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In this note we give sentences ¥k in the language of fields which describe the
isomorphy type of K among finitely generated fields, provided the Kronecker
dimension dim(K) satisfies dim(K) < 3. This extends results by Rumely (1980)
concerning global fields; see also Scanlon (2008).

1. Introduction

We begin by recalling Rumely’s result [1980] showing that for every global field
k there exists a sentence 19,5“ which characterizes the isomorphy type of k among
global fields, i.e., if | is any global field, then 1?,13” holds in [ if and only if / = k as
fields.

It is one of the main open questions in the first-order theory of finitely generated
fields whether a fact similar to Rumely’s result mentioned above holds for all
finitely generated fields K. We notice that the question above is related to, but much
stronger than, the still open elementary equivalence versus isomorphism problem,
which asks whether the isomorphism type of every finitely generated field K is
encoded in the whole first-order theory TH(K) of K; see, e.g., [Pop 2003] for
details and literature about this, as well as [Scanlon 2008].!

In the present note we show that the answer to the above question is positive for
finitely generated fields K having Kronecker dimension dim(K) < 3, which are
precisely the finite fields, the global fields, and the function fields of (algebraic)
curves over global fields.
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ITo the best of my knowledge, Bjorn Poonen was among the first to ask whether Rumely’s result
[1980] might hold in higher dimensions. It was claimed in [Scanlon 2008] that the answer to this
question is positive for all finitely generated fields. Unfortunately, the proof has a gap (see Erratum,
J. Amer. Math. Soc. 24:3 (2011), p. 917). Nevertheless, Scanlon’s work appears to reduce the problem
to “definability of valuations”.
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Main Result. For every finitely generated field K having dim(K) < 3, there exists
a first-order sentence in the language of fields ¥g such that for finitely generated
fields L, the sentence ¥k holds in L if and only if L = K as fields.

The more precise form of the result is as follows: Recall that by one of the main
results in [Pop 2002], for every d > 0, there exists a sentence @, (in the language
of fields) such that for all finitely generated fields K, ¢4 holds in K if and only if
dim(K) = d. In particular, if K is any finitely generated field, then ¢ holds in K
if and only if K is a finite field, ¢; holds in K if and only if K is a global field, and
finally ¢, holds in K if and only if dim(K) = 2.

In particular, given a global field K, consider the sentence #x given by ¢; A 1?,5“.
Then if #x holds in a finitely generated field L, one has the following: First,
dim(L) = 1, because ¢; holds in L, and hence L is a global field. Second, L = K
because #X" holds in the global field L.

In the case dim(K) = 2, let kg = K be the constant subfield of K, i.e., the set
of elements of K which are algebraic over the prime field of K. Then kg is finite if
and only if char(K) > 0, and if so, K is the function field of a projective smooth
geometrically integral surface over k. Letting (7, ¢1) be a separable transcendence
basis of K, there exists #; € K such that K = kg (g, t1, 12), with 1y, 11, t, satisfying an
absolutely irreducible polynomial f(Ty, T1, T2) over kg. And if char(K) = 0, then
K is the function field of a projective smooth ky-curve, and for every nonconstant
11 € K there exists t, € K such that K =k (¢, 1), with #, £, satisfying an irreducible
polynomial f (T, T>) € ko[T1, T»]. The precise result proven will be the following;
see Section 5 for proofs.

Theorem 1.1. Let K be a finitely generated field. The following hold:

(1) For every finite field ko and absolutely irreducible polynomial f = f (Ty, T, T»)
over ko, there exists a formula Vi, ¢ (to, t1, t2) with free variables ty, t1, to such
that the following are equivalent:

(1) The sentence ¥k defined by 3to, t1, to Yy, r (to, t1, t2) holds in K.
(i1) There exist ty, t1, t» € K such that K = ko(to, t1, t2) and f(tg, t1, t2) = 0.
(%) In particular, suppose that ¥g holds in K. Then for all finitely gener-
ated fields L, ¥g holds in L if and only if L = K as abstract fields.

(2) For every number field ko and absolutely irreducible polynomial f = f (T, T»)
over ko, there exists a formula Vi, ¢ (t1, t2) with free variables ty, to such that
the following are equivalent:

(i) The sentence ¥ defined by 3ty, t2 Vi, r(t1, t2) holds in K.
(ii) There exist t1, ty € K such that K = ko(t1, ) and f(t1, 1) =0.

(*) In particular, suppose that ¥g holds in K. Then for all finitely gener-
ated fields L, ¥g holds in L if and only if L = K as abstract fields.
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The result above is based on and uses in an essential way, among other things, pre-
vious results by Rumely, Poonen, and Pop. First, the above-mentioned sentences ¢y
single out the finite fields, the global fields, and the fields of curves over global fields
among all finitely generated fields K. Second, Poonen [2007] showed that there ex-
ists a predicate, i.e., formula 2% (r) with one free variable ¢ such that for all finitely
generated fields K, one has ko := K® = {x € K | ¥®*(x) is true in K}. Further,
techniques developed in [Poonen 2007] (using [Pop 2002] as well) give formulas
Y (X1, ..., L, 1) With ¥ 4 1 free variables such that for x;, ..., x,41 € K, one
has that ¢, (xq, ..., x;, X,4+1) holds in K if and only if xy, ..., x, are algebraically
independent over kg, but xy, ..., x,, x,4+1 are not. Hence, for x;,...,x, € K
algebraically independent over ko, the relative algebraic closure of ko(xy, ..., x,) in
K is givenby L :={x,41 € K | ¥, (x1, ..., X, X,4+1) holds in K}. Finally, Poonen
[2007] showed that there exists a sentence ¢ which holds in a finitely generated
field K if and only if char(K) = 0.

Hence, in the case dim(K) = 2, one has the following: First, kg = K is
finite if and only if char(K) > 0 if and only if ¥ does not hold in K. If so, K
is the function field of a projective smooth surface over ko. Therefore, there exist
separable transcendence bases fg, t; of K | kg satisfying that the relative algebraic
closure k C K of ko(tp) in K is a global function field, and furthermore that K |k is
the function field of a (projective smooth) geometrically integral k-curve X. Thus
K =k(t, tp) for a properly chosen ;. Second, if K has characteristic zero, then
k := ko = K" is a number field, and K is the function field of a projective smooth
geometrically integral k-curve X. So for #; € K \ k, and properly chosen #, € K, one
has K = k(t;, ). Hence, one can deduce Theorem 1.1 above from the following
theorem; see Section 5 for detailed proofs.

Theorem 1.2. The k-valuations of function fields K = k(X) of projective smooth
geometrically integral k-curves X over global fields k are uniformly first-order
definable. In particular, there exist formulas degy (t), vRY), YO Y), with free
variables t, ¥, such that for every K |k as above and t € K \ k, the following hold.:

(a) degy(?) is true in K if and only if t has degree N as a function of K |k, i.e.,
[K : k()] = N.

(b) R:={t' e K| yR(¢t,t) is true in K} is the integral closure of k[t] in K.

(c) k[t1={t' € K | ¥°@t, 1) is true in K}.

We mention that the formulas deg (t), vRE), O t) are quite explicit; see
Section 5. In particular, so is Theorem 5.3, which is slightly more general than
Theorem 1.2 above. The main technical tool in the proof is one of Kato’s higher
Hasse local-global principles (LGPs) for H?; see Theorem 2.1 below. If similar

LGPs would be available in higher dimensions, it would be possible to extend the
methods of this paper to higher dimensions.
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2. Reviewing well known facts

2A. The Hasse—Brauer—-Noether local-global principle. We recall briefly the fa-
mous Hasse—Brauer—Noether LGP for the Brauer group of a global field k. Let P(k)
be the set of nontrivial places of k. For v € P(k), we denote by &, the completion
of k with respect to v. Then k, is a locally compact (nondiscrete) field, and the
Brauer group Br(k,) of k, admits a canonical embedding inv, : Br(k,) — Q/Z,
called the invariant (isomorphism), satisfying the following:

(a) If k, = C, then Br(k,) = 0 and inv, is the trivial map.
(b) If k, = R, then inv, : Br(k,) — %Z/Z C Q/Z is an isomorphism.
(¢) In the remaining cases, inv, : Br(k,) — Q/Z is an isomorphism.

The Hasse—Brauer—Noether LGP asserts that the canonical sequence

0 — Br(k) — @Br(kv) - Q/Z—0

is exact. Here, the first map is the direct sum of all the canonical restriction maps
Br(k) — Br(k,); thus implicitly, for every division algebra D over k there exist
only finitely many v such that D ® k, is not a matrix algebra. And the second map
is the sum of the invariant morphisms.

Moreover, if ,,( ) denotes the n-torsion, then identifying the n-torsion in Q/Z
canonically with Z/n, the above exact sequence gives rise canonically to an exact

sequence
0 — ,Br(k) > € »Br(ky,) > Z/n — 0.
v

2B. Hasse higher LGPs (after Kato). It is a fundamental observation by Kato
[1986] that the above local-global principle has higher dimensional variants as
follows: First, following [Kato 1986], for every positive integer n, say n = mp”
with p the characteristic, and an integer twist i, one sets Z/n(0) = Z/n, and defines
in general Z/n(i) := /,L%i o W, Q{Og[—i ], where W, Qo is the logarithmic part of
the de Rham—Witt complex on the étale site; see [Illusie 1979] for details. In this

notation, for every (finitely generated) field K one has
H'(K.Z/n) =Homeon(Gk. Z/n),  H*(K,Z/n(1)) = ,Br(K),

where Gk is the absolute Galois group of K. Hence, the cohomology groups
HI*!(K, Z/n(i)) have a particular arithmetical significance for i = 0, 1. Further,
in this notation, the Hasse—Brauer—Noether LGP is a local-global principle for
the cohomology group H(K, Z/n(1)), and note that global fields have Kronecker
dimension d = dim(K) = 1.

This led Kato to the fundamental idea that for finitely generated fields K of
Kronecker dimension d there should exist similar LGPs for H**!(K, Z/n(d)). And
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Kato [1986] proved that such higher dimension LGPs do indeed hold for d = 2,
i.e., for H3 (K, Z/n(2)), where K is the function field of an integral curve over
some global field, or equivalently the function field of an integral two dimensional
scheme of finite type.

We describe below one of Kato’s local-global principles for H*(K, Z/n(2)), and
will use that LGP in the cases n = 2, char(K) # 2 as well as n = 3, char(K) = 2.
The situation is as follows. Let k be a global field, and K |k be the function field
of a complete smooth geometrically integral k-curve X. Let S be the arithmetical
complete normal curve with function field « (§) = k; hence S = Spec Oy if k is a
number field, and S is the unique projective smooth curve with function field  if
k is a global field of positive characteristic. Then by Abhyankar’s regularization
theorems of surfaces [1965], X — Speck is the generic fiber of a proper morphism
X — S of regular schemes (and having further properties, e.g., having NCD on &
as reduced fibers, etc.). For i > 0, we denote by X; C X the points of dimension i
in X. Then for x € X one has:

(a) x € Xy & O, is a two dimensional local ring < «(x) is a finite field.
(b) x € X1 & O is a discrete valuation ring < «(x) is a global field.

For s € Sy we denote by v, the canonical valuation of O; and by k; the completion
of k at s. For x1 € X1 we denote by vy, the canonical valuation of Oy, and by K,
the completion of K at x;. Notice that x; — s under X — S if and only if Oy < Oy,
that is, the local ring O; is dominated by the local ring Oy, under k — K.

Next let L be an arbitrary field, and recall the canonical isomorphism (gener-
alizing the classical Kummer theory isomorphism) A' : L*/n — H'(L, Z/n(1)).?
As explained in [Kato 1986, §1], the isomorphism 4! gives rise canonically for all
g # 0 to morphisms?

he Ky (L)/n— HI(L, Z/n(q)),
{ar, ..., a4} /n— hl(al)U~--Uhl(aq) =:a1U---Uay.

Let v be a discrete valuation of L. Then for every uniformizing parameter 7 € L
at v, one defines the boundary homomorphism

3 HI(L,Z/n(g + 1)) — HY (A, Z/n(q))

bynUa---Ua,+ a1U---Ua, andagUay - - -Ua, 0, provided all ag, ay, .. ., a4
are v-units. We notice that in general, this homomorphism depends on the uni-
formizing parameter r. Further, if the Galois action on Z/n(1) is trivial, then

ZRecall that for every abelian group A, we denote A/n := A/(nA).

3By the (now proven) Milnor-Bloch—Kato conjecture, 49 are isomorphisms. Nevertheless, that
fact in its full generality is not needed here, because one could work as well with the subgroup
generated by symbols H@ (L,Z/n(q)) CHY(L,Z/n(q)).
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all Galois modules Z/n(q) are actually isomorphic to Z/n, and 9, gives rise to

morphisms
3 : HIY2(L, Z/n(q + 1)) — HIT (A, Z/n(q)).

We will use two instances of these homomorphisms for ¢ <2 and L a finitely
generated field of Kronecker dimension equal to ¢ containing (o, (thus having no
orderings).* First, let k be a global field, K |k be the function field of a complete
smooth k-curve X, and X — S, etc., be as introduced above. For x; € &7, let b := vy,
be the corresponding discrete valuation of K. The boundary homomorphisms we
will consider are

0y, H (K, Z/n(2)) = H(k (x1), Z/n(1)).
For later use we notice that for f, g, 7 € K such that g, & are v, -units, one has
0x (fUgUR) = vy (f)-§Uh  in H(k(x1), Z/n(1)),

where u — u is the residue map Oy, — k(x1). In particular, if the vy, -values of
/> 8, h € K are all divisible by n (for instance, if f, g, h are all vy, -units), then
a)m(ngUh) =0.

For g =1, L = k(x) is the residue field of K at some x; € X} and v is some
finite place pg of x (x1). Thus the boundary homomorphisms we will consider are

Oy : H2 (e (x1), Z/n(1)) = H' (k(po), Z/n(0)) = Z/n.

Notice that 9y, is nothing but the local component of the Hasse—Brauer—Noether
LGP for the global field « (x1) defined by the place .

Following [Kato 1986, §1], for all x; € X}, xo € Xy, one defines boundary
homomorphisms

de1xo : H2(k(x1), Z/n(1)) — H' (k (x0), Z /1)

as follows. First, if xo & {x_l}, set dy,x, = 0. Second, if xo € {x_l} proceed as follows:
Recall that O, is a two dimensional regular local ring, and set X, := Spec Oy, — X.
Then xg € {x;} if and only if x; € &y,. If so, then O,, is some localization of Oy,
and the image CTJXO C k(x1) of Oy, under the projection O, — «(x1) is a local
Noetherian ring of Krull dimension one. Thus its integral closure O o N Kk(xy)isa
Dedekind domain with finitely many maximal ideals p;, and thus a principal ideal
domain. Further, every completion « (x1)y, is a localization of the global field « (x1)
and the residue fields « (p;) |k (xo) are finite fields. Kato defined 9y, y, as follows,
where the last map is the sum of the corestriction maps:

Oy HE (e (x1), Z/n (1)) = @ H' (c(pi), Z/n) — H' (ke (x0), Z/n).
Pi

“4Recall that in these cases, the equality H3, = H has been known for a while already.
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Finally, one of the local-global principles Kato gives — which is essential for
the methods of this paper —is the following; see [Kato 1986, p. 145, Corollary].

Theorem 2.1. With the above notation, suppose that K has no orderings, e.g.,
Uon C K. Then via the obvious direct sums of the above boundary homomorphisms
one gets a long exact sequence of the following form, where the last map is given by
the sum:

0—H3K,Z/n(2))— @ H?(k (x1), Z/n(1))— @ H'(k (x0), Z/n)— Z/n— 0.

X1€X xXp€Xp

In particular, recalling that Xy, is the set of all the x| € X such that x € {x1},
the map H3 (K, Z/n(2)) — B H%(k (x1), Z/n(1)) = H' (k (x0), Z/n) is triv-
ial for each x¢y € Xj.

X1€XX0

2C. An arithmetical application/interpretation. In the following discussion, sup-
pose that the Galois action on Z/n(1) is trivial, so that Z/n(q) are isomorphic to
Z/n as Galois modules.

(1) Recall ,Br(L)=H?(L,Z/n(2)) and H3(L, Z/n(3)) are generated by symbols
aUb and a Ub Uc, respectively, with a, b, c € L*.

(2) Now suppose that 7 is a prime number. For a, b € L™ consider the field exten-
sion L, | L defined by h'(a) e H(L, Z/n(1)), the norm map N, : L;— L%,
and the cyclic algebra A, with [A,] = aUb € H?(L, Z/n(1)). Then
aUb e H*(L,Z/n(1)) is trivial if and only if b € N,(L)). Furthermore, if
A, p is a division algebra, let N, p : A:,b — L* be the reduced norm of A, p.
Then by [Merkurjev and Suslin 1982], N, ; represents ¢ € L™ if and only if
aUbUc e H*(L,Z/n(3)) is trivial.

Therefore, since the conditions b € im(N,) and/or ¢ € im(N, ) are first-
order expressible, we conclude that @ U b and/or a U b U ¢ being (non)trivial
are first-order expressible. Hence, the following hold:

(%) The subsets Xp C L™ x L* and ¥3 C L™ x L* x L* defined by

Y :={(a, b) | a Ub is nontrivial},
Y3 :={(a, b, c) | aUbUc is nontrivial}

are first-order definable subsets.

(3) Let K |k be a function field in one variable over a global field k as above. Let
k |k be a finite extension with u, C k, and K := Kk. Then K | k is the function
field of the complete smooth geometrically integral k-curve X=X x¢ k. As
in the case of K |k, we consider proper regular models X—>Sof X —> Speck,
and the sets X i C X fori = 0, 1, 2. In particular, for every x| € X 1, the
local rings Oy, are discrete valuation rings of K, and we denote by K 5, the
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corresponding completions of K. Then if A, p 1s a division algebra as in (2)
above, the following holds:

N, p represents c € K over K if and only if N, }, represents c over
K);l for all il e X.

3. Consequences of Kato’s local-global principles

3A. General facts. Let K be a finitely generated field of Kronecker dimension
dim(K) =2, and ko = K2 be its absolute subfield. If char(K) = 0, then k := ko
is a number field, and S = Spec Oy, is the “canonical global curve” with function
field k. Further, K is the function field of a projective regular S-surface X — S,
having as a generic fiber a smooth projective geometrically integral k-curve X. If
char(K) = p > 0, there exist (many) global function subfields £ C K of K with
k =k N K such that letting S be the unique projective smooth ko-curve, there exist
projective smooth S-surfaces X — S having as generic fiber a projective smooth
k-curve X.

In the above notation, we denote by S; C §, X; C X, X; C X the points of
dimension 7 in the corresponding schemes. In particular, one has the following:

e S0 CS, X CAX, Xg C X are the closed points in the corresponding schemes.
e S=SU{n}and X = XogU{nx}, where n € S, nx € X are the generic points.

o X =AU X U{nyl}, and ny = nx, X9 C X under the canonical inclusion
X — X].

Notation/Remarks 3.1. Let n be a fixed prime number such that the group of roots
of unity uy, of order 2n is contained in K. We notice/define the following:

(1) The local rings O; at the closed points s € Sy of S are exactly the valuation
rings of the nonarchimedean places of k. Further, for x € X’ one has x — s if and
only if the corresponding local rings dominate each other: Oy < O, under k — K.

(2) Forx; € A1, let Cy, = {x1} C X be the schematic closure of x; in X’. Then Cy, is
an arithmetic curve on X with generic point x| € X. For s € §, let Xy — « (s) be the
fiber of X — § at s. Then A is a projective (maybe nonreduced) one dimensional
k (v)-scheme of finite type. In the above notation, one has the following:

(a) x; — n € Sif and only if x; € Xy if and only if C,, — S is finite dominant.
If so, Cy, is called a horizontal curve on X, and we denote

X1,y :={x1 € &1 | Cy, is a horizontal curve}.

(b) x1+— s € Spif and only if Cy, is a reduced irreducible component of X; — « (s).
If so, Cy, is called a vertical curve on X, and we denote

X10:={x1 € X1 | Cy, is a vertical curve}.
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(3) One obviously has X} = & , U &} o, and the map &7 o — Sp has finite fibers.

(4) Since the generic fiber X — k of X — S is a projective smooth geometrically
integral k-curve, there exists a (unique) nonempty maximal open subset U = Uy
of § such that Xy := X x5 U — U is a family of projective smooth curves with
geometrically integral fibers. For s € Uy := U N Sy, letting x; € Xy C & be the
generic point, one has:

(a) xy is the unique preimage of s in X7, so x; € & ¢ and C,, = Aj.
(b) k(s) is relatively algebraically closed in « (x;).

(5) For f e K>, let |div(f)|:={P € Xo | vp(f) # 0} C Xj be the support of the
divisor (f) of f viewed as a function on X — k. Then Cp = {P} with P e |div( HI
are distinct horizontal curves and |Jp4iv(s) Cp is the closure of |div(f)| in X.
Therefore, there exists a unique maximal open subset Uy = Uy C U satisfying:

(a) UPe|div(f)| Cp — S is étale above Uy. Hence, Cp N X;NCpr = & for P’ # P.

(b) For s € Uy and its unique preimage x; € X7 o under X o — S, the following
hold:
e n is invertible in « (s).
o f is a vy -unit, and its residue f € k (xy) nonconstant: f € k(xg) \k(s).

(6) Finally, we notice that Uy C Uy has the following permanence property: Let
l€|k be a finite extension, and set K := Kk. Let S — S be the normalization of S
ink <> k, and X — S be a minimal proper 1 regular model of K |k which dominates
X — S. In particular, the generic fiber X — k of ¥ — § is the normalization
X > Xof Xin K K. Let U x C S be the maximal open subset such that
X Uy = =X x3 5 Uz — Uy is smooth and has reduced geometrlcally 1ntegral fibers,
and define the subsets Uz, € Uy for the model X — S of K|k and fe K in the
way the subsets Uy € Uy of S were defined above for the model X — S of K |k
and f € K. Then one has:

Lemma 3.2. In the above notation, let UXf C UX be the preimages 0f Uxr CUx
under the map S S. Then X X3 UX — UX is smooth, whence UX C Uy and
X X3 UX =X Xg UX Further, Uxf - UXf, and the morphism X — X is finite
above X xg Ugy.

Proof. For the first inclusion, let X" — S denote the normalization of X — S in
the field extension K <> K. Then X being regular, it is also normal. Thus X—3
dominates X™ — S. Moreover, since the base change X xg S — S is dominant and
finite over X — S, it follows that X" — § dominates X' xs S — S. Thus ﬁnally
X — § dominates X' x S S—S. To simplify notation, set U := Uy and U := Uy.
Since Xy := X x5 U — U is smooth and has reduced geometrlcally integral fibers,
so is the base change Ay xg U— U and in particular Xy xg U is regular. Hence,
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by the minimality of X — S, one has X x5 3 U=X" x5 3 U = Xy xs U. Therefore,
XU =X xSU — XU is finite because X™ — X is. Since XU =X xSU —Uis
also smooth, one has Uy € Uy '+ by the maximality of the latter. The other inclusion
follows 1mmed1ately from the fact that being étale is preserved under base change,
and the fact that X X3 UX =X Xg UX O

3B. A local-global principle for H* (X, f). We work in the context and the nota-
tion of the previous subsection. Let X1y C &) be the preimage of Uy under X7 — S.
We notice that X7 \ Xy is the finite closed subset of X o consisting of all x| € A
which map into the (finite) closed set So \ Uy.

Notation. Let H* (X, f) CH3(K, Z/n(2)) denote the set of all the symbols fUaUb
with a, b € k* which are nontrivial over some completion K, with x; € &jy.

Lemma 3.3. Let Dy C |div(f)| be the set of all P such that vp(f) is not divisible by
nin vp(K). Suppose that K has no orderings. Then for every f UaUb € H3(X, f)
there exists P € Dy such that f Ua Ub is nontrivial over Kp.

Proof. Let z; € X| be a given point. Then by the concrete description of the boundary
homomorphism ém as given before Theorem 2.1, one has that if v,,(f), v;,(a), v;,(b)
are all divisible by n, then f Ua Ub is trivial over the completion K, at v;,. In
particular, if z; € &7 ,, then a, b € k™ are v, -units. Thus v, (a) =0 = v,,(b) are
divisible by n. Hence, if v, (f) is divisible by n, then f Ua Ub is trivial over K.

Returning to the proof of the lemma, let fUaUb € H3(X, f) be a given element,
and let x| € Xjy C &) be such that f Ua Ub is nontrivial over the completion Ky, .

Case 1. x; € X, = Xo. Then v, is trivial on k, so vy (a) =0 = v,,(b). Hence,
since fUaUb € H3(X, f) is nontrivial over the completion K, it follows by the dis-
cussion above that vy, (f) is not divisible by n. Thus P := x| € Dy, and we are done.

Case 2. x; € Xy 0. Let s € Uy be the image of x| under Xy — Uy C S. Then by
the definition of Xjr, one has that x; := x; is the unique preimage of s in X7, and
the following hold:

» X is a projective smooth geometrically integral « (s)-curve, and C,, = X.
For all P # P’ in |div(f)|, if xo € X, N Cp, then xg & X; N Cp.

e n is invertible in k (s).

e fis a vy -unit, and its residue f € K (xz) 1s nonconstant, i.e., f € k(xs) \ k(s).

From this we reason as follows. Let xo € Xy be a closed point with xo — s € Uy,
and let z; € A satisfy that xo € C;, and not all v,, (a), vz, (b), v;, (f) are zero. Then
we have:

(a) If z; € Xy, i.e., z; maps to some s’ € Sp, then C;, is a vertical curve; and
since C;, > xo — s, we must have C;, = &, so that z; = x, etc.
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(b) If P:=2zy € X1, = X, then a, b are vp-units, and therefore vp(f) # 0. Thus
P e |div(f)], and xg € X; N Cp. Moreover, P is the unique point in |div(f)|
with the property xo € Cp N Aj.

From this we can conclude the following. Let xp € X’ be a closed point above the
point s € Uy. Then there exist at most two points z; € X}, each satisfying that
xo € C;, and at least one of the values v;,(a), v;,(b), v;,(f) is nonzero. Further,
the two (potential) points are

« the given point x; = x; € X o—note that v, (f) =0, f_ € k (xy) is nonconstant,
etc.;

o the unique Py € |div(f)| such that xo € Cp, N X; —note that a, b are vp,-units.

Therefore, the image of fUaUb € H3(K, Z/n(2)) in EBxleXxo
under the homomorphism of Theorem 2.1 actually lies in

H? (ke (x1), Z/n (1))

H?(k(Po), Z/n(1)) ® H(k (x,), Z/n(1)).

Let us compute 9y, (fUaUb). First, since s € Uy, we have f € Oy and fex(x)is
nonconstant. Second, every uniformizing parameter v € k at s is also a uniformizing
parameter 7 at x,, because X is reduced by the fact that s € Uy. For such a 7, set
a=mn%" and b =n"b’ with @', b’ € OF. Then setting c =a’"/ b'? € OF, it follows
by the definition of 9y, that we have 0 # 9, (fUaUb) = fUE e H?(k (xy), Z/n(1)).

Next, recall that since s € Uy, the special fiber X5 — «(s) is a complete smooth
geometrically integral model of the global function field « (x) |k (s). Since fUZ¢ is
nontrivial in H?(xk (x;), Z/n(1)), by the Hasse—Brauer—Noether LGP, there exists
a closed point xg € X, o C Ap such that f U ¢ is nontrivial over the completion
Kk (Xg)x,- Equivalently, the boundary homomorphism

By, H2 (i (xy), Z/n(1)) — H' (i (x0), Z/n)

maps f Uy to some nontrivial element in H! (k (xo), Z/n).

Let Oy, be the local ring of xo € X viewed as a closed point of X, and let
1] o C K (xs) be the image of O,, under the canonical projection Oy, — « (x5). Then
by scheme-theoretical nonsense, it follows that O,, is the local ring of the point
xo € X o viewed as a closed point of X;. Hence, since the latter is a smooth curve
over k (s), and thus regular, it follows that O, = Oy, y, is regular. Therefore, by the
definition of ., as described before Theorem 2.1, it follows that 8, ,(f U¢) =
O, ( f U c). Hence we conclude that 9y, ( f U ¢) € H'(k(xg), Z/n) is nontrivial.
Viewing xg as a closed point of X', we conclude that the image of f Ua U b under
H3(K,Z/n(2)) = H>(k (x4), Z/n(1)) — H'(k (x0), Z/n) is nontrivial.

On the other hand, the image of f Ua Ub in EBXIE&OH%K()C]), Z/n(1)) lies in
H?(k (Py), Z/n(1)) @ H(k (x4), Z/n(1)), by the discussion above.



2102 Florian Pop

For a contradiction, suppose that the image of f Ua Ub in H2(k (Py), Z /n(1))
is trivial. Then the image of f U a_U b in @xl&XXOHz(K(xl), Z/n(1)) lies in
H?(k (x4), Z/n(1)), and this image is f Uc. Thus, the image of f Ua Ub under the
canonical map

H(K,Z/n(2)) > € H(k(x1), Z/n(1)) > H' (k(x0), Z/n)
X1€Xx0
is nontrivial. This contradicts Theorem 2.1.
Therefore, the image of f UaUb in H2(xk (Py), Z /n(1)) must be nontrivial. Since
that image is vp,(f) - a Ub, we conclude, first, that vp,(f) is not divisible by 7, so
that Py € Dy, and second, that f Ua Ub is nontrivial over K p,. O

3C. The Chebotarev density theorem and the size of H*(X, f). Let A|k be a
finite extension with p,, C A. Consider « € k which is not an n-th power in A, or
equivalently, A := A[J/a ] is a cyclic extension of degree n of A. Let further Ak
be some finite Galois extension of k containing A, and let T>T—>T— Sbe
the normalizations of § in the field extensions k <> A <> A <> A. For a generator
o€ Gal():M), consider a preimage 7 € Gal()zl)\) - Gal()z |A). Let f"a — S, be the
sets of all the points Z > s such that « is a vg-unit and 7 is the Frobenius « (Z) |« (s).
Notice that by the Chebotarev density theorem, S, has a positive Dirichlet density,
and that for 7 € T,, and its image s € S, one has k(2) = k(s)[y] with p™ = & and
m the order of 7.

Finally, let Z, — z, be the images of Z, in T — T.ThenforS, 5%+ z €Ty,
one has that 7|z is unramified and has o as Frobenius automorphism: «(z) = «(s)
and x(Z) = «(s)[y], where y" = &. Thus we have showed the following:

Fact 3.4. Let A |k be a finite extension of global fields, iy, C A, and o € k not an
n-th power in A. Let T — S be the normalization of S in k < A. There exist subsets
Sy C S of positive Dirichlet density and T, C T mapping onto S, such that for all
Ty 2 z+> s € Sy one has ky; = A, and o and n are vg-units, and o is not an n-th
power in kg = A,.

Notation/Remarks 3.5. For o, § € k™ and Vs :={s € S | v,(6) =0} C S open and
nonempty, and the subgroup Hs = {8 € k* | vs(B — 1) > 2u,(2n) if s & Vs} C k™,
consider/define

(1) Hso :==a UHs C H?(k, Z/n(1)),
(2) Hysy = fUaUHs = f UH;, C H3 (K, Z/n(2)).

Notice that by Hensel’s lemma we have that if 8 € Hs then § is an n-th power in k;
for all s & V.

Lemma 3.6. Suppose that Vs C Uy and that Hysq # 0. Then every nonzero
fUaUpB € Hysq lies in H3(X, f), and for every such f Ua U B the following hold:
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(1) There exists P € X such that f Ua U B is nontrivial over Kp. Hence, P € Dy
and o is not an n-th power in Kp nor in the residue field k (P).

(2) Hys+q is nontrivial over Kp for all P as in (1) above and all §* € k™.

Proof. We first prove that every nonzero fUa U B € Hys, actually lies in H3 (X, f).
Indeed, by Theorem 2.1, there exists some x; € X such that f Ua U § is nontrivial
over the completion K,,. Let x; = s € S be the image of x| in §. We claim that
s € Vs. By contradiction suppose that s ¢ V5. Then by Notation/Remarks 3.5, § is
an n-th power in k; and in particular, o« U 8 is trivial over k. Further, since x; — s,
we have k; C K. Hence fUa U B is trivial over K 7> a contradiction! Thus finally
s € Vs, and since Vs C Uy we have s € Uy.

By (1), since fUaxUB € H3(Xx, f), by Lemma 3.3 it follows that there exists
P € Dy such that f Ua U B is nontrivial over Kp. In particular, « is not an n-th
power in Kp, etc.

For (2), by the discussion above, « is not an n-th power in A := «(P). In the
notation from Fact 3.4, for some fixed s* € Vs N Sy, let B* be a uniformizing
parameter at s* such that 8* is an n-th power in k; for all s € Vs«. Then o U 8*
satisfies first, * € Hs«, so a« U B* € Hg+o and f U U B* € Hys+o. Second, o U B*
is trivial over all k; with s & Vs«, because 8* is an n-th power in k;. On the
other hand, o U 8* is not trivial over X, for z — s* because §* is a uniformizing
parameter at s* and at all z — s*. Hence o U 8* is not trivial over x (P) C k (P);.
But then, since dp : H>(Kp, Z/n(2)) — H2(k (P), Z/n(1)) is an isomorphism and
ép(fUOlUﬂ*) =vp(f)-aUB* #0, we get that f UaUB* is nontrivial over Kp. [J

4. Detecting the k-valuations of K | k

In this section we work in the context/notation of the previous sections: n 7~ char(K)
is a prime number and wy, C K. Soif n =2, then u4 C K, and if n #2, then u,, C K.

4A. The sets U,.
Notation/Remarks 4.1. In the usual context we have the following:
(1) Foru e K anda,c ek, setuy . =1—c(l —u)+ac" (1 —u)", and further
define u, :=up,=14+c(u—1) and uy :=uy1 =u+a(l —u)".

(2) For u € K* and ¢ € k* we set K, o := K[/u., /uy ], and notice that

K, «.c| K is a Z/n-elementary abelian extension of degree 1, n, or n2.

(3) In Notation/Remarks 3.5, suppose that H ¢, 7 0. Thus H 75+, # 0 for all §* e k™.
We set Upy := {u € K™ | Hys+o is nontrivial over K, o - for all ¢, 6* € k*}.

(4) For u, «, ¢ as above, set Dy o :={P € Dy | u¢, Ug,c € Op}.

(5) Finally, let D¢y :={P € Dy | « is not an n-th power in « (P)}. Note that by
Lemma 3.6, if H 75, is nontrivial then Dy, is nonempty.
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Lemma4.2. Let Y — X, Q — P, be the normalization of X in K — L := K, 4 ¢
and suppose that /o & L. Then u., uq, € Op and hence P € Dy o ..

Proof. Let us analyze what happens if either u, or u, . is not a vp-unit. We first
claim that u is vp-integral. Indeed, by contradiction, suppose that vp(u) < 0. Then
vp(1/u) > 0, and u, . = na(—cu)”*, where n is a principal vp-unit. But then 7
is a principal vg-unit too, and hence 7 is an n-th power in L. Conclude that
Yo € Lg: contradiction! Thus finally u must be vp-integral. Further, if u is a
principal vp-unit, then so are u, ug,c, and thus u., uy . € Op. Hence, it is left to
analyze what happens if vp(#) > 0 and u is not a principal vp-unit. First we remark
that 1 — u is a vp-unit, and hence so is ac” (1 —u)". Second, both u, and u, . are
vp-integral. Therefore, since uy . = u. +ac" (1 —u)", it follows that at least one
of the elements u. and u, . is a vp-unit. By contradiction, suppose that either u, or
Uy, 1S NOt a vp-unit. Then either vp(u.) = 0 and vp(uy ) > 0, or vice versa.

Case 1. vp(u.) =0and vp(uy,) > 0.

Then o = —uc(1 —ug.c/uc)/c"(1 —u)*. Since wy, C K, it follows that —1 is
an n-th power in K, and since 1 —u, ./u. is a principal vp-unit, it is an n-th power
in L. Hence all the factors on the right-hand side are n-th powers in Lo. Thus
Ja € Lg: contradiction!

Case 2. vp(ug,) =0and vp(u.) > 0.
Then o =ug (1 —uc/ugc)/c"(1—u)" with 1 —u./uy . a principal vp-unit. But
then all the factors on the right-hand side are n-th powers in Kp C L. Hence

Yo € Kp C Lg: contradiction!
We thus conclude that u, uy . € O}, as claimed. U

Lemma 4.3. Suppose that Vs C Uy and H sy is nontrivial. Then the following
hold:

(1) Ifu € Usy then u. € Upy forall ¢ € k. And if ¢ #0 and u. € Uyy, then u € Uy,
@) 1+Upep,, mp S Usa-
(3) For every u € Ugy and each resulting u., uq . the following hold:
(a) There exists P € Dyry with uc, g, € (9; and Hys+ nontrivial over
KpK, o.c forall 5*.

(b) There exists 6* such that if Hyse is nontrivial over KpK, o, then
Ue, Ug,c € Op and P € Dy

Proof. (1): Foralla,c,c €k, (uc)go=1—cc’(1—u)+a(cc)"(1—u)* =uy oo, and
therefore (uc)e = uc and (uc)oz,c’ = Ug,cc'- Hence {(uc)c', (uc)ot,c’} = {uce, ua,cc’}-
Now suppose that u € Uy,. Then by the definition of Uy, it follows that H s+
is nontrivial over K, 4 . for all ¢ € k and all §* € k*. In particular, setting

¢ 1= cc’, it follows that Hs«, is nontrivial over K, 4., etc. The converse is
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clear, because given ¢’ and u., by the discussion above one has that {u., uy +} =
{(uc)c//Ca (uc)(x,c’/c}a etc.

For the proof of assertions (2) and (3) we first set up notation as follows: For
ue K*andc€k,setasusual L := K, 4., and further, [ := L Nk.Let T — S be
the normalization of S in k < [, and )V — T be the minimal proper regular model
of L |l which dominates X — S. In particular, the generic fiber Y — [ of Y — T
is the normalization ¥ — X of X in the field extension K — L.

(2): Letu € 14+mp be a principal unit at some P € Dy,. Since P € Dy,, we have
by definition that « is not an n-th power in « (P) nor in Kp, and H y5+, is nontrivial
over Kp for all §* € k* by Lemma 3.6. On the other hand, since u is a principal
vp-unit, U, Uy, are principal vp-units too (by mere definitions). Therefore, P is
totally split in the field extension L | K, and thus for every Q — P one has Ly = Kp.
Hence, H t5+ is nontrivial over Ly = L p (because it was nontrivial over Kp). But
then H fs+, is nontrivial over L C L too.

(3): For the proper regular model Y — T of L|l and f € L, we define the open
nonempty subsets Uyy C Uy of T, as we defined the sets Uy C Uy of S for the
proper regular model X — S of K |k and f € K at Notation/Remarks 3.1(5). For
both assertions (a) and (b), we consider 6* which satisfy Vs« C Uy, and the preimage
of Vs« under T — S is contained in Uyy. For such a §* e k* let fUaUB* € Hys+o
be nontrivial over L.

Claim. The image of f Ua U B* in H*(L, Z/n(2)) lies in H3 (Y, f).

Indeed, since f Ua U B* is nontrivial over L, by Theorem 2.1, there exists some
y1 € V1 such that f Ua U B* is nontrivial over L, . Let y; — z > s be the images
of y;in T'— S. We claim that s € Vj«, and thus z € Uyy by the definition of §*.
Indeed, by contradiction, suppose that s* ¢ Vs«. Then reasoning as in the proof
of Lemma 3.6, taking into account that 8* is an n-th power in k for s & Vs, we
conclude that o U 8* is trivial over kg« because 8* is in kg+. Hence fUa U B* is
trivial over Ly, , because ky+ C L,. Contradiction! The claim is proved.

(a): Foru €Uy, and fUaUB* € Hys+q, which is nontrivial over L, by Lemma 3.3
applied to f Ua U B* € H3(), f), one found that there exists some Q € Y such
that vo (f) is not divisible by n in vg(L), and « is not an n-th power in L, nor
in k(Q). Further, H s+, is nontrivial over Ly = KpK, o for all §* € k*. Let
O — P € X be the image of Q in X, and consider the canonical embeddings
Kp — Lo, k(P) = k(Q), and recall that vp = e(Q| P)vp, where e(Q | P) is the
ramification index of vy |vp. Hence the following hold:

e Since vo(f) €n-vo(L), one has that vp(f) € n-vp(K). Therefore, P € Dy.
« Since /o ¢ k(Q), one has that /o & k (P). Therefore, P € Dy,.
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Hence H s+, is nontrivial over KpK, o, and P € Dy, and uc, ug,c € Of, by
Lemma 4.2.

(b): Clear from the discussion above. U

4B. The k-rings Re and R,. In the above notation and context, we introduce
the ring stabilizer Ry, of Us,, which will play an essential role in describing
k-valuations of K |k.

Notation/Remarks 4.4. (1) Let A, +, - be a commutative ring with 14, and if
k C A is a subfield in A having identity equal to 14, we consider A as a k-algebra.
It seems that the following are well known facts to (a nonempty set of) experts:

Let X C Asatisfy X =—X and 04 € X, and set Xg:={x € A|x+X C X}.
Then Xo € X,and Ry :={a € Xo | a-Xo € Xo} is a subring of R, which
contains 14 if and only if 14 € X¢o. Moreover, if A is a k-algebra, and X
is stable under multiplication with k, then Ry is a k vector subspace.

(2) Given a commutative ring A, +, - with 14 as above, let * and o be the transport
of the usual addition and multiplication, respectively, on the underlying set A via
ar>a-+14. Henceaxb=a+b—1pandaob=ab—a—b+2, and A endowed
with *, o is an isomorphic copy of A, 4, - which we denote 2.

If X C A is a nonempty subset as in (1) above, we let Ry C U, or simply R if
no confusion is possible, be the corresponding subring of 2.

(3) In the context and notation of the previous subsection, recall the nonempty set
X :=Uy, of K. We notice that in Lemma 4.3(1) one has u. € Uy, if (and only if)
u € Uy (provided ¢ #0). On the other hand, cou =uoc=(c—1)(u—1)+1=u._;.
Hence for u € K, c € k, one has cou € Uy, if (and only if) u € Uy, (provided ¢ # 1).
In particular, X := Uy, is closed with respect to multiplication o by elements
of k, and therefore, X is symmetric with respect to the addition .
(4) For X := Uy, we denote by Ry, := Ny, the corresponding subring of K, *, o
(the latter being an isomorphic copy of the field K, 4, - as mentioned above).
Hence Ry, := My — 1 is a subring of the field K, +, - with the usual addition
and multiplication.

Lemma 4.5. The ring Ryy, * is a k, *, o vector space. Thus Ry, is a k-subspace
of K, +.

Proof. Clear by the discussion at (1) and (3) above. O
Lemma 4.6. In the above notation, let X :=Uyy. Then one has Xo C mPeDfa O;.

Proof. Indeed, by contradiction, suppose that there exists ug € X¢ such that
vp, (1) # 0 for some Py € Dy,. Then using the weak approximation lemma,
we can choose ¢ € K such that vp,(rf — 1) > 0, i.e., ¢ is a principal vp,-unit,
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and vpr(ug+t — 1) < 0 for all P’ # Py, P’ € Dsy. Then vpr(ug+1t—1) #0
for all P” € Dy,. On the other hand, since u is a vp, principal unit, it follows by
Lemma 4.3(2) that t € Uy, = X. Hence, since ug € X, we must have 7 *ug € Uz, (by
the definition of Xo), i.e, u :=1t*uo=uo+1t—1€Uys,. But then by Lemma 4.3(3a),
it follows that for every c, there must exist some P € Dy, such that u., uy . € O}X,.
Hence, forc=1,one getsug+t—1=u=u.€ (9; for some P € Dy, contradicting
the fact that vpr(ug 4+t — 1) # 0 for all P” € Dy,. O

Key Lemmad4.7. One hasR o =14\ pcp , M, and therefore, Ryy = Mpe Dy, MP-

Proof. Let X = Uy, and Xo C X as in Notation/Remarks 4.4.
For the inclusion “C”, consider the partition Dy, = D*U D' U DY, where

o P e D?if and only if vp(Rye) # O,
e PeD!ifand only if vp(Ryy) =0 and PRy, is not contained in 1 +mp,
o P e DYifandonly if Rye C 1 +mp.

Clearly, in order to show that R, €14 PeDy, MP> We have to show that D?
and D' are empty. By contradiction, suppose that at least one of the sets D?, D! is
nonempty.

Case 1. D? is nonempty.

Let Pe D?andr € Rfq be such that vp (1) # 0. Using the weak approximation
lemma, choose any principal vp-unit u’ such that vp/ (¢ +u’ — 1) > 0 for all P’ # P
from Dy,. Since u’ € 1 + mp, it follows by Lemma 4.3 that u’ € Uy,. Since
t €NRyry € Xo, and u’ € X = Uy, we get (by the definition of Xo) that ¢« u’ € Uy,.
On the other hand, one has u :=¢%u’ =t +u’ — 1, and therefore vp~(u) # 0 for all
P" € Dy, thus contradicting Lemma 4.3(3).

Case 2. D? is empty, and D' nonempty.

For P € D! we have Mo C Op and Ry, not contained in 1 +mp. In particular,
the image Efa of Ry, under the residue map Op — «(P) is a nontrivial k-subring
of k(P). Since x(P) is a finite field extension of k, it follows that I_Qfo, is a k-
subfield of «(P). Hence there exists 1 € Ry, whose image in «(P) is the given
element o € k. In order to conclude, using the weak approximation lemma, choose
u' € 14+mp C Usy such that vp(r +u' — 1 —a) > 0 for all P’ # P from Dy,.
Then reasoning as above, it follows that 7 x u’ € Urq = X. On the other hand,
as above, u :=t xu’ = u + u’ — 1 has the property that vps(u — ) > 0 for all
P" € Dy, . Therefore, u is a vpr-unit with residue = « in k (P") for all P” € Dy,.
Recalling that u =t xu’ € Uy, for ¢ =1 one has {u., uq o} = {u, u +a(l —u)"},
and o = u € k(P) for all P € Dy,. Thus « is an n-th power in KpK, o . for all
P € Dy,, contradicting Lemma 4.3(3).
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For the converse inclusion “2”, we have to show that for every u; = 1+4u €
1+pep,, mp with i € (pp,, mp, the following hold:

(a) u; € Xy, or equivalently, u; xu € X for all u € X.

(b) uy0 Xy C Xg, or equivalently, u; oug*u € X forall ug € Xg, u € X.

For (a), we show that u;xu € X forallu € X. Indeed, t :=u*xu=u+u—1=u-+u.
Since u € X, by Lemma 4.3(3), there exists P € Dy, such that u,, uq . C Op, and
for all §* one has that Hys+, is nontrivial over KpK, 4 .. We now claim that
KpKyoc=KpK; .. Indeed, since t =u+ i, vp(it) > 0, and uc, ug, € Op, it
follows that 7., t, . € Op and 7. = i, and fy . = iy . in K (P)*. Hence, by Hensel’s
lemma it follows that {/uc, /g and /1., {/To generate the same extension
of Kp. Therefore, if f Ua U B* € Hys+, is nontrivial over Ly = KpK, o ¢, it is
nontrivial over KpK, o . = KpK; 4, and thus also over K; o C KpK; o, €tc.

For (b), we show that ug *u € X for all u € X implies that (u] o ug) *u € X for
all u € X. First, recall that by Notation/Remarks 4.4(4), it follows that ug € O for
all P € Dy,. Hence one gets

t:=ujougxu= (U —Dwg—D+D4+u—-1=a(wg—D+u=u+iu,

where i’ = ii(uo—1) € (\pep,, mp since uo € (\pep, Op and it €(\pcp, mp. On
the other hand, u € Uz, and P € Dy, are such that H s+ is nontrivial over Kp K, 4 ¢.
Hence KpK, .. = KpK; 4., by the fact that i = in k (P)* (and Hensel’s lemma).
Finally it follows that r € Uy, = X, as claimed.

This concludes the proof of Key Lemma 4.7. O

5. Proof of Theorems 1.1 and 1.2

5A. Defining the k-valuation rings. In the notation and hypotheses of the previ-
ous sections, let K |k be a smooth fibration of a finitely generated field K with
dim(K) = 2, and X the complete smooth k-curve with K = k(X ). By Riemann—
Roch, if P € X is a closed point and m > 0, there exist functions f € K such
that (f)so =m P, and letting m be prime to n, we have P € Dy. Further, setting
A :=k(P), there exist “many” « € k™ such that « is not an n-th power in « (P).
Hence there exists a such that Dy, is nonempty. Thus by Key Lemma 4.7, it follows
that Ryq =1+ (\pcp,, mp-

For f and « as above, we set g := f 4+ 1, and notice that (g),, = m P, etc. We
repeat the constructions above and we get Rge =1+ ﬂQ €Dy MO-

Since |div(f)| N |div(g)| = { P}, by the weak approximation lemma one has

<1+ ﬂ mP)‘(1+ ﬂ mQ)=1+mP.

PeDyy Q€Dyy
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Therefore, one can recover Op, mp from Ry, and Ry, as follows:
mp=9f{fa-9‘igo,—l and Op={te K |tmp Cmp}.
We thus have a first-order recipe to define all the k-valuation rings of K |k:

Recipe 5.1. Let K = k(X) with X a complete smooth k-curve X. Suppose that a
predicate ¥ (r) is given which defines k inside K, i.e., k ={x € K | ¥ (x) holds in K}.
Let n # char(K) be a prime number, and notice that describing the k-valuation rings
of K |k is equivalent to describing the k[ 2, ]-valuation rings of K [u7,]. Supposing
that o, C K, consider the following steps:

(1) Forevery § e k* let Hs = {8 € k* | vs(B—1) > 2v,(2n) if s & V5} C k™.
Note that H; is a definable subset of K, provided a predicate v (x) is given
which defines & inside K. Indeed, given the global field &, the valuation rings
Oy, mg of k are definable inside £ by Rumely’s recipe [1980] mentioned in
Section 1. Thus, one has

B eHs ifandonlyif YO, my; (&0, = B—1¢c4n® my).

(2) Forevery f € K and o € k*, set Hys := f Ua UH;s C H3(K,Z/n(2)).

(3) Let Usq := {u € K | Hys, is nontrivial over K, o o forall ¢ € k, § € k*},

where Ky o.c:= K[{/uc, Yuaclanduc:=1—c(1—u), ug c=:uc+ac" (1-u)".

Note that the fact that H 5, is nontrivial over K, o, is first-order expressible

as follows (see Section 2C): f U« is nontrivial and there exists 8 € Hs such

that the reduced norm Ny, of the division algebra A r, does not represent 8
over Ky g4.c.

4) Let Ryq = {u € Upa | u+Upa — 1 S Upas (4 — DUpa — D) +1 S Upa).
(5) Repeat the process above for g := f + 1.
(6) Setm: =Ry -Rgey —1and O:={r € K [rm Cm}.

Conclusion 5.2. The k-valuation rings Op, mp of K |k are among the definable
sets O, m. Precisely, for every Op, mp there exist f and « such that O = Op, and
1/f em=mp.

5B. Concluding the proof of Theorem 1.2. First, the above Recipe 5.1 is a uniform
first-order description of the k-valuation rings of function fields of complete smooth
k-curves.

In order to give the formula deg, (t), we first recall that k is a Hilbertian field.
Hence, for every nonconstant function ¢ € K there exist (infinitely many) special-
izations 7 > a € k such that the point P € X with f = a in « (P) is unique. Hence
[«(P) : k] =[K : k(¢)] is the degree of ¢t. Thus, one possibility for the formula
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defy (t) would be
NVO,m:tek+m=[0O/m:k]<N)&EO,m:tek+m&[O/m:k]=N).

For the formula ¥ & (t, '), let R C K be the integral closure of k[¢] in K. Then
for any k-valuation ring O, one has ¢t € O if and only if k[¢] C O if and only if
R C O. Further, R is actually the intersection of all the O which contain k[#], or
equivalently, which contain ¢. Thus the formula ¥ % (t, t') could be

YO,m(teO =t e0).

Finally, for the formula wo(t, t'), let R C K be the integral closure of k[¢] in K.
Recall that ¢’ € K lies in k[¢] if and only if ¢’ € R and for all O, m one has that if
the residue 7 € O/m lies in k C O/m, then the residue ' € O/m lies in k C O/m.
(Indeed, this follows again from the fact that k is Hilbertian.) Thus one possibility
for the formula ¥°(¢, ') could be

VOm(teO =tV eO)&(tem+k =t em+k)).
This completes the proof of Theorem 1.2.

5C. Proof of Theorem 1.1. In order to prove Theorem 1.1, we recall that by the
main results of [Pop 2002] combined with the description of the absolute constants
in [Poonen 2007], one has the following:

(1) For every finitely generated field K over a number field k£ with d :=tr.deg(K | k),
there exists a formula with d free variables <p% (t1, ..., tg) such that the sen-

tence
0
.. taeg (.. ta)

is true in K. Moreover, if L is any other finitely generated field such that
(p?((ul, ..., Ug) is true in L for some choice of uy, ..., uy; € L, then the map
(t1, ..., tq) — (uy, ..., uy) extends to an embedding of fields K — L.

(2) Now suppose that d = 1. Then using the above deg, (t) we have proved the

following theorem.

Theorem 5.3. Let ¥ be the sentence Ht(w% (t) & degy (V). Then the following
hold:

(1) The sentence ¥ is true in K if and only if there exists some t € K such that
(p% (t) is true in K, and t has degree N in K.

(2) Suppose that ¥k is true in K. Then for every finitely generated field L, the
sentence ¥ is true in L if and only if K and L are isomorphic as fields.
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