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We sharpen earlier work (2011) of the first author, Luca and Mulholland, showing that the Diophantine
equation

A3
+ B3

= qαC p, ABC 6= 0, gcd(A, B)= 1,

has, for “most” primes q and suitably large prime exponents p, no solutions. We handle a number of
(presumably infinite) families where no such conclusion was hitherto known. Through further application
of certain symplectic criteria, we are able to make some conditional statements about still more values
of q; a sample such result is that, for all but O(

√
x/ log x) primes q up to x , the equation

A3
+ B3

= qC p.

has no solutions in coprime, nonzero integers A, B and C , for a positive proportion of prime exponents p.

1. Introduction

The problem of classifying perfect powers that are representable as a sum of two coprime integer cubes
has a long history. The nonexistence of cubes C3 > 1 with this property, a special case of Fermat’s last
theorem, was essentially proven by Euler. For higher powers, we have a substantial amount of recent
work; at the time of writing, this can be summarized in the following theorem.

Theorem 1.1 [Bruin 2000; Chen and Siksek 2009; Dahmen 2008; Freitas 2016; Kraus 1998]. There are
no solutions in relatively prime nonzero integers A, B and C to the equation

A3
+ B3

= Cn (1-1)

with exponent n satisfying one of 3 ≤ n ≤ 109, n ≡ 2 (mod 3), n ≡ 2, 3 (mod 5), n ≡ 61 (mod 78),
n ≡ 51, 103, 105 (mod 106), or

n ≡ 43, 49, 61, 79, 97, 151, 157, 169, 187, 205, 259, 265, 277, 295, 313, 367, 373, 385, 403, 421, 475, 481,

493, 511, 529, 583, 601, 619, 637, 691, 697, 709, 727, 745, 799, 805, 817, 835, 853, 907, 913, 925, 943, 961,

1015, 1021, 1033, 1051, 1069, 1123, 1129, 1141, 1159, 1177, 1231, 1237, 1249, 1267, 1285 (mod 1296).
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Underlying each of these results is an appeal to a particular Frey–Hellegouarch elliptic curve, defined
over Q. Just as in the case of Fermat’s last theorem, with analogous equation An

+ Bn
= Cn , this curve

corresponds to a particular weight 2, cuspidal newform f . In the latter case, Wiles [1995] showed that f
necessarily has level 2 (whereby the absence of such newforms implies an immediate contradiction). In
the case of (1-1), however, one finds a corresponding f at one of levels 18, 36 or 72. The first two of
these are readily handled, but the last is not. The obstruction to completely resolving (1-1) is the existence
of a particular elliptic curve over Q with conductor 72 which, on some level, “mimics” a solution to (1-1)
(the curve in question is labeled 72A1 in Cremona’s tables [1997]).

In an earlier paper [Bennett et al. 2011], the first author, jointly with Luca and Mulholland, considered
a modification of (1-1), where the right-hand side is replaced by a “twisted” version of the shape qαC p,
for q prime (the replacement of the exponent n by a prime one, p, loses no generality). The question we
wished to answer there was whether or not a similar obstruction exists in this new situation. Here and
henceforth, let us assume that we have a solution in nonzero integers (A, B,C) to the equation

A3
+ B3

= qαC p, (1-2)

where α is a positive integer. To avoid, trivialities, we will always without comment assume further that
A, B and C are pairwise relatively prime. Write S for the set of primes q ≥ 5 for which there exists an
elliptic curve E/Q with conductor N (E) ∈ {18q, 36q, 72q} and at least one nontrivial rational 2-torsion
point. The two main results of Bennett, Luca and Mulholland [2011] are the following:

Theorem 1.2. If p and q ≥ 5 are primes with p ≥ q2q such that there exist coprime, nonzero integers A,
B and C , and a positive integer α, satisfying equation (1-2), then q ∈ S.

Theorem 1.3. Let πS(x)= #{q ≤ x : q ∈ S}. Then

πS(x)�
√

x log2(x). (1-3)

This latter result may be reasonably easily sharpened, through sieve methods, but, even as stated, demon-
strates that πS(x) = o(π(x)) and hence that we may “solve” (1-2) for “almost all” primes q (i.e., for
almost all primes, there is no analogous obstruction to that provided by the curve 72A1 for (1-1)).

Our goal in the paper at hand is to improve this result by treating (1-2) for a significant number of the
primes in S. We begin by defining S0 to be the subset of S consisting of those primes q ≥ 5 for which
there exist an elliptic curve E/Q with conductor N (E) ∈ {18q, 36q, 72q}, nontrivial rational 2-torsion
and the additional property that discriminant 1(E)= T 2 or 1(E)=−3T 2 for some integer T . The first
main result of this paper is the following sharpening of Theorem 1.2.

Theorem 1.4. If p and q ≥ 5 are primes with p ≥ q2q such that there exist coprime, nonzero integers A,
B and C , and a positive integer α, satisfying equation (1-2), then q ∈ S0.

It is by no means clear that the set S0 is appreciably “smaller” than S. In fact, our expectation is that
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their counting functions satisfy

πS(x)∼ c1
√

x log x and πS0(x)∼ c2
√

x log x,

for positive constants c1 and c2, where c2 < c1. A cursory check of Cremona’s elliptic curve database
[1997] reveals that the primes 5≤ q < 1000 lying outside S are precisely

q = 197, 317, 439, 557, 653, 677, 701, 773, 797 and 821,

while, in the same range, the primes in S but not S0 are

q = 53, 83, 149, 167, 173, 199, 223, 227, 233, 263, 281, 293, 311, 347, 353, 359, 389, 401, 419, 443, 449, 461,

467, 479, 487, 491, 563, 569, 571, 587, 599, 617, 641, 643, 659, 719, 727, 739, 743, 751, 809, 811, 823,

827, 829, 839, 859, 881, 887, 907, 911, 929, 941, 947, 953, 977 and 983.

It is, in fact, possible to give a much more concrete characterization of S0. Let us define sets

S1 =
{
q prime : q = 2a3b

± 1, a ∈ {2, 3} or a ≥ 5, b ≥ 0
}
,

S2 =
{
q prime : q = |2a

± 3b
|, a ∈ {2, 3} or a ≥ 5, b ≥ 1

}
,

S3 =
{
q prime : q = 1

3(2
a
+ 1), a ≥ 5 odd

}
,

S4 =
{
q prime : q = d2

+ 2a3b, a ∈ {2, 4} or a ≥ 8 even, b odd
}
,

S5 =
{
q prime : q = 3d2

+ 2a, a ∈ {2, 4} or a ≥ 8 even, d odd
}
,

S6 =
{
q prime : q = 1

4(d
2
+ 3b), d and b odd

}
,

S7 =
{
q prime : q = 1

4(3d2
+ 1), d odd

}
, and

S8 =
{
q prime : q = 1

2(3v
2
− 1), u2

− 3v2
=−2

}
.

Here, a, b, u, v and d are integers.

Proposition 1.5. We have

S0 = S1 ∪ S2 ∪ S3 ∪ S4 ∪ S5 ∪ S6 ∪ S7 ∪ S8.

An advantage of this characterization is that it makes it a routine matter to check if a given prime is in
S0 (something that is far from being true for S). It also allows one to rather easily find, via local conditions,
sets of primes outside S0; simply checking that S0 contains no primes which are simultaneously 5 mod 8,
2 mod 3 and 3 mod 5, yields that if q ≡ 53 mod 120, then q 6∈ S0. More generally, from Theorem 1.4,
we deduce the following.

Corollary 1.6. If p and q are primes with either q ≡ 53 mod D1 for D1 ∈ {96, 120, 144} or q ≡
65 mod D2 for D2 ∈ {81, 84}, and p ≥ q2q , then there are no coprime, nonzero integers A, B and C , and
positive integer α, satisfying equation (1-2).
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For primes in S0, we are often still able to say something about solutions to (1-2), in many cases
eliminating a positive proportion of the possible prime exponents p. Indeed, let us define

T = S7 ∪ {q prime : q = 3d2
+ 16, d ∈ Z},

and, to simplify matters, suppose that α = 1 in (1-2), focusing our attention on the equation

A3
+ B3

= qC p. (1-4)

We have the following.

Theorem 1.7. If q is a prime with q 6∈ T , then, for a positive proportion of primes p, there are no solutions
to (1-4) in coprime nonzero integers A, B and C.

We note that, defining πT (x) to be the counting function for primes in T , it is not difficult to show that

πT (x)�
√

x
log x

,

whereby standard heuristics suggest that the set T is genuinely of smaller order than S0 (though, in point
of fact, it would be remarkably difficult to prove that either set is even infinite).

As a sampling of more explicit work along these lines, we mention the following results for certain
primes in S0 (see also Theorem 7.2).

Theorem 1.8. Suppose that q = 2a3b
−1 is prime, where a≥ 5 and b≥ 1 integers. If p> q2q is prime and

there exist a positive integer α and coprime, nonzero integers A, B and C satisfying equation (1-2), then(
α

p

)
=

(
4− a

p

)
=

(
−6b

p

)
.

Theorem 1.9. If p is prime with p ≡ 13, 19 or 23 mod 24, then there are no coprime, nonzero integers
A, B and C satisfying

A3
+ B3

= 5C p. (1-5)

These results all follow from applying the modular method, together with a somewhat elaborate blend
of techniques from algebraic and analytic number theory, and Diophantine approximation, with a variety of
symplectic criteria (see Section 6) to (1-2). This last approach was developed initially by Halberstadt and
Kraus [2002] and has recently been refined and generalized by the third author together with Naskręcki,
Stoll, and Kraus [Freitas 2016; Freitas et al. 2017; Freitas and Kraus 2016]. One of the justifications for
the current paper is to provide a number of examples which, on some level, utilize the full power of these
recently developed symplectic tools.

As a final comment, we note that it should be possible to apply techniques based upon quadratic
reciprocity, as in, say, [Chen and Siksek 2009], to say something further about (1-2) for certain primes q
and certain exponents. We will not undertake this here.

The outline of this paper is as follows. In Section 2, we restate a number of results from [Bennett et al.
2011] pertaining to Frey–Hellegouarch curves that we require in the sequel. In Section 3, we characterize
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isomorphism classes of elliptic curves over Q with nontrivial rational 2-torsion and conductor 18q, 36q
or 72q, for q prime. Section 4 contains the proof of Theorem 1.4. In Section 5, we make a number
of remarks about the sets Si comprising S0. In Section 6, we apply several symplectic criteria to the
Frey–Hellegouarch curve and the elliptic curves corresponding to the primes in S0. In Section 7, we prove
Theorems 1.7, 1.8 and 1.9 (and somewhat more besides). The tables in the Appendix contains information
on the invariants c4(E) and c6(E) for elliptic curves of conductor 18q, 36q and 72q, corresponding to
the primes in S.

2. Frey–Hellegouarch curves

Let us suppose that q ≥ 5 is prime, α is a positive integer, and that we have a solution to (1-2) in coprime
nonzero integers A, B and C where, without loss of generality, AC is even and B ≡ (−1)C+1 mod 4.
Following Darmon and Granville [1995, p. 530], we associate to such a solution a Frey–Hellegouarch
elliptic curve F = F (i)A,B given by

F (0)A,B : y
2
+ xy = x3

+
3(B− A)+ 2

8
x2
+

3(A+ B)2

64
x +

9(B− A)(A+ B)2

512
or

F (1)A,B : y
2
= x3
+ 3ABx + B3

− A3,

depending on whether C is even or odd, respectively (the first of these is just a minimal model of the
curve given by Darmon and Granville; indeed both F (0)A,B and F (1)A,B are minimal). The standard invariants
c4(F), c6(F) and 1(F) attached to F = F (i)A,B are

c4(F)=−24i 32 AB, c6(F)= 26i−133(A3
− B3), 1(F)=−212i−833q2αC2p. (2-1)

Let R denote the product of the primes ` satisfying ` |C and `-6q. A standard application of Tate’s
algorithm leads to the following.

Lemma 2.1. If F = F (i)A,B , then the conductor NF satisfies

NF =


18qR if C even, B ≡−1 (mod 4), or
36qR if C odd, v2(A)≥ 2 and B ≡ 1 (mod 4), or
72qR if C odd, v2(A)= 1 and B ≡ 1 (mod 4).

In particular, F has multiplicative reduction at the prime q.

Arguing as in [Bennett et al. 2011] and [Kraus 1998] we find that, for p ≥ 17, there necessarily exists
a newform f in S+2 (NF/R) (the space of weight 2 cuspidal newforms for the congruence subgroup
00(NF/R)), whose Taylor expansion is

f = q +
∑
m≥2

am( f )qm,

and a place p of Q lying above p, such that

ρF,p ∼ ρ f,p, (2-2)
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where ρF,p and ρ f,p denote, respectively, the mod p Galois representations attached to F and f . In
particular, for all prime numbers `- pNF , we have

a`( f )≡ a`(F) (mod p),

where a`(F) denotes the trace of Frobenius of F at the prime `. Therefore,

p | NormK f /Q(a`( f )− a`(F)), (2-3)

for K f the field of definition of the coefficients of f . Furthermore, the level lowering condition implies

p | NormK f /Q(a`( f )± (`+ 1)), (2-4)

for each prime ` 6= p dividing R.
From the arguments of [Bennett et al. 2011], under the assumption that p > q2p, we may conclude

that the form f has rational integer Fourier coefficients am( f ) for all m ≥ 1, whereby f corresponds
to an isogeny class of elliptic curves over Q with conductor N = 18q, 36q or 72q, and further that
the corresponding elliptic curve E has a rational 2-torsion point. This, in essence, is Theorem 1.2. To
complete the proof of Theorem 1.4, it remains to eliminate the possibility of the Frey–Hellegouarch curve
F “arising mod p” from an elliptic curve E that fails to be isogenous to a curve with discriminant of
the shape T 2 or −3T 2. To do this, we first require a very precise characterization of elliptic curves of
conductor N = 18q , 36q or 72q, with nontrivial rational 2-torsion.

3. Classification results for primes of conductor 18q, 36q and 72q

In this section, we will state theorems that provide an explicit classification for primes q of the corre-
sponding isomorphism classes of elliptic curves E/Q with conductor 18q, 36q or 72q and nontrivial
rational 2-torsion. The following results are mild sharpenings and simplifications of special cases of
Theorems 3.13, 3.14 and 3.15 of Mulholland [2006] (see also Theorems 4.0.8, 4.0.10 and 4.0.12 of [Bruni
2015]), where analogous results are derived more generally for elliptic curves with nontrivial rational
2-torsion and conductor of the shape 2α3βqγ . In each case, all elliptic curves which we label as, say,
18q.i.α for a positive integer i and a letter α belong to a fixed isogeny class (similarly for 36q.i.α and
72q.i.α). By way of example, each of 18q.1.a1, 18q.1.a2, 18q.1.a3 and 18q.1.a4 are isogenous.

In the next statement we use the notation from [Cremona 2006].

Theorem 3.1. If q > 3 is prime, then there exists an elliptic curve E/Q of conductor 18q with at least
one rational 2-torsion point precisely when either E is isogenous to one of

90a, 90b, 90c, 126a, 126b, 198b, 198c, 198d, 198e, 306a, 306b, 306c, 342c, 342 f, 414a, 1314a or 1314 f,

or E is Q-isomorphic to
Ẽ : y2

+ xy = x3
+ a2x2

+ a4x + a6

and at least one of the following occurs:
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(1) There exist integers a ≥ 5 and b ≥ 0 such that

q = 2a3b
+ (−1)δ, for δ ∈ {0, 1},

and Ẽ is one of the following:

curve a2 a4 a6 1

18q.1.a1 (−1)δ+12a−13b+1
− 1 2a−43b+2q 0 22a−832b+6q2

18q.1.a2 (−1)δ+12a−13b+1
− 1 −2a−23b+2q (−1)δ2a−43b+3(2q − (−1)δ)q 2a−43b+6q

18q.1.a3 (−1)δ+12a−33b+1
− 1 22a−832b+2 0 (−1)δ24a−1634b+6q

18q.1.a4 (−1)δ2a−23b+1
− 1 (−1)δ2a−23b+2 2a−43b+3(q − 2(−1)δ) (−1)δ+12a−43b+6q4

(2) There exists an odd integer a ≥ 5 such that

q = 1
3(2

a
+ 1)

and Ẽ is one of the following:

curve a2 a4 a6 1

18q.2.a1 −3 · 2a−1
− 1 2a−433q 0 22a−838q2

18q.2.a2 −3 · 2a−1
− 1 −2a−233q 2a−434(2a+1

+ 1)q 2a−437q
18q.2.a3 −3 · 2a−3

− 1 22a−832 0 24a−1637q
18q.2.a4 3 · 2a−2

− 1 2a−232 2a−433(2a
− 1) −2a−4310q4

(3) There exist integers a ≥ 5 and b ≥ 1, and δ1, δ2 ∈ {0, 1} such that

q = (−1)δ12a
+ (−1)δ23b

and, writing δ = b+ δ1+ δ2+ 1, Ẽ is one of the following:

curve a2 a4

18q.3.a1 −
1
4 + (−1)δ

(
3 · 2a−2

+ (−1)δ1 3q
4

)
(−1)δ12a−432q

18q.3.a2 −
1
4 + (−1)δ

(
3 · 2a−2

+ (−1)δ1 3q
4

)
(−1)δ1+12a−232q

18q.3.a3 −
1
4 + (−1)δ3 · 2a−3

− (−1)b 3b+1

4 22a−832

18q.3.a4 −
1
4 + (−1)δ+1

(
3 · 2a−1

+ (−1)δ1+1 3q
4

)
(−1)δ1+δ22a−23b+2

curve a6 1

18q.3.a1 0 22a−832b+6q2

18q.3.a2 (−1)δ+δ1+133
· 2a−4(2a+1

+ (−1)δ1+δ23b)q 2a−434b+6q

18q.3.a3 0 (−1)δ224a−163b+6q

18q.3.a4 (−1)δ3b+3
· 2a−4(3b

+ (−1)1+δ1+δ22a) (−1)b+δ2a−43b+6q4

(4) There exist integers a ≥ 7, b ≥ 0, δ1, δ2 ∈ {0, 1} and d ≡ 1 (mod 4), such that (δ1, δ2) 6= (1, 1) and,
if we have a ≡ b ≡ 0 (mod 2), then (δ1, δ2)= (0, 0), with

q = (−1)δ1d2
+ (−1)δ22a3b,
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and Ẽ is one of the following:

curve a2 a4 a6 1

18q.4.a1 −
( 3d+1

4

)
(−1)δ1+δ2+12a−63b+2 0 (−1)δ122a−1232b+6q

18q.4.a2 −
( 3d+1

4

)
(−1)δ1+δ22a−43b+2 (−1)δ1+δ2+12a−63b+3d (−1)δ1+δ2+12a−63b+6q2

(5) There exist integers a ≥ 7, δ1, δ2 ∈ {0, 1} and d ≡ 1 (mod 4), such that (δ1, δ2) 6= (1, 1),

q = (−1)δ13d2
+ (−1)δ22a,

and Ẽ is one of the following:

curve a2 a4 a6 1

18q.5.a1 −
( 3d+1

4

)
(−1)δ1+δ2+12a−63 0 (−1)δ122a−1233q

18q.5.a2 −
( 3d+1

4

)
(−1)δ1+δ22a−43 (−1)δ1+δ2+12a−632d (−1)δ1+δ2+12a−633q2

18q.5.b1 9d−1
4 (−1)δ1+δ2+12a−633 0 (−1)δ122a−1239q

18q.5.b2 9d−1
4 (−1)δ1+δ22a−433 (−1)δ1+δ22a−635d (−1)δ1+δ2+12a−639q2

(6) There exist integers a ≥ 7, b ≥ 1 and d ≡ 1 (mod 4), with a odd, such that

q =
d2
+ 2a

3b ,

and Ẽ is one of the following:

curve a2 a4 a6 1

18q.6.a1 −
( 3d+1

4

)
−2a−632 0 22a−123b+6q

18q.6.a2 −
( 3d+1

4

)
2a−432

−2a−633d −2a−632b+6q2

Theorem 3.2. If q > 3 is prime, then there exists an elliptic curve E/Q of conductor 36q with at least
one rational 2-torsion point precisely when either E is isogenous to one of (in Cremona’s notation)

180a, 252a or 468d,

or E is Q-isomorphic to

Ẽ : y2
= x3
+ a2x2

+ a4x

and at least one of the following occurs:

(1) There exist integers u and v with u ≡ v ≡ 1 (mod 4) and u2
− 3v2

=−2, such that

q = 1
2(3v

2
− 1)
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and Ẽ is one of the following:

curve a2 a4 1

36q.1.a1 −3uv 3q2
−2433q4

36q.1.a2 6uv −3 2833q2

36q.1.b1 9uv 33q2
−2439q4

36q.1.b2 −18uv −33 2839q2

(2) There exists an integer d ≡ 1 mod 8, such that

q = 1
4(3d2

+ 1)

and Ẽ is one of the following:

curve a2 a4 1

36q.2.a1 −3d 3q −2433q2

36q.2.a2 6d −3 2833q

36q.2.b1 9d 33q −2439q2

36q.2.b2 −18d −33 2839q

(3) There exists an odd integer b ≥ 1 and an integer d ≡ 1 (mod 4) such that

q = 1
4(d

2
+ 3b)≡ 3 (mod 4)

and Ẽ is one of the following:

curve a2 a4 1

36q.3.a1 −3d 32q −243b+6q2

36q.3.a2 6d −3b+2 2832b+6q

(4) There exist integers b ≥ 1, δ ∈ {0, 1} and d ≡ 1 (mod 4), such that b is odd, d ≡ 1 mod 4,

q = (−1)δ(d2
− 4 · 3b)

and Ẽ is one of the following:

curve a2 a4 1

36q.4.a1 −3d 3b+2 (−1)δ2432b+6q
36q.4.a2 6d (−1)δ32q 283b+6q2

(5) There exist integers b≥ 1, δ ∈ {0, 1}, n ≥ 7 and d ≡ 1 (mod 4), such that b is odd, every prime factor
of n is at least 7,

qn
= (−1)δ(d2

− 4 · 3b)
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and Ẽ is one of the following:

curve a2 a4 1

36q.5.a1 −3d 3b+2 (−1)δ2432b+6qn

36q.5.a2 6d (−1)δ32qn 283b+6q2n

(6) There exists an integer d ≡ 1 mod 4, such that

q = 3d2
− 4

and Ẽ is one of the following:

curve a2 a4 1

36q.6.a1 −3d 3 2433q
36q.6.a2 6d 3q 2833q2

36q.6.b1 9d 33 2439q
36q.6.b2 −18d 33q 2839q2

(7) There exists an integer d ≡ 1 mod 4, and an even integer b ≥ 0 such that

q = d2
+ 4 · 3b,

and Ẽ is one of the following:

curve a2 a4 1

36q.7.a1 −3d −3b+2 2432b+6q
36q.7.a2 6d 32q −283b+6q2

Theorem 3.3. If q > 3 is prime, then there exists an elliptic curve E/Q of conductor 72q with at least
one rational 2-torsion point precisely when either E is isogenous to one of (in Cremona’s notation)

360a, 360b, 360c, 360d, 936a, 936d, 936 f, 2088b, 2088h, 3384a, 5256e, 13896 f or 83016c,

or E is Q-isomorphic to

Ẽ : y2
= x3
+ a2x2

+ a4x

and at least one of the following occurs:

(1) There exists an odd integer b ≥ 1 such that

q = 1
4(3

b
+ 1)
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and Ẽ is one of the following:

curve a2 a4 1

72q.1.a1 24q − 3 223b+2q 2832b+6q2

72q.1.a2 −48q + 6 32 2103b+6q
72q.1.a3 24q + 6 32b+2 21034b+6q
72q.1.a4 6q − 3 32q2

−243b+6q4

(2) There exist integers a ∈ {2, 3}, b ≥ 0 and δ ∈ {0, 1} such that

q = 2a
· 3b
+ (−1)δ

and Ẽ is one of the following:

curve a2 a4 1

72q.2.a1 (−1)δ+12a+13b+1
− 3 2a3b+2q 22a+432b+6q2

72q.2.a2 (−1)δ2a+23b+1
+ 6 32 2a+83b+6q

72q.2.a3 (−1)δ+12a−13b+1
− 3 22a−432b+2 (−1)δ24a−434b+6q

72q.2.a4 (−1)δ+12a+13b+1
+ 6 32q2 (−1)δ+12a+83b+6q4

(3) There exist integers a ∈ {2, 3}, b ≥ 0 and δ ∈ {0, 1} such that

q = 3b
+ (−1)δ2a

and Ẽ is one of the following:

curve a2 a4 1

72q.3.a1 (−1)b+13(3b
− (−1)δ2a) (−1)δ+12a3b+2 22a+432b+6q2

72q.3.a2 (−1)b6(3b
− (−1)δ2a) 32q2 (−1)δ+12a+83b+6q4

72q.3.a3 (−1)b6(3b
+ (−1)δ2a+1) 32b+2 (−1)δ2a+834b+6q

72q.3.a4 (−1)b+13(3b
+ (−1)δ2a−1) 22a−432 24a−43b+6q

(4) There exists an integer d ≡ 1 (mod 4) such that

q = 3d2
+ 4

and Ẽ is one of the following:

curve a2 a4 1

72q.4.a1 3d −3 2433q
72q.4.a2 −6d 3q −2833q2

72q.4.b1 −9d −33 2439q
72q.4.b2 18d 33q −2839q2

(5) There exist integers a ∈ {4, 5}, δ ∈ {0, 1} and d ≡ 1 (mod 4), such that

q = 3d2
+ (−1)δ2a
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and Ẽ is one of the following:

curve a2 a4 1

72q.5.a1 −3d (−1)δ+12a−23 22a33q
72q.5.a2 6d 3q (−1)δ+12a+633q2

72q.5.b1 9d (−1)δ+12a−233 22a39q
72q.5.b2 −18d 33q (−1)δ+12a+639q2

(6) There exists an integer d ≡ 5 mod 8 such that

q =
3d2
+ 1

4

and Ẽ is one of the following:

curve a2 a4 1

72q.6.a1 3d 3q −2433q2

72q.6.a2 −6d −3 2833q

72q.6.b1 −9d 33q −2439q2

72q.6.b2 18d −33 2839q

(7) There exist odd integers b ≥ 1 and d ≡ 1 mod 4 such that

q =
d2
+ 3b

4
≡ 1 mod 4

and Ẽ is one of the following:

curve a2 a4 1

72q.7.a1 3d 32q −243b+6q2

72q.7.a2 −6d −3b+2 2832b+6q

(8) There exist odd integers b ≥ 1 and d ≡ 1 (mod 4) such that

q = d2
+ 4 · 3b

and Ẽ is one of the following:

curve a2 a4 1

72q.8.a1 3d −3b+2 2432b+6q
72q.8.a2 −6d 32q −283b+6q2

(9) There exist integers a ∈ {4, 5}, b ≥ 0, δ1, δ2 ∈ {0, 1} and d ≡ 1 (mod 4), such that (δ1, δ2) 6= (1, 1), b
is odd if a = 4 and δ1 6= δ2,

q = (−1)δ1d2
+ (−1)δ22a3b,
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and Ẽ is one of the following:

curve a2 a4 1

72q.9.a1 −3d (−1)δ1+δ2+12a−23b+2 (−1)δ122a32b+6q
72q.9.a2 6d (−1)δ132q (−1)δ1+δ2+12a+63b+6q2

(10) There exist integers a ∈ {4, 5}, b ≥ 0, δ ∈ {0, 1}, d ≡ 1 mod 4 and n, such that the least prime divisor
of n is at least 7, b is odd if a = 4,

qn
= (−1)δ(d2

− 2a3b),

and Ẽ is one of the following:

curve a2 a4 1

72q.10.a1 −3d 2a−23b+2 (−1)δ22a32b+6qn

72q.10.a2 6d (−1)δ32qn 2a+63b+6q2n

(11) There exist integers b ≥ 0 and d ≡ 1 mod 4 such that

q =
d2
+ 32
3b

and Ẽ is one of the following:

curve a2 a4 1

72q.11.a1 −3d −2332 2103b+6q
72q.11.a2 6d 3b+2q −21132b+6q2

(12) There exist integers b ≥ 0, d ≡ 1 mod 4 and n, such that the least prime divisor of n is at least 7,

qn
=

d2
+ 32
3b

and Ẽ is one of the following:

curve a2 a4 1

72q.12.a1 −3d −2332 2103b+6qn

72q.12.a2 6d 3b+2qn
−21132b+6q2n

We should mention that while we are currently unable to rule out the existence of primes in families
(10) and (12) in Theorem 3.3, we strongly suspect that there are no such primes. Further, we must confess
that our notation can admit a certain amount of ambiguity as, for a given prime q , we could have multiple
representations of q giving rise to nonisogenous curves with the same labels. By way of example,

q = 10369= 12
+ 27
· 34
= 652

+ 211
· 3 (3-1)

and the curves denoted 18q.4.a corresponding to these two representations are nonisogenous. For q ∈ Si

for a fixed 1 ≤ i ≤ 8, however, it is straightforward to show that there are at most finitely many such
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distinct representations — for all except i = 2, the parametrizations are monotonically increasing in the
variables a, b, v and d . For q ∈ S2, the same is easily seen to be true except, possibly, for the cases with
q = |2a

− 3b
|. In this last situation, via a result of Tijdeman [1973], we have

|2a
− 3b
| ≥ 3bb−κ ,

for some effectively computable absolute positive constant κ , at least provided b> 2, and hence, again, q
has only finitely many such representations (at most 3, in fact, by a result of the first author [Bennett 2003]).

Combining Theorems 3.1, 3.2 and 3.3, together with the definition of S0, yields the following.

Corollary 3.4. An elliptic curve E/Q corresponds to a prime in S0 precisely if E is either in one of the
isogeny classes (in Cremona’s notation)

90c, 126b, 252a, 306c, 342 f, 360a, 360d, 936d or 5256e,

or E is one of the curves in the isogeny classes

18q.1.a, 18q.2.a, 18q.3.a, 18q.4.a (with δ1 = δ2 = 0, a even, b odd),
18q.5.a and 18q.5.b (with, in both cases, δ1 = δ2 = 0 and a even),

36q.1.a, 36q.1.b, 36q.2.a, 36q.2.b, 36q.3.a,

72q.1.a, 72q.2.a, 72q.3.a, 72q.4.a, 72q.4.b,

72q.5.a and 72q.5.b (with, in both cases, δ = 0 and a = 4),

72q.6.a, 72q.6.b, 72q.7.a, 72q.8.a and 72q.9.a (with δ1 = δ2 = 0, a = 4, b odd).

4. Finishing the proof of Theorem 1.4

From the classification results of the preceding section, we need to show only that, for suitably large
primes p, (1-2) has no solutions in coprime nonzero integers, with Frey–Hellegouarch curve F corre-
sponding (in the sense of Section 2) to an elliptic curve E in one of the isogeny classes

90a, 90b, 126a, 180a, 198b, 198c, 198d, 198e, 306a, 306b, 342b, 342c, 360b, 360c,

414a, 468d, 936a, 936 f, 1314a, 1314 f, 2088b, 2088h, 3384a, 13896 f or 83016c, (4-1)

or

18q.4.a (with δ1 6= δ2, or δ1 = δ2 = 0 and either a odd, or b even),
18q.5.a and 18q.5.b (with, in both cases, δ1 6= δ2, or δ1 = δ2 = 0 and a odd),
18q.6.a,

36q.4.a, 36q.5.a, 36q.6.a, 36q.6.b, 36q.7.a,

72q.5.aand 72q.5.b (with, in both cases, δ = 1 or a = 5),

72q.9.a (with δ1 6= δ2, or δ1 = δ2 = 0 and either a = 5, or a = 4 and b even),
72q.10.a, 72q.11.a or 72q.12.a. (4-2)



Sums of two cubes as twisted perfect powers, revisited 973

Our key observation to start is that, from (2-1), the Frey–Hellegouarch curve F = F (i)A,B has minimal
discriminant of the shape−3T 2 for T =26i−43qαC p. It follows that F(F`) contains a subgroup isomorphic
to Z/2Z×Z2Z for every prime ` -6q for which

(
−3
`

)
= 1; i.e., for `≡ 1 mod 6. We thus have that

a`(F)≡ `+ 1 mod 4 (4-3)

for every such prime `. If, for each curve E in the isogeny classes (4-1) and (4-2), we are able to find a
prime `≡ 1 mod 6 with ` -6q , for which a`(E) 6≡ `+ 1 mod 4, it follows from (2-3), (2-4), (4-3) and the
Hasse bounds that

p ≤ `+ 1+ 2
√
`. (4-4)

For curves E in the isogeny classes (4-1), we may check that it suffices to choose, in all cases,

` ∈ {7, 13, 19, 31, 37}.

We will now show that we can always find a suitable prime ` for E in the isogeny classes (4-2). We prove

Lemma 4.1. Let E/Q be an elliptic curve with a nontrivial rational 2-torsion point, say, (0, 0), given by
the model

E : y2
= f (x)= x3

+ ux2
+ vx, (4-5)

where u, v ∈ Z, and let ` ≥ 5 be a prime of good reduction for E. Then the Fourier coefficient a`(E)
satisfies a`(E)≡ `+ 1 mod 4 precisely when either(

1(E)
`

)
=

(
u2
− 4v
`

)
= 1 or

(
v

`

)
= 1.

Proof. If `≥ 5 is a prime of good reduction for E , it follows that the Fourier coefficient a`(E) satisfies
a`(E)≡ `+ 1 mod 4 exactly when E(F`) contains a subgroup isomorphic to either Z/2Z×Z/2Z or to
Z/4Z. The first case occurs if and only if the cubic x3

+ ux2
+ vx splits completely modulo `, i.e., when(

1(E)
`

)
=

(
u2
− 4v
`

)
= 1.

Indeed, if we have u2
−4v ≡ t2 mod `, then necessarily t 6≡ ±u mod ` and t 6≡ 0 mod ` (since otherwise

v ≡ 0 mod ` or 1(E)≡ 0 mod `, respectively, contradicting the fact that E has good reduction at `) and

f (x)= x3
+ ux2

+ vx ≡ x(x − 2−1(u− t))(x − 2−1(u+ t)) mod `,

whence (0, 0), (2−1(u− t), 0) and (2−1(u+ t), 0) are distinct 2-torsion points in F`.
Suppose next that E(F`) contains a subgroup isomorphic to Z/4Z, but that (u2

− 4v)/` = −1. It
follows that there must exist a point P in E(F`) with the property that P 6= (0, 0) but 2P = (0, 0). From
the standard duplication formula, if P = (x, y) lies on a curve E with a model as given in (4-5), the
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x-coordinate of the point 2P on E is just

x4
− 2vx2

+ v2

4y2 =
(x2
− v)2

4y2

and hence there can exist a point P on E for which this coordinate is zero only when v is a square
modulo `. Conversely, if v ≡ t2 mod ` for some integer t , then we claim that either f (t) or f (−t) is a
square modulo `. Indeed, if this fails to be the case, then we would have

1=
(

f (t)
`

)(
f (−t)
`

)
=

(
u+ 2t
`

)(
u− 2t
`

)
=

(
u2
− 4v
`

)
=−1,

a contradiction. �

For the curves of conductor 36q and 72q (36q.4.a, 36q.5.a, 36q.6.a, 36q.6.b, 72q.4.a, 72q.4.b,
72q.8.a, 72q.9.a, 72q.10.a and 72q.11.a.), our given models are already of the form y2

= x3
+ux2

+vx ,
with u = a2(E) and v = a4(E). For our families of conductor 18q (18q.4.a, 18q.5.a, 18q.5.b and
18q.6.a), we need to move our nontrivial rational 2-torsion point to (0, 0) to obtain a (nonminimal) model
of the shape (4-5) (the discriminant remaining invariant modulo squares). We summarize our results in
the following table.

E additional conditions
{(

v
`

)
,
(
1(E)
`

)}
18q.4.a unless δ1 = δ2 = 0, a even and b odd

{(
(−1)δ1 q

`

)
,
(
(−1)δ1+δ2+12a3b

`

)}
18q.5.a and b unless δ1 = δ2 = 0, a even

{(
(−1)δ1 3q

`

)
,
(
(−1)δ1+δ2+12a3

`

)}
18q.6.a none

{( 3bq
`

)
,
(
−2
`

)}
36q.4.a and 5.a none

{( 3
`

)
,
(
(−1)δq
`

)}
36q.6.a and b none

{( 3q
`

)
,
( 3
`

)}
36q.7.a none

{(
−1
`

)
,
( q
`

)}
72q.5.a and b (δ, a)= (0, 5), (1, 4) or (1, 5)

{( 3q
`

)
,
(
(−1)δ+12a3

`

)}
72q.9.a unless δ1 = δ2 = 0, a = 4 and b odd

{(
(−1)δ1 q

`

)
,
(
(−1)δ1+δ2+12a3b

`

)}
72q.10.a none

{(
(−1)δq
`

)
,
( 2a3b

`

)}
72q.11.a and 12.a none

{( 3bq
`

)
,
(
−2
`

)}
For example, in case E = 72q.12.a1, we have, for `-6q ,(

1(E)
`

)
=

(
3bq
`

)
and

(
v

`

)
=

(
a4(E)
`

)
=

(
−2
`

)
.

In particular, if we assume, say, that b is odd, for any prime `≡ 7 mod 24 such that q is a quadratic
residue modulo `, or prime `≡ 13 mod 24 with q a quadratic nonresidue modulo `, we have(

1(E)
`

)
=

(
v

`

)
=−1 (4-6)
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and hence for such a prime `, both `≡ 1 mod 6 and

a`(E) 6≡ `+ 1 mod 4. (4-7)

In both cases, we therefore obtain inequality (4-4). For the other isogeny classes in the above table, in
each case there exists at least one pair of integers (`0, t), with `0 ∈ {7, 13, 19} and t ∈ {0, 1}, such that if

`≡ `0 mod 24 and
(

q
`

)
= (−1)t , (4-8)

then (4-6) and (4-7) hold. Specifically, we have

E (`0, t)

18q.4.a (7, 0), (7, 1), (13, 1), (19, 0) or (19, 1)
18q.5.a and b (7, 0), (7, 1), (13, 1), (19, 0) or (19, 1)

18q.6.a (7, 0), (7, 1) or (13, 1)
36q.4.a and 5.a (7, 0), (7, 1), (19, 0) or (19, 1)
36q.6.a and b (7, 0) or (19, 0)

36q.7.a (7, 1) or (19, 1)
72q.5.a and b (7, 0), (13, 1) or (19, 0)

72q.9.a (7, 0), (7, 1), (13, 1), (19, 0) or (19, 1)
72q.10.a (7, 0), (7, 1), (13, 1), (19, 0) or (19, 1)

72q.11.a and 12.a (7, 0), (7, 1) or (13, 1)

To complete the proof of Theorem 1.4, from (4-4), we require a suitably strong upper bound for
the smallest ` satisfying (4-8). Such a bound would follow from either a modified version of the
arguments traditionally used to find smallest nonresidues modulo q (though the additional constraint
that `≡ `0 mod 24 causes some complications), or from an explicit version of Linnik’s theorem on the
smallest prime in a given arithmetic progression (see, e.g., [Heath-Brown 1990] for an effective but
inexplicit result along these lines). For our purposes (and since we require something completely explicit),
we will instead appeal to a recent result of the first author, Martin, O’Bryant and Rechnitzer, which we
now state, with θ(x; k, a) denoting the sum of the logarithms of the primes p ≡ a mod k with p ≤ x .

Theorem 4.2 [Bennett et al. 2018]. Let k and a be integers with k ≥ 3 and gcd(a, k)= 1. Then∣∣∣∣θ(x; k, a)−
x

φ(k)

∣∣∣∣< 1
180

x
log x

,

for all x ≥ x0(k), where φ(k) is the Euler phi function and

x0(q)=


4.1× 109 if 3≤ q ≤ 16,
6.7× 1010/q if 17≤ q ≤ 105,

exp(0.03
√

q log3 q) if q > 105.

(4-9)

Proposition 4.3. Let q ≥ 5 be prime and suppose that `0 ∈ {7, 13, 19} and t ∈ {0, 1}. Then there exists a
prime ` 6= q satisfying (4-8) with ` < eq .
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Proof. Given `0 ∈ {7, 13, 19} and t ∈ {0, 1}, conditions (4-8) are equivalent, via the Chinese remainder
theorem, to a congruence of the shape `≡ a mod 24q for some integer 7≤ a< 24q with gcd(a, 24q)= 1.
For 5≤ q ≤ 23 and each of the 6 pairs (`0, t), we verify by direct computation that we can always find an
` < eq with (4-8). If q > 23, then eq > x0(24q) and hence we may apply Theorem 4.2 to conclude that∣∣∣∣θ(eq

; 24q, a)−
eq

8(q − 1)

∣∣∣∣< eq

180q
,

whereby

θ(eq
; 24q, a) >

0.11eq

q − 1
> log q.

It follows that there exists a prime `≡ a mod 24q (which necessarily also satisfies (4-8)) with ` 6= q and
` < eq , as desired. �

For q ≥ 5, we apply Proposition 4.3 to (4-4) to conclude that p < eq
+ 1+ 2

√
eq = (eq/2

+ 1)2 < q2q .
This completes the proof of Theorem 1.4.

5. Sets of primes and trivial solutions

5A. Intersections of the Si . We would like to make a few remarks on the sets Si . Firstly, we note that
some of the Si overlap substantially. Obviously, primes of the form (3b

+ 1)/4 belong to both S6 and S7,
while many primes in S1 are also in S4 (taking d = 1). Additionally, every prime q ∈ S5 of the shape
q = 3d2

+ 2a with a = 2 or a ≥ 8, and d =±3k for k an integer, is necessarily also in S2.
For many other i 6= j , the intersection Si ∩ S j is rather small. For future use, it will be helpful for us to

record an explicit statement along these lines.

Proposition 5.1. We have

S1 ∩ S2 = {5, 7, 11, 13, 23, 31, 37, 73}, S1 ∩ S3 = {11}, S1 ∩ S5 = {7, 31},
S1 ∩ S7 = {7, 37, 127}, S1 ∩ S8 = {13}, S2 ∩ S3 = {11},

S3 ∩ S4 =∅, S3 ∩ S5 = {43}, S3 ∩ S7 = S3 ∩ S8 = S4 ∩ S5 = S5 ∩ S8 = S7 ∩ S8 =∅.

To prove this, we will have use of a pair of results on polynomial-exponential Diophantine equations.

Lemma 5.2. If x , y and z are nonnegative integers such that z2
= 2x 3y

+ 1, then

(x, y, z) ∈ {(0, 1, 2), (3, 0, 3), (3, 1, 5), (4, 1, 7), (5, 2, 17)}.

Proof. This follows from straightforward factoring and local arguments. �

Lemma 5.3. If x and y are positive integers such that 2x
= 3y2

+ 5, then

(x, y) ∈ {(3, 1), (5, 3), (9, 13)}.

Proof. Writing x = 3x1 + x0 for x0 ∈ {0, 1, 2}, we have that a solution to the equation 2x
= 3y2

+ 5
necessarily corresponds to an integer point on the (Mordell) elliptic curve Y 2

= X3
− 22x0 · 33

· 5 (with
Y = 2x0 · 32

· y and X = 3 · 2x0+x1). The integer points for each of these curves can be found at
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http://www.math.ubc.ca/ bennett/BeGa-data.html (see [Bennett and Ghadermarzi 2015] for more details),
whereby the stated conclusion obtains. �

Proof of Proposition 5.1. The desired conclusions for S1 ∩ S2, S1 ∩ S3 and S2 ∩ S3 all follow from
combining Theorems 1, 2 and 3 of Tijdeman and Wang [1988] with Theorems 3, 4 and 5 of Wang [1989].
Further, the fact that

S3 ∩ S4 = S3 ∩ S8 = S4 ∩ S5 = S5 ∩ S8 =∅

is immediate from considering the corresponding equations modulo 8.
If q ∈ S1 ∩ S5, then there exist integers a, b, δ, d and a5 with a ∈ {2, 3} or a ≥ 5, b ≥ 0, δ ∈ {0, 1},

d ≥ 1 and a5 ∈ {2, 4} or a5 ≥ 8 even, such that 2a3b
+ (−1)δ = 3d2

+ 2a5 . Modulo 4, we have that δ = 1
and so, modulo 3, b = 0. It follows, modulo 8, that a5 = 2, so that 2a

= 3d2
+ 5. From Lemma 5.3, we

therefore have S1 ∩ S5 = {7, 31}, as desired. If instead q ∈ S1 ∩ S7, then we have integers a, b, δ and
d, with a ∈ {2, 3} or a ≥ 5, b ≥ 0, δ ∈ {0, 1}, d ≥ 1 and 2a3b

+ (−1)δ = (3d2
+ 1)/4. If b = 0, then,

modulo 3, δ = 1, whence 2a+2
= 3d2

+ 5 and so, from Lemma 5.3, a ∈ {1, 3, 7}, giving rise to q = 7 and
q = 127. If b ≥ 1, then, again modulo 3, δ = 0 and hence d2

= 2a+23b−1
+ 1. Lemma 5.2 thus implies

that (a, b, d) = (1, 2, 5), (2, 2, 7) or (3, 3, 17), yielding q = 37 (the first triple fails to have a ∈ {2, 3}
while the third leads to a composite value of q).

Suppose next that we have q ∈ S1 ∩ S8, so that there exist integers a, b, δ, v with a ∈ {2, 3} or a ≥ 5,
b ≥ 0, δ ∈ {0, 1} and 2a3b

+ (−1)δ = (3v2
− 1)/2. Modulo 4, δ = 0 and hence 2a+13b−1

+ 1= v2; again
Lemma 5.2 implies, after a little work, that |v| = 3 and q = 13. If q ∈ S3 ∩ S5, there are integers a, d and
a5 with a ≥ 5 odd, d ≥ 1, a5 ∈ {2, 4} or a5 ≥ 8 even, and (2a

+1)/3= 3d2
+2a5 . Modulo 8, we have that

a5 ≥ 4 and so

9d2
= 2a
− 3 · 2a5 + 1. (5-1)

We thus have a ≥ a5+ 3 and there must exist integers δ ∈ {0, 1} and positive d1 ≡±1 mod 6 such that
3d = 2a5−1d1+ (−1)δ, whence

2a5−2d2
1 + (−1)δd1 = 2a−a5 − 3.

If d1 = 1, then δ = 0 and we have 2a5−4
+1= 2a−a5−2, so that a5 = 4, a = 7, d = 3 and q = 43. If d1 > 1,

then d1 ≥ 5 and so 2a5−252
− 5 ≤ 2a−a5 − 3. It follows that a ≥ 2a5+ 2 and hence 2a5−2

| (−1)δd1+ 3,
say (−1)δd1+ 3= 2a5−2d2, for d2 ∈ Z. We thus have

22a5−4d2
2 − 3 · 2a5−1d2+ 9+ d2 = 2a−2a5+2.

Since a5≥ 4 and a≥ 2a5+2, we have that 9+d2≡ 0 mod 8. If d2=−1, 22a5−7
+3 ·2a5−4

+1= 2a−2a5−1,
contradicting a5 = 4 or a5 ≥ 8. We thus have d2 = 7 or |d2| ≥ 9, so that

2a−2a5+2
≥ 22a5−4

· 72
− 3 · 2a5−1

· 7+ 16> 22a5+1,

http://www.math.ubc.ca/~bennett/BeGa-data.html
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and so a ≥ 4a5+ 4. Applying Corollary 1.7 of [Bauer and Bennett 2002], since a ≥ 4a5+ 4 ≥ 24, we
have from (5-1) that

3 · 2a5 − 1= |9d2
− 2a
|> 20.26a

≥ 21.04a5+1.04,

whereby a5 ≤ 13. A short check confirms that S3 ∩ S5 = {43}, as stated.
For q ∈ S3 ∩ S7, q = (2a

+ 1)/3= (3d2
+ 1)/4 for a ≥ 5 and d odd integers, so that 2a+2

+ 1= 9d2

and yet another elementary argument implies that a = 1, a contradiction. Let us therefore suppose, finally,
that q ∈ S7 ∩ S8. We thus have

4q = 3d2
+ 1= 6v2

− 2= 2u2
+ 2,

for integers d, u and v, and so

(3dv)2 = (2u2
+ 1)(u2

+ 2)= 2u4
+ 5u2

+ 2.

From Magma’s IntegralQuarticPoints routine, we find that the only integer solution to the latter equation
is with |dv| = |u| = 1. This completes the proof of Proposition 5.1. �

It should also be noted that representations within a given set Si are sometimes unique, but not always.
In particular, it is straightforward to show that a given prime q ∈ S1 has a single representation of the form
q = 2a3b

±1, with b≥ 0 and a ∈ {2, 3} or a≥ 5, while a similar conclusion is immediate for primes q ∈ Si

for i ∈ {3, 7, 8}. The situation in S2 is slightly more complicated; combining work of Pillai [1945] with
Stroeker and Tijdeman [1982], the only primes with multiple representations of the form q = |2a

± 3b
|,

with b ≥ 1 and a ∈ {2, 3} or a ≥ 5, are q ∈ {5, 13, 17, 23, 73}, corresponding to the identities

5= 23
− 3= 25

− 33
= 32
− 22, 13= 28

− 35
= 22
+ 32, 17= 34

− 26
= 23
+ 32,

23= 25
− 32
= 33
− 22, and 73= 34

− 23
= 26
+ 32.

5B. Limitations due to trivial solutions. Notice that we have the identity(
d + 1

2

)3

+

(
1− d

2

)3

=
3d2
+ 1

4

and hence, for all exponents n, a coprime integer solution with C = 1 to the equation

A3
+ B3

= qα ·Cn, whenever qα =
3d2
+ 1

4
.

We expect qα to be of this shape infinitely often for α = 1 and α = 2 (these are precisely the primes in S7

and S8, respectively), though both of these results are a long way from provable with current technology.
We will term a solution to (1-2) with C = 1 trivial, whereby, for primes q as above, there exists a trivial

solution for all prime exponents p. In particular, this means that one of the newforms f ∈ S+2 (NF/R)
(see Section 2) will correspond (via modularity) to the Frey curve F evaluated at the trivial solution. This
is a major obstruction to the modular method; the techniques of this paper are unlikely to provide further
information about (1-2) with α = 1 for q ∈ S7 and α = 2 for q ∈ S8.
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A similar relation is the identity

(d + 4)3+ (4− d)3 = 8(3d2
+ 16).

While this does not actually give trivial solutions to (1-2) in case α = 1 and q = 3d2
+ 16 (a subset of

the primes in S5), it does appear to provide an obstruction to solving (1-4) for such primes, leading to
Frey–Hellegouarch curves that play the role of the curve 72A1 for (1-1).

6. Applying the symplectic criteria

Let E and F be elliptic curves over Q and suppose there exists an isomorphism φ : F[p] → E[p] of
Gal(Q/Q)-modules. Here, F[p] and E[p] are the p-torsion modules attached to F and E , respectively.
Write eE,p and eF,p for the Weil pairings on E[p] and F[p], respectively. Then there exists an element
r(φ) ∈ F×p such that

eE,p(φ(P), φ(Q))= eF,p(P, Q)r(φ) for all P, Q ∈ F[p].

If r(φ) is a square in F×p , we call the isomorphism φ symplectic; if r(φ) is a nonsquare, we call it
antisymplectic. We say that E[p] and F[p] are symplectically (antisymplectically) isomorphic if there
exists a symplectic (antisymplectic) isomorphism φ between them. It is possible that E[p] and F[p] are
both symplectically and antisymplectically isomorphic, but this situation will not occur in the applications
of these techniques in this paper (as we shall see in Proposition 6.1 ).

6A. The symplectic argument. To treat (1-2) for certain primes q ∈ S0 and exponents p ≥ q2q we need
to use a number of local symplectic criteria to describe the symplectic type of the isomorphisms between
the p-torsion modules E[p] and F[p], where F is our Frey–Hellegouarch curve and E is one of the
curves in Corollary 3.4 (see Section 2 and Theorem 1.4). The idea is to use local information at different
primes ` to obtain congruence conditions on the exponent p for which E[p] and F[p] are symplectically
and antisymplectically isomorphic. Then, our desired contradictions will arise each time we are able to
prove that these constraints are incompatible. This is, in essence, what is sometimes called the symplectic
argument. One advantage we have here, working with (1-2) as opposed to (1-1), is that we will be able to
apply the (local) criteria at the primes ` ∈ {2, 3, q} rather than just ` ∈ {2, 3}.

6B. Notation. Let ` be a prime and, for a nonzero integer t , define ν`(t) to be the largest nonnegative
integer such that `ν`(t) divides t . Let E/Q` be an elliptic curve and write c4(E), c6(E) and 1(E) for the
usual invariants attached to a minimal model of E . Further, with slight abuse of notation since we define
ν`(t) over Z, we introduce the quantities

c4(E)= `ν`(c4(E))c4(E)`, c6(E)= `ν`(c6(E))c6(E)` and 1(E)= `ν`(1(E))1(E)`.

Fix an algebraic closure of Q` and let Qun
` to be the maximal unramified extension of Q`. For

an elliptic curve E/Q with potentially good reduction at ` we write e(E, `) to denote the order of
Gal(Qun

` (E[p])/Q
un
` ) for p ≥ 3 different from `. It is well known that e(E, `) is independent of p.
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6C. The curves. Except for the few isogeny classes given in Corollary 3.4 by their Cremona label, from
Theorem 1.4, we are primarily interested in applying symplectic criteria to our Frey–Hellegouarch curve
and curves in the following isogeny classes:

18q.1.a, 18q.2.a, 18q.3.a, 18q.4.a (with δ1 = δ2 = 0, a even, b odd),
18q.5.a and 18q.5.b (with, in both cases, δ1 = δ2 = 0 and a even),

36q.1.a, 36q.1.b, 36q.2.a, 36q.2.b, 36q.3.a,

72q.1.a, 72q.2.a, 72q.3.a, 72q.4.a, 72q.4.b,
72q.5.a and 72q.5.b (with, in both cases, δ = 0 and a = 4),
72q.6.a, 72q.6.b, 72q.7.a, 72q.8.a, 72q.9.a (with δ1 = δ2 = 0, a = 4, b odd).

The relevant arithmetic data c4(E), c6(E) and 1(E) is available in Tables 1–3 in the Appendix and in
the statements of Theorems 3.1, 3.2 and 3.3. In the remainder of this section we will apply the criteria
to the curves listed above to obtain congruence conditions on p. Then, in Section 7, we complete the
symplectic argument by deriving contradictions from these conditions, allowing us to finish the proofs of
our main Diophantine statements. We start by proving the following proposition which holds for all our
choices of E , independently of whether E has conductor NE = 18q , 36q or 72q .

Proposition 6.1. Let (A, B,C) be a nontrivial primitive solution to (1-2) so that there is a Gal(Q/Q)-
modules isomorphism φ : F[p] → E[p], where F is the Frey–Hellegouarch curve and E is any elliptic
curve in one of the isogeny classes above. Then

φ is symplectic⇐⇒ α is a square mod p.

Proof. We have νq(NF )= νq(NE)= 1, so q is a prime of multiplicative reduction of both curves. We
can always choose E such that νq(1(E))= 2; moreover, we have p -α and νq(1(F))= 2α+ 2pνq(C).
The conclusion now follows from a direct application of [Kraus and Oesterlé 1992, Proposition 2] with
the prime q . �

6D. Curves of conductor 18q. We summarize the necessary information about the invariants of the
relevant elliptic curves.

curve ν2(c4) ν2(c6) ν2(1) ν3(c4) ν3(c6) ν3(1)

F (0)
A,B 0 0 2pν2(C)− 8 2+ ν3(AB) 3+ ν3(A3

− B3) 2pν3(C)+ 3

18q.1.a1 (b = 0) 0 0 2a− 8 3 ≥ 7 6
18q.1.a1 (b ≥ 1) 0 0 2a− 8 2 3 2b+ 6

18q.2.a1 0 0 2a− 8 2 3 8
18q.3.a1 0 0 2a− 8 2 3 2b+ 6
18q.4.a2 0 0 a− 6 2 3 b+ 6
18q.5.a2 0 0 a− 6 2 3+ ν3(d) 3
18q.5.b2 0 0 a− 6 4 6+ ν3(d) 9
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Suppose (A, B,C) is a nontrivial primitive solution to (1-2) and the Frey–Hellegouarch curve F
satisfies isomorphism (2-2) where f is the newform corresponding to one of the isogeny classes

18q.1.a, 18q.2.a, 18q.3.a, 18q.4.a, 18q.5.a or 18q.5.b.

In particular, F = F (0)A,B , C is even and B ≡ −1 mod 4. Moreover, there is a Gal(Q/Q)-modules
isomorphism φ : F[p] → E[p], where E is one of the elliptic curves

18q.1.a1, 18q.2.a1, 18q.3.a1, 18q.4.a2, 18q.5.a2 or 18q.5.b2.

6D1. Applying the criteria at ` = 2. Since ν2(NE) = 1 the prime ` = 2 is of multiplicative reduction
for E . From [Kraus and Oesterlé 1992, Proposition 2] and the valuations given in the preceding table, it
follows that either p -a− 4 and

φ is symplectic⇐⇒ 4− a is a square mod p,

in case E = 18q.1.a1, 18q.2.a1 or 18q.3.a1, or that p -a− 6 and

φ is symplectic⇐⇒ 12− 2a is a square mod p,

in the other cases.

6D2. Applying the criteria at ` = 3. We first consider E one of 18q.1.a1 with b = 0, 18q.5.a2 or
18q.5.b2. We have that the corresponding j-invariant satisfies ν3( jE) > 0, and hence E has potentially
good reduction at 3. Indeed, for E = 18q.1.a1 (with b = 0), we have ν3(1(E))= 6 and ν3(c6(E))≥ 7
so that, from [Kraus 1990, p. 356], we conclude that e(E, 3)= 2.

For E = 18q.5.a2 and E = 18q.5.b2, we have ν3(1(E))∈ {3, 9} and the results of [Kraus 1990, p. 356]
imply that e(E, 3) ∈ {4, 12}. Since ν3(NE) = 2, we are in a case of tame reduction and so the inertia
must be of order coprime to `= 3, whereby e(E, 3)= 4. On the other hand, for our Frey–Hellegouarch
curve F to have potentially good reduction at 3, we require that 3ν3(c4(F))≥ ν3(1(F)), or, equivalently,
ν3(C)= 0. In this situation, ν3(1(F))= 3 and arguing exactly as for the previous curves we also conclude
that e(F, 3) = 4. This contradicts E = 18q.1.a1 (with b = 0). We will now apply [Freitas and Kraus
2016, Theorem 5] with F and E = 18q.5.a2 or 18q.5.b2 (with, in both cases, δ1 = δ2 = 0 and a even).
Let r and t be the quantities defined in the statement of that theorem. We have, since 3 -C ,

ν3(1(F))= ν3(1(18q.5.a2))= 3 and ν3(1(18q.5.b2))= 9,

whereby r = 0 if E = 18q.5.a2 and r = 1 if E = 18q.5.b2. Moreover, since 3 -C and a is even, we may
check that 1(F)3 ≡ 1(E)3 ≡ 2 (mod 3), i.e., t = 0 for both E . Finally, applying [Freitas and Kraus
2016, Theorem 5], we conclude that φ is symplectic when E = 18q.5.a2 and, if E = 18q.5.b2, then φ is
symplectic if and only if (3/p)= 1.

We now consider the remaining curves E of conductor 18q under consideration. We have, in all cases,

ν3(c4(E))= 2, ν3(c6(E))= 3, ν3(1(E))≥ 7 and ν3( jE) < 0,
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and hence E has potentially multiplicative reduction at 3; after a quadratic twist (with corresponding
elliptic curve denoted Et ) the reduction becomes multiplicative and we have

ν3(1(Et))=


2 if E = 18q.2.a1,
b if E = 18q.4.a2 (with b ≥ 1),
2b if E = 18q.1.a1 (and b ≥ 1) or E = 18q.3.a1.

Furthermore, 3 must divide C (since otherwise F would have potentially good reduction) and twisting
the Frey curve F by the same element (to obtain Ft ), we find that ν3(1(Ft))=−3+ 2pν3(C).

If E = 18q.1.a1 with b≥ 1 or E = 18q.3.a1, it follows from [Kraus and Oesterlé 1992, Proposition 2]
applied to Et and Ft that p -b and

φ is symplectic⇐⇒−6b is a square mod p.

Similarly, if E = 18q.4.a2 then p -b and

φ is symplectic⇐⇒−3b is a square mod p.

If E = 18q.2.a1, then

φ is symplectic⇐⇒−6 is a square mod p.

6D3. Conclusions for level 18q. From the calculations above and Proposition 6.1 we can extract the
following relations. If E = 18q.1.a1 or 18q.3.a1 then b ≥ 1 and(

4− a
p

)
=

(
α

p

)
=

(
−6b

p

)
, (6-1)

while if E = 18q.4.a2 or E = 18q.2.a1, then, respectively,(
12− 2a

p

)
=

(
α

p

)
=

(
−3b

p

)
or

(
4− a

p

)
=

(
α

p

)
=

(
−6
p

)
.

If E = 18q.5.a2, we have that (
12− 2a

p

)
=

(
α

p

)
= 1.

Finally, if E = 18q.5.b2, (
12− 2a

p

)
=

(
α

p

)
=

(
3
p

)
.



Sums of two cubes as twisted perfect powers, revisited 983

6E. Curves of conductor 36q. We next proceed with the case of elliptic curves of conductor 36q. We
encounter the following invariants.

curve ν2(c4) ν2(c6) ν2(1) ν3(c4) ν3(c6) ν3(1)

F (1)
A,B 4+ ν2(A) 5 4 2+ ν3(AB) 3+ ν3(A3

− B3) 2pν3(C)+ 3

36q.1.a2 (3 | s) 4 6 8 2 4+ ν3(v) 3
36q.1.a2 (3 -s) 4 6 8 2 3 3
36q.1.b2 (3 | s) 4 6 8 4 7+ ν3(v) 9
36q.1.b2 (3-s) 4 6 8 4 6 9
36q.2.a1 (3 | d) ≥ 6 5 4 2 4+ ν3(d) 3
36q.2.a1 (3-d) ≥ 6 5 4 ≥ 3 3 3
36q.2.b1 (3 | d) ≥ 6 5 4 4 7+ ν3(d) 9
36q.2.b1 (3 -d) ≥ 6 5 4 ≥ 5 6 9

36q.3.a1 ≥ 6 5 4 2 3 b+ 6

Suppose (A, B,C) is a nontrivial primitive solution to (1-2) and the Frey–Hellegouarch curve F
satisfies isomorphism (2-2) where f is the newform corresponding to one of the isogeny classes

36q.1.a, 36q.1.b, 36q.2.a, 36q.2.b or 36q.3.a.

In particular, F = F (1)A,B , C is odd and B≡ 1 mod 4. Moreover, there is a Gal(Q/Q)-modules isomorphism
φ : F[p] → E[p], where E is one of the elliptic curves

36q.1.a2, 36q.1.b2, 36q.2.a1, 36q.2.b1 or 36q.3.a1.

6E1. Applying the criteria at `= 2. The table shows that ν2( j (E)) > 0 for all E , so that the curves have
potentially good reduction. Since ν2(NE)= 2 the reduction is tame and hence e(E, 2)= 3 for all E .

We will now apply Theorem 1 of [Freitas and Kraus 2016] at ` = 2 with F and E = 36q.1.a2 or
36q.1.b2. Let t and r be as in that theorem. Since ν2(1(F))= 4 and ν2(1(E))= 8, we have r = 1 for
both E . Now, to determine the value of t , we must first appeal to Theorem 2 of the same work. Indeed,
the curve 36q.1.a2 has

c4(E)2 = 3
(

16
(

3v2
− 1

2

)2

− 1
)

and c6(E)2 =−32uv
(

32
(

3v2
− 1

2

)2

+ 1
)
,

while for 36q.1.b2,

c4(E)2 = 33
(

16
(

3v2
− 1

2

)2

− 1
)

and c6(E)2 = 35uv
(

32
(

3v2
− 1

2

)2

+ 1
)
.

We thus have, respectively,

c4(E)2 ≡ 13 mod 32 and c6(E)2 ≡ 7uv mod 16,

and
c4(E)2 ≡ 21 mod 32 and c6(E)2 ≡ 3uv mod 16.
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Since u2
− 3v2

=−2 with u ≡ v ≡ 1 mod 4, the u and v are terms in binary recurrence sequences. To be
specific, the positive integers u = uk and v= vk satisfying this equation also satisfy the binary recurrences

uk+1 = 4uk − uk−1, for k ≥ 1, where u0 = 1, u1 = 5, (6-2)

and

vk+1 = 4vk − vk−1, for k ≥ 1, where v0 = 1, v1 = 3. (6-3)

We may readily prove by induction that uv≡ 1 mod 16 (recall that we are assuming that u≡ v≡ 1 mod 4,
so that we choose u = ±uk and v = ±vk as necessary), whereby it follows from [Freitas and Kraus
2016, Theorem 2] that the curve 36q.1.a2 has a 3-torsion point over Q2, while 36q.1.b2 does not. For
F = F (1)A,B , since ν2(A)≥ 2, we have

ν2(c4(F))≥ 6 and c6(F)2 = 33(A3
− B3)≡−3B mod 8,

whereby, from part (B2) of [Freitas and Kraus 2016, Theorem 2], F has a 3-torsion point over Q2 precisely
when we have B ≡ 1 mod 8. We thus conclude that, if B ≡ 1 mod 8 and E = 36q.1.a2 or B ≡ 5 mod 8
and E = 36q.1.b2, then t = 0 and

φ is symplectic⇐⇒ 2 is a square mod p.

If B ≡ 5 mod 8 and E = 36q.1.a2, or B ≡ 1 mod 8 and E = 36q.1.b2, then t = r = 1 and so

φ is symplectic⇐⇒
(

2
p

)
=

(
3
p

)
.

Next, suppose that E is one of 36q.2.a1, 36q.2.b1 or 36q.3.a1, so that we always have r = 0. Then

c6(E)2 =−33d
(d2
+ 3)
4

≡

{
5 mod 8 if d ≡ 1 mod 16,
1 mod 8 if d ≡ 9 mod 16,

c6(E)2 = 36d
(d2
+ 3)
4

≡

{
5 mod 8 if d ≡ 9 mod 16,
1 mod 8 if d ≡ 1 mod 16,

c6(E)2 =−33d
(d2
+ 3b+2)

4
≡

{
5 mod 8 if q ≡ d + 2 mod 8,
1 mod 8 if q ≡ d − 2 mod 8,

respectively. Thus φ is always symplectic if any of the following conditions hold:

B ≡ 1 mod 8, E = 36q.2.a1 and d ≡ 1 mod 16, or
B ≡ 5 mod 8, E = 36q.2.a1 and d ≡ 9 mod 16, or
B ≡ 1 mod 8, E = 36q.2.b1 and d ≡ 9 mod 16, or
B ≡ 5 mod 8, E = 36q.2.b1 and d ≡ 1 mod 16, or
B ≡ 1 mod 8, E = 36q.3.a1 and q ≡ d + 2 mod 8, or
B ≡ 5 mod 8, E = 36q.3.a1 and q ≡ d − 2 mod 8.
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If, however, we have either

B ≡ 1 mod 8, E = 36q.2.a1 and d ≡ 9 mod 16, or
B ≡ 5 mod 8, E = 36q.2.a1 and d ≡ 1 mod 16, or
B ≡ 1 mod 8, E = 36q.2.b1 and d ≡ 1 mod 16, or
B ≡ 5 mod 8, E = 36q.2.b1 and d ≡ 9 mod 16, or
B ≡ 1 mod 8, E = 36q.3.a1 and q ≡ d − 2 mod 8, or
B ≡ 5 mod 8, E = 36q.3.a1 and q ≡ d + 2 mod 8,

then we may conclude that

φ is symplectic⇐⇒ 3 is a square mod p.

6E2. Applying the criteria at `= 3. For E = 36q.3.a1, we have ν3( j (E)) < 0 and so E has potentially
multiplicative reduction at 3. After a suitable quadratic twist (denoted Et ) the reduction becomes
multiplicative and ν3(1(Et)) = b. Therefore, the twisted Frey curve Ft must also have multiplicative
reduction at 3 (since p ≥ 5) and it satisfies ν3(1(Ft)) = 2pν3(C)− 3. Since p -ν3(1(Ft)), it follows
from [Kraus and Oesterlé 1992, Proposition 2] that p -b and

φ is symplectic⇐⇒−3b is a square mod p.

For all other cases of E we have ν3( j (E)) ≥ 0 and ν3(1(E)) 6= 6, whence E has potentially good
reduction which does not become good after a quadratic twist. As before, since ν3(NE)= 2 the reduction
is tame, whereby e(E, 3) = 4. A similar argument guarantees that e(F, 3) = 4 when 3 -C , in which
case, ν3(1(F)) = 3 and 1(F)3 ≡ 2 (mod 3). To apply [Freitas and Kraus 2016, Theorem 5] at ` = 3
with F and each of the curves E = 36q.1.a2, 36q.1.b2, 36q.2.a1 or 36q.2.b1, we first compute that
(r, t)= (0, 1), (1, 1), (0, 0) and (1, 0), respectively. We conclude that if E=36q.2.a1 then φ is symplectic,
while, if E = 36q.1.a2,

φ is symplectic⇐⇒ 2 is a square mod p.

If E = 36q.1.b2, then

φ is symplectic⇐⇒
(

2
p

)
=

(
3
p

)
and if E = 36q.2.b1, then

φ is symplectic⇐⇒ 3 is a square mod p.

6E3. Conclusions for level 36q. From the calculations above and Proposition 6.1 we can extract the
following relations. If E = 36q.1.a2 and B ≡ 1 mod 8, we have(

α

p

)
=

(
2
p

)
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while E = 36q.1.a2 and B ≡ 5 mod 8 implies that either(
α

p

)
=

(
2
p

)
=

(
3
p

)
= 1, or

(
α

p

)
=

(
2
p

)
=−1,

(
3
p

)
= 1.

If E = 36q.1.b2 and B ≡ 1 mod 8, we have either(
α

p

)
= 1,

(
2
p

)
=

(
3
p

)
, or

(
α

p

)
=−1,

(
2
p

)
6=

(
3
p

)
.

If E = 36q.1.b2 and B ≡ 5 mod 8, we either have(
α

p

)
=

(
2
p

)
=

(
3
p

)
= 1 or

(
α

p

)
=

(
2
p

)
=−1,

(
3
p

)
= 1.

If E = 36q.2.a1 and either B ≡ 1 mod 8, d ≡ 1 mod 16, or B ≡ 5 mod 8, d ≡ 9 mod 16, we have(
α

p

)
= 1.

If E = 36q.2.a1 and either B ≡ 1 mod 8, d ≡ 9 mod 16, or B ≡ 5 mod 8, d ≡ 1 mod 16, we have(
α

p

)
=

(
3
p

)
= 1.

If E = 36q.2.b1 and either B ≡ 1 mod 8, d ≡ 9 mod 16, or B ≡ 5 mod 8, d ≡ 1 mod 16, we have, again,(
α

p

)
=

(
3
p

)
= 1,

while, if E = 36q.2.b1 and either B ≡ 1 mod 8, d ≡ 1 mod 16, or B ≡ 5 mod 8, d ≡ 9 mod 16, we have(
α

p

)
=

(
3
p

)
= 1.

If E = 36q.3.a1 and either B ≡ 1 mod 8, q ≡ d + 2 mod 8, or B ≡ 5 mod 8, q ≡ d − 2 mod 8, we have(
α

p

)
=

(
−3b

p

)
= 1,

while, if E = 36q.3.a1 and either B ≡ 1 mod 8, q ≡ d − 2 mod 8, or B ≡ 5 mod 8, q ≡ d + 2 mod 8,
we have that (

α

p

)
=

(
3
p

)
=

(
−3b

p

)
.
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6F. Curves of conductor 72q. We have the following data.

curve ν2(c4) ν2(c6) ν2(1) ν3(c4) ν3(c6) ν3(1)

F (1)
A,B 5 5 4 2+ ν3(AB) 3+ ν3(A3

− B3) 2pν3(C)+ 3

72q.1.a1 4 6 8 2 3 2b+ 6
72q.2.a1 4 6 8 or 10 2 3 2b+ 6
72q.3.a1 4 6 8 or 10 2 3 2b+ 6

72q.4.a2 (3 | d) 4 6 8 2 4+ ν3(d) 3
72q.4.a2 (3-d) 4 6 8 ≥ 3 3 3
72q.4.b2 (3 | d) 4 6 8 4 7+ ν3(d) 9
72q.4.b2 (3 -d) 4 6 8 ≥ 5 6 9
72q.5.a2 (3 | d) 4 6 10 2 4+ ν3(d) 3
72q.5.a2 (3-d) 4 6 10 ≥ 3 3 3
72q.5.b2 (3 | d) 4 6 10 4 7+ ν3(d) 9
72q.5.b2 (3 -d) 4 6 10 ≥ 5 6 9
72q.6.a1 (3 | d) 5 5 4 2 4+ ν3(d) 3
72q.6.a1 (3-d) 5 5 4 ≥ 3 3 3
72q.6.b1 (3 | d) 5 5 4 4 7+ ν3(d) 9
72q.6.b1 (3 -d) 5 5 4 ≥ 5 6 9

72q.7.a1 5 5 4 2 3 b+ 6
72q.8.a2 4 6 8 2 3 b+ 6
72q.9.a2 4 6 10 2 3 b+ 6

Suppose (A, B,C) is a nontrivial primitive solution to (1-2) and the Frey–Hellegouarch curve F
satisfies isomorphism (2-2) where f is the newform corresponding to one of the isogeny classes

72q.1.a, 72q.2.a, 72q.3.a, 72q.4.a, 72q.4.b, 72q.5.a, 72q.5.b, 72q.6.a, 72q.6.b, 72q.7.a, 72q.8.a or 72q.9.a.

In particular, for this case we have F = F (1)A,B ,

C is odd, A ≡ 2 mod 4 and B ≡ 1 (mod 4),

and there is a Gal(Q/Q)-module isomorphism

φ : F[p] → E[p],

where E is one of the elliptic curves labeled

72q.1.a1, 72q.2.a1, 72q.3.a1, 72q.4.a2, 72q.4.b2, 72q.5.a2, 72q.5.b2,

72q.6.a1, 72q.6.b1, 72q.7.a1, 72q.8.a2 or 72q.9.a2.

6F1. Applying the criteria at `= 2. Note that all the curves in the preceding table have potentially good
reduction at `= 2 since their j-invariants satisfy ν2( j)≥ 0. We see, from [Kraus 1990, p. 358], that the



988 Michael A. Bennett, Carmen Bruni and Nuno Freitas

Frey curve F satisfies e(F, 2)= 24; the same is immediately seen to be true also for E satisfying

(ν2(c4(E)), ν2(c6(E)), ν2(1(E))) ∈ {(4, 6, 10), (5, 5, 4)}.

For the curves E in the table with

(ν2(c4(E)), ν2(c6(E)), ν2(1(E)))= (4, 6, 8),

we further check that 1(E)2 ≡ 1 mod 4 and hence we also have e(E, 2)= 24. We may therefore, in all
cases, apply [Freitas 2016, Theorem 4] to find that, if ν2(1(E)) ∈ {4, 10}, then φ is always symplectic,
while, if ν2(1(E))= 8, then

φ is symplectic⇐⇒ 2 is a square mod p.

6F2. Applying the criteria at ` = 3. If E = 72q.1.a1, 72q.2.a1, 72q.3.a1, 72q.7.a1, 72q.8.a2 or
72q.9.a2, then E has potentially multiplicative reduction at 3 and so, after a suitable quadratic twist
(denoted Et ) the reduction becomes multiplicative and ν3(1(Et)) = b or 2b. Therefore, 3 |C and the
twisted Frey curve Ft must also have multiplicative reduction at 3 and satisfy ν3(1(Ft))= 2pν3(C)− 3.
Since p -ν3(1(Ft)), it follows from [Kraus and Oesterlé 1992, Proposition 2] that p -b and

φ is symplectic⇐⇒−3b is a square mod p,

for E = 72q.7.a1, 72q.8.a2 and 72q.9.a2, while

φ is symplectic⇐⇒−6b is a square mod p,

for E = 72q.1.a1, 72q.2.a1, and 72q.3.a1.
For the curves E = 72q.4.a2, 72q.4.b2, 72q.5.a2, 72q.5.b2, 72q.6.a1 or 72q.6.b1, the reduction at

`= 3 is potentially good and tame (because ν3(NE)= 2) and since ν3(1(E)) 6= 6 we have e(E, 3)= 4. As
before, it follows that e(F, 3)= 4 (so that 3 -C), and we may apply [Freitas and Kraus 2016, Theorem 5].
Let r and t be as in that theorem. In all cases we have t = 0; furthermore, we have r = 0 for E = 72q.4.a2,
E = 72q.5.a2 or E = 72q.6.a1, and r = 1 for E = 72q.4.b2, E = 72q.5.b2 or E = 72q.6.b1. It follows
that φ is always symplectic in the first cases, while

φ is symplectic⇐⇒ 3 is a square mod p,

in the latter three.

6F3. Conclusions for level 72q. From the calculations above we extract the following relations. For
E = 72q.1.a1, or either of E = 72q.2.a1 or E = 72q.3.a1 with a = 2, it follows that(

α

p

)
=

( 2
p

)
=

(
−6b

p

)
,

while, for E = 72q.2.a1 or E = 72q.3.a1 with a = 3,(
α

p

)
=

(
−6b

p

)
= 1.
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If E = 72q.4.a2, we have (
α

p

)
=

( 2
p

)
= 1,

while E = 72q.5.a2 or E = 72q.6.a1 give (
α

p

)
= 1.

Taking E = 72q.4.b2 yields (
α

p

)
=

( 2
p

)
=

(
3
p

)
,

while E = 72q.5.b2 or E = 72q.6.b1 give (
α

p

)
=

( 3
p

)
= 1.

If E = 72q.7.a1 or 72q.9.a2, we have (
α

p

)
=

(
−3b

p

)
= 1.

Finally, if E = 72q.8.a2, (
α

p

)
=

( 2
p

)
=

(
−3b

p

)
.

7. Some applications of symplectic criteria

As the preceding section reveals, there are many results we could state now for the various families
of primes Si comprising the set S0. For simplicity, we limit ourselves to the three statements we have
mentioned in our introduction (Theorems 1.7, 1.8 and 1.9) and one result valid for small values of q
(Theorem 7.2).

7A. Proof of Theorem 1.7. If q 6∈ S0, the desired conclusion is immediate from Theorem 1.4. Suppose,
then, that q ∈ S0 \ T and that there exists a solution to (1-4) in coprime nonzero integers A, B and C and
prime p ≥ q2q . In particular, we note, without further mention, that the primes p under consideration all
satisfy gcd(p, 6q)= 1. Also, we have that p -(4− a)b, whenever these parameters appear in the sequel.
From Section 2 and Theorem 1.4, it follows there exists an isomorphism φ : F[p] → E[p], where F
is the Frey–Hellegouarch curve and E is one of the curves in Corollary 3.4. Since α = 1, we see from
Proposition 6.1 that φ is symplectic. Furthermore, the shape of the primes in S7 implies that 7, 19 ∈ S7

and E does not correspond to the isogeny classes 36q.2.a, 36q.2.b, 72q.5.a or 72q.5.b. In conclusion,
we need to consider E in the remaining conjugacy classes; in particular, we can either take E isogenous
to one of

90c, 306c, 360a, 360d, 936d or 5256e,
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whereby q ∈ {5, 13, 17, 73}, or E isomorphic to a curve in the following set:

E1 = {18q.1.a1, 18q.2.a1, 18q.3.a1, 18q.4.a2 (with δ1 = δ2 = 0, a even, b odd),
18q.5.a2 or 18q.5.b2 (with, in both cases, δ1 = δ2 = 0 and a even),

36q.1.a2, 36q.1.b2, 36q.3.a1, 72q.1.a1,

72q.2.a1, 72q.3.a1, 72q.4.a2, 72q.4.b2,

72q.7.a1, 72q.8.a2, 72q.9.a2 (with δ1 = δ2 = 0, a = 4, b odd)}. (7-1)

For q ≤ 73, the desired conclusion will follow immediately from our Theorem 7.2, which we will prove
later in this section. For the remaining possible types for q , we will place a number of conditions upon p
to guarantee that, in each case, φ is antisymplectic, providing the desired contradiction. These conditions
will be of the form

(
κi
p

)
= −1, for, in each case, a finite collection of integers κi , and hence are each

equivalent to p lying in certain residue classes modulo 8|κi |. We remind the reader that a given prime q
has at most finitely many (isogeny classes of) curves E associated to it. This will prove Theorem 1.7
provided we can show that these conditions are compatible, i.e., that we do not have three distinct indices i ,
say i = 1, 2 and 3, with κ1κ2κ3 an integer square. In particular, compatibility is immediate if we have κi

negative for each i . Our goal will be to show that, for a given prime in q ∈ S0 \ T , we can always find a
corresponding set of κi with either

(i) κi negative for all i , or

(ii) κi either positive and κi ≡ 2 mod 4, or κi negative and odd, or

(iii) κi ≡ 2 mod 4 for all i .

Combining the conclusions of subsections 6D3, 6E3 and 6F3, we can choose κi for which we require(
κi
p

)
=−1, to contradict the fact that φ is symplectic, as follows.

E κi E κi

18q.1.a1 4− a or − 6b 72q.1.a1 2 or − 6b
18q.2.a1 4− a or − 6 72q.2.a1 −6b
18q.3.a1 4− a or − 6b 72q.3.a1 −6b
18q.4.a2 12− 2a or − 3b 72q.4.a2 2
18q.5.a2 12− 2a 72q.4.b2 2 or 3
18q.5.b2 12− 2a 72q.7.a1 −3b
36q.1.a2 2 72q.8.a2 2 or − 3b
36q.1.b2 6 72q.9.a2 −3b
36q.3.a1 −3b

Here, the integers a and b are as given in the definitions of the curves E in Section 3. It is important to
remember that, for a given q and corresponding type of curve E , we have not ruled out the possibility of
there being more than one nonisogenous curve involved. As example (3-1) illustrates, there can certainly
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be nonisogenous curves associated to a fixed pair (q, E); in the case of (3-1), neither curve of the shape
E = 18q.4.a satisfies a ≡ 0 mod 2, b ≡ 1 mod 2.

From the preceding table, the only cases where we cannot choose κi to be negative are the primes q
corresponding to E = 36q.1.a2, 36q.1.b2, 72q.4.a2 or 72q.4.b2. The first two of these require q ∈ S8,
while the latter two arise from q ∈ S5 of the form q = 3d2

+ 4 for integer d. In each of these cases, we
can choose κi ≡ 2 mod 4 positive (see the table above).

Noting that representations of a prime q as q = (3v2
− 1)/2 or q = 3d2

+ 4 are unique (and that,
modulo 4, we cannot have both simultaneously), to conclude the proof of Theorem 1.7, it remains, then, to
treat those primes q ∈ S0 \T for which we have a solution to (1-4), which correspond to a curve in the set

E2 = {36q.1.a2, 36q.1.b2, 72q.4.a2, 72q.4.b2}, (7-2)

and which, further, are associated with at least one curve in the set E1 \ E2. We will show that, in each
situation, we are in case (ii), i.e., we can find a set of κi with either κi positive and κi ≡ 2 mod 4, or κi

negative and odd.

7A1. The case q ∈ S8. In this subsection, we will show that if q ∈ Si ∩ S8 for some 1≤ i ≤ 7 corresponds
to some E ∈ E1 \ E2, then necessarily

E ∈ {18q.3.a1, 18q.4.a2, 72q.3.a1, 72q.7.a1, 72q.9.a2}, (7-3)

with q correspondingly represented in one or more of the following ways.

q = 3b1 − 2a1, with a1 ≡ 3 mod 6, b1 ≡ 2 mod 12, if E = 18q.3.a1 or 72q.3.a1,

q = d2
2 + 2a23b2, with a2 ≥ 4 even, and b2 odd, if E = 18q.4.a2 or 72q.9.a2, or

q = (d2
3 + 3b3)/4, with b3 odd, if E = 72q.7.a1.

Note that here, there might possibly exist more than one representation of a given prime q, with, say,
distinct d2, a2 and b2. From this and applying the preceding table, our set of κi (modulo squares) can
thus be chosen to be contained in

{2, 6} ∪ {−3b1/2} ∪ {−3b2} ∪ {−3b3},

where, as desired, each integer is either positive and ≡ 2 mod 4, or negative and odd.
Suppose that q ∈ S8. It follows that there exist integers u and v such that q = (3v2

− 1)/2 where
u2
− 3v2

= −2 (and hence q ≡ 1 mod 4). As noted earlier, the positive integers v = vk satisfying this
latter equation also satisfy the binary recurrence (6-3). In particular, we have that vk ≡ 0 mod 3 precisely
when k ≡ 1 mod 4. For such k, we may readily show via induction that vk ≡±3 mod 13 and hence that
3v2

k − 1 ≡ 0 mod 13. It follows that, in order to have q = (3v2
− 1)/2 prime with u2

− 3v2
= −2 for

some integer u, we require that either q = 13, or that v ≡±1 mod 3 (whereby q ≡ 1 mod 9).
Next suppose that q ∈ Si for some 1 ≤ i ≤ 7. From Proposition 5.1, necessarily i ∈ {2, 4, 6}. In

particular, if our prime q is associated to some elliptic curve E in E1 \ E2, then, since q ≡ 1 mod 36, we
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have (7-3). To complete the proof of Theorem 1.7 in case q ∈ S8, it remains to show that if we write
q = (−1)δ12a

+ (−1)δ23b with a ≥ 5, then δ1 = 1, δ2 = 0 and we have a ≡ 3 mod 6, b ≡ 2 mod 12.
If, for our q ∈ S8 with q 6= 13, we have q = 2a

+ 3b for integers a ≥ 2 and b ≥ 1, then, modulo 4, b is
necessarily even, so that we require 2a

≡ 1 mod 9, whence a ≡ 0 mod 6. It follows that 2a
+ 3b
≡ 2, 3 or

5 mod 7. On the other hand, again from considering the recursion (6-3), we find that q ≡±1 mod 7, a
contradiction. If, instead, we have q = 2a

− 3b, for a ≥ 2 and b ≥ 1, then, modulo 12, a is even and b is
odd. If b= 1, then we have 2a+1

= 3v2
+5 and so, from Lemma 5.3, since q > 73, a contradiction. If we

suppose that b ≥ 2, then, modulo 9, we again require that a ≡ 0 mod 6, so that 2a
− 3b
≡ 0, 3, 5, 9 or

11 mod 13. On the other hand, from (6-3), we have that q ≡±1 mod 13, a contradiction.
It follows that, if q ∈ S2 ∩ S8 with q 6= 13, then there exist integers a ≥ 2 and b ≥ 1, with q = 3b

− 2a .
Arguing as previously, modulo 22

· 33
· 7, necessarily a ≡ 3 mod 6 and b≡ 2 mod 6. Working modulo 73,

we find from (6-3) that q ≡±1,±34,±35 mod 73 which shows that, in fact, b ≡ 2 mod 12, as desired.

7A2. The case q = 3d2
+4 in S5. In this subsection, we will show that if a prime q which can be written

as q = 3d2
+ 4 for d ∈ Z corresponds to some E ∈ E1 \ E2, then

E ∈ {36q.3.a1, 72q.3.a1}, (7-4)

with q correspondingly represented in one or more of the following ways.

q =
d2

1 + 3b1

4
, with b1 odd, if E = 36q.3.a1, (7-5)

or

q = 3b2 + (−1)δ2a2, with a2 ∈ {2, 3}, b2 odd, if E = 72q.3.a1. (7-6)

To see this, begin by supposing that q = 3d2
+ 4 for an (odd) integer d. Modulo 8, we cannot have

q = 3d2
1 + 2α for integer d1 and α ≥ 4. Further, applying Proposition 5.1, q 6∈ Si for each i ∈ {1, 3, 4, 8},

while the assumption that q ∈ S0 \ T implies q 6∈ S7. It follows that if q ∈ Si for some i 6= 5, then
we must have i ∈ {2, 6} and hence that if q corresponds to some E ∈ E1 \ E2, then E is one of
18q.3.a1, 36q.3.a1, 72q.3.a1 or 72q.7.a1. The last of these possibilities is eliminated modulo 4.

If we can write q= (−1)δ12a
+(−1)δ23b, for a∈{2, 3} or a≥5, and b≥1, then, modulo 3, δ1≡a mod 2,

while, modulo 8, either a = 2, δ1 = δ2 = 0, b≡ 1 mod 2 and d = 3(b−1)/2, or we have a ≥ 3, b≡ 0 mod 2
and δ2 = 1. In this latter case, we also have δ1 = 0, a ≡ 0 mod 2 and hence

2a/2
− 3b/2

= 1 and 2a/2
+ 3b/2

= q.

If a = 4, we find that q = 7. Otherwise, we have a ≥ 6 and hence the first equation here has no solutions
modulo 8, eliminating the possibility that E = 18q.3.a1. We therefore conclude that E satisfies (7-4)
(and, additionally, that if q = 3d2

+ 4 ∈ S2, then d = 3(b−1)/2 for some odd integer b).
A priori, at this point, all we can conclude is that our set of κi is contained in

{2} ∪ {−3b1} ∪ {−6b2},
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where the exponents b1 and b2 are as in (7-5) and (7-6). Since both b1 and b2 are odd, we cannot
immediately conclude that our set of κi satisfies any of (i), (ii) or (iii). To show that it is indeed compatible,
we will appeal to the following result:

Lemma 7.1. If d is an integer such that q = 3d2
+ 4 is prime with, additionally, q ∈ S2 ∩ S6, then

q ∈ {7, 31}.

Proof of Lemma 7.1. Let us suppose that q = 3d2
+ 4 is prime with q ∈ S2 ∩ S6. Then, from our prior

work, we can write

q = 3b2 + 4=
d2

6 + 3b6

4
,

for odd positive integers b2, d6 and b6, so that

d2
6 = 4 · 3b2 − 3b6 + 16. (7-7)

In general, this equation has precisely the solutions

(d6, b2, b6)= (1, 1, 3), (5, 1, 1), (11, 3, 1) and (31, 5, 3)

in odd positive integers; none of these correspond to a prime values of q > 73. To prove this, note that an
elementary argument easily yields that b2 > b6 unless |d6| ≤ 5. We may thus write d6 = 3b6 · k1+ (−1)δ4,
for some δ ∈ {0, 1} and k1 ≡±1 mod 6 a positive integer. Substituting into (7-7), we have

3b6k2
1 + (−1)δ8 · k1 = 4 · 3b2−b6 − 1.

If k1 = 1, then, modulo 3, we have 3b6−1
+ 3= 4 · 3b2−b6−1, corresponding to (d6, b2, b6)= (31, 5, 3). If

k1 > 1 then k1 ≥ 5 and necessarily b2 > 2b6. It follows that we can write (−1)δ8 · k1+ 1= 3b6 · k2 for a
(nonzero) integer k2 ≡ 3 mod 8, so that

(3b6k2− 1)2+ 64k2 = 256 · 3b2−2b6 . (7-8)

We check that the only solution to this equation with k2 ∈ {−13,−5, 3, 11} corresponds to (d6, b2, b6)=

(11, 3, 1); otherwise, after a little work, we may suppose that b2 > 4b6 and hence that −2k23b6+64k2+1
is divisible by 32b6 (and hence |2k23b6 − 64k2− 1| ≥ 32b6). It follows that either b6 ≤ 3, or that we have
|k2|> 3b6−1. From (7-8), after a little more work, we may thus conclude that either b6 ∈ {1, 3}, or that
b2 ≥ 6b6− 7.

On the other hand, applying Theorem 1.5 of [Bauer and Bennett 2002], with (in the notation of that
theorem)

(a, y, x0,m0,1, α, s)= (1, 3, 3788, 15,−37, 3.1, 2),

we find that ∣∣∣∣√3−
p

2 · 3k

∣∣∣∣> e−1703−1.64281k,
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for p and k positive integers with k ≥ 4775. It follows that

|p2
− 4 · 32k+1

|> 4 · e−17030.35719k,

provided k ≥ 4775. Applying this with p = d6 and b2 = 2k+ 1, (7-7) thus implies that either b6 ∈ {1, 3}
or we have

3(b2+7)/6
≥ 3b6 > 4 · e−17030.35719(b2−1)/2,

whence b2 ≤ 12979. A brute-force search confirms that (7-7) has only the listed solutions.
We thus have q = 3b2 + 4 for b2 ∈ {1, 3, 5}, whereby, since we assume that q is prime, q ∈ {7, 31}. �

Applying Lemma 7.1 and assuming that q > 73, we can therefore conclude that if q = 3d2
+ 4, then

our set of κi is contained in either

{2} ∪ {−3b1} or {2} ∪ {−6b2},

where, again, the exponents b1 and b2 are as in (7-5) and (7-6). Since both b1 and b2 are odd, it follows
that our set of κi is compatible of type either (ii) or (iii), respectively. This completes the proof of
Theorem 1.7.

7B. Proof of Theorem 1.8. Let q = 2a3b
− 1 with a ≥ 5 and b ≥ 1 be a prime. Then q ∈ S1 and

hence, from Proposition 5.1, q 6∈ Si for i ∈ {2, 3, 5, 7, 8}. On the other hand, q 6∈ Si for i ∈ {4, 6}, since
q ≡ 2 mod 3. It follows that, in this case, a solution to (1-2) with p ≥ q2q necessarily corresponds to an
elliptic curve in the isogeny class 18q.1.a. The result now follows from the equalities in (6-1).

7C. Proof of Theorem 1.9. Suppose that A, B and C are coprime, nonzero integers satisfying (1-5) with
p ≥ 17, and write F for the corresponding Frey–Hellegouarch curve. Note that, for q = 5, we are led to
consider levels 90, 180 and 360. For these levels, each weight 2, cuspidal newform f corresponds to one
of the 9 isogeny classes of elliptic curves E/Q given in Cremona’s notation by

90a, 90b, 90c, 180a, 360a, 360b, 360c, 360d and 360e.

For E in the isogeny classes 90a, 90b, 180a, 360b and 360c, we find that a7(E)= 2 and hence, it follows
from (4-3), the Hasse bound and the level lowering condition that

2≡ 0,±4,±8 mod p.

This gives a contradiction with p ≥ 17.
Next, we treat the isogeny class 360e. Taking E = 360e2, we find that e(E, 3)= 2. In the beginning

of Section 6D2, it is explained that either F has potentially multiplicative reduction at `= 3 or potentially
good reduction with e(F, 3)= 4, a contradiction in either cases.

Finally, suppose that E is in one of the isogeny classes 90c, 360a and 360d, say, E = 90c2, 360a2
or 360d2. We will apply [Freitas 2016, Theorem 4] and [Kraus and Oesterlé 1992, Proposition 2] with
` ∈ {2, 3, q}. In all cases, from [Kraus and Oesterlé 1992, Proposition 2] with `= q, we have that our
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isomorphism between F[p] and E[p] is necessarily symplectic. If E = 90c2, we may thus further appeal
to [Kraus and Oesterlé 1992, Proposition 2] with `= 2 and `= 3 (after suitable twist) to conclude that(

−1
p

)
=

(
−2
p

)
= 1. (7-9)

For E = 360a2, we apply [Freitas 2016, Theorem 4] and [Kraus and Oesterlé 1992, Proposition 2] with
`= 3, whereby (

2
p

)
=

(
−3
p

)
= 1. (7-10)

If E = 360d2, we apply [Kraus and Oesterlé 1992, Proposition 2] with `= 3 to conclude that(
−6
p

)
= 1. (7-11)

We reach our desired conclusion upon observing that, if p ≡ 13, 19 or 23 mod 24, then each of (7-9),
(7-10) and (7-11) fails to hold.

7D. Further results for small primes q. To conclude this paper, we will provide some more explicit
results for small values of q . We obtain these by proceeding in a similar fashion to the proof of Theorem 1.9.
Making the further assumption that p ≥ q2q , we reduce the calculation to consideration of elliptic curves
E with nontrivial rational 2-torsion, conductor in the set {18q, 36q, 72q} and such that 1(E) is of the
shape T 2 or −3T 2 for some integer T (i.e., those corresponding to primes in S0). We summarize our
results as follows.

Theorem 7.2. If p and q are primes with p ≥ q2q , then there are no coprime, nonzero integers A, B
and C satisfying equation (1-4) with q in the following table and p satisfying the listed conditions.

q p q p
5 13, 19, 23 mod 24 47 5, 11, 13, 17, 19, 23 mod 24
11 13, 17, 19, 23 mod 24 59 5, 7, 11, 13, 19, 23 mod 24
13 11 mod 12 67 7, 11, 13, 29, 37, 41, 43, 59, 67, 71, 89, 101, 103 mod 120
17 5, 17, 23 mod 24 71 5 mod 6
23 19, 23 mod 24 73 41, 71, 89 mod 120
29 7, 11, 13, 17, 19, 23 mod 24 79 5, 7, 11, 13, 19, 23 mod 24
31 5, 11 mod 24 89 13, 17, 19, 23 mod 24
41 5, 7, 11, 17, 19, 23 mod 24 97 11 mod 12

Here, we have omitted both primes for which Theorem 1.4 applies directly (i.e., q = 53 and 83,
according to Corollary 1.6) and also primes for which the symplectic method fails to eliminate exponents,
i.e., q ∈ {7, 19, 37, 43, 61}. For these latter primes, observe that, in each case, q is of the shape (3d2

+1)/4
or 3d2

+ 16 for an integer d; as explained in Section 5B, these are those primes for which there exists a
solution to (1-4) (with C = 1) for every exponent p (whereby we expect our techniques to fail), together
with those for which we have a “trivial” solution to the related equation A3

+ B3
= 8qC p, again for

every p.
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Appendix: c-invariants

curve c4 c6

18q.1.a1 32(22a32b
+ (−1)δ2a3b

+ 1) (−1)δ+133(2a+13b
+ (−1)δ)(2a3b

+ (−1)δ+1)(2a−13b
+ (−1)δ)

18q.1.a2 32(22a+432b
+ (−1)δ2a+43b

+ 1) 33(2a+13b
+ (−1)δ)(22a+532b

+ (−1)δ2a+53b
− 1)

18q.1.a3 32(22a−432b
+ (−1)δ2a3b

+ 1) (−1)δ+133(2a−13b
+ (−1)δ)(22a−532b

+ (−1)δ+12a3b
− 1)

18q.1.a4 32(22a32b
+ (−1)δ+17 · 2a+13b

+ 1) (−1)δ+133(2a3b
+ (−1)δ+1)(22a32b

+ (−1)δ17 · 2a+13b
+ 1)

18q.2.a1 32(22a
+ 2a
+ 1) −33(2a+1

+ 1)(2a
− 1)(2a−1

+ 1)
18q.2.a2 32(22a+4

+ 2a+4
+ 1) −33(2a+1

+ 1)(22a+5
+ 2a+5

− 1)
18q.2.a3 32(22a−4

+ 2a
+ 1) −33(2a−1

+ 1)(22a−5
− 2a
− 1)

18q.2.a4 32(22a
− 7 · 2a+1

+ 1) −33(2a
− 1)(22a

+ 17 · 2a+1
+ 1)

18q.3.a1 32(22a
+(−1)δ1+δ22a3b

+32b) (−1)δ33(2a+1
+(−1)δ1+δ23b)(2a

−(−1)δ1+δ23b)(2a−1
+(−1)δ1+δ23b)

18q.3.a2 32(22a+4
+(−1)δ1+δ22a+43b

+32b) (−1)δ33(2a+1
+ (−1)δ1+δ23b)(22a+5

+ (−1)δ1+δ22a+53b
− 32b)

18q.3.a3 32(22a−4
+ (−1)δ1+δ22a3b

+ 32b) (−1)b+133((−1)δ1+δ22a−1
+ 3b)(22a−5

− (−1)δ1+δ22a3b
− 32b)

18q.3.a4 32(22a
+(−1)1+δ1+δ27·2a+13b

+32b) (−1)b33(3b
+ (−1)b+δ2a)(22a

+ (−1)δ1+δ217 · 2a+13b
+ 32b)

18q.4.a1 (−1)δ132(q − (−1)δ22a−23b) 33d(d2
+ (−1)δ1+δ22a−33b+2)

18q.4.a2 (−1)δ132(q − (−1)δ22a+23b) 33d(d2
+ (−1)δ1+δ22a3b+2)

18q.5.a1 32(d2
+ (−1)δ1+δ22a−2) 33d(d2

+ (−1)δ1+δ22a−33)
18q.5.a2 32(d2

− (−1)δ1+δ22a) 33d(d2
+ (−1)δ1+δ22a3)

18q.5.b1 34(d2
+ (−1)δ1+δ22a−2) −36d(d2

+ (−1)δ1+δ22a−33)
18q.5.b2 34(d2

− (−1)δ1+δ22a) −36d(d2
+ (−1)δ1+δ22a3)

18q.6.a1 32(d2
+ 3 · 2a−2) 33d(d2

+ 2a−332)

18q.6.a2 32(d2
− 3 · 2a) 33d(d2

+ 2a32)

Table 1. Data for curves with conductor 18q .

curve c4 c6 curve c4 c6

36q.1.a1 243(q2
− 1) −2532rs(q2

+ 2) 36q.4.a1 2432(d2
− 3b+1) 2533d(2d2

− 3b+2)

36q.1.a2 243(16q2
− 1) −2632rs(32q2

+ 1) 36q.4.a2 2432(d2
+ 4 · 3b+1) 2633d(d2

− 4 · 3b+2)

36q.1.b1 2433(q2
− 1) 2535rs(q2

+ 2) 36q.5.a1 2432(d2
− 3b+1) 2533d(2d2

− 3b+2)

36q.1.b2 2433(16q2
− 1) 2635rs(32q2

+ 1) 36q.5.a2 2432(d2
+ 4 · 3b+1) 2633d(d2

− 4 · 3b+2)

36q.2.a1 2232(d2
− 1) −2333d(d2

+ 3) 36q.6.a1 2432(d2
− 1) 2533d(2d2

− 3)
36q.2.a2 2432(4d2

+ 1) −2633d(8d2
+ 3) 36q.6.a2 2432(d2

+ 4) 2633d(d2
− 12)

36q.2.b1 2234(d2
− 1) 2336d(d2

+ 3) 36q.6.b1 2434(d2
− 1) −2536d(2d2

− 3)
36q.2.b2 2434(4d2

+ 1) 2636d(8d2
+ 3) 36q.6.b2 2434(d2

+ 4) −2636d(d2
− 12)

36q.3.a1 2232(d2
− 3b+1) −2333d(d2

+ 3b+2) 36q.7.a1 2432(d2
+ 3b+1) 2533d(2d2

+ 3b+2)

36q.3.a2 2432(4d2
+ 3b+1) −2633d(8d2

+ 3b+2) 36q.7.a2 2432(d2
− 4 · 3b+1) 2633d(d2

+ 4 · 3b+2)

Table 2. Data for curves with conductor 36q .
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curve c4 c6

72q.1.a1 2432(32b
+ 3b
+ 1) 2533(3b

− 1)(3b
+ 2)(2 · 3b

+ 1)

72q.1.a2 2432(16 · 32b
+ 16 · 3b

+ 1) 2633(2 · 3b
+ 1)(32 · 32b

+ 32 · 3b
− 1)

72q.1.a3 2432(16 · 32b
+ 16 · 3b

+ 1) 2633(2 · 3b
+ 1)(32 · 32b

+ 32 · 3b
− 1)

72q.1.a4 2432(16 · 32b
+ 16 · 3b

+ 1) 2633(2 · 3b
+ 1)(32 · 32b

+ 32 · 3b
− 1)

72q.2.a1 2432(22a32b
+ (−1)δ2a3b

+ 1) −2633((−1)δ2a+13b
+ 1)(22a−132b

+ (−1)δ2a−13b
− 1)

72q.2.a2 2432(22a+432b
+ (−1)δ2a+43b

+ 1) −2633((−1)δ2a+13b
+ 1)(22a+532b

+ (−1)δ2a+53b
− 1)

72q.2.a3 2432(22a−432b
+ (−1)δ2a3b

+ 1) 2533((−1)δ2a−13b
+ 1)(−22a−432b

+ (−1)δ2a+13b
+ 2)

72q.2.a4 2432(22a32b
+ (−1)δ7 · 2a+13b

+ 1) −2633((−1)δ2a3b
− 1)(22a32b

+ (−1)δ17 · 2a+13b
+ 1)

72q.3.a1 2432(32b
+ (−1)δ2a3b

+ 22a) 2633(−1)b(3b
− (−1)δ2a)(22a

+ (−1)δ5 · 2a−13b
+ 32b)

72q.3.a2 2432(32b
− (−1)δ7 · 2a+13b

+ 22a) 2633(−1)b(3b
− (−1)δ2a)(22a

+ (−1)δ17 · 2a+13b
+ 32b)

72q.3.a3 2432(32b
+ (−1)δ2a+43b

+ 22a+4) −2633(−1)b(3b
+ (−1)δ2a+1)(22a+5

+ (−1)δ2a+53b
− 32b)

72q.3.a4 2432(32b
+ (−1)δ2a3b

+ 22a−4) 2533(−1)b(3b
+ (−1)δ2a−1)(−22a−4

+ (−1)δ2a+13b
+ 2 · 32b)

72q.4.a1 2432(d2
+ 1) −2533d(2d2

+ 3)

72q.4.a2 2432(d2
− 4) −2633d(d2

+ 12)

72q.4.b1 2434(d2
+ 1) 2536d(2d2

+ 3)

72q.4.b2 2434(d2
− 4) 2636d(d2

+ 12)

72q.5.a1 2432(d2
+ (−1)δ2a−2) −2533d((−1)δ2d2

+ 3 · 2a−2)

72q.5.a2 2432(d2
− (−1)δ2a) −2633d((−1)δd2

+ 3 · 2a)

72q.5.b1 2434(d2
+ (−1)δ2a−2) 2536d((−1)δ2d2

+ 3 · 2a−2)

72q.5.b2 2434(d2
− (−1)δ2a) 2636d((−1)δd2

+ 3 · 2a)

72q.6.a1 2232(d2
− 1) 2333d(d2

+ 3)

72q.6.a2 2432(4d2
+ 1) 2633d(8d2

+ 3)

72q.6.b1 2234(d2
− 1) −2336d(d2

+ 3)

72q.6.b2 2434(4d2
+ 1) −2636d(8d2

+ 3)

72q.7.a1 2232(d2
− 3b+1) 2333d(d2

+ 3b+2)

72q.7.a2 2432(4d2
− 3b+1) 2633d(8d2

+ 3b+2)

72q.8.a1 2432(d2
+ 3b+1) −2533d(2d2

+ 3b+2)

72q.8.a2 2432(d2
− 4 · 3b+1) −2633d(d2

+ 4 · 3b+2)

72q.9.a1 2432(d2
+ (−1)δ1+δ22a−23b+1) 2633d(d2

+ (−1)δ1+δ22a−33b+2)

72q.9.a2 2432(d2
+ (−1)δ1+δ2+12a

· 3b+1) 2633d(d2
+ (−1)δ1+δ22a

· 3b+2)

72q.10.a1 2432(d2
− 2a−23b+1) 2633d(d2

− 2a−33b+2)

72q.10.a2 2432(d2
+ 2a
· 3b+1) 2633d(d2

− 2a
· 3b+2)

72q.11.a1 2432(d2
+ 24) 2633d(d2

+ 36)

72q.11.a2 2432(d2
− 96) 2633d(d2

+ 288)

72q.12.a1 2432(d2
+ 24) 2633d(d2

+ 36)

72q.12.a2 2432(d2
− 96) 2633d(d2

+ 288)

Table 3. Data for curves with conductor 72q .
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[Freitas et al. 2017] N. Freitas, B. Naskręcki, and M. Stoll, “The generalized Fermat equation with exponents 2, 3, n”, preprint,
2017. arXiv

[Halberstadt and Kraus 2002] E. Halberstadt and A. Kraus, “Courbes de Fermat: résultats et problèmes”, J. Reine Angew. Math.
548 (2002), 167–234. MR Zbl

[Heath-Brown 1990] D. R. Heath-Brown, “Siegel zeros and the least prime in an arithmetic progression”, Quart. J. Math. Oxford
Ser. (2) 41:164 (1990), 405–418. MR Zbl

[Kraus 1990] A. Kraus, “Sur le défaut de semi-stabilité des courbes elliptiques à réduction additive”, Manuscripta Math. 69:4
(1990), 353–385. MR Zbl

[Kraus 1998] A. Kraus, “Sur l’équation a3
+ b3
= c p”, Experiment. Math. 7:1 (1998), 1–13. MR Zbl

[Kraus and Oesterlé 1992] A. Kraus and J. Oesterlé, “Sur une question de B. Mazur”, Math. Ann. 293:2 (1992), 259–275. MR
Zbl

[Mulholland 2006] J. T. Mulholland, Elliptic curves with rational 2-torsion and related ternary Diophantine equations, Ph.D.
thesis, University of British Columbia, 2006, Available at https://search.proquest.com/docview/304902650.

[Pillai 1945] S. S. Pillai, “On the equation 2x
− 3y
= 2X

+ 3Y ”, Bull. Calcutta Math. Soc. 37 (1945), 15–20. MR Zbl

[Stroeker and Tijdeman 1982] R. J. Stroeker and R. Tijdeman, “Diophantine equations”, pp. 321–369 in Computational methods
in number theory, II, edited by H. W. Lenstra, Jr. and R. Tijdeman, Math. Centre Tracts 155, Math. Centrum, Amsterdam, 1982.
MR Zbl

[Tijdeman 1973] R. Tijdeman, “On integers with many small prime factors”, Compositio Math. 26 (1973), 319–330. MR Zbl

[Tijdeman and Wang 1988] R. Tijdeman and L. X. Wang, “Sums of products of powers of given prime numbers”, Pacific J.
Math. 132:1 (1988), 177–193. MR Zbl

http://dx.doi.org/10.1023/A:1015779301077
http://dx.doi.org/10.1023/A:1015779301077
http://msp.org/idx/mr/1908198
http://msp.org/idx/zbl/1010.11020
http://dx.doi.org/10.1016/S0022-314X(02)00049-5
http://msp.org/idx/mr/1955415
http://msp.org/idx/zbl/1045.11021
http://dx.doi.org/10.1112/S1461157015000182
http://msp.org/idx/mr/3406453
http://msp.org/idx/zbl/1371.11077
http://www.labmath.uqam.ca/~annales/volumes/35-1/PDF/001-015.pdf
http://msp.org/idx/mr/2848028
http://msp.org/idx/zbl/1273.11059
http://msp.org/idx/arx/1802.00085
http://dx.doi.org/10.1007/10722028_9
http://msp.org/idx/mr/1850605
http://msp.org/idx/zbl/0986.11021
https://tinyurl.com/brunitwist
http://dx.doi.org/10.1016/j.jalgebra.2009.03.010
http://msp.org/idx/mr/2531215
http://msp.org/idx/zbl/1215.11026
http://homepages.warwick.ac.uk/~masgaj/book/fulltext/index.html
http://msp.org/idx/mr/1628193
http://msp.org/idx/zbl/0872.14041
http://dx.doi.org/10.1007/11792086_2
http://msp.org/idx/mr/2282912
http://msp.org/idx/zbl/1143.11324
https://tinyurl.com/dahmenphd
http://dx.doi.org/10.1112/blms/27.6.513
http://msp.org/idx/mr/1348707
http://msp.org/idx/zbl/0838.11023
http://dx.doi.org/10.4171/CMH/386
http://msp.org/idx/mr/3493372
http://msp.org/idx/zbl/06588946
http://msp.org/idx/arx/1607.01218
http://msp.org/idx/arx/1703.05058
http://dx.doi.org/10.1515/crll.2002.058
http://msp.org/idx/mr/1915212
http://msp.org/idx/zbl/1125.11038
http://dx.doi.org/10.1093/qmath/41.4.405
http://msp.org/idx/mr/1081103
http://msp.org/idx/zbl/0715.11049
http://dx.doi.org/10.1007/BF02567933
http://msp.org/idx/mr/1080288
http://msp.org/idx/zbl/0792.14014
http://dx.doi.org/10.1080/10586458.1998.10504355
http://msp.org/idx/mr/1618290
http://msp.org/idx/zbl/0923.11054
http://dx.doi.org/10.1007/BF01444715
http://msp.org/idx/mr/1166121
http://msp.org/idx/zbl/0773.14017
https://search.proquest.com/docview/304902650
http://msp.org/idx/mr/0013386
http://msp.org/idx/zbl/0063.06245
http://msp.org/idx/mr/702521
http://msp.org/idx/zbl/0521.10013
http://eudml.org/doc/89173
http://msp.org/idx/mr/0325549
http://msp.org/idx/zbl/0267.10056
http://dx.doi.org/10.2140/pjm.1988.132.177
http://msp.org/idx/mr/929588
http://msp.org/idx/zbl/0606.10012


Sums of two cubes as twisted perfect powers, revisited 999

[Wang 1989] L. Wang, “Four terms equations”, Indagationes Math. (Proc.) 92:3 (1989), 355–361. MR Zbl

[Wiles 1995] A. Wiles, “Modular elliptic curves and Fermat’s last theorem”, Ann. of Math. (2) 141:3 (1995), 443–551. MR Zbl

Communicated by Christopher Skinner
Received 2017-02-24 Revised 2017-09-07 Accepted 2017-12-18

bennett@math.ubc.ca Department of Mathematics, University of British Columbia, Vancouver BC,
Canada

cbruni@uwaterloo.ca Centre for Education in Mathematics and Computing, University of Waterloo,
Waterloo ON, Canada

nuno@math.ubc.ca Department of Mathematics, University of British Columbia, Vancouver BC,
Canada

mathematical sciences publishers msp

http://dx.doi.org/10.1016/S1385-7258(89)80010-1
http://msp.org/idx/mr/1020029
http://msp.org/idx/zbl/0698.10011
http://dx.doi.org/10.2307/2118559
http://msp.org/idx/mr/1333035
http://msp.org/idx/zbl/0823.11029
mailto:bennett@math.ubc.ca
mailto:cbruni@uwaterloo.ca
mailto:nuno@math.ubc.ca
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen
Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Richard E. Borcherds University of California, Berkeley, USA

Antoine Chambert-Loir Université Paris-Diderot, France

J-L. Colliot-Thélène CNRS, Université Paris-Sud, France

Brian D. Conrad Stanford University, USA

Samit Dasgupta University of California, Santa Cruz, USA

Hélène Esnault Freie Universität Berlin, Germany

Gavril Farkas Humboldt Universität zu Berlin, Germany

Hubert Flenner Ruhr-Universität, Germany

Sergey Fomin University of Michigan, USA

Edward Frenkel University of California, Berkeley, USA

Andrew Granville Université de Montréal, Canada

Joseph Gubeladze San Francisco State University, USA

Roger Heath-Brown Oxford University, UK

Craig Huneke University of Virginia, USA

Kiran S. Kedlaya Univ. of California, San Diego, USA

János Kollár Princeton University, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Susan Montgomery University of Southern California, USA

Shigefumi Mori RIMS, Kyoto University, Japan

Martin Olsson University of California, Berkeley, USA

Raman Parimala Emory University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Michael Rapoport Universität Bonn, Germany

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Joseph H. Silverman Brown University, USA

Michael Singer North Carolina State University, USA

Christopher Skinner Princeton University, USA

Vasudevan Srinivas Tata Inst. of Fund. Research, India

J. Toby Stafford University of Michigan, USA

Pham Huu Tiep University of Arizona, USA

Ravi Vakil Stanford University, USA

Michel van den Bergh Hasselt University, Belgium

Marie-France Vignéras Université Paris VII, France

Kei-Ichi Watanabe Nihon University, Japan

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2018 is US $340/year for the electronic version, and $535/year (+$55, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditFLOW® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2018 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 12 No. 4 2018

751A generic slice of the moduli space of line arrangements
KENNETH ASCHER and PATRICIO GALLARDO

779Parabolic induction and extensions
JULIEN HAUSEUX

833Akizuki–Witt maps and Kaletha’s global rigid inner forms
OLIVIER TAÏBI

885(ϕ, 0)-modules de de Rham et fonctions L p-adiques
JOAQUÍN RODRIGUES JACINTO

935Invariant theory of
∧3

(9) and genus-2 curves
ERIC M. RAINS and STEVEN V SAM

959Sums of two cubes as twisted perfect powers, revisited
MICHAEL A. BENNETT, CARMEN BRUNI and NUNO FREITAS

A
lgebra

&
N

um
ber

Theory
2018

Vol.12,
N

o.4

http://dx.doi.org/10.2140/ant.2018.12.751
http://dx.doi.org/10.2140/ant.2018.12.779
http://dx.doi.org/10.2140/ant.2018.12.833
http://dx.doi.org/10.2140/ant.2018.12.885
http://dx.doi.org/10.2140/ant.2018.12.935
http://dx.doi.org/10.2140/ant.2018.12.959

	1. Introduction
	2. Frey–Hellegouarch curves
	3. Classification results for primes of conductor 18q, 36q and 72q
	4. Finishing the proof of 0=theorem.81=1.4
	5. Sets of primes and trivial solutions
	5A. Intersections of the Si
	5B. Limitations due to trivial solutions

	6. Applying the symplectic criteria
	6A. The symplectic argument
	6B. Notation
	6C. The curves
	6D. Curves of conductor 18q
	6D1. Applying the criteria at =2
	6D2. Applying the criteria at =3
	6D3. Conclusions for level 18q

	6E. Curves of conductor 36q
	6E1. Applying the criteria at =2
	6E2. Applying the criteria at =3
	6E3. Conclusions for level 36q

	6F. Curves of conductor 72q
	6F1. Applying the criteria at =2
	6F2. Applying the criteria at =3
	6F3. Conclusions for level 72q


	7. Some applications of symplectic criteria
	7A. Proof of 0=theorem.121=Theorem 1.7
	7A1. The case q S8
	7A2. The case q =3d2+4 in S5

	7B. Proof of 0=theorem.131=Theorem 1.8
	7C. Proof of 0=theorem.141=Theorem 1.9
	7D. Further results for small primes q

	Appendix: c-invariants
	References
	
	

