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Jordan blocks of cuspidal representations
of symplectic groups

Corinne Blondel, Guy Henniart and Shaun Stevens

Let G be a symplectic group over a nonarchimedean local field of characteristic zero and odd residual
characteristic. Given an irreducible cuspidal representation of G, we determine its Langlands parameter
(equivalently, its Jordan blocks in the language of Mceglin) in terms of the local data from which the
representation is explicitly constructed, up to a possible unramified twist in each block of the parameter.
We deduce a ramification theorem for G, giving a bijection between the set of endoparameters for G and
the set of restrictions to wild inertia of discrete Langlands parameters for G, compatible with the local
Langlands correspondence. The main tool consists in analyzing the Hecke algebra of a good cover, in the
sense of Bushnell-Kutzko, for parabolic induction from a cuspidal representation of G x GL,,, seen as a
maximal Levi subgroup of a bigger symplectic group, in order to determine reducibility points; a criterion
of Mceglin then relates this to Langlands parameters.
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Introduction

0.1. Let F be a locally compact nonarchimedean local field of odd residual characteristic and denote
by Wr the Weil group of F. Let G be the symplectic group preserving a nondegenerate alternating form
on a 2N-dimensional F-vector space. The local Langlands conjectures for G (now a theorem of [Arthur
2013] when F has characteristic zero) stipulate that to an irreducible (smooth, complex) representation 7
of G is attached a Langlands parameter, and the representations with a given parameter form a finite set
of isomorphism classes, called an L-packet for G.
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Since the symplectic group is split, Langlands parameters for G are simply continuous homomor-
phisms ¢ from Wr x SL,(C) into the dual group G= SO,n+1(C), taken up to conjugation, such that
the (2N+1)-dimensional representation ¢ o ¢ of Wr x SL,(C), obtained from the inclusion ¢ of G
into GLoy4+1(C), is semisimple. If 7 is a discrete series representation of G, then its parameter ¢ is
discrete, that is, the image of ¢ is not contained in a proper parabolic subgroup of G; equivalently, to¢ is the
direct sum of inequivalent irreducible orthogonal representations of Wr x SL,(C), and has determinant 1.
In that case giving ¢ o ¢ up to equivalence is the same as giving ¢ up to conjugation in G.

On the other hand, we have an explicit description of the cuspidal representations of G via the theory
of types [Stevens 2008], in the spirit of the classification of the irreducible representations of GL, (F)
of [Bushnell and Kutzko 1993]. It is our goal in this paper to describe as much as possible of the
Langlands parameter of a cuspidal representation of G from its explicit construction. We will denote
by Cusp(G) the set of equivalence classes of cuspidal representations of G, and by ®“**P(G) the subset
of discrete Langlands parameters consisting of those parameters with a cuspidal representation in the
corresponding L-packet (see Section 0.5 below for a more detailed description).

0.2. At the technical and arithmetic heart of the construction of cuspidal representations of G and GL,, (F)
is the theory of endoclasses of simple characters — families of very special characters of compact open
subgroups. An irreducible cuspidal representation of GL, (F) contains, up to conjugacy, a unique such
simple character and thus determines an endoclass. By considering the endoclasses in its cuspidal support,
an arbitrary irreducible representation of GL, (F) then determines a formal sum of endoclasses (with
multiplicities), which we call an endoparameter of degree n (see Section 2.7). We write E,,(F') for the
set of endoparameters of degree n.

Similarly, an irreducible cuspidal representation of G is constructed from a semisimple character,
and thus also comes from an endoparameter, the weighted formal sum of the endoclasses of its simple
components; moreover, the semisimple character is self-dual so that every endoclass appearing must also
be self-dual. Thus the construction of an irreducible cuspidal representation of G gives rise to a self-dual
endoparameter of degree 2N. We write £ Z?V(F ) for the set of these self-dual endoparameters.

0.3. The notions of endoclass and endoparameter admit an instructive interpretation via the local Langlands
correspondence. Denote by #F the wild ramification subgroup of the Weil group Wr. Then the (first)
ramification theorem [Bushnell and Henniart 2003, 8.2, Theorem] says that there is a unique bijection
between the set of endoclasses over F' and the set of Wr-orbits of irreducible complex representations
of Zr, which is compatible with the local Langlands correspondence for general linear groups. This
then induces a bijection, again compatible with the Langlands correspondence, between the set of
endoparameters of degree n and the set of equivalence classes of n-dimensional complex representations
of £ which are invariant under conjugation by Wg (see 7.3 Theorem for a precise statement). We call
these representations of &r wild parameters.

Our first main result (or, rather, the last in the scheme of proof) is an analogous ramification theorem
for the symplectic group G. First we see that the bijection above restricts to a bijection between self-dual
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endoclasses and self-dual Wg-orbits of irreducible complex representations of &?r. (Note that we really
mean that the orbit is self-dual: the only self-dual irreducible complex representation of &2 is the trivial
representation, since p is odd.) We say that a (2N +1)-dimensional wild parameter is discrete self-dual if
it is a sum of self-dual Wg-orbits of irreducible complex representations of &r, and write \113‘11\, +1(F ) for
the set of such wild parameters. These are precisely the restrictions to wild inertia of discrete Langlands
parameters. We prove the following ramification theorem for G (see the end of the Introduction for
remarks on the characteristic).

7.6 Theorem. Suppose F is of characteristic zero. There is a unique bijection 853‘}\,(F ) —> \IJS‘}V 1 (F)

which is compatible with the Langlands correspondence for cuspidal representations of G
Cusp(G) —» OP(G)

| |

EE5y (F) —— Wiy, (F)

The bijection here is not just that in the case of general linear groups (indeed, the degree has changed):
one must first take the square of every endoclass in the support of the endoparameter, then map across
using the bijection for general linear groups, and finally add the trivial representation of ZF.

0.4. The ramification theorem for G is in fact a consequence of rather more precise results, proved on
the automorphic side of the Langlands correspondence. To explain the connection, we recall in more
detail the structure of discrete Langlands parameters, and the results of Moeglin.

There is, up to isomorphism, exactly one irreducible m-dimensional representation St,, of SL,(C) for
each m > 1. Thus an irreducible representation of Wr x SL,(C) is a tensor product o ® St,,, where ¢ is an
irreducible representation of Wg; moreover it is orthogonal if and only if either o is self-dual symplectic
and m is even, or o is self-dual orthogonal and m is odd. By the Langlands correspondence for GL,
[Laumon et al. 1993; Harris and Taylor 2001; Henniart 2000], such a o is the Langlands parameter of
a (single) cuspidal representation p of GL, (F), where n = dimo. Saying that o is self-dual is saying
that p is self-dual (i.e., isomorphic to its contragredient), and o is then symplectic (resp. orthogonal) if
the Langlands—Shahidi L-function L(s, A2, p) (resp. L(s, Symz, p)) has a pole at s = 0 [Henniart 2010],
in which case we say that p is of symplectic (resp. orthogonal) type.

Thus, a discrete parameter ¢ for G can be given by a set of (distinct) pairs (p;, m;), where p; is an
isomorphism class of irreducible cuspidal representations of GL,,, (F), with n; and m; positive integers, and

° Zi nim; = 2N+ l,
« each p; is self-dual, of symplectic type if m; is even and of orthogonal type if m; is odd,
o if w; is the central character of p; then []; " = 1.
0.5. If 7 is an irreducible cuspidal representation of G and ¢ is its parameter, [Mceglin 2014] gives a

criterion to determine the set attached to ¢ as above, i.e., the pairs (p;, m;) that she calls the “Jordan
blocks” of 7; we write Jord(sr) for this set of pairs. Let us explain her results.
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For any positive integer n, the group GL,(F) x G appears naturally as a standard maximal Levi
subgroup of Sp, ., (F). If p is a cuspidal representation of GL, (F), we can form the parabolically
induced representation pv*® x w (we use normalized induction and induce via the standard parabolic),
where s is here a real parameter and v is the character g — |det g|r of GL, (F). If no unramified twist
of p is self-dual then pv® x 7 is always irreducible. On the other hand, if p is self-dual, there is a
unique sy (p) > 0 such that pv® x 7 is reducible if and only if s = £s5, (p).

We define the reducibility set Red(sr) to be the set of isomorphism classes of cuspidal representations p
of some GL, (F), with n > 1, for which 25, (p) — 1 is a positive integer. Indeed, it is known that 2s, (p)
is an integer [Mceglin and Tadi¢ 2002], so the condition for p to lie in Red(rr) is that s, (p) is neither O
nor % The Jordan set Jord(sr) is then the set of pairs (o, m), where p € Red(r) and 2s, (p) — 1 =m +2k
for some integer k£ > 0.

From its construction, Jord(rr) is “without holes” in the sense that if it contains (o, m) then it also
contains (p, m —2) whenever m —2 > (. However there may be discrete series noncuspidal representations
of G with the same parameter as 7; this happens as soon as Jord(;r) contains a pair (p, m) with m > 1.
For the number of cuspidal representations of G with a given parameter (without holes), see [Moeglin
2011] (recalled in Section 7.4 below).

0.6. The results of Mceglin described in the previous subsection now say that, in order to determine
the Langlands parameter of an irreducible cuspidal representation = of G, we need only compute the
reducibility points s; (p) for p an irreducible self-dual representation of some GL,, (F). Moreover, we
need only find enough reducibility points s, (p) > 1 to fill the parameter.

To compute these reducibility points, we use Bushnell and Kutzko’s theory [1998] of types and covers.
The representation 7 takes the form c—Ind?ﬂ Ay, for some irreducible representation A, of a compact open
subgroup Jy ; this pair (J;, A) is a type for 7. Similarly, we have a Bushnell-Kutzko-type (.J, 05 ) o) for p.
Moreover, from [Miyauchi and Stevens 2014] we have a cover (J, 1) in Spaw-my (F) of (fp X Jr, ):p RAy).

The reducibility of the parabolically induced representation pv® x m for complex s is translated,
via category equivalence, to the reducibility of induction from modules over the spherical Hecke alge-
bra H(GL,(F) x G, Xp ®Ax) to H(Spy(y4n)(F), 2). The former algebra is isomorphic to C[Z*'], while
the latter is a Hecke algebra on an infinite dihedral group, with two generators each satisfying a quadratic
relation of the form (7 + 1)(T —¢"), with r > 0 an integer and g the cardinality of the residue field of F.
The results of [Blondel 2012] then translate the values of the parameters r for the two generators into the
real parts of those s € C for which pv*® x 7 is reducible.

In the inertial class [p] = {pV® | s € C}, there are precisely two inequivalent self-dual representa-
tions, and we write p’ for the other one. Thus the method described above allows one to compute the
set {s; (0), sz (0")} but not to distinguish between the two values if they are distinct. Thus our method com-
putes the inertial Jordan set 1Jord(sr), which is the multiset of pairs ([p], m) such that (p, m) € Jord(m).

0.7. According to the previous subsection, computing IJord(;r) explicitly comes down to computing the
parameters in the quadratic relations for the spherical Hecke algebra of the cover. We do this in two steps.
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First, we consider the special case when the semisimple character 6, in 7, from which the type (J, 1)
is built, is in fact simple. In this case, it determines a self-dual endoclass ® and we consider only those
irreducible cuspidal representations of some GL, (F) which have endoclass ®2 We prove that just these
representations already give us enough to fill the Jordan set (see 2.5 Theorem) and describe an algorithm
to determine IJord(;r) (see Section 5.10).

Here the computation of the parameters can be done using results of Lusztig on finite reductive groups:
if ® is the trivial endoclass ®g, so that we are in depth zero, this was done already in [Lust and Stevens
2016]; otherwise, the groups in question are the reductive quotients of maximal parahoric subgroups in
a unitary group (ramified or unramified). There is also an added subtlety which does not arise in the
depth-zero case: two signature characters of certain permutations (coming from a comparison of so-called
beta-extensions) cause an extra twist which must be taken care of in the algorithm and counting.

In the second step, we consider an arbitrary irreducible cuspidal representation 7w and reduce to the
first case. More precisely, the semisimple character 6, determines by restriction its simple components 6;
for 0 <i </, and hence endoclasses ®;. From the construction of the type (J,, A ), we define types (J;, A;)
in symplectic groups Sp, . (F), with Zi:o N; = N, which induce to irreducible cuspidal representations r;
containing a simple character of endoclass ®;. (See Section 2.6 for details.)

The reduction is obtained by showing that elements of IJord(;r) with endoclass ®; can be obtained
from those of IJord(;;) by a simple twisting process, by a character of order 1 or 2 (see 2.6 Theorem).
This character arises as the comparison of pairs of signature characters as in the first case for 7 and for 7;;
the point that is both crucial and subtle is that, although we need to make two comparisons, they turn out
to be equal. Now the first case, together with a dimension count, ensures that we have filled the expected
size of ord(sr). If F is of characteristic zero then, by the results of Mceglin, this is indeed the entire
inertial Jordan set (see 2.6 Corollary).

0.8. From our explicit description of the set IJord(sr), we know the endoclass of every self-dual irreducible
cuspidal representation of some GL,, (F') which appears in Jord(sr). From this we deduce the following
result, which gives the compatibility of taking endoparameters with the endoscopic transfer from G
to GLyy 41 (F) and from which, via the results of Arthur, we deduce compatibility with the local Langlands
correspondence. In the following, the map ¢y sends a (self-dual) endoparameter > me® of degree 2N
to the endoparameter » me®? 4+ O of degree 2N + 1, where © denotes the trivial endoclass.

2.8 Theorem. Suppose F has characteristic 0. Then the following diagram commutes:

transfer

Cusp(G) —————— Iir(GLoy 41 (F))

| |

EESN () —— &an+1(F)

It is very tempting to think that this result could be an instance of a general theory of endoparameters
for arbitrary reductive groups, which would be in bijection with suitably defined wild parameters and
would be compatible with (twisted) endoscopy.
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0.9. Let 7w be an irreducible cuspidal representation of G. Having given an explicit description of IJord (),
we can ask whether we can then determine Jord(;r) precisely; that is, given ([p], m) € Jord(rr), can
we tell whether it is (p, m) or (p’, m) in Jord(s), where p’ is the self-dual unramified twist of o which
is inequivalent to p. In certain cases the answer is yes: often the representations p, p’ have opposite
parities (that is, one is symplectic and the other orthogonal) and then we know that we must have the
representation of symplectic type if m is even, and the one of orthogonal type if m is odd. In the
exceptional case where p, o’ have the same parity, we can only recover Jord(rr) if it happens that both
appear (that is, ([p], m) appears in IJord(;r) with multiplicity 2); otherwise, we are left with an ambiguity.
(See 4.4 Remark for more on this.)

In Section 6, we explore this exceptional case on the Galois side — that is, we look at the self-dual
irreducible representations of W which have the same parity as their self-dual unramified twist. It turns out
that they have quite a special structure and that one can determine their parity (see 6.6 Proposition). This
also translates to a criterion for determining the parity of a self-dual cuspidal representation p (such that p
and its self-dual unramified twist p" have the same parity), in terms of the type it contains (see Section 6.8).

It is also possible, at least in certain cases, to be more precise in the analysis of the category equivalences
and reducibility, in order to elucidate the ambiguity and recover Jord(sr) completely. We hope to come
back to this in the case of Sp,(F) in a sequel to this paper.

0.10. As one of the referees has pointed out, given a generic cuspidal representation 7 of G, it follows
from the results of Arthur and Mceglin that, for every (o, m) appearing in Jord(r), we have m = 1; we
say that the Jordan set (or the corresponding L-packet) is regular in this case.

In general, determining the genericity of a cuspidal representation of G from the data used in its
construction is difficult, as the example of Sp,(F) shows; see [Blondel and Stevens 2009]. However, the
principal difficulties occur when trying to determine which cuspidal representations in a regular L-packet
are generic, rather than in proving that the cuspidals in a nonregular L-packet are nongeneric. Moreover,
the case of depth-zero representations is much simpler. Since the appearance of a pair (o, m) in Jord(;r)
with m > 1 arises from the “depth-zero data” used in the construction of 7, it may be possible to use
the techniques of [Blondel and Stevens 2009] to prove that any cuspidal in a nonregular L-packet is
nongeneric. We leave this as an interesting question to return to later.

A remark on characteristic. The bulk of our work is on the representation theory of symplectic groups;
for this, while we require that the residual characteristic be odd, we have no further conditions on the
characteristic — that is, we do not require F' to be of characteristic zero. In particular, our description of
the inertial Jordan set in 2.5 Theorem and 2.6 Theorem does not require characteristic zero. It is only when
interpreting these results in terms of the Langlands correspondence (or the endoscopic transfer map) where,
until these results have been proved with F' of positive characteristic, we require characteristic zero.

Structure of the paper. In Section 1, we recall the basic structure of types for cuspidal representations,
in particular semisimple characters and beta-extensions, including the choice of a base point for beta-
extensions. Section 2 contains the statements of the main results on (inertial) Jordan sets, remaining
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entirely on the automorphic side, while the following three sections are devoted to their proofs: in
Section 3, we recall the theory of covers and the results of [Blondel 2012; Miyauchi and Stevens 2014]
on their Hecke algebras and reducibility of parabolic induction; in Section 4 we prove the reduction to
the simple case which is at the heart of our method; and in Section 5 we prove the result in the simple
case. The exploration of self-dual irreducible representations of W is given in Section 6 and finally, in
Section 7, we interpret our results via the local Langlands correspondence.

Notation

Throughout the paper, F will be a locally compact nonarchimedean local field, with ring of integers of,
maximal ideal pr, and residue field kr = o /pF of cardinality ¢ = gr and odd characteristic p; similar
notation will be used for extensions of F. The absolute value |- | on F is normalized to have image g7
and we write v for the character g — |det g|r of GL,, (F).

All representations we consider here will be smooth and complex. By a cuspidal representation of
the group of rational points of a connected reductive group over F, we mean a representation which is
smooth, irreducible and cuspidal (i.e., killed by all proper Jacquet functors).

1. Cuspidal types and primary beta-extensions

In this section we fix notation following mostly [Stevens 2008]. We recall, in the first sections, the main
features of the construction of cuspidal representations of symplectic groups achieved in that paper, to
which we refer for relevant definitions. We do not give references for the by now classical definitions
and constructions previously made for general linear groups by Bushnell and Kutzko. One of the key
steps in the construction is the existence of a so-called beta-extension. We will have to compare such
beta-extensions across different groups but, unfortunately, they are not uniquely defined. Here, following
[Bushnell and Henniart 2005], we explain one way of picking out a particular beta-extension (which we
call p-primary, see 1.8 Definition) in each case, giving a base point to make comparisons.

1.1. We recall the notation for skew semisimple strata and related objects. Let V be a finite-dimensional
symplectic space over F of dimension 2N. We denote by / the symplectic form on V, by x — x the
corresponding adjoint (anti-)involution on Endg (V) and by o the corresponding involution on GLg (V).
We put G = Spp(V) = Sp,y (F), where Spy (V) is the isometry group of /, which is the group of fixed
points of o in GLg (V).

Let [A, n, 0, B] be a skew semisimple stratum in Endz (V) [Stevens 2008, Definitions 2.4 and 2.5].
In particular A is a self-dual or-lattice sequence and g = —B belongs to the Lie algebra sp (V). We
write B for the commuting algebra of 8 in Endg (V).

Remark. Following [Stevens 2008] we always normalize self-dual lattice sequences such that their period
over any relevant field is even and their duality invariant d is 1. With this convention, for any self-dual
lattice sequence A and any multiple s of the period e of A, there is a unique self-dual lattice sequence
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of period s having the form ¢t — A((t +a)/(s/e)). There is thus a well-defined way of summing two
self-dual lattice sequences, by first transforming both so that they have the same period; see [Bushnell
and Kutzko 1999]. When performing such transformations, the valuation n of § relative to the lattice
sequence A undergoes changes that are of no importance to us, since the associated groups H', J!, J and
characters (see Sections 1.2 and 1.4 below) are left unchanged; we will thus ignore this parameter and
write the stratum in the form [A, —, 0, B].

The characteristic spaces of B determine a canonical orthogonal splitting V = J_ﬁzo Vi for the
stratum [A, —, 0, B] such that, letting A’ = ANV’ (thatis, A’ (t) = A(r)NV' for any 1 € Z) and B' = By,
the strata [A’, —, 0, ,Bi 1, 0 <i <, are skew simple strata which are “sufficiently distant” in the sense
of [Stevens 2008, Definition 2.4]. We put E = F[8] = G}le E!, where E' = F[B'], and write 01"5 for
the ring of integers of E’. We recall that A is an og-lattice sequence, by which we mean that each A’ is

an og—lattice sequence in V'.

Convention. In this paper we also take the convention that, for any skew semisimple stratum [A, 7, 0, 8]
with splitting V ZJ_LO Vi, we have 8% = 0. When 0 is not an eigenvalue of $, this can be achieved by
taking VY to be the zero-dimensional space over F; since, in that case, dimpg V9 =0, it does not affect
any of the following constructions. The reason for this convention will become apparent later.

1.2. From the datum [A, —, 0, 8] are built open compact subrings
« 5'(B, M) ST'(B. A) of Endp(V),
o ! B, AT ! (B, A) of spr(V), the fixed points of the former ones under the adjoint involution
on Endg(V),
and open compact subgroups
« H'(B, ) S J'(B, A) CJ(B, A) of GLr(V),
« HY(B, A) S JY (B, A) C J(B, A) of G, the subgroups of fixed points of the former ones under the
adjoint involution on GL£ (V).

We will frequently write H! = H'(B, A) and so on.
1.3. We introduce more notation relative to A. For n € Z we write
a,(A)={xe€Endp(V)|VteZ, xA(t) C A +n)}, b,(A)=a,(A)NB.

In particular ag(A) is a hereditary og-order in End g (V') with Jacobson radical a; (A). Let P (A)=ap(A)*
and P;(A) = 1 4 a;(A). Then Pi(A) = P;(A) NG is the pro-p-radical of P(A) = P(A)NG. The
quotient groups

G(A)=P(A)/Pi(A) and G(A) = P(A)/Pi(A)

are (the groups of rational points of) finite reductive groups over kr. The latter may be disconnected so
we let G°(A) be (the group of rational points of) its neutral component and call P°(A) the inverse image
of GO(A) in P(A); this is a parahoric subgroup of G.
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Actually we will mainly work with bg(A) = ap(A) N B and with P(A,,) := P(A)N B, with G(A,;) =
P(A,;)/ P1(A,) and its neutral component QO(AOE), and with the parahoric subgroup PO(AUE) of Gg:=
BN G, inverse image of G°(A,,) in P(A,,). Indeed we have

J(B, A) = P(Aop)J (B, A) and J(B, A)/J' (B, A) = P(Ao,)/Pi(Aoy) = G(Agy).

Moreover, we have natural isomorphisms

! I
G(Ao) =[]G(Ay) and GO(Ag) =[]G%Ay).
i=0 i=0
Note that, writing E! for the field of fixed points of E’ under the adjoint involution x > X and k. for its
residue field, the groups on the right-hand side here are reductive groups over k.. We also have similar
decompositions and isomorphisms for the group J (8, A).

1.4. On the group H (B, A) lives a family of one-dimensional representations endowed with very strong
properties, called semisimple characters [Stevens 2008, §3.1], that restricts to a family of skew semisimple
characters on H' (8, A). In particular, a skew semisimple character of H!(B, A), say 6, restricts to a skew
simple character 0; of H' (8, A)N SpF(Vi) =H'(B, Ay for0<i <I. Among the properties of these
families, the “transfer property” is especially important. It asserts that if [A’, —, 0, 8] is another skew
semisimple stratum in Endg(V'), then there is a canonical bijection between the sets of skew semisimple
characters on H'! (B, A) and H 1 (B, A') [loc. cit., Proposition 3.2]. The image of 6 under this bijection is
called the transfer of 6.

To any semisimple character 6 of H' (B, A) is associated the unique (up to equivalence) irreducible
representation 7 of J'(8, A) that contains 6 upon restriction; actually 7 restricts to a multiple of 6
on H' (B, A). Now H 11\ and J 11\ are pro- p-groups with p odd, on which the adjoint involution o acts. The
Glauberman correspondence hence relates their representations to those of the fixed point subgroups H 1{
and J). Indeed if 4 is fixed under the involution o so is 7j and its image 1 under the Glauberman
correspondence is the unique (up to equivalence) irreducible representation of J'(8, A) that contains 6;
it actually restricts to a multiple of # on H!(B, A).

1.5. In turn the representation 7 has special extensions to J (8, A) called beta-extensions and denoted
by k. These beta-extensions in GLr (V) are characterized by the fact that they are intertwined by B>
[Bushnell and Kutzko 1993, (5.2.1)].

Remark. In the literature, these extensions are usually called g-extensions. However, the simple
stratum [A, —, 0, 8] giving rise to a particular simple character 8 is not unique, while the notion of
beta-extension turns out to be independent of the choice of 8. It is thus convenient to write beta-extension,
especially since we also have strata indexed by i so we would otherwise need to talk about $;-extensions etc.

The definition of beta-extensions in classical groups is more delicate [Stevens 2008, §4]. A skew
semisimple stratum as above is called maximal if bo(A) is a maximal self-dual og-orderin B. If [A, —, 0, 8]
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is a maximal skew semisimple stratum, a beta-extension of 7 is an extension k of n to J (8, A) such that
the restriction of x to any pro-p-Sylow subgroup is intertwined by G g [Stevens 2008, Corollary 3.11,
Theorem 4.1]. In the general case, the notion of beta-extension is a relative one. Given a maximal
skew semisimple stratum [9)T, —, 0, 8] in Endr (V) such that by(9) D bo(A), given the transfer Oy
of 6 to Hf}ﬂ and the representation ngy of ngﬂ determined by 6yy, there is a canonical way to associate
to a beta-extension kgy of 19y, an extension k of 7, called the beta-extension of n to Jp relative to N,
compatible with ksy [Stevens 2008, Lemma 4.3, Definition 4.5]. (We can also call « a beta-extension of 6.)

Note that the groups J (8, A) and J (8, A) are not pro-p-groups: the notation « here should not call to
mind a Glauberman-like connection with the former «.

1.6. Let J = J(B, A), for a skew semisimple stratum [A, —, 0, 8] as above, let § be a skew semisimple
character of H!(B, A) and let A be an irreducible representation of J of the form A = « ® 7, with «
some beta-extension of #, and t the inflation of a cuspidal representation of J/J! ~ G(A,,). Under the
additional assumptions that the group G ¢ has compact centre and that P°(A,,) is a maximal parahoric
subgroup of G, the pair (J, 1) is called a cuspidal type for G. Recall from [Stevens 2008] (see also
[Miyauchi and Stevens 2014] for complements):

Theorem [Stevens 2008, Corollary 6.19, Theorem 7.14]. A cuspidal type in G induces to a cuspidal

representation of G and any cuspidal representation of G is thus obtained.

1.7. There is of course a similar result for the group GLg (V). Here we let J=17 (B, A) for a simple
stratum [A, —, 0, B] (so that E = F[B] is a field) and let X be an irreducible representation of J of the
form A =& ® 7, with & some beta-extension of 6, and 7 the inflation of a cuspidal representation of J /J .
Under the additional assumptions that P(A)N B is a maximal parahoric subgroup of B*, the pair (J, 1)
is called a maximal simple type for GLg (V).

Theorem [Bushnell and Kutzko 1993, Definition 5.5.10, Theorems 6.2.4 and 8.4.1]. A maximal simple
type in GLE (V) extends to an irreducible representation of its normalizer, which then induces to a
cuspidal representation of GLg(V); any cuspidal representation p of GLr(V) is thus obtained and the
maximal simple type yielding p is unique up to conjugacy in GLr(V).

Remark. This theorem includes depth-zero representations, by formally considering the null stra-

tum [A, —, 0, 0] to be simple.

1.8. In order to compare representations across different groups, we need a way to compare beta-extensions.
(The transfer of semisimple characters already allows a comparison.) Two beta-extensions only differ by
a character (of a specific shape); however we will need to choose beta-extensions in a unique way as in
[Bushnell and Henniart 2005, §2.3, Lemma 1], which amounts to the GL-case in the following lemma.

Lemma. (i) Let [A, n, 0, B] be a simple stratum in Endp(V), let 6 be a simple character ofﬁ1 (B, N),
and let 7j be the irreducible representation of J (B, A) containing 6. There exists one and only one

beta-extension & of j to J (B, A) whose determinant has order a power of p.
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(i1) With notation as in (i), assume the stratum and the simple character are skew so that the involution o
on GLE (V) stabilizes H! B, N), J! (B, A), f(,B, A) and 6. The beta-extension § in (i) satisfies K ~ K oo.

(iii) Let [A, n, 0, B] be a maximal skew semisimple stratum in Endg(V), let 0 be a skew semisimple
character of H' (B, A), and let 1 be the irreducible representation of J'(B, A) containing 6. There exists
one and only one beta-extension of 1 to J (B, A) whose determinant has order a power of p.

Proof. (i) The reference is [Bushnell and Kutzko 1993, Theorem 5.2.2], which we imitate below to
conclude the proof of (iii).

(i) Self-duality with respect to o follows from uniqueness. Indeed 7 o o is equivalent to n so there is an
intertwining operator 7" such that 7(x) =T (5 oo (x))T ' forx e J! (B, A). Since o stabilizes GLf5(V),
the representation T (k o o (x))T ! for x € J (B, A) is a beta-extension of 77 by [Bushnell and Kutzko
1993, Definition 5.2.1]; its determinant is a power of p, so it is equal to «.

(iii) Let « be a beta-extension of 7 and let ® = det(k|p(a,,)). The main point is to prove that the
character ® of P(A,,) factors through the determinant detg. By this we mean, as usual, that ®|p Ay)
factors through detg: for 0 <i </; the remainder of the proof uses this convention. :

Since 6 is equal to x odetg on P!(A,,) for some character x of 1+ pg, we have that K|P1(Agy) is the
sum of dim 7 copies of x odetg. Now y extends to a character x of o, and &' = (¥ odet £)”4m1® is then
a character of P(AOE)/Pl(AuE). From [Stevens 2008, Lemma 3.10, Corollary 3.11 and Theorem 4.1],
the character @’ is trivial on all p-Sylow subgroups of P(A,,)/ PI(AUE) and so factors as ' = odetg,
where 1 is a character of o ;:f trivial on 1 + pg (and depends on the choice of extension ).

Let us write 05 = )z (1 4+ pg), where u' is the group of roots of unity in E* of order prime to p, and,
in the above, let us choose x trivial on u’; so that the order of x is a power of p. The corresponding
character ¢ has order prime to p, so prime to dim 7, and there is a character « of o (trivial on 1+ pg)
such that ¢ = o4im?,

The representation k = (« o detz) ™'« satisfies the required condition. It is unique since any other
beta-extension has the form (¥ o detg)k, with ¥ as above, and if ¥ is nontrivial then no p’-th power
of ¥ can be trivial. [l

Definition. With the notations of (i) above, we denote by i the unique beta-extension of 7 whose
determinant has order a power of p. We call k the p-primary beta-extension of 1.

With the notations of (iii) above, we denote by « the unique beta-extension of n whose determinant
has order a power of p. We call k the p-primary beta-extension of 1.

We remark that, while the p-primary beta-extensions give a useful way of picking a base point amongst
the beta-extensions, sufficient for our needs here, it is not clear whether this is the best choice of base point.

2. Inertial Jordan blocks

In this section, we state the main results on Jordan blocks and the consequences for the endoscopic
transfer map. We continue with the notation from the previous section.
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2.1. Let 7 be a cuspidal representation of G 2 Sp, (F). We recall the reducibility set Red(sr) and the
Jordan set Jord(;r) from the Introduction. For any positive integer n, the group GL,(F) x G appears
naturally as a standard maximal Levi subgroup of Spy ) (F). If p is a cuspidal representation of GL,, (F)
we can form the normalized parabolically induced representation pv® x & (we use normalized induction
and induce via the standard parabolic), where s is here a real parameter and v is the character g +— |det g| ¢
of GL,,(F). If no unramified twist of p is self-dual (i.e., isomorphic to its contragredient) then pv® X 7 is
always irreducible. On the other hand, if p is self-dual, there is a unique s, () > 0 such that pv*® x 7 is
reducible if and only if s = 5, (p).

Definition. Let 7 be a cuspidal representation of G:

o The reducibility set Red(sr) is the set of isomorphism classes of self-dual cuspidal representations p
of some GL, (F), with n > 1, for which s, (p) > 1.

» The Jordan set Jord(sr) is the set of pairs (p, m), where p € Red(;r) and m is a positive integer such
that 25, (p) — 1 — m is a nonnegative even integer.

Note that, if p € Red(r) then 2s,(p) — 1 is a positive integer by [Mceglin and Tadi¢ 2002], so that
there is a positive integer m such that (p, m) € Jord ().

2.2. For p an irreducible representation of some GL, (F), we write n = deg p. Recall that the inertial
class [p] of a cuspidal representation p of GL, (F) is the equivalence class of p under the equivalence
relation defined by twisting by an unramified character (that is, twisting by w o det where w is a character
of F* trivial on o). If p is self-dual then the inertial class [p] contains precisely two self-dual represen-
tations: if #(p) denotes the number of unramified characters x of GL,(F) such that p ® x >~ p, and if x’
is an unramified character of order 2¢(p), then o’ = p ® x’ is the other self-dual representation in [p].

Definition. Let 7 be a cuspidal representation of G. The inertial Jordan set of 7 is the multiset 1Jord ()
consisting of all pairs ([p], m) with (p, m) € Jord(r).

Note that, if ([p], m) € Jord(xr), with p a self-dual cuspidal representation of GL, (F), then ei-
ther (p, m) € Jord(r) or (p’, m) € Jord(rr), where p’ as above is the second self-dual representation in
the inertial class [p]. As discussed in the Introduction, if one of p, p’ is of symplectic type and the other
of orthogonal type, then which occurs in Jord(rr) is determined by the parity of m. On the other hand,
if p, p’ are both of the same parity then the inertial Jordan set IJord(;r) does not distinguish them; of
course, if ([p], m) occurs with multiplicity 2 in IJord(s;), then both (p, m) and (p’, m) occur in Jord(r)
and there is no ambiguity; see 4.4 Remark for more on this.

2.3. In order to refine further the (inertial) Jordan set, we need to use the notion of the endoclass of a
simple character, as defined in [Bushnell and Henniart 1996]. To any cuspidal representation p of GL,, (F)
is attached in [Bushnell and Henniart 2003, §1.4] an endoclass of simple characters, denoted by ®(p), as
follows. As recalled in 1.7 Theorem, there is a maximal simple type (f , X) in GL,,(F") which occurs in p,
and p determines the GL, (F')-conjugacy class of (J, %). This maximal simple type is built from a simple
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character 6 and we define ®(p) to be the endoclass of 6. (In fact, this is also the endoclass of any simple
character contained in p.) Note that we are allowing here the case of depth-zero representations (where p
contains the trivial character of P! (A) for some lattice sequence A), in which case ®(p) = ®g is the
trivial endoclass over F.

Definition. Let 7 be a cuspidal representation of G and let ® be an endoclass of simple characters over F.
The inertial Jordan set of m relative to ©® is the multiset 1Jord(;r, ®) consisting of all pairs ([p], m)
with (p, m) € Jord(;r) and ®(p) = O.

2.4. We will also need to twist inertial Jordan blocks as follows. With notation as in the previous subsection,
the GL,,(F)-conjugacy class of (f , )N») depends only on the inertial class [p]; it also determines [p] by
[Bushnell and Kutzko 1998, (5.5)]. The quotient group J/J! is a linear group over a finite field,
say GL(mjp), k[p)). We define the twist of the inertial class [p] by a character x of k7, to be the inertial
class [p], determined by the maximal simple type (J/, A® x odet) —that is, in the decomposition A =K @7
with ¥ a beta-extension, we replace the cuspidal representation 7 by T ® x o det.

Let ® be an endoclass of simple characters. By [Bushnell and Henniart 1996, Proposition 8.11], it
determines a finite extension kg of kr such that, for any cuspidal representation p of some GL,(F)
satisfying ©(p) = O, if (J, 1) is a maximal simple type in p then the quotient group J/J' is a linear
group over kg (that is, kj,; = ke in the notation above). It is thus meaningful to give the following
definition:

Definition. Let 7 be a cuspidal representation of G, let ® be an endoclass of simple characters, and let x
be a character of k(f). The x-twisted inertial Jordan set of  relative to © is the multiset IJord(rr, ®),
consisting of all pairs ([p],, m) with (p, m) € Jord(;r) and O(p) = ©.

The relevant case for us will be the case where y is quadratic (that is, of order dividing 2).

Remark. Since p is odd, we have a squaring map © — ®? on endoclasses: if 6 is a simple character with
endoclass ©, associated to a simple stratum [A, —, 0, 8], then the character 0%isa simple character for the
stratum [A, —, 0, 28] and ®? is the endoclass corresponding to #2. This is well-defined and moreover gives
a bijection on the set of endoclasses (again, since p is odd). We note also that the fields kg and kg2 coincide.

2.5. We begin the computation of the inertial Jordan set with a special case, to which we will reduce in
the next subsection. We call a cuspidal representation of G simple if it contains a simple character; that is,
it contains a semisimple character # of H'(B, A) associated to a skew semisimple stratum [A, —, 0, 8]
such that E = F[B] is a field. We allow the degenerate case 8 = 0, in which case 7 is of depth zero (and
every depth-zero representation is simple with 8 = 0); we also allow, in the case 8 = 0, the degenerate
case that G is the trivial group, so that the trivial representation of the trivial group is regarded as being
simple of depth zero.

Remark. Our use of the word simple here is consistent with, but not the same as, the use in [Gross and
Reeder 2010] where, for symplectic groups, it means of minimal positive depth 1/(2N). More precisely,
all cuspidal representations of depth 1/(2N) are simple in our sense, but the converse is false.
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The following theorem tells us that, in the case of simple cuspidals, the Jordan set is filled by

representations with the expected endoclass.

Theorem. Let 7t be a simple cuspidal representation of G and let 8 be a self-dual simple character whose
restriction to G is contained in 7. Let © be the endoclass of the simple character 6. Then

Z m deg p = {2N +1 if ©is ®F, the trivial endoclass, 1)

2N otherwise.
([p],m)ellord(m,®2)

Note that we have ® = @g if and only if 7 is of depth zero (which includes the degenerate case N =0
where G is the trivial group). In this case, the theorem is a special case of the main result of [Lust and
Stevens 2016].

Remark. Since the dual group of G is SO,y +1(C), the reader may be surprised to see the sum in (2-1)
being 2N rather than 2N + 1 in most cases. The reason is as follows. The Jordan set of = always contains
a pair (x, 1), with x a quadratic character; since x is tame, it has trivial endoclass and so contributes to
the sum in (2-1) if and only if ® = @g . The point then of Theorem 2.5 is that, apart from this quadratic
character, every other cuspidal representation appearing in the Jordan set of 7 has endoclass &2,

We will prove Theorem 2.5 in Section 5 by computing the real parts of the complex reducibility points
of parabolically induced representations of the form pv® x 7, with p a self-dual cuspidal representation
of some general linear group with endoclass ®?, using the theory of types and covers to reduce the
calculation to computations of Lusztig for finite reductive groups. We note also that the proof not only
gives the equality above but also gives an algorithm to compute the multiset IJord(7r, ®2) (see Section 5.10

for more detail).

2.6. Now let 7 be an arbitrary cuspidal representation of G. Recall from 1.6 Theorem that 7 can be
constructed by induction, starting with a maximal skew semisimple stratum [A, —, 0, 8] and a skew
semisimple character @ of H'(8, A), which decomposes into a family of skew simple characters 6;
of H! (,Bi, A forie{0,...,1}. Let « be the p-primary beta-extension of 6 to J, and, similarly, let k; be
the p-primary beta-extension of ; to J,i (in Spz(V')) for 0 <i <1.

Let T be the cuspidal representation of G(A,,) = P (AOE)/P1 (Ao, ) such that  is induced from A =k ®t.
Then we can uniquely decompose t as 7 = ®f:0 7;, with 7; an irreducible (cuspidal) representation of
G(A of ). We may then define, for each i, the cuspidal representation 7; of Spx(V?) by

Spp (V!
;= c—Ind]p’,”( )gi R 1.
Al
Note that this representation is simple, in the sense of the previous subsection.

Remark. Recall that we are using the notation of Section 1.1, in particular 1.1 Convention so that we are
assuming B° = 0. If the space V? is trivial then the representation 1 is the trivial representation of the
trivial group.
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‘We can now state the crucial reduction theorem, which allows us to determine the inertial Jordan set

of 7 from those of the simple cuspidals ;.

Theorem. With notation as above, for 0 < i <, let 9~,~ be the unique self-dual simple character
of ﬁl(ﬂi, AD) restricting to 6; on Hl(ﬁi, AYD). Let ©; be the endoclass of the simple character éi
and let kg, be the corresponding extension of kr. Then there is a character x; of k(f)l_ of order at most 2

such that we have an equality of multisets
Uord(w, ©7) = Uord(r;, ©7),..

The character x; appearing here is in some sense explicit, coming from certain permutation characters
(see 4.4 Theorem, 4.3 Proposition and 3.10 Proposition for more details). The proof of the theorem will be
given in Section 4, following preparation in Section 3 (which is also needed for the proof of 2.5 Theorem).
Again, the principle is to use the theory of types and covers to compare the real parts of the complex
reducibility points of pv® x w with those of p;v® x m;, for p a self-dual cuspidal representation of some
general linear group with endoclass @l.z and p; self-dual in the inertial class [p],,.

For now, we put together the two previous theorems to get:

Corollary. Suppose F is of characteristic zero. With the notation of the theorem, we have
I
Uord(r) = | |Word(r;, ©7),,.
i=0
Since the proof of 2.5 Theorem gives us an algorithm to compute the multisets IJord (s, @iz), we can
then use this also to compute IJord(;r) for any cuspidal representation .

Proof. The theorem says that IJord(;r) contains the right-hand side. On the other hand, by [Mceglin 2014,
Theorem 3.2.1] the multiset IJord(sr) is finite and we have

Z mdegp = Z mdegp =2N + 1.
([p],m)elJord() (p,m)€lord ()

However, writing dimp V! = 2N;, we get from 2.5 Theorem that

: l
2 2 mdegp=(2No+1)+) 2N, =2N+1.
i=0 ([p],m)elord(x;,©%) i1

Thus we have equality, as required. ]

We remark that the proof does not require the full strength of [Meeglin 2014, Theorem 3.2.1]; indeed,
it only uses the inequality
> mdegp<2N+1,
(p,m)€Jord(r)
which was proved previously in [Meeglin 2003, §4, Corollaire]. Thus it does not in fact depend on
Arthur’s endoscopic classification of discrete series representations of G. One could also prove it
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(without the restriction on the characteristic of F) by checking that IJord(sr, ®) is empty for any self-dual
endoclass ® # @%; indeed, the methods of Section 4 together with results from [Kurinczuk et al. 2016]
would allow this.

2.7. In this and the following subsection, we interpret our results in terms of the endoscopic transfer map
from cuspidal representations of G to GLoy 4 (F).

For ® an endoclass over F, we recall that the degree deg ® of ® is the degree of an extension F[B]/F
for which there are a simple stratum [A, —, 0, 8] with a simple character of endoclass ®. Although
the stratum and the field extension are not uniquely determined by ®, this degree is; see [Bushnell and
Henniart 1996, Proposition 8.11].

Let N’ be a positive integer and write £(F) for the set of endoclasses of simple characters over F. An

endoparameter of degree N’ over F is a formal sum

such that
Z me deg@) = N/.
O€eE(F)
In particular, such a formal sum has finite support {® € E(F) | mg # 0}. (In [Sécherre and Stevens
2016], these formal sums are called semisimple endoclasses; the nomenclature endoparameter comes
from [Kurinczuk et al. 2016].) We write &€ v/ (F) for the set of endoparameters of degree N’ over F. We
then have, for each positive integer N’, a well-defined map

en'  Irr(GLy/ (F)) — EE N/ (F)

given by mapping a cuspidal representation p to (N'/deg ®(p))®(p), and mapping an arbitrary repre-
sentation to the sum of the endoparameters of its cuspidal support.

2.8. We call an endoclass © over F self-dual if there is a self-dual simple character 6 with endoclass ©.
We write £59(F) for the set of self-dual endoclasses over F. An endoparameter of degree N’ over F
is called self-dual if its support is contained in E9(F), and we write E£39,(F) for the set of self-dual
endoparameters of degree N’ over F.

Since p is odd, the only self-dual endoclass over F of odd degree is the trivial endoclass ®F , which has
degree 1. Indeed, if 6 is a self-dual simple character which is not the trivial character, then [Stevens 2001,
Theorem 6.3] implies that  is associated to a skew simple stratum, whose associated field extension E/F
is therefore of even degree. This implies, in particular, that there is a canonical bijection

553%(F)—>55331v+1(F), Z me® — Z m@®+®g.
Ocgsd Ocgsd
For any N’, there is also the natural squaring map

EN(F) > En(F), Y me® > Y me®?,
(IS (CIS)
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which is a bijection since p is odd. Combining these, we get a natural inclusion map
N D EEN(F) > &y (F), Y me®i> Y me®”+0f.
Ocgsd Oegsd

Given a maximal skew semisimple stratum [A, n, 0, 8] and a skew semisimple character 6 of H LB, A),
which decomposes into a family of skew simple characters 6; of H I (,Bi, A fori €{0,...,1}, we define

. :

d V!
img o,

Z deg ®;

the self-dual endoparameter of 6 to be

where ©); is the endoclass of the unique self-dual simple character éi which restricts to 6;. This is a
self-dual endoparameter of degree 2N.

We write Cusp(G) for the set of equivalence classes of cuspidal representations of G. From 2.6 Theorem
and 2.5 Theorem, we derive the following result.

Theorem. Suppose that F is of characteristic zero. Let mw be a cuspidal representation of G and let 6 be
a skew semisimple character contained in . Then the self-dual endoparameter of 6 depends only on .
Moreover, the diagram

transfer

Cusp(G) —————— Irr(GLyy 1 (F))

egl lSZNH

EESN (F)——————— &y (F)

commutes, where eg (1) denotes the endoparameter of any skew semisimple character contained in 7.

We remark that the fact that the map e is well-defined is also proved, in much greater generality and
without the assumption that F has characteristic zero, in [Kurinczuk et al. 2016]; the proof here is quite
different and long predates the one in that paper. We also remark that we will see later (7.6 Theorem) that
the map e is in fact surjective.

Proof. Let w be a cuspidal representation of G and let € be a skew semisimple character contained in 7,
with all the notation from above. In particular, we have a family of skew simple characters 6; for 0 <i </,
and, for each i, the unique self-dual simple character o; restricting to 6; and the self-dual endoclass ®; of 5,-.

For (p, m) € Jord(sr), we write ®, for the endoclass of any simple character in p. Then 2.6 Corollary
implies that ©, = ®i2 for some 0 < i <[; moreover, together with 2.5 Theorem it implies

l

3 mdegp g, :ZM®?+®F 2-2)
deg®, * — deg®; ! 0

(p,m)€lord(m)

In particular, the right-hand side here is ®g plus the square of the endoparameter of 6; since the squaring
map is a bijection, this endoparameter is therefore independent of the choice of 6 in 7 since the left-hand
side is.
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Now, according to [Mceglin 2014, Theorem 3.2.1], the Jordan set exactly determines the endoscopic

transfer of 7 to GLyy 41 (F); more precisely, the transfer of 7 is

[T steo.m,

(p,m)€elord()
where St(p, m) denotes the unique irreducible quotient of the normalized parabolically induced repre-

sentation

(1—m)/2 G-m)/2 5 (m—1)/2

oV X pV S X PV

of GL,; geg o (F'). The endoparameter of the transfer of 7 is thus

mde
> Tle,
(p,m)€lord(rr) g%

where ©, is the endoclass of (any simple character in) p. In particular, this lies in &5’;‘}\, 41 (F) and (2-2)
now implies that the diagram commutes. (]

3. Types, covers and reducibility

In the following subsections we recall the main results about covers and their Hecke algebras, from [Bush-
nell and Kutzko 1998] in the general situation and from [Miyauchi and Stevens 2014] in the particular
situation of interest to us: induction from a maximal parabolic subgroup of a symplectic group. One of the
key features in [Miyauchi and Stevens 2014] is the presence of quadratic characters arising from the compar-
ison of beta-extensions. Using the notion of p-primary beta-extension, together with results from [Blondel
2012], we describe these characters as signatures of permutations and recall the implications of the structure
of the Hecke algebra (including its parameters) for the reducibility of parabolic induction from that paper.

3.1. We briefly recall the general notion of a fype as defined in [Bushnell and Kutzko 1998]. Let for a
moment G be the group of F-points of an arbitrary connected reductive group defined over F, let L be a
Levi subgroup of G and let o be a cuspidal representation of L. The pair (L, p) determines, through G-
conjugacy and twisting by unramified characters of L, an inertial class s = [L, p]g in G. This class s
indexes the Bernstein block R°(G) (in the category R(G) of smooth representations of G) which is the
direct factor of R(G) consisting of representations all of whose irreducible subquotients are subquotients
of a representation parabolically induced from an element of s.

Let (J, A) be a pair made of an open compact subgroup J of G and an irreducible smooth represen-
tation A of J, acting on the finite-dimensional space V,. The Hecke algebra of the pair (J, A) is the
intertwining algebra of the representation c—IndS; A, traditionally viewed as

H(G,\)={f:G—End(V})| f compactly supported and Vg€ G, Vj, ke J, f(jgk)=1(j)f(gr(k)}.

The pair (J, A) is an s-type if the irreducible objects of R*(G) are exactly the irreducible representations
of G that contain A upon restriction to J. In this case there is an equivalence of categories

M, i R¥(G) = Mod-H(G, )), M, () =Homy(A, ).
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3.2. There is a counterpart of parabolic induction for types: the notion of G-cover, also defined in
[Bushnell and Kutzko 1998]. Let M be a Levi subgroup of G, let J3; be a compact open subgroup of M
and let A3; be a smooth irreducible representation of Jy;. A G-cover of the pair (Jy, Apy) is an analogous
pair (J, 1) in G satisfying the following conditions, for any parabolic subgroup P of G of Levi M, where
we write N for the unipotent radical of P, and P~ for the parabolic subgroup opposite to P with respect
to M, with unipotent radical N~:

(i) J has an Iwahori decomposition with respect to (M; P); i.e.,
J=UJNN)YJINMY(JINN), and JNM = Jy.

(i1) A restricts to Ay on Jys and to a multiple of the trivial representation on J N N~ and J N N.

(iii) The Hecke algebra (G, 1) contains an invertible element supported on the double coset of a strongly
positive element of the centre of M [Bushnell and Kutzko 1998, §7].

If the pair (Jps, Apr) is an sp7-type in M for an inertial class s = [L, o]y (so that L is a Levi subgroup
of M) and if (J, A) is a G-cover of (Jy, Ap), then the pair (J, A) is an sg-type in G for the inertial
class s¢ = [L, o]¢ [Bushnell and Kutzko 1998, §8]. Furthermore, the third condition above provides us
with an injective morphism of algebras ¢ : H(M, Ay) < H(G, 1) that induces on modules a morphism ¢,
yielding a commutative diagram:

R (G) — s Mod-H(G. »)

Indg T Tt*
M

R (M) —25 Mod-H(M, Ay)

The reducibility of parabolically induced representations from P to G, on the left side, can thus be studied
in terms of Hecke algebra modules, on the right side.

3.3. This is the tool we use in this paper, where the types will be cuspidal types as in Sections 1.6
and 1.7, simple types and semisimple types. As for the relevant Levi and parabolic subgroups, they will
come in most cases as follows — and now we come back to the symplectic group G = Spz(V) and the
setting of Section 1.1. Thus we have a skew semisimple stratum [A, —, 0, 8] with associated orthogonal
decomposition V =J_§:0 Vi, as well as all the other notation from Section 1.

Let V=@ __, W/ be a self-dual decomposition of V' (i.e., for which the orthogonal space of W/ is

j=—m
Pr._; W¥) such that:
(a) W/ = @f:o WiNnViand W/ NV’ is an E;-subspace of V'.
b) A =@, AN W forallt € Z.
(c) Foranyr e Z andi with 0 <i <[, there is at most one j, with —m < j <m, such that A(r) NV NW) D
Ar+D)NVinwo,
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(d) For j # 0 there exists 0 < i < such that W/ C V', and f;((A N Wj)ag) is a maximal parahoric
subgroup of GLg, (W/).

(e) P°((AN WO)UE) is a maximal parahoric subgroup of G N Hf:o GLE, (W2N Vi), which is a group
with compact centre.

Such a decomposition is called exactly subordinate to the stratum [A, —, 0, 8] (compare to [Stevens
2008, Definition 6.5]).

Let then V = @Tz_m W/ be a self-dual decomposition of V exactly subordinate to the stratum
[A, —, 0, B], let M be the Levi subgroup of G stabilizing this decomposition and let P be a parabolic
subgroup of G with Levi component M. Then the pairs (H'(8, A), 8), (J'(8, A), n) and (J(B, A), k) all
satisfy conditions (i) and (ii) of Section 3.2 above. In fact, for the first two pairs we need only conditions
(a)—(b) and a self-dual decomposition satisfying these will be called subordinate to the stratum; for the

final pair we need only (a)—(c).

3.4. In the next few subsections, we subsume the results of [Stevens 2008], in a form easier to refer
to taken from [Miyauchi and Stevens 2014] and in the case that we will focus on, that is, parabolic
induction of self-dual cuspidal representations of a maximal Levi subgroup in a symplectic group. We
thus continue with the notation of Section 1 and fix a cuspidal representation 7w of G = Sp (V). We also
fix a finite-dimensional vector space W over F and a self-dual cuspidal representation p of GLg(W). We
consider the symplectic space X =V L (W & W*) over F, with form

hx (i +wi +wj, v2 +wr+w3) =h(vy, v2) + (wy, w3) — (w2, w),

where & is the symplectic form on V and (-, -) is the pairing W x W* — F. We put M equal to
GLFr(W) x G, a maximal Levi subgroup of Spy(X). According to [Dat 2009, Proposition 8.4] and
[Miyauchi and Stevens 2014, §4.1], one can find a type (fW X Jv, hw ® Ay) in M for the cuspidal
representation p ® 7 of M and a G-cover of this M-type as follows.

3.5. There exist a skew semisimple stratum [A, —, 0, 8] in Endr(X) and a skew semisimple character 6
of H'(B, A) with the following properties:

o The decomposition X =V L (W @ W*) is exactly subordinate to the stratum [A, —, 0, 8]. In particular,
letting
ANV =Ay, Byv=Bv, ANW=Ay and Bw=PBw,

the stratum [Ay, —, 0, By] in Endfr (V) is skew semisimple maximal and the stratum [Aw, —, 0, Bw]
in Endp (W) is simple maximal. Moreover, the self-duality of p is reflected in the fact that the restriction
of B to W @ W* generates a field (equivalently, the restricted stratum [A N (W @ W*), —, 0, Bjwgw=] is
skew simple). We also have

HY(B, A)NM =~ H' (Bw, Aw) x H (Bv, Av),



Jordan blocks of cuspidal representations of symplectic groups 2347

where the isomorphism is given by restriction, and similarly for J'(8, A) and for J(8, A). We will
abbreviate H!(B, A) = H}\, H'(By, Ay) = H‘l, and Hl(ﬁw, Aw) = I-NI‘}V, and similarly for J! and J.

« Let Dy be the restriction of 6 to H; this is a self-dual simple character. There are the p-primary
beta-extension &y of Py and a self-dual cuspidal representation Ty of Jy / fvlv such that p is induced by
an extension of ):W = Kw Q Ty to the normalizer of fW.

o Let Oy be the restriction of 6 to H}; this is a skew semisimple character. There are the p-primary
beta-extension x y of 8y and a cuspidal representation ty of Jy /J & such that 77 is induced by Ay =k y Qty.

3.6. Let P be the parabolic subgroup of Spy(X) which is the stabilizer of the subspace W (so stabilizes
the flag W C W L V C X), let U be the unipotent radical of P and let P~ be the parabolic subgroup
opposite to P with respect to M (the stabilizer of W*). Also set Jp = H}\(JA NP)and J) = H}\(J}\ NP).

For any extension « of  to J5, we denote by « p the natural representation of Jp in the space of (JANU)-
fixed vectors under k. In particular, there is a beta-extension ko of & such that ks, p| ;) =Kw®ky. We can
view T = T ® Ty as a cuspidal representation of Jp/.]1 o~ fw/fvlv X JV/Jé. Then, letting Ap =kp p®T,
we have:

Theorem [Miyauchi and Stevens 2014, §4.1]. (Jp, Ap) is an Spy(X)-cover of(iW x Jy, XW RAy).

3.7. Furthermore precise information about the Hecke algebra of this cover is given in [loc. cit.]:

Theorem [Miyauchi and Stevens 2014, Theorem B]. The Hecke algebra 7€ (Spyr(X), Ap) is a Hecke
algebra on a dihedral group: it is generated by Ty and Ty, each invertible and supported on a single

double coset, with relations
(T; —¢") (T; +1)=0, i=0,1, ro,r; €Z.

3.8. In fact, the parameters come from rank-2 Hecke algebras of finite reductive groups as follows
[Stevens 2008, (7.3) and §7.2.2]. There are two self-dual og-lattice sequences 91y and 91; in X such
that [P0t;, —, 0, B], for t =0, 1, are semisimple strata and

o the hereditary orders by(91y) and by(91;) are maximal self-dual og-orders containing bg(A);

« the decomposition X =V L (W & W¥*) is subordinate to the strata [, —, 0, 8] forr =0, 1;

e we have P(Ao,) = (P(Mi,,) N PT)P O 0,) = (P(Mo,op) N PYPH (Mo o,).
The representation T =Ty ®Tty is a cuspidal representation of the Levi subgroup G(A,,) =P (A,,)/ PY(A, z)
of GM; o) = P(SJT,,OE)/PI(SDTI,OE), for t = 0, 1, that can be inflated to the parabolic subgroup
P(Aoy)/ Pl(?)ﬁmE), then induced to the full group G(M; ,.). A specific use of the notion of beta-

extension relative to 9, ,, leads to self-dual characters x; of G(A,,), for t =0, 1, giving rise to injective
homomorphisms of algebras

H(GMy0p), s ®T) —> H(G, hp) (1=0,1). (3-D

‘We will elaborate on this in Section 3.12 below.
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3.9. In order to make use of this, we need some control on the characters x; and it is here that we really need
to use the notion of p-primary beta-extension. We continue with the notation of the previous subsections
but, for the moment, drop the subscript ¢ on 9%,. We will assume that P(A,;) = (P(M,,) N P)P! Q)
so that, in the notation above, we are doing the case ¢ = 0; the case t = 1 is obtained by exchanging the
parabolic P with its opposite P~. Denote by 6oy the transfer of 5, =6 to Hf)lﬁ = H'(B, M), and denote
by 1A, nan the unique irreducible representations of J !, ngﬁ which contain 6y, gy respectively. Similarly,
we have the representations 7y, ny of fvlv, J‘l, which contain Dy, Oy respectively.

For a moment, let (J, J', n) be either (Jyy, Jslrn’ Non) or (Jp, J}\, na), and let ¥ be any extension of n
to J. We define rp(«), the Jacquet restriction of «, as the natural representation of J N M on the space
of J! N U-invariants of ¥ [Blondel 2012, Corollaire 1.12, Lemme 1.18]; that is, rp («) is the restriction
to J N M of kp, in the notation of Section 3.6.

3.10. Inorder to compute the character y from (3-1), we need to compare the following two representations
of Jp:

« the beta-extension k5 sn of na to J5 which is compatible with the p-primary beta-extension kay
of non to Jop (in the sense of [Stevens 2008, Definition 4.5]);

« the extension k5 = k f\) of na to Jp characterized by the property
P ~
rp(ky) ~Kkw Ky,

where Kw and ky are the p-primary beta-extensions of 7y and ny respectively, as above. (See
[Blondel 2012, Lemme 1.16].)

We apply Jacquet restriction to « o ox. The groups Jop N M and J, N M are both equal to Jw x Jy and
the representations rp (k9y) and rp (k A ox) both extend 7w ® ny. From [Blondel 2012, Proposition 1.20],
the beta-extension « oy is characterized by

rp(kam) =rp(Km). (3-2)
Proposition. For m € Joy N M, define esn(m) as the signature of the permutation
Adm: ur>mum, ue ngﬁﬂU_/HglnﬂU_.

The p-primary beta-extension ksn of non to Joy satisfies

rp(kom) >~ ém(kw ®Kkv). (3-3)

This proposition and (3-2) immediately imply:

Corollary. The extensions k x sn and k If of na to Jp are related by

rp(ky) = emrp(kam).

Proof of Proposition. Let ¢ be an arbitrary extension of ngy to Jon. By [Blondel 2012, Lemme 1.10]
the restriction of ¢ to (Jop N P)ngﬁ is induced from the natural representation ¢p of (Jop N P)Hglﬁ on
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the space of ngn N U-invariants of ¢. Hence we can realize ¢ ,,ny as the action by right translation on
functions taking values in the space of ¢p. We also have the representation ngy, p of (Jﬁln N P)Hgln on the
space of ngﬁ N U -invariants of ngy.

Let S be the space of 7w and let S be the space of 5y, so that S®S is the space of non, p. The
representation ¢ p itself extends nan, p, so our representation ¢, z,,nm acts by right translation on the space
of functions

fi:UmNP) gy —S®S
satisfying, for all x € (Jop N P)Hglﬁ and all g € (Jop N P)JL.,

fxg) =opx)f(g).

Using Iwahori decompositions as in [Blondel 2012, §1.3] we identify this space with the space T of
functions on Jalﬁ N U_/Hs}ﬁ N U~ with values in S ® S. The action of m € Joy N M on f €T is now
given by
¢m) f () = f(um) = f(m.m™ um) =rp@)(m) f (™" um)
foru e JyyNU~/HyyNU™.
Let 7o be the space of complex functions on ngﬁ nu~—/ Hglﬁ N U™ and & the permutation representation
of Jon N M on 7y,

Em)f(u)= fm 'um) for feTo, meJpNM, uecJyyNU ™ /Hop NU.
We can further identify 7 with 7o ® (g ® S) to obtain @ = EQrp(e).
All of this applies to ks, SO
KM jonnmt = EQrp(km).

The determinant of this representation has order a power of p, a property that is unchanged by taking p*-th
powers. Recall that the determinant of some x ® y acting on X ® Y is (det x)3™Y (det y)4™ X, The two
spaces here, 7y and S ® S, have dimension a power of p, which is odd, and the determinant of £ acting
on 7y is €.

We now write rp(kop) = kw ® kv, where Ky is a beta-extension of 77y and «y is a beta-extension
of ny; see (3-2) and [Stevens 2008, Proposition 6.3]. It is enough to prove

e det(kKw ® ky) has order a power of p.
Writing egy for the restrictions of egy to jw and to Jy, this condition transforms into
det(egn ® kw) and det(egn ® kv ) have order a power of p.

The character egy is trivial on pro- p-subgroups so egnp @ kK and €9y @ ky are beta-extensions of 7y and ny
respectively [Stevens 2008, Theorem 4.1]. This last condition actually means that they are the p-primary
beta-extensions of 7y and ny respectively, and (3-3) follows. U
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3.11. Before returning to the implications on reducibility, we examine the character egy a little further.
We begin with a general lemma.

Lemma. Let Z be a finite-dimensional vector space over a finite field F, with odd cardinality q and
let g € GLy,(Z2). The signature of the permutation g of Z is equal to (det, g)—h/2,

Proof. As a character of GLg,(Z), the signature is trivial on the derived subgroup, which is SL¢, (Z),
as g > 2, and hence factors through a character x of the determinant over [,. We know x? is trivial and
it remains to show that x is not identically trivial on GLg, (Z).

Consider the permutation of [, given by multiplication by an element ¢ of [ of order 2!, with (g—1) /2"
an odd integer. This permutation fixes 0 and has (¢ — 1)/2" cycles of length 2’ in F; . and so has odd
signature. Then the element g = diag(¢, 1, ..., 1) has odd signature so x is nontrivial. O

Proposition. For m € JognNM, the permutation Ad m of ngnﬂ u-/ HglnﬂU ~is an [ -linear transformation
of this [ ,-vector space and

eom(m) = [dety, Adm]P~D/2,
Moreover, the permutation u — m~'um of the space ngﬁ N U/Hgljt NU also has signature egp(m).

Proof. The first part follows from the previous lemma. Since the decomposition X =V L (W @ W¥) is
subordinate to [9)T, —, 0, B8], the pairing

(x,y) =6m([x, y]) forx e JoyyNU /Hyu NU™, y € JogyNU/Hp N U,

identifies each of those [ ,-vector spaces to the dual of the other [Stevens 2008, Lemma 5.6] in such a way

that, for m € Jon N M, the transpose of the map x — m™~'xm, for x € J,NU~/Hpy, NU ™, is y > mym ™",

for y € Jf)lﬁ nuU/ Hg]ﬁ N U. The result follows. U

3.12. We return to the notation of Sections 3.4-3.8 and now put together the Hecke algebra homomor-
phisms (3-1) with 3.10 Proposition. Let t = 0 or 1. We recall from [Stevens 2008, (7.3)] (rephrased
in the present framework in [Blondel 2012, Proposition 3.6]) that if k = c- Ind’ 7, kP 18 a beta-extension
of nA =c- Ind’? /] np relative to 9,, then there is an injective morphism of algebras

H(GMy0p), Tw Q@ Tv) > H(Spp(X), kp @ (Tw R Tv))

that preserves support. We want to express this with the fixed representation Ap = ks _p on the right,
where kA, p |y =Kw ®Kv, as in Section 3.6. We thus plug in 3.10 Proposition above and get:

Theorem. Lett =0 or 1. There is an injective morphism of algebras
Jo 2 (G My 0,), €, (Tw @ Tv)) = H(Spp(X), Ap)

that preserves support; i.e., Supp(j: (¢)) = Jp Supp(¢)Jp forall ¢ € F(G(M;0.), €m, (Tw Q@ Tv)).
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3.13. We now focus on the finite-dimensional algebra 2 (G(9N; ,,). €ox, (Tw ® Tv)), a Hecke alge-
bra on the finite reductive group G(M; ., ) relative to a cuspidal representation of the parabolic sub-
group P(Ao,)/ P (M o).

Let X =_Llj:0 X/ be the splitting associated to the skew semisimple stratum [A, —, 0, B]. Since the
stratum [Aw, —, 0, Bw] is simple, there is a unique index i such that W C X', and then W* C X" also.
This index i will be fixed until the end of the section.

Writing V/ = V N X/, the skew semisimple stratum [Ay, —, 0, By] then has splitting consisting of
the nonzero spaces in V =J_lj:0 V/; the only spaces which may be zero here are V° (since we have the
convention that /30 =0) and V' (which is zero if and only if X =W WwH.

The ambient finite group G(9N; ,,.) is a product over j, for 0 < j </, of analogous groups relative
to X/, but in all of them except X' the parabolic subgroup considered is the full group:

POMyop)/ P My o) 2 PORS /PO ) [ P(AG)/PHAY).
J#i
P(Bog) /P! (M0, = P(A)/PYON ) x [T PAJD/PIAY.
J#i
The representation Ty ® Ty decomposes accordingly using ty = ®1j:0 7; and we finally get an isomorphism
of algebras:
A (G o), €, (Fw @ Tv)) = A(GENy 1), €, (Fw ® 1)), (3-4)

where Ty ® 7; is a cuspidal representation of a(AW,o;ﬁ )X G (Aiv, ol ), identified with a maximal Levi
subgroup of each finite reductive group G(M; ol ) fort =0, 1.

It follows from [Lusztig 1984], as recalled in Section 5, that this algebra is two-dimensional, because Ty
and egy, are self-dual. It has basis given by the identity element and an element 7; supported on the
double coset of a certain Weyl group element, called s; if t =0, or s if + = 1, in [Stevens 2008, §7.2.2];
this only defines 7; up to a nonzero scalar, which will not matter to us at first. Lusztig gives an algorithm
permitting the actual computation of the quadratic relation satisfied by 7;. This relation always has the
following shape, for some nonzero complex number w;:

(Ti — q" @) (Tr + @) =0, where r; = r; (o, (Tw ® 7;)) > 0. (3-5)
We emphasize the dependency in the inducing cuspidal representation egy, (Tw ® ;).

3.14. Finally, we can restate [Blondel 2012, Proposition 3.12], describing the real parts of the reducibility
points we wish to compute, in our notation. Recall that, for p a cuspidal representation of GLf (W) as
above, we write ¢ () for the number of unramified characters y of GLz(W) such that p ® x >~ p. Recall
also that, if p is self-dual, then there are precisely two representations p, o’ in the inertial class of p
which are self-dual.

Let 7w be a cuspidal representation of G. Recall that there is a real number s; (p0) > 0 such that, for
real s, the normalized induced representation v*p x m of Spy(X) is reducible if and only if s = %5, (p),
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and similarly we have s, (o). Then, for complex s, if v*p x 7 is reducible then the real part of s must
be s, (p) or %5, (p’); we say that these are the real parts of the reducibility points of v¥p x 7.

Proposition [Blondel 2012, Proposition 3.12]. Let w be a cuspidal representation of G, let p be an
irreducible self-dual cuspidal representation of GLr(W), and take all the notation of the previous
subsections. Then the real parts of the reducibility points of the normalized induced representation v° p X w
are the elements of the set

{:I:r0+r1,:|:r0_r1
2t(p)  2t(p)

Note that, by [Bushnell and Kutzko 1993, Lemma 6.2.5], the unramified twist number # (o) can also be
computed from the formula ¢ (p) = dimp W/e(F[Bw]/F).

}, where ro = ro(em, (Tw ® 1;)), r1 =ri(em, Tw @ ;). (3-6)

3.15. We can also apply the discussion of the previous subsections in the space X' = W@ V' Ga W*. From
the splitting of our strata, we have the lattice sequence A’V = ANV’ and the simple stratum [A%,, —, 0, ﬂv
in VI, We write J; = J (ﬂv, A’V) and similarly for J, ! and H, ! and let «; be the p- prlmary beta-
extension of the simple character 6, H!- Then t; is a representation of the reductlve quotient J; /J; ! and,
putting G; = Sp(V') we can define the cuspidal representation 7; = c- Ind¢ 7 ' k; ® 1; of G;. (Note that,
if V' = {0}, then m; is the trivial representation of the trivial group.)

Applying the discussion above to the representation 7; and the space X', we find that the real parts of
the reducibility points of the normalized induced representation v*p x 7; of Sp(X') are the elements of
the set

{:l:ré +ry  ry—rg
2t(p)  2t(p)

The comparison between (3-6) and (3-7) will be crucial.

}, where rj, = ro(emg(fw ®7T)), ry=ri (emfl Tw ®1)). (3-7)

3.16. We end this section with the simplest example of the computation of the parameters rg, | in (3-6),
for positive-depth representations. Continuing in the notation above, we assume that i > 0 and that g
is maximal in the following sense: we have [F[S" '1: F] = dimp V', so that (the i image of) F|[ [B]is a
maximal extension of F in Endy(V?). In particular, this implies that V?  {0}. We assume moreover
that dimp W = dimp V', the smallest example of the situation above. (It will turn out that this is in fact
the only situation of interest, in this context.)

Let Eé be the fixed field of the adjoint involution acting on E! = F[B]. The centralizer of '
in Sp(X?) is thus isomorphic to the unitary group U(2, 1)(E’/ Ef)). In the latter group, there are two
conjugacy classes of maximal compact subgroups, the reductive quotients of which are, for some a and b
with {a, b} = {0, 1} depending on the initial lattice sequence A,

o G(My0) = UQ, D)lkpi /kgg) and GOy o) = U (1, 1) x U1 ki /gy ) i E / E} is unramified;
o« G(Ma0p) = SL2, kpi) x {£1} and GOMy o) = O, 1) (kpzs) if E'/EY is ramified.
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Weset f=f (Eé /F). From the calculations in Section 5 the possible values for r,, r; and the sets of

real parts of reducibility points in (3-6) are
o if Ei/Eé is unramified: r, =3 f or f, and r, = f; real parts {il, :l:%} or {:l:% O};
o if Ei/Eé is ramified: r, = f or 0, and r, = f; real parts {:I:l, O} or {:I:%, :I:%}

In both cases the value of r, = r,(egn, Tw ® 7;) is independent of the representation. We choose Ty such
that r,(egqn, Tw ® 1;)) =3 f if Ei/Eé is unramified, or r,(ean, (Tw @ ;) = f if Ei/Eé is ramified. This
choice, which we denote by Ty, is unique and provides us with a reducibility with real part 1.

We conclude that there exists one and only one self-dual cuspidal representation p of GLg(W)
containing the simple character v such that the parabolically induced representation v' p @ 7 is reducible.
The representation p contains the type (Jy, Kw ® Tw). However, as discussed previously, this does not
give us a full description of the self-dual representation p: we know its inertial class but this still leaves

two possibilities. This situation is explored more fully in Section 6.

3.17. Applying the previous subsection again to the representation 7; of G; = Spy(V’) and compar-
ing (3-6) and (3-7), we remark that the relevant choice of py for the situation in X, with the cuspidal
representation 7 of G = Sp(V), differs from the analogous choice relative to the situation in X', with
the cuspidal representation 7r; of G;, by a simple twist by the character €gy, €9y . Indeed, in our example,
the value of r; is independent of the representation. In the next section we will study the general case,
when r, and r; may both depend on the representation.

4. Reduction to the simple case

In this section, we make the reduction to the simple case, proving 2.6 Theorem. As intimated at the end of
the last chapter, the key point to prove is that the character ey, Eqpi is independent of ¢ (see 4.3 Proposition).
Note that the character egy, Eqpi is the character x; appearing in the statement of 2.6 Theorem. While we
have a description of it as a permutation character and, through careful analysis of this permutation, give
a recipe by which one could compute it, we do not here compute it precisely; we only check that it is
independent of ¢.

There is one further subtlety which should be remarked upon. In Section 3, we began with a pair of
cuspidal representations (p, ) and built from them a cover of a type, without starting from types for p
and 7. In this section, we begin just with a cuspidal representation 7 of G and a cuspidal type A for it,
and use this to define certain cuspidal representations p of general linear groups, and maximal simple
types A for them. The cover obtained in Section 3 is then indeed a cover of A ® A but this is only clear
because the (semi-)simple characters in A and X are suitably related. Thus we take great care to set up the
notation in this section.

4.1. We first review the notation that we need. This is the notation as in Section 2.6 so that it differs
slightly from the notation of the previous section. In particular, objects in the symplectic space V do not
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have the subscript V'; instead, the corresponding objects in X (which we have yet to define) will have the
subscript X.

Throughout this and the following subsections, we fix a cuspidal representation = of G = Spg(V).
We have the following data.

In the symplectic space V.

o A maximal skew semisimple stratum [A, —, 0, 8] in Endg (V) and a skew semisimple character 6
of H' = H'(8, A) such that 0 occurs in 7.

o The irreducible representation  of J! = J!(8, A) containing § and the p-primary beta-extension
of nto J =J(B, A).

« A cuspidal representation T of G(A,,) = P(AUE)/PI(AUE) such that 7 is induced from A =k ® 7.

The stratum [A, —, 0, 8] can be written (uniquely) as an orthogonal direct sum of skew simple
strata [A/, —, 0, ,Bj] in Endg(V/), for j =0,...,1, with the convention that ,30 = 0. The data above
then give us the following data in the spaces V/:

« Skew simple characters 0; of H ]1 = H'(B/, A/), which are the restriction of 6.

o The irreducible representation n; of J jl = J'(B/, A) containing 6 ; and the p-primary beta-extension k ;
of njtoJ; =J(B/, A).

o The cuspidal representations 7; of Q(A{;IJL'_ ) such that, via the isomorphism G(A,,) =~ ]_[lj:O g (Aﬂé ), we
have 7 = ®lj:01j.

o The representation A; =« ; @ t; of J;.

Note that, writing G; = Spp(V/), the representation 7; = c—Ind(J;jj Aj is a cuspidal representation.
A priori, it is not determined uniquely by the representation s, but it is determined by our choice of
data ([A, —, 0, 8], €) such that & contains 6.

We now fix i € {0, ...,/} and choose an F-vector space W whose dimension is divisible by the
degree [E' : F]. We then have the following data.

In the vector space W

e A maximal simple stratum [Aw, —, 0, Bw] in Endg (W), together with a field isomorphism E e
F[B'] — F[Bw] = Eyw fixing F and taking 8’ to By.

 The simple character 15W of HY, = H! (Bw, Aw) which is the transfer of the square (9~,-)2 of the unique
self-dual simple character of H'(8!, A') restricting to 6;.

o The p-primary beta-extension Ky of Ow to Jw =dJ (Bw, Aw) and an irreducible self-dual cuspidal
representation Ty of ?(A W,ow ), inflated to fW, where we have written oy for the ring of integers of Eyy.

o A self-dual cuspidal representation p of GLz (W) containing A = Kw ® Tw.

These data also induce data in the dual space W* as follows. By duplicating if necessary, we assume
that Ay has period divisible by 4 and that Aw (—1) # Aw (0). (The reason for doing this is to ensure that
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the self-dual lattice sequence we will obtain conforms to our standard normalization — see 1.1 Remark.)
Writing (-, -) for the pairing W x W* — F, we define Aj, by

Ay (r)={w* e W* | (Aw(l —r), w*) Cpr} forreZ

then the lattice sequence Aw @ Ay, is self-dual with respect to the natural symplectic structure on W @ W*.
We also define B}, in Endr(W*) by

(w, By (w*)) = —(Bw(w), w*) forallwe W, w*e W™
Note that, by the fact that [Al, —, 0, ,Bi] is skew, there is a unique isomorphism E' > F [B;y] which
takes B to By,

We now use these data to define corresponding data in the larger spaces on which we will have covers
(as in Section 3). We define the symplectic space X’ = (W @ W*) L V', for which we have the following.

In the symplectic space X'

o The maximal Levi subgroup M; =~ GLr(W) x Spy(V') of Sp(X') which stabilizes the decompo-
sition X = (W @ W*) L Vi, and the maximal parabolic subgroup P; = M;U; which stabilizes the
subspace W (and so stabilizes the flag W € W L Vi C X").

« The skew simple stratum [A%,, —, 0, B4 ] in Endp(X'), where Al = (Aw & A},) L A and B is the
unique skew simple element which stabilizes the decomposition X' = (W @ W*) L V' and acts as f
on V¥ and as By on W it then acts as B}, on W* We identify E’ with F[%] via the isomorphism which
takes B’ to ,33'(.

o Two further skew simple strata in Endy (X?),

[mé)a_a()? ﬁ;{]’ [mi9_7 O’ ﬁ;{]y
such that bo(i)ﬁ;'), for t =0, 1, are the two maximal self-dual og—orders in the commuting algebra of ,33'(
which contain bO(A"X).

o The unique skew simple character 9; of H )1(,- =H 1(,82(, Ag() that restricts to 6; on Hl.1 and to Dy
on ﬁ‘}v; this is the transfer to Aix of the skew simple character 6;.

s For 1 =0, 1, the skew simple character Oyy: of H, ! that is transferred from 9;}; the corresponding
irreducible representation Noni of J! .: and the p-primary beta-extension Kopi of Noni 10 Jopi .
e An SpF(Xi)—cover (JE ,)JP) of the pair (jW x Ji, ):W ® A;) in M;.

Finally, we define the symplectic space X = (W @ W*) LV = X' 1L VVi, where V! =J_j#i Vv, for
which we have the following.

In the symplectic space X:

» The maximal Levi subgroup M >~ GL (W) xSp(V) of Spy(X) which stabilizes the decomposition X =
(W@ W*) LV, and the maximal parabolic subgroup P = MU which stabilizes the subspace W.
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o The skew semisimple stratum [Ay, —, 0, Bx], where Ax = Aé( 1L AV with AV? =J_#l- A7, and B the
unique skew semisimple element which stabilizes the decomposition X = (W & W*) L V and acts as §
on V and By on W (or, equivalently, acts as B on X’ and as B/ = jzi B on V', from which it is
clear that the resulting stratum is indeed semisimple). We identify E with F[Bx] via the isomorphism
which takes B to 8% and B/ to itself, for j #i.

o Two further skew semisimple strata

[m()a_’ov ﬂX]s [ml’_’os ﬂX],

where 9, = i)JTj L AVifort =0, 1; then bo(91,) are the two maximal self-dual og-orders in the commuting
algebra of By which contain bg(Ax).

» The unique skew semisimple character 6x of H = H! (Bx, Ax) which restricts to 8 on H Iand to 1§W
on ﬁ‘}v; it is the transfer to H }( of the skew semisimple character 6, and restricts to 95( on H )1(1_.

e For t =0, 1, the skew semisimple character 6yy, of Hi)gt, that is transferred from 6y ; the corresponding
irreducible representation ngy, of J, ; ) and the p-primary beta-extension kgx, of non, to Jon,.

e An Spg(X)-cover (Jp, Ap) of the pair (jW x J, XW ®A)in M.

4.2. We use the setup in the previous subsection and come back to the comparison of real parts of
reducibility points, as in Section 3.17. The comparison of beta-extensions yields, as in 3.10 Proposition,
characters €qyi and egp, for 1 =0, 1.

We fix t = 0, 1 and temporarily drop the subscript . By definition egy(m), for m € Jop N M, is
the signature of the permutation Adm : u — m~'um of the quotient ngﬂ nu/ Haln N U, isomorphic
to the [F,-vector space 351)3? NnU /,?')Elm N U, where U is the Lie algebra of U (see 3.10 Proposition and
3.11 Proposition). The same holds with egyi (m) for m € Jop N M i: it is the signature of the same
permutation on ng,- N [U,'/.ﬁﬁ1 . NU;. On the other hand U is isomorphic to U; & Homp(VVi, W) in
an M;-equivariant way, and the action of (m, y) € GLg(W) x Spz(V") on ¢ € Homp(V"', W) is given
by ¢ — m¢. The associated decompositions of the lattices J Iand $! (as in [Bushnell and Kutzko 1993,
Proposition 7.1.12]) lead to:

Lemma. Let (m, y) € ﬁ(AW,OW) X P(Af,g). Then (egpi€ean)((m, y)) is the signature of the permutation
¢ — m¢ of
X :=Jgy NHomp (VY W)/$Hi NHomp (VY W).

Now the quotient group P (Aw.oy)/ p! (Aw,oy) is a general linear group GL,,,, (kw) over the finite
extension ky = kg of kp; this extension depends only on the endoclass of the simple character dy. The
lemma actually asserts that the character egpegy is trivial on P(Af,g ) and factors through the signature of
the natural left action of GL,,,, (kw) on X.

4.3. Retrieving the subscripts ¢, our main tool is the following comparison of characters:
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Proposition. With notation as above, we have
€m6€m0 = Em[l €, -

This character, as a character of GL,,, (kw), can be written as x; o dety,,, where x; is a quadratic

character of ky, which is independent of the choice of the space W.

The independence on the space W (for a fixed choice of i) is particularly important. We postpone the

proof of the proposition for now and, taking it for granted, deduce 2.6 Theorem.

4.4. Recall that we have written & = c—Ind? A and, for j =0, ..., [, we have the cuspidal representa-
tion ; = c—Ind?jj Lj of G; =Spp(V/). We have 6, the simple character of H ]1 contained in A, and
we write 0 ; for the self-dual simple character of H jl which restricts to 6;. Let ®; be the endoclass of
the simple character (5 j)z, which is a simple character for the stratum [A/, —,0,287], and k®j for the
corresponding extension of k.

Recall that, for an endoclass ® and a character x of the multiplicative group of the corresponding
finite field kg, we have

e Jord(sr), the Jordan set of 7r (see Section 2.1);

e PJord(w, ®), the inertial Jordan set of 7 relative to ®, which is the multiset of pairs ([p], m)
for (p, m) € Jord(sr) such that p has endoclass ®;

e lJord(r, ®),, the x-twisted inertial Jordan set of 7 relative to ®, which is the multiset of pairs
([ply, m) with (p, m) € Jord(r, ®).

Recall here that, if p contains a maximal simple type (J, 1), then [p] x denotes the inertial class of

cuspidal representations containing (J, A ® x odet) (see Section 2.4). Also, when y is the trivial character

we just write IJord(r, ®).
We restate 2.6 Theorem in a refined form:

Theorem. Fix i with 0 <i <1, and let x; be the character of k(f)i such that x; o detk(_)i is the twisting

character in 4.3 Proposition. We have an equality of multisets
Dord(r, ©;) = Uord(m;, ©;),,.

Proof. This is now just a matter of putting together the previous results. Let p be a cuspidal representation
with endoclass ®; and use the notation of Section 4.1 so that p is a representation of GL (W) containing
the maximal simple type ):W = Kw ® Tw. The values of m, if any, for which ([p], m) € ord(sx;, ®;) can
then be computed from (3-7): more precisely, they are

ro(€gqyi (Tw ® 7)) £11(egni (Tw ® )
1(p)
whenever these integers are strictly positive, together with positive integers less than this and of the same
parity.

—1, 4-1)
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Now we consider the inertial class [p],,. The cuspidal representations in this class contain the maximal
simple type Aw ® xiodet=kw ® (Tw ® x; o det). Then, using (3-6), we see that the values of m for
which ([p],,, m) € Dord(x, ®;) are

ro(€m, ((Tw @ x; odet) @ 7;)) £ ry (o, ((Tw ® xi o det) ® 7))
t(p)
whenever these integers are strictly positive, together with positive integers less than this and of the same

—1,

parity. But 4.3 Proposition says that these are precisely the same integers as those in (4-1) (recall that all
the characters here are quadratic), and the result follows. ]

Remark. As we have seen in the proof, the pairs ([p], m) which appear in IJord(;r) are determined by
the values of r;, = r,(eqni (Tw ® 7;)). Denote by p’ the other self-dual cuspidal in the inertial class [p].
If p and o’ are of opposite parity, say p is of symplectic type and p’ is of orthogonal type, then we also
recover this part of the full Jordan set Jord(r): if m is even then it is (p, m) which appears in Jord (),
while if m is odd then it is (p’, m).

Suppose now that p, p" are of the same parity and ([p], m) appears in IJord(;r). Then p and p’ both
appear with the same multiplicities in Jord(sr) if and only if ror; = 0. Thus in this case we also recover
this part of the full Jordan set. Both p and p’ appear with some multiplicity in Jord(;r) if and only
if [ro —r1| > t(p); when p, p" are both of orthogonal type, this condition simplifies to ry # ry, since the
reducibility points must be integers in this case.

The situations in which p, o’ have the same parity are examined more closely from the Galois point of
view in Section 6.

It remains now to prove 4.3 Proposition, which will take up the remainder of this section.

4.5. In this and the next few subsections, we define and study an auxiliary lattice sequence which will
be needed for the calculations. Let Ay and Ay be op-lattice sequences in finite-dimensional F-vector
spaces W and Y respectively, with the same or-period e. We define an o -lattice sequence C=C(Ay, Aw)
in the vector space C = Hompg (Y, W) by

C(t)={g € C|gAy(i) S Aw(i+1) foralli €Z} forteZ.

We call the jumps of Ay those integers i such that Ay (i) # Ay(i + 1) (and similarly for any lattice
sequence). The set of jumps of Ay is also the image of Y \ {0} by the valuation map attached to Ay,
given by valy(y) =max{k € Z |y € Ay(k)}, for y € Y \ {0}.

We make the following assumptions:

(i) The set of jumps of Aw is equal to aw + swZ and the set of jumps of Ay is equal to ay + syZ.

(i1) The orders a(Aw) and a(Ay) are principal orders, in other words nonzero quotients Aw (i) /Aw (i+1)
are all isomorphic, and the same for Ay. In particular there are an element [Ty € a(Aw) such
that Ty (Aw(@)) = Aw (i + 1) whenever i is a jump of Ay, and an element [1y € a(Ay) such
that [Ty (Ay(i)) = Ay (i + 1) whenever i is a jump of Ay [Bushnell and Kutzko 1993, §5.5].
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Lemma. The set of jumps of C is equal to (aw — ay) + gcd(sw, sy)Z. Moreover, the quotient spaces
C(@i)/C(i + 1) that are nonzero are all isomorphic as kp-vector spaces, and their common dimension is

d(sw, . .
c=c(Ay, Aw) = ged(sw. sv) dimp W dimp Y.
e
Proof. Proving that the set of jumps is contained in the given Z-coset is straightforward using only (i). Now
we use (ii) and remark that [Ty and Iy satisfy [Ty (Aw (i)) = Aw (@ +sw) and [Ty (Ay (i) = Ay (i +sy)
for any integer i. For any ¢ € C we check that

vale(ITw @) = vale(¢p) +sw, vale(¢pIly) = vale(¢) + sy.

Thus left multiplication by Iy is an isomorphism of or-modules from C(¢) onto C(¢ + sw) and right
multiplication by Ily is an isomorphism of or-modules from C(¢) onto C(¢ 4 sy), and the isomorphy
follows.

To compute the dimension we use the generalized index notation [A : B] for two lattices A and B in a
same finite-dimensional vector space: [A : B] is just the ordinary quotient of [A : X] and [B : X] for any
lattice X contained in A and B.

The common of-period e is a multiple of sy and sy, say e = rwsw = rysy. Write s = gcd(sw, sy)
and pick integers n, m such that s = nsy + msy. We have, for any integer &,

[Ck):Ck+s)]=[Ck):Ck+nsw)] [C(k+nsw):C(k+nsw+msy)]
=[C(k) : C(k +sw)]" [C(k) : C(k + sy)]"
=[C(k) : wprC ()™ [C(k) : wrC (k)™
=[C(k) : mFC(K)TP/°,

and the result follows. O

4.6. We will need to determine the effect on C(Ay, Aw) of a shift in indices on Ay . We further assume
the following.

Notation. (i) The space W is an E-vector space for some finite extension Ey of F, with ramification
index ey and residue field ky of cardinality g .

(i) We fix two oy-lattice sequences Aw o and Ay, in W with the same underlying lattice chain of
period 1 over Ew (so that sy o = sw,1 = e/ew) and with jumps at aw,o = 0 and aw,1 = ¢/(2ew)
respectively.

We write sy =e/ry and put C; =C(Ay, Aw ;) for t =0, 1. The sets of jumps of Cy, C; are respectively
ry éew ry ew

—ay+gcd(i,i)l and L—ay—l—gcd(i,i>z;
2€W

they are the same when e/(2ey ) divides ged(e/ry, e/ew). We get the following, where val, is the 2-adic
valuation of an integer.
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Lemma. Cy and C; have the same jumps if and only if valy(ew) < valy(ry). Otherwise the jumps of Cg
and Cy are shifted by % gcd(e/ry, e/ew).

4.7. We now observe that the group GL,,,, (kw) acts on the quotients C, (i) /C; (i + 1) by left multiplication,
where my = dimg,, W. These actions commute with the left action of E}, and with the right action
of Iy so, on the nonzero quotients, they are all equivalent and the corresponding permutations of the
nonzero sets C;(i)/C; (i 4+ 1) all have the same signature.

In the same fashion the nonzero quotients C;(i)/C;(i + 1) are isomorphic left modules over
ao(Aw.t.0w)/ 01 (AW, t.0y) = My, (kw). The latter is a simple algebra; hence those modules have
composition series with d simple quotients all isomorphic to the natural module ky,". The determinant of
the action of g € GL,,,, (kw) on any such module is thus (dety,, 2)? and the signature of the corresponding
permutation is ((dety,, g)(‘”"_])/ 2yd by 3.11 Lemma. The associated character of GL,,,, (kw) is then
trivial if and only if d is even. Now 4.5 Lemma gives us

1 d
d= ged(e/ry.e/ew) o W dimp v.
wlkw : kr] e

Since dimp W = ew|kw : kp]mw, we conclude:

Lemma. The signature of the natural left action of GL,,, (kw) on the nontrivial quotients C,(i)/C; (i + 1)
is the trivial character if and only if
=— Y _ dimpy
lem(ry, ew)

is even; otherwise it is the unique character of GL,,,, (kw) of order 2. In particular,

e this signature only depends on ey, not on W itself;

o when Cy and Cy do not have the same jumps, we have d = dimg Y (mod 2).

4.8. We return to the notation of Sections 4.1-4.2 but, for now, we drop the subscript ¢ so that )t denotes
either of the orders 9y or M. We first detail the structure of the bo(91)-bimodule Jy, N U /ﬁilm Ny,
isomorphic to Jz)ln nu/ HglJt NU by the Cayley map, or equivalently by ¥ +— 14 Y. (Recall that U denotes
the Lie algebra of U.) We use the inductive definition of the orders Jor and $oy given in [Stevens 2005,
§3.2].

We have, for some u > 1, a sequence (yp = 8, 1, ..., ¥u = 0) and a strictly increasing sequence of
integers 0 < rp < --- <ry,—1 =n:=vgn(B) such that, for 0 < v <u — 1, the stratum [9N, —, r, — 1, ] is
semisimple and the stratum [90, —, ry, ¥, ] is equivalent to [, —, ry, Yy+1]. Using the inductive definition
and writing [ Z] for the image in the Grothendieck group of a by (9)t)-bimodule Z, we find that

~ 2 2 2 2 v— 2 1, 2 v 2 v 2

where b;/ gﬁ is shorthand for the intersection of a,>(9)1) with the centraliser of y.
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From [Stevens 2005, Proposition 3.4], we may choose the elements y, so that the decomposition X =
V L (W& W¥) is subordinate to all strata considered above; in particular we can take intersections with U
in every term in the above equality. Then the value egy(m) of the quadratic character egy can be calculated
as the product of the signatures of the permutation Adm on each resulting quotient.

4.9. We now begin the proof of 4.3 Proposition. Recall that, by 4.2 Lemma, the character egy: €9y is given
by the signature of the permutation ¢ — m¢ on

X 1= Jon NHomp (VY W)/$H3, N Homp (VY W)

for m € P(Aw.oy).

The space Homp(VVi, W) decomposes as a direct sum €5 i Hompg(V/, W). Moreover, each V/
in turn decomposes as a direct sum V/ = | ' ¥/* of subspaces Y/** for which the assumptions of
Section 4.5—4.7 are satisfied, and such that the resulting decomposition of V is subordinate to [A, —, 0, B].
Precisely:

o If B; is nonzero, we take a direct sum of lines over E; that splits the lattice sequence A as in
[Bushnell and Kutzko 1999, §5.3, Lemma].

o If B; = 0, the reductive quotient of the maximal parahoric subgroup P (A7) is isomorphic to the
direct product of at most two symplectic groups over kr, whence a decomposition of V/ as an
orthogonal sum of at most two symplectic spaces satisfying the conditions required.

The action of GL,,,, (kw) on X then decomposes as a direct sum over j, s of actions on
XS = I NY S /9 NY S,

where Y/* = Homp (Y /5, W).

Using [Stevens 2005, Proposition 3.4] and [Bushnell and Kutzko 1999, §5.3, Corollary], we may
choose the elements y, for (4-2) so that the decomposition X = | i Y75 1 (W @ W*) is subordinate to
all strata considered. The action of GL,,,, (kw) then decomposes further along (4-2) into pieces that fit
the hypotheses of 4.7 Lemma, namely pieces of the forms

01 = [a> NY7* /P Ny,

02 = [b/2, MY /62" Ny ),

Q3 = (b} L2 NY /b P A Y — by /0 Y /60 DT N,
4.10. At last we come to the point, which is not actually to compute the character ey egn, but rather
to prove that this character does not depend on the maximal self-dual order 921. In our setting there
are exactly two choices for 2t with a given period e and duality invariant d = 1. Indeed, the lattice
chain underlying the self-dual lattice sequence Ax N (W @& W) is the disjoint union of two self-dual

lattice chains, one containing a self-dual lattice and its multiples, the other containing a non-self-dual
lattice (whose dual is py times it) and its multiples. Let 2y and 901, be the two possible choices and
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write Aw.o=MoNW and Aw, ; =D N W. According to [Stevens 2008, Lemma 6.7], the sets of jumps
of Aw,and Aw, are (e/ew)Z and (e/(2ew)) + (e/ew)Z respectively, and all results in Sections 4.5-4.7
apply.

We can thus compare €qni €0t and €gi €0y term by term.
Term Q1: We apply Sections 4.5-4.7, replacing Y by Y/, Ay by ANY/* and using Ay, =M, NW as
above for ¢ = 0, 1. We remark that dimp Y /¢ is always even. Hence, by 4.7 Lemma, the signature on Q)
is trivial unless Cy and C; have the same jumps, so give the same signature.

Term Q,: We actually have yy = B; hence this term is zero if the centralizer of B does not inter-
sect Homg(V/, W). This condition holds under the assumptions of 4.3 Proposition because j #i.

Term Q3: Since My and YN have the same intersection with V, we may and do choose the same
sequence (yy, ) for both. We may also scale all our lattice sequences to make the period big enough so
that all numbers r, /2 are integers. Now Q3 is zero unless the centralizer of y, intersects Homp(V/, W),
which we now assume. We then apply Sections 4.5-4.7 over F[y,].

If the lattice sequences Cy and C; have the same jumps we have the equality we want. Otherwise, they
are shifted by half a period (4.6 Lemma) and the integer d given by 4.7 Lemma is equal to dimpyy,; Y /**.
If d is even we are also done. Otherwise we have B8; # 0 and s5 = ¢/e;, and the period of Cy and C;
is e/lcm(ew, e;).

Since Q3 is the difference of two terms [C;(a)] — [C;(D)] in the lattice sequence C;, for t = 0, 1,
over F[y,], the values of Q3 for t =0 and r = 1 will be the same on condition that the difference a — b is
a multiple of half the period. This is what we will now prove.

In the notation of (4-2), we let & > 1 be the smallest integer such that the centralizer of y;, inter-
sects Homy(V/, W), so that we only need to consider terms with v > h. If & = u there is nothing
to do. Otherwise, we need to examine the values of r; and r,_; more closely, in terms of the nor-
malized critical exponents k(f [¥u]; see [Stevens 2005, pp. 129,141-142]. We use Lemma 3.7(ii) of
that work for r,_; = —ko(yp—1, ) (the unnormalized critical exponent relative to 97) and case (i)
for r, = —ko(yp, IN) to get

e(M|or) P e(Mor)

-1 = Ty 1=_k e(Flvil/F)
= Oy T T Y e )

for some element ¢ in F[y;], so that

- o
rhz = % = M(vﬂm(d +k§ (va)-

This is indeed an integer multiple of the half-period of jumps

e(M0Fpy,) (lcm(ew, e,-))‘1
2 e(Flynl/F)

since the last term is the inverse of an integer.
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For v > h we use [Stevens 2005, Lemma 3.7(i)] and get

roet 1o _ e@Morry,) e(Fly)/F)
22 2 e(Flyv-11/F)
This is a multiple of the half-period of jumps if and only if
—kg (Yo—1)e(Flyu)/F) + ki (y)e(Flyv-11/F) lem(ew, ¢;)
e(Flyv-1]/F) e(Flyl/F)

= (—k{ Yo1) + k& (7o)

(—ké” (Yo—1) +kf (yv>>.

€(F[)/u—1]/F)) lcm(ew, e;)
e(Flnl/F) ) e(Flyv-1l/F)
is an integer, which is the case because e(F[y,]/F) divides e(F[y,—1]/F); see [Bushnell and Kutzko
1993, 2.4.1].

Putting this together, we obtain the character egyi€gn as a product of signatures, each of them only
depending on ey by 4.7 Lemma; hence our character only depends on ey, not on W. Furthermore, the
extension Ey is isomorphic to F[f;]; hence ey is equal to e(F[B;]/F), independent of the choice of W.
This completes the proof of 4.3 Proposition, and hence that of 4.4 Theorem.

5. The simple case

In this section we prove 2.5 Theorem. Recalling that, by 3.12 Theorem, the parameters of the Hecke
algebra of our cover are those in the Hecke algebra of a finite reductive group, we are required to analyze
these Hecke algebras. Fortunately, these are described by [Lusztig 1984] and have been computed in our
cases in [Lust and Stevens 2016]. One subtlety is that the twisting characters egy, give rise to involutions
which we have not computed explicitly and so remain unknown. Fortunately, the numerics are such that
an exact description of these involutions is not needed.

5.1. Let w be a simple cuspidal representation of G in the sense of Section 2.5. Since the case of
depth-zero representations is already dealt with in [Lust and Stevens 2016], we assume moreover that
has positive depth. Thus 7 contains a skew simple character 6 of H! = H'(B, A), for some maximal
skew simple stratum [A, —, 0, 8], with 8 # 0, and E = F[f] is a field. We write ® for the endoclass of
the unique self-dual simple character § which restricts to 8. We retain all the notation of Section 4.1 and
so interpret simplicity as meaning that [ = 1 and drop the index 1 for notation. We will be considering
the space X = X, while varying the self-dual cuspidal representation p of GLr(W) (and the space W).
Note that we have Eyw ~ E so we will identify them.

For a self-dual cuspidal representation p of some GLr(W), recall that we write deg p = dimp W
and s (p) for the unique nonnegative real number such that the normalized induced representation v*p x
is reducible. Then the description of the Jordan set in Section 2.1 shows that, in order to prove 2.5 Theorem,
the equality we must prove is

> lsx(p)*] degp =2N. (5-1)
o

where the sum runs over all self-dual cuspidal representations p with endoclass ®(p) = 2.
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5.2. Recall that we have 7 = c—Ind?k, with A = k ® 7 and that p contains the maximal simple type Ay =
Kw ® Tw and has unramified twist number ¢(p) = (dimg W)/e(®), where we have written e(®) =
e(®?%) = e(E/F) since it depends only on the endoclass. Moreover, by 3.14 Proposition, we have that
the real parts of the reducibility points of the normalized induced representation v°p x 7 are the elements

of the set
iiro+r1 ’ iro —r }’
2t(p) 2t(p)

where, for ¢t = 0, 1, the integers r; = r;(ean, (Tw ® 7)) come from the quadratic relations in the finite
Hecke algebra 2 (G(M; o), €om, (Tw @ 7)) as in (3-5).

Remark. It will be crucial to note that the character gy, depends only on the dimension deg p = dimp W,
and not on the representation p itself.

The contribution to the sum (5-1) of the inertial class [p] (that is, writing p’ = v™/!(P)102@) 5 for the
other self-dual representation in the inertial class, the combined contributions of p and p’) is

[CHIRET)

From results of Lusztig (see [Lust and Stevens 2016, §8] and also Section 5.6 below), the numbers r; /1 (p)

are either both integers or both half-integers so that this simplifies to

2, .2
rotr )
k| -

5.3. In order to prove (5-1) we will need to recall Lusztig’s parametrization of cuspidal representations of
classical groups, and the computation of the parameter r, in the Hecke algebra 52 (G (M, .. ), €om, (Tw ®T)).
We follow the description in [Lust and Stevens 2016, §2, 3, 6 and, especially, 7], to which we refer for
details and references for the assertions made here.

In almost all cases, we have

%(g(ml,05)7 eim, (fW ® T)) = L%p(go(ﬂ)’tl‘,ﬂE)v EDJZ, (fW ® TO))v

where 7° is an irreducible component of the restriction 7ge(a,, ), and it is here that we will perform our
calculations. In the exceptional cases we have r, =0 and it will turn out that this matches the formula one
would obtain by following the recipe for computing the parameters in the connected component G°(90%; ,,.).
Thus we will assume first that the calculation is to be done in G°(M; ,.) and then, in Section 5.7, we will
treat the exceptional cases.

5.4. Since P(A,;) is the normalizer of a maximal parahoric subgroup of the centraliser G g, we have the
decomposition

G°(Aop) = G (Aoy) x GV (Ay,),
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which is a product of two connected classical groups over k (the residue field of the fixed points E,
in E under the involution on A). We have a similar decomposition of G°(9; ,,) with, moreover,

GVMo.0p) =GV (Ag,) and GO ,,) =G0 (A,

and the Levi subgroup
G(Aw,op) X G (Aop) S GV My ,).

We choose an irreducible component 7° of the restriction 7jge(a,, ) and write it as 7@ @ t(". Writing the

character egy, as 69‘%[ ® eé%)l ® eéjlt)[, we have isomorphisms of Hecke algebras

H(G° (Do), €, (Fw @ T°)) = GV (M o,). €y, Fw @ egy T,
and it is in this Hecke algebra that we compute the parameter r;.

5.5. We now fix t =0 or 1 and so drop the sub/superscript ¢ from our notations for now. Thus we have

« aconnected classical group G°(9M,,) over k%, with Levi subgroup G(A W.0z) XG(A,,) and G(A W.op) =
GL,,(kg), where m = dimg W;

« a self-dual cuspidal representation Ty @ T of G(A W.og) X G(Aop);

e a character 69‘% ® gy of E(AW,UE) x G(A,p) of order at most 2, which depends on m = dimg W but
not on Ty .

By Green’s parametrization (and after fixing an isomorphism G(AW,OE) ~ GL,,(kg)), the cuspidal
representation Ty corresponds to an irreducible monic polynomial Q € kg[X] of degree m. Moreover,
this polynomial is kg / k%-self-dual, that is,

0(X) = (0(0)'x*e20(1/X),

where x — x is the automorphism of kg with fixed field k%, extended to kg[X] coefficientwise; see
[Lust and Stevens 2016, §7.1]. Since a cuspidal representation Ty of E(A W.oz) 18 self-dual if and only
if fwegvjvt is cuspidal self-dual, twisting by egv)‘/t induces an involution on the set of irreducible kg / k7 -self-
dual monic polynomials of degree m. We denote this involution by o, ; it is either trivial, or given
by O(X) > (—1)%ECQ(~X).

Similarly, by Lusztig’s parametrization, the cuspidal representation 7 lies in a rational Lusztig se-
ries £(s) corresponding to (the rational conjugacy class of) a semisimple element s of the dual group
of G(A,,). Since its series contains a cuspidal representation, this semisimple element s has characteristic
polynomial of a particular form, namely

P =]]Px)™,
P

where the product is over all irreducible kf / k3-self-dual monic polynomials and the integers ap satisfy
certain combinatorial constraints (see [Lust and Stevens 2016, (7.2) and §7.7]); more precisely, we have:
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e > papdeg P is the dimension of the space V on which the dual group of G(A,,) naturally acts.
o If either kg # k%, or P(X) # (X £1), thenap = %(b% + bp), for some nonnegative integers bp.
o If P(X)= X =1 then, writing ay :=ax—1) and a_ :=a(x 1), there are integers b, b_ > 0 such that
(1) if G(A,,) is odd special orthogonal then a = 2(19%r +b,)anda_ = 2% +b_),
(i) if G(A,,) is symplectic then a; =2(b% 4+ b, )+ 1 and a_ = 2b?,
(iii) if G(A,) is even special orthogonal then a, = 2bi and a_ = 2b2,
and, in case (iii), the (£1)-eigenspace in V is an even-dimensional orthogonal space of type (—1)%+,
and the same in case (ii) for the (—1)-eigenspace only.

As above, twisting by the character €y will induce a degree-preserving involution on the set of irre-
ducible kg / k-self-dual monic polynomials. If the character egy is trivial then this involution is trivial.
If the character egy is nontrivial quadratic then, by [Cabanes and Enguehard 2004, Proposition 8.26],
twisting by egy induces a bijection between rational Lusztig series

E(s) = E(—s9),

and the involution is given by P(X) > (—1)%2” P(—X). In either case, we denote by o,,  the invo-
lution induced by twisting by esn. (Note that this is a degree-preserving involution on the set of all
irreducible kg / k% -self-dual monic polynomials; the subscript m is included to indicate that the involution
depends on m.) The characteristic polynomial corresponding to the cuspidal representation tegy is then

[T Poeyeeer.
P

Putting together our two involutions, we get an involution on the set of irreducible kg / k% -self-dual
monic polynomials of degree m given by

Om = O0Om,GOO0m,W-

5.6. Recall that the Hecke algebra 27 (G(M,,). egvjvtfw ® egnt) is generated by an element 7 satisfying a
quadratic relation
(T—q"o)(T+w)=0,

where ¢ is the cardinality of the residue field of kr. The work of Lusztig, as presented in [Lust and
Stevens 2016, §7], allows one to write down explicitly the parameter r in terms of the characteristic
polynomials of the previous subsection, as follows.

Let Q(X) be the irreducible kg / k,-self-dual monic polynomial of degree m corresponding to Ty, and
let Py(X) =]]p P(X)* be the monic polynomial corresponding to t, where the ap are as described in
the previous subsection. Writing f for the degree of the extension kg /kr, one gets the following values:

o If kg =k% and 01(Q) = X — 1 then

r |2by if G is even special orthogonal,
f |2by+1 otherwise.
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o If kg =k% and 01(Q) = X + 1 then

r |2b_+1 if G is odd special orthogonal,
f o |2b- otherwise.
o If kg # k%, or m is even then
r m
—=(2b 1—.
7 (2bg,, o)+ 1) 2

Note that, since 7(p) = mf, the number r/t(p) is a half-integer, as asserted above. Moreover, r/t(p) is
an integer precisely when E/E, is ramified and E/F is a maximal extension (i.e., of degree dimp W); in
particular, this depends only on the polynomial Q (that is, on Ty, so on the representation p) and not on
either the representation 7 or on the involution o7.

5.7. In this subsection, we treat the exceptional cases, where we do not have an isomorphism
(G, o), €, Tw @ 7)) = H(G(My0,), €, (Tw B T°)). (5-3)
According to the description in [Miyauchi and Stevens 2014, §6.3], this occurs precisely when
o E/E, is ramified;
e dimg W =1, so that Ty is a character of order at most 2;
e and either G(A,,) = G°(A,,) or €an, T|Go(Aop) is reducible.

We remark that egp, Tjge(a,,,) is reducible if and only if 7jge(a,,) is reducible.

In these cases, writing G° (M, o,) = GV (A,,) x GV (A,,), there is one value of ¢ for which G®(A,,)
is an even special orthogonal group (for the other it is a symplectic group) and it is precisely for this
value of ¢ that we do not have an isomorphism (5-3) and we get r, = 1.

As above, we write T©®@7 (1 for an irreducible component of g A,y)> and write €gy, as 69%, ®Ei()%), ®€E§J]2)t.
Writing Ps(X) =[] P(X)“" for the polynomial corresponding to the cuspidal representation T, the
fact that it does not extend to the full even orthogonal group implies, by [Lust and Stevens 2016,
Proposition 7.9], that =1 are not roots of P, thatis, ay =a_ =0.

Since Ty is a character of order at most 2, the corresponding polynomial is Q(X) = X & 1. In particular,
since we have by = b_ =0, the formulae of Section 5.6 are still valid, since they too give r, = 0. Thus
those formulae are valid in every case.

5.8. Finally, using the formulae of Section 5.6, we return to computing the contribution (5-2), so we
retrieve the sub/superscripts . We have

e an irreducible kg / k% -self-dual monic polynomial Q(X), corresponding to the cuspidal representa-
tion Tw;
e fort =0, 1, a polynomial [[, P(X )“g) corresponding to the cuspidal representation *;

e for t = 0, 1, an involution cr,,(f ) on the set of irreducible kg / kg -self-dual monic polynomials of

degree m.
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Suppose first that either kg # kg or m is even; then we get

) 2 (D 2
r§+r12 (2b ,f?)(Q)+1) +(2b o0(0) +1
2t (p)? 8

+1)+ 36" it

© 0 (1) 1 40
Lzb <o>(Q)(b b +1)+2J a “”(Q)+

D) o (0) o (0) W (0)

If kg = k%, then one of the groups G 4 )(E))T,,UE) is symplectic, while the other is orthogonal. Here we can
treat each case, each polynomial X =& 1, and each possibility for the involutions ol(t), separately. Up to

permuting {0, 1} we are in one of the following two cases:

IfGg © (Aop) is odd special orthogonal and G M (Aop) is symplectic, then the contribution of o @ (X—1)is

{(219450’ +1)2+ b +

1)2
. J:zbgo)(b§°)+1)+2b$>(b<” +D+1=a +a{",

where ¢ is the sign defined by O’(O) 1)(X — 1) = X — ¢; and the contribution of al(l)(X +1)is

L(Zbg +1)2+ @by

— 9@ O My2 _ () €]
> J _2b7§(b7§ +1D+2052) =a_,+ta_’.

In particular, the sum of the contributions of X £ 1 is
(0) +a(0) +a(1) +a(1)

If g (Aoy) is even special orthogonal and G M (Aoy) is symplectic, then the contribution of o, )(X —1)is

L(zb?))z + @b +1)?

> Jzz(bgo))2+2b$)(b(” +h=a+al’ -1,

where ¢ is again the sign defined by 0(0) (1)(X 1) = X — ¢, and the contribution of 011)(X +1)is

L(zb“’gﬁ +@b)?
2

J =207 +20") =a) +a.

In this second case, the sum of the contributions of X £+ 1 is

0 )

ay’ +a- o

(1) —1;

+a; +a-

the term —1 reflects the fact that the sum of the dimensions of the spaces on which the dual groups
of Q(’)(AOE) act naturally is 1 more than the sum of the dimensions of the spaces on which the
groups G (’)(AUE) act naturally. Note also that this latter sum of dimensions is precisely dimg V, where
we recall that V' is the symplectic space on which our group G acts.
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5.9. Having computed all the contributions to the sum (5-1) in the previous subsection, we can now sum
them over all possible Q, noting that, if the cuspidal representation p corresponds to the polynomial Q,
then deg p = [E : Fldeg Q. If kg # k%, this is straightforward and we obtain

Xp:Lsn(p)ZJdegpz[E:F]Z(m > @t (%(Q)))

m deg OQ=m

=[E: F](Za§§” degP+Za§}>degP) =[E: Fldimg V = 2N,
P P

as required. Here the penultimate equality occurs because each group G (A,,) is a unitary group (whose
dual group is then a unitary group acting naturally on a space of the same dimension), and the sum of the
dimensions of the spaces on which they act is dimg V.

If kg = kg, then we need to be a little more careful with the polynomials X 4= 1 (that is, the kg /k% -
self-dual monic polynomials of degree 1), as described at the end of the previous subsection. If one of
the g )(AUE) is even special orthogonal (and the other symplectic) then we get that > o L5z (0)?] deg p is

[E:F(Z( > @, ta m(Q)))+a5?>+a(°)+a“)+a“> 1)

m=>2 deg Q=m
=[E:F](Zag’)degp+za$)degp—1) =[E : Fldimg V = 2N,
P P

where the penultimate equality uses the fact that the dual of a symplectic group acts naturally on a space
of one dimension greater, while the dual of an even special orthogonal group acts naturally on a space of
the same dimension.

On the other hand, if one of the G (A,, ) is odd special orthogonal (and the other symplectic) then we
get the same sum except without the term —1, and the penultimate equality uses the fact that the dual of
an odd special orthogonal group acts naturally on a space of one dimension smaller, while the dual of a
symplectic group acts naturally on a space of one dimension greater.

This completes the proof of (5-1), and hence that of 2.5 Theorem.

5.10. The results in this section not only prove 2.5 Theorem but also give an algorithm to compute the
inertial Jordan set of a positive-depth simple cuspidal representation of G. (The case of depth zero is
treated already in [Lust and Stevens 2016].) Moreover, 2.6 Corollary then gives the inertial Jordan set for
any cuspidal representation of G.

Indeed, suppose 7 is a simple cuspidal representation of G, induced from a cuspidal type A =k @ 7.
With the usual notation, let t© be any irreducible component of the restriction of t to the maximal
parahoric subgroup P°(A,,). Then t° is the inflation of a representation @ ® t(V, with each 7@ a
cuspidal representation of a finite reductive group over k. These each appear in some rational Lusztig
series and we consider the set Q') of monic irreducible polynomials dividing the characteristic polynomial
(over ki) of the corresponding semisimple conjugacy class for r = 0, 1, all of which are kg / k% -self-dual.
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For each m € deg Q”), we compute the signature character €gy,, and thus deduce the involution o,,(f) as in

Section 5.5. We set
Q={0(Q) | 0eQ”, degQ=m, t=0,1}.

Now let ® be the endoclass of the self-dual simple character lifting any skew simple character in 7
and let Q € Q. We put n = deg Q deg © and let § be the unique (up to conjugacy) m-simple character
in GL, (F) with endoclass ©2 (in the language of [Bushnell and Henniart 2014], for example). Let &
be the p-primary extension of 6, a representation of a group J. The group J/J! is then a finite general
linear group of rank deg Q over kg, and we let T be the unique cuspidal representation in the Lusztig
series corresponding to a semisimple conjugacy class with characteristic polynomial Q. Write [po] for
the inertial class of cuspidal representations of GL, (F) containing K ® To.

The inertial classes in {[pg] | Q € Q} are precisely the inertial classes which will appear in LJord(s).
In order to compute the multiplicities with which [pg] appears, we follow the recipe of Section 5.6 to
compute the corresponding Hecke algebra parameters r and ry, and hence the real parts of the reducibility
points |ro &= r1|/(deg Qlkg : kr]) and the multiplicities from Moeeglin’s criterion. In the case that kg # k3,
or m =deg Q > 1, this is straightforward, with the real parts of the reducibility points given by

() 1) 0) ()
bowio) Tl ! and P @ " Poiio)

2 2 '

where ag) = %bg)(bg) + 1) is the power to which P divides the characteristic polynomial corresponding

to . By the construction of Q, the first of these is certainly greater than % In the case kg = kY,
and deg QO =1 (so that Q is X £ 1) there is no such simple universal formula, and instead one must
proceed in a case-by-case analysis as in Section 5.8. We leave this as an exercise to the reader; a similar
calculation is done in [Lust and Stevens 2016, §8].

6. Galois parameters

In this section we study self-duality in terms of Galois parameters with a view, in particular, to under-
standing the ambiguities in our results in terms of the local Langlands correspondence.

6.1. We denote by F a fixed separable closure of F and by Wy the absolute Weil group of F (with similar
notation for intermediate fields). We would like to explore a self-dual irreducible representation o of Wg,
with a view to determining its parity (that is, whether it is symplectic or orthogonal); in particular, we
would like to know when the self-dual irreducible representation ¢’ which is an unramified twist of (and
not isomorphic to) o has the same parity as o, since it is in this case that we have ambiguity. For now,
we do not require p to be odd.

oV, s0, o being self-dual, yo

Let x be an unramified character of Wr. Then (xo)" is isomorphic to x ~
is self-dual if and only if %0 ~ 0.
We let £ (o) be the number of unramified characters n of Wr such that no ~ o — such characters form

a cyclic group. We deduce that the only unramified character twist o’ of o which is self-dual but not
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isomorphic to o is obtained as x o, where x is an unramified character of order 2t (o). (If r = valy (¢ (o)),
any unramified character of order 2"+! would do equally well.)

Let E be the unramified extension of F in F of degree 7 (o). Then o is induced from a representation 7
of Wg; the restriction of o to Wg is the direct sum of the conjugates of t under Gal(E/F), which are
pairwise inequivalent. As o is self-dual, TV is one of those conjugates.

Assume first that 7 is self-dual — which, we remark, is necessarily true if (o) is odd. Since ¢(7) =1,
the unramified twist T’ of T which is self-dual but not isomorphic to T has the form xt, where y is
the order-2 unramified character of Wg, and it has the same parity as . Since induction for self-dual
representations preserves the parity, we deduce that o and o’ share the same parity too.

Assume then that 7 is not self-dual. Then 7" is necessarily isomorphic to %, where y is the order-2
element of Gal(E/F). Let E=EY,so that E / Eis quadratic, and let 7 be the (irreducible) representation
of W induced from 7. As ¥ 2 7, we see that T is self-dual. Its restriction to Wg is t @ ", with 7 not
isomorphic to 7V, so the Wg-invariant bilinear forms on the space of T form a space of dimension 2, with
a line of alternating forms and a line of symmetric ones. Each of these lines is invariant under Gal(E/ F),
one offering the trivial representation, the other the order-2 character w of Gal(E/F). The self-dual
unramified twist 7’ of T which is not isomorphic to 7 is T’ = nT where 5 is unramified of order 4,
sothat 7" ® T' ~ wT ® T. From the previous analysis, we deduce that if 7 is symplectic then 7" is
orthogonal and conversely, T and T’ have different parities. By induction again we see that o and o’
have different parities.

6.2. Let us look at some special cases. Assume first that o is tame. Then 7 (o) = dimo. Introducing E
and 7 as in Section 6.1, we have that t is a character, regular under the action of Gal(E/F). If T were
self-dual it would have order 1 or 2, but any character of E* of order 1 or 2 factors through Ng,r,
and hence can be regular under the action of Gal(E/F) only if 1(0) = dimo =1, so E = F. Thus,
apart from quadratic characters of Wg, rame self-dual irreducible representations o of Wg have even
dimension, and we can apply the discussion of Section 6.1 to them, concluding that o and o’ have
different parities.

6.3. We now assume that o is not tame, but we concentrate on our case of interest; that is, we assume
from now on that p is odd. We want in that case to spot when o and o’ have the same parity, and then try
to say whether they are orthogonal or symplectic.

Let us first analyze o. Its restriction to the wild ramification subgroup & of W is nontrivial, since o
is not tame. Let y be an irreducible component of this restriction — so that y is not the trivial character
of Zr —and § = §, its stabilizer in Wr. Then by Clifford theory o is induced from the representation
of S on the isotypical component V(y) of y in the space V of o.

Now by assumption o is self-dual, and so is its restriction to Zr. But & is a pro-p-group and p is
odd, so no nontrivial irreducible representation of 2 is self-dual, and we see that y " is not isomorphic
to y. Thus there is g in Wr \ S with 8y isomorphic to yV; the coset g is the same for all possible choices
of g, and g2 belongs to S, so S=SU gS is a subgroup of Wr containing S as an index-2 subgroup.
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To get o, we can first induce V(y) from S to S, and then from S to Wr. We shall prove now
that Indg V(y) is self-dual; its parity is then inherited by o. This reduces the problem to understanding
the parity of Indg V(y).

6.4. To prove that Indg V(y) is self-dual, we take an abstract viewpoint:

Proposition. Let &4 be a group with a subgroup 5 of index 2, and let g € 4\ 5. Let (p,V) be
an irreducible representation of 3. Assume that p is not self-dual, but that p" is equivalent to 8p.
Then Indif p is irreducible and self-dual. If dimV is odd, then Indif p is symplectic if and only if its
determinant is trivial.

Proof. Since 8p is not isomorphic to p, the induced representation Ind_’(ﬁ[)p is irreducible, and it is self-
dual because (Ind(fiﬁ,o)v is isomorphic to Indi’f o and hence to Indi}g p, which is isomorphic to Indif p.
If Indig p is symplectic, then clearly its determinant is trivial. To prove the converse statement when dim V
is odd, we need to analyze the situation carefully.

Since p" is equivalent to 8p, there is a nondegenerate bilinear form ® : V' x V — C such that

®(hv, ghg ') = d(v,v)) forallh e #, v,v' V.

It is unique up to scalar. We claim that the form W, defined by ¥ (v, v') = ® (v, gzv) for v, v in V, is
proportional to ®. Indeed, for v, v’ € V and h € 2, we find

W (hv, ghg™"v') = @(ghg ™'/, g*hv) = (v, g%v) = ¥ (v, V).
Writing ¥ = AP with A € C*, we compute
D', v) = d(g?, g%v) = W(v, g2v) = 2D (v, g2v) = AW (W, v) = 12DV, v)

for v, v/ in V so that A> = 1. We shall see that the parity of Ind(jff p is governed by the scalar A.
On the space V@V equipped with the representation p @ 8p, there is an J#-invariant symplectic form f,
unique up to scalar, which we can take to be

f (i, v2), (wr, wa)) = P(vi, wr) — P(wy, v2).

The space of Indff p can be taken as V @ V, where 7 acts as p @ 8p and g acts via

g(v1, 1) = (v, g°v1).

Since @ (vy, g2v1) = W (v, v2) = AP (v, v2), We get that g acts on f by multiplication by —, so Indij 0
is symplectic if and only if A = —1.

Let us choose a basis (e, ..., eg) of V, where d = dim p. Then ® (v, v2) = ("x1)Hx; for v, v, €V
with coordinates given by x1, xo € C? respectively, and H the d x d Gram matrix of ® in the basis. If M o2
is the matrix of p(g?) we get ® (v, g%vy) = ('x2) H M2 x1, from which we deduce that HM . = A("H),
which implies that det p(g%) = A%
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Now det(Ind?/ p) is an order-2 character of ¢ which is trivial on 4#; in fact it is given by
(det p o Ver) 0%im”,

where Ver : ¢4 > @ 1 % is the transfer and w is the nontrivial character of ¢ trivial on J#. In
this special case where .7 has index 2 in ¢, the transfer map Ver is trivial on % and sends g to g2,
so det(Ind, p(g)) = (—A)4.

When d is odd, we find that Indi/f p is symplectic if and only if its determinant is trivial, as desired. [

Remark. When d is even, Ind?;f p always has trivial determinant, regardless of its parity. Determining
the parity amounts to computing the scalar A.

6.5. We revert to the context of Sections 6.1-6.3. We want to spot the cases where o and ¢’ (in the
notation of Section 6.1) have the same parity, and in those cases possibly apply 6.4 Proposition to
determine that parity. For that we have to analyze the situation further.

It is known (see [Bushnell and Henniart 2014, 1.3, Proposition]) that y extends to a representation I"
of § = §,,, and we can even impose that detI" have order a power of p; then I" is unique up to twist
by an unramified character of S, of order a power of p. Since 8y is equivalent to yY, we see that T
is equivalent to xI'V, where x is an unramified character of S of order a power of p. Such a x has a
unique square root 7 with order a power of p and replacing I" with n~'T", we may — and do — assume
that 8T >~ "V, This now specifies I completely.

As arepresentation of S, the space V(y) is a tensor product I'®4, where § is an irreducible representation
of S trivial on Z, well-defined up to isomorphism. Since 8V(y) >~ V(y)" as representations of S, we
get that 8§ ~ §V.

Let K be the fixed field of S, and K that of S; thus the extension K / K is quadratic and, in particular,
tame. Writing d = dim §, the representation § is induced from a character « of the unramified degree-d
extension Ky of K in F, with « tamely ramified and regular under the action of Gal(K;/K); this
character « is determined up to the action of Gal(K;/K).

In those terms, we try to see when o and o’ have the same parity; that is, writing 0 = Ind t as in
Section 6.1, where t is a representation of Wg with E/F unramified of degree 7 (o), we want to know if 7
is self-dual. Note that t(V(y)) =d,sot(oc) =df (K/F), where f(K/F) is the inertia degree of K/F.
The extension K;/E is totally tamely ramified, and we can take 7 to be Ind(I" ® o), where the induction
is from Wk, to W (and we first restrict I" from S to Wg,).

6.6. The following result describes when o, o have the same parity.

Proposition. Let o be a self-dual irreducible representation of Wr. Assume o is not tame, and adopt the
above notation. Then the following are equivalent:

(1) o and o' have the same parity.
(ii) K/K is ramified and d = 1.

When these conditions are satisfied, o and o’ are symplectic if and only if the character a is ramified.
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Remark. When d = 1, we see that « is a tame character of K* which satisfies o = a1 If K/ K is
ramified, g acts trivially on the residue field of K, and oy, has order 1 or 2. In that case, let w be a
uniformizer of K with w2 € K : then the condition 8o = o~ ! translates into «(—w?) = 1: either « is
unramified of order 1 or 2 or o« is the quadratic character wy g defining K.

Proof. To prove the proposition, we need to see when 7 = Indv“;id (I' ® @) is self-dual. The restriction
of ' @« to P is y, so T can be self-dual only if there is 4 in W such that "y ~ &y —thatis h € g8,
or equivalently Wg NS # WgN S. Recalling that E is the maximal unramified extension of F in K, we
see that the fixed field of Wy N S is Ky; if K/ K were unramified, the fixed field of Wz N S would also
be K4, so that T could not be self-dual.

Thus, if 7 is self-dual then K/ K is ramified and we take gin WgnN S. Reasoning as in Section 6.3 and
using 6.4 Proposition, we see that 7 is self-dual if and only if I' ® o induces to a self-dual representation
of Wg i where Ed is the fixed field of g in K, (so that K,/ I?d is quadratic ramified); in particular we
then have (' ® o) >~ (' ® ) ". Since 8T >~ 'V by construction, this implies S« = o~ ! and since Kd/Ed
is ramified, g acts trivially on the residue field of Ky so0 |y, has order 1 or 2 and regularity with respect
to Gal(K /K4) implies d = 1. Thus if 7 is self-dual then d = 1, which proves (i) = (ii).

Conversely if (ii) is satisfied then 7 is self-dual if and only if 8a = ! by the above analysis, which
gives (ii) = (i).

Assume finally that conditions (i) and (ii) are satisfied. Using again 6.4 Proposition, we have to check
whether the determinant of Indx’g (I’ ® @) — which by self-duality has order 1 or 2—is trivial. Seeing
that determinant as a character of K> (via class field theory), it is equal to

v=det(I' ® &)~ (a)K/E)dim”.

But det I" has order a power of p and p is odd, and « has order at most 4 (cf. the remark above) so we
find v = (algxw,(/[;)dim Y. If o is unramified then v = Wk Rk (since dim y is odd) is nontrivial; if « is
ramified then |z« = wy g by the remark and v is trivial. The final claim of the proposition now follows
from 6.4 Proposition. O

6.7. Now we interpret the conditions of 6.4 Proposition in terms of the cuspidal representation p
of GL,,(F), with n =dim o, which corresponds to o under the Langlands correspondence. To describe this
representation p we will use the machinery of the construction of cuspidal representations as in Section 1.

Assume o is not tame, i.e., p is not of depth zero. Then p contains a simple character , belonging
to a set of simple characters built using an element 8 € GL, (F) which generates a field F[B]. We
have n =d[F[fB]: F], so that d is determined by p. Moreover the extension K /F which appears above in
the discussion on the construction of ¢ is isomorphic to the maximal tame subextension L/F of F[8]/F;
see [Bushnell and Henniart 2014, tame parameter theorem].

When p — equivalently o —is self-dual, we can choose 8 such that the self duality comes from an
automorphism x — x of F[B], sending 8 to —f, and 6 to 61 see [Blondel 2004, Theorem 1]. That
automorphism induces an order-2 automorphism of L; let L be its fixed field.
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Proposition. The extensions K / K and L / L are isomorphic.

Thus condition (ii) in 6.6 Proposition can be translated in terms of p. See below (Section 6.8) for a
translation of the last assertion of [Blondel 2004].

Proof. The proof relies on the compatibility of tame lifting of simple characters with the induction process
for Weil group representations [Bushnell and Henniart 1996; 2005; 2014]. Choose an isomorphism ¢
of K/F onto L/F.

The representation ox of Wg on V(o) corresponds to a (cuspidal) representation p; of GL,, (L),
where m = d[F[f] : L]; the simple character §L appearing in py is an L/ F-lift of 6 and L /F is the
maximal tame extension such that 6 has a lift to GL; Fia1:L1(L).

If K’ is intermediate between F and K, and L' = ((K'), then o = Indvvng(a) corresponds to a
(cuspidal) representation pys of GL,, (L"), with m" =d[F[B] : L'], and the simple character 6, appearing
in py is an L'/ F-lift of 6 and lifts to 6, in L/L’. But K is the maximal intermediate subfield K’ such
that og- is self-dual. Because the Langlands correspondence is compatible with taking contragredients, the
field t(E ) is the maximal field L’ intermediate between F and L such that 6;, is self-dual (i.e., conjugate
to 6" in GLip(g1.1/(L")). Thus t(K) = L. O

6.8. Now assume thatd =1 and L/ L (or equivalently K / K) is ramified. We want to express the condition
that « is ramified in 6.6 Proposition in terms of p. For that we have to review a little bit the construction
of p from 6 from Section 1, whose notation we use.

We also continue with the notation for p introduced in the previous subsection. Recall that, since d =1,
we have n = [F[B]: F]. The simple character § is a character of H' and we have the open subgroups JLJ
of GL,, (F). We write 7j for the unique irreducible representation of J ! containing §. Then J = Ug)J ' and,
by the types theorem [Bushnell and Henniart 2014, §7.6, Theorem], there is a unique beta-extension &
such that trk is constant on the roots of unity of F[S] of order prime to p which are regular for
the action of Gal(K,,/F), where K,, is the maximal unramified extension of F in K. Moreover,
the same result gives that p contains the representation k ® wa of J, where « is seen as a character
of J/J! ~ UF[,g]/U}[ﬁ] ~ Uk /Uj and  is the order-2 character of Urg).

Thus we conclude that p is symplectic when p contains &, and is orthogonal when p contains wk.

6.9. We have discussed at length above the ambiguity between o and ¢’ inherent to our method — of
course when o and o’ have different parities it is the orthogonal one that features.

Let us now briefly mention a few favourable circumstances when our methods do allow us to determine
completely the parameter of a cuspidal representation 7w of Sp, (F).

Since the parameter ¢ of 7 is orthogonal of dimension 2N + 1, one irreducible component must have
odd dimension. But in our case where p is odd, the only irreducible orthogonal representations of Wr
with odd dimension are the four quadratic characters of Wr. Thus at least one of them, say w, has to occur
in the parameter, and if the Jordan block it belongs to is (w, m) then m has to be congruent to 1 (mod 4),
to yield an odd-dimensional contribution to ¢; the contribution to the determinant is then w. We then see
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that if we know all other components, then we can decide between w and @’ by taking into account the
condition det ¢ = 1. To know all the other components o, it is necessary that for each of them, o and o’
have different parities. We conclude that it will be rather rare that we determine ¢ without ambiguity.

Let us give just a few examples in low dimension. See [Lust and Stevens 2016] for a discussion of
depth-zero cases.

N =1, SL,(F): The parameter is either p @w with p irreducible orthogonal of dimension 2 and w =det p,
or w; ® wy @ w3 where the w;’s are the nontrivial quadratic characters of Wg. In terms of homomor-
phisms Wg — SO3(C) ~ PGL,(C), the second case corresponds to a triply imprimitive representation
of Wp, and the first case to a simply imprimitive one [Bushnell and Henniart 2006]. In the first case, our
methods allow us to determine p only if it is induced from the quadratic unramified extension of F (i.e.,
in fact, when w is unramified of order 2).

N =2, Sps(F): There has to be a quadratic character @ of Wr occurring with Jordan block (w, 1)
only. If another quadratic character n occurs, the Jordan block can be (1, 1) or (1, 3). In the latter
case ¢ = w @ n D n ® Stz and the determinant condition implies that w is trivial and consequently that »
is not trivial. If our computation shows that both 1 and the nontrivial quadratic unramified character wy,
occur, then the parameter is necessarily ¢ = 1 & w,,; B wp,, ® St3; if, on the contrary, our method gives
that a ramified quadratic character n occurs, then we cannot distinguish between 1 and 1’ = nw,;.

Let us look at the case where two distinct characters w, n occur with Jordan blocks (w, 1) and (n, 1)
only. Then a third character, v say, must also occur and ¢ = w @ n G v & p, where p is irreducible
orthogonal of dimension 2. The determinant of p is the quadratic character wg,r defining the extension
from which p is induced so that the determinant condition on ¢ is wnvwg,r = 1.

When E/F is unramified, there is no ambiguity in o in our computation, and the parameter is

p=leoudu e®p,

where w, i are the two ramified quadratic characters of Wp.
When E/F is ramified, the parameter could be

¢:1®wnr®wner/F@p or ¢:1@wnr@wner/F@,0/

and we cannot resolve the ambiguity between p and p’.
Finally if there is only one quadratic character w of Wr occurring in ¢, we can compute w, and thus
determine ¢ completely, only if the other components (necessarily even-dimensional) offer no ambiguity.
We hope to come back to the case of Sp,(F) in a sequel to this paper, where a refinement of our
methods will allow a more complete determination of ¢.

7. Langlands correspondence and ramification

In this final section we interpret our results on the endoscopic transfer map in terms of the Langlands
correspondence for G. In particular, we prove a ramification theorem for the symplectic group G,
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giving a bijection between self-dual endoclasses and self-dual orbits of irreducible representations of
the wild inertia group & which is simultaneously compatible (in a suitable sense) with the Langlands
correspondence for symplectic groups over F in all dimensions.

7.1. We first recall the ramification theorem for general linear groups, from [Bushnell and Henniart 2003,
8.2, Theorem]; see also [Bushnell and Henniart 2014, 6.3, Theorem]. Recall that £(F) denotes the set of
endoclasses over F. We write Wr\ Irr(ZF) for the set of Wr-orbits of irreducible representations of Zp.
By abuse of notation, we will identify such an orbit with the direct sum of the inequivalent irreducible
representations in the orbit; thus, for y an irreducible representation of &¢ with stabilizer S, we identify
its Wg-orbit [y] with @Wr /s 8y In particular, we can then talk of the dimension of an orbit.

Given an irreducible representation of Wr, by Mackey theory its restriction to &2 is a multiple of a
single Wr-orbit of irreducible representations, so we get a natural map Irr(Wr) — Wg\ Irr(£F), which
is surjective.

Theorem. There is a unique bijection E(F) — Wg\ Irt(Pr), O — [y (O)], which is compatible with
the local Langlands correspondence:

Uy 1 Cusp(GL, (F)) —— Irr(Wp)

| !

E(F) ———— Wp\ Irr(ZF)

Moreover we have deg ® = dim[y (®)].

7.2. Now we consider how this bijection behaves with respect to duality. Recall that we write £%¢(F)
for the set of self-dual endoclasses, that is, those endoclasses ® for which there is a self-dual simple
character 6 with endoclass ®. If the endoclass is nontrivial then 6 is associated to a skew simple
stratum [A, —, 0, 8] and the associated field E = F[8] has degree n over F and is equipped with a Galois
involution with fixed field E,. If ® is the trivial endoclass then we have E = E, = F.

It will be useful to have the following result, which guarantees the existence of self-dual cuspidal
representations of general linear groups with given (self-dual) endoclass.

Lemma. Let ® be a self-dual endoclass and E | E, as above. Let m be an integer which is
(i) odd if E/E, is unramified quadratic,

(i) 1 or even if E/E, is ramified quadratic,

(ii1) even if E = F,

and put n = m deg ©. Then there are (at least) two inequivalent orthogonal self-dual cuspidal representa-
tions of GL, (F) with endoclass ©, and two inequivalent symplectic self-dual cuspidal representations of
GL, (F) with endoclass ©.
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Note that, in the case that E = F (so © is trivial) and m = 1, there are four inequivalent self-dual
(cuspidal) representations of GL(F) with endoclass ® but all four are orthogonal; they are the four
quadratic characters.

Proof. Suppose first that © is nontrivial. Let 6 be a self-dual simple character with endoclass ©, as
above, with associated skew simple stratum [A, —, 0, 8] and E = F[B]. Then any transfer (in the sense
of simple characters) of @ is also self-dual, by [Stevens 2005, Corollary 2.13].

Let m be an integer as in the hypotheses of the lemma and let f be a nondegenerate skew-hermitian
form on an m-dimensional E-vector space V such that the associated unitary group (a group over E,) is
quasisplit. We write oy, for the ring of integers of E, and p%, for its unique maximal ideal, with k%, the
residue field. Fix A, an F-linear form on E, such that {e € E, | Ao(eog) C pr} = p%, and consider the
form h = Ay otrg/g, o f on V. Thinking of V' as an n-dimensional F-vector space, this is a nondegenerate
alternating form. We take the transfer 6,, of 6 to the unique (up to conjugacy) self-dual og-lattice chain A,
on V such that A,,(0) # A,,(1). Thus 6 is a self-dual simple character of endoclass ©.

Denote by &, the unique p-primary extension of 6,,, and denote by J,, the group on which it lives;
then, by uniqueness, i, is self-dual (that is, invariant under the involution o defining the symplectic
group Spr(V)). Now k,, extends to a representation I:Cm of E*J,, with determinant a power of p and any
two such extensions differ by an unramified character of order a power of p. In particular, I:Cm oo is another
such extension and so has the form I:Cm ® x for x unramified of order a power of p. Since p is odd, x has
a unique square root x of order a power of p, and then we can replace I:Cm by I:Cm ® x', which is self-dual.

Now we consider the quotient

I/ IL > P(Apog)/ P (Am.op) = GLy (k).

The involution o also acts here, with fixed points a unitary group if E/E, is unramified and a symplectic
group if E/E, is ramified (in the latter case, it is symplectic rather than orthogonal because A, (0) #
A, (1)); the action of o is conjugate to the map transpose-inverse-Gal(kg / k3.)-conjugate. The conditions
on m are then precisely those required for the existence of a Gal(kg/k%,)-self-dual cuspidal representa-
tion 7 of GL,,(kg) (that is, such that the Galois conjugate of T is equivalent to 7¥) — see [Adler 1997,
Theorem 7.1] in the case kg = k%, and [Kariyama 2008, Corollary 5.8] in the case kg # k§.

Let w be a quadratic character of E, necessarily tame since p is odd. We also write w for the character
of k. induced by restricting w; then the representation Tw is also Gal(kg / k%)-self-dual. We inflate Tw
to fm and extend to a representation ’7\2) of Exfm by setting %(wE) = w(wg)ld;,, for wg a fixed

)e(E/E

uniformizer of E such that w g = (—1 g, where x — X denotes the generator of Gal(E/E,).

This representation 7., is then self-dual, that is, equivalent to T, 00.
GL, (F) E

ExjJ —=m
to p, o 0. Since the involution o is a conjugate of the involution transpose-inverse, by [Gelfand and

Finally, the representation p,, = c-Ind ® T, is then irreducible and cuspidal, and equivalent
Kajdan 1975, Theorem 2], the representation p,, o o is equivalent to p,).

Thus we have constructed four self-dual cuspidal representations p,, of GL,, (F") with endoclass ®, and
it remains only to see that two are orthogonal and two symplectic. Note that p,, and p,, are unramified
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twists of each other if and only if @~ !e’ is the nontrivial unramified quadratic character w,,. If either m > 1
or E/E, is unramified then, by 6.6 Proposition and 6.7 Proposition, the representations p,, and its self-dual
unramified twist p,,,, have opposite parities so we are done. (Note that, writing L for the maximal tame
subextension of E/F and L, for that of E,/F, we have that L/L, is ramified if and only if E/E, is
ramified, since p is odd.)

On the other hand, if m = 1 and E/E, is ramified then we are in the situation of Section 6.8, and
the argument there explains that one pair p,, Pwe,, consists of two orthogonal representations, while the
other pair consists of two symplectic representations, as required.

We are left with the case that ® is the trivial endoclass and m is even. The existence of self-dual cuspidal
depth-zero representations is [Adler 1997, Theorem 7.1] and the argument that there are (at least) two or-
thogonal and two symplectic is formally exactly as in the previous case, with I:C the trivial representation. [l

We say that an orbit [y ] in Wg\ Irr(£F) is self-dual if it is self-dual when considered as a representation
of Pp; that is, if there is g € Wy such that yV ~ 8y. We write (Wr\ Irr(2£))% for the set of self-dual
orbits. Then we have:

Proposition. The bijection of 7.1 Theorem restricts to a bijection,
EU(F) — (Wr\ Ir(2p))*. (7-1)

Proof. Let y be an irreducible representation of &y and put n = dim[y]. Suppose that [y] is a self-dual
orbit and let g € Wr be such that 8y ~ yV. Then, as in Section 6.5, there is a unique irreducible
representation I' of the stabilizer S of y such that det I" has order a power of p and éI" ~ I"V. Then the
representation Ind?’F I" is irreducible self-dual so the corresponding cuspidal representation p of GL, (F)
is also self-dual. By [Blondel 2004, 2.2, Corollary] (see also [Goldberg et al. 2007, p. 10]), p contains a
simple character with self-dual transfer to GL,, (F), so the endoclass ®(p), which corresponds to [y’] by
7.1 Theorem, is self-dual.

Conversely, let ® be a self-dual endoclass and put n = deg ®. By the lemma, there is a self-dual
cuspidal representation p of GL, (F) with endoclass ®. Then the corresponding irreducible representation
of Wr is self-dual so the orbit in its restriction to & is also self-dual, as required. O

7.3. We now introduce the notion of wild parameter.

Definition. A wild parameter (over F) is a finite-dimensional semisimple complex representation V
of Zr such that 8V >~V for all g € Wp. We write W (F) for the set of equivalence classes of wild
parameters over F, and W, (F) for the set of equivalence classes of n-dimensional wild parameters over F.

Equivalently, we can think of an element of W, (F) as the GL, (C)-conjugacy class of a homomor-
phism ¢ : £ — GL, (C) for which there exists A € GL,(C) such that # cAd g = Ad Ao forall g € Wp.

Thus a finite-dimensional semisimple complex representation V of Zr is a wild parameter if and only
if, when we decompose it into its isotypic components }V = @Vdrr( 2 V(v), we have

dimV(y) =dimV(¢y) forall g € Wg.
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Therefore a wild parameter is equivalent to

@ mpylyl,

W\ Ire(ZF)

where we are thinking of the orbit [y] as the sum over the Wr-conjugates of y € Irr(#F), and m(,) € Z>o.

Equivalently, the n-dimensional wild parameters are precisely the restrictions to & of the Lang-
lands parameters for GL, (F'); that is, writing ®,(F) for the set of admissible homomorphisms ¢ :
Wr x SL(C) — GL,(C) up to conjugacy, and ®(F) = Unzl ®,, (F), the natural map

O(F) —> V(F)

induced by ¢ = ¢, », is surjective. Indeed, by taking direct sums one need only check that, for any y € ZF,
there is a Langlands parameter ¢ whose restriction to Z is isomorphic to [y ]. This, however, follows
from the discussion in Section 6.5: y extends to a representation I' of its stabilizer S, by [Bushnell
and Henniart 2014, 1.3, Proposition], and then Indg‘” I' is the required Langlands parameter (with
trivial SL,(C) action).

Recall from Section 2.7 that an endoparameter of degree n over F is a formal sum

Zm@@, me € ZZO’ such that Zm@ deg ® =n.
®ct ®ct

We write E€,,(F') for the set of endoparameters of degree n over F. Then the ramification theorem for GL,,
(7.1 Theorem) together with the compatibility of the Langlands correspondence with parabolic induction

immediately give:

Theorem. The bijection of 7.1 Theorem induces, for each n, a bijection E€,(F) — W, (F) which is
compatible with the Langlands correspondence:

Irr(GL, (F)) —— ®,(F)

l l

EEn(F) ———— W, (F)

7.4. Now we turn to the case of the symplectic group G and recall Arthur’s local Langlands correspondence
in this case.

We denote by ®(G) the set of Langlands parameters for G, that is, the set of conjugacy classes of
homomorphisms ¢ : Wr x SLy(C) — SOyx1(C) such that the representation obtained by composing
with the natural inclusion map ¢ : SO 4+1(C) < GLyy11(C) is semisimple.

We denote by ®9¢(G) the set of discrete Langlands parameters, that is, those whose image is not
contained in a proper parabolic subgroup of SO,y 1(C); equivalently, ¢ o ¢ is a direct sum of inequivalent
irreducible orthogonal representations of Wr x SL,(C) and has determinant 1. Thus, given ¢ a discrete
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Langlands parameter, the representation ¢ o ¢ decomposes as a multiplicity-free direct sum

o @ Stu,, (7-2)
iel
where St,, denotes the unique m-dimensional irreducible algebraic representation of SL,(C) for m > 1,
and the o; are irreducible self-dual representations of Wg, such that

. Ziel nm; dimai =2N+ 1,
e 0; is symplectic if m; is even and orthogonal if m; is odd,
o [[;c; det(op)™ =1.

We say that a discrete Langlands parameter ¢ is cuspidal if, whenever o ® St,, is a subrepresentation
of tog and m > 2, the representation o ® St,,_» is also a subrepresentation of to¢. We denote by ®“**P(G)
the set of cuspidal Langlands parameters.

As usual, for ¢ a discrete Langlands parameter, we denote by .7 the group of connected components
of the centralizer in SO,y41(C) of the image of ¢. This is a finite product of copies of the cyclic group
of order 2; if ¢ o ¢ decomposes as in (7-2), then .7 has order 2#I=1,

Theorem [Arthur 2013, Theorems 1.5.1 and 2.2.1; Meeglin 2011, Theorem 1.5.1]. Suppose that F is
of characteristic zero. There is a natural surjective map from the set of discrete series representations
of G to ®Y¢(G) with finite fibres, characterized by an equality of stable distributions via transfer
to GLyon+1(C). Moreover,

o the fibre of ¢ € ®U(G) is in bijection with the set of characters of o5

e the fibre Iy of ¢ € ®9(G) contains a cuspidal representation of G if and only if ¢ is cuspidal, in
which case T1y N Cusp(G) is in bijection with the set of alternating characters of /.

We do not recall the definition of alternating character (see [Mceglin 2011, §1.5]) but only recall that if,
for ¢ a cuspidal Langlands parameter as in (7-2), we set I = {o; | o; is orthogonal}, then there are 2#/0~!
alternating characters of .. (Note that Iy is nonempty, since one of the o; must be a quadratic character.)
In particular, the L-packet of a cuspidal Langlands parameter ¢ consists only of cuspidal representations
if and only if m; = 1 for all i € I, in the description (7-2); that is, each self-dual irreducible representation
of Wr which appears in ¢ is orthogonal and appears with multiplicity 1. In this case, we say that ¢ is

regular.

7.5. We say that a wild parameter V is self-dual if it is self-dual as a representation of #f, in which
case det(V) is trivial (since p is odd).

Given a self-dual wild parameter, we would like to see that there is a unique choice of orthogonal
structure on it. This is indeed a special case of the following result on the existence and uniqueness of
orthogonal structures on self-dual representations of groups of odd order.
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Proposition. Let & be a finite group of odd order and let V be a finite-dimensional complex representation
of 4. If V is self-dual, then V is orthogonal: there is on V a ¢-invariant nondegenerate symmetric bilinear
form; moreover such a form is unique up to the action of Auty (V).

In other words, a self-dual representation of ¢ is underlying a unique (up to isomorphism) orthogonal
representation.

Proof. As ¢ has odd order, the only self-dual irreducible representation of ¢ is the trivial representation 1.
For an irreducible representation y of ¢, let V(y) be the y-isotypic component of V, and put V, =
Homg (y, V), so that V(y) decomposes canonically as y ® V,,. Then V is self-dual if and only if V,
and V,v have the same dimension for all y.

Assume V is self-dual. For any ¢-invariant nondegenerate symmetric bilinear form on V, we can
write ) as the orthogonal direct sum of its subspaces V(1) and V(y) @V (y ") for y running through a set
of representatives of the nontrivial irreducible representations up to contragredient. On V(ly), where ¢
acts trivially, there is a nondegenerate symmetric bilinear form, unique up to the action of Aut(V(lg)).

Therefore, for existence and uniqueness, it is enough to consider the case where V =V(y) @ V(y")
for some nontrivial y. Then the dual of V(y) is ¥V ® (V,)*, whereas the dual of V(") is y ® (V,v)*
An isomorphism j : V — V" (that is, a self-duality on V) is the direct sum of Id, ® i and Id,v ® 7/,
where i is an isomorphism of V,, onto (V,v)*, and i’ an isomorphism of V,,v onto (V,))*. The self-duality
is orthogonal if and only if i and i’ are transpose to each other.

Obviously there exists then an orthogonal structure on V, and moreover all such structures are given
by the choice of i (with i’ its transpose). Since Auty()), which is the product Aut(V,) x Aut(V,v), acts
transitively on the set of i, we have uniqueness too. U

7.6. Now let V be an n-dimensional self-dual wild parameter over F. By 7.5 Proposition, V then carries
a Zrp-invariant nondegenerate symmetric bilinear form, unique up to the action of Autg, (V). Thus we
can regard V as a homomorphism v : Zr — SO(V) =~ SO, (C).
For y € Irr(#F), we write V[y] for the component of V corresponding to the orbit of y under Wg;
that is,
Vivl= ) VEy).

8eWr

We consider the stabilizer in SO(V) of the self-dual decomposition
v= & iyl
Wp\Irt(2F)

and say that V is discrete if this stabilizer is contained in no proper Levi subgroup of SO(V). Equivalently,
the self-dual parameter V is discrete if and only if every orbit [y] in the support of V (that is, such
that V[y] is nonzero) is self-dual.

We write W34(F) for the set of equivalence classes of discrete self-dual n-dimensional wild parameters
over F. Note that the restriction to ¢ of any discrete Langlands parameter for G is a discrete self-dual
wild parameter of dimension 2N + 1, which explains the nomenclature.
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Recall also that we have the set &34(F) of self-dual endoparameters of degree n over F, which consists
of those endoparameters of degree n with support in the set £59(F) of self-dual endoclasses. Then we
have the following ramification theorem for G.

Theorem. The bijection (7-1) induces, for each N > 1, a bijection 55;‘11\,(F )— \IJS?V 41 (F) which, when F
is of characteristic zero, is compatible with the Langlands correspondence for cuspidal representations
of G:

Cusp(G) —» OP(G)

l l

EE5y (F) —— Wiy, (F)

The induced bijection £ ;‘;\,(F ) — lllg‘}\, 41 (F) is not as obvious as in the case of general linear groups.

If we denote the bijection (7-1) by ® — [y (®)] then the induced map is
Y me® = 1y @ P mely (©7)] (7-3)
e o)

sd
2N+1

that every discrete self-dual wild parameter of dimension 2N + 1 occurs as the restriction of not only some

We remark also that this theorem asserts that the restriction map ®“*P(G) — W (F) is surjective, so
discrete Langlands parameter for G but of some cuspidal parameter. In fact, we show that it occurs as the
restriction of a regular parameter (i.e., one whose L-packet consists only of cuspidal representations).

Proof. Since the only irreducible self-dual representation of ZF is the trivial representation (so the
only odd-dimensional self-dual class [y] is that of the trivial representation), while the squaring map on
endoclasses is a bijection (since p is odd), it is clear that (7-3) defines a bijection. Its compatibility with
the Langlands correspondence is now just a reinterpretation of 2.8 Theorem, using 7.3 Theorem.

It remains to prove that the vertical maps are surjective. We prove that the map on the right is surjective,
and then surjectivity on the left follows. So let V = @ m, [y ] be a (2N+1)-dimensional self-dual wild
parameter (where the sum is over the W orbits in Irr(2?F) as usual). We will define a regular Langlands
parameter 0 = € o[y ] for G such that o [y] restricts to V[y] = mply]

Let y € Irr(#F) be a nontrivial representation. If m[,; =0 then we put o[y ] = {0} so assume m[,| > 0,
in which case the orbit [y] is self-dual. Let ® be corresponding (self-dual) endoclass and let E/E, be the
quadratic extension associated to a skew simple stratum which has a simple character with endoclass ®.
We pick nonnegative integers m1, my with m +my = my, such that

(i) m, my are odd or 0 if E/E, is unramified;
(i) my, my are even or 1 if E/E, is ramified.

Fori =1, 2 we put n; = m; deg ®. Then, by 7.2 Lemma, there exist inequivalent orthogonal self-dual
cuspidal representations pj, p2 of GL,, (), GL,,(F) respectively, both with endoclass ©. Let o1, 02
denote the corresponding Langlands parameters, which are orthogonal and put o[y ] = o1 @ o7; then the
restriction of o[y] to P is V[y], as required, by 7.1 Theorem.
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Finally, put m =my 4 ) — 1, which is even. By 7.2 Lemma, there is an orthogonal self-dual depth-
zero cuspidal representation of GL,,(F), and let § be the corresponding representation of Wr. We
puto[ly,]=38® w, where w = det((S)]_[[y]#lL@F] deto[y].

Then o = @[y]a[y] is a regular cuspidal Langlands parameter for G which restricts to V. ]

7.7. In the proof of 7.6 Theorem we saw that, for any self-dual wild parameter V of odd dimension, there is
aregular Langlands parameter for G which restricts to ). As well as this, one can (in general) cook up other
examples of Langlands parameters which restrict to V and are highly irregular. Since we find it amusing,
we include here a description of how to find a highly irregular Langlands parameter which restricts to V.

We begin with the following observation, which is just the translation of 7.2 Lemma (with m = 1) to
Galois representations. Suppose y € Irr(ZF) is nontrivial with self-dual Wg-orbit. Then there are four self-
dual representations of Wy whose restriction to £ is [y], two of which are orthogonal and two of which
are symplectic. We write o, 1, 0, > for the two orthogonal ones, and o, 3, 0y, 4 for the two symplectic ones.

Now we decompose V = € my,j[y] as above. As before, we will define a Langlands parame-
ter 0 = @o[y], with o[y]j», = mp,i[y]. We will obtain a parameter which is not regular whenever
either myy 45 1 >3 or mpy) > 1 for some nontrivial self-dual [y ].

By Lagrange’s four-square theorem, we can find nonnegative integers such that

4m[y]+2:a12+a§+a§+ai.

Moreover, two of the a; are even and the other two odd. We label them so that a;, a, are even and as, a4
are odd and, when m,,; = 2, we take the solution with a; = a;, = 0. Then we set

4
olyl=EP oy ® (Sty—1 DSty 3@+ ),
i=1
where we understand that we ignore the terms on the right where a; < 1.
Finally, write w; = ]_[[y] A, deto[y], which is a quadratic character, and let w;, w3, w4 denote the
other three quadratic characters. Again, there are nonnegative integers such that

2, 2, 2, 2
Mg, =ay+a;+aj+ta.

Since myy ) is odd, there is exactly one a; which has opposite parity to the other three, and we choose
our numbering so that this is a;. Then we take
4
ol =EP i ® (Stag, 1 B Sty 3@ -+ B St1),
i=1

where, again, we ignore the terms for which a; = 0.
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