring and E and E’
are degenerating elliptic curves with identified generic fibers: Ey = E;’, then E = E’; for this, the
theory of Néron models (especially, [BLRO0 1990, 7.4/3]) identifies (E5™)0 with (E”5™) and, since
the reductions of n-rational points are dense in the special fibers, also ES™ with E’S™; then Zariski’s
main theorem [BLR90 1990, 2.3/2/] produces the graph of the sought identification E = E’.
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Lemma 2.1.6, Aut(x) is unramified if and only if x lies in
G — (€LL) 7 /nz-

(c) For the asserted properties of the morphism, it suffices to note that for a
generalized elliptic curve E 5 S with §°™" = § the functor of isomorphisms
between E and the standard n-gon is representable by a finite locally free S-scheme
of rank 2n, as may be checked fppf locally on S with the help of Remark 2.1.9
and Lemma 2.1.6. The asserted properties of €£¢>° then follow by using [EGA TV,
1967, 17.7.7; EGA IV, 1965, 6.1.2] for the smoothness aspect.

(d) By (c), the stack %ﬁg" is Z-smooth, so it is also reduced. For the Cartier divisor
claim, we may work over a smooth finite type scheme cover

X — €te,, with X*° C X being the preimage of %ﬂ;’lo

By [Katz and Mazur 1985, 1.1.5.2], we may also base change from Z to an alge-
braically closed field. Then, for a point x € X*°, by (a) and (c), both X and X*°
are smooth at x and

dim, X*° =dim, X — 1.

Thus, X*° C X is a Weil divisor and, since X is regular, also a desired Cartier
divisor. O

For later use we record the following proposition from [Conrad 2007, 3.2.4].
Proposition 3.1.8. Ler E %> S and E' =5 S be generalized elliptic curves such

that

!
SO N §OTM — &5 whenever n # m.

(a) The fppf sheaf Isom(E, E') that parametrizes generalized elliptic curve iso-
morphisms is representable by a finite S-scheme of finite presentation.

(b) If S is integral and normal and 1 is its generic point, then any n-isomorphism
E,~E, extends to aunique S-isomorphism E >~ E'.

Proof. Part (a) has essentially been proved in footnote 3. Alternatively, Zariski
locally on S there is an n € Z-; such that E and E’ correspond to objects of
€ll,, so (a) is a reformulation of the finiteness of the diagonal of €, proved
in Theorem 3.1.6(a). To obtain (b) one combines (a) with the following useful
lemma. ([

Lemma 3.1.9. If S is an integral normal scheme, 0 is its generic point, and F is a
finite S-scheme, then the pullback map F (S) — F(n) is bijective.
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Proof. The injectivity follows from the schematic dominance of n — § and the
separatedness of F — §. For the surjectivity, we may work Zariski locally on S
to assume that § = Spec A. Then the schematic image in F of an x € F(n) is
Spec B for some finite A-subalgebra B C Frac A. Since A is normal, A = B, so
the schematic image is the sought extension of x to an element of F'(S). ]

3.2. The tower of compactifications

The compactifications ‘€¢¢,, introduced in the previous section are related to each
other: they form an infinite tower in which the transition morphisms

Ellyy — €L,

encode contractions of generalized elliptic curves. The goal of this section is to use
the already established results about €£¢,, to prove several basic properties, such as
flatness, of these transition morphisms (see Theorem 3.2.4) and to deduce some
concrete results about the generalized elliptic curves themselves (see Corollaries
3.2.5 and 3.2.6). We begin with a brief review of contractions.

3.2.1. Contraction with respect to a finite locally free subgroup. As is justified
in [Conrad 2007, top of p. 218] (which is based on [Deligne and Rapoport 1973,
IV.1.2]), if E — S is a generalized elliptic curve and G C E®™ is a finite locally
free S-subgroup, then there is a generalized elliptic curve

cg(E) — S equipped with a surjective S-scheme morphism E — cg(E)
(3.2.1.1)
such that:

e the image under £ — ¢ (E) of each disjoint from G irreducible component
of a geometric fiber of £ — S is a single point, and

e the map E — cg(FE) restricts to a group isomorphism between the open
complement of the union of such components and (cg (E))S™.

In particular, if E is an elliptic curve, then E = cg(E).

These conditions ensure that G is identified with an S-subgroup of c¢g(E)*™
that meets every irreducible component of every geometric fiber of cg(E) — S.
Due to [Deligne and Rapoport 1973, IV.1.2], they also determine the data (3.2.1.1)
uniquely up to a unique isomorphism. In particular, whenever G’ C ES™ is another
finite locally free S-subgroup that meets the same irreducible components of the
geometric fibers of £ — § as G, one gets a canonical identification

cGg(E) =cg (E). 3.2.1.2)

For the same reason, the formation of E — c¢g(E) commutes with arbitrary base
change in S.
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We call this cg (E) the contraction of E with respect to G. The compatibility
of the formation of cg(E) with base change shows that for every n, m € Z~, the
identity map on é¢¢ extends to the “contraction” Z-morphism

€U,y — €L, defined by E > cpsmp,(E).

Also, if (E, G) is classified by the stack %,,,, of Section 3.1.4, then (¢ (E), Gln])
is classified by the stack 4,, so there is the “contraction” Z-morphism

Bum — By defined by (E, G) — (cgm(E), Gln)).

These and similar morphisms will be called contractions or contraction morphisms
in the sequel (a slight abuse of terminology because it is not substacks of ¢, or
PB,m that are getting contracted).

In many situations, we will need a robust criterion for recognizing algebraic
spaces and morphisms that are representable by algebraic spaces. The following
lemma, which paraphrases [Conrad 2007, 2.2.5(1) and 2.2.7] and may be traced
back to [Deligne and Rapoport 1973, IV.2.6], is well suited for this task.

Lemma 3.2.2. Let S be a scheme and let & and % be S-algebraic stacks whose
diagonals A y-/s and Ay s are quasicompact and separated.

(a) The stack 2 is an algebraic space if and only if for every algebraically
closed field k whose spectrum is equipped with a morphism to S, every object
£ of 2(k), and every Artinian local k-algebra A, the pullback of & to the
groupoid Z (A) has no nonidentity automorphism; if Z is Deligne—Mumford,
then A = k suffices.

(b) An S-morphism
[ X >

is representable by algebraic spaces if and only if for every algebraically
closed field k whose spectrum is equipped with a morphism to S, every object &
of 2 (k), and every Artinian local k-algebra A, no nonidentity automorphism
of the pullback of & to Z'(A) is sent to an identity automorphism in % (A); if
2 is Deligne—Mumford, then A = k suffices.

Proof. (a) The necessity is clear. For the sufficiency, due to [Conrad 2007, 2.2.5(1)],
it is enough to argue that the assumed condition implies the triviality of the auto-
morphism functor of every &. This functor is a separated k-group algebraic space
G of finite type, so is necessarily a scheme due to [Artin 1969, 4.2], and is even
k-étale if 2 is Deligne—Mumford. The triviality of G is therefore equivalent to
that of all the G(A), with A = k being sufficient if 2 is Deligne-Mumford.

(b) The failure of the condition on & implies that the groupoid of A-points of some
A-fiber of f has a nonidentity automorphism, and the necessity follows. For the
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sufficiency, due to [Conrad 2007, 2.2.7], it is enough to argue that the assumed
condition implies that each k-fiber X of f is an algebraic space, so it remains to
observe that this condition ensures that X meets the criterion of (a). [l

To infer further representability by schemes, we will often use the following
well-known lemma:

Lemma 3.2.3. For stacks 2 and % over a scheme S, an S-morphism f : & — %
that is representable by algebraic spaces, separated, and locally quasifinite is
representable by schemes; if , in addition, f is proper, then f is finite.

Proof. This follows from [Laumon and Moret-Bailly 2000, A.2] (see also [Conrad
2007, 2.2.6]) and [EGA IV4 1967, 18.12.4]. O

We are ready to exploit the relationship between the two contractions introduced
in Section 3.2.1 to extract further information about the stacks €£¢,,.

Theorem 3.2.4. For %, as in Section 3.1.4 and any n,m € Z>, consider the
commutative diagram L
B —— Ellym

%, —> @,

in which ¢ and ¢’ are the contraction morphisms of Section 3.2.1 and a and b forget
the subgroup G.

(a) The contractions ¢ and ¢’ are flat and of finite presentation. Moreover, c is
proper, with finite diagonal, and surjective, whereas ¢’ is representable by
schemes, separated, and quasifinite.

(b) The closed substack
T x5 g C Tl
is a relative_eﬂective Cartier divisor over Spec Z that is a positive integer
multiple of €LL: .
(c) The multiple needed in (b) is m, i.e.,

[€L° X gz o Ellnm] =m - [€LLY]

nm
as Cartier divisors on €L,,,.

Proof. The commutativity of the diagram follows from the identification discussed
in Section 3.2.1.

By Proposition 3.1.5(b), the maps a and b are representable by schemes, separated,
quasifinite, of finite presentation, flat, and faithfully flat onto %WZ,’Z‘OM and %ﬁﬁ‘ord,
respectively.
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(a) By Theorem 3.1.6(a), the stacks €l and €0, are Z-proper with finite
diagonal, so c is also proper, with finite diagonal, and of finite presentation. Since
the contraction of the standard nm-gon with respect to its n-torsion is the standard
n-gon, c is surjective. Moreover, c|y,, is the identity, €¢¢ and %ﬁm'ord cover €0ly,,,
and, by Proposition 3.1.5(b), a is faithfully flat onto %ﬁm'ord, so the flatness of ¢
will follow once we establish that of ¢’.

It remains to establish the claims about ¢’. For the representability of ¢’ by
algebraic spaces, due to Lemma 3.2.2(b), it suffices to observe that if E is the
standard nm-gon over an algebraically closed field and

G>~7/nmZ

is a subgroup of ES™ that meets every irreducible component of E, then, by
Lemma 2.1.6, no nonidentity automorphism of (E, G) restricts to the identity map
on (ES™)%. The separatedness of ¢’ follows from the separatedness of boc¢' =coa
and of b, and similarly for the finite presentation of ¢’. For the quasifiniteness of ¢’
it therefore suffices to observe that a generalized elliptic curve over an algebraically
closed field has finitely many subgroups of order nm. The representability of ¢’ by
schemes follows from Lemma 3.2.3.

Finally, since ¢’ is a quasifinite map between separated Deligne—-Mumford stacks
that are smooth of relative dimension 1 over Z, it is flat by [EGA IV, 1965, 6.1.5].

(b) Since c is flat by (a) and %ﬁgo C €U, is a relative effective Cartier divisor over
Spec Z by Theorem 3.1.6(d), the pullback in question is also a relative effective
Cartier divisor over Spec Z. Both

€l Xz Ellyy and  ELEH,

are supported on the same closed subset of the underlying topological space of
€L, and, by Theorem 3.1.6(c)—(d), this subset is irreducible and has %ﬁ;’% as its
associated reduced closed substack (see [Laumon and Moret-Bailly 2000, 5.6.1(i1)]).
Moreover, €€, is regular, so on any of its scheme atlases Cartier divisors 1dent1fy
with Weil divisors. Passage to such an atlas then shows that %MOO X g5, o €l is
a positive integer multiple of %E(Z ~, — the global constancy of the needed factor
across the irreducible components of the pullback of €£¢%, to the atlas follows
from the irreducibility of %Kﬁ >, (to check that the generic points of such irreducible
components map to the generic point of %Eﬁnm, one uses the fact that generizations

lift along a flat morphism; see [Laumon and Moret-Bailly 2000, 5.8]).

(c) Due to (b) and the moduli interpretation, it suffices to find a single general-
ized elliptic curve E %> S with nm-gon degenerate geometric fibers such that its
contraction E’ %> § with respect to ES™[n] satisfies the equality

I goon = ﬂsoo,n of Us-ideal sheaves for d = m,
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but does not satisfy this equality for any other d € Z> (here Zg~.r C O is the ideal
sheaf that cuts out the degeneracy locus $°*” C §, and likewise for Z¢. /). Tate
curves supply such E, see [Deligne and Rapoport 1973, VIL.1.11 and VIIL.1.14]. UJ

We now record some concrete consequences of our analysis of the contraction
c: 6, — €,

Corollary 3.2.5. For a generalized elliptic curve E X> S, let Fgox C Og be the
ideal sheaf that cuts out the degeneracy locus S°" C S. If the degenerate geometric
fibers of E X5 S are nm-gons and cgsmj,)(E) I § is the contraction of E %> §
with respect to ES™[n], then

jsoo,rr/ == é‘ﬁo,n-

Proof. This is a reformulation of Theorem 3.2.4(c). U

Corollary 3.2.6. For each n € Z>, every generalized elliptic curve E — S is fppf
locally on S the contraction (with respect to some subgroup) of a generalized elliptic
curve E' — S for which the number of irreducible components of each degenerate
geometric fiber is divisible by n. An fppf cover of S over which such an E' exists
may be chosen to be locally quasifinite over S.

Proof. We may assume that there is a d € Z>; such that the degenerate geometric
fibers of E are d-gons (see Remark 2.1.9). The first claim then follows from flatness,
surjectivity, and finite presentation of €£€,4 5 €el,. The second claim follows
from the first and [EGA IV, 1967, 17.16.2]. U

We conclude the section by using Corollary 3.2.6 to analyze the torsion subgroups
of a generalized elliptic curve in a formal neighborhood of the degeneracy locus.
Similar analysis in the case of Tate curves has been carried out in [Deligne and
Rapoport 1973, VII.1.13-VIIL.1.15].

Proposition 3.2.7. Let E > S be a generalized elliptic curve with S = Spec R for
a Noetherian R that is complete and separated with respect to the ideal I C R that
cuts out §°7 C S.

(a) For every n € Z1, the S-group (E*™)° has a unique finite locally free S-
subgroup B, C (E*™)° of order n, and B, ~ w, étale locally on S. If an
m € Zs divides both n and the number of irreducible components of each
degenerate geometric fiber of E, then ES™[n] has a unique finite locally free
S-subgroup A, that meets precisely m irreducible components of every
degenerate geometric fiber of E, contains every other finite locally free S-
subgroup of ES™[n] with this property, is of order nm, and fits into a short
exact sequence

0—-B,—>Aym—>Cp—0
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with C,, isomorphic to Z/mZ étale locally on S.

(b) Foreveryn € Z>, over S — S°7 the group B, from (a) fits into a short exact
sequence

0 — (By)s—sor = Eg_gox[n] - C, — 0

with C), an (S — S°7)-group scheme that is isomorphic to Z/nZ étale locally
on S — 87,

Proof. (a) If S is an infinitesimal thickening of S°7, then Lemma 2.1.11 gives the
claim. Therefore, the uniqueness and the existence of B, and A, ,, follow from
[EGATII; 1961, 5.1.4 and 5.4.1] (the S-group structure of B, may be read off
from the action morphism B, xg E — E, so the nonproperness of £*™ does not
intervene, and likewise for A, ;). The étale local structure of B, translates into
that of its Cartier dual, so it may be read off on geometric fibers at points in S7,
and likewise for the étale local structure of C,,.

(b) In the case when n divides the number of irreducible components of each
degenerate geometric fiber of E, the claim follows from (a). In general, C}, is a
finite locally free (S — S°™)-group scheme of order n and it suffices to check
that its geometric fibers are isomorphic to Z/nZ. In order to check this at a point
n € S — 8", we choose a specialization s € S°" of n and use [EGAII 1961,
7.1.9] to find an S-scheme T that is the spectrum of a complete discrete valuation
ring whose generic (resp. closed) point maps to 7 (resp. s). Due to the uniqueness of
B, the formation of C;, commutes with base change of E to T, so we are reduced
to the case when S = Spec R for some complete discrete valuation ring R and
I C R is a nonzero power of the maximal ideal. In this case, Corollary 3.2.6 and
[EGA1V4 1967, 18.5.11 (a)<(c)] supply a finite faithfully flat R-algebra R’ such
that E is the contraction of a generalized elliptic curve E” — Spec R’ for which
n divides the number of irreducible components of each degenerate geometric fiber.
Base change to R’ reduces the claim to the settled case of E’. ([

3.3. The coarse moduli space of &,

We seek to prove in Proposition 3.3.2 that for any scheme S and any n € Z5 the
coarse moduli space of (€ll,)s is isomorphic to PL, the « j-line.” Of course, this is
hardly surprising, but even in the n = 1 case we are not aware of a reference that
would treat arbitrary S —for n = 1, [Deligne and Rapoport 1973, VI.1.1] settles
the basic case S = Spec Z, whereas [Fulton and Olsson 2010, 2.1] handles general
locally Noetherian S (the formation of the coarse moduli space need not commute
with nonflat base change, so the S = Spec Z case does not automatically imply the
general case). We will build on the above result of Deligne and Rapoport through
the following lemma.
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The existence of all the coarse moduli spaces that we will consider in this section
is guaranteed by [Keel and Mori 1997, 1.3(1)] (see also [Conrad 2005, 1.1; Rydh
2013, 6.12]).

Lemma 3.3.1. Let 2" be a Deligne-Mumford stack that is separated, flat, and
locally of finite type over Z, and let

[ Z =X

be its coarse moduli space map. If fr, : 2F, — X, is the coarse moduli space
map of 2, for every prime p, then fs: 25 — Xg is the coarse moduli space map
of Xs for every scheme S.

Proof. The formation of the coarse moduli space f : 2" — X commutes with
flat base change in X, and we may work fppf locally on X g when checking that
fs : Zs — X is the coarse moduli space of Z5. We may therefore assume that
S = Spec R for some ring R and, by [Abramovich and Vistoli 2002, 2.2.3 and its
proof], that

X =SpecA and 2 =|[(SpecB)/G]

for some finite A-algebra B equipped with an action of a finite group G. In this
situation, as is explained in [Conrad 2005, 3.1], we have A = B9, the coarse moduli
space of 2 is Spec((B ®z R)?), and we seek to prove that the map

jr:B°®z R — (B®z R)°

is an isomorphism granted that it is an isomorphism whenever R = [, for any p.

The Z-flatness of 2" ensures that B is torsion-free, so the abelian group B/B¢
is also torsion-free. Therefore, B¢ ® R — B ®7 R, and hence also JRr, 18 injective
for every Z-module R. In order to conclude, we will prove that jg is also surjective
for every Z-module R.

By passage to a filtered direct limit, we may assume that the Z-module R is
finitely generated. Thus, since the case R = Z is clear, we may assume that
R = 7/nZ for some n € Z>;. To then finally reduce to the assumed R = Z/pZ
case by dévissage, it remains to use the commutative diagram

0——B°® R ——B°®R—— B ®;R" ——0
Jr' JrR Jr"
0—— (B®7R) —— (B®7 R) —— (B®z R")°

that is in place whenever one has a short exact sequence 0 > R* — R — R”" — 0
of Z-modules. g
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We are ready for the promised conclusion about the coarse moduli space of
(%n)S .

Proposition 3.3.2. For any n € Z~1, the coarse moduli space of €L, (resp. of
the open substack €L C €EL,) is isomorphic to I]:D% (resp. to A% C PL, with the
map €0 — A% being given by the j-invariant) and its formation commutes with
base change to an arbitrary scheme S. In particular, €€L,, is irreducible and has
geometrically irreducible 7-fibers.

Proof. The last assertion follows from the rest because the map to the coarse moduli
space induces a homeomorphism on topological spaces.

We begin with the n = 1 case, for which the base S = Spec Z has been treated in
[Deligne and Rapoport 1973, VI.1.1 and VI.1.3] and we only need to prove that the
formation of the coarse moduli space of €£¢; commutes with arbitrary base change.
Let

€ C %ﬁl

be the preimage of the open subscheme of IP’% obtained by removing the sections
j=0and j =1728. By [Deligne 1975, 5.3(III)], the automorphism functor of every
generalized elliptic curve classified by ¢ is the constant group {£1}. Therefore,
as is explained in [ACVO03 2003, §5.1], [Romagny 2005, §5], or [AOV08 2008,
Appendix A], we may “quotient out” this constant group from the automorphism
functors to obtain the algebraic stack ¢//{£1} that is a “rigidification” of €. By,
for instance, [AOV08 2008, A.1], the rigidification map

¢ — Cf{£1}

induces an isomorphism on coarse moduli spaces. However, by [Laumon and
Moret-Bailly 2000, 8.1.1], the algebraic stack € //{£1} is its own coarse moduli
space. Thus, since the formation of ¢//{Z-1} commutes with arbitrary base change,
so does that of the coarse moduli space of ¥. In particular, for every prime p, the
map from the coarse moduli space of (@1)[@ to P[le is an isomorphism on a dense
open subscheme. However, this map is finite locally free due to the normality of
its source inherited from the [ ,-smooth (%ﬁl)[ﬂ), so it is an isomorphism globally.
This settles the n = 1 case for § = Spec [, and the general n = 1 case then follows
from Lemma 3.3.1.

For general n, we begin by arguing that the coarse moduli space Y of é¢¢,, is
Z-flat and that its formation commutes with arbitrary base change. By the settled
n =1 case, this is true on the elliptic curve locus, so we may focus on the open
substack %, C €((, that is the preimage of ¥. By [Deligne and Rapoport 1973,
I1.2.8], every generalized elliptic curve has the automorphism —1 that restricts to
inversion on the smooth locus. In particular, the constant group scheme {£1} is
a canonical subgroup functor of the automorphism functor of every generalized
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elliptic curve classified by 4, so we may pass to the rigidification %, /{£1} and
need to argue that its coarse moduli space is Z-flat and of formation compatible
with base change. This follows from [AOV08 2008, 3.3] because the algebraic
stack €, //{£1} is tame by Lemma 2.1.6 and [Deligne 1975, 5.3(III)].

It remains to prove that the map f: Y — P% between the coarse moduli spaces
of €¢¢, and €¢¢; is an isomorphism. By [Rydh 2013, 6.12], the coarse moduli
space Y is Z-proper, so the map in question is proper and quasifinite, and hence also
finite by Lemma 3.2.3. Once we prove its flatness, and hence also local freeness,
it will remain to inspect the elliptic curve locus to see that it is an isomorphism.
Due to the Z-flatness of ¥ and [EGA IV3 1966, 11.3.11], for the remaining flatness
of f we may work Z-fiberwise, and hence conclude with the help of [EGA IV,
1965, 6.1.5] after observing that for every field &, the reducedness of the k-smooth
(‘é0L,)x ensures the reducedness, and hence also the Cohen—Macaulay property, of
its 1-dimensional coarse moduli space Yk. O

3.4. Algebraization of formal generalized elliptic curves and of their
homomorphisms

The goal of this section is to prove that a formal generalized elliptic curve that is
adic over an affine Noetherian formal scheme and whose number of irreducible
components of a degenerate geometric fiber is constant may be uniquely algebraized,
and likewise for generalized elliptic curve homomorphisms — see Theorem 3.4.2
for a precise statement. Such algebraizability does not immediately follow from
Grothendieck’s formal GAGA formalism because the loci of smoothness may not
be proper over the base, but it nevertheless is not surprising: if this formalism
applied to the Z-proper stack €€¢, as it does in the scheme case, then the pullback
map
€2, (R) — lim, €CC,(R/I™)

would be an equivalence for every adic Noetherian ring R with an ideal of definition
I, and Theorem 3.4.2(a) would follow. The key difference from the scheme case is
that a section of (€€¢,)g — Spec R is not a closed immersion. Nevertheless, an
argument that we have extracted from [Olsson 2006, 5.4] proves a suitable formal
GAGA statement recorded in Lemma 3.4.1 (see also [Aoki 2006b, §3.4; Aoki
20064a] for a similar argument).

Lemma 3.4.1. Let R be a Noetherian ring that is complete and separated with
respect to an ideal I C R. For every proper R-algebraic stack % with finite
diagonal A 4 /g (for instance, for every proper Deligne-Mumford R-stack Z°), the
functor

Z(R) — lim, Z'(R/I™) (3.4.1.1)

is an equivalence of categories.
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Proof. If x, x’ € 2°(R), then the isomorphism functor Isom(x, x’) is a finite R-
scheme, so

Isom(x, x")(R) — lim, Isom(x, x")(R/I™)

is bijective by formal GAGA for schemes [EGA III; 1961, 5.1.6]. In other words,
the functor (3.4.1.1) is fully faithful. For its essential surjectivity, suppose that

{-xm € %(R/Im)}mzl
is a compatible sequence of objects. Due to the finiteness of A 4-/g, each map
Spec(R/I™) 5 Zg)m

is representable by schemes and finite. Therefore, x,, corresponds to a coherent
Oy /m -algebra «,. By formal GAGA for Artin stacks, i.e., by [Olsson 2006, A.1],
the compatible system {<#,},,>1 comes via base change from a unique coherent
Oy -algebra of. It remains to argue that the composition of the finite morphism
XS corresponding to </ and the structure morphism 2~ — Spec R is an
isomorphism. By construction, xg/im = x,, for every m > 1, so the claim will
follow from [EGA III; 1961, 5.1.6] once we prove that the proper R-algebraic stack
X is a finite R-scheme.

By [Conrad 2007, 2.2.5(2)], the algebraic space locus of X is open and contains
XR/1, so it must coincide with X. Since the relative dimension of X over R may
be computed étale locally on X, [EGAIV3 1966, 13.1.3] proves that the relative
dimension 0 locus of X is open, and hence must equal X because it contains X g /.
To conclude that X — Spec R is finite one then applies Lemma 3.2.3. (]

The algebraization Theorem 3.4.2(a) has already been proved in [Conrad 2007,
2.2.4] by a different argument that does not use formal GAGA for Artin stacks
(a similar argument had previously been used in [Deligne and Rapoport 1973,
VII.1.10] to construct Tate curves), but it seems worthwhile to put this result in the
context of Lemma 3.4.1. In contrast, the method of [Conrad 2007, 2.2.4] does not
seem to suffice for the proof of the algebraizability of homomorphisms (beyond the
case of isomorphisms), i.e., for Theorem 3.4.2(b). To algebraize homomorphisms
we exploit their structure detailed in Section 2.2.

Theorem 3.4.2. Let R be a Noetherian ring, complete and separated with respect
to an ideal I C R.

(a) For each n € Zx1, every compatible under pullback sequence

{Em - SpeC(R/ImHmzl
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of generalized elliptic curves whose degenerate geometric fibers are n-gons is
isomorphic to the sequence obtained via base change from a unique generalized
elliptic curve E — Spec R.

(b) For generalized elliptic curves E — Spec R and E' — Spec R, every compati-
ble sequence

{fin: ERyrn = ERypmtm=1

of generalized elliptic curve homomorphisms (defined in Definition 2.1.12)
comes via base change from a unique generalized elliptic curve homomorphism

f:E—E.

Proof. (a) Lemma 3.4.1 applied to €¢¢, proves the claim (for the uniqueness,
Remark 2.1.9 ensures that the degenerate geometric fibers of E are n-gons).

(b) We begin with the case when all the f,, are isomorphisms (Lemma 3.4.1
does not apply because E need not correspond to an object of €¢¢, for any n).
Due to Remark 2.1.9, there is no geometric point § of Spec R for which E; and
E! are both degenerate but have distinct numbers of irreducible components, so
Proposition 3.1.8(a) shows that the isomorphism functor Isom(E, E’) is a finite
R-scheme. Therefore, by [EGAIII; 1961, 5.1.6], the sequence

(fw) € lim, Isom(E, E")(R/I™)
is induced by a desired unique
f elsom(E, E")(R).
In the general case, by [EGAIIl; 1961, 5.4.1], the f,, algebraize to a unique
R-morphism
f:E—E,
and our task is to show that f is a generalized elliptic curve homomorphism. Since

idempotents of R/I lift uniquely to R (see [EGA IV, 1967, 18.5.16(i1)]), we may
use Proposition 2.2.9 to write

R=R xR’ and I=1x1"

in such a way that (f1) g/ is the zero homomorphism and ( f1)g~/;# is an isogeny.
Then R’ (resp. R”) is complete and separated with respect to I’ (resp. I”") and each
(fm)rrjrm (xesp. (fm)Rrr/1m) is the zero homomorphism (resp. an isogeny). Thus,
fr must be the zero homomorphism, and we are reduced to the case when all the
fm are isogenies.
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Let K,, C Eg/» be the kernel of the isogeny f,,. The group law of K, is the
restriction of the action morphism

Km X ER/I’" —> ER/I’"a

so [EGAIII; 1961, 5.1.4 and 5.4.1] supply a finite locally free R-subgroup K C ES™
that algebraizes all the K,,. Corollary 2.2.7(b) and the settled case when the f,, are
isomorphisms then provide the identification E/K = E’, so f is identified with the
isogeny £ — E /K and hence is a homomorphism. (]

Chapter 4. Modular descriptions of modular curves

With the compactifications €£¢,, at our disposal, we are ready to exhibit the moduli
interpretations and the regularity of several classical modular curves, such as 2'(n)
or Z1(n) (see Section 1.7 for an overview of our method and of previous work).
We begin in Section 4.1 by reviewing the construction and the properties of modular
curves of arbitrary congruence level. The moduli interpretations of .2°(n) and 27 (n)
given in Sections 4.3 and 4.4 use Drinfeld structures on generalized elliptic curves,
so in Section 4.2 we extend a number of properties of such structures from the
elliptic curve case studied by Katz and Mazur. In Section 4.5, we synthesize the
arguments used for 2°(n) and 2Z7(n) in the form of an axiomatic result, which
we use in Section 4.6 to treat further modular curves % (n;n"), Z1(n;n’), and
20(n; n') for suitable n and n’. The analysis of 27 (n; n’) is used in Section 4.7 to
give a modular construction of some Hecke correspondences for 27 (n).

4.1. Modular curves of congruence level

The main goal of this section is to review the definition given by Deligne and
Rapoport [1973, IV.3.3] of (stacky) modular curves over Z of congruence level.
The definition is via a normalization procedure, and for general levels there is no
known description of these Z-curves as moduli spaces of generalized elliptic curves
equipped with additional structure (one of the principal goals of this paper is to
give such a description in the case of I'g(n) level). The normalization procedure
rests on the case of “no level,” with which we begin.

4.1.1. The case of no additional level. In this case, the modular curve in question
is the Z-stack €¢¢; that parametrizes generalized elliptic curves with integral geo-
metric fibers (see Definition 3.1.1). In the context of level structures, we will denote
€Ll by ZG1L,@)» Y 21y, or simply by 2°(1), and we will denote its elliptic curve
locus €£¢ by similar notation with 2" replaced by %/, e.g., by

Z (1) cZ).
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By Theorem 3.1.6(a)—(b) (i.e., by [Deligne and Rapoport 1973, 111.2.5(i), III.1.2(iii),
and IV.2.2]), the stack 2°(1) is Deligne-Mumford and the morphism

2 (1) - Spec”Z
is proper and smooth of relative dimension 1.

4.1.2. The case of an arbitrary congruence level H. The level is an open (and
hence finite index) subgroup H of GLZ(Z). Its associated modular curve 2y
is a Deligne—Mumford Z-stack that, loosely speaking, compactifies the stack
%51 /level] which represents the “level H moduli problem” on elliptic curves
over schemes on which bad primes that depend on the level are invertible. More
precisely, given H, one fixes an n € Z>; for which

Ker(GLg(Z) — GLy(Z/nZ)) C H and sets H:=Im(H — GL,(Z/nZ2)).

One then lets #Zy[1/n] be the Z[1/n]-stack that, for variable Z[1/n]-schemes S,
parametrizes elliptic curves E — § equipped with an S-point of the finite étale
S-scheme

H \ Isom(E[n], (Z/nZ)?).

Finally, one defines 2y to be the Deligne-Mumford 2°(1)-stack obtained by
normalizing 2°(1) with respect to the “forgetful” finite étale morphism

P[] = 2 (g1,

One lets Zy be the preimage of #'(1) in 2. It is proved in [Deligne and Rapoport
1973, 1V.3.6] that different choices of n lead to canonically isomorphic 2.
The map
2y — 2(1) 4.1.2.1)

is representable, finite, and also surjective because 27(1) is irreducible. Moreover,
by [EGA IV, 1965, 6.1.5] (which applies because of “going down” and the normality
of 27y), the map (4.1.2.1) is flat, so it is locally free of rank [GLQ(Z) : H] and
Zy 1s of relative dimension 1 over Z at every point. By [Deligne and Rapoport
1973, IV.6.7], the proper and flat structure morphism 2y — Spec Z is even smooth
over Z[1/n]. If H' C H, then the finite étale %/ (1)-morphism

V3] = 23]
obtained from the S-morphisms
H'\Isom(E[n], (Z/nZ)*) — H \Isom(E[n], (Z/nZ)?)
gives rise to the finite 2°(1)-morphism

&VH/ — %H-
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Thus, due to the following lemma and Proposition 4.3.6, all the 2y are schemes
for small enough H.

Lemma 4.1.3. If the modular curve 2y has an open substack U C 2y whose
geometric points have no nontrivial automorphisms, then U is a scheme that is
quasiprojective over Spec Z.

Proof. By Lemma 3.2.2(a), U is an algebraic space. Moreover, the coarse moduli
space morphism 2°(1) — P% is separated and quasifinite, so U — P% is also
separated and quasifinite, and hence U is a scheme by Lemma 3.2.3. Finally, the
morphism U — [P’lZ is quasiprojective by [EGA IV3 1966, 8.11.2] or by Zariski’s
main theorem [EGA IV3 1966, 8.12.6], so U — Spec Z is also quasiprojective. []

Remark 4.1.4. Due to Lemma 4.1.3 and [Conrad 2007, 2.2.5(2)], each 2y has a
unique largest open subscheme. This subscheme contains exactly those geometric
points of 2y whose automorphism functors are trivial.

One suspects that 27 is the “correct” modular curve of level H, in part because
there is no other choice granted that one believes that such a modular curve should be
representable and finite over 27(1), normal, and agree with % [1/n] over % (1) z{1/n).
One of the bottlenecks limiting practical usefulness of the stacks 2% is the lack
of descriptions of their functors of points (without inverting the level) in terms of
generalized elliptic curves equipped with additional data. In the cases where such
descriptions have been found, one has been able to analyze 2y more thoroughly,
e.g., to prove that 2% is regular (and not just normal). Such regularity is useful
in practice (but is not known in general) — for instance, through [EGA IV, 1965,
6.1.5] it would ensure flatness of the maps 2y — 2 mentioned above. Similarly,
the proof of the Z[1/n]-smoothness of (Zy)z(1/,] given in [Deligne and Rapoport
1973, 1V.6.7] rests on the modular description of (Zy)z[1/,) presented in [loc. cit.]
for any H (however, this description is not explicit enough to a priori recover the
“obvious” candidate descriptions for classical choices of H).

Modular descriptions of 2% are known for most “classical” H, and we will
reprove some of them in Sections 4.3—4.6 below.

4.2. Drinfeld level structures on generalized elliptic curves via congruences

In order to efficiently handle all residue characteristics, the modular descriptions of
various 2y that will be discussed in subsequent sections will use Drinfeld level
structures on generalized elliptic curves. In the elliptic curve case, the necessary
properties of such structures follow from the work of Katz and Mazur [1985], and
the goal of this section is to extend them to the generalized elliptic curve case.
Some such extensions have already been obtained in [Conrad 2007], but our method
seems simpler, more direct, and applies in a wider range of situations. The key idea
is to exploit “mod n congruences” with elliptic curves: the properties of various
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“mod n Drinfeld level structures” tend to be fppf local and to depend solely on
the n-torsion ES™[n], so for many purposes we may first use Corollary 3.2.6 to
reduce to the case when E*™[n] is finite locally free of rank n” and then apply the
following lemma to further reduce to the elliptic curve case.

Lemma 4.2.1. For every n € Z> and every generalized elliptic curve E — S for
which n divides the number of irreducible components of each degenerate geometric
fiber, there is an fppf cover 8" — S and an elliptic curve E' — S’ for which

ESMn] ~ E'[n).

Proof. We may work étale locally on S, so limit arguments allow us to assume that
S is local and strictly Henselian. We may then also assume that the special fiber
of E is degenerate, so the connected-étale sequence (together with Lemma 2.1.11)
shows that E3™[n] is an extension of Z/nZ by w,. After passage to an fppf cover
this extension splits and our task reduces to showing that fppf locally on Spec Z
there is an elliptic curve E’ with E'[n] = u, x Z/nZ.

Via limit arguments, it suffices to find such an E’ over each strict Henselization
(R, m) of Spec Z at every closed point. The conclusion then follows from choosing
an ordinary elliptic curve over R/m, lifting its Weierstrass equation to R, and using
the connected-étale sequence again. (I

To make sense of Drinfeld level structures as alluded to above, we recall the
following key definition:

Definition 4.2.2. For a finite abelian group A and a generalized elliptic curve
E — S, a Drinfeld A-structure on E is a homomorphism « : A — E®™(S) for which
the relative effective Cartier divisor

Dy =) ,cala(@)] C ES™

is an S-subgroup scheme. If this S-subgroup G C E®™ is given in advance, then
we say that « is a Drinfeld A-structure on G.

Remark 4.2.3. By [Katz and Mazur 1985, 1.5.3], if #A is invertible on S, then a
Drinfeld A-structure o on E amounts to an isomorphism induced by « between the
constant S-group A and some S-subgroup of E*™.

Convention 4.2.4. In the sequel we will sometimes deal with Drinfeld Z/nmZ-
or (Z/an)z—structures for fixed n,m € Z>; and will want to obtain Z/nZ- or
(Z/nZ)>-structures by restricting to the n-torsion subgroups. To make sense of this
we need to choose noncanonical isomorphisms

Z/nZ ~(Z/nmZ)[n] and (Z/nZ)2 ~ (Z/an)2[n].

The particular choices will never matter for the results, but for definiteness we
always choose the isomorphisms induced by multiplication by m on Z or on Z?.
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In the results below, the “compare with” references point to the elliptic curve
cases treated by Katz and Mazur. We begin by detailing the properties of restrictions
to subgroups of various Drinfeld structures on generalized elliptic curves. Parts (a)
and (c) of Proposition 4.2.5 have been proved in [Conrad 2007, 2.3.2] by a different
method that also eventually reduces to the elliptic curve case.

Proposition 4.2.5. Let n,m € Z>1, and let E — S be a generalized elliptic curve.

(a) (Compare with [Katz and Mazur 1985, 5.5.2(1) and 5.5.7(1)]). If @ is a
Drinfeld (Z/nmZ)*-structure on E™[nm), then &|(z/nmz)2[n) i @ Drinfeld
(Z/nZ)?-structure on ES™[n] and a|z/nmzx{0) is a Drinfeld 7 /nmZ-structure
on E.

(b) (Compare with [Katz and Mazur 1985, 5.5.8(1)]). If o : (Z/an)2 — ESM(S)
is a group homomorphism, every prime divisor of m divides n, and a|(z;ymz)y2(n]
is a Drinfeld (Z/nZ)?-structure on ES™[n], then « is a Drinfeld (Z/nmZ)>-
structure on ES™[nm] (so, in particular, the number of irreducible components
of each degenerate geometric fiber of E is divisible by nm).

(c) (Compare with [Katz and Mazur 1985, 5.5.7(2)]). If « is a Drinfeld Z/nmZ-
structure on E, then o|(z/nmz)n) is a Drinfeld Z /nZ-structure on E.

(d) (Compare with [Katz and Mazur 1985, 5.5.82)]). If « : Z/nmZ — E™(S) is
a group homomorphism, every prime divisor of m divides n, and a|(z /nmz)[n] i$
a Drinfeld 7 | nZ -structure on E, then « is a Drinfeld 7 /nmZ -structure on E.

(e) (Compare with [Katz and Mazur 1985, 5.5.2(2)]). For brevity, set N := nm. If
« is a Drinfeld (Z/NZ)?*-structure on ES"[N] and G C E®™ is the subgroup

> icz/nzx oyl (D] supplied by (a), then
aloyxz/Nz {0} X Z/NZ — (E/G)*™(S)
is a Drinfeld 7/ N Z-structure on ES"[N]/G C (E/G)*™.

Proof. 1t suffices to work fppf locally on S, so we may use Corollary 3.2.6 to
reduce to the case when the number of irreducible components of each degenerate
geometric fiber of E is divisible by nm (in parts (a) and (e) we are in this case at
the outset). We may then apply Lemma 4.2.1 to assume further that there is an
elliptic curve E' — § with E'[nm] >~ ES™[nm]. By [Katz and Mazur 1985, 1.10.6
and 1.10.11], the properties under consideration depend solely on the S-group
scheme E*™[nm] equipped with the homomorphism « and not on the embedding
of E*™[nm] into a smooth S-group scheme of relative dimension 1 (such as E5™ or
E’). Thus, the claims result from their elliptic curve cases. O

Cyclic subgroups of generalized elliptic curves will be important for us, so we
recall their definition.
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Definition 4.2.6. For a generalized elliptic curve E — §, a finite locally free S-
subgroup G C E*™ is cyclic of order n if fppf locally on S there is a Drinfeld
Z/nZ-structure on G. For a G that is cyclic of order n, a section g € G(S) is a
generator of G (or generates G) if the homomorphism

«:Z/nZ — E™(S)

defined by (1) = g is a Drinfeld Z/nZ-structure on G. An isogeny of constant
degree n between generalized elliptic curves over S is cyclic if its kernel is cyclic
of order n.

We turn to the properties of cyclic subgroups of generalized elliptic curves. Parts

(a), (d), and (f) of Proposition 4.2.7 have also been reduced to the elliptic curve
case in [Conrad 2007, 2.3.7, 2.3.8, and 2.3.5] by a different method.
Proposition 4.2.7. Let E — S be a generalized elliptic curve, G C ES™ an S-
subgroup that is finite locally free of rank n over S, and G* C G the S-subsheaf of
generators of G (by [Katz and Mazur 1985, 1.6.5], the S-subsheaf G* is a closed
S-subscheme of G of finite presentation).

(a) (The Katz—Mazur cyclicity criterion; compare with [Katz and Mazur 1985,
6.1.1(1)]). The subgroup G is cyclic of order n if and only if G* is finite locally
free of rank ¢ (n) over S. In particular, G is cyclic of order n if and only if it
becomes cyclic of order n over an fpqc cover of S. If n is invertible on S and
G is cyclic of order n, then G* — S is étale.

(b) (Compare with [Katz and Mazur 1985, 6.1.1(2)]). If g € G(S) is a generator
of G, then

G* = Zie(z/nz)x [i-g] as effective Cartier divisors on E5™.

(c) (Compare with [Katz and Mazur 1985, 6.4.1]). There is a finitely presented
closed subscheme T C S such that the base change G g to an S-scheme S’ is
cyclic if and only if 8" — S factors through T.

(d) (Compare with [Katz and Mazur 1985, 6.8.7]). If n is squarefree, then G is
cyclic.

(e) (Compare with [Katz and Mazur 1985, 5.5.4(3)1). If G is cyclic of order n
and the number of irreducible components of each degenerate geometric fiber
of E — S is divisible by n, then the subgroup E*™[n]/G of E/G is cyclic of
order n.

(f) (Compare with [Katz and Mazur 1985, 6.7.2]). If G is cyclic and g, g’ € G(S)
are generators of G, then for every positive divisor d of n both % - g and % - g’
are generators of the same S-subgroup

GsCG
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that is cyclic of order d. In particular, if G is cyclic, then the fppf local on S
subgroup of G defined in this way descends to a canonical cyclic S-subgroup
G4 C G of order d.

Proof. Cyclicity is an fppf local condition, so we may work fppf locally on S. We
may therefore use Corollary 3.2.6 and Lemma 4.2.1 to assume that the number of
irreducible components of each degenerate geometric fiber of E — § is divisible by
n and that there is an elliptic curve E’ — § such that ES™[n] >~ E'[n]. Thus, since,
by [Katz and Mazur 1985, 1.10.6 and its generalization 1.10.1], the properties under
consideration depend solely on the S-group scheme E*"[n] and its subgroup G,
the claims follow from their elliptic curve cases (in (a), if n is invertible on S, then
a cyclic G of order n becomes isomorphic to Z/nZ over an étale cover of S, so that
G becomes isomorphic to the constant subscheme (Z/nZ)* C Z/nZ). O

Definition 4.2.8. For a generalized elliptic curve E — § and a cyclic S-subgroup
G C E® of order n, the S-subgroup G, defined in Proposition 4.2.7(f) is the
standard cyclic subgroup of G of order d. Isogenies fi: E — E'and f,: E' — E”
of constant degrees between generalized elliptic curves over S are cyclic in standard
order if Ker(f> o f1) is cyclic and Ker f; is its standard cyclic subgroup (so that, in
particular, f; and f, are both cyclic by Proposition 4.2.9(e) below).

In Propositions 4.2.9 and 4.2.10 we extend various results of [Katz and Mazur
1985, §6.7] about standard cyclic subgroups and standard order factorizations of
cyclic isogenies to the case of generalized elliptic curves (Chapter 2 provides a
robust extension of the notion of an isogeny). Some of these extensions will be
important for the analysis of 2T, carried out in Chapter 5.

Proposition 4.2.9. Let E — S be a generalized elliptic curve, let G C E™ be a
cyclic S-subgroup of order n, let d and d’ be positive divisors n, and let

GysCG

denote the standard cyclic subgroup of order d.
(a) (Compare with [Katz and Mazur 1985, 6.7.4]). If d | d’, then G is identified
with the standard cyclic subgroup of Gy of order d.
(b) Interpreting the intersection as that of fppf subsheaves of G, we have

GaNGay = Gged(a,a)-

(¢) If G meets precisely m irreducible components of every degenerate geometric
fiber of E, then G4 meets precisely m/ gcd(m, %) irreducible components of
every degenerate geometric fiber of E.

(d) (Compare with [Katz and Mazur 1985, 6.7.5]). Letting G; denote the S-
scheme parametrizing the generators of G4 (so that, by Proposition 4.2.7(a),
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G is a closed subscheme of G4 and is finite locally free of rank ¢ (d) over
S), we have

G =) 4. G, aseffective Cartier divisors on E*".
(e) (Compare with [Katz and Mazur 1985, 6.7.4]). The quotient
G/Gy C(E/G)™

is a cyclic S-subgroup of order 7, the image of any generator of G generates
G/Gy,andifd | d, then the standard cyclic subgroup of G/ Gy of order % is
identified with Gy /] G 4.

(f) (Compare with [Katz and Mazur 1985, 6.7.11 (2)]). If n and % have the same
prime divisors, then g € G(S) generates G if and only if its image generates
G/ Gy, and, in particular, g generates G if and only if g + h generates G for
some (equivalently, for any) h € G 4(S).

Proof. Part (a) follows from the definitions because we may work fppf locally to
assume that G has a generator. Part (b) follows from (a): since Ggcdq,a) lies inside
both G4 and G4, it suffices to observe that G4/ Ggcd,a’y and Gy / Ggeda,ar) have
coprime orders and hence intersect trivially inside G/ Ggcd(a,a)- Part (c) follows
from the definition of G,. To prove part (d), we pass to an fppf cover of S over
which G admits a generator and apply Proposition 4.2.7(b).

For the remaining (e) and (f), we work fppf locally on S and use Corollary 3.2.6
and Lemma 4.2.1 to assume that G has a generator, that the number of irreducible
components of each degenerate geometric fiber of E is divisible by n, and that there
is an elliptic curve E’ — S with ES™[n] >~ E’[n]. By [Katz and Mazur 1985, 1.10.6],
the properties under consideration in (e) and (f) depend solely on the S-group G
and not on its embedding into E*™ or E’, so (e) and (f) follow from their elliptic
curve cases. (]

Proposition 4.2.10. Let
fi:Eo—> E, fr:Ei—> E;, and f:= frof1:E)y— E;

be isogenies of constant degrees dy, da, and d\d, between generalized elliptic curves
over S.

(a) (Compare with [Katz and Mazur 1985, 6.7.8]). If f is cyclic and Ker f; is
étale over S, then f| and f, are cyclic in standard order.

(b) (Compare with [Katz and Mazur 1985, 6.7.10]). If d| and d, are coprime, then
f is cyclic if and only if both f| and f, are cyclic, in which case f| and f, are
cyclic in standard order.
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(c) (Compare with [Katz and Mazur 1985, 6.7.12]). If f1 and f, are cyclic, d;
and dp have the same prime divisors, and g € (Ker f)(S) is such that d, - g
generates Ker f1 and f1(g) generates Ker f>, then f| and f> are cyclic in
standard order and g generates Ker f.

(d) (Compare with [Katz and Mazur 1985, 6.7.15]). If {Ei_| N E;}!_5 are further
isogenies of constant degrees d; between generalized elliptic curves over S
such that dy, ..., d, all have the same prime divisors and such that for each
1 <i <n—1 the isogenies f; and fi+ are cyclic in standard order, then
Ker(f, o---o f1) is cyclic and each Ker(f; o --- o f1) is its standard cyclic
subgroup.

Proof. For notational convenience, we set n := 2 in (a)—(c). By Corollary 2.2.7 and
[Katz and Mazur 1985, 1.10.6], the properties under consideration may be expressed
in terms of the S-group scheme Ker(f, o...o f1) equipped with its S-subgroups
Ker(f; o...o f1). Thus, since the claims are fppf local on §, Corollary 3.2.6 and
Lemma 4.2.1 allow us to assume that the number of irreducible components of each
degenerate geometric fiber of Ej is divisible by []/_, d; and that there is an elliptic
curve E/' — § with

Ey"(ITi=r di] = E'[ITi- i
This reduces to the elliptic curve cases treated by Katz—Mazur in [op. cit.]. O

We wish to prove in Proposition 4.2.11(b) a generalization of the claim of [Conrad
2007, 2.4.5] that is important for the definition of I'j (V; n)-structures given there.
The argument given in [loc. cit.] seems to require further input: the “universal
deformation technique” invoked towards the end of the proof does not seem to apply
directly because it is based on [Deligne and Rapoport 1973, I11.1.2(iii)] that requires
the number of irreducible components of the closed fiber to be prime to the residue
characteristic and the Z/N Z-structure P may interfere with this requirement.

Proposition 4.2.11. Let E — S be a generalized elliptic curve, and let n,m € Z>.

(@) If G C ES™ and H C E™ are S-subgroups that are cyclic of orders n and
m, respectively, and a and B are fppf local on S Drinfeld Z/nZ- and Z/mZ -
structures on G and H , then

> la)+ ()]
ieZ/nZ
JjeZ/mZ
is an effective Cartier divisor on ES™ that does not depend on the choices of o
and B and descends to a well-defined relative effective Cartier divisor on ES™
over S denoted by |G + H].
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(b) Set d := gcd(n, m) and suppose that the number of irreducible components of
each degenerate geometric fiber of E — S is divisible by d. If G C E*™ and
H C E*™ are S-subgroups that are cyclic of orders n and m, respectively, and
(G4 + Hy]l = E®™[d], then [G 4+ H] is a finite locally free S-subgroup scheme
of ES™ of order nm and killed by lcm(n, m), and any Drinfeld 7 / nZ-structure
on G induces a Drinfeld 7 /nZ-structure on (G + H]/H C (E/H)™.

Proof. For (a), the cases when either « or 8 is fixed suffice, so one only needs to
observe that translation by an S-point is an automorphism of the S-scheme E*™
and hence commutes with the formation of the sum of effective Cartier divisors —
for example, the left hand side of

a(i)+H= Zjez/mz[a(i)'i'ﬁ(j)]

does not depend on B.

For (b), we work fppf locally on S and use Corollary 3.2.6 to assume that the
number of irreducible components of each degenerate geometric fiber of E — § is
divisible by nm and that there are Drinfeld Z/nZ- and Z/mZ-structures « and 8 on
G and H. We then imitate the argument of [Conrad 2007, top of p. 231] given in
the elliptic curve case. Namely, we use [Katz and Mazur 1985, 1.7.2 and 1.10.6] to
“factor into prime powers” to reduce to the case when n = p" and m = p* for some
prime p and r < s (the r > s case of the last aspect of the claim will be argued
separately in the last paragraph of this proof). We assume that » > 1 (otherwise
[G + H] = H) and, after replacing S by an fppf cover, we choose a homomorphism
a:7/p°Z — E(S) with p*"a(1) = a(1). By Proposition 4.2.5(b),

a+B:(Z)p°7)* — E™(S)
is a Drinfeld (Z/ p*Z)?-structure on E[p*], so, by Proposition 4.2.5(e),
a:7/p°7 — (E/H)™(S)
is a Drinfeld Z/ p*®Z-structure on E/H. Then, by Proposition 4.2.5(c),
a:Z/p"7— (E/H)*™(S)

is a Drinfeld Z/p"Z-structure on a subgroup K C (E/H)*™. Finally, by [Katz
and Mazur 1985, 1.11.3], the scheme [G + H] is the preimage of K in E, so is
a subgroup, as desired. Moreover, [G + H] is killed by p* because the quotient
[G + H]/E[p"] is killed by its order, i.e., by p*~", whereas E[p"] is killed by p”.
By construction, «, whose particular choice is irrelevant for the argument, induces
a Drinfeld Z/ p" Z-structure on [G + H]/H.

It remains to prove that any « also induces a Drinfeld Z/p"Z-structure on
(G+ H]/H C (E/H)>™ when r > s and s > 1. For this, by Proposition 4.2.5(e),
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alz/prz)(ps1 induces a Drinfeld Z /p® Z-structure on E/H, so, by Proposition 4.2.5(d),
« induces a Drinfeld Z/p" Z-structure on some S-subgroup K’ C (E/H)™™, and it
remains to apply [Katz and Mazur 1985, 1.11.3] again to deduce that the preimage
of K’ in E must equal [G + H]. O

One of the cornerstones of our approach to the study of various moduli stacks of
Drinfeld A-structures on generalized elliptic curves is a direct reduction of many
questions to the A = (Z/nZ)?* case. To make reductions of this sort feasible we
will need the following result:

Proposition 4.2.12. Let E — S be a generalized elliptic curve, let n,m € Z>1, let
S” be a variable S-scheme, and recall Convention 4.2.4.

(a) If the number of irreducible components of each degenerate geometric fiber of
E — S is divisible by nm and « is a Drinfeld (Z/nZ)?-structure on ES™[n],
then the functor

S - {Drinfeld (Z/nmZ)*-structures B on Eg ' [nm]
such that Bz nmz)in) = o'}
is representable by a finite locally free S-scheme of rank
#GLy(Z/nmZ)
#GLy(Z/nZ)
that is étale if nm is invertible on S.

(b) (Compare with [Katz and Mazur 1985, 5.5.3]). If E — S is a generalized
elliptic curve for which n divides the number of irreducible components of each
degenerate geometric fiber and « is a Drinfeld 7 /nZ-structure on E, then the
functor

S {Drinfeld (Z/nZ)*-structures Bon ES[n]
such that Blz/nzx(0) = OlS’}

is representable by a finite locally free S-scheme of rank n - ¢ (n).

(c) (Compare with [Katz and Mazur 1985, 5.5.3]). If the number of irreducible
components of each degenerate geometric fiber of E — S is divisible by n and,
for some S-subgroup G C E,

«:Z/nZ — E™™(S) and B:Z/nZ — (E/G)™™(S)

are Drinfeld 7 /nZ-structures on G and on E™[n]/ G, respectively, then the
functor

S+ {Drinfeld (Z/ nZ)*-structures y on E3"n] such that
oy = V|z/nz><{o} and Bs = V|{0}xz/nz :Z/nl — (E/G)sm(S/)}
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is representable by a finite locally free S-scheme of rank n.

(d) Setd :=gcd(n, m) and N :=lcm(n, m). If the number of irreducible compo-
nents of each degenerate geometric fiber of E — S is divisible by N and o and
B are, respectively, Drinfeld 7 /nZ- and 7 /mZ-structures on E such that

) 2
&z Blamoa : (L/dL)” — E™(S)
is a Drinfeld (Z /dZ)*-structure on ES™[d)], then the functor
S" + {Drinfeld (Z/NZ)*-structures y on EY"[N] such that

g =Ylz/Nzxopm and  PBs = V|({0}XZ/NZ)[m]}
is representable by a finite locally free S-scheme of rank N - p(N)/(d - ¢ (d)).

Proof. All the functors in question are fppf sheaves, so we may work fppf locally
on S. Setting N := nm (resp. N := n) in part (a) (resp. in parts (b) and (c)) for
notational convenience, we may therefore apply Lemma 4.2.1 to assume that there
is an elliptic curve E’ — S with

E'[N]~ E™[N].

By [Katz and Mazur 1985, 1.10.6], all the properties and functors under consider-
ation depend solely on the S-scheme ES"[N] (and its subgroup G in (¢)), so we
may pass to E’ to reduce to the elliptic curve case. This already settles (b) and (c),
and in order to also obtain (a) it remains to combine [EGA IV, 1965, 6.1.5] with
[Katz and Mazur 1985, 5.1.1], which ensures that for every £ € Z, the moduli
stack parametrizing Drinfeld (Z/£Z)?-structures on elliptic curves is finite locally
free of rank # GL,(Z/£Z) over €LL, €tale over €€Lz(1/¢), and regular.

For the remaining elliptic curve case of (d), we use [Katz and Mazur 1985, 1.7.2]
to “factor into prime powers” and reduce to the case when

n=p and m=p’ for some prime p.
Without loss of generality r > s, so the case s = 0 is settled by (b). In the case
s > 1, by Proposition 4.2.5(b) (i.e., by [Katz and Mazur 1985, 5.5.8(1)]), the
functor in question is identified with the functor parametrizing Q € E(S’) such that
p 7 Q = Bg/(1). This functor is an E[p”~*]-torsor, so it is representable by a finite
locally free S-scheme of rank p2" =) = p” . ¢ (p")/(p* - d(p*)). O

When proving the algebraicity of moduli stacks of Drinfeld structures on gen-
eralized elliptic curves we will sometimes rely on the representability of functors
parametrizing various such structures on a fixed curve. The key case of this repre-
sentability is Proposition 4.2.15(a) recorded below — further cases may be deduced
from it with the help of Proposition 4.2.7(a). It will be important to have such
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representability when the structures being parametrized are assumed to be ample,
so we first review the notion of ampleness.

Definition 4.2.13. A finite locally free S-subgroup G C E*™ of a generalized elliptic
curve E — S is ample if G is S-ample as a relative effective Cartier divisor on E,
equivalently, if G meets every irreducible component of every geometric fiber of
E — §. For a finite abelian group A, a Drinfeld A-structure o on E is ample if the
S-subgroup Dy := ), 4la(a)] C E®™ is ample.

Remark 4.2.14. The role of ampleness of « in the study of various stacks that
classify Drinfeld A-structures on generalized elliptic curves is twofold: it facilitates
descent considerations (e.g., the ones in the definition of a stack) by endowing
E — § with a canonical S-ample line bundle &x (D,), and it also kills undesirable
automorphisms that would hinder the representability of various “forget the level”
contraction morphisms (e.g., if & is ample and S is a geometric point, then one sees
from Lemma 2.1.6 that only the identity automorphism of (E, ) fixes (E™)0).

Proposition 4.2.15. Let E — S be a generalized elliptic curve, let S” be a variable
S-scheme, and recall the notation G4 and |G + H] introduced in Definition 4.2.8
and Proposition 4.2.11(a).

(a) Fixn,m € Z>1, and set d := gcd(n, m) and N :=lem(n, m). The functor
F: 8"+ {eyclic §'"-subgroups G, H C EY"
of orders n and m with[G 4 + H;] = E;‘P[d]}
(resp. its analogue which, in addition, requires |G + H] to be ample) is
representable by a finitely presented, separated, quasifinite, flat S-scheme F
that is étale if nm is invertible on S. If N divides the number of irreducible

components of each degenerate geometric fiber of E — S, then F (defined
without the ampleness requirement) is finite locally free of rank

d-¢(d)
N-¢(N)-¢(n)-¢(m)

#GLy(Z/NZ) -
over S.

(b) (Compare with [Katz and Mazur 1985, 6.8.1]). For every n € Zs1, the functor
Z: 8"+ {finite locally free S'-subgroups G C E3" of rank n}

(resp. its analogue which, in addition, requires G to be ample) is representable
by a finitely presented, separated, quasifinite, flat S-scheme I that is étale if n
is invertible on S. If n divides the number of irreducible components of each
degenerate geometric fiber of E — S, then I (defined without the ampleness
requirement) is finite locally free over S and its rank is constant and equals the
number of subgroups of (Z/nZ)? of order n.
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Remark 4.2.16. In (a), an important special case is m = 1, when F parametrizes
cyclic subgroups of order n. In (b), due to Corollary 2.2.7(b), Z parametrizes
n-isogenies with source E.

Proof of Proposition 4.2.15. Due to [EGA1V3 1966, 9.6.4] and limit arguments
that reduce to a Noetherian base, the additional ampleness requirement cuts out
quasicompact open subfunctors of F and Z, so the ampleness variant of the claims
will follow once we establish the rest.

To ease notation, we set N :=n in (b). By [EGA V4 1967, 18.12.12], quasifinite
and separated morphisms are quasiaffine, so effectivity of fppf descent for relatively
quasiaffine schemes enables us to work fppf locally on S. We may therefore apply
Corollary 3.2.6 to assume that E5™ is an open S-subgroup of the smooth locus
of another generalized elliptic curve E’ — S for which N divides the number of
irreducible components of each degenerate geometric fiber. The functor F (resp. Z)
is an open subfunctor of the corresponding functor F’ (resp. Z') for E’, and the
open immersion F C F’ (resp. Z C Z') is quasicompact due to limit arguments, so
it suffices to settle the claims for E’ in place of E. We may then use Lemma 4.2.1
to assume that there is an elliptic curve E” — S with

E"[N]=~ E"™[N].

Since E’ and E” give isomorphic functors Z, this reduces (b) to its elliptic curve
case [Katz and Mazur 1985, 6.8.1].

For (a), we let F), denote the functor that parametrizes Drinfeld (Z/N 7)*-
structures o« on E"[N]. By Proposition 4.2.12(a), F, is representable by a finite
locally free S-scheme of rank # GL,(Z/NZ) that is étale if N is invertible on S.
By Proposition 4.2.5(a) and (c), there is a well-defined morphism

Fy—>F

that sends « to the pair of subgroups on which o[z, nzx 0y and ajoyxz/Nz)m]
are Drinfeld Z/nZ- and Z /mZ-structures, respectively. By Proposition 4.2.7(a) and
Proposition 4.2.12(d), F,, — F' is representable by schemes and finite locally free

of rank
N-¢(N)-¢(n)-¢(m)
d-¢(d) '
Therefore, the desired claim about F follows from [SGA 3;qe, 2011, V, 4.1]
(combined with [EGAIV; 1965, 2.2.11(i1); EGAIV4 1967, 17.7.5 and 17.7.7]). U

4.3. A modular description of 21,

The main goal of this section is to give a modular description of Zr(,), where
neZs;and
I'(n) := Ker(GL,(Z) — GLy(Z/nZ))
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(see Section 4.1.2 for the definition of 2T (,); see also Section 1.9). This description
and the proof of its correctness follow already from the results of [Conrad 2007],
which also show the regularity and other properties of 2t ,). We reprove both the
description and some of the properties of 21, by exploiting a direct relationship
with the compactification ‘€¢¢,, studied in Chapter 3. The resulting proofs seem more
direct and more versatile — for instance, we will see in Section 4.4 that virtually
the same strategy also handles the H = I'|(n) case, which is significantly more
complex for the methods of [op. cit.]. Another pleasant feature of this approach is
that it eliminates the crutch of analytic uniformizations — for instance, in the proof
of the “ampleness” of 2'(n)>° C Z(n) given in Proposition 4.3.2(b), the only input
that is needed from the theory over C is the fact that the coarse moduli space of
(€l))¢ is IPQI: (this comes in through our reliance on [Deligne and Rapoport 1973,
VI.1.1] in the proof of Proposition 3.3.2).

We begin by giving the definition of the modular stack Z°(n) that classifies
generalized elliptic curves endowed with an ample level n structure, and proceed to
establish enough of its properties to arrive at the identification Z'(n) = Zr ().

4.3.1. The stack 2'(n). This is the Z-stack that, for a fixed n € Z>, and for
variable schemes S, parametrizes the pairs

(E 2> S, a:(Z/nZ)* — E™(S))

consisting of a generalized elliptic curve E > S whose degenerate geometric fibers
are n-gons and an (automatically ample) Drinfeld (Z/nZ)?-structure o on ES™[n].
The notation agrees with that of Section 4.1.1 because 2°(1) = €0e,. We let

Z(m)>* C Z(n) and % (n) C Z(n)

be the closed substack cut out by the degeneracy loci S°>” and its open complement
(the elliptic curve locus), respectively. Due to Remark 4.2.3, for variable Z[1/n]-
schemes S, the base change % (n)7{1,,) parametrizes elliptic curves E — § equipped
with an S-isomorphism o : (Z/nZ)% => Eln].
The results of Section 4.2 lead to the following direct relationship between 2 '(n)
and €¢¢,,.
Proposition 4.3.2. Consider the Z-morphism f : % (n) — €€, that forgets a.
(a) The morphism f is representable, finite, and locally free of degree equal
to #GLo(Z/nZ); moreover, f is étale over Z[1/n). In particular, Z (n) is
a Cohen—Macaulay, reduced algebraic Z-stack that is proper, flat, and of

relative dimension 1 over Spec Z at every point, moreover, Z'(n) is smooth
over Z[1/n).

(b) The closed substack 2 (n)*° C Z'(n) is the preimage of the closed substack
€U Céle, and is a reduced relative effective Cartier divisor over Spec Z that
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meets every irreducible component of every geometric fiber of & (n) — Spec Z
and is smooth over Z[1/n].

Proof. (a) The asserted properties of f follow from Proposition 4.2.12(a), and
those of 2'(n), other than the reducedness, then result from Theorem 3.1.6(a)
(and [EGA 1V, 1965, 6.4.2] for the Cohen—Macaulay aspect). By [EGA IV, 1965,
5.8.5], the reducedness amounts to the combination of (Rg) and (S;). The Cohen—
Macaulay aspect implies (S1), whereas (Rg) follows from the Z-flatness and Z[1/n]-
smoothness.

(b) In the given moduli interpretation, the map 2°(n) — €0¢, does not change
the underlying generalized elliptic curves, so an S-point of .2'(n) factors through
2 (n)* if and only if its image in é¢¢,, factors through %ﬂ;’lo In other words,

Z(n)® =2 (n) xgg €LY,

as desired. All the remaining claims then follow from (a) and from their coun-
terparts for €¢¢, supplied by Theorem 3.1.6(c)—(d) and Proposition 3.3.2 (for the
reducedness of 2'(n)*° one uses the (Rg)+(S1) criterion as in the proof of (a)). [J

4.3.3. The contraction morphisms. Due to Proposition 4.2.5(a), the contraction
morphism

Z(nm) = 2(n) is well defined by (E, @) > (cgsmpu)(E), @l (z/nmz)2(n)

(see Convention 4.2.4) for every n, m € Z>. This morphism is compatible with
its analogue for €¢¢, discussed in Section 3.2.1 in the sense that there is the

commutative diagram

Z(nm) ﬂ) €l

| fﬂ l

2 (n) —"— €te,
whose horizontal maps forget the level structures «.

Proposition 4.3.4. For every n,m € Z>, the contraction ¢ : Z'(nm) — Z(n) is
representable, finite, and locally free of rank # GLy(Z/nmZ) /# GLy(Z/nZ). In
particular, each Z (n) is Deligne—Mumford.

Proof. Since 2°(1) is Deligne—-Mumford, the last assertion follows from the rest
(applied with n = 1). The representability of ¢ by algebraic spaces follows from
Lemma 3.2.2(b) and Lemma 2.1.6.

The contraction c¢ inherits properness and finite presentation from

2’ (nm) — SpecZ,
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and so is quasifinite due to its moduli interpretation. Therefore, by Lemma 3.2.3,
the map c is representable by schemes and finite. It remains to prove that c is flat—
once this is done, the asserted rank may be read off on the elliptic curve locus by
using Proposition 4.3.2(a).

The flatness of the base change

Cllm x5, 2(n) = Z(n)

follows from that of €¢¢,,, — €€, supplied by Theorem 3.2.4(a). On the other
hand,

Ellum X g ()
parametrizes generalized elliptic curves endowed with a Drinfeld (Z/nZ)?-structure
on E®"[n] subject to the constraint that the degenerate geometric fibers are nm-gons,

so the map
2 (nm) B> EWlm x5, 2 ()
is flat by Proposition 4.2.12(a). In conclusion, the composite c =aob is also flat. [J

We are ready for the promised identification 2°(n) = 2t ).

Theorem 4.3.5. The Deligne—Mumford stack Z (n) is regular and is identified
with the stack 2ty of Section 4.1.2 (see the proof for the description of the
identification).

Proof. By [Katz and Mazur 1985, 5.1.1], the open substack % (n) C 2'(n) is regular.
By combining this with the conclusions of Proposition 4.3.2, we see that 2'(n)
satisfies both (Ry) and (S»), i.e., is normal. Therefore, due to the conclusions of
Proposition 4.3.4, 2(n) is identified with the normalization of 2°(1) in % (n)z[1/x).
However, the moduli interpretations of the %/ (1)-stacks % (n)z(1/,) and %1 ,y[1/n]
coincide (see Sections 4.1.2 and 4.3.1), so 2'(n) is identified with the normalization
of Z'(1) in % y[1/n], i.e., with Zr(,). To then extend the regularity of % (n)
supplied by [Katz and Mazur 1985, 5.1.1] to the regularity of the entire .2'(n), we
recall that it follows from [Deligne and Rapoport 1973, 4.13] that 2ty is regular
away from the supersingular points in characteristics dividing #. ([

In the sequel we will identify Z(n) and ZT(,). We conclude the section by
recording all the cases in which Z°(n) is a scheme (see [Deligne and Rapoport
1973, 1V.2.9] for such a result over Z[1/n]).

Proposition 4.3.6. The stack 2'(n) is a (necessarily projective) scheme over 7
unless n = p* or n =2p°* for some prime p and some s € 7.

Proof. If n = p* or n = 2p*, then every supersingular elliptic curve E over [,
equipped with a Drinfeld (Z/nZ)?-structure on E[n] has multiplication by —1 as
an automorphism, so 2'(n) cannot be a scheme. Outside of these cases, n = n'n”
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for relatively prime n’ > 3 and n” > 3, so, due to [Katz and Mazur 1985, 2.7.2(1)]
and Lemma 2.1.6, the geometric points of 2'(n) have no nontrivial automorphisms,
and hence 2'(n) is a projective Z-scheme by Lemma 4.1.3. (I

4.4. A modular description of 21,

The main goal of this section is to give a modular description of 2T, ), where
ne€Z-y and

Ti(n):={(%5) € GLy(Z) suchthat a=1modn and c¢=0modn}

(see Section 4.1.2 for the definition of 2T, (,); see also Section 1.9). The overall
strategy is similar to the case of I'(n) treated in the previous section: through
relations with the compactifications é¢¢,, we infer enough properties of the stack
Z1(n) that classifies generalized elliptic curves endowed with an ample Drinfeld
Z/nZ-structure to arrive at the identification 27(n) = 2T,). As in the case of
["(n), this identification and the finer properties of 27 (n), such as regularity, follow
already from the results of [Conrad 2007], but the alternative proofs given below
seem simpler. In particular, when proving the regularity of .27 (n) we do not use any
computations with schemes of I'|(n)-structures on Tate curves or with universal
deformation rings, but instead directly deduce such regularity from the regularity
of Z'(n).

4.4.1. The stack .27 (n). This is the Z-stack that, for a fixed n € Z>; and for
variable schemes S, parametrizes the pairs

(E2>S, a:Z/nZ — E™(S))

consisting of a generalized elliptic curve E %> S and an ample Drinfeld Z/nZ-
structure @ on E. As before, we let

21> C Zi(n) and  Z(n) C Zi(n)

be the closed substack cut out by the degeneracy loci $°” and its open complement
(the elliptic curve locus), respectively.
For a positive divisor m of n, we let

Z1(n)my C Z1(n)

be the open substack that classifies those (E, o) for which the degenerate geometric
fibers of E — S are m-gons (the openness follows from Remark 2.1.9), and we set

21() Gy = Z1(n) gy N 21 ().

When m varies, the open substacks 27 (1)) cover Z1(n), and we will use them
to prove the algebraicity of 27 (n).
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Proposition 4.4.2. Let fu,) : Z1(n)m) — €el,, be the Z-morphism that forgets «.

(a) The morphism f is representable by schemes, quasifinite, separated, flat,
and of finite presentation; moreover, f) is étale over Z[1/n). In particular,
Z1(n) is an algebraic Z-stack with a quasicompact and separated diagonal
and is flat, of finite presentation, and of relative dimension 1 over Spec Z at
every point; moreover, Z1(n) is smooth over Z[1/n].

(b) The closed substack 21 (”)?:1) C Z1(n)m) is the preimage of %ﬁfno C €ll,,.
In particular, Z1(n)>®° C Z1(n) is a reduced relative effective Cartier divisor
over Spec Z that is smooth over Z[1/n).

Proof. (a) The asserted properties of f(,, follow from Proposition 4.2.15(a) and
Proposition 4.2.7(a). Since the 27 (n)n) cover Zi(n), the asserted properties of
Z1(n) follow from those of f{;,) and from Theorem 3.1.6(a).

(b) For the first assertion, it suffices to observe that in the given moduli interpretation,
the map f(,) does not change the underlying generalized elliptic curve. The
remaining assertions then follow from the first, (a), and Theorem 3.1.6(c)—(d), using
the (Rg)+(S) criterion together with [EGA IV, 1965, 6.4.2] to establish the claimed
reducedness. (]

4.4.3. The relation to 2'(n). There is a forgetful contraction morphism
g:2i1(n) — Z(1),
and, due to Proposition 4.2.5(a), also an Z'(1)-morphism

h:Z(n)— 21(n),  (E,a) > (Calznzeio (E)s @lz/nzx(0})

that contracts E with respect to the unique finite locally free subgroup of E*™ on
which «|7/,7x(0) 1 a Drinfeld Z/nZ-structure.

We will extract further information about £7(n) by studying 4. The main
difficulty is that & changes E, which makes its key properties, such as flatness, less
transparent. To overcome this, we will further exploit the compactifications €¢¢,,,.

Theorem 4.4.4. (a) The morphism h: 2 (n) — 27 (n) is representable, finite, and
locally free of rank n - ¢ (n). In particular, Z1(n) — Spec Z is proper, Z1(n)
is regular, and Z1(n)*° meets every irreducible component of every geometric
Z-fiber of Z1(n).

(b) The contraction g : Z1(n) — Z(1) is representable, finite, and locally free of
rank #GLy(Z/nZ)/(n - ¢ (n)).

(c) The stack Z1(n) is Deligne—-Mumford and is identified with the stack Zt, @) of
Section 4.1.2; more precisely, both Z1(n) and Zr, ) are the normalizations
of (1) in 1 (n)z1/n1 = Y1 ([ 1/1].
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Proof. (a) The representability of 4 by algebraic spaces follows from Lemma 3.2.2(b)
and Lemma 2.1.6. Let Z(n)u,) C Z'(n) be the h-preimage of 27(n)m), let
Bmy + Z'(0) my = Z1(n) ) be the restriction of &, and let fin : 21 (1) ) — €€l
be the forgetful map studied in Proposition 4.4.2. By (3.2.1.2), the composition
Sfom) © hny agrees with the composition

2 () my — €L, > €L,

in which the first map forgets the Drinfeld (Z/nZ)>-structure. Therefore, the
universal property of the fiber product gives the commutative diagram

n T T
%(I’l)(m) —_— %(I’l)(m) X@m %Kﬁn —_— %Kﬁn

\ lh// cl
en)
f(m)

21 (n)(m) — mm

in which the square is Cartesian. By Proposition 4.2.12(b), the map %’ is repre-
sentable and finite locally free of rank n - ¢ (n). By Theorem 3.2.4(a), the base
change h” of c is proper, flat, and surjective. The representable map /) is therefore
proper, flat, surjective, and, due to its moduli interpretation, also quasifinite. Since
h inherits these properties, we see from Lemma 3.2.3 that £ is representable by
schemes and finite locally free. Its rank is determined on the elliptic curve locus,
so equals n - ¢ (n).

The remaining claims follow from the combination of Proposition 4.3.2, Theorem
4.3.5, and [EGA IV, 1965, 6.5.3(i)], once we establish the Z-separatedness of
Z1(n). For this, since the diagonal map A 2 (,,z is separated and of finite type by
Proposition 4.4.2(a), its properness follows from the commutative diagram

A xmyz
Z(n) — X (n) xz Z'(n)
lh lhxh
Aaywy/z

21(n) ———— 21(n) xz 21(n)

and the properness of (h x h) o A 5z)/7.

(b) Since Z7(n) — Spec Z is proper, g is also proper. Moreover, g is representable
by algebraic spaces and quasifinite due to its moduli interpretation, Lemma 3.2.2(b),
and Lemma 2.1.6. Thus, due to Lemma 3.2.3, g is representable by schemes and
finite. The remaining assertions follow by considering the composite

2L 21 S 2(1)

and combining (a) with Proposition 4.3.4.
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(c) Thanks to (b), the Deligne—Mumford property is inherited from 2°(1). For
the rest, due to the regularity of 27(n) and the finiteness of 27(n) - 27(1), we
need to identify the stack % (n)z(1,,) with the stack %t (,)[1/n] that, for variable
Z[1/n]-schemes S, parametrizes pairs consisting of an elliptic curve £ — S and
an S-point of the finite étale S-scheme

{(§%) CGL2(Z/n2)} \ Isom(E[n], (Z/nZ)?).

The datum of such an S-point amounts to the datum of an isomorphism between
Z/nZ and a subgroup of E, so the sought identification results from Remark 4.2.3.
O

4.5. An axiomatic criterion for recognizing correctness of a modular
description

The arguments of the preceding section that supplied the identification
21(n) = Zr,m)

and proved the regularity of 2T, illustrate a general method that will similarly
handle more complicated cases in the sequel. Therefore, in order to avoid repeti-
tiveness, we wish to present the following axiomatic result that ensures that for any
open subgroup H C GL, (/Z\) any “good enough” candidate stack .27, agrees with
the 2y defined in Section 4.1.2 and that 2% is automatically regular whenever
such a good candidate is present. Of course, the main difficulty of this approach to
the regularity of 2% lies in finding a suitable .27,. In all the cases presented in the
sequel, the candidate 27, will be defined by a modular description of its functor of
points and Theorem 4.5.1 will act as a criterion for recognizing that this modular
description actually yields 2.

Theorem 4.5.1. Let H C GLZ(Z) be an open subgroup, let n € 7> be such that
I'(n) C H, and let 27, be a Z-stack.

(a) If there is a cover
2y =Unn (L)) by open substacks (27 my) C 2

each of which admits a representable by algebraic spaces, separated, finite
type morphism
(%[;)(m) e %Eﬁd(m)

for some d(m) € 7>, then 27, is algebraic, has a quasicompact and separated
diagonal A y1 /7, and is of finite type over Z.

(b) If 23, is algebraic, has a quasicompact and separated diagonal, is of finite
type over Z, and
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(1) there is a proper, flat, and surjective Z-morphism & (n)£> 2y,

then 27, is regular, 27, — Spec Z is a proper, flat surjection, and (2 ;) z11 /n)
is Z[1/n]-smooth.
(c) If 2}, is algebraic, Z-proper, and satisfies (1) together with

(2) there is a representable by algebraic spaces Z-morphism % I;i Z (1) that
over Z[1/n] is identified with the morphism %y (1/n] — % (1)z11/n) of
Section 4.1.2, and

(3) the composition go h : ' (n) — 2 (1) is identified with the contraction of
Section 4.3.3,

then 2}, is Deligne—-Mumford and the morphism g induces the identification
2 H= 2 IZI;

more precisely, then both 2y and 27, are the normalizations of Z(1) in
Yy (1/n].

Remark 4.5.2. The flatness of & is one of the most stringent requirements. For the
27, that we will construct this flatness will be supplied by the results of Katz and
Mazur through congruences with elliptic curves (see Proposition 4.2.12(b) and the
proof of Theorem 4.4.4(a) for an example).

Proof of Theorem 4.5.1. (a) The algebraicity of each (27,) ) follows from that
of %ﬂd(m) supplied by Theorem 3.1.6(a) (see [Laumon and Moret-Bailly 2000,
4.5(ii)]). This suffices for the algebraicity of 27, because the diagonal A 2,z
factors as the composition

2 =Unn(Z o) = U (Zg)om Xz (X emy C X4y Xz Xy

in which the inclusion is representable by open immersions. Since the inclusion is
also quasicompact and each (27;) ) is separated over Z, i.e., each A( 20y /2 18
proper, it also follows that A »- 7 is quasicompact and separated.

(b) In the commutative diagram

X))z

2 (n) LN X (n) xz7 Z(n)

lh lhxh
A3{1,’1/1

/ l /
_—
ELVH ‘%H Xz &VH

the composite (h X h)o A o)z is proper, A 4 7 is separated and of finite type, and
h is surjective, so A »- /7 is proper. In other words, 2 4 — Spec Z is separated, so
23, inherits Z-properness from 2°(n). Due to the flatness and surjectivity of /, the
flatness, regularity, and smoothness aspects for .27, follow from the corresponding
aspects for 2°(n) supplied by Proposition 4.3.2(a) and Theorem 4.3.5.
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(c) The Deligne-Mumford property follows from the representability of g. The
map g inherits properness from 27, — SpecZ and quasifiniteness from g o £,
so g is finite by Lemma 3.2.3. Moreover, 27, is normal by (b), so, due to the
requirement (2), g identifies 27, with the normalization of .2°(1) with respect to
Wyl1/n] — % (1)z11/)- On the other hand, by definition, this normalization is 2y
(see Section 4.1.2). O

Example 4.5.3. Theorem 4.5.1 is useful for proving that “obvious” candidate modu-
lar descriptions for various mixtures of standard moduli problems are correct. When
treating “mixture situations,” one cannot simply “reduce to individual constituents”
via fiber products (unlike on the elliptic curve locus): such “reductions” fail already
in situations where no mixtures are involved, for instance,

2 (15) £ 2 (3) x 20y Z(5), eventhough #(15)=%(3) Xz ¥ (5),

as one sees by inspecting the ramification at the cusps

(eg. Clg™]2%Cly'] ®cgq Clat).

The concrete example of a “mixture situation” for which we wish to illustrate
Theorem 4.5.1 has

H=T@)NIi(¥) withcoprimed,?ecZs>;.

For this H, due to the factorizations of Drinfeld structures discussed in [Katz and
Mazur 1985, 1.7.2], the “obvious” candidate 2 1; is the stack that, for variable
schemes S, parametrizes ample Drinfeld ((Z/ dZ)?>x 7 /€Z)-structures o on general-
ized elliptic curves E'— S subject to the requirement that «|z,47)> « (0} 18 @ Drinfeld
(z/ dZ)?*-structure on ES™[d] (so d divides the number of irreducible components
of each degenerate geometric fiber of £ — §).

For this 27, we let the maps & and g in Theorem 4.5.1 be the forgetful contrac-
tions with n = d¥ and let

(2 C 2y

be the open substack parametrizing those £ — S whose degenerate geometric
fibers are m-gons. The requirements of Theorem 4.5.1(a) are met due to [Katz
and Mazur 1985, 1.7.2] and Propositions 4.2.5(a), 4.2.7(a), and 4.2.15(a) (with
(n, m) = (d¢, d) in the latter). The requirement (b)(1) is checked with the help of a
diagram analogous to the one in the proof of Theorem 4.4.4(a), the key point being
that the induced map

2 (M) my = (L) m) X, €,

from the h-preimage 2°(n)(n) of (27%)m) is finite locally free of rank £ - ¢ (¢)
due to Proposition 4.2.12(b). The requirement (c)(2) is checked as in the proof
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of Theorem 4.4.4(c) by using the fact that the image of H in GL,(Z/nZ) is the
pointwise stabilizer of (Z/ d7)* x 7 /€Z in (Z/] nZ)>?. Finally, the requirement (c)(3)
follows from the definitions of g and A.

In conclusion,

2y = 2r@nr©

and 2T )nr, ) is regular (such regularity at the cusps is not an automatic conse-
quence of the regularity of 274 and 2T, «)).

4.6. A modular description of 27, (,. /) and 21, ») for suitable n and n’

Let n and n’ be positive integers, and let
[i(n;n') C GLa(Z)

be the preimage of the subgroup of GL,(Z/nn’Z) that stabilizes the subgroup
{0} x (Z/nn'Z)[n'] in (Z/nn'Z)? and that fixes (Z/nn'Z)[n] x {0} pointwise. Our
goal is to prove that the “obvious” candidate modular description for 2T, ..
presented in Section 4.6.1 is correct under the assumption that

ord,(n") <ord,(n) +1

for every prime p. The importance of 2T, . ) stems from its role in defining
Hecke correspondences for 27 (n) (see Section 4.7), but there also are the following
reasons for treating H = I'1(n; n').

o The techniques used below to study 2T, . »/) sSimultaneously expose properties
of the stack 2 (n)™ ¢ that parametrizes generalized elliptic curves equipped
with an ample cyclic subgroup of order n. Although in general 25 (n)""¢ does
not agree with 2T, (), its properties will nevertheless be crucial for the study
of 2T, in Chapter 5.

« Under the additional assumption that ord,(n") < ord,(n) for all p | ged(n, n’),
the correctness of the candidate modular description of 2T, (. ) also follows
from the results of [Conrad 2007] but it seems worthwhile to simplify the
proofs of [op. cit.] with the help of the general Theorem 4.5.1. In fact, Conrad
does not assume that ord,, (n") < 1 for p { n, but outside this case the forgetful
contraction morphism from the algebraic stack M, ») that he constructs in
op. cit. to Z(1) is not representable (even over C), so Mr, (. /) cannot agree
with 2T, . ny (a related pathology is that Mr, . ») is not Deligne—-Mumford
in characteristics p {n with p? | n").

In order to also recover and generalize the results of [Conrad 2007] in the cases
when ord, (n") > 1 for some prime p {n, we initially drop all requirements on n and
n’, define a certain stack .27 (n; n’) that agrees with the stack Mr, ,. »/) considered
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in op. cit.(in the cases in which Mr, . was defined), prove that 27(n; n’) is
algebraic, Z-proper, and regular (among other properties), and only then impose
assumptions on n and n’ in order to arrive at the agreement with 27, (. ).

4.6.1. The stack 27(n; n’). This is the Z-stack that, for fixed n,n’ € Z~; with
d := gcd(n, n') and for variable schemes S, parametrizes the triples

(E-* S, a:7/nZ — E*™(S), H)

consisting of a generalized elliptic curve £ % S, a Drinfeld Z/nZ-structure o on
some S-subgroup G C E™, and a cyclic S-subgroup H C E™ of order n’ subject
to the requirements that

[Gs+ Hy]1= E*™[d] and [G+ H] is ample 4.6.1.1)

(we implicitly use Definition 4.2.8 and Proposition 4.2.11(a) to make sense of
[Gq + Hy] and [G + H]). The effectivity of descent needed for 27 (n; n’) to be a
stack is ensured by the ampleness of [G + H] as in Remark 4.2.14. The requirement
(G4 + Hy] = E®™[d] implies that the number of irreducible components of each
degenerate geometric fiber of E is divisible by d, so Proposition 4.2.11(b) ensures
that [G + H] is a finite locally free S-subgroup of ES™ of rank nn’ that is killed by
lem(n, n').
We let

21(n;n ) C Zi(n;n’) and  Z(n;n') C Zi(n;n')

be the closed substack cut out by the degeneracy loci $°°™ and its open complement
(the elliptic curve locus), respectively. Similarly to the case of 27(n) (discussed in
Section 4.4.1), for every positive divisor m of lcm(n, n’), we let

21 (n; 1)y C 21 (n3 n')
be the open substack over which the degenerate geometric fibers of E are m-gons.

4.6.2. Variants 27 (n; n') and 24 (n; n'). Slight modifications of the definition of
Z1(n; n') give the following related stacks:

« the stack 2] (n; n’) obtained by replacing the datum H by the datum of a
Drinfeld Z/n’Z-structure 8 on some S-subgroup H C ES™ subject to (4.6.1.1);

o the stack 2 (n; n’) obtained by replacing the datum « by the datum of a cyclic
S-subgroup G C E®™ of order n subject to (4.6.1.1).

Due to Proposition 4.2.7(a), the forgetful maps

Zin:n) > Zi(n;n’) and  27(n:n’) = 2o n') (4.6.2.1)
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are representable by schemes, finite locally free of ranks ¢ (n) and ¢ (n), respec-
tively, and, over Z[1/n'] and Z[1/n], respectively, étale. As before, for every
positive divisor m of lcm(n, n') we let

D0 Yy C€ Z1(ns 0’y and  Zo(n; n')omy C Zo(n; n')

be the open substacks over which the degenerate geometric fibers of E are m-gons,
let
Z1(n;n)®° C Zin;n)) and  2o(n; n)> C Zo(n;n')

be the degeneracy loci, and let
Di(n;n') C Zi(nin) and - Fo(n;n') C Zo(ns n')

be the elliptic curve loci.

For suitably constrained n and n’, the stacks 21 (n;n') and 2y(n; n') were also
cgpsidered in [Conrad 2007] (in the notation ME (v:ny @and Mryv;n)). There
Z1(n; n') was often used as an intermediary in the proofs of the properties of
21(n; n'), whereas 2y(n; n") was mentioned on page 273 in relation to modifica-
tions that one needs to make to the method of [op. cit.] to also construct Hecke
correspondences for Zp(n). We will see below that the proofs of the properties of
21 (n; n’) will also prove the corresponding properties of 21 (n; n') and Zo(n; n').

4.6.3. Contraction maps from 2°(nn’). There is a forgetful contraction map
Z(nn'y — Zi(n;n') (4.6.3.1)
that sends a Drinfeld (Z/nn'Z)>-structure y to

o« =y|@/mnmxioy and B =y loyx@/mz)in
(see Proposition 4.2.5(a) and (c) and Convention 4.2.4) and contracts the underlying
generalized elliptic curve accordingly. Similar forgetful contraction maps

2 (mn")y — Zi(n;n’) and 2 (nn') - Zo(n;n')

are the compositions of (4.6.3.1) with the forgetful maps from (4.6.2.1).
We are ready to address the basic properties of the stack 27 (n; n’) and its variants.

Theorem 4.6.4. Fixn,n' € 7>y and let X € (2 n'), 24 (n; '), Zo(n; n')).

(a) The Z-stack Z is algebraic, regular, proper, flat, and of relative dimension 1
over Spec Z at every point; moreover, 2 is smooth over Z[#] The diagonal
A g7 is finite.

(b) The forgetful contraction map 2 (nn') — 2 is representable by schemes and
is finite locally free of constant positive rank.
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(¢) The closed substack Z°° C X is a reduced relative effective Cartier divisor

over Spec Z that meets every irreducible component of every geometric Z-fiber
of " and is smooth over Z[ﬁ]

Proof. (a) By Proposition 4.2.15(a) and the finiteness of the maps (4.6.2.1), for every
positive divisor m of lem(n, n’) the forgetful map 2,y — €L, is representable,
separated, and of finite type, so, by Theorem 4.5.1(a), £ is algebraic and has a
quasicompact and separated diagonal.

Except for the relative dimension and the diagonal aspects, the rest of the
claim follows from Theorem 4.5.1(b) once we prove that the forgetful contraction
X(nn') — 21 (n:n') is proper, flat, and surjective. For this, we first let 2(nn’) o)
for every positive divisor m of Icm(n, n’) be the preimage of Zin;n )(m)- Due to
Theorem 3.2.4(a), it then suffices to note that, by Proposition 4.2.12(a) and (d), the
induced map

%(nn/)(m) - %(I/L; n/)(m) X@m @nn’,

both components of which are forgetful, is finite locally free of constant positive
rank.

The relative dimension aspect will follow from the corresponding aspect for
2 (nn’) once we prove that the surjective map 2 (nn’) — 2 (n; n') is finite locally
free. In fact, due to Lemma 3.2.3 and the previous paragraph, representability
by algebraic spaces and quasifiniteness would suffice. The representability is
inherited from 2°(nn") — 2°(1) and the quasifiniteness follows from the moduli
interpretation.

The diagonal A 4,7 is proper due to the Z-separatedness of 2 and is quasifinite
due to Theorem 3.1.6(a), so its finiteness follows from Lemma 3.2.3.

(b) Due to the proof of (a) and the fact that the forgetful contractions (4.6.2.1)
are representable and finite locally free, only the constancy of the rank requires
attention and we may focus on 2((n; n’). Moreover, since %)(n; n’) is dense in
Z2o(n; n’), we may work on the elliptic curve locus. Therefore, since the rank of
% (nn') — % (1) is constant, the conclusion follows from Proposition 4.2.15(a)
which proves that Zy(n; n') — #/(1) is finite locally free of constant positive rank.

(c) The assertion about the geometric fibers follows from the corresponding assertion
for 2 (nn")*° C 2 (nn’) supplied by Proposition 4.3.2(b), so it suffices to prove that
for each positive divisor m of lem(n, n’) the restriction %% C Zmyof > C X is
areduced relative effective Cartier divisor over Spec Z that is smooth over Z[#] . To
do so, it suffices to note that %f) is the pullback of €£€5°, to apply Theorem 3.1.6(c)—
(d) and Proposition 4.2.15(a), to use the properties of the forgetful maps (4.6.2.1),

and to use the (Rg)+(S;) criterion for reducedness. U
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In principle it is possible to determine the largest Deligne-Mumford open sub-
stacks of 21 (n:;n'), 21(n: n'), and 2o(n; n') (such open substacks make sense a
priori due to Remark 3.1.7): one needs to inspect the defining modular descrip-
tions to determine those geometric points whose automorphism functors are not
étale. To illustrate the procedure, in Proposition 4.6.5 we exhibit large Deligne—
Mumford open substacks of Zi(n:n'), 21 (n; '), and 26(n; n') (the actual Deligne—
Mumford loci of 27 (n; n’) and 2((n; n’) may be larger). For the stack Mrp, (y:n)
considered in [Conrad 2007], Proposition 4.6.5(b) improves on [Conrad 2007, 3.1.7]
by proving that the Deligne—Mumford locus includes all the cusps in characteristics
p | N (even when p2 | ).

Proposition 4.6.5. Fixn,n’ € Z>, and set d := gcd(n, n').

(a) The stack 2 (n; n') is Deligne—-Mumford. In fact, the forgetful contraction
morphism
21y n') — 2(1)

is representable by algebraic spaces.

(b) The open substack of Z1(n; n') obtained by removing the closed substacks
21 (n; n/)gj for the primes p with ord,(n") > ord, (n) +2 is Deligne—Mumford.
If ord,(n') < ord,(n) + 1 for every prime p, then the forgetful contraction
morphism
Zi(n;n') — 2()

is representable by algebraic spaces.

(¢) The open substack of Zy(n; n') obtained by removing the closed substacks
Zo(n; n’)g‘; for the primes p with |ord,(n)—ord, (n")| > 2 is Deligne—Mumford.
If lord,(n) —ord,(n")| < 1 for every prime p, then the forgetful contraction
morphism
Zo(n;n') — 2(1)

is representable by algebraic spaces.

Proof. We recall from Lemma 2.1.6 that the automorphism functor of the standard
m-gon generalized elliptic curve is w,, x Z/2Z. To test the Deligne-Mumford
property of an open substack of Zi(n;n'), Zi(n;n'), or Zo(n;n'), we will use
the criterion of having unramified automorphism functors at geometric points (see
Remark 3.1.7). To test the representability of contraction morphisms, we will use
Lemma 3.2.2(b). These preliminary remarks already settle part (a).

(b) Our task is to show that if p is a prime, E is the standard m-gon with p | m
over an algebraically closed field k, and (E, a, H) is an object of 27(n;n’) (k)
with ord, (n") < ord,(n) + 1, then 1, C Aut(E) does not fix both & and H. By
decomposing into primary parts with the help of [Katz and Mazur 1985, 1.7.2] and
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by contracting away from the p-primary part of [G + H], we loose no generality
by assuming that n, n’, and m are powers of p and m > 1.

Suppose that ), fixes both o and H. Then «a cannot be ample, so H is ample,
H N (E™)Y contains p C (E*™)°, and ord,(n’) > 2. Therefore, the standard
cyclic subgroup H, C H of order p is contained in (E’™)? and hence equals
W p. Moreover, due to the requirement ord, n) < ord,(n) + 1, we have n > 1,
so, by Proposition 4.2.5(a), the requirement [G; + Hy] = ES"[d] implies that
[G,+ H,] = E*"[p]. The latter forces G, to project isomorphically onto the p-
torsion subgroup of the component group of E5™, so G injects into this component
group. Since H is ample and H N (E™)? £ 0, this violates the requirement
ord,(n’) < ord,(n) 4+ 1 unless G is ample, that is, unless « is ample, which is a
contradiction.

(c) Our task is to show that if p is a prime, E is the standard m-gon with p | m over
an algebraically closed field k, and (E, G, H) is an object of 2¢(n; n')(k) with
lord,(n) —ord,(n’)| <1, then u, C Aut(E) does not fix both G and H. As in the
proof of (b), we assume that n, n’, and m are powers of p and m > 1.

Suppose that i, fixes both G and H. By the conclusion of (b), i, cannot fix any
Drinfeld Z /nZ-structure (resp. Z/n'Z-structure) on G (resp. H), so G and H must
both be ample, and hence must both contain ., C (ES™Y. Then G p=H,=pu,
inside (ES™)°, which is a contradiction to the requirement [G, + H,] = E*[p]
inherited from [G,; + H;] = ES™[d]. U

With Proposition 4.6.5 in hand, we are ready for identifications with suitable
modular curves 2.

Theorem 4.6.6. Fixn,n' € 7.

(a) Let r 1(n; n') be the preimage in GL;, (Z) of the subgroup of GL,(Z/nn'Z) that
fixes the subgroups (Z/nn'Z)[n] x {0} and {0} x (Z/nn'Z)[n’] pointwise in
(Z/nn' 7)%. The forgetful contraction Z1(n; n') — 2 (1) induces the identifi-
cation

ﬁ(ﬂ, I’l/) == e%:ﬁ] (n;n')-

(b) Let T'1(n; n') be the preimage in GL; (/Z\) of the subgroup of GL,(Z/nn'Z7) that
fixes the subgroup (Z/nn'Z)[n] x {0} pointwise and stabilizes the subgroup
{0} x (Z/nn'Z)[n'] in (Z/nn'Z)*. If ord,(n') < ord,(n) + 1 for every prime
p, then the forgetful contraction 21 (n; n’) — 2°(1) induces the identification

Z1(n; I’l/) = 2T\ (n; n')-

(¢) Let Tg(n; n') be the preimage in GL,(2) of the subgroup of GLy(Z/nn'Z)
that stabilizes the subgroups (Z/nn'Z)[n] x {0} and {0} x (Z/nn'Z)[n'] in
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(Z/nn'Z)%. If lord, (n") —ord, (n)| < 1 for every prime p, then the forgetful
contraction Zy(n; n'y — 2°(1) induces the identification

2oy n') = Xrom; w)-

Proof. By Proposition 4.6.5, the imposed assumptions on n and n’ ensure that the
forgetful contraction morphisms to 2°(1) are representable by algebraic spaces.
Therefore, due to Theorem 4.6.4 and Theorem 4.5.1(c), we only need to show that,
for variable Z[#]—sohemes S, the % (l)Z[ . ]—stacks

Di(n;n)za ), Hsnyay, and B )y
parametrize elliptic curves E — S equipped with an S-point of

Ty (n; /) \ Isom(E[nn'], (Z/nn'Z)?), Ty(n; n’) \Isom(E[nn'], (Z/nn'Z)%),
and To(n; n') \Isom(E[nn'], (Z/nn'7)?),

respectively, where overlines denote images in GL,(Z/nn’Z). For this, it suffices to
inspect the defining modular descriptions of Zi(n;n'), 21 (n; n'), and 2(n; n’) and
to use the definitions of Ty (n; n'), Ty (n; n’), and Ty(n; n') given in the statements
of (a), (b), and (c). O

4.7. A modular construction of Hecke correspondences for 27 (n)

We wish to explain how the results of Sections 2.2, 4.4, and 4.6 give rise to a Hecke
correspondence

Ty, T2 . «%Fl(n;p) = %Fl(n)

for every n € Z>; and every squarefree p € Z> that may or may not be coprime
with n.

In terms of the moduli interpretations given in Sections 4.4.1 and 4.6.1 and
proved in Theorems 4.4.4(c) and 4.6.6(b), the maps are given by

T ((E,a, H)) = (co(E), ) and m((E,a, H)) =(E/H, ),

and are well defined due to the last aspect of Proposition 4.2.11(b) (we let ¢, (E)
denote the contraction of E with respect to the unique subgroup on which « is a
Drinfeld Z/nZ-structure). To argue that we have exhibited a correspondence, it
suffices to prove the following lemma:

Lemma 4.7.1. The maps m, and w, are representable, finite locally free, and
surjective.

Proof. Since m; is the 2°(1)-morphism induced by the inclusion I'y (n; p) C I'1(n),
its finiteness follows from the finiteness of 2y — £y observed in the last paragraph
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of Section 4.1.2. By Theorem 4.4.4(a), 2T, () is regular, so the flatness of 1 follows
from [EGA IV, 1965, 6.1.5]. The surjectivity of 771 may be checked over (%1, ))a.

For the representability of m, due to Lemma 3.2.2(b) and the representability
of 21 (m; py = Z (1), it suffices to observe that if E is a generalized elliptic curve
over an algebraically closed field and H C E®" is a finite subgroup, then every
automorphism i of E that stabilizes H and induces the identity map on E/H
must fix (ES™)" because the endomorphism idgsn —i | gsm of ES™ factors through H.
The properness of m, follows from the Z-properness of 2T, py and 2T, (), SO
its quasifiniteness may be checked on geometric fibers. Finiteness of m; is then
supplied by Lemma 3.2.3, and its flatness follows from [EGA IV, 1965, 6.1.5].
Finally, the surjectivity of 7 may be checked over (%1, ())a. ([

In the case when p is a prime, the Hecke correspondence above has already
been constructed in [Conrad 2007, 4.4.3] by a different method: due to the lack
of the theory of quotients of generalized elliptic curves by arbitrary finite locally
free subgroups, [loc. cit.] first defines , by the same formula on the elliptic curve
locus and then argues that the resulting map extends uniquely to the entire 2T, (4 p)-
The construction above seems simpler and more direct, and it also produces the
map & of [Conrad 2007, 4.4.3]: if e and ¢’ are the identity sections of £ — S and
E/H — S, then there is a map

) (e mys) = € (Qys)

whose formation is compatible with base change in S.

Chapter 5. A modular description of 21,

For an integer n € Z- and the subgroup
To(n) :={(%4) € GLy(Z) | ¢ =0 mod n},

the goal of this chapter is to exhibit the modular curve 2T, defined via normaliza-
tion (see Section 4.1.2) as a moduli stack parametrizing generalized elliptic curves
equipped with a “I'g(n)-structure,” which on the elliptic curve locus is the datum
of a subgroup that is cyclic of order » in the sense of Definition 4.2.6. The proof of
the correctness of this moduli interpretation in Theorem 5.13 will simultaneously
deduce the regularity of 2T, from that of %1, proved by Katz and Mazur. We
begin with a naive modular description that recovers 2T, ;) only for squarefree n
and then proceed to refine the naive description to a description that works for any 7.
Throughout Chapter 5 we fix an integer n € Z>1.

5.1. The stack 2)(n)"®*°. This is the Z-stack that, for variable schemes S,
parametrizes the pairs
(E% S, G)
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consisting of a generalized elliptic curve £ > S and an ample S-subgroup G C ES™
that is cyclic of order n (in the sense of Definition 4.2.6). We call such a G a naive
To(n)-structure on E.
We let
%(n)naive C %(n)naive

be the open substack that parametrizes those pairs for which E is an elliptic curve.
For each positive divisor m of n, we let

Loy C Zo(m)™e

be the open substack that parametrizes those pairs for which the degenerate geo-
metric fibers of E are m-gons.
In the notation of Section 4.6.2, one has

20" = 25(n; 1),

s0, by Theorem 4.6.4(a), the stack 2((n)"¥® is algebraic, proper and flat over
Spec Z, and regular with finite diagonal A 5 ,,naive ;7. By Theorem 4.6.4(b) (and its
proof), the morphism

Z(n) — Zo(m)"™"

that sends a Drinfeld (Z/ nZ)?-structure « to the subgroup on which a|z;,zx 0y 18
a Drinfeld Z/nZ-structure and contracts the underlying generalized elliptic curve
with respect to this subgroup is finite locally free of rank 7 - ¢ (n)>.

If n is squarefree, then Theorem 4.6.6(c) proves that the contraction

Zo(m)™ — 2°(1) s identified with the structure morphism Zrom —> Zo(1).

This identification fails when 7 is divisible by p? for some prime p: variants of the
example given in Section 1.2 show that for such n the contraction

%(”)naive N :%‘(1)
is not representable.

5.2. The notation d(m). For a positive divisor m of n, we set
m
ged(m. 2)°
so that d(m) depends both on m and on the integer n that is fixed throughout.
To explain the role of the function m +— d(m) in the context of I'g(n)-structures
on generalized elliptic curves, let E be the standard m-gon over an algebraically

closed field and suppose that E is equipped with an ample cyclic subgroup G C ES™
of order n. Then G N (ES™)0 = Mn/m and [, C Aut(E) is the subgroup of those

d(m) :=
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automorphisms that induce the identity map on the contraction of E with respect
to the zero section (see Lemma 2.1.6). The further subgroup of Aut(E) that in
addition stabilizes G is therefore (4, N f4n/m = gedon,n/m) (intersection in (£ smy 0y
and this subgroup acts trivially on precisely d(m) of the m irreducible components
of E.

When refining G to a I'g(n)-structure on such an E, we will only remember
the contraction cgsmiq(m)](E) that is a d (m)-gon together with the standard cyclic
subgroup G (4/m).a(m) of order % -d(m). In addition, we will require the datum of a
compatible ample cyclic G’ of order n on every E’ that contracts to (a base change)
of cgsmpgm)](E) and that has m-gon degenerate geometric fibers. Different m may
give the same d(m), so there is no way to recover m from cgsmig(m)](E) alone; to
overcome this, we will incorporate m into the data that comprises a "¢ (n)-structure.

For the precise definition of a ['g(n)-structure given in Section 5.10, we need the
following preparations.

5.3. The stack of “decontractions”. Fix a positive divisor m of n and suppose that
we have a generalized elliptic curve E % S and an open subscheme Sy (,,) C S that
contains the elliptic curve locus S — §°°" and such that the degenerate geometric
fibers of Es_ ,, are d(m)-gons. (Such an Sy ) will be part of the data of a I'g(n)-
structure on E.) The base change Ej, ,, determines a map Sy ) — €€Lagn), SO
we may consider the fiber product algebraic stack

Sﬂ, (m) X%de) %ﬂm ,

which parametrizes “decontractions” of Eg

,(m)

variable Sy (n)-schemes §’, parametrizes the pairs

or, more precisely, which, for

(E' = 8",/ Eg => cpmmpaum)(E))

consisting of a generalized elliptic curve E' > S’ whose degenerate geometric
fibers are m-gons and a specified S’-isomorphism (. We denote the universal object
of Sn,(m) X@d(m) %ﬁm by

(Ex(m)» L, (m))-

The base change of Sy ) X Eetyom) €L, (resp. of Ex (m)) to S — §°7 is identified
with § — §°7 (resp. with Eg_g~.x), and the same holds over the entire Sy () if
d(m) =m.

We will endow the universal “decontraction” & ) with additional structures.
The algebraic stack &, () is typically not a scheme, but there are two ways to think
about such structures concretely:

« As compatible with isomorphisms and base change structures on E’ for each

(E' = §',0/):
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o As compatible under the pullbacks

Sﬂ’(m) X@d(m) Xl 3 S]'[,(m) X%ﬂd(m) XO
structures on the “decontractions” over the indicated bases, where
X, = Xo — €,

is a once and for all fixed scheme presentation of the algebraic stack €£¢,,, so
that

Sﬂ,(m) X%Wd(m) X1 = Sﬂ,(m) X@d(m) Xo— Sn,(m) X@d(m) €L,y

is a scheme presentation of the algebraic stack Sx m) X gz, %Z@ (by Theorem
3.1.6(a), the algebraic stacks €ee,, and %Eﬁd(m) have ﬁmte diagonals, so
Xo Xz, Xo and similar fiber products that would a priori be algebraic spaces
are schemes).

The second way has the advantage of avoiding set-theoretic difficulties that would
need to be addressed in order to make the first way completely rigorous.

The contractions of the generalized elliptic curves parametrized by the stack
Sr.(m) X El gom 0L, are identified. In particular, the degenerate geometric fibers of
these curves have canonically isomorphic component groups because the identity
component of such a fiber may be used to fix the “direction” of the m-gon. This
observation lies behind the following lemma:

Lemma 5.4. Let E %> S and E' Z> S be generalized elliptic curves whose degen-
erate geometric fibers are m-gons and let v : c(E) => c¢(E’) be an S-isomorphism

between their contractions with respect to the identity sections.
(a) If S is a geometric point, then there is a unique identification
Esm/(Esm)O E/@m/(E/im)

of the component groups that is induced by any isomorphism E ~ E' that is
compatible with (.

(b) If §™d = (§°07)red (50 that also S™4 = (§°°7)ed) then there is a unique
S-identification

(E*™)[m]/(ES™)°[m] = (E"™)[m]/(E"™)°[m]

whose base change to any geometric S-point s is induced by any s-isomorphism
E; >~ E! compatible with i;. Any S-isomorphism i : E >~ E" compatible with |
induces this identification.
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(c) For g € ES™(S) and g’ € E'™™(S), the set of s € S for which g and g’ meet the
same (in the sense of (a)) irreducible components of E5 and E forms an open
subscheme of S that is also closed if S™4 = (§°7)rd,

Proof. (a) If either E or E’ is smooth, then ¢ itself induces the desired identification.
We may therefore assume that both E and E’ are degenerate. Then, by Remark 2.1.9,
both E and E’ are isomorphic to the standard m-gon discussed in Remark 2.1.5.
Moreover, any two isomorphisms E =~ E’ that are compatible with ¢ differ by an
automorphism of E’ that is the identity map on (E"™)°. It remains to observe
that, by Lemma 2.1.6, any automorphism of E’ that is the identity map on (E’S™)°
induces the identity map on E’S™/(E"S™)O,

(b) If S is a geometric point, then
(E*™)[m]/(E™) [m] = E*™ /(E*™)°,

and likewise for E’, so the claim follows from (a). In general, by Lemma 2.1.11,
both

(ES™)[m]/(ES™°[m] and (E"™)[m]/(E"™)°[m]

are étale, so we may and do assume that S = §™. In this case, by Remark 2.1.9, i
exists fppf locally on S. Moreover, any i satisfies the defining property, so we only
need to check that two different i induce the same identification. For this, the case
of a local strictly Henselian S suffices and reduces to the settled case of a geometric
point.

(c) We may assume that § = §°7 = §°7" and § is reduced and may work fppf
locally on S. We therefore use Remark 2.1.9 to fix an S-isomorphismi : E => E’
that is compatible with ¢ and to assume that E is the standard m-gon. In this case,
the label of the component of £°™ that meets g is locally constant on S, and likewise
for .71 (g"). O

5.5. Coherence of a cyclic subgroup of the universal “decontraction”. In the
notation of Section 5.3, part of the data of a I'g(n)-structure will be an ample cyclic
(Sr.(m) X &gt 4,y €¢Em )-sUbETOUP

Gomy C Em)

. ’ .
of order n, or, in more concrete terms, for every (E’ > §’, () an ample cyclic

S’-subgroup G’ C E™*™ of order n that is compatible with base change and with
isomorphisms of pairs (E’, (") (for the notion of cyclicity, see Definition 4.2.6).

In order to isolate a well-behaved class of such Gy, we say that G, is coherent
if:
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For every Sy m)-scheme S’ and every pair of objects
Y Om,(m)

/

(E] 75 8'.0) and (B> 8.40)

of (Sz.om) X Eom, €0l,,)(S"), the pullbacks G| C E™ and G, C E5™
of Gy fpqc locally on S’ have generators g} and g} that meet the same
(in the sense of Lemma 5.4(a)) irreducible components of the geometric
fibers of E| and E’, and satisfy

@75 81) =G - 85):

(The last equality takes place in £ and makes sense because Z

= - g} lies in the
contraction ¢ E;S'"[d(m)](E 1) by Proposition 4.2.9(c), and likewise for - - gé) Equiv-
alently, the coherence of G, is a condition of the existence of compatible fpqc

local generators of the pullbacks of G, along the two projections
(Sz.m) Xz, Elm) X5, oy (Sr.m) X Eyom) €lm) = Su.(m) 7T €y,

where compatibility amounts to the conditions imposed on g} and g5 above.

In what follows, the purpose of the coherence condition is to ensure that G, is
uniquely determined by its pullback to any (E’ Z> §', (') with 8’ = Sy (), provided
that such an (E’, ') exists. Lemma 5.7 will justify this, and its aspect (iii) will show
that no generality is lost if one strengthens the coherence condition by fixing an
fpqc local generator g; of G/ in advance.

Any Gn) is coherent if Sy () X G g &, = 7,(m)» and also if n is a unit on
Sx,om) as we now show.

Lemma 5.6. Ifn is invertible on Sy (), then every ample cyclic (Sx,(m) x@d(m)‘éﬂm)-

subgroup Ggny C Efr“%m) of order n is coherent.

Proof. We will show that for every pair (E| ﬂ>S/, t}) and (EégS/, t5) as in the
definition of coherence, desired generators g; and g, of G| and G/, exist even étale
locally on S’. For this, due to Lemma 5.4(c), we may assume that S’ is local strictly
Henselian and that the special fibers (Ei)s/ and (Eé)s/ are degenerate. Moreover,
since (E})*"[n] and (E%)*™[n] are étale and G| and G, are constant, we may assume
further that S’ is a geometric point. In the case of a geometric point, it suffices to
transport any choice of a g} across any S’-isomorphism (E}, 1}) > (E}, 1}). O

The following key lemma analyses the coherence condition beyond the case
when n is a unit by exhibiting a universal property satisfied by pullbacks of a
coherent G,,y. This property compensates for the loss of a direct reduction to
geometric points that governed the case of an invertible .

Lemma 5.7. Let m be a positive divisor of n, let d € Z>1 be a multiple of m, let
E Z> S and E' Z> S be generalized elliptic curves whose degenerate geometric
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fibers are d-gons, and let
Lz cpsiamy) (E) = cpmmiamy (E')

be an S-isomorphism. For every cyclic S-subgroup G C E®™ of order n that meets
precisely m irreducible components of every degenerate geometric fiber of E, there
is a unique cyclic S-subgroup G’ C E"™ of order n such that:

(i) Over S — $§®7 = 8§ — §°°7 there is an equality 1(Gg_gwon) = G/Sisoo_ﬂ/.

(ii) fpgc locally on S there exist generators g of G and g’ of G’ that meet the same
irreducible components of the geometric fibers of E and E’ (in the sense of
Lemma 5.4(a)) and satisfy

(n-g)=m-g.

(So G’ meets precisely m irreducible components of every degenerate geometric
fiber of E’.)

Moreover, this unique G' is such that:

(iii) For every S-scheme T and every generator g of G, fpqc locally on T there
exists a generator §' of G’ such that g and g’ meet the same irreducible
components of the geometric fibers of E and E' and satisfy

(o8) =i
(iv) The standard cyclic subgroups G ;,/my.aomy C G and G/(n/m),d(m) C G’ of order

-~ -d(m) satisfy /
UG /my-am) = G nymy-dm)-

Remark 5.8. Due to Proposition 4.2.9(c), the equalities displayed in (ii)—(iv) make
sense.

Proof of Lemma 5.7. We have broken the argument up into six steps.

Step 1: The claim of (iv) follows from the rest. The subgroups t(G 1/m).a(n)) and
Gzn/m).d(m) of,E’Sm are cyclic of order == - d(m), agree with t((G (1/m)-d(m)) s—s%)
over § — S°7 | and fpqc locally on S have generators t(dzn—m) . g) and ﬁ - g’ whose
2 _multiples equal ¢(Z - (% -g))- Therefore, t(G (u/m)-a(m)) and G /my-d(my MUSE
be equal because they satisfy (i) and (ii) when n, m, and G are replaced by % -d(m),
d(m), and G (4/m).a(m)» respectively (G (u/m).am) meets precisely d(m) irreducible
components of every degenerate geometric fiber of E due to Proposition 4.2.9(c)).

Step 2: The claim of (iii). We may assume that 7 = S and may work fpqc locally
on S, so we fix g, ¢/, and g over S. In order to find a desired fpqc local g’, we
work Zariski locally on S and use limit arguments together with Lemma 5.4(c) to
reduce to the case when § = Spec R for some Noetherian R. Then we pass to an
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fpqc cover to assume that R is complete and separated with respect to the ideal /
that cuts out S°7 (equivalently, with respect to the ideal that cuts out $°7'; see
Corollary 3.2.5).

By Proposition 3.2.7(a), ES™[n] (resp. E*™[n]) has the largest finite locally free
S-subgroup A, (resp. A, ) that meets precisely m irreducible components of
every degenerate geometric fiber of E (resp. E), so G C A, and G’ C A, .
Moreover, Proposition 3.2.7(a) supplies extensions

0 —— By, —— Aunm Cu 0

of S-group schemes, where the identification of B,, is via ¢ and the identification of
C,, is via Lemma 5.4(b) (applied over R/1 J for every j > 1 to the contractions of
Eg/pi and E ;e J1i with respect to the m-torsion). As may be checked on degenerate
geometric fibers, the generators g € G(S) and g’ € G'(S) project to the same section
of C,, that gives an isomorphism C,,, ~Z/mZ.

The homomorphism G — C,, is finite locally free and, by Proposition 4.2.10(a),
its kernel is the standard cyclic subgroup G, C G of order ;-. By replacing g
and g’ by u-g and u - g’ for a suitable u € (Z/nZ)*(S), we reduce to the case when
g and g have the same image in Cy,. Then g — g € G/, 50 ;- - g = +- - &, which
means that we may choose g’ to be g’.

For the rest of the proof, we focus on the remaining claim about the existence
and uniqueness of G’.

Step 3: Reduction to the case when n is a prime power. The group G, as well
as any candidate G’, decomposes as a product of its p-primary parts for various
primes p dividing n. By [Katz and Mazur 1985, 1.7.2], cyclicity of G or of G’ is
equivalent to the cyclicity of the primary factors, and the datum of a generator of G
or of G’ corresponds to the datum of a generator of each primary factor. Therefore,
for the existence and the uniqueness of the sought G’ we may assume that n is a
prime power.

For the rest of the proof, we assume that n = p” and m = p® for some prime p
andr, s € Z>.

Step 4: The case s = 0. For the existence, ((G) fulfills the requirements (i)—(ii).
The uniqueness reduces to the case of an Artinian local S and then follows from
Proposition 3.2.7(a).

For the rest of the proof, we assume that s > 1, so that ;- # n.
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Step 5: Uniqueness of G'. Due to the claim concerning (iii) (i.e., due to Step 2),
we may assume that the two candidates G|, G, C E”™ have generators g; and g}
that meet the same irreducible components of the geometric fibers of E” and satisfy
-8\ = - g Furthermore, we may assume that the base S is Noetherian, then
local, then complete, and finally Artinian, and that £’ is nonsmooth over S. Then,
since g} — g5 € (E®™)°(S) and o - g\ =1 -g,, we have

gy=g|+h forsomeh e (E"™°[L](S).

By Lemma 2.1.11 and Proposition 4.2.10(a), the S-group (E’Sm)o[n/m] is the
standard cyclic subgroup of G/ of order -, so Proposition 4.2.9(f) ensures that
g} + h generates G/, which means that G| = GJ,.

Step 6: Existence of G'. Due to the uniqueness of G, for its existence we may work
fpqc locally on S, so we fix a generator g of G. Moreover, as in Step 2 we reduce
to the case when S = Spec R for a Noetherian R that is complete and separated
with respect to the ideal / C R that cuts out $°" and use Proposition 3.2.7(a) to
obtain the diagram of extensions displayed in Step 2.

By Proposition 3.2.7(a), E*™[m] C A;l’m, so E™"™[m/d(m)] C A;l,m, too, and
hence the image of A}, under the multiplication by m /d (m) map of E"™ is a finite
locally free S-subgroup of A, .\ 4o aqm) OF Order (£ -d(m))-d(m). This image
therefore equals A’(n/m).d(m),d(m), so, since ((m/d(m) - g) lies in Azn/m).d(m)’d(m),
after replacing S by a finite locally free cover we may choose a g’ € A, (S) with

m / m
d(m) # = ‘<m 8 )
Since E""™[m/d(m)] is an extension of (C,,)[m/d(m)] by (B,)[m/d(m)], after a
further finite locally free cover of S we may adjust g’ by a lift to (E”™[m /d (m)])(S)
of the difference of the images of g and g’ in C,, to arrange that g and g’ have
the same image in C,, and hence meet the same irreducible components of the
geometric fibers of E and E’.

By Proposition 4.2.5(d), g’ generates a cyclic S-subgroup G’ C E"*™ of order n.
Since (m/d(m)) | (n/m), the group G’ satisfies (ii). Thus, to complete Step 6, and
hence also the proof of Lemma 5.7, it suffices to show that

UGs—ser) = Gy

_goo,m’*

We have G C A, and G’ C A, with g and g’ projecting to the same section
of C,,. Moreover, by Proposition 3.2.7(b) and the diagram displayed in Step 2, both
L((Apm)g_goon) and (A} ) g goonr are the preimages in E;,Soo.n/ [n] of the unique
(S — S“’”/)—subgroup of (E"™[n]/B,)g_geon of order m, so

. . ’
¢ identifies A, ,, and A}, over § — ST,
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We claim that under this identification via ¢, the image of gg_geor in A, /By
agrees with the image of g{ ., in A}, /B,. Since A, /B, is finite étale, it
suffices to check the claimed agreement on the geometric fibers at the points in
S — 5% 50 the technique used in the proof of Proposition 3.2.7(b) reduces the
proof of the claimed agreement to the case when R is a discrete valuation ring and
E and E’ have smooth generic fibers but nonsmooth closed fibers. In this case,
by Proposition 3.1.8(b), ¢ extends to a unique isomorphism E =~ E’, which then
must induce the identification of the groups C,, for E and E’. Thus, in this case the
claimed agreement follows from the agreement of the images of g and g’ in C,,.

Returning to the proof of ((Gg_goor) = Gig, oo’ via the above reasoning, we
conclude that gé_ oo’ t(gs—seon) lies in B,,. Moreover, since (m/d(m)) | (n/m),
the construction of g’ ensures that

% . g;«_soo,ﬂ’ = % : [‘(gS—SDO’”)'
Therefore, there is an i € ((B,)[n/m])(S — §°-"y such that

g;‘_Soo,n’ = t(gS*SOO’”) +h

By the uniqueness aspect of the first assertion of Proposition 3.2.7(a) and by
Proposition 4.2.9(c), (B,,)[n/m] is the standard cyclic subgroup of G of order :-, so
t(gs—so) + h generates ((G g_g~.n) by Proposition 4.2.9(f). The sought equality

1(Gg_goor) = G/S—soo,ﬂ’ follows. O

We are ready for the definition of a I'g(n)-structure on a generalized elliptic curve.

5.9. ['g(n)-structures. For a generalized elliptic curve E X S, a I'g(n)-structure
on E is a tuple

(G: {Sn,(m)}mln, {g(m)}mln)
consisting of the following data:

(1) a cyclic (S — §°7)-subgroup G C Eg_gxx of order n (in the sense of
Definition 4.2.6);

(2) for each positive divisor m of n, an open subscheme S () C S such that
(2.1) §= Um Sx,(m)>
(2.2) if m #£ m’, then Sn’(m) N Sﬂ,(m/) =8 —-85%7;
(2.3) the degenerate geometric fibers of Eg_ =~ are d(m)-gons, where
dim)= ———;
() gcd(m, %)
(3) for each positive divisor m of n, in the notation of Section 5.3, an ample cyclic
(S, (m) x@d(m)%am)-subgroup

Gy C Exlm)
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of order n such that

(3.1) on the elliptic curve locus,

(Gm)) s—s2o7 = Lz, (m)(G);
(3.2) the cyclic subgroup Gy, is coherent in the sense of Section 5.5.

Remark 5.9.1. If £ — S is smooth, then the data (2)—(3) are uniquely determined
by (1) and a I'g(n)-structure on E is nothing more than a cyclic S-subgroup of
order n.

Remark 5.9.2. If n is invertible on S, then, by Lemma 5.6, the requirement (3.2)
is superfluous.

Remark 5.9.3. If n is squarefree, then d(m) = m for every m, so that Sy () is
the open subscheme of S obtained by removing all the $°°™"" with m’ # m, the
“decontraction” & ) 18 Es, ,, itself, and a ['g(n)-structure on E is nothing else
than an ample cyclic S-subgroup of E*™ order n.
In general, the datum {Sy u)}mn of (2) is equivalent to a subdivision
Soo,rr — I_l Soo

mln X, (m)°’

subject to the requirement that S]‘;O(m) C §°07dM) for every m. In this notation,

Sn,(m) == S - (Um’;ém Sjc;’o(m/)).
Remark 5.9.4. The subgroup G, determines an ample cyclic Sy, (,)-subgroup
G(m) C E;{-?(m)

of order % -d(m) such that (G ))s—s~~ is a standard cyclic subgroup of G. To
build G ), we choose an fppf cover S’ of Sy ) for which there is an object
(E'"— 8", V) of Sx.im) X &g €Ly, let G’ C E"™ be the pullback of G(m), and use
Proposition 4.2.9(c) to set

(Gmy)s =) (G my-dm))-

Lemma 5.7(iv) shows the agreement of the two pullbacks of (G ,))s to S” x Se.om) S,
and hence also the effectivity of descent to the sought G, over Sy (), as well as
the independence of the resulting G, on the choice of §” and (E’, !').

By construction and Lemma 5.7(iv), (5, (n)(Gm)) is a standard cyclic subgroup
of g(m) .

The principal reason why the stack Zy(n) that we are about to introduce is
practical to work with even when # is not squarefree is Lemma 5.12(a) below.
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5.10. The stack %y(n). In order to construct this Z-stack, we begin by letting S
be a variable scheme and by defining the categories Zy(n)(S).
The objects of Zp(n)(S) are the tuples

(E > S, G’ {Sn,(m)}mln, {g(m)}mln)

consisting of a generalized elliptic curve E > S and a 'y(n)-structure on E.
In Zo(n)(S), a morphism

(Ei 58, Gr, (S ) {Gum1}) = (E2 .S, G, (Smyim)s {Gimy.2})

between two tuples such that Sy, n) = Sx,,(m) for every positive divisor m of n
consists of:

(D) an S-isomorphism ig : £y => E, of generalized elliptic curves such that
(ig)s—s>m(G1) = Go;
(II) for each positive divisor m of n, an isomorphisms i(,, of stacks over

S, (m) = S, (m)

and an isomorphism ¢, of generalized elliptic curves that fit into the commu-
tative diagram

~

Exy,(m) Exy,(m)

LT

Sret,(m) X gt 1y €Ll — Srts,(m) Xty €€
(m)

and such that ig ,, induces the isomorphism (ig)g o xem between the
. . 1 0m) C € m
contractions of &, n) and &, ny With respect to

em pldm)] and  EM . [d(m)],
respectively, and satisfies
L€ (Gam).1) = G(m).2-

There are no morphisms between tuples for which Sz, () 7# Sz,,(m) for some m.
In concrete terms, the datum (i(n), ig,,,) of (II) amounts to

(I') an Sy, (m)-isomorphism

iom) - Sﬂl’(m) X@d(m) %m = Sﬂzﬁ(m) X(’gﬁd(m) %Tﬁm
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together with: for every object (E] — S, ¢}) of Sz, (m) X Tl gom €el,, with
i(m-image (E} — §', 1}), a generalized elliptic curve isomorphism

. L~ /
g ey By = E)

that is compatible with (ig)g (via ¢} and (), brings the pullback of Gy 1 to
the pullback of G, 2, and whose formation commutes with isomorphisms and
base change of pairs (E1, (}).

A compatible with ig pair of isomorphisms (i(), ig,,) always exists (send
(Ej, 1)) to (Ef, ¢ o (iE)g,l)) and, thanks to ig,,, is unique up to a unique isomor-
phism. However, this unique (i), i¢,,,) may not automatically respect G;,),1 and
G(m),2- In practice, the uniqueness up to a unique isomorphism means that the lack
of canonicity in the choice of (i(n), ig,,,) does not matter and that the construction
of Zp(n) stays in the realm of 2-categories.

The existence of a unique (i(m), ig,,,) compatible with ig ensures that:

o Zo(n)(S) is a groupoid; and
« the base change functor 24(n)(S) — 2p(n)(S") along variable scheme mor-

phisms S — S turns 2((n) into a Z-stack for the fppf topology (see [SP
2005—, 026F] for stack axioms).

We let
Zo(n)* C Zo(n) and  Hp(n) C Zo(n)

be the closed substack cut out by the degeneracy loci $°°" and its open complement
(the elliptic curve locus), respectively. By Remark 5.9.1, there is an identification

B (n) = Bp(n)™e.

By Remark 5.9.3, if n is squarefree, then 2y (n) is identified with Lo (n)naive,
For a positive divisor m of n, we let

Zo(n)my C Zo(n)

be the open substack cut out by the subschemes Sy (). For every tuple classified
by Zo(n)m), the degenerate geometric fibers of E are d(m)-gons.

5.11. The contraction 25(n)"¥¢ — 24(n). Let E Z> Sbe a generalized elliptic
curve equipped with a naive I'g(n)-structure, i.e., with an ample cyclic S-subgroup
G C E® of order n. To build a I'g(n)-structure on a generalized elliptic curve
E Z> S out of (E, G), we first construct E by letting S5, (), for a positive divisor m
of n, be the largest open subscheme of S over which the degenerate geometric fibers
of E are m-gons and by letting E be the gluing of the contractions ¢ gsmigm))(Es; )
along Eg_g~~. We endow Eg_gws With the cyclic subgroup Gg_g~.~ of order n.
This produces the data (1) and (2), so it remains to explain how to get (3).
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For a fixed positive divisor m of n, each Sz (m)-scheme S’, and each generalized
elliptic curve E’ — S’ whose degenerate geometric fibers are m-gons and that is
equipped with an §’-isomorphism

U1 Eg = cpsmiaum))(Es) => cemmaomy(E'),

we endow E’ with the unique cyclic S’-subgroup G’ of order n supplied by
Lemma 5.7. Due to the uniqueness, the formation of G’ commutes with base
change and with isomorphisms of pairs (E’, (). In other words, the subgroups G’
give rise to a cyclic subgroup Gy C E7,,, of order n, which agrees with G on the
elliptic curve locus due to Lemma 5.7(i), is ample due to Lemma 5.7(ii), and is
coherent due to Lemma 5.7(iii). This gives the sought datum (3).

The construction of E and of its [o(n)-structure respects isomorphisms and base
change of pairs (E, G), so we obtain the sought contraction morphism

2™ — 2Zo(n),
which for each positive divisor m of n restricts to a morphism

Zo(n) e = Zo(n) ).

The following lemma together with Lemma 5.7 is the driving force of our analysis
of Zo(n).
Lemma 5.12. Let m be a positive divisor of n.
(a) The square

Zo(n){aNe —— €ty

|

20(n) (my — €Ly
is Cartesian.
(b) The map Zo(n)m)y — %Wd(m) is representable by schemes, of finite presenta-
tion, separated, quasifinite, and flat; moreover, it is étale over Z[1/n].

Proof. (a) For a generalized elliptic curve E & S, part of the data of a ['g(n)-
structure o on E with Sy ) = S is the datum of a naive I'g(n)-structure G’ on E’
for every (E' Z> S, ') classified by Sy.m) X Egom ©€0L,,. The assignment of this
naive ['g(n)-structure gives the morphism

20(0) ) X572, €m = Lo,
naive

which, by construction of the contraction Zy(n m Zo(n)m) 1n Section 5.11,
is a left inverse to the induced morphism

%(n)?f:,i)ve = Z20(0)(m) X &40, €Ll
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To prove that it is also a right inverse, we need to argue that o agrees with the
[g(n)-structure on E determined as in Section 5.11 by the naive I'g(n)-structure
G’ on E'. For this, the key point is the coherence requirement (3.2) on the G,
that is part of «: thanks to it and to the uniqueness aspect of Lemma 5.7, for every
(E"Z5 S, ") classified by S, (m) X g €0l,,, the naive ['y(n)-structure G” on
E” that is part of « is also the one determined by G’ through Lemma 5.7, and
likewise over any S-scheme S'.

(b) We prove the asserted properties with the representability by schemes require-
ment replaced by representability by algebraic spaces — due to Lemma 3.2.3, this
loses no generality.

By Proposition 4.2.15(a) (applied with m =1 there), %(n)‘(‘j;;’e — €L, enjoys
all the properties in question. Moreover, these properties are fppf local on the target
(for the representability by algebraic spaces, see [SP 2005—, 04SK] or [Laumon and
Moret-Bailly 2000, 10.4.2]) and, by Theorem 3.2.4(a), €el,, — %ﬂd(m) is surjective,
flat, and of finite presentation. With the help of (a), we therefore conclude that

Z0(n) (my — €€La () inherits the properties in question. U

We are ready for the sought identification Zy(n) = Z1,) and for the regularity
of %ro(n).

Theorem 5.13. (a) The stack Zy(n) is Deligne—Mumford and regular. The map
Zo(n) — Z'(1) that forgets the U'g(n)-structure and contracts with respect to
the identity section induces the identification

Zo(n) = %Fo(rz);
more precisely, Zo(n) and Zt,u) are the normalizations of Z (1) in
(m)z[1] = Do 5]

(b) The substack Zy(n)>*° C Zy(n) is a reduced relative effective Cartier divisor
over Spec Z that meets every irreducible component of every geometric fiber
of Zo(n) — Spec Z and is smooth over Z[1/n].

Proof. (a) We will use the axiomatic Theorem 4.5.1. To apply its part (a), and
hence to prove the algebraicity of 2y(n) and the quasicompactness and separat-
edness of A ;()/z, we use the open cover 2o(n) = J,,, Z0(n)m) and appeal to
Lemma 5.12(b). To then apply Theorem 4.5.1(b), and hence to prove the regularity
of Zo(n), we let Z'(n) — Zp(n) be the composition of the contractions

2(n) — 2om)™™  and  25(n)"M — 25(n)

of Sections 5.1 and 5.11 and note that this composition is proper, flat, and surjective
due to Section 5.1, Lemma 5.12(a), and Theorem 3.2.4(a). Finally, in order to prove
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that Zy(n) is Deligne—-Mumford and Zy(n) = Z1,u), by Theorem 4.5.1(c), we
need to prove that the map
Zo(n) — Z(1)

is representable by algebraic spaces and that its base change to % (1)z(1/x) is
identified with

Do [5] = P (Dz[1]-

Since %p(n) = % (n)™¥e, the latter identification results from the fact that the image
of I'g(n) in GL,(Z/nZ) is the stabilizer of the subgroup Z/nZ x {0} in (Z/nZ)2
(compare with the proof of Theorem 4.4.4(c)).

Due to Lemma 3.2.2(b), the representability of Zy(n) — 2°(1) will follow once
we prove that, for every Artinian local algebra A over an algebraically closed
field k and every & € 2,(n)(k), no nonidentity automorphism of &|4 maps to an
identity automorphism in Z°(1)(A). More concretely, by Lemma 2.1.6, we need to
prove that for every positive divisor d of n and every prime divisor p of d, there is
no I'g(n)-structure « on the standard d-gon E over k such that some nonidentity
automorphism i € p,(A) C Aut(E)(A) fixes the pullback a4 of a to A. For the
sake of contradiction, we fix such « and i.

We let m be such that o has Sy ) # &, so, in particular, d(m) = d. We
let (E 1) be the standard m-gon over k equipped with the canonical isomorphism
LE = cp, () (E ). Up to unique 1somorph1sm the pa1r of isomorphisms (i), ig,,,)
that extends i as in Section 5.10 sends (EA, ta) to (EA, ta0i™ 1), so the ample
cyclic A-subgroups G C E;m and G' C Ej‘m of order n that are the pullbacks of
G(m) corresponding to (EA, t4) and (EA, 1400~ 1) must be equal:

G =G’ inside E4.

We replace A by an Artinian local fppf cover to assume that the automorphism
tgoio LZI of ¢ Eim[d](E 4) 1s the contraction of an automorphism

i € um(A) C Aut(E)(A).
Then i gives an isomorphism (EA, tpoi~h = (EA, t4), so must satisfy
i(Gh=G, ie, i(G)=
The latter equality means that i i also liesin G N (E Sm)o (Mn/m) A, that is,
i € Wacdom,njm)(A).

However, wgcdm,n/m) acts trivially on ¢ gsm[d(m)](g ) by the definition of d(m) (see
Section 5.2), which means that 14 oi o LZI = id and contradicts the assumption that

i #id.
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(b) By the proof of (a), Z'(n) - Zo(n) is surjective, so the claim about the
geometric fibers follows from the corresponding claim for 2°(n)*° C 2°(n) proved
in Proposition 4.3.2(b).

For the rest, we may work on Zy(n),) and may focus on the corresponding
claims for

%(n><(>r?l) = %(”)(m) N %(”)Oov
so it suffices to observe that %(n)(ojl) is the preimage of %ﬁj?m) under the map
20(n) ) — €Lagmy,

to apply Theorem 3.1.6(c)—(d) and Lemma 5.12(b), and to use the (Ry)+(S)
criterion for reducedness. O

Chapter 6. Implications for coarse moduli spaces

The main goal of this chapter is to take advantage of the moduli interpretation of
Zo(n) presented in Chapter 5 to prove that the coarse moduli space X (n) is regular
at the cusps (and, in fact, regular on a large open subscheme, see Theorem 6.7).
This regularity is not new: [Edixhoven 1990, §1.2] uses the results of Katz and
Mazur to verify via an explicit computation that the completion of X((n) along
the cusps is regular (such regularity is also a special case of an earlier assertion of
Gross and Zagier [1986, Proposition III.1.4]). In contrast, the proof given below
rests on Theorem 5.13(a), but requires no computation of completions.

We also exploit Lemma 3.3.1 to obtain a base change result for coarse moduli
spaces X g of arbitrary congruence level H (see Proposition 6.4). To prepare for it,
we review general properties of X .

6.1. The coarse moduli space of 2. For an open subgroup H C GLz(z), the
finite type Deligne—-Mumford Z-stack 2y of Section 4.1.2 is separated, so it has a
coarse moduli space Xy (by [Keel and Mori 1997, 1.3(1)], for instance). We let

YH cX H
be the open that is the coarse moduli space of the “elliptic curve locus”
Yy C Zy.

We write X (n), Yo(n), etc. for Xr (), Yrm), etc.
Since X (1) = IP’% (see Proposition 3.3.2) and Xy inherits Z-properness from
Zn (see [Rydh 2013, 6.12]), the induced map

Xy — X(1)
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is finite, so Xy is a projective Z-scheme. Moreover, X y inherits normality from
2y (see [Abramovich and Vistoli 2002, 2.2.3] and compare with the proof of
Lemma 3.3.1), so Xy — X (1) is even locally free of constant rank by [EGA IV,
1965, 6.1.5]. In particular, X g is flat and of relative dimension 1 over Spec Z at
every point.

Due to Lemma 4.1.3 (and the sentence preceding it), Zx = Xy whenever H is
small enough. The analysis of the case of arbitrary H is facilitated by the following
lemma:

Lemma 6.2 [Deligne and Rapoport 1973, 1V.3.10(ii)]. For an open subgroup
H cGLy(Z)andann > 1, if

I'n)CH and H:=Im(H — GL,(Z/nZ)),
then X is identified with the categorical quotient X (n)/H. U

The coarse moduli spaces Yy and X gy have been studied extensively in [Katz
and Mazur 1985], albeit with somewhat different terminology, notation, and setup.
In order to put the results below in the context of the work of [Katz and Mazur
1985], we explicate the relationship between the terminology of [op. cit.] and that
of the approach based on the systematic use of the theory of algebraic stacks.

Proposition 6.3. Let H C GL, @ be an open subgroup, let n € Z> be such that
I'(n) C H, and let H be the image of H in GLy(Z/nZ).

(a) The “quotient moduli problem” [I" (n)]/ H (in the sense of [Katz and Mazur
1985, §7.1]) is identified with %y.

(b) The “coarse moduli scheme” M([T"(n)]/ H ) (in the sense of [Katz and Mazur
1985, §8.1]) is identified with Y.

(c) The “compactified coarse moduli scheme” M([I'(n)] / H) (in the sense of [Katz
and Mazur 1985, §8.6]) is identified with X .

Proof. (a) In the case H =1I"(n), the identification [I"(n)] =% (n) over €££ amounts
to the definitions given in [Katz and Mazur 1985, §5.1 and §3.1] and Section 4.3.1, so
the identification [I"(n)] = %1, is part of Theorem 4.3.5. Therefore, in general, the
desired identification over Spec Z[1/n] results by [Katz and Mazur 1985, 7.1.3(2)],
and hence also over all of Spec Z by [Katz and Mazur 1985, 7.1.3 (5)-(6)].

(b) If #y is representable, then the claim follows from (a) and the definition of [Katz
and Mazur 1985, 8.1.1]. Therefore, in general, the claim follows from Lemma 6.2.

(c) By (b), it suffices to observe that X g is the normalization of X (1) in Yy, since
M([I"(n)]/H) is defined as the normalization of P} = X (1) in M(IT'(n)]/H). O

Before turning to the case H = I'g(n), we record the following general result
that holds for every H. Its part (a) has been proved in [Deligne and Rapoport 1973,



2084 Kestutis Cesnavicius

VI1.6.7] by a different method, and the proof given below is in essence due to Katz
and Mazur. Its part (b) complements [Katz and Mazur 1985, 8.5.3].

Proposition 6.4. Let H C GL, (2) be an open subgroup, and let n € Z>1 be such
thatT'(n) C H.

(@) The coarse moduli space (Xg)z11/n) of (ZXH)z11/n) is Z[1/n]-smooth.

(b) For any Z[1/gcd(6, n)]-scheme S, the canonical map from the coarse moduli
space of (Zy)s to (Xpg)s is an isomorphism.

Proof. Let H denote the image of H in GL,(Z/nZ).

(a) The coarse moduli space X (n?) may be covered by GL,(Z/ n2Z)-invariant open
subschemes that are affine over Z and are preimages of Z-affine open subschemes of
X (1), so Lemma 6.2 and [Katz and Mazur 1985, Theorem on p. 508 in the section
“Notes on Chapters 8 and 10”’] reduce the proof to the case when H = I (n?).
For this H, the n = 1 case is clear and if n > 2, then the geometric points of
A (nz)z[l /n] have no nontrivial automorphisms by [Katz and Mazur 1985, 2.7.2(1)]
and Lemma 2.1.6. Thus, if n > 2, then Lemma 3.2.2(a) ensures that

Xz /m = 2D 211 /m)

and [Deligne and Rapoport 1973, IV.2.5] provides the sought Z[1/n]-smoothness
of X(I’lz)z[l/n].

(b) We work locally on Z[1/gcd(6, n)], so we assume that S is either a Z [
or a Z[1/n]-scheme.

Since £y — Z(1) is representable, the automorphism group of every geometric
point of 2 is of order dividing 24. Therefore, by [Olsson 2006, 2.12], étale locally
on its coarse moduli space, 27 is the quotient of an affine scheme Spec A by an
action of a finite group G whose order divides 24. Thus, the case when S is a
Z[%]—scheme follows from the fact that the formation of the ring of invariants A¢
commutes with arbitrary base change if #G is invertible in A.

For the remainder of the proof we assume that S is a Z[1/n]-scheme, so applying
Lemma 3.3.1 with 2" = (Z'5)z(1/a) reduces the proof to the case when § = Spec[,
with p { n. We therefore let X’ be the coarse moduli space of (27 )r, and seek to
prove that the finite map

%]-scheme

f:X' = (Xn)E,

is an isomorphism. The source and the target curves of f are [F,-smooth (equiva-
lently, normal): the target due to (a) and the source due to the [,-smoothness of
(Z'n)r, ensured by [Deligne and Rapoport 1973, IV.6.7]. Therefore, f is locally
free by [EGA IV, 1965, 6.1.5]. To conclude that its rank is 1, it suffices to exhibit
a fiberwise dense open substack % C #y[1/n] whose coarse moduli space is of
formation compatible with base change to [ ,.
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We choose % to be the preimage of the complement of j =0 and j = 1728 in
A%[l In]> let £ — % denote the universal elliptic curve, and let

F = H\Isom(E[n], (Z/nZ)?)

be the finite étale % -stack of level H structures on £ (compare with Section 4.1.2).
The universal level H-structure is a section  of 7 — %, as is [—1]¢(ar). Since
F — 7 is finite étale, the substack ¥* C % over which o = [—1]%(«) is both open
and closed. By [Deligne 1975, 5.3(1I)], the automorphism stack of £ is the constant
{£1}4, so the open complement % \ ¥ is its own coarse moduli space, whereas the
coarse moduli space of ¥ is the rigidification ¥ //{£1} (in the notation of [AOV08
2008, Appendix]). Since the formation of #//{£1} commutes with arbitrary base
change, so does the formation of the coarse moduli space of % . U

Remark 6.5. For a version of Proposition 6.4(a) in residue characteristics dividing
n and suitable H, see [Katz and Mazur 1985, 10.10.3(5)].

Remark 6.6. In Proposition 6.4(b), for some subgroups H one cannot remove the
requirement that ged(6, n) be invertible on S. For instance, by [Cesnavicius 2017,
Theorem 3.2], the canonical map from the coarse moduli space of (2T, @4))F, t0
(XT,4))F, 18 not an isomorphism.

We are ready for the promised regularity of Xo(n) at the cusps. Similar techniques
may be used to prove analogous regularity results for X (n) or X;(n) (or even for
X (n;n'), Xi(n;n'), or Xo(n; n’) with n and n’ as in Theorem 4.6.6), but we do
not explicate them because in many cases X (n) = 2'(n) and X;(n) = 271(n) (see
Proposition 4.3.6 and Lemma 4.1.3), and in these cases the entire X (n) or X (n) is
regular by Theorem 4.3.5 or Theorem 4.4.4(a).

Theorem 6.7. For an n € Z>, the open subscheme U C X(n) obtained by remov-
ing the closed points corresponding to j = 0 or j = 1728 in residue characteristics
dividing n is regular.

Proof. The regularity of Xo(n)z(1/,) follows from Proposition 6.4(a), so it suffices
to prove the regularity of the coarse moduli space of the preimage

U C Zo(n)

of the open subscheme of [P’% obtained by removing the sections j =0 and j = 1728.

By the moduli interpretation of 2((n) given in Section 5.10 and Theorem 5.13(a),
the constant group {1} is a subgroup of the automorphism group of the universal
object of 7. In fact, due to [Deligne 1975, 5.3(IlI)] and the representability of
U — Z (1), this automorphism group equals {#1}4 . Therefore, the coarse moduli
space of 7 is the rigidification % //{z=1}. By [AOV08 2008, A.1], the map

U — U [J{£1)
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is étale, and, by Theorem 5.13(a), the stack % is regular, so %//{£1} is also regular,
as desired. (|

Remark 6.8. One may use the structure of the fibers Xo(n)r » with p | n to sharpen
Theorem 6.7. For instance, if # is squarefree, then, due to Proposition 6.4 and [Katz
and Mazur 1985, 13.5.6 and Theorem on p. 508], in Theorem 6.7 one may require
that the removed points are in addition supersingular (and likewise for general n
and those removed points that lie on the reduced components of Xo(n)g,). For a
more thorough analysis of the coarse space Xo(n), see [Edixhoven 1990].

We end by proving that 24 (n)""® yields the same coarse moduli space X (n),
and hence suffices for many purposes (however, the proof of Theorem 6.7 does rely
on the finer Zy(n) through the representability of Zy(n) — Zp(1)).

Proposition 6.9. For every n € Z>, the contraction morphism
20" — 2y(n)
defined in Section 5.11 induces an isomorphism on coarse moduli spaces.

Proof. The coarse moduli space Xo(n) of 2;(n)"" exists due to the finiteness of
the diagonal of 25 (n)"¥¢ supplied by Theorem 4.6.4(a) (see [Rydh 2013, 6.12]).
As in Section 6.1, the map

Xo(n) — P

is finite, so, since % (1) = % (n), it suffices to prove that X((n) is normal.
For the normality, we work Zariski locally on X((n)" and note that each open
substack
Y C %O(rl)naive

that has an affine coarse moduli space Spec A satisfies A = ['(%, O ) by the
universal property for maps to A%. To then see that I'(%, € ) is integrally closed
in its total ring of fractions it suffices to use the normality of % supplied by
Theorem 4.6.4(a) and the fact that generizations lift along smooth morphisms from
algebraic spaces to % (see [Laumon and Moret-Bailly 2000, 5.7.1]). (]

Remark 6.10. The same proof shows that, in the notation of Section 4.6, for every
n,n’ € Z>, the coarse moduli spaces of 27(n; n’) and 2y(n; n’) agree with those
of 2ty and Zro(n:nt).
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Elementary equivalence
versus isomorphism, 1l

Florian Pop

In this note we give sentences ¥, in the language of fields which describe the
isomorphy type of K among finitely generated fields, provided the Kronecker
dimension dim(K) satisfies dim(K) < 3. This extends results by Rumely (1980)
concerning global fields; see also Scanlon (2008).

1. Introduction

We begin by recalling Rumely’s result [1980] showing that for every global field
k there exists a sentence 19,1}“ which characterizes the isomorphy type of k among
global fields, i.e., if | is any global field, then 0,13” holds in [ if and only if [ = k as
fields.

It is one of the main open questions in the first-order theory of finitely generated
fields whether a fact similar to Rumely’s result mentioned above holds for all
finitely generated fields K. We notice that the question above is related to, but much
stronger than, the still open elementary equivalence versus isomorphism problem,
which asks whether the isomorphism type of every finitely generated field K is
encoded in the whole first-order theory ThH(K) of K; see, e.g., [Pop 2003] for
details and literature about this, as well as [Scanlon 2008].!

In the present note we show that the answer to the above question is positive for
finitely generated fields K having Kronecker dimension dim(K) < 3, which are
precisely the finite fields, the global fields, and the function fields of (algebraic)
curves over global fields.

Supported by the John Templeton Foundation Grant ID 13394 and the NSF grant DMS-1265290.

MSC2010: primary 11G30, 14H25; secondary 03C62, 11G99, 12F20, 12G10, 12112, 13F30.

Keywords: elementary equivalence versus isomorphism, first-order definability, finitely generated
fields, Milnor K -groups, Galois étale cohomology, Kato’s higher local-global principles.

ITo the best of my knowledge, Bjorn Poonen was among the first to ask whether Rumely’s result
[1980] might hold in higher dimensions. It was claimed in [Scanlon 2008] that the answer to this
question is positive for all finitely generated fields. Unfortunately, the proof has a gap (see Erratum,
J. Amer. Math. Soc. 24:3 (2011), p. 917). Nevertheless, Scanlon’s work appears to reduce the problem
to “definability of valuations”.
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Main Result. For every finitely generated field K having dim(K) < 3, there exists
a first-order sentence in the language of fields ¥ such that for finitely generated
fields L, the sentence ¥k holds in L if and only if L = K as fields.

The more precise form of the result is as follows: Recall that by one of the main
results in [Pop 2002], for every d > 0, there exists a sentence ¢, (in the language
of fields) such that for all finitely generated fields K, ¢4 holds in K if and only if
dim(K) = d. In particular, if K is any finitely generated field, then ¢ holds in K
if and only if K is a finite field, ¢; holds in K if and only if K is a global field, and
finally ¢, holds in K if and only if dim(K) = 2.

In particular, given a global field K, consider the sentence #x given by ¢ A 19,5“.
Then if #x holds in a finitely generated field L, one has the following: First,
dim(L) = 1, because ¢; holds in L, and hence L is a global field. Second, L = K
because #£" holds in the global field L.

In the case dim(K) = 2, let kg = K™ be the constant subfield of K, i.e., the set
of elements of K which are algebraic over the prime field of K. Then k is finite if
and only if char(K) > 0, and if so, K is the function field of a projective smooth
geometrically integral surface over kq. Letting (7, ¢;) be a separable transcendence
basis of K, there exists #; € K such that K = ko (%o, t1, t2), with 1y, #1, t, satisfying an
absolutely irreducible polynomial f(Ty, Ty, T>) over kg. And if char(K) = 0, then
K is the function field of a projective smooth kg-curve, and for every nonconstant
t1 € K there exists #, € K such that K =k (1, t2), with t1, t, satisfying an irreducible
polynomial f (T, T>) € ko[T1, T»]. The precise result proven will be the following;
see Section 5 for proofs.

Theorem 1.1. Let K be a finitely generated field. The following hold:

(1) For every finite field ko and absolutely irreducible polynomial f = f (Ty, Ty, T2)
over ko, there exists a formula Yy, ¢ (to, t1, t2) with free variables ty, t1, t such
that the following are equivalent:

(i) The sentence ¥ defined by 3ty, t1, t2 Vi, r (o, t1, t2) holds in K.
(ii) There exist ty, t1, t2 € K such that K = ko(ty, t1, t2) and f(tg, t;, ) = 0.
(*) In particular, suppose that ¥g holds in K. Then for all finitely gener-
ated fields L, ¥g holds in L if and only if L = K as abstract fields.

(2) For every number field ko and absolutely irreducible polynomial f = f (11, T»)
over ko, there exists a formula Y, ¢ (t1, t2) with free variables ty, t; such that
the following are equivalent:

(i) The sentence ¥ defined by 3ty, to Vi, £ (t1, t2) holds in K.
(11) There exist t1, tp € K such that K = ky(t1, t2) and f(t, ) =0.

(x) In particular, suppose that ¥g holds in K. Then for all finitely gener-
ated fields L, #g holds in L if and only if L = K as abstract fields.
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The result above is based on and uses in an essential way, among other things, pre-
vious results by Rumely, Poonen, and Pop. First, the above-mentioned sentences ¢,
single out the finite fields, the global fields, and the fields of curves over global fields
among all finitely generated fields K. Second, Poonen [2007] showed that there ex-
ists a predicate, i.e., formula 2% (r) with one free variable ¢ such that for all finitely
generated fields K, one has ko := K® = {x € K | ®(x) is true in K}. Further,
techniques developed in [Poonen 2007] (using [Pop 2002] as well) give formulas
Yr (X1, -« -5 Lr, Lrg1) With 7 4 1 free variables such that for xj, ..., x4 € K, one
has that ¥, (xq, ..., x,, X,4+1) holds in K if and only if x, ..., x, are algebraically
independent over kg, but xi, ..., x,, x,4+1 are not. Hence, for x;,...,x, € K
algebraically independent over ko, the relative algebraic closure of ko(xq, ..., x,) in
K is given by L :={x,41 € K | ¥, (x1, ..., Xy, Xx,+1) holds in K}. Finally, Poonen
[2007] showed that there exists a sentence ¢ which holds in a finitely generated
field K if and only if char(K) = 0.

Hence, in the case dim(K) = 2, one has the following: First, kg = K abs g
finite if and only if char(K) > O if and only if /¢ does not hold in K. If so, K
is the function field of a projective smooth surface over kg. Therefore, there exist
separable transcendence bases fg, f; of K | kg satisfying that the relative algebraic
closure k C K of ko(tp) in K is a global function field, and furthermore that K |k is
the function field of a (projective smooth) geometrically integral k-curve X. Thus
K = k(t1, 1) for a properly chosen #,. Second, if K has characteristic zero, then
k := ko = K is a number field, and K is the function field of a projective smooth
geometrically integral k-curve X. So for #; € K \ k, and properly chosen £, € K, one
has K = k(t;, ). Hence, one can deduce Theorem 1.1 above from the following
theorem; see Section 5 for detailed proofs.

Theorem 1.2. The k-valuations of function fields K = k(X) of projective smooth
geometrically integral k-curves X over global fields k are uniformly first-order
definable. In particular, there exist formulas degy (), ¥R (t,), w04, 1), with free
variables t, t', such that for every K |k as above and t € K \ k, the following hold.:

(a) degy(?) is true in K if and only if t has degree N as a function of K |k, i.e.,

[K : k()] = N.

(b) R:={t' e K |YyR(t, 1) istrue in K} is the integral closure of k[t] in K.

(c) k[t]1={t' e K | ¥°(t, ) is true in K}.

We mention that the formulas deg (t), YR ), ¢O(t,t) are quite explicit; see
Section 5. In particular, so is Theorem 5.3, which is slightly more general than
Theorem 1.2 above. The main technical tool in the proof is one of Kato’s higher
Hasse local-global principles (LGPs) for H?; see Theorem 2.1 below. If similar
LGPs would be available in higher dimensions, it would be possible to extend the
methods of this paper to higher dimensions.
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2. Reviewing well known facts

2A. The Hasse—Brauer—Noether local-global principle. We recall briefly the fa-
mous Hasse—Brauer—Noether LGP for the Brauer group of a global field k. Let P(k)
be the set of nontrivial places of k. For v € P(k), we denote by k, the completion
of k with respect to v. Then k, is a locally compact (nondiscrete) field, and the
Brauer group Br(k,) of k, admits a canonical embedding inv, : Br(k,) — Q/Z,
called the invariant (isomorphism), satisfying the following:

(a) If k, = C, then Br(k,) = 0 and inv, is the trivial map.
(b) If k, =R, then inv,, : Br(k,) — %Z/Z C Q/Z is an isomorphism.
(c) In the remaining cases, inv, : Br(k,) — (/7 is an isomorphism.

The Hasse—Brauer—Noether LGP asserts that the canonical sequence

0 — Br(k) > P Br(k,) > Q/Z > 0

is exact. Here, the first map is the direct sum of all the canonical restriction maps
Br(k) — Br(k,); thus implicitly, for every division algebra D over k there exist
only finitely many v such that D ® k, is not a matrix algebra. And the second map
is the sum of the invariant morphisms.

Moreover, if ,( ) denotes the n-torsion, then identifying the n-torsion in (2/Z
canonically with Z/n, the above exact sequence gives rise canonically to an exact

sequence
0 — ,Br(k) > €D #Br(k,) - Z/n — 0.
v

2B. Hasse higher LGPs (after Kato). It is a fundamental observation by Kato
[1986] that the above local-global principle has higher dimensional variants as
follows: First, following [Kato 1986], for every positive integer n, say n = mp”
with p the characteristic, and an integer twist i, one sets Z/n(0) = Z/n, and defines
in general Z/n(i) := ,ufsi e W, Q{Og[—i], where W, Qo is the logarithmic part of

the de Rham—Witt complex on the étale site; see [Illusie 1979] for details. In this
notation, for every (finitely generated) field K one has

H'(K,Z/n) = Homeon(Gk, Z/n),  H*(K,Z/n(1)) = ,Br(K),

where Gk is the absolute Galois group of K. Hence, the cohomology groups
H*!(K, Z/n(i)) have a particular arithmetical significance for i = 0, 1. Further,
in this notation, the Hasse—Brauer—Noether LGP is a local-global principle for
the cohomology group H?(K, Z/n(1)), and note that global fields have Kronecker
dimension d = dim(K) = 1.

This led Kato to the fundamental idea that for finitely generated fields K of
Kronecker dimension d there should exist similar LGPs for H**! (K, Z/n(d)). And
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Kato [1986] proved that such higher dimension LGPs do indeed hold for d = 2,
i.e., for H (K, Z/n(2)), where K is the function field of an integral curve over
some global field, or equivalently the function field of an integral two dimensional
scheme of finite type.

We describe below one of Kato’s local-global principles for H3(K,Z /n(2)), and
will use that LGP in the cases n = 2, char(K) # 2 as well as n = 3, char(K) = 2.
The situation is as follows. Let k be a global field, and K |k be the function field
of a complete smooth geometrically integral k-curve X. Let S be the arithmetical
complete normal curve with function field « (S) = k; hence S = Spec Oy if k is a
number field, and S is the unique projective smooth curve with function field & if
k is a global field of positive characteristic. Then by Abhyankar’s regularization
theorems of surfaces [1965], X — Spec k is the generic fiber of a proper morphism
X — § of regular schemes (and having further properties, e.g., having NCD on X
as reduced fibers, etc.). For i > 0, we denote by &A; C X the points of dimension i
in X. Then for x € X one has:

(a) x € Xy & O, is a two dimensional local ring < «(x) is a finite field.
(b) x € X1 & O, is a discrete valuation ring < «(x) is a global field.

For s € Sy we denote by v, the canonical valuation of O; and by k; the completion
of k at s. For x; € A1 we denote by v,, the canonical valuation of O,,, and by K,
the completion of K at x;. Notice that x; — s under X — S if and only if Oy < Oy,,
that is, the local ring Oy is dominated by the local ring O,, under k — K.

Next let L be an arbitrary field, and recall the canonical isomorphism (gener-
alizing the classical Kummer theory isomorphism) 4! : L*/n — H'(L, Z/n(1)).2
As explained in [Kato 1986, §1], the isomorphism h! gives rise canonically for all
g # 0 to morphisms?

h®: Ky (L)/n — HY (L, Z/n(q)),
{ar, ..., a4} /n— hl(al)U-.-Uhl(aq) =:a;U---Uay.

Let v be a discrete valuation of L. Then for every uniformizing parameter 7w € L
at v, one defines the boundary homomorphism

d :HITNL,Z/n(g + 1)) — HI (A, Z/n(q))

by rUa;---Uay+—a1U---Ua, and agUay - - -Ua, 0, provided all ag, ay, . . ., aq4
are p-units. We notice that in general, this homomorphism depends on the uni-
formizing parameter . Further, if the Galois action on Z/n(1) is trivial, then

ZRecall that for every abelian group A, we denote A/n := A/(nA).

3By the (now proven) Milnor-Bloch—Kato conjecture, h4 are isomorphisms. Nevertheless, that
fact in its full generality is not needed here, because one could work as well with the subgroup
generated by symbols H@ (L,Z/n(q)) CHI(L,Z/n(g)).
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all Galois modules Z/n(q) are actually isomorphic to Z/n, and d, gives rise to

morphisms 5 |
3 : HIT3(L, Z/n(g + 1)) = HIT (&, Z/n(q)).

We will use two instances of these homomorphisms for ¢ <2 and L a finitely
generated field of Kronecker dimension equal to ¢ containing p,, (thus having no
orderings).* First, let k be a global field, K |k be the function field of a complete
smooth k-curve X, and X — S, etc., be as introduced above. For x| € A}, let v := vy,
be the corresponding discrete valuation of K. The boundary homomorphisms we
will consider are

3y W (K, Z/n(2)) - H(k (x1), Z/n(1)).
For later use we notice that for f, g, h € K such that g, & are v,,-units, one has
O (fUEUR) =0y, (f)-gUR  in H(k(x1), Z/n(1)),

where u — u is the residue map Oy, — «(x1). In particular, if the v,,-values of
f> 8, h € K are all divisible by n (for instance, if f, g, h are all vy -units), then
ax1(ngUh) =0.

For g = 1, L = x(xy) is the residue field of K at some x; € X} and v is some
finite place pg of « (x1). Thus the boundary homomorphisms we will consider are

dpo : H2 (ke (x1), Z/n(1)) — H' (k (o), Z/n(0)) = Z/n.

Notice that 9y, is nothing but the local component of the Hasse-Brauer—Noether
LGP for the global field x (x1) defined by the place .

Following [Kato 1986, §1], for all x; € X}, x¢9 € Xy, one defines boundary
homomorphisms

dine : H2(k(x1), Z/n(1)) — H' (k (x0), Z/n)

as follows. First, if xo & {x1}, set 0x,;x, = 0. Second, if xp € {x1}, proceed as follows:
Recall that O, is a two dimensional regular local ring, and set X', := Spec O, X
Then x( € {x;} if and only if x; € X,. If so, then O, is some localization of Oy,
and the image (_on C k(x1) of Oy, under the projection O, — «(x1) is a local
Noetherian ring of Krull dimension one. Thus its integral closure 5xo ink(xp)is a
Dedekind domain with finitely many maximal ideals p;, and thus a principal ideal
domain. Further, every completion « (x1)y, is a localization of the global field « (x1)
and the residue fields « (p;) |« (xo) are finite fields. Kato defined 9, , as follows,
where the last map is the sum of the corestriction maps:

Oy : HA (e (x1), Z/n (1)) = @ H' (k(pi), Z/n) — H' (ke (x0), Z/n).
pi

4Recall that in these cases, the equality HEJ = H?3 has been known for a while already.
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Finally, one of the local-global principles Kato gives — which is essential for
the methods of this paper —is the following; see [Kato 1986, p. 145, Corollary].

Theorem 2.1. With the above notation, suppose that K has no orderings, e.g.,
Uon C K. Then via the obvious direct sums of the above boundary homomorphisms
one gets a long exact sequence of the following form, where the last map is given by
the sum:

0—H (K, Z/n(2))— @ H:(k (x1), Z/n(1)) > €D H' (k (x0). Z/n) > Z/n— 0.

xle/"(l X()EX()

In particular, recalling that X, is the set of all the x| € X} such that xy € {x1},
the map H3 (K, Z/n(2)) — P H?(k (x1), Z/n(1)) — H' (k (x0), Z/n) is triv-

X1 EXXO
ial for each xq € Xj.

2C. An arithmetical application/interpretation. In the following discussion, sup-
pose that the Galois action on Z/n(1) is trivial, so that Z/n(g) are isomorphic to
Z/n as Galois modules.

(1) Recall ,Br(L)=H?(L, Z/n(2)) and H3(L, Z/n(3)) are generated by symbols
aUb and a Ub U c, respectively, with a, b, c € L*.

(2) Now suppose that  is a prime number. For a, b € L™ consider the field exten-
sion L, | L defined by h!(a) € H'(L, Z/n(1)), the norm map N, : L* — L*,
and the cyclic algebra A, with [A,p] = aUb € H2(L, Z/n(1)). Then
aUb e H3(L, Z/n(1)) is trivial if and only if b € N,(L)). Furthermore, if
A, p 1s a division algebra, let N, p, : AX — L* be the reduced norm of A, .
Then by [Merkurjev and Suslin 1982], N, ; represents ¢ € L™ if and only if
aUbUce H3(L, Z/n(3)) is trivial.

Therefore, since the conditions b € im(N,) and/or ¢ € im(N, ;) are first-
order expressible, we conclude that a U b and/or a U b U ¢ being (non)trivial
are first-order expressible. Hence, the following hold:

(%) The subsets ¥p C L* x L™ and 3 C L* x L™ x L* defined by

Yy :={(a, b) | aUb is nontrivial},
={(a, b, c) | aUbUc is nontrivial}

are first-order definable subsets.

(3) Let K |k be a function field in one variable over a global field k as above. Let
l€|k be a finite extension with u,, C k, and K :=Kk. Then K |l€ is the function
field of the complete smooth geometrically integral k-curve X := X xy k. As
in the case of K |k, we consider proper regular models X—>Sof X —> Speck
and the sets X; C X fori =0,1,2. In partlcular for every X| € X Y the
local rings Oy, are discrete valuation rings of K, and we denote by Kx the
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corresponding completions of K. Then if A, p is a division algebra as in (2)
above, the following holds:

N, represents c € K> over K if and only if N, , represents c over
K53, forall x; € X.

3. Consequences of Kato’s local-global principles

3A. General facts. Let K be a finitely generated field of Kronecker dimension
dim(K) =2, and ko = K®* be its absolute subfield. If char(K) = 0, then k := kg
is a number field, and S = Spec Oy is the “canonical global curve” with function
field k. Further, K is the function field of a projective regular S-surface X — S,
having as a generic fiber a smooth projective geometrically integral k-curve X. If
char(K) = p > 0, there exist (many) global function subfields k C K of K with
k = kN K such that letting S be the unique projective smooth ko-curve, there exist
projective smooth S-surfaces X — § having as generic fiber a projective smooth
k-curve X.

In the above notation, we denote by S; C S, X; C X, A; C X the points of
dimension i in the corresponding schemes. In particular, one has the following:

e SoC S, X CX, Xo C X are the closed points in the corresponding schemes.
e S=SU{n}and X = XoU{nx}, where n € S, nx € X are the generic points.

o X =X UAX U{nyl}, and ny = nx, X9 C X under the canonical inclusion
X — X].

Notation/Remarks 3.1. Let n be a fixed prime number such that the group of roots
of unity u,, of order 2n is contained in K. We notice/define the following:

(1) The local rings Oy at the closed points s € Sy of S are exactly the valuation
rings of the nonarchimedean places of k. Further, for x € X one has x — s if and
only if the corresponding local rings dominate each other: Oy < O, under k — K.

(2) Forx; € A1, let Cy, = {x1} C X be the schematic closure of x| in X'. Then Cy, is
an arithmetic curve on X with generic point x; € X]. Fors € S, let X; — «(s) be the
fiber of X — § at s. Then &} is a projective (maybe nonreduced) one dimensional
k (v)-scheme of finite type. In the above notation, one has the following:

(a) x; = n € Sif and only if x; € Xy if and only if C,, — § is finite dominant.
If so, Cy, is called a horizontal curve on X, and we denote

X1, = {x1 € &1 | Cy, is a horizontal curve}.

(b) x1+— s € Spif and only if Cy, is a reduced irreducible component of X; — « (s).
If so, Cy, is called a vertical curve on X, and we denote

X1 0:={x1 € X1 | Cy, is a vertical curve}.



Elementary equivalence versus isomorphism, I 2099

(3) One obviously has X} = A , U &} o, and the map &7 o — Sp has finite fibers.

(4) Since the generic fiber X — k of X — S is a projective smooth geometrically
integral k-curve, there exists a (unique) nonempty maximal open subset U = Uy
of S such that Xy := X xg U — U is a family of projective smooth curves with
geometrically integral fibers. For s € Uy := U N Sy, letting x; € Xy C X be the
generic point, one has:

(a) x, is the unique preimage of s in Xj, so x; € X} 0 and C,, = X.
(b) k(s) is relatively algebraically closed in « (x;).

(5) For f e KX, let |div(f)|:={P € Xo | vp(f) # 0} C Xj be the support of the
divisor (f) of f viewed as a function on X — k. Then Cp = (P} with P € [div(f)]
are distinct horizontal curves and Peldiv(f)| Cp is the closure of |div(f)| in X.
Therefore, there exists a unique maximal open subset Uy = Uy C U satisfying:

(@) Upepgiviry Cp — S is étale above Uy. Hence, CpNX;NCpr = for P’ # P.

(b) For s € Uy and its unique preimage x; € &) o under &j o — S, the following
hold:
¢ n is invertible in « (s).
e fisa vy -unit, and its residue f € k(x,) nonconstant: f € «(xs) \ kK (s).

(6) Finally, we notice that Uy C Uy has the following permanence property: Let
k |k be a finite extension, and set K := Kk. Let S — S be the normalization of S
ink < k, and X — S be a minimal proper | regular model of K |k which dominates
X — S. In particular, the generic fiber X — k of ¥ — § is the normalization
X > Xof Xin K < K. Let Ug 3 C S be the maximal open subset such that
X Uy = =X x5 3 Uz — Uy is smooth and has reduced geometrlcally mtegral fibers,
and define the subsets Uz, < Uz for the model X — Sof K|k and f € K in the
way the subsets Uyy C Uy of S were defined above for the model X — S of K |k
and f € K. Then one has:

Lemma 3.2. In the above notation, let UXf - UX be the preimages of Uxr CUx
under the map S— S. Then X X3 UX — UX is smooth, whence UX C Uy and
X X3 UX =X Xg UX Further, UXf - UXf, and the morphism X — X is finite
above X x5 Ux.

Proof. For the first inclusion, let X" — S denote the normalization of X — S in
the field extension K <> K. Then X being regular, it is also normal. Thus X—3S
dominates X™ — S. Moreover, since the base change X xg S — § is dominant and
finite over X — S, it follows that X™ — S dominates X x5 S — S. Thus ﬁnally
X — S dominates X x s S5 To simplify notation, set U := Uy and U:= U;(.
Since Xy := X x5 U — U is smooth and has reduced geometrically integral fibers,
so is the base change Xy xg U — U, and in particular Xy Xxg U is regular. Hence,
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by the mlnlmahty of X — S, one has X x5 3 U=x"xz 3 U= Xu Xs U. Therefore,
Xg=Xx3U0 > Xy is finite because X" — X' is. Since Xg=XxsU—Uis
also smooth, one has UX C Uy by the maximality of the latter The other inclusion
follows 1mmed1ately from the fact that being étale is preserved under base change,
and the fact thatXxS UX_X Xg UX O

3B. A local-global principle for H*(X, f). We work in the context and the nota-
tion of the previous subsection. Let Xy C A} be the preimage of Uy under &} — §.
We notice that &7 \ &7 is the finite closed subset of & ¢ consisting of all x| € A}
which map into the (finite) closed set So \ Uy.

Notation. Let H3 (X, Hc H3(K,Z /n(2)) denote the set of all the symbols fUaUb
with a, b € k* which are nontrivial over some completion K, with x; € &.

Lemma 3.3. Let Dy C |div(f)| be the set of all P such that vp(f) is not divisible by
nin vp(K). Suppose that K has no orderings. Then for every f UaUb € H3(X, f)
there exists P € Dy such that f UaUDb is nontrivial over Kp.

Proof. Let z1 € X7 be a given point. Then by the concrete description of the boundary
homomorphism 521 as given before Theorem 2.1, one has thatif v,,(f), v;,(a), v;,(b)
are all divisible by n, then f Ua U b is trivial over the completion K, at v;,. In
particular, if z; € &7 ,, then a, b € k™ are v, -units. Thus v, (a) = 0 = v,,(b) are
divisible by n. Hence, if v, (f) is divisible by n, then f Ua Ub is trivial over K.

Returning to the proof of the lemma, let f Ua Ub € H3(X, f) be a given element,
and let x; € Xy C &7 be such that f Ua Ub is nontrivial over the completion K, .

Case 1. x1 € X1, = Xo. Then v, is trivial on k, so vy (a) = 0 = v,,(b). Hence,
since fUaUb e H3(x, f) is nontrivial over the completion K, , it follows by the dis-
cussion above that vy, (f) is not divisible by n. Thus P := x| € Dy, and we are done.

Case 2. xy € X} 9. Let s € Uy be the image of x| under X'y — Uy C S. Then by
the definition of X', one has that x; := x; is the unique preimage of s in &7, and
the following hold:

o X is a projective smooth geometrically integral « (s)-curve, and C,, = X;.

e Forall P # P’ in |div(f)|, if xg € X; N Cp, then xg & X, N Cp.

e n is invertible in « (s).

e f is a vy -unit, and its residue f € K (xy) is nonconstant, i.e., f € k(xs) \ k(s).

From this we reason as follows. Let xo € &) be a closed point with xo — s € Uy,
and let z; € A satisty that xg € C;, and not all v,, (a), v;, (b), v;, (f) are zero. Then
we have:

(a) If z; € Xy, i.e., z; maps to some s’ € Sy, then C, is a vertical curve; and
since C;, 3 xo — s, we must have C;, = &}, so that z; = x, etc.
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(b) If P :=2z1 € X1, = Xo, then a, b are vp-units, and therefore vp(f) # 0. Thus
P e |div(f)], and xg € X; N Cp. Moreover, P is the unique point in |div(f)|
with the property xo € Cp N X.

From this we can conclude the following. Let xo € X’ be a closed point above the
point s € Uy. Then there exist at most two points z; € X, each satisfying that
xo € C;, and at least one of the values v,,(a), v;,(b), v;,(f) is nonzero. Further,
the two (potential) points are

« the given point x; = x| € X o—note that v, (f) =0, f € k (x4) is nonconstant,
etc.;

» the unique Py € |div(f)| such that xg € Cp, N X; —note that a, b are vp -units.

Therefore, the image of fUaUb € H(K, Z/n(2)) in @, cx,
under the homomorphism of Theorem 2.1 actually lies in

H> (ke (x1), Z/n(1))

H2(k (Py), Z/n(1)) @ H (i (x5), Z/n(1)).

Let us compute 9, ( fUaUb). First, since s € Uy, we have f € O;Z and fe Kk (x;) 1S
nonconstant. Second, every uniformizing parameter 7 € k at s is also a uniformizing
parameter 7 at x, because X is reduced by the fact that s € Uy. For such a m, set
a=mn%"and b =n"b" with @, b’ € OF. Then setting c =a’"/ b'? € O, it follows
by the definition of dy, that we have 0 # 9, (fUaUb) = fUE e H(k (xy), Z/n(1)).

Next, recall that since s € Uy, the special fiber Xs — « (s) is a complete smooth
geometrically integral model of the global function field « (x;) |« (s). Since fUC is
nontrivial in H?(k (x,), Z/n(1)), by the Hasse-Brauer—Noether LGP, there exists
a closed point xg € X, o C Xp such that f U ¢ is nontrivial over the completion
Kk (xs)x,- Equivalently, the boundary homomorphism

dyy - H (ke (x5), Z/n(1)) — H' (k (x0), Z/n)

maps f U 7 to some nontrivial element in H! (k (xo), Z/n).

Let Oy, be the local ring of xp € X viewed as a closed point of X, and let
5xo C k (x;) be the image of Oy, under the canonical projection O,, — k(xs). Then
by scheme-theoretical nonsense, it follows that O,, is the local ring of the point
Xo € X0 viewed as a closed point of X;. Hence, since the latter is a smooth curve
over x (s), and thus regular, it follows that 5xo = Oy, x, is regular. Therefore, by the
definition of 9y, x, as described before Theorem 2.1, it follows that 0y y,( f Uc) =
axO(f_ Uc). Hence we conclude that 9, (f U ¢) € H'(k (xg), Z/n) is nontrivial.
Viewing xg as a closed point of X', we conclude that the image of f Ua U b under
H3(K,Z/n(2)) - H2(k (x5), Z/n(1)) = H'(k (x9), Z/n) is nontrivial.

On the other hand, the image of f Ua Ub in @XIEXXOHZ(K()Q), Z/n(1)) lies in
H%(k (Py), Z/n(1)) @ H2(k (x4), Z/n(1)), by the discussion above.
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For a contradiction, suppose that the image of f Ua Ub in H2(k (Py), Z /n(1))
is trivial. Then the image of f Ua U b in @xleX H?(k (x1), Z/n(1)) lies in
H2(k (x5), Z/n(1)), and this image is f U¢. Thus, the i 1mage of fUa Ub under the
canonical map

H(K.Z/n(2)) > @ H(k(x1). Z/n(1)) > H' (k(x0). Z/n)
X1 eXXO
is nontrivial. This contradicts Theorem 2.1.
Therefore, the image of fUaUb in H2(k (Py), Z /n(1)) must be nontrivial. Since
that image is vp,(f) - a U b, we conclude, first, that vp,(f) is not divisible by n, so
that Py € Dy, and second, that f Ua Ub is nontrivial over K p,. |

3C. The Chebotarev density theorem and the size of H3(X, f). Let A |k be a
finite extension with po, C A. Consider o € k which is not an n-th power in A, or
equivalently, A := A[J/« ] is a cyclic extension of degree n of A. Let further Ak
be some finite Galois extension of k containing A, and let T—>T-—>T— Sbe
the normalizations of S in the field extensions k <> A <> A <> A. For a generator
o € Gal(X| 1), consider a preimage T € Gal()ALM) - Gal()ALM). Let 7, — S, be the
sets of all the points Z > s such that « is a vs-unit and t is the Frobenius « () |« (s).
Notice that by the Chebotarev density theorem, S, has a positive Dirichlet density,
and that for 7 € T, and its image s € S, one has k(Z) =« (s)[y] with " = & and
m the order of t.

Finally, let Z, — z, be the images of Z, in T — T. Then for 3:0, 37>z €Ty,
one has that 7|z is unramified and has o as Frobenius automorphism: x(z) = «(s)
and «(Z) = k(s)[y], where y" = @. Thus we have showed the following:

Fact 3.4. Let M|k be a finite extension of global fields, (15, C A, and o € k not an
n-th power in A. Let T — S be the normalization of S in k — M. There exist subsets
S« C S of positive Dirichlet density and T, C T mapping onto S, such that for all
Ty, >z s €8, one has kg = A,, and a and n are vg-units, and « is not an n-th
power in kg = A;.

Notation/Remarks 3.5. For o, § € k* and Vs :={s € § | v3(§) =0} C S open and
nonempty, and the subgroup Hs = {8 € k™ | vy(B8 — 1) > 2v,(2n) if s & Vs} C k%,
consider/define

(1) Hyq := ¢ UH; C H2(k, Z/n(1)),

(2) Hysy = fUaUHs = f UH;s, C H3(K, Z/n(2)).

Notice that by Hensel’s lemma we have that if 8 € Hs then § is an n-th power in k;
for all s & V.

Lemma 3.6. Suppose that Vs C Uy and that Hysq, # 0. Then every nonzero
fUaUPB € Hysy lies in H3(X, f), and for every such f UaU B the following hold:
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(1) There exists P € X such that f Ua U B is nontrivial over Kp. Hence, P € Dy
and « is not an n-th power in Kp nor in the residue field k (P).

(2) Hps+q is nontrivial over Kp for all P as in (1) above and all §* € k*.

Proof. We first prove that every nonzero f Ua U8 € Hys, actually lies in H3 (X, f).
Indeed, by Theorem 2.1, there exists some x; € X} such that f Ua U § is nontrivial
over the completion K,,. Let x; — s € S be the image of x; in S. We claim that
s € Vs. By contradiction suppose that s ¢ Vs. Then by Notation/Remarks 3.5, g is
an n-th power in k; and in particular, o U 8 is trivial over k. Further, since x; — s,
we have k; C K,,. Hence fUa U B is trivial over K ;> a contradiction! Thus finally
s € Vs, and since Vs C Uy we have s € Uy.

By (1), since fUa UpB € H3(X, f), by Lemma 3.3 it follows that there exists
P € Dy such that f Ua U B is nontrivial over Kp. In particular, « is not an n-th
power in Kp, etc.

For (2), by the discussion above, « is not an n-th power in A := «(P). In the
notation from Fact 3.4, for some fixed s* € Vs N Sy, let B* be a uniformizing
parameter at s* such that 8* is an n-th power in k; for all s & Vs«. Then o U §*
satisfies first, * € Hs+, so a U B* € Hs+o and f U U B* € Hys+4. Second, o U B*
is trivial over all k; with s & Vs«, because 8* is an n-th power in k;. On the
other hand, o U 8* is not trivial over A, for z — s* because §* is a uniformizing
parameter at s* and at all z — s*. Hence o U 8* is not trivial over x (P) C k (P);.
But then, since dp : H3(Kp, Z/n(2)) — H2(k(P), Z/n(1)) is an isomorphism and
ép(fUO(Uﬁ*) =vp(f)-aUB*#0, we get that f UaUB* is nontrivial over Kp. [J

4. Detecting the k-valuations of K| k

In this section we work in the context/notation of the previous sections: n # char(K)
is a prime number and o, C K. Soif n =2, then us C K, and if n #2, then u,, C K.

4A. The sets U,.

Notation/Remarks 4.1. In the usual context we have the following:

(1) Foru e K anda,c ek, setuy . =1—c(l —u)+ac" (1 —u)", and further
define u, :=up.=14+c(u—1) and uy :=uy1 =u+oa(l —uw)".

(2) For u € K* and ¢ € k* we set K, o := K[/u., /iy ], and notice that

K,.o.c| K is a Z/n-elementary abelian extension of degree 1, n, or n2.

(3) InNotation/Remarks 3.5, suppose that H z5, 0. Thus H ¢5+, #0 for all §* e k™.
We set Uy :={u € K™ | Hys+q is nontrivial over K, o - for all ¢, 6* € k*}.

(4) For u, «, ¢ as above, set Dy o c :={P € Dy | u¢, Ug,c € Op}.

(5) Finally, let Dsy := {P € Dy | « is not an n-th power in « (P)}. Note that by
Lemma 3.6, if H s, is nontrivial then Dy, is nonempty.
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Lemma 4.2. Let Y — X, Q > P, be the normalization of X in K — L := K, 4¢
and suppose that /o & L. Then uc, uq, € Op and hence P € Dy o .

Proof. Let us analyze what happens if either u, or uy . is not a vp-unit. We first
claim that u is vp-integral. Indeed, by contradiction, suppose that vp (1) < 0. Then
vp(1/u) > 0, and uy . = na(—cu)”, where 5 is a principal vp-unit. But then 5
is a principal vp-unit too, and hence 71 is an n-th power in Ly. Conclude that
Ja € Lg: contradiction! Thus finally « must be vp-integral. Further, if u is a
principal vp-unit, then so are u., uy, ., and thus u., uy . € O;ﬁ. Hence, it is left to
analyze what happens if vp(u) > 0 and u is not a principal vp-unit. First we remark
that 1 — u is a vp-unit, and hence so is ac” (1 —u)". Second, both u, and u, . are
vp-integral. Therefore, since uy . = u, +ac” (1 —u)", it follows that at least one
of the elements u. and u, . is a vp-unit. By contradiction, suppose that either u. or
Ugy,c 1s not a vp-unit. Then either vp(u.) =0 and vp (uy,) > 0, or vice versa.
Case 1. vp(u,) =0and vp(uy,) > 0.

Then o = —u (1 —ug,c/uc)/c"(1 —u)*. Since puy, C K, it follows that —1 is
an n-th power in K, and since 1 —uy ./u. is a principal vp-unit, it is an n-th power
in L. Hence all the factors on the right-hand side are n-th powers in Lg. Thus
o € Lg: contradiction!

Case 2. vp(ug,) =0and vp(u.) > 0.

Theno =uq (1 —uc/ug,c)/c" (1 —u)" with 1 —u./ug . a principal vp-unit. But
then all the factors on the right-hand side are n-th powers in Kp C L. Hence
o € Kp C Lg: contradiction!

We thus conclude that u., uy . € (’);, as claimed. O

Lemma 4.3. Suppose that Vs C Uy and H s, is nontrivial. Then the following
hold:

(1) If u € Upy then u. € Uyy for all ¢ € k. And if ¢ #0 and u. € Uyy, then u € Uy,

2 1+ UPeDfa mp C Usg.
(3) For every u € Ury and each resulting u., uq . the following hold:

(a) There exists P € D¢y with uc, g, € (’)IX) and H s+ nontrivial over
KpKy o for all §*.

(b) There exists 6* such that if Hys is nontrivial over KpK, o, then
Uc, Ug,c € Op and P € Dy,

Proof. (1): Foralla, c,c' €k, (uc)ge=1—cc’(1—u)+a(cc’)"(1—u)" =uy ¢, and
therefore (uc)e = ueer and (U)o, = Ug,ccr- Hence {(ue) e, (Ue)a,o'} = {tteers U ecr}-
Now suppose that u € Uy,. Then by the definition of Uy, it follows that H f5+
is nontrivial over K, 4 . for all ¢ € k and all §* € k*. In particular, setting
c” = cc', it follows that H s+, is nontrivial over K, _q ., etc. The converse is
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clear, because given ¢’ and u., by the discussion above one has that {u., uy } =
{(uc)c’/c‘, (uc)oz,c’/c}a ete.

For the proof of assertions (2) and (3) we first set up notation as follows: For
ue K> and c €k, set as usual L := K,, 4 ., and further, [ := L Nk.Let T — S be
the normalization of S in k < [, and )V — T be the minimal proper regular model
of L |/ which dominates X — S. In particular, the generic fiber Y — [ of Y — T
is the normalization ¥ — X of X in the field extension K < L.

(2): Letu € 1+mp be a principal unit at some P € Dy,. Since P € Dy,, we have
by definition that « is not an n-th power in « (P) nor in Kp, and H ys+, is nontrivial
over Kp for all 6* € k* by Lemma 3.6. On the other hand, since u is a principal
vp-unit, U, Uy, are principal vp-units too (by mere definitions). Therefore, P is
totally split in the field extension L | K, and thus for every Q — P one has Ly = Kp.
Hence, H ¢+, is nontrivial over Ly = L p (because it was nontrivial over Kp). But
then H ¢5+, is nontrivial over L C L too.

(3): For the proper regular model Y — T of L|/ and f € L, we define the open
nonempty subsets Uyr C Uy of T, as we defined the sets Uy € Ux of S for the
proper regular model X — S of K |k and f € K at Notation/Remarks 3.1(5). For
both assertions (a) and (b), we consider 6* which satisfy Vs« C Uy, and the preimage
of Vs« under T'— S is contained in Uyy. For such a §* e k™ let fUaUB* € Hysxq
be nontrivial over L.

Claim. The image of f Ua U B* in H3(L, Z/n(2)) lies in H3 (Y, f).

Indeed, since fUa U B* is nontrivial over L, by Theorem 2.1, there exists some
y1 € YV such that f U U B* is nontrivial over Ly,. Let y; > z > s be the images
of y; in T — §. We claim that s € Vj«, and thus z € Uyy by the definition of 6*.
Indeed, by contradiction, suppose that s* ¢ Vs«. Then reasoning as in the proof
of Lemma 3.6, taking into account that 8* is an n-th power in k; for s ¢ Vs«, we
conclude that o U 8* is trivial over kg« because 8* is in kg+. Hence fUa U 8* is
trivial over L, , because ky+ C Ly, . Contradiction! The claim is proved.

(a): Foru €Uy, and fUaUB* € Hps+o, which is nontrivial over L, by Lemma 3.3
applied to f Ua U B* € H3(, f), one found that there exists some Q € Y such
that vo (f) is not divisible by n in vp(L), and « is not an n-th power in Lo, nor
in k(Q). Further, Hs+, is nontrivial over Lo = KpK,, o for all 6* € k™. Let
Q — P € X be the image of Q in X, and consider the canonical embeddings
Kp — Lo, k(P) < k(Q), and recall that vp =e(Q|P)vp, where e(Q | P) is the
ramification index of vy |vp. Hence the following hold:

e Since vo(f) €n-vo(L), one has that vp(f) ¢ n-vp(K). Therefore, P € Dy.
« Since /o € k(Q), one has that /o & k (P). Therefore, P € Dy,.
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Hence H s+, is nontrivial over KpK, 4, and P € Dy, and uc, iy € (’)IX, by
Lemma 4.2.

(b): Clear from the discussion above. U

4B. The k-rings Re and R,. In the above notation and context, we introduce
the ring stabilizer Ry, of Usy, which will play an essential role in describing
k-valuations of K |k.

Notation/Remarks 4.4. (1) Let A, +, - be a commutative ring with 1,4, and if
k C A is a subfield in A having identity equal to 14, we consider A as a k-algebra.
It seems that the following are well known facts to (a nonempty set of) experts:

Let X C A satisfy X=—X and 04 € X, and set Xo:={x € A|x+X C X}.
Then Xg € X,and Rx :={a € Xo | a- Xy C Xy} is a subring of R, which
contains 14 if and only if 14 € Xo. Moreover, if A is a k-algebra, and X
is stable under multiplication with k, then Ry is a k vector subspace.

(2) Given a commutative ring A, +, - with 14 as above, let * and o be the transport
of the usual addition and multiplication, respectively, on the underlying set A via
ar>a+14. Henceaxb=a+b—1gandaob=ab—a—b+2, and A endowed
with =, o is an isomorphic copy of A, 4, - which we denote 2.

If X C A is a nonempty subset as in (1) above, we let Ry C %, or simply R if
no confusion is possible, be the corresponding subring of 2.

(3) In the context and notation of the previous subsection, recall the nonempty set
X :=Uy, of K. We notice that in Lemma 4.3(1) one has u. € Uy, if (and only if)
u € Uyq (provided ¢ #0). On the other hand, cou =uoc=(c—1)(u—1)+1=u._.
Hence for u € K, ¢ € k, one has cou € Uy, if (and only if) u € Uy, (provided c # 1).

In particular, X := Uy, is closed with respect to multiplication o by elements
of k, and therefore, X is symmetric with respect to the addition .

(4) For X :=Upy, we denote by Ry := Ry, the corresponding subring of K, *, o
(the latter being an isomorphic copy of the field K, 4, - as mentioned above).

Hence Ryy := MRy — 1 is a subring of the field K, +, - with the usual addition
and multiplication.

Lemma 4.5. The ring Ry, * is a k, *, o vector space. Thus Ry, is a k-subspace
of K, +.

Proof. Clear by the discussion at (1) and (3) above. O
Lemma 4.6. In the above notation, let X :=Uy,. Then one has Xo C ﬂPeDm Op.

Proof. Indeed, by contradiction, suppose that there exists ug € Xo such that
vp,(ug) # 0 for some Py € Dyy. Then using the weak approximation lemma,
we can choose ¢ € K such that vp,(t — 1) > 0, i.e., ¢ is a principal vp,-unit,



Elementary equivalence versus isomorphism, Il 2107

and vp/(ug+1t —1) <0 forall P" # Py, P’ € Dyo. Then vpr(ug+1t—1) #0
for all P” € Dyy. On the other hand, since u is a vp, principal unit, it follows by
Lemma 4.3(2) that t € Us, = X. Hence, since ug € X, we must have ¢ *ug € Uz, (by
the definition of Xo), i.e, u :=t*uo=uo+t—1€Uys,. But then by Lemma 4.3(3a),
it follows that for every c, there must exist some P € Dy, such that u., uy . € O;.
Hence, forc=1,one getsugp+t—1=u=u, € (’); for some P € Dy,, contradicting
the fact that vpr(ug +1t — 1) # 0 for all P” € Dy,. O

Key Lemma 4.7. One has R, = 1+mPeDfa mp, and therefore, Ry, = ﬂPeDfa mp.

Proof. Let X = Uy, and Xo C X as in Notation/Remarks 4.4.
For the inclusion “C”, consider the partition Dy, = D?UD'U DO, where

« P e D*if and only if vp(Rre) # 0,
e P € D' if and only if vp(Rre) =0 and Ry, is not contained in 1 +mp,
« P e D"if and only if Ry, € 1 +mp.

Clearly, in order to show that Rs, € 1+ MNp Dy, MP> WE have to show that D?
and D' are empty. By contradiction, suppose that at least one of the sets D?, D! is
nonempty.

Case 1. D? is nonempty.

Let Pe D*andt ¢ R o be such that vp(¢) # 0. Using the weak approximation
lemma, choose any principal vp-unit u” such that vp (r +u’— 1) > 0 for all P’ # P
from Dy,. Since u’ € 1 + mp, it follows by Lemma 4.3 that u" € Uy,. Since
t € Ryo € Xo, and u’ € X = Uy, we get (by the definition of Xo) that 7 s u’ € Uy,.
On the other hand, one has u :=¢*u’ =t +u’ — 1, and therefore vp~(u) # 0 for all
P" € Dyq, thus contradicting Lemma 4.3(3).

Case 2. D? is empty, and D' nonempty.

For P € D' we have Rpe C (’); and Ry, not contained in 1 +mp. In particular,
the image I_? fa Of Rry under the residue map Op — «k (P) is a nontrivial k-subring
of k(P). Since x(P) is a finite field extension of k, it follows that I_Qfa is a k-
subfield of x (P). Hence there exists € Ry, whose image in k(P) is the given
element « € k. In order to conclude, using the weak approximation lemma, choose
u' € 1+mp C Uy, such that vp(t +u' — 1 —a) > 0 for all P’ # P from Dy,.
Then reasoning as above, it follows that 7 % u’ € U, = X. On the other hand,
as above, u :=txu’ = u + u’ — 1 has the property that vps(u — ) > 0 for all
P" € Dy,. Therefore, u is a vpr-unit with residue u = « in k (P") for all P” € Dy,.
Recalling that u =t *u’ € Uy, for c = 1 one has {uc, uq c} = {u, u +a(l —u)"},
and @ = u € k(P) for all P € Dy,. Thus « is an n-th power in KpK,, 4  for all
P € Dy, contradicting Lemma 4.3(3).
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For the converse inclusion “2”, we have to show that for every u; = 1+41u €
1+ Mpep,, mp with it € (\pep,, mp, the following hold:

(a) u; € Xy, or equivalently, u; xu € X for all u € X.

(b) u;10Xp < Xg, or equivalently, uj oug*xu € X forall ug € Xo, u € X.

For (a), we show that u;xu € X forallu € X. Indeed, t :=u*u=u+u—1=u-+u.
Since u € X, by Lemma 4.3(3), there exists P € Dy, such that u., uy . C O3, and
for all §* one has that Hys, is nontrivial over KpK,, o .. We now claim that
KpKyoc= KpK; o, Indeed, since t = u+ i, vp(it) > 0, and uc, ug,c € Op, it
follows that 7., t, . € Op and 1, = i, and 1, . = iy . in k (P)*. Hence, by Hensel’s
lemma it follows that {/uc, /e and /1., /Ty generate the same extension
of Kp. Therefore, if f Ua U B* € Hys+ is nontrivial over Ly = KpK, o.c, it is
nontrivial over KpK, o . = KpK; 4., and thus also over K; 4. C KpK; o.c, €tc.

For (b), we show that ug *u € X for all u € X implies that (#| oug) xu € X for
all u € X. First, recall that by Notation/Remarks 4.4(4), it follows that ug € OIX, for
all P € Dy,. Hence one gets

t:=ujougxu=u;—Dwy—D+D+u—-1=a(wy—1)+u=u+u,

where i’ =it (ug—1) € ﬂPeDfa mp since ug € ﬂpeDfa Opandii € ﬂpeDfa mp. On
the other hand, u € Uy, and P € Dy, are such that H ys+, is nontrivial over Kp K, o c.
Hence KpK, .. = KpK; 4., by the fact that i = in k (P)* (and Hensel’s lemma).
Finally it follows that t € Uy, = X, as claimed.

This concludes the proof of Key Lemma 4.7. (]

5. Proof of Theorems 1.1 and 1.2

5A. Defining the k-valuation rings. In the notation and hypotheses of the previ-
ous sections, let K |k be a smooth fibration of a finitely generated field K with
dim(K) =2, and X the complete smooth k-curve with K = k(X). By Riemann—
Roch, if P € X is a closed point and m > 0, there exist functions f € K such
that (f)oo =m P, and letting m be prime to n, we have P € Dy. Further, setting
A := Kk (P), there exist “many” « € k* such that « is not an n-th power in «x (P).
Hence there exists o such that Dy, is nonempty. Thus by Key Lemma 4.7, it follows
that Ry =1+ ﬂpeDm mp.

For f and « as above, we set g := f + 1, and notice that (g)coc = m P, etc. We
repeat the constructions above and we get Ry = 1+ Dy MO-

Since |div(f)| N |div(g)| = { P}, by the weak approximation lemma one has

(1+ N mp)'(l-l- N mQ):1+mp.

PeDyy Q€Dgqy
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Therefore, one can recover Op, mp from Ry, and R,y as follows:
mp=Rpy -Ree —1 and Op={reK|tmp Cmp}.
We thus have a first-order recipe to define all the k-valuation rings of K |k:

Recipe 5.1. Let K = k(X) with X a complete smooth k-curve X. Suppose that a
predicate ¥ (xr) is given which defines k inside K, i.e., k ={x € K | ¢ (x) holds in K}.
Let n # char(K) be a prime number, and notice that describing the k-valuation rings
of K |k is equivalent to describing the k[ 2, ]-valuation rings of K [x2,]. Supposing
that o, C K, consider the following steps:

(1) Forevery 6 e k™ let Hs = {8 € k™ | vs(B — 1) > 2v,(2n) if s & V5} C k™.
Note that H; is a definable subset of K, provided a predicate 1 (x) is given
which defines & inside K. Indeed, given the global field &, the valuation rings
Oy, mg of k are definable inside £ by Rumely’s recipe [1980] mentioned in
Section 1. Thus, one has

BeHs ifandonlyif VO, my (8¢, = B—1¢cdn® -m,).

(2) Forevery f € K and a € kK, set Hyso := fUa UH; C H3(K, Z/n(2)).

(3) Let Uyy := {u € K™ | Hyso is nontrivial over K, o forall ¢ € k, § € k*},

where Ky o.c:= K[J/uc, Yugclanduc:=1—c(1—u), ug,c=:uc.+ac"(1—u)".

Note that the fact that H 5, is nontrivial over K, . is first-order expressible

as follows (see Section 2C): f U« is nontrivial and there exists 8 € Hs such

that the reduced norm Ny of the division algebra A f, does not represent 8
over K, 4 c.

4) Let Ry i={u € Upy |u+Upy — 1 SUpo, (u—1)Use — 1) +1 S Upq}.
(5) Repeat the process above for g := f + 1.
(6) Setm: =Ry -Rge —1and O:={t € K [trm Cm}.

Conclusion 5.2. The k-valuation rings Op, mp of K |k are among the definable
sets O, m. Precisely, for every Op, mp there exist f and « such that O = Op, and
1/f em=mp.

5B. Concluding the proof of Theorem 1.2. First, the above Recipe 5.1 is a uniform
first-order description of the k-valuation rings of function fields of complete smooth
k-curves.

In order to give the formula degy (t), we first recall that k is a Hilbertian field.
Hence, for every nonconstant function ¢ € K there exist (infinitely many) special-
izations 7 > a € k such that the point P € X with f = a in « (P) is unique. Hence
[« (P) : k] =[K : k(¢)] is the degree of ¢t. Thus, one possibility for the formula
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defy (t) would be
VO,m:tek+m=[0O/m:k]<N)&EO,m:tek+m & [O/m:k]=N).

For the formula ¥R (t, '), let R C K be the integral closure of k[¢] in K. Then
for any k-valuation ring O, one has ¢t € O if and only if k[¢] C O if and only if
R C O. Further, R is actually the intersection of all the O which contain k[¢], or
equivalently, which contain ¢. Thus the formula ¥ ® (t, ') could be

YO,m(teO =t e0).

Finally, for the formula wo(t, t'), let R C K be the integral closure of k[¢] in K.
Recall that ¢’ € K lies in k[¢] if and only if # € R and for all O, m one has that if
the residue 7 € O/m lies in k C O/m, then the residue ' € O/m lies in k C O/m.
(Indeed, this follows again from the fact that k is Hilbertian.) Thus one possibility
for the formula ¥°(¢, ') could be

VOm(teO=>tVeO)&(tem+k =t em+k)).
This completes the proof of Theorem 1.2.

SC. Proof of Theorem 1.1. In order to prove Theorem 1.1, we recall that by the
main results of [Pop 2002] combined with the description of the absolute constants
in [Poonen 2007], one has the following:

(1) For every finitely generated field K over a number field k with d :=tr.deg(K |k),
there exists a formula with d free variables (p(,)((tl, ..., tg) such that the sen-

tence 0
a1, ...,ld(pK(ll, o tg)

is true in K. Moreover, if L is any other finitely generated field such that
(p?((ul, ..., Ug) is true in L for some choice of uy, ..., uy; € L, then the map
(t1, ..., t3) — (uy, ..., uy) extends to an embedding of fields K < L.

(2) Now suppose that d = 1. Then using the above deg,, (t) we have proved the
following theorem.

Theorem 5.3. Let ¥k be the sentence 3t ((p% (t) & degy (V). Then the following
hold:

(1) The sentence V¥ is true in K if and only if there exists some t € K such that
go(l){ (t) is true in K, and t has degree N in K.

(2) Suppose that ¥k is true in K. Then for every finitely generated field L, the
sentence Wi is true in L if and only if K and L are isomorphic as fields.
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On the algebraic structure
of iterated integrals of quasimodular forms

Nils Matthes

We study the algebra ZM of iterated integrals of quasimodular forms for SL;(Z),
which is the smallest extension of the algebra QM, of quasimodular forms
which is closed under integration. We prove that Z2M is a polynomial algebra
in infinitely many variables, given by Lyndon words on certain monomials in
Eisenstein series. We also prove an analogous result for the M,-subalgebra ZM
of TM of iterated integrals of modular forms.

1. Introduction

Quasimodular forms, a generalization of modular forms, were first introduced in
[Kaneko and Zagier 1995] in a context motivated by mathematical physics. The
C-algebra QM,, of quasimodular forms for the full modular group SL;(Z) can be
defined, in a slightly ad hoc fashion, as the polynomial ring C[E;, E4, E¢], where
E ;. denotes the normalized Eisenstein series of weight 2k:

4 & k-1 4" 2wit
Ezk(T)ZI—B—Zan W, q=e ,
=1

where B, are the Bernoulli numbers. In particular, QM,, contains the algebra of
modular forms My = C[E4, E¢].

The derivative of a quasimodular form (of weight k) is again a quasimodular
form (of weight k& + 2); this was essentially already known to Ramanujan (see
[Zagier 2008, Proposition 15]). On the other hand, the integral of a quasimodular
form is in general not quasimodular. For example, a primitive of £, would have to
be of weight zero, but every quasimodular form of weight zero is constant.

The goal of this paper is to study the smallest algebra extension of QM, which
is closed under integration. For this, the idea is to iteratively adjoin primitives

MSC2010: primary 11F11; secondary 11F67.
Keywords: quasimodular forms, iterated integrals.
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to QM,,, which eventually leads to adjoining all (indefinite) iterated integrals

I foi7) = Qi) // A falt) dry - dzy. (1)

<71 <=1 <ioo

where f1,..., fn are quasimodular forms (a precise definition will be given in
Definition 2.6). The integrals (1-1) were first studied by Manin [2006], and later by
Brown [2016] and Hain [2016], in the case where all the f; are modular forms.! In
all of these treatments, the focus lies rather on arithmetic aspects of these iterated
integrals, for example their special values at cusps of the upper half-plane. By
contrast, we study them solely as holomorphic functions of . It is also worth noting
that even in the modular case, the iterated integrals we study in the present paper
are slightly more general than the ones introduced in [Manin 2006; Brown 2016;
Hain 2016]. For example, if f(7) is a modular form of weight &, then the integral
/, tloo S (x1)7{ dry is an iterated integral of modular forms in the sense of the present
paper for every n > 0, while [Manin 2006; Brown 2016; Hain 2016] also require
n<k-2.

Now let ZM be the QM -algebra generated by all the integrals (1-1), which
is the smallest algebra extension of QM, closed under integration. It turns out
that ZM is not finitely generated, but still has a manageable structure, which is
captured by the notion of shuffle algebra (which is just the graded dual of the tensor
algebra with a certain commutative multiplication, the so-called shuffle product)
[Reutenauer 1993]. More precisely, let V = C- E, & M, be the C-vector space
spanned by all modular forms and the Eisenstein series E;, and let C(V') be the
shuffle algebra on V. Our main result is the following.

Theorem (Theorem 4.3). The QM -linear morphism

M QM, ®c C(V) —» M, Sl ful = 1(f1ae s fai D)

is an isomorphism of QM-algebras.

A similar result holds for the My-subalgebra ZM of ZM of iterated integrals
of modular forms (see Theorem 4.5).2 The surjectivity of ¢ ™ can be reduced to
the fact that every quasimodular form can be written uniquely as a polynomial in
n-th derivatives of modular forms and the Eisenstein series E5; see [Zagier 2008,
Proposition 20]. The proof of injectivity is more elaborate and amounts to showing
that iterated integrals of modular forms and the Eisenstein series £, are linearly

'More precisely, Manin only defined iterated integrals of cusp forms, and the extension to all
modular forms is due to Brown.

2 After this paper was submitted for publication, the author learned that, in the case of iterated
integrals of modular forms, a very similar result has also been proved by Brown [2017, Proposition 4.4]
using a slightly different method.



On the algebraic structure of iterated integrals of quasimodular forms 2115

independent over QM,,. It extends results of [Lochak et al. 2017], which dealt with
iterated integrals of Eisenstein series. In both cases, the key is to use a general result
on linear independence of iterated integrals [Deneufchatel et al. 2011]. It would be in-
teresting to prove similar results for quasimodular forms for congruence subgroups.

The Milnor—-Moore theorem [Milnor and Moore 1965] states that if & has charac-
teristic zero, then k (V') is isomorphic to a polynomial algebra (usually in infinitely
many variables). Fixing a (totally ordered) basis B of V, Radford [1979] has given
explicit generators of k£ (V') in terms of Lyndon words on B (see Section 4). Using
this, we get the following theorem.

Theorem (Theorem 4.9). Let B be a basis of C- E, & My. We have a natural
isomorphism

b M =~ QM, [Lyn(B%)], (1-2)
where the right-hand side is the polynomial QM -algebra on the set Lyn(B*) of
Lyndon words of B.

Again, a similar result holds for ZM. Since QM,, has an explicit basis given by
monomials in the Eisenstein series E,, E4 and Eg, the isomorphism (1-2) can be
made completely explicit, and may be viewed as an analog of the isomorphism
QM, = C[E,, E4, Eg] [Kaneko and Zagier 1995].

Finally, we note that classically, integrals of modular forms play an important
role in Eichler—Shimura theory, where they give rise to group-cocycles (say for
SL;(Z) or more generally for some congruence subgroup thereof) with values
in homogeneous polynomials. This has been generalized by Manin [2006], and
later by Brown [2016] and Hain [2016], who attach certain nonabelian cocycles to
iterated integrals of modular forms. Although it is not the main focus of this article,
in the Appendix we show how one can attach cocycles to quasimodular forms (for
SL,(Z)), partly since we found no mention of this in the literature. On the other
hand, we leave the definition and study of cocycles attached to iterated integrals of
quasimodular forms for future investigation.

The plan of the paper is as follows. In Section 2, we collect the necessary
background on quasimodular forms and their iterated integrals. In Section 3, we
prove a linear independence result for iterated integrals of quasimodular forms.
This result is then put to use in Section 4, where the main results are proved.
In the Appendix, we discuss the above-mentioned generalization of the classical
Eichler—Shimura theory to quasimodular forms for SL,(Z).

2. Preliminaries

Throughout the paper, all modular and quasimodular forms will be for SL,(Z). We
fix some notation. Let ) = {z € C |Im(z) > 0} be the upper half-plane with canonical
coordinate t. For every k € Z, we have a group action of SL,(Z) on the set of all
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functions f : $) — C (not necessarily holomorphic), defined by (y, f) — f |k v,
where

ar—i—b)

(fley)@) = (ct+d)7* f(cr -

For fixed t € ), we also define a map X : SL,(Z) - Cby X(y) =
that X has infinite, and thus Zariski dense, image.

Note

2m cr-{-d

Recap of modular forms. Denote by M, the space of modular forms of weight
k € 7. By definition, these are the holomorphic functions f : §) — C, which satisfy
flky = f forall y € SLy(Z), and which are “holomorphic at the cusp”. The latter
condition means that in the Fourier expansion f(t) =), ., @n,q" (which exists
since for y = (§ 1) € SL2(Z), the condition f|xy = f is just f(r + 1) = f(2)
for all t), a, = 0 for all n < 0. Examples of modular forms include the Eisenstein
series

(o,@]
Eq(7) = 1_B_2kz 1 2k— 1 q" :1_;/( Z(Zd2k_l)qn’

2k n=1 “d|n

which is a modular form of weight 2k, for k > 2 (the B, are Bernoulli numbers).
The C-vector space of all modular forms My is a graded (for the weight) C-algebra
My = @y My, which is well-known to be isomorphic to the polynomial algebra
C[E4, E¢). Proofs of all these facts and much more on modular forms can be found,
for example, in [Zagier 2008].

Quasimodular forms. Quasimodular forms are a generalization of modular forms
which was first introduced in [Kaneko and Zagier 1995]; see also [Bloch and
Okounkov 2000, §3; Zagier 2008, §5.3]. The definition we give here is due to
W. Nahm? and is also used for example in [Martin and Royer 2005].

Definition 2.1. Let k, p € Z with p > 0. A quasimodular form of weight k and
depth < p is a function f : $ — C with the following property: there exist
holomorphic functions f, : $ — C, for 0 <r < p, which have Fourier expansions
> o2 o anq™ such that

14
(Sler)@ =) fr(@®X(y), forally € SLy(2). (2-1)
r=0

We denote by Qpr the C-vector space of quasimodular forms of weight & and
depth < p, and set

QM= JaM;?. QM == P QM.
p=0 kez

3See [Zagier 2008, §5.3].
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Remark 2.2. (i) Itis clear from the definition that, if f; € QM_p fhe QM‘ZP 2
then f1 /> € QM,:p J;;{rp 2. In other words, QM,, is a graded (for the weight)
and filtered (for the depth) C-algebra.

(ii) Using the fact that X is Zariski dense, it is easy to see that the functions f;(7)
are uniquely determined by f (7). Also, applying (2-1) with y = (1 0) we
see that fo(t) = f(¢). In particular, every quasimodular form is holomorphic
on $) and at the cusp.

Every modular form is a quasimodular form of depth zero; more precisely,
My = QMg =0 An example of a quasimodular form Wthh is not modular is the
Eisenstein series of weight two E,(t) = 1 —24 Zn aers qn , which transforms as

— . c
(Exl27)(x) = Ex(v) + 12X(y) = Ex(1) =+ ——
for all y € SL,(Z). In particular, E, € QM2SI \ M;.

The following proposition recalls basic properties of QM,, that will be of use later.

(2-2)

Proposition 2.3. (i) The C-algebra QM is closed under the differential operator
D= ﬁf—r = qdiq. More precisely, for [ quasimodular of weight k and

depth < p, we have
p+1

(DN k+2V)@) =D (Df)(@) + (k—r + 1) fr_1 (D)X ()"
r=0
In particular, D(QM,fp) C QMsp-"1 forallk, peZ.

k+2
(i1) We have (0} ifk <0,

QM =1C-E, ifk =2,
D(QM;._,) & My else.
In particular, QM,, = C- E, & D(QM,,) & My, and

QM* = @[EZ’ E4a E6]
as graded C-algebras.

Proof. For (i), simply apply D to both sides of (2-1). The first equality in (ii) follows
from [Zagier 2008, Proposition 20(iii)], and the isomorphism QM, = C[E,, E4, E¢]
is essentially a consequence of this, but can also be proved independently (see
[Bloch and Okounkov 2000, Proposition 3.5(ii)]). O

Remark 2.4. Relaxing the condition in the definition of quasimodular forms that
every f; be a holomorphic function, one can define the notion of weakly quasi-
modular form of weight k and depth < p as a meromorphic function f :$ — C
satisfying (2-1), but where the functions f; (t) are only required to be meromorphic
on §) and have Fourier series of the form Y 2 1 ang" (fy is “meromorphic
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at the cusp”). As in the case of quasimodular forms, one shows easily that the
functions f;(7) are uniquely determined by f(t) (see Remark 2.2). Moreover,
Proposition 2.3(i) generalizes straightforwardly to weakly quasimodular forms.

We end this subsection with a short lemma, for which we couldn’t find a suitable
reference. Denote by A = ﬁ(Ei —-F 2) Ramanujan’s cusp form of weight 12.

Lemma 2.5. Let g € QM, \ {0} and o € C be such that
D(g) = (aEr)-g. (2-3)
Then « is a nonnegative integer, and g = BA* for some B € C\ {0}.

Proof. Let g =Y 02 anq™, so that D(g) =Y 2, nanq". Comparing coefficients
on both sides of (2-3) yields that & equals the smallest integer 72 > 0 such that a,, # 0.
On the other hand, D(A)/A = E, [Zagier 2008, proof of Proposition 7], and from
the chain rule, D(A%)/A% = « E,, which gives the result. |

Iterated integrals on the upper half-plane. Iterated integrals of modular forms
were first considered by Manin [2006] (for cusp forms), and later by Brown [2016]
(in general). They are generalizations of the classical Eichler integrals

ioco
/ f(2)z"dz, m=0,.... k-2, (2-4)

where f is a cusp form of weight k [Eichler 1957; Lang 1976]. Extending (2-4) to
a general modular form poses the problem of logarithmic divergences, which arise
from the constant term in the Fourier series of /. A procedure for regularizing
such integrals is described in [Brown 2016], and we borrow it to define iterated
integrals of quasimodular forms. Since it is perhaps not so well-known, we give
some details for the convenience of the reader.

Let W C O($) be the C-subalgebra of holomorphic functions f : $ — C, which
have an everywhere convergent Fourier series f(t) = Y oo anq" with ¢ = " it
Note that QM, C W. For f(t) € W, let f® =ap, and f°(t) = f(r) — f>® =
> > L anq™. Let C(W) (sometimes denoted by 7¢(W)) be the shuffle algebra
[Reutenauer 1993], i.e., the graded dual of the tensor algebra T'(W) = @ 5 wen
on W, where the grading is by the length of tensors. Elements of (W ®")V will be
written using bar notation [ f1 | f2 | ---| fa], and a general element of C{W) is a
C-linear combination of those. The product on C{W) is the shuffle product LLI,
which is defined on the basic elements by

[fl | | fr] L [fr-H | | fr+s] = Z [fa(l) | | fa(r—i—s)]a (2-5)
OEX, 5

where X, ; denotes the set of all the permutations on the set {1,...,r + s} such
that o~ 1(1) <--- <o~ l(r)ando1(r4+1) <--- <o~ 1(r +9).
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Define a C-linear map R : C(W) — C(W) by the formula

n

RISl = Y D" LA L L W L2 L | A

i=0
Following [Brown 2016, §4], we make the following definition.
Definition 2.6. For fi,..., f;, € W, define their regularized iterated integral

I(f],...,fn;f) n iso .
:=<2ni>"§(—1>"—" / RUf || fi] /0 2| £ 2-6)

where

b
/ Ui || fo] = / GO (i) dn) - 2)* (o) da)
0<#Hi <-=<t;=<1

denotes the usual iterated integral along the straight line path )/,f from a to b.

Remark 2.7. Using the change of variables 7 — ¢ = ¢2™'7 it is easy to see that

I(f1,..., fu; 1) € Wllog(q)], where log(g) := 2mit. By the same token, if all
of the f; have rational Fourier coefficients, then I( f1,..., f5; 1) will also have
rational coefficients, as a series in ¢ and log(g).

Proposition 2.8. The functions I( f1,..., fq:T) satisfy the following properties.
(1) The product of any two of them is given by the shuffle product
ISfree OISt frasiD = Y Iy forsi D 2T)
o€ z;r,s
(i1) They satisfy the differential equation

L d T Jui D) = =A@ faeee i) (28)

ﬁd‘[ T=T

(iii)) We have the integration by parts formulas

I(f1,..., fi» D(&), fit1,--vs Jus )
=I(f1..... fi-&fi+ts- s s O) = 1(f1..... fig, fiv1soo s fui D), (299)

as well as
(D). faroo s S O) =18 S2s f3. s f D) = (DI (f2, - i D),
and

I(fi.oo fnm1. D(@)i 1) = g(100) I (fro oo fu1: D) = 110y a1 D).

Proof. Using the definition (2-6), all of these follow from the analogous properties
for usual iterated integrals; see, e.g., [Hain 1987]. O
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A criterion for linear independence of iterated integrals. 1et Frac(W) be the field

of fractions of the C-algebra W introduced in the last subsection. By the quotient

rule, it is easy to see that Frac(W) is closed under D = ﬁ%.

The following theorem is a special case of the main result of [Deneufchatel et al.
2011].

Theorem 2.9. Let F = ( f;)ier be a family of elements of W, and let C C Frac(W)
be a subfield which is closed under D and contains F. The following are equivalent:

(1) The family of iterated integrals (I1(fi,..., fu:T)| fi € I, n > 0) is linearly
independent over C.

(i1) The family F is linearly independent over C, and we have
D(C) N Spang(F) = {0}.

Proof. This is the special case of Theorem 2.1 in [Deneufchatel et al. 2011], with the
notation k =C, (A, d) = (Frac(O(9)), D), X ={Ay, | fie F}, M == ;[ fi4y,

and S =), Zfil,m,finGS I(fi...., fusT)-Af -+ Af,. Note that it follows
from (2-8) that
D(S)= M-S,

as required in [loc. cit.]. O

Remark 2.10. Variants of Theorem 2.9 have been known before; see [Brown 2009,
Lemma 3.6].

3. Linear independence of iterated integrals of quasimodular forms

In this section, we apply Theorem 2.9 to deduce linear independence of a large
family of iterated integrals of quasimodular forms. More precisely, our main result
is the following theorem.

Theorem 3.1. Let BB be a C-linearly independent family of elements of C- Ey ® M.
Then the family of iterated integrals

(I(fla~--vfn;-[) | .fl GB)
is linearly independent over Frac(QM,,) = C(E,, E4, Ej).

Two auxiliary lemmas. For the proof of Theorem 3.1, we need two lemmas.

Lemma 3.2. Let f,g € C[E,, E4, E¢] be such that g # 0 and such that f and
g are coprime. Assume that D(f/g) € C[E,, E4, Eg|. Then g = BA® for some
a € Z>¢ and some € C\ {0}, where A := ﬁ(Ei - Eé) is Ramanujan’s cusp
form of weight 12.
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Proof. By the quotient rule, we have

p(L)= PUE=ID@ _ D= ID@]s
g g? g

The left-hand side is contained in C[E,, E4, E¢] by assumption, and since also
D(f) and g are in C[E,, E4, Eg], we have fD(g)/g € C[E,, E4, E¢]. But

then, as f and g have no common factor, g must divide D(g), i.e., there exists
h € C[E,, E4, Eg] such that

D(g) = gh.

Since D : QM — QM, is homogeneous of weight 2 (see Proposition 2.3(1)), we
have h € QM,, i.e., h = o E, with @ € C. In other words, g solves the differential
equation D(g) = (¢ E,)-g. But by Lemma 2.5, @ must be a nonnegative integer
and g = BA* for some B € C\ {0}. O

Lemma 3.3. Let f be a weakly quasimodular form such that its derivative D(f)
is a quasimodular form. Then f is a quasimodular form.

Proof. It is no loss of generality to assume that f is of weight k € Z and depth < p,
where p > 0. By the definition of weakly quasimodular forms (see also Remark 2.2),
there exist uniquely determined meromorphic functions f;(t), for 0 <r < p, such
that P
Sen@ =Y. fOX)
r=0

for all y € SL,(Z). Therefore, we only need to show that every f(t) is holomorphic,
including at the cusp.

To this end, by Proposition 2.3(i), we know that

p+1
(DN k421)(@) = Y (D) @) + (k=r + 1) fro (@)X @), (3D
r=0
and since D( f) is a quasimodular form by assumption, every coefficient of (3-1)
is holomorphic, including at the cusp.

The constant term, with respect to X (y), in (3-1) equals D( fy)(7), which is
holomorphic by assumption. But a meromorphic function whose derivative is
holomorphic everywhere is itself holomorphic everywhere. An easy induction
argument, using the fact that the coefficients of (3-1) are holomorphic, now shows
that in fact every f,(7) is holomorphic. d

Proof of Theorem 3.1. We use the criterion of Theorem 2.9 in the case where
C = Frac(QM,,) and F = B. Since B is linearly independent over C by assumption,
it is enough to prove that if & € Frac(QM,,) then

D(h):Zaff and af €C = ay =0, forall / €B.
feB
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Also, since B spans a subspace of C- E, @& My, it clearly suffices to prove that
D(h) € C- Ey & M, implies that D(h) = 0, or equivalently, that / is constant.
Thus, the following proposition completes the proof of Theorem 3.1.

Proposition 3.4. Suppose that h € Frac(QM,) =~ C(E,, E4, E¢) is such that
D(h) e C- Ey, ® M. Then h is constant.

Proof. Write h = f/g with f, g € C[E,, E4, E¢] such that g 7 0 and f and g are
coprime. Writing f as a C-linear combination of its homogeneous components, it
is enough to show the proposition for f homogeneous of weight k.

First, we know from Lemma 3.2 that g = BA® for some o € Z>¢ and 8 € C\ {0},
where A is Ramanujan’s cusp form of weight 12. In particular, g is a cusp form of
weight kg = 120.

Since f is quasimodular of weight ky and depth < p, there exist holomorphic
(including at the cusp) functions f;(t), for 0 <r < p, such that

P
(Sl @ =) fr@X ()

r=0

for all y € SL,(Z). Setting h,(7) := %(f), we also have, for k := kr — kg,

p
k)@ =D hr (D)X ().
r=0

Moreover, the functions %, (7) are meromorphic; thus, /4 is a weakly quasimodular
form (of weight k and depth < p). By assumption, D (/) is a quasimodular form
(necessarily of weight k 42 and depth < p + 1), and using Lemma 3.3, this implies
that 1 € QM,fp . Therefore, every A, (7) is holomorphic, including at the cusp.

Summarizing, we have seen that /2 € Frac(QM,,) such that D(h) € QM,, implies
that 7 € QM,,. But we even have D(h) € C- E, & M. by assumption, and therefore
Proposition 2.3(ii) now implies that / is constant, as was to be shown. O

4. Iterated integrals of quasimodular forms and shuffle algebras

We describe the QM -algebra of iterated integrals of quasimodular forms, which is
the smallest algebra which contains QM,, and is closed under integration. Using the
results of the last section, we show that it is canonically isomorphic to an explicit
shuffle algebra. A similar result holds for the M,.-subalgebra of iterated integrals
of modular forms.

The algebra of iterated integrals of quasimodular forms.

Definition 4.1. Define ZM to be the QM,,-module generated by all iterated inte-
grals of quasimodular forms:
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IM = Spangyg, {1(f1s-- -+ fui©) | fi € QML

We also denote by I,?M the QM. -linear submodule, which is spanned by all of the
I(fi,..., fr;7) withr <n.

The subspaces I,?M define an ascending filtration Z2M on ZM, called the length
filtration (in analogy with the length filtration on iterated integrals [Hain 1987]). It
follows from (2-7) that ZM is a filtered QM ,-algebra. However, the length is not
a grading, as shown by the next result.

Proposition 4.2. Let f1,..., fn be quasimodular forms. Then
I(fivooos fimto DUR figtone s fi0) €T,

Proof. This follows immediately from the integration by parts formula (2-9). [

ZM g5 a shuffle algebra. We let V be the C-vector space C- E @ M., and denote
by C(V) the shuffle algebra on V' (see Section 2). Recall that this is the graded
dual of the tensor algebra 7'(V'), whose grading is given by the length of tensors.
Elements of C(V') are C-linear combination of the basic elements [f1 | --- | fal,
and the product on C(V') is the shuffle product (2-5).

The following theorem is the main result of this paper.

Theorem 4.3. The QM,,-linear map
eM QM @cC(V) = I™M,  [fil- | Sl If1o fsT) (3D

is an isomorphism of QM-algebras.

Proof. Let B be a basis of V, so that the family ([ f1 | ---| fn] | fi € B) is a basis
of C(V). The injectivity of ¢ follows from the Frac(QM.,,)-linear independence

of the family
F:(I(f177fn,f)|ﬁ68)’ (4'2)

which is a consequence of Theorem 3.1.

To obtain the surjectivity, we need to prove that the family (4-2) generates ZM,
To this end, we prove inductively that for every n > 0, we have I,?M C Spangy, F.
The case n = 0 is trivial. Now let n» > 1 and assume that for every r < n — 1,
we have I,QM C Spangy, F. Given quasimodular forms fi,..., fz, we can write
fi = gi+ D(h;), where g; € C- E, & M and h; € D(QM,,) by Proposition 2.3(ii).
Then by linearity,

I(fi,.... f;;v)=1(g1,...,8n:7)

n
+ > I git D(hi). Gig1oe o gn) +oee . (4°3)

i=1
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where the - - - above signifies iterated integrals which have at least two D (/%;) as inte-
grands. The first term on the right is contained in Spangy, F, since g; € C- E ® M
for every i and B is a basis. On the other hand, all other terms in the sum (4-3)
are iterated integrals which contain at least one D (/;). By Proposition 4.2, it thus
follows that

I(fi,.... f;;0)=1(g1,...,8n;7) modI,?_Ml,

and we conclude using the induction hypothesis. Finally, it is clear that M is a
homomorphism of algebras, since both sides of (4-1) are endowed with the shuffle
product. O

The algebra of iterated integrals of modular forms. In this section, we study the
subalgebra ZM of ZM generated by iterated integrals of modular forms.

Definition 4.4. Define ZM to be the M,-module generated by all iterated integrals
of modular forms:

M = Spany {I(f1, ..., faiT) | fi € M}

As in the case of ZM, the length of iterated integrals defines the length filtration
IM on M and M is a filtered M,-subalgebra of ZOM. We let C(M,) be the
shuffle algebra on the C-vector space M.

Theorem 4.5. The My-linear map

is an isomorphism of My-algebras.

Proof. The morphism @M is surjective by definition. It is also injective, since for a
basis Bys of My, the iterated integrals I( f1,..., fu; T) with f; € By are linearly
independent over M by Theorem 3.1, as M, C Frac(QM,,). O

A polynomial basis for Z™. Recall from Proposition 2.3(ii) that QM,, is isomor-
phic to the polynomial algebra C[E,, E4, E¢g]. A similar, but slightly more involved
statement holds for the QM,,-algebra ZM of iterated integrals of quasimodular
forms. Namely, ZM is a polynomial algebra over QM, in infinitely many variables,
which are given by certain Lyndon words.

In the following, if (S, <) is a totally ordered set, we will endow the free monoid
S* on S with the lexicographical order induced by <. Also, the length of w is
simply the number of letters of w.

Definition 4.6. A Lyndon word on S* is a nontrivial word w € S* \ {1} such that
for all factorizations w = uv with u, v # 1, we have w < v. We denote by Lyn(S™*)
the set of all Lyndon words on S*.
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Example 4.7. Let S = {a, b} with total order a < b. Then the Lyndon words on
S* of length at most four are

a, b, ab, aab, abb, aaab, aabb, abbb.

Now for a field k and any set S, define k (.S) to be the shuffie algebra on the free k-
vector space generated by S. If k is of characteristic zero, then by the Milnor—-Moore
theorem [Milnor and Moore 1965], k() is isomorphic to a polynomial algebra
(in possibly infinitely many variables). The following refinement is due to Radford.

Theorem 4.8 [Radford 1979]. If k has characteristic zero, then k(S) is freely
generated, as a k-algebra, by the set of Lyndon words Lyn(S™*). Equivalently,
k(S) = k[Lyn(S™)], the polynomial algebra on Lyn(S™).

Returning to quasimodular forms, consider again the C-vector space
V=C-E)® M,

and let B = | J; > Bk be the homogeneous basis of V' given by By = {EZ’Eé’ |
4a + 6b = k} for k # 2, and B, = {E,}. The basis B can be ordered for the
lexicographical order as follows: if E§E é’ JE ff/ E [6’/ € By, then

EZE? < EZ’,Eg/ sa<d,ora=d and b < b,

and if /" € By, g € By, with k <k’, then f < g.

Now, since for f1, ..., fu € B, the iterated integrals I( f1, ..., fu; T) are linearly
independent over QM,, (by Theorem 3.1), we can canonically identify the set of
all I(f1,..., fn; t) with the free monoid B* and order B* for the lexicographical
ordering induced from the order on 15 above. The next result is a formal consequence
of Theorems 4.3, 4.5 and 4.8.

Theorem 4.9. The elements of Lyn(B*) are algebraically independent over QM
and we have a natural isomorphism of QM-algebras

QM,[Lyn(B*)] = M,

which is filtered for the length, where the left-hand side is the polynomial QM-
algebra on Lyn(B*). Explicitly, the isomorphism maps an element

w=fi- fn € Lyn(B")

to the iterated integral 1(f1, ..., fu; T). Similarly, we have a natural isomorphism
of My-algebras
M Lyn(Bi)] = 1M,

where Byy = B\ {E,}.
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Example 4.10. The following table gives all elements of Lyn(B*) involving iterated
integrals of length at most two of quasimodular forms of total weight at most 12.

For ease of notation, we have dropped the t from I(f1,..., fu; 7).
Length

Weight | 0 1 2
0 |— I(1) —
2 — 1(E>) —
4 — 1(E4) 1(1, Ey)
6 - I(E6) ](I»Eﬁ)a I(E2vE4)
10 | —| I(E4E¢) I(1, E4E¢), I(E,. E}), I(E4. E)
12 - I(Eg)v I(Eé) I(lsEz)’ I(I’E§)7 I(E27E4E6)’ I(E4’E2)

Also, the list of all elements of Lyn(3*) consisting of iterated integrals of length
at most three of quasimodular forms of total weight 12 is given by

{(ED), 1(EQ), I(1, EQ), I(1, EQ), I(Ez, E4E¢), 1(E4, E3),
I(1,1,E}), I(1,1,E}), I(1, Ey, E4E¢), I(1, E4, EZ), I(1, Eg, E¢),
I(1,E§,Eq), I(1,E4Eq, Ey), I(E3, Ey, E), I(E3, Eq, Eg), I(E,. Eg. E4)}.

Appendix: Eichler—Shimura for quasimodular forms

In this appendix, we show how one can attach one-cocycles to quasimodular forms.
This extends the classical Eichler—Shimura theory of the cocycles attached to
modular forms, and is probably well-known to the experts, but the author does not
know of a suitable reference for the precise statements.

Throughout this appendix, we will freely use some elementary concepts from
the cohomology of groups, for which we refer to [Weibel 1994, Chapter 6].

Cocycles attached to modular forms. We first briefly recall how modular forms
give rise to cocycles for SL,(Z). A standard reference is [Lang 1976, Chapter VI].

For d > 0, let Q[ X, Y], be the Q@-vector space of homogeneous polynomials in
X and Y of degree d. It is a right SL,(Z)-module by defining

P(X.Y)|, = P(aX +bY,cX+dY) fory= (‘C’ Z) €SL,(Z), P €Q[X.Y],.

With this action, given a modular form f of weight & > 2, it is straightforward to
verify that the holomorphic differential one-form

S@) = ri) T (@)X — 1Y) P dr € @1(H) @0 QX Y2
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is SL; (Z)-invariant, where SL;(Z) acts on $) in the usual way via fractional linear
transformations. Fixing a base point 7y of § (possibly i 00), it follows from the
SL,(Z)-invariance that the function

F :SLa(@) > CIX. Vieea,  y > [ ") - ( /y ! f(r))

T

Y
(regularized as in Section 2 if 7y = i00) is a one-cocycle, i.e., it satisfies
I'f.ro (yl VZ) =Tfz (Vl) |J/2 + I'f.ro (VZ)

for all 1, y» € SL,(Z). Its cohomology class does not depend on g, and we denote
this class simply by [rs].
The same construction can also be applied to the complex conjugate

S @) = (22 ) (X —7Y)F 2 dr

of the one-form f(7), and we denote by [r f] the resulting cohomology class.

Theorem A.1 (Eichler—Shimura). For every k > 2, the morphism
My ® Sk — H'(SL2(2), QX Y]k—2) ®a C,  (/.8) +> [ry]+[rg]

is an isomorphism of C-vector spaces. Here, S}, denotes the complex conjugate of
the C-vector space of cusp forms of weight k.

Cocycles for the braid group. The fact that r¢ is a cocycle hinges on the modularity
of f. In order to incorporate quasimodular forms into the picture, we need to
consider instead of SL,(Z) the braid group B3 = (01,03 : 010,01 = 0,0102) on
three strands. It is a central extension

l1—->27Z— B3 —SL,(Z) — 1, (A-1)

and also the fundamental group of the quotient of C* x ) by the SL;(Z)-action

y.(z,7) =((ct+d)z,y.t) fory = (Ccl Z) € SL,(2),

where SL,(Z) acts on §) as before. We refer to [Hain 2011, §8] for more details
and further equivalent descriptions of Bj.

Next, we compute the cohomology groups H!(B3, Q[X, Y];), where Bs acts
on Q[X, Y], via the projection B3 — SL,(Z).

Proposition A.2. We have canonical isomorphisms

H'(SL»(2),Q[X,Y]y) ford=>1,
1 ~
H (B, QX Y]a) = {@ ford = 0.
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Proof. The Hochschild—Serre spectral sequence (see [Weibel 1994, §6.8.3]) associ-
ated to the extension (A-1) yields an exact sequence

0— H'(SLy(Z),Q[X, Y1]q)— H'(B3.Q[X. Y]y) — H'(Z,Q[X, Y];) @ -0,

where we have used the fact that H?(SL,(Z), Q[X, Y];) = {0}, as SL,(Z) has
virtual cohomological dimension equal to one. The proposition now follows easily
from this. |

Quasimodular forms and braid group cocycles. In light of Theorem A.1, the iso-
morphisms of Proposition A.2 suggest attaching a one-cocycle B3 — C to the
Eisenstein series E,. Indeed, this can be done as follows.

First, the modular transformation property of E, (2-2) implies that the differential

one-form d
Z e QNC* x $H) (A-2)

2niE,(t)dr — 127

is SL,(Z)-invariant, i.e., it descends to the quotient SL,(Z)\(C* x ). Denote by

Ea(.7) = ¢* (2mi Ea(r) de - 12‘12—2) = 2miEq(r) dr — 12dE € Q1 (C x )
the pull-back of (A-2) along the universal covering map ¢ : Cx$) — SL;(Z)\ (C*x$).
Clearly, E5(&, ) is Bj-invariant and it follows that for any base point (£, 7o) (for
example, (£, 79) = (0, i 00)), the function

(0,70) (0,70)
IEs,(€0.70) - B3 = C, Ve 0 E(S»I)_(/y(g ) &(5’7))
)T (&t

4

is a well-defined cocycle (again, regularization is needed if 7y = i 00).

Remark A.3. The integral I(E>; 7) introduced in Section 2 is actually equal to
ftlooé(é, 7), where we embed ) into C x $) by 7 — (0, 7). However, that em-
bedding is not Bz-equivariant, and indeed the integral /(E,; t) does not give rise
to a cocycle for Bj; for this, one really needs to lift the form 27i F,(7) dt to the
form E, (&, 7).

Now, since the cocycle rg, (g,,z,) 1S nonzero, its cohomology class (which is
again independent of the choice of base point (&, 7¢)) is nontrivial. The Eichler—
Shimura theorem (Theorem A.1) together with Proposition A.2 then implies the
next result.

Corollary A.4. For every k > 2, the morphism
Vi ® Sk — H'(B3,Q[X, Y]t 2)®C.  (/.8) > [rf] +[rgl,

where V := My ® C- E,, is an isomorphism of C-vector spaces.
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One can also attach a cocycle rf,;, to a general quasimodular form f* € QMy, of
weight k as follows. By Proposition 2.3(ii), we know that f can be written uniquely
as a C-linear combination of derivatives of modular forms and of derivatives of E5.
Thus, we can write

f=z)‘g'ng(g)’ Ag€C, pg 20,

where either g is a modular form of weight k —2pe or g = E,. Therefore, we may
define ry ¢, : B3 = C[X, Y]<g—2 := Po<g<i_» CIX, Y]y by

Vo -= Z)‘g “Tg,ro-

Using this definition, one sees in particular that the cocycles of quasimodular forms
can be expressed in terms of the cocycles attached to modular forms and to E5.
This is of course in line with Corollary A.4.

Remark A.5. In [Manin 2006; Brown 2016; Hain 2016], certain nonabelian
SL;(Z)-cocycles given in terms of iterated integrals of modular forms are studied.
It would be natural to try and extend this theory to nonabelian B3-cocycles attached
to iterated integrals of quasimodular forms (perhaps along the lines suggested in
[Hain 2016, §14]), but this is beyond the scope of the present paper.
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On the density of zeros
of linear combinations of
Euler products for o > 1

Mattia Righetti

It has been conjectured by Bombieri and Ghosh that the real parts of the zeros of
a linear combination of two or more L-functions should be dense in the interval
[1, 0*], where o * is the least upper bound of the real parts of such zeros. In this
paper we show that this is not true in general. Moreover, we describe the optimal
configuration of the zeros of linear combinations of orthogonal Euler products
by showing that the real parts of such zeros are dense in subintervals of [1, o*]
whenever o* > 1.

1. Introduction

Let L(s) be a Dirichlet series and let 0 * = o *(L) be the least upper bound of the real
parts of the zeros of L(s). It is well known that o * is finite (see, e.g., Titchmarsh
[1975, §9.41]). For the Riemann zeta function we know that o* < 1, and it is
expected that the Riemann hypothesis holds, i.e., 6* = % A similar situation is
expected for many Euler products (see, e.g., Selberg [1992]).

On the other hand, we have recently proved [Righetti 2016a], for a large class of
L-functions with a polynomial Euler product, that nontrivial linear combinations
have zeros for o > 1. This is not surprising since many examples of such linear
combinations were already known to have zeros for o > 1 from work of Davenport
and Heilbronn [1936a; 1936b] on the Hurwitz and Epstein zeta functions. We also
refer to later important works of Cassels [1961], Conrey and Ghosh [1994], Saias
and Weingartner [2009], and Booker and Thorne [2014].

Since for this type of Dirichlet series we know that there are zeros in the region
of absolute convergence, which we may always suppose to be ¢ > 1, it is of
interest to know the distribution of such zeros in this half-plane. With respect to the
distribution of the imaginary parts the problem was completely solved by Jessen
and Tornehave [1945]. Indeed it is known that the number of zeros in any rectangle

MSC2010: primary 11M41; secondary 11M26.
Keywords: zeros of Dirichlet series, value distribution, asymptotic distribution functions, convexity.
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[o1,00] x [T1, T>], with 1 < 07 < o, satisfies (cf. Theorem 31 of [Jessen and
Tornehave 1945])

N(o1,02,T1, T2) =c(T2 —T1) +o(|T — T1|), when |T, —T| — o0, (1-1)

for some nonnegative constant ¢ = c(o1, 02). Note that by a classical application
of the Bohr almost periodicity of Dirichlet series and Rouché’s theorem we easily
have that ¢ > 0 whenever N (o1, 02, T1, T») > 0.

On the other hand the situation regarding the distribution of the real parts of the
zeros is much more complicated. In fact some Epstein zeta functions studied by
Bombieri and Mueller [2008] are known to have the property that the real parts
of their zeros are dense in the interval [1, 0*]. Note that these functions may be
written as a linear combination of two Hecke L-functions. Other examples of linear
combinations with this property may be found in Bombieri and Ghosh [2011],
although not explicitly stated. Moreover, we remarked in [Righetti 2016a] that, as
a consequence of the technique used to prove the main result there, the real parts of
the zeros of nontrivial combinations of orthogonal L-functions are dense in a small
interval [1, 1 + n], for some n > 0 (cf. Corollary 1 of [Righetti 2016a]). Hence
one might expect, as conjectured by Bombieri and Ghosh [2011, p. 230], that the
real parts of the zeros of linear combinations of two or more L-functions should be
dense in the whole interval [1, 0*]. However this is too much to hope for as one
can see from the following general counterexample.

Theorem 1.1. Let N > 2 be an integer and let Fj(s) = ZZOZI aj(n)n™* be dis-
tinct nonidentically zero Dirichlet series absolutely convergent for o > 1, j =
1,..., N, with Z;V:l la;j(1)| # 0. Then, for any x = (x1,...,xy) € CN such that
Z?le xjaj(1) =0 but the Dirichlet series Ly (s) = Z?le x; Fj(s) is not identically
zero, there exist infinitely many projectively inequivalent vectors ¢ € CV such that
L¢(s) has no zeros in some vertical strip o1 <o < oy with 1 < o1 <03 < 0*(L¢).

Remark. The above statement is very general, but in particular may be applied to
linear combinations of linearly independent L-functions. Moreover, it is easy to
show that the same argument works also for a-values with a # 0.

This has to be compared with what happens for % <o < 1. There it is known that
Jjoint universality of L-functions implies that the real parts of the zeros of any linear
combination of these L-functions are dense in [%, 1] (see, e.g., [Bombieri and Gosh
2011, p. 230]). Furthermore joint universality is known to hold for many families
of L-functions and recently Lee, Nakamura and Parikowski [Lee et al. 2017] have
shown that this property holds in an axiomatic setting such as the Selberg class
under a strong Selberg orthonormality conjecture.

We can actually prove more, i.e., it is in general possible to construct Dirichlet
series, given by a linear combination of L-functions, which have many distinct
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vertical strips without zeros, i.e., such that between every two vertical strips without
zeros there is at least one zero.

Theorem 1.2. Let k > 1 be an integer and, for j = 1,...,k+ 1, let Fi(s) =
Y2, aj(n)n* be a Dirichlet series absolutely convergent for o > 1 witha;(1) #0.
Suppose that

a(l) a2 - ak+1)

arx(l)  ax2) --- axk+1)
det . . ) .

£0. (1-2)
art1() axg1(2) -+ a1 (k+1)

Then there exists at least one ¢ € C*t! such that the Dirichlet series L(s) =
Z’;ii cjFj(s) has at least k distinct vertical strips without zeros in the region
1 <o <o*(Le).

Remark. Note that trivially every nonzero scalar multiple of a vector ¢ of Theorems
1.1 or 1.2 has the same property. On the other hand, in Theorem 1.1, for every x the
vectors ¢ are given by the intersection of a ball and a hyperplane in C", hence there
are clearly infinitely many projectively inequivalent such vectors; see Section 6 for
details. Besides, the proof of Theorem 1.2 seems to suggest that there may actually
be infinitely many projectively inequivalent vectors ¢ with the same property in this
case too.

The proof of Theorem 1.2 is actually constructive and may be used to explicitly
obtain coefficients ¢. As a concrete example we apply it to ¢(s), L(s, x;) and
L(s, X;), where x, is the unique Dirichlet character mod 5 such that x,(2) =i,
which satisfy the hypotheses of Theorem 1.2. We thus obtain the Dirichlet series

L(s) = c1L(s, x;) +c2L(s, X)) + ¢3¢ (s),

where
(oL LO65)X® LB 506
L(8. %) L(16, x)¢(8) — L(8, %) (16)
= —0.08260584 ... —10.99658995...,
1
)= — = 1.00000059...+1i0.00375400...,
LG, x)
o I LG, x,))L(6, x;) — L8, x;)L(16, x,)

LB XD CO®L6, x;) — L8, x¢(16)
= —0.91739597 ... +i0.99283727 .. ..

In Figure 1 we see part of two distinct vertical strips without zeros of L(s) within
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Figure 1. Approximate plot of
mtin‘clL(a +it, x1) +c2L(o +it, ;) +c38(0 + it)‘

for o € [7,22] and ¢ € [0, 2000] with step 0.01.

the vertical strip 1 < 0 < o*. We recall that, by [Saias and Weingartner 2009],
there are zeros in the vertical strip 1 < o < 14 7 for some n > 0.

Actually Figure 1 shows that another interesting phenomenon happens for linear
combinations of orthogonal (see (1-3)) L-functions: it looks like that whenever
there is one zero then there should be a small closed interval, either around or beside
its real part, where the real parts of the zeros are dense. The bulk of this paper is
devoted to showing that this is indeed true.

We first recall that, as a consequence of the work of Jessen and Tornehave [1945]
on the asymptotic number of zeros mentioned above, we have the following general
result. We denote by o, (L) the abscissa of uniform convergence of L(s).

Theorem 1.3. Suppose L(s) = ZZ’;HO a(n)/n® has a(ng) #0and c*(L) > o,(L).
Then in any vertical strip o,(L) <a <o <o*(L), L(s) has only a finite number
of zero-free vertical strips and a finite number of isolated vertical lines containing
zeros. In particular, if po = Bo + iy is a zero of L(s) with By > o,(L), then either
o = Po is an isolated vertical line as above or there exist o1 < By < 02, With o1 < 03,

such that the set
[B €lo1, 021 Ty € R such that L(B +iy) =0}

is dense in [o1, 07].

The first part of Theorem 1.3 is a reinterpretation of Theorem 31 of [Jessen and
Tornehave 1945] in view of Theorem 8 of the same paper. The second part follows
from the first one by a simple set-theoretic argument.
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Therefore we just need to prove that a linear combination of orthogonal Euler
products has no isolated vertical lines containing zeros. As in [Righetti 2016a] we
work in an axiomatic setting, and at the end of the introduction we briefly mention
some important families of L-functions satisfying the required properties. Given a
complex function F(s) we consider the following properties:

@D F(s)= Zle ar(n)/n’ is absolutely convergent for o > 1;

D) log F(s) = 3, > 52, br(pk)/p*s is absolutely convergent for o > 1, with
|br(ph)| <« p*? for every prime p and every k > 1, for some 0 < %;

(II) for any € > 0, |ap(n)| < n® for every n > 1.

Definition. For any integer N > 1, we say that Fi(s), ..., Fy(s) satisfying (I) and
(Il) are orthogonal if

Z ar,(p)ar;(p)

= (m; j+o(l))loglogx, x— o0, (1-3)
p

p=<x
with m;; > Oandmi,j =0ifi #j.

Remark. There are some differences between the axioms that in [Righetti 2016a]
define the class £ and the above axioms (I)—(III), so that in principle we cannot say
that the results that we obtained in [Righetti 2016a] may be applied here or vice
versa. However most of the known families of L-functions satisfy, or are supposed
to satisfy, both the axioms of £ and (I)—(III).

We can now state the main theorems. We consider separately the cases N =2 and
N > 3 since they are handled in different ways and yield different results, although
the underling idea is the same.

Theorem 1.4. Let Fi(s), Fo(s) be orthogonal functions satisfying (1) and (1),
c1,c3 € C\ {0}, and L(s) = c1 F1(s) + c2 F5(s). Then L(s) has no isolated vertical
lines containing zeros in the half-plane o > 1.

Theorem 1.5. Suppose N > 3 is an integer, cy,...,cy € C\ {0}, ¢ € C, and
Fi(s), ..., Fn(s) are orthogonal functions satisfying (I)—(III). If we write L(s) =
Z;v=1 cjFj(s) —c, then L(s) has no isolated vertical lines containing zeros in the
half-plane o > 1.

Theorems 1.4 and 1.5 are obtained by suitably adapting the works of Bohr and
Jessen [1930; 1932], Jessen and Wintner [1935], Jessen and Tornehave [1945],
Borchsenius and Jessen [1948], and Lee [2014] on the value distribution of Dirichlet
series. Note that, however, most of these papers refer to results on particular Dirichlet
series in the strip % < o < 1, while we work in the half-plane o > 1 with far more
general Dirichlet series. Hence, although the ideas are similar, the results are quite
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different in nature and technical difficulty. The proofs will be given in Sections 4
and 5 respectively.

Remark. Note that orthogonality is necessary in Theorems 1.4 and 1.5 as is shown
by the following simple example

(1-2)¢6) -3¢0 = (= 5 )¢,

which clearly vanishes, in the half-plane of absolute convergence o > 1, only on
the vertical line 0 = 2. We mention here that in the proof of Theorems 1.4 and 1.5,
roughly speaking, orthogonality is just used to bound particular oscillatory integrals
(see the end of Section 2) and therefore to show that certain distribution functions
behave “nicely” (see Section 3).

From Theorems 1.4 and 1.5 we obtain the following interesting consequence,
which should be compared with Corollary 1 of [Righetti 2016a].

Corollary 1.6. Let L(s) be as in Theorems 1.4 or 1.5. If 0*(L) > 1, then there
exists 1 > 0 such that the set

[Belo*(L)—n,o*(L)]| Iy such that L(B +iy) =0}
is dense in [0 (L) —n, o *(L)].

Proof. If 6* = o*(L) is itself the real part of a zero, the result follows immediately
from the second part of Theorem 1.3 and Theorems 1.4 and 1.5, choosing n =
o* —o01 > 0 and 0, = o*. Suppose otherwise that o* is not the real part of a zero.
Then by definition o* is the limit point of the real part of certain zeros of L(s).
Note that in general if L(o +it) # 0, then either for any ¢ > 0O there exist 8, with
|oc — Be| < e and ¥, € R such that L(B; +iy.) =0, i.e., o is the limit point of the
real part of certain zeros of L(s), or there exists an open interval (o —§, o +6), for
some § > 0, which does not contain any real part of the zeros. Since by Theorem 1.3
the number of zero-free vertical strips in 0* — ¢ < o < o™ is finite for every small
& > 0, we can take n = ¢ small enough so that there are none. U

By Theorems 1.1 and 1.2 we see that Theorems 1.4 and 1.5 are optimal, in the
sense that without conditions on the coefficients ¢ we cannot expect stronger results
on the density of the real parts of the zeros. On the other hand it may be true that
one could provide necessary and sufficient conditions on the coefficients of a linear
combination of L-functions to guarantee Bombieri and Ghosh’s conjecture to hold,
but this seems out of reach at the moment. Here we just mention the following
example with the Davenport—Heilbronn type L-functions studied by Bombieri and
Ghosh [2011]. As we already remarked, Bombieri and Ghosh do not say whether
these functions do have the property that the real parts of their zeros are dense
in [1, 0*]. However, in our Ph.D. thesis [Righetti 2016b] we gave necessary and
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f(o)
01 g(o.)
Figure 2. Approximate plot of
L it, 1+
f(@) = min| AOEILAL) | THET)
t |L(o+it,x;) 1—irt
g(0) =min — — |
t Lo +it, x;) LGB, X))

where o € [1.01, 16.01] and ¢ € [0, 2000] with step 0.01.

sufficient conditions on the coefficients of these Dirichlet series for this to happen,
namely:

Theorem 1.7. Let & € R, x, be the unique Dirichlet character mod 5 such that
X, (2) =i, q be a positive integer and x, be the principal character mod q. Then
there exists Emax (q), such that the real parts of the zeros for o > 1 of

f(s, & q)=3[(1—i&)L(s, x,x0) + (L +i&)L(s, X1 %) ]

are dense in the interval [1, 6*(&, q)] if and only if \&| < Emax(q). In particular, if
61 q it is sufficient to take || < 6.5851599.

Proof. The proof is a continuation of the proof of Theorem 7 of [Bombieri and Gosh
2011] using results of Kershner [1936, Theorems II-III] on the support function
of the inner border of the sum of convex curves. We refer to Theorem 4.1.3 of
[Righetti 2016b] for details. (|

As an example we see in Figure 2 that the real parts of the zeros of Davenport—
Heilbronn type L-function

f(s,)=5[A=iT)L(s, x)+A+iT)L(s, X)), 5
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are dense up to o* = 2.3822861089. ... On the other hand, we see that the real
parts of the zeros of L(s, x;) —cL(s, x;), where

LB
LB 1)

are dense close to o =1 (cf. Corollary 1 of [Righetti 2016a]), there are no zeros
with real part in the interval [2, 7], but s = 8 is clearly a zero.

=0.99997181...4i0.00750790.. .,

Note that in the previous results we don’t ask for a functional equation or
meromorphic continuation to the whole complex plane. However, in many concrete
cases these are known to hold, so one might ask what happens if one adds these
conditions. On account of this we show that Theorem 1.1 may be modified so
that the resulting Dirichlet series is an L-function with functional equation and, of
course, without Euler product. We therefore consider functions F (s) satisfying (I)
and

(IV) (s — 1)™F(s) is an analytic continuation as an entire function of finite order
for some m > 0,

(V) F(s) satisfies a functional equations of the form ®(s) = w® (1 —5), where
o] =1 and

O(s)= Q' [[TOjs +uj)F(s) =y (s)F(s),
j=1
say, withr >0, 0 >0,1; >0and Reu; >0,
although such requirements can actually be relaxed.

Theorem 1.8. Let N > 3 be an integer, (r, Q, A, p) fixed parameters, and let
Fi(s), ..., Fn(s) be functions satisfying (1), (ID), V) and (V) for some |w;| =1,
j=1,..., N. Suppose furthermore that w, # wy for some h, k € {1, ..., N}. Then
there exist infinitely many ¢ € CV such that L.(s) = Z;V:l cjFj(s) satisfies (IV),
(V) and has no zeros in some vertical strip 0y < o < oy with 1 <o) <0y <0*(Le).

To give a concrete example of the above result, we fix an integer ¢ > 7, square-free,
(¢,6)=1and g %2 (mod 4), and consider the Dirichlet L-functions associated with
primitive characters x (mod g¢). Their number is ¢*(q) = [ | 2| q( p —2) and at least
half of them have the same parity. We denote by W(g) the set of such characters
and we have that \W(g)| > 3. As a consequence of Theorem 1 of Kaczorowski,
Molteni and Perelli [Kaczorowski et al. 2010], we have that w, # w,, if x; # X,
for x,, x, € W(q), so we may apply Theorem 1.8 to the Dirichlet L-functions
associated with distinct characters of W(q).

On the other hand, we mention that Bombieri and Hejhal [1995] have shown
that, under the generalized Riemann hypothesis and a weak pair correlation of the
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zeros, linear combinations with real coefficients of Euler products with the same
1

functional equation have asymptotically almost all of their zeros on the line o = 5.

As concrete examples of families of L-functions satisfying the properties required
by Theorems 1.4 and 1.5 we refer to [Righetti 2016a] for Artin L-functions, automor-
phic L-functions and the Selberg class. Here we only recall that the relevant analytic
properties of the automorphic L-functions and their orthogonality can be found in
the papers of Rudnick and Sarnak [1996], Iwaniec and Sarnak [2000], Bombieri
and Hejhal [1995], Kaczorowski and Perelli [2000], Kaczorowski, Molteni and
Perelli [Kaczorowski et al. 2007], Liu and Ye [2005], and Avdispahi¢ and Smajlovié¢
[2010]. Moreover, we refer to Selberg [1992] and the surveys of Kaczorowski
[2006], Kaczorowski and Perelli [1999], and Perelli [2005] for a thorough discussion

on the Selberg class.

For the computations we have used the software packages PARI/GP [2016] and
MATLAB®. These were made by truncating the Dirichlet series to the first 70 000
terms, which guarantees accuracy to eight decimal places for the values given above.

2. Radii of convexity of power series

Let F(s) be a function satisfying (I) and (II). Then we can write F(s) as an
absolutely convergent Euler product F(s) =[] » F,(s) for o > 1, where the local
factor F),(s) is determined by log F),(s) = Z,fozl br(p*)p~*s. Then, in most of the
results on the value distribution of F'(s) for some fixed o, a fundamental ingredient
is the convexity of the curves log F,(o +1it), t € R, at least for infinitely many
primes p. In this section we collect and prove some results on this matter which
will be needed later.

Let A be the class of functions f(z) =z + fo’:z b(n)z" which are regular on
D ={|z| < 1}. Let F be any subclass of A, then we write r.(F) for the largest r,
with 0 < r < 1, such that f({|z| < r}) is convex.

Proposition 2.1 [ Yamashita 1982, Theorem 2]. Let B={f € A||b(n)| <n, n >2}.
Then r.(B) > Ry, where R\ is the smallest root in (0, 1) of 2(1 —X) =14+4X + X2
Let K >0and G(K)={f € A| |b(n)] < K, n >2}. Thenr.(G(K)) > Ry(K),
where Ry(K) is the smallest root in (0, 1) ofX3 —3X%24+4X=(1- X)3/K.

The proof of the above proposition is actually a simple consequence of the
following result of Alexander and Remak (see Theorem 1 of [Goodman 1957]).

Theorem 2.2 (Alexander-Remak). If f(z) =z+ Y o, b(n)z" € Aand

Y Pl <1,
n=2

then f(D) is convex.
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Adapting Yamashita’s proof [1982, §2] we obtain the following:

Proposition 2.3. Let K > 0 and H(K) = {f € A| |b(n)| < Kn?, n > 2}. Then
re(H(K)) = R3(K), where R3(K) is the smallest root in (0, 1) of

X —5X*+ 11X+ X2 +16X = (1 - X) /K.
Remark 2.4. Note that R3(K) is a strictly decreasing function of K, with

sup R3(K)= lim R3(K)=1 and inf R3(K)= Ilim R3(K)=0.
K>0 K—0+t K>0 K—+o0

Moreover, for any K > 0 we have R3(K) < R(K).

Proof of Proposition 2.3. For f(2) =z+ Y noy b(n)z" € H(K) and any r < R3 =
R3(K) we have

00 00 5 4 3 2

RS —5RY+11R3+ R2 4+ 16R
S )t <Ky ntRIT = K22 3T 2=
n=2 n=2

(1—-R3)’ '

where the last equality follows from the fact that R3 is chosen as the smallest real
root in (0, 1) of X°> —5X*+ 11X>+ X?+ 16X = (1 — X)°/K . Therefore we can
apply Theorem 2.2 to h(z) = r~! f(rz), which is thus convex on |z| < 1. Hence
f({lz| <r}) is convex for any r < R3 and thus R3 <r.(H(K)). O

From this we obtain an explicit version of Theorem 13 of [Jessen and Wintner
1935] and Lemma 2.5 of [Lee 2014].

Proposition 2.5. Let N be a fixed positive integer,

o0
Gi) =Y ajmz:", j=1,....N,
n=1

and suppose there exist positive real numbers p; and K; such that |a(n)| < K; ,0].1_"

foreveryn >2. Forany y = (y1,...,y;) € CV, define
N
g(r,0,y)=> Re(G;(re™")y;),
j=1

where 0 < r < min; p; and 0 € [0, 1]. If Zj-vzl yja;j(1) # 0, then there exists a
positive constant C such that for any § > 0 we have

1
f £2009 4o 24
0

< — 2-1

— VCor]lyl S
foreveryQ<r §R3(%\/ Zj |Kj|2) min; p; and every y such that }Zyzl )TJ-aj(l)‘ >
Sllyll > 0.
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Proof. The proof is a combination of Theorems 12 and 13 of [Jessen and Wintner
1935] and Lemma 2.5 of [Lee 2014], and we use the aforementioned results to
obtain explicit constants. Consider the power series

f2)= Z(Zy,a,(n)) and  h(z) = Z (Zy,a,(n))

n=1

Since, by hypothesis and the Cauchy—Schwarz inequality, we have

N
S50 (n)‘ YWY IKGE 22)
(min; p;)"~ 1

f(z) and h(z) are both holomorphic for |z| < min; p; and, by definition, we have

g(r,0,y)=Re f(re*™) and g¢"(r,0,y)= (r, 0, y)=—47>Re h(re*™%).

3928

By Proposition 2.1 we have that f (re>7) is a parametric representation of a convex
curve if

<||J’||VZ |K )minp'
|Zj 1y1a1(1)|

Indeed, substituting w = z/ min; p;, we have

; f(z/ min; p;) e (Z;V:l y_jaj(n)> ;
fw) = =w+ ) (minp;) - — " |w
(min; p) (XY, Fja; (1)) ; i Sy ()

and, by (2-2),

Iylvy; |Kj|2>.
|ZJJ'=1 )7ja1(1)|

Analogously, by Proposition 2.3 we have that 4 (re?*i?) is a parametric representa-
tion of a convex curve if

fwoeg<

<Ry <I|y||VZ IIyliv2_; IK;l® )minp'. 2.3)

|Z_] lyja,(1)|

Therefore, by Remark 2.4, both f(re*'?) and h(re*"'?) are parametric represen-
tations of convex curves for any fixed r satisfying (2-3). This implies that both
g(r,0,y)and g"(r, 6, y) have exactly two zeros mod 1. By the mean value theorem,
we have that also g’(r, 0, y) has exactly two zeros mod 1, which separate those of
g’ (r, 0, y). Note that the zeros of g'(r, 6, y) and g” (r, 6, y) depend continuously on
r and y since g'(r, 0, y) and g”(r, 0, y) are continuous functions in each variable.



2142 Mattia Righetti

We now consider the midpoints of the four arcs mod 1 determined by the zeros
of ¢'(r,0, y) and ¢g"(r, 0, y). These midpoints clearly depend continuously on r
and y, and divide [0, 1] into four arcs, namely Iy, I», I3 and I4, such that /; and
I3 each contain one zero of g’'(r, 0, y), while I, and I4 each contain one zero of
g"(r, 0, y). By van der Corput’s lemma for oscillatory integrals (see [Titchmarsh
1986, Lemmas 4.2 and 4.4]) we have

/ eig(r,e,wd@‘ .8
LUl ;ZBE Ig/(r’ 05 y)l

and
16
<

- : 7 0 :
\/}R}g 1" (r, 0, y)]

/ 289,39 o
LU

Writing

g(r0,y)=r cos2 (0 —£)) +r20(lyl)

N
Y viai)

j=1

for some &, we see that by continuity there exists a positive constant C such that

1
b 97
g (6. y) >Conland I3

/

799
§(r.0,y) >Conland I4, and Y >
r|Y i iaj ()]

”|Z§]:1 )7jaj(1)| B

for every r satisfying (2-3) and y € CV.
We fix § > 0, y # 0 such that

J
_ 1 .
Zyjaj(l) > 3|yl V§R3<g ZIKjlz)mjlnpj,
Jj=l j

and we obtain

1
/eig<”9v”d9‘< 8, 1o
0 —Cérlyll - SCor|lyll

Since 1/(Cér|yl) < 1/4/Cérllyll when Cér|y| =1,

1
. 24 1
[ ererras| < 2 tor iyl =
0 Cor|yll Cér

On the other hand, we clearly have that } fol '8 (”Q’Y)dé” < 1, hence (2-1) holds
whenever the RHS is > 1. Therefore the result follows from the simple fact that the
RHS of (2-1) is > 24 when 0 < || y|| < 1/(Cér). (]
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Theorem 2.6. Let F(s), ..., Fn(s) be orthogonal functions satisfying (1) and (II).
Then there exists a positive constant A and infinitely many primes p such that

1 N
. — 2w A 2
exp(t Re<y~ log Fj (o +i— ))) d@‘ <—)p° (2-4)
/o ; TR log p Iyl

forevery o > 1and everyy = (yy, ..., yy) € CV\ {0}.

Proof. We want to apply Proposition 2.5 to

—br,(p") , .
Gj(Z)=Z 2", j=1,...,N,

n=1 V Mj.j
where the m ; ; are as in (1-3). By (II) there exist Kr; and 6; < % such that for every
prime p and every n > 2 we have |br, (p")| < KF, pli < KF, p2 =00 =1, ... N.

Thus, for j = 1,..., N and every prime p we may take K; = Kr,/,/m;; and

—26
10] = p J
On the other hand, by orthogonality we have that for any y #~ 0

2

p<x

b yvb 2
NORW) |y INOE FN(p)‘ /p ~ llyl*loglogx, as x — oco.
/mi 1 ~MN N

In particular this implies that there are infinitely many primes p such that

y_lel(P)_i_m_i_)TvaN(p) >M
NOR Jmyn | T 4

for every y # 0. For each such prime p we take r = p™ and § = Then

Proposition 2.5 yields

/0 exp(ZRe(WlogFJ ,,(o— +ll27;i>>) a9

when

1
i

48
< Pt (2-5)
Yy

Kr.|?
pe oo

j JJ

>p—2maxj 0; (2-6)

and y # 0. Note that (2-6) holds for every o > 1 if p is sufficiently large since
max; 6; < 5. Now, substituting

y'=(yi--~y§v)=< A p— L )
«/ml,l «/mN,N




2144 Mattia Righetti

in (2-5) we obtain that there are infinitely many primes p such that
1 N
— 210
exp|i Re(y/. log Fj, (0 +i ))) de‘
fo ( ]2_; SR log p
48 0./2

=< p
x/f\%m,ll}’ﬂz-i-'"+mN,N|)’§v|2

for every o > 1 and every y’ € CV \ {0}. Since clearly there exists a positive
constant D such that v/m 1[y]|> + - +my n|yy|> = DIly'll, the result follows
immediately with A =48/ DC. (]

Remark 2.7. From the proof we have that (2-4) holds for o > 1 because max; 6; < %
by (II). Therefore if we had that max; 0; < % for some 0 < k¥ < 1, we would
immediately have that (2-4) holds for every o > «.

3. On some distribution functions

This section is an adaptation of Chapter II of [Borchsenius and Jessen 1948]. We will
also use Theorem 2.6 similarly to how Borchsenius and Jessen use Theorem 13 of
[Jessen and Wintner 1935]. The particular distribution functions under investigation
in this section may be found in [Lee 2014] and they will be used in Sections
4 and 5 for the proofs of Theorems 1.4 and 1.5. We refer to [Lee 2014] for a
brief introduction to the theory developed by Jessen and Tornehave [1945] and
Borchsenius and Jessen [1948] and how it may be applied to linear combinations
of Euler products.
Given a function F(s) satisfying (I) and (II), and a positive integer n we write

n n
276
Fo($)=[] Fpu(s) and Fy(0.0)=F,(0.01.....00)=]] Fpm<o+ilogpm),
m

m=1 m=1

where p,, is the m-th prime and F),(s) is determined by

[e.0]
log Fyp(s) =Y _br(ph)p™.
k=1

Remark 3.1. For any n > 1, F,(s) is well defined as a Dirichlet series (and Euler
product) absolutely convergent for ¢ > 6 = 6 by (II). Moreover, F,(s) and
log F,,(s) converge uniformly for o > og > 1 to F(s) and log F'(s), respectively.

Let Fi(s), ..., Fy(s) be orthogonal functions satisfying (I) and (II). For 8 € [0,1]",
we define

Fy(0,0) = (Fi,(0,0),..., Fy,(0,0))
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and
log F, (0, 0) = (log F1,,(0,0), ...,log Fy »(c,0)).

To these functions we attach some distribution functions, namely for any Borel set
EQCN,j,le{l,...,N},j;élanda > 1, we set
2

do (3-1)

/
J.n

Ao i(E) = /
o,n;j = F
”10an (0.E)

jn

(0,0)

and
/

I (0, 0) +T—" (0, 0)

2
de, (3-2)
Fj,n Fl

A-a,rz;j,l;r(E) = /

Wlog Fp (0,E)

where Wigg r, (0, E) = {0 €[0,1)" |log F,,(0,0) € E}, and T = £1, £i.

A distribution function p on C" is absolutely continuous (with respect to the
Lebesgue measure, meas) if for every Borel set E C C", meas(E) = 0 implies
w(E) =0 (cf. [Bogachev 2007, Definition 3.2.1]). By the Radon—-Nikodym theorem
(see, e.g., Theorem 3.2.2 in [Bogachev 2007]) this holds if and only if there exists
a Lebesgue integrable function G, : C" — Rx¢ such that

M(E):f Gu(x)dx
E

for any Borel set E C C"; G,(x) is the density of .
As a sufficient condition for absolute continuity we recall here the following
result (cf. [Borchsenius and Jessen 1948, §6; Bogachev 2007, §3.8]).

Lemma 3.2. Let j be a distribution function on C" and let [1 be its Fourier trans-
form. Iffc,, Iyl2)1a(y)|dy < oo for some integer g > 0, then [ is absolutely
continuous with density G,(x) € C1(C") determined by the Fourier inversion
formula

Gulx) =

PISE /{;ﬂ e_i<x’y>ﬂ(.)’) dy.

We have the following result on the distribution functions defined above.

Theorem 3.3. Let F(s), ..., Fn(s) be orthogonal functions satisfying (I) and (II).
Then there exists ng > 1 such that the distribution functions Ay ,;; and Ag p;j1;¢
are absolutely continuous with continuous densities G . ;(x) and Gy . j 1. (X) for
everyn >ng,0 >1,j,le{l,...,N}, j#land Tt = x1, xi. More generally for
any k > 0 there exists ny > 1 such that G, . j(x), Go n;j1:c(X) € Ck(CN)for every
n>ng, o> 1.

Moreover, Ay .j and Ay p.j 1. converge weakly to some distribution functions
Ao j and Ay j1.c as n — 00, which are absolutely continuous with densities
Go:j(x), Go:j1c(x) € C®(CN) for every o > 1, j,l € {1,...,N}, j # 1 and
T =1, £i. The functions Gy, j(x) and Gy . j 1. (x) and their partial derivatives
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converge uniformly forx € C" and 1 <o < M to G, j(x) and G j ;. (x) and their
partial derivatives as n — oo for every M > 1.

Proof. The proof is an adaptation of Theorem 5 of Borchsenius and Jessen [1948]
(see also [Lee 2014, pp. 1827-1830]). We prove it just for A, ,.; since the proof
for the other distributions is completely similar.

We compute the Fourier transform of the functions A, ,.; and get

_ l F; 2
Ko j(3) = / exp(iZ Re(log Fi. (o, 0>y—h>> M0.0)| 48, (3-3)
[0,1]" h=1 Fj»n
forany y = (y1, ..., yn) € CV. By Lemma 3.2, to prove the first part it is sufficient

to show that for every k > 0 there exists n; such that, for any M > 1, || y”k@( y)
is Lebesgue integrable for every n > n; and 1 < o < M. We recall that by (II) there
exist Kr, and 0, < % such that

o,
lbr, (p")| < Kp, p™"i

for every prime pand k> 1, j =1,..., N. Then we have
— F; b, (Pf)I?
Koo (¥)] < sup|- Z log” pim Z —
o>11jn k=1
log p
2
= Ky, Z 200 <00 (3-4)
P

for every n > 1 and o > 1. Hence it is sufficient to show that there exist constants
Ci > 0 and ng > 1 such that for any M > 1 we have

Mo ] < Crlly 737 as ||y — oo

for every n > ny and 1 < 0 < M. To prove this, note that we can write (cf.
[Borchsenius and Jessen 1948, (47); Lee 2014, (3.24)])

n n
Ao i =Y Kz j(pm: ) [ | Ko.j(pe: y)

L#m

+ > Kijpm KL (e = [] Koj(pey). (3-5)

m,k=1 =1
m#k L#£m .k
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where, for any prime p and j € {1, ..., N}, we take

1 N
216
Ko i(p,y) = ] Re(log F; ] yi || do,
0./ (P, ) /Oexp<z§ e(og h,p<o+z10gp>yh))

h=1

Ky i(p,y)
1 N /
210 F; 210
=/ exp(i Y Re(log Fip (0 +i—r )57 )) 22 (0 +ir) d6, (3-6)
0 — log p Fip log p
K> i(p,y)

1 N ’

270 F; 270
= exp|i Re(log Fy, <0+i )ﬂ))‘ JoP (O' +i >
/0 (Z ! log p Fip log p

h=1

2
do.

Hence, we just need to estimate the functions defined in (3-6).
For all primes p and j € {1, ..., N} we clearly have

|Ko,j(p, )| < 1. (3-7)

On the other hand, by the hypotheses on Fi(s), ..., Fy(s) we can apply Theorem 2.6
and obtain a positive constant A and infinitely many primes p such that

A
1Ko, (p, y)| < ——p°/? (3-8)
! VIl

foreveryo > 1,y #0and j € {1, ..., N}. Thus, putting together (3-7) and (3-8)
we obtain that for any fixed integer ¢ > 1 there exists m, such that

n A 5 q
[] 1Ko.i(pe. p)I < [—p:;{, ] (3-9)
o I
L#m,k
foreverym,k <n,n>my,0 >1,y#0and j € {1,..., N}. Since we shall need

it later, we also note that from the fact that |e/' — 1 —if| < /2 and by (II), for
every prime p we get (cf. [Borchsenius and Jessen 1948, (50); Lee 2014, p. 1830])

N

lyl? 2 1

|K0,j(p,y)_1|§T E KF/' m (3-10)
h=1

For K1 ;(p, y), using the fact that le" —1] < |t| and (II), we obtain for any o > 1
and any prime p (cf. [Borchsenius and Jessen 1948, (52); Lee 2014, (3.27)])

N
log p
[K1j(p. )] = ”yHKm/ZK%m- (3-11)
h=1
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Finally, for any prime p, 0 > 1and j € {1, ..., N}, we simply have (cf. [Borch-
senius and Jessen 1948, (53); Lee 2014, (3.26)])

F! 270\ |?
LD (a—l—i 7 )
Fip log p
Putting (3-7), (3-9), (3-11) and (3-12) into (3-5), for any fixed M > 1, j €
{1,..., N} and g > 0, we get

i 2
oD g2 &P

iy (3-12)

1
Ko (p, )] sf
0

log® p
;D] < K2 ANy q”pq"” =
m=1 pm
n 10g p 2
2 2\ Aqy y112—4/2 ,,90/2 ___efmm
+ KFj (Z KF;,)A ”y” pmq (Z 2(0 —maxy, 0@))
h=1 m=1 Fm

forany n > my, o > 1 and y # 0. Choosing g =9 + 2k, ny = mo o and
- - ’ log p
_ 2\ A9+2k (9+2k)M /2 2
= (k) (14 (L KE) s )
h=1

h=1 14
log p
X Z 2((7 maxj, Gph

we have
— 5
X ;)] < Cellyl™27%  when |||l > 1, (3-13)

foreveryn >ny=moypp, 1 <o <M and je{l, ..., N}. Therefore, by Lemma 3.2,
since ny doesn’t depend on M and since M is arbitrary, it follows that A, .,
j=1,..., N, are absolutely continuous with continuous density for every n > ng
and every o > 1, while G, ,;j(x) € ck(CN) for every je{l,...,N},n>n; and
o> 1.

On the other hand, by (3-4), (3-5), (3-7), (3-10), (3-11), and (3-12), we have (cf.
[Borchsenius and Jessen 1948, (60); Lee 2014, p. 1830])

08 Pn+1
Mot () — ”,<y>|<<||yllm
pn+1
foreveryn > 1,0 > 1and j € {1, ..., N}. By the triangle inequality we thus get
n+k 10gp
Mot (D) = Ron i DK IYIP Y s
m=n+1 Pm !

2 o 1 gpm

<IyI° Y. o (3-14)

m=n+1 Pm
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for every n, k > 1 and o > 1. Hence, by Cauchy’s criterion, there exist the limit
functions o
Ao j(y) = lim Xy ;i (y), Jj=1,...,N,
n—oo

and by (3-14) it is clear that the convergence is uniform in | y|| < a, for every
a > 0. Therefore, by Lévy’s convergence theorem (see, e.g., Theorem 8.8.1 in
[Bogachev 2007]), we have that A ; (y) is the Fourier transform of some distribution

function A, ; and A, ,;; — Ao,; weakly as n — oo, for j =1,..., N. Moreover
by (3-13) we have that we may apply the dominated convergence theorem and thus
Ay are absolutely continuous for every o > 1 and j € {1, ..., N}, with density

Go;j(x) € C*°(C) (for the arbitrariness of M and k). Moreover, since G, (x)
and G, j(x) are determined by the inverse Fourier transform (see Lemma 3.2), the
dominated convergence theorem yields that G ;. j (x) and their partial derivatives
converge uniformly for x € C" and 1 < o < M toward G, ;(x) and their partial
derivatives for every j € {1,..., N}. O
Theorem 3.4. For any a > 0 and q > 0 the densities G,.(x) and G . j(X),
n > ng, together with their partial derivatives of order < q, have a majorant of the
form qu_“”x”2f0r everyo >1,j,le{l,...,N},j#land T = %1, %i.

Proof. This is a straightforward adaptation of Theorems 6 and 9 of [Borchsenius
and Jessen 1948]. U
Theorem 3.5. The distribution functions As.j, Ao j ;> Aon;j And Ao p;j1;7, for
n > n, depend continuously on o , and their densities G, j(x), Go; 1.1 (%), Go p; j (X)
and Gy ; j 1.7 (X), together with their partial derivatives of order < q ifn > ny, are
continuous in o foreveryo > 1, j,le{l,...,N}, j#land T = £1, £i.

Proof. As in Theorem 9 of [Borchsenius and Jessen 1948] the result follows from
(3-13), (3-14) and the Fourier inversion formula. ]
Remark 3.6. As for Remark 2.7, note that Theorems 3.3, 3.4 and 3.5 hold for

o > 1 because max; O, < % by (II). Therefore if we had that max; 0F, < «/2 for
some 0 < k¥ < 1 we would immediately have that (2-4) holds for every o > «.

4. Zeros of sums of two Euler products

Let Fi(s) and F>(s) be functions satisfying (I) and (II), and ¢y, ¢, € C\ {0}. We
then set
L(s) = c1Fi(s) + c2Fa(s).

To study the distribution of the zeros of L(s) for o > 1, we note that, since
Fi(s)F2(s) #0 foro > 1,

Lis)=0 < log(gig):log<—2—?>.
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This idea was used by Gonek [1981], and later by Bombieri and Mueller [2008] and
Bombieri and Ghosh [2011]. Moreover, if Fi(s) and F,(s) are orthogonal, then it

is easy to show that %(s) satisfies (I), (I) and, if we write %(s) = Z;O:l a(n)n=3,

2
Z'a(p)| — (k+o(1) loglogx, x— 00, (4-1)

p=<x

for some constant « > 0. Therefore Theorem 1.4 follows immediately from the
following more general result on the value distribution of the logarithm of an Euler
product.

Theorem 4.1. Let F (s) be a function satisfying (1), (I) and (4-1), and c € C. Then
the Dirichlet series log F(s) — ¢ has no isolated vertical lines containing zeros in
the half-plane o > 1.

Proof. The first part of the proof is similar to Borchsenius and Jessen’s application
[1948, Theorems 11 and 13] of their Theorems 5-9 to the Riemann zeta function.

For every n > 1 consider the Dirichlet series log F,,(s), which are absolutely
convergent for o > 6 by Remark 3.1. Let v, , be, for every o > 6, the asymptotic
distribution function of log F,(s) with respect to |(F, / F,)(s)|?, defined for any
Borel set E C C by (cf. [Borchsenius and Jessen 1948, §7])

2
dt,

/

—= ()

n

Von(E)= lim f
D=Ti—o00 T = Tt Jvio, 1, (0,11, T2, E)

where Viog f, (0, T1, T2, E) = {t € (T1, T2) | log F,(0 +it) € E}. Foro > 1, we
compute its Fourier transform and, by the Kronecker—Weyl theorem (see, e.g.,
[Karatsuba and Voronin 1992, §A.8]) we get (cf. [Borchsenius and Jessen 1948, p.
160] or [Lee 2014, p. 1819])

. . | F 2 33—
Ton(y) = /0  exp(iRe(log Fy (o, o)y))‘Fw, 0>‘ a8 =" X1 (),
[0,1]" n

with N = 1. For simplicity we write Ay , = Ay n:1. By the uniqueness of the Fourier
transform (see, e.g., Proposition 3.8.6 in [Bogachev 2007]) we have that v, , = Ag
as distribution functions for every o > 1 and n > 1.

By Theorem 3.3 we know that v, , = A, , is absolutely continuous for n > ng with
density G4 ,(x) which is a continuous function of both ¢ and x (see Theorem 3.5).
Hence for any n > ng, x € C and o > 0 we have that the Jensen function ¢og F, —x (o)
(see, e.g., Theorem 5 of [Jessen and Tornehave 1945]) is twice differentiable with
continuous second derivative (cf. [Borchsenius and Jessen 1948, §9])

Plog F,—x(0) = 27 G (x). 4-2)
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Note that in order to apply Theorems 3.3 and 3.5 we have implicitly made use of
the orthogonality hypothesis.

On the other hand, for any 1 < 0 < 07, by the uniform convergence of log F;, (s)
of Remark 3.1 and by Theorem 6 of [Jessen and Tornehave 1945], we have that

Plog F,—x (o) — Plog F—x (o) asn— o0 4-3)

uniformly for oy <o <o,. Moreover, by Theorem 3.3, G, (x) converges uniformly
for 01 <o <o, toward G, (x), which is continuous in both ¢ and x. Then, by (4-2),
(4-3), the convexity of ¢jog F,—» and Theorem 7.17 in [Rudin 1976] we obtain that
for any x € C the Jensen function ¢jog 7, (o) is twice differentiable with continuous
second derivative

Plog F—x(0) =27 Go (x).

We fix an arbitrary ¢ € C and we note the following: Suppose that (pl’ég r_c(00)>0
for some o > 1. Then, by continuity, there exists &9 > 0 such that (pl’(’)g poc(0)>0
for every o € (09— €9, 09+ ¢€0). Then, for any 0 < & < g9, by Theorem 31 of [Jessen
and Tornehave 1945] and the mean value theorem, we have

. Niog F—c(0g — &, 00+ ¢, T1, T7)

lim

Th—Ti—o0 T2 — T1

1 £
= E((pl/OgF—c(O‘O +8) - gal/ogF—c(ao - 8)) = Egal/é)gF—c(O_ff) >0,

for some o, € (0¢ — €, 09 + €), i.e., there are infinitely many zeros with real part
o € (09 — &, 09+ ¢). This means, by letting £ — 0T, that oy is the limit point of
the real parts of some zeros of log F(s) — ¢ (or oy is itself a zero).

Now, suppose there exists pg = fo+iyp with Bg > 1 such that log F'(pg) —c =0.
If we suppose that (p{(/)g r_c(Bo) > 0, then o = By cannot be an isolated vertical
line containing zeros since By is the limit point of the real parts of some zeros.
Suppose otherwise that gol’gg 7_.(0) =0, and for any é > 0 consider the intervals
I;r = (6,6 +9) and I; = (6 — 8, 5). Note that in general, if ¢l/(,)gch(O') =0
for every o € (01, 02), for some 1 < o7 < o7, then Theorem 31 of [Jessen and
Tornehave 1945] and the mean value theorem imply that log F'(s) — ¢ has no zeros
for o1 < 0 < 03. Therefore, in at least one of 1 5+ or I there are infinitely many o
such that (p{gg #_.(0) >0, for any § > 0, by almost periodicity. Hence, letting § — 0,
we see that there exists a sequence {o3}5 such that <pl/(/)g r_.(05) >0 and o5 — fo.
Since every oj is the limit point of the real parts of some zeros, we conclude that
also By is the limit point of the real parts of some zeros. (Il

5. c-values of sums of at least three Euler products

We first state the following simple result which is a generalization of Lemma 2.4 of
[Lee 2014].
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Lemma 5.1. Let F(s) be a function satisfying (1), (I) and (I1I), o¢ > % and k be a
fixed positive integer. Then there exists a positive constant Ay (og) such that

/ |Fu(0,0)|* df < Ar(o9) and f |F.(c,0)|* d8 < Ar(oo)
[0,1]" [0,1]"

foreveryn >1and o > oy.
Proof. As in Lemma 2.4 of [Lee 2014] the proof follows from a bound of

k

(0,11" = _
j=1

and Cauchy’s integral formula on polydiscs. This bound may be obtained with the
same computations as in Lemma 2.5 of [Lee 2014] by replacing the Ramanujan
bound |a(n)| < 1 with the weaker Ramanujan conjecture |a(n)| <. n°, where we
take 0 < ¢ < (209 — 1)/4. O

Proof of Theorem 1.5. To handle this case we follow an idea of Lee [2014, §3.2]

and we use the distribution functions studied in Section 3, similarly to what we

have done in the previous section for N = 2. We give only a sketch of the proof.
For every n > 1 we write

N
Ly(s)=)_cjFjn(s),

-
! N

Ln(0,0) =Ly(0.61,....00) =Y ¢;jFja(s,01,....0).
j=1

Let v, , be the asymptotic distribution function of L, (s) with respect to |L), ()?
defined for any Borel set E C C by (cf. [Borchsenius and Jessen 1948, §7])

von(E)= lim f Ly () dt,

n=Ti—oo Tp —T1 Jv,, (0.11.1:.E)

where Vy (o, T1, T2, E) ={t € (T, T2) | L,(0 +it) € E}. As in Theorem 4.1, by
the Kronecker—Weyl theorem and the uniqueness of the Fourier transform, we have
that vy, = Ay, for any n > 1 and o > 1, where A, is the distribution function of
L, (s, #) with respect to |L) (s, 0)|?, defined for every Borel set £ C C by

Aon(E) = f IL (0, 0)|*de,
WLn (0,E)

with Wy, (0, E) ={0 = (61,...,6,) €[0,1)" | L,(0,0) € E}. We want to show
that there exists 77 > 1 such that A, ,, and hence v, ,, is absolutely continuous with
continuous density, which we call H, ,(x), for every n > 7 and o > 1.
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As in [Lee 2014, pp. 1830-1831], we compute the Fourier transform of A, ,
and, for o > 1 and n > ng, we get

Dern ()

N N
= Z cﬁc,(Zn)N / / exp(iz leny|rn sinQRm (O, — o)) — 2mi6; + 2711'91)
RY JRY h=1

jil=1
dl’] drN
XrirGopji(r)— -+ ——dbty ---doy,
A rn
where r = (logr; +2mify, ..., logry +2mify), o), is determined by the argument
of cpy,forh=1,..., N, and

Go*,n;j(x)a ]:l,
D rett,4i TGomijne(X), j#I
is defined from the densities of the distribution functions A, ,.; and A, ;. j 1.z of

Section 3.
Forany h e {1,..., N} and any ¢ > O let

Ga,n;j,l (x) = {

Ape=1{0 €R|10 —ap —mm| < & for some m € Z}.

Then we note that integrating by parts with respecttor,, A=1, ..., N, and using the
majorant Ky exp(—[Y_h_; log? 4 +67]) of Theorem 3.4 for the partial derivatives
up to order N of the density G . (r), for n > ny, and o > 1, we obtain (cf. [Lee
2014, p. 1832])

N
f / / exp(iRe(ZrhchS)eZ”ie") —2ni0j—|—2m'61)
R\ALS IR\AN,s Rﬂ h=1

dr1 d}"N
xrirGeop, ji(r)y—---——dby---dby
r N
N 1 )
< / — e % do,
,!:[1 R\A,., lcny|sinQ2m (0 — o))

1
(elyDV

forevery n > ny, o > 1 and y # 0. Analogously, integrating by parts with respect to
6n, h=1, ..., N, using van der Corput’s lemma for oscillatory integrals (see, e.g.,

Lemma 4.2 in [Titchmarsh 1986]) on each interval [y, +mp /2 — €, oy +my /2 + €]

with ¢ < %, and the majorant Ky exp(—[zzvzl log? ry + 9}3]) of Theorem 3.4 for

the partial derivatives up to order N of the density G, . j;(r),n > ny and o > 1,

<

(5-D
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we obtain (cf. [Lee 2014, p. 1832])

N
/ / / exp<iRe<Zrhchye2”i9h)—2ni9j+zmel)
R_IX Ale AN h=1

dry dry

xrjrlGJ,n;jJ(r)— e T/ d91 e d@]\]
ri rn
N 1 )
< l_[/ = e—log rhdrh
aoy Jre lendl
<« (5-2)
lyIV’

for every n > ny, 0 > 1, |y| > max; 1/|cy| and & > O sufficiently small. Note that
to apply Theorem 3.4 we have implicitly made use of the orthogonality hypothesis.
Fixing & > 0 sufficiently small so that (5-2) holds and putting together (5-1) and
(5-2), we obtain

Tem O] = g < Iy < [y (5-3)

since N > 3, for every n > ny, 0 > 1 and |y| > max(1, max, len ™). By Lemma 3.2
we have thus proved that v, , is absolutely continuous for every n > i1 = n,, and
o > 1. Moreover, since v, , depends continuously on o (cf. [Borchsenius and
Jessen 1948, §7]), we have that v, , is continuous in o. Therefore (5-3) and the
Fourier inversion formula imply that H, ,(x) is continuous in both o and x. Note
that all implied constants in (5-3) are independent of .

Now we prove that the absolutely continuous distribution functions A, , converge
weakly as n — oo toward the absolutely continuous distribution function A, with
density H, (x) which is continuous in both ¢ and x. Moreover, we want to show
that, for any 1 < o1 < 02, H, ,(x) converges uniformly for oy < o < o, toward
H,(x) as n — oo.

For this, note that

Ln+l (o, 0, 0n+l)

al 276
=Y "¢;F;,0.0)F; <a+i—”“>
; jtjn JoPat 108 poit
N
ar. . 1
w Z ¢jFjn(o,0) (1 + M@zme’l“ + O; (m))
j=1 P n+1

27i0p N S \Fjal
e J.n
=Ln(0', 0)+ o E CjaF,.(pn_._])ijn(O', 0)+08(ﬁ> (5-4)
Py j=1 n41
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foreveryo >land0<¢ < 5 Slmllarly
L:H_] (Ga 0, 9n+l)

=L,(0,0)+

eQJTi@,,.H

cjar,(pny)|[F,(0,0) —10g ppi1Fja(0,0)]

logpn—H Z IanI + |Fj/',n|
+ 0 2(0c—¢)
pn+1

for every o > 1 and 0 < ¢ < 5. Hence we have (cf. [Lee 2014, (3.20)])

n+1 j=1

)Vo*,nJrl ) - )Va,n (y)
_ / [ Rellasi 0000400 _ (i ReL@ OV | (g, 0)* dB iy

2

: / o Re(Lu10.0.6,009) R (m o2t
Pyt o1y N
X Z Cjar, (pn+1)(F]/~’n(O’, 0) —log puy1Fj (o, 0)))

j=1
x d0 dfy

log Pn+1 , )
+08(—pz<a_g) /[O - 1+Z|Fm| Z|F,~,n|+ |F) ) d6 db,
' J J

n+1

logzpn-i-l
+ O oo » E |an|+| d0d9n+1- (5-5)
p [0.1]"

n+1

foreveryozland0<8<%.

For the first term, using again lel! — 1 —it] < t2/2, we obtain (cf. [Lee 2014,
3.22))

1 | F; Fjinl?
f [eiRe(L,M(o,o,e,lH)y)_eiRe(Ln(a,o)y)]denH i 1 Fjnl +1Fjal
0

Ke,a 2(0—¢)
n+1

for |[y| <a,a>0,0 >1and 0 < e < 5. For the second term we get directly from
(5-4) and |e'" — 1| < |¢] that

1
/ o R(Lai 1 @8.6,405) 216,11 g
0

Zj|F]”

(0—¢)
pn—H

Lea

for|y|<a,a>0,0>1and 0 <¢ < % We fix 0 < ¢ < %, then putting these
together, by triangle inequality and Lemma 5.1 with oy = 1, we get (cf. [Lee 2014,

p. 1826])

— — log pn+1
Aon+1(Y) = Aen(W] Ka.e Ti:)

n+1
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uniformly for |y| <a, a > 0, and for every o > 1. It follows that for any k£ > 0

n+k 0
— — Z log p Z log p
|)\a,n+k(y) - )Ma,n(y” <<a,£ 2(0._’:) S Z(U_max’rth) (5_6)
m=n+1 £'m m=n+1 Pm

for every n, k > 1 and o > 1, uniformly for |y| <a, a > 0. Hence, by Cauchy’s
criterion, there exists the limit function

ko () = lim J ()

and by (3-14) the convergence is uniform in |y| < a for every a > 0. Therefore, by
Lévy’s convergence theorem, we have that E( y) is the Fourier transform of some
distribution function A, and A, , — A, weakly as n — oco. Moreover, since the
constants in (5-3) are independent of n, we may apply the dominated convergence
theorem and thus A, is absolutely continuous for every o > 1, with continuous (both
in o and x) density H, (x). Furthermore, since H, ,(x) and H, (x) are determined
by the Fourier inversion formula (see Lemma 3.2), the uniform convergence of
);;(y) — )f;(y) and (5-3) imply that H, ,(x) converges, uniformly with respect
tobothl <o <M, M > 1, and x € C, toward H, (x).

Now, similarly to Theorem 4.1, for n > n and ¢ € C we have that the Jensen
function ¢, (o) is twice differentiable with continuous second derivative (cf.
[Borchsenius and Jessen 1948, §9])

91, —c(0) =27 Ho y (c). (5-7)

On the other hand, for any 1 < 01 < 02, by the uniform convergence of F; ,(s),
j=1,..., N, of Remark 3.1 and by Theorem 6 of [Jessen and Tornehave 1945],
we have that

®L,—c(0) > ¢r_c(0) as n— 00 (5-8)
uniformly for o1 < o < 03. By (5-7), (5-8), the convexity of ¢r, _.(0) and The-
orem 7.17 in [Rudin 1976] we obtain that the Jensen function ¢ (o) is twice
differentiable with continuous second derivative

@) _.(0) =27 H,(c).
At this point, the same final argument of Theorem 4.1 yields the result. (]
6. Dirichlet series with vertical strips without zeros

In this section we collect the proofs of Theorems 1.1, 1.2 and 1.8.
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Proof of Theorem 1.1. Since L, (s) is not identically zero, then 6*(Ly) < 400
and hence we fix

0y > 01 > max(cx*(Lx), max O’*(Fj)).
1<j<N

Then, by definition of 6*(L,) and Theorem 8 of [Jessen and Tornehave 1945],
there exists € > 0 such that |L,(s)| > ¢ for 01 < 0 < 07. Moreover, there exists
M > 0 such that |Fj(s)| < M for 0y <o < 03. On the other hand, if we consider
the hyperplanes H(c) = {z € CV | L;(0) = 0} we have

. . : |Lx(0)
lim dist(x, H(o))= lim ————=0.
o ——+00

o—+00 /Z/ |F'j(o_)|2 N

Therefore there exists § > o, such that dist(x, H(B8)) < ¢/ (4+/NM). Then for
any 0 £ c € Bg/(zﬁM)(x) N H(B) we have L.(8) = 0 and, by the triangle and
Cauchy—Schwartz inequalities,

|Le($)] = [Lx($)| = |Le—x(8)| > & — % = %

for 1 <o*(Ly) <01 <0 <03 < B <0*(L¢). This concludes the proof since
B, oynm(*) N H(B) clearly contains infinitely many projectively inequivalent
Vectors c.

Proof of Theorem 1.2. We write N =k + 1 > 2. If N = 2 then the result follows
from Theorem 1.1; so we suppose that N > 3.

Note that x € CV is such that Ly(c) = 0 for some o > 1 if and only if x =
(x1, ..., xy) belongs to the hyperplane

Fi(o)x1+---+ Fy(o)xy =0. (6-1)

If o > max;<;<y 0*(F;) = 6y, then the space of solutions of (6-1) has dimension
N — 1 > 2 and is generated by

o 1 1 .
v:'(0)= ,0,..., ,...,0), j=2,...,N.
J Fi(o) Fj(o)

Moreover we define inductively for h =2, ..., N — 1 the vectors
h
v§. '(o1,...,0n)
L x-1 (on)
h—1 vi (01, 0n—1) h—1
=v§. ©1,. . opy) — v o, o),

h
LU;(,h_l)(Ulsm,Uh—l) (on)

j=h+1,..., N. Note that these are well defined linear combinations of vj.l)(ol),

j=2,..., N, hence solutions of (6-1), if o1 > 69 and o}, > c*(L_x-1 ),
v, (01,.00-1)
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h=2,..., N —1. Actually, by definition it is clear that, under these conditions,
vj.h)(ol, ..., op) 1s a solution of

Filopxi+---+ Fy(o)xy =0,

Fi(op)x1+---+ Fy(op)xy =0.

Moreover, for any 1 <m < N — 1 we consider the vector

Un (01, ey Om1,00,...,00)= lim -+« Tim o\ Vo, ..., on 1) (6-2)
Om—> 0 ON—-1—>00

and for simplicity we write vy (01, ...,0n_1) = vl(VN_l)(ol, ...,o0n—1). Note that

there exists a finite set of explicit conditions on o7y, ..., oy—_1 for which these limits
exist, i.e., there exist 5, j =1, ..., N—1, which depend only on the Dirichlet series
Fy, ..., Fy,suchthatv, (o, ..., 051,00, ...,00) exists forevery | <m <N —1
ifo; > 6 foreveryl =1, ..., N—1. These conditions actually correspond to the fact
that the vector v, (o1, ..., 0n—1, 00, ..., 00) is a generator of the one-dimensional
vector space (by (1-2), reordering the functions if needed) defined by the system

Fi(o)x1+---+ Fy(op)xy =0,

Filop—1)x1+- -+ Fy(om-1)xy =0,
aj(Dx;+---+an(xy =0,

ai(N—m)x;+---+ay(N —m)xy = 0.

Hence, in particular, this implies that the definition of v, (071, . .., 0py—1, 00, ..., O0)
is independent from the order of the limits and that L, (5,,....6,,_1,00,....00)(071) =0,
I=1,...,m—1.

We work by induction on & € [1, N — 2]. For h = 1 we fix

.....

and take

&1 = min |Ly(c,....00) (0 +it)] >0
61{15650112,1€R

and

M| = max max |Fj(o +it)] < oo.
I1<j<N o01,1<0=0]2,1€R
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Note that M; > 0 by the choice of o7 1 and o7 5. By (6-2), we can choose 1 > 072
such that

€]
v1(00,...,00) —1v2(B1,00,...,00)|| < ———.
” ” 24/ N M
Then, since v,(B1, 00, ..., o0) is a solution of (6-1) with ¢ = §;, we have that

Ly, (8,,00,....00)(B1) = 0. Moreover for 01,1 < o < 01> we have, by the triangle and
Cauchy-Schwartz inequalities,

|Lv2(ﬂ1,oo ..... oo)(5)|Z|Lv1(oo ..... oo)(s)|_|Lv1(oo ..... 00)—12(B1,00,..., oo)(s)|

By induction we suppose that for any fixed 1 < h < N — 2 there exist
01,1 <012<P1<-<op1<0op2 <P
and &, > 0 such that

min min |Lvyi1 (Broeos B0 .. (o +it)] > &p.
1S15h o)1 <0 2012,(<R V1 (B1s > B, 09, ...,00)

These hypotheses mean that the Dirichlet series Ly, g,.....8,,00,....00)(s), Which
vanishes for s = i, ..., By, has at least & distinct vertical strips without zeros in
the region 1 <o < 0™ (Ly,,,(8,.....1,00,...,00))-

For the inductive step h — h + 1, we take

* * ~
>
Oh+1,2 0"h+1,1>max(0 onsa(frosproo.o0))s | MAX | 0 (Lv.(ih)(ﬁl,_w}gh))aGh>,

Entl :min(&h, min R|Lvh+1(ﬂ| ,,,,, Bh.00,...,00) (O +it)|) >0

Op+1,1=0 <0412, €

and

Mjp4+1 = max max |Fj(o +it)| < oo.
1<j<N 01,1=0=0)+1,2,/€R

Note that since 05,411 > 01,2 we have M4 > 0. Then we choose f,4+1 > op41.2
such that

||U/1+1(/317 "'9:3h7 oo, ..., Oo)_vh+2(ﬂ17 ""ﬂhv ﬂh+1’ oo, ..., OO)H
En+1

< —’
27/ NMj4
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which exists by definition. Moreover, by the triangle and Cauchy—Schwartz inequal-
ities, we have that

|Ltyia (B is1.00000) (8|
> | Ly (BroeeB00000000) )| = | Ltgsa (B oo 10010000 — 032 Brcos B 1.00000000) (5) |

Eh+1 Eh+1
>8 ——>—— =4
= Oh ) h+1
foranyo;1 <o <052, [=1,...,h+1.

When h+1=N —-2+41= N —1 we have just one vector

c=uN(Bi, ..., Bv—1) € CV\ {0}

and the corresponding Dirichlet series L.(s) has, as noted above, at least N — 1
distinct vertical strips without zeros in the region 1 <o < o*(L,).

Proof of Theorem 1.8. Forany j=1,..., N,leta; be a square root of w;. Without
loss of generality we may suppose that 27 =1 and k = 2. Note that, since |w;| =1
and w;| # w; then o # o and we may suppose o1 ¢ R. It follows that the system
of equations

Re(ay)x) +---+Re(ay)xy =0, 6.3)
Im(y)xy + - -+ Im(ay)xy =0

defines a real vector space Vo, of dimension N — 2 > 1 which may be written as

(e (Im@) Im(@@)  Im(@)), o Im(d)
VW‘I(%(Im(al)Imw]@ e )~ imay )

j=3
t3,...,l‘N€R}.
Let v € Vi be the vector corresponding to a fixed choice (zq, ..., Ty) € [R{N_Z\{O}
and ¢p = (X|Vo,1, ..., ANVoo,N). We take oo > o1 > max(o*(L,)), then, by

Theorem 8 of [Jessen and Tornehave 1945], there exists € > 0 such that | L., (s)| > ¢
for oy <o < 03. Moreover, there exists M > 0 such that | Fj(s)| < M foro| <o <o0>.
On the other hand, for any fixed o > o7, the system of equations

Re(a; Fi(o))x;+ -+ Re(ay Fy(o))xy =0, 6-4)
Im(a; Fi(o)x1+---+Im(ay Fy(o))xy =0

defines a real vector space V,; of dimension at least N —2. However, since Fj (o) —
aj(l)y=1as o0 — o0, j =1, 2, there exists oy > o2 such that V, has dimension
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N —2 for every o > op and

. i (Im(aze(G))Im(otIOTjFl(U)Fj(U)) - Im(aJ-)Fjw))
Im(a; Fy(0)) Im(@1 @ F1(0) Fa(0)  Im(e) Fi (o)

]
Jj=3

2\ Im(e1 & Fy (0) Fj(0))
- — — > 37"'9tN t3,,tN€R
= Im(@1%Fi (0) Fa(0)
Let v, € V, be the vector corresponding to (ty, ..., Ty), then ||[veo — Vs || = 0 as
o — 00. Therefore there exists B > og such that, taking ¢ = (@jvg 1, ..., ANVg N),

we have ||¢o — ¢|| < &/(2+/NM). Then by (6-4) we have that L.(8) = 0 and, by
the triangle and Cauchy—Schwartz inequalities, that

ILe(3)] 2 |Lay ()] = [ Lemey ()] > £ — 5 = 3

for1 <o*(L¢) <01 <0 <03 <o0p<p <0*(L,). Moreover

N N
O(s) =D &g, Di(s) =) &g o ;(1—5)
j=1 j=1

N
=Y ajup j®;(1—35) = (1 —73).
j=1
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Adams operations on matrix factorizations
Michael K. Brown, Claudia Miller, Peder Thompson and Mark E. Walker

We define Adams operations on matrix factorizations, and we show these op-
erations enjoy analogues of several key properties of the Adams operations on
perfect complexes with support developed by Gillet and Soulé. As an application,
we give a proof of a conjecture of Dao and Kurano concerning the vanishing of
Hochster’s 6 pairing.

1. Introduction

We establish a theory of Adams operations on the Grothendieck group of matrix
factorizations and use these operations to prove a conjecture of Dao and Kurano
[2014, Conjecture 3.1(2)] concerning the vanishing of Hochster’s 8 pairing for a
pair of modules defined on an isolated hypersurface singularity.

Let O be a commutative Noetherian ring and let f € Q. A matrix factorization
of f in Q is a Z/2-graded, finitely generated projective Q-module P = Py @ P,
equipped with an odd degree Q-linear endomorphism d satisfying d*> = f idp. In
other words, a matrix factorization is a pair of maps of finitely generated projective
Q-modules, (a: Py = Py, B : Po — P1), satisfying aff = f idp, and fa = fidp,.

When f = 0, a matrix factorization of f is the same thing as a Z/2-graded
complex of finitely generated projective Q-modules. In this case, we have the
evident Z /2-graded analogues of chain maps and homotopies of such. These, in fact,
generalize to an arbitrary f. The matrix factorizations of f € Q form the objects of
a category mf(Q, f), in which a morphism between objects P and P’ of mf(Q, f)
is a degree zero Q-linear map g: P — P’ such that dprog = godp. In other words, a
morphism is a pair of maps go : Pp— P and g1 : Py — P| causing the evident pair of
squares to commute. A homotopy joining morphisms g1, g2 : P — P’ in mf(Q, f)
is a Q-linear map h : P — P’ of odd degree such that dp'h + hdp = g1 — g».
The homotopy category of mf(Q, f) is the category [mf(Q, f)] obtained from
mf(Q, f) by identifying homotopic morphisms. It is well-known that, when Q is

This work was partially supported by a grant from the Simons Foundation (#318705 for Mark Walker)
and grants from the National Science Foundation (NSF Award DMS-0838463 for Michael Brown and
Peder Thompson and NSF Award DMS-1003384 for Claudia Miller).
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regular and f is not a zero divisor, [mf(Q, f)] may be equipped with a canonical
triangulated structure (see, for instance, [Orlov 2004] Section 3.1).

Much of the interest in matrix factorizations arises from the following result. For
a Noetherian ring R, let D”(R) denote the bounded derived category of R. Objects
of D?(R) are bounded complexes of finitely generated R-modules, and morphisms
are obtained from chain maps by inverting the collection of quasiisomorphisms. Let
Perf(R) denote the full triangulated subcategory of D?(R) consisting of bounded
complexes of finitely generated and projective R-modules, and let Dy, (R) denote
the Verdier quotient D?(R)/ Perf(R), called the singularity category of R. The
following theorem is essentially due to work of Buchweitz [1986] and Eisenbud
[1980]; this particular formulation of the result is proven by Orlov.

Theorem 1 [Orlov 2004, Theorem 3.9] . If Q is regular and f is not a zero divisor,
there is an equivalence of triangulated categories

[mf(Q, /)] => Dsing(Q/(f))
determined by sending a matrix factorization (« : Py — Py, B: Pp— Pp) to coker(w).

Remark 1.1. In [Orlov 2004], Orlov assumes Q contains a field and has finite
Krull dimension, but these assumptions are in fact not needed for this theorem
to hold.

Let R := Q/(f). Under the assumptions of Theorem 1, the Grothendieck group
Ko(mf(Q, f)) of the triangulated category [mf(Q, f)] is isomorphic to the quotient
Go(R)/(im(Kog(R) — Go(R))). So, defining a notion of Adams operations on
Ko(mf(Q, f)), in this setting, amounts to defining such operations on this quotient.

For a closed subset Z of Spec(Q), define % (Q) to be the category of bounded
complexes of finitely generated and projective Q-modules whose homology is sup-
ported on Z. Gillet-Soulé define lambda and Adams operations on the Grothendieck
group KZ(Q) := Ko(®%(Q)) [Gillet and Soulé 1987, Sections 3 and 4]. It is
tempting to mimic their approach to define Adams operations on Ko(mf(Q, f)),
since mf(Q, f) is somewhat analogous to @V (Q). But their construction relies on
the Dold—Kan correspondence relating N-graded complexes to simplicial modules;
since matrix factorizations are Z/2-graded, such an approach is not available for
Ko(mf(Q, £)).

Instead, we model our approach after the construction of the cyclic Adams
operations nyc on KOZ (Q) developed by the authors in [BMTW 2017] (see also
[Atiyah 1966; Haution 2009; Kock 1997]). Let us give a brief summary of the
construction of the operations wcpyc and some of their properties.

Fix a prime p. We assume that p is invertible in Q and that Q contains all p-th
roots of unity (when Q is local, the case of primary interest to us, we can find such
a prime p, at least after passing to a faithfully flat extension of Q). For a perfect
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complex of Q-modules X, let 77 (X) denote the p-th tensor power of X, which
comes equipped with a canonical left action by the symmetric group X,. For a
p-th root of unity w € Q, set T?(X)™) to be the eigenspace of eigenvalue w for
the action of the p-cycle (12 --- p) on T”(X). We define
LX) =[TPOD = [T7 ()]

cyc

where ¢ is a primitive p-th root of unity.

In Sections 2 and 3 of [BMTW 2017], it is established that this formula induces
a well-defined operation on KOZ (Q) (see also [Haution 2009]). In fact, by Corollary
6.14 of [BMTW 2017], if p! is invertible in Q, then ¥ agrees with the p-th
Adams operation on K OZ (Q) defined by Gillet-Soulé. More generally, we have:

Theorem 2 [BMTW 2017, Theorem 3.7] . If p is a prime, and Q contains 1/p
and all the p-th roots of unity, then the action of ljrcpyc on KOZ (Q) satisfies the four
Gillet-Soulé axioms defining a degree p Adams operation.

We refer the reader to Theorem 3.7 of [BMTW 2017] for a precise statement of
the four Gillet—Soulé axioms. A consequence of Theorem 2 is that the action of drf;c
on KZ(Q)q = K (Q) ® Q is diagonalizable: there is a “weight decomposition”

d
K§(Qo=EPKF Q).

i=c

where K¢ (Q)g) is the eigenspace of Y&, of eigenvalue p’, and c is the codimension
of Z [loc. cit., Corollary 3.12].

In Section 2, we use the operations wcpyc as a model to construct cyclic Adams
operations Wé;/c on the Grothendieck group Ko(mf(Q, f)), as well as more general
versions for matrix factorizations with a support condition. In Theorem 2.10 and
Proposition 2.13, we prove:

Theorem 3. If p is prime, and Q contains 1/p and all the p-th roots of unity,
the operator Wcl;c on Ko(mf(Q, f)) satisfies the evident analogues of the four
Gillet—Soulé axioms for a p-th Adams operation.

Moreover, if Q is regular and f € Q is not a zero divisor, the canonical surjection

Ky '"(0) = Ko(mf(Q, £))
is compatible with the action of 1//prc.

For Q regular, f not a zero divisor, and R = Q/(f), given a finitely generated
R-module M, let [M ]sable € Ko(mf(Q, f)) denote the image of [M] € Go(R) under
the canonical surjection Go(R) — Ko(mf(Q, f)) given by Theorem 1.
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Corollary 4. Assume Q is a regular ring containing 1/ p and all the p-th roots of
unity for some prime p, and suppose f € Q is not a zero divisor. The action of lﬁc‘l;c
induces an eigenspace decomposition

d
Ko(mf(Q. f)a =P Komf(Q. ).

i=1

Moreover, if M is a finitely generated R-module, then

d
Ml € €D Ko(mf(Q. ).
i=codimg M+1

In Section 3, we give an application of the above results. For the rest of this
introduction, assume Q is a regular local ring with maximal ideal m, and assume f
is a nonzero element of m. Assume also that R = Q/(f) is an isolated singularity;
that is, Ry, is regular for all p € Spec(R)\ {m}. Then for any pair of finitely generated
R-modules (M, N), we have

ToriR(M, N)E Torfiz(M, N) and length Torl-R(M, N) < o0
for i > 0. This motivates the following definition.

Definition 1.2. With Q, f, R as above, for a pair of finitely generated R-modules
(M, N), set

Or(M, N) = length(TorX (M, N)) — length(TorX , | (M, N))
fori > 0.

The pairing O (— , — ) is called Hochster’s theta pairing, since it first appeared
in work of Hochster [1981]. The theta pairing should be regarded as the analogue,
for the singularity category Dging(R), of the intersection multiplicity pairing that
occurs, for example, in Serre’s multiplicity conjectures. There has been much
recent work on better understanding the theta pairing, including when it vanishes
and how it relates to more classical invariants. Buchweitz and van Straten [2012]
show that, for complex isolated hypersurface singularities, the theta pairing can be
recovered from the linking form on the link of an isolated singularity. In the same
setting, Polishchuk and Vaintrob [2012] relate it to the classical residue pairing
using the boundary bulk map. It was conjectured by Dao that 8 vanishes for all
isolated hypersurface singularities R such that dim(R) is even, and this has now
been proven in almost all cases; see [Moore et al. 2011; Buchweitz and Van Straten
2012; Polishchuk and Vaintrob 2012; Walker 2017]. We refer the reader to Section 3
of [Dao and Kurano 2014] for additional history of the theta pairing and a list of
several other conjectures.
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One such conjecture, [Dao and Kurano 2014, Conjecture 3.1(2)], is an analogue
of Serre’s vanishing conjecture (see the remark on page 111 of [Serre 2000]). This
conjecture was proven by Dao in the case where R is excellent and contains a
field, using a geometric approach [Dao 2013, Theorem 3.5]. As an application of
the properties of Adams operations on matrix factorizations that we establish in
Section 2, we prove this conjecture in full generality:

Theorem 5 (see Theorem 3.19). Let (Q, m) be a regular local ring and f € m with
f # 0. Suppose that R = Q/(f) is an isolated singularity. If M and N are finitely
generated R-modules such that

dimM +dim N <dim R
then Or (M, N) = 0.

We close this introduction with a sketch of our proof of Theorem 5. We easily
reduce to the case where there is a prime p such that Q contains 1/p and all p-th
roots of unity. Given a matrix factorization P = (o : P — Py, B: Py — P)) of f,
one may obtain a matrix factorization P° of — f by negating . In Proposition 3.18,
we show

Or(M, N) = x ([M]stable U [N Igapie)

where — U — is the pairing induced by tensor product of matrix factorizations, and
x denotes the Euler characteristic. The assumptions ensure that [M Jstabte U [N ]G,
is a class in Ko(mf™(Q, 0)), the Grothendieck group of Z/2-graded complexes of
finitely generated projective Q-modules with finite length homology, so that x is
well-defined. By Corollary 4 and the linearity of x, we may assume that the classes
[M ]stable and [N Jguable lie in eigenspaces Ko(mf(Q, 0))8) and Ko(mf(Q, 0))8), re-
spectively, where i 4 j > d =dim Q. By properties of the operations wcpyc established
in Theorem 3, [M]gable U [N 1%, € Ko(mf™(Q, 05" .

At this point, one would like to argue that Ko(mf™(Q, 0)g = Ko(mf™(Q, 0))7,
which would force [M Jstable ULV Ig . = 0. Indeed, one might expect Ko (mf™(Q, 0))
to be generated by the Z/2-folding of the class of the Koszul complex on a regular
sequence of generators of m, which lies in Ko(mf™(Q, 0))¥ by the axioms in
Theorem 3; this would be parallel to what occurs for bounded Z-graded complexes.
The proof of Theorem 5 sketched here would then be almost exactly the same as
Gillet and Soulé’s proof of Serre’s vanishing conjecture.

We are not able to prove Ko(mf™(Q, 0)) is generated by the Koszul complex, and
indeed we have come to suspect this might be false (see Example 3.6). Fortunately,
for the proof of Dao and Kurano’s conjecture, one needs only the weaker property
that there is an equality of maps yx o wcl;c = p?y from Ko(mf™(Q, 0)) to Z; we
prove this in Theorem 3.8.
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2. Adams operations on matrix factorizations

In this section, we define cyclic Adams operations on matrix factorizations, closely
following the construction of cyclic Adams operations on perfect complexes with
support found in Sections 2 and 3 of [BMTW 2017]. We prove these operations
enjoy analogues of many of the key properties of the operations on perfect complexes
with support constructed in [loc. cit.].

2A. Construction. Let Q be a Noetherian commutative ring, f € Q any element
(including possibly f =0), and G a finite group. Let mf(Q, f; G) be the category
of G-equivariant matrix factorizations. When G is the trivial group, this is the
category described in the introduction. More generally, an object of mf(Q, f; G)
is an object P of mf(Q, f) equipped with a G-action (i.e., a group homomorphism
G — Autpg(g, r)(P)), and a morphism is a G-equivariant morphism of matrix
factorizations.

The category mf(Q, f; G) is an exact category, with the notion of exactness
given degree-wise in the evident manner.

Remark 2.1. We could equivalently define an object of mf(Q, f; G) to consist
of a pair of Q[G]-modules Py and P; that are finitely generated and projective as
Q-modules, together with a pair of morphisms of Q[G]-modules, (« : P — Py, B :
Py — Pp), such that o and B« are each multiplication by f (which is central in
QO[G]). Moreover, if |G| is invertible in Q, we have mf(Q, f; G) = mf(Q[G], f).

Example 2.2. If f =0 (and G is trivial), mf(Q, 0) is the category of Z/2-graded
complexes of finitely generated projective Q-modules, with morphisms being
chain maps.

A homotopy joining morphisms g1, g»: P — P’ in mf(Q, f; G) is defined just as
in the introduction, with the added condition that it be G-equivariant. In detail, it is a
Q-linear, G-equivariant map h : P — P’ of degree 1 such that dp-h+hdp = g1 — g>.
The homotopy category of mf(Q, f; G) is the category [mf(Q, f; G)] obtained
from mf(Q, f; G) by identifying homotopic morphisms.

Given a ring homomorphism Q — Q' sending f to f’, there is an evident functor
mf(Q, f; G) — mf(Q’, f'; G) given by extension of scalars along Q — Q’. When
Q' = Qy for p € Spec(Q), we write this functor as P > P,.

For an object P € mf(Q, f; G), define the support of P to be

supp(P) = {p € Spec(Q) | P, is not homotopy equivalent to 0 inmf(Qy, f; G)}.

Given a closed subset Z of Spec(Q), define mf?(Q, f; G) to be the full subcat-
egory of mf(Q, f) consisting of objects P satisfying supp(P) € Z. Note that
mf? (Q, f; G) is a full, exact subcategory of mf(Q, f; G), and [mf?(Q, f;G)]is
a full subcategory of [mf(Q, f; G)I.
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We will mainly use the notion of supports for matrix factorizations when f =0
and G is trivial, in which case objects of mf(Q, 0) are (Z/2-graded) complexes.
One must be careful in this situation not to conflate the notion of being homotopy
equivalent to 0 with being acyclic. The former implies the latter, but the latter does
not imply the former in general. These conditions are equivalent, however, in the
following case:

Lemma 2.3. If Q is a regular ring, an object P € mf(Q, 0) is contractible if and
only if Hy(P) = H|(P) =0.

Proof. Suppose P = (ag: Py — P1, a1 : P| — Pp) is acyclic, and set M =ker(o;) =
im(ag) and N =ker(og) =im(c;). We claim that M and N are projective. It suffices
to prove M, and N, are free for all primes p. Since

0— My — (P)p— (Po)p = (P1)p— -

is exact, we see that, for any d, M, is a d-th syzygy of some other Q,-module.
Taking d > dim(Q),) gives that M, is free. Similarly, N is projective.

Choose splittings 7y : Pp — N and m; : P — M of the inclusions N — P, and
M < P;. Define A: Pp - N@® M and B : P, - N & M to be given by (Zg)
and (ii), respectively. Set E := (8?) and F := ((1)8).

We have the following isomorphism of matrix factorizations

o) o]

Py P Py

o el

NeM-—LsNeM-—LsNoMm

and the bottom matrix factorization is clearly contractible. (I

Remark 2.4. When Q is regular, f is not a zero divisor, and G is trivial, the
support of any object of mf(Q, f) is a subset of

Sing(R) := {p € Spec(R) | Ry, is not regular}

where R = Q/(f), and where we identify Spec R with its image in Spec Q. Thus,
in this case, we have

mf(Q, f) =mf> "R (g £).

Eventually, we will be making the additional assumption that R is an isolated
singularity, meaning Q, and hence R, is local, and Sing(R) = {m}.

Define the Grothendieck group Ko(mf 20, f; G)) to be the abelian monoid
given by isomorphism classes of objects of mfZ(Q, f; G) under the operation of
direct sum, modulo the relations [P] = [P’] 4+ [P”] if there exists a short exact
sequence 0 - P/ —- P — P” — 0 and [P] = [P'] if P and P’ are homotopy
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equivalent. As with the K -theory of complexes, Ko(mf?(Q, f; G)) is an abelian
group, since [P] 4+ [X(P)] =0, where X (P) denotes the suspension of P.

For P e mf(Q, f; G) and P’ e mf(Q, f’; G'), the tensor product P ®¢ P’ is the
usual tensor product of Q-modules, with grading determined by |p® p’| = | p|+1p/|
and differential d(p® p') =dp(p)@p'+ (="' p@dp/(p’). The group G x G’ acts
in the evident manner, and the resulting object belongs to mf(Q, f + f'; G x G'),
since 87 is multiplication by f 4 f’. Note, in particular, that the n-th tensor power
of an object of mf(Q, f) belongs to mf(Q, nf).

We proceed to define cyclic Adams operations on Ko(mf?(Q, f)). The con-
struction is closely parallel to that for KOZ (Q) given in [BMTW 2017], with one
minor exception: the need to “divide by p”.

For an integer n > 1, we define a functor

" : mf%(Q, f) — mf%(Q, nf; =,)
given, on objects, by sending P € mf%(Q, f) to the matrix factorization
n times
T"(P)=P®g- - ®¢ P
equipped with the left action of X, given by
o(P1®--®pn) =%£Ps-1(1) @+ ® Po-1(n)-

The sign is uniquely determined by the following rule: if o is the transposition
(fi+1)forsomel <i<n-—1and py,...,p, are homogenous elements of P,
then

o(p1®---@p)=(=DPPrlkp @ pi 1 @ Pit1 ®Pi® Pisa®--- @ pn.

The rule for morphisms is the evident one.
Following Section 2 of [BMTW 2017], for any i and j, let ; ; be the image of
the canonical homomorphism ¥; x ¥; < X, ;, and define a pairing

*i ;i Ko(mf?(Q,if); i) x Ko(mf?(Q, jf); £;) = Ko(mf*(Q, i+ 1) f); Tit))

induced by the bifunctor (P, P') = Q[Z;1;] ®gis, ;) P ®¢ P’. This pairing is
well-defined, commutative, and associative, by an argument identical to the proof
of Lemma 2.4 in [loc. cit.].

The proof of Theorem 2.2 in [loc. cit.] also holds nearly verbatim for matrix
factorizations and leads to a proof of:

Theorem 2.5. For a commutative Noetherian ring Q, closed subset Z of Spec(Q),
element f € Q, and integer n > 1, there is a function

1% . Ko(mf?(Q, f)) — Ko(mf*(Q,nf; T,))
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such that, for an object P € mfZ(Q, f), we have
t5.([PD) =[T"(P)].

Remark 2.6. As in [BMTW 2017, §5], if k is a positive integer such that k! is
invertible in Q, then one can use Theorem 2.5 to establish an operation A* on
Ko(mf? (Q, f)) that is induced from the k-th exterior power functor. Since we
won’t use such operations in this paper, we omit the details.

We now assume p is a prime that is invertible in Q, and we define C), to be the
subgroup of X, generated by the p-cycle (12 --- p). For any p-th root of unity
¢ belonging to Q (including the case ¢ = 1), let Q. denote the Q[C,]-module O
equipped with the C)-action o0g = ¢g. For P € mfZ(Q, pf; Cp), we define

P® .= Homgc,1(Q¢, P) =ker(c —¢ : P — P).

Since p is invertible and ¢ belongs to Q, the module Q; is a direct summand of
Q[C,], and so P P© is an exact functor. It therefore induces a map

7 : Ko(mf?(Q, pf; Cp) L= ki mf?(Q, pf)),

and so we may form the composition

Komf?(Q. 1)) %> Ko(mtZ(Q, pf: =,))
1o, KomfZ(Q. pf; Cp)) 25 Komf?(Q, pf)).

We come upon the need to “divide by p”. In general, if u € Q is a unit, we define
an autoequivalence

mult, : mfZ(Q, f) — mf?(Q, uf)

by sending a matrix factorization (¢, 8) to (e, uB). (Its inverse is given by mult,-1.)
For example, in Section 3C, we will employ the functor mult_;, which we will write

as mult_; (P) = P°. Here, we use mult/,, and we define tf to be the composition

ores oty mult; /),

¢P
Ko(mf*(Q, f)) ——=> Ko(mf*(Q, pf)) —> Ko(mf*(Q, f)).
Let A, denote the subring of C given by Z[1/p, e?miln],

Definition 2.7. Assume p is a prime, Q is a (commutative, Noetherian) A ,-algebra,
f is any element of Q, and Z is a closed subset of Spec(Q). Define

vhe = tt] : Ko(mf?(Q. f)) > Ko(mf*(Q. f)),
¢

where the sum ranges over all p-th roots of unity. (In this formula, the ¢ occurring
as a coefficient is interpreted as belonging to Z[¢*"//P] whereas the { occurring as
a subscript denotes its image in Q under the map A, — Q.)
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Remark 2.8. The image of 1//cpyc is contained in the group Ko(mf?(Q, f)) ®z
Z[e*™/P]. But, by an argument identical to the proof of Corollary 3.5 in [BMTW

2017], we have
Sof =il il
¢

for any fixed primitive p-th root of unity ¢’, and thus the image of ¥£. can be
taken to be Ko(mfZ(Q, )P

Remark 2.9. Setting ¢” = ¢ ;‘qﬁg , one gets another formulation

P — p p
&e = multy ), 0p” ores oty

2B. Axioms for Adams operations on matrix factorizations a la Gillet-Soulé. In
this subsection, we show the operations &, satisfy the following analogues of the
axioms of Gillet and Soulé (see Theorem 3.7 in [BMTW 2017])).

Theorem 2.10. Assume p is a prime, Q is a (commutative, Noetherian) A ,-algebra,
[, f1, f> are any elements of Q, and Z is a closed subset of Spec(Q):

)] wC’;C is a group endomorphism of Ko(mf?(Q, .
(2) Fora € Ko(mf?(Q, f1)) and B € Ko(mf" (Q, f2)),
he@UB) =yl (@) UyE (B) € Komf*™ (Q, fi + f2)),

where U is the multiplication rule on Grothendieck groups induced by tensor
product. The three operators 1/fcpyC in the equation are, from left to right, acting
on Komf*™Y(Q, fi + f2)), Ko(mf*(Q, f1)), and Ko(mf¥ (Q, f2)).

3) wcl;c is functorial in the following sense: Suppose p : Q — Q' is map of
Ap-algebras, f' = p(f), and p~'(Z) C Z' where p: Spec Q' — Spec Q is
the induced map on spectra. Then extension of scalars along p induces a map
Ko(mf?(Q, 1)) — Ko(mfz/(Q’, 1) that commutes with the actions of 1/fcpyc.

(4) If f=gh, sothat (g, h):=(Q—%>Q, Q—h> Q)isan objectofmfv(g’h)(Q, ),
we have
bel(g, 1= pl(g, W]

Proof. The proofs of (1)—(3) are essentially identical to the proofs of parts (1)—(3) of
Theorem 3.7 in [BMTW 2017]. As for (4), let (0, 0) denote the matrix factorization
(0 SN 0,0 SN Q) of 0, and let X denote the tensor product

(g, Ph) ®0 (0,0)®¢ - ®¢ (0, 0).

Set ¢ :=e?™/P and o := (12 --- p) € Cp. We equip X with a C), action by
letting o act on the i-th factor of X in the following way: If x has odd degree,
o -x = ¢'~!x. If x has even degree, 0 - x = x.
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We claim that there is an isomorphism
T"([g, h]) = (g, ph) ®0 (0,0) ®¢ - - B¢ (0, 0)

inmf"©®"(Q, pf; C »). To prove the claim, let V be a free Q-module of rank p with
a fixed basis {e, ..., e,—1}. We identify the underlying Q-modules of T7((g, h))
and X with the exterior algebra /\ V of V; under this identification, the action of
Cp,onT"((g, h)) is given by

U(eil A A ein) =es-1(i)) VANEIEIVAN €s-13,)>
and the action of C), on X is given by
olej, N---Nej) = §i1+"'+i”eil AN Nej .

ForO<i<p—1,definev;:=1/p3_;¢"e;. Thenvy, ..., v, | formabasisof V.
Leta: AV — /\ V denote the Q-algebra automorphism given by e; — v;. Then
« yields an isomorphism T7((g, h)) = X of C,-equivariant matrix factorizations;
this proves the claim.

(In checking the details here, it is useful to note the following: The “differential”
onTP?((g, h))is given by so+s1, where s is left-multiplication by h(eg+- - -+e,—1),
and s7 is given by the Koszul differential on the sequence (g, g, ..., g). Similarly,
the “differential” on X is given by #y 4 ¢, where ¢ is left-multiplication by pheg
and #; is given by the Koszul differential on the sequence (g, 0, ..., 0).)

By Remark 2.9, and the result analogous to Lemma 3.11 of [BMTW 2017] for
matrix factorizations (with essentially the same proof), we have

Yl ([(g, WD) = multy/, (87 ([(g, P U P ([0, 0)) U---UP([(0, 0)])).

Here, ¢? acts as the identity on the first factor, which is equipped with the trivial
action of C,. Furthermore, direct calculation on the (i+1)-st factor yields

¢ (10,0 =1+ ¢ [211= (1 —¢HU]
where I denotes the unit matrix factorization (0 9, 0, 0 —950). Thus, one obtains

p—1
2 ([(g, WD) = multy/, ([(g, pHIVIU--- UL [0 = ¢) = pl(g. W],

i=1

since []7 1(1 H =p. O

Corollary 2.11. Ifa = (ai, . .., a,) is a sequence of elements in an A ,-algebra Q
and K (a) is the associated 7 /2-folded Koszul complex, regarded as an object of
mf¥ (@4 (9 0), then

Y2 (K (@)]) = p"[K (@)] € Ko(mf" @4 (Q, 0)).
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Proof. This follows from parts (2) and (4) of the theorem, because K (a) is the
tensor product of the matrix factorizations (a;, 0) and Z/2-folding commutes with
tensor product. ([

2C. Diagonalizability. Suppose Q is a regular ring and f € Q is a not a zero
divisor. Recall, from the introduction, that ?V)(Q) denotes the category of
bounded complexes of finitely generated and projective Q-modules whose homology
is supported on V(f), and K(;/ “ )(Q) denotes its Grothendieck group. In this
subsection, we construct a surjection

pr Ky (Q) > Ko(mf(Q. f))

that commutes with the actions of wé’yc. Using this, and Corollary 3.12 of [BMTW
2017] (the proof of which is really due to Gillet—-Soulé), we deduce that the action
of wcpyc on Ko(mf(Q, f))g decomposes the latter into eigenspaces of the expected
weights.

Let Ky denote the Koszul dga associated to f, so that, as a Q-algebra, Ky =
Ql[€]/(€%) with |e| = 1, and it is equipped with the Q-linear differential d satisfying
d(e) = f. Let P(Ky/Q) denote the full subcategory of the category of dg-K r-
modules consisting of those that are finitely generated and projective as Q-modules.
An object of P(K ¢/ Q) is thus a bounded complex P of finitely generated projective
Q-modules equipped with a degree one Q-linear map s : P. — P satisfying
dps+sdp = f and s> =0. (The map s is given by multiplication by €.) A morphism
from (P, dp, s) to (P, dps, s’) is a chain map g such that gs = s’¢g. A homotopy
from g; to g; is a degree one map h such that dp'h + hdp = g1 — g» and hs = s'h.

There are functors

PV D () <L~ P(K;/0) s mf(Q, f),

where F is the forgetful functor that sends (P, dp, s) to (P, dp), and Fold sends
(P, d, s) to the following matrix factorization: the even degree part is @, P»;, the
odd degree part is €D, P»;+1 and the degree one endomorphism is 8 :=d + .

Define Ko(P (K r/Q)) to be the Grothendieck group of objects modulo relations
coming from short exact sequences and homotopy equivalences as usual.

Lemma 2.12. If f is not a zero divisorin a regular ring Q, the functor F induces
an isomorphism

Ko(P(K;/Q) = K,V (0).

Proof. Let R = Q/(f). One has an evident quasiisomorphism Ky = R of dga’s,
and hence an equivalence of triangulated categories D?(R) = D’(K £) induced
by restriction of scalars. Thus, one has an isomorphism

Go(R) = Ko(D"(R)) = Ko(D”(K y)).
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We may model D?(K r) by semiprojective K r-modules with finitely generated
homology. Since Q is regular, the good truncation of such a complex in sufficiently
high degree is a complex of projective Q-modules. It thus follows from Quillen’s
resolution theorem that the inclusion map determines an isomorphism

Ko(P(Ks/Q)) = Ko(D"(K ).

We thus obtain an isomorphism Go(R) = Ko(P (K y/Q)), which we can describe
explicitly as follows: If M is a finitely generated R-module, form a (possibly
infinite) K ¢-semiprojective resolution P = M of M. Then the map sends [M] to
[P’] where P’ is a good truncation of P in sufficiently high degree.

We also have the more classical isomorphism Go(R) = K(;/ ) (Q), sending [M ]
to the class of a Q-projective resolution of M. Since the complex P’ constructed
above is an example of such a resolution, it is clear that the triangle

Ko(P(Kf/Q)) d k)"0

1R
1

Go(R)
commutes. O

The functor Fold induces a map from Ko(P(Ky/Q)) to Ko(mf(Q, f)), and
thus, using the lemma, we obtain the desired map p : K(;/(f)(Q) — Ko(mf(Q, f)).
Explicitly, the construction shows that if an object P € V() (Q) admits a degree
one map s satisfying ds + sd = f and 52 =0, then pr([P]) =[Fold(P,d, s)]. In
particular, the map o is surjective, since for a matrix factorization (a : P — P, :
Py — P1) e mf(Q, f), we have (o, ) =Fold(P, , B).

Since there exists an isomorphism Go(Q/(f)) = K(;/ & )(Q) which sends the
class of a finitely generated Q/(f)-module to the class of a chosen Q-projective

resolution of it, we obtain a surjective map

Go(Q/(f)) = Ko(mf(Q, f)).

Note that this surjection agrees with the one induced by the inverse of the equivalence
[mf(Q, /)] => Dging(Q/(f)) from Theorem 1 of the introduction.

Given a finitely generated Q/(f)-module M, let [M Jsaple € Ko(mf(Q, f)) de-
note the image of [M] under the above surjection Go(Q/(f)) = Ko(mf(Q, f)).
Explicitly, for such an M, one may find a Q-projective resolution (P, d) of it for
which there exists a degree one endomorphism s of P satisfying ds + sd = f and
52 =0 (by taking, for instance as above, a good truncation in sufficiently high degree
of a K r-semiprojective resolution P = M). Then [M Jspie = [Fold(P, d, s)].
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We will use the following result to deduce the diagonalizability of wf;c on the
Grothendieck group of matrix factorizations from the corresponding result for
complexes.

Proposition 2.13. Assume Q is a regular A ,-algebra and f € Q is a not a zero
divisor. The map py commutes with the Adams operations nyc-

Proof. We need to show the diagram
\% pf
K)(0) —— Ko(mf(Q, f))
lwc’&c (Y= [T7 () D—[TP(1)©)]

Ky (@) 5 Ko(mf(Q, pf))

J/: multl/p

kY P0) 2 Komf(Q, £))

commutes.

It suffices to check the commutativity of the top square on classes [ P] for which
there exists an s with ds +sd = f and s?> = 0. Recall that the induced differential
T?(d) on T?(P) is given by

p
TP(d) (X1 ® - - - ®xp) = Z(_l)lm\-ﬁ-----ﬁ-\xi—llxl ® - Qdx)®-- - ®xp,

i=1

and we define T7(s) to be the degree one map given by the same formula with s in
place of d. Then T?(d)T?(s)+TP?(s)T?(d) = pf and T?(s)? = 0. Moreover, it
follows from the definitions that there is a canonical isomorphism

T?(Fold(P,d, s)) ZFold(T?(P), T"(d), T*(s)) e mf(Q, pf),

and this isomorphism is equivariant for the action of ¥,. The commutativity of the
top square in the diagram follows.
The bottom square commutes by the more general lemma below. (]

Lemma 2.14. If Q is a regular, f € Q is not a zero divisor, and u € Q is a unit,
the triangle

Ko(mf(Q, f))

k)0 mult,
Puf

Ko(mf(Q, uf))

commutes.
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Proof. Again, it suffices to check the commutativity of the diagram on classes
[P] such that P is a complex with differential d for which there exists an s with
ds +sd = f and s2=0. If [P] is such a class, pr([P]) = [Fold(P,d, s)].
Before applying p,, first replace (P, d) by the isomorphic complex (P’, d’)
with P/ = P; for all i and with d] = d; for i odd and d = ud; for i even. Defining
s"as s; = s; for i odd and s; = us; for i even, one has d's’ +s'd" = uf. Then
puf ([P]) = [Fold(P,"d’, s")] = mult, ([Fold(P, d, s)]) = (mult, ops)([P]). O

Theorem 2.15. Assume Q is a regular A ,-algebra of dimension d and f € Q is
not a zero divisor. There is a decomposition

d
Ko(mf(Q, e =P Komf(Q, /),
i=1
which is independent of p, such that 1//cpyc acts on Ko(mf(Q, f ))g) as multiplication
by p'. Moreover, for a finitely generated Q /(f)-module M, we have
d
Mlwe € €D Komf(Q, )G
i=codimg,(ry M+1
Proof. This follows from Corollary 3.12 of [BMTW 2017] and Proposition 2.13 by
defining Ko(mf(Q, )% to be the image of K, /(@)% under p; ® Q. O

We close this subsection with a technical result needed below.

Corollary 2.16. If Q is a regular A ,-algebra for a prime p, f € Q is not a zero
divisor, and u € Q is a unit, we have an equality of maps WC’;,C omult, = mult, owcpyc

from Ko(mf(Q, f)) 1o Ko(mf(Q, uf)).

Proof. By Proposition 2.13, the diagonal maps in the commutative diagram of
Lemma 2.14 commute with the action of wcf;c, and these maps are surjective. [

3. Dao and Kurano’s Conjecture

In this section, we apply the results of Section 2 to give a proof of Theorem 5 from
the introduction.

3A. Some properties of 7 [2-graded complexes. We will need some general re-
sults about Z/2-graded complexes. Much of what we need holds in great generality,
and so we start by working over a Noetherian commutative ring B.

Let LF(B, 0) denote the abelian category of all Z/2-graded complexes of B-
modules (“LF” stands for “linear factorization”), and let 1f(B, 0) denote the full
subcategory of LF(B, 0) consisting of complexes whose components are finitely
generated B-modules. An object of LF(B, 0) consists of a pair of B-modules,
M° and M', together with maps d° : M® — M! and d' : M' — MP° such that
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d'od® =0=d"od'. Morphisms are given by the evident Z/2-graded analogues
of chain maps. We also have the evident Z/2-versions of quasiisomorphisms
and homotopies of chain maps. For objects X, Y € LF(B, 0), let Homy (X, Y)
denote the Z/2-analogue of the mapping complex construction. So Homy (X, Y) €
LF(B,0) with Homr(X, Y)¢ = @, .»_. Homg (X<, Y¢"). Note that the zero
cycles in Homp (X, Y) are, by definition, the set of morphisms from X to Y in
LF(B, 0), and H Hom; p(X, Y) is the set of morphisms modulo homotopy.

We write X @Y € LF(B, 0) for the evident Z/2-graded analogue of the tensor
product of complexes, so that

XY= P X ®r.
e=¢e'+e"

We will also need the notion of the totalization Tot(X.) of a bounded complex
X =0—->X,—>---—>Xy—>0

of objects of LF(B, 0), defined in a manner similar to the Z-graded setting. In more
detail, we have

m

Tot(X.)* = @) X;**,

i=0

with superscripts taken modulo 2. Moreover, if
0> Xp—>--—>Xog—>M—->0

is an exact sequence in LF(B, 0), then there is a natural quasiisomorphism

Tot(X.) = M

in LF(B, 0).

For M € LF(B,0), define Z(M) to be the Z/2-graded module consisting of
the kernels of the two maps comprising the complex M, and define B(M) to be
the Z/2-graded module given by the images of the two maps comprising M. Let
H(M) denote the Z/2-graded module consisting of the homology modules of M.
Each of B, Z, and H can be interpreted as a functor from LF(B, 0) to itself, and
they restrict to functors from If(B, 0) to itself. Note that B(M) C Z(M) and
HWM)=2Z(M)/B(M).

Recall that mf(B, 0) is the full subcategory of If(B, 0) consisting of complexes
whose components are projective B-modules.

Definition 3.1. An object X € mf(B, 0) is called proper if Z(X), B(X) and H(X)
are all projective R-modules.
For M € 1f(B, 0), an exact sequence of the form

e Xy = X1 > Xog—>M—0
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such that X; € mf(B, 0) is proper for all i and each of the induced sequences

--.—> B(X,,))— - — B(X1)— B(Xgy) > B(M)— 0,
o> Z(Xp)— > Z(X)—> Z(Xg) > Z(M)— 0,
--.—>HX,,)—» ---— HX;)> HXy) > HM)— 0

is also exact is called a Cartan—Eilenberg resolution of M. Such a resolution is
bounded if X ; =0 for all j > 0.

Lemma 3.2. If B is a Noetherian commutative ring, and at least one of X, Y €
mf(B, 0) is proper, then there is a natural isomorphism

H(X) ®@r H(Y) = H(X @Lr Y).
Proof. The proof is the same as for the classical Kiinneth Theorem. ([l

Lemma 3.3. If B is a Noetherian commutative ring, then every M € If(B, 0) admits
a Cartan—Eilenberg resolution. If B is regular, every M € If (B, 0) admits a bounded
Cartan—FEilenberg resolution.

Proof. Choose projective resolutions of B*(M), B'(M), H*(M) and H' (M), and
make repeated use of the horseshoe lemma, just as in the proof of the classical
version of this result. If B is regular, all of the chosen projective resolutions in the
proof may be chosen to be bounded. (I

Recall that [mf(B, 0)] denotes the category with the same objects as mf(B, 0)
and with morphism sets given by Homyn¢p,0(X, Y) := H O(Homyr(X, Y)). We
write @ (1f(B, 0)) for the category obtained from If(B, 0) by inverting all quasiiso-
morphisms.

Proposition 3.4. If B is regular, the canonical functor
[mf(B, 0)] = @(f(B, 0))
is an equivalence.

Proof. Let M be an object in 2(1f(B, 0)). Applying Lemma 3.3, choose a bounded
Cartan—Eilenberg resolution X. of M. Then the canonical map Tot(X.) — M is
a quasiisomorphism, and Tot(X.) is an object of mf(B, 0); thus, the functor is
essentially surjective. It is fully faithful by Lemma 2.3. (Il

We are especially interested in complexes with finite length homology. Let
If ﬂ(B ,0) and mf (B, 0) denote the full subcategories of 1f(B, 0) and mf(B, 0)
consisting of those complexes M such that H O(M) and H'(M) are finite length
B-modules. Since this condition is preserved by quasiisomorphism, we may form
[mf ﬂ(B, 0)] and 9 (1f ﬂ(B, 0)), and they may be identified as full subcategories of
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[mf(B, 0)] and @ (f(B, 0)). Moreover, it follows from Proposition 3.4 that the
canonical functor induces an equivalence

mf(B, 0)] = a1tY(B, 0)),

provided B is regular.

It will be convenient to give an alternative description of the category LF(B, 0)
and of the constructions just described. Fix a degree two indeterminate ¢ and form
the Z-graded algebra B := B[r,1~'], which we regard as a dg-ring with trivial
differential. Recall that a dg- B-module is a graded B-module M equipped with a
degree one B-linear map d : M — M such that d*> = 0. Since ¢ is a degree two
invertible element, a dg-B-module is the same things as a Z-graded complex of
B-modules M together with a specified isomorphism 7 : M => M|[2] of complexes.
A morphism between two such pairs, say from (M, t) to (M’, t’), is a chain map
from M to M’ that commutes with ¢ and ¢'. There is an evident equivalence of
abelian categories

dg-B-Mod => LF(B, 0)
that sends a dg- B-module M to the object
(MO _dy ! t~'d MO)

of LF(B, 0). Moreover, the notions of mapping complex, tensor product, quasi-
isomorphism, homotopy equivalence and totalization defined above for LF(B, 0)
correspond to the standard notions for dg-modules. This equivalence thus allows us
to employ standard results from differential graded algebra.

3B. Adams operations on 7 [2-graded complexes with finite length homology.
Let Q be a regular local ring with maximal ideal m. Recall that mf™(Q, 0) is the
category of Z/2-graded complexes of finite rank free Q-modules whose homology
has support in {m}; notice that mf™(Q, 0) = mf ﬂ(Q, 0), where the right-hand side
is as defined in Section 3A.

Recall that K'(Q) is the Grothendieck group of the category of bounded Z-
graded complexes of projective O-modules whose homology has support in {m}. It
is easy to prove that K;'(Q) is a free abelian group of rank one, generated by the
class of the Koszul complex on a regular system of generators of m. One might
thus expect the answer to the following question to be positive:

Question 3.5. For a regular local ring (Q, m), is Ko(mf™(Q, 0)) a free abelian
group of rank one, generated by the 7 /2-folded Koszul complex?

We know the answer to be “yes” if dim(Q) < 2, but the general situation remains
unknown. The following example illustrates the difficulty:
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Example 3.6. Let (Q, m) be a regular local ring of dimension three, and suppose
x, v, z form a regular sequence of generators for the maximal ideal m. Let

0->0-50°4 0500

be the usual Koszul complex on x, y, z (so that, for example, p is given by the row
matrix (x, y, z)). The Z/2-folding of this Koszul complex,

K = <Q3@QM>Q3EBQM>Q3EBQ>,

determines a class [K] in Ko(mf™(Q, 0)).

Now define B : Q> — Q3 to be the map i o p. Then AB = 0 = BA, so that
X=(3 N 03 N 03 isa Z/2-graded complex. Moreover, ker(B) = im(A)
and ker(A)/im(B) = Q/m, so that X € mf™(Q, 0). We do not know whether [X]
is a multiple of [K] in Ko(mf™(Q, 0)).

To explain the relevance of Question 3.5, let us define the Euler characteristic
of an object X € mf™(Q, 0) to be

x (X) = length H°(X) — length H!(X).
Then y determines a group homomorphism
x : Ko(mf™(Q, 0)) — Z.

For example, if K is the Z/2-folded Koszul complex on a regular system of genera-
tors for m, then x (K) = 1. Assume now that Q is a regular local A ,-algebra for a
prime p (that is, assume p is invertible in Q and that Q contains a primitive p-th
root of unity), so that the cyclic Adams operation wcpyc acts on Ko(mf™(Q, 0)). We
have 1/fcpyc([l(]) = pd[K], where d = dim(Q), by Corollary 2.11. If the answer to
Question 3.5 were affirmative, we would obtain as an immediate consequence the
identity

xovl.=px (3.7)

of maps from Ko(mf™(Q, 0)) to Z. Moreover, this equation plays a key role in the
proof of Theorem 5.

Although we are unable to answer Question 3.5, we are nevertheless able to
prove an analogue to [Gillet and Soulé 1987, Proposition 7.1].

Theorem 3.8. For a regular local ring Q of dimension d that is an A ,-algebra for
some prime p, (3.7) holds.

The proof of this theorem occupies the remainder of this subsection.
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Fix a prime p, and let B be a commutative Noetherian A ,-algebra. Recall the
functor ¢/’ defined on mf(B, 0) that sends X to 77 (X)), where ¢ is a p-th root of
unity. It will be useful to interpret this functor as a composition

mf(B, 0) L% mf(B’, 0) Y=Y4 mf(B, 0)

where we set B’ = B[C,,] = B[o]/(c” — 1). Since B is an A,-algebra, B’ is
isomorphic to a product of p copies of B equipped with an action of C,,. So, an
object of mf(B’, 0) is the same thing as an object of mf(B, 0) equipped with an
action of C),, and if B is regular, then so is B’

The functors above preserve the condition that homology has finite length, and
they send homotopic maps to homotopic maps, so that we have an induced functor

t/ : [mf"(B, 0)] — [mf"(B, 0)]
given as the composition of functors
[mf(B, 0)] L% [mf"(B', 0] Y=Y [mf (B, 0)].

We will need a “derived” version of the functor tf . When B is regular, then we
may use the equivalence of Proposition 3.4 to obtain a functor

t/ - a1f(B, 0)) — [mf1(B, 0)].

Explicitly, for M € If"(B, 0), t (M) =t/ (P) where P is any object of mf"(B, 0)
for which there exists a quasiisomorphism P => M.

Given M € If(B, 0), recall that H(M) denotes the object of 1f(B, 0) given by
the Z/2-graded B-module with components H%(M) and H'(M), regarded as a
complex with trivial differential. In terms of the dg-ring B, H(M ) corresponds to
the homology of a dg B-module, which is naturally a dg- B-module with trivial
differential (since B has trivial differential). If M e If ﬂ(B 0), we define its Euler
characteristic by

x (M) :=length H*(M) — length H' (M),
as above.

Lemma 3.9. If B is a regular A ,-algebra, then for any M € 1f%(B, 0) and any p-th
root of unity {, we have

X2 (M) = x (7 (H(M))).

Theorem 3.8 is a relatively easy consequence of Lemma 3.9. Before proving
Lemma 3.9, we must introduce the following notation and establish one more
preliminary result. For a bounded complex

=0—- X, > Xp_1—> " —>X1 > Xy—0
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of objects of LF(B, 0), we write ¥, (X.) € LF(B, 0) for its homology taken in the
abelian category LF(B, 0); that is,

#Hy(X) =ker(Xy; — Xy—1)/im(Xy11 — Xy).

We write H(X.) for the complex of objects of LF(B, 0) obtained by applying H
term-wise
H(X)):= (00— H(Xy) —» --- > H(X() — 0).

Note that H(X.) is a complex of Z/2-graded modules, and we regard it as another
complex of objects in LF(B, 0).

Lemma 3.10. For a Noetherian commutative ring B, assume
Y =0—-Y,—>---—>Yy—0)

is a complex in 1If (B, 0) such that both 3, H(Y.) and H¥,(Y.) have finite length for
all q. Then Tot(Y.) belongs to lfﬂ(B, 0), and we have

x(Tot(Y)) =Y (=1)9*length ¥, (H* (Y.))
q€el,e€l]2

= > (=D length H* (9, (Y.)).
qel,e€Z]?

Proof. Our proof uses spectral sequences and is similar to the proof of the analogous
fact concerning Z-graded bicomplexes, but some care is needed to deal with the
Z/2-grading.

We find it most convenient to work in the setting of dg—é—modules. Recall
that a dg- B-module is the same thing as pair consisting of a Z-graded complex of
B-modules and a degree 2 automorphism. A graded B-module is a dg- B-module
with trivial differential.

Let us say that a graded B-module H has finite length if H' has finite length as
a B-module for each i € Z (or, equivalently, for i =0, 1). In this case, we define

% (H) =lengthz (H®) — lengthz (H").

(Note that x (H) = lengthB(Hzm) — lengthB(HZ"“) for any m, n € Z.) It is clear
that if ¥ € If (B, 0), then

x(Y) = (H(Y))

where y is as defined before, and H (Y) denotes the homology of Y regarded in the
canonical way as a graded B-module.

We will need the following fact. If (M, d) is a dg-B-module such that the under-
lying graded B-module M has finite length, then H (M, d) also has finite length,
and x (H(M, d)) = x(M). This is seen to hold by a straightforward calculation.
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We view Y. as a bicomplex Y with m +1 rows, whose m-th row, for 0 < j <m, is
—1 0 1
R L Tl S SR

along with a degree (2, 0) isomorphism of bicomplexes ¢ : ¥" => Y *2. Since this
bicomplex is uniformly bounded in the vertical direction, we have two strongly
convergent spectral sequences of the form

'EYT? = Hy(HP(Y))) = H"9(Tot(Y))) and
"EY T = HP(Hy(Y))) = HP1(Tot(Y))).
Let E*, for r > 2, refer to either of these two spectral sequences. The isomor-
phism 7 : Y" =5 Y *2 induces isomorphisms
t:EP4 = EPT24

for each r > 2, and similarly on the underlying D,-terms, and these isomorphisms
commute with all the maps of the exact couple.
For any r, define a Z-graded B-module Tot(E,) by

Tot(E,)" := EB EP,

ptq=n

The isomorphism ¢ induces an isomorphism of degree 2 on Tot(E,) making it into
a graded B-module. For each r, the differential d, on the E,’s induces a degree one
map (which we will also write as d,) on Tot(E,), and since this map commutes
with ¢, we have that (Tot(E}), d,) is a dg—é—module. Finally, we have an identity

Tot(E,+1) = H(Tot(E}), d;)

of graded B-modules.
Returning to the two specific instances of this spectral sequence, the assumptions
give that each of Tot('E») and Tot(” E;) has finite length, and that we have

X(Tot(Ex)= > (=17 length ¥, (H (Y.)
qeZ.ecZ)2

A(Tot("Ex))y = ) (=DT* length H* (¥, (Y.)).
qel.ecl]2

(3.11)

By the general fact mentioned above, we get that each of Tot(E3), Tot(E4), . .. also
has finite length, and, moreover,

X (Tot(E2)) = x (Tot(E3)) = - - - = X (Tot(Eoo)).

(Note that the spectral sequence degenerates after at most m + 2 steps, so that
Em+2 = Em+3 =---=Fu.)
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Now, for € =0, 1, the B-module H€ Tot(Y) admits a filtration by B-submodules

whose subquotients are ES0, ESS V!, ..., ESS™™, and hence

x (Tot(Y)) = X (H (Tot(Y))
= Z length E_ 19 — Z length E1 94

q q
= X (Tot(Exo)) = X (Tot(E2)).
By (3.11), the proof is complete. U

Proof of Lemma 3.9. We may assume, without loss of generality, that M = P
belongs to mf(B, 0). Let

0> X > X o> X1 > Xo—>P—0

be a bounded Cartan—Eilenberg resolution of P. Since P is an object of mf(B, 0),
the induced quasiisomorphism Tot(X.) => P is a homotopy equivalence, a fact
that will be used below.

Recall that X; is proper. In particular, H(X;) is projective for all i, and the
induced complex

o> 0> HXy) > HXp1) > -+ — H(X)) > HXy) > H(P) > 0
is also exact. The latter gives, by definition,
té’(H(P)) = tf(Tot(H(X.))) = TP (Tot(H(X.)))® . (3.12)

For any bounded complex Y. of objects of mf(B, 0), write T7(Y.) for the complex
of objects in mf(B, 0) that, in degree j, is

TP(Y); = @ Yi, Q- ®LrYi,.
i1t p=]

For example, if p =2, then T2(Y.) is the complex
> (NRYeYiI®YISY®Y:) > Y1®YDY®Y) > Yo QY — 0.

Each term of the complex 77 (Y) admits an evident signed action by C,, and the
maps of this complex respect these actions, so that we may regard 77 (Y.) as a
complex in mf(B’, 0), where B’ := B[C,]. We have an identity

TP (Tot(Y.)) = Tot(T?(Y.)) (3.13)

of objects of mf(B’, 0).
Since B is an A ,-algebra, (—)® is an exact functor from If(B’, 0) to If(B, 0).
In fact, B’ is a product of copies of B, and this functor is given by extension of
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scalars along one of the canonical projections B’ — B. In particular, we have
Tot(Y)®) = Tot(¥®) (3.14)
for any bounded complex Y. of objects of If(B’, 0), and
HY)® =HY®) (3.15)

for any object Y € If(B’, 0).
Since each X; is proper, Lemma 3.2 implies that we have canonical isomorphisms

H(X;)) ®Lp - - QLr H(X;,) = H(X;, ®LF- - QLF X))
which combine to give an isomorphism
TP(H(X.)) = H(T?(X.)) (3.16)

of complexes of objects of mf(B’, 0).
Combining these facts gives

t/ (H(P)) = T”(Tot(H(X)))®, by (3.12),
= (Tot(TP(H(X.))®, by (3.13),
=Tot(T?(H(X.)®), by (3.14),
=Tot(H(T?(X.)®), by (3.16),
=Tot(H(T”(X.)®)), by (3.15).

We now apply Lemma 3.10 to the complex Y. :=T7(X.)) of objects in mf(B, 0),
which gives

D (=17 length %, (H (Y.)) = Y "(=1)7*€length H (%, (Y)).  (3.17)
q.€ q.€

Since we have shown that Tot(H(Y.)) = t? (H(P)), the left-hand side of (3.17) is

X (t (H(P))).
Recall that, since P belongs to mf(B, 0), the quasiisomorphism Tot(X.) = P
is a homotopy equivalence. It follows that the map

Tot(Y.) = TP (Tot(X.))) — TP(P)®.
is also a homotopy equivalence. We get

HEGL(P) if g =0,

HE(%,(Y)) =
(% (X)) {0 otherwise,

which shows that the right-hand side of (3.17) is x (If (P)). U
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Proof of Theorem 3.8. Let P € mf™(Q, 0) = mf(Q, 0). By definition,

XWELAP)) =D tx (] (P)).
¢

By Lemma 3.9, the value of the right-hand side of this equation coincides with
> ¢ X (t? (H(P))). Since H(P) has trivial differential, the class

[H(P)] € Ko(@(f"(Q, 0))) = Ko(mf™(Q, 0))

is an integer multiple of the class of the residue field k = Q/m, which in turn
coincides with the class of the folded Koszul complex K € mf™(Q, 0). This proves
that the equation of Theorem 3.8 holds in general provided it holds for the class
[K], and that special case is known to hold by Corollary 2.11. ]

3C. Proof of the conjecture. Throughout this section, we assume (Q,m) is a
regular local ring and f is a nonzero element of m, and we set R = Q/(f). We
also assume R is an isolated singularity; that is, we assume R, is regular for all
p € Spec(R) \ {m}. Recall from the introduction that these conditions lead to a
well-defined invariant for a pair (M, N) of finitely generated R-modules:

Or(M, N) = length(Tor, (M, N)) — length(Tory, | (M, N))

for n > 0.

For a finitely generated R-module M, [M ]sapie denotes its associated class
in Ko(mf(Q, f)), given by the surjection Go(R) — Ko(mf(Q, f)) described in
Section 2C. Recall that [M]sapie = [Fold(P, d, s)], where P is a Q-projective
resolution of M admitting a degree one endomorphism s that satisfies ds + sd = f
and s2 = 0, that is, a Koszul resolution.

For a matrix factorization X € mf(Q, f), write X° for mult_; X € mf(Q, — f).
Thatis, if X = (o : Py — Py, B: Pp— Py), then X° = (o, —f8). We also use the no-
tation (—)° to denote the induced isomorphism Ko(mf(Q, f)) = Ko(mf(Q, —f)).
For a finitely generated R-module N, the class [N]g, ;. is the image of [N] under

Go(R) — Ko(mf(Q, —f)), using that Q/(f) = Q/(—f).
Proposition 3.18. For Q, m, f, R, M and N as in Definition 1.2,

Or(M, N) = x ([M]stabte U [N]:table)‘

Proof. First note that, since f is an isolated singularity, one has

Ko(mf(Q, %)) = Ko(mf™(Q, £ 1))

and hence

[M ]stable U [N I3ap1e € Ko(mf™(Q, f+ (= f))) = Ko(mf™(Q, 0)).
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Choose matrix factorizations X = (d; : X1 — Xo,do: Xo — X1) and Y = (d :
Y1 — Yo, d(/) : Yo — Y1) such that [X] = [M]suple and [Y] = [N]5,;.- Assume,
without loss of generality, that N is maximal Cohen—Macaulay, and N = coker(d)).

Let Z denote the object (0 — N, N — 0) of If(Q, — f); here, 0 is in odd degree
and N is in even degree. Let o : Y — Z be the morphism in If(Q, — f) given by
the canonical surjection in even degree and, of course, the zero map in odd degree.
Since 6(M, N) clearly coincides with the Euler characteristic of X ® Z, it suffices

to show that the morphism
dRe: XQY > X®Z

in If(Q, 0) is a quasiisomorphism. The map id ®« is clearly surjective, so it suffices
to show that its kernel is acyclic. An easy calculation shows that ker(id ®a) = X QT ,
where T is the object (¥ _id, Yi. 1 it Y1) € If(Q, —f). Since T is contractible,
X ® T is contractible; thus, id ®« is a quasiisomorphism. U

We now prove the conjecture of Dao and Kurano:

Theorem 3.19. Let (Q, m) be a regular local ring and f € m a nonzero element,
and assume R := Q/(f) is an isolated singularity. If M and N are finitely generated
R-modules such that

dimM +dim N <dim R
then O (M, N) = 0.

Proof. Let p be any prime that is invertible in Q. We start by reducing to the case
where Q contains a primitive p-th root of unity. If not, we form the faithfully flat
extension Q C Q' where Q' is the localization of Q[x]/(x? — 1) at any one of the
maximal ideals lying over m, and set R = Q'/f = R® Q’. Note that R C R’ is
also faithfully flat, and thus

TorR (M, N)®x R’ = Tot® (M ®x R', N ®g R').
It follows that
Or(M g R',N®rR)=[R'/m': R/m]-0r(M, N),

and so we may replace Q with Q.

Set d = dim Q, ¢y = codimg M and cy = codimg N. The hypothesis that
dimM +dim N <dim R =d — 1 yields cy; + cy > d + 1. By Theorem 2.15, the
classes [M stable, [V ]stable € Ko(mf(Q, f)) ® @ decompose uniquely as

d d
[Mlsabie = ) Xi and  [Nlabie = ) _ ¥},

i=cm Jj=cn
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where X; and Y; are such that ¥&c(X;) = p' X; and Y& (Y;) = p’Y;. Then

[N ]stdble Z Yo

and, by Corollary 2.16, z//g’yc(Y;) =p/ Y? for all ;.
By Proposition 3.18, we have

Or(M, N) = x ([M]gapte U N Spie) = D x(X; UY?D),
i,j

and so it suffices to prove x(X; UY J‘?) =(foralli and j. For any i and j,

PIXXiUY)) = x(WE (X, UYD))
= X Wh XD UYPL(Y]))
=x(p'X;Up’Yy)
=p I x(XiuY),

where the first equality is by Theorem 3.8, the second is by Theorem 2.10, and
the third is by definition of X; and Y;. Since Theorem 2.15 yields that i 4 j >
cy + ey > d, we conclude that y (X; U Y;’) =0. O
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Rationality does not specialize
among terminal fourfolds

Alexander Perry

We show that rationality does not specialize in flat projective families of complex
fourfolds with terminal singularities. This answers a question of Totaro, who
established the corresponding result in dimensions greater than 4.

1. Introduction

Rationality behaves subtly in families of complex algebraic varieties. In general,
given a flat projective family, the locus of rational fibers forms a countable union
of locally closed subsets of the base [de Fernex and Fusi 2013, Proposition 2.3].
Recently, Hassett, Pirutka, and Tschinkel [2016] produced a smooth projective
family of fourfolds where none of these locally closed subsets is dense, but their
union is dense (even in the Euclidean topology). In particular, rationality is neither
an open nor closed condition in smooth families.

This paper concerns the question of whether the locally closed subsets parametriz-
ing the rational fibers of a family are actually closed, i.e., whether rationality
specializes.

Question 1. Given a flat projective family of complex varieties, does geometric
rationality of the generic fiber imply the same of every fiber?

Without further restrictions, the answer is negative: specializations of rational
varieties need not even be rationally connected, as shown by a family of smooth
cubic surfaces degenerating to a cone over a smooth cubic curve. However, if the
fibers of the family are required to be smooth of dimension at most 3, Timmerscheidt
[1982] proved the answer is positive. In fact, as Totaro observed, it follows from
the results of de Fernex and Fusi [2013] and Hacon and Mckernan [2007] that the
answer remains positive if the fibers are allowed to have log terminal singularities
and dimension at most 3.

In higher dimensions, however, Totaro [2016b] showed that rationality does not

This work was partially supported by an NSF postdoctoral fellowship, DMS-1606460.
MSC2010: 14EQ8.
Keywords: rationality, specialization, fourfold, terminal singularities.
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specialize among varieties with mild singularities. Namely, specialization fails
in every dimension greater than 4 if terminal singularities (the mildest type of
singularity arising from the minimal model program) are allowed, and in dimension
4 if canonical singularities (the second mildest type of singularity) are allowed.
This left open the possibility that rationality specializes among terminal fourfolds.
The purpose of this paper is to show that this fails too.

Theorem 2. There is a flat projective family of fourfolds over a Zariski open
neighborhood U of the origin 0 € A in the complex affine line such that:

(1) All the fibers have terminal singularities.
(2) The fibers over U \ {0} are rational.
(3) The fiber over 0 is stably irrational.

Our proof of Theorem 2 closely follows [Totaro 2016b]. There, starting from a
stably irrational smooth quartic fourfold ¥ C P (known to exist by [Totaro 2016a]),
Totaro constructs a family of fivefolds satisfying conditions (1)—(3) in Theorem 2
by deforming the cone over Y to rational fivefolds. More generally, starting from
any smooth hypersurface ¥ C [P which is Fano of index at least 2, his construction
produces a family of n-folds satisfying (1) and (2), whose fiber over 0 is birational
to Y x P!. It is thus tempting to take ¥ C P*. However, then the only potential
candidate for Y is a cubic threefold such that ¥ x P! is irrational, the existence of
which is a difficult open problem.

Our idea is to instead take Y to be a quartic double solid. Then Y is a Fano three-
fold of index 2, and can be chosen to be stably irrational by Voisin’s seminal work
[2015]. Although Y is not a hypersurface in projective space, it is a hypersurface in
a weighted projective space, which we show is enough to run Totaro’s argument.

The natural question left open by this paper is whether rationality specializes
among smooth varieties of dimension greater than 3.

Conventions. We work over the field of complex numbers C. For positive inte-
gers ay, . .., a,, we denote by P(ao, ..., a,) the weighted projective space with
weights a;. We use superscripts to denote that a weight is repeated with multiplicity,
e.g., [P’(14, 2)=[P(1,1,1, 1, 2). For a vector bundle € on a scheme S, the associated
projective bundle is P(€) = Proj¢(Sym(EY)).

2. Proof of Theorem 2

Let Y — P3 be a quartic double solid, i.e., a double cover of P3 branched along a
smooth quartic surface. We regard Y as a hypersurface in the weighted projective
space [P(1%, 2), cut out by a polynomial of the form

2
Sa(xo, ..., x4) = x5 — ha(xo, ..., x3),
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where h4(xo, ..., x3) is a quartic. Let X C P(1%, 2, 1) be the cone over Y defined
by the same polynomial f4(xg, ..., x4) in the bigger weighted projective space
P(14,2, 1). For a stably irrational choice of Y, the variety X will form the central
fiber in the promised family of fourfolds.

Lemma 3. X is birational to Y x P!, and has terminal singularities.

Proof. This can be deduced from a general result on cones (see [Kollar 2013, §3.1]),
but we give a direct argument. Let H denote the pullback of the hyperplane class
on P3 to Y. Define

7: X =POy(—H)®Oy) — Y.

There is a natural morphism X > P(14,2, 1) given as follows. Let ¢ denote the
divisor corresponding to the relative O(1) line bundle on X. Then

1.(05() =0y(H)® Oy and m.(05(2)) =0y(2H)® Oy(H) & Oy.

Hence HO()? ,03@)) = C*@C, and HO()? , O%(2¢)) has a canonical 1-dimensional
subspace corresponding to the canonical section of Oy (2H). This data specifies the
morphism X — P(14, 2, 1). In fact, this morphism factors through X C P(1,2, 1)
and gives a resolution of singularities f : X — X witha single exceptional divisor

E=Py)C X,

which is contracted to [0, 0, 0, 0, 0, 1] € X. Thus the first claim of the lemma holds.
Note that X is normal with Q-Cartier canonical divisor. We show that the discrep-

ancy of the exceptional divisor E above is 1, so that X has terminal singularities,

completing the proof. Write Ky = f*(Kx) +aE. Then by adjunction

Kg=(Kz+E)|g=(a+DE|g.

Observe that E = Y, s0 Kg = —2H,and E =¢ —n*H,so E|p = —H. We
conclude a = 1. (|

Next, choose a nonzero polynomial g3(xg,...,x4) € HY(P(14, 2), O(3)) of
weighted degree 3. We consider the flat family X — A! over the affine line
whose fiber X; C P(14,2, 1) over t € Al is given by

Ja(xo, ..., x4) +183(x0, ..., x4)x5 =0.
Note that X = Xj.
Lemma 4. There is a Zariski open neighborhood U of 0 € Al such that:

(1) X, has terminal singularities for all t € U.
(2) X is rational fort € U \ {0}.
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Proof. The fiber A has terminal singularities by Lemma 3. Since this condition is
Zariski open in families [Nakayama 2004, Corollary VI.5.3], there is a Zariski open
neighborhood U of 0 € A! such that all fibers of X;; — U are terminal. Further,
observe that for ¢ £ 0, projection away from the xs-coordinate gives a birational
map from X; to (1%, 2). Indeed, this map is an isomorphism over the locus where
g3(x0,...x4) #01in [P(1%, 2). Hence X, is rational for ¢ # 0. O

Now we can prove Theorem 2. By [Voisin 2015, Theorem 1.1], a very general
quartic double solid is stably irrational. Taking such a Y in the above construction
and combining Lemmas 3 and 4, we conclude that Xy — U is a family of fourfolds
satisfying all of the required conditions. ([
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Topological noetherianity
for cubic polynomials

Harm Derksen, Rob H. Eggermont and Andrew Snowden

Let P;(k*) be the space of cubic polynomials in infinitely many variables over
the algebraically closed field k (of characteristic # 2, 3). We show that this space
is GL,-noetherian, meaning that any GL-stable Zariski closed subset is cut out
by finitely many orbits of equations. Our method relies on a careful analysis of an
invariant of cubics we introduce called g-rank. This result is motivated by recent
work in representation stability, especially the theory of twisted commutative
algebras. It is also connected to uniformity problems in commutative algebra in
the vein of Stillman’s conjecture.

1. Introduction

Let P;(k") be the space of degree d polynomials in n variables over an algebraically
closed field k of characteristic #2, 3. Let P;(k°°) be the inverse limit of the P;(k™),
equipped with the Zariski topology and its natural GL, action (see Section 1G).
This paper is concerned with the following question:

Question 1.1. Is the space P;(k°°) noetherian with respect to the GL, action?
That is, can every Zariski closed GL.-stable subspace be defined by finitely many
orbits of equations?

This question may seem somewhat esoteric, but it is motivated by recent work in
the field of representation stability, in particular the theory of twisted commutative
algebras; see Section 1C. It is also connected to certain uniformity questions in
commutative algebra in the spirit of (the now resolved) Stillman’s conjecture; see
Section 1B.

For d < 2 the question is easy since one can explicitly determine the GL, orbits
on P;(k*>). For d > 3 this is not possible, and the problem is much harder. The
purpose of this paper is to settle the d = 3 case.

Derksen was supported by NSF grant DMS-1601229. Snowden was supported by NSF grants
DMS-1303082 and DMS-1453893 and a Sloan Fellowship.

MSC2010: primary 13A50; secondary 13E05.

Keywords: noetherian, cubic, twisted commutative algebra.
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Theorem 1.2. Question 1.1 has an affirmative answer for d = 3.

In fact, we prove a quantitative result in finitely many variables that implies the
theorem in the limit. This may be of independent interest; see Section 1A for details.

1A. Overview of the proof. The key concept in the proof, and the focus of most
of this paper, is the following notion of rank for cubic forms.

Definition 1.3. Let f € P3(k") with n < co. We define the g-rank! of f, denoted
qgrk(f), to be the minimal nonnegative integer » for which there is an expression
f=2"i_1 g with £; € P;(k") and g; € P,(k™), or oo if no such r exists (which
can only happen if n = 00).

Example 1.4. For n < oo, the cubic

n
X1y121 tx2y222 + -+ XnYnZn = in}’izi
i=1
has g-rank n. This is proved in Section 4. In particular, infinite g-rank is possible
when n = oo.

Example 1.5. The cubic x> + y3 has g-rank 1, as follows from the identity
Py =@+ —xy+yY).

The cubic lei 1 xl.3 therefore has g-rank at most n, and we expect it is exactly n.

Remark 1.6. The notion of g-rank is similar to some other invariants in the litera-

ture:

(a) Ananyan and Hochster [2016] defined a homogeneous polynomial to have
strength > k if it does not belong to an ideal generated by k forms of strictly
lower degree. For cubics, g-rank is equal to strength plus one.

(b) A definition similar to strength also appears in [Kazhdan and Ziegler 2017].

(c) Davenport and Lewis [1964] defined an invariant 2 of cubics that is exactly
g-rank.

(d) Inspired by Tao’s blog post [2016], [Blasiak et al. 2017] introduced the notion
of slice rank for tensors. Q-rank is basically a symmetric version of this.

Let P3(k*)<, be the locus of forms f with qrk(f) <r. This is the image of the
map

Py (k)" x P(k™)" — P3(k™), (@i, - qr. b1, 6) > Zﬁiqz'-
i=1

The main theorem of [Eggermont 2015] implies that the domain of the above map
is GLyo-noetherian, and so, by standard facts (see [Draisma 2010, §3]), its image

IThe q here is meant to indicate the presence of quadrics in the expression for f.
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P3(k*™) <, is as well. It follows that any GL-stable closed subset of P3(k>) of
bounded g-rank is cut out by finitely many orbits of equations. Theorem 1.2 then
follows from the following result:

Theorem 1.7. Any GL-stable subset of P3(k*>) containing forms of arbitrarily
high g-rank is Zariski dense.

To prove this theorem, one must show that if fi, fa, ... is a sequence in P3(k*)
of unbounded g-rank then for any d there is a k such that the orbit closure of f;
projects surjectively onto P3(k?). We prove a quantitative version of this statement:

Theorem 1.8. Let f € P3(k") have g-rank r > 0 (in fact, r > exp(240) suffices),
and suppose d < % log(r). Then the orbit closure of f surjects onto P3(k?).

The proof of this theorem is really the heart of the paper. The idea is as follows.
Suppose that f =Y 7", €;q; has large g-rank. We establish two key facts. First,
after possibly degenerating f (i.e., passing to a form in the orbit closure) one can
assume that the ¢; and the g; are in separate sets of variables, while maintaining the
assumption that f has large g-rank. This is useful when studying the orbit closure,
as it allows us to move the ¢; and the ¢; independently. Second, we show that the
gi have large rank in a very strong sense: namely, that within the linear span of the
g; there is a large-dimensional subspace such that every nonzero element of it has
large rank. The results of [Eggermont 2015] then imply that the orbit closure of
1> s Gms L1y ooy L) in Po(K™)™ x P (k™)™ surjects onto Py(kH)™ x Py (k%)™,
and this yields the theorem.

1B. Uniformity in commutative algebra. We now explain one source of motiva-
tion for Question 1.1. An ideal invariant is a rule that assigns to each homogeneous
ideal / in each standard-graded polynomial k-algebra A (in finitely many variables)
aquantity v (1) € ZU{oo}, such that v4 (/) only depends on the pair (A, I) up to iso-
morphism. We say that v is cone-stable if vapj(I[x]) =va(I), i.e., adjoining a new
variable does not affect v. The main theorem of [Erman et al. > 2017] is (in part):

Theorem 1.9 [Erman et al. > 2017]. The following are equivalent:

(a) Let v be a cone-stable ideal invariant that is upper semicontinuous in flat
families, and let d = (d,, ..., d,) be a tuple of nonnegative integers. Then
there exists an integer B such that v4 (1) is either infinite or at most B whenever
I is an ideal generated by r elements of degrees dy, . . ., d,. (Crucially, B does
not depend on A.)

(b) For every d as above, the space

Pd1 (koo) X e X Pd, (koo)

is GL-noetherian.
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Remark 1.10. Define an ideal invariant v by taking v4 (/) to be the projective
dimension of / as an A-module. This is cone-stable and upper semicontinuous in
flat families. The boundedness in Theorem 1.9(a) for this v is exactly Stillman’s
conjecture, proved in [Ananyan and Hochster 2016].

Theorem 1.9 shows that Question 1.1 is intimately connected to uniformity
questions in commutative algebra in the style of Stillman’s conjecture. The results
of [Erman et al. > 2017] are actually more precise: if (b) holds for a single d then
(a) holds for the corresponding d. Thus, combined with Theorem 1.2, we obtain:

Theorem 1.11. Let v be a cone-stable ideal invariant that is upper semicontinuous
in flat families. Then there exists an integer B such that v(I) is either infinite or at
most B, whenever I is generated by a single cubic form.

The following two consequences of Theorem 1.11 are taken from [Erman et al.
> 2017].

Corollary 1.12. Given a positive integer c there is an integer B such that the
following holds: if Y C P"~! is a cubic hypersurface containing finitely many
codimension c linear subspaces then it contains at most B such subspaces.

Corollary 1.13. Given a positive integer c there is an integer B such that the
following holds: if Y C P"~!is a cubic hypersurface whose singular locus has
codimension c then its singular locus has degree at most B.

It would be interesting if these results could be proved by means of classical
algebraic geometry. It would also be interesting to determine the bound B for some
small values of c.

1C. Twisted commutative algebras. In this section we put k = C. Our original mo-
tivation for considering Question 1.1 came from the theory of twisted commutative
algebras. Recall that a twisted commutative algebra (tca) over the complex numbers
is a commutative unital associative C-algebra A equipped with a polynomial action
of GLo; see [Sam and Snowden 2012] for background. The easiest examples of
tca’s come by taking the symmetric algebra on a polynomial representation of GL,
for example Sym(C>) or Sym(Symz((E"O)).

In recent years, tca’s have appeared in several applications, for instance:

e Modules over the tca Sym(C™) are equivalent to FI-modules, as studied in

[Church et al. 2015]. The structure of the module category was worked out in
great detail in [Sam and Snowden 2016].

« Finite length modules over the tca Sym(Sym?(C>°)) are equivalent to algebraic
representations of the infinite orthogonal group [Sam and Snowden 2015].

* Modules over tca’s generated in degree 1 were used to study A-modules in
[Snowden 2013], with applications to syzygies of Segre embeddings.
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A tca A is noetherian if its module category is locally noetherian; explicitly, this
means that any submodule of a finitely generated A-module is finitely generated. A
major open question in the theory, first raised in [Snowden 2013], is as follows:

Question 1.14. Is every finitely generated tca noetherian?

So far, our knowledge on this question is extremely limited. For tca’s generated
in degrees < 1 (or more generally, “bounded” tca’s), noetherianity was proved in
[Snowden 2013]. (It was later reproved in the special case of FI-modules in [Church
et al. 2015].) For the tca’s Sym(Symz(Coo)) and Sym(/\2 (COQ)), noetherianity
was proved in [Nagpal et al. 2016]. No other cases are known. We remark that
these known cases of noetherianity, limited though they are, have been crucial in
applications.

Since noetherianity is such a difficult property to study, it is useful to consider
a weaker notion. A tca A is topologically noetherian if every radical ideal is the
radical of a finitely generated ideal. The results of [Eggermont 2015] show that tca’s
generated in degrees < 2 are topologically noetherian. Topological noetherianity
of the tca Sym(Symd (C®)) is equivalent to the noetherianity of the space P;(C)
appearing in Question 1.1. Thus Theorem 1.2 can be restated as follows:

Theorem 1.15. The tca Sym(Sym?>(C>)) is topologically noetherian.

This is the first noetherianity result for an unbounded tca generated in degrees > 3.

1D. A result for tensors. Using similar methods, we can prove the following result:

Theorem 1.16. The space P;(k™®) ® Py (k™) ® P, (k™) is noetherian with respect
to the action of the group GLs X GLoy X GLoo, where ® denotes the completed
tensor product.

We plan to write a short note containing the proof.

1E. Draisma’s theorem. After this paper appeared, Draisma [2017] answered
Question 1.1 affirmatively for all d; in fact, he proved topological noetherianity
of all polynomial representations, not just symmetric powers. While this result
subsumes our Theorem 1.2, his proof does not give the more precise results found
in Theorems 1.7 and 1.8. We believe these more precise results should hold in
greater generality, and that they could be quite useful. We plan to pursue this matter
in future work.

1F. Outline of paper. In Section 2 we establish a number of basic facts about
g-rank. In Section 3 we use these facts to prove the main theorem. Finally, in
Section 4, we compute the g-rank of the cubic in Example 1.4. This example is not
used in the proof of the main theorem, but we thought it worthwhile to include one
nontrivial computation of our fundamental invariant.
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1G. Notation and terminology. Throughout we let k be an algebraically closed
field of characteristic # 2, 3. The symbols E, V, and W always denote k-vector
spaces, perhaps infinite dimensional. We write P;(V) = Sym?(V)* for the space
of degree d polynomials on V equipped with the Zariski topology. Precisely, we
identify P;(V') with the k-points of the spectrum of the ring Sym(Symd (V)). When
V is infinite dimensional the elements of P;(V) are certain infinite series and the
functions on P;(V) are polynomials in coefficients. Whenever we speak of the
orbit of an element of P;(V'), we mean its GL(V') orbit.

2. Basic properties of g-rank

In this section, we establish a number of basic facts about g-rank. Throughout, V
denotes a vector space and f a cubic in P3(V). Initially we allow V to be infinite
dimensional, but following Proposition 2.5 it will be finite dimensional (though this
is often not necessary).

Our first result is immediate, but worthwhile to write out explicitly.

Proposition 2.1 (subadditivity). Suppose f, g € P3(V). Then

qrk(f + &) =< qrk(f) +qrk(g).

We defined g-rank from an algebraic point of view (number of terms in a certain
sum). We now give a geometric characterization of g-rank that can, at times, be
more useful.

Proposition 2.2. We have qrk(f) < r if and only if there exists a linear subspace
W of V of codimension at most r such that f|w = 0.

Proof. First suppose qrk(f) < r, and write f = > ;_, £;q;. Then we can take
W =)._, ker(¢;). This clearly has the requisite properties.

Now suppose W of codimension r is given. Let v,41, v,42, ... be a basis for W,
and complete it to a basis of V be adding vectors vy, ..., v,. Let x; € P;(V) be
dual to v;. We can then write f = g + h, where every term in g uses one of the
variables xi, ..., x,, and these variables do not appear in &. Since f|y = 0 by
assumption and g|w = 0 by its definition, we find &|w = 0. But /& only uses the
variables x,11, xX,42, ..., and these are coordinates on W, so we must have 4 = 0.
Thus every term of f has one of the variables {xi, ..., x,} in it, and so we can
write f =) ;_, x;q; for appropriate ¢; € P»(V), which shows qrk(f) <r. (]

Remark 2.3. In the above proposition, f|w = 0 means that the image of f in
P3;(W) is 0. It is equivalent to ask that f(w) =0 for all w € W.

The next result shows that one does not lose too much g-rank when passing to
subspaces.
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Proposition 2.4. Suppose W C V has codimension d. Then for f € P3(V) we have
qrk(f) —d = qrk(f|w) < qrk(f).

Proof. If f =3"._, ¢;q; then we obtain a similar expression for f|w, which shows
that grk(f|w) < qrk(f). Suppose now that qrk(f|w) = r, and let W C W be
a codimension r subspace such that f|y» = 0 (Proposition 2.2). Then W’ has
codimension r +d in V, and so qrk(f) < r +d (Proposition 2.2 again). U

Our next result shows that if V is infinite dimensional, then the g-rank of
f € P3(V) can be approximated by the g-rank of f |y for a large finite dimensional
subspace W of V. This will be used at a key juncture to move from an infinite
dimensional space down to a finite dimensional one.

Proposition 2.5. Suppose V = J._; Vi (directed union). Then

iel
qrk(f) = sup qrk(f1v;).
iel
We first give two lemmas. In what follows, for a finite dimensional vector space
W we write Gr, (W) for the Grassmannian of codimension r subspaces of W. For
a k-point x of Gr, (W), we write E, for the corresponding subspace of W. By
“variety” we mean a reduced scheme of finite type over k.

Lemma 2.6. Let W C V be finite dimensional vector spaces, and let Z C Gr,(V)
be a closed subvariety. Suppose that for every k-point z of Z, the space E, \W has
codimension r in W. Then there is a unique map of varieties Z — Gr.(W) that on
k-points is given by the formula E+— ENW.

Proof. Let Hom(V, k") be the scheme of all linear maps V — k”, and let Surj(V, k")
be the open subscheme of surjective linear maps. We identify Gr, (V) with the
quotient of Surj(V, k") by the group GL,. The quotient map Surj(V, k") — Gr,(V)
sends a surjection to its kernel. Let ZcC Surj(V, k") be the inverse image of Z. There
is a natural map Hom(V, k") — Hom(W, k") given by restricting. By assumption,
every closed point of Z maps into Surj(W, k") under this map. Since Surj(W, k")
is open, it follows that the map Z — Hom(W, k") factors through a unique map of
schemes Z — Surj(W, k). Since this map is GL,-equivariant, it descends to the
desired map Z — Gr,(W). If z is a k-point of Z then it lifts to a k-point Z of Z,
and the corresponding map ¢ : V — k" has ker(¢) = E,. The image of z in Gr, (W)
is ker(¢|w) = E; N W, which establishes the stated formula for our map. [l

Lemma 2.7. Let {Z;};c; be an inverse system of nonempty proper varieties over k.
Then lim Z; (k) is nonempty.

Proof. If k = C then Z;(C) is a nonempty compact Hausdorff space, and the result
follows from the well-known (and easy) fact that an inverse limit of nonempty
compact Hausdorff spaces is nonempty.
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For a general field k, we argue as follows. (We thank Bhargav Bhatt for this
argument.) Let |Z;| be the Zariski topological space underlying the scheme Z;,
and let Z be the inverse limit of the |Z;|. Since each |Z;| is a nonempty spectral
space and the transition maps |Z;| — |Z;| are spectral (being induced from a map
of varieties), Z is also a nonempty spectral space [Stacks 2005—, Lemmas 5.24.2
and 5.24.5]. It therefore has some closed point z. Let z; be the image of z in | Z;|.

We claim that z; is closed for all i. Suppose not, and let 0 € I be such that zg is not
closed. Passing to a cofinal set in /, we may as well assume 0 is the unique minimal
element. Let k(z;) be the residue field of z;, and let K be the direct limit of the k(z;).
The point z; is then the image of a canonical map of schemes a; : Spec(K) — Z;.
Since zg is not closed, it admits some specialization, so we may choose a valuation
ring R in K and a nonconstant map of schemes by : Spec(R) — Z; extending ag.
Since Z; is proper, the map a; extends uniquely to a map b; : Spec(R) — Z;.
By uniqueness, the b; are compatible with the transition maps, and so we get an
induced map b : | Spec(R)| — Z extending the map a : | Spec(K)| — Z. Since |bg|
is induced from b, it follows that b is nonconstant. The image of the closed point in
Spec(R) under b is then a specialization of z, contradicting the fact that z is closed.
This completes the claim that z; is closed.

Since z; is closed, it is the image of a unique map Spec(k) — Z; of k-schemes.
By uniqueness, these maps are compatible, and so give an element of lim Z; (k). [J

Proof of Proposition 2.5. First suppose that V; is finite dimensional for all i. Fori < j
we have qrk(f|v;) < qrk(f|v;) by Proposition 2.4, and so either qrk(f|y;) — oo or
qrk(f|v,) stabilizes. If qrk( f|v,) — oo then qrk( f) = oo by Proposition 2.4 and we
are done. Thus suppose qrk( f|y,) stabilizes. Replacing / with a cofinal subset, we
may as well assume qrk( f|y,) is constant, say equal to r, for all i. We must show
qrk( f) =r. Proposition 2.4 shows that » < qrk(f), so it suffices to show qrk(f) <r.

Let Z; C Gr,(V;) be the closed subvariety consisting of all codimension r
subspaces E C V; such that f|g = 0. This is nonempty by Proposition 2.2 since
flv, has g-rank r. Suppose i < j and z is a k-point of Z, thatis, E is a codimension
r subspace of V; on which f vanishes. Of course, f then vanishes on V; N E,
which has codimension at most r in V;. Since f|y, has g-rank exactly r, it cannot
vanish on a subspace of codimension less than r (Proposition 2.2), and so V; N E,
must have codimension exactly r. Thus by Lemma 2.6, intersecting with V; defines
a map of varieties Z; — Gr,(V;). This maps into Z;, and so for i < j we have a
map Z; — Z;. These maps clearly define an inverse system.

Appealing to Lemma 2.7 we see that lim Z; (k) is nonempty. Let {z;};c; be a
point in this inverse limit, and put E; = E;,. Thus E; is a codimension r subspace
of V; on which f vanishes, and for i < j we have E; NV; = E;. It follows that
E =, Ei is a codimension r subspace of V on which f vanishes, which shows
qrk(f) < r (Proposition 2.2).
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We now treat the general case, where the V; may not be finite dimensional. Write

Vi =Ujc;, W; with W; finite dimensional. Then V = {J;.; U<, Wj, so
qrk(f) = sup sup qrk(f|w;) = sup qrk(f1v,).
iel jeJ; iel
This completes the proof. U

For the remainder of this section we assume that V is finite dimensional. If V is
d-dimensional then the g-rank of any cubic in P3(V) is obviously bounded above
by d. The next result gives an improved bound, and will be crucial in what follows.

Proposition 2.8. Suppose dim(V) =d. Then qrk(f) <d — &(d), where

V8d+17—-3
£(d) = L%J

Note that £E(d) ~ /2d.

Proof. Let k be the largest integer such that (kgl) +k —1 <d. Then the hypersurface
f = 0 contains a linear subspace of dimension at least k by [Harris et al. 1998,
Lemma 3.9]. It follows from Proposition 2.2 that qrk(f) < d — k. Some simple
algebra shows that k = &£(d). O

Suppose that f =", £;¢; is a cubic. Eventually, we want to show that if f has
large g-rank then its orbit under GL(V) is large. For studying the orbit, it would be
convenient if the ¢; and the g; were in separate sets of variables, as then they could
be moved independently under the group. This motivates the following definition.

Definition 2.9. We say that a cubic f € P3(V) is separable2 if there is a direct sum
decomposition V = V| @ V, and an expression f = Z?:l Liq; with £; € P1(Vy)
and g; € P>(V,).

Now, if we have a cubic f of high g-rank we cannot conclude, simply based on
its high g-rank, that it is separable. Fortunately, the following result shows that if
we are willing to degenerate f a bit (which is fine for our ultimate applications),
then we can make it separable while retaining high g-rank.

Proposition 2.10. Suppose that f € P3(V) has g-rank r. Then the orbit closure of
f contains a separable cubic g satisfying %é (r) < qrk(g).

Proof. Let {x;} be a basis for P;(V). After possibly making a linear change of
variables, we can write f = Y ._, x;q;. Write f = fi + fo + f3, where f; is
homogeneous of degree i in the variables {x, ..., x,}. Since f3 has degree 3 in the
variables {x1, ..., x,}, it can contain no other variables, and can thus be regarded as
an element of P3(k"). Therefore, by Proposition 2.8, we have qrk(f3) <r —&(r).

2This notion of separable is unrelated to the notion of separability of univariate polynomials. We
do not expect this to cause confusion.
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After possibly making a linear change of variables in {xi, ..., x,}, we can write
J3 =2 i—e(ry11 Xig; for some g]. Let f’ and [} be the result of setting x; =0 in f
and f;, respectively, for £(r) <i <r. We have qrk(f’) > &£(r) by Proposition 2.4.
Of course, f; =0, s0 f'= f{+ f,. By subadditivity (Proposition 2.1), at least one
of f] or f; has g-rank > %S(r).

We have fi =3 ;_, xiq]', where g/ is a quadratic form in the variables x; with
i >r. Thus fi and f| are separable. We have f> = leisjy x;ixjl; j, where ¢; ;
is a linear form in the variables x; with i > r. Thus f, and f, are separable.

To complete the proof, it suffices to show that f| and f; belong to the orbit
closure of f, as we can then take g = f{ or g = f;. Itis clear that f” is in the orbit
closure of f, so it suffices to show that f| and f; are in the orbit closure of f’.
Consider the element y; of GL,, defined by

. t 2x,~, 1<i<r,

V) = {t_lxi, r<i<n.
Then y,(f)) = f{ and y:(f)) = 3 f5- Thus lim; .o y; (f") = f;. A similar construc-
tion shows that f; is in the orbit closure of f’. O

Suppose that f =Y ""_, £;¢; is a cubic of high g-rank. One would like to be able
to conclude that the g; then have high ranks as well. We now prove two results along
this line. For a linear subspace Q C P,(V), we let maxrank(Q) be the maximum
of the ranks of elements of O, and we let minrank(Q) be the minimum of the ranks
of the nonzero elements of Q (or 0 if Q = 0).

Proposition 2.11. Suppose f =Y :_, £iq; has g-rank r, and let Q C P>(V) be the
span of the g;. Then for every subspace Q' of Q we have

codim(Q : Q') + maxrank(Q’) > r.

Proof. We may as well assume that ¢; and ¢; are linearly independent. Thus
dim(Q) = n. Let Q' be a subspace of dimension n — d. After making a linear
change of variables in the ¢; and ¢;, we may as well assume that Q’ is the span
of g1, ..., qgu_q. Let r = maxrank(Q’). We must show thatd +7 >r. Let g’ € Q’
have rank ¢. Choose a basis {x;} of P;(V) so that ¢’ = x12 + -4+ xtz. If some
g; for 1 <i <n —d had a term of the form x;x; with j, kK > ¢ then some linear
combination of g; and ¢’ would have rank > 7, a contradiction. Thus every term of ¢;,
for 1 <i <n—d, has a variable of index <, and so we can write g; = Z’j:l xjm; j,
where m; ; € P;(V). But now

Ligi + Z Ligi = ijq]+ Z tiqi,

i=n—d+1 i=n—d+1

f=

||M&

where ¢ = Z;:l ¢;m; j. This shows r = qrk(f) < +d, completing the proof. [J
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In our eventual application, it is actually minrank that is more important than
maxrank. Fortunately, the above result on maxrank automatically gives a result for
minrank, thanks to the following general proposition.

Proposition 2.12. Let Q C P,(V) be a linear subspace and let r be a positive
integer. Suppose that

codim(Q : Q') + maxrank(Q') > r
holds for all linear subspaces Q' C Q. Let k and s be positive integers satisfying
Q= Ds=D+k=<r (2.13)
Then there exists a k-dimensional linear subspace Q' C Q with minrank(Q’) > s.

Lemma 2.14. Let q1, ..., g, € P>(V) be quadratic forms of rank < s. Suppose
there is a linear combination of the q; that has rank at least t. Then there is a linear
combination q' of the q; satisfying t <rank(q') <t-+s—2.

Proof. Let ¢’ = Zf: | aig; be a linear combination of the g; with rank > ¢ and k
minimal. Since rank(gy) < s — 1, it follows that rank(q’ — axqy) > rank(g’) — (s — 1).
Thus if rank(g’) >t +s — 1 then Zf;ll a;q; would have rank > ¢, contradicting the
minimality of k. Therefore rank(q’) <t +s — 2. ]

Proof of Proposition 2.12. Suppose that gy, ..., g, forms a basis for Q such that
(rank(q1), ..., rank(g,)) is lexicographically minimal. In particular, this implies
that rank(q;) < --- <rank(qg,). If rank(g,—x+1) > s, then lexicographic minimal-
ity ensures that any nontrivial linear combination of g,_x+1, ..., g, has rank at
least s, and so we can take Q’ to be the span of these forms. Thus suppose that
rank(g,—x+1) < s. In what follows, we put m; = (2' — 1)(s — 1) + 1. Note that
my <r.Infact,n —r +my <n—k—+1, and so rank(g,—,4m,) <Ss.
For 1 < ¢ <k, consider the following statement:

(S¢) There exist linearly independent py, ..., p¢ such that: (i) p; is a linear combi-
nation of g1, ..., Gn—rtm,; (11) m; <rank(p;) <m; +s —2; and (iii) the span
of pi, ..., p; has minrank at least s.

We prove (S¢) by induction on £. Of course, (S;) implies the proposition.

First consider the case £ = 1. The statement (S;) asserts that there exists a nonzero
linear combination p of ¢y, ..., gs—r+s such that s < rank(p) < 2s — 2. Since the
span of g1, ..., gu—r+s has codimension r —s in Q, our assumption guarantees that
some linear combination p of these forms has rank at least s. Since each form has
rank < s, Lemma 2.14 ensures we can find p with rank(p) < s+ (s — 2).

We now prove (S¢) assuming (S¢—1). Let (py1, ..., pe—1) be the tuple given by
(S¢—1). The span of g1, ..., gn—r+m, has codimension r —m, in Q, and so our
assumption guarantees that some linear combination p, has rank at least m,. By
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Lemma 2.14, we can ensure that this p, has rank at most m, 4+ s — 2. Thus (i) and
(i1) in (Sy) are established.

We now show that any nontrivial linear combination Zle A; pi has rank at
least s, which will show that the p; are linearly independent and establish (iii)
in (S¢). If Ay = 0 then the rank is at least s by the assumption on (p1, ..., pe—1).
Thus assume Ay # 0. We have

-1 -1 -1
rank(z Aipi)g Zrank(pi) < Z(m,- +s5—2)=my —s.
i=1

i=1 i=1
Since rank(py) > my, we thus see that Zle A; pi has rank at least s, which completes
the proof. ([

Remark 2.15. Proposition 2.12 is not specific to ranks of quadratic forms; it applies
to any subadditive invariant on a vector space.

Combining the Propositions 2.11 and 2.12, we obtain:
Corollary 2.16. Suppose f = +_, Liq; has g-rank r, let Q be the span of the g;,

and let k and s be positive integers such that (2.13) holds. Then there exists a
k-dimensional linear subspace Q' C Q with minrank(Q’) > s.

3. Proof of Theorem 1.2

We now prove the main theorems of the paper. We require the following result; see
[Eggermont 2015, Proposition 3.3] and its proof.

Theorem 3.1. Let x be a point in P,(V)" x Pi(V)™, with V finite dimensional.
Write x as (q1,...,qn; L1, ..., 4m), and let Q C P>(V) be the span of the g;.
Let W be a d-dimensional subspace of V. Suppose that £, ..., 4L, are linearly
independent and that minrank(Q) > dn2" 4+ 2(n 4 1)m. Then the orbit closure of x
surjects onto Py(W)" x P (W)™,

We begin by proving an analog of the above theorem for P3(V).

Theorem 3.2. Suppose V is finite dimensional. Let f € P3(V) have g-rank r and
let W be a d-dimensional subspace of V with
Q7= D@2’ +2d+1d — 1) +d < 3E(r).

Then the orbit closure of f surjects onto P3(W).

Proof. Applying Proposition 2.10, let g be a separable cubic in the orbit closure
of f satisfying %é(r) < qrk(g). Write g = 27:1 l;iq;, where £; € P;(V]) and
gi € P,(V), with V. =V, @ V>, and the ¢; and ¢; are linearly independent. Let Q
be the span of the g;. Put s = d?2¢ 4+ 2(d + 1)d and k = d. Note that

Q@ = D(s—D+k<ie0).
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By Corollary 2.16 we can therefore find a k = d dimensional subspace Q' of Q
with minrank(Q’) > s. Making a linear change of variables, we can assume Q’ is
the span of g1, ...,qq. Let g’ = Z?:] ¢;q;. This is in the orbit closure of g (and
thus f) since it is obtained by setting £; = 0 for i > d. It is crucial here that the ¢;
and the ¢; are in different sets of variables, so that setting some of the ¢; to 0 does
not change the g;. By Theorem 3.1, the orbit closure of (g1, ..., g4; €1, ..., €q)
in P,(V)4 x P (V)4 surjects onto Py(W)?4 x P (W)4. Now let h € P3(W). Since
dim(W) = d we can write h = Z?:l g with €. € P{(W) and ¢ € P»(W). Pick
¥: € GL(V) such that (g1, ..., q}: ¢}, ..., £)) is in the image of

IIEI(I)VI'(qla---sqd;£1-~'a£d)'

Then £ is the image of lim,_,¢ y; - g/, which completes the proof. U

Corollary 3.3 (Theorem 1.8). Suppose that f € P3(V) has g-rank r > exp(240)
and let W be a subspace of V of dimension d with d < %log r. Then the orbit
closure of f surjects onto P3(W).

Proof. By definition of &, we have a < &(r) (for an integer a) if and only if
(“erl) +a—1<r. So the condition in Theorem 3.2 is equivalent to (D;FI) +D—-1<r,
where

D=22%-1)@d*2"+2d+1)d —1)+2d

is twice the left side of the inequality in Theorem 3.2. Now, (D EL 1) + D — 1isequal

tod-d* 164 plus lower order terms, and is therefore less than 204 for d > 0;
in fact, d > 80 is sufficient. Thus for d > 80 it is enough that d < logr/log20;
since log(20) < 3, it is enough that d < %log(r). Thus for 80 < d < %log(r), the
orbit closure of f surjects onto P3(W). But it obviously then surjects onto smaller
subspaces as well, so we only need to assume 80 < % log(r). (Il

Theorem 3.4 (Theorem 1.7). Let V be infinite dimensional. Suppose Z C P3(V)
is Zariski closed, GL(V)-stable, and contains elements of arbitrarily high q-rank.
Then Z = P3(V).

Proof. It suffices to show that Z surjects onto P3(W) for all finite dimensional
W C V. Thus let W of dimension d be given. Let r be sufficiently large so that
the inequality in Theorem 3.2 is satisfied and let f € Z have g-rank at least r. By
Proposition 2.5, there exists a finite dimensional subspace V' of V containing W
such that f|y, has g-rank at least . Theorem 3.2 implies that the orbit closure of
f 1y surjects onto P3(W). Since Z surjects onto the orbit closure of f |y, the result
follows. [l

It was explained in the introduction how this implies Theorem 1.2, so the proof
is now complete.
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4. A computation of g-rank
Fix a positive integer n, and consider the cubic
f=xinzi+- + XnYnzn
in the polynomial ring k[x;, ¥;, Z;]1<i<, introduced in Example 1.4. We now show:
Proposition 4.1. The above cubic f has g-rank n.

It is clear that qrk(f) < n. To prove equality, it suffices by Proposition 2.2 to
show that f|y # 0if V is a codimension n — 1 subspace of k*". This is exactly the
content of the following proposition.

Proposition 4.2. Let V be a vector space of dimension 2n + 1 and (x;, yi, 2i) 1<i<n
a collection of elements that span Py (V). Then f =x1y1z1+- -+ Xpyuzn € P3(V)
is nonzero.

Proof. Arrange the given elements in a matrix as follows:

X1 Y1 21

Xn Yn Zn

Note that we are free to permute the rows and apply permutations within a row
without changing the value of f, e.g., we can switch the values of x| and y;, or
switch (x1, y1, z1) with (x2, y2, z2), without changing f. We now proceed to find a
basis for V among the elements in the matrix according to the following three-phase
procedure.

Phase 1. Find a nonzero element of the matrix, and move it (using the permutations
mentioned above) to the x; position. Now in rows 2, ..., n find an element that is
not in the span of x; (if one exists) and move it to the x, position. Now in rows
3, ..., n find an element that is not in the span of x| and x, (if one exists) and move
it to the x3 position. Continue in this manner until it is no longer possible; suppose
we go r steps. At this point, x, ..., x, are linearly independent, and x;, y;, and z;,
for r < i all belong to their span.

Phase 2. From rows 1, ..., r find an element in the second or third column not in
the span of xp, ..., x, and move it (using permutations that fix the set {x1, ..., x,})
to the y; position. Next, from rows 2, ..., r find an element in the second or third
column not in the span of xy, ..., x,, y; and move it to the y, position. Continue
in this manner until it is no longer possible; suppose we go s steps. At this point,
X1,y...,Xr, Y1, ..., ys form a linearly independent set, and the elements y;, z; for
s < i <r belong to their span. The conclusion from Phase 1 still holds as well.
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Phase 3. Now carry out the same procedure in the third column. That is, from rows
1, ..., s find an element in the third column not in the span of x1, ..., x,, ¥1, ..., Vs
and move it (by permuting rows) to the z; position. Then from rows 2, ..., s find an
element in the third column not in the span of xy, ..., x,, ¥1, ..., ¥s, 21 and move
it to the z, position. Continue in this manner until it is no longer possible; suppose
we go ¢t steps. At this point, x1, ..., Xy, Y1, ..., ¥s, 21, - - ., Zr fOorms a basis of V.
The conclusions from Phases 1 and 2 still hold.

For clarity, we write Xy, ..., X,, Y1,...,Ys, Z1, ..., Z; for our basis. We note
that because dim(V) > 2n we must have ¢ > 1. The ring Sym(V*) is identified with
the polynomial ring in the X, Y, Z variables. We now determine the coefficient of
X1Y1Zyin m; = x;y;z;. If i > r then m; has degree 3 in the X variables, and so the
coefficient is 0. If s < i < r then m; has degree O in the Z variables, and so again
the coefficient is 0. Finally, suppose that i <s. Then m; = X;Y;z;. The only way
this can contain X;Y;Z; is if i = 1. We thus see that the coefficient of X;Y;Z; in
m; is 0 except for i = 1, in which case itis 1, and so f =) _;_, m; is nonzero. [J

Remark 4.3. It follows from the above results and Proposition 2.5 that the cubic
> o2, x;yiz; has infinite g-rank.
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