Algebra &
Number
Theory

Volume 12

2018

No. 1

j - The mean value of symmetric square L-functions

Jd J Olga Balkanova and Dmitry Frolenkov

d

J Ik I u_mu | 4 A \

d d 1 | A a SRR A

j jJJj J_lJ d JJ d . JJJJ JJJJ jJJJ JJ n J-l :I
B J JJJJ r " uul § ] JJ TR

Jj - 1| JJJJ JJ J . " - JJ 4474 hE Ji
JJJJ J.I J _IJ .]J JJJ J _| J JJ _'

J J JJJ .I J s J L

S JJ -rl'!P:')J 31 JJJ L

N Y TR T T THICH LI






ALGEBRA AND NUMBER THEORY 12:1(2018)
dx.doi.org/10.2140/ant.2018.12.35

The mean value of symmetric square L-functions

Olga Balkanova and Dmitry Frolenkov

We study the first moment of symmetric-square L-functions at the critical point in the weight aspect.
Asymptotics with the best known error term O (k~!/?) were obtained independently by Fomenko in 2003
and by Sun in 2013. We prove that there is an extra main term of size k~!/? in the asymptotic formula
and show that the remainder term decays exponentially in k. The twisted first moment was evaluated
asymptotically by Ng with the error bounded by /k~!/2+¢. We improve the error bound to [3/6+¢f~1/2+¢
unconditionally and to /'/2*<k~!/2 under the Lindelof hypothesis for quadratic Dirichlet L-functions.
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1. Introduction

Asymptotic behavior of high moments of L-functions within different families can be predicted using
random matrix theory [Conrey et al. 2005] or multiple Dirichlet series [Diaconu et al. 2003]. However,
obtaining asymptotic formulas with sharp error bounds is a hard problem even in the case of small
moments.

One of the most challenging families is symmetric square L-functions in weight aspect. Gelbart and
Jacquet [1978] proved that these are L-function attached to GL(3) cusp forms.

Despite numerous efforts, even an upper bound for the second moment of symmetric square L-functions
remains an open problem. See [Khan 2010, Conjecture 1.2].
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The first moment has been studied intensively during the last decades. See [Fomenko 2003; Khan
2007; Kohnen and Sengupta 2002; Lau 2002; Ng 2016; 2017; Sun 2013]. Nevertheless, even the best
known asymptotic error estimates do not appear to be sharp.

The present paper aims to optimize error bounds in existing asymptotic formulas. With this goal, we
prove an exact formula for the twisted first moment of symmetric square L-functions, and apply the
Liouville-Green method (also called WKB approximation) to estimate remainder terms. This technique,
originating from the theory of approximation of second-order differential equations, is quite unusual for
analytic number theory, yet very effective. See, for example, [Balkanova and Frolenkov 2016; Zavorotny
1989].

2. Main results

Let S7;(1) denote the space of holomorphic cusp forms of weight 2k > 2 with respect to the full modular
group. Denote by H»; the normalized Hecke basis for Sy, (1). Every f € Hy; has a Fourier expansion of

the form
f@ =Y rpmn*~12exp2rinz), (2-1)
n>1
Ap()=1. (2-2)

For Ns > 1 the associated symmetric square L-function is given by

5 >\ Ag(n?)
L(sym® f,s) =¢(25) Y ~——. (2-3)
n:
n=1
Let I'(s) be the Gamma function and define
Loo(s) ::71—3~"/21“<ﬂ)r(E +k>r(£ +k). (2-4)
2 2 2
Shimura [1975] showed that the completed L-function
A(sym® f,8) := Loo(s) L(sym” f, s)
is entire and satisfies the functional equation
AGsym?® f,s) = AGsym® f, 1 — ). (2-5)
Consider
h
M, s):= Y dp(PL(sym® f.5). (2-6)

feHy

The superscript 4 in the formula above indicates that the expression in the sum is multiplied by the
harmonic weight I'(2k — 1)/((4m)>*~1(f, f)1), where (f, f)i is the Petersson inner product on the space
of level 1 holomorphic modular forms.



The mean value of symmetric square L-functions 37

Denote by y the Euler constant and by ¥ (s) the logarithmic derivative of the Gamma function. Let
2F1(a, b, c; x) be the Gauss hypergeometric function and

r-Hri-4)
r(}

P(=rice+ )
I'(2k)

We prove the following exact formula for the twisted first moment.

Dy (x):= 2Fi(k—1.2—k 1 x), (2-7)

Wy (x):=x* 2Fi(k— 1 k+ 1,2k x). (2-8)

Theorem 2.1. For anyl > 1 one has

Ml(l 1) :L(—210g1—310g2n+%+3y+¢(k—i)+w<k+}1))

'2) 2l
SV, 1y s (o)

2ﬂ F(k + %) 1<n<2l 412
1 1 472
NG gfnzuz (5)vrwe(35), (2-9)
where
_@o) 1 ]
20y = ; qs< 1}5:24 1). (2-10)

r2=n (mod 4q)

A similar formula, where the last two summands are expressed in terms of the Legendre function of
the first kind, was established by a different method by Zagier [1977, Theorem 1]. Zagier’s formula was
applied by Kohnen and Sengupta [2002] to prove an upper bound for M, (1, %), by Fomenko [2003]
to obtain an asymptotic formula for M, (1, %), and by Luo [2012] to estimate the second moment of
L(sym2 £ %) over short intervals.

The proof of Theorem 2.1 is quite simple and makes use of Petersson’s trace formula and the functional
equation for the Lerch zeta function.

1/2

When [ = 1, exact formula (2-9) allows one to isolate the second main term of size k~ '/~ in the

asymptotic formula so that the remainder term decays exponentially.

Corollary 2.2. For some ¢ > 0 one has

INIRYE: 1 1 V2r(-D¥D(k—1%) /1
mi(1,5)= 5<E—3log2n+3y+w(k—Z)+w<k+z>)+ R %)L<§, x-s)
1 1 1
+0(7)L(5 %) + O(ﬁ exp(—ch)), (2-11)
where L(%, X D) is a Dirichlet L-function for the primitive quadratic character of conductor D and
1 22 /7 1 . w(2k—1) 1
Dy <Z) 314 2k —1 s 3 <1 + 0(;)) (2-12)
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Remark. After posting the first version of this paper to the arXiv, the authors have been informed by
Shenhui Liu that he has independently obtained an asymptotic formula similar to (2-11) by using an
approximate functional equation. See [Liu 2017].

Corollary 2.2 improves the series of previously known results with the following error bounds:
o k0008 [Lau 2002]

e k~1/20 [Khan 2007]

« k~1/2 [Fomenko 2003; Sun 2013].

Corollary 2.3. Foranye >0, [ > 1, one has

M1<l, %) =%ﬁ(—zlogz—31og2n+%+4y+zp(1)+xp(k—%)+w(k+%))+0(%). (2-13)

Assuming the Lindelof hypothesis for quadratic Dirichlet L-functions, the error term above can be replaced
by 19) (11/2+Ek_1/2).

This improves the error bound /k~!/ Zte proved by Ng (see [Ng 2016, Theorem 2.1.1] and [Ng 2017]).

3. Notation and tools

Let e(x) = exp(2wix). For v € C let
1\V
wm= Y (n—;) . (3-1)
niny=n

The classical Kloosterman sum is defined by

*
S, m;c) = Z e(w), aa® =1 (modc).
a (mod c) ¢

(a,c)=1

Lemma 3.1 (Weil’s bound [1948]). One has

1S(m, n; ¢)| < t0(c)y/(m, n, c)/e. (3-2)
Let J,(x) be the Bessel function of the first kind.

Lemma 3.2 (Petersson’s trace formula [1932]). For 2k > 12 and integral [, n > 1, one has

- S SUynio) ,  (4ny/in
. 2k ,n;,c T n _
> ap g (n) =810+ 27N . J2k_1<—c ) (3-3)
fEHZk c=1
The Lerch zeta function (nf)
e(n
o, B,s) = 3-4
¢, B, s) +ZO Tty (3-4)

was introduced by Lipschitz [1857] and was named after Lerch, who proved in 1887 the functional
equation. The special case ¢ («, 0, s) is called the Hurwitz zeta function.
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Lemma 3.3 [Lerch 1887]. One has

t(@,0,5) = (Fz(;)lsz (- ( );(0 o 1— s)+ie(—%)§(0, —a,l—s)). (3-5)

4. Some properties of %, (s)

The main references for this section are [Bykovskii 1994; Soundararajan and Young 2013; Zagier 1977].

Function (2-10) can be written as follows

£(25) o Pg(1) o Ay (n)
Z(s) = 4-1
©=75 ; pr g (4-1)
where
pg(n):=#{x (mod 2¢) : x* =n (mod 4¢)}, (4-2)
A= D wlg2)pg (). (4-3)
a192q3=q

For a fixed n, both p,(n) and A, (n) are multiplicative functions of g. Furthermore, for n =2, 3 (mod 4)
the function p,(n) is identically zero. Therefore, %, (s) does not vanish only for n =0, 1 (mod 4). If
n = 0 then

Zi(s)=¢@2s—1). (4-4)
Otherwise, for n = DI* with D fundamental discriminant we have
2 () =171 PN () L(s, xp), (4-5)

where L(s, xp) is a Dirichlet L-function for primitive quadratic character xp and

n(l)
TI(D)(S) = Z xp () —="15-1)2(l2). (4-6)
b=l va
The completed L-function
i (s) = <£)_S/2F<£ +g- B Z(s) 4-7)
" |n| 2 4 4 "

satisfies the functional equation

LE(s) = ZLF(1—s). (4-8)

Lemma 4.1. One has

s 1

DY S ige(") = s L), (+-9)

¢ (mod gq)
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Proof. Consider

2 *72
+a*l“+nc
= Y SR ge(nt)= YYD efeTHC ey
¢ (mod q) ¢ (mod g) a (mod q) q
(a,9)=1

where aa® =1 (mod ¢g). Making the change of variables ¢ = cja*, we have

G_ Z Z e(c%a*+l2a*+nc1a*)

a (mod g) ¢; (mod q) 4
(a,q)=1
= D> SO.c+Prncig= Y Y wdb
c1 (mod q) c (modg) bd=q
bl +1%4ne
q
PTG > nd) > 3
bd=q ¢ (mod q) bd=q ¢ (mod b)
2412 4nc=0 (mod b) 2412 4nc=0 (mod b)

The condition ¢* 4[> +nc =0 (mod b) is equivalent to (2¢ +n)? + 412 —n*> =0 (mod 4b). Hence

S=qy ud ) 1=gq) udpn®-4P).

bd=q ¢ (mod 2b) bd=q
c2=n2—4]% (mod 4b)

Consequently,

Sk X se()-

¢ (mod q) q

1
4 b

(d) pp(n® — 41%)
=q

M2

pp(n% — 41%) i (q)

pqu

— bs = qs
=\ g (n? —412) Lo a2 (s)
Z n?—4l ) ]
;<s o £(2s)
Lemma 4.2. Assume that d # 0. For any € > 0, one has
Zi(3) < d'/ote. (4-10)
If the Lindelof hypothesis for Dirichlet L-functions is true, then
Za(3) < d°. (4-11)

Proof. For d = DI?, where D is the fundamental discriminant, one has

Zu(3) =1, (3)L(3 xp)
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by equation (4-5). It follows from equality (4-6) that

1 [ 1/l
TI(D)(§> » Z U\;li) Z(/ )¢

Lib=l I|l

By [Conrey and Iwaniec 2000, Corollary 1.5] for any € > 0 one has

This implies the required bounds for the function fd(%).

5. Exact formula

Lemma 5.1. For Ns > % one has

c(2s)  Qn)i**rk —s/2)

Mid,s) =
1 5) == 201 T(k+s/2)

Ly () + Qn)i* Z

where

1 Ck—3+tw
I(x) =— Mr(l—s—w)sin S+wx
11

27 (A)F(k—|—§ 5

withl —2k < A <1—MNs.

Proof. By the Petersson trace formula

00 1 h
Mil,5)=¢2) Y — > Aprpn)
n=1 n fEsz
1 &, s(2, [
g( ) Zkg(zs)zazujyc 1(477;;)
g=1 n=1

The change of order of summation above is justified by the absolute convergence for s > 3
follows from the standard estimates

S%, n?; q) < ¢"*re 1%, n% ¢)"? forany € >0

(ln>2k—1 ;
— , q>In
q

(ln>—l/2 l
— , q <lIn.
q

Next, we use the Mellin—Barnes representation for the Bessel function

and

Jok—1 <471%n> <

41

(5-1)

(5-2)

Wthh

4(2) 2% L[ Tlk=5+3w) $xSEn%9) (g \»
M) =22 4 on <2s)Z— “ari | > (52 ) aw.

)F(k+'_' )n=1 et
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where 1 — 2k < A < 0. To guarantee the absolute convergence of the integral over w and the sums over
q, n we require that
max(l —2k,1—-Ns) <A <—3

which is true for Ns > 5 . Consider

00 00
S(1%, n? q) S, c¢*; q) 2 2. 1
Z nw+s Z Z nwts = Z S, e q) Z (C_|_nq)w+s
n=1 ¢ (mod g) n=c (mod q) ¢ (mod q) =
S(?, % q)
- Z ws §< 0w +S>
¢ (mod g) q

Note that for all ¢, the Lerch zeta function has a simple pole at w = 1 — s with residue one. The next step
is to apply functional equation (3-5) for the Lerch zeta function which is only possible when %i(s +w) < 0.

Accordingly, we move the w-contour to the left up to A| := —s — €, crossing a simple pole at w =1 — .
Therefore,
£Q8) ok, D= 38) < S c*q) (g \\- 2 11
M, s) = =2 4 on ;(2s)—1 D —2<—) o ;(2s)
I I(k+3s) g=1c (mod q) 24 2nl q= g dxi
r(k—4%+35w w 5@, ¢
o Gy xS 01 )
(AI)F(k+§—§w) 4 ¢ (mod ) q q

Using the functional equation (3-5), we obtain

3 s q);( 0s+w)

¢ (mod q) s+
—2027) "IN (1 =5 — w) sm(n Tw) Y st q){(O, Colos— w).
¢ (mod q) q

Substituting this into M ([, s) and opening the Lerch zeta function, one has

;(2s) m)si%k S(%, ¢ q)
Mi(l5) = "= + L2 k+2 ;c%;q) RS
+(2n)‘12’<;(2s)2 e YZ = Y s@? q)e(nc> (’Z)

¢ (mod q)

where I (x) is defined by equation (5-2). Finally, computing the sums over ¢ and g using formula (4-9),
we prove the lemma. O

Lemma 5.2. Ifx > 2, then

22k (— 1)k w5\ o Dk = 2s)T(k+ 1 —1s) s 1 s 4
I0="5 7= s( ) o ><2F1<k—§,k—|—§—§,2k,)7>. (5-3)
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Proof. Moving the contour of integration in (5-2) to the left, we cross simple poles at w =1 —2k —2j,
j=0,1,2,.... Therefore,

I(x) =2(-1)F cos( ) 1= 2"2 ! %x
By the duplication formula we have
o 92k—1—s5+2j o o 1
FQ2k+j—3s)) = T1“(k+; —35)D(k+j+51—3s).
This yields

I(X)zz(__l)kzﬂc—l—s oS (”S) 1- ZkZ 1”(_—_S+])F(k+l_f+j>(i)j

JT T2k + ) 2 2 x2
2%k (—1)k rk—lsrk+l—ls 1 4
_27(D cos(ﬁ>x1_2k (k—38)T(k+35—3 )2F1<k—£,k+——£,2k; _) 0
237 2 T'(2k) 2 2 2772

Lemma 5.3. One has

2(~ F(k—35)T(k+3 — 39)
25/ F(k+%s)f‘(k—%+%s)
Proof. Letting x = 2 in (5-3) and applying [Olver et al. 2010, Equation 15.4.20], we find

1@ = r(s—3). (5-4)

cos (%JTS)

Tk (s—1)
T(k+1s)D(k—1+1s)

The assertion follows. O

2Fi(k—3s.k+3—13s,2k1) =

Lemma 54. Ifx <2, then

(—DF P(k—35)0(1—k—35)
VT r'(3)

Proof. Moving the contour of integration in (5-2) to the right we cross simple poles at w =1 —s+ j,

1—s

I[(x) = 2P (k—4s, 1=k —1s, 13 1x7). (5-5)

Sln(27T ))C

j=0,1,2,.... Accordingly,

X (=1 T(k—Ls+ 15 - .
I(x)zz( D ( 2s+2J)sin(n—1;])xl_s+f.

j=0 ' T(k+ 35— 3))

Note that
. < 1—|—j> (JTj) 0, J is odd,
SIN{;T—— ) =Cos| — ) =
2 =™, j=2m.
Thus

1 F(k—%s+m) l—s42
I — —1)" s+2m
=2 Gt ts—m O™
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In order to express I (x) in terms of the Gauss hypergeometric function we apply the duplication formula,

obtaining
@m)! =T (2(m + 1)) = %ZZmF(m—i—%)F(m—i-l).
Furthermore, by Euler’s reflection formula
Pk +Ls —m) = z .
(k35 —m) (—Dk=msin (37s)0 (1 —k — s +m)
Finally,
(=D* . e | F(k—%s-i—m) 1 <x2)m
I(x)= 5 ‘ ——= " T(1—k—5 —
(x) Tr sin(37rs)x mzzom’ Fom+ 1) ( 55 +m) 1
—1)k Fk—is\r(1—k—14
= (\/11_) s1n(%ns)xlfs ( ZS)F((l) 2s)2F1 (k— %s, 1—k— %s, %; }‘xz). O
2

Next, we substitute equations (5-3), (5-4), (5-5) into expression (5-1), proving the exact formula for

the shifted first moment.
Theorem 5.5. Foranyl > 1and 2 —2k <Ns < 2k — 1, one has
_{@s) | @uyi*T(k—1s)

M, ) = =7 1S F(k+%s)$_4[2(s)
@y e@s—1) o Tk=3s)T(k+5-3s) |
Ml o 1 (s — L
AN G R e
(27)* sin(37s) T(k—1s)0(1—k—1s)
— = L2 (8)
vl 1<nZ<21 r'(3)

F(k— %s)l"(k+%— %s)

) e (), o

Note that in equation (5-6) only the first and the third summands have poles at s = % Computing the

limit as s — % we find that these poles cancel each other. This allows us to prove the exact formula for
the first moment of symmetric square L-functions at the critical point given by Theorem 2.1.

6. Liouville-Green approximation of special functions

The aim of this section is to approximate the functions ®;(x) and W, (x) appearing in exact formula
(2-9). Both of these special functions can be expressed in terms of the Gauss hypergeometric function,
whose asymptotic approximation has been a subject of intensive research during the last century. The
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works of Watson [1948], Jones [2001] and Farid Khwaja and Olde Daalhuis [2014; 2017] are the most
relevant in our case. However, application of these results to approximation of ®;(x) and Wi (x) is not
straightforward and involves certain technical difficulties due to either the region of validity of asymptotic
expansion or the lack of asymptotic error estimates.

Therefore, we choose to follow the approach of [Olver 1974] and [Boyd and Dunster 1986]. Accordingly,
we apply the Liouville-Green approximation directly to the functions ®;(x) and Wy (x). It turns out that
these special functions have similar behavior to the ones occurring in the exact formula for the second
moment of cusp form L-functions. See [Balkanova and Frolenkov 2016, Theorem 4.2].

Properties of ®. Consider the function ®;(x) for0 <x < 1.

Lemma 6.1. One has
Op(x) = - (F(2k— 1,3 =2k, 1; 31 = VX)) +2 FI(2k— 1,3 =2k, 1; 31+ VX)), (6-D)

Proof. Applying the quadratic transformation given by [Olver et al. 2010, Equation 15.8.27] we obtain
1
x (2F1(2k — 1,3 =2k, 1; 11 = V) + 2R (2k — 1, 3 — 2k, 15 L (1 + V).

@4(x) = (k= )r( ~ R (k+ Hr( —4)

Note that F(%) = /7. Euler’s reflection formula yields
Clk— P+ PG -0 T - k) = -2n2
The assertion follows. 0

Making the change of variables

m:=2k — %, keN, (6-2)
y=11-Vx), 0<y<i, (6-3)

one has
S(x)=—mQFi(m,1—m,1;y)+2Fi(m, 1 —m, 1; 1 —y)). (6-4)

At the point y =0, the function » Fy (m, 1 —m, 1; y) is recessive and the function , Fy(m, 1 —m, 1; 1 —y)
is dominant. Therefore, further transformations are required to apply the Liouville-Green method to the
second function. In particular, we show that 5 Fyi(m, 1 —m, 1; 1 — y) has a similar shape to ¢ (x) studied
in [Balkanova and Frolenkov 2016]. Note that the parameter m is now half-integral.

Lemma 6.2. Let m :=2k — 1, k € N. Then

2Fi(m, 1 —m, 1;1—y) =(=logy+2¢¥(1) —2¢(m)) x 2F1(m, 1 —m, 1; y)
170 d 0 . B )
+ ;(5 + 3% +2§>2F1((1, b, c; y)|biTTm' (6-5)

c=1
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46
Proof. By [Beitman and Erdelyi 1953, Equation 33, p. 107] we have
Fim+ul—m+u, 11— y) =2 Fy(m+u. | —m-+u 142 y)— D20
m+tu,l—m+tu,1l;1—y)=rF(m+u,l —m+u, u;
2 =2 YT =m—u)Tm —u)
rrQu) Y

—u, 1 —2u;
e ) ET T mrm’

+oFi(m—u,1—
Computing the limit as u — 0, we prove the assertion O
Lemma 6.3. For m =2k — %, k € N one has
_ED 1>k Ck—3
2 F (m, 1—m,1; %) E ?; (6-6)
+3
d _ 4(—1>k I(k+3)
4

Proof. On the one hand, by equation (6-1) we have

2Fi(m, 1—m, 1; 1) = —5- @4 (0).

On the other hand, equation (2-7) yields

==
S— | —"

—
—~
tanll Bkl
+ |1
N

1
D (0) = I‘L

The last two equalities imply (6-6).
As a consequence of [Olver et al. 2010, Equation 15.8.25] we obtain

TyFiim,1—m, 1;x) = F(%)
r(im+3H)r(—1m)

2
Im, 3 (1-2x)%).

Then equality (6-7) follows by differentiating the last expression in x and setting x = 5. U
Lemma 6.4. The functions
2Fim,1—m,1;y) and -Fi(m,1—m,1;1—Yy)
are solutions of differential equation
YA =WF' () + (1 =20)F'(y) +m(m —1F(y) = (6-8)
g

Proof. This follows from the differential equation for hypergeometric functions
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Approximation of ®;. In order to find a Liouville-Green approximation for ®(y), we use formula (6-4)
and study separately each of the hypergeometric functions » Fy(m, 1 —m, 1; y) and , Fi(m, 1 —m, 1; 1 —y).
As shown in Lemma 6.4, these functions are solutions of differential equation (6-8) that was already
approximated in [Balkanova and Frolenkov 2016, Section 5.2]. So our problem reduces to computation
of the Liouville-Green constants Cy and C; in the approximation of , F1(m, 1 —m, 1; 1 —y).

For the reader’s convenience, we briefly recall the required results of [Balkanova and Frolenkov 2016,
Section 5.2]. It follows from Lemma 6.4 that the functions

Gi(y):=2Fi1(m, 1 —m, 1; y){/y(1—y), (6-9)
Ga(y):=2F1(m, 1 —m, 1;1—y)y/y(1—y) (6-10)
are solutions of the differential equation
G'(y) =’ f()+g()GH), (6-11)
where
1
w:=2k —1, = , 6-12
fO) =50 (6-12)
1 1
=— + . 6-13
SW=" ey ey (13
Making the change of variables
G(y) (y—yH*
Zy=—2 ey = (6-14)
a(y) 2(arcsin /y)!/
E:=4 arcsin? v, (6-15)
we transform equation (6-11) into the following shape
d*’z rur 1 Y(®)
4|4+ ——+220Z =0, 6-16
d$2+[4§+4§2+ : ] (6-16)
with
1
=—— 6-17
v 16sin> VE 16§ (©-17)
Removing the summand with ¢ (§)/& in equation (6-16), we have
d*’z ru* 1
—+|—+-—=1|Z=0. 6-18
dg? + [45 + 452} ( )
The solutions of (6-18) are defined by
Ze = ECow/%), (6-19)

where C; is either J or Y Bessel function of index i.
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Then according to [Olver 1974, Chapter 12] solutions of original differential equation (6-16) can be
found in the form

N\ A(n; =\ B(n;
Ze®) = VECou/E) Y. P Sy 30 PEE (6:20)
n=0 n=0

In order to determine coefficients A(n; &), B(n; &) we use differential equations (see [Gradshteyn and
Ryzhik 2007, Equation 8.491(3)]) for functions

W(€) :=VECou/E), V(&) :=ECi(uy/E) (6-21)
and substitute (6-20) in equation (6-16). This yields
C, D,
W@Z ©_ <s>2 28 <o, (6-22)
where . ® B(n: £)
cn(s):zA”(n;ngA/(n s)—%A( £)—B'(n; &) — Z; :

1 1
D&)=B"(1—1;§)+ B (= 1:6) - %S)m ~ L+ A D)

Letting C,,(§) = D,(§) =0, we find the required recurrence relations

&
An;€)=—EB' (n—1;§) +/ Y(x)B(n—1;x)dx + Ay, (6-23)
0
&
@B(n;é)z/ L(xA”(n;ac)JrA/(n;x)—w(x)A<n;x))dx (6-24)
0 VX

for some real constants of integration A,,.
Assume that A(0; £) = 1. Then

1 1
B(0; &) = N (cot\/g— f) (6-25)
' _l l_cot\/?_ 1
A(l,-fs)—g(S N 2sin2¢§) 128(0t[ >+A1. (6-26)

Furthermore, solutions (6-20) can be approximated by finite series using [Olver 1974, Theorem 4.1,
p. 444] or [Boyd and Dunster 1986, Theorem 1].

Theorem 6.5. Let & = %JTZ. For each value of u and each nonnegative integer N, equation (6-16) has
solutions Zy (&), Z j(§) which are infinitely differentiable in § on interval (0, &), and are given by

N A : N—IB :
Zy (&) =VEV V&) ) % - %Yl /&)y $ +ean 1, §), (6-27)
n=0 n=0

N A Nl g
2, = VERu/BH Y L Sy 3 B ), (6-28)
n=0 n=0



The mean value of symmetric square L-functions 49

where

Y
en+1,1 (W, §) K V| 2(;&:/_)'\/& - (6-29)

V& o /%)| min (VE, 1)

ent12(u, §) K ANF (6-30)
and coefficients (Ay(n; &), By(n; §)), (Ay(n; &), By(n; £)) are defined by (6-23)—(6-24).

The functions £!/4(sin /€)'/?G (sin2 J&/2) and Z; (&) are recessive solutions of equation (6-16) as
& — 0. Therefore, there is ¢ such that

£V4(sin \/€)2G  (sin® \JE/2) = co Z; (). (6-31)

The value of the constant cg is determined by computing the limit of the left- and right-hand sides of
equation (6-31) as & — 0. On the one hand,

Snn% 2Fi(k, 1 —k, 1; sin® /£/2) = 1. (6-32)
On the other hand,
N A E)
Z)E)=VEY T+ 0E) as 0. (6-33)
n=0

Choosing A (n; &) such that A;(0; 0) =1 and A;(n; 0) =0 for n > 1 we find that ¢ = 1.
To sum up, we have proved the following lemma:

Lemma 6.6. Let & = —7r For & € (0, &), one has

g4 (sin /6)'%G, <sin2 g) =Z,(&), (6-34)
where Z j (&) is given by (6-28).

This concludes the summary of results of [Balkanova and Frolenkov 2016, Section 5.2]. Our final goal
is to compute Cy = Cy (1) and Cy = C;(u) such that

51/ (sin/§)' 2 G (sin® 3v/8) = Cy Zy (§) + C1Z4 5. (6-35)
Note that there exist ¢y, ¢» such that
Zy(&) = (chl(sm f;‘) +62G2(sm 2f)) x £1/4(sin \/“)1/2
= 1Z;(8) + &4 (sin VE ) e2Go (sin® 1 /E). (6-36)
The last two equalities imply

Cy=—, Cj=—-. (6-37)
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Lemma 6.7. One has

F(k+3) Zy (&) Lk—3), Tz Zy(&)
= (—D)"*'V2r 4 + (D2 —— )/ (z/ ) 6-38
c1=(—1) nF(k %) 5;/4 (=1 F(k+%) y(&2) — 16 ( )
L(k+3) Zy (&) P(k—3) 1 Zy (&)
26 = (DM Vor — (D s/( (&) — ) (6-39)
r(k-z) &" rk+4)7 7 4,
Proof. To determine coefficients ¢y, co we consider the pair of equations
V4 1
Zy(&) =5"(1G1(5) +62(3),  ZyE) = YSZ) T (c1G1(3) + 2G5 (3))-
Note that
Gi(3)=Ga(3) and Gi(3) =-G(3)-
Therefore,
V4 VA
(c1+)Gi(3) = #, (c1 — )G (3) = 51/4<Z;/($ ) — Y(§2)>
£ 48,
The assertion follows by Lemma 6.3. U
Lemma 6.8. For &, = 4—1‘712, one has
B (_1)k+1 1 1
Zy() = — = <1+;( 6)+0(u3)> (6-40)
o (=DM 1 20t 1
Zy(&) = Neri <;+?+ 5 +0(;)). (6-41)

Proof. Applying [Boyd and Dunster 1986, Theorem 1] with N =1 we obtain

0
€3,1(u;6) =0 and géil(u; -§)|g:gz =0.
Therefore,

By (0,
ZY(Sz)—\/ngo(u\/g)( M)_&Yl(u\/g) Y(u &)

and

1 Ay(1; AL (1; 1
zye) = Var/E) (5 [1+ 2]+ AR s i)

Ay(1;
—§2Y1(M\/g)(2152[1+ Y(MZ g2)]+2$2u

1
By (0; &) + ;BQ(O; 52))-

By means of the Hankel asymptotic expansion (see [Olver et al. 2010, Equation 10.17.1, 10.17.4] and
[Gradshteyn and Ryzhik 2007, Equation 8.451(1,7,8)]) we evaluate
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1)k+! 0 0
@YO(M@)——Y0<(Zk—1) ) = ) (Z(_ )y 22T a2(0) +Z(_ yi 22180 a2j+1(0) )

mu/2)% (ru/2)%+!

! 1
SzYl(u\/gz)_zu(Z(_ ) 2 az; (1) Z(_ yi 421t azj+1(1) )

(ru/2)% (ru/2)%+1
where
) F(v +Jj+ %)
aj(v) = — .
! 2ijIT(v—j+1)
This yields

1k .
Zy (&) = (=1 <1+ a1(0) a0 n 0(u_3)) (1+ Ay(ulz, Sz))

Vi \ w2 G2y
(= Df a(l)  ax(1) _3,\ Br(0,&)
2 (1_ﬂu/2_(nu/2)2+0(u )) P

Simplifying the expression above, one has

(_1)k+1
V2u

Zy(&) = (1 + L2010+ ZBr0.8) + 5 (4r(1. &) = a0 —ar (DB O, &)))

+ 0w ).

Using formulas (6-25) and (6-26), we find

Za0+ZBr0.6) =0, Ay(1l.&) — T5a20) —a1(DBy (0, &) =41 — 1

a1(0) =—5 6

1

]

This gives equation (6-40).
Similarly, we obtain

24 = VaYou/B)| 25 + (25 (24— 55) — o )]

84
i L ) )

Hankel’s expansion for Bessel functions yields the following asymptotics:

DI T 1 il 1y 4
e =+ (= e 0) 4y (g @+ 5 (T~ )~ reh)

)»1+§ 1 >

1 7 8 _
+;(—F6l2(0)—611(1)( 2 1672° +?a3(1)>+0(u 3)]

Finally, substituting
a0 =—%, a()=3 a)=-1,
we prove equation (6-41). O
Corollary 6.9. One has
CY:I-{-O(%), c,:o(—). (6-42)
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Proof. By Lemma 6.8

7 -1 k+1 2A +l
Z/Y(Sz)_ Y(SZ) _ ( ) <Z+ 1 3

48, V2u T 2mu
It follows from [Olver et al. 2010, Equation 5.11.13] that

+ O(u_2)>.

T(k+ g I(k—
( + 411) — k1/2 o ‘l‘kfl/z 4 0(k73/2) and ( ) — k71/2 4 0(k73/2)‘
Ck—2)

1
il
1
T(k+3)
Then Lemma 6.7 gives
a=0(™), a=1+0k".
Equations (6-37) yield the assertion. 0

As a consequence of equation (6-35), Lemma 6.6, Theorem 6.5 and Corollary 6.9, we obtain the main
result.

Theorem 6.10. Letu =2k —1, & = %JTZ. Then for & € (0, &) one has

2 —TT
Py (cos \/§)=S Z;E)+CyZy(E)+CyZy ()], (6-43)

TaGsin VB 2|
where Zy, Z j are given by (6-27), (6-28) and

Cy=1+0<%>, C;=

I
-
~
=
~

(6-44)
Corollary 6.11. We have

(1) = —23;74{;\/2]1__1 sin 72D (14 0(1)).

Approximation of V. Next, we find a Liouville-Green approximation for the function W;. With this

goal, we follow the arguments of [Balkanova and Frolenkov 2016, Section 5.3] with minor changes. In
particular, the differential equation for Wy (x) is slightly different, and, therefore, one must recompute
various functions and constants appearing in the Liouville-Green approximation. We provide all details
here to make the presentation self-contained.

Consider the function

y(x) =1 —xW(x). (6-45)
Letu :=k—%and
fO) = g()im g (6-46)
Tox2(1—x)’ ’ 4x2(1—x)%  16x(1—x)°

Lemma 6.12. The function y = y(x) is a solution of equation

Y (@) = @ f (x) + g(x))y(x) =0. (6-47)
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Proof. Using the differential equation for the hypergeometric function, we find that y = y(x) satisfies the
following differential equation

1— 2k —1)? 1 2 (2k—1)?
"
=0.
Y +( 4x2 d—x2 T aa—o )Y
The assertion follows. [
Making the change
y(x) (x> — x4
Z(x):=—= «ax):= 6-48
0 a(x) 0 2(artanh /1 — x)1/2 (6-43)
and the substitution
£ :=4artanh® v/1 — x, (6-49)
we transform equation (6-47) to the type
d’z w1 yE)
— ——4+-——-——"1Z=0, 6-50
d€2+( I ) (20
where
w(é)zi(l——l ) (6-51)
16\ &  4sinh® E/2

is an analytic function as £ — 0.
In order to find a Liouville-Green approximation to equation (6-50), we remove the term with ¢ (§)/&
in (6-50). The resulting equation

% u? 1
z +<—E+E>Z=O (6-52)
has I and K Bessel functions as solutions (see [Olver et al. 2010, Equation 10.13.2]), namely
Z = VELou /). (6-53)
where
Ly(x) = {I;ff) (6-54)
VK (x).

This suggests that solutions of the original differential equation (6-50) can be written in the form (see
[Olver 1974, Equation 2.09, Chapter 12])

o~ An; &) & — B(n; &)
Z1 = ELo(u /%) 2::0 ot ;Ll(u\/g) 2::0 e (6-55)
Lemma 6.13. The coefficients A(n; &) and B(n; &) are given by
. 1o : . Lo dx
VEBG: &) = —VEA &)+ [ (A0 = Fa o) 4L, (6-56)

3
A(n; €)= —EB'(n— 1 ) +/ VOB — 1 %) dx + (6-57)
0
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for some real constants of integration \,.

Proof. By [Olver et al. 2010, Equations 10.13.2, 10.13.5, 10.36, 10.29.2, 10.29.3] the functions

W(E) == VELouy/E), V(&) :=ELi(uy/%)

satisfy the relations

W (= D \weo, vty (CE 13 Yoo, veLlvatw weLtwily
4 482 - & 4 4g2) C2f 2 2§ 2§

Using this and substituting solution (6-55) into equation (6-50), we obtain that

C D
WES LIS Z P <o,

n=0
where Al(n; &) (&) B(n; &)
"o n; _ ;
Cn;§)=A"(n; )+ E £ A(m; &)+ B'(n; £) + T
D(n;wf):B”(n—l;é)—i-B(n;hs) —wf)B(n—l;S)—l——A (5,5)'

Setting C(n; £) = D(n; £) =0 we find the required recurrence relations.

Let A(0; £) = 1. Then

B(0; &)= — (COtjgf ;) (6-58)
o1 (4 cothEA 1 1 _12
A(l; ) = 32<§ NG zsinhzm) 512(00t £/4 \/§> + A1 (6-59)
Note that

hm VEB(O; £) = &, s1320/4(1;5) = <5 + A1 (6-60)

The variation of the function is given by

b
Vo (f (1) = / (F ()Y | dx. (6-61)

Lemma 6.14. The function Vi oo(/x B(1; x)) is bounded. For n > 1, the function Vi (/xB(n; x))

converges.

Proof. As a consequence of recurrence relation (6-56), we find
(WxB(1;x) =0x""?) asx—0 and (VxB(l;x))=0(x"2) asx— oo.

Thus Ve oo (/X B(1; x)) is bounded. Note that

W(S)(S) =0 (L)
|$|s+1
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The convergence of variation for n > 1 then follows by [Olver 1974, Exercise 4.2, p. 445]. O

Using Lemma 6.14, we can truncate the infinite summation in (6-55) up to N summands with a
negligible error term. The value of N determines the quality of approximation: the error is smaller for
larger M.

Lemma 6.15. For each value of u and each nonnegative integer N, equation (6-50) has a solution Zk (&)
which is infinitely differentiable in & on interval (0, 00) and is given by

N A : N-1 B :
2® = VEKow/D ) T ONG, D PO | evan ), (66
where
VEKo(uE)

vt &)1 = I Ve o (VEBR(V: €) exp( Veoo VEBK(0:6)).  (663)
In particular, for N = 1

63,8 K

g .

As & — oo, the differential equation (6-50) has two recessive solutions, namely

—‘/EKZ(;‘*@ min(VE, 1) (6-64)

_ 1 .0 1/4 )
Z(E) = \pk<—cosh2 N )(s sinh? \/€) (6-65)
and Zg (&) given by (6-62). Thus there is Cx = Ck (1) such that
1 . 12 14 .
\pk<—cosh2 N )(g sinh? /& )" = Cx Zg (£). (6-66)

The last step is to compute Cx = Cg (u).

Lemma 6.16. One has
Ck =2+ O(k™). (6-67)

Proof. To determine Cg, we compute the limit of the left- and right-hand sides of equation (6-66) as
& — oo. This implies

Fk—Hre+Ho*xu/& a, S by \7
Ck= I (2k) ( ﬁ_zuhﬂ)’

n=0 n=0

where

= Jim A(:8). by = Jlim B(n; £)VE.

According to (6-60), we know that ap =1, a; = % + Ay, bg= Furthermore,

16

bl P 1 0(d) = 250 +0())

T(2k) T(2k) k k2%
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The assertion follows. U
Finally, we obtain the main theorem.

Theorem 6.17. For & € (0, 00) the following equality holds

1 : 1/4
v —— h? =CxZ -
k(coshz N /2)(5 sinh” /& )" = Cx Zx (%), (6-68)
where Zk (§) is defined by (6-62) and Cx =2+ oM.

7. Asymptotic formula

Corollaries 2.2 and 2.3 are derived from Theorem 2.1 by estimating the last two summands in exact
formula (2-9), as we now show.

Lemma 7.1. For any € > 0,

Evk, 1) = %ﬁ 3 f,,z_Mz(%)q%(%) < ls\/;;. (7-1)
1<n<2l

Proof. Using the subconvexity bound (4-10) we obtain

Evtk, D) < f—/l 1;21(21 —m oL o (1) < lljzﬂ 122,”1/6‘@((1 -5))|

Let & = 4(arcsin /n /4l )2, u =2k — 1. Then by Theorem 6.10 one has

in /n/a1 )"
q>k(<1_£>2)<< | @Yo(uf) < (arcsm nl//4) Yo(u\/g).
21 (arcsm«/n/4l) (n/DH1/4 (n/l)

If I < k2 one has u/& > 1. Then the estimate for the Bessel function

1
YO(M\/g) < m

yields
o ((1 n\2 1
"(( _Z) ><< K2 1)1+

[1/6+€ Q16174 [5/6+€

< . ]
Ji ngy k12,174 NG

Corollary 7.2. If the Lindeldf hypothesis for Dirichlet L-functions is true, then

Consequently,

Eik, 1)<

[1/2+e

N3

Ei(k, ) <

forany € > 0. (7-2)
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Lemma 7.3. For some ¢ > 0,

. 1 1 412 l—1/12 ck
Ex(k, 1) := 7 rgﬂg"z—“”(i)‘/ﬁ\p"(;?) < T exp(—W) (7-3)

Proof. It follows from the subconvexity bound (4-10) that
v 417
K\ 2

" 4]% " 4]?
"(x_Z) "((21+1>2)"

Next, we make the change of variables x = 2/ cosh(%ﬁ ) and estimate E;(k, [) using Theorem 6.17 with
N = 0. Consider the first summand
" 41
2

1 2 2,1/6
Ex(k.1) < 7 ) (n* =410 /n

n>2l

< l/oo X252 — 472116
2U+1

z dx +17173

00 5/6
dx<<ls/6/ <sinh£) @%dé

1 o0
+1

§o 2
si6 [f o VE /%) Ko(un/E)|
<1 sth i dé&,

&0 3
where u =k — % and the limit of integration & is defined by
1

cosh @ =1+=.

2 2]

Making the change of variables /& = t, one has
to = 4 arcsinh !
0o =4arcsinh —.
4l

Since ty > 1/ V1 and ut > uty > k/ V1> 1, we estimate the Bessel function as follows

exp(—ut)
Ko(ut) K ———.
o(ur) N
Finally,
E (k l) <<15/6/OO( inh t>5/6|K0(Mt)|tdt < 15/6 OO( inh t)5/6 —utdt
2,1(K, sinh — — sinh—) e
fo 2 \/; \/% to 2
15/6 1 5/6 00 5/12

L —= 77 ex (—ut)dt—i—/ exp (—ut + 5t 12)dt> < exp(—uty).
JE(/M P | oxp / o SXp(muto

The second summand can be estimated similarly:

412 -1/3 CK|Z/<(E)|
wk(@l T 1>2)‘ S A sinh B)1 2
exp (—uto)

<P Z )] < 1VEIKou/8) < =i

Eyo(k,1):=1"1/3
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To sum up,
—ck

1
Ey(k, 1) K Epi(k, 1)+ E2p(k, 1) K N eXP(7>

for some ¢ > 0. O
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