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Proper G,-actions on C* preserving a coordinate

Shulim Kaliman

Dedicated to my teachers, Vladimir Yakovlevich Lin and Evgeniy Alekseevich Gorin

We prove that the actions mentioned in the title are translations. We show also that for certain G,-actions
on affine fourfolds the categorical quotient of the action is automatically an affine algebraic variety and
describe the geometric structure of such quotients.

Introduction

An algebraic action G, of the additive group C, of complex numbers on a complex algebraic variety X is
free if it has no fixed points. When X is a Euclidean space C" with a coordinate system (xy, ..., x,) the
simplest example of such an action is a translation for which the action of an element ¢ € C is given by
(X1, X2, ..., Xp) > (x1 41, x2, ..., x,). It turns out that for n < 3 these notions are “essentially” the same.
More precisely, when n < 3 every nontrivial free G,-action on C” in a suitable polynomial coordinate
system is a translation! (see [Gutwirth 1961; Rentschler 1968] for n = 2 and [Kaliman 2004] for n = 3).
Starting with n = 4 the similar statement does not hold and the basic example of Winkelmann [1990]
gives a triangular?® free G,-action which is not a translation. In his example the geometric quotient of
the action is not Hausdorff while for a translation on C”, the geometric quotient is isomorphic to C" 1,
Recently Dubouloz, Finston, and Jaradat [Dubouloz et al. 2014] proved that every triangular action on
C" which is proper (in particular, it is free and has a Hausdorff geometric quotient), is a translation in a
suitable coordinate system. Note that every triangular action preserves at least one of the coordinates, and
one of the aims of this paper is the following generalization of the Finston—Dubouloz—Jaradat result:

Theorem 0.1. Every proper Gq-action on C* that preserves a coordinate is a translation in a suitable
polynomial coordinate system.>

MSC2010: primary 14R20; secondary 141.30, 32M17.
Keywords: proper G4-action on affine 4-space.

n fact, forn <3 every connected one-dimensional unipotent algebraic subgroup of Cremona group of C" is conjugate to
such a translation [Popov 2015, Corollary 5].

2Recall that a G,-action on C" is triangular if in a suitable polynomial coordinate system it is of the form (xy, ..., x;) >
(x1, xp+1tpr(x1), x3+1tp3(x1,X2), ..., Xn +1tpn(x1,...Xx,—1)), where each p; is a polynomial. For n > 3 not every G,-action
on C" is triangulable (i.e., triangular in a suitable polynomial coordinate system) [Bass 1984].

3Neena Gupta informed the author that she and S. M. Bhatwadekar had recently obtained an independent proof of Theorem 0.1.
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Its proof involves investigation of categorical quotients of G,-actions on C* Namely, let X be an
affine algebraic variety equipped with a G,-action ® : G, x X — X. Denote by C[X]?® the subring
of ®-invariant regular functions in the ring C[X] of regular functions on X and by Spec C[X]?® (resp.
Spec C[X]) the spectrum of C[X 1® (resp. C[X]). Then the natural embedding C[X 1® — C[X] induces a
map Spec C[X] — Spec C[X]®. The fact that C[X]? is finitely generated is equivalent to the fact that
Spec C[X]® can be viewed as an affine algebraic variety denoted by X//®. It is called the categorical
quotient of the action and the map of the spectra yields the quotient morphism ¢ : X — X//® in the
category of affine algebraic varieties. If dim X < 3 then C[X]?® is always finitely generated by a theorem
of Zariski [1954]. In higher dimensions this fact is not necessarily true by Nagata’s counterexample to the
fourteenth Hilbert problem. Furthermore, extending Nagata’s counterexample, Daigle and Freudenburg
[1999] showed for a G,-action on C", the ring of invariant functions may not be finitely generated starting
from dimension n > 5. In dimension 4 the same authors showed that the ring of regular functions invariant
with respect to a triangular G,-action on C* is automatically finitely generated [Daigle and Freudenburg
2001] and later Bhatwadekar and Daigle [2009] proved that it remains finitely generated if one considers
instead of triangular G,-actions the wider class of G,-actions preserving a coordinate.* In this paper we
establish a stronger fact contained in the next theorem together with a generalization of Theorem 0.1.

Theorem 0.2. Let ¢ : X — B be a surjective morphism of a factorial affine algebraic G,-variety X (i.e.,
X is equipped with some Gg-action ® ) of dimension 4 into a smooth affine curve B. Suppose also that
o the action preserves each fiber of ¢;
o the generic fiber of ¢ is a three-dimensional variety Y (over the field K of rational functions on B) for
which the ring of invariants of the Gq-action (induced by ®) on Y is the polynomial ring K[z, w];
o for every b € B the fiber X}, = ¢~ (b) admits a nonconstant morphism into a curve if and only if this
curve is a polynomial one (i.e., the normalization of the curve is the line C).
Then
(1) the ring of ®-invariant functions is finitely generated and, thus, it can be viewed as the ring of regular
functions on an affine algebraic variety Q = X/ /®;

(2) there is an affine modification ¥ : Q — B x C? such that for some nonempty Zariski dense subset
B* C B the restriction of W over B* is an isomorphism and every singular fiber of { is of form
C x C where C is a polynomial curve.

(3) Furthermore, if one requires additionally that

o & is proper and X is Cohen—Macaulay,

e each fiber Xp is normal,

4The author is grateful to Neena Gupta for drawing his attention to the paper of Bhatwadekar and Daigle.
SThis assumption that the ring of invariants of the induced action is isomorphic to K[z, w] can be replaced by the following:
for a general b € B the categorical quotient of the restriction of & to the fiber X; = g071 (b) is isomorphic to €2 (see Theorem 5.7).
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o and the restriction ®p of ® to X, is a translation (in particular, X, is naturally isomorphic to a
direct product (X /] ®p) x C),

then the quotient Q is locally trivial C*-bundle over B (and in particular it is a vector bundle by
[Bass et al. 1976/77)), X is naturally isomorphic to Q x C, and ® is generated by a translation on
the second factor of X ~ Q x C.

Let us emphasize that the fact that X is a direct product Q x C is a rather rare event for regular G,-
actions while in the category of rational actions of a connected linear algebraic group G on an algebraic
variety Y (over an algebraically closed field of any characteristic) this variety is automatically birationally
isomorphic to the product of P* and the rational quotient of ¥ with respect to a Borel subgroup of G (see
[Matsumura 1963; Popov 2016]). It is also worth mentioning that the requirement that the restriction
of ® to any X, is a translation in (3) can be can be replaced by some topological assumptions. For
instance, if each fiber X, is smooth and factorial with trivial second and third homology groups then
®|x, is automatically a translation by [Kaliman 2004, Theorem 5.1]. In particular, this is true when X, is
a smooth contractible threefold since by the Gurjar theorem [1980, Theorem 1] (see also [Fujita 1982])
such a threefold is factorial.

This leads to the following application of Theorem 0.2.

Corollary 0.3. Let ¢ : X — B be a surjective morphism of a smooth factorial affine algebraic fourfold
X into a smooth curve B such that X is equipped with a proper G,-action ® preserving every fiber
X, =@~ (b), b e B of ¢. Suppose that each X, is a smooth contractible threefold such that the restriction
of ® to Xy, has the plane as the quotient.®

Then there exits a categorical quotient of the action Q = X//® in the category of affine algebraic
varieties. Furthermore, Q is a two-dimensional vector bundle over B and X is naturally isomorphic to

O x C while ® is generated by a translation on the second factor of X >~ Q x C.

Indeed, it is straightforward that the assumptions of Corollary 0.3 imply all assumptions of Theorem 0.2
with a possible exception of the condition on the generic fiber of ¢. But this last condition follows from
a combination of the Kambayashi [Kambayashi 1975] and the Kraft—Russell [Kraft and Russell 2014]
theorems (see Theorem 5.4 and Example 5.6 below for details).

When X ~C* B~C, and ¢ is a coordinate function the assumptions of Corollary 0.3 are automatically
true and we have Theorem 0.1.

Some of the results mentioned before (including Theorem 0.1) are extended in the last section of this
paper where using the Lefschetz principle we show that similar facts (see, Theorems 9.11 and 9.12)
remain valid if we consider varieties X and B not over the field of complex numbers C but over any (not
necessarily algebraically closed) field of characteristic zero.

SFor X}, = C3 the quotient of a nontrivial G,-action is always isomorphic to €2 due to Miyanishi’s theorem [1980] and this
is also true for smooth contractible threefolds with negative logarithmic Kodaira dimension [Kaliman and Saveliev 2004] like the

Russell cubic {x + x2y +2243=0)C Ci,y’m.
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1. General facts

Theorem 1.1. Let ¢ : X — Y be a birational morphism of irreducible affine algebraic varieties such that
Y is normal and there is a subvariety Z of Y with codimension at least 2 for which the restriction of ¢ to
X\ ¢~ (2) is a surjective morphism onto Y \ Z. Suppose also that for every point y € Y \ Z the preimage
@~ \(y) is finite. Then ¢ : X — Y is an isomorphism.

Proof. The Zariski Main theorem (e.g., see [Grothendieck 1964, Théoreme 8.12.6] or [Hartshorne 1977,
Chapter III, Corollary 11.4]) implies that the restriction of ¢ yields an isomorphism between X \ ¢~!(Z)
and Y \ Z. By the Hartogs theorem the composition of the inverse map ¢! : Y\ Z — X \ ¢~ (Z) with
the inclusion X \ ¢~ !(Z) < X extends to a morphism ¥ — X and we are done. O

Corollary 1.2. Let ¢ : X — Y be a morphism of irreducible affine algebraic varieties, and E C X and
D C Y be irreducible divisors such that the restriction of ¢ yields an isomorphism X \ E — Y \ D.

Suppose also that Y is normal and ¢ (E) is Zariski dense in D. Then ¢ : X — Y is an isomorphism.

Proof. The dimension argument implies that for a general point y in D the preimage ¢~ !(y) is finite.
Hence it is finite outside a proper closed subvariety Z of D and we are done by Theorem 1.1. O

The next fact and the modified proof of Theorem 1.4 below were suggested by the referee.

Proposition 1.3. Let 0 : X — Q be a morphism of irreducible affine algebraic varieties such that Q is
normal and R = Q \ o(X) is of codimension at least 2 in Q. Then every regular function f on X which is

constant on the general fibers of o descends to a unique regular function g on Q.

Proof. Let us show first that f is a lift of a rational function g on Q. That is, one needs to establish the
regularity of g on a Zariski dense open subset Qp of Q \ R. We can suppose that the restriction of p
to Xo = Q_l (Qo) is flat by [Grothendieck 1964, Théoreme 6.9.1] and, therefore, being surjective it is
faithfully flat [Atiyah and Macdonald 1969, Ch. 3, Exercise 16]. Consider ¥ = X x g, Xo. Then the two
natural projections ¥ — X generate two homomorphisms e; : C[Xo] — C[Y] and e; : C[Xo] — C[Y].
Since f is constant on general fibers of o we see that f|x, € Ker(e; — e2). In combination with the
faithful flatness of the natural morphism C[ Q] — C[Xy] this implies that f must be a lift of a regular
function g, [Fantechi et al. 2005, Lemma 2.61]. Hence g is a rational function on Q.

Assume that there exists a divisor 7 in Q such that a general point ty € T does not belong to the
indeterminacy set of g and g(fo) = oco. We can suppose that also 7y ¢ R, i.e., 0~ ! (o) # @. Hence for
a germ of a curve C in X through xo € 0~ !(f) one has f(c) — f(xo) as ¢ € C approaches xo. This
implies that g(o(c)) — f(xg) # oo as o(c) approaches fg, a contradiction. That is, g is regular on Q
outside a subvariety of codimension at least 2. Since Q is normal, the Hartogs theorem implies that g is
regular on Q and we are done. O

Theorem 1.4. Let 0 : X — Q be a morphism of irreducible affine algebraic varieties and ® : G, x X — X
be a nontrivial G,-action on X which preserves each fiber of 0. Let Q be normal and P be a subvariety
of Q with codimension at least 2 such that Q \ P C o(X). Suppose also that for every point g € Q \ P
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the preimage 0~ '(q) is a curve and for a general point g € Q \ P the preimage 0~ '(q) is an irreducible
curve. Then o : X — Q is the categorical quotient morphism in the category of affine algebraic varieties.

In particular, the subring of G,-invariants in the ring of regular functions on X is finitely generated.

Proof. Note that by the assumption every general fiber of ¢ is nothing but an orbit of ®. Thus every
d-invariant function f is constant on the general fibers of 0. By Proposition 1.3, f is a lift of a regular
function on Q. Hence the ring of regular functions on Q coincides with the ring C[X]® of invariants and
we are done. g

Now the dimension argument as in the proof of Corollary 1.2 implies the following:

Corollary 1.5. Let 0 : X — Q be a morphism of irreducible affine algebraic varieties such that Q is
normal and let ® : G, x X — X be a nontrivial G,-action on X preserving every fiber of 0. Let E C X
and D C Q be irreducible divisors such that X \ E and Q \ D are affine algebraic varieties for which
o(X\E)=0\Dando|x\g): X\ E— Q\ D is the categorical quotient morphism of the action ®|x\.
Suppose also that o(E) is Zariski dense in D.

Then o : X — Q is the categorical quotient morphism of .

Proposition 1.6 (cf., [Kaliman 2004, Lemma 2.1]). Let o0 : X — Q be a dominant morphism of normal
affine algebraic varieties. Suppose that the general fibers of o are irreducible and there are no nonconstant
invertible regular functions on such fibers. Suppose also that Q \ o(X) is of codimension at least 2 in Q.
Then

(1) for every principal irreducible divisor D in X, which does not meet general fibers of o, the closure of
o(D) is the support of a principal irreducible divisor in Q;

(2) if X is a factorial variety so is Q;

(3) if X is factorial the preimage of any irreducible reduced divisor T in Q is an irreducible reduced

divisor in X.

Proof. In (1) D is the zero locus of a regular function f. Since f does not vanish on general fibers
and they are irreducible we see that f is constant on each general fiber. By Proposition 1.3, f =gop
where g € C[Q]. Let us show that the zero locus of g coincides with the closure of o(D). Assume to the
contrary that there is a divisor F C g~ 1(0)\ o(D) in Q. Choose a rational function # on Q whose poles
are contained in the closure T of F' and a regular function e on Q that vanishes on 7 No(D) =T No(X)
but not at general points of 7. Then for sufficiently large k the function (eX4) o o is regular on X. Since it
is constant on every general fiber of X we conclude by Proposition 1.3 that ¢*/ is regular on Q contrary
to the fact that this function has poles on 7. Thus we have (1).

Let T be an irreducible reduced Weil divisor in Q and let D be an irreducible component of o N (T)
that is a divisor in X (such a component exists because Q \ o(X) is of codimension at least 2 in Q). Under
the assumption of (2), D = f*(0) for a regular function f on X since X is factorial. By (1), T = Q(_D)
and it coincides with the zeros of g € C[X] where f = g o . Furthermore, if e is another regular function
on Q that vanishes on T then it is divisible by g since e o o is divisible by f, and by Proposition 1.3,
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eo /g oo is the lift of a regular function on Q. That is, T = g*(0). This implies that every irreducible
element in C[ Q] has a zero locus which is reduced irreducible and principal. In particular, this element is
prime and, therefore, we have (2).

Assume that D and D, are reduced irreducible components of Q_l (T). Since X is factorial D; = f;*(0).
By the argument above f; = g; o o for regular functions g; on Q. Furthermore g; vanishes on 7" only and
thus g;/g» is an invertible regular function. This implies that D; = D, and we have (3). Il

Corollary 1.7. Let X be a normal affine algebraic variety and ¢ : X — Q be a quotient morphism of a
nontrivial G4-action on X (in the category of affine algebraic varieties). Then Q \ o(X) has codimension

at least 2 in Q. Furthermore, if X is factorial so is Q.

Proof. Note that Q is normal since X is. If O \ o(X) contains a divisor F' of Q then as in Statement (1)
of Proposition 1.6 we can construct a rational function g on Q with poles on F whose lift to X is regular.
By construction this lift is G,-invariant, i.e., g must be regular. A contradiction. This implies the first
statement while the second one follows from Proposition 1.6. O

2. Basic definitions and properties of affine modifications

Definition 2.1. Recall that an affine modification is any birational morphism o : X — X of affine
algebraic varieties [Kaliman and Zaidenberg 1999]. In particular, there exists a divisor D C X such that
for D = o~!(D) the restriction of & yields an isomorphism X \ D—X \ D. There is some freedom in
the choice of D and we can always suppose that D is a principal effective divisor given by zeros of a
regular function f € A := C[X]. This is the case which we consider in the present paper. When such f
is fixed we call D the divisor of modification, D is called the exceptional divisor of modification, and the
closure Z of 0(13) in X is called the center of modification. The advantage of a principal divisor D is
that the algebra A= C[)A( ] can be viewed as a subalgebra A[//f] in the field Frac(A) of fractions of A
where [ is an ideal in A (see [Kaliman and Zaidenberg 1999]).

It is worth mentioning that / is not determined uniquely, i.e., one can find another ideal J C A for
which A = A[J /f1. We suppose further that / is the largest among such ideals J and we call I the ideal
of the modification. (Treating A as a subalgebra of A one can see that / is the intersection of A and the
principal ideal generated by f in A)

Notation 2.2. The symbols X, Z, D, X , 13, I, f in this section have the same meaning as in Definition 2.1.

Example 2.3. Let / be generated by regular functions f, g1, ..., g, € C[X]. Consider the closed subspace
of X under the natural projection ¥ — X (i.e., X is the only irreducible component of ¥ whose image
in X under the projection is dense in X). Then the restriction o : X — X of the natural projection is
our affine modification. Note that D (resp. D) coincides with the zero locus of f (resp. f oo) and the
center Z is given by the equations f =g, =---=g, =0.
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Remark 2.4. (1) The geometrical construction behind the modification in Example 2.3 is the following.

2

Consider blowing up 7 : X — X of X with respect to the ideal sheaf generated by f and g1, ..., g.
Delete from X divisors on which the zero multiplicity of f o T is more than the zero multiplicity of
at least one of the functions g; o . The resulting variety is X.

Note that the replacement in Example 2.3 of functions f, g1, ..., g, by functions if, hgy, ..., hg,
respectively (where h € C[X] is nonzero) does not change the modification o : X — X. In order to
avoid this ambiguity we have to fix f. We are not going to specify such f’s for affine modifications
considered below since the choice of f will be clear from the context in each particular case.

Definition 2.5. (1) Let the center of modification Z in Example 2.3 be a set-theoretical complete

2

intersection in X given by the zeros f = g; =--- =g, =0 (i.e., Z coincides with the set of common
zeros of these functions and the codimension of Z in X is n 4+ 1). Then we call such o : X—>X
a Davis modification. Its main property is that D is naturally isomorphic to Z x C" and that the
support of X coincides with the support of Y.’

Let Z be a strict complete intersection in X given by f =g, =--- = g, = 0; that is, Z is not only a
set-theoretical complete intersection but also the defining ideal of the (reduced) subvariety Z in X
coincides with the ideal I generated by f, g1, ..., g». Then we call o a simple modification. In this
case X coincides with Y as a scheme. Note also that the zero multiplicity of f oo is 1 at general
points of D.

Here are some useful properties of simple modifications from [Kaliman 2002] which we shall need

later.

Proposition 2.6. Let o : X—> Xbea simple modification. Then

)
2

X is smooth over points from Zeg N Dyeg N X

X is Cohen—Macauley provided X is Cohen—Macauley;

(3) furthermore, if in (2) X is normal and none of irreducible components of the center Z of o is

contained in the singularities of X or D then X is normal.

3. Pseudoaffine modifications

From a geometrical point of view it is sometimes convenient for us to consider a neighborhood U C X of

some point z € Z in the standard topology (we call such U a Euclidean neighborhood) and the restriction

oly

:U — U where U is any connected component of o ~!(U). Since U and U are not algebraic varieties

but only complex spaces let us consider the analogue of affine modifications in the analytic setting.®

TIndeed, the preimage of Z in Y is naturally isomorphic to Z x C" and therefore has dimension dim X — 1. On the other
hand counting the number of equations defining ¥ in X x C" we see that every irreducible component of ¥ has dimension at
least dim X. This implies that Y is irreducible (since all irreducible components of ¥ but one are contained in the preimage of Z)
and thus D ~ Z x C".

80ne can adhere to the algebraic setting by viewing U as an étale neighborhood of z in X.
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Definition 3.1. Let X be an irreducible complex Stein space and v : X — W be a meromorphic map into
a projective algebraic variety W with a fixed ample divisor H such that i is holomorphic over W \ H. A
minimal resolution 77 : X — X of indeterminacy points for v leads to a holomorphic map v : X — W.
Removing from X the preimage of H we obtain X which, together with the natural projection o : X > X,
will be called a pseudoaffine modification. Consider the Weil divisor 1/7*(H ) and its pushforward (as a
cycle ) D by 7w : X — X. Then D is the divisor of the modification, D=0"Y(D)c X isits exceptional
divisor, and the closure Z of o (13) is its center. The restriction of ¢ induces, of course, a biholomorphism
between X \ D and X \ D. Note also that similarly to the algebraic setting o | : D — o (D) is, by
construction, the restriction of the proper morphism 7|7 : T — Z where T is the closure of Din X. The
latter observation is important for the next remark.

Remark 3.2. Though we mostly omit explicit formulations it should be emphasized that practically all
the facts valid for affine modifications have similar analytic analogues for pseudoaffine modifications
(e.g., see Proposition 3.6 below).

Example 3.3. Let us switch to the analytic setting in Example 2.3 by assuming that X is a Stein variety,

/5 &1, - .., gn are holomorphic functions on X. As before, Y is givenin X x CJ by equations

fvi=g;, j=1,...,n

and X is the proper transform of X under the natural projection ¥ — X. Then the restriction o : X—>X
of the natural projection is a pseudoaffine modification with D (resp. D) being the zero locus of f (resp.
f oo) and the center Z given by the equations f =g, =---=g, =0.

Definition 3.4. If in Example 3.3 Z is a set-theoretical complete intersection in X given by the zeros

f:glzzgn:()’

then we call o a Davis pseudoaffine modification. If furthermore Z is a strict complete intersection given
by these function then o is a simple pseudoaffine modification.

Remark 3.5. (1) For any pair U, U as in the beginning of this section the restriction U—Uofa simple
(resp. Davis) affine modification o : X Xis automatically a simple (resp. Davis) pseudoaffine
modification.

(2) Note that when X, D, and Z are smooth for a simple pseudoaffine modification then for every point
z € Z the collection {f, g1, ..., g»} can be extended to a local coordinate system in a Euclidean
neighborhood U of z in X. In particular, if n = 1 we can treat U as a germ of C" at the origin
with coordinates (u, v, wi, ..., w,—3) such that D is given in U by u =0, Z by u = v =0, and the
preimage of U in X is viewed as a subvariety of U x C,, given by the equation uw = v.

(3) Similarly to the algebraic setting the exceptional divisor of a Davis pseudoaffine modification is a
the product of its center and a Euclidean space.

The following analytic version of Proposition 2.6 for simple pseudoaffine modifications remains valid
with a verbatim proof.
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Proposition 3.6. Let o : X —> Xbea simple pseudoaffine modification of irreducible Stein spaces. Then
(D) X is smooth over smooth points from Z that are not contained in the singularities of D or X
2) X is Cohen—Macaulay provided X is Cohen—Macaulay;

(3) furthermore, if in (2) X is normal and none of irreducible components of the center Z of o is

contained in the singularities of X or D then X is normal.

Lemma 3.7. Let ¥ : Y — X be a holomorphic map of irreducible normal Stein spaces such that for
some principal effective reduced divisor D C X and every x € X \ D the preimage ¥~ (x) is a curve.
Suppose that the divisor E = (D) is reduced and irreducible, ¥ (E) is not contained in the singularities
of X or D, and for a general point y € E the variety ¥~ (¥ (y)) is a surface. Then for such a point
y €Y (resp. for z =y (y) € X), there exists a local analytic coordinate system (u',v',v", w')onY at y
(resp. (u, v, w) on X at z) where w' = (w}, ..., w,_,) (resp. W = (i, ..., Wy—2)) for which the local

coordinate form of r is given by
W', V" W) e v, @) = W @) gl ", @), @),

where | > 1 is the minimal zero multiplicity of the (n x n)-minors in the Jacobi matrix of {r at y and the

function (0, v',v", w') depends on v' or v".

Proof. Since y is a general point of E we see that it is a smooth point of £ and X and by the assumption z
is a smooth point of Z = (E), D, and X. Thus locally D is given by u = 0 and Z by u = v = 0, where
the holomorphic functions # and v can be included in a local coordinate system (u#, v, w) on X at z.
If u' = u o ¢ then by the assumption E is given locally near y by ' = 0. Since dim E — dim Z = 2,
by [Chirka 1989, Appendix, Theorem 2] there exists a local coordinate system (v, v, w’) on E such
that the coordinate form of ¥ |g : E — D is given by v = 0 and w = w’. Extending functions v’, v”,
and w’ holomorphically to a neighborhood of y in ¥ we get a local coordinate system (u’, v, v”, w’)
in this neighborhood. Furthermore, the extension w’ can be chosen as w’ = w o . Hence ¥ is given
locally by u = u’, w = w’, and v = () g (u’, v/, v", W'), where ¢ (0, v', v”, w’) is not identically zero. If
q(0,v',v", w’) is independent of v’ or v”, then replacing v by v — u'g (0, W), we increase I (which is
at least 1 since otherwise ¥ (E) is not contained in Z). On the other hand [/ cannot be larger than the
minimal zero multiplicity of the (n x n)-minors in the Jacobi matrix of ¥ at y. Hence we can suppose
that ¢ (0, v’, v”, w’) depends on v" or v” in which case [ is such a multiplicity. O

Proposition 3.8. Let the assumptions of Lemma 3.7 hold. Suppose also that

(o} Om—1 02 o1
— Xy Xp1 == X — X=X

is a sequence of simple pseudoaffine modifications such that

() there exists a holomorphic map Vr,, : Y — X, for whichr =010+ -00, 0 Yy,

@ii) for Y; = 041000y oYy, the closure of Y; (E) coincides with Z; C D;, where Z; and D; are the
center and the divisor of o;1 respectively;
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(iii) general points of Z; are contained in the smooth parts of X; and D;.°
Then such a sequence cannot be extended to the left indefinitely.

Proof. Let y be a general point in E such that i;(y) = z; € Z; which implies that near these points
Zi;, D;, E, Y, X are smooth. By Lemma 3.7 we can consider local coordinate systems (u’, v’, v”, w’)
on Y at y and (u;, v;, w;) on X; at z; such that y; is given locally by u; = u’, w; = w’, and v; =
u)lg',v',v", w'). By Remark 3.5 (2) for a local coordinate system (u;1, Vi1, Wi4+1) on X1 the
coordinate form of ;11 is (u;, v;, W;) = (U;+1, Uj+1Vi+1, W;i+1). Hence a local form of ;41 is u;11 =
w', Wi =w,and vy = )i~ 'g@’, v, v”, w'). That is, in this construction /;;; = [; — 1. Since such
powers cannot be negative we get the desired conclusion. U

Remark 3.9. In fact, we showed that m in Proposition 3.8 cannot exceed the minimal zero multiplicity /
of the (n x n)-minors in the Jacobi matrix of ¢ from Lemma 3.7.

Similarly, we have the following.

Proposition 3.10. Letfo : X—> Xbea pseudoaffine modification with center Z, divisor D, and exceptional
divisor D. Suppose that none of components of Z is contained in Xng U Dsing, and the image of every

component of Dis of codimension 1 in D. Let

1—1

o, (o] (op) a1
— X, =X, 5. S X — X=X

be a sequence of simple modifications with similar conditions on centers and such that o factors through
the composition of these simple modifications. Then such a sequence cannot be extended to the left

indefinitely without violating the fact that o factors through the composition.

Proof. For local analytic coordinate systems at general points y € Dandz = o(y) € Z C X, consider
the zero multiplicity k of the Jacobian of o at y (clearly this multiplicity is independent of the choice of
local coordinate system and the choice of a general point y) and let k; be the similar multiplicity for the
modification g; 0--- o007 : X; — X. Since o0;41 : X;+1 — X; contracts the exceptional divisor in X;;| we
see that k; 1 > k;. On the other hand if o factors through o; o - - - 0 o7 one must have k; < k. This yields
the desired conclusion. U

Definition 3.11. (1) Given two (pseudo)affine modifications o : X — X and § : X — X with the same
center Z and divisor D C X, we say that o dominates § if it factors through §. For instance, consider
the normalization v : X’ — X and let 8 = 8o v : X’ — X. Then § is dominated by &',

(2) Let f, g, and h be holomorphic functions on a Stein manifold X and o : X—> Xbea simple
pseudoaffine modification with a smooth divisor D = f*(0) and a smooth center Z given by a strict
complete intersection f = h = 0. Suppose that Z is also a set-theoretical complete intersection
given by f¥=g=0and X C X x C,, is given by f¥w = g. Then we call the Davis modification
8:X — X (induced by the natural projection) homogeneous (of degree k) if fI¥~! and g generate
the ideal I* where I is the defining ideal of Z in the ring of holomorphic functions on X.

9Actually, (iii) follows automatically from the Proposition 3.6.
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Lemma 3.12. Let X be a germ of C" at the origin with coordinates (u, v, wy, ..., w,_3) and let o :
X — X and I be as in Definition 3.11 (2) with f =uand h = v. Suppose also that g and § are as in
Definition 3.11 (2) without § being a priori homogeneous. Then & is homogeneous if and only if and only if

the function g is of the form g = ev* +a, where a is in fI¥~' and e is an invertible holomorphic function.

Proof. Since f = u and I is generated by u and v one can see that fI*~! is generated by functions
ub w1y, ..., uv*=!. Thatis, the ideal I¥ is generated by flk_1 and v* and also by flk_1 and g. This
is possible if and only if g = evk +a, where a € f1*~! and e is an invertible holomorphic function. [

Proposition 3.13. Leto : X — X and 8 : X — X be as in Definition 3.11 (2). Then X is a normalization
of X and in particular o dominates 8.

Proof. Since normalization is a local operation, by Remark 3.5 (2), we can view X as a germ of C" at the
origin with coordinates (u, v, wy, ..., w,—2) such that D is given by u =0, Z by u = v =0 (i.e., X can
be viewed as the hypersurface in X x C,, given by the equation uw = v). By Lemma 3.12 g = ev* +a,
where a € f1*~! and e is an invertible holomorphic function. Changing e we can suppose that the Taylor
series of a does not contain monomials divisible by v¥. Hence u = g/f* = g/u* = ew* + ¢, where c is a
polynomial in w of degree at most k — 1 whose coefficients are holomorphic functions on X. Thus w is
integral over the ring of holomorphic functions on X which concludes the proof. U

Remark 3.14. (1) Note that for a simple pseudoaffine modification from Definition 3.11 (2) with a
given divisor D the function f is determined uniquely up to an invertible factor. This implies that
for a given k > 1 the notion of a homogeneous modification of degree k from Definition 3.11 (2) is
determined not as much by f and 4 but by D and the defining ideal / (or equivalently the center Z).

(2) In particular if § : X—> Xisa pseudoaffine modification with a divisor D and a center Z such that
dim Z = dim X — 2 then for a smooth point z of Z that is not in Xine U Dyjne We can say whether §
is locally homogeneous at z or not (where in the former case there exists a Euclidean neighborhood
U of z in X such that for every connected component U of ! (U) the modification §| R U—Uis
homogeneous).

Proposition 3.15. Let X be a normal irreducible Stein space which is Cohen—-Macaulay, 8 : X — X be
a Davis modification with an irreducible divisor D and a center Z of codimyx Z = 2 such that none of
the irreducible components of Z is contained in Xgng U Dsing. Suppose also that Z is a strict complete
intersection of the form f = h =0, where D = f*(0) and that at general points of Z this modification §
is locally homogeneous. Let o : X—> Xbea simple pseudoaffine modification associated with divisor D

and center Z. Then X is a normalization of X and thus o dominates 8.

Proof. First note that X is a normal Stein space by Proposition 3.6. Let z be a general point of Z, i.e.,
z is a smooth point of Z and it is not contained in some subvariety P C Z of codimz P > 1 such that
Z N (XgingU Dging) C P. Then by Proposition 3.13 there exists a Euclidean neighborhood U of z in X such
that o ~!(U) is a normalization of § ! (U). That is, we have a biholomorphism 1y between o ! (X \ P)
and a normalization of ' (X \ P). Since P is of codimension at least 3 in X and 8 is a Davis modification
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the codimension of ™' (P) in X is at least of 2 (because by Remark 3.5(3) § ~1(P) ~ P x C). Hence the
Hartogs theorem implies that i extends to a biholomorphism between X and a normalization of X which
is the desired conclusion. O

4. Semifinite modifications

Notation 4.1. Let 7 be a germ of an analytic set at the origin o of C™”, Hol(T') be the ring of holomorphic
functions on 7, and D = T x C. We consider a hypersurface Z in D such that 7|z : Z — T is finite
where w : D — T is the natural projection. We also suppose that Z coincides (as a set) with the zeros of
an analytic function /.

Lemma 4.2. Let Notation 4.1 hold and w be a coordinate on the second factor of D =T x C. Then h
can be chosen as a monic polynomial in w with coefficients from Hol(T), i.e., h € Hol(T)[w].

Proof. Let 1=1(0) N Z consist of points z1, ..., z,, where z; = (0, w;) € T x C. By the Weierstrass
preparation theorem, for every z; there is a Euclidean neighborhood in D in which % coincides with
eihi(w), where e; is an invertible function and /; € Hol(7T)[w] is a monic polynomial in w — w;. Note
that Z coincides with the zeros of the product /A3 - - - by, because of the finiteness of 7|z : Z — T. Thus
replacing i with the product ih; - - - h,, we get the desired conclusion. U

Lemma 4.3. Let Notation 4.1 hold and the zero multiplicity of h at general points of Z be n. Then
g = h'" is a holomorphic function on D and in particular the defining ideal of Z in the ring Hol(T)[w]
is the principal ideal generated by g.

Proof. By Lemma 4.2 we can suppose that 4 is a monic polynomial in w. Consider the restriction of &
to any fiber. It is a polynomial whose roots have multiplicities divisible by n (since for general fibers
such multiplicities are exactly n). Thus the restriction of g to any fiber of ¥ : D — T can be chosen as a
nonzero monic polynomial in w. Therefore, choosing such a restriction on 77 ! (0) we define by continuity

a unique branch of 1!/"

on D as g. Note that g is holomorphic outside a subset K = Z N 7 (T sing)
and because of the assumption on /& we see that g = wk + w1 4+ ryw + 1, where each r; is a

continuous function on 7" holomorphic on 7 \ K. Hence the first statement will follow from the claim.

Claim. Let g be a (not a priori continuous) function on D, holomorphic outside a proper analytic subset K
that does not contain any fiber of 7r. Suppose also that g is a polynomial in w. Then g is holomorphic on D.

Taking a smaller 7, if necessary, one can suppose that the image Ky of K under the natural projection
D — C,, is relatively compact. In particular, the function ry wlg +rie_1 wg_l +- - -+rjwo—+ro is holomorphic
on T for every wy in C\ Kj. Since we have an infinite number of such wy’s, every coefficient r; is also
holomorphic on 7, which concludes the proof of the Claim.

To see that Z is a principal divisor in D consider any function f € Hol(7T')[w] vanishing on Z. Then
the quotient f/g is again holomorphic on D by the Claim which yields the desired conclusion. U

Lemma 4.4. Let Notation 4.1 hold and T be singular. Then so is Z.
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Proof. Assume that Z is smooth at some point z € Z N 77 1(0). Let g be a function as in Lemma 4.3.
Extend g to a function g € Hol(C™, o)[w] whose zeros define an extension Z of Z. Note that if the partial
derivative of g with respect to w is nonzero at z then by the implicit function theorem Z is biholomorphic
to (C™, 0) and therefore Z is locally biholomorphic to T which implies that Z is singular. Hence we
assume that this derivative is zero.

Let I be the defining ideal of 7' in Hol(C™, 0) and k be the dimension of 7. Choose any m —k elements
from / and consider their Jacobi matrix (with respect to coordinates zy, .. ., z,, of C™). Since T is singular
at o, any (m — k)-minor M of this matrix vanishes at 0. By Lemma 4.3 the defining ideal L of Z in
(C™, 0) xC,, is generated by I and g. Take any m+ 1 —k elements from L and consider their Jacobi matrix
with respect to the coordinates (w, z1, ..., ;). It follows from the previous argument about the partial
derivative of g with respect to w and about the (m — k)-minor M that any (m + 1 — k)-minor of this new
Jacobi matrix vanishes at o. This is contrary to the fact that Z is smooth at z which concludes the proof. [J

Example 4.5. Lemma 4.4 is one of the central technical results in this paper. The assumption that Z
coincides with zeros of a global analytic function is very important. Indeed, consider the case when 7T is a
semicubic parabola x> — y*> =0 in (C)%’ y- Then there is a closed immersion of Cinto D =T x C C (ch’ yow

given by  — (#3, £, t) such that the image is a smooth Weil divisor whose projection to the singular T
is finite. Lemma 4.4 is not applicable here because this Weil divisor is not Q-Cartier.

Remark 4.6. If T is not unibranch at o then the argument is much easier and, furthermore, Z is not
unibranch at any point zg above o as well. Indeed, let 77 and 75 be distinct irreducible components of
T at 0. Then D has irreducible branches 77 x C and 7, x C meeting along the line L = o x C. Since
the zeros of i contain the point zg € L but not the line L itself the zeros Z; of & in T; x C produce two
different branches Z; and Z, of Z at z.

Proposition 4.7. Let T be an affine algebraic variety, D =T x C, and Z be an algebraic hypersurface
in D such that |z : Z — T is finite where w : D — T is the natural projection. Suppose that for every
point ty € T there is a Euclidean neighborhood U C T such that Z N\~ (U) is an analytic Q-principal
divisor in w~Y(U), i.e., for some natural k > 0 and a holomorphic function g on w~'(U) the divisor
kZ Nx =Y (U) coincides with g*(0).

Then Z is an effective reduced principal divisor in D.

Proof. Let w be a function on D = T x C induced by a coordinate on the second factor. The field C(Z)
of rational functions on Z is a finite separable extension of the field C(7') and it is generated by w|z
over C(T). Let g(w) = w" +rp_1 () w" ™" +-- - +r1(t)w + ro(¢) be the minimal monic polynomial for
w over C(T). In particular Z N7 ~'(U) is given by the zeros of this rational function g. By Lemma 4.3
ZNa '(U)isa principal divisor in 7 ~!(U) which implies that the function g is holomorphic. Therefore
g is regular (e.g., see [Kaliman 1991, Theorem 5]). This yields the desired conclusion. U

Definition 4.8. Let o : X — X be an affine modification of normal affine algebraic varieties such that X
is Cohen—Macaulay and
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(a) its divisor D = f*(0) (where f € C[X]) is a reduced principal divisor in X isomorphic to a direct
product D ~ T x C;

(b) the restriction 7|z : Z — T of the natural projection 7w : D — T to the center Z of o is finite;

(c) none of irreducible components of Z is contained in the singularities of X (note that for the
singularities of D a similar fact also holds);

(d) for any point z of Z there is a Euclidean neighborhood U in X for which the restriction o | : U—>U
of o to U = o~ (U) factors through some Davis pseudoaffine modification 8 : U — U with the
following property: the restriction of § over a neighborhood U’" C U of any general point 7’ € ZNU
is homogeneous of degree k (where k does not depend on different irreducible components of ZNU).

Then we call such a o a semifinite affine modification.

Proposition 4.9. Let o : X > Xbea semifinite affine modification with D >~ T x C and Z as in
Definition 4.8. Then o dominates a simple modification (with the same center and divisor) and if T is

singular so is the center Z.

Proof. Let a Davis modification 4 : U — U from Definition 4.8 (d) be defined by the ideal (f*, g). By
condition (d), § is locally homogeneous at general points of ZNU which in combination with Lemma 3.12
implies that for some k > 1 the divisor kZ N U coincides with g*(0) N U. That is, we are under the
assumptions of Proposition 4.7. Hence Z = h*(0), where h € C[D]. Thus extending & to a regular
function on X (denoted by the same symbol) we see that Z is a strict complete intersection given by
f =h =0. These functions f and % induce a simple affine modification 7 : X’ — X with divisor D and
center Z such that X’ is a normal affine algebraic variety by Proposition 2.6. Furthermore, X and X' are
also normal as analytic sets by [Zariski and Samuel 1960, Chapter 13, Theorem 32]. By Proposition 3.15
~1(U) is an analytic normalization of U. Since X is normal then the holomorphic map o ~1(U) — U
(induced by the domination of § by o) factors through the normalization of U. This yields a desired
holomorphic map from X to X’ which is a morphism since its restriction over X \ D is an algebraic
isomorphism. That is, 0 dominates 7. The second statement follows from Lemma 4.4. O

5. Applications of Kambayashi’s theorem

Notation 5.1. In this section ¢ : X — B will be a morphism of complex factorial affine algebraic
varieties, ® will be a G,-action on X which preserves the fibers of ¢. We do not assume a priori that the
C[B]-algebra C[X]® of ®-invariant regular functions is finitely generated.

However, such an algebra can be viewed (and will be viewed) as a direct limit lim A, of its finitely
generated C[ B]-subalgebras A, (with respect to the partial order generated by inclusions) where o belongs
to some index set and each A, can be treated as the ring C[Q,] of regular functions of some affine
algebraic variety Q4. Replacing A, with its integral closure we suppose that each of these Q, is normal
(the fact that this transition preserves affineness is a standard result, e.g., [Eisenbud 1995, Theorem 4.14]).
Furthermore, by the Rosenlicht Theorem (e.g., see [Vinberg and Popov 1989, Theorem 2.3]) Q, can
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be chosen so that the morphism g, : X — Q, induced by the natural embedding A, C C[X] separates
general orbits of ®. As in [Flenner et al. 2016] we introduce the following.

Definition 5.2. A normal affine variety Q, as before will be called a partial quotient of X by ® and the

morphism g, : X — Q, (separating general orbits of ®) will be called a partial quotient morphism.

Remark 5.3. Note that including the coordinate functions of the morphism ¢ into a ring A, we can
always choose a partial quotient morphism that is constant on the fibers of ¢.

Theorem 5.4. Let ¢ : X — B and ® be as in Notation 5.1 and the generic fiber of ¢ be a three-dimensional
variety Y (over the field K of rational functions on B). Let K be the algebraic closure K and Y be the
variety over K obtained from Y by the field extension. Suppose that ¢ : X — Q is a partial quotient
morphism such that ¢ factors through o. Suppose also that the ring of invariants of the G,-action on Y
(induced by ®) is a polynomial ring in two variables over K. Then there is a morphism W : Q — B x C2
such that for some nonempty Zariski dense open subset B* C B the restriction of W over B* is an

isomorphism.

Proof. By the Kambayashi theorem [1975] the ring of invariants of the induced action on Y is also a
polynomial ring in two variables over K. Hence for some B* as above and X* = ¢~!(B*), the induced
action on X* has the categorical quotient isomorphic to B* x C% Assume that B \ B* is a principal
effective divisor, which can be done without loss of generality. Let f be a regular function on B
with zero locus B \ B* (we denote the lifts of f to X or Q by the same symbol). For every regular
function & € C[X*] there exists natural k for which f*h extends to a regular function on X. Hence
for sufficiently large k; and k, the composition of the quotient morphism gg : X* — B* x C2  with

up,u
the isomorphism « : B* x Cil,uz — B* x Cﬁl,uz given by (b, uy, up) — (b, fAuy, fRuy) exte]n(;s toa
morphism 7 : X — B x C? (note that 7|y« : X* — B* x C? can be viewed now as the quotient morphism).
Similarly, since f € C[X] and each u; € C[X™*] are ®-invariant we see that f kg and f k23, can be viewed
as regular functions on the normal variety Q. Thus t = ¢ 060, where 6 : X — Q and ¢y : Q — B x C are
morphisms. By the universal property of quotient morphisms, 0|x- : X* — Q\ f~!(0) factors through

T|x*, which implies that i is invertible over B*. This yields the desired conclusion. g

Remark 5.5. By construction ¥ is an affine modification. Another observation is that if the general
fibers of ¢ do not admit nonconstant invertible functions then for every irreducible divisor 7" in B the
variety ¢ 1 (T') is reduced and irreducible by Proposition 1.6. Actually, in this case there is no need to
assume that B is factorial since it follows automatically from the fact that X is factorial.

Example 5.6. Let Notation 5.1 hold and every general fiber of ¢ be isomorphic to the same affine
algebraic threefold V. Suppose that ® induces an action on each general fiber of ¢ with the categorical
quotient isomorphic to C% Then we claim that the above conclusion about the partial quotient Q as a
modification of B x C? over B is valid.

Indeed, by [Kraft and Russell 2014] there exists a Zariski dense open subset B* C B and an unramified
covering B* — B* such that X* = X x g+ B* is naturally isomorphic to B* x V over B*. In particular, the
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induced action on the generic fiber of X* — B* has the ring of invariants isomorphic to the polynomial
ring K [x1, xo] where K is the field of rational functions on B*. Note that this ring is obtained from the ring
of invariants on the generic fiber ¥ of X* — B* via a field extension [K : K. Hence by the Kambayashi
theorem the latter ring of invariants is K[x1, x»] and we are under the assumption of Theorem 5.4.

In fact, as suggested by the referee, we can strengthen Theorem 5.4 and Example 5.6 as follows:

Theorem 5.7. Let Notation 5.1 hold and let ® induce an action on each general fiber of ¢ with the
categorical quotient isomorphic to C% Let Y and K be as in Theorem 5.4. Then the ring of invariants
of the G,-action on Y (induced by ®) is a polynomial ring in two variables over K. In particular, for a
partial quotient morphism o : X — Q for which ¢ factors through o (i.e., for some morphismk : Q — B
one has ¢ = k o ) there is a morphism v : Q — B x C? over B such that for a nonempty Zariski dense

open subset B* C B the restriction of W over B* is an isomorphism.
In preparation for the proof of this theorem we need the next (certainly well-known) fact.

Proposition 5.8. Let k : Q — B be a dominant morphism of algebraic varieties such that Q is normal.
Then for a general point b € B the variety k~'(b) is normal.

Proof. Replacing B by a Zariski dense open subset (and Q by its preimage) we can suppose that « is
flat [Grothendieck 1964, Théoreme 6.9.1]. Let w be a generic point of B. Then the fiber of k over w is
normal (e.g., see [Atiyah and Macdonald 1969, Proposition 5.13]) which is equivalent to the fact that
this fiber is geometrically normal'® since we work over a field of characteristic zero. On the other hand
the set of (not necessarily closed) points in B for which the fibers over them are geometrically normal
is open [Grothendieck 1966, Théoréeme 12.1.6]. Since this set is nonempty it contains general (closed)
points of B and we are done. U

Proof of Theorem 5.7. Let Q, be the fiber ! (b) over a general point b € B and Q” ~ C? be the
categorical quotient of the action ®|,-1,. By the universal property of quotient morphisms one has a
morphism v, : Q° — Q). Since o separates general orbits 1/, must be birational.

Assume that for a curve C;, C Q” the image v, (Cy) is a point g, € Q5. By Corollary 1.7 the preimage
of Cp, in ¢~ (b) is a surface S}, i.e., 0(S}) = gp. By [Shafarevich 1994, Chapter I, Section 6.3, Corollary]
the closure 7" of the set {g € Q | dim Q_l (g) =2} is a subvariety. Let L be the union of the one-dimensional
components of T (it is nonempty since g € T for general b). Note that Q_I(L) is a closed ®-stable
threefold V. By the Hironaka flattening theorem [Hironaka 1975] there exists of a proper birational
morphism 7 : Q — Q such that for the irreducible component X of X X0 Q dominant over X the
natural projection ¢ : X - Q is flat, i.e., all of its fibers are one-dimensional or empty. This implies
7Y (L) contains a surface P= @(\7) where V is the proper transform of V in X. Choose a curve C C P
whose image in B is dense and such that 6~!(¢) # @ for a general point ¢ € C. Let R be a closed

10Recall that a scheme Z over a field k is geometrically normal if it is normal and, furthermore, it remains normal under any
field extension of k. In the case of a perfect field k (e.g., a field of characteristic zero) every normal scheme is automatically
geometrically normal.
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surface in Q that meets P along C and let R be the closure of n(ﬁ) (note that R contains L). Then
the closure of o~ ! (R \ L) contains a ®-stable threefold W that meets V over general points of B (since
0~ 1(é) # @). Because X is factorial the threefold W is the zero locus of a regular function 4 € C[X]
which, by construction, does not vanish on general fibers of p. That is, it is constant on general fibers
and, therefore, ®-invariant. By construction / is not constant on the surface V N¢~!(b) for general b
(this follows from the fact that W meets V N¢~!(b) along a curve). Enlarging a set of generators of the
ring C[Q] by & (and taking the integral closure to preserve the normality of Q assumed in Definition 5.2)
we obtain another partial quotient for which the image of V is a surface. That is, the set T as before
becomes at most finite and for a general b € B this curve Cj, does not exist.

Hence the morphism v, : Q” — Q,, is quasifinite now in addition to being birational. Assume that it
is not an embedding. Then by the Zariski main theorem ()}, is not normal for general b € B, contrary to
Proposition 5.8. Hence ¥, : Q” — Q,, is an embedding.

Let Dy, be the complement to the image of Q% in Q. Suppose that D, is a curve for a general
b € B (since Q) and QP are affine the alternative is an empty Dp). The set Qp \ 0(¢~1(b)) consists of
Dy, and a finite set by Corollary 1.7. Since o(X) is a constructible set by [Hartshorne 1977, Chap. II,
Exercise 3.19] we see that Q \ o(X) is an algebraic variety. Consider the irreducible components of
this variety which are dominant over B and remove those of them that have dimension dim B. Then we
are left with D := | J,.z Dp because Q5 \ (0 (¢~ ' (b)) U Dp) is finite. That is, D is an algebraic variety
and Q\ D is a quasiaffine variety. The general fibers Qp \ D} of the natural morphism Q \ D — B are
isomorphic to C% By [Kaliman and Zaidenberg 2001] for a Zariski dense open subset B* C B the variety
Q* =k~ (B*) \ D naturally isomorphic to B* x C% Hence for X* = ¢! (B*) we get a partial quotient
morphism o]y : X* — B* x C2.

Let ¢’ : X* — Q' be another partial quotient morphism for ®|x+ into a normal variety Q' (over B*)
such that o factors through ¢’, i.e., 0 = 6 0 ¢’ for a morphism 6 : Q' — B* x C2 Suppose that Q) is the
fiber of the natural morphism Q' — B* over a point b € B*, i.e., the restriction of 6 yields a morphism
Op: Q) — Qp = Q" ~ C?. By the universal property of quotient morphisms we have a natural morphism
o — Q). i.e., O is invertible. Hence 0 is bijective. By the Zariski main theorem, 6 is an isomorphism.
This implies that o|x+ : X* — B* x C? is the categorical quotient morphism. In particular, for ¥ and K
as in Theorem 5.4 the ring of invariants of the G,-action on Y (induced by &) is a polynomial ring in two
variables over K. Now the desired conclusion follows from Theorem 5.4. O

6. Criterion for existence of an affine quotient

Notation 6.1. Let B be a unibranch germ of a smooth complex algebraic curve at point o (i.e., o is the
zero locus of some f € C[B]) and ¢ : X — B be a morphism from a complex factorial affine algebraic
variety X equipped with a G,-action ® which preserves each fiber of ¢. We suppose also that o : X — Q
is a partial quotient morphism of the action ®. Let ¥ : Q — Qg be a morphism over B into a smooth
affine algebraic variety Qg over B and T = i o . The divisor in X (resp. Q, resp. Qp) over o will be
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denoted by E (resp. D, resp. D). We suppose that the morphism Q¢ — B is smooth (and in particular Dy
is a smooth reduced divisor) and that ¥ induces an isomorphism Q \ D — Q¢ \ Dg. We suppose also that
E = ¢*(0) is reduced and denote by Z the closure of 7(E) in Dy. We consider the Stein factorization
(e.g., see [Hartshorne 1977, Chapter III, Corollary 11.5]) of a proper extension E — Z, of the morphism
T|g : E — Zy. Its restriction to E enables us to treat t|g : E — Zj as a composition of a surjective
morphism A : E — V with connected general fibers and a quasifinite morphism 6 : V — Zj.

Theorem 1.1 implies the following:

Lemma 6.2. Let Notation 6.1 hold and Zy (and therefore (D)) be Zariski dense in Dy. Then v is an
isomorphism.

Convention 6.3. With an exception of Corollary 6.10 we suppose throughout this section that Z is a
divisor in Dy and furthermore

(i) the morphism 6 : V — Z, from Notation 6.1 is in fact finite;
(i1) for every point zg € Zg the preimage 17 1(z0) is a surface.

Remark 6.4. Note that Convention 6.3 holds automatically when E is isomorphic to C3 (under the
assumption that Zy is a curve). Indeed, 77 1(z0) cannot be three-dimensional (otherwise it coincides with
E and t(E) is a point, not a curve). Then both V and Zy must be polynomial curves and a nonconstant
morphism of polynomial curve is always finite. In fact, this argument works not only when E ~ C3. Tt is
enough to assume that there is no nonconstant morphism from E into any nonpolynomial curve.

Notation 6.5. Let Notation 6.1 hold. Our aim is to present ¥ : Q — Q¢ over B as a composition
Q=01 0u1 253 015 Qo

of simple affine modifications o; : Q; — Q;_1 over B. Let Y; =010---00; : Q; = Qo and suppose that
Y can be presented as ¢ = ¥; o §; for a modification §; : Q — Q;. Let t; = J; oo and thus 7 = ¢; o 7;.
We suppose that the zero locus of f o; is reduced and coincides with D; := wi_l (Dg) (which is nothing
but the divisor of modification o;4 1) while the center Z; of ¢;4 coincides with 7;(E). Note that under
such assumptions every Q; is normal and Cohen—Macaulay by Proposition 2.6 and induction starting
from smooth Qg and Dy.

Lemma 6.6. Suppose that for some i one has a sequence of simple affine modifications
[eF] gi—1 o) [ea]
Qi —> Qi-1—> - —> 01— Qo

such that  : Q — Qy factors through ; : Q; — Qg and, therefore, y = y; 0 8;. Let §; : Q — Q;
be a semifinite affine modification. Then the sequence can be extended to a sequence of simple affine
modifications

Oit1 o 02 o1
Qiv1— Qi — -+ —> Q01— Qo

such that D; (resp. Z;) is the divisor (resp. center) of o;+1 and ¥ : Q — Qg factors through i+ :
Qit1—> Qo,i.e., ¥ =V¥it1 00841
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Proof. The statement follows from Proposition 4.9. U
In order to establish when §; is semifinite we need the following technical fact.

Lemma 6.7. For any point xo € E there is the analytic germ S at xo of an algebraic subvariety of X of
dimension dim X — 2 such that

(1) So :=t(S) is a germ of an analytic hypersurface in Qg at zo = T(xp);
(ii) the map t|s: S — Sy is finite;

(iii) for every general point 7 € Zg near z there is a local coordinate system (u, v, w) on Qg at 7 for
which Dy is given locally by u =0, Zy by u = v =0, and every irreducible branch of the germ of
So at z by an equation of form e == v — u'd(u, w) = 0 where d is holomorphic and | is the zero
multiplicity of the function e o T at general points of E.

Proof. Consider two regular functions 4 and e on E with the set P of common zeros such that near any
general point P is locally a strict complete intersection given by & = e = 0 and for zg = t(xp) the set
P Nt~!(z0) contains x( as an isolated component (which is possible since 7~!(z¢) is a surface). Extend
h and e regularly to X. Without loss of generality we can suppose that the set of common zeros of these
extensions is an (n — 2)-dimensional subvariety 7' of X where n = dim X. Denote by S (resp. R) the
analytic germ of T (resp. P) at x¢ and by Tj the closure of T(7") in Q. Let Sp be the analytic germ of the
hypersurface Ty C Qg at zo. For the restriction « : § — Ty of T the preimage Kk (z0) =xpis a singleton.
Hence [Grauert and Remmert 1979, Chapter 1, Section 3, Theorem 2] implies that the holomorphic map
T|s: S — Sy is finite. Thus we have (i) and (ii).

By construction S meets E transversely at a general point x of R. Let z = t(x) and (u/, v', v”, W')
(resp. (u, v, w)) be a local analytic coordinate system at x € X (resp. z € Qp) as in Lemma 3.7. That is,
locally E (resp. Dy, resp. Zp) is given by u’ =0 (resp. u = 0, resp. u = v = 0) and 7 is given by u = v/,
w=1w,and v= ) g v, v, 0.

The finiteness of t|s implies that t|sng : SN E — SoN Dy is étale over the general point z € Zj.
Thus E N S is given locally by equations of form v’ = hy(w’) and v” = hy(w’), where h; and h, are
holomorphic functions. Since S meets E transversely we also see that S must be given locally by equations
of form v/ = hy(w’) +u'g1 (', v/, v”, w') and v" = hy(w') +u'gr(u’, v', v”, w’) where g; and g, are
holomorphic functions. Furthermore, by the implicit function theorem these equations can be rewritten as
vV =hi(w)+u'g (', w) and v’ =hy(w')+u'g,(u’, w') for some other holomorphic functions g; and 5.
Plugging these expressions for v’ and v” with #’ = u and w = w’ into equation v = (u’)/ g (u’, V', v", W')
we get the desired form of equation e = 0 in (iii). Note that the function e o T is given by

eot v, v, w) = @) gw, v, v, W', o).

Since ¢ (0, v, v”, w") depends on v’ or v by Lemma 3.7, we see that the expression in the brackets is
not identically zero on E, which shows that [ is the zero multiplicity of e o T at a general point of E. [

Lemma 6.8. The morphism §; is always semifinite unless Z; = t; (E) is dense in D;.
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Proof. As we mentioned in Notation 6.5, the variety Q; is normal and Cohen—Macaulay, and the divisor
D; = (f o¥;)*(0) is principal. Furthermore, by construction, D; = Z;_; x C for i > 1. Thus we have
condition (a) from Definition 4.8. The finite morphism V — Zg (from Notation 6.1 and Convention 6.3)
factors through maps 6; : V — Z;, Z; — Z;_| and Z;_| — Zg each of which must be, therefore, finite, i.e.,
we have condition (b) from Definition 4.8. Condition (c¢) follows from construction and Proposition 2.6.
It remains to check condition (d).

Consider the following construction of an analytic germ of an algebraic variety S in X of dimS =n—2
where dim X =n. Let M be the set of points in V above zg (by Convention 6.3 M is finite and nonempty).
For every y € M choose any x € E above y. Consider the analytic germ S(y) of an (n — 2)-dimensional
algebraic subvariety of X at x such that Sy(y) := 7(S(y)) is an analytic hypersurface in Q¢ and the
restriction of 7 yields a finite map S(y) — So(y) (the existence of such an S(y) is provided by Lemma 6.7).

Let V (y) be the analytic germ of V at y and k(y) be the degree of the finite morphism ENS(y) — V(y)
induced by A : E — V from Notation 6.1. In general k(y) may depend on y but we allow S(y) to be
nonreduced and then, replacing each S(y) (and, therefore, Sy(y)) with a multiple of it, we can suppose
that k(y) = k for every y € M.'! Since the variety Qg is smooth every So(y) coincides with hgy (0) for
some holomorphic function &¢,. By Lemma 6.7 for a local analytic coordinate system (u, v, w) at a
general point z € Z this function A, can be viewed as (v — u'd(u, w))* where [ is the zero multiplicity
of (W—uld)ot on E.

Let S = UyeM S(y), S = UyeM So(y), and hg = ]_[yeM hoy, i.e., So = h{;(0). Then by construction
T|ls:S — &y is finite and Sy meets Dy along the analytic germ of Zj at zg. For m being the degree of the
finite morphism 6 : V — Z; from Convention 6.3, this implies that near point z the function s( can be
viewed as a product of km factors of the form v — uld(u, w). Hence the zero multiplicity of hgo T at
general points of E is klm.

Let S;(y) =t(S(y)) and S; = 1;(S) = UyeM Si (y). Note that the finiteness of t|s : S — &p implies
that S; is an analytic set in Q; and (7;)|s : S — &; is also finite. Furthermore, by construction S; meets D;
along the union of analytic germs of Z; at the points from lﬁi_l (z0) N S;. Assume by induction that for a
germ of some holomorphic function /; on Q; the variety S; coincides with /7 (0) and the zero multiplicity
of h; o 7; at general points of E is kl;m; where m; is the degree of the finite morphism 6; : V — Z; and
l; =1 —1i (note that /; must be greater than zero since otherwise Z; is dense in D;).

Hence the function /;/f*™ has a holomorphic lift to the normal variety X. Furthermore, it is constant
along each fiber of o and it can be also pushed to a holomorphic function on the normal variety Q. This
implies that §; factors through the Davis modification « : Q" — Q; of Q; along D; with ideal generated
by f*™i and h;. By Lemma 6.7 for a general point 7’ of Z; there is a Euclidean neighborhood with a local
coordinate system (u’, v/, @) such that D; is given locally by u' =0, Z; by u’ = v’ =0, and up to an
invertible factor /; can be presented locally as a product of km; factors of form v —u’d(u’, w’"). Hence

'We use here the following definition: if r is the degree of a finite morphism W — U of reduced analytic sets and W, is the

m-multiple of W then we put the degree of the morphism W;, — U equal to mr. Treating Wy, as a union of m disjoint samples
of W one can see that this extended notion of degree has all the properties of the standard degree.
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by Lemma 3.12 « is locally homogeneous at 7. Thus §; is semifinite and there is a simple modification
Oit+1: Qiy1 — Q; as required in Lemma 6.6.

In order to finish induction it remains to prove the existence of a function ;1. Note that over 7’ the
function A; o 0y has zero multiplicity km; at general points of D; 11 C Q;4+1. Thus hj1 =h; oa,-+1/fk'”"
is a regular function on the normal variety Q;;; that does not vanish at general points of D;;;. In
particular /;; vanishes only on the proper transform of S; which is, by construction, S;41. This is the
desired function and we are done. g

Theorem 6.9. Let Notation 6.1 and Convention 6.3 hold. Then C[X]? is finitely generated and Q = X/ | ®
coincides with the affine algebraic variety Q, from Notation 6.5 for some n.

Proof. By Proposition 3.8 the sequence
On = Qo1 = -+ > 01 > Qg

of simple modifications from Notation 6.5 cannot be extended indefinitely to the left. Hence by Lemmas
6.6 and 6.8 we can suppose that for some n the image t,(FE) is dense in D,. Suppose that o : X — Q is
any partial quotient morphism over Q,. Then 6, (D) is dense in D,, since 7, factors through &,. Then by
Lemma 6.2 Q is isomorphic to Q,,.

Recall that C[X]® = lim C[Q], where Q, is a partial quotient. Since every such a quotient over Q,
is Q, itself we see that C[X]® = C[Q,,], which yields the desired conclusion. O

Corollary 6.10. Let X be four-dimensional and let Notation 6.1 hold without assuming Convention 6.3.
Suppose that E admits a nonconstant morphism into a curve if and only if this curve is a polynomial one.
Then Convention 6.3 holds and thus C[X1® is finitely generated. In particular Statement (1) of

Theorem 0.2 is true.

Proof. By Remark 6.4, Convention 6.3 is true if Zj is not a point. Assume it is a point zg. Since Qy
and Dy = f*(0) are smooth we can suppose that zg is locally a strict complete intersection given by
f = g1 = g»=0. Note that g; o T vanishes on E. Hence (g;/f) o T is a regular G,-invariant function
on the normal variety X. This implies that ¥ : Q — Qg factors through o : Q1 — Qg, where o is the
simple modification along Dy with the ideal generated by f, g; and g>. By construction Q; is smooth
and the exceptional divisor is D =~ C? Thus we can replace the pair (Qg, Do) with (Q1, Dy). If the
center of i after this replacement is still a point we observe that it is again a strict complete intersection
f=hy =hy =0with h; = (g;/f) oo1. That is, the zero multiplicity of the lift #; (to X) on E is less
than the one of g; o . Continue this procedure. As soon as one of these multiplicities becomes zero the
variety Zy becomes at least a curve. Thus we are done. O

Another consequence of the equality Q = Q,, in Theorem 6.9 is that the fiber of the morphism Q — B
over 0 is D, >~ Z,_; x C. By the assumption of Theorem 0.2, Z,,_; is a polynomial curve. Hence:

Corollary 6.11. Statement (2) of Theorem 0.2 is true.
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7. Proper actions

Definition 7.1. Recall that an action of an algebraic group G on a variety X is proper if the morphism
G x X — X x X that sends (g, x) € G x X to (x, g.x) € X x X is proper.

It is well known that every proper G,-action is automatically free. Some geometrical properties of
such actions are described below.

Proposition 7.2. Let X be a normal affine algebraic variety equipped with a proper Gg-action ® and
let C; be a sequence of general orbits of . Suppose that C C X is a closed curve such that for every
c € C and every neighborhood V- C X of c (in the standard topology) there exists iy for which C; meets V
whenever i > ig. Then C is an orbit of ®, i.e., C >~ C (in particular it is smooth and connected).

Proof. Assume that C meets two disjoint orbits C" and C” of ® and choose points ¢/, ¢!’ € C; such that
ci—c eC’'NCandc!— c”e€C”"NC asi — oo. Note that ¢ = 1;.c;. This sequence of numbers {#;} in
the group C. goes to co. Indeed, otherwise switching to a subsequence we can suppose that lim; _, » #; =1
and by continuity ¢” = ¢.¢/, which is impossible since the last two points are in distinct orbits. But this
implies that the preimage (in G x X) of a small neighborhood of the point (¢/, ¢”) € X x X contains
points of form (#;, c}) € C4. x X going to infinity, contrary to properness.

Hence C meets only one orbit O of ®. Hence C \ O = &, since otherwise C meets other orbits.
Therefore, C = O N C which implies that C = O ~ C (in particular, & is free) and we are done. 0

Corollary 7.3. Suppose that for some q € Q the fiber 0~'(q) is a curve. Then 0~ (q) ~ C.
Let us fix notation for the rest of this section.

Notation 7.4. We suppose that B is a unibranch germ of a smooth complex algebraic curve at point
o= f*(0) (where f € C[B]) and ¢ : X — B is a morphism from a complex factorial affine algebraic
variety X equipped with a G,-action ® which preserves each fiber of ¢ and such that the fiber £ = ¢*(0)
is reduced.

We suppose also that Convention 6.3 is true for some partial quotient morphism o : X — Q of the
action @ and a morphism ¢ : Q — Qg into a smooth affine algebraic variety Qg over B described
in Notation 6.1. Recall that in this case by Theorem 6.9 C[X]? is finitely generated and Q = X//®
coincides with an affine algebraic variety Q,, from Notation 6.5 for some n, and, particular, in that notation
7, : X = Q, is the quotient morphism. Furthermore, let D,, be the divisor in Q, over o € B. Then it
follows from the construction of Q,, that D, >~ Z,,_; x C and from the proof of Theorem 6.9 that t,(E)
is dense in D,,.

Proposition 7.5. Let o : E — R be the quotient morphism of the restriction of ® to E. Then there is a

natural affine modification 8 : R — D,, over Z,_,.

Proof. The density of 7,(E) in D, implies that for a general point g € D, its preimage 7, !(g) is a curve.
By Corollary 7.3 this curve is isomorphic to C.
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By the universal property of quotient morphisms the map t,,|g : E — D, factors through «, i.e., there
exists B : R — D,, for which t,|g = B o . Since t,_; (which maps E onto Z,_) factors through t, we
see that B is a morphism over Z,_;. Note that 87! (g) is a point since 7,7 1(q) is a connected curve. Thus
B is birational. Any birational morphism of affine algebraic varieties is an affine modification [Kaliman
and Zaidenberg 1999] and we are done. (|

Remark 7.6. Proposition 7.5 implies that 8 is an isomorphism over a Zariski dense open subset D} of D,,.
Furthermore removing a proper subvariety from D} one can suppose that for every point in 8~!(D}) the
fiber of o over this point is an orbit of ®. Let Q" = (Q \ D,) U D;;. Note that by construction every fiber
of o over point of Q, is an orbit of ® and the codimension of O\ Q"= D, \ D} in Q is at least 2.

Recall that when X is four-dimensional and there is no nonconstant morphism from E into any
nonpolynomial curve then by Remark 6.4, Convention 6.3 holds, Z,,_; is a polynomial curve, and thus the
normalization of D, = Z,_; x C is C% In particular, if E is normal then R is normal (being the quotient
space of normal £) and we can mention the following interesting fact (which won’t be used later).

Corollary 7.7. Let the assumption of Corollary 6.10 hold and E be normal. Then R is an affine modi-
fication of C% Furthermore, for a factorial E one has R ~ C? and normalization of morphism B is a
birational morphism B’ : C* — C2

Proof. Since f is a morphism over the curve Z,_; we see that 8’ : R — C? is a morphism over the
normalization Z*" ~ C of Z,_;. Note that by Corollary 1.7 R is factorial, being the quotient space
of the factorial threefold E. This implies that all fibers of the C-fibration R — Z}*'[" are reduced and
irreducible. Hence R ~ C? and we are done. g

Proposition 7.8. Let B be as in Proposition 7.5 and suppose that one of the following conditions is
satisfied:

(a) B is finite, E is smooth outside codimension 2, and every fiber of « : E — R is a curve with a possible
exception of a finite number of such fibers;

(b) B is quasifinite and the assumption of Theorem 0.2 (3) holds (in particular, X is Cohen—-Macaulay,
d is proper, each fiber X, of ¢ : X — B (including E) is normal, and, being the image of E, the

curve Z,_1 is a polynomial one).
Then Z,_ (and therefore D, = Z,_1 x C) is smooth and f is an isomorphism.

Proof. The assumptions on « and 8 imply that there is a finite subset M C D, such that for every
q € D, \ M the preimage rn_l (q) is a curve.

Recall that X is Cohen—Macaulay which implies that the morphism g is faithfully flat over O \ M
(e.g., see [Matsumura 1970, Chapter 2 (3.J) and Theorem 3] and [Eisenbud 1995, Theorem 18.6]). Hence
® is locally a translation over Q \ M by [Deveney et al. 1994, Theorem 2.8] (see also [Deveney and
Finston 1999, Theorem 1.2]). This implies that Z,_; is smooth since otherwise D, \ M and therefore
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(D, \ M) x C C E are not smooth outside codimension 2. It remains to note that, being birational and
finite, B is an isomorphism by the Zariski main theorem.

For the second statement, consider the normalization « : R"*"™ — D™ ~ C? of B. Since B is birational
by Proposition 7.5 and quasifinite by the assumption, the morphism « is an embedding. Since both R"*™
and D}°™ are affine we see that D;°™ \ x (R"*"™) is either empty or a Cartier divisor. Since D™ >~ c?,
such a divisor must be given by zeros of a regular function g. Then g admits a regular lift to the normal
variety E that does not vanish. This contradicts the assumption that £ does not admit nonconstant
morphisms into a nonpolynomial curve. Thus x(R"™) = D}°™ and as before the assumption on «
implies that there is a finite subset M C D, such that for every ¢ € D, \ M the preimage 7, !(g) is a
curve. Hence we can repeat the previous argument and get the desired conclusion. O

Remark 7.9. (1) Let Q' be as in Remark 7.6. Note that exactly the same argument as in Proposition 7.8
for the set Q \ M implies that the action ® over Q' is locally trivial'? even without the assumption
that B is quasifinite.

(2) Actually, following [Kaliman 2002] one can extract Sathaye’s theorem [1983] from the argument
in the proof of Proposition 7.8. Indeed, under the assumption of Sathaye’s theorem, D, = C? and
thus Z,_; >~ C. Since Z,_ is smooth, every polynomial curve Z; is smooth by Lemma 4.4 and
therefore Z; >~ C. Hence every D; = Z;_| x C is the plane and by the Abhyankar—-Moh—Suzuki
theorem Z; can be viewed as a coordinate line in D;. It is a straightforward fact that a modification
Oi+1: Qi+1 — Q; with such center Z; and divisor D; leads to Q;; isomorphic to Q; which implies
that 0, >~ B x C%

(3) The assumption on properness of @ is crucial in Proposition 7.8. In the absence of properness

4

Winkelmann [1990] constructed a free actionon X =C; .

4
X

such that the quotient Q is isomorphic
to the hypersurface in CY, , , ,, given by

x1w=v2—u2—u3.

Both X and Q are considered over the curve B = C,, and in particular the zero fiber D of the

morphism Q — B is given by v> —u? —u®> =0 in Cg,v,w'

That is, D is not a plane but it is the
product of C and Z,,_; where Z,_; is a polynomial curve with one node as singularity (in accordance
with Theorem 0.2 (2)).

8. Some facts about fibered products

In order to establish quasifiniteness required in Proposition 7.8 we need some auxiliary facts.

Notation 8.1. Let o : X — Q be a dominant morphism of normal quasiprojective algebraic varieties and
S be an irreducible closed subvariety of X such that for a Zariski dense open subset S’ of S the restriction
ols : 8" — Q is quasifinite. Suppose that k = dim X — dim § is the dimension of general fibers of o.

12That is, Q_l( Q') can be covered by ®-stable affine open subsets on each of which the action admits an equivariant
trivialization.
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Lemma 8.2. Consider an irreducible germ I' C S of a general curve through s € S (in particular,
I'\'s C S’ and the dimension of 0~ (o(I" \ ) is k + 1). Then the dimension of the fiber F in the closure
on*I(Q(F \ 8)) (in X) over s is k.

Proof. By the semicontinuity theorem [Shafarevich 1994, Chapter I, Section 6.3, Corollary] the dimension
of F is at least k. On the other hand it cannot be greater than k since otherwise it is not contained in the
closure of the (k 4 1)-dimensional variety Q*I (o(T'\ ). Il

Note that for a fixed s this fiber F' may in general depend on the choice of I, i.e., F = F(I').

Definition 8.3. Suppose that Fy(I") is the component of F(I') containing s. We say that the data in
Notation 8.1 satisfies Condition (A) if for every s € S the set (- Fo(I") consists of a finite number of
k-dimensional varieties.

Example 8.4. (1) If X = S then Condition (A) holds automatically.

(2) Suppose that o : X — Q is the quotient morphism of a proper G,-action ® and § is a hypersurface
of X such that o(S§) is Zariski dense in Q. Then for a general germ I" as in Definition 8.3 and every
point s’ € I"\ s the fiber 0~!(o(s’)) is a union of orbits of ®. The set | J- Fo(I") contains, of course,
the orbit of & through s and by Proposition 7.2 it contains nothing else. Thus Condition (A) holds.

Proposition 8.5. Let Notation 8.1 hold and Condition (A) be satisfied. Suppose that X is the irreducible
component of X x o S such that it contains S= {(s,s)|s €S}. Denote by X : X — S the restriction to X
of the natural projection.

Then for every irreducible subvariety P C S\ S’ the dimension of A~' (P) coincides with m + k where
m = dim P.

Proof. Suppose that for > 0 the subvariety P (I) C P consists of points s € P for which dim A ~!(s) = k+1.
Our aim is to show that dim P(/) <m — [ and thus dim A~} (P) = m + k.

Let s € S, T, F be as in Definition 8.3 and let the closure of o~ (o(I" \ 5)) N S meets F at points
s1, ..., 8 (i.e., each irreducible component of F passes at least through one of these points). Note that for
a fixed s this set {sy, ..., s,} may in general depend on the choice of T, i.e., s; = 5; (I"). Suppose that M (s)
is the union | J; U s:(I"). By definition of X for every s’ € I'\ s one has A7 !(s") ~ 0~ ((o(s")). Hence
by Lemma 8.2 and Condition (A), the variety A ) = Ur F(T') has dimension at most dim M (s) + k.
In particular P (/) is contained in the set

{se P |dimM(s) >}

and we need to estimate the dimension of this last set.

For this we need to use the Hironaka flattening theorem [1975] which implies the existence of a proper
birational morphism Q — @ such that for the union S of irreducible components of S X o Q with the
dominant projections to S the induced morphism S— Qis quasifinite. We have the commutative diagram
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§—L s
b
0——0
where the morphisms « and 8 are birational and the morphism 6 and y|g are quasifinite.

Let P =J; Pi, where P; are disjoint (not necessarily closed) irreducible varieties such that for any
irreducible component V of S~!(P;) all fibers of the morphism 8|y : V — P; are of the same dimension.
Varying i and V consider the collection Cq, Cs, ... of irreducible subvarieties of Q that are of the form
Ci= 6(V). Observe that, stratifying the varieties P;’s further, one can suppose that for indices j #1 the va-
rieties C; and C; are either equal or disjoint. Denote by I the set of all pairs (i, j) for which there exist V C
B~H(P) with6(V)=C ; and put C;; =V (in particular dim C; = dim C;; because of quasifiniteness of 0).

Let n;; be the dimension of a fiber F;; C 8 —I(s) of the morphism B|c,; : C;; — P;. In particular dim P; =
dim C; —n;; <m. Hence for n; = min;{n;;|(i, j) € I} one has dim P; <m +n; —n;; for any (i, j) € I.

Lets € P;, ie, B7'(s) = J; Fij. For every where (1) € I we put F/; =071 (0(F;j)) N Cyj, ie.,
dim Fi’j = n;; because of quasifiniteness. Note that

dim ﬂ(Flt]) = max(0, nij —I’l,j) =njj—n; =< mjglx(nij —I’lj).

Thus [ := dim (|, FZ’J) <max;(n;; —n;) while dim P; <m —max;(n;; —n;) <m—1[.

Since we started with a point s € P; for the desired inequality dim P (/) < m —[ it suffices to show
that M(s) c U iB |, Fi’j) (since the last set is contained in P;). But this follows from the fact that
the proper transform of I' (mentioned in the definition of M (s)) in S meets B~ !(s) and therefore
meets some F;;. By quasifiniteness the proper transform (in S) of every component in the closure of
Q_l (o(I'"\ s)) NS meets some Fi’j. This implies that this closure passes through a point in ﬁ(Fl.’j) which
yields M(s) ¢ U; B, F;) and we get dimA~'(P) <m +k, ie., dimA~"(P) <dimo™'(o(P)). O

Corollary 8.6. If Condition (A) holds and 0~ (o(P)) is at least of codimension 2 in X then .~ (P) has

codimension at least 2 in X.

9. Main theorems

Notation 9.1. Up to the proof of Theorem 0.2 below we adhere to the assumptions of Proposition 7.5
and, in particular, Notation 6.1. That is, B is the germ of a smooth algebraic curve at point 0 = f*(0),
¢ : X — B is a morphism of factorial varieties, ® is a G,-action on X, Q = Q, is the categorical
quotient X //® in the category of affine algebraic varieties, t, = ¢, and o(E) is dense in D, =: D. Since
B is birational by Proposition 7.5, there is a Zariski dense open R* C R such that the restriction of
Blr+: R* — D C Q to R* is an embedding.

Suppose also (as in Theorem 0.2 (3)) that the restriction of our proper G,-action ® to E is a translation.
In particular, the quotient morphism « : E — R admits a section whose image in E, by abuse of notation,
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will be denoted by R. The image of R* in this section will keep notation R* as well (i.e., o|g+ : R* — D
is an embedding).

The section R coincides with the zero locus of a regular function on E which has simple zeros at every
point of R. Extend this function to a regular function z on X and consider the zero locus 2~ (0) =: § C X
of this extension.

Lemma 9.2. The function h from Notation 9.1 can be perturbed so that for S* = S\ R and Q* = Q\ D
the restriction o|s« : S* — Q% is finite. In particular, for §' = S* U R* the restriction o|s : ' — Q is

quasifinite.

Proof. Recall that X \ E >~ Q* x C. Let w be a coordinate on the second factor, i.e., i|x\ g can be treated
as a polynomial in w with coefficients in C[Q*]. Let n be the degree of this polynomial and f be as in
Notation 6.1. Then for sufficiently large k the function 24 f¥w”*! is regular on X and the restriction of 7+

n+1

f*w"*! to E has only simple zeros on its zero locus R. This 24 f*w"*! yields the desired perturbation. [

Proposition 9.3. Suppose that X is the irreducible component of X x o S containing S = {(s,s)|s eSS}
Then X is naturally isomorphic to S x C, with S being the section of the natural projection A : X —S.

Proof. Let S’ be as in Lemma 9.2 and s € S". Note that 0 ~! (o(s)) is a disjoint union of orbits of ® because of
quasifiniteness of o|s'. One of these orbits Oy passes through s. By construction A~ (A(s)) Co ™ (0(s)) xs.
Since Oy x s is the only component of o! (0(s)) x s that meets S we see that 1! (A(s)) = Oy x s, which
is an orbit of the free action ® on X induced by @ (in particular ® preserves the fibers of A). The variety
S"'={(s,s) | s € S’} is a section of ® over §’. Hence 1~ (S') is naturally isomorphic to S’ x C because
the action ® is free. By construction S\ ' is of codimension at least 2 in S. Hence the same is true for
the subvariety (S\ §’) x C in S x C. By Corollary 8.6 and Example 8.4 (2) X \ A~!(S’) is of codimension
at least 2 in X. By the Hartogs theorem the isomorphism A~ (S") >~ §’ x C extends to an isomorphism
X ~ S x C since both varieties are affine. This is the desired conclusion. 0

Lemma 9.4. For X from Proposition 9.3 the restriction k : X—>X of the natural projection X x o § — X
is quasifinite.

Proof. The restriction of k to 2~1(S") is quasifinite because of quasifiniteness of o|g. Since X \A~!(§") =
(§\ S") x C = R x C it suffices to check that the restriction of « yields a quasifinite morphism R x C — E.
The last map is an isomorphism since R is a section of ®|r and we are done. 0

Notation 9.5. By the Grothendieck version of the Zariski main theorem (see [Grothendieck 1964,
Théoréeme 8.12.6]) there is an embedding X — X of X into an algebraic variety X such that « can be
extended to a finite morphism  : X — X. Note that the finiteness implies that X is affine since X is.
Furthermore, replacing if necessary X, X, and S with their normalizations, we suppose that these varieties
are normal.

Denote the lift of f € C[B] from Notation 9.1 to X (resp. X, resp. X) by the same letter f (resp. f,
resp. f ). Let v be the locally nilpotent vector field on X associated with the action ®. Since f € Kerv
the field f*v is also locally nilpotent for every k > 0 and it is associated with a G,-action ®; on X which



254 Shulim Kaliman

has the same quotient morphism o : X — Q. The lift of v to X (resp. X ) will be denoted by v (resp. D).
By construction v (and, hence, 59 is locally nilpotent on X and D is a rational vector field on X. Since
X \ f ~1(0) c X we see that for sufficiently large k the field f k9 is locally nilpotent on X. We denote by
Cka the G,-action associated with the last field.

Proposition 9.6. The action Oy admits a quotient morphism 0 X Q in the category of affine algebraic

varieties such that the commutative diagram

Q
_

Set>
>

X

-~
A

X 2.

Q

holds, where t is a finite morphism.
Proof. For every function g € C[X]?® and sufficiently large m > 0, the function f™g has a regular

extension to X, i.e., it can be viewed as a function from C[X ]a"'. Since by construction X \ f —10) =
X\ f710)=21"'(S\ R), where A : X — S is the quotient morphism of ® (by Proposition 9.3) we see
now that a finite number of functions from C[)A( ]‘i’k separate the orbits of Cka contained in A~1(S \ R).
Consider a partial quotient morphism o : X — Q whose coordinates include these functions. Furthermore,
since the lift of every function from C[Q] to X is a function from C[)A( ]‘i’k we can include the lifts of the
coordinate functions of o into the set of coordinate functions of 9. Then the commutative diagram as
before make sense.

Let us show that 7 is finite. Indeed, by finiteness of x every function g from C[X ]a’k is integral over
C[X]. Thatis, g is a root of an irreducible monic polynomial P(g) :=g"+a,_18" "'+ - -+a1g+ao, where
each a; € C[X). Since g is ®y-invariant it satisfies also an equation g" + a,’l_]g”_1 +---+ajg+ay=0,
where a! is the result of the action of # € C. (induced by @) on a;. However, the minimal polynomial P
should be unique, which implies that a; are ék-invariant and thus C[)A( ]‘i”f is integral over C[Q]. That is,
every function from C[Q] is integral over C[ Q] and hence 7 is finite.

T

E——D

This leads to the commutative diagram

9>

e

where D :=17(D), E = f ~1(0), and the vertical morphisms are finite. Since for a general point ¢ € D
its preimage 0~ !(g) is a curve in E the diagram implies that for a general point § € Dits preimage 0~'(§)
is a curve in E. Thus, by Theorem 1.4 ¢ is a quotient morphism which is the desired conclusion. O
Lemma 9.7. Let Q' = Q* U D* be as in Remark 7.9. Then

1) X \ (00 x)"(Q) has codimension at least 2 in X;
(i) for every point in Q' there is a Zariski neighborhood V. C Q' such that (0 o x)~'(V) is naturally
isomorphic to V x C where V = (V).
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Proof. Recall that o~'(Q\ Q') = E \ (Q|E)_1(D*) is of codimension at least 2 in X. Hence (i) is a
consequence of finiteness of .

By Remark 7.9 @ is a locally trivial over Q’. In particular, for every point in Q' there is a Zariski
neighborhood V C Q' such that o ~! (V) is naturally isomorphic to V x C where the projection o~ (V) — V
is the restriction of ¢. Note that the restriction of the commutative diagram in Notation 9.5 yields another
commutative diagram

<>

o '(V) —V

where W = (0o )~ 1(V). Hence we have W ~ V x C since 0 (V) ~ V x C. This yields (ii). Il
Proposition 9.8. Let S be the closure of S in X. Then S is a section of the quotient morphism Q : X— 0.

Proof. If suffices to construct a &)k—equivariant morphism ¥ : X — § from X to S. Indeed, then by the
universal properties of quotient morphisms this morphism factors through Q and, therefore, Olg: S— 0
is invertible.

Choose as the restriction of such a ¥ to X the natural projection A : X = § x C — S. Note that for
V ~ V x C from Lemma 9.7(ii) A agrees on X NV with the natural projection V — V. Hence we can
extend ¥ to X U x ~'(Q’). Now because of Lemma 9.7(i) and the Hartogs theorem this restriction extends
to X and we are done. O

Remark 9.9. The fact that the morphism « : E — R has a section may be made weaker for Proposition 9.8.
It suffices, say, to require that there exists is a reduced irreducible principal effective divisor T = h*(0) in
E such that the restriction «|7 : T — R is surjective and quasifinite. Then one can extend 4 to a regular
function on X and the same proofs as before imply that the result remains valid.

Corollary 9.10. The morphism B : R — D is quasifinite.

Proof. Let R be the preimage of R C S in S. Note that R is a subvariety of X C X. On the other hand
since Q is isomorphic to $>58 by Proposition 9.8, we can treat Rasa subvariety of Q. Furthermore, by
construction the quotient morphism § yields an automorphism of R. Hence the restriction of the morphism
Top=goxtoRC X yields a quasifinite morphism R — D (where 7, x, ¢ are from Proposition 9.6).
Since morphism g o x | ; factors through 8 = o[ : R — D, the latter is also quasifinite and we are done. []

Proof of Theorem 0.2. Note that Convention 6.3 is valid by Remark 6.4. Hence Theorem 6.9 and thus
Proposition 7.5 is applicable. For the time being consider the case when B is a germ of a smooth curve at
a point o and denote by E the fiber in X over o. Since ®|g is a translation in Theorem 0.2 (3), for every
r € R the preimage o' (r) is a curve. Thus, taking into consideration Corollary 9.10, we see that the
assumptions of Proposition 7.8 are valid. This implies that the polynomial curve Z,_; is smooth and
we have Z,_; ~ C and D,, ~ C2 Hence the polynomial curve Z,_ is smooth by Proposition 7.8 and
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we have Z,_; ~ C and D, ~ C% By assumption D, is also a smooth reduced fiber of the morphism
0,— Band Q,\ D, >~ B* x Cc% Sathaye’s theorem [1983] implies now that Q,, is naturally isomorphic
to B x C2 Similarly X = Q,, x C when B is a germ of a curve.

Let us return now to the general case when B is a smooth affine curve. The local statement over germ
of B at o implies the first global claim of Theorem 0.2 (3) while the second one is the consequence of the
fact (see [Serre 1955]) that every affine manifold with a free G,-action and an affine geometrical quotient
is the direct product of that quotient and C. Thus Statement (3) of Theorem 0.2 is valid while Statements
(1) and (2) are true by Corollaries 6.10 and 6.11. Hence we are done with the proof of Theorem 0.2. [

General case of an affine algebraic variety X over a field k of characteristic zero. Recall that there is
a one-to-one correspondence between the set of G,-actions on an affine algebraic variety X and the set of
locally nilpotent derivations (LNDs) on the algebra B of regular functions on X (e.g., see [Freudenburg
2006]). Suppose that v is such an LND associated with a proper G,-action ® on X. Then condition that
@ is free (resp. a translation) is equivalent to the fact that the ideal generated by v(B) coincides with B
(resp. v(B) = B). To show the validity of Theorem 0.1 for any k of characteristic zero one needs to repeat
the argument of Daigle from [Daigle and Kaliman 2009, Theorem 3.2].

Namely, if a fact is true for varieties over C it is true in the case when X is considered over a field
which is a universal domain!3 [Eklof 1973]. Thus consider a field extension kK’ /k where K’ is a universal
domain. Then v extends to an LND v’ on B’ = K’ ® B associated with a G,-action ®’. Note that v’
is free since v is. Similarly, @’ is proper, since properness survives base extension [Hartshorne 1977,
Corollary 4.8]. Thus under the assumptions of Theorem 0.1 (with C replaced by k') &’ is a translation by
the argument above, i.e., v’ : B’ — B’ is surjective. Since v’ is obtained by applying the functor k' ®y —
to v and since k' is a faithfully flat k-module we see that v : B — B is also surjective. Therefore ® is a
translation and we have:

Theorem 9.11. Let k be a field of characteristic zero and ® be a proper G,-action on the four-space Aﬁ

preserving a coordinate. Then ® is a translation in a suitable polynomial coordinate system.
Similarly the argument before implies the following.

Theorem 9.12. Let the assumptions of Theorem 0.2 hold with the only change that X and B are varieties
over some field k of characteristic zero (and not over C). Suppose also that ® is proper and the restriction

of ® to every fiber is a translation (as in Theorem 0.2 (3)). Then ® is a translation.

Conclusive Remark. In dimension 5 the analogue of Theorem 0.1 is not true by the second of Winkel-
mann’s examples in [Winkelmann 1990]. This raises the question of whether the properness is the right
condition for this type of problems. The author suspects that another condition may be more effective at
least in dimension 4, which leads to the following question:

13Recall that a universal domain is an algebraically closed field containing Q such that it has an infinite transcendence degree
over Q.
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Question. Suppose that the quotient of a free G,-action ® on C* is isomorphic to C. Is it true that ® is
a translation?
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Nonemptiness of Newton strata
of Shimura varieties of Hodge type

Dong Uk Lee

For a Shimura variety of Hodge type with hyperspecial level at a prime p, the Newton stratification
on its special fiber at p is a stratification defined in terms of the isomorphism class of the rational
Dieudonné module of parameterized abelian varieties endowed with a certain fixed set of Frobenius-
invariant crystalline tensors (“Gg,-isocrystal”). There has been a conjectural group-theoretic description
of the F-isocrystals that are expected to show up in the special fiber. We confirm this conjecture. More
precisely, for any Gg,-isocrystal that is expected to appear (in a precise sense), we construct a special
point whose reduction has associated F-isocrystal equal to the given one.

1. Introduction

Fix a prime p > 0, and for g > 1, let A, be the moduli space of principally polarized abelian varieties
of dimension g in characteristic p. Then the Newton stratification on A, is the stratification such that
each stratum consists of points x = (A,, 1) whose associated p-divisible group (A.[p°°], 1x[p*°]) with
quasipolarization is quasi-isogenous to a fixed one. The rational Dieudonné module D(X) of a p-divisible
group X over a perfect field k of characteristic p > 0 provides an equivalence of categories between the
isogeny category of (quasipolarized) p-divisible groups and the category of (quasipolarized) F-isocrystals.
An F-isocrystal (or simply isocrystal) over a perfect field k of characteristic p is a finite-dimensional
L (k)-vector space M with a o-linear bijective operator ® : M — M, where L(k) := Frac(W (k)) and o
is its Frobenius automorphism.

According to the Dieudonné—Manin classification, an isocrystal over an algebraically closed field
is determined by the slope sequence of ®. The latter combinatorial datum in turn can be faithfully
represented by a lower-convex (piecewise-linear) polygon with integral break points lying in the first
quadrant of Z2, which will be called the Newton polygon hereafter. In other words, the Newton polygon of
D(A,[p™>]) determines the quasi-isogeny class of A,[p*>°]. The existence of a quasipolarization forces the
Newton polygon of D(A,[p>]) to be “symmetric”. Then, it is a natural question to ask which symmetric
Newton polygon can be the Newton polygon of a point of A,. In fact, the Newton polygons arising from
points of A, in the way just described meet two more restrictions. First, when the initial point is located
at the origin, the end point is always (2g, g) € Z>. Secondly, it “lies above” the ordinary Newton polygon,
which by definition is the Newton polygon having two slopes (0, 1) with the same multiplicity g. Then, it
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has long been known (after it was conjectured by Manin) that any Newton polygon subject to these two
restraints is the Newton polygon of a point on A,; a proof can be found, e.g., in [Oort 2013, Corollary
7.8], which uses the Honda-Tate theory, and thus gives examples defined over finite fields.

The main result of this article is a generalization of this fact to more general moduli spaces of abelian
varieties, namely to Shimura varieties of Hodge type. First, we explain how each point in characteristic
p > 0 of a Shimura variety of Hodge type gives an F-isocrystal with certain additional structure. A
detailed discussion will appear in Section 2.

Let (G, X) be a Shimura datum of Hodge type. This means that there exists an embedding of Shimura
data (G, X) — (GSp(W, ¥), f)fgt) into a Siegel Shimura datum, in the sense that there exists an embedding
pw : G — GSp(W, ¥) of @-groups which sends each morphism in X to a member of $T; we fix such
an embedding. For a compact open subgroup K C G(Ay) (which will be tacitly assumed sufficiently
small), the associated (canonical model over the reflex field E(G, X) of the) Shimura variety Shg (G, X)
parameterizes polarized abelian varieties endowed with a fixed set of (absolute) Hodge cycles and a
K-level structure, and carries a universal family of abelian varieties A — Sk := Shg (G, X) equipped
with a similar set of (absolute Hodge) tensors on HC%R(A /Sk). To study its reduction modulo p, we fix a
prime g of E(G, X) and let O := O, be the localization at g of the ring of integers of E(G, X) with
residue field « (). To obtain an integral model over O with good reduction, we assume that Gg, is
unramified, which is equivalent to the existence of a reductive group scheme Gz, over Z, with generic
fiber Gg,. We choose one such model Gz, and set K, := Gz,(Z),) (such compact open subgroups of
G(Q)) are called hyperspecial). For K, we take K = K, x K” for a (sufficiently small) compact open
subgroup K7 C G(A?). Then, by [Vasiu 1999; Kisin 2010], it is known that there exists a smooth integral
model g := 8k (G, X) over O with generic fiber Sk, which is furthermore uniquely characterized by a
“Neron-extension property”. Also, this integral model carries a universal abelian scheme A over it by
construction. Then each point on the reduction Sx ® k() gives an F-isocrystal as follows.

Let z be a point of Sx ® k() defined over an algebraically closed field k, assumed (for simplicity)
to be of finite transcendence degree over F p- By smoothness of Sx and the moduli interpretation of
Sk, the Dieudonné module D(A;) is supplied with a set of Frobenius-invariant tensors {sy 0 ;}ac 7, and
there exists an L(k)-isomorphism between the dual space WY ® L(k) and D(A,) which matches the
G-invariant tensors on W" and the tensors {540 ;}oc7 On D(A;), which is thus canonically determined
up to the action of G ), on W/ ) (Lemma 2.2.5). Choosing such an isomorphism and transporting the
Frobenius operator @ to WLV(k), we get an element b € G(L(k)) such that ® = pyv (b)(idyv ® o), where
pwv : G — GL(WV) is the contragredient representation of the symplectic representation py fixed in the
beginning. Recall that two elements g;, g» of G(L(k)) are called o -conjugate if there exists h € G (L (k))
with g» = hg1o (h)~!. Then the o-conjugacy class [b] of b is independent of the choice of an isomorphism
WLV(k) — D(A,) just explained, and the isomorphism class of the F-isocrystal (D(A;), ®) equipped with
the Frobenius-invariant tensors {s¢,0,;}ac 7, called Gg,-isocrystal, corresponds to a unique o -conjugacy
class of elements of G(L(k)). If B(Gg,) denotes the set of the o-conjugacy classes of elements of
G(L(k)), there exists a subset B(Gq,, X) of B(Gg,) which is expected to be the set of isocrystals with
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Gq,-structure coming from points on Sx ®o k (¢). We remark that this is a subset of B(Ggq,) defined by
certain two conditions that are analogous to those discussed above in the Siegel case, and it turns out that
for any point of Sx ®e « (), its associated Gq,-isocrystal belongs to this subset B(Ggq,, X).

For [b] € B(G@p, X), let 8 be the subset of points of Sx ®o k (») whose associated G@p—isocrystal
is [b]. The main result of this paper is then that for every [b] € B(Gq,, X), Sp] 18 nonempty. Our proof
consists of finding a special point whose reduction has F-isocrystal equal to a given one. We recall that a
point [A, g7 - K] € Shg (G, X)(C) = G\ X x G(Ay)/K is called special if h € X factors through Ty
for some maximal @-torus 7' of G. Special points are known to be defined over @ C C and extend over
the valuation ring of an embedding @ — Q@ p for any reasonable integral model.

Theorem 1.0.1 (Theorem 3.2.1). Let (G, X) be a Shimura datum and p a rational prime. Assume that
Gaq, is unramified. Fix a hyperspecial subgroup K, of G(Q,) and a sufficiently small compact open
subgroup K? C G(A?);put K = K, x K?. Choose a prime p of E(G, X) above p, and an embedding
tp: Q@ — Q, inducing p.

(1) Forevery [b] € B(Gq,, X), there exists a special Shimura subdatum (T, h € Hom(S, Tr) N X) such
that Tg, is unramified and the o -conjugacy class of ,u;1 (p) € G(G:D‘;,r ) equals [b], and further, such
that the (unique) hyperspecial subgroup of T (Q),) is contained in K .

(2) If (G, X) is of Hodge type, for every special point [h, grlg € Shg (G, X)(Q) (defined for any
gy € G(Ay)), its reduction has F-isocrystal equal to [b].

The statement (1) here is in fact a combination of two statements (1) and (3) of Theorem 3.2.1.

The nonemptiness of Newton strata has been conjectured by Fargues [2004, Conjecture 3.1.1] and
Rapoport [2005, Conjecture 7.1]. Some partial cases confirming this conjecture were known. We only
mention previous works in two directions. For PEL-type Shimura varieties (which form a subclass of
Hodge-type Shimura varieties), this conjecture (i.e., nonemptiness of all Newton strata in B(Gg,, X))
was proved by C.-F. Yu [2005] in the Lie-type C cases, then by Viehmann and Wedhorn [2013, Theorem
1.6] in general, and by Kret [2012] for some simple groups of Lie type A or C. For a general Hodge-type
Shimura variety, to the best of the author’s knowledge, there are two partial results. First, Wortmann
[2013] showed nonemptiness of the p-ordinary locus, a generalization of the (usual) ordinary locus in Ay.
For projective Shimura varieties of Hodge type, Koskivirta [2016] proved the conjecture (nonemptiness
of all Newton strata).

While all these previous results on the nonemptiness of Newton strata, except for that of Kret, are
obtained by algebro-geometric methods in positive characteristic, which are sometimes of limited applica-
bility for Hodge-type Shimura varieties, we point out that the first claim of our theorem above is a purely
group-theoretic statement on Shimura data without any reference to the geometry of the Shimura variety.
When the Shimura datum is of Hodge type, this group-theoretic statement carries the geometric meaning
of the second claim (by Lemma 3.1.1). In this geometric interpretation of the group-theoretic statement
of the first claim, one does not need a fine geometric property of the integral canonical model Sk .
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We also point out that our method of proof of the theorem, more precisely that of constructing a special
point with certain prescribed properties, allows us to obtain some finer results. First, as is already apparent,
we prove more than just nonemptiness of Newton strata; namely, we show existence of a special point
whose reduction lies in any given Newton stratum. As another example, we also prove a generalization of
a result of Wedhorn [1999, (1.6.3)] (the first statement of the next result in the PEL-type cases of Lie type
A or C), using an argument different from the original one of Wedhorn (see Remark 3.2.5).

Corollary 1.0.2 (Corollary 3.2.3). Let (G, X) be a Shimura datum of Hodge type. Suppose that Gq,
is unramified and choose a hyperspecial subgroup K, of G(Q),). Let © be a prime of E(G, X) above
p- Then the reduction Sk ,(G, X) x k() has nonempty ordinary locus if and only if © has absolute
height one (that is, E(G, X), = Q). In this case, if the chosen embedding G — GSp(W, v) induces an
embedding Gz, — GL(Wz,) of Z,-group schemes, there exists a special point which is the Serre—Tate

canonical lifting of its reduction.

We remark (see 2.2.1) that the constructions of the integral canonical model by Vasiu and Kisin both
require this condition on the embedding G < GSp(W, ¥) to be satisfied. Finally, we remark that since
our methods of proof of the above results are purely group-theoretic (based on Galois cohomology theory
of algebraic groups), they are very likely to apply to more general Shimura varieties, particularly to
Shimura varieties of abelian-type and/or with nonhyperspecial level. We do not pursue such ideas in this
article, though.

This article is organized as follows. In Section 2, we review the construction of the canonical integral
model Sk (G, X) of a Hodge-type Shimura variety Shg (G, X) with hyperspecial level at p, due to Vasiu
and Kisin, and of the Newton stratification on its (good) reduction S (G, X) ® x (). We also recall the
definitions of Newton map and Kottwitz map for reductive groups over p-adic fields, which are needed to
define Newton stratification. Section 3 is devoted to the proof of the nonemptiness of Newton strata, by
constructing a special point with prescribed F-isocrystal. For that, we generalize (in Hodge-type situation)
a result of Kottwitz which identifies the Gq,-isocrystal of the reduction of a special point in terms of
the defining special Shimura datum. As a corollary of our method, we also obtain a criterion for when
the good reduction of a Shimura variety with hyperspecial level has an ordinary point, and prove that
in such cases, there always exists a special point which is the Serre-Tate canonical lifting of its reduction.

Notation. Throughout this paper, @ denotes the algebraic closure of Q inside C (so @ has a privileged
embedding into C). For a (connected) reductive group G over a field, we let G*° be the universal covering
of its derived group G, and for a (general linear algebraic) group G, Z(G) and G* denote its center
and the adjoint group G/Z(G), respectively.

2. Newton stratification on good reduction of Shimura varieties

In this section, we give an account of the construction of Newton stratification on the reduction of the
integral canonical model of a Hodge-type Shimura variety with hyperspecial level.
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First, we begin with a brief review of the Newton map and Kottwitz map, which are defined for connected
reductive groups over p-adic fields. For a reductive group G over a local field F and a conjugacy class
C of cocharacters of Gz, we define a certain subset B(G, C) of B(G), the set of all G-isocrystals.

2.1. G-isocrystals and the set B(G, C). In this subsection only, all algebraic groups considered will be
defined over p-adic fields.

Let k£ be an algebraically closed field of characteristic p, and let W (k) be its Witt vector ring and
Ko = L(k) the fraction field of W (k). Fix an algebraic closure K of Ky. Let F be a finite extension of
Q, in Ko, and denote by L the composite of Ko and F in Ko; for our application to Shimura varieties, the
most interesting case will be when k = F pand F =Q),, so that L = L(Fp). Denote by o the Frobenius
automorphism of L/F (i.e., the automorphism of L fixing F and inducing the g-th power map on the
residue field k of L, where ¢ € N is the cardinality of the residue field of F). Let G be a connected
reductive group over F. Put Galy := Gal(F/F).

2.1.1. Let B(G) be the set of o-conjugacy classes in G(L):
B(G)=G(L)/ ~,

where two elements x, y of G(L) are o-conjugated, denoted by x ~ y, if x = gyo(g)~! for some
g € G(L); the o-conjugacy class of b € G(L) is denoted by [b]. An element of B(G) is called an
(F-)isocrystal with G-structure.

To relate this notion to the previously introduced notion of F-isocrystal (i.e., a finite-dimensional
vector space U over L endowed with a o-linear bijection ® : U — U), let REPr(G) be the category of
finite-dimensional F-linear representations of G, and CRYS the category of F-isocrystals. Both are in a
natural manner F-linear Tannakian categories (for CRYS, see [Kottwitz 1985, §3]). An element [b] of
B(G) can equivalently be considered as an F-linear exact (faithful) tensor functor

REPF(G) > CRYS : (p, V) = (VR L, p(b) - (idy ® 0)),

for any representative b € G(L) of [b] € B(G); see [Rapoport and Richartz 1996, Remark 3.4(i)]. If
[b1] = [b2], there exists a natural transformation between the corresponding tensor functors. Then any F'-
isocrystal (U, @) of height n (i.e., dim; U = n) gives rise to an F-isocrystal with GL,-structure [Rapoport
and Richartz 1996, Remarks 3.4(ii)]. So, B(GL,) classifies the isomorphism classes of F-isocrystals
(U, @) of height n.

2.1.2. Let D be the pro-algebraic torus over Q, with character group Q. We define N'(G) to be the set
of o-invariants in the set of conjugacy classes of homomorphisms D; — G:

N(G) = (Int G(L) \ Homy (D, G))'“,

where (o) denotes the infinite cyclic group generated by o (and is endowed with the discrete topology).

For example, when G = T is a torus, we have N (T) = X*(T)galF,
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If T C G is a maximal F-torus with (absolute) Weyl group €2, there is a natural identification
N(G) = (Xu(T)a/ ™',

where the Galois action on X, (7T)g/ <2 is the canonical action.
Kottwitz [1985, §4] (cf. [Rapoport and Richartz 1996, Theorem 1.8]) constructs a map

v=vg:G(L) — Hom (D, G)

which is functorial in G. We call the induced functorial map v, defined on the category of connected
reductive groups over F, the Newton map:

ViB(-) = N(); vG([b]) =vG(b), b e[b].

Here, b € G(L) is a representative of [b] and \T(b) is the conjugacy class of vg (D).

When G = GL,,, the Newton map sends an F-isocrystal (U, ®) of height n to its Newton polygon,
which is represented in N (GL,) by the corresponding slope homomorphism; see Example 1.10 of
[Rapoport and Richartz 1996].

21.3. Let 71 (G) =m1(G, T) := X:(T)/ Y_ycg+ Za” be the algebraic fundamental group a la Borovoi,
where T is a maximal torus of Gz and R* C X*(T) is the set of roots of (G, T'). This is a Gal p-module in
a natural manner, and (as the notation suggests) is canonically attached to G only. The functor G — 7 (G)
is an exact functor from the category of connected reductive groups over F to the category of finitely
generated discrete Gal p-modules; see [Rapoport and Richartz 1996, 1.13]. Kottwitz [1990, §6] constructs

a natural transformation
k:B(-)— m(-)Ga (2.1.3.1)

of set-valued functors on the category of connected reductive groups over F, where (- )gal, is the
group of coinvariants for the canonical Galois action [Rapoport and Richartz 1996, 1.13]. For tori, for
which B(-) has an obvious abelian group structure, this map is an isomorphism [Kottwitz 1985, (5.5.1)]
(cf. [Rapoport and Richartz 1996, Theorem 1.15]).

2.1.4. In the following discussion, suppose given a G (F)-conjugacy class C of cocharacters into G 7 We
define a finite subset B(G, C) of B(G), following Kottwitz [1997, §6] (cf. [Rapoport 2005, §4]).
Choose a Borel pair (T, B) (i.e., T is a maximal F-torus and B is a Borel subgroup of G 7 containing
T). Let BR(G) = (X*(T), R*, X.(T), R,, A) be the associated based root datum and C C X.(T)g the
closed Weyl chamber associated with the root base A C R*.
Denoting by uz = ng(G, C) the (unique) representative in C of C, we set

A(G.C)=Galp g™ ) weC.

weGalp-ug

Here, the action of Galy on C is the canonical action. The G (F)-conjugacy class of cocharacters containing
(G, C) depends only on the pair (G, C) (i.e., is independent of the choice of a Borel pair (7, B)).
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Let 1% = u*(C) denote the image of ;v € X,(T) under the natural map

X(T) = m1(G)Gal, = (X*m /2> Zoﬂ)
aeR* Galp
for any cocharacter  of T lying in the conjugacy class C; u* depends only on the conjugacy class C,
and neither on the choice of a representative w in 7z nor on that of 7.
For a connected reductive group G over F and a G(F)-conjugacy class C of cocharacters into G 7

we define
B(G,C) :={[b]l € B(G) | kc([b]) = 1*, Vs ([b]) < (G, C)},

where < is the natural partial order on the closed Weyl chamber C defined so that v < v if v/ — v is a
nonnegative linear combination with real coefficients of simple coroots in X, (T )g [Rapoport and Richartz
1996, Lemma 2.2]. Also, here we use the canonical identification of X, (7 )q/ <2 as a subset of C.

One knows by [Kottwitz 1997, 4.13] that the map (v, «) : B(G) = N(G) x 71(G)gal, is injective;
hence B(G, C) can be identified with a subset of N'(G).

2.2. Integral canonical model and Newton stratification. Let (G, X) be a Shimura datum of Hodge
type. We assume given an embedding p : (G, X) — (GSp(W, ), $F) of Shimura data (i.e., there exists
an embedding pw : G — GSp(W, ¢) of (D-algebraic groups which sends each morphism in X to a
member of ﬁ?). Consider a compact open subgroup K of G(Ay) of the form K = K,K?, where K,
and K” are compact open subgroups of G(Q,) and G(A?), respectively. Choose a prime g of E(G, X)
above p and let Oy, be the localization at g of the ring of integers Og,x) of E(G, X). We also use
Shg (G, X) to denote the canonical model over E(G, X) [Deligne 1979, 2.2].

2.2.1. When K, is hyperspecial, Vasiu [1999] (cf. [Vasiu 2007a; 2007b]) and Kisin [2010] independently
constructed a smooth integral model 8g (G, X) over O, of the canonical model Shg (G, X). The
projective limit 8 k,(G, X) of 8 k,k»(G, X) over varying {K 7} is characterized, as a scheme over Oy,
uniquely by the extension property: for any regular, formally smooth O(,)-scheme §, every E(G, X)-
morphism Sk, x) — Shg, (G, X) extends uniquely over O(y).

Remark 2.2.2. This definition of the extension property is due to Kisin [2010, Theorem 2.3.8]. It differs
slightly from that of Vasiu, who uses, as test schemes, healthy regular schemes over Oy, [Vasiu 1999,
Section 3.2] instead of regular, formally smooth O)-schemes. But, when Gq, is unramified, every
regular, formally smooth scheme over Oy, is also healthy regular over Oy, because O, is unramified
over Z ) [Milne 1994, Corollary 4.7(a)] and every regular, formally smooth scheme is healthy regular
(if p > 2) over any d.v.r. unramified over Z(,), according to a lemma of Faltings (see [Moonen 1998,
Lemma 3.6]). Consequently, this difference (and related other minor differences) will not matter when
the extension property is invoked for such schemes.

In our work, we need a more precise description of the integral canonical model. Let Gz, be a reductive
group scheme over Z, with generic fiber Gg, and such that Gz,(Z,) = K. By [Kisin 2010, (2.3)],
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there exists a lattice Wz of W such that the embedding pq, : Gg, <> GL(Wg,) is induced by a closed

embedding
Gz, — GL(Wz,),

where Wz, := Wz ® Z,,. For K7 stabilizing W3 = Wz ® Z, one can find a compact open subgroup H =
HPH, C GSp(W, ¥)(Ay) with p(K) C H such that H stabilizes W5 and also that p : G < GSp(W, ¥/)
induces an embedding (of weakly canonical models of Shimura varieties)

Shg (G, X) <> Shy (GSp(Wz, ¥), H¥) ®q E(G, X).

For d € N and sufficiently small H, let A, 4 z denote the Mumford (fine) moduli scheme over Z[1/d]
which parametrizes abelian schemes endowed with a polarization of degree d and a level H -structure.
By replacing W7z by a scalar multiple of it, we may and do assume that ¥ is Z-valued on Wz; let
d :=[W5 : W7z] for the dual W; C W. Then, by taking sufficiently small K7 (so that H” is also so0), we
get an embedding of schemes

Shy (GSp(Wz, ¥), H75) = Aga -

By construction, 8k (G, X) is the normalization of the Zariski closure of the image of the resulting

embedding
Shg (G, X) = Ag a1 ®z,, Op)- (2.2.2.1)

From now on, when we talk about the canonical integral model Sk ,x» (with hyperspecial K ), we
will tacitly assume that K7 is small enough that the above conditions imposed are achieved.

Let Sk ® k() be the reduction of the integral canonical model Sx = Sk (G, X) at . Next, we define
the Newton stratification on this scheme, following [Rapoport 2005; Vasiu 2008] (cf. [Wortmann 2013]).
We fix an embedding ¢, : Q—Q » which induces the chosen prime g on E(G, X); such choice amounts
to fixing an embedding E(G, X), < Q p together with an embedding ¢, of E(G, X)-algebras.

2.2.3. For a vector space V, let 7 (V) be the tensor space attached to V:

T(V)= P v e ).
(s,H)eN?
An element of 7 (V) is called a tensor on V. Let {s,}qc7 be the set of tensors on Wg fixed under the
extended action of Gg <> GL(W) on T (W).

Let (wr : A — Shg, 1 4) be the pullback to Shxg = Shg (G, X) of the universal abelian scheme with a
polarization of degree d over A, 4 p; as usual, we assume K? to be sufficiently small for this to make
sense. We have the local system W := R' (7®"),Q of Q-vector spaces and the (analytic) vector bundle
We! .= Rl (m 2‘“)*91‘4C /Shk with Gauss—Manin connection (which is an integrable connection with regular
singularities). By Deligne’s theorem, the latter is the analytification of a unique algebraic vector bundle W
over Shg (in this case, the relative de Rham cohomology H(}R(A /Shg) = Rln*Q:‘ /ShK) with integrable
connection. Each tensor s, defines a global section s, p of the local system 7 (VW) and also a global
section sy qr Of the vector bundle 7" (Hd‘R (A/Shg)) [Kisin 2010, (2.2)].
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Now, let F D E(G, X) be an extension which can be embedded in C; we fix an embedding o : F—C
which extends the given embedding E (G, X) < C. For x € Shg (G, X)(F), let A, be the corresponding
abelian variety over F, and let Hj, (A,/F) and H (A, ®F F,Q ») denote the de Rham cohomology
of A, /F and the étale cohomology of A, ®f F, respectively. For each tensor s, € T(W), let s4.B.o. (x)
in 7 (Hé (00 (Ayx), Q)) denote the fiber of s, p at 05 (x) € Shx (G, X)(C). By the moduli interpre-
tation of the complex points of Shg (G, X) [Milne 1994, Proposition 3.9], there is an isomorphism
wY S Hé (Ao, (x)» @), uniquely determined up to action of G(Q), where G acts on W by the contra-
gredient representation. Moreover, sy B,o, (x) 1S the image of s, by any such isomorphism (in particular,
it does not depend on the choice of such isomorphism). For each prime /, let 54/ 5 (x) be the tensor in
T(HL(Ax ®F F, Q) which is the preimage of 4B 0., (x) under the canonical isomorphism

H{(A, ®F F, Q) > Hi(000(Ay ®F F), Q) = Hy(000(A,), Q) @ Q, (2.2.3.1)

where the first isomorphism o is the proper base change isomorphism in étale cohomology. The image
of Sq.B,0.,(x) Under the comparison isomorphism

Hi(000(Ay), @) @ C = Hiz (A ®F.q,, C/C)

is the stalk Sy 4R, (x) at 0o (x) Of the section sy gr Of T(Hle(A /Shg)). As the algebraic vector bundle
Hle(A/ShK) is defined over E (G, X) [Kisin 2010, Corollary 2.2.2], s0 1S 050 (S¢.dR.x ), the base change via
000 Of the stalk 54 dr,x Of 54,dr at x. Set Hy'(Ay) := Hyg (A /F) x I H (A, Q) and Q(1) := F xAf(1),
where A¢(1) := (lim, u,) ®z Q (as usual, u, :={¢ € F | ¢"=1})), and let T(HA{(AX), Q(1)) be the
tensor space generated by these F' x A r-modules Hy' (Ay), Q(1) (and their duals) [Deligne et al. 1982,
Chapter I, §1]. Then, the element

(S(x,dR,x’ Sa,ét,000(x) = (Soz,l,ooo(x))l)
of T(HA{(AX), (1)) is an absolute Hodge cycle on A, [Deligne et al. 1982, Chapter I, §2].

2.2.4. Now we show that every geometric point z € Sx @ F p(k) (with k = k, chark = p) gives rise to a
Gq,-isocrystal over k, i.e., a o-conjugacy class of elements in G(L). Here, we assume that L (k) can be
embedded in C; for example, this is the case if k has finite transcendence degree over [,,. The p-divisible
group (A [p™], Aa [p™]) with quasipolarization gives rise to an F-isocrystal over k equipped with a
(Az/W(k)) of
A, with quasipolarization A, is a quasipolarized F'-crystal (M, ¢, (,)): M is a free W (k)-module of rank
2dim A;, ¢ € Endz,(M) is a o-linear endomorphism such that pM C ¢ (M), and (, ) : M x M — W (k)
is an alternating form with the property that (¢ (v1), ¢ (v2)) = p(vy, v2)? for vy, v € M.

To proceed, we fix an embedding E(G, X), < L(k), and thus an identification E(G, X), = L(F,) as
well, where [, is the residue field of O(y,). Then there exists a lift of z : Spec(k) — Sg ®, k to Spec(W (k)),
since 8k (G, X) is smooth over Oy, and Oy, is unramified over Z,, [Milne 1994, Corollary 4.7]. We
choose one, say x : Spec(W (k)) — Sk, and set (A, Ay) := x*(A, A4).

nondegenerate alternating pairing. More precisely, the crystalline cohomology M := HclriS
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Lemma 2.2.5. Foreacha € J, let s40.x € T(M Qw) L(k)) denote the image of sy dr.x (the stalk at x
of Sq.dr) under the canonical isomorphism HJR(AX/L(k)) =M Qww) Lk).

(1) The tensor sq . x is a crystalline cycle, namely sq 0., belongs to the F O_filtration of T(M @ L(k)) and
is fixed under the Frobenius ¢, where the filtration on T (M ® L(k)) is the one transported from the
Hodge filtration on T(H(}R(AX/L(k)) by the canonical isomorphism M @ L(k) = HC}R(AX/L(k)).

(2) The triple
MQF, P, (54,0,x)acT)

depends only on z, not on the lift x; let us write s4.0,; for sq.0.x. There exists an L(k)-isomorphism
WY ®q L(k) = M Qw) L(k) (2.25.1)
which maps s t0 S40.; for every o € J.

Proof. (1) This is well-known. Originally, this statement was proved by Blasius, Ogus, and Wintenberger
independently (see [Blasius 1994, §5]) when x was defined over a number field, as a consequence of the
fact that the Hodge cycles on an abelian variety over a number field are de Rham and the compatibility
of the crystalline and de Rham comparison isomorphisms [Blasius 1994, 5.1(5)]. Then Vasiu [2008,
Section 8] generalized it to arbitrary fields.

(2) As before, we choose an embedding o : L(k)— Cof E(G, X )-algebras. We have seen that for
each o € J, the image of s, under the comparison isomorphism

WY ®C > Hi(000(Ax), @ ® C > Hyg (Ax/L(K) ®Lk).00 C (2.2.5.2)

1S 0o (Ser.dR,x) = Se.dr x @ 1 (a section of T(Hle(Axr/L(k))) ®L(k),0., C); recall that the first isomorphism
is unique up to the action of G(Q) on W". Next, for any two lifts x, x" over W (k) of z, the composite of
the canonical maps

Hix(Ay/L(k) = Huy (A/ W (k) ® L(k) = Hyg(Ay/L(k))

cris

is given by parallel transport with respect to the Gauss—Manin connection [Berthelot and Ogus 1983,
Remark 2.9]. As 0 (Sa,dr,y) for y = x, x" are the stalks of a horizontal global section s, g of the local
system 7 (Wc), we see that under the composite map at hand, 0o (S¢.dr,x) MUSt map to 0oo (Se.dr,x’). This
proves that the triple (M ® L(k), ¢, (S¢.0.x)acy) 1s independent of the choice of lift x. Let us write 54,0,
for sq.0.x (¢ € J).

Now, the functor defined on L(k)-algebras

R Isomg (W[ ® R, {s¢ ®1}), (M ® R, {s4,0.. ® 1}))

of isomorphisms between WY ®q L (k) and M = H!

cris
represented by a scheme which is nonempty since it has a C-valued point, as was just seen, and thus is a

(A;/L(k)) taking s, to 54,0, for every o € J is

torsor over L(k) under G ). Since H YLk), G L)) = {0} (Steinberg’s theorem), this torsor is trivial,
namely has an L (k)-valued point. O
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Therefore, when one chooses an isomorphism as in (2.2.5.1) and transports the o -linear map ¢ to
WY ® L(k), we obtain an element b € G(L(k)) with

¢ = pwv(b)(idyv ® o),

where pwv : G < GL(W") denotes the contragredient representation: indeed, both ¢ and idyv ® o (thus
pwv (b) as well) fix each s, ® 1 € T(WY ® L(k)). Although b depends on the choice of an isomorphism
(2.2.5.1), its o-conjugacy class [b] € B(Gq,) is independent of such choice. This shows that the F-
isocrystal over k attached to z is an Gg,-isocrystal. For an arbitrary point z of Sk (G, X) ® k (), we
define the F'-isocrystal attached to z to be the F-isocrystal of the geometric point in Sg (G, X) (k) induced
from z for any algebraically closed field k containing the residue field « (z) of z. The resulting F'-isocrystal
does not depend on the choice of k’; see [Viehmann and Wedhorn 2013, §8; Rapoport and Richartz 1996,
Lemma 1.3]. In this way, we obtain a (set-theoretic) map

®:8k (G, X) ®«k(p) — B(Gq,)-

By the same argument (applied to Sh(7', &) instead of Sh(G, X)), we see that if o,(x) is a special
point, i.e., 050 (x) = [h, g¢] € Shg (G, X) (000 (F)) for some h € X factoring through a maximal Q-torus
T of G, the Gg,-isocrystal (attached to its reduction z € S8k (G, X)) has a representative in T (L).

Finally, we remark that although our definition of the F-isocrystal attached to a point of Sg (G, X) (k)
uses cohomology spaces, one can equally work with homology spaces, as adopted by other people (such
as Viehmann and Wedhorn [2013]). This does not alter the definition of the map ®.

2.2.6. With every Shimura datum (G, X), there is associated a natural G (C)-conjugacy class ¢(G, X) of
cocharacters of G¢, namely that containing the Hodge cocharacter ,u,?l :=h~!g,,, where Gy, refers to
the factor of (Res¢/rGm)c = ]_[Gal(C /&) Gm corresponding to the identity embedding of C. Recall that
we fixed an embedding ¢, : Q < Q,, inducing the chosen prime p on E(G, X) and Q is given as a
subfield of C. As is well-known, this choice allows us to consider ¢(G, X) as a G(Q p)-conjugacy class
of cocharacters of G@p; we continue to denote it by ¢(G, X).

Put B(Gq,, X) := B(Gq,, ¢(G, X)) (the subset of B(Gg,) defined in 2.1.4 for C = ¢(G, X)) and
(Ga,. X) :=i(Ga,, (G, X)).
Proposition 2.2.7. Let (G, X) be a Shimura datum of Hodge type and K = K ,K? C G(Ay) a compact
open subgroup. Suppose that G is unramified over Q,, and K, C G(Q,) is hyperspecial.

(1) The image of © : 8k (G, X) @k (p) — B(Gq,) is contained in B(Gq,, X).

(2) For [b] € B(Gq,), the subset
Sy == O~ ([b])

is locally closed inside Sk (G, X) @ .

For (1), see, e.g., [Viehmann 2015, Theorem 3.7], and for (2), [Vasiu 2011, 5.3.1].
Endowed with reduced induced subscheme structure, the subvarieties Sp) of Sx (G, X) ® F p are called
the Newton strata of Sx (G, X).
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Rapoport [2005, Conjecture 7.1] conjectures the following.
Conjecture 2.2.8. Im(®) = B(Gq,, X).

Remark 2.2.9. (1) It is known (see [Rapoport and Richartz 1996; Chai 2000]) that with respect to the
partial order < on B(Gq,, X), there exist a unique maximal element, called the j1-ordinary element, and a
unique minimal element, called the basic element. The w-ordinary element is just (the o-conjugacy class
in B(Gq,, X) with Newton point) it(Gq,, X); itis clear from the definition that i(Gg,, X) € B(Gq,, X).
Previously, nonemptiness is known for these two special strata. For the p-ordinary locus, this was first
proved by Wedhorn [1999] in the PEL-type cases, using an equicharacteristic deformation argument (which
is thus yet unavailable for Hodge type Shimura varieties) and by Wortmann [2013] for general Hodge-type
cases, along the lines of [Viehmann and Wedhorn 2013] comparing the Newton stratification with the
Ekedahl-Oort stratification. There was also a group-theoretic approach of [Biiltel 2001]. Nonemptiness
of the basic locus in the PEL-type cases was shown in [Fargues 2004].

(2) The Newton stratification on Shimura varieties has been a research topic of intensive study with
constant progress and outputs. We refer the reader to the recent survey article [Viehmann 2015] on the
current status of research (updating the reports by Rapoport [2003; 2005]). Here, we just mention one
question directly related to our work, namely the dimension of Newton strata (the result on which either
assumes or subsumes the nonemptiness of stratum). There is a conjectural formula for the (co)dimension
of each Newton stratum [Chai 2000, Question 7.6; Rapoport 2005, p. 296]. This conjecture was inspired
by the result of Oort [2001, Theorem 4.2] confirming it in the Siegel case, and was proved, among
others, in the general PEL-type case by Hamacher [2015]; with our nonemptiness result, his recent work
[Hamacher 2017] also establishes this formula in the general Hodge-type case. Also, the result of [Kret
2012], alluded to in the introduction, in fact establishes nonemptiness of Newton strata by proving this
formula in the simple PEL-type cases of Lie type A or C; his result, however, depends on the resolution
of the Langlands—Rapoport conjecture [Kisin 2017] and the stabilization of the twisted trace formula.
There is also a work of Scholze and Shin [2013, Corollary 8.4] of similar flavor.

(3) We do not know yet if our definition of the Gg,-isocrystal is a Gg,-isocrystal on Sk ® k() in the
sense of [Rapoport and Richartz 1996, §3]. Due to this flaw, some basic properties on Newton stratification
that are known for PEL-type Shimura varieties, such as the Grothendieck specialization theorem, are not
yet established for Hodge type Shimura varieties. For some known properties, we refer to [Rapoport
2003; Vasiu 2008].

3. Proof of nonemptiness of Newton strata

We keep the notation from the previous section; in particular, we chose an embedding ¢, : Q—Q »
inducing o on E(G, X). In this section, we prove the main result, namely that for any Gg,-isocrystal
[b] lying in B(Gq,, X), there exists a special point in Shg (G, X)(Q) such that the F-isocrystal of its
reduction is [b]. For that, we give a generalization of a result of Kottwitz [1992, Lemma 13.1] (in the
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PEL-cases) which identifies the Gg,-isocrystal of the reduction of a special point in terms of the special
Shimura subdatum defining the point.

3.1. Gq,-isocrystal attached to special points. We recall that for a torus 7" over a nonarchimedean local
field F, there exists a unique maximal compact subgroup of 7'(F) (which is also open). In fact, T has a
canonical integral form 7 over OF such that for every finite extension F’ of F, the maximal compact
subgroup of T(F’) is T(Op/). If E is a finite Galois extension of F splitting 7, the maximal compact
subgroup of T(E) = Hom(X*(T), EX) (=~ (E*)¥MT) is T(Or) = Hom(X*(T), OF) (=~ (03)4mT);
furthermore, we have 7(Or) = Homgag,/r)(X*(T), O). If T is unramified over F, 7(Op) is the
unique hyperspecial subgroup of 7' (F) (see Theorem 1 and the discussion after Proposition 2 in §10.3 of
[Voskresenskii 1998]; also see [Tits 1979]). We will also write simply 7 (OF) for 7 (OFf).

Now, let x = [h, k¢] € Shg (G, X )(Q) be a special point, namely & € Hom(S, Tg) N X for a maximal
Q-torus T of G and ky € G(Ay). Then, ¢,(x) € Shg (G, X) @ p) extends (uniquely) to an O, -valued
point of the integral canonical model Sk, where O, is the valuation ring of @ defined by ¢,. This
is due to the construction of Sk as the normalization of the Zariski closure of the image of a natural
embedding Shx (G, X) < Ag 4.1 ®z,) O(p) (as provided by (2.2.2.1)). Indeed, the image of x under
such an embedding is a polarized abelian variety of CM-type; thus, it extends to an O, ,-valued point
of Ag 4.5. Since the morphism 8g (G, X) — Aga.n ®z, O(p) of O(p)-schemes is finite (as the target
is an excellent scheme), the claim follows by the valuative criterion of properness applied to a suitable
normal model over Oy, of Shg/(T, h) for K’ C T(Ay) N K a compact open subgroup. Set L := L(I]_:p).

Lemma 3.1.1. (1) The Gq,-isocrystal of the reduction z of 1,(x) € Shg (G, X)(O,,) is the image of
—Hh € X*(T@p)Gal@p under the natural map X*(T@p)GaIQP = B(Ta,) — B(Gq,), where the first
isomorphism is the inverse of the isomorphism KT, : B(Tw,) 5 X *(T@p)Gal(Qp (2.1.3.1).

(2) If Ta, is unramified and the (unique) hyperspecial subgroup T (Z,) of T(Q)) is contained in K,

then 1,(x) is defined over an unramified extension E' of E(G, X), and extends uniquely over O

It follows readily from [Kottwitz 1985, 2.5] that the G g -isocrystal of the reduction z is represented by
Nmg g, (1(wp)) ™ € T(L),

where E = E(T, h), for the prime p of the reflex field E(T, h) induced by ¢,, Ep C E is the maximal
unramified subextension of Q,, Nmg,g, : T(E) — T (Ey) is the Norm map, and g is a uniformizer
of E.

Proof. (1) This was proved by Kottwitz [1992, Lemma 13.1] in his PE(L)-type situation. In our general
Hodge-type situation, we adapt his arguments; incidentally. We already observed that the F-isocrystal of z
is represented by an element of 7'(L). Before entering into a detailed proof, we briefly explain the strategy
of Kottwitz’s proof [1992, §12—13]. It consists of two parts. First, with any @ ,-torus (7’, i’ € X,(T"))
endowed with a cocharacter, he constructs a certain 7"'-isocrystal, i.e., a Q,-linear exact tensor functor

0 REP, (T') —> CRYS (3.1.1.1)
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(see Section 2.1) and identifies it (via the isomorphism k7 : B(T') = X, (T’ )Galg, (2.1.3.1)); this part of
his argument applies to any torus over a p-adic field endowed with a cocharacter. Next, he specializes the
pair (T’, ') to the one (Tg,, 1) coming from a special Shimura subdatum (7', h) of (GSp(W, ), Hh),
and in this case obtains the geometric interpretation E7q,, u(Wa,) = H{"™(A;/L), where W, refers
to the representation of Tg, given by the chosen embedding 7 < GSp(W, ¥) and H™ (A./L) is the
F-isocrystal dual to Hclris(AZ /L) for the reduction z of ¢, (x) [Kottwitz 1992, Lemma 13.1]. Here, Kottwitz
works with special Shimura-subdatum defined by a PEL-datum, but one easily checks that this statement
continues to hold for any special Shimura subdatum of (GSp(W, ), %) (we will justify this shortly).
Finally, a standard argument of Tannakian theory gives an isomorphism

f(Wa,): H™(A./L) > W, ® L

of L-vector spaces; this is obtained by identifying some two L-valued fiber functors of the Tannakian
category REPq, (T"), from which it follows (cf. Section 2.1) that the Frobenius automorphism H fris(AZ /L)
transfers to bo with b € T'(L) via such isomorphism. Our main job then consists in verifying that in a
general Hodge-type situation, such an isomorphism f(Wg,) still qualifies as an isomorphism of (2.2.5.1),
namely that under the induced map f(Wq,)" : W) = H

cris

(A;/L), for each @ € J, the tensor s, goes
over to the crystalline cycle sy o, of Lemma 2.2.5(2).

To justify these claims in detail, we begin by recalling the construction of the functor &z, (3.1.1.1).
Let FCQ » be a finite extension of @, and 77 the category of tori over @, split by F. The functor
T — X,.(T) is an equivalence of categories between TF and the category of Gal(F/Q,)-modules that
are free of finite rank as abelian groups. Then, for any object 7’ of 7% endowed with a cocharacter
' € X (T'), one defines a Q,-linear exact tensor functor

Er,uw : REP, (T") — CRYS (3.1.1.2)
as the composite of two Q) ,-linear exact tensor functors
o7, - REPq, (T") — CR(F), D: CR(F) — CRYS,

where CR(F) is the neutral Q,-linear Tannakian category of finite-dimensional crystalline representations
of Gal(Q »/F"), where F'' C Q p 1s the maximal unramified subextension of F. Here, the first functor
o . 18 dual to a certain natural homomorphism

prw : Gal(@Q,/F') — T'(Q,) (3.1.1.3)

that is constructed from (7”, ') in [Kottwitz 1992, §12]. The second functor D is the Dieudonné functor
in the Fontaine—Messing theory: for a finite unramified extension £ (C F") of F and a crystalline
representation V of Gal(Q »/E),

D(V) = (Buris ®a, V)& @/E,



Nonemptiness of Newton strata of Shimura varieties of Hodge type 273

where B is the crystalline period ring of [Fontaine and Messing 1987]. Then, in view of [Kottwitz
1985, 2.5], Lemma 12.1 of [Kottwitz 1992] says that, regarding 87, as an element of B(7"), one has
the equality

ET/,I/L/ = —I,L

under the isomorphism k77 : B(T') = X*(T/)Gal@p (2.1.3.1).
In the geometric situation where (77, 1) = (Tg b n), we claim that one has a canonical isomorphism

of F-isocrystals .
ETQP,M}«, (W@p) = ans(AZ/L)v

where H{™(A,/L) is the F-isocrystal dual to H!, (A./L), i.e., the linear dual Homy (H!, (A./L), L)
equipped with the Frobenius operator ®1(f)(v) := p~!1-2f(Vv) for f € chris(AZ/L) andv e Hclris(AZ/L)
(V being the Verschiebung operator on HclriS
and Messing 1987] and [Faltings 1989], it is sufficient to show that the (crystalline) representation
Gal(@p/F‘“) — T, GL(Wg,) (3.1.1.3) is isomorphic, via some isomorphism Wdi, = Hélt(tp (Ay), Qp),
to the canonical Galois representation Gal(Q,/F"") — GL(Hlé‘(LP(Ax), Q,)), where Hf‘(tp(Ax), Q)

is Hé]t(t »(Ay), Qp)Y (linear dual). The moduli interpretation of Shg (G, X)(C) provides an isomorphism

(A;/L)). In view of the comparison theorem of [Fontaine

wY = Hé (A, @), uniquely determined up to action of G(Q). There exists such an isomorphism
under which the Hodge structure # : C* — GL(W)g corresponds to the defining Hodge structure
hy :C* — GL(Hé (Ay, Q) of Ay; we fix one, say 6. The induced isomorphism

Wy, = Hg(Ar, @) @ @) = He(1(Ad), Q) (3.1.1.4)

will be what we want. Under such isomorphism, the Galois representation Gal(@ p/F") — Tg, 3.1.1.3)is
identified with the one attached to the pair (7, &, ) by the same procedure in [Kottwitz 1992, §12], where
T, :=Int(6)(T) C GL(HI; (Ax, @)). Therefore, given these, the claim at hand follows readily from a result
in the theory of complex multiplication of Shimura and Taniyama, which says that when ¢,(A,) is defined
over a finite extension F of @, the canonical Galois representation Gal(F ab/Fy - GL(H lét(l p(Ax), Q)
composed with the isomorphism F* = Wf}b in local class field theory (normalized in such a way that the
geometric Frobenius automorphisms map to uniformizers) is

e B my; ONME/E@ W, F* = E(T, h)y — (T,

where E(T, h) is the reflex field of (T, ;) and p is the place of E(T, h) defined by ¢, : Q— @p (so
that E(T, h), C F); see [Chai et al. 2014, A.2.5.3, A.2.5.8, (1), and A.2.4.5].

From ET@p,uh (defined for (77, F, u') = (Tq,, F, us)), and the obvious fiber functor CRYS — VEC, :
(U, @) — U, we get a fiber functor over L: w; : REPq,(Tg,) — VECL. By Steinberg’s theo-
rem (H'(L,T;) = {0}), this nonstandard fiber functor is isomorphic to the standard fiber functor
wo : CRE?@I)(T@I)) —>VECL: (p, V)V ®q, L; we fix such an isomorphism f : w; = wp. Then, we
have seen that there exists b € T'(L) such that

(HS(AL/L), ®1) =~ (W ® L, pw (b)(idw ® 0)),
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via the induced isomorphism f(Wg,) : @1(Wg,) = HfriS(AZ/L) = wo(Wg,) = Wg, ® L, and that
[b] = —u' € X*(T/)Gal@p under the isomorphism k7 : B(T') = X*(T/)Gal@p (2.1.3.1). Also note in
passing that Hclris(Ax/L) ~ (WY Q®L, pwv(b)(idyv ® 0)). Therefore, to prove statement (1), we only
need to show that for any isomorphism f : w; = wy of fiber functors, f(Wg,) : chriS(AZ /L) = Wi
qualifies as an isomorphism of (2.2.5.1) (i.e., an isomorphism compatible with tensors). We remark that
in the PEL-type setting, the tensors involved were morphisms in (abelian) categories, so this was obvious.
In a general Hodge-type case, however, the proof of this fact requires a nontrivial fact [Blasius 1994] that
the Hodge cycles on abelian varieties over number fields are de Rham.

In more detail, we consider each tensor s, as a morphism sy : 1 — ng in REPq, (Tg,), where 1
is the trivial representation Q, (which is an identity object of the tensor category REPq, (Tp,)) and
ng denotes some specific object of REPq, (Tg,). Applying the functor E7q,. i WE get 2 morphism
s ET@,,,WI 1) — ET@,wﬂh(Wg,,) in CRYS. As ET@p,/Ln (1) is the trivial F-isocrystal (L, o), again this is
equivalently regarded as a crystalline tensor on Er, ., (Wo,) = H{™(A;/L). Moreover, as f : w1 — wo
is an isomorphism of fiber functors, we have a commutative diagram of L-vector spaces:

S/

o1 (1) — o1 (Wg)

F ] ~ ~ L FOVE)
S,

wo(1) — wg(We)

So, it remains to check that the crystalline tensor s;, on Hclris(AZ /L) equals the crystalline cycle sq4.0 ¢, 1.€.,
(A;/L) = Hig(A/L)).
First, it follows from the previous discussion that the image of the tensor s, : 1 — WS’F under the

the de Rham cycle s4,4r,x On Hle(A x/L) (under the canonical isomorphism HclriS
functor p;@p’ h is its image under our chosen identification Wdi, = Hélt(L p(Ax),Qp) (3.1.1.4). As this
identification is induced from an isomorphism WY = Hé (A, Q) provided by the moduli interpretation
of Shg,k»(G, X)(C), the image tensor equals the tensor sy, p oy ) : 1 — Hlét(Lp(Ax), Q,)®. This is
the p-adic component of the absolute Hodge cycle (sq.dRr,x» (Sa,l,0.,(x))1)- Then, since the étale and
the de Rham component of an absolute Hodge cycle on an abelian variety over a number field match
under the p-adic comparison isomorphism, from which the second functor D is induced [Blasius 1994,
Theorem 0.3], the image of 54, .. () under the functor D must be sq dr x : 1 — HX(A,/L)®. So, we
have just proved that s, = E,,, (S¢) = Sa,dR,x, and consequently statement (1).

(2) The statement on the field of definition is an easy consequence of the reciprocity law characterizing the
canonical model of Shimura varieties [Deligne 1979, 2.2] and local class field theory. For any compact open
subgroup K’ contained in 7' (A )N K, there is a natural map Shg/ (T, h) — Shx (G, X) Qg G, x) E(T, h) of
weakly canonical models of Shimura varieties [Deligne 1979, 2.2.5]. Hence, it suffices to show that for the
compact open subgroup K’ =T(Z,) x K'? for any K'? C T(A”)N K?, the connected components of the
finite scheme Shg/ (T, h) over E(T, h) are defined over an (abelian) extension E’ of E(T, h) such that the
prime p’ of E” induced by ¢, is unramified over . The action of Gal(Q/E(T, h)) (which factors through
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the topological abelianization Gal(E (T, h)ab/E(T, h))) on the group Shg/ (T, h)(@) =T@\T(Ap)/K’
is given by (the adelic points of) the reciprocity map [Deligne 1979, 2.2]

Resg(r.nya(n) Ne.no
T - Resgr ny@(Gme,ny) ————— Resgrnyo(TeGny) ——— T (3.1.1.5)

via class field theory: for p € Gal(E(T, h)gb/E(T, h)y) = E(T, h);f and [t]g € Shg (T, h)(pr) =
T(@)\T(Ay)/K’, one has
pltl =117, (0) 7],

where one uses the convention that under the identification Gal(E (T, h)gb J/E(T, h)p) = E(T, h)px, the
geometric Frobenius corresponds to a uniformizer of E(T, h),. Obviously, the image in 7'(Q,) under the
map rr,,, of the unit group (Ot n ® Z,)* is contained in the maximal compact open subgroup 7'(Z ).
As Gal(E(T, h)gb/E(T, h)gr) = ((’)E(T’h))pX C (Og(r,n ® Z,)*, this proves the claim. Then, by the
extension property [Kisin 2010, 2.3.7] and Remark 2.2.2 of the integral canonical model, x extends to an
Op-valued point of Sk . O

Note that when the conditions of (2) hold, the “good reduction at ¢, of the special point follows
from an intrinsic property of the integral canonical model (i.e., the extension property), rather than its
construction.

3.2. Construction of special Shimura data with prescribed F-isocrystals.

Theorem 3.2.1. Let (G, X) be a Shimura datum (not necessarily of Hodge type) such that Gq, is
unramified and K , = Gz,(Z ) a hyperspecial subgroup of G(Q,).

(1) Forevery [b] € B(Gq,, X), there exists a special Shimura subdatum (T, h : S — Tg) such that
VGq, ([D]) : N (uen)
v =———Nm .
Ga, [F:0,] F/Q,(ln
Here, the right-hand side is the image of the corresponding quasicocharacter under the canonical
map X*(T)gal@l’ =N(Ta,) — N(Gq,) and F C @p is the field of definition of 1 € X+(Tq,).

(2) If (G, X) is of Hodge type, for every [b] € B(Gq,, X), there exists a special Shimura subdatum (T, h)
such that for any gy € G(Ay), the reduction (at v) of the special point [h, g1k, € Shk,(G, X) (Q)
has the F-isocrystal equal to [b].

(3) Furthermore, we may find such a special Shimura subdatum (T, h) with the additional properties
that Tg, is unramified and T (Z ) C K.

The additional properties in statement (3) specify the prime-to-p isogeny class of the reduction of a
special point defined by such (7', &), not just its Q-isogeny class; such finer information has an amusing
application (see Corollary 3.2.3).

Proof. (1) Our proof consists of two steps. Fix a rational prime [ # p.
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Step 1. We claim that for an arbitrary maximal Q,-torus 7" of Gaq,, there exist a maximal Q-torus Ty
of G such that (7p)q, is elliptic in Gq, for v =00,/ and (Tp)g, = Int(g,)(T’) for some g, € G(Q)).
Then, for such Ty, we will shortly find u € X, (Tp) satisfying the following conditions:

we X (Ty) Ne(G. X) and Tgy, ([b]) = Nmg/a, (1. (3.2.1.1)

[F:Qp]
Here, in the equation on the right, F is any extension of Q, splitting (7p)q, ; note that the quasicocharacter
itself remains the same if we take F to be a field of definition of .

First, to find a maximal Q-torus Ty of G with the required properties, we consider the following three
sets:

Xy = {x € G*(Qy) | x is regular semisimple and Centg (x) is elliptic in Gg,}, (v=00,1);

X, ={x € G*(Q,) | x is regular semisimple and Centg (x) = Int(g,)(T") for some g, € G(Q))}.

These sets are all nonempty: for v = oo, this follows from Deligne’s condition on Shimura data [Deligne
1979, (2.1.1.2)], and for v =/, from [Platonov and Rapinchuk 1994, Theorem 6.21]. They are also open in
the real, /-adic, and p-adic topology, respectively: for two sufficiently close regular semisimple elements,
their centralizers are conjugated (cf. [Biiltel 2001, proof of Lemma 3.1]). So, by the weak approximation
theorem, there exists an element x € G (Q) which lies in all of them. Its centralizer Tj := Centg(x) is
then the desired maximal torus.

Secondly, existence of a cocharacter u € X, (7p) satisfying the conditions (3.2.1.1) is established in
Lemma 5.11 of [Langlands and Rapoport 1987]. (See [Lee 2016, Proposition 4.2.4] for another proof.)
We remark that this proof of Langlands—Rapoport uses, as the input condition, nonemptiness of the affine
Deligne-Lusztig variety X (c(G, X), b) K, attached to the tuple (G@p, c(G, X), K,, [b]):

X(e(G, X), b)k, :=1{gGz,(O1) € G(L)/Gz,(O1) | ¢ 'bo(g) € Gz,(Op)(p)Gz,(Op)},

where w is any morphism G 0, — Gz, ® O lying in ¢(G, X). But [Wintenberger 2005] shows that
[b] € B(Gq,, c(G, X)) implies such nonemptiness.

Step 2. Next, for any maximal Q-torus 7y of G, elliptic at R, and each cocharacter 1 € X, (Tp) Nc(G, X),
we claim that there exists u € G(Q) such that

(1) Intu : (To)g <> Gg is defined over Q and the Q-torus 7 := Intu(7p) is elliptic in G over R,
(i1) Intu(w) equals M;l for some h € Hom(S, Tr) N X.!

Moreover, if (Tp)q, is elliptic in Gg, for some [ # p, there exist such u € G(@) and & € X which satisfy,
in addition to these properties, that

(iii) there exists y € G(Q),) such that (Ta,, u}j]) =Inty((To)a,, 1)-

Our proof is an adaptation of the argument of [Langlands and Rapoport 1987, Lemma 5.12]. Let 7 be
the inverse image of (TN G%")? under the canonical isogeny G*¢ — G, and pick any morphism hg € X

IRecall our convention that ¢(G, X) is the conjugacy class of cocharacters into G¢ containing pc;1 for some h € X.
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factoring through (7p)r, which exists since (Tp)g is elliptic in Gg and any two elliptic maximal tori in
any connected reductive real algebraic group H are conjugate under H (R). Choose w € Ng(Tp)(C) such
that u = w(u;ol); we may find such a w in Ngs (7;°)(C) as the Weyl groups of G and G* are the same.
This gives us a cocycle a® € Z'(Gal(C/R), G**(C)) defined by

af’ozw-t(w_l)

for all « € Gal(C/R). As a matter of fact, this has values in 7;j°(C). Indeed, by [Shelstad 1979, Proposi-
tion 2.2], the automorphism Int(w™') of (Ty)c is defined over R, so

Int(w™H (7)) = c(nt(w™H1) = Int(w ™) (1))

for all € T3°(C), i.e., c(w)w™! € Centgse (T3)(C) = T;°(C), and so is we(w™') = t((w)w™"). Then,
by Lemma 7.16 of [Langlands 1983], there exists a global cocycle

aez'(Q, T

mapping to > € H'(R, T5°). When (Tp)q, is elliptic in Gg, for some [ # p, then the following lemma
ensures the existence of a cocycle a € Z'(Q, T) mapping to o> € H (R, T;°) and further to zero
in H1(Q p» 15°). For a finitely generated abelian group A, let Ao be the subgroup of its torsion elements.

Lemma 3.2.2. (1) For a maximal Q-torus T of G which is elliptic at | # p, the natural map

(1 (TSC)F(I))tors — (m (TSC)F)tors
is surjective, where we write I' = Gal(Q/Q) and ' (I) = Gal(Q;/Q)).
(2) There exists « € Z'(Q, T°) mapping to a* € H'\(R, T5°) and to zero in Hl(@p, T5).

Proof of lemma. First, we recall some (standard) notations: for a torus 7 over a field F, T denotes the
dual torus of T, and for an abelian topological group A, AP denotes its dual group Homop (A, C*)
(group of continuous homomorphisms).

(1) Since this map is induced (by restriction) by the natural surjection 71 (7)) — 71 (T*%)r, it suffices
to prove that 71 (T*“)r( is a torsion group. But, since T’ is anisotropic, 75D is a finite group, and
S0 is e .
T (T)rqy = X*(T" D) = Hom(T>" D, ).
(2) For any place v of Q, there exists a canonical isomorphism
H'(F, %) = Hom(o(T%"™), €) = (T*"™)”)iors = (11 (T*)r 0)rors
[Kottwitz 1984, (3.3.1); Rapoport and Richartz 1996, 1.14], and a short exact sequence

H'(@Q.T%) » H'@Q. T*A)) = P H'@,. T*) 5 mo(T=N)? = (11 (T*)r)ions
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[Kottwitz 1986, Proposition 2.6]. Here, 6 is the composite
P H'@., T > P mo(T*")P — mo(T<")P,
v v

of which the second map is identified with the natural map @@, (71 (T)rw))iors = (T1(T)1r)ors (thus,
it equals the direct sum of the maps considered in the statement of (1)). Hence, by (1), there exists a
class o' € H'(Qy, T*) such that 6 (a!) = —6 (™), and thus the element (8Y), € H'(Q, T**(A)) defined
by the condition that ¥ = " for v =00,/ and 8% =0 for v # [, 0o in no(f\SCF)D. By exactness of the
sequence, we conclude existence of & € Z'(Q, T*°) whose cohomology class maps to (8Y),. O

Now, by changing «® and w further, we may assume that ¢ is the restriction of o to Gal(C/R).
Then, using the fact that the restriction map H'(Q, G*) — H!(R, G*) is injective (which follows from
the Hasse principle [Platonov and Rapinchuk 1994, Theorem 6.6] and the fact that H'(Q,, G*°) = 0
for any nonarchimedean place v [Platonov and Rapinchuk 1994, Theorem 6.4]), we see that « becomes
trivial as a cocycle with values in G*°(Q). We summarize this discussion in the diagram:

H'(R, T}) — H'(R, G*) a® —0
T J ] ] = o =0.
H'(Q, T;) — H'(Q, G*) o +——a

So there exists u € G*(Q) such that for all p € Gal(Q/Q),
ap = uilp(u).

Then the homomorphism Intu : (To)g — Gg: 1+ t' =utu~! is defined over Q; in particular, 7' := uTou™!
is a torus defined over Q, and as the restriction of Intu to Z(G) is the identity, TR is also elliptic in G.
Moreover, since u~'t(u) = wi(w™") for « € Gal(C/R), one has that uw € G*(R) and

Intu(un) = Int(uw)ugol = ,u;1

for h := Int(uw)(hg) € X NHom(S, T). This establishes the claims (i) and (ii). The proof of claim (iii)
is similar. As the restriction of & to Gal(Q »/Q)p) is trivial, there exists x € T(Q p) such that xp xH=
ap = ulp(u) forall p e Gal(@p/@p), ie., ux € G(Qp). But the homomorphism Intu : (TO)@P — G@p
also equals Intu = Intux. This proves (iii).

Now we complete the proof of Theorem 3.2.1(1). Let [b] € B(Gq,, X). For the first statement, we
take an arbitrary maximal (-torus Ty of G that is elliptic over R, and find a cocharacter u of Ty having
the properties (3.2.1.1); we remark that Lemma 5.1 of [Langlands and Rapoport 1987], which was used
to find such a wo, works for any maximal Q,-torus of Gg, (in particular, for (7p)q,). From such a
pair (Tp, ), we get a special Shimura subdatum (7', k) with the properties (i) and (ii) of Step 2. This
special Shimura subdatum (7, &) satisfies the condition of the first statement, since Int(u) : To — T is
defined over Q (for u € G(Q) as chosen in the proof) so that Int(u) (Nmp,q, (1)) = Nmg/q, (,LL;I).
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(2) Note that the quasicocharacter —mNm F/@, (1) equals the image of —g, under the natural map
B (T@p) =X *(T)Gal@p - N (T@p) =X *(T)gal@p: use the fact that there exists a commutative diagram

Vg

B(G) N(G)

‘| K

71(G)Galy —> (G

(for any reductive group G over a p-adic field F'). Here, the map o in the bottom is given by

f [Galp-pl™" Y
H./GGalF-;L
(cf. [Kottwitz 1985, 2.8; Rapoport and Richartz 1996, Theorem 1.15]). Therefore, since the map
(v,x):B(Ga,) —> /\/(G@p) X IT1 (G)Galﬂp is injective [Kottwitz 1997, 4.13], the second statement follows
from the first statement and Lemma 3.1.1.

(3) Finally, for the existence of a special Shimura subdatum (7, 4) with the additional property on the
position of the hyperspecial subgroup 7'(Z,,), we begin with an unramified maximal @ ,-torus T’ of Gq,
such that the unique hyperspecial subgroup 7'(Z,) of T'(Q,) is contained in K ,: such a torus exists by
Lemma 3.2.4 below. Then, from such 7’, we can find (by Step 1) a pair (7y, 1) having the properties
(3.2.1.1) of Step 1 and, further, such that (7p)q, is elliptic for v = oo, (some) [ # p and also that the
unique hyperspecial subgroup of 7p(Q),) is contained in Int(g,)(K ) for some g, € G(Q,). For such
(Ty, 1), again Step 2 produces a special Shimura datum (77, /1) satisfying the properties (1)—(iii) of Step 2.
Now, since G(Q) is dense in G(Q),) [Milne 1994, Lemma 4.10], there exists g € G(Q)N K, - g;l. Then
the new special Shimura datum (7', #) := Int(g) (77, hy) still satisfies the condition in the first statement,
and further, the unique hyperspecial subgroup of 7(Q,) is contained in K. O

Corollary 3.2.3. Let (G, X) be a Shimura datum of Hodge type. Choose an embedding (), : Q-0 p and
let g be the prime of E(G, X) induced by (. Suppose that Gq, is unramified and choose a hyperspecial
subgroup K, of G(Q). Then the reduction Sk ,(G, X) X k(¢) has nonempty ordinary locus if and only
if © has absolute height one (i.e., E(G, X)p = Q). In this case, if Gz, GL(Wgz,) is an embedding of
Z ,-group schemes (see [Kisin 2010, (2.3.1)]), there exists a special point which is the canonical lifting of

its reduction.

Recall from 2.2.1 that in the construction of the integral canonical model, an embedding G — GSp(W, )
is chosen so as to satisfy the condition in the corollary.

Proof. The necessity of E(G, X),, = Q, was proved in [Biiltel 2001, Section 3]. For sufficiency, we note
that it suffices to find a special Shimura subdatum (7, /) such that

there exists a Borel subgroup B over Q, of Gq,, containing Tg, and such that p, € X«(T) lies

in the closed Weyl chamber determined by (Tq,, B). ()
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Indeed, then the canonical Galois action of Galg, on X.(T') coincides with the naive Galois action;
hence, one has that E(G, X),, = E(T, h)y, where p is the prime of E(T, h) induced by ¢,. Given this,
the corollary then follows from [Biiltel 2001, Lemma 2.2]: for a CM-abelian variety A over Q (c ©) with
CM-type (F, @), where F' is a CM-algebra and @ is a subset of Hom(F, C) with ® Ll 0 ® = Hom(F, C),
the reduction of A at ), : Q—0 p 1s an ordinary abelian variety if and only if the prime of the reflex field
E = E(F, ®) induced by ¢, is of absolute height one; when A is defined by a special Shimura datum
(T, h), the reflex field E(F, ®) equals the reflex field E(T, h) defined earlier.

Now, pick an arbitrary maximal @ ,-torus 7" of Gq, containing a maximal Q ,-split torus. As Ggq, is
quasisplit, there exists a Borel subgroup B’ defined over Q,, which contains 7. Let .’ be the cocharacter
in ¢(G, X) factoring through 7"’ and lying in the closed Weyl chamber determined by (7', B’). Let (T, h)
be a special Shimura subdatum produced from (7”, ') as in the proof of Theorem 3.2.1 and such that
(Tg,, 1n) is conjugate to (T', w') under G(Q,). Then, for such (7, ), the condition (x) continues to
hold, which proves the claim.

For the second statement, there exists a special Shimura subdatum (7', /) as in the last statement of
Theorem 3.2.1. Then, as w; is a morphism of Z,-group schemes Gy, — Gz, GL(Wg,), any special
point [A, 1 x g?] € Shg ,k» (G, X) (Q) (with arbitrary g; € G(A?)) is the canonical lifting of its reduction,
according to [Milne 2006, Proposition 9.24]. (|

Lemma 3.2.4. Let F be a p-adic field with ring of integers Or. For any reductive group scheme Hp,. over
OF, there exists a reductive O-subgroup scheme Sp, of Ho, whose generic fiber is a maximal F-split
torus of H:= Hp, @ F. Its centralizer T(f)F = CentHoF(SoF) is a smooth, closed subscheme of Hp,..

Note that as H is quasisplit, the generic fiber 7’ of T, is a maximal F-torus of H.

Proof. Let B(H, F) denote the Bruhat-Tits building of H over F. Choose a maximal F-split F-torus S
of H such that the hyperspecial point x fixed by K, := Hp, (OF) is contained in the apartment associated
with S. Let S, be the (unique) reductive Ofg-group scheme with generic fiber S. Then, Sp, is a closed
subscheme of Hp,. Indeed, we first observe that S, (Or) maps to Hp,(Or) under the embedding
S < H, where L is the completion of the maximal unramified extension (in an algebraic closure F) of F
and O is the ring of integers of L. This follows from these two facts: first, the hyperspecial point x of
B(H, F) is also a hyperspecial point of B(H, L) with the associated O -group scheme being (Hp,)o,
[Tits 1979, 3.4, 3.8], and secondly, for a maximal L-split torus S; of H containing S and defined over F'
(which exists by [Bruhat and Tits 1984, 5.1.12]), x € B(H, L) lies in the apartment corresponding to S
[Tits 1979, 1.10]. So, x is fixed under the maximal bounded subgroup S;(Opr) of S;(L), and thus under
So,(OL) as well. Then, according to [Vasiu 1999, 3.1.2.1], this implies that the F-embedding S — H
extends to an Or-embedding Sp, <> Hp,.. The fact that T(/QF = CentHoF (So,) is a smooth closed group
OF-subscheme of Hp, is well-known [SGA 3 1970, XI, Corollaire 5.3; Conrad 2014, 2.2]. Moreover,
one knows that it represents the functor on Og-schemes

R+ {ge HR) | g(So)rg™" = (So)r},
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and its generic fiber 7’ := Centy (S) is a maximal torus of H which splits over L, since H is quasisplit
[Tits 1979, 1.10]. g

Remark 3.2.5. (1) In fact, for any special Shimura subdatum (7', #) with the property (x) in the proof,
every special point of Shg (G, X) defined by it has u-ordinary reduction at ¢,. So, we get a more
direct proof of nonemptiness of p-ordinary locus (without invoking Lemma 5.11 of [Langlands and
Rapoport 1987] used in the proof of Theorem 3.2.1).

(2) This corollary was proved in the PEL-type cases of Lie type A or C by Wedhorn [1999]. His
argument was to first establish nonemptiness of the p-ordinary locus, and then to check that the
p-ordinary locus equals the (usual) ordinary locus when E(G, X),, = Q, (in the PEL-type cases
of Lie type A or C). But to check the second statement, he relied on a case-by-case analysis. In
contrast, we observe that in view of (1), the equality of the p-ordinary Newton point and the ordinary
Newton point when E(G, X),, = Q),, is simply a consequence of the existence of a special Shimura
subdatum (7, h) with the property (x) in the proof (since the reduction of such a special point attains
simultaneously the two Newton points when E(G, X), = Q),).
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Towards Boij—Soderberg theory for Grassmannians:
the case of square matrices

Nicolas Ford, Jake Levinson and Steven V Sam

We characterize the cone of GL-equivariant Betti tables of Cohen—Macaulay modules of codimension 1,
up to rational multiple, over the coordinate ring of square matrices. This result serves as the base
case for “Boij—Soderberg theory for Grassmannians,” with the goal of characterizing the cones of GL;-
equivariant Betti tables of modules over the coordinate ring of k x n matrices, and, dually, cohomology
tables of vector bundles on the Grassmannian Gr(k, C"). The proof uses Hall’s theorem on perfect
matchings in bipartite graphs to compute the extremal rays of the cone, and constructs the corresponding
equivariant free resolutions by applying Weyman’s geometric technique to certain graded pure complexes
of Eisenbud—Flgystad—Weyman.

1. Introduction

1A. Ordinary and equivariant Boij—Soderberg theory. Let M be a finitely generated Z-graded module
over a polynomial ring A = Cl[x1, ..., x,]. The Betti table of M counts the number of generators in each
degree of a minimal free resolution of M. More precisely, if M has a graded minimal free resolution of
the form
M —@PAD ... — P A(=d) 0,
de? deZ

the Betti table of M is the collection of numbers B;;. Equivalently, 8;; is the dimension of the degree-j
part of the graded module Torl’-“ M, C).

Boij—Soderberg theory (initiated in [Boij and Soderberg 2008]) seeks to characterize the possible Betti ta-
bles of graded modules over polynomial rings, with the key insight that it is easier to study these tables only
up to positive scalar multiple. The theory has been broadly successful: while the earliest results concerned
Betti tables of Cohen—Macaulay modules (stratified by their codimension) [Eisenbud et al. 2011; Eisenbud
and Schreyer 2009], the theory was extended to all modules [Boij and Soderberg 2012], to certain modules
over multigraded and toric rings [Berkesch et al. 2012; Eisenbud and Erman 2017], and more [Kummini
and Sam 2015; Gheorghita and Sam 2016]. For some surveys, see [Flgystad 2012; Flgystad et al. 2016].

In fact, the classification is surprisingly simple. We say a Betti table is pure if, for each i, exactly one
Bij is nonzero, i.e., each step of the minimal free resolution is concentrated in a single degree. For each
MSC2010: primary 13D02; secondary 0SE99.
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increasing sequence of integers dy < d; < - - - < dy, there is a Cohen—Macaulay A-module whose Betti
table is pure with the B;4,’s as the only nonzero entries. Moreover, the resulting Betti table is unique up
to a rational multiple, and any purported Betti table is a positive rational multiple of the Betti table of an
actual module if and only if it can be written as a positive Q-linear combination of pure tables [Eisenbud
and Schreyer 2009]. If we bound the degrees that can occur in a Betti table — that is, bound the j’s for
which f;; may be nonzero — the Betti tables that fit within these bounds form a rational polyhedral cone.
The pure tables then form the extremal rays of this cone.

A key feature of the theory is the discovery that the cone of Betti tables is dual to another cone,
consisting of cohomology tables of vector bundles and sheaves on projective space. Given such a sheaf F,
its cohomology table is the table of numbers y;; = h'(F ® O(j)). There is a family of nonnegative
bilinear pairings between Betti tables of modules and cohomology tables of sheaves, and the inequalities
that cut out the cone of Betti tables can all be realized explicitly in terms of this pairing. Consequently,
Betti tables yield numerical constraints on the possible cohomology tables on P”, and vice versa. Recent
work of Eisenbud and Erman [2017] has categorified this pairing, realizing it through a functorial pairing
between the underlying algebraic objects.

This paper is the beginning of an attempt to generalize this story to GLk-equivariant modules over a poly-
nomial ring (all GL;-modules are required to be algebraic representations). Write R =C[x11, X12, - . ., Xknl,
the coordinate ring of the affine space of k x n matrices with the left GL; action. In this setting, as we
will see in Section 2, a minimal free resolution of a finitely generated equivariant R-module comes with
an action of GLy, so in forming our Betti tables we can ask which representations appear at each step of
the resolution rather than just which degrees. Specifically, by analogy with the ordinary case, we wish to
understand:

(i) the cone BSy , of GL-equivariant Betti tables of modules supported on the locus of rank-deficient
matrices in Hom(C*, C"), and

(i1) the cone ESg , of GL-cohomology tables of vector bundles on the Grassmannian Gr(k, C").
Both of these constructions will be defined more precisely in Section 2.

Remark 1.1. The case k = 1 is the ordinary Boij—Soderberg theory of graded modules and vector
bundles on projective space since an algebraic action of GL; is equivalent to a choice of Z-grading (see
Remark 2.1). We should point out that in this case, [Sam and Weyman 2011] studies a GL,;-equivariant
analogue of Boij—Soderberg theory using a Schur-positive analogue of convex cones. In [Sam and
Weyman 2011], the equivariant Betti table records characters and the Boij—S6derberg cone is defined to
be closed under “Schur positive rational functions” while in the current work, the equivariant Betti table
records multiplicities and the cone has an action of the positive rational numbers instead.

In a later paper, we establish a nonnegative pairing between these tables, extending the pairing of
Eisenbud-Schreyer; the hope is that the cones are dual, as they are in ordinary Boij—Sdderberg theory.
On the algebraic side, we will restrict to Cohen—Macaulay modules supported everywhere along the
rank-deficient locus.
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A fundamental base case in ordinary Boij—Soderberg theory is to understand Betti tables of torsion
graded modules over a polynomial ring C[¢] in one variable. The categorified pairing of Eisenbud—Erman
effectively outputs such a module (actually a complex of such modules); as such, the structure of these
tables, while very simple, controls the structure of the general Boij—S6derberg cone and its dual. It is
relatively straightforward to write down the inequalities that cut out the corresponding cone, and every
inequality cutting out the larger cone of Betti tables comes from pulling back one of these through the
pairing mentioned earlier.

This paper is concerned with the corresponding base case, namely, the cone of equivariant modules
over the coordinate ring of square matrices. This case looks simple at first glance: the modules have codi-
mension 1, and the corresponding Grassmannian is just a point, so there is no dual picture involving vector
bundles. Unlike in the graded setting, however, the equivariant base case is already both combinatorially
and algebraically interesting. Our main result is the following description of this cone:

Theorem 1.2. In the square matrix case, the supporting hyperplanes of the equivariant Boij—Soderberg
cone BSy i correspond to antichains in the extended Young’s lattice Y of weakly decreasing integer
sequences. Its extremal rays correspond to pure resolutions and are indexed by comparable pairs of
weakly decreasing integer sequences, \© C A ().

For a more precise version of this statement, see Theorem 3.8.

We will exhibit a free resolution to realize each extremal ray, but the construction is nontrivial and
relies on existing results of Eisenbud-Flgystad—Weyman from ordinary Boij—Soderberg theory. The proof
presented here also depends crucially on the Borel-Weil-Bott theorem, so we do not know if our results
hold in positive characteristic.

We expect the description of the cone in Theorem 1.2 to control the structure of the equivariant
Boij—Soderberg cone in the general case. In particular, the generalized Eisenbud—Schreyer pairing will
map the larger cones BS; ,, and ESy ,, to the square-matrix cone. We sketch this construction in Section 2.

1B. Structure of the paper. The paper is structured as follows: In Section 2, we introduce the relevant
notions, namely, equivariant Betti tables and (briefly) GL-cohomology tables for sheaves on Grassman-
nians. In Section 3, we describe the combinatorics of the equivariant Boij—Soderberg cone for square
matrices. In Section 4, we show that each extremal ray is realizable, using Weyman’s geometric technique.

2. Setup

Throughout, let V, W be vector spaces over C of dimensions k, n respectively, with k < n. Starting in
Section 3, we will assume n = k.

2A. Background. We will only consider algebraic representations of GL(V). A good introduction to
these notions is [Fulton 1996]. We will also refer the reader to [Sam and Snowden 2012, §3] for a succinct
summary (with references) of what we’ll need about the representation theory of the general linear group.
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The irreducible (algebraic) representations of GL(V) are indexed by weakly decreasing integer se-
quences A = (Aq, ..., Ax), where k = dim(V). We write S, (V) for the corresponding representation,
called a Schur functor. If A has all nonnegative parts, we write A > 0 and say X is a partition. We often
represent partitions by their Young diagrams:

,\=(3,1)<_>x=533.

We partially order partitions and integer sequences by containment:
ACu if A; < pu; foralli.

We write Y for the poset of all partitions with this ordering, called Young’s lattice. We write Y4 for the
set of all weakly decreasing integer sequences; we call it the extended Young’s lattice.

If A is a partition, S, (V) is functorial for linear transformations V — W. If A has negative parts,
S, is only functorial for isomorphisms V = W. If . = (d,0,...,0), then S, (V) = Symd(V) and if
r=19=(,...,1,0,...,0) with d 1’s, then S, (V) = /\d(V). If dim V =k, we’ll write det(V) for the
one-dimensional representation /\k( V) =S (V). We write K, (k) for the dimension of S; (C¥).

We may always twist a representation by powers of the determinant:

det(v)®a ® S}\] ..... Xk(v) = Skl+a7...,)\k+d(v)

for any integer a € Z. This operation is invertible and can sometimes be used to reduce to considering the
case when A is a partition.

By semisimplicity, any tensor product of Schur functors is isomorphic to a direct sum of Schur functors
with some multiplicities:

SA(V)®S, (V)= @ S, (V)

The ¢} .. are the Littlewood—Richardson coefficients; we won’t need to know how they are computed
in general, though we will use that if ¢;_ . 7 0and A is a partition, then o € v (and similarly, if u is a
partition, then A € v). Also, by symmetry of tensor products, we have ¢; u= C/‘i, ,- An important special
case is Pieri’s rule when A = (d). In this case, cz’d)’ w= 1 and is nonzero if and only if © C v and the
complement of w in v is a horizontal strip, i.e., does not have more than 1 box in any column. This is
equivalent to the interlacing inequalities vi > @ > vy > pp > ---.

If R is a C-algebra with an action of GL(V), and S is any GL(V)-representation, then S ®¢ R is an
equivariant free R-module; it has the universal property

Homgy(v),r(S ®c R, M) = Homgrv)(S, M)
for all equivariant R-modules M. The basic examples will be the modules S; (V) ® R.

Remark 2.1 (Gradings and GL;). If dim(V) = 1, the notion of GL(V)-equivariant ring or module is
identical to “(Z-)graded.” In particular, in this case V®d @ R = R(—d), the rank-1 free module generated
in degree d.
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In general, the modules S; (V) ® R are the equivariant analogues of the twisted graded modules R(—d).
The analogous notion to “N-graded ring” is that, as a GL(V)-representation, R should contain only those
S, with nonnegative parts.

2B. Equivariant modules and Betti tables. Fix two vector spaces V and W with £k = dim(V) <
dim(W) = n. Let X be the affine variety Hom(V, W), with coordinate ring

1<ic<k,
R = 0Ox =SymHom(V, W)*) = Sym(V @ W*) = C|:x,~j : }

I<j=<n

The ring R has actions of GL(V) and GL(W). Its structure as a representation is given by the Cauchy
identity (see [Sam and Snowden 2012, (3.13)] for example),

RE@§U(V)®SV(W*). (2-1)

v>0

We are primarily interested in the GL(V)-action, though we will use both actions when we construct
resolutions in Section 4.

The rank-deficient locus {T : ker(T) # 0} C X is an irreducible subvariety of codimension n — k + 1.
Its prime ideal Py is generated by the (Z) maximal minors of the k x n matrix (x;;). Whenk =n, Pisa
principal ideal, generated by the determinant.

Note that the maximal ideal m = (x;;) of the origin in X and the ideal P are GL(V)- and GL(W)-
equivariant.

Let M be a finitely generated GL(V)-equivariant R-module. The module Tor"R(R /m, M) naturally
has the structure of a finite-dimensional GL(V)-representation. We define the equivariant Betti number
Bi.n (M) as the multiplicity of the Schur functor S, (V) in this Tor module, i.e.,

Tor (R/m, M) = @S,\(V)@ﬁ’**w) (as GL(V)-representations).
A

It is convenient also to define the (equivariant) rank Betti number B;;(M ) as the dimension of the
A-isotypic component, that is,

Bin = Bis - dime(Su(V)) = Bis - Ko (k).

By semisimplicity of GL(V)-representations, it is easy to see that any minimal free resolution of M can
be made equivariant, so we may instead define B; ; as the multiplicity of the equivariant free module
S, (V) ® R in the i-th step of an equivariant minimal free resolution of M:

M <« Fy<« F| < --- <« F; <0, where F; = @§A(V)ﬁm(M) ®R,
Py

and likewise ,5,7 is the rank of the corresponding summand as an R-module.
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Remark 2.2. Both definitions §; , ,B,\; are useful. The Betti number is needed for the pairing with vector
bundles, but the rank Betti number is more relevant to the square matrix case and will play the more
significant role in this paper.

2B1. Betti tables and cones. Let
n—k+1

By, = @ @Qi,k
i=0 A

be a direct sum of copies of Q, indexed by homological degree i and partition A. We think of an element
of By , as an abstract Betti table, that is, a choice of §; , for each i and A. Similarly, we write @k,n for
the space of abstract rank Betti tables (5;;).

We define the equivariant Boij—Soderberg cones BSy , € By ,, ﬁékﬂ - @k,n as the positive linear span
of all (multiplicity or rank) Betti tables of finitely generated Cohen—Macaulay modules M supported on
the rank-deficient locus Spec R/ Py C X. (That is, M for which /ann(M) = Py.)

2C. GL-cohomology tables for Grassmannians. Let Gr(k, W) denote the Grassmannian variety of
k-dimensional subspaces in W, with tautological exact sequence of vector bundles

0-S—->W—=9—-0,
where W denotes the trivial rank-n vector bundle and
S={x,U)e W xGrk, W):x eU}.
Let £ be any coherent sheaf on Gr(k, W). We define the GL-cohomology table y; ,(€) by
yi1(€) = dimc H' (€ ® S5.(S)).
We let ES , C €D, [, Qi,» be the positive span of such tables.

Remark 2.3. Note that if k = 1 then S = O(—1) on the projective space P(W). Since this is a line
bundle, A can have only one row, say A = (j). Then

Si(8) = Sym’ (O(=1)) = O(— ),

$0 ¥i3.(E) = yi,—j(€) is the usual cohomology table of £ with respect to O(1). In general, the GL-
cohomology table contains more information than the usual cohomology table with respect to twists
by O(1); in particular, it determines the class of £ in K-theory K(Gr(k, W)), while the usual table only
determines the K-class of i, (&), where i : Gr(k, W) — P(/\k(W)) is the Pliicker embedding.

2D. The numerical pairing. We briefly discuss the pairing between equivariant Betti tables and GL-
cohomology tables. For details, see [Ford and Levinson 2016]. Let B = (f; ;) be an equivariant Betti
table and I" = (y;,,.) a GL-cohomology table. We define a rank table QNJ(B, = (q;,;(B, I')), fori eZ,
by

$ia(B. D)= D Bpi Vs

p—q=i
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In this definition we do not assume any bounds on i, so it is convenient to define the derived Boij—Soderberg
cone BS,Q 2 C Dicz D, Qi as the positive linear span of Betti tables of minimal free equivariant
complexes F* =P, S, (V)P ® R with homology modules supported in the rank-deficient locus.

Theorem 2.4 [Ford and Levinson 2016, Theorem 1.13]. The map ) defines a pairing of cones,
® :BS,?’,I x ESgn — ﬁg,ek.

Consequently, any nonnegative linear functional on the cone BS ,2 « determines a nonnegative bilinear
pairing between equivariant Betti tables and GL-cohomology tables. The extended cone ﬁé,?  has
extremal rays and facets closely resembling those of ]§§k, . See [Ford and Levinson 2016, Section 4.2]
for an explicit description.

3. The Boij—Soderberg cone on square matrices

We now assume V, W are vector spaces of the same dimension &, and we describe the cone ﬁék,k C @k,k.
In particular, we would like to know both the extremal rays and the equations of the supporting hyperplanes.
The modules M of interest are Cohen—Macaulay of codimension 1, so their minimal free resolutions are
just injective maps F| < Fy of equivariant free modules. For i =0, 1, we put

F=@s.(v)/" @R,
A

and define ,é:\ = Bi.» - Ky (k) as in Section 2.
The first observation is that, since M is a torsion module, we must have

rank Fy =rank F;, thatis, Z%(M):Z%(M). (3-1)
2 2

Conversely, any injective map of free modules of this form must have a torsion cokernel, which is then
Cohen—Macaulay of codimension 1. We will see that the rank condition is the only /inear constraint on
Betti tables, that is, the cone spans this entire linear subspace.

3A. Antichain inequalities. The maps of any minimal complex have positive degree. More precisely,
we have the following:

Lemma 3.1 (Sequences contract under minimal maps). Let

f:Su(V)®R — S, (V)®R
be any nonzero map. If L = A, then f is an isomorphism. Otherwise, i 2 A and f is minimal.
Proof. This follows from the universal property of equivariant free modules,

HOInGL(V),R(SM(V) ®R,S;,(V)Q®R)= HomGL(V)(SM(V), S, (V)® R).
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We apply the Cauchy identity (2-1) for R as a GL(V)-representation. We see that

HomaL(v)(Su(V), Si(V) ® R) = @D HomaLv) (Su(V), Si(V) @ Su(V)) ® S, (W*).

v=>0

By the Littlewood—Richardson rule, if u 2 A, every summand is 0. If u = A, the only nonzero summand
comes from v = &; we see that the corresponding map is an isomorphism (if nonzero). Finally, if 1 2 A,
there is at least one v for which the corresponding summand is nonzero and any such v must satisfy
[v| = || — |A|] > 0, so the corresponding map of R-modules has strictly positive degree (equal to |u|),
hence is a minimal map. 0

Remark 3.2. Because the ring R involves W*, not W, the analogous computation shows that the sequence
labeling W expands under a minimal map: that is, a nonzero GL(W)-equivariant map S, (W) ® R —
S, (W) ® R exists if and only if i € A (and is minimal if and only if @ # A).

In particular, for any fixed @, a minimal injective map F; < Fy of free modules must inject the
summands A € p of F into the summands A C u of Fp, and so

Y Bonz= > B (3-2)

ACH ACu

which gives us some of the inequalities our Betti tables need to satisfy. But in fact these inequalities are
not enough. For example, for any pair of partitions «, 8, the summands of F; given by

{A:ACaorAC B}
must inject into the summands of Fj given by
(A:ACaoriC Bl

This gives the additional, nonredundant condition

Yo Bz ), Bin

ACaor 2GH ACa or 2CH

Example 3.3. The following example illustrates that the inequalities (3-2) are not sufficient. Consider
the following rank Betti table, with all entries equal to 1 (shown transposed, with dashed lines indicating
containment of partitions):

po. 0 BN

~ / N
By : @ LI
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It is evident that this cannot be the Betti table of a torsion module, since nothing maps to the - summand.
Likewise, the table violates the inequality for the pair o, E For any single partition u, however, the
inequality (3-2) is satisfied. (Note that if x contains both tTm and E then it strictly contains [-.)

The complete set of inequalities is as follows. Recall that if P is a poset, I C P is an order ideal if
x €I and y < x implies that y € [, i.e., I is a downwards-closed subset. We define the interior of I to be
the subset
I°={xeP:x <yforsomeyel}

of elements strictly contained in /. The maximal elements / \ /° of I form an antichain, that is, they are
pairwise incomparable. We have the following:

Lemma 3.4 (Antichain inequalities). Let Y be the extended Young’s lattice and I C Yy an order ideal.
Let (Bi.5.) € BSg x be a Betti table. Then

> Bon= bra (3-3)
rel° rel

Proof. Follows from the above discussion. U

Remark 3.5 (Inequalities for upwards-closed sets). It is also the case that, for any upwards-closed subset
U C Y., we have a “dual” inequality

Y B B (3-4)

reUu rel,

where U, = {A € U : A > pu for some p € U} is its upwards-interior.

Algebraically, this corresponds to the following observation: let (F})y,, (Fp)y be the summands
corresponding to U,, U. The projection Fy — (Fp)y vanishes on the images of the non-U, summands
of F1, so we have a commutative diagram

Fl;)Fo

L, ]

(FDu, SEAN (Fo)u

It follows that coker( f) — coker( f ) is surjective, hence coker( f ) is also torsion (since coker( f) is).
Consequently, we obtain the desired inequality rank(F)y, > rank(Fp)y.

Alternatively, we may deduce (3-4) by subtracting the inequality (3-3) with / =Yy \ (U°) from the
rank Equation (3-1), and observing that

(P\(U.))° € P\U

holds in any poset P. (Note that the complement of an upwards-closed set is downwards-closed.) In
particular, given the rank Equation (3-1), the “upwards-facing” and “downwards-facing” inequalities
collectively cut out the same cone.
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3B. Extremal rays and pure diagrams. We can construct a very simple Betti table by letting A¥ C A(D
be any pair of distinct, comparable partitions. Let ﬁf(;:\m) = /3?“) =1 and let all other entries of the Betti
table be 0. We call the resulting table P (A, A1) a pure table of type (L@, 1(V), and any resolution
corresponding to a positive multiple of this table a pure resolution.

Note that a pure table clearly satisfies all of the antichain inequalities (3-3), as well as the linear
constraint (3-1). Moreover, since a Betti table must have at least two nonzero entries, a pure table
cannot be written as a nontrivial positive combination of other tables. Any realizable pure table therefore
generates an extremal ray of I’B\Sk, k-

We will show in Theorem 4.1 that every pure table has a realizable scalar multiple. Consequently,
every pure table generates an extremal ray of the Boij—Soderberg cone I?Sk,k.

We now show that, assuming Theorem 4.1, every extremal ray is of this form.

Theorem 3.6 (Extremal rays). Every realizable rank Betti table is a positive Z-linear combination of

pure rank tables.

The proof uses Hall’s Theorem on perfect matchings in bipartite graphs. Recall that a perfect matching
on a graph G is a subset E’ C E of the edges of G, such that every vertex of G occurs on exactly one
edge from E’. We recall the statement of Hall’s matching theorem (see [Lovész and Plummer 1986,
Theorem 1.1.3] for a proof):

Theorem 3.7 (Hall). Let G be a bipartite graph with left vertices L, right vertices R and edges E. For a
collection of vertices S, let I'(S) be the set of neighboring vertices to S.
Assume |L| = |R|. Then G has a perfect matching if and only if |I'(S)| > |S| for all subsets S C R.

Proof of Theorem 3.6. Let (,3;\) € ]’S\Sk,k be a realizable rank Betti table; by rescaling, we may assume all
the entries are integers. We define a bipartite graph G = (L, R, E) as follows: For each A, L (resp. R)
will have ,50\;\ vertices (resp. ,é;\) labeled A. Every vertex labeled A in L is connected to every vertex
labeled p in R whenever A C w. By the rank condition (3-1), G satisfies |L| = |R]|.

Observe that a perfect matching on G decomposes (B; 1) as a Z-linear combination of pure tables:
each edge (A\(”) < A1) in the matching corresponds to a pure table P (M@, 1AM, Thus, it suffices to
show that G has a perfect matching.

We apply Hall’s theorem (Theorem 3.7). Let S € R. Observe that if S contains a vertex labeled p,
then without loss of generality, we may assume S contains every vertex labeled u and, in addition, every
vertex labeled u with ' C u, since adding these vertices makes S larger but does not change I'(S).

Let I be the order ideal generated by the set of vertex labels appearing in S. We see that [S|=)", , /§D
and [T(S)[ =) ;o E(;;, so the condition |I"(S)| > |S] is precisely the antichain inequality (3-3) for /. [

Thus, assuming Theorem 4.1, we have shown:

Theorem 3.8 (Combinatorial description of ]E?Sk, x). The cone l%k’k - @k, k is cut out by the rank equation
(3-1), the antichain inequalities (3-3) and the conditions E i > 0. Its extremal rays are exactly the rays

spanned by the pure tables corresponding to all pairs A\ C AV of comparable elements of Y.
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Remark 3.9 (Decomposing Betti tables). There are efficient algorithms for computing perfect matchings
of graphs; see, e.g., [Lovdsz and Plummer 1986, §1.2]. A standard proof of Hall’s theorem implicitly
uses the following algorithm, which is inefficient but conceptually clear. Let Be ﬁgk,k be a Betti table.

Case 1: Suppose every antichain inequality is strict. Choose any pure table P (A, 1Dy whose entries
occur with nonzero values in B. Then

Erest = E - ’Pg’()“(o)’ )‘(1)) € ﬁgk,k-

Continue the algorithm on Erest.

Case 2: Suppose, instead, there exists an antichain / for which (3-3) is an equality. Write
E = g 1+ Erest,

where B; contains all the entries involved in the equality (5(;3 for A € I° and ,Bflvk for A € I).
Then both B ] € ]%k,k and Erest € ﬁ:(}k,k; continue the algorithm separately for each.

We contrast the algorithm above with the usual algorithm [Eisenbud and Schreyer 2009, §1] for
decomposing graded Betti tables. For graded tables, the decomposition is “greedy” and deterministic.
It relies on a partial ordering on pure graded Betti tables, which induces a decomposition of the Boij—
Soderberg cone as a simplicial fan. Unfortunately, the natural choices of partial ordering on the equivariant
pure tables P(A(?, (1) do not yield valid greedy decomposition algorithms. For example, suppose the
graph G of Theorem 3.6 consists of a single long path. Compare the following two examples:

TR - aE o

ﬂlxi

In both cases, G has a unique perfect matching, but whether an edge is used depends on its placement
along the path, not just on the partitions labeling its vertices. Hence, an algorithm that (for instance)
greedily selects the lexicographically largest pair (1(©, (D) will fail: in both cases, the lex-largest A© is
F~ = (3, 1) and its lex-largest neighbor is () =57 = (3, 2). This leads to the (unique) correct matching
on the first graph, but fails on the graph to the right.

Similarly, if the graph structure of G is a cycle, then G has two perfect matchings, so a deterministic
algorithm must have a way of selecting one.

Finally, unlike in the graded case, we do not know a good simplicial decomposition of ]%k, &; it would
be interesting to find such a structure.

4. Constructing Pure Resolutions

The main theorem of this section is as follows.
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Theorem 4.1. For any partitions A9 C A, there exists a torsion, GL(V )-equivariant R-module M with
minimal free resolution
M+~ S,0(V)*QR « S, (V)" ®R <« 0,

for some positive integers c, c|.

We first consider a pair of partitions differing by a box. The same argument works somewhat more
generally (see Remark 4.8), but we restrict to this case for notational simplicity.
By the Pieri rule, there is a unique GL(V') x GL(W)-equivariant R-linear map

S0 (V)®S;,0(W)®@ R «— S, (V) ®S;,0(W)®R. 4-1)
Theorem 4.2. The biequivariant map (4-1) is injective.
We postpone the proof to Section 4A and now explain how it implies Theorem 4.1.
Proof of Theorem 4.1. Let AV — |A(Q| = r. Choose a chain of partitions
A =g DV D... 00 =20 with [o?] = 2@ 4+i forall i.
By Theorem 4.2, fori =1, ..., r, there exists a sequence of biequivariant, linear injections
fi 1S, (V)R S,i-n (W) Q R — S,i-n(V)®S,i» (W) ® R.
Let g be the composite map
F1=Sn(V)®Syr-n(W)®---®S,00(W) ® Sy (W) ® R
fr®id®--®id

Ser(W)®Sue-n(V)® - ®S,m (W) ® S0 (W) ® R

id® fr—1®---®id

id®-® f,®id
Sa(r)(W) ® Sa(r—l)(W) R ® Sa(l) V) Sa(o) (W)®R
1d®---®id® fi

Fo=Su0(W)®Sue-n(W)®-+-® S, (W) ®S,0(V)® R

Clearly g is again injective. Since rank(F;) = rank(Fp), we are done. O

4A. Proof of Theorem 4.2. To cut down on indices, we write A for the smaller partition and p for the
larger. We put
w=(@1,..., 4x), and we assume [, > fr41,

A= U, except for A, = u, — 1.
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The proof relies on the Borel-Weil-Bott theorem and a construction of Eisenbud-Flgystad—Weyman.
We first review these results, then give an informal summary of the argument, and finally give a proof of
the theorem.

4A1. Borel-Weil-Bott and Eisenbud—Flpystad—Weyman. On P(W*), we have the short exact sequence
0—-S—W-—=0(l)—0.

Note that we are using W, not W*,
Given a permutation o, define £(0) =#{i < j : 0 (i) > o (j)}, the number of inversions.

Theorem 4.3 (Borel-Weil-Bott, [Weyman 2003, Corollary 4.1.9]). Let 8 = (B1, ..., Bx—1) be weakly
decreasing and let d € 7. The cohomology of Sg(S)(d) is determined as follows. Write

d,Br,-. ., Br-1)— (O, 1,....k=1)= (a1, ..., a).

(1) Ifa; = aj for some i # j, every cohomology group of Sg(S)(d) vanishes.

(2) Otherwise, a unique permutation o sorts the a; into decreasing order, a1y > Ax2) > -+ > Qo (k).
Put A =(as1y, .- -»a50)) +0,1,...,k—1). Then

H @ (Sp(8)(@) = SL(W),
and H (Sp(S)(d)) = 0 fori # £(o).

We will also use the following result, on the existence of certain equivariant graded free resolutions.
First, for a partition A, we say (i, j) is an outer border square if (i, j)¢ Aand (i — 1, j —1) € A (or
i=1o0r j=1),asin the x’s below, for A = (3, 1):

BRI

[ [ [+

H
Let « be a partition with k parts, and let o’ 2 « be obtained by adding at least one border square in
row 1, and all possible border squares in rows 2, ..., k. Let a® =g andfori=1,...,k, let a® be
obtained by adding the chosen border squares only inrows 1, ..., 1.

Theorem 4.4 [Eisenbud et al. 2011, Theorem 3.2]. Let E be a k-dimensional complex vector space and
R = Sym(E) its symmetric algebra. There is a finite, GL(E)-equivariant R-module M whose equivariant
minimal free resolution is, with o) defined as above,

Fo<«<Fi <« - -« F, <0, F=S,0(E)®R.

Since the construction is equivariant, it works in families:
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Theorem 4.5. Let X be a complex variety and £ a rank k vector bundle over X. Let £ — X be the dual
bundle. There is a sheaf M of Og+-modules with a locally free resolution

fo(—f1<—(_fk(_0, ‘EZSQ(‘)(S)@O‘S*

This follows by applying the Eisenbud—Flgystad—Weyman (EFW) construction to the sheaf of algebras
Og+ = Sym(€). The resolved sheaf M is locally given by M above. Note that M is coherent as an

Ox-module, though we will not need this.

Remark 4.6. The construction we presented is also a direct corollary of a special case Kostant’s version
of the Borel-Weil-Bott theorem, for example see [Erman and Sam 2017, §6] for some discussion and
references. We expect that other cases of Kostant’s theorem are relevant for constructing complexes in
the nonsquare matrix case.

4A2. Informal summary of the argument. We have fixed A C u, a pair of partitions differing by a box.
There is a unique EFW complex with, in one step, a linear differential of the form

Su(E) ® Sym(E) — Sy (E) @ Sym(E).

E3]

The rest of the complex is uniquely determined by this pair of shapes, and is functorial in E. We “sheafify
the complex, lifting it to a complex of modules over the algebra Sym(V ® O(—1)) on P(W*), with terms
of the form

O(=di) ® Sa (V) ® Sym(V @ O(—1)),

We twist so that the Oth term has degree d = 1, base change along the flat extension Sym(V @ O(—1)) —
Sym(V ® W*), and finally tensor through by the vector bundle Sg(S), where S C W x P(W¥) is the
tautological rank-(k—1) subbundle, and 8 is chosen so that all the terms of the resulting complex except
the desired pair have no cohomology. (That is, Sg(S) has supernatural cohomology with roots at each of
the other d;’s.) Finally, we obtain the desired map from the hypercohomology spectral sequence for the
complex.

Example 4.7. Let k =4 and let A = (6, 1,1,0), u = (6,2,1,0) = (the added box is starred).
Working on P(W*), the corresponding locally free resolution of sheaves (with the twisting degrees

indicated) is, after twisting and base-changing,

[TT]
@(6)(—(1)@4&(—1)& (—3).

where a(d) stands for the sheaf O(d) ® Sy (V) @ Sym(V ® W*) on P(W*). The desired linear differential
is marked with a .

We put 8 = (7, 1, 0) and tensor through by Sg(S) (note that S has rank 3). Observe that Sg(S)(d)
has no cohomology when d € {6, —1, —3}, but that

H' (Sp(S)(1) = Se21 (W),  H'(Sp(S)) = Se11(W).
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[¢]

Figure 1. Left: The partition u; the starred box in the 4th row is removed to form A.
Right: The outer strip is formed by connecting the inner border strip (o) inrows 1 tor — 1

to the outer border strip (o) outside rows r + 1, ..., k. The empty squares form o©;
then ¥ is obtained by adding all marked squares (s, *, o) up to row i. Note that ® = A
and @ = p.

Consequently, the E; page of the hypercohomology spectral sequence only has the terms
Se11(V) ® S621(W) @ R <= Se21(V) @ Se11(W) @ R,

in the second and third columns. (The left term is along the main diagonal.) The spectral sequence, run
the other way, collapses with H' (M) in the first column, where M is the sheaf resolved by this complex.
We see that the only nonvanishing term can be H’(M), giving an exact sequence of R-modules

0« H'(M) < S611(V) ® Se21(W) ® R < Se21(V) @ Sg11(W) @ R < 0.

Remark 4.8. There are two easy ways to generalize the construction that we have sketched above. First,
in the map marked + above, there is no reason to assume that the two partitions differ by a single box,
and the same construction allows them to differ by multiple boxes as long as they are in the same row. In
this case, the Pieri rule still implies that the map (4-1) is unique up to scalar.

Second, in the above example we chose B so that Sg(S)(d) has no cohomology for all d besides
the twists appearing in the target and domain of a single differential (in this case, the one marked x).
Alternatively, we could choose B so that Sg(S)(d) has no cohomology for all but two of the terms in the
complex (not necessarily consecutive terms). The end result is also a map of the form (4-1) where (¥
and AV differ by a connected border strip. In general the map (4-1) is not unique up to scalar, however.

4A3. Combinatorial setup. We define shapes oW i =0,... k, as follows. Consider the squares
formed by
« the inner border strip of p inside rows 1,...,r —1,

o the rightmost square in row r of u,

« the outer border strip of u outside rows r + 1, ..., k.

(See Figure 1.) Then o = ¥ is obtained by deleting all these squares, and «‘”) is obtained by including
those squares in rows 1, ..., i. Clearly, o) =y and a1 = A.
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Let e¢; be the number of border squares in row i, so

1+ui —piyr fori=1,...,r—1,
=11 fori=r,
1+Xi_1—A; fori=r+1,...,k.
We define a modified (and negated) partial sum,
Hiv1 —1 ifi=0,...,r—1,
di=pr—(e1+---+e)=qu —r ifi=r,
wi—i+1 ifi=r+1,... k.

Finally, we write 8 = (81, ..., Br—1) for the unique partition such that, on P(W*), the vector bundle
Sg(S)(d) has no cohomology for each d;, i € {0, ..., k}\ {r —1,r}, where S C W x P(W¥) is the
tautological rank-(k—1) subbundle. By Borel-Weil-Bott, this determines 8 uniquely by

ﬁ_(la-"7k_1)=(d0""7dr—27dr+17"'7dk)'

With these choices, we check:

Lemma 4.9. For d = d,, the only nonvanishing cohomology of Sg(S)(d) on P(W*) is H ! = Sp(W).
For d = d,_y, the only nonvanishing cohomology is H'~! = S, (W).

Proof. We apply Borel-Weil-Bott: we have to sort
(dvﬂl,~~~vﬂk)_(07 19"'ak_1):(ddev~~~vd}’—27dr+17""dk)'

For d = d,_; or d,, sorting takes r — 1 swaps, so in both cases H"~! is nonvanishing. To see that the
cohomology group is S, (W) for d,_ and S, (W) for d,, we must check that

w=~(o,...,dr—2,dr—1,dry1,...,dr)+(0,1,...,k—1),
)":(d05 "'7dr—2’d}”d}’+la"'7dk)+(0$ 1”k_1)
These are clear from the computation above. O

4A4. The proof of Theorem 4.2. Let «') and d; be defined as above. Consider the projective space
P(W*), with tautological line bundle O(—1) C W* and rank-(k—1) bundle S C W. Set &£ .=V Q O(—1).
By Theorem 4.5, we have an exact complex

Fo< -« F < Fi <---, where F; =5,i(§) ® Sym(§).

Note that
$1(§) =S (V) ® O(—[A]).

For legibility, we write O(—2X) for O(—|A|). Thus, we have a locally free resolution
Se0 (V) @ O(—a?) @ Sym(€) « - - < S (V) @ O(—a®) @ Sym(&) « - - -

of sheaves of Sym(&)-modules.
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Next, let Z = Opw+ ® Sym(V @ W*). Observe that Sym(§) < Z is a flat ring extension (locally
it is an inclusion of polynomial rings). Now base change to %, which preserves exactness. Finally, we
tensor by Sg(S) ® O(@® + 1) Our final complex has terms

Se (V) @ Sp(S)(di) @ %.

Let M be the sheaf resolved by the complex.

We run the hypercohomology spectral sequence. Running the horizontal maps first, we see that the
sequence collapses on the E, page with H' (M) in the leftmost column. Running the sequence the other
way, the E| page has terms

H? (S (V) ® Sp(S)(dp) ® Z) = S (V) @ HL (Sp(S)(d))) @ %.

(We emphasize that S,» (V) and Z are trivial bundles.) By construction, the middle factor is zero unless
p=r —1,r, where by Lemma 4.9 the nonvanishing cohomology is H ~!, with

H' = (Sp(S)(dr—1)) =Su(W), H 7 (Sp(S)(d)) = Su(W).
In particular, the E| page contains only the map
S (V)®Su(W)QR < S, (V)®S,(W)QR,

with the left term located on the main diagonal. We see that H! (M) =0 for i > 0 and that the map above
is a resolution of HO(M) by free R-modules.

4B. A stronger version of Theorem 4.1. Use the notation of Theorem 4.1. Since M is torsion, the ranks
must agree,

coKy0 (k) = ¢1 K, 0) (k).

A straightforward choice of ¢y, c; is to take co = K; 1y (k) and ¢; = K, 0 (k), and to look for a “small”
resolution of the form

M<—S,0V)®S,06(W)R®R «— S, (V)RS,0(W)® R <0, 4-2)

equivariant for both GL(V) and GL(W). Theorem 4.2 proves this conjecture when |A(V| = [A@| 41 and
one can also do the case when A1 is obtained by adding a connected border strip to A? using Remark 4.8.
In general, we do not know if this particular form of resolution exists, though we conjecture that it does:

Conjecture 4.10. A small pure resolution (4-2) exists, for any pair \© C A,
We finish by establishing one more situation where Conjecture 4.10 is true:

Proposition 4.11. Suppose there exists d such that (\9); <d < (A1) jforalli, j. (Equivalently, assume
Ay < (WD),.) Then a small pure resolution (4-2) exists.



302 Nicolas Ford, Jake Levinson and Steven V Sam

Proof. We construct the map geometrically. After twisting down by d, we may suppose instead A(?) <0 <
AW Write 2@ = — pLR for some partition £ > 0. On X =Hom(V, W), there is a canonical, biequivariant
map of vector bundles 7 : V x X — W x X, which is an isomorphism away from the determinant locus.
When A > 0, the Schur functor S, (V) is functorial for linear transformations of V (when A has negative
parts, S; is only functorial for isomorphisms), so there is an induced map

S, (T): S0 (V) x X — S, (W) x X,
and, from the dual bundles, a second induced map
ST :Su(W") x X — S, (V*) x X.

Let ¢ = S5, (T) ® S, (T*). Note that g is generically an isomorphism of vector bundles, so the
corresponding map of R-modules is injective:

g:S50(V)® SM(W*) QR — SM(V*) RS, mn(W)R® R.

Finally, we note that there is a canonical isomorphism of representations S, (E*) = S_ #(E) for any
vector space E. Apply this to the free R-modules above to get the desired map. U
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Chebyshev's bias for products of k primes

Xianchang Meng

For any k > 1, we study the distribution of the difference between the number of integers n < x with
w(n) =k or Q(n) = k in two different arithmetic progressions, where w (n) is the number of distinct
prime factors of n and 2 (n) is the number of prime factors of n counted with multiplicity. Under some
reasonable assumptions, we show that, if k is odd, the integers with €2 (n) = k have preference for quadratic
nonresidue classes; and if & is even, such integers have preference for quadratic residue classes. This result
confirms a conjecture of Richard Hudson. However, the integers with w(n) = k always have preference
for quadratic residue classes. Moreover, as k increases, the biases become smaller and smaller for both of
the two cases.

1. Introduction and statement of results
First, we consider products of k primes in arithmetic progressions. Let

(x5 q,a) =|{n <x:w({) =k, n=a mod g},
and

Ni(xiq,a) =l{n =<x:Q(n) =k, n=a modg},

where w(n) is the number of distinct prime divisors of 7, and 2 (n) is the number of prime divisors of n
counted with multiplicity. For example, when k = 1, N;(x; g, a) is the number of primes 7 (x; g, @) in
the arithmetic progression a mod ¢; and 7 (x; ¢, a) counts the number of prime powers p' < x for all
[ > 1 in the arithmetic progression a mod q.

Dirichlet [1837] showed that, for any a and g with (a, ¢) = 1, there are infinitely many primes in the
arithmetic progression a mod g. Moreover, for any (a, q) =1,

X

T(x;q,a)~ ———,

¢(q) logx

where ¢ is Euler’s totient function [Davenport 2000]. Analogous asymptotic formulas are available for
products of k primes. Landau [1909] showed that, for each fixed integer k > 1,

log1 k=1
Np(x) = [{n < x: Q(n) = k)| ~ 10; ( Ofk(igf;'

MSC2010: primary 11M26; secondary 11M06, 11N60.
Keywords: Chebyshev’s bias, Dirichlet L-function, Hankel contour, generalized Riemann hypothesis.
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The same asymptotic is also true for the function ¢ (x) := |{n < x : w(n) = k}|. For more precise formulas,
see [Tenenbaum 1995, 11.6, Theorems 4 and 5]. Using similar methods as in [Tenenbaum 1995; Davenport
2000], one can show that, for any fixed residue class a mod g with (a, q) =1,

1 x (loglogx)<!
P(q)logx  (k—1)!
For the case of counting primes (2(rn) = 1), Chebyshev [1853] observed that there seem to be

Ni(x;q,a) ~mr(x;q,a) ~

more primes in the progression 3 mod 4 than in the progression 1 mod 4. That is, it appears that
w(x;4,3) > w(x;4,1). In general, for any a # b mod g and (a, g) = (b, g) = 1, one can study the
behavior of the functions

A (x;q,a,b) :=mr(x; q,a) —m(x; q,b),
Aq,(x;q,a,b) := Ni(x;q,a) — Ni(x; q,b).

Denote A(x;q,a,b) := Aq,(x;q,a,b). Littlewood [1914] proved that A(x; 4,3, 1) changes sign
infinitely often. Actually, A(x; 4, 3, 1) is negative for the first time at x = 26, 861 [Leech 1957].
Knapowski and Turdn published a series of papers starting with [1962] about the sign changes and
extreme values of the functions A(x; g, a, b). And such problems are colloquially known today as “prime
race problems”. Irregularities in the distribution, that is, a tendency for A(x; g, a, b) to be of one sign is
known as “Chebyshev’s bias”. For a nice survey of such works, see [Ford and Konyagin 2002; Granville
and Martin 2006].

Chebyshev’s bias can be well understood in the sense of logarithmic density. We say a set S of positive
integers has logarithmic density, if the following limit exists:

1 1

3(S) = lim -

%) xﬁwlogx’;n
nes

Let 67, (q; a,b) =6(Py(q; a, b)), where P (q; a, b) is the set of integers with A 4 (n; g, a, b) > 0, and
f = Q or w. In order to study the Chebyshev’s bias and the existence of the logarithmic density, we need
the following assumptions:

(1) The extended Riemann hypothesis (ERHy) for Dirichlet L-functions modulo g.

(2) The linear independence conjecture (Lly), the imaginary parts of the zeros of all Dirichlet L-functions
modulo ¢ are linearly independent over Q).

Under these two assumptions, Rubinstein and Sarnak [1994] showed that, for Chebyshev’s bias for
primes (2(n) = 1), the logarithmic density g, (¢; a, b) exists, and in particular, dq, (4; 3, 1) ~ 0.996
which indicates a strong bias for primes in the arithmetic progression 3 mod 4. Recently, using the
same assumptions, Ford and Sneed [2010] studied the Chebyshev’s bias for products of two primes with
Q(n) = 2 by transforming this problem into manipulations of some double integrals. They connected
Ag,(x; g, a,b) with A(x; g, a, b), and showed that §q,(q; a, b) exists and the bias is in the opposite
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direction to the case of primes, in particular, dg,(4; 3, 1) ~ 0.10572 which indicates a strong bias for the
arithmetic progression 1 mod 4.
By orthogonality of Dirichlet characters, we have

Ao (x;g,a,b)=— > (X@—x®) Y x(mn), (1-1)
¢() X#xo mod g n=x
Qn)=k
and
1
Apxiq,a,b)=—= Y (X@—=Xx®) Y xm. (1-2)
¢@) X#xo mod ¢ n=x
w(m)=k

The inner sums over n are usually analyzed using analytic methods. Neither the method of Rubinstein
and Sarnak [1994] nor the method of Ford and Sneed [2010] readily generalizes to handle the cases of
more prime factors (k > 3). From the point of view of L-functions, the most natural sum to consider is

> A A, (1-3)

ny-ng<x
n---ng=a mod q

However, estimates for Ag, (x; g, a, b) or A, (x; g, a,b) cannot be readily recovered from such an
analogue by partial summation. Ford and Sneed [2010] overcome this obstacle in the case k =2 by means
of the 2-dimensional integral

x ( ) 1o lo
/ / Z pPiD2 o g£1 g P2 duy duy,

P1DP2=x

Analysis of an analogous k-dimensional integral leads to an explosion of cases, depending on the relative
sizes of the variables u;, and becomes increasingly messy as k increases.

We take an entirely different approach, working directly with the unweighted sums. We express the
associated Dirichlet series in terms of products of the logarithms of Dirichlet L-functions, then apply
Perron’s formula, and use Hankel contours to avoid the zeros of L(s, x) and the point s = % Using the
same assumptions (1) and (2), we show that, for any k£ > 1, both

8o, (g;a,b) and 6, (q;a,b)

exist. Moreover, we show that, as k increases, if a is a quadratic nonresidue and b is a quadratic residue,
the bias oscillates with respect to the parity of k for the case 2(n) = k, but §,, (¢; a, b) increases from
below % monotonically.

For some of our results, we need only a much weaker substitute for condition LIy, which we call the
simplicity hypothesis (SHq): Yx # xo mod g, ( ) # (0 and the zeros of L(s, x) are simple. Let

N(g,a) :=#u modgq : u>=a mod g}.

Then, using the weaker assumptions SHy and ERHy, we prove the following theorems.
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Theorem 1. Assume ERHy and SHy. Then, for any fixed k > 1, and fixed large Ty,

1 x(loglogx)*! { (—1)¥ _ _
Ag,(x;q,a,b) = — X
2 g @)= G T oga ¢(9) X;()(x(a) 1o m%:n Ttivy

L(L+ivgx)=0
(_1)k N(q? Cl) - N(C]» b)
2k=1 ¢ (q)

x'"x

+ +Ek(x,q,a,baTo)}’

where
log? Ty
T '

Y
limsup%/ 150’ q,a, b, T2 dy <
1

Y—o0
Since Ag, (x; g, a, b) = A(x; q, a, b), we get the following corollary.
Corollary 1.1. Assume ERHq and SHy. Then, for any fixed k > 2,
Ag,(x;q,a,b)logx
Jx(loglog x)k—1
(=D 1 \N(g,a)=N(g.b) (=D*"" A(x;q,a,b)logx
k=1 241 ¢(q) (k —1)! Vx

where, as Y — 00,

+ X (x; q,a,b),

Y
1 )
Y / [T g, a, b)*dy = o(D).
1

In the above theorem, the constant (—1)* / Q1 (N (g,a) — N(q, b))/ (¢(q)) represents the bias in
the distribution of products of k primes counted with multiplicity. Richard Hudson conjectured that, as &
increases, the bias would change directions according to the parity of k. Our result above confirms his con-
jecture (under ERHy and SHy). Figures 1.1 and 1.2 show the graphs corresponding to (¢, a, b) = (4,3, 1)
for 21og x/(y/x (log logx)z) - Ag,(x;4,3,1) and 6log x/(4/x(log 10gx)3) - Ag,(x; 4,3, 1), plotted on
a logarithmic scale from x = 103 to x = 10%. In these graphs, the functions do not appear to be
oscillating around % and —% respectively as predicted in our theorem. This is caused by some terms of
order 1/loglog x and even lower order terms, and log log 10® & 2.91347 and 1/loglog 10® &~ 0.343233.
However, we can still observe the expected direction of the bias through these graphs.

For the distribution of products of k primes counted without multiplicity, we have the following
theorem. In this case, the bias will be determined by the constant (N (g, a) — N(q, b))/ (2k_1¢(q)) in
the theorem below.

Theorem 2. Assume ERHy and SHy. Then, for any fixed k > 1, and fixed large Ty,
1 X (loglog x)¥=1 [ (=¥ _ _
Awk<x;q,a,b>=(k_1),f L s L T@=g6) Y
’ & 1 XFX0 lyy1=To
L(L+ivgx)=0
N(g,a)—N(q,b ~
) (4 )+2k(x:q,a,b,To)},

x'x

%+iyx

2=1¢(q)
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Figure1.1. —
. J/x(loglog x)?

Ag,(x;4,3,1)

where
Y 2
~ log” T,
1imsupl/ 13k(e”: g, a,b, To) > dy < %.
1

Y—o0 Y 0
Corollary 2.1. Assume ERHy and SHy. Then, for any fixed k > 1,

Ay, (x;q,a,b)logx
J/x(loglog x)k-1
:<L+(_1)k+1)N(q,a)—N(q,b) (="' A(x; g, a,b)logx
2k=1 (k—D!o(q) (k — 1! Vx

+ 3 (x:q.a,b),

where, as Y — 00, .
¥ | Ei@ia P dy=on.
For the distribution of A(x; g, a, b), Rubinstein and Sarnak [1994] showed the following theorem.
This is the version from [Ford and Sneed 2010].
Theorem RS. Assume ERH and L1,. For any a # b mod g and (a, q) = (b, q) = 1, the function

ul(e;q,a,b)
eu/2
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Figure 1.2. ——
. J/x(loglog x)3

Ag,(x;4,3,1)
has a probabilistic distribution. This distribution has mean (N (q, b) — N(q, a))/$(q), is symmetric with

respect to its mean, and has a continuous density function.
Corollaries 1.1, 2.1, and Theorem RS imply the following result.
Theorem 3. Leta#b mod g and (a, q) = (b, q) = 1. Assuming ERHq and L, forany k > 1, 8q,(q; a, b)

and 8., (q; a, b) exist. More precisely, if a and b are both quadratic residues or both quadratic nonresidues,
then 8q, (q; a, b) =684,,(q; a,b) = % Moreover, if a is a quadratic nonresidue and b is a quadratic residue,
then, for any k > 1,

1—-46q, ,(g;a,b) <dq,(g;a,b) < % <8qy.(g;a,b) <1—108q,(q:a,b),
8 (@3 @, b) < 84y, (q;a,b) < 3,
80, (q;a,b) =64, (q;a,b), and éq, (q;a,b)+d4, (q;a,b)=1.

Remark. The above results confirm a conjecture of Richard Hudson proposed years ago in his communi-
cations with Ford. Borrowing the methods from [Rubinstein and Sarnak 1994, Section 4], we are able to
calculate dq, (g; a, b) and d,, (g; a, b) precisely for special values of g, a, and b. In particular, we record
in Table 1.1 the logarithmic densities up to products of 10 primes for two cases: ¢ =3,a =2,b =1, and
qg=4,a=3,b=1.
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k| 80,3:2,1) 8,,(3:2,1)|8q,(4;3,1) 84,,(4:3, 1)
1 |0.99906"  0.00094 0.9959" 0.0041
2 10.069629  0.069629 | 0.10572%  0.10572
3 10.766925  0.233075 |0.730311  0.269689
4 10.35829 0.35829 0.380029  0.380029
5 [0.571953  0.428047 |0.380029  0.380029
6 | 0463884  0.463884 |0.469616  0.469616
7 10518075  0.481925 |0.515202  0.484798
8 | 0.49096 0.49096 0.492398  0.492398
9 |0.50452 0.49548 0.503801  0.496199
10 | 0.49774 0.49774 0.498099  0.498099

Table 1.1. For ¢ =3, a =2 and b = 1 (left-hand side) and ¢ =4,a =3 and b = 1
(right-hand side). { [Rubinstein and Sarnak 1994] i [Ford and Sneed 2010]

For fixed g and large k, we give asymptotic formulas for 8q, (¢; a, b) and 8, (g; a, b).

Theorem 4. Assume ERHy and L1y. Let A(q) be the number of real characters mod q. Let a be a
quadratic nonresidue and b be a quadratic residue, and (a, q) = (b, q) = 1. Then, for any nonnegative

integer K, and any € > 0,

-1 K 2j+1 j 2j+1 .

. 1 (=Dk! 1 =1/ A(@)¥ T C(q;a,b) 1

iD= 2 @j+1)! FOwre\ g ) (Y
K

11 1 \Y (=) A@)¥*'Ci(q: 1
ka(%a,b):———Z( ) (=17 A(g) CJ(q’a’b)'i‘Oq,K,e(—), (1-5)

2 2m g\ 2 Q2j+1D)! (2k—T)2K+3¢

where C(q; a, b) is some constant depending on j, q, a, and b. In particular, for K =0,

1 _1A(@)Co(q; a, b) 1
3o, (g;a,b) = 3 + (—DF IT + 04 (23— )’

. 1 A(g)Co(q;a,b) 1
bl D) =5 = T O\ e )

Remark. We have a formula for C;(q; a, b),

o]

Cj(q;a,b)=/ X2 Dy.qp(x) dx,

—00

where

2 —x(b
Dyap(z) = 1_[ l—[ _]0< |X(a)1 x( )|Z>’
X#xo x>0 \/ZTV)%

L(L+iry,)=0
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and Jy(z) is the Bessel function,

o0 1y (z 2m
Jo(z)=2%

m=0

Numerically, Cy(3; 2, 1) & 3.66043 and Cy(4; 3, 1) ~ 3.08214. When g¢ is large, using the method in
[Fiorilli and Martin 2013, Section 2], we can find asymptotic formulas for C;(q; a, b),

B (2j—1)!!m+0j< 1 )

Cilaa.b) =y V(q: a, b)yit3"

where 2j — D! =2j-1D2j—-3)---3-1,(=)!!'=1, and

1
V(g;a,b)= Z |)((19)—X(a)|2 Z l+y2'
2Ty

Xx mod g vy €R
L(L+ivex)=0

By Proposition 3.6 in [Fiorilli and Martin 2013], under ERHy, V(g; a, b) ~2¢(q) logq.

2. Formulas for the associated Dirichlet series and origin of the bias

Let x be a nonprincipal Dirichlet character, and denote

x(n)
Frls, 0= ), =
Fom=k

where f = Q or w. The formulas for Fy, (s, x) are needed to analyze the character sums in (1-1) and
(1-2). The purpose of this section is to express F, (s, x) in terms of Dirichlet L-functions, and to explain
the source of the biases in the functions Ag, (x; ¢, a, b) and A, (x; g, a, b).

Throughout the paper, the notation log z will always denote the principal branch of the logarithm of a
complex number z.

2A. Symmetric functions. Let x|, x5, ... be an infinite collection of indeterminates. We say a formal
power series P(xp, x2, ...) with bounded degree is a symmetric function if it is invariant under all finite
permutations of the variables x, x2, .. ..

The n-th elementary symmetric function e, = e,(x1, x2, . ..) is defined by the generating function
Yool oenz” =12y (1 +x;z). Thus, e, is the sum of all square-free monomials of degree n. Similarly,
the n-th homogeneous symmetric function h,, = h,(xy, x2, ...) is defined by the generating function
fo’:o h,z" = ]_[?il 1/(1 — x;z). We see that, h, is the sum of all possible monomials of degree n. And
the n-th power symmetric function p, = p,(x1, x2, ...) is defined to be p, =x] +x5 +---.

The following result is due to Newton or Girard (see [Macdonald 1995, Chapter 1, (2.11) and (2.117),
page 23] or [Mendes and Remmel 2015, Chapter 2, Theorems 2.8 and 2.9]).
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Lemma 5. For any integer k > 1,

k
khi =" hi_npn. -1
n=1
k
ke =) (=" 'erupn. (2-2)

n=1

2B. Formula for Fg, (s, x). For R(s) > 1, we define

F(s,x)::ZX(p),

p P
the sum being over all primes p. Since
00
logL(s, )= 3 3 X2, 23)
m=t p P
we then have
F(s, x) =log L(s, x) — L log L2s, x*) + G (s), (2-4)

where G (s) is absolutely convergent for 9i(s) > oy for any fixed oy > % Henceforth, oy will be a fixed
abscissa > %, say o9 = 0.34. Because L(s, x) is an entire function for nonprincipal characters x, formula
(2-4) provides an analytic continuation of F(s, x) to any simply connected domain within the half-plane
{s : 9(s) > oy} which avoids the zeros of L(s, x) and the zeros and possible pole of L(2s, x2).

For any complex number s with R(s) > o¢ > % let x, = x(p)/p’ if p is a prime, O otherwise. Then,
by (2-1) in Lemma 5, we have the following relation

k
kFo (s, x) =Y _ Fa,_,(s, X)F(ns, x"). (2-5)

n=1
For example, for k =1, Fg, (s, x) = F(s, x). For k =2,
2Fq,(s, ) = F2(s, )+ F (25, x°).

For k =3,
31Fq,(s, x) =2Fq,(s, X)F(s, x) +2F (s, x)F(2s, x*) +2F (3s, x°)

= F(s, x)+3F(s, \)F (25, x*) +2F G35, x°).
For k =4,
4 Fq, (s, x) =3!Fa,(s, X)F(s, x) +3'Fa, (s, x)F (2s, x*) +31F (s, x)F(3s, x>) +3!F (4s, x*)
= F*(s, ) +6F2(s, x)F(2s, x>) +8F (s, x)F(3s, x>) + 6F (4s, x*) +3F?(2s, x?.

For any integer / > 1, we define the set

S,(,ﬁ)p:{(nl,‘--,nz)In1+~-+nz=k—m,2§n1Snzs'--inz,njEN(lfjfl)}
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Let S,Sf ) U,>1 S k ) . Thus any element of S,(,f Visa partition of k& — m with each part > 2. For any

n=(ng,ny,--- ,nz) € S,(,f), denote

1
F(ns, x) := l_[ F(njs, x").

j=1
Hence, by (2-5) and induction on k, we deduce the following result.
Lemma 6. Fork =1, Fq,(s, x) = F (s, x). For any k > 2, we have

k=2
k! Fo (s, x) = FX(s, )+ Y F" (5, X) Fuy (5, 1), (2-6)

m=0
where Fy, (s, x) = Znes(k) am)(n)F(ns X) for some am)(n) e N.
2C. Formula for F,, (s, x). By definition, we have

Fu0= Y ﬁ(i’::x(pn)

P1<p2<--<pk n=1

Denote

B 2
S CENTE N

» p
and for any u € N*,
~ o x(p) x(p?
F(s,x,u).—z — t—3 ZZ

14 p p p j=u

)

where D, (j) = (i :1) is the number of ways of writing j as sum of u# ordered positive integers.
By (2-3), we have

- - ad J -
F)=Fx:D=33" X;fs) —logL(s, x) + 1log L2s. x) +Gi(s)  (27)
p j=1
and
~ L x(p) N
F(s, x:2) = ZZ( — D55 =1og L(2s, x°) + Ga(s), (2-8)
p j=2

where G, (s) and Gz(s) are absolutely convergent for Ji(s) > o¢. Formula (2-7) provides an analytic
continuation of F (s, x) to any simply connected domain within the half-plane {s : 9i(s) > o¢} which
avoids the zeros of L(s, x) and the zeros and possible pole of L(2s, x2). Moreover, for any fixed u > 3,
F (s, x; u) is absolutely convergent for N (s) > oyp.
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oo x(ph

For any complex number s with R(s) > oy, take x, = ) if p is a prime, O otherwise. Then

by (2-2) in Lemma 5, we get the following formula,

k

kFo (5, ) = Fup_ (5. OF (5, X) = Y _(—=1)"Fuy_, (s, X)F (s, x: ). (2-9)
n=2

For example, for k =1, F,, (s, x) = F(s, x). For k =2,
2F,,(s, x) = F?(s, x) = F (s, x: 2).
For k =3, . - -
31 (s, X) =2Fu, (s, X)F (s, X) —2Fy, (s, X)F (s, x;2) +2F (s, x; 3)
= F(s, x) =3F (s, ) F (s, x:2) +2F (s, x5 3).

For k =4,

MF (5, %) =31 F oy (5, X)F (s, x) = 31 F,, (s, X)F(s, x:2) +3F (s, x)F(s, x;3) —3!F(s, x;4)

= F*s, x) = 6F2(s, OF (s, 3 2) +8F (s, x)F (5, x33) = 6F (s, x; 4) +3F(s, x; 2).
Hence, by (2-9) and induction on k, we get the following result.

Lemma 7. Fork =1, F,, (s, x) = F(s, x). For any k > 2, we have
k=2
k! Foy (s, ) = FX(s, 0 + D F™ (5, X) F, (5, X), (2-10)
m=0
where F,,m (s, x) = Znes,‘,{‘) b,(,f)(n)ﬁ(ns, X) for some b,(,f)(n) € Z, and foranyn = (ny,...,n;) € S,(,{(),
F(ns, x) := ]_[lj:1 F(s, x: nj).

2D. Origin of the bias. In this section, we heuristically explain the origin of the bias in our theorems.

(1) Analytical aspect. In order to get formulas for Ag, (x; g, a, b) and A, (x; g, a, b), our strategy is to
apply Perron’s formula to the associated Dirichlet series Fg, (s, x) and Fy,, (s, x), then we choose special
contours to avoid the singularities of these Dirichlet series. See Section 3 for the details.

First, we have a look at the case of counting primes in arithmetic progressions. If we only count primes,
by (2-4), we have
xp) _

Fo,(s, x) = F(s, x) = — =log L(s, x) — 5 log L(2s, x*) + G(s).

p

The main contributions for Ag, (x; g, a, b) are from the first two terms,
log L(s, x) — %log L(2s, x2).

The first term log L (s, x) counts all the primes with weight 1 and prime squares with weight % The higher
order powers of primes are negligible since they only contribute O (x'/3). The singularities of log L(s, x),
i.e., the zeros of L(s, x), on the critical line contribute the oscillating terms in our result. In our proof, we
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use special Hankel contours to avoid the singularities of log L(s, x) and extract these oscillating terms
(Lemma 12). See Sections 3 and 4 for the details of how to handle these singularities. The second term
—% log L(2s, x?) counts the prime squares with weight —% and contributes the bias term. When x is a
real character, the point s = % is a pole of L(2s, %2), and hence the integration of —% log L(2s, x2) over
the Hankel contour around s = % contributes a bias term with order of magnitude /x/log x. Using the
orthogonality of Dirichlet characters, and the formula ) 5 ea(X(@) — x())=N(q,a)— N(q,b), we
get the expected size of the bias.

Another natural and convenient function to consider is —L'(s, x)/L(s, x) = Y ey X (n)A(n)/n°,
which is much easier to analyze than log L(s, x). This weighted form counts each prime p and its powers
with weight log p. Similar to log L(s, x), all the singularities of the function —L’(s, x)/L(s, x) on the
critical line are the nontrivial zeros of L(s, x) and thus there is no bias for this weighted counting function

Z A(n) — Z An).

n<x n<x
n=a mod q n=b mod q

Thus, partial summation is used to extract the sum
> e X ioen
s logn e logn
n=a mod g n=b mod q

from the above weighted form, which is possible because log n is a smooth function. However, there is
no way to do this with the analogue (1-3) to recover the unweighted counting function Ag, (x; ¢, a, b) or
Awk (-x’ Q7 aa b)

If we count all the prime powers with the same weight 1, by (2-7), we have

Fo (s, x) = F(s, x) =log L(s, x) + 3 log L(2s, x*) + G1(s).

In this case, the bias is from the second term % log L(2s, x?) for real character x which counts the prime
squares with positive weight % This is why the bias is opposite to the case of counting only primes.
For the general case, when we derive the formula for Ag, (x; g, a, b) using analytic methods, by (2-6)
in Lemma 6, the main contributions for Fg, (s, x) will be from %F k (s, x), which is essentially
1 k
ﬁ(log L(s, x) — $log L(2s, x»))".
In the expansion of the above formula, the term % logk L(s, x) contributes the oscillating terms (see (4-9)
and (4-13))

(=% /x(loglogx) ! Z xi7x
k—1)! log x . %_ny.
L(§+zyx,x)=0
When y is real, the term

C(=Dk

1
—(—3logL(2s, x*) = o

o (log L(2s, x*)"
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contributes a bias term (see (4-10) and (4-14))

1 (=DF /x(loglogx) !
(k — 1)1 2k=1 log x ‘

Then summing over all the real characters, we get the expected bias term in our formula for Ag, (x; g, a, b).

The factor (—1)¥ /2%~ explains why the bias has different directions depending on the parity of k and
why the bias decreases as k increases. Other terms with factors of the form logkfj L(s, x) logj (2s, x2)
for 1 < j <k — 1 only contribute oscillating terms with lower orders of loglog x which can be put into
the error term in our formula (see Lemma 14).

Similarly, for the case of A, (x; g, a, b), by (2-10) in Lemma 7, the main contributions for F, (s, x)
are from

G FH 60 = 1 (log Lis. 0 + 3 log L2s, 4% + Gi9)".

The main terms are from the contributions of the terms log L(s, x) and ( log L(2s, Xz))k. Thus,
the main oscillating terms are the same as that of Ag, (x, q,a, b), and the bias term has the same size
without direction change.

Through the above analysis, we see that the biases are mainly affected by the powers of i% log L(2s, x?)
for real characters which count the products of prime squares.

(2) Combinatorial aspect. Instead of giving precise prediction of the size of the bias as above, here
we use a simpler combinatorial intuition to roughly explain the behavior of the bias. We borrowed this
combinatorial explanation from Hudson [1980].

Pick a large number X. Let S; be the set of primes p = 1 mod 4 up to X, and S, be the set of
primes p = 3 mod4 up to X. Using these primes, we generate the set V® := {pg : p,q € §; U
S>, p and g can be the same}.

Let V1(2) ={neV?P:n=1mod4}, and V2(2) {n € VP :n =3 mod 4}. Then, the integers in V(Z)
come from either products of two primes from S; or products of two primes from S,. The integers in
V2(2) are the product of two primes pg with p € S| and g € S,. Thus,

2 2
@y (19 (151 4 15y = ISP HIBE 1115152
V1= (15) +1si+ (75 + 12l = o+ 2

and
2
V21 =181] - 1Sal.

It is clear that |V](2)| > |V2(2) |. Note that %(lS 11 +182]) counts the squares of primes with weight % which
makes a crucial difference between V1(2) and V;z).
Let VI(O) = {1} and VZ(O) = @. For any k > 1, denote

V(k) ={n=pi---pr:pjeSiUSrforall 1< j<k,n=1mod4},
VO i={n=pi--p:pjeSiUS forall 1 < j<k,n=3mod4},

where the p; can be the same. Note that Vl(l) =S and Vz(l) = 5.
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We give inductive formulas for |V1(k)| and |V2(k)|. The elements of Vl(k) and Vz(k) are generated by
integers of the form pfnk_j for p e S;or S and ny_; € Vl(k_” or Vz(k_]) (1<j<k). By(@-1)in
Lemma 5, we have

k k— k—1 k—2 k—3 k—3
KV O = qvED s VP 18D + 1VE21ASHHSD + QVED SV 180 + - -

Pli—1 p2ng—2 ping—3

and

VO = (VE 1181V ED 18D + V210814 1S2D + (VE D1 1S+ VED s -

Pl—1 T Pz
Thus,
k(v =1v)
= (VST I 118D = VP 1S+ IV + v = v )
US1+ 182D + AV 18+ 1V 1180 = (v 1 IS+ IV 183D+ -
= (V= DA =120 + (V2= 12D AS1 + 1520)
+ (V=1 DS = 182D+ 2-11)
For 1 < j <k—1, suppose |V1(j)| < |V2(j)| for odd j and |V1(j)| > |V2(j)| for even j. Therefore, by (2-11)
and induction, we deduce that |V1(k)| < |V2(k)| for odd k and |V1(k)| > |V2(k)| for even k. This provides us a
heuristic explanation for the bias oscillation of Ag, (x; 4, 3, 1).
This heuristic also works for the quadratic residues and nonresidues modulo ¢ whenever g has a
primitive root. Because in this case, all the residues form a cyclic group (we thank the referee for pointing
this out). When ¢ has no primitive root, one should consider the group structure of the residue classes if

we want to give a similar heuristic as above.
For example, for ¢ = 8, we know that 1 mod 8 is the only quadratic residue, and

32=5"=7=1mod8, 3-5=7mod8, 5-7=3mod8, and 3-7=5mod8.  (2-12)
If we define Vj(l) :={p=jmod8, p<X}forj=1,3,5, and 7. For any k > 2, let
VP i=tm=pi - p=jmod8 pie VP uvPuvPuvil 1 <i <k}, forj=1357.
Then similar to ¢ =4, using (2-12) and Lemma 5, we have

k k—1 1 k—1 1 k—1 1 k—1 1
KIVOT= (V21 v T v 01w v 0 v 4 v 01 v )

JZU S

k—2 1 1 1 1
+IVE2IVEI v+ v+ v ) 4

p2ng_s
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k k—1 1 k—1 1 k—1 1 k—1 1
KV = (V321 v L v v v R v v v

Phk—1

k—2 1 1 1 1
+IVE2IVE IV T+ IV v ) 4

p2ng_s

and similarly for k|V{®| and k|V.\"|. For 1 <1 <k — 1, suppose |V\"| < |[V{"| ~ V| ~ |V for
odd /, by the formulas for k| Vj(k)l (j =1, 3,5,7) and induction on k, we will derive the expected bias
phenomenon.

3. Contour integral representation

In this section, we express the inner sums in (1-1) and (1-2) as integrals over truncated Hankel contours
(see Lemma 10 below).
Let

V0= Y xm),

fm=k
where f = Q or w. By Perron’s formula [Karatsuba 1993, Chapter V, Theorem 1] we have the following
lemma.

Lemma 8. Forany T > 2,

Y (X, x) = fCHTF 60 ds+of 08F Ly
fi X _27Tl c—iT fi % X N s T ’

where c =1+ 1/logx, and f = Q or w.

Starting from Lemma 8, we will shift the contour to the left, in a way which avoids the singularities of
the integrand. We will then require estimates of the integrand along the various parts of the new contour.

Lemma 9. Assume ERHy. Then, for any 0 < § < % and for all x # xo mod g, there exists a sequence of
numbers J = {Tn};’f’_0 satisfying n < T, <n+ 1 such that, forT € J,

Fr(o+iT)=0(og"T), (}-8<0<2)
where f = Q or w.

Proof. Using the similar method as in [Titchmarsh 1986, Theorem 14.16], one can show that, for any
€ >0 and for all x # xo mod g, there exists a sequence of numbers J = {T,}7° , satisfyingn < T, <n+1
such that, 7, ¢ < [L(o +iT,, x)| < T2T€), (3 — 8 < o < 2). Hence, by formulas (2-4), (2-6), (2-7),
(2-8), and (2-10), we get the conclusion of this lemma. U

Let p be a zero of L(s, x), A, be the distance of p to the nearest other zero, and D), :=minzeg(|y —T).

For each zero p, and X > 0, let #(p, X) denote the truncated Hankel contour surrounding the point s = p

. - L (LA 1p ] |
with radius 0 < r, <min(1, 3A,, 5Dy, 3[p — 3

), which includes the circle |s — p| = r, excluding the
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log x

Figure 3.1. Integration contour

point s = p — rp, and the half-line (p — X, p —r] traced twice with arguments + and — respectively.
Let Ag be the distance of % to the nearest zero. Let %(%, X)) denote the corresponding truncated Hankel
contour surrounding s = % with radius rg = min()]—c, %)

Take § = %. By Lemma 8, we pull the contour to the left to the line %i(s) = % — & using the truncated
Hankel contour #(p, §) to avoid the zeros of L(s, x) and using %(%, (S) to avoid the point s = % See
Figure 3.1.

Then we have the following lemma.

Lemma 10. Assume ERHg, and L(%, X) # 0 (x # xo0). Then, for any fixedk > 1,and T € J,

\)

]{f X, — E S F S, _ds+a RS F S, _ds
fi X 2i ¥(p,8) fi X S X 2i %(%’5) fi X S

where a(x) = 1 if x is real, 0 otherwise, and f = w or 2.
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Proof. By formulas (2-6) and (2-10), if x is not real, s = % is not a singularity of Fp, (s, x). Hence the
second term is zero if x is not real. By Lemma 9, the integral on the horizontal line is

¢ x° x¢(logTY*  x(log T)*
<loeDf | o < (3-)
Under the assumption ERH,, the integral on the vertical line R(s) = % —4dis
T x12=0 Jogh (|t +2
< / g UM H2) 4y o 120 10g T, (3-2)
-T |§ ) + lt|
By (3-1), (3-2), and Lemma 8, we get the desired error term in this lemma. O

4. Proof of the main theorems

In this section, we give the full proof of Theorems 1 and 2, by quoting Lemmas 12, 13, 14, and 15 of
which the proofs will appear in later sections.

Proof of Theorems 1 and 2. Let y be the imaginary part of a zero of L (s, x) in the critical strip. We have
the following lemma.

Lemma 11 [Ford and Sneed 2010, Lemma 2.2]. Let x be a Dirichlet character modulo q. Let N(T, x)
denote the number of zeros of L(s, x) with 0 <N (s) < 1 and |3(s)| < T. Then

(1) N(T, x) = O(T log(qT)) for T = 1,
(2) N(T, x) —=N(T -1, x) = O(log(@T)) for T = 1,
(3) uniformly for s = o +it and o > —1,

L'(s, x) _

1
L(s,x) 2 s, T OUogqllr|+2). @1

ly—t|<l1

=L (7)]
Fjw — [dz/\T'(@) /],

The following lemma is the starting lemma to give us the bias terms and oscillating terms in our main

For simplicity, we denote

theorems. This lemma may have independent use, we will give the proof in Section 8.

Lemma 12. Let #(a, 6) be the truncated Hankel contour surrounding a complex number a (R(a) > 25)
with radius 0 < r K % Then, for any integer k > 1,

1 s —1 k,a k 1 a—3§8/3
— logk(s—a)x— ds:ﬁ{k(log logx)k_l—{—Z(lc.)(loglogx)k_f—}—{—Ok(lx |>

270 Jye(a,s) s alogx P J I";(0) la|

x| i x| (loglog x)*~!
+ Oy ————(Ioglogx) + 0 .
k(|a|210g2x g8 “\la2M@ =8l (ogx)?
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Remark. By (5-3) in the proof of Lemma 16, one can easily show that

1
I';(0)

LT@G+D. 4-2)

By Lemma 10, we need to examine the integration over the truncated Hankel contours #(p, §) and

%(%, 8). By (2-4) and (2-7), and the assumptions of our theorems, on each truncated Hankel contour

#(p, &), we integrate the formula (4-1) in Lemma 11 to obtain
F (s, x) =log(s — p) + Hy(s), (4-3)
F(s, x) =log(s — p) + Hy(s), (4-4)

where

Hy(s)= Y log(s —p")+ Odog|yl),
O<ly’—yI=1

Hy(s)= ) log(s —p))+ Oogly]).

O<|y’—yI=l

If x isreal, s = % is a pole of L(2s, x2). So, by (2-4) and (2-7), on the truncated Hankel contour %(% 8),
for a real character x, we write

F(s, x) = 5 log(s — 5) + Hp(s), (4-5)
F(s, x) = —1log(s — 1) + Hp(s), (4-6)
where Hg(s) = O(1) and Hg(s) = O(1).
Denote
1 x5 1 x5
I/)(x) = k!FQk(S,X)—dS, IB(X) ::_./ k!FQk(S, X)_dS,
2mi H(p.8) N Tl %(%’5) N
and
» 1 s y 1 s
)= — KIF, (5, x) —ds, Ip(x):= —/ KIF,, (s, )= ds.
271 Jyep,s) s 2mi %(%,5) s

We define a function 7 (x) as follows: for 7, € I satisfying e <Ty < e +1,let T(x) =T, for
¥ <x<e¥' In particular, we have

x<Tkx)< 2x2, (x > ez).

Thus, by Lemma 10, for T = T (x),

1

Va0 =1 O L@+ “Ej)IB(x) + 012, (@-7)
lyI<T '
1 ~ -

ka(x’ X)=E Z Ip(x)+%IB(X)‘FO(xl/ziS/z)- (4-8)

ClylsT
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We will see later that ZM 7 Ip(x) and ZlylsT I »(x) will contribute the oscillating terms, i.e., the
summation over zeros, in our theorems, and /g (x) and Ip (x) will contribute the bias terms.

Next, we want to find the main contributions for /,(x), Ip(x), I »(x), and Ip (x). By (2-6) and (4-3),
we have

2mi

1 _ k_ - k _ k—j /
=g [ dose—pn st o [ MZ () dosts — = a1, 51 as

k—2
=
F"(s, x) Fu, (s, X)—ds
27Tl %(p(‘i)z "

m=0
=: Iy, (¥) + En;, (¥) + Eg, (x), 4-9)

and by (2-6) and (4-5),

11 kX 1 ik _ ;
=2 3 0. 056~ Sdsta %(;,a);( ©) (G toe(s=4)) Has)  ds
1 k—2
+%f%(; Z)F (5, X) Fuy (s, x)—ds
=: By (x) + Ep(x) + Eg(x). (4-10)

Here, Ij,(x) and By (x) will make main contributions to /,(x) and /(x), respectively. Similarly, by
(2-10) and (4-4), we have

1 I 1 £k RV PP
=5 /% foss s+ o %(M)Z(j)aog(s DICACIESE

2mi
1 =2 . X
+5— %(p’s)’;)ms,x)Fn,,,<s,x)?ds
=: Iy, (x) + Ey, (x) + Eg, (x), (4-11)
and by (2-10) and (4-6),
INB(x)z(_z—i)k%é(é’s)(log(s—%)) ~ ds +% %(m/Z:(];)(—%1og(s_%))k—f(ﬁ3(s))f’;_sds
| -
+5 (1) XE)F% X) Fu, (s, x)—ds
=t By (x) + Ep(x) + Eg(x). (4-12)

Here, I, m,(x) and By (x) will make main contributions to I »(x) and Ip (x), respectively.
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Applying Lemma 12, we have

- (=Dk/x xr
Iy, (x) = Iy, (x) = logx %—I— {k(loglogx)k 1+Z( )(loglogx)k Y (O)}
1 ﬁ(loglogx)k_l 1/2 8/3
" 0"(|y|2 (log x)” ) < ) 19
—1)k
By (x) = %{k(loglogx)k ! +Z2< )(loglogx)k J I‘j(O)}
1 1 k—1
" O"(ﬁ( gfg(f);) ) FOE, g
and
By (x) = (=1)*Bu (x). (4-15)
For the bias terms, by (4-10), (4-12), (4-14), and (4-15), we have
-Dx
150 = S T {k(loglogx)k 1*;( ;) toglog:0)*~ rj(O)}
1 1 k—1
+ Ep(0) + Eg(x) + O (ﬁ( gfgﬁif) ) + OGP, e
and
= . VX k—1 k—
Ip(x) = W{k(loglogx) —I—%( )(loglogx) ]F 0
k—1
+ Ep(x)+ Ep(x) + 0k<ﬁ(18§;‘if) ) 023, (417)

We will prove the following result in Section 5.

Lemma 13. For the bias terms,

—Dkk log log x)*—2
IB(x)=!£(loglogx)k*1+0k vx(loglog )™
2k=1 Jogx log x
- k log1 k=2
Ty = <5 V¥ (loglog)t—1 4 0y (Y0810
2k=11og x log x
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Then for the oscillating terms, by (4-9), (4-11), and (4-13), and Lemma 11, for T = T (x),

1k k—1 i k—
S 0= EY ky/x (loglog x) > LG IZ( ><loglogx> j o
j=2

log x =T 2+zy log x I";(0) g=r 2 iV

lyI=T

| k—1
+ 2 B+ ), ERp(x)+0k<ﬁ(1°g1<2)gx) )
lyI=T lyl<T log” x (4-18)

k k-1 k—
Z ip(x)_( 1)*k/x(loglog x) Z lxy (=D \/_Z< >(10g10gx) J Z 1
=

logx =T 2—|—zy logx Fj(()) =T 2—|—zy

. s log log x)k~!
+ 3 En0+ Y ERp<x>+ok(ﬁ( e ) (4-19)

2
(0] X
ly|<T yI<T g

The first terms in the above formulas are the main oscillating terms in our theorems. We will show in
Section 6 that the other terms are small in average. For T = T (x), denote

510 ) = jf 3 Ey,0)=logx Y xVEj, (x). (4-20)
lyI=T ly|I<T
log x iy
To(x; x) = NG Y Eg,(x)=logx Y  x"Ep (x), (4-21)
Y yi=r yI=T

where E;v[,, (x) = Ep,(x)/x”, and E}ep (x) = Eg,(x)/x”. Similarly, denote

~ log x ~ .

S x) = j} 3 By, =logx Y x7Ej, (x), (4-22)
lyI=T ly|<T

~ log x ~ .

Sh(x: x) i= j} 3 Ep (o) =logx Y xVEp (). (4-23)
lyI<T lyI=T

where E;wp(x) = EMp(x)/x/’ and E;ep x)= E~Rp (x)/x”.
Then we have the following lemma (see Sections 6A and 6B for the proof).

Lemma 14. For the error terms from the Hankel contours around zeros, we have
Y
/ (lzl(e); X)|2 + |22(e}’; X)|2) dy = o(Y (log Y)Zk—Z),
2

Y
/ (121(e”; )()|2 + |2, (e”; X)|2) dy = o(Y (log Y)Zkfz)‘
2

Moreover, we also need to bound the lower order sum

k
1660 = (=1 (4 ) dogrog - —— (4-24)

1
= F (0) lyI<T 2 —Hy
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and the error from the truncation by a fixed large 7o,

(4-25)

S2(x, To; x) = Z T
pi=r 2 1Y

- X T

yi=n 2 FiY
Then we have the following result (See Section 6C for the proof).

Lemma 15. For the lower order sum and error from the truncation, we have

Y
/ 151(e”; )12 dy = o(¥ (log ¥)?2),
2

and for fixed large Ty,

log? T
i El —|—log5 To.
Tp

+logY

Y i log> T,
/ 1S2(e”, To; x)I*dy <Y gT 0
2

Combining Lemmas 13, 14, and 15 with (4-7), (4-8), (4-18), and (4-19), we get, for fixed large T,

—1)k iy
o = Y (g log x)- ‘( S sy x))

!
(k—1Dlog lyI<Tp iy
(—-DF Ux k—1
+al0q = ),1—( oglogx)™™", (4-26)
where
: log? To
hmsup—/ IZ (e, To; x)|>dy « ——
Y—o0 TO
Also,
(—=DF S
%k(x,x)=(k 1),1f( oglog )"~ (Z T +E(x,To;x))
i< 2 7Y
1 Jx
+a(X)<k )'1_( gogx) ©(4-27)
where

log? Ty

Y

. 1 S

11msup7f 1=, To; Y)I*dy <
1 0

Y—o00

Note that Zx #XO()'((a) — x(b))a(x) = N(g,a)— N(q, b). Hence, combining (4-26) and (4-27) with
(1-1) and (1-2), we get the conclusions of Theorem 1 and Theorem 2. Now we finish the proof of
Theorems 1 and 2 modulo the proofs of Lemmas 12, 13, 14, and 15. O

5. The bias terms

In this section, we examine the bias terms and give the proof of Lemma 13.
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SA. Estimates on the horizontal line. In order to examine the corresponding integration on the horizontal

line in the Hankel contour, we prove the following estimate which we will use many times later to analyze

the error terms in our theorems.
Lemma 16. For any integers k > 1 and m > 0, we have

(loglog x)k—!

$
fo |(logo —im)* — (logo +im)K|o™x ™% do K (log)" ™

Proof. Let I represent the integral in the lemma. Then, we have

k ) k 8
I§2Z(§)nj/ llogo|Fo™x™° do <<ka llogo|F6™x™% do
, 0 — Jo
j=1 j=1

Using a change of variable, o log x = ¢, we have

) o 1 dlogx o
/0 logo|*/o™x7% do < W/{) llogt —loglog x|“~/t"e™" dt

1 k—j k—j i Slogx , ,
<— (loglog x)*~/~ / [logt|'t"e™" dt
a2(7)
(log x)m 1 £ 0
1 k—j i dlogx }
T EEE——— logl - logt|'t"e™" dt.
<Lk (ogx)" 1 IE:O(og 0gx) /0 [logt['t™e

Next, we estimate

dlogx 1 00
/ llogt|'t™e™" dt < (f +[ >|logt|1t’"e" dt = 1), + 1I,.
0 0 1

For the first integral in (5-3),

! ! 16 [t
1,1=/ |logt|ltmetdt§/ logt|' dt "= / —dr=T(+1).
0 0 0o €

For the second integral in (5-3),

0 t’"(lo l‘)l ;[0 I[
112=/1 e_;gd; z;e/o iyt < U D).

Then, by (5-2)-(5-4), we have
k—j

. log log x)k—J
Z(log log x)k=7 =" Op (1) Kok &
=0

B
1 k—j _m 0 4
/0 logo|"/o™x o Lk (logx)m“

(logx)mH
Thus, by (5-1),

(loglog x)*~!

1

Hence, we get the conclusion of this lemma.

(5-1)

(5-2)

(5-3)

(5-4)

(5-5)
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5B. The bias terms. We have the following estimate for the integral over the truncated Hankel contour
1

%(5.9).

Lemma 17. Assume the function f(s) = O(1) on %(%, 5). Then, for any integer m > 0,

Vx(loglog x)™ !
log x ’

L

/;6(1 5)(log( )) f(s)—ds

2 b
Proof. Since the left-hand side is 0 when m = 0, we assume m > 1 in the following proof. By Lemma 16,

we have

[ osts = ] <

5 1 c1/2-0
/ ((logo —im)"™ — (logo +im)") f(5 — o) do

0 7 o
T (log 1 my.1/24rg
+0< (log /r0]+77) X rod(x>
— E —ro
) m
1
< ﬁ(/ |(logo —in)" — (logo +im)"|x"°d +M)
X
log1 m—1
f( og log x) (5-6)
log x
This completes the proof of this lemma. (|

In the following, we prove the asymptotic formulas for the bias terms.

Proof of Lemma 13. Since Hg(s) = O(1), by (4-10), (4-12), and Lemma 17,

(log(s — 1))/ (Hg (s))f—ds

#(3.9)

k
_lﬁ E (loglog x)k_j_]
X
j=1

X
<k (loglog x)*2. (5-7)

log x

Similarly,
(log(s — 1))/ (Ag (s))f—ds
#(3.5)

X
<k (loglog x)*2. (5-8)

log x

In the following, we estimate Eg(x) in (4-10) and Eg (x)in (4-12). If x isnotreal, Eg(x) = ERr (x)=0.
If x is real, by (2-4), on 9(3, 8), we write

F(2s, x*) = —log(s — 1) + Ha(s). (5-9)
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On ¥(3, 8), |Ha(s)| = O(1). By (2-6), we have

|ER(x>|<<Z >

S(k)

/ Fm(s, x)F(ns, X)x?s ds|. (5-10)

m=0ne

For each 0 <m <k — 2, we write
F™ (s, \)F(ns, x) = F™(s, x)F™ (25, x>)Gu(s),

where m +2m’ <k, and G,(s) = O(1) on 3’6(%, 8). Thus, by (4-5), (5-9), and Lemma 17,

/ F'”(s,x)F(ns,X)x—Sa’s
a( s

X

< /%(1 5) (log(s — 3) + Hg(s))" (log(s — 3) — Hz(s))m,G,,(s));_s ds
<22 / (log(s — 1)) ™ TR (Hip ()1 (Ha(5))2 G () dis
J1=0 j2=0 %(%S) s
< Z Z (log log x)"+m' =i1=i-1
J1=0 jo= 0
X k—2
<Lk 10gx(log logx)" . (5-11)

In the last step, we used the conditions 0 <m <k —2 and m +2m’ <k.
Combining (5-10) and (5-11), we deduce that

X
|Er(x)| <x lgrx (loglog x)*~2. (5-12)

Similarly, if x is real, by (2-8), we write
F(s, x:2) = —log(s — 3) + Ha(s), (5-13)

where I:Iz(s) =0(1) on 3‘6(% 8). Using a similar argument as above, by (4-6), (5-13), and Lemma 17,

we have

~ x5 X
|Er(x)| < Z > f F™ (s, x)F(ns, x)— ds| <x V¥ (log log x)* 2. (5-14)
s log x
m=0nes,’
By (4-10), (4-14), (5-7), and (5-12), we get

(=D V/x(loglog x)“)

k
- 1
Ip(x) = T Tlog s Mog {k(loglogx)" 1+J§2( )(loglogX)k ]F (O)}+0k( Jog x
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Then, by (4-2),
k

k i—j 1 k—2
. )(log1 J log1 .
;(J)mg 0g 0" 5| < (oglog.0)
Hence,
Dk Jx x(log log x)*—2
Iy(x) = %iaoglogx)k—l 4 o (L2 oglog 077 (5-15)
2 log x log x
Similarly, by (4-12), (4-15), (5-8), and (5-14), we have
- k X x(log log x)*—?2
o) = —— V¥ loglogxyt1 4+ 0, (Y0812 (5-16)
2k=1logx log x
This completes the proof of Lemma 13. g

6. Average order of the error terms

In Section 6A and Section 6B, we examine the error terms from the Hankel contours around zeros and
give the proof of Lemma 14. In Section 6C, we examine the lower order sum and the error from the
truncation, and give the proof of Lemma 15.

6A. Error terms from the Hankel contours around zeros. In this section, we give the proof of Lemma 14.
The following lemma gives an average estimate for the integral over Hankel contours around zeros, which

is the key lemma for our proof.

Lemma 18. Let p be a zero of L(s, x). Assume the function g(s) < (log|y|)¢ on #(p, &) for some
constant ¢ > 0, and

H,(s) = Z log(s — p') + O(logly|) on #(p, ). (6-1)
O<ly’—yI<1

For any integers m, n > 0, denote

x5—F
ds.

E(x; p) = / (log(s — p))™ (H,(s))" g(s)
%(p,8)

N

Then, for T = T (x), we have

r

We will give the proof of Lemma 18 in next subsection. We use it in this section to prove Lemma 14 first.

2
y Y €7VE(:p)| dy=o(Y(og¥)" ),

Iy I<T(e”)

Proof of Lemma 14. By (4-20), we have
2 k 2
<) :

j=1

1S (x; ) = (6-2)

log x Z x'VE, j(x)
lyI<T

iy o/
log x Z X EMp(x)
lyI<T
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where
s—p

Ep (0) = f% - togts =) (Hy0)) X
0.

By Lemma 18,take m =k — j,n=j,and g(s) =1, (i.e., c =0),

Y 2
/ y Y €VE, ()] dy=o(Y(og¥)* ).
2

lyI<T(e”)

Thus,
Y
[ mie 0P dy =otr tog 12
2
By definition (4-9) and (4-21), we have

k—2
B2 < Y Y |logx 3w [ g
#(p,0)

m=0nes® ly|I<T

Y Y

m=0nes, j=0

2
log x Z xiyEm,j(xa X;n)
ly|<T

where

Ey j(x, x;n) = / (log(s — p)
%(p.5)

Since on #(p, §), we know F(ms, x) = 0((10g|y|)%(k_m)), by Lemma 18, we get

r

Hence, by (6-4), we deduce that

2
y Y €E, (e, xim)| dy=o(Y(log¥)™ ).
lVI<T(e”)

Y
/ 1Z2(e”; )17 dy = o(Y (log Y)*72).
2
Combining (6-3) and (6-5), we get the first formula in Lemma 14.
For & 1(x; x) and iz(x, Xx), by (4-22), using a similar argument with Lemma 18,

/ E16e: 0l a’y<<Z/

2
¢V E, ;)| dy=o(Y(log¥)*7?),

|V|<T(6")

where
x5~

E, j(x)= / (log(s — p))* 7 (H,(s))’
#H(p,0)

Similarly, by (4-23) and Lemma 18,

/ (e’ )P dy <<Z ) Z

=0nes® j=0

eVEn (€, x;n)

\V|<T(€‘

2
dy = o(Y (log Y)*72),

331

(6-3)

(6-4)

(6-5)

(6-6)

(6-7)
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where
~ .~ .~ x5—P
Enytxoim = [ (ogs = )" Iy (60 Flms, )"~ ds.
#(p.8) $
Combining (6-6) and (6-7), we get the second formula in Lemma 14. U

6B. Estimates for integral over Hankel contours around zeros. We need the following results to finish
the proof of Lemma 18.

Lemma 19 [Ford and Sneed 2010, Lemma 2.4]. Assume L(% X) #0. For A>0andreall > 0,

¥ log' (Iy1] +3) log' (1y2] +3) 1 (log(A +3))%+3
yillv2llyr — yal A+1

yil,ly21>=A
[yi—y21=1

Lemma 20. For any integers N, j > 1, and 0 < |§,,| < 1, we have

r

where Ay = ]_[,]:/:] 18,].

J 1 1 J
x %do K —{min(Nloglogx, log —) —i—Nn} ,
log x AN

N
> "log(o +i8,)
n=1

Proof. Let I denote the integral in the lemma. We consider two cases: Ay > (loé -

(1) If Ay > (1/logx)V, we have

1 7o 1 1 oo :
I < |log— + Nx /x_”do<<— log— +Nn | <« ——(Nloglogx+ Nm)/. (6-8)
Ay 0 log x AN log x

(2) If Ay < (1/logx)™, we write

(AN 1/log x ) N j
[ = (/ +/ +/ > Y log(o +i8,)| x °do =1, + L+ Is. (6-9)
0 (AN)UN 1/logx/ |\ —;
First, we estimate I,
1 i pamy 1 J
I < (log— +Nn / x%do < (AN)YN(log— +Nr | . (6-10)
Ay 0 AN

For 0 < t < 1, consider the function f(t) = t'/V (log% + Nn)J. Since the critical point of f(r) is
t =eNT=D > 1, by (6-10), we have

1 . 1 1 i
= (N loglogx + Nm)’ <<—(log—+Nn) . (6-11)
X log x

1
1
1< J <<logx>N> log An
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Next, we estimate /3. Using the change of variable o logx = ¢, we get

) J
1
I3 <</ (Nlog—+Nn) x %do
1/logx o

. 1
~ logx

NJ ] ; ) 8log x
= E <;>(loglogx+n)f_l/ (—logt)e " dt
log x P 1

dlogx )
/ (Nloglogx — Nlogt+ Nm) e " dt
1

< —Z(loglogx+n)]_l —dt
" logx 1
1=0
(N loglogx + Nm)/
log x

J

1 1 J

< —(log L Nn) . (6-12)
I ogx N

For I, similar to /3, using the change of variable o logx = ¢, we get

1/log x 1 J
I <</ (N]og——l—Nrr) x %do
( o

AN)I/N

1! ,
/ (Nloglogx — Nlogt+ Nm) e " dt
logx (AN)VN log x

NI < |
= Jj-l _ I —t 1
= foax Z( >(log10gx—|—7r) / (—logn)'e " dt (t—> ef)

(AN)/V log x

00 41

N/ t
<<J1 Z(loglogx+7r)] 1/ ;dt
0

(N log logx + Nm)/
log x

J

1 1 J
< log—+Nm ) . (6-13)
log x Ay

Combining (6-11), (6-12), (6-13), with (6-9), we get

(N loglog x + Nm)J 1 1 J
I <; ; log— + N . 6-14
< log x 71 °8 Ay AT ( )
By (6-8) and (6-14), we get the conclusion of this lemma. Il

In the following, we use the above lemmas to prove Lemma 18.
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Proof of Lemma 18. If m =0, E(x; p) = 0 and hence the integral is 0. In the following, we assume m > 1.
Let I', represent the circle in the Hankel contour #(p, §). Then,

s—p
E(x:p) = / (log(s — 0))" (H,(s))" g(s)— ds
H(p,8) S
1) —0
= / (logo —im)" —(logo +in)")(H,(3 —o +iy))"g(3 —0o —I—iy)]x—' do
o 5 —0+1y
s—p
+ | togs —p))m(Hp(s))"g(s)xs ds
=: Ep(x; p) + E(x; p). (6-15)

For the second integral in (6-15), since r, < }C by Lemma 11,

lo Crox"e 1 " "
Er(x: p)| < %(log—ﬂ) ( > log<,—)+0<10g|y|>>
54 rp —_, |V_V|_r,o
O<|y—y'I=1
lo Crox’e 1 " 1 "
< w(log — +n) (log|y )" <log(—) + 0(1)>
[y rp Tp
lo e log(1/r,) + )™t lo nte
<<( glyD"™ (og(1/rp) +-m) <<( glyD L (6-16)
[y 1/rp vyl x
Denote
D= Y x7E@ip)| < | xVEixip)| +| Y x7E(xip)| . (6-17)
ly|<T ly|I<T ly|<T
By (6-16), and T (x) < x2, we get
2 2
. 1 log|y )"+¢ 1
Y E i <« o= Y T 1 (6-18)
xee [y x=e
ly|<T lyI=T (x)

For the first sum in (6-17),

2
=( Y.+ > )xi(”‘_”z)Eh(x;m)Eh(x;ﬁz)=:El(x;g)+Ez(X;g)-

yi—y2|<1 [yi—y2|>1
ilblv2I<T Iyl =T

Z X"V Ep(x; p)

ly|I=T

By (6-15),

(logly )€ e [° . T
|Ej(x; p)| < %2/ llogo " |H, (% — o +iy)|"x™° do. (6-19)
j=1"°
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Let
5 .
S;(x) :=/ llogo "~/ |Hy(3 —o +iy)|"x™" do
0

8 _ 3 8 2
< (/ |logo|2(’"—f)x_“do> (/ |Hp(% —0 +iy)|2nx_" do) . (6-20)
0 0

By (5-5) in the proof of Lemma 16,

8 . log1l 20m—j)
/ llog o207y g « 108108 1) . (6-21)
0 log x
By condition (6-1) and the Cauchy—Schwarz inequality,
2n
N2 .
[Hy(5—o+ir)[" < | Y loglo+i(y'—y)| +(logly)™.
O<[y'=yI=l
Then, by Lemma 20,
8 2n 2n
M 1
/ Hy (L — o +iy)["x do « Hr™) 10;( oglv )™ (6-22)
0

where M, (x) = min(N (y) loglogx, log1/Any()), N(y) is the number of zeros y’ in the range 0 <

|)// - )/| <1, and AN(y) = ]—[O<|y’—y|§1 |)// - V|~
Thus, by (6-21) and (6-22),

(loglog x)"—/

S.
() < logx

(M, (x))" + (logly)").

Substituting this into (6-19), we get

m

(log|y )¢ 2’: (log log x)™~

|En(x: p)| K (M (x))" + (logly ™)

Iy = log x

1 ¢ (log 1 m—1

Qoely | Qoe 0 I (41, (x))" + ogly 1. (6-23)
4 log x

Then, by Lemma 11, we have

ISi gl < Y log(lyD( max |Ex(x: p)))?
\V1=T ly'=yl<l
(loglog x)>"" (log|y )
< 3 5
log” x ” |yl
)2m+2n—2

(M, (x)™ + (log|y )*")

_ (loglog x

1). 6-24
oD (6-24)

Thus, for each positive integer /,
2l+1

J

’ 2m+2n—2
i(e'; 9)dy = "(T) (6-25)
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In the following, we examine X, (x; g). By (6-15),

Txig = Y. X PTE(x p)En(x; po). (6-26)
ly1—y2|>1
Vil Iy =T

1 [+1 .
Fore? <x<e? |, T = T (x) = Ty is a constant, and so we define

S S
. doid
Jaig= Y X / / Ry, (01 X) Rp,(02; ) nen (6-27)
rpl r,;z

i(y1—y2) — (o1 +02)

ly1—y2|>1
il ly2| <Ty
where 1
5—0+iy)x—°
Ry(0:x) = ((logo —im)" — (logo +im)")H! (1 o +iy)g(21 A
5—0+1y
Thus,
e21+] dx
Z xi(Vl—Vz)Eh(x; o) En(x; pr)— = J(ele; ) — J(ezl; 9). (6-28)
2! X
lyi—y21>1
il ly2| =Ty

2l+1

By (6-27), (6-19), and (6-23), and Lemma 19, for > <x <e

(logly: )° (loglya|)* ( (loglog x)"~"\?
IJ(x; @)l K Z ((My, (x))"+(ogly1 ") (M, (x))" +(log|y2])")
o S livellyn =l log x
 {loglog )7 (logy1 )"+ (log|ya )"
2 _
log® x W Iilly2llyi — yal
log log x 2m+2n—2
<<( glog 2 (6-29)
log” x
Hence, by (6-26), (6-28), and (6-29), we get, for any positive integer /,
i+l 2m+2n—2
/ a(e; g) dy=o(—l>. (6-30)
2! 2
Therefore, by (6-18), (6-25) and (6-30),
Y 2 2l+1
f y Y EVEEp)| dy Y 2 f (e’s @) dy (6-31)
2 1 yl=rien il 2
2[+l
<1+ 2% / (Z1(e”; ) + Ta(e”; @) dy (6-32)
!
<L+ 2
= o(Y (log Y)?m+2n=2), (6-33)

This completes the proof of Lemma 18. U
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6C. Lower order sum and error from the truncation. In this section, we examine the lower order sum
and the error from the truncation by a fixed large Ty, and give the proof of Lemma 15.

Proof of Lemma 15. For the lower order sum, by (4-24), we have

Y k Y
[ s ay « Y tog vy [
2 . 2
=2

For the inner integral, by Lemma 11 and Lemma 19, and the definition of 7 = T'(x),

2
dy.

ey

2

pi<ten 2 T

Y 2! el 1=y
e
[l mslo= 2 L (2 « T )gmam®
\<T<y>2 Y <loet -l i-nl= " V2
 loe2 Mlnl<Ty  Inllvnl<T,
logly| 1
« ¥ (XY <y
<o vl o Inllvellv =l
Thus,
k
/ 1517 02 dy < 3 ¥ (log ¥ = o(¥ (log ¥)*2).
Jj=2

Next, we examine S>(x, Tp; x). For fixed Tp, let X be the largest x such that T = T (x) < Tjy. Since
x < T(x) <2x2, log Xo =< log Ty. By Lemma 11 and Lemma 19,

Y ‘ log Xo 2 Y ey 2
flSz(e”,To;x)lzdyS/ o dy-l-/ > —| dy
2 2 it ¥ g Xol gy <1y =1 ey 2 T1Y
2 el =12y
«orns 5[ (T 4 T Imm®
e o q<iel 4 2 ; Iy—nl<l lyi—yal>1 iv)(z —iv2
° o<yl <Ty To<inl |yl <Ty
log|y| 1
< log® Ty + (2’ + I S—
logloglen,y l%; vz |Z|:>T Iyillyallyr = ral
e o e g yI1=To .1y
log? T log® T
< V=20 L logy 2220 L j0g5 T,
Ty
This completes the proof of this lemma. |

7. Asymptotic formulas for the logarithmic densities
In this section, we give the proof of Theorem 4.

Proof of Theorem 4. For large ¢, Fiorilli and Martin [2013] gave an asymptotic formula for dg, (¢; a, b).
Lamzouri [2013] also derived such an asymptotic formula using another method. Here, we want to derive
asymptotic formulas for éq, (¢; a, b) and é,, (q; a, b) for fixed g and large k.
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Let a be a quadratic nonresidue mod g and b be a quadratic residue mod ¢, and (a, g) = (b, q) = 1.
Letting Ay =1/ 2k=1 similar to formula (2.10) of [Fiorilli and Martin 2013], we have, under ERHg and L1,

( Dk /°° sin(Ae (N (q; a) — N(q; b))x
o —s0 X

da,(g;a,b) = Dyap(x)dx.

Noting that N(g,a) — N(q,b) = —A(q),

5o, (q: a,b) = s (x) dox. (7-1)

( k= 1/°° sin(AxA(q)x)
2 _ X

(o.¢]

For any € > 0,

o . 1/A¢ 1/2¢ 0\ o
/ Sm()"‘:(CI)x_) Dyap(x)dx = (/ +/ + / >Sm()%xﬂq)q;a,b(x) dx. (7-2)
oo 1/2¢

—00 —1/x;

By Proposition 2.17 in [Fiorilli and Martin 2013], |®y:4,5(t)| < e 00434¢@1 for + > 200. So for large
enough k,

/°° sin(ArA(g)x)

o
Dyoqp(x) dx K Ay / e OBV DT gy < g ], forany J>0.  (7-3)
1/% X

1/45
The integral over x < —1/A¢ is also bounded by K,{ .
By Lemma 2.22 in [Fiorilli and Martin 2013], for each nonnegative integer K and real number C > 1,

we have, uniformly for |z| < C,
snz_ fj(—l)!’ ek PE
S - AR '

Thus, the second integral in (7-2) is equal to

1% sin(Ar A(g)x)
XkA(Q)/]/)\k e AQ)x Dyap(x)dx
2j+1 (=D A(g)¥ !

.
B ¢ 2j+ D! / x Dyiap(x)dx + OL],K(A,I%KJ’_}_G)

—1/2¢

241 (=17 A(g)* ™!
2j+1)!

[
M~ I
>

/ XM @y p(x)dx + Oy k OFKT79). (7-4)
j=0 e

Combining (7-1), (7-3), and (7-4), we get the asymptotic formula (1-4) for ég, (¢; a, b). Similarly, or
by the results in Theorem 3, we have the asymptotic formula (1-5) for é,, (¢; a, b). O

8. The source of main terms and proof of Lemma 12

In this section, we give the proof of the main lemma we used for extracting out the bias terms and
oscillating terms from the integrals over Hankel contours.
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Let #(0, X) be the truncated Hankel contour surrounding O with radius r. Lau and Wu [2002] proved
the following lemma.

Lemma 21 [Lau and Wu 2002, Lemma 5]. For X > 1,z € Cand j € Z", we have

! w(logwye” dw = (—1y - () 4 ;. 0,
_— w)’e w =
2mi 90, X) & dz/ F( ) e

where

|Ej(X)| <

TR@I £ (Joot j
e ‘/ (log +n)dt

2 M@t

Proof of Lemma 12. We have the equality

1 1 a—s (a—s)?
Sk .
s a a? azs

With the above equality, we write the integral in the lemma as

1 1 — —5)?
— logk(s—a)<—+a 2s+(a 2s) )xsds =Lh+DL+1.
2mi %(a,8) a a ass
For I3, using Lemma 16, we get
(a—S)2
log (s —a) x*ds
% (a,)
’ k k) -2 x“ K@+ r’
< (logo—im)* — (logo+in)*)ox™° ———do +/ arr log +T) —————
/r ( ) a*(a—o) —n ( )I 1219 (a)— FI
x| (/ ) . (log L + )k
<<— |(logo —im)* — (logo +im)k|o*x ™% do + —L———
lal2|R(a) — (1/r)3
|x¢| (loglog x)*! 1
Slapm@—o\ " dogr? T xi
X log log x)¥—1
& |x“| (loglog x)™" 8-1)

|al?[%(a) —8]  (logx)?

We estimate /, similarly. By Lemma 16,

log"(s —a)—
H(a,s) a
a

(logo — in)* — (logo +im)M)ox "= do
a

x%ds

b3
+/ MO (log 1 4 1) 'y da
r a

k
|x a|</ X (log 1 +7)
< |(logo —in)* — (logo +in)¥loxdo + —L—L
la |2 g g (1/,.)2
|x?| ( (loglog x)*~! 1 |x?| (loglog x)k—!
k2 2 2= k2 2 (8-2)
la| (log x) xee lal*  (logx)
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For I;, using change of variable (s —a) logx = w, by Lemma 21, we get

1 1 x%e¥
= — (logw —loglog x)K dw
2mi logx %(0,8 log x)
1
= (—=1)*(loglog x) —/ e’ dw
 alogx 271 J3%(0,51og x)
k—1 =1 1
+ (D" k— (loglogx) e" logw dw
alog 2mi %(0,8 1og x)
. Kk
1 . .
+ al Z(k)—/ (—loglog x)*~7 (log w)/ e dw
alogx = 7270 J9e0,510g x)
(=D*xe k—1 k—j 1
== Lr(logl ( )1 1 j
aTogx | (oglog ) +,Zz (loglog. "™/ e
a k k )
+ ( )E i.0(81og x)(— loglog x)*~/ (8-3)
alogx -\
By Lemma 21,
1 [ (ogt Y o0 logt
Ejoblogn) <y [ BB gy oot | (08 1y 52,
27 Slogx e %Slogx et/
Hence, we get
x4 k k . @ k 52 . |x@=8/3]
51 —logl J log1 J . (84
alogx ;(1) E;o(8log x)(—loglog x)* /| <& aliog - Zx (loglog) ™/ < ———. (8-4)
Combining (8-1), (8-2), (8-3), and (8-4), we get the conclusion of Lemma 12. Il
Acknowledgments

This research is partially supported by NSF grants DMS-1201442 and DMS-1501982. I would like to
thank my advisor, Professor Kevin Ford, for his kindly encouragement, useful suggestions and financial
support to finish this project. I am grateful for the helpful comments of Dr. Youness Lamzouri. I also
thank the encouragement of my friend Junjun Cheng. The author would like to thank the referee for
helpful comments.

References
[Chebyshev 1853] P. L. Chebysheyv, “Lettre de M. le professeur Tchébyshev 4 M. Fuss, sur un nouveau théoreme rélatif aux
nombres premiers contenus dans la formes 4n + 1 et 4n + 3", Bull. Classe Phys. Acad. Imp. Sci. St. Petersburg 11 (1853), 208.

[Davenport 2000] H. Davenport, Multiplicative number theory, 3rd ed., Graduate Texts in Mathematics 74, Springer, 2000. MR
Zbl


http://msp.org/idx/mr/1790423
http://msp.org/idx/zbl/1002.11001

Chebyshev's bias for products of k primes 341

[Dirichlet 1837] P. G. L. Dirichlet, “Beweis des Satzes, dass jede unbegrenzte arithmetische Progression, deren erstes Glied und
Differenz ganze Zahlen ohne gemeinschaftlichen Factor sind, unendlich viele Primzahlen enthilt”, Abh. Konig. Preuss. Akad.
34 (1837), 45-81. Reprinted as pp. 313-342 in his Werke, vol. 1, Reimer, Berlin, 1889 and Chelsea, New York, 1969.

[Fiorilli and Martin 2013] D. Fiorilli and G. Martin, “Inequities in the Shanks—Rényi prime number race: an asymptotic formula
for the densities”, J. Reine Angew. Math. 676 (2013), 121-212. MR Zbl

[Ford and Konyagin 2002] K. Ford and S. Konyagin, “Chebyshev’s conjecture and the prime number race”, pp. 67-91 in IV
International Conference “Modern Problems of Number Theory and its Applications”: Current Problems, Part Il (Russian)
(Tula, 2001), edited by V. N. Chubarikov and G. I. Arkhipov, Mosk. Gos. Univ. im. Lomonosova, Mekh.-Mat. Fak., Moscow,
2002. MR Zbl

[Ford and Sneed 2010] K. Ford and J. Sneed, “Chebyshev’s bias for products of two primes”, Experiment. Math. 19:4 (2010),
385-398. MR Zbl

[Granville and Martin 2006] A. Granville and G. Martin, ‘“Prime number races”, Amer. Math. Monthly 113:1 (2006), 1-33. MR
Zbl

[Hudson 1980] R. H. Hudson, “A common combinatorial principle underlies Riemann’s formula, the Chebyshev phenomenon,
and other subtle effects in comparative prime number theory, I”, J. Reine Angew. Math. 313 (1980), 133-150. MR Zbl

[Karatsuba 1993] A. A. Karatsuba, Basic analytic number theory, Springer, 1993. MR Zbl

[Knapowski and Turdn 1962] S. Knapowski and P. Turdn, “Comparative prime-number theory, 1. Introduction”, Acta Math.
Acad. Sci. Hungar. 13 (1962), 299-314. MR Zbl

[Lamzouri 2013] Y. Lamzouri, “Prime number races with three or more competitors”, Math. Ann. 356:3 (2013), 1117-1162.
MR Zbl

[Landau 1909] E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, 2 Bdnde, Leipzig B.G. Teubner, Berlin,
1909. Reprinted as 3rd edition, Chelsea, 1974.

[Lau and Wu 2002] Y. K. Lau and J. Wu, “Sums of some multiplicative functions over a special set of integers”, Acta Arith.
101:4 (2002), 365-394. MR Zbl

[Leech 1957] J. Leech, “Note on the distribution of prime numbers”, J. London Math. Soc. 32 (1957), 56-58. MR Zbl

[Littlewood 1914] J. E. Littlewood, “Sur la distribution des nombres premiers”, C. R. Acad. Sci., Paris 158 (1914), 1869-1872.
Zbl

[Macdonald 1995] 1. G. Macdonald, Symmetric functions and Hall polynomials, 2nd ed., The Clarendon Press, Oxford University
Press, New York, 1995. MR Zbl

[Mendes and Remmel 2015] A. Mendes and J. Remmel, Counting with symmetric functions, Developments in Mathematics 43,
Springer, 2015. MR Zbl

[Rubinstein and Sarnak 1994] M. Rubinstein and P. Sarnak, “Chebyshev’s bias”, Experiment. Math. 3:3 (1994), 173-197. MR
Zbl

[Tenenbaum 1995] G. Tenenbaum, Introduction a la théorie analytique et probabiliste des nombres, 2nd ed., Cours Spécialisés
[Specialized Courses] 1, Société Mathématique de France, Paris, 1995. MR Zbl

[Titchmarsh 1986] E. C. Titchmarsh, The theory of the Riemann zeta-function, 2nd ed., The Clarendon Press, Oxford University
Press, New York, 1986. MR Zbl

Communicated by Peter Sarnak
Received 2016-10-06 Revised 2017-09-26 Accepted 2017-10-30

xianchang.meng@mcgill.ca Centre de Recherches Mathématiques, Université de Montréal, Montréal, QC,
Canada

Department of Mathematics, University of lllinois at Urbana-Champaign,
Urbana, IL, USA

mathematical sciences publishers :'msp


http://msp.org/idx/mr/3028758
http://msp.org/idx/zbl/1276.11150
http://msp.org/idx/mr/1985941
http://msp.org/idx/zbl/1214.11105
http://dx.doi.org/10.1080/10586458.2010.10390630
http://msp.org/idx/mr/2778652
http://msp.org/idx/zbl/1280.11056
http://dx.doi.org/10.2307/27641834
http://msp.org/idx/mr/2202918
http://msp.org/idx/zbl/1139.11037
http://dx.doi.org/10.1515/crll.1980.313.133
http://dx.doi.org/10.1515/crll.1980.313.133
http://msp.org/idx/mr/552467
http://msp.org/idx/zbl/0423.10023
http://dx.doi.org/10.1007/978-3-642-58018-5
http://msp.org/idx/mr/1215269
http://msp.org/idx/zbl/0767.11001
http://dx.doi.org/10.1007/BF02020796
http://msp.org/idx/mr/0146156
http://msp.org/idx/zbl/0111.04506
http://dx.doi.org/10.1007/s00208-012-0874-1
http://msp.org/idx/mr/3063909
http://msp.org/idx/zbl/1286.11144
http://dx.doi.org/10.4064/aa101-4-5
http://msp.org/idx/mr/1880049
http://msp.org/idx/zbl/0991.11050
http://dx.doi.org/10.1112/jlms/s1-32.1.56
http://msp.org/idx/mr/0083001
http://msp.org/idx/zbl/0086.03501
http://msp.org/idx/zbl/45.0305.01
http://msp.org/idx/mr/1354144
http://msp.org/idx/zbl/0824.05059
http://dx.doi.org/10.1007/978-3-319-23618-6
http://msp.org/idx/mr/3410908
http://msp.org/idx/zbl/06482042
http://dx.doi.org/10.1080/10586458.1994.10504289
http://msp.org/idx/mr/1329368
http://msp.org/idx/zbl/0823.11050
http://msp.org/idx/mr/1366197
http://msp.org/idx/zbl/0880.11001
http://msp.org/idx/mr/882550
http://msp.org/idx/zbl/0601.10026
mailto:xianchang.meng@mcgill.ca
http://msp.org




ALGEBRA AND NUMBER THEORY 12:2(2018)
dx.doi.org/10.2140/ant.2018.12.343

D-groups and the Dixmier—Moeglin equivalence

Jason Bell, Omar Ledn Sanchez and Rahim Moosa

A differential-algebraic geometric analogue of the Dixmier—-Moeglin equivalence is articulated, and proven
to hold for D-groups over the constants. The model theory of differentially closed fields of characteristic
zero, in particular the notion of analysability in the constants, plays a central role. As an application it
is shown that if R is a commutative affine Hopf algebra over a field of characteristic zero, and A4 is an Ore
extension to which the Hopf algebra structure extends, then A satisfies the classical Dixmier—-Moeglin
equivalence. Along the way it is shown that all such A are Hopf Ore extensions in the sense of Brown
et al., “Connected Hopf algebras and iterated Ore extensions”, J. Pure Appl. Algebra 219:6 (2015).
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4. The DME for Ore extensions of commutative Hopf algebras 368
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1. Introduction

This article is about an analogue of the Dixmier—Moeglin equivalence for differential-algebraic geometry.
(The immediate motivation is an application to the classical noncommutative Dixmier—-Moeglin problem,
which we will describe later in this introduction.) The main objects of study here are D-varieties. An
introduction to this category is given in Section 2A, but let us at least recall here that a D-variety (over the
constants) is an algebraic variety V over a field k of characteristic zero, equipped with a regular section
to the tangent bundle s : V' — T'V. A D-subvariety is an algebraic subvariety W for which the restriction
s ' is a section to the tangent bundle of W. There are natural notions of D-morphism and D-rational
map. For convenience, let us assume that k is algebraically closed. We are interested in the following
properties of an irreducible D-subvariety W C V over k:

e §-local-closedness. There is a maximum proper D-subvariety of W over k.

e §-primitivity. There is a k-point of W that is not contained in any proper D-subvariety of W over k.

J. Bell and R. Moosa were partially supported by their respective NSERC Discovery Grants.
MSC2010: primary 03C98; secondary 12HO0S5, 16S36, 16T05.
Keywords: D-groups, model theory of differentially closed fields, Dixmier-Moeglin equivalence, Hopf Ore extensions.
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e §-rationality. There is no nonconstant rational map from (W, s) to (A!, 0) over k, where 0 denotes
the zero section to the tangent bundle of the affine line.

The question is, for which ambient D-varieties (V,s) are these three properties equivalent for all D-
subvarieties? It is not hard to see, and is spelled out in the proof of Corollary 2.14 below, that in general

d-local-closedness = §-primitivity => §-rationality.

In earlier work [Bell et al. 2017a], together with Stéphane Launois, we used the model theory of the Manin
kernel to produce (in any dimension > 3) a D-variety which is itself §-rational but not §-locally-closed.
Here we focus on positive results. The main one, which appears as Corollary 2.17 below, is the following:

Theorem A. Suppose (G,s) is a D-group over the constants —that is, G is an algebraic group and
s : G — TG is a homomorphism of algebraic groups. Then for any D-subvariety of (G, s), 8-rationality
implies §-local-closedness. In particular, for every D-subvariety of (G, s), 8-rationality, §-primitivity,

and 8-local-closedness are equivalent properties.

The proof of Theorem A relies on the model theory of differentially closed fields. In model-theoretic
parlance, the point is that §-rationality of (V, s) is equivalent to the generic type of the corresponding
Kolchin closed set being weakly orthogonal to the constants, while §-local-closedness means that the
type is isolated. One context in which one can prove (using model-theoretic binding groups, for example)
that weak orthogonality to the constants implies isolation is when the type in question is analysable in
the constants. We give a geometric explanation of analysability in Section 2E in terms of what we call
compound isotriviality of D-varieties. The reader can look there for a precise definition, but suffice it to
say that a compound isotrivial D-variety is one that admits a finite sequence of fibrations where at each
stage the fibres are isomorphic (possibly over a differential field extension of the base) to D-varieties
where the section is the zero section. We show that for compound isotrivial D-varieties, §-rationality
implies §-local-closedness (Proposition 2.13). Then we show, using known results about the structure
of differential-algebraic groups, that every D-subvariety of a D-group over the constants is compound
isotrivial (Proposition 2.16). Theorem A follows.

It turns out that for our intended application, namely Theorem B2 appearing later in this introduction,
we need Theorem A to work for D-varieties that are slightly more general than D-groups. Given an
affine algebraic group G, we may as well assume that G € GL,;, so that a regular section to the tangent
bundle is then of the form s = (id, 5) where § : G — Mat,. It is not hard to check, from how the algebraic
group structure is defined on the tangent bundle, that s : G — T'G being a homomorphism is equivalent
to the identity 5(gh) = 5(g)h + g5(h), where g, h € G are matrices and all addition and multiplication is
matrix addition and multiplication. Now suppose we are given a homomorphism to the multiplicative
group, a : G — Gy,. By an a-twisted D-group we mean a D-variety (G, s) where G is an affine algebraic
group and s = (id, §) satisfies the identity 5(gh) = 5(g)h + a(g)g5(h). So an a-twisted D-group is a
D-group exactly when a = 1. We are able to show that D-subvarieties of a-twisted D-groups are also
compound isotrivial. This yields the following generalisation of Theorem A: For any D-subvariety of an
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a-twisted D-group over the constants, §-rationality, §-primitivity, and §-local-closedness are equivalent
properties. The passage from D-groups to a-twisted D-groups turns out to be technically quite difficult,
and is done in Section 3.

It is worth pointing out that we have been intentionally ambiguous about the field of definitions in
the statements of Theorem A and its a-twisted generalisation. The reason for this is that the results
actually hold true for D-subvarieties of (G, s) that are defined over differential field extensions of the base
field k. To make this precise one has to give a more general definition of D-variety using prolongations
rather than tangent bundles, and we have decided to delay this to the main body of the article. While the
final conclusion we are interested in is about D-subvarieties over k, this possibility of passing to base
extensions is an important part of the inductive arguments involved.

Now for the application to noncommutative algebra, to which Section 4 is dedicated. The classical
Dixmier—Moeglin equivalence (DME) is about prime ideals in a noetherian associative algebra over a field
of characteristic zero; it asserts the equivalence between three properties of such prime ideals: primitivity
(a representation-theoretic property), local-closedness (a geometric property), and rationality (an algebraic
property). Precise definitions are given at the beginning of Section 4. We are interested in the question
of when the DME holds for skew polynomial rings R[x;§] over finitely generated commutative integral
differential k-algebras (R, 8). Recall that R[x; ] is the noncommutative polynomial ring in x over R
where xr = rx 4 8(r). This question is not vacuous since examples of such skew polynomial rings failing
the DME were given in [Bell et al. 2017a]; indeed, these were the first counterexamples to the DME of
finite Gelfand—Kirillov dimension. The connection to D-varieties should be clear: R = k[V'] for some
irreducible algebraic variety V, and the k-linear derivation § induces a regular section s : V— TV. So
the study of such (R, §) is precisely the same thing as the study of D-varieties. We are able to prove
(this is Proposition 4.6 below) that R[x; d] satisfies the DME if §-rationality implies §-locally-closedness
for all D-subvarieties of the D-variety (V, s) associated to (R, §). Theorem A therefore answers our
question in the special case of differential Hopf algebras.

Theorem B1. If (R, §) is a finitely generated commutative integral differential Hopf k-algebra, then
R[x; 8] satisfies the DME.

Being a differential Hopf algebra means that R has the structure of a Hopf algebra and that § commutes
with the coproduct; this is equivalent to saying that (R, §) comes from an affine D-group (G, s).

More generally than skew polynomial rings, we consider Ore extensions. Suppose R is a finitely
generated commutative integral k-algebra, o is a k-algebra automorphism of R, and § is a k-linear
o-derivation of R —meaning that 6(rs) = o (r)d(s) + 6(r)s. Recall that the Ore extension R[x; 0, §] is
the noncommutative polynomial ring in the variable x over R where xr = o (r)x 4+ 8(r). So when o = id
we are in the skew polynomial case discussed above. What about the DME for R[x; g, §]?

Theorem B2. Suppose R is a finitely generated commutative integral Hopf k-algebra. If an Ore extension
R[x; 0, 8] admits a Hopf algebra structure extending that on R, then R[x; o, §] satisfies the DME.
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That Theorem B1 is a special case of Theorem B2 uses the (known) fact that one can always extend
the Hopf structure on a differential algebra R to the skew polynomial ring extension R[x;§], namely by
the coproduct induced by A(x) = x ® 1 + 1 ® x. Theorem B2 appears as Theorem 4.1 below. Its proof
goes via a reduction to the case when ¢ = id and then an application of the stronger a-twisted version
of Theorem A discussed above. Both of these steps use the work of Brown et al. [2015] on Hopf Ore
extensions. One obstacle is that while their results hold for much more general R than we are considering,
they are conditional on the coproduct of the variable x in the Ore extension taking the special form

AX)=a®@x+xQb+v(x®x)+ w,

where @,b € R and v, w € R ®; R. This is part of their definition of a Hopf Ore extension, though
they speculate about its necessity. We prove that when k is algebraically closed, after a linear change of
variable, A(x) always has the above form. This is Theorem 4.2 below, and may be of independent interest:

Theorem C. Suppose k is algebraically closed and R is a finitely generated commutative integral Hopf
k-algebra. If an Ore extension R[x;o, 8] admits a Hopf algebra structure extending that of R then, after

a linear change of the variable x,
AX)=a®@x+x@b+w

for some a, b € R, each of which is either 0 or group-like, and some w € R @y, R. In particular, R[x; 0, §]
is a Hopf Ore extension of R.

It has been conjectured [Bell and Leung 2014] that all finitely generated complex noetherian Hopf
algebras of finite Gelfand—Kirillov dimension satisfy the DME. Theorem B2 verifies a special case. To
make more significant progress on this conjecture one would like to pass from Hopf Ore extensions to
iterated Hopf Ore extensions. As of now, this appears to be beyond the scope of the techniques used here.

Throughout this paper, by an affine k-algebra we mean a finitely generated commutative k-algebra
that is an integral domain.

2. The §-DME for D-groups over the constants

In this section we prove Theorem A of the introduction. After some preliminaries, we articulate
in Section 2C the differential-algebraic geometric analogue of the DME suggested in the introduction,
and call it the §-DME. A sufficient condition for this to hold in terms of the model-theoretic notion of
analysability to the constants is given in Section 2E, and then applied to show that D-groups over the
constants satisfy the 5-DME in Section 2F. In a final section we reformulate §-DME algebraically, as a
statement about commutative differential Hopf algebras, thereby preparing the stage for the application to
the classical DME in Section 4.

2A. Preliminaries on D-varieties. Suppose k is a field of characteristic zero equipped with a derivation §.
In this section we review the notion of a D-variety over k. Several more detailed expositions can be
found in the literature, for instance [Buium 1992], which introduced the notion, and also [Kowalski and
Pillay 2006, §2].
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We first need to recall what prolongations are. If V' C A” is an affine algebraic variety over k, then by
the §-prolongation of V is meant the algebraic variety 7V C A?" over k whose defining equations are

P(X1,...,Xn) =0,

n
P
PS(XI,...,X,Z)+ZW(Xl,...,Xn)-X,-=O,
1

i=1

for each P € I(V) C k[X}. ..., X,]. Here P® denotes the polynomial obtained by applying § to all the
coefficients of P. The projection onto the first #n coordinates gives us a surjective morphism 7 : tV — V.
Note that if K is any §-field extension of k, and a € V(K), then

V(a) :=(a,éa) € TV(K).

If V is defined over the constant field of (k, §) then tV is nothing other than the tangent bundle 7'V. In
general, TV is a torsor for the tangent bundle; for each a € V the fibre 7,V is an affine translate of the
tangent space 7, V. In particular, if V' is smooth and irreducible then so is tV.

Taking prolongations is a functor which acts on morphisms f : V' — W by acting on their graphs.
It preserves the following properties of a morphism: being étale, being a closed embedding, and being
smooth. The functor t acts naturally on rational maps also; this is because for U a Zariski open subset of
an irreducible variety V, tV |, = t(U) is Zariski open in 7(V'). Moreover, prolongations commute with
base extension to §-field extensions.

We have restricted our attention here to the affine case merely for concreteness. The prolongation
construction extends to abstract varieties by patching over an affine cover in a natural and canonical way.

A D-variety over k is an algebraic variety V over k equipped with a regular section s : V — 1V
over k. An example is when V is defined over the constants and s : V — TV is the zero section.

If V is affine then a D-variety structure on V is nothing other than an extension of § to the co-
ordinate ring k[V]. Indeed, if s : V — tV is given by s(X) = (X, s1(X),...,s,(X)) in variables
X = (X1,..., Xn), then we can extend § to k[X] by X; — s;(X), and this will induce a deriva-
tion on k[V]. Conversely, given an extension of § to k[V], and choosing s;(X) to be such that
S(Xj+1(V)) =sj(X)+I(V), we get that s := (id, 51, ..., 5,) : V — ©V is a regular section.

A D-subvariety of (V,s) is a closed algebraic subvariety W C V, over a possibly larger §-field K,
such that s(W) € tW. In principle one should talk about the base extension of V' to K before talking
about subvarieties over K, but as prolongations commute with base extension, and following standard
model-theoretic practices, we allow D-subvarieties to be defined over arbitrary §-field extensions unless
explicitly stated otherwise.

A D-variety (V,s) over k is said to be k-irreducible if V is k-irreducible as an algebraic variety. In
this case s induces on k(1) the structure of a §-field extending k. A D-variety (V, s) is called irreducible
if V is absolutely irreducible. In general, every irreducible component of V is a D-subvariety over k22
and these are called the irreducible components of (V,s).
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A morphism of D-varieties (V,s) — (W, t) is a morphism of algebraic varieties f : V — W such that

of
tV— W

1, ]

V—— W;

commutes. It is not hard to verify that the pull-back of a D-variety, and the Zariski closure of the image
of a D-variety, under a D-morphism, are again D-varieties.

In the same way, we can talk about rational maps between D-varieties. A useful fact is that if U is
a nonempty Zariski open subset of V, then the prolongation of U is the restriction of tV to U, and so
(U, s ') is a D-variety in its own right. So a rational map on V' is a D-rational map if it is a D-morphism
when restricted to the Zariski open subset on which it is defined.

A D-constant rational function on a D-variety (V, s) over k is a rational map over k from (V, s) to
(A, 0), where 0 denotes the zero section to the tangent bundle of the affine line. In the case when (V, s)
is k-irreducible, they correspond precisely to the §-constants of (k(1), d).

2B. Differentially closed fields and the Kolchin topology. Underlying our approach to the study of
D-varieties is the model theory of existentially closed §-fields (of characteristic zero). These are §-fields
K with the property that any finite sequence of §-polynomial equations and inequations over K which
have a solution in some §-field extension, already have a solution in K. The class of existentially closed
8-fields of characteristic zero is axiomatisable in first-order logic, and its theory is denoted by DCFy. We
work in a fixed model of this theory, an existentially closed §-field K. In particular, K is algebraically
closed. We let K% denote the field of constants of K; it is an algebraically closed field that is pure in the
sense that the structure induced on it by DCFj is simply that given by the language of rings.

Suppose (V, s) is a D-variety over K. Let x € V(K). Note that {x} is a D-subvariety if and only if
V(x) = s(x), recalling that V : V(K) — tV(K) is given by x — (x, §x). We call such points D-points,
and denote the set of all D-points in V(K) by (V, $)#(K). Itis an example, the main example we will
encounter, of a Kolchin closed subset of V(K). In general a Kolchin closed subset of the K-points of an
algebraic variety is one that is defined Zariski-locally by the vanishing of §-polynomials. Note that when
(V, s) is defined over the constants and s is the zero section, (V, s)#(K) = V(K?®).

One of the main consequences of working in an existentially closed §-field is that (V, s)*(K) is Zariski-
dense in V(K). In particular, for any subvariety W C V, we have that W is a D-subvariety if and only if
W N (V,s)}(K) is Zariski dense in W(K).

Suppose (V,s) is k-irreducible for some §-subfield k. If we allow ourselves to pass to a larger
existentially closed §-field, then we can always find a k-generic D-point of (V,s), that is, a D-point
x € (V,s)¥(K) that is Zariski-generic over k in V. Note that such a point is also Kolchin-generic in
(V, s)#(K) over k in the sense that it is not contained in any proper Kolchin closed subset defined over k.

In order to ensure the existence of generic D-points without having to pass to larger §-fields, it is
convenient to assume that K is already sufficiently large, namely saturated. This means that if k is a
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d-subfield of strictly smaller cardinality than K, and F is a collection of Kolchin constructible sets over
k every finite subcollection of which has a nonempty intersection, then F has a nonempty intersection.

2C. An analogue of the DME for D-varieties. We fix from now on a saturated existentially closed
d-field K of sufficiently great cardinality. So K serves as a universal domain for §-algebraic geometry
(and hence, in particular, algebraic geometry). We also fix a small §-subfield & C K that will serve as the
field of coefficients.

Definition 2.1 (§-DME for D-varieties). Suppose (V,s) is a D-variety over k. We say that (V, s) satisfies
the §-DME over k, if for every k-irreducible D-subvariety W C V, the following are equivalent:

(1) (W,s) is §-locally-closed: it has a maximum proper D-subvariety over k.

(ii) (W, s) is 8-primitive: there exists a point p € W(k?2) that is not contained in any proper D-subvariety
of W over k.

(iii) (W, s) is 8-rational: k(W)% C ke,

Remark 2.2. As the model-theorist will notice, and as we will prove in the next section, W being §-locally
closed means that the Kolchin generic type p of (W, s)#(K) over k is isolated. The model-theoretic
meaning of §-rationality is that p is weakly orthogonal to the constants. On the other hand, it is not clear
how to express a priori the §-primitivity of W as a model-theoretic property of p.

Without additional assumptions on k there is no hope for the §-DME to be satisfied. For example,
there are positive-dimensional §-rational D-varieties over any k, but if k is differentially closed then the
only §-locally closed D-varieties over k are zero-dimensional. This is because every D-variety over a
differentially closed field k& has a Zariski dense set of D-points over k, and so a D-subvariety over k
containing all of them could not be proper. We are interested, however, in the case when k is very much
not differentially closed; namely, when § is trivial on k.

Proposition 2.3. For any k-irreducible D-variety, §-local-closedness implies §-primitivity. Moreover, if

k C K?® then §-primitivity implies §-rationality.

Proof. Let (W, s) be a k-irreducible D-variety.

Suppose (W, s) is §-locally-closed, and denote by A the maximum proper D-subvariety of W over k.
Then p € W (k™) \ A(k¥2) witnesses §-primitivity. This proves the first assertion.

Now suppose that k € K®, (W, s) is §-primitive, and p € W(k*€) is not contained in any proper
D-subvariety over k. Suppose f € k(W) is a §-constant. We want to show that f € k2. We view it
as a rational map of D-varieties, f : (W,s) — (A, 0), and suppose for now that it is defined at p. So
£ (p) € Al (k*2). Because of our additional assumption that & € K%, and hence k¢ € K?, we have that
f(p) is a D-point of (A!,0). Now, let A be the orbit of f(p) under the action of the absolute Galois
group of k. Then A is a finite D-subvariety of (A!, 0) over k. Hence the Zariski closure of f~1(A) is
a D-subvariety of W over k that contains p. It follows that f~1(A) = W. So f is k¥2-valued on all
of W. We have shown that every element of k(W)? that is defined at p is in k%€
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We have still to deal with the possibility that /" is not defined at p. In that case, writing / = Z—‘ with
a,b € k[W], we must have b(p) = 0. The fact that § = 0 implies by the quotient rule that bda = adb.
So either da =8b =0or f =7 = g—z. Since a and b are defined at p, if §a = §b = 0 then a, b € k¥ by
the previous paragraph, and hence f € k2. If, on the other hand, f = 2—2, then we iterate the argument
with (8a, 8b) in place of (a,b). What we get in the end is that either f € k¥ or f = g%l for all £ > 0.
We claim the latter is impossible. Indeed, it would imply that §¢h( p) =0 for all £, and so p is contained
in the D-subvariety V' (I), where [ is the §-ideal of kK[W] generated by b. But the assumption on p would

then imply that V(1) = W, contradicting the fact that b # 0. So f € k%2, as desired. O
So the question becomes:

Question 2.4. Under the assumption that § is trivial on k, for which D-varieties does §-rationality imply
8-local-closedness?

Question 2.4 should be, we think, of general interest in differential-algebraic geometry. In [Bell et al.
2017a] it was pointed out that Manin kernels can be used to construct, in all Krull dimensions at least
three, examples that were §-rational but not é-locally closed. Let us point out that in dimension < 2 the
answer is affirmative:

Proposition 2.5. If k C K then every D-variety over k of dimension < 2 satisfies the §-DME over k.

Proof. Suppose (V, s) is a D-variety over k of dimension at most 2. By Proposition 2.3 it suffices to
show that if W C V is a k-irreducible §-rational D-subvariety over k then it has a maximum proper
D-subvariety over k. We may assume that dim W > 0. Now, it is a known fact that §-rationality implies
the existence of only finitely many D-subvarieties of codimension one over k. Indeed, this is a theorem
of Hrushovski!; see [Bell et al. 2017a, Theorem 6.1] and [Freitag and Moosa 2017, Theorem 4.2] for
published generalisations. So it remains to consider the zero-dimensional D-subvarieties of W over k.
But as k € K9, the union of these is contained in the Zariski closure X of (W, s)ﬁ(K )N W(K?). Note
that s restricts to the zero section on X, and hence X is a D-subvariety of W over k that must be proper
by é-rationality of (W, s). So the union of X and the finitely many codimension one D-subvarieties of
W form the maximal proper D-subvariety over k. O

We will give a sufficient condition for §-rationality to imply §-local-closedness, and hence for the
§-DME, having to do with analysability to the constants in the model theory of differentially closed fields.
We will then use this condition to prove the 6-DME for D-groups over the constants.

2D. Maximum D-subvarieties. Here we look closer at which D-varieties over k have a proper D-
subvariety over k that contains all other proper D-subvarieties over k. This is something that never
happens in the pure algebraic geometry setting: every variety over k has a Zariski dense set of k2-points,
and each k¥#-point is contained in a finite subvariety defined over k. So a k-irreducible variety cannot
have a maximum proper subvariety over k. In the enriched context of D-varieties there will be many

11t is Proposition 2.3 in his unpublished and untitled manuscript dated 1995 on “how to deduce the Rq-categoricity of degree
one strongly minimal sets in DCF( from Jouanolou’s work”.
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D-points over a differential closure of k, say k,buta l€—p0int need not live in a proper D-subvariety
defined over k. So D-points are not an obstacle to the existence of a maximum proper D-subvariety. In
fact, as the following lemma points out, the existence of a maximum proper D-subvariety is a natural
property to consider from both the Kolchin topological and model-theoretic points of view.

We continue to work in our sufficiently saturated differentially closed field (K, §), and fix a §-subfield
k of coefficients.

Lemma 2.6. Suppose (V,s) is a k-irreducible D-variety. The following are equivalent.

(1) (V,s) is §-locally closed.

(i) (V,s) has finitely many maximal proper k-irreducible D-subvarieties.
(i) A := (V,5)*(K)\ J{(w, Y K): W C V is a D-subvariety over k} is Kolchin constructible.
(iv) The Kolchin generic type of (V,s)*(K) over k is an isolated type.

Proof. (i)=(ii). Let W be the maximum proper D-subvariety over k. The k-irreducible components of
W are D-subvarieties of V; see for example [Kaplansky 1976, Theorem 2.1]. Every proper k-irreducible
D-subvariety of V' is contained in one of these components. So the maximal proper k-irreducible
D-subvarieties of V are precisely the k-irreducible components of W.

(i))=-(iii). Let Wy, ..., Wy be the maximal proper k-irreducible D-subvarieties of V. Then
W, HHK): W C V is a D-subvariety over k} = (Wi, )H(K)U---U (W, s)¥(K).

(iii)=>(iv). The Kolchin generic type of (V, s)¥(K) over k is the complete type p(X) in DCF, axiomatised
by the formulas saying that “X € (V, s)¥(K)”, and, for each proper Kolchin closed subset A of (V, s)*(K)
over k, the formula “X ¢ A”. Note that as (V, $)#(K) is defined by V(X) = s(X), the occurrences of each
8X in the defining equations of A4 can be replaced by polynomials, so that A = AZ* N (V, s)#(K), where
A% denotes the Zariski closure of 4 in V. When A is over k, we have that A%*" is a D-subvariety of V
over k. It follows that the set of realisations of p is precisely A, so that A being Kolchin constructible
implies that p is axiomatised by a single formula, that is, it is isolated.

(iv)=(). Let A be as in statement (iii). As we have seen, this is the set of realisations of the Kolchin
generic type of (V, s)#(K) over k. The latter being isolated implies, by quantifier elimination, that A is
Kolchin constructible. By saturation, this in turn implies that

A= (W, HHK): W C V is a D-subvariety over k }

is a finite union, and hence is itself a proper Kolchin closed subset over k. Then A% is the maximum
proper D-subvariety over k. O

The following lemma will be useful in showing that certain D-varieties satisfy the equivalent conditions
of Lemma 2.6.



352 Jason Bell, Omar Ledn Sanchez and Rahim Moosa

Lemma 2.7. Suppose f :(V,s) — (W,t) is a dominant D-rational map of k-irreducible D-varieties

over k. The following are equivalent.

(1) (V,s) has a maximum proper D-subvariety over k.

(i1) (W, t) has a maximum proper D-subvariety over k, and for some (equivalently, every) k-generic

D-point n of W, the fibre Vyy := f~1(n)%* has a maximum proper D-subvariety over k(n).

Proof. We show how this follows easily from basic properties of isolated types, leaving it to the reader to
make the straightforward, but rather unwieldy, translation into an algebro-geometric argument if desired.

()= (ii). Suppose a € (V,s)*(K) is a k-generic D-point. Since f is a dominant D-rational map,
f(a) € (W, T)#(K) is also k-generic. By characterisation (iv) of the previous lemma, tp(a/ k) is isolated.
As f(a) is in the definable closure of a over k, it follows that tp( f(a)/ k) is isolated. Hence, (W, t) has
a maximum proper D-subvariety over k.

Now fix n € (W, NHH(K) a k-generic D-point, and let a be a k(n)-generic D-point of the fibre V.
Then a is k-generic in (V, ), and hence tp(a/ k) is isolated. It follows that the extension tp(a/ k(n)) is
also isolated. So V}, has a maximum proper D-subvariety over k().

(ii)=>(i). Fix n e (W,1)*(K) a k-generic D-point such that Vy has a maximum proper D-subvariety
over k(n). Let a be a k(n)-generic D-point of Vy. So tp(a/ k(n)) and tp(n/ k) are both isolated, implying
that tp(a/ k) is isolated. Since a € (V, s)*(K) is k-generic, condition (i) follows. |

2E. Compound isotriviality. Our sufficient condition for §-rationality to imply §-local-closedness will
come from looking at isotrivial D-varieties.

Definition 2.8. An irreducible D-variety (V,s) over k is said to be isotrivial if there is some §-field
extension F 2 k such that (V,s) is D-birationally equivalent over F to a D-variety of the form (W, 0),
where W is defined over the constants ¥ and 0 is the zero section. We say that a possibly reducible
D-variety is isotrivial if every irreducible component is.

This definition comes from model theory: it is a geometric translation of the statement that the Kolchin
generic type of (V, s)#(K) over k is K%-internal. Note that there is some tension, but no inconsistency,
between isotriviality and §-rationality; for example, (W, 0) is far from being §-rational, instead of there
being no new §-constants in the rational function field we have that § is trivial on all of k(W). The reason
these notions are not inconsistent is that the isotrivial (V, s) is only of the form (W, 0) after base change —
that is, over additional parameters — and that makes all the difference.

Fact 2.9. A k-irreducible D-variety that is at once both §-rational and isotrivial must be §-locally closed.

Proof. Suppose (V, s) is a k-irreducible isotrivial D-variety with k (V)% C k€. We want to show that V
has a maximum proper D-subvariety over k. The proof we give makes essential use of model theory. We
show how the statement translates to the well-known fact that a type internal to the constants but weakly
orthogonal to the constants is isolated.
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Let p be the Kolchin generic type of (V, s)#(K) over k. By Lemma 2.6, it suffices to show that p is
isolated. That in turn reduces to showing that every extension of p to k¥ is isolated. Fix ¢ an extension
of p to k¥2. So ¢ is the Kolchin generic type of (I//\, s)#(K) over k22, for some irreducible component
V of V. Isotriviality of (V,s) implies isotriviality of (17, s), and this means that ¢ is internal to the
constants K°; see, for example, [Kowalski and Pillay 2006, Fact 2.6]. By stability, this implies that the
binding group G = Aut(q/k™¢(K?%)) is type-definable over k*¢; see, for instance, [Hrushovski 2002,
Appendix B]. In fact, G is definable: G lives in the constants and by w-stability of the induced structure
on the constants, every type-definable group in K 8 is a definable group. So we have a definable group
acting definably on the set of realisations of g.

On the other hand, for all ¢ = ¢ we have that

(@)’ € (k@)™®)’ = (k@) < k™,

where the last containment uses our assumption on k (V') = k(a). This shows that ¢ is weakly orthogonal
to K%. So the action of G on the set of realisations of ¢ is transitive. As G is definable, the set of
realisations of ¢ must be definable — that is, ¢ is isolated. O

Using Lemma 2.7 we can extend Fact 2.9 to the case of D-varieties that are built up by a finite sequence
of fibrations by isotrivial D-subvarieties.

Definition 2.10. An irreducible D-variety (V,s) over k is said to be compound isotrivial if there exists
a sequence of irreducible D-varieties (V;, s;) over k, fori =0,..., £, with dominant D-rational maps

over k
V=V, Jfo v, N3l Ve fe—1 V, =0,

where 0 denotes an irreducible zero-dimensional D-variety, and such that the generic fibres of each f; are
isotrivial. That is, foreachi =0,...,£—1, if nis a k-generic D-point in V;4 1, then fi_l (n)zar, which is
a k(n)-irreducible D-subvariety of (V;, s;), is isotrivial. We say (V, s) is compound isotrivial in £ steps.

While isotriviality is equivalent to the Kolchin generic type being internal to the constants, compound
isotriviality corresponds to that type being analysable in the constants. As this is a less familiar notion,
even among model theorists, we spell out the equivalence here.

Lemma 2.11. Suppose (V,s) is an irreducible D-variety over k, and a € (V, s)}(K) is a k-generic
D-point. Then (V,s) is compound isotrivial if and only if the type of a over k in DCFy is analysable
in K.
Proof. Analysability in K 5 means that there are tuples a = ag,ay,...,ay such that

(1) a; is in the §-field generated by a;_; over k, fori =1,...,£—1, ay € k, and

(ii) the type of a; over the algebraic closure of the §-field generated by k(a;41) is internal to K s

If (V, s) is compound isotrivial one simply takes a; = f;—1(a;—1) fori =1,..., £. Condition (i) is clear —
in fact with “§-field generated by” replaced by “field generated by” — and condition (ii) follows from



354 Jason Bell, Omar Ledn Sanchez and Rahim Moosa

the fact that a; is a k(a; 4 1)#-generic D-point of one of the irreducible components of fi_l (aig1)™,
all of which are isotrivial. For the converse, given @ = aq, a1, ..., ay satisfying condition (i) and (ii),
one first replaces a; with (a;, §(a;), ..., 8" (a;)) for some sufficiently large n, so that a; is a k-generic
D-point of an irreducible D-variety (V;, s;) over k. This sequence of D-varieties witnesses the compound
isotriviality, using the fact that the irreducible components of fi_1 (aj41)% are all conjugate over k(a; 1)
and hence the isotriviality of one implies the isotriviality of them all. O

Remark 2.12 (stability under base change). The definition of compound isotriviality seems to be sensitive
to parameters; the D-varieties V; and the D-rational maps f; need also be defined over k. In fact, the
notion is stable under base change: if an irreducible D-variety (V, s) over k is compound isotrivial when
viewed as a D-variety over some §-field extension F 2 k then it was already compound isotrivial over k.
A model-theoretic restatement of this is the well-known fact that a stationary type with a nonforking
extension that is analysable in the constants is already analysable in the constants. We leave it to the
reader to formulate a geometric argument.

Note also that (compound) isotriviality is preserved by D-birational maps.

Proposition 2.13. For an irreducible compound isotrivial D-variety over k, §-rationality implies 6-local-
closedness.

Proof. Suppose (V, 5) is an irreducible compound isotrivial D-variety over k with k(V)% C k2. We need
to show that V' has a maximum proper D-subvariety over k. We proceed by induction on the number of
steps witnessing the compound isotriviality. The case £ = 0 is vacuous. Suppose we have a compound
isotrivial (V, s) witnessed by

A fo v, fi Vi, Sfe—1 V=0

with £ > 1. Then V; is compound isotrivial in £ — 1 steps, and as k(V7) is a §-subfield of k(V') by
dominance of fj, the induction hypothesis applies to give us a maximum proper D-subvariety of V;
over k.

On the other hand, the generic fibre V;, := fo_l (7)%" is an isotrivial k (n)-irreducible D-subvariety of V,
where 7 is a k-generic D-point of V. Moreover, as k(n)(Vy) = k(V'), Vy is §-rational, and therefore
Fact 2.9 applies to V3 and we obtain a maximum proper D-subvariety over k(). Now Lemma 2.7 implies
that V' has a maximum proper D-subvariety over k. O

Corollary 2.14. Suppose k € K% and (V, s) is a D-variety over k with the property that every irreducible
D-subvariety of V over k™2 is compound isotrivial. Then (V, s) satisfies §-DME.

Proof. By Proposition 2.3, it suffices to show that every §-rational k-irreducible D-subvariety (W, s)
is 8-locally closed. Note that if k = k22 then (W, s) is absolutely irreducible, and compound isotrivial
by assumption, so that §-local-closedness follows by Proposition 2.13. In general, let (W, s) be an
absolutely irreducible component of (W, s). It is over k2. The §-rationality of (W, s) over k implies
the §-rationality of (W, s) over k% —see, for example, the last paragraph of the proof of Fact 2.9. By
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assumption, (W, s) is compound isotrivial, and so by Proposition 2.13 it is §-locally closed over k2.
We have shown that every irreducible component of (W, s) is §-locally closed over k2, and it is not hard
to see, by taking the union of the maximum proper D-subvarieties of these components, for example, that
this implies that (W, s) is §-locally closed, as desired. |

2F. D-groups over the constants. A D-group is a D-variety (G, s) over k whose underlying variety G
is an algebraic group, and such that the section s : G — tG is a morphism of algebraic groups. (Note that
there is a unique algebraic group structure on t(G) which makes the embedding V : G(K) — t1G(K)
a homomorphism.) The notions of D-subgroup and homomorphism of D-groups are the natural ones,
with the caveat that, unless stated otherwise, parameters may come from a larger §-field. The quotient
of a D-group by a normal D-subgroup admits a natural D-group structure. The terms connected and
connected component of identity when applied to D-groups refer just to the underlying algebraic group,
though note that the connected component of identity of a D-group over k is a D-subgroup.

In the context of D-groups, isotriviality is better behaved. A connected D-group (G, s) is isotrivial if
and only if it is isomorphic as a D-group to one of the form (H, 0), where H is an algebraic group over
the constants and 0 is the zero section. So one remains in the category of D-groups, and D-birational
equivalence is replaced by D-isomorphism. See the discussion around Fact 2.6 of [Kowalski and Pillay
2006] for a proof of this. In particular, every D-subvariety of an isotrivial D-group is itself isotrivial.
Quotients of isotrivial D-groups are also isotrivial. Moreover, by [Pillay 2006, Corollary 3.10], if a
D-group (G, s) has a finite normal D-subgroup H such that G/H is isotrivial, then (G, s) must have
been isotrivial to start with. We also note that, as (compound) isotriviality is preserved under D-birational
maps, when working inside a D-group (compound) isotriviality is preserved under translation by D-points
of G (as these translations are in fact D-automorphisms of G).

The following fact is mostly a matter of putting together various results in the literature on D-groups.
As we will see, it will imply that every D-subvariety of a D-group over the constants is compound
isotrivial in at most 3 steps. At this point it is worth noting that the set of D-points of a D-group is a
subgroup definable in DCF of finite Morley rank. Moreover, the f functor is an equivalence between the
categories of D-groups over k and finite Morley rank groups in DCF, definable over k; see [Kowalski
and Pillay 2006, Fact 2.6].

Fact 2.15. Suppose (G, s) is a connected D-group over the constants.

(a) The centre Z(G) is a normal D-subgroup of G over the constants, and the quotient G/ Z(G) is an
isotrivial D-group.

(b) Let H be the algebraic subgroup of points in Z(G), where s agrees with the zero section. Then
Z(G)/H is an isotrivial D-group.

Proof. For a proof that Z(G) is a D-subgroup, see [Kowalski and Pillay 2006, Fact 2.7(iii)]. That
G/Z(G) is isotrivial was originally proved by Buium [1992] in the centreless case, and then generalised
by Kowalski and Pillay [2006, Theorem 2.10].
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For part (b), note first of all that H is a D-subgroup of Z(G) by definition; the zero section does
map to the tangent bundle of H. Now, it suffices to show that Z°/H?® is isotrivial, where Z° is the
connected component of identity of Z(G) and H° := Z° N H. Let Z := (Z°, 5)¥(K), the subgroup of
D-points of Z. Then (H°, s)*(K) = Z(K?%), the §-constant points of Z. These are now commutative
5-algebraic groups. As the {f functor is an equivalence of categories, isotriviality of Z°/H® follows once
we show that Z/Z(K?) is definably isomorphic (over some parameters) to (K®)” for some n. Because
Z° is a connected commutative algebraic group over the constants, there exists a §-algebraic group
homomorphism £d : Z° — L(Z°) over kg, where L(Z°) is the Lie algebra of Z°, the tangent space at
the identity. This homomorphism is called the logarithmic derivative and is defined as

Ld(X) = V(X)-(s(X)~",

with the operations in 7Z°. One can check that £d is surjective with kernel Z°(K?) (a proof appears in
[Marker 2000, §31; see also [Kolchin 1973, §V.22]). So Z/Z(K?) is definably isomorphic to a §-algebraic
subgroup F of L(Z°). Since L(Z°) is a vector group, F is a finite-dimensional K 8_vector subspace (see,
for example, [Pillay 1996, Fact 1.3]), and hence definably isomorphic over a basis to some (K%)”. O

Suppose (G, s) is a D-group over a é-field k and (H, s) is a D-subgroup over k. Even when H is
not normal, it makes sense to consider the quotient space G/H as an algebraic variety, and s induces
on G/H the natural structure of a D-variety (G/H,5) over k, in such a way that the quotient map
7 :G — G/H is a D-morphism. See [Kowalski and Pillay 2006, Fact 2.7(ii)] for details. Now if « is
a D-point of (G/H,5), then the fibre 7! () is a D-subvariety over k(«); and for 8 a D-point of this
fibre we have 7! () = B+ H. So each fibre (7 ~!(a), 5) is isomorphic to (H, s) over k(). One could
develop in this context the notion of “D-homogeneous spaces”.

Using Fact 2.15 we obtain the following highly restrictive property on the structure of D-subvarieties
of D-groups over the constants.

Proposition 2.16. Suppose (G, s) is a connected D-group over ko C K. If k is any §-field extension of
ko and W is any irreducible D-subvariety of G over k, then W is compound isotrivial in at most 3 steps.

In particular, if W is §-rational then it is §-locally closed.
Proof. Consider the normal sequence of D-subgroups
Gr>Z(G)> H>0,

where Z(G) is the centre of G and H is the algebraic subgroup of points in Z(G) where s agrees with the
zero section. Consider the corresponding sequence of irreducible D-varieties and D-morphisms over kq:
¢ 2 6/0 2 G/7(G) 0.

Since G/ Z(G), Z(G)/H, and H are isotrivial — the first two by Fact 2.15 and the last as s | g is the
zero section — this exhibits G as compound isotrivial in three steps. We can then obtain the same result
for any irreducible D-subvariety of G by using the fact that any element of (G, s)*(K) is a product of
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two generic elements. Alternatively, we can argue as follows, keeping in mind that every D-subvariety of
an isotrivial D-group is itself isotrivial.
If W C G is an irreducible D-variety over k, then we get a sequence of dominant D-morphisms

W Jfo W, S A f2 0,

where W C G/ H is the Zariski closure of wo(W), W, € G/ Z(G) is the Zariski closure of 1 (W), and
the f; are the appropriate restrictions of the ;. Then W) is isotrivial, as it is a D-subvariety of G/ Z(G).
If « is a D-point of W, then fl_1 (a) is a D-subvariety of 7, !(ar) which is isomorphic as a D-variety
to Z(G)/H. So the fibres of f; over D-points are all isotrivial D-subvarieties of Wy. If f is a D-point
of W then fo_l (B) is a D-subvariety of 7y 1(B) which is isomorphic as a D-variety to H. So the fibres
of fo over D-points are all isotrivial. Hence, W is compound isotrivial in 3 steps.

The “in particular” clause is by Proposition 2.13. O

We have now proved Theorem A of the introduction:
Corollary 2.17. If k C K9 then every D-group over k satisfies §-DME.

Proof. Suppose (G, s) is a D-group over k and W is an irreducible D-subvariety of G over k2. Then,
over k%2, it is isomorphic to an irreducible D-subvariety of the connected component of identity, Gy.
Applying Proposition 2.16 to Gy, we have that W is compound isotrivial. So every irreducible D-
subvariety of G over k%2 is compound isotrivial. The §-DME now follows from Corollary 2.14. O

2G. Differential Hopf algebras. In this section we give equivalent algebraic formulations of the §-DME
and our results so far. This will help us make the connection to the classical DME, which is about
noncommutative associative algebras and as such does not have a direct geometric formulation.

We restrict our attention to the case when § is trivial on the base field k.

As explained in Section 2A, the standard geometry-algebra duality, which assigns to a variety its coordi-
nate ring, induces an equivalence between the category of k-irreducible affine D-varieties (V, s) and that
of differential rings (R, §), where R is an affine k-algebra and § is a k-linear derivation. This equivalence
associates to a k-irreducible D-subvariety of V' a prime §-ideal of R. Using this dictionary, we can easily
translate the geometric Definition 2.1, in the case when k C K 8 into the following algebraic counterpart.

Definition 2.18 (§-DME for affine differential algebras). Suppose R is an affine k-algebra equipped with
a k-linear derivation §. We say that (R, §) satisfies the §-DME if for every prime §-ideal P of R, the
following conditions are equivalent:

(i) P is é-primitive: There exists a maximal ideal m of R such that P is maximal among the prime
d-ideals contained in m.

(ii) P is §-locally-closed: The intersection of all the prime §-ideals of R that properly contain P is a
proper extension of P.

(iii) P is 8-rational: Frac(R/P)® is contained in k.
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The algebraic counterpart of an affine algebraic group G over k is the commutative Hopf k-algebra
R = k[G], where the group law G x G — G induces a coproduct A : R — R ®; R. So what is the
algebraic counterpart of a D-group (G, s) over k? The following lemma says that it is a differential Hopf
k-algebra, a commutative Hopf k-algebra R equipped with a k-linear derivation § that commutes with
the coproduct, where § acts on R @ Rby 6(r; ® rp) =6r1 ®rp +11 Q® 5.

Lemma 2.19. Suppose k € K S and let (G, 5) be a D-variety defined over k such that G is a connected
affine algebraic group. Let § on R = k[G] be the corresponding k-linear derivation. Then s : G — TG is
a group homomorphism if and only if § commutes with the coproduct.

Proof. Unravelling the facts that s induces the derivation § on k[G] and that the group operation
m : G x G — G induces the coproduct A on k[G], we have that for all f € k[G],

A@S) =8A(f) = df (s(m(y.z))) = d(f om)(s(y).5(2)), (2-1)

where (y, z) are coordinates for G x G. But

d(fom)(s(y),s(z)) =df edm(s(y).s(z)) = df (s(y) *5(2)),
where * denotes the group operation dm : TG x TG — TG. And so the right-hand side of (2-1) is

equivalent to

df (s(m(y,2))) =df (s(y) *5(2)).
But this, asserted for all f* € k[G], is equivalent to s(m(y, z)) = s(») * s(z), i.e., that s is a group
homomorphism. O

In other words, the study of connected affine D-groups over the constants is the same thing as the
study of affine differential Hopf k-algebras. So our Theorem A becomes the following.

Theorem 2.20. Every commutative affine differential Hopf algebra over a field of characteristic zero
satisfies §-DME.

Proof. By Lemma 2.19 our differential Hopf algebra is of the form k[G] for some connected affine
D-group (G, s) with k € K®. By Corollary 2.17, (G, s) satisfies the §-DME. So (k[G], ) satisfies
5-DME. |

3. Twisting by a group-like element

As it turns out, the application to the classical Dixmier—Moeglin problem that we have in mind, and
that will be treated in Section 4, requires a generalisation of Theorem 2.20. Instead of working with
differential Hopf algebras, we need to consider Hopf algebras equipped with derivations that do not quite
commute with the coproduct. Suppose R is a commutative affine Hopf k-algebra. We use Sweedler
notation? and write A(r) = 3" r; ® r, for any r € R. Now, for a k-linear derivation § to commute with

2Recall that in Sweedler notation > r1 ® 1, is used to denote an expression of the form Z?;l rj1 ®rj 2. We use Sweedler

notation throughout, hopefully without confusion.
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A on R means that for all r € R,
A(Sr) = 25"1 ®ry+r; ®68r;.

We wish to weaken this condition by asking instead simply that there exists some a € R satisfying
A(a) = a ® a—that is, a is a group-like element of R — such that for all r € R,

A(8r)=28r1®r2 +ary ®6rs. (3-1)
That is, we ask § to be what Panov [2003] calls an a-coderivation. We wish to prove the following.

Theorem 3.1. Suppose k is a field of characteristic zero, R is a commutative affine Hopf k-algebra, and
8 is a k-linear derivation on R that is an a-coderivation for some group-like a € R. Then (R, §) satisfies
the §-DME.

When a = 1 this is just the case of affine differential Hopf k-algebras, and hence is dealt with by
Theorem 2.20. The general case requires some work. Throughout this section k is a fixed field of
characteristic zero.

Let us begin with a geometric explanation of what this twisting by a group-like element means. First
of all, we have R = k[G] for some connected affine algebraic group G over k, with the coproduct A
on R induced by the group operation on G, and the derivation § on R induced by a D-variety structure
s: G — TG. Note that § being a k-derivation implies that k € K® and so tG = TG. Now, as G is
an affine algebraic group, we may assume it is an algebraic subgroup of GL;, so that TG C G x Mat,.
Writing s = (id, 5), where 5 : G — Mat,,, we want to express as a property of 5§ what it means for § to be an
a-coderivation. That a € R is group-like means that a : G — G, is a homomorphism of algebraic groups.

Lemma 3.2. Suppose G € GL, is a connected affine algebraic group over k, a : G — Gy, is a ho-
momorphism, and s = (id, §5) : G > TG C G x Maty, is a D-variety structure on G over k. Then the

corresponding k-linear derivation § on k|G is an a-coderivation if and only if

5(gh) = 5(g)h + a(g)gs(h) (3-2)
forall g, h € G, where all addition and multiplication is in the sense of matrices.

Proof. Note that for r € k[G], A(87) € k[G x G] is given by

A@r)(g.h) = dgpr(5(gh))

for all g,h € G, where dr : TG — AZ is the differential of r : G — A!. On the other hand, writing
A(r) =) _ry ®r, we have

D Gri®@ra+ary ®8r2)(g.h) =Y dgri(5(2)) ra(h) +a(g)ri(g) dyra(5(h))
= d(g.h) (Z r® 1’2) (5(g),a(g)s(h))
= d(g,n)(Ar)(5(8).a(g)s(h)),
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where the second equality uses the fact that a(g) is a scalar. Now, as an element of k[G x G], A(r) =rom,
where m : G X G — G 1is the restriction of matrix multiplication on GL,. Note that when we differentiate
matrix multiplication we get d(g pym(A, B) = Ah + gB, for all g,h € GL, and A, B € Mat,. Hence,

Y Bri®ry+ar; ®68r2)(g, h) = dig.ny(Ar)(5(2), a(2)5(h)

= dgpr o d(g,pmym(5(g).a(g)s(h))

= dgpr (5(g)h + ga(g)s(h))

= dgpr(s(g)h +a(g)gs(h)).
Hence, 6 being an a-coderivation, as in (3-1), is equivalent to

dgpr(5(gh)) = dgpr (5(g)h + a(g)gs(h))
for all r € k[G]. But this implies
5(gh) = 5(g)h + a(g)gs(h).

as desired. O

Definition 3.3. When G is an affine algebraic group and (G, s) is a D-variety structure such that (3-2)
holds, we say that (G, s) is an a-twisted D-group.

The following family of examples of 2-dimensional twisted D-groups will play an important role in
the proof.

Example 3.4. Let ¢ € k be a parameter. Let R = k[x, %, y] with § the k-linear derivation induced by
8(x) =xy and 6(y) = %yz + ¢(1 —x?). Note that R is the coordinate ring of the algebraic subgroup
E < GL, made up of matrices of the form
(5 1)
01/

and hence is a commutative affine Hopf k-algebra. We denote by (E, t.) the D-variety structure on E
induced by §. Writing 7, = (id, #.), we have

_caby _(ab 1b%*+c(1—a?)
’0(01)_(0 0 '

Now a straightforward computation shows that

; ((a b )(a’ b’ )) _ [ a*d'b +ad'b %az(b’)2 +abb’ + %bZ +c(1—(aa’)?)
‘o 1/\o 1 /)™ 0 0

()8 Y el Dl )
Vo 1/\0 1 01/°\o 1/
That is, (£, f.) is an x-twisted D-group. (Note that x € R is group-like.) Note that since (£, ?.) is not a

D-group, we cannot use Theorem 2.20 to deduce the 6-DME. However, since the Krull dimension is two,
(E, t.) does satisfy the 6-DME (see Proposition 2.5).
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Our strategy for proving Theorem 3.1 is to show that every a-twisted D-group over the constants admits
the example described above as an image, with each fibre having the property that every D-subvariety
is compound isotrivial. From the 6-DME for (E, t.), together with our earlier work around compound
isotriviality and maximum proper D-subvarieties, we will then be able to conclude that every a-twisted
D-group satisfies the -DME.

To relate an arbitrary a-twisted D-group to one of those considered in Example 3.4, we will require the
following proposition, whose proof is rather technical, and for which it would be nice to give a conceptual
explanation.

Proposition 3.5. Suppose R is a commutative affine Hopf k-algebra, and § is a k-linear derivation on R
that is an a-coderivation for some group-like a € R. Then for some ¢ € k we have

a8a = %(85[)2 +e(@®—a%).

We delay the proof of this proposition until we have established the preliminary Lemmas 3.6 and 3.7
below, for which we fix a commutative affine Hopf k-algebra R, equipped with a k-linear derivation &,
such that § is also an a-coderivation for some group-like @ € R. As a is group-like it is invertible in R.
We fix the following sequence of elements in R:

Ug :=a, up = %a’ Uy = Sul—%u%, Um = 8(Upm—1) form >3,

Note that the desired identity a§’a = %(561)2 + c(a® —a*) is equivalent to u = ¢(1 —a?); this is our
eventual aim.

Lemma 3.6. Forallm > 1, we have

m—1
AQm) =tm @1 +d" Qum+ Y ¢jma’um—j @uj+ Y _ fi®gi.
j=2
where the cj , are positive (nonzero) integers, the f; € (uy,..., Um—1)>k[ug, ... .um_1), and the
gi € k[u()’ e um—l]-
Proof. We can compute the coproducts of the elements u¢, u1, . . . using the fact that @ = u is group-like

and § is an a-coderivation:
A(ug) =a®a,
Auy) = (é@é)(8a®a+a2®8a) =u;®1+aQuy,

_ 2 Ll B O 2
Aly)=6u1 @1 +da@ui +a° Quy Ui Ql—au; Qui—a” ® S =u, ®l+a“Qu,.
Then for m = 1, 2, the conclusion of the statement of the lemma follows from the above computations
with f; = g; = 0 and the middle sum being empty. Now one computes A(uy;+1) = A(Suy,) form > 2,
using the inductively given expression for A(u,,) and the fact that § is an a-coderivation. The rest is a
straightforward brute force computation that we leave to the reader. O
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Lemma 3.7. There existn > 1, a polynomial P € kluy, ..., uy—1], and some r > 0 such that

_ P(ug,...,up—1)
un -_— r .
Uy

Proof. Since R is finitely generated as a k-algebra, this sequence (u,,) cannot be algebraically independent
over k. Choose n minimal such that (ug, ..., u,) is algebraically dependent over k. Note that if n = 0
then a = u is a constant and so #; = u, = 0 by definition. So we assume that n > 0.

So there is some d > 1 such that

ud + 3 Ai(ug. ... .up_pul =0, (3-3)
i<d
with Ay, ..., A4_ rational functions over k. We may assume that d is minimal. Our first step is to show

thatd = 1.

Since R = k[G] for some connected affine algebraic group G over k, we have that R ® R is a
domain. Indeed, R ® R = k[G x G] and G x G is a connected affine algebraic group. We can
thus work inside the fraction field of R ® R. Let F be the subfield which is the fraction field of
klug, ..., up—1] ®k klug, ..., un—1]. Note that by the minimality of d, {1, uy,.. .,uﬁf‘l} is linearly
independent over k(uy,...,u,—1), from which it follows that {#}, ® u,J, 10 <1i,j < d} is linearly
independent over F'. Applying A to both sides of (3-3), Lemma 3.6 gives us that

(u,,®1—|—a"®u,,)deZF-(un®1+a”®un)i - Z F-(uﬁl®u,]1').
i<d i+j<d

On the other hand, ug ®1and a" ® ug are alsoin } ;4 F- (Ul ® u,J;) by (3-3). It follows that

d—1

d o . o
Z (i)a”(d_’)uﬁl Quii e Z F-(ul, ®u)).
i=1 i+j<d

If d > 1 then u,‘f‘l ® u, appears with a nonzero coefficient on the left-hand side but with zero coefficient
on the right-hand side. This contradicts the F-linear independence of (1}, ® uy; : 0 <1i, j < d).

So d =1, and we have that
. P(Ll(),...,un_l)

Z/l b 9
" Q(uO’---,un—l)
for some relatively prime polynomials P and Q over k. We aim to show that Q is a monomial in ug.
First we argue that Q ® Q divides A(Q) in S := k[uy, ..., uy—1] Q klug, . . . , Un—1], which we note
is the polynomial ring over k in the variables #; ® 1, 1 ® u;, and hence is a UFD. Indeed,

(3-4)

A(P) = A(Q)A(uy) by applying A to both sides of (3-4)
=AQ)(up@1+d" Quy+y) by Lemma 3.6, for some y € S
=AQ)(P/Q)®1+d"®(P/Q)+ y).
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We can then multiply both sides by 1 ® Q to see that A(Q)((P/Q) ® Q) € S. Hence, multiplying

by O® 1, we see that Q ® 1 divides A(Q) (PR Q) = A(Q)(PR®1)(1® Q). Since P and Q are relatively

prime, O ® 1 divides A(Q). A similar argument shows that 1 ® Q divides A(Q). Since we are working

inaUFD and 1 ® Q and Q ® 1 are relatively prime, we see that O ® Q divides A(Q), as desired.
Leti < n—1 be the largest index for which u; appears in Q. Then we can write

M .
Q=Y ulQj(uo.ui.....ui_1)

j=0
with M > 0 and Qps nonzero. So

0®0=uMuM)(Qu® oM + Y U] ®uk)(0;® 0

Jk<M

while, if i > 1, then

M
AQ) =Y Aw) Qj(Awo)..... Awi—) = Y frm(uf @ui),
j=0 L+m=<M
where fy , € klug, ..., ui—1] ®x kluo, ..., u;—1], by Lemma 3.6. (Note that Lemma 3.6 fails for u,
so we are using that i > 1 in the above calculation.) But this contradicts Q ® Q dividing A(Q), since
ulM ® ulM appears in the former while in the latter no uf ® uj"* appears with £,m > M. So it must be
that i = 0 and we have shown that Q is a polynomial in u.

Multiplying by a nonzero scalar if necessary, we may assume that Q is in fact a polynomial in uy with
leading coefficient 1. Let M denote the degree of Q. Then Q(ug) ® Q(ug) divides A(Q) = Q(uo Q up)
in S, recalling that #(y = a is group-like. Since both Q(ug) ® O(ug) and Q(ug ® ug) are polynomials of
total degree 2M in the variables u¢ ® 1 and 1 ® u( and since they both have leading coefficient 1, we
see that they must be the same. In particular, Q(ug) ® Q(ug) is a polynomial in ug ® ug with leading
coefficient 1, which implies that Q(uo) is of the form uy. O

Proof of Proposition 3.5. Let (R, §), a, and the u; be as above. We need to show that 1, = c(1 —a?)
for some ¢ € k. By Lemma 3.7 we have that there is some n > 1, some r > 0 and some polynomial

P € klug,...,uy—1] such that
_ P(uo, .. .,u,,_l)

7 9’
Uy

(3-5)

Un

for some polynomial P over k. Our first step is to show that n < 2.
Let S :=klug, ..., uy—1] ® klug, ..., un—1]. Let

I .= (ul, RN un_1)2k[u0, ey un_l]
and consider the ideal of S given by

J::I®k[u0,...,un_1]+k[u0,...,un_1]®l.
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So these are the elements of S in which each monomial has degree at least 2 in either the variables
u®1,...,u,—1 ®1, orin the variables 1 ® uq,..., 1 ® u,_;. Using Lemma 3.6 we can compute that

for1 <i,j, £<n-—1,
A(uiujug)eJ. (3-6)

Moreover, for 1 <i, j <n—1, Lemma 3.6 gives
A(uiuj)=uéui®uj+uf)uj ®u; mod J. (3-7)

Now, write the polynomial P of (3-5) as

n—1
P=Po(uo)+ Y  Piluoui + Y Pijluouuj+ H,

i=1 1<i<j=<n—1
where H is of degree at least three in uq,...,u,—;. Applying A to both sides of (3-5) we get
(uo ® ug)" A(uy) = A(P). We therefore have
n—1
(o ® )" Alun) = Poluo®uo)+ Y Pi(uo®uo)Aui)+ Y Pi,j(uo®uo) Aujuj) + A(H). (3-8)
i=1 i<j

We claim that this forces P; =0 foralli =1,...,n—1. To prove this, note that by Lemma 3.6 and (3-5),
both sides of (3-8) are elements of the polynomial ring

k(mo®@1,1Quo)u; ®1,...,uy—1 1,1 Quy,...,1 ®uy_q].

We first compute, for both sides of (3-8), the coefficient of u; ® 1. On the right-hand side, using
equations (3-6) and (3-7), the only term that contributes is P;(u#g ® ug)A(u;). By Lemma 3.6, that
contribution is P;(ug ® ug). On the left-hand side, using Lemma 3.6 and (3-5), the coefficient of
ui @ 1is (uo @ uo)" (Pi(ug)/uy") ®1). So Pi(ug) ® ug = Pi(uo ® up). This forces P; = duy for
some d € k. On the other hand, comparing the coefficient of 1 ® ©; on both sides of (3-8) we have that
u(r)+” ® P;(uo) = Pi(uo®uo)(ul ®1). Plugging in P; = dul; we get that d(u(r)+” Qup) = d(u(r)H ®ujp).
As i < n, this forces d = 0 and hence P; = 0.
Equation (3-8) therefore becomes

(o @ ug) A(uy) = Po(ug @ ug) + Z Pij(up® uo)(ugui ®uj + uguj ®u;) mod J.
1<i<j=n—1

Assume towards a contradiction that » > 3. Then by Lemma 3.6 we must have #; ® u,_; appearing in
A(uy) on the left with a nonzero coefficient. So Py ,—1 # 0. But then Py ,—1 (1o ® uo)(Uottn—1 @uy)
appears on the right, while it does not appear on the left since u,_; ® u; does not appear in A(u,) by
Lemma 3.6.

This contradiction proves that n < 2. Suppose n = 1. Then (3-5) says u; = P(ug)/ug. Applying A to
both sides yields

P(ug) @ uy +ul ™' ® P(ug) = P(ug ® uy).

which is only possible if Py = 0. Hence u; = u, = 0, as desired.
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So we are left to consider the case when n = 2. Equation (3-5) becomes

1o :
Uz = —rZPj(uO)”{
L

with M > 1, the P; are polynomials over k, and Py is nonzero. Multiplying by a” (recall that uy = a)
and applying A gives

M
(@ ®d ) ®1+a*Quz) =Y _ Pi(a®a)u; ®1+a@uy),
j=0
which we can write as
M . M . M .
(Z Pj(a)u] ®a” +Za’+2®Pj(a)u{) = ZPj(a(X)a)(ul Ql+a®uyp).

Notice that if M > 1 then the right-hand side involves terms with u’l ® u{ with i, j > 1, while the
left-hand side does not, and so we cannot have equality. Thus M = 1. Writing out the above equation
with this in mind we get that

Po(a)®a" + Py (a)u; @a” +a" T2 Q Py(a)+a" > @ Pi(a)uy = Py(a®a)+ P (a®a)(u1 @1 +aQuy).

We look at this as an equation in k[a ® 1,1 ® a][u; ® 1,1 ® u]. Then taking the coefficient of u; ® 1

gives that
Pi(a)®a" = Pi(a®a),

which can only occur if Py = da” for some d € k. Then computing the coefficient of 1 ® u; gives

a2 ®da” =d(a” ' ®a"), and so d = 0. Hence P; = 0. Now taking the constant coefficient (regarding
constants as being in k[a ® 1, 1 ® a]) gives that

Po(@)®d" +a"? Q Py(a) = Pyla @ a).

Now write Py(t) = Zf:o pjtj. Then we have
L . . . .
ij(a’ Qa"+a"t?Qa’ —a’ ®a’) =0.
j=0
Notice that if j & {r, r + 2} then we have that the coefficient of ¢/ ® a’ on the left-hand side is equal to
pj whereas the right-hand side is zero and so p; = 0. It follows that Py(?) = p,t" + Pra2t"T2. Then

L
0=Y pi@ ®d" +a > @a —a) ®al) = p,a’ P @a" + pri2d P @A
j=0
This forces p, = p,4» and so we see that Py(t) = c(t” — t"T2) for some constant ¢ € k. Thus,
Uy, = %(Po(uo) + Pi(ug)uy) =c(1— u(z)) = c(1 —a?), as desired. O
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The following is a geometric interpretation of the proposition.
Proposition 3.8. Suppose k € K® and (G, s) is an affine connected a-twisted D-group over k, where
a € k[G] is group-like. Then
a(g) 28
g ( a(g) )
0 1

defines a homomorphism w : G — E, where E < GL, is the algebraic subgroup made up of matrices
of the form ()(; }1)) Moreover, there exists some ¢ € k such that if (E, t.) is the a-twisted D-group from
Example 3.4, then w : (G, s) — (E, ;) is a D-morphism.

Proof. Recall that as a € k[G] is group-like, a : G — Gy, is a homomorphism of algebraic groups. It
follows immediately that 7 is well-defined and does indeed map G to E. We check that it is a group
homomorphism. Given g,/ € G, note first of all that as A(¢) = a ® a and § is an a-coderivation, we
have A(8a) = §a ® a + a* ® §a and so

Sa(gh) = A(Sa)(g, h) = a(g)a(h) + a(g)*sa(h). (3-9)

We can therefore compute

(@) (h) = (“(Og) %)(aﬁ) i ) _ (a(gh) a(g) 2 +"‘5<;%’)

1 0 1 0 1
a(g)?8a(h)+8a(g)ah) Sa(gh)
_ (Cl(gh) a(gh) ) _ (a(gh) a(gh) ) — JT(gh),
0 1 0 1

where we have used a(gh) = a(g)a(h) repeatedly and (3-9) in the penultimate equality. We note that
we have not up until this point used the parameter ¢ € k; the reason for this is that the groups E. are
isomorphic as algebraic groups.
It remains to show that 7 is a D-morphism from (G, s) to some (E,f.). Let ¢ be as given by
Proposition 3.5. It suffices to show that 7 takes D-points to D-points. That is, if g € (G, $)#(K) then
(a(g) ‘3(—(;’)’)
0 1

should be a D-point of (E, 1.). Writing 7. = (id, 7.) we have that

_ (a(g) %) _ (&z(g) ba®) +c(1 —a(g)z))

1,
Vo 1 0 0
82 -3 2__ 2_ 4
_ (Sa(g) a(g)d~a(g) a(f()g)zc(a(g) a(g))+c(1_a(g)2))
0 0

Sa(g)
:5(“(g) a(g) )
0 1
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where the first step comes from Example 3.4, the second step follows from Proposition 3.5 telling us that
ad’a = %(861)2 + c(a® —a*), and in the final equality we are using the fact that as g is a D-point of G,
8(r(g)) = (8r)(g) for all r € k[G]. This shows that (g) € (E, t.)*(K), as desired. O

We can now complete the proof of the theorem.

Proof of Theorem 3.1. We have already established that (R, §) is the coordinate ring of an affine connected
a-twisted D-group (G, s), where a € k[G] is group-like. Here recall that k € K. By Proposition 2.3, it
suffices to show that every irreducible §-rational D-subvariety of G over k is §-locally-closed.

Let 7 : (G,s) — (E,t.) be the D-morphism from Proposition 3.8. We first show that every fibre of this
map has the property that all its D-subvarieties, over arbitrary §-field extensions, are compound isotrivial.

Let us start with the fibre above the identity, that is, H = ker(sr). Since 7 is a D-morphism, (H, s)
is a D-subvariety of (G, s). Here, by abuse of notation, we write (H, s) instead of (H,s 'f). Since
7 is an algebraic group homomorphism H is an algebraic subgroup of G. It follows that (H, s) is an
a | g-twisted D-group also. On the other hand, a | ; = 1 by the definition of 7. So (H, s) is an actual
D-group. By Proposition 2.16, every irreducible D-subvariety of H, over any §-field extension of &, is
compound isotrivial.

What about other fibres of 7= over D-points of (E,?.)? Any such fibre is a D-subvariety of (G, s) of
the form Hg, for some g € (G, s)¥(K). Since (G, s) is not necessarily a D-group, the multiplication-by-
g-on-the-right map, pg : G — G, is not necessarily a D-automorphism. Nevertheless, when we restrict
this map to H we do get a D-isomorphism between H and Hg. To see this we need only check that pg
takes D-points of H to D-points of Hg. Letting & € (H, s)*(K) we compute

5(hg) = 5(h)g +a(h)hs(g) by (3-2)

=35(h)g+hs(g) asalg =1
=68(h)g + hé(g) as i and g are D-points
=68(hg) as V:G — TG is a group homomorphism

as desired. So H and Hg are D-isomorphic over k(g). It follows that every fibre of 7 above a D-point
has the property that all its D-subvarieties, over arbitrary §-field extensions, are compound isotrivial.
Now suppose that V' € G is an irreducible §-rational D-subvariety over k. We need to prove that it has
a maximum proper D-subvariety over k. Let W C E be the D-subvariety obtained by taking the Zariski
closure of the image of V' under n, and consider the dominant D-morphism 7 'y, : (V,s5) = (W, t.).
Since k(W) C k(V), W is also §-rational. Since (E,?.) is of dimension two, it satisfies the 5-DME
by Proposition 2.5. Hence W has a maximum proper D-subvariety over k. Next, let n be a k-generic
D-point of W and consider the fibre V3. Note that V;; is §-rational since k(n)(Vy) = k(V). But Vj, is
a D-subvariety of the fibre of 7 : (G, s) — (E, t.) above the D-point 7, and hence, as we have argued
above, is compound isotrivial. So, by Proposition 2.13, ¥ has a maximum proper D-subvariety over k(7).
We have shown that both the image and the generic fibre have maximum proper D-subvarieties, and so
by Lemma 2.6, (V, s) has a maximum proper D-subvariety over k, as desired. O
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Remark 3.9. In the end of the above proof we could also have used the fact that (£, ¢.), while not in
general isotrivial, is compound isotrivial in two steps. This was observed by Ruizhang Jin, in whose Ph.D.
thesis this example will be worked out. In any case, using the compound isotriviality of (£, z.) the above
arguments actually give that every D-subvariety of (G, s) is compound isotrivial (in at most five steps)
from which it follows by Corollary 2.14 that (G, s) satisfies the -DME.

4. The DME for Ore extensions of commutative Hopf algebras

We now apply the results of the previous sections to the classical study of certain (noncommutative) Hopf
algebras. Recall that if A is a noetherian associative algebra over a field k of characteristic zero, then
we say that the Dixmier—Moeglin equivalence (DME) holds for A if for every (two-sided) prime ideal P
of A, the following are equivalent:

(1) P is primitive: it is the annihilator of a simple left A-module.

(i1) P is locally closed: the intersection of all the prime ideals of A that properly contain P is a proper

extension of P.

(iii) P is rational: the centre of the Goldie quotient ring® Frac(A4/ P) is an algebraic field extension of k.

Of course, for commutative algebras the DME always holds as the notions of primitive, locally closed,
and rational all coincide with maximal.

It is known that in any algebra that satisfies the Nullstellensatz locally closed implies primitive and
primitive implies rational; see [Brown and Goodearl 2002, I1.7.16]. Thus, the central question is when
does rational imply locally closed? Certainly this is not always the case; even in finite Gelfand—Kirillov
dimension a counterexample was found in [Bell et al. 2017a]. In [Bell and Leung 2014] the DME was
conjectured specifically about all Hopf algebras of finite Gelfand—Kirillov dimension.

We show here that the DME holds for Hopf algebras that arise as certain twisted polynomial rings
over commutative Hopf algebras. Recall that if R is a k-algebra equipped with an automorphism o then
a k-linear o-derivation is a k-linear map § satisfying the twisted Leibniz rule:

8(rs) =a((r)s(s) +68(r)s.

Given o and §, the Ore extension of R, denoted by R[x; 0, 8] is the ring extension of R with the property
that it is a free left R-module with basis {x" : n > 0} and such that xr = o (r)x + 8(r) for all » € R. We
aim to prove the DME for Hopf algebras that arise as the Ore extensions of commutative Hopf algebras.
The next theorem makes this precise.

Theorem 4.1. Suppose k is a field of characteristic zero and R is a commutative affine Hopf k-algebra
equipped with a k-algebra automorphism o and a k-linear o-derivation §. Assume that the Ore extension
A := R[x; 0, 8] admits a Hopf algebra structure extending that of R. Then A satisfies the DME.

3The Goldie quotient is an artinian ring of quotients for any prime noetherian ring that imitates the field of fractions
construction for integral domains in the commutative case. See [McConnell and Robson 2001, Chapter 2] for details.
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This is Theorem B2 of the introduction. Its proof is preceded by a number of preliminaries.

4A. Hopf Ore extensions. In this section we prove a result (Corollary 4.4, below) that severely restricts
what (R, A, 0,8) can be if A = R[x;0,§] is to admit a Hopf algebra structure extending that on R.
Actually this was already done in [Brown et al. 2015], answering a question of Panov [2003], in a more
general context where R is not necessarily commutative, but under the additional assumption on A that

AXx)=a®@x+x@b+v(x®x)+w 4-1)

for some a,b € R and v, w € R®; R. When (4-1) holds, possibly after a change of the variable x, Brown
et al. call R[x;o0,6] a Hopf Ore extension. They ask if every Ore extension admitting a Hopf algebra
structure extending that on R is a Hopf Ore extension. We prove that this is the case, in a strong way,
when R is commutative and affine (this is Theorem C of the introduction):

Theorem 4.2. Suppose k is an algebraically closed field of characteristic zero and R is a commutative
affine Hopf k-algebra equipped with a k-algebra automorphism o and a k-linear o-derivation 8. If
R[x; 0, 8] admits a Hopf algebra structure extending that of R then, after a linear change of the variable x,

Ax)=a®x+xQb+w

for some a,b € R, each of which is either 0 or group-like, and some w € R Q. R.

Proof. Our starting point is [Brown et al. 2015, §2.2, Lemma 1] which says that if R ®; R is a domain
(which is true here as R is a commutative domain and k is algebraically closed) then

AX)=s(0®x)+t(x®1)+v(x ®x) + w, (4-2)

where 5,7, v,w € R®; R. We let A = R[x;0,68] and let S denote the antipode of 4. By making a
substitution x — x — A for some A € k, we may assume that €(x) = 0, where € : A — k is the counit.
This substitution does not change the form of A(x) given in (4-2).

Our first goal is to show that v = 0. Recall that since R is commutative it is of the form R = k[G] for
a connected affine algebraic group G. We can therefore view v € R ®j R as a regular function on G x G.
We show first that v(g™!, g) = 0 for all g € G, and then that in fact v = 0.

We now consider the antipode S. By [Skryabin 2006, Corollary 1], S is bijective on 4 and its restriction
to R is bijective on R. Thus we can write

S(x)=ag +a1x+---+adxd

for some d > 1 and ag,...,ay € R with az # 0. Writing m : A ®; A — A for the homomorphism
induced by multiplication, we have the identity

mo (S ®id)o A(x) = e(x).
So, as €(x) = 0, we may let u = m o (S ® id) and use (4-2) to write

0= pu@)x +SX)u@) +Sx)u)x + pn(w).



370 Jason Bell, Omar Ledn Sanchez and Rahim Moosa

Notice that m o (S ® id)(R ® R) € R and so if we look at the coefficient of x?*! on the right-hand side,
we see that it is az0% (u(v)). Since R ® R is a domain and a4 is nonzero and ¢ is an automorphism,
we see that ;£(v) = m o (S ® id)(v) = 0. Geometrically, this means precisely that v(g~!, g) = 0 for
all g € G.

Next we apply coassociativity, which tells us that (A ®id)(A(x)) = (id ®A)(A(x)) in R®; R®; R=
k[G x G x G]. Writing this out using (4-2), and equating the coefficients of x ® x ® x, yields

(ARid)W)-(v®1)=>1dRA)(v) - (1 ®v).
Evaluating at (g, 2!, &) for any fixed g, € G we get
v(gh™ (g, h™") =v(g, 16)v(h™" h) =0,

where the final equality uses what we proved in the previous paragraph. Now, if v # 0 then for a Zariski
dense set of (g, h) € G x G, v(g, h~') # 0. But then for each such (g, /) the above equation implies that
v(gh™',h) = 0. Hence, in fact, v(gh~!, h) = 0 for all (g, /) € G x G. As every element of G x G can
be written in the form (gh~!, /), we have shown that v = 0.

We have thus proven that
AX)=s(I1@x)+t(x1)+w (4-3)

for some 5,7, w € R ®; R.
We claim now that either # = 0 or # = 1 ® b for some group-like b € R. We again apply coassociativity
to x, this time using (4-3) and equating the coefficients of x ® 1 ® 1, to get

(AQid)(1)- (1 ®1) = (1d®A)(?)
The geometric interpretation is that

1(fg.Mi(f.g) =1(f.gh) (4-4)
forall f,g,heG.

Suppose 1(1g, go) = 0 for some go € G. We show in this case that ¢t = 0. Indeed, for all &z € G we
have 0 =t(go, M)t(1g, go) =t(1g, goh), by (4-4) with f = 1. Hence, t(1g, ) =0 for all # € G. But
then, by (4-4) with f =g~ !, weget0=1t(1g.h) =t(g ‘g, h)t(g~ ', g) =t(g~ ', gh) forall g, h € G.
As every element of G x G is of the form (g~!, gh) for some g,/ € G, we have t = 0, as desired.

Suppose on the contrary that (1g, g) # 0 for every g € G. Then t(g,h) =t(1g,gh)/t(1g, g) is a
never vanishing regular function on G X G, and hence ¢t = At’, where A € k* and ¢’ : G X G — Gy, is an
algebraic group homomorphism (see [Rosenlicht 1961, Theorem 3]). So ¢’ = b’ ® b, where b’, b € R are
group-like. But then we have
A (2)b(h) = 1(g. h) = t(lg.gh) _ Ab(gh) _ Ab(g)b(h)
t(lg,g)  Ab(g) Ab(g)
forall g,h € G. It follows that b’ = A =1 andt = 1 ® b, as desired.

A similar argument shows that in (4-3) either s = 0 or s = a ® 1 for some group-like a € R. This

proves the theorem. U
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Remark 4.3. It may be worth pointing out that our proof of Theorem 4.2 made no use of §. We used
only the properties of a Hopf algebra extension and the fact that o is injective, as well as the fact that
every element of A can be written as a left polynomial in x over R.

Corollary 4.4. Suppose k is an algebraically closed field of characteristic zero and R is a commutative
affine Hopf k-algebra equipped with a k-algebra automorphism o and a k-linear o-derivation 8. If
R[x; 0, 8] admits a Hopf algebra structure extending that of R then (R, A, 0, 8) must satisfy the following

two conditions:

(1) There exists w € R ®j R and a group-like a € R such that, for allr € R,

AGB(r) =) (B(r) ®rz +ary ® 8(r2)) + w(A(r) — A (r))).

(2) There is a character x : R — k such that for all v € R,

o(r) =Y x(rora =Y rix(ra).
In the above we are using Sweedler notation, writing A(r) =>_r1 ®ry forall r € R.

Proof. Statements (1) and (2) are proven for Hopf Ore extensions in [Brown et al. 2015]. Indeed,
remembering that in our case R is commutative, statement (2) is just part (i)(c) of the main theorem of
[Brown et al. 2015] (see also their Theorem 2.4(d)), and statement (1) is the identity labelled (21) in
[Brown et al. 2015] which is asserted in part (i)(d) of their main theorem. So to prove the corollary it
suffices to show that A = R[x; 0, §] is a Hopf Ore extension, that is, after a change of variable A(x) has
the form (4-1) discussed above. But Theorem 4.2 gives us an even stronger form for A(x). O

Remark 4.5. The main theorem of [Brown et al. 2015] also includes a converse; namely, assuming that
(R, A, 0,6) satisfies (1) and (2), with w € R ®, R satisfying two other identities, one can always extend
in a natural way the Hopf algebra structure from R to R[x; o, §]. This gives many examples to which our
Theorem 4.1 will apply.

4B. The case when o is the identity. When o = id note that a o-derivation is just a derivation. In
this case we write the Ore extension as R[x;{]; it is the skew polynomial ring in x over R where
xr =rx +8(r) for all r € R. Statement (1) of Corollary 4.4 now says that if R[x;d] admits a Hopf
algebra structure extending that on R, then § must have been an a-coderivation on R. So Theorem 3.1
applies and we have that (R, §) satisfies the -DME. The following proposition relates the §-DME for
(R, ) to the DME for R[x:§].

Proposition 4.6. Suppose k is a field of characteristic zero and R is a commutative affine k-algebra
equipped with a k-linear derivation §. If the §-rational prime 6-ideals of (R, §) are §-locally-closed, then
the rational prime ideals of R[x; 8] are locally closed.

In particular, if the 6-DME holds for (R, 8) then the DME holds for R[x;§].



372 Jason Bell, Omar Ledn Sanchez and Rahim Moosa

Proof. Suppose P is a rational prime ideal of R[x;§]. Let / := P N R. Then [ is a prime ideal
of R (see [Fisher 1975, Corollary to Lemma 2]). Moreover, [ is a §-ideal since if @ € P N R then
6(a) = [x,a]l € PN R. It follows easily that J := I R[x;d] is an ideal of R[x;§] that is contained in
P and that R[x;6]/J = (R/I)[x; 8], where we use 6§ to denote the induced derivation on S := R/I.
Let F = Frac(S) be the field of fractions of S and extend 6 to F. We claim that the §-constants of
F are all algebraic over k. Indeed, note that if /' € F with §(f) = 0 then f is a central element
of F[x;8]. We let P denote the prime ideal in S[x;§] corresponding to P under the isomorphism
R[x:8]/J = S[x;8]. As PN R = I, we have that PN S = 0, so that P lifts to a prime ideal Py of F[x; §].
The image of f in B := F|[x;d]/ Py is again a central element of B. By construction B is a localization
of S[x; 6]/ P~ R[x; 8]/ P and thus passing to the full localization gives that f is a central element of
Frac(R[x; 8]/ P). As P is rational f must be algebraic over k.

We have shown that the prime §-ideal I is §-rational. By assumption it is therefore §-locally-closed.
Consequently, there is some g € R\ I such that every prime §-ideal of R properly containing / must
contain g.

In order to prove that P is locally closed it now suffices to show that whenever Q 2 P is prime then
ONR2 PN R=1.Indeed, if this is the case, then we have that

ge(QNR: QD P prime}.

Since g ¢ P, we have in particular that

({Q: Q2 P prime} # P.
That is, P is locally closed.

Towards a contradiction, therefore, let us assume that there exists a prime ideal Q 2 P such that
ONR=PnNR=1.1Itfollows that F[x; 4] is not simple: under the isomorphism R[x;d]/J = S[x; 4],
O corresponds to a nonzero prime ideal Q in S|[x; 8] whose intersection with S = R/ is trivial, so that
O lifts to a nonzero prime ideal Qg in F[x;§]. On the other hand, it is well-known that, as F is a field of
characteristic zero, if § is nontrivial on F then F[x;d] is a simple ring (indeed this is a consequence of
the fact that F[x; 4] is a left and right PID; see [van der Put and Singer 2003, §2.1]). Thus, § is trivial
on F and so F[x;é] = F[x]is a PID. So Py, the lift of P from S[x; 8] to Flx;§], must be 0, as it is
properly contained in Q. Thatis, F[x; §]is a localisation of R[x; 8]/ P. Hence, Frac(R[x; 8]/ P) = F(x),
contradicting the rationality of P.

For the “in particular” clause, note R[x; 4] satisfies the Nullstellensatz— by [Irving 1979, Theorem 2]
for example — and hence we already know that local-closedness implies primitivity and primitivity implies
rationality. O

Corollary 4.7. Suppose k is an algebraically closed field of characteristic zero and R is a commutative
affine Hopf k-algebra equipped with a k-linear derivation § that is also an a-coderivation for some
group-like a € R. Then R[x; 6] satisfies the DME.

Proof. Theorem 3.1 together with Proposition 4.6. O
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A special case of Corollary 4.7 is when R is a differential Hopf k-algebra— this yields Theorem B1
of the introduction. But the DME for R[x;§] in that case is easier: one uses only Theorem 2.20 and the
material in Section 3 is not necessary.

4C. The case when § is inner. If o is an automorphism of R, and a € R, then the map r — a(r —o (1))
is a o-derivation on R. Such o-derivations are called inner. Here is a sufficient criterion for a o-derivation

§ being inner.*

Lemma 4.8. Suppose R is a commutative ring with an automorphism o and a o-derivation §. Suppose

there exists an element f € R such that f — o (f) is a unit. Then § is inner.

Proof. Tt is easy to see, using the commutativity of R, that a :=8(f)/(f —o(f)) witnesses the innerness

of (R, 0,0). O
When § is inner the Dixmier—-Moeglin equivalence for R[x;a, §] follows easily from known results. Tt

makes use however of one more notion:

Definition 4.9. Let A4 be a finitely generated algebra over a field k. We say that a k-vector subspace V
of A is a frame for A if V is finite-dimensional, contains 14, and generates A as a k-algebra.

Lemma 4.10. Suppose R is a commutative affine Hopf algebra over a field k of characteristic zero and o
is a k-algebra automorphism of R satisfying statement (2) of Corollary 4.4. Then there is a frame for R
such thata (V) =1V.

Proof. Suppose R = k[G], where G is an affine algebraic group. Then G is linear and hence we may embed
G into GL;,. This gives us a frame V of R spanned by the restriction to G of 1, the coordinate functions

xi,j, and 5=. Now, A(xi,j) = Y xjx ® Xk, j and A(f) = 35 ® 75 So A(V) € V ® V. Statement (2)
of Corollary 4.4 then implies that 6(V) C V, and hence by finite-dimensionality o(V) = V.° O

Proposition 4.11. Suppose k is an uncountable algebraically closed field of characteristic zero, R is a
finitely generated commutative k-algebra, o is a k-algebra automorphism of R that preserves a frame,

and § is an inner o-derivation on R. Then R[x; o, §] satisfies the DME.

Proof. When é§ = 0 this is [Bell et al. 2017b, Theorem 1.6]; while the theorem there is stated for k = C it
holds for any uncountable algebraically closed field. But if @ € R is such that §(r) = a(r — o (r)) for all
r € R, then R[x;0,8] = R[t;0,0], where t := x — a. Indeed,

tr=x—ayr=ocF)x+8(r)—ar=0@)x —aoc(r) =a(r)t

for all r € R, and {¢"* : n > 0} can be seen to be another left R-basis for R[x; o, §] using the fact that, for
any polynomial P, P(¢) is equal to P(x) plus terms of strictly lower degree. So the inner case reduces to
the case when § = 0. |
mgeneral statement in the noncommutative case, see [Goodearl 1992, Lemma 2.4(b)].

3 As a referee pointed out to us, the existence of a frame V with A(V) € V ® V can be deduced for arbitrary finitely generated

Hopf algebras by starting with any frame W and extending it to a finite-dimensional subcoalgebra V by the finiteness theorem
for coalgebras [Montgomery 1993, Theorem 5.1.1].
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4D. The general case. We fix from now on a field k of characteristic zero. Our proof of Theorem 4.1 will
go via reducing to the case either when o = id or when § is inner. It will require some preparatory lemmas.
First, let us point out that statement (2) of Corollary 4.4 forces (R, o) to be of a very restricted form.

Lemma 4.12. Let G be a connected affine algebraic group over k and t : G — G an automorphism of G
over k. Let R = k[G], and 0 = ©* the corresponding k-algebra automorphism of R. If (R, o) satisfies
statement (2) of Corollary 4.4 then t© : G — G is translation by some central element of G(k).

Proof. Since x : R — k is a homomorphism, there is some ¢ € G(k) such that x(f) = f(c) for
all /' € R. If we write A(f) = )_ f1 ® f2, then by the definition of the coproduct on R we have
flab) =" fi(a) f2(b) for all a,b € G. Now, property (2) gives us that for all € G,

o(a) =) x()fal@) =) fi(e) f(a) = f(ca).

The other half of the equality in (2) gives o ( ) (a) = f(ac). So f(ca) = f(ac) for all f € R, and hence
¢ is central in G. On the other hand, f(ca) =0 (f)(a) = f(ra) forall f € R, so 7 is translation by ¢. [J

We will make use of the following notion.

Definition 4.13. Suppose o is an automorphism of a commutative ring R. A o-prime ideal is a o-ideal
I such that whenever J and K are o-ideals with JK C I then either / € ] or K C [.

Note that a o-prime ideal need not be prime. But, at least in the case when R is a commutative
noetherian ring, a o-prime ideal is radical; this follows from the fact that the nilpotent radical of I is a
o-ideal and some power of it is contained in /. We will sometimes need to quotient out by o-prime ideals
that we do not know are prime, which means we will have to work with reduced difference rings that are
not necessarily integral domains. The following lemma about such difference rings will be very useful.

Lemma 4.14. Suppose R is a commutative ring endowed with an automorphism o such that (0) is
o-prime. If 0 # f € R satisfies o(f) € Rf then f is not a zero divisor in R.

Proof. Let J = Rf. Then J is a o-ideal of R. It follows that K := {r € R:rf = 0} is also a o-ideal
of R. Then by construction, JK = (0). Since (0) is o-prime and J is nonzero, we see that K = (0) and
so we obtain the desired result. O

Finally, we will make use of the following fundamental result on Ore extensions of commutative
noetherian rings.

Fact 4.15 [Goodearl 1992]. Suppose R is a commutative noetherian ring, o is an automorphism of R,
and § is a o-derivation. Suppose P is a prime ideal of the Ore extension R[x;0,6], andlet [ = PN R.
Then one of the following three statements must hold:
(D R[x;o,68]/ P is commutative.
(ID) 1 is a (o, 8)-ideal of R —that is, I is preserved under o and § — and there is a prime ideal I’ of R
containing I suchthat o(r)—r € I' forall r € R.

() I is a o-prime (0, §)-ideal of R and I R[x; 0, 8] is a prime ideal of R[x; 0, §].
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Proof of Theorem 4.1. We have that R is a commutative affine Hopf k-algebra equipped with a k-algebra
automorphism ¢ and a k-linear o-derivation §, and that the Ore extension A := R[x; 0, §] admits a Hopf
algebra structure extending that of R. We wish to show that A satisfies the DME. By [Irving 1979,
Theorem 2] we have that A satisfies the Nullstellensatz, and so it suffices to prove that if P is a rational
prime ideal of A then P is locally closed.

We first reduce to the case when k is algebraically closed. Since R = k[G], where G is an affine
algebraic group, and hence smooth, R is integrally closed. Let F' denote the field of fractions of R and
let Fy:= k2N F. Since R is integrally closed, Fy € R. Since F is a finitely generated extension of k,
Fy is a finite extension of k. Let R" := R ®F, k¥¢. Since Fj is relatively algebraically closed in F, we
see that R’ is again an integral domain. Thus R’ is a commutative affine Hopf k¥¢-algebra to which we
extend o and § by k#2-linearity. Suppose we have proven the DME for R'[x; 0, §]. Then Irving—Small
reduction techniques (see [Irving and Small 1980] and also [Rowen 1988, Theorem 8.4.27]) give that
A = R[x;0,§] satisfies the DME over Fy. But since Fj is a finite extension of k, we get the DME over
k also.

Next we reduce to the case when k is uncountable (in order to be able to use Proposition 4.11). Let
L be an uncountable algebraically closed extension of k. Then since k is algebraically closed we see
that R ®;, L is a commutative affine Hopf L-algebra, to which we extend ¢ and § by L-linearity, and
B :=A®; L = (R® L)[x;0,8]. Assume the DME holds for B. Let P be a rational prime ideal of
A and let Q = P ®; L. Since k is algebraically closed, Q is a prime ideal of B. Since P is rational and
B/Q=(A/P)®y L, we see that Q is rational. Hence Q is locally closed. Since the primes in 4 containing
P lift to primes in B containing Q, it follows that P is locally closed in 4. So A4 satisfies the DME.

We may therefore assume that k is uncountable and algebraically closed.

If 0 = id then § is a k-linear derivation on R and statement (1) of Corollary 4.4 tells us that it is also
an a-coderivation for some group-like @ € R. It follows by Corollary 4.7 that A = R][x; §] satisfies the
DME. So we may assume o # id.

We may also assume that A/ P is not commutative. Indeed, if it were, as P is rational, we would have
that Frac(A/ P) C k, so that P is a maximal ideal and hence locally closed.

Write R = k[G], where G is a connected affine algebraic group over k. By Lemma 4.12 we know that
o = t* where t : G — G is translation by a central (nonidentity) element ¢ € G (k).

Our next goal is to reduce to the case that P N R = (0), though in order to obtain this we will have to
give up on R being an integral domain. Let [ = RN P. We have already ruled out case (I) of Fact 4.15.
On the other hand, case (II) cannot hold: o would induce the identity map on R/I’, implying that t
is the identity on V(I’), which contradicts the fact that it is translation on G by a nonidentity element.
Hence case (IIT) holds; [ is a o-prime (o, §)-ideal of R and J := IA is a prime ideal of A. Consider now
the reduced quotient ring R := R/ with the induced automorphism, which we continue to denote by o,
and the induced o-derivation, which we continue to denote by §. Let A = A/J =~ R[x:0, 8] and P the
image of P in A. Since J is contained in P, P is rational in 4 and it suffices to show that P is locally
closed in A. Note that we have achieved P N R = (0).
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Next, we claim that there is some non-zero-divisor f € R such that (0, §) extends to R:= R[1/f]
and § is inner on R. To see this, consider the frame V for R, given by Lemma 4.10, that is preserved
by o. The image V of V in R is then a frame for R that is also preserved by o. Using k = k%2, let f
be an eigenvector for the action of o on V, say o(f) = Af for some A € k*. By Lemma 4.14, f is not
a zero divisor. Moreover, the multiplicatively closed subset {1, f, f2,...} of R is preserved by o, and
hence by [Goodearl 1992, Lemma 1.3], (o, §) extends uniquely to the localisation at this set, namely to
R:= R[1/f]. It remains to show that f can be chosen so that § is inner on R. If the eigenvalue A is
not equal to 1, then /' —o(f) = (1 —A)f is a unit in R, and we get § inner by Lemma 4.8. So suppose
that 1 is the only eigenvalue for o on V. Note that o is not the identity operator on R because T is not
the identity on V(I). Since V generates R as a k-algebra, o is not the identity on V either. Hence there
must be some Jordan block that is of size greater than one, but with eigenvalue 1. So we can choose the
eigenvector / in such a way that there exists nonzero g € V with 6(g) = g+ /. Hence g —o(g) is a
unit in R = R[1/17], and so by Lemma 4.8 again, § is inner on R.

To prove that P is locally closed let us consider the following partition of the set of prime ideals of A
that properly extend P:

S1:={0Q 2 P : Q prime, and no power of f isin Q},
S, :={Q 2 P: Q prime, not in S, and Q N R is a o-prime (o, §)-ideal},
S3:={Q 2 P : Q prime, and not in S; or S,}.

It suffices to show that for each of i =1,2,3, [ Si # P.

For i = 2, note that as o-prime implies radical, we have that /' € Q for all Q € S,, but f ¢ P as
PN R=(0).

For i = 3, applying Fact 4.15 to Q € S3, we have that either 4/Q is commutative or there is in
R = R/I aprime ideal I := I'/I extending Q N R, and such that ¢ is the identity on R/I = R/I'.
The latter case is impossible using again that o = t* and 7 is translation on G by a nonidentity element.
So A/ Q is commutative for all Q € S3. As A/ P = A/ P is not commutative there exist a, b € A such
that g :=[a,b] & P. But g € Q for all Q € Sj.

It remains therefore to consider S;. Let

A= Rlx:0.8] = R[l][x;o, 5.
S
As § is inner on R, Proposition 4.11 tells us that A satisfies the Dixmier—Moeglin equivalence. As
P N R = (0), we know that no power of f is in P, and hence P:=PAisa prime ideal. As Aisa
localisation of 4 we have that P is rational, and hence locally closed. If O € S; then QZ is a prime
ideal properly extending P.Sothereisa € A \ P such that o € QZ for all Q € S;. For some n > 0, we
have f"a € A. So o
ffae QANA=Q.

But f"a ¢ P. So (S| # P, as desired. O
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Closures in varieties of representations
and irreducible components

Kenneth R. Goodearl and Birge Huisgen-Zimmermann

Dedicated to the memory of Peter Gabriel

For any truncated path algebra A of a quiver, we classify, by way of representation-
theoretic invariants, the irreducible components of the parametrizing varieties
Rep,;(A) of the A-modules with fixed dimension vector d. In this situation, the
components of Rep,(A) are always among the closures Rep S, where S traces
the semisimple sequences with dimension vector d, and hence the key to the
classification problem lies in a characterization of these closures.

Our first result concerning closures actually addresses arbitrary basic finite-
dimensional algebras over an algebraically closed field. In the general case, it
corners the closures Rep S by means of module filtrations “governed by S
when A is truncated, it pins down the Rep S completely.

The analysis of the varieties Rep S leads to a novel upper semicontinuous mod-
ule invariant which provides an effective tool towards the detection of components
of Rep,(A) in general. It detects all components when A is truncated.

1. Introduction

By strong consensus, a classification of all indecomposable finite-dimensional
representations of a finite-dimensional algebra A is an unattainable goal in general.
A far more promising alternative to this impossibly comprehensive problem is
that of generically classifying the finite-dimensional A-modules. This amounts to
understanding the generic structure of the modules in the irreducible components of
the varieties Rep,(A) which parametrize the A-modules with dimension vector d.
By its very nature, this quest comes paired with the task of pinning down the
irreducible components of the Rep,(A) in representation-theoretic terms.

In the present article, the component problem is solved for arbitrary truncated
path algebras A over an algebraically closed field K. In tandem, significant headway
is made towards determining the generic features of the modules in the components.
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The classification of the components, in turn, relies on a characterization of
the modules in the closures of certain representation-theoretically defined locally
closed subvarieties of Rep,(A). Our initial round of results regarding such closures,
including the description of an associated upper semicontinuous module invariant
which serves to test for inclusions, holds for arbitrary basic finite-dimensional
K -algebras. The findings lead to partial lists of components in this broad scenario.
The results become tight on specialization to the truncated case.

Throughout, we assume K to be an algebraically closed field and A a basic finite-
dimensional K -algebra. This means that, up to isomorphism, A = KQ /I for a quiver
Q and an admissible ideal / in the path algebra. The maximal length of a path in
KQ\ I will be denoted by L; in other words, L is minimal with respect to J-! =0,
where J is the Jacobson radical of A. Consequently, the radical layering S(M) of a
A-module M has no more than L+ 1 nonzero entries: S(M) = (JlM/Jl“M)OSlSL.
By Rep,(A), we denote the standard affine variety parametrizing the A-modules
with dimension vector d. This variety is partitioned into finitely many locally closed
subvarieties Rep S corresponding to the semisimple sequences S with dimension
vector d; these are the sequences S = (Sy, ..., Sr) of (isomorphism classes of)
semisimple A-modules with dimS :=) ,_,_, dimS; = d; here Rep S consists of
those points x in Rep,;(A) which represen_t modules M, with S(M,) = S.

The closures Rep S are relevant to the problem of describing the irreducible
components of Rep,(A): indeed, it is readily seen that the components of the ambi-
ent variety are always among those of the Rep S, where S traces the d-dimensional
semisimple sequences. Less obviously, the components of the subvarieties Rep S,
and hence those of their closures, may be obtained from Q and I/ by way of a
straightforward algorithm, each component tagged by a “generic minimal projective
presentation” of the modules it encodes (see [Babson et al. 2009] and [Huisgen-
Zimmermann 2009]). Identifying the components of Rep,;(A) thus amounts to
a sorting problem: for which components C of Rep S is the closure C maximal
among the irreducible subsets of Rep,(A)? This is an extremely taxing question
in general, calling for a thorough understanding of the boundaries of the varieties
Rep S.

Our strategy consists of moving back and forth between the varieties Rep;(A)
and GRASS;(A); the latter is a closed subvariety of a vector space Grassmannian
which parametrizes the modules with dimension vector d by suitable submodules
of a projective cover of the semisimple module with this dimension vector (see
Section 2 and [Huisgen-Zimmermann 2009; Huisgen-Zimmermann and Goodearl
2012]). The irreducible components of the projective variety GRASS;(A) may be
studied by “spreading them out” within a suitable flag variety (Theorem 3.9), and
the subsequent transfer of information GRASS;(A) <— Rep,(A) is modeled on
the influential work [Gabriel 1975]. In a first step, we show:
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Theorem A (cf. Theorem 3.8 and Theorem 4.3; see also Remark 3.7(4)). Let
A = KQ/I be a path algebra modulo relations, L + 1 its Loewy length, and
S = (S, ...,SL) a d-dimensional semisimple sequence in A-mod. Then every
module in the closure Rep'S has a filtration by submodules,

M=My2M 2 ---2Mp ;1 =0,

which is “governed by S’ in the sense that each quotient M;/ M, is isomorphic
to S; (0 <l < L). Infact, the set Filt S consisting of those points in Rep;(A) that
correspond to modules with at least one filtration governed by S is always closed.
If A is a truncated path algebra, i.e., A = KQ /{(all paths of length L + 1), and
Rep S is nonempty, then
Rep S =FiltS.

For general A, the inclusion RepS C FiltS may be proper. The question
of whether a point in Rep,(A) belongs to Filt S may be answered by testing for
similarity of certain matrices. By contrast, to date, there is no algorithm for deciding
whether a module belongs to Rep S.

A semisimple sequence S is called realizable if RepS # &. (When A is a
truncated path algebra, realizability is checked via mere inspection of the quiver;
see [Huisgen-Zimmermann 2016, Criterion 3.2] and Realizability Criterion 4.1
below.)

Corollary B (cf. Corollary 3.11). For M € A-mod, let T'(M) be the number of
those realizable semisimple sequences that govern at least one filtration of M. Then

[.:Repy;(A) > N, x> ['(M,),

is an upper semicontinuous function.
In particular, whenever C is an irreducible component of some Rep S such that
1 € I',(C), the closure C is an irreducible component of Rep (7).

In the second part of the paper, we derive consequences for truncated path
algebras. As is suggested by Theorem A, the component problem simplifies con-
siderably in this situation. Notably, the subvarieties Rep S are all irreducible, and
generic minimal projective presentations of the modules in Rep S are immediate
from quiver and Loewy length (see [Babson et al. 2009, Section 5] and Section 5A
below). In some prominent special cases, particularly manageable solutions to the
problem of sifting out the inclusion-maximal ones among the closures Rep S are
already available (see [Huisgen-Zimmermann 2016; Huisgen-Zimmermann and
Shipman 2017]): for instance, if A is either local or based on an acyclic quiver Q,
the semisimple sequences singled out by the minimal values of the following
upper semicontinuous map furnish a complete, nonrepetitive parametrization of the
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components Rep S of Rep,;(A):
® = (S,,S,) : Repy(A) — Seq(d) x Seq(d), x> (S(My), S*(M,)); (1-1)

here the codomain of ® is partially ordered by the componentwise dominance order
on the set Seq(d) of all d-dimensional semisimple sequences (see Section 2), and
S$*(M,) stands for the socle layering of the module M, (the dual of the radical
layering). The unique minimal sequence S*(M, ) attained on Rep S, that is, the
generic socle layering of the modules in Rep S, is supplied by a closed formula
based on S, Q and L [Huisgen-Zimmermann and Shipman 2017, Theorem 3.8],
which makes the ®-test very user-friendly. But for general truncated A, the map
O fails to detect all components, even when supplemented by further standard
semicontinuous module invariants, such as path ranks or assortments of annihilator
dimensions. The map I',, on the other hand, compensates for the blind spots of ®:

Theorem C (cf. Theorem 4.5). If A is any truncated path algebra, the irreducible
components of Rep,(A) are precisely those closures Rep S on which T, attains
the value 1.

In other words, Rep S is maximal among the irreducible subsets of Rep,(A) if
and only if there exists a module N in Rep S such that N D JN D --- D JLHIN s
the only filtration of N which is governed by a realizable semisimple sequence.

In deciding which semisimple sequences S are the generic radical layerings of
the irreducible components of Rep,(A), Theorem C thus permits exclusive reliance
on I',. However, in practice, combining I', with the test map ® is considerably
more efficient.

In the pursuit of a generic approach to the structure of A-modules, the hereditary
case, pioneered in [Kac 1980; 1982] and [Schofield 1992], serves as a model. We
further point to a selection of existing contributions to the component problem
over nonhereditary algebras: General tools were developed in [Crawley-Boevey
and Schréer 2002] and [Babson et al. 2009]. Solutions to the problem over spe-
cific classes of tame algebras were given in [Barot and Schrder 2001; Carroll
and Weyman 2013; Donald and Flanigan 1977; Geiss and Schréer 2003; 2005;
Morrison 1980; Riedtmann et al. 2011; Schroer 2004] for instance; solutions for
certain classes of wild nonhereditary algebras can be found in [Bleher et al. 2015;
Huisgen-Zimmermann 2016; Huisgen-Zimmermann and Shipman 2017]. As is to
be expected, meaningful classifications of the irreducible components of Rep,(A)
in the quoted instances are throughout obtained via partial lists of generic properties
of the modules in the components. For a more detailed discussion of prior work on
the topic we refer to the introduction of [Huisgen-Zimmermann 2016].

We add a few comments on the foundational nature of truncated path algebras
with respect to the component problem. Clearly, given an arbitrary basic K -algebra
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A = KQ/I, there is a unique truncated path algebra A, having the same quiver
and Loewy length as A. In the general situation, the varieties Rep S typically break
up into multiple components. Given that all of them are contained in irreducible
components of Rep,(Agunc), it is advantageous to first determine the latter, say

Rep, SO =Filty,, (S"), ..., Rep, S =Filty, (S™),

nc

before aiming at the irreducible components of Rep,(A). Indeed, this confines
the need for size comparisons among the closures of components of the varieties
Rep, S to the subvarieties Filt,, . S’ NRep,(A); see Section 6B.

Overview. In Section 2, we provide background for the proofs of the main results
and introduce a recurring example. Section 3 addresses the general case, where
A is basic but otherwise unrestricted. In Sections 4 and 5, we apply the findings
to truncated path algebras. Section 4 contains the announced classification of
the irreducible components of Rep,;(A), while in Section 5, we discuss generic
modules and apply the results of Section 4 to exhibit interconnections among the
components. Section 6, finally, illustrates the theory and addresses the interplay
Repd(A) < Repd(Atrunc)-

2. Conventions and prerequisites

To repeat: throughout, we assume A = KQ/1I to be a basic finite-dimensional algebra
over K = K with Jacobson radical J and Loewy length L + 1. The composition
pq of paths stands for “p after ¢” when start(p) = end(q), while pg =0 in KQ
otherwise. By Aunc We denote the truncated path algebra associated to A, namely,

Aunc = KQ/ (the paths of length L 4 1);

we make no notational distinction between the A- and Anc-structures of the
objects in A-mod. The vertices ey, ..., e, of Q will be identified with the paths of
length zero in KQ, as well as with the corresponding primitive idempotents in A.
An element x of a A-module M is said to be normed by e; if x = e¢;x, and a normed
element in M\ JM is called a top element of M. A full sequence of top elements of M
is a generating set of M consisting of top elements which are K -linearly independent
modulo JM. The simple module Ae;/Je; corresponding to the vertex e; will be
denoted by S;, and isomorphic semisimple modules will be identified.

The dominance order on the set Seq(d) of all semisimple sequences with dimen-
sion vector d is defined as follows:

(So.....SL) = (Sp,....S) <= PSsicP s, foro<i<L.
0<j<i 0=j=l
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Recall that the radical and socle layerings of a A-module M are denoted by S(M)
and S*(M). For basic properties of these semisimple sequences, we refer to
[Huisgen-Zimmermann 2016, Section 2.B].

We fix our notation for the parametrizing varieties of the d-dimensional A-
modules. The affine variety Rep,(A) is

{(xo,)aeQ1 € l_[ Homg (K bune) | g de"d("‘>) the x, satisfy all relations in / },

a€Q

where Q) is the set of arrows of Q. The orbits of the obvious conjugation action on
Rep,;(A) by the group GL(d) :=[],,-, GL4 (K) are in natural bijection with the
isomorphism classes of the d -dimensional A-modules. Given S € Seq(d), we denote
by Rep S the locally closed subvariety of Rep,(A) which consists of the points x
for which the corresponding module M, has radical layering S. Clearly, the varieties
Rep S, where S traces the semisimple sequences with dim S =d, partition Rep,;(A).
However, in general, this (finite) partition falls short of being a stratification of
Rep,(A) in the strict sense, in that closures of strata need not be unions of strata.

To introduce the projective parametrizing variety GRASS4(A), we fix a projective
A-module P whose top P/JP has dimension vector d, and set d = |d|. The
variety GRASS;(A) is the closed subvariety of the vector space Grassmannian
Gr((dim P — d), P) consisting of those points C € Gr((dim P — d), P) which are
A-submodules of P with the property that dim(P/C) = d. This time, the group
action whose orbits determine the isomorphism classes of the quotients P/C in
A-mod is the canonical action of Auty (P) on GRASS;(A). The role played by
Rep S in the affine setting is taken over by GRASS(S), the locally closed subvariety
consisting of those C € GRASS4(A) for which S(P/C) =S.

The following connection between the affine and projective parametrizing va-
rieties was proved in [Bongartz and Huisgen-Zimmermann 2001, Proposition CJ;
it was inspired by [Gabriel 1975], as is explained in some detail in Remark 3 of
[Bongartz and Huisgen-Zimmermann 2001, Section 2]. We restate the result for
convenient reference.

Proposition 2.1. Consider the natural isomorphism from the lattice of GL(d)-
stable subsets of Rep,(A) on one hand to the lattice of Auty (P)-stable subsets
of GRASS;(A) on the other, which pairs orbits encoding isomorphic modules.
This correspondence preserves and reflects openness, closures, irreducibility, and
smoothness.

In describing generic projective resolutions of the modules in an irreducible
component of Rep,(A), a key invariant of a d-dimensional A-module M is its
set of skeleta. These skeleta live in a projective cover of M in Ayype-mod. In the
following definitions, we fix a semisimple sequence S with dimS =d.
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Definitions 2.2 (coordinatized projective modules and skeleta).

(1) Let Pyunc be a projective cover of Sy in Aunc-mod. This cover is referred to
as a coordinatized projective module when it comes equipped with a fixed full
sequence of top elements z1, ..., g;, where t = dim Sy. In particular, we obtain a
decomposition Pyunc = B ~, <, Atrunc Zr- A path of length | in the coordinatized
projective module Piypc iS En_y nonzero element p = pz, where p is a path of
length / in Q; thus each z, is now viewed as a path of length zero. Note that we have
a well-defined concept of path length in Ayne, and hence also in Pyype. Clearly,
each path p = pz, € Pyunc is normed by a primitive idempotent, namely by end(p),
and the primitive idempotent norming z, is start(p).

(2) An (abstract) skeleton with layering S is a set o consisting of paths in Pyync
which satisfies the following two conditions:

e It is closed under initial subpaths, i.e., whenever pz, € o, and ¢ is an initial
subpath of p (meaning p = q’q for some path ¢’), the path ¢ z, again belongs
too.

e For 0 </ < L, the number of those paths of length / in o which end in a given
vertex e; coincides with the multiplicity of S; in the semisimple module S;.
Note that any skeleton o with layering S includes the paths z1, ..., z; of length

Zero.
(3) Let M € A-mod. An abstract skeleton o is a skeleton of M if M has a full
sequence z, ..., Z; of top elements, each z, normed by the same vertex as z,, such
that

e {pz, | pz, € 0}is a K-basis for M, and

« the layering of ¢ coincides with the radical layering S(M) of M.

In this situation, we also say that o is a skeleton of M relative to z1, ..., 2.

Clearly, the set of skeleta of any finite-dimensional A-module M is nonempty,
and the set of all skeleta of modules with fixed dimension vector d is finite. The rel-
evance of skeleta towards a generic understanding of the modules in the irreducible
components of Rep,(A) is underlined by the following fact:

Observation 2.3. Let P be the power set of the set of all skeleta with dimension
vector d. Then the map

Rep,;(A) —> P, x> {skeleta of M,},

is generically constant on each irreducible component of Rep,;(A).
To see this, let C € Rep,(A) be an irreducible component, and S the generic
radical layering of its modules. Then CNRep S is open in C, and for any skeleton o
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with layering S, the set
Rep(o) :={x e Rep,(A) | o is a skeleton of M, }

is an open subvariety of Rep S; see [Huisgen-Zimmermann 2007, Lemma 3.8].
Hence, a skeleton o with layering S arises as a skeleton of the modules in a dense
open subset of C precisely when C N Rep(o) is nonempty. Given that there are only
finitely many eligible skeleta, this proves the claim.

Next, we recall more discerning graphical invariants associated to a finite-
dimensional A-module, namely its hypergraphs; see Definition 3.9 of [Babson
et al. 2009].

Definitions 2.4 (o -critical paths and hypergraphs). Again, we let Pyync be a co-
ordinatized projective Ayunc-module with top Sg and assume o C Py to be an
abstract skeleton with layering S. Recall that the distinguished top elements z, of
Pyunc coincide with the paths of length zero in o.

(1) A o-critical path is a path g € Pyync \ 0 such that every proper initial subpath
of ¢ belongs to o. Thus, ¢ =aq’, where ¢’ € o and « is an arrow; in particular,
length(q) > 0. Given a o -critical path g, we define a subset o4 C o as follows:

o4 = {paths p € o | length(p) > length(gq) and end(p) =end(q)}.

The final condition in the definition of o, means that all paths in o, are normed
(on the left) by the same vertex as q.

(2) Suppose M € A-mod has skeleton o relative to a full sequence zi, ..., z;
of top elements. The A-structure of M is then determined by the family of
expansion coefficients corresponding to the o -critical paths ¢ = ¢ 2, € Peunc,
namely

qzr= Y CqpPis (2-1)

P=pzs€0g
for unique scalars ¢p 4 € K.

(3) We refer to any pair
G = (0, (tg)g o-critical)  With 7, C 0y for all o-critical paths ¢

as an (undirected) hypergraph in Pyyc. The set 7, is called the support set
of ¢. Empty support sets are allowed.

In informal terms: the vertices of these hypergraphs are the elements of o,
and a typical (hyper)edge, labeled by an arrow y € O, connects a vertex
p € o to the vertex y p if y p € o and to the support set 7, , of vertices if y p
is o-critical.
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(4) A hypergraph G as above is called a hypergraph of a A-module M (relative to
a full sequence z1, ..., z; of top elements of M) if o is a skeleton of M and,
in the expansion (2-1) above, ¢, , # 0 precisely when p € 1,.

While hypergraphs pin down families of modules, as opposed to individual
isomorphism classes, they provide a useful tool for communicating, in a visually
suggestive format, the generic structure of the modules in the components. For
our diagrammatic representations of hypergraphs, we refer to [Babson et al. 2009],
[Derksen et al. 2014], and to the example below. This example will serve as a staple
in the sequel.

Example 2.5. Let A = KQ/(the paths of length 4) = A ync, Where Q is the quiver

(a) First suppose that r =2 and s = 1. Choose S := (81, S, 81, S2), and let Pyype =
AtruncZ be the corresponding A unc-projective cover of Sg = S, coordinatized by
a fixed top element z. Generically, the modules in Rep S then have a hypergraph
of the form

1\
oq AN %)
) \
Bi
1 D
o1 \)052 :
-/.-- -

This diagram is to be read as follows: the radical layering of any module G having
the above hypergraph (relative to a top element z € G, say) is S, and the skeleton
chosen to represent G is o := {z, @1z, 1012, o1 B1212}; the edges corresponding
to paths in the skeleton o are drawn as solid edges, while the dashed edges stand
for the terminal arrows of o-critical paths. Moreover, the diagram contains the
information that the support sets 7, for the two o-critical paths ¢ = a>z and
q = azf1a1z in Pyye (in the sense of Definitions 2.4), are t4,; = {012, @181012}
and 7y,8,4,7 = {01112} Indeed, the “dotted pool” indicates that the element oz
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of G is a K-linear combination of «;z and oS¢z with coefficients in K*; on
the other hand, given that the set 74,4,4,7 1S a singleton, no extra pooling device
is required to communicate the condition that a; 811z € G be a nonzero scalar
multiple of o181 z.

Next, we consider the semisimple sequence S’ := (S 2 S%, 0, 0). The modules in
Rep S’ generically look as follows, relative to top elements z1, z;, say:

~ ~

Here, the dotted pool serves double duty in indicating that both a7 and aoz; are
linear combinations of «;z; and &z, with (unspecified) nonzero coefficients. In
the sequel, we will use the fact that, generically, the modules in Rep S’ decompose
in the form

1 1

\ \
ap | 1ap @ ar | rap

/ /

2 2

(b) Now let r = 3. The hypergraphs
@ 1) ey
21 22 23 21 22 23 <1 22 <3

1 1 1 1 1 1 1 1 1
s

[
-

\'az * \'O’Z// 011| ozzl
oy | aq l,7 a3
2 2 : 2 2

are hypergraphs of modules M; = (@1§j§3 Azj)/Ul-, where z; =e; for j=1,2, 3.
Here the submodule U is generated by a2z — 121, a3z3 and oz, for j # k,
while U, is generated by anz2 — @121, @323 — 121 and «;zx for j # k; finally, Us
is generated by a3z3 — («1z1 + a222) and «jzx for j # k. The chosen reference
skeleton of M and M, is o :={z1, 22, 23, ®121}, and that of M3 is 0 U{a»2z5}. Note
that the dimension of JM3 is 2, the number of displayed vertices in the second row
of the hypergraph.

Generically, the modules with radical layering S’ := (S2, S%, 0, 0) are indecom-
posable and have hypergraphs of the form

21 22
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The modules in Rep S, where S := (§1, $2, S1, S2), generically have a hyper-
graph akin to the first one shown in part (a). ]

3. The main results for general A

3A. Pared-down parametrizing varieties. Towards a description of Rep S, we
present lower-dimensional, more manageable varieties parametrizing the modules
with radical layering S.

Definition 3.1 (decompositions of K¢/ induced by semisimple sequences). Let
S =(So,...,S.) be arealizable semisimple sequence in A-mod with dimS =d,
and write d = |d|. Consider a vector space decomposition of K¢ which is induced
by S in the following sense: namely,

K= @ Ka.i

0<I<L

1<i<n
with the property that dim K¢ ;) = dime;S; for all eligible indices / and i. Set
K= ®1§i§n Kq,iyforl < L,and Kr41 =K 41,i) =0. Given a family (fy)aep,
of K-endomorphisms of K¢, the following notation will be convenient: whenever
p =a---aj is a path of positive length / in Q, we set f, = fy, 0---0 fo,;if pis
a path of length 0, say p = ¢;, then f), is defined to be the canonical projection
K% — @Pyyer Ka.iy € K9 relative to the above decomposition. Thus, we obtain
a K -algebra homomorphism KQ — Endg (K?) such that p — fp for all paths p
in Q.

By O>; we denote the set of paths of length at least / in Q. The following lemma
is an upgraded version of [Huisgen-Zimmermann 2016, Lemma 5.1] and is proved
analogously.

Lemma 3.2 (triangular points in Rep,(A)). We refer to the above notation. Suppose
that f = (fu)aco, is a family of K -linear maps K¢ — K satisfying the following
three conditions: For any arrow o from e; to e; and any index | € {0, ..., L},

1) fa(Karn) =0 forall r #1i,

(i) fa(’c(l,i)) - eal-i-lfmSL ’C(m,j);

(iii) whenevercy, ..., c, € K and py, ..., py are paths of length < L in Q, which
have a common starting vertex and a common terminal vertex,

Z ijjGI = Z ijpjzo.
1<j<m 1<j<m

Then the following statements (1)—(1I1) hold:
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(I) The tuple f is a point in Rep,(A), and the radical layering of the correspond-
ing A-module M ; satisfies S(M ) >'S. Moreover, all A-modules with radical
layering S are represented by suitable points f € Rep,(A) satisfying (1)—(iii).

() J'My =3 .o, Im(fy) foralll €0, ..., L}.
(IIl) S(M ¢) = S precisely when, for each h € {0, ..., L}, the linear map

(K0) %" - P K1, cgeom, = Y falxg),

I=h q
has maximal rank, namely le ,p dim ;. O
The lemma prompts an analysis of the following two subvarieties of Rep,;(A).

3.3 (the varieties A-Rep(>S) and A-Rep S). Keep S and a decomposition of K d
induced by S fixed. The collection of all f = (f,) satisfying conditions (i)—(iii) of
Lemma 3.2 is a closed subvariety of Rep,(A) which we denote by A-Rep(>S).
Indeed, the inclusion map

A-Rep(=S) — Rep,(A)

provided by part (I) of Lemma 3.2 is a closed immersion.

To see this, take B ) = (b(ll’ wyr bEZ;;Z)) to be an ordered basis for K ,) and
B to be the lexicographically ordered union of the B ,). Relative to this basis
for K9, the image of the above embedding consists of all those families (Fy) of
matrices in Rep,(A) such that each F;, has a strictly lower triangular form of the

following ilk:

« the only nonzero entries in any column labeled (/, 1)) are confined to posi-
tions with lower label (I 41, v), ..., (L, v), provided « is an arrow e, — e,,
and

o condition (iii) of Lemma 3.2 is satisfied.

The latter requirement translates into polynomial equations for the entries of the F,.
This shows that the considered embedding is indeed a closed immersion.

Moreover, observe that, up to isomorphism, the variety A-Rep(>S) is determined
by S, irrespective of the choice of a decomposition K¢ = @, Ku.i) induced
by S. Lemma and Definition 3.6 below will show that the GL(d)-stable hull
GL(d).(A-Rep(=S)) € Rep,(A) is, in fact, unique in the strict sense.

We will identify A-Rep(>S) with its image under the above immersion whenever
convenient. The subset of A-Rep(>S) consisting of the points which correspond
to modules with radical layering S will be denoted by A-Rep S. In view of part
(IIT) of Lemma 3.2, A-Rep S is an open subvariety of A-Rep(>S).

Next, we consider the effect of conjugation by GL(d) on the varieties A-Rep(>S)
and A-Rep(S).
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3.4 (A-Rep(>S) under the GL(d)-action). Viewed as subvarieties of Rep;(A),
the varieties A-Rep(>S) and A-Rep(S) fail to be stable under the GL(d)-action
in all nontrivial cases. However, each of these varieties carries a conjugation action
by the subgroup GL(S) of GL(d) which consists of the sequences (g1, ..., &)
with the property that each g; leaves the subspaces Eszl Kj,iy invariant for all /.
Caveat: the GL(S)-action does not separate the isomorphism classes of the pertinent
modules in general.

By part (I) of Lemma 3.2, the closure of A-Rep(>S) under the GL(d)-action
on Rep, (A) is contained in the closed subvariety ( Jg.g Rep S’ of Rep,(A). In
fact, in view of the lemma, -

Rep S = GL(d).(A-Rep(S)) € GL(d).(A-Rep(=S))  |_J RepS'.
§'=>S
Either inclusion may be proper. This is obvious for the first. Regarding the second,
let A = KQ/(B?), for instance, where

0=1%2 8.
Moreover, take S := (S?, S%) and S := (S]2 @ S;, S2). Then S > S, but the module
N = 512 @ Aey in Rep(S) is not isomorphic to a module in A-Rep(>S). Indeed,

since K02y = 0 and dim K(; 2) = 2 in the decomposition of K* induced by S, we
have S% C soc M for all M in A-Rep(>S), while this is not the case for N.

3B. The closure of Rep S in Rep;(A). We start with an elementary lemma char-
acterizing the modules corresponding to the points in A-Rep(>S). For a given
realizable semisimple sequence S = (Sg, ..., Sy) with dimS = d, we fix a de-
composition of X! induced by S as in Definition 3.1. As we already pointed out,
modulo isomorphism of varieties, this choice has no bearing on A-Rep(>S).

Definition 3.5 (filtrations governed by S). Let M be a A-module. A filtration of M
governed by S is any chain of submodules

M=My2o2M2---DM;1=0

such that each factor M;/M;y; is isomorphic to S;; in other words, J M; C M,
and dim M;/M;+1 = dim S; for O < < L. Filtrations with these properties will
also be referred to more briefly as S-filtrations.

Lemma and Definition 3.6 (the variety FiltS). Let A = KQ/I be an arbitrary
basic finite-dimensional K -algebra. Moreover, let S be a semisimple sequence with
dim S =d. Then the following conditions are equivalent for a A-module M:

(1) M belongs to GL(d).(A-Rep(>S)), the GL(d)-stable hull of A-Rep(>S).
(2) M has a filtration governed by S.
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In particular, GL(d).(A-Rep(>S)) is independent of the choice of a decomposi-
tion of K\ induced by S. Motivated by the above equivalence, we will denote this
subvariety of Repy(A) by Filt S.

Proof. (1) = (2): Suppose that M is represented by some point f = (fy) €
A-Rep(>S). This means that, up to isomorphism, M equals K¢, equipped with
the A-module structure of Lemma 3.2. In particular, we obtain a filtration of M
governed by S by setting M; = P Kiy-

(2) = (1): Given an S-filtration (M;)o</<7+1 of M, we take M ;) to be a vector
space complement of e; M; 11 in e; M; for 0 </ < L. Moreover, we set f = (fy)ac0;,
where f, (x) = ax for x € M. Then the decomposition M = @0<I<L, 1<i<n Ma.iy
satisfies conditions (i)—(iii) of Lemma 3.2, and thus can be shifted to_a_deco_m_position
@0<,<L’ 1<i<n K@iy of K? induced by S via a suitable family 7 = (hq,;) of
iSOII_IO_I‘phing;S ha.iy : Mq,iy — Kq.iy. We conclude that hfh_1 € A-Rep(=S) and
that thh—l =M. |

Jj=l 1<i=n

The upcoming remarks (1)—(3) will be tacitly used throughout the sequel.

Remarks 3.7. (1) FiltS is always nonempty, irrespective of whether S is real-
izable. Indeed, the semisimple module P, _,_, S; has a filtration governed
by S. o

(2) For any M € A-mod, the chain M 2 JM D --- 2 JLTIM = 0 is the only
filtration of M governed by S(M); moreover, if S’ is any semisimple sequence
governing a filtration of M, then S’ < S(M).

(3) The socle layering S*(M) of M governs the socle filtration, provided the tradi-
tional indexing of the latter is reversed; i.e., if S*(M) = (S, ..., S;,, 0, ...,0)
with S, # 0, then the filtration

soc, M =M Dsoc,,_ i M2D---DsocoM =socM D0

is governed by the semisimple sequence (S;,,, ..., S, 0, ..., 0) (which is not
necessarily realizable). In particular, (S;,, ..., Sg,0,...,0) < S(M).

(4) K. Bongartz pointed out to us that the upcoming Theorem 3.8 may alternatively
be derived from a useful result of Steinberg. We state it below, but omit
detail. We do fully anchor our own steppingstone to Theorem 3.8 (namely
Theorem 3.9), though. The embedding of GRASS(S) into a flag variety, as
specified there, is instrumental in a further analysis of the closure of GRASS(S)
in GRASS,(A).

Lemma [Steinberg 1974, Lemma 2, p. 68]. Let V be a quasiprojective variety
carrying a morphic action by a connected linear algebraic group G. Moreover,
let U be a closed subvariety of V' which is stable under the action of some par-
abolic subgroup of G. Then the G-stable hull G.U of U in V is in turn closed.
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Theorem 3.8. Let A be an arbitrary basic finite-dimensional algebra, and let S be
a semisimple sequence in A-mod with dim'S = d. Then the GL(d)-stable set Filt S,
which consists of the points in Rep,(A) encoding modules with S-filtrations, is a
closed subvariety of Repg(A).

In particular, RepS C FiltS, meaning that every module in Rep S has an
S-filtration.

To prove Theorem 3.8, we switch back and forth between the affine and projective
settings, Rep;(A) and GRASS4(A), using Proposition 2.1 to transfer information

from one to the other. Again, we denote by P the A-projective cover of P, <i<n Sid ‘

in whose submodule lattice the points of GRASS;(A) are located. We start by
establishing a natural embedding of GRASS(S) into a projective variety consisting
of submodule flags Dy € Dy C --- C Dy = P of P which are governed by S.
It is this embedding which makes information about the closure of GRASS(S) in
GRASS;(A) more accessible.

Theorem 3.9. Consider the subset L of the partial flag variety §lag(do, . . .,0r+1,P)
of P,where 0; :=(dim P— |d|)+ZlL:L+l—i |dim S;|, consisting of the A-submodule
flags

0C D 1 CSDLC---CDy=P with Di/Di;-1=S;for0<I<L.
Then Al is closed, and there is a natural embedding of varieties
@ : GRASS(S) — 4,

which induces an isomorphism onto its image.

Proof of Theorem 3.9. Recall that a module N belongs to GRASS(S), meaning
that N = P/C with C € GRASS(S), precisely when

dimS; = dim J'N/J"*'N = dim(C + J' P)/(C + J""' P)

for all eligible /. Set d“*D =d anddV =d —)",_,_; dimS, for0<I/ < L. In
particular, we obtain GRASS ;i+1 (A) = GRASS4(A), and GRASS, 0 (A) = {P}.
Clearly, il is a subset of the projective variety

GRASSja+n (A) x GRASS ;) (A) X - - - x GRASS ;0 (A);

namely, 31 consists of those points (Dr 41, ..., D) in the direct product that corre-
spond to flags D1 € Dy C--- € Dy = P of A-submodules of P satisfying

JD; C Dy and  dim D;/D;y =dim S, for 0<I<L. )

To verify that the set {{is closed in the given direct product of module Grassmannians,
note that the equalities under (%), specifying the dimension vectors of the consecutive
quotients D;/ D41, are actually automatic; this is due to the placement of the D; in
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GRASS 0 (A), respectively. As for the inclusions under (f): it is well-known that,
given any f € Endg (P), the requirement ““ f (D;) € Dy for all [” cuts a closed
subset out of the variety

{(D]) € l_[ GRASS;0(A) | Dis1 € Dy for0 <l < L}
0<I<L+1

of partial submodule flags. Applying this to the linear maps P — P given by
x — ax for @ € 1, and investing the fact that the displayed partial flag variety is
closed in the given product of Grassmannians, one finds that 4{ is indeed closed. In
particular, i1 is a projective variety.

We have a natural embedding of GRASS(S) into 4, namely

®:GRASS(S) > 4, C+— (C+JE'P,C+JtP,....C+JP,C+J°P),

where the leftmost entry C 4 JL*! P of the sequence equals C, and the rightmost
entry equals P.

To see that ® is a morphism, we use the open affine cover (GRASS(0)), of
GRASS(S), where o traces the skeleta with layering S and GRASS(0) # 9.
For that purpose, recall the following description of GRASS (o) from [Huisgen-
Zimmermann 2009]. We view the A-projective cover P of Sg as a direct summand
of the projective cover P = B, 4 Azr of Dy <1 S, say P =D, -, Az
On identifying the top elements z, of P with those of Py (see Definitions 2.2),
we retrieve each of the subsets o of Pyync as a subset of P; as such, o consists of |d|
linearly independent elements of P. Define s := dim P — |d|, and let Schu(o) be
the big open Schubert cell of Gr(s, P) consisting of the vector space complements
of the subspace @p@ Kp in P. Then GRASS(0) := GRASS(S) N Schu(o)
is open in GRASS(S), and the union of the GRASS(¢), with ¢ as specified,
equals GRASS(S); see [Huisgen-Zimmermann 2009, Observation 3.6]. By [ibid.,
Theorem 3.17], the GRASS(0) are affine; in fact, they can readily be realized as
closed subsets of the K-space /\’ P relative to the Pliicker coordinates [c] A~ - - Ac]
of Schu(o).

Hence it suffices to show that, for each such skeleton o, the restriction ®, of ®
to GRASS(0) is amorphism. For 0 < j < L, let o; be the set of all paths of length j
in 0. Enumerate the elements of o so that increasing indices correspond to weakly
decreasing lengths. If #; := |o7| 4 - - - 4 |0 |, we thus obtain Ulgng o; in the form

|_| Gj:{pl?""ptl} fOI‘OSlfL

I<j<L

We deduce that, given any K-basis ci, ..., cs for a point C € GRASS(0), the
elements cy, ..., cs, p1,..., py, form a K-basis for C + JI'P: indeed, J'P is
generated by the paths in P of the form gz, , where ¢ is a path of length > [ in KQ
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and r < |d|. Moreover, by the definition of GRASS(o0), p1, ..., p, induce a basis
for J!(P/C) = (J'P 4+ C)/C. This shows that the restriction ®, sends any point
C € GRASS(0) to

(let A Ael et A Acs APLA- APyl [eL A= Acg APLA -+ A pyl),

whence @, is indeed a morphism.

Finally, we observe that @ induces an isomorphism onto its image. Indeed, the
inverse is the restriction to Im(®) of the projection onto the leftmost component of
the direct product of the GRASS, 0 (A), namely the restriction of

w: [] GRASS;0(A)— GRASSq(A), (Dpsi..... Do)~ Dpiy,
0<I<L+1
to Im(®P). Therefore ®~! : Im(®d) — GRASS(S) is a morphism. U

Proof of Theorem 3.8. We refer to the notation in the proof of Theorem 3.9. Since
1l is a projective variety, so is W(4l). In particular, W (Ll) is closed in GRASS4(A).

By condition () spelled out in the proof of Theorem 3.9, the image W () C
GRASS;(A) consists precisely of those points C € GRASS4(A) which have the
property that P/C has a filtration governed by S; in particular W (Ll) is stable
under the Auty (P)-action of GRASS;(A). In light of Lemma and Definition 3.6,
Proposition 2.1 thus matches up W () with the GL(d)-stable subset FiltS of
Rep,; (A) and tells us that Filt S is in turn closed.

For the final claim, it suffices to observe that Rep S C Filt S. ]

Theorem 3.8 prompts us to introduce a new module invariant, which will turn
out to be highly informative in gauging the overlaps among the closed varieties
Rep S.

Definition 3.10 (the module invariant I"). For M € A-mod, let I'(M) denote the
number of realizable semisimple sequences which govern some filtration of M.

Corollary 3.11. The map I', : Rep,;(A) — N sending x to I'(M,) is upper semi-
CONtinuous.

In particular, whenever C is an irreducible component of some Rep S such that
1 € T.(C), the closure C is an irreducible component of Rep,; (A).

Proof. Let R be the set of all realizable semisimple sequences with dimension
vector d. Moreover, for a € N, let R(a) be the collection of all those intersections
M Filt(S)) which involve at least a distinct sequences S € R. Then the preimage
F._l([a, 00)) is the union of the sets in R(a). Since each Filt(S®) is closed in
Rep,(A) by Theorem 3.8 and R(a) is finite, the union F__l ([a, 00)) is closed. This
proves the claim regarding upper semicontinuity.

To justify the final assertion, suppose that C is properly contained in some
irreducible component C’ of Rep;(A). Then C’ is an irreducible component of
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some Rep S’ with S’ < S. Since Rep S’ C Filt(S’) by Theorem 3.8, all modules
in C have a filtration governed by S in this situation, whence I'(M) > 1 for all

M € RepS. ([
Now let D = Homg (—, K) : A-mod — mod-A be the standard duality. Clearly,
M € A-mod contains a descending submodule chain governed by S = (S, ..., Sr)

if and only if D(M) contains an ascending chain M’ | =0C My C--- S M; =D(M)
which is cogoverned by D(S) = (D(Sy), ..., D(SL)), in the sense that each of
the consecutive quotients M;/M,_, is isomorphic to D(S;). We define Cofilt S’
to be the subset of Rep,(A) whose points correspond to the modules which are
cogoverned by a semisimple sequence S’. The duality D: Rep,(A-mod) —
Rep,(mod-A) of [Huisgen-Zimmermann and Shipman 2017, Section 2.C] thus
yields the following dual of Theorem 3.8; we spell it out since, in size comparisons
of €O versus ), for irreducible components C% of Rep S, one gains mileage
in combining Theorem 3.8 with its dual. (Recall that the process of filtering the
irreducible components of Rep,(A) out of

{C| C is a component of some RepS with dimS = d}

rests on comparisons of this ilk.)

Theorem 3.12 (dual of Theorem 3.8). If S* = (S§, ..., S}) is a semisimple se-
quence in A-mod with dimension vector d, let Corep S* (resp. Cofilt $*) be the set
of all points in Rep,(A) which correspond to modules with socle series S* (resp.
to modules with filtrations cogoverned by S¥).

Then Cofilt(S*) is a closed subvariety of Rep,y(A), and hence Corep S* C
Cofilt S*. In particular, if C is an irreducible component of Rep S such that,
generically, the modules in C have socle layering S*, then C C Filt S N Cofilt S*.

O

We close the section with an example to the effect that, in general, the inclusion
Rep S C Filt S may be proper and the final implication of Corollary 3.11 need not
be reversible. This contrasts with the situation where A = Aune, as we will see in
Section 4.

Example 3.13. Consider the quiver Q of Example 2.5 with r =2 and s = 1, and set
A = KQ/{Biaz, a2, all paths of length 4).

Letd :=(2,2),S:= (81, 52, S1, $2), and S’ := (57, S, 0, 0). Then the varieties
Rep S and Rep S’ are irreducible, and generically their modules have hypergraphs
as shown in Figure 1, whence both are contained in Filt S. Clearly, RepS Z Rep S/,
due to the generic Loewy lengths of the modules in Rep S and Rep S’. By com-
paring generic ap-ranks, one finds, moreover, that Rep S’ Z Rep S. In conclusion,
both Rep S and Rep S’ are components of Filt S. In fact, both of these closures are
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Figure 1. Hypergraphs of generic modules for Rep S (left) and
Rep S’ (right) for Example 3.13.

even irreducible components of Rep,(A), the latter failing to satisfy the sufficient
condition of Corollary 3.11. Indeed, I'(M) =2 for all M in Rep S'.

It is readily verified that the total number of components of Rep,(A) is three,
the remaining component being Rep S” = Filt(S”) for S” = (S5, S1, 2, S1). By
contrast, on replacing A by the associated truncated path algebra Arync, two of the
three components of Rep,(A) fuse into a single component of Rep; (A unc); see
Example 6.1(b) below. U

4. The main results for truncated A

Throughout this section, A stands for a truncated path algebra of Loewy length
L+1, i.e, A = Ayunc- In particular, the irreducible components of Rep,(A)
are among the Rep S, where S traces the d-dimensional realizable semisimple
sequences. The upcoming theory characterizes these components in terms of their
generic radical layerings S (or, equivalently, in terms of their generic modules in
the sense of Section 5 below). As in the special cases already mastered — the local
case and that of an acyclic quiver Q — the classification may be implemented on a
computer; see Section 5B. However, the general algorithm is considerably more
labor-intensive than the ®-test which applies to the local and acyclic cases.

As we will recall in Section 5, the generic properties of the modules in any
component Rep S may be accessed via a single generic module G(S). A key asset
of the truncated situation lies in the fact that such a module G(S) is available on
sight from S; detail will follow in Section 5A below.

Moreover, it is particularly easy to recognize realizability of semisimple se-
quences over truncated path algebras. We recall the following from [Huisgen-
Zimmermann 2016, Criterion 3.2]:

Realizability Criterion 4.1. Let B = (B;;) be the adjacency matrix of Q, i.e., B;;
is the number of arrows from e; to e;. Then S = (Sy, ..., Sy ) is realizable if and
only if dimS; < (dim S;_;) - B for all 1 <[ < L; the latter, in turn, is equivalent to
realizability of the two-term sequences (S;, S;41) in (A/J?)-mod for [ < L. O
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In more intuitive terms: S is realizable if and only if there exists an abstract
skeleton with layering S. Moreover, note that in the positive case, any such skeleton
belongs to the generic set of skeleta of the modules in Rep S.

Next, we find that the description of A-Rep(>S) may be simplified in the
truncated situation, in that requirement (iii) of Lemma 3.2 is now void.

Observation 4.2 (A-Rep(>S) is an affine space). Referring to the decomposition
of K¢ induced by S in Definition 3.1, we obtain that A-Rep(>S) consists of those
points f = (fx)e € (Endy (K%))2! which satisfy the following conditions: for any
arrow o from e; to e,

e fulKCa.r) =0 forall r # i, and
o fa(Ka.iy) € Dyy1<m<r Km.j)-

In particular, A-Rep(>S) is a full affine space in this situation. Indeed, the
image of the closed immersion A-Rep(>S) < Rep,(A), which we presented
in 3.3, consists of all sequences of d; x d; matrices of the described lower triangular
format. Consequently, Filt S, being a morphic image of GL(d) x A-Rep(>S), is
irreducible as well.

This observation, in turn, allows us to derive a full characterization of the modules
in Rep S from Theorem 3.8.

Theorem 4.3. Suppose A is a truncated path algebra and S a realizable semisimple
sequence. Then

Rep S = Filt S.

In other words, a module M belongs to Rep'S precisely when M has a filtration
governed by S.

Dually, Corep S* = Cofilt S*, where S* is the generic socle layering of the
modules in Rep S. If Rep S is an irreducible component of Rep,; (A), then

Corep S* = Cofilt S* = FiltS = Rep S.

Proof. Concerning the first equality: In light of Observation 4.2, the variety
A-Rep(>S) is irreducible. Therefore the open subset A-Rep S is dense in it,
meaning that the closure A-Rep S in Rep,(A) contains A-Rep(> S). Moreover,
A-Rep S C A-Rep(=S) by construction, whence we obtain

A-Rep(>S) C A-RepS C Rep S.

Given that Rep S is GL(d)-stable, it follows that Filt S € Rep S due to Lemma and
Definition 3.6. The reverse inclusion was established in Theorem 3.8. The second
assertion follows by duality (see Theorem 3.12 and [Huisgen-Zimmermann and
Shipman 2017, Corollary 3.4.b]).
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In particular, duality guarantees that the varieties Corep S* are again irreducible.
For arbitrary S we find, moreover, that Rep S C Corep S*, since the modules in a
dense open subset of Rep S have socle layering S*. Therefore, Rep S = Corep S*
whenever Rep S is an irreducible component of Rep,(A). U

The following consequence, addressing the relative sizes of the closures Rep S, is
now immediate. It was independently obtained by I. Shipman with different methods;
he also developed an algorithm for checking the considered inclusion via matrices
of dimension vectors (Shipman, personal communication, 2016). Algorithmic
counterparts to the upcoming Corollary 4.4 and Theorem 4.5 will be addressed in
Section 5B.

Corollary 4.4 (comparing the varieties Rep S). Let A be a truncated path algebra.
Moreover, suppose that S and S' are realizable semisimple sequences with the same
dimension vector. Then RepS C Rep S’ if and only if (generically) the modules in
Rep S have filtrations governed by S/ (I

The upper semicontinuous map I', : Rep;(A) — N of Corollary 3.11 detects all
irreducible components of Rep,;(A). Indeed, S is the generic radical layering of an
irreducible component of Rep;(A) if and only if I', attains the value 1 on Rep S.
We record this as follows.

Theorem 4.5. Let A be a truncated path algebra. If SV, ..., S are the distinct
d-dimensional semisimple sequences S with 1 € ' ,(Rep S), then

Filt(S") =RepS®, ..., Filt(S™)=Rep St
are the distinct irreducible components of Repg(A).

Proof. Suppose S is a realizable d-dimensional semisimple sequence. If 1 €
I.(RepS), then Rep S & Filt(S') = Rep S’ for any semisimple sequence S’ # S,
whence Rep S is an irreducible component of Rep,(A).

If, on the other hand, 1 ¢ I",(Rep S), then every module in Rep S is contained in
some variety Filt S, where S’ is a realizable semisimple sequence different from S.
Therefore,

RepSc [ ] FiltS'= [ RepS
S’ realizable S'realizable
S'£S S'#S
the final equality being part of Theorem 4.3. Irreducibility of Rep S thus implies
RepS C Rep S’ for some S’ # S, which shows that Rep S fails to be maximal
irreducible. g
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5. Applications of Section 4: Generic modules for
the components over truncated path algebras

Barring Example 5.2(b), A will, throughout this section, stand for a truncated path
algebra of Loewy length L + 1. Moreover, d will be a dimension vector of A.

If one extends the base field K of A to an algebraically closed field of infinite
transcendence degree over its prime field Ky, neither the description of the com-
ponents of Rep,(A) nor the generic properties of their modules will be affected;
see [Huisgen-Zimmermann and Shipman 2017, Section 2.B]. This means that,
in developing a generic representation theory for the irreducible components of
Rep,;(A), one does not lose generality in assuming that trdeg(K : Ko) = oo.

SA. Generic modules. Assume that K has infinite transcendence degree over Ky,
and let S be a realizable d-dimensional semisimple sequence. Given that A =
Atrunc, we will denote the coordinatized projective A ync-projective cover Pyype =
D, -, -, Az, of Sy (see Section 2) more simply by P.

Let o be any skeleton with layering S. Then the following module G = G(S) is
generic for Rep S in the strict sense of [Babson et al. 2009, Definition 4.2]:

G=P/C, where C= Z A(q_ch,pp)

q o-critical peoy

for some family (cq, p)g o-critical, peo, of scalars which is algebraically independent
over K¢. That G is generic means that G has all those generic properties of the
modules in Rep S which are invariant under Morita self-equivalences A-mod —
A-mod induced by automorphisms of K over K. Moreover, G is unique relative to

this property, up to such a Morita self-equivalence. We refer to [ibid., Theorem 5.12],
and to [ibid., Section 4] for a more general statement addressing arbitrary path
algebras modulo relations.

Filtrations of generic modules. In particular, the preceding comments ensure that
tests for semisimple sequences which generically govern filtrations of the modules
in Rep S may be confined to “the” generic module G = G(S).

Caveat: Suppose G is a generic module for an irreducible component of Rep,(A).
While the combination of Corollary 3.11 and Theorem 4.5 guarantees that the radical
layering S(G) is the only realizable semisimple sequence to govern a filtration
of G, there will in general be further, nonrealizable, sequences governing suitable
filtrations. For instance, let Q be the quiver 4 <— 1—=>2 —> 3 and A any truncated
path algebrabasedon Q. Ifd = (0, 1, 1, 1), then Rep,(A) is irreducible with generic
module G = Aa@® S, for any truncation A of KQ. In particular, S(G) = (S2P S4, S3)
is the only realizable semisimple sequence governing all modules with dimension
vector d. If A has Loewy length 2, the sequence (S, S3 & S4) also governs a
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filtration of G; if the Loewy length of A is 3, then ($7, S3, S4) and (84, S», S3) are
additional (nonrealizable) semisimple sequences governing filtrations of G.

5B. Algorithmic aspect of Corollary 4.4 and Theorem 4.5. Section 5A tells us
that, for any two realizable d-dimensional semisimple sequences S and §’, we have

RepSCRepS’ << G(S)€Filts.

From Lemma and Definition 3.6 we know, moreover, that Filt S’ is the GL(d)-
stable hull of A-Rep(>S’). Hence, if the point (Gy)wcp, € Rep S represents the
isomorphism class of G(S), the question of whether G(S) lies in Filt S’ boils
down to the question of whether the matrices G, are “simultaneously” similar (i.e.,
similar by way of a single element of GL(d)) to matrices having the lower triangular
format F;, characterizing the points in A-Rep(> S’). This format is spelled out
in 3.3.

Given that there are only finitely many d-dimensional semisimple sequences to
be compared, this means in particular that the decision of whether or not Rep S is
a component of Rep,;(A) is algorithmic.

5C. Interconnections among the components. The following statement rephrases
a result of Crawley-Boevey and Schroer [2002, Theorem 1.1] in terms of generic
modules: if G is a generic module for an irreducible component C of Rep,(A) and
G=0@- j<s Gj 1s a decomposition into direct summands, then each G ; is generic
for an irreducible component of Repy;p, G, (A). Over a truncated path algebra, this
result may be sharpened as follows.

Call a submodule M of N layer-stably embedded in N if J'M = M N J'N for
all / < L. As a consequence of Theorem 4.5, we obtain:

Theorem 5.1. Suppose that A is a truncated path algebra and Rep'S is an irre-
ducible component of Rep;(A) with generic module G. If G' C G is a layer-stably
embedded submodule of G with S(G') =S’ and dim G’ = d’, then Rep S’ is an
irreducible component of Repy (A) with generic module G'.

Proof. Let H := G’ be layer-stably embedded in G. From [Huisgen-Zimmermann
and Shipman 2017, Corollary 3.2] we know that H is generic for RepS’ =
Rep S(H). Thus only the status of Rep S’ as a potential component of Rep, (A)
needs to be addressed.

Assume that Rep S’ fails to be an irreducible component of Rep, (A). In view
of Theorem 4.5, this means that H has a filtration governed by some realizable
semisimple sequence S” which is strictly smaller than S’, say H=Hy2 H; 2--- 2
H; O Hp 1 =0; by definition, S;’ = H;/H;4+. We aim at constructing a submodule
filtration G = Gg 2 --- 2 G 2 0 which, in turn, is governed by a realizable
semisimple sequence S strictly smaller than S. Another application of Theorem 4.5
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will then show that Rep S is not an irreducible component of Rep,;(A), contrary
to our hypothesis.

Forl < L,let m; : G — G/J'*'G denote the quotient map. We recursively
choose submodules U; of J'G such that

JHGcu ctc, u<cIU_, JGITG=mU'H)®TU). (5-1)

First, semisimplicity of G/JG implies that G/JG = mo(H) & mo(Uy) for some
Uy C G, and since Uy may be replaced by Uy + JG, there is no loss of generality in
assuming that JG C Up. If Uy, ..., Uy for some k < L have been chosen so as to
satisfy (5-1), we have J¥G = J¥H + U, by Nakayama’s lemma, whence J*+1G =
J*UH + JU,. Consequently, J*H'G/J*2G = mi 1 (J H) @ i1 (Uryy) for
some U4y € JUg. On replacing U4 by Ugy1 + J¥2G, we obtain (5-1) for
[ =k+ 1. Finally, set Up 4 :=0.
Now define G; := H; + U, for [ < L + 1. That the consecutive factors of the
sequence
G=Gp2G12---2G.2G141=0 (5-2)

are semisimple, i.e., JG; C G4 for ! < L, is straightforward from our construction.
Indeed, JH; € H;+1 and

JU € JH'G =" H 4+ Uiy € Hit + U,

Let S be the semisimple sequence governing the filtration (5-2). Remark 3.7(2)
tells us that S < S.

Suppose m is minimal with the property that J™ H ;Cé H,,. Such an index m
exists, since S” < S'. Then m > 1. Using layer-stability of H in G, we derive

J”’G:J’"H—I—Um;Hm—i—Um:Gm.

On the other hand, G; = J!G for | < m, so that the first discrepancy between the
downward filtration (5-2) and the radical filtration of G occurs at [ = m. More
specifically,

dimS,,—1 =dim(Gu—1/Gp) <dim(Gp—1/J"G) =dimJ" "' G/J™ G = dimS,_;.
This yields S<s.

It remains to be verified that S is realizable. To do so, we make repeated use of
Realizability Criterion 4.1. Again, B is the adjacency matrix of Q. First we note
that realizability of S and S” entails

dim J'G/J™!G < (dim J'"'G/J'G) - B,
dim H;/H 4, < (dim H;—,/H)) - B

(5-3)

for 1 <[ < L. Therefore dimG;/ G+ < (dim G;_1/G;)-Bfor1 <l <m —2.
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Invoking (5-1), we find that, for 1 </ < L,

GI/JI+IG — (Hl 4 JZ+IG)/JI+1G ) (UI/J[+1G)
and
Gyt /S G = (Hip + 771G/ 1™1G,

where the sum in the first equation is direct because H;NU; € HNJ 'G=J'H
implies H,NU; = J'HNU; € J"*'G. We also have

(H + I G)/(Hyyr + T G) = Hy/Hyy1,

since layer-stability of H in G guarantees that H; N J'T'G € J'*'H C H;,;.
Consequently,

G1/Gr1 = (H)/Hi1) ® U/ G) for 1<I1<L. (5-4)
Since U; C JU;_; we obtain, moreover, that
dim U;/J"™' G <dim JU,_ /T (J'G) < (dim U;_1/J'G)-B for 1<I<L. (5-5)

Combining (5-5) with (5-3) and (5-4) yields dim G;/ G41 < (dim G;—/Gy) - B for
1 <l < L, which shows that S is realizable as required. (I

The following examples demonstrate: (a) that the conclusion of Theorem 5.1
does not extend to arbitrary top-stably embedded submodules G’ of G, i.e., to
submodules G’ satisfying only JG' = G’ N JG, and (b) that Theorem 5.1 has no
analogue for nontruncated A in general.

Examples 5.2 (demonstrating the sharpness of Theorem 5.1). Consider the quivers

5
017 17523 45 0>: 27 4y Py
~_ ~_ "

(a) Let A be the truncated path algebra of Loewy length 3 based on the quiver Q;.
Ford = (1,1, 1, 1, 1), the variety Rep,(A) has two irreducible components, with
generic radical layerings

SV = ($1®Ss, 3@ 54, $2) and SP := (51D Ss, $2® S4, S3)

and generic modules G| and G, as graphed below:
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Clearly, the top-stably embedded submodule G’ of G| generated by any element z =
e1z € G has dimension vector d’ := (1, 1, 1, 0, 0). On the other hand, the sequence
S(G’) = (81, S2 B S3, 0) fails to be the generic radical layering of an irreducible
component of Rep; (A), the latter variety being irreducible with uniserial generic
modules.

(b) Now let A = KQ»/(B8) and d := (1, 1, 1, 1). Then, again, Rep,(A) consists
of two irreducible components. Their generic modules are graphed below:

1 4
/ N\ /
3 2

1 4

N ‘

Gi: Gy: 21 @
|/

3

The submodule G’ of G| generated by any element z = ¢;z € G| has dimension
vector d’ := (1, 1, 1, 0) and is layer-stably embedded in G this time. Nonetheless,
Rep S(G’) fails to be an irreducible component of Rep, (A). Indeed, once again,
Rep, (A) is irreducible and its generic modules are uniserial. U

6. Examples illustrating the theory. The interplay
Rep,(A) <— Repy(Aqunc)

6A. Illustrations of the truncated case. In this subsection, A denotes a truncated
path algebra.

In sifting the radical layerings of the components of Rep,(A) out of the set
Seq(d), it is computationally advantageous to supplement I', by the map ® of
equation (1-1), or by the upgraded map ®* to be introduced next.

Example 4.8 in [Huisgen-Zimmermann 2016] shows that ® fails to detect all
irreducible components in the general truncated case. However, in that instance
(as in many others), supplementing ® by path ranks compensates for the blind
spots of ®. Here the path rank of a finite-dimensional A-module M is the tuple
(dim pM), € Z*, where 7 is the set of paths in KQ\ 1. Set f(M) = (—dim pM),,
and let f*(M) be the negative of the path rank of the right A-module D(M).
Clearly, the map

®T :Rep,(A) — Seq(d) x Seq(d) x Z* x 7%,
x = (S(My), S*(M,), f(My), f*(Mx)),
is in turn upper semicontinuous. Therefore, it is generically constant on the varieties
Rep S. In particular, those closures Rep S on which ® attains its minimal values

(relative to the componentwise partial order on the codomain) are components of
Rep,(A). Yet, part (c) of the next example attests to the fact that the augmented
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upper semicontinuous map @ still leaves certain components undetected in general.
We use T, to fill in what © fails to pick up.

Example 6.1. Let A be the truncated path algebra of Loewy length 4 based on the
quiver Q of Example 2.5, and take d = (2, 2). The semisimple sequences which are
in the running as potential generic radical layerings of components of Rep,(A) are

S = (8, 8,81, 8), SW=(5,,5% 5,0, S?=(5®5,8®S5,0,0),
SP = (8, 81,5, 5, SV =(52,52,0,0, S®=(5®85,5,85,,0),
S® =(81,8%,5,0), S©®=(52,52,0,0, SP=(5®S$. 5, 5,0).

The list excludes the sequences which are not realizable for any choice of r and s,
such as (S, S1 @ 57, $2,0) and (81, S2, S1 B 2, 0), as well as the radical layering
S© of the semisimple module, given that Rep S is contained in all nonempty
varieties Rep S. Except for S® and S™, all sequences on the list are realizable
for arbitrary positive integers r, s.

Theorem 4.5 allows us to discard SY) for j = 7, 8,9 from the list of possi-
ble generic radical layerings of irreducible components: indeed, the modules in
Rep S are generically decomposable, which makes it evident that they have
filtrations governed by both SV and S®. Any generic module Gg for Rep S®
has hypergraph

1 2.
/\ \ =~
N
I Bi| 1B - Bs
| \ / _ -
I \ =7
oy \O[l 1\\\\
\
\ N ) --)Otr
AN N / —
~ N -
~__292-

Clearly, Gg is generated by elements z; = e1z; and z, = e»27, and the following
submodule chain is governed by SV:

Gg 2 Azo D ABi1z2 2 A fiz2 2 0.

Consequently, Rep S® C Filt SV by Corollary 4.4. An analogous argument shows
Rep S©® C FiltS®@.

On the other hand, C; := Rep SU) for j = 1, 2 are components of Rep,(A) for
all choices of r, s > 1 by Theorem 4.5, since I'(U) = 1 for any uniserial module U'.
Hence only the sequences S") for 3 < j < 6 require discussion by cases. We
consider only the cases when r > s, due to the symmetry of the quiver Q.

(a) Let r = s = 1. Then Rep,(A) has precisely two irreducible components,
namely C; = Rep SU) for j = 1, 2. We rule out the remaining sequences. First,
S® and S™ fail to be realizable when » = s = 1. Generically, the modules in
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Rep S are direct sums of two uniserials with radical layering (S;, S», 0, 0), and
such a module has a filtration governed by SV, Thus, Rep S® C Filt SV = ;.
Similarly, Rep S© C (,.

(b) Letr =2, s =1. Then Rep,(A) again has precisely two irreducible components,
Cy and C,. Concerning S@: a generic module G3 for Rep S® has a hypergraph of
the form

1
N
2 2

/
:81\ 1 d ,81

In particular, the socle of G3 = Az contains a copy of S,, namely A («] — ka)z
for a suitable scalar k € K*. We deduce that the submodule chain

G3 2 JG3 2 Aoy —kap)z+ ABraiz 2 Aoy —kap)z 20

is governed by SV, showing Rep S C Filt S’ = C;. (On the side, we mention
that Rep S is not contained in C, because the sequences S® and S are not
comparable under the dominance order.)

The sequence S™ fails to be realizable for s = 1. As for S®: generically, the
modules in Rep S® decompose in the form shown at the end of Example 2.5(a),
whence Rep S® C ). (Clearly, Rep S® & C», because S is not comparable
to S©.) A routine check shows that Rep S® is contained in C,, but not in C;.

(c) Let r = 3, s = 1. Then the variety Rep,(A) has three irreducible compo-
nents, namely C; = Rep S, for j = 1,2, 5. The status of C1, C, being clear, we
focus on the variety Rep S with generic module G5 as depicted at the end of
Example 2.5(b). Again, we prove our claim regarding Cs via Theorem 4.5: to see
that S® = S(Gs) is the only realizable semisimple sequence governing a filtration
of Gs, we note that the only other realizable sequence not ruled out by ® (i.e.,
with a ©-value less than ©(Gs)) is SV To verify, without computational effort,
that S does not govern any filtration of Gs, it suffices to observe that, for any
module N in Filt S, we have S| € N/Ax for some x € e;N. On the other hand,
it is readily checked that S; € Gs5/Ax for all elements x € e;G5, which shows
I'(Gs) =1 as required. Finally, to link up with the remarks preceding Example 6.1,
we point out that ©1(G) < ®(Gs), whence the ®*-test fails to detect the status
of Rep S© as an irreducible component of Rep,(A).

To see that SU) for j = 3,4, 6 do not arise as generic radical layerings of
irreducible components of Rep,(A), one may follow the patterns of part (b).

(d) Moving to r > 3 and s = 2 raises the number of irreducible components of
Rep, (A) to five. We first show that Rep S@ is now a component. Generically, the
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modules in Rep S® have hypergraph
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Again, the only Rep S\ (for j < 6) potentially containing Rep S® is Rep SV =
Filt S Since the modules in Filt SV clearly contain a copy of S5 in their socle,
while G3 does not, this possibility is ruled out, and our claim is justified.

The discussion of Rep S is analogous, in that the only Rep S) (for j < 6)
potentially containing Rep S® is Rep S@ = Filt S@, and the modules in Filt S
contain a copy of S in their socle, while a generic module for Rep S® does not.

As in part (c), one shows that Rep S©® is a component of Rep,(A). On the
other hand, Rep S(© still fails to be a component; the argument used in part (b) (in
that case, to exclude Rep S® from the list of components for r = 2) may now be
applied to s = 2.

(e) Finally, let r > 3 and s > 3. Then all of the varieties Rep SU) for j =1,...,6
are irreducible components of Rep,(A). The argument backing the status of S©
follows the reasoning we used to confirm Rep S® as a component of Rep,(A)
in part (c). For r = s = 3, hypergraphs of generic modules for the components
Rep S for j =1, 3, 5 are shown below:
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Due to symmetry, the generic structure of the modules in the remaining components
is obtained by swapping the roles played by the vertices 1 and 2. U
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Consequences of the “truncated” theory, exemplified by Example 6.1.

(1) Allocation of modules to the components. Once the irreducible components
Rep S of Rep,(A) have been pinned down, by way of Theorem 4.5, say, one is in
a position to list the components containing any given d-dimensional A-module M.
Indeed, compiling this list amounts to deciding which of the SU” govern filtrations of
M as was pointed out in Section 5B, there is an algorithm for carrying out this task.

In Example 6.1 with r =3 and s > 1, for instance, any module M with hypergraph
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belongs to the components C; = Filt SV and Cs = Filt S®, but does not have a
filtration governed by SV for j € {2, 3, 4, 6}. Therefore, M belongs to precisely
two of the irreducible components of Rep,(A), namely to C; and Cs.

(2) Comparing the generic behavior of the finite-dimensional A-modules to that
of the finite-dimensional KQ-modules. Examples 6.1(a)—(e) place a spotlight on
the fact that, in the presence of oriented cycles, the generic representation theory
of the path algebra KQ may be “disjoint” from that of its truncations in the fol-
lowing sense: for r, s > 1, we have J(KQ) = 0, and for d = (2, 2) the modules
in the irreducible variety Rep,(KQ) are generically simple. Since generically
the latter modules are not annihilated by any path in KQ, we find the variety
Rep, (KQ/(the paths of length 4)) to be contained in the boundary of a dense open
subset of Rep,(KQ).

6B. Information on the components of Rep,(A) from those of Rep d(Arunc)-
We conclude with a first installment of observations on how to pull information about
the components of Rep,(A) from knowledge of the components of Rep; (A trunc)-
Suppose that the distinct irreducible components of Rep; (A unc) are

Rep, SO =Filtp, (S"), ..., Rep, S =Filty, (S™).

Moreover, suppose that C is an irreducible component of some Rep, S with generic
module G (recall that, for any A, these components and their generic modules
may be algorithmically accessed from quiver and relations of A). To compare with
Rep, (Aunc), one first determines which among the s govern a filtration of G.
Suppose the pertinent sequences are SV, ..., S, that is, C C Filty SV’ precisely
when j <r.

Observation 6.2. The closure C is an irreducible component of Rep,(A) if and
only if C is maximal irreducible in Filty, S for all j <r.
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Proof. The claim is immediate from the fact that every irreducible subvariety D of
Rep,(A) which contains C is contained in one of the intersections

Rep,(A)NFilty,  SY =Filty SV, 0

This leads to a lower bound for the number of irreducible components of Rep, (A).
Computing it in specific instances typically requires a nonnegligible effort, as it
is not simply based on the number of components of Rep;(Agunc). The bound
is sharp in general. Indeed, if A denotes the algebra of Example 6.1(e) and A =
A/(BiojBr | i, j, k €{1,2,3}), then A = Ayunc and the number of irreducible
components of Rep,(A) coincides with the lower bound given below.

Corollary 6.3. Again, let d be a dimension vector of a basic K -algebra A, and
adopt the above notation for the irreducible components of Rep (A unc). Moreover,
set
Aj = Repd(Atrunc) \ U FiltA[runc S(i) for J =m.

i<m

i#j
Then the number of irreducible components of Rep;(A) is bounded from below by
the number of A j which have nonempty intersection with Repy(A).

Proof. Suppose Ay, ..., Ay are the A; which intersect Rep,(A) nontrivially, and
let 4; be an irreducible subvariety of A; N Rep,(A) for j < s. Among the
Filt,, S, the variety Filt SV is then the only one to contain ;. Consequently,
any maximal irreducible subset D; of Rep,(A) containing i; is an irreducible
component of Rep,(A) by the preceding observation. By construction, the result-
ing D; are pairwise different. ]
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Sparsity of p-divisible unramified liftings for
subvarieties of abelian varieties with trivial stabilizer

Danny Scarponi

By means of the theory of strongly semistable sheaves and the theory of the Greenberg transform, we
generalize to higher dimensions a result on the sparsity of p-divisible unramified liftings which played
a crucial role in Raynaud’s proof of the Manin—Mumford conjecture for curves. We also give a bound
for the number of irreducible components of the first critical scheme of subvarieties of an abelian variety
which are complete intersections.

1. Introduction

The Manin—Mumford conjecture is a significant question concerning the intersection of a subvariety
X of an abelian variety A with the group of torsion points of A. Raised independently by Manin and
Mumford, the conjecture was originally formulated in the case of curves. Suppose that A is an abelian
variety over a number field K and that C is a smooth subcurve of A of genus at least two. Then only
finitely many torsion points of A(K) lie in C. In 1983, Raynaud proved this conjecture and generalized it
to higher dimensions: if A/K is as above and X/K is a smooth subvariety of A which does not contain
any translate of a nontrivial abelian subvariety, then the set of torsion points of A(K) lying in X is finite
[Raynaud 1983b; 1983c].

Let us fix K, X and A as above. Let U be a nonempty open subscheme of Spec Ok not containing any
ramified primes and such that A/K extends to an abelian scheme .4/ U and X extends to a smooth closed
integral subscheme X" of A. For any p € U, let R and R,, be the ring of Witt vectors and Witt vectors of
length n + 1, respectively, with coordinates in the algebraic closure k(p) of the residue field of p. Recall
that R is a DVR with maximal ideal generated by p such that Ry = R/p = k(p). Denote by X pr and Apn
the R,-schemes X xy Spec R, and A xy Spec R, respectively, and consider the reduction map

PA,(RD N Xy (R1) = Xp0(Ro). (1)

In [Raynaud 1983b] it was shown that, if X is a curve, the image of (1) is not Zariski dense in Xpo,
i.e., it is a finite set. This local result is crucial in Raynaud’s proof of the Manin—Mumford conjecture
for curves, since it easily implies that only finitely many prime-to-p torsion points of A(K) lie on X
[Raynaud 1983b, Théoreme II].

MSC2010: primary 14K12; secondary 14K15.
Keywords: Manin—-Mumford conjecture, number fields, p-divisible unramified liftings, Greenberg transform, strongly semistable
sheaves.
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It is quite natural to expect that a similar result also holds in higher dimensions. More explicitly, one
can ask: is it true that, if a smooth subvariety X of A does not contain any translate of a nontrivial abelian
subvariety, the image of (1) is not Zariski dense? In this paper we give a positive answer to this question
(see Theorem 5.3).

Theorem 1.1 (sparsity of p-divisible unramified liftings). Suppose that X has trivial stabilizer. For all
p € U above a prime p > (dim X)? deg(Q2x) such that X p0 has trivial stabilizer, the image of

pApl (RN Xpl (Ry) — Xpo(R())
is not Zariski dense in X p0-

Here deg(2x) refers to the degree of the cotangent bundle 2y computed with respect to any fixed
very ample line bundle on X.

Notice that if X does not contain any translate of a nontrivial abelian subvariety, then it has finite
stabilizer. Therefore, replacing A and X with their quotients by the stabilizer of X, one can assume the
stabilizer is trivial (see the beginning of the next section for the definition of stabilizer).

A different generalization of Raynaud’s local result was given by Rossler [2013] who proved that, if
the torsion points of A(Frac(R)) are not dense in X (Frac(R)), then for m big enough the image of

P" Ay (Ri) O X (R) = Xpo(Ro) @)

is not Zariski dense in X p0 [Rossler 2013, Theorem 4.1]. Theorem 1.1 makes Rossler’s result effective,
showing that if the stabilizer of X is trivial, then it is sufficient to consider the map (2) for m = 1.

The proof of Theorem 1.1 strongly relies on Rossler’s paper [2016] and is done by contradiction. First
we use some basic properties of the Greenberg transform to show that, if the image of (1) is Zariski
dense in X P05 the absolute Frobenius F’ X0 Xpo = Xpo lifts to an endomorphism of X Pl A well-known
consequence of this liftability is the existence of a map of sheaves of differentials Fy € Xy = Q X0 which
is nonzero. If X is a curve, such a map cannot exist, since deg(F ;po Q Xpo) is strictly bigger than deg(£2 Xpo)'
This simple observation was in fact used by Raynaud to prove Lemma 1.5.4 in [Raynaud 1983a]. By
means of the theory of strongly semistable sheaves developed by Réossler [2016], we show that when X
has dimension higher than one, there are no nontrivial maps from F ;;po Q X0 to Q X,0° This gives us the
wanted contradiction.

In the last section of this paper, we consider subvarieties of abelian varieties which are complete
intersections. If Gr; denotes the Greenberg transform of level 1 (see Section 3), then we know that the
first critical scheme

Crit' (X, A) := [pl, Gri(Ap) NGry(Xy)
is a scheme over R such that

Crit' (X, A)(Ro) = pApi (R) N X1 (Ry).
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Using exactly the same technique that allowed Buium [1996] to give an effective form of the Manin—
Mumford conjecture in the case of curves, we get a bound for the number of irreducible components of
Crit' (X, A) when X is a complete intersection (not necessarily with trivial stabilizer).

Theorem 1.2. Let K be a number field, A/ K be an abelian variety of dimension n and let L be a very
ample line bundle on A. Let c € N be positive and let Hy, H>, ..., H. € |L| be general. Suppose that
X :=H NHyN---N H, is smooth. There exists a nonempty open subscheme V C Spec Ok (see the
beginning of Section 6 for its definition) such that if p € V, the number of irreducible components of
Crit' (X, A) is bounded by

n—c

pZn(Z<2n;2C>(n_z_h)pn—c—h)(Ln)Z.

Here (L") denotes the intersection number of L.

We conclude the introduction with the following remark. Since the field of definition of points in
the prime-to-p torsion Tor” (A(K)) is unramified at p and the specialization map A(R) — A1 (Ry) is
injective on the prime-to-p torsion, we have an injection

Tor” (A(K)) N X (K) € pAyi(R) N Xy (RY).

This implies that, if X is a complete intersection such that Crit' (X, A)(Ry) is finite, then the bound
in Theorem 1.2 is a bound for the cardinality of Tor” (A(K)) N X(K), i.e., an effective form of the
Manin—-Mumford conjecture for the prime-to-p torsion.

2. Notations

We fix the following notations
e K anumber field,
e K an algebraic closure of K,
e A/K an abelian variety,

e X C A aclosed integral subscheme, smooth over K,

Stab4 (X) the translation stabilizer of X in A, i.e., the closed subgroup scheme of A characterized
uniquely by the fact that for any K-scheme S and any morphism b : § — A, translation by b on the
product A X g S maps the subscheme X x g S to itself if and only if b factors through Stab4 (X) (for
its existence we refer the reader to [SGA 3 1970, Exemple 6.5(e), Expose VIII]),

e U an open subscheme of Spec Ok not containing any ramified prime and such that A/K extends to
an abelian scheme .4/ U and X extends to a smooth closed integral subscheme X" of A.

For any prime number p, any unramified prime p of K above p and any n > 0, we denote by

 k(p) the residue field Ok /p for p,
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» K, the completion of K with respect to p,
. @r the completion of the maximal unramified extension of Ky,

R = W(lTp)) and R, : =W, (lrp)) the ring of Witt vectors and the ring of Witt vectors of length
n + 1, respectively, with coordinates in k(p). We recall that R can be identified with the ring of
integers of K;™ and Ry with k(p),

e Xy the R,-scheme X xy Spec R, Ay» the R,-scheme A Xy Spec R;,.

3. The Greenberg transform and the critical schemes

Now we recall some basic facts about the Greenberg transform (for more details, see [Greenberg 1961;
1963; Bosch et al. 1990, pp. 276-277]).

Fix a prime number p and an unramified prime p of K above p.

For any n > 0, the Greenberg transform of level n is a covariant functor Gr, from the category of
R, -schemes locally of finite type, to the category of Rp-schemes locally of finite type. If Y, is an
R, -scheme locally of finite type, Gr,(Y,) is a Ryp-scheme with the property

Yn(Rn) = Grn(Yn)(RO)-

More precisely, we can interpret R, as the set of k(p)-valued points of a ring scheme &, over k(p). For
any Rop-scheme T, we define W, (T') as the ringed space over R, consisting of 7" as a topological space
and of Hompg, (T, R,) as a structure sheaf. By definition Gr, (Y,) represents the functor from the category
of schemes over Ry to the category of sets given by

T — Hompg, (W, (T), Y,)

where Hom stands for homomorphisms of ringed spaces. In other words, the functor Gr, is right adjoint
to the functor W,,.

The functor Gr, respects closed immersions, open immersions, fiber products, smooth, étale morphisms
and is the identity for n = 0. Furthermore it sends group schemes over R, to group schemes over Ry.
The canonical morphism R, 1| — R, gives rise to a functorial transition morphism 7,4 : Gr,+; — Gr,.

Let Y,, be a scheme over R, locally of finite type. Then for any m < n we define

Y := Yy Xg, Rin.

Let us call Fy, : Yo — Y the absolute Frobenius endomorphism of ¥, and Qy,,g, the sheaf of relative
differentials.
For any finite rank locally free sheaf & over Yy we will write

V(F) := Spec(Sym(#"))

for the vector bundle over Y, associated to %.
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Suppose now that Y, is smooth over Ry, so that Qy, g, is locally free. A key result about the Greenberg
transform is the following fact [Greenberg 1963, Section 2]:

w1 2 Gri (Y1) — Gro(Yo) = Yo
is a torsor under the Frobenius tangent bundle

V(F;o \Y/O/RO)'

Let X, A, X, Aand U be as fixed in the previous section and suppose that p € U. We refer the reader
to Section II.1 in [Raynaud 1983a] for more details on what we will recall from now till the end of the
section. For any n > 0, the kernel of

Gry (Apn) = Gro(Ap) = Apo

is unipotent, killed by p". Thus, the scheme-theoretic image [p"]. Gr,(Ay) of multiplication by
p" in Gr,(Ayn) is the greatest abelian subvariety of Gr,(Ay:) and, since Ry is algebraically closed,
[p" ] Grp(Apn) (Ro) = p" Grn(Apn) (Ro).

We define the n-critical scheme as

n

Crit" (X, A) = [pn]* GI'n (Apn) N GI‘n (Xpn).

Notice that Crit" (X, A) is a scheme over Ry and that Crit’ (X, A) = X p0-
The transition morphisms 7,41 : Gry41(Ape+1) = Gr,, (Apn) lead to a projective system of Ro-schemes

- = Crit’ (X, A) — Crit' (X, A) — Crit’(X, A) = X,

whose connecting morphisms are both affine and proper, hence finite. In fact, transition morphisms are
affine and the subscheme [p" ], Gr, (Apn) is proper, being the greatest abelian subvariety of Gr, (Apn).
We shall write Exc" (&', A) for the scheme theoretic image of the morphism Crit" (X', A) — X .

4. The geometry of vector bundles in positive characteristic

In this section we recall some results on the geometry of vector bundles in positive characteristic by
Langer [2004] and Réssler [2016]. These results will play a crucial role in the proof of Lemma 5.1 and
Theorem 5.3.

Let us start with some basic definitions and facts regarding semistable sheaves in positive characteristic.

Let Y be a smooth projective variety over an algebraically closed field /y of positive characteristic. We
write as before Qy/, for the sheaf of differentials of ¥ over [y and Fy : Y — Y for the absolute Frobenius
endomorphism of Y. Now let L be a very ample line bundle on Y. If V is a torsion free coherent sheaf
on Y, we shall write

(V) =pur (V) =deg, (V)/rk(V)



416 Danny Scarponi

for the slope of V (with respect to L). Here rk(V) is the rank of V, i.e., the dimension of the stalk of V
at the generic point of Y. Furthermore,
deg, (V) = / 1 (V) - ey (Lm0
Y
where c(-) refers to the first Chern class with values in an arbitrary Weil cohomology theory and the
integral fY stands for the push-forward morphism to Spec/y in that theory. Recall that V is called
semistable (with respect to L) if for every coherent subsheaf W of V, we have u(W) < u(V) and it is
called strongly semistable if F;,"*V is semistable for all n > 0.
In general, there exists a filtration

0=VCViC---CV, 1 CV,=V

of V by subsheaves, such that the quotients V;/ V;_; are all semistable and such that the slopes w(V;/V;_1)
are strictly decreasing for i > 1. This filtration is unique and is called the Harder—Narasimhan (HN)
filtration of V. We will say that V has a strongly semistable HN filtration if all the quotients V;/V;_; are
strongly semistable. We shall write

Umin(V) :=p(Vr/Vi21)  and  pimax (V) := u(V1).
By the very definition of HN filtration, we have
V is semistable < min(V) = tmax (V).

An important consequence of the definitions is the following fact; if V and W are two torsion free sheaves
on Y and [tmin(V) > tmax (W), then Homy (V, W) = 0.

For more on the theory of semistable sheaves, see the monograph [Huybrechts and Lehn 2010].

The following two theorems are key results from Langer.

Theorem 4.1 [Langer 2004, Theorem 2.7]. If V is a torsion free coherent sheaf on Y, then there exists
ng > 0 such that F;’*V has a strongly semistable HN filtration for all n > ny.

If V is a torsion free coherent sheaf on Y, we now define
Pmin(V) := rllglo Mmin(F;’*V) char(lp)” and fimax(V) = rllglo Mmax(F;’*V)/ char(lp)”.

Note that Theorem 4.1 implies that the two sequences fimin(Fy " V)/ char(lp)” and pimax (Fy *V)/ char(ly)”
become constant when r is sufficiently large, so the above definitions of [ini, and fiymax make sense.
Furthermore the sequences ,umin(F{,’*V) char(ly)” and Mmax(F{;*V) char(lp)” are respectively weakly
decreasing and weakly increasing, therefore we have

Mmin(v) = Iamin(v) and ﬁmax(v) = Mmax(v)~

Let us define
Ol(V) = max{ﬂmin(v) - ﬁmin(V)a ﬁmax(v) - Mmax(v)}-
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Theorem 4.2 [Langer 2004, Cororollary 6.2]. If V is of rank r, then

a(V) < max{ﬁmaX(QY/l())’ 0}.

r —
char(ly)
In particular, if fimax(2y/1,) = 0 and char(ly) > d =dimY,

char(ly)

—————— Umax (2 .
char(lo)-l—l—duma ( Y/lo)

,amax(QY/lo) =

We conclude this section with the following two lemmas from Rossler.

Lemma 4.3 [Rossler 2016, Lemma 3.8]. Suppose that there is a closed ly-immersion i : Y — B, where
B is an abelian variety over ly. Suppose that Stabg(Y) = 0. Then 2y is globally generated and for any
dominant proper morphism ¢ : Yo — Y, where Yy is integral, we have H°(Yy, ¢*2y) = 0. Furthermore,
we have [min(RQy) > 0.

Lemma 4.4 [Rossler 2016, Cororollary 3.11]. Let V be a finite rank, locally free sheaf over Y. Suppose that
e for any surjective finite map ¢ : Y' — Y with Y' integral, we have H*(Y', $*V) =0,
e VV is globally generated.

Then HO(Y, Fy™*V ® Qy/1,) = 0 for n sufficiently big.

Furthermore, let T — Y be a torsor under V(F;O’*V), where ng satisfies HO(Y, F;’*V ® Qy/) =0
foralln > ng. Let ¢ : Y — Y be a finite surjective morphism and suppose that Y' is integral. Then we
have the implication

¢*T is a trivial V (¢* (Fy""V))-torsor => T is a trivial V (Fy*"V)-torsor.

The main ingredient of the proof of Lemma 4.4 is a result by Szpiro and Lewin-Ménégaux which we
will need later.

Proposition 4.5 [Szpiro 1981, Expose 2, Proposition 1]. If V is a vector bundle over Y such that
HO(Y, F}V ® Qy/y,) =0, then the map

H' (Y, V)= H' (Y, F}V)
is injective.
5. Sparsity of p-divisible unramified liftings

In this section we prove our result on the sparsity of p-divisible unramified liftings (see Theorem 5.3).
Let K, A, X and U be as fixed in Section 2 and let Stab, (X) be trivial. The construction of the
stabilizer commutes with the base change, so we have

Stab4 (X) = Stab4(X) xy Spec K.
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Since Stab 4 (X) is trivial, by generic flatness and finiteness, we can restrict the map 7 : Stab4(X) — U
to the inverse image of a nonempty open subscheme U’ C U to obtain a finite flat commutative group
scheme of degree one
o1
T[‘nfl(U/) T (U/)—) U/.

This implies that 7,1, is an isomorphism and for any q € U’ we have that Stab Ay (X go) is trivial. We
will denote by U C U the nonempty open subscheme

U:={qeU| Staba , (X ) is trivial}.

For any p € U we denote by F; Tm) the Frobenius endomorphism on k(p) and by F, r, the endomorphism
of Ry induced by Fi; by functoriality. We define

;0 1= X0 X F; k() and X;l 1= Xyt Xy, R
and we write

. /
Fy ojic * Xp = Xpp

for the relative Frobenius on X . For brevity’s sake, from now on we will write

Qx QX/O,QXI,QX/I ande
p 4 p

p0’
instead of

QXPO//TP)’ QX;U//TP)’ QXPI/RI’ QX;l/Rl and QX/K-

Observe that since U is normal, A is projective over U [Raynaud 1970, Theorem XI 1.4]. Therefore there
exists a U-very ample line bundle L on X'. For any p € U different from the generic point &, let us denote
by L, the inverse image of L on X,0. Similarly we denote by L¢ the inverse image of L on X. From now
on, for any vector bundle G, over X0, we will write deg(Gy) for the degree of G with respect to Ly.
Analogously, if G¢ is a vector bundle over X, we will write deg(G¢) for the degree of G¢ with respect
to Lg. Now consider the vector bundle 2y, over X. For any natural number m, the map from U to Z
defined by

P x((Qayu @ L™)p) = x(Rx, ®Ly) and & > x(Qayv ® L™)e) = x (Qx ® L)

(here yx refers to the Euler characteristic) is constant on U [Mumford 1970, Chapter II, Section 5].
Therefore we have the equality

X(Qx, ® L) = x(2x ® LY

for all m € N and for all p € U. In other words, the Hilbert polynomial of €2 X,0 with respect to L,
coincides with the Hilbert polynomial of 2y with respect to L. Since the degree of a vector bundle we
defined at the beginning of this section can be described in terms of its Hilbert polynomial [Huybrechts
and Lehn 2010, Definition 1.2.11], we obtain that for every p € U we have deg(prO) = deg(Ryx).

The following lemma is a fundamental step to prove our sparsity Theorem 5.3.
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Lemma5.1. Let K, A, X and U be as fixed in Section 2, let Stab 4 (X) be trivial and let n be the dimension
of X over K. Then
Homy,, (Fy's Qx,. 2x,) =0
forany k >1and any p € U above a prime p > n* deg(Qx).
Proof. Let us notice first that, if n = 1, then X is a curve of genus g at least 2 and
Homxw(FQ;QXw,wa)zo
is a simple consequence of the fact
dwd&iQ%Q:qﬁQg—D>2g—2:d%9&w
To treat the general case, let us fix p € U above a prime p > n® deg(Qyx). We know that if
min (Fy s 2x,0) > fman (Qx,)

then HomxpO (F }]g; Q X,00 Q Xpo) =0. Since Lmin = Umin aNd Lmax > Mmax, it 18 sufficient to show that, for
every k > 1
Amin (Fy s 2x,0) > Tmax (Qx,)- (3)
Since StabApo (Xp0) is trivial, we can apply Lemma 4.3 to obtain ﬁmin(pro) > (. In particular
Mmin(QXpo) > (0 and deg(QXpO) > 0. Using this and the equality ﬁmm(F)]?; pro) = pkﬁmin(QXpO), we
see that (3) is implied by
Plmin(2x 1) > Fmax (Qx,,). “)

Theorem 4.2 gives us the following inequality
pﬁmin(Qng) = pﬂmin(QXpo) + (1 - n)ﬁmax(QXpo)’

so that (4) is satisfied if
PMmin(QXPO) > nﬁmax(QXPO)- (5)

Since p > n?deg(Qyx) > n, we can apply the second part of Theorem 4.2

p
—_n//«max (QXpo ),

ﬁmax(QXpo) = P+1

so that inequality (5) is implied by
(p+1=1)lmin(Rx5) > Nimax (2x ) (6)

If Q X0 is semistable, (6) gives p > 2n — 1. Otherwise, we can estimate f4myax (2 Xpo) and fmin (2 Xpo)
in the following way. We know that
deg(M)

Mmax(QXpo) = k(M)
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for some subsheaf 0 = M C QXPO. Therefore we have Mmax(pro) < deg(M). Furthermore, since
min (€2 Xpo) > 0, we have that deg(2 X0 /M) > 0. This and the additivity of the degree on short exact
sequences gives us

max (Qx,,) < deg(M) < deg(Qx,,) — 1.

Similarly,
deg(Q)
k(Q)

for some Q quotient of €2 X,00 SO min (2 Xpﬂ) > 1/n. Inequality (6) is then implied by

Mmin(QXpo) =

p > n? deg(pro) +(mn—1 —nz).

Since n — 1 — n? is always negative, we are reduced to p > n* deg(Q Xpo)- Now deg(2 Xpo) is greater or
equal to one, so n” deg($2 Xpo) > 2n — 1 for any n. This ensures us that the condition

p > n*deg(Qx )

is sufficient to have ptmin (F ;’;Q Xpo) > max (S2 Xpo) for every k > 1 whether Q2 X,0 is semistable or not.

p
To conclude it is enough to remember that deg(£2 Xpo) coincides with deg(2x). O
Corollary 5.2. The map

1 Y 1 k. Vv
H (X, F;pOQXpO) — H (X0, FXpoQXpo)
is injective for every k > 1 and every p € U above a prime p > n* deg(Qy).
Proof. Lemma 5.1 and Proposition 4.5 imply that
1 h, 1 h+1,

H (X, FX;;Q?VKPO) — H (X, FXpo *Q}V(po)

is injective for every i > (. Therefore the composition

1 1 2, 1 k,
H' (X, F;posz;po) — H'(Xy, FX:; Q;po) e H (X, FX:; Q)quo)

is an injective map. O
We are now ready to prove our sparsity result.
Theorem 5.3. With the same hypotheses as in Lemma 5.1, for any p € U above a prime p > n® deg(Q2x),
the set
{P € Xy (Ro) | P lifts to an element of pAyi (Ry) N X1 (Ry)}
is not Zariski dense in X .
Proof. Let us fix p as in the hypotheses. Since
Crit' (X, A)(Ro) = pAy (R) N X1 (Ry),

we have that
{P € X0 (Ro) | P lifts to an element of pA,i (R1) N X1 (R1)}
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coincides with the image of Crit! (X, A)(Rg) — X 0 (Ro).

Let us assume by contradiction that this image is dense in X0 (Rp). This implies that 771 : Gry (X 1) =X o
is a trivial torsor; the argument we use to show this is taken from Rdssler (see the beginning of the proof
of Theorem 2.2 in [Rossler 2016]). First of all the closed map Crit! (X, A)—>X p0 is surjective and so we
can choose an irreducible component

Crit' (X, A)o <> Crit' (X, A)

which dominates X\0. Lemmas 4.3 and 5.1 allow us to apply the second part of Lemma 4.4 with V = Q)V(po ,
Y =Xyp,n0o=1,T =Gr;(X,) and ¢ equal to Crit' (X, A)y — Xpo. We have that ¢* Gry(X,,1) is trivial
asa V(¢p* F;‘;po Q)V(po)—torsor, since Crit' (X, A)g is contained in Gr) (X,1). Hence 7y : Gri(Xp) — Xpo
is trivial as a V (F ;}po Q}(po)—torsor. Let us take a section o : X0 — Gri(X,1). By the definition of the
Greenberg transform, the map o over Ry corresponds to a map o : W;(X0) — X1 over R;. We can
precompose ¢ with the morphism 7 : X, — W;(X,0) corresponding to

W1i(Ox o) = Ox,,
(ap, a1) — 51(1; +app,
where a; lifts a;. Consider the following diagram

t o

X Wi (X 0)

X

p! p!

po Id
X 00 X 00 X 00

Its left square is commutative, since the composition
Xpo — Xy 1 W](Xpo)

simply corresponds to the map
W1(Ox o) = Ox

(ag, ay) — ag.

For the commutativity of the right square, notice that by the very definition of the transition morphism
w1 : Gri(X,1) — Xy we have a commutative diagram

HOIIIRl (W1 (Xpo), Xpl)

Homg, (X0, Gr(X,1))

reduction mod p
(1 0-)

Hompg, (X0, Xy0)
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In particular, IdXFO = 1 oo = (reduction mod p)(&), which is exactly what we wanted to verify. We
obtain therefore that 6 o7 : X,;1 — X, is a lift of the Frobenius F’ X,0°
The diagram below is also commutative

o

Xy Wl(Xpo) Xy

FR, Id
Spec(Ry) — Spec(R;) — Spec(R))

In fact, by definition, & is a morphism over Rj, so the right square is commutative. The commutativity
of the left square is easy to check, since we know explicitly ¢ and Fg,. Therefore o ot is a lift of the
Frobenius F X,0 compatible with Fg,; this implies the existence of a morphism of R;-schemes

FiXp— X,

lifting the relative Frobenius F X,0/Ro-
As shown in part (b) of the proof of Théoréeme 2.1 in [Deligne and Illusie 1987], since the image
of F*:Q X, = F.Q X, is contained in p F, X, and the multiplication by p induces an isomorphism
p

p: FXpo/Ro,*QXpo = pﬁ*prl, there exists a unique map
. —1 .
f =p F*: QX;,O — FXpO/R(),*QXpo’

making the diagram below commutative.

F* -
Qy — pF.Qx
p! P
p
Qx, Fx /Ry +82x
o p p

Proposition 3 in [Xin 2016] states that the adjoint of f,
f: F;po pro = F;EPO/ROQX;O — QXpo»
is generically bijective. This clearly contradicts Lemma 5.1. (|
6. The number of irreducible components of the critical scheme of complete intersections

In this last section we provide an upper bound for the number of irreducible components of the critical
scheme Crit! (X, A) in the case in which X is a smooth complete intersection.

Let A/K be an abelian variety of dimension n and let L be a very ample line bundle on A. Let c € N
be positive and let Hy, H», ..., H. € |L| be general. We define X := Hy N HyN---N H.. Suppose that X
is smooth.
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Let us take a sufficiently small open V C Spec(Ofg) such that A extends over V to an abelian scheme A,
L extends to a V-very ample line bundle £, H; extends to H; forevery i and X :=H;NHoN---NH, i8S
smooth. We can restrict V if necessary and suppose K /Q is unramified at p.

Theorem 6.1. Let K be a number field, A/ K be an abelian variety of dimension n and let L be a very
ample line bundle on A. Let c € N be positive and let Hy, H>, ..., H. € |L| be general. Suppose that
X:=H NHyN---NH, is smooth. If p is in the open subscheme V defined above, then the number of
irreducible components of Crit' (X, A) is bounded by

n—c

p2n(Z(ZYIZZC)(n_z_h)pn—c—h)(Ln)Z.

Here (L") denotes the intersection number of L.

Proof. To obtain Theorem 6.1, we follow the approach of [Buium 1996, Theorem 1.11], proving the
Manin—-Mumford conjecture for curves; we first show that Crit' (X, A) can be realized as the intersection
of two projective varieties (see P(Ex) and [p]. Gri (A1) below) and then use the product of their degrees
to bound the number of its irreducible components. Since X is not necessarily of dimension one, the
computation of the degree of P(Ey) is slightly more demanding here than the corresponding one in
Buium’s work.

Let us fix p € V. The torsors Gri(X,1) — X, and Gri(A,1) — Ay correspond to elements ny €
H' (Xpo, F ;po Q}po) and ny € H! (Apo, FXPO QXPO), respectively. Under the natural isomorphisms

H'(X 0, FY Q% )~ Extl(F;;pOQXPO, Ox,) and H'(Ay, Fi 4, ~ Extl(F;(pOQ Ay Oa)s
nx and n4 correspond to extensions of vector bundles
0— OXpo — Exy —> F;’}poﬁxpo —-0 and 0— OApo — E4— F;{pOQAPO — 0.

For any locally free sheaf W over a base S of finite type over a field, we shall write P(W) for the projective
bundle associated to W, i.e., the S-scheme representing the functor on S-schemes

T — {isomorphism classes of surjective morphisms of Or-modules Wr — Q,

where Q is locally free of rank 1}.
As shown in paragraph 1 of [Martin-Deschamps 1984], the two extensions above give us two divisors
Dy = P(F;po pro) CP(Ex) and Dy := I]J’(FA*pO QApO) CP(Ea),
belonging respectively to the linear systems |Opgy)(1)| and |Opg,)(1)], and

Gri(X,) ©P(Ex)\ Dx and  Gri(Ap) ~P(Ea) \ Da.
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If i denotes the closed immersion i : X p0 = Apo, then it is not difficult to show that there is a natural
restriction homomorphism i*E 4 — Ex prolonging the homomorphism i*$2 Ao ™ Q X0 The homomor-
phism i*E4 — E is clearly surjective, so it induces a closed immersion j : P(Ex) < P(E 4) prolonging
Gri(X,1) <> Gri(Ay1). Therefore we have a commutative diagram

[Pl Gri(4y)

Gri(Xp1) ———— Gri(A,)

~

P(Ex) ———— P(EA)

' TA

i
Xp —————— Ap

Let us denote by £, the base change of £ to Ayo. It is standard to prove that
M =1Ly ® Opg,(1)
is very ample on P(E 4) [Buium and Voloch 1996, p. 4]. We have
Hlp(ex) =7xi" Ly @ Opeyy (1) and - Hlpp), Grya,n = T4,

since Dy € [Opg,) (1) and [pls Gri(Apr) € Gri(Ap) >~ P(E4) \ Da. We know that [p]. Gri(A,) is
the maximal abelian subvariety of Gri(A,1) and we know that the multiplication by p map on Gr (A1)
factors through the isogeny T. This implies that T has degree at most p?", so we have the following

estimate

degy, (1« Gri(Ap)) < p™(L}).

Let us now consider deg,, (P(Ex)). It coincides with

fp 1 (Hlp(eg) ™"~ )

(Ex)

where ¢; stands for the first Chern class in the Chow ring and || P(Ey) stands for the push-forward morphism
to Spec(Ryp) in the Chow theory. Since

ci(Hlpey)) = c1(mxi*Ly) + c1(Opey) (1))
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we can rewrite (7) as

2n—2c M — 2
/ > ( )Cl(ﬂ;}i*ﬁp)h'Cl(OP(Ex)(l))znZCh-
P(Ex) 1 h

J

and by definition of Segre class this is

2n—2c
/ > ( )m(i*zp)h-snch(E;).

X0 p=0

Equivalently
2n—2c

2n —2c . e
> ( A )c1<z*cp)h-nx,*(cl(op@x)(l))z" 2l
p0 h=0

Notice that the Segre classes of the dual of Ey appear in our formula; this is due to the fact that we are
not using Fulton’s geometric notation for the projective bundle associated to a vector bundle (see the note
at the end of B.5.5 in [Fulton 1998]). Since s; = 0 if k¥ < 0, we end up with

[ () e s,
X

p0 h= 0
Now the exact sequence
0— OXpo — Exy —> F;pOQXpO -0
implies
Sn-coh(EY) = su_c-n(F§ Q% )
and so
Sn—c-n(EX) = p" " su_cn(Qy )

(here we have used the following fact: the pullback of a cycle n of codimension j through the Frobenius
map coincides with p/n). Therefore we have to study the following sum

~ (2n—2c o »
Z( . )p“ T @ Lp)" - Snoen (R ,)- (8)

h=0
The short exact sequence

0— Q}(po — i*QXpO —-N—0
(where N is the normal bundle for i) gives
c,(Q}pO)ct(N) = c,(i*QXpo) =1,
so that ¢;(N) = 5,;(Qy ,)- Recalling that
p

ci(N) = +c1((*Lyn)©
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we obtain
C . —e—
Snfcfh(QB/(pO) =Cpc—n(N) = <I’l —e— h>C1 (l*ﬁp)n ‘ h'

Substituting in (8), we obtain

n—

(O ot e

h=0
Therefore deg,, (P(Ex)) is

n—c

2n—2c ¢ n—c—h +% n—c
(X" ) [ adeor
Since X0 = HypN---N Hep where Hy y, ..., Hep belong to [£y], we have

/X 1" Ly)" ¢ = / c1(Ly)" = (L)

p p
and

n—c

degy (P(Ex)) = (2(2’72")(n_z_h)p"—f—h)(cg).
h=0

Now Bézout’s theorem in Fulton’s form [1998, p. 148] says that the number of irreducible components in
the intersection of two projective varieties of degrees d; and d, cannot exceed dd>. In particular, the
number of irreducible components of Crit! (X, A) is less than or equal to

n—c

2n—2c c

2n n—c—h ny\2

() i)

Notice that (Eg) = (L"), by the same reasoning as before Lemma 5.1. Il

Remark 6.2. One can consider any intersection X := H; N Hy N ---N H. where H; € |L;| for some
very ample line bundles L;. In this more general case, the computations in our proof become a bit more
complex, but it is still possible to give an explicit bound for the number of irreducible components of
Crit! (X, A). We have

ciNy= Y e ey

1§i1<'~'<ij§(,‘ k=i
which implies

In—c—h

Sn—en(Qy )= ) [T crG*Lip)-

1<ij<-<ip_c_p<c k=i,

Therefore, defining H := ;L1 p ® Op(g,)(1), then deg,, (P(Ex)) is

i (271 ; 20) pheh Z (/ Cl(i*ﬁl,p)h "ﬁ’ Cl(i*ﬁk,P))‘

h=0 1<ij<-<ip—c—pn=c p k=i,
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We have
l‘nf(:fh
. h ok
/ @ Lip)" [] a1 Lip) =1ty
XPO k=i
where [;, . ;, ., is the following intersection number

h+1 times
——
L.y ey =Ly---Li-Ly-L3---Le-Ljy - Liy -+ Li, ).

We obtain that deg,, (P(Ex)) is

n—c
2n —2c¢ o
( h )P” o Z Liy,cinecis

h=0 1<ij<-<ip—c—p=<c

and therefore the number of irreducible components of Crit! (X, A) is bounded by

~— [2n—2c
ey (M) Y e
h=0

1 Sil <"'<in7L'7h§C
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On a conjecture of Kato and Kuzumaki

Diego Izquierdo

In 1986, Kato and Kuzumaki stated several conjectures in order to give a diophan-
tine characterization of cohomological dimension of fields in terms of projective
hypersurfaces of small degree and Milnor K-theory. We establish these con-
jectures for finite extensions of C(xy, ..., x,) and C(xy, ..., x,)((?)), and we
prove new local-global principles over number fields and global fields of positive
characteristic in the context of Kato and Kuzumaki’s conjectures.

Introduction

In 1986, in the article [Kato and Kuzumaki 1986], Kato and Kuzumaki stated a set of
conjectures which aimed at giving a diophantine characterization of cohomological
dimension of fields. For this purpose, they introduced variants of the C;-properties
of fields involving Milnor K -theory and projective hypersurfaces of small degree,
and they hoped that these variants would characterize fields of small cohomological
dimension.

More precisely, fix a field L and two nonnegative integers ¢ and i. Let K ;’[ (L)
be the ¢-th Milnor K -group of L. For each finite extension L’ of L, one can define
a norm morphism Ny, : K;” (L) — K;V’ (L); see [Kato 1980, section 1.7]. Thus,
if Z is a scheme of finite type over L, one can introduce the subgroup N,(Z/L) of
K (;” (L) generated by the images of the norm morphisms Ny//; when L’ describes
the finite extensions of L such that Z(L’) # @&. One then says that the field L is
C} if, for each n > 1, for each finite extension L’ of L and for each hypersurface Z
in P7, of degree d with d' < n, one has N,(Z/L) = Ké"’(L’). For example, the
field L is Cl.0 if, for each finite extension L’ of L, every hypersurface Z in P?, of
degree d with d’ < n has a O-cycle of degree 1. The field L is Cg if, for each tower
of finite extensions L”/L’/L, the norm morphism Nz~ /; : K;W(L”) — Ké”(L’) is
surjective.

Kato and Kuzumaki conjectured that, for i > 0 and ¢ > 0, a perfect field is
C l.q if and only if it is of cohomological dimension at most i + g. This conjecture

MSC2010: primary 11E76; secondary 12E25, 12E30, 14G27, 19D45, 19F99.
Keywords: Cohomological dimension of fields, C; property, Milnor K-theory, Number fields,
Function fields.
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generalizes a question raised by Serre [1965] asking whether the cohomological
dimension of a C;-field is at most i. In an unpublished paper, Acquista [2005]
proved Kato and Kuzumaki’s conjecture for i = 0: in other words, a perfect field
is Cg if and only if it is of cohomological dimension at most g. As it was already
pointed out at the end of Kato and Kuzumaki’s original paper [1986], such a
result also follows from the Bloch—Kato conjecture, which has been established
by Rost and Voevodsky. However, it turns out that the conjectures of Kato and
Kuzumaki are wrong in general. For example, Merkurjev [1991] constructed a
field of characteristic O and of cohomological dimension 2 which did not satisfy
property Cg . Similarly, Colliot-Théléne and Madore [2004] produced in a field of
characteristic 0 and of cohomological dimension 1 which did not satisfy property
C?. These counterexamples were all constructed by a method using transfinite
induction due to Merkurjev and Suslin. The conjecture of Kato and Kuzumaki is
therefore still completely open for fields that usually appear in number theory or in
algebraic geometry.

Very recently Wittenberg [2015] made an important step forward: he proved that
p-adic fields, the field C((#1))((#2)) and totally imaginary number fields all satisfy
property C 11 His method consists of introducing and proving a property which is
stronger than property Cllz more precisely, he says that a field L is strongly Cl1 if,
for each finite extension L’ of L, each proper scheme Z over L’ and each coherent
sheaf E on Z, the Euler—Poincaré characteristic x (Z, E) kills the abelian group
K é” (L")/Ny4(Z/L'"). It turns out that this notion behaves much better with respect
to dévissage than the C ll—property of Kato and Kuzumaki: this allows Wittenberg
to use methods that had been previously developed in [Esnault et al. 2015].

Wittenberg’s article leaves open the question of the C 11 -property for the following
fields: the field of rational functions C(x, y), the field of Laurent series in two
variables C((x, y)), and the fields C(x)((y)) and C((x))(y). That the property is
satisfied by C(x, y) and C(x)((y)) is a particular case of the general theorems that
are established in the present paper (see theorems C and D below).

The article is divided into three parts that can be read almost independently and
that deal with Kato and Kuzumaki’s conjectures for different fields. In the first
section, we focus on the cases of number fields and of function fields of curves
over finite fields. In the case of number fields, we establish a local-global principle
in the context of the conjecture of Kato and Kuzumaki for varieties containing a
geometrically integral closed subscheme. Such a result was previously only known
for smooth, projective, geometrically irreducible varieties (see theorem 4 of [Kato
and Saito 1983]) or for proper varieties of Euler—Poincaré characteristic equal to 1
[Wittenberg 2015, Proposition 6.2]:

Theorem A (Theorem 1.4, number field case). Let K be a number field and let Qg
be the set of places of K. Let Z be a K -variety containing a geometrically integral



On a conjecture of Kato and Kuzumaki 431

closed subscheme. For each v € Q, let K, be the completion of K with respect to
vand Z, be the K,-scheme Z x g K,. Then

Ker(KX/Nl(Z/K) -1 KUX/Nl(ZU/Kv)> =0.

UEQK

This theorem, which is established by using Hilbertianity properties of number
fields as well as results due to Demarche and Wei [2014] concerning the local-global
principle for torsors under normic tori, then allows us to deduce a simplified and
more effective proof of Wittenberg’s result concerning the C ll-property for totally
imaginary number fields (see Corollary 1.9 and page 438). The explicitness of
our proof allows us to give new and more precise results in some situations (see
Proposition 1.14).

In the case of global fields of positive characteristic, we prove a local-global
principle similar to the one in Theorem A but which involves a variant of the group
Ni(Z/K):

Theorem B (Theorem 1.4, function field case). Let K be the function field of a
curve over a finite field of characteristic p > 0 and let Qg be the set of places
of K. Let Z be a proper K -scheme containing a geometrically irreducible closed
subscheme. For v € Q, let K, be the completion of K with respect to v and Z,
be the K,-scheme Z x g K. Let N{(Z/K) be the subgroup of K* spanned by the
images of the norm homomorphisms Ni jk : LY — K> where L describes finite
extensions of K such that Z(L) # & and Ly stands for the separable closure of K
in L. Then

Ker(KX/N‘f(Z/K)—> ]_[ KUX/N‘f(Zu/KU)) =0.

veQk

This theorem then allows us to prove that global fields of positive characteristic
have the C ll—property “away from p” (Theorem 1.18).

In the second part, by means of a surprisingly simple argument, we prove Kato
and Kuzumaki’s conjectures for function fields over C of arbitrary dimension:

Theorem C (Theorem 2.2). Let k be an algebraically closed field of characteristic 0.
Then the function field of an n-dimensional integral k-variety satisfies the C? -
property for all i > 0 and q > 0 such that i + g = n.

In particular, this shows that the field C(x, y) satisfies the C ll—property, and hence
answers question (3) in paragraph 7.3 of [Wittenberg 2015] positively.

In the third and last part, we prove Kato and Kuzumaki’s properties for complete
discrete valuation fields whose residue field is the function field of a variety over
an algebraically closed field of characteristic zero:
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Theorem D (Theorem 3.9). Let k be an algebraically closed field of characteristic
zero. Let K be the function field of an n-dimensional integral k-variety. Then the
complete field K (1)) satisfies the C iq -property for all i, g > 0 such thati +q =n—+1.

This theorem, whose proof relies on subtle refinements of Artin’s approximation
theorem, implies in particular that C(x)((¢)) is C 11

Remark 0.1. The C ll—property for the fields C(x, y) and C(x)((¢)), which is a
special case of theorems C and D, cannot be obtained by the methods developed in
[Wittenberg 2015] because those fields are not strongly C 11 (see remark 7.6 there).

Preliminaries. Let L be any field and let ¢ be a nonnegative integer. The g-th
Milnor K-group of L is by definition the group Ké” (K)=Zif g =0and

KQ’I(L) =L"Q®z--QzL* /(x1®--- Qx4 | there exist i, j, i # j, xi +x;=1)

g times

if g > 0. For x1,...,x, € L*, the symbol {x,...,x,} denotes the class of x; ®---®x,
in K é"’ (L). More generally, for r and s nonnegative integers such that r +s = ¢,
there is a natural pairing

KM(@L) x KM(L) — K)'(L),

which we will denote { -, - }.
When L' is a finite extension of L, one can construct a norm homomorphism
Ny : Ké"’(L/) — Ké”(L) (see section 1.7 of [Kato 1980]) satisfying the following
properties:
o for g =0, the map N/ : K}(L") — K}(L) is given by multiplication by
[L": L]

e for g =1, the map N/ : KlM (L) — KIM (L) coincides with the usual norm
L™ — L*,

e if 7 and s are nonnegative integers such that r +s =g, we have Np//p ({x, y}) =
{x, Ny (y)} forx € KM(L) and y € KM(L');

« if L” is a finite extension of L', we have Ny»/; = Np/yp o Npvjp:.

For each L-scheme of finite type, we denote by N, (Z /L) the subgroup of K é"’ (L)
generated by the images of the maps Np/z. : K} (L) — K}/ (L) when L’ describes
the finite extensions of L such that Z(L") # &. In particular, No(Z/L) is the
subgroup of Z generated by the index of Z (i.e., the gcd of the degrees [L’ : L] when
L' describes the finite extensions of L such that Z(L') # ). For i > 0, we say
that L satisfies the Ciq -property if, for every finite extension L’ of L and for every
hypersurface Z in P, of degree d with d’ < n, we have Ny(Z/L) = Ké” (L. In
particular, L is C? if, for each finite extension L’ of L, every hypersurface Z in P/,
of degree d with d’ < n has index 1.



On a conjecture of Kato and Kuzumaki 433

The field L is C{ if, for each tower of finite extensions L”/L’/L, the norm
Npojw: KY(L") — KM(L') is surjective. As was already pointed out by Kato
and Kuzumaki at the end of [Kato and Kuzumaki 1986], by using the Bloch—Kato
conjecture which identifies the groups K é” (L)/n and HY(L, M;?q) for n prime to
the characteristic of L and which has been proved by Rost and Voevodsky, one can
show that a field of characteristic zero is Cg if and only if it is of cohomological
dimension at most g.

1. Global fields

Proof of theorems A and B. This section is devoted to number fields and function
fields of curves over finite fields. The main goal consists of establishing theorems
A and B. Whenever K is a global field, Qg stands for the set of places of K, and
for v € Qk, we denote by K, the completion of K with respect to v and by O, the
ring of integers in K.

We start with a preliminary lemma concerning Hilbertian fields. For a definition
of Hilbertian fields, the reader may refer to section 12.1 of [Fried and Jarden 2008].

Lemma 1.1. Let K be a Hilbertian field and fix an algebraic closure K of K. Let F
be a finite Galois extension of K and let Y be a geometrically integral K -variety.
Then there exists a finite extension Fy of K such that Y (Fy) # & and FoN F = K.

Proof. Of course, we can assume that dim Y > 0. By applying Bertini’s theorem to an
open dense quasiprojective subset of ¥, one shows that ¥ contains a quasiprojective
geometrically integral curve C over K. Since Y is geometrically reduced, one
can find a curve C’ in IP%( birationally equivalent to C. Let g € K[X, Y, Z] be
a homogeneous polynomial which is irreducible over K and such that C’ is the
curve defined by the equation g = 0. Let U’ be a nonempty subset of C’ which is
isomorphic to an open subset of C. We now distinguish two cases:

o if K has characteristic p >0, weknow that g € K[X,Y,Z|\K[X?,Y?,ZP],and
we can thus assume without loss of generality that g € K[ X, Y, Z]\K[X?,Y,Z].
Hence we may consider an integer m > 1 and a polynomial & € K[Y,Z]\ {0}
such that p does not divide m and the coefficient of X" in g is . We also
consider the set

H:={(y,2) € F?| g(X,y,2) € F[X]is irreducible, h(y, z) # O}.

o if K has characteristic 0, we can assume without loss of generality that g &
K|[Y, Z] and we consider the set

H:={(y,2) € F*| g(X,y,z) € F[X] is irreducible}.

To unify notation with the positive characteristic case, we also set h(Y, Z) :=
1eKlY, Z].
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As g is irreducible over F and separable in the variable X, the set H is by definition
a separable Hilbert subset of F2. According to [Fried and Jarden 2008, Corol-
lary 12.2.3], H contains a separable Hilbert subset H' of K2 Since K is a Hilbertian
field, the second paragraph of Section 12.1 of the same work implies that H’ is
Zariski dense in K2 In particular, the set H' is infinite, and there exists an infinite
number of pairs (y, z) € K% such that g(X, y, z) is irreducible over F and i(y, z) #0.
Each of these pairs corresponds to a point w € (C’)" such that K (w)N F = K and
the extension K (w)/K is separable. Since C’\ U’ is finite, we conclude that there
exists w € (U")V such that K (w) is a finite separable extension of K satisfying
K(w)NF =K. By setting Fp = K(w), we get Y (Fp) #@ and FpNF =K. [

Corollary 1.2. Let K be a Hilbertian field and fix an algebraic closure K of K.
Let F be a finite Galois extension of K and let Y be a geometrically irreducible
K -variety. Then there exists a finite extension Fy of K such that Y (Fy) # @ and
FoNF =K.

Proof. If K has characteristic 0, the corollary immediately follows from Lemma 1.1.
Assume that K has positive characteristic. Let K’ be a purely inseparable finite ex-
tension of K such that (Yx/)™¢ is geometrically integral. By Lemma 1.1, there exists
a finite extension Fj of K’ such that Y (Fy) # @ and FiN(K'-F) =K', where K'- F
denotes the subfield of K generated by K’ and F. Then we also have FiNF =K. [

We now introduce a variant of the group N;(Z/K) which will allow us to treat
in a unified way number fields and function fields of curves over finite fields:

Definition 1.3. Let K be a field and let Z be a K -scheme of finite type. We denote
by Nj(Z/K) the subgroup of K* spanned by the images of the norm morphisms
Np,x : LY — K*, where L describes finite extensions of K such that Z(L) # @
and L, stands for the separable closure of K in L.

Note that, if K is a field of characteristic 0 and Z is a K-scheme of finite type,
then N{(Z/K) = N1(Z/K). We are now ready to prove the main theorem of this
section:

Theorem 1.4. Let K be a number field or the function field of a curve over a finite
field. Let Z be a K -variety containing a geometrically irreducible closed subscheme.
For v € Qg, we denote by Z,, the K,-scheme Z x g K,. Then

Ker(KX/Nf(Z/K) - T] KUX/Nf(Zv/Kv)> =0.

veEQK

Notation 1.5. Whenever M denotes a Galois module over K, we define the first
Tate—Shafarevich group of M by

(K, M) := Ker(Hl(K, M) — ]_[ H'(K,, M)).

UEQK
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Proof. In the sequel, we fix an algebraic closure K of K: all finite extensions of K
will therefore be considered as subfields of K.
Now fix x € K* whose class modulo N{(Z/K) lies in

Ker(KX/Nf(Z/KH I1 Kf/Nf(zv/Kw).

UGQ[(

We want to prove that x € N7 (Z/K). To do so, we consider a finite normal extension
L of K such that Z(L) # @. Let L, be the separable closure of K in L: itis a
finite Galois extension of K. Let § C Qx be the set of places v of K satisfying one
of the following properties:

(1) v is finite and the extension L;/K is ramified at v;
(i) v is finite and x is not a unit in O,;
(iii) v is infinite.

Of course, S is a finite subset of Q.
Now fix v € Qk. Two main cases arise:

o Assume in the first place that v € Qg \ S. In this case, v is a finite place, and
as the extension Ly, /K, is unramified, we know that Nz ,x, (Ls, ) contains
Or. Since x € O), we conclude that x € N /k, (Ly,).

o Assume now that v € § and fix an algebraic closure K, of K,. By assumption,
x € N{(Z,/K,). Let then M, (U) M,(l’;) be finite extensions of K, contained
in K, such that, if M; v) denotes the separable closure of K, in M;" @) we have x €
(Nm® /k, (M(v) ) | | <i<n,)CK)and Z(M(”)) # & for each i. According
to Greenberg’s approximation theorem [1966, Theorem 1] if v is finite and
Tarski—Seidenberg principle if v is real [Pirutka > 2018, Corollary 4.1.6], we
have Z(M; Wng ) # . We can therefore consider a finite extension L( V) of
K contained in M; @) N K such that Z (L(U)) # . Let L(U) be the separable
closure of K in L( ¥) The valuation on M; ® induces by restriction a place w
of L(U) which d1V1des v and such that the completlon of L(U) with respect to w
is a subextension of M; @) /K. Hence

Ny, M) ENwg ok, (LY ©x K S K

Since x € (N Ml.(f;)x) |1<i<n,) CK), we deduce that

(v)
k¢

x e (N

Lok, (Li @k K)) [ 1<i <ny) SK.
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To summarize, we have just proved that, if T is the normic torus R, sk (Gm) with
E=Lgx[[esI'% Ll(jjs) and if [x] stands for the image of x in

H' (K, T)=K*/Ng/k(E®),
then
[x] e IY(K, T). (D

Now let F be the smallest finite Galois extension of K containing L and all the
LE’? . Since Z contains a geometrically irreducible closed subscheme, Corollary 1.2
shows that Z has a point in a finite extension Fy of K such that FyN F = K. Denote
by Fp the separable closure of K in Fy.

According to Theorem 1 of [Demarche and Wei 2014], since Fp N F = K and
the extension F/K is Galois, we have

' (K, Q) =0,

where Q denotes the normic torus R}E’/K (Gm), with E' =Ly x Fo s x[[,es 1724 L;”S).
Noting that the torus T naturally embeds in Q and using (1), we conclude that the
class of x in H'(K, Q) is trivial. Since Z(L) # @, Z(Fy) # @ and Z(L\") # @
for each v and each i, this shows that x € N{(Z/K) as desired. U
Remark 1.6. Let K be a number field and keep the notation and the assumptions

of Theorem 1.4. The proof implies that, if L1, ..., L, are finite extensions of K
such that

(NLioxk, Kk, (Li @k K)*) [ 1 <i<r)=K)
for each v € Q, then there exists a finite extension L,;; of K such that
(Npyk(L) 1 <i<r+1)=K*.
Moreover, if L is a finite Galois extension of K containing all the L;, the field L, 4

can be chosen to be any finite extension of K which is linearly disjoint from L.

Number fields. In this paragraph, we focus on the case when K is a number field.
We give a new proof of the C ll—property for totally imaginary number fields, and
we see how this proof allows one to study some concrete examples.

Property C 11 for totally imaginary number fields. In Theorem 1.4, the assump-
tion that Z contains a geometrically integral closed subscheme cannot be re-
moved. Indeed, one can for example choose K = (), take for Z a variety over
L = Q(+/13, +/17) having a rational point in L and see Z as a K -variety. In this
case, Theorem 1.4 fails since the affine (2-variety defined by the equation

Npjo(x +yvV13+2z2vV17+1v221) = —1

does not satisfy the local-global principle.
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Nevertheless, the assumption that Z contains a geometrically integral closed
subscheme can be slightly weakened:

Corollary 1.7. Let K be a number field and let Z be K -variety. For v € Qg, we
denote by Z, the K,-scheme Z x g K,. Assume that there exist finite extensions

Ky, ..., K, of K such that Zg, contains a geometrically integral closed subscheme
for each i and the gcd of the degrees [K; : K]is 1. Then

Ker(Kx/Nl(Z/K) -1 KUX/Nl(ZU/KU)> =0.

UEQK

Remark 1.8. This corollary was previously only known for smooth, projective,
geometrically irreducible K -varieties [Kato and Saito 1983, Theorem 4] and for
proper varieties with Euler—Poincaré characteristic equal to 1 [Wittenberg 2015,
Proposition 6.2]. It generalizes those results according to Proposition 3.3 there.

Proof. According to Theorem 1.4, for each i, we have

Ker(KiX/Nl(ZKi/Ki)ﬁ 1_[ K,»,Xw/Nl(ZK,-,w/Ki,w))=0-

WGQK[.

Therefore a restriction-corestriction argument shows that the group

Ker(KX/Nl(Z/K)—> ]_[ K,T/Nl(Zv/Kv))

UGQK
is of [K; : K]-torsion for each i, hence trivial. O

Wittenberg [2015, Theorem 6.1] has recently proved property C 11 for totally
imaginary number fields. Theorem 1.4 allows us to obtain this result by a different
method. The passage from local results to global results is simpler and more explicit
than in Section 6 there.

Corollary 1.9. Let K be a number field and let Z be a hypersurface of degree d
in P such that d < n and N\(Z,/K,) = K* for each real place v of K. Then
Ni(Z/K)=K™*.

Proof. By Exercise 1.7.2(c) of [Hartshorne 1977], we know that the Euler—Poincaré
characteristic x (Z, Oz) 1= ;. dimg HéaI(Z, Ogz) is equal to 1. Hence, [Witten-
berg 2015, Proposition 3.3] establishes the existence of finite extensions K 1s..., K,
of K satisfying the assumptions of Corollary 1.7. We deduce that

Ker<KX/N1(Z/K) - T] KUX/Nl(Z,,/KU)> =0.

veQK
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But by Corollary 5.5 there, we have N1(Z,/K,) = K, for each finite place v of K.
By assumption, we also know that N1(Z,/K,) = K for each infinite place v of K.
We conclude that N1 (Z/K) = K*. O

Remark 1.10. Instead of using [Wittenberg 2015, Proposition 3.3] and Corollary 1.7
to prove that

Ker(KX/Nl(Z/K)—> I KUX/Nl(zv/Kv)) =0

UEQK

we could have combined Theorem 2 of [Kolldr 2007] (which asserts that a projective
hypersurface in P of degree d with d < n always contains a geometrically integral
closed subscheme) with Theorem 1.4. The proof of Proposition 3.3 of [Wittenberg
2015] is nevertheless more elementary than the one of Theorem 2 of [Kollar 2007].

Some concrete examples over number fields. It is interesting to notice that the
proof we have given of the C ll—property for totally imaginary number fields is quite
explicit: by this, we mean that in many numerical examples, it allows us to establish
more precise results than just the C! | -property. To see this, we first establish the
following lemma:

Lemma 1.11. Let n > 1 be an integer. Let M be a field of characteristic prime to n.
Fix an algebraic closure M of M. Assume that M contains all n-th roots of unity
and that M* /M *" is isomorphic to (Z/nZ)> Let ay, . .., a, be n + 1 elements of
M*. For0<i,j<nwithi # j, set M;; = M(«”/al.aj—l). Then

= (NMU/M(M:]() | 1 El’ an, l#])'

Proof. Write n = pi' - - - pi* with py, ..., p, pairwise distinct prime numbers and
1, ..., s positive integers. Since (NMZ.J./M(MZ?) |1 <i, j<n,i# j)contains
M*" and

S
MX/Mxﬂ ~ HMX/MXp;t’
t=1
it is enough to show that for each r € {1, ..., s}, the group M is spanned by the
subgroups Mxp‘ and NM,,/M(M,]) for1 <i,j<n,i#j.

We henceforth fix r € {l s} If there exist integers i and j with 0 <i, j <n
and i # j such that aia; le M xpi , there is nothing to prove. We can therefore
assume that a;a; lg M*P! for all 0 <i,j<nwithi # j.

For 0 <i, j <n withi ;é j, let ¢;; i be the largest divisor of p;' such that there
exists y;; € M satisfying yl ; =aja; . The following properties are satisfied for
0<i,j<nwithi # j:

(i) the integer p;" does not divide e;; j» because a;a ¢ mxr! ,
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(ii) the order of y;; in M>*/M P’ g pi' because M* /M xpi' g isomorphic to
Z/pi'2)%,

(iii) one has yie}j =y yj_oej 0
and we want to prove that the group M >/ M*” " s spanned by the Ny, m (Ml.’;.) for
0<i, j<n, i# j. Since the group Ny, m (Ml-j) contains y;; for each 7 and j and
M>*/M*P " s isomorphic to (Z/p,'Z)?, it is enough to prove the following abstract
sublemma provided that one chooses A = M>*/M*"" | x;; = y;; for 1 <i, j < p;'
withi # j and x;; = y;o fori € {1, ..., p;'}. O
Sublemma 1.12. Let p be a prime number and r > 1 an integer. Set n = p" and
let A = (Z/nZ)> Foreachi € {l,...,n}andeach j € {1,..., n}, let xjj be an
element of A and let e;; be a positive integer. Assume that

() for 1 <i, j <n,the integer p" does not divide e;;.

(ii) for eachi and each j, the order of x;j in A is n.
(i) for each i and each j suchthati # j, one has e;jx;j = e;jXii — €;jXj;.
Then A is spanned by all the x;j.
Proof. Consider an automorphism ¢ of A such that ¢ (x; 1) = (1, 0). By assumptions
(i) and (ii), we have ¢;;x;; # 0 for all i and j. Hence ¢ (e11x11), ..., ¢ (€qnXnn) are
pairwise distinct and nonzero. According to the pigeonhole principle, we deduce
that we are in one of the following situations:
Case 1: there exists ip € {1, ..., n} such that ¢ (e, Xiyi,) € {0} x (Z/nZ\ {0}). We
then conclude that x1; and x;,;, span A.
Case 2: there exist ig, jo € {1,...,n} such that ¢(e;,i,Xiyiy) — P(€jyjoXjojo) €
{0} x (Z/nZ\ {0}). We conclude that x;; and x;,;, span the group A. O

In the sequel, we will also need the following easy lemma:

Lemma 1.13. Let n be a positive integer and let q(n) be the number of prime
divisors of n. Let X be a generating set of A := Z/nZ. Then X contains a subset
X' which has at most q(n) elements and which spans A.

Proof. We proceed by induction on ¢ (n).

If g(n) = 1, then n = p? for some prime number p and some integer a. The set
X contains an element x which is not divisible by p, and one can simply choose
X' ={x}.

Now let g be a positive integer and assume that the lemma is known when

q(n) < g. Take n > 1 such that g(n) = g + 1 and write n = p{' ---pg‘j:f for
P1s .-+, Pg+1 pairwise distinct prime numbers and ay, . . ., a, 11 positive integers.

The set X contains an element x which is not divisible by p,1. The quotient group
A/(x) is spanned by the image X of X in A/(x). Since A/(x) is a cyclic group
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whose order m satisfies g (m) < g, the induction hypothesis shows that one can
find a subset X of X which has at most ¢ elements and which spans A /(x). By
choosing any lifting Xo € X of Xo C X having at most ¢ elements, one sees that
{x} U Xy is a subset of X which has at most g(n) elements and which spans A. [

Lemma 1.11 applies to p-adic fields containing n-th roots of unity and such that
p does not divide n. From this, our proof of Kato and Kuzumaki’s conjecture yields
the following proposition:

Proposition 1.14. Let n > 1 be an integer. Let K be a totally imaginary number
field containing n-th roots of unity. Let f € K[Xy, ..., X,] be a homogeneous
polynomial of degree n of the form

f :aOXS + ' '+anXZ +g(X09 AR ] Xn),
where each monomial appearing in g contains at least three different variables. Set
N=1In(n+1)+14[K:Qlgn)(gn)+1),

where q(n) denotes the number of prime divisors of n. Then there exist N finite
extensions K1, ..., Ky of K such that

(1) the equation f = 0 has nontrivial solutions in K; for each i,
(ii) K* is spanned by the subgroups N, ;x (K) for 1 <i < N.

Proof. For 0 <i < j <n, consider the field K;; = K((’/al-aj—l). Fix v a place of K
not dividing n and denote by k(v) the residue field of K,. Since K contains n-th
roots of unity, n divides the order of k(v)*. Hence Proposition I1.5.7 of [Neukirch
1999] implies that KX /K" = (Z/nZ)%. Lemma 1.11 then shows that K* is
spanned by the subgroups NK,-j®KKU/KU((Kij Rk K,)X).

Fix now v a place of K dividing n. Since the maximal unramified extension
of K, is a C;-field [Lang 1952, Theorem 12], there exists a finite unramified
extension L, ¢ of K, such that the equation f = 0 has a nontrivial solution in L, g.
As L, /K, is unramified, the group Ny, ,/k,(Ly,0”) contains O. Moreover, by
Corollary 5.5 of [Wittenberg 2015], the group K¢ is spanned by the images of the
norm morphisms Ny g, when M describes finite extensions of K, such that the
equation f = 0 has nontrivial solutions in M; hence, by applying Lemma 1.13 to
the group A = (KUX/KUX")/(OUX/OUX") (which is isomorphic to Z/nZ), one can
find g (n) finite extensions L, 1, ..., Ly 4n) of K, such that the equation f =0
has nontrivial solutions in L, ; for each i and the subgroup of K© spanned by the
subgroups Ny, ,/k, (L:’i) contains a uniformizer. Hence the group K is spanned by
the subgroups Np, .ok, /K, (L:, ;) for 0 <i < g(n). By Greenberg’s approximation
theorem, we deduce that there exist finite extensions My o, My 1, ..., My 4n) of K
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such that the equation f = 0 has nontrivial solutions in M, ; for 0 <i < g(n) and
K is spanned by the subgroups Ny, .k, /k, (My,; @k Ky)™).

Let M be a Galois extension of K containing all the K;; and all the M, ;. Let L
be a finite field extension of K which is linearly disjoint from M and such that the
equation f = 0 has a nontrivial zero in L. Such an extension L exists by Theorem
2 of [Kollar 2007] and by Lemma 1.1. Then, by Remark 1.6, the group K* is
spanned by the subgroups NKU/K(K;;) (for 0 <i < j < n), Nm,;/k (M,;) (for
0 <i<gq(n))and N ,x(L™). The corollary follows since the number of finite
extensions of K that enter the game here is at most N. U

Here is a concrete example:

Example 1.15. Consider the case where K = Q(i) and
f=X§+2X7+aX3 € K[Xo, X1, X2]

for some a € Z such that a is congruent to 1, 3, 9, 11, 17, 19, 25 or 27 modulo 32.
Let v, be the unique place of K above 2 and note that we have

L+i=Ngyayx, (1+31=DV2),

hence
1+i €Ny, (ayx,, (K, (v2)%). 2)

Moreover, one easily checks that the assumptions on a imply that the extension
Ky, (y/a)/K,, is unramified. Hence

Oy, € Nk, () /K., (Ko, (V@) ™). )

From the inclusions (2) and (3), we get that the group K is spanned by the sub-
groups NK,, (v2)/K, (K, (+/2)*) and Nk, (Ja)/K,, (K, (Va)™). Using Lemma 1.11,
we deduce that for each place v of K, the group K is spanned by the subgroups
Nk, (vB)/Kk, (Ky(v/b)*) for b € {2, a, 2a}. One can then easily check that the exten-
sions K (\/5, J/a) and K (v/a + 2) are always linearly disjoint over K. Therefore
K> is spanned by the subgroups NK(JB)/K(K(\/E)X) forbe{2,a,2a,a+2}. Of
course, for such b, the equation f = 0 has nontrivial solutions in K (+/b).

Global fields of positive characteristic. In this paragraph, we focus on the case
when K is a global field of positive characteristic. We prove of the C ll—property «
away from p », and, as in the case of number fields, we see how the proof allows
one to study some concrete examples.

We start by introducing a variant of the group N;(Z/K) which will allow us to
study the Cll—property away from p for global fields of positive characteristic:
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Definition 1.16. Let K be a field of characteristic p > 0. Let Z be a K-scheme of
finite type. We denote by N f’ (Z/K) the set of x € K™ such that there exists an
integer r > 1 satisfying x”" € N{(Z/K).

The following proposition is a consequence of Theorem 1.4:

Proposition 1.17. Let K be the function field of a curve over a finite field of
characteristic p > 0. Let Z be a K -variety containing a geometrically irreducible
closed subscheme. For v € Qg, we denote by Z,, the K,-scheme Z x g K,. Then
the abelian group

Ker(Kx/Nl(Z/K) — ]_[ KUX/N{’(ZU/KU)>
veQk
is a p-primary group.

Proof. Consider an element x € K* whose class modulo N;(Z/K) lies in

Ker(KX/Nl(Z/K)—> 1 KUX/Nf’(Zv/KU)).

UEQ](

By assumption, for each v € Q, there exists r, > 0 such that xP" e N, (Z,/Ky) <
N{(Z,/K,). Furthermore, there exists an integer m > 0 such that x™ € N7 (Z,/K,)
for each v € Q. We conclude that there exists » > 0 such that x?" € N{(Z,/K,)
for each v € Qg. According to Theorem 1.4, this shows that x? e N{(Z/K). We
can therefore consider finite extensions Ky, ..., K, of K such that, if K; ; denotes
the separable closure of K in K;, we have xP e <NK,-,S/K(K,‘T‘-) |1 <i<n)and
Z(K;) # & for each i. Since all the degrees [K; : I/( i.s] are powers of p, this implies
that there exists an jnteger r’ > 0 such that (x”")?" € (NKi/K(Kl.X) |1<i<n). We
conclude that x”" € N{(Z /K), which finishes the proof of the corollary. (]

We are now ready to prove the C 11 -property away from p for global fields of
characteristic p.

Theorem 1.18. Let K be the function field of a curve over a finite field of charac-
teristic p > 0 and let Z be a hypersurface of degree d in Py such that d < n. Then
the exponent of the group K> /N1(Z/K) is a power of p.

For the proof, it is useful to recall from [Wittenberg 2015] that a field L is
said to be strongly C 11 away from p if, for each finite extension L’ of L, each
proper scheme Z over L’ and each coherent sheaf E on Z, the Euler—Poincaré
characteristic x(Z, E) kills every element of K 3” (L")/Ny(Z /L") whose order is
not divisible by p.

Proof. If A is a torsion abelian group, we denote by A{p’} the subgroup of A
constituted by elements of A whose order is not divisible by p. For each proper
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K -scheme Z, we define
H{(Z/K)=K*/N{(Z/K)

and we denote by nz the exponent of the abelian group H{(Z/K){p'} if Z is
nonempty or 0 otherwise. We say that Z satisfies property P if Z is normal. We
are now going to check the three assumptions that appear in Proposition 2.1 of
[Wittenberg 2015].

(1) This is obvious, because a morphism of proper K -schemes Y — Z induces a
surjective morphism H(Y/K) — H|(Z/K).

(2) Let Z be a proper normal K-scheme. Let K’ be the algebraic closure of K in
K (Z). Then Z is naturally endowed with a structure of proper geometrically
irreducible K’-scheme. According to Proposition 1.17,

Ker<H1(Z/K/)—> [1 H1<ZU/K;)>{p/}=0.

UGQ[(

Moreover, since K|, is strongly C 11 away from p for each v € Qg according
to Corollary 4.7 of [Wittenberg 2015], the group H(Z,/K,){p’} is killed
by xx'(Z,0z). We deduce that the group H{(Z/K'){p’} is also killed by
xk'(Z,0z). But xx(Z,0z) = [K’ : Klxx'(Z,Oz). Hence a restriction-
corestriction argument shows that xx (Z, Oz) kills H;(Z/K){p'}. The integer
nz has therefore to divide xx (Z, Oz).

(3) It suffices to choose the normalization morphism.
We can therefore apply Proposition 2.1 of [Wittenberg 2015] and deduce that the
field K is strongly C 11 away from p. The corollary then follows from the fact an

(n — 1)-dimensional projective hypersurface of degree d with d < n has Euler—
Poincaré characteristic 1. U

Remark 1.19. While Corollary 1.9 was already proved in [Wittenberg 2015],
Theorem 1.18 is new.

In the same way as in the case of number fields, one can get more precise results.
For example, one can prove the following proposition similarly to Proposition 1.14:

Proposition 1.20. Letn > 1 be an integer. Let K be the function field of a curve over
a finite field and assume that K contains n-th roots of unity. Let f € K[Xo, ..., X,]
be a homogeneous polynomial of degree n of the form

f:a0X6l+"'+anXZ+g(X0,---,Xn)s

where each monomial appearing in g contains at least three different variables. As-
sume that the projective hypersurface defined by f = 0 is geometrically irreducible.
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Set
N=in(n+1+1

Then there exist N finite extensions K1, ..., Ky of K such that

(i) the equation f = 0 has nontrivial solutions in K; for each i,

(i) K™ is spanned by the subgroups Nk, x (K™) for 1 <i < N.

2. Function fields of varieties over an algebraically closed field

In this section, we are going to establish Kato and Kuzumaki’s conjectures for
function fields of varieties over an algebraically closed field of characteristic O.
We have already recalled that the Bloch—Kato conjecture implies that a field of
characteristic 0 is Cg if and only if it is of cohomological dimension at most g.
The proposition that follows is a particular case of this result. Anyway, we give an
elementary proof, because its ideas will be useful in the sequel in order to establish
Theorems 2.2 and 3.9:

Proposition 2.1. Let k be an algebraically closed field of characteristic 0. Then
the field K = k(ty, . .., 1,) satisfies property Cg.

Proof. We proceed by induction on g. The result is obvious for ¢ = 0. Assume now
that we have proved the proposition for some g > 0 and consider the field K =
k(ti, ..., t441). Let Ly be a finite extension of K and L be a finite extension of L.
Let uy, ..., uq+1 be elements of L. We are going to prove that {uy, ..., ug41} €
Nr,/L, (K%rl (L2)).

To do so, we construct a family (wy, ..., wy) of elements in Lf in the following
way:

e if uy, ..., ugyq are not algebraically independent over k, we consider a tran-
scendence basis (vy, ..., v,) of the extension Ly /k(uy, ..., usy1) and we set
(Wi, ooy wy) = (U, .oy Ugy, V1, ey Up1);

o if uy, ..., uyq are algebraically independent over k, we set (wy, ..., wy) =
(ul, ey uq).

Let M, (resp. M>) be the algebraic closure of k(wy, ..., wy) in L (resp. L»).
Let C; (resp. C;) be a geometrically integral curve over M; (resp. M) such that
M;(Cy) =L (resp. M2(C3) = L»). Since M (C)) is a Cy field and M(C2)/M;(C})
is a finite extension, Propositions 10 and 11 of Section X.7 of [Serre 1979] imply
that u,y; € NAZ(CZ)/AZ(Q)(IWZ(CZ)X)- And so there exist a finite extension F of
M, and y € F(Cy)™ such that u, 11 = Nr(c,)/r(c,)(y). Moreover, by the inductive
assumption, M satisfies property C{!, and hence there exists x € K ;” (F) such that
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{uy, ..., uy} = Np/m, (x). We deduce that

NiyyL (NFcyyL, (X, y1)) = Necyyymycny (x5 ¥
= Nrc)y/mic)(NFey/renp (X, y1)
= Nr(cyy/mic{x, ugs1})

={ur,...,ug41}.

We have therefore proved that {uy, ..., us41} € NLZ/LI(K%I(Lz))- As a conse-
quence, the field K satisfies the Co property (Il

We are now ready to establish Kato and Kuzumaki’s conjectures for the function
field of a variety over an algebraically closed field of characteristic O:

Theorem 2.2. Let k be an algebraically closed field of characteristic 0. Then the
function field of a q-dimensional integral k-variety satisfies the C lj -property for all
i>0and j>0suchthati+ j=q.

Proof. Let K be the function field of a g-dimensional integral k-variety. Leti > 0
and j > 0 be integers such that i + j = ¢. If j =0, there is nothing to prove because
the field K is Cy. If i = 0, the result follows from the previous proposition. Hence
we can now assume that i 7 0 and j # 0.

Fix a finite extension L of K. Let Z be a hypersurface of degree d in P}

withd’ <n andlet uy,...,u ; be elements of L*. We will show that the sym-
bol {uy,...,u;} is in N;(Z/K). Let (v, ..., v,) be a transcendence basis of
the extension L/k(uy,...,uj) (with r > 0). Let M be the algebraic closure of
k(uy,...,uj,vg—jy1,...,v;) in L (so that the transcendence degree of M /k is j)

and let X be a geometrically integral M-variety of dimension i such that M(X) =L
Since the field M (X) is C;, the variety Z has points in M (X). Therefore, there
exists a finite extension F of M such that Z(F (X)) # &. Moreover, since the
norm Ng/y : KM(F) — KM(M) is surjective according to Proposition 2.1 and
{uy,...,uj}e KM(M) we get {uy,...,uj}e NF/M(KM(F)) As a consequence,
{ur,...,uj} e NF(X)/M(X)(KJM(F(X))) and K has the Cl]-property O

Remark 2.3. In the previous theorem, we have in fact proved that, if L is a finite
extension of k(#1, ..., ;) and Z is a hypersurface of degree d in P} with d' <n,
then for each j- symbol xeKk; M (L) there exists a finite extension M of L such
that Z(M) # @ and x € NM/L(K (M)). In particular, ifi =q¢ — 1 and j =1, for
each element x in L*, there exists a finite extension M of L such that Z(M) # &
and x € NM/L(MX).
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3. Local fields with a function field as residue field

Problem and strategy. The goal of this section is to prove the conjectures of Kato
and Kuzumaki for complete discrete valuation fields whose residue field is the
function field of a variety over an algebraically closed field of characteristic 0. In
particular, this applies to the field C(x)((¢)), for which properties Cé and Cg are
already known and for which we are going to establish property C 11

The main difficulty we face in order to establish the C 11 -property for the field
K = C(x)((?)) lies in proving that, if Z is a hypersurface in P} of degree d < n,
then t € N1(Z/K). To do so, we are going to show that if we adjoin all the roots
of ¢ to K, then the field Ko, we obtain is Cy: this will imply that Z(K) # @.
In order to establish the C;-property for K, we will have to establish a modular
criterion allowing us to determine whether an affine variety over K, has a rational
point (Corollary 3.8). For this purpose we will heavily use the constructions of the
article [Greenberg 1966].

Greenberg’s approximation theorem revisited. We start by recalling the theorem:

Theorem 3.1 [Greenberg 1966, Theorem 1]. Let R be a henselian discrete valuation
ring with field of fractions K. Let t be a uniformizer of R. Let F = (Fy, ..., F,) be
a system of r polynomials in n variables with coefficients in R. We assume that K
has characteristic 0. Then there exist integers N > 1, ¢ > 1 and s > 0 (depending
exclusively on the ideal F R[X] of R[X] generated by Fy, ..., F,) such that, for
each v > N and each x € R" satisfying

F(x)=0 mod ",
there exists yE R"™ such that
y=x mod = and F(y)=0.

In particular, if the system £ = 0 has solutions modulo #” for each m > 1, then
it has a solution in R.

From now on, fix a henselian discrete valuation ring R with field of fractions K.
Assume that K has characteristic 0 and fix an algebraic closure K of K. Let ¢ be
a uniformizer of R and choose a compatible system {r!/ 1}4>1 of roots of ¢ in K:
by this, we mean that the elements 7'/9 of K satisfy the relation (¢'/@4))4" = 1/4
for each ¢, ¢’ > 1. For ¢ > 1, we set K, = K(t'/9) and R, = Ok,. We also
set Koo = J,>1 K and Roo =, R;. We want to establish a similar result to
Theorem 3.1 for the field K. In that respect, we start by proving a simple lemma
in commutative algebra.

Definition 3.2. We say that an ideal / of R[X] is ¢-saturated if, for each f € R[X]
such that tf € I, we have f € I.
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Remark 3.3. Of course, the previous definition is independent of the choice of the
uniformizer ¢. But since in the sequel we will have to replace R by R,, it will be
useful to systematically track a uniformizer of the ring we will be working on.

Lemma 3.4. Let I be an ideal of R[X].

(1) If I is t-saturated, then IR;[X] is t1/4 saturated for each g > 1.
(ii) If I is radical and t-saturated, then I1R,[X] is radical for each g > 1.

Proof. (i) Assume that / is ¢-saturated. Fix an integer ¢ > 1 and let f € R,[X] such
that t1/4 f € IR,[X]. Write t'9f =3""_ fig;, with f; € I and g; € R,[X]. For
eachi e {1, ..., n}, let h; be a polynomial in R[X] such that 1174 divides g —h;in
R, (i.e., the valuation of g; — h; is strictly positive); this can be achieved because
R and R, have the same residue field. We can now write

=) figi—hi)+ ) fihi.
i=l i=1

Thus,  divides ) ;_, fih; in R[X]. Since [ is t-saturated and Y ;_, fih; € I, we
deduce that ) ;_, f;h;/t € I. The equality
N 8T gy X fili
= 21: i 1
=
then implies that f € /R,[X] and hence the ideal /R,[X] is t1/4 -saturated.

(ii) Assume that [ is radical and z-saturated. Fix ¢ > 1 and let f be a polynomial
in R,[X] such that " € IR,[X] for some n > 0. Since [ is radical, one immediately
checks that /K[X] is also radical. This implies that /K,[X] is also radical, because
the extension K, /K is separable. Hence f € IK,[X]. This means that there exists

r > 1 such that t"/9 f e IR,[X]. Since IR;[X] is t!/4_saturated (by part (i)), we
deduce that f € IR,[X]. Hence the ideal /R,[X] is indeed radical. O

In order to prove a similar result to Theorem 3.1 for K, we need to work
simultaneously with all the fields K, which all satisfy Theorem 3.1. More precisely,
if we fix a system of polynomial equations over R, we can see it as a system of
equations with coefficients in R, for each ¢ > 1; Theorem 3.1 then gives us integers
Ny, ¢4 and 54, and our goal in the sequel is to control these integers when ¢ varies.
It is therefore quite natural to introduce the following technical definition:

Definition 3.5. Let F = (F1, ..., F,) be a system of r polynomials in n variables
with coefficients in R.

(1) Fix ¢ € N. We say that a triplet (N, c,s) € N x N x Ny is associated to
(R,t,q, F) if it satisfies the following property: for each v > N and each
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x € Ry such that
F(x)=0 mod tv/q’

there exists yE R;’ such that

y=x mod r"/1=9/4  and F(y)=0.

(i) We say that a 4-tuple (gg, N, c,s) € N x N x N x Ny is (R, ¢, F')-admissible
if, for each ¢ > 1, the triplet (¢ N, c, gs) is associated to (R, t, gqo, F).

We are now ready to state the following theorem:

Theorem 3.6. Let R be a henselian discrete valuation ring with field of fractions K.
Assume that K has characteristic 0 and fix a uniformizer t of R. For g > 1, we set
K, = K (t'9) and R, = Ok,. Let F = (F\, ..., F;) be a system of r polynomials
in n variables with coefficients in R. Then there exists a 4-tuple (qo, N, ¢, s) which
is (R, t, F)-admissible.

In order to establish this theorem, we are going to use considerably the construc-
tions developed in the proof of Theorem 3.1 (see [Greenberg 1966]).

Proof. Denote by V the affine K -variety defined by F =0 and let m be its dimension.
We are going to prove by induction on m that there exists a (R, ¢, F')-admissible
4-tuple of integers.

e If m=—1(ie., V =), there exists a nonzero u € RN F R[X]. Then the 4-tuple
(1, valg(u) +1,1,0) is (R, t, F)-admissible, since for these values of ¢g, N, c, s,
the assumption appearing in Definition 3.5(i) fails.

e Now assume that m > 0.

o Assume in the first place that ' R[X] is radical and r-saturated, and that Vx__ is
irreducible. In this case, Lemma 3.4 shows that the ideal F'R,[X] of R,[X] is radical
for each ¢ > 1. Let J be the jacobian matrix of F' and let D be the system of minors
of size n —m in J. By the inductive assumption, there exists a 4-tuple (g, N', ¢/, s)
which is (R, ¢, F', D)-admissible. For I C {1, ..., r} with |I| = n — m, denote by
F; the system constituted by the polynomials F; for i € I. Let V; be the K -variety
defined by the system F'; =0. Let V]+ be the union of the irreducible components of
Vi which are m-dimensional and different from V. Let G be a system of generators
of the ideal of V1+ in R[X]. By the inductive assumption, there exists a 4-tuple
(qo.1, N1, ¢y, s) which is (R, t, Gy, F)-admissible. Set

90 = q l_[ q0,1-

[I|=n—m
I1<{1,...,n}
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According to the proof of Theorem 1 of [Greenberg 1966], for each g > 1, the
triplet (N@), ¢@), 5@ defined by

N@ = 2+2qq0max{N max{ ‘IC{I ,n}, |I|=n—m}}
CI() qo,1
D =2max{c’,max{c; | I C{1,...,n}, [I|=n—m}}

s(q)—l—l—qqomax{ max{ |IC{1 ., n}, |I|:n—m”

qo qo,1

is associated to (R, ¢, gqo, F)). We deduce that the 4-tuple (qo, N, c, s) defined by

N:2+2qomax{i,max{ ‘IC{l n},lllzn—m”

90 q0,1
c=2max{c’,max{c; | I C{1,...,n},|I|=n—m}}
s=1—|—q0max{ ,max{—L | C{1,. n},|I|=n—m}}

6]0 qo,1

is (R, t, F)-admissible.

o We no longer make any assumptions on the ideal F R[X] or the variety Vg_ .
Let q(’) > 1 be an integer such that the irreducible components Wy, ..., W, of Vi "
remain irreducible over K. Foreach j € {1,...,u},let I j’ be the prime ideal of
Kq(/)[)_( | defining W;. Consider the ideal

e 7! ,
I;:=1INRy[X].

Let G; be a system of generators of /;. The ideal /; is radical and 11/40-saturated.
Moreover, the K, -variety defined by I; is Wj; it is a variety of dimension at most
m and (W})g_, is irreducible. We deduce that there exists a 4-tuple (qo, ;, Nj, ¢j, 5})
which is (R /9, G;)-admissible. Note now that there exists an integer w € N*
such that (I ---I,)" € FK,[X]. Hence there exists v € N* such that

(L )Y C FRy[X]. 4)

Set go = ¢ ]_[j qo, j, and consider an integer g > 1. Denote by val: R,,, — ZU{o0}
the valuation on R, and introduce the integers

N@ _quqo (max{ }—i—v)
q() qo,;j

D =yw max({c;},

s = l—i—qqo (v—l—max{ })
qO q0.j
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Fix v > N and x € R}, such that F(x) =0 mod /@4, If we are given
polynomials g € I1Ry40[ X1, ..., gu € 1, Ry4[ X1, the inclusion (4) implies that

u w
v < Val[t“vw/%(l_[ gj()_c)) i| = qq/o i(x)).
i1 90
J_
Hence there exists an integer jo € {1, ..., u} such that
v 4940
val(gjy(x)) > — — —-v.
uw g,
Since this is true whatever the chosen polynomials g1 € I1 Ry [X]1, ..., 8. €
I, Ry4,[X] are, we conclude that there exists j; € {1, ..., u} such that
v 4940
forall g € I, Ryq[X], val(g(x)) > — — —-v. )
uw g,
As v > N@, we also have
v q490 q490
—_———v> Nj,. (6)

uw gy 4o40.jo
Since the 4-tuple (qo, jy» Njy: Cjos Sjy) 18 (Ry, 1 /40 , Gj,)-admissible, the triplet

((990/9990.;) Njy» ¢jo» (@q0/q090.jy)S ) i associated to (Ryy- 11, (qq0/4(). Gjo)-
We then deduce from (5) and (6) that there exists yE R such that

y=x mod t*/4%) and Gj(y)=0

where u = [v/cjuw] — (gq0/g9)cj,)v — 1 — (gq0/9(q0,j,)S j,- This implies that

y=x mod tW/e"1=s /@) and F(y) =0

and hence the triplet (N©, ¢, s@) is associated to (R, t, gqo, F). Therefore the
4-tuple (qo, N, c, s) defined by

N_quo(maxi }—i—v) ¢ = uw max{c;}, s_l—i—qo(v—i—max[ })
q() qo0.j QO qo,;j

is (R, t, F)-admissible. U

Corollary 3.7. Let R be a henselian discrete valuation ring with field of fractions K.
Assume that K has characteristic 0 and fix a uniformizer t of R. For q > 1, we set
K, =K' and R, = Ok,. We also set Ko = Uq>1 K, and Ryo = qul R,. Let
F = (F, ..., F,) be asystem of r polynomials in n variables with coefficients in
Roo. There exists M € Qq, v € N and o € Q¢ satisfying the following property:
for each rational number @ > M and each x € R” such that

F(x)=0 mod t*,
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there exists y € Ry, such that
y=x mod """% and F(y)=0.

Proof. By replacing R by R, for some sufficiently large ¢, we can assume that the
system F has coefficients in R. According to Theorem 3.6, there exists a (R, ¢, F)-
admissible 4-tuple (g9, N,c,s). Set M = N/qg, v = c and 0 = (s + 1)/qo.
Consider u € Q such that u > M and write u = a/b with a, b € N. Assume that
there exists x € RS, such that F(x) =0 mod 7. Let g; > 1 be such that x € Ry, .
We know that, for each g > 1, the triplet (¢ N, c, gs) is associated to (R, ¢, gqo, F).
In particular, the triplet (bg| N, c, bq;s) is associated to (R, t, bq1qo, F). Since
F(x)=0 mod " and u > N/qo, we deduce that there exists y € Rl’;qo @ such that
F(y)=0and

1
y=x modt* with A= <[aq1qo] —bqls).
- bq190 c

This finishes the proof because A > u/c —o. (I

Corollary 3.8. Under the assumptions of Corollary 3.7, if the congruence F(x) =0
mod ¥ has solutions in R for each integer v > 1, then the equation F(x) =0 has
solutions in R.

Statement for the field C(xy, . .., x,)((t)). We are finally ready to establish Kato
and Kuzumaki’s conjectures for complete discrete valuation fields whose residue
field is the function field of a variety over an algebraically closed field of character-
istic O:

Theorem 3.9. Let k be an algebraically closed field of characteristic zero and fix
m > 1. Let Y be an m-dimensional integral k-variety and set K = k(Y)((¢)). Then
the complete field K satisfies the Cl.] -property for all i > 0 and j > 0 such that
i+j=m+1.

Proof. Since the field K is C,,+; and has cohomological dimension m + 1, we can
assume that j # 0 and i 0. In the sequel, we fix an algebraic closure K of K. All
fields will be understood as subfields of K.

Let Z be a hypersurface of P} of degree d, with d' < n. We want to prove that
N;(Z/K) = KJM(K). ‘

Fix first a j-tuple (u1,...,u;) € k(Y)*’. We are going to prove that {uy,...,u;} €
N;(Z/K). For this purpose, let (vy,...,v,) be a transcendence basis of the ex-
tension k(Y)/k(uy,...,u;) and denote by M the algebraic closure of the field
k(uy,...,uj,Vm—ji1,...,v,) in K; it is a field of transcendence degree j over k. Let
Y’ be a geometrically integral M -variety of dimension i — 1 such that k(Y) = M (Y’).
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The field M (Y’) is C;_1, and therefore the field
K= |J FO@®)

F/M finite

is C;. We deduce that Z(Ky) # 9, and hence there exists a finite extension
F of M such that Z(F(Y')((t))) # @. Since M is C/, we have {uj, ..., ujl €
NF/M(K/M(F))’ and hence {u1,...,u;} € Nj(Z/K') as desired.

Fix now a (j — 1)-tuple (u1,...,u;_1) € k(Y)XJ*l. We are going to prove that
{uy,...,uj_1,t} € N;(Z/K). For this purpose, consider a homogeneous polyno-
mial f € k(Y)[t1[Xo, ..., X,] defining Z. Let (vy, ..., v,) be a transcendence
basis of the extension k(Y)/k(uy, ..., u;_1) and denote by M the algebraic closure
of k(uy,...,uj—1,vu—j42,...,v,)in K: itis a field of transcendence degree j — 1

over k. Let Y’ be a geometrically integral M-variety of dimension i such that
k(Y)=M(Y'). We set

ku= |J FOY), Ru:= J F@)II.
F/M finite F /M finite

The ring Ry, is a henselian discrete valuation ring with fraction field Ky, uni-
formizer ¢ and residue field M (Y’). We also set

Koo i= U Ky, Ry := U Ry [t1].
g>1 g>1

Let my be the maximal ideal of Ry, and fix an integer v > 1. Let f, and g, be
homogeneous polynomials of degree d, f, € M((¢))(Y)[Xo, ..., X,] and g, €
Roo[Xo, ..., X,] such that

f= fv+tvgv-

Since M ((t))(Y') is C; and is contained in K, there exists (xo, ..., X,) € R \m/ !
such that f,(xg,...,x,;) = 0. We therefore have

f(x0,...,x,) =0 mod 1".

Since this is satisfied for each v > 1, we deduce from Corollary 3.8 that Z(K ) # &.
We can then consider a finite extension F/M and an integer ¢ > 1 such that
Z(F(Y")((t'/))) # @. As M has the Cé_l—property, there exists x € KjA’il(F) such
that Np/g (x) = {uy, ..., u;_1}. Hence:
Ny x (. 179 = Neanaomanay (Ve ranay (x. 179)
= Nr)@p/man @y ((x, £13)
={ug,..., Uj—1, +1}.

We conclude that {uy, ..., u;_1,t} € N;(Z/K).
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Since the group K ].M (K)/d is spanned by symbols of the form {uy, ..., u;} and
{ur, ... uj_y, 1} with (uy, ..., u;) €k(Y)*’, we get Nj(Z/K) = KJM(K). O

Remark 3.10. Let £ be an algebraically closed field of characteristic O and let Y
be an integral k-variety of dimension m. The previous proof shows in fact that, if
M is an extension of transcendence degree j — 1 over k contained in k(Y) and if
Y’ is an integral M-variety such that M (Y') = k(Y), then the field

Ko=) U FOH@»e"

g>1 F/M finite

is Cput1-j- In particular, the field |J,-.; COx) (1) (t'/4) is C1.
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Height bounds and the Siegel property
Martin Orr

Let G be a reductive group defined over @ and let & be a Siegel set in G (R). The Siegel property tells us
that there are only finitely many y € G (Q) of bounded determinant and denominator for which the translate
y.G intersects G. We prove a bound for the height of these y which is polynomial with respect to the
determinant and denominator. The bound generalises a result of Habegger and Pila dealing with the case
of GL,, and has applications to the Zilber—Pink conjecture on unlikely intersections in Shimura varieties.

In addition we prove that if H is a subset of G, then every Siegel set for H is contained in a finite
union of G (Q)-translates of a Siegel set for G.

1. Introduction

A Siegel set is a subset of the real points G(R) of a reductive (D-algebraic group of a certain nice form.
The notion of a Siegel set was introduced by Borel and Harish-Chandra [1962], in order to prove the
finiteness of the covolume of arithmetic subgroups of G(R). In this paper we use a variant of the notion
due to Borel [1969] which takes into account the Q-structure of the group G, and gives an intrinsic
construction of fundamental sets for arithmetic subgroups in G (R).

Let & C G(R) be a Siegel set (see Section 2 for the precise definition). The primary theorem of this
paper is a bound for the height of elements of

6.6 NG ={ycG@Q):y.6N6 # )

in terms of their determinant and denominators. This gives a quantitative version of [Borel 1969,
Corollaire 15.3], which asserts that §.&~'NG(Q) has only finitely many elements with given determinant
and denominators. This in turn implies a quantitative version of the Siegel property, one of the key
properties of Siegel sets.

Theorem 1.1. Let G be a reductive Q-algebraic group and let S C G (R) be a Siegel set. Let p: G — GL,
be a faithful Q-algebraic group representation.
There exists a constant C| (depending on G, S and p) such that, for all

y €6.6'NGQ),
if N =|det p(y)| and D is the maximum of the denominators of entries of p(y), then

H(p(y)) <max(C,ND", D).

MSC2010: primary 11F06; secondary 11G18.
Keywords: reduction theory, Siegel sets, unlikely intersections.
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This theorem was inspired by a result of Habegger and Pila [2012, Lemma 5.2]. They dealt with the
case G = GL;, as a step in proving some cases of the Zilber—Pink conjecture on unlikely intersections
in Y(1)*. We are motivated by applications of Theorem 1.1 to the Zilber—Pink conjecture in higher-
dimensional Shimura varieties, which is the subject of work in progress by the author. The key point for
these applications is that the bound is polynomial in the determinant N.

The second main theorem of this paper compares Siegel sets for the group G with Siegel sets for a
subgroup H C G, which can be seen as a result on the functoriality of Siegel sets with respect to injections
of (D-algebraic groups. This theorem is used in the proof of Theorem 1.1 to reduce to the case G = GL,,.
It also has its own applications to the Zilber—Pink conjecture.

Theorem 1.2. Let G and H be reductive Q-algebraic groups, with H C G. Let S be a Siegel set in
H (R). Then there exist a finite set C C G(Q) and a Siegel set Sg C G(R) such that

Gy CC.Gq.

Theorem 4.1 gives some additional information about how the Siegel sets G and G g are related to
each other (in terms of the associated Siegel triples).

1A. Previous results: height bounds. The primary inspiration for Theorem 1.1 is the following result
of Habegger and Pila.

Proposition 1.3 [Habegger and Pila 2012, Lemma 5.2]. Let F denote the standard fundamental domain
for the action of SL(Z) on the upper half-plane.

There exists a constant Cy such that: for all points x, y € F, if the associated elliptic curves are related
by an isogeny of degree N, then there exists y € My(Z) such that

yx=y, dety=N and H(y)<C,N'".

In order to relate Proposition 1.3 to Theorem 1.1, recall that the upper half-plane # can be identified
with the symmetric space GL,(R)™/R* SO, (R), with GL,(R)™ acting on by Mébius transformations.
Under this identification, the standard fundamental domain

F={zeH:—1<Rez=<3, [z] =1}
is contained in the image of the standard Siegel set
G = Q]/zAﬁ/zK C GL>(R),

as defined in Section 2A.

We further identify the quotient SL,(Z)\'H with the moduli space Y (1) of elliptic curves over C. It is
easy to prove that the elliptic curves associated with points x, y € H are related by an isogeny of degree
N if and only if there exists y € M»(Z) such that

yx=y and dety =N. (1)
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Theorem 1.1 tells us that any y satisfying (1) has height at most C; N, improving on the exponent 10
which appears in Proposition 1.3.

Theorem 1.1 also implies a uniform version of the following previous result of the author (which is a
combination of [Orr 2015, Lemma 3.3] with [Orr 2017, Theorem 1.3]).

Proposition 1.4. Let F, denote the standard fundamental domain for the action of Sp,,(Z) on the Siegel
upper half-space of rank g. Fix a point x € Fj.

There exist constants C3 and Cy4 such that for all points y € F,, if the principally polarised abelian
varieties associated with x and y are related by a polarised isogeny of degree N, then there exists a matrix
y € GSp,, (@)™ such that

yx=y and H(y)<C3N®.

In Proposition 1.4, the constant C3 depends on the fixed point x € F, and only the other point y is
allowed to vary. On the other hand, we can apply Theorem 1.1 to the symmetric space H, in a similar
way to that sketched above for H. This gives a much stronger result in which the constant is uniform in
both x and y. Hence Theorem 1.1 can be used to prove results on unlikely intersections in A4, x A, for
which Proposition 1.4 is not sufficient.

Note that [Orr 2015, Lemma 3.3] gives a height bound for unpolarised as well as polarised isogenies.
It is not possible to directly deduce a uniform version of this bound for unpolarised isogenies from
Theorem 1.1 because [Orr 2015, Lemma 3.3] concerns the homogeneous space GL,,(R)/ GL, (C) while
Theorem 1.1 applies to the symmetric space GL2,(R)/R* Oz, (R).

1B. Previous results: Siegel sets and subgroups. Let H be a reductive Q-algebraic subgroup of G =
GL,. Borel and Harish-Chandra [1962, Theorem 6.5] gave a recipe for constructing a fundamental set for
H (R) which is contained in a finite union of G (Q)-translates of a Siegel set for G. However it is not
obvious how the resulting fundamental set is related to a Siegel set for H. Theorem 1.2 resolves this by
directly relating Siegel sets for G and H.

Theorem 1.2 can also be interpreted as a result about functoriality of Siegel sets. According to a remark
on [Borel 1969, p. 86], if f: H — G is a surjective morphism of reductive (Q-algebraic groups and Gy
is a Siegel set in H(R), then f(Sp) is contained in a Siegel set in G(R). Theorem 1.2 gives a similar
result for injective morphisms of reductive Q-algebraic groups, where the conclusion must be weakened
to saying that the image of a Siegel set is contained in a finite union of G (Q)-translates of a Siegel set.
We can of course combine these to conclude that for an arbitrary morphism f: H — G, the image of a
Siegel set Gy C H(R) is contained in a finite union of G (Q)-translates of a Siegel set in G (R).

The proof of Theorem 1.2 gives an explicit bound for the size of the set C C G(Q2), namely #C is at
most the size of the Q-Weyl group of G. The uniform nature of this bound is less powerful than it might
at first appear because the Siegel set S depends on Gp.

1C. Application to unlikely intersections. The author’s motivation for studying Theorem 1.1 is due to
its applications to the Zilber—Pink conjecture on unlikely intersections in Shimura varieties [Pink 2005,
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Conjecture 1.2]. To illustrate these applications, consider the following special case of the Zilber—Pink

conjecture.

Conjecture 1.5. Let g > 2 and let A, denote the moduli space of principally polarised abelian varieties
of dimension g over C. For each point s € Ay, let (A, Ay) denote the associated principally polarised

abelian variety. Let
X = {(s1, 52) € Ag x A, : there exists an isogeny As — Ay, }.

Let V C Ay x Ag be an irreducible algebraic curve. If V. N X is infinite, then V is contained in a proper
special subvariety of Ay x A,.

Habegger and Pila [2012] used Proposition 1.3 to prove a result similar to Conjecture 1.5 but for the
Shimura variety A} (n > 3) instead of Ay x A, (g > 2) (for reasons of dimension, Conjecture 1.5 is false
for A; x Ay).

In work currently in progress, the author of this paper proves Conjecture 1.5 subject to certain technical
conditions and a restricted definition of the set X. This work requires the uniform version of Proposition 1.4
which is implied by the GSp,, case of Theorem 1.1. Because Theorem 1.1 applies to all reductive groups,
not just GSp,,, it should also be useful for proving statements similar to Conjecture 1.5 where A, is
replaced by an arbitrary Shimura variety. However, at present it is not known how to prove the Galois
bounds which would be required for such a statement.

1D. Outline of paper. Section 2 contains the definition of Siegel sets and the associated notation used
throughout the paper. In Section 3 we prove Theorem 1.1 for standard Siegel sets in GL,,, and combine
this with Theorem 1.2 to deduce the general statement of Theorem 1.1. The proof of the GL, case
is entirely self-contained. Finally Section 4 contains the proof of Theorem 1.2, relying on results on
parabolic subgroups and roots from [Borel and Tits 1965].

1E. Notation. 1If G is a real algebraic group, then we write G(R)™ for the identity component of G (R)
in the Euclidean topology.

We use a naive definition for the height of a matrix with rational entries, as in [Pila and Wilkie 2006]:
if y € M,,(Q), then its height is

H(y) = max H(y;)
1<i,j<n

where the height of a rational number a/b (written in lowest terms) is max(|a|, |b|). For an algebraic
group G other than GL,,, we define the heights of elements of G(Q) via a choice of faithful representation
G — GL,.

In order to avoid writing uncalculated constant factors in every inequality in the proof of Theorem 1.1,
we use the notation

XKY
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to mean that there exists a constant C, depending only on the group G, the representation p and the Siegel
set G, such that
X< ClY].

2. Definition of Siegel sets

The definitions of Siegel sets used by different authors (for example, [Borel 1969; Ash et al. 2010]) vary
in minor ways, so we state here the precise definition used in this paper. At the same time, we define the
notation which we shall use in Sections 3 and 4 for the various ingredients in the construction of Siegel sets.

2A. Standard Siegel sets in GL,. Before defining Siegel sets in general, we begin with the simpler
special case of “standard Siegel sets” in GL,,. Our definition of standard Siegel sets follows [Borel 1969,
Définition 1.2]. However, we use the reverse order of multiplication for elements of GL,, and therefore
reverse the inequalities in the definition of A,.

Make the following definitions (all of these are special cases of the corresponding notations for general
Siegel sets):

(1) P C GL, is the Borel subgroup consisting of upper triangular matrices.
(2) K =0,(R) is the maximal compact subgroup consisting of orthogonal matrices.
(3) S C P is the maximal (QQ-split torus consisting of diagonal matrices.
(4) A, is the set {@ € S(R)™T caj/ajyy >t forall j} for any real number 7 > 0.
(5) €2, is the compact set
{re P(R):v; =1foralliand |v;;| <uforl <i < j<n}
for any real number u > 0.

A standard Siegel set in GL,, is a set of the form
6 =Q,A,K CGL,(R)

for some positive real numbers u and ¢.
According to [Borel 1969, Théoremes 1.4 and 4.6], if ¢ < JTg and u > %, then & is a fundamental set
for GL,,(Z) in GL,, (R).

2B. Definition of Siegel sets in general. Let G be a reductive Q-algebraic group. In order to define a
Siegel set in G(R), we begin by making choices of the following subgroups of G

(1) P a minimal parabolic Q-subgroup of G,

(2) K a maximal compact subgroup of G(R).
Lemma 2.1. For any P and K, there exists a unique R-torus S C P satisfying the conditions

(i) S is P(R)-conjugate to a maximal Q-split torus in P,
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(i1) S is stabilised by the Cartan involution associated with K.
Proof. This follows from the lemma in [Ash et al. 2010, Chapter II, section 3.7]. Il

We define a Siegel triple for G to be a triple (P, S, K) satisfying the conditions of Lemma 2.1. We
remark that these conditions could equivalently be stated as:
(i) S is a lift of the unique maximal @Q-split torus in P/R,(P).
(i1) Lie S(R) is orthogonal to Lie K with respect to the Killing form of G.

Define the following further pieces of notation:

(1) U is the unipotent radical of P.

(2) M is the preimage in Zg (S) of the maximal Q-anisotropic subgroup of P/U. (Note that by [Borel
and Tits 1965, Corollaire 4.16], Zg(S) is a Levi subgroup of P and hence maps isomorphically
onto P/U.)

(3) A is the set of simple roots of G with respect to S, using the ordering induced by P. (The roots
of G with respect to S form a root system because S is conjugate to a maximal Q-split torus in G.)

4) A, ={ae S(R)': x(a) >t for all x € A} for any real number # > 0.
A Siegel set in G(R) (with respect to (P, S, K)) is a set of the form

6 = QA[K

where € is a compact subset of U(R)M (R)™" and ¢ is a positive real number.

2C. Comparison with other definitions. In order to reduce confusion caused by definitions of Siegel
sets which vary from one author to another, we explain how our definition compares with the definitions
used in [Borel and Harish-Chandra 1962; Borel 1969; Ash et al. 2010].

First we compare with [Ash et al. 2010, Chapter II, Section 4.1].

(1) In [Ash et al. 2010], Siegel sets are subsets of the symmetric space G(R)/K, while for us they

are K-right-invariant subsets of G(R). These two perspectives are related by the quotient map
GR)— GR)/K.

(2) In [Ash et al. 2010], 2 is any compact subset of P (R), while we require Q2 to be contained in
U(R)M(R)™. Every Siegel set in the sense of [Ash et al. 2010] is contained in a Siegel set in our
sense and vice versa, so this difference does not matter in applications. We impose the stricter

condition on €2 because it ensures that Siegel sets are related to the horospherical decomposition in
G(R)/K (as explained in [Borel and Ji 2006, Section 1.1.9]).

Now we compare with [Borel 1969, Définition 12.3]. Note that differences (3) and (4) are significant.

(1) We multiply together €2, A; and K in the opposite order from [Borel 1969]. This change forces us
to reverse the inequalities in the definition of A,.
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(2) In [Borel 1969], Q2 is required to be a compact neighbourhood of the identity in U (R)M (R)™ while

we allow any compact subset.

(3) Instead of our condition (i) for S, [Borel 1969] imposes the condition that § must be a maximal
Q-split torus in P. This stronger condition is inconvenient when we also impose condition (ii),
because there does not exist a maximal Q-split torus satisfying condition (ii) for every choice of P
and K. In particular, Theorem 1.2 does not hold if S¢ is required to be Q-split.

(4) Our condition (ii) for S is not part of the definition of Siegel set in [Borel 1969]. In [Borel 1969], a
Siegel set is called normal if condition (ii) is satisfied. We include condition (ii) in the definition of
a Siegel set because without it the Siegel property does not necessarily hold. Indeed most of the
theorems in [Borel 1969, Chapter 15] apply only to Siegel sets satisfying condition (ii), even though
the word “normal” is omitted from their statements. Similarly this paper’s Theorem 1.1 does not
hold without condition (ii) on S.

The definition of “Siegel domain” in [Borel and Harish-Chandra 1962, Section 4] is less fine than the
definition used in this paper, or the one in [Borel 1969], because it takes into account only the structure
of G as a real algebraic group and not its structure as a (Q-algebraic group. Consequently [Borel and
Harish-Chandra 1962] could not use their Siegel domains directly to construct fundamental sets for
arithmetic subgroups in G(R); instead they constructed such fundamental sets using an embedding of G
into GL,, and standard Siegel sets in GL, (R).

2D. Siegel sets and fundamental sets. The importance of Siegel sets is due to their use in constructing
fundamental sets for an arithmetic subgroup I' in G(R). We say that a set Q2 C G(R) is a fundamental set

for I if the following conditions are satisfied:
(FO) Q.K = Q for a suitable maximal compact subgroup K C G(R).
(F1) I'.Q = G(R).
(F2) For every 6 € G(R), the set
{yel:y.QNo.Q # J}
is finite (the Siegel property).

The following two theorems show that, if we make suitable choices of Siegel set & C G(R) and finite
set C C G(Q), then C.G is a fundamental set for I" in G(R).

Theorem 2.2 [Borel 1969, Théoreme 13.1]. Let I' be an arithmetic subgroup of G(Q). Let (P, S, K) be
a Siegel triple for G(R).
There exist a Siegel set G C G(R) with respect to (P, S, K) and a finite set C C G(Q) such that

G[R)=T.C.G.

Theorem 2.3 [Borel 1969, Théoréeme 15.4]. Let I be an arithmetic subgroup of G(Q). Let & C G(R) be

a Siegel set.
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For any finite set C C G(Q) and any element 6 € G(Q), the set
{yel:y.C.6N0.C.G # T}
is finite.

As remarked in Section 2C, Theorem 2.3 requires the torus S used in the definition of a Siegel set
to satisfy condition (ii) from Section 2B, even though this condition is erroneously omitted from the
statement in [Borel 1969].

This paper’s Theorem 1.1 implies [loc. cit., Corollaire 15.3] and therefore it implies Theorem 2.3,

by the same argument as in the proof of [loc. cit., Théoréme 15.4]. Since our proof of Theorem 1.1 is
independent of Borel’s proof of [loc. cit., Corollaire 15.3], this gives a new proof of Theorem 2.3.

3. Proof of main height bound

In this section we prove Theorem 1.1. Most of the section deals with the case of standard Siegel sets in GL,,.
At the end we show how to deduce the general statement of Theorem 1.1 from this case, using Theorem 1.2.
Thus let G = GL,, and let & be a standard Siegel set in G. As in the statement of Theorem 1.1, we are
given an element
y €6.67'nGQ),

with N = |det y | and with D denoting the maximum of the denominators of entries of y. Since y € .61,
using the notation from Section 2A, we can write
_ -1,,—1
y =vBka 1 2)

with a, B € A, u, v € Q, and ¥ € K. Rearranging this equation, we obtain

yua = vpk. (3)

Our aim is to bound the height of y by a polynomial in N and D. The proof has three stages. First we
compare entries of the diagonal matrices  and 8, showing that o; < Dp; for certain pairs of indices (i, j).
Secondly, we prove that

B < ND"la )

whenever i and j lie in the same segment of a certain partition of {1, ..., n}. Finally we expand out (2)
and use inequality (4).

3A. Partitioning the indices. An important device in the proof of Theorem 1.1 for standard Siegel sets
is a partition of the set of indices {1, ..., n} into subintervals which we call “segments” (depending on y).
The segments are defined to be the subintervals of {1, ..., n} such that

(i) y is block upper triangular with respect to the chosen partition,

(i) y is not block upper triangular with respect to any finer partition of {1, ..., n} into subintervals.
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We define a leading entry to be a pair of indices (i, j) € {1, ..., n}> such that y; ; 1s the left-most
nonzero entry in the i-th row of y.

The following lemma describes segments in terms of leading entries. This lemma also has a converse,
which we will not need: if i > j and there exists a sequence satisfying condition (x), then i and j are in
the same segment.

Lemma 3.1. Ifi > j and i and j are in the same segment, then there exists a sequence of leading entries
(ils jl)a ceey (iS7 .]S) suCh th(lt

i <iy, Jp <ipy1 forevery pe{l,...,s—1}, and Js < j. (%)

Proof. First, for each k such that j < k < i, we show that there exists a leading entry (i’, j) such that
J' <k <i’. Because segments give the finest partition according to which y is block upper triangular, y
cannot be block upper triangular with respect to the partition

(... k=1, {k, ..., n).

So there exists some i’ > k such that the i’-th row of y has a nonzero entry in the first k—1 columns.
Choosing j’ to be the index of the left-most nonzero entry in the i’-th row, we get the desired leading
entry with j/ <k <i’.

Let s =i — j. For each p such that 1 < p <s we apply the above argument to k =i — p+ 1 and get a
leading entry (i), j,) such that j, <i — p+1 <i,. The resulting sequence (i, j1), ..., (is, jy) satisfies
condition (). U

We define Q to be the subgroup of GL,, consisting of block upper triangular matrices according to the
segments defined above (thus Q depends on y). Observe that Q could equivalently be defined as the
smallest standard parabolic subgroup of GL,, which contains y.

We define L to be the subgroup of GL, consisting of block diagonal matrices according to the same
partition into segments. Thus L could equivalently be defined as the Levi subgroup of Q containing the
torus of diagonal matrices.

3B. Example partitions for GL3. To illustrate the definition of segments and Lemma 3.1, we show the
various cases which occur for GL3. Table 1 shows classes of matrix in GL3, depending on the region of
zeros adjacent to the bottom left corner of the matrix, and gives the associated partitions of {1, 2, 3} into
segments. Every matrix in GLj3 falls into exactly one of the classes in Table 1.

In Table 1, * represents an entry which must be nonzero, while - represents an entry which may be
either zero or nonzero. Every entry to the left of a * is zero, so each * is a leading entry. For rows which
do not contain a *, there is not enough information to determine the leading entry; these rows’ leading
entries are not important for Lemma 3.1.

Comparing the two classes of matrices in the right-hand column of Table 1, we see that it is possible for
matrices to have different patterns of zeros adjacent to the bottom left corner, yet still be associated with
the same partition of {1, 2, 3}. This is related to the fact that matrices in the lower class of this column do
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Y segments Y Segments
O - {L2L38 |- -] {1.2,3}
0 0 =
* - {1, 2}, {3}

00 %

Table 1. Partitions into segments for y € GL3.

not form a subgroup of GLj3: the smallest standard parabolic subgroup containing such a matrix is the
full group GL3, the same as for the upper class.

On the other hand, the difference between the two classes in the right-hand column of Table 1 is
important for finding sequences of leading entries as in Lemma 3.1. In the upper class of this column,
the sequence consisting just of the leading entry (3, 1) satisfies condition (x) for every pair (i, j). In the
lower class, in order to construct a sequence satisfying condition (x) which goes fromi =3 to j =1, we
need both the leading entries (3, 2) and (2, 1).

3C. Ratios between diagonal matrices (leading entries). In the first stage of the proof, we compare «;;
with B; when (i, j) is a leading entry. This is based on comparing the lengths of the i-th rows on either
side of (3).

Lemma 3.2. If (i, j) is a leading entry for y, then

o < D,B,'.
Proof. Recall (3):

yua = vpk.

Because « € O, (R), multiplying by « on the right does not change the length of a row vector. Hence
expanding out the lengths of the i-th rows on either side of (3) gives

n n 2 n
Z(Z Viq“qp) =2 Vi )
p=1 "gq=1 p=1

Look first at the right-hand side of (5), comparing it to ,81.2. Because v is upper triangular, nonzero
terms on the right-hand side of (5) must have p > i and hence (by the definition of A;) 8, < B;. Since v
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is in the fixed compact set £2,,, there is a uniform bound for the entries v;;,. Thus we get

Y By < B (©)

p=1

Now look at the left-hand side of (5), comparing it to ocjz.. We pull out the p = j term. Because squares
are nonnegative we have

n 2 n n 2
(Z ij) o < (Z y,-quq,,) o, @
g=1 p=1 “g=I

Because (i, j) is a leading entry, if y;, # 0 then g > j. Because u is upper triangular, if 14; # 0 then
q < j. Combining these facts, the only nonzero term on the left-hand side of (7) is the term with g = j.
In other words,

n 2
2.2 2 2
Vijji%i = <§ :Viq/‘q.i> & ®)
g=1

Because u € €2, we have u;; = 1. Because (i, j) is a leading entry, y;; # 0. Because entries of y are
rational numbers with denominator at most D, this implies that |y;;| > D~!. Combining these facts, we get

D2 < V,%'M?j- )
Using successively the inequalities and equations (9), (8), (7), (5) and (6) gives
D™} < B O

3D. Ratios between diagonal matrices (in each segment). Inthe second stage of the proof of Theorem 1.1,
we prove a series of inequalities comparing entries of o and 8. This concludes with an inequality between
a; and B; valid whenever i and j are in the same segment. (Note that the final inequality, Lemma 3.5, is
in the opposite direction to the starting point of Lemma 3.2.)

Lemma 3.3. Forallk € {1, ..., n},
o K Dpy.

Proof. The key point is that there exists a leading entry (i, j) such that
Jj<k<i.

To prove this, observe that since y is invertible there must be some i > k such that the i-th row of y
contains a nonzero entry in or to the left of the k-th column. Choosing j to be the index of the left-most
nonzero entry in the i-th row of y gives the required leading entry.

Taking such a leading entry (7, j), we can use Lemma 3.2 (for the middle inequality) and the definition
of A, (for the outer inequalities) to prove that

a K oj K DB < Dpy. u
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Lemma 3.4. Foreveryset J C {1,...,n},

[18 < ND"*]]e;.

jeJ jel
Proof. Because « and 8 are diagonal matrices with positive diagonal entries,
n n
[[8i-deta=]]8 [[ex <D™ []a; - [[Be=D""]]e; detp
jed jed k=1 jel k=1 jed
where the middle inequality uses Lemma 3.3 for all indices k € {1, ...,n}\ J.
All of u, v and « have determinant 1. Hence (3) implies that

det 8 = N deto.

Combining this with inequality (10) proves the lemma.

Lemma 3.5. Ifi and j are in the same segment, then
Bi < ND" 'a;.

Proof. If i < j, then we apply Lemma 3.4 to the singleton {j} to obtain
Bi < ND" 'a;.

Combining this with «; < «; proves the lemma in the case i < j.

(10)

Otherwise, i > j so we can use Lemma 3.1 to find a sequence of leading entries (i, ji), ..., (is, js)

satisfying condition (*). We may assume that iy, ..., i; are distinct— otherwise we could simply delete

the subsequence between two occurrences of the same ij,. Similarly, we may assume that none of i, . ..

are equal to j.
Therefore we can apply Lemma 3.4 to the set {iy, ..., i, j} to get

N N
Bj l_[ Bi, <K ND" g, l_[ .
p=1 p=1
For each p € {1, ..., s — 1}, the fact that j, <i,4; and Lemma 3.2 tell us that

o, Laj, K Dﬁ,’p.

Similarly because j; < j we have
aj Laj L DB,

’ iS

(11)

Multiplying these inequalities together and also multiplying by B; gives the first inequality below, while

(11) gives the second:

S s s
Bjetj l_[ o, L D*B; l_[ Bi, K ND"_IOJJ- 1_[ .

p=2 p=1 p=1
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Canceling «; [ ]},_, @, shows that
Bi <K ND" 'a,.

Since i <iy, we have o;, < «;. This completes the proof of the lemma. O

3E. Conclusion of proof for standard Siegel sets. In the final stage of the proof, we expand out (2).
When we do this, we get terms of the form B,k pgo, ! In order to bound this using Lemma 3.5, we need
to know that «,, is zero if p and g are not in the same segment. In other words we have to begin by
proving that « is in the group L(R) of block diagonal matrices.

Lemma 3.6. « € L(R).

Proof. By construction, y, u, «, v, B are all in the group Q(R) of block upper triangular matrices. Hence
(2) tells us that also k € Q(R).

If a matrix is both block upper triangular and orthogonal, then it is block diagonal according to the
same blocks (because the inverse-transpose of a block upper triangular matrix is block lower triangular).
In other words,

OR)NK C L(R).

This proves the lemma. 0

Lemma 3.7. Foralli, j €{l1,...,n}, we have
lyijl K ND" 1.

Proof. We expand out the matrix product in (2), which we recall:

y =vBra tu .

Because o and f are diagonal, the pg-th entry of Sxa~! is equal to
Bpkpg®y -

If p and g are not in the same segment, then Lemma 3.6 tells us that «,, = 0. On the other hand if p and

q are in the same segment, then we can apply Lemma 3.5 to bound 8 ,,aq_l. Furthermore, because « is in

the compact subgroup K, there is a uniform upper bound for entries of k. We conclude that

Bpkpgery < ND"\. (12)

Because © and v are in the fixed compact set 2, and because all elements of €2, are invertible, there
is a uniform upper bound for entries of v and of ~!. Thus inequality (12) together with (2) implies the
lemma. (|

To complete the proof of Theorem 1.1 for standard Siegel sets in GL,,, we just have to note that the
definition of H(y) implies that
H(y) < D max(1, [y;;)
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where the maximum is over all indices (i, j) € {1, ..., n}?. Hence Lemma 3.7 implies that
H(y) < max(D, CsND"),
where Cs denotes the implied constant from Lemma 3.7.

3F. Deducing general case from standard Siegel sets. To complete the proof of Theorem 1.1, we deduce
the general statement from the case of standard Siegel sets in GL,,. This has two steps. Lemma 3.8
allows us to generalise from standard Siegel sets to arbitrary Siegel sets in GL,,. Theorem 1.2 (proved in
Section 4) allows us to generalise from GL,, to arbitrary reductive groups G.

Lemma 3.8. Let G be a Siegel set in GL,,(R). Then there exist y € GL,,(Q) and o € GL,,(R) such that
vy~ 1.8.yo is contained in a standard Siegel set.

Proof. Let (P, S, K) be the Siegel triple associated with the Siegel set G, and write & = Q2.A,.K using
the notation of Section 2B.

Let (Po, So, Ko) be the standard Siegel triple in GL,,. Write Ao and 9, for the sets called A; and
2, in the definition of standard Siegel sets.

Since P and Py are minimal Q-parabolic subgroups of GL,, there exists y € GL,(Q) such that
Py=y 'Py.

Since K¢ and y ! Ky are maximal compact subgroups of GL, (R), there exists o € GL, (R) such that
y 'Ky =0 Koo ™. Applying the Iwasawa decomposition

GL,(R) = Up(R).So(R)" . Ko,

we may assume that o = t8 where 8 € So(R)" and t € Uy(R).
Under this assumption, o € Py(R). Hence 0 'y ~!.P.yo = Py. By Lemma 2.1, 0 "'y ~1.S.y0 = 8.
Thus a_ly_l.At.ya = Ao;-
Now
y 6yo = y_lQy.o.o_ly_]A,yo.o_]y_lea = y_IQy.r,B.Ao,,.Ko.

Here y_l Qy 7 is a compact subset of Uy(R) so it is contained in €2, for a suitable u > 0. Meanwhile
B.Ao, is contained in Ag ; for a suitable s > 0. Thus y ~!Gyo is contained in the standard Siegel set
Qo,4-Ao.5-Ko, as required. O

4. Siegel sets and subgroups

In this section we prove Theorem 1.2. The proof gives additional information on the relationship between
the Siegel triples for G and H, as follows.

Theorem 4.1. Let G and H be reductive Q-algebraic groups, with H C G. Let Gy be a Siegel set in
H (R) with respect to the Siegel triple (Pg, Sg, Kg). Then there exist a Siegel set Sg C G(R) and a
finite set C C G(Q) such that

GH C C.G(;.
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Furthermore if (Pg, Sg, Kg) denotes the Siegel triple associated with Gg, then R, (Pg) C R, (Pg),
Su=S¢NHand Ky = Kg N H(R).

We denote sets used in the construction of the Siegel sets G and G g by the notation from Section 2B
with the subscript G or H added as appropriate. Thus we write

Sn=Qy.An:.Kn,
where Qp is a compact subset of Uy (R)YMyg(R)*", Ky is a maximal compact subgroup of H (R) and
A, ={a e SER)T: x(a) >t forall x € Ag}.

4A. Reduction to a split torus Sy. We begin by reducing the proof of Theorem 4.1 to the case in which
the torus Sy is Q-split. Note that, even when Sy is Q-split, it is not always possible to choose a Q-split
torus for S¢.

1 is a maximal

According to the definition of a Siegel set, we can choose u € Py (R) such that uSgu™
Q-split torus in Pg. Using the Levi decomposition Py = Zg (Sy) X Uy, we may assume that u € Ug (R).

Now Qpu~'isa compact subset of Ug(R).uMyg®R)tu~! so

Sgul = QHufl.uAH,,ufl.uKHufl.

is a Siegel set with respect to the Siegel triple (Pg, uSgu~', uKgu™).
We prove below that Theorem 4.1 holds when Sy is Q-split. Hence there exist a Siegel set &; C G(R)
and a finite set C C G(Q) such that

Gpu~' CC.&g.

Let (Pg, Sg;. K;) denote the Siegel triple associated with &;. According to Theorem 4.1, Uy C
R,(Pg) and so u € R,(Pg)(R). Therefore

S =6g.u

is a Siegel set for G(R) with respect to the Siegel triple (Pg, u*IS/Gu, u*IK/Gu). We clearly have
G C C.Gg and the Siegel triple associated with G satisfies the conditions of Theorem 4.1 relative to
(Pu, Su, Kn).

4B. Choosing the Siegel triple. We henceforth assume that Sy is Q-split. As the first step in proving
Theorem 4.1 for this case, we choose a Siegel triple (Pg, Sg, K¢g) for G.

The main difficulty lies in choosing Pg. The obvious idea is to choose a minimal parabolic Q-subgroup
of G which contains Py, but such a subgroup does not always exist (for example, if G is Q-split and H
is Q-anisotropic). Instead we construct a larger parabolic Q-subgroup Q C G which contains Py, and
then define Pg to be a minimal parabolic Q-subgroup of Q.

Let us write

Z =Z(SH).
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Lemma 4.2. There exists a parabolic Q-subgroup Q C G such that
(1) Z is a Levi subgroup of Q, and
(i) Ug C R,(Q).

Proof. Let CIDJI; denote the set of roots ® (S, Pg). By [Borel and Tits 1965, Proposition 3.1] there exists
an order > g on X*(Sg) with respect to which all elements of CID‘;I are positive.
Let
®g={xe€PSn.G):x>00)

and let @ denote the group Go, (using the notation of [loc. cit., Paragraph 3.8] with respect to the
torus Sg). By [loc. cit., Théoreme 4.15], Q is a parabolic (2-subgroup of G and Z is a Levi subgroup of

0.

Since all weights of Sy on Ug are contained in CDJI;, which is a subset of ® g, [loc. cit., Proposition 3.12]
tells us that Uy C G 0’ again using the notation of [loc. cit., Paragraph 3.8]. By [loc. cit., Théoréme 3.13],
G’(;Q = R, (Q). This completes the proof that Uy C R, (Q). Il

We will make no use of the following lemma, but it sheds some light on the significance of the group Q.
Lemma4.3. Py =QNH.

Proof. We use the notation from the proof of Lemma 4.2. By construction, we have that ®(Sy, Py) =
QD;FI C ®¢. Hence by [Borel and Tits 1965, Proposition 3.12], Py C Gq>Q = Q.

For the reverse inclusion, observe that ®(Sy, Q N H) C @;. Hence applying [loc. cit., Proposi-
tion 3.12], this time inside H, we get

ONHC Hq,g = Pp. O
Choose the following subgroups of G:
(1) Pg, a minimal parabolic Q-subgroup of Q.
(2) K¢, a maximal compact subgroup of G(R) containing Kg.
Define the following notation for subgroups of G which are uniquely determined by Pg and Kg:

(1) Sg is the unique torus such that (Pg, S, K¢) is a Siegel triple for G.
(2) Ug = Ru(Pg).

(3) Pz=PgNZand Uz = R,(Pz).

4 Kz=KegNZ(R).
Lemma 4.4. Kz is a maximal compact subgroup of Z(R).

Proof. Let © be the Cartan involution of G associated with the maximal compact subgroup K. Because
Ky = Kg N H(R), O restricts to the Cartan involution of H associated with K.



Height bounds and the Siegel property 471

From the definition of Siegel triple applied to (Pu, Su, Kg), ® stabilizes Sy. Hence ® also stabi-
lizes Z. Therefore the fixed points of ® in Z(R), namely Kz, form a maximal compact subgroup of
Z(R). g

Lemma 4.5. Sy C Sg.

Proof. Note that Z is a reductive group defined over Q, because Sg is defined over Q. Thus it makes sense
to talk about Siegel triples in Z. By [Borel and Tits 1965, Proposition 4.4], Pz is a minimal parabolic
Q-subgroup of Z.

By Lemma 2.1, there exists a unique torus Sz C Z such that (Pz, Sz, Kz) is a Siegel triple for Z.
This means that:

(i) Sz is Pz(R)-conjugate to a maximal Q-split torus in Pz. Note that a maximal (-split torus in Pz is
also a maximal Q-split torus in Pg.

(i1)) The Cartan involution of Z associated with Kz normalises Sz. This involution is the restriction of
the Cartan involution of G associated with K.

Thus Sz satisfies the conditions of Lemma 2.1 with respect to (Pg, Kg). By the uniqueness in Lemma 2.1,
we conclude that Sz = Sg.

Because Sz is Z(R)-conjugate to a maximal (2-split torus in Z, it contains every Q-split subtorus of
the centre of Z. In particular Sy C Sz. O

Let Sé; be a maximal Q-split torus in Pz. Because (Pz, Sz, Kz) is a Siegel triple, there exists
u € Pz(R) such that S, = uS/Zufl. Because of the Levi decomposition Pz = Zg(Sg) x Uz, we may
assume that u € Uz(R).

The following lemma is not needed in our proof of Theorem 1.2, but it contains extra information
about S which is included in the statement of Theorem 4.1.

Lemma 4.6. Sy =S N H.

Proof. Let g denote the quotient map Pg — Pg/Ug. Observe that Ug N Py is a normal unipotent
subgroup of Pg, so it is contained in Ug. On the other hand,

Ug CR,(Q)NPy CUgN Py.

Hence Ug N Py = Uy, so g restricts to the quotient map Py — Py /Upg.

According to the definition of a Siegel triple, ¢ (S¢) is a maximal Q-split torus in Pg/Ug. Furthermore,
S¢NH C QN H = Py. Hence q(Sg N H) is a Q-split torus in Py /Ug.

Since Sy C S¢ N H and ¢(Sg) is a maximal Q-split torus in Py /Upg, we conclude that ¢ (Sg) =
q(Seg N H). Because S NUg = {1}, q|s,; 1s injective. Thus Sy =S¢ N H. Il

4C. Comparing Ag  with Ag,y. We now compare the sets Ay ; C Sp(R) and Ag C Sg(R). We
would like to have Ay, C Ag.r, but it is not always possible to choose ' € R~ such that this holds. This
is because there may be simple roots in ® (S, G) whose restrictions to Sy are not positive combinations
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of simple roots in ®(Syg, H). The values of such a root are bounded below by a positive constant on
Ag.r but can be arbitrarily close to zero on Ag ;.

Instead we show that for a suitable value of ¢, every @ € Ay can be conjugated into Ag by an
element of the Weyl group Ng(Sg)/Zc(Sg)- This element of the Weyl group must also satisfy certain
other conditions which will be used later in the proof of Theorem 4.1.

Write

W =Ng(S¢)/Zc(Sg) and W' =Ng(Sg)/Zc(Sg)-

Since S;; = uSgu~", conjugation by u induces an isomorphism W — W’.

Proposition 4.7. There exists t' > 0 (depending only on G, H, and t) such that for every « € Ay, there
exists w € W such that:

() Uz cwUgw™".

(i) Uy c wUgw™".

(iii) « € wAg, ,w™'

Note that the statement of the proposition makes sense because wUgw™! and wAG’,/w_1 do not
depend on the choice of representative of w in Ng(Sg).

Construction of Q. Suppose that we are given o € Ay ;. In order to find w € W as in Proposition 4.7,
we construct a parabolic subgroup Pg o, = wPgw ™' by a refinement of the construction of Pg from
Section 4B. First we construct a larger parabolic subgroup @, which satisfies conditions (i) and (ii) from
Lemma 4.2, as well as the following additional condition:

(iii) There exists ' > 0 (independent of «) such that, for every « € Ag ; and every x € ®(Su, Q.),
x(a) =1
Similar to the proof of Lemma 4.2, we construct Q, by choosing a suitable order >, on X*(Sg).

Given o € Sy(R)*, choose a set ¥, C ®(Sy, G) which is maximal with respect to the following
conditions:

(a) The set CID;FI U, is R.p-independent. (Recall that & = d(Sy, Pr).)
(b) Forall x € W, x(x) > 1.

There always exists at least one set satisfying conditions (a) and (b), namely the empty set. Since
® (S, G) is finite, we deduce that there is a maximal set W, satisfying the conditions.
By (a) there exists an order >, on X*(Sg) with respect to which all elements of <I>J[I U W, are positive.
Let
Py ={x € ®(SH, G): x >a 0}

and let @, = Gg, (in the notation of [Borel and Tits 1965, Paragraph 3.8] with respect to Sg).
The only condition on the order > ¢ in the proof of Lemma 4.2 was that all elements of CD‘;I are
positive with respect to > g. By definition, >, satisfies this condition. Hence the proof of Lemma 4.2
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also applies to Q,. We conclude that Q,, is a parabolic Q-subgroup of G satisfying conclusions (i) and
(i1) of Lemma 4.2.

Lemma 4.8. Every root x € @, is a R.g-combination of Ag U Y,,.

Proof. If x € W, the result is trivial. So we may assume that x & W,.

Since x >, 0, W, U{x} satisfies (a). Since x ¢ V¥, the maximality of W, tells us that W, U {x} does
not satisfy (b). Thus x (x) < 1.

Hence V¥, U {—yx} satisfies (b). But —x <, 0, so —x & ¥,. Again by the maximality of ¥,, we
conclude that W, U {—x} does not satisfy (a). Thus there exist m;,n;, x € R.o, x; € cI>;’I and ¥; € ¥,
such that

Zmi)(i +an1/fj+x(—x) =0.
i J

(The coefficient of —x in this equation must be nonzero because dﬁ, U W, is R.g-independent.)
We can rearrange this equation to write x as a R.-combination of CD;”I U W, . Since every element of
<I>}LI is a R, g-combination of elements of Ay, we deduce that x is a R.-combination of Ay UW,. [

Lemma 4.9. There exists t’ > 0 (depending on G, H and t but not on «) such that for every o € Ag ;
and every x € @, x(a) > 1.

Proof. Consider all pairs (x, E) where x € ®g and E is a subset of ®¢ such that x can be written as a
R o-combination of elements of E. There are only finitely many such pairs, so we can find M (depending
only on the root system @) such that, for every such pair, there exist m; € R.( and &; € E satisfying

X:Zm,’fi and ZmlfM
i i
Suppose that x € ®,. Using Lemma 4.8, we can write x as a combination

X =ZmiXi+anl/fj
i J

where x; € Ag, j € Wy, mj, nj € R.o. By the definition of M, we may assume that ), m; +Zj nj<M.
By the definition of Ay ;, we have x;(«) > t for all i. By condition (b) on W,, we have ¥;(a) > 1 for
all j. Therefore x (a) > min(1, )™, O

Proof of Proposition 4.7. Because Q,, satisfies conclusion (i) of Lemma 4.2, Z is a Levi subgroup of Q.
Let Pg.o = Pz X R,(Qy). By [Borel and Tits 1965, Proposition 4.4], Pg . is a minimal Q-parabolic
subgroup of G.

By [Borel and Tits 1965, Corollaire 5.9], the Weyl group W' acts transitively on the minimal parabolic
Q-subgroups of G containing the maximal Q-split torus S;. Since S;; C Pz C Pg o, we conclude that

there exists w’ € W’ (depending on «) such that Pg , = w' Pgw'~".
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Let w be the element of W which corresponds to w’ € W’ via conjugation by u. Since u € Uz(R) C

Pg(R) N Pg o (R), we have

PG, = wPGw_l.

Since Q, satisfies conclusion (ii) of Lemma 4.2, we have
Un C Rui(Qa) C Ru(Pg0) =wUgw™".

Furthermore Pz C Pg o and so Uz C R,(Pg o). This proves conclusions (i) and (ii) of Proposition 4.7.
Since Pg o C Qq, if x € ®(Sg, Pg o) then x5, € ®,. Hence by Lemma 4.9,

x(a) >t foralla € Ay, and x € ®(Sg, Pg.o)-
Noting that
wAg w ' ={B e Scg(R)": x(B) > 1’ for all simple roots of Pg q}

we conclude that « € wAg.»w ™!, proving conclusion (iii) of Proposition 4.7. U

4D. Weyl group representatives. We need to choose two representatives for each element w in the Weyl
group W = N¢(S6)/Z(Se).

Firstly we would like to choose representatives for W in G((2). However this is not usually possible
because the torus S¢ is not defined over Q. Instead, recall that conjugation by u induces an isomorphism
W — W’. Given w € W, let w’ denote the corresponding element of W’. By [Borel and Tits 1965,
Théoréme 5.3], we can choose wg, € G(Q) which represents w’. We then get a representative for w by
setting

wo =u"" wyu.

Secondly we choose representatives for W in K.

Lemma 4.10. Let G be a reductive Q-algebraic group. Let (Pg, Sg, Kg) be a Siegel triple in G. Every
w € Ng(Sg)/Zg(Sg) has a representative wg € Kg.

Proof. Let Tg be a maximal R-split torus in G which contains Sg.
Let N = Ng(Sg) N Ng(Tg). Because Sg is conjugate to a maximal Q-split torus of G, [Borel and
Tits 1965, Corollaire 5.5] implies that

NG (S6) =N.Zg(Sg).

Therefore we can choose o € N(C) such that w = 0.Z¢(Sg).

According to the final displayed equation from [Borel and Tits 1965, Section 14], every element of
Ng(Tg)/Zg(Tg) has a representative in K. In particular, there exists wg € Ng(Tg)(R) N Kg which
represents 0.Zg(Tg). Then

wgo ' € Zg(T)(C) C Z6(Se)(C).

It follows that wx normalises Sg and represents w € Ng(Sg)/Zg(Sg)- O
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Since the Cartan involution of G associated with K¢ stabilizes S¢, it also stabilizes Zg(Sg). Hence
K NZg(Se)(R) is a maximal compact subgroup of Zg(S¢)(R). By [Hochschild 1965, Chapter XV,
Theorem 3.1], K¢ N Zg(Sg)(R) meets every connected component of Zg(Sg)(R). When choosing wg
as in Lemma 4.10, we may therefore assume that wx € wg.Zg(Sg)(R)™.

We will need the following lemma about wg and wg,. This lemma does not hold for every element
of W, so we restrict our attention to elements which satisfy conditions (i) and (ii) of Proposition 4.7, that
is, elements of the set

wh= fweW:Uz C wUgw ™! and Uy C wUGw_l}.
Lemma 4.11. Ifw € W', then w; 'wg € Ug(R).
Proof. By definition,
wglw@ = uwdlu_lw@.
Because w € W' and u € Uz(R), we have
wg'u”'wg € Ug(R).

Multiplying this by u € Ug (R) proves the lemma. U

4E. Construction of the compact set . By the Langlands decomposition in P, the multiplication map
Un(R) x Mg(R)" — Up(R).Mu(R)*
is a homeomorphism. Hence there exist compact sets Qy,, C Ug(R) and €7, C Mg (R)™ such that
Qu C Quy-QLmy. (13)

Since Mg need not be contained in Mg, we need to further decompose 257,. Let Bz be a minimal
R-parabolic subgroup of Z = Zg(Sy) contained in Pz. By the Iwasawa decomposition in Z, the
multiplication map Bz(R)" x Kz — Z(R) is a homeomorphism so there exists a compact set Qp, C
Bz (R)™ such that

Quy, CQp,.Kz. (14)

For each w € W, choose wx, wg and wb as in Section 4D. We have wg wa €Zg(Sg)(R)T C Pz(R)*
and Bz (R)T C Pz(R)™, so QBZ.wKwED] is a compact subset of Pz(R)*. Noting that Zg(S¢) is a Levi
subgroup of Pz, the Langlands decomposition in Pz [Borel and Ji 2006, Equation (I.1.8)] tells us that
the multiplication map

Uz(R) x Mg(R)" x Sg(R)" — Pz(R)*

is a homeomorphism. Therefore there exist compact sets QE}”Z] Cc Uz(R), Q%’i C Mg(R)T and Qg“;] C
SG(R)T such that

-1
Qp, wywg' C .ol ol (15)
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Let

—1
Q6= | wy'-Qu, Q). wa.
weWt

Since W is finite, Q¢ is compact.
Lemma 4.12. Q¢ C Ug(R)YMg(R)™.
Proof. For each w € W', by Lemma 4.11, wglw@ € Ug(R). Using the definition of W7, we have
wg' Qu,wo CUg(R) and  wg' QP we C Ug(R).
Multiplying these together, we conclude that
wg ' Quy QY we C Ug(R). (16)

Since S¢ is G(R)-conjugate to a maximal Q-split torus in G, we can use [Borel and Tits 1965,
Corollaire 5.4] to show that Mg is normal in Ng(Sg). It follows that wg normalises Mg (R)™ and so

wg' Q) wo € Mg®)* (17)

Combining (16) and (17) proves the lemma. Il
Lemma 4.13. For each w € W7, wngH C Q(;.w;(l.Qg“;].Kz.
Proof. Noting that w@wgl commutes with S, we can rearrange (15) to obtain

Qg, c ).yl wowy! QL.
Combining this with (13) and (14), we get
Qy C Quy-Qmy C Qy-R8,. Kz C Quy Q)00 wowy! Q5 K.

We can now read off the lemma using the definition of Q. (|

4F. The Siegel set for G. For each w € W7, w,}IQ[S’Z lwg is a compact subset of Sg(R)™. Hence there
exists s > 0 such that x(8) >s forall x € Agandall 8 € wl_(ISZ[S“;]wK (since W is finite, we can choose
a single value of s which works for all w € W).

Let G be the Siegel set

S =Qg.Agrs-Kg CG(R),
using ¢’ from Proposition 4.7 and Q¢ from Section 4E. Let C be the finite set
C={wy:weW'CGQ).

Proposition 4.14. Gy C C.Gg.
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Proof. Given o € G, we can write

0 = oK

with u € Qpg, 0 € Ag;and k € Kg.
By Proposition 4.7, we can choose w € W such that « € wAg »w™'. By Lemma 4.13, we can write

where v € Qg, B € SZ[S“;] and A € K. Therefore

—1_ _ —1
Wo 0 =Vwg BArak.

Since A € Kz C Z(R), A commutes with a € Sy (R) so we can rewrite this as

wgla = v.w[_(1 ﬂawK.wl_(le.
By definition, v € Q¢g. By the definition of s, we have wI_(I,BwK € Ag.s while wl_(lawK € Ag.r by
Proposition 4.7. Hence

-1
Wg Bawg € Ag .

Finally, wl_(l, A and « are all in the group K¢, so their product is also in Kg.
Thus we have shown that wgla €Bg,andsoo € C.Gg. O
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Quadric surface bundles over surfaces
and stable rationality

Stefan Schreieder

We prove a general specialization theorem which implies stable irrationality for a wide class of quadric
surface bundles over rational surfaces. As an application, we solve, with the exception of two cases, the
stable rationality problem for any very general complex projective quadric surface bundle over P2, given
by a symmetric matrix of homogeneous polynomials. Both exceptions degenerate over a plane sextic
curve, and the corresponding double cover is a K3 surface.

1. Introduction

Recently, Hassett, Pirutka, and Tschinkel [Hassett et al. 2016b; 2016¢; 2017] found the first three examples
of families of quadric surface bundles over P2, where the very general member is not stably rational. In
each case, the degeneration locus is a plane octic curve. Smooth quadric surface bundles over rational
surfaces typically deform to smooth bundles with a section, hence to smooth rational fourfolds. This
allowed them to produce the first examples of smooth nonrational varieties that deform to rational ones.

In [Schreieder 2018], we introduced a variant of the method of Voisin [2015] and Colliot-Thélene and
Pirutka [2016a], which allowed us to disprove stable rationality via a degeneration argument where a
universally CHy-trivial resolution of the special fiber is not needed. The purpose of this paper is to show
that one can use this technique to simplify the arguments in [Hassett et al. 2016b; 2016¢; 2017] and to
apply them to large classes of quadric surface bundles.

The main result is the following general specialization theorem without resolutions; see Section 1.1
below for what it means that a variety specializes to another variety.

Theorem 1. Let X and Y be complex projective varieties of dimension four. Suppose that X specializes
to Y and that there is a morphism f : Y — S to a rational surface S, such that

(1) the generic fiber of f is a smooth quadric surface Q over K = C(S),
(2) the discriminant d € K*/(K*)? of Q is nontrivial, and
(3) H,,(C(Y)/C,Z/2) #0.

Then X is not stably rational.

MSC2010: primary 14E08, 14M20; secondary 14J35, 14D06.
Keywords: rationality problem, stable rationality, decomposition of the diagonal, unramified cohomology, Brauer group, Liiroth
problem.
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Since anr (C()/C,2/2) = anr(K (Y)/C, Z/2), the assumptions in the above theorem concern only
the generic fiber of f. In particular, f need not be flat and there is no assumption on the singularities
of Y at points which do not dominate S. A universally CHy-trivial resolution of Y is not needed. For a
more general version which works also if the discriminant of Q is possibly trivial, X and Y have arbitrary
dimension, and the generic fiber of f is only stably birational to Q, see Theorem 9 below.

The second unramified cohomology group in item (3) coincides with the 2-torsion subgroup of the
Brauer group of any resolution of singularities of Y. Pirutka [2016, Theorem 3.17] computed this group
explicitly for any quadric surface over C(??) which satisfies (2). This gives rise to many examples to
which the above theorem applies. In this paper we will apply it only to a single example of Hassett,
Pirutka, and Tschinkel [Hassett et al. 2016b, Proposition 11].

The proof of Theorem 1 uses results of Pirutka [2016] on the unramified cohomology of quadric
surfaces over C(I??), together with our aforementioned method from [Schreieder 2018], which builds on
[Voisin 2015; Colliot-Thélene and Pirutka 2016a].

To give an application of Theorem 1, let us consider a generically nondegenerate line bundle valued
quadratic form g : € — Op2(n), where € = @?:0 Op2(—r;) is split and such that the quadratic form g, on
the fiber €, is nonzero for all s € P2. Then, X = {g =0} C P(€) defines a quadric surface bundle over P2.
We may also regard g as a symmetric matrix A = (a;;), where a;; is a global section of Op2 (r; +r; +n).
Locally over P2, X is given by

3
> ajjziz; =0, (1)
i,j=0
where z; denotes a local coordinate which trivializes Op2 (—r;) C €.

If X is smooth, its deformation type depends only on the integers d; := 2r; + n; we call any such
quadric surface bundle of type (dy, d1, d», d3). The degeneration locus of X — P2 is a plane curve of
degree ) ; d;, which is always even. If some d; is negative, then ¢;; =0 and so X — P2 admits a section;
hence, X is rational. We may thus from now on restrict ourselves to the case d; > 0 for all .

Corollary 2. Let dy, di, d», and ds be nonnegative integers of the same parity, and let X — P? be a very
general complex projective quadric surface bundle of type (dy, di, d2, d3). If ), d;i # 6, then

(1) X is rational if ), di <4 orifd; =dj =0 for some i # j and
(2) X is not stably rational otherwise.

As we will see in the proof, the bundles in item (1) of the above corollary have a rational section, and
so already the generic fiber of X over P? is rational.

Up to reordering, the only cases left open by the above corollary are types (1, 1, 1, 3) and (0, 2, 2, 2).
The former corresponds to blow-ups of cubic fourfolds containing a plane, see e.g. [Auel et al. 2017b], and
the latter are Verra fourfolds [Camere et al. 2017; Iliev et al. 2017], i.e., double covers of P2 x P2, branched
along a hypersurface of bidegree (2, 2). In both exceptions, the degeneration locus of the quadric bundle
is a sextic curve in P2, and so the associated double cover is a K3 surface, see e.g. [Auel et al. 2015].
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Specializing to a33 = 0 in (1) shows that all examples in the above corollary deform to smooth quadric
surface bundles with a section, hence to smooth rational fourfolds.

Many quadric surface bundles over [P? are birational to fourfolds which arise naturally in projective
geometry, see e.g. [Schreieder 2018, §3.5]. For instance, Corollary 2 implies that

(I) a very general complex hypersurface of bidegree (d, 2) in P? x P3 is not stably rational if d > 2,

(IT) a very general complex hypersurface X C P> of degree d + 2 and with multiplicity d along a 2-plane
is not stably rational if d > 2, and

(IIT) a double cover X 2 P4, branched along a very general complex hypersurface Y C P* of even
degree d 4 2 and with multiplicity d along a line, is not stably rational if d > 2.

The case d = 2 in items (I) and (III) corresponds to the aforementioned results in [Hassett et al. 2016b;
2016c¢]. For stable rationality properties of smooth hypersurfaces and double covers, see [Beauville 2016;
Colliot-Thélene and Pirutka 2016a; 2016b; Hassett et al. 2016c; Okada 2016; Totaro 2016; Voisin 2015];
for results on conic bundles, see [Ahmadinezhad and Okada 2018; Artin and Mumford 1972; Auel et al.
2016; Beauville 2016; Bohning and von Bothmer 2018; Hassett et al. 2016a; Voisin 2015].

In [Schreieder 2018], we studied rationality properties of quadric bundles with arbitrary fiber dimensions.
Our uniform treatment sufficed to prove (I) and (II) for d > 5, and (III) for d > 8. On the other hand,
the results in [Schreieder 2018] left open infinitely many cases in Corollary 2. For instance, the types
(1,1,d>, d3) and (0, 2, d», d3) with dy <7 and arbitrary dz are not covered by [Schreieder 2018] and
there are more cases which were not accessible; see [Schreieder 2018, Remark 36].

Our method applies also to quadric surface bundles over other rational surfaces S. We treat in this
paper the case S = P! x P! and obtain similar results as those in Corollary 2 above; see Corollaries 11
and 12 below.

1.1. Conventions and notations. All schemes are separated. A variety is an integral scheme of finite
type over a field. A property is said to hold at a very general point of a scheme, if it holds at all closed
points outside a countable union of proper closed subsets.

Let k be an algebraically closed field. We say that a variety X over a field L specializes (or degenerates)
to a variety Y over k, if there is a discrete valuation ring R with residue field k and fraction field F' with
an injection of fields F < L, together with a flat proper morphism & — Spec R of finite type, such that
Y is isomorphic to the special fiber ¥ ~ & x g k and X ~ & x g L is isomorphic to a base change of the
generic fiber. If Y — B is a flat proper morphism of complex varieties with integral fibers, then for any
closed points 0, t € B with ¢ very general, the fiber Y, specializes to Yy in the above sense [Schreieder
2018, Lemma 8].

A morphism f : X — Y of varieties over a field k is universally CHy-trivial, if f, : CHo(X x L) =
CHp(Y x L) is an isomorphism for all field extensions L of k.

A quadric surface bundle is a flat morphism f : X — § between projective varieties such that the
generic fiber is a smooth quadric surface; the degeneration locus is given by all s € S such that f~'(s) is
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singular. If f is not assumed flat, then we call X a weak quadric surface bundle over S. Quadric surface
bundles over surfaces have been studied in detail in [Auel et al. 2015].

We denote by s C Gy, the group of second roots of unity. If X is a proper variety over a field k of
characteristic different from 2, the unramified cohomology group H/ (k(X)/k, ,bb?i) is the subgroup of
all elements of the Galois cohomology group H' (k(X), u?i) which have trivial residue at all discrete
valuations of rank one on k(X) over k [Colliot-Théléne and Ojanguren 1989]. This is a stable birational
invariant of X [Colliot-Théléne and Ojanguren 1989, Proposition 1.2]. If X is smooth and proper over &,
then H,ir k(X)/k, u?i) coincides with the subgroup of elements of H'(k(X), ,u?i ) that have trivial
residue at any codimension-one point of X [Colliot-Théléne 1995, Theorem 4.1.1].

2. Second unramified cohomology of quadric surfaces

Let K be a field of characteristic different from 2. It will be convenient to identify the Galois cohomology
group H' (K, M?i) with the étale cohomology group Hét(Spec(K ), /L?i). We also use the identification
H'(K, ;12) ~ K*/(K*)?, induced by the Kummer sequence. For a,b € K*, we denote by (a, b) €
H*(K, ,u?z) the cup product of the classes given by a and b. If S is a normal variety over a field k£ and
with fraction field k(S) = K, then for any & € H2(K, u$?), the ramification divisor ram(e) C S is given by
(the closure of) all codimension-one points x € S with 830{ #0. Here, 8)% ‘H*(K, u?z) — H'(k (x), 12)
denotes the residue induced by the local ring Os , C K.

To any nondegenerate quadratic form ¢ over K, one associates the discriminant discr(g) € K*/(K*)?
and the Clifford invariant cl(q) € H 2(K, M? 2). If ¢ has even dimension, then the discriminant discr(q)
depends only on the quadric hypersurface Q = {¢g = 0} and the Clifford invariant satisfies cl(A - g) =
cl(g) + (A, discr(gq)) for all A € K* [Lam 1973, Chapter 5, (3.16)]. If Q is a surface, then up to similarity,
q >~ (1, —a, —b, abd) for some a, b, d € K*. In this case, discr(q) =d and cl(g) = (—a, —b) + (ab, d).
We will need the following [Arason 1975; Kahn et al. 1998, Corollary 8]:

Theorem 3. Let K be a field with char(K) # 2, and let f : Q — Spec K be a smooth projective quadric

surface over K. Denote by d € K*/(K*)? the discriminant of Q and by B € H*(K, Mgz)z) the Clifford
invariant of some quadratic form q with Q = {q = 0}. Then

¥ HY (K, u$%) — H2(K(Q)/K, u$?)

is an isomorphism if d is nontrivial. If d € (K*)?, then ker(f*) = {1, B}.
Pirutka [2016, Theorem 3.17] computed the unramified cohomology group anr(K (0)/C, u?z) of a

smooth quadric surface Q with nonzero discriminant over the function field of a smooth complex surface.
The following reflects one half of her result:

Theorem 4 (Pirutka). Let f : Q — Spec K be a smooth projective quadric surface over the function
field K of some smooth surface S over C. Letd € K*/(K*)? denote the discriminant and g € H*(K, ,u?z)
the Clifford invariant of some quadratic form q with Q = {q = 0}. If for some a« € H*(K, /,LSM) the
pullback f*(a) € anr(K (0Q)/K, u?z) is unramified over C, then the following holds:
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(x) If the residue 8)%05 at some codimension-one point x € S is nonzero, then
(@) 3%a =932 and
(b) d becomes a square in the fraction field of the completion @’;\x

Proof. The condition on d is by Hensel’s lemma equivalent to asking that, up to multiplication by a
square, d is a unit in Og , whose image in « (x) is a square. The theorem follows therefore from [Pirutka
2016, §3.6.2]. (In [Pirutka 2016, Theorem 3.17], the assumption that d is not a square is only used to
invoke bijectivity of f* via Theorem 3; the assumption that ram(/) is a simple normal crossing divisor
on § is only used in [Pirutka 2016, §3.6.1].) U

Remark 5. Up to replacing S by some blow-up, one can always assume that ram(8) is a simple normal
crossing divisor on S. Under this assumption, the analysis of Pirutka [2016, §3.6.1] shows that the
following converse of the above theorem is also true: if « € H 2(K, u?z) is such that condition (*) holds,
then f*o € anr(K (0)/K, ,u?z) is unramified over C; nontriviality can be checked via Theorem 3.

The result of Pirutka [2016, Theorem 3.17] applies to the following important example, due to Hassett,
Pirutka, and Tschinkel [Hassett et al. 2016b, Proposition 11]; for a reinterpretation in terms of conic

bundles, see [Auel et al. 2016].
Proposition 6 (Hassett, Pirutka, and Tschinkel). Let K = C(x, y) be the function field of P?, and consider
the quadratic form q = (y, x, xy, F(x, y, 1)) over K, where
F(x,y,2) :xz—l-yz—l-z2 —2(xy+xz+y2).
If f : O — Spec K denotes the corresponding projective quadric surface over K, then

0# f*((x,y) € HXL(K(Q)/C, n5?).

3. A vanishing result

The following general vanishing result is the key ingredient of this paper.

Proposition 7. Let Y be a smooth complex projective variety, and let S be a smooth complex projective
surface. Let f :Y --» S be a dominant rational map whose generic fiber Y, is stably birational to
a smooth quadric surface Q over K = C(S). Suppose that there is some o € H*(K, /L?Z), such that
o = ffa e anr(K(Yn)/K, ,u?z) is unramified over C. Then for any prime divisor E C Y which does
not dominate S, the restriction of o' to E vanishes:

o|e =0 € H*(C(E), u5?).

Proof. Since unramified cohomology is a functorial stable birational invariant [Colliot-Thélene and
Ojanguren 1989], we may up to replacing Y by Y x P™ assume that Y,, is birational to Q x P, for some
r > 0. This birational map induces a dominant rational map Y, --» Q.

Since Y is smooth, f is defined at the generic point y of E. By [Merkurjev 2008, Propositions 1.4
and 1.7; Schreieder 2018, §5], we may up to replacing S by a different smooth projective model assume
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that the image x := f(y) € S (M) is a codimension-one point on S. Consider the local ring A := Oy , and
let A be its completion with field of fractions K :=Frac(A). The local ring B := Oy, contains A. We
let B be the completion of B and L= Frac(l?) be its field of fractions. Since Y, --+ Q is dominant,
inclusion of fields induces the sequence

H* (K, u§%) = H*(K, u§%) = HX(K(Q), u5*) = HA (L, u5?). 2)
Lemma 8. If some y € H>(K, ,ugm) satisfies 8)%)/ =0, then p1(y)=0¢€ HZ(I?, ,u?z).

Proof. Since 8)%)/ =0, the image of y in Hz(f, ,u?z) is contained in Hézt(Spec A, ,ué@z) C H2(f, ,uém)
[Colliot-Thélene 1995, §3.3 and §3.8]. It thus suffices to show that HéQt(Spec A, u?z) vanishes. Since
A is a henselian local ring, restriction to the closed point gives an isomorphism Hézt(Spec A, M?Z) ~
H? (ke (x), 1$%) [Milne 1980, Corollary VI.2.7]. By Tsen’s theorem, H2(ic (x), u$*) = 0. This concludes
the lemma. U

Since f*« is unramified, we know that
¢30¢20¢1(a) € Hy(Spec B, u§%) C H* (L, u§?) (3)

[Colliot-Thélene 1995, §3.3 and §3.8] and the compatibility of the residue map illustrated in [Colliot-
Thélene and Ojanguren 1989, p. 143]. We aim to show that this class vanishes, which is enough to
conclude the proposition, because «'|g is obtained as the restriction of the above class to the closed point
Spec C(E).

In order to show that (3) vanishes, we choose some quadratic form g with Q = {g = 0} and denote
byd e K*/(K*)? and B € H*(K, /,LSZQ) the discriminant and the Clifford invariant of ¢, respectively. If
afa = 0, then (3) vanishes by Lemma 8. If 8304 # 0, then 8%(05 — B) =0 by Theorem 4, because Y, is
stably birational to Q and unramified cohomology is a stable birational invariant. By Lemma 8, it then
suffices to show that 8 maps to zero via (2). By Theorem 4, d becomes a square in K, and so the latter
follows from Theorem 3, applied to ¢; in (2). This concludes the proof of the proposition. U

4. Proof of Theorem 1

The following is a generalization of Theorem 1, stated in the introduction. For what it exactly means that
a variety specializes to another variety, see Section 1.1 above.

Theorem 9. Let X be a proper variety which specializes to a complex projective variety Y. Suppose that
there is a dominant rational map f 1Y --» P2 with the properties that

(a) some Zariski open and dense subset U C Y admits a universally CHy-trivial resolution of singularities
U — U such that the induced rational map U-->Pisa morphism whose generic fiber is proper
over C(P?) and

(b) the generic fiber Y, of f is stably birational to a smooth projective quadric surface g : Q — Spec K
over K = C(P?), such that there is a class « € H*(K, M;gz) whose pullback g*a is nontrivial and
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unramified over C:
0+ g*a € H, (K(Q)/C, u§?) = H, (C(Y)/C, u$?).

Then no resolution of singularities of X admits an integral decomposition of the diagonal. In particular,
X is not stably rational.

Proof. Since g*a # 0 is unramified over C and unramified cohomology is a stable birational invariant,
o = f*acH 2(C(Y), Mgm) is a nontrivial class which is unramified over C. By Hironaka’s theorem, there
exists a resolution of singularities 7 : Y—>vY , such that 1 (U) identifies with the resolution of singularities
UofU given in (a), and such that £ := Y \ Uisa simple normal crossing divisor in Y. Our assumption
on U then implies that T~!(U) — U is universally CHy-trivial. Moreover, each component E; of E is
smooth and does not dominate [P2. Therefore, Proposition 7 implies that the nontrivial class o’ restricts
to zero on E; for all i and so Theorem 9 follows from the new key technique in [Schreieder 2018, §4]. U

Proof of Theorem 1. Condition (1) in Theorem 1 implies condition (a) in Theorem 9 with U="U. By
Theorem 3, conditions (1), (2), and (3) in Theorem 1 imply condition (b) in Theorem 9. Theorem 1
follows therefore from Theorem 9. U

5. Applications

5.1. Quadric surface bundles over P2, If the symmetric matrix A = (a;;) in (1) is of diagonal form, i.e.,
a;j =0 for all i # j, then we say that the corresponding quadric surface bundle X is given by the quadratic
form ¢ = (aoo, . . . , a33). The condition that X is flat over P> means that the a;; have no common zero.
If the homogeneous polynomials a;; degenerate and acquire common zeros, then the same formula still
defines a weak quadric bundle as long as the a;; are nonzero and have no common factor. We will use
such degenerations in the proofs below.

Proof of Corollary 2. In the notation of (1), let A = (a;;)o<;, j<3 be the symmetric matrix which corresponds
to the very general quadric surface bundle X of type (dy, d1, da, d3) over P>. We may without loss of
generality assume 0 <dy <d; <dp <d3. If d; =0, then also dy =0 and a;; € C is constant for i, j € {0, 1}.
The quadric {aooz(z) +2a91z0z1 +a 112% = 0} thus has a point over C and so X — P2 has a section. Hence,
X is rational. If d; = 1 for all i, then X is a hypersurface of bidegree (1, 2) in P? x [P and so projection
to the second factor shows that X is rational. Since the d; have all the same parity, this shows that X is
rational if Y d; <4 ord; =0.

The case d; = 2 for all i is due to [Hassett et al. 2016b]; a quick proof follows from [Hassett et al.
2016b, Proposition 11] (= Proposition 6 above) and Theorem 1.

It remains to deal with the case where Zi d; > 8,d; > 1, and d3 > 3. Recall that all d; are either even
or odd. Consider the weak quadric surface bundle Y; := {g; = 0} C P(€) of type (do, d1, d», d3), given
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by the diagonal forms
g1 = (2%, x " xyz® 72y 5 F (x, v, 2),

dlfl’ xdzfl

g = (2%, xz v, y25 3 F(x,y, 2)),

do’ xdl 1

g3 :=(z ¥z xyz B4 F(x, y, 2)),

where F is the quadratic polynomial from Proposition 6.

Note that ¥; is integral, because the entries in the diagonal form are coprime. Consider the natural
projection ¥; — P2. The generic fiber is a smooth quadric surface Q; over K = C(P?). Setting
z = 1 shows that Q; is given by the quadratic form q{ = (l,xdl,xy, yF(x,y,1)), Q2 is given by
h=1y, yF(x,y, 1)), and Q3 is given by g5 = (I, x4y, xyF(x,y, 1)).

If dy is even, then so is dp. Multiplying through by y, absorbing squares and reordering the entries thus

g, ={(1,x,x

shows in this case that ¢} is similar to the quadratic form ¢ = (y, x, xy, F(x, y, 1)) from Proposition 6.
If dy is odd, then so is d; and so g is isomorphic to (1, x, xy, yF(x, y, 1)) and g} is isomorphic to
(1, x,y,xyF(x,y,1)). Again, ¢| and g} are both similar to q. Hence, H2 (K (Q;)/C, u$*) # 0 for
i =dy mod 2 by [Hassett et al. 2016b, Proposition 11] (= Proposition 6 above).

Since d;, dy > 1 and d3 > 3, the very general quadric surface bundle X C P(€) as in Corollary 2
degenerates to Y5. If dp is odd, X also degenerates to Y; or Y3, depending on whether d» >3 or d, = 1.
Depending on the parity of dy and the size of d, we can choose one of the three degenerations together
with Theorem 1 (or 9) to conclude. U

Remark 10. Pirutka informed me that for any total degree d := ), d; > 8, one can reprove some cases
of Corollary 2 via degenerations to similar quadric surface bundles as in [Hassett et al. 2016b], for which
[Pirutka 2016, Theorem 3.17] applies, and for which one can compute universally CHy-trivial resolutions
explicitly [Auel et al. 2017a].

5.2. Quadric surface bundles over P! x P1, As a second example where Theorem 1 applies, we consider
quadric surface bundles X over P! x P! that are given by a line bundle valued quadratic form ¢ : € —
O(m, n), where ¢ = EB?:()@(—pi, —q;) is split. Locally, X := {g = 0} C P(€) is given by (1) where
a;j is a global section of O(p; + p; +m, q; +q; +n). If a;; = 0 for i # j, we say that X is given by
the quadratic form g = (ago, . . . , a33). If the a;; degenerate and acquire common zeros, then the same
formulas still define a hypersurface in P(€) which is a weak quadric surface bundle over P2 as long as
the a;; are nonzero and have no common factor. The deformation type of X depends only on the integers
di :=m+2p; and ¢; :=n+2q;, and we call (d;, €;)o<i<3 the type of X. Note that the d; as well as the ¢;
have the same parity for all ;. We say that the type (d;, €;)o<i<3 is lexicographically ordered, if d; < d; 1,
ord; =djy+1 and ¢; < ej41.

Corollary 11. Let X — P! x P! be a very general quadric surface bundle of lexicographically ordered
type (d;, e;)o<i<3, with d;, e; > 0 and d3, e3 > 3. Then

(1) X isrational ifdy =0,dy =e; =ey=00rey=e; =e; =0and

(2) X is not stably rational otherwise.
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All examples in Corollary 11 deform to smooth rational varieties of dimension four; see for instance
[Schreieder 2018, §3.5]. The condition d3, ez > 3 in the above theorem could be replaced by a weaker but
more complicated assumption; we collect in Corollary 12 below the remaining cases where our method
works.

Proof of Corollary 11. Let A = (a;j)o<i, j<3 be a symmetric matrix, where a;; is a very general global
section of Opi,p1 (p; + p; +m, g; +¢q; +n), and consider the corresponding quadric surface bundle X
over P! x P!. Here the integers d; :=2p; +m and e; := 2q; + n are assumed to satisfy the assumptions
of Corollary 11; i.e., (d;, e;j)o<i<3 is lexicographically ordered with d;, ¢; > 0 and d3, e3 > 3.

If d| = e; = ep =0, then (a;;)o<i, j<1 1s a constant matrix and so X has a section. If d, = 0, then
(aij)o<i,j<> 1s a matrix of polynomials which are constant along the first factor. Since any conic bundle
over P! has a section, X also admits a section. If ¢y = ¢; = e, = 0, then (a; )o<i,j<2 1S a matrix of
polynomials, constant along the second factor, and so X has a section as before. Since X is general and
d;, e; > 0, the generic fiber of X over P! x P! is a smooth quadric surface and so X is rational in each of
the above cases.

The case where (eg, e1, e2) % (0,0, 0), (d1, ey, 1) # (0, 0, 0), and d, #~ 0O is similar to the proof of
Corollary 2. The main point is that we can always degenerate X to weak quadric surface bundle Y over
P! x P! whose generic fiber is isomorphic to the example in Proposition 6. To find such a degeneration,
we consider coordinates xg, x; and yg, y; on the first and second factors of P! x P, respectively, and
consider the bidegree-(2, 2) polynomial

h = x}yd + x3 v+ x3y3 — 2(x1y1x0y0 + X1X0Y8 + Y1Y0x3). (4)

We then start with the quadratic form ¢ = (1, y1, x1, x;y1h). Putting xg = yg = 1 shows that the
corresponding quadric surface over K = C(P! x P!) is isomorphic to the one in Proposition 6. The point
is that the isomorphism type of this quadric surface does not change if we perform any of the following
operations to the quadratic form g:

» multiply some entries with even powers of x; and y,

» multiply some entries with arbitrary powers of x¢ and yo, or

« reorder the entries of the quadratic form.

Our aim is to produce a quadratic form of given type (e;, d;)o<i<3 Whose entries are coprime, since the
latter guarantees that the associated quadratic form defines a weak quadric surface bundle ¥ over P! x P!,
Once this is achieved, Corollary 11 will follow from Proposition 6 and Theorem 1.

By assumption, d, > 1, and if ¢g = e; =0, then d; > 1 and e, > 1. This leads to Cases A, B, and C
below. We divide into further subcases and provide each time a quadratic form (produced via the above
process) with the properties we want. Recall that the d;, as well as the ¢;, have the same parity.

Case A (e; > 1). (1) If dy and ¢ are even, then we take

d() en d] e]—l dz—l e d3—3 63—3
XUV X% Yo Y. Xy, X1Yy, Xy Yo X1yih).
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(2) If dy is odd and e is even, then we take

do_ ey _di_e1—1 dr ey _d3—3_e3—3
(X0 Y13 X0 Yo YLX Yo' s Xy Yo X1yih).

(3) If dy is even and ¢ is odd, then we take

dy.ey _di_.er _dr—1 ey _d3—3_ e3—3
Xy X Yis Xg X1y XgT Yy Xiyih).

(4) If dy and e are odd, then we take

dy ey _dy_.ey _dr ex _d3—3_ e3—3
(X0 Yo s X0 Y1 X1 Yo » X0 Yo x1y1h).

Case B (¢p > 1 and ¢1 = 0; hence, ¢; is even for all i). (1) If dy is even, then we take

do _eo—1 d; dr—1 ey _d3—3_e3-3
(X1"Yg Y1 Xg Xyt X1V Xg Yo' Xi1yih).

(2) If dy is odd, then we take

do _eo—1 dy _dy ey _d3—3_e3—3
(Xg Yo Y1 X0 s X1"Yg Xy Yo Xiyih).

Case C (di, e2 > 1 and eg = 1 = 0; hence, ¢; is even for all i). (1) If dy is even, then we take

dy _di—1 dy er)—1 d3—3_ e3—3
(X177, X0 X1L,Xg Yy VI, Xy Yy X1yih).

(2) If dyp is odd, then we take

e3—

dy _dy dy er)—1 ds;—3 3
(Xg » X1 X0 Yo Y. Xg Yo X1yih).

In each of the above cases, putting xo = yp = 1 and reordering the factors if necessary shows that the
corresponding weak quadric surface bundle Y over P! x P! has generic fiber which is isomorphic to
(1, y1, x1, x1y1 F (x1, y1, 1)). Corollary 11 therefore follows from [Hassett et al. 2016b, Proposition 11]
(see Proposition 6 above) and Theorem 1. O

Corollary 12. Let (d;, e;)o<i<3 be a lexicographically ordered tuple of pairs of nonnegative integers with
di +d; and e; + ¢ even for all i, j. Suppose that one of the following holds:

(1) diy=1,d3>2,e1+ey>1,and e3 >3 or
2 di=1,d3>2,e90>1,e1+e3>1,and e; > 2.

Then a very general complex projective quadric surface bundle X over P! x P! of type (d;, e;)o<i<3 is not

stably rational.

Proof. We start with the quadratic forms ¢q; := (1, x1, x1y1, y1h) and g5 := (y1, x1, x1y1, h), where h
is as in (4). If condition (1) holds, then we can use ¢; and if (2) holds, then we can use ¢, to obtain,
via the procedure explained in the proof of Corollary 11, a quadratic form of type (d;, €;)o<i<3 whose
coefficients are coprime. This yields a special fiber to which Theorem 1 applies. The details are similar
as in the proof of Corollary 11, and we leave them to the reader. O
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Correction to the article
Finite generation of the cohomology of
some skew group algebras

Van C. Nguyen and Sarah Witherspoon
Volume 8:7 (2014), 1647-1657

For the class of examples in Section 5 of the article in question, the proof of finite generation of
cohomology is incomplete. We give here a proof of existence of a polynomial subalgebra needed there.
The rest of the proof of finite generation given by the authors then applies.

Let k be a field of characteristic p > 2. Let A be the augmented k-algebra generated by a and b, with
relations

al =0, bP =0, ba=ab+%a2,

and augmentation & : A — k given by €(a) = e(b) =0. Let G be a cyclic group of order p with generator g,
acting on A by

gl@y=a, gb)=a+b.

The corresponding skew group algebra A#kG is a pointed Hopf algebra described in [Cibils et al. 2009,
Corollary 3.14]. We remark that in Section 4 of the article we are correcting, referred to as [NW 2014],
we used the left G-module structure with g(a) = a and g(b) = b — a, whereas the authors in [Cibils et al.
2009; Nguyen et al. 2017] used the right G-module structure given as above. We will apply the results in
[Nguyen et al. 2017] to prove that the cohomology H*(A#kG, k) := Ext},, ; (k, k) is finitely generated,
and this will fill a gap in the proof in [NW 2014, Section 5]. Thus we will now also adopt the choices of
group actions in [Cibils et al. 2009; Nguyen et al. 2017] instead of that in [NW 2014]. This change does
not affect the results discussed in [NW 2014, Section 4].

Let k be an A#kG-module via the augmentation map ¢. To prove finite generation of H* (A#kG, k),
we wish to apply [NW 2014, Theorem 3.1]. We use results in [Nguyen et al. 2017], where the notation is
slightly different, with x in place of a and y in place of b. There it is shown that there are 2-cocycles
&4, &, in H*(A, k) generating a polynomial subring k[&,, &,]. These 2-cocycles are not both G-invariant,
as was claimed in [NW 2014]; specifically, in [Nguyen et al. 2017] it is shown that &, is G-invariant
while &, is not. The claimed G-invariance was used in [NW 2014, Section 5] to show that &, and &, are
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in the image Im(res s#x, 4) of the restriction map from H*(A#kG, k) to H*(A, k). However, results in
[Nguyen et al. 2017, Section 5.1] imply directly that &,, &, are in Im(res 4G, 4); the needed elements
in H*(A#kG, k) are constructed explicitly using a twisted tensor product resolution in [Nguyen et al.
2017, Section 3.3]. Now the rest of the finite generation proof in [NW 2014, Section 5] can proceed as
before, since it is shown there that the rest of the hypotheses of [NW 2014, Theorem 3.1] are satisfied.
An alternative proof is given in [Nguyen et al. 2017, Section 5.1].
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