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Parabolic induction and extensions

Julien Hauseux

Let G be a p-adic reductive group. We determine the extensions between admissible smooth mod p
representations of G parabolically induced from supersingular representations of Levi subgroups of G,
in terms of extensions between representations of Levi subgroups of G and parabolic induction. This
proves for the most part a conjecture formulated by the author in a previous article and gives some strong
evidence for the remaining part. In order to do so, we use the derived functors of the left and right adjoints
of the parabolic induction functor, both related to Emerton’s é-functor of derived ordinary parts. We
compute the latter on parabolically induced representations of G by pushing to their limits the methods
initiated and expanded by the author in previous articles.
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1. Introduction

The study of representations of a p-adic reductive group G over a field of characteristic p has a strong
motivation in the search for a possible mod p Langlands correspondence for G. Recently, Abe, Henniart,
Herzig and Vignéras [Abe et al. 2017a] gave a complete classification of the irreducible admissible
smooth representations of G over an algebraically closed field of characteristic p in terms of supersingular
representations of the Levi subgroups of G and parabolic induction, generalising the results of Barthel
and Livné [1994] for GL,, Herzig [2011] for GL, and Abe [2013] for a split G.

Two major difficulties come into play when trying to extend the mod p Langlands correspondence
beyond GL,(Q)). First, the supersingular representations of G remain completely unknown, except for
some reductive groups of relative semisimple rank 1 over Q, [Abdellatif 2014; Cheng 2013; Koziot 2016]
using the classification of Breuil [2003] for GL(Q,). Second, it is expected that such a correspondence
would involve representations of G with many irreducible constituents; see, e.g., [Breuil and Herzig 2015].
This phenomenon already appears for GL,(Q,) when the Galois representation is an extension between
two characters, in which case the corresponding representation of GL,(Q),) is an extension between two
principal series [Colmez 2010]. This raises the question of the extensions between representations of G.

In this article, we intend to compute the extensions between admissible smooth mod p representations
of G parabolically induced from supersingular representations of Levi subgroups of G, in terms of
extensions between representations of Levi subgroups of G and parabolic induction.

In order to do so, we use the derived functors of the left and right adjoints of the parabolic induction
functor, namely the Jacquet functor and the ordinary parts functor [Emerton 2010a], both related to
Emerton’s é-functor of derived ordinary parts [Emerton 2010b]. We compute the latter on parabolically
induced representations of G by pushing to their limits the methods initiated in [Hauseux 2016a] and
expanded in [Hauseux 2016b].

These computations have also been used to study the deformations of parabolically induced admissible
smooth mod p representations of G in a joint work with T. Schmidt and C. Sorensen [Hauseux et al.
2016].

Presentation of the main results. We let F/Q, and k/[F, be finite extensions. We fix a connected
reductive algebraic F-group G, a minimal parabolic subgroup B € G and a maximal split torus S € B.
We write the corresponding groups of F-points G, B, S, etc. We let A denote the set of simple roots of
S in B. To each o € A there corresponds a simple reflection s, and a root subgroup U, C B. We put
Al:={a e A|dimpr U, = 1}.

Let P = LN be a standard parabolic subgroup. We write Ay € A for the corresponding subset and
we put Ai ={aeA|{a,BY)=0VB8 € AL} and Ai’l = Ai N Al Fora e Ai*l, conjugation by
(any representative of) s, stabilises L and o extends to an algebraic character of L; see the proof of
Lemma 5.1.4.

We let P~ denote the opposite parabolic subgroup. Recall the parabolic induction functor Indg, from
the category of admissible smooth representations of L over k to the category of admissible smooth
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representations of G over k, which is k-linear, fully faithful and exact [Emerton 2010a]. In particular, it
induces a k-linear injection Ext] < Ext.

Let o be an admissible smooth representation of L over k. For « € Ai*l, we consider the admissible
smooth representation 0% ® (w ™' oa) of L over k where ¢ is the s, -conjugate of o and w: F* — FyCk™
is the mod p cyclotomic character. We say that o is supersingular if it is absolutely irreducible and
Fp ®y o is supersingular [Abe et al. 2017a].

In cases (iii) and (iv) of the following conjecture, “otherwise” means that the conditions of case (ii) are
not all satisfied.

Conjecture 1.1 [Hauseux 2016b, Conjecture 3.17]. Assume G split with connected centre and simply
connected derived subgroup. Let P = LN, P’ = L' N’ be standard parabolic subgroups and o, o’ be
supersingular representations of L, L' over k, respectively. Assume Ind%_ o and Indg,_ o’ irreducible or

p#F2
(i) If P' € P and P & P, then Ext(;(Ind$,_ o', Ind§_ o) =0.
() fF=Q,,PP=Pando’' Z0°Q (v ' o o for some o € AT, then
p
dim, Extg;(Ind§_ o', Ind§_ o) = 1.
(iii) Otherwise if P’ C P, then the functor IndS_ induces a k-linear isomorphism
P
ExtlL (Indémp/_ o', 0) =~ Ext}; (Indg,, o', Indg, 0).
(iv) Ortherwise if P C P’, then the functor Ind%,_ induces a k-linear isomorphism
S 14
Ext}, (o', IndF, - o) => Ext;(Ind$,- o/, Ind%_ o).

We prove cases (ii), (iii), and (iv) of this conjecture and give some strong evidence for case (i). We
actually work without any assumption on G and our results hold true for broader classes of representations;
see Section 5.2 for more precise statements. We also prove similar results for unitary continuous p-adic
representations; see Section 5.3.

We treat the cases ' = Q, and F # Q, separately. They are in fact the degree 1 case of a more general
(but conditional to a conjecture of Emerton) result on the k-linear morphism Ext] — Ext/; induced by
Indg, in all degrees n < [F : Q,]; see Remark 5.2.6.

Theorem 1.2 (Theorem 5.2.2). Assume F = Q,. Let P = LN, P’ = L'N’ be standard parabolic
subgroups and o, o' be supersingular representations of L, L' over k, respectively.

() If PP =P and o' Z20*Q (0w ' o) for all « € A+', then the functor Indg_ induces a k-linear
isomorphism
ExtlL (o’, 0) =~ Exté; (Indg, o, Indg, o).

(i) If P’ ; P, then the functor Indg, induces a k-linear isomorphism

Ext; (Ind} p- o', 0) = Ext;(Ind$,- o', Ind§. o).



782 Julien Hauseux

(iii) If P ; P’, then the functor Indg,_ induces a k-linear isomorphism
ExtlL, (0/, Indgmp, 0) =~ Exth (Indg,, o, Indg, 0).

If P’ = P, we do not know the exact dimension of the cokernel of the k-linear injection ExtlL (0/,0) =
Extg (Ind§_ o, Indg_ o) induced by Indg_ in general, but we prove that it is at most card{o € Ai’l |
o' Z0*® (w ' oa)}; see Remark 5.2.3 for more details. Further, we compute it when G is split with
connected centre; see Theorem 1.4 below. Note that in cases (ii) and (iii), the source of the isomorphism
can be nonzero [Hu 2017].

Theorem 1.3 (Theorem 5.2.4). Assume F # Q. Let P = LN be a standard parabolic subgroup. The
functor Indg_ induces a k-linear isomorphism

ExtlL (0/, o) =~ EXtIG (Indg, o, Indg, o)
for all admissible smooth representations o, o’ of L over k.

In particular, Theorem 1.2(ii) and (iii) hold true for any admissible smooth representations o, o’ of
L, L' respectively over k when F # Q,; see Corollary 5.2.5.

We complete Theorem 1.2(i) when G is split with connected centre (see also Remark 5.2.8 for a more
general, but conditional to a conjecture of Emerton, result on the k-linear morphism Ext[LF:@"] — Extg:@” I
induced by Indg,).

Theorem 1.4 (Theorem 5.2.7). Assume F = Q, and G split with connected centre. Let P = LN be a
standard parabolic subgroup and o, o' be supersingular representations of L over k.

() Ifo' =0 ® (w ' oa) Z o for some a € Af, then Extl (o', o) = 0 and
dim, Extg (Ind$_ o/, Ind$_ o) = 1.

(ii) If either o' = o and p #2,0or ' Z 0% ® (w~ ' o) for any a € A+, then the functor Indg, induces
a k-linear isomorphism

ExtlL (o’, a) o~ Extg (Indg, o, Indg, U).
(iii) If p = 2, then the functor Indg, induces a k-linear injection
Ext; (0/, o) <= Extg(Ind$- o, Ind$_ o)
whose cokernel is of dimension card{u € Ai |0’ = o%).

Finally, we treat the case where there is no inclusion between the two parabolic subgroups, assuming a
special case of Conjecture 1.7 below; see also Remark 3.3.6.

Proposition 1.5 (Proposition 5.2.1). Let P = LN, P’ = L' N’ be standard parabolic subgroups and o, o’

be supersingular representations of L, L" over k, respectively. Assume Conjecture 1.7 is true for A =k,
n=1landw’ =1.If P"Z Pand P & P’, then

ExtlG (Indg,, o/, Indg, 0) =0.
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As a consequence, Conjecture 1.1 is true under the same assumption when G is split with connected
centre (without assuming the derived subgroup of G simply connected).

Corollary 1.6 (Corollary 5.2.9). Assume G split with connected centre. If Conjecture 1.7 is true for
A=k, n=1and'w’ =1, then Conjecture 1.1 is true.

Strategy of proof and methods used. Let E/Q, be a finite extension with ring of integers O and residue
field k. We work more generally with smooth representations over an Artinian local O-algebra A with
residue field k.

The main tools to compute extensions between parabolically induced representations are two exact
sequences related to Emerton’s §-functor of derived ordinary parts (see below (1) which is due to Emerton
and (2) which is a new feature of this article).

Using these, most of the previous results reduce to computing the derived ordinary parts of parabolically
induced representations. We formulate a conjecture on these computations (see Conjecture 1.7 below).
We prove it in low degree (see Theorem 1.8 below) and give some strong evidence for it in general.

We proceed in two steps: first we construct filtrations of parabolically induced representations related
to the Bruhat decomposition; second we partially compute the derived ordinary parts of the associated
graded representations using some dévissages.

Derived ordinary parts and extensions. Let P C G be a parabolic subgroup and L € P be a Levi factor.
We let P~ C G denote the parabolic subgroup opposed to P with respect to L. Emerton [2010a; 2010b]
constructed a cohomological §-functor H*Ordp from the category of admissible smooth representations
of G over A to the category of admissible smooth representations of L over A, which is the right adjoint
functor Ordp of Indg, in degree 0. From this, he derived a natural exact sequence of A-modules

0— ExtlL (0,0rdp m) — Exth (Indg, o, 7[) — Homj, (cr, H'Ordp r[) (D)

for all admissible smooth representations o and 7 of L and G respectively over A.

In Section 4.2, we construct a second exact sequence in which parabolic induction is on the right. The
construction is somewhat dual to that of (1) but not exactly (see Remark 4.2.1(ii)). We let d denote the
integer dimg NV and & denote the algebraic character of the adjoint representation of L on detz(Lie N).
The key fact is that the A-linear functors

H. (N, —) := HF®l=*0rdp @ (w0 §).

form a homological §-functor from the category of admissible smooth representations of G over A to the
category of admissible smooth representations of L over A, which is isomorphic to the left adjoint functor
(—)n of Indg in degree O (hence the notation). From this and using a result of Oort [1964] to compute
extensions using pro-categories (see Section 4.1), we derive a natural exact sequence of A-modules

0 — Ext} (my, o) — Extg (7, Ind% o) — Hom,, (H, (N, ), o) )

for all admissible smooth representations & and o of G and L respectively over A.
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Computation of derived ordinary parts. We let W be the Weyl group of (G, S). For I € A, we write
P; = LN for the corresponding standard parabolic subgroup, B; € L; for the minimal parabolic
subgroup BN L; and W; C W for the subgroup generated by (sq)ge;-

Let I, J € A, o be a locally admissible smooth representation of L; over A and n € N. We intend to
compute the smooth representation of L; over A

H"Ordp, (Ind}}_ o).
In Section 2.2, we use the generalised Bruhat decomposition
G= || Pw'p,
Twl elw/
where W7 is the system of representatives of minimal length of the double cosets W;\W/W; (see
Section 2.1) to define a natural filtration Filh (Indgl, o) of Indgl, o by A[P;]-submodules indexed by
T'w/ (with the Bruhat order). We also adapt the notion of graded representation associated with such a
filtration (in particular, the grading has values in /W”) and we prove that for all ‘w’ € W, there is a
natural A[Py]-linear isomorphism

hw! G ~ A PTTWIP
Grp, (Ind Pr o) = c-ind Pj, ‘o.
We prove that Fil'Pj (IndGl_cr) induces a filtration of H"Ordp, (Indg[, o) by A[L]-submodules indexed by
'w/ (see Proposition 3.3.1).

Finally, we attach to each ‘w’ € W/ an integer d,» and an algebraic character 81,s of L TAh (1)

(see Notation 2.3.3 and Remark 2.3.4), and we formulate the following conjecture.

Conjecture 1.7 (Conjecture 3.3.4). Let o be a locally admissible smooth representation of L1 over A,

hw! € "W’ and n € N. There is a natural A[L;]-linear isomorphism
n . Prw! Py ~ Ly n—[F:Q,ld Iyt -1
H"Ordp, (c-indp " Vo) =Indy)po o (HTESMOndy 0, 0 0)™" @ (@7 0 81,0).

We give some strong evidence for this conjecture (see Theorem 3.3.3): we prove that these two
representations have natural filtrations by A[B;]-submodules indexed by /"'~ )W, (the system of
representatives of minimal length of the right cosets W ;nn,7-11)\Wy) such that the associated graded
representations are naturally isomorphic; see the subsection below.

We prove this conjecture in several cases (see Proposition 3.3.5): whenever the right-hand side is either
zero or a trivially induced representation, in which cases the aforementioned filtrations of both sides are
trivial; when n = 0, in which case we deduce the result from the computation of Ordp, (Indgf o) in [Abe
et al. 2017b]. This allows us to compute H*Ordp, (IndGl_ o) in low degree when there is an inclusion
between I and J; see Proposition 3.3.7. In particular, we obtain the following result in the case I = J.

Theorem 1.8 (Corollary 3.3.8). Let P = LN be a standard parabolic subgroup and o be a locally
admissible smooth representation of L over A.

(i) Foralln € N such that 0 <n < [F : Q,], we have H"Ordp(Ind$_ 0) =0.
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@Gi1) If Ordmsapsa_] o=0foralla e A"\ (AL U AL), then there is a natural A[L]-linear isomorphism

HF10rdp (Ind§- 0) = P o*® (0 ' 0a).

aeALl

Note that for all o € A\ Ap, LNsy Ps, !'is the standard parabolic subgroup of L corresponding to
Ap Nsy(Ar) and it is proper if and only if o & Ai. In particular, the condition in (ii) is satisfied when o
is supersingular.

In Section 4.3, we adapt the previous results in order to partially compute H, (Ny, Indgl o). We obtain
an analogue of Theorem 1.8; see Corollary 4.3.4.

Filtrations and dévissages. Let Tw’ € 'W’. We explain the partial computation of the smooth representa-
tion of L; over A

H"Ordp, (c- 1ndP’ w' Py o).

In Section 2.2, we use again the Bruhat decomposition to construct a natural filtration Fil (c 1ndP’ v P’a)
by A[B]-submodules indexed by Jnfw! =N W;, and we prove that for all w; € Jnfw! 1(1 YW, there isa
natural A[B]-linear isomorphism

—1,..J —1,J
wy . Prw’ Py ~ Pr'w’wy B
Grp (c—1nd Pr 0) = c-ind Pr o.

—1,.J
We prove that Fil$ s (c ind P’_ by ) induces a filtration of H"Ord p, (c indP’ Wik ) by A[B;]-submodules

Jnlhw!

indexed by ta )W (see Proposition 3.3.2). Likewise, we construct a natural filtration

Fﬂ. (IndijP]mle 1(,)&)

by A[By]- submodules indexed by /"' ' (DW, for any smooth representation G of L jqn,s-1(;) over A.

Let wy € Jnfw? I(I)Wj and set ‘w := ‘w’/w; and T, = C- 1ndP’ WBO'. We want to compute the A-
module H" (N, o, 71r,,) endowed with the Hecke action of B]Jr (see Section 3.1), where Ny o € Ny is a
compact open subgroup and Bjr C By is the open submonoid stabilising Ny by conjugation (we use
similar notation for subgroups of N; and B, by taking intersections with Ny o and BJJr respectively).

In Section 2.3, we define closed subgroups N; 1, € N; and By ,,, € B, such that there is a semidirect
product By ,,, X N, r,, and we give an explicit description of the actions of N, 1, and By ,,, on 71, for all
wy € 77" D W, Then, we compute the A-module H* (N 1, ¢, 71,) With the Hecke action of By,
(see Proposition 3.2.6).

The idea is to use a semidirect product N1, = N7, 'x N’ (also defined in Section 2.3) where
N } . © Njn, is a closed subgroup stable under conJugatlon by B 7w, such that 7z, is N acyclic

N,l

and there is an A[B ,|-linear surjection with a locally nilpotent kernel from 7;."»-0 onto

er’(IndL’ (o |Lm1w](j)) v )

LyNP;A1,0— Leny

. " .
Then, taking the N 7. ,w,o-cohomology changes oy, s, into H"Ordy,np, ., o

inflation map is an A[Bfwj]—linear isomorphism between the source and H" (N} 1, ¢, 71,,).

o in the target and the

Finally, by a technical result on dévissages (see Proposition 3.1.2) and a finiteness property of the
A-modules H*(N; 1, ¢, 71,), we can compute the A-module H"(Ny o, 7)) with the Hecke action of
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B;w, from H" (N 1, 0, 71,). It is this dévissage that introduces the degree shift and the twist (i.e., dr,,s
and é1,,7) in the formulas.

Notation and terminology. Let F/Q), be a finite extension. A linear algebraic F-group will be denoted
by a boldface letter like H and the group of its F-points H (F') will be denoted by the corresponding
ordinary letter H. We will also write H%" for its derived subgroup and H® for its identity component.
The group of algebraic characters of H will be denoted by X*(H), the group of algebraic cocharacters of
H will be denoted by X, (H), and we will write (—, —) : X*(H) x X,(H) — Z for the natural pairing.
We now turn to reductive groups. The main reference for these is [Borel and Tits 1965].

Let G be a connected reductive algebraic F-group. We write Z for the centre of G. Let S C G be a
maximal split torus. We write Z (resp. ) for the centraliser (resp. normaliser) of S in G and W for
the Weyl group N/ Z = N/ Z. We write ® C X*(S) for the set of roots of § in G and ®( C @ for the
subset of reduced roots. To each « € ® correspond a coroot a” € X, (S), a reflection s, € W and a root
subgroup U, C G (which is denoted by U(y) in [loc. cit.]). For «r, B € ®, we write o L § if and only if
(a, BY) =0. For I C A, we put

It ={aeA|a LBVBEI}.

Let B € G be a minimal parabolic subgroup containing S. We write U for the unipotent radical of B (so
that B = ZU), ®* C ® for the subset of roots of § in U and A C ®* for the subset of simple roots. We
set <I>(J)r = ®yNd*. A simple reflection is a reflection s, € W with a € A. A reduced decomposition of
w € W is any decomposition into simple reflections w =7 .. .s, with n € N minimal, which is called
the length of w and denoted by ¢(w). We write wq for the element of maximal length in W.

We say that P = LN is a standard parabolic subgroup if P C G is a parabolic subgroup containing B
with unipotent radical N and L C P is the Levi factor containing S (we say that L is a standard Levi
subgroup). In this case, we write P~ for the parabolic subgroup of G opposed to P with respect to L
(i.e., PN P~ = L) and N~ for the unipotent radical of P~. We write Z for the centre of L, By, C L
for the minimal parabolic subgroup B N L, Uy, € By, for the unipotent radical U N L (so that By, = ZU},
and U =Up x N)and A C A for the subset of simple roots of S in Uy.

Each parabolic subgroup of G is conjugate to exactly one standard parabolic subgroup and the map
P = LN — Ay yields a bijection between standard parabolic subgroups of G and subsets of A. For
I € A, we write P; = L;N; for the corresponding standard parabolic subgroup (i.e., Ar, = I), Z,
B;, U, instead of Zy,,, By, UL, respectively, W; C W for the subgroup generated by (s,)qes (so that
P; = BW;B), w; for the element of maximal length in W;, ®; € ® for the subset of roots of S in L,
and CID;r C @™ for the subset of roots of S in U;.

Let E/Q), be a finite extension with ring of integers O and residue field k. We let A be an Artinian
local O-algebra with residue field k. We write ¢ : F* — Z7 € O* for the p-adic cyclotomic character
(defined by

£(x) =Nrmp/g, (x)| Nrmg)g, (x)[

forall x € F*)and w: F* — A* for its image in A*.
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We use the terminology and notation of [Emerton 2010a, §2] for representations of a p-adic Lie group
H over A. An H-representation is a smooth representation of H over A and a morphism between H-
representations is A-linear. We write Mod};'(A) for the category of H -representations and H-equivariant
morphisms, and Mod‘};im(A) (resp. Modﬂg}‘dm(A), Mod3(A)Z#=Lim) for the full subcategory of admissible
(resp. locally admissible, locally Zg-finite) H-representations (here Zy denotes the centre of H).

Assume H C G is closed and 7 is an H-representation. For g € G, we write 74 for the g~ ! Hg-
representation with the same underlying A-module as 7 on which g~'hg acts as h forallh € H. If g € H,
then g~ Hg = H and the action of g on 7 induces a natural H-equivariant isomorphism 7 = 78,

Assume furthermore Z C H. For w € W, we write w* for the n~! Hn-representation 7" where n € N/
is any representative of w (neither n~! Hn nor 7" depend on the choice of n up to isomorphism). For
o € A, we simply write 7% instead of 7%

For a topological space X and an A-module V, we write C*™(X, V) for the A-module of locally
constant functions f : X — V and C{™(X, V) for the A-submodule consisting of those functions with
compact support (the support of f is the open and closed subset supp f := f~1(V\{0}) C X).

2. Generalised Bruhat filtrations

The aim of this section is to define filtrations of parabolically induced representations and describe the
associated graded representations. In Section 2.1, we review some properties of the representatives
of minimal length of certain double cosets in W and some variants of the Bruhat decomposition. In
Section 2.2, we define the notion of filtration indexed by a poset and we construct filtrations of induced
representations indexed by subsets of W with the Bruhat order using the previous decompositions. In
Section 2.3, we define several subgroups of U that we use to describe the graded representations associated
with the previous filtrations as spaces of locally constant functions with compact support.

2.1. Double cosets. We recall some facts about certain right cosets in W; see [Borel and Tits 1972,
Proposition 3.9]. For any I € A, we define a system of representatives of the right cosets W;\W by
setting

'w .= {w eWw ‘ w is of minimal length in Wlw} .

For all w € W, there exists a unique decomposition w = w;lw with w; € W; and ‘w € 'W. This
decomposition is characterised by the equality

T Nw(@) = Nw,(d)).

In particular, we have ’w_l(CD;r) C &*. Furthermore, we have £(w) = £(w;) + £(‘w).

We now recall some properties of certain double cosets in W; see, for example, [Digne and Michel 1991,
Lemma 5.4]. For any I, J C A, we define a system of representatives of the double cosets W;\W/W; by
setting

'w' .=twndw)y L.
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For all ‘w € W, there exists a unique decomposition ‘w = ‘w’w; with ‘'w’ € 'W’ and w; € W;. In fact

wy € /N W, This decomposition is characterised by the equality

otnlw (@M =dF nw; ! (@F). 3)

In particular, we have ‘w”’ (d>}r) C &*. Furthermore, we have £(‘w) = £(‘w’) +£(w;). Conversely, for all
Iyt e TWY and wy € Wy, we have 'w’w; € W if and only if w; € /""" )W, . Note that the projections
W — W and 'W — W’ respect the Bruhat order;! see [Bjorner and Brenti 2005, Proposition 2.5.1].

Lemma 2.1.1. We have the following equalities in G.
i) LN/ U = = Uiy

(i) L; N 'w! Ly'w! =" = Ljnns

(iii) L; N w/ Nyw/ =t =L NNy

(iv) Ly N’/ Pylw! = = L0 Prns gy

Proof. First, we prove the following equalities in ®:

o, N/ =1nTw (), “4)
I...J -\ _ &+
Q0w (CDJ) = q’mle(J)' )

We prove the nontrivial inclusion of (4). Assume ®; N ‘w’(J) # @ and let & € ®; N 'w’ (J). Since
/(1) C T, o € CID;r so that there exists (rg)ger € N/ such that o = Zﬁel rgB. Then by =) =
Y perrs'w’7H(B) € A. Since 'w’ () € ®F forall f € I, rg =0 forall § € I'\{a} and r, = 1. Thus
o € 1. We prove the nontrivial inclusion of (5). Assume ®; N fw’(®7}) # @ and let @ € ®; N 'w’ ().
There exists (rg)ges € N/ such thata =Yg, rg'w”’ (B). Since 'w”’ () € @+ forall g J, 'w’ () € df
so that ‘w’ (B) € I by (4) for all 8 € J such that rg > 0. Thus a € o

INw’/(J)*
Now, by considering the Lie algebras, (5) yields (i), (5) and its opposite yield (ii), the equality
®; N w! (@N\D)) = d)\P (s, (Which follows from (5) and the fact that ®; N hyt(o+) = oF
since ‘w’ e 'W) yields (iii), and we deduce (iv) from (ii) and (iii). O

Finally, we give certain decompositions in double cosets (for the notion of “lower set”, see foonote 2
on p. 789).

Lemma 2.1.2. (i) We have G = | |1 ciys PfIwJPJ and for any lower set IWIJ C "W/, the subset
PrIW! Py € G is open.

(i1) We have PfIwJPJ = I—lw,em’w”””W, PfIwaJB and for any lower set W} - Jnfw? =N Wy, the
subset Py 'w’ W) B € P lw! Py is open.

(iii) We have L; =1 |

subset Ly N PJ

— 1,J—1
conlul Ly, LyNP wy By and for any lower set W} c /W IDW, | the

Jﬂlw"*l(l)
W} B C Ly is open.

wy
NTw’=1(I)

IThe Bruhat order on W is defined by w < w’ if and only if there exist a reduced decomposition w’ = s .. -Se(w) and

integers 1 <ij <+ <ipy) < £(w’) such that w = Sip e Sipay -
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Proof. Wehave G =|_|u,cryy P;'wB and for any 'w € ‘W, the closure of P, 'wB in G is |_|,~1, P; 'w'B.
(This can be deduced from the Bruhat decomposition, see, e.g., [Hauseux 2016a, §2.3].) Furthermore, for
any ‘w’ € "W/, we have

P,_IwJPJ = U P]_wonolewJ,onJB = U Pl_wonolew‘]’Ow]B = U PI_Iwa]B.
wyeW; wyeW; wyeW;
(The first and third equalities follow from the inclusion woBwo = B~ C P; and the decomposition
P; = BWj; B, and the second equality follows from [Borel and Tits 1972, Lemme 3.4(iv); Bjorner and
Brenti 2005, Proposition 2.5.4].) From this we deduce (ii), and also (i) using the fact that the projection
'w — IW/ is order-preserving. Finally, (iii) is (i) for the double cosets L; N P} i1y \Ls/By instead
of P, \G/P;. O
Remark 2.1.3 (case w; = 1). Note that P; 'w’ B is P;p1,s-1(7)-invariant by right translation. In general,
the stabiliser of P; ‘w B in G for the action by right translation is the (nonstandard) parabolic subgroup

B'w='W;'wB. Likewise, L; N P,

Jnle_I(I)Bj is Ly N Pynn,7-1py-invariant by right translation.

2.2. Definition of filtrations.

Filtration indexed by a poset. Let H be a p-adic Lie group, 7 be an H -representation and (VT/, <)bea
poset. A filtration of 7 indexed by W is a morphism of complete lattices Fil}; 7w from the complete lattice
of lower sets? of W to the complete lattice of H-subrepresentations of r, i.e., an H-subrepresentation
FilLV/ 7 C 7 for each lower set W’ C W such that for any family (VT/i) iez of lower sets of VT/, we have the
following equalities in 7:
Fil)er " r =Rl =, Fily=r" 7 =Y Fil) 7.
i€l i€l

When W is finite, these two equalities are equivalent (by induction) to the following conditions: Fil}, 7 is
inclusion-preserving with Fil% 7 =0 and Fil}){v m = (i.e., the empty family case), and for any lower
sets Wy, Wo € W the short sequence of H-representations

0 — Fily'™" 7 — Fil}' 7 @ Fil)y © — Fil,,'"" 7 — 0,

defined by v — (v, —v) and (vy, v3) — v| + vy, is exact.

Each w € W defines a principal lower set {w’ € W | %’ < w} and we write Fil"; 7 for the corresponding
H -subrepresentation of 7. Note that for any lower set W' C W, we have the following equality in 7:

Filjj 7 = Y Fil} .
WeWw
Thus, we can recover the whole filtration from the H-subrepresentations of m corresponding to the
elements of W; hence the terminology. We define the graded representation Gry; 7 associated with the
filtration Fily, 7 by setting
Gr¥)  :=Fil}, 71/~Z~Filg m  foreach we W.

w'<w

2 A lower set of W is a subset W’ such that w < &’ = w € W’ forany & € W and 0’ € W'.
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Let £ : W — Z be a monotonic map (i.e., w < = Z(w) < Z(w/) for any w, w’ € W) Foreachn € Z,

Filyy' 7 := Y Filjjx

{()<n

we set

We obtain a filtration of 7 indexed by Z (in the usual sense).
Lemma 2.2.1. Assume {: W — Z is strictly monotonic (i.e., W < W' = (W) < (W) for any 0, W' € Ww).
For alln € Z, there is a natural H -equivariant isomorphism
Gri’,” T = @ Gt
{(W)=n
Proof. Let n € Z. By definition of Fili’," 7 and Gr%" 7, there are natural H-equivariant surjections
@D Fily x — Fily' 7 - Gy x. ©6)
{(W)<n
The kernel of (6) contains @l(w)q FllH TN FllZ =l 7, and Fllw TN Fllg = Fllw 7 forall w e W
such that £() < n. Now, for any wo € W such that £(iby) = n, we have the following equality in 7:
Filjy 70 > Film= ) Filjx
L()=<n w<wg
W)

which results from the following equality in w:

(@' eWw|d <moln | {w'eW|w' <i}= ] (@ eW|d <b},
{(w)<n <o
W
which in turn follows from the fact that wy £ w for all w € W\{ﬁ)o} such that £() < n by strict

monotonicity of f. We deduce that the kernel of (6) is ; i@)<n Fl]w TN F11‘Z "~! 7, and that Fil% TN
Flle = D F11 "7 forall € W such that E(w) =n. We conclude that (6) induces an isomorphism

'LU <w
as in the statement. O

Filtrations of induced representations. Let I, J C A and o be an L;-representation. Recall that for any
locally closed subset X € G and for any open subset ¥ C X, both P, -invariant by left translation, there
is a natural short exact sequence of A-modules

. . . X\Y
0— c—1nd§l, o — c—1nd)1§l, o — c-ind PE o— 0.

(See [BernStein and Zelevinskii 1976, Proposition 1.8]; see also the proof of [Hauseux 2016a, Propo-
sition 2.1.3].) Note that there is a natural A-linear isomorphism c—1nd(;1_ o= Indgl_ o since P, \G is
compact.

For each lower set / le C 'W/, we define a P;-subrepresentation of Indgl, o by setting

LW G P, Twi Py
Fil P, (Ind PP o) =c- 1nd
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Using Lemma 2.1.2(i), we obtain a filtration of Indgl_ o indexed by ‘WY such that for all ‘w’ e 'W/,
there is a natural P;-equivariant isomorphism

—1,,J
Gry’ (Ind§_o) = c-indf,j, W (7)

L, T -1 . . plyip
Let ‘'w’ € 'W/. For each lower set W} c/Mw (D w,  we define a B-subrepresentation of c-ind P’, v
1

by setting
P lw’ Py w’/ W B

Fil ’(01d o) —c1nd

—1,.J —
Using Lemma 2.1.2(ii), we obtain a filtration of c- 1nd Priwe by o indexed by Jnfw! =t )W; such that for all
wy € /N T W, | there is a natural B-equivariant 1somorphlsm

P lw/p IwaB
! Ja)_cmd !

Gry’ (c- ind,,_ (8)

Likewise, for any L jnn,7-1( 1)—representation 6 and using Lemma 2.1.2(iii), we define for each lower

—1 .
set W, € Jntw!=ha )W, a Bj-subrepresentation of Ind™

LnP- o by setting

Jnlwl =11
L;NP~ W' By
L ~ . IyJ -1 JB7
Fil ’(IndL’mP, 5):= c-ind, um v
T I —1r) T sl =1y
~ . I,J—1 rL,J—1
and we obtain a filtration of Ind L’ Ap- o indexed by T (D W, such that for all wy € /7w (D,
J I,J —1
Jnly )
there is a natural B;-equivariant isomorphism
LJﬂP7 _ UJJBJ
wy ~\ ~ - Jntwd =1(1) ~
Gry/ (Indijlr 5)=c 1ndijr . 9)
Jnlw/ =11y Jsnlw/ =11y
Remark 2.2.2 (case w; = 1). Note that
P, Iw’ py P, Iy B
GrB(c nd o) =c- nd
. . . Prlw’p . .
is a Pjnn,s-1(7)-subrepresentation of c-ind " o and likewise
1
L;NP~ By
SN Tnlwl =11 -
GrBJ (IndL Ap- 0)=c mdLJmD o
Jndwl =1 (1) Jnlw/ =11y

is an Ly N PjAn,7-1(p-subrepresentation of Ind™ o (see Remark 2.1.3).

Ly mpmlwl Ly

2.3. Computation of the associated graded representations. For each w € W, we define a closed sub-
group of U stable under conjugation by Z by setting

U, =Unw 'Uw

and we let B,, C B be the closed subgroup ZU,,. For any order on ®* N w! (CI>8L ), the product induces
an isomorphism of F-varieties
[ v u. (10)

acdtNw=1(P])
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Let I € A and ‘w € 'W. We define closed subgroups of Uy, stable under conjugation by Z by setting
U, =Unw'Nw, U =Un"w'U/'w,
and we let B}/ C B, be the closed subgroup ZU;’ . We have semidirect products Ur, = U;) x U; and

Blw =B/ xU, .
Let o be an L;-representation. The product induces an isomorphism of F-varieties

Py x{w}x U] = P 'wB,
hence an A-linear isomorphism
. PrwB I
c-mdpj, o=c™(Ui,.0") (11)

via which U; acts on C;™(U; , o) by right translation and the action of b” € B ‘on f € C;™(U; , o)
is given by
(b// . f)(u/) — b// . f(b//—lu/b//)

forallu’ € U; .

Let J € A. We write ‘w = 'w’w; with ‘w’ € 'W” and w; € W;. We define closed subgroups of Ny
and Uy stable under conjugation by Z by setting

Nyny=N;NUy=N;yNw™'Uw, Uy, =U0,NU, =000 =U; nw,'Uyuy,

the last equality resulting from (3), and we let B, ,,, € B, be the closed subgroup ZU; ,,,. We have
semidirect products Ur, = Uy, X Ny 1, and Br, = By ,, X N; 1,,. We define closed subgroups of N, 1,
and Uy ,,, stable under conjugation by Z by setting

L =Ny NU =N;ynw™ N w,

J, 1w

V= NyNU =N 0w U w

Jw = J Ly —4VJ 1 )

/ . 1 1, —1 1
UJ,M)J =U]ﬂU1w=U]ﬂ w N]w,

Tw, =UNUL =UN w='u, w,

J,w;
and welet B} C B be the closed subgroup ZU7 , . We have semidirect products Nj n, =N }’ 1y XN } Iy
Uyw =0j,, xU,, adB;,, =Bj, xU,, . NotthatU; , and Uy actually depend on )
(not only on wy).
Likewise, for any L jnn,s-1(py-representation 6 and using Lemma 2.1.1 with 7 and J swapped and Ty’

inverted, the product induces an isomorphism of F-varieties

_ PR —
L;N PJﬂle—l(I) x {wy} x UJ,w_, - L;N ijle—l(l)wJBJ,
hence an A-linear isomorphism
. L‘,mP.;ﬁl11.vJ’1(1)w'l B', ~ ~ ~2SMm / ~ Wy
c-ind, .~ G =CM (U], 0™) (12)

Jntwd =11y
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via which U} =~ acts on CZ™(U} , ,6"’) by right translation and the action of b” € B} on f €
cgm(U;’wJ, ") is given by
(b// . f)(u/) =p". f(b//—lu/b//)

forall u’ e U} wy* In particular with 6 = ale, we have defined a natural smooth A-linear action of B ,,,

1
on Cf:m(U}’wj, o™).

We have a semidirect product U; = U w XN } 1,» S0 that (11) composed with the A-linear morphism
defined by f +— (' +— (' +— f(u'n’))) is an A-linear isomorphism
. PrTwB I
c—mde, o =C2m(N}’1w, (U0 ™)) (13)
via which N;’,w acts on CcsmI(N;’,w, cgm(U;’wJ, o)) by right translation, the action of b € B, on
fe ijm(N} - Ccsm(inj, o ™)) is given by

(b-f))y=b-f(b~'n'b)

foralln’ e N ; 1, and the action of N ;/ 1, 0N CSM(N ; 1y (U }ywj, sz)) is given by the following result.

Lemma 2.3.1. Let f € C™(N/,, ,C™(U, alw)) and n’ € N}’ 1,- Via (13), the action ofn” on f is

Jw Jowy?

given by
(n// . f)(n’)(u’) — n// . f(u/—ln//—lu/n/n//)(u/)
/ / / !/
foralln' e NJ’,w andu" € Uy, .
Proof. Letn’ € N}’,w andu’ € U}, . We have
Iwu/n/n// — (Iwn"lw_l)Iwu'(u’_ln”_lu’n/n”).
Thus, it is enough to check that u'~'n"~'u'n'n" € N} n,e Since u' € Uy and n’,n” € N;, we have

W 'n""Yun'n" € Ny. Since n” € 'w='U;'w and n’, ' € 'w='N;w, we have u’~ ("~ (u'n)n") €
L= N;Tw. Hence the result. O

"

Remark 2.3.2 (case w; = 1). We can also give the action of L ;1,s-1(;) (Which normalises U, |, N } e
/B LJ

. Prlw . NP i-1587 .
and thus U,’w,, Nj1,s)on c—1ndP’, o and c—1ndL ﬁP’f v 5 (see Remark 2.2.2) via (13)
’ 1 J Iy —1
JNiw 1)

X U}’wj by Lj N PJﬁlw"’l(I) = ijle—l(l) X U./],l'

N//

J,ij ’
and (12) respectively, by replacing By, = B/

J,wy

We end this subsection with some more notation.

Notation 2.3.3. For each w € W, we let d, be the integer dimy (U /U,,) and §,, € X*(S) be the algebraic
character of the adjoint representation of S on dety((Lie U)/(Lie U,)). Note that d,, > £(w) and §,,
extends to an algebraic character of Z. For « € A, we have d;, = dimr U, and §;, = d;, . We define a
subset of A by setting

Al:={aeA|dimp U, =1}.

ForIgA,weputI1 =INAL
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Remark 2.3.4. For ‘w’ e "W/, we have U; € Ui, and Ljnnyi-1(y) normalises Ny n,s. Thus, the
inclusion N; < U induces an isomorphism of F-varieties

Nj/Nj s = U/Unys

and there is an adjoint action of L;nn,s-i;) on (Lie Ny)/(Lie Nj n,s). Therefore, we have dn,s =
dimp(Ny /Ny n,7) and 8r,s extends to an algebraic character of Ljnn,s-1(py.

3. Derived ordinary parts

The aim of this section is to compute the derived ordinary parts of a parabolically induced representation.
In Section 3.1, we show how to compute the cohomology of certain groups with a Hecke action from
the cohomology of certain subgroups with the induced Hecke action, provided the latter satisfy some
finiteness condition. In Section 3.2, we make a computation of cohomology and Hecke action on a
compactly induced representation. In Section 3.3, we use the previous results to partially compute the
derived ordinary parts of the graded representations associated with the Bruhat filtrations, we formulate a
conjecture on the complete result and we prove it in many cases in low degree.

3.1. Cohomology, Hecke action and dévissage. Let L be alinear algebraic F-group and Nbea unipotent
algebraic F-group endowed with an action of L that we identify with the conjugation in LxN.Weletd
denote the integer dim g N and § € X*(L) denote the algebraic character of the adjoint representation of
L on detp (Lie IV).

Let Lt C L be an open submonoid and No € N be a standard? compact open subgroup stable under
conjugation by Lt Ifrisan Lt x ]Vo—representation,“ then the A-modules of ﬁo-cohomology H*(Np, )
computed using locally constant cochains (or equivalently an Ny-injective resolution of 77; see [Emerton
2010b, Proposition 2.2.6]) are naturally endowed with the Hecke action of L+ (denoted ! ), defined for
every [ € L+ as the composite

H*(Ny, ) — H (INgl ", 7) — H*(No, 7)

where the first morphism is induced by the action of / on 7 and the second morphism is the corestriction
from [ ﬁo[_l to 1% (this defines a natural smooth A-linear action of Lt in degree O [Emerton 2010a,
Lemma 3.1.4] that extends in higher degrees by universality of H‘(ﬁo, —)). We obtain a universal
5-functor

H*(No, —) : Mod™ (A) — Modi (A),

L*N

since an injective Lt ﬁo—representation is No—acyclic [Emerton 2010b, Proposition 2.1.11; Hauseux
2016a, Lemme 3.1.1].

3The exponential map exp : LleN — Nisan isomorphism of F-varieties [Demazure and Gabriel 1970, Chapitre 1V, §2,
Proposition 4.1] and we say that NO is standard if Lie NO = exp 1(NO) CLieNisaZ p-Lie subalgebra. The identity of N
admits a basis of neighbourhoods consisting of standard compact open subgroups [Emerton 2010b, Lemma 3.5.2]

4Given a p-adic Lie group H and an open submonoid H C H, a representation of H+ over A is smooth if its restriction to
an open subgroup of H contained in A+ is smooth.
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Let Z C L be a central split torus and Z* € Z be the open submonoid Z N L. Since Z is split, its
adjoint representation on Lie N is a direct sum of weights. We assume that there exists A € X, (Z) such
that (fi, ) > O for any weight fi of Z in Lie N. We fix an element 7 := =x(pl) e Z with Jj € N large
enough so that 7 is strictly contracting No, ie., (Z/ Noz );en is a basis of nelghbourhoods of the identity
in No, see [Emerton 2010b, Lemma 3.1.3] using the fact that ord, (f1(2)) = (i1, ) j for any weight i of
Z in Lie N). In particular Z € Z ™.

IfrisaZ *-representation, we say that 7 is locally Z-finite if for every v € 7, the A-submodule A[Z]-v
is of finite type, and we say that the action of Z on 7 is locally nilpotent if for every v € m, there exists
i € Nsuch that z' - v = 0.

Lemma 3.1.1. Let 7w be a locally 7-finite Lt x ﬁo—representation andn € N,

G) If n = [F : @p]c?, then the action of 7 on the kernel of the natural Z*—equivariant surjection
TR (@ o 5) —» H" (ﬁo, 1) is locally nilpotent.

i) Ifn < [F: QP]CZ, then the Hecke action of 7 on H" (1\70, ) is locally nilpotent.
Proof. We prove (i). The natural Z*—equivariant surjection in the statement is the composite
7® (@ 08) > 7y, ® (@' 0§) ZHIFUM (N, )

where the first morphism is the natural projection onto the Ny-coinvariants of 7 and the second morphism
is the natural isomorphism [Hauseux 2016b, (2.2)] which is due to Emerton (in loc. cit. @ € X*(Resr/q , Z)
is the algebraic character of the adjoint representation of Resr/q, L on detg, (Lie(Resr/q, NV)) so that
(z = Nrmpq, 0d as @; -valued characters of L, hffElCC a! |6{|;1 =w o as @; -valued characters of
L). For every v € m, there exists i € N such that 7' Noz~* fixes A[Z]- v (since 7 is locally z-finite and Z is
strictly contracting ]Vo), so that for all n € 1\70 we have

v v)=Eaz") -G v -G v =
Thus the action of Z on the kernel of the above surjection is locally nilpotent.

We prove (ii). Let (ft;)refo.m—17 be an enumeration of the weights of Z in Lie N such that the
sequence ({fi, X))re[[O,m—l]] is increasing. If fi; + t; = f1, with 7, j,r € [0, m — 1]], then r > max{i, j}
(since (fiy, A) > max{(f;, A), (i, M. Thus for all » € [0, m]], the direct sum of the weight spaces
corresponding to fi,, ..., fly,—1 is an ideal of Lie N stable under the adjoint action of Z and we let
N C N be the corresponding closed normal subgroup stable under conjugation by Z, d. denote
the integer dimpg N®, 5, € X*(L) denote the algebraic character of the adjoint representation of L on
detp(Lie N©) and ﬁér) C N be the standard compact open subgroup N® NN stable under conjugation
by Zt.

Letr € [0, m]). We assume thatn < [F : Q ]d and we prove that the Hecke action of z on H" (N, (r), )
is locally nilpotent by induction on r. The result is trivial for r = m. We assume r < m and the result true
for r + 1. We have a short exact sequence of topological groups

Lo RO S RO S RO S,
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The Lyndon—-Hochschild—Serre spectral sequence corresponding to this dévissage is naturally a spectral
sequence of Z*—representations (see [Hauseux 2016b, (2.3)])

H (NS NSV B (N, 7)) = HH (N, 7). (14)

Leti, jeNbesuchthati+j=n.If j <[F: @p]d~,+1, the Hecke action of Z on Hj(ﬁéhq), ) is locally
nilpotent by the induction hypothesis; thus the Hecke action of Z on H' (ﬁé’) / ﬁérﬂ), H/ (ﬁérH), T))
is also locally nilpotent (since the image of a locally constant cochain is finite by compactness). If
j=1F: @p]ng, then i < [F : @p](ci, — dNr—H) and we deduce from (i) with NC+D and j in-
stead of N and n respectively that H/ (I\NJ(YH), ) is locally zZ-finite; thus the Hecke action of Z on
H (N /NSTD 1 (NSTD, 7)) is locally nilpotent by the sublemma below with fi = i, and N /NT+D,
H/ (ﬁérﬂ), 1), i instead of ﬁ, 7, nrespectively. If j > [F': @p]ciﬂr] , then H/ (ﬁérH), ) =0 by [Emerton
2010b, Lemma 3.5.4]; thus H’ (ﬁér)/ﬁérJrl), H/ (ﬁérH), 7)) = 0. Using (14), we conclude that the action
of Z on H*(N", ) is locally nilpotent. O

Sublemma. Let & be a locally z-finite ARY ﬁo-representation, e X*(Z) and n € N. Assume that the
adjoint action on on Lie vaactors through [i. If n < [F : @p]é, then the Hecke action of 7 on H" (ﬁo, )
is locally nilpotent.

Proof. Let S C Res F/Q, Z be the maximal split subtorus, S C Z be the closed subgroup §(@ p) and
ST C S be the open submonoid SN Z*. Every algebraic (co)character of Z induces by restriction of
scalars a (co)character of S (since the image of a split torus by a morphism of algebraic groups is a split
torus [Borel and Tits 1965, §1.4]). In ~particular, the restriction of A : F* — Z to @; takes values in S
and the restrictionof i : Z — F* to S takis values in Q. B

We deduce on the one hand that 7 € S*, and on the other hand that the adjoint action of S on
Lie(Resr/q, N ) factors through an algebraic character so that any closed subgroup of Resr/q, N is stable
under conjugation by S. Since Respyg, N is unipotent, there exists a composition series

Respjg, N = NO > NO . NUFQID — g

whose successive quotients are isomorphic to the additive group over Q,, and for all r € [0, [F : Q p]c? 1,
we let N C N be the closed subgroup N (@) and N’ € N be the standard compact open subgroup
N N Ny stable under conjugation by St

Letr € [0, [F : @p]ci]]. We assume that n < [F : @p]c? — r and we prove by induction on r that
the Hecke action of Z on H”(]V " ) is locally nilpotent. The result is trivial for r = [F : Q ,,]c? . We
assume r < [F : @,]d and the result true for r + 1. Since dimg, (N®/NT+D) =1, we have a short exact
sequence of STt-representations (see [Hauseux 2016b, (2.4)])

ﬁér)/ﬁér+l)

0— H' (N /NS, B Y(NSD, 7)) — BN, =) — H(NS Y, ) —0. (15

The Hecke action of Z on H"~! (ﬁér+l), 1) is locally nilpotent by the induction hypothesis; thus the Hecke

action of Z on Hl(ﬁér)/ﬁér+l), H”j(ﬁo(r+l), 7)) is also locally nilpotent. If n < [F : @p]cj —(r+1)),

then the Hecke action of Z on H” (Néﬂrl), m) is locally nilpotent by induction; thus the Hecke action
~ SN S+l ~

of Z on H”(Nér“), n)Né Ny is also locally nilpotent. If n = [F : Q,]d — (r + 1), then we have a
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natural §+—equivariant surjection 7 ® 1 7"| ,EL|;” — H" (ﬁéﬂrl), ) [op. cit., (2.2)] and we deduce that
H”(NérH), ) is locally Z-finite. In this case, we put N := Né’)/Né’H). For every v € H”(NérH), ),
there exists i € N such that ZiNé/ 77! fixes A[Z]- v, so that for all j € N we have

~iy i H o
ZH—/ Cv = § : I’l//-(ZH_j'U)
A" eNy /74 Nz i+
=@ Ngz FHNgE Dy Y @G )
;l//Eﬁé//ziﬁé’z—[
= (N§ :Z/N{77) E A’ G ).
i"eNy /ZiNyz

Now ]V(’)’ is an infinite pro-p group, 7 is strictly contracting ﬁ(’)’ and A is Artinian. Thus (ﬁé’ 1z ﬁé’ 777)is

S0 SR+
N /N§

zero in A for j € N large enough. Therefore, the Hecke action of Z on H" (ﬁérJrl), ) is locally

nilpotent. Using (15), we conclude that the Hecke action of z on H”(ﬁér), m) is locally nilpotent. [

Let N' € N be a closed subgroup such that Lie N’ C Lie N is a direct sum of weight spaces of Z
We stress that N’ need not be normal. Since Z is central in L, Lie N’ is stable under the adjoint action
of L; thus N’ is stable under conjugation by L. We let d’ denote the integer dims N’ and §' € X*(L)
denote the algebraic character of the adjoint representation of L on detp (Lie N ). We let ﬁé C N’ be the
standard compact open subgroup N’ N N, stable under conjugation by L+

Proposition 3.1.2. Let 7w be an Lt x ]\Nfo-representation. For all n € N, there is a natural Z+-equivariant
morphism
H OO (NG 1) @ (0! o (§—8)) — H' (No, 7).

Furthermore, the Hecke action of 7 on its kernel and cokernel is locally nilpotent if the Z*-representations
H*(N/, ) are locally Z-finite.

Proof. Let (fi)refo.m—m'—17 be an enumeration of the weights of Z in (Lie N )/(Lie N’ ) such that the
sequence ({fi,, X))re[[o,m—m’—l]] is increasing and (fi,)refm—m’' m—17 be an enumeration of the weights of
Z in Lie N’ such that the sequence ({ii, X))re[[m_m”m_]]] is increasing. If fi; + ft; = fi, with i, j,r €
[0, m — 1], then r > min{i, j} (since (fi,, A) > max{{fi;, A), (i, A)}). Thus for all r € [0, m —m'], the
direct sum of the weight spaces corresponding to fi,, ..., fi,— is a Lie subalgebra of Lie N stable under
the adjoint action of Z and we use the notations N "), c?,, Sr and ﬁé’) as in the proof of Lemma 3.1.1(ii).
Moreover for all r € [0, m —m’ — 1]], Lie NT*D s an ideal of Lie N so that N+ is a normal
subgroup of N©®.
Let r € [0, m —m']]. We prove by induction on r that for all n € N, there is a natural Z+—equivariant
morphism
H' - (FNE-D (R 1) @ (0" 0 (5, —§) — H' (N 7). (16)

The result is trivial for » = m — m’. We assume r < m — m’ and the result true for r + 1. Let n € N.
Since dimF(IV ) / N r+Dy = d, — Jr+ 1, we deduce from [Emerton 2010b, Lemma 3.5.4] that (14) yields
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a natural Z+—equivariant morphism
H[F:@,,](J,—JM) (ﬁ(”)/ﬁ("“‘l)’ Hn—[F:@,,](J,—JH.])(ﬁ("‘f‘l), 7.[)) —~ H" (ﬁér)’ 7T) (17)

whose kernel and cokernel are built out of subquotients of H’ (N oy N, NOD g (N, Nt JT)) with i, j € N
such that i < [F : @p](a’ r+1) Furthermore, Lemma 3.1.1(1) with N 7, n and § replaced by
NO N Hn=lF@)d—de) (NSD 7y [F @ Q,1(dr — dry1) and 8, — &, respectively yields a
natural Z+—equivariant surjection

B PO d ) (N 1) @ (@ o (5 = br41)
_y H[F5@p](dr—dr+l) (ﬁér)/ﬁér-i-l) , Hn—[F:@p](d,—dH_])(ﬁél’-l-l) , 7T)) (18)

Finally, by the induction hypothesis with n — [F : Q p](J, — Jr+1) instead of n, there is a natural L+-
equivariant morphism

B PN (N m) @ (7! o (5, = §)) - BTG4 ({1 @ (07 0 (5,541, (19)

The composition of (17), (18) and (19) yields the natural Z*-equivariant morphism (16).

Now, we assume that the Z+—representati0ns H*(N), 7) are locally z-finite and we prove by induction
on r that for all n € N, the Hecke action of zZ on the kernel and cokernel of (16) is locally nilpotent, or
equivalently that the localisation of (16) with respect to z" is an isomorphism. The result is trivial for
r=m—m’'. We assume r < m —m’ and the result true for r + 1. Let n € N. By composition, it is enough
to prove that the Hecke action of zZ on the kernels and cokernels of (17), (18) and (19) is locally nilpotent.
By the induction hypothesis with j instead of n, the Hecke action of Z on the kernel and cokernel of the
natural L*-equivariant morphism

H/FQA =D (g 1) @ (07" o (B0 —8) — BN )

is locally nilpotent for all j € N. With j =n —[F : @,](d, — d,+1), we deduce that the Hecke action of 7
on the kernel and cokernel of (19) is locally nilpotent. Furthermore, we deduce that H/ (If\7 (r+1) L) 1S
locally Z-finite for all j € N and we use Lemma 3.1.1 with N N ) /N N+ H (Ny N+ , ) and i instead of
N 7 and n respectively: we deduce from (i) withi = [F : Q p](d dy41) that the Hecke action of Z on
the kernel of (18) is locally nilpotent, and we deduce from (ii) that the Hecke action of Z on the kernel
and cokernel of (17) is locally nilpotent (since the Hecke action of Z on H' (]\Nlér) / ﬁéﬂrl) ,H/ (ﬁérH), 7))
is locally nilpotent for all i, j € N such thati < [F : @p](c?, — c?,+1)). O

We end this subsection by reviewing and generalising the construction of Emerton’s §-functor of
derived ordlnary parts [Emerton 2010b, §3 3]. Let Zx 7 denote the centre of L. Assume that Z
a torus, that Z7 7 is generated by Z~ =77 7N Lt asa group, and that L is generated by Lt and Z~
as a monoid. Then, the product 1nduces a group isomorphism Lt X7+ Z7 7= L [Emerton 2006,
Proposition 3.3.6]. Thus, for any L*-representation 7, the A-module Hom A[ZZ](A[Z 7 1, ) ZE—Min §
naturally an L- -representation [Emerton 2010a, Lemma 3.1.7]. Therefore, we obtain an A-linear left-exact

functor Mod¥" (A) — Modszm(A)zl ~Lfin which commutes with inductive limits [op. cit., Lemma 3.2.2].
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Remark 3.1.3. Let z € Zz 77 . Assume moreover that Z7 7 is generated by Z; 7% and z7! as a monoid. Then,
for any locally finite zZt -representatlon 7, there is a natural Z7 7 equlvarlant isomorphism

HomA[Zt](A[izL 7T)ZL —Hin s ArzE) Qa1 T

[Emerton 2010b, Lemma 3.2.1]. Thus, the functor Hom Al Z+](A[Z 7l —)ZL_1 fin pestricted to the category

ModSm (A)ZN —Lfin g isomorphic to the localisation with respect to V. In particular, it is exact.

Definition 3.1.4. For a connected linear algebraic F-group P with unipotent radical N such that P =

L x N, we define A-linear functors Modsm(A) — Modsm(A)ZL —Lfin which commute with inductive limits

by setting _
H'Ordj := Hom,y 7+ (A[Zz 1, H'(No, —) 77"

If B C P is a connected closed subgroup containing N and Z; 7, then B; : 7= =BNLis generated by

BJr = B NL* and Z7 f as a monoid, so that H*Ordp naturally extend to A-linear functors Mod’"(A) —

Modgm (A)ZL Lfin which commute with inductive limits.

3.2. Computations on the associated graded representations. Let J C A. We fix a totally decomposed’
standard compact open subgroup Ny o € Ny and we define an open submonoid of L; by setting

={leL;|IN;ol™" S Nyp}.

We let Z}’ C Z; be the open submonoid Z; N L;r. Note that Z; is generated by Z;’ as a group and L;
is generated by L;r and Z; as a monoid [Emerton 2006, Proposition 3.3.2]. Moreover, any A € X, (S)
corresponding to P; has its image contained in the maximal split subtorus §; of Z; and satisfies (o, A) > 0
for all @ € <D+\<I>+; thus the assumption of Section 3.1 with N = Ny and 7= Sy is satisfied. We fix
zZ€ Z;r strictly contracting N o (equivalently Z; is generated by Z;’ and z~! as a monoid).

Let I € A and 'w € 'W. We write ‘w = 'w/w; with ‘w’/ € "W’ and w; € W;. Let o be an
L;-representation. We set®

Tl i= C- 1ndP’ wh o.

We use the notation of Section 2.3. The subgroup N; r,, € Ny is stable under conjugation by By ,,,, and we
have a semidirect product N; r,, = N ;/ 1y
and we endow N }’ Iy (which may not be stable under conjugation by By ,,,) with the quotient action of By ,,,
via the isomorphism N}/’,w = Nj’zw/N}’,w. Welet Nj 1, 0 € Ny 1, (resp. N},, C N N}/,’w,O - N}”,w)

J, Ly
be the totally decomposed standard compact open subgroup N, 1, NNy o (resp. N 1, NNyo0, N ", NNyo)
and ijwj C By, be the open submonoid By ,,, N L;r. Since Ny 1, ¢ is totally decomposed, we have a

X N ; 1, The subgroup N ; 1, 18 stable under conjugation by By v, ,

J,w
short exact sequence of topological groups
1= Njo=> Nymo— Ny, o= 1. (20)

SGiven a closed subgroup U C U stable under conjugation by S, we say that a compact open subgroup | UO cUis totally
decomposed if the product induces a homeomorphism ]_[ oy Uy N Uo) - Uo for any order on <I>+ (e.g., Uo = U N K where
K C G is a maximal compact subgroup which is special w1th respect to Z [Henniart and Vignéras 2015, §6.6, Remark 2]).

6The naturality of a morphism involving 7, will mean its functoriality with respect to o
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In particular, N 3’ is stable under the quotient action of B} T, O N ’J’ Iy

w,0

Lemma 3.2.1. For all n € N, the inflation map is a natural BT T .w, -€quivariant isomorphism
s Wy

N 1
H"(NJ 00 Ty 20) = H' (N 1,00 T1p)-

Proof. The Lyndon—Hochschild—Serre spectral sequence corresponding to (20) is naturally a spectral
sequence of B;fw] -representations [Hauseux 2016b, (2.3)]

H (N7 1, 0 BN 1 00 000)) = HY (N 1y 0, 770, 21)

The inflation maps are the edge maps of (21) for j = 0; thus they are B;fwj -equivariant and in order to
prove that they are bijective, it is enough to show that (21) degenerates, i.e., that H/ (N } 1y o0 Thw) = 0 for
all integers j > 0.

Since the left cosets N } 1/ N } 1, o form an open partition of N’ , we deduce from (13) a natural

J,w?

N/

7.1y 0-Cquivariant isomorphism

Ty = @ Cgm(n NJ Iw,0° Csm(UJ wy? Iw))

nN’
€ ’/ J1w,0

where N } 1, o acts by right translation on the terms of the direct sum. The latter are N } 1y o-acyclic
by Shapiro’s lemma (since they are induced discrete A[N ’J ,wyo]—modules) and the N }’,wyo—cohomology
commutes with direct sums (since the image of a locally constant cochain is finite by compactness); thus
i, is N’y - -acyclic. 0

There is a natural smooth A-linear action of B}, x (U}, X N Y 1,) on MU, ’w): we already
»Wy sWy wy
defined the action of By, = B}, x U/ in Section 2.3 and we deﬁne the action of n” € N”, on
; » » Wy » Wy J,'w
fec™Uy,, o) by setting
(n"- H):=n"-fu')

for all u’ € U},w,-
Lemma 3.2.2. For all n € N, there is a natural B}:wj—equivariant morphism

I

N/
Hn(NJIw ()’7[ J, w,O)_)Hn( o, O’Csm(Uij’ w))
such that the Hecke action of z on its kernel and cokernel is locally nilpotent.

Proof. We will implicitly make use of the isomorphism (13). For eachn’ € N’., /N’ evaluation at

J w0
n’ induces a natural A-linear surjection

/

N
I 1
evy 1o, cgm(U;wa, o").

We define a natural A-linear surjection

N
R . J1w,0 sm(yr/ Iy
Ev:= E eVy 17T, - C; (UJ,va o )

neN/
T / J’w()
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/

N,
We prove that Ev is BIwJ -equivariant: for any f € 7, “and b e BT J.w,» We have

EVo = Y > agh H)
n ENJI /NJ oo GN; Ly O/bN;,IW.Ob’1
= > > b- f(b~'n'nyb)
n’eN’ 1 /NJ I, O”OGNJ I O/b 7.0 b1

= > b- f(b~'n'b)

nWeN'  [bN' ;b

J.1w.0
=b-Ev(f)
where the last equality results from the change of variable n" > bn’ b~'. We prove that Ev is also
N7, o-equivariant: for any f € 7, ! o e S oandu’ €U}, . we have
Evin”- )= Y @' HaH@)
WeN , IN)
— Z n”. f( /— 1 "— lu/n/n//)(u/)
n'eN, Iw/ J.1w,0

=n"-Bv(f)W),

where the last equality results from the fact that when n’ runs among N’,, /N’ we have

J w7 w,0

u/ 1 /"— lu/n/n//_(u/ 1. -1 / //)(n// l / //)

=171

with on the one hand n”~"'n’n” running among N’, s/ N | 1y 0 and on the other hand u'~ ' =ly'n" e N’

being constant. We deduce that Ev induces natural BJr ,-equivariant morphisms in N ",

J,w
0.0 -cohomology.

We prove that the Hecke action of z on the kernel of Ev is locally nilpotent: for any f € Jr,N’ »0 there
exists i € N such that supp(f) € z ' N’ ' oZ (since z is strictly contracting N’ | 1, o Which is open in

J 1,,)> thus for any n’ € Nj ,w/N}’,w’O, we have
. H .
G- N = > (noz" - fH(n)

EN; Ly o/z NJ Ty, oz_[

= > 2 f (@) ngeh)
EN; Ty o/Z J Iy0° !

_ 7 -Bv(f) ifn ENlle’

1o it N, ..

Using the long exact sequence of N " » o-cohomology, we deduce that the Hecke action of z on the

kernels and cokernels of the morphlsms induced by Ev in cohomology is locally nilpotent. [

J Iy
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14
J,w
induced by the quotient action of By ,,, on N }/ 1,- We define an open submonoid B’J'I)J C B/J/’ w, DY setting

The subgroup B/J/’ w, & Biw, normalises and the conjugation action coincides with the action

By, = {b" € By, | BN, b S Ny, o}

Lemma 3.2.3. We have B;fwj C Bt xU

— ZJwy Jowy*

Proof. We have a semidirect product Bj ,,, = B’]/ w, XU }’wj. Letb € B;fwj. We write b = b"u’ with
b" e By, andu’ € Uj . We prove that b" € B/j/“;j. Letn” € N/, . Proceeding as in the proof
of Lemma 2.3.1, we see that u'n"u’~'n"~" € N’ ~so that u'n"u'~ ch n/n” with n’ € N/, . Thus

bn"b=" = (B"n'b"~)(B"n"b""") € Ny 1,0, and since N1, g is totally decomposed, we deduce that

1o 111 —1
b’'n"b"~' € N’ . hw.0° O
Lemma 3.2.4. For all n € N, there is a natural B”Jr X U}’ w, “€quivariant isomorphism
1 I
Hn( J,'w,0° Csm(UJ w9 w)) Csm(UJ wy’ Hn(NJ 00 @ w))
Proof. Let o be a B/J,j_u/ X N }’ 1, o-fepresentation. The A-modules H( I Cgm(U Towy 6)) and

//+

C“m( Ty HH (N }’ ho.0° 6)) are naturally Ty X U 7w, “Tepresentations. The 1dent1ty of C™(U/ Jowy» )

induces a natural U’} w, ~€quivariant isomorphism
AN ~N"
. osSm / Iy, 0 o~ sm / I
L:CIMNUY - 6) w0 = CN(U] . 6 0 o).

We prove that ¢ is also B s w,~equivariant: for any f € c™U, ) ) wo D" € B"Jr and u’ € U’

Jowy> Jowy?
we have
(" ) = 3 ("B - £
n”EN;,, O/b//NJ lw 0b//—l
— Z n//b// . t(f) (b//flu/b//)

n”eN”, O/bHN_///,Iw‘Obﬂil
— b//Ijlt(f)(b//—lu/b//)
=" -«(HW).

We will prove that deriving ¢ yields the desired isomorphisms with ¢ = o'

The functor C;™ (U Ty —) is A-linear and exact and the §-functor H* (N }’ Iy 0° —) is universal; thus,
denoting by R* the right derived functors on the category Mod®, 5+ wnv.  (A), we have morphisms of
j wy J.1w,0
functors

R.(Cgm(U},wj’ (_)N}/’Iw'o)) Cbm(UJ wy? H.(NJ Tw,0° _))’
R (™ (U, =) #100) = HI (N 1y 00 " (U —))-

In order to show that the second one is also an 1som0rph1srn it is enough to prove that Ci™ (U .

takes injective objects of Mod? B,/+ «yr (A to J ! —acychc objects. If o is an A-module, then we
Jowp =g w0
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have a natural N”/,  -equivariant isomorphism
J,lw,0

Csm(UJwJ’csm( J’wO’ )) Csm( J’wO’Csm(UJwJ’ ))’

so CS™ (U, wy CNT 1 o &)) is N 1, o-acyclic. Now if & is an injective object of Mod“?+ v, (A
J, wO

it is also an injective object of ModN,, (A) [Emerton 2010b, Proposition 2.1.11; Hauseux 20164,

Lemme 3.1.1]; thus the natural N equlvarlant injection ¢ — Cgm(N o> 0) defined by v —

(n" + n"-v) admits an N7, O—equivarlant retraction, so that ¢ is a direct factor of C™(NY;, 42 0), and
therefore & is N”/, . -acyclic. O
J,w,0

We now assume that o is locally admissible.

Lemma 3.2.5. Foralln € N, there is a natural B/J/'Z) x U) , -equivariant morphism
Jwy Wy

ijPJﬁij’I(l)
Ly Pml J=1(1)

wy B r,J

"(H'Ordp0p, o)

1ntw’ (1)

Csm(UJ - H”( 7 ho.00 olw)) — c-ind
such that the action of z on its kernel and cokernel is locally nilpotent.

Proof. We have natural B’/ J.w, ~€quivariant isomorphisms

I

H' (N 1 00 ") ZH ("N, Jw™! o) " (22)

Since IwN}’ Iy hw=! =U;nTw’ N;'w’ ~! is the unipotent radical of L; N P11y (see Lemma 2.1.1(ii1)),
we define an open submonoid of L;~n,s ;) by setting

+
Llﬂ’w’(])

We have ‘w B/, 'w™! ="wB]  fwT'nL] e WeletZ, s €

Zianys gy N Lml 1y Since o is locally admissible, H*(‘w N” 0’ L o) is locally Zml ,(J)
[Emerton 2010b, Theorem 3.4.7(1)], and thus locally ‘wzw~ ﬁnlte Note that ‘wz'w=! € Z7
Iw’()l I)N
-equivariant morphisms

{leLmsz(J)‘lej,wow_ll Ic! N],wolw 1}.

cZz mle( 7 be the open submonoid
-finite

Infw! (J)

is strictly contracting ‘wN }/ w™!. Therefore, localising with respect to (‘wzw gives rise to

+
Llﬂle(J)

H’([wN}/ Iy Olw_l, O') — H*Ordy,np

1w’ (1) o

such that the action of ‘wz/w~! on their kernels and cokernel is locally nilpotent (see Remark 3.1.3).
Using (22), we deduce B/J/,J;J -equivariant morphisms

I

H.( J,w,0° le) - (H'Ol‘dlePm,me U) !

such that the action of z on their kernels and cokernels is locally nilpotent. Applying the functor

c™(U}.,,» —), we obtain B}, x U’  -equivariant morphisms

Jowy?
1

. w
Cgm(UJ wy’ H (NJ I, 0° 0 )) Cgm(UJ wy’ (H OrdlePmI o) ) )
such that the action of z on their kernel and cokernel is still locally nilpotent (because the functions in
their sources and targets have finite images). We conclude using the inverse of the Bj ,,,-equivariant
isomorphism (12) with & = (H*Ordy,p o)’ O

1ntwd (1)
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We combine the previous results into the following one.

Proposition 3.2.6. Let o be a locally admissible L-representation and 'w € TW. We write 'w = "w’ w;

with 'w’ € "W’ and w; € W;. For all n € N, there is a natural B;“wj -equivariant morphism

n . Pf’wB . ijpjmlu,J—l(l)wJBJ n Iyt
H (stzwvo, C'mde a) — c—1ndLmP, 1 (H OrdL,npm,ij) a)
Jndwd 7

such that the action of z on its kernel and cokernel is locally nilpotent. Furthermore, this morphism is

even L;r ne, ( 1)-equivariant when wy = 1 (see Remark 2.2.2).

N/ !

Proof. Combining Lemmas 3.2.1, 3.2.2, 3.2.4, 3.2.5, and using Lemma 3.2.3, we obtain the desired

morphism. If w; = 1, then the previous lemmas and their proofs are true verbatim with L; N P, ;-1 o

and L, ,-1, instead of By, and B/J/,wj respectively (see Remark 2.3.2); thus the morphism is

+
LinP

JNhyd 7!

)
o -equivariant. O

3.3. Computations on parabolically induced representations. Let I, J C A, o be a locally admissible
L 1—rejpresentati0n and n € N. For any lower set / le C W/, the natural P;-equivariant injection
1

Fil PVJVI (Indgl, o) — Indgl, o induces an L;-equivariant morphism
n : Ile G n G
H"Ordp, (Filp,' (Ind};_ 0)) — H"Ordp, (Indy,_ o), (23)
and by taking its image we define an L;-subrepresentation
Fil )| (H'Ordp, (IndS_ 0)) € H"Ordp, (Ind%
P, p,(Indy_ o)) € H"Ordp, (Ind},_ ).

Proposition 3.3.1. The L,-subrepresentations Fil}p, (H”OrdpJ (Indg, 0)) form a natural filtration of
H"Ordp, (Indgl, o) indexed by "W’ . Furthermore, for all 'w’ € "W’ there is a natural L;-equivariant

isomorphism
Prlw’ Py 0)

L,J ~ 1 .
Grp (H"Ordp, (Indgl, 0)) =H"Ordp, (c—mdPI

Proof. First, we prove for any lower sets /W; €W/ C /W, the short exact sequence of P;-representations

IwJ IwJ IwJ Iw/
0 Fil,* (IndS_ o) — Fil,,' (IndS_ o) — Fil ' (Id$_0)/Fil,* (IndS_0) >0 (24)

induces a short exact sequence of L;-representations
LIy SIw
0 — H"Ordp, (Fil p,’ (Indgl, o)) — H"Ordp, (Fil 5,' (Indgl, 0))
IwJ IwJ
— H"Ordp, (Fil .| (Ind§_ o),/ Fil p (Ind$_ o)) > 0. (25)

In particular, (23) is injective and (7) induces the isomorphism in the statement.
Let Njo € Ny, L;r CLy, Z;r CZjandz € er be as in Section 3.2. Proceeding as in the proof of
[Hauseux 2016a, Proposition 2.2.3], we see that the first nontrivial morphism of (24) induces an injection
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in Ny o-cohomology. Using the long exact sequence of N o-cohomology, we deduce that (24) induces a
short exact sequence of L+—representations

0— H" (N,o,FﬂPJZ(IndG, 0)) - H"(N]o,FﬂPJ‘ (Ind$ 0))
—>H"(N,,0,Fﬂ (Ind ,o)/Fﬂ Z(Ind ,a))—>0 (26)

Since o is locally admissible, IndG, o is locally admissible [Emerton 2010a, Proposition 4.1.7]; thus
H*(Ny.0, IndG_ o) is locally Z; H ﬁnlte [Emerton 2010b, Theorem 3.4.7(1)]. We deduce that each term of
(26) is locally Z; +_finite (as a subquotient). We conclude that localising (26) with respect to z" yields
(25) (see Remark 3.1.3).

We now prove that Fil% (H” Ordp, (Ind PP o)) is afiltration of H"Ordp, (Ind _ o) indexed by 'w. Since
'w/ is finite and Fil, (H”Ordpj (Ind® pr 0)) is inclusion-preserving with F11é (H”Ordpj (IndG_ 0)) =
and Fil p W (H"Ordp, (IndG, o)) =H"Ordp, (IndG, o) by construction, it remains to prove that for any
lower sets twi tw] 1 WJ the natural short exact sequence of P;-representations

0 Fil, " (IndS_ o) — Fil /! (Ind$_ o) ©Fil,* (Ind$_ o) — Fil, 1" (1ndS_ o) — 0
induces a short exact sequence of L;-representations
0 Fil' " " (H'Ordp, (IndS. o)) — Fil, | (H"Ordp, (IndS_ o)) @il (H'Ordy, (IndS_ o)
— Filp ™ (H"Ordp, (1ndS._ ) — 0.
This follows from the same arguments as above. O

Let ‘w’ € 'W’. For any lower set W, c Jnfw!= I(I)W], the natural B equ1var1ant (resp Pranys-1(1y-
—1
equivariant when W, = {1}; see Remark 2.2.2) injection Fil Wi (c- 1nd o) > c- 1nd Prtwl Py o induces
a Bj-equivariant (resp. Ly N Pjq1,/-1(p-€quivariant when W, = {1}) morphism

leP/

H"Ordy, (Fil’ (c-ind """ 7)) — H"Ordp, (c-ind " o), 27)

and by taking its image we define a B J—subrepresentation (resp. Ly M Pjnn,s-1(py-subrepresentation when
Wy ={1})

P,wPJ P]U)PJO_)

Fil/ (H"Ordp, (c- ind, " "' o)) CH"Ordp, (c-ind

Proceeding as in the proof of Proposition 3.3.1 and using (8), we prove that (27) is injective and the
following result.

Proposition 3.3. 2 The Bj-subrepresentations Fil; (H" Ordp, (c- 1nd b ) form a natural filtration
of H'Ordp, (c- 1nd (T) indexed by Jnfw’= 1(I)WJ Furthermore, for all wy € /" fw =) Wj there is a

natural Bj- eqmvarlant isomorphism
Gry’ (H"Ordp, (c- 1ndP’ w'h o)) ZH"Ordp, (c- 1ndP’ " w’Bcr)

which is even Lj 0 P11y -equivariant when wy = 1 (see Remark 2.2.2).
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We now state the main result of this section using Notation 2.3.3 and Remark 2.3.4.

Theorem 3.3.3. Let o be a locally admissible Lj-representation, 'w’ € "W’ and n € N. For all
1,.J—1 . . . . .
wy € /"W T DWW, there is a natural B J,w; -equivariant isomorphism

Gry’ (H"Ordp, (c- 1ndP’ w'h o))

~ wy Ly n—[F:Q,ldr, Iyt 1
= Gryy (Ind] fp (OO 0) @ @ 08)

which is even Ly N Pjnn,i-1()-equivariant when wy = 1 (see Remark 2.2.2).

Proof. We use the notation of Section 2.3. We let wy € Jm]wJ_I(I)W] and we put hy == Tw/w;. We let

Njo S Ny, L C Ly, Z CZy,z€ ZJr and 71, be as in Section 3.2. In the course of the proof of
d 1 w P/ O')

I

Proposition 3.3.2, we see that H" (N o, 71,,) is locally Zf—ﬁnlte (as we saw it for H" (N o, c-in
in the course of the proof of Proposition 3.3.1).

Since o is locally admissible, the L ;nn,s(;)-representations H*Ordy,np, 1y, O Are locally admissible

by [Emerton 2010b, Theorem 3.4.7(2)]; thus locally Z;nn,s ;) -finite by [Emerton 2010a, Lemma 2.3.4].
Therefore, the B;-representations

L;NP~ wy By 1,7

. Jnlwd =V . w
c-ind (H Ordr,np ld () )

are locally Z;-finite; thus locally z-finite. We deduce from Proposition 3.2.6 that the Bj,w, -representations

H*(N; 1,0, 71,) are locally z-finite and that there is a natural B;rw] -equivariant (resp. L;r NP, "

equivariant when w; = 1) morphism

H Qs (N 1 o, 700,) @ (07! 0 81,0)™

Lynp~ wy By

Jniwd — 1()

L,nP~
Jndwd 71

(C ind (Hn—[F:@p]dle OrdlePm’wJ(j) U)ij) ® (a)—l O(Sle)wj (28)
such that the action of z on its kernel and cokernel is locally nilpotent.

Using Proposition 3.1.2 with L= Bj ., (resp L= L; N Pjan,-1y when wy = 1), N = Ny,
N =N 71w (so that d—d = di,s and §—8 =w; 7 (5le) since conjugation by w; induces an isomorphism
of F-varieties Ny/Nyn, = Nj/N; 1), Z =z and m = m1,,, we deduce a natural B;r’wj -equivariant
(resp. L;r N Pjn,s-1(p-equivariant when w; = 1) morphism

HALF:Qp)dr,, g (N],lw,O’ Tr,) ® (a)_l o (Sle)wj — H" (Nyo, mry) (29)

and the Hecke action of z on its kernel and cokernel is locally nilpotent.
Using Proposition 3.3.2, (9) with & = (H*~1F*®1dn,s Ordy . )" ® (@' 081,) and the natural
Bj-equivariant (resp. Ly N Pjn,7-1(py-equivariant when wy = 1) isomorphism

LB =17 B [F:Q,1d hy? 1

n—[F:Q,1d;, - wy
e W OML, AR, 1, 0) ") @ @ 0 80,0)
Jnlw! 1)

(c ind
L_/ﬂPJ I 1 ijj FQ.1d le 1
= c-ind rwt o ((H”_[ ‘Qpldr,s Ordr,np O) ® (™ 081w1)),

L,NnP~ 1ntwt (1)
Jnlwd ~Yn
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the localisation of (28) with respect to zV and the inverse of the localisation of (29) with respect to zN
yield the desired isomorphism (see Remark 3.1.3). Il

. . ~ F@ d ij 1 .
In particular with wy =1 and 6 := (H"*[ Qpldr,, s OrdL,uml,,,fU) 0) ® (w™ " 0dn,s), there is a natural

Ly O Pynn,i-1¢py-€quivariant injection
1 Ly n P, w’ Py
Grp, (Ind &) < H"Ordp, (c-ind - o),

LjﬁijI I-10

hence a natural L;-equivariant morphism

L Plw/p
A[Ly] ®A[LJﬂPmeJ—1(1)] Gr}gj (Il’ldijP, o O‘) — H" Ordp] (C 1nd ! J o').
Jntwl =11

In the proof of [Emerton 2010a, Theorem 4.4.6], it is shown that such a morphism factors uniquely
through the natural L;-equivariant surjection
A[Ly] ®A[LJQP ol 1) GI‘BJ(IIld o)—»Ind 0.

LiOP s LiOP i1,

Thus, the previous injection naturally extends to an Lj-equivariant morphism

P]U)Pj

o). (30)

Ly n—[F:Q,ldi, s Iyt
Indmp - 1(1)<(H » OrdL,um,w,(‘,) cr) R(w™ oBsz)) — H"Ordp, (c ind "

Conjecture 3.3.4. The natural morphism (30) is an isomorphism.

We prove Conjecture 3.3.4 in some special cases.

Proposition 3.3.5. (i) IfH" "7/ Ordy,p, ., 0 =0, then
H"Ordp, (c- 1ndP’ w' s o) =0.

(i) If 'w’ (J) C I, then (30) is a natural Lj-equivariant isomorphism
L,J
(Hl’l—[FZ@p]dIu,f OrdL[ﬂPIﬁle(j) g) " ® (a) 081,7) = H"Ordp, (c 1ndP1 w’ Py 0).
(iii) Ifn =0 and 'w’ = 1, then (30) is a natural L;-equivariant isomorphism

Indifm) (Ordy,np, o) => Ordp, (C-indQ:Pf o).

Proof. We first use Theorem 3.3.3.

—1,.J
If H* = @)dns Ordy p o =0, we deduce that Gry (H"Ordp, (c—indP’ wF 0))=0, hence (i).

ntw/ ()
If ‘'w”’ (J) € I, we deduce from [Emerton 2010b, Proposition 3.6.1] that Gr (H”Ord p,(c- 1ndP’ w'Ps ))
is concentrated in degree 1; thus (30) is an isomorphism, hence (ii).
We now prove (iii). Since all the functors involved commute with inductive limits, we reduce to the case
where o is admissible. By [Abe et al. 2017b, Corollaries 4.13 and 5.9], there is a natural L;-equivariant
isomorphism

Ind;’ - (Ordz,np, o) => Ordp, (Indf;_ o). 31
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Using (i), we deduce from Proposition 3.3.1 with n = 0 that Gr}, (Ordp, (Indgl_ 0)) is concentrated in
degree 1, hence a natural L;-equivariant isomorphism

Ordp, (c-ind,’ " &) > Ordp, (Ind§_ o). (32)

The composition of (30) with n =0 and ‘w’ = 1, (32) and the inverse of (31) yields an L-equivariant en-

Ly . L. .. .o 1 Ly
LnPF (Ordy,np, o) which is injective in restriction to Fil B (Ind LynPF (Ordy,;np, 0)).

From [Emerton 2010a, Lemma 4.3.1 and Proposition 4.3.4] and the left-exactness of Ordz,np,, we

domorphism ¢ of Ind

deduce that Ordy,np, ¢ is an injective L;nj-equivariant endomorphism of Ordz,np, o. Since the latter is
admissible by [op. cit., Theorem 3.3.3], it is Artinian (see Section 4.1 below), and thus co-Hopfian so that
Ordy,np, ¢ is an isomorphism. We deduce that ¢ is an isomorphism using [op. cit., Proposition 4.3.4 and
Theorem 4.4.6]. We conclude that (30) with n = 0 and ‘w’ = 1 is an isomorphism as in the statement. [J

Remark 3.3.6. Let R*Ord;,np, denote the derived functors of Ordy,np, on ModlL'E;dm(A). By universality
of derived functors, the isomorphism in (iii) extends uniquely to a morphism of é-functors

Ind}? |, oR*Ordy,np, — H'Ordp, o c-ind, (33)

(the left-hand side is the derived functor of Indg nPr 0Ordy,np, by exactness of Indij Ay and the

right-hand side is a §-functor by the same arguments as in the proof of Proposition 3.3.1). Now, assume
that [Emerton 2010b, Conjecture 3.7.2] is true for L; N Py, i.e., R°Ord;,np, = H*Ordy,np,. Then
Conjecture 3.3.4 for ‘'w’ = 1 is equivalent to (33) being an isomorphism. We could prove this if we knew
that the isomorphism of Theorem 3.3.3 with ‘w”/ = 1 were B;-equivariant for all w; € /" W;.

Finally, we compute the derived ordinary parts of a parabolically induced representation in low degree
when there is an inclusion between / and J.

Proposition 3.3.7. (i) If I CJ and0 <n < [F :Q,], then H"Ordp, (Ind(;l, o)=0.
(i) If J S 1 and n < [F : Q,], then there is a natural L;-equivariant isomorphism
H"Ordy,np, o => H"Ordp, (Indj_ o).

(i) If J € I and Ordp,np,,,, 0 =0 forall a € A\ (1 U J%), then there is a natural short exact
sequence of Lj-representations

0— H[F:@f’]OrdL,mpj o — H[F:@P]Ordpj (IndIG)I, o) — @ (Ordg,np, 0)* ® (@ o) — 0.
aeJ LI\

Proof. We use Proposition 3.3.1 and Lemma 2.2.1 with £ : ‘W’ — N to obtain a filtration
Fil};* (H"Ordp, (Ind§_ o))
indexed by N such that for all i € N, there is a natural L;-equivariant isomorphism

. —1,.J
Grf;]’ (H"Ordp, (Indgl_ 0)) = @ H"Ordp, (c—indg, vk o). (34)

L(w’)=i
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J
Assume n < [F : Q). If 'w’ #1 (i.e., di,s > 0), then H"Ordp, (c-ind - Prowthy o)= 0 by Proposition

3.3.5(i) since n — [F : Q,]dn,s < 0; thus we deduce from (34) that Gr§ P (H” Ordp, (Ind® pr a)) is concen-

trated in degree 0, so that assuming Conjecture 3.3.4 for ‘w/ = 1, we obtain a natural L;-equivariant
isomorphism
Indi’mP (H'Ordz,np, o) <> H'Ordp, (Ind§_ o). (35)

Now, Conjecture 3.3.4 is true for ‘w”’ =1 in the following cases: n > 0 and I C J by Proposition 3.3.5(i)
since H"Ordy,np, = H"Ordr, = 0 [Emerton 2010b, Proposition 3.6.1], in which case the source of (35)
is zero, hence (i); J € I by Proposition 3.3.5(ii), in which case the source of (35) is H'Ordz,np, 0
hence (ii).

Likewise, if ‘w”/ # 1 and 'w’ # s, foralla € A"\ (U J) (ie., dn,s > 1), then

HU @P]Ordp (c 1ndP’ Py )

=0
by Proposition 3.3.5(i) since [F : Q,] — [F : Q,]d1,s < 0; thus we deduce from (34) that
Gripr (HIF9r10rdp, (Ind§- o))

is concentrated in degrees 0 and 1, so that assuming Conjecture 3.3.4 forn = [F : Q] and hw'/ =1 or

Iw' =5, forall @« € A"\ (1 U J), we obtain a short exact sequence of L;-representations

0— Indéjm’f (HFCrlord, , np, o) — HIEF10rd p, (Indgl_ o)

- P I“dgm’;m Ordzinp o) ® @ o)) —> 0. (36)
aeAN\(IU)

Assume J C [ and Ordy,np,,,,, 0 =0 forall o € A\ (1 UJ%). Then Conjecture 3.3.4 is indeed true
for n =[F : Q,] in the following cases: hw? =1 by Proposition 3.3.5(ii), and the first nontrivial term of
(36) is H[F:@”]OrdL,mPJ o; 'w’ =5, with @ € A\ (1 U J1) by Proposition 3.3.5(i) and the hypothesis on
o, and the corresponding summand of the last nontrivial term of (36) is zero; Iy’ = 54 with o € J+1 \1
by Proposition 3.3.5(ii) since s,(J) = J C I, and the corresponding summand of the last nontrivial term
of (36) is (Ordy,np, 0)* ® (o~ o). Hence (iii). O

We reformulate Proposition 3.3.7 in the case I = J, using the fact that in this case H"Ord; ,np, =0 if
n > 0 [Emerton 2010b, Proposition 3.6.1]. Note that if P = LN is a standard parabolic subgroup, then
for all « € A\ A the standard parabolic subgroup of L corresponding to Ay Nsy(Ar) is LNsy Ps; 1
and it is proper if and only if o ¢ Ai.

Corollary 3.3.8. Let P = LN be a standard parabolic subgroup and o be a locally admissible L-
representation.

(i) Foralln € Nsuchthat0 <n < [F :Q,], we have H"Ordp(Ind%_ o) = 0.

(i1) IfOrd;  p—10=0forallac A\ (AL U Ai), then there is a natural L-equivariant isomorphism

HF210rdp (Ind§ - 0) = P 0@ (@ ' oa).

1,1
aEAT
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4. Derived Jacquet functors

The aim of this section is to study the derived functors of the Jacquet functor. In Section 4.1, we review
some results on pro-categories. In Section 4.2, we relate the left derived functors of the Jacquet functor in
a pro-category with the derived ordinary parts functors and we construct a new exact sequence to compute
extensions by a parabolically induced representation. In Section 4.3, we adapt the results of Section 3.3
in order to partially compute the derived Jacquet functors on a parabolically induced representation.

4.1. Pro-categories. Let H be a p-adic Lie group. Let € be the category whose objects are the A[H ]-
modules such that for some (equivalently any) compact open subgroup Hy C H, the A[Hg]-action extends
to a structure of A[[Hpll-module of finite type, and whose morphisms are the A[H]-linear maps. Since
the completed group rings are Noetherian [Emerton 2010a, Theorem 2.1.2], the category € is A-abelian
and Noetherian, i.e., it is essentially small’ and its objects are Noetherian. Let €” be the category of
contravariant functors € — Set and Ind-€ be the full subcategory of € whose objects are the functors
isomorphic to a small inductive limit in €" of objects of € (using the Yoneda embedding € — €").
By [Kashiwara and Schapira 2006, Theorem 8.6.5], the category Ind-€ is a Grothendieck category® (in
particular it has enough injectives; see [Kashiwara and Schapira 2006, Theorem 9.6.2]) and the natural
A-linear functor € — Ind-€ is fully faithful and exact.
Now, Pontryagin duality induces an equivalence of categories [Emerton 2010a, (2.2.12)]

Mod¥™(A) = ¢°P.
Thus, the category Modi}im(A) is Artinian, the pro-category
Pro-Mod™(A) := (Ind-¢)°P
has enough projectives, and the natural A-linear functor
Mod¥™M(A) — Pro-Mod%™(A) (37)

is fully faithful and exact. We let Exty; and Exty ,; denote the bifunctors of Yoneda extensions in the
categories Modj‘,}jm(A) and Pro—Mod‘}f,lm(A) respectively. By [Oort 1964, Theorem 3.5], (37) induces
A-linear isomorphisms

Exty (r', 1) <> Bxtp,, (', 7) (38)

for all objects 7, ' of Modi‘ljm(A).

4.2. A second exact sequence. Let P C G be a parabolic subgroup and L € P be a Levi factor. We let
P~ C G denote the parabolic subgroup opposed to P with respect to L. There is a natural exact sequence
of A-modules [Emerton 2010b, (3.7.6)]

0— ExtlL (0,0rdp ) — ExtlG (IndG, o, ) — Homy (o, H'Ordp ) 39)
7A category is essentially small if it is equivalent to a small category, i.e., if the isomorphism classes of its objects form a set.

8 A Grothendieck category is an abelian category that admits a generator and small direct sums, and in which inductive limits
are exact.
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for all objects o and m of Mod?idIn (A) and Mod‘édm(A) respectively. We construct a second exact sequence,
in which parabolic induction is on the right.

By [Emerton 2010a, Proposition 4.1.5 and Proposition 4.1.7], parabolic induction induces an A-linear
exact functor
Ind$ : Modi™(A) — ModX™(A).

By [Emerton 2010b, Corollary 3.6.7], taking N-coinvariants induces an A-linear right-exact functor (the
so-called Jacquet functor)
(=) : Mod&™(A) — Mod¥™(A).

By Frobenius reciprocity and the universal property of coinvariants, there is a natural A-linear isomorphism
Homg (7, Ind$ o) = Homy (y, o). (40)

for all objects 7 and o of ModX™(A) and Modi®™(A) respectively.

We deduce from [Kashiwara and Schapira 2006, Proposition 6.1.9] that these functors and the adjunction
relation extend to the corresponding pro-categories. By [op. cit., Corollary 8.6.8], Indg is still exact so
that (—)n still preserves projectives. Thus, denoting by L,(N, —) the left derived functors of (—)y in
Pro—Modz(‘?m(A), there is a Grothendieck spectral sequence of A-modules

Exth,, ; (L; (N, ), 0) = Exty/ (7, Ind§ o)
whose low degree terms form a natural exact sequence of A-modules
0— Extf,m_L (my,0) — Extfl,m_G(rr, Indg o) — Homp,o., (L1(N, ), 0)
— BExt},o 1 (T, 0) = Bxtpo (r, IndG o) (41)
for all objects 7 and o of Pro-Mod™(A) and Pro-ModI™(A) respectively.

We let d denote the integer dimp N and § € X*(L) denote the algebraic character of the adjoint
representation of L on dety(Lie V). We define A-linear functors by setting

H. (N, —) := HF®l=*0rdp @ (w0 ).

We deduce from [Emerton 2010b, Corollary 3.4.8 and Proposition 3.6.1] that we obtain a homological
8-functor
H. (N, —) : Mod¥™(A) — Mod¥™(A)

and proceeding as in the proof of [Kashiwara and Schapira 2006, Corollary 8.6.8], we see that it extends
to a homological §-functor between the corresponding pro-categories.
By [Emerton 2010b, Proposition 3.6.2], there is an isomorphism of functors (hence the notation)

Ho (N, —) = (—)w
which, by universality of derived functors, extends uniquely to a morphism of é-functors

H.(N,-) = L.(N,-) (42)
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which is bijective in degree 0, and thus surjective in degree 1 (by a dimension-shifting argument). Using
(38), we deduce from (41) a natural exact sequence of A-modules

0 — Extl (my, o) — Extl. (7, Ind$ o) — Homy (H{(N, 7), o) (43)
for all objects 7 and o of Mod"Gdm (A) and Modidm(A) respectively.

Remark 4.2.1. (i) Nothing is known (to the author at least) regarding the nature of the morphism (42)
in degree greater than 1.

(ii) Let H be a p-adic Lie group. Taking inductive limits induces an A-linear exact functor
lim : Ind-Modi™(A) — Mod™(A)

which is essentially surjective, but not faithful nor full in general. Thus the situation here (i.e.,
deriving in Pro—Mod’}gm(A)) is not exactly dual to that of [Emerton 2010b, §3.7] (i.e., deriving in
Mod;49m(A)).

4.3. Adaptation of the computations. Let I, J C A, o be an L;-representation and n € N. We let
hwo = wyowo (resp. Jnhw
(resp. /N

hwoLp'wy Uand P; = hwo Pty ! hence a natural G-equivariant isomorphism

J_l(l)w‘]’() = W A,/ -1(1y,0Ws,0) denote the image of wo (resp. wy,) in Iy
J_I(I)WJ) and we define an auxiliary subset of A by setting I’ := Iwo_l(l). We have L; =

Indf; o = Indfl_ 0" (44)
defined by f — (g — f('wog)).

/ _ 1,,J—1 . .
Lemma 4.3.1. The map ‘"W’ — "W’ defined by 'w’ Iwo Ly J0w Dw; o is an order-reversing

bijection.

Proof. First, note that W; = wo W wo, so that left translation by wg induces a bijection
WI\W/W; = Wi\W/Wj.
In particular, card /W’ = card "’ W7 Thus, it is enough to prove that the order-reversing composite
"W w=w
where the first arrow is defined by ‘w? > wy o/w? /"' Dy, o (it is injective since /W is a system of
representatives of the double cosets W;\W/ W, and order-preserving since the projection W — /W is
order-preserving) and the second arrow is the left multiplication by wy (it is an order-reversing bijection;

see [Bjorner and Brenti 2005, Proposition 2.3.4(i)]), takes values in /' W~
Now, let ‘w’ € W/, For all ‘'w € 'W and w; € Wy (using [op. cit., Proposition 2.3.2(ii)]),

E(wplwo_”w) = E(wo(wowpwo)wl,olw)
= C(wo) — ((L(wy,0) — L(wowwg)) + £('w))

= L(wy) + L(wowy.o'w).
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. I,J—1 _ I,J—1 / . .
Since w’ /M Dy o € 'TW, we deduce that 'w,, Loy /10w =Dy, o € "W Likewise, for all w’ € W,
we have wow”’w, o€ W”. Since

L, —11 JJnlw/=1u I,.J
wo w ( )wj,o = wowyr,ow 'U.)Jﬁlw]—l([)’ow‘],()

I..J

= WoWr,0Winiy! (J),0 W WJ0
m’wf(Jn T

= wowl 0

and w”& wl T ¢ W, we deduce that Iwg“wjmlefl(”wj,o € W’. We conclude that

_ 1, J—1 /
Iwo 11,,J I0"w (l)wJ’O c'w. 0

We see from Lemma 4.3.1 that the left translate by ‘wq of the decomposition G =|_| nyrerwi Pr w’ p;
is the decomposition G = | |1,,sc1yys Pr 'w’ P; with the opposite closure relations. Proceeding as in
Section 2.2, we can construct a natural filtration Fil% (Ind o) by Pj-subrepresentations indexed by Iyt

with the opposite Bruhat order, and there is a natural P;- equivariant isomorphism
Gr;“;J (IndG o) = c—indP’ Wik
for all ‘w’ € 'W’. Furthermore, (44) identifies this filtration with Fil (IndG_ o wO) using Lemma 4.3.1

to identifiy the indexing posets, and induces a natural P;-equivariant 1s0morph1sm

I

Plw! Py "w! Py
c-ind, o Zc- 1ndP’_’ oo (45)

for all ‘w’ e 'W’ with 'w’/ = wO Ay N’ l(l)wj() Therefore, by Proposition 3.3.1, Fil}, (Ind o)
induces a filtration Fil} (H, (Ny, Ind¢ p, 0)) by L;-subrepresentations indexed by w/ with the opposne
Bruhat order and there is a natural L;-equivariant isomorphism

Grp’ (Ha (N7, nd§, 0)) = H, (N, c-ind """ o)

for all 'w’ e TW/.
Let ‘w’ € "W/ and set w’ := fwy 1w’ /0" T Dy o We let & be an L jqn,s-1 ;) -representation.
Note that J N fw’ =1(1) = /""" Dy (7 0 w? =1(1')). We have

Jnlw/ =11 Inw! =N,

ijle = wJ,OLJQIh)J*I([’) JO
and
Nfw? =1(1) Jnhw! =Ny —1
L‘]mPJmle—|(I) wyol;NP, Tl —1(17) Wj o
hence a natural L;-equivariant isomorphism
L ey L _anlwd =L
Ind;’p ¢ =Ind’ o wi.0 (46)
J Jnlwd — 1(1) J ./ﬂl/wjfl(l/)

defined by f +— (I — f(’ Nw!=H Dy, 7.01)). Proceeding as in the proof of Lemma 4.3.1, we obtain the
following result.
Lemma 4.3.2. The map I Dy, mﬂwj_l(l/)W] defined by wy lmle_l(’)w;})wj is an order-

reversing bijection.
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We deduce from Lemma 4.3.2 that the left translate by ‘wq (resp. /"’ (Dy, o) of the decomposition

_1/ J —
P 'w’ Py = L PI/ w wJB (resp. Ly = L LJﬂPm,/ A w’; By)
w’]eml,wj_u’/)WJ w/Jeml'w/—'(l’)Wj
is the decomposition
P[Iu)JPJ= I_l P[IwajB (resp. Lj: I_l LJﬂPJmeJ—l(I)wJBJ)

wjejﬂlw-”l(l)wj wjemlwffl(l)wj
with the opposite closure relations. Proceeding as in Section 2.2, we can construct a natural filtration

Fil% (c- 1ndP’ O’) (resp. Fil§ B (Indij P, 0)) by B- (resp. B;j-)subrepresentations indexed by

Nyl — 1(
Intw! =) W_] with the opposite Bruhat order and there is a natural B- (resp. B;-)equivariant isomorphism

P[ w Pj ~ P[ w LUJB wy L/ ~\ ~ . ijp.lﬂlefl(l)ijJ ~
GrB (c ind ) c-indp o (resp. GrBj (IndijD P o) =c mdLumle,l(,) o)
1,,J—1 . . . . .
for all wy € /™" (DW;,. Further, (45) (resp. (46)) identifies this filtration with
Fill (c-ind,,” W Fily, (Ind™ 5 s
1B(c -in o ) (resp. il, (n Lap o ))
Jnl’wd — ](1/)
using Lemma 4.3.2 to identiﬁy the indexing posets, and induces a natural B- (resp. B;-)equivariant
isomorphism
~ . P lwlw', B 1
c- 1ndP’ whwsB oo o ingtr T g
]/
LyNP, 1,01, WiBr . Lk wiBr by =10
(resp. c-ind, " " & =c-ind, VT G w1.0)
JOVE jn1,J =1y L;NP Salwd —1 1)
1,,J—1 . 1,J—1 P p
forallw, €/™"  DW,; withw) =7/"" (I)w] owy. Therefore, by Proposition 3.3.2, Fil} (c-ind ;) * ™ o)

induces a filtration Fily (H,(Ny, c- 1ndP’ w’ by o)) by B;-subrepresentations indexed by / ”I - (1 ) W; with
the opposite Bruhat order and there is a natural B;-equivariant isomorphism

Gry’ (Hu(Ny, c- 1ndP’ w’ By o)) ZH,(Ny, c—indglw/w’B o)
for all wy € /M "' D,

Theorem 4.3.3. Let o be a locally admissible L;-representation, 'w’ € "W’ and n € N. For all
I,J—1 . . . .
wy € 1YW DWW, there is a natural B jati=1),1, ~€quivariant isomorphism
) .,.0 u

. P 1 JP
Gry’ (H, (Ny, c-ind ! o))
~ L Iyt
= G (Indijijleil(l) (Hn—[F:@p]dle (L[ ﬂNIﬂlw"(J)7 O') &® (C()O(Slw./)))
which is even Lj N Pmmzu,pu,)wﬁ),w,,l(1)-equivariant when wy = Jmlwffl(l)wjyo‘

Proof. We set fw” := lwy w? /0"w" ™ Dy ;o and we define an L 1,7-17)-representation by setting

I JIJI(I) 1

5 — ((H[F:Qp](dj dl/"’j)_nordL,/ﬂP O,Iwo) w ® (wo (8 —51@1))) JO

o
'nl'wd ()
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where d; denotes the integer dimp Ny and §; € X*(L;) denotes the algebraic character of the adjoint rep-
resentation of L; on detr(Lie N;). We prove that there is a natural L ;n1,s-1(;)-€quivariant isomorphism

1,7
o= an[F:@p]dle (L] N Ninns (1) O‘) Y ® (wodn,s). (C9))]

1 I,,—1 _ 1 I —1
We have Ljnnys gy = wWoLpnr,sywy and Ly 0 Pranys gy = woly N Ppan,sp)'wy -, hence natural
L iy, (y-€quivariant isomorphisms

I Iw
. wy ~ . 0
H OI‘dLl,mp o = (H OI'dlepm,w](J) O’) .

ol (1)

Using Lemma 2.1.1(iii), we have (with notations analogous to d; and §;)

. -1
H'Ordr,np, 1,0, = HiF0,0W,01,0 5, ~dD—s (L1 NV Niani gy, =) & (@ 0 (81an,1(gy = 81))-
Thus in order to prove (47), it remains to check that

dy = iy —dp) +digs +dnyr, 87 =" " S 1nm0 ) =81+ 8nps + 77 Dy (810 0).

We do these computations on the corresponding Lie algebras: d; and §; correspond to ®+t\&¥,
(dinnys sy — dr) and 'w? =1 (8, 1,05y — 8;) correspond to J(<Il>+\<I>JJr)ﬂ’wJ_1(CDf), dr,s and 81, cor-
respond to (®T\®F) N fw’/~1(—dT), and dy,; and /" Dw; o(8y,,) correspond to (PT\PT) N
hy? =L@\ @) (noting that ‘wy(—dT) = (— c1>,+) U (dT\®)) and (dT\ 1) N w/~1(—d)) = 2).
Thus, the two equalities above follow from the partition

q)+\q)7 ( q)+\q>+)m L.J— ](¢1+)) ( q)+\q)+) ) l J— ]( CI)+)) ( q>+\q>+)m I.J— 1 (D-i-\q)}F)) ,

which is obtained from the partition ® = d>;r U(—d*)u (CI>+\CI>;’) by applying ‘w’ ! and taking the
intersection with @\ ®7.

Let wy € Jnhw! (1) W; and set w’, := Jnfw!= l(I)w] owys. By construction, (45) induces a natural
Bj-equivariant isomorphism

G (o (Ny, c-ind? ™' P ) = Gr'y? (HIF2 -1 0pdp, (c-ind 7 " 6'"0) @ (w0 6,).
]/

By Theorem 3.3.3, there is a natural B, ,, -equivariant isomorphism

7[ijj

’ . Pl _anhyl -1
Grg‘, (H[F'@P]d’_”OrdPJ (c—indp'_ Iwo) R (wody)) = GrB, (IndL’ 5" U)wm)
1/

L;NP~
anl’wd =117

whichiseven Ly N P;r, /- 1y -equivariant when w’ ' = 1. By construction, (46) and (47) induce a natural
Bj-equivariant isomorphism

L _unlw/ =1
Gr (IndL’m,r o w“))
T sl d =11

~ LyJ
Gr%)’ (IndLJmP nhd —1 (1) (Hn—[F;@p]dle (L] N N[mle(‘]), U) w ® (a) o (Sle))).

Composing these three isomorphisms yields the result. O
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Theorem 4.3.3 with w; =/ Nw! =Dy, 7.0 yields a natural L;-equivariant morphism analogous to (30),
L hy? . Plw! P
IndLjﬂP.,mjwlfl(l) (Hn_[F;@p]d,w, (L] N Nyans (1), g) Y ®(wo 81w/)) — H, (NJ, c—mdpj w’ Py g), (48)
and Conjecture 3.3.4 is equivalent to (48) being an isomorphism. We also have analogues of Propositions
3.3.5 and 3.3.7. In the case / = J, we obtain the following analogue of Corollary 3.3.8.

Corollary 4.3.4. Let P = LN be a standard parabolic subgroup and o be a locally admissible L-
representation.

(i) Foralln € N such that0 <n < [F : Q,], we have H, (N, Indg ) =0.
(ii) IfULmsaNsa‘l =0foralla € A"\ (A}‘ U Ai"l), then there is a natural L-equivariant isomorphism
Hirq, (N.Indfo)= P 0*®woa).
aeAi’l

Remark 4.3.5. The results hold true with P~, N~ and ™! instead of P, N and w respectively.

5. Application to extensions

The aim of this section is to compute the extensions between parabolically induced representations of
G. In Section 5.1, we review some cuspidality and genericity properties and we prove some preliminary
results on extensions which will be used in the case where G is split and Z is connected. Then, the main
results are proved in Section 5.2. Finally, some of these results are lifted to characteristic 0 in Section 5.3.

5.1. Preliminaries. We fix a standard parabolic subgroup P = LN. We first define some cuspidality
properties and discuss the relations between them.

Definition 5.1.1. We say that an admissible smooth representation o of L over £ is:

o supersingular if Fp ®y o is supersingular (in the sense of [Abe et al. 2017a]),

« supercuspidal if it is irreducible and not a subquotient of Indb T for any proper parabolic subgroup
QO C L with Levi quotient L g and any irreducible admissible smooth representation t of Ly over k,
o right (resp. left) cuspidal if Ordg o = 0 (resp. on, = 0) for any proper parabolic subgroup Q C L
with unipotent radical Ng.
Remark 5.1.2. In [Abe et al. 2017b, Definition 6.3], left and right cuspidality are defined for smooth
representations using the left and right adjoint functors of Ind(Q;, namely Lg and Rf. Since L = (=),
and the restriction of Ré to admissible representations is Ord - [op. cit., Corollary 4.13]), these definitions
coincide for admissible representations.

Lemma 5.1.3. Let 0 be an irreducible admissible smooth representation of L over k. The following
conditions are equivalent.

(1) o is supercuspidal.

(i1) o is left and right cuspidal.
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(iii) I]_:p Q. o is a (finite) direct sum of supersingular representations.
In particular, o is supersingular if and only if it is absolutely irreducible and supercuspidal.

Proof. Over I]?p, the equivalence between (i) and (ii) is [op. cit., Corollary 6.9], and the equivalence
between “supercuspidal” and “supersingular” is [Abe et al. 2017a, Theorem 5]. By [Emerton 2010b,
Lemma 4.1.2], Fp ®y o is a finite direct sum of irreducible admissible smooth representations of L over
[Fp. Since IndLQ, (—)n, and Ordg commute with [l_:p ®x —, we deduce the equivalences over k. O

We now study some genericity property for smooth representations of L over k with central character.
We assume that Ai’l £ J.

Lemma 5.1.4. Let o be a smooth representation of L over k with central character ¢ : Z; — k™ and
aeAr IftoaY =w L theno®® (0 o) =o.

Proof. For convenience, we recall the construction of the representation 0% ® (w ' o). Let G, € G be
the standard Levi subgroup corresponding to «. We fix a representative n, € N of s,. For every 8 € A
and for all integers i, j > 0, ia + jB & ® (since o L B), thus U, and Ug commute for every B € A,
[Borel and Tits 1965, Proposition 2.5], or more directly using the Baker—Campbell-Hausdorff formula.
We deduce that G, and L normalise each other (since G, and L are generated by Z and respectively
Ui, and (Ug)ge+a, ). In particular, n, normalises L (since n, € G) and the ny-conjugate o does not
depend on the choice of ny in 1y Z up to isomorphism (since Z C L). Furthermore, L normalises U, and
o extends (uniquely) to an algebraic character of L (since o € A,

We let I, C L be the kernel of @ : L — F*. Note that L = SI,. We may and will assume that n, lies
in the subgroup of G, generated by UL, [Abe et al. 2017a, §11.4] so that n, commutes with /,. Thus,
the action of I, on 0% ® (v~ o) and o is the same.

Now, assume ¢ oa” = w~!. For any A € X, (S) we have A — s, (1) = (a, M), so that

A—se(W) €Xu(SNZL) and Co(h—s4(V) = (Coa”) " =~ @Y = (v Toa)o.

We deduce that for any s € S, s(ngsn; )~ € SN Z; and ¢(s(ngsn; ™) = (@~ ! oa)(s). Thus, the
action of S on 0% ® (w~ ! o) and o is the same. [

The following result yields a converse to Lemma 5.1.4 when G is split and Z is connected [Breuil and
Herzig 2015, Proposition 2.1.1].

Lemma 5.1.5. Let o be a smooth representation of L over k with central character ¢ : Z; — k™ and
o€ Ai’l. Assume that there exists ). € X, (Zy) such that (o, A) =1 and (8, A) =0 forall 8 € Ai’l\{a}.

Ifeoa” #w™ !, then so({) (@ oa) # ¢ and 5o (§) (@™ o) #5p(0) (0™ o B) forall B € Ap"\{a}.

Proof. We have (e ()@ toa))or=(Co Mo a)w)~ ! and (sﬂ(g‘)(w_1 of)) ol = (¢ o) forall
B € Ap"\{a}. Thus, if s4(§)(@ o) = or s4(¢) (@' o) = 55(¢) (@' 0 B) for some B € Ap!\{a},
then precomposing each side of the equality with A yields the equality ({ o™ )w = 1. O
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We now give some preliminary results on extensions. Let H be a p-adic Lie group. For locally
admissible smooth representations , 7’ of L over A, we let Ext}, (7', w) denote the A-modules of
extensions computed in Modl,j“llm (A) a la Yoneda or using an injective resolution of 7. If 7, 7" are
admissible, then in degree 1 it is equivalent to compute Ext}, (', ) in Modj‘,}jm(A) a la Yoneda, but this
is not known in higher degree [Emerton 2010b, Remark 3.7.8], except when H = GL,(Q),) [Paskiinas
2013, Corollary 5.17]. Let Z C H be a central closed subgroup and ¢ : Z — A* be a smooth character.
We write Molea‘%m(A) for the full subcategory of Mod" adm(A) whose objects are the representations
on which Z acts via ¢. If Z acts on 7, 7’ via ¢, then we let Exty, C(JT ) denote the A-modules of
extensions computed in Mod}; aldm(A) a la Yoneda, or equivalently using an injective resolution of 7.

We now assume that G is spht and we write T for the maximal split torus § = Z. Using Notation 2.3.3,
we have d,, = £(w) for all w € W, so that in particular A' = A. Let L’ C G be a standard Levi subgroup
such that Ay, 1 Ay/. Note that LL' is the standard Levi subgroup corresponding to Az LIAz:. Let o be a
locally admissible smooth representation of L over k with central character ¢ : Z; — k*. The following
construction was communicated to me by N. Abe.

First, we assume that GY" is simply connected and we let Z C Z be a closed subgroup. Recall that this
is equivalent to the existence of fundamental weights (144 )qea [Breuil and Herzig 2015, Proposition 2.1.1].
We set x :=¢ oZaeAL,(ozv ope). Thus y oa¥ =1foralla € Ay and y ooV =¢ o forall @ € Ay,

so that y extends uniquely to L and 0p :=0 ® x !

extends uniquely to a locally admissible smooth
representation of LL’ over k [Abe 2013, Lemma 3.2]. We let x': T — k* be a smooth character such
that x(zy = X|z,,> S0 that x’ extends uniquely to L, and we set o’ := 0y ® x'. There is a commutative

diagram of k-vector spaces

Ext ., (X x) — Exty, (Indp x/,Indy x)

| |

Ext}_,xlz(x’,x) — Ext},, (IndLB X' Ind:L” ) (49)
L/

| |

Exty £ (0 O’) _— ExtLL/ (Ind“é, o’ IndLé, 0)

where the horizontal arrows are induced by the functors Indé, and IndéLB , the upper vertical arrows
are induced by extending representations to L and LL’, and the lower vertical arrows are induced by
tensoring representations with oy. Furthermore, the lower horizontal arrow of (49) composed with the

. . . G .
k-linear morphism induced by the functor Ind_,

Exty, (IndLg, o', IndLg, o) = Extg .. (Ind3_ o', Ind3_ o), (50)

is the k-linear morphism induced by the functor Ind$_:

Ext‘L’qZ(a/, a)—)Ext‘G’qZ(Ind o’ IndP o). (51
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Lemma 5.1.6. (i) In degree 1, there is a k-linear injection from the cokernel of the upper horizontal
arrow of (49) into the cokernel of (51).

(i1) Assume Z connected. In all degrees, there is a k-linear injection from the kernel of the upper
horizontal arrow of (49) into the kernel of (51).

Proof. We prove (i). The map in question is induced by the composite right-hand side vertical arrow of
(49) composed with (50). Let £ be an extension of IndL X " by Ind x with central character | ZL’ (so
that £ extends to LL’). Then Ind% p-/(00®E) is an extensmn of IndG_ o’ by Indg_ o on which Z acts
via ¢. There are L-equivariant isomorphisms

Ordp (Ind§_;, (9 ® £)) = Ord. 5, (00 ® ) = 09 ®Ordyp,, &

The first one results from [Emerton 2010a, Proposition 4.3.4] and the second one from the fact that U,/
acts trivially on op (note that Ordg,, £ extends to L). If the class of £ is not in the image of the upper
horizontal arrow of (49), then there is a T-equivariant isomorphism Ordp,, £ = x, hence an L-equivariant
isomorphism Ordp (Ind§ p-1(00®E)) = o; thus the class of Ind§ p-1(00® &) is not in the image of (51).
We prove (ii). The map in question is induced by the left-hand side composite vertical arrow of
(49). Thus, it is enough to prove that the latter is injective. We assume Z connected. Recall that this is
equivalent to the existence of fundamental coweights (1, )qea [Breuil and Herzig 2015, Proposition 2.1.1].
We let T’ C T be the closed subgroup generated by the images of (Ay)aea,,, so that T" € Zj and the
product induces an isomorphism T’ x Z;, => T. There is a commutative diagram of k-vector spaces

EXt.T Xz, (X/’ X) ;) EXt.T/ (X|/T/s XIT/)

| |

Extz’x‘z(x’, X)) — Ext’T,(xl/T,, X|T’)

| [

EXI'L,;@(U/’ o) — Ext}, (Gl’T/, 0|T,)

where the horizontal arrows are induced by restricting representations to 7" (the upper one is bijective
with inverse induced by tensoring representations with x,z,,, and the middle and lower ones are well-
defined since a locally admissible smooth representation of L over k is locally Z; -finite [Emerton 2010a,
Lemma 2.3.4], the left-hand side vertical arrows are the same as in (49) and the lower right-hand side
vertical arrow is induced by tensoring representations with o7 (it is injective since 7’ acts on oy via

cxh. -

Now, we do not assume G simply connected. Instead we take a z-extension of G, i.e., an exact
sequence of linear algebraic F-groups

15Z>G—>G—1
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such that G is reductive with simply connected derived subgroup and Z is a central torus [Colliot-Thélene
2008, §3.1]. The projection G — G identifies the corresponding root systems. We let P C G be the
standard parabolic subgroups corresponding to P and L C P be the standard Levi subgroup corresponding
to L. Note that L is a z-extensions of L. We let o’ be a locally admissible smooth representation of L
over k with central character ¢. By inflation, we obtain locally admissible smooth representations ¢ and
&' of L over k. There is a commutative diagram of k-vector spaces

Ext} (o', 0) — Exty, (Indg_ o, Indg_ 0)

lz le (52)

. ~r o . G ~ G ~
EXtZsQZ(G ,0) —— EXtG,qZ (Ind?_ a’, Indlg_ a)
where the horizontal arrows are induced by the functors Ind%_ and Indgf and the vertical arrows are
induced by inflating representations to L and G (they are well defined and bijective since ¢;7 is trivial).

Proposition 5.1.7. Assume F = Q, and G split. Let o be a locally admissible smooth representation of
L over k with central character ¢ - Z; — k*.

(1) Assume Ai # & and let a € Ai. IfcoaV # w™!, then the k-linear injection
Exti (o“ R o), O') L Extb (Indg_ 0% (w ' ow), Ind§_ or)

induced by the functor Indg_ is not surjective.

(i1) If p = 2, then the functor Indg_ induces a k-linear injection
Ext,ld (0,0) — Ext}; (Indg, o, Indg, 0)
whose cokernel is of dimension at least card{«x € Ai‘ |Coa¥ =1}.

Remark 5.1.8. We expect the results to hold true for a nonsplit reductive group with Ai’l instead of Ai.

Proof. By taking a z-extension of G and using (52), we can and do assume that G%" is simply connected
and prove analogous results for the morphism (51).

Assume Ai # @ and leta € A7. We use Lemma 5.1.6(i) with L' defined by A ={a}, x = oa¥ o g,
and x' = sq(x)(@ ' o), so that 0/ = 6% ® (w~! o @) (since o5 = op by Lemma 5.1.4 with 1 instead
of w). If oY # w™!, then the upper horizontal arrow of (49) in degree 1 is not surjective by the mod
p analogue of [Hauseux 2017, Lemme 3.1.4] (since x oa” = ¢ oa” = 1); thus (51) in degree 1 is not
surjective, hence (i).

We use Lemma 5.1.6(i) with L defined by Ay = {a € Ai |coaY =1}, x=¢o Z(XGAL, (@Y o lty),
and x' = yx, so that o’ = 0. If p =2, then the cokernel of the upper horizontal arrow of (49) in degree 1
is of dimension at least card Ay, [Hauseux 2017, Théoreme 3.2.4(ii) and Remarque 3.2.5(ii)] (since
xoaY =Coa¥ =1sothat s,(x) = x by Lemma 5.1.4 for all « € Ay/), noting that all the extensions
constructed there have a central character [op. cit., Lemme 3.1.5]; thus the cokernel of (51) in degree 1 is
of dimension at least card Ay, hence (ii). O
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Proposition 5.1.9. Assume F = Q,, G split and Z connected. Let o be a locally admissible smooth
representation of L over k with central character ¢ : Z; — k*. If p # 2, then the functor Indg, induces a
k-linear morphism

Exti (0,0) > EthG (Indg_ o, Indg_ o)

whose kernel is of dimension at least card{« € Ai |CoaY =w !}

Proof. By taking a z-extension of G (noting that the centre of G is also connected because Z is connected)
and using (52), we can and do assume that G%" is simply connected and prove an analogous result for
the morphism (51).

We use Lemma 5.1.6(ii) with L’ defined by Ay ={a € A7 | {oa¥ =w '} and x' = x, so thato’' = 0.
If p # 2, then we see in the proof of [Hauseux 2017, Théoreme 3.2.4(i)] that the kernel of the upper
horizontal arrow of (49) in degree 2 is of dimension at least card Ay (since x oa¥ = oY = w™! for all
o € Ap); thus the kernel of (49) in degree 2 is also of dimension at least card Ay, hence the result. [

5.2. Extensions between parabolically induced representations. We begin with a result when there is
no inclusion between the two parabolic subgroups, assuming a special case of Conjecture 3.3.4 (see also
Remark 3.3.6).

Proposition 5.2.1. Let P = LN, P’ = L'N’ be standard parabolic subgroups and o, ¢’ be admissible
smooth representations of L, L' respectively over k. Assume Conjecture 3.3.4 is true for A=k, n =1 and
fw? =1.1fP' ¢ P, P & P, and 0, o’ are right, left cuspidal respectively, then

Ext]G (Indg,, o, Indg, o) =0.
Proof. We put I := Ay and J := Ap.. Using (31), (39) with 7 = Indgl, o and P;, L;, o’ instead of P,
L, o respectively yields an exact sequence of k-vector spaces

0— Exty, (o, Ind%’

Lnpr (OrdL,mpJ 0)) — Extlc (Indgf o/, Indgl, 0) — Homy,, (0/, HlOrdp, (Indgl, 0)).

(53)
Assume I £ J and o right cuspidal. Then Ord;,np, 0 = 0 (since L; N Py is a proper parabolic
subgroup of L;) and there is a natural L;-equivariant isomorphism

Ind;’ , (H'Ordz,np, o) = H'Ordp, (Ind§_ o). (54)

Indeed, by assumption (30) is a natural L;-equivariant isomorphism

~ . P[P
IndgﬂPf (H'Ordz,np, o) => H'Ordp, (c-indp ~' o)

—1.J
and by Proposition 3.3.5(i) with n = 1, we have H!Ordp, (c-indg WGy = 0 for all ‘w’ € "W such
that ‘w’ # 1 (since either di,y = 1 and Ord,np o=0,ordys >1and 1 —[F:Q,ld.s <O0).

1ntwd (1)

Thus, we deduce (54) from Proposition 3.3.1.

Assume J Z I and o’ left cuspidal. Then 021 AN = 0 (since Ly N P; is a proper parabolic subgroup
1

of Ly) and using (40) withm =o"and Ly, Ly P;, Ljns, Ly NN, HlOrdmej o instead of G, P, L,
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N, o respectively, we obtain

/ Ly
Hom,, (a , IndLmPI_

We conclude using (53). Il

(HlordlePj O’)) =0.

Now, we prove unconditional results whenever there is an inclusion between the two parabolic subgroups.
We treat the cases F' = Q, and F # Q) separately.

Theorem 5.2.2. Assume F = Q. Let P = LN, P’ = L' N’ be standard parabolic subgroups and o, o’

be admissible smooth representations of L, L respectively over k.

() If P' = P, o, o' are supercuspidal and o' Z 0® @ (w0~ o) forall o € Ai’l, then the functor Ind$_
induces a k-linear isomorphism

Ext; (¢/,0) => Ext§;(Ind$_ o', Ind$_ o).
(i) If P’ ; P and o is right cuspidal, then the functor Ind(;, induces a k-linear isomorphism
Ext; (Indf p- 0/, o) = Ext;(Ind§. o/, Ind$_ o).
Gi) If P ; P’ and o' is left cuspidal, then the functor Indg,, induces a k-linear isomorphism
ExtlL,(a’, Indf:mp, O’) o~ Exté; (Indg,_ o, Indg_ 0).

Remark 5.2.3. Assume P’ = P and o, o’ irreducible. In general, we do not know the dimension of
the cokernel of the k-linear injection ExtlL (0/,0) — Exth (Ind$_ o, Indg_ o) induced by Indg_, but we
prove that it is at most card{« € Ai’l |0’ = 0%® (v~ o)} whenever o is right cuspidal or o is left
cuspidal (see the proof). If o, o’ are supersingular, then letting ¢ : Z; — k* denote the central character
of o [Emerton 2010b, Lemma 4.1.7], we expect this dimension to be equal to

card {o € Ap! o' Z0%® (0 'oa) and ¢ 0¥ ;éa)_l}

except when p = 2 and in some exceptional cases [Hauseux 2017, Remarque 3.2.5] when G is split
and P = B. We prove this when G is split and Z is connected (see Theorem 5.2.7 below), in which
case the cardinal above is equal to 1 if 0/ = 0% ® (w0~ oar) Z o for some « € Ai’l and O otherwise by
Lemma 5.1.5. When G is split but Z is not connected, one could prove that the cardinal above is a lower
bound using Proposition 5.1.7(i) and some generalisation of [Hauseux 2017, §2.2] for P # B.

Proof. We prove slightly more general results.

Assume P’ C P and o satisfies the condition in Corollary 3.3.8(ii), e.g., o is right cuspidal. Using
[Emerton 2010a, Proposition 4.3.4] and Corollary 3.3.8(ii), (39) with = = Indg_ o and Indfm p— 0 instead
of o yields an exact sequence of k-vector spaces

0— ExtlL (IndﬁmP,_ o, o) — Exté (Indg,, o, Indg, a) — @ Hom;, (Indéﬁp/_ 0,0 (w o oc)).
aeAf! (55)
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If P'= P and o, o’ are irreducible, then 0% ® (w~' o @) is also irreducible for all @ € A+ !, and thus the
last term of (55) has dimension equal to card{a € A7"' | 6/ = 0* ® (w~' 0 @)}, hence (i). If P’ S P and
o is right cuspidal, then L N P’ is a proper parabolic subgroup of L and

Ord,np (0% ® (a)_1 oa)) = (Ordnp o) ® (a)_1 oa) =0

for all « € Ai’l; thus the last term of (55) is zero by [Emerton 2010a, Theorem 4.4.6], hence (ii).
Assume P C P’ and o’ satisfies the condition in Corollary 4.3.4(ii) for P’~ = L'N'~, e.g., o’ is
left cuspidal. Using [Vignéras 2016, Theorem 5.3, 3] and Corollary 4.3.4(ii) for P'~ = L'N’~ (see

Remark 4.3.5), (43) with w = IndIGJ,, oc'and P/~, L', N, Indéimp_ o instead of P, L, N, o respectively

yields an exact sequence of k-vector spaces

0 — Extj, (o, Indﬁimp, o) —> Exty; (Indg,_ o', Ind$_ o) —> @ Homy (6" ® (0 'ow), Indf:mp, o).

weal (56)
If P' = P and o, o’ are irreducible, then 0" ® (v~ o) is also irreducible for all @ € A+, and thus the
last term of (56) has dimension equal to card{c € Ai,’l |0’ Z0%® (w0 ! oa)}, hence (i). If P ; P’ and
o’ is left cuspidal, then L' N P~ is a proper parabolic subgroup of L’ and

(@@ @ o)) an- = (0],y-)* ® (@ oa) =0

for all o € Ai’l; thus the last term of (56) is zero using (40) with 7 =0’ ® (0w 'oa)and L', L'N P,
L'NL, L' N~ instead of G, P, L, N respectively, hence (iii). O

Theorem 5.2.4. Assume F # Q. Let P = LN be a standard parabolic subgroup. The functor Ind%_
induces an A-linear isomorphism

Ext; (o', 0) => Extg; (Ind$- o/, Ind$. o)
for all locally admissible smooth representations o, ¢’ of L over A.

Proof. Let o, 0’ be locally admissible smooth representations of L over A. Using [Emerton 2010a,
Proposition 4.3.4] and Corollary 3.3.8(i), (39) with w = Indg_ o and o’ instead of o yields the isomorphism
in the statement. U

Corollary 5.2.5. Assume F # Q,. Let P = LN, P’ = L' N’ be standard parabolic subgroups and o, ¢’
be admissible smooth representations of L, L’ respectively over k.

(i) If P’ C P, then the functor Indg_ induces a k-linear isomorphism

ExtlL (IndimP,, o, o) o~ Extb (Indg/_ o, Indg_ a).
(ii) If P C P/, then the functor Indg,, induces a k-linear isomorphism

ExtlL/ (a/, Indé:mp_ o) RS Exth (Indg,, o/, Indg, a).

Remark 5.2.6. Theorem 5.2.2(i) and Theorem 5.2.4 are encompassed in a more general (but conditional
to a conjecture of Emerton) result. Let P = LN be a standard parabolic subgroup, o, ¢’ be locally



824 Julien Hauseux

admissible smooth representations of L over A and n € N. The functor Indg_ induces an A-linear
morphism
Ext} (o', o) — Ext§(Ind$- o', Ind$_ o) (57)

and there is a spectral sequence of A-modules [Emerton 2010b, (3.7.4)]
Ext) (o', R7Ordp (Ind$_ o)) = Ext// (Ind$_ o', Ind§_ o) (58)

where R*Ordp denotes the right derived functors of Ordp : Modl(';adm(A) — ModlL'adm(A). Now assume
that [op. cit., Conjecture 3.7.2] is true, i.e., R*Ordp = H*Ordp. Using Corollary 3.3.8, one can deduce
from (58) that:

o if n < [F:Q,], then (57) is an isomorphism;

e« if n =[F : Q,], then (57) is injective and if furthermore o, ¢’ are supercuspidal, then the dimension
of its cokernel is at most card{a € Ai’l o' Z 0@ (w o a)}.

One can also generalise Proposition 5.2.1 and Theorem 5.2.2 (ii) and (iii) in all degrees n < [F : Q,].
Finally, we complete Theorem 5.2.2(i) when G is split and Z is connected.

Theorem 5.2.7. Assume F = Q,, G split and Z connected. Let P = LN be a standard parabolic
subgroup and o, o' be supersingular representations of L over k.

() Ifo' Z 0”@ (0w ' o) Z o for some a € AT, then ExtlL(a’, 0)=0and
dimy Extg (Ind$- o/, Ind$_ o) = 1.

(ii) If either o' = o and p #2,0r ' Z 0% ® (w~ ' o) for any a € AT, then the functor Indg_ induces
a k-linear isomorphism

Ext} (o', 0) = Ext};(Ind$_ o', nd$. o).
(iii) If p = 2, then the functor Indg, induces a k-linear injection
ExtlL (¢/,0) — ExtIG (Indg_ o/, Indg_ (7)
whose cokernel is of dimension card{a € Ai‘ lo' ZE o }

Proof. Since o is absolutely irreducible, it has a central character ¢ : Z; — k™ [Emerton 2010b,
Lemma 4.1.7].

We first assume that 0’ = 0% ® (w ™' o) Z o for some o € Ai. We have ¢ oa” # ™! by Lemma 5.1.4,
so that o and ¢’ have distinct central characters by Lemma 5.1.5; thus ExtlL (o', o) = 0 [Paskiinas 2010,
Proposition 8.1]. Furthermore, 6’ 2 ¢ ® (w™' o B) for any B € Ai \ {a} (since the central characters
are distinct by Lemma 5.1.5). Using (55) with P’ = P and L' = L, we deduce that

dimy, Ext}; (Indg, o, Indg, 0) < 1.

Since the left-hand side is nonzero by Proposition 5.1.7(i), this proves (i).
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We now prove (ii). If o’ Z0*® (w o) for any o € A+, then the result follows from Theorem 5.2.2(i).
Assume that 6’ = o and p # 2. The terms of low degree of (58) form an exact sequence of k-vector
spaces

0— ExtlL (0,0) —> Ext%; (Indg_ o, Indg_ a) — Homy, (a, RlOrdp (Indg_ 0))

— Ext% (0, 0) — Ext%; (Indg_ o, Indg_ a). (59)

Since there is an injection of functors R!Ordp < H'Ordp [Emerton 2010b, Remark 3.7.3], we deduce
from Corollary 3.3.8(ii) and Lemma 5.1.5 that

dimy HomL(or, RlOrdp (Indg_ o)) < card{a € Ai ‘ loa’ = a)_l}.

Thus, we deduce from Proposition 5.1.9 that the third arrow of (59) is zero, hence the result.

Finally, we assume p =2 and we prove (iii). By Proposition 5.1.7(ii) we have a lower bound and using
(55) with P’ = P and L’ = L we obtain an upper bound. Using Lemmas 5.1.4 and 5.1.5 together with
the fact that w = 1, we see that both are equal to card{o € Ai |o’' = o). U

Remark 5.2.8. Theorem 5.2.7(i) can also be generalised in the context of Remark 5.2.6. Let P = LN
be a standard parabolic subgroup and o, o’ be supersingular representations of L over k such that

!~

o 0’ Q@ (w ' o) Z o for some o € Ai. Assume G split, Z connected and [Emerton 2010b,
Conjecture 3.7.2] is true. Using Corollary 3.3.8 and Lemma 5.1.5, one can deduce from (58) that

Ext[LF:@"](a/, o) =0and

dimy Exth @ (Ind§_ o', Ind§_ o) = 1.
Corollary 5.2.9. Assume G split and Z connected. If Conjecture 3.3.4 is true for A=k, n = 1 and
Lyt =1, then [Hauseux 2016b, Conjecture 3.17] is true.

Proof. Even though [Hauseux 2016b, Conjecture 3.17] is formulated under the hypotheses G split, Z
connected and G%' simply connected, we do not need the last one to prove it: (i) is Proposition 5.2.1,
which is conditional to Conjecture 3.3.4 for A =k, n = 1 and ‘w’ = 1; (ii) is Theorem 5.2.7(i); (iii)
and (iv) are Corollary 5.2.5(i) and (ii) respectively when F # Q,,, Theorem 5.2.2(ii) and (iii) respectively
when F =@, and P’ # P, Theorem 5.2.7(ii) when F = Q,, P’ = P and p # 2, and Theorem 5.2.7(iii)
when F =Q,, P'= P and p =2 (noting that if p =2, then w =1 and Indg_ o is irreducible if and only
ifo% 20 forall ¢ € A+: see [Abe 2013, Lemma 5.8] and Lemma 5.1.5). Il

5.3. Results for unitary continuous p-adic representations. Let H be a p-adic Lie group. A continuous
representation of H over E is an E-Banach space I1 endowed with an E-linear action of H such that
the map H x I1 — II is continuous. It is admissible if the continuous dual IT* := Hom%"'(I1, E) is of
finite type over the Iwasawa algebra E @ O[ Hp]l for some (equivalently any) compact open subgroup
Hy C H [Schneider and Teitelbaum 2002]. It is unitary if there exists an H-stable bounded open O-lattice
1° C I1. We write Banj‘gm’u(E ) for the category of admissible unitary continuous representations of H
over E and H-equivariant E-linear continuous morphisms. It is an E-abelian category.

We fix a uniformiser @ of O. Following [Emerton 2010a, §2.4], we let Mod’g_adm (0) be the category
of w -torsion-free z -adically complete and separated O-modules IT° such that T1°/z T1° is admissible as
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a smooth representation of H over k and H-equivariant O-linear morphisms. It is an O-abelian category
and the localised category E ®o Mod’,ﬂ,’*a‘dm(O)ﬂ is equivalent to Bana;fm’u(E ).

The E-vector spaces Ext},{(H’ , IT) of Yoneda extensions between admissible unitary continuous
representations IT, IT" of H over E are computed in Bani‘}m’u(E ). For all n > 1, the O/@w"O-modules
Ext}q (z/, ) of Yoneda extensions between admissible smooth representations 7, 7’ of H over O/w"O
are computed in Mod"}?m(O /" O). The following result is a slight generalisation of [Hauseux 2016a,
Proposition B.2].

Proposition 5.3.1. Let H be a p-adic Lie group, I1, I be admissible unitary continuous representa-
tions of H and 7, w' be the reductions mod @ of H-stable bounded open O-lattices T1°, TT'° of T1, TI'
respectively. Assume that dim; Hompy (7, 7) < oo. There is an E-linear isomorphism

Exty, (I, ) = E ®o lim(Exty, (M"°/=" 1%, N°/2"T1%)).

n>1
Furthermore, dimg Ext}q(l'[’, IT) < dimy Ext}{ (7’, ).

Proof. In the proof of [Hauseux 2016a, Proposition B.2], the hypothesis that 7’ is of finite length is only
used to prove that Homy (IT'° /" T17%, T1° /o " T1°) is of finite type over O/ " O for all n > 1. But this
can be proved by induction using that dimy Homy (7', ) < o00. O

Let P = LN be a parabolic subgroup. We recall that the continuous parabolic induction functor is
defined for any continuous representation X of L over E by

Indg_ Y= {f : G — X continuous | f(pg)=p-f(g)Vpe P ,Vge G}.

We obtain an E-linear exact functor Ind$_ : Banidm’u(E ) — Bangjm’”(E ) [Emerton 2010a, §4.1]. Fur-
thermore, there is a natural G-equivariant E-linear continuous isomorphism [op. cit., Lemma 4.1.3]
Ind%_ ¥ = E ®p lim(Ind§_ (2°/=" 2%)).
n>1
We extend the definition of the ordinary parts functor to any admissible unitary continuous representation
IT of G over E by setting
Ordp I := E ®¢ lim(Ord p(11° /" 11"))

n>1

for some (equivalently any) G-stable bounded open O-lattice TT1° C T1. We obtain an E-linear left-exact
functor Ordp : Bangim’“(E ) —> Ban‘zdm’“(E ) which is a left quasi-inverse and the right adjoint of Ind%_

[Emerton 2010a, Theorem 3.4.8, Corollary 4.3.5 and Theorem 4.4.6].

Definition 5.3.2. We say that an admissible unitary continuous representation X of L over E is right
cuspidal if Ordg X = 0 for any proper parabolic subgroup Q C L.

Remark 5.3.3. We also extend the Jacquet functor to continuous representations of G over E by taking the
Hausdorff completion of the N-coinvariants. We obtain the left adjoint of Indg by Frobenius reciprocity
and the universal property of coinvariants. However, we do not know whether it preserves admissibility.
For unitary representations, it does not behave well with respect to reduction mod " (n > 1). Nevertheless,
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we say that an admissible unitary continuous representation ¥ of L over E is left cuspidal if Xy, = 0 for
any proper parabolic subgroup Q C L with unipotent radical Ng.

We now turn to extensions computations. Our main tool is the following result, which gives a weak
p-adic analogue of the exact sequence (39).

Proposition 5.3.4. Let P = LN be a standard parabolic subgroup, ., ¥/ be admissible unitary contin-
uous representations of L respectively over E and o, o' be the reductions mod @ of L-stable bounded
open O-lattices °, X'0 of T, X' respectively. Assume that dim; Homy (¢/, o) < oo. There is a natural
exact sequence of E-vector spaces

0— Ext; (£', £) — Ext;(Ind§- ¥/, Ind$. £) — Hom, (¥, E®plim(H'Ordp (Ind$_ (2°/2"£)))).

n>1

Proof. For all n > 1, (39) with A = O/w"0, 7 = Ind$_(£°/"£%) and using [Emerton 2010a,
Proposition 4.3.4] 0 = %/ X0 yields an exact sequence of O/w"O-modules

0 — Ext; (22" 2", £%/w" 2% — Ext}; (Ind$_(£"°/"£"%), Ind_(2°/="£?))
— Hom,, (2"°/@" 2%, H'Ordp (Ind$_(2°/"£%))).  (60)

The composite H'Ordp o Ind§_ : Modi™(O/w"©) — ModX™(O/w" O) is left-exact for all n > 1 by
[Emerton 2010a, Proposition 4.3.4; Emerton 2010b, Corollary 3.4.8]. Thus

lim (H'Ordp (Ind$_ (2°/a" £%)))

n>1
is a w-adically admissible representation of L over O by [Emerton 2010a, Corollary 3.4.5]. Further-

more, it is @ -torsion-free and the projective limit topology coincide with the @ -adic topology [op. cit.,
Proposition 3.4.3(1) and (3)]. Thus

E ®0 lim(H'Ordp (Ind%_ (2°/=" £?)))
n>1

is an admissible unitary continuous representation of L over E. Taking the projective limit over n > 1 of
(60) and inverting z and using Proposition 5.3.1 yields the desired exact sequence. 0

Remark 5.3.5. In order to obtain an analogue of (39) for any admissible unitary continuous representations
%, ITof L, G respectively over E, one has to prove that the z -torsion of lim, _, (H'Ord p (T1° /o T1%))
is of bounded exponent (i.e., annihilated by a power of @) for some (equivalentfy any) G-stable bounded
open O-lattice TT° C TI.

We now use Proposition 5.3.4 to compute extensions between parabolically induced representations.

Theorem 5.3.6. Assume F = Q,. Let P = LN, P’ = L'N' be standard parabolic subgroups, ¥, ¥’
be admissible unitary continuous representations of L, L' over E and o, o’ be the reductions mod @ of
L, L'-stable bounded open O-lattices of ¥, ¥’. Assume that dim; Homg (Indg,, o/, Indg, o) < oo and
Y is right cuspidal.
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() If P’ = P, X, X’ are topologically irreducible and ¥’ % 2% ® (¢ ' o) forall « € Ai‘l, then the
functor Indg, induces an E-linear isomorphism

Ext} (£', £) = Ext}(Ind§_ ¥, nd§_ ).
(i) If P’ ; P, then the functor Indg, induces an E-linear isomorphism
Ext; (Ind}p- &', £) = Ext;(Ind$,. ¥/, Ind§. T).

Remark 5.3.7. Assume P’ = P and X, X' topologically irreducible. We do not know the dimension of
the cokernel of the E-linear injection Exti(E’ , X)) > Ext%; (IndG, ¥, Indg, %) induced by Indg,, but
we prove that it is at most card{o € Ai’l |2 = 32*Q (¢ o)} (see the proof). If X, ¥/ are absolutely
topologically irreducible and supercuspidal, then letting ¢ : Z; — O™ C E* be the central character of
Y. [Dospinescu and Schraen 2013, Theorem 1.1(2)], we expect this dimension to be equal to

card {o € A2 =2"® (¢ o) and ¢ o™ 75871}.

Proof. Let 30C ¥ be an L-stable bounded open O-lattice. For all n > 1, we deduce from Propositions 3.3.1
and 3.3.5(i) that there is a natural L-equivariant O/ " O-linear isomorphism

H'Ordp (Ind§ (2%/w"2%) = 5 H'Ordp(c-ind, =" (2°/"5?)). (61)
acANAL

Furthermore, if o € Ai’l, then there is a natural L-equivariant O/ " O-linear isomorphism

H'Ordp (c-ind} **F (£%/a"£%) = (2%/0"£%)* ® (0! o)

hence a natural L-equivariant E-linear continuous isomorphism
E ®o lim(H'Ordp (c-ind}, " (20/"£9)) = 2@ (¢ ' o),
n>1
whereas if o & Ai, there is natural filtration of H'Ord p (C—indf;:s” P (X" x0) by B -subrepresentations
such that each term of the associated graded representation is isomorphic as an O /@ " O-modules to

(20" 2))

'3

Cgm(Ui’ OrdLﬁsaPs
for some closed subgroup U i C Uy, and since Ord L0, Psg! > = 0 we deduce that
E ®o lim(H'Ordp (c-ind), " (£%/2"£%))) = 0.
n>1

Thus, taking the projective limit of (61) over n > 1 and inverting o yields a natural L-equivariant E-linear
continuous isomorphism

E ®0 lim (H'Ordp (Ind§ (2°/m"2))) = P @ (' o). (62)

n=1 acAp!
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Now Proposition 5.3.4 with Indfm p— X instead of X' yields, using (62), an exact sequence of E-vector
spaces

0 — Ext; (Indf .- &', ) — Ext§ (Ind$._ ', Ind§_ %)
— @ Hom; (Ind: - 2, 2*® (¢ ' o). (63)

aEAfl

If P'= P and X, X’ are topologically irreducible, then =% ® (¢! o) is also topologically irreducible for
all x € Ai’l, and thus the last term of (63) has dimension equal to card{« € Ai’l [T Es® (e o)),
hence (i). If P’ G P, then LN P’ is a proper parabolic subgroup of L so that

Ordznp (2 ® (67! 0@)) = (Ordznp £)* @ (¢ 0a) =0
forall o € Ai*l; thus the last term of (63) is zero, hence (ii). O

Remark 5.3.8. Theorem 5.2.2(iii) cannot be directly lifted to characteristic 0 because we do not have a
weak p-adic analogue of the exact sequence (43) (since it uses the Jacquet functor, see Remark 5.3.3).
However, assuming Conjecture 3.3.4 true for A=0/w"O (r = 1),n=1,1S J and 'w’ =5, (@ € A"\ J),
one can recover this case: with notation and assumptions as in Theorem 5.3.6, if P ;Cé P’ and X' is left
cuspidal, then the functor Ind%,_ induces an E-linear isomorphism

Ext, (%', Ind}, oo £) = Extg(Ind%- £, Ind$_ 2).

Theorem 5.3.9. Assume F # Q. Let P = LN be a standard parabolic subgroup, ¥, %' be admissible
unitary continuous representations of L over E and o, o' be the reductions mod @ of L-stable bounded
open O-lattices of £, Y’ respectively. Assume that dimy Homy (¢6/, o) < oo. Then, the functor Ind$_

induces an E-linear isomorphism
Ext} (£', £) = Ext}(Ind§. ¥, nd§_ ).

Proof. Let £° C X be an L-stable bounded open O-lattice. Then H!'Ordp (Ind$_ (£°/w" £°)) = 0 for
all n > 1, by Corollary 3.3.8(i). Thus, the result follows from Proposition 5.3.4. O

We end with a remark on the case where there is no inclusion between the two parabolic subgroups.

Remark 5.3.10. Let P = LN, P’ = L' N’ be standard parabolic subgroups, X, ¥’ be admissible unitary
continuous representations of L, L’ respectively over E and o, o’ be the reductions mod @ of L, L'-
stable bounded open O-lattices of X, ¥’ respectively. Assume Conjecture 3.3.4 is true for A = O/w " O
(r >1),n=1and ‘w’ = 1. Assume further dim; Homg (IndG,, o/, Indg, o) < o¢ and the @ -torsion of
Lmln>1(HIOrdme(EO/w”EO)) is of bounded exponent (see Remark 5.3.5). Then, one can prove the
folloz)ving p-adic analogue of Proposition 5.2.1: if P € P, P £ P’, and X, X’ are right,left cuspidal
respectively, then

Extg; (Ind§,- X', Ind$_ %) = 0.
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