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Nonemptiness of Newton strata
of Shimura varieties of Hodge type

Dong Uk Lee

For a Shimura variety of Hodge type with hyperspecial level at a prime p, the Newton stratification
on its special fiber at p is a stratification defined in terms of the isomorphism class of the rational
Dieudonné module of parameterized abelian varieties endowed with a certain fixed set of Frobenius-
invariant crystalline tensors (“Gg,-isocrystal”). There has been a conjectural group-theoretic description
of the F-isocrystals that are expected to show up in the special fiber. We confirm this conjecture. More
precisely, for any Gg,-isocrystal that is expected to appear (in a precise sense), we construct a special
point whose reduction has associated F-isocrystal equal to the given one.

1. Introduction

Fix a prime p > 0, and for g > 1, let A, be the moduli space of principally polarized abelian varieties
of dimension g in characteristic p. Then the Newton stratification on A, is the stratification such that
each stratum consists of points x = (A,, 1) whose associated p-divisible group (A.[p°°], 1x[p*°]) with
quasipolarization is quasi-isogenous to a fixed one. The rational Dieudonné module D(X) of a p-divisible
group X over a perfect field k of characteristic p > 0 provides an equivalence of categories between the
isogeny category of (quasipolarized) p-divisible groups and the category of (quasipolarized) F-isocrystals.
An F-isocrystal (or simply isocrystal) over a perfect field k of characteristic p is a finite-dimensional
L (k)-vector space M with a o-linear bijective operator ® : M — M, where L(k) := Frac(W (k)) and o
is its Frobenius automorphism.

According to the Dieudonné—Manin classification, an isocrystal over an algebraically closed field
is determined by the slope sequence of ®. The latter combinatorial datum in turn can be faithfully
represented by a lower-convex (piecewise-linear) polygon with integral break points lying in the first
quadrant of Z2, which will be called the Newton polygon hereafter. In other words, the Newton polygon of
D(A,[p™>]) determines the quasi-isogeny class of A,[p*>°]. The existence of a quasipolarization forces the
Newton polygon of D(A,[p>]) to be “symmetric”. Then, it is a natural question to ask which symmetric
Newton polygon can be the Newton polygon of a point of A,. In fact, the Newton polygons arising from
points of A, in the way just described meet two more restrictions. First, when the initial point is located
at the origin, the end point is always (2g, g) € Z>. Secondly, it “lies above” the ordinary Newton polygon,
which by definition is the Newton polygon having two slopes (0, 1) with the same multiplicity g. Then, it
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has long been known (after it was conjectured by Manin) that any Newton polygon subject to these two
restraints is the Newton polygon of a point on A,; a proof can be found, e.g., in [Oort 2013, Corollary
7.8], which uses the Honda-Tate theory, and thus gives examples defined over finite fields.

The main result of this article is a generalization of this fact to more general moduli spaces of abelian
varieties, namely to Shimura varieties of Hodge type. First, we explain how each point in characteristic
p > 0 of a Shimura variety of Hodge type gives an F-isocrystal with certain additional structure. A
detailed discussion will appear in Section 2.

Let (G, X) be a Shimura datum of Hodge type. This means that there exists an embedding of Shimura
data (G, X) — (GSp(W, ¥), f)fgt) into a Siegel Shimura datum, in the sense that there exists an embedding
pw : G — GSp(W, ¥) of @-groups which sends each morphism in X to a member of $T; we fix such
an embedding. For a compact open subgroup K C G(Ay) (which will be tacitly assumed sufficiently
small), the associated (canonical model over the reflex field E(G, X) of the) Shimura variety Shg (G, X)
parameterizes polarized abelian varieties endowed with a fixed set of (absolute) Hodge cycles and a
K-level structure, and carries a universal family of abelian varieties A — Sk := Shg (G, X) equipped
with a similar set of (absolute Hodge) tensors on HC%R(A /Sk). To study its reduction modulo p, we fix a
prime g of E(G, X) and let O := O, be the localization at g of the ring of integers of E(G, X) with
residue field « (). To obtain an integral model over O with good reduction, we assume that Gg, is
unramified, which is equivalent to the existence of a reductive group scheme Gz, over Z, with generic
fiber Gg,. We choose one such model Gz, and set K, := Gz,(Z),) (such compact open subgroups of
G(Q)) are called hyperspecial). For K, we take K = K, x K” for a (sufficiently small) compact open
subgroup K7 C G(A?). Then, by [Vasiu 1999; Kisin 2010], it is known that there exists a smooth integral
model g := 8k (G, X) over O with generic fiber Sk, which is furthermore uniquely characterized by a
“Neron-extension property”. Also, this integral model carries a universal abelian scheme A over it by
construction. Then each point on the reduction Sx ® k() gives an F-isocrystal as follows.

Let z be a point of Sx ® k() defined over an algebraically closed field k, assumed (for simplicity)
to be of finite transcendence degree over F p- By smoothness of Sx and the moduli interpretation of
Sk, the Dieudonné module D(A;) is supplied with a set of Frobenius-invariant tensors {sy 0 ;}ac 7, and
there exists an L(k)-isomorphism between the dual space WY ® L(k) and D(A,) which matches the
G-invariant tensors on W" and the tensors {540 ;}oc7 On D(A;), which is thus canonically determined
up to the action of G ), on W/ ) (Lemma 2.2.5). Choosing such an isomorphism and transporting the
Frobenius operator @ to WLV(k), we get an element b € G(L(k)) such that ® = pyv (b)(idyv ® o), where
pwv : G — GL(WV) is the contragredient representation of the symplectic representation py fixed in the
beginning. Recall that two elements g;, g» of G(L(k)) are called o -conjugate if there exists h € G (L (k))
with g» = hg1o (h)~!. Then the o-conjugacy class [b] of b is independent of the choice of an isomorphism
WLV(k) — D(A,) just explained, and the isomorphism class of the F-isocrystal (D(A;), ®) equipped with
the Frobenius-invariant tensors {s¢,0,;}ac 7, called Gg,-isocrystal, corresponds to a unique o -conjugacy
class of elements of G(L(k)). If B(Gg,) denotes the set of the o-conjugacy classes of elements of
G(L(k)), there exists a subset B(Gq,, X) of B(Gg,) which is expected to be the set of isocrystals with
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Gq,-structure coming from points on Sx ®o k (¢). We remark that this is a subset of B(Ggq,) defined by
certain two conditions that are analogous to those discussed above in the Siegel case, and it turns out that
for any point of Sx ®e « (), its associated Gq,-isocrystal belongs to this subset B(Ggq,, X).

For [b] € B(G@p, X), let 8 be the subset of points of Sx ®o k (») whose associated G@p—isocrystal
is [b]. The main result of this paper is then that for every [b] € B(Gq,, X), Sp] 18 nonempty. Our proof
consists of finding a special point whose reduction has F-isocrystal equal to a given one. We recall that a
point [A, g7 - K] € Shg (G, X)(C) = G\ X x G(Ay)/K is called special if h € X factors through Ty
for some maximal @-torus 7' of G. Special points are known to be defined over @ C C and extend over
the valuation ring of an embedding @ — Q@ p for any reasonable integral model.

Theorem 1.0.1 (Theorem 3.2.1). Let (G, X) be a Shimura datum and p a rational prime. Assume that
Gaq, is unramified. Fix a hyperspecial subgroup K, of G(Q,) and a sufficiently small compact open
subgroup K? C G(A?);put K = K, x K?. Choose a prime p of E(G, X) above p, and an embedding
tp: Q@ — Q, inducing p.

(1) Forevery [b] € B(Gq,, X), there exists a special Shimura subdatum (T, h € Hom(S, Tr) N X) such
that Tg, is unramified and the o -conjugacy class of ,u;1 (p) € G(G:D‘;,r ) equals [b], and further, such
that the (unique) hyperspecial subgroup of T (Q),) is contained in K .

(2) If (G, X) is of Hodge type, for every special point [h, grlg € Shg (G, X)(Q) (defined for any
gy € G(Ay)), its reduction has F-isocrystal equal to [b].

The statement (1) here is in fact a combination of two statements (1) and (3) of Theorem 3.2.1.

The nonemptiness of Newton strata has been conjectured by Fargues [2004, Conjecture 3.1.1] and
Rapoport [2005, Conjecture 7.1]. Some partial cases confirming this conjecture were known. We only
mention previous works in two directions. For PEL-type Shimura varieties (which form a subclass of
Hodge-type Shimura varieties), this conjecture (i.e., nonemptiness of all Newton strata in B(Gg,, X))
was proved by C.-F. Yu [2005] in the Lie-type C cases, then by Viehmann and Wedhorn [2013, Theorem
1.6] in general, and by Kret [2012] for some simple groups of Lie type A or C. For a general Hodge-type
Shimura variety, to the best of the author’s knowledge, there are two partial results. First, Wortmann
[2013] showed nonemptiness of the p-ordinary locus, a generalization of the (usual) ordinary locus in Ay.
For projective Shimura varieties of Hodge type, Koskivirta [2016] proved the conjecture (nonemptiness
of all Newton strata).

While all these previous results on the nonemptiness of Newton strata, except for that of Kret, are
obtained by algebro-geometric methods in positive characteristic, which are sometimes of limited applica-
bility for Hodge-type Shimura varieties, we point out that the first claim of our theorem above is a purely
group-theoretic statement on Shimura data without any reference to the geometry of the Shimura variety.
When the Shimura datum is of Hodge type, this group-theoretic statement carries the geometric meaning
of the second claim (by Lemma 3.1.1). In this geometric interpretation of the group-theoretic statement
of the first claim, one does not need a fine geometric property of the integral canonical model Sk .



262 Dong Uk Lee

We also point out that our method of proof of the theorem, more precisely that of constructing a special
point with certain prescribed properties, allows us to obtain some finer results. First, as is already apparent,
we prove more than just nonemptiness of Newton strata; namely, we show existence of a special point
whose reduction lies in any given Newton stratum. As another example, we also prove a generalization of
a result of Wedhorn [1999, (1.6.3)] (the first statement of the next result in the PEL-type cases of Lie type
A or C), using an argument different from the original one of Wedhorn (see Remark 3.2.5).

Corollary 1.0.2 (Corollary 3.2.3). Let (G, X) be a Shimura datum of Hodge type. Suppose that Gq,
is unramified and choose a hyperspecial subgroup K, of G(Q),). Let © be a prime of E(G, X) above
p- Then the reduction Sk ,(G, X) x k() has nonempty ordinary locus if and only if © has absolute
height one (that is, E(G, X), = Q). In this case, if the chosen embedding G — GSp(W, v) induces an
embedding Gz, — GL(Wz,) of Z,-group schemes, there exists a special point which is the Serre—Tate

canonical lifting of its reduction.

We remark (see 2.2.1) that the constructions of the integral canonical model by Vasiu and Kisin both
require this condition on the embedding G < GSp(W, ¥) to be satisfied. Finally, we remark that since
our methods of proof of the above results are purely group-theoretic (based on Galois cohomology theory
of algebraic groups), they are very likely to apply to more general Shimura varieties, particularly to
Shimura varieties of abelian-type and/or with nonhyperspecial level. We do not pursue such ideas in this
article, though.

This article is organized as follows. In Section 2, we review the construction of the canonical integral
model Sk (G, X) of a Hodge-type Shimura variety Shg (G, X) with hyperspecial level at p, due to Vasiu
and Kisin, and of the Newton stratification on its (good) reduction S (G, X) ® x (). We also recall the
definitions of Newton map and Kottwitz map for reductive groups over p-adic fields, which are needed to
define Newton stratification. Section 3 is devoted to the proof of the nonemptiness of Newton strata, by
constructing a special point with prescribed F-isocrystal. For that, we generalize (in Hodge-type situation)
a result of Kottwitz which identifies the Gq,-isocrystal of the reduction of a special point in terms of
the defining special Shimura datum. As a corollary of our method, we also obtain a criterion for when
the good reduction of a Shimura variety with hyperspecial level has an ordinary point, and prove that
in such cases, there always exists a special point which is the Serre-Tate canonical lifting of its reduction.

Notation. Throughout this paper, @ denotes the algebraic closure of Q inside C (so @ has a privileged
embedding into C). For a (connected) reductive group G over a field, we let G*° be the universal covering
of its derived group G, and for a (general linear algebraic) group G, Z(G) and G* denote its center
and the adjoint group G/Z(G), respectively.

2. Newton stratification on good reduction of Shimura varieties

In this section, we give an account of the construction of Newton stratification on the reduction of the
integral canonical model of a Hodge-type Shimura variety with hyperspecial level.
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First, we begin with a brief review of the Newton map and Kottwitz map, which are defined for connected
reductive groups over p-adic fields. For a reductive group G over a local field F and a conjugacy class
C of cocharacters of Gz, we define a certain subset B(G, C) of B(G), the set of all G-isocrystals.

2.1. G-isocrystals and the set B(G, C). In this subsection only, all algebraic groups considered will be
defined over p-adic fields.

Let k£ be an algebraically closed field of characteristic p, and let W (k) be its Witt vector ring and
Ko = L(k) the fraction field of W (k). Fix an algebraic closure K of Ky. Let F be a finite extension of
Q, in Ko, and denote by L the composite of Ko and F in Ko; for our application to Shimura varieties, the
most interesting case will be when k = F pand F =Q),, so that L = L(Fp). Denote by o the Frobenius
automorphism of L/F (i.e., the automorphism of L fixing F and inducing the g-th power map on the
residue field k of L, where ¢ € N is the cardinality of the residue field of F). Let G be a connected
reductive group over F. Put Galy := Gal(F/F).

2.1.1. Let B(G) be the set of o-conjugacy classes in G(L):
B(G)=G(L)/ ~,

where two elements x, y of G(L) are o-conjugated, denoted by x ~ y, if x = gyo(g)~! for some
g € G(L); the o-conjugacy class of b € G(L) is denoted by [b]. An element of B(G) is called an
(F-)isocrystal with G-structure.

To relate this notion to the previously introduced notion of F-isocrystal (i.e., a finite-dimensional
vector space U over L endowed with a o-linear bijection ® : U — U), let REPr(G) be the category of
finite-dimensional F-linear representations of G, and CRYS the category of F-isocrystals. Both are in a
natural manner F-linear Tannakian categories (for CRYS, see [Kottwitz 1985, §3]). An element [b] of
B(G) can equivalently be considered as an F-linear exact (faithful) tensor functor

REPF(G) > CRYS : (p, V) = (VR L, p(b) - (idy ® 0)),

for any representative b € G(L) of [b] € B(G); see [Rapoport and Richartz 1996, Remark 3.4(i)]. If
[b1] = [b2], there exists a natural transformation between the corresponding tensor functors. Then any F'-
isocrystal (U, @) of height n (i.e., dim; U = n) gives rise to an F-isocrystal with GL,-structure [Rapoport
and Richartz 1996, Remarks 3.4(ii)]. So, B(GL,) classifies the isomorphism classes of F-isocrystals
(U, @) of height n.

2.1.2. Let D be the pro-algebraic torus over Q, with character group Q. We define N'(G) to be the set
of o-invariants in the set of conjugacy classes of homomorphisms D; — G:

N(G) = (Int G(L) \ Homy (D, G))'“,

where (o) denotes the infinite cyclic group generated by o (and is endowed with the discrete topology).

For example, when G = T is a torus, we have N (T) = X*(T)galF,
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If T C G is a maximal F-torus with (absolute) Weyl group €2, there is a natural identification
N(G) = (Xu(T)a/ ™',

where the Galois action on X, (7T)g/ <2 is the canonical action.
Kottwitz [1985, §4] (cf. [Rapoport and Richartz 1996, Theorem 1.8]) constructs a map

v=vg:G(L) — Hom (D, G)

which is functorial in G. We call the induced functorial map v, defined on the category of connected
reductive groups over F, the Newton map:

ViB(-) = N(); vG([b]) =vG(b), b e[b].

Here, b € G(L) is a representative of [b] and \T(b) is the conjugacy class of vg (D).

When G = GL,,, the Newton map sends an F-isocrystal (U, ®) of height n to its Newton polygon,
which is represented in N (GL,) by the corresponding slope homomorphism; see Example 1.10 of
[Rapoport and Richartz 1996].

21.3. Let 71 (G) =m1(G, T) := X:(T)/ Y_ycg+ Za” be the algebraic fundamental group a la Borovoi,
where T is a maximal torus of Gz and R* C X*(T) is the set of roots of (G, T'). This is a Gal p-module in
a natural manner, and (as the notation suggests) is canonically attached to G only. The functor G — 7 (G)
is an exact functor from the category of connected reductive groups over F to the category of finitely
generated discrete Gal p-modules; see [Rapoport and Richartz 1996, 1.13]. Kottwitz [1990, §6] constructs

a natural transformation
k:B(-)— m(-)Ga (2.1.3.1)

of set-valued functors on the category of connected reductive groups over F, where (- )gal, is the
group of coinvariants for the canonical Galois action [Rapoport and Richartz 1996, 1.13]. For tori, for
which B(-) has an obvious abelian group structure, this map is an isomorphism [Kottwitz 1985, (5.5.1)]
(cf. [Rapoport and Richartz 1996, Theorem 1.15]).

2.1.4. In the following discussion, suppose given a G (F)-conjugacy class C of cocharacters into G 7 We
define a finite subset B(G, C) of B(G), following Kottwitz [1997, §6] (cf. [Rapoport 2005, §4]).
Choose a Borel pair (T, B) (i.e., T is a maximal F-torus and B is a Borel subgroup of G 7 containing
T). Let BR(G) = (X*(T), R*, X.(T), R,, A) be the associated based root datum and C C X.(T)g the
closed Weyl chamber associated with the root base A C R*.
Denoting by uz = ng(G, C) the (unique) representative in C of C, we set

A(G.C)=Galp g™ ) weC.

weGalp-ug

Here, the action of Galy on C is the canonical action. The G (F)-conjugacy class of cocharacters containing
(G, C) depends only on the pair (G, C) (i.e., is independent of the choice of a Borel pair (7, B)).
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Let 1% = u*(C) denote the image of ;v € X,(T) under the natural map

X(T) = m1(G)Gal, = (X*m /2> Zoﬂ)
aeR* Galp
for any cocharacter  of T lying in the conjugacy class C; u* depends only on the conjugacy class C,
and neither on the choice of a representative w in 7z nor on that of 7.
For a connected reductive group G over F and a G(F)-conjugacy class C of cocharacters into G 7

we define
B(G,C) :={[b]l € B(G) | kc([b]) = 1*, Vs ([b]) < (G, C)},

where < is the natural partial order on the closed Weyl chamber C defined so that v < v if v/ — v is a
nonnegative linear combination with real coefficients of simple coroots in X, (T )g [Rapoport and Richartz
1996, Lemma 2.2]. Also, here we use the canonical identification of X, (7 )q/ <2 as a subset of C.

One knows by [Kottwitz 1997, 4.13] that the map (v, «) : B(G) = N(G) x 71(G)gal, is injective;
hence B(G, C) can be identified with a subset of N'(G).

2.2. Integral canonical model and Newton stratification. Let (G, X) be a Shimura datum of Hodge
type. We assume given an embedding p : (G, X) — (GSp(W, ), $F) of Shimura data (i.e., there exists
an embedding pw : G — GSp(W, ¢) of (D-algebraic groups which sends each morphism in X to a
member of ﬁ?). Consider a compact open subgroup K of G(Ay) of the form K = K,K?, where K,
and K” are compact open subgroups of G(Q,) and G(A?), respectively. Choose a prime g of E(G, X)
above p and let Oy, be the localization at g of the ring of integers Og,x) of E(G, X). We also use
Shg (G, X) to denote the canonical model over E(G, X) [Deligne 1979, 2.2].

2.2.1. When K, is hyperspecial, Vasiu [1999] (cf. [Vasiu 2007a; 2007b]) and Kisin [2010] independently
constructed a smooth integral model 8g (G, X) over O, of the canonical model Shg (G, X). The
projective limit 8 k,(G, X) of 8 k,k»(G, X) over varying {K 7} is characterized, as a scheme over Oy,
uniquely by the extension property: for any regular, formally smooth O(,)-scheme §, every E(G, X)-
morphism Sk, x) — Shg, (G, X) extends uniquely over O(y).

Remark 2.2.2. This definition of the extension property is due to Kisin [2010, Theorem 2.3.8]. It differs
slightly from that of Vasiu, who uses, as test schemes, healthy regular schemes over Oy, [Vasiu 1999,
Section 3.2] instead of regular, formally smooth O)-schemes. But, when Gq, is unramified, every
regular, formally smooth scheme over Oy, is also healthy regular over Oy, because O, is unramified
over Z ) [Milne 1994, Corollary 4.7(a)] and every regular, formally smooth scheme is healthy regular
(if p > 2) over any d.v.r. unramified over Z(,), according to a lemma of Faltings (see [Moonen 1998,
Lemma 3.6]). Consequently, this difference (and related other minor differences) will not matter when
the extension property is invoked for such schemes.

In our work, we need a more precise description of the integral canonical model. Let Gz, be a reductive
group scheme over Z, with generic fiber Gg, and such that Gz,(Z,) = K. By [Kisin 2010, (2.3)],
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there exists a lattice Wz of W such that the embedding pq, : Gg, <> GL(Wg,) is induced by a closed

embedding
Gz, — GL(Wz,),

where Wz, := Wz ® Z,,. For K7 stabilizing W3 = Wz ® Z, one can find a compact open subgroup H =
HPH, C GSp(W, ¥)(Ay) with p(K) C H such that H stabilizes W5 and also that p : G < GSp(W, ¥/)
induces an embedding (of weakly canonical models of Shimura varieties)

Shg (G, X) <> Shy (GSp(Wz, ¥), H¥) ®q E(G, X).

For d € N and sufficiently small H, let A, 4 z denote the Mumford (fine) moduli scheme over Z[1/d]
which parametrizes abelian schemes endowed with a polarization of degree d and a level H -structure.
By replacing W7z by a scalar multiple of it, we may and do assume that ¥ is Z-valued on Wz; let
d :=[W5 : W7z] for the dual W; C W. Then, by taking sufficiently small K7 (so that H” is also so0), we
get an embedding of schemes

Shy (GSp(Wz, ¥), H75) = Aga -

By construction, 8k (G, X) is the normalization of the Zariski closure of the image of the resulting

embedding
Shg (G, X) = Ag a1 ®z,, Op)- (2.2.2.1)

From now on, when we talk about the canonical integral model Sk ,x» (with hyperspecial K ), we
will tacitly assume that K7 is small enough that the above conditions imposed are achieved.

Let Sk ® k() be the reduction of the integral canonical model Sx = Sk (G, X) at . Next, we define
the Newton stratification on this scheme, following [Rapoport 2005; Vasiu 2008] (cf. [Wortmann 2013]).
We fix an embedding ¢, : Q—Q » which induces the chosen prime g on E(G, X); such choice amounts
to fixing an embedding E(G, X), < Q p together with an embedding ¢, of E(G, X)-algebras.

2.2.3. For a vector space V, let 7 (V) be the tensor space attached to V:

T(V)= P v e ).
(s,H)eN?
An element of 7 (V) is called a tensor on V. Let {s,}qc7 be the set of tensors on Wg fixed under the
extended action of Gg <> GL(W) on T (W).

Let (wr : A — Shg, 1 4) be the pullback to Shxg = Shg (G, X) of the universal abelian scheme with a
polarization of degree d over A, 4 p; as usual, we assume K? to be sufficiently small for this to make
sense. We have the local system W := R' (7®"),Q of Q-vector spaces and the (analytic) vector bundle
We! .= Rl (m 2‘“)*91‘4C /Shk with Gauss—Manin connection (which is an integrable connection with regular
singularities). By Deligne’s theorem, the latter is the analytification of a unique algebraic vector bundle W
over Shg (in this case, the relative de Rham cohomology H(}R(A /Shg) = Rln*Q:‘ /ShK) with integrable
connection. Each tensor s, defines a global section s, p of the local system 7 (VW) and also a global
section sy qr Of the vector bundle 7" (Hd‘R (A/Shg)) [Kisin 2010, (2.2)].
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Now, let F D E(G, X) be an extension which can be embedded in C; we fix an embedding o : F—C
which extends the given embedding E (G, X) < C. For x € Shg (G, X)(F), let A, be the corresponding
abelian variety over F, and let Hj, (A,/F) and H (A, ®F F,Q ») denote the de Rham cohomology
of A, /F and the étale cohomology of A, ®f F, respectively. For each tensor s, € T(W), let s4.B.o. (x)
in 7 (Hé (00 (Ayx), Q)) denote the fiber of s, p at 05 (x) € Shx (G, X)(C). By the moduli interpre-
tation of the complex points of Shg (G, X) [Milne 1994, Proposition 3.9], there is an isomorphism
wY S Hé (Ao, (x)» @), uniquely determined up to action of G(Q), where G acts on W by the contra-
gredient representation. Moreover, sy B,o, (x) 1S the image of s, by any such isomorphism (in particular,
it does not depend on the choice of such isomorphism). For each prime /, let 54/ 5 (x) be the tensor in
T(HL(Ax ®F F, Q) which is the preimage of 4B 0., (x) under the canonical isomorphism

H{(A, ®F F, Q) > Hi(000(Ay ®F F), Q) = Hy(000(A,), Q) @ Q, (2.2.3.1)

where the first isomorphism o is the proper base change isomorphism in étale cohomology. The image
of Sq.B,0.,(x) Under the comparison isomorphism

Hi(000(Ay), @) @ C = Hiz (A ®F.q,, C/C)

is the stalk Sy 4R, (x) at 0o (x) Of the section sy gr Of T(Hle(A /Shg)). As the algebraic vector bundle
Hle(A/ShK) is defined over E (G, X) [Kisin 2010, Corollary 2.2.2], s0 1S 050 (S¢.dR.x ), the base change via
000 Of the stalk 54 dr,x Of 54,dr at x. Set Hy'(Ay) := Hyg (A /F) x I H (A, Q) and Q(1) := F xAf(1),
where A¢(1) := (lim, u,) ®z Q (as usual, u, :={¢ € F | ¢"=1})), and let T(HA{(AX), Q(1)) be the
tensor space generated by these F' x A r-modules Hy' (Ay), Q(1) (and their duals) [Deligne et al. 1982,
Chapter I, §1]. Then, the element

(S(x,dR,x’ Sa,ét,000(x) = (Soz,l,ooo(x))l)
of T(HA{(AX), (1)) is an absolute Hodge cycle on A, [Deligne et al. 1982, Chapter I, §2].

2.2.4. Now we show that every geometric point z € Sx @ F p(k) (with k = k, chark = p) gives rise to a
Gq,-isocrystal over k, i.e., a o-conjugacy class of elements in G(L). Here, we assume that L (k) can be
embedded in C; for example, this is the case if k has finite transcendence degree over [,,. The p-divisible
group (A [p™], Aa [p™]) with quasipolarization gives rise to an F-isocrystal over k equipped with a
(Az/W(k)) of
A, with quasipolarization A, is a quasipolarized F'-crystal (M, ¢, (,)): M is a free W (k)-module of rank
2dim A;, ¢ € Endz,(M) is a o-linear endomorphism such that pM C ¢ (M), and (, ) : M x M — W (k)
is an alternating form with the property that (¢ (v1), ¢ (v2)) = p(vy, v2)? for vy, v € M.

To proceed, we fix an embedding E(G, X), < L(k), and thus an identification E(G, X), = L(F,) as
well, where [, is the residue field of O(y,). Then there exists a lift of z : Spec(k) — Sg ®, k to Spec(W (k)),
since 8k (G, X) is smooth over Oy, and Oy, is unramified over Z,, [Milne 1994, Corollary 4.7]. We
choose one, say x : Spec(W (k)) — Sk, and set (A, Ay) := x*(A, A4).

nondegenerate alternating pairing. More precisely, the crystalline cohomology M := HclriS
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Lemma 2.2.5. Foreacha € J, let s40.x € T(M Qw) L(k)) denote the image of sy dr.x (the stalk at x
of Sq.dr) under the canonical isomorphism HJR(AX/L(k)) =M Qww) Lk).

(1) The tensor sq . x is a crystalline cycle, namely sq 0., belongs to the F O_filtration of T(M @ L(k)) and
is fixed under the Frobenius ¢, where the filtration on T (M ® L(k)) is the one transported from the
Hodge filtration on T(H(}R(AX/L(k)) by the canonical isomorphism M @ L(k) = HC}R(AX/L(k)).

(2) The triple
MQF, P, (54,0,x)acT)

depends only on z, not on the lift x; let us write s4.0,; for sq.0.x. There exists an L(k)-isomorphism
WY ®q L(k) = M Qw) L(k) (2.25.1)
which maps s t0 S40.; for every o € J.

Proof. (1) This is well-known. Originally, this statement was proved by Blasius, Ogus, and Wintenberger
independently (see [Blasius 1994, §5]) when x was defined over a number field, as a consequence of the
fact that the Hodge cycles on an abelian variety over a number field are de Rham and the compatibility
of the crystalline and de Rham comparison isomorphisms [Blasius 1994, 5.1(5)]. Then Vasiu [2008,
Section 8] generalized it to arbitrary fields.

(2) As before, we choose an embedding o : L(k)— Cof E(G, X )-algebras. We have seen that for
each o € J, the image of s, under the comparison isomorphism

WY ®C > Hi(000(Ax), @ ® C > Hyg (Ax/L(K) ®Lk).00 C (2.2.5.2)

1S 0o (Ser.dR,x) = Se.dr x @ 1 (a section of T(Hle(Axr/L(k))) ®L(k),0., C); recall that the first isomorphism
is unique up to the action of G(Q) on W". Next, for any two lifts x, x" over W (k) of z, the composite of
the canonical maps

Hix(Ay/L(k) = Huy (A/ W (k) ® L(k) = Hyg(Ay/L(k))

cris

is given by parallel transport with respect to the Gauss—Manin connection [Berthelot and Ogus 1983,
Remark 2.9]. As 0 (Sa,dr,y) for y = x, x" are the stalks of a horizontal global section s, g of the local
system 7 (Wc), we see that under the composite map at hand, 0o (S¢.dr,x) MUSt map to 0oo (Se.dr,x’). This
proves that the triple (M ® L(k), ¢, (S¢.0.x)acy) 1s independent of the choice of lift x. Let us write 54,0,
for sq.0.x (¢ € J).

Now, the functor defined on L(k)-algebras

R Isomg (W[ ® R, {s¢ ®1}), (M ® R, {s4,0.. ® 1}))

of isomorphisms between WY ®q L (k) and M = H!

cris
represented by a scheme which is nonempty since it has a C-valued point, as was just seen, and thus is a

(A;/L(k)) taking s, to 54,0, for every o € J is

torsor over L(k) under G ). Since H YLk), G L)) = {0} (Steinberg’s theorem), this torsor is trivial,
namely has an L (k)-valued point. O
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Therefore, when one chooses an isomorphism as in (2.2.5.1) and transports the o -linear map ¢ to
WY ® L(k), we obtain an element b € G(L(k)) with

¢ = pwv(b)(idyv ® o),

where pwv : G < GL(W") denotes the contragredient representation: indeed, both ¢ and idyv ® o (thus
pwv (b) as well) fix each s, ® 1 € T(WY ® L(k)). Although b depends on the choice of an isomorphism
(2.2.5.1), its o-conjugacy class [b] € B(Gq,) is independent of such choice. This shows that the F-
isocrystal over k attached to z is an Gg,-isocrystal. For an arbitrary point z of Sk (G, X) ® k (), we
define the F'-isocrystal attached to z to be the F-isocrystal of the geometric point in Sg (G, X) (k) induced
from z for any algebraically closed field k containing the residue field « (z) of z. The resulting F'-isocrystal
does not depend on the choice of k’; see [Viehmann and Wedhorn 2013, §8; Rapoport and Richartz 1996,
Lemma 1.3]. In this way, we obtain a (set-theoretic) map

®:8k (G, X) ®«k(p) — B(Gq,)-

By the same argument (applied to Sh(7', &) instead of Sh(G, X)), we see that if o,(x) is a special
point, i.e., 050 (x) = [h, g¢] € Shg (G, X) (000 (F)) for some h € X factoring through a maximal Q-torus
T of G, the Gg,-isocrystal (attached to its reduction z € S8k (G, X)) has a representative in T (L).

Finally, we remark that although our definition of the F-isocrystal attached to a point of Sg (G, X) (k)
uses cohomology spaces, one can equally work with homology spaces, as adopted by other people (such
as Viehmann and Wedhorn [2013]). This does not alter the definition of the map ®.

2.2.6. With every Shimura datum (G, X), there is associated a natural G (C)-conjugacy class ¢(G, X) of
cocharacters of G¢, namely that containing the Hodge cocharacter ,u,?l :=h~!g,,, where Gy, refers to
the factor of (Res¢/rGm)c = ]_[Gal(C /&) Gm corresponding to the identity embedding of C. Recall that
we fixed an embedding ¢, : Q < Q,, inducing the chosen prime p on E(G, X) and Q is given as a
subfield of C. As is well-known, this choice allows us to consider ¢(G, X) as a G(Q p)-conjugacy class
of cocharacters of G@p; we continue to denote it by ¢(G, X).

Put B(Gq,, X) := B(Gq,, ¢(G, X)) (the subset of B(Gg,) defined in 2.1.4 for C = ¢(G, X)) and
(Ga,. X) :=i(Ga,, (G, X)).
Proposition 2.2.7. Let (G, X) be a Shimura datum of Hodge type and K = K ,K? C G(Ay) a compact
open subgroup. Suppose that G is unramified over Q,, and K, C G(Q,) is hyperspecial.

(1) The image of © : 8k (G, X) @k (p) — B(Gq,) is contained in B(Gq,, X).

(2) For [b] € B(Gq,), the subset
Sy == O~ ([b])

is locally closed inside Sk (G, X) @ .

For (1), see, e.g., [Viehmann 2015, Theorem 3.7], and for (2), [Vasiu 2011, 5.3.1].
Endowed with reduced induced subscheme structure, the subvarieties Sp) of Sx (G, X) ® F p are called
the Newton strata of Sx (G, X).
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Rapoport [2005, Conjecture 7.1] conjectures the following.
Conjecture 2.2.8. Im(®) = B(Gq,, X).

Remark 2.2.9. (1) It is known (see [Rapoport and Richartz 1996; Chai 2000]) that with respect to the
partial order < on B(Gq,, X), there exist a unique maximal element, called the j1-ordinary element, and a
unique minimal element, called the basic element. The w-ordinary element is just (the o-conjugacy class
in B(Gq,, X) with Newton point) it(Gq,, X); itis clear from the definition that i(Gg,, X) € B(Gq,, X).
Previously, nonemptiness is known for these two special strata. For the p-ordinary locus, this was first
proved by Wedhorn [1999] in the PEL-type cases, using an equicharacteristic deformation argument (which
is thus yet unavailable for Hodge type Shimura varieties) and by Wortmann [2013] for general Hodge-type
cases, along the lines of [Viehmann and Wedhorn 2013] comparing the Newton stratification with the
Ekedahl-Oort stratification. There was also a group-theoretic approach of [Biiltel 2001]. Nonemptiness
of the basic locus in the PEL-type cases was shown in [Fargues 2004].

(2) The Newton stratification on Shimura varieties has been a research topic of intensive study with
constant progress and outputs. We refer the reader to the recent survey article [Viehmann 2015] on the
current status of research (updating the reports by Rapoport [2003; 2005]). Here, we just mention one
question directly related to our work, namely the dimension of Newton strata (the result on which either
assumes or subsumes the nonemptiness of stratum). There is a conjectural formula for the (co)dimension
of each Newton stratum [Chai 2000, Question 7.6; Rapoport 2005, p. 296]. This conjecture was inspired
by the result of Oort [2001, Theorem 4.2] confirming it in the Siegel case, and was proved, among
others, in the general PEL-type case by Hamacher [2015]; with our nonemptiness result, his recent work
[Hamacher 2017] also establishes this formula in the general Hodge-type case. Also, the result of [Kret
2012], alluded to in the introduction, in fact establishes nonemptiness of Newton strata by proving this
formula in the simple PEL-type cases of Lie type A or C; his result, however, depends on the resolution
of the Langlands—Rapoport conjecture [Kisin 2017] and the stabilization of the twisted trace formula.
There is also a work of Scholze and Shin [2013, Corollary 8.4] of similar flavor.

(3) We do not know yet if our definition of the Gg,-isocrystal is a Gg,-isocrystal on Sk ® k() in the
sense of [Rapoport and Richartz 1996, §3]. Due to this flaw, some basic properties on Newton stratification
that are known for PEL-type Shimura varieties, such as the Grothendieck specialization theorem, are not
yet established for Hodge type Shimura varieties. For some known properties, we refer to [Rapoport
2003; Vasiu 2008].

3. Proof of nonemptiness of Newton strata

We keep the notation from the previous section; in particular, we chose an embedding ¢, : Q—Q »
inducing o on E(G, X). In this section, we prove the main result, namely that for any Gg,-isocrystal
[b] lying in B(Gq,, X), there exists a special point in Shg (G, X)(Q) such that the F-isocrystal of its
reduction is [b]. For that, we give a generalization of a result of Kottwitz [1992, Lemma 13.1] (in the
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PEL-cases) which identifies the Gg,-isocrystal of the reduction of a special point in terms of the special
Shimura subdatum defining the point.

3.1. Gq,-isocrystal attached to special points. We recall that for a torus 7" over a nonarchimedean local
field F, there exists a unique maximal compact subgroup of 7'(F) (which is also open). In fact, T has a
canonical integral form 7 over OF such that for every finite extension F’ of F, the maximal compact
subgroup of T(F’) is T(Op/). If E is a finite Galois extension of F splitting 7, the maximal compact
subgroup of T(E) = Hom(X*(T), EX) (=~ (E*)¥MT) is T(Or) = Hom(X*(T), OF) (=~ (03)4mT);
furthermore, we have 7(Or) = Homgag,/r)(X*(T), O). If T is unramified over F, 7(Op) is the
unique hyperspecial subgroup of 7' (F) (see Theorem 1 and the discussion after Proposition 2 in §10.3 of
[Voskresenskii 1998]; also see [Tits 1979]). We will also write simply 7 (OF) for 7 (OFf).

Now, let x = [h, k¢] € Shg (G, X )(Q) be a special point, namely & € Hom(S, Tg) N X for a maximal
Q-torus T of G and ky € G(Ay). Then, ¢,(x) € Shg (G, X) @ p) extends (uniquely) to an O, -valued
point of the integral canonical model Sk, where O, is the valuation ring of @ defined by ¢,. This
is due to the construction of Sk as the normalization of the Zariski closure of the image of a natural
embedding Shx (G, X) < Ag 4.1 ®z,) O(p) (as provided by (2.2.2.1)). Indeed, the image of x under
such an embedding is a polarized abelian variety of CM-type; thus, it extends to an O, ,-valued point
of Ag 4.5. Since the morphism 8g (G, X) — Aga.n ®z, O(p) of O(p)-schemes is finite (as the target
is an excellent scheme), the claim follows by the valuative criterion of properness applied to a suitable
normal model over Oy, of Shg/(T, h) for K’ C T(Ay) N K a compact open subgroup. Set L := L(I]_:p).

Lemma 3.1.1. (1) The Gq,-isocrystal of the reduction z of 1,(x) € Shg (G, X)(O,,) is the image of
—Hh € X*(T@p)Gal@p under the natural map X*(T@p)GaIQP = B(Ta,) — B(Gq,), where the first
isomorphism is the inverse of the isomorphism KT, : B(Tw,) 5 X *(T@p)Gal(Qp (2.1.3.1).

(2) If Ta, is unramified and the (unique) hyperspecial subgroup T (Z,) of T(Q)) is contained in K,

then 1,(x) is defined over an unramified extension E' of E(G, X), and extends uniquely over O

It follows readily from [Kottwitz 1985, 2.5] that the G g -isocrystal of the reduction z is represented by
Nmg g, (1(wp)) ™ € T(L),

where E = E(T, h), for the prime p of the reflex field E(T, h) induced by ¢,, Ep C E is the maximal
unramified subextension of Q,, Nmg,g, : T(E) — T (Ey) is the Norm map, and g is a uniformizer
of E.

Proof. (1) This was proved by Kottwitz [1992, Lemma 13.1] in his PE(L)-type situation. In our general
Hodge-type situation, we adapt his arguments; incidentally. We already observed that the F-isocrystal of z
is represented by an element of 7'(L). Before entering into a detailed proof, we briefly explain the strategy
of Kottwitz’s proof [1992, §12—13]. It consists of two parts. First, with any @ ,-torus (7’, i’ € X,(T"))
endowed with a cocharacter, he constructs a certain 7"'-isocrystal, i.e., a Q,-linear exact tensor functor

0 REP, (T') —> CRYS (3.1.1.1)
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(see Section 2.1) and identifies it (via the isomorphism k7 : B(T') = X, (T’ )Galg, (2.1.3.1)); this part of
his argument applies to any torus over a p-adic field endowed with a cocharacter. Next, he specializes the
pair (T’, ') to the one (Tg,, 1) coming from a special Shimura subdatum (7', h) of (GSp(W, ), Hh),
and in this case obtains the geometric interpretation E7q,, u(Wa,) = H{"™(A;/L), where W, refers
to the representation of Tg, given by the chosen embedding 7 < GSp(W, ¥) and H™ (A./L) is the
F-isocrystal dual to Hclris(AZ /L) for the reduction z of ¢, (x) [Kottwitz 1992, Lemma 13.1]. Here, Kottwitz
works with special Shimura-subdatum defined by a PEL-datum, but one easily checks that this statement
continues to hold for any special Shimura subdatum of (GSp(W, ), %) (we will justify this shortly).
Finally, a standard argument of Tannakian theory gives an isomorphism

f(Wa,): H™(A./L) > W, ® L

of L-vector spaces; this is obtained by identifying some two L-valued fiber functors of the Tannakian
category REPq, (T"), from which it follows (cf. Section 2.1) that the Frobenius automorphism H fris(AZ /L)
transfers to bo with b € T'(L) via such isomorphism. Our main job then consists in verifying that in a
general Hodge-type situation, such an isomorphism f(Wg,) still qualifies as an isomorphism of (2.2.5.1),
namely that under the induced map f(Wq,)" : W) = H

cris

(A;/L), for each @ € J, the tensor s, goes
over to the crystalline cycle sy o, of Lemma 2.2.5(2).

To justify these claims in detail, we begin by recalling the construction of the functor &z, (3.1.1.1).
Let FCQ » be a finite extension of @, and 77 the category of tori over @, split by F. The functor
T — X,.(T) is an equivalence of categories between TF and the category of Gal(F/Q,)-modules that
are free of finite rank as abelian groups. Then, for any object 7’ of 7% endowed with a cocharacter
' € X (T'), one defines a Q,-linear exact tensor functor

Er,uw : REP, (T") — CRYS (3.1.1.2)
as the composite of two Q) ,-linear exact tensor functors
o7, - REPq, (T") — CR(F), D: CR(F) — CRYS,

where CR(F) is the neutral Q,-linear Tannakian category of finite-dimensional crystalline representations
of Gal(Q »/F"), where F'' C Q p 1s the maximal unramified subextension of F. Here, the first functor
o . 18 dual to a certain natural homomorphism

prw : Gal(@Q,/F') — T'(Q,) (3.1.1.3)

that is constructed from (7”, ') in [Kottwitz 1992, §12]. The second functor D is the Dieudonné functor
in the Fontaine—Messing theory: for a finite unramified extension £ (C F") of F and a crystalline
representation V of Gal(Q »/E),

D(V) = (Buris ®a, V)& @/E,
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where B is the crystalline period ring of [Fontaine and Messing 1987]. Then, in view of [Kottwitz
1985, 2.5], Lemma 12.1 of [Kottwitz 1992] says that, regarding 87, as an element of B(7"), one has
the equality

ET/,I/L/ = —I,L

under the isomorphism k77 : B(T') = X*(T/)Gal@p (2.1.3.1).
In the geometric situation where (77, 1) = (Tg b n), we claim that one has a canonical isomorphism

of F-isocrystals .
ETQP,M}«, (W@p) = ans(AZ/L)v

where H{™(A,/L) is the F-isocrystal dual to H!, (A./L), i.e., the linear dual Homy (H!, (A./L), L)
equipped with the Frobenius operator ®1(f)(v) := p~!1-2f(Vv) for f € chris(AZ/L) andv e Hclris(AZ/L)
(V being the Verschiebung operator on HclriS
and Messing 1987] and [Faltings 1989], it is sufficient to show that the (crystalline) representation
Gal(@p/F‘“) — T, GL(Wg,) (3.1.1.3) is isomorphic, via some isomorphism Wdi, = Hélt(tp (Ay), Qp),
to the canonical Galois representation Gal(Q,/F"") — GL(Hlé‘(LP(Ax), Q,)), where Hf‘(tp(Ax), Q)

is Hé]t(t »(Ay), Qp)Y (linear dual). The moduli interpretation of Shg (G, X)(C) provides an isomorphism

(A;/L)). In view of the comparison theorem of [Fontaine

wY = Hé (A, @), uniquely determined up to action of G(Q). There exists such an isomorphism
under which the Hodge structure # : C* — GL(W)g corresponds to the defining Hodge structure
hy :C* — GL(Hé (Ay, Q) of Ay; we fix one, say 6. The induced isomorphism

Wy, = Hg(Ar, @) @ @) = He(1(Ad), Q) (3.1.1.4)

will be what we want. Under such isomorphism, the Galois representation Gal(@ p/F") — Tg, 3.1.1.3)is
identified with the one attached to the pair (7, &, ) by the same procedure in [Kottwitz 1992, §12], where
T, :=Int(6)(T) C GL(HI; (Ax, @)). Therefore, given these, the claim at hand follows readily from a result
in the theory of complex multiplication of Shimura and Taniyama, which says that when ¢,(A,) is defined
over a finite extension F of @, the canonical Galois representation Gal(F ab/Fy - GL(H lét(l p(Ax), Q)
composed with the isomorphism F* = Wf}b in local class field theory (normalized in such a way that the
geometric Frobenius automorphisms map to uniformizers) is

e B my; ONME/E@ W, F* = E(T, h)y — (T,

where E(T, h) is the reflex field of (T, ;) and p is the place of E(T, h) defined by ¢, : Q— @p (so
that E(T, h), C F); see [Chai et al. 2014, A.2.5.3, A.2.5.8, (1), and A.2.4.5].

From ET@p,uh (defined for (77, F, u') = (Tq,, F, us)), and the obvious fiber functor CRYS — VEC, :
(U, @) — U, we get a fiber functor over L: w; : REPq,(Tg,) — VECL. By Steinberg’s theo-
rem (H'(L,T;) = {0}), this nonstandard fiber functor is isomorphic to the standard fiber functor
wo : CRE?@I)(T@I)) —>VECL: (p, V)V ®q, L; we fix such an isomorphism f : w; = wp. Then, we
have seen that there exists b € T'(L) such that

(HS(AL/L), ®1) =~ (W ® L, pw (b)(idw ® 0)),
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via the induced isomorphism f(Wg,) : @1(Wg,) = HfriS(AZ/L) = wo(Wg,) = Wg, ® L, and that
[b] = —u' € X*(T/)Gal@p under the isomorphism k7 : B(T') = X*(T/)Gal@p (2.1.3.1). Also note in
passing that Hclris(Ax/L) ~ (WY Q®L, pwv(b)(idyv ® 0)). Therefore, to prove statement (1), we only
need to show that for any isomorphism f : w; = wy of fiber functors, f(Wg,) : chriS(AZ /L) = Wi
qualifies as an isomorphism of (2.2.5.1) (i.e., an isomorphism compatible with tensors). We remark that
in the PEL-type setting, the tensors involved were morphisms in (abelian) categories, so this was obvious.
In a general Hodge-type case, however, the proof of this fact requires a nontrivial fact [Blasius 1994] that
the Hodge cycles on abelian varieties over number fields are de Rham.

In more detail, we consider each tensor s, as a morphism sy : 1 — ng in REPq, (Tg,), where 1
is the trivial representation Q, (which is an identity object of the tensor category REPq, (Tp,)) and
ng denotes some specific object of REPq, (Tg,). Applying the functor E7q,. i WE get 2 morphism
s ET@,,,WI 1) — ET@,wﬂh(Wg,,) in CRYS. As ET@p,/Ln (1) is the trivial F-isocrystal (L, o), again this is
equivalently regarded as a crystalline tensor on Er, ., (Wo,) = H{™(A;/L). Moreover, as f : w1 — wo
is an isomorphism of fiber functors, we have a commutative diagram of L-vector spaces:

S/

o1 (1) — o1 (Wg)

F ] ~ ~ L FOVE)
S,

wo(1) — wg(We)

So, it remains to check that the crystalline tensor s;, on Hclris(AZ /L) equals the crystalline cycle sq4.0 ¢, 1.€.,
(A;/L) = Hig(A/L)).
First, it follows from the previous discussion that the image of the tensor s, : 1 — WS’F under the

the de Rham cycle s4,4r,x On Hle(A x/L) (under the canonical isomorphism HclriS
functor p;@p’ h is its image under our chosen identification Wdi, = Hélt(L p(Ax),Qp) (3.1.1.4). As this
identification is induced from an isomorphism WY = Hé (A, Q) provided by the moduli interpretation
of Shg,k»(G, X)(C), the image tensor equals the tensor sy, p oy ) : 1 — Hlét(Lp(Ax), Q,)®. This is
the p-adic component of the absolute Hodge cycle (sq.dRr,x» (Sa,l,0.,(x))1)- Then, since the étale and
the de Rham component of an absolute Hodge cycle on an abelian variety over a number field match
under the p-adic comparison isomorphism, from which the second functor D is induced [Blasius 1994,
Theorem 0.3], the image of 54, .. () under the functor D must be sq dr x : 1 — HX(A,/L)®. So, we
have just proved that s, = E,,, (S¢) = Sa,dR,x, and consequently statement (1).

(2) The statement on the field of definition is an easy consequence of the reciprocity law characterizing the
canonical model of Shimura varieties [Deligne 1979, 2.2] and local class field theory. For any compact open
subgroup K’ contained in 7' (A )N K, there is a natural map Shg/ (T, h) — Shx (G, X) Qg G, x) E(T, h) of
weakly canonical models of Shimura varieties [Deligne 1979, 2.2.5]. Hence, it suffices to show that for the
compact open subgroup K’ =T(Z,) x K'? for any K'? C T(A”)N K?, the connected components of the
finite scheme Shg/ (T, h) over E(T, h) are defined over an (abelian) extension E’ of E(T, h) such that the
prime p’ of E” induced by ¢, is unramified over . The action of Gal(Q/E(T, h)) (which factors through
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the topological abelianization Gal(E (T, h)ab/E(T, h))) on the group Shg/ (T, h)(@) =T@\T(Ap)/K’
is given by (the adelic points of) the reciprocity map [Deligne 1979, 2.2]

Resg(r.nya(n) Ne.no
T - Resgr ny@(Gme,ny) ————— Resgrnyo(TeGny) ——— T (3.1.1.5)

via class field theory: for p € Gal(E(T, h)gb/E(T, h)y) = E(T, h);f and [t]g € Shg (T, h)(pr) =
T(@)\T(Ay)/K’, one has
pltl =117, (0) 7],

where one uses the convention that under the identification Gal(E (T, h)gb J/E(T, h)p) = E(T, h)px, the
geometric Frobenius corresponds to a uniformizer of E(T, h),. Obviously, the image in 7'(Q,) under the
map rr,,, of the unit group (Ot n ® Z,)* is contained in the maximal compact open subgroup 7'(Z ).
As Gal(E(T, h)gb/E(T, h)gr) = ((’)E(T’h))pX C (Og(r,n ® Z,)*, this proves the claim. Then, by the
extension property [Kisin 2010, 2.3.7] and Remark 2.2.2 of the integral canonical model, x extends to an
Op-valued point of Sk . O

Note that when the conditions of (2) hold, the “good reduction at ¢, of the special point follows
from an intrinsic property of the integral canonical model (i.e., the extension property), rather than its
construction.

3.2. Construction of special Shimura data with prescribed F-isocrystals.

Theorem 3.2.1. Let (G, X) be a Shimura datum (not necessarily of Hodge type) such that Gq, is
unramified and K , = Gz,(Z ) a hyperspecial subgroup of G(Q,).

(1) Forevery [b] € B(Gq,, X), there exists a special Shimura subdatum (T, h : S — Tg) such that
VGq, ([D]) : N (uen)
v =———Nm .
Ga, [F:0,] F/Q,(ln
Here, the right-hand side is the image of the corresponding quasicocharacter under the canonical
map X*(T)gal@l’ =N(Ta,) — N(Gq,) and F C @p is the field of definition of 1 € X+(Tq,).

(2) If (G, X) is of Hodge type, for every [b] € B(Gq,, X), there exists a special Shimura subdatum (T, h)
such that for any gy € G(Ay), the reduction (at v) of the special point [h, g1k, € Shk,(G, X) (Q)
has the F-isocrystal equal to [b].

(3) Furthermore, we may find such a special Shimura subdatum (T, h) with the additional properties
that Tg, is unramified and T (Z ) C K.

The additional properties in statement (3) specify the prime-to-p isogeny class of the reduction of a
special point defined by such (7', &), not just its Q-isogeny class; such finer information has an amusing
application (see Corollary 3.2.3).

Proof. (1) Our proof consists of two steps. Fix a rational prime [ # p.
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Step 1. We claim that for an arbitrary maximal Q,-torus 7" of Gaq,, there exist a maximal Q-torus Ty
of G such that (7p)q, is elliptic in Gq, for v =00,/ and (Tp)g, = Int(g,)(T’) for some g, € G(Q)).
Then, for such Ty, we will shortly find u € X, (Tp) satisfying the following conditions:

we X (Ty) Ne(G. X) and Tgy, ([b]) = Nmg/a, (1. (3.2.1.1)

[F:Qp]
Here, in the equation on the right, F is any extension of Q, splitting (7p)q, ; note that the quasicocharacter
itself remains the same if we take F to be a field of definition of .

First, to find a maximal Q-torus Ty of G with the required properties, we consider the following three
sets:

Xy = {x € G*(Qy) | x is regular semisimple and Centg (x) is elliptic in Gg,}, (v=00,1);

X, ={x € G*(Q,) | x is regular semisimple and Centg (x) = Int(g,)(T") for some g, € G(Q))}.

These sets are all nonempty: for v = oo, this follows from Deligne’s condition on Shimura data [Deligne
1979, (2.1.1.2)], and for v =/, from [Platonov and Rapinchuk 1994, Theorem 6.21]. They are also open in
the real, /-adic, and p-adic topology, respectively: for two sufficiently close regular semisimple elements,
their centralizers are conjugated (cf. [Biiltel 2001, proof of Lemma 3.1]). So, by the weak approximation
theorem, there exists an element x € G (Q) which lies in all of them. Its centralizer Tj := Centg(x) is
then the desired maximal torus.

Secondly, existence of a cocharacter u € X, (7p) satisfying the conditions (3.2.1.1) is established in
Lemma 5.11 of [Langlands and Rapoport 1987]. (See [Lee 2016, Proposition 4.2.4] for another proof.)
We remark that this proof of Langlands—Rapoport uses, as the input condition, nonemptiness of the affine
Deligne-Lusztig variety X (c(G, X), b) K, attached to the tuple (G@p, c(G, X), K,, [b]):

X(e(G, X), b)k, :=1{gGz,(O1) € G(L)/Gz,(O1) | ¢ 'bo(g) € Gz,(Op)(p)Gz,(Op)},

where w is any morphism G 0, — Gz, ® O lying in ¢(G, X). But [Wintenberger 2005] shows that
[b] € B(Gq,, c(G, X)) implies such nonemptiness.

Step 2. Next, for any maximal Q-torus 7y of G, elliptic at R, and each cocharacter 1 € X, (Tp) Nc(G, X),
we claim that there exists u € G(Q) such that

(1) Intu : (To)g <> Gg is defined over Q and the Q-torus 7 := Intu(7p) is elliptic in G over R,
(i1) Intu(w) equals M;l for some h € Hom(S, Tr) N X.!

Moreover, if (Tp)q, is elliptic in Gg, for some [ # p, there exist such u € G(@) and & € X which satisfy,
in addition to these properties, that

(iii) there exists y € G(Q),) such that (Ta,, u}j]) =Inty((To)a,, 1)-

Our proof is an adaptation of the argument of [Langlands and Rapoport 1987, Lemma 5.12]. Let 7 be
the inverse image of (TN G%")? under the canonical isogeny G*¢ — G, and pick any morphism hg € X

IRecall our convention that ¢(G, X) is the conjugacy class of cocharacters into G¢ containing pc;1 for some h € X.
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factoring through (7p)r, which exists since (Tp)g is elliptic in Gg and any two elliptic maximal tori in
any connected reductive real algebraic group H are conjugate under H (R). Choose w € Ng(Tp)(C) such
that u = w(u;ol); we may find such a w in Ngs (7;°)(C) as the Weyl groups of G and G* are the same.
This gives us a cocycle a® € Z'(Gal(C/R), G**(C)) defined by

af’ozw-t(w_l)

for all « € Gal(C/R). As a matter of fact, this has values in 7;j°(C). Indeed, by [Shelstad 1979, Proposi-
tion 2.2], the automorphism Int(w™') of (Ty)c is defined over R, so

Int(w™H (7)) = c(nt(w™H1) = Int(w ™) (1))

for all € T3°(C), i.e., c(w)w™! € Centgse (T3)(C) = T;°(C), and so is we(w™') = t((w)w™"). Then,
by Lemma 7.16 of [Langlands 1983], there exists a global cocycle

aez'(Q, T

mapping to > € H'(R, T5°). When (Tp)q, is elliptic in Gg, for some [ # p, then the following lemma
ensures the existence of a cocycle a € Z'(Q, T) mapping to o> € H (R, T;°) and further to zero
in H1(Q p» 15°). For a finitely generated abelian group A, let Ao be the subgroup of its torsion elements.

Lemma 3.2.2. (1) For a maximal Q-torus T of G which is elliptic at | # p, the natural map

(1 (TSC)F(I))tors — (m (TSC)F)tors
is surjective, where we write I' = Gal(Q/Q) and ' (I) = Gal(Q;/Q)).
(2) There exists « € Z'(Q, T°) mapping to a* € H'\(R, T5°) and to zero in Hl(@p, T5).

Proof of lemma. First, we recall some (standard) notations: for a torus 7 over a field F, T denotes the
dual torus of T, and for an abelian topological group A, AP denotes its dual group Homop (A, C*)
(group of continuous homomorphisms).

(1) Since this map is induced (by restriction) by the natural surjection 71 (7)) — 71 (T*%)r, it suffices
to prove that 71 (T*“)r( is a torsion group. But, since T’ is anisotropic, 75D is a finite group, and
S0 is e .
T (T)rqy = X*(T" D) = Hom(T>" D, ).
(2) For any place v of Q, there exists a canonical isomorphism
H'(F, %) = Hom(o(T%"™), €) = (T*"™)”)iors = (11 (T*)r 0)rors
[Kottwitz 1984, (3.3.1); Rapoport and Richartz 1996, 1.14], and a short exact sequence

H'(@Q.T%) » H'@Q. T*A)) = P H'@,. T*) 5 mo(T=N)? = (11 (T*)r)ions
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[Kottwitz 1986, Proposition 2.6]. Here, 6 is the composite
P H'@., T > P mo(T*")P — mo(T<")P,
v v

of which the second map is identified with the natural map @@, (71 (T)rw))iors = (T1(T)1r)ors (thus,
it equals the direct sum of the maps considered in the statement of (1)). Hence, by (1), there exists a
class o' € H'(Qy, T*) such that 6 (a!) = —6 (™), and thus the element (8Y), € H'(Q, T**(A)) defined
by the condition that ¥ = " for v =00,/ and 8% =0 for v # [, 0o in no(f\SCF)D. By exactness of the
sequence, we conclude existence of & € Z'(Q, T*°) whose cohomology class maps to (8Y),. O

Now, by changing «® and w further, we may assume that ¢ is the restriction of o to Gal(C/R).
Then, using the fact that the restriction map H'(Q, G*) — H!(R, G*) is injective (which follows from
the Hasse principle [Platonov and Rapinchuk 1994, Theorem 6.6] and the fact that H'(Q,, G*°) = 0
for any nonarchimedean place v [Platonov and Rapinchuk 1994, Theorem 6.4]), we see that « becomes
trivial as a cocycle with values in G*°(Q). We summarize this discussion in the diagram:

H'(R, T}) — H'(R, G*) a® —0
T J ] ] = o =0.
H'(Q, T;) — H'(Q, G*) o +——a

So there exists u € G*(Q) such that for all p € Gal(Q/Q),
ap = uilp(u).

Then the homomorphism Intu : (To)g — Gg: 1+ t' =utu~! is defined over Q; in particular, 7' := uTou™!
is a torus defined over Q, and as the restriction of Intu to Z(G) is the identity, TR is also elliptic in G.
Moreover, since u~'t(u) = wi(w™") for « € Gal(C/R), one has that uw € G*(R) and

Intu(un) = Int(uw)ugol = ,u;1

for h := Int(uw)(hg) € X NHom(S, T). This establishes the claims (i) and (ii). The proof of claim (iii)
is similar. As the restriction of & to Gal(Q »/Q)p) is trivial, there exists x € T(Q p) such that xp xH=
ap = ulp(u) forall p e Gal(@p/@p), ie., ux € G(Qp). But the homomorphism Intu : (TO)@P — G@p
also equals Intu = Intux. This proves (iii).

Now we complete the proof of Theorem 3.2.1(1). Let [b] € B(Gq,, X). For the first statement, we
take an arbitrary maximal (-torus Ty of G that is elliptic over R, and find a cocharacter u of Ty having
the properties (3.2.1.1); we remark that Lemma 5.1 of [Langlands and Rapoport 1987], which was used
to find such a wo, works for any maximal Q,-torus of Gg, (in particular, for (7p)q,). From such a
pair (Tp, ), we get a special Shimura subdatum (7', k) with the properties (i) and (ii) of Step 2. This
special Shimura subdatum (7, &) satisfies the condition of the first statement, since Int(u) : To — T is
defined over Q (for u € G(Q) as chosen in the proof) so that Int(u) (Nmp,q, (1)) = Nmg/q, (,LL;I).
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(2) Note that the quasicocharacter —mNm F/@, (1) equals the image of —g, under the natural map
B (T@p) =X *(T)Gal@p - N (T@p) =X *(T)gal@p: use the fact that there exists a commutative diagram

Vg

B(G) N(G)

‘| K

71(G)Galy —> (G

(for any reductive group G over a p-adic field F'). Here, the map o in the bottom is given by

f [Galp-pl™" Y
H./GGalF-;L
(cf. [Kottwitz 1985, 2.8; Rapoport and Richartz 1996, Theorem 1.15]). Therefore, since the map
(v,x):B(Ga,) —> /\/(G@p) X IT1 (G)Galﬂp is injective [Kottwitz 1997, 4.13], the second statement follows
from the first statement and Lemma 3.1.1.

(3) Finally, for the existence of a special Shimura subdatum (7, 4) with the additional property on the
position of the hyperspecial subgroup 7'(Z,,), we begin with an unramified maximal @ ,-torus T’ of Gq,
such that the unique hyperspecial subgroup 7'(Z,) of T'(Q,) is contained in K ,: such a torus exists by
Lemma 3.2.4 below. Then, from such 7’, we can find (by Step 1) a pair (7y, 1) having the properties
(3.2.1.1) of Step 1 and, further, such that (7p)q, is elliptic for v = oo, (some) [ # p and also that the
unique hyperspecial subgroup of 7p(Q),) is contained in Int(g,)(K ) for some g, € G(Q,). For such
(Ty, 1), again Step 2 produces a special Shimura datum (77, /1) satisfying the properties (1)—(iii) of Step 2.
Now, since G(Q) is dense in G(Q),) [Milne 1994, Lemma 4.10], there exists g € G(Q)N K, - g;l. Then
the new special Shimura datum (7', #) := Int(g) (77, hy) still satisfies the condition in the first statement,
and further, the unique hyperspecial subgroup of 7(Q,) is contained in K. O

Corollary 3.2.3. Let (G, X) be a Shimura datum of Hodge type. Choose an embedding (), : Q-0 p and
let g be the prime of E(G, X) induced by (. Suppose that Gq, is unramified and choose a hyperspecial
subgroup K, of G(Q). Then the reduction Sk ,(G, X) X k(¢) has nonempty ordinary locus if and only
if © has absolute height one (i.e., E(G, X)p = Q). In this case, if Gz, GL(Wgz,) is an embedding of
Z ,-group schemes (see [Kisin 2010, (2.3.1)]), there exists a special point which is the canonical lifting of

its reduction.

Recall from 2.2.1 that in the construction of the integral canonical model, an embedding G — GSp(W, )
is chosen so as to satisfy the condition in the corollary.

Proof. The necessity of E(G, X),, = Q, was proved in [Biiltel 2001, Section 3]. For sufficiency, we note
that it suffices to find a special Shimura subdatum (7, /) such that

there exists a Borel subgroup B over Q, of Gq,, containing Tg, and such that p, € X«(T) lies

in the closed Weyl chamber determined by (Tq,, B). ()
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Indeed, then the canonical Galois action of Galg, on X.(T') coincides with the naive Galois action;
hence, one has that E(G, X),, = E(T, h)y, where p is the prime of E(T, h) induced by ¢,. Given this,
the corollary then follows from [Biiltel 2001, Lemma 2.2]: for a CM-abelian variety A over Q (c ©) with
CM-type (F, @), where F' is a CM-algebra and @ is a subset of Hom(F, C) with ® Ll 0 ® = Hom(F, C),
the reduction of A at ), : Q—0 p 1s an ordinary abelian variety if and only if the prime of the reflex field
E = E(F, ®) induced by ¢, is of absolute height one; when A is defined by a special Shimura datum
(T, h), the reflex field E(F, ®) equals the reflex field E(T, h) defined earlier.

Now, pick an arbitrary maximal @ ,-torus 7" of Gq, containing a maximal Q ,-split torus. As Ggq, is
quasisplit, there exists a Borel subgroup B’ defined over Q,, which contains 7. Let .’ be the cocharacter
in ¢(G, X) factoring through 7"’ and lying in the closed Weyl chamber determined by (7', B’). Let (T, h)
be a special Shimura subdatum produced from (7”, ') as in the proof of Theorem 3.2.1 and such that
(Tg,, 1n) is conjugate to (T', w') under G(Q,). Then, for such (7, ), the condition (x) continues to
hold, which proves the claim.

For the second statement, there exists a special Shimura subdatum (7', /) as in the last statement of
Theorem 3.2.1. Then, as w; is a morphism of Z,-group schemes Gy, — Gz, GL(Wg,), any special
point [A, 1 x g?] € Shg ,k» (G, X) (Q) (with arbitrary g; € G(A?)) is the canonical lifting of its reduction,
according to [Milne 2006, Proposition 9.24]. (|

Lemma 3.2.4. Let F be a p-adic field with ring of integers Or. For any reductive group scheme Hp,. over
OF, there exists a reductive O-subgroup scheme Sp, of Ho, whose generic fiber is a maximal F-split
torus of H:= Hp, @ F. Its centralizer T(f)F = CentHoF(SoF) is a smooth, closed subscheme of Hp,..

Note that as H is quasisplit, the generic fiber 7’ of T, is a maximal F-torus of H.

Proof. Let B(H, F) denote the Bruhat-Tits building of H over F. Choose a maximal F-split F-torus S
of H such that the hyperspecial point x fixed by K, := Hp, (OF) is contained in the apartment associated
with S. Let S, be the (unique) reductive Ofg-group scheme with generic fiber S. Then, Sp, is a closed
subscheme of Hp,. Indeed, we first observe that S, (Or) maps to Hp,(Or) under the embedding
S < H, where L is the completion of the maximal unramified extension (in an algebraic closure F) of F
and O is the ring of integers of L. This follows from these two facts: first, the hyperspecial point x of
B(H, F) is also a hyperspecial point of B(H, L) with the associated O -group scheme being (Hp,)o,
[Tits 1979, 3.4, 3.8], and secondly, for a maximal L-split torus S; of H containing S and defined over F'
(which exists by [Bruhat and Tits 1984, 5.1.12]), x € B(H, L) lies in the apartment corresponding to S
[Tits 1979, 1.10]. So, x is fixed under the maximal bounded subgroup S;(Opr) of S;(L), and thus under
So,(OL) as well. Then, according to [Vasiu 1999, 3.1.2.1], this implies that the F-embedding S — H
extends to an Or-embedding Sp, <> Hp,.. The fact that T(/QF = CentHoF (So,) is a smooth closed group
OF-subscheme of Hp, is well-known [SGA 3 1970, XI, Corollaire 5.3; Conrad 2014, 2.2]. Moreover,
one knows that it represents the functor on Og-schemes

R+ {ge HR) | g(So)rg™" = (So)r},



Nonemptiness of Newton strata of Shimura varieties of Hodge type 281

and its generic fiber 7’ := Centy (S) is a maximal torus of H which splits over L, since H is quasisplit
[Tits 1979, 1.10]. g

Remark 3.2.5. (1) In fact, for any special Shimura subdatum (7', #) with the property (x) in the proof,
every special point of Shg (G, X) defined by it has u-ordinary reduction at ¢,. So, we get a more
direct proof of nonemptiness of p-ordinary locus (without invoking Lemma 5.11 of [Langlands and
Rapoport 1987] used in the proof of Theorem 3.2.1).

(2) This corollary was proved in the PEL-type cases of Lie type A or C by Wedhorn [1999]. His
argument was to first establish nonemptiness of the p-ordinary locus, and then to check that the
p-ordinary locus equals the (usual) ordinary locus when E(G, X),, = Q, (in the PEL-type cases
of Lie type A or C). But to check the second statement, he relied on a case-by-case analysis. In
contrast, we observe that in view of (1), the equality of the p-ordinary Newton point and the ordinary
Newton point when E(G, X),, = Q),, is simply a consequence of the existence of a special Shimura
subdatum (7, h) with the property (x) in the proof (since the reduction of such a special point attains
simultaneously the two Newton points when E(G, X), = Q),).
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