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Elliptic quantum groups and Baxter relations

Huafeng Zhang

We introduce a category O of modules over the elliptic quantum group of sly with well-behaved
g-character theory. We construct asymptotic modules as analytic continuation of a family of finite-
dimensional modules, the Kirillov—Reshetikhin modules. In the Grothendieck ring of this category
we prove two types of identities: Generalized Baxter relations in the spirit of Frenkel-Hernandez
between finite-dimensional modules and asymptotic modules. Three-term Baxter TQ relations of infinite-
dimensional modules.
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Introduction

Fix sly a special linear Lie algebra, C/(Z + Zt) an elliptic curve, and / a complex number. Associated to
this triple is the elliptic quantum group E; 1 (sly) introduced by G. Felder [1995]. It is a Hopf algebroid
(neither commutative nor cocommutative) in the sense of Etingof and Varchenko [1998], so that the tensor
product of two &; (sly)-modules is naturally endowed with a module structure. In this paper we study
(finite- and infinite-dimensional) representations of the elliptic quantum group.

Suppose # is a formal variable. &; ;(sly) is an A-deformation [Enriquez and Felder 1998] of the
universal enveloping algebra of a Lie algebra s, ® R;, where R; is an algebra of meromorphic functions
of z € C built from the Jacobi theta function of the elliptic curve. For g an arbitrary finite-dimensional
simple Lie algebra, &; 5 (g) is defined [Jimbo et al. 1999] to be a quasi-Hopf algebra twist of the affine
quantum group Uy (Lg), an h-deformation of the loop Lie algebra g ® C[z, z~']. It admits a universal
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600 Huafeng Zhang

dynamical R-matrix in a completed tensor square, which provides solutions R(z; A) € End(V ® V), for
V a suitable &; 5 (g)-module, to the quantum dynamical Yang—Baxter equation:

Rin(z—w; A+ Ri3(z: M) Ras(w; A+hh™Y) = Rys(w: M Ri3(z; A+ P)Ria(z—w; 1) € End(V®?).

Here z, w are complex spectral parameters, X is the dynamical parameter lying in a Cartan subalgebra of g,
the subindices of R indicate the tensor factors of V®3 to be acted on, and the 4") are grading operators
arising from the weight grading on V by the Cartan subalgebra. See the comments following (1.1).

Such R-matrices R(z; A) appeared previously in face-type integrable models [Felder and Varchenko
1996a; Hou et al. 2003]; for instance, the R-matrix of the Andrews—Baxter—Forrester model comes from
two-dimensional irreducible modules of &; 5 (sl2), as does the 6-vertex model from the affine quantum
group Uy (Lsly). The definition of &; 5 (sly) in [Felder 1995], by RLL exchange relations, is in the spirit
of Faddeev, Reshetikhin and Takhatajan, originated from quantum inverse scattering method. We mention
that elliptic R-matrices describe the monodromy of the quantized Knizhnik—Zamolodchikov equation
associated with representations of affine quantum groups, e.g., [Frenkel and Reshetikhin 1992; Galleas
and Stokman 2015; Konno 2006; Tarasov and Varchenko 1997].

Recently Aganagic and Okounkov [2016] proposed the elliptic stable envelope in equivariant elliptic
cohomology, as a geometric framework to obtain elliptic R-matrices. This was made explicit [Felder
et al. 2017] for cotangent bundles of Grassmannians, resulting in tensor products of two-dimensional
irreducible representations of &; j(sl). The higher rank case of sly was studied later by H. Konno [2017].

Meanwhile, Nekrasov, Pestun and Shatashvili [2018] from the 6d quiver gauge theory predicted the
elliptic quantum group associated to an arbitrary Kac—Moody algebra, the precise definition of which (as
an associative algebra) was proposed by Gautam and Toledano Laredo [2017a]. See also [Yang and Zhao
2017] in the context of quiver geometry.

We are interested in the representation theory of &; ;(g) with & € C generic. The formal twist
constructions [Enriquez and Felder 1998; Jimbo et al. 1999] from Uy (Lg) might reduce the problem to
the representation theory of affine quantum groups, which is a subject developed intensively in the last
three decades from algebraic, geometric and combinatorial aspects. However their work involves formal
power series of /i and infinite products in the comultiplication of &; (g). Some of these divergence
issues were addressed by Etingof and Moura [2002], who defined a fully faithful tenor functor between
representation categories of BGG type for Uy (Lsly) and &; (sly). Towards this functor not much is
known: its image, the induced homomorphism of Grothendieck rings, etc.

In this paper we study representations of &; 5 (sly) via the RLL presentation [Felder 1995] so as to
bypass affine quantum groups, yet along the way we borrow ideas from the affine case. Compared
to other works [Cavalli 2001; Etingof and Moura 2002; Felder and Varchenko 1996b; Gautam and
Toledano Laredo 2017a; Konno 2009; 2016; Tarasov and Varchenko 2001; Yang and Zhao 2017], our
approach emphasizes more on the Grothendieck ring structure of representation category. It is a higher
rank extension of a recent joint work with G. Felder [2017].
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The presence of the dynamical parameter A is one of the technical difficulties of elliptic quantum
groups. To resolve this, we need a commuting family of elliptic Cartan currents ¢;(z) € & x(sly) for
jeJ:={1,2,..., N —1}. They act as difference operators on an &; ;(sly)-module V, and their matrix
entries are meromorphic functions of (z, 1) € C x h where h denotes the Cartan subalgebra of sly. As in
[Felder and Zhang 2017], we impose the following triangularity condition:

(i) There exists a basis of V, with respect to which the matrices ¢;(z) are upper triangular and their
diagonal entries are independent of A.

Our category O is the full subcategory of category BGG [Etingof and Moura 2002] of &; 5 (sly)-modules
subject to condition (i), see Definition 1.7. It is abelian and monoidal. It contains most of the modules in
[Cavalli 2001; Etingof and Moura 2002; Konno 2009; 2016; Tarasov and Varchenko 2001], although
the proof is rather indirect. (We believe category O to be the image of the functor [Etingof and Moura
2002].)

We extend the g-character of H. Knight [1995] and Frenkel and Reshetikhin [1999] to the elliptic case.
The g-character of a module V' encodes the spectra of the ¢;(z), which are meromorphic functions of z
thanks to condition (i). It distinguishes the isomorphism class [V] in the Grothendieck ring Ky(O), and
embeds Ko(O) in a commutative ring. Our main results are summarized as follows:

(A) Proposition 4.10 on limit construction of infinite-dimensional asymptotic modules W', ., for r € J and
x € C, from a distinguished family of finite-dimensional modules, the Kirillov—Reshetikhin modules.

(B) Theorem 4.15 on generalized Baxter relations a la Frenkel and Hernandez [2015], the isomorphism
class of any finite-dimensional module is a polynomial of the [W', . ]/[W ] forr € J and x, y € C.

(C) Corollary 5.2 relating an asymptotic module W' to a module D and tensor products S” and S” of
asymptotic modules such that [D][W] = [S"] + [S].

The above results are known in category HJ of Hernandez and Jimbo [2012] for representations over
a Borel subalgebra of an affine quantum group Uy (Lg). Category HJ contains the modules Lfa for
a € C and r a Dynkin node of g. The Lﬁfa are “prefundamental” in that their tensor products realize all
irreducible objects of HJ as subquotients, and they are not modules over Uy (Lg), which makes Borel
subalgebras indispensable. The Grothendieck ring of HJ is commutative.

Result (A) is the asymptotic limit construction [Hernandez and Jimbo 2012] of the L., Result (B) is
the relation [Frenkel and Hernandez 2015] between finite-dimensional modules and the L;fa. Result (C)
is either Q Q*-system [Feigin et al. 2017a; Hernandez and Leclerc 2016] or Q Q-system [Frenkel and
Hernandez 2016], as there are two choices of the modules D for W = L.

Hernandez and Leclerc [2016] interpreted the Q Q*-system as cluster mutations of Fomin—Zelevinsky.
They provided conjectural monoidal categorifications of infinite rank cluster algebras by certain subcate-
gories of HJ.

'n terms of the K;(z) from (1.8), we have qu(z) = Kj (z +Zjh)Kj+1(z +Zjh)71 where Ej = (N —j—1)/2. These are
elliptic deformations of diagonal matrices in sl .
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In a quantum integrable system associated to Uy (Lg), the transfer-matrix construction defines an action
of the Grothendieck ring Ko(HJ) on the quantum space; to an isomorphism class [ V] is attached a transfer
matrix ty (z).

Result (B) is one key step [Frenkel and Hernandez 2015] in solving the conjecture of Frenkel and
Reshetikhin [1999] on the spectra of the quantum integrable system, which connects the eigenvalues of
the #y (z) to the g-character of V by the so-called Baxter polynomials [Baxter 1972]. These polynomials
are eigenvalues of the I+, (z) up to an overall factor [Frenkel and Hernandez 2015]. In this sense the
L:fa have simpler structufes than finite-dimensional modules, and the 1+ (z) are defined as Baxter Q
operators, as an extension of earlier works of V. Bazhanov et al. [1997;‘1999; Bazhanov and Tsuboi
2008] for g a special linear Lie (super)algebra. Result (C) has as consequence the Bethe Ansatz equations
for the roots of Baxter polynomials [Feigin et al. 2017a; Frenkel and Hernandez 2016].

Recently category HJ was studied for quantum toroidal algebras [Feigin et al. 2017b].

For elliptic quantum groups there are no obvious Borel subalgebras. Our idea is to replace the Lfa
over Borel subalgebras by the asymptotic modules Wg)a (with a new parameter d € C) over the entire
quantum group, which we now explain.

Let 6(z) :=0(z| 7) be the Jacobi theta function. For » € J a Dynkin node, a € C a spectral parameter,
and k a positive integer, by [Cavalli 2001; Tarasov and Varchenko 2001] there exists a unique finite-
dimensional irreducible module Wk(rg which contains a nonzero vector w (highest weight with respect to
a triangular decomposition) such that:

0(z+ah +kh)

piQw=w, if j#r and ¢ Qo= Gt ah)

This is a Kirillov—Reshetikhin (KR) module, a standard terminology for affine quantum groups and
Yangians once the 6 symbol is removed.

The core of this paper (Section 4) is analytic continuation with respect to k. We modify the asymptotic
limits L; . of Hernandez and Jimbo [2012], as in [Felder and Zhang 2017; Zhang 2017].

Firstly the existence of the inductive system (W,g;)bo in [Hernandez and Jimbo 2012] relied on a
cyclicity property of M. Kashiwara, Varagnolo—Vasserot and V. Chari, which is unavailable in the elliptic
case. We reduce the problem to &; 5 (sl2) by counting “dominant weights” in g-characters (Theorem 3.4),
as in the proofs of T-system of KR modules over affine quantum groups by H. Nakajima [2003] and D.
Hernandez [2006].

Secondly we express the matrix coefficients of any element of &£; 5 (sly) acting on the W(’ra), viewed
as functions of k € Z.. ¢, in products of the 8 (k% 4 c¢) where ¢ € C is independent of k; see Lemma 4.8.
In [Hernandez and Jimbo 2012] these are polynomials in k& by induction. Our proof relies on the RLL
comultiplication and is explicit.

Since 6 (kfi+c) is an entire function of k, we take k in the matrix coefficients to be a fixed complex num-
ber d. This results in the asymptotic module Wg)a on the inductive limit lika(yra). The module W ; in (A)
is Wirz) All irreducible modules of category O are subquotients of tensor?)roducts of asymptotic modules.
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For g of general type (A)—(C) and their proofs can be adapted to affine quantum groups, whose
asymptotic modules appeared in the appendix of [Zhang 2017], as well as Yangians [Gautam and
Toledano Laredo 2016; 2017b]. Borel subalgebras or double Yangians are not needed.

Results (A)—(C) were established for affine quantum general linear Lie superalgebras [Zhang 2018];
their proofs require more than g-characters as counting dominant weights is inefficient [Zhang 2016]. It
is interesting to consider elliptic quantum supergroups [Galleas and Stokman 2015].

For elliptic quantum groups associated with other simple Lie algebras, one possible first step would be
to derive the RLL presentation; see [Guay et al. 2017; Jing et al. 2017] for Yangians.

The R-matrix of Baxter and Belavin is governed by the vertex-type elliptic quantum group [Jimbo et al.
1999]. The equivalence of representation categories between this elliptic algebra and &; 5 (sly) [Etingof
and Schiffmann 1998], a Vertex-IRF correspondence, might give a representation theory meaning to the
original Baxter Q operator of the 8-vertex model [Baxter 1972].

The paper is structured as follows. In Section 1 we review the theory of the elliptic quantum group
associated to sl and define category O of representations. We show that the g-character map is an injective
ring homomorphism from the Grothendieck ring K¢(O) to a commutative ring M, of meromorphic
functions. Then we present the g-character formula of finite-dimensional evaluation modules.

Section 2 is devoted to the proof of the g-character formula.

We derive in Section 3 basic facts on tensor products of KR modules (7-system, fusion) from the
g-character formula. They are needed in Section 4 to construct the inductive system of KR modules and
the asymptotic modules. We obtain a highest weight classification of irreducible modules in category O.
As a consequence, all standard irreducible evaluation modules of [Tarasov and Varchenko 2001] are in
category O.

In Section 5 we establish the three-term Baxter TQ relations in K(QO), which are infinite-dimensional
analogs of the T-system. These relations are interpreted as functional relations of transfer matrices in
Section 6.

1. Elliptic quantum groups and their representations

Let N € Z-(. We introduce a category O (abelian and monoidal) of representations of the elliptic quantum
group attached to the Lie algebra sly, and prove that its Grothendieck ring is commutative, based on
g-characters.

Fix a complex number 7 € C with Im(7) > 0. Define the Jacobi theta function

00 =010 =~ 3 ewlin(j+ ) e 2in(+ e+, i=vT

j=—00

It is an entire function of z € C with zeros lying on the lattice I' := Z 4 Zt and

0(z+1)=—-0(), O(z+1)=—e"""279(), 0(—7)=—0(2).
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Fix a complex number /i € C\ (Q + Qt), which is the deformation parameter.

Let h be standard Cartan subalgebra of sly; it is a complex vector space generated by the ¢; for
1 <i < N subject to the relation ZlN:l € =0. Let C¥ := @ Cv; and E;; € Endc(CV) be the elementary
matrices: vg — §;;v; for 1 <1i, j, k < N. Define the Endc (CV ® CV)-valued meromorphic functions of
(z; A) e C x h by

o 2 000 —n) 0@+ )
R(Z’M_,ZE” +;(9(z+h>e<xi,-)E” Bt e, B )

In the summations 1 <i, j < N, and A;; € h* sends ZlNzl ci€; € h to ¢; —c; € C. By [Felder 1995],
R(z; M) satisfies the quantum dynamical Yang—Baxter equation:

R"™(z—w; A+ hh®)RP (z; M) R (w; A+ D)
= R®(w: R (& A+ hh®)R'(z — w; 1) € Ende(CV)®3. (L1)

If R(z; 1) =Y, ¢y x, ®y, with xp, y, € Ende(CV), then

RBzA+mh®):u® Vi @w > Zchrhe_/xp(u) Qv ®yp(w),
p

for u, w € CV and 1 < j < N. The other symbols have a similar meaning.

Let M := Mj be the field of meromorphic functions of A € h. It contains the subfield C of constant
functions. A C-linear map @ of two M-vector spaces will sometimes be denoted by ®(A) to emphasize
the dependence on A.

1A. Algebraic notions. Since the elliptic quantum groups will act on M-vector spaces via difference
operators, which are in general not M-linear, we need to recall some basis constructions about difference
operators. Our exposition follows largely [Etingof and Varchenko 1998], with minor modifications as in
[Felder and Zhang 2017].

Define the category V as follows. An object is X = @qepX[a] where each X[a] is an M-vector space
and, if nonzero, is called a weight space of weight (or h-weight) «. Let wt(X) C b be the set of weights
of X. Write wt(v) =« if v € X[«].

A morphism f: X — Y in V is an M-linear map which respects the weight gradings. Let Vi be the
full subcategory of V consisting of X whose weight spaces are finite-dimensional M-vector spaces (“ft”
means finite type in [Felder and Varchenko 1996b]).

Viewed as subcategories of the category of M-vector spaces, V and Vy are abelian.

Let X and Y be objects of V. Their dynamical tensor product X®Y is constructed as follows. For
a, B € b, let X[a]®Y[B] be the quotient of the usual tensor product of C-vector spaces X [a] ®¢ Y[B] by
the relation

g R®cw=vQ@cgrt+haB)w, forve X[a],weY[B],gh)eM.
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Let ® denote the image of ®¢ under the quotient. X [a]®Y[B] becomes an M-vector space by setting
g\ (v@w) =v®g(A)w. For y € b, the weight space (X®Y)[y] is then the direct sum of the X [«]R@Y[B]
witha + 8 = y.

For «, B € b, a C-linear map ® : X — Y is called a difference map of bidegree (¢, 8) [Etingof and
Varchenko 1998, §4.2] if it sends every weight space X[y] to Y[y + 8 —«], and if

D(gM)v)=g(A+Bh)DP(v) for g(A) e Mand v € X.

Such a map can be recovered from its matrix as in the case of M-linear maps. Choose M-bases B and B’
for X and Y respectively. Define the B’ x B matrix [®] by taking its (b, b)-entry [®]y, (1) € M, for
beBandb' € B, to be the coefficient of " in ®(b). Then for any vector v =, _5 g»(A)b of X where
gr(X) e M, we have?
Q)= Y b [@lyp(A) x go( +hB).
b'eB  beB

When X =Y, a difference map is also called a difference operator. To define its matrix, we always assume
B =B.

By an algebra we mean a unital associative algebra over C.

As in [Etingof and Varchenko 1998, Definition 4.1], an h-algebra is an algebra A, endowed with
h-bigrading A = @, gepAn,g Which respects the algebra structure and is called the weight decomposition,
and two algebra embeddings uy, ur : M — Ag o called the left and right moment maps, such that for
a € Ay p and g(1) € M, we have

mwi(gA))a =au(g(h—ha)) and ur(g(A))a =aur(gh—hnp)).

Call (a, B) the bidegree of elements in A, g. A morphism of h-algebras is an algebra morphism preserving
the moment maps and the weight decompositions.

From two h-algebras A and B we construct their tensor product AQ B as follows. For a, B, y € b, let
A p®Bg., be Ay p ®c Bg,, modulo the relation

;Lf(g(k))a Rcb=a®c /Lf(g(k))b fora € Ay g, b€ Bg,, g(k) e M.

Let (A®B)a,y be the direct sum of the A, g ®Bﬂ,y over B € b (® denotes the image of ®¢ under the
quotient ®¢ — ®). Multiplication in A® B is induced by (a®b)(a’®b') = aa’®@bb’. The moment maps
are given by

uf® g0 uft (g1 and  uf®P g () > 1@ () for g(h) € M.

To an h-graded vector space one can attach naturally an h-algebra. Let X be an object of V. Let
IDgfy s denote the C-vector space of difference operators X — X of bidegree («, f). Then the direct sum

2 Note that difference maps of bidegree («, o) make sense for arbitrary M-vector spaces.
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DX := By, 56;,@; 8 is a subalgebra of Endc(X). It is an h-algebra structure with the moment maps
ur(@A)v=2gR)v and wi(gr))v =g +ha)v forve X[a], g(A) € M.

Tensor products of difference operators are also difference operators. To be precise, let X and Y be
two objects of V. Let ® : X — X and ¥ : Y — Y be difference operators of bidegree («, 8) and (8, y),
respectively. The C-linear map

X®cY — X®Y, vQcwr> ®()QW(w)

is easily seen to factor through X ®c ¥ — X®Y and induces the C-linear map PRV : XQY — XQY,
which is shown to be a difference operator of bidegree (o, ). As in [Etingof and Varchenko 1998,
Lemma 4.3], the following defines a morphism of h-algebras

D*@DY — D¥®Y, PRV > PRIV,

1B. Elliptic quantum groups. For 1 < i, j, p,q < N let R;,jq (z; A) be the coefficient of v, ® v, in
R(z; M) (v; ® v;); it can be viewed as an element of M after fixing z € C. The elliptic quantum group
& =&, n(sly) is an h-algebra generated by3

Lij(Z) S 56,-,6,- for 1 <i, J<N

subject to the dynamical RLL relation [Etingof and Varchenko 1998, §4.4]: for 1 <i, j,m,n <N,

N N
D (R @ —w; ML pi () Lgj(w) = Y pr(RY (2= w; 1)) Lug(w)Lyp(2).  (1.2)
p.q=1 p.q=1

There is an h-algebra morphism [Etingof and Varchenko 1998; Felder and Varchenko 1996b]

N
A:E—ERE, L) Y Liu(@®Lij(z), forl<i,j<N (1.3)
k=1

which is coassociative (IQA)A = (A®1)A and is called the coproduct. For u € C,
®,: =&, Lijj(@x)~ Ljj(z+uh) forl<i,j<N (1.4)

extends uniquely to an h-algebra automorphism (spectral parameter shift).

Strictly speaking, £ is not well-defined as an h-algebra because of the additional parameter z; this is
resolved in [Konno 2016] by viewing z, i as formal variables. In this paper we are mainly concerned
with representations in which (1.2)—(1.4) make sense as identities of difference operators depending
analytically on z.

3We use sl N as in [Felder 1995; Felder and Varchenko 1996b], to emphasize that § is the Cartan subalgebra of sl . Other
works [Cavalli 2001; Konno 2016] use gl for the reason that the elliptic quantum determinant is not fixed to be 1.
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Let Gy be the group of permutations of {1,2,..., N}. For 1 <k < N, let &* be the subgroup of
permutations which fix the last k letters. The k-th fundamental weight wy and elliptic quantum minor
Dy (z) are defined by [Tarasov and Varchenko 2001, (2.5)]:

k
=) € €b, (1.5)
i=l1
o =[] oy em,
N—k+1<i<j<N
1r (Or (1)) o N .
Di(z) i = ———— sign(o) Loi),i(z+ (N —i)h) €é. (1.6)
PICERES) Xb: l.l;lv

Here sign(o) € {1} denotes the signature of the permutation o. We take the descending product over
N>i>N—k+1in (1.6). Set wy :=0.
We shall need the following elements f,k (z) of &, ¢, as in [Tarasov and Varchenko 2001, (4.1)]:

pr (0 (Agj))

N
iN(Z) = LNN(Z) and I:k(Z) = ka(Z) l_[ m
J

j=k+1

1.7)

Theorem 1.1 [Tarasov and Varchenko 2001, Proposition 2.1] and [Konno 2016, (E.18)]. Dy (z) is central
in € and grouplike: A(Dy(z2)) = Dy (2)Q@Dn (2).

The simple roots «; :=¢€; —€;41 for 1 <i < N generate a free abelian subgroup Q of b, called the
root lattice. Let Q4 and @ _ be submonoids of Q generated by the «; and —c; respectively. Define the
lexicographic partial ordering < on b as follows:

N-1
a=<pB if—a=ma+ Z nio; € Q withn; € 7.
i=l+1

This is weaker than the standard orderinga < 8 if 8 —a € Q.
Corollary 1.2. Dy (z) commutes with the L;;(w) for N —k < i, j < N and A(Dy(z)) — Dy (2)®Di(z) is

a finite sum y_, Xa®YVq over {a € b | —wn_ < o} where xo and y, are of bidegree (—wy_i, a) and
(o, —N—k) respectively.

The proof of the corollary is postponed to Section 2A.
1C. Categories. From now on unless otherwise stated vector spaces, linear maps and bases are defined

over M. Let X be an object of Vy. A representation of £ on X consists of difference operators Lf;(z) :
X — X of bidegree (¢;, €;) for 1 <i, j < N depending on z € C with the following properties:*

4This is called a representation of finite type in [Felder and Varchenko 1996b]. From condition (M1) it follows that the
coefficients of the L 5 (z) are meromorphic functions with respect to any basis of X.
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(M1) There exists a basis of X with respect to which all the matrix entries of the difference operators
Lg(z) are meromorphic functions of (z, A) € C x b.

(M2) Equation (1.2) holds in D¥ with 1; and p, being moment maps in DX,

Call X an £-module. Property (M2) can be interpreted as an h-algebra morphism £ — D¥ sending
L;;(z) € € to the difference operator Li)§ (z) on X. Applying p to the elements of (1.6)—(1.7), one gets differ-
ence operators D,f (z) and I:,’f (z) acting on X with bidegree (—@y—x, —@n—k) and (€, €;), respectively.
When no confusion arises, we shall drop the superscript X from LX, DX and L¥ to simplify notations.

A morphism & : X — Y of £-modules is a linear map which respects the h-gradings (so that ® is a
morphism in category V) and satisfies ®L[(z) = L;(2)® for 1 <i, j < N. The category of £-modules
is denoted by Rep. It is a subcategory of Vi and is abelian since the kernel and cokernel of a morphism
of £-modules, as h-graded M-vector spaces, are naturally £-modules.’

Definition 1.3 [Etingof and Moura 2002, §4]. O is the full subcategory of Rep whose objects X are such
that wt(X) is contained in a finite union of cones 4+ Q _ with u €.

For X and Y objects in category O, the Ll.);

®y(z) = 211(\1:1 Li}i(z)@L,’;j(z) define a representation of £
on X®Y which is easily seen to be in category @. So @ is a monoidal subcategory of V. Similarly, O is

an abelian subcategory of Rep.

Definition 1.4 [Felder and Zhang 2017, §2]. An object in Fp, consists of a finite-dimensional vector
space V equipped with difference operators D;(z) : V — V of bidegree (—my_;, —@n—_;) (see footnote 2)
for 1 </ < N depending on z € C such that:

(M3) There exists an ordered basis of V with respect to which the matrices of the difference operators
D (z) are upper triangular, the diagonal entries are nonzero meromorphic functions of z € C, and
the off-diagonal entries are meromorphic functions of (z, 1) € C x h.

A morphism @ : V — W in F; is a linear map commuting with the D;(z). (Namely, CIDDIV () =
DZW (2)®:V — Wfor 1 <l < N. Here we add the superscripts V and W in the D;(z) to indicate the
space on which they act.)

For V an object of Fe, the operators D;(z) being invertible because of the triangularity, one has a
unique factorization of operators for 1 </ < N:

Di(z) = Kn(2)Kn-1(z+ 1) Kn—2(z+2R) - -- Ky—1+1(z+ (I — D). (1.8)

Notably K;(z) : X — X is a difference operator of bidegree (¢;, €;). Property (M3) still holds if the D;(z)
are replaced by the K;(z).

SIn other works [Cavalli 2001; Etingof and Moura 2002; Felder and Varchenko 1996b; Gautam and Toledano Laredo 2017a;
Konno 2009; 2016; Tarasov and Varchenko 2001; Yang and Zhao 2017] a module V is an h-graded C-vector space; morphisms
of modules depend on the dynamical parameter A, so do their kernel and cokernel; the abelian category structure is nontrivial.
The scalar extension gives a module V ®c M in the present situation. Since our modules and morphisms are M-linear, the
dependence of kernels and images on the dynamical parameter does not matter.
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The forgetful functor from Fe, to the category of finite-dimensional vector spaces equips Fmer
with an abelian category structure. (For a proof, we refer to [Felder and Zhang 2017, §2.1] where
another characterization of category Jer in terms of Jordan—Holder series is given.) Let us describe its
Grothendieck group Ko(Fer)-

The multiplicative group M of nonzero meromorphic functions of z € C contains a subgroup C*
of nonzero constant functions. Let M be the quotient group of (ME)N by its subgroup formed of
(c1,¢2y ..., cn) € (C*)N such that ¢jc - - - ey = 1. We show that Ko(Fmer) has a Z-basis indexed by M.

For f =(f1(2), f2(2), ..., fn(2) € (ME)N , the vector space M with the following difference operators
Dy (z) is an object in category Fmer denoted by M ¢:

g gh—hon_)fN@ fv_1@z+h) fno(z+2R) - fn_ip1(z+ (1 —Dh).

We have K;(z)g(A) = g(A+he€;) fi(z). As a consequence of (M3) in Definition 1.4, all irreducible objects
of category Fer are of this form.

Lemma 1.5. Lete, f € (ME)N. The objects M, and M ¢ are isomorphic in category Fuer if and only if
e, f have the same image under the quotient (ME)N — M.

Proof. Write e = (e1(2), €2(2), ..., en(2)) and f = (f1(2), 2(2), ..., fn(2)).

Sufficiency: assume ¢;(z) = fi(z)c; with ¢; € C* and cjcp---cy = 1. For 1 <1 < N, choose b; such
that ¢; = e?". Set by := —b; —by — - -- —by_;. Then V" = cl_lcz_l e 01:7171 = cy and the following is
a well-defined element of M*:

bix1+byxo++byxy

p(x1€1+x06p+---+xy€eny) =€ for x1, x2,...,xy € C.

Indeed ¢ (o + B) = ¢(a)p(B) and ¢(x€; +xex + - - - +x€ey) = 1 for x € C. Notably,

O+ he) = oW p(he) = "o (L) = cip(h).

So M, — My, g(A) = g(A)@(X) is an isomorphism in category Fiyer.
Let ® : M, — M s be an isomorphism in category Fer. Set ¢(A) := @ (1). Then (1) € M*. Applying
DK;(z) = K;(2)P to 1 we get

oA +hep) fi(2) = (Ve (2).

So e€;(2)/ fi(z) = (A + fie)) /@ ()), being independent of z, is a constant function ¢; € C*. We have
e1(z) = fi(z)c; and (A + fier) = c;p(X). It follows that

(M) =9\ +hey +hey+---+hey) =crea---enp(d),
which implies cjc; - --cy = 1. So e and f have the same image in M. O

For each f € M, let us fix a preimage f’ in (Mg)N and set M(f) := M. Then the isomorphism
classes [M(f)] for f € M form a Z-basis of Ko(Fner). When no confusion arises, we identify an element
of (M&)"N with its image in M.
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Lemma 1.6. Let V be in category Fuer. Assume B is an ordered basis of V with respect to which the
matrices of the difference operators K;(z) are upper triangular. Then for b € B and 1 <1 < N there exist
op(A) € M* and fy1(z) € M{ such that

@p (1)
o (A +hep)’

Recall that [K;]pp(z; A) is the coefficient of b in K;(z)b. This lemma says that if the matrices of the
K;(z) are upper triangular, then their diagonal entries must be of the form f(z)A(A), and the A ()) can be

(Kilpp(z5 1) = f.1(2)

gauged away uniformly.

More precisely, the new basis {¢,(A)b | b € B} with the ordering induced from B satisfies (M3) in
Definition 1.4; the diagonal entry of K;(z) associated to ¢;(X)b is fp(z). This yields the following
identity in the Grothendieck group Ko(Fer):

V1= IM(f5.1(), f52(2), - s fo.n (@]

beB

Proof. Write B = {b; < by < --- < b, }. We proceed by induction on the dimension m = dim(V). If
m = 1, then there exist f = (f1(2), f2(2), ..., fn(2)) € (MZ)" and an isomorphism ® : My — V in
category Fer. Let @ (1) = ¢(X)by. Then applying ®K;(z) = K;(z)P to 1 we obtain the desired identity

f1@De) = [Kilpp, (23 Mo(A + hep).

If m > 1, then the subspace V'’ of V spanned by (b1, by, ..., b, _1) is stable by the K;(z) and D;(z) by
the triangularity assumption. So V' is an object of category Fy,er and we obtain a short exact sequence
0—> V' —V — V/V' — 0. The rest is clear by applying the induction hypothesis to V' and V/V’,
which have ordered bases {b; < b, < --- < b,,_1} and {b,, + V'} respectively. Il

Definition 1.7. O is the full subcategory of @ consisting of £-modules X such that X[ ] endowed with
the action of the D;(z) belongs to Fper for all u € wt(X).

The definition of O is standard as in the cases of Kac—-Moody algebras [Kac 1990] and quantum
affinizations [Hernandez 2005]. Definition 1.7 is a special feature of elliptic quantum groups. It is meant
to loosen the dependence on the dynamical parameter 1.

O is an abelian subcategory of @. For X in category O, (1.8) defines difference operators K;(z) : X — X
of bidegree (¢;, ¢) for 1 <[ < N.7

Following [Cavalli 2001, Definition 2.1], a nonzero weight vector of a module X in category O is
called singular if it is annihilated by the L;;(z) for 1 < j <i < N.

Lemma 1.8. Let X be in category O. If v € X is singular, then K;(z)v = I:i(z)vfor alll <i <N.

SFor the elliptic quantum group associated to an arbitrary finite-dimensional simple Lie algebra, Gautam and Toledano Laredo
[2017a, §2.3] defined a category of integrable modules on which the action of the elliptic Cartan currents, analogs of D (z), is
independent of A. The asymptotic modules that we will construct in Section 4 are not integrable.

"The K;(z) do not come from the elliptic quantum group, yet formally they are elliptic Cartan currents K l+ (z) in [Konno

2016, Corollary E.24], arising from a Gauss decomposition of an L-matrix [Ding and Frenkel 1993].
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Proof. Descending induction on i: for i = N we have Ky (z) = Lyny(z) = L ~ (2). Assume the statement
fori > N —t where 1 <t < N. We need to prove the case i = N —¢. Let « be the weight of v and let Y
be the submodule of X generated by v. By [Cavalli 2001, Lemma 2.3], Y is linearly spanned by vectors
of the form

Lp g (1)L pyg,(22) -+ Lp,gq,(zn)V,

where 1 <py<qg <Nandz €eCforl <l <n.Soa-+e,—¢;, ¢wt(Y)forl < p<q <N, and any
nonzero vector @ € Y[«] is singular. Apply Di(z) to w. At the right-hand side of (1.6) only the term
o =1d is nonzero and equal to Ly (z)Ly_1(z+h) - -+ Ly_j+1(z + (k — D)o by (1.7). It follows that

D1 (v =Ly@) Ly 1(z4+h) - Ly_41(z 4 (t = DR)Ly_(z + th)v
= Kn@Ly_1(z4+h) - Ly_s1(z4 (t = DR)Ly_(z + th)v

= Kn@)Ky_1(z+h) - Kn_1(z+ @ = DR Ly (z+ th)v.

Here we applied the induction hypothesis to N, N — 1, ..., N —t + 1 successively to singular vectors to
the right of the underlines. Since the K;(z) are invertible, in view of (1.8) we must have L Nt (z+th)v =
KN_t(Z+th)U. O

We extend the g-character theory of H. Knight and Frenkel and Reshetikhin to category O, as in [Felder
and Zhang 2017, §3]. Take the product group My, := M x b, by viewing b as an additive group. Let
@ : My, — h be the projection to the second component.

As in [Hernandez and Leclerc 2016, §3.2], let M, be the set of formal sums ) Femy Cf f with
integer coefficients ¢y € Z such that for u € b, all but finitely many ¢ s with @ (f) = u is zero; the set
{m (f) : cy # 0} is contained in a finite union of cones v+ @ _ with v € h. Make M into a ring; addition
is the usual one of formal sums and multiplication is induced from that of My,.

Definition 1.9. Let X be in category O. For u € wt(X), since X[u] equipped with the difference operators
D (z) is in category Fper, in the Grothendieck group of which we have [X[u]] = Z?EX Ln ][M( N1
where f*! € M for 1 <i < dim X[u]. Each of the (f*'; u) € My, is called an e-weigth of X. Let

wt.(X) be the set of e-weigths of X. The g-character of X is defined to be

dim X[u]

XgX)= Y > () e M.
pewt(X) i=I
Proposition 1.10. Let X and Y be in category O. The E-module X®Y is also in category O and
Xq(X®Y) = 5 (X) xq(¥).
Proof. Clearly X®Y is in category O. Let us verify property (M3) of Definition 1.4. The idea is almost

the same as that of [Felder and Zhang 2017, Proposition 3.9], which in turn followed [Frenkel and
Reshetikhin 1999, §2.4]. For «, B € b, let us choose ordered bases (v{")1<;<p, and (Wf)lgquﬂ for X[a]
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and Y[B], respectively, satisfying (M3). Note that (vf‘@wf)a,ﬂ,i,‘, forms a basis B of X®Y. Choose a
partial order <0 on BB with the properties

vf‘@w’f < vf‘@wf ifi <randj <s,

v}"@wf <1v}’(§§>w;S ify <aand B <.
For 1 <k < N, by Corollary 1.2, D,fé’y(z)(v;’@wf) = DX (2)v/ ®D} (z)w? + Z where Z is a finite sum
of vectors in X[y + @y _x +n]Q®Y[8 — wy_; —n] for n € b such that —wy_; < 1. So the ordered basis
B induces an upper triangular matrix for D,f ®¥(z) whose diagonal entry associated to v} @wf is the

product of those associated to v) and wf. This implies (M3) for the weight spaces (X®Y)[a] with bases
BN (X®Y)[«] and the multiplicative formula of g-characters as well. O

For f(z) € ME and « € h we make the simplifications
f@:=((@),..., f(2;0) and e*:=(,...,1;a) € M.

Definition 1.11. Let 1 < i,k < N such that i # N. Set ¢; := (N —k —1)/2. For a € C, define the
following elements of M,:

N _(1 Oet+@—tdh)  6e+@—th) l'a-)
M\ 0 @ = D) 6 @G+ D) )
Wi = (0 +@—Lh), ..., 00+ @—L)h), 1, ..., 1; awy).
——
k N—k
0(z+ (a— &+ 3)h) 0(z+ (a— e+ 3)h)
Yk,a— 1 s ey 1 ,1,...,1;ZD'k .
Vet a—ti—Pn) Bt a— - P)
k
O +mOw—h)  OuthO@—h) Ou+h)
= , ,1,..., 1€
a 0(u)2 0 (u)2 o) ==
N—k
k—1

Aia, Yo and Wy , are elliptic analogs of generalized simple roots, fundamental £-weight [Frenkel and
Reshetikhin 1999] and prefundamental weight [Hernandez and Jimbo 2012]. Set ¢;; := 26;; — 6;,j+1 and
Y0.a = Vo, := 1. Then (in the products 1 < j < N)

'\ 1 v, g
k,a+5 Jj.a+-5- _
Yig= 2 and A,-a=|| 2 Y., .Y || YL (1.9)
W, ’ T A Ja
k.a—=3 i Ja— j=itl

The interplay of A, W is the source of the three-term Baxter’s Relation (5.32) in category O. Note that A
and Y can also be written in terms of :
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k
Aia :a—zi;ei’ Yea= l_[a_zk—%ﬂ'—k’ (1.10)
j=1

6@+ (@+Dh)

Wno=0(z+(a+3)h), Yya= G 1 ab) (1.11)

1D. Vector representations. Let V = @f\’: {Mu; with h-grading V[e;] = Muv;. Rewriting (1.1) in the
form of (1.2), we obtain an £-module structure on V:

N

O(z+h)
Lij(z)vx = Z (;T))R,-Jlk(z; M.
I=1

The factor 6 (z + /1) /0(z) is used to simplify the g-character, see (1.12).
Ifi <N—k+1,since L,,(z)v; =0forall N > p > g > N —k, only the term o =1Id in (1.6) survives and

_ @) " o
D@ =" o oSS ,-UN Ljj(z+ (N — )Hhyv; = gi(z; M,
i O(\ij +h) .
&z A) = — __~ fori <N —k,
j>1;[—k 0(ij)
0(z+kh)

N—k+1 SA) = )
S @GN =T

Ifi>N—k+1,then Ly_y1,i(2D)vn—k41 =010 (2 +AN_k+1,)i/(0(2)0(AN_k+1,i))- By Corollary 1.2,
Dr(2)v; = g,ﬂvfk“(z; A)v;. Let us perform a change of basis (see [Konno 2016, (E.2)])

i 1= v; HQ(M +h) € Ve

I>i

After a direct computation, we obtain
1 fori <N —k,
Di(2)V; = v; X 1.12
() l _Glztkn) fori > N —k. ( )
0(z+(k—1)h)
The basis {0; < Uy < --- < vy} of V satisfies property (M3) of Definition 1.4, so V is in category O. For
a € C, let V(a) be the pullback of V by the spectral parameter shift ®, in (1.4). Naturally V (a) is in
category O; it is called a vector representation. Combining with (1.8) we have

Xg(V(@) =[1],+[2],+-+[N],.

1E. Highest weight modules. Let X be in category O. A nonzero weight vector v € X[«] is called a
highest weight vector if it is singular and ik(z)v = fr(z)v for 1 <k < N; here the f;(z) € ME. Call
(1), (D), ..., fn(@); @) € My, the highest weight of v; by Lemma 1.8 it belongs to wt,(X) if X is
in category O.
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If there is a highest weight vector v € X[«] of X which also generates the whole module, then X
is called a highest weight module, see [Cavalli 2001, Definition 2.1]. In this case, by [Cavalli 2001,
Lemma 2.3], X[«] = Mv and wt(X) € o + Q_, so the highest weight vector is unique up to scalar
product. This implies that X admits a unique irreducible quotient. The highest weight of v is also called
the highest weight of X; it is of multiplicity one in x,(X) if X is in category O.

All irreducible modules in category O are of highest weight.

By [Cavalli 2001, Theorem 2.8] two irreducible highest weight modules in category O are isomorphic
if and only if their highest weights are identical in My; all singular vectors of an irreducible highest
weight module in category @ are proportional. It follows that the g-characters distinguish irreducible
modules in category O.

Let R be the set of d € M,, which appears as the highest weight of an irreducible module in category O.
For d € R, let us fix an irreducible module S(d) in category O of highest weight d. Let Ry and R¢q be
the set of d € R such that S(d) is one-dimensional and finite-dimensional, respectively.

We shall need the completed Grothendieck group Ko(O). Its definition is the same as that in [Hernandez
and Leclerc 2016, §3.2]; elements are formal sums ) der CalS(d)] with integer coefficients ¢4 € Z such
that ©45(d)®'“! is in category O and addition is the usual one of formal sums. As in the case of
Kac—Moody algebras [Kac 1990, §9.6], for d € R the multiplicity mq4 x of S(d) in any object X of
category O is well-defined due to Definition 1.7, and [X] := ), mg4 x[S(d)] belongs to Ko(O). In the
case X = S(d) the right-hand side is simply [S(d)] as m, s) = 84, for e € R.

By Proposition 1.10, K((O) is endowed with a ring structure with multiplication [X][Y] = [X®Y] for
X and Y in category O. Together with Definition 1.9, we obtain

Corollary 1.12. The assignment [ X ]+ x,(X) defines an injective morphism of rings x4 : Ko(O) — M.
In particular, Ko(O) is commutative.

Let O be the full subcategory of O consisting of finite-dimensional modules. It is abelian and
monoidal. Its Grothendieck ring Ky(Ozq) admits a Z-basis [S(d)] for d € Ry, and is commutative as a
subring of K¢(O).

By Proposition 1.10, S(d)®S (e) admits an irreducible subquotient S(de), so the three sets R D R¢q D Ro
are submonoids of M,,.

Lemma 1.13. Let d = ((fx(2))1<k<n; L) € M.

(1) Supposed € R. Then for 1 <k < N we have

n

Ji(2) . 1—[ 0(z + ajh)
Sir1(2) 0(z+bih)

n
and jurp1 =Y _(ar—b)
I=1 =1

for certain ay, ay, ..., a,, b1, by, ..., b, € Candc e C*.

(i1) Ifd € Ryq, then (i) holds and after a rearrangement of the a;, by we have aj — b; € Z>o + AT for
all l.
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(iii) d € Ryo if and only if (ii) holds with a; — b; € AT for all I.

Proof. Results (i) and (iii) are essentially [Felder and Varchenko 1996b, Theorems 6 and 9], which can be
proved as in [Felder and Zhang 2017, Theorem 4.1] by replacing L_, L__ therein with L g41, Lky1k-
Result (ii) comes from either [Cavalli 2001, Theorem 5.1] or [Felder and Zhang 2017, Corollary 4.6]. [

As examples Yy 4, Wy 4 € Ro. Call an e-weigth e € M., dominant or rational if e =dm where d € R
and m is a product of the Y; , or the \Ili,allli}?l, respectively witha,be Cand 1 <i < N. Lemma 1.13
implies that all elements of R¢q or R are dominant or rational, respectively.

Theorem 1.14 [Cavalli 2001]. Ryq is the set of dominant e-weigths.

Proof. It suffices to prove Y, , € Rfg for 1 < n < N. Note that V(w) and y from [Cavalli 2001,
(1.19)] correspond to our V(—w/h)@S(0(z — w)/0(z — w — h)) and —h. Let us rephrase [Cavalli 2001,
Theorem 4.4] in terms of the V by replacing z and w in [loc. cit.] with —a# and z.

The £-module V(a)®V (a+1)®--- @V (a +n — 1) admits an irreducible quotient S which contains
a singular vector w of weight @, such that f,k () = Ap(2) gk (M) where for 1 <k < N (set fy<, = 1if

l<k<nand <, =0ifn <k <N)
0(z+ @+ 1h) 6(z+(a+n)h)
A = for g (1) € M™.
k() O0(z+ah) 6(z+4(a+n—>5bk<n)h) &)

As a subquotient of tensor products of vector representations, S belongs to category O. By Lemma 1.6,

the gx(A) can be gauged away, and the highest weight of S is Ax(2)Y, a—14(N+n)/2 € Rea. This implies
Yia—1+(N+n)/2 € Rid- O

A sharp difference from the affine case [Hernandez and Jimbo 2012, Theorem 3.11] is that category O
does not admit prefundamental modules, i.e., W, , ¢ R if r < N. One might want to introduce a larger
category with well-behaved g-character theory, so that modules of highest weight W, , exist. For this
purpose, the finite-dimensionality of weight spaces should be dropped because of [Felder and Varchenko
1996b, Theorem 9]. The recent work [Bittmann 2017] on representations of affine quantum groups is in
this direction.

1F. Young tableaux and q-character formula. Let P be the set partitions with at most N parts, i.e.,
N-tuples of nonnegative integers (t1 > o > - - > uy). To such a partition we associate a Young diagram

Y, :={(,j)eZ*|1<i<N,1<j<uwu},

and the set &, of Young tableaux of shape Y,,. We put the Young diagram at the northwest position so
that (i, j) € Y, corresponds to the box at the i-th row (from bottom to top) and j-th column (from right
to left). By a tableau we mean a function 7 : ¥, — {1 <2 < --. < N} weakly increasing at each row
(from left to right) and strictly increasing at each column (from top to bottom).

Foru=(u; >puy>--->puy) €?and a € C, we have the dominant e-weigth

’

0(z+ (a4 ph) 6(z+(a+pu2)h) 0+ (a+unh) «
On.a = : LD €]

O(z+ah) = O(z+ah) 7 0(z +ah) st
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The associated irreducible module in category Oy is denoted by S, 4.

Theorem 1.15. Let n € P and a € C. For the & (sly)-module S, , we have

xS = [ [TGD],, M (1.13)

TeB, (i,j)eY,

Forv=(1>0>0>--->0), we have S, , = V(a), and (1.13) specializes to the g-character formula

in Section 1D. As an illustration of the theorem, let N =3 and p = (2> 1 > 0). Pictorially &, consists of

1 [1] [t [1] 1] [2]1 [2] |2
(1121 [1[3][2]2][2]3][313][1]3][2]3][3]3]

’ ’ ’ ’

The fourth tableau gives rise to the term a +1aa—1 in xg(Sy.a)-

Remark 1.16. Theorem 1.15 is an elliptic analog of the g-character formula for affine quantum groups

’ ’

[Frenkel and Mukhin 2002, Lemma 4.7]. In principle it can be deduced from the functor of Gautam
and Toledano Laredo [2017a, § 6]. This is a functor from finite-dimensional representations of affine
quantum groups to those of elliptic quantum groups (including our S, ,), and it respects affine and elliptic
g-characters.

The proof of Theorem 1.15 will be given in Section 2D. It is in the spirit of [Frenkel and Mukhin
2002], based on small elliptic quantum groups of Tarasov and Varchenko [2001].

2. Small elliptic quantum group and evaluation modules

The aim of this section is to prove Corollary 1.2 and Theorem 1.15.
Recall that b is the C-vector space generated by the ¢; for 1 <i < N subject to the relation

€ei+e+---+ey=0.

For 1 <k < N, define the C-vector space h to be the quotient of h by €; =€) =--- =€ey_x =0. (By
convention hy = §.) The quotient h — b induces an embedding My, — M.

Let 5,? and & be the h-algebra and b -algebra, respectively, generated by the L;;(z) for N—k <i, j <N
subject to relation (1.2) with summations N —k < p, g < N. (This makes sense because the RZ" (z; A)
for N—k <i, j, p,q < N belong to My, .) The following defines an h;-algebra morphism

N
Ap:& = &®& and Lij@) > Y Lip@®Ly().
p=N—k+1

One has natural algebra morphisms & — 8,? — & sending L;;(z) to itself; the second is an h-algebra
morphism. D;(z), D2(z), ..., Dk(z) from (1.6) are well-defined in S,? and &. Their images in £ are the
first k elliptic quantum minors.
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2A. Proof of Corollary 1.2. The h;-algebra with coproduct (&, Ag) is isomorphic to the usual elliptic
quantum group &; 5 (sly); here we view by as a Cartan subalgebra of sl so that &, ;(sl;) is an hy-algebra.
Under this isomorphism, by (1.6), Dy (z) € & corresponds to the k-th elliptic quantum minor of &; 5 (sly).
So Theorem 1.1 can be applied to (£, Dr(z), Ax) and then to the algebra morphism & — £. The first
statement of the corollary is obvious, and the second is based on the fact that for i, j > N —k the difference
A— Ay at L;;(z) is a finite sum over « € b of elements in EE,.,O,@)EMQ withey ;1 <aandsoe;, €; <a. [

We believe 0 # o 4+ wy—_; € Q4 in Corollary 1.2, as in [Damiani 1998, §7] and [Zhang 2016, §3].

2B. Small elliptic quantum group of Tarasov—Varchenko. Let us define the linear form A; € h* by
taking i-th component for 1 <i <N,

1
X1€] + X262+ HXNEN > Xj — N(xl +x2+-- -+ xn).

The linear form A;; of Section 1is A; —A ;. Fory e hand 1 <i, j < N, sety; :=A;(y) and y;; :=y; — ¥
as complex numbers. We hope this is not to be confused with the previously defined vectors A; € h* and
€,0;, W; € f)

Following [Tarasov and Varchenko 2001, §3], let M, be the ring of meromorphic functions f (A{l} , A{Z})
of (A1}, A2}y € h @ h whose location of singularities in A!!} does not depend on A% and vice versa. For
brevity, we write f My or £(A12Y) instead of £ (A1}, A12})) if the function does not depend on the other
variable.

Definition 2.1 [Tarasov and Varchenko 2001]. The small elliptic quantum group ¢ := e, p(sly) is the
algebra with generators M, and #;; for 1 <1i, j < N and subject to relations: M is a subalgebra. For
SO Ay eMy and 1 <i, j, k, I <N,

tp f WA = £ + he, AP+ ey,

Lijlik = tiklij,
1
by 1) "
likljk = —— 7 1jklik fori # j,
O +n)
2} ! {1} 2hp(_
O, —h) o, —h o, +X1:,)0(—h)
L{z}tijl‘kl_ ( ’k{l} )tkltij = ik ) J! & tityj fori #kand j #1.
O(5) 0 (Ai) 0 )OGS

{1} {1} {1} 2} {2} {2}
Herekij = A —Xj andkij =A; —Aj .

The small elliptic quantum group ¢ is equipped with an h-algebra structure: Elements of M, are of
bidegree (0, 0). #;; is of bidegree (¢, €;). The moment maps are given by

m(g) =gy and p,(g(n) =g(tM.
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Let X be an object of V. A representation p of ¢ on X is a morphism of h-algebras p : ¢ — D¥ such that
for f(A1, A2y e M, and v € X[y],

o(fAW, AN v F(, A+ AY)v.

A morphism of two representations (o, X) and (o, Y) is a morphism ® : X — Y in Vg such that
Dp(t;j) =0 (t;;)® for 1 <i, j < N. Letrep be the category of e-modules. The following result is [Tarasov
and Varchenko 2001, Corollary 3.4].

Corollary 2.2. Let (p, X) be a representation of ¢ on X. Then, for a € C,
0(z+an+217 =2l
0(z+ah)

defines a representation of £ on X, called the evaluation module X (a).

Lij(z) —

p(ti)

There is a flip of the subscripts i and j because the bidegrees of L;; and #;; are flips of each other. See
also [Tarasov and Varchenko 2001, (3.6)] where 7;;(u) comes from ¢;;.

X +— X(a) defines a functor ev, : rep — Rep. Let F be the full subcategory of rep whose objects are
finite-dimensional e-modules X with X (x) being in category O. Then ev, restricts to a functor of abelian
categories & — Ogq, and induces an injective morphism of Grothendieck groups Ko(F) — Ky(Oxq).

For 1 <k < N, define f; € ¢ in the same way as (1.7):3

pr (0 (Agj))

N
in@):=tyy and 7 (2) = ti l_[ wi(@ ()
j

j=k+1
Let u € . There exists a unique (up to isomorphism) irreducible e-module V,, with the property V,,
admits a nonzero vector v of weight u such that fv = v, tijv=0for1 <i, j,k <N and j <k;itis
called standard in [Tarasov and Varchenko 2001, §4]. Let L, denote the complex irreducible module
over the simple Lie algebra sy of highest weight . For v € b, let d,,[v] = dim¢ L, [v] where L, [v] is
the weight space of weight v.

Theorem 2.3 [Tarasov and Varchenko 2001, Theorem 5.9]. The e-module V,, is finite-dimensional if and
only if n;j € ZZO—I—h*lI‘for 1 <i<j=<N.Ifjx€bissuchthat u;; — j1;; € AT and ij € Z>q for
i <j,thendimV,[u+yl=dilp+ylfory e Q.

In the theorem [ is uniquely determined by w since Z N h~'T" = {0}. Such an ¢e-module V, isin
category F. Indeed, the evaluation module V, (a) is irreducible in category O of highest weight

(9(z+(M1+a)h) 0(z+ (k2 +a)h) 0(z+ (un +a)h) )
0Gz+ah)  6G+an) 7 6Gtan) M

One checks that such an e-weigth is dominant. So V,(a) is in category Ogg by Theorem 1.14. The
character x(V,) of V,, is Zy dalii+ yle"r e M.

8The f, are slightly different from the f4q in [Tarasov and Varchenko 2001, (4.1)]. Yet they play the same role.
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The isomorphism classes [V, ] where u € h and p;; € Z>0 + A7IT fori < j form a Z-basis of Ky(F),
and [V, ]+ x (V) extends uniquely to a morphism of abelian groups x : Ko(F) — M, which is injective
thanks to the linear independence of characters of irreducible representations of the simple Lie algebra sl .

2C. Category Og,. We are going to prove Theorem 1.15 by induction on N. The idea is to view the
irreducible £-module S, , as an Elrz,_l—module and to apply the induction hypothesis. For this purpose,
we need to adapt carefully the definitions of finite-dimensional module category Ogq and its g-characters
in Section 1C to 51'3,71. To distinguish with £ and to simplify notations, we shall add a prime (instead of
the index N —1) to objects related to 5‘;3,_1. Notably b’ :=bhy_1.

We define category Of,. An object is a finite-dimensional h-graded vector space X (viewed as an object
of category Vy) endowed with difference operators Lg(z) : X — X of bidegree (¢;,€;) for2<i, j <N
depending on z € C such that:

(M1”) There exists a basis of X with respect to which the matrix entries of the difference operators L 1}5 (2)
are meromorphic functions of (z, A) € C x b.

M2’) L;j(z) — Li}ﬁ(z) defines an h-algebra morphism ER,_I — DX,

(M3’) X admits an ordered weight basis with respect to which the matrices of the difference operators
DIX (z) for 1 <1 < N are upper triangular and their diagonal entries are nonzero meromorphic
functions of z € C.

A morphism in category O, a linear map ® : X — Y such that <I>Ll.’§ (z) = Liyj(z)Cb for2 <i, j <N.
Category O, is an abelian subcategory of V.

The h-algebra morphism 52,71 — £ induces restriction functor O — Of.

Let X be in category (’);d. Equation (1.8) defines difference operators K lx (z) : X — X of bidegree
(€1, €1) for 2 <1 < N. Condition (M3’) implies that for each weight «, the weight space X[«] admits
an ordered basis B, with respect to which the matrix of K IX (z) is upper triangular and has as diagonal
entries fp(z) € ME for b € B,. Following Definition 1.9, we define the g-character of X to be

XX = > > (1, f522), f5.3() -, fo.n(2); @) € M.
aewt(X) beBy,

It is independent of the choice of the bases By, as one can use category Fper to characterize the fp (z),
see the comments after Lemma 1.6.

Remark 2.4. Let X be in category Ogq, viewed as an object of Of,. Then X(; (X) is obtained from x, (X)
by replacing each e-weigth g of the £-module X with g’; here for g = (g1(2), £2(2), ..., gn(2); @) € M,
we define

g =1, 22),8@,...,en@); a) € M,

Reciprocally, if X is an irreducible £-module in Ogq of highest weight (e1(z), e2(z), ..., en(2); @) € Ry,
then x,(X) can be recovered from X; (X). Indeed, since the N-th elliptic quantum minor is central, by
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Schur’s lemma, it acts on X as a scalar. Each e-weigth ( f1(z), f2(2), ..., fn(2); B) of the E-module X
is determined by the its last N components in X(; (X) as follows:

ei(z+ (N —Dhex(z+ (N =2h)---en(2) = filz+ (N = D) oz + (N =2h) - - - fy(2).

The highest weight theory in Section 1E carries over to category Oy, since Li(2) € 51?/—1 for2<k<N.
Irreducible objects in Oy, are classified by their highest weight, and the g-character map is an injective
morphism from the Grothendieck group Ko(Oj,) to the additive group M. Let %’ be the set of partitions
with at most N — 1 parts (v, > v3 > --- > vy). For such a partition and for ¢, a € C,

( O(z+(@+v)h) O+ @+v)h) 6+ (a+vy)h) A )
, , ;C€1+Zvj€j
6(z + ah) 6(z+ah) 0(z+ah) -

/
v,c,a*

is the highest weight of an irreducible 61?,7 ,-module in category Of, which is denoted by S
As in Section 1F, v is identified with its Young diagram Y,. Let %/ be the set of Young tableaux
Y, > {2<3<--- < N} of shape v.

Lemma 2.5. Assume that Theorem 1.15 is true for E; j(sly—1)-modules. Then for v € " and ¢, a € C,
the q-character of the 82,_1 -module S/, . . is

v,c,a

XS e =e > T /a+j7i€Mt.

Te®, (i,j)eY,

Proof. We shall need €y _;-modules which are h)’-graded My-vector spaces; similar category of finite-
dimensional modules and g-characters are defined, based on the h-algebra isomorphism &; 5 (sly_1) = Ev_1
in Section 2A.

Forv:=(v >v3>--->vy) € P and a € C there exists a unique (up to isomorphism) irreducible

/

|, 4» Which contains a nonzero vector w of h'-weight v2€; +1v3€3+- - - +vVy€ey

En—1-module, denoted by S

such that
0(z+ (a+wv)h)

L;; =0 d L =
i@e an OL 0(z+ah)

for 2 <i, j, k < N with j <i. We endow the M-vector space X :=M My S{,’a with an 52,_1—module
structure in category Of.
Let w be a nonzero weight vector in ] . Its h’-weight is written uniquely in the form

(€24 v3e3 +- -+ vyen) + (ar +x3a3+- -+ xy_jay-1) €',
where x; € Z. Define the h-weight of g(A) Om, W, for g(A) € M*, to be
(cer +va€x +v3e3+ - +vnen) + (a2 + X303 + - +xn—1an-1) € b,
and define the action of L;;(z) for 2 < i, j < N by the formula

Lij(z)(g(A) ®my,, w) = g(A +fi€;) Qmy, Lij(2)w.
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(M1°)~(M2’) are clear from the £y —j-module structure on S} .. Choose an ordered weight basis B of S, ,
over My such that the matrices of Dy (z) for 1 <k < N are upper triangular and their diagonal entries
belong to ME. Then the ordered basis {1 Qm, b|be B}=: B’ of X satisfies (M3’). So X is in category O;d.

The matrices of Dy (z) with respect to the basis B” of X and the basis B of S, , are the same. So X; (X)
up to a normalization factor e““!, is equal to the g-character of the &£; j(sly_;)-module S, ,. The latter
is given by (1.13).

X has a unique (up to scalar) singular vector and is of highest weight, so it is irreducible. A comparison
of highest weights shows that X = S/ O

v,c,a*

Fix pu € % a partition with at most N parts. Given a tableau T' € %, by deleting the boxes |1 |in T', we
obtain a Young diagram T~!({2, 3, ..., N}) with at most N — 1 rows, which corresponds to a partition
in %', denoted by vr. Let W, be the set of all such vy with T € B,,. For v € W, define ¢, to be the
cardinal of the finite subset ¥, \ ¥, of 7>

Again take the example N =3 and p = (2 > 1) after Theorem 1.15. The eight tableaux in &, with
deleted give four Young diagrams and partitions

L=y, L=, —a=n, LI l=@=>1.

The corresponding integers ¢, are 2, 1, 1, 0.

Lemma 2.6. Let 1 € P and a € C. In the Grothendieck group Ko(O¢,)

[Spal= > [S)e,.al
veWw,
Proof. Let ¢’ be the subalgebra of ¢ generated by M, and the #;; for 2 <i, j < N. One can define similar
abelian category F' of ¢/-modules (which are h-graded M-vector spaces) equipped with:

(a) The evaluation functor ev), : 7' — O, from ¢’-modules to Sg_l-modules.

(b) The injective character map yx : Ko(F') — M, from the h-grading.

Theorem 2.3 applied to the h’-algebra ¢, (sly_;), from the scalar extension in the proof of Lemma 2.5,
one obtains an irreducible object V; . in category F' for v = (v2 > v3 > --- > vy) € P’ and ¢ € C with
the following properties:

(c) VU/,L. admits a nonzero vector v of weight ce; + vyex + 1363+ - - -+ vyeny and frv=mv, tijv =0 for
2<i,j,k<Nandi <.

(d) x (Vlf’ ) 1s equal to the character of the irreducible slg\,_l—module of highest weight ce| + vyer +
v3€3+- - -+ vn€pn; here 5[/1\,_1 is the parabolic Lie subalgebra of s[ (with the same Cartan algebra b)
associated to the simple roots oo, @3, ..., ¢y—_1.

’
v,c,a

By comparing highest weight we observe that ev, (V; .) = S, . , in category Of.
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Letpu=(u >u2>--->puy) €P. Set i := 1€ + urex +-- -+ unen. Then S, , = evy (Vi) in
category Ogy. By diagram chasing

Ko(Opg) 4 Ko(F) — 22— M,

Resl Resl /
X
ev/

Ko(Ofy) +————— Ko(F")

Lemma 2.6 is equivalent to the character identity x (Vz) =), cw, X (V,.,)- Since the left- and right-
hand sides are the character of a representations of s(y by Theorem 2.3 and sl _; by (d), respectively,
this identity is a consequence of the branching rule for representations of the reductive Lie algebras
sly Dslly_,. O

2D. Proof of Theorem 1.15. We proceed by induction on N. For N =1 and p = (n), since S, , is
one-dimensional, its g-character is equal to its highest weight

0(z4+ (a+n)h) -

0(z+ah)

Suppose N > 1. By Lemma 2.5, the induction hypothesis in the case of N — 1 gives the g-character
formula for all the Sgil—modules S,.c.a Where v € " and ¢ € C. So the g-character x,(Sy,q) of the
S,?,_] -module S, , is known by Lemma 2.6.

Since S, 4 18 an irreducible £-module in category Ogq, by Remark 2.4, x, (S, ) can be recovered from
Xq(Sp.a)- Since B, is the disjoint union of the %;, for v € W, it suffices to check that for each e-weigth

(mT(z),mI(2),...,m%(2); @) at the right-hand side of (1.13), where T € %,,, the following product
m’ (z) :=m] (z+ (N — Diym3 (z+ (N = 2)h) - - - my ()

is the eigenvalue of scalar action of Dy (z) on S, ,. Notice first that

lﬁ[0<z+<a+N—p+up>h>: [ fe+@tizitmn

0(z+ (a+ N — p)h) @ per, O(z+(@+j—i+N—1Dh)

p=1

By (1.12), each box Ex contributes to 8(z + (x + N)4)/0(z 4 (x + N — 1)h), so the right-hand side of

the identity is exactly m” (z). By Remark 2.4, the left-hand side is the scalar of Dy (z) acting on Su.a-

This completes the proof of Theorem 1.15. U
3. Kirillov—Reshetikhin modules

We study certain irreducible £-modules via g-characters.
Fix a € C. For k € C and 1 <r < N, define the asymptotic e-weigth

w) =W, V) € My, (3.14)
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Assume k € Z>(. We identify kw, with the partition (k > k > - - - > k) where k appears r times. Then
w,(cr; Yr at) Y, , 43 Yr, ath—L = Ok, .a by (1.9)—(1.10), and the finite-dimensional irreducible £-module
S (wk’ a) in category Oy is denoted by Wk(rg and called Kirillov—Reshetikhin module (KR module).

The Y; y4m and A; 44 for 1 <i < N andm € %Z are linearly independent in the abelian group M.,
and generate the subgroups P, and Q, and the submonoids P, and Q, respectively. The inverses of

these submonoids are denoted by P, and Q, respectively. By (1.13) and (1.10),
Wi (Sya) COuaQ, CPy forpueP.

Indeed, let 7, € %, be such that the associated monomial in (1.13) is 6, ,. Then for S € %,,, we must
have S(i, j) > T, (i, j) forall (i, j) € Y},.
Following [Frenkel and Mukhin 2001, § 6], we call f € P, right-negative if the factors Y; 44, with
1 <i < N appearing in f, for which m € %Z is minimal, have negative powers.
Lemma 3.1 [Frenkel and Mukhin 2001]. Let e, f € P,. If e and f are right-negative, then so is ef .
All elements in Q, different from 1 are right-negative by (1.9).
Lemma 3.2. LetkeZ-gand1 <r < N.

(1) For 1<l <k, wl AT A L - AT,

(2) An e-weigth of Wk(rg different from those in (1) and from w,ii must belong to w,(:;Ar’;As_ail Q, for
certain 1 <s < N withs =r £ 1. ’

| is an e-weigth of Wk((g of multiplicity one in x4 (W, (r))

(3) Any e-weigth of Wk( ; is either w or right-negative.

Proof. The Young diagram Y, is a rectangle of r rows and k columns. For (1)—(2) the proof of
[Zhang 2018, Lemma 3.4] works by applying Theorem 1.15 to Wk(ra) = Skw,.a—¢,- For (3), w,(crl)lAr_; is
right-negative, and so is any element of w,_, )A IQ* O

For 1 <r < N and k, ¢, a € C, define as in [Frenkel and Hernandez 2016, §4.3] and [Zhang 2018,
Remark 3.2]

v Y a1
(r) ._ *ratt sa=j () (s)
d;, = v | | v - w; | | wkaﬁik My, (3.15)
Ra g=pk1 Sa—3—k s=r=l

If k,t € Z~, then d,g;f) € R¢q and set D,Ef’at) = S(d,g;t)).
Lemma 3.3. Let1 <r <Nandm,k € Z-y.

(1) The dominant e-weigths of w

(r) (r) (r)
k+m—1 ]®Wk,r0 and Wkr—] W, !

k+m,0 47€

(r) (r) ) r) 1 4-1 -1
Wy oy Wi and wpl, llkaA 1A Ay forl<Il=k,

(r) (r) (r) (r) 1 4-1 -1
Wy Wiy o and  wiy qwe (AGA LA forl <1<k,

respectively. All such e-weigths are of multiplicity one.

(2) The module Wk(r_)l’]@)W( r)

k.0 1S irreducible.
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Proof. For (1), one can copy the last two paragraphs of the proof of [Fourier and Hernandez 2014,
Theorem 4.1], since the right-negativity property of KR modules in the elliptic case (Lemma 3.2) is the
same as in the affine case. Let T be the tensor product module of (2). Suppose T is not irreducible. Then
there exists 1 </ <k — 1 such that 7" admits an irreducible subquotient S = S(d;) where by (1.9)

l
d = w(”) w(”) -1 _ \Ijr,k\yr,kqtm \ps,H—i
] .= k—1,1"%k+m,0 rj W N7 v, .
j=1 PHLERL o Ty

Set u := @ (d;). The weight space S[u — «, ] is nonzero since the W, do not cancel in d;, and its possible
e-weigths are dlAr_J1 , dlAr_’ll+1 since S is a subquotient of Wk(r_)l_l,“r1 ®Wk(r,)1+m,l®(®s=ril Wl(sl)). If dlA;ll
is an e-weigth of S, then ’

w ), oA A AL AT e Wi (T) = wie (W, ) wie (W, )
which contradicts with the g-characters of KR modules in Lemma 3.2. So k > /41 and S[p—a,]=Muv #0.

Let w be a highest weight vector of S. Then
Pi=Wrrp1=2k—=2l4+m—1, L,,11(xdwo=AEZAMv, Lryt1,@v=B(zINw

for some meromorphic functions A and B of (z,A) e Cx h. For 1 <i < N, let gi(2) € ME be

the i-th component of d; € M. Then L;;(z)w = g;(2)p; (A)w for certain ¢; (L) € M™* by (1.7). Set

h(z) := gr(2)/gr+1(z). We have

hz) = 0(z+ k—4£.)h)0(z+ (k+m —£,)h) _ 0(z —w1)0(z — wr) ’

0z+U+1-L)n)0@+U—L)h)  0(z—w3)0(z—wa)

where wy := (€, —k)h, wy := (€, —k —m)h and so on. Applying (1.2) with (i, j) =(r+1,r) = (n, m)

to w, as in the proof of [Felder and Zhang 2017, Theorem 4.1], we obtain

(ZZ::E)J;T 18 ) Zi:ﬂ;waﬁf; gr+1(w)gr(z)) 01 Gt ey )91 01
_ 0(z—w)0 (A1 +h0)
C 0@ wA)O (1)

Multiplying both sides by 8 (z—w+4)/(gr+1(2)&r+1(w)) and noticing g,+1(2) =0(z—w3)/0(z—w3—1h),

one can evaluate w at w; and w, to obtain identities of meromorphic functions of (z, A):

0(z—w; +Arrt1)

B(w; A)A(z; A+hep).

Az Mxi(h) = FOh(z) fori=1,2.
0(z —w;)
Here we set (1) := ¢, (A + fie,+1)@r+1(X) and
~ A(z; A+ Fie,) B(w;; A) O(h)p(L)
Az L) i= ———, i) = ——, A)=——F————,
@2 8r+1(2) %) gr+1(w;) &) O(Ar 41+ 1)

Since f(A)h(z) # 0, we have x; (1) # 0 and so

0z —wi+Ar,41)0(@—w2) 0z —wr+Ar41)0(z2—wi)
x1 (WO —w3)0(z—ws) 20z —w3)0(z — wa)
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as nonzero meromorphic functions of (z, A). This forces w; — wy, = mh € Z 4 Zt, which certainly does

not hold. This proves (3). O

Theorem 3.4. For1 <r < N,t € Z>y and k > 0, we have the following identities in the Grothendieck
ring of category Oxq:

(D 14+ W W o] = W T, (3.16)

D W o1 = D ey W 4 DO gl BAD)

Proof. Set T := Wk(i)t’

and by (3.14)-(3.15)

1®Wk(’r8 and d = w,ﬁ?t’lw,(:()). Then S := S(d) is an irreducible subquotient of T

() (r) rt) _ 4—14-1 -1
d=w,_ w0 and d 3 =A A A d

Setm =t +1 in Lemma 3.3. Then S = Wk(’_)l’léw(’) and there is exactly one dominant e-weigth

k+14+1,0°
(counted with multiplicity) in wt.(T) \ wt.(S), namely d,g;fjr - This proves (3.16), which implies after

taking spectral parameter shifts

(rt+1)y _ (r)
[Dk,k ] - [Wk+t+1,0

(r,0) _ (r) (r) (r) (r)
[Dk+z+1,k+z+1] - [Wk+z+1,0][Wk+z+1,—1] - [Wk+t,0][Wk+t+2,—l]’

(r,1) (r) (r) (r) (r)
[Dk,k 1= [Wk+t,0][Wk,—1] - [Wk—l,O][Wk+t+l,—l]'

(r) (r) (r)
W 1= W0, w4,

Equation (3.17) becomes a trivial identity involving only KR modules. (|

D,Er;:zrl is special in the sense of [Nakajima 2003] as it contains only one dominant e-weigth. For ¢ =0,

D,Ef}g)rl = ch(ffl)@Wk(rfl) by showing that the tensor product is special as in [Nakajima 2003], and (3.16)

is the T—syste%n of KR modules.
Corollary 3.5. Let 1 <r <N,ae€Candk,t € Z-.

() dP A LA AL ewte (D) for 1 <1 <.

ra+l’ ,a
(2) Any e-weigth of D,g’at) different from those in (1) and d,gf) belongs to d,g;lt){AZ;_k_l, A;;_k_l}Qg,
forcertainl <s < Nwiths =r £ 1. ’

Proof. This comes from Lemma 3.2 and Theorem 3.4. g

Lemma 3.6. Let 1 <r < N andt € Z>o. There is a short exact sequence

0— DY;:) > w"

S (r)
+1.a-1OWi 0 = W,

t+2,a—-2 -0

of £-modules in category Ogq.

Proof. Let T and S be the second and third terms above (zero excluded). Let @ and w, be highest weight
vectors of Wt(_?l, 4—; and Wl(,rj_z respectively. Then @) ®w, is a highest weight vector of T and generates
a submodule 7’. Suppose T’ = T. Then T is a highest weight module whose highest weight is equal to
that of the irreducible module S. There is a surjective morphism of modules 7 — S, the kernel of which
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is DYZ) by (3.16) (one applies a spectral parameter shift ®,_» to the equation with k£ = 1). This is the
desired short exact sequence.

Suppose T # T’'. Then [T'] = [S] or [T'] = [D,Ef’at)]. By comparing highest weights, we have
[T'] = [S]. So the weight space T'[(t + 2)w, — «,] is one-dimensional. Corollary 2.2 applied to

Wt(j-)l,a—l = S(+)w,,a—t,—1, one finds g(A) € M* such that L, 1 ,411(z)w1 =w; and (setb:=a — £, — 1)
Oz+b+h+A 0+ B+t+1Dh
Ly,i1(2)w) = ctr®&+n r’rH)a)’l and L, (2)w) = (et ( ) )g()»)wl»
0(z + bh) 0(z + bh)

where 0 # a)’l is of weight (¢ + )@, — ;. Similarly L,y ,11(z)wz = w; and

0(Z+ (b - l)h +)\.r,r+1)a)/
0(z+ (b—Dh) 2

with a)/z # 0 of weight @, — «,. Since w, w; are highest weight vectors, we have

Lr,r—',—l (Z)CUZ =

Ly 412 (@01 @wy)
= Lr,r+1 @)w ®Lr+1,r+1 @)wr+ Ly, (Z)a)1®Lr,r+l @)z
O0z+b+)h+ A1) ,\= 0(z+ (b+t+1h) _(O0z+ b =Dh+Xr 1)
- ’ Py : .
( 0(z + bh) o |Sw2 + T s1en® 0G+(b—Dh) 2

Setting z = —(b+1+1)/i we obtain w|®w; € T', and so w; @w), € T'. The weight space T'[(t+2)w, —a, ]
is at least two-dimensional, a contradiction. O

Lemma 3.6 is inspired by [Moura and Pereira 2017, § 5.3], to transform identities in the Grothendieck
group into exact sequences by restriction to sl,, see [Chari 2002]. More generally, we have the short
exact sequences in category Ogq by [Felder and Zhang 2017, Proposition 4.3 and Corollary 4.5]:°

(r,1) ) Sy ) =)
0— Dyiir = Wil i ®Weg = Wl 1 ®W 10— 0,
(r,0) S (rt+1) = w7 (r) .0 S (1)
0= Dyt s 1®Wil1 0= Dy m "®W 0= Dy Wy o — 0.

These exact sequences hold for affine quantum (super)groups [Fourier and Hernandez 2014; Zhang 2018].
In the super case the proof is more delicate since Lemma 3.2(3) fails.

4. Asymptotic representations

We construct infinite-dimensional modules in category O as inductive limits (k — oo) of the KR modules
Wk(r; forfixed 1 <r <N anda:=¢,.
The general strategy follows that of Hernandez and Jimbo [2012]:

(i) Produce an inductive system of vector spaces Wég C W](Z - Wz(rg C---.

(ii) Prove that the matrix entries of the L;;(z) are good functions of k € Z~,.

9The elliptic quantum group of [Felder and Zhang 2017] is slightly different as it is defined by another R-matrix, which is
gauge equivalent to the present R by [Enriquez and Felder 1998].



Elliptic quantum groups and Baxter relations 627

(iii) Define the module structure on the inductive limit of (i).

Step (i) is done in Lemma 4.2, step (ii) in Lemma 4.8, and step (iii) in Proposition 4.10. We shall see that
the proofs in each step are different from [Hernandez and Jimbo 2012].

In what follows, by k > [ we implicitly assume that k, [ € Z>. For k > [, set Z;; := W,((V_)LHZ =Stk-byw, .1
and fix a highest weight vector wy; € Zy;. By (1.7), we have for 1 <i <r < j <N,

0(z + ki) fleam+m—z+nm

“e@+m>q 0(hig +h)

Lii(x)wn = o for L;;(z)wn = wp.

=r+l

Note that Zyo = W,fg, and we simply write wg =: wy.

Lemma 4.1. Lett > k > | > m. There exists a unique morphism of £-modules
CQf(m 2 Zu®Zim — Zim

such that ‘Qﬁc m (w1 ®@wim) = wim. Moreover the following diagram commutes:

_ 4, _
Zi@®LiQ@Liy ————————— ZyQ®Zim
1d®4, ml l@gm (4.18)
. y ,

“tm

Ztkézkm I — me

Proof. (Uniqueness) Let F and G be two such morphisms and let X be the image of F — G. Then
wrm ¢ X. If X # 0, then X has a highest weight vector v # 0, which is proportional to wy,, by the
irreducibility of Z,,, a contradiction. So X =0 and F = G. The commutativity of (4.18) is proved in the
same way.

(Existence) Let b € C and n € Z-¢. By Lemma 3.6 there exists a surjective £-linear map
(r) S ) ()
Wol1p11®Wip = Wy

An induction on n shows that the £-module Wl(rz net @Wl(rz na® @Wl(rg + 1®W1(r,3 can be projected

onto W,fr; Setting (n, b) = (k —m, a + m) we obtain a surjective £-linear map
8 Zik—1®Zk—1k—2® - - ®Zms2,mt1®Zimsim =: T = Zi.

Taking (n, b) tobe (k—[, a+1) and (I —m, a+m), we project the first k —/ and the last / —m tensor factors
of T onto Zy; and Z;,, respectively. The tensor product of these projections gives f: T — Z®Z,,. Since
Ok @, Wk ANd © = g §—1QW—1 k-2 * * * ®Wm+2.m+1@Wm+1.m € T are highest weight vectors of
the same e-weigth, by surjectivity one can assume f () = w ®wy, and g(w) = wyy. It suffices to prove
that g factorizes through f, and so g = @i’mf. Set Y :=ker(f) and Z :=ker(g). The image of g being
irreducible, Z is a maximal submodule of 7. Since w ¢ Y + Z,wehave Y +Z =Z and Y C Z. O
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We need two special cases of the §; fork >/ and ¢t —1>1,
Fr1 =9 o Zu®W" — W) and G, =94 Z,1:18Z1w11 — Za.
As in [Hernandez and Jimbo 2012, §4.2], for k > [ define the restriction map
Fr: Wl(;) — Wk(z, v > Fp (0 ®V).

It is a difference map of bidegree ((I — k)@, 0).

Applying (4.18) with 1 > k > I > 0 to w@w®W,") gives F,;Fi; = Fy;. So (W), F;) is an
inductive system of vector spaces.”
Applying (4.18) with k > [+ 1> 1> 0 to w1 11®Z141,®W,"), we obtain
Fr1 (k.1 (0k,1+1@V)OQW) = Fi 1 Frp1,(v@w)  for v@w € Zl+l,l®W1§2)- (4.19)

Lemma 4.2. The linear maps Fy; are injective.

Proof. Assume K := ker(Fy ;) # O; it is a graded subspace of Wl(;). Choose & € wt(K) such that
uta; gwt(K) forall 1 <i < N and fix 0 £ w € K[u]. We show that w is a singular vector, so w € Ma;
and w; € K, a contradiction. It suffices to prove that L;;(z)w € K forall 1 <i < j < N; this implies
L ;i (z)w = 0 because by assumption on u the weight space K[ + ¢€; — €;] vanishes.

Suppose j >r. If 1 < p < N and p # j, then (k — )@, + €, —€; & Wt(Zy;) by Theorem 1.15. It
follows that for v € WI(L) we have in Zkl@Wl(;l),
Lji(2)(@n®v) = Ljj(2)on®L;ji(2)v = ou®Lji(2)v.

It follows that L ;;(z) K € K because of the commutativity:
Lj,'(Z)Fk,l = Fk,lei(Z) for1 <i, j < Nwith j >r. (4.20)

Suppose j <r. For p > r since r > j > r we have L,;(z)w € K and so L;(z)w =0. For p <r, by
Theorem 1.15, L j,(z)wi = 0 if p # j. This implies

_ _ 0(z+kh) _
L;i(z)(wn®@w) = L;j(2)wn®Lji(z)w = mg(ﬂ(wk@hi(z)w)
for certain g(A) € M. Applying F; ; we obtain Fy ;L ;;(z)w = 0, as desired. O

In what follows k and / denote positive integers, while i, j, m, n, p, q, s, t, u and v denote the integers
between 1 and N related to the Lie algebra sly.

Lemma 4.3. Fork >l and 1 <i < N we have

0(z+kh)
0(z+1h)

101n the affine case [Hernandez and Jimbo 2012, (4.26)] the structure map comes from the stronger fact that Zy;®Z;,, is of
highest weight with Zg,,, being the irreducible quotient.

‘Sigr
Ki(2)Fi1 = ( ) Fi1Ki(2). 4.21)
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Proof. We compute D; (z) (w ®v) for v € Wl(;) based on the coproduct of Corollary 1.2. If —ooy_; < &
then o +wy_i ¢ Q_ and (k — Dy +a + @y_i ¢ Wt(Zy;). The extra terms x,®y, in the coproduct do
not contribute, and so D; (z) (w @) = D; (2)wi @D; (z)v. By (1.8) a similar identity holds when D; (z)
is replaced by K;(z), because K;(z)wy = (0(z +kh)/60(z 41 1))%i=r wyy is independent of A. By applying
k.1 to the new identity involving K;(z), we obtain (4.21). O

From now until Corollary 4.7, we shall fix integers j and p with the condition 1 < j <r < p < N. By
Corollary 2.2, there are elements w}; € Zy for k > [ such that

0(z+ (k—1Dh +,\jp)wj,,
0(z+1h) kit

Lj,(D)wn =
Indeed w,if = tpjwy in the evaluation module Zy; = Vi—_j)w, (I). Since Y, is a rectangle, Mw,ﬁf is
the weight space of weight (k — )@, +¢€, —¢;.
Lemma 4.4. In the E-module Zy; we have w,{f’ # 0 and

6(z+1h—1,)0((k —1)h)6(h) 1l 0(hjq + (k—1+1)h)
0z 411000 (hjp + ) O(hjg+h)

Jp
Lyj(2)wy = —wu
r<q#p

The product is taken over integers q such thatr +1 < q < N and q # p.
Proof. The weight grading on Zy; = S(k—1),,; indicates ¢ jpw,{f = g(M)wy for certain g(A) € M. The last

relation of Definition 2.1 with a =d = j and ¢ = b = p is applied to the highest weight vector wy;, the
second term vanishes and

O(rjp+ (k— 1+ 1)h) Gy 0((k — )h)O(—h) I 0(hjq + (k—1+1)h)
0G,+(k=Dh) * 7 065005, + k=D 11T 00, +m
This implies ;" # 0. We conclude that L ,; (2)]’ = 6(z +1h — 1) g (Maw /0(z +Ih). O

Lemma 4.5. Let k — 1 > I. In the E-module Zy ;11®Z;+1, we have

l = ir =
L)@ (k: 2 (@ 1180]") ) — ol Bwrs1) =0,

where
O((k—1—1Dh)0(X;, —h) 1—[ O(Ajq + (k—Dh)

g, N
ajp ki 2) = 0()60.p) 0(hjq + 1)

r<q#p
Furthermore 4, l(a(.l)(k' A) (wy l+1®wjp ) — !’ Rwi =0
LA jp it ; I+1.0 k141 QWi+1, :

Proof. We compute L p;(z) (w,{{;+1®wl+1,l) = 22]:1 L,y (Z)w,{’]}H@qu (2)wi41,- Since wy41 7 is a highest
weight vector, the terms with ¢ > j vanish. The weight of L,; ()} is (k — — 1)@, 4 €, — €, which
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does not belong to wt(Z ;+1) for ¢ < j. So only the term g = j survives. By Lemma 4.4

Ly (@) (], @wii11)

=Ly; (Z)w;{ﬁH ®Ljj(2)@r11.1
0@+ DA=2,)0(k —1 = D)6 (h) Bl O(\jg + (k—Dh)
N O(z+ I+ DROjp)0(Ajp+ h) O(hjq +h)

_ 0+ 1+ Dh) I 0(hjq +2h)

0(z+1h) O(Ljq +h)

_ 0@+ =20k =1 —=Dh)o(R) I O(\j,+ (k—1+ 1)h)
B 0(z+1h)O(Ajp + h)? O(Xjq+ 1)

Wk, 1+1
<q#p

Wy+1,1
q>r

(k.11 QWr+1.1)-

r<q#p
Similar arguments lead to
Lpj () ( @k 1110}, ) = Lpp (@) i11®L pj (D)@}

_ 0GHIA =20 M) I 0(%jq +20)
C0GHIOCI ) C S Ohg )

(@ 1+1@W411)-
<q#

The ratio of the two coefficients of wy®wy41,; above is aﬁg (k; A + he;), which is easily seen to be
independent of z. For the last identity, let x be the vector in the argument of 9 ;. Then both %9 ;(x) and
w,{f belong to the one-dimensional weight space of weight (k — )@, +€; — €. These two vectors are
proportional, the first is annihilated by L ;(z), while the second is not. So 9 ;(x) = 0. Il

Corollary 4.6. Let k — 1 > [. In the E-module Zy; we have

S 1
Ljp()on =Gt (1807101 ) x B (k. 23 1),

where
O oy . 0@+ E=DA+24;,)0(k—Dh) 0(hjq + (k—Dh)
b, (k,z; )= ORI 1_[ Gt

r<q#p

Proof. The idea is similar to [Zhang 2018, Lemma 7.6]. We compute L j,(z)(wk 1+1®wi+1,). As in the

proof of Lemma 4.5, only two terms survive:

Ljp(2) (@ 141@wi41,1) = Ljj(2) 0k 151@L jp(2)wi41,1 + L jp (2 0k 141 L pp(2)wi41,
0(z+kh) O(Aj, + (k—Dh) _O@z+1lh+Ar;,)

= l_[ /4 Wk 1+1 P Cl)ljﬁll

0G+A+Dh) L 0G,+h) 6(z+1h) :

Oz + (k= Dh+4;) 4
Wy 141

O(z+ (I + 1h)

0(z+kh+ 1)
0(z+ ({+1)h)

Qwi+1,1

! =00 L=
= eV (k, 23 V(w1807 )+ (@41 ®@r41).

Jp
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Here e;l; (k, z; A) is the following meromorphic function of (k,z, 1) e Cx C x b:

0(z+ k)0 +1h+1,,) 0(hp+ (k—1 —1)h) I 0(Ajq + (k—Dh)
0(z+(+ D)0 (z+1h) oA jp) 0(hjq + 1)

r<q#p

Set x 1= a) (k; 1) (@i1180]7| ) — o', | ®wi11,, which is in the kernel of G, by Lemma 4.5. It
follows that for any g()) € M we have

Ljp(2)or = L jp(2) G 1(r 141 @wi11,1) = G, 1 (L jp (2) (0, 141Qwi41,1) + g(A)xX).

Letus fix g(z; A) :==60(z+kh+1;,)/0(z+ (I + 1)h). Then Ljp(z)(wk,1+1®wl+1,1) + g(z; M)x is propor-

. — i — . l
tional to wkvl+1®wilfl,l and L, (2)wy = (gk,l(wk,lﬂ@w'/f],z) X bﬁ.;(k, Z; A) where

bk, 25 0) =€)k, 23 M) +g(z; Mal ks 1)
0 (hjq+(k—Dh)

:b k, ,)\. ’
(k.2 )er;[ép 0 0jq+)
bk 22 2y o PO G AR ) 0G4 (k== D) O kR 250k =Dy =)
NN ) V) VTERET S R TP 0+ + DB (3,0 (h)

The function b(k, z; 1), viewed as an entire function of k, satisfies the same double periodicity as
0(kh)0(kh +z+ Ajp — (I +1)A). One checks that b(/, z; A) = 0. This implies

bk, z; 1) =0 (kh+z — i+ 1,,)0(kh —Ih) f (z; ),

where f(z; A) is a meromorphic function of (z; A) € C x b independent of k. Now setting kh = —z, we
obtain f(z; A) = 1/(0(z+1h)0(h)). O

Corollary 4.7. Let 1 <i, j < N with j <r. Fork—1>1land x € W,")

0(z + k) (ﬁ O(hjy + (k—1+1)h)

YR
O+ \ 1L 00 +h)

L;i(2)Fr(x)=Fy;

)Lﬁ(z)x

N
+Fk,z+1%+1,z( > ol Bk, z: A))L,,,-(z>x). (4.22)
p=r+1

Proof. Consider Lj;(z)Fy(x) = %{’1(22;1 Ljp(2)ou®L i (z)x). As in the proof of Lemma 4.5,
Lip(Qwy=0if pé¢{j,r+1,r+2,...,N}. For p=j, we obtain the first row of (4.22), while for
r < p <N, Corollary 4.6 and (4.19) with v = w/}, , give the second row. O

)

Fix weight bases B; of Wl(; for [ > 0 uniformly so that Fy ;(5;) C By.
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We view b;l; (c, z; A) in Corollary 4.6 as a meromorphic function of (c, z, A) € C? x h. For1<i,j<N,

[ >0andc, z € C, define SBE.II.) (c,2): Wl(’:l) — Wl(fr)l’a by

O(z+ (yj+68;—Dh+Aji)

‘555'11')(6, 2)x = Fry10Lji(2)x = 002 Friitijx forj >,
N
O(z+ch Ohjg+ (c+vig+8ij —dig)h
iﬁli)(c,z)x—g (jq (€4 ¥ig +0ij — %) )Fl+1,lei(Z)x

T B(z+1h) el Ohjqg+ A+ yjq+8ij —8ig)h)

N
+ 3 B0z a+ (o + w6 — W Fri11(@)0 BLy()x) for j <.
p=r+1

Here x € Wz(,z) [y +Iw,] and §;; is the usual Kronecker symbol. Corollary 2.2 applied to the evaluation

module WI(L) = Vi, (0) indicates that for b’ € By and b € B,

EBE.ZI.) (¢, z) is a difference map of bidegree (¢; — @, ¢;). Its matrix entry [SBE.II.)]Z,/;,(C, Z; M) is a
meromorphic function of (c, z, A) € C? x h. Moreover, 0(2)0(z + lh)[iyi)]bxb(c, z; A) is entire on
(c, z) for generic A.

As a unification of (4.20) and (4.22), we have
Lji(2) Fry = Fram ¥ (k. 2) fork >1+1. (4.23)

For k € Z.¢ and z € C let E(c; k, z) be the set of entire functions F(c) of ¢ € C with the following
double periodicity:

F(C+h—l):(_1)kF(c) and F(C+Th_l) =(—l)ke_kiﬂr_zkiﬂCh_ZiﬂzF(C).

A typical example is 0(ch) 10 (chi+z). Such a function is called homogeneous. If f(c), g(c) € E(c; k, 2),
then we write f(c) ~ g(c).
Note that E(c; k,2)B(c; k', 7)) C B(c; k+ K, z+ 7).

Lemma 4.8. Let b € B; be of weight y + lw, and b’ € B;y1. For j > r the matrix entry [ifi.li)]b/b(c, ;M)
is independent of c. For j <r as entire functions of ¢

N
(L5 (e, M)~ 0 +ch) [ 00+ (e +vig+8i —8igh).
g=r+1

Moreover, 9(1)[$§.Zi)]b/b (c, z; M) is an entire function of (c, z) for generic A.

Proof. In the case j > r, Corollary 2.2 is applied to Wl(;) = Siw, .0, the matrix entry is of the form
O(z+ (yj+6;; — Dh+1xji)g1(r)/0(z) for g1(A) € M. Assume j < r. By Corollary 4.6 the matrix entry
is of the form E(c, z; A)g2(A)/(6(2)0(z + Lh)), where go(X) € M and E(c, z; A) is an entire function of
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(c,z,2) € Cx C x . As functions of z and c, respectively, we have

E(c,zhi M) € B(z; 2, (c+1+y; +8; — Dh+ 1),
N
E(c,zi M) €B(N=r+1, Y g+ g +8ij — 8ighh) +2).
g=r+1

On the other hand, for £ > [/ + 1 we have by Corollary 2.2 and (4.23),
9(Z+)\.ji + (k—l-)/j +8ij —Dh)
0(z)

The right-hand side as a function of z is regular at z = —I/#, so are any of the coefficients of the left-hand
side E(k, z; X)g2(X)/(0(2)0(z + [h)). This forces E (k, —lf; 1) =0 and

Fk,l"‘lg.(jli) (k,2)b = Lj,-(z)Fk,,v = tij Fkylb.

E(c,z;A) =0z +1h)0(z+ (c+ Yj +5,‘j — DA+ }»j,')D(C; A)gs(h),

where g3(A) € M and D(c; A) is an entire function of (c, ). Applying the double periodicity with respect
to ¢ once more, we obtain the desired result. O

Lemma 4.9. Let f(c) be a homogeneous entire function. If f (k) = O for infinitely many integers k, then
f(c) is identically zero.

Proof. By definition the homogeneous entire function f(c), if nonzero, can be written as a product of
theta functions 6 (ch + z). Since /i ¢ Q + (7, each of these theta functions of ¢ can not have zeroes at
infinitely many integers. O

Let W be the inductive limit of the inductive system (Wl(;), Fy.1) of vector spaces (over M), with the
Fr: W,(;) — Wy for I > 0 being the structural maps.

From now on fix d € C. A vector 0 # w € W4 is of weight dw, + y if there exist [ > 0 and
w' e Wl(’ra) [l + y] such that w = F;(w’). The weight grading is independent of the choice of / because
Fy.1 sends Wl(;) @, +y]to Wk(rg [k, + y]. Let Wgo denote the resulting object of V. By construction
wt(Wgo) Cdw,+ Q_,and F; : Wl(;) — Wgo is a difference map of bidegree ((I — d)w,, 0).

Let y € Q_. The injective maps Fy ; together with Theorems 1.15 and 2.3 imply that
dim(W)[kw, + 1) = die, [k, + 7],

as k — oo, converges to an integer which is exactly dim(WC‘f<> [dw, +y]). So Wgo is an object of Vg. Our
goal is to make W into an £-module in category O with favorable g-character.!!

U1y the affine case, the matrix entries of analogs of 555.? (k, z) are Laurent polynomials of ek Hernandez and Jimbo [2012]
proved this by using elimination theorems of g-characters, and then took the limit ek 5 0 as k — oo to obtain modules over
Borel subalgebras of affine quantum groups. Later in [Zhang 2017; 2018] an elementary proof of polynomiality was given based
on slp-representation theory, which by taking limit ek — ¢4 a5 k — 0o (with d € C a new parameter) resulted in modules over

affine quantum groups. Here we adapt the second approach to the elliptic case.
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For 1 <i, j <N and z € C with 6(z) # 0, the (EB;Q (d, z) constitute a morphism of inductive system of

1
C-vector spaces:

2(/)(d z)
(r) Ji (r)
Wl,u Wl+1,a
/
F/’,/l lFl’H,HI for I" > 1.
% (d,2)
(r) Jji (r)
Wl’,a Wl’—i—l,a

Indeed, the matrix entries of Fl/+1,1+1513§-li) (c, z) and SE%)(C, 2) Fy 1, as difference maps Wlfz) — WI(Q La®
are homogeneous entire functions of ¢ with the same double periodicity by Lemma 4.8 and are equal at
all integers ¢ larger than I’ + 1 by (4.23). By Lemma 4.9 these two maps coincide for all ¢ € C. Define

#4;(2) :=1lim £ (d, z) € Home (WS, WE,).
For x € Wi [dw, + y] with x = F;(x') and x’ € W,(’ra)[lwr + y1, we have
$4()x = Fin 25 d. 2)x'. (4.24)
The difference maps 585.11.) (d, z) and Fj are of bidegree (¢; — @, ¢;) and (({ +1 —d)w,, 0) respectively.
So 3;{1. () is a difference operator of bidegree (¢;, €;).

Proposition 4.10. (W<, SNP‘;i (2)) is an E-module in category O. Moreover,
Xa(Weor 25,0 = wyf}, > lim ()™ 1y (W), (4.25)

Proof. We need to prove conditions (M1)—-(M3) of Section 1C. First (M1) follows from (4.24) and from
the comments before (4.23). To prove (M2), let x € Wgo [do, +y]and x' € Wl(’ra) [l@, + y] such that
x = F;(x"). We assume [ so large that Wé’o [do, 4+ y] and W(r)[l @, + y] have the same dimension.

la
Step I: Proof of (M2) We need to show that for 1 <i, j,m,n <N
Y O RDA(z—wi A+ (6 + € +dm + YIS (L (w)x =Y Rij (2 — ws )Ly (w) Loy, (2)x € W,
p.q s,t
Here at the right-hand side we have used R5%(z; 1) = Rh% (z; A + he p +he,) to move R to the left. By
(4.24) it is enough to prove the equation

DRIz —wi A (6 + €+ cm, £ ML (e, L) (e w)x
p.q
=Y R —w; DLy e w)ED (. )x e W, . (4.26)
s,t

Let A (c, z, w) and A, (c, z, w) denote the left-hand side and the right-hand side of this equation without x’.
These are difference maps Wl(;) — w7 of bidegree (€, + €, — 2w, € +€j), as REL = 0 implies

[+2,a
€m+€n =€pt+ €.
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Claim 1. For b € B; of weight lw, + y and b’ € B, as entire functions of c,
[A1lpp(c, z, w; A) = [A2]pp(c, 2, w; A).

This is divided into four cases. For simplicity let us drop &', b, z, w and A from A; and A,.
Case 1.1: m,n >r. Ai(c) and A,(c) are independent of ¢ by Lemma 4.8.

Case 1.2: m, n <r. At the left-hand side of (4.26) we have {p, g} = {m, n} and so R} is independent
of c. At the right-hand side {s, ¢t} = {i, j}. Therefore

A1(©) ~0(ch+2) [ [0Opu + €+ Vpu+ 8ip — 8iu+8jp — 8ju — 84p + 8qu)h)
u>r
x 0(ch+w) [ [OOqu+ (c+ vgo +8jg — 8ju +8ig — Siu)h),

v>r

A2(C) ~ Q(Ch + w) l_[ e(knu + (C + VYnu + (Stn - 8tu + 8sn - asu - (Smn + amu)h)
u>r
X H(Ch + Z) l—[ 0()»,,”, + (C + Ymv + 35m - st + (Stm - 8tv)h)

vsr
These formulas are deduced from Lemma 4.8. One needs to take into account the shifts of y and A.
For example at the left-hand side of (4.26), the terms &£,; and £, shift y and A by €; — ¢, and fe;,
respectively. The right-hand sides of these two formulas lie in E(c; 2+2N —2r, ¢) with e € C independent
of the choices of p, ¢, s and .

Case 1.3: m <r < n. At the right-hand side {s, t} = {i, j} and

AZ(C) ~ Q(Ch + Z) l_[ 9()‘41111 + (C + Ymv + 5sm - ‘Ssv + 81m - ‘Stv)h)

v>r
~0(ch+2) [ [0 + (€ + Vi + 8im — i + 8 — 8j)1).
v>r
The last term is independent of s and ¢. On the other hand A (c¢) = E(c)+ F (c) where E and F correspond
to (p,q) = (m,n) and (p, q) = (n, m) respectively and so

E(C) ~ %‘;)h)e((:h +Z) 1_[ Q(Amu + (C + VYmu + 51’m - 5”, +81m - aju + 5rzu)h)y
F(c)~ We(di +w) HG(Amv + (¢ + Vmv +5jm - 8]‘1) +8im — i) ).

v>r
Here f:=ch+Aun + (Vinn +8im — 8in +38jm — 8j,)i. We observe easily that A>(c) ~ E(c) ~ F(c) and
so Aj(c) &~ As(c) are homogeneous.

Case 1.4: n <r < m. This is parallel to the third case.
Claim 2. In Claim I equality holds for c =k € Z~;4».
Let us apply Fy ;42 to (4.26) with ¢ =k and x” = b. By (4.23)

Fiipn @50 (k. ) L8 (k. w) = Ly (2) Fie 1 L9 (k, w)x' = L i (2) Lgj (w) Fe,
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and similarly Fy ;2880 (d, w)L(d, 2)b = Lys(w) Ly (2) Fiib. We obtain the defining relation
RLL = LLR of the £-module W,frg applied to the vector Fy;(b). Since Fy ;> is injective, (4.26)
holds for ¢ = k and x’ = b. This proves Claim 2.

Together with Lemma 4.9, we obtain equality in Claim 1 for all ¢ € C. This proves (4.26).

Step II: Let 1 <i < N. We have by (1.6) and (4.26)

e ;) ) /
D;i(2)x = 610+ dmr T 7)) Fi 9,7, 2)x". 4.27)

Here 9\ (¢, 2) = Yy e To(c, 2) and Tp(c, 2) : W) — W2

l' . .
I+i.q» foro € &', is given by

sign(0) L V(€ DESNTD ezt ) ED v (e 2t (= D).
Each 75 (c, z) is a difference map of bidegree (—wy_; —iw,, —wn_;). Define the meromorphic function
of (¢, z) € C? (note that / is fixed)

A N — h
glc,2)=1ifi <N+1—r and g(c,z)= 1_[ (2 +( pFon otherwise.
P N—it1 0(z+(N—p+Dh)

Claim 3. For b € B; of weight lw, +y and b’ € B,.;, as entire functions of ¢ € C,
[T51pp(c, 23 A) = gi(c, 2)Oi (A + (cyr + y)h).

The idea is the same as Claim 1, based on Lemma 4.8. If N —i + 1 > r, then Tf(c, z; A) and
®; (A + (cm, + y)h) are independent of ¢, and we are done.
Assume N —i+ 1 <r. By (1.5) and Lemma 4.8,

r

N
0,0+ o+~ [ ] 00w+ Cc+yuh),
p=N—i+1u=r+1

N
[T,z M)~ [ 0G+e+N=ph) [ 008 +(c+ypu+Dh).
p=N—i+1 u=r+1

Here AP = ) +hZiV:p+l €, and so kgf,’) = Apy —h for p <r < u. The case 0 = Id in Claim 3 is

now obvious. It remains to show [T, 1y (c, z; A) = [Ty 1ps(c, z; 1) for all o, 0’ € &'. One can assume
o' =os; where s; = (j, j + 1) is a simple transposition with N —i +1 < j < N — 1. Let us define
p=0(j+1),q:=0(j), l''=I4+i+j—1—N, w:=z+ (N —j)h.

Then we have the decomposition of difference maps

T (c, z) =sign(0)A(c, 2)Upy(c, w)B(c,z) and Ty (c, z) =sign(o)A(c, 2)Uyp(c, w)B(c, 2).
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The difference maps A, B, U are defined by (descending order in the products)

j+2
I+i—1—N+

Ale,7) = l_[ ig(ul),u e, 2+ (N —wh): Wl(’QZ,a - Wl(Jrr)i—l,a’
u=N
N—i+1 ‘

B(c,z) = 1_[ 555,1;:);1_1\]”)(& 72+ (N —u)h): WI(Q — W;i)l,a’
u=j—1

U'+1) ) L™ (r)
Upy(c, w) =§Ep’j+l(c, w —h)élqu (c,w): Wl’,a — Wl’+2,a‘

Flipping p and g one gets U,,. Now [T 1y (c, z; &) = [T5/]pp(c, z; 1) is a consequence of the following
claim.

Claim 4. For y € By of weight l'w, +n and y' € By 42, as entire functions of c,
[qu]y’y(c, w; L) A [qu]y/y(cs w; ).

If p, g <r, then by Lemma 4.8 (setting n’ =n+¢€; —€; and A’ = A + e y1)

N

[qu]y/y(C, w; M) ~ 0w+ (c—1)hA) 1_[ 9()»[,“ +(c+ 77;,” +8p,j+l - 3u,j+l)h)
u=r+1

N
xO(w+ch) [T 00, + (c+ng+84 —8)h).
v=r-+1
We have US;’(C, w; A) € E(c; 2N —2r+2, e) withe =e(p, g) symmetric on p, g. So [Upglyy(c, w; A) =~
[qu]y’y(C, w; A).
The other cases of p and g are proved in the same way as in Claim 1.
Step I11: Proof of (M3) Let k > [ +i. Notice that D; (z)wy; = g; (k, 2)wy;. From the proof of Lemma 4.3
and from (4.23) and (4.27) we get
O; (1)
Oi(A + (ko +y)h)
Applying Fj to this identity and multiplying by ®; (A 4 (k@ + y)h) we have

gi(k, 2) Fe Di(2)x' = Di(2) Fry(x') = Frpi 3P (k, z)x'.

O (h + (ke + y)h)gi (k, 2) FDi(2)x" = ©; (W) Fii @) (k, )x for k > +i.

Both sides after taking coefficients with respect to a basis of Wgo [dw, + y] can be viewed as entire
functions of k € C, and they satisfy the same double periodicity by Claim 3. By Lemma 4.9, the above
identity holds for all k € C. Taking k = d, by (4.27), we obtain D;(z)x = g;(d, z) F;D; (z)x’.

Let B be a basis of Wl(;) [l@, + y] satisfying the upper triangular property of (M3). Then the basis
Fi(B) of Wi [dw, + y] satisfies the same property. The £-module W< is in category O. The diagonal
entry of D;(z) associated to F;(x') € Wgo for x’ € B is equal to that of D;(z) associated to x’ € WIE;)
multiplied by g;(d, z). The g-character formula in (4.25) follows from the explicit formula of g;(d, z). U
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Question 4.11. Let F(c) be a finite sum of homogeneous entire functions. If F (k) = O for infinitely
many integers k, then is F(c) identically zero?

If the answer to this question is affirmative, then the proof of Proposition 4.10 can be largely simplified,
Claims 1, 3 and 4 are not necessary.'?

Remark 4.12. By Lemma 4.8, Wd = W (0) with W an e-module of character khm eld=lmr (W(’)) SO
it is in the image of the functor [Etingof and Moura 2002, Proposition 4.1]. By Lemma 4.2 and its
proof, W' contains a unique highest weight vector up to scalar. Let Q be the quotient of standard Verma
module M, 1 in [Tarasov and Varchenko 2001, Proposition 4.7] by #,+1,4Vdw,.1 for a # r. Then W is
the contragradient module to Q in [Tarasov and Varchenko 2001, §6]. It is interesting to have a direct
proof of W'(0) being in category O.

For x € C let W, be the pullback of W& by ®_, in (1.4); it is called an asymptotic module. Set
OW;A;) = S(w(N)) and Wy , := W(S) forl <s <N.

Corollary 4.13. (i) R is the set of rational e-weigths.
(ii) For any E-module M in category O, we have wt,(M) C R.
(iii) Ford,x € Cand 1 <r < N we have in M and Ky(O) respectively

XgWP) =w x xg(W) and  [WONWS =W AW, (4.28)

d—x,x

Proof. Conclusion (iii) comes from (4.25), as in the proof of [Felder and Zhang 2017, Theorem 3.11].
As a highest weight of Wg’i, wf{jc belongs to R. Together with Lemma 1.13 we obtain (i). In (ii)
one may assume M irreducible. Then M is a subquotient of a tensor product of asymptotic modules.
Since e-weigths of an asymptotic module are rational, we conclude from the multiplicative structure of
g-characters in Proposition 1.10. O

In Section 2B the evaluation module V), (x) is an irreducible highest weight module in category O. Its
highest weight is easily shown to be rational.

Corollary 4.14. V, (x) is in category O for pu € h and x € C.

Finite-dimensional modules in category O are related to the asymptotic modules by generalized Baxter
relations in the sense of Frenkel and Hernandez [2015, Theorem 4.8]; see [Felder and Zhang 2017,
Corollary 4.7] and [Zhang 2017, Theorem 5.11] for a closer situation.

Theorem 4.15. Let V be a finite-dimensional £-module in category O. Then

dimV
V1= ) _[SWd)] x m, (4.29)

j=1

121n the affine case, by footnote 11 the situation is much easier; a Laurent polynomial vanishing at infinitely many integers
must be zero, see [Zhang 2017, §2].
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in a fraction ring of the Grothendieck ring of O. Here d; € Ro and m; is a product of the [W',  1/[W ]
withx,y€Cand1 <r < N.

Proof. The idea is the same as [Frenkel and Hernandez 2015]. Since the g-character map is in-
jective, one can replace isomorphism classes with g-characters. x,(V) is the sum of its e-weigths,
the number of which is dim V. By Corollary 4.13, any e-weigth e is of the form d [[ ¥, /¥, , =
Xg(S@) [T xg(Wr )/ xq(Wry), where d € Ry and the product is over 1 <r < N and x, y € C. This
proves (4.29) in terms of g-characters. O

To compare with [Frenkel and Hernandez 2015, Theorem 4.8], one imagines that for 1 <r < N and
x € C there existed a positive prefundamental module L}, in category O with g-character y, (L )=
W, X X(L o) as in [Frenkel and Hernandez 2015, Theorem 4.1]. Then [W, . 1/[W) ] = [L;fx] / [L:fy].
Note that the g-character of W(()rl in (4.28) is different from its character.

Example 4.16. Let N = 3. Consider the vector representation V of Section 1D:

U, s Yyt Yo 0(z+h) Wy

1 = ’2, 2 == — ’

o v, 0 W, \1120 0 0(z) W20
- [W) 3 +[°W1,_%][°W21] (W3 11 [Ws ]
(Wil DWWy 0] [Waol  [W E] [W20l

Example 4.17. Let us construct the &; j(sl)-module W o from [Felder and Varchenko 1996b, The-
orem 3]. As in [loc. cit.] set n = —%h, A =Appand (a, b,c,d) = (L1, L2, Ly, Lyy). For A € Z-,
consider the evaluation module LA ((A — 1)n) with basis (ex)o<k<a. Note that k indicates the basis
vectors, while A the integer parameter of a KR module. Let us make a change of basis (the second
product is empty if k = 0)

for 0 <k <A.

200+ G-k £ O —jh)
H <[] -
11 0(h) O((A —k+ j)Hh)

j=1
Tensoring L A ((A — 1)n) with the one-dimensional module of highest weight 8 (w + A#) /6 (w), we obtain

another irreducible module V, with basis (vx = vx®]1)o<k<a; here to follow [loc. cit.] w denotes z. We
have wt(v;) = (A —k)e; +ker and

0w+ (A —k)h) O(h+ (A —k + D)

M= Ty e a—hn
o, _ WA+ (A =k = D) O((A = mO®)
(whve = o (w) o —moG)
0(w — %+ (k — 1)h) O(kh)
c(w)vy = — o(w) o(h) Vk—1,
0/(w + kh) 00 — (k+ 1)) (. — kh)
d(w)v, = Uk

0(w) 00 —h)B(L)
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We have vy = —vg—10(khi)/0(h) and vy is of highest weight wA 0> SO Vo = WI(\I’)O. The bases (vg)
trivialize the inductive system (V) because the inductive maps commute with #1, by (4.20). For A € C,
the above formulas define an &; ;(sl>)-module structure on @2 Muy, with wt(vi) = (A — k)€ +ke.
This is the desired W 4.

General formulas for the &; 5 (sly)-module W o can be found in [Cavalli 2001, §3.4].

5. Baxter TQ relations

We derive three-term relations in the Grothendieck ring Ky (O) for the asymptotic modules. For 1 <r < N
and k, x, t € C, by Corollary 4.13, d,g’r;f) € R and is the highest weight of an irreducible module D,Ef’x') in
category O.

Call a complex number ¢ € C generic if ¢ ¢ %Z + %(Z + Zt). This condition is equivalent to
Q,NQuyc={l}foralla e C.

Theorem 5.1. Let 1 <r < N,te€Z-gandk,a, b € Cwith k generic. Then

xq<D(”))—d1§’J)(1+ZA 0o Aoyl 1) [T %Wy, (5.30)
=1 s=r+l

,0) ~
andD]Efa) ®s_r:|:10WkZl h—

Proof. Set x :=a —k — % Define d := d,g’r’at) and for 1 <[ <y,

t

- ._ (r)
Ar+a+ll and mo'_dl_[wk+j—%,x'

1 —
m) =moA Ara+1

By (1.9) and (3.14)—(3.15), we have for 0 <[ <t

! . ! . W

IIIr,a-i—j \Ijr,a+1—2 s,a+l—%
mi= [] oetd [ Brasizt o [ St
v \Ijr,x q’s,x

j=+1 Y =1 s=rl

Let us introduce the tensor products for 0 <[ <1,

S'i= @ W1 JB@G W] s IB@emrna W, ),
).

(rt) (r)
T:=D; ®(® °Wk+]

Equation (5.30) is equivalent to x,(T) = Y j_o x4(S") in view of (4.28).

Given two elements x =), cyfand x":=3 ", c/f f of M, we say that x is bounded above by yx’ if
cf < c} for all f € M,,. When this is the case, x’ is bounded below by yx. If x is bounded below and
above by x’, then x = x/'.

Claim 1. The S' are irreducible. In particular, D(r 0) ~ ®s=ri1°W,({s’l
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Fix0</[<t. Let S :=8(m;). Forn € Z., set

Sy = (WD @@s=rt1 W) and s, := @) [T wi)-
s=r+l1

By Lemma 3.2, any e-weigth s/e € P, of S/, different from s/, is right-negative. So S/, is irreducible.
Viewing S, as an irreducible subquotient of

1St () (! ) ()
S®(®j:l+lwn—k—j—l,a+j)®(® OW —k— ]+ atj— 2)®(®s r:I:lW

1— %)v

—k—1,a+
(r) (r)
—k—j—5,a+j —k— j+ ,a+j—2

,e") are e-weigths of the correspondmg tensor factors. By Lemma 3.2 and
—k—la+l—1

we have e = ¢' [, ¢; [],_ ., € where mie’, w’
()

e]forl<]<tw e; for
1<j<lI and w
Proposition 4. 10

e,e'€Q  and ej,e(s) €Q,.

Since a —x =k + 3 is generic, Q; NQ; = {1} and so e = €. The normalized g-character of S’ is bounded
below by that of S’ for all n € Z~(. On the other hand, viewing S’ as an irreducible subquotient of S’ and
applying (4.25) to S!, we see that the normalized g-character of S’ is bounded above by the limit of that
of S/ as n — oo. Therefore S' = §' is irreducible.

Claim 2. For 1 <[ <t,we have dA_ lA_

AL e WD) It follows that my € Wi, (T).

Let us view the KR module Wt(,ra) as an irreducible subquotient of
R (N T )
)

By Lemma 3.2, w() A, SA AL

of any of the wte(W(Sk) 1) withs #r.
—k.a—3

| € wte(Wt( r) ). The A~ must arise from Wte(D,g’at)) instead

ra—i—j

For 0 < j,1 <t, since wt, (8! m Q- andm; € m;Q,, we have m; € wt,(S) if and only if [ = j.
Therefore, all the S’ appear as irreducible subquotients of 7', and they are mutually nonisomorphic. So
Xq(T) is bounded below by Y "j_q x4 ().

Claim 3. x, (D(r )) is bounded above by
t
1 A— (s)
d<1+ZA Ara+1 r+a+l 1) 1_[ Xq( GWS
=1 s=r=xl

Fix df € wt, (D,Er’at)). For n € 7., viewing D,Er’at) as a subquotient of

D,(l}:’at)é(@s:r:tlw(” )

k—n,x

gives f = full=pa1 f ) where by Lemma 3.2 and Corollary 3.5

frdD ewt(DU) and  fOw? ewt.(W, )=w  wi. (W)

k—n,x

It follows that f, € Q_, f* € Q  and f € Q Q.
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Letn € Z- be large enough so that f € Q,.,9y where Q . is the submonoid of Q" generated by the

A ;er forl<i<Nandme %Z withm > —n. Since a —x = k+% is generic, Corollary 3.5 implies that
1 1 4-1 14-1
fne{l Ara’A Ara+1""’A Ara+1 r+a+t 1}

is uniquely determined by f. The coefficient of df in x, (M, ,Er;) is bounded above by thatof [[,_, ., f )
in[[,_,.1 xq (W(()‘fl). This proves the claim.
It follows from Claim 3 that x,(T') is bounded above by

m0<1+2’4 1Ar_a+1 r+a+l 1) 1_[ X‘I(GW(S))Xl_[X‘I(OW(r))_ZXq(Sl

s=r£l

Since “bounded below™ also holds, we obtain the exact formula for x,(7), which implies (5.30). This
completes the proof of the theorem. O

Claim 1 is in the spirit of [Frenkel and Hernandez 2015, Theorem 4.11], and Claim 3 [Hernandez and
Leclerc 2016, (6.14)], [Frenkel and Hernandez 2016, §4.3] and [Zhang 2018, Theorem 3.3], the main
difference being the nonexistence of prefundamental modules. If both k and ¢ are generic, then x, (D,if’at))
is obtained from the right-hand side of (5.30) by replacing 2;21 therein with > /2.

Corollary 5.2. Let k € C be genericand 1 <r < N. In Ky(O) holds

[Dlirli)rl][WrHl] (W, 1] 1_[ (W11 4+ W, 4131 ]_[ W] (5.31)
s=r=xl s=r+l

Proof. From (5.30) and the injectivity of the g-character map we obtain

DENWS, =D AW 1+ DD, ] (5.32)

fora,be Candr e Z.y. (5.31) is the special case (¢, a, b) = (1, k+ % 0) of this identity in view of the
tensor product decomposition of D,(:’ao) in Theorem 5.1. g

Equation (5.32) can be viewed as a generic version of (3.17).

6. Transfer matrices and Baxter operators

We have obtained three types of identities (4.28), (4.29), and (5.31) in the Grothendieck ring Ko (O).
These are viewed as universal functional relations [Bazhanov et al. 1997; 1999; Bazhanov and Tsuboi
2008] in the sense that when specialized to quantum integrable systems they imply functional relations of
transfer matrices. In this section, we study one such example, with the quantum space being a tensor
product of vector representations [Hou et al. 2003].

Fix £ := Nk withk € Z-g and aj,ay, ...,ap € C\T'. Set I :={1,2,..., N}. Let I(f be the subset
of I¢ formed of i such that €;, +€;, + - - - +¢€;, = 0 € h. Upon identification i := v;, ®v;,® - - - ®v;,, the
weight space y®! [O] has basis I(f.
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Let D, be the set of formal sums Zaeh p*T, fo(z; ) such that: The f,(z; A) are meromorphic
functions of (z, A) € C x . The set {« : f, # 0} is contained in a finite union of cones v+ Q_ with v € h.
Make D, into a ring: Addition is the usual one of formal sums. Multiplication is induced from

PUTof(z0) x pPTag(zs0) = p* P Toip f(zs A+ hB)g(z; A). (6.33)

As in [Felder and Varchenko 1996a; Felder and Zhang 2017], we construct a ring morphism [X] — 7x(2)
from Ky(O) to the ring M(I(‘;}; D,) of I(f X I(f matrices with coefficients in [D,,. (We think of M(I(f; D)
as a ring of formal difference operators on Veo1.)

Let X be an object of category O. To i, j € I(f we associate

L;(!-(Z) = LX (Z+a1)L.X (z4+a) - 'Li)jj((z'i‘ae) c (DX)O,O-

i1 i2)2
Since (Dx)o,0 € Endy(X), one can take trace of LlXj (z) over weight spaces of X.

Definition 6.1. The transfer matrix associated to an object X in category O is the matrix rx (z) e M(I; D »)
whose (i, J)—th entry for i, J € I(f is

Y PTu X Tixi (L) xje) € Dy
aewt(X)

Almost all of the results and comments in [Felder and Zhang 2017, §5] hold true after slight modification
in our present situation. In the following, we focus on the modification of these results, referring to
[Felder and Zhang 2017] for their proofs.

We remark that ty (z)| ,—1 can be identified with the transfer matrix 7 (z) in [Hou et al. 2003, (2.22)]
where the E; ,(sl,)-module W is Vi, (a1) @ Va,(a2) ® - - - Q Va, (ae).

The transfer matrix associated to the one-dimensional module of highest weight g(z) € M is the
scalar matrix ]_[f: 1 8(z+a;).

For 1 <r < N and x € C, consider the £-module W/r’x =W, ®S(0(z — ¢,h)) in category O. By
Lemma 4.8, the matrix entries of the difference operators L;;(z) for 1 <i, j < N, with respect to any
basis of W’

rxo

are entire functions of z € C.

Definition 6.2. The r-th Baxter Q-operator for 1 <r < N is defined to be
0,(u) := th; o (2)|;=0 forueC. (6.34)

Since W’NJ = 5(9 (z + (x + %)h)) is one-dimensional, Qy(z) = ]_[f:1 0(z +a; + %h)
Let 1 <r < N. Then Q,(z) = p”’flw' Tzh—lwrQ(Z) and Q(z) is a power series in the p™%T_,
for 1 <i < N. The leading term 00(2) of O(z) is invertible. Indeed Q¢ (0) is the scalar matrix
]_[ﬁ-zl 0(a;) e M(Iy; C), which is invertible because 6 (a ;) # 0 by assumption. (One can prove furthermore
that with respect to certain order on I, the matrix Q(z) is upper triangular, whose entries are meromorphic
functions of (z; 1) € C x b and entire on z.) Therefore Q,(z) € GL(I¢; D).

Similarly one can show that tw; (2) is invertible for x € C.
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Proposition 6.3. Let X and Y be in category O and let x, u € C.
(1) tyrx(2) = tx(z+uh).

(1) tx(2)ty (2) = txgy (2).

(iii) tw, ()t (@ +uh) =ty _, (2 +ul)ty,, ().

(iv) 1x(2)ty (w) = ty (w)tx (2).

In (iv), we replace one of the z in (6.33) with w to define the multiplication. It is proved as in [Frenkel
and Hernandez 2015, Theorem 5.3]; the commutativity of transfer matrices is a consequence of the
commutativity of the Grothendieck ring Ko(O). The standard proof by using the Yang—Baxter equation
[Baxter 1972] would require braiding in category O, whose existence is not clear.

Conclusion (ii) and the fact that 7x(z) only depends on the isomorphism class [ X] of X imply that
[X] > 1x(z) is a ring homomorphism tr), : Ko(O) — M(1¢; D,). Applying tr, to (4.28) we obtain (iii).
Replace (W, x, u, z) with (W', zh~' 4+ x, zh~1, 0) in (iii) and take the inverse of Q,(z) and toW;O(z). We

have
tw, (@) tw, @) Qr(z+xh)

@ @ 0@
as in [Felder and Zhang 2017, Theorem 5.6(i)]. Now applying tr, to (4.29), we obtain

(6.35)

Corollary 6.4. Let V be a finite-dimensional £-module in category O. Then in (4.29) replacing V, S(d;)
and the [W.q1/IW p] with ty (2), ts@;)(2) and Q,(z+ah)/ Q,(z + bh) respectively, we obtain an identity
in M(I§; D).

This forms the generalized Baxter relations for transfer matrices. If the prefundamental modules L;fa
before Example 4.16 existed, then we would have defined alternatively the r-th Baxter operator QFH(z) =
I, (2) as a real transfer matrix [Frenkel and Hernandez 2015, §5 S]land so Q,(z+ah)/Q,(z+bh) =
QFH(z +ah)/ Q™M (z + bh) based on [W.q1/[Wrp] = [L},)/IL],

As an illustration of the corollary, let us be in the situation of Example 4.16:

_ Qi+ h)+Q1(Z—-h) Q2 +h) | O~ )ﬁG(z+aj+h)
Qi(z+3h)  Qi(z+3h) 0202 01(2) 0Gz+a;)

j=1
Apply tr, to (5.31), divide both sides by the second term, and then perform the change of variable
z+ (k+ 1)h — w. By (6.35) and Proposition 6.3(i)

Q@) __y, Qwth) o Qs(w—%ﬁ)‘
Or(w—h) Qr(w—n) 11 O(w+ih)

This forms three-term Baxter TQ relations for transfer matrices, where

(r) -1 1
X (w) = tDIEr,i)l)(w) l_[ T (w — (k + E)h)'
s=r=l
By (6.36), Xi(cr)(Z) € M(1§; D,) is independent of the choice of generic k € C.

x}(” (w) (6.36)
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In the homogeneous case a; = ay = - - - = ay = a, the entries of the matrix Q,(z), as entire functions
of z, in general do not satisfy the uniform double periodicity of [Felder and Zhang 2017, Theorem 5.6(ii)].
By “uniform” we mean the multipliers with respect to z 4+ 1 and z 4 t only depend on (a, z, £). This
is because the transfer matrix construction in [Felder and Zhang 2017] is based on a slightly different
elliptic quantum group; see footnote 9.

We follow [Frenkel and Hernandez 2016, §5] to derive the Bethe Ansatz equations from (6.36). Let u
be a zero of Q,(z). Suppose X,(:)(z), Q,(z—h) and Qs(z + %h) for s # r £ 1 have no poles at z = u.
(This is a genericity condition.) Then as in [Frenkel and Hernandez 2016, (5.16)]

O (u+h) I Qs (u—5h)
Qr(u—h) s=r+l Qs (u + %h)

To compare with [Frenkel and Hernandez 2016], we can assume furthermore that eigenvalues of Q,(z)
are of the form pzw'w’ ]_[lfl’:1 0(z — u,.;) based on [Felder and Zhang 2017, Remark 5.8]. Then

- 1. (6.37)

d ;
por [ 20t h =) Ty l_[ st M =t)) ) et <k <a,.
i

- G(Mr;k_h_ur;i)s Sl je Mr;k—f—zh—us;j)

We remark that similar Bethe Ansatz equations for £ appeared in [Hou et al. 2003, (3.45)].
For affine quantum groups and toroidal gl;, the genericity condition of Bethe Ansatz equations has
been dropped in [Feigin et al. 2017a; 2017b].
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