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Bounds for traces of Hecke operators and applications
to modular and elliptic curves over a finite field

lan Petrow

We give an upper bound for the trace of a Hecke operator acting on the space of holomorphic cusp forms
with respect to certain congruence subgroups. Such an estimate has applications to the analytic theory of
elliptic curves over a finite field, going beyond the Riemann hypothesis over finite fields. As the main
tool to prove our bound on traces of Hecke operators, we develop a Petersson formula for newforms for
general nebentype characters.

1. Introduction

1A. Statement of results. Let S, ([, €) be the space of holomorphic cusp forms of weight «, for a sub-
group I" of a Hecke congruence group, and of nebentype character €. We write Tr(7T'| S, (T, €)) for the trace
of a linear operator T acting on S, (I, €). The aim of this paper is to give estimates for Tr(7;,|Sk (T, €)),
where Ty, is the m-th Hecke operator, as the parameters m, «, I', and € vary simultaneously.

Consider first the case that I' = I'o(N) and ¢ is any Dirichlet character modulo N. Let d(m) denote
the number of divisors of m, let o(m) denote the sum of the divisors of m, and let ¥ (N) = [To(N) :
SL,(Z)]=N ]_[p IN ( 1+ %) We assume that ¥ = 2 is an integer throughout the paper. Deligne’s theorem
tells us that each eigenvalue A(m) of T}, satisfies [A(m)| < d(m)m® /2. Therefore we have the “trivial”
estimate on the trace

Tt(Ty|Se(To(N), €)) < dim Se(To(N), €)d(m)ym "z~ < %d(m)mk?. (1-1)

For the bound on dim S, (I'h(N), €), see, e.g., [Ross 1992, Corollary 8]. The power of m in (1-1) is sharp
by the Sato—Tate distribution for Hecke eigenvalues. On the other hand, by a careful analysis using the
Eichler—Selberg trace formula, Conrey, Duke and Farmer [Conrey et al. 1997] and in more generality
Serre [1997, Proposition 4] showed that if €(—1) = (—1)* then

Tr(Tm|Sic(To(N), €))

= SetmbmE )+ O((0n) max Y (/) +donNHm T d(N). (1)
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where € (m'/2) is understood to be 0 unless m is a perfect square. If €(—1) % (—1) then S (To(N), €)={0},
so the left-hand side vanishes identically. We expect the estimate (1-2) to be sharp if m is fixed and
K+ N — oo.

Write ¢(¢) for the conductor of the Dirichlet character ¢, and ¢*(¢) = ]_[p| ¢(e) P for its square-free
part. In this paper we prove:

Theorem 1.1. Suppose that e(—1) = (=1)X, (N, m) = 1, and me(€)c*(€) < (N4 for some
n > 0. Then we have

Tr(Tm|Sic(To(N), €))

—1 « e
= K12 e(m%)mf_IW(N)—i-On,s(N%m Shtds %c(e)44c (6)44(NI’}’ZK)) (1-3)

We remark that the hypothesis that mec(€)c*(€) < (N*k1%/3)1=7 for some > 0 in Theorem 1.1 is
no restriction in practice, since if the hypothesis fails then (1-1) is a superior bound anyway. Indeed, the
error term in (1-3) is smaller than that in both (1-1) and (1-2) when

4, 9\1-
Nk %(Nk)sc(e)“c (6)65 Lm <K M
c(e)c*(e)

For example, if € is trivial and the weight « is fixed, then (1-3) is better than (1-1) and (1-2) for
N+ < m < N4¢,

Note that our result requires the hypothesis (N, m) = 1, whereas the estimates (1-1) and (1-2) do not. We
discuss the source of this condition in the sketch of the proof, below.

We are also interested in spaces of modular forms for groups other than I'h(N). In particular, for
positive integers M | N let

T(M,N)={(*5) eSLa(Z) :a,d =1 (mod N), ¢ =0 (mod NM)}. (1-4)

These congruence groups interpolate between I'y(N) = ['(1, N) and I'(N) >~ I'(N, N). We write
Sc(M, N) for the space of modular forms of weight x for the group I'(M, N) (without nebentype
character). Let §(a, b) be the indicator function of @ = b and §.(a, b) be the indicator function of
a =b (mod ¢). Let T, be the m-th Hecke operator acting on S, (M, N) and for (d, N) =1 let {d) be
the d-th diamond operator. These operators commute and 77 = (1) = id; for definitions see [Diamond
and Shurman 2005, §5.1, 5.2] or [Kaplan and Petrow 2017, §4]. In particular, we have

Tr((d) Tn| Se(T(M, N)) = D~ e(d) Tr(T|Sc(To(NM), €)). (1-5)
€ (mod N)
Applying (1-1) to (1-5) we have

k—1

Tr({d) Tn| Sk (' (M, N))) < —w(N)w(NM)d(m)mT' (1-6)
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Meanwhile, summing (1-2) over characters € (mod N) such that e(—1) = (—1)* we find

Tr(d) TS (DM N))) = < L5

2T PN (NM) (B (m2d. 1) + (=) 8w (m2d. ~1))

—1

+O((0(m)fr2nai< Y (f)+dm)(MN)2)m T d(MN)N). (1-7)

The following result improves on both (1-6) and (1-7) in an intermediate range of parameters.

Theorem 1.2. Suppose that M | N, (N,m) = 1, and m < (N°®k1%/3)1=7 for some n > 0. We have

K1

Tr({d) Tm|Sk(I'(M. N))) = %mz G(N)W(NM) (85 (m2d. 1) + (~1)*by (m2d. 1))

+ On,E(MN%mK%]J”JTK%(NmK)E).

1B. Applications to modular and elliptic curves over a finite field. Hecke operators appear throughout
number theory, and estimates for their traces are especially relevant to equidistribution problems. See for
example [Serre 1997, §5—§8] and [Murty and Sinha 2009]. We mention here a few consequences in the
analytic theory of modular and elliptic curves over a finite field.

Let C be a nonsingular projective curve of genus g over a finite field F, with ¢ elements. Then we
have (see, e.g., [Milne 2017, Chapter 11])

2g
ICFg) | =q"+1=) of,
i=1

where {¢; } are the inverse zeros of the zeta function of C
(I—o1T)--- (1 =z T)
(I-T)(1—qT)
The Riemann hypothesis for curves over finite fields asserts that |e; | = ,/g for all i. Igusa [1959] showed

Z(C,T) =

that there exists a nonsingular projective model for Xo(N) over Q whose reductions modulo primes p,
p+ N, are also nonsingular (see also the survey [Diamond and Im 1995, §9]), and so the preceding
discussion applies to Xo(/N) when p } N. Since g ~ ¥ (N)/12 as N — oo we have

1 Xo(N)(Fg)l =g+ 1+ Oy (N)g'?). (1-8)

In particular, | Xo(N)(F4)| ~ ¢q as g — oo as soon as ¢ > N 245 for some § > 0. On the other hand, the
Eichler—Shimura correspondence (see, e.g., [Milne 2017, Theorem 11.14]) asserts that

[femny(1—As ()T + pT?)
(I-T)(A—pT)

where H>(N) is a basis for S>(Io(V)) consisting of eigenforms of {7, : pt N} and A7 (p) is the T,

eigenvalue of f. We therefore have

| Xo(N)(F| =g + 1 =Tr(Ty|S2(To(N))) + p Tr(T,/ p21S2(To(N))),

’

Z(Xo(N).T) =

where we set 7),—1 = 0. Applying (1-1), (1-2), and Theorem 1.1 we get:
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Corollary 1.3. Suppose q = p? is a prime power such that p 4 N. We have

Y (N)
12

1Xo(N)(Fg)l =g+ (p— )22 82(v, 0) + O (min(y (N), g4 N T (gN)E, (g2 + N2)d(N)g®)q?).

In particular, the main term is larger than the error term as soon as q > N 21 +6 for some fixed § > 0.

Corollary 1.3 shows that there is significant cancellation between the zeros «; of Z(Xo(N), T), and in
this sense it goes beyond the Riemann hypothesis for Z(Xo(N), T'). Assuming square-root cancellation
between the zeros, one might conjecture an error term of size (g N )1/ 2+¢ in Corollary 1.3, which would
imply that the main term is larger than the error term whenever g > N 1*9 for some §. If one assumes the
generalized Lindelof hypothesis for adjoint square L-functions, then the method in this paper produces an
error term of size ¢!/8+t2 N'1/2+¢ in Corollary 1.3 (see Lemma 6.1). In a much more speculative direction,

if under the assumption (mn, W) = 1 the upper bound < ¢ (mnW)EW —1/2

for the sum appearing in
Lemma 4.1 holds (cf. the Linnik—Selberg conjecture), then the error term (g N )1/ 2+¢ in Corollary 1.3 is
admissible.

If g is a square then we can compare the second main term in Corollary 1.3 to the error term coming
from (1-2) in the range where g is small compared to N. For example, in the special case that p is a

prime and ¢ = p? we have:

Corollary 1.4. If p, N — o0 where p runs through primes p + N then for any fixed § > 0 we have

p>+ O(py(N)) if p2>»> N*8,
Xo(V)(F o) P2+ pEU(N)+ O:(p2 N T (gN)®) if N3178 « p? <« N4,
0 2)| =
g PHEVIN) + 0:(pE N T (gN)?) if N5 < p2 < NS,

(p—1DEV(N)+ 0c((p* + N2p)d(N)p®) if p2 < N375.

The first of these cases is just (1-8), and the last is the Tsfasman—Vl1adu{—Zink theorem [Tsfasman
et al. 1982], which has important applications to algebraic coding theory; see [Moreno 1991, Chapter 5].

Using Theorem 1.2 we can make more explicit statements about elliptic curves themselves. Let E be
an elliptic curve defined over F, and let tg = g + 1 —#E([F,) be the trace of the associated Frobenius
endomorphism. Hasse’s theorem tells us that |fg | < 2,/g. The set of F4-isomorphism classes of elliptic
curves defined over [ is naturally a probability space where the probability of a singleton is given by

PoED = e, )]

We would like to study the expectations as ¢ — oo of various random variables associated to g or the
structure of the group of [, -rational points of E£. To be precise: let A be a finite abelian group with at most
two generators, and let ®4 denote the indicator function of the event that there exists an injective group
homomorphism A < E(F,). Let U;(x) for j = 0 be the Chebyshev polynomials of the second kind.
The Chebyshev polynomials form an orthonormal basis for the Hilbert space LZ([—I, 1], %mdx).
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N. Kaplan and the author [Kaplan and Petrow 2017, Theorem 2] gave explicit formulas for the expectations

U; 2
PR

in terms of Tr((d ) Ty | Sk (I'(M, N))) and elementary arithmetic functions of m, M, N, and j.
Theorem 1.2 yields the following refinement of the error term in the main corollary of [Kaplan and
Petrow 2017]. Let

ni —1—21)4(M)
, = - 14+¢ o .
R " H (+ )

(g—1.n71)

Corollary 1.5. Let n1 = n1(A) and np = ny(A) be the first and second invariant factors of A (i.e., we
have ny|ny). Suppose that (|A|,q) =1 and g = 1 (mod ny). Then

E(Uj (t/2/@)®4) = v(n1.12)(8(j.0) + O; o(min(n1, ¥ n 2 n1nzg =2 (gn1)?)).

If ¢ # 1 (mod ny), then E;(U; ®4) vanishes identically.
In particular, the traces of the Frobenius tg for {E/F, : A — E(Fy)} become equidistributed with
respect to the Sato-Tate measure as ¢ — oo through prime powers ¢ = 1 (mod ny). The equidistribution

is uniform in A as soon as q > n%n4111/11+8 for any fixed § > 0.

In [Kaplan and Petrow 2017] Kaplan and the author showed that the equidistribution of tg for
{E/F4: A= E(F,)} is uniform as soon as g > n%n‘l"q by applying (1-6) to bound the trace. In this
sense, Corollary 1.5 goes beyond what one can conclude using the Riemann hypothesis of Deligne alone.
All of the error terms in the theorems and corollaries found in Section 2 of [loc. cit.] are similarly improved
by applying Theorem 1.2 in addition to (1-6).

1C. Outline of proof. Thanks to (1-5), the structural steps of the proof of Theorem 1.2 reduce to those
of Theorem 1.1. The details of the analytic arguments differ however (see Section 5). For these reasons,
we only discuss the proof of Theorem 1.1 in this outline.

By Atkin—Lehner theory, to estimate Tr(7;, | S« (T'o(N), €)) it suffices to estimate

> As(m. (1-9)

feHZ(N,e)

where H/ (N, €) is set of Hecke-normalized newforms of level N' and character €, and A ¢ (m) is the m-th
Hecke eigenvalue of f, normalized so that |A 7 (n)| < d(n). Whereas Serre and Conrey, Duke, and Farmer
used the Eichler—Selberg trace formula to access the trace of Ty,, we take a different path and use the
Petersson trace formula.

Let B, (I'o (), €) be an orthonormal basis for S (Io(N), €). Let g € B, (I'o (XN ), €) and write its Fourier
coefficients as {bg (n)}n>1. Then the Petersson formula [Iwaniec and Kowalski 2004, Proposition 14.5]
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says that

I'k—1) —
L by (m)b ()
(47 /mn) 1fel%K(Xro:(N),e)

Se(m,n,c)J

=8(m,n) +2mwi ® Z K—1 (1-10)

c>0
¢=0(mod N)

(),

c

where Jy is the J-Bessel function, S¢(m, 1, ¢) is the twisted Kloosterman sum

* dm +dn
Se(m.n,c)y= " e(d)e(f),

d (mod ¢)

and the * indicates we run over invertible d (mod c¢).
Our goal is to apply the Petersson formula to (1-9), and so we are faced with two technical difficulties:

(1) Only the newforms in S, (I'o(&V), €) have Fourier coefficients proportional to the Hecke eigenvalues
appearing in (1-9).

(2) If f is a newform, the constant of proportionality between Fourier coefficients by () and the Hecke
eigenvalues Az (n) is ~ || f|| 2, which is not constant across HJ (N, €).

We overcome (1) in Theorem 3.1 by developing a Petersson formula for newforms for S (I'g(N), €).
There has been much recent interest in such formulas; see for example [Barrett et al. 2017; Nelson
2017; Petrow and Young 2018; Young 2018]. Theorem 3.1 is a generalization of [Barrett et al. 2017,
Proposition 4.1] to nontrivial central characters, which itself is a generalization of work of Iwaniec, Luo
and Sarnak [Iwaniec et al. 2000], Rouymi [2011] and Ng [2012]. Peter Humphries has also shared a
preprint with the author in which he independently obtains Theorem 3.1, and uses it to study low-lying
zeros of the L-functions associated to f € H. (N, €). Theorem 3.1 is the only place in the proof where
we have used the hypothesis (N, m) = 1, in an essential way, and so is the source of the relatively prime
conditions in Theorems 1.1 and 1.2.

We deal with (2) by appealing to the special value formula

M @)any< 1f117,

2 _
L(1,Ad® f) = T(k) Vol Xo(N)’

where L(s, Ad? f) is a certain Dirichlet series whose coefficients involve A ¢ (n?), and which we discuss
in more detail in Section 2. One may then swap the sum over f and this Dirichlet series, and apply our
Petersson formula for newforms (Theorem 3.1). Estimating the resulting sums directly using the Weil
bound for S¢(a, b, ¢) (see Lemma 4.2), one recovers that the trace of T}, is <, (N«)!T¢ (compare with
(1-1).

To save a bit more and obtain Theorem 1.1 we remove the weights || f || iz more efficiently using a
method due to Kowalski and Michel [1999, Proposition 2]. Their method is based on Holder’s inequality
and a large sieve inequality due to Duke and Kowalski [2000, Theorem 4] for subfamilies of automorphic
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forms on GL3. There are other notable large sieve inequalities for GL3 in the literature; see, e.g., [Blomer
et al. 2017, Theorem 3] and [Venkatesh 2006, Theorem 1]. However, these two are not useful to us since
we need a large sieve inequality which is efficient for the proper subfamily of GL3 forms cut out by the
image of the adjoint square lift from GL,. The inequality of Duke and Kowalski is superior to the results
[Blomer et al. 2017, Theorem 3] and [Venkatesh 2006, Theorem 1] in the case of a thin subfamily and a
long summation variable, which is the situation of interest to us.

2. Preliminaries on L-series

If L(s) is a meromorphic function defined in Re(s) > 1 by an infinite product over primes p of local
factors L, (s), then for any integer N we write

LMy =] Lp(s) and Ly(s) =[] Lp().

DPiN PIN

so that L(s) = Ly (s)L@W)(s) for any N € N. To deal with the | f ||i2-normalization alluded to in

Section 1C, we introduce the “naive” adjoint square L-function. For f € H} (N, €), let

¢ (25)
¢(s)

2
L(s.Ad* f) = EjMfﬁ” =[] Lo(s.Ad* /),
D

n=1

where £ (s) is the Riemann zeta function, and where

(I_L)—lzé(p“)lf(pz"‘) i pIN,

p2s pas
Ly(s,Ad* f) = =0 2-1)
1 1A (P)12\ 7 ;
(1—ps)(1— p ) if p| N,

Warning: the L(s, Ad? f) is not the true adjoint square L-function of f as defined by functoriality (see
[Iwaniec and Kowalski 2004, p. 133] and the online errata). Butif p N, then L, (s, Ad? f) does match
the local L-factor at p of the true adjoint square L-function. Our “naive” adjoint square L function
L(s,Ad? f) is chosen to be the Dirichlet series for which the following lemma is true.

Lemma 2.1. The series L(s, Ad? f) defined above is holomorphic for Re(s) > 0 and

(M @)@En) (f, fin

2 _ _
LQ,Ad"f) = I'(k) Vol Xo(N)’ (2-2)
where
dxd
<ﬁﬂN=f )2y
To(N\I¢ y
and
Vol Xo(N) = / @ =2y,
To(N\K Y
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Proof. For the first statement, let 7w denote the irreducible admissible cuspidal automorphic representation
of GL, generated by £, and denote by L(s, Ad? ) the L-function of its adjoint square lift. We have by
[Gelbart and Jacquet 1978] that L(s, Ad? ) is an entire function of s. Therefore, the prime-to-N part of
the naive L-function L) (s, Ad? f) is holomorphic for Re(s) > 0.
For the second statement, take the standard nonholomorphic Eisenstein series for [g(N) at the cusp oo
given by
E(z,s) = Z Im(yz)®.
y€loo\T0 (V)

Then we have by the classical Rankin—Selberg unfolding argument

2 cdxdy  T(s+k—1) Arn)?
/l;()(N)\ﬂ-f|f(Z)| E(Z,S)y y2 - (47T)S+K—1 Z s .

We deduce the lemma by taking residues on both sides and recalling [Iwaniec 1997, Theorem 13.2] that

n=1

Ress—1 E(z,5) = Vol Xo(N)™ L. O

Let g7 (n) be the Dirichlet series coefficients of LW (s, Ad? f). Explicitly,

_m2g €(OAf(£2) if =1
or () = | Znmee QA7) T M) =1 (2-3)
0 if (n,N)>1.
Inverting, we also have
EMArn®) = > pimor(b). (2-4)
m2{=n
For future reference, we write the partial sums of LM (1, Ad? f) compactly as
or(n)
= ) 2-5
o) =) (2-5)

n<x

By contrast, when p|N we have that L (s, Ad? f) is constant along f € H ~(N, €) by the following
lemma.

Lemma 2.2 [Ogg 1969, Theorems 2 and 3]. Let p|N be a prime, and € a Dirichlet character mod N.

Write
if € is not a character mod N/ p,

1
ane(p) = % if € is a character mod N/ p and p*} N,
0 if € is a character mod N/ p and p*|N.

Then we have |)Lf(p)|2 =apn,e(p).

3. Structural steps

We study the operator 7, = Tp,/ m®=1/2 on §,(To(N), €) so that each eigenvalue A #(m) of the T,,
operator is normalized by Deligne’s theorem to have |17 (m)| < d(m). We write H," (N, €) for the set of
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Hecke-normalized newforms in S, (N, €) in the sense of Atkin-Lehner theory [1970]; see also [Li 1975].
Also by Atkin-Lehner theory we have when (m, N) = 1 that

Te(Ty|Sc(Mo(N). )= > d(L) > Ae(m), (3-1)
LM=N fEHE(M,€)
where we consider the interior sum to be empty if € is not a character mod M. Thanks to (1-5), we can
reduce the structural steps for traces on S, (I'(M, N)) to the case of S (I'o(N), €).
Recall the notation from Section 1C and write ¢, = I'(k — 1) /(4)* 1. Let

Ag,Ne(m,n) = (\/miﬁ Z by (n)b r(m),

SE€B(To(N),e€)
so that the Petersson formula (1-10) is

Se(m,n,
c(m,n c)JK_1

AK,N,G(m’n) =5(Wl,n)+271i_K Z

c>0
¢=0(mod N)

(3-2)
C

()

The following theorem is our main tool for computing sums over the set of newforms H/; (N, €).

Theorem 3.1. If (inn, N) = 1 then we have

A A €
e 2 : M — E ' wW(L)R(M, L, €) 2 #AK’M,é(m,nﬂ),
remzve TN iy e
) =1

where

R(M, L,¢) ::% 1_[ (1_i) 1_[ (l_aM,e(P)) ,
pl(M,L)

2
2L p p
piM

and apy ¢(p) was defined in Lemma 2.2.
Proof. See Section 7. O

Theorem 3.1 does not directly apply to (3-1) because of the normalization by ( f, f)n.

We present a technique for removing the weights ( f, f') 5, which is a slight generalization of [Kowalski
and Michel 1999, §3]. The idea for removing such weights first appeared in [Ram Murty 1995]. Let
a = (ay) be a sequence of complex numbers indexed by

rely U HW.o.
N=1 € (mod N)
Define the natural averaging operator

Ale] =Anele]= > .
feH?(N,e)
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Let
Ly(1,Ad” f)
Of =Cx—FF—F—

RV
Then we define the harmonic averaging operator

Ah[oe] = A}]’vﬁ[a] = Z wroy.
JeHE(Nye)
The following proposition is a minor generalization of Proposition 2 of [Kowalski and Michel 1999].

It allows us to pass from natural averages of newforms to harmonic averages of newforms.

Proposition 3.2. Let a« = (ay) be a sequence of complex numbers indexed by f € H/[ (N, €) running
over all N and all €. Suppose that for all e > 0

AMlas)] <. (Nk)* (3-3)
and
max ooy < (Nk)™0Fe (3-4)
FeH (N,e)

for some absolute § > 0. For any integer r = 1 write x = (Nx)'%/". Then we have

Kk —1Vol Xo(N)
4r (N)(2)

Proof. See Section 6. O

Alas] = (AP ws (X)of] + Opr (x4 (Ni) ™).

One of the main ingredients in the proof of Proposition 3.2 is a large sieve inequality for the Dirichlet
series coefficients of the automorphic adjoint square L-function L(s, Ad? rr), see Proposition 6.2, which
is a quotation of [Duke and Kowalski 2000, Corollary 6]. This inequality is only valid when the length of
summation X satisfies X > (N«)®, which is far from the expected truth. Nonetheless, as of now it is
the best available such inequality in the range of parameters of interest to us. The exponent —§/20 in
Proposition 3.2 is optimized given the exponent 8 above, and any improvement over the result of Duke
and Kowalski would lead to a corresponding improvement to the value 20 = 2(8 + 2).

We apply Proposition 3.2 with oy = )tf—(m) to (3-1) to get

— 1 Vol Xo(M)
4 (M) (2)

(T, [SeMoN). ) = Y. d(L)” Ay (o ()X (m)] + O(N1Fex™207% 4 N¥)

LM=N
k-1 d(L)y (M)
12 2 ¢M)(2)

Y @Ol I @)

nsx n=k2¢

(n,M)=1
+O(NTEx—30+e L N®) (3-5)

LM=N

We are now ready to apply Theorem 3.1. We deduce a version of the newform formula for the harmonic
averages Ah[kf(m)/\f (n)] appearing in (3-5).
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Lemma 3.3. Let ¢y (€) denote the exponent of the p-part of ¢(€). If (mn, N) = 1 then we have

AR D) s ()] 1 »
> wL)MF(M.e) [] (1——2) > E(T)AK,M,G(m,neZ), (3-6)

VN 2N p2|M £|L>®
“,M)=1
where
1 1\!
FiMe= ] (t+=) ] (1-=) -
pliM P7 peim P
cp(e)=1 =2
cple)=a

In particular, if € = €g is trivial we have

- 1 1 1
My U = s 3 o ] (1——2) > SAemqlnat’). G
w LM=N p2IM p (;B\Ii)oo
M)=1

Note that formula (3-7) resembles closely the formula found in [Barrett et al. 2017, Proposition 4.1].
Proof. By the definition of L, (1, Ad*> ) and Theorem 3.1 we have

-1 -
Ah[xf(m)xf(n)]=]’[(1&)(1—”;(”) > w)RM.L.e) Y. @AK,M,e(m,nzz).

V4
PIN p LM=N (L

“€,M)=1
It suffices to show for any L, M that

-1
WZM) m (1_1)(1_%M_AIJ>) RM.L.o= ] (l—#)F(M,e). (3-8)

pILM P P p’|M

We may also assume that c(€) | M, since otherwise Ay ps.¢(m,n€?) = 0. Both sides of (3-8) are multi-
plicative, so it suffices to check the case M = p® and L = pP for an arbitrary prime p. The following
cases can be easily verified one-by-one:

ea=2, 821, andcp(e) =, ea=1,B=1, and cy(€) =0,
ea=2, 821, and ¢p(e) <, ea=1 =0, andcp(e) =1,
cea=2, =0, and cp(e) =, ea=1, =0, and cp(e) =0,
ca=2, =0, and cp(e) <a, ea=0,8=22, and ¢cy(e) =0,

ea=1,B8=1, andcp(e) =1, ea=0,B8=1, and cp(c) =0. O
4. Analysis for Ty (V)

Now we put together (3-5), the newform formula (3-6), and the Petersson formula (3-2). By (3-5) and
(3-6) we have

Tr(T5|Sk(To(N). €)) = A+ E,
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where for an integer > 1 to be chosen later we set x” = (N«)' and have

-1 d(L) 1 &(0) 1
A== 2. ¢@1)(2) 2. %2 > W > WOQ)WF(W.e) ]_[(1—?)

LM=N k<x!/? l<x/k? wo=M p2w

k,M)=1  (,M)=1 @)
Y Aewelm, g*0?), 41
q|Q
(g.W)=1
and FE is the error term from (3-5) of size

E Ko kN1TEx™30T8 4 NE, (4-2)

Applying (3-2) to A we get that
A=D+ 0D,

where D and OD are the contributions from the diagonal term and off-diagonal term of (3-2), respectively.
We insert 8,,,— ;2428 (e) | w for Ay w,e(m, g%€?) in (4-1) to find

K —1&(m?) d(L) 1 {
- 12 Z g-(M)(z) Z i2 Z uW(QYWF (W, ¢) 1_[ (l_?)(gc(eﬂW-
LM=N

1
m?2 kal/z/m1/4 wQo=M p2|W
(k,M)=1

Extending the sum over k to infinity we conclude that

K—le(m ) kNITE
p="1) S aw) Y w@wEW.o H( )86<€)|W+og(ﬁ|e(mz)|.
m: iz N Wwo=M P2\ W p? x2m3

By a tedious case check on prime powers we have
1
Y(NYeo v =D, MF(M.)cem [] (1——2)-
LM=N p2IM P
Therefore the result of the diagonal contribution is
—1€é(m2 KkN1te
p= 14 )w(N)+0( 1 |e(m5)|), (4-3)
12 m2 xsz

which matches what one finds directly from the identity contribution of the Eichler—Selberg trace formula.
Now we treat the off-diagonal terms. Let

292
Brmw= ¥ Y 6(‘1‘5) 3 M,H(W), (4-4)

(LY ql0 ¢=0 (mod W) ¢
€. M)=1(q, W) 1

Then we have
Kk—1 d(L) 1 1 by
0=t X % wownen [L(-5) 3 ta(iimn)

wo=M p2|\w P k<x!/?
(k,M)=1
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Lemma 4.1. Let d3 denote the 3-divisor function. For any m,n = 1 we have

Z Se(mc,n,c)JK_l(4n\c/ﬁ)

c¢=0(mod W) W ld d(W %
2
<<c(e)% 1_[ p%(m,n, ) 3((5m,n)) ( )( oo ) log2mn.
let©) Wk?d Jmn + kW

Proof. The proof is identical to [Iwaniec et al. 2000, Corollary 2.2] but with the following bound on the
Kloosterman sum in lieu of the standard bound without nebentype character.

Lemma 4.2. For integers c € NZ and a,b € 7 with ¢ # 0 and ¢(¢) | N, we have the estimate
|Se(a.b:c)| <d(c) (a.b.c)? c? e(€)ic* ().
Proof. See [Knightly and Li 2013, Theorem 9.2]. O

Applying Lemma 4.1 and estimating sums by integrals we find

1 1
d(W)ymsY 2
BY,m, W) <« c(e)%c*(e)%%logm&
K6

hence one estimates that
OD <, c(e)%c*(e)ixélcém%N‘8 logmx.
We have Tr(T,,|Sk(To(N, €))) = D + OD + E, and so collecting error terms we obtain
Tr(T,,| Sk (To(N, €)))
Kk—1 f(m%)

=0 T W(N)—l—08(6(6)%6*(6)%X%Kém%]\761Ogmx+KN1+8X_2%+8—i—Na). 4-5)
m32

We now optimize the value of r. By [Goldfeld et al. 1994; Banks 1997], the exponent § = 1 is
admissible. The error in (4-5) is minimized when

5
11 Nkeo

X20 =

m%c(e)%c*(e)% '
Let us assume that there is some 1 > 0 such that
1 Loy 1 51—
mac(e)dc*(e)s K (Nks)' 7", (4-6)

We choose r = 1 to be the nearest integer to

11 ( log(cémic(e)ie*(e)) )
S\ 1+ 5 1 1 N
2 log(Nke6)—log(m4c(e)4c*(€)#)

which by (4-6) is then bounded above uniformly in terms of 1 > 0 only.
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5. Analysis for I'(M, N)
Recall from (1-5) that

Te((d) T | Se (DM N)) = Y &(d) Te(Ty,|Se(To(MN). €)),
€ (mod N)

and that in Section 4 we decomposed the interior of this as

Tr(T/,|Sc(To(MN).€)) = D + OD + E.

Summing the formula (4-3) for D and (4-2) for E trivially over characters € (mod N) we get

- —1
Te((d) T S (D (M. N)) = “Z=m™2p(N)y (VM) (S (m*d. 1) + (<) Sy (m?d. ~1))
+ OD* + Op s (k(MN?) ' Fex—30te 4+ N(MN)®), (5-1)
where x” = (M N«k)'°, r is a parameter to be chosen later, and

OD*= > &(d)OD.

€ (mod N)
e(=1)=(-1*
Let

() ,m, ” )
Z _

€ (mod N) L,K)=1 ¢q|Q>® qz ¢=0(mod W) ¢
e(=1)=(=1)* (<Y (g, W)=1

so that we have

Kk—1 d(L) 1 1 X
oo =" > e X X wow [T (1) 5 (). 6
12 LK=MNg 2) k<x!1/2 k WQ=K 2|\w 4 k
& K)=1 ?

We would like to utilize the orthogonality of characters over € (mod N). To implement this, we
now refresh the notation. Suppose W, N > 1 are integers such that W |N?2 For a,b,d,k € Z and
1 <c =0(mod W) define

Tw(a.b.c):= Y e(d)é(b)F(W,€)Se(a,b,c).
€ (mod N)
e(-1)=(=1)
c(e)|W

With this notation, we have

292
B*(Y,m, W) = Z Z qiﬁ Z M-’x—l(@)- (5-3)

c
¢,K)=1 q|Q* c¢=0 (mod W)
(LY (g, W)=1

We can derive a bound on Ty by appealing to the Weil bound for Kloosterman sums.
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Lemma 5.1. Suppose W, N = 1 such that W|N2, a,b,d,x € Z suchthat (b,W)=1,(d,N) =1, and
1 <c=0(mod W). We factor ¢ = ci1cp withc1 |W and (ca, W) = 1. Then

11
|Tw (a.b,c)| < Y(c1)d(c2)(a,b,cr)2cs.
Proof. Consider the sum

Ty(a,b,c) = Z e(d)e(b)F(W,€)Sc(a,b,c),

€ (mod N)
c(e)|W

which is a minor variation of Ty (a, b, ¢) omitting the global condition €(—1) = (—1)*. We first consider

the sum TIQV locally, returning to Ty at the end of the proof. Let o, 8,y = 0 such that e <y, o <28,
(d, pP) = (b, p¥) = 1, and consider T/ (a, b, p?). Let

1+% ifcp(e) =a =1,
I(a,pB) = Z €(dx)e(b)d¢,(e)<a | (1 — %)_1 ifep(e) =a =2,
¢ (mod pf) 1 else.

By opening the Kloosterman sum and exchanging order of summation we have

Thala b, p) = 3 e(ax:ybx)l(a, B). (5-4)
x (mod p?)
Next we break into four cases:
(1) a> 8.
2 0=a<p.
B) l=a<p.

4 2<a<p.

Recall the orthogonality relation

Y e(@éb) = p(m)sa(a,b)

€ (mod n)

and the almost-orthogonality relation (see, e.g., [Heath-Brown 1981, Section 2])

> cwitr= Y oom(5)

c(e)=c 8l(a—b,c)
We apply these to evaluate /(«, §) in cases (1)—(4). We find
@(pP)8,6(xd. b) ifa>p,
1 if0=a<§B,
I, B) = . _ (5-5)
@(P)8p(xd.b) + 2 3 51 (p.xa—b) P(E)(p” /8) if l=a<p,

Q(P*)8pa (xd, b) + 5157 g (pe xa—py PO (p? /8) if 1 =a < B.
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Recall that (d, p#) = 1, so that d ! (mod p#) (or (mod p?) in cases (3) and (4)) exists. Inserting (5-5)
to (5-4), we find the following.

Case (1): B <.

, " B * ax +bx

Tt =ptrh) X o 2.
x (mod pY)
x=d~1b (mod pf)

Case (2): Bz a =0.
T{(a.b. p¥) = Z* e(M) — S(a,b, pY).

)4
x (mod pY) P

Case 3): B=za=1.
* bx * bx
Tab. ) =o(p) 3 e(”+ x)+%2¢(5)u(p/5) ) «e(‘”‘+ x).

Y Y
x (mod pY) P §|p x (mod p¥) P
x=d 15 (mod p) x=d b (mod §)

Case (4): B=a =2.

* ax + bx 1 * ax +bx
R S e e DI U D C=
y p p—1/= y P
x (mod p”) §lp x (mod p?)

x=d~1b (mod p%) x=d~1b (mod §)

Using the Weil bound for Kloosterman sums and trivial bounds, we find for all integers a, b, and nonzero
integers 0 <i < j, and (y, p) = 1 we have

Z* e(ax +b2)_C)
14

x (mod p7/) P

x=y (mod p’)

<!V
p’! else.

Applying (5-6) to the various cases above, we find that for cases (1), (3), and (4), i.e., when o > 0, we
have the bound

|Tya(a, b, p?)| < ¥ (p"). (5-7)
In case (2), i.e., when o = 0, we have
| Tpela.b. p?)| < d(p")(a.b. p")2 p*. (5-8)

Thus the estimation of TP/“ (a,b, p?) is finished.
Now we return to the case of Ty (a, b, ¢). We have

Tw(a,b,c) = 3Ty (a.b,c) + S(—1)*Ty, (a,—b,c),
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so it suffices to establish the bound stated in the lemma for Ty, (a, b, c). We have that T}, (a, b, c) is
twisted multiplicative, i.e., we have a factorization

Ty (a,b,c) = 1_[ T)o(acp™Y,bcp~Y, pY¥). (5-9)
pé|W
plle

Bounding the left-hand side of (5-9) using (5-7) and (5-8), we conclude the proof of the lemma. O

Applying Lemma 5.1 to (5-3) we get

B*(Y,m,W)g Z Z i Z v(c1) Z d(Cz)(m,qzﬁz,Cz)f

€=t dloe Cwiiws U @wm Ve
LY (g, W)=1

()

c1C2

Again following closely the proof of [Iwaniec et al. 2000, Corollary 2.2] we have

2 1 2 5 1
4 2
2. d(CZ)(a’,—b ©2)° ch—l( nbﬁ)‘ < a’3(§a,b ))( ba ) log2h%a.
(c2,W)=1 2 c1c2 ke Jog \bJa+cix

‘We have moreover that

Z 1 1

2
<
W er | Woe \/a(bﬁ+clx)% W2bia

=

These last two estimations lead to

m_Z W(W) Z Z d3((mv CIZZZ)) 262

—_— —— " log(2q
El 3
Ko W2 ot glgx VA
<Y (g, W)=1

B*(Y,m, W) < m)

« miY 2 (log ¥)3log 2m v (W)

5 3
K6 W2

Inserting this into (5-2) we get
OD* « K%MN%HX%(logxfm% log2m,

and inserting this into (5-1) we conclude that

To((d) T} < (DM, )
= RNy (VM) S mEd. 1)+ (1) 8y (. )

+ Oy (k& MN2x3+mi log 2m + k(MN2)!Fex~ 35+ 4 N(MN)F).  (5-10)

Now we optimize the value of r. The error term is minimized when

NIw
=
o9}

11 N

X20 =

N

m
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Let us assume that there is some 1 > 0 such that

mi < (N3ks)! ™,
We choose r = 1 to be the nearest integer to

11( log MN« )
2 logN%K% —logmi ’

which is then bounded above uniformly in terms of 1 > 0 only.

6. Proof of Proposition 3.2

Proof. We have by Lemma 2.1 that

Kk —1Vol Xo(N)
4r t(N(2) Z

—1 Vol Xo(N)

wrar LN (1,Ad? f) = A, LM (1, Ad? £)).

SeHE(Nye)
Recall that we have set o7 (n) to be the Dirichlet series coefficients of LW )(s, Ad? f), along with

a)f(x)zzng(n) and wr(x,y) = Z QfT(n)

n<x x<n<y

Lemma 6.1. We have
LN (1A £) = 07 () + 07 (x, ) + Os (NK) 2y ™2 7%),
Assuming the generalized Lindelof hypothesis, the (Nk)Y/? can be reduced to (Nk).

Proof (sketch). For ¢, T,y > 0, we apply Perron’s formula (see, e.g., [Davenport 2000, p. 105]) to
calculate wyr (y), finding

1 c+iT

wr(y) = L(N)(l—i—s Adzf) ds+0( Zifl() min(1, 77| log y/n|™ 1))

2mi c—iT 1

We shift the contour to Re(s) = —2 to get

N 1 —2—iT —2+iT c+iT N ys
ws(y) = L )(I,Adzf)+%(/ +/ +/ )L( )(1+s,Ad2f)?ds
c

—iT —2—iT 2+iT

+0(y"Zif()

n=1

1| log y/n|” 1)) 6-1)

By an inspection of the functional equation for L(s, f ® £) found in [Li 1979, Example 1], we have the
convexity bound (see, e.g., [Iwaniec and Kowalski 2004, (5.20)])

LM (5, Ad? £) < [(kN)>(1 + [t])%] 2" F¢, (6-2)
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where s = 0 +it, valid for 0 < 1. Choosingc =¢, T = (NK)_%y%"'g, and estimating all of the terms
in (6-1) directly, one finds the estimate in the statement of the lemma.

If one assumes the generalized Lindelof hypothesis in place of (6-2), then we shift the contour to
Re(s) = —% instead of —2 and follow the same steps. O

By Lemma 6.1 we have

k—1 Vol Xo(N)
4r ((N)(2)

Afoy] = (4"[ooy ()] + Aoy (v, ay] + O(NK) 2y =2 Al o). (6-3)
By the hypothesis (3-3) we have Ah[|ozf|] < (Nk)?, and so taking y = (N«)3T¢, we find that the
O term in (6-3) is < (N«x)~!L.

Next we consider the second term and treat it using the following large sieve inequality. This is a slight
variation on Corollary 6 of [Duke and Kowalski 2000]; see also [Kowalski and Michel 1999, Proposition 1].
Let )L(z) (n) be the Dirichlet series coefficients of the automorphic adjoint-square L-function L (s, Ad? ),
Where f is a newform for the representation 7. If (n, N) = 1 then we have )L( ) (n) =or(n).

Proposition 6.2. Let X > (N«)3. We have for all ¢ > 0 that

> S ao|

feHE(Ne) n<X

Le X118 Jan (6-4)

n<X

for any finite family (an)1<n<x of complex numbers, where the constant depends only on &.

By following closely [Kowalski and Michel 1999, §3.3] one deduces from Proposition 6.2 the following
lemma.

Lemma 6.3. Let r > 1 be an integer such that x™ = (N«)'°. Then for all ¢ > 0 we have
A[wf (x, Y)Zr] Lre (Nk)®,
where the implied constant depends only on r and e.

Proof. It suffices to replace instances of A ¢ (n?) in [Kowalski and Michel 1999, Lemma 3] by €(n)A 7 (n?)
and to use (2-3) and (2-4) in the place of (15) and (16) of [loc. cit.]. O

We now can give an estimate for the second term of (6-3). We use Holder’s inequality to separate
wyr(x,y) from ay, and Lemma 6.3 to handle the the sum involving wy (x, y). Precisely, let s be defined
by (2r)7! 4+ 57! = 1. Applying Holder’s inequality we find for any integer r > 1 that

1
1 S
Ah[a)f(x, y)ar] = Z wrwr(x,y)ar < Alor(x, y)zr]2r ( Z (a)f|ozf|)s)
feH; feH(N,e)
L
A7 Aoy (x, )2 127 AP [lag )5,
where

A= max orlof| <L, (Nk)™3+e
SEHE(N,e)
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by hypothesis (3-4). Suppose now that r is sufficiently large so that x” > (N«)!°. Then Lemma 6.3
applies, and we have

Alwr (x, y)zr]% Lre (NKk)E.

Lastly, by hypothesis (3-3) we have
AMlas|]5 <e (NK)E.

Putting these estimates together, we find that Ah[a)f (x, )ar] Lo (N K)_z(ir"'a , and so derive the bound
claimed in Proposition 3.2. O

7. Proof of Theorem 3.1

Proof. The strategy of the proof is to pick an orthogonal basis for S, (I'g(N),€) and compute the
Fourier coefficients of basis elements explicitly. For f a modular function of weight x, we define
fla(z) =d 3 f(dz). Atkin—Lehner theory gives an orthogonal direct sum decomposition

ScMoN), o= @ P Sl fo),
LM=N feH}(M,e)
where Sy (L; f,€) = span{ fj¢ : £| L} is called an oldclass. Note that the inner sum is {0} unless c(¢) | M,
so we may assume this for the remainder of the proof.

To pick an orthogonal basis for S, (I'g(N), €) it then suffices to pick a orthonormal basis for each
oldclass S, (L; f,€). We use a basis for the oldclasses first due to [Schulze-Pillot and Yenirce 2018,
Theorem 8]. The basis constructed by Schulze-Pillot and Yenirce is the same as the one found by Rouymi
[2011] in the case of prime power level and trivial nebentypus and Ng [2012] in the case of arbitrary
level and trivial nebentypus; see also [Blomer and Mili¢evi¢ 2015, Chapter 5] and [Humphries 2018,
Lemma 3.15]. Each of these preceding works used the Rankin—Selberg method to compute inner products
and orthonormalize the oldclasses. Schulze-Pillot and Yenirce however took a different and simpler path,
using the trace operator to compute the inner products.

Let f € H*(M,¢). For integers d |g one defines a joint multiplicative function &g (d). On prime
powers, £g(d) is given for v = 2 by

2 -1 -1
=1 & =(1- D) (1__805M(1’>2) |

p(1+80,A;I)(P))2 p?
B AP \72 NN 05 N
0 (p) = (1—p(1+€0%(p))2) )= e,
_ _W v—2y __ 6(__p) o (nY
gp(l)— ﬁ(1+€o,M(p)/p)gp(p)’ Sp”(P ) = » Ep ("),

and £pa (p?) = 0 in all other cases.
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Proposition 7.1 [Schulze-Pillot and Yenirce 2018, Theorem 9]. Let M |N and let f € H} (M, €). The
set of functions

(@) =24, Ec(d)d? f(dz): g|L}
is an orthogonal basis for Sk (L: f.€). In fact, if f is L>(To(N)\H)-normalized, then the above set is in

fact orthonormal.

Now that we have an orthonormal basis for S, (I'o(N), €), we follow Barrett, Burkhardt, DeWitt,
Dorward, and Miller [Barrett et al. 2017] to derive the Petersson formula for newforms Theorem 3.1.

Let f € H} (M, €) have Fourier coefficients a(n) and be normalized so that ar(1) = 1. Of course
£/ flla is L?(To(N)\H)-normalized, so using the basis in Proposition 7.1 we have

Aenelmn)y=—"1 3 bg(n)bgm)

(Mmn) 2" 4 ep (To(N).0)

c 1 -
=—7 ). D Ty L Aremase (). (7-1)
7 7w 2

(mn) 2" L MoN rerr(m.e)
By the definition of f(€) we have

= 3 gdiia ()

d|(g,n)

which are now expressible in terms of Hecke eigenvalues A (1) normalized so that [Af(n)| < d(n). We
have then that

AK,N,e(m, n)

XY G 2 T a@de(7))( T awde(G))

(mn) b NrerrMe) "IN gL Nd|(g.m) d|(g.n)
1 m 1 n
22 ||f||2 Z( 2 E(dzy (Z))( 2 Eelddiy (E))
LM=N serzone ' IN g2 Naj@m) diGem)

22 ||f||22“g(m”f)

LM=N feH{(N,e)
where we have set

Eg(m,n,f):( 3 gg(d)déxf(%))( 3 Sg(d)dif\f(g))

d|(g,m) d|(g,n)

for g|L|N.
Now suppose that (d1,d>) = 1 and d1d, |m. Then by Hecke multiplicativity we have

() (5) - om ()
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so that for (g1, g2) = 1 we have

Bg (m.n, [)Eg,(m.n, f)=Ayg(m)As(n)Eq g, (m.n, f).

Therefore

Benemm=ce ¥ 3 ma )@ TT (X 2amn. )

2
LM=N feH}(M.e) I/ Iy p*lIL “d|p*

where w(n) is the number of distinct prime factors of n. Let

Vpa(m,n, )=y Ba(m,n, f)=(1xE)pe(m,n, f),

d|p®
where * denotes Dirichlet convolution. We suppose now that (m,n, N) = 1 and calculate.
Lemma 7.2 [Barrett et al. 2017, Appendix A]. If (m,n, N) = 1 then we have
Voo lm. . f) =4 £ (m)Ap () (1 + € (DI + 1,2 (D)
+ 8plmh p (] YAy (M) p2 Ep(Pep (D) +E,2 (P52 (1)
+ 8plu p (m)Ap (n/ p) p2 (Ep(Dep(p) + Ep2(DEp2 (p))
+ 8,2 mh g (] P2 Ay (1) pE 2 (PDEp2 (1) + 82k f M)Ay (1] p?) pE 2 (DE 2 (p2),

ifa =2 and
Vpa(m,n, f) = A (m)As (n)(1+ |&(D)[?)

+8pmhr (m] P)Ay () p2Ep(p)Ep(L)

+8pinh s (M)Ar(n/ p)p2Ep(DEp(p),
ifoa=1.

Proof. We actually have if o = 2 that

Vpa(m,n, f)=E1(m,n, f)+ Ep(m,n, f)+ Ej2(m,n, f).

The other summands vanish because by our assumption (m,n, N) = 1, since if p|m then p {n because
P|N. So each p divides either m or n but never both. Then, we have £,5(1) = 0 for 8 = 3. In fact, even
more terms vanish. We have

Ve (m.n. f) = A (m)ds ()1 + & (D[? + [E,2 (D)
+ 8pim £ (] PYAr (1) p (Ep(P)Ep(1) + € 2 (P)Ep2 (1))
+ 8plud £ (m)Ap (n/ ) p2 (Ep(Dep(p) + Ep2(DE,2 (p))
+ 82 mh p (M) PPN g (n) pE 2 (P22 (1) + 821y A £ (M)As (1) p?) pE 2 (D2 ().

Inserting the formulas for £, we complete the proof. The formula for the « = 1 case is even simpler as

we can drop the p? terms. O
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Recall we write ML = N and f € H}(M,¢).

Lemma 7.3. If im, N) = 1 and (n, N) = 1 then we have
(Apm)ds )= T Vpe(m.n, f)=Apm)rs ) [ [A+1g M) [ [ A+1E D 1P+E2 (D).
p¥||IL pllL p2|L

Proof. Note that the conditions (m, N) =1 and (n, N) = 1 imply that p }m and p {n. So the formula
above follows immediately from the formulas in Lemma 7.2. O

One has that

V(N)
1A% = (M)”f“M
since f € HY(M,¢). Thus
AK,N,G(m’n)
¥ (M) ) )
2 vy ”f” A mAr ) [T +15MP) [T+ 18P + 152D,
LM=N fEHE(M,e) M plIL p2|L

Next we insert the definitions of the & functions. Let

Ar (p)I?

M (p)y2’

re(p)=1-

SO

2 2 2
o)yt =14 — P +( (Mf(p)l ))+---,

p(l +%@)2 p(1+ 60,1\14;(17) 2
where €g ps denotes the trivial character modulo M. Observe that

2 _ -1
L+ 1[5 (D" =rr(p)

and

-1
L+1E(DP + 162 (DP = rr(p) ! (1 _ %2(1)))

Then we get

Mewelmm=ce 3 v(M) 1—[( GOM(p)) )3 /\f(m)lzf(n)l—[rl 0D

LATEN ¥(N) 2L p? rerrore My 57

Next we need a formula for r ¢ ( p)~ L. Recall from (2-1) that at a prime p } M the local adjoint square L
function is given by

EPMAr(p?*) 1
= .

(p)/B(p) 1 B(p)/a(p)
(1_%)(1_;)(1_%)

Ly(1,Ad* f) =

a=0 P
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so that .
() I+
= pe (1 _ a(p)éﬂ(p))(l _ ﬂ(p)éa(p))
1
1+ > 1

1\2 _ 1Ar (02 1 ’
(1 p) /p (1+ p)rf(p)
where the second equals sign follows from the formulas

Ar (P> =E(P)Ar(p)*. Ar(p)=a(p)+B(p). a(p)B(p)=e(p).

which are valid when p } M. We can summarize the above calculation and Lemma 2.2 as

1 —( a)k ( 20 )
(1+;)Z”’p—£”) if p M.

=0

-1
(1——"M’;(1’)) if p| M.

rr(p)~ =

Let
Z /\f(m)kf(n).

A':,N,E(m’n) = Ck ||f||2
FEH (Ne) N

Recall the definition of R(M, L, €) from the statement of Theorem 3.1, which we rearrange to

_ y(M) 1\ 1 ame(p)\ !
R0 = g T1(1=52) TT(+5) TT (1-22)

P2IL pIL P7 pi(m.L P
piM ptM
We have then that
€l)
Aenelmm)= 3 ROM.L.e) Y =A%y (m.nt?). (7-3)
LM=N ¢|Lo®

£, M)=1
This is analogous to the first half of [Barrett et al. 2017, Proposition 4.1]. Now we would like to invert
this formula, and we prepare for this with two lemmas.

Lemma74. Leta,f>0and 0 <y < B and cp(e) < B —1. Then
R(pP, p* OR(pY, pP77.€) = R(p". p**P77 ), (7-4)
Proof. We check cases.

Case @ = 0 and 8 = y. Note that R(pY¥,1,¢) =1 for any y = 0.
Case o = 0. Note that R(p#,1,€) = 1 for any § = 0.

Casea>1, B =1 and y = 0. We have by hypothesis ¢, (€) = 0, so

o _ ¥(p) ( 1)‘1 1 ( 1)
R(p,.p)R(,p)= — (1—-—) —(1+=).
(p- PR p) Vv (p*th) r?) v(p) +p
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On the other hand, we also have

a+1 1 Ly 1
R(l.p ):w(p“l)(l_ﬁ) (HZ)‘

Case =1, =2 and y = 0. We have p|(p?, p*) and a,s(p) =0,s0 R(pP, p¥ €)= p~® and

R(1, pP.e) = ! (1 — i)_l(l + l),
v(pP)\  p? p

R(1, p®tB ) = ;(1 - L)_1 (1 + 1).
’ ’ ¥ (path) p? P

Genericcasea>1, =2, 1<y <B-—1,and cp(e) < B —1. We have

B
R(pP. p*.e) = —w(pﬂ)g ,
V(p*th)
-1
R(py’pﬂ—a’e)z W(p;) (l_apy,f(p)) ,
v (p*) p
-1
R(py,pﬂ+“_y,e) _ 1/f(py) (1_ apy,e(p)) .
Y (peth) p
The above cover all the cases in the lemma. O

Lemma7.5. Let N e N, N =LM,and M = WQ. Then
R(M, L,e)R(W, Q’f)‘gc(e)lW =R(W,LQ, 6)8c(6)\W-

Proof. Both sides of the desired formula are multiplicative. Let @« = v, (L), B = v, (M), and y = vp(W).
It then suffices to check that

R(pﬂ’ pa’ E)R(pys pﬂ_ya 6)8)/261;(6) = R(pya pOH—ﬂ—)/’ 6)811201;(6)' (7_5)

If ¢p(€) < B —1 then (7-5) is true by Lemma 7.4. So, suppose not. Then 8 < ¢,(€) <y, but W |M so
y < B andso B = y. In the case B = y, (7-5) is true because R(p?,1,¢) = 1. O

We are now prepared to invert (7-3) using Lemma 7.5. We calculate

el
> wRM L Y DA ne)
LM=N ()L
“£,M)=1

et é@q) .
= Y WL)RM.L.e) > (T) > RW.0.¢) Y @Akgwje(m,nﬁzqz)
LM=N £|Lo° ow=M q10°° q

«,M)=1 (g, W)=1

eb) .,
= > wu) > RM.L.eRW.Q.€) %AK’W,E(m,nbz)
LM=N owW=M b|(LQ)*>
o wW)=1
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e(b
= Z R(W, X, €) Z e(b—) ;,W,G(m,nbz) Z w(L)

WX=N bl X LO=X
(b, W)=1

= R(N, 1,e)AL y (m,n)
= A¢ n.e(m,n),

where the first equality follows by (7-3), the third by Lemma 7.5, and the fourth by M&bius inversion. [
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