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Local positivity of linear series on surfaces

Alex Kiironya and Victor Lozovanu

We study asymptotic invariants of linear series on surfaces with the help of Newton—Okounkov polygons.
Our primary aim is to understand local positivity of line bundles in terms of convex geometry. We work
out characterizations of ample and nef line bundles in terms of their Newton—Okounkov bodies, treating
the infinitesimal case as well. One of the main results is a description of moving Seshadri constants
via infinitesimal Newton—Okounkov polygons. As an illustration of our ideas we reprove results of
Ein-Lazarsfeld on Seshadri constants on surfaces.

Introduction

The main purpose of this paper is to understand local positivity of line bundles on surfaces, by making
use of the theory of Newton—Okounkov bodies. More precisely, we find ampleness and nefness criteria in
terms of convex geometry, and relate the information obtained this way to Seshadri-type invariants.

For the past thirty-odd years there has been an increasing interest in describing positivity of line bundles
around single points of varieties. Starting with the work of Demailly on Fujita’s conjecture, where he
introduced Seshadri constants, the topic developed quickly due to the work of Demailly [1992], Ein and
Lazarsfeld [Ein et al. 1995; Ein et al. 2009], Nakamaye [2003; 2005], and others. In spite of all the effort,
our understanding is still very limited, simple questions that remain unanswered to this day abound.

We aim at translating existing invariants of local positivity to the language of Newton—Okounkov bodies,
thus enriching them with extra structure. Our model is the relationship between Newton—Okounkov
bodies and the volume of a divisor: we intend to replace numbers functioning as invariants by collections
of convex bodies. We would like to emphasize the special nature of linear series on surfaces, most of the
time we will employ elementary surface-specific tools, Zariski decomposition will play a crucial role for
instance.

Originating in the work of Khovanskii from the late seventies, and Okounkov’s construction [1996] in
representation theory, Newton—Okounkov bodies are a not-quite-straightforward generalization of Newton
polytopes to the setting of arbitrary projective varieties. For an n-dimensional projective variety X, a full
flag of subvarieties Y,, and a big divisor D on X, the Newton—Okounkov body Ay, (D) € R" is a convex
set, encoding the set of all normalized valuation vectors coming from sections of multiples of D, where
the rank » valuation of the function field of X is determined by Y..

MSC2010: primary 14C20; secondary 14J99, 32Q15, 52B99.
Keywords: Newton—Okounkov bodies, linear series on surfaces, local positivity.
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These convex bodies display surprisingly good properties, and gave rise to a flurry of activities in
projective geometry, combinatorics, and representation theory. For detailed descriptions and proofs the
reader is referred to the original sources [Kaveh and Khovanskii 2012; Lazarsfeld and Mustatd 2009]
and the recent review [Boucksom 2014]. The main idea is that Newton—Okounkov bodies capture the
vanishing behavior of all sections of all multiples of D at the same time.

Our philosophical starting point is the work of Jow [2010] observing that the collection of all Newton—
Okounkov bodies attached to a given line bundle serves as a universal numerical invariant: whenever all
the Newton—Okounkov bodies agree for two divisors D and D’, then in fact they must be numerically
equivalent. Jow’s result leads to the expectation that one should be able to read off numerical properties
of line bundles from the collection of attached Newton—Okounkov bodies.

Once we focus on local positivity, the above principle modifies it in the following manner: we expect
that the local positivity of a Cartier divisor D at a point x € X to be governed by the collection (for
definitions see Section 1B)

H(D; x) def {Ay.(D) C R | Y, is an admissible flag centered at x}.

It turns out that, whenever X is a smooth projective surface, the above collection .#(D; x) is independent
of x away from a countable union of proper subvarieties.

We always work on smooth projective surfaces over the complex number field, unless otherwise
mentioned. Our first main result is a version of the combinatorial characterization of torus-invariant
ample/nef divisors on toric varieties valid on all surfaces. We go one step further and offer an analogous
description in terms of infinitesimal Newton—Okounkov bodies.

Let us introduce some notation. For positive real number A, A’, & > 0 we set

Ao ® (@t y) e R |Vt + 2y <AV},
A E () eRT 10K <E 0y <1}

If A =/, then denote by A 2 A 11> Which is the standard simplex of side length A.
We offer the following convex geometric characterization of ampleness and nefness.

Theorem A (nefness and ampleness criteria). Let X be a smooth projective surface, D a big R-divisor on
X, and 7t : X' — X the blow-up of x € X with exceptional divisor E. Then:

(1) D isnef < forall x € X thereis a flag (C, x) such that (0,0) € Ac,x)(D)
& forall x € X there is a z € E such that (0, 0) € Ag ;) (*(D)).

(i) D isample < forall x € X there is a flag (C, x) and ) > 0 such that Ay S Ac,x)(D)
& forall x € X thereisa z € E and & > 0 such that A Ic A, (@ (D)).

Theorem A is a particular case of more general results. In Theorem 2.4 we prove the corresponding
criteria for a point x € X not to be contained either in the negative or null locus of D in terms of
Newton—-Okounkov bodies defined on X. Furthermore, in Theorem 3.8 we connect these loci to the shape
of infinitesimal Newton—Okounkov bodies, defined on the blow-up X'.



Local positivity of linear series on surfaces 3

As mentioned above, the Newton—Okounkov body of a big Q-divisor D encodes how all the sections
of all powers of D vanish along a fixed flag. Conversely, it is a very exciting problem to find out exactly
which points in the plane R* D Ay, (D) are given by valuations of sections, whether these points lie in the
interior or the boundary of the Newton—Okounkov body. This is expressed by saying that a rational point
of Ay, (D) is “valuative”. Finding valuative points in Newton—Okounkov bodies is a recurring theme of
this article, some partial answers are summarized in the following corollary.

Corollary B (valuative points). Let X be a smooth projective surface, D a big Q-divisor, (C, x) a flag
on X,and 7w : X' — X the blow-up of X at x with exceptional divisor E. Then:

(i) Any rational point in the interior of Ac x)(D) is valuative.

(i) Suppose Ay € Ac.x)(D) for some i, )" > 0. Then any rational point on the horizontal segment
[0, A) x {0} and the vertical one {0} x [0, \") is valuative.

(iii) Suppose that Agl C A(E.zp)(T* (D)) for some & > 0 and zo € E. Then any rational point on the
diagonal segment {(t,t) | 0 <t < &} and on the horizontal segment [0, &) x {0} is valuative.

It is interesting to note that statement (ii) can be obtained via restricted volumes (see [Ein et al. 2009]
for the basic theory). However, we present here a different proof for the surface case, that relies only
on ideas of convex geometric nature and Theorem A. As for statement (iii), the rational points on the
diagonal are valuative due to the fact that the exceptional divisor E is a rational curve.

As a consequence of Theorem A, all Newton—Okounkov bodies of an ample divisor A are bound to
contain a standard simplex A, of some size. By choosing the curve in the flag to be very positive, one
can make the size of the maximal such simplex as small as we wish. Therefore the exciting question to
ask is how large it can become. This leads to the definition of the largest simplex constant:

3(A: x)E sup sup{h > 0] Ay € A (A,
(C,x)
where the first supremum runs through all admissible flags centered at the point x € X.

As expected of asymptotic invariants, the largest simplex constant is homogeneous in A, invariant
with respect to numerical equivalence of divisors; moreover it is a superadditive function of A. In
Proposition 4.7 we observe that € (A; x) > A(A; x), where the left-hand side denotes the classical Seshadri
constant of A at x. We illustrate in Remark 4.9 that A(A; x) # €(A; x) in general.

Using Diophantine approximation we establish the uniform positivity of largest simplex constants
assuming the rational polyhedrality of the nef cone.

Theorem C (positivity of the largest simplex constant). Let X be a smooth projective surface with a
rational polyhedral nef cone. Then there exists a strictly positive constant A(X) > 0 such that

€(A; x) 2 A(A; x) 2 A(X),

for any x € X and any ample Cartier divisor A on X.
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Even further, we show the existence of strictly positive lower bound on Seshadri constants for any
smooth projective variety X of any dimension, whenever the nef cone of X is rational polyhedral.

By turning our attention to the collection of infinitesimal Newton—Okounkov bodies we can take a
closer look at Seshadri constants. As it happens, infinitesimal Newton—Okounkov bodies seem to capture
the local positivity of divisors more precisely. Hence one can expect them to determine (moving) Seshadri
constants as well. This is indeed the case, as we will immediately explain.

Here again, the key geometric invariant is the largest “inverted” standard simplex that fits inside an
infinitesimal Newton—Okounkov body. With notation as above, if D is a big R-divisor on X, 7 : X—>X
the blow-up of X at x with exceptional divisor E, then we set

£ (D): ) supls > 0| A S Aoy (T*(D))).

It is not hard to see that this invariant does not depend on the choice of the point z € E, as seen in
Theorem 3.8. So, if we denote by &£(D; x) def E(m*(D); z) for some z € E, then the following theorem
says that this invariant is actually the moving Seshadri constant of D at point x.

Theorem D (characterization of moving Seshadri constants). Let D be a big R-divisor on X. If x ¢
Neg(D), then
eI Dl; x) =§(D; x).

For the definition of Neg(D) see Section 1A. As a further application of infinitesimal Newton—Okounkov
bodies, we translate ideas of Nakamaye and Cascini into the language of convex geometry to provide a new
proof of the Ein—Lazarsfeld lower bound on Seshadri constants at very general points (see Corollary 3.17).

A few words about the organization of this paper. Section 1 hosts a quick recap of Newton—Okounkov
bodies and Zariski decomposition, here several small new observations have been added that we will use
repeatedly later on. Section 2 is devoted to our main results on Newton—Okounkov bodies on surfaces,
while Section 3 is given over to the treatment of infinitesimal Newton—Okounkov bodies and their relation
to moving Seshadri constants. In Section 4 we present various applications of the material developed so
far.

1. Notation and introductory remarks

We introduce the notation that will be used throughout this paper, and give a brief introduction to Zariski
decomposition and to the construction of Newton—Okounkov polygons for the sake of the reader. In
addition, for the lack of a suitable reference, we include some remarks that are probably known to experts.

1A. Zariski decomposition. Let X be a smooth complex projective surface. As proven in [Fujita 1979]
(see also [Badescu 2001, Theorem 14.14] or [Zariski 1962] for the case of Q-divisors), every pseudoef-
fective R-divisor D on X has a Zariski decomposition, i.e., D can be written uniquely as a sum

D = Pp—+ Np.
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of R-divisors, such that Pp is nef, Np is either zero or an effective divisor with negative definite intersection
matrix, and (Pp - Np) = 0. The divisor Pp is called the positive part, Np the negative part of D. Note
that Pp and Np will be Q-divisors whenever D is such. Furthermore, when D is a Q-divisor, Zariski
decomposition is an equality of divisors and not merely of numerical equivalence classes.

A crucial property of Zariski decomposition is that the positive part carries all the sections, more
precisely (see [Lazarsfeld 2004, Proposition 2.3.21] for instance), assuming that m D, m Pp and m Np are all
integral, the natural inclusion map H %X, O0x(mPp)) — HYX, Ox(mD)), defined by the multiplication
with the divisor m Np, is an isomorphism.

Following [Bauer et al. 2004], one can associate to D the loci

Null(D)¥ | ] E and NegiD)¥ | ] E,
Pp.E=0 ECSupp(Np)
where the unions are taken over irreducible curves on X. The orthogonality property of Zariski decompo-
sition yields Neg(D) € Null(D).

In higher dimensions, these correspond to the augmented and restricted base loci of D introduced in
[Ein et al. 2006]. We do not rely on the higher dimensional definition of these loci, but it is nevertheless
important to keep in mind that B (D) = Null(D) and B_(D) = Neg(D) as observed in [Ein et al. 2006].
Vaguely speaking Null(D) consists of those points where D is locally not ample while Neg(D) is the
locus of points where D is locally not nef.

In [Bauer et al. 2004] the main goal is to prove the variation of Zariski decomposition inside the big
cone. Based on the description of Zariski chambers given there (see [Bauer et al. 2004, p. 214]), we prove
a statement that can be seen as a more precise version of Kodaira’s lemma.

Lemma 1.1. Let P be a big and nef R-divisor on X, and let Null(P) = E; U ---U E,. Then there exists
a maximal-dimensional rational polyhedral cone ¢ < R, such that P+ - (Ey, . . ., E)T is ample for
all a € —int ¥ of sufficiently small norm.

Remark 1.2. Under the assumptions of Lemma 1.1, it is an easy consequence of the Hodge index
theorem that the intersection matrix of the curves E1, ..., E, is negative definite: take a nontrivial divisor
M = Zi a; E;; notice that (P - M) = 0. Thus, by Hodge, we see that M 2 <0, since M is not numerically
trivial. This last fact holds as the classes of the curves Eq, ..., E, are linearly independent in N'(X)g.

Proof. The claim is immediate if P is ample, hence we can assume that P € d Nef(X) N Big(X). By
[Bauer et al. 2004, Corollary 1.3], there exists an open neighborhood % of P and the curves Cy, ..., C;
such that the boundary of the Zariski chamber decomposition inside % is given by the hyperplanes
Cit CN'(X)g.

If (P -C;) # 0 for a curve C;, then by shrinking % if need be, we can arrange that %/ lies on one side
of Cl.l. Therefore, we can assume without loss of generality that

w#NAmp(X)=E;°n---nEn%.
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By possibly shrinking %, we assume also that the self-intersection form is strictly positive on it.
The Nakai-Moishezon criterion then says that a divisor P — ) ;_, a; E; € % is ample if and only if

(P—Za,-E,-) -Ej>0 forevery 1 <j<r.
i=1
As (P - E;) =0, by assumption, for all 1 < j <r, then this is equivalent to

-
Y ai(Ei-Ej)>0 forall1<j<r. (1.2.1)
i=1

We are left with looking for a sufficient condition on @ = (ay, ..., a,) € R;O such that (1.2.1) holds; not

surprisingly, this ends up being a linear algebra question.

Let A be the intersection matrix of the curves E, ..., E,. This matrix is negative definite by Remark 1.2.
Then [Bauer et al. 2004, Lemma 4.1] shows that A~! is a nonsingular matrix with nonpositive entries.
In this notation, the statement (1.2.1) is then equivalent to asking that A - (a1, ..., a,)” has only strictly
positive coefficients.

Let e, ..., e, be the standard basis of R" and v; def Aler, ... v, def A~ le,. We claim that the
cone ¢ spanned by vy, ..., v, has the required property. Indeed, since the elements of A~! are all
nonpositive, then —¢ € RY,. Thus, every v € —int % has only positive coefficients. Furthermore, if
v=>"'_,av; €int%, then Av=>)'_ a;A(A " e;) =Y I_, aje; > 0, hence (1.2.1) is satisfied. O

Remark 1.3. Let x € X be a point and 7 : X’ — X be the blow-up of X at x. Suppose D is a
pseudoeffective R-divisor on X and D = Pp + Np its Zariski decomposition. If x ¢ Neg(D), then
7*D = m* Pp + 7*Np is the Zariski decomposition of 7*D. To see this, it suffices, by uniqueness of
Zariski decomposition, to check that the right-hand side has the right properties. So, 7 * Pp remains nef,
and (7*Pp - w*Np) = (Pp - Np) = 0. Since x ¢ Neg(D), 7*Np equals the strict transform of Np, and
the respective intersection matrices agree.

1B. Newton—Okounkov polygons. For the general theory of Newton—Okounkov bodies the reader is
referred to [Kaveh and Khovanskii 2012; Lazarsfeld and Mustatd 2009] or the excellent expository work
[Boucksom 2014]. Here we only summarize some surface-specific facts.

As before, let X be a smooth projective surface, and D be a big (D-divisor on X. We say that the pair
(C, x) is an admissible flag on X if C C X is an irreducible curve and x € C is a smooth point. Then the
Newton—Okounkov body associated to this date is defined via

Aoy (DYE v o(ID'| D' ~q D effective Q-divisor}),
where the rank-two valuation v )(D") = (vi(D’), v2(D")) is given by

vi(D) =ordc(D") and (D) = ord;((D' = vi(D)O)lc).
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Making use of [Lazarsfeld and Mustata 2009, Proposition 4.1], one can replace (Q-linear equivalence
by numerical equivalence (denoted by =). If D is a big R-divisor, one can also associate the Newton—
Okounkov body Ac (D), where Q-linear equivalence is replaced by numerical equivalence in the
definition.

Drawing on Zariski decomposition on surfaces, [Lazarsfeld and Mustatd 2009, Theorem 6.4] gives a
practical description of Newton—Okounkov bodies in the surface case. Following [Lazarsfeld and Mustata
2009, Section 6], let v be the coefficient of C in the negative part N (D) and set

pw=un(D; C) sup{r > 0| D—1C is big}.

Whenever there is no risk of confusion we will write (D).
For any ¢ € [v, u] we set D; ©fp_tC. Let D; = P;+ N; be the Zariski decomposition of D;. Consider
the functions «, 8 : [v, u] — Ry defined as follows:

a()E ordi(Ni|c), O E orde(Nilo) + P - C.
Then Lazarsfeld and Mustatd show that the Newton—Okounkov body is described as follows:

Theorem 1.4 [Lazarsfeld and Mustatd 2009, Theorem 6.4]. Let D be a big R-divisor, and (C, x) an
admissible flag on a smooth projective surface. Then

AcnD)={teRlv<t<p,al) <y<BO}.

Remark 1.5. The Newton—Okounkov body A c (D) € [R{%r has been shown to be a polygon in [Kiironya
et al. 2012, Section 2]. The results of [Kiironya et al. 2012] reveal further properties of A r)(D). The
function t — N; is increasing on the interval [v, u] C R, i.e., for any v < #; < f» < u the difference
N, — Ny, is an effective divisor. This implies that a vertex of A ¢ ) (D) may only occur for those 7 € [v, u],
where a new curve appears in Neg(D;).

Remark 1.6. It was observed in [Bauer et al. 2004, Proposition 1.14] that Zariski decomposition is
continuous inside the big cone but not in general when the limiting divisor class is only pseudoeffective.
It turns out that there exists another important situation where continuity holds.

Let C be an irreducible curve on X and as before let w(D) = w(D; C). From [Kiironya et al. 2012,
Proposition 2.1] and the ideas of the proof of Proposition 1.14 from [Bauer et al. 2004], it follows that

Np_ic = Np_umpyc and  Pp_;c — Pp_u(p)c

whenever t — (D). If x € C is a smooth point, then this says in particular that the segment A ,)(D) N
(n(D) x R) is computed from actual divisors on X, i.e., Py(p) and N, (p).

Remark 1.7. The above description of Newton—Okounkov polygons gives rise to the equality

Ac,x)(D)iz1y = Ac,x) (D —1C) + (19, 0).
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for any #p € R. In [Lazarsfeld and Mustatd 2009, Theorem 4.24], this is proved under the additional
assumption that C ¢ Supp(Null(D)). As it turns out, this condition is not necessary.

Remark 1.8. Going back to the initial definition of Newton—Okounkov polygons, one remarks that the
valuation map can be seen through local intersection numbers. Let D be a big Q-divisor, (C, x) an
admissible flag, and D’ ~q D an effective divisor. Note that C ¢ Supp(D’ — v;(D')C), thus

(D) = ((D' —vi(D)C).C)

x°

where the right-hand side is the local intersection number of the effective Q-divisor D — v (D)C and the
curve C at the point x. As it is well known, one has

(C'.C"y=> (C'.C"p,
PeX

for distinct irreducible curves C’, C” C X. In particular, one has the inequality
((D—vi(D")C).C) = (D"

as D = D’. These ideas give rise to a somewhat different construction of Newton—-Okounkov polygons in
the surface case that is based on local intersection numbers.

Remark 1.9. For a Newton—Okounkov polygon A ) (D), the lengths of the vertical slices are indepen-
dent of the point x. To see this, let

Ac.ry(D)i= & Ac.ry(D) )it =€) xR
for any & € [v, u]. Then

length(A ¢ x)(D)i=¢) = B(§) —a(§) = (Pp—¢c.- C),
hence the observation.

The following lemma helps reduce the problem of computing the Newton—Okounkov polygon of a
divisor to the computation of the polygon of its positive part. This is implicitly contained in [Luszcz-
Swidecka and Schmitz 2014] for Q-divisors; here we give a proof of the R-divisor case.

Lemma 1.10. Let D be a big R-divisor on a smooth projective surface X and (C, x) an admissible flag
on X. If x ¢ Neg(D), then

Ac,x)(D) = Ac,x)(Pp).

Proof. We first prove the statement for Q-divisors and then use a continuity argument for the general
case. If D is a big (D-divisor, then by the homogeneity of Newton—Okounkov polygons and Zariski
decomposition we can assume that D, Pp and Np are all integral Cartier divisors. The multiplications
maps

H(X, Ox(mPp)) — H"(X, Ox(mD))
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by m Np are isomorphisms (see [Lazarsfeld 2004, Proposition 2.3.21]). Hence the definition of Newton—
Okounkov polygons and the condition x ¢ Supp(Np) imply the statement.

For the general case, fix a norm || - | on the finite-dimensional vector space N'(X)g. Let D be a big
R-divisor, and (A;),en a sequence of ample R-divisors such that lim,—, oo (|| A,]]) =0, A,41 — A, is an
ample Q-divisor, and D + A, is a Q-divisor for any n € N. By the proof of [Anderson et al. 2014, Lemma
8]', one has the equality

o.¢]
Ac.y(D) =[] Aco (D + An).
neN

This reduces the proof to the Q-divisor case via the continuity of Zariski decomposition (see [Bauer et al.
2004, Proposition 1.14]). Ol

2. Newton-Okounkov polygons and special loci associated to divisors

2A. Local constancy of Newton—Okounkov polygons. The goal of this subsection is to prove that the
set of all Newton—Okounkov polygons, where the flags are taken to be centered at a very generic point x,
is independent of the point.

Let X be a smooth projective surface, x € X a point and D a big R-divisor on X. Denote by

K (D, x)= {A C [R?%r | 3(C, x), an admissible flag, such that A = A(c,x)(D)},

the set of all Newton—Okounkov polygons of D, where the flags are based at x. By [Kiironya et al. 2012],
this set is countable. Our goal is to figure out how this set varies with the point x.

Theorem 2.1. With notation as above, there exists a subset F = | J F,, € X consisting of a countable

meN
union of Zariski-closed proper subsets F,, C X such that the set J¢(D, x) is independent of x € X \ F.

The proof relies on the following observation.
Lemma 2.2. Let D be a big R-divisor on X, U C X be a subset with the following properties:
(1) U is disjoint from all negative curves on X.

(2) Forevery x,x" € U and (C, x) an admissible flag on X, there exists an irreducible curve C' such
that (C', x) is again admissible, and C' = C.

Then ¥ (D, x) is independent of x € U.

Proof. Let x, x’ € U, and (C, x) as in the statement. Fix an admissible flag (C’, x’), such that C’ = C.
Observe that vc x)(D) = v xy (D) = 0, since both curves are not negative ones by (1). Furthermore,
since C = C’, we have D —tC = D —t(C’, and therefore p(c v (D) = (/.2 (D) as well.

Again, as U avoids all negative curves, o(c,x)(t) = ' ,x)(t) =0 for all 0 <t < u(D). Finally, since
Zariski decomposition respects numerical equivalence, Pp_;c = Pp_;¢ for all 0 <t < up(t), therefore
Bc.x)(t) = Bcr.xH(t) for all 0 <t < (D), hence Ac (D) = Ac.x) (D), as required. O

IThe same statement works when each A, is taken to be big and semiample. This will be used in Section 3.
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Remark 2.3. Roughly speaking the main idea of the proof of Theorem 2.1 is that whenever x € X is a
very general point then any cycle passing through this point can be deformed nontrivially in its numerical
equivalence class. The source for this material is [Kollar 1995, Chapter 2].

To be more precise, [Kolldr 1995, Proposition 2.5] says that there exists a countable union of proper
closed subvarieties F € X such that for any x € VG(X) ='¢ \ F and any proper birational morphism
wo : C — X, where C is a smooth irreducible curve with x € Im(wy), there exists a topologically trivial
family of normal cycles

U——>X
lp (2.3.2)
T

where T is irreducible, p is smooth (any fiber is smooth irreducible curve), u is dominant, for any t € T
the morphism uly, : U; = p~ (1) = X is a birational morphism, and there exists 7y € T, such that

M|U,0 : Uy, — X is the map wy.

Proof of Theorem 2.1. First let us make the following definition. For every element y € N'(X), the
Néron—Severi group, let

Sing(y) % {x € X | x € Sing(C) for every curve C € y with x € X}.

Note that Sing(y) is always a proper subvariety of X. Let VG(X) € X be the very general subset from
Remark 2.3; for every y € N'(X), fix a topologically trivial family of normal cycles u,, with fiber class y
(as in Remark 2.3), and set

Defect(u,) & X \ Im(u, ).

Since u, is dominant, Defect(u, ) is contained in a proper closed subvariety of X. Let

7% | ) sing(y) and 2% | J Defect(u,).
yeNI(X) yeNl(X)

We will apply Lemma 2.2 with

%défVG(X)\(yugu< U C))

C is a negative curve

Observe that by construction % is disjoint from all negative curves on X.

Let x,x’ € %, and (C, x) be an admissible flag. Then x ¢ Defect(u, ), hence u, has a fiber through x,
whose image is C, and the same applies to x’, let us call this curve C’. By construction C’ is irreducible.
Although C’ might itself be singular at x’, there will be a curve numerically equivalent to it which is
smooth at x’, as x’ ¢ Sing([C]) by the construction of U. O

2B. Null and negative loci versus Newton—Okounkov polygons. As mentioned above, the complements
of the null or the negative loci describe the set of points on X where D is positive locally. The following
theorem explains this philosophy in the language of Newton—Okounkov polygons.
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Theorem 2.4. Let X be a smooth projective surface, D be a big R-divisor on X and x € X be an arbitrary
point. Then:

(1) x ¢ Neg(D) if and only if there exists an admissible flag (C, x) such that the Newton—Okounkov
polygon Ac v (D) contains the origin (0, 0) € R2.

(i) x ¢ Null(D) if and only if there exists an admissible flag (C, x) and a positive real number ) > 0
such that Ay € A(c.x)(D).

Remark 2.5. It is immediate to see that D is nef if and only if Neg(D) = &, while D is ample if and only
if Null(D) = @. Thus the corresponding nefness and ampleness criteria of Theorem A follow immediately
from Theorem 2.4.

Remark 2.6. Theorem 2.4 implies that whenever (0, 0) € A(c x)(D) for some admissible flag (C, x),
then the same holds for all admissible flags centered at x. The analogous statement about points not
contained in Null(D) is true as well.

Example 2.7. We discuss an example of a Newton—Okounkov polygon that does not contain verti-
cal/horizontal edges emanating from the origin, but the origin is contained in it. Let X = Blp (%) be the
blow-up of the projective plane P? at the point P, H the pull-back of &p2(1), E the exceptional curve,
and x € E be a point. Furthermore, let 7 : X’ — X be the blow-up of X at a point x € E. Denote by E;
the exceptional divisor of 77, by E; the proper transform of E on X', and E3 the proper transform of the
line in P? passing through P with the tangent direction given by the point x € E.

It is not hard to see that (E%) = (E%) = —1and (E%) = —2. Notice in addition that E; intersects both
E, and Ej at different points transversally, while the pair E, and E3 does not intersect. The classes Eq,
E> and E3 generate the space N'(X)g. A quick computation gives 7 *(H) = 2E| + E» + E3. Thus

(7*(D) —tE| - Ey) =(2—t)E1 + Ex + E3 - Ey) = —t,

hence E, C Neg(n*(D) — Ep) forall 0 <t < 1.

Let {y} &f g 1 N E,. Comparing with [Lazarsfeld and Mustata 2009, Theorem 6.4], note that «(¢) > 0
for any 0 < ¢t <« 1 with respect to the flag (E|, y). Furthermore, by Proposition 3.1 and the above, one
sees easily that the Newton—Okounkov polygon A (g, yy(*(H)) does not contain either a horizontal or a
vertical edge starting at the origin, but contains the origin. This convex polygon is what we call in the
next section the infinitesimal Newton—Okounkov polygon of the divisor H on X at the point x.

It is interesting to note that X’ has three negative curves E, E, and E3, but the nef cone is minimally
generated by four classes: n*(H), n*(H)+ E3, n*(H)+ E1+ E3 and E| 4+ E3

Proof of Theorem 2.4. (1) By [Lazarsfeld and Mustatd 2009, Theorem 6.4] we obtain the following
sequence of equivalences:

0,0) € Ac.ty(D) & v=0 and a(0)=0
& C ¢ Neg(D) and  x ¢ Neg(D)
< x ¢ Neg(D),
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which is what we wanted.

(i) “=": Let us assume that x ¢ Null(D). Since Neg(D) C Null(D), this implies x ¢ Neg(D). By
Lemma 1.10 we can also assume without loss of generality that D = Pp, that is, D is big and nef. These
conditions yield that (D.C) > 0 for any irreducible curve C C X passing through x. In particular the
convex polygon A (D) contains the origin (0, 0) and the vertical segment {0} x [0, (D.C)] with
nonempty interior for any admissible flag (C, x).

By fixing an admissible flag (C, x), it remains then to show that the polygon A )(D) contains a
horizontal segment with nonempty interior starting at the origin. On the other hand, by the convexity of
Newton—Okounkov polygons, statement (i), and Remark 1.7, in order to prove the latter condition, it is
enough to show that there exists ¢ > 0, such that x ¢ Neg(D —¢C).

By [Bauer et al. 2004, Theorem 1.1], the divisor D has an open neighborhood % inside the big
cone, which intersects only finitely many Zariski chambers. Thus, there exist finitely many curves

F],...,FS,F;H,...,F; such that
i=s j=r
Neg(D —tC) C (U F,-) U ( U F}), whenever D —tC € %,
i=1 j=s+1

where I'; are the curves containing x and FJ’. are those which don’t contain this point. By the above
Vi def (D-T;) > 0 and thus y def min;g;<s ¥i > 0.
Observe that by possibly shrinking %, we can arrange that even its closure intersects only finitely

many Zariski chambers and remains inside the big cone. Let

> 1))

N
D—tC=P+ (Za;n +
i=1 j=s+1

be the Zariski decomposition of D —¢C. By [Kiironya et al. 2012, Proposition 2.1], the functions a/ and
bj. depend continuously on ¢ as long as D —tC € % . Also, a? = b}) =0 for all i and j, since D is nef.
Consider now the divisor

r N

D/¥D—tC— Y PIi=P+)» al;.
j=s+1 i=1

Notice that the right-hand side is the Zariski decomposition of D;. For every 1 <i < s one has

(D;-ri>=(D-ri>—r(C-ri)—( > b;F;>-ri>y—t(C-r,->— > b(T-T.

j=s+1 j=s+1

By taking ¢ sufficiently small and by the continuity of b; as a function of ¢, then (D; - I';) > 0 for all
1 <i <. On the other hand these negative curves are the only candidates for components of Neg(D)).
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Consequently, all the a!’s are zero, and

,
_ ISall
D—tC=P+ ) bI;
j=s+1
is the Zariski decomposition of D —¢C. Since the curves F; are exactly the ones not containing x, we
arrive at the desired conclusion x ¢ Neg(D — tC) for small ¢.

“&”: We consider first the case when D is a big and nef divisor, i.e., D = Pp and Np = 0. Suppose for a
contradiction that there exists a curve £ € Null(D) such that x € E. If C = E, then, by the description
of the Newton—Okounkov polygon of D, 8(0) =0, as (D.E) = 0. Thus,

Ac,x(D)N ({0} x R) = (0, 0).

Consequently, A ¢ x)(D) cannot contain a small standard simplex.
If C#E,then C-E > 0, as both C and E contain the point x. Therefor, (D —tC)-E <0 forany t <« 1,
This implies that £ € Supp(N,) and consequently that «(z) = ord, (V,;|¢) > O for t < 1. Therefore,

A, (D) N (R x{0}) = (0,0),

and again Ac (D) does not contain a standard simplex of any size. This leads to a contradiction to the
existence of the curve E.

The general case, when D is big, follows immediately from Lemma 1.10 and the observation that the
condition x ¢ Neg(D) is implied by the equivalence in statement (i). O

2C. Valuative points. By the definition given by Lazarsfeld and Mustatd, the Newton—Okounkov polygon
of a big Q-divisor D encodes how all the sections of all powers of D vanish along a fixed flag. Although
not observed in [Lazarsfeld and Mustatd 2009], the points that come from evaluating sections form a
dense subset in the Newton—Okounkov polygon (hence, a posteriori there is no need for forming the
convex hull in the construction).

Conversely, it is a very exciting problem to find out exactly which points in the plane are given by
valuations of sections, whether these points lie in the interior or the boundary of the Newton—Okounkov
polygon. To provide a partial answer, we start with the following definition:

Definition 2.8. Let D be a big Q (R)-divisor and (C, x) an admissible flag on X. We say that a point
t, y) e Ac.x(D)N Q2 (or (t,y) € Acc.xH(D)N R? in the case of real divisors) is a valuative point of
D with respect to the flag (C, x), if there exists an effective Q-divisor D’ ~q D (an effective R-divisor
D' = D) satisfying the property vc ) (D") = (¢, y).

Remark 2.9. The fact that certain rational points in a Newton—Okounkov polygon are valuative is
equivalent to the existence of sections with prescribed vanishing behavior along the given flag in a linear
series |m D| for m > 0.

Corollary 2.10. Let D be a big Q-divisor and (C, x) be an admissible flag on X. Then:
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(i) Any rational point in int(Ac x)(D)) is a valuative point.

(ii) Suppose A, 30 S Ac.x)(D) for some i, ' > 0. Then any rational point on the horizontal segment
[0, 1) x {0} and the vertical one {0} x [0, A') is a valuative point.

Remark 2.11. Observe that Corollary 2.10 remains valid if we take D to be a big R-divisor with the
appropriate notion of a valuative point (in this case a point « € Ay, (D) is valuative if there exists an
effective R-divisor D’ ~ m D for some m € N and vy, (D’) = «.

Remark 2.12. For the vertical segment {0} x [0, "), one can obtain the statement as a consequence
of [Ein et al. 2009, Theorem 2.13], as illustrated in Example 2.13 of the same paper, along with the
restriction theorem [Lazarsfeld and Mustatd 2009, Theorem 4.24] for Newton—Okounkov bodies. Here
we give a different proof for the surface case, relying only on ideas of a convex geometric nature arising
from the theory developed so far.

Remark 2.13. Let A be an ample (Q-divisor on X, C C X be a smooth rational curve, x € C, and set
d = (A-C). Then (0, d), the highest vertex of the polygon A x)(A) on the y-axis, is also a valuative
point. The argument follows from Serre vanishing and the rationality of C.

Since A is ample, H WX, 0x(mA—C))=0forall m >0 by Serre vanishing. Therefore, the restriction
maps H(X, 0x(mA)) — H°(C, 6¢c(md)) are all surjective. As C is a rational curve, there exists
5 € H(C, 0c(md)) such that mult, (5) = md. By the surjectivity of the restriction maps there exists a
section s € Ho(X, Ox(mA)) whose image is 5. In particular, vc x)(s) = (0, d).

The proof shows that in fact all rational points on the edge of A r)(A) with vertices at (0, 0) and
(0, d) are valuative points. In this sense Corollary 2.10 serves as a local restriction theorem, and Newton—
Okounkov polygons give us some elbow room to obtain local statements without having to rely on
vanishing theorems.

As explained in [Anderson et al. 2014, Proposition 14], if C is not rational, then there exist line bundles
L of degree d > 0 on C, so that no section s € H°(C, mL) has ord, (s) = md for any m > 0. Thus, the
rationality of C is crucial.

If we take A to be big (and C still rational), then the highest vertex of the polygon A c x)(D) on the
y-axis is a valuative point if we assume additionally that Null(D) N C = &. This can be deduced using
the ideas from the proof of Corollary 3.15.

Proof of Corollary 2.10. (i) The following remark will be used repeatedly throughout this proof: given
two valuative points A = (¢, y), B=(t', y') € A(c.x)(D), any rational point contained in the line segment
[AB], connecting the point A with B, is again a valuative point. This is due to the fact that v ) is a
valuation map.

Let (f9, yo) € int(A(c,x)(D)) be a point with rational coordinates. The idea is to show that there exist
valuative points on the vertical line ¢ = ¢y above and below (#y, yp). We verify the existence of a valuative
point lying above (ty, yo), the other case being completely analogous. Consider the interior of the shape
Acx)(D)N{(, y) |y = yo}, which is divided into two nonempty subsets by the line ¢ = 7. Since
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valuative points are dense in each subset, we can choose a point in each of them. The line segment
connecting these two points intersects the line ¢ = £y in a rational point that is above (#g, yg). Hence by
the above observations this point is also valuative.

(i1)) We check first the assertion on the horizontal line segment. Let § € [0, ) be a rational number.
By Remark 1.7, the polygon Ac ) (D — §C) contains a nonzero simplex. By Theorem 2.4 this latter
condition implies that x ¢ Null(D — 3C). Since B(D —3C) € Null(D — §C), then x ¢ B(D — 3C).
Thus, the origin (0, 0) € Ac.x)(D —8C) is a valuative point with respect to the divisor D — §C. Using
Remark 1.7, then the point (8, 0) € A(c x)(D) is also valuative with respect now to D.

It remains to show that all rational points on the open line segment {0} x (0, ") are valuative as well.
To this end, observe by Remark 1.7 that

Acx)(D+€C)ize = (6,0) + Ac x)(D) foranye > 0. (2.13.3)

So, if we show that volx (D + €C) > volx (D) for some rational € > 0, then there will exist a valuative
point in the area A x)(D +€C) N (0, €) x R. On the other hand this implies that the open line segment
{e} x (0, 1) is inside A(c x)(D+€C). By statement (i), any rational point on this line segment is valuative
for the Q-divisor D 4 €C. Applying (2.13.3) again along with Lazarsfeld and Mustata’s definition of
Newton—Okounkov polygons yields that the same can be said about all the rational points on the vertical
segment {0} x (0, 1) in the polygon A x)(D).

It remains to prove that volx (D + €C) > volx (D) for some 0 < € < 1. To this end, assume first that
D = P is big and nef. Since A )(D) contains a standard simplex, then by Theorem 2.4 we know that
C g_ Null(D). This latter condition implies that (D - C) > 0. Thus, D + €C is also nef for € < 1, and we
have the following inequality

2 2
(D+eC)? _ D?

volx(D +¢€C) = > >

= volx (D),

whenever € < 1, settling the claim for D big and nef. For the general case, let D = P + N and
D +€C = P. 4 N, be the respective Zariski decompositions of D and D + €C. By the previous step we
know that P + €C is nef for all 0 < € < 1, hence one can write D +€¢C = (P +€C) + N, and by the
minimality of the Zariski decomposition we see that N — N is effective. Consequently, P. — (P +¢€C) is
also effective. Using the statement in the big and nef case, proved just above, we deduce that

volx (D + €C) = volx(P.) = volx (P + €C) > volx (P) = volx (D)

for all 0 < € <« 1. This also proves the corollary in the big case. O

3. Moving Seshadri constants and infinitesimal Newton—Okounkov polygons

The goal that we pursue in this section is to study the relationship between the positivity properties of a
big divisor and the geometry of its Newton—Okounkov polygons that can be defined on the blow-up of a
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point. We show how moving Seshadri constants can be read off from these polygons, and study which of
their boundary points are valuative.

As before, we assume X to be a smooth projective surface, D a big Q@ (or R) divisor on X, and x € X
a point. We denote by 7 : X’ — X the blow-up of X at x with E the exceptional divisor. For any point
z € E, we call the polygon A g ;) (w*(D)) the infinitesimal Newton—Okounkov polygon of D attached to
the admissible flag (E, z). This concept originates in [Lazarsfeld and Mustatd 2009, Section 5] (note the
deviation from the terminology of [Lazarsfeld and Mustatd 2009]). The goal of this section is to explore
the relationship between the positivity properties of the divisor D and the geometry of the polygons
A5 (T*(D)).

3A. Infinitesimal Newton—Okounkov polygons. In this subsection, we study the basic properties of the
infinitesimal Newton—Okounkov polygons. For a big R-divisor D, write

W =u' (D, x)=pu@@*(D), E)X sup{t > 0| n*(D) — ¢ E is big}.

It follows from [Lazarsfeld and Mustatd 2009, Theorem 6.4] and the definition of u’ that A g ) (w*(D)) <
R, x [0, u'].

Furthermore, for all x € X, we associate to the divisor D the set of all infinitesimal Newton—Okounkov
polygons rooted at x:

H'(D, ) {ACR2 |3z € E, suchthat A= A (7" (D))}
Proposition 3.1. With notation as above, we have:

(i) The polygon A (™ (D)) is contained in A;,I(D v Jorany z € E;

(ii) there exist finitely many points zi, ..., 2k € E such that A ;) (7*(D)) is independent of z €
E\{z1, ..., zx}, with base the whole line segment [0, u'] x {0}.

Remark 3.2. The constant u/(D’; x) can be computed on X. If |V| is a linear series on X, define
mult, (|V ) < sup{mult, (F) | F € |V}
If D is a big Cartier divisor, set

— mult, (| pD
ity () DIl & tim sup 2 172D
m— 00

Then ' =mult, (|| D||), by simple properties of the multiplicity (cf. [Dumnicki et al. 2013, Proposition 3.2]).

The same holds whenever D is a big Q-divisor and by continuity (cf. [Ein et al. 2006, Theorem A]) the
statement extends to R-divisors.

Proof of Proposition 3.1. (i) Based on the second part of the proof of Lemma 1.10, it is not hard to see
that it suffices to show the statement when D is merely a big Cartier divisor. It was pointed out above that
A (@* (D)) SR x [0, 1/ (D, x)]. Thus, it remains to show that A g ;) (7*(D)) lies below the diagonal

y=t.
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By Zariski’s main theorem (see [Hartshorne 1977, Theorem III.11.4]) one has the isomorphisms
HY(X', Ox (m-7*(D))) ~ H' (X, 6x(mD)) forallm > 0.

Hence all the sections of 7*(D) can be seen as pull-backs of sections from X. Let D’ € [mD| for some
m > 0. In order to end the proof it is sufficient to check the inequality

mult, (D) = ordg (7* (D)) > ord, ((7*(D") — mult, (D" E)|E).

Here we use that the multiplicity of a tangent direction of a given curve at x cannot exceed the multiplicity
at this point. This can in fact be checked locally: Let {u, us} be a local system of parameters in a
neighborhood U C X of the point x. Then a section s € H 0(X, Ox(mD)) restricted to U can be written
in terms of the local coordinates u; and u; as

Sly = faur, u2) + fap1@ur, uz) +- -+ fap(ui, uz),

where each f; is a homogeneous polynomial of degree i with d = mult, (s). Since we are working over
the complex numbers and the polynomial f; is homogeneous, we can write it as follows

a(uy, up) = (uy —aqup)' - (ug —oup)? - -+ (ug —oguz)'™,
faCuy, uz) = (uy —oaqu)' - (uy —oaup)? - - (uy — ogup)'™

where i; €N, o; € C, and ij ij=d.
Now, let
Ty U vy =upva} SU x P! > U

be the blow-up of U at x. The form of the decomposition of f; implies that it is enough to do the
computations on the open subset U| = {v; =1} € U’. Then

)|y = ud - (faa, 1)+ uz fapr (02, D) 4+ b far(v2, D) L ud - Fua, v2).
The first term of the right-hand side yields ordg (7 *(s)) = d. The shape of the second one gives us

. f = ',f ~:1,...,l’
V2 (7 *(5)) = ordy1.4) (F (0, v2)) = ij if o =aj, for some
0 otherwise.

Since d > i for all 1 < j < k by construction, we are done.
(ii) Let
D/ ¥ 7*(D)—tE =P/ + N/

be the appropriate Zariski decomposition. Neither of the coefficient v’ of E in the negative part N and
w' (D, x) depend on the choice of z € E, hence A ;) (7*(D)) € [v/, u'] x R4 for any z € E.

For any & € [V/, i/] the length of the vertical slice Ag ;) (m*(D)),=¢ is independent of z € E, by
Remark 1.9. Thus, to finish up, it suffices to show that there exist finitely many points zy,...,zx € E
such that [v', u'] x {0} € A (w*(D)) forall z € E\{z1, ..., zk}.

This, however, is a consequence of [Kiironya et al. 2012, Proposition 2.1] which states that the function
t eV, w']— Njisincreasing, i.e., if v <#) < < p' then the divisor N/, — Ny is effective. In particular,
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the divisor N ;/ﬂ — N, is effective for any 7 € [v/, u']. Consequently, the function « is identically zero on
the whole interval [v/, u'] whenever x ¢ Supp(Nl’t,) N E, as stated. O

It now makes good sense to introduce the following definition:

Definition 3.3. With notation as above, for a big R-divisor D on X, we call the polygon A ) (*(D)),
where the point z € E is chosen to be general, the generic infinitesimal Newton—Okounkov polygon* of D
at x. We denote this polygon by A(D, x).

The set of polygons ¢’ (D, x) as we have seen above is finite. Furthermore, by [Lazarsfeld and
Mustatd 2009, Theorem A], we also know that all the polygons in this set have the same area equal to
volx (D). Whence it is natural to ask what other data remains invariant for all polygons in the finite set
(D, x), thus giving rise to natural invariants of D and the point x.

Proposition 3.4. The set of all t-coordinates of the vertices of the infinitesimal Newton—Okounkov polygon
A (g, (*(D)) does not depend on z.

Remark 3.5. As we shall see in Theorem 3.8 and Theorem 3.10 below, whenever x ¢ Null(D), then
the origin (0, 0), (€, €) and (e, 0) are all vertices of the polygon Ag ;) (w*(D)) for any z € E, where
€ =€(||D||, x) is the moving Seshadri constant.

Proof. The main idea for the proof is that the function «, defining the lower bound of the Newton—
Okounkov polygon, is increasing and concave-up and §, defining the upper bound, is concave-down.
So,letfy =V <t; <--- <tr_1 <tr =i be the sequence of the t-coordinates of all the vertices of the
generic infinitesimal Newton—Okounkov polygon A (D, x). By Proposition 3.1, these coordinates come
from the vertices sitting on the upper boundary defined by the function 8.

So, let A be another infinitesimal Newton—Okounkov polygon that is not equal to A(D, x). Suppose
there is an intermediate point ¢’ € (;, t;41), for some i = 1, ..., k, which is the z-coordinate of some
vertex on A. Assume first that this vertex is on the lower bound of this polygon. By Remark 1.9 we
know that for any ¢” € [V, u'] the length of the vertical segment A g ;) (7 *(D));~ does not depend on
z. Furthermore the upper bound of A(D, x) is a straight segment in a neighborhood of the line r = ¢'.
These two facts force the upper bound of A in a neighborhood of the vertex defining the coordinate ¢’
to be concave up. This leads to a contradiction since the upper bound is actually concave down. Also,
the vertex on A giving ¢’ cannot be either on the upper bound of this polygon. This is due to the fact
that the trapezoid in A(D, x) N[#, t;+1] X R is transformed into the shape A N[#;, f;+1] X R by an affine
transformation, thus inducing lines into lines.

The same reasoning implies that if ¢; is the #-coordinate of some vertex on A (D, x) then this coordinate
is also the 7-coordinate for some vertex of A. U

2In [Lazarsfeld and Mustatd 2009] this was originally named the infinitesimal Okounkov body.
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3B. Local constancy of generic infinitesimal Newton—Okounkov polygons. In the previous subsection
we have attached a generic infinitesimal Newton—Okounkov polygon A(D; x) to a big R-divisor D and a
point x € X. In light of Theorem 2.1 it is then natural to study how A(D; x) varies when the point x € X
moves around.

Theorem 3.6. Let D be a big R-divisor on a smooth projective surface X. Then there exists a subset
F'=,,en Foy € X consisting of a countable union of Zariski-closed proper subsets F,, C X such that
the polygon A(D, x) C R? is independent of x € X \ F'.

Remark 3.7. Suppose A is an ample Cartier divisor on X. Proposition 4.2 below says that the polygon
A(A, x), as explained in Theorem 3.6 does not depend on x for very general choices, is contained in an

area determined by the global Seshadri constant € (A) = sup{e(A, x) | x € X}.

Proof of Theorem 3.6. By an argument similar to the second part of proof of Lemma 1.10, we can assume
without loss of generality that D is a big Cartier divisor.

Denote by pi, p2 : X x X — X the respective projections onto the first and the second factors, let
Ax € X x X be the diagonal. Write 7 : Y def Bla, (X x X) — X x X for the blow-up along the diagonal
with exceptional divisor Ex C Y, and projection morphisms 77y, 7 : ¥ — X.

We will study the family 77y : ¥ — X, which has the property that for x € X the fiber 7~ '(x) =Bl (X)
is the blow-up of X at x. Let 2 = 7} (D) and notice that @lnl—l(x) =7 (D), where 1, = 7|1y xx)
Bl (X) — X. Consider the incomplete flag

Yo=Y2 VYV =Ex2Y>,

where Y, is defined as follows: because the diagonal in X x X is smooth, Ey is a projective bundle
over Ax; now let Y, be an arbitrary section of Ex — Ax. It is worth noting here that Ex as a projective
bundle might not have sections, but one can take an open subset U € Ax and work throughout on the
family Bla, (U x U) — U. We will explain the picture in the global case, when we assume that Y5 is a

section of 71, as the local case follows by the same ideas. Denote by E def

ExNm~ ! (x), the exceptional
divisor of the map 7, and by z, = Y>, N rrl’l(x) ekE,.

Thus the goal is to understand the family of Newton—Okounkov polygons A g, . (i (D)) for x € X.
Applying [Lazarsfeld and Mustatd 2009, Theorem 5.1] to the flat family m; : ¥ — X, one deduces
that there exists a countable family F' = U,,enF,, € X, where each F,, € X is a proper Zariski closed

subvariety, satisfying the property that

A(E, .. (T (D)) C R? is independent of x for x € X \ F’.

x>3x

Let [v/, u'] be the support on the 7-axis of the polygon A def A, . )(@i(D)) forx € X\ F'. If
[V, '] x {0} € A, then, by Proposition 3.1, the set A(g, . )(7 (D)) is the generic infinitesimal Newton—
Okounkov polygon of D at x for any x € X \ F’.

Otherwise, by Proposition 3.4, we know that the #-coordinates of the vertices of A are the 7-coordinates
of the generic infinitesimal Newton—Okounkov polygon A(D, x) for any x € X \ F’.
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Furthermore, by Remark 1.9 for any ¢ € [V/, u'] the length of the vertical segment A N {r} x R is
equal to the length of the vertical segment A(D, x) for any x € X \ F’. The two latter facts imply that
A(D, x) € R? is independent of x € X \ F’, which concludes the proof. U

3C. Infinitesimal Newton—-Okounkov polygons and base loci. In this subsection, we are trying to ex-
plore how certain ideas of Nakamaye [2003], connecting augmented base loci and blow-ups can be seen
in the language of infinitesimal Newton—Okounkov polygons.

Returning to Example 2.7, we remark that the infinitesimal Newton—Okounkov polygon considered
there does not contain a triangle of the form the Agl for any £ > 0. Notice also that the base point was
taken to be contained in the null locus. These observations lead to our first goal, namely, to find conditions
under which all infinitesimal Newton—Okounkov polygons contain a triangle Agl for some & > 0. We
shall see below that this information suffices to describe the complement of the null locus.

Furthermore, we discuss here how the points of the negative locus can be read from infinitesimal data.
This kind of connection has not been looked at before and completes the picture that started in [Nakamaye
2003] in a clean way, at least in the case of surfaces.

Theorem 3.8. Let D be a big R-divisor on a smooth projective surface X. Then:
(1) x ¢ Neg(D) if and only if (0,0) € A ;) (w* (D)) for any z € E.
(2) x ¢ Null(D) if and only if there exists & > O such that Agl C A, (" (D)) forany z € E.

(3) With notation as above, the function
E>z> &(r(D); z)

is constant. We denote then &(n*(D); z) by £(D; x). In particular, it suffices to check the conditions
above for just one point z € E.

Proof. (1) Based on the ideas from the second part of the proof of Lemma 1.10, it is not hard to see that
it suffices to check the statement in the case when D is a big (QQ-divisor.

Assume first that x ¢ Neg(D), and let D = Pp + Np be the corresponding Zariski decomposition.
Then by Remark 1.3 implies that 7*(D) = n*(Pp) + 7*(Np) is the Zariski decomposition of 7*D. In
particular, Neg(7*(D)) N E = &, and Theorem 2.4 yields (0, 0) € Ag ;) (7*(D)).

For the reverse implication suppose on the contrary that x € Neg(D). By scaling we can assume
that D, Pp, and Np are all integral. Let x € C C X be an irreducible curve appearing in Np with a strictly
positive coefficient a > 0. By [Lazarsfeld 2004, Proposition 2.3.21] we know that for any natural number
m > 0 and any effective divisor D’ € |m D| there exists another effective divisor P’ € |m Pp| for which
D’ = P’ + Np. Therefore, multc(D’) > m - a.

On the other hand, as the polygon A g ) (*(D)) is the closure of all normalized valuation vectors of
the effective divisors 7*(D’), for any D’ € [mD| and any m > 0, we obtain by the above that

Vi (r*(D") = multg (7*(D")) > ma - mult, (C).
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Consequently, by the definition of the Newton-Okounkov polygons we obtain that (0, 0) ¢ A (g ) (7*(D)),

contradicting our initial assumption.

(2) We start with the direct implication. Since x ¢ Null(D), Theorem 2.4 implies that the polygon
A(c,x)(D) contains a small standard simplex for any flag (C, x).

Let C1, C, C X be two irreducible curves intersecting transversally at x (in particular x is a smooth
point of both). Then there exists A > 0, such that A, is contained both in A(c, (D) and A(c, x)(D).
Now, for any given real number 0 < £ < A, the point (€, 0) is a valuative point of D with respect to both
flags (Cy, x) and (C3, x) according to Corollary 2.10, as pointed out in Remark 2.11. In particular, there
exist effective R-divisors D; and D;, both numerically equivalent to D, such that D; =&£C; + D; , Where
x ¢ Supp(le), for any i = 1, 2. Since each C; is smooth at x, we have 7*(C;) = C; + E, where C; is
the proper transform of C;. Set y; = C;NE;as C; and C, intersect transversally at x, one has z| # z5.
Note also that each 7*(D;) contributes to the Newton—Okounkov polygon A g ) (*(D)). Therefore,

Remark 1.8 yields that
(,0) ifz#z,
(£.6) ifz=z

for any i =1, 2. Since z| # z», we obtain that Agl C A (@*(D)) forany z € E.

V(E,y) (T (D)) = {

For the reverse implication, assume that there exists £ > 0 with
A" S Ao (r* (D)) foranyz € E.

By Remark 1.7, the infinitesimal polygon A g ) (7*(D) — tE) contains a small simplex for any real
number 0 < ¢ < & and any z € E. As a consequence, Theorem 2.4 gives that

Null(z*(D) —tE)NE =& (3.8.4)

for any rational 0 < ¢ < 1.

We intend to reduce the problem to the case when D = Pp is big and nef. As (0, 0) € A(g ) (7*(D)),
then x ¢ Neg(D). Thus, by Remark 1.3, we know that 7*(D) = n*(Pp) + n*(Np) is the Zariski
decomposition of 7 *(D). This in turn implies that Supp(7*(Np)) N E = &. Now, by Lemma 1.10, this
yields that

A, (T (D)) = A ) (T*(Pp))

for any z € E, which allows us to reduce the problem to the big and nef case.

Assume now that D = Pp is big and nef; aiming at a contradiction suppose that there exists an irreducible
curve C C Null(D) containing x. This implies that (D -C) = 0. If we denote by (,_’défzt*(C) —mult, (C)E
the proper transform of C, then for all 0 < ¢ <« 1 one has

((x*(D)—tE)-C)=(D-C)—t-mult,(C) <0.

The algorithm for finding Zariski decompositions then yields C C Neg(w*(D) — tE), hence C C
Null(w*(D) — tE). Since C N E # @, this contradicts (3.8.4), and we are done.
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(3) To begin with, the length of the vertical segment A g ;) (7*(D));=¢ is independent of z € E for any
& € [0, u'], by Remark 1.9. Furthermore,

AT (D))= S (£} x [0, £],

by Proposition 3.1. Hence whenever {£} x [0, £] € A ;) (wr*(D)) for some z € E, the same holds for
all points of E. Since x ¢ Neg(D), we have (0,0) € A ;) (w*(D)) for any z € E, via part (1) of the
theorem. Therefore Agl C A(g,z)(r*(D)) for all z € E, assuming that the same property is known for
just one point in E. Thus &(7*(D), z) does not depend on z. [l

An interesting consequence of the above statement is the following criterion for a point not to be in the
null locus of a big real divisor.

Corollary 3.9. In the setting of Theorem 3.8, one has x ¢ Null(D) if and only if there exist irreducible
curves Cy, Cy C X that intersect transversally at x, and a positive number ). > 0 such that the horizontal
segment [0, 1] x {0} is contained both in Ac, x (D) and A, x)(D).

Proof. Choose a positive real number A" € (0, A). Each A, x)(D — A’'C;) contains a small simplex, by
Remark 1.7. By Corollary 2.10 the origin (0, 0) is a valuative point in each of these polygons. Applying
Remark 1.7 again, we see that the point (1’, 0) is a valuative point in each A (¢, »)(D). Using this fact
and the last part of the proof of the direct implication of Theorem 3.8, one deduces that the polygon
A(g,z)(r*(D)) contains the triangle A;,l for any z € E. By Theorem 3.8, this implies that z ¢ Null(D).

The reverse implication is an easy consequence of Theorem 2.4. 0

3D. Moving Seshadri constants. It has been long known (and has been illustrated in the previous section
in connection with Newton—Okounkov polygons) that many important positivity aspects can be observed
infinitesimally. The philosophy dates back at least to Demailly’s work [1992], where he introduces
Seshadri constants in order to capture the local positivity of a divisor.

These ideas were further developed in [Nakamaye 2003], which introduced moving Seshadri constants,
and then generalized to a large extent in [Ein et al. 2009]. In fact, one of the highlights of [Ein et al. 2009]
is the description of the connection between augmented base loci and moving Seshadri constants.

The goal of the current subsection is to find a similar relation between infinitesimal Newton—Okounkov
polygons and moving Seshadri constants.

Let D be a big and nef Q-divisor on a smooth projective surface X, x € X a closed point. The Seshadri
constant of D at x is defined to be the nonnegative real number

(D.C) }

e(D; x) ef in _
xeCcx | mult, (C)

where the infimum is taken over all reduced irreducible curves C C X passing through x. If 7 : X' — X
denotes the blow-up of X at x, then

e€(D; x) =max{e > 0| 7*(D) — €E is nef}.
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For basic properties of Seshadri constants and further references the reader is invited to consult [Lazarsfeld
2004, Section 5.1].

Moving Seshadri constants were initially introduced by Nakamaye [2003] with the purpose of encoding
local positivity of the Q-divisor D, when it is merely big. For nef divisors moving Seshadri constants
agree with Seshadri constants as defined above. If x ¢ Null(D), then the moving Seshadri constant of D
at x is defined to be

€(IDI;0) € sup (A, 7)),
f*(D)=A+E

where the supremum is taken over all birational morphisms f : X” — X with X” smooth which are
isomorphisms over a neighborhood of x, and all decompositions f*(D) = A + E, with A an ample
Q-divisor, E effective. If x € Null(D), then we put €(|| D||, x) = 0. This construction works well when
D is a real divisor and by Theorem 6.2 from [Ein et al. 2009], the function (]| - ||; x) : N'(X)r — Ry is
continuous.

Suppose that D is a big R-divisor on X and that x ¢ Neg(D). By Theorem 3.8 one can introduce the
following invariant for points z € E:

£ (D): ) supls > 0| A S Aoy (T*(D))).

The main goal of this subsection is to prove the following theorem connecting moving Seshadri constants
to infinitesimal Newton—Okounkov polygons.

Theorem 3.10. Let D be a big R-divisor on X. If x ¢ Neg(D), then
e(IDl; x) =&(x*(D); 2)
for any closed point 7 € E =~ (x).

Remark 3.11. Via Theorem 3.10 and Theorem 3.8, we have a very good (convex-geometric) explanation
for why e(]|D||; x) = 0 for a divisor D when

x € Null(D) \ Neg(D).

Thus, one can redefine the moving Seshadri constant for a big R-divisor D as follows

E(r*(D),z) if x ¢ Null(D)\Neg(D) and any z € E,

e(ID|; x) .
0 if x € Neg(D).

where we have set the Seshadri constant to be zero, whenever the point x € Neg(D). This was done in
order to have the moving Seshadri function € (||-; x||) : N!(X)r — Ry to be continuous as in Theorem 6.2
from [Ein et al. 2009].

It is also important to point out that Theorem 3.10 explains how this constant can be computed directly
on the blow-up of X at x instead of taking into account all the blow-ups as we have seen in the original
definition of moving Seshadri constant.
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Remark 3.12. Our proof of Theorem 3.10 is self-contained in the sense that it does not make use of
nontrivial material beside the content of this article. Admittedly, it could be streamlined by relying on the
fact that moving Seshadri constants describe the asymptotic rate of growth of jet separation at x, but this
requires the introduction of restricted volumes, and as such goes against our intentions.

First we move on to give a proof of Theorem 3.10 in the big and nef case.
Proposition 3.13. Let P be a big and nef R-divisor on X. Then € (P, x) = &(P; x) for any x € X.

Proof. We verify first that €(D; x) < §(D; x). By the definition of Seshadri constants it is enough to
show that if 7*(P) —tE is nef for all 0 <7 < ¢, then € < £(w*(P); z) for some z € E.
Recall from Section 2A that

Ao (T (P) ={(t,2) e RY |v <1< p,a(t) <z < B},

where «(t) = ord;(NV;|g), B(t) = a(t) + P, - E, and 7*(P) —tE = P, 4+ N; is the appropriate Zariski
decomposition. Note that 7*(P) — ¢ E is nef, and thus N; = 0 for all 0 < ¢ < €. In particular, a(1) =0
and B(t) =t. Hence A;l C A(g,z)(r*(P)) and consequently, € < &(*(P); x).

For the reverse inequality, we show that if £ < £(P; x) then 7*(P) —tE is nef forall 0 <7 < &. By
Remark 1.7, then (0, 0) € A ;) (m*(D) —tE) for any ¢ € [0, £] and all z € E. Thus, Theorem 2.4 yields

Neg(n*(P) —tE)NE =@ forallte€[0,&]. (3.13.5)

We prove that this condition forces 7*(P) —tE to be nef. Let 7*(P) —tE = P, + ) a; E} be its Zariski
decomposition. Since P is nef, (3.13.5) implies that (x*(P) —tE) - El’ > 0 for all i. On the other hand,
by the construction of Zariski decomposition we must have (7*(P) —tE)- E f < 0 for some i. Thus, each
a; =0 and 7*(P) — t E is big and nef for each ¢ € [0, £]. This ends the proof. O

Proof of Theorem 3.10. By Proposition 3.13, it suffices to show that
E(D;x)= sup  {&(A, f_l(x))}, whenever x ¢ Neg(D),
f*(D)=A+E

where the supremum is taken over all birational morphisms f : X” — X with X” smooth that are
isomorphisms over a neighborhood of x, and all decompositions f*(D) = A + E, with A an ample
R-divisor, E effective, and x ¢ Supp(E).
For a given such map f it is not hard to see that £(D, x) = &(f*(D), f'(x)) asa consequence of a
stronger statement saying that 2" (D, x) = .#"(f*(D), f~'(x)), proved in Lemma 3.14 below.
Granting this, it only remains to show that if D is a big R-divisor on X, then

ED,x)= sup{g(A, x)| D=A+E, Aample, E effective and x ¢ Supp(E)}. (3.13.6)

To this end, let D = A 4+ E be a decomposition as in (3.13.6), and let 7 : X’ — X the blow-up of X at
the point x. Since x ¢ Supp(E), it follows quickly that

A5 (T (A) € Ao (77 (D))
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for any point z € E: namely, if D’ = A is an effective R-divisor, then D' 4+ E = D is also R-effective.
Furthermore, since x ¢ Supp(E), one has

Ve (T (D' + E)) = v (" (D), forallzekE.

Using the definition of Lazarsfeld and Mustatd for Newton—Okounkov polygons of R-divisors, one obtains
the inclusion of the polygons above. This proves the inequality “>" in (3.13.6).

For the inequality “<” in (3.13.6), let D = Pp + Np be the corresponding Zariski decomposition.
Since x ¢ Supp(Np), then, by Remark 1.3, we know that 7*(D) = n*(Pp) + 7*(Np) is the Zariski
decomposition of 77*(D). This condition also implies that Supp(7*(Np))N E = &. Thus, by Lemma 1.10,
we have

A (" (D)) = A, (w*(Pp)) forany z € E.

This reduces our problem to case when D = P is big and nef. However, by Lemma 1.1 there exists
an effective divisor E, such that P — %E is ample R-divisor for any natural £ >> 0. Using this and the
continuity property of the Newton—Okounkov polygons inside the big cone, the direct inequality takes
places when D = P is big and nef, which finishes the proof of the theorem. O

Lemma 3.14. With notation as above,
H'(D,x)=H"(f*(D), £~ (x)).

Proof. Applying the ideas from the last part of the proof of Lemma 1.10, i.e., Lemma 8 from [Anderson
et al. 2014], where the classes A, forming the limit are big and semiample, it is enough to show the
statement in the case when D is a big (QQ-divisor.

Now, by Zariski’s main theorem pulling back sections defines the isomorphisms

H(X, 0x(mD)) ~ H* (X", Ox(mf*(D)))

for all m > 0. As f is an isomorphism over a neighborhood of x, the computations of the infinitesimal
Newton—Okounkov polygons on both sides of f can be done on two isomorphic neighborhoods containing
the corresponding exceptional divisors. Thus, the two sets of polygons are equal. (]

3E. Applications to questions about Seshadri constants. In this subsection we discuss some interesting
applications to questions about Seshadri constants using the material above. We start with an observation
regarding valuative points on the boundary of infinitesimal Newton—Okounkov polygons.

Corollary 3.15. Let D be a big Q-divisor on X. Fix a point x ¢ Null(D) and suppose that
A S Agp (T (D))

for some & > 0 and zo € E. Then any rational point on the diagonal segment {(t,t) |0 <t <&} and on
the horizontal segment [0, &) x {0} is valuative.
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Remark 3.16. It is somewhat surprising that the rational points on the diagonal segment are valuative.
As it was pointed out in Remark 2.13, the reason is that the curve E is rational.

Proof. The statement for the horizontal line segment (0, £) x {0} can be obtained analogously as in the
first part of the proof of Corollary 2.10. Furthermore, since x ¢ Null(D), we have x ¢ B(D) (where the
latter is the asymptotic base locus associated to the divisor D). This implies that the origin (0, 0) is a
valuative point.

For the points on the diagonal, let ¢ € [0, §) be a rational number. Our goal is to prove that (¢, t) is
a valuative point. By Remark 1.7, it is enough to show that (0, t) € A(g ;) (7*(D) —tE) is a valuative
point for the divisor 7*(D) —t E.

By Theorem 3.10, we know that Agl C A, (@*(D)) for all z € E. Thus, A ;(m*(D) —tE)
contains a small simplex for any z € E, if we make use of Remark 1.7. This implies via Theorem 2.4 that

Null(z*(D) —tE)NE = @. (3.16.7)

In what follows we reduce the statement to the case of ample divisors. Let 7*(D) —tE = P; + N; be the
appropriate Zariski decomposition, and assume that all the divisors involved are integral. By (3.16.7), we
know that zg ¢ Supp(N;). Thus, by Lemma 1.10,

A(E 2) (T (D) —tE) = A(E.z0) (Pr).
Recall that [Lazarsfeld 2004, Proposition 2.3.21] shows that the inclusion map
HO(X',sOx/(mP)) — H°(X', Ox (m(x*(D) — tE))),

defined by the multiplication by the divisor m V;, is an isomorphism. Hence, we reduced the problem to
the case when 7*(D) — t E = P, is big and nef and the point of interest is (0, 1) = (0, (P;.E)).

By Remark 1.3, there exist irreducible curves C; € Null(P,) and rational numbers ¢; >0fori =1, ..., k,
such that A, def P, — Zij €;C; is an ample Q-divisor. By (3.16.7), we have that C; N E = & for all
i =1,..., k. Thus the point (0, t) = (0, (A;.E)) belongs to A ;,)(A;), and it suffices to treat the case
of ample Q-divisors. However, this situation has already been discussed in Remark 2.13, which finishes
the proof. g

As a consequence, we obtain criteria for finding lower bounds for Seshadri constants.

Corollary 3.17. Let X be a smooth surface, x € X a point, A an ample Q-divisor on X and q > 0 a
rational number. Then the following conditions are equivalent:

(1) The Seshadri constant €(A, x) is > q.

(2) There exists a point z € E such that A(g ;)(w*(A)) contains both the points (q, 0) and (q, q).
(3) Forallz € E, (q,0) € A (" (A)).

(4) Forallz € E, (q,q) € Ag,;)(T*(A)).

(5) There exists z1 # z2 € E such that the point (q, q) € A ;) (T*(A)) foranyi =1, 2.
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Remark 3.18. As g € Q, Corollary 3.15 implies that the conditions in the statement can be translated to
ones about linear series on X itself. For example, the point (g, 0) lies in A ;) (7 *(A)), provided there
exists an effective Q-divisor D’ ~g A for which mult, (D’) > ¢ and the tangent direction of each branch
of D’ is distinct from the one defined by z € E.

Similarly, the point (¢, ¢) € A,;)(m*(A)) whenever there exists an effective Q-divisor D" ~g A
such that mult, (D”) > ¢ and the tangent direction of each branch of D” is the same as the one defined
by the point z.

Proof. For starters, we observe that (1) implies conditions (2)-(5) via Theorem 3.10. Therefore we are
left with proving the reverse implications.

First, (2) implies (1) follows again from Theorem 3.10 and the fact that (0, 0) € A ;) (m*(A)), as A
is ample. Notice that (4) implies (5) is immediate, and (3) implies (1) follows word by word from the
second part of the proof of Proposition 3.13.

We are left to prove (5) = (1). Fix ¢t € (0, ¢) and the goal is to show that 7*(A) — tFE is nef. Let
7*(A) —tE = P + N be the corresponding Zariski decomposition. Since both points (0, 0) and (g, q)
are contained in A g ;) (m*(A)) for any i = 1, 2, by convexity the point (¢, t) is also contained in these
polygons. By the formula for Newton—Okounkov polygons from Section 2A, this implies that

ord;, (N|g)+ (P.E)=t foranyi=1,2.
On the other hand, (7*(A) —tE).E = (P + N).E =t. In particular,
(N-E)=ord;,(N|g) =ord,(N|E).

By the same token as in Remark 1.8, the first equality implies that the effective divisors N and E intersect
only at 71, while the second one implies that they intersect only at z,. Since z; 7# z2, necessarily N =0,
i.e., m*(A) — t E is nef. O

4. Applications

We present some applications to questions regarding Seshadri constants seen through the lenses of the
theory of Newton—Okounkov polygons developed in the previous sections.

First, we give a new proof of a lower bound for very generic points by Ein and Lazarsfeld that relied
originally on deformation theory; our argumentation is based on earlier work of Nakamaye. Second,
based on Theorem 2.4, we introduce a new invariant that encodes the size of the largest simplex that can
be included in some Newton—Okounkov polygon of a given divisor by varying the curve flag. We connect
this invariant to the Seshadri constant. Lastly, using Diophantine approximation, we show that whenever
the surface has a rational polyhedral nef cone, the global Seshadri constant at any point is strictly positive.

4A. Generic infinitesimal Newton—Okounkov polygon. Let A be an ample Cartier divisor on a smooth
projective surface X. Ein and Lazarsfeld proved [1993] that € (A, x) > 1 for very general point x € X.
Later, Cascini and Nakamaye [2014], gave a different proof avoiding deformation theory based on ideas
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developed previously by Nakamaye [2005]. Here we translate the line of thought of Cascini and Nakamaye
to the language of infinitesimal Newton—Okounkov polygons.

The main extra ingredient is the following observation of Nakamaye (see [Nakamaye 2005, Lemma 1.3]).
As he points out, the result is an easy consequence of a statement about the smoothing divisors in families
as seen in [Lazarsfeld 2004, Proposition 5.2.13]. This claim initially appears in [Nakamaye 2005], and
it is used both in [Nakamaye 2005] and [Cascini and Nakamaye 2014] to establish lower bounds on
Seshadri constants in higher dimensions.

Lemma 4.1. Let x € X be a very general point and D be an effective integral divisor on X. Suppose
W C X is an irreducible curve passing through x. Let W be the proper transform of W through the
blow-up w : X' — X of the point x. Also, define

a(W) = ;n&{W C Null(z*(D) — BE)).

Then multy, (|7*(D) — BE|) = B — a(W) for all B > a(W).

Lemma 4.1 forces the generic infinitesimal Newton—Okounkov polygon of very generic points to land
in a certain area of the plane containing it, depending on the Seshadri constant.

Proposition 4.2. Let A be an ample Cartier divisor on X and let x € X be a very general point. Then the
following mutually exclusive cases can occur:

(1) W(A,x) =€(A, x): then A(A, x)=AZl, .
(2) W(A, x)>€(A, x): then there exists an irreducible curve C C X with (A-C) = p and mult, (C) =g
such that €(A, x) = p/q. Under these circumstances,
(a) whenever g =2, A(A, x) € Aopp, where O =(0,0), D= (p/q, p/q) and B=(p/(g — 1), 0);
(b) whenever g = 1, the polygon A(A, x) is contained in the area below the line y =t and between
the horizontal lines y =0 and y = €(A, x).

Corollary 4.3. Let A be an ample line bundle on a smooth projective surface. Then €(A, x) > 1 for very
generic points x € X.

Proof. By the definition of Seshadri constants and Proposition 4.2, it suffices to consider the case (2a).
Thus, we know that A(A; x) € Aoppp, and as a consequence

]72

2g(q—1)

In particular, €(A, x) > v/ (AH(1 — 1/q). Hence, if we assume €(A, x) < 1, then by the rationality of
€(A; x), we also have €(A, x) < (¢ — 1)/q. Using the inequality between the areas, we arrive at (A%) < 1,

area(A(A; x)) = A

2
> <area(ODB) =

which stands in contradiction with the assumption that A is an ample Cartier divisor. 0

Proof of Proposition 4.2. If €(A, x) = 1/(A, x), then automatically A = A;,l( Ax) Therefore we can
assume without loss of generality that u'(A, x) > €(A, x). In particular, there exists a curve C C X with
(A-C) = p and mult, (C) =¢g such that e(A, x) = p/q.
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Let C be the proper transform of C on X’. The idea of the proof is to calculate the length of the vertical
segment in the polygon A(A, x) att =g for any 7y > €(A, x):

length(A(A) ;=) = (P, - E) =19 — (Nyy - E),

where 7*(A) —tyE = P, + N,, is the corresponding Zariski decomposition. By Lemma 4.1, one can
write Ny, = (fp — €(A, x))C + Ny, where N; remains effective. This implies the following inequality

length(A(A),—,) =1to — ((th — (A, x))C+ N, - E) <1y — (1o — €(A, x))q. (4.3.8)

By Proposition 3.1, the vertical line segment A(A; x),—;, starts on the ¢-axis at the point (7, 0) for any
to = 0. Therefore, by (4.3.8), the polygon sits below the line

y=to—(lo—€(A, x))g =1 —q)io+€(A, x)q.

When g = 1, this line is the horizontal line y = €(A, x) and when g > 2, it is the line passing through the
points D = (p/q, p/q) and B = (p/(q — 1), 0). O

We conclude this subsection with a lower bound on Seshadri constants of quintic surfaces. While the
bound might be known to experts, we include it here since it is an illustration of the use of infinitesimal
Newton—Okounkov bodies.

Example 4.4. Inspired by the work of Nakamaye, we show that for any smooth quintic surface X < P3,
if A is the line bundle defining the embedding, then we have €(A; x) > 2 for a very generic point x € X.

The main ingredient is Proposition 4.2; suppose that €(A; x) < 2. Then there exists an irreducible
curve C C X containing the point x such that mult,(C) =¢q, (A-C) = p and €(A; x) = p/q.

If g =1, then p =1 as well, and this implies that through a very general point of X there passes a line.
This forces X to be uniruled, which is not the case for quintic surfaces.

Thus we can assume g > 2. Then the generic infinitesimal Newton—Okounkov polygon A(A, x)
is contained in the triangle Agpp, where O = (0,0), D = (p/q, p/q), and B = (p/(g — 1), 0) by
Proposition 4.2. As a consequence we have the following inequality

area(Appp) = P._P_ > area(A(A, x)) =5.
q q—1
If g > 5, then this yields p > 2¢, which contradicts our initial assumption that € (A; x) < 2. On the other
hand, if 2 < g < 4, then we find that the list of remaining choices to tackle is

p_ 23434557

g_z’ga19§7§7552715
since p < 2q. However, none of these pairs satisfy the area inequality above, hence we are done.
The same line of thought implies that whenever Pic(X) = ZA, then €(A; x) = 2 for a very generic
point x € X if and only if there is a curve C € |2A| with the property that mult, (C) =5.
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4B. The largest simplex constant. It was established in Section 3 that all Newton—Okounkov polygons
of ample line bundles contain a standard simplex of some size that depends on the choice of the flag.
If the curve in the flag is chosen to be very positive, the sizes of these standard simplices can become
arbitrarily small. Thus, the exciting question to ask is how large they can become.

Definition 4.5 (largest simplex constant). Let A be an ample (-divisor on X and let (C, x) be an
admissible flag. We define

AMA; C,x) Y sup(A > 0] Ay C A (A)).
The largest simplex constant of A at the point x is defined to be
MA; x) def sup{A(A; C, x) | C C X is an irreducible curve that is smooth at x}.

Remark 4.6. Not unexpectedly, one can define the largest simplex constant for big divisors in general,
assuming that the point x is not contained in the null locus of the divisor. All formal properties of A(A; x)
go through almost verbatim, hence the details are left to the (interested) reader.

The goal of this subsection is to relate the largest simplex constant to Seshadri constants.
Proposition 4.7. With the notation as above, €(A; x) > A(A; x).

Remark 4.8. Proposition 4.7 implies that there is no uniform lower bound on the largest simplex constant
holding at every point of every surface. This follows from the nonexistence of the analogous bound for
Seshadri constants as seen in Miranda’s example in [Lazarsfeld 2004, Example 5.2.1].

Remark 4.9. It is a natural question after Proposition 4.7 whether there are examples with L(A; x) #
€(A; x). One such example is Mumford’s fake projective plane (for the actual construction see [Mumford
1979)).

The surface X is of general type with ample canonical class Ky, (K)zf) =9, and geometric genus
Dg = H°(X, 0x(Kx)) = 0. Since Pic(X) = ZH, these conditions imply that H%(X, 6x(H)) = 0. This
means that whenever (C, x) is an admissible flag, we have C € |dH | with d > 2, hence clearly A(H, x) < %
for any x € X. On the other hand, we know by Corollary 4.3 that e(H, x) > 1 when x € X is a very
general point.

Proof of Proposition 4.7. Theorem 2.4 yields that A &3 (A; C; x) > 0 for any admissible flag (C, x). By
fixing the flag (C, x), it is enough to show that €(A, x) > A.

By Corollary 3.15 there exist sequences of real numbers € and €/ with both > — €U and A — € rational,
and sequences of effective Q-divisors (DY) and (D") with DY, D =,y D for any n € N such that

e (D) =(0,1—€) and ven(Dp) = (L —€p,0).

n

This yields C ¢ Supp(D}) for any n € N, and by Remark 1.8, we obtain that

_ DO (4.9.9)

(D-C)—m/ 7
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where we took into account that C is smooth at x. By looking at the valuation vector of D!, we can
write DZ =(A—- eﬁ)C + N,,, where N, is effective and mult, (N,)) = 0. Thus, for any irreducible curve
F # C passing through x, we have that F ¢ Supp(Dﬁ). As a consequence we get the following string of
inequalities

(D-F) _ (D" F) S A—ehc-F) S 4.9.10)
mult, (F)  mult,(F) mult, (F)
where the last inequality follows from the fact that (C - F) > mult, (F) - mult, (C) whenever F # C.
Observing the definition of Seshadri constants, and taking the limit in both equations (4.9.9) and (4.9.10),
we arrive at €(D; x) > A, as required. Il

4C. Diophantine approximation. Here we show via Diophantine approximation that the largest simplex
constant of a surface is strictly positive whenever it has a rational polyhedral nef cone. It is important to
note that the semigroup of ample line bundles of X is not necessarily finitely generated even if the nef
cone is rational polyhedral: the lattice semigroup N* N R2>0 is one such example. Furthermore, the line
bundles sitting on the boundary of the nef cone might not even have sections asymptotically as seen in
examples provided in [Ottem 2015].

It was Nadel who first stressed the relevance of Diophantine approximation to local positivity issues
(see [Ein et al. 1995]). This train of thought was further explored by Nakamaye. Very recently a deep
connection between Diophantine approximation and Seshadri constants was established by McKinnon
and Roth [2015].

Theorem 4.10. Let X be an irreducible projective variety with a rational polyhedral nef cone. Then there
exists a natural number m > 0 such that the linear series |mA| is base-point free for any ample Cartier

divisor A on X.

Remark 4.11. Theorem C follows easily as a consequence of Theorem 4.10 and Proposition 4.7. Further-
more, the above theorem implies that whenever X is a smooth projective variety with a rational polyhedral
nef cone, then there exists a strictly positive constant € (X) > O such that €(A; x) > €(X) forany x € X
and any ample Cartier divisor A on X. This is due to the fact that whenever B is an ample and base-point
free divisor, then €(B; x) > 1 for any x € X.

We will need the following statement during the proof.

Lemma 4.12 [Fujita 1983, Corollary 3]. Let X be an irreducible projective variety. Then there exists a
Cartier divisor B such that the divisor B + P is base-point free for any nef Cartier divisor P on X.

Remark 4.13. When X is a smooth projective variety, one can be more specific about the divisor B. By
the Anghern—Siu theorem, the divisor Kx +n(n+1)/2A + A + P defines a base-point free linear series
for any ample A and nef P. Thus, B can be taken to be Kx +n(n+1)/2A + A for instance.

In the general case, assuming that one does not need a specific B, then one obtains Lemma 4.12 by
making use of Fujita’s vanishing theorem and Castelnuovo—Mumford regularity as in [Fujita 1983] or
[Lazarsfeld 2004, Theorem 2.3.9].



32 Alex Kiironya and Victor Lozovanu

Proof of Theorem 4.10. Note first that in the language of cones, Lemma 4.12 says that there exists a
nef divisor B so that any Cartier divisor whose class lands in the pointed cone B + Nef(X)r, defines a
base-point free linear series. In particular, the statement follows provided we can prove that there exists a
constant m > 0 such that mA € B + Nef(X)g for any ample Cartier divisor A on X.

This reduces the problem to a question about convex cones. So, consider a bijective linear map
f :N'(X)r — R? whose matrix has integral entries, i.e., f(L) € Z” C R” for any class L given by some
Cartier divisor on X. Let ¢ = f(Nef(X)r) and b = f(B). Then it suffices to check that there exists a
natural number m > 0 having the property that m& € b 4 ¢ for any £ € int(¥) N Z".

Let H C R” be a hyperplane given by an equation with integral coefficients, that is, we assume that
there exists a vector u € Z” such that H = {x € R” |< x,u >=0}. If P ¢ H, then the distance from P to
the hyperplane H is given by the formula

(P, )|

[Juel

distance(P, H) =

If we ask for P € Z”, then |(P, u)| > 1, and in particular, distance(P, H) > 1/|lu||. This yields that there
exists a constant ¢ > 0 such that distance(P, H) > c for any integral point P ¢ H.

Going back to our setup, the conditions in the statement imply that the cone ¥ € R” is rational
polyhedral, i.e., the support hyperplanes for each face are given by an equation with integral coefficients.
Thus there exists a constant ¢ > 0 such that

distance(P, 0%) > ¢ for any point P € int(¢) N Z",

where 0% denotes the boundary in R” of the cone ¥

Pick P € int(%), and let A be the plane determined by b, P and the origin 0 = (0, ..., 0) € R”. Let
%x =% N A. This is a cone in R2, thus it is generated by two rays R/, and R />, where both /; and [,
can be taken to be rational vectors since the boundary 9% is supported by rational hyperplanes, and the
plane A is also defined by an equation with rational coefficients.

Furthermore, the set (b + %) N A is the cone R/} + R/, shifted by b. Without loss of generality,
suppose that the ray R OP intersects first the half line b 4+ R /; at point D. Then, taking into account
what was said above, it is enough to find C > 0, that does not depend on the choice of the point P, so
that the quotient ||OD||/||OP|| < C. Using similar triangles arguments, one has

|oD| _ distance(D. 1) _ ||OB]|
lOP|| ~— distance(P,l;) = ¢

’

where the latter inequality follows from the Diophantine approximation statement we proved above. []
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The mean value of symmetric square L-functions
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We study the first moment of symmetric-square L-functions at the critical point in the weight aspect.
Asymptotics with the best known error term O (k~!/?) were obtained independently by Fomenko in 2003
and by Sun in 2013. We prove that there is an extra main term of size k~!/? in the asymptotic formula
and show that the remainder term decays exponentially in k. The twisted first moment was evaluated
asymptotically by Ng with the error bounded by /k~!/2+¢. We improve the error bound to [3/6+¢f~1/2+¢
unconditionally and to /'/2*<k~!/2 under the Lindelof hypothesis for quadratic Dirichlet L-functions.
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1. Introduction

Asymptotic behavior of high moments of L-functions within different families can be predicted using
random matrix theory [Conrey et al. 2005] or multiple Dirichlet series [Diaconu et al. 2003]. However,
obtaining asymptotic formulas with sharp error bounds is a hard problem even in the case of small
moments.

One of the most challenging families is symmetric square L-functions in weight aspect. Gelbart and
Jacquet [1978] proved that these are L-function attached to GL(3) cusp forms.

Despite numerous efforts, even an upper bound for the second moment of symmetric square L-functions
remains an open problem. See [Khan 2010, Conjecture 1.2].
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The first moment has been studied intensively during the last decades. See [Fomenko 2003; Khan
2007; Kohnen and Sengupta 2002; Lau 2002; Ng 2016; 2017; Sun 2013]. Nevertheless, even the best
known asymptotic error estimates do not appear to be sharp.

The present paper aims to optimize error bounds in existing asymptotic formulas. With this goal, we
prove an exact formula for the twisted first moment of symmetric square L-functions, and apply the
Liouville-Green method (also called WKB approximation) to estimate remainder terms. This technique,
originating from the theory of approximation of second-order differential equations, is quite unusual for
analytic number theory, yet very effective. See, for example, [Balkanova and Frolenkov 2016; Zavorotny
1989].

2. Main results

Let S7;(1) denote the space of holomorphic cusp forms of weight 2k > 2 with respect to the full modular
group. Denote by H»; the normalized Hecke basis for Sy, (1). Every f € Hy; has a Fourier expansion of

the form
f@ =Y rpmn*~12exp2rinz), (2-1)
n>1
Ap()=1. (2-2)

For Ns > 1 the associated symmetric square L-function is given by

5 >\ Ag(n?)
L(sym® f,s) =¢(25) Y ~——. (2-3)
n:
n=1
Let I'(s) be the Gamma function and define
Loo(s) ::71—3~"/21“<ﬂ)r(E +k>r(£ +k). (2-4)
2 2 2
Shimura [1975] showed that the completed L-function
A(sym® f,8) := Loo(s) L(sym” f, s)
is entire and satisfies the functional equation
AGsym?® f,s) = AGsym® f, 1 — ). (2-5)
Consider
h
M, s):= Y dp(PL(sym® f.5). (2-6)

feHy

The superscript 4 in the formula above indicates that the expression in the sum is multiplied by the
harmonic weight I'(2k — 1)/((4m)>*~1(f, f)1), where (f, f)i is the Petersson inner product on the space
of level 1 holomorphic modular forms.
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Denote by y the Euler constant and by ¥ (s) the logarithmic derivative of the Gamma function. Let
2F1(a, b, c; x) be the Gauss hypergeometric function and

r-Hri-4)
r(}

P(=rice+ )
I'(2k)

We prove the following exact formula for the twisted first moment.

Dy (x):= 2Fi(k—1.2—k 1 x), (2-7)

Wy (x):=x* 2Fi(k— 1 k+ 1,2k x). (2-8)

Theorem 2.1. For anyl > 1 one has

Ml(l 1) :L(—210g1—310g2n+%+3y+¢(k—i)+w<k+}1))

'2) 2l
SV, 1y s (o)

2ﬂ F(k + %) 1<n<2l 412
1 1 472
NG gfnzuz (5)vrwe(35), (2-9)
where
_@o) 1 ]
20y = ; qs< 1}5:24 1). (2-10)

r2=n (mod 4q)

A similar formula, where the last two summands are expressed in terms of the Legendre function of
the first kind, was established by a different method by Zagier [1977, Theorem 1]. Zagier’s formula was
applied by Kohnen and Sengupta [2002] to prove an upper bound for M, (1, %), by Fomenko [2003]
to obtain an asymptotic formula for M, (1, %), and by Luo [2012] to estimate the second moment of
L(sym2 £ %) over short intervals.

The proof of Theorem 2.1 is quite simple and makes use of Petersson’s trace formula and the functional
equation for the Lerch zeta function.

1/2

When [ = 1, exact formula (2-9) allows one to isolate the second main term of size k~ '/~ in the

asymptotic formula so that the remainder term decays exponentially.

Corollary 2.2. For some ¢ > 0 one has

INIRYE: 1 1 V2r(-D¥D(k—1%) /1
mi(1,5)= 5<E—3log2n+3y+w(k—Z)+w<k+z>)+ R %)L<§, x-s)
1 1 1
+0(7)L(5 %) + O(ﬁ exp(—ch)), (2-11)
where L(%, X D) is a Dirichlet L-function for the primitive quadratic character of conductor D and
1 22 /7 1 . w(2k—1) 1
Dy <Z) 314 2k —1 s 3 <1 + 0(;)) (2-12)
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Remark. After posting the first version of this paper to the arXiv, the authors have been informed by
Shenhui Liu that he has independently obtained an asymptotic formula similar to (2-11) by using an
approximate functional equation. See [Liu 2017].

Corollary 2.2 improves the series of previously known results with the following error bounds:
o k0008 [Lau 2002]

e k~1/20 [Khan 2007]

« k~1/2 [Fomenko 2003; Sun 2013].

Corollary 2.3. Foranye >0, [ > 1, one has

M1<l, %) =%ﬁ(—zlogz—31og2n+%+4y+zp(1)+xp(k—%)+w(k+%))+0(%). (2-13)

Assuming the Lindelof hypothesis for quadratic Dirichlet L-functions, the error term above can be replaced
by 19) (11/2+Ek_1/2).

This improves the error bound /k~!/ Zte proved by Ng (see [Ng 2016, Theorem 2.1.1] and [Ng 2017]).

3. Notation and tools

Let e(x) = exp(2wix). For v € C let
1\V
wm= Y (n—;) . (3-1)
niny=n

The classical Kloosterman sum is defined by

*
S, m;c) = Z e(w), aa® =1 (modc).
a (mod c) ¢

(a,c)=1

Lemma 3.1 (Weil’s bound [1948]). One has

1S(m, n; ¢)| < t0(c)y/(m, n, c)/e. (3-2)
Let J,(x) be the Bessel function of the first kind.

Lemma 3.2 (Petersson’s trace formula [1932]). For 2k > 12 and integral [, n > 1, one has

- S SUynio) ,  (4ny/in
. 2k ,n;,c T n _
> ap g (n) =810+ 27N . J2k_1<—c ) (3-3)
fEHZk c=1
The Lerch zeta function (nf)
e(n
o, B,s) = 3-4
¢, B, s) +ZO Tty (3-4)

was introduced by Lipschitz [1857] and was named after Lerch, who proved in 1887 the functional
equation. The special case ¢ («, 0, s) is called the Hurwitz zeta function.
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Lemma 3.3 [Lerch 1887]. One has

t(@,0,5) = (Fz(;)lsz (- ( );(0 o 1— s)+ie(—%)§(0, —a,l—s)). (3-5)

4. Some properties of %, (s)

The main references for this section are [Bykovskii 1994; Soundararajan and Young 2013; Zagier 1977].

Function (2-10) can be written as follows

£(25) o Pg(1) o Ay (n)
Z(s) = 4-1
©=75 ; pr g (4-1)
where
pg(n):=#{x (mod 2¢) : x* =n (mod 4¢)}, (4-2)
A= D wlg2)pg (). (4-3)
a192q3=q

For a fixed n, both p,(n) and A, (n) are multiplicative functions of g. Furthermore, for n =2, 3 (mod 4)
the function p,(n) is identically zero. Therefore, %, (s) does not vanish only for n =0, 1 (mod 4). If
n = 0 then

Zi(s)=¢@2s—1). (4-4)
Otherwise, for n = DI* with D fundamental discriminant we have
2 () =171 PN () L(s, xp), (4-5)

where L(s, xp) is a Dirichlet L-function for primitive quadratic character xp and

n(l)
TI(D)(S) = Z xp () —="15-1)2(l2). (4-6)
b=l va
The completed L-function
i (s) = <£)_S/2F<£ +g- B Z(s) 4-7)
" |n| 2 4 4 "

satisfies the functional equation

LE(s) = ZLF(1—s). (4-8)

Lemma 4.1. One has

s 1

DY S ige(") = s L), (+-9)

¢ (mod gq)
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Proof. Consider

2 *72
+a*l“+nc
= Y SR ge(nt)= YYD efeTHC ey
¢ (mod q) ¢ (mod g) a (mod q) q
(a,9)=1

where aa® =1 (mod ¢g). Making the change of variables ¢ = cja*, we have

G_ Z Z e(c%a*+l2a*+nc1a*)

a (mod g) ¢; (mod q) 4
(a,q)=1
= D> SO.c+Prncig= Y Y wdb
c1 (mod q) c (modg) bd=q
bl +1%4ne
q
PTG > nd) > 3
bd=q ¢ (mod q) bd=q ¢ (mod b)
2412 4nc=0 (mod b) 2412 4nc=0 (mod b)

The condition ¢* 4[> +nc =0 (mod b) is equivalent to (2¢ +n)? + 412 —n*> =0 (mod 4b). Hence

S=qy ud ) 1=gq) udpn®-4P).

bd=q ¢ (mod 2b) bd=q
c2=n2—4]% (mod 4b)

Consequently,

Sk X se()-

¢ (mod q) q

1
4 b

(d) pp(n® — 41%)
=q

M2

pp(n% — 41%) i (q)

pqu

— bs = qs
=\ g (n? —412) Lo a2 (s)
Z n?—4l ) ]
;<s o £(2s)
Lemma 4.2. Assume that d # 0. For any € > 0, one has
Zi(3) < d'/ote. (4-10)
If the Lindelof hypothesis for Dirichlet L-functions is true, then
Za(3) < d°. (4-11)

Proof. For d = DI?, where D is the fundamental discriminant, one has

Zu(3) =1, (3)L(3 xp)
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by equation (4-5). It follows from equality (4-6) that

1 [ 1/l
TI(D)(§> » Z U\;li) Z(/ )¢

Lib=l I|l

By [Conrey and Iwaniec 2000, Corollary 1.5] for any € > 0 one has

This implies the required bounds for the function fd(%).

5. Exact formula

Lemma 5.1. For Ns > % one has

c(2s)  Qn)i**rk —s/2)

Mid,s) =
1 5) == 201 T(k+s/2)

Ly () + Qn)i* Z

where

1 Ck—3+tw
I(x) =— Mr(l—s—w)sin S+wx
11

27 (A)F(k—|—§ 5

withl —2k < A <1—MNs.

Proof. By the Petersson trace formula

00 1 h
Mil,5)=¢2) Y — > Aprpn)
n=1 n fEsz
1 &, s(2, [
g( ) Zkg(zs)zazujyc 1(477;;)
g=1 n=1

The change of order of summation above is justified by the absolute convergence for s > 3
follows from the standard estimates

S%, n?; q) < ¢"*re 1%, n% ¢)"? forany € >0

(ln>2k—1 ;
— , q>In
q

(ln>—l/2 l
— , q <lIn.
q

Next, we use the Mellin—Barnes representation for the Bessel function

and

Jok—1 <471%n> <

41

(5-1)

(5-2)

Wthh

4(2) 2% L[ Tlk=5+3w) $xSEn%9) (g \»
M) =22 4 on <2s)Z— “ari | > (52 ) aw.

)F(k+'_' )n=1 et



42 Olga Balkanova and Dmitry Frolenkov

where 1 — 2k < A < 0. To guarantee the absolute convergence of the integral over w and the sums over
q, n we require that
max(l —2k,1—-Ns) <A <—3

which is true for Ns > 5 . Consider

00 00
S(1%, n? q) S, c¢*; q) 2 2. 1
Z nw+s Z Z nwts = Z S, e q) Z (C_|_nq)w+s
n=1 ¢ (mod g) n=c (mod q) ¢ (mod q) =
S(?, % q)
- Z ws §< 0w +S>
¢ (mod g) q

Note that for all ¢, the Lerch zeta function has a simple pole at w = 1 — s with residue one. The next step
is to apply functional equation (3-5) for the Lerch zeta function which is only possible when %i(s +w) < 0.

Accordingly, we move the w-contour to the left up to A| := —s — €, crossing a simple pole at w =1 — .
Therefore,
£Q8) ok, D= 38) < S c*q) (g \\- 2 11
M, s) = =2 4 on ;(2s)—1 D —2<—) o ;(2s)
I I(k+3s) g=1c (mod q) 24 2nl q= g dxi
r(k—4%+35w w 5@, ¢
o Gy xS 01 )
(AI)F(k+§—§w) 4 ¢ (mod ) q q

Using the functional equation (3-5), we obtain

3 s q);( 0s+w)

¢ (mod q) s+
—2027) "IN (1 =5 — w) sm(n Tw) Y st q){(O, Colos— w).
¢ (mod q) q

Substituting this into M ([, s) and opening the Lerch zeta function, one has

;(2s) m)si%k S(%, ¢ q)
Mi(l5) = "= + L2 k+2 ;c%;q) RS
+(2n)‘12’<;(2s)2 e YZ = Y s@? q)e(nc> (’Z)

¢ (mod q)

where I (x) is defined by equation (5-2). Finally, computing the sums over ¢ and g using formula (4-9),
we prove the lemma. O

Lemma 5.2. Ifx > 2, then

22k (— 1)k w5\ o Dk = 2s)T(k+ 1 —1s) s 1 s 4
I0="5 7= s( ) o ><2F1<k—§,k—|—§—§,2k,)7>. (5-3)
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Proof. Moving the contour of integration in (5-2) to the left, we cross simple poles at w =1 —2k —2j,
j=0,1,2,.... Therefore,

I(x) =2(-1)F cos( ) 1= 2"2 ! %x
By the duplication formula we have
o 92k—1—s5+2j o o 1
FQ2k+j—3s)) = T1“(k+; —35)D(k+j+51—3s).
This yields

I(X)zz(__l)kzﬂc—l—s oS (”S) 1- ZkZ 1”(_—_S+])F(k+l_f+j>(i)j

JT T2k + ) 2 2 x2
2%k (—1)k rk—lsrk+l—ls 1 4
_27(D cos(ﬁ>x1_2k (k—38)T(k+35—3 )2F1<k—£,k+——£,2k; _) 0
237 2 T'(2k) 2 2 2772

Lemma 5.3. One has

2(~ F(k—35)T(k+3 — 39)
25/ F(k+%s)f‘(k—%+%s)
Proof. Letting x = 2 in (5-3) and applying [Olver et al. 2010, Equation 15.4.20], we find

1@ = r(s—3). (5-4)

cos (%JTS)

Tk (s—1)
T(k+1s)D(k—1+1s)

The assertion follows. O

2Fi(k—3s.k+3—13s,2k1) =

Lemma 54. Ifx <2, then

(—DF P(k—35)0(1—k—35)
VT r'(3)

Proof. Moving the contour of integration in (5-2) to the right we cross simple poles at w =1 —s+ j,

1—s

I[(x) = 2P (k—4s, 1=k —1s, 13 1x7). (5-5)

Sln(27T ))C

j=0,1,2,.... Accordingly,

X (=1 T(k—Ls+ 15 - .
I(x)zz( D ( 2s+2J)sin(n—1;])xl_s+f.

j=0 ' T(k+ 35— 3))

Note that
. < 1—|—j> (JTj) 0, J is odd,
SIN{;T—— ) =Cos| — ) =
2 =™, j=2m.
Thus

1 F(k—%s+m) l—s42
I — —1)" s+2m
=2 Gt ts—m O™
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In order to express I (x) in terms of the Gauss hypergeometric function we apply the duplication formula,

obtaining
@m)! =T (2(m + 1)) = %ZZmF(m—i—%)F(m—i-l).
Furthermore, by Euler’s reflection formula
Pk +Ls —m) = z .
(k35 —m) (—Dk=msin (37s)0 (1 —k — s +m)
Finally,
(=D* . e | F(k—%s-i—m) 1 <x2)m
I(x)= 5 ‘ ——= " T(1—k—5 —
(x) Tr sin(37rs)x mzzom’ Fom+ 1) ( 55 +m) 1
—1)k Fk—is\r(1—k—14
= (\/11_) s1n(%ns)xlfs ( ZS)F((l) 2s)2F1 (k— %s, 1—k— %s, %; }‘xz). O
2

Next, we substitute equations (5-3), (5-4), (5-5) into expression (5-1), proving the exact formula for

the shifted first moment.
Theorem 5.5. Foranyl > 1and 2 —2k <Ns < 2k — 1, one has
_{@s) | @uyi*T(k—1s)

M, ) = =7 1S F(k+%s)$_4[2(s)
@y e@s—1) o Tk=3s)T(k+5-3s) |
Ml o 1 (s — L
AN G R e
(27)* sin(37s) T(k—1s)0(1—k—1s)
— = L2 (8)
vl 1<nZ<21 r'(3)

F(k— %s)l"(k+%— %s)

) e (), o

Note that in equation (5-6) only the first and the third summands have poles at s = % Computing the

limit as s — % we find that these poles cancel each other. This allows us to prove the exact formula for
the first moment of symmetric square L-functions at the critical point given by Theorem 2.1.

6. Liouville-Green approximation of special functions

The aim of this section is to approximate the functions ®;(x) and W, (x) appearing in exact formula
(2-9). Both of these special functions can be expressed in terms of the Gauss hypergeometric function,
whose asymptotic approximation has been a subject of intensive research during the last century. The
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works of Watson [1948], Jones [2001] and Farid Khwaja and Olde Daalhuis [2014; 2017] are the most
relevant in our case. However, application of these results to approximation of ®;(x) and Wi (x) is not
straightforward and involves certain technical difficulties due to either the region of validity of asymptotic
expansion or the lack of asymptotic error estimates.

Therefore, we choose to follow the approach of [Olver 1974] and [Boyd and Dunster 1986]. Accordingly,
we apply the Liouville-Green approximation directly to the functions ®;(x) and Wy (x). It turns out that
these special functions have similar behavior to the ones occurring in the exact formula for the second
moment of cusp form L-functions. See [Balkanova and Frolenkov 2016, Theorem 4.2].

Properties of ®. Consider the function ®;(x) for0 <x < 1.

Lemma 6.1. One has
Op(x) = - (F(2k— 1,3 =2k, 1; 31 = VX)) +2 FI(2k— 1,3 =2k, 1; 31+ VX)), (6-D)

Proof. Applying the quadratic transformation given by [Olver et al. 2010, Equation 15.8.27] we obtain
1
x (2F1(2k — 1,3 =2k, 1; 11 = V) + 2R (2k — 1, 3 — 2k, 15 L (1 + V).

@4(x) = (k= )r( ~ R (k+ Hr( —4)

Note that F(%) = /7. Euler’s reflection formula yields
Clk— P+ PG -0 T - k) = -2n2
The assertion follows. 0

Making the change of variables

m:=2k — %, keN, (6-2)
y=11-Vx), 0<y<i, (6-3)

one has
S(x)=—mQFi(m,1—m,1;y)+2Fi(m, 1 —m, 1; 1 —y)). (6-4)

At the point y =0, the function » Fy (m, 1 —m, 1; y) is recessive and the function , Fy(m, 1 —m, 1; 1 —y)
is dominant. Therefore, further transformations are required to apply the Liouville-Green method to the
second function. In particular, we show that 5 Fyi(m, 1 —m, 1; 1 — y) has a similar shape to ¢ (x) studied
in [Balkanova and Frolenkov 2016]. Note that the parameter m is now half-integral.

Lemma 6.2. Let m :=2k — 1, k € N. Then

2Fi(m, 1 —m, 1;1—y) =(=logy+2¢¥(1) —2¢(m)) x 2F1(m, 1 —m, 1; y)
170 d 0 . B )
+ ;(5 + 3% +2§>2F1((1, b, c; y)|biTTm' (6-5)

c=1
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Proof. By [Beitman and Erdelyi 1953, Equation 33, p. 107] we have
Fim+ul—m+u, 11— y) =2 Fy(m+u. | —m-+u 142 y)— D20
m+tu,l—m+tu,1l;1—y)=rF(m+u,l —m+u, u;
2 =2 YT =m—u)Tm —u)
rrQu) Y

—u, 1 —2u;
e ) ET T mrm’

+oFi(m—u,1—
Computing the limit as u — 0, we prove the assertion O
Lemma 6.3. For m =2k — %, k € N one has
_ED 1>k Ck—3
2 F (m, 1—m,1; %) E ?; (6-6)
+3
d _ 4(—1>k I(k+3)
4

Proof. On the one hand, by equation (6-1) we have

2Fi(m, 1—m, 1; 1) = —5- @4 (0).

On the other hand, equation (2-7) yields

==
S— | —"

—
—~
tanll Bkl
+ |1
N

1
D (0) = I‘L

The last two equalities imply (6-6).
As a consequence of [Olver et al. 2010, Equation 15.8.25] we obtain

TyFiim,1—m, 1;x) = F(%)
r(im+3H)r(—1m)

2
Im, 3 (1-2x)%).

Then equality (6-7) follows by differentiating the last expression in x and setting x = 5. U
Lemma 6.4. The functions
2Fim,1—m,1;y) and -Fi(m,1—m,1;1—Yy)
are solutions of differential equation
YA =WF' () + (1 =20)F'(y) +m(m —1F(y) = (6-8)
g

Proof. This follows from the differential equation for hypergeometric functions
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Approximation of ®;. In order to find a Liouville-Green approximation for ®(y), we use formula (6-4)
and study separately each of the hypergeometric functions » Fy(m, 1 —m, 1; y) and , Fi(m, 1 —m, 1; 1 —y).
As shown in Lemma 6.4, these functions are solutions of differential equation (6-8) that was already
approximated in [Balkanova and Frolenkov 2016, Section 5.2]. So our problem reduces to computation
of the Liouville-Green constants Cy and C; in the approximation of , F1(m, 1 —m, 1; 1 —y).

For the reader’s convenience, we briefly recall the required results of [Balkanova and Frolenkov 2016,
Section 5.2]. It follows from Lemma 6.4 that the functions

Gi(y):=2Fi1(m, 1 —m, 1; y){/y(1—y), (6-9)
Ga(y):=2F1(m, 1 —m, 1;1—y)y/y(1—y) (6-10)
are solutions of the differential equation
G'(y) =’ f()+g()GH), (6-11)
where
1
w:=2k —1, = , 6-12
fO) =50 (6-12)
1 1
=— + . 6-13
SW=" ey ey (13
Making the change of variables
G(y) (y—yH*
Zy=—2 ey = (6-14)
a(y) 2(arcsin /y)!/
E:=4 arcsin? v, (6-15)
we transform equation (6-11) into the following shape
d*’z rur 1 Y(®)
4|4+ ——+220Z =0, 6-16
d$2+[4§+4§2+ : ] (6-16)
with
1
=—— 6-17
v 16sin> VE 16§ (©-17)
Removing the summand with ¢ (§)/& in equation (6-16), we have
d*’z ru* 1
—+|—+-—=1|Z=0. 6-18
dg? + [45 + 452} ( )
The solutions of (6-18) are defined by
Ze = ECow/%), (6-19)

where C; is either J or Y Bessel function of index i.
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Then according to [Olver 1974, Chapter 12] solutions of original differential equation (6-16) can be
found in the form

N\ A(n; =\ B(n;
Ze®) = VECou/E) Y. P Sy 30 PEE (6:20)
n=0 n=0

In order to determine coefficients A(n; &), B(n; &) we use differential equations (see [Gradshteyn and
Ryzhik 2007, Equation 8.491(3)]) for functions

W(€) :=VECou/E), V(&) :=ECi(uy/E) (6-21)
and substitute (6-20) in equation (6-16). This yields
C, D,
W@Z ©_ <s>2 28 <o, (6-22)
where . ® B(n: £)
cn(s):zA”(n;ngA/(n s)—%A( £)—B'(n; &) — Z; :

1 1
D&)=B"(1—1;§)+ B (= 1:6) - %S)m ~ L+ A D)

Letting C,,(§) = D,(§) =0, we find the required recurrence relations

&
An;€)=—EB' (n—1;§) +/ Y(x)B(n—1;x)dx + Ay, (6-23)
0
&
@B(n;é)z/ L(xA”(n;ac)JrA/(n;x)—w(x)A<n;x))dx (6-24)
0 VX

for some real constants of integration A,,.
Assume that A(0; £) = 1. Then

1 1
B(0; &) = N (cot\/g— f) (6-25)
' _l l_cot\/?_ 1
A(l,-fs)—g(S N 2sin2¢§) 128(0t[ >+A1. (6-26)

Furthermore, solutions (6-20) can be approximated by finite series using [Olver 1974, Theorem 4.1,
p. 444] or [Boyd and Dunster 1986, Theorem 1].

Theorem 6.5. Let & = %JTZ. For each value of u and each nonnegative integer N, equation (6-16) has
solutions Zy (&), Z j(§) which are infinitely differentiable in § on interval (0, &), and are given by

N A : N—IB :
Zy (&) =VEV V&) ) % - %Yl /&)y $ +ean 1, §), (6-27)
n=0 n=0

N A Nl g
2, = VERu/BH Y L Sy 3 B ), (6-28)
n=0 n=0
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where

Y
en+1,1 (W, §) K V| 2(;&:/_)'\/& - (6-29)

V& o /%)| min (VE, 1)

ent12(u, §) K ANF (6-30)
and coefficients (Ay(n; &), By(n; §)), (Ay(n; &), By(n; £)) are defined by (6-23)—(6-24).

The functions £!/4(sin /€)'/?G (sin2 J&/2) and Z; (&) are recessive solutions of equation (6-16) as
& — 0. Therefore, there is ¢ such that

£V4(sin \/€)2G  (sin® \JE/2) = co Z; (). (6-31)

The value of the constant cg is determined by computing the limit of the left- and right-hand sides of
equation (6-31) as & — 0. On the one hand,

Snn% 2Fi(k, 1 —k, 1; sin® /£/2) = 1. (6-32)
On the other hand,
N A E)
Z)E)=VEY T+ 0E) as 0. (6-33)
n=0

Choosing A (n; &) such that A;(0; 0) =1 and A;(n; 0) =0 for n > 1 we find that ¢ = 1.
To sum up, we have proved the following lemma:

Lemma 6.6. Let & = —7r For & € (0, &), one has

g4 (sin /6)'%G, <sin2 g) =Z,(&), (6-34)
where Z j (&) is given by (6-28).

This concludes the summary of results of [Balkanova and Frolenkov 2016, Section 5.2]. Our final goal
is to compute Cy = Cy (1) and Cy = C;(u) such that

51/ (sin/§)' 2 G (sin® 3v/8) = Cy Zy (§) + C1Z4 5. (6-35)
Note that there exist ¢y, ¢» such that
Zy(&) = (chl(sm f;‘) +62G2(sm 2f)) x £1/4(sin \/“)1/2
= 1Z;(8) + &4 (sin VE ) e2Go (sin® 1 /E). (6-36)
The last two equalities imply

Cy=—, Cj=—-. (6-37)
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Lemma 6.7. One has

F(k+3) Zy (&) Lk—3), Tz Zy(&)
= (—D)"*'V2r 4 + (D2 —— )/ (z/ ) 6-38
c1=(—1) nF(k %) 5;/4 (=1 F(k+%) y(&2) — 16 ( )
L(k+3) Zy (&) P(k—3) 1 Zy (&)
26 = (DM Vor — (D s/( (&) — ) (6-39)
r(k-z) &" rk+4)7 7 4,
Proof. To determine coefficients ¢y, co we consider the pair of equations
V4 1
Zy(&) =5"(1G1(5) +62(3),  ZyE) = YSZ) T (c1G1(3) + 2G5 (3))-
Note that
Gi(3)=Ga(3) and Gi(3) =-G(3)-
Therefore,
V4 VA
(c1+)Gi(3) = #, (c1 — )G (3) = 51/4<Z;/($ ) — Y(§2)>
£ 48,
The assertion follows by Lemma 6.3. U
Lemma 6.8. For &, = 4—1‘712, one has
B (_1)k+1 1 1
Zy() = — = <1+;( 6)+0(u3)> (6-40)
o (=DM 1 20t 1
Zy(&) = Neri <;+?+ 5 +0(;)). (6-41)

Proof. Applying [Boyd and Dunster 1986, Theorem 1] with N =1 we obtain

0
€3,1(u;6) =0 and géil(u; -§)|g:gz =0.
Therefore,

By (0,
ZY(Sz)—\/ngo(u\/g)( M)_&Yl(u\/g) Y(u &)

and

1 Ay(1; AL (1; 1
zye) = Var/E) (5 [1+ 2]+ AR s i)

Ay(1;
—§2Y1(M\/g)(2152[1+ Y(MZ g2)]+2$2u

1
By (0; &) + ;BQ(O; 52))-

By means of the Hankel asymptotic expansion (see [Olver et al. 2010, Equation 10.17.1, 10.17.4] and
[Gradshteyn and Ryzhik 2007, Equation 8.451(1,7,8)]) we evaluate
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1)k+! 0 0
@YO(M@)——Y0<(Zk—1) ) = ) (Z(_ )y 22T a2(0) +Z(_ yi 22180 a2j+1(0) )

mu/2)% (ru/2)%+!

! 1
SzYl(u\/gz)_zu(Z(_ ) 2 az; (1) Z(_ yi 421t azj+1(1) )

(ru/2)% (ru/2)%+1
where
) F(v +Jj+ %)
aj(v) = — .
! 2ijIT(v—j+1)
This yields

1k .
Zy (&) = (=1 <1+ a1(0) a0 n 0(u_3)) (1+ Ay(ulz, Sz))

Vi \ w2 G2y
(= Df a(l)  ax(1) _3,\ Br(0,&)
2 (1_ﬂu/2_(nu/2)2+0(u )) P

Simplifying the expression above, one has

(_1)k+1
V2u

Zy(&) = (1 + L2010+ ZBr0.8) + 5 (4r(1. &) = a0 —ar (DB O, &)))

+ 0w ).

Using formulas (6-25) and (6-26), we find

Za0+ZBr0.6) =0, Ay(1l.&) — T5a20) —a1(DBy (0, &) =41 — 1

a1(0) =—5 6

1

]

This gives equation (6-40).
Similarly, we obtain

24 = VaYou/B)| 25 + (25 (24— 55) — o )]

84
i L ) )

Hankel’s expansion for Bessel functions yields the following asymptotics:

DI T 1 il 1y 4
e =+ (= e 0) 4y (g @+ 5 (T~ )~ reh)

)»1+§ 1 >

1 7 8 _
+;(—F6l2(0)—611(1)( 2 1672° +?a3(1)>+0(u 3)]

Finally, substituting
a0 =—%, a()=3 a)=-1,
we prove equation (6-41). O
Corollary 6.9. One has
CY:I-{-O(%), c,:o(—). (6-42)
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Proof. By Lemma 6.8

7 -1 k+1 2A +l
Z/Y(Sz)_ Y(SZ) _ ( ) <Z+ 1 3

48, V2u T 2mu
It follows from [Olver et al. 2010, Equation 5.11.13] that

+ O(u_2)>.

T(k+ g I(k—
( + 411) — k1/2 o ‘l‘kfl/z 4 0(k73/2) and ( ) — k71/2 4 0(k73/2)‘
Ck—2)

1
il
1
T(k+3)
Then Lemma 6.7 gives
a=0(™), a=1+0k".
Equations (6-37) yield the assertion. 0

As a consequence of equation (6-35), Lemma 6.6, Theorem 6.5 and Corollary 6.9, we obtain the main
result.

Theorem 6.10. Letu =2k —1, & = %JTZ. Then for & € (0, &) one has

2 —TT
Py (cos \/§)=S Z;E)+CyZy(E)+CyZy ()], (6-43)

TaGsin VB 2|
where Zy, Z j are given by (6-27), (6-28) and

Cy=1+0<%>, C;=

I
-
~
=
~

(6-44)
Corollary 6.11. We have

(1) = —23;74{;\/2]1__1 sin 72D (14 0(1)).

Approximation of V. Next, we find a Liouville-Green approximation for the function W;. With this

goal, we follow the arguments of [Balkanova and Frolenkov 2016, Section 5.3] with minor changes. In
particular, the differential equation for Wy (x) is slightly different, and, therefore, one must recompute
various functions and constants appearing in the Liouville-Green approximation. We provide all details
here to make the presentation self-contained.

Consider the function

y(x) =1 —xW(x). (6-45)
Letu :=k—%and
fO) = g()im g (6-46)
Tox2(1—x)’ ’ 4x2(1—x)%  16x(1—x)°

Lemma 6.12. The function y = y(x) is a solution of equation

Y (@) = @ f (x) + g(x))y(x) =0. (6-47)
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Proof. Using the differential equation for the hypergeometric function, we find that y = y(x) satisfies the
following differential equation

1— 2k —1)? 1 2 (2k—1)?
"
=0.
Y +( 4x2 d—x2 T aa—o )Y
The assertion follows. [
Making the change
y(x) (x> — x4
Z(x):=—= «ax):= 6-48
0 a(x) 0 2(artanh /1 — x)1/2 (6-43)
and the substitution
£ :=4artanh® v/1 — x, (6-49)
we transform equation (6-47) to the type
d’z w1 yE)
— ——4+-——-——"1Z=0, 6-50
d€2+( I ) (20
where
w(é)zi(l——l ) (6-51)
16\ &  4sinh® E/2

is an analytic function as £ — 0.
In order to find a Liouville-Green approximation to equation (6-50), we remove the term with ¢ (§)/&
in (6-50). The resulting equation

% u? 1
z +<—E+E>Z=O (6-52)
has I and K Bessel functions as solutions (see [Olver et al. 2010, Equation 10.13.2]), namely
Z = VELou /). (6-53)
where
Ly(x) = {I;ff) (6-54)
VK (x).

This suggests that solutions of the original differential equation (6-50) can be written in the form (see
[Olver 1974, Equation 2.09, Chapter 12])

o~ An; &) & — B(n; &)
Z1 = ELo(u /%) 2::0 ot ;Ll(u\/g) 2::0 e (6-55)
Lemma 6.13. The coefficients A(n; &) and B(n; &) are given by
. 1o : . Lo dx
VEBG: &) = —VEA &)+ [ (A0 = Fa o) 4L, (6-56)

3
A(n; €)= —EB'(n— 1 ) +/ VOB — 1 %) dx + (6-57)
0
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for some real constants of integration \,.

Proof. By [Olver et al. 2010, Equations 10.13.2, 10.13.5, 10.36, 10.29.2, 10.29.3] the functions

W(E) == VELouy/E), V(&) :=ELi(uy/%)

satisfy the relations

W (= D \weo, vty (CE 13 Yoo, veLlvatw weLtwily
4 482 - & 4 4g2) C2f 2 2§ 2§

Using this and substituting solution (6-55) into equation (6-50), we obtain that

C D
WES LIS Z P <o,

n=0
where Al(n; &) (&) B(n; &)
"o n; _ ;
Cn;§)=A"(n; )+ E £ A(m; &)+ B'(n; £) + T
D(n;wf):B”(n—l;é)—i-B(n;hs) —wf)B(n—l;S)—l——A (5,5)'

Setting C(n; £) = D(n; £) =0 we find the required recurrence relations.

Let A(0; £) = 1. Then

B(0; &)= — (COtjgf ;) (6-58)
o1 (4 cothEA 1 1 _12
A(l; ) = 32<§ NG zsinhzm) 512(00t £/4 \/§> + A1 (6-59)
Note that

hm VEB(O; £) = &, s1320/4(1;5) = <5 + A1 (6-60)

The variation of the function is given by

b
Vo (f (1) = / (F ()Y | dx. (6-61)

Lemma 6.14. The function Vi oo(/x B(1; x)) is bounded. For n > 1, the function Vi (/xB(n; x))

converges.

Proof. As a consequence of recurrence relation (6-56), we find
(WxB(1;x) =0x""?) asx—0 and (VxB(l;x))=0(x"2) asx— oo.

Thus Ve oo (/X B(1; x)) is bounded. Note that

W(S)(S) =0 (L)
|$|s+1



The mean value of symmetric square L-functions 55

The convergence of variation for n > 1 then follows by [Olver 1974, Exercise 4.2, p. 445]. O

Using Lemma 6.14, we can truncate the infinite summation in (6-55) up to N summands with a
negligible error term. The value of N determines the quality of approximation: the error is smaller for
larger M.

Lemma 6.15. For each value of u and each nonnegative integer N, equation (6-50) has a solution Zk (&)
which is infinitely differentiable in & on interval (0, 00) and is given by

N A : N-1 B :
2® = VEKow/D ) T ONG, D PO | evan ), (66
where
VEKo(uE)

vt &)1 = I Ve o (VEBR(V: €) exp( Veoo VEBK(0:6)).  (663)
In particular, for N = 1

63,8 K

g .

As & — oo, the differential equation (6-50) has two recessive solutions, namely

—‘/EKZ(;‘*@ min(VE, 1) (6-64)

_ 1 .0 1/4 )
Z(E) = \pk<—cosh2 N )(s sinh? \/€) (6-65)
and Zg (&) given by (6-62). Thus there is Cx = Ck (1) such that
1 . 12 14 .
\pk<—cosh2 N )(g sinh? /& )" = Cx Zg (£). (6-66)

The last step is to compute Cx = Cg (u).

Lemma 6.16. One has
Ck =2+ O(k™). (6-67)

Proof. To determine Cg, we compute the limit of the left- and right-hand sides of equation (6-66) as
& — oo. This implies

Fk—Hre+Ho*xu/& a, S by \7
Ck= I (2k) ( ﬁ_zuhﬂ)’

n=0 n=0

where

= Jim A(:8). by = Jlim B(n; £)VE.

According to (6-60), we know that ap =1, a; = % + Ay, bg= Furthermore,

16

bl P 1 0(d) = 250 +0())

T(2k) T(2k) k k2%
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The assertion follows. U
Finally, we obtain the main theorem.

Theorem 6.17. For & € (0, 00) the following equality holds

1 : 1/4
v —— h? =CxZ -
k(coshz N /2)(5 sinh” /& )" = Cx Zx (%), (6-68)
where Zk (§) is defined by (6-62) and Cx =2+ oM.

7. Asymptotic formula

Corollaries 2.2 and 2.3 are derived from Theorem 2.1 by estimating the last two summands in exact
formula (2-9), as we now show.

Lemma 7.1. For any € > 0,

Evk, 1) = %ﬁ 3 f,,z_Mz(%)q%(%) < ls\/;;. (7-1)
1<n<2l

Proof. Using the subconvexity bound (4-10) we obtain

Evtk, D) < f—/l 1;21(21 —m oL o (1) < lljzﬂ 122,”1/6‘@((1 -5))|

Let & = 4(arcsin /n /4l )2, u =2k — 1. Then by Theorem 6.10 one has

in /n/a1 )"
q>k(<1_£>2)<< | @Yo(uf) < (arcsm nl//4) Yo(u\/g).
21 (arcsm«/n/4l) (n/DH1/4 (n/l)

If I < k2 one has u/& > 1. Then the estimate for the Bessel function

1
YO(M\/g) < m

yields
o ((1 n\2 1
"(( _Z) ><< K2 1)1+

[1/6+€ Q16174 [5/6+€

< . ]
Ji ngy k12,174 NG

Corollary 7.2. If the Lindeldf hypothesis for Dirichlet L-functions is true, then

Consequently,

Eik, 1)<

[1/2+e

N3

Ei(k, ) <

forany € > 0. (7-2)



The mean value of symmetric square L-functions 57

Lemma 7.3. For some ¢ > 0,

. 1 1 412 l—1/12 ck
Ex(k, 1) := 7 rgﬂg"z—“”(i)‘/ﬁ\p"(;?) < T exp(—W) (7-3)

Proof. It follows from the subconvexity bound (4-10) that
v 417
K\ 2

" 4]% " 4]?
"(x_Z) "((21+1>2)"

Next, we make the change of variables x = 2/ cosh(%ﬁ ) and estimate E;(k, [) using Theorem 6.17 with
N = 0. Consider the first summand
" 41
2

1 2 2,1/6
Ex(k.1) < 7 ) (n* =410 /n

n>2l

< l/oo X252 — 472116
2U+1

z dx +17173

00 5/6
dx<<ls/6/ <sinh£) @%dé

1 o0
+1

§o 2
si6 [f o VE /%) Ko(un/E)|
<1 sth i dé&,

&0 3
where u =k — % and the limit of integration & is defined by
1

cosh @ =1+=.

2 2]

Making the change of variables /& = t, one has
to = 4 arcsinh !
0o =4arcsinh —.
4l

Since ty > 1/ V1 and ut > uty > k/ V1> 1, we estimate the Bessel function as follows

exp(—ut)
Ko(ut) K ———.
o(ur) N
Finally,
E (k l) <<15/6/OO( inh t>5/6|K0(Mt)|tdt < 15/6 OO( inh t)5/6 —utdt
2,1(K, sinh — — sinh—) e
fo 2 \/; \/% to 2
15/6 1 5/6 00 5/12

L —= 77 ex (—ut)dt—i—/ exp (—ut + 5t 12)dt> < exp(—uty).
JE(/M P | oxp / o SXp(muto

The second summand can be estimated similarly:

412 -1/3 CK|Z/<(E)|
wk(@l T 1>2)‘ S A sinh B)1 2
exp (—uto)

<P Z )] < 1VEIKou/8) < =i

Eyo(k,1):=1"1/3
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To sum up,
—ck

1
Ey(k, 1) K Epi(k, 1)+ E2p(k, 1) K N eXP(7>

for some ¢ > 0. O
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F-signature and Hilbert—Kunz multiplicity:
a combined approach and comparison

Thomas Polstra and Kevin Tucker

We present a unified approach to the study of F-signature, Hilbert—Kunz multiplicity, and related limits
governed by Frobenius and Cartier linear actions in positive characteristic commutative algebra. We
introduce general techniques that give vastly simplified proofs of existence, semicontinuity, and positivity.
Furthermore, we give an affirmative answer to a question of Watanabe and Yoshida allowing the F-
signature to be viewed as the infimum of relative differences in the Hilbert—Kunz multiplicities of the
cofinite ideals in a local ring.

1. Introduction

Throughout this paper, we shall assume all rings R are commutative and Noetherian with prime charac-
teristic p > 0. Central to the study of such rings is the use of the Frobenius or p-th power endomorphism
F: R — R defined by r — r? for all r € R. Following the result of Kunz [1969] characterizing regularity
by the flatness of Frobenius, it has long been understood that the behavior of Frobenius governs the
singularities of such rings. In this article, we will be primarily concerned with two important numerical
invariants that measure the failure of flatness for the iterated Frobenius: the Hilbert—Kunz multiplicity
[Monsky 1983] and the F-signature [Smith and Van den Bergh 1997; Huneke and Leuschke 2002]. Our
aim is to revisit a number of core results about these invariants — existence [Tucker 2012], semicontinuity
[Smirnov 2016; Polstra 2015], and positivity [Hochster and Huneke 1994; Aberbach and Leuschke 2003] —
and provide vastly simplified proofs, which in turn yield new and important results. In particular, we con-
firm the suspicion of Watanabe and Yoshida [2004, Question 1.10] allowing the F'-signature to be viewed
as the infimum of relative differences in the Hilbert—Kunz multiplicities of the cofinite ideals in a local ring.

For the sake of simplicity in introducing Hilbert—Kunz multiplicity and F-signature, assume that
(R, m, k) is a complete local domain of dimension d and k = kP is perfect. If I C R is an ideal
with finite colength £x(R/I) < oo, the Hilbert—Kunz multiplicity along [ is defined by epx (/) =
lim,_ oo (1/ p¢)eR(R /TPy where I'P*) = (F¢(I)) is the expansion of I along the e-iterated Frobenius.
Note that, unlike for Hilbert—Samuel multiplicity, the function e — £ (R/I'7‘1) is far from polynomial
in p¢ [Han and Monsky 1993]. The existence of Hilbert—Kunz limits was shown by Monsky [1983], and
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Sloan Foundation.
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it has recently been shown by Brenner [2013] that there exist irrational Hilbert—Kunz multiplicities. Of
particular interest is the Hilbert—-Kunz multiplicity along the maximal ideal m denoted by epk (R) = ek (m),
where it is known that eggx (R) > 1 with equality if and only if R is regular [Watanabe and Yoshida 2000,
Theorem 1.5]. More generally, if the Hilbert—Kunz multiplicity of R is sufficiently small, then R is
Gorenstein and strongly F-regular [Blickle and Enescu 2004, Proposition 2.5; Aberbach and Enescu
2008, Corollary 3.6]. Recently, it has been shown that the Hilbert—Kunz multiplicity determines an upper
semicontinuous R-valued function on ring spectra [Smirnov 2016].

Another useful perspective comes from viewing the Hilbert—-Kunz function £z (R/mlP‘1) = 11z (RY/7°)
as measuring the minimal number of generators of the finitely generated R-module R'/7*, the ring of
p°-th roots of R inside an algebraic closure of its fraction field. As the rank rkz (R'/7°) of this torsion-free
R-module is p°?, we see immediately that R'/7 is free— and hence F¢ is flat and R is regular — if and
only if ug(RP") = p°@. Similarly, letting a, = frk(R'/?*) denote the largest rank of a free summand
appearing in an R-module direct sum decomposition of R'/7°, we have that R!/7" is free if and only if
a, = p®. The limit s(R) = lim,_, oo (1/ p°?) frk(R'/7*) was first studied in [Smith and Van den Bergh
1997] and revisited in [Huneke and Leuschke 2002], where it was coined the F-signature and shown
to exist for Gorenstein rings; existence in full generality was first shown in [Tucker 2012]. Aberbach
and Leuschke [2003] have shown that the positivity of the F-signature characterizes the notion of strong
F-regularity introduced by Hochster and Huneke [1994] in their celebrated study of tight closure [1990].
In [Polstra 2015] the first author showed that the F-signature determines a lower semicontinuous R-valued
function on ring spectra; an unpublished and independent proof was simultaneously found and shown to
experts by the second author, and has been incorporated into this article.

At the heart of this work is an elementary argument simultaneously proving the existence of Hilbert—
Kunz multiplicity and F-signature (Theorem 3.2), derived from basic properties of the functions pug(_)
and frkg(_). Building upon the philosophy introduced in [Tucker 2012], we further attempt to carefully
track the uniform constants controlling convergence in the proof and throughout this article. To that
end, we rely heavily on the uniform bounds for Hilbert—Kunz functions over ring spectra (Theorem 3.3)
shown in [Polstra 2015, Theorem 4.3]. In particular, this also allows us to give vastly simplified proofs of
the upper semicontinuity of Hilbert—Kunz multiplicity (Theorem 3.4) and lower semicontinuity of the
F-signature (Theorem 3.8).

The F-signature has also long been known to be closely related to the relative differences egg (/) —
enk (/) in Hilbert—-Kunz multiplicities for ideals I € J with finite colength [Huneke and Leuschke 2002,
Theorem 15] (see Lemma 6.1). The infimum among these differences was studied independently by
Watanabe and Yoshida [2004], and the connection to F-signature was made by Yao [2006]. Moreover,
Watanabe and Yoshida [2004, Question 1.10] expected and formally questioned if the infimum of the
relative Hilbert—Kunz differences was equal to the F-signature. We confirm their suspicions in Section 6.

Theorem A (Corollary 6.5). If (R, m, k) is an F-finite local ring, then

euk (1) —eux (J
s(R) = inf k() —enk(J) _ inf enk (1) — eux (1, x)).
ICJCR, Lr(R/I)<00 Lr(J/I) ICR, Lr(R/I)<00
I#J,Lg(R/J)<00 x€R, (I:x)=m
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Much interest in relative differences of Hilbert—Kunz multiplicities stems from the result of Hochster
and Huneke [1990, Theorem 8.17] that such differences can be used to detect instances of tight closure.
Together with the characterization of strong F-regularity in terms of the positivity of the F-signature
[Aberbach and Leuschke 2003], these two results are at the core of the use of asymptotic Frobenius
techniques to measure singularities. Building off of previous work of the second author [Blickle et al.
2012; Schwede and Tucker 2014; 2015], we present new and highly simplified proofs of these results. In
particular, the first proof of Theorem 5.1 gives a readily computable lower bound for the F-signature of a
strongly F-regular ring.

Using standard reduction to characteristic p > 0 techniques, the singularities governed by Frobenius
in positive characteristic commutative algebra have been closely related to those appearing in complex
algebraic geometry. This connection has motivated several important generalized settings for tight closure.
Hara and Watanabe [2002] have defined tight closure for divisor pairs (compare to [Takagi 2004]), and
Hara and Yoshida [2003] have done the same for ideals with a real coefficient; both of these works build
on the important results of Smith [1997], Hara [1998], and Mehta and Srinivas [1997]. Previous work of
the second author [Blickle et al. 2012; 2013] has extended the notion of F-signature to these settings
and beyond, incorporating the notion of a Cartier subalgebra [Blickle and Schwede 2013]. We work
to extend all of our results as far as possible to these settings, including new and simplified proofs of
existence (Theorem 4.7), semicontinuity (Theorems 4.9, 4.11, and 4.12), and positivity (Corollaries 5.12,
5.7(ii), and 5.8(ii)); many of these results have not appeared previously. In particular, while Hilbert—Kunz
theory of divisor and ideal pairs has not been introduced, we are able to give an analogue of relative
Hilbert—Kunz differences in these settings (Corollaries 5.7(i) and 5.8(i)). Once more, the F-signatures
can be viewed as a minimum among the relative Hilbert—-Kunz differences (Corollaries 6.9 and 6.10).

To give an overview of our methods, for each e € N let IeHK =mlPl and IeF_Sig =@reR|YyE/Pyem
for all v € Homg (R P° R)). Askis perfect, straightforward computations show that (1/ PO (RY Py =
(1/p¢e(R /1K) and (1/p?) frk(RY/P") = (1/p*?)e(R /157%) 5o that the Hilbert-Kunz multiplicity
and the F-signature can be understood by studying properties of sequences of ideals {/,}.cn satisfying
properties similar to those of {/1¥},cy and (158, .

Theorem B (Corollary 4.5, Theorem 5.5). Let (R, m, k) be an F-finite local domain of dimension
d, and consider a sequence of ideals {I.}.cn such that mtPl C g, for each e. Then the limit n =
lime—, oo (1/ p)E(R/1,) exists provided one of the following conditions holds.

(1) There exists 0 # ¢ € R so that cle[p] C I,y foralle e N

(ii) There exists a nonzero W € Homg(R'Y?, R) so that w(lelff) C 1, foralle e N.
Moreover, in case (ii), we have n > 0 if and only if () ,cn Ie = 0.

It is easy to check that the sequences {/ EK}%N or {IeF'Sig }een satisfy both conditions (i) and (ii) above

(with any choice of ¢ and ). Our results on positivity come from the stated criterion for sequences of

ideals satisfying (ii), while the relative Hilbert—-Kunz statements largely come through careful tracking of
uniform constants bounding the growth rates for sequences satisfying (i).
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The article is organized as follows. Section 2 recalls a number of preliminary statements about
rings in positive characteristic; in particular, we review properties of F-finite rings, which will be the
primary setting of this article. We also discuss elementary properties of the maximal free rank (see
Lemma 2.1) which are used in the unified proof of the existence of the Hilbert—Kunz multiplicity and the
F-signature provided in Section 3; new proofs of semicontinuity follow immediately thereafter. Section 4
is the technical heart of the paper, and generalizes the methods of the previous sections for Hilbert—
Kunz multiplicity and F-signature alone to the various sequences of ideals satisfying the conditions in
Theorem B above.

Having dispatched with the results on existence and semicontinuity, we turn in Section 5 to a discussion
of positivity statements. In particular, two simple proofs of the positivity of the F-signature for strongly
F-regular rings appear at the beginning of this section. The relative Hilbert—Kunz criteria for tight closure
along a divisor or ideal pair appear at the end of this section, together with a discussion of the positivity of
the F-splitting ratio. Section 6 is devoted to relating the F-signature with minimal relative Hilbert—Kunz
differences giving a proof of Theorem A, and we conclude in Section 7 with a discussion of a number of
related open questions.

2. Preliminaries

Throughout this paper, we shall assume all rings R are commutative with a unit, Noetherian, and have
prime characteristic p > 0. If p € Spec(R), we let k(p) = R, /pR), denote the corresponding residue field.
A local ring is a triple (R, m, k) where m is the unique maximal ideal of the ring R and k = k(m) = R/m.

Maximal free rank. For any ring R and R-module M, ¢ (M) denotes the length of M, and ur(M)
denotes the minimal number of generators of M. When ambiguity is unlikely, we freely omit the subscript
R from these and similar notations. We define the maximal free rank frtkg (M) of M to be the maximal
rank of a free R-module quotient of M. As a surjection onto a free module necessarily admits a section,
frkg (M) is also the maximal rank of a free direct summand of M. Equivalently, M admits a direct sum
decomposition M = R®T&(M) gy N where N has no free direct summands — a property characterized by
@ (N) # R for all ¢ € Homg(N, R). It is immediate that frkg (M) < ugr(M) with equality if and only if
M is a free R-module.
When R is a domain, we will use rkz (M) to denote the torsion-free rank of M. It is easily checked
that
frkp(M) <1kp(M) < ur(M) )

and the second inequality is strict when M is not free; assuming M is torsion-free but not free, the first
inequality is strict as well. Notice that, whereas p(_) is subadditive on short exact sequences over local
rings, this is not the case for frk(_) and motivates the following lemma.

Lemma 2.1. Let (R, m, k) be a local ring.
(1) If My and M, are R-modules, then ftk(M| & M,) = frk(M;) + frk(M,).
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(ii) If M is an R-module with M' C M a submodule and M" = M /M’, then
fik(M") < frk(M) < frk(M") + w(M").

Proof. ) If M| = R®TkeM) gy N| and M, = ROTkr(M2) gy N, where N, N, have no free direct summands,
then M, ® M, = RO®EkeM)Hike(M2)) ¢ (N| @ N,). If ¢ € Homg(N| @ Na, R), then ¢(Ny), p(N2) Cm
as Ni, N have no free direct summands. It follows that ¢ (N} @& N») = ¢(N1) + ¢ (N2) C m as well,
showing N| & N; has no free direct summands as desired.

(ii) For the first inequality, a surjection M” — R®&M") induces another M — M /M’ = M" — R®TKM")
showing frk(M") < frk(M). To show the final inequality, let n be the maximal rank of a mutual free direct
summand of M and M’. In other words, simultaneously decompose M = R®" @ N and M’ = R®" ¢ N’
where M’ C M is given by equality on R®" and an inclusion N’ € N, and we have ¢ (N') C m for every
¢: N — R. Taking a surjection ®: N — RETKWN) it follows that ®(N)Cm® frk(N) | Thus, ® induces a
surjection M” = N /N’ — k® TN and hence also M /mM"” — k® TN which shows u(M") > frk(N).
This gives frk(M) = n + frk(N) < frk(M’) + w(M") as desired. d

For X any topological space, recall that a function f: X — R is lower semicontinuous if and only if
for any § € R the set {x € X | f(x) > 8§} is open. Similarly, f: X — R is upper semicontinuous if and
only if for any é € R the set {x € X | f(x) < 8} is open.

Lemma 2.2. If M is a finitely generated R-module, the function Spec(R) — R given by p — frkg, (My)
is lower semicontinuous. Similarly, the function Spec(R) — R given by p > ug, (My) is upper semicon-

tinuous.

Proof. For p € Spec(R), let k(p) = Ry/p Ry denote the corresponding residue field. If frkg, (My) = n,
we can find a surjection M, — RSG”. Without loss of generality, since M is finitely generated, we may
assume this surjection is the localization of an R-module homomorphism M — R®". As it becomes
surjective when localized at p, there is some g € R \ p so that M, — R?” is surjective. Localizing at
any q € Spec(R) with g ¢ q yields a surjection My — R®", implying frkg, (M) > n = frkg,(M,) for
any ¢ in the Zariski open neighborhood D(g) = {q € Spec(R) | g ¢ q} of p in Spec(R). If § € R and
frkg, (My) > &, then so also frqu (My) > § for any q € D(g). This shows the function Spec(R) — R
given by p — frkg (M) is lower semicontinuous. That the function Spec(R) — R given by p > (M)
is upper semicontinuous proceeds in an analogous manner. 0

F-finite rings. The Frobenius or p-th power endomorphism F: R — R is defined by r +— r? for all
r € R. Similarly, for e € N, we have F¢: R — R given by r — rP°. The expansion of an ideal I over F°¢
is denoted 171 = (F¢(I)). In case R is a domain, we let R'/?° denote the subring of p°-th roots of R
inside a fixed algebraic closure of the fraction field of R. By taking p°-th roots, R'/?* is abstractly
isomorphic to R, and the Frobenius map is identified with the ring extension R € R'/?°. More generally,
for any R and any R-module M, we will write M'/P* for the R-module given by restriction of scalars
for F¢; this is an exact functor on the category of R modules. We say that R is F-finite when R'/7* is
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a finitely generated R-module, which further implies that R is excellent [Kunz 1976, Theorem 2.5]. A
complete local ring (R, m, k) is F-finite if and only if its residue field k is F-finite. When R is F-finite
and M is a finitely generated R-module, M'/7" is also a finitely generated R-module and

CR(MMPY = [KMP" k- e (MYPT) = [KYP° ) - LR (M)
In particular, note that
uRMYT) = Lr(MP @ k) = Lr((M/m!PIM) VP = (K0 K] ep(M/mlPIM). ()

Lemma 2.3. Suppose (R, m, k) is a complete local F-finite domain with coefficient field k and system
of parameters x1, ..., xq chosen so that R is module finite and generically separable over the regular
subring A =k[[x1, ..., xq]l. Then there exists 0 # c € A so that c - RYP* C R[AVP 1=R®@, AP for
alle e N.

Proof. Note first that, by the Cohen—Gabber structure theorem, every complete local ring admits such a
coefficient field and system of parameters; see [Kurano and Shimomoto 2015] for an elementary proof. Let
K =Frac(A) C L =Frac(R) be the corresponding extension of fraction fields. The separability assumption
implies L and K'/7° are linearly disjoint over K, so that L ® ¢ K'/7° = LK'/?* is reduced. Since A'/?* is
a free A-module, R® 4 A7 is a free R-module and injects into its localization L ® 4 AVP = L@yg KVP°.
Thus, R @4 A'/P" is also reduced, which gives the equality R ®4 A7 = R[AYP*]. If ey, ..., e; € R
generate R as an A-module, it is easy to see ¢ = (det(tr(e,-ej)))2 satisfies ¢ - RY/P° C R[AY/P°] where tr is
the trace map; see [Hochster and Huneke 2000, Lemma 4.3] for a proof and [Hochster and Huneke 1990,
§6] for further discussion. Il

The corollaries below follow immediately; see [Kunz 1976] for details.
Corollary 2.4. If (R, m, k) is an F-finite local domain of dimension d, then tkg (R'/P*) = [k'/?* : k]- p*?.
Corollary 2.5. If R is F-finite, for any two prime ideals p C q of R it follows that

() /7" < k()] = [k(@)"/7" : k(q)] - p¢ImRa/PRo),
If additionally R is locally equidimensional, we have
k()P < k(p)]- p¢imB) = k()P : k(q)]- p¢YimR)

and the function Spec(R) — N given by p — [k(p)'/7" : k(p)]- p¢ ™ Re) is constant on the connected
components of Spec(R).

Corollary 2.6. If R is a locally equidimensional F-finite reduced ring with connected spectrum and
p? =[kmY?  k(p)]- pdim(RP)for all p € Spec(R), there exist short exact sequences

0 R®P” RY/P M 0, (3)

0 R/P R®P" N 0 4)

so that dim(Mp) < dim(Ry) and dim(Np) < dim(Ry) for all p € Spec(R).
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3. F-signature and Hilbert—Kunz multiplicity revisited

The first goal of this section is to provide an elementary proof that simultaneously shows the existence of
the F-signature and Hilbert—Kunz multiplicity for an F-finite local domain (R, m, k). At the heart of all
known proofs of existence is a basic observation on the growth rate of a Hilbert—Kunz function.

Lemma 3.1 [Monsky 1983, Lemma 1.1]. Let (R, m, k) be a local ring and M a finitely generated
R-module. Then there exists a positive constant C(M, m) € R so that

(M /mPIM) < C(M, m) - p¢dim®D
for each e € N.

Proof. If m is generated by ¢ elements, then m'’?* € ml”! for each e € N. Thus, Z(M/m[Pe]M) <
£(M /m'P° M), which is eventually polynomial of degree dim(M) in the entry p°. (|

Theorem 3.2 [Monsky 1983, Theorem 1.8; Tucker 2012, Theorem 4.9]. Suppose that (R, m, k) is an
F-finite local domain and dim(R) = d. Then the limits
. ur(RYP) _ frkg(RV/P)
enk (R) = lim 77 k] ped’ s(R) —elggom
exist.

Proof. Let p¥ = [kYP . k] - pd = tkg(RY?") and v(_) denote either wu(_) or frk(_). Set n, =
(l/peV)vR(Rl/pe), and observe using Lemma 3.1 with (1) and (2) that the sequence {7,}.cn is bounded
above. Put n* = limsup,_, o, 7. and n~ = liminf,_, » 7.

As in (3), fix a short exact sequence

0 R®P RYP M 0
where dim(M) < d. Applying the exact functors (_)'/7* gives the short exact sequences
0 —— (RVP)®P — RUP _ ylr" 0,

and Lemma 2.1 implies
VRV < p? vRYP) 4 (M)

for each e € N. By Lemma 3.1 and using (2), there exists a positive constant C (M, m) € R with u(M /7% <
C(M,m)p*dmM < C(M, m)p“@—D, Dividing through by p©*+1? and setting C = C(M,m)/p? € R
yields n.+1 < n. + C/p®. Iterating this inequality gives
C 1 1 2C
Nete <Net+ —|1+—++—= | <n+—
p p P P

for all e, ¢’ € N. For each e, taking limsup, _, ., then gives n™ < n, +2C/p*. Now taking liminf,_,
gives nT < n~ as desired. O
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Our next goal is to give a direct proof of the upper semicontinuity of Hilbert—Kunz multiplicity. The
key observation is that the constant appearing in Lemma 3.1 can be taken uniformly on ring spectra.

Theorem 3.3 [Polstra 2015, Theorem 4.3]. For any F-finite ring R and finitely generated module M,
there exists a positive constant C (M) such that for all p € Spec(R)

Cr, (My/p'7 T My) < C (M) p¢ ™M,

From the proof of Theorem 3.2 above, which is valid without change for a local equidimensional
reduced ring, it follows that there is a positive constant C € R such that

iy (Ry'") L Ry < e BT oc
k() P° - k . pedim(Rp) e’ s( p) = k(P -k . pedim(Ry) e
[k(p)/P" k(p)]-p P [k(p)'/P" k()] p P
for all p € Spec(R) and all e € N.

ek (Ry) <

Theorem 3.4 [Smirnov 2016, Main result]. For any F-finite locally equidimensional reduced ring R, the
function ey : Spec(R) — R given by p — enx (Ry) is upper semicontinuous.

Proof. Restricting to a connected component, we may assume without loss of generality that Spec(R) is
connected and hence p? = [k(p)'/? : k(p)]- pYimRe) is constant for all p € Spec(R) by Corollary 2.5. If
4 € R and eyk (Ry) < § for some q € Spec(R), then

ey (R’ 3
[k(e)!/7" : k()] - pehimRe)

for some 0 < € < 1 and some e € N with 2C/p® < €. By Lemma 2.2, the same holds true for all p in a

S —¢€

neighborhood of q. This yields

1/p¢
MRp (Rp ) 2C
_ : L+ cs—etr <5
k()17 2 k(p)] - pedimBe) = pe pe

as desired and completes the proof. 0

enk (Rp) <

To get a similar argument for lower semicontinuity of F-signature, we need to reverse the estimates
arising in the proof of existence. To that end, we first record the following elementary lemma.

Lemma 3.5. Let p be a prime number, d € N, and {A,}.en be a sequence of real numbers so that
{)»e/p“’d}eeN is bounded.

() If there exists a positive constant C € R so that e/ p“TV4 < 1./ p¢ + C/p¢ for all e € N, then
the limit & =1im,_, oo Ao/ p¢ exists and A — A,/ p? < 2C/p® for all e € N.

(i) If there exists a positive constant C € R so that A,/ p? < hey1/ptVe +C/p¢ for all e € N, then
the limit & =1im,_, oo Ao/ p¢ exists and L./ p® — 1 < 2C/p® forall e € N.

(iii) If there exists a positive constant C € R so that |hey1/p TV — A,/ p°d| < C/p€ for all e € N,
then the limit A = lim,_, o0 Ao/ p°? exists and |r./p¢ — L] < 2C/p° for all e € N. In particular,
e = kped + 0(pe(d—1)).
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Proof. Let At = limsup,_, ., Ao/ p°? and A~ = liminf,_, o A./p¢¢, which are finite as {A./p‘}een is
bounded. Iterating the inequality in (i) yields

1 1 C 1 1 1 2C
mke+d§pke+; 1+;++ﬁ Sﬁ)\e'i‘?
for all e, ¢’ € N. Taking limsup, _, ., for each fixed e € N gives AT < A./p? +2C/p®, and then applying
liminf,_, o gives AT < A~ so that A = lim,_, o A./p° exists and A — A./p°? < 2C/p® for all e € N.

Similarly, iterating the inequality in (ii) yields

1 1 C 1 1 1 2C
F)‘e = W)‘He/ + I 1+ P oot o1 = pleted Aete + ra

for all e, ¢’ € N. Taking liminf, _, o, for each fixed e € N gives A./p®¢ < A~ 42C/p®, and then applying
limsup,_, ., gives AT < A7 so that A = lim,_, re/p?? exists and A, /p°? — A < 2C/p¢ for all e € N.
The final statement (iii) follows immediately from a combination of (i) and (ii). O

Theorem 3.6. If R is a locally equidimensional reduced F -finite ring of dimension d, there is a positive
constant C € R so that

e, (R
[k(p) /P k(p)] - pedimBe
forall e € N and p € Spec(R).

_c frk, (Ry'")

_ R .
eHk ( p) e ‘[k(p)l/pe k(p)] - pedlme

C
—s(Ry)| = ?

Proof. Restricting to a connected component, we may assume without loss of generality that Spec(R) is
connected and hence p” = [k(p)!/? : k(p)] - p%™®») is constant for all p € Spec(R) by Corollary 2.5.
The proofs of Theorems 3.2 and 3.4 above relied on a short exact sequence as in (3) of Corollary 2.6
and produced inequalities as in Lemma 3.5(i). Repeating those same arguments on a short exact sequence
as in (4) of Corollary 2.6 yields inequalities as in Lemma 3.5(ii), which combine to give the desired
result. g

Corollary 3.7. If (R, wm, k) is an F-finite local equidimensional reduced ring of dimension d,

1r(RYP)
[k : kr‘]

frkg (R'/7")
[k : kP9]
Theorem 3.8 [Polstra 2015, Theorem 5.7]. For any F-finite locally equidimensional reduced ring R, the

= enx (R) p* + 0 (p*@™), = s(R)p* 4+ 0 (p?=D).

function s : Spec(R) — R given by p +— s(Ry) is lower semicontinuous.

Proof. From Theorem 3.6, there is a C € R such that

1/p°
frkg (R C
eRp( p )d. - SS(Rp)_|__
k(@) k(p)] - pe IR P
for all p € Spec(R) and all e € N. The argument in Theorem 3.4 immediately gives the desired result.
Alternatively, using the whole of Theorem 3.6, both semicontinuity statements follow from the fact that
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the uniform limit of upper [Kunz 1976, Corollary 3.4] or lower [Enescu and Yao 2011, Corollary 2.5]
semicontinuous functions is upper or lower semicontinuous, respectively. g

4. Limits via Frobenius and Cartier linear maps

Background. Suppose that M is an R-module. Recall that an additive map ¢ € Homz (M, M) is said
to be Frobenius linear or p-linear if ¢ (rm) = r’¢(m) for all r € R and m € M. Similarly, we say
that ¢ € Homz (M, M) is p®-linear if ¢ (rm) = r? m for all r € R and m € M. The set of all p¢-linear
maps on M is denoted ¥,.(M) and is naturally both a left and right R-module readily identified with
Hompg (M, M'/?°). The composition of a p¢'-linear map ¢; and a p-linear map ¢, yields a p¢1+e-
=0 F.(M) on M forms
a noncommutative N-graded ring with R — Fo(M) = Homg (M, M). In the case M = R, we have

linear map ¢, o ¢, so that the ring of Frobenius linear operators (M) = P

that every p°-linear map ¢ € Homg(R, R'/?*) = R'/?" is a postmultiple of the Frobenius F¢ by some
c'/P" e R.

Dual to p-linear maps are the Cartier linear or p~'-linear maps; an additive map ¢ € Homz(M, M) is
said to be p‘l—linear ifp(r’m)=r¢(m) forallr € R and m € M. Similarly, we say that ¢ € Homz(M, M)
is p~¢-linear if ¢(r?'m) = rm for all r € R and m € M. The set of all p~¢-linear maps on M is
denoted €. (M) and is naturally both a left and right R-module readily identified with Homg (M /7°, M).
The composition of a p~¢!-linear map ¢; and a p~°2-linear map ¢, yields a p~©*+¢2)_linear map ¢ o ¢,
so that the ring of Cartier linear operators € (M) =P, , €.(M) on M forms a noncommutative N-graded
ring with R — €o(M) = Homg(M, M). -

If we have ¢; € Homg(M /P M) and ¢, € Homg(M'/P? | M), we write ¢, - ¢ for the composition
é1 0 (¢2)V/P°", which coincides with their product when viewed as elements of €(M). In particular,
given ¢ € Homg(M'/P, M) we write ¢¢ € Homg(M'/P°, M) for the corresponding e-th iterate. If
W € Homg(M'/7°, M), we let ¢ (r'/?* . ) denote the R-linear map

v

1/p¢
o YR

Mml/P
given by premultiplying with /7 € R1/7°,
Lemma 4.1. Let R be an F-finite domain of dimension d with tkg(R'/?) = p?.

(1) If 0 # c € R, then there exists a short exact sequence

P

0 R®P” R/ M 0

so that dim(M) < R and ®(R®P") C (cR)'/?.
(ii) Let 0 # ¢ € Homg(R'/?, R) be a nonzero map. There exists a short exact sequence

v

0 RY/P R®P” N 0
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so that every component function of V is a premultiple of . In other words, there exists ry, ..., rpr €
1 1
R sothat @ = (Y (r,'"- ), ... v ()" ).

Proof. For (i), start with any inclusion R®?" C R!/? with a torsion quotient as in (3) and postmultiply
by ¢!/ on RYP_ For (ii), note that rkpi/p (Hompg (RY?, R)) = 1 so that there is some nonzero z € R with
z'/P . Hompg(R'/?, R) € v - R'/P. Start with an inclusion R'/? C R®P” with torsion quotient as in (4)
and premultiply by z!/? on R!/? to achieve the desired sequence. O

If R is an F-finite normal domain and D is a (Weil) divisor on X = Spec(R), we use R(D) to denote
['(X, Ox(D)). There is a well known correspondence between p~°-linear maps and certain effective
Q-divisors. Fixing a canonical divisor K g, standard duality arguments for finite extensions show that
Hompg (R'/P°, R) = (R((1 — p°)Kg))"/?" for each ¢ € N. Thus, to each 0 # ¢ € Homg(R'/?", R)
we can associate a divisor Dy so that Dy ~7 (1 — p®)Kg, and we set Ay = (1/(p® — 1))Dy. If
¢, ¥ € Homg(R'/?", R), then Ay > Ay if and only if ¢(_) = (/7" _) for some 0 # r € R, in which
case Ay = Ay + (1/(p® — 1)) divg(r). Moreover, if ¢; € Hompg (R, R) and ¢y € Homg (R'/P?, R)
with g =1 -¢o=10(¢2)!/7", then Ay = (1/(p* T2 —1))((p2—1) Ay, +p(p® —1)Ay,). In particular,
Ay = Ay for all e, n € N and all ¢ € Homg(R!/P°, R). If A is an effective @-divisor on X = Spec(R)
and ¢ € Homg(R'/?°, R), note that Ay > Aifand only if (p® —1)Ag > [(p® — 1 AT] (as (p®* — 1) Ay is
integral), which is equivalent to asking that ¢ is in the image of the natural restriction mapping

Homg (R([(p® — HAD)/?, R) — Homg(R'", R).
See [Schwede and Tucker 2012, §4] or [2014, §2] for further details.

Lemma 4.2. Let R be an F-finite domain and 0 # € Homg (R'/?, R). There exists an element 0 #z € R
so that, for any e € N and any ¢ € Homg(R'P* R), themap z-¢( ) =¢(z- ) =p((")H/P". )=
Ve . ) for some r'/P° e RYP. In other words, z¢ is a premultiple of Y°.

Proof. Let R be the normalization of R in its fraction field, and take 0 # ¢ € R inside the conductor
ideal ¢ = AnnR(E /R). One can show [Blickle and Schwede 2013, Exercise 6.14] that every p~¢-
linear map ¢: R'/P° — R extends uniquely to a p~¢-linear map on R compatible with ¢, which we
denoted here by ¢: R'/?° — R. Let 0 # x € R be such that divg(x) = Ay, and put z = cx. Then
A= Aq;—k(pe/(pe — 1) divg(x) > Ay = Age so that d(x- )=vye@FY/P . ) forsome 7 € R. Letting
r1/P" = ¢il/P e RV/P and restricting back to R, this gives ¢ (z- ) = ¢¢(r/P* . ) as desired. O

Recall that a Cartier subalgebra on R is a graded subring % C 6(R) of the ring of Cartier linear
operators on R containing €p(R) = Homg(R, R) = R. Cartier subalgebras can be seen as a natural
generalization of a number of commonly studied settings in positive characteristic commutative algebra.
For instance, if R is an F-finite domain and 0 # a C R is an ideal and ¢t € R, the Cartier subalgebra
€ = D.>o €% where

%g’ = al"P* =DV  Homg(R'?*, R)
= {7 )| x ea"” Dl and ¢ € Homg(R'?", R)}
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recovers the framework of [Hara and Yoshida 2003]. Similarly, if R is an F-finite normal domain and A
is an effective Q-divisor on Spec(R), the Cartier subalgebra @R.2) = ey =0 ‘GEZR’A) where

€N = {¢p € Homg(R'?", R) | Ay = A}
= im(Homg (R([(p¢ — DADY?", R) — Homg(R'/?", R))

recovers the setting of [Hara and Watanabe 2002; Takagi 2004]. For more information on Cartier
subalgebras, see [Blickle and Schwede 2013]. We will mainly be interested in the generalization of
F-signature to a Cartier subalgebra & introduced in [Blickle et al. 2012; 2013].

Existence and semicontinuity.

Theorem 4.3. Let (R, m, k) be an F-finite local domain of dimension d, and {1,}.cn a sequence of ideals
such that mP1 C I, for all e € N.

(1) If there exists 0 # ¢ € R so that cIe[p] C I,y foralle e N, then n = lime%oo(l/ped)ER(R/Ie) exists.
Moreover, there exists a positive constant C (¢) depending only on ¢ € R withn— (1/p*“)¢g(R/1,) <
C(c)/p¢ foralle e N.

(ii) If there exists a nonzero R-linear map : RYP — R so that 1//(1;/:17) C I, for all e € N, then
N =1lim,_ oo (1/p) LR (R/1,) exists. Moreover, there exists a positive constant C () € R depending

only on W such that (1/p*»er(R/1,) —n < C(Y)/p forall e € N,

Remark 4.4. The conditions on ideal sequences {/,}.cn in Theorem 4.3(i)—(ii) are far more symmetric
when phrased in terms of p-linear and p~!-linear maps. In (i), the requirement is simply that there
exists a p-linear map 0 # ¢ € & (R) on R such that ¢ (I,) C I, for each e € N. Similarly, for (ii) the
requirement is that there exists a p~!-linear map 0 # ¢ € €;(R) such that ¢ (I,4;) C I, for each e € N.

Proof of Theorem 4.3. For (i), put tkgr(RP) =[k/P : k] - pd = p? and consider a short exact sequence

0 REBPV [

RI/P M 0 5)

as in Lemma 4.1(i) with dim(M) < dim(R) and ®(R®?") C (Rc)!/. Note that the condition c I € I,
for all e € N can be restated as I,(Rc)"/? € (I,41)"/?, so that ® (12" ) = &(I,(R®P")) C I,(Rc)/P C
(I,+1)'/P. In particular, ® induces a quotient map

®: (R/1)®P" — (R/I41)"?
and it follows that
[K"P k1R (R/Lo41) = LR((R/Le41)'/P) < pY LR (R/I,) + € g (coker(D)).

Since m!P*"'] C I, and coker(®) is a quotient of (R/I,4+1)'/?, we have mlP1 C Anng(coker(®)). But
coker(®) is also a quotient of coker(®) = M and thus M/m!PIM so £z (coker(®)) < £xr(M/mPIM) <
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C(M, m)p¢“=D by Lemma 3.1. Dividing through by [k!/? : k]p¢tDd = pr+ed yields
C(M,wm)/p”
e

’

1 1
WKR(R/QH) < WER(R/Ie) +

and the result now follows from Lemma 3.5 with C(c) =2C (M, m)/p? independent of the sequence of
ideals {/,}.cn satisfying the condition in (i).
Similarly for (ii), consider a short exact sequence

v

0 RY/P ROV N 0

as in Lemma 4.1(ii) with dim(N) < dim(R) so that every component function of W is a premultiple of 1.
It follows that \ll((IeH)]/ Py C IeEB P y, so that W induces a quotient map

U (R/L4)'? — (R/1,)®P

and thus _
PYLR(R/I) < LR((R/Io11)"/P) + £g(coker(W))

= [k"? 1 k]€r(R/Io41) + Lr(coker(¥)).

Since m!”‘1 C I, and coker(W) is a quotient of (R/1,)®P”, we have that m!”! € Anng(coker(¥)). But
coker(W) is also a quotient of coker(¥) = N and thus N/m[pe]N, so £g(coker(¥)) < ER(N/m[pe]N) <
C(N, m)p¢“=D by Lemma 3.1. Dividing through by [k'/7 : k]p¢tD4 = pr+ed yields

1 1 C(N,m)/p”
pedZR(R/Ie) = WER(R/IeH) +—,

e

and the result now follows from Lemma 3.5 with C(y/) = 2C(N, m)/p? independent of the sequence of
ideals {/,}.cn satisfying the condition in (ii). Il

Corollary 4.5. Let (R, m, k) be an F-finite local domain of dimension d, and {I,}.cn a sequence of
ideals such that wlP1 C I, for all e € N. Suppose there exists 0 # ¢ € R so that cIe[p] C Iy for
all e € N, and a nonzero R-linear map ¥ : R'? — R so that 1//(124‘17) C I, foralle e N. Then n =
lime— oo (1/p¢)ER(R/1,) exists, and there is a positive constant C € R such that |(1/p*®)er(R/ 1) —n| <

C/p¢ for all e € N and all such sequence of ideals {I,}een. In particular, £g(R/1,) = np¢¢ 4+ O (p¢@=D).

Corollary 4.5 gives yet another perspective on the existence proofs for Hilbert—Kunz multiplicity and
F-signature in terms of the properties of certain sequences of ideals. If (R, m, k) is a local domain
and we set IeHK = m!”l and IeF'Sig =@ eR|¢rVP) emforall ¢ € Homg(R?", R)), it is easy to
see wr(RY/P") = Lp((R/IFK)/P") and frkg (RVP) = Lx((R/I.%)V/7). 1t is shown in [Tucker 2012]
that both sequences satisfy the conditions of Corollary 4.5; in fact, any choice of 0 # ¢ € R and
0 # ¥ € Homg (R, R) will suffice.

As in [Tucker 2012], in settings such as Theorem 4.3, we have opted to consider sequences of ideals
{L}een withmlP T C [, In light of Theorem 3.3, uniformity of constants over Spec(R) would seem more
transparent for such sequences. Nonetheless, for any m-primary ideal J, one could consider sequences
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with JIP1 C I,. One has m[P*! C J for some ey € N, so that mlp 0] c JP1 C [, for such sequences. In
particular, our techniques carry over to this setting after allowing for reindexing, and it is straightforward
to recover Monsky’s original limit existence result.

Corollary 4.6 [Monsky 1983]. If (R, m, k) is a local ring of dimension d and J C R is an m-primary
ideal, then

1 ¢
enk(R, J) = lim —-Cr(R/J'"T)
e—00 pe
exists and there is a positive constant C € R such that
R.J)— Lg R/JWwl £
ek (R, J) — —Lr(R/JV )| < —
p p

forall e.

Proof. The reindexing argument preceding the statement together with Theorem 4.3 yields the desired
conclusion when R is an F-finite domain, which can be used to deduce the general case. For completeness,
we include the reduction from [Monsky 1983]. First, passing to a faithfully flat unramified local extension,
we may assume that R is complete with perfect residue field (and hence F-finite). Suppose pi, ..., ps are
the minimal primes of R with dimension d. Take eg >> 0 so that (\/6)”’201 =0, and put N; =¢ Ry, (Fy° Ry,)
fori=1,...,s. If

N
M =EP(R/p)®M),
i=1
then M and F;°R agree upon localization to any of the p;, and it follows that there exist R-module
homomorphisms M — F,°R and F°R — M with cokernels of dimension strictly less than d. Applying
R/I'"1®  and using Lemma 3.1 yields a positive constant C’ so that

(R (R/ TP — Lr(M /1P M| < C'peD

for all e € N. Dividing through by p*¢? and using

¢ - R/pi
Cr(M/1PIM) =) N -zR(E—),
i=1 I171R /pi

the statement for R now follows from that of the R/p;, which are F-finite complete domains. Il

Another useful modification of the setup of Theorem 4.3 proceeds in the following manner. Fixing
eo € N, one can modify the condition on the sequences of ideals {/.}.cn of Theorem 4.3(i) to require
that cIe[p 1 C Ioye, for all e € N. Similarly, in Theorem 4.3(ii), one can ask that there exists 0 # €
Homg (R'/P?, R) such that ¥ ((I,4¢,)"/7™) C I, for all e € N.. In both cases, after reindexing, the same
methods apply to yield analogous results.

For example, this last generalization is particularly relevant when working with an arbitrary Cartier
subalgebra % on a local F-finite domain (R, m, k). As 9 is closed under composition, it is easily verified
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that
g ={eeN|Z, #0}

is a subsemigroup of (N, +), and is called the semigroup of %. For e € I'g, one defines the e-th F-splitting
number . of R along & to be the maximal number of copies of R with projection maps in %, appearing
in an R-module direct sum decomposition of R'/?°. In other words, a? is the largest integer so that there
is a surjection RY/P° — R®4 where the induced map Homg(R®% | R) — Homg(RY?", R) = €.(R)
has image inside of %,. See [Blickle et al. 2012, §3.1] for further details. Setting IegZ =(r € R |
d(r'/Py emfor all ¢ € B,), it is again easy to check that a? = ER((R/ISD)I/P‘)), and the method of
Theorem 4.3(ii) yields the following result.

Theorem 4.7. Let (R, m, k) be an F-finite local domain of dimension d and % a Cartier subalgebra
on R. Then the F-signature s(R, %) = limezroo(l/([kl/l’e k1 p®))al of R along D exists, and there is
eely

a positive constant C € R so that

7k ped e =T

forall e € I'g,.

Proof. Let p¥ = tkr(RYP) = [kV/P : k]- pd, and take a set! of generators ey, . . ., e for the semigroup I'g.
Fixing 0 # ¢; € @,, foreachi =1, ..., s, we can find a short exact sequence of R-modules
e; ‘I/i e;
0 —— RYVP" L ROP s M, —— 0 (6)

where dim(M;) < d and every component function of W; is a premultiple of ¥; as in Lemma 4.1(ii). Since
the Cartier linear maps in & are closed under composition, it follows readily that ; ((IEDJr e,-)l/ Py C I? for

any e € I'g. In particular, \I—‘i((lg‘iei)l/ Py C (Ifb)@f’wi and proceeding as in Theorem 4.3(ii), we see that

!/
pey e — p(e+e,-)y ete; pe
foranyi =1,...,s and e € I'g where C' = max{C (M, m)/p°”, ..., C(M;, m)/p%V}. It follows as
in Lemma 3.5(ii) that s(R, ) = limeco(1/ pY)a? exists and s(R, D) — (1/p)a? < 2C’/ p® for all
ecly
e € I'g as desired. O

Remark 4.8 (compare to [Polstra 2015, Condition (1)]). Consider a Cartier subalgebra % on an F-finite
local domain (R, m, k) with the following property: if ¢ € @, for some e € N, then ¢|z1/¢c € D,. It is
easy to check (1)1 C IEH for all e e N =T'g, and Theorem 4.3(i) gives that there is a positive constant

C € R so that
1 9 C

s(R, %) — mae < I

(7)

1Every subsemigroup of N is finitely generated [Grillet 2001, Proposition 4.1].
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for all e € N. Arbitrary Cartier subalgebras will not satisfy such properties, and we know of no reason to
expect (7) to hold in general. However, we will see below in Theorems 4.11 and 4.12 that the Cartier
subalgebras constructed using ideals and divisors do satisfy (7) by showing they enjoy a perturbation of
the above property.

The proof of Theorem 4.3 made use of positive constants arising from Lemma 3.1. However, in case
R is not local and the p-linear map in (i) or p~'-linear map in (ii) extend to R, one can make these
constants spread uniformly over Spec(R) using Theorem 3.3 instead. In the case of Theorem 4.7, this
immediately yields the following result.

Theorem 4.9. Let R be an F-finite domain and % a Cartier subalgebra on R. There is a positive constant
C € R so that

1 )

k()77 < k(p)] - pemi)

C
! ES(Rpsgbp)'i‘E

forall e € T'g and all p € Spec(R). Moreover, the function Spec(R) — R given by p > s(Ry, Dy) is
lower semicontinuous.

Note that, for the lower semicontinuity property, one can relax the above requirement that R is a
domain —any F-finite ring will suffice. The F-signature function is identically zero off of the strongly
F-regular locus of R, so that s(Ry,, @) =0 for any p € Spec(R) where Ry, is not a normal domain. Thus,
it suffices to check lower semicontinuity on the normal locus U € Spec(R), which follows from the lower
semicontinuity on each Spec(R ) for each f € R where R is a normal domain.

Proof. Following along in the proof of Theorem 4.7, observe that sequences in (6) can be taken to be
global and then localized to each p € Spec(R). By Theorem 3.3, we may then take the positive constant
C =max{2C(My)/p®Y,...,2C(M)/p*?} independent of p € Spec(R). For the remainder, first note
the argument of Lemma 2.2 readily adapts to show the function Spec(R) — R given by p — a?p is lower
semicontinuous. The lower semicontinuity of the F-signatures thus follows from the argument given in
Theorem 3.8. g

Remark 4.10. Analogous to the argument above, for an R-valued function on Spec(R) governed locally
by sequences of ideals as in Theorem 4.3(i), upper semicontinuity passes from the individual terms in the
sequences to the limit as in Theorem 3.4. However, we are unaware of any such functions that are not
directly related to Hilbert—Kunz multiplicity itself.

Theorem 4.11. Let R be an F-finite domain, a C R a nonzero ideal, t € R>o, and p € Spec(R). Then the
F-signature
1 al

p

ry ay _
S(Rp, ap) = S(Rp, © p) = ell>nolo [k(p)l/pe k(p)] . peht(p)ae
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of Ry along a; exists and determines a lower semicontinuous R-valued function on Spec(R). Moreover,
there is a positive constant C € R so that
@,
o de ¢
Y ) T k] | = e ®
foralle €N, all p € Spec(R), and all t € Rxq. In particular, a,” /[k(p)"/7 : k(p)] = s (R, ap) p M +
0(pe(ht(P)*l))_

Proof. The existence and semicontinuity statements follow 1mmed1ately from Theorems 4.7 and 4.9
above. Let fi, ..., fs be a set of generators for a. If # > s, then ae =0 for all e € N and any p € Spec(R).
Thus, we are free to assume ¢ < s going forward.

For a fixed ¢ € R, one inequality in (8) also follows from Theorem 4.7 above; however, it remains
to show that the positive constant C can be chosen independent of ¢ € R>¢. To that end, fix a choice of
0#x €a'®” D and ¢ € Homg(R'/?, R). Then ¥(_) = ¢(x'/?. _) € €% for any 7 < 5. The desired
independence follows from the observation that a short exact sequence as in Lemma 4.1(ii) can be used
for (6) in the proof of Theorem 4.7 for any t <'s.

To show the reverse inequality, choose an element 0 # ¢ € R that satisfies cal’ (P =D1 ¢ (al" P =DTy(p]
for all e eN and any t € R>o; one can check that ¢ = fl -« £ will suffice. We will show that
c(1, X el c 1,7 % , for all # € R>¢ and p € Spec(R), after which the result follows by using a short exact
sequence as in Lemma 4.1(1) for (5) in the proof of Theorem 4.3(i) for any t < s and p € Spec(R) with
C(My,pRy) =C(M) from Theorem 3.3. Supposing that ¢ € HomRP(R 1/p ,Rp)and y € a,L"Pe“*m,
we must show ¢ ((yc (1, p) )I/Pm) CpRy,. Writecy =) 1g Ti Where eachr; € Ryand g; € amp R
Let ¢; € Homg, (R,’”", Ry) be the map defined by ¢ /Py = ¢(r1/” /P forall z € Ry. If x € o
then ¢ ((yex”) 7™y = S0 (P (@) 117 = S, i (i) /7)€ pRy as (g ) € 6" for
i=1,...,n. O

Theorem 4.12. Let R be an F-finite normal domain, A an effective Q-divisor on Spec(R), and p €
Spec(R). Then the F-signature

1
(Rp, A)y __ (Rp.2)
Y &) =R 0 = I8, ey k] - prn

of Ry along A exists and determines a lower semicontinuous R-valued function on Spec(R). Moreover, if
A is a fixed effective integral divisor on Spec(R), there exists a positive constant C € R so that
(Rp, D)

R A a, - C
$(Ry. )_[k(p)l/l"’:k(p)]-peh“”) = pe

for all e € N, all p € Spec(R), and all effective Q-divisors A with A < A. In particular, we have that
Ry, A . v
ad ) )P k(p)] = s(Ryp, A) M) 4 0 (pe=),

Proof. The existence and semicontinuity statements follow immediately from Theorems 4.7 and 4.9

)

above. For a fixed A, one inequality in (9) also follows from Theorem 4.7 above; however, it remains
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to show that the positive constant C can be chosen independent of A < A. To that end, fix a choice of
0#¢y € C@ER’A). Since <€§R’A) - C@ER’A), the desired independence follows from the observation that a
short exact sequence as in Lemma 4.1(ii) can be used for (6) in the proof of Theorem 4.7 for any A < A.

For the reverse inequality, choose 0 # ¢ € R so that divg(c) > pA. We will show that c(1.P*)P]
1 e(f‘;’A) for all A < A, after which the result follows by using a short exact sequence as in Lemma 4.1(i)
for (5) in the proof of Theorem 4.3(i) for any A < A and p € Spec(R) with C(My, pRy) = C(M)
from Theorem 3.3. Supposing p € Spec(R) and ¢ € %Zﬁ’l’m, we must show ¢((c(le(R”’A))[P])l/p"“) -
pR,. Let ¥ € Home(R;/””', Ry) be the map given by ¥(_) = ¢(c'/?" - _), and ¥, = ¥|g"* €
Homg, (Ry'”", R,) be the restriction to Ry'”". It suffices to show that Ay, > A, so that for any x € IR
we have ¢ ((cx?)'/7"™) =, (x'/7) € pRy,.

To that end, consider the inclusions for each e € N

RY/P* C RU/peH!
N N

(R(T(p* = DHAD" < (R(p[(p* = DAT)P
N

(R(T(pe*! = AT+ divg () /7"
which hold because [(p¢ —1)A]1 < (p* — DA+ A implies
pI(p* = DAl < (p = p)A+pA
< (P = DA+ pA
< TP = DAT +divg(0).

We know that 1 is the restriction to Ré/ e of a map in
. e+1
Hompg, (Ry(T(p™" = AT +dive(©)'/"", Ry),

and by localizing the above inclusions at p, we see that ¥, = /| gl/pe can be extended to a map in
e . . p
Homg, (R, ([(p¢ — DA)YDP", Ry). Tt follows immediately that Ay, > A. O

As the above examples demonstrate, Theorem 4.3 can be used to show the existence of limits in a large
number of important settings. Moreover, the following well known lemma allows similar techniques to

be used more broadly still.

Lemma 4.13. Let (R, m, k) be an F-finite local domain of dimension d and 0 # ¢ € R. Suppose {I.}ceN

and {J,}een are two sequences of ideals in R so that
mPICcr, cJ S o)

for all e € N. Then there exists a positive constant C € R so that

1 1 1 C
aln(RI) =l (R) 0| = r(e/ 1) < 2
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forall e eN and so lime_, o0 (1/p*LR(R/1.)—(1/ p¢Er(R/J,)) =0. Hence, lim,_, oo (1/ p* )R (R/ J,)
exists if and only if lim,_, oo (1/ p*)eg(R/1,) exists, in which case they are equal.

Proof. Since (I, : ¢)/1, is the kernel and R/(l,, c¢) the cokernel of multiplication by ¢ on R/I,, their
lengths are equal. Thus,

1 1 I 1 » c
od Lr(Je/ 1) < _eng((Ie 2x)/1) = WER(R/(I@ ) < WER(R/(m ,0)) < -
p P p p p

by applying Lemma 3.1 with M = R/(c). g

Once again, the constant C in the above lemma depends only on the choice of 0 7 ¢ € R and not on any
particular sequence of ideals; moreover, in case R is not local, the constant C can be chosen uniformly
over Spec(R) using Theorem 3.3.

5. Positivity

Positivity of the F-signature. Recall that an F-finite ring R is said to be strongly F-regular if and only
if, for all x € R not contained in any minimal prime (e.g., x # 0 when R is a domain), there exist
some e € N and ¢ € Homgz(R'/7°, R) with ¢ (x'/7°) = 1. Strongly F-regular rings are always products
of Cohen—Macaulay normal domains. Moreover, a strongly F-regular local domain remains so after
completion.

Theorem 5.1 [Aberbach and Leuschke 2003, Main Result]. Suppose (R, m, k) is a local F-finite domain.
Then R is strongly F-regular if and only if s(R) > 0.

We will give two new proofs of Theorem 5.1. The first proof is notable in that it gives a readily
computable lower bound for the F-signature.

First proof of Theorem 5.1. We will assume for simplicity in the exposition that k = k? is perfect —
the proof is easily adapted to arbitrary k. Suppose first that R is not strongly F-regular, so that there
exists some 0 # x € R with ¢ (x'/Py e m for all e € N and all ¢ € Homg(R'/?°, R). Take a surjection
®: RV = RERRY) ¢ R modules. Tt follows that ®((x R)/7*) € m®keR") g4 that & induces
a surjection of R-modules (R/xR)l/PE — k@frkR(R]/pB) and hence frkg(R!/7%) < ,uR((R/xR)l/pe) <
C(R/xR, m)p¢“=D ysing (2) and Lemma 3.1 for some positive constant C(R/xR, m) € R. Dividing
through by p° and taking lim,_, », then gives s(R) = 0. Thus, s(R) > 0 implies that R is strongly
F-regular.

Conversely, suppose that R is strongly F-regular. The F-signature remains unchanged upon completion,
so we may assume R is complete and choose a coefficient field k and system of parameters xi, ..., x4
so that R is module finite and generically separable over the regular subring A = k[[xy, ..., x4]. Take
0 # ¢ € A so that cRYP* C R[AYP'] = R ®4 AYP" as in Lemma 2.3 for all e € N. Since R is
strongly F-regular, we can find ¢y € N and ¢ € Homg(R'/?P®, R) with ¢(c'/?) = 1. We will show
s(R) > 1/p®4 > 0.
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For any o = (@1, ...,04) € Z¢ and e € N, we write x*/?° for x(lx'/pe~--xj"’/pe. Let $, = {a =
(o1, ...,0q0) €Z410<a; < p¢fori=1,...,d}. The monomials )_c"‘/”e for o € 9, are a free basis for
AP over A. As such, for each « € $,, we can find an A-linear map 7y : AYP" - A with 7, ()_co‘/pg) =1
and 7, (x#/P") = 0 for all « # B € $,. Applying R ®, _ gives an R-linear map 7,: R[A/7'] — R
with 7, (x¥/P°) = 1 and 77,(xP/?) = 0 for all « # B € $,. Multiplication by ¢ gives an R-linear
map R'/P° — R[A!/P°], and composing with 7, gives an R-linear map 7o (c- _): R'/P° — R so that
To(ex®P) = ety (x%/P°) = ¢ and 74 (cxP/P") = 7ty (xP/P*) = 0 for all a # B € 9, (since ¢ € A). Setting
Va( ) =¢oFalc- NYP: RYPT 5 R, we have ¥, € Homg(RP"™, R) with 1y (x*/P"™°) = 1
and Yo (xF/7") = 0 for all & # B € $,. It follows that W = @, ¥e: R/P — R is an
R-module surjection and hence frkg (R!/ POy > p°?. Dividing through by p©*+¢04 and taking lim,_, oo
yields s(R) > (1/ peod) > 0 as desired. Il

e+eq

For the second proof, we will need the following lemma, which should be compared with [Hochster
and Huneke 1991, Theorem 3.3]. In the next subsection, we will show how to adapt this proof to arbitrary

sequences of ideals as in Theorem 4.3(ii).

Lemma 5.2. Let (R, m, k) be a complete local F-finite Cohen—Macaulay domain of dimension d. There
exists N € N with the following property: for any e € N and all x € R \ wml?), there exists a map
¢ € Homg(R'/P", R) with ¢ (x'/7°) ¢ m".

Proof. Choosing a coefficient field k and system of parameters xi, ..., x4, we have that R is a finitely
generated free module over A = k[[x, ..., x4]] [Bruns and Herzog 1993, Proposition 2.2.11]; let my4
denote the maximal ideal of A. Fix a nonzero map T € Hom4 (R, A). Since Homy4 (R, A) is a rank-one
torsion-free R-module, we can find 0 = y € Anng(Hom4 (R, A)/(R7)); replacing by a nonzero multiple,
we may further assume 0 # y € A. If N', N € N are sufficiently large so that y ¢ mf{ "and m¥ C mx 'R,
we will show N satisfies the desired property.

Fix e € N and x € R\ m!”’], so also x ¢ mE{’(]R. Since R'/7" is a free A-module and x/7° ¢ my R'/7",
x!/P" can be taken as part of a free basis and there exists an A-linear map x : R'/?° — A with x (x!/?")=1.
If Tr: Homus(R, A) — A is the A-linear map given by evaluation at 1, there is a commutative diagram

RYP —X s Homu(R'/P*, A) —— Hom, (R, A) —— Rt —— R
JTr J/Tr J/f (10)
X .y —
A ’ A——1A

where x is the RY/P*linear map sending 1 — x and where Homy (RY?°, A) — Homu (R, A) is the
R-linear map given by restriction to R € R'/7°. Let ¢ € Homg(R'/?°, R) be the composition along the
top row of this diagram, so that yx = 7 o ¢. We have (¢ (x'/7)) = yxx/P) =y ¢ mg/, and thus
o (x1/P%) ¢ mX/R as t is A-linear. In particular, since mV C mX,R, we have ¢ (x1/7%) ¢ m" as desired. O

Second proof of Theorem 5.1. Suppose that R is strongly F-regular, and as such Cohen—Macaulay. As
before, without loss of generality, we may assume R is complete. If IeF'Slg =reR|or'")em
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for all ¢ € Homg(R'/?P°, R)) and ¢ € Homg(R'?" | R), it is easy to check that 1//((IF Slg)l/l7 )y C 1Fse
for all e, ¢’ € N. Since R is F-split, we may conclude 7, F “g cI FSie for all e € N; moreover, by the
definition of strong F-regularity, we have [ een I Fsig 0 Thus for N as in Lemma 5.2, Chevalley’s
lemma [1943, Lemma 7] gives ey € N with Ieﬁ SI2 MmN 1t follows from Lemma 5.2 that Iei:)g C mlr
for all e € N. Indeed for each x € R \m[Pe] there is some ¢ € Homg(R'/?°, R) with ¢ (x'/7P%) ¢ m" and
hence ¢ (x1/7°) ¢ 1. SiE. as ¢((Ieizlg)l/pe) C Ieﬁ's we must have x ¢ Ie+zlg Thus, we compute

s(R) = lim tr(R/IE

e+eo ) = hm

Cr(R/mlPly = Le (R) > L 0
R - pe()d HK - pe()d

p(+ 0)d p(+ 0)d

as desired. O

Positivity via a Cartier linear map. In this section, we generalize the method of the second proof of
Theorem 5.1 to examine the positivity of the limits appearing in Theorem 4.3(ii). The essential technique
is to exploit the following generalization of Lemma 5.2, which should again be compared with [Hochster
and Huneke 1991, Theorem 3.3].

Proposition 5.3. Let (R, m, k) be a complete local F-finite domain of dimension d, and suppose that
0 # ¥ € Homg(R'/P, R). There exist N € N and 0 # ¢ € R so that y¢((xR)"/?°) ¢ m" for any e ¢ N
and all x € R\ (m?1: ¢).

Proof. Choose a coefficient field k and system of parameters xi, ..., x4 so that R is module finite over
the regular subring A = k[[x;, ..., x4]. As R is a torsion-free A-module, choose a free A-submodule
G = A®™kA(B) C R of maximal rank and take 0 # ¢ € Anny (R/G). In particular, ¢!/?R/P* c GV/P*
RYP forall e € N.

Fixing a nonzero map r € Homu (R, A), we can find 0 # y € Anng (Homy (R, A)/(R1)) asHomu (R, A)
is a rank-one torsion-free R-module. Let 0 # z € R be as in Lemma 4.2; replacing by nonzero multiples,
we may further assume both 0 #y € A and 0 #z € A. Let N’, N € N be sufficiently large so that yz ¢ mf\’ /
and mV C mg 'R; we will show that the integer N and element ¢ = yz satisfy the desired property.

Suppose e € N and x € R\ (m!”1: ¢). Since xc ¢ m%’e]R C ml?”’l, we have (xc)'/?° ¢ myR'/P* and
so also (xc)l/P ¢ mAG/P" CmuRYPY. As GV/P° = (AV/P*)@ranka(R) 5 3 free A-module, there is a
x' € Homy (GY/P°, A) with x'((xc)'/P") = 1. Let x € Hom,(R'/7°, A) be the composition

R G X p

which satisfies x (x!/?°) = 1. If Tr: Homu (R, A) — A is the A-linear map given by evaluation at 1,
the same diagram (10) from Lemma 5.2 commutes where ¥ is the R'/?-linear map sending 1 — x
and Homy (R'/7°, A) — Homyu (R, A) is the R-linear map given by restriction to R € R'/7°. Let
¢ € Homg(R'?°, R) be the composition along the top row of this diagram, so that yx = 7 o ¢. By
Lemma 4.2, we can find r € R so that zp(_) = ¥¢(r'/P° - ). We compute

(W ((r0)7)) = T (@p (VP = 2t (@ (V7)) = yax (VP ) = yz ¢ ml)’
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and conclude y¢((rx)'/7") ¢ m’X/R as 7 is A-linear. In particular, since m" C m%’ R, we have that
Ye((xR)YP) g mV as desired. .

In the proof of the main result of this section, we will need to use a well known result on the
stabilization of the images of an iterated p~'-linear map. Rooted in the work of Hartshorne and Speiser
[1977, Proposition 1.11] and later generalized by Lyubeznik [1997], the following version is due to
Gabber [2004].

Theorem 5.4 [Gabber 2004, Lemma 13.1; Blickle and Bockle 2011, Proposition 2.14]. Let M be a
finitely generated module over an F-finite ring R and 0 # ¢ € Homg(M /P, M). Then the descending

chain of R-modules
M2¢M'P) 2> M7y D¢ M) D

stabilizes for e > 0.

Theorem 5.5. Let (R, m, k) be a complete local F-finite domain of dimension d and {I,}.cn a sequence
of ideals so that mlP‘1 C I, for all e € N. Suppose there exists a nonzero v € Homg(R'?, R) so
that ¥ ((I,41)Y?) C I, for all e € N. Then the limit lim,_, o (1/ p*)er(R/1,) is positive if and only if
meeN I, =0.
Proof. By Lemma 3.1, if 0 # ¢ € (), Les then €g(R/1,) < €gr(R/(mlP] ¢)) < C(R/(c), m) p¢@=b for
all e € N. It follows that [,y e # O implies that lim,—, o (1/p*/)¢r(R/ 1) =

For the converse, suppose [,y Ie =0. If 0 # 0 = ¥¢ (RYP%) for e > 0 is the stable image of ¥ as in
Theorem 5.4, we also have (,cy(Ie 1 0) =0 as o ((,enyUe 1 0)) € (Noen le =0 and R is a domain. In
addition, it follows from v (¢'/?) = o that (ley1:0) S (U, :0) forall e e N as

e+1:0)0 = oyt : )W (@ P) = Y (Uer1 : ) P0)/P) S Y (Uesr 2 0)0)P) Sy (1D) C 1.

Take N € N and 0 # ¢ € R as in Proposition 5.3. By Chevalley’s lemma [1943, Lemma 7], there is some
eo € N with I,, € (I, :0) C m". It follows from Proposition 5.3 that I, < (m[pe] :c) for all e € N.
Indeed for each x € R\ (m”" : ¢) we have ¥¢((xR)'/7") ¢ m" and hence ¥¢((xR)!/?") € 1,,; since
we((leJreo)l/pe) C I, we must have x ¢ I,,,,. Using Lemma 4.13, we compute

1 1

1
- peod ell>nC}o p ER(R/m

1
peodeHK(R) = p eod > 0.

O

Theorem 5.5 is quite powerful and allows one to show positivity of the limits appearing in Theorem 4.3(ii)
in a number of different situations. One should view this result not only as a generalization of the work
done by Aberbach and Leuschke [2003], but also the work of Hochster and Huneke [1990]. If R is a
domain and 7 C R, recall that x € R is in the tight closure I* of I if there exists an element 0 # ¢ € R
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such that cx?* e I'P] for all e € N. The tight closure /* is an ideal containing I, and I** = I. A ring is
said to be weakly F-regular if all ideals / of R are tightly closed, i.e., satisfy I* = I. See [Huneke 1996]
or [Hochster 2007] for further details.

Corollary 5.6 [Hochster and Huneke 1990, Theorem 8.17] (length criterion for tight closure). Let
(R, m, k) be a complete local F-finite domain of dimension d. Suppose that I C J is an inclusion of
m-primary ideals in R. Then I* = J* if and only if eqx (1) = eux (J).

Proof. Applying the criterion to each term of a composition series of J /I, we may assume J = (I, x) for
some x € R with (I : x) = m. Consider the sequence of ideals (/ [P°1 . xP°) for each e € N. We have that
(I1P°1: x P9yl (I[I’M] :xI’EH) for all e > 0, so that in particular mlPl c (11P°1: xP%) for each e € N.
Moreover, for any nonzero ¥ € Homg(RY/?, R) it is easy to check ¥ ((11P“"'1: xP“"Y1/Py < (111 : xP").
Since (I, x)[pe]/I[Pe] ~ R/(I[pe] : xpe), we see by Theorem 5.5 that

: 1 e .
enk (1) —enk((I.x)) = lim —Zr(R/(I7"]:xP)) (1)
is zero if and only if [),c (7171 : xP°) # 0, which is equivalent to x € I* by definition. O

Recall that there are also a number of well known generalizations of tight closure and strong F-
regularity [Hara and Yoshida 2003; Hara and Watanabe 2002; Takagi 2004]. If R is an F-finite local
domain, a is a nonzero ideal of R, and ¢ € R>(, one can speak of the a’-tight closure 1 *@' of an ideal I C R.
By definition, if x € R, then x € I** if and only if there exists 0 # ¢ € R with cal’®*=D1x?* ¢ 11P°] for all
e € N. The pair (R, a') is strongly F-regular provided for any 0 # x € R there exists e € N and ¢ € ‘62"
with ¢ (x!/ Py =1. Similarly, if R is an F-finite normal local domain and A is an effective Q-divisor
on Spec(R), we have the A-tight closure 7*2 of an ideal / C R. By definition, if x € R, then x € [*2
if and only if there exists 0 # ¢ € R with cx?* € IP'I(R([(p® — 1)AY)) for all e € N. The pair (R, A)
is strongly F-regular provided for any 0 # x € R there exists e € N and ¢ € %éR’A) with ¢ (x1/7%) = 1.
As of yet, there does not exist a well formed theory of Hilbert—Kunz multiplicity for an ideal or divisor;
nonetheless, one can use Theorem 5.5 to give analogues of Corollary 5.6 for these operations.

Corollary 5.7 (length criterion for a’-tight closure). Let (R, m, k) be a complete local F-finite domain of

dimension d, a a nonzero ideal of R, and t € R>.

(1) For any m-primary ideal I and x € R, lime%oo(l/pEd)ER(R/(l[Pg] :alt P =D1xP%)) exists; moreover,
this limit equals zero if and only if x € 1 *o
(ii) The F-signature s(R, a') = limeﬁoo(l/pEd)ER(R/Ift) of R along o' is positive if and only if (R, a")

is strongly F-regular.

Proof. For (i), take 0 # ¢ € 6% = (al"»=D1)!/P . Homg(R'/?, R), and consider the sequence of ideals
(11 @It =D1xP%) for e € N. It is easy to check w((l[PeH] Ll P =D P by < (71T, gt =D P
for all e € N. If ey € N is sufficiently large that mlP°l C I, then we have mlp 0l C (1P qlt P =Dy r)
for all e € N. After shifting the index, Theorem 4.3(ii) and Theorem 5.5 apply, giving the existence
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of the limit and showing that it equals zero if and only if (), (/17! : al/P*=D1xP%) £ 0, which is
equivalent to x € I** by definition. To see (ii), simply note once more that W((I;‘Jrrl)l/ nci ;‘[ and apply
Theorem 5.5. |

Corollary 5.8 (length criterion for A-tight closure). Let (R, m, k) be a complete local F-finite normal
domain of dimension d, and A an effective Q-divisor on Spec(R).

(1) For any m-primary ideal I € R and x € R, limeﬁoo(l/pEd)ER(R/(I[pe]R(((pe — DAY : xP))

exists; moreover, this limit equals zero if and only if x € I*2.

(i) The F-signature s(R, A) = limo_ 00 (1/p)ex(R/I®™) of R along A is positive if and only if
(R, A) is strongly F-regular.

Proof. Let 0 # ¥ € 6 =im(Homg((R([(p—1)A1))/P, R) — Homg(R'/”, R)). That is, identifying v
with its unique extension to a p~!-linear map on K = Frac(R), we have that ¥ ((R([(p — DAT))/P)CR.
Twisting by [(p¢ — 1)A7 and using the fact that p[(p¢ — DAT+[(p — DA] > [(p°T! — 1)A], observe
Y ((R([(p*T = DANYP) S R([(p* — DA]) forall e € N.

For (i), consider the sequence of ideals (I[PE]R(f(pe —1)AY) : xP°) for e € N. It is easy to check
Y(IPTIR((peH! — DAY : xPHYPY € PIR([(p¢ — DAT) : xP*) forall e € N. If g € N is
sufficiently large that mlP1 C I, then we have mlp 0l c (I[Pe]R([(p"’ — 1A : x?) for all e € N. After
shifting the index, Theorems 4.3(ii) and 5.5 apply, giving the existence of the limit and showing that
it equals zero if and only if ﬂeeN(I[pe]R(((pe —1DAT) : xP) # 0, which is equivalent to x € I* by

definition. For (ii), simply note once more that v ((/ e(f’lA))l/ Py C Ie(R’A) and apply Theorem 5.5. O

Remark 5.9. The analogue of Theorem 5.5 for sequences of ideals satisfying Theorem 4.3(i) instead of
(ii) is false. Here is an easy counterexample. Let (R, m, k) be a complete regular local ring of dimension
d, and consider the sequence of ideals 7, = mt?"“*1 for e € N. Then mP1 C I, and I!"' € 1, forall e e N
and certainly ﬂeeN I, = 0. However, we have limeﬁoo(l/ped)ZR(R/le) = lim,_, l/p(e_Le/zJ)d =0.

To see yet another application of Theorem 5.5, suppose that (R, m, k) is an F-split F-finite local
ring. If I/ = (r € R| ¢ (+1/7*) € m for all ¢ € Homg(RY/?", R)), it is straightforward to check that
P ={Npen IeF'Sig is a prime ideal [Tucker 2012, Lemma 4.7], coined the F-splitting prime by Aberbach
and Enescu [2005]. Furthermore, they suspected that the dimension of the F-splitting prime governed the
growth rate of frkz (R'/7) when R is not strongly F-regular; this observation was verified in joint work
of the second author with Blickle and Schwede.

Theorem 5.10 [Blickle et al. 2012]. Suppose (R, m, k) is an F-split F-finite local ring and P is the F -
splitting prime. If n = dim(R /%), the limit rp(R) = lim,_ o0 1/(([k'/7° 1 k]- p")) frkg (RY/?°) exists and
is positive, called the F-splitting ratio. Moreover, (1/[k1/pe : k) frkg(RV/P%) = re(R)p" + O(pe(”*l)).

Proof. Without loss of generality, we may assume R is complete. If IeF'Sig =(reR|or"/")em
for all ¢ € Homg(R'/?°, R)), we have ml?‘l C IeF'Slg and (IeF'Slg)[l’] - I:L'ilg for all e € N. Fixing

a surjective map ¥ € Homg(R'/?, R), we have 1p((IF-Sig

ot 1 )1/ Py C IeF'Sig. In particular, this implies
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¥ (P/P) C P and so ¥ induces a map y € Homz(R!/?, R) where R = R/%. Note that 1 is still surjective
and hence nonzero. Thus, passing to the sequence of ideals I_e = IeF sig R, we have m!P1R C 1_6, I_e [Pl c Ie: R
and l/_/((le__H)l/ Py I, for all e € N. Moreover, Meen I, =01in R. The result now follows immediately from
Corollary 4.5 together with Theorem 5.5, using that frkg (RY/?)/[k"/?" 1 k] = Lr(R/I[ %) = ¢ #(R/1,)

for all e € N. O]

Remark 5.11. It is straightforward to generalize the notions of F-splitting prime and F-splitting ratio
to arbitrary Cartier subalgebras; see [Blickle et al. 2012] for further details. In all cases, the argument
from Theorem 5.10 applies and greatly simplifies the proofs. In particular, the methods of the proofs of
Theorems 4.7 and 5.5 immediately give an alternative proof of the following result. Recall that a Cartier
subalgebra % on a domain R is said to be strongly F-regular provided that for any 0 # x € R there exists
an e € N and ¢ € 9, with ¢(x!/?") = 1. This definition is compatible with the generalizations of strong
F-regularity to ideal and divisor pairs discussed prior to Corollary 5.7 as well.

Corollary 5.12 [Blickle et al. 2012, Theorem 3.18]. Let (R, m, k) be an F-finite local domain of dimen-

siond and % a Cartier subalgebra on R. Then the F-signature s(R, 9) = limeZFoo(l/([kl/P” k] .ped))a?
e€lg

of R along 9 is positive if and only if (R, D) is strongly F-regular.

As in the proof of Theorem 4.7, certain reindexing arguments are required in order to deduce
Corollary 5.12 from Theorem 5.5. More generally, it is straightforward to modify Theorems 4.3(ii)
and 5.5 for sequences of m-primary ideals governed by a nonzero p~—“°-linear map for some ey € N.
Rather than requiring the reader to trace through the various arguments above, we provide a simpler direct
proof.

Corollary 5.13. Let (R, m, k) be a complete local F-finite domain of dimension d and ey € N. Suppose
{1, }nen is a sequence of ideals with mtP"lcp, foralln eN, and there is a nonzero 1 € Hompg (R/P° R)
so that ¥ ((I,41)"/?°) C I, for all n € N. Then the limit lim,_, o (1/p"%)¢x(R/1,) exists, and it is
positive if and only if (,,cn In = 0.

Proof. Replacing with a premultiple and using Lemma 4.2, we may assume there is a nonzero ¢ €
Hompz(R'/?, R) so that Y = ¢®. Define a new sequence of ideals {J,}.cn by

Jo =" (Uresee)'?) + P where r = [e/egleg — e

so that J,,, = I, for all n € N. By construction, we have that qb(]elfr’]’ ) C J, for all ¢ € N so that
Theorem 4.3(ii) applies directly to show the limits

1 . 1
Jim R (R = lim (R ney) = i e LR/ D)

exist. For the positivity statement, if (1),. 1n = 0, then so too (,cy Je =0 as (,eny e S [pen In-
Thus, Theorem 5.5 gives that the limits above are positive. Else, if 0 £ ¢ € ﬂneN I, then £g(R/I,) <
Lr(R/mIP"1 )y < C(R/(c), m)p"@=D for all n € N by Lemma 3.1, so lim,_. o0 (1/p"“)eg(R/1,)

vanishes as desired. g
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6. F-signature and minimal relative Hilbert—-Kunz multiplicity

Our next aim is to realize the F-signature as the infimum of relative differences in the Hilbert—Kunz
multiplicities of the cofinite ideals in a local ring (Corollary 6.5). After first bounding such differences
from below by the F-signature (Lemma 6.1), we will make use of approximately Gorenstein sequences
to find differences arbitrarily close to the F-signature. The crucial step and main technical result is
Theorem 6.3, which uses the uniformity of the constants tracked above to swap limits between iterations
of Frobenius and progression in an approximately Gorenstein sequence.

The remainder of the section is reserved for constructions of explicit sequences of relative Hilbert—Kunz
differences that approach the F-signature (Corollary 6.6); we also analyze when the infimum is known to
be achieved (Corollary 6.8). Generalizations to divisor and ideal pairs are also given (Corollaries 6.9 and
6.10).

Lemma 6.1. Suppose that (R, m, k) is an F-finite local ring and IeF'Sig =@reR|¢pr'P)em
for all ¢ € Homg(R'?*, R)) for e € N. Then

IeF—sig ) Z (I[pc] . J[Pe]) D Z (I[pe] pre) (12)
ICJCR ICR, Lx(R/1) <00
0<lr(J/I)<oo xXeR, (I:x)=m

and we have

euk (/) —enx (J) -

s(R) < inf =< inf enk (1) — enk (1, x)). (13)
ICJCR, Lr(R/I)<00 Lr(J/1) ICR, Lr(R/I)<00
I#J,Lr(R/J)<00 x€R, (I:x)=m

Proof. If I C J is a proper inclusion of ideals with £z (J/I) < oo and ¢ € Homg(R'/?°, R), we have
that ¢ (171 : JIP*H1/P*y C (I : J) € m. It follows that

Z (I[P”] . J[Pf]) C [eF-Sig'

ICJCR
0<tr(J]/T)<o0

Since the sum on the right is over a smaller set of proper inclusions, (12) follows immediately.

For (13), if I € R is m-primary and x € R with (1 : x) = m, then (/1P : x?*) C IeF'Sig for all
e € N implies egk (1) — epk((1, x)) > s(R) using (11). Moreover, if I C J is a proper inclusion of
m-primary ideals, summing up this inequality for each factor in a composition series of J/I shows
Lr(J/I)s(R) < (egk(I) —euk(J)). The inequalities in (13) now follow immediately, noting again that
the infimum on the right is over a smaller set of proper inclusions. O

Recall that a local ring (R, m, k) is said to be approximately Gorenstein if there exists a descending
chain of irreducible ideals {J;};en cofinal with powers of the maximal ideal. In particular, each R/ J; is a
zero-dimensional Gorenstein local ring and has a one-dimensional socle. By [Hochster 1977, Theorem
1.6], a reduced excellent local ring is always approximately Gorenstein. It is easy to check that equality
holds throughout (12) for such rings.
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Lemma 6.2. Suppose that (R, m, k) is an approximately Gorenstein F-finite local ring, and {J;};eN is a
descending chain of irreducible ideals cofinal with the powers of m. If §; € R generates the socle of R/ J;,

then for all e € N we have (J,[pe] : 8,pe) C (Jt[f::] : (Stpil) and

1758 = (r € R| ¢ (r'/?") € m for all $ € Homg(R'?", R))
=> "8

teN
= Ju 8

teN
= (J,[epe] : 856) for all t, > 0 sufficiently large.

Moreover, R is weakly F-regular if and only if J* = J; is tightly closed for all t € N.

Proof. Since each R/ J; is an Artinian Gorenstein local ring, we have Anng (J;) >~ R/J; where E = E (k)
is the injective hull of the residue field of R. Thus, we may view E = Eg(k) =lim R/ J; as the direct limit
of inclusions R/J; — R/J;,1 mapping (the class of) 8, — 8,,1. In particular, after applying @z R/?",

one sees that (J,[p B 3,’7 E) - (Jt[fi] : 5;’;1) for all + € N. It follows immediately that

S sy =l ey = @l sl forall 7> 0.
teN teN

An inclusion R — M to a finitely generated R-module M determined by 1 +— m splits if and only if
E — E ®g M remains injective, which is equivalent to §;m ¢ J; M for all t+ € N. See [Hochster 2007,
p. 155] for further details. In particular, if x € R, applying this splitting criterion to the map R — R'/?*
with 1 > x!/7° gives that x € R\ I/ ™% if and only if x € R\ (JI”"1: §7") for all # € N, and so we have
that 1% = (JP) 2 87" for 1, > 0.

Lastly, suppose there is an ideal / C R that is not tightly closed. Then I = (), (I +m") is an
intersection of m-primary ideals. The arbitrary intersection of tightly closed ideals is tightly closed
[Hochster and Huneke 1990, Proposition 4.1(b)]. Hence, we may replace / with an m-primary ideal
which is not tightly closed and choose x € I* with m = (I : x). Since R/I injects into a direct sum of
copies of E, we can find an R-module homomorphism R/l — E so that x 4+ [ has nonzero image in E
and hence must generate the socle k C E. Using that £ = lim R/J;, we may assume R/I — R/J; and
x 41+ 8,4 J; for some t €. Foreach e € N, applying _ ®z R'/7* and viewing as an R'/?*-module gives
R/I1V1 > R/ PV where xP* + 11V 87"+ 717}, In particular, it follows that (11P°): xP*) < (J7'1: 67°).
Thus, ﬂeeN(l[pe] xP) C ﬂeeN(J,[pe] : (Sfe) is not contained in any minimal prime of R; it follows that
d; € J[ and hence J; is not tightly closed (compare to [Hochster and Huneke 1990, Proposition 8.23(f)]). [

In the next result, we show how to make use of the uniformity of constants from Theorem 4.3 together
with approximately Gorenstein sequences in order to compare F-signature and Hilbert—Kunz multiplicity.
As an application, we answer a question posed by Watanabe and Yoshida [2004, Question 1.10].
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Theorem 6.3. Let (R, m, k) be a complete local F-finite domain of dimension d, and fix 0 # ¢ € R.
Suppose we are given sequences of ideals {1 .} cen Satisfying mlPl Iie, c(I,[,Z]) Cliet1,and I, €
Iit1eforallt,e e N Then

1 1 1
lim lim —£€r(R/I;.) = lim —£€r(R/I,) = lim lim —{€r(R/I;,)
ped e—00 p‘fd t—00 e—00 ped

e—>X1—>00
where I, =), Iie.

Proof. For each fixed t € N, as m?1 C I, , and c(It[”Z]) C I, .41 for e € N, Theorem 4.3(i) guarantees the
existence of 1, = lim,—, o0 (1/ ped )Yr(R/I; ) and provides a uniform positive constant C € R so that

1 C
ms R RI + (14)

for all ¢, e € N. The sequence {I.}.cn inherits the properties mlPl C [, and c(Ie[p]) C I,y foreeN;
hence, limeﬁoo(l/ped)ﬁR(R/Ie) exists as well. Since I;, € I, and so £g(R/I,) < £r(R/I; ) for all

t, e € N, applying lim,_, o, gives

1
lim —€r(R/1) <n (15)
e— 00 pe

for all r € N.

Since I;, € I;41 is increasing in ¢ for fixed e, it follows that n; > 1,41 > O for all r € N and
hence lim;_, , 1, exists. We also have I, = I, . for t, > 0, so that lim,_, » limt_)oo(l/ped)ER(R/I[,e) =
lim,_, oo (1/p¢)eR(R/1,). Applying lim,_, o to (14) and (15) gives

. 1 . 1 C
Jim G CR(R/1) = lim ne = —Clr(R/ 1)+

for all e € N. Further taking lim,_, o gives lim; o 1; = lim,— 0 (1/ p“’ )¢r(R/I,) and completes the
proof. 0

Theorem 6.4. Let (R, m, k) be an approximately Gorenstein F-finite local ring of dimension d. Suppose
{Ji}ien is a descending chain of irreducible ideals cofinal with the powers of m, and &; € R generates the
socle of R/ J;. Then s(R) = lim;_, » ek (J;) — eux ((J;, 61)).

Proof. Both invariants are unchanged after completion, so we may assume R is complete. Suppose first that

R is not weakly F-regular, so that §, € J;* for some # € N and I8P (J[[jr’jJ : 5{”;1) c...C (Jt[j::} .

8,”;,) C... foralle,t’ e Nby Lemma 6.2. If ¢ € ﬂeeN(J,[pe] : 5;De) - ﬂeeN(Jt[f:,] : Sfit/) is not in any
minimal prime, then we have 0 < ey (Ji41) — ear (417, 8144)) < lime_s 00 (1/p¢)eR(R/(c, mIP1)) =0
using (11) from Corollary 5.6 and applying Lemma 3.1 with M = R/(c). Using Lemma 6.1, we have

that s (R) = limy _, oo enx (Jr4+) — ek (Jr41/, 8141)) = 0 as desired.
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Thus, we assume for the remainder that R is weakly F-regular and hence a domain. Consider the
sequences of ideals I, , = (Jt[pe] : 8,”8) for ¢, e € N. We check
wlr = (g, 1 8)P T (I 50 = I,
e e e e+1 e+1
L =) PP TS = e,
Le= ("8 c O 80 ) = T,

so Theorem 6.3 applies with ¢ = 1. Using Lemma 6.2 and (11) from Corollary 5.6, we conclude

1 _- N
s(R)= lim —r(R/17%) = lim lim —Gtr(R/10)
N .
= lim lim —-0g(R/I.e) = lim enx(J) — enx ((Jr. 81)). O

I—00 e—>00 p
Theorem 6.4 provides a positive answer to [Watanabe and Yoshida 2004, Question 1.10].

Corollary 6.5. If (R, m, k) is an F-finite local ring, then

egr (1) —eux(J
s(R) = inf k(7 —enk(J) _ inf enk (I — eux (I, x)).
ICJCR, Lr(R/I)<00 Lr(J/I) ICR, Lr(R/I)<00
1#J,¢r(R/J)<00 XER, (I:x)=m

Proof. If R is not reduced, we can find some 0 # x € R with x? = 0. For n > 0, we have x ¢ m" and
can find an ideal 7 with m" € I € (m", x) where (I : x) = m. Since x”° = 0 for all e € N, we have
171 = (1, x)IP*) and thus egx (1) = ek ((1, x)). It follows from Lemma 6.1 that s(R) = 0 and equality
holds throughout (13). Thus, we may assume R is reduced. By [Hochster 1977, Theorem 1.7], R is
approximately Gorenstein and Theorem 6.4 implies equality holds throughout (13) as desired. O

When (R, m, k) is a complete Cohen—Macaulay local F-finite domain of dimension d, one can make
Theorem 6.4 more explicit still. Recall that a canonical ideal J C R is an ideal such that J is isomorphic
to a canonical module wg, which exists as R is assumed complete. A canonical ideal J is necessarily
unmixed with height 1, and moreover, R/J will be Gorenstein of dimension d — 1 [Bruns and Herzog
1993, Proposition 3.3.18]. When R is also normal, fixing a canonical ideal is equivalent to fixing a choice
of effective anticanonical divisor.

Corollary 6.6. Suppose that (R, m, k) is a complete Cohen—Macaulay local F-finite domain of dimension
d, and J is a canonical ideal of R. Let x|y € J and x», ..., x; € R be chosen so that x1, ..., x4 give a
system of parameters for R, and suppose § € R generates the socle of R/(J, x2, ..., x4). Then

s(R) = Tim enx((J, x5, ..., x)) = ek (. x5, ..., xg, (157 - 2571 8)).

Proof. Note that xi_l J is yet another canonical ideal for any # € N, and xJ, ..., x|, give a system of

parameters for R/ (xi_lj ). Thus, the sequence J; = (xi_ll , X5, ..., x}) gives a descending chain of

irreducible ideals cofinal with the powers of m. It is easy to check that §, = x!~'x)™" ... x' 71§ generates
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the socle of R/J; using that xi, ..., x; form a regular sequence, which further implies (J;” " sF e) =
((J,xh, oo xt) P (b x2718)P) for all ¢, e € N. Thus, Theorem 6.4 gives

s(R) = lim 1y (R/(J7 : 87%)
T 500 pea’ k roet
= lim epx (7', o) — ek (O L xg, x0T g ))
— 0
. 1 e -1 -1 e
= lim G ER(R/(. x5 x ) P)
= lim enx ((J, x5, ..., x})) —enx((J, x}, ... xf, (571~ x7'8))
=00

using the relation in (11) once more. Il

One can push the above analysis further still. In the notation of the previous proof, when R is normal
x2 can be chosen so that R,, is Gorenstein and Jy, is principal. This allows one to remove the exponent ¢
on x, in the limit above using (i) from the subsequent lemma. Following the methods of [Aberbach
2002] (compare to [Aberbach and Enescu 2006; MacCrimmon 1996; Yao 2006]), we present a complete
treatment in Corollary 6.8 below.

Lemma 6.7. Suppose that (R, m, k) is a complete Cohen—Macaulay local F -finite normal domain of
dimension d, and D an effective Weil divisor on Spec(R). Put J = R(—D) C R so that J® = R(—nD)
forn eN. Let x; € J and x3, ..., x4 € R be chosen so that x1, ..., xq give a system of parameters for R,
and fix e e N.

(1) If xoJ € axR for some ay € J, there exists by € J so that ay, xo + by, x3, ..., Xq give a system of
parameters for R. Moreover, for any nonnegative integers No, ..., Ng with No > 2, we have that

((J(P“)’ xé\’zpe’ XN3P(

Ny p°¢ Ny—1)p° Nop¢  Nip°
M x dP):xéz )p)=((.l[pe],x 20" N3p

2 » X3 s e

] 2p°  N3p* Nap®y . P°
=((J[1”],x2 cx o x ) ixg) ).

e —1)p¢
’deP ) :xéNz )P )

(ii) Suppose x;J ™ C ayR for some n € N and ag € J™. Then there exists by € J such that
g, X2, ..., X4—1, Xq + bg give a system of parameters for R. Moreover, for any nonnegative integers
Ny, ..., Ng with N; > 2, we have that

ey L Nap® Ng-1p® _Napy . (Na—1)p° ¢y N2p® Ng-1p® 2p°\ . n_p°
((J@’),x2 e X x ) txy )g((J(‘”),x2 e X xgt ) ixxy )

Proof. For (1), note first a; is a nonzero divisor on R/(x3, ..., xg) as its multiple x;x; € xpJ is a nonzero
divisor. Hence, dim(R/(x3, ..., x4, a2)) =d — 1. Since Lg(R/(J, x2, ..., xq)) <Lr(R/(x1,...,Xq)) <
oo, we know that (x;, J) is not contained in any minimal prime ideal of (x3, ..., x4, a2). In particular,
using standard prime avoidance arguments, one can find b, € J so that x, + b, also avoids all of the
minimal primes of (x3, ..., x4, @2); it follows that the sequence xs, ..., x4, dz, X2 + by is a system of
parameters for R.

Since R(—div(xy) — D) = xpJ € apR = R(—div(ay)), we have that D + div(xp) > div(ay) and
hence also p*D + div(x} > div(al *); it follows that x3 TP ay “R. The ideals inclusions 2 in (i)
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are clear, so we need only check the reverse. Let [ = (xN3p e Ndp ), and suppose that we have

cxéN2 Drt ¢ (J P9, sz , I) for some ¢ € R. We can find r, € R with (c —raxy )x(N2 Drt ¢ (J@P) 1.
Since b2 eJ,we have bP* e JP) and so (¢ — r2x2 )(xz + by) M= DpP e (g ). Multlplymg through
by x) and using that x} (N aé’ gives (cx2 — rzxzp )(x2 + bz)(N2 Drt e (a2 ,I) Using that
az, x>+ by, x3, ..., xq give a system of parameters for R, we see (cx2 — rzxzp ) € (a2 , 1) C (J[p 1))
and conclude cxé’g e (Jr, x%pe, I) as desired.

Statement (ii) proceeds similarly. We have that a; is a nonzero divisor on R/(xp,...,Xx4—1) as
its multiple x;x{' is a nonzero divisor, and again (xz, J) is not contained in any minimal prime of
(ag, x2,...,x4-1). We can find by € J so that x; + by is not in any minimal prime of (a4, x2, ..., X4—1)
and thus ag, x2, ..., Xg-1, Xq + bg is a system of parameters for R. From x:}J(”) C aq4R, we have
nD + div(x}) > div(ad) and it follows that x“;eJ(l’e) - acL,pe/nJR. To see the final inclusion, let I =
(xsz , x:lv 1”’ ) and suppose cx( Na=Dr® (g9, x(llvdpe) for some ¢ € R. We can find r; € R so
that (c—rdxd )x(Nd DP e (7P 1), As by e J so bge € J(P) hence also (c—rdxgg)(xd—l-bd)(’vd_l)”g €
(JP), I). Multiplying through by xde gives (cxde — rdle’“)(xd + bd)(Na'_l)Pe € (a} Lp®/n] I) Using
that a4, x3, ..., xX4-1, Xg + by are a system of parameters, we see that (cxd —rdxdp ) € (a pe/n] ).
Multiplying through by x| and using that al? M e ()P € 0 gives (exxh —rgxtx i) €
(J@#) ) and in partlcular cx xf e (JP), ) 1, xdp ) as desired. U

Corollary 6.8. Suppose (R, m, k) is a complete Cohen—Macaulay local F-finite domain of dimension d.

(1) If R is Gorenstein and x1, . . ., xq are any system of parameters for R and 5 € R generates the socle of
R/(x1, ..., xq), then I' ™8 = ((x1, ..., x)P1: 67 forall e € N and s(R) = epx ((x1, . . ., Xa)) —
ek ((x1, ..., x4,6)) [Huneke and Leuschke 2002].

(ii) If the punctured spectrum Spec(R) \ {m} is Q-Gorenstein, there exists an m-primary ideal I and
x € Rwith (I : x) =m so that s(R) = eyx (1) — eux ((I, x)) and moreover IF'Slg C (1P hy*; xP%)
for all e € N. In particular, if R is weakly F-regular, IF sig _ = (I xP) forall e € N.

Proof. (i) Since R is Gorenstein, we may take J = (xl) to be the canonical ideal above in Corollary 6.6.

For fixed e € N, we have that 17 = ((xipe, .. ) (x(t bpe (t_l)pe(Spe)) for all # > 0. However,
since x1, ..., X4 are a regular sequence on R, it follows that ((x1 . p ): (x(t bre x;t_l)pgéf’e)) =
((xf e, cees x5 .,») : 87) for any ¢ € N. The final statement follows again usmg the relation in (11) once more.

For (ii), we begin with the following construction. Let J be a canonical ideal of R, and choose
0 # x1 € J. Let U; be the complement of the minimal primes of x;, which are all height one and contain
the set of minimal primes of J. We have that U, 17 is principal (as U, 'R is a semilocal Dedekind
domain) and can choose x; € U, and ay € J so that J,, = ax Ry, and x2J C axR.

As Ry is Q-Gorenstein for all p € Spec(R) \ {m}, we may choose n € N so that J, )

is principal for all
p € Spec(R) \ {m}. Assuming x, ..., x;—1 have already been chosen, let U; be the complement of the set
of minimal primes of x1, ..., x;_1. Again, Ul._1 J™ is principal (as Ul._1 R is a semilocal domain, every
locally principal ideal is principal by [Kaplansky 1974, Theorem 60]), so we can choose x; € U; and

a; € J™ so that J x(l") =a;R,, and x]'J ™) C a;R. Continuing in this manner gives a system of parameters
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X1, ..., Xxq of R with x; € J, and a sequence of elements aj, ..., as € J™ so that x"J™ C a; R for
eachi =3, ...,d. For fixed e € N and ¢ > 0, we have from Corollary 6.6 and repeated application of
Lemma 6.7(ii) for x4, ..., x3 and then Lemma 6.7(1) for x, that
IF sig __ ((J[p 1y L xd 1’ xd ) (x(t Dp x[(lt:ll)Pex‘(Itfl)Peape))
C ((J(p )’x2 xd l’x tp¢ ) (x(t l)p . x;tfll)pe (ngl)peape))
e 1 1
g((](ﬂ)’xé xd l’xdp) ( XX (f )P . x(yl)[’ P(Sp ))
c ((JPY, ; ‘ 32p , ...,xjp ) (x(d 2)"x§t Dp? xf x5€5”())
2 2 d—2 g
= (P07 X3P P eI x5
2p° e d—2
= (TP 3y s x D)) s x P, (16)
so setting I = (J, x%, - xﬁ) and x = xp - - - x46 gives s(R) = ey (/) — egx (({, x)) using Lemma 4.13
(with I, = (I, 27 x2Py  (x P 8P%)), T = 10708 and ¢ = x94T,

For the final statement, since (I 5€)? glis Iei_:i/g for all e, ¢’ € N, it follows from (16) that
04 x{d—Z)n c m (I[P”" I. (xpe]eF-Sig)[Pe ])
e’eN
so that x?° 178 < (1P 1y* or 118 < ((11P)* : xP°) as claimed. In particular, if R is weakly F-regular,

we have that IeF'Sig c [1’2]) :xP) and equality follows from Lemma 6.1. O

One can also use Theorem 6.3 to show that the length criteria in Corollaries 5.7 and 5.8 also determine
the F'-signatures in those settings.

Corollary 6.9. Let (R, m, k) be a complete F-finite local domain of dimension d. Let a C R be a nonzero
ideal and & € Rxq. Suppose that {J;};eN is a descending chain of irreducible ideals cofinal with the powers
of m, and 8; € R generates the socle of R/ J;. Then

s(R, af) = lim lim (1/p*)eg - (R/(JP: al6@ =D15P%).
—00 e—>00
Proof. 1t is straightforward to check for each e € N that

=(xeR|p(xP)emforall ¢ € ‘625)
= (x € R| (xy)"/?"R € R'?" is not split for any y e al$#* DIy,

and it follows that Ieu ZteN I? Where I‘1 = (J,[pq : (S,pear(l’e_l)g]) for ¢, e € N. Choosing an element
0 # ¢ € R such that ca5®*"=D1 C (al - m)[l’] for all e € N as in the proof of Theorem 4.11, we have
that m!P1 C I“s c((I“E)[p]) cl t +1, and I“E C It‘fH for all ¢, e € N. The result now follows immediately

from Theorem 6.3 as we know s(R, af) = lim,_, oo(1/p*)) g (R/1%). O



F-signature and Hilbert—Kunz multiplicity: combined approach and comparison 93

Corollary 6.10. Let (R, m, k) be a complete F-finite local normal domain of dimension d. Suppose
{Ji}ien is a descending chain of irreducible ideals cofinal with the powers of m, and 8; € R generates
the socle of R/ J,. If A is an effective Q-divisor on Spec(R), then s(R, A) = lim,_ o0 lime_ 00 (1/p*?) g -
R/ IR(T(pe = DAT) 1 87,
Proof. Again it is straightforward to check for each e € N that
IR = (x e R | p(x'/7") e m for all ¢ € €FD)
= (x € R| (PR S (R((p° = 1)ATN'/"" is not spliv),

and it follows that IS5 = 3 _ 182 where 152 = (JPIR([(p¢ — 1)AY) : 87°) for 1,e € N,
Choosing an element 0 # ¢ € R so that divg(c) > p[A] as in the proof of Theorem 4.12, we have

e 3
that ml? € 756, (6P < 115 and 10V 18
immediately from Theorem 6.3 as we know s(R, A) = llme_mo(l/ped)ER(R/Ie(R’A)). O

for all ¢, e € N. The result now follows

Lastly, note that Theorem 6.3 can also be applied outside the context of descending chains of irreducible
ideals, and gives yet another perspective on the original proof of the existence of the F-signature.

Corollary 6.11 [Tucker 2012, Proof of Theorem 4.9]. Let (R, m, k) be a complete F-finite local do-
main of dimension d and IF'Sig = €eR| ¢(r1/”e) emjforall € Hompg (R'/P", R)). Then s(R) =
lim; 00 (1/ " )enx (1 %).
Proof. Let T
Ite = {(IP{ ;IS]g)[p ]’ t <e’
I, %8, t>e.

It is easily checked that mlrl c I e, I,[e Cliet1,and I; o S Iy . forall 7, e € N using that mlrl c IF sig

and (IeF'Sig)[”] <, F'Sig for all e € N. The result now follows immediately from Theorem 6.3, as we have

s(R)= lim —zR(IF“g)— lim lim —eR(R/I, )= lim lim —KR(R/I, ¢)
o p* o p*

e—>00 t—>00

1 - 1
= lim lim — ¢r(R/(I] )P ])— lim —enx (1)
—>00 e—>00 p p

as desired. O

7. Open questions

In this section, we collect together some information on the important questions left unanswered in this
article. We have seen that Hilbert—Kunz multiplicity and the F-signature enjoy semicontinuity properties
for F-finite rings; it is not difficult to extend these results to rings which are essentially of finite type over
an excellent local ring. More generally, however, this raises the following question.

Question 7.1. If R is an excellent domain that is not F-finite or essentially of finite type over an excellent
local ring, do the Hilbert—Kunz multiplicity and F -signature determine semicontinuous R-valued functions
on Spec(R)?
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In the case of F-signature, a positive answer would imply the openness of the strongly F-regular
locus for such a ring. Note that this question would seem closely related to the existence of (locally and
completely stable) test elements for excellent domains, which also remains unanswered.

Perhaps the most important question left open in this article regarding the relationship between Hilbert—
Kunz multiplicity and F-signature is the following, which (in light of the results of the previous section)
is attributed to Watanabe and Yoshida [2004].

Question 7.2. Let (R, m, k) be a complete local F-finite normal domain. Do there exist m-primary ideals
I C J so that ey (I) —epk (J) = s(R)?

For any ring such that Question 7.2 has a positive answer, it that weak F-regularity is equivalent to
strong F-regularity by the length criterion for tight closure [Hochster and Huneke 1994, Theorem 8.17]
(Corollary 5.6 above).

We see from Corollary 6.8 that Question 7.2 is true provided R is Q-Gorenstein on the punctured
spectrum. When in addition R is weakly F-regular, the stronger condition below is satisfied as well.

Question 7.3. Let (R, m, k) be a complete local F-finite normal domain. Do there exist m-primary ideals
1 C J so that

frkg(R'7) _ Cr(R/IVY) —Lr(R/JPY)

P k] tr(J/1)

forall e e N?

The importance of Question 7.3 stems from the observation that it allows one to apply the results
of Huneke, McDermott, and Monsky [Huneke et al. 2004]; for an m-primary ideal / € R, they show
the existence of a constant a(I) € R so that £(R/IP) = ey (I p®? + a(I) p*“@=V + 0(p*?=2). In
other words, Hilbert—Kunz functions in normal local F-finite domains are polynomial in p° to an extra
degree. In particular, for any ring such that Question 7.3 has a positive answer, so also does the following
question.

Question 7.4. If (R, m, k) is a complete local F-finite normal domain, when does there exist a positive
constant a(R) € R so that frkg (RYP*) /[kMP* : k] = s(R) p® + a(R) p*@—V 4+ 0 (pe@=2)?

Finally, we have tried to emphasize the applicability of our techniques to the settings of divisor and
ideal pairs throughout, and the questions above are readily generalized to those settings. Moreover, it
may well be the case that answers to the questions above require the use of such pairs (particularly to
remove Gorenstein or Q-Gorenstein hypotheses). In this direction, and in view of [Schwede 2011], one
could imagine a positive and constructive answer to the question below could prove quite useful.

Question 7.5. Suppose (R, m, k) is an F-finite local normal domain and X = Spec(R). For each € > 0,
does there exist an effective Q-divisor A on X such that Kx + A is Q-Cartier with index prime to p and
so that s(R) —s(R, A) < €? In case R is not local, can A be chosen globally to have this property locally
over Spec(R)?
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Regular pairs of quadratic forms
on odd-dimensional spaces in characteristic 2

Igor Dolgachev and Alexander Duncan

We describe a normal form for a smooth intersection of two quadrics in even-dimensional projective
spaces over an arbitrary field of characteristic 2. We use this to obtain a description of the automorphism
group of such a variety. As an application, we show that every quartic del Pezzo surface over a perfect
field of characteristic 2 has a canonical rational point and, thus, is unirational.

1. Introduction

Let (g0, 1) be a pair of quadratic forms on a vector space E over a field k. The common zeros of the
pair define a subvariety X = V (qo, q1) in the projective space |E| = P(E") of lines in E. We say the
pair is regular if the variety X is smooth and of codimension 2 in |E|. One may also consider the pencil
of quadrics spanned by V (go) and V (q;); the pencil is regular if X is smooth.

When k = C, the field of complex numbers, a classical result due to A. Cauchy and C. Jacobi (see
[Muth 2016]) states that any regular pair can be simultaneously diagonalized. When g is nondegenerate,

this means that we may find a basis xi, ..., x, in the dual space E such that
n n
LI0=ZXI'2’ 611=Zaixi2-
i=1 i=1
Here the coefficients ay, . .., a, are distinct roots of the discriminant polynomial 8 (¢) = det(t My — M),

where My and M are symmetric matrices representing the polar symmetric bilinear forms associated
to go and ¢;. When the pair is not necessarily regular, the classification was carried out by K. Weier-
strass [Weierstrass 1868] by considering the elementary divisors of t My — M. Over an arbitrary field k of
characteristic not 2, pairs of quadratic forms were classified by L. Kronecker and L. Dickson. A modern
exposition of their theory can be found in [Waterhouse 1976] (see also [Leep and Schueller 1999]).
Unsurprisingly, in characteristic p = 2 the situation is more complicated. The main reason for this
is that one can no longer identify quadratic forms with symmetric bilinear forms. Even worse, when
n =dim(E) is odd the determinant of t My — M is identically zero. One may still consider symmetric
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and alternating bilinear forms in this case (see, for example, [Waterhouse 1977; Leep and Schueller 1999;
Ishitsuka and Ito 2015]), but the connection with quadratic forms is more tenuous.

The geometry of the intersection X of two quadrics differs drastically depending on whether n is even
or odd. Examples when n is even include quartic elliptic curves in P? and quadratic line complexes in P>,
When 7 is odd, the first interesting example is a quartic del Pezzo surface in [P* isomorphic to a blowup
of 5 points in the projective plane.

When n = 2m is even and K = C, one can associate to X its intermediate Jacobian J (X). A theorem of
Luc Gauthier and André Weil [Gauthier 1954-55] asserts that J (X) is isomorphic to the Jacobian variety
of a hyperelliptic curve C of genus m — 1 with equation y? 4 §(¢) = 0. Over an algebraically closed field
of characteristic p # 2, the Jacobian is isomorphic to the variety of (m — 2)-planes in X (see also [Wang
2013)). If p =2 and n is even, one should use the Pfaffian P () defined so that P()?> = §(¢). Under the
condition that the roots «y, ..., a,, of P(t) are distinct, U. Bhosle [1990] provides a normal form

m m
qo = inmeri’ q = Z(aixiz + X Xt + bixr271+i)

i=1 i=1
where ay, ..., a, and by, ..., by, are in K. The variety of (i — 2)-planes is isomorphic to the Jacobian of
a hyperelliptic curve in this case as well.

This paper is concerned with pairs of quadratic forms, and their corresponding pencils, in the case
where K has characteristic 2 and n = dim(E) = 2m + 1 is odd. As mentioned above, the discriminant
polynomial is identically zero in this case. Instead, we use the half-discriminant introduced by M. Kneser
[2002], which we recall in Section 2. This is a homogeneous polynomial of degree n

Alto, tr) := L disc(togo + 1191) = aotf +arty 't + ...+ ayt] (1-1)

in K[#o, t1]. This polynomial behaves like the usual discriminant when the characteristic is not 2: the
pencil is regular if and only if the zero subscheme V(A) in P! is smooth of dimension 0 (we give a
geometric proof; an algebraic proof can be found in [Leep and Schueller 2002]). When K is algebraically
closed, this simply means that A # 0 and V (A) consists of n distinct points.

Our first result is the following:
Theorem 1.1. Let (qo, q1) be a regular pair of quadratic forms on a vector space E of dimension
n=2m+ 1> 3 over a field K of characteristic 2. Then there exists a basis (xg, ..., Xm, Y0, + - - » Ym—1) i

EV such that

m

m—1 m—1 m m—1 m—1
40 :ZQZixi2+in+l)7i+Zr2i+1yizs q1 Zzazi+1xi2+zxiyi +Zr2iyi27 (1-2)
=0 i=0 i=0 =0 i=0 i=0

where the coefficients ay, ..., a, are equal to those of the half-discriminant polynomial (1-1), and

ro, ..., rn—o are in k.

To the authors’ surprise, our normal form seems to be new even in the case n = 5 corresponding to
quartic del Pezzo surfaces. At least in retrospect, it can be easily deduced from the classification of pairs
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of alternate bilinear forms (see [Leep and Schueller 1999]). Nevertheless, the existence of the normal
form has the following arithmetic consequence particular to the case of characteristic 2.

Corollary 1.2. Let X be a smooth complete intersection of two quadrics in P> defined over a perfect
field K of characteristic 2. If dim(X) = 2 (resp. > 2), then X is unirational (resp. rational) over K.

(Note that the unirationality of del Pezzo surfaces of degree 4 is already known for finite fields; see
[Manin and Tsfasman 1986].)

Following [Reid 1972], a generator is a linear subspace of X of dimension m. Over the algebraic
closure, there are exactly 2% generators. Following [Skorobogatov 2010], one says X is quasisplit if it
contains a generator, and X is split if all 22" generators are defined over the base field.

Theorem 1.3. A regular pair (qo, q1) has quasisplit base locus X if and only if the pair has a normal
form such that rg = - - - = r,_p = 0. In particular, this is always possible when K is algebraically closed.

If a,, # 0, we assign to the coefficients (rg, ..., r,—2) an element r of the K-algebra A =K[T]1/(f(T))
where f(T) is the dehomogenization of A with respect to 7' =t /. This element, which we call the
r-invariant, determines the normal form (it can also be defined when a, = 0, see Remark 4.8). An
isomorphism between pairs (qo, 1), (), ¢;) of quadratic forms is an element ¢ € GL(E) such that

go(v) = qo(gv) and g;(v) =qi(gv)
forallv e E.

Theorem 1.4. Suppose two regular pairs (qo, q1) and (q),, q1) have the same half-discriminant polynomial
and have normal forms with invariants r and r', respectively. The pairs are isomorphic if and only if

r=r" modk+gp(A)
where © (s) = s> + s is the Artin-Schreier map A — A.

Denote by Aut(qo, q1) the group of automorphisms of the pair (go, g1). When X is split, the group of
automorphisms Aut(qo, g1) of a regular pair (gg, g1) is isomorphic to an elementary abelian 2-group of
rank 2m, which acts simply transitively on the set of generators of X. In general, the set of generators
can be viewed as an Aut(qq, g1)-torsor.

Theorem 1.5. Let o (s) = s>+ s be the Artin—Schreier map A — A. There is an isomorphism between the
algebra A/ (¢ (A) +K) and the Galois cohomology group H' (K, Aut(qo, q1)), which takes the r-invariant
to the class of the Aut(qo, q1)-torsor of generators.

This theorem provides a Galois-cohomological interpretation of Theorems 1.3 and 1.4 in the vein
of [Skorobogatov 2010]. Namely, the isomorphism class of a regular pair is determined by its half-
discriminant polynomial A and its torsor of generators. Similarly, the base locus X is determined up to
isomorphism by a smooth subscheme V (A) of P! and the torsor of generators; the variety X is quasisplit
if and only if the torsor is trivial.
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One of the more concrete motivations of this paper is to study the possible groups of automorphisms
of a quartic del Pezzo surface over an algebraically closed field of characteristic 2 (in order to study the
conjugacy classes of finite subgroups of the plane Cremona group over fields of positive characteristic).

Recall that a reflection is an involution of a vector space (or a projective space) which leaves pointwise-
fixed a hyperplane. As a corollary of our main results about the classification of pairs of quadratic forms
we obtain the following.

Theorem 1.6. Let X = V (qo, q1) be a smooth complete intersection of two quadrics in P?" over an
algebraically closed field K of characteristic 2. Then

Aut(X) = Aut(qo, 1) ¥ G,

where Aut(qo, q1) is generated by reflections in canonical bijection with the points of V(A) and G is
isomorphic to the subgroup of Aut(P') which leaves invariant the points V (A).

This extends to characteristic 2 a classical result on automorphisms of quartic del Pezzo surfaces (see
[Dolgachev 2012]). There is a natural action of the Weyl group W (D,) = 2> x &, on the cohomology
classes of the generators. The automorphism group Aut(X) is naturally a subgroup of the Weyl group
W (D,) where Aut(qg, g1) = 22" and G C S,,. Thus, as with quartic del Pezzo surfaces, the automorphism
group is completely determined by its action on the generators.

In writing this paper, the authors tried to resolve a tension between two likely audiences: geometers
who only work over algebraically closed fields, and algebraists without a strong background in geometry.
Hopefully, the paper will appeal to both audiences and we occasionally supply multiple proofs to facilitate
this. For example, while Theorem 1.3 is an immediate consequence of Theorem 1.4, we provide a more
direct geometric proof in Section 4B. Also, while Theorem 1.4 is used in the proof of Theorem 1.6, a
geometric description of the reflection group R can be found in Section 7B.

The remainder of the paper is structured as follows. In Sections 2 and 3 we establish some preliminaries
on pencils of quadratic forms in characteristic 2. In Section 4, we prove Theorem 1.1, Corollary 1.2, and
Theorem 1.3. In Section 5, we define the r-invariant and prove Theorem 1.4. In Section 6, we discuss
possible interpretations for what the r-invariant represents. In Section 7, we determine the automorphism
group of a pair of quadratic forms and use this to prove Theorems 1.5 and 1.6. Finally, in Section 8, we
make some observations about the cohomology of smooth intersections of smooth quadrics extending
results from M. Reid’s thesis [1972] to the case where the characteristic is 2.

2. Preliminaries on quadratic forms

Throughout, K is a field of characteristic 2 and E is a k-vector space of dimension 7.

2A. Alternating bilinear forms. Recall that a bilinear form b : E x E — K is alternating if b(v, v) =0
for all v € E. We may view b as an element in NEV. The radical rad(b) of an alternating bilinear form b
is the kernel of the induced map E — EV. A form b is nondegenerate if its radical is trivial. The corank
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of a bilinear form is dim(rad(b)). Every alternating bilinear form is an orthogonal sum of its radical and
a nondegenerate alternating bilinear form.
Every nondegenerate alternating bilinear form has even dimension n = 2m and has a symplectic basis

Uiy eeny Uy, Wi, - .., Wy satisfying the relations
b(w;,w;) = 0, b(;,v;) =0, b(w;,vy) = &,

for 1 <i,j <m. A subspace W of b is fotally isotropic if b(v, w) = 0 for all v, w € W. Note that
vi,..., Uy and wy, ..., w, are bases for complementary totally isotropic subspaces of E. Conversely,
for any pair of complementary totally isotropic subspaces of E, there exists a basis for each subspace
such that the union is a symplectic basis for E.

When n is even (resp. odd), corank(b) is even (resp. odd). Thus, an alternating bilinear form b on a
vector space of odd dimension n = 2m + 1 is always degenerate.

Proposition 2.1. Let b be an alternating bilinear form on a vector space E of odd dimension n = 2m + 1.
Up to a choice of volume form for E, there is a canonical vector w € E which spans rad(b) if corank(b) =1
and is 0 otherwise. Choosing a basis of e1,...,e, in E such that e} A --- A e, — 1 under the volume form,
we have

o= (Pf], ..., Pf,), (2-1)

where Pf; is the Pfaffian of the principal submatrix of the matrix of b obtained by deleting the i-th row

and the i-th column.

Proof. 1t is obvious that such a vector exists; the point is to construct it canonically and find an explicit
formula for its coordinates.

Let us view b € /\2E Y as an element of the divided power algebra of EY. We may thus consider
the m-th divided power b € N"EY, (If k was of characteristic zero, we would have the formula
b = (b A---Ab)/m!.) Under the isomorphism N"EY = E defined by the volume form, 5™ maps
to a vector w in E. We have w = Z?:l Pf; e; in coordinates. The rank of an alternating matrix is equal
to the size of the largest nonzero Pfaffian of a principal submatrix of even size. If the rank is equal to
n — 1, then the nullspace is generated by the vector (2-1). All of these well-known facts can be found in
[Buchsbaum and Eisenbud 1977]. Il

Note that without a choice of volume form, w is well defined up to a multiplicative constant. Thus, the
corresponding point in the projective space |E| does not depend on this choice.

2B. Quadratic forms. Recall that a quadratic form ¢ is an element of the symmetric square S?(E") of
the dual space EV. When g # 0, one obtains a quadric hypersurface V (¢) in the projective space |E|.
The quadratic form is called nondegenerate if V(q) is a smooth hypersurface.

Equivalently, ¢ can be viewed as a function E — K such that

(1) g(cv) =c?q(v) forall c ek, v € E, and
2) b(v,w) =qg(v+w) —q(v) — g(w) is a symmetric bilinear form.
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The bilinear form b is called the associated polar bilinear form and since char(k) = 2, we observe that b
is alternating. The corank of a quadratic form ¢ is simply the corank of the associated bilinear form.

A nonzero vector v € E is called a singular vector of q if g(v) = 0 and v € rad(b). In geometric
language, this means the corresponding point [v] = kv in | E| is a singular point of the quadric V (g).

A quadratic form is fotally singular if its associated bilinear form is trivial; this is equivalent to V (g)
being singular at every geometric point. A quadratic form ¢ is diagonalizable if and only if it is totally sin-
gular. Moreover, if ¢ is diagonalizable, then it is diagonal relative to any basis. A subspace W of E is fotally
isotropic (resp. totally singular) with respect to ¢ if the restricted form g |y is trivial (resp. totally singular).

The discriminant disc(q) of a quadratic form is the determinant of the matrix of the polar bilinear form
b. If n is even, then a quadratic form is nondegenerate if and only if disc(g) 7% 0. When 7 is odd, disc(q)
is always zero since the polar bilinear form has odd corank; thus, we consider another invariant.

We define the half-discriminant of g as

3 disc(q) == g (@)

where w is the canonical vector from Proposition 2.1. In coordinates, if

q= E aijXiXj

I<i<j<n

for a basis x1,...,x, for EV, then
Sdisc(@)= Y a;; P Pf;. (2-2)
I<i<j<n
Since each expression Pf; is a homogeneous polynomial of degree m in the coefficients {q;;}, the half-
discriminant is either zero or a homogeneous polynomial of degree n = 2m + 1 in the coefficients {a;;}.

Recall that w is only defined up to a multiplicative constant which depends on the choice of volume form.
If we do not make such a choice, then % disc(q) is only well defined modulo nonzero squares in K.

Proposition 2.2. For n odd, % disc(q) # 0 if and only if V (q) is smooth.

Proof. If dimrad(b) > 1, then the associated projective subspace intersects the quadric O = V (g); in this
case Q is not smooth, w =0, and % disc(g) = 0. Otherwise, w spans rad(b) and Q is singular if and only
if g(w) =0. (|

Remark 2.3. The half-discriminant was first introduced by Kneser. Our definition is equivalent to that of
[Kneser 2002, p. 43]. Indeed, both polynomials define the same reduced hypersurface in the projective
space of the coordinates a;; (they vanish precisely when V (¢) is singular). Their degrees are both equal to
n, hence they differ by a constant factor. It remains only to compare their values on a particular quadratic
form to see that they are equal.

Remark 2.4. The half-discriminant was known to Grothendieck as the corrected discriminant, as sug-
gested in his unpublished notes.! It is also known as the half-determinant (see [Leep and Schueller 2002]),

ISee Appendix 17.16 of http://www.jmilne.org/math/Documents/EGA-V.pdf.
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or the determinant (see Remark 13.8 of [Elman et al. 2008]). The notion of the half-discriminant of a
quadratic form can be extended to hypersurfaces of arbitrary degree; see [Demazure 2012].

Example 2.5. If n = 3, we have
1 disc(q) = an1a3; + anaty + assai, + aparais.

The locus of zeros V(% disc(q)) in |S2EY| = P’ is a cubic hypersurface singular along the plane of
double lines ajp = aj3 = ay; = 0.
If n =35, then

Ldisc(q) = (a11a33a35 + - - ) + (afrassassass + -+ ) + (a2ax3azassays + - -).

3. Pencils of quadratic forms

For the rest of the paper, we assume that the K-vector space E has dimension n = 2m + 1 for a positive
integer m.
Let U be a 2-dimensional k-vector space. A pencil of quadratic forms is an injective linear map

q:U — S*EV.

We use subscript notation g, to denote the image of u € U in order to avoid confusion with the interpretation
of a quadratic form as a map E — K. We will also identify q with its image considering a pencil as
a two-dimensional linear subspace of S?E". The pencil q defines a one-dimensional linear system of
quadric hypersurfaces in |E| (also called a pencil). The corresponding rational map |E| --+ |U"| has
base subscheme Bs(q) equal to the intersection of quadrics V(q,) over all u € U.

We may view the map q as an element of U" ® S>E". Selecting a basis (i, u;) for U with the dual
basis (fo, 11), we can view q as an element fogo +t1g; € UY @ S?E", where

4o = 9uy> 91 = Yu,

define a pair of quadratic forms (qg, ¢1) which form a basis of the pencil. We have Bs(q) = V (g0, q1) =
V(qo) N V(q1). Conversely, a pair of nonproportional quadratic forms gives rise to a pencil of quadratic
forms q (along with a choice of basis for U).

Given a pencil of quadratic forms we obtain an associated pencil of alternating bilinear forms

b:U — NEY

by setting b, as the associated bilinear form of q, for each u € U. Note that, unlike q, the map b may not
be injective. We may view b as an element of U ® N’ EV.

3A. The radical map and the radical subspace. Fix a volume form on E. For each alternating bilinear
form b, there exists a canonical vector w as in Proposition 2.1. Thus, we obtain a function

Q:U—E (3-1)
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which is defined by polynomials of degree m in view of (2-1). Thus, abusing notation, we may view 2
as an element of E ® S™U". We call the map (3-1) the radical map of the pencil. As u varies over U,
the €2 (1) span a subspace W of E which we call the radical subspace of E. Equivalently, Q gives rise
to a K-linear map

(S"UY) — E (3-2)

whose image equals the radical subspace W. (Note that we should not identify (S”U")Y and $"U in
characteristic 2).
We define a function A : U — Kk via the composition

Au) = qu (2 (u))

for u € U. We call A the half-discriminant of the pencil q since A(u) is the half-discriminant of each q,,.
Since q can be viewed as a linear combination of quadratic forms with linear coefficients in U" and 2 is
defined by polynomials of degree m in U", A is an element of S"(U"). After choosing a basis (7, #1) in
U, it can be identified with a homogeneous polynomial of degree n = 2m + 1 in 1y, ;.

3B. Regular pencils. We say a pencil (or pair) is regular if the base locus X = Bs(q) is a smooth variety
over k.

Remark 3.1. We borrowed the term regular from the classical terminology of regular linear systems of
quadric hypersurfaces. It should not be confused with the regularity of the base scheme Bs(q) since, over
a nonperfect field K, the latter could be a regular scheme but not smooth.

From Theorem 5.1 of [Leep and Schueller 2002], we know that a pencil is regular if and only if A is
nonzero and has »n distinct linear factors over the algebraic closure. In other words:

Theorem 3.2. A pencil q is regular if and only if, over an algebraic closure of K, there are exactly n

degenerate quadrics in |q|.
We will need the following consequence of this theorem:
Corollary 3.3. If q is a regular pencil, then every nonzero quadratic form in the pencil has corank 1.

Proof. Tt suffices to assume k is algebraically closed. Suppose the corank of some nonzero ¢ in q is > 1.
Then the radical rad(b) of the associated bilinear form b is of dimension > 3. This implies that |rad(b)|
contains a plane intersecting X nontrivially. This shows that V (¢) has a singular point x in X. The base
locus X is smooth, so the tangent space of X at x is of codimension 2. We have X = V(¢) NV (q’) for
some ¢’ € q. Thus, the tangent spaces of V(¢) and V(¢’) at x intersect along a subspace of codimension 2.
This implies that V (¢g) is smooth at x, a contradiction. O

3C. Alternate proof of Theorem 3.2. In the remainder of this section, we present a geometric proof
that works in arbitrary characteristic which we believe is of independent interest. It is not necessary for
the rest of the paper. Note that Theorem 3.2 is well known when the characteristic of k is odd. Unlike
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the situation for the rest of the paper, in this section we assume K is algebraically closed of arbitrary
characteristic and that the integer n is odd only if the characteristic is even.

Let D be the subvariety of singular quadrics in S?E" (this is just defined by the discriminant or
half-discriminant). Let Dg be the open subvariety of D consisting of quadrics which have a unique isolated
singular point (an open condition since it is determined by the rank of the matrix of the associated bilinear
form).

Lemma 3.4. Let L be a linear subspace of S?E" of dimension r > 0. Then the tangent space of DN L at
a point g € Do N L with singular vector vy € E is the linear space {q € L : q(vp) = 0}.

Proof. Let
D=1{(q,v) € SPEV\ {0} x E\ {0} : [v] € Sing(V (¢))}.

Consider the maps p; :D— S2EY and p, : D — E obtained from the projections. For any v € E\{0}, let F,
be the closure of p (Pz_l (v)) in SZEY. By choosing a basis in E such that v=(1, 0, ..., 0), the subvariety
F, consists of quadratic forms that do not contain the first variable. Thus, F, is a linear subspace of
S2EY of codimension #. In particular, D is a fibration over E \ {0} with fibers isomorphic to linear spaces
of the same dimension. It follows that D is smooth and of dimension n + dim S?EY — n = dim S?E".

The variety p»( pl_] (9)) is, set-theoretically, the linear space of singular vectors. Passing to the map
of the associated projective varieties 7 : |[D| — |S2E"|, we expect that the map 7 induces a birational
isomorphism with the subvariety |Dg| of quadrics with isolated singular point.

We will compute the differential of the map p; : D — S?EY at a point (go, vo) represented by a
quadratic form gg with one-dimensional space of singular vectors generated by vy.

Lett, ..., 1, be coordinates in E and let A;; be coordinates in § 2EY corresponding to the coefficients
of a quadratic form. Then D is given by n + 1 equations:

n

Fe=) Byt=0, k=1,...n, (3-3)
j=1

Fopr= Y Aijtitj =0, (3-4)
I<i<j=zn

where B;; =2A;; and B;; = B;; = A;; if i < j.

Let gg = leigjgn a;jtitj and vo = (cy, ..., c,). The embedded tangent space qu,vo(lj) of Dis a
subspace of T, (S ’EVY® T, (E) = S?EV @ E given by a system of linear equations in variables #;, A; ;
with matrix of coefficients [M;M>](a;;, ¢;), where

aFk aFk
M] =\ — and Mz = . (3—5)
8tj 1<k<n+1 8A,’j 1<k<n+1

1<j=n 1<i<j=n

Computing the partial derivatives, we find that 7, (D) consists of pairs (g, v) satisfying the conditions

0,v0

bo(v, w) +b(vo, w) =0,  bo(vo, v) +¢(vo) = q(vo) =0, (3-6)
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for all w € W, where b and by are the associated bilinear forms of ¢ and g.

The kernel of the differential of the map D — D, (g, v) — ¢ obtained from the projection can be
identified with the linear space of vectors v € E such that by(v, w) = 0 for all w € E; this is the radical
of the bilinear form by. The map

Tigoon)D = g : q(v0) =0}, (¢, v) = ¢

is linear and has kernel rad(bg). Since the tangent space of Dy at gg is isomorphic to the quotient space
T(qo,vo)ﬁ / rad(bg), we obtain that

T,,D ={g € S’E¥ : q(vo) = 0}.

Note that rad(bg) is one-dimensional (this does not hold when # is even and K has characteristic 2).
This is equal to the dimension of the fiber pl_1 (go). This shows that the differential of p; is of maximal
rank, and hence 7 is an isomorphism over |Dg|. Now let L C S?E" be a linear nonzero subspace of
S2EV, then the variety of quadratic forms in L with one-dimensional space of singular vectors is equal to
L NDg. We have

T,(LND) =T, LNT,D=LNT,D={qeL:qv)=0}.
This proves the assertion. 0

Proof of Theorem 3.2. We may assume K is algebraically closed. Consider L :=q(U), the two-dimensional
linear subspace of S?E". First, we claim that x is a singular point of X if and only if x is a singular
point of Q = V(g) for some g € L. The tangent space 7, X is the intersection of the tangent spaces
T, Q0 N T, Q’, for any two distinct quadrics Q, Q' from L. If x is a singular point of Q, then T, Q = |E]|.
Thus codim 7 X <1 and x is a singular point of X. If x is a singular point of X, then either 7, O = | E| for
some quadric Q, or T, Q = T, Q' for any two quadrics Q, Q' from L. In the first case, x is a singular point
of Q. In the latter case, if b, b" are the corresponding bilinear forms, then the tangent spaces are defined
by linear forms b(v, —) and »’(v, —) where v € E represents x. Since the linear forms are proportional
by assumption, some nontrivial linear combination (Ab+ ub’)(v, —) is trivial. The quadric corresponding
to that linear combination is therefore singular at x. This establishes the claim.

As an immediate consequence, if a quadric Q in L has corank > 1, then X is not smooth; indeed, in
this case, the singular locus of Q has nontrivial intersection with some other quadric in the pencil since it
is positive dimensional.

Assume q is regular; in other words, that X is smooth. Suppose g is a degenerate quadratic form in L
with corresponding quadric Qg. Since X is smooth, Qg has corank < 1, so go must be in Dg. Let vg € E
represent the unique singular point |vg| of Qg. Since |vg| ¢ X, the space

I{qg € L : q(vo) =0}
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is just the point |go|. By Lemma 3.4, we conclude that the tangent space of |D N L| at the point |go| is
O-dimensional. Thus |L| and | D| meet transversally at each intersection point and |L N D| consists of
exactly n distinct points as desired.

Now, suppose |L N D| consists of exactly n distinct points. This is equivalent to |L| intersecting
transversally the hypersurface |D|. From the proof of Lemma 3.4, the differential of D — D at a point
(g, v) has kernel equal to the radical of the associated bilinear form . The dimension of this radical is
minimal precisely for Dg; so Dy is the smooth locus of D. Since |L| intersects |D| transversally at every
intersection point, in fact |[L N D| = |L N Dy|. If g9 € L N D, then, by Lemma 3.4, |{g € L : g(vg) =0} is
a single point. Thus, the unique singular point of the quadric Q¢ corresponding to gg does not lie in X.
Since none of the singular points of the quadrics lie in X, we conclude from above that X is smooth. [J

4. Normal forms

4A. Kronecker basis. In this section, we prove Theorem 1.1 and discuss some of its consequences. At
least in retrospect, the theorem follows quite easily using known techniques regarding pairs of bilinear
forms going back to Kronecker. Throughout, E is a vector space of dimension n =2m + 1 > 3 over a
field of characteristic 2.

Given a pair of alternating bilinear forms (bg, b1) on E, we say that a direct sum E = E; ® E»
is orthogonal if it is orthogonal with respect to both by and b;. A pair of alternating bilinear forms
is nonsingular if the corresponding determinant polynomial is nonzero. For a positive integer k, a
basic singular pair is a pair of alternating bilinear forms (bg, b1) such that there exists a basis B =
(wo, ..., wg, vo, ..., Vk—1) of the underlying vector space such that

bo(wi, wj) =0,  bo(vi, vj)=0, bo(wi, vj) =3Bi(j+1), (4-1)
by(w;, wj) =0, by(v;,v))=0, by(w;,v;) =4,
for all valid 7, j. We call a basis B as above a Kronecker basis.

Theorem 4.1. Let (by, b1) be a pair of alternating bilinear forms on a vector space E. Then E can be
written as an orthogonal direct sum of a nonsingular pair and a set of basic singular pairs.

Theorem 4.1 is a special case of Theorem 3.3(1) of [Leep and Schueller 1999]. The statement and its
proof are essentially due to Kronecker, although his version applies to symmetric bilinear forms in charac-
teristic # 2; see Theorem 3.1 of [Waterhouse 1976]. The proof there carries over to the case of alternating
bilinear forms in characteristic 2 as observed before the statement of Theorem 9 of [Waterhouse 1977].

Corollary 4.2. Let (g0, q1) be a regular pair of quadratic forms and let (by, by) be the associated pair of
alternating bilinear forms. Then (b, by) is a basic singular pair and the vector

m
Q= ka_iuiwi 4-2)
=0

spans rad(Abg + uby), where w; are basis elements in a Kronecker basis (4-1).
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Proof. By a straightforward calculation (see Lemma 3.2 of [Leep and Schueller 1999]), for a basic singular
pair (b, b}) on a vector space of dimension 2k + 1, the radical of Abj + b is spanned by the vector

k
Q= Zkk_iuiwi.
i=0
By Corollary 3.3, any nonzero bilinear form from the family Abg + b has corank 1. Thus there is
exactly one basic singular pair in the decomposition from Theorem 4.1 and its radical is given by Q = .
It remains only to establish that k = m, and thus there is no nonsingular summand in the decomposition.
The vector 2 can be viewed as a homogeneous polynomial function U — E of degree m. Thus, if
k < m then in any choice of basis the entries of €2 must all be divisible by a homogeneous polynomial
g(x, n) of positive degree. But A(u) = q,(2(u)) for all u € U, so the half-discriminant would then be
divisible by g (A, )% This contradicts that the roots of A are distinct and so k = m as desired. O

It follows that the map Q2 : U — E is injective and its image spans the same subspace W as that spanned
by wo, ..., w,. Since 2 does not depend on any choice of coordinates, we see that W is canonical.
Any (m + 1)-dimensional totally isotropic subspace of an alternating bilinear form of rank 2m on a
(2m + 1)-dimensional space must contain the radical. Since W is the minimal space containing the radical
of the associated bilinear form to every quadratic form in the pencil, we obtain the following?:

Corollary 4.3. The space W spanned by wy, . .., w,, is canonical. It is the unique common (m + 1)-

dimensional totally singular subspace of all quadratic forms in the pencil.

Note that choice of basis wy, ..., wy, is determined by the choice of basis ug, u#; in U (or, equivalently,
the choice of pair (g, q1) corresponding to the pencil |q|). We also see that a choice of a basis ug, u; in
U and the canonical isomorphism W with (S"U")" defines a basis in W equal to the image of the dual
basis to the monomial basis (z]', t(’)”_ltl, S ) in MUY

Another consequence of the Kronecker theorem is that the map 2 : U — E is equal to the composition
of the map U — (§"U")Y — E, where the second map is injective. This implies that the image of U is
equal to the affine cone over a Veronese curve R,, of degree m in |W| = |(S"UY)Y| = P™. Recall that a
Veronese curve in P is a smooth rational curve of degree m equal to the image of P! under a map given
by linearly independent homogeneous polynomials of degree m. By choosing a monomial basis t(’)"_i t{ of
such polynomials, it is projectively equivalent to a curve R,, in P given by equations expressing the

condition that
xl x2 o« o o xm

rank (xo S xm_l): . (4-3)

For example, when m = 2, this is a smooth conic in P2 In a coordinate-free way, the Veronese curve is
the image of P! = |U| in [(S"UY)"| under the complete linear system |Oy(m)| = |S™U"|. The image
of the scheme V (A) of roots of the half-discriminant A of the pencil under the map Q: |U| — |W|is a

2The existence of such a subspace for any pencil of alternating forms is a known fact; see the Lemma in [Beauville 2005].
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0-dimensional closed subscheme Z of the Veronese curve R, of length n. Over an algebraically closed
extension of K it becomes a union of n distinct points.
We now prove the main theorem:

Proof of Theorem 1.1. Choose a Kronecker basis wy, ..., wy, vo, ..., Un—1 and the corresponding
coordinates xq, ..., Xm, Yo, - - - » Ym—1 in E. Let W be the span of wy, ..., w, and let L be the span of
V0, .- -, Um—1. Thus E = W @ L is a direct sum of totally singular subspaces for all quadrics in the pencil

|q| (since they are totally isotropic for the associated alternating bilinear forms). This implies that the
restrictions of gg, g1 to W (resp. L) is equal to a linear combination of squares of x; (resp. y;). So, we
have reduced g, g; to the expressions from the Theorem. It remains to prove the assertion about the
coefficients {a;}. We use the expression of €2 computed above to find the half-discriminant. Let ug, u; be
the basis of U corresponding to qg, g1 and tg, #; be the dual basis. Then

Alto, 1) = (togo +tiq) (e 1 e, ... 11,0, ..., 0)

m m
mi) o mi) o
=t0(§ azito(m l)tf’>+t1<2 azi+1l0(m 1)112’)
i=0 i=0
2m—+1

— Z aitgm-‘rl—tti
i=0

as desired. O

We say that a regular pair of quadratic forms is in normal form if it is written in coordinates corre-
sponding to a Kronecker basis in E.

Note that, given a specific choice of pair (qo, q1), the basis wy, ..., w, in a Kronecker basis is
canonical. However, given only a pencil |q|, only the vector space W spanned by wy, ..., wy, is canonical.
This has some strong consequences which we discuss now. In the following X denotes the base scheme
Bs(q) of a regular pencil of quadrics |q| in | E|.

Theorem 4.4. Assume m > 2. If Kis a perfect field, then the variety X contains a canonical (m —2)-plane
I1 defined over K. In particular, a del Pezzo surface of degree 4 over a perfect field of characteristic 2 has

a canonical point.

Proof. Note that the ideal of the subscheme X N |W| is generated by

m

m
_ 2 _ 2
Qolw =) ayxi, qilw=) ai1X;

i=0 i=0
in projective coordinates for |W|. Over a perfect field, the radical ideal is (ly, [;) where lé = qo|lw and
112 = q1|lw. If ly = cl; for some ¢ € k, then ay; = c2a2,~+1 foralli in O, ..., m. But this implies that

A(T, 1) = (T +c*g(T?

for some polynomial g € K[T], contradicting the separability of A(T, 1). Thus the subspace {lp =[; = 0}
in X has codimension 2 in |W/| as desired. O
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The vector space L spanned by vy, ..., v,—1 iS not canonical; in fact, we have the following.

Lemma 4.5. Let (o, q1) be a regular pair of quadratic forms and (bg, by) the associated bilinear forms.
Let W be the canonical subspace spanned by (wy, ..., wy,) in a Kronecker basis. Suppose L is a totally
isotropic subspace for both by and b and that E = W @& L. Then there exists a basis (vg,...,Vy—1) in L

that, together with the canonical basis (wy, ..., Wy,) in W, forms a Kronecker basis in E.

Proof. Since by has a 1-dimensional radical spanned by w,,, the alternating bilinear form induced on the
quotient space E = E/(w,,) is a direct sum of m hyperbolic planes. Since w,, € W, the images of W and
L in E are complementary totally isotropic subspaces of E; and thus provide a pair of complementary
maximal totally isotropic subspaces. Thus, we may find a basis vy, ..., v,—1 for L such that it satisfies
the desired equations for b; from (4-1).

We have established all desired equations from (4-1) except for bo(w;, v;) = ;(j+1). We know that
some Kronecker basis (wy, ..., Wy, v{), R vfn_ 1) exists with corresponding splitting £ = W @ L’. For
any v € L we can write v =w—+v' forwe W, v' € L. Foralli =0, ..., m, we have by(w;, v) = bo(w;, V')
since by(w;, w) = 0; and similarly for ;. From (4-1), we have that b (w;, v]’.) = 8;j = bo(wiy1, v]/.)
for all valid i, j. From this we conclude that b (w;, v) = bg(w;+1, v) for any v € L. We conclude that
bo(w;, vj) = b1 (w;—1, v;) = 8;(j+1) for all i, j except when i = 0. This last case follows from the fact
that wyq is in the radical of by. O

We have identified the radical subspace W with (§"U")". The next proposition tells that we can
identify any complement L as in Lemma 4.5 with the space S"~1U".

Proposition 4.6. Let (qo, q1) be a regular pair of quadratic forms on E. Up to a choice of volume form
on E, there is a canonical isomorphism « : U — U" and a canonical isomorphism L = sm—1 (U"), such
that

bu (v, w) = Y1 (L(u) f2) + Y2 (t(w) f1), (4-4)

where v = (Y1, f1) and w = (Yp, f>) are elements of W ® L = (S"U")Y @ S"~'UY and we note that

1(u) fi can be viewed as an element of S™ (U") via the multiplication map UY @ S" UV — S"UY.

Proof. Letug, u; be the basis for U such that q,,, =qo and q,, =q1, and let #g, #; be the dual basis. The map
is defined to satisfy fo =t(u1) and t; = ¢(up). We use the canonical isomorphism between W and (S™U ")V
which we deduced from formula (4-2); more concretely: w; — (t(’)"_itf )V (this is where we use the volume
form on W). Consider the isomorphism L = S"~1(U") given by v; — tém_l)_i

A direct comparison of (4-4) and (4-1) in coordinates for U, W, and L establishes the result. O

t{ foriinO,...,m—1.

Proposition 4.6 allows us to compare normal forms for different choices of pairs in the same pencil.

Lemma 4.7. Suppose u, u’ € U are linearly independent and let (wy, . .., Wy, Vo, ..., Vm_1) be a Kro-
necker basis for the pair (q,, qu). For any g € GL(U), there exists an h € GL(W) x GL(L) such that
(h(wo), ..., h(vy—1)) is a Kronecker basis for (qgw), Qg@u’)))-



Regular pairs of quadratic forms on odd-dimensional spaces in characteristic 2 113

Proof. There exists some ¢ € K such that ¢(gu) = c¢(g"¥)~'t(u) for all u € U. Using the isomorphisms
from Proposition 4.6, consider
h — ((Smg\/)\/’ C—lsm—](g\/)—])

in GL(W) x GL(L). Using the shorthand notation g, = (S¥g")" and g* = S*~!(g") for all positive
integers k, we find

(hy) (L(gu) (hf)) = (g« ¥) ((L(gu)) (™ (g") " f))
=¥ (" (g @) )
=¥ (E* @) W) =¥ f)
forall v € W = (S"UY)Y, f e L=S5""1(UV), and u € U. From this we conclude that
bgu(hv, hw) = b, (v, w)

for all v,w € E and u € U. Thus, (bg,, bg,) is in Kronecker normal form relative to the basis
h(w0)7---’h(vm—1)~ |:|

Remark 4.8. It is frequently convenient to assume that a,, # 0 in the half-discriminant polynomial or,
equivalently, that the quadratic form ¢ is nondegenerate. Lemma 4.7 shows that this is often a harmless
assumption.

4B. The quasisplit case. Following the classical terminology in geometry of ruled varieties, a generator
of the variety X is a linear subspace of X of maximal possible dimension (over the algebraic closure). In
the spirit of [Skorobogatov 2010], we say that X is quasisplit if X = Bs(q) has a generator defined over
k. We say X is split if all generators of X are defined over k. We shall see in Corollary 7.5 below that,
when K is algebraically closed, every X has exactly 22" generators. (For two general quadrics, this also
follows by Example 14.7.15 of [Fulton 1998].)

Theorem 4.9. A generator of X has dimension m — 1. If K is algebraically closed, then X contains a
generator.

Proof. Assume K is algebraically closed. Let F,.(X) be the subscheme of the Grassmannian G, (P"~1)
of r-dimensional subspaces in P"~! which are contained in X. From [Debarre and Manivel 1998,
Theorem 2.1], we know F,(X) is nonempty if and only if » <m — 1. Thus, X has a generator (which is
of dimension m — 1). g

Remark 4.10. We shall see below that all X are quasisplit precisely when K is closed under separable
quadratic extensions.

This brings us to the main theorem of this section. Since X is always quasisplit over an algebraically
closed field, Theorem 1.3 follows immediately from the following.

Theorem 4.11. X is quasisplit if and only if there exists a normal form for the pencil q withr) = ... =
rom = 0.
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Proof. Note that a generator A is equal to |L|, where L is totally isotropic for all quadrics in the pencil.
When r; = 0 in the normal form defined by a Kronecker basis (wy, ..., Wy, vo, ..., Un—1), the span of
Vo, - . ., Uy—1 provides such a subspace. Conversely, given such a subspace L, Lemma 4.5 provides the
desired normal form under the condition that L is complementary to W.

Thus, the difficulty is proving that [L| N |W| = & (in other words, that L N W = 0). We may assume
without loss of generality that K is algebraically closed.

Let IT = |W|N X be the canonical subspace from Theorem 4.4. Let S = |L|N|W|=|L|NTII. Suppose
dim § =k > 0. Let P be the span of |W| and |L|, its dimension is equal to 2m —k — 1. Let Q = V (q) be
a quadric from the pencil. The restriction of Q to |W| is a linear subspace Y of dimension m — 1 (taken
with multiplicity 2). The quadric Q also contains the linear subspace |L| of the same dimension. They
intersect along the k-dimensional subspace S. We claim that Q must be singular along S.

To see this, choose coordinates xo, . .., Xp,,—x—1 for P in such a way that |L| is given by x,, = --- =
Xom—k—1=0and |W]isgivenby xo=" - -=x,,_r—2 =0, sothat Sis givenby x; =0, i #m—k—1, ..., m—1.
The restriction Q|p of Q to P must have an equation of the form

m—k—2
LGty Xomk-)* + Y XiMiGoms - Xom—i1) =0,
i=0
where L and My,..., M,,_i_> are linear homogeneous polynomials. Since the polynomial defining this
equation does not contain the variables x;, i #m —k —1,...,m — 1, the quadric is singular along the
subspace S. In other words, the subspace P is tangent to the quadric Q along S. Thus any hyperplane
containing P is tangent to Q along S. Since S and P do not depend on Q, we can find a hyperplane
tangent to any Q along S. Since the tangent space of X at any point is of codimension 2, and it is equal
to the intersection of tangent hyperplanes of quadrics in the pencil, we find a contradiction with the
assumption that X is smooth. (|

The proof of the preceding theorem has the following useful consequence:

Corollary 4.12. If A is a generator of X, then there is a Kronecker normal form with decomposition
E =W L such that |L| = A.

4C. Applications to rationality. This canonical subspace I1 from Theorem 4.4 allows us to prove
Corollary 1.2 from the introduction:

Proof of Corollary 1.2. First we consider the case m = 2, where we are dealing with quartic del Pezzo
surfaces in | E| = P* The canonical (m — 2)-plane IT is thus a canonical point. It is known that any del
Pezzo surface of degree > 3 with a rational point is unirational over the base field (see Theorem 3.5.1
of [Manin and Tsfasman 1986]).

Now we consider the case where m > 2. Consider the projection p : X \ IT — P"*! with center at
I1. Since IT is defined over K, the projection is defined over k. The morphism p extends to a morphism
pXpg— P+ where X1 is the blowup of X at center IT.
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Let x be a point in X \ IT. Let F, be the closure of p~!(p(x)) in P"~!. We claim that F, is the span
(x, IINT, X) where T, X is the embedded tangent space to X at x. Let v € E be a vector such that x = [v]
and let eq, ..., e,,—2 be a basis of I1. The subvariety F is equal to the closure of the intersection of X \ I1
and the span (I1, x) of IT and x. The span (IT, x) is equal to [tv + Z;":_Oz s,-e;], where [sg, ..., Sm—2, ]
are projective coordinates in (I, x). Plugging in the equations go = ¢q; = 0 of X we get, for k =0, 1, that

m—2 m—2 m—2 m—2
9k (lv + Z Si€i> = *qi(v) +C]k(z Si€i> +1 Z sibi(ei, v) =1 Z sibi(ei, v).
i=0 i=0 i=0 i=0

This shows that Fy is the span (x, [TN 7y (X)) as claimed.
First, assume that K is algebraically closed. We know that if TIN T, (X) is nonempty then dim [TN 7, (X)
is m — 2 — r(x), where r(x) is the rank of the matrix

<bo(€1, v) -+ bolen—2, U))
bi(e1,v) -+ bi(em—2,v))"

Let C be the set of points x € X where r(x) < 2: these are the points such that, for some quadric O given
by Ago + g1 = 0, the associated bilinear form b satisfies b(w, v) =0 for all w € E representing [w] € II.
Suppose C is equal to all of X. By Theorem 4.9, the space X contains a (m — 1)-dimensional projective
subspace A. Choose a point x from A. Note that the tangent space T, (Q) is defined by the fact that
b(w,v) =0 for all w € E. Thus T,(Q) contains the (m — 1)-dimensional projective subspace A and
the (m — 2)-dimensional projective subspace I1. Since A N I1 = &, we obtain that 7,,(Q) N Q contains
a projective subspace of dimension 2m — 2. However, by Corollary 3.3, the corank of any quadric in the
pencil is equal to 1. Hence Q cannot contain projective subspaces of dimension greater than m — 1. This
contradicts C being the whole space. Thus, for a general point x € X, we have r(x) = 2.

Consequently, ITN 7, (X) is empty if m < 3, or of dimension > m — 4 if m > 4. This implies that
F,={(x,IINT,(X)) consists of x if m <3 and dim(F,) =m — 3 if m > 4. If m =2, X is a del Pezzo
surface of degree 4 and the projection p is a birational map onto a cubic surface in P3. If m = 3, we obtain
that the projection p is a birational map onto P* If m > 3, we obtain that the general fiber (p’ )y N (px))
of the projection map p’ : Xyj — P! is isomorphic to the blowup of the (m — 3)-dimensional subspace
(x, INT,(X)) along the (m — 4)-dimensional subspace I1N T, (X). Thus the general fiber is a projective
space of dimension m — 3. Thus, X is birationally isomorphic to a projective (m — 3)-bundle over P"*!,

Now, assume K is any perfect field. Since the projection is a K-rational map, we immediately get that
X is rational if m = 3. It remains to consider m > 3. By construction, Xyj is a subvariety of a projective
bundle P(E) over P"*!. Moreover, the general fibers of X1 — P+1 are linear subspaces of the fibers of
P(E) — P+ Thus, over some open subscheme S of P+, the subvariety X restricts to a projective
bundle over S (not just a Severi—-Brauer scheme over S). Thus Xy is rational. O

Y. Prokhorov asked us for a geometric interpretation of the canonical point IT in the plane model of a
del Pezzo surface of degree 4. We consider this question in Remark 8.4.
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5. Isomorphisms of normal forms

The main goal of this section is to prove Theorem 1.4. In order to do this, we need to study isomorphisms
between pairs of quadratic forms in Kronecker normal form. The associated bilinear form of any such
pair is always the same, so any isomorphism of pairs of quadratic forms is an automorphism of a basic
singular pair of alternating bilinear forms.

Thus, our first task is to compute the automorphisms of a basic singular pair of alternating bilinear
forms. Next, we collect some results about the finite dimensional algebra A from the introduction. We
then use this algebra to determine which automorphisms of basic singular pairs correspond to which

isomorphisms of pairs of quadratic forms.

5A. Automorphisms of basic singular pairs. Let (by, b1) be a basic singular pair of alternating bilinear
forms (for example, obtained from a regular pair of quadratic forms), and let wy, ..., Wy, Vo, - .., Un—1
be a Kronecker basis for the underlying vector space E of dimension n = 2m + 1.

An automorphism of the pair (bg, b1) is an element g € GL(FE) such that

bo(gv, gv) =bo(v,v) and bi(gv, gv) = b1 (v, v)
forany v e V.

Lemma 5.1. The group of automorphisms Aut(bg, by) of the pair (by, b1) consists of elements g € GL(E)
of the form

m
gw) =wi, g =vi+ Y Stk (5-1)
k=0

where sq, . .., Sy_o are any elements in K.

Explicitly, the automorphisms have the form

S0 §1 o Sm—1
sl S2 PEEEEY S
g= ( It S), where S=|. = "
Om.mt1 I : : : :
Sm Sm+1 *° S2m—1
is a catalecticant matrix Caty,—1(So, - . ., Sam—1) (see [Dolgachev 2012, 1.4.1]).

Proof. One checks directly that the given elements are automorphisms of (bg, b1) via (4-1). It remains to
check that these are the only automorphisms.
Let g be an automorphism of (bg, b1). Note that g must fix each w; since they are canonical. It remains

to consider vy, ..., v,;,—1. Thus

g(w) =h)+ Y _ lxwy

k=0
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for some h € GL(L) and elements /;; in K. Since
8ij = bi(gv;, gw;j) = by (hv;, w))

we conclude that /4 is the identity. Since

m m
0=">b(gvi, gvj) = lekbl(vi, wy) + Zlikbl(wk’ vj) =lij +1ji
k=0 k=0
we conclude that [;; = [;;. Similarly, using by we conclude that /;; 1) = [;(j+1). We obtain that
li¢j+1) = li+1); and thus the values of /;; depend only on the sum of their indices: /;x = s; . O

5B. Results on K-algebras. Here we collect some facts about finite k-algebras which we will need later.
All are standard results except for Lemma 5.3.
Consider a separable polynomial

f(M)=a,T"+---+aT +ay

in K[T'] of degree n. Consider the k-algebra A =K[T']/(f(T)) and let ¢ be the image of T under the map
K[T]— A.

Note that since f is a separable polynomial, we may also write A as a direct sum A=A ®- - -@A; where
each A; is a separable field extension of k. Indeed, we have isomorphisms A; =K[T1/(fi(T)ZA/(f; ()
where f; is an irreducible polynomial dividing f.

Define polynomials g1, ..., g in K[T] via f(T) = f;(T)g;(T). Since the polynomials g; are coprime,
we may write

l=¢e+--+¢ (5-2)

where €; € (g; (1)) and they satisfy relations €;¢; =0 when i # j, and eiz = ¢;. In other words, €1, ..., €
form an orthogonal set of idempotents in A.

Multiplication by an idempotent ¢; defines a homomorphism from A into the corresponding summand
A;. Specifically, if 4 is any polynomial in K[7'] we have

€ih(t)=h(t) mod (fi(t)) (5-3)

in A; = A/(f;(t)). If f; is of degree 1 with root «;, then multiplication by ¢; corresponds to the k-algebra
homomorphism A — A; ~ K determined by ¢ — «;.
For any a € A, the linear map x > ax is an endomorphism of the vector space A over K, we denote by
Try /k(a) its trace. The formula
(a, b) =Tryk(ab)

defines a symmetric bilinear form on A. Its restriction to each summand A; is the usual trace for a
separable extension of fields. Since A is separable, the trace form is nondegenerate. In particular, the
natural homomorphism

A— A, ar> (x> Trax(ax))



118 Igor Dolgachev and Alexander Duncan

of vector spaces over K is a bijection.
If f splits completely into linear factors (for example, if K is separably closed), then A = k". If
ai, ..., o, are the roots of f, then a canonical isomorphism A = K" is defined via

h(t) = (h(oy), ..., h(ay))

for any polynomial 4 in k[T]. In this case, the trace can be computed as

n
Tram(h(t)) =D h(a).
i=1
By passing to a separable closure, one can compute the trace even when f does not split into linear
factors over the original field.
Consider a basis of A given by the elements

di=ajy1+ajpt+--- —I-anln_l_i for i=0,...,n—1. (5-4)
Using the recurrence relation d; = td; 41 + a;+1, we get the identity in A[X]
fX)=X-=do+d X+ +do_ X" 7). (5-5)

Note that d,,_; spans the “constant” subalgebra k C A.

Let f'(T) denote the formal derivative of f(T). Since f(T) is a separable polynomial, f'(T) is
coprime to f(7T) and thus f/(¢) is an invertible element in A.

The following proposition shows that the elements d; / f'(¢) form the dual basis of the basis 1, ¢, ..., "~ !

with respect to the trace form.

Proposition 5.2. TrA/k< 8ij fori,jin0,...,n—1.

S (t))
Proof. In the case when A is a field, this can be found in, for example, [Lang 1994, Proposition I11.1.2].
We give the proof here since it is short and uses formulas that we will need later. We may assume without
loss of generality that K is separably closed.

Let ay, ..., a, be the roots of f. We use the following Euler’s identity:
n k
X /
B S A Sy S N S (5-6)
< X —a; fl(ei)

in the ring A[X]. To see this, one uses that f'(o;) =[] ot (a; — a;), then checks that the expression
on the left-hand side is a polynomial of degree < n and has n roots a7y, ..., &, hence it must be zero.

One can extend the trace Try k to a K-linear function A[X] — K[ X]| by applying the trace function
to each coefficient of X'. Thus, using (5-5), we obtain

fx) .
Tran( X ) = A/k(<zd )f(t)) X

for every kin 0, ..., n — 1. Comparing the coefficients, we get the assertion. O
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We need an explicit formula for squaring an element with respect to the basis {dy, ..., d,—1}.

Lemma 5.3. Given the equation

rodo + - -+ ra_1dy—1 = (sodo + - - - + Su_1dp_1)*

for some coefficients s, . .., s,—1 in K, we have
n—1
— 2.
ry = §;azj+1—k
Jj=0
forallkinO,...,n— 1. (We assume by convention a; =0 wheni <0ori > n.)

Proof. Using Proposition 5.2, it suffices to show that

) tF
TrA/k<dj m) =@ji1-k

forall j,kinO,...,n—1.
Rearranging Euler’s equation (5-6) we obtain

n

k
x* _ Z 1 o; .
FX) T =X =0 flle)
Now, differentiating with respect to X, we have

kXL PO — XK (X)) Z -1 o

f(X)? (X =) ()
d i e fXD)\2 af
(X f(X))_Z<X—a,»> e

i=1
Using (5-5), we conclude

9 n . n—1 . £k . n—1 tk .
a_X<ZaiXk+l> =TrA/k<<ZdJ2X2]>,_)’ Zasz_sz/ =ZTI‘A/|(<d]2~ ; >X2]

Jj=0

as desired. Note that the assumption that K has characteristic 2 is essential! O

5C. Isomorphisms of pairs of quadratic forms. Let (qo, q1) be a regular pair of quadratic forms in

normal form with respect to a Kronecker basis B = (wy, . .., Wy, Vg, . .., Uy—1) for E. Note that since
wo, . . ., Wy, are canonical, the polynomial A and its coefficients ay, . .., a, are the same regardless of
the choice of basis B. However, the coefficients r, ..., r,_» from Theorem 1.1 are more subtle.

Assume that a, # 0 in A or, equivalently, that g; is nondegenerate (see Remark 4.8). Define
f(r)=A0,T)=ao+---+a,T".

Setting A = K[T]/(f(T)), we have an algebra as in the previous section.
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The r-invariant of the normal form is the element r € A given by
r=rodo+---+r,_2dy—2 (5-7)

where d, ..., d,—1 is the basis for A defined in (5-4). Note that the basis element d,_; spanning k does
not appear in the expression (5-7), so the set of possible r-invariants are in bijection with the quotient
space A/K.

For g € GL(E), let (¢, q1) be the pair given by

qo(v) = qo(gv) and gj(v) = q1(gv)

for v € E. Note that the half-discriminant polynomial of (g, ¢|) remains the same. Let r’ be the
r-invariant of the new normal form.

We assume, without loss of generality, that (¢, ¢;) is also in Kronecker normal form with respect to
the basis B. Consequently, both pairs have the same pair (bg, b;) of associated bilinear forms and we may
take g € Aut(bg, by).

Any g € Aut(bg, by) is determined by the elements sg, . .., s,—» from (5-1). We construct an element

s =sodo+ -+ 8sp—2dn_2 (5-8)

in A as with the r-invariant above.
Reversing the process, one checks that this gives rise to a group homomorphism

¢ : A — Aut(by, b)) C GL(E), (5-9)

where A is viewed as an additive group. Note that the kernel of ¢ is the subgroup K since d,,—; spans K.
Theorem 1.4 is a consequence of the following.

Theorem 5.4. If g = ¢ (s) for some s € A, then
r'=r+u(s) modKk,
where © : A — A is the Artin-Schreier map s — s>+ s.

Proof. Recall that g(w;) = w; and g(v;) = v; + Y s Si+kWk. We need to compute g;(gv;) for j =0, 1
andi =0,...,m—1. We find

m
qo0(gvi) = qo (Ui + Z si—'rkwk)

k=0

=qo(v;) + by (vi, Z Sitk wk) +q0 <Z 5i+kwk>

k=0 k=0

m
2
=r2i+1+S2+1+ E Sy 1 A2k,
k=0
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and similarly that
m+i

2
q1(gVi) =rai+ 52+ Y ST 41-2i -
j=i

By Lemma 5.3, we conclude that the new invariant is  + s + s> as desired. O

6. Relations to the Arf invariant

The following theorem was suggested to us by A. Efimov.
Recall that any nondegenerate quadratic form in 2m variables over a field K of characteristic 2 can be
reduced to the form
m
q= Z aix; +xiyi +biy;
i=1
for some basis xi, ..., Xm, Y1, - - -, Ym. Lhe Arfinvariant of q is

m

Arf(g) =) aibi € k/p (K).
i=1
It is independent of a choice of a canonical form from above.
Let (qo, g1) be a regular pair of quadratic forms in normal form with invariants A and r. We assume
that a, # 0 and define A = K[T]/(f(T)) with ¢ the image of T as in previous sections. The pair gives
rise to a quadratic form g4 on the module £4 = E ®k A by defining

qa =4qo+1tqi

as an element SZ(EX). Since A is a sum of fields Ay, ... A;, we may define the Arf invariant of g4 to be
the sum of the Arf invariants of the restrictions gg,.

Theorem 6.1. The form qa is an orthogonal sum of a 1-dimensional trivial form and a nondegenerate

2m-dimensional form whose Arf invariant is r modulo g (A) + K.
Proof. We select a new basis for E4 = E ®k A as follows:

w?:ZZ’:iwi(X)tk_i foriinO,...,m,
vi=1®1 foriin0,...,m—1
and find that
ba(wi, w)) =0, ba(v;,v}) =0, ba(vj,w)) =38G+1);,

where b, is the bilinear form associated to g4. In particular, wy, is the image of Q in E, and we see that
it spans a 1-dimensional form where g4 (wé) =0.

The remaining vectors span a subspace which decomposes into an orthogonal sum of 2-dimensional
subspaces (w_ ;, v;) on which g4 is isomorphic to the quadratic form

qaw), )X +xy 4+ qa(v)y>
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for appropriate coordinates x and y.
Note that
m
ga(wi, ) = Z(am‘ +ar P = doi g

k=i
while

qga(v)) = rait +raiq1.

The Arf invariant of the 2m-dimensional subspace is thus

m—1 m—1 n—2 m—1
> qawiDga®) = (rait +roi)daipr = ( ridi> + (Z rzia2i+1>,
i=0 i=0 i=0 i=0
which is equal to » mod K. O

7. Automorphisms of pencils of quadratic forms

7A. Arithmetic description of automorphisms of a pair. Let A be the k-algebra from the previous two
sections. Since the characteristic is 2, the set of idempotents Idem(A) form a subgroup of the additive
group of A. Recall that an idempotent a in A is an element such that > = a. Consequently, the group
Idem(A) can be characterized as the kernel of the Artin—Schreier map

PIA— A, ar a*+a.

Let Aut(qo, q1) be the set of automorphisms of the pair (gg, g1); in other words, the subgroup of
GL(E) whose elements induce an isomorphism of the pair with itself. From Theorem 5.4, we see that
every automorphism comes from an idempotent via (5-1). Conversely, the only nontrivial idempotent
which gives rise to a trivial automorphism is the multiplicative identity 1 € K C A. Thus we have the
following:

Theorem 7.1. There is a canonical isomorphism
Aut(qo, q1) = Idem(A)/(1),

where (1) is the additive subgroup of A generated by the unit element 1 € A.

The group Idem(A) is generated by the orthogonal set of idempotents €y, ..., € from (5-2). Since
the additive subgroup of A is commutative and every element has order 2, we see that Idem(A) is an
elementary abelian 2-group of order 2.

Consequently, Aut(qo, 1) is an elementary abelian 2-group of order 2/~! where [ is the number of
irreducible factors in (7). When A is a field (equivalent to f(T) being irreducible), then the only
idempotent is 1 and thus Aut(go, ¢g1) is trivial. At the other extreme, when f(7T) splits completely,
Aut(qo, g1) has order 22m and we will see below that the idempotents €1, .. ., €, correspond to reflections.

Idem(A), respectively Aut(qo, 1), can be viewed as the set of K-points of a finite étale group scheme
Idem(A), respectively Aut(qo, q1), over K. The group scheme Idem(A) is simply the Weil restriction
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of scalars Ry /k((Z/27Z) ) where Z/27Z is the constant group scheme of order 2. The group scheme
Aut(qo, q1) is the quotient in the exact sequence

0 — Z/2Z - Ra((Z/2Z) 4) — Aut(go, q1) — 0, (7-1)
where ¢ is the natural monomorphism.

Proposition 7.2. There is a canonical isomorphism between H' (K, Aut(qo, q1)), the Galois cohomology
group, and the group A/(p (A) + K).

Proof. This follows the same reasoning as §1 of [Skorobogatov 2010]. The composition
H?(k, 2/22) — H*(k, Rajk((Z/22) ) = H*(A, Z/2Z)

factors through the restriction-corestriction map, which is multiplication by the odd number dimy(A).
Since Z/2Z and Ry /k((Z/27) 4) have an even number of elements over a separable closure, the coho-
mology groups are 2-primary. Thus the map H?(K, Z/27) — H?*(K, Ra/k((Z/2Z) 1)) is injective. Thus
from (7-1), the group H L(k, Aut(qo, g1) is the cokernel of the map

H'(k, 2/27) — H' (K, Ra/((Z/22) ).
The characteristic is 2, thus H' (K, Z/27Z) = k/p (K) and
H'(K, Rax((Z/22)4)) = H' (A, (Z/22) 4)) = A/ (A),
so the result follows. |

Remark 7.3. The above proposition could be used to recover a weak form of Theorem 5.4. Of course, this
argument would be circular in our presentation since Theorem 5.4 was used to determine the automorphism

group.

7B. Geometric description of automorphisms of a pair. In this subsection we assume that K is alge-
braically closed.

Let xy, ..., x, be vectors in U representing the points x, ..., X, in the zero locus of V(A) on |U|.
Recall that V(qy,), ..., V(qy,) are precisely the singular quadrics of the pencil |q].

Fixiin1,...,n. Since V(qy,) is of corank 1, it contains a unique singular point z; € |E| represented
by the vector z; = Q(x;) in E.

For any u € U such that |u| # |x;| in |U| consider the following linear automorphism of £

bu(zis l)) .

pi() = v+ = (7-2)

where v € E. A priori, the formula for p; depends on the choice of u € U. However, one can check
that p; does not depend on the choice of u as long as it is not a multiple of x; (use that q,(z;) =0 and
by, (zi, v) = 0 for any choice of v € E).
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Theorem 7.4. The automorphism group Aut(qo, q1) is an elementary abelian 2-group of order 2%
generated by the reflections p1, . .., pn subject to the relation py - - - p, = 1.

Proof. 1t is clear that the reflections {p;} are automorphisms, that they are of order 2, and that they
commute. It remains to show that there are no other automorphisms and to show that they satisfy the
desired relations and no others. We will show that the reflections py, ..., p, correspond to a set of
orthogonal idempotents of A. The result then follows by Theorem 7.1.

The remainder of the proof is simply a direct calculation. In view of Remark 4.8, we may assume
without loss of generality that gg is nondegenerate and each vector x; has coordinates (¢;, 1), where «; is
aroot of f(T). Let ¢; be the idempotent corresponding to «;; in other words, multiplication by ¢; gives
rise to a map A — K such that 7 — «; as in (5-3).

We will establish that ¢ (¢;) = p;, where ¢ : A — GL(E) is the map (5-9). To do this, we determine
the values of sg, ..., s,_» in (5-1). From (5-8), these are the first n — 1 coordinates of ¢; in the basis
do, ...,d,—1 of A defined in (5-4). Thus, by Proposition 5.2, we have

tl o!
s; =Try k(e- ) = !
A OV D)
foreach jinO,...,n—2.

Now, note that z; = Y yaiw;. Since f/(T) = Y 1t azi+1T%, we have f'(a;) = q1(z;). We have
by(vj, zi) = ozl.’ for jin 0,...,m — 1, where wy, ..., wy,, vy, ..., V,—1 is the Kronecker basis for E.

Putting these observations together, we see that

m

m J
D) — v =S s = oy = 210G Y
B =y = 2 sy = gy 2 et ==

forall jinO,...,m— 1. Since, additionally, ¢ (¢;)(w;) = p(w;) = w; for j in O, ..., m, we conclude
that ¢ (¢;)(v) = p(v) forall v € E. Il

With this description of the automorphism group, we have:
Corollary 7.5. There are exactly 2™ generators permuted simply transitively by the group Aut(qo, q1).

Proof. By Corollary 4.12, the generators are in bijective correspondence with subspaces L occurring
in a Kronecker normal form such that L is totally isotropic with respect to every quadratic form in the
pencil. The group Aut(qo, g1) permutes such spaces. The subspace L is never invariant under a nontrivial
automorphism as in (5-1); thus the action is simply transitive. The number of generators is 22" since that
is the order of the group. U

From the above corollary, we prove Theorem 1.5 from the introduction:

Proof of Theorem 1.5. The set of generators of X corresponds to a smooth 0-dimensional subscheme of an
appropriate Grassmannian. In view of Corollary 7.5, over a nonclosed field this is an Aut(go, g1)-torsor.
From Proposition 7.2 we have that A/(p (A) + k) = H'(k, Aut(qo, ¢1)). Thus the r-invariant in A
naturally gives rise to a class in H'(K, Aut(qo, ¢1). O
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7C. Automorphisms of the base locus. The goal of this section is to prove Theorem 1.6, which describes
the automorphisms of the base scheme Bs(q) = V(qo, g1) in pr-l,

Lemma 7.6. Two smooth complete intersections of pairs of quadrics in P> are isomorphic if and only if

there is an element of PGLo,+1 inducing the isomorphism.

Proof. If m = 1 then the two varieties are smooth subschemes of P2, of dimension 0 of degree 4; the result
is clear in this case. Otherwise, when m > 2, the adjunction formula gives that the canonical sheaf wx
is isomorphic to Ox(—n +4). Since n = 2m + 1 > 5, the anticanonical divisor class —Kx is a positive
multiple of the hyperplane section. Hence the embedding of X in P>" comes from a multiple of the
anticanonical sheaf. Any isomorphism between the varieties induces isomorphisms of the corresponding
anticanonical sheaves, and the result follows. |

Theorem 1.6 follows immediately from the following.

Theorem 7.7. Assume X is quasisplit. The automorphism group of X, Aut(X), is isomorphic to
Aut(qo, q1) X G where G is the subgroup of PGL(U) which leaves invariant the scheme V (A) of zeros of
the half-discriminant.

Proof. By Lemma 7.6, any automorphism of X can be represented by an element of PGL(E).

Recall that |W| is a canonical subspace and must be invariant under any automorphism of X. From
Proposition 4.6, W is canonically isomorphic to S (U")". Thus an automorphism i € PGL(E) fixes |W|
pointwise if and only if it fixes |U | pointwise. Thus there is a group homomorphism 7 : Aut(X) — PGL(U)
whose kernel is precisely the group Aut(q, g») of automorphisms of the pair (g1, ¢2).

Note that since the zeroes of A correspond to the singular quadrics of the pencil, all automorphisms
must leave invariant the zeroes of A. Thus the image of 7 is contained in G. It remains to show that any
element g € GL(U) representing an element of G can be lifted to Aut(X).

Since X is quasisplit, we have a normal form for the pair (g,,, g,,) where r = 0. We may scale our
representative g € GL(U) such that g*A = A. By Lemma 4.7, there is an &7 € GL(W) x GL(L) so that
(dguy» dgu;) has a normal form with respect to the basis h(vy), ..., h(w,). Since g*A = A, we have
dg(u)(wj) =q,, (w;) fori =0, 1and j =0, ..., m. Since L is totally isotropic, qg(,)(v;) = qu,; (v;) =0 for
i=0,1and j =0,...,m— 1. Thus the normal forms are equal and g is an automorphism as desired. [

Remark 7.8. Note in the last step of the proof, we required that » = 0 in order to lift automorphisms from
g € PGL(U) to Aut(X). Thus, when X is not quasisplit, the automorphism group may not surject onto G.

8. Cohomology of intersection of two quadrics in [P?"

Let X be a smooth intersection of two quadrics in P2 over an algebraically closed field of characteristic
p > 0. Recall that in the case m = 2 when X is a del Pezzo surface of degree 4, the Picard group
Pic(X) of algebraic 2-cycles on X is a free abelian group of rank 6 and the cycle homomorphism
Pic(X)z, — H?*(X, Z,) to the £-adic cohomology is an isomorphism. It is also compatible with the
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intersection pairing Pic(X) x Pic(X) — Z and the cup product H*(X,Zy) x H*(X,Zy) — Z; on the
cohomology. This well-known result follows from the fact that X is isomorphic to the blowup of 5 points
Pl ..., ps in the projective plane P2 no three of which are collinear. In the anticanonical model, the
exceptional curves of the blowup are 5 disjoint lines on X. The remaining eleven lines come from the
proper transforms of lines p;, p; and the conic passing through the five points.

Let ey, ..., es be the classes of the exceptional curves, and eg be the class of the preimage of a line in
the plane under the blowup. Then Pic(X) is freely generated by ey, . .., e5 and the canonical class of X
is equal to —3eg +e; + - - - + es. Its orthogonal complement in Pic(X) is isomorphic to the negative root
lattice of type Ds. The group of automorphisms of X is faithfully represented in the Weyl group of this
lattice and is a subgroup to 2* x S5, where G5 denotes the symmetric group on 5 letters.

In this section we extend these well known facts to the case of arbitrary m (for char(k) # 2 see [Reid
1972]). Throughout, X will be the base locus of a regular pencil q of quadrics and P will denote the
projectivized radical subspace |W| of |E|.

Fix a generator A =|L|in X. Let X, — X be the blowup of X with center at A. Consider the projection
map pa : Xp — P” from A. We have E = W @ L so we may take p, to be the projectivization of the
projection £ — W and thus identify P with P = |W|. For any point x € X \ A, pa(x) = (A, x)N|W]|.
The base locus of the restriction of the pencil q to the subspace (A, x) = P™ contains A. Thus the residual
pencil consists of hyperplanes in (A, x) containing x. Its base locus is a codimension 2 linear subspace of
(A, x) containing x unless one of the quadrics contains (A, x) and hence the two quadrics intersect along
a hyperplane A’ in (A, x). If A’ exists, then it is a generator in X intersecting A along a hyperplane.
Note that A’ = p;(A) for some reflection p; € Aut(qo, g1) and A’ N A is the intersection of the fixed
hyperplane F; of p; with A’.

The image of each such generator under the projection map p, is the point y; = [v;] in |W| which is the
singular point of one of the singular quadrics in the pencil. In particular, we found 2m 4 1 generators that
do not intersect each other outside A but each intersects A along a hyperplane. Their proper transforms
on the blowup are disjoint subvarieties each isomorphic to P"~!. This gives the following birational
picture of X.

Let [P’%\’" — P?" be the blowup of P> along A. The projection from A defines an isomorphism from
P3™ to the projective bundle P(£), where £ = Opi' & Opn (—1).

Proposition 8.1. X, is isomorphic over P = P™ to a closed subvariety of the projective (m + 1)-bundle
P(E) over P. Let ¥ = {y1, ..., Yoam+1} be the images in |W| of the vertices of singular quadrics in the
pencil. If x & X (resp. x € X), then the fiber pxl(x) is a codimension 2 (resp. codimension 1) linear
subspace in the fiber of the projective bundle.

The inclusion X < P(€) is given by a surjective homomorphism of coherent sheaves £ — F such
that X5 = P(F) := Proj S*(F). The set X is equal to the singular set Sing(F), the set of points x € P
such that dimy(F(x)) > rank(F). In our case rank(F) =m — 1 and dimyg F (x) = m for x € Sing(F).
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Let U =P™\ ¥ and j : U — P™ be the open inclusion. Since codim ¥ > 2, the sheaf j,j*F is a
locally free sheaf of rank m — 1 and F is its subsheaf; in particular, it is a reflexive sheaf [Hartshorne
1980]. Thus, we obtain

Proposition 8.2. XA =P(F),

where F is a reflexive sheaf of rank m — 1 with Sing(F) = X. In particular, X is birationally equivalent

to a projective (m — 2)-bundle over P™.

Example 8.3. Assume m = 2, then p, is the projection of the quartic del Pezzo surface X from a line. It
is isomorphic to the blowup P(F), where F is the ideal sheaf Zy, of the set X of five points in the plane.

Remark 8.4. Recall that, over an algebraically closed field, a del Pezzo surface of degree 4 is obtained
by blowing up 5 general points in the plane P> which lie on a unique conic C = V(g), where ¢ is a
nondegenerate quadratic form. Prokhorov asked us for a geometric interpretation in the plane model of
the canonical point I1 from Theorem 4.4.

A natural guess is that it is the strange point of the conic. It has the property that any line through
this point is tangent to C. This turns out to be false. In fact, our conic depends only on the pencil of the
associated alternate bilinear forms. In a Kronecker basis it can be given by equation xjx3 + x% =0. The
equation of IT depends on the coefficients (ao, . .., as) of the half-discriminant, and coincides with the
strange point only in the case when aas = azaq, apaz = ajay.

The following is well known when the characteristic is not 2; see Chapter 3 of [Reid 1972] for a proof

over C.

Proposition 8.5. Let A,,_1(X) be the Chow group of algebraic (m — 1)-cycles on X equipped with a
structure of a quadratic lattice with respect to the intersection of algebraic cycles on X. Then

Ap_1(X) = 7742,

Let Ap—1(X)o denote the orthogonal complement of K'Y “Lin Ap—1(X). Then it is isomorphic to the roots

lattice of type Doy, taken with the sign (—1)" ",

Proof. Let U =P"\ X, let Yy = pxl(Z), and let Xy = pxl(U). By Proposition 1.8 from [Fulton 1998],
we have the following exact sequence of Chow groups Ay of algebraic k-cycles:

Ar(Ys) = Ar(Xa) = Ar(Xy) — 0.

For a vector bundle £ of rank e 4- 1 over a base Z, the Chow groups of the projective bundle P(£) are
well known. By Theorem 3.3 of the same work, we have

e
Ar(P©E)) = D At-e4i(2).
i=0
It follows that
A1 (X)) 2271, Ay (Yy) =72



128 Igor Dolgachev and Alexander Duncan

The homomorphism A,,_;(Yx) = A,—1(Xyx) is injective because Yy is the union of disjoint subvarieties
of dimension m — 1. This shows that A,,_; (X ) = Z>™. It remains to use [Fulton 1998], Proposition 6.7(¢)
that computes the cohomology of the blowup. We have A,,_1(Xx) = Apu—1(X) & Z™=2. This gives
Ap_1(X) = 72m+2,

The rest of the arguments can be borrowed from Chapter 3 of [Reid 1972] since they do not depend on
the characteristic of the ground field. We include this for completeness sake. First, we fix one generator A
and use Corollary 7.5 to index generators by subsets of the set [1,2m + 1] ={1, 2, ..., 2m + 1} modulo
taking the complementary subset. Here Ay := A is the generator corresponding to the empty set, and
each Ay := p;(A) is the generator corresponding to the image of A under the reflection p;.

We equip A,,—1(X) with a structure of a nondegenerate quadratic lattice with respect to the intersection
pairing A,,—1(X) X Aj—1(X) — Z. We have

(A Ias)= (| 5] +1),

where r = dim A; N A ;. In particular,

(AP = - (|25 +1) (8-1)

and, if dmA; NA; =m —3,
(A=A =2(-D)"", (8-2)

Let 1 be the class of a hyperplane section of X. We have
" Al =1
Since Kx = (3 —2m)n, we have K;’(’_l = (3 —2m)" "'y~ hence
Ap-1(X)o = (KZ™H* =" ~H™

We may assume that the generators A;,i =1, ..., 2m + 1, are the preimages of the points y; € ¥ under
the projection map pp : Xp — |W|. Let e; = [A;] be their classes in A,,—1(X). Let

eo=1""—[Ag]

(note that in the case m = 2 it coincides with the class of the pre-image of a line in P%). One checks that
the classes eg, €1, ..., ex,41 freely generate A,,—1(X) and the classes

ap=—ey+[Agl+esm+eyy1, oi=e —e1,i=1,...2m,

freely generate A,,_1(X)o. In fact they form a root basis of type Dy,4+1 in Ay—1(X)o (taken with the
sign (—1)"~1). O

Recall that the Weyl group W (D,,) of the root lattice of type D, generated by reflections in simple
roots ¢; is isomorphic to 2"=1 % &,. The group Aut(X) acts naturally on A,,_;(X) leaving K x invariant.
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This defines a homomorphism
o Aut(X) — Or(A,,_1(X)o) = 0r(D,)

to the orthogonal group of the quadratic lattice D,, defined by the Cartan matrix of the root system of type
D,,. The image is contained in the subgroup of Or(D,) of isometries that can be lifted to A,,—;(X). It
follows from the theory of quadratic lattices that this subgroup is of index 2 and coincides with the Weyl
group W(D,,). Thus, we have defined a homomorphism

p:Aut(X) > W(D,) =2 % 5,.

Theorem 8.6. The homomorphism p is injective and sends the subgroup Aut(qo, q1) to the subgroup
201 of W(D,).

Proof. An element g of the kernel fixes all generators. Assume p # 2. We know that any generator A
intersects n = 2m + 1 other generators that intersect A along a hyperplane. We know from the description
of the projection map p, : Xp — |W/| given in the beginning of this section that A intersects n generators
A; that are projected to the singular points y; € |W| of n singular fibers from the pencil. Thus g in its
action in |W| fixes these points, and since they generate |W| fixes |W| pointwise. Thus the projection of
g to G from Theorem 7.7 is the identity, hence g is the identity. (|
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Graded Steinberg algebras
and their representations

Pere Ara, Roozbeh Hazrat, Huanhuan Li and Aidan Sims

We study the category of left unital graded modules over the Steinberg algebra of a graded ample Hausdorff
groupoid. In the first part of the paper, we show that this category is isomorphic to the category of unital
left modules over the Steinberg algebra of the skew-product groupoid arising from the grading. To do this,
we show that the Steinberg algebra of the skew product is graded isomorphic to a natural generalisation
of the Cohen—Montgomery smash product of the Steinberg algebra of the underlying groupoid with the
grading group. In the second part of the paper, we study the minimal (that is, irreducible) representations in
the category of graded modules of a Steinberg algebra, and establish a connection between the annihilator
ideals of these minimal representations, and effectiveness of the groupoid.

Specialising our results, we produce a representation of the monoid of graded finitely generated
projective modules over a Leavitt path algebra. We deduce that the lattice of order-ideals in the Ky-group
of the Leavitt path algebra is isomorphic to the lattice of graded ideals of the algebra. We also investigate
the graded monoid for Kumjian—Pask algebras of row-finite k-graphs with no sources. We prove that
these algebras are graded von Neumann regular rings, and record some structural consequences of this.

1. Introduction

There has long been a trend of “algebraisation” of concepts from operator theory into algebra. This trend
seems to have started with von Neumann and Kaplansky and their students Berberian and Rickart to see
what properties in operator algebra theory arise naturally from discrete underlying structures [Kaplansky
1968]. As Berberian [1972] puts it, “if all the functional analysis is stripped away ... what remains should
stand firmly as a substantial piece of algebra, completely accessible through algebraic avenues”.

In the last decade, Leavitt path algebras [Abrams and Aranda Pino 2005; Ara et al. 2007] were
introduced as an algebraisation of graph C*-algebras [Kumjian et al. 1997; Raeburn 2005] and in
particular Cuntz—Krieger algebras. Later, Kumjian—Pask algebras [Aranda Pino et al. 2013] arose as
an algebraisation of higher-rank graph C*-algebras [Kumjian and Pask 2000]. Quite recently Steinberg
algebras were introduced in [Steinberg 2010; Clark et al. 2014] as an algebraisation of the groupoid
C*-algebras first studied by Renault [1980]. Groupoid C*-algebras include all graph C*-algebras and
higher-rank graph C*-algebras, and Steinberg algebras include Leavitt and Kumjian—Pask algebras as

Corresponding author: Huanhuan Li.

MSC2010: primary 22A22; secondary 16G30, 18B40.

Keywords: Steinberg algebra, Leavitt path algebra, skew-product, smash product, graded irreducible representation, annihilator
ideal, effective groupoid.
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well as inverse semigroup algebras. More generally, groupoid C*-algebras provide a model for inverse-
semigroup C*-algebras, and the corresponding inverse-semigroup algebras are the Steinberg algebras of
the corresponding groupoids. All of these classes of algebras have been attracting significant attention,
with particular interest in whether K-theoretic data can be used to classify various classes of Leavitt path
algebras, inspired by the Kirchberg—Phillips classification theorem for C*-algebras [Phillips 2000].

In this note we study graded representations of Steinberg algebras. For a I'-graded groupoid G, (i.e.,
a groupoid G with a cocycle map ¢ : G — I') Renault [1980, Theorem 5.7] proved that if I is a discrete
abelian group with Pontryagin dual T, then the C *-algebra C*(G x.I') of the skew-product groupoid is
isomorphic to a crossed-product C*-algebra C*(G) x T. Kumjian and Pask [1999] used Renault’s results to
show that if there is a free action of a group I' on a graph E, then the crossed product of graph C*-algebra
by the induced action is strongly Morita equivalent to C*(E/T"), where E/ T is the quotient graph.

Parallelling Renault’s work, we first consider the Steinberg algebras of skew-product groupoids (for
arbitrary discrete groups I'). We extend Cohen and Montgomery’s definition of the smash product of a
graded ring by the grading group (introduced and studied in their seminal paper [Cohen and Montgomery
1984]) to the setting of nonunital rings. We then prove that the Steinberg algebra of the skew-product
groupoid is isomorphic to the corresponding smash product. This allows us to relate the category of
graded modules of the algebra to the category of modules of its smash product. Specialising to Leavitt
path algebras, the smash product by the integers arising from the canonical grading yields an ultramatricial
algebra. This allows us to give a presentation of the monoid of graded finitely generated projective modules
for Leavitt path algebras of arbitrary graphs. In particular, we prove that this monoid is cancellative. The
group completion of this monoid is called the graded Grothendieck group, K, gr, which is a crucial invariant
in study of Leavitt path algebras. It is conjectured [Hazrat 2016, §3.9] that the graded Grothendieck group
is a complete invariant for Leavitt path algebras. We study the lattice of order ideals of K gr and establish
a lattice isomorphism between order ideals of Kgr and graded ideals of Leavitt path algebras.

We then apply the smash product to Kumjian—Pask algebras KPx (A). Unlike Leavitt path algebras,
Kumjian—Pask algebras of arbitrary higher rank graphs are poorly understood, so we restrict our attention
to row finite k-graphs with no sources. We show that the smash product of KPx (A) by Z is also an
ultramatricial algebra. This allows us to show that KPg (A) is a graded von Neumann regular ring and, as
in the case of Leavitt path algebras, its graded monoid is cancellative. Several very interesting properties of
Kumjian—Pask algebras follow as a consequence of general results for graded von Neumann regular rings.

We then proceed with a systematic study of the irreducible representations of Steinberg algebras. Chen
[2015] used infinite paths in a graph E to construct an irreducible representation of the Leavitt path
algebra E. These representations were further explored in a series of papers [Abrams et al. 2015; Ara
and Rangaswamy 2014; 2015; Hazrat and Rangaswamy 2016; Rangaswamy 2016]. The infinite path
representations of Kumjian—Pask algebras were also defined in [Aranda Pino et al. 2013]. In the setting of
a groupoid G, the infinite path space becomes the unit space of the groupoid. For any invariant subset W
of the unit space, the free module RW with basis W is a representation of the Steinberg algebra Ag(G)
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[Brown et al. 2014]. These representations were used to construct nontrivial ideals of the Steinberg
algebra, and ultimately to characterise simplicity.

For the I'-graded groupoid G, we introduce what we call I"-aperiodic invariant subsets of the unit space
of the groupoid G. We obtain graded (irreducible) representations of the Steinberg algebra via these
["-aperiodic invariant subsets. We then describe the annihilator ideals of these graded representations and es-
tablish a connection between these annihilator ideals and effectiveness of the groupoid. Specialising to the
case of Leavitt and Kumjian—Pask algebras we obtain new results about representations of these algebras.

The paper is organised as follows. In Section 2, we recall the background we need on graded ring
theory, and then introduce the smash product A #I" of an arbitrary I'-graded ring A, possibly without
unit. We establish an isomorphism of categories between the category of unital left A # ["-modules and
the category of unital left I"-graded A-modules. This theory is used in Section 3, where we consider the
Steinberg algebra associated to a I'-graded ample groupoid G. We prove that the Steinberg algebra of the
skew-product of G x. I" is graded isomorphic to the smash product of Az (G) with the group I'.

In Section 4 we collect the facts we need to study the monoid of graded rings with graded local units. In
Section 5 and Section 6, we apply the isomorphism of categories in Section 2 and the graded isomorphism
of Steinberg algebras (Theorem 3.4) on the setting of Leavitt path algebras and Kumjian—Pask algebras.
Although Kumjian—Pask algebras are a generalisation of Leavitt path algebras, we treat these classes
separately as we are able to study Leavitt path algebras associated to any arbitrary graph, whereas for
Kumjian—Pask algebras we consider only row-finite k-graphs with no sources, as the general case is much
more complicated [Raeburn et al. 2004; Sims 2006]. We describe the monoids of graded finitely generated
projective modules over Leavitt path algebras and Kumjian—Pask algebras, and obtain a new description
of their lattices of graded ideals. In Section 7, we turn our attention to the irreducible representations
of Steinberg algebras. We consider what we call I'-aperiodic invariant subset of the groupoid G and
construct graded simple A r(G)-modules. This covers, as a special case, previous work done in the setting
of Leavitt path algebras, and gives new results in the setting of Kumjian—Pask algebras. We describe the
annihilator ideals of the graded modules over a Steinberg algebra and prove that these ideals reflect the
effectiveness of the groupoid.

2. Graded rings and smash products

2A. Gradedrings. Let T be a group with identity . A ring A (possibly without unit) is called a ['-graded
ring if A= @yer A, such that each A, is an additive subgroup of A and A, A5 C A,s forall y,5 €T'.
The group A, is called the y-homogeneous component of A. When it is clear from context that a ring A
is graded by group I', we simply say that A is a graded ring. If A is an algebra over a ring R, then A is
called a graded algebra if A is a graded ring and A, is a R-submodule for any y € I'. A I'-graded ring
A= @yer A, is called strongly graded if AyAs = A,s forall y,5inT.

The elements of UyeF A, in a graded ring A are called homogeneous elements of A. The nonzero
elements of A, are called homogeneous of degree y and we write deg(a) = y for a € A, \{0}. The set
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'y ={y €I'| A, # 0} is called the support of A. We say that a I'-graded ring A is trivially graded if
the support of A is the trivial group {¢} —thatis, A, = A, so A, =0 for y € I'\{¢}. Any ring admits a
trivial grading by any group. If A is a I'-graded ring and s € A, then we write s,, & € I" for the unique

elements s, € A, such that s = ) Sy. Note that {o € I | s # 0} is finite for every s € A.

ael

We say a I'-graded ring A has graded local units if for any finite set of homogeneous elements
{x1, ..., x,} € A, there exists a homogeneous idempotent e € A such that {xy, ..., x,} CeAe. Equivalently,
A has graded local units, if A, has local units and A;,A, = A, A, = A, forevery y €.

Let M be aleft A-module. We say M is unital if AM = M and it is ['-graded if there is a decomposition
M = @y er M, such that A,M,, € M, for all @, y € I". We denote by A-Mod the category of unital left
A-modules and by A-Gr the category of I'-graded unital left A-modules with morphisms the A-module
homomorphisms that preserve grading.

For a graded left A-module M, we define the a-shifted graded left A-module M («) as

M(a) =P M(),. @-1)
yell
where M (a),, = M,,,. That is, as an ungraded module, M («) is a copy of M, but the grading is shifted
by «. For a € T', the shift functor

To : A-Gr — A-Gr, M+ M(x)
is an isomorphism with the property 7,7g = Top for o, B € T'.

2B. Smash products. Let A be a I'-graded unital R-algebra where I' is a finite group. In an influential
paper, Cohen and Montgomery [1984] introduced the smash product associated to A, denoted by A#R[I"]*.
They proved two main theorems, duality for actions and coactions, which related the smash product to
the ring A. In turn, these theorems relate the graded structure of A to nongraded properties of A. The
construction has been extended to the case of infinite groups (see for example [Beattie 1988; Liu and
Van Oystaeyen 1988; Nistasescu and Van Oystaeyen 2004, §7]). We need to adopt the construction of
smash products for algebras with local units as the main algebras we will be concerned with are Steinberg
algebras which are not necessarily unital but have local units. The main theorem of Section 3 shows that
the Steinberg algebra of the skew-product of a groupoid by a group can be represented using the smash
product construction (Theorem 3.4).
We start with a general definition of smash product for any ring.

Definition 2.1. For a I'-graded ring A (possibly without unit), the smash product ring A#1 is defined
as the set of all formal sums Zy er rv) Dy, Where r) e A and py are symbols. Addition is defined
component-wise and multiplication is defined by linear extension of the rule (rpy)(spg) = rsqs-1pg,
wherer,s € Aand o, B €T.

It is routine to check that A #1I' is a ring. We emphasise that the symbols p, do not belong to A#T;
however if the ring A has unit, then we regard the p, as elements of A#1I" by identifying 1, p, with p,,.
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Each p, is then an idempotent element of A#TI". In this case A#I" coincides with the ring A#T"* of
[Beattie 1988]. If I" is finite, then A # " is the same as the smash product A # k[["']* of [Cohen and
Montgomery 1984]. Note that A# 1" is always a ['-graded ring with

(A#T), = ZAypa. (2-2)
ael’

Next we define a shift functor on A #I'-Mod. This functor will coincide with the shift functor on A-Gr
(see Proposition 2.5). This does not seem to be exploited in the literature and will be crucial in our study
of K-theory of Leavitt path algebras (Section 5C).

For each « € I, there is an algebra automorphism

SY:A#I —> A#T,

such that S%(spg) = spga, for spg € A#I" with s € A and B € I'. We sometimes call % the shift map
associated to o. For M € A#T'-Mod and o € I', we obtain a shifted A # I'-module S M obtained by
setting Sy M := M as a group, and defining the left action by a -s«py m := S§%(a) -y m. For a € T, the
shift functor

S A#I-Mod — A#I-Mod, M > S°M,

is an isomorphism satisfying Sagﬂ = S‘aﬂ fora, pel.
If A is a unital ring then A #I" has local units [Beattie 1988, Proposition 2.3]. We extend this to rings
with graded local units.

Lemma 2.2. Let A be a I'-graded ring with graded local units. Then the ring A#I" has graded local units.

Proof. Take a finite subset X = {x1, xp,...,x,} € A#I such that all x; are homogeneous elements.
Since homogeneous elements of A #I" are sums of elements of the form rp, for r € A a homogeneous
element and o € I', we may assume that x; =r; py,, 1 <i <n, where r; € A are homogeneous of degree
y; and o; € I'. Since A has graded local units, there exists a homogeneous idempotent e € A such that
er; =r;e =r; for all i. Consider the finite set

Y={yeF|y=oz,- or Yy = y;q; forlfifn},

and let w = Zy cy €Py- Since the idempotent e € A is homogeneous, w is a homogeneous element of
A#T. It is easy now to check that w? = w and wx; = x; = x;w for all . O

As we will see in Sections 5 and 6, smash products of Leavitt path algebras or of Kumjian—Pask
algebras are ultramatricial algebras, which are very well-behaved. This allows us to obtain results about
the path algebras via their smash product. For example, ultramatricial algebras are von Neumann regular
rings. The following lemma allows us to exploit this property (see Theorems 6.4 and 6.5). Recall that a
graded ring is called graded von Neumann regular if for any homogeneous element a, there is an element
b such that aba = a.
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Lemma 2.3. Let A be a I'-graded ring (possibly without unit). Then A # T is graded von Neumann

regular if and only if A is graded von Neumann regular.

Proof. Suppose A#1T is graded regular and a € A,, for some y € G. Since ap, € (A#T), (see (2-2)),
by, pa € (A#F)y—l with deg(b,, ) = y‘l, o € I', such that

ape (Z byapa>ape =dape.

ael

there is an element ), -

This identity reduces to ab,, ap, = ap.. Thus ab,,a = a. This shows that A is graded regular.
Conversely, suppose A is graded regular and x := ) - ay, po € (A#I'),,. By (2-2) we have deg(a,, ) =

v, a € I'. Then there are b -1 € A1 such that a),b -1a,, = ay,, for @ € T'. Consider the element

YI=D ger byglpyo, € (A#1I"),,-1. One can then check that xyx = x. Thus A#I is graded regular. [J

2C. An isomorphism of module categories. In this section we first prove that, for a I'-graded ring A with
graded local units, there is an isomorphism between the categories A #I'-Mod and A-Gr (Proposition 2.5).
This is a generalisation of [Cohen and Montgomery 1984, Theorem 2.2; Beattie 1988, Theorem 2.6]. We
check that the isomorphism respects the shifting in these categories. This in turn translates the shifting
of modules in the category of graded modules to an action of the group on the category of modules
for the smash-product. Since graded Steinberg algebras have graded local units, using this result and
Theorem 3.4, we obtain a shift preserving isomorphism

AR(G x.I")-Mod = AR (G)-Gr.

In Section 5 we will use this in the setting of Leavitt path algebras to establish an isomorphism between
the category of graded modules of L ¢ (E) and the category of modules of L z(E), where E is the covering
graph of E (Section 5B). This yields a presentation of the monoid of graded finitely generated projective
modules of a Leavitt path algebra.

We start with the following fact, which extends [Beattie 1988, Corollary 2.4] to rings with local units.

Lemma 2.4. Let A be a I'-graded ring with a set of graded local units E. A left A#1'-module M is unital
if and only if for every finite subset F of M, there exists w = ._, upy, withy; € I', and u € E such that
wx =x forall x € F.

Proof. Suppose that M is unital. Then each m € F may be written asm =) _, <G, ynnt for some finite
G € M and choice of scalars {y, |n € G,,} CA#T. Let T :=J
a finite set Y of I" such that w = Zer up, satisfies wy =y forall y € T. So wm =m for allm € F.
Conversely, for m € M, take F = {m}. Then there exists w such that m = wm € (A#I')M; that is,
(A#D)M =M. OJ

mer Gm. By Lemma 2.2, there exists

Proposition 2.5. Let A be a I'-graded ring with graded local units. Then there is an isomorphism of
categories \ : A-Gr — A #1'-Mod such that the following diagram commutes for every a € T'.
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A-Gr —— A#T-Mod

T

A-Gr —— A#T-Mod

Proof. We first define a functor ¢ : A#I'-Mod — A-Gr as follows. Fix a set E of graded local units for A.
Let M be a unital left A # '-module. We view M as a I'-graded left A-module M’ as follows. For each
y € I', define
M, = Z up, M.
uek
We first show that for « € ', we have M, N }_ 1,
there exist finite index sets F' and {FJ’/ | y € '} (only finitely many nonempty), elements {«; | i € F} and

M; = {0}. Suppose this is not the case, so

{vyjlyeland e F)’,} in E, and elements {m; |i € F}and {n, j|y €l and j € F)’,} such that
X = Z%‘Pami = Z Z Uy, jPyNy.js
ieF yel', y#a jeFJL

Fix e € E such that eu; = u; = u;e for all i € F. Using that the u; are homogeneous elements of trivial
degree at the second equality, we have

epax =Y _(epuitipa)mi = Y  eut; pam; = x.
ielF el

epuX = Z Z epaVy, jpyny, i =0.

yel\lo) jeF,

We also have

Hence x =0.
For r € A, and m € M), define rm := rpym. This determines a left A-action on M/,. For u € E
satisfying ur = r = ru, we have

Upyarm = (Upyal Po)M = UFPe = M.

Hence rm € M;/a. One can easily check the associativity of the A-action. Using Lemma 2.4 we see that
M = M’ as sets. We claim that M’ is a unital A-module. For m € MJ’,, we Write m = ), g Upymy,
where E’ C E is a finite set and m, € M. Since u is a homogeneous idempotent,

u(”pymu) = upy(upymu) =upymy.
Thus u(up,my) =up,m, € AM" implies that m € AM' showing that M" = AM’. We can therefore define

¢ : Obj(A #'-Mod) — Obj(A-Gr),
by ¢p(M) = M'.
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To define ¢ on morphisms, fix a morphism f in A#I'-Mod. For m = ) _.m, € M’ such that

ye
m, = ZueFV up,m, with F, a finite subset of E, we define f': M — N’ by

f/(my) = f( Z upy’”u) = Z up)/f(mu) = f(m)y (2-4)
uek), uek,

To see that f” is an A-module homomorphism, fix m € M, and r € A. Since f(m) € My, we have

f'rm) = f(rpym) =rp, f(m) =rf'(m).

The definition (2-4) shows that it preserves the gradings. That is, f’ is a I'-graded A-module homomor-
phism. So we can define ¢ on morphisms by ¢ (f) = f’. It is routine to check that ¢ is a functor.

Next we define a functor v/ : A-Gr — A #I'-Mod as follows. Let N = ), .- N,, be a I'-graded unital
left A-module. Let N” be a copy of N as a group. Fixn € N, and writen =} n,. Fixr € A and

yel

«a € I', and define

(rpo)n =rny.

It is straightforward to check that this determines an associative left A # I'-action on N”. We claim that
N" is a unital A#TI'-module. To see this, fix n € N”. Since AN = N, we can express n = Zf’:l rin;, with
the n; homogeneous in N and the r; € A, and we can then write each r; as r; = ) per Ti,p s a sum of

homogeneous elements r; g € Ag. Forany y € I,

l
ny =Y _rig()g-, =Y (rippsg-r,)ni € (A#I)N".
i i

So we can define

W : Obj(A-Gr) — Obj(A #T'-Mod),

by ¥ (N)=N". Since ¢y (N) = N" is just a copy of N as a module, we can define ¥ on morphisms simply
as the identity map; that is, if f: M — N is a homomorphism of graded A-modules, then for m € M we
write m” for the same element regarded as an element of M”, and we have ¥ (f)(m”) = f(m)”. Again,
it is straightforward to check that v is a functor.

To prove that yro¢ =Id a#r-mog and oy =Id 4.y, it suffices to show that (M) = M for M € A#I"-Mod
and (N”) = N for N € A-Gr; but this is straightforward from the definitions.

To prove the commutativity of the diagram in (2-3), it suffices to show that the A # I"-actions on
(¥ 0 Te)(N) = N(a)” and (S o ¥)(N) = N”(«) coincide for any N € A-Gr. Take any n € N and
spp€ A#I' withs € Aand B € T'. For n € N”(«) and a typical spanning element spg of A#T", we have
(spp)n = (sppa)n = sngy. On the other hand, for the same n regarded as an element of N”, and the same
spp € A#I', we have (spg)n = sny = sngy. Since N (o) g = Npo by definition, this completes the proof. [J
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3. The Steinberg algebra of the skew-product

In this section, we consider the skew-product of an ample groupoid G carrying a grading by a discrete
group I'. We prove that the Steinberg algebra of the skew-product is graded isomorphic to the smash
product by I' of the Steinberg algebra associated to G. This result will be used in Section 5 to study the
category of graded modules over Leavitt path algebras and give a representation of the graded finitely
generated projective modules.

3A. Graded groupoids. A groupoid is a small category in which every morphism is invertible. It can
also be viewed as a generalisation of a group which has partial binary operation. Let G be a groupoid. If
x €G,d(x) =x"x is the domain of x and r(x) = xx ! is its range. The pair (x, y) is composable if
and only if 7(y) = d(x). The set G := d(G) = r(G) is called the unit space of G. Elements of G are
units in the sense that xd(x) = x and r(x)x = x for all x € G. For U, V € G, we define

UV=|{aBlacU, BeVandr(B)=d(@)}.

A topological groupoid is a groupoid endowed with a topology under which the inverse map is
continuous, and such that composition is continuous with respect to the relative topology on G» :=
{(B,y) € G xG|d(B) =r(y)} inherited from G x G. An érale groupoid is a topological groupoid
G such that the domain map d is a local homeomorphism. In this case, the range map r is also a
local homeomorphism. An open bisection of G is an open subset U C G such that d|y and r|y are
homeomorphisms onto an open subset of G¥. We say that an étale groupoid G is ample if there is a basis
consisting of compact open bisections for its topology.

Let I' be a discrete group and G a topological groupoid. A I'-grading of G is a continuous function
c:G — I such that c(a)c(B) = c(ap) for all (o, B) € GP; such a function c is called a cocycle on G. In
this paper, we shall also refer to c as the degree map on G. Observe that G decomposes as a topological
disjoint union |—|yeF ¢ () of subsets satisfying ¢~ (B)c™ (y) C ¢~ (By). We say that G is strongly
graded if c='(B)c™(y) =c~'(By) forall B, y. For y €', we say that X C G is y-graded if X C ¢~ (y).
We always have GO c ! (), so GO ig e-graded. We write B}C,O(g) for the collection of all y-graded
compact open bisections of G and

B2©) = B
yell

Throughout this note we only consider I'-graded ample Hausdorff groupoids.

3B. Steinberg algebras. Steinberg algebras were introduced in [Steinberg 2010] in the context of discrete
inverse semigroup algebras and independently in [Clark et al. 2014] as a model for Leavitt path algebras.
We recall the notion of the Steinberg algebra as a universal algebra generated by certain compact open
subsets of an ample Hausdorff groupoid.

Definition 3.1. Let G be a I'-graded ample Hausdorff groupoid and B{°(G) = Uy er B)°(9) the collection
of all graded compact open bisections. Given a commutative ring R with identity, the Steinberg R-algebra
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associated to G, denoted Ag(G), is the algebra generated by the set {tp | B € B{°(G)} with coefficients in
R, subject to

R1) tyz =0;
(R2) tptp =tpp for all B, D € B{°(G); and

(R3) tp+1tp =tpup, whenever B and D are disjoint elements of B)C,0 (G) for some y €I such that BU D
is a bisection.

Every element f € Ag(G) can be expressed as f =) ;. ayty, where F is a finite subset of elements
of B{°(G). It was proved in [Clark and Edie-Michell 2015, Proposition 2.3] (see also [Clark et al. 2014,
Theorem 3.10]) that the Steinberg algebra defined above is isomorphic to the following construction:

Ag(G) =span{ly | U is a compact open bisection of G},

where 1y : G — R denotes the characteristic function on U. Equivalently, if we give R the discrete
topology, then continuous functions from G to R are exactly locally constant functions from G to R, and
s0 Agr(G) = C.(G, R), the space of compactly supported continuous functions from G to R. Addition is
point-wise and multiplication is given by convolution

(f*) =Y. f@gp).
{ap=y}

It is useful to note that

lU*1V=1UV

for compact open bisections U and V (see [Steinberg 2010, Proposition 4.5(3)]) and the isomorphism
between the two constructions is given by ¢y > 1y on the generators. By [Clark and Edie-Michell 2015,
Lemma 2.2; Clark et al. 2014, Lemma 3.5], every element f € Ar(G) can be expressed as

f=) avly, (3-1)
UeF
where F is a finite subset of mutually disjoint elements of B{°(G).
Recall from [Clark and Sims 2015, Lemma 3.1] that if ¢ : G — I is a cocycle into a discrete group I',
then the Steinberg algebra Ag(G) is a I'-graded algebra with homogeneous components

AR(G), ={f € AR(G) | supp(f) C ¢~ ()}

The family of all idempotent elements of Ag(G) is a set of local units for Az (G) ([Clark et al. 2017,
Lemma 2.6]). Here, Azr(G®) C Ar(G)isa subalgebra. Since GO cc () is trivially graded, Ag(G)
is a graded algebra with graded local units. Note that any ample Hausdorff groupoid admits the trivial
cocycle from G to the trivial group {e}, which gives rise to a trivial grading on Ag(G).
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3C. Skew-products. Let G be an ample Hausdorff groupoid, I" a discrete group, and ¢ : G — I' a cocycle.
Then G admits a basis B of compact open bisections. Replacing B with B’ ={UNc ! (y) |U € B,y €T},
we obtain a basis of compact open homogeneous bisections.

To a I'-graded groupoid G one can associate a groupoid called the skew-product of G by I". The aim of
this section is to relate the Steinberg algebra of the skew-product groupoid to the Steinberg algebra of G.
We recall the notion of skew-product of a groupoid (see [Renault 1980, Definition 1.6]).

Definition 3.2. Let G be an ample Hausdorff groupoid, I" a discrete group and ¢ : G — I' a cocycle. The
skew-product of G by I' is the groupoid G x. I' such that (x, «) and (y, 8) are composable if x and y
are composable and o = ¢(y) 8. The composition is then given by (x, c(¥)B)(y, B) = (xy, B) with the
inverse (x, )" = (x7 !, c(x)).

Note that our convention for the composition of the skew-product here is slightly different from that
in [Renault 1980, Definition 1.6]. The two determine isomorphic groupoids, but when we establish the
isomorphism of Theorem 3.4, the composition formula given here will be more obviously compatible
with the multiplication in the smash product.

Lemma 3.3. Let G be a I'-graded ample groupoid. Then the skew-product G x. I is a I'-graded ample
groupoid under the product topology on G x I' and with degree map ¢(x, y) := c(x).

Proof. We can directly check that under the product topology on G x I', the inverse and composition
of the skew-product G x. I'" are continuous making it a topological groupoid. Since the domain map
d : G — G© is a local homeomorphism, the domain map (also denoted d) from G x.I" to G© x I' is
d x idr so restricts to a homeomorphism on U x I' for any set U on which d is a homeomorphism. So
d:Gx.T = (G x.T)©® is a local homeomorphism. Since the inverse map is clearly a homeomorphism,
it follows that the range map is also a local homeomorphism.

If B is a basis of compact open bisections for G, then {B x {y} | B € B and y €I'} is a basis of compact
open bisections for the topology on G x. I'. Since composition on G x . I'" agrees with composition in G
in the first coordinate, it is clear that ¢ is a cocycle. U

The Steinberg algebra Ag(G x.I') associated to G x. I' is a I'-graded algebra, with homogeneous
components
AR(G %, T)y ={f € AR(G x.T) | supp(f) Sc~'(y) x T},
fory el.
We are in a position to state the main result of this section.

Theorem 3.4. Let G be a I'-graded ample, Hausdorff groupoid and R a unital commutative ring. Then
there is an isomorphism of T'-graded algebras Agr(G x.I') = Ar(G) #T", assigning 1y xja) to 1y py for

each compact open bisection U of G and o € T'.

Proof. We first define a representation {ty | U € B{°(G x.I')} in the algebra A (G)#I" (see Definition 3.1).
If U is a graded compact open bisection of G x. I', say U C ¢ !(«), then for each y € I', the set
U NG x {y}is a compact open bisection. Since these are mutually disjoint and U is compact, there are
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finitely many (distinct) y1, ..., y; € I' such that U = |_|f:1 UNG x{y;}. Each UNG x {y;} has the form
U; x {y;} where U; C U is compact open. The U; have mutually disjoint sources because the domain
map on G X I' is just d x id, and U is a bisection. So each U; € B;°(G), and U = |_|§:1 U; x {y;}. Using
this decomposition, we define

1
tw=7)_ lupy.
i=1

We show that these elements #; satisfy (R1)—(R3). Certainly if U = &, then f; =0, giving (R1). For (R2),
take V € Bg’(G X I'), and decompose V = U’};l Vi x {yjf} as above. Then

tyty = Z 1y, py, Z 1V Py, = ZZ 1U,py,IV Py; = ZZ Ly, py, 1y, Py;

i=1 j=1 j=11i=1
= Z Z Lu,v; py;- (3-2)
j=1 {l=i<llyi(y)~'=p}

On the other hand, by the composition of the skew-product G x. I, we have

I m m 1
=UUUl~x{y,-}-vjx{y;}zLJUUix{y,-}-vjx{y;}
j=1 j=li=1

m
:U U uvixiy)
j=1 (1<i<llyi=p}}

For each 1 < j < m, there exists at most one 1 <i </ such that y; = ,Byjf and U;V; € ng(g). It follows
that tyy = ZTZI Z{lsiﬁm(y;)_lzﬁ} lUiVijJf- Comparing this with (3-2), we obtain tyty =tyy.

To check (R3), suppose that U and V are disjoint elements of B;’(G x.I') for some w € I' such that
U UV is a bisection of G x.I'. Write them as U = ngl U; x{y;}Jand V = U?’Zl Vi x {yjf} as above.
We have

1 m
i=1 j=1
On the other hand

UUV:(QU,-X{%) <L:JV x{yj)

Ify, = yl’., then U; x {y;} UV, x {yjf} = (U; UV;) x {y;}. Since U and V are disjoint and U UV is a
bisection, we deduce that »(U;) Nr(V;) = @ =d(U;) Nd(V;) so that U; U V; is a bisection. So
tUiX{y,-}Uij{ny} =1y,uvx{y} = 1Ul-uv,-Py,- = ly,py, + 1vjl’y,- = ly,py + lvjpy.;-

This shows that after combining pairs where y; = yj’. as above, we obtain ty + ty = tyyy.-



Graded Steinberg algebras and their representations 143
By the universality of Steinberg algebras, we have an R-homomorphism,
¢ ARG x ') = AR(G)#T

such that ¢ (1y«(s}) = lu pe for each compact open bisection U of G and o € I". From the definition of
¢, it is evident that ¢ preserves the grading. Hence, ¢ is a homomorphism of I'-graded algebras.

Next we prove that ¢ is an isomorphism. For any element ap,, € Ag(G)#I" witha € Ag(G) and y €T,
there is a finite index set T, elements {r; | i € T} of R, and compact open bisections K; € B°(G) such
that

apy = Z rilg,py = Zri¢(1Kix{y}) €lmé.
ieT ieT
So ¢ is surjective. It remains to prove that ¢ is injective. Take an element x € Ag(G X, I') such that
¢ (x) =0. Since ¢ is graded, we can assume that x is homogeneous, say x € Ag(G x.I'),,. By (3-1), there
is a finite set F', mutually disjoint B; € B]C/O(g X I') indexed by i € F and coefficients r; € R indexed by

i € F such that
X = Zrilgi.
ieF

For each B;, we write B; = ;. F, Bik X {8;x} such that F; is a finite set and the §;; indexed by k € F; are
distinct. Set

A={6|ieF,keF}.

For each § € A, let F5 C F be the collection Fs = {i € F | § € {8 | k € F;}}. Then

p)=> rip(g)=>_ Y rilg,ps, = Y rilg,sps =0.

ieF ieF keF; SeEA€F;
For any § € A, we obtain ), F, TilBi s, = 0. Since the B; are mutually disjoint, for any element g € G,
we have
ri if g € Bj k() for some i € Fy,

Z Ti 1Bi‘k(6) (g) = )

; 0 otherwise.

ieFs
Then r; =0 for any i € Fs, giving x = 0. g

3D. C*-algebras and crossed-products. In the groupoid-C*-algebra literature, it is well-known that if G
is a I"-graded groupoid, and T" is abelian, then the C*-algebra C*(G x I'') of the skew-product groupoid is
isomorphic to the crossed product C*-algebra C*(G) X ¢ T, where & is the action of the Pontryagin dual
T such that a; (f)(g) = x(c(g)f(g) for f e C.(G), x € f‘\, and g € G. This extends to nonabelian I"
via the theory of C*-algebraic coactions.

In this subsection, we reconcile this result with Theorem 3.4 by showing that there is a natural
embedding of Ac(G)#T into C*(G) Xge T when T is abelian.
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Lemma 3.5. Suppose that U is a discrete abelian group and that G is a I'-graded groupoid with grading
cocyclec:G—T. Forae Ac(G) andy €T, definea-y € C(F, C*(G)) CC*(9) xac’f‘ by

(a- 7)) = x(y)a.
Then there is a homomorphism Ac(G) #I' — C*(G) X e T that carries apytoa-y.

Proof. The multiplication in the crossed-product C*-algebra is given on elements of C (F, C*(G)) by
(FxG)(x) = fr F(,o)a (G(p~'x)) du(p), where p is Haar measure on T.

The action of T induces a I'- grading of C*(G) Xye T such that for a € C*(G) Xye T and y €T, the
corresponding homogeneous component a,, of a is given by

ay = /A X0 (@) di(x).
T
There is certainly a linear map i : Ac(G)#I' — C*(G) X e r satistfying i (ap, ) = a - y; we just have to
check that it is multiplicative. For this, fix a,b € Ac(G) and y, B € " and x € f‘, and calculate
(i(apy)i(bpp)) (x) = fA i(apy)(p)as (i (bpp)(p~" X)) du(p) = an P () (BB~ %)) dulp)
iy

r

=/Fp(y)a(plx)(ﬁ)af,(b)du(p)=X(ﬂ)a/Fp(V“ﬁ)a§(b) du(p)

= X(B)aby-15 = (ab,-15) - B =i(ab,-15pp) = i(ap,bpp).

So i is multiplicative as required. U

4. Nonstable graded K-theory

For a unital ring A, we denote by V(A) the abelian monoid of isomorphism classes of finitely generated
projective left A-modules under direct sum. In general for an abelian monoid M and elements x, y € M,
we write x < y if y = x + z for some z € M. An element d € M is called distinguished (or an order unit)
if for any x € M, we have x < nd for some n € N. A monoid is called conical, if x + y = 0 implies
x =y =0. Clearly V(A) is conical with a distinguished element [A]. For a finitely generated conical
abelian monoid M containing a distinguished element d, Bergman constructed a “universal” K-algebra B
(here K is a field) for which there is an isomorphism ¢ : V(B) — M, such that ¢ ([B]) — d ([Bergman
1974, Theorem 6.2]).

For a (finite) directed graph E, one defines an abelian monoid Mg generated by the vertices, identifying
a vertex with the sum of vertices connected to it by edges (see Section 5C). The Bergman universal algebra
associated to this monoid (with the sum of vertices as a distinguished element) is the Leavitt path algebra
Lk (F) associated to the graph E, i.e., V(L (E)) = Mg. Leavitt path algebras of directed graphs have
been studied intensively since their introduction [Abrams and Aranda Pino 2005; Ara et al. 2007]. The
classification of such algebras is still a major open topic and one would like to find a complete invariant
for such algebras. Due to the success of K-theory in the classification of graph C*-algebras [Phillips
2000], one would hope that the Grothendieck group Ky with relevant ingredients might act as a complete
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invariant for Leavitt path algebras; particularly since Ko(Lg (E)) is the group completion of V(L (E)).
However, unless the graph consists of only cycles with no exit, V(L (E)) is not a cancellative monoid
(Lemma 5.5) and thus V(L (E)) — Ko(Lk (E)) is not injective, reflecting that Ky might not capture all
the properties of Lk (E).

For a graded ring A one can consider the abelian monoid of isomorphism classes of graded finitely
generated projective modules denoted by V& (A). Since a Leavitt path algebra has a canonical Z-graded
structure, one can consider V& (L g (E)). One of the main aims of this paper is to show that the graded
monoid carries substantial information about the algebra.

In Sections 5 and 6 we will use the results on smash products obtained in Section 3 to study the graded
monoid of Leavitt path algebras and Kumjian—Pask algebras. In this section we collect the facts we need
on the graded monoid of a graded ring with graded local units.

4A. The monoid of a graded ring with graded local units. For a ring A with unit, the monoid V(A) is
defined as the set of isomorphism classes [ P] of finitely generated projective A-modules P, with addition
given by [P]+[Q] =[P & Q].

For a nonunital ring A, we consider a unital ring A containing A as a two-sided ideal and define

V(A) = {[P] | P is a finitely generated projective A-module and P = AP}. 4-1)

This construction does not depend on the choice of A, as can be seen from the following alternative

description: V(A) is the set of equivalence classes of idempotents in My, (A), where e ~ f in My (A) if

and only if there are x, y € My, (A) such that e = xy and f = yx ([Menal and Moncasi 1987, p. 296]).
When A has local units,

V(A) = {[P] | P is a finitely generated projective A-module in A—Mod}. 4-2)

To see this, recall that the unitisation ring A of a ring A is a copy of Z x A with componentwise
addition, and with multiplication given by

(n,a)(m,b) = (mm,ma+nb+ab) foralln,meZanda,b € A.

The forgetful functor provides a category isomorphism from A-Mod to the category of arbitrary left
A-modules [Faith 1973, Proposition 8.29B]. Any A-module N can be viewed as a A-module via (m, b)x =
mx + bx for (m, b) € A and x € N. By [Ara and Goodearl 2012, Lemma 10.2], the projective objects in
A-Mod are precisely those which are projective as A-modules; that is, the projective A-modules P such
that AP = P. Any finitely generated A-module M with AM = M is a finitely generated A-module. In
fact, suppose that M is generated as an A-module by xi, ..., x,. Since AM = M, each x; can be written
as x; = Z;le bjx;;j for some b; € A and x;; € M. Now any m € M can be written

n no
m= E ax; = E E aib;x;;
i=1

i=1 j=I
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So{x;j|1<i=<nand 1< j <t} generates M as an A-module. Clearly any finitely generated A-module
is a finitely generated A-module. So the definitions of V(A) in (4-1) and (4-2) coincide.

We need a graded version of (4-2) as this presentation will be used to study the monoid associated to
the Leavitt path algebras of arbitrary graphs.

Recall that for a group I" and a I'-graded ring A with unit, the monoid V& (A) consists of isomorphism
classes [ P] of graded finitely generated projective A-modules with the direct sum [P]+[Q] =[P & Q]
as the addition operation.

For a nonunital graded ring A, a similar construction as in (4-1) can be carried over to the graded
setting (see [Hazrat 2016, §3.5]). Let Abea I'-graded ring with identity such that A is a graded two-sided
ideal of A. For example, consider A = Z x A. Then A is I'-graded with

Ap=ZxAy, and A,=0xA, fory #0.
Define

VE'(A) = {[P] | P is a graded finitely generated projective A-module and AP = P}, (4-3)

where [P] is the class of graded A-modules, graded isomorphic to P, and addition is defined via direct
sum. Then V& (A) is isomorphic to the monoid of equivalence classes of graded idempotent matrices
over A [Hazrat 2016, p. 146].

Let A be a I'-graded ring with graded local units. We will show that

VE'(A) = {[P]| P is a graded finitely generated projective A-module in A-Gr}. (4-4)

For this we need to relate the graded projective modules to modules which are projective. A graded
A-module P in A-Gr is called a graded projective A-module if for any epimorphism = : M — N of
graded A-modules in A-Gr and any morphism f : P — N of graded A-modules in A-Gr, there exists a
morphism & : P — M of graded A-modules such that 1 oh = f.

In the case of unital rings, a module is graded projective if and only if it is graded and projective
[Hazrat 2016, Proposition 1.2.15]. We need a similar statement in the setting of rings with local units.

Lemma 4.1. Let A be a I'-graded ring with graded local units and P a graded unital left A-module.
Then P is a graded projective left A-module in A-Gr if and only if P is a graded left A-module which is
projective in A-Mod.

Proof. First suppose that P is a graded projective A-module in A-Gr. It suffices to prove that P is
projective in A-Mod. For any homogeneous element p € P of degree §,, there exists a homogeneous
idempotent e, € A such that e,p = p. Let peph Aep(—3p) be the direct sum of graded A-modules
where deg(e,) = §, and P’ is the set of homogeneous elements of P. Then there exists a surjective
graded A-module homomorphism

[ @P Aey(=5,) > P

pepPh
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such that f(ae,) =ae,p =ap fora € Ae,. Since P is graded projective, there exists a graded A-module
homomorphism g : P — @peph Ae,(—6p) such that fg =Idp. Forgetting the grading, P is a direct
summand of @peph Ae, as an A-module. By [Wisbauer 1991, §49.2(3)], P
A-Mod. So P is projective in A-Mod.

Conversely, suppose that P is a graded and projective A-module. Let 7 : M — N be an epimorphism of

peph A€y is projective in

graded A-modules in A-Gr and f : P — N a morphism of graded A-modules in A-Gr. We first claim that
any epimorphism 77 : M — N of graded A-modules in A-Gr is surjective. To prove the claim, write A"
for the set of all homogeneous elements of A. Let X = {x € N | A"x C 7w (M)} € N (compare [Goodearl
2009, §5.3]). Then X is a graded submodule of N. We denote by ¢ : N — N/ X the quotient map. Then
g om =0. Hence, g =0, giving N = X. It follows that N = w(M). So the epimorphism 7 : M — N of
graded A-modules in A-Gr is surjective. Forgetting the grading, 7 : M — N is a surjective morphism
of A-modules in A-Mod. Since P is projective in A-Mod, there exists h: P — M such that moh = f.
By [Hazrat 2016, Lemma 1.2.14], there exists a morphism &’ : P — M of graded A-modules such that
moh' = f. Thus, P is a graded projective left A-module in A-Gr. g

Thus for a I'-graded ring A with graded local units, combining Lemma 4.1 with [Ara and Goodearl
2012, Lemma 10.2] (i.e., projective objects in A-Mod are precisely those that are projective as A-modules),
P is a graded finitely generated projective A-module with AP = P if and only if P is a finitely generated
A-module which is graded projective in A-Gr. This shows that the definitions of V&"(A) by (4-3) and
(4-4) coincide.

5. Application: Leavitt path algebras

In this section we study the monoid V&' (L (E)) of the Leavitt path algebra of a graph E (4-4). Using
the results on smash products of Steinberg algebras obtained in Section 3, we give a presentation for
this monoid in line with Mg (see Section 5C). Using this presentation we show that V&' (Lg (E)) is a
cancellative monoid and thus the natural map V& (Lk (E)) — Kogr(L k (E)) is injective (Corollary 5.8).
It follows that there is a lattice correspondence between the graded ideals of Lk (E) and the graded
ordered ideals of K gr(L k (E)) (Theorem 5.11). This is further evidence for the conjecture that the graded
Grothendieck group K gr may be a complete invariant for Leavitt path algebras [Hazrat 2013b].

5A. Leavitt path algebras modelled as Steinberg algebras. We briefly recall the definition of Leavitt
path algebras and establish notation.

A directed graph E is a tuple (E°, E', r, s), where E® and E! are sets and r, s are maps from E' to E°.
We think of each e € E! as an arrow pointing from s(e) to r(e). We use the convention that a (finite)
path p in E is a sequence p = ooy - - - o, of edges «; in E such that r(«;) = s(o;1) for 1 <i <n—1.
We define s(p) = s(ay), and r(p) =r (o). If s(p) =r(p), then p is said to be closed. If p is closed and
s(a;) # s(aj) for i # j, then p is called a cycle. An edge « is an exit of a path p =« - - - a, if there
exists i such that s(«) = s(o;) and o # «;. A graph E is called acyclic if there is no closed path in E.
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A directed graph E is said to be row-finite if for each vertex u € EY, there are at most finitely many
edges in s~'(u). A vertex u for which s~!(u) is empty is called a sink, whereas u € EY is called an
infinite emitter if s~V (u) is infinite. If u € E° is neither a sink nor an infinite emitter, then it is called a

regular vertex.

Definition 5.1. Let E be a directed graph and R a commutative ring with unit. The Leavitt path algebra
Lr(E) of E is the R-algebra generated by the set {v | v € E%U{e|lec E"YU{e* |ec EY subject to the

following relations:

(1) uv =4, v forevery u,v € EY:

(2) s(e)e =er(e)=eforalle € E;

() r(e)e* =e* =e*s(e) foralle € E';

(4) e*f =8, sr(e) foralle, f € E'; and

(5) V=", 1y €€ for every regular vertex v € E°.

Let T be a group with identity ¢, and let w : E! — T be a function. Extend w to vertices and ghost
edges by defining w(v) = ¢ for v € E® and w(e*) = w(e)~! for e € E!. The relations in Definition 5.1
are compatible with w, so there is a I'-grading on Lg(E) such that e € Lr(E)y () and e* € LR(E) ()1
forall e € E', and v € Lg(E),, for all v € E°. The set of all finite sums of distinct elements of E is a
set of graded local units for L g (E) [Abrams and Aranda Pino 2005, Lemma 1.6]. Furthermore, Lz (E) is
unital if and only if E? is finite.

Leavitt path algebras associated to arbitrary graphs can be realised as Steinberg algebras. We recall
from [Clark and Sims 2015, Example 2.1] the construction of the groupoid Gg from an arbitrary graph E,
which was introduced in [Kumjian et al. 1997] for row-finite graphs and generalised to arbitrary graphs in
[Paterson 2002]. We then realise the Leavitt path algebra Lz (FE) as the Steinberg algebra Az (G). This
allows us to apply Theorem 3.4 to the setting of Leavitt path algebras.

Let E = (EY, E', r, s) be a directed graph. We denote by E the set of infinite paths in E and by E*
the set of finite paths in E. Set

X :=E®U{u € E* | r(w) is not a regular vertex}.
Let
Gr = {(ax, o] — |Bl, Bx) | @, B € E*,x € X, r(0) = r(B) = s(x) }.
We view each (x, k, y) € Gg as a morphism with range x and source y. The formulas (x, k, y)(y,[,z) =
(x,k+1, z)and (x, k, y)_1 = (y, —k, x) define composition and inverse maps on Gg making it a groupoid

with gg’) ={(x,0, x) | x € X} which we identify with the set X.
Next, we describe a topology on Gg. For u € E* define

Z(pw) ={ux|xeX,r(n)=sx)}<X.
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For i € E* and a finite F C s~ (r(w)), define

Zw\F) =ZW\ | Z(uo.

aeF

The sets Z(u \ F') constitute a basis of compact open sets for a locally compact Hausdorftf topology on
X =G (see [Webster 2014, Theorem 2.1]).
For w, v € E* with r(u) = r(v), and for a finite F C E™* such that r(u) = s(«) for a € F, we define

Z(p,v) = {(ux, |u] —v],vx) | x € X, r(u) =s(x)},
and then

Z((n\F) = Z(w )\ | Z(per, ver.

oaeF

The sets Z((u, v) \ F) constitute a basis of compact open bisections for a topology under which Gg is a
Hausdorff ample groupoid. By [Clark and Sims 2015, Example 3.2], the map

g : Lr(E) — AR(GE) (5-1)

defined by 7g (uv* — >, p o v*) = 17,0\ F) extends to a Z-graded algebra isomorphism. We
observe that the isomorphism of algebras in (5-1) satisfies

W) =1z, 7€) =1z@re), TEE) =120, (5-2)

foreachv e E® and e € E'.
If w: E' — T is a function, we extend w to E* by defining w(v) =0 for v € EY and w(o - o) =
w(ay) - - - w(ay). Thus Lg(E) is a I'-graded ring. On the other hand, defining w : Gg — T by

W(ax, la| — 1B, Bx) = w@)w(B) ™", (5-3)

gives a cocycle ([Kumjian and Pask 1999, Lemma 2.3]) and thus Ag(G) is a I'-graded ring as well. A
quick inspection of isomorphism (5-1) shows that g respects the I'-grading.

5B. Covering of a graph. In this section we show that the smash product of a Leavitt path algebra is
graded isomorphic to the Leavitt path algebra of its covering graph. We briefly recall the concept of skew
product or covering of a graph (see [Green 1983, §2; Kumjian and Pask 1999, Definition 2.1]).

Let I' be a group and w : E' — T a function. As in [Green 1983, §2], the covering graph E of E with
respect to w is given by

E'={v,|ve Eand @ €T}, E'={ey|ec E'and o €T},
(5-4)
s(ea) = 5(€)q, r(eq) =71(€)ye)-la-
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Example 5.2. Let E be a graph and define w : E' — Z by w(e) =1 for all e € E'. Then E (sometimes
denoted E x| Z) is given by
E’={v,|ve E’and n € 7}, E'=le,lecE'andn €7},
s(en) = s(€)n, r(en) =r(e)n-1.

As examples, consider the following graphs

Then

and

bil fo f-1

s Uy U u_q

ikl

e eo e_|

Since w : Gg — T is a cocycle (5-3), by Lemma 3.3 the skew-product groupoid Gg x I is a I'-graded
ample groupoid. For each (possibly infinite) path x = e'e?e? - - of E and each y €T, there is a path Xy
of E given by

Xy = e}lfei(e')‘lyeij(elez)’ly o (5-5)

There is an isomorphism
fZgEXF—>gE (5-6)

of groupoids such that f((x, k, ), ¥) = (X@(x.k,y)y» k, ¥y) (see [Kumjian and Pask 1999, Theorem 2.4]).
The grading of the skew-product Gg x I' induces a grading of Gz, and the isomorphism f respects the
gradings of the two groupoids, and so induces a I"-graded isomorphism of Steinberg algebras

[ ARGE xT) = Ag(Gp).

Set g = f~': Ar(Gz) — Ar(Gg x T'). Then

g(Izw,)) = lzwyxy) for v € E® and yel,
1
8(1Z(eq.r (@) -10) = 1Z(er @) xtwie)1a) fore € E" anda €T, (5-7)
g(lz(’(e)w)—lwfw)) = 17(r(e),e)x{a} forec E' and o T

Let¢p: Ar(Ge xTI') — Ar(Gp)#I" be the isomorphism of Theorem 3.4, let g : Ar(Gg) — Ar(Gg xT')
be the isomorphism (5-7), let wg : Lr(E) — Ar(Gg) and 7z : Lg(E) — Ag(Gg) be as in (5-1), and
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let 7 : LR(E)#T — Ag(Ge) #T be given by g (xp,) = wg(x)p,, for x € Lr(E) and y € I'. Define
¢ = ﬁgl o¢ o gomg. Then we have the following commuting diagram of I'-graded isomorphisms:

’

Lr(E) L Lr(E)#T

lﬂE J?fE (5-8)

¢o

AR(Gg) —— Agr(Gp)#T
Recall from (5-6) that Gz is I'-graded. Then the Steinberg algebra A (Gg) is I'-graded. By the algebra
isomorphism 7z : Lr(E) = Ag(Gz), Lr(E) has a I'-grading such that the grading map w’: E' S Tis
given by w'(eq) = w(e), fore € E' and o € T.

Corollary 5.3. The map ¢’ : Lr(E) — Lg(E)#T is an isomorphism of T-graded algebras such that
@' (vg) = vpp, @' (ex) = epyy(e)-1q and ¢'(e}) = e* py, for v e E' ecE'anda,BeT.

Proof. Since all the homomorphisms in the diagram (5-8) preserve gradings of algebras, the map
¢ Lgr(E) — Lr(E)#T is an isomorphism of I'-graded algebras. For each vertex v, € EY and each
edge e, € E', we have
¢'(v,) =T opog)(lzw,)) = @' o) zwyxiy) =Tg ' (zwypy) = vpy,
¢'(ea) = (' 0h 0 )20, rie)
=€Py(e)las

Pl =F5' 00 0 &) Z(r(0),py-1400a)) = @z o) Uze@.0)xia) =T 12000 Pe) = € P O

~_—1 ~—1
L)) =T 0Dz renxiwertey) =Tg zere)Puwe)-1a)

w(e) o

Kumjian and Pask [1999] show that given a free action of a group I" on a graph E, the crossed product
C*(E) x I" by the induced action is strongly Morita equivalent to C*(E/I"), where E/ I is the quotient
graph and obtained an isomorphism similar to Corollary 5.3 for graph C*-algebras. Corollary 5.3 shows
that this isomorphism already occurs on the algebraic level (see Section 3D), so the following diagram
commutes:

Lc(E) —— Le(E)#T

L]

C*(E) —— C*(E) x T’

Remark 5.4. Green [1983] showed that the theory of coverings of graphs with relations and the theory
of graded algebras are essentially the same. For a ['-graded path algebra A, Green constructed a covering
of the quiver of A and showed that the category of representations of the covering satisfying a certain set
of relations is equivalent to the category of finite dimensional graded A-modules.

For any graph E and a function w : E' — T, we consider the smash product of a quotient algebra
of the path algebra of E with the group I'. Let K be a field, E a graph and w : E! — T" a weight map.
Denote by K E the path algebra of E. A relation in E is a K-linear combination ) _; k;g; with ¢; paths in
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E having the same source and range. Let r be a set of relations in £ and (r) the two sided ideal of K E
generated by r. Set
Ar(E) = KE/(r).

We denote by r the lifting of r in E (see (5-4)): For each finite path p = ele?...¢"in E and y €T, there
is a path p? of E given by

v — ol el n
PT = O wiehy O, wiehy Cwieny?

similar to (5-5). Then for each relation ) ; k;q; € r and each y € T, we have

Now set
Ar(E) = KE/(F).

We prove that A-(E) = A, (E)#T. Define h: KE — A, (E)#I by h(vy,) =vp, and h(ey) = epy(e)-14>
forve E%, e E' and «, y € I'. Since h annihilates the relations 7, it induces a homomorphism

h:A:(E) — A-(E)#T.

We show that A is an isomorphism. For injectivity, suppose that x = Z;n=1 ri& € A7(E) with A; € K and
& pairwise distinct paths in E. Each & has the form of (§))% for some &/ € E* and o; € T'. If h(x) =0,
then 21(x) =Y 1" | A& po, = 0. Suppose that the «; are not distinct; so by rearranging, we can assume
that oy = - - - = for some k < m. Then Y, A;& =0in A, (E). Observe that Y i_, ;& =0 in A, (E)
implies Zle A& =0 in A7(E). Hence x = 0, implying 4 is injective. For surjectivity, fix n in E* and
y € I'. Then h(n”) = np, by definition. Since the elements {np, | n € E*, y € I'} span A, (E) #I", we
deduce that / is surjective. Thus /4 is an isomorphism as claimed.

5C. The monoid V¥ (Lk(E)). In this subsection, we consider the Leavitt path algebra Lx (E) over a
field K. Ara, Moreno and Pardo [Ara et al. 2007] showed that for a Leavitt path algebra associated to the
graph E, the monoid V(L (E)) is entirely determined by elementary graph-theoretic data. Specifically,
for a row-finite graph E, we define Mg to be the abelian monoid generated by E subject to

v=Y_ r(e). (5-9)
ecs—1(v)
for every v € EY that is not a sink. Theorem 3.5 of [Ara et al. 2007] says that V(L (E)) = Mg.

There is an explicit description [Ara et al. 2007, §4] of the congruence on the free abelian monoid
given by the defining relations of Mg. Let F be the free abelian monoid on the set E°. The nonzero
elements of F can be written in a unique form up to permutation as » ;_, v;, where v; € E 0. Define a
binary relation —; on F \ {0} by >/, v; = Zi# v + Zees"(vj) r(e), whenever j € {1,...,n} and
v; is not a sink. Let — be the transitive and reflexive closure of — on F \ {0} and ~ the congruence on
F generated by the relation —. Then Mg = F/ ~.
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Ara and Goodearl [2012, Theorem 4.3] defined analogous monoids M (E, C, S) and constructed
natural isomorphisms M (E, C, §) = V(CLk (E, C, S)) for arbitrary separated graphs. The nonseparated
case reduces to that of ordinary Leavitt path algebras, and extends the result of [Ara et al. 2007] to
non-row-finite graphs.

Following [Ara and Goodearl 2012; 2015], we recall the definition of Mg when E is not necessarily
row-finite. In [Ara and Goodearl 2015, §4.1] the generators v € E 0 of the abelian monoid Mg for E
are supplemented by generators g as Z runs through all nonempty finite subsets of s ~! (v) for infinite
emitters v. The relations are

(Hv= Zeer'(u) r(e) for all regular vertices v € EY;
(2) v=7)_,.,r(e) +qgz for all infinite emitters v € EY; and

3) gz, = ZeeZz\Zl r(e)+qz, for all nonempty finite sets Z; C Z, C s~1(v), where v € EY is an infinite
emitter.

An abelian monoid M is cancellative if it satisfies full cancellation, namely, x + z = y 4+ z implies
x =y, for any x, y,z € M. In order to prove that the graded monoid associated to any Leavitt path
algebra is cancellative (Corollary 5.8), we will need to know that the monoid associated to Leavitt path
algebras of acyclic graphs are cancellative.

Lemma 5.5. Let E be an arbitrary graph. The monoid Mg is cancellative if and only if no cycle in E has
an exit. In particular, if E is acyclic, then Mg is cancellative.

Proof. We first claim that Mg is cancellative for any row-finite acyclic graph E. By [Ara et al. 2007,
Lemma 3.1], the row-finite graph E is a direct limit of a directed system of its finite complete subgraphs
{Ei}iex. In turn, the monoid Mg is the direct limit of {ME, };ex ([Ara et al. 2007, Lemma 3.4]). We claim
that Mg is cancellative. Let x +u = y + u in Mg, where x, y, u are sum of vertices in E. By [Ara et al.
2007, Lemma 4.3], there exists b € F' (sum of vertices in E) such that x +u — b and y +u — b. Observe
that vertices involved in this transformations are finite. Thus there is a finite graph E; such that all these
vertices are in E;. It follows that in Mg, we have x4+u — b and y+u — b. Thus x4+u = y+u in Mg,. Since
the subgraph E; of E is finite and acyclic, Mg, is a direct sum of copies of N (as Lk (E;) is a semisimple
ring) and thus is cancellative. So x =y in Mg, and so the same in Mg. Hence, Mg is cancellative.

We now show that it suffices to consider the case where E is a row-finite graph in which no cycle has
an exit. To see this, let E be any graph, and let E; be its Drinen—Tomforde desingularisation [Drinen and
Tomforde 2005], which is row-finite. Then Lk (E) and L (E,;) are Morita equivalent, and so Mg = Mg,
[Abrams and Aranda Pino 2008, Theorem 5.6]. So Mg has cancellation if and only if Mg, has cancellation.
Since no cycle in E has an exit if and only if E; has the same property, it therefore suffices to prove the
result for row-finite graph £ in which no cycle has an exit.

Finally, we show that for any row-finite graph E in which no cycle has an exit, the monoid Mg is
cancellative. For this, fix a set C € E' such that C contains exactly one edge from every cycle in
E [Sims 2010]. Let F be the subgraph of E obtained by removing all the edges in C. We claim that



154 Pere Ara, Roozbeh Hazrat, Huanhuan Li and Aidan Sims

Mp = Mg. To see this, observe that they have the same generating set F” = E°, and the generating relation

£>] is contained in £>1. So it suffices to show that E)] C £ . For this, note that for v € E°, we have

sgl (v) = s,?l (v) unless v = s(e) for some ¢ € C, in which case s,}l (v) ={e} and s}l (v) =@. So it suffices
to show that for e € C, we have s(e) LN r(e). Let p = easas - - -ty be the cycle in E containing e. Then

re) 51 s(an) 51 (o) 51 5(03) 1 F(a3) o1+ oy s(an) 1 rlan) -1 s(e).

So M = ME as claimed. So the preceding paragraphs show that M is cancellative.
Now suppose that E has a cycle with an exit; say p =«; - - - o, has an exit «. Without loss of generality,

s(a) = s(ay) and o # ;. Write
s(p)E=" = {q € E*|s(q) =s(p), and |¢g| =n or |¢| < n and r(g) is not regular}.
Let p/ ==y -a,_ja and X :=s(p)E="\{p, p'}. A simple induction shows that
sy Y r@=r(p)+r(p)+ ) r@=s(p)+rp)+ Y r@.
ges(@)E=n qeX qex
Since r(p’) # 0 in Mg, it follows that Mg does not have cancellation. O

In order to compute the monoid V&' (L (E)) for an arbitrary graph E, we define an abelian monoid
Mér such that the generators {a,(y) | v € E°, y € I'} are supplemented by generators bz (y) as y € T’
and Z runs through all nonempty finite subsets of s~! () for infinite emitters u € E°. The relations are:

(1) ay(y) = Zeerl(v) ar(e)(w(e)_ly) for all regular vertices v € EY and yerl;

Q) au(y) =23 ey a,(e)(w(e)_1 ¥)+bz(y) for all y € T, infinite emitters u € E® and nonempty finite
subsets Z C s~ (u);

3) bz, (y) = ZeeZg\Zl ar(e)(w(e)_ly) +bz,(y) for all y € I, infinite emitters u € E® and nonempty
finite subsets Z; € Z> C s~ (u).

The group I' acts on the monoid Mgr as follows. For any g €T,

B-av(y) =ay(By) and B-bz(y)=Dbz(By). (5-10)

There is a surjective monoid homomorphism 7 : M, b%r — Mg such that w(a,(y))=vand w(bz(y))=qz
for v € E° and nonempty finite subset Z C s~!(u), where u is an infinite emitter. 7 is ['-equivariant in
the sense that 7 (B -x) =m(x) forall e " and x € M%r.

Recall the covering graph E from Section 5B. Let Lk (E)-Mod be the category of unital left L (E)-
modules and Lk (E)-Gr the category of graded unital left Ly (E)-modules. The isomorphism ¢’ :
Lx(E) => Lg(E)#T of Corollary 5.3 and Proposition 2.5 yield an isomorphism of categories

®: Lg(E)-Gr — Lk (E)-Mod. (5-11)

Lemma 5.6. Let E be an arbitrary graph, T' a group and w : E' — T a function.
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(1) Fixapathnin E,and B € ', and let n = ng-1 be the path in E defined at (5-5). Then
S((Lg(E)nn*)(B)) = Lg (E)ii*.

In particular, ®((Lx (E)v)(B)) = Lk (E)vg-1.

(2) Let u € E° be an infinite emitter, and let Z C sEl(u) be a nonempty finite set. Fix 8 € ', and
let Z = {eg-1 | e € Z}. Then ug-1 is an infinite emitter in E and Z is a nonempty finite subset of

sz (ug-1). Moreover, ®(Lg (E)(u—Y_ e, e€*)(B)) = Lx (E)ug-1 =Y re7 ff7).

Proof. We prove (1). By the isomorphism of algebras in Corollary 5.3, we have

Ly (E)qi* = (Lg (E)#T)nn*pp-1.

We claim that f: ®((Lk (E)nn™)(B)) = (Lx (E)#T)nn*pg-1 given by f(y) = ypg-1 is an isomorphism
of left L x (E)-modules. It is clearly a group isomorphism. To see that it is an L g (E)-module morphism,
note that (rp, )y =ry, for y € (Lx (E)nn*)(B) and y, a homogeneous element of degree . We have y €
Lk (E)ygnn*, yielding f((rpy)y) =ry, pg—1=(rp,)(ypg-1) =rpy f(y). The proof for (2) is similar. [
Recall from Section 2B that there is a shift functor S, on Lk (E)# I'-Mod for each « € I". So the
isomorphism ¢’ : L (E) => Lg (E)#T of Corollary 5.3 yields a shift functor 7 on L x (E)-Mod. This in
turn induces a homomorphism 7, : V(Lk(E)) = V(Lk(E)), giving a I'-action on the monoid V(Lk(E)).
Fix v, € EY, an infinite emitter ug € E°, and a finite Z C sgl(uﬁ). Write Z -a™! = {eg,-1 | eg € Z}.
We claim that
Ta([Lk (E)vy]) = [Lg(E)vyq1] and To([Lg(E)up—Y_ee]) =[Lg(E)uger— » . ffO]
ecZ fe€Za!

(5-12)
To establish the first equality in (5-12), we use Lemma 5.6 to see that

(L (Ey(y™)) = Lk(E)v, and @(Lg(E)v(ay™)=Lg(E)v o1
Using the commutative diagram (2-3) at the second equality, we see that

Ta(Lk (E)vy) = (Tq 0 ®)(Lk (E)v(y ™) = (P 0 T) (L (E)v(y ")) = ®(Lx (E)v(ay ™)
= LK(E)U

ya~l-
The proof for the second equality in (5-12) is similar.

The group I' acts on the monoid M as follows. Again fix v, € E°, an infinite emitter u g€ E® and a
finite Z C s;(u,g), and write Z -~ = {ega-1 | ep € Z}. Then

A vy =Vye-1 and o-qz =qz.q-1- (5-13)

Proposition 5.7. Let E be an arbitrary graph, K a field, T a group and w : E' — T a function. Let
A=Lk(E)and A= L (E). Then the monoid V¥ (A) is generated by [ Av(c)] and [Au—>",.,ee")(B)],
where v € E°, a, B € T and Z runs through all nonempty finite subsets of s~' (1) for infinite emitters
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u € E°. Given an infinite emitter u € E°, a finite nonempty set Z C s\ (u), and g € T, write Zg-1 =
leg-1:e€Z} C s; (ug-1). Then there are I'-module isomorphisms
VE(A) ZVA) = Mz = ML, (5-14)
that satisfy
[Av(@)] = [Avg-1] = [va-1] > [ay(@)],

forallve E° and a €T, and
[A(u - ee*)(ﬂ)] > [fuuﬁ-l -y éé*)} ~ lgz, 1~ [bz(B)],
eeZ éeZﬁ_l
for every infinite emitter u, finite nonempty Z C s~ (u), and g € T.

Proof. Let P be a graded finitely generated projective left A-module. We claim that the isomorphism
®: A-Gr— A-Mod in (5-11) preserves the finitely generated projective objects. Since ® is an isomorphism
of categories, ® (P) is projective. Observe that P has finite number of homogeneous generators xi, . . ., X,
of degree ;. By the A-action of ®(P), we have the following equalities:

(1) ifve E% and y €T, then

vx; iy, =v,
VX = = 5-15
ri Pyt {0 otherwise; ( )
) ife:u—>veEl,w(e):,BandyeF,then
ex; ify ="y,
PPt X — 5-16
CyXi = EPpiyti {0 otherwise; and (5-16)
(3)ife:u —>veE', we)=pand y €T, then
e*x; ify,=y
k k l 1 )
- - 5-17
i =€ Pyt iO otherwise. -17)

So for y € ®(P), we can express y = er'l:l r;x; for some r; € A. Fix i <n and paths 7, T in E satisfying
r(n) =r(t). Then (5-15), (5-16), and (5-17) give

Tn*x; = Tw(r)w(n)*lyi(n)/i)*xi' (5-18)

Since y =Y ' riXi =Y iy 2 _per Fi.nXi With r; ; a homogeneous element of degree /1, Equation (5-18)
gives y € A(®(P)). Thus ®(P) is a finitely generated projective .A-module.

By (4-2) and (4-4), there exists a homomorphism V&' (A) — V(A) sending [P] to [®(P)] for a graded
finitely generated projective left A-module P. Applying [Ara and Goodearl 2012, Theorem 4.3] for the
nonseparated case, we obtain the second monoid isomorphism V(A) = M 7 in (5-14). Then for each
graded finitely generated projective left .A-module P, the module ®(P) in .A-Mod is generated by the
elements Av, and A(ug — Y, ee*) that it contains. Combining this with Lemma 5.6 gives the first
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isomorphism of monoids. The last monoid isomorphism Mz = M gr follows directly by their definitions.
By (5-10), (5-12) and (5-13), the monoid isomorphisms in (5-14) are I"-module isomorphisms. O

Recall the following classification conjecture [Abrams 2015; Ara and Pardo 2014; Hazrat 2013b].
Let E and F be finite graphs. Then there is an order preserving Z[x, x ~']-module isomorphism ¢ :
Kgr(L k(E)) — Kgr(L kx (F)) if and only if Lk (FE) is graded Morita equivalent to L (F'). Furthermore,
if ¢([Lx (E)] = [Lk(F)] then Lg (E) =g L (F).

Note that Kg(Lg(E)) and Kgr(LK(E)) are the group completions of V(Lg(E)) and V& (Lg (E)),
respectively. Let ' =Z and let w : E! — Z be the function assigning 1 to each edge. Then Proposition 5.7
implies that there is an order preserving Z[x, x~!']-module isomorphism K§ (Lx (E)) = Ko(Lk(E)),
thus relating the study of a Leavitt path algebra over an arbitrary graph to the case of acyclic graphs (see
Example 5.2).

The following corollary is the first evidence that Kgr(L kx (E)) preserves all the information of the
graded monoid.

Corollary 5.8. Let E be an arbitrary graph. Consider Lk (E) as a graded ring with the grading
determined by the function w : E' — Z such that w(e) = 1 for all e. Then V¥ (L (E)) is cancellative.

Proof. By Proposition 5.7, we have V¥ (L (E)) = M. Since E = E x Z is an acyclic graph, the monoid
M is cancellative by Lemma 5.5. Hence V& (L (E)) is cancellative. O

For the next result we need to recall the notion of order-ideals of a monoid. An order-ideal of a
monoid M is a submonoid / of M such that x + y € I implies x, y € I. Equivalently, an order-ideal is a
submonoid / of M that is hereditary in the sense that x < y and y € I implies x € I. The set L(M) of
order-ideals of M forms a (complete) lattice (see [Ara et al. 2007, §5]). Given a subgroup I of Kgr(A),
we write [T =1N Kgr(A)Jr. We say that [ is a graded ordered ideal if I is closed under the action of
Zlx,x 1, I=It—1%,and It is an order-ideal.

Let E be a graph. Recall that a subset H C E° is said to be hereditary if for any e € E! we
have that s(¢) € H implies r(e) € H. A hereditary subset H C EY is called saturated if whenever
0 < |s~'(v)| < o0, then {r(e) | e € E! and s(e) = v} C H implies v € H. If H is a hereditary subset, a
breaking vertex of H is a vertex v € E°\ H such that |s~!(v)| = oo but 0 < |s~'(v) \r ' (H)| < 0o. We
write By := {v € E°\ H | v is a breaking vertex of H}. We call (H, S) an admissible pair in E° if H is
a saturated hereditary subset of E® and S C By.

Let E be a row-finite graph. Isomorphisms between the lattice of saturated hereditary subsets of
EY, the lattice £(Mpg), and the lattice of graded ideals of Lk (E) were established in [Ara et al. 2007,
Theorem 5.3]. Tomforde [2007, Theorem 5.7] used the admissible pairs (H, S) of vertices to parametrise
the graded ideals of Lk (E) for a graph E which is not row-finite. In analogy, Ara and Goodearl [2012]
proved that the lattice of those ideals of Cohn—Leavitt algebras CLg (E, C, S) generated by idempotents
is isomorphic to a certain lattice Ac, s of admissible pairs (H, G), where H C E% and G C C (see [Ara
and Goodearl 2012, Definition 6.5] for the precise definition). There is also a lattice isomorphism between
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Ac. s and the lattice L(M(E, C, S)) of order-ideals of M(E, C, S). Specialising to the nonseparated
graph E, there is a lattice isomorphism

H = L(My) (5-19)

between the lattice H of admissible pairs (H, §) of E® and the lattice £(Mg) of order-ideals of the
monoid ME.

Let E be a finite graph with no sinks. There is a one-to-one correspondence [Hazrat 2013a, Theorem 12]
between the set of hereditary and saturated subsets of E° and the set of graded ordered ideals of
Kgr(L kx (E)). The main theorem of this section describes a one-to-one correspondence between the set of
admissible pairs (H, S) of vertices and the set of graded ordered ideals of Kgr(L kx (E)) for an arbitrary
graph E. To prove it, we first need to extend [Ara et al. 2007, Lemma 4.3] to arbitrary graphs. This may
also be useful in other situations.

Lemma 5.9. Let E be an arbitrary graph and denote by F the free abelian group generated by E°U{q},
where Z ranges over all the nonempty finite subsets of s~'(v) for infinite emitters v. Let ~ be the
congruence on F such that F /~= Mg. Let — be the relation on F defined by v+o — Zees—l(v) r(e)+o
ifvisaregular vertexin E,v+o —17(2) +qi +aifve EY is an infinite emitter and z € s~'(v), and
also qz7 +a — 1 r(2) + qzuiz) + o, if Z is a nonempty finite subset of s~1(v) for an infinite emitter v and
zes 1 (v)\ Z. Let — be the transitive and reflexive closure of — 1. Then o ~ B in F if and only if there
isay € F such thatoo — y and B — y.

Proof. Asin [Araand Goodearl 2015, Alternative proof of Theorem 4.1], we write Mg =lim M(E’, C', T'),
where E’ ranges over all the finite complete subgraphs of E and

C'={sp/ @ |veEN, Isp/ >0}, T'={sg' el |ve(E) 0<lsz'(v)| < oo}

Applying [Ara and Goodearl 2012, Construction 5.3], we get that M (E’, C', T") = My for some finite
graph E. The vertices of E are the vertices of E and the elements of the form qz, where Z € C'\ T',
and there is a new edge ez : v — ¢ if the source of Z isv. If @ ~ § in F, then [«] = [8] in Mg, and so
there is (E’, C’, T') as above such that [@] = [B] in M(E’, C', T"). But since M(E', C', T') = Mg, and
Eis finite, we conclude from [Ara et al. 2007, Lemma 4.3] that there is an element y in the free monoid
on (E")°U{qz | Z € C’'\ T’} such that « — y and B — y. This implies that« — y and  — y in F. O

Lemma 5.10. Let E be an arbitrary graph and K a field. Consider Lk (E) as a graded ring with the
grading determined by the function w : E' — 7 such that w(e) = 1 for all e. Let L¢ (MEgr) be the set of
order-ideals of M g which are closed under the Z-action. Let w: M gr — Mg be the canonical surjective
homomorphism. Then the map ¢ : L(Mg) — L°(M %r) defined by ¢ (I) = w =" (1) is a lattice isomorphism.

Proof. 1t is easy to show that the map ¢ is well-defined. The key to show the result is to prove the equality
7Y (w(J)) = J forany J e LC(Mlg;). The inclusion J € 7~ !(sr(J)) is obvious. To show the reverse
inclusion 7' (7r(J)) € J, denote by F the free abelian group on E° U {g,}, where Z ranges over all the
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nonempty finite subsets of s~ (v) for infinite emitters v. Take z € 7 ~! (7 (J)). Then there is y € J such
that 77 (z) = 7w (y). Now write

2= an)+ ) bz,0), y=) ay)+Y bz ().
i j i J

Then we have 3, vi + 3,9z, = (@) =7 (y) = Y, v; + >, qz;. By Lemma 5.9, there is x =
Do wi+ Zj qw; such that 7(z) — x and 7 (y) — x in F. Now using the same changes than in the paths
7(y) = x and 7 (z) — x, but lifted to M%r, we obtain that y = ), ay, (1) + Zj bw;(v)) in M%r and
z=y,; ay, (n}) + Zj bw;, (v}) in M%r. But now y € J and J is an order ideal of M¥, so it follows that
aw, (n;) € J for all i and bw,(v;) € J for all j. Using that J is invariant, we obtain ay, (n;) € J forall i
and by, (v}) e J forall j. Thus z =), aw,(n)) + Zj ij(v}) € J and we conclude the proof.

Now using that J = 7~ !(;(J)), we can easily show that 77 (J) is an order-ideal of Mg and that the
map ¢ is bijective, with o~ () =rW)). U

We can now state the main theorem of this section, which indicates that the graded K(-group captures
the lattice structure of graded ideals of a Leavitt path algebra.

Theorem 5.11. Let E be an arbitrary graph and K a field. Consider Lk (E) as a graded ring with the
grading determined by the function w : E' — Z such that w(e) = 1 for all e. Then there is a one-to-one
correspondence between the admissible pairs of E° and the graded ordered ideals of Kgr(L k (E)).

Proof. Let ‘H be the set of all admissible pairs of E 0 and E(Kgr(A)) the set of all graded ordered ideals
of Kgr(A), where A = Lk (E). We first claim that there is a one-to-one correspondence between the
order-ideals of Mg and order-ideals of M g which are closed under the Z-action. Let £°(M ér) be the set
of order-ideals of M %r which are closed under the Z-action.

The map ¢ : L(Mg) — L(M %r) has been defined in Lemma 5.10, where it is proved that it is a lattice
isomorphism.

By Corollary 5.8, we have an injective homomorphism V& (A) — Kgr(.A). By Proposition 5.7, there
is a one-to-one correspondence between the order-ideals of M gr which are closed under the Z-action and
the graded ordered ideals of Kgr(A). Finally by (5-19), we have lattice isomorphisms

H = L(ME) = LYMy) = LKG (A)). O

6. Application: Kumjian—Pask algebras

In this section we will use our result on smash products (Theorem 3.4) to study the structure of Kumjian—
Pask algebras [Aranda Pino et al. 2013] and their graded K-groups. We will see that the graded K-group
remains a useful invariant for studying Kumjian—Pask algebras. We deal exclusively with row-finite
k-graphs with no sources: our analysis for arbitrary graphs relied on constructions like desingularisation
that are not available in general for k-graphs. We briefly recall the definition of Kumjian—Pask algebras
and establish our notation. We follow the conventions used in the literature of this topic (in particular the
paths are written from right to left).
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Recall that a graph of rank k or k-graph is a countable category A = (A°, A, r, s) together with a
functor d : A — N, called the degree map, satisfying the following factorisation property: if A € A
and d(1) = m + n for some m, n € N¥, then there are unique w, v € A such that d(u) =m,d(v) =n,
and A = puv. We say that A is row finite if r~'(wv)Nd~"(n), abbreviated vA” is finite for all v € A? and
n € NK; we say that A has no sources if each vA” is nonempty.

An important example is the k-graph € defined as a set by Q; = {(m, n) € N¥ x N*¥ | m < n} with
dim,n)=n—m, Qg =Nk, r(m,n) =m, s(m,n) =n and (m, n)(n, p) = (m, p).

Definition 6.1. Let A be a row-finite k-graph without sources and K a field. The Kumjian—Pask K-algebra
of A is the K-algebra KPg (A) generated by A U A* subject to the relations

(KP1) {v e A is a family of mutually orthogonal idempotents satisfying v = v*,
(KP2) for all A, u € A with r(t) = s()), we have

Ap=Aou, A =@RQown)*, rMrA=r=2is(A), sQA* =1"=1"r(}),
(KP3) for all A, u € A with d(A) =d(u), we have
)“*lu’ = S)L,Ms()")’

(KP4) for all v € A® and all n € N¥\ {0}, we have

v= > A"
A€VAn

Let A be a row-finite k-graph without sources and KPg (A) the Kumjian—Pask algebra of A. Following
[Kumjian and Pask 2000, §2], an infinite path in A is a degree-preserving functor x : Q; — A. Denote
the set of all infinite paths by A°°. We define the relation of tail equivalence on the space of infinite path
A as follows: for x, y € A°°, we say x is tail equivalent to y, denoted, x ~ y, if x(n, co) = y(m, 00),
for some n, m € N¥. This is an equivalence relation. For x € A°°, we denote by [x] the equivalence class
of x, i.e., the set of all infinite paths which are tail equivalent to x. An infinite path x is called aperiodic
if x(n, 00) = x(m, 00), n, m € N¥, implies n = m.

We can form the skew-product k-graph, or covering graph, A = A x4 Z* which is equal as a set
to A x Z*, has degree map given by dv,n) =d), range and source maps r(A,n) = (r(A),n) and
s(h,n) =(s(A),n+d(})) and composition given by (A, n)(u, n +d(X)) = (Au, n).

As in the theory of Leavitt path algebras, one can model Kumjian—Pask algebras as Steinberg algebras
via the infinite-path groupoid of the k-graph (see [Clark and Pangalela 2017, Proposition 5.4]). For the
k-graph A,

Ga={(x,1—m,y) € A% x Z* x A® | x(l, 00) = y(m, 00)}.

Define range and source maps r,s : Gy — A® by r(x,n,y) = x and s(x,n,y) = y. The multi-

plication and inverse are given for (x,n, y), (y,[,z) € Ga, by (x,n,y)(y,l,z) = (x,n+1,z) and

)
A

(x,n,y)~' = (y, —n, x). G, is a groupoid with A = G under the identification x — (x, 0, x). For
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w,v e A with s(u) =s), let Z(u, v) := {(ux,d(n) —d®), vx) | x € A, x(0) = s(u)}. Then the
sets Z(u, v) comprise a basis of compact open sets for an ample Hausdorff topology on G, . There is a
cocycle ¢ : Go — Z* given by c(x, m, y) =m.

For the skew-product k-graph A = A x4 Z¥, we have G; = G, x. Z* (see [Kumjian and Pask 2000,
Theorem 5.2]). Thus specialising Theorem 3.4 to this setting, we have

KPx (A) = KPg (A) #ZF. (6-1)

We will show that KPg (A) is an ultramatricial algebra.

Given a set X and a ring R, Mx(R) denotes the collection of finitely supported X x X matrices with
values in R; that is, Mx(R) consists of finitely supported functions from X x X to R such that the
multiplication is given by (ab)(x, y) = ZzeX a(x,2)b(z, y).

Lemma 6.2. For n € Z* define B, € KPg (A) by

By = spang {(A,n —d (W) (i, n —d(u))* | 1, w € A, s(V) = s(w)}.

Then B,, is a subalgebra of KPg (A) and there is an isomorphism B, = @ver M, (K) that carries
(A, n—d(A) (i, n —d())* to the matrix unit e, ,.

Proof. For the first statement we just have to show that for any A, i, , £ € A we have

(,n—d)) (. n—d(w)*(n,n—dm)(¢,n—d(&))" € By

This follows from the argument of [Kumjian and Pask 2000, Lemma 5.4]. To wit, we have

(u,n—d(u)*(n,n—d(m) =0 unless r(u,n—d(un) =r(n,n—d®m)),

which in turn forces d (i) = d(n). But then dip,n—d(p)) = c?(n, n—d(n)), and then the Cuntz—Krieger
relation forces (u, n —d(n))*(n,n —d(n)) =6,,,(s(n), n). Hence

(h,n—d)(w,n—d(w)* (,n—dm)(,n—d()* =8,,(A,n—dA) (&, n—d())" € By.

For each v € A, M5y ) (K) = Mpy(K). So the elements (A, n —d(A)) (i, n —d(u))* satisfy the same
multiplication formula as the matrix units e, , in ), a0 My (K). Hence the uniqueness of the latter
shows that there is an isomorphism as claimed. O

Lemma 6.3. For m <n € Z¥, we have B,, C B, and in particular for each v € A, we have (v,m) =
Z(XEUA"_"’ (Ol, m)(()l, m)*

Proof. Again, this follows from the proof of [Kumjian and Pask 2000, Lemma 5.4]. We just apply the
Cuntz—Krieger relation, using at the first equality that A has no sources:

(hym—d()(w,m —d(pn)* =, m —d(?»))( Z (a, m)(a, M)*>(M, m—d(u)*

aes(A) A"

= ), Gem—d())(pa.m—d(w)* € B,.
aes(A)An—m
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This gives the first assertion, and the second follows by taking A = u = v. U

Theorem 6.4. Let A be a row-finite k-graph with no sources and K a field. Then the Kumjian—Pask
algebra KPg (A) is a graded von Neumann regular ring.

Proof. Lemma 2.3 shows that KPg (A) is graded regular if and only if KPg (A) # Z* is graded regular.
By (6-1) KPg(A) #Z¥ = KPg (A) and the latter is an ultramatricial algebra by Lemma 6.3. Since
ultramatricial algebras are regular, the theorem follows. U

Since KPg (A) is graded von Neumann regular, we immediately obtain the following statements.

Theorem 6.5. Let A be a row-finite k-graph with no sources and K a field. Then the Kumjian—Pask
algebra A = KPg (A) has the following properties:

(1) any finitely generated right (left) graded ideal of A is generated by one homogeneous idempotent;

(2) any graded right (left) ideal of A is idempotent;

(3) any graded ideal is graded semiprime;

4) J(A) =J&(A) =0; and

(5) there is a one-to-one correspondence between the graded right (left) ideals of A and the right (left)
ideals of Ao.

Proof. All the assertions are the properties of a graded von Neumann regular ring [Hazrat 2016, §1.1.9],
so the result follows from Theorem 6.4. U

For the next result, given a k-graph A, and given m < n € Z*, we define ¢,,, : NA? — NAY by
Om.n(V) = Zw€A0|vA"*’"w|w. Here, NAY is the abelian monoid freely generated by A% and @m.n 1S the
unique monoid homomorphism determined by the above rule.

Corollary 6.6. Let A be a row-finite k-graph with no sources and K a field. There is an isomorphism
V(KPg (A)) = lim, (NA®, ¢y )

that carries [(v, n)] to the copy of v in the n-th copy of NAC. Furthermore, the monoid V(KPg (A)) is
cancellative.

Proof. 1tis standard that there is an isomorphism V(@Uer M py (K)) =~NAP that takes e, tos(d) forall A.
So Lemma 6.2 implies that there is an isomorphism V(B,) — NAC that carries [(A, n—d (L)) (A, n—d (1))*]
to s(A) for all A. Let S,, be a copy NA? x {n} of the monoid NA® (so (a, n) + (b, n) = (a + b, n) in S,).
Lemma 6.3 shows that these isomorphisms of monoids carry the inclusions B,, < B, to the maps
(v, m) = Y, . an-m(s(X), n), which is precisely given by the formula ¢,, , form <n e Z¥. Since the
monoid of a direct limit is the direct limit of the monoids of the approximating algebras, we have an
isomorphism V(KPg (A)) = lim, S,, which sends [(v, n)] to (v, n) € S,.

Suppose that x +z =y +z in V(KPg (A)). By the isomorphism V(KPg (A)) = lim, S,, there exist
images x’, y', 7’ of x, y, z, respectively, in S,, = NA® x {ng} for some ng € Z* such that x'+z' =y’ + 7.
The monoid NA? is cancellative, so V(KPg (A)) is too. O
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Corollary 6.7. Let A be a row-finite k-graph with no sources and K a field. Then
VE'(KPk (A)) = m(NA, fn ).
7k
Proof. Recall from (6-1) that KPg (A) = KPx (A) #Z*. Specialising Proposition 2.5 to Kumjian—Pask
algebras, we have the isomorphism of categories W : KPg (A)-Gr <> KP (A)-Mod. We argue as in the

directed-graph situation that W preserves finitely generated projective objects. By (4-2) and (4-4), we
have V& (KPk (A)) = V(KPk (A)). O

7. The graded representations of the Steinberg algebra

In this section, for a I'-graded groupoid G and its associated Steinberg algebra A g (G), we construct graded
simple A g (G)-modules. Specialising our results to the trivial grading, we obtain irreducible representations
of (ungraded) Steinberg algebras. We determine the ideals arising from these representations and prove
that these ideals relate to the effectiveness or otherwise of the groupoid.

7A. Representations of a Steinberg algebra. Let G be an ample Hausdorff groupoid, let I" be a discrete
group with identity €, and let ¢ : G — I be a cocycle. A subset U of the unit space GO of G is invariant
if d(y) € U implies r(y) € U; equivalently,

rd ' U)) =U =dr~'(U)).

Given an element u € G, we denote by [u] the smallest invariant subset of G © which contains u.
Then

r(d~ ') =[ul =d(r~"w)).

That is, for any v € [u], there exists x € G such that d(x) = u and r(x) = v; equivalently, for any w € [u],
there exists y € G such that d(y) = w and r(y) = u. Thus for any v, w € [u], there exists x € G such that
d(x) = v and r(x) = w. We call [1] an orbit. Observe that an invariant subset U € G© is an orbit if and
only if for any v, w € U, there exists x € G such that d(x) = v and r (x) = w.

Lemma 7.1. Let uy, us, ..., u, be pairwise distinct elements of G O yyith n > 2. Then there exist disjoint
compact open bisections B; € G such that u; € B; foreachi =1, ..., n.

Proof. Since G is a Hausdorff space, there exist disjoint open subsets X; of G© such that u; € X; for
all i. Since G is ample, we can choose compact open bisections B; C X; such that u; € B; for alli. [

The isotropy group at a unit u of G is the group Iso(u) ={y € G |d(y) =r(y) =u}. Aunitu € G© is
called T-aperiodic if Iso(u) C ¢~ (¢), otherwise u is called I'-periodic. For an invariant subset W C g,

we denote by W,, the collection of I'-aperiodic elements of W and by W, the collection of I'-periodic
elements of W. Then

W =Wy | | Wp.

If W = W,p, we say that W is I'-aperiodic; It W = W, we say that W is I'-periodic.
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Remark 7.2. Let E be a directed graph. Let Gg be the associated graph groupoid and ¢ : Gg — Z
the canonical cocycle c(x, m, y) = m. It was shown in [Kumjian et al. 1997] that c'(0)isa principal
groupoid, in the sense that Iso(c~1(0)) = gg)). Hence x € gg” = E® is Z-aperiodic if and only if
Iso(x) = {x}. It is standard that Iso(x) = {x} if and only if x # uA®® for any cycle A in E. So x is
Z-aperiodic if and only if x # uA* for any cycle A.

Lemma 7.3. Let W € GO be an invariant subset. Then Wap and W, are both invariant subsets of G O,

Proof. For x € G, let u = d(x) and v = r(x). Suppose that u € Wy,. If c(y) # ¢ for some y € Iso(v),
then x~'yx € Iso(u) and & # c(y) = c(x)c(x " yx)e(x) ™!, forcing c(x ' yx) # ¢, a contradiction. Hence,
v =r(x) is '-aperiodic. Since W is invariant, we have v € Wy,. So W, is invariant. Since W = W, LW,
it follows that W, is also invariant. O

By the proof of Lemma 7.3, u € G is I'-aperiodic if and only if its orbit [u] is -aperiodic.

Example 7.4. In this example we construct a Z-aperiodic invariant subset which is neither open nor
closed in G, Let E be the following directed graph.

BN 777,
>¢ . —* 0.
a/ \_8
Let u be the infinite path afa’Ba’B---. Then u is an element in QI(EO). The orbit [u] consists of all

infinite paths tail equivalent to u. So «"u € [u] for all n € N. The sequence au converges to ¢, which
does not belong to [u]. So [u] is not closed. Similarly, the points u, := a,Bocz,B - -a” Ba™ all belong to
GO\ [u], but u, — u, so [u] is not open. In particular, neither [«] nor its complement is the invariant
subset of G corresponding to any saturated hereditary subset of E°.

We will employ I'-aperiodic invariant subsets of G(? to obtain graded representations for the Steinberg
algebra Az(G). For any invariant subset U € G'© and a unital commutative ring R, we denote by RU the
free R-module with basis U. For every compact open bisection B C G, there is a function f5: G — RU
which has support contained in d(B)NU and fg(d(y)) =r(y) forall y € BNd~'(U). There is a unique
representation 7wy : Ar(G) — Endgr(RU) such that

my (1) () = fp(u), (7-1)

for every compact open bisection B and u € U. This representation makes RU an A (G)-module (see
[Brown et al. 2014, Proposition 4.3]). An Ag(G)-submodule V C RU is called a basic submodule of RU
if whenever r € R\ {0} and ru € V, we have u € V. We say an A g(G)-module is basic simple if it has no
nontrivial basic submodules.

We can state one of the main results of this section.

Theorem 7.5. Let U be an invariant subset of G©. Then U is a T-aperiodic orbit if and only if RU is a
graded basic simple Ag(G)-module. Furthermore, RU is a graded basic simple Ar(G)-module if and
only if it is graded and basic simple.
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Proof. Suppose that u € G O satisfies U = [u], and that [¢] is a ["-aperiodic orbit. We first show that R[u]
is a I'-graded A (G)-module. For any y € T', set

[ul, = {v € [u]| there exists x € G such that c(x) =y, d(x) =u and r(x) = v}.

We claim that [u],, N[u], # @ implies y = y’. Indeed, if v € [u], N[u], , then there exist x € ¢! (y) and
y € c (y") such that d(x) =d(y) = u and r(x) = r(y) = v. Now x 'y € Iso(u). Since u is ['-aperiodic
this forces y 7'y’ = ¢(x~'y) = ¢, and so y = y’. This gives a partition [u] = I_lyeF[u]V‘ Therefore
Ag(G)-module R[u] has a decomposition of R-modules

R[u] = P (RIul),,
yel
where (R[u]), is a free R-module with basis [u], .
We show that Ag(G)y - (R[u])y € (R[ul)ay, fora, y € I'. Fix v € [u], and B € B;°(G). We use - to
denote the action of Az(G) on RU. We have
Iy v {r(b) if b € B satisfies d(b) = v,
0 if v € d(B).
Clearly 0 € (R[u])qy, so suppose that b € B satisfies d(b) = v. Since v € [u],, there exists x € G such
that c(x) =y, d(x) = u, and r(x) = v. Now d(bx) = u, r(bx) = r(b), and c(bx) = c(b)c(x) = ay.
So r(b) € [ulay. Since elements of the form 1z where B € B;°(G) span Ag(G)y, we deduce that
AR(G)q - (R[ul)y € (R[u])q, as claimed.

Next we show that R[u] is a basic simple Ag(G)-module. Suppose that V £ 0 is a basic Ag(G)-
submodule of R[u]. Take a nonzero element x € V. Fix nonzero elements r; € R and pairwise distinct
u; € [u] such that x = Y™, r;u;. By Lemma 7.1, there exist disjoint compact open bisections B; C G
such that u; € B; foralli =1, ..., m. Now

m m
131 X = 131 -Zriui = Zri(lBl -u,‘) :rlfgl(ul).
i=1 i=1

Thus u; = fp,(u1) € V, because V is a basic submodule. Fix v € [1] and choose x € G such that d(x) = u
and r(x) = v. Fix a compact open bisection D containing x. Then 1p -u; = fp(u1)) =r(x) =v eV,
giving V = R[u]. Thus R[u] is basic simple, and consequently graded basic simple.

For the converse suppose that RU is a graded basic simple Ag(G)-module. We first show that U
is I'-aperiodic. Let u € U. We claim that there exists r € R \ {0} such that ru is a homogeneous
element of RU. To see this, express u = Zi:l h;, where h; # u are homogeneous elements. For
each i, express h; = Z‘;’;l Ajjuij with A;; € R\ {0} and the u;; € U pairwise distinct. We first show that
welujli=1,...,1; j=1,...,s;}; forif not, then Lemma 7.1 gives compact open bisections B, B;;
such that u € B and u ¢ B;; foralli, j. So 1 -u # 0, whereas

1 I s l Si
lp-u= IB-Zhi = IB-ZZ)»ijuij ZZZ)W‘]B'MU =0.
i=1

i=1 j=I i=1 j=1
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This is a contradiction. So u = u;; for some i, j as claimed; without loss of generality, u = u;. Hence
hi=Aju-+ Zjlzz A1juyj. There exist compact open bisections B’, Bij c GO ce¢!(¢) such that u € B
but u ¢ Bij for j # 1. Hence r := A belongs to R \ {0}, and

ru=Ailg -u=1pg -h;

is homogeneous as claimed. Now suppose that « is not I'-aperiodic. Then there exists x € Iso(u) with
c(x)#e.FixDe BCCE’X)(Q) containing x. Then 1p-ru =r1p-u =ru is homogeneous. Thus 1p € Ag(G).,
forcing c(x) = €. This is a contradiction. Thus U is I'-aperiodic.

For the last part of the theorem we prove that U is an orbit. If not then there exist u, v € G© with
[u]N[v] =@ and [u]U[v] € U. Hence R[u] € RU \ R[v] is a nontrivial proper graded basic submodule
of RU by the first part of the theorem. This is a contradiction. So U is an orbit. The last statement of the

theorem follows from the first part of the proof. O

Corollary 7.6. Let G be an ample Hausdorff groupoid, and U be an invariant subset of G. Then U is
an orbit of GO if and only if RU is a basic simple Ag(G)-module.

Proof. Apply Theorem 7.5 with ¢ : G — {¢} the trivial grading. U

Specialising Theorem 7.5 to the case of Leavitt path algebras we obtain irreducible representations for
these algebras.

Let K be a field. For an infinite path p in a graph E, Chen constructed the left Lk (E)-module
Fip) of the space of infinite paths tail-equivalent to p and proved that it is an irreducible representation
of the Leavitt path algebra (see [Chen 2015, Theorem 3.3]). These were subsequently called Chen
simple modules and further studied in [Abrams et al. 2015; Ara and Rangaswamy 2014; 2015; Hazrat
and Rangaswamy 2016; Rangaswamy 2016]. In the groupoid setting, the infinite path p is an element
in Qg)). Thus g belongs to the orbit [ p] if and only if ¢ is tail-equivalent to p. Applying Corollary 7.6,
we immediately obtain that K[p] = Fjp) is an irreducible representation of the Leavitt path algebra.
Furthermore, by Theorem 7.5, p is an aperiodic infinite path (irrational path) if and only if Fj,) is a
graded module (see [Hazrat and Rangaswamy 2016, Proposition 3.6]).

Recall from [Chen 2015, Theorem 3.3] that End;  (g)(F[p)) = K. We claim that End4,g)(R[u]) = R
foru € Qg)) . Indeed, let f : R[u] — R[u] be a nonzero homomorphism of Ag(G)-modules. Then Ker f
is a basic submodule of R[u]. Since R[u] is basic simple, we deduce that f is injective. For v € [u],
we write f(v) = Z?:l riv; with 0 # r; € R and v; are distinct. We prove that n = 1 and v = v;. For
if not, then we may assume that v # v;. By Lemma 7.1, there exist disjoint compact open bisections
B, B; € G© such that v € B, v; € By and v; ¢ B; fori # 1. Then I, - f(v) = f(lp, - v) = 0. But,
I, - f(v) =1p, - Z?:l riv; = riv; which is a contradiction.

Likewise, Theorem 7.5 specialises to k-graph groupoids, giving new information about Kumjian—Pask
algebras.

Corollary 7.7. Let A be a row-finite k-graph without sources and KPg (A) the Kumjian—Pask algebra
of A. Then:
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(1) for an infinite path x € A®°, K[x] is a simple left KPg (A)-module;
(2) for x,y € A®°, we have K|[x] = K|[y] if and only if x ~ y; and
(3) for x € A, K|[x] is a graded module if and only if x is an aperiodic path.

Proof. For (1), the equivalence class of x is the orbit of gf\o’ which contains x. By (7-1) and Corollary 7.6,
the statement follows directly. For (2), let ¢ : F([x]) — F([y]) be an isomorphism. Write ¢ (x) =
Zf’:l r;yi, where y; ~ y are all distinct. If x = y;, for some i, then by transitivity of ~, x ~ y and
we are done. Otherwise one can choose n € N¥ such that all y; (0, n) and x (0, n) are distinct. Setting
a = y1(0, n), we have 0 = ¢ (a*x) = a*¢(x) = y;(n, 00), which is not possible unless x = y; and [ = 1.
This gives that x ~ y. The converse is clear. The statement (3) follows immediately by Theorem 7.5. [J

7B. The annihilator ideals and effectiveness of groupoids. In this section, we describe the annihilator
ideals of the graded modules over a Steinberg algebra and prove that these ideals reflect the effectiveness
of the groupoid.

As in previous sections, we assume that G is a I'-graded ample Hausdorff groupoid which has a basis
of graded compact open bisections. Let R be a commutative ring with identity and A (G) the I'-graded
Steinberg algebra associated to G.

Let W € G© be an invariant subset. We write Gy := d~' (W) which coincides with the restriction
Glw={xeg|d(x)e W,r(x) e W}. Notice that Gy is a groupoid with unit space W.

Observe that the interior W° of an invariant subset W is invariant. Indeed, »(d~'(W®)) is an open
subset of G, since W° is an open subset of GO, Since W is invariant, r(d~'(W°)) € W. Thus
r(d="(W®°)) € W°. It follows that the closure W~ of W is also an invariant subset of G, since
W= =GP\ GO\ w)e.

Recall from (7-1) that

Ty : AR(G) — Endg(RW)

makes RW an A g(G)-module.

Lemma 7.8. Let W € GO be an invariant subset of the unit space of G, and let U = (GO \ W)°. Then
Ar(Gy) € Anny, ) (RW).

Proof. For any f € Ar(Gy), we write f = "}, r¢lp, with By C Gy compact open bisections of G and
rr € R nonzero scalars. Since d(By) C U, we have d(By) "W = &. Thus f - w =0 for any w € W, and
hence f € Anng, ) (RW). O

From now on, W € G© is a I"-aperiodic invariant subset. We have
W=l
ueWw

Of course, two elements of W may belong to the same orbit.
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Recall from Theorem 7.5 that if u € G© is I"-aperiodic, then R[u] is a I'-graded Ag(G)-module.
Therefore RW is a I'-graded Ag(G)-module. In order to construct graded representations for Ag(G),
we need to consider the “closed” subgroups of Endg (F W) defined in (7-1). Namely, we consider the
subgroup ENDg(RW) = P Homg(RW, RW),,, where each component Homg (RW, RW),, consists
of R-maps of degree y.

yel

Then the map
ww : AR(G) — ENDg(RW) (7-2)

given by the Ag(G)-module action is a homomorphism of I'-graded algebras. To prove that 7y preserves
the grading, fix @« € I and B € B°(G). Take u € W and v € [u]. Fix x € G with d(x) = u and r(x) = v,
and put 8 = c(x) so that v € [u]g. Then

7w (1) (v) = {W) if v=d(y) for some y € B,

0 otherwise.
Since c(yx) = B, we obtain ww (1g) € Homzg(RW, RW),.

Recall that an ample Hausdorff groupoid G is effective if Iso(G)° =G O where Iso(G) = L1, cgo Iso(u).
It follows that G is effective if and only if for any nonempty B € B°(G) with BN G© = &, we have
B Z Iso(G) (see [Brown et al. 2014, Lemma 3.1] for other equivalent conditions).

We need the following graded uniqueness theorem for Steinberg algebras.

Lemma 7.9 [Clark and Edie-Michell 2015, Theorem 3.4]. Let G be a I'-graded ample Hausdorff groupoid
such that ¢~ (¢) is effective. If w : Ar(G) — A is a graded R-algebra homomorphism with Ker(r) # 0
then there is a compact open subset B € G© and r € R \ {0} such that 7w (r1g) = 0.

The following key lemma will be used to determine the annihilator ideal of the Ag(G)-module RW.
This is a generalisation of [Brown et al. 2014, Proposition 4.4] adapted to the graded setting. Recall that
if G is a graded groupoid with grading given by the cocycle ¢ : G — T, then ¢~ !(¢) is a (trivially graded)
clopen subgroupoid of G.

Lemma 7.10. Let W € G© pe q [-aperiodic invariant subset and my : Ar(G) — ENDg(RW) the
homomorphism of T'-graded algebras given in (7-2). Then my is injective if and only if W is dense in G
and ¢~ (¢) is effective.

Proof. Suppose my is injective and there exists an open subset K of G’ such that K N W = &. We have
K =, Bi, where B; are compact open bisections of G. So B; N W = & for each i, giving ww (15,) =0,
a contradiction. Thus for any open subset K of G, K N W # @. Therefore W is dense in G©.
Suppose now that ¢! (¢) is not effective. Then there exists a nonempty compact open bisection
B C ¢ '(e) \ G© such that d(b) = r(b) for all b € B. We have that d(B) # B and that B is a compact
open bisection of G. Thus 1p — 14(p) € Ker(srw). This is a contradiction. Hence, c~1(e) is effective.
For the converse, Lemma 7.9 implies that it suffices to prove that for any compact open subset B C G
and r € R\ {0}, mw(rlp) #0. Since W is dense in G*), we have BN W # @. There exists w € BNW
such that Ty (r1p)(w) # 0, proving ww (rlg) # 0. O
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If the group T is trivial, then by Lemma 7.10, for an invariant subset W € G©, the homomorphism
mw : Ar(G) — Endgr (RW) is injective if and only if W is dense in G 0 and the groupoid G is effective.
The following is the main result of this section.

Theorem 7.11. Let G be a I'-graded ample Hausdorff groupoid, R a commutative ring with identity and
AR(G) the Steinberg algebra associated to G. The following statements are equivalent:

() Let W € GO be a T-aperiodic invariant subset and W~ the closure of W. Then the groupoid
(c|gW_ Yy~ l(e) is effective;

(ii) For any T-aperiodic invariant subset W < G,
Anng, , (RW) = Ar(Gy),

where U = (G \ W)° is the interior of the invariant subset GO\ W.

Proof. (i) = (ii). Let W € G© be a I'aperiodic invariant subset. By Theorem 7.5, RW is a graded
ARr(G)-module. By Lemma 7.8, we have Ag(Gy) € Anny, ) (RW) with U = (GO \ W)°. It follows
that RW is an Ag(G)/Ar(Gy)-module. By [Clark et al. 2016, Lemma 3.6], we have an exact sequence
of canonical ring homomorphisms

0— Ar(Gy) — AR(G) — Ar(Gp) — O,

where D = G©\ U. The homomorphisms are induced by extensions from Gy to G and restrictions from
G to Gp, respectively. One can easily check that the homomorphisms are graded. It therefore follows that
the quotient algebra Ag(G)/Ar(Gy) is graded isomorphic to Ag(Gp). It follows that RW is a I'-graded
A r(Gp)-module (this also follows from Theorem 7.5). We denote by 7y : Ag(Gp) — ENDr(RW) the
induced graded homomorphism. Observe that (Gp)® = D is the closure of W. Thus by Lemma 7.10,
the homomorphism 77y is injective. This implies that RW is a faithful Ag(Gp)-module. Hence, the
annihilator ideal of RW as an A g(G)-module is Ag(Gy).

(ii) <= (i). Let D denote the closure of W in G). Then RW is a faithful Az(Gp)-module. So the result
follows from Lemma 7.10. O

Recall that a groupoid G is strongly effective if for every nonempty closed invariant subset D of G©),
the groupoid Gp is effective.

Remark 7.12. (1) If ¢! (e) is strongly effective, then Theorem 7.11(i) holds. In fact, a closed invariant
subset D of the unit space of G is in particular a closed ¢! (¢)-invariant subset of ¢, We have
c'(e)p = c (&) NGp = (c|g,) "' (¢). Hence, Theorem 7.11(i) follows directly. Example 7.13
below, on the other hand, shows that Theorem 7.11(i) does not imply that ¢! (¢) is strongly effective.

(2) Resume the notation of Example 7.4, so u = afa’f--- € E®. Let D be the closure of the Z-
aperiodic invariant subset [¢] C QI(EO). As we saw in that example, D is not itself Z-aperiodic, because
it contains o™.
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Example 7.13. It is easy to construct examples of ['-graded groupoids with no I'-aperiodic points. For
example, let X be the Cantor set. Regard G = X x Z? as a groupoid with unit space X x {0} identified with
X by setting r(x, m) = x = d(x, m) and defining composition and inverses by (x, n)(x, m) = (x, m +n)
and (x,m)~' = (x, —m). The map c : G — Z given by c(x, (m1, mp)) = m is a cocycle. We have
¢ 1(0) = X x ({0} x Z), which is not effective (for example X x {(0, 1)} is a compact open bisection
contained in the isotropy subgroupoid of ¢~!(0)). Moreover, G has no Z-aperiodic points because
{u} x (Z x {0}) S Iso(u) \ c~1(0) for all u € G; so every u € G© is Z-periodic.

Applying Theorem 7.11 to the trivial grading, we obtain a new characterisation of strong effectiveness.

Corollary 7.14. Let G be an ample Hausdorff groupoid, and R be a commutative ring with identity. Then
G is strongly effective if and only if for any invariant subset W of GO, the annihilator of the Ag(G)-module
RW is Ag(Gy), where U = (GO \ W)°.
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Governing singularities
of symmetric orbit closures

Alexander Woo, Benjamin J. Wyser and Alexander Yong

We develop interval pattern avoidance and Mars—Springer ideals to study singularities of symmetric
orbit closures in a flag variety. This paper focuses on the case of the Levi subgroup GL, x GL, acting on
the classical flag variety. We prove that all reasonable singularity properties can be classified in terms of
interval patterns of clans.

1. Introduction

1A. Overview. Let G/B be a generalized flag variety where G is a complex, reductive algebraic group
and B is a choice of Borel subgroup. A subgroup K of G is symmetric if K = G? is the fixed point
subgroup for an involutive automorphism 6 of G. Such a subgroup is spherical, which means that its
action on G/ B by left translations has finitely many orbits.

The study of orbits of a symmetric subgroup on the flag variety was initiated in [Lusztig and Vogan
1983; Vogan 1983], where the singularities of closures of the orbits were related to characters of particular
infinite-dimensional representations of a certain real form Gr of G. Since then, there has been a stream
of results on the combinatorics and geometry of these orbit closures. Notably, R. W. Richardson and
T. A. Springer [Richardson and Springer 1990] gave a description of the partial order given by inclusions of
orbit closures, and M. Brion [2001] studied general properties of their singularities, showing that, in many
cases, including the one addressed in this paper, all these orbit closures are normal and Cohen—-Macaulay
with rational singularities. One might also hope that the study of singularities on closures of symmetric
subgroup orbits would lead to better understanding of the general relationship between the combinatorics
associated to spherical varieties and singularities of orbit closures on them; N. Perrin has written a survey
of this topic [Perrin 2014].

We initiate a combinatorial approach, backed by explicit commutative algebra computations, to the
study of the singularities of these orbit closures. This paper considers the case of the symmetric subgroup
K = GL, x GL, of block diagonal matrices in GL,, where n = p + ¢. Here 0 is defined by

OM) =1, ,MI,,, )
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where I, , is the diagonal matrix with diagonal consisting of 1 p times followed by —1 ¢ times. In this
case, Ggr = U(p, q) is the indefinite unitary group of signature (p, q).

For this symmetric subgroup K, the finitely many K-orbits O, and their closures Y,, can be parametrized
by (p, q)-clans y [Matsuki and Oshima 1990, Theorem 4.1] (see also [ Yamamoto 1997, Theorem 2.2.8]).
These clans are partial matchings of vertices {1, 2, ..., n}, where each unmatched vertex is assigned a
sign of 4 or —; the difference in the number of + and — signs must be p — g. We represent clans by
length n strings in NU {4, —}, with pairs of equal numbers indicating a matching. Let Clans, , denote
the set of all such clans. For example, three clans from Clansy 3 are represented by the strings:

I +4241-24, +1—4+14242, and ++—+++—++—.

Note that strings that differ by a permutation of the natural numbers, such as 1212 and 2121, represent
the same clan.

One inspiration for this work is W. M. McGovern’s characterization [2009] of singular K-orbit closures
in terms of pattern avoidance of clans. Suppose y € Clans, , and 6 € Clans, . Then 0 =0; --- 0,4 is
said to (pattern) contain y =y - - - Yp4q if there are indices i1 <i» < --- <i,14 such that:

(1) if y; = & then 6;;, = y;; and
(2) if yx = y, then Gik = Qie-

For example, the clan y = 14++——1 contains the pattern 8 = 1++—1, taking (i, ..., i5s) to be either
(1,2,3,4,6) or (1,2, 3,5,6).

Say that 6 (pattern) avoids y if 6 does not contain . The main theorem of [McGovern 2009] asserts
that Y, is smooth if and only if y avoids the patterns

1+-1, 1-—+1, 1212, 14221, 1-221, 122+1, 122-1, 122331.

On the other hand, in [Woo and Wyser 2015, Section 3.3] it is noted that Y, _; is non-Gorenstein,
while Y141 is Gorenstein, even though 14+——1 pattern contains 1++—1. Therefore, a more general
notion will sometimes be required to characterize which K-orbits satisfy a particular singularity property.

Suppose that P is any singularity mildness property, by which we mean a local property of varieties
that holds on open subsets and is stable under smooth morphisms. Many singularity properties, such
as being Gorenstein, being a local complete intersection (Ici), being factorial, having Cohen—Macaulay
rank <k, or having Hilbert—Samuel multiplicity < k, satisfy these conditions. For such a P, consider two
related problems:

(I) Which K-orbit closures Y, are globally P?
(II) What is the non-P-locus of ¥, ?
This paper gives a universal combinatorial language, interval pattern avoidance of clans, to answer

these questions for any singularity mildness property, at the cost of potentially requiring an infinite number
of patterns. This language is also useful for collecting and analyzing data and partial results. We present
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explicit equations for computing whether a property holds at a specific orbit O, on an orbit closure Y, .
Note that all points of O, C Y,, are locally isomorphic to one another, since the K-action can be used to
move any point of O, isomorphically to any other point. Since the non-P-locus is closed, it is a union
of K-orbit closures. Consequently, for any given clan y, (I) can be answered by finding a finite set of
clans {«}, namely those indexing the irreducible components of the non-P-locus. (I) asks if this set is
nonempty.

This situation parallels that for Schubert varieties. In that setting, the first and third authors introduced
interval pattern avoidance for permutations, showing that it provides a common perspective to study
all reasonable singularity measures [Woo and Yong 2006; 2008; Woo 2010]. This paper gives the first
analogue of those results for K-orbit closures.

Some properties P hold globally on every Y,. For those cases, the above questions are unneces-
sary. For example, this is true when P = “normal” and P = “Cohen—Macaulay” in the case (G, K) =
(GL,, GL, x GL,) of this paper. (This is not the case for all symmetric pairs (G, K).)

As is explained in [McGovern 2009], the above answer to (I) for P = “smooth” also is the answer
for the property P = “rationally smooth”. (Recall rational smoothness means that the local intersection
cohomology of Y, (at a point of O,) is trivial.) However, the answer to question (II), which asks for
a combinatorial description of the (rationally) singular locus, is unsolved except in some special cases
[Woo and Wyser 2015]. Actually, it is unknown whether the singular locus and rationally singular locus
coincide for all orbit closures (but see Conjecture 7.5).

For most finer singularity mildness properties, answers to both (I) and (II) are unknown. Perhaps the
most famous such property comes from the Kazhdan—Lusztig—Vogan (KLV) polynomials P, ,(g). These
polynomials are the link to representation theory that originally motivated the study of K-orbit closures.
For (G, K) = (GL,, GL, x GL,), the KLV polynomial P, ,(q) € Z>0[q] is the Poincaré polynomial for
the local intersection cohomology of Y, at any point of the orbit O, [Lusztig and Vogan 1983]. Rational
smoothness of Y, along O, is hence equivalent to the equality P, ,(g) = 1. More generally, for any fixed
k > 1, the property P =*“P, (1) < k” behaves as a singularity mildness property on K-orbit closures by
recent work of McGovern [2015], but his proof uses representation theory, and the algebraic geometry is
not well-understood.

1B. Main ideas. Each K-orbit closure Y, is a union of K-orbits Oy; let < denote the Bruhat (closure)
order on K-orbit closures on GL,, /B. (This means a < y if and only if ¥, CY,). Also, let [, y] and
[B, 0] be intervals in Bruhat order on Clans, , and Clans, s, respectively.

Define [8, 0] to interval pattern contain [a, y] (or equivalently [«, y] to interval pattern embed into
[B8, 0]), and write [«, y] < [B, 0] if:

(a) there are indices

I:ip<ip<---<lipyy

which commonly witness the containment of y into 6 and « into §;
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(b) 6 and B agree outside of these indices; and
(c) £(0) —L(B) =4L(y) — (o), where if y = y1y5 ... Ypyq then

Ly)= ), j—i-#n=nls<i<t<j}
vi=vj€N
Notice B is determined by «, y, 8, and the set of indices /. In particular, g is the unique clan ® (o)
that agrees with o on I and agrees with 6 on {1, ..., n}\ I. Thus, we define a clan 8 to interval pattern
contain o, y] if [e, y] is contained in [® («), 8]. Similarly, we can speak of 8 avoiding a list of intervals.

Example 1.1. Let [«, y]=[+——+, 1212] and [B, 8] = [1+——++1, 123231]. Then one can check [, 6]
interval contains [«, y], using the middle four positions.

Example 1.2. Let [«, y] = [+—, 11] and [B, 6] = [++—, 1+1]. If [B, 0] contains [, y] it must be
using the underlined positions. However, £(y) — £(«) = 1 while £(8) — £(8) = 2. Thus [B, 8] does not
contain [, y].

Define
C:={la,y]|a <y insome Clans, ,} € Clans x Clans,

where
Clans = U Clans, g4.
P4

Declare < to be the poset relation on C generated by
o [a, ¥] =c [B, 0] if [B, 6] interval pattern contains [, y], and
o [, y] Zc o, ylifa’ <a.

For any poset (S, <), an upper order ideal is a subset Z of S having the property that whenever x € Z,
we also have y € 7 for all y > x. The following theorem provides a basic language to express answers to
(D and (1ID).

Theorem 1.3. Let P be a singularity mildness property (see Definition 2.1).

(I) The set of intervals [a, y] € C such that P fails on each point of O, C Y, is an upper order ideal in
(€, =e).

(I) The set of clans y such that P holds at all points of Y,, are those that avoid all the intervals [o;, ;]
constituting some (possibly infinite) set Ap C C.

For simplicity, we work over C, but our results are valid over any field of characteristic not 2, with the
caveat that even for the same P, the set Ap may be field dependent.

Although stated in combinatorial language, as we will see, Theorem 1.3 follows from a geometric
result, Theorem 4.6, which establishes a local isomorphism between certain “slices” of the orbit closures.
Rather than working directly with the K-orbit closures on G/ B, it is easier to establish this isomorphism
using particular slices of B-orbit closures on G/K given by J. G. M. Mars and Springer [1998].
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The space G/K = GL, /(GL, x GL,) is the configuration space of all splittings of C" as a direct sum
V1 @ V, of subspaces, with dim(V;) = p and dim(V;) = ¢q. Indeed, G = GL,,(C) acts transitively on the
set of all such splittings, and K = GL,, x GL, is the stabilizer of the “standard” splitting of C" as

<€1, ~~~’ep>@<ep+ls ---,en>,

where e1, ..., e, is the standard basis of C". A point gK /K € G/K, with g € GL,(C) an invertible nxn
matrix, is identified with the splitting whose p-dimensional component is the span of the first p columns
of g and whose g-dimensional component is the span of the last g columns of g.

B-orbits on G/K are in bijection with K-orbits on G /B (both orbit sets being in bijection with the
B x K-orbits on G). In addition, this bijection preserves all mildness properties. This is because the orbit
closures correspond via the two locally trivial fibrations G — G/K and G — G /B, each of which has
smooth fiber. The B-orbit on G/K corresponding to the clan y will be denoted by Q,, and its closure
will be denoted by W,,. For any singularity mildness property P, this discussion implies:

Observation 1.4. Y, is P along O, if and only if W, is P along Q.

In [Wyser and Yong 2014], the second and third authors considered certain open affine subsets of
K-orbit closures on G /B which they called patches. That work also introduced patch ideals of equations
which set-theoretically cut out the patches. Experimental computation using patch ideals led to several of
the conjectures which appear in [Wyser and Yong 2014; Woo and Wyser 2015].

In contrast, the Mars—Springer slices are not open affine pieces of the orbit closures. However, as we
will see, they are essentially as good, in that they carry all of the local information that we are interested
in. They are analogues of Kazhdan—Lusztig varieties, which play a similar role in the study of Schubert
varieties.

In this paper we introduce Mars—Springer ideals (see Section 4) with explicit equations that set-
theoretically cut out the Mars—Springer slices. These equations are conjectured to also be scheme-
theoretically correct; see Conjecture 7.1. These are the K-orbit versions of Kazhdan—Lusztig ideals,
which define the aforementioned Kazhdan-Lusztig varieties. The latter ideals have been of use in both
computational and theoretical analysis of Schubert varieties (see, for example, [Woo and Yong 2012;
Ulfarsson and Woo 2013]). In the same vein, we mention a practical advantage of the Mars—Springer
ideal over the patch ideal. Grobner basis calculations with the former are several times faster than those
of the latter, as fewer variables are involved.

1C. Organization. In Section 2, we present some preliminaries. In particular, we more precisely define
“mildness properties,” giving examples and establishing some basic facts that we will need. We next recall
the attractive slices of Mars and Springer [1998]. Finally, we describe the quasiprojective variety structure
of G/K for the case (G, K) = (GL,, GL, x GL,) of this paper. In Section 3, we give explicit affine
coordinates for the Mars—Springer slice (Theorem 4.3). Section 4 defines the Mars—Springer variety
and its ideal. It culminates with Theorem 4.6, which asserts that certain Mars—Springer varieties are
isomorphic to others. This theorem is the key to our proof of Theorem 1.3. In order to prove Theorem 4.6,
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we develop combinatorics of interval embeddings using earlier work of the second author [Wyser 2016]
on the Bruhat order on clans; this is Section 5. We then give our proofs of Theorem 4.6 and Theorem 1.3
in Section 6. We conclude with problems and conjectures in Section 7.

2. Preliminaries

2A. Singularity mildness properties. We define the class of local properties that we are interested in,
with specific examples.

Definition 2.1. Suppose that P is a local property of algebraic varieties, meaning that P is verified at a
point w of an algebraic variety W based solely on the local ring Ow ,,. We say that P is a singularity
mildness property (or simply a mildness property) if P is

(1) open, meaning that the P-locus of any variety is open; and

(2) stable under smooth morphisms, i.e., if X and Y are any varieties, and f : X — Y is any smooth
morphism between them, then for any x € X, X is P at x if and only if ¥ is P at f(x).

For any smooth variety S and for any variety X, the projection map S x X — X is a smooth morphism.
Thus:

Observation 2.2. If P is a mildness property, S is a smooth variety, and X is any variety, then for any
x € X andforanys € S, X is P at x ifand only if S x X is P at (s, x).

The next lemma gives a (nonexhaustive) list of examples of mildness properties P.
Lemma 2.3. Examples of mildness properties P include:
(1) reducedness;,
(i) normality;
(ii1) smoothness;
@iv) Ici-ness;
(v) Gorensteinness.

Proof. That these properties are open (on varieties) is well-known. That they are stable under smooth
morphisms follows from results of [Matsumura 1986, §23]. Indeed, let X and Y be varieties, with
f : X — Y a smooth morphism between them. Let x € X be given, and let y = f(x). Now, f is flat,
and also the fiber F, over y is smooth over the residue field « (y), hence regular. Thus OF,  is regular,
hence also Ici and Gorenstein. Now (iii) and (v) follow from Theorems 23.7 and 23.4 of [Matsumura
1986, §23], respectively, while (iv) is mentioned in the remark following Theorem 23.6 of [loc. cit.]; as
indicated there, further details can be found in [Avramov 1975].

For (i) and (ii), we appeal to [Matsumura 1986, Corollary to Theorem 23.9]. Note that this result
requires that the fiber ring corresponding to any prime ideal of Oy, be reduced (resp. normal), rather
than just the fiber ring of the maximal ideal. In our case, all such fiber rings are once again regular
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(hence both reduced and normal). Indeed, if p is any prime of Oy, then p corresponds to an irreducible
closed subvariety Y’ of Y. The inverse image scheme f~!(Y’) is smooth over Y’, and the fiber ring
Ox.x ®0y, k(p) is the generic fiber of f~1(Y') — Y. O

2B. Mars—Springer slices. Let W be any irreducible variety with an action of a Borel group B, let
w € W be given, and let Q = B - w.

Definition 2.4 [Mars and Springer 1998]. An attractive slice to Q at w in W is a locally closed subset S
of W containing w such that:

(1) the restriction of the action map B x § — W is a smooth morphism;
(2) dim(S) + dim(Q) = dim(W); and
(3) there exists a map A : ,, — B such that
(a) S is stable under Im(A);
(b) w is a fixed point of Im(A); and
(c) the action map G, x § — S extends to a morphism A! x § — S which sends {0} x S to w.

The following result justifies our use of slices in studying singularities, since taking slices preserves
the local properties that we are interested in.

Lemma 2.5. (Using the notation of Definition 2.4.) Given a mildness property P, the variety W is P at
w ifand only if S is P at w.

Proof. Indeed, the action map B x S — W is smooth, so W is P at w if and only if B x S is P at (1, w),
which is the case if and only if S is P at w, by Observation 2.2. O

Let G be a complex algebraic group with an involutive automorphism 6, with K = G the corresponding
symmetric subgroup. Suppose that T C B are a 0-stable maximal torus and Borel subgroup of G,
respectively. Let N be the normalizer of T in G, and let W = N /T be the Weyl group.

Given a B-orbit Q on G/K, we now define the Mars—Springer slice Sz to Q at a specially chosen
point x € Q. Letting U™ be the unipotent radical of the Borel subgroup opposite to B, this slice is of the
form

Sg:=U NyYU))-x, 2)

where 1 is a certain involution on G.
To be precise, consider the set

V:i={xeG|x@®x)"' €N}

In (2), we pick any
x:=xK/KeQ withxeV;

such a choice exists by [Richardson and Springer 1990, Theorem 1.3]. Let n be the image in W of
x0(x)~!' € N. The element x0(x)~' € N may depend upon the choice of x, but 5, its class modulo 7,
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does not. Then in (2) we take
Yi=cyo0,

where ¢, denotes conjugation by n. With these choices, it is shown in [Mars and Springer 1998, Section 6.4]
that S, as defined in (2), is indeed an attractive slice to Q at x in G/K, in the sense of Definition 2.4.
The following lemma is more or less formal; we include a proof for completeness:

Lemma 2.6. With notation as above, if W is any B-orbit closure on G/K containing Q, then:

(1) the scheme-theoretic intersection W N S; is reduced, and

(i1) W N S is an attractive slice to Q at x in W.

Proof. 1t is easy to see that the diagram

Bx(WNS;) —— W

BxS; ——G/K

is Cartesian. Therefore, since the action map along the bottom is smooth, the (restricted) action map along
the top is also smooth, since smooth morphisms are stable under base extension. Since W is reduced and
reducedness is a mildness property by Lemma 2.3, B x (W N Si) is reduced, and thus W N S;x is reduced,
by Observation 2.2. This proves (i).

For (ii), the preceding observation regarding the smoothness of the map along the top of the above
diagram verifies Definition 2.4(1) for S = W N Sz. This map furthermore has the same relative dimension
as the one along the bottom, which implies that

dim(G/K) —dim(W) = dim(Sz) — dim(W N Sk).
Since S; is an attractive slice to Q in G/K, we know that
dim(Sz) + dim(Q) = dim(G/K),
and combining these two equations gives
dim(Q) + dim(W N Sz) = dim(W),

as required by Definition 2.4(2).

That W N S; satisfies Definition 2.4(3) is obvious: Let A : G,, — B be a one-parameter subgroup
having properties (a) and (b) relative to the slice S;z. Then clearly W N S is stable under Im(}), x
is still a fixed point of Im(}), and the action map G,, x (W N Sz) — W N S; still extends to a map
Al x (WNSz) — WNS; sending {0} x (W N S;) to X (simply restrict the original extension to the smaller
subset). O
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Corollary 2.7. For (G, K) = (GL,, GL, x GL,), let clans o and y be given, with o <y in Bruhat order.
Let Xy denote the Mars—Springer slice to Q. at a particular point x4, € Q4 in G/K. Then the slice
W, N X is irreducible.

Proof. 1t is observed in [Brion 2001] that all B-orbit closures on G/K for this particular case are
“multiplicity-free,” which implies by [Brion 2001, Theorem 5] that W, has rational singularities. In
particular, it is normal. Since normality is a mildness property by Lemma 2.3, W, N X, is also normal.
Now, the “attractive” condition of slices (part (3) of Definition 2.4) ensures that W, N X,, is connected
because x, must lie in every connected component of it. Being both normal and connected, W, N X,
must be irreducible. U

Remark. The result of Corollary 2.7 in fact holds for any symmetric pair (G, K) such that all of the
B-orbit closures on G/K are multiplicity-free. Other such cases include (GLy,, Sp,,) and (SO2,, GL,),
as noted in [Brion 2001]. However, not all symmetric pairs (G, K) have this property. For those that do
not, B-orbit closures on G/K can be nonnormal, and the Mars—Springer slices can in fact be reducible.
One example is (GL,,, O,). O

2C. GL,4, /(GL, x GLy) as a quasiprojective variety. We now discuss the structure of G/K =
GL,+, /(GL, x GL,) as a quasiprojective variety and its affine patches. The statements of this section
could be extracted from standard definitions and results, but to the best of our knowledge, this has never
been made explicit in the literature, so we take the opportunity to do so here.

As stated in the Introduction, G/K is the configuration space whose points correspond to splittings
of C" as a direct sum V| & V, of subspaces, with dim(V;) = p and dim(V,) = ¢g. Hence it is natural to
identify G/K with a subset of the product of Grassmannians Gr(p, C") x Gr(g, C*). We can realize
Gr(p, C") x Gr(g, C") as a subvariety of pG) =1y p-! using the Pliicker embedding into each factor.
The Segre embedding then realizes this product as a subvariety of p() (Z)_l, so Gr(p, C") x Gr(gq, C") is
a projective variety.

We let ps and g7 denote the Pliicker coordinates on Gr(p, C") and Gr(g, C") respectively, where S
and T respectively range over all subsets of {1, ..., n} of size p (respectively g).

Not every pair V| and V, of subspaces of C" gives a splitting. In order for V| and V, to form a direct
sum, a basis for V| must be linearly independent of a basis of V,. Let M be a matrix whose first p
columns are a basis for V| and whose last ¢ columns are a basis for V,. If we take the Laplace expansion
of det M using the first p columns and identify determinants of submatrices with Pliicker coordinates,
then we get

detM= Y  (=D%psqs. 3)
Sc{l,....n}, #S=p

where S:={1,...,n}\ Sand (—1)5 := (—1)(ZSESS)*(17;I). Hence we can identify G/K with the open
subset of Gr(p, C") x Gr(g, C"*) where (3) is nonzero. This gives G/K the structure of a quasiprojective
variety.
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The product PG~ % pG)~! of projective spaces has a covering by affine patches {Ug 1 := Ug %
Ur}, where Uy is the patch where pgs is nonzero and Ur is the patch where g7 is nonzero. Thus
Gr(p, C") x Gr(gq, C") is covered by these affine patches. As explained in [Fulton 1997, Section 9.1], any
subspace V| € Gr(p, C") having Pliicker coordinate pgs(V;) # O has a basis {es + ngs as,,(Vl)e,}ses
where e; denotes the i-th standard basis vector, and the functions a; , are local coordinates on the patch
<p = Gr(p, T,

where M,?X , denotes the nx p matrices of full rank p. The section ¢ sends the subspace V; to the matrix

UsNGr(p, C"). Over this patch, there is an algebraic section ¢ of the projection map M,?

whose columns are precisely the aforementioned basis.
Likewise, any subspace V; € Gr(g, C") having Pliicker coordinate g7 (V) # 0 has a basis

{et +Zb,,r<vz>er} ,

réT teT
and the b, , are local coordinates on the patch Ur N Gr(g, C"). Over this patch, there is a similar section
¢ which sends V) to the full rank n x g matrix whose columns are this basis.

Taking the products of the sections ¢ 5 and ¢r, over Us 7N (Gr( p, C"xGr(g, (E")) we have an algebraic
map ¢s.r from G/K into MY, , x My, ., which naturally embeds into M, , by simple concatenation
of matrices. Over G/K, this map takes values in G = GL,, and gives an algebraic section ¢g 1 of the
projection map G — G/K.

3. Affine coordinates for the Mars—Springer slice

We provide explicit coordinates for the Mars—Springer slice for the case that
(G, K) = (GL,,GL, x GL,).

3A. The affine space S,. We define an affine space of matrices associated to each clan «. First, let
Wy € S, (in one line notation) be defined as follows. From left to right, 1 through p are assigned to the
+’s and left ends of matchings. Assign {p+ 1, ..., n} as we read the clan from left to right. When we
encounter a —, we assign the smallest unused number, and when we encounter the /eft end of a matching,
we immediately assign the smallest unused number from {p + 1, ..., n} to the corresponding right end
of the matching.
Example 3.1. If « = 122133 € Clans3 3 then w, = 125436.

We construct, in stages, the generic matrix My (z) of S,. First, fori =1, ..., n:
(0.1) If a; = =, then row i has a 1 in position wy, (7).
(0.2) If (i < j) is a matching of «, then row i has a 1 in positions wg (i) and wy (j).
(0.3) If (j < i) is a matching of «, then row i has a —1 in position w,(j) and a 1 in position wy (7).

A pivot is the northmost 1 in each column. (Note that w, is chosen precisely so that the pivots in the

first p columns, and in the last g columns, occur northwest to southeast.) In the first p columns only, set
to O all entries
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(Z.1) in the same row as a pivot;
(Z.2) above a pivot (and in that pivot’s column);

(Z.3) between the pivot 1 and the corresponding —1 of a column (for all columns to which this applies);
or

(Z.4) right of a —1.
In the rightmost ¢ columns, set to 0 all entries

(Z.5) in the same row as a pivot;
(Z.6) above a pivot (and in that pivot’s column);

(Z.7) between the pivot 1 and the corresponding 1 below it in the same column (for all columns to which
this applies); or

(Z.8) right of a 1 which is the second 1 in its column.

The remaining entries z;; of M, (z) are arbitrary, with an exception for each pair of matchings of «
which are “in the pattern 1212”. For each such pair of matchings (i < k), (j <€) withi < j <k < £:

(Z.9) position (£, wy(i)) has entry z; ., ;) (as usual) whereas its “partner” position (£, w, (k)) has entry

_Zeywa(i)'

Example 3.2. Let « = 1+12—2 € Clansj3 3. Then w, = 124365. The 1’s and —1’s are first placed into a
6 x 6 matrix, followed by placement of 0’s as follows:

1 1 1 0 0 1 0 0
1 01 0 0 0 0

~1 1. 1 0 0 1 0 0
1 1 |71 o o0 1 0 1 0

S 0 0 0 1

—1 1 —1 10

Since « has no 1212-patterns, the remaining unspecialized entries of the matrix are arbitrary. Thus
S1+12—2 1s an affine space of dimension 5 (the codimension of Q412—2 in GLg /K), with its generic entry
being the matrix

1 o 0 1 00

0 1 0 0 00

-1 0O 0 1 00

Miy122(2) = O 0 1 0 10
zs1 252 0 0 0 1

26,1 262 -1 z64 1 O
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Example 3.3. Now, consider ¢ = 14+21—2. Here w, = 123465. The placement of 1’s and —1’s, and
then O’s, is achieved by:

p—
—

—_— 0 O =

S o = O

- O O = O O
S = O O =
- O O = O O
SO = O O O O

S A
The 1212-pattern in positions 1 < 3 < 4 < 6 dictates that the unspecialized positions (6, wy (1)) = (6, 1)

and (6, wy (4)) = (6, 4) are negatives of one another. Thus ;171> is an affine space of dimension 4 (the
codimension of Q121—7 in GLg /K), and

1 0O O 1 0 O
0 1 O 0 0 0
0 0 1 0 1 0
Mi1212(2) = 0 0O 0 1 0 0
251 252 0 0 0 1
Z61 262 —1 =261 1 0

Example 3.4. Each 1212-pattern gives rise to a separate identification of coordinates. For instance, when
o = 123123, the reader can verify that

1 0O O 1 0 O
0 1 0 0 1 0
0 0 1 0 0 1
Mzis@=|_ 4 o | o o
zs1 -1 0 —z5 1 0
26,1 262 —1 =261 —262 1

The following result will be used in Section 4.
Lemma 3.5. M, (z) invertible over Q[z].

Proof. By construction, the matrix is invertible over the field of rational functions @Q(z). The lemma
would follow if we could prove that the determinant is a constant (which will be necessarily nonzero).
We argue by induction on n = p’ + ¢’ that det My (z) € Q for o’ € Clans, ;. The base case n =1, 2 is
easy to check.

Suppose y € Clans, 4 where n = p +¢q > 2. If y; = + consider the submatrix of M, (z) obtained
by striking the first row and column. One checks that this submatrix M’ is equal to M, (z), where o’ is
« with the first + removed. By induction, det M" € Q. Then by cofactor expansion along the first row,
since the unique nonzero entry is a 1 in position (1, 1), we have that det M = det M’ € @, as desired.

A similar argument may be used if o = —.
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Finally, suppose «; is the left end of a matching. Let ¢, be the right end of said matching. Observe
that the submatrix M’ obtained by deleting the first row and first column of M = M,, is the matrix M,
where «’ is obtained by deleting o and replacing «, by —. Thus by induction det M’ € Q.

Similarly, consider the submatrix M” obtained by deleting the first row and w(r)-th column. We
observe that by

e cyclically reordering rows 1,2, ..., w(r) — 1 of M”; and then
o multiplying the first row by —1,

we obtain the matrix M, where «” is obtained from « by deleting «, and replacing «; by +. Hence, by
cofactor expansion along the first row of M, we obtain that det M = det M’ +=det M" € Q, as desired. [

3B. Identification of S, with the Mars—Springer slice. Let B be the Borel subgroup of upper triangular
matrices in GL,,, and let 7 be the maximal torus of diagonal matrices of GL,. Recall from Section 2
that in order to define the slice, we must choose a point x, = xK /K € Q4 such that x6(x)~! € N, where
N is the normalizer of T, and where 0 is the involution (1). Here, we choose x to be the origin of S,
meaning the matrix where all z-variables are set to 0. The fact that x, = xK /K is actually a point of Qg
follows from [Yamamoto 1997, Section 2.2-2], while the fact that x6(x)~! € N is easy to check. Denote
by X, the Mars—Springer slice to Q, at x, in G/K, so

Xe =U " NYU7)) xoa =U"NY U ))x)/K.
Theorem 3.6. We have an isomorphism X, = S,.

Proof. Recall from Section 2B that the map ¥ : G — G is defined by ¢, 060, where n = x0(x)~! (mod T).

Given a clan y, let Z(«) denote the underlying involution for «; this is the permutation in S, such that
I(a)(j) = j if aj =&, while, if (i < j) is a matching of o, Z(«) (i) = j and Z(«)(j) = i. The map 7 is
the concrete realization for (G, K) = (GL,, GL, x GL,) of the map defined by Richardson and Springer
[1990] associating a twisted involution (which is an involution in this case) to every orbit.

Claim 3.7. As an element of W = S,,, we have n = Z(x).

Proof. The matrix computation x6(x)~! = x1, ;x~'I, , is straightforward, and results in a monomial
matrix representing the involution described above. O

Claim 3.8. The group U~ Ny (U™) consists of the unipotent matrices having 1’s on the diagonal, 0’s
above the diagonal, O’s below the diagonal in all positions (i, j) withi > j such that n(i) < n(j), and

arbitrary entries in all other positions below the diagonal.

Proof. U™ is the set of lower triangular unipotent n x n matrices. U™ is 6-stable, so 6 maps it isomorphi-
cally to itself, meaning that (U ™) = ¢,(U™). By Claim 3.7, n = n~'. Thus conjugation by 7 sends the
affine coordinate at position (i, j) (i > j) to position (17(i), n(j)). The claim follows. Il

Denote by S|, the set of n x n matrices that satisfy (O.1), (0.2), (0.3), (Z.2), (Z.4), (Z.6), (Z.8), (Z.9),
and the following condition:
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(Z.10) If (i < j) is any matching of @, and i < k < j, then:
« if k is the left end of a matching (k < £) with j < £, then the entries at positions (k, wg (7))
and (k, wy (j)) are equal;
« otherwise, the entries at positions (k, wy (i)) and (k, wy(j)) are both zero.

Claim 3.9. S, =W NyYU))x.

Proof. By a direct but tedious matrix computation using Claim 3.8, one checks that (U~ Ny(U7))x C S,,.
The space (U™ Ny (U™))x is evidently an affine space of dimension (Z) — £(n), where £(-) denotes
Coxeter length. The space S/, is also visibly an affine space, and a straightforward combinatorial argument
shows that its dimension is also (g) —£(n). Thus the aforementioned containment is in fact an equality. [J

Claim 3.10. Sy €S,
Proof. This follows from the fact that (Z.3) and (Z.7) together imply (Z.10). O

The right action of K on G is by column operations which separately act on the first p columns and
the last g columns of any matrix in G. Given a matrix M’ € S/, we now describe an algorithm for column
reducing M’ via this K -action to another matrix M of a particular form.

Algorithm 3.11. Begin with the first p columns of M’. For eachrow i =1, 2, ..., n, determine whether
there is a pivot in row i. If not, move to the next row. If so, then this pivot is at (i, wy(i)). Now start
with column j = 1, and move right toward column j = w, (i) — 1. For each such j, if entry (i, j) is zero,
move to the next column. Otherwise, entry (i, j) is A; ; # 0. Replace column C; with C; — 4; ; - C;.
Repeat the same procedure using the last g columns.

Let M be the output of Algorithm 3.11.

Claim 3.12. The first p columns and the last q columns of M are in reduced column echelon form,
meaning that all entries in the same row as a pivot (except for the pivot) are zero. M is the unique matrix
in the K-orbit of M with this property.

Proof. Consider first the leftmost p columns. Algorithm 3.11 brings to zero any entry in the same row
as a pivot at (i, we (1)) and to the left of (i, wy(i)). Since M’ satisfies (Z.2), any entry to the right of a
pivot is already zero: there is a pivot in every column, and by our choice of wy, any pivot right of column
we (i) occurs in a row j > i.
For the rightmost ¢ columns, one argues identically, using the fact that M’ satisfies (Z.6).
Uniqueness of M follows from the uniqueness of reduced column echelon form (for each of the two
submatrices of M). O

Claim 3.13. The matrix M is an element of S.

Proof. By Claim 3.12, M satisfies (Z.1) and (Z.5). We show that each step performed by Algorithm 3.11
preserves properties (O.1), (0.2), (0.3), (Z.2), (Z.4), (Z.6), and (Z.8), all of which are satisfied by M'.
Hence M also possesses these properties. We also show that once Algorithm 3.11 is complete, the
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resulting matrix also satisfies (Z.3), (Z.7), and (Z.9). This will show that M possesses all the properties
(0.1)—(0.3) and (Z.1)—(Z.9).

(O.1): Suppose that ¢; = +. There is a pivot 1 at (i, wy(7)). Any step of Algorithm 3.11 affecting column
Cu, ) 1s performed to make zero an entry A # 0 at (j, wy (7)) for j > i (using the pivot in row j). Such a
step replaces column Cy, ;) by Cy, i) — A - Cy,(j)- Since j > i, by (Z.2), the entry at (i, wy(j)) is zero,
so the 1 at (i, w, (i)) remains a 1 after this column operation.

When ¢; = —, one argues identically using the last g columns and (Z.6). Thus (O.1) is preserved by all
steps of our algorithm, as desired.

(0.2): The argument is identical to that for (O.1).

(0.3): Suppose (i < j) is a matching. First consider the —1 at (j, wy(i)). Since entries to the right of
this —1 are zero by (Z.4), the —1 is clearly unchanged by steps of the algorithm. Similarly, the 1 at
(j, wy(j)) is unchanged, by (Z.8).

(Z.2): Given a zero entry above a pivot 1, any entry to its right is also zero by (Z.2) since such an entry
is above a different pivot 1. Thus any step of the algorithm leaves the first of these two zero entries
unchanged, as needed.

(Z.3): Suppose (i < j) is a matching. There are a 1 and a —1 in positions (i, wy(i)) and (j, wg (7)),
respectively. Let i < k < j. We must check that M is zero at (k, wy(i)). There are two cases based on
(Z.10):

Case 1: (The (k, wy(i)) entry of M’ is arbitrary.) This case occurs if and only if o is the left end of a
matching (k < £) such thati < k < j < £. Thus there is a pivot 1 in row k at position (k, wg(k)). Since
M satisfies (Z.1), entry (k, wy(i)) of M must be zero.

Case 2: (The (k, wy(i)) entry of M’ is required to be zero.) Consider a step of Algorithm 3.11 altering
column Cy,, (). It does so by replacing C,,, ¢y with Cy,, iy —A-Cy, ¢) for £ such that £ > i and wy (£) > w ().
This step is done if and only if there is a pivot 1 at (£, wy(£)) and a nonzero entry A in position (£, wy (i)).
We examine the effect of this step on entry (k, wy (i)).

If ¢ > k, then entry (k, w,(£)) is zero by (Z.2), so entry (k, w,(i)) remains zero after the step in
question. So suppose that i < £ < k. If entry (£, wy(i)) is A 7~ 0, then by (Z.10) this must be because o,
is the left end of a matching (¢ < r) such thati < £ < j < r. If the entry at (k, wy (£)) is zero, then the
entry at (k, w, (i)) remains zero after our step, and we are done. So suppose it is not. Then by (Z.10)
again, o, is the left end of a matching (k < s) with £ <k <r <s. Buttheni < k < j < s, contradicting
our assumption that (Z.10) required entry (k, w,(i)) of M’ to be zero. Thus this situation cannot occur.

(Z.4): Suppose that M’ has a —1 at position (i, j) with 1 < j < p. Since M’ satisfies (Z.4), any entry in
a position (i, k) with j < k < p is zero at the outset. Moreover, again by (Z.4), any entry in a position
(i, £) with k < £ < p is also zero at the outset. Thus all steps of Algorithm 3.11 leave the O in position
(i, k) unchanged.
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(Z.6): We argue as with (Z.2) above, but using the rightmost ¢ columns.
(Z.7): We argue as with (Z.3).
(Z.8): We argue as with (Z.4).

(Z.9): Suppose « has a 1212 pattern consisting of matchings (i < j) and (k <€) withi <k < j < £.
Then by (Z.10), in positions (k, w,(i)) and (k, we(j)) of M’, we have arbitrary but equal entries; assume
that both entries are equal to A;. Moreover, by (Z.9), in positions (£, w,(i)) and (£, wy(j)), we have
arbitrary entries that are negatives of one another. Suppose that the entry at (£, w,(i)) is A, and that the
entry at (£, wg(j)) is —A,. Consider two steps performed by Algorithm 3.11:

(i) Replace column Cy, ;) by Cy, i) — A1 - Cu, ) to make the entry at (k, wy (7)) zero.
(ii) Replace column Cy,(jy by Cy,(j) — A1 - Cu,(e) to make the entry at (k, wy(j)) zero.

Step (i) replaces the A, at (€, wy (i)) by A» + A; (since there is a —1 in position (£, w, (k))). Meanwhile,
step (ii) replaces the —A; at (£, wy(j)) by —Ay — A; (since there is a 1 in position (£, wy (£))). Thus after
(1) and (ii), (Z.9) holds for the 1212 pattern i < k < j < £.

To conclude (Z.9) holds, it remains to show:

Subclaim 3.14. Steps (i) and (ii) are the only steps of Algorithm 3.11 that can change either of the entries
(€, we (1)) or (£, wa())).

Proof. Suppose there is a pivot 1 (among the first p columns) at (r, w, (7)), and suppose that there is
a nonzero entry at (r, wy(i)). There are two possibilities. First, suppose wq (r) > wy (k). In this case,
(€, wy (r)) must be zero by (Z.4). Thus a column operation involving columns w, (i) and wy (r) leaves
(€, wy (7)) unchanged, as desired. Otherwise, wy (i) < wy(r) < wy (k). Theni < r < j, so by (Z.10) the
entry at (r, wy (7)) can be nonzero only if there is a 1212 pattern formed by matchings (i < j) and (r < s)
withi <r < j <s. However, this situation is covered by the argument preceding this subclaim. A similar
analysis of the last g columns (using either (Z.8) or (Z.10)) shows that there are no steps of our algorithm
that alter position (£, wy(j)). Il

This completes the proof of Claim 3.13. g

By Claim 3.13, we can now define a map
¢: Xy — Sa

which sends the point M’ - K of X, to the matrix M, retaining the notation above. Its inverse, as a set
map, is the restriction of the natural projection 7 : G — G/K to Sy. (Note that this restriction does take
values in X, = S, /K by Claim 3.10.) Abusing notation, we denote this restriction simply by . Then
letting M’ and M be as above, it is indeed clear that

T(PM - K) =n(pM-K)=a(M)=M-K=M-K

and that
pE(M))=¢M-K) =M,
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so that w and ¢ are inverse as set maps.

It remains to check that ¢ and 7 are actually morphisms of algebraic varieties. Clearly & is a morphism,
since it is a restriction of the natural map G — G/K. The map ¢, on the other hand, is the restriction of
an algebraic section of 7 to X,. Indeed, it takes a splitting V; @ V; and produces a matrix M whose first
p columns are a basis for V| and whose last ¢ columns are a basis for V,. These two bases are of the
form described in Section 2C when we take S to be the positions of the 4’s and left endpoints of « and
T to be the position of the —’s and left endpoints of @. Thus X, C (Us x Ur) N G/K, and indeed the
map ¢ is the restriction to X, of the section ¢5 7 : (Us x Ur) N G/K — G described in Section 2C. [J

4. The Mars-Springer variety and ideal

For y € Clans, 4, define the following collections of nonnegative integers [Wyser 2016]:
(1) y(i; +) := number of matchings and + signs among the first i positions of y (fori =1, ..., n);
(2) y(i; —) := number of matchings and — signs among the first i positions of y (fori =1, ..., n); and
(3) y(i; j) := number of matchings whose left endpoint is weakly left of i and whose right endpoint is
strictly right of j (for 1 <i < j <n).

Given any invertible n x n matrix M and any pair of indices i < j, we define an auxiliary n x (i 4 j)
matrix M:/1 as follows. The first i columns of M/1 are formed by taking the first i columns of M~
and zeroing out all entries in the last ¢ rows. The last j columns of M/ are the first j columns of M,
unaltered.

Example 4.1. Consider « = 1+——+1 € Clans3 3. Then

1 0 01 O 0
0 1 00 O 0
0 z32 0 0 1 0
M, __ = ’
1 1(z) 0 240 00 0 E
0 0 1 0 z55 zs56
-1 0 01 O 0
as the reader can verify. The inverse of this matrix is
1 1
5 0 0 0 0 —5
0 1 0 0 0 0
_ 0 2302255+ 242256 —255 —256 5 O
Mi;_— s o o ’ P2
14——+1(2) % 0 0 0 0 %
0 —232 1 0 0 O
0 —242 0 1 0 O

To obtain the auxiliary matrix My4__ 4 (2)'%4, one takes the first 2 columns of M I ()71, zeroes
out their last ¢ = 3 rows, and then concatenates to this the first 4 columns of M __,(z)~', unaltered.
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The result is

1 1
! 0 ! 0 0 0
0 1 0 1 0 0

: 0 z32255+242256 0 232255+ 242256 —255 —25.6

M __ [2:4] = ’ ’ ’ ’ ’ ’ s ’ s s

1+——+1(2) 0 0 % 0 0 0
0 0 0 —232 1 0
0 0 0 —242 0 1

Now define the Mars—Springer variety N, o to be the reduced subscheme of S, whose points are the
matrices M satisfying all of the following rank conditions:
(R.1) the rank of the southwest (n — i) x p submatrix of M is at most p —y(i; +) (fori =1, ..., n);
(R.2) the rank of the southeast (n — i) X g submatrix of M is at mostg — y(i; —) (fori =1, ..., n); and
(R.3) the rank of M5/1 is at most j + y (i; j) (forall 1 <i < j <n).
Note that N, , is clearly defined set-theoretically by a certain collection of determinants. Indeed,
define the Mars—Springer ideal T, , to be the ideal of C[z] generated by:
(1) all minors of the southwest (n —i) x p submatrix of My(z) of size p—y (i; +)+1 (fori=1,...,n);
(2) all minors of the southeast (n — i) x g submatrix of My(z) of size g —y(i; —)+1 (fori =1, ..., n);
and
(3) all minors of M, (z)!*/! of size jH+y@;j)+1{orall<i<j<n).
(By Lemma 3.5, the minors of (3) above are in fact polynomials.)
Example 4.2. Consider the ideal Z123231,1+——+1. One can check that, with the exception of the condition
that the rank of M%4 be at most 5, the conditions defining NV23231,1+——+1 are all actually nonconditions.
Thus the ideal Z123231,1+——+1 1s generated by the determinant of the 6 x 6 matrix M 1+__+1(z)[2‘4]
computed above. One checks that this determinant equals (up to a scalar multiple) 232255 + 24.225.6-
Thus

123231, 14— —+1 = (23,225,5 + 24,225,6),
which defines a singular quadric hypersurface.
Theorem 4.3. N, = W, N X, the Mars—Springer slice to Q at xo in W,,.
Proof. Recall that points of G/K are splittings S = V| @ V; of CP*4 where dim(V;) = p and dim(V») =gq.

The B-orbit closure W), € G /K has a description due to the second author, which we now state. Define
s : C* — V| to be the projection onto the first summand of S with kernel V», the second summand of S.

Theorem 4.4 [Wyser 2016]. Let E, be the standard coordinate flag on C", with E; the span of the first i
standard basis vectors. Then W,, C G /K is precisely the set of splittings S = Vi @ V> satisfying all of the
following incidence conditions with E,:

(C.1) dim(ViNE) > y(i;+) fori=1,...,n;
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(C.2) dm(V,NE;))=y(i;—=)fori=1,...,n;
(C3) dim(ws(E) + Ej) < j+y@; j)forl<i<j=n
Let ¢ : Xy — Sy be the isomorphism from Theorem 3.6. It suffices to show that the image of

¢|WyﬂXa : (Wy NXy) = Sy

is precisely V4.

The map ¢ is a bijection, taking a splitting S = V|, & V, € X,, to a matrix M € S, the span of whose
first p columns is Vy, and the span of whose last g columns is V;. Therefore it suffices to show that under
this bijection, S satisfies (C.1)—(C.3) if and only if M = ¢ (S) satisfies (R.1)—(R.3).

The equivalence of (R.1) to (C.1) and of (R.2) to (C.2) is immediate.

To see the equivalence of (C.3) to (R.3) we argue as follows. Condition (C.3) states that

dim(zws(E:) + Ej) < j+y @ j).

If M € S, represents a splitting S, then the matrix for 7s can be written as M PM~', where P is the
diagonal matrix with p 1’s on the diagonal followed by ¢ 0’s. Hence ms(E;) + E; is the span of the first
i columns of M PM~! and the first Jj columns of the identity matrix /. Therefore,

S satisfies (C.3) <= rank(M71y < j +y(i; j), 4)

where MU/ is the n x (i + j) matrix whose first i columns are the first i columns of M PM ~1 and whose
last j columns are the first j columns of /.
Since M~! is invertible,

rank(M'71) = rank(M ' M) = rank(M 1), 5)

Combining (4) and (5) we conclude
S satisfies (C.3) <= rank(M'"/y < j +y(i; j) foralli, jwithl <i<j<n
<= M satisfies (R.3),
as desired. U
Corollary 4.5. For any clans o <y, the Mars—Springer variety N,  is irreducible.
Proof. This is immediate by Theorem 4.3 combined with Corollary 2.7. O
The key to our proof of Theorem 1.3 is:

Theorem 4.6 (isomorphism theorem). If [8, 0] interval pattern contains o, y ], then
Nogp =Ny o

This will be proved in Section 6.
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5. Combinatorics of interval embeddings

Denote Bruhat order on clans by <. Let y < 7 denote a covering relation, so y < 7 if y < 7 and there is
no clan 8 such that y < 8 < t. Equivalently, y <t if y < 7 and £(r) — £(y) = 1.
We need the following result of the second author describing the covering relations <:

Theorem 5.1 [Wyser 2016]. Let y, T € Clans, , such that y < t. Then there exists y’ € Clans, , such
that y <y’ < t, where y' is obtained from y by one of the following operations on patterns in y:

(T.1) +—> 11,
(T2) —+ > 11,
(T.3) 114 > 1+1,
(T4) 11—+ 11,
(T.5) +11+> 1+1,
(T.6) —11+> 1—1,
(T.7) 1122 — 1212,
(T.8) 1122 — 1+—1,
(T.9) 1122 — 1—+1,

(T.10) 1212 1221.

Any ordered pair y — ' of clans obtained by one of the operations (T.1)—(T.10) is called a transposition.
Thus:

Corollary 5.2 [Wyser 2016]. y <y’ ifand only if y + ' is a transposition such that £(y') = £(y) + 1.
For any clan y, denote by M, the set of matchings of y. Call a matching (a < b) € M, with
a<i<b< jincomingto (i < j)e M,. For (i <j)eM,,let
1Gi, j,y) :=#{(a <b) € M, | (a <b)isincomingto (i <)},
and let
Then by [ Yamamoto 1997],
ty):= >  Cla.b.y).

(a<b)eM,
We will need the following combinatorial fact:
Proposition 5.3. Suppose y — y’ is a transposition. Then £(y) < £(y').

Proof. For brevity, we prove the hardest case (T.7). Arguments for the remaining cases of (T.1)—(T.10)
are similar in nature.
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Suppose y > y’ via (T.7). Say the 1122 pattern occurs at positions i < j < k < £. In order to compare
£(y) to £(y’), we consider other matchings (a < b) and compare I (a, b, y') with I(a, b, y), I (i, k, y’)
with I(i, j,y),and I(j, £, y") with I (k, £, y).

There are 15 different possible orientations of a matching (a < b) relative to (i < j) and (k < ¢) to
consider.

Case 1: (The configuration a <i < j <b <k < £.) Here

I(a,b,y)=1(a,b,y), 1, ¢ y)=I1k 1€ y)+]1,
and

I(,k,y)=1@,j,v)+1.

Indeed, (a < b) was incoming to neither (i < j) nor (k < £) in y, but it is incoming to both (i < k) and
(j <€) in y’. So each such matching (a < b) accounts for a decrease in length of 2 as we transpose from
y toy’.

Case 2: (The configuration i < j <a <k <{ < b.) Now,
I(a,b,y")y=1I(a,b,y)+2.

Indeed, in y neither (i < j) nor (k < £) are incoming to (a < b), but in ' both (i < k) and (j < £) are
incoming to it. On the other hand, the move in this configuration does not introduce any new incoming
matchings to (i < k) or (j < £). So each matching (a < b) in this configuration also accounts for a
decrease in length of 2 as we transpose from y to y’.

Case 3: (The configurationi <a < j <b < k < £.) When we transpose from y to y’, (a < b) loses an
incoming matching: (i < j) is incoming to (a < b) in y, but (i < k) is not incoming to (a < b) in y'.
However, (j < £) gains an incoming matching compared to (k < £), as (a < b) is not incoming to (k < £)
in y, but it is incoming to (j < £) in y’. Thus while the transposition causes a change in the number of
matchings incoming to (@ < b) and in the number of matchings to which (a < b) is incoming, the net
effect is zero.

By arguing similarly to Case 3 for the remaining 12 configurations, one sees that Case 1 and Case 2
are the only two which result in a net change in length coming from changes in the number of incoming
matchings.

The only change in the number of incoming matchings which we have not accounted for is that after
the move, (j < £) has also added the incoming matching (i < k) in y’, whereas (k < £) did not have the
incoming matching (i < j) in y. This causes an additional decrease by 1 in length as we perform this
transposition.

Finally, we must account for the change in total lengths of matchings caused by the transposition. This
is (k—i)+C—j)—((j—D)+E—k)=2(k—)).



194 Alexander Woo, Benjamin J. Wyser and Alexander Yong

Putting this all together, we conclude that
Z(y’)—ﬁ(y):2(k—j)—1—2(#{(a<b)€My la<i<j<b<k<{}
+#{(a<byeM,|i<j<a<k<t<b}). (6)

Now, the sum in parentheses is clearly at most k — j — 1, which implies that the right-hand side is at
least 1. Thus £(y’) > £(y), as desired. O

Say [«, y] merely embeds into [B, 0] if the pair of intervals satisfies the definition of an interval pattern
embedding, except possibly for the length requirement

£(y) — () = £(0) — £(B).

Given any o, we define ® («) to be the unique clan such that [«, 1] merely embeds in [® («), 6], so P ()
agrees with « on the set of embedding indices I/ and agrees with 6 on {1,...,n}\ I.

Theorem 5.4. Assume [«, y]| merely embeds into [P («), 0].

(D L(y) — L) <£(0) — (D (@)).
(IT) Further suppose [«, y] interval embeds into [ (a), 0]. Ifa <o’ <y then

() < d(a) <0.

Proof. (I): Pick a chain of covering transpositions

0

a=a@aVis . s o™=y

This induces a chain from ®(«) to 6 by using the same transpositions (relative to the embedding). By
Proposition 5.3, each transposition in the latter chain increases the length by at least one, from which the
statement follows.

(I): There exists a covering transposition from « to «’, followed by a chain of covering transpositions
from o’ to y. Thus @ («) is at least related to @ («’) by the same transposition (relative to the embedding),
and the chain from &’ to ¥ induces a chain ®(a’) — --- — 6. Hence we have

®(a) < P(a)) <6.
It remains to show
® (o) < P(a).

By Proposition 5.3, we have

@) — (D () > 1.
We are done unless

L@ () = (D(a) > 2,
so assume this. Let

k:=Lt(y) — (o) = £(O) — (P ().
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Since [/, y] merely embeds into [®(«’), 8], we obtain a contradiction:
k—=1=1¢£(y)— ) <€@O) — (D))
=£(0) — £(D(a)) — (L(D () — £(P()))
<k-2,
where for the first inequality we have used (I). U
Corollary 5.5. If [a, y] — [®(a),0land a <o’ <y, then [a/, y] — [P (), O].

Proof. By Theorem 5.4(11),
P(a) <) <6.

Hence [o’, y] and [® ('), O] have the same length difference, as desired. O
Corollary 5.6. If 9 avoids [, y] then 0 avoids [a, y] forall a < a’.
Proof. This is the contrapositive of Corollary 5.5, combined with induction on £(a) — £(). O

For the next lemma, assume that [«, y] interval embeds into [B, 6], let I be the set of indices for the
embedding, and let J = {1, ..., n}\ I be the set of indices not involved in the embedding.

Lemma 5.7. (I) If B; (and hence 6;) is a sign for some j € J, then
B H)=0(;+) and B(j;—)=0(j;—).

(D) If B, and By are a matched pair for some a, b € J, then

B(a; b) =0(a; b).
Example 5.8. Let

[, y] =11212,1221] € Clansy and [B, 8] = [14-212, 14+221] C Clanss3 .
Both are intervals of length 1, and hence [«, y] < [8, 6]. Here
n=5, [={1,3,4,5}, and J={2}.
This is an instance of Lemma 5.7(I) since =60, =+, B(2; +)=0(2;+)=1,and B(2; —) =6(2; —) =0.
Example 5.9. Recall Example 1.1, where
o, y]=[+——+,1212] and [B,60]=[1+——+1, 123231].

Here
n=6, [I={2,3,4,5}, and J=1{1,6}.

This is an instance of Lemma 5.7(IT) since @ = 1 and b = 6 are matched and B(1; 6) =0(1;6) =0.
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Proof of Lemma 5.7. The proof is by induction on

k=4L(>y) —la) = L) —£(B).
The base case, k = 0, when 6 = g, is trivial, so we may assume k > 1. Suppose that

a<a <y.
By Corollary 5.5,
[0, y]1<— [B',0], where B’ = ®(').

For the statement (I), by induction,
B'(j; £)=6(; $).
Next, clearly
[o, &' [B, B'].
If we know that

B £)=p'(j; ),

then we are done. Hence we are reduced to the case k = 1. The statement (II) similarly reduces to this

situation.

Therefore we prove both claims when £ = 1. To do this, one must analyze each possible covering

transposition 8 < B’. As with the proof of Proposition 5.3, for brevity we give the details only for the

hardest case (T.7). The other cases are similar.
Suppose the 1122 pattern of 8 occurs at

i<j<k<d.

From the proof of Proposition 5.3, we recall from (6) that £(8’) — £(8) = 1 if and only if each position

between j and k is either the right endpoint of a matching (@ < b) with
a<i<j<b<k</{

or the left endpoint of a matching (a < b) with
i<j<a<k<tl<b.

For (I), let m € J be such that 8,, = §,, are the same sign. If m < j or m > k, then

B(m; £) = B'(m; ).

Since B < B, by the observation of the previous paragraph, we cannot have j <m < k.
For (1), for (a < b) € Mpg, one checks that B(a; b) = p’(a; b) unless (a < b) is in one of the three

configurations

i<a<j<b<k<dl, i<j<a<b<k<t, or i<j<a<k<b<ldl.
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Since B < B', none of these configurations are possible, again by the above observation. U

6. Proof of Theorems 4.6 and 1.3

Assume that [«, ] interval embeds into [8, 6] and that J is the set of indices not involved in this
embedding. Let w := wg be the permutation associated to the clan B as described in Section 3A.

Proposition 6.1. For any point M € Ny g and j € J, all the entries in the j-th row and the w(j)-th
column of M are 0 except for the required =1 specified by (0.1), (0.2) or (0.3).

Assuming Proposition 6.1, whose proof is deferred to Section 6C, we prove Theorems 4.6 and 1.3 in
Sections 6A and 6B.

6A. Proof of Theorem 4.6: Define a map
W Ny g— So

by deleting the rows j and columns w(j) for j € J. Proposition 6.1 says that W is injective as a map of
sets. Hence it is injective as a map of varieties, since it is the restriction of a linear map.
If we can show that
Im(¥) SN 4, (7)

we are done. Indeed, this containment is then an equality since ,, 4 is irreducible (by Corollary 4.5) and
since

dim(Np,p) = £(6) —€(B) = £(y) — £() = dim(N,, o),

where the middle equality is by the interval embedding hypothesis.

To prove (7), we need to show W (m) satisfies (R.1), (R.2) and (R.3) whenever m € Ny g. By (strong)
induction on #J > 0, we reduce to the case where 6 is obtained from y (or, equivalently, 8 is obtained
from «) by adding a single +, a single —, or a single matching. (The base case #J = 0 is trivial.)

Case 1: (0 is obtained from y by adding a single +.) Let us suppose that y and « are (p, g)-clans of
length n, so that 8 and B are (p + 1, g)-clans of length n + 1. Let us further suppose that the + is added
between the (¢—1)-th and £-th characters of « and y. Thus

J={¢}, and By=6;,=+.

This 4 in B corresponds to the £-th row R and w(¢)-th column C of a matrix m € Ny g; C is among the
first p columns of m. (Itis R and C which are deleted by the map W.) The column C has a single 1,
which is the only nonzero entry in C and in R.

(R.1): Fori=1,...,n,let R;r denote the rank of the southwest (n — i) x p submatrix of W(m). For
j=1,...,n+1,let R;r denote the rank of the southwest (n+1— j) x (p + 1) submatrix of m. We want
to show that

R;rfp—y(i;—i—) fori=1,...,n,
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knowing that
R7§p+l—9(j;+) for j=1,...,n+1.

There are two cases: Either i < £, ori > £.
If i < £, then we know that

RE<p+1-03;+).

Furthermore, we know that Rf = Rl.+ + 1 since the row R is included among the last n + 1 — i rows of m
and hence contributes 1 to the rank of the southwest (n + 1 —i) x (p + 1) submatrix of m relative to the
rank of the southwest (n — i) x p submatrix of W (m). Finally, we know that
0@; +)=y@;+)
since 6 and y are the same up to position i. Putting these facts together gives us that
RF'=RI—1<p+1-0G;+)—1=p—y(;+),
the desired conclusion.
On the other hand, if i > £, then we have that

Ri <p+1-0G+1:+).

We also have that

R.

_ pt
z+1_Ri

since the row R is now not among the last n + 1 — (i + 1) rows of m and hence does not contribute 1 to
the rank of the southwest (n +1— (i +1)) x (p + 1) submatrix of m relative to the rank of the southwest
(n — i) x p submatrix of W(m). Finally, we also clearly have that

0+, +H) =y +H)+ 1L
Putting these facts together, we see that
RF=Ri,<sp+1-60+L+H=p+1-EEH+D=p-yi+),

as desired.

(R.2): Now, we let R;” denote the rank of the southeast (n —i) x g submatrix of W(m) fori =1,...,n,
and we let RJ_ denote the rank of the southeast (n + 1 — j) x g submatrix of m. We want to show that

R <q—y(;—) fori=1,...,n,
knowing that
R;gq—e(j;—) forj=1,...,n+ 1.

Again, we consider the cases i < £ and i > ¢.
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In this case, the map W simply deletes the row R of 0’s from the submatrix of m formed by the last ¢
columns, which has no effect on the rank whether this row is included among the last n +1 — i rows or
not. Thus for i < £, we know that

Ry =q—0G;-), R; =R, and y(@;—)=00G;—-),

l 1

SO
R <q—vy(@i;—),
as desired.
When i > £, we have
Rii1<q—-0G+1-), R =R, and y(@G —)=00+1;-).
Thus

R =q—yi;-),
again as desired.
(R.3): We now must consider the ranks of the (i, j)-auxiliary matrices for all possible i < j. Giveni < j,
we denote by aux(W(m), i, j) the n x (i + j) auxiliary matrix formed from W (m), and we denote by R; ;
the rank of this matrix. Similarly, we denote by aux(m, i, j) the (n + 1) x (i + j) auxiliary matrix formed
from m and by R; ; the rank of this matrix. We want to see that

Rij<j+vy@;j) foralll<i<j<n,

given that
Rij<j+0@;j) foralll<i<j<n+1.

Since m is obtained from W (m) by adding the row £ and column w(£), containing a 1 in position
(¢, w(¢)) and zeros elsewhere, m ! is obtained from W(m)~! by adding the row w(£) and the column £,
containing a 1 in position (w(¥), £) and zeros elsewhere. Since the auxiliary matrices are built from m™!
and W(m)~!, our analysis relies primarily on this observation.

Now, there are three cases to consider:
i<j<{, i<f<j, andl<i<]j.

When i < j < £, we compare aux(W¥ (m), i, j) to aux(m, i, j). Note that since the lone 1 added to W(m)~!
to form m~! is located in column £ > j, it does not appear in the latter auxiliary matrix; therefore,
aux(m, i, j) is obtained from aux(W(m), i, j) by simply adding a single row of zeros. Hence

Rij =Ri;,
and since
Rij<j+0G;)j), and y(@;j)=00;)),
it follows that
Rij<j+v(;J),
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as desired.

Now consider the case where i < £ < j. In this case, we compare aux(W(m), i, j) to aux(m, i, j + 1).
Here, the latter matrix is obtained from the former by adding a single row and column, with a lone 1 at
the intersection of this row and column, and 0’s elsewhere. (Note that the 1 does in fact appear since it is
in row w(f) < p, by the definition of w.) Thus

Rij+1=R;;j+1, andclearly 0(¢;j+1)=y(;j).

So since
Rijy1 < j+146G; j+1),
we have
Rij=Rijr1—1=<j+14+00G j+D)—1=j+yG;)),
as desired.

Finally, consider the case £ <i < j. Here we compare aux(\W¥(m), i, j) to aux(m,i + 1, j + 1). The
latter matrix is obtained from the former this time by adding one row and two columns, with the row
containing two 1’s, one at its intersection with each of the two columns. The row and the two columns
have zeros in all other entries. Note that this adds 1 (nor 2) to the rank, so

Rit1j+1 = Riy1 j+1+ 1.
Note further that
y@; H)=0G+1;j+1),
so since
Riji;jp1 < j+1+60G+1; j+1),
we have
Rij1,jt1=Rig1,jr1 — 1= j+14+0G+ 1 j+D)—1=j+yG; j),

as required.

Case 2: (0 is obtained from y by adding a single —.) Here the arguments are similar to those of Case 1;
we simply interchange signs and the roles of the last g columns and the first p columns in the previous
argument. We omit the details.

Case 3: (0 is obtained from y by adding a single matching.) Suppose that the (p+1, g+1)-clan 6 is
obtained from y by adding to the (p, ¢g)-clan y a single matching, the left endpoint of which is added
between positions £ — 1 and ¢, and the right endpoint of which is added between positions ¢’ — 1 and ¢'.
Thus J = {¢, €'}.

(R.1): As above, let R;r denote the rank of the southwest (n — i) x p submatrix of W(m), and let Rj
denote the rank of the southwest (n +2 — j) x (p 4+ 1) submatrix of m. Now the submatrix of m formed
by its first p 4+ 1 columns differs from the submatrix of W (m) formed by its first p columns in that the
former has two extra rows and one extra column. The northernmost extra row (row £) contains a 1 in
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column w(¢) and 0’s elsewhere, and the southernmost extra row (row £') contains a —1 in column w(¥)
and 0’s elsewhere. Besides the aforementioned 1 and —1, column w(£) has all of its other entries zero.
We want to see that

R <p—y(i;+) foralli
given that
R;r <p+1-0(j;+) forall.

We consider three cases:
i<?, €¢<i<?, and ¢ <i.
If i < ¢, then we know that
RI<p+1-0@;+) andthat 0(i;+)=y>;+).
Also,
RI=R"+1

since the southwest (n +2 — i) x (p 4+ 1) submatrix of m contains both the aforementioned extra rows
relative to the southwest (n —i) x p submatrix of W(m), which causes the rank of the former to be 1 (not
2) higher than the rank of the latter (since the 1 and —1 occur in the same column). Thus

RF'=R'—1<p+1-0G;+H)—1=p—yG;+),
as required.
Now, if £ <i < £, then we know that

Ri <p+1-0G+1;+) andthat 6G+1;4+)=y(;+).

Note here that

Rt

_ pt
it =R+ 1

because the southwest (n +2 — (i + 1)) x (p + 1) submatrix of m still contains one of the two extra rows
(namely row £') relative to the southwest (n — i) x p submatrix of W(m); this causes the rank of the
former to be 1 larger than the rank of the latter. Then

RF=RI —1<p+1-0G+L+) —1=p—yGi: +).
Finally, if ¢’ <, then we know that
Riza<p+1—-0@Gi+2;+) andthat 0G+2;+)=y@;+)+1.
Here,

+ _ pt
Riy2 =R
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because the southwest (n +2 — (i +2)) x (p + 1) submatrix of m now does not contain either of the
additional rows, so it differs from the southwest (n —i) x p submatrix of W(m) only in that it has an
extra column of zeros. Thus we have

RF=R,<p+1-6+2:H)=p+1-(y@:H+D)=p—yi:+),
as required.

(R.2): The argument is virtually identical to that for (R.1).

(R.3): We again must consider the ranks of the (i, j)-auxiliary matrices for all possible i < j. As above,
given i < j, we denote by aux(W (m), i, j) the n x (i + j) auxiliary matrix formed from W (m), and by
R; ; the rank of this matrix. We denote by aux(m, i, j) the (n +2) x (i + j) auxiliary matrix formed from
m, and by R; ; the rank of this matrix. We want to see that

Rij<j+y(i;j) foralll<i<j<n
given that

Rij<j+0G;j) foralll<i<j<n+2.

Recall that m is obtained from W (m) by adding rows £ and ¢’ and columns w(¢) and w(¢’), with 1
in positions (£, w(£)), (£, w(£’)), and (¢/, w(¢)), a —1 in position (¢', w(£)), and 0’s elsewhere. Thus
m~! is obtained from W (m)~! by adding rows w(£) and w(¢") and columns ¢ and ¢', with % in positions
(w), £), (w), £), and (w), £, a —% in position (w(¢), £'), and 0’s elsewhere. The analysis below
relies primarily on this observation.

There are several cases to consider, depending upon the values of i < j relative to £ and ¢’. Given
i < j,wedefine ig < jy respectively to be the positions in 6 of the i-th and j-th characters of y relative
to the embedding. So for a given i, there are three possibilities:

(1) ig < £, in which case iy =i;
(2) £ <ig <, in which case ig =i + 1; or
(3) ¢’ < iy, in which case ig =i + 2.
Now, we consider the following cases:
(ig < jo < £): In this case,
ip=1i, Jjo=j, and y(;j)=0Ge; jo).
Furthermore, aux(m, iy, jg) differs from aux(W(m), i, j) only by the addition of two rows of zeros, so
Riy.jo = Ri.j-
Thus
Ri i =TRiyj, < jo+0g, jo) =]+ v J),

as required.
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(ig <€ < jo <{'): Then
ip=1i, Jjo=j+1, and y(@; j) =03, jo)-

Here, aux(m, iy, jg) differs from aux(W(m), i, j) by the addition of two rows and one column. The
column contains two %’s, each of which is contained in one of the two added rows. All other entries of
this column and these two rows are zero. Thus

Rig.jy = Rij + 1.
Then
Rij=TRiyj—1=<jo+0Ge; jo)—1=j+1+y@j)—1=j+y3ij).

(ig <€ <t < jy): Then
ig=1i, Jjo=Jj+2, and y(i;j) =00y, jo)-

Here, aux(m, ig, jo) differs from aux(\W(m), i, j) by the addition of two rows and two columns. The first
column contains two %’s, each of which is contained in one of the two added rows. The second column
contains a —% and a %, again with each of these entries occurring in the two added rows. All other entries
of the added rows and columns are zero. Thus

R = R,"j + 2.

ig,Jo
Then
Rij=TRisjy—2=jo+00e; jo) —2=j+2+y(;j)—2=j+y3Uj).

(¢ <ip < jo <¥'): Then
ig=i+1, jo=j+1, and y(@;j)+1=0(0s, jo).

Here, aux(im, ig, jg) differs from aux(\W(m), i, j) by the addition of two rows and two columns. The first
column contains a single % in the northmost added row. The second column contains two %’s, with each
of these entries occurring in the two added rows. All other entries of the added rows and columns are
zero. Thus

R =R;;+2.

ig,Jjo
Then
Rij=TRiyjy—2=Jjo+00e: jo) —2=j+1+yG )H)+1-2=j+y3 ).

(€ <ig <t < jp): Then
ip=i+1, Jjo=Jj+2, and y(@;j)=0(pg, jo).

Here, aux(m, ig, jg) differs from aux(W(m), i, j) by the addition of two rows and three columns; one
checks that again we have

R :Ri,j+2-

ig, Jo
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Thus
Rij=TRiyj, —2=jo+00e; jo)—2=j+2+y;j)—2=j+y3U ).

(€ <t <ig < jp): Then
ig=1i+2, jJo=j+2, and y(@;j)=0(s, jo).

Here, aux(im, ig, jo) differs from aux(\W(m), i, j) by the addition of two rows and four columns; again, it
is the case that

Rig,jg = Ri,j + 2.
Then
Rij=TRiyjy—2=jo+00e; jo) —2=j+2+y@j)—2=j+y0j).
This completes the proof of Theorem 4.6, having assumed Proposition 6.1. (|

6B. Proof of Theorem 1.3: (I): Let [c, y] € C be such that Y, is non-P along O,. Now suppose

[Ol, )/] =c [ﬁv 0] (8)

Clearly, we may assume this is a covering relation, of which there are two kinds.

The first possibility is that [, 8] interval pattern contains [«, y]. We know from Observation 1.4
that W,, is non-P along Q,, so in particular, W, is non-P at x,. Thus V), , is non-P at the origin,
since (non-)P is stable under taking slices by Lemma 2.5. Then Nj g is non-P at the origin as well, by
Theorem 4.6. (Note that the isomorphism W of Theorem 4.6 carries the origin on Ay g to the origin
on N, o.) Thus Wj is non-P at xg, again by slice-stability of (non-)P, and then in fact Wj is non-P along
Qg, by homogeneity. Using Observation 1.4 once more, we conclude that Yy is non-P along Og.

The other possibility is that # = y and B < «. Then Og € O, C Y, , by the definition of the closure
order. Since Y,, is non-P along O, and non-P is a closed property, Y, is non-P on Oy, and hence on Og,
as desired.

(II): This is the contrapositive of (I). O
6C. Proof of Proposition 6.1. Recall that w := wyg is the permutation associated to the clan 8, as defined
at the beginning of Section 3A. Denote by Z = Z(f) the underlying involution of 8, as defined prior to
Claim 3.7. This means T is the permutation that fixes j if B; is a sign and interchanges i and j if (i < j)

is a matching of B.
We split the proof into three main cases (A, B and C) depending on the value of 0.

6C1. Case A: (0; =+). We prove Case A via two claims.
Claim 6.2. The entries of column w(j) (except the 1 in row j required by (0.1)) vanish.

Proof. By Lemma 5.7(I), 6(j; +) = B(j; +). Define

ri=p=00(:+)=p—-B0:+). 9
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Since B(n; +) = p, it follows from the definitions that
r= #{k | k > j, and By = + or B is the right end of a matching}. (10)

Let k; < --- <k, be the r indices of the set given in (10). Also define
fwk) i B =+
" \w(@(k;)) if By is the right end of a matching,

fori=1,...,r.
Subclaim 6.3. (I) ¢; <pforl1 <i<r.

(Il) Column c; of M has a fixed £1 in row k;. Besides any fixed £1 in this row, any of the leftmost p
columns of M strictly right of column c; has zero in row k;.

Proof. First suppose B, = +. Then by definition of w,
ci =w(k;) < p,

proving (I) in this case. Case (II) holds by (O.1) and (Z.1) combined.
Otherwise, f, is the right end of a matching. For (I), here Z(k;) is the left end of that matching, and

ci =w(Z(k;)) < p,

again by the definition of w. Now, by (0.2), columns w(Z(k;)) and w(k;) of M are assigned —1 and 1
respectively in row k;. Then (II) holds by (Z.4). This completes the proof of Subclaim 6.3. O

Now, let v; denote the vector consisting of the last n — j entries in column ¢;. By Subclaim 6.3(1I),
it follows that {vy, ..., v,} is a linearly independent set. Since M € Ng. g, by (R.1) (with i = j), the
southwest (n — j) x p submatrix M° of M has rank at most r (see (9)). Thus

N

vy, ..., U, is a basis of colspace(M°). (11)

Since we assume 6; = +, by (Z.2), all entries of column w(j) strictly north of row j are zero. Thus it
remains to show the vector v consisting of the last n — j entries in column w(j) < p is the zero vector.
By (11) we have

v € Span(vy, ..., U,). (12)
Now, fori =1,...,r, let

ki =

]

(ki) if Z(ki) > J,
{ ki otherwise.

Notice that k! is either the row of a pivot, or it is a row containing a —1 which is located southwest of
entry (j, w(j)). Thus either by (Z.1) in the former case, or by (Z.4) in the latter, v has a 0 in row klf for
all i. In view of (12) and Subclaim 6.3(II), we see that v = 0, as desired. This completes the proof of
Claim 6.2. 0

Claim 6.4. The entries of row j (except the 1 in column w(j) required by (O.1)) vanish.
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Proof. By (Z.1), the claim holds for the leftmost p columns of M. Thus, it remains to check the conclusion
for the rightmost g columns p+1, ..., n.
Let M° be the southeast n — (j — 1) x g submatrix of M. By (R.2) for i = j — 1, the rank of M° is at
most
q=0( -1 —-)=q—-0(:-)=q—-p(:—-)=r

where the second equality is by Lemma 5.7. As in the proof of Claim 6.2, there are r positions
ki,..., k. > j with B, being either a — or the right end of a matching. Each index corresponds
to a 1 in row k; > j in one of the rightmost g columns of M. More precisely, if Sk, is a —, this 1 is the
pivot of row k;, and if B, is the right end of a matching, the 1 is the second 1 in its column. By (Z.5) and
(Z.8) respectively, each of these 1’s have all 0’s to their right (and in the same row). None of these 1’s
appear in the same column, by (O.1) and (0O.3). So, these r column vectors vy, ..., v, of M° are linearly
independent, and therefore

1, ..., U, is a basis of colspace(M°). (13)

In row j of M, the entry in each v; is zero, by (Z.6) or (Z.7), since each such position is above either a
pivot 1 or is between two 1’s. So if any entry in row j among the last ¢ were nonzero, its column in M°
would be linearly independent of {vy, ..., v,}, contradicting (13). The claim therefore holds. O

6C2. Case B: (0; = —). The argument is nearly identical to that of Case A; we omit the details.

6C3. Case C: (j, j' € J (with j < j') is a matched pair). We start with an observation we will use
repeatedly:

Claim 6.5. If (k < k') is a matching of 8, then

l<a<wk = w ') <k,
and
pH+l<a<wk)=IZ(w ') <k.

Proof. Since k is the left end of a matching, w(k) < p. If 1 <a < w(k) < p, then by definition, a is the
label assigned by w to either a + or the left end of a matching appearing to the left of k, so w™!(a) < k.

Similarly, since k' is the right end of a matching, we have p+1 <wk) <n. If p+1 <a < w(k'),
then a is assigned by w to either a — or the right end f’ of a matching (f < f”). By definition of w, in
the former case, the “—" must appear left of k, so that w~(a) < k. Since Z(w~'(a)) = w™ (@) in this
case, we have Z(w~'(a)) < k, as claimed. In the latter case, where f’ occurs at position w™!(a) and f at
position Z(w ' (a)), again by the definition of w, we must have that f is left of k, so Z(w () <k. O

Denote by v; the i-th column vector of M.
Since M is invertible, {v1, ..., U,} is a basis of C". Thus, for any 1 < k < n, we have a linear
dependence relation

n p
gk + Z )‘k,aaa - Z )"k,uﬁa (]4)
a=1

a=p+1
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for some scalars A q, ..., Ak, € C.

Claim 6.6. Given any k such that B, = +, —, or the left end of a matching, we have
Aewb)y = Mowapy =0 forany b < k.
If By is the right end of a matching, then
AMewb) = Mow@py) =0 forany b < I(k).

Proof. Fix k. We prove both assertions by a common induction on b < min{k, Z(k)}.

In the base case, when b = 1, B; cannot be the right end of a matching. So we check the remaining
three possibilities in turn.

If By = +, then the first coordinate of v, is 1 for a = 1 and is 0 otherwise. This follows from the
definition of w together with (O.1), (Z.1), and (Z.6). Since k > b = 1, the first row of (14) thus says that
0 = Ar,1. However,

I=w(l) =wZ(1))

in this case, so we are done. The argument when 8; = — is similar.
Now, suppose that g is the left end of a matching. Then the right end of this matching is at position
Z(1). From w’s definition, along with (O.2), (Z.1), and (Z.5), the first row of (14) asserts

0+)"k,p+1 = Ak1.
Meanwhile, by (0.3), (Z.4), and (Z.8), row Z(1) reads

O—I-)»k,p_:,_] =—Ak1.

Putting these together, we have

Mew(1)y = Mt = A p1 = Aiwzay =0,

as desired.
For the inductive step, now suppose that b > 1, and that the claims hold for indices less than b.

Case 1: (B, = +.) By (Z.1) in row b, all the entries among the first p columns are O except for a 1 in
column w(b). Therefore, the b-th row of (14) is

0+ Z Ak,aZba = Mew(b)- (15)
a=p+1
If
Z(w™ ' (a)) > b,

then z5 , = 0 by (Z.6), since this entry is above the pivot in column a. If on the other hand

Z(w™ Y (a)) < b,
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then A , = O by the inductive hypothesis. Hence A ) = 0. Since w(Z(b)) = w(b) in this case, we
have Ax iz b)) = 0 as well.

Case 2: (B, = —.) This is similar to Case 1.

Case 3: (B is left end of a matching.) Let b = Z(b) be the right end of the matching. Let

c=wb®) and  =w®).
In row b, (14) states that
)\k,c’ = )\k,c’ (16)

since all other entries in row b are 0, by (Z.1) and (Z.5).

Now, note that if i is a +, a —, or the left end of a matching, then we clearly have that k # b’. If B
is the right end of a matching, then since b < Z(k), we again have that k # b’. Thus in row ', (14) states
that

-1

c—1
0+ Z )‘k,azb’,a + )‘k,c’ = Z )"k,azh’,a - )"k,ca a7
a=p+1 a=1

by (Z.4) and (Z.8).
Now,
I(w_l(a)) < w_l(c) =b
for a in the first sum, whereas

wil(a) < wil(c) =b

for a in the second sum. Hence by induction, Ay, =0for | <a<c—1land p+1<a<c —1.So(17)
reduces to

Ak = =k
Combining this with (16) gives
e =ree =0,
as desired.

Case 4: (Bp is the right end of a matching.) The left end of the matching is at position b’ = Z(b).
By Case 3,

Mew®) = rewawy =0,
which is the same as
Aewd) = Mew@w)) =0,

as required. O

Corollary 6.7. If (k < k') is a matching of B, then

Ma=a=0 fora=1,...,wk)—1landfora=p+1,...,wk’)—1.
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Proof. By Claim 6.5, for 1 <a < w(k), we have w~(a) < k, whereas for p+ 1 <a < w(k’), we have
Z(w~(a)) < k. In either event, Ak,a = A .o = 0 by Claim 6.6. O

Claim 6.8. If B, = +, then Ae,w(k) = 1. If By = —, then Aewk) = —1.
Proof. First suppose B = +. Consider row k of (14). By (Z.1) and (O.1), this equation is

n
L+ Y MeaZia = Mewio-
a=p+1

If w™'(a) < k, then Ak.q = 0 by Claim 6.6. On the other hand, if w~(a) > k, then Zk.a = 0 by (Z.6)
or (Z.7). Hence the equation reduces to 1 = A ), as desired.
Now, if B = —, then row k of (14) is

P
L+ Ak wiy = Z Ak.aZk,a-
a=1

Again, if w™!(a) < k, then A;, = 0 by Claim 6.6. If w=!(a) > k, then z;, = 0 by (Z.2). Hence the
equation reduces to 1 + Ag k) = 0, whence A k) = —1 as claimed. O

Claim 6.9. Suppose (k < k') is a matching of B. Then
Aew(k) = % and A wi'y = —%,
and
A wk) = M w(k') = —%-
Proof. First consider row k of (14). By (0.2), (Z.1), and (Z.5), it reads
I+ Ak wy = Mew(k)- (13)

Now consider row &’ of (14). By (0.3), (Z.4), and (Z.8), it reads

w(k')—1 w(k)—1

D Meattat ey = Y MeaZk.a = M- (19)
a=p+1 a=1

Applying Corollary 6.7 to (19) reduces it to

AMew(k'y = =M w(k)- (20)

Solving (18) and (20) simultaneously gives Ak k) = % and Ag i) = —%, as claimed.
Similarly, now consider (14), but with k replaced by k’; looking at row k gives

A wky = A wik) - (21

If we examine row k', we obtain
1 +)\k’,w(k’) = _Ak’,w(k)- (22)

Solving (22) and (21) simultaneously gives the remainder of the claim. O
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Claim 6.10. If (k < k') is a matching of B, then

Mew(b) = Mew(Zh)) = M wb) = M wzp)y) =0
forb=k+1,..., k' — 1.

Proof. We only give the proof of the claim that

Mew(b) = Mew(@by) = 0
The proof that
M wb) = M w@vy) =0
is identical.
We induct on b. For b in the appropriate range, the inductive hypothesis is that the claim holds for all
a satisfying k < a < b.

Case 1: (Bp = +.) In this case, row b of (14) reads

n
0+ Z Ak,aZba = Mew(b)- (23)
a=p+1

Now, if Z(w =1 (a)) > b, then Zp.a = 0 by (Z.6), since this entry is above the pivot in column a. Otherwise,
either
Zw ') <k, Zw ' a)=k, or k<Z(w ') <b.

In the first case, we have that Ay, = 0 by Claim 6.6. In the last case, we have that Ay , = 0 by the
inductive hypothesis. In the middle case, we have that z;, , = 0 by (Z.7), since this entry is between the
two 1’s in positions (k, a) and (k’, a). Thus the left-hand side of (23) is actually zero, implying that
)Vk,w(b) = )\k,w(I(b)) = 0, as claimed.

Case 2: (B, = —.) This is very similar to Case 1; we omit the details.

Case 3: (B is the left end of a matching.) Let the right end of this matching be S. Let ¢ = w(b), and
let ¢’ = w(b).
By (Z.1) and (Z.5), in row b, (14) states that

)“k,c == )“k,c’- (24)

By (Z.4), (Z.8) and (0.3), in row b’, we have

-1 c—1

0+ Z )‘k,azb/,a + )\k,c’ = Z )Vk,azb’,a - )Vk,c (25)
a=p+1 a=1

Subcase 3.1: (b’ < k’.) In fact each term of the sum on the left-hand side of (25) vanishes for one of
three reasons:

(L.3.1.1) Z(w™'(a)) < k: A.q =0 by Claim 6.6.
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(L.3.1.2) Z(w~'(a)) = k: zpy., = 0 by (Z.7), since in column a = w(k’), the entry in row 4’ is located
between two 1’s in rows k and k', since we have assumed that b’ < k.

(L.3.1.3) Z(w ' (a)) > k: Ak.a = 0 by the inductive hypothesis, since p + 1 < a < w(b’) implies that
Z(w~'(a)) < b by Claim 6.5.

Similarly, each term of the sum on the right hand side of (25) vanishes for one of these three reasons:
(R.3.1.1) w™'(a) < k: Ar.q =0 by Claim 6.6.

(R.3.1.2) w(a)=k: 2. =0 by (Z.3), since in column a = w(k), the entry in row b’ is located between
a linrow k and a —1 in row k', again because we have assumed that b’ < k’.

(R.3.1.3) w(a) > k: Ak.o = 0 by the inductive hypothesis, since 1 <a < w(b) implies that wa) <b
by Claim 6.5.

Thus by (L.3.1.1)—(L.3.1.3) and (R.3.1.1)—(R.3.1.3) combined, (25) reduces to Ay . = —Xig.. The
simultaneous solution of this with (24) is Ag . = Ak, =0, as desired.

Subcase 3.2: (b’ > k’.) The two matchings (k < k") and (b < b") form a 1212 pattern. We analyze each
term of the sum on the left-hand side of (25):

(L.3.2.1) Z(w ' (a)) < k: Ak.q = 0 by Claim 6.6.

(L.3.2.2) Z(w~(a)) = k: We cannot conclude that Zp'.a = 0. We do know by Claim 6.9 that A; , =
A wky = —%, so all we can say is that this particular term is equal to —%zb/’w(k/).

(L.3.2.3) Z(w ' (a)) > k: Ak.a = 0 by the inductive hypothesis, as in (L.3.1.3).
For the right hand side of (25), we see:
(R.3.2.1) w™!(a) < k: A.q =0 by Claim 6.6.

(R.3.2.2) w™!(a) = k: We do not know that z;; , = 0, but we do at least know by Claim 6.9 that
Aea = Mew(h) = % Thus this term is equal to %zb/,w(k).

(R.3.2.3) w(a) > k: Ak, = 0 by the inductive hypothesis, as in (R.3.1.3).

In view of the 1212 pattern occurring in positions k < b <k’ < b’, by (Z.9),

2, wk'y = —Zb,w(k)-
Thus the terms from (L.3.2.2) and (R.3.2.2) may be canceled in (25). Therefore (25) reduces to Ay =
—Ak,c. The simultaneous solution of this with (24) is
)\k,c - )Mk,c’ - 0,
as required.

Case 4: (Bp is the right end of a matching.) If the left end of this matching occurs prior to position k, we
are done by Claim 6.6. Otherwise it occurs after position k, and we may apply Case 3. O
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Let
Ty C' =V

be the projection onto

with kernel

Applying m,, to both sides of (14) gives

P
NM(Ek) = Z)\k,aﬁw (26)

a=1
Claim 6.11. Suppose (k < k') is a matching of B. Then
(D) 7y, (€x) is equal to —1/2 in row k'
(IT) If ¢ is the left end of a matching with £ > k, then 1, (e;) has entry 0 in row k'.
(IIT) (€x) is zero in row £ for any £ < k" except £ = k.

Proof. (I) We have

p p p
nM(Ek) = Z)‘k,aﬁa = Z )\k,aﬁa = %611)(10 + Z kk,aﬁw (27)
a=1 a=w(k) a=w(k)+1
The first equality is (26). The second equality is by Corollary 6.7. The third equality applies Claim 6.9.
Now, by (0.3), zk'.wx) = —1, and by (Z.4), zx' , =0 for w(k) < a < p. Therefore row k' of (27) is clearly

—%, as claimed.

(II) By (Z.4) and (26), entry k' of JTM(Eg) is Z;”ikl) Ae.aZiq- Butif a <w(k), we have w @) <k<t
by Claim 6.5. Thus by Claim 6.6, all A, , in this sum are zero.
(1) 7y, (&) in row € is Y F_| Ak 420, However, Ay, = 0 if w™!(a) < k" and w™!(a) # k, either by
Claim 6.6 (if w™!(a) < k) or Claim 6.10 (if k < w™!(a) < k).

Now suppose w~!(a) = k, so that ¢ = w(k). Then there is a 1 in position (k,a) and a —1 in
position (k', a). If £ < k, then z; , = 0 by (Z.2), while if k < £ < k', we have z; , = 0 by (Z.3).

Finally, if w1 (a) > k', then since 1 < a < p (and hence B has either a + or a left endpoint at position
w~(a)), there is a pivot at position (w~'(a), a). Then since £ < k', we have Ze.a =0 by (Z.2). So in fact
every term of the sum is zero. O

Set
ri=0(j;Jj".
By Lemma 5.7,
r=pB(; j) =#{(k <k') amatching of B | k < j < j' <k'}.
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Let the r matchings of the above set be
(ki <kp), (ka <k, ..., (ky <k)), with ky <kp <--- <k, < j.
Claim 6.12. (I) The set

{ﬂM(gkl)’ T[M(zkz), R} ﬂM(gkr)} (mOdMlO E]/)
forms a basis of m,(E;) + E; JE .
In nM(zj) — 0 as an element of iy (E;)+ Ej//E . In other words, for any t > j', nM(Ej) is 0inrowt.

Proof. (I) Suppose in the quotient 7,,(E;) + E;//E ; that we have a dependence relation of the form

D hilmy @)+ Ep) =Y Ay @)+ Ej =0 (modulo Ej).
i=1 i=1
Then Y :_, A;7,,(é,) € Ej», meaning that for any index £ > j/, the vector Y _._, A;7,,(€,) has entry 0 in
position £. In particular, this vector has entry O in positions k7, ..., k.. Then applying parts (I) and (II)
of Claim 6.11, a triangularity argument gives that all the scalars A; are equal to zero. Hence the vectors
Ty (7% F Ty (éx,) descend to a linearly independent set in the quotient ay(Ej))+E;/Ej.
Then by (C.3) and the discussion following the statement of Theorem 4.4, we know that

dim(my (E)+Ej) < j' +60(: j) =) +BG: jH=Jj+r
Then dim(r,, (E;) + E;//E;/) < r, so in fact the linearly independent set {JTM(Ekl), R JTM(Zk,)} isa
basis for ), (E;) + Ej/E:, as claimed.

(I) From Part (I), we have that 7, (e ), viewed as an element of 7, (E;)+E '/ E j, is a linear combination
of {my,(€x,), )y (€x,), - - ., 7y (€x,)}, or equivalently,

,
JTM(gj) + E = Z)L,’T[M(Eki) —+ Ej/
i=1

for some scalars Aj, ..., A,. We want to show that A; = 0 for each i. Since we know that k; < j < klf for
1 <i <r, we have by Claim 6.11(II) that 7, (Ej) has entry 0 in row klf > j' for 1 <i <r. We also know
by Claim 6.11(I) that 7, (ex;) is nonzero in position ki for 1 <i <r. Combining these two facts gives
that each A; = 0, and hence we have 7, (Ej) =0inm,(E;)+ Ej/E}, as desired. Since we thus have
), (¢;) € Ej the remaining assertion also follows. O

We also record the following related claim for later use:

Claim 6.13. (I) The set
{7ty (€r))s Ty (€y)s - - -, Ty (€x,)}  (modulo Eji_y)

forms a basis of (), (E;j 1)+ Ej_1)/Ej_.

(II) nM(T)) = 0in row j' for any vector v.
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Proof. (I) Since (j < j’) is a matching, we have
0 —1;j'=D=0;j)=r
since a matching (k < k') satisfies
k<j<j <k << k<j-1<j-1<Kk.

Hence the claim follows by exactly the same argument as for Claim 6.12(I).

II) By (I), it suffices to prove this for Ek,. fori=1,...,r. Since j < klf by definition, this follows from
Claim 6.11(III). O
Now, by (0.2),
Zjwp =1 and  zju) =1
By (0.3),
Zjw(y =—1 and  zj .y =1.

By (Z.2) and (Z.3),

w() =0 ifb<jorj<b<j
Finally, by (Z.6) and (Z.7),

wn =0 ifb<jorj<b<j'.

Hence the first assertion of our next claim is what remains to obtain the desired conclusion of
Proposition 6.1 about columns w(j) and w(j’). The second assertion is a technical strengthening for the
induction argument we give.

Claim 6.14 (Case C: column zeroness). 2 w(j) = Zb,w(j) =0 and Aj wep) = Ajwazp)) =0 forall b > J.

Proof. Our argument is by induction on » > j’. The inductive hypothesis is that the claims hold for all
g satisfying j' < g < b. Our inductive step is to prove that this implies that the claims hold for 5. Our
argument depends upon the value of S;.

(Bp = +): The expression for ), (Ej) in row b (see (26)) is

p
Z AjaZb.a- (28)
a=1

However, by (O.1) and (Z.1) we know

Zbwpy =1 and zp, =0 for 1<t<p and t#w(b).

Thus, in particular we obtain the claim’s assertion that z;, ,(j) = 0. Moreover, (28) reduces to A ). By
Claim 6.12(II), all entries of ,,(¢;) beyond position j’ are zero. Since we assume b > j’, we therefore
conclude that A; ) = 0. Since B, = +, by definition we have

w(Z(b)) = w(b),
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SO

Ajwamy =*jwe) =0,

proving the claim’s second assertion in this case.
It remains to show that z;, ,,(jy = 0. For this, we use (14), taking k = j, which in row b gives

n P
0+ Z )\j,aZb,a = Z)\j,azb,a = }\j,w(b) =0, (29)
a=p+1 a=1
where the second and third equalities were shown in the previous paragraph.
We wish to isolate the A ; y,(j/)2p,w(j7) term on the left-hand side of (29) by showing all other terms
there vanish.

Subclaim 6.15. For all a # w(j') on the left-hand side of (29), either X j . =0 or z, o = 0.

Proof of Subclaim 6.15. Given p + 1 < a < n, we prove the subclaim by case analysis on the position of
the pivot in column a.

Since B, =+ and p 4+ 1 < a < n, the pivot of M in column a cannot be in row b. This leaves two
other cases.

First, if the pivot of M in column « is in a row strictly north of row b, then this pivot occurs in
row Z(w~"(a)) < b. Note that we cannot have Z(w~'(a)) = j', since this would imply that a = w(j),
contradicting the fact that p+1 <a <n while 1 <w(j) < p. Furthermore, we cannot have Z (w™a) = J,
since this implies that ¢ = w(j’), and we are excluding this case from consideration. Thus we need only
consider the cases where Z(w ™' (a)) < j, where j < Z(w~!(a) < j/, and where j' < Z(w~!(a)) < b.
In the first case, we have that A, = A ,,(z(z(w1(a))) = 0 by Claim 6.6. In the second case, we have
Aj.a =0 Dby Claim 6.10. And in the third case, we have that A; , = 0 by the inductive hypothesis.

The second possibility is that the pivot of M in column a is in a row strictly south of row . But in
this case (Z.6) implies that z; , = 0, so we are done.

This completes the proof of Subclaim 6.15. 0

By Claim 6.9, we have A ;1) = —%. Hence, by Subclaim 6.15, (29) reduces to

1
Ajw()Zbw(i) = —32bw(j) = 0.

Therefore, 25, .,(j) = 0, as needed.
(B has a — at b): The reasoning here is very similar to the previous case. We omit the details.

(B has the left end of a matching at »): By (O.2) in row b of M, there are 1’s in positions w(b) and
w(Z(b)). In addition, by (Z.1) and (Z.5), M has O’s elsewhere in row b. Thus we obtain the claim’s
assertion that

Zb,w(j) = Zb,w(j) = 0.
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Using this, taking k = j in (14) and examining row b, we see that

Ajw®) = AjwE®)- (30)
Claim 6.14’s hypothesis that » > j’, combined with Claim 6.12(II), indicates that A j.w = 0. Hence,
by (30) we obtain the required A ) = A wz®)) =0.

(B has the right end of a matching at b and its left end is at Z(b) < j): Since this subcase assumes
Z(b) < j, by Claim 6.6, we have that

Ajw@®) = rjwe) =0,
as desired.
By definition of w,

wZ®) <w()<p and p+1=wd) <w(j). €1y

Now, 25 wz@®)) = —1 by (0.3), and column w(}j) is right of column w(Z(b)) by the first inequality of (31),
so by (Z.4), we know that z;, ;) = 0. Similarly, z; ) = 1 by (0.3), and using the last inequality of
(31) combined with (Z.8), we see that z; ;) = 0 as well.

(B has the right end of a matching at b and its left end Z(b) satisfies j < Z(b) < j’): By Claim 6.10 we
know X wp) = Ajwzp)) = 0. Here, the matchings (Z(b) < b) and (j < j') are in a 1212 pattern, so by
(Z2.9),

Zb,w(j) = —Zb,w(j")-

Thus we only need to see that z; ,,(j) = 0. For this, consider row b of (26), where we take k = j. Since
b > j’, using Claim 6.12(I), (0.3), and (Z.4), we see that

w(Z(b)—1
( Z )»j,azb,a) —Ajww) =0. (32)
a=1

It was argued already, in the proof of Claim 6.10 (see (R.3.2.1)—(R.3.2.3)), that the left-hand side of (32)
reduces to %zb,w(j) — Aj w(z®))> and we have noted above that A ; ,,z»)) = 0. So we have %zb,wo) =0,
whence z;, ;) = 0, as desired.

(B has the right end of a matching at b and its left end Z(b) satisfies j* < Z(b)): Consider row Z(D)
of (14), where we take k = j. Since we assume j' < Z(b), by (0.2), (Z.1) and (Z.5), (14) reads

Ajwb) = Ajw@b)- (33)
By Claim 6.12(II) and the assumption j' < Z(b), we see that A ; ,,(z(»)) = 0, and so by (33),

Ajwp) = 0. (34)
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Let us show z;, ;) = 0. For this, we first analyze row b of (26), taking k = j. By (0.3), (Z.8) and

Claim 6.12(II), this row is
w(Z(b))—1

D Ajazha—rjwaey =0,

a=1
Since by (33) and (34) we know A (z4)) = 0, this equation reduces to

w(Z(b))—1
> AaZba =0. (35)
a=1
By Claim 6.5 (where k = Z(b)), all a indexing the summation in (35) satisfy
w(a) <Z(b) <b.

Therefore, all A ; , except for A; ;) vanish, either by Claim 6.6, Claim 6.10, or the inductive hypothesis.

In view of Claim 6.9,

hjow() () = 32b.u())
does appear in the left-hand side of (35). Thus (35) actually states
32bu(j) =0,

whence zj ;) = 0.
We now show z;, ,(j»y = 0. For this, consider row b of (14) (taking k = j), which says that

w(b)—1 w(Z(b)—1
0+ Z AjaZbatrjwe) = Z XjaZba = Ajw@®))
a=p+1 a=1

or equivalently, by (33) and (34),

w(b)—1 w(Z(b))—1
Z )‘-j,azb,u = Z )‘j,azb,w
a=p+1 a=1

By (35), the right hand side of this equation is zero, so we are reduced to

w(b)—1

> Ajazba=0. (36)

a=p+1

By Claim 6.5, all a indexing the sum satisfy Z(w~!(a)) < b. Thus, all A j,a vanish with the exception of
Aj,w(jn, €ither by Claim 6.6, Claim 6.10, or the inductive hypothesis. Thus (36) reduces to

1
Ajw(iHZbw(i) = —32bw(j) = 0,

by Claim 6.9. Hence z, ;1) = 0.
This concludes the proof of Claim 6.14. O
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Now, we turn to rows j and j'. By (Z.1) and (Z.5), every entry in row j other than z; v(j) = 2w’ =1
is 0. Furthermore, by (Z.4) and (Z.8),

Zjra=0 exceptwhen 1<a<w(j) or p+1<a<w().

Thus what remains to complete the proof of Proposition 6.1 is the following:
Claim 6.16 (Case C: row zeroness). z; , =0 for all a satisfying either | <a <w(j) or p+1<a <w(j’).
Proof. By Claim 6.5, it suffices to prove

2wy =0 and  zj ey =0 for all b<j.
We prove this by reverse induction on b. Our inductive hypothesis is that

Zjrwe) =Zjw@e) =0 forallcwithd <c < j.
Now, in view of (0.3), (Z.1), and (Z.5), row j of Equation (14) (taking k = b) gives

Ab,w(j) = Abw(j- (37

Now consider row j’ of (14), again taking k = b. By (0.3), (Z.4) and (Z.8),

w(j)—1 w(jH-1

Z AbaZja = Mbw() = Z Ab,aZja+ Abw(j)- (38)
a=1 a=p+1

Hence, by Claim 6.13(II), we have

w(j)—1

Z AbaZja = Mbw() =0, (39)
a=1
so by (38),
w(j)—1
> hbazja+Abugn =0 (40)
a=p+1
as well.

We now consider multiple cases depending on the value of 8.

(Bp =+): By Claim 6.5, for a indexing the sum in (40), we have Z(w~(a)) < j. Now, if Z(w™'(a)) < b,
then Ap, = 0 by Claim 6.6. If b < Z(w~!(a)) < j, then Zj,.a = 0 by the inductive hypothesis. Note
that Z(w~"'(a)) = b is not possible, since this would imply that a = w(b), contradicting the fact that
p+1<a<w(j) while 1 <w(b) < p. Thus (40) reduces to Ap ,(jry = 0. Then by (37), Ap, ;) =0 also.
Then Equation (39) gives

w(j)—1

> Mbazjra =0. (41)
a=1
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Similarly to the previous paragraph,
Abg=0 if w(a) < b, and Zjra=0 1if w_l(a) > b.
Hence (41) reduces to Ap )2/, wp) = 0. Since Ap ) # 0 by Claim 6.8, we have z; ) = 0. Since
By =+, Z(b) = b, 50 zj wzp) =0, as desired.
(Bp = —): This is similar to the previous case, except the roles of Equations (39) and (40) are switched.

(Bp is a right endpoint): First, consider (39). Since 1 <a < w(j), by Claim 6.5 we have that w—!(a) < j.
So consider the cases w™'(a) < Z(b), w~(a) =Z(b), Z(b) <w (@) <b,and b < w ' (a) < j. (Note
that w—! (a) = b is not possible, since 1 <a < w(j) < p, while p+ 1 < w(b) <n.) In the first case, we
have that A5, , = 0 by Claim 6.6. In the second case, we simply have that a = w(Z(b)). In the third case,
we have that Aj, , = 0 by Claim 6.10. Finally, in the fourth case, we have that z;» , = 0 by the inductive
hypothesis. Thus by Claim 6.9, (39) reduces to

—%Zjawa(b)) = Mpw(j) =0. 42)

Now, consider (40). Since p + 1 <a < w(j’), Claim 6.5 says that Z(w~'(a)) < j. So consider the
cases Z(w~!(a)) < Z(b), Z(w™'(a)) = Z(b), Z(b) < Z(w™'(a)) < b, and b < Z(w~'(a)) < j. (As
above, Z(w~'(a)) = b cannot occur, since this would imply that a = w(Z (b)), but p+1 <a < w(j’)
while 1 < w(Z(b)) < w(j) < p.) In the first case, Ap , = 0 by Claim 6.6. In the second case, we simply
have that a = w(b). In the third case, A, , = 0 by Claim 6.10. Lastly, in the fourth case, we have that
Zjr,a = 0 by induction. Thus using Claim 6.9 again, (40) reduces to

—%Zj/,w(b) + Apw(jy = 0. (43)

We can make arguments similar to the preceding ones when examining rows j and j’ of (14), but
taking k = Z(b) instead. Doing so, analogously to (37), we obtain

AZ@b),w(j) = Ab),w(i)- (44)
Analogously to (42) and (43), we obtain
32/ @®) ~ Aze) () =0 (45)

and

— 32w T Az@)w(y =0. (46)
The only simultaneous solution to (37), (44), (42), (43), (45), and (46) is
Zjw@®) = ZjLwb) = Ad)w() = AZk),w(i) = Mbw() = rbw(i) = 0.

(Bp is a left endpoint, and its right end satisfies j* < Z(b)): We have z; ) = 2j",wzp)) = 0 by (Z.3)
and (Z.7) applied to columns w(b) and w(Z(b)) respectively.
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(B is a left endpoint, and its right end satisfies j < Z(b) < j’): Since the matchings (b < Z(b)) and
(j < j') are in a 1212 pattern, by (Z.9),
it wb) = —Zj,w(EZb))- 47)
By precisely the arguments that preceded (42) and (43), we see that (39) reduces to
Abw(®)Zj wb) — Mow() =0,
while (40) reduces to
Mo w(Z(b)Zj wZb)) + Aow(jn =0.
Using Claim 6.9, (37), and (47), we have

52wy — M) =0 and 3z we) 4+ Abw() = 0.

This implies zj/ ) = Ap,w(j) = 0. Then we also have z; ,z@)) = 0 by (47), as required.

(Bp 1s a left endpoint, and its right end satisfies Z(b) < j): In this case, the necessary claims are already
proved by induction, since b < Z(b) < j.
This completes the proof of Claim 6.16, and hence the proof of Proposition 6.1. O

7. Conjectures and problems

Conjecture 7.1. 7, , is a radical ideal.

Conjecture 7.1 has been verified using Macaulay 2 through p + ¢ = 6. This conjecture would follow
from a solution to:

Problem 7.2. Find a Grobner basis for I, o with square-free lead terms.

The analogous problem for Kazhdan—Lusztig ideals was solved in [Woo and Yong 2012]; it was shown
that the defining generators of the ideal form a Grobner basis. In contrast, we have:

Example 7.3. Let « = —1221+ and y = 12—+12. The defining generators of Z, , are

1 1 1
24,4%6,6 +25,426,5 — 26,4, —5%4,426,6 — §%5,426,5 T 76,4

Thus z¢ 4 € Z, o, and hence z4 4264 + 25,426,5 € Z, . Under any term order, the initial ideal must contain
26,4 and either z4 426 4 Or 25426 5. However, at most one of these monomials can be realized as a lead
term of the defining generators (for a fixed choice of term order). Hence the defining generators cannot
be a Grobner basis under any term order.

The maximal singular locus Maxsing(Y,, ) is the set of K-orbits O, such that Y,, is singular along O,
and O, is maximal in Bruhat order with respect to this property.

Whereas the theorem of McGovern [2009] recalled in the introduction combinatorially characterizes
which Y, are singular, the following question is open:

Problem 7.4. Give a combinatorial description of Maxsing(Y, ).
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In [Woo and Wyser 2015], a solution to Problem 7.4 is given for clans y which are “1212-avoiding”. This
gives a complete solution for the case K =GL,,_; x GL; (since all (n—1, 1)-clans are 1212-avoiding). For
the case of K = GL,_» x GL,, we have a conjectural solution, but it is lengthy to state, so we omit it here.

The orbit closure Y, is rationally smooth along O, if the Kazhdan-Lusztig—Vogan polynomial P, ,(g)
equals 1, and Y, is (globally) rationally smooth if P, ,(g) =1 for every a < y. It is known [McGovern
2009] that Y,, is rationally smooth if and only if ¥, is smooth. Using data from the ATLAS project, we
have verified the following conjecture for (p, g) = (2, 2), (3, 2):

Conjecture 7.5. Fora <y, Y, is rationally smooth on Oy if and only if Y, is smooth on O.

Let (R, m) be the local ring of a point p in a projective variety X. The associated graded ring is
gro R =P m'/m
i>0
Conjecture 7.6. Let (R, m) be the local ring associated to any point p € Oy CY,. Then gr, R is
Cohen—Macaulay and reduced. Moreover, it is Gorenstein whenever Y, is Gorenstein along O,.

This has been checked for (p, g) = (2, 2), (3, 2), (3, 3), (4, 3). This conjecture does not follow from
Conjecture 7.1, since reducedness, Cohen—Macaulayness, and Gorensteinness may be lost on degenerating
to the associated graded ring.

The projectivized tangent cone is Proj(gr,, R). The (Hilbert—Samuel) multiplicity of p € X is

mult, (X) = deg(Proj(gr,, R)).

This statistic provides singularity information. Specifically, mult,(X) = 1 if and only if p is a smooth
point of X. Let mult, o, be mult, (Y, ) for any point p € O,.
Define

maxmult(Y, ) = max mult, 4 .
a<y

Since multiplicity is a semicontinuous numerical invariant, maxmult(Y, ) = mult, , for some matchless
a <y (so Oy is a closed orbit). A search for a combinatorial rule for mult, , might be partially guided
by a solution to the following problem:

Problem 7.7. Is the maximum value of maxmult(Y, ) for y € Clans, , achieved at Ymax = 14P-1—a-11e
Clans, 4?

We have checked that the answer to Problem 7.7 is affirmative p + ¢ < 6. Note the maximizer in
Problem 7.7 need not be unique. For instance, when p = ¢ = 2, the maximum is achieved at y = 1212,
y =1+—1,and y = 1—+1, with maxmult(Y, ) = 2.

Example 7.8 (Analogue of Lusztig’s conjecture is false). Note that Pi4_; +4__(q) =g + 1, whereas
Pi212.++——(q) =1. However, [++4+——, 1+—1] =[++——, 1212] as posets (see Figure 1). Thus, the KLV
polynomial is not an invariant of the poset in Bruhat order. This contrasts with the situation for Schubert
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Figure 1. Bruhat order on (GL(4, C), GL(2, C) x GL(2, C)).

varieties, where a conjecture attributed to Lusztig asserts that the Kazhdan—Lusztig polynomial is a poset
invariant; see for example [Brenti 2002/04]. Similarly, mult;;_; ++__ =2 whereas multjz1 44— = 1.

The Cohen—Macaulay type of a local Cohen—Macaulay ring R is dimg Ext‘}ng(k, R). Aring R is
Gorenstein if its Cohen—Macaulay type is 1.

Define the maximal non-Gorenstein locus MaxnonGor (Y, ) = {O,} to be the set of K-orbits O, C Y,
such that Y, is non-Gorenstein at any point of O, and O, is maximal in Bruhat order with respect to this

property.
Conjecture 7.9. MaxnonGor(Y, ) C Maxsing(Y)).

If Y, is non-Gorenstein along O, € Maxsing(Y, ) then O, € MaxnonGor(Y,). However, if Y, is
Gorenstein along some O, € Maxsing(Y, ), there a priori may be Og € MaxnonGor(Y, ) with 8 < a.
Conjecture 7.9 asserts that this does not occur. This conjecture is an analogue of [Woo and Yong 2008,
Conjecture 6.7].

We verified Conjecture 7.9 for all (p, g) with p + g < 7 and for many cases of (p, g) = (4,4). In
Table 1, we give the singularity data (y, £(y), Maxsing(Y, ), MaxnonGor(Y,)) for p =3, g =2 for all
the clans y where Y, is singular.

Problem 7.10. When is Y, (globally) Gorenstein?

An answer to this question has been given by the first two authors in [Woo and Wyser 2015] in the event
that y is 1212-avoiding. As mentioned in the introduction, it is shown in [loc. cit.] that Gorensteinness
cannot be characterized by ordinary pattern avoidance in general. However, for small ¢, it apparently can.
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y L(y) Maxsing(Y,) MaxnonGor(Y,)

12241 5 {1-14++} {
14221 5 {++1-1} e
12412 5 {—+++—, +1-1+4} {
14212 4 {++——+, 11++=}  {++——+}
I—++1 4 {——+++) {——+++)
12142 4 {+——++, —++11}  {+——++}
I+—+1 4 {1l—4+, ++—11} {)
I++-1 4 {+++—-) {+++——}
I+-1+ 3 {++——+} {}
+14+-1 3 {(+++—-1} {}
+1—+1 3 {+——++} {
12124 3 {+——++, —++—+} {
+1212 3 {+—++—, ++——+} {
1—+1+ 3 {——+++} {

Table 1. The singularity data for p = 3, g = 2 for all the clans y where Y, is singular.

When g = 1, all orbit closures are smooth (hence Gorenstein). Any (p, 1)-clan (p > 1) has at most one
matching, and if it is has a matching, it can have no — signs. Thus it necessarily avoids all of McGovern’s
singular patterns recalled in the introduction.

Next consider the case g = 2. In this case, the Gorensteinness criterion of [Woo and Wyser 2015] is
easily seen to amount to the following ordinary pattern avoidance criterion.

Fact [Woo and Wyser 2015, Proposition 3.4.2]. If y is a 1212-avoiding (p, 2)-clan with p > 2, then Y,,
is Gorenstein if and only if y avoids 1++—1, 1 —++1, 1+4221, and 122++1.

Experimentally, it seems that when g = 2, Gorensteinness can be characterized by ordinary pattern
avoidance even if we allow 1212-including clans.

Conjecture 7.11. Ify is any (p, 2)-clan with p > 2, then Y,, is Gorenstein if and only if y avoids 1++—1,
1—4+4+1,1+4221,122+ 41, 1 + 212, and 121 4- 2.

This conjecture holds (by computation) for n < 7. The example recalled in the introduction says that
there is no ordinary pattern avoidance characterization when g > 2.

Recall that a local ring R is said to be a local complete intersection (Ici) if it is the quotient of a regular
local ring by an ideal generated by a regular sequence. A variety is Ici if each of its local rings are Ici.
Every smooth variety is Ici, while every Ici variety is Gorenstein (and hence Cohen—Macaulay).

At present, we do not have a characterization of which Y,, are Ici in general. An ordinary pattern
avoidance criterion is given in [Woo and Wyser 2015] for 1212-avoiding clans. For general p and ¢,
there are many non-Ici patterns that must be avoided. However, when g = 2, the list of non-Ici patterns
that can actually occur is much smaller.
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Fact [Woo and Wyser 2015, Proposition 3.3.3]. If y is a 1212-avoiding (p, 2)-clan with p > 2, then Y,
is Ici if and only if y avoids 1++—1, 1 —++1, 144221, and 122++1. Thus Y,, is lci if and only if it is
Gorenstein.

It is conjectured in [Woo and Wyser 2015] that ordinary pattern avoidance can be used to characterize
Ici-ness in general, whether y is 1212-avoiding or not. The complete list of non-Ici patterns is not known,
even conjecturally. However, for ¢ = 2, we have:

Conjecture 7.12. If y is any (p, 2)-clan with p > 2, then Y, is Ici if and only if y avoids 1++—1,
I—++1, 1++221, 122441, 14212, and 121+2. Equivalently, we conjecture that Y, is Ici if and only if
it is Gorenstein.

This conjecture has been checked for n < 7. The equivalence of Ici-ness and Gorensteinness breaks
down when g > 2; for example, Y122331 is Gorenstein but not Ici.
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