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Semistable Chow—Hall algebras of quivers and
quantized Donaldson—Thomas invariants

Hans Franzen and Markus Reineke

The semistable ChowHa of a quiver with stability is defined as an analog of the cohomological Hall
algebra of Kontsevich and Soibelman via convolution in equivariant Chow groups of semistable loci in
representation varieties of quivers. We prove several structural results on the semistable ChowHa, namely
isomorphism of the cycle map, a tensor product decomposition, and a tautological presentation. For
symmetric quivers, this leads to an identification of their quantized Donaldson-Thomas invariants with
the Chow—Betti numbers of moduli spaces.

1. Introduction

The cohomological Hall algebra, or CoHa for short, of a quiver is defined in [Kontsevich and Soibelman
2011] as an analog of the Hall algebra construction of Ringel [1990] in equivariant cohomology of
representation varieties. In [Kontsevich and Soibelman 2011] the CoHa serves as a tool for the study
of quantized Donaldson—Thomas invariants of quivers, and in particular their integrality properties,
since it admits a purely algebraic description as a shuffle algebra “with kernel” on spaces of symmetric
polynomials. In [Efimov 2012], the CoHa of a symmetric quiver is shown to be a free super-commutative
algebra, proving the positivity of quantized Donaldson—Thomas invariants in this case.

In another direction, the CoHa is used in [Franzen 2016; 2018] to determine the ring structure on
the cohomology of noncommutative Hilbert schemes and more general framed moduli spaces of quiver
representations, as defined in [Engel and Reineke 2009].

Already in [Franzen 2018] it turns out that a “local” version of the CoHa (the semistable CoHa),
constructed via convolution on semistable loci of representation varieties with respect to a stability, is partic-
ularly useful, and that it is also convenient to replace equivariant cohomology by equivariant Chow groups.

In the present paper, we study this local version, called the semistable ChowHa, more systematically
and demonstrate their utility both for understanding the structure of the CoHa and for the study of
quantized Donaldson-Thomas invariants.

We prove the following structural properties of the semistable ChowHa:

The equivariant cycle map between the semistable ChowHa and the semistable CoHa is an isomorphism
(Corollary 5.6), which can be viewed as a generalization of a result of [King and Walter 1995] on the cycle

MSC2010: primary 14N35; secondary 14C15, 16G20.
Keywords: cohomological Hall algebra, Donaldson—-Thomas invariants, quiver moduli.
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map for fine moduli spaces of quivers. We exhibit a tensor product decomposition (Theorem 6.2) of the
CoHa into all semistable CoHa’s for various slopes of the stability, categorifying the Harder—Narasimhan,
or wall-crossing, formula of [Reineke 2003]. We give a “tautological” presentation of the semistable
ChowHa (Theorem 8.1), in the spirit of [Franzen 2015], which generalizes the algebraic description
of [Kontsevich and Soibelman 2011] of the CoHa. Quite surprisingly, such a tautological presentation
remains valid for the equivariant Chow groups of stable loci in representation varieties (Theorem 9.1).
From this, we conclude that the quantized Donaldson-Thomas invariants of a symmetric quiver are
given by the Poincaré polynomials of the Chow groups of moduli spaces of stable quiver representations
(Theorem 9.2). This shows that quantized Donaldson—Thomas invariants are of algebro-geometric origin;
compare [Meinhardt and Reineke 2014] where quantized Donaldson-Thomas invariants are interpreted
via intersection cohomology of moduli spaces of semistable quiver representations.

The proofs of these structural results basically only use the Harder—Narasimhan stratification of
representation varieties of [Reineke 2003], properties of equivariant Chow groups, and the result of
Efimov [2012]. All structural results are illustrated by examples in Section 10: We first give a complete
description of the Hall algebra of a two-cycle quiver, which is the only symmetric quiver with known
representation theory apart from the trivial and the one-loop quiver whose CoHa’s are already described
in [Kontsevich and Soibelman 2011]. Then we consider the only nontrivial (i.e., not isomorphic to
the CoHa of a trivial quiver) semistable ChowHa for the Kronecker quiver — we observe that it is not
super-commutative, but still has the same Poincaré—Hilbert series as a free super-commutative algebra;
for this, the representation theory of the Kronecker quiver is used essentially. Then we illustrate the
calculation of Chow—Betti numbers of moduli spaces of stable representations in the context of classical
invariant theory, and finally hint at an algebraic derivation of the explicit formula of [Reineke 2012] for
quantized Donaldson—-Thomas invariants of multiple loop quivers.

The paper is organized as follows:

After reviewing basic facts on quiver representations (Section 2) and the definition of quantized
Donaldson-Thomas invariants (Section 3), we define the semistable ChowHa in Section 4. In Section 5
we study the cycle map from ChowHa to CoHa, and prove it to be an isomorphism via induction over
Harder—Narasimhan strata and framing techniques. The Harder—Narasimhan stratification is also used in
Section 6 to derive the tensor product decomposition of the ChowHa. We recall the algebraic description
of the CoHa of [Kontsevich and Soibelman 2011] and Efimov’s theorem in Section 7. Again using
the Harder—Narasimhan stratification, we obtain the algebraic description of the semistable ChowHa
in Section 8. In Section 9, the previous results are combined to identify quantized Donaldson—Thomas
invariants and Chow—Betti numbers. Finally, the examples mentioned above are developed in Section 10.

2. A reminder on quiver representations

Let Q be a quiver—i.e., a finite oriented graph — whose set of vertices and arrows we denote by Qg
and Q1, respectively. We will often suppress the dependency on Q in the notation. The bilinear form
X = xo on Z20 defined by
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X(dve)zzdiee Zdej 2(8,1 a; j)die;

i€eQo aii—j

is called the Euler form of Q. Here, g; ; is the number of arrows from i to j in Q. We denote the
antisymmetrization x (d, e) — x (e, d) of the Euler form by (d,e). Let I' = 283 be the monoid of
dimension vectors of Q. B

Let k be a field. A representation M of Q over k is a collection of finite-dimensional vector spaces M;
with i € Qg together with linear maps M,, : M; — M for every arrow o : i — j. See [Assem et al. 2006]
for more details. The tuple dimM = (dim M; | i € Qp) € I is called the dimension vector of M. For a
dimension vector d € I', we define R;(k) to be the vector space

Rq(k) = € Hom(k*, k%)

aii—j

on which we have an action of the group G, (k) = Hier Gly, (k) via base change. An element of R, (k)
is a representation of Q on the vector spaces (k%;. Being an affine space, R;(k) admits a Z-model, i.e.,
there exists a scheme R; whose set of k-valued points is R;(k). Likewise, there is a group scheme G,
which is a Z-model for G4(k).
We introduce a stability condition 6 of Q, that is, a linear form Z2° — Z. For a nonzero dimension

vector d, the rational number

0(d)

Zz’ di

is called the §-slope of d. For a rational number p, let I'%* be the submonoid of all d € T" with d = 0
or whose 6-slope is u. If M is a nonzero representation of Q over k, the 6-slope of M is defined as
the slope of its dimension vector. A representation M of Q over k is called 0-semistable if no nonzero
subrepresentation of M has larger 6-slope than M. It is called 6-stable if the 6-slope of every nonzero
subrepresentation M’ is strictly less than the slope of M, unless M’ agrees with M. There is a Zariski-open
subset Rg_“t of the scheme R; whose set of k-valued points is the set of §-semistable representations
of Q. There is also an open subset Rz_“ of RS_S‘“ parametrizing absolutely 6-stable representations, that
means Rz_“(k) consists of those M € R;(k) such that M ®; K is 6-stable for every finite extension K | k.

3. Quantum Donaldson-Thomas invariants

Fix a prime power g and let [F = [, be the finite field with g elements. Then R, (F) and G4([F) are finite
sets, and we consider the set of orbits R;(F)/ G, (F). We define the completed Hall algebra of Q as the
vector space

Hy = H, (@) ={f| £ :|_|Ra(P)/Gu(F) — @}

del
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equipped with the following convolution-type multiplication: for two functions f and g, we define

(f*)(X)= ) f(U)g(X/U).
Ucx
the sum ranging over all subrepresentations of X. Note that this sum is finite. This multiplication turns
H, into an associative algebra. We define yet another algebra. Set T, := Q(q" DIt | i € Qo and let the
multiplication be given by

td 0t = (_ql/2)(d,e)td+e‘

It is shown in [Reineke 2003] that the so-called integration map [ : H, — T, defined by

1/2)x(mX,dLnX)

I ) _dimX
f f _§ 8 Aut(X) FX)-1

is a homomorphism of algebras. Define 1 € H, to be the function with 1(X) = 1 for all [X]. An easy
computation shows that A(g, t) := [ 1 equals

d;
Alq. )= (=¢"H T =g
d

i v=I
For a stability condition # of Q and a rational number w, we define 194 ¢ H, as the sum of the

characteristic functions on Rff“t([F) /Ga(F) over alld € rf#, Set Ae’“(q, 1) = f 191, Using a Harder—
Narasimhan type recursion, it is shown in [Reineke 2003] that:

Theorem 3.1. 1= 1_[ 19+ in H,.
nel

This implies that the series A and A%* relate in the same way in the twisted power series ring T,.

Let R be the power series ring @(ql/ D[t | i € Qoll with the usual multiplication. Let R, be the set of
power series without constant coefficient. There exists a unique continuous bijection Exp : R+ — 1+ R4
such that Exp(f + g) = Exp(f) Exp(g) and

k/2,dy _

forevery k € Z and d € T". This function is called the plethystic exponential. We call the stability condition
6 generic for the slope u € Q (or w-generic) if (d, e) =0 for all d, e € T'?*. Assuming that 6 is -generic,
the series A%* can be displayed as a plethystic exponential.

Theorem 3.2 [Kontsevich and Soibelman 2011]. For a u-generic stability condition 6, there are polyno-
mials QZ (@)= QZ’quk in Z|[q] for every nonzero dimension vector d of slope . such that

_ 1 =
A%M(q™! 1) =Exp (_l—q Z(—q‘/z)x<""’>92<q)rd>.
d
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Definition 3.3. If 6 is a p-generic stability condition and d is a nonzero dimension vector of slope p
then the coefficients of

Q(q) =) Q14" = q* " DPQ(q) € Z1gF')
keZ

are called the quantum Donaldson—Thomas invariants of Q with respect to 6.

When the quiver Q is symmetric, that means the Euler form of Q is a symmetric bilinear form, then
every stability condition is p-generic for every value p € Q. For example, the trivial stability condition
is 0-generic and we can define the Donaldson—Thomas invariants Qg’ ¢ for every d # 0. Note that
Theorem 3.1 implies 92’ 0= sz, i for every 0. We may therefore write 24« in this case.

4. The semistable ChowHa

Fix an algebraically closed field k. Abusing the notation from the first section, we will use the symbols
Ry, Rz_“t, RS_St, and G, for the base extensions of the respective Z-models to Spec k.

Let d be a dimension vector for Q. We define &QZ*S“ to be the G ;-equivariant Chow ring with rational
coefficients of the semistable locus

sly(Q) = AG, (Rg™™a.

For the definition of equivariant Chow groups and rings, see [Edidin and Graham 1998]. As we will
always work with rational coefficients, we will often omit it in the notation. We define 545"/ as the
graded vector space

w@—SS[,M(Q): @ &szsst'

dert.n

We mimic Kontsevich and Soibelman’s construction [2011] of the cohomological Hall algebra (CoHa) of
a quiver with stability and trivial potential.

For two dimension vectors d and e of the same slope u, we set Z; . as the subspace of Ry, of
representations M which have a block upper triangular structure as indicated, i.e., for every arrow
o :i — j, the linear map M,, sends the first d; coordinate vectors of k%*¢ into the subspace of k4i*¢
spanned by the first d; coordinate vectors. We consider

Rd X Re < Zd,e e Rd+e,

the left-hand map sending a representation M = (M/ ) to the pair (M’, M"), and the right-hand

map being the inclusion. These maps are called Hecke correspondences. For a short exact sequence
0> M — M — M"” — 0 of representations of the same slope, M is 6-semistable if and only if both M’
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and M" are. We thus obtain cartesian squares

Rd X Re Zd,e Rd+e
Ul Ul Ul
RS X RS +— Zy o NRY, — RSL,.

The action of G = G44. on Ry, restricts to an action of the parabolic P = (G" 5 ) on Z, ., and the
map Z; . — Rg X R, is compatible with the action of its Levi L = G4 x G, on R; x R,. With respect to
these actions, the respective semistable loci are invariant. This gives rise to morphisms

(RS x R x* G « Z3, x" G — 23, x" G - R}, x" G — Ryqe.
We see that:

o (R} x RS xt G « Z3, x* G is a G-equivariant (trivial) vector bundle.

« Z3 x1' G — Z3', xP G is a fibration whose fiber P/L is an affine space (as L is the Levi of P

in G) and thus induces an isomorphism in G-equivariant intersection theory.

sst P sst P . . . . . . _ o
* Z7,x"G— R}, X" G isaG-equivariant regular embedding of relative dimension s; = > de;.

ai—j %

. Rsst

de x? G — Ry is proper as G/ P is complete, and the dimension of G/P is so =Y, d;e;.

The above morphisms give rise to maps in equivariant intersection theory

AL (R X R™) = AL(Z3) <= AB(Z7%) — AT (L) — AGT™ T (R,

Note that s; — 5o equals —x (d, e), the negative of the Euler form of d and e. Composing with the
equivariant exterior product map Ay (R7") ® Ay (RP™) — A7 (RF' x RS™), we obtain a linear map

sst sst sst
Ay Ay, — Ay, ,.

The proof of [Kontsevich and Soibelman 2011, Theorem 1] also shows that we thus obtain an associative
I'%#_graded algebra. In analogy to Kontsevich and Soibelman’s terminology, we define:

Definition 4.1. The algebra s0?~5t#(Q) is called the #-semistable Chow—Hall algebra (ChowHa) of
slope u of Q.

For the special case that 0 is zero (i.e., RZF‘ = Ry) and u = 0, we write o instead of #9540 and call
it the ChowHa of Q.

5. ChowHa vs. CoHa

We discuss the relation between the semistable ChowHa and Kontsevich and Soibelman’s semistable
CoHa. Let k be the field of complex numbers. There is an equivariant analog (see [Edidin and Graham
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1998, 2.8]) of the cycle map from [Fulton 1984, Chapter 19]. Concretely, there is a homomorphism of
rings which doubles degrees
A>|(<;d (szsst) N Héd (szsst)

for every stability condition 6 and every dimension vector d.

Theorem 5.1. The equivariant cycle map A*Gd(Rg_SSt) — H(*;d (Rz_“t) is an isomorphism. In particular,
RZ_SSt has no odd-dimensional G 4-equivariant cohomology.

This theorem generalizes a result due to King and Walter [1995, Theorem 3(c)]. They show the above
assertion for an acyclic quiver, an indivisible dimension vector and a stability condition for which stability
and semistability coincide. In this case, there exists a geometric PG;-quotient RZ_(S)St — Mg, and the
G g-equivariant Chow and cohomology groups agree with the tensor product of the ordinary Chow and
cohomology groups of the quotient with a polynomial ring Q[z] = AEm (pt) = Hém (pv).

We need a general lemma in order to prove Theorem 5.1. Let X be a complex algebraic scheme
embedded into a nonsingular variety X of complex dimension N; for the rest of this section, a scheme
will be a complex algebraic scheme (see [Fulton 1984, B.1.1]) which admits such an embedding. The
Borel-Moore homology Hy (X) is isomorphic to the singular cohomology H*Y (X, X —X). We consider
the cycle map cl: Ag(X) = Hyu (X).

Lemma 5.2. Let X be a scheme, Y a closed subscheme of X and U the open complement:
(1) Ifboth Y and U have no odd-dimensional homology then X does not have odd-dimensional homology.
2) If Ax(Y) = Hy(Y) and Ax(U) — Hy (U) are isomorphisms and Hop41(U) = 0 then Ap(X) —
Hyi (X) is an isomorphism.
(3) Suppose that A (Y) — Hpr(Y) and Ap(X) — Ha(X) are isomorphisms and Hy_1(Y) = 0. Then
Ar(U) — Hy (U) is also an isomorphism.

Proof. The first assertion is clear by the long exact sequence in homology. To prove the second statement,
we consider the diagram:

Ap(Y) — Ay (X)) — A, (U) ——— 0

| | |

coo = Hy 1 (U) — Hy(Y) — Hy(X) — Hy(U) — Hy—(Y) — - -

The left and right vertical maps being isomorphisms and the left-most term in the lower row being zero by
assumption, the claim follows by applying the snake lemma. The third claim follows by a diagram chase
in the same diagram. We give the proof for completeness. Let u € Hy (U). There exists x € Hy(X)
with j*x = u where j : U — X is the open embedding. We find a unique & € A;(X) with cly & = x, so
u = j*cly & =cly j*& which proves the surjectivity of cly. To show that cly is injective, let v € Ax(U)
with cly v = 0. For an inverse image & € Az (X) of v under j*, we obtain j*cly & = 0, whence there
exists y € Hy,(Y) such that i,y =clx &. Here i : Y — X denotes the closed immersion. Let n € Ag(Y)
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be the unique cycle with cly n = y. We get clx i,n =i,y = clx & and thus i,.n = £ by injectivity of cly.

This implies v = j*i,n = 0. g
An immediate consequence of the above lemma is the following:

Lemma 5.3. Suppose that a scheme X has afiltration X =Xy 2 - - -2 X1 2 Xo = by closed subschemes
such that the cycle map for the successive complements S; = X; — X;_ is an isomorphism for all i. Then

clx is an isomorphism and, moreover, we have noncanonical isomorphisms

N N
A(X) = @ A(S) and A*(X)= @ AxeodimxSi (g
i=0 i=0

by choosing sections of the surjections A.(X;) = A.(S;) foralli.

We now turn to an equivariant setup. Let G be a reductive linear algebraic group acting on a scheme X
of complex dimension n. For an index i, we choose a representation V of G and an open subset E C V
such that a principal bundle quotient £ /G exists and such that codimy (V — E) > n —i. Then, the group

AS(X) = Ajvdimv—dimc(X xC E)

is independent of the choice of E and V. In the same vein, for an index j with 2 codimy (V —E) > 2n—j,

we can define equivariant Borel-Moore homology via ordinary Borel-Moore homology, namely
HY (X) = Hj12dimv—2dim6 (X X E)

(see [Edidin and Graham 1998]). If X is smooth then HJ.G (X) is dual to H>"~/(X x° E) which is
isomorphic to H* (X x9 EG) = Hé"_j (X) (where EG is the classifying space for G).

We consider the equivariant cycle map cl : AE(X ) — HZCI;C(X ) which is defined as the ordinary cycle
map cl : Ajtdimv—dimc(X xC E) —> Hoi10dimv—2dimc (X xC E) (again independent of E C V). For
complementary open and closed subschemes U and Y of X which are G-invariant, we choose £ C V such
that the principal bundle quotient £ /G exists and codimy (V — E) > n —i (note that all the equivariant
versions of the groups appearing in the diagram in the proof of Lemma 5.2 can be defined using E) and
apply Lemma 5.2 to the complementary open/closed subschemes U x¢ E and Y x¢ E. We thus obtain:

Corollary 5.4. In the above equivariant situation, Lemmas 5.2 and 5.3 hold for equivariant Chow and

Borel-Moore homology groups.
Proof of Theorem 5.1. We prove Theorem 5.1 in two steps:

(1) Prove that the odd-dimensional equivariant cohomology of the #-semistable locus vanishes by
reducing the arbitrary case to a situation where stability and semistability agree. There, the statement
is known thanks to Reineke [2003].

(2) Prove that the equivariant cycle map A (R — HS¢(R%~%) is an isomorphism by induction
q y p A (y 2 Ly p y
over the Harder—Narasimhan strata.
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Step 1: First, assume that d is a 6-coprime dimension vector. This means that there is no subdimension
vector 0 # d’' < d with the same slope as d apart from d itself. In this case, 6-semistability and 0-stability
on R, agree and there exists a smooth geometric PG,-quotient sz(S)St — Mg. Here, PG; = G4/C*. In
[Reineke 2003, Theorem 6.7] it is shown that the odd-dimensional cohomology of Mg vanishes. But as
by the existence of a geometric quotient

HE (R = HY (M) ® HE. (pt),

it follows that RS~ has no odd-dimensional cohomology.

Now, let d be arbitrary. We show that for a fixed — not necessarily positive — integer k, there exist a
quiver 0,a stability condition 6,a é—coprime dimension vector d, and an integer s > 0 (all depending
on k) for which

—ssta o 2 PGs G (s)st, A
HEU (RGN = H 5 (REDN(0)). (1)

For a dimension vector n of Q, we consider Iéd,n = Ry x F, where F,, = @, Hom(C", C%). The space
Iéd,,, is the space of representations of the framed quiver QO of dimension vector d which arise as follows
(see [Engel and Reineke 2009, Definition 3.1]): we add an extra vertex oo to the vertexes of Q, i.e.,
Qo = Qo U {00} and, in addition to the arrows of Q, we have n; arrows from oo heading to i for all
i € Qp. The dimension vector d is defined by c?,' =d; fori € Qg and dAoo = 1 and is indivisible. The
structure group G ; is C* x G4, whence we can identify PG; with G4. We define 6 in the same way as
in [loc. cit., Definition 3.1]. The following are equivalent for a framed representation (M, f) € I@d,n (see
[loc. cit., Proposition 3.3]):

e (M, f)is f-semistable.
e (M, f)is f-stable.

e M is 6-semistable and the (6-)slope of every proper subrepresentation M’ of M which contains the
image of f is strictly less than the slope of M.

We denote the set of é—(semi)stable points of Iéd,,, with Ii’gyn. It is, by the above characterization, an open
subset of Rz_“t x F,. Let Iég , denote the complement of Iéz , inside RZ_SSt x F,. As Rz_“t x F, is a

G 4-equivariant vector bundle over Rf[“t, we obtain

G —ssty ~ 177G _
Hj d(RZ e kazd.n(RZ Sx Fy)

where d - n := Zi din; = dim¢ F,,. We thus obtain a long exact sequence
Gy DX Gq  pf—sst Gy HO Gy HX
> B, (Rg ) = H SRy = Hilhg., (R ) = By g, (Rg ) — -+

in equivariant Borel-Moore homology. The equivariant BM homology groups H,G“’ (Iég’n) vanish if /
exceeds 2 dim Iég - S0 in order to show that (1) is an isomorphism, it suffices to find a framing datum n
such that the (complex) dimension of Iég’n is smaller than (k —1)/24d - n. As shown in the proof of
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[Franzen 2018, Theorem 3.2], Iéin is the union of Harder—Narasimhan strata
5 SHN
Rin= |_| R 5.q).n

over all proper subdimension vectors p of d which have the same slope (and ¢ =d — p). The set RHN

(P.q).n
is defined as follows: let L (M, f) be minimal among those representations of the same slope as M which

, as the set of all (M, f) € RZ’SS‘ x F, with dimL(M, f) = p. As

A RSt % F
HN ~ P
(7 ) (5)

the dimension of this stratum — if nonempty — equals

> (didj—pig)+ ) _pini— Y _(dF — pig)+ Y _d? =dim(Ry)+d-n+ x(p.q)—qn.
i i i

ai—>j

contain im f. We set RHN
(».9).

Choosing 7 large enough such that
q-n>dim(Rg) — 3k = 1)+ x(d~q.q)

for all subdimension vectors 0 # g < d of the same slope as d (which is possible as these are finitely
many nonzero dimension vectors g), we find that the dimension of ﬁj,n is smaller than (k —1)/2+4d - n,
as desired.

Similar arguments were also used by Davison and Meinhardt [2016, Lemma 4.1].

Step 2: Let Q, 0 and d be arbitrary. We consider the open and closed complementary subsets R5"
and R)™. As R is smooth (of dimension n =3, , ; did;), we have AZY(RSY = A’(’;;i(RZSt) and
HJ.G" (RSH = Hé'j[_] (R3"). By Corollary 5.4 (concretely, the equivariant analog of part (3) of Lemma 5.2),
it suffices to show that

cl: Af" (Rznst) — HZG*({(RgnSt)

is an isomorphism. If R}™" = &, then the assertion is clear. So let us assume that R}™" is nonempty. The
unstable locus admits a stratification into locally closed (irreducible) subsets R};N, the Harder—Narasimhan
strata, by [Reineke 2003, Proposition 3.4]. By [loc. cit., Proposition 3.7], they can be ordered in such a
way that the union of the first n strata is closed for all n, thus yielding a filtration by G 4-invariant closed
subsets like in Lemma 5.3. Thus it suffices to prove that

AZU(RENY — HE(REY)
is an isomorphism for all HN types d* = (d', ..., d') of d; this includes showing that all HN strata have
even cohomology. But by the proof of [loc. cit., Proposition 3.4], we have
RN =73 <P Gy,

where Z3' is a (trivial) vector bundle over RZSI‘ X - X Rfﬁt, and P+ is a parabolic subgroup of G; with

LeviGy x--- x Gg.



Semistable Chow—Hall algebras of quivers and quantized Donaldson—Thomas invariants 1011

In particular, R‘I}N is smooth, therefore we can again identify Borel-Moore homology with cohomology.
Moreover, Aléd(R;I*N) = AiGdl XX Gy (R[Slslt X - X R;s,t), and similarly for equivariant cohomology. This
shows in particular that the equivariant odd-dimensional cohomology of R‘I}N vanishes by the first step of
the proof. Now we argue by induction on the dimension vector d, where the set of dimension vectors
is partially ordered by d < e if d; < ¢; for all i; with respect to this order, all d"’s are strictly smaller
than d. We thus assume that the equivariant cycle map for each R3 is an isomorphism. Then, [Totaro
1999, Lemma 6.2], which can be generalized to equivariant Chow groups, implies that the equivariant
exterior product map

G R ®- @AY (RS — A (R x - x R

Gdl ><~-><Gd/

is an isomorphism (even with integral coefficients). As the R3)’s have even cohomology, the Kiinneth

map is an isomorphism. We are thus reduced to proving the assertion for minimal dimension vectors d,
i.e., d = 0. But there the statement is obviously true. O

Remark 5.5. Theorem 5.1 is valid for integer coefficients.
Corollary 5.6. The cycle map induces an isomorphism A" — U of algebras.

Proof. The multiplication both in the semistable ChowHa and in the semistable CoHa #*“* are constructed
by means of the same Hecke correspondences. Moreover, the cycle map is compatible with push-forward
and pull-back. (|

6. Tensor product decomposition

We apply Corollary 5.4 to the Harder—Narasimhan filtration, like in the proof of Theorem 5.1. There
exists a filtration Ry = Xy 2 --- 2 X| 2 Xo = 0 by closed subsets such that each of the successive
complements S; := X; — X;_ equals one of the Harder—Narasimhan strata R}liN (and vice versa). We
have argued in the proof of Theorem 5.1 that the push-forward AZd (X)) — ASH (Ry) is injective for
every i. Any choice of sections o; : Af" (S;) — Af" (X;) of the surjections Afd (X)) — Af“ (S;) gives
rise to injections o; : A*G"’ (S;) — Af ?(Ry) and yields an isomorphism

N

P A%«(RIN) = P A%«(S;) => A%(Ry).
d* i=1

For a Harder—Narasimhan type d* we denote the inclusion A*Gd (RgN) — A*G" (Ry) with &4+. Using the

cohomological grading of the Chow groups, we get

- sx—codimp , (RHN)
Gar 1 Ag, T (RN > A, (Ry).

x(d", d*). Recall that the

Harder—Narasimhan stratum R;{*N is isomorphic to Z5' xf G4, where Z5 is the inverse image of

The codimension of R;N in Ry can easily be computed as x (d*) :=)_

r<s
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stlt X oo X R;ﬁt under the projection map of the Py+-equivariant vector bundle

Rdl %
Zd*: —)Rle"'XRdl.
Rdl

Far G4 — Ry is proper its image is closed (and irreducible) in Ry and contains RLI;LN

As the map 7 : Z;+ x
as an open subset. This implies that the image of 7 agrees with the Zariski closure of R;{*N. Leti be an

index such that R?*N = §; in the above filtration. We summarize the situation in the following diagram:

T

Z xte Gy © Zge xP Gy

RN c RN € Xi € Ry

The square on the left-hand side is cartesian with open inclusions. The other inclusions are closed
embeddings. We pass to Chow groups. This yields the following commutative diagram

AZYRIN) ¢ ATUREN) — ACU(X) — AY(Ry)
NT ~ T /
= Ty
AJNZ P Gy) «— AL (Zgr T G)

Now we use the two natural isomorphisms A’gd(Zd* x P Gg) = A“&dl RNV ® Azdl(Rd/) and
A*Gd(fo;t x P Gg) = A*Gd1 (stlt) R ® A*G,,z (R;?t). We work with the cohomological grading here to
avoid having to take degree shifts into account. Let us choose a section of the pull-back of each of the
open embeddings R C Ryv. Let

T AL (RYD® - @AY (R — AL (Rg) @ ® A (Ry)

be the resulting section. We get a section A’gd (z3t x P Gg) — A”(‘;d (Zg+ xFe* G 4) which we, by abuse

of notation, also call t;+. The composition
sae: A% (RIN) =5 A% (Z5 5P Gg) 5 A% (Zge x T Gg) 2 A% (REN)
is then a section of the pull-back Azd (RdT*N ) —> A*&d (R(I;N) because of the following:

Lemma 6.1. Let G be an algebraic group and let

x I x

bl

Y Ly v
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be a cartesian square of G-schemes, where j is an open embedding, f is a proper morphism and f’ is an
isomorphism. Let s' : AS(Y') — AY(Y) be a section of the open pull-back j'™* : AS(X) — AS(X"). Then
the composition s := f*s’ffl is a section of j*: AS(Y) — AY(Y").

Proof. Passing to equivariant Chow groups, we obtain a commutative square

AS(X") <~ AZ(X)

1% ' 1~

AT = AT
in which f] is an isomorphism. Let @ € AY(Y’). We compute
. . -1 . -1 -1
Js@ = fus' £ @ = [ T @) = ffT (@ =a
This proves the lemma. g

Now we apply the above lemma again, this time to the cartesian diagram

REN __, RN
i
— the vertical map being the closed immersion, and the horizontal maps the open embeddings — and to
s" = s4+. The composition
oi - AG4(S;) = AGd(REN) sat AGa(REN) > AGu(x})
is hence a section of Af" (X)) — Af" (S;). If we now form the inclusions G+ : A*G"(Rg*N) — Af"(Rd)

as described at the beginning of this section we have ensured that we obtain a commutative diagram

Ay (R @@ A, (R —=— A (R

dl
lrd * l&d *

AG (R ® - ®AG (Ry) —— AL (R,

in which the lower horizontal map is the ChowHa multiplication. We define the descending tensor product
R o ABHH as the T'-graded vector space

nel

PHPp A (RE®- - ® AL (RS
d ax

where the inner sum ranges over all Harder—Narasimhan types d* summing to d (i.e., tuples d* =

', ...,d" of dimension vectors of slopes ! > .-+ > w! such that d' + - -- +d' = d). The above

considerations then prove:
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Theorem 6.2. The ChowHa multiplication induces an isomorphism
<«
®ﬂ9755t,u ~s o
ne

of T'-graded vector spaces between the descending tensor product of the 0-semistable ChowHa’s over all
possible slopes and the ChowHa.

Remark 6.3. The theorem is valid with integral coefficients, for an arbitrary quiver, and does not require
the stability condition to be generic. Theorem 6.2 has been proved with different methods by Riméanyi
[2013] for the CoHa of a Dynkin quiver which is not an orientation of Eg.

7. Structure of the CoHa of a symmetric quiver

The CoHa and ChowHa of a quiver are described explicitly in [Kontsevich and Soibelman 2011]. Since
we will make use of this description, we recall it here: The equivariant Chow ring Agd(Rd) = A"C‘;d (pt) is
isomorphic to

Qlxi, i € Qo, 1 <r<d]™,

where Wy =[], Sy, is the Weyl group of a maximal torus of G ;. We may regard the variables x; , (located
in degree 1) as a basis for the character group of this torus or as the Chern roots of the G4-linear vector
bundle R; x k% — R, with G, acting on ki by its i-th factor.

Theorem 7.1 [Kontsevich and Soibelman 2011, Theorem 2]. For f € sy and g € A,, the product f x g
equals the function

di €j
Z f iy 1,1 <1 <di) - g(Xioya+5) 11, 1 =5 <€) - l_[ 1_[ H(xj,aj(dj+s) — X0y 0
i,jeQor=I1s=1
The sum ranges over all (d, e)-shuffles o = (0; | i) € Wy4., that means each o; is a (d;, e;)-shuffle

permutation.

We assume that the stability condition 6 is p-generic. In this case, we can equip the semistable ChowHa
of slope u with a refined grading: setting

AGTHEDZRY = x(d, d) (mod 2),

(ﬂsst _ {
(d.n) —
0 n == x(d,d) (mod?2),

it is easy to see that the multiplication map becomes bigraded, thus &ﬂ?f{n) ® &ﬁzzt = &d?i} rentm)-
Like in Section 3, we consider again the case of a symmetric quiver and the trivial stability condition.

In this situation, it is immediate from the formula in the above theorem that f x g = (—1)X@-“ g x f for

fed,and g € A,. One can show (see [Kontsevich and Soibelman 2011, §2.6]) that there exists a bilinear

form v on the Z/27Z-vector space (Z/27Z)20 such that f x g = (—1)¥@€) f % g is a super-commutative
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multiplication, when defining the parity of an element of bidegree (d, n) to be the parity of n. We see
that the generating series P(q, 1) = Y ;> (= D* dim s (4 1 g*/?t? is

d;
Z(_qlﬂ)x(d,d) 1_[ l_[(l _ qV)—ltd.
d

i v=I1
So, P(q,t) = A(g~', t). By Theorem 3.2, the generating series has a product expansion
Paq.0) =TI —q" 2D o,
d k n>0

As a free super-commutative algebra with a generator in bidegree (d, k) has the generating series
(1 — g*/244)y D" = Exp((—1)*g*/?t9), Kontsevich and Soibelman [2011] made a conjecture which was
eventually proved by Efimov.

Theorem 7.2 [Efimov 2012, Theorem 1.1]. For a symmetric quiver Q, the algebra A(Q), equipped
with the super-commutative multiplication *, is isomorphic to a free super-commutative algebra over
a (' x Z)-graded vector space V = VP™ @ Q[z], where z lives in bidegree (0,2), and D Vd[ir,im is
[finite-dimensional for every d.

This result implies that the Donaldson—Thomas invariants €2, ; must agree with the dimension of V(‘Z,iig
and must therefore be nonnegative. We will give another characterization of the primitive part of the
CoHa in Theorem 9.2.

8. Tautological presentation of the semistable ChowHa

We investigate the relation between the semistable ChowHa 547 %%# and the ChowHa #{ of a quiver Q.
For a dimension vector d of slope i, we consider the open embedding

RZSt — Rd

which gives rise to a surjective map A (Rs) — Ag, (R3"). As the Hecke correspondences for the
semistable ChowHa are given by restricting the Hecke correspondences of s to the semistable loci, these
open pull-backs are compatible with the multiplication, i.e., they induce a surjective homomorphism of
["-graded algebras

A — A7

Here, we regard s4? 5% as a I'-graded algebra by extending it trivially to every dimension vector whose
slope is not s. We can describe the kernel explicitly.

Theorem 8.1. The kernel of the natural map s, — &ﬁg_m equals the sum

Z&q,,*&qq

over all pairs (p, q) of dimension vectors of Q which sum to d and such that L (p) > 1(q).
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The key ingredient of the proof of this result is a purely intersection-theoretic lemma. Following
[Fulton 1984, B.1.1], we call a k-scheme algebraic if it is separated and of finite type over Spec k. Thus,
a variety is an algebraic scheme which is integral.

Lemma 8.2. Let f : X — Y be a surjective, proper morphism of algebraic k-schemes. Then the push-
forward f, : Ay(X)g — Ax(Y)q is surjective.

Proof. 1t is obviously sufficient to prove that, for every dominant morphism f : X — Y of an algebraic
scheme X to a variety Y, there exists a subvariety W of X of dimension dim W =dim Y which dominates Y.
This is a local statement, so we may assume X and Y to be affine, say X = Spec B and Y = Spec A. The
morphism f corresponds to an extension A < B of rings. We therefore need to show that there exists a
prime ideal q of B with ¢ A = (0) such that the induced extension

Q(B/q) | Q(A)

is finite. Let K = Q(A) and R = B ®4 K. By Noether normalization, there exist by, ...,b, € R,
algebraically independent over K, such that K[b;, ..., b,] € R is a finite (and hence integral) ring-
extension. Without loss of generality, we may assume by, ..., b, € B. Choose a set of generators ¢y, ..., ¢
of Rasa K[by, ..., b,]-algebra and polynomials p;(T) € K[by, ..., b,][T] such that p;(c;) =0. We find
an element s € A — {0} such that the coefficients of all the p;’s lie in As[by, ..., b,] and p;(c;) =0 holds

in By. This implies that By is an integral A;[by, ..., b,]-algebra which yields the surjectivity of the map
Spec By — Spec Ag[by, ..., b,]. We consider the prime ideal p’ = (b4, ..., b,) of Ag[by, ..., b,] and find
a prime ideal ¢’ of B, which lies above it. Then By/q’ is an integral extension of A[by, ..., b,]/p’ = A;

and therefore, setting q = q’ N B, the extension

Q(B/q) = Q(By/q) | Q(A;) = Q(A)
is finite. U

Proof of Theorem 8.1. Let R}™" be the complement of R} in R,. Then, we have an exact sequence
A (RP™) — AL(Ra) — AL (RF) — 0,

where G = G4. For a decomposition d = p +g¢, let R, ; be the closed subset of R, of all representations
which possess a subrepresentation of dimension vector p. It is the G-saturation of Z, ,. The G-action
gives a surjective, proper morphism

Z,qyx1G— R

p.g X P.qs

G, *
G‘[
sitions d = p + g where the slope of p is larger than the slope of ¢q. Let us call these decompositions

0-forbidden. We obtain, using Lemma 8.2 and [Fulton 1984, Example 1.3.1(c)], that the sequence

where P, , is the parabolic ( ) The unstable locus R}™" equals the union [ J R, ;, over all decompo-

P A5 (Zyq x"r1 G) - AS(R)) —> AS(RFH — 0
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is exact when passing to rational coefficients — the direct sum being taken over all forbidden decomposi-
tions d = p +q. Setting n = dim R; — m, we identify

~ + B ~ + )
A (Zpg x"1G) = A’;ﬂp.;((p NZpg) = A’ép)i(gqq)(Rp X Ry)

like in Section 4. As the equivariant product map A*Gp (Rp) ® Az‘;q (Ry) — AE,)qu (R, x Ry) is an
isomorphism (which is clear from the explicit description given above), we have shown that

B P AL Ra®AG (R)a —~ AL, (Ri)a — A, (R Ha — 0

p+q=d k+l=n+x(p.q)
forbidden

is an exact sequence. The first map in this sequence is precisely the ChowHa-multiplication. This proves
the theorem. O

9. The primitive part of the semistable ChowHa

As anext step, we analyze the kernel of the pull-back AF; (R5™") — A (RY) induced by the open embedding
of the stable locus into the semistable locus. A semistable representation M € R, is not stable if and only if
there exists a proper subrepresentation of the same slope. For a decomposition d = p+¢ into subdimension
vectors of the same slope, we define R;qu as the subset of those M € R which admit a subrepresentation
of dimension vector p. Therefore, the set of properly semistable representations is the union

sst st sst
Ry —Rg = U Rp,q

over all decompositions d = p + g such that p and g have the same slope and are both nonzero. We have,

yet again, a surjective, proper morphism

A result of Totaro [1999, Lemma 6.1], which can easily be transferred to equivariant Chow rings, shows
that the exterior product A”ép(R;ft) ® A*Gq (R;St) — A*prcq (R;St X R;S‘) is an isomorphism. Following
the arguments of the proof of Theorem 8.1, we obtain:

Theorem 9.1. The kernel of the surjection &QZ_S“ — &ig_St is the sum

6 —sst 6 —sst
D ey sl

over all decompositions d = p + q into nonzero subdimension vectors of the same 0-slope.

In other words, the graded vector space A% ~* =P, _ro.. &fo“ equipped with the trivial multiplication
(by which we mean that the product of two homogeneous elements of positive degree is set to be zero) is
isomorphic to the quotient 4% ~s-#/ (&ﬁi_‘%t’” * %i_SSt’“ ) of the semistable ChowHa modulo the square

of its augmentation ideal o4,
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Again, we consider the case of a symmetric quiver Q. We have deduced from Theorem 8.1 that s/ ~5:#
is free super-commutative over V/* = @D cro.n Va. The quotient of the augmentation ideal of a free
super-commutative algebra by its square is isomorphic to the primitive part of the algebra, i.e., in our case

Vi = sl = A (R = Afg, (RS ® AL (pt)
for every d #0. As V; = V; ) Q[z], we deduce that
porim _ iAg‘GdX(d’d))/z(RZ‘) k=x(d,d) (mod2),
dik 0 k # x(d,d) (mod?2).
Assuming that RZ_St is nonempty and denoting by Mg_“ the geometric quotient Rg_“ / PG4 (which we

call the stable moduli space), we get

J 0—st PG 0—st 6—st
Ade (Rd ) )= Adirrllle_j(Rd ) )= AdidefdimPGd —Jj (Md ) )

and dim M{?’St =dim R; —dim PG; =1 — x(d, d). This yields that the Donaldson—-Thomas invariants
of Q are given by the Chow—Betti numbers of the stable moduli spaces, more precisely:

Theorem 9.2. For a symmetric quiver Q, a stability condition 0 and a dimension vector d # 0, the
Donaldson—Thomas invariant Q24 equals

dim Alf(k+x(d,d))/2(M21t) lfk = X(d, d) (IllOd 2) and M;t 75 g,

Q =
ok {0 otherwise.
In particular, Q24 ; can only be nonzero if x(d,d) <k <2—x(d, d).

Remark 9.3. The range for the nonvanishing of the Donaldson-Thomas invariants from the above
theorem yields that the number N;(Q) in [Efimov 2012, Corollary 4.1] can be chosen as 1 — x (d, d),
i.e., the dimension of Mg_“.

10. Examples

10.1. The two-cycle quiver. We start by illustrating the tensor product decomposition from Theorem 6.2.
There are exactly three connected symmetric quivers which are not wild, that is, for which a classification
of their finite-dimensional representations up to isomorphism is known. Namely, these are:

e The quiver Lo of Dynkin type A; with a single vertex and no arrows.
« The quiver L of extended Dynkin type Aq consisting of a single vertex and a single loop.

e The quiver Q of extended Dynkin type A, with two vertices i and j and single arrows i — j and
Jj — i, respectively.

For the quivers Ly and L1, the structure of the CoHa is determined in [Kontsevich and Soibelman
2011]. Namely, we have

A(Lo) = S*(Q(1, D[z]) and  s(Ly) = S*(Q(1, 0)[z]),
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where S* denotes the free super-commutative algebra, Q(d, i) denotes a one-dimensional Q-space placed
in bidegree (d, i), and z denotes the element in bidegree (0, 2) as in Theorem 7.2.

The structure of the CoHa of Q is described in [Franzen 2018, Corollary 2.5]; here we give a simplified
derivation of this result using the present methods. We consider the stability 6 given by 6(d;, d;) = d;
(note that any nontrivial stability is equivalent to & or —6 in the sense that the class of (semi)stable
representation is the same). Let a representation M of Q of dimension vector d be given by vector spaces
Vi and V; and linear maps f : V; — V; and g : V; — V;. We claim that this representation is #-semistable
if and only if V; =0, or V; =0, or dim V; =dim V; and f is an isomorphism; moreover, it is 6-stable if
it is 6-semistable and dim V;, dim V; < 1.

The case (dim V;)-(dim V;) =0 being trivial, we assume dim V;, dim V; > 1. Suppose M is 0-semistable.
If f is not injective, we choose a vector 0 # v € V; in the kernel of f, yielding a subrepresentation U of
dimension vector (1, 0). Then we find 1 = u(U) < u(M) =dim V;/(dim V; 4+ dim V;), thus dim V; =0,
a contradiction. Thus f is injective, and (V;, f(V;)) defines a subrepresentation U’ of dimension vector
(dim V;, dim V;) of M. Then we find % = n(U’) < n(M), thus dim V; < dim V;, which already implies
dim V; = dim V; and shows that f is an isomorphism. Conversely every representation M consisting of
vector spaces V; and V; of the same dimension, an isomorphism f : V; — V;, and an arbitrary linear
map g : V; — V; is f-semistable: the subrepresentations of M are of the form U = (U;, U;) for some
subspaces satisfying f(U;) € U; and g(U;) C U;. Injectivity of f implies dim U; < dim U, and thus
nwl) < % = u(M). To show that stability forces dim V; = 1 = dim V; we argue as follows: as f is an
isomorphism, we may assume without loss of generality that V) =V, =V and f =idy. Let v € V be an
eigenvector of g to some eigenvalue A. The subspaces U; = U, = (v) then provide a subrepresentation of
M of dimension vector (1, 1).

This analysis provides identifications

A’gd(Rz_“‘) = AGl, @Y ford = (n,0) ord = (0,n),
AL (RGN =AY o (Muxa (k) ford = (n, n),
which we recognize as the homogeneous parts of the CoHa of L and L, respectively. These identifications

obviously being compatible with the respective Hecke correspondences defining the multiplications, we
see that

(ﬁ@*SSt,l(Q) ;‘Sﬂ(L()) g&iefsst,O(Q) and ﬂ@*SSLl/Z(Q) ;ﬂ(L])
By Theorem 6.2, we thus arrive at an isomorphism of graded vector spaces
A(Q) = §*((Q((1,0), H®Q(0, 1), N S Q((1, 1), 0))[2]).

10.2. The Kronecker quiver. Now we consider the Kronecker quiver K, with two vertices i and j and
two arrows from i to j. As we will use results from Section 5, we work over the field of complex numbers.
Again we consider the stability 6(d;, d;) = d;. This is again a case where the representation theory of
the quiver is known: up to isomorphism, there exist unique (6-stable) indecomposable representations
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P, and I, for each of the dimension vectors (n, n + 1) and (n + 1, n), respectively, for n > 0, and there
exist one-parametric families R, (1) of (6-semistable) indecomposables for each of the dimension vectors
(n,n) forn >0 and A € P! (C). Arguing as in the first example, we can conclude that

AITSHD (KoY = §5(Q(d, D[z]) ford=m,n+1)ord=n+1,n),

and

,gde—SSt’“(Kz):O if,ug’{(),%,%,%,...,%,...%‘,%,%,1}.

It remains to consider s4?~S1/2(K5).

We construct a stratification of the 6-semistable locus in R, »)(K2) = M, (C) x M, ,(C), on which
G = Gl,(C) x Gl,(C) acts via (g, h) - (A, B) = (hAg~', hBg™"). For 0 < r < n, we define S, as the
G -saturation of the set of pairs of matrices

(%) sl)

where E; denotes an i x i-identity matrix, A denotes an arbitrary » x r-matrix, and N denotes a nilpotent
(n —r) x (n —r)-matrix. We claim that every S, is locally closed, their union equals the 6-semistable
locus, and the closure of S, equals the union of the S, for r’ <r.

The representation R, (A) is given explicitly by the matrices (E,, AE, + J,) for A # oo, and by (J,,, E};)
for A = oo, where J, is the nilpotent n x n-Jordan block. As noted above, a 6-semistable representation

of M of dimension vector (n, n) is of the form
M=R, (AM)D - B R,y (Ay)

forn =ny+---4+n;and A, ..., Ax € P1(C), uniquely defined up to reordering. Now we reorder the
direct sum and assume that Ay, ..., A; #ooand A ;| = --- = A, = 00. Using the above explicit form of
the representations R, (), we see that M is represented by a pair of block matrices of the form

((i 1%) ’ <6‘ EO_>)

with N nilpotent and A arbitrary. All claimed properties of the stratification follow.
Now we claim that

S, = (G1,(C) x Gl,(C)) x©xCh=© (p1.(C) x N,_,(C)),

where the group Gl,(C) x Gl,—,(C) is considered as a subgroup of Gl,(C) x Gl,(C) by mapping a pair
(g1, hg) tO ((‘g(')1 }?4 ), (58 }?4 )) We consider the stabilizer of the set of matrices in the above block form. So
we take g, h € Gl,(C), written as block matrices

g1 & hi hz)
= ) h: N
8 (g3 g4) <h3 hy
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and assume we are given matrices A, A’ € M,.,(C) and N, N’ € N,_,(C), the nilpotent cone of
(n —r) x (n — r) matrices, such that

) (0 3)= (2 (G5 = G (el )-(0 2l ) (5 5)
h3 hy) \ O N 0 N'J\g3 g4 h3 ha) \O E,_, 0 Enr) \g3 84
From these equations we first conclude h; = g and hy = g4, thus h, = A’g> and g» = hy N, which
yields h, = A’hy N. By induction, this implies i, = (AY¥hyN¥ for all k > 1. But N is nilpotent, thus
hy =0, thus gp = 0. Similarly, we can conclude 43 =0 and g3 = 0. But then g; and g4 are invertible, and
A= glAgl_1 as well as N' = g4Ng4_1. This proves the claim.

To obtain information on the Chow groups from this stratification using Lemma 5.3, we first have to
analyze the Chow groups of nilpotent cones.

The nilpotent cone N;(C) is irreducible of dimension d* — d, and the Gl (C)-orbits 0, in N, are
parametrized by partitions A in P4, the set of partitions of d (we denote by % the union of all %;’s). The
stabilizer G, of a point in 0, has dimension (A, A) = Zi’ j min(m;, mj)m;m;, and its reductive part is
isomorphic to [ [; Gl,,, (C), where m; = m; (1) denotes the multiplicity of i as a part of A, for i > 1. We
can thus apply Lemma 5.3 and reduce the structure group — note that in characteristic zero, an orbit is
isomorphic to the quotient of the group by the stabilizer of a point—to get

A0 Na©) = P Az o),
rePy

and the equivariant cycle map for N;(C) is an isomorphism.
This enables us to again apply Lemma 5.3, this time to the stratification (S,),. We compute (using
codim S, =n —r):

n
* 6 —sst ~ k—n-+r
A&, ©x61,© Rigm (K2) Z €D AGE 1, ) (S
r=0

n
= EB Aél_,lzg)rxGl,,_,(C)(Mr (€) X Np—r(©))
-0

=P AL, M- (©) ® A" o) (Na—r (C))

r=0
n

=D aseme P 45" o,
r=0 AP,

Summing over all n, we obtain

f—sst.1/2 ~ o— ~ — (A
*94(*,;1) 2Ky = @AEI,,(C)XGIH(C)(R(n,rsst(Kﬁ) = (@ AGL© (Pt)) ® (@ AZA( >(P'[))-

n>0 r>0 rEP
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The generating function of the bigraded space #”~¢1/2(K;) therefore equals

— () g1

t" q . 1 ' 1
(Z (1_q)...(1_qn))'(; Hi21<<1—q>---<1—qmz’>)> gl Sl S by

n>0 i=0 i>1

by standard identities. We thus arrive at an isomorphism of bigraded Q-spaces
sd?7S 2 (Kp) = $*((@((1, 1D, 0) @ Q((1, 1), 2))[z)).

However, this is not an isomorphism of algebras, since we will now exhibit an example showing that
the algebra s4%~5541/2(K>) is not super-commutative.
We use the algebraic description of the CoHa of Section 7 together with Theorem 8.1. We have

&g(m,n)(KZ) =Qxy, ..., X, DITRERE yn]Smxsn

with multiplication given as in Section 7. By Theorem 8.1, &d?{ f;t’l/ 2(K») is the factor of A1y (Ky) =

Q[x1, y1] by the image of the multiplication map 1 0)(K2) ® H(0,1)(K2) = (1.1)(K2), thus
sy D2 (K) = QLx, y1/(x - )2,

Again by Theorem 8.1, sd?; ‘;;t’l/ 2(K2) is the factor of d(2,2)(K>) by the image of the multiplication map

Ao, 1)(K2) @ HA0,1)(K2) @ HA1,0)(K2) @ A(1,2)(K2) = HA2,2)(K2).

The degree of an element in this image is at least —x ((2, 1), (0, 1)) = —x ((1, 0), (1, 2)) = 3. A direct

calculation shows that for the elements 1, x, y € sﬂ?; f;t’l/ %(K5), we have in &i?i ;it’l/ 2(Ky):
1x1=2,
lxx =y14y2,

xx1=2(x14+x2)— (y1+y2),
Ilxy=—(x14+x2)+2(y1 +y2), and
yxl=x1+x2.

In particular, the (anti)commutator of 1 and x does not vanish.

10.3. Donaldson-Thomas invariants as Chow—-Betti numbers. Next, we illustrate Theorem 9.2. We
consider the symmetric quiver Q with two vertices i and j and n > 1 arrows from i to j and from j
to i, and the dimension vector d = (1, r) for r < n. To determine the quantized Donaldson-Thomas
invariant 4 x, we use the stability 6 = (r, —1), for which d is coprime. Therefore, 2, x = QZ» « €quals
the (suitably shifted) Poincaré polynomial of the cohomology of the moduli space Rg_SSt(Q) / PGy, which
is isomorphic to a vector bundle over the Grassmannian Gr, (k") [Reineke 2017, §6.1]. By Theorem 9.2,
we can also compute €2, 4 as the (suitably shifted) Poincaré polynomial of the Chow ring of the moduli
space Rg_St(Q) / PGy. Again by [Reineke 2017], this moduli space is isomorphic to the space X of
n x n-matrices of rank r. Mapping such a matrix to its image defines a Gl, (k)-equivariant fibration
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X — Gr,(k"), whose fiber is isomorphic to the space of r x n-matrices of highest rank. The latter being
open in an affine space, its Chow ring reduces to (2, thus the Chow ring of X is isomorphic to the Chow
ring of Gr, (k") as expected.

10.4. Multiple loop quivers. Finally, we consider the quiver L,, with a single vertex and m > 2 loops.
The quantized Donaldson—Thomas invariants are computed explicitly in [Reineke 2012].

All stability conditions are equivalent for this quiver. Let M, SIP be the moduli space of simple (equiva-
lently, stable) representations of L,, of dimension d. It is obtained as the geometric quotient R "/ PGly.
The Chow ring A*(M, simpy - — PGlI(R“mp Yo (we will always work with rational coefficients in this
subsection and therefore neglect it in the notation) is a quotient of the equivariant Chow ring A, (Rq) =

PGld (pt). The group of characters of a maximal torus of Gl identifies with the free abelian group in letters
X1, ..., X4, the natural action of the Weyl group W = S, being the permutation action. A maximal torus of
PGl, is given by the quotient of the chosen maximal torus of Gl; by the diagonally embedded multiplicative
group. The corresponding Weyl group is also S; and the character group is then the submodule

Xig=Spy_11=taxi+---+agxq | ay+---+aqs =0}.

The symmetric algebra Sym(X,) over X is the subalgebra of Q[xy, ..., x4] generated by x; — x;
(with i < j) and the equivariant Chow ring APG] (Ry) is therefore Sym(X ;)% which identifies with
a subalgebra of Ay (pt) = Q[x1,...,x4]%. As in the proofs of Theorems 8.1 and 9.1, the kernel of

PGl (Rq) — A}, PG, (Rmn ) is then given by the image of

@ Abar, (Zp.g xTr1 PGly) — Afg, (Ra),
p+q=d
p,q>0

where P, , is the obvious parabolic subgroup of PGl; —this, by the way, can be done for an arbitrary
quiver and for the kernels Apg (Rg) — A;GJ(RZ*S“) and AlﬁGd(RffSSt) — Af;Gd(Rz*St). The ring
Apgy, (Zp,q) is isomorphic to Sym(X 2)37%5 and the push-forward map

Mpq : Apar,(Zp.q x 71 PGly) = Apg (Ra)
can be described algebraically and looks just like the explicit formula from [Kontsevich and Soibelman
2011, Theorem 2], i.e., given by a shuffle product with kernel ]_[;.D:1 ]_[;].:1 (Xp4j— x;)"™~!. The relations

in A;Gld (Rg4) which present A*(M;imp) thus have at least degree (m —1)(d — 1). In other words, for every
O0<i<@m-—1)d—1), we get

AT(MJ™) = Abg, (Rg) = Sym' (X,

The generating series of Sym(X 2)5 is

Zﬁ{(kz,...,kd)|2k2+-.,+dkd}qi

i>0

(I—g¢ 2)

and using Theorem 9.2, we obtain a description of the first few Donaldson—Thomas invariants.
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Proposition 10.4.1. For the m-loop quiver, the Donaldson—Thomas invariant Q4 x for a nonnegative

integer d and an integer k of the same parity as (1 — m)d? satisfying
(1—-m)d* <k < (1 —m)(d*—2d+2)

computes as
Qui=t{lka, ... . ka) | 2ko+ - +dkg = 1((m — Dd* + b)}.

We conclude the subsection with a computation of the numbers €2, ;. The ring Sym(Xg)S2 is the
subalgebra of ([x, x2]1%2 which is generated by (xp — x1)%. Abbreviate A = x; —x;. As a Sym(X 5)52-
module, Sym(X3) is generated by 1 and A. The push-forward map m; ; : Sym(X3) — Sym(X,)"? sends
f(x1,x2) to

(f 1, x2) + (=)™ f O, ) A"

and therefore, the image of m ; is the ideal of Sym(X3)%> = Q[A?] which is generated by A2"/2! (ie.,
A™ if m is even and A" if m is odd). We have shown that

1 ifk=0 (mod4)and 4(1 —m) -2 <k <4(|m/2] —m),

Q> =
2k {0 otherwise.
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Certain abelian varieties bad at only one prime

Armand Brumer and Kenneth Kramer

An abelian surface A g of prime conductor N is favorable if its 2-division field F is an Ss-extension
over Q with ramification index 5 over (2. Let A be favorable and let B be a semistable abelian variety
of dimension 2d and conductor N¢ with B[2] filtered by copies of A[2]. We give a sufficient class field
theoretic criterion on F to guarantee that B is isogenous to A%.

As expected from our paramodular conjecture, we conclude that there is one isogeny class of abelian
surfaces for each conductor in {277, 349, 461, 797, 971}. The general applicability of our criterion is
discussed in the data section.
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1. Introduction

Let J,(S) be the set of isogeny classes of simple abelian varieties over () of dimension d with good
reduction outside S, a finite set of primes. By [Faltings 1983], J;(S) is finite and it is empty when S is,
by [Abrashkin 1987; Fontaine 1985]. All curves of genus 2 with good reduction outside 2 are found in
[Merriman and Smart 1993; Smart 1997], yielding 165 isogeny classes of Jacobians. Factors of Jo(2!%)
and Weil restrictions of elliptic curves over quadratic fields provide an additional 50 members of J,({2}),
but the complete determination of J,({2}) is still open.
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For semistable abelian varieties, Fontaine’s nonexistence result has been slightly extended [Brumer
and Kramer 2001; 2004; 2014; Calegari 2004; Schoof 2005]. It is much more challenging to find all
isogeny classes when some exist.

In a beautiful sequence of papers Schoof [2005; 2012b; 2012a] shows that for S = {N} with prime
N <23 or § = {3, 5} the classical modular variety Jo(N) or Jy(15), respectively, is the only simple
semistable abelian variety of arbitrary dimension, up to isogeny. To apply Faltings’ isogeny theorem on
abelian varieties, Schoof introduces a general result on p-divisible groups whose constituents belong to a
category C of finite flat group schemes. For the reader’s convenience, the statement is included here as
Theorem 3.3. For a suitable choice of category D, depending on S, Schoof determines all simple objects
and their extensions by one another. Because the Odlyzko bounds are used, the sets S to which these
methods apply are severely limited.

In fact, given a finite set S of primes, it seems challenging to decide whether the dimension of the
simple semistable abelian varieties good outside S is bounded.

This paper grew out of the desire to check the uniqueness of certain isogeny classes for larger conductors.
Another motivation was to provide additional evidence for our conjecture. (See modification added in
proof, page 1069.)

Paramodular conjecture [Brumer and Kramer 2014]. Let K (N) be the paramodular group of level N.
There is a one-to-one correspondence

isogeny classes of abelian surfaces weight 2 nonlifts f on K(N),
A g of conductor N with <> | with rational eigenvalues, up to
Endg A=7 scalar multiplication

in which the £-adic representation of T¢(A) ® Q, and that associated to f are isomorphic for any £ prime
to N, so that the L-series of A and f agree.

The L-series of abelian surfaces of GL,-type are understood via classical elliptic modular forms, while
our conjecture treats all other abelian surfaces. It is verified in [Berger et al. 2015; Johnson-Leung and
Roberts 2012] for the Weil restrictions of modular elliptic curves over quadratic fields, not isogenous to
their conjugates. It is also compatible with twists [Johnson-Leung and Roberts 2017].

To ensure that we are not in the endoscopic case, we consider prime conductors. By [Brumer and
Kramer 2014, Theorem 3.4.11], an abelian surface of prime conductor is isogenous to a Jacobian. For
each N in {277, 349, 461, 797, 971}, the space of weight 2 nonlift paramodular forms on K (/) is one-
dimensional [Poor and Yuen 2015], so our conjecture predicts that there should be exactly one isogeny
class of abelian surfaces of conductor N. In [Brumer and Kramer 2014], we proved that 277 is the
smallest prime conductor. For each N listed above, there is a unique Galois module structure available
for A[2]. For those N, Q(A[2]) must be the Galois closure of a favorable quintic field as defined below.

Definition 1.1. Let N be an odd prime. A quintic extension Fy/Q of discriminant £16N is favorable
if the prime over 2 has ramification index 5. A favorable polynomial is any minimal polynomial for
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a favorable quintic field. An abelian surface A of prime conductor N is favorable its 2-division field
Q(A[2]) is the Galois closure of a favorable quintic field.

We note some pleasant properties of favorable quintic fields.

Proposition 1.2. Let F be the Galois closure of a favorable quintic field Fy of discriminant dy = 16 N*
with N* = £ N. Then:

(1) Gal(F/Q) is isomorphic to the symmetric group Ss. At each prime N | N, the inertia group Ty =
In(F/Q) is generated by a transposition.

(ii) The completion Fy of F at each prime B | 2 is isomorphic to Qx(us, V2) and the decomposition
group Dy = Dy(F/Q) is the Frobenius group of order 20. The sign of N* is determined by
*=5(8).

(iii) There is only one prime over 2 in the subfield K, of F fixed by Sym{3, 4, 5}.

(iv) If A is a favorable abelian surface, then the finite flat group scheme A[2]|z, is absolutely irreducible
and biconnected over 7.

Proof. (1) Since N exactly divides dp, only one prime say 1y over N ramifies in Fy/Q and the OFp,-ideal
generated by N factors as (N) = D1ja, where a is an ideal prime to 91y and e > 1. If f is the residue
degree of Ny then N~ D/ divides dy, so e =2, f = 1 and the other primes over N are unramified
in Fy/Q. Thus the completion Fy is @y (+/do) and Zy has order 2. Since Zy; acts nontrivially on /dy, it
is generated by a transposition. A transposition and a 5-cycle generate Ss.

(i1) By assumption, Fiz/Q; has tame ramification of degree 5 and thus contains Q2 (s, J2). Since Dy
is solvable, Fy = Qa (s, J/2). Any Frobenius automorphism at 93 is a 4-cycle, so it acts nontrivially on
/dp and therefore N* =5 mod 8.

(iii) There are no transpositions in Dy, so Dy N Sym({3, 4, 5} is trivial. Since [K»o : Q] = 20, there is
only one prime over 2 in K»o.

(iv) Since Dy acts on A[2] via its unique 4-dimensional absolutely irreducible [F>-representation, A[2],z,
has no étale or multiplicative constituents. O

A favorable Ss-field is the Galois closure of a favorable quintic field. The Jacobian of a genus 2 curve C
is favorable only if C has a model y? = f(x) with f favorable, but C might have bad reduction outside N.

In general, L is a stem field for M if M is the Galois closure of L /(). A pair-resolvent for an Ss-field F
is a subfield K fixed by the centralizer of a transposition in Ss. Then K is well-defined up to isomorphism
and is a stem field for F. If r| and r; are distinct roots of a quintic polynomial f with splitting field F', we
can take K = Q(r| +ry), the fixed field of Sym{1, 2} x Sym{3, 4, 5}. There is only one prime p over 2 in K
by Proposition 1.2(iii). Let Q(,?) be the maximal elementary 2-extension of K of modulus p* - 00, i.e., the
compositum of all quadratic extensions of K with that modulus. Write rk, for the rank of Gal(Q%) /K).
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The following is a restatement of Theorem 6.1.22.

Theorem 1.3. Let A be a favorable abelian surface of conductor N and let K be a pair-resolvent field
for F = Q(A[2]). Suppose that B is a semistable abelian variety of dimension 2d and conductor N¢, with
BI2] filtered by copies of A[2]. If tko = 0 and tky4 < 1, then B is isogenous to A“. If B is a surface, it is
isogenous to A.

For the proof, we first construct suitable categories E, chosen so that extensions of the simple objects £
in E can be identified. Most of the paper is devoted to the study of such extension classes. A description of
the extensions of £ by £ as group schemes over Z, is obtained via Honda systems. For global applications,
assume that p =2 and Q(&) is a favorable Ss-field. Monodromy at N restricts the extensions W of £ by
& as group schemes over Z[ﬁ] A comparison with local data determines when W prolongs to a group
scheme over Z[%] and leads to our class field theoretic criterion for the control of Ext}E (&, &) required
by Schoof’s theorem. Ray class field information, difficult to reach over F, becomes accessible over the
degree 10 field K. Moreover, we found that Theorem 1.3 and Proposition 6.1.13 have no analog for other
intermediate fields of F/Q. A more detailed overview of our paper follows.

The category E of finite flat p-group schemes over Z[%] defined in §3 is motivated by necessary
conditions for an abelian variety B to be isogenous to a product of given semistable abelian varieties A;. It
is essential to impose conductor bounds at N, without which Theorem 3.3 does not apply, as indicated in
Example B.4. Thanks to Proposition A.2, we deduce in Theorem 3.7 that it suffices to study the subgroup
Ext[lp]’ £(&, &) consisting of classes of extensions W of £ by £ such that py¥ = 0.

We review group schemes and Honda systems over the ring of Witt vectors W of a finite field £ of
characteristic p in Section 2. In Section 4, finite Honda systems are used to classify absolutely simple
biconnected finite flat group schemes & of rank p* over W and describe the classes [W] in Ext[lp]’zp €&, 8).
We give the structure of the associated Galois modules E and W in Section 5 and obtain a conductor
bound for the elementary abelian extension K (W)/K (E) in Proposition 5.2.17. The latter improves on
Fontaine’s bound in our case, see Remark 5.2.19.

In Section 6, we restrict to p = 2 and give a class field theoretic condition equivalent to the vanishing
of Ext[lz]’ £(&, &) in Proposition 6.1.21. Its proof exploits the following ingredients: (i) monodromy at N,
to determine the matrix groups available for Gal(Q(W)/Q) as W runs over the extensions of E by E as
Galois modules, (ii) conductor bounds at p = 2, as described above and (iii) rigidification in Section 5.3
and (6.1.5) of the cocycles corresponding to local and global extensions of E by E, to check whether
they are compatible, as needed for patching.

Appendix C contains several general facts required for the determination of abelian conductor exponents
in our applications.

In Appendix D, we apply Theorem 1.3 to all the favorable quintic fields with N at most 25000 to
obtain Table 1. In particular, there is a unique isogeny class of abelian surfaces for each conductor N in
{277, 349, 461, 797, 971}. Curious about the wider applicability of our criterion, we studied the fields
corresponding to 276109 favorable abelian surfaces of prime conductor at most 10'? found by an ad-hoc
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search. We were surprised to discover that the uniqueness, up to isogeny, in Theorem 1.3 holds uniformly
for about 11.8% of those fields. The data is summarized in Table 3.

In our companion paper [Brumer and Kramer 2018], extensions W of exponent p? are studied and
new “full image” results for certain subgroups of GSp,,(Z;) generated by transvections are obtained. As
a consequence, if A is a favorable abelian surface, then @Q(A[4]) is an elementary 2-extension of rank 11
over (D(A[2]) with carefully controlled ramification. In Table 1, we also indicate the fields for which no
favorable abelian surface can exist because there is no candidate for its 4-division field.

Write K for the algebraic closure of K and G ¢ = Gal(K /K). For any local or global field K, let Ok
be its ring of integers. If L/K is a Galois extension of number fields, let D, (L/K) and Z,,(L/K) be the
decomposition and inertia subgroups of Gal(L/K) at a place v of L. We also use v for its restriction to
each subfield of L. When the local extension L, /K, is abelian, f,(L/K) denotes the abelian conductor
exponent of L,/K,. Write §,(V) for the Artin conductor exponent of a finite Z,[D,]-module V.

2. Some review of group schemes

Let R be a Dedekind domain with quotient field K. Calligraphic letters are used for finite flat group
schemes V over R and the corresponding Roman letter for the Galois module V = V(K). The order of V
is the rank over R of its affine algebra, or equivalently the order of the finite abelian group V = V(K).

By the following result of Raynaud [1974], group schemes occurring as subquotients of known group
schemes can be treated via their associated Galois modules. Thus, the generic fiber functor induces an
isomorphism between the lattice of finite flat closed R-subgroup schemes of V and that of finite flat closed
K -subgroup schemes of V|, where K is the field of fractions of R. The following results will be used
without explicit reference.

Lemma 2.1. Let R be a Dedekind domain with quotient field K and let V be a finite flat group scheme
over R with generic fiber V. =V|g. If W = V> / V} is a subquotient of 'V, for closed immersions of finite
flat K -group schemes V| < V, < V there are unique closed immersions of finite flat R-group schemes
Vi < Vo = V, such that V; = V; |k, and there is a unique isomorphism V> /V1 >~ W compatible with
V2 /VDik = W.

Let p be a prime not dividing N, R=7[+ ], R'= Z[pLN] and let Gr be the category of p-primary finite
flat group schemes over R. Let C be the category of triples (Vy, V2, 8) where V) is a finite flat Z,-group
scheme, V) a finite flat R’-group scheme and 6 : V) ®z, Qp = V2 ®p Q) an isomorphism of Q,-group
schemes. Then Proposition 2.3 of [Schoof 2003] asserts that the functor Gr — C taking the R-group
scheme Vto (V®rZ,,V®g R, id®rQ)) is an equivalence of categories. We can identify V ®g R’
with the Galois module V, since V is étale over R’. For objects V; and V, of Gr, the Mayer—Vietoris

sequence of [Schoof 2003, Corollary 2.4] specializes to:
Homg, (Vi, V2) <~ Homgz,(Vi, V2) x Homg (V1, V1) <= Homg(V1, V2) <0

5 (2.2)
Extp(V1, V2) = Extz (V1, V2) x Extp (V1, V2) — Extg (V1 V2).
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Corollary 2.3. Let V| and V; be finite flat group schemes over R = Z[%] with V| and V, biconnected

over Z,. The following natural maps are isomorphisms:
Homg(Vi, V») — Homga(Vi, V2) and  Exti(Vi, V2) — Extgy (Vi, Vo).
If'V is a group scheme over R and Viq, is absolutely irreducible, then
Endg, (V) =Endg (V) =F,, and Endg(V)=F).
In addition, § =0 in (2.2) with V| =V, = V.

Proof. The first claim follows from (2.2) and a theorem of Fontaine quoted in [Mazur 1977, Theorem 1.4].
For the second, use Schur’s lemma and a diagram chase. (|

We next review some basic material on Honda systems found in [Brinon and Conrad 2009; Conrad
1999; Fontaine 1977]. Let p be a prime, k a perfect field of characteristic p > 0, W = W(k) the Witt
vectors and K its field of fractions. Let o : W — W be the Frobenius automorphism characterized
by o(x) = x? (mod p) for x in W. The Dieudonné ring Dy = WIF, V] is generated by the Frobenius
operator F and Verschiebung operator V. We have FV = VF = p, Fa = o (a)F and Va = o~ (a)V for all
a in W.

A Honda system over W is a pair (M, L) consisting of a finitely generated free W-module M, a
W-submodule L and a Frobenius semilinear injective endomorphism F: M — M with pM € F(M) and the
induced map L/pL — M/FM an isomorphism. If F is topologically nilpotent, then (M, L) is connected.
Since M is torsion free, M becomes a D;-module with V = pF_l.

A finite Honda system over W is a pair (M, L) consisting of a left Dy-module M of finite W-length
and a W-submodule L with V : L — M injective and the induced map L/ pL. — M/FM an isomorphism.
If F is nilpotent on M, then (M, L) is connected. Morphisms are defined in the obvious manner. If (M, L)
is a Honda system then (M/p"M, L/p"L) is a finite Honda system.

Honda systems owe their importance to the following fundamental result.

Theorem 2.4 [Fontaine 1975a;1975b]. Let k be a perfect field of characteristic p > 0.

(1) If p > 2, there is a natural antiequivalence of categories G ~~ (D(Gy), L(G)) from the category of
p-divisible groups over W to that of Honda systems (D(G}y,) is the Dieudonné module of Gy). The

same holds for p =2 if we restrict to connected objects on both sides.

(i) If p > 2, there is a natural antiequivalence of categories from the category of finite flat p-primary
group schemes over W to that of finite Honda systems and the same holds for p =2 if we restrict to

connected objects on both sides.
(ii1) The cotangent space of Gy at the origin is D(Gy) /FD(Gy).

(iv) Both antiequivalences respect extensions of k. Moreover, if G is a p-divisible group over W, then

MG/ (p"), L(G)/(p™)) is naturally identified with the finite Honda system associated with G[p"]
foralln > 1.
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Lemma 2.5. Let (M, L) be a Honda system of exponent p. Then M = L 4+ FM is a direct sum, ker F =
VL = VM, dimker F = dim L and ker V = FM.

Proof. Since L/ pL — M/FM is an isomorphism, M = L 4+ FM is a direct sum and
dimM =dimFM + dim L = dimM — dimker F 4 dim L.

Hence dimker F = dim L and equality holds for each inclusion in VL € VM C ker F because V|, is
injective. In addition,
dimL =dim VL =dim VM =dimM — dimker V,

so M =L +kerV is a direct sum and the inclusion FM C ker V is an equality. U

Let CW, x denote the formal k-group scheme associated to the Witt covector group functor CWy, see
[Conrad 1999; Fontaine 1977]. When k' is a finite extension of k and K’ is the field of fractions of W (k'),
we have CWy (k") >~ K’/ W (k’). For any k-algebra R and W = W (k), let Dy =W][F, V] act on elements a =
(cvlopy...,a—1,a0) of CWe(R)byFa=(...,a",,....a" ,al),Va=(...,a_guy1), ..., a2, a_1)
andéa=(...,cP"a_,,...,cP 'a_y, cap), where ¢ in W is the Teichmiiller lift of c. Note that such lifts
generate W as a topological ring.

The Hasse—Witt exponential map is a homomorphism of additive groups,

&:CWi(Og/pOg) = K/pOg by (...a_p.....a_1.a0)—> Y p~"a’,.

independent of the choice of lifts a_, in Og. If U is the group scheme of a Honda system (M, L), the
points of the Galois module U correspond to Di-homomorphisms ¢ : M — CW k(Og/pOg) such that
£(p(L)) = 0 and we say that ¢ belongs to U. The action of G on U(K) is induced from its action on
CWi(0g/pOx).

We write -+ for the usual Witt covector addition [Conrad 1999, p. 242] and state some related elementary
facts. For ¢ a power of p and x, y in K, the congruence O, (x,y) =((Xx+y)?—x7—-y7)/q (mod pOp)
defines a unique, possibly nonintegral element of K / pOgx, independent of the choices of lifts x and y
in Og. The binomial theorem yields the following estimate.

Lemma 2.6. ord, (X +y)? —x9 — y7) > 1 + g min{ord, (X), ord , (y)}.

It is convenient to write (6, X_n,...,Xxo) for the element (..., 0,0, x_,, ..., xp) In EV\Vk(OE/pOE).
A routine calculation using the formulas in [Abrashkin 1987; Conrad 1999] gives:

Lemma 2.7. Addition in CW(Og/pOx) specializes to
(0, ug, uz, uz, uy, uo)+(0, va, v, vo) = (0, us, uz, us + va2, w1, wo),
where wi = uy + vy — ®,(u2, v2) and

wo = uo+vo + %(Mf +v7) — @2 (uz, v2) — %(ul +v1 — D (uz, v2))”.
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3. The new categories

After a review of local conductors, we introduce the categories in which extension classes will be studied.

Fix distinct primes N and p and let K be a finite extension of Qu. If L/K is a Galois extension, let
D =D(L/K) be its Galois group and Z =Z(L/K) its inertia subgroup. When Z acts tamely on the finite
Z ,[D]-module V, its Artin conductor exponent is given by fy (V) = lengtth V)V If

0O—-Vi—-V—=>V,—->0

is an exact sequence of finite Z,[D]-modules, then fy (V) > fy (V1) +fy (V2).

Let A be an abelian variety over Qy with semistable bad reduction and let T ,(A) denote its p-adic
Tate module. We freely use results of Grothendieck [Grothendieck and Raynaud 1972], reviewed in
[Brumer and Kramer 2001]. The p*°-division field Qx (A[p°°]) depends only on the isogeny class of A,
so is shared by the dual variety A. The inertia subgroup Z of Gal(Qy (A[p™>])/Qp) is pro-p cyclic
and (o — I)Z(Tp (A)) = 0 for any topological generator o of Z. The fixed space Ms(A) =T, (Al isa
Z ,-direct summand T, (A) and the toric space M;(A) is the Z,-submodule of T, (A) orthogonal to M ¢ (A)
under the natural pairing of T,(A) with T, (A). Moreover, (o — 1)(T,(A)) has finite index in M;(A).
The conductor exponent of A at N, denoted fy (A), is the Z,-rank of T,(A)/M;(A). Equivalently, we
have fy(A) =rankz, M;(A) =rankz,(oc — 1)(T,(A)).

Lemma 3.1. Suppose that fy (A[p]) = fn(A). Then we have fx (Al p"]) = nfy(Alp]) foralln > 1 and
(o — D)(T,(A)) = M, (A).

Proof. In the following diagram

(0 —D(T,(A)

Ly M,(A)/p"M,(A),
T DT,y N T M P M)

(0 — D(A[p"]) <

7 is an isomorphism induced by the natural projection 7 : T,,(A) — A[p"] and J is an injection induced
by the inclusion j : (o — 1)(T,(A)) — M;(A). Since M;(A) is a Z ,-direct summand of T,(A), we have
M;(A)/p"M,(A) ~ (Z/p™)', where f = fn (A) and thus

nf =lengthy M;(A)/p"M,(A) = fn(A[p"]) = nfn(AlpD), (3.2)

using super-additivity of conductors for the last inequality. By assumption, the left and right sides of (3.2)

1

are equal, so fy (A[p"]) =nfn(A[p]). Then jox ™" is an isomorphism and (o — 1)(T,) = M;(A) upon

passage to the limit. O
We recall the following elegant theorem of Schoof on p-divisible groups.

Theorem 3.3 [Schoof 2005, Theorem 8.3]. Let C be a full subcategory of the category of p-primary
group schemes over O = Z[%], closed under taking products, closed flat subgroup schemes and quotients
by closed flat subgroup schemes. Let G = {G,} and H = {H,,} be p-divisible groups over O, with G, and
H, in C. Suppose that:

(1) R =End(G) is a discrete valuation ring with uniformizer w and residue field k = R/ R.
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(ii) The map Homo (G[r], G[r]) = Ethg(G[JT], G[r]), induced by the cohomology sequence of
0 — G[r]— G[n?]— G[r]— 0, isan isomorphism of one-dimensional k-vector spaces.

(iii) Each H, admits a filtration by flat closed subgroup schemes whose successive subquotients are
isomorphic to G[r].

Then H is isomorphic to G" for some r.

For Theorem 3.3 to be applicable, the critical condition required of the category C is that (ii) hold.
Additional motivation for our choice of category is provided at the end of this section.

Definition 3.4. Let ¥ = {&; | 1 <i < s} be a collection of finite flat group schemes over Z[ ] such that

1
N
(i) & is biconnected over Z), for all i and

(i) the Galois modules E; are absolutely simple and pairwise nonisomorphic.

Given X, a category E of finite flat group schemes V' over Z[ﬁ] is a X-category if the following properties
are satisfied:

E1. Each composition factor of V is isomorphic to some & with 1 <i <.
E2. If o, generates inertia at v | N, then (o, — 1)2 annihilates V = V(Q).

E3. If n; is the multiplicity of E; in the semisimplification V* of V, then

v (V) =fn (V) = nifw (Ey).

A collection of semistable abelian varieties A;, good outside N, is X-favorable if End A; = Z, the
& = A;[p] satisfy (i) and (ii) and fy(A;) = fy(E;) for 1 <i <s.

In particular, a favorable abelian surface A is ¥-favorable with ¥ = {A[2]}.

Lemma 3.5. If 0 > W — V — V — 0 is an exact sequence of finite flat group schemes and V is in E,
then W and V also are in E.

Proof. By super-additivity of conductors and E3 for V, we have

fv (V) =y (W) + iy (V) < fy (W) +Fa (V) < fu (V) = (V).
Hence E3 is valid for both W and V. The rest is clear. O

Lemma 3.5 implies that E is a full subcategory of the category of p-primary group schemes over
Z[%], closed under taking products, closed flat subgroup schemes and quotients by closed flat subgroup
schemes. As in [Schoof 2005], this guarantees that Ext}j is defined.

Notation 3.6. If V and W in E are annihilated by p, write Ext[lp]’ £V, W) for the subgroup of Exti5 vV, W)
whose classes are represented by extensions killed by p.

Theorem 3.7. Let {A; | 1 <i < s} be a X-favorable collection of abelian varieties and let E be the
X-category with ¥ = {&; = A;[p] |1 <i <s}.
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(i) If B is isogenous to []; A?", then subquotients of B[p”"] are in E.
(ii) Conversely, let B be semistable and write B[p]* = @®n;&;. Suppose that fx(B) =Y _ nify(E;) and

E4:Ext{, ;(&.£)=0, foralll<i<;j<s.
Then B is isogenous to [ A}'.

Proof. Lemmas 3.1 and 3.5 imply the first claim. For the converse, it suffices by Lemma 3.5 to show
that B[ p"] belongs to E. Property E1 is clear and E2 follows from semistability. By super-additivity of
conductors,

> nmifn(E) =fn (BIpI®) < fn(BIp]) < fn(B) =) nifn (En).

Thus each weak inequality above is an equality and so

Fv(BLp'D) =rin(BIpD) =Y _ rnif(E;)

by Lemma 3.1. Hence E3 holds and B[p”] isin E.

Assuming E4, the lemma below enables us to define isotypic decompositions of the finite flat group
schemes in E. Thus the p-divisible group of B is the product of its isotypic p-divisible subgroups H®.
If GO is the p-divisible group of A;, then End(G®") = Z p by the theorem of Faltings proving Tate’s
conjecture. Vanishing of Extg »1.£(Ei» €) and Proposition A.2 imply that Ext}E (&, &) = [, thanks to the
existence of the extension 0 — & — A; [pz] — & — 0. Theorem 3.3 now gives H; >~ G;.” and so the
p-divisible group of B is isomorphic to that of [] A’. Conclude by Faltings’ theorem [1983, §5] on
isogenies. (|

Lemma 3.8. Let M be a finite length module over the ring R and E\, . .., E; its nonisomorphic simple
constituents. Let M; be the maximal R-submodule all of whose composition factors are isomorphic to E;.
If Ext}e (Ei, Ej) =0fori # j, then M = @ M;, i.e., M is the sum of its isotypic components.

Proof. If all composition factors of the R-modules N and N’ are isomorphic to E;, the same is true of
N + N’ as a quotient of N & N’, so the definition of M; makes sense. The sum of the M; is direct, since
no simple module occurs in the intersection of M; with the sum of the other isotypics. By the long exact
sequence of Ext and induction, Ext}e(Ei, P) =0 if P does not involve E;. Let M’ = @le M; CM
and let N be a minimal submodule of M containing M’. Then, after relabeling, we have N/M’ ~ Ej.
The exact sequence 0 - M'/M; — N/Mg; — E; — 0 splits, so there is a submodule N’ of N with
N'/M >~ E, contradicting maximality of M. O

We conclude with some comments on the definition of E and the assumptions in Theorem 3.7. Schoof
uses categories D satisfying only E1 and E2. However, as shown in Example B.4, Ext[lz]’ p(€, &) #0 for
the cases of interest to us, violating Theorem 3.3(ii). Motivated by Theorem 3.7(i), we were led to add
E3 as a necessary condition. For the reader who might wonder why E3 was not imposed by Schoof, we
offer the following explanation.
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Remark 3.9. In [Schoof 2005, §7], p=2, dimE =2 and A =Gal(Q(E)/Q) ~S3, so H' (A, Mat,(F»)) =0
and the obstruction to splitting of extensions that we encounter in Example B.4 does not arise for Schoof.
Moreover, E2 implies E3 if dim E; = 2fy (E;) for all i. Indeed, V/V %) ~ (¢, — 1)V C V(%) by E2.
Let V¥ = &n; E; and write £(V) = lengtth V. Then

2ZnifN(Ei) = Z”i dimg, E; = €(V) = £((0, — DV) +£(V 7))
> 20((0y — DV) =2fn (V) 22 nifw (E)).

Hence fx (V) =Y nifn(E;).

The lower bound fy(V) > > n;fx(E;) holds for the conductor of V, while E3 imposes equality.
Thus, in Theorem 3.7(ii), fx (B) is as small as possible given the structure of B[p]¥*. But minimality of
conductor does not guarantee that B is semistable, as the following example shows.

Example 3.10. Setzer [1981] gives an elliptic curve over K = (0(+/37) with everywhere good reduction:
C: yz—ey =X3+%(36+ 1)x2+ %(lle—i- Dx, e€e=64++37.

If B is its Weil restriction to Q, then B has good reduction outside N = 37 and fx(B) =2 by Milne’s
conductor formula [1972, Proposition 1]. Let A be any of the elliptic curves over QQ of conductor 37.
These curves share the same group scheme £ = A[2] and fy(E) = 1. Let E be the X-category with
Y = {£}. Then B[2]* = & & £ and so E3 holds. But B has potential good reduction at N and inertia
at v| N acts on T,(B) through the finite quotient Gal(Qy (+/37)/Qu), so E2 fails. Note that B was
considered earlier in [Shimura 1972].

Remark 3.11. In his work on deformations, Ploner [2015] considered conditions E1, E2 and E4 for
two-dimensional group schemes.

4. Some Honda systems

Recall that W is the ring of Witt vectors over a finite field k of characteristic p and let K be the quotient
field of W. Suppose that £ = A[p] is an absolutely simple finite flat group scheme of order p* where A
is an abelian surface over K with biconnected good reduction. In this section, we classify the Honda
systems of such £’s and those of extensions of £ by itself annihilated by p.

Proposition 4.1. Let (M, L) be the Honda system for a group scheme & as above. Then there is a k-basis
X1, X2, X3, X4 for M such that L. = span{xy, x;},

098 it
V=|:0)\00:| and F=|:0001:| 4.2)
0000 1000

, . .. . 2 4
for some X in k*. Furthermore x|, ..., x} is another such basis if and only if x; = r” xy and \ = r'=P"1
with r in k*.
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Proof. Let € = (M, L) be the Honda system for £. Refer to Lemma 2.5 as needed. Theorem 2.4,
applied to the p-divisible group of A implies that dim L = 2. By absolute simplicity, £ becomes a
Raynaud [ ,«-module scheme over the Witt vectors W (k) [Raynaud 1974; Tate 1997, §4]. Berthelot [1977,
Lemme 2.5] shows that M' = M ®; k admits a basis {§; | i € Z/4Z} such that F(&;) =&;,1 or V(&;11) =&,
with L’ spanned by a subset of that basis.

Suppose that L does not contain two successive basis vectors. Then we may assume that L' =
span{&, &}. By injectivity of V on L, we have V& = &j and V&; = &,. Since F(M') = span{F(&;), F(&3)}
is 2-dimensional, V(&) # &1, so F(&1) = &; and similarly F(&3) =&y. If n =&+ &3, then Fn =Vn =&, +&.
Thus there is a sub-Honda system (M”, L") of & with M” = span{n, Fn} and L” = span{n}, contradicting
absolute simplicity of £.

Therefore, we may assume that L = span{&;, &}. Since V is injective on L', we cannot have F(&;) = &;,
s0 &1 =V& e L’'NVL' and dimg (LNVL) = 1 over the original ground field k. Write x, =Vx; #0in LNVL
with x; in L and so L = span{xy, x,}. Set x4 =Fx; and x3 = F2x,. Since dim; ker F=2 and F is nilpotent,
F =0. By iterating F on M =L 4 FM to find that FM = FL + FL = span{xs, x4}. Thus x1, x3, x3, x4 is
a basis for M. Injectivity of V on L implies that Vx; # 0. But Vx; is in ker F = VL = span{x;, x3} and V
is nilpotent. Hence Vx; = Ax3 for some A € k™, resulting in matrix representations of the form (4.2).

For another such basis, x} generates L N VL, so x), = r”x; with r € k*. Then x| = r”2x1 and
Xy = szi — rP'x;. Thus Nxy=Vx)=rVx; =rix; = rl_p4kx§ and so A’ = r!1=P"' A in k*. d

Notation 4.3. For A € k™, let &, = (M, Ly) be the Honda system in the proposition and call x1, x, X3, x4
a standard basis for €,. Denote the corresponding group scheme, Galois module and representation by
&y, Ey and pg, respectively.

Let Ext' (&, &) be the group of classes of extensions of Honda systems
0—> ¢ —->M,L)5 ¢, -0 (4.4)

under Baer sum [Mac Lane 1963, Chapter III, Theorem 2.1] and let Ext[lp](QEA, &;) be the subgroup such
that pM = 0.

Proposition 4.5. If (M, L) represents a class in Ext[lp]((’fk, &,), there is a k-basis ey, . . ., eg for M such
that 1(x1) = ey, w(es) = x1, L = span{ey, 2, es, e6},

0000[0 As; 00 00000 0 0 0
1000/0 As3 00 00000 0 0 0
0100[0 As4 00 00010 —s) —sZ0
0000|s; Ass 00 10000 0 —s”0
V=1%90000 0o00| “ F=|G50000 0 0 0
0000/1 0 00 00000 0 0 0
00000 A 00 00000 0 0 1
1 0000[0 0 00 | [ 0000/1 0 0 0]
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with sy, 2, 83, 84, S5 in k. Fork = k/(c* —1)(k), the map (M, L) ~> (s1, ..., S5) induces an isomorphism
of additive groups s : Ext[lp](t’fk, E) > kDkDkDk k.

Proof. Let {xj | 1 < j < 4} be a standard basis for €, and define ¢; = ((x;) in (4.4). Since 0 —
Lo — L % Ly — 0 is exact, we can extend e, e, to a basis for L by adjoining elements ¢és, &g of L
such that 7 (e5) = x; and 7 (eg) = x».

From V(7 (es)) = m(eg), we have Ves = eq +rie) +ryep +r3es +s1e4 with 51 and all r; in k. Replace
es by es = ¢es +02%(a))e; + o (ar)e; and &4 by eg = €6 + biey + byer with a;, b; in k. Then

Ves = Ves 4+ o (aj)ey + Lazes
=e¢¢+rier+ (n+o(ay)er+ (r3 + raz)es + sieq
=ec+ (r1 —b1)e1 + (ry +o(a1) —by)ex + (r3 + Aaz)es + s1e4.

Now choose a;, b; so that V(es5) — eg = s1e4. Finally, let e = Fes and e7 = Feg. Since V(7 (e¢)) = Am(e7),
we may choose elements s; of k such that

Veg = A(e7 + spe1 + s3e3 + s4e3 + s5€4). (4.6)

This verifies the matrix representation of V. From 0 = FVes = Feg 4+ o (s1)e3, we get Feg = —o (s1)e3.
Apply F to (4.6) to find Fe; and obtain the matrix of F.

The only ambiguity left is that es might be replaced by es + o2(ay)e;, in which case s4 becomes
s4+a; —o*(ay) while sq, 52, 53, 55 remain unchanged.

Another extension (M’, L) is equivalent to (M, L) if and only if there is an isomorphism 4 in the
commutative diagram

/ !

0 ¢, ™', L) (P 0
lidem lh lident 4.7)
0 ¢ —— ML) —— ¢ 0.
Let e}, ...eg be a basis for (M, L") constructed as above. Since /(e}), ..., h(eg) must be another such

basis, the isomorphism /4 exists if and only if h(e’l) = ¢ and h(eg) = e5s + o 2(aj)e; with a; in k. Tt
follows that s is a well-defined bijection.

To verify the additivity of s, let (M, L) and (M’, L") represent two classes in Ext[] p](QS,x, ¢,) and let
0— ¢, 5 M, L") Z & — 0 represent their Baer sum. To obtain a k-basis for M” let y; = (e;, 0)
inMxM for 1 <i <4and y; = (e, €;) for 5 <i <8, each of which satisfies the fiber product condition
that 7" (y;) = m(e;) = m'(e}). The relations are given by ("(a) = (1(a), 0) = (0, ('(a)) for all a in €,.
We have

Vys = (Ves, Veg) = (e6 + s1€4, €5+ s1€4) = y6 + (s1€4, 0) + (0, 7€)
= 6+ (s1€4, 0) + (s]€4, 0) = y + (s1 + 51) y4,
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Vys = (Ves, Veg) = Aer, e)) + > Msiei,sje)) =Ayr+ Y A(si+s)vi.

l<i<4 1<i<4
Fys = (Fes, Feg) = —(s7e3, (s))Pe3) = —(s7e3, 0) — (0, (s7)7e3)
= —(s7e3,0) — ((s))7e3,0) = —(s1 + 5" y3,
Fy; = (Fe7, Fel) = —(sfe3, (s5)Pe}) — (53 es, (s5)7ey)
= —(s5 +55)"y3 — (s2+55)" ya.

By completing the matrices for V and F, we find that s =s; + s/ for 1 <i <5. O

5. The local theory

In this section, we study the fields of points of extensions of exponent p whose Honda systems were
described above. In particular, we obtain good conductor bounds. We use freely the notation of Section 2.
Let K be the quotient field of W and let & be the Teichmiiller lift to W of a in k, with 0 = 0. Assume that
w is in Ok and ord,(w) > 0. For a in K/ wOg, let a be an arbitrary lift to K. Assertions requiring lifts
are made only when the result is independent of the choices, as in the following examples. If a is not
in wOg, let ord,(a) = ord,(a). For w’ in O such that 0 < ord,(w’) < ord,(w), let a = b (mod w’)
mean that @ — b is in w'Og. If f(X) isin K[X], we write f(a) =0 (mod w”Og) only if f(a) is in
w"”Og, for all lifts a of a. For this section, we write x ~ y when ord,(x/y — 1) > 0 and x =y + O (w)
if ord,(x —y) > ord,(w).

5.1. The irreducible case. Let &, be the group scheme and xi, ..., x4 a standard basis for the cor-
responding Honda system &, = (Mp, Lo) from Notation 4.3. The Galois module structure of E; is
well-known, but a description of E; by Witt covectors is required for our analysis of extensions of &
by &,.. Let F = K(E),), reserving Roman F and V for the Honda system Frobenius and Verschiebung
operators in this section. Recall that points of the Galois module E, correspond to Dg-homomorphisms
¥ : Mg — CW(Ox/pOx) such that &(¥(Lg)) = 0, see Section 2.

Proposition 5.1.1. Let R, = {a € Og/pOx | A aP = (—p)P+la (mod pP*t20x)). Given a in R;,
define b and ¢ in Og/pOx by
= —1aPaP’ (mod pOg) and c=ra?” (mod pOg).

(1) A Dy-map ¥ = ¥, belongs to a point P, of E,, if and only if ¥ (x1) = (6, ¢, b, a) with a in ‘R, If so,
¥ (x2) = 0, ¢,b), ¥r(x3) = (0, A7'¢) and yr(x4) = (0, a?).

(i) F = K (E;) is the splitting field of f,.(x) = Apixpt=l (—p)?*! over K. The maximal subfield of F
unramified over K is Fo = K (p ,+_y, n), where n is any root of xPT1 — A. Moreover F | Fy is tamely

ramified of degree t = (p> + 1)(p — 1). For a # 0 we have

1 2 1 2
ordy(@) = . ord, (b) = %, ord, (c) = pT. (5.1.2)
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(iii) R, is an F a-vector space under the usual operations in Og / pOg and a — Py defines an F,[G]-

isomorphism R, = E,.

Proof. (i) If ¢ belongs to a point in E,, then ¥ (x;) = (6, ¢, b, a), since V3 =0. We obtain v (x») and
¥ (x3) by applying V, while ¥ (x4) = ¥ (Fx;) = (6, cP,bP,aP). Use 0 = VF(x1) = Vx4 to find that
c? =bP =0, s0ord,(b), ord,(c) > 1/p. In addition, F(x4) = x3 implies that ¢ = raP’. Let a, b, ¢ denote
lifts to Og. Vanishing of &(y/ (L)) provides the additional congruences modulo pOx:

a+%z§!’+#5ﬂzzo and b+ L& =o0. (5.1.3)

Thus p ord,(c) = ord,( pb) > 1+ % and so #E”z = 0. With this simplification, the required congruences
follow from (5.1.3). Furthermore, these congruences are sufficient to imply that i belongs to £, when
lp‘(‘xl) = (0’ C, b! a)'

(i) If f,(9) =0 and ¢ generates p ,_;, then the roots of f; have the form 6; = £76 while their reductions
modulo p give all nonzero elements of R, . For the converse, let a be a lift of a € R, and g(x) = xP' —x.
Then g(a/0) =0 (mod gOI;) and soa=0ora =6; (mod pOg) for some j by Hensel’s lemma. Hence
F = K(ppi_1,0) is the splitting field of f;. Let Fy be the maximal subfield of F" unramified over K.
Since 47" and therefore also A is a (p+1) power in K (6), each root n of x?*! — X is in Fy. Furthermore,
0 satisfies an Eisenstein polynomial of the form npzx’ + wp = 0 over Fy for some w in p, . Hence
K/ Fp is tamely ramified of degree ¢ and we obtain the desired ordinals of a, b, c.

(iii) The embedding F,« = W(F,4)/pW(F,4) — Og/pOg defines the scalar multiplication by [F .
Closure of 2R under this operation and under the usual addition in Og / pOg is clear. The asserted Galois
isomorphism follows from the correspondence between Di-homomorphisms belonging to &, and points
of E, once we check that a — P, is additive. If a; and a, are in fR;, then there is some a in R; such that
Va, (x1)+Fa, (x1) = ¥, (x1). Denote this equation of Witt covectors by ©, c1, by, a)4-(0, 2, by, az) =
(6, ¢,b,a). Then c = ¢y + ¢, so al’ = alp2 —i—aé72 in Og/pOg. By using lifts of a, a; and a, of the form
wof, w16 and w,6, with each w; in Ryt U {0}, we find that
2 2

2
wy =0 +of = (01 + w)" (mod#@,?)

Since the w’s lie in the absolutely unramified field Q,(p,+_;) and ord, (p/0p2) > (0, we obtain wy =
w1 +wy (mod p) and thus a = a; +ay in O/ pOfg. Alternatively, ord, (a —a; —az) > 1 by the covector
addition formulas in Lemma 2.7. O

Remark 5.1.4. (i) By (ii) above, the lifts of all a # 0 in R, to O comprise the cosets ¢ 10 + pOx.
Thus 2R, descends to an [ ,+-vector subspace of Of/pOp and we write

R.(F) = {a € Op/pOF | i7" a?" = (—p)P*'a (mod p?T20Op)}.
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For o in F Pt and a in fR,, we write o P, = P,,, in agreement with multiplication on Witt covectors.
In fact, @y, = Y44, since evaluating on x| gives

[21(0, ca, bar @) = (0, 07 cq, &'/ Pb,, aa) = 0, caa, baa. 2a).

(@ii) If A is in the ramification subgroup of Gal(F/K), then & acts on R, (F) by h(a) = «a, where o € u,
depends on /. The structure of &, as a Raynaud F p+-module scheme is reflected by h(P,) = Ppa) =
P,, = a P,. However, Frobenius in Gal(F¥/K) acts on the scalars.

(iii) By Proposition 5.1.1, we have b” = —pa(mod p?), c? = APaP = —pb(mod p?) and P =
(—p)PTla(mod pP+?). These congruences are independent of the choices of lifts to O.

Using the local structure above, we next obtain a group scheme £ over Z[%] fulfilling the hypotheses of
Definition 3.4 for a X -category E with X = {£}. We also determine the image of the Galois representation
provided by E.

Corollary 5.1.5. Let E be a four-dimensional symplectic module over [, and let p : Gg — GSp(E) be
unramified outside {p, N, oo} and tamely ramified at the prime N # p. Suppose that:

(1) p restricted to a decomposition group at p is isomorphic to a local representation of the form pg, as
in Notation 4.3.
(ii) Inertia at v| N acts on E via a cyclic quotient (c,,) with (o, — 1)> =0 and rank(c, — 1) = 1 as a

matrix.
(iii) The fixed field of p~'(Sp(E)) is Q(up) when p is odd.

Then there is a unique finite flat group scheme & over Z[%] whose associated Galois representation is p.
Moreover, the Galois image G = p(Gq) is GSpy(F,) for p > 2 or possibly O, (F;) >~ S5 when p = 2.

Proof. By (i), the local representation is irreducible and so is E£. We patch as described before (2.2) to get
the uniqueness.

Since o, is a transvection by (ii), the normal subgroup P generated by transvections is nontrivial.
Follow the proof of [Brumer and Kramer 2012, Proposition 2.8], using dim £ = 4 and the fact that N is
square-free, to conclude that E is irreducible for the group P generated by transvections. If p =2, we find
that G is isomorphic to Sp,([F2) >~ Sg or O, (F2) > Ss. Since 5 must divide |G|, we rule out S3:S,. When
p is odd, G contains Sp,(F,) by [Kemper and Malle 1997] and thus is isomorphic to GSp,4(F ) by (iii). [

When p =2 and A is a favorable abelian surface, £ = A[2] provides a representation p as in the corollary.

5.2. Extensions of exponent p. Let 0 — &, —> W -2 &, — 0 be an extension of &, by &, killed by p
with parameters s(V) = [ - - - s5] from Proposition 4.5. Let P, denote the point of E; corresponding to
a in R, (F), see Proposition 5.1.1(iii) and Remark 5.1.4. Then the fiber over P, has the form Q + ((E})
for any fixed Q in W such that 7 (Q) = P,. We write F, = F(Q) for the fiber field generated over F by
the coordinates of Q.

Notation 5.2.1. Write R, = I?/f@,?, provided that u is in O and ord,(u) < 1.
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Proposition 5.2.2. For ¢ to correspond to a point of W in the fiber over P, # 0, it is necessary and
sufficient that ¢ (e1) = (6, ¢, b, a) as in Proposition 5.1.1 and

p(es) = (0, 0s2)' /pc, (hs2)' [ pb+ (hs3)' [ pe, ez, by, ax)
where x, v, z in K satisfy all the following congruences:
i) x—yp+pp_lzp2:O in R,.
i) y—zp+pk_pepap_p3=0 in Ryp.
iii) X —z+wa " =0 inR. (5.2.3)

with w = saa + s3b + sar " e + ssa?, ep=s1ifp>3ande; =5 — (As2)? if p = 2. Equivalently, z in K
satisfies f,(z) =0in R., where

Fa(Z) = (2P = pr~Pepa? )P — pP=' 2P’V — Z 4 wa P (5.2.4)

and the classes of x in R, and y in Ry, are determined by (5.2.3)(i) and (ii). When €, = 0, we may instead
use f,(Z) = zrt—z + wa= ",

Proof. Let ¢ in Homp, (M, fﬁ/k (Ox/pOg)) be an element of W. Since M is generated by e; and es
as a Di-module, ¢ is determined by ¢(e;) and ¢(es). The injection of €; to M yields ¢(e;) = ¥ (x;)
for 1 < j <4, as in Proposition 5.1.1(i). Set p(es) = (6 ds, ds, dy, dy, dy), with only the five rightmost
coordinates significant, since V> = 0. Applying FV =0 to es gives dy = dp dy =di =0.

From the matrix representation of V, we have

¢(es) = V(p(es)FH—s1lp(es) = (0, dy, ds, da, dy — s1aP)
and so (p(k_IVe6) = [,\—1](6, dy, ds, dp). We also have
9(L"'Vee) = p(e7)Fo(s2e1)F0(s362)+0(s4¢3)+0 (s5€4)
= F? (65)+(6 o_z(sz)c J_l(sz)b sza)—i-((_j o*_l(sz)c szb+S4A_1c+S5ap)
— (0, dp )+(0, sl/p c, sz/pb+s3 ¢, 52a + s3b + sah " e + ssaP — @ (sl/pb sl/pc))
= (0, sl/p c, sz/pb+s3 ¢, $2a + s3b + sa)” c+ssa”+dp)
since ® (sz/pb sl/p ) =0 by (5.1.2) and Lemma 2.6. Modulo pOg, this gives:
dy=(s)'Pc, dy=(s2)/Pb+ (s3)VPe,  dy = Al +w). (5.2.5)

Vanishing of the Hasse—Witt map on ¢(L) gives the following additional relations:

ar p3 dp dr
é(fp(es))—# pe +p—+?+do—0 (mod pOg),
P’
L
D3

P2 d!’

ar d
E(p(ee)) = = 4+ 2 4d—s1a” =0 (mod pOy). (5.2.6)
T
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Since p? ord,(ds) > p? ord,(c) > p + 1, we have p_3d£73 = 0 and p“‘d‘{74 = 0 (mod p). Thus the
ds-terms drop out of (5.2.6). By (5.2.5), we have

dl = Asyb? + Asse? (mod p?),
" = (s2)Pb” + (hs3)Pc? (mod p?),
4l = (us)P'b7 4 (hs3)" e’ (mod p*).

In addition,

c”’ b?’ pl(p*—p+1) | -1< 1 ) .
d,( — dy( =) =L P i — ) -
Or”<pf>>°r”<pi> o-Dpr+y =P T oorrn)

is greater than 1 if (i) j =3 and all p or (ii) j =2 and p > 3. If j =2 and p = 2, we also have
ord,(c*/4) > 1 and so (5.2.6) simplifies to

p72dY + p~ldP +dy=0 and p~'d? +di —epa’ =0. (5.2.7)

Letx =dp/ain R,, y=d;/bin Ry and z =d>/c in R.. Then (5.2.5) and (5.2.7) give (5.2.3), using the
equations for a, b, ¢ in Remark 5.1.4(iii). It follows that f,(z) =0 in R, for f, given by (5.2.4). When
€, =0, we have

1 2 (p>—1 p+1
ord,(z) = — ord,(wa™?) > — ord,(a) = ————5——
P P » P (2

and thus
P2 -j_p* . . 4
ord, (7)) pr=172") = (p = 1)j +2 = ord, (i) + p* ord () = 1.

i.e., the middle terms of the binomial expansion for f,(z) drop out.
Conversely, if f,(z) =0 in R, and x and y are defined by (5.2.3)(i) and (ii), then (5.2.3)(iii) holds and
we obtain a Dx-homomorphism belonging to a point of W in the fiber over P. U

Notation 5.2.8. If A in £~ is fixed, then a in
R (F) = {a € Op/pOr | i’ a?" = (- p)P*'a (mod p?*20p))

determines b and ¢ in O/ pOF by the congruences in Proposition 5.1.1. If z in R, satisfies the resulting
congruence f,(z) =0in R, then z determines x in R, and y in R, by (5.2.3). Using the congruences in
(5.2.5),setd,(z) = (6, dy, ds, cz, by, ax). Let ¢, be the Di-homomorphism such that ¢, (e;) = (6, ¢, b,a)
and ¢, (es) =d,(z) and let Q, be the corresponding point in W. The fiber field generated by the point of
W lying over the point P, of E is F, = F(Q;).

We next examine the effect of various choices of lifts on constructing a generator for the extension F, / F.
Under the assumptions of Notation 5.2.8, choose lifts to Ok of A and the entries in s. By Remark 5.1.4(i),
a has a lift a in Op. Using the congruences in Proposition 5.1.1 as equations, a determines lifts band ¢
in O of b and c. Let f be the polynomial with coefficients in F obtained by using the respective lifts to
replace the corresponding coefficients of f,(Z).
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Corollary 5.2.9. Construct f(Z) in F[Z] by choosing the lifts described above. If 6 is any root of f in
K, then F, = F(6). Ife, =0then h(X) =X — X + war’ splits completely in F,.

Proof. Let M be the splitting field of f over F. Since the p* solutions to the congruence f,(Z) =0 in
R, correspond to the distinct points of W in the fiber over P,, the roots of f in K remain distinct when
reduced to R,. If 6 is any root of f, its reduction z in R. determines the point Q.. Thus F, is contained
in M. If y is in Gal(M/ F,,), then Q, = y(Q;) = Qy(;), 80 ¥(z) =z in R.. But then y (0) = 0, since the
roots of f are distinct modulo %01?- Hence F, = F(6) = M is independent of the various choices of lifts.

When €, =0, we have p* ord, (0) :0rdp(w/aP2) > (1—p?) ord,(a). We find that o =P +OP" +OP+0
satisfies

@ —a =0 —0=—wa "’ (mod %(’)L),
a

since the worst case middle term in the binomial expansion of «” leads to
ord, (p0”’P=VP"y = 1+ (p* — p* + pP) ord,,(0) > 1 — p*ord,, (a).

Hence h(a) = 0 (mod pa‘f”2 Or). Upon clearing denominators, Hensel’s lemma [Lang 1994, 11, §2]
implies that z has a root in F, and the other roots come by refining o + j with 1 < j < p — 1. (|

A polynomial g, of degree p*, analogous to f,, but such that y in R, satisfies g,(y) =0 in R,, can
also be derived from Proposition 5.2.2 as in the Corollary below. Then y determines x in R, and z in R}
and thus Q.. Choosing appropriate lifts leads to g(Y) in F[Y], such that a root of g also generates the
extension F,/F. Similar considerations apply to x.

Corollary 5.2.10. Let s = [510000] and choose lifts X, 51 in Ok and G in Op. Then F, = F(©) for any
root ® in K of g(Y) = yr'—y — pifpﬁ&l’*ps. In addition, h(X) = XP — X — pi*%l&p*f’s splits
completely in F,.

Proof. By assumption, w =0 and €, = sy. It suffices to treat s; # 0. In the proof of Proposition 5.2.2, we
showed that d{ =0 in Og/pOf. Hence

ord,(y) = ordp(%‘) >l _(p*—p+Dordy(a)= —% ord,(a).

1
p
Then ord,,(y) > ord,(pa?~?’) and so ord,(z”) = ord,(pa?~?") = (1 — p)/(p> + 1) by (5.2.3)(i). It
follows that

ord,(p" 12"y =p—2+ ;’2111. (5.2.11)
Since (5.2.11) is positive, (5.2.3)(i) and (5.2.3)(iii) imply that
ord, (y) = — ord (x) = — ordy (2) = —— (,92_—1) (5.2.12)
p p pr\p~+1

By (5.2.11), if p > 3, the term p”_lzf”2 drops out of (5.2.3)(i) and then we deduce from (5.2.3) that
8a(y) = y174 —y+ p)»‘”slal”_’73 is 0in Ry,. If p =2, apply Lemma 2.6 to (5.2.3)(ii) to obtain x* = y® in
R.. Thus z =y'% in R, and it again follows that g,(y) = 0 in R,,. Conversely, from y satisfying g, (y) =0
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in Rp, we can find x and z such that (5.2.3) holds. The concluding arguments are analogous to those in
the proof of Corollary 5.2.9. g

We have focused on x, y, z in Proposition 5.2.2 because, as we show next, distinct solutions to
Jfa(Z) =0 in R, differ by elements of p ,4_;.

Lemma 5.2.13. Let Q. lie in the fiber over P, # 0. Then every other point in the same fiber has the form
Q. with 7' = z4+ w in R. as w ranges over Rps_1. If so,

Y =y+aw”inRy, x =x+o” inR, (5.2.14)
and Q. = Q.+ 1(Py) witha' = w” a in R,

Proof. We have f,(z) =0 in R, and we use (5.2.3)(i) and (ii) to find y and x. Putting 7’ = z + ® and
using (5.2.14) to define y" and x’ gives another solution to the congruences (5.2.3), thereby accounting
for the additional p* — 1 points Q. in the fiber over P,.

Let O, = O, + t(Py) and evaluate the corresponding Di-homomorphisms at es to find the equation
of Witt covectors d,(z') =d, (2)4—(6, ¢, b, a’). This sum reduces to ordinary addition on coordinates in
k. Indeed, apply Verschiebung twice and use Lemma 2.7 to get ¢z’ = ¢z + ¢’ and so ¢’ = wc in k. By
Remark 5.1.4(iii), ¢’ determines b’ and a’. In particular, the various lifts satisfy

(=p)PHla = () =P = (—p) ol a (mod pP0g).
Hence a’ = w”’a in k and similarly »" = wPb in k. O

The next lemmas treat special cases used in the following subsection to describe Kummer generators
when p = 2.

Lemma 5.2.15. If P, # 0, then the field F, of points of the fiber over P, equals the full field of points
K (W) for the Honda parameters in (5.2.16).

Proof. If s = [s15,000], use the first form of f,(Z) in Proposition 5.2.2 with w = spa. In the remaining
cases below, €, = 0 and the simpler equation for f,(Z) holds. Note that f,,(n°Z) = n° f,(Z) for all n in
R4y, with e given by
S ‘ [5152000] [00s300] [0000ss] [000s40]
5 .

(5.2.16)
e\ 1—-p* p’=p* p—p* 0
The correspondence between the roots of f,(Z) and those of f,,(Z) induced by z <> n°z shows that
F,q = F, and so each of these fields equals K (W). O

Proposition 5.2.17. If W is an extension of &, by &, killed by p and L = K(W), then its abelian
conductor exponent satisfies §(L/F) < p>. Moreover, {(F'/F) < p> for every intermediate field F'
of L/F.
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Proof. Let s(W) = [s152535455] and write 51 = €, + §,,, with §, = 0 for odd primes p and §; = (As2)?.
Then W =W +-- -4+ Ws is a Baer sum of group schemes corresponding to the sum of Honda parameters

[€,0000] + [6,,52000] + [00s300] + [000s540] + [0000s5], (5.2.18)

some of which may be trivial. For the fiber fields Fa(j ) of each of these W;, we show that f(Fa(j ) /F) < p?
in the next lemmas. Since F, is contained in the compositum of all Fa(j ). we then have f(F,/F) < p* by
Lemma C.9. Furthermore, L is the compositum of all F, as P, varies over Ej, so f(L/F) < pz. Finally
f(F'/F) < p? because the upper ramification numbering behaves well for quotients. |

Remark 5.2.19. In contrast to the proposition, Fontaine’s higher ramification bound leads to f(L/F) <
p2 + 2 by Proposition C.12, since Proposition 5.1.1(i1) gives er/x = ef = (p2 + 1)(p — 1). In particular,
when p = 2, the sharper bound is essential for our applications.

We next verify the lemmas needed for the proof of the Proposition. For P, # 0 and f, as in
Proposition 5.2.2, recall that F, = F(Q;), where f,(z) =0in R.. Let 7, be a uniformizer of F,.

Lemma 5.2.20. If s = [000s40], then F,/F is unramified of degree 1 or p.
Proof. The claim follows from separability of f,(Z) = zrt -7+ 54 over k. O
Lemma 5.2.21. For the parameters s below, F,/ F is totally ramified of degree p*.
() If s = [510000] with s; # 0, then {(F,/F) = p* —2p +2.
(i1) Let s = [s51528538485], with s # 0. Set s1 =0 for odd p and s; = (Asz)zfor p=2. Then e, =0 for all
p and {(F,/F) = p*.
(iii) If s = [00s3540] and s3 # 0, then §(F,/F) = p.
@iv) If s =[000s4s5] and ss5 # 0, then f(F,/F) = p.
Proof. To find the conductors, we determine ¢ in F, to which Proposition C.5 applies. In all cases below,
g(t)—tisin Rpt_i for all g # 1 in Gal(F,/F) by Lemma 5.2.13 and F, = F(t).

In case (i), let F, = F(¢) as in Corollary 5.2.10 and let y be the image of ¥ in R;,. Observe that by
(5.2.12), F,/F is totally ramified of degree p* and we have ordy, (y) =ord,(y) ord,, (p) = —(p — 1)2.
Using t = y gives f(F,/F) = p> —2p +2.

In the remaining cases, €, = 0 and F, = F(0) as in Corollary 5.2.9, with 6 a root of f(Z) =0in

Og and f a lift of the simpler version of f, in Proposition 5.2.2. If z is the image of 6 in R., then
pt ord,(z) = ord,(w) — p? ord,(a) and so we have

case \ (ii) (iii) (iv)
__ p+l _ 1 . 1
ord, () ‘ PEHD D P

In cases (ii) and (iii), observe that F, is totally ramified of degree p4 over F, with ord,, (z) =1 — p2 and
1 — p respectively. We use ¢ = z to determine §(F,/F).
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In case (iv), w = s5a” +S4a”2. Choose 8 € W* such that 87 = s5 (mod pW) and let r = or' +Bal~r.
By Lemma 2.6, with O-notation from the start of Section 35,

P =07 +55aP P + O(r,) =0 — 54+ O (1),

so ord,(t) = 1/pord,(®) = 1/(p*(p> + 1)). Hence the ramification index of F(¢)/F is at least p*.
Since F(t) C F,and [F, : F] < p4, we have F, = F(t), totally ramified over F. If g(z) =z 4+ w as in
Lemma 5.2.13, then

g(t)—1=2g) —6” € (0 +w+m,05)" —6” Co” +m,0%.
Proposition C.5 therefore applies with ord,, () = 1 — p to give f(F,/F) = p. O

5.3. Local corners. For this subsection, p =2 and K = (1. Let £ be the simple group scheme &, of
Notation 4.3, with A = 1 necessarily. Let E be the Galois module of £, F =@, (E) and A =Gal(F/(Q,). By
Proposition 5.1.1, F = Q, (g5, ), with uniformizer o satisfying z> = 2. Fix a generator o of the inertia
subgroup of A and a Frobenius 7 generating Gal(F/Q(z)) with tot~! =02, Then A = (o, T) is isomor-
phic to the Frobenius group of order 20 and E is the unique nontrivial irreducible module over R = F>[A].

Let W represent a class in Extﬂzj’@z(E, E), L =0Q(W) and h = Homp,(E, E). Then [W] corresponds
to a cohomology class [¢] in H'(Gal(L/Q>), h) such that

pw(g) = [ﬂng Wg;ﬂ(’[g)(g)] for all g € Gal(L/Q»), (5.3.1)

as in (B.1). We introduce corners to rigidify v and facilitate comparison with the cocycles arising from
global extensions.

Suppose that V is any finitely generated R-module and let 7, = 0* + 6> 402+ 0 + 1 in R be the
trace with respect to o. Since o has odd order, V = Vy @ V', where Vj) is the submodule on which o acts
trivially and V' =ker T, = (o — 1)(V). The corner subgroup of V, which depends on the choice of t, is
defined as

Cor(V)={veV|t(v)=vand T, (v) =0}.

If vy, ..., v, is an [F5-basis for Cor(V), then Rv; @ E and V' = @le Ru;.
We consistently write P for the unique nonzero element of Cor(E), so P = Py as in Proposition 5.1.1(1ii)
and P, o (P), o2(P), 03(P) is an F,-basis for E affording the matrix representations
0001 1010
s=pE(a)=|:(1)(l)8%:| and t=pE(f)=[g?{g)]. (5.32)
0011 0010
We will also use the twisted action of F;q on E described in Remark 5.1.4. If a primitive fifth root of
unity ¢ in Op is defined by o (@) = ¢w, then o (¢ P) = a¢ P and t(a¢P) = 1(o) P for all @ in [Fy¢.
The endomorphisms s and ¢ belong to b, with respective minimal polynomials s* 453 +s>+s+1=0
and * — 1 = 0. We next describe § as an R-module.
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Lemma 5.3.3. An F»-basis for hy = ker((c — 1) | h) is 1, s, s%, 53, with © acting on o as one Jordan
block. An TF-basis for Cor(h) is t, 2, 13. We have bh>~bho 69;21 R#/, with each Rt? ~ E. The cohomology
group H' (A, b) vanishes.

Proof. The elements of hy are precisely the F;[s]-endomorphisms of E. Since E is a cyclic F,[s]-module,
Endr,[1(E) = Fals] = F16. The action of 7 on by is the action of Frobenius on F¢ and thus has one
Jordan block. Similarly, the elements of Cor(h) are F;[#]-endomorphisms of E, so contained in F;[¢].
But only the linear combinations of ¢, t2, ¢ are annihilated by the action of T, on h.

We have H'((t), ho) = H'((t), F1¢) = 0 by the additive Hilbert Theorem 90 and H'((c), ) =0
because o has odd order. Applying inflation-restriction with respect to the exact sequence 1 — (o) —
A — (t) — 1 shows that H'(A, h) =0. O

Notation 5.3.4. For ¢ as in (5.3.2), the following elements comprise Cor(f). Their labels are consistent
with Notation 6.1.2.

¥ =0, m=t+24+1, ys=t+1, p=t%

yii=t+t*, yl =241, Yis =1, Yis=t. (5.3.5)

All occur as values of extension cocycles for £ by E when we range over Honda parameters, see
Proposition 5.3.12 below.

Motivated by the conductor bound in Proposition 5.2.17, we assume from now on that f,(L/F) < 4. If
T is the maximal elementary 2-extension of F with ray class conductor exponent 4, then 7 is Galois over
Q; and we denote the action of § in A on elements & of I' = Gal(T/ F) by °h = §h5~" independent of the
choice of lift § of § to Gal(T /Q,). We also write o for an element of order 5 in Gal(7 /Q;) projecting to
o in A. We have the following diagram of fields and Galois groups,

T
L=x(W)x" || =Rg; ®Rg»

unram
F=0Qy(F)
A

Q>

r

where 'y is the wild ramification subgroup (see Appendix C) of I'. We next describe the complete lower
ramification filtration on I" and its structure as a module for R = F,[A].

Proposition 5.3.6. Let go = Artin(w, T/F), g1 = Artin(l+w +w?>, T/F) and g = Artin(1+w 3, T/ F).
ThenI’ =Rgo®Rg1 PRgr ~F, D E & E and

F]DFQ:F3DF4:{1},

with 'y = Rg; ®Rgy and I's = Rgy. There is a Frobenius ® of order 8 in Gal(T /Q,) projecting to T in
A and satisfying o &~ = o2, In addition, Gal(T /Q,) =Ty x H with H = (o, ®).
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Proof. We use the standard filtration U I(V") on local units, see (C.1). The R-module structure of I" follows
from the class field theory isomorphism

Artin(—, T/F): F*JUY F*? = T

In particular, R acts trivially on the Frobenius gg of I', while Rg; and Rg» are isomorphic to E as R-modules.
Since I'y = Artin(Up, T/F), we have I'j = Rg; & Rg; and similarly for I'p, using U}z) - U?)FXZ.
Note that

I'y =ker(7T, | T") =Image((c — 1) | T").

There is a residue extension of degree 2 for 7/ F, so Frobenius ® projecting to 7 has order 8. Set

®o3d~! = ho for some & in Ty. By direct computation, T, (h) = (ho)® = (Po3d~ 1) = 1. Hence

h =°x /x for some x in I'; and so (x®)o3(x®)~! = 0. Replace ® by x P to guarantee that o d~! =02,

Then A acts trivially on ®*, so ®* = go. Since H = (o, ®) is isomorphic to the Galois group of the
maximal tame extension of F in T, we find that Gal(7 /Q,) is a semidirect product of H by the normal
subgroup I';. O

Let r7/p : Gal(T /Qy) — Gal(L/Q>) be the natural projection. Note that the inertia group Gal(L/F);
of Gal(L/F) is the wild ramification subgroup Gal(L/Q,); of Gal(L/Qy).

Corollary 5.3.7. The subgroup H = rr/L({o, @)) of Gal(L/Q») projects onto A in Gal(F/Qy). As
R-modules, Gal(L/F), ~ E”, with 0 < b < 2.

(1) If L/ F is totally ramified, then Gal(L/F) = Gal(L/F) and |H| = 20.
(ii) Otherwise, L/ F has residue degree 2, Gal(L/F)~Gal(L/F),®F, and H has order and exponent 40.

Proof. That H projects onto A and that Gal(L/F); = rr;.(I'1) is the direct sum of at most 2 copies of E
is immediate. Moreover, L/F is totally ramified if and only if go = &4 is in ker rp sL- Thus |H| =20 in
case (i) and 40 in case (ii). O

Since T contains L = (W), the cocycle ¥ in (5.3.1) inflates to Gal(7/Q),). We may arrange for
¥ (o) =0, since o has odd order. Lemma 5.3.3 and (B.3) give injectivity of the restriction map:

0— H'(Gal(T/Qy), h) = HY(T', h)® = Homg(T', b) (5.3.8)

and we say that x =res([¢]) in Homg (T, ) belongs to W. Note that x is determined by its values on
80, &1, &2, as defined in Proposition 5.3.6.
Lemma 5.3.9. The field L = (W) is the fixed field of ker x. Moreover:
(1) x(gi) isinCor(h) fori = 1,2 and x(go) is in {0, 14}.
(i) L/F is unramified if and only if x(g1) = x(g2) =0.
(iii) f(L/F)=4ifand only if x(g2) # 0. If x(g2) =0, then f(L/F) =0 or 2.
@iv) The residue degree of L/ F is 1 or 2, according to whether x(go) = 0 or I4.
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Proof. The matrix representation (5.3.1) shows that g in Gal(7' /Q;) acts trivially on W if and only if g
isin I' = Gal(T/F) and x(g) = 0. Then items (i)—(iv) immediately follow from Proposition 5.3.6. In
particular, (i) holds by considering the action of A on gg, g; and g». U

Write W for the extension of £ by £ of exponent 2 with Honda parameter s and W for its Galois
module. Belonging to W are the cohomology class [] in H'(Gal(T/Q»), b) and its restriction xs in
Homg,A1(T, b), as described above. The rest of this section is devoted to evaluating xs as s varies.

If hisin ' = Gal(T/F) and sz is any point in the fiber over o/ (P), see Notation 5.2.8, any basis of
the form

P,o(P),a*(P),d*(P), Qs Oz, Qs O, (5.3.10)

yields the same matrix pw, (k) in (5.3.1). Moreover, h(Q;;) = Q;; + xs(h)o ! (P).
Let M/ F be a finite elementary 2-extension. Define its Kummer group by

k(M/F)y=F*NM>** andlet k(M/F)=x(M/F)/F*%.
By definition, F*2C k(M /F) and we have M = F({V0 |0 €e k(M /F)}). Kummer theory gives a perfect
pairing
Gal(M/F) x €(M/F) — p, by (g.0) — g(~/0)/6.
Lemma 5.3.11. Let P = P, and let F, be the subfield of L generated by the points of Wy in the

fiber over P. If s = [10000], then k(Fy /F) contains 1 4+ 2w®. If s1 = s2, then k(Fy /F) contains
142502 4 2(s3 + 55) ™.

Proof. Refer to Proposition 5.2.2. Since p =2 and A = 1, we have €, = 0 when s; = 5. Then take the
square class of the discriminant of the polynomial /(X) in Corollary 5.2.9. Similarly, use Corollary 5.2.10
when s = [10000]. 0

We first determine xs when L/ F is a nontrivial totally ramified extension. For compatibility with the
notation for decomposition groups in Section 6, where we consider global Galois module extensions of E
by E, set Dy(L/F) = Gal(L/F).

Proposition 5.3.12. If L/ F is totally ramified, then xs(go) = 0. Depending on the conductor exponent
f(L/F), we have:

(i) f(L/F) =2. Then |Dy(L/F)| = 16, xs(g2) = 0 and

s ‘[00001] [00100] [10000] [10101] [00101] [10001] [10100]

xs(g1) \ Vis Yis Yo Va Vs Vi1 il

(ii) f(L/F) =4 and |Dy(L/F)| =16. Then xs(g2) = yo and xs(g1) = 0 or yy according to whether
s = [11000] or [01000].
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(iii) f(L/F) =4 and |Dy(L/F)| =256. Then xs(g2) = y9 and

S ‘[11001] [11100] [01101] [11101] [01001] [01100]

xs(g1) \ yis Vis Va Vs Vi1 yii

Proof. We begin with some basic Honda parameters, from which the others can be generated by Baer
sum. Recall that F,, denotes the extension of F' obtained by adjoining the coordinates of the points in the
fiber of Wy above one point P, of order 2 in E.

Basic cases: (1) s =[00001], [00100] or [10000]. By Lemma 5.2.21, F,/F is totally ramified of degree
16 and §(F,/F) = 2. Thus xs(go) = xs(g2) =0 by Lemma 5.3.9 and so L = F, is the subfield of T fixed
by Rgo & Rg; independent of a.

(2) s=[11000]. Lemma 5.2.15 indicates that L = F, does not depend on a. Now L/ F is totally ramified
of degree 16 and f(L/F) =4 by Lemma 5.2.21, so xs(go) = O but xs(g2) # 0. By Lemma 5.3.11, the
Kummer group it (L /F) contains the coset k = (14 2e2) F*? and therefore equals Rk. By evaluating the
pairing of Kummer theory and class field theory given by Hilbert symbols, we find that g acts trivially
on the square roots of elements of kK (L/F), so xs(g1) =0.

Set h = g1 in the basic case (1) and & = g» in (2). Recall that the primitive fifth root of unity ¢ is
defined by o (w) = ¢w. To find the matrix ys(h), we use a basis for Wy of the form

P,o(P),a*(P),0(P), Oz, Qzy» Qus Oy,

where z; is a root of the Honda polynomial f,;,,, see Notation 5.2.8. The action of A = Gal(F/Qy) puts
h in the corner group of Dy (L/F), so xs(h) is in Cor(h) and therefore equals one of the matrices in (5.3.5).
In particular, xs(h)(P) = ao P, with g =0 or 1. Write h(Q;;,) = O, +«; P, where ap =0 or I and

Olj=C0j+C1j§+Czj§2+C3j§3inZ[{], for1 <j <3.

Then the (j+1)-column of the matrix xs(h) is [coj, ¢1}, €2/, C3j]T mod 2 by (5.3.10).

From h(Q;,) = Oz, +aoP, we get h(zp) = zo + oo by Lemma 5.2.13. In the proof of Lemma 5.2.15,
we showed that there is a correspondence between roots of fr and f; ., allowing us to choose z; = ciez0,
with e given by (5.2.16) and j =1, 2, 3. Then h(z;) = z; +aps’¢ in R,. Since A is not trivial on L, we
have ap = 1. Further use of Lemma 5.2.13 gives

(Q:) = Qs+ Priy = Qe + 217 P,
This determines xg(h) for all s in the basic cases.

Remaining cases. Write s = t + u, choosing Honda parameters t and u already treated above. Then W
is the Baer sum of W; and W, and x5 = xt + Xu.

In (ii), use [01000] = [11000] 4 [10000]. In (i), the last three entries follow by varying t and u among
first three entries. Use [10101] = [10000] 4 [00101] to complete (i). For (iii), let t = [11000] and let u
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run over the Honda parameters in (i), omitting [10000]. Since g; and g, are independent and nontrivial
on L, we have Gal(L/F) = Rg; & Rg; of order 256. O

We briefly treat the remaining 16 nontrivial Honda parameters, even though Lemma 6.1.14 shows that
they are not needed for our global applications.

Proposition 5.3.13. If L/F is not totally ramified, then s =t +u, where t ranges over [00000] and the
15 Honda parameters in Proposition 5.3.12, while u = [00010]. Then xs(go) = 14, xs(g;) = xt(g;) for
j =1,2 and Qy(Wy) is the compositum of W, (Wy) and the unramified quadratic extension of F.

Proof. By Lemma 5.2.20, F(W,) is the splitting field of Z'® — Z — 1, namely the unramified quadratic
extension of F. Thus xy(go) = I4 and xu(g1) = xu(g2) = 0 by Lemma 5.3.9. The rest follows from

Xs = Xt + Xu- O

6. Global conclusions

6.1. Favorable abelian surfaces. There are two irreducible Ss-representations of dimension 4 over [F;.
Denote the one taking transpositions to transvections by ¢ : S5 — SL4(F,) and fix it by sending (12) — r
and (12345) > s, where

0100 0001 1010

r=|:(1)8?8:| and s=|:(1)?8%:|. Lett=|:8?{6:|. 6.1.1)

0001 0011 0010
The image of ¢ is isomorphic to the odd orthogonal group O, (F2) C Sp,(F»). In addition, (((2354)) = ¢
and A = (s, t) is the Frobenius group of order 20.

Fix a favorable quintic field Fyy with discriminant d ;o ==%16N and Galois closure F. Proposition 1.2(i)
implies that the inertia group Z, (F/Q) at each place v | N is generated by a transposition o, when we
identify Gal(F/Q) with Ss. In this section, E is the Galois module giving pg : Gal(F/Q) = S5—— SL4([F»).
Using the matrices r, s, t in (6.1.1), o, is conjugate to ,ogl(r), inertia at a some p | 2 is generated by
o= pEl(s) and T = ,ogl(t) is a Frobenius in the decomposition group D, (F/Q) = (o, 7). Hence the
restriction of pg to Dy (F/Q) agrees with the representation pg, of Definition 4.1, as normalized in (5.3.2).
By Corollary 5.1.5, E extends to a group scheme £ over Z[%] Let E be the X-category introduced
in Definition 3.4 with ¥ = {£}. This subsection is devoted to criteria for the validity of axiom E4 in
Theorem 3.7, needed to prove Theorem 6.1.22.

To treat extensions W of E by E of exponent 2, let P = P g be the parabolic group as in (B.2). We
describe subgroups of P in which the relevant representations py take their values.

Notation 6.1.2. Let ¢ : Maty(F2) — P by c(m) = [} ] and d : S5 — P by d(g) = [}, ] Let Gy be

the image of d. With y, as in 5.3.4 and S = F;[Ss5], we define S-submodules of Mat,(F;) = End(E) with
adjoint action of Ss

L4=Sys, TI's=Sys, T9g=Sy, TI'11=Syn, TI'is=Sys. (6.1.3)

Let G, =< Gg, c(y,) >=c(['y) x Gy.
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The radical of G, equals c(I';) and has size 2. The abelianization of G, is cyclic of order 2 and
so defines the character ¢y : G, — [, generalizing the additive signature on Ss. If a = 0 or 4, all
automorphisms of G, are inner. The center of the other G,’s is generated by c(1) and there is an
automorphism

€:G,— G, by e(g)=ge(1)®, (6.1.4)

When a = 5 or 9, Aut(G,) is generated by €, modulo automorphisms induced from conjugation by
elements of the normalizer of G, in P.

The corner group of an [F>[ A]-module consists of the elements fixed by ¢ and annihilated by the trace 7.
Using Magma, we find the nonzero corners of I',.

a \4 5 9 11 15

(6.1.5)
COT(Fa)—{VO}‘{M} {lrst {va vs, wot s, v, vy} {all v}

Inclusions among the groups G, follow from this table and are indicated in the Hasse diagram by

ascending lines.
Gis

G
’ G (6.1.6)
G, 6

Go

Moreover, Gy is isomorphic to the fiber product of G4 and G5 over Gg and similarly for the other
parallelograms. When an inclusion G, C G, exists, Magma extends the identity on G to a surjection
Sfap : Ga = Gy sending y, to yp.
Definition 6.1.7. An involution g in a group H is good if its conjugates generate H. If g is good in
H C P and rank(g — 1) =2, then g is very good.
Remark 6.1.8. A Magma verification shows that each G, has a unique conjugacy class of very good
involutions, represented by d(r) with r as in (6.1.1).
Proposition 6.1.9. Let L be an elementary 2-extension of F = Q(E), Galois over Q, with L/ F unramified
outside {2, oo} and f,(L/F) < 4 for all p|2. Then:

(i) The maximal subfield of L abelian over Q is Q(+v/ N*), with N* = =N = 5(8).

(ii) For v | N, inertia ,(L/Q) is generated by a good involution in Gal(L/Q).
Proof. By Proposition 1.2, F' contains ~/N*. For v | N, the inertia group Z,(F¥/Q) has order 2. Since
L/F is unramified, Z,(L/Q) is generated by an involution o,,. Intermediate fields L 2 F’' D F satisfy
fo(F'/F) < fp,(L/F) < 4. But Lemma C.6 implies that f,(F(i)/F) = 6 and §,(F(vV£2)/F) = 11, so
LNF(i, «/5) = F. Since L/Q is unramified outside {2, N, oo}, item (i) follows from Kronecker—Weber.

The subfield of L fixed by the normal closure of o, is unramified outside {2, oo} and is contained in Q(i)
by [Brumer and Kramer 2001], so equals Q. Thus (ii) holds. O
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Corollary 6.1.10. For [W] in Ext[lz],@(E , E), assume that L = Q(W) satisfies the hypotheses in the
proposition and rank py (o, — 1) = 2. Then pw (Gal(L/Q)) is one of the groups G, up to conjugation
inP. If [W]isin Ext[lz]’ £(€,6), then Gal(Q(W)/Q) is conjugate to some G,.

Proof. By the Proposition pw (0,) is good and so is very good by assumption. Magma verifies that the G,
represent the six conjugacy classes of subgroups of P that project onto S5 and admit very good involutions.
If [W] is a class in Ext%z]’E(S, £), then the Proposition applies to L = Q(W), since f,(L/F) < 4 by
Proposition 5.2.17 and rank pw (0, — 1) =2 by E3 of Definition 3.4. O

Definition 6.1.11. A class [W] in Ext[IZ]’@(E, E) with L = Q(W) is a G,-class if L/F is unramified
outside {2, 0o}, fp(L/F) < 4 for p |2 and rank pw (o, — 1) = 2, so that pw (Gal(L/Q)) = G, for some a
by the corollary.

Lemma 6.1.12. Let [W] be a G,-class with L = Q(W).

(1) If [W']is a Gy -class, with L' = Q(W’), then the Baer sum [W'] = [W]+[W'] is a Gp-class for
some b.

1) If fap : Ga — Gy exists in (6.1.6), then the Galois module for f, ,pw represents a Gp-class.

Proof. In (i), [W] and [W’] correspond to classes [¢] and [¢'] in H'(Gg, b) as in (B.1) and [W"]
belongs to the class of ¥ = + ¢'. Since L” = Q(W”) is a subfield of the compositum LL’, the
ramification properties required of L” in Definition 6.1.11 hold. Proposition 6.1.9 shows that p (o) is a
good involution in G, and so is very good, conjugate to d(r) by Remark 6.1.8. Similarly for py (o)
in G,. Hence the representatives v and v’ can be chosen to satisfy v (o,) = ¥'(0,,) = 0. We now have
V¥’ (0,) = 0 and so rank py (o, — 1) = 2. By Corollary 6.1.10, [W"] is a Gj-class for some b.

For (ii), let L’ be the subfield of L fixed by ,ov_vl (ker f,.»). Then f, ppw induces an isomorphism
o' Gal(L'/Q) — Gj. The required ramification conditions hold for the subfield L’ of L. As above,
p'(oy | L") is a good involution in Gj,. Since f, j is the identity on Gy and pw (0,) is conjugate to d(r) in
Go sois p'(oy | L"). O

Let K = Q(r; +r7) be a pair-resolvent field for F' = Q(E), as defined before Theorem 1.3, namely
the fixed field of Sym{1, 2} x Sym{3, 4, 5}. Let Qx = QS?) be the maximal elementary 2-extension of K
of modulus p*oo, where p is the unique prime over 2 in K and oo allows ramification at all archimedean
places. Refer to the following diagram of fields and Galois groups.

L QW)
Qk F @(E) ]
Pl exs

To simplify notation, also write p for a place over 2 in L and for the restrictions of p to subfields
of L. Note that primes over 2 are unramified in /K. Suppose that L is the Galois closure of K'/Q. By
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Lemma C.11 with M, F, K’, K| and K there equal to the respective p-adic completions of L, F, K’, K
and Q here, f,(K'/K) =f,(L/F).

Proposition 6.1.13. Let K be a pair-resolvent of F. There is a bijection
{Gy—classes [W] with a € {4, 5, 9}} <> {subfields K' C Qk quadratic over K}
such that Q(W) is the Galois closure of K'/Q.

Proof. For v| N, Z,(F/K) acts on the left cosets of Gal(F/K) in Gal(F/Q) with four fixed points and
three orbits of size 2. Thus (N)Ox = ab? where a and b are square-free, relatively prime ideals of O of
absolute norms N* and N3 respectively.

Let [W] be a G,-class witha in {4, 5, 9}, L =Q(W) and pyw : Gal(L/Q) = G,. Then H =Gal(L/K)
is the inverse image under 7 : G, - S5 of Gal(F/K). Choose v | N so that if o, generates Z,(L/Q),
then 7 (pw(0,)) = (12). By assumption g = pw (o) is very good in G,. Magma shows that among
the subgroups of index 2 in H, exactly one, say J, has the property that the action of G, on G,/J is
faithful and g has exactly 8 fixed points in this action. Hence K’ = L’ is a stem field for L and in view
of the factorization of (N)Og, no prime over N ramifies in K’/K. If v"| N is any other choice such that
7 (pw(oy)) = (12), then o, is conjugate to o, in H and therefore gives the same J, so also the same K'.
Since fp(K'/K) = fp(L/F) < 4 by definition of a G,-class, K’ is contained in Q.

Conversely, let K’ be a subfield of Qg quadratic over K, L the Galois closure of K'/Q, G = Gal(L/Q),
H =Gal(L/K) and J = Gal(L/K"). Then L properly contains F, since each quadratic extension of K in
F ramifies at some prime over N. By Proposition 6.1.9(ii), o, is a good involution in G. Since no prime
over N ramifies in K'/K, the action of o, on G/J has eight fixed points. The following group-theoretic
properties of G have been established:

(i) There is a surjection 7 : G — S5 whose kernel has exponent 2 and is the radical of G.
(i1)) The abelianization of G has order 2.

(iii) If H is the inverse image under 7 of the centralizer of a transposition in Ss, then there is a subgroup
J of index 2 in H such that the action of G on G/J is faithful.

(iv) There is a good involution g in G whose action on G/J has 8 fixed points.

We have (i) since the radical of Gal(L/Q) is Gal(L/F') and (ii) by Proposition 6.1.9(i).

In the Magma database of 1117 transitive groups of degree 20 only three satisfy (i)—(iv), namely G,
with a in {4, 5, 9}. Furthermore, if J is the stabilizer in Syg of any letter, then there is a unique conjugacy
class of good involutions g in G such that g acts on G/J with exactly 8 fixed points. By applying this
construction to G = Gal(L /Q), there is an isomorphism p : Gal(L/Q) — G, such that p(o,) is conjugate
to g and has 8 fixed points when acting on G,/p(J). Computation now shows the following. If a =4,
then p(o,) is conjugate to d(r). If a is in {5, 9}, then p(o,) is conjugate to d(r) or d(r)e(r) where € is
the automorphism of (6.1.4). In the latter case, replace p by € o p. If W is the associated Galois module,
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then its class is a G,-class. Because any automorphism of G, preserving the conjugacy class of d(r) is
conjugation by an element of P, the class [W] is unique. g

Unless otherwise stated, [W] now denotes a G,-class and L = Q(W). Thus W represents a class in
Ext}e, (&, &), where R’ = Z[ﬁ] By the Mayer—Vietoris sequence (2.2), W prolongs to a group scheme
W over R = Z[%] if and only if the image of [W] in Ext(};Dz (&, &) agrees with that of a class from
Ext%2 (€, €). If so, the other conditions in Definition 6.1.11 guarantee that [W] is in Extlg (&, &). Recall
that h = Homy, (E, E) and let ¥ : Gg — b represent the class in H'(Gg, h) associated to [W], as in
(B.1). Recall that at p | 2, the decomposition group D, (F/Q) is isomorphic to A = (s, t).

Lemma 6.1.14. As a A-module, D,(L/F) is isomorphic to Eb with b <2.

Proof. We may assume D,(L/F) # 1. Computation shows that G, contains no subgroup of order
and exponent 40 whose projection to S5 has order 20. Conclude by using Proposition 5.3.6 and its
Corollary 5.3.7. (|

Remark 6.1.15. Let [v]in H'(Gg, ) correspond to the G,-class [W] and write YD, for the restriction
to the decomposition group D, in Gg at a fixed place p over 2. The classes [Ws] in ExtlZz (&,€&) are
classified by their Honda parameters s in (F»)°. Let [] in H I(GQZ, h) correspond to [Wg]. Then [W] is
compatible with [Wg] if and only if:

[V¥p,] = [¥s] in HI(G@Z, h) for some Honda parameter s. (6.1.16)

Let F}, be the completion of F at p and T the maximal elementary 2-extension of F, having conductor
exponent 4. By Proposition 5.2.17, Q> (W) is contained in 7', while the completion Ly, is contained in T" by
definition of a G,-class. In the diagram below, inflation is injective and restriction is injective by (5.3.8):

Hl(,Dp’ b)
linf 6.1.17)
0 —— HY(Gal(T/Qy), b) SELLLEN Homp,(A1(Gal(T / Fy, b)).

Hence, it suffices to compare the image x of (YD, ] with the image xs of [v/s] in Homp,(A1(Gal(T' / Fy), b).
Note that the values of x and s are corners in ). See Proposition 5.3.6 for specific generators go, g1, &2
of I as an F;[A]-module. In particular, x (go) = 0 by Lemmas 6.1.14 and 5.3.9(iii). Thus W prolongs
to a group scheme over R = Z[%] exactly if there is a Honda parameter s in Proposition 5.3.12 satisfying

x(8j) = xs(gj) for j=1,2.
Lemma 6.1.18. Let [W] be a G,-class and L = Q(W).
W) If fo(L/F) <2 forp|2, then W prolongs to a group scheme V¥ over R.
(ii) Ifa € {4,5, 11} and W prolongs to a group scheme over R, then f,(L/F) < 2.

Proof. Refer to Remark 6.1.15 for notation. In item (i), we have x(g2) = 0 by Lemma 5.3.9(ii). To
match y with g for some local Honda parameter s, we therefore consider s in Proposition 5.3.12(i), also



1058 Armand Brumer and Kenneth Kramer

allowing s = 0. As s varies, xs(g1) ranges over all possible corners of ) and we can find a unique s such
that xs(g1) = x(g1). Hence W prolongs to a group scheme W over R.

In item (ii), G, does not contain yy by (6.1.5). Then x(g2) = 0, to match xs(g») for some Honda
parameter s in Proposition 5.3.12. Hence f,(L/F) < 2. U

Definition 6.1.19. Let K be a pair-resolvent of F and Qg the maximal elementary 2-extension of K
unramified outside {2, oo} such that f,(Q2x /K) < 4 for p |2. We say F is amiable if either (i) Qg = K
or (ii) [Qk : K] =2 and §,(Qx /K) = 4.

Remark 6.1.20. For F to be amiable, all the following conditions are necessary: (i) The narrow class
number of K is odd. (ii) If a € (1 +p°)K 2, then a € K*2, since f,(K (v/a)/K) <2 by Lemma C.6.
(iii) K is not totally real; otherwise rank Uk / UIZ( = 10, but rank U, /(1 + pg)Up2 =8.

Proposition 6.1.21. Let £ be the group scheme introduced at the beginning of this section. Then
Extly, g (€, €) =0 if and only if F = Q(E) is amiable.

Proof. Suppose that F is amiable and let [VV] be a nontrivial class in Ext[lz]’ £(€, ). By Corollary 6.1.10,
[W]is G,-class witha # 0. If a = 11, then f,(L/F) < 2 by Lemma 6.1.18(ii). By diagram (6.1.6) and
Lemma 6.1.12(ii), there is a Gs-class [W’'] with L’ = Q(W’) contained in L. Proposition 6.1.13 provides
a quadratic extension K’ of K contained in Qx with §,(K'/K) =f,(L"/F) < {,(L/F) <2, contradicting
the amiability of F'. The same argument applies whena =4 or 5. If a = 15 or 9, then [W] gives rise to
both a G4-class and a Gs-class. Then Proposition 6.1.13 provides two distinct quadratic extensions of K
contained in g, again contradicting the amiability of F.

Suppose that F' is not amiable. Assume first that [Q2x : K]=2 and let [W] be the G ,-class corresponding
to Qg /K by Proposition 6.1.13. By amiability, f,(2x /K) <2 and so f,(L/F) = f,(Rk/K) < 2. Then
Lemma 6.1.18(i) implies that W prolongs to a nontrivial class in Ext[lz]’ E(EJ , £). Next, assume that there
isa G,-class [W] with L = Q(W) and a G -class [W'] with L' = Q(W’), coming from distinct quadratic
extensions of K in Qg and satisfying a, a’ € {4, 5, 9}. Since a Gg-class gives rise to a G4-class and a G-
class, we need only consider the pairs (a, a’) in {(4, 4), (5, 5), (4, 5)}. In the notation of Remark 6.1.15, let
x and x in Homg,(A)(Gal(T / Fy), b) belong to W and W’ respectively. Then the Baer sum W’ =W + W’
represents a Gp-class by Lemma 6.1.12 and x” = x + x’ belongs to W”. By Lemma 6.1.18(i) and
Lemma C.11, we may assume that f,(L/F) = f,(L'/F) =4 and so x(g2) and x'(g2) are nontrivial, by
Lemma 5.3.9(ii). In all these cases, only one nontrivial corner is available in (6.1.5), namely x (g2) = Va
and x'(g2) = yo. fa=da’ =4 or 5, then x"(g2) =0 and so f(L”/F) < 2. Thus W” prolongs to a group
scheme over Z[%] If (a,a’) = (4,5), then x"(g2) = Y4+ ¥5 = ¥9, so x” is compatible with xs for some
s in Proposition 5.3.12(i) or (ii) and the corresponding group scheme exists. O

Theorem 6.1.22. Let A be a favorable abelian surface of prime conductor N such that F = Q(A[2]) is
amiable. If B is a semistable abelian variety of dimension 2d and conductor N%, with B[2] filtered by
A[2], then B is isogenous to Al
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Proof. By Proposition 1.2, £ = A[2] satisfies the conditions in Definition 3.4 for a X-category E with
¥ = {£&}. Then Theorem 3.7 applies, since Extpp} (€, £) = 0 by Proposition 6.1.21 and End(A) = Z
because A has prime conductor [Brumer and Kramer 2014]. O

6.2. Elliptic curves of prime conductor, supersingular at 2. We briefly note how Theorem 3.7 applies
to elliptic curves. Let A be an elliptic curve of prime conductor N with supersingular reduction at 2 and
& = A[2]. Then F = Q(F) is an Sz-extension and E is an irreducible Galois module even locally over
5. The only two irreducible F,[S3] modules are the trivial one and E.

Proposition 6.2.1. Let K be a cubic subfield of F = Q(E) and let p be the prime in K above 2. A
necessary and sufficient condition for Ext[l2]’ g(€, &) =0 s that there be no quadratic extension of K of
dividing conductor p* - 0o.

Proof. Only two subgroups of the parabolic group Pg g admit good involutions. One is isomorphic to Sz
and corresponds to the split extension of £ by itself because H'(S3, End(E)) = 0 while the second is
isomorphic to Sy. If M is the field of points of an extension of £ by £ annihilated by 2 and Gal(M /Q) ~ S,
then M is the Galois closure of a quadratic extension of K unramified at primes over p. The bound for
the local conductor over 2 is given in [Schoof 2003, Proposition 6.4] and Theorem 3.7 applies. A related
proof is in [Schoof 2005] for A = Jo(&N) with N =11 and 19. U

In the Cremona database, we find 2037 isogeny classes of elliptic curves supersingular at 2 and of
prime conductor N < 350000. From the Brumer—-McGuinness database [1990], we extract an additional
2422 isogeny classes for a total of 4459 such classes with N < 10%. Applying the proposition above, we
find 847 elliptic curves A to which Theorem 3.7 applies.

Let A} and A, be elliptic curves of prime conductor N with each & = A;[2] biconnected over Z;
and satisfying Ext[lz]’ E(E,-, &) = 0. Suppose that the cubic subfields K; of Q(E;) are nonisomorphic.
Then 20k, k, has the prime factorization (p;pop3)°. If K1 K, admits no quadratic extension of conductor
dividing (p1p2p3)zoo, then Ext}E (&1, &) = 0. We found 42 conductors N with multiple A; to which our
results apply. B

As an entertaining example, Cremona’s database lists four elliptic curves of conductor 307, with
A1 =307A1, A, =307C1 and A3 = 307 D1 supersingular at 2. Their 2-division fields correspond to the
three subfields of the ray class field of k = Q(+/=307) of modulus 20x.

Theorem 3.7 implies the following. Let B be a semistable abelian variety, good outside N = 307, with
B[2]® = A[2]" @ A,[2]" & A3[2]" for some n;. Then B is isogenous to A7' x A5* x A3*. Note that
we need not impose the conductor fy(B) =) n; fy(A;) = Y_ n;, thanks to Remark 3.9.

Appendix A: A cohomology computation in the old style

Let T = A[G] be the group ring of a finite group G over a discrete valuation ring A with prime element
7 and finite residue field k of characteristic p. We consider a cocycle approach to Ext}\[G](E , E). Let
V and W be finitely generated T-modules such that 7V =W = 0. A symmetric cocycle is a function
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f:V xV — W satisfying

S, v) = f(va,v1) and  f(vy, v2) + f(v1 +v2, v3) = f(v1, v2+v3) + f(v2, V3),

for v’s in V, as in [Eilenberg and MacLane 1942, Theorem 7.1]. Coboundaries are symmetric cocycles
such that

fr, 1) =g +g(v2) — g(vy +v2),

for some function g : V — W. The symmetric cocycle f is enhanced if there is a function i : T xV — W

satisfying the following for v’sin V and r, s in T':
(i) rf(vr, v2) = f(rvy, rvz) = h(r, v1) + h(r, v2) — h(r, vi +v2).
@i1) h(rs,v) =rh(s,v)+ h(r, sv).
(iii) f(rv,sv)=h(@r +s,v) —h(r,v) — h(s, v).
The cohomology classes of enhanced cocycles form a k-vector space D(V, W).

Lemma A.1. The functor from T-modules to abelian groups induces an exact sequence
0 — Extly; 7(V, W) — Extp.(V, W) = D(V, W) — Homz (V, W),
where Extgﬂ]’T (V, W) consists of classes of extensions annihilated by .

Proof. Let0 — W —4 M 5 V - 0 be an exact sequence of T-modules with 7V =7 W = 0. Let
o : V — M be a section of j such that 0 (0) = 0. The associated cocycle is defined by f(v;, vp) =
o) +o(v)—o(+wv). Ifrisin T, then h(r, v) =ro(v) —o (rv) turns f into an enhanced cocycle.
For the converse, give W x V the structure of a 7-module by setting

(wi, v1) + (w2, v2) = (w1 +wa + f (v, v2), v1 +v2), r(w,v)=(Gw+h(r, v),rv).

Hence ExtlT(V, W) =D(V, W). Given f as above, lett: V — W be defined by t(a) = h(m, a). Since
w(w, v) = (1(v), 0) and 7 is in the center of T, we conclude that ¢ is a 7-homomorphism and that the

sequence is exact. O

Using the lemma, we give a refined variant of [Schoof 2012b, Lemma 2.1]. Let F be a number field

and R its ring of S-integers for a finite set S of primes.

Proposition A.2. Let V and W be finite flat A-module schemes over R killed by i, with associated Galois
modules V and W. Let Ext[ln]’ gV, W) denote the subgroup of Ext}e (V, W) consisting of those extensions

killed by 1. Then there is a natural exact sequence
0 — Ext{, g(V, W) — Extp(V, W) — Homga(V, W).

If V is absolutely irreducible over k, then Endgy (V) = k.

Proof. Apply Lemma A.1 with G the Galois group of a suitable finite extension of F. Then the passage
from Galois modules to the associated group schemes is as in Schoof and so is left to the reader. O
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Appendix B: Parabolic subgroups and an obstreperous cocycle

For any group G, consider representations pg, afforded by [,[G]-modules E; fori =1,2. If gisin G
and &; = pg, (g), then g acts on m in ) = Homg ,(E, E1) by g(m) = 61m82_1. In the category of [,[G]-
modules, the extension classes of E, by E; under Baer sum form a group isomorphic to H'(G, b). The
exact sequence of [ ,[G]-modules 0 — E; — W — E; — 0 gives rise to a cocycle ¥ : G — b such that

(o) =575 (B.1)

and the class [W] in Ext[le[G](Ez, E1) corresponds to that of [v/] in H'(G, h). If N is a normal subgroup
of G contained in ker py, then [1/] comes by inflation from a unique class in H'(G/N, b), also denoted

by [].

Note that pw (G) lies in a parabolic matrix group

P="Pr k= {g =[5 m]18 =pr (). me Matm,nz([F,,)} (B.2)

with n; =dimg, E;. If H; ={g € G | g, = 1} and A; = G/ H;, then E; is a faithful [ ,[A;]-module. Any
normal subgroup H of G acting trivially on both E; and E, satisfies

pw(H) S {g=[¢"7]€P|meMaty n,(Fp}.
Since H'(H, h)°¢/H = Homg [G/m)(H, ), the following sequence is exact:
0— H'(G/H, b) ™5 H' (G, ) = Homg, (6,1 (H. b). (B.3)

Suppose that £ and E, are Gg-modules, F = Q(E1, E;) and A = Gal(F/Q). If the extension
W = Wy, belongs to a cocycle ¥ : A — b whose class in H'(A, b) is not trivial, then Q(W) = F, even
though W does not split as a A-module.

Example B4. Let p =2 and E = E| = E,, with dimp, (E) = 2n, so that § is isomorphic to Maty, (F>).
As in [Brumer and Kramer 2012, Remark 2.6], equip E with the irreducible symplectic representation of
A C Sp,,, (F2) isomorphic to S,,, with transvections corresponding to transpositions and m = 2n + 1 or
2n+2. When n > 2, there is a nontrivial class [/] in H'(A, b) such that ¥ (g) = €(g) I, where €(g) € F»
is the parity of the permutation g. This situation can occur when E is the kernel of multiplication by 2 on
the Jacobian of a hyperelliptic curve of genus at least 2.

Suppose further that £ has prime conductor N and that o, generates inertia in F/Q at v | N. Then o, is
a transposition in S, so ¥ (oy,) = I, and it follows from (B.1) that rank pw (o, — 1) = 2n. The extension
W = Wy, prolongs to a group scheme over Z[%] satisfying E1 and E2, since the local cohomology
group H' (Dy(F/Q),bh) =0at p|2, as in Lemma 5.3.3. However, the minimality assumption E3 on our
category E requires that rank pw (o, — 1) = 2, namely the multiplicity of E in W¥, so W is not in E
when n > 2.
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Appendix C: Some technical lemmas on local conductors

Let K be a finite extension of @, with uniformizer g, ring of integers Ok and absolute ramification
index ex = ord,, (p). Set
UY ={ueOf | ordy, (u—1)>n). (C.1)

See [Serre 1979, IV] for basic information about ramification groups and conductors. Let L/K be a finite
Galois extension. The index of elements g in G = Gal(L/K) is given by iy x(g) = ordy, (g(0) — 0)
for any choice of 6 in Oy, such that O = Ok[0]. Then ordy, (g(a) —a) > iy /k(g) for all a in Ok. In
Serre’s lower numbering on ramification groups, G; ={g € G | iy x(g) = j+1}. Thus G_; =G, Gy
is the inertia group, its fixed field is the maximal unramified extension of K inside L and the p-Sylow
subgroup G is the wild ramification subgroup of G. For g in G, we have iy /x (g) = ordy, (g(wr) — 7).
The Herbrand function is defined by

Y ds
o1k (x) = / B (€2
HE o [Go:G,]
In Serre’s upper numbering, G™ = G, with m = ¢ /x (n).

Notation C.3. Letc; g =max{j|G; #1}andletm g =1 /k(cL k). Thus G"¥/X %1 but G™MiktTe =1
for all € > 0. When L/K is abelian, the conductor exponent f(L/K) is the smallest integer n > 0 such
that UI((") is contained in the norm group Nz, g (L™).

We have f(L/K) =mp,x + 1 by [Serre 1979, XV, §2], with ¢, )y =m/;x = —1 and f(L/K) =0
when L/K is unramified. If M /K is a Galois extension and the intermediate field L also is Galois over
K, then mp g < mpyk because Gal(M/K)* == Gal(L/K)* is surjective for all «. Translation by an
unramified extension of the base does not affect the conductor, as we next recall.

Lemma CA4. If F/K is unramified, then myr/r = mp g. Additionally, if L/K is abelian, then
f(LF/F)=f(L/K).

Proof. The restriction map Gal(L F/F) £> Gal(L/L N F) is an isomorphism. Since F/K is unramified,
7y, also is a prime element of L F'. For all s > 0, it follows from the definition of the lower numbering that
restriction induces an isomorphism Gal(LF/F); = Gal(L/L N F); = Gal(L/K),; Thus the Herbrand
functions of LF/F and L/K agree and the rest is clear. [

Proposition C.5. Let L = K (t) be Galois over K, with ordy, (t) = —n prime to p and negative. If g(t) —t
is a unit for all g # 1 in Gy, then G is an elementary abelian p-group and f(L/K) =ik (g) =n+ 1.

Proof. By assumption, nontrivial elements g of G satisfy g(f) = ¢t + u with u a unit in Oy and
g(u) =u (mod my). If g has order d, then

t=gl®)=t+u+gw) + - +g" ") =1t+du (mod ),

so p|d. Hence Go = G is a p-group and so i =iy /g (g) > 2. Furthermore, ord;(g(a) —a) > i for all a
in OL.
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Setw =mp,0 =1/t =an" and g(w) — 7 = Br’, where « and B are units in O;. We have the
following congruences modulo 7"+ Oy :
gO)—0=(g—Dar")=a(g—D@E")+g(@")(g— D)
=a(g—D(@")
=a((r+ B —a")
= afnn" 1t
and therefore ord,; (g(0) —6) =n — 1 +i. Explicitly,
r—g(t)  u
1g(1) 1g(1)

so ord;(g(0) —0) = 2n. Hence i = n 4+ 1 and the lower ramification sequence has only one gap:

g(0)—6 =

—u-0g(9),

Go = G, 2 G471 = {1}. By ramification theory, G, is an elementary abelian p-group and we have
f(L/K)=¢r/k(n)+1=n+1. O

Next, we recall the conductors of Kummer extensions of degree p.
Lemma C.6. Let K contain p,, and L = K («'/P) with k € K*. Then
p

f(L/K) = ekl +1 if ordg, (k) 2 0 mod p

and this is maximal for cyclic extensions of K of degree p. If ordy, (k —1) =n with1 <n < peg/(p—1)
andn #0 mod p, then f(L/K) = pex/(p—1) —n+ 1.

Proof. In the first case, assume without loss of generality that ord,, (k) = 1, so # = «!/? is a prime
element for L. If g # 1 in Gal(L/K), then g(#) — 0 = (¢ — 1) for some a p-th root of unity ¢ and the
conductor follows by definition.

In the second case, set k = 1 + unf with u in Uk and 6 = /7 — 1. Then g(0) = ¢k'/P — 1 =
6+ (¢ —1)k'/P, where 0 satisfies x” +Z§:ll (?)xj =umyg.Lett=60/(¢ —1), to find that g(r) —t = ,/p
is a unit in L and ¢ satisfies

p_l n
L) S (P —1)-
z”+;a}z’ = oy M 4= (j)(; ad (C.7)

For1 <j<p-—1, we have
.. €K . (5¢
ordy(a;) =ex —(p—j)—— =G —-1D——=0.
p—1 p—1

Put z =¢ in (C.7) and compare ordinals on both sides, using p 1 n, to see that L/K is totally ramified of

degree p and
Pek
p—1

Thus ord,(t) =n — peg /(p — 1) and f(L/K) can be found by using Proposition C.5. O

ordy (t?) =nord,, (mg) — pord,, (( —1)=np—p
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Remark C.8. Since the choice of ¥ can be changed by multiplying by a suitable element of K *7, the
only remaining cases are n > peg/(p — 1). If equality holds, then (C.7) gives an integral polynomial
satisfied by ¢ whose reduction modulo g has the form z” 4 aa zP~' —b with b = ur" (¢ —1)~P. Since
a; and b are unit in Ok, this polynomial is separable and L/K is unramified, but possibly split. If
n> pex/(p—1),thenk isin K*? and L = K.

Lemma C.9. Let L;/K be Galois and let m; = my,/x be the upper numbering of the last nontrivial
ramification subgroup of Gal(L;/K). If M = Ly L, then my;x = max{m, my} and if L is a subfield of
M with L/K abelian, then f(L/K) <mpy/k + 1.

Proof. If m = max{m, my}, then my/;x > m. Butif g is in Gal(M/K)* with o« > m, then g, = 1 for
i=1,2,s0 g=1. Hence my; x = m. It follows that m; ,x <m and therefore f(L/K) <m + 1. O

Lemma C.10. Assume that F /K is Galois and L/ F is abelian. Let M be the Galois closure of L/K.
Then M/ F is abelian and f(M/F) =f(L/F).

Proof. Since my;r <mpyr, we have f(L/F) <§(M/F). If T is in Gal(M/K), then t(L)/F is abelian
and f(z(L)/F) =f(L/F). But M is the compositum of all 7(L) as t varies. Therefore, M/ F is abelian
and by Lemma C.9, f(M/F) < §(L/F), giving equality. U

For the next lemma, refer to the following diagram:

M
K'F
F
K’ unram
K
K

Lemma C.11. Let F be the Galois closure of K1/K and assume that F /K is unramified. Let K' be
an abelian extension of Ky and let M be the Galois closure of K’ /K. Then M is abelian over F and
f(M/F)={(K'/Ky).

Proof. The field M contains F because K’ contains K. Moreover, M is the Galois closure of K'F/K.
Since K’ is abelian over K1, the extension K'F/F is abelian. By Lemma C.10, with L there equal
to K'F here, we find that M/F is abelian and f(M/F) = f(K'F/F). By Lemma C.4, translation of
the base via an unramified extension does not change the conductor, so f(K'F/F) = f(K'/K). Hence
f(M/F)=§(K'/KY). O

When L = K(V), where V is a finite flat group scheme over Ok of exponent p”, Fontaine [1985]
showed that m; )k <ex(n+1/(p—1)) — 1. Now consider the conductor exponent of an intermediate
abelian extension.

Proposition C.12. Let L = K (V) and suppose that K C F C F' C L, with F'/F abelian and the
relative ramification index ek equal to the tame ramification degree (G : Gl of L/K. Then f(F'/F) <
er(n+1/(p—1)) —ep/k + 1.
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Proof. The fixed field L| of H = G is the maximal subfield of L tamely ramified over K. Since Hy = G
and Hy; = G, for all s > 0, (C.2) gives

oL/L,(x) =[Go: GiloL/k (x) =er/kprL/k(x), forall x > 0.

We may assume that L properly contains L. Using ¢z /1, = c1/k, we have

mpp L, <mpjL, =@/, (cLjL,) = er/k9L/k(CL/K) = €F/KkML/K -

But F is contained in L and L/ F is unramified. Hence Lemma C.4 shows that f(F'/F) =f(F'L,/L) <
1 +ep/kmp k. Conclude with Fontaine’s bound. O

Appendix D: Some data

The quintic field Fy is amiable if its Galois closure F is amiable as in Definition 6.1.19, so that the
uniqueness in Theorem 6.1.22 applies. To check amiability, construct the pair-resolvent field K and
ask Magma, under GRH, for the 2-rank of the ray class groups of K with the desired moduli, as in
Theorem 1.3. A favorable abelian surface A is of type Fy if Q(A[2]) is the Galois closure of Fy. To
find representatives for isogeny classes of abelian surfaces of prime conductor N, it suffices to search
for Jacobians by [Brumer and Kramer 2014, Theorem 3.4.11]. If F is amiable, then it is not totally real
by Remark 6.1.20. The Magma database of quintic fields contains 1919 favorable quintic fields that are
not totally real. Their absolute discriminants are at most 5 - 10° and 714 of them are amiable. We know
Jacobians for only 82 of the latter, but expect conductors of abelian surfaces to be sparse among integers.

We tabulate explicit information for favorable fields and curves with N < 25000 and summarize some
data for N < 10'9. In all our tables, [ag, a;, az, . ..] denotes the polynomial ag + ajx + ax>+---,asin
Magma.

Legend for Tables 1 and 2. Table 1 on the next two pages gives a defining polynomial f(x) for each of
the 172 favorable quintic fields Fy of discriminant £16N with N < 25000. Table 2 on page 1068 consists
of 75 curves y? = g(x) whose Jacobians represent distinct known isogeny classes of favorable abelian
surfaces of prime conductor N < 25000. If C is curve number 25, 63 or 64 in that table, its leading
coefficient has the form 4m?>. These curves exhibit mild reduction [Brumer and Kramer 2014, p. 1162],
in that C is bad at p | m but the reduction of J(C) at p is the product of two elliptic curves.

In both tables, the column marked € contains an « if Fy is amiable. For each field Fy in Table 1, the
column marked #C contains one of the following:

e The line number of a curve in Table 2 such that g has a root in Fj.
« 0 if we can prove that no abelian surface of type Fy exists by [Brumer and Kramer 2018].
« P if no nonlift paramodular form of that level exists, so no such surface is expected to exist.

« U if there is at most one isogeny class of that type, but it is unknown whether such an abelian surface
actually exists.

e v if Fy is not amiable and we do not know whether or not any surface exists.
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#F, f(x) N ¢ #C #F, fx) N ¢ #C
1 [-1,-1,-2,0,1, 1] 277 a 1 43 [-2,-2,2,4,2,1] 5309 o« U
2 [-1,1,0,0,1, 1] 3499 o 2 44 [-1,-3,-6,-2,1,1] 5381 )
3 [-1,3,0,-2,1,1] 461 o« 3 45 [3,-1,4,6,1,1] 5437 o O
4 [1,3,2,2,1,1] 613 a P 46 [-2,-4,0,2,2,1] 5651 o 26
5 [1,1,2,0,1,1] 677 a P 47 2,4,-4,-4,2, 1] 5867 27
6 2,2,2,2,2,1] 797 o« 4 48 [2,-4,2,-2,2,1] 6277 o U
7 [-2,0,0,0,2,1] 971 a 5 49 [-1,-1,-8,-4,1,11 6317 a O
8 [1,1,0,-2,1,1] 97 a 6 50 [-3,-5,-6,2,1,1] 6373 a U
9 [-1,-3,0,4,1,1] 1051 o 7 51 [2,4,0,-2,2,1] 6397 o O
10 [2,-2,-2,0,2,1] 1061 o« U 52 [2,-2,0,-2,0,1] 6491 28
11 [M,-1,2,-2,1,11 1109 o 9 53 [2,0,4,6,0,1] 6701 0
12 [-1,3,-2,0,1,1] 1109 o 8 54 [-2,2,4,-4,0,1] 6763 29
13 [-2,-4,-2,2,2,1] 1277 a O 55  [-1,9,-2,-6,1,1] 6907 o U
14 [2,4,4,-2,0,1] 1597 a« O 56 [2,6,4,0,0,1] 7013 o U
15 [2,-2,2,0,0,1] 1637 o 10 57  [-2,0,-4,-2,2,1] 7109 30
16 [1,-3,0,2,1,1] 1811 o 11 58 2,4,-2,4,2,1] 7541 o U
17 [-2,2,2,4,2,1] 20609 o U 59 [2,-2,6,0,0,1] 7549 o U
18 [2,0,2,-2,0,1] 2243 o 12 60 [-3,7,2,6,1,1] 7589 o U
19 [3,5,4,4,1,1] 2269 o U 61 [6,2,-8,—4,2, 1] 7723 )
20 [-3,-1,-2,2,1,1] 2341 o 13 62 [2,6,0,-6,0,1] 7877 31,32,33
21 2,4,2,2,2,1] 2557 o O 63 [11,-1,-4,-4,1,1] 7963 v
22 [2,4,0,-2,0,1] 2677 o 14 64 [2,4,0,-2,2,1] 8243 «a 34
23 [-2,0,2,0,0,1] 2693 15 65 [2,4,2,2,0,1] 8581 v
24 [2,4,2,0,0,1] 2909 o U 66 [-1,-5,-4,6,1,1] 8803 35
25 [6,8,8,6,2,1] 3037 a O 67 [-3,13,-4,-6,1,1] 9091 « 36
26 [2,-2,4,0,0, 1] 3109 o« U 63 [5,7,0,0,1,1] 9781 o U
27 [-2,4,2,-6,0,1] 3251 « 16 69 [7,3,-6,-4,1,1] 9803 37
28 [1,5,2,4,1,1] 3461 o U 70 [2,-2,4,0,2,1] 9941 o 38
29 [-1,-3,-2,-2,1,1] 3499 17 71 [7,1,2,-2,1,1] 9949 0
30 [2,0,2,0,0,1] 3557 18 72 [2,-8,8,0,0,1] 10037 39
31 [2,2,0,0,0,1] 3637 o 19 73 [1,-3,-4,-2,1,11 10163 o U
32 [2,6,0,—4,0,1] 3701 o 20 74 [2,4,0,6,0,1] 10253 0
33 [2,0,0,2,2,1] 3853 a O 75 [-2,2,2,-8,0,1] 10259 )
34 [2,0,0,2,0,1] 3989 21 76 [1,3,6,2,1,1] 10453 a U
35 [-2,-2,-2,2,2,1] 3989 «a U 77  [3,-7,10,-6,1,1] 10789 40
36 [-1,5,-4,-4,1,1] 4003 0 78 [2,-2,4,-4,0,1] 10837 41
37 2,2,-2,-2,2,11 4157 o 22 79 [2,2,6,4,2,1] 10853 42
38 [2,-6,4,0,0,1] 4219 o U 80 [6,—4,0,-2,0,11 10949 «o 43
39 [2,2,0,2,0,1] 4517 o 23 81 [1,1,6,-6,1,1] 10957 v
40 [2,0,-6,-2,2,1] 5059 o 24 82 [-3,-1,0,0,1,1] 11117 44
41 [-1,1,0,—4,1,1] 5227 25 83 [-1,-5,-6,-4,1,1] 11131 v
42 [2,2,2,0,0,1] 5261 o O 84 [5,11,0,—4,1,1] 11243 « U

Table 1. Favorable quintic fields (legend on previous page; continuation on next page).




#F,

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

fx)
[-1,5,-6,6,1,1]
[-1,3,2,-4,1,1]
[-3,1,0,2,1,1]
[2,-10, 14,-4,0,1]
[13,11,-6,-6,1,1]
[3,-1,-2,0,1,1]
(3,11,0,-4, 1, 1]
[2,10,6,-2,0,1]
[10, 6, -8,-4,2, 1]
(2,2,4,2,0,1]
[-3,5,-2,-4,1,1]
[-3,-5,-10,-6, 1, 1]
[-3,1,-6,-6,1,1]
[-1,-1,2,-4,1,1]
[-2,2,-2,0,2,1]
[-2,4,-2,-4,2,1]
[7,-1,-2,-4,1,1]
[2,-4,0,0,0,1]
(3,-1,4,-4,1,1]
[2,8,8,6,2, 1]
[1,5,2,-12,1,1]
[6,4,6,4,2,1]
[1,1,-4,-6,1,1]
[-2,6,2,-6,0,1]
[4,-4,4,0,2,1]
[-9,-1,4,0,1,1]
[15,13,-6,-6, 1, 1]
[2,-2,6,-2,2,1]
[-3,-1,-2,-2,1,1]
[-46, 48, 6,14, 0, 1]
[2,4,4,4,0,1]
[-2,4,2,-2,0,1]
[1,-3,2,-4,1,1]
[-2,0,2,0,2,1]
[-2,2,4,4,0,1]
[3,7,0,0,1, 1]
[-2,4,-2,0,2,1]
(5,9,4,6,1,1]
[4,0,0,-2,2,1]
[2,-6,2,2,2,1]
[-2,0,10,8,0, 1]
[2,-2,-10,-4,2,1]
[1,5,2,0,1,1]
[-6,4,2,-4,0,1]
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N

11261
11579
11701
11971
12037
12109
12301
12541
12757
12781
12781
12907
12923
13003
13037
13147
13147
13259
13597
13597
13723
13829
13963
13997
13997
14149
14197
14293
14629
14779
14821
15013
15227
15307
15373
15493
15581
15749
15749
15923
16139
16451
16901
16981

€

R R R R R R R R

#C
0
45

v
46,47
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#F,

129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172

fx)
[9,5,-6,-4,1,1]
[-7,5,4,-2,1,1]
[-2,10,-12,-2,2, 1]
[-15,13,6,-4,1,1]
[4,-4,8,-2,0,1]
[-2,0,4,2,0,1]
[4,4,4,0,0, 1]
[3,7,6,4,1,1]
[14,24,4,-6,0, 1]
[6,—4,6,0,0,1]
[-1,-3,-8,-4,1,1]
[-1,-5,-4,2,1,1]
[1,7,2,-2,1,1]
(10,4, -8,-4,2, 1]
[-1,3,-8,-8, 1, 1]
[-2,-2,4,4,2,1]
[2,0,4,4,2, 1]
[-2,-12,-22,-8,2, 1]
[-1,-5,-14,-8, 1, 1]
[4,0,-8,2,2,1]
[4,4,0,4,2,1]
[1,-3,2,4,1,1]
[-2,6,0,2,2,1]
[-2,2,2,-4,2,1]
[-5,11,2,-12,1,1]
(-6, -4, 4,-4,0, 1]
[-14,-18,-10,-2,2, 1]
[18,8,-12,-6,2, 1]
[-3,-1,2,2,1,1]
[-2,8,-8,-6,2, 1]
[-1,-3,-8,4,1, 1]
[-3,13,2,10,1, 1]
[2,0,-6,-4,2,1]
(1,9,6,2,1,1]
[-5,13,-4,-8,1,1]
[-3,-1,-4,-4,1,1]
[1,-3,-2,4,1,1]
[2,-4,-2,0,2,1]
[6,4,2,4,0,1]
[-6,2,4,-2,0,1]
[2,8,0,6,0,1]
[2,-4,2,2,0,1]
[-6,4,6,-6,0, 1]
[-7,-5,-2,-2,1,1]

N

17029
17203
17291
17317
17341
17341
17389
17597
17923
18077
18181
18691
18757
18869
19051
19211
19429
19469
19531
19597
20389
20533
21061
21211
21283
21563
21739
21787
22277
22291
22637
22709
22787
22861
23003
23059
23131
23251
23669
24109
24469
24533
24611
24763

S
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#C #F) g(x) N € | #C #F g(x) N
1 1 [1,-4,8,-8,0,4] 277 a | 39 72 [1,0,4,0,0,4] 10037
2 2 [1,-4,4,4,-8,4] 349 « | 40 77 [1,12,44,52,4,4] 10789
3 3 [1,38,20,12,-8, 4] 461 « | 41 78 [13,4,-20,-8, 8, 4] 10837
4 6 [1,0,0,4,-4,4] 797 « | 42 79 [5,12,0,-12,0,4] 10853
5 7 [1,4,0,-8,0,4] 971 o | 43 80 [-7,12,4, 16,4, 4] 10949
6 8 [1,0,-4,8,-8,4] 997 « | 44 82 [1,-4,4,-4,8,4] 11117
7 9 [1,-4,4,0,-4,4] 1051 o« | 45 86 [1,12,44,44,-4,4] 11579
8 11 [-79,-304,-560,-200,-4,4] 1109 o | 46 88 [1,4,0,-4,4,4] 11971
9 12 [1,4,4,-4,-4,4] 1109 o | 47 88 [1461041,-565424,78052,-4092,8,4] 11971
10 15 [1,0,-4,4, 4,4 1637 48 97 [1,4,0,-8,4,4] 12923
11 16 [5,-24,44,-36, 8, 4] 1811 « | 49 100 [1,12, 32,28, 8, 4] 13147
12 18 [1,4,4,4,8,4] 2243 « | 50 101 [1,-4,4,-4,4,4] 13147
13 20 [-3,-4,0,8, 8, 4] 2341 « | 51 102 [5,-28, 48, 24,4, 4] 13259
14 22 [5,-16,20,-8, -4, 4] 2677 o | 52 105 [1,-4,0,4,8,4] 13723
15 23 [1,0,0,4,8,4] 2693 53 108 [137,-356, 328,116, 4, 4] 13997
16 27 [1,4,-8,-4,4,4] 3251 o« | 54 111 [9, 16,—4,-16,0, 4] 14197
17 29 [9, 40, 60, -32, 0, 4] 3499 55 118 [1,4,-8,-4,8,4] 15307
18 30 [1,0,0,4,-8,4] 3557 56 122 [1,4,4,8,8,4] 15749
19 31 [1,0,4,0,4,4] 3637 « | 57 131 [1,-4,4,0,-8, 4] 17291
20 32 [161,-360,284,-80,—4,4] 3701 « | 58 132 [-3,8,-8, 8,-8, 4] 17317
21 34 [1,-4,4,0,0,4] 3989 59 135 [1,0,0,-4,4, 4] 17389
22 37 [-3,8,-12,12,-8, 4] 4157 o | 60 138 [-3, =20, -40, -20, 4, 4] 18077
23 39 [1,-4,8,-8,4,4] 4517 o | 61 144 [-247, 552, -200, 136, 4, 4] 19211
24 40 [-3,8,0,-12,4, 4] 5059 o | 62 144 [-7,16,4,-16,0, 4] 19211
25 41 [5,-20,-40, 240,-600, 500] 5227 63 145 [-3, 36,144, 192, -108, 108] 19429
26 46 [5185,-6384,2664,-396,—4,4] 5651 « | 64 147 [-11, 44, 264, 440, 968, 5324] 19531
27 47 [73,-180,152,-40,-8,4] 5867 65 152 [-3,-4,8,4,-8,4] 21211
28 52 [1,4,0,-8,4,4] 6491 66 154 [-21167,-18908,-5996,-712,0,4] 21563
29 54 [-3,4,4,-8,0,4] 6763 67 156 [-3,-16,-28,-16, 4, 4] 21787
30 57 [25,28,-12,-16, 4, 4] 7109 68 157 [9,-32, 40, -20, 0, 4] 22277
31 62 [41,-148,160,-56,-4,4] 7877 69 158 [1,-4,8,-12,4,4] 22291
32 62 [1,8,12,-8,-8,4] 7877 70 162 [1,4,8,4,4,4] 22861
33 62  [73,-228,232,-84,0,4] 7877 71 163 [5,-36,76,-40, 4, 4] 23003
34 64 [-591,-1160,-792,-204,—4,4] 8243 « | 72 165  [1909,-2652, 1308, -236,-4,4] 23131
35 66 [1,-8,20,-12,-8, 4] 8803 73 165 [1,8,-12,-8, 8, 4] 23131
36 67 [1,-8,24,-28,4,4] 9091 « | 74 169 [1,38,20,16,0,4] 24469
37 69 [1,-8,16,-8,-4,4] 9803 75 169 [7309, —8208, 3292, -504, 4, 4] 24469
38 70 [1, 8,20, 16, 8, 4] 9941 «

Table 2. Curves y> = g(x), their 2-division fields and conductors (legend on page 1065).
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Legend for Tables 3 and 4. We know 276109 curves, including 10360 mild curves with 3 <m < 53,
whose Jacobians are favorable and nonisogenous of prime conductor N < 10!, for a total of 275494
nonisomorphic fields. Table 3 summarizes the statistics. For 0 < j <9, the j-th column refers to N
between j - 10° and (G+1)- 10°. The rows A, F and «, respectively, give the number of abelian varieties,
fields and amiable fields. It is remarkable that approximately 11.8% of the favorable fields are amiable,
uniformly for each slice of size 10°. For the reader’s entertainment, Table 4 lists the curves we found
with largest conductors below 10'° and amiable Jacobians.

J 0 1 2 3 4 5 6 7 8 9 Total
A 63563 35507 29047 25450 23684 22099 20500 19505 18773 17981 276109
F 63212 35429 28998 25417 23657 22079 20479 19493 18761 17969 275494
o 7632 4290 3362 2948 2799 2606 2375 2340 2189 2127 32668

Table 3. Amiable fields among favorable fields (legend immediately above).
P(x) N P(x) N

[—90, —184, —136, —39, —1, 1] 0882329341 [10,22,7,-7,0,1] 9891907261
[11,26,—-7,-8,0,1] 9893121157 [11,17,3,—4,-2,1] 9897613669

[—8428, —6910, —2025, —226, —1,1] 9898501189 [—21,6,10,—1,1,1] 9911121709
[87, —106, 56, =9, —2, 1] 9934582709 [—-61,50,9,—13,0,1] 9982174061
[—33,20, -1, 10,1, 1] 9987633941 | [-2,-3,—15,-9,0,1] 9994370909

Table 4. Curves y> = 1 +4P(x) of large conductor with amiable fields (legend at top of page).

Note added in proof

The paramodular conjecture should be modified to accommodate comments and examples of Frank
Calegari.

Definition. An abelian fourfold B is a fake abelian surface if End(B) is an order in a quaternion algebra
over Q.

Paramodular conjecture. Let Ay be the set of isogeny classes of abelian surfaces A/Q of conductor
N with End A = Z, let By be the set of isogeny classes of fake abelian surfaces B/Q of conductor N>
and let Py be the set of cuspidal, nonlift Siegel paramodular newforms f of genus 2, weight 2 and level
N with rational Hecke eigenvalues, up to nonzero scaling. Then there is a bijection between Py and
An U By such that

L(f, s, spin) if C € Ay,

Lc.s)= {L(f, s,spin)?  if C € By.
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Characterization of Kollar surfaces

Giancarlo Urza and José Ignacio Yafez

Kollar (2008) introduced the surfaces
({1 x4 53753 4+ 357 x4 4 x4 %1 = 0) C P(wy, wa, w3, wa)

where w; = W, /w*, W; = a;11ai120;+3 — a;+20i13 +a;13 — 1, and w* = ged(Wy, ..., Wy). The aim was
to give many interesting examples of Q-homology projective planes. They occur when w* = 1. For
that case, we prove that Kollar surfaces are Hwang—Keum (2012) surfaces. For w* > 1, we construct a
geometrically explicit birational map between Kollr surfaces and cyclic covers %" = l“za3a4l B!
where {I1, 5, I3, I3} are four general lines in P2. In addition, by using various properties on classical
Dedekind sums, we prove that:

’

(a) For any w* > 1, we have p, = 0 if and only if the Kolldr surface is rational. This happens when
aiy1 =1oraa 1 =—1 (mod w*) for some i.

(b) For any w* > 1, we have p, = 1 if and only if the Kollar surface is birational to a K3 surface. We
classify this situation.

(c) For w* > 0, we have that the smooth minimal model S of a generic Kollar surface is of general type
with K3/e(S) — 1.

1. Introduction 1073

2. Kollar hypersurfaces 1075

3. Explicit birational map for Kollar surfaces 1077

4. Kollar surfaces are Hwang—Keum surfaces 1087

5. Kolldr surfaces as branched covers of P2 1093

6. Theorems on geometric genus 1096
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1. Introduction

The ground field is C. Let n > 3 be an integer, and let ay, . .., a, be positive integers such that there is
no (a;, aj4+2, ..., a;+n—2) = (1, ..., 1) when n is even. The indices are and will be taken modulo n. For

every 1 <i <n, we define the positive integers

i+n—1

Wl._Z( 1)/—! ]_[ a and D := ]_[a,+( DL

I=i+j

MSC2010: 14]110.
Keywords: Q-homology projective planes, Dedekind sums, branched covers.
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For example, for n =4 we have

Wi =ai11ai120i+3 — aiy20i13+a;43—1 and D =ajazazas — 1.

We also define
w* :=ged(Wy, ..., W,).
Then w* = ged(W;, W;41) = gcd(W;, D) since a; W; + W; 1 = D for all i.
Set
; D
w;:=— and d:=—
w* w*

Notice that gcd(a;, w*) = 1 for all i.
The Kolldr hypersurface [2008] of type (ay, ..., a,) is

X(ai,...,ap) ="+ x7x34 - +x0x; =0) CP(wy, ..., wy).

Let 0 < u; < w* be such that pu; = (—1)i*! ]_[;:7;11 a; (mod w*). We consider the normal projective
variety Y’ given by the w*-th root cover ¥/ — P"~2 = {y; +--- +y, = 0} C P"~! branched along
{y{L ...yl = 0}; see Section 2 for precise definitions. The map y associated to the linear system
|xi”x2, ..., Xy"x1| in the Kolldr hypersurface shows that the varieties X (ay, ..., a,) and Y’ are birational;
this is worked out in Section 2.

In this paper we consider in detail the case n = 4; the surface X = X(ay, ..., as) will be called
Kolldr surface. First, we note that Kollar surfaces are birational to infinitely many Kollar surfaces with
ged(w;, wiyp) =1 and a; > 1 (see Theorem 5.1), and so we assume these numerical conditions to simplify
the exposition. Section 3 is devoted to proving:

Theorem 1.1. There is a configuration I of six rational curves in X such that, if X—>Xisa log resolution
of (X, 1), then X—>X--»Pisa morphism which factors through Y' — P? via a birational morphism
X—7Y.

The aim of Kollar surfaces [2008] was to give examples of rational Q-homology projective planes
(QHPP) with ample canonical class. This occurs for w* = 1 after contracting (x; = x3 = 0) and
(x2 = x4 = 0) in X, when these two curves have negative self-intersections (see Corollary 4.8). This
contraction gives a @QHPP with two cyclic quotient singularities, and when a; > 4 for all i, the canonical
class is ample. On the other hand, Hwang and Keum [2012] constructed a series of examples of QHPP
with ample canonical class and same singularities as Kollar examples. In Section 4 we prove:

Theorem 1.2. Kolldr Q-homology projective planes are Hwang—Keum surfaces.

As an intriguing problem, we point out that rational QQHPP with ample canonical class and cyclic
quotient singularities have not yet been classified. The number of possible singularities is at most four,
and examples with one, two, and three singularities have been constructed. It is conjectured that the case
of four singularities is impossible [Kollar 2008; Hwang and Keum 2012].
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In Section 5 we write down formulas for the invariants of Kolldr surfaces via ¥’ when w* > 1.
Particularly interesting is the geometric genus, which depends on classical Dedekind sums on the
exponents a;. For example, by comparing the two models X and Y’, we write down an identity for
Dedekind sums in Corollary 5.8. More importantly, in Section 6 we use new bounds on their values,
essentially due to Girstmair [2017], to prove (see Theorems 6.3, 6.6, and 6.11):

Theorem 1.3. For w* > 1, we have:

(a) pg =0ifand only if the Kolldr surface is rational. This happens when a; = 1 or a;a; 1 = —1 modulo
w™ for some i.

(b) pg = 1if and only if the Kolldr surface is birational to a K3 surface. We classify this situation in
eight cases (see Table I).

(c) For w* > 0, the smooth minimal model S of a generic Kolldr surface is of general type with

K § /e(S) — 1, where Ky is the canonical class, and e(S) is the topological Euler characteristic.

Moreover, we note that any p, is realizable by some Kolldr surface (Proposition 6.2), and that given
m > 0 there exists an N such that p, > m if w* > N (Lemma 6.7). At the end, we give explicit examples
of Kodaira dimension-1 elliptic fibrations (Example 6.9) and surfaces of general type (Example 6.10),
arising as Kollar surfaces for w* arbitrarily large.

2. Kollar hypersurfaces

Kolléar [2008, Theorem 39] proves:

Theorem 2.1. (1) The weighted projective space P(wy, ..., wy,) is well formed, and its singular set has
dimension < [n/2] — 1.

(2) The hypersurface X (ay, ..., a,) is quasismooth, and P(wy, ..., w,) \ X(ai, ..., a,) is smooth.
(3) Ifw* =1, then X (ay, ..., ay) is birational to P"~2,
To prove (3) above, Kolldr uses the linear system |xf'x2, xgzxg, ..., Xxy"x1|. In general, this linear

system defines a rational map
. n—1
viPwy, ..., w,) --» Py1,...,yn
. ai
given by y; = x;"x;y1.

Proposition 2.2. The rational map  defines the field extension

CO1/ Y- Yne1/90) CCO1 s - s Yot /Y21 = f/y7)

aaz--Gp  —az---ay | A4~y (-D"2q, (-1

where 7 = xfl/y}f1 and f =y, Y, ¥ SR N Yn

Proof. At the affine cover level, the field extension induced by v is

C1s-evs Y0) CCOL, s )]/ P = )
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where the other variables x», ..., x, can be written using yi, ..., ¥,, x;. The action of C* compatible
with the map is: given A € C*, y; — A%y; and x; — A%ix;. Then the rational map 1 is determined by

(CO1, -y CECGL -yl 2 = N

Notice that (C(y1, ..., ya)& =C1/Yn, .- Yn_1/Yn), and that z = xf/y}l”‘ is a C*-invariant element
such that %" — f/y"1 = 0. Since geometrically the map v has degree w*, then

€Ot Y1/ O = DT =COV /s s Yt 3T/ = /. O
Corollary 2.3. The corresponding restriction map
Vix: X, .. a) - P2 =y -4y, =0)
is cyclic of degree w* totally branched along (y; - - - y, = 0) C P2,

In this way, we can write down another normal projective model Y’ of X (ay, ..., a,) using a w*-th
root cover as described in [Esnault and Viehweg 1992].

As in the introduction, let 0 < u; < w* be such that

i+n—1

pi= (=D T a (modw®).
I=i+1

In P"~2 = {y; +---+y, =0}, we write L; := {y; = 0}, and so
Opn-2(w1)®”" = Opia(ui Ly + -+ taLn),

where wjw* =W, =>""_, ;. Then

w*—1

Yo:= Spec[pn_z(@ @pnz(—wli)> — P2

i=0

is the cyclic cover given by z%" — f/ y"i above. We want to consider the normalization of Yy. As in
[Esnault and Viehweg 1992], we define the line bundles £ on P"~2 as

n .
g(l) = ©p1172 (w]l) ® @[pmfZ <_ Z[M]*l ]Lj>
w

j=1

fori € {0, 1,..., w* — 1}, where [x] is the integer part of x. Then the normalization of Yy is Y’ :=
Specpn—2 (EB:”:*O_ ! 33(")_1) [Esnault and Viehweg 1992, Corollary 3.11]. Notice that ged(u;, w*) =1, and
so this cyclic morphism is totally branched at the L;.

Corollary 2.4. There is a birational map X (ai, ..., a,) --+Y'.

In the next section we describe explicitly this birational map for n = 4.
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Ey E, Es—
E;s Est1
E,

Figure 1. Exceptional divisors over %(1, q), Eo, and Esy;.

3. Explicit birational map for Kollar surfaces

From now on we concentrate in the case of Kollar surfaces, where n = 4. We will be working with cyclic
quotient surface singularities, which we now review. A cyclic quotient singularity S, denoted by %(a, b),
is a germ at the origin of the quotient of C? by the action (x, y) — (¢%x, ¢?y), where ¢ is a primitive
m-th root of 1, and a, b are integers coprime to m [Barth et al. 2004, §IIL.5]. Let 0 < g < m be such
that ag — b = 0 modulo m. Then %(a, b) = %(1, q). Leto : S — S be the minimal resolution of S.
Figure 1 shows the exceptional curves E; = P! of o, for | <i <, and the strict transforms Eq and E,
of (y =0) and (x = 0), respectively.

The numbers E 12 = —b; are computed using the Hirzebruch—Jung continued fraction
m 1
—Ibl— 1 =Z[b1,...,bs].
q
by —
by
We denote |[b1, ..., bs]| := m. This continued fraction defines the sequence of integers

O=Fr1<l=8<---<g=B1<m=po

where 8,1 = b; 8; — Bi—1. In this way, Bi_1/B8i = bi, ..., bs]. Partial fractions «; /y; = [by1, ..., bi_1]
are computed through the sequences

O=ay<1l=a <---<q*1=o¢s<m=as+1,

1 1

where ;1| =b;ja; —o;—1 (¢~ is the integer such that 0 < ¢~ <m and qq_1 =1 (mod m)), and yp = —1,
y1=0, and y; 41 =b;y; —yi—1. Wehave ;11 —a;Vip1 = —1, Bi =qo; —my;, andm/q~ ' =[by, ..., bi].
These numbers appear in the pull-back formulas

s+1 ,3 s+1 o
—E and o*((x=0)=) —E, (3-1)
m m

i=0 i=0

o*((y=0)=

and K3 =0*(Ks)+ Y i_ (=1 4+ (Bi +a;)/m)E;.
Let X (a1, az, a3, as) be a Kollar surface. Let

p1=(1:0:0:0), p2=0:1:0:0), p3=0:0:1:0), ps=0:0:0:1).
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Proposition 3.1. The surface X (ay, az, as, as) is normal and has only singularities of type wl, (Wig2, Wit3)
at the points p; when gcd(w;, wiyz) = 1, and of type zl_,«(ti+2’ wit3) when ged(w;, wits) =h > 1, where
wj = ht j-

Proof. Here we follow the idea in [Iano-Fletcher 2000, §10.1]. Without loss of generality, it is enough to
check the singularity at p;. Consider the affine cone Cx C C* of X (ay, a2, a3, as) and the corresponding
action of C* given by,

rAeCr,  A-(x1,x2,x3,x4) = (A" xq, AM2x0, A3 a3, A40y).

Then to study the singularities around p;, we check how the action behaves when we restrict to (x; = 1).
Notice that, when x; # 0,

0 a -1
S @R gt g ) = X+t s £ 0,
2

so locally, by the implicit function theorem, we can write x; as a function of x3 and x4, which become
local parameters. Then the action of C* restricted to (x; = 1) is

o (1, xo, x3, x4) = (1, £ x2, £ x3, £ x4),

where ¢ is a wi-th primitive root of 1. Therefore, after taking the quotient, the singularity is a cyclic
singularity of type wll(w3, wy), if ged(wy, w3) = 1. If ged(wy, wz) = h > 1, then there are elements
which fix the axis (x3 = 0), so they are quasireflections. We eliminate them by dividing w; = ht; and
w3 = ht3 by h, obtaining that the singularity is %(2‘3, wyq). U
Assume a; > 2 for all i.! We have this key configuration of curves on X (ay, a2, a3, as) (Figure 2):
Cri=(x1=x3=0),
Cri=(x2=x4=0),
Tio= (i =x{+x"""x=0),
T23i=(xg = xP +x52 3 = 0),
T34:= (0 =x3 +x8 'y =0),
Iy := (xo = x§l3 +xf:4_1x1 =0).
Proposition 3.2. The curves Cy, Cy are smooth and rational. The curve T'; ; is rational, and it may only
have a unibranch singularity at p;.

Proof. The curves Cy, C; are obviously isomorphic to P!. To prove the assertion about T';. j» it is enough
to do it for I'; 3. Notice that this curve lives in (x4 = 0) = P(w, w2, w3), and that it is possibly singular
only at (0:0:1). Let us consider the Z/w, & Z/w, & Z /w3 quotient map

P? — P(wy, wa, w3)

IThis is to have the key configuration of curves as shown. By Theorem 5.1, Kollar surfaces with a; = 1 are birationally
included in our analysis. Also, check Corollary 4.8 when w* = 1.
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P2 P4
Cy
T2 F3,4
P1 G D3

Figure 2. Key configuration of curves on a Kollar surface.

given by (x :y:z)+— (x*:y*2:z"3). Then the preimage of I'; 3 is
Fé ,= (1 +yw2(az—1)zw3 =0),

and so I'y 3 is rational since all irreducible components (branches at (0:0: 1)) of Fi 5 are rational curves.

To see that I'; 3 is unibranch at (0: 0 : 1), we will show that the (possible) branches of Féﬁ form one
orbit under the Z/w{ & Z/w; b Z /w3 action. We take the canonical affine chart at (0: 0: 1), where
Féﬁ = (xW191 4 wa(“Tl) = 0). We consider the action of Z/ws3 given by (x, y) > ({é‘x, {3"y) where
keZ and {3 = e2™i/w3s Notice that ged(wo, wy) =1 and ged(wy, a;) = 1 by definition, and so we write
ap — 1 =rb and wya; = ra where gcd(a, b) = 1, to factor in branches

r—1

xwlal 4 ywz(az—l) — H(ywzb . ;22;‘-‘1-1)611)
c=0

where ¢, = /", Then we take y“?* — {,,x% and apply (x,y) > (¢{5x, ¢¥y) to obtain the branch

y2b — g, {éc(“_wzb)x“, but a — wyb = w3/r, and so it goes to y*?* — £7¥* x4, Therefore, branches form
one orbit, and the curve I'; 3 is unibranch at (0: 0: 1). O

Proposition 3.3. Assume that a; > w* for some i. Then I'j 15 ;13 is nonsingular.

Proof. We take a; > w* to prove that I's 4 is nonsingular. For this we will compute the arithmetic
genus of I'3 4. Let P = P(w2, w3, ws), and consider the exact sequence of sheaves 0 — Op(—azw;) —
Op — Or;, — 0. From it we have that x (Or,,) = x (Op) — x (Op(—azw>)). If gcd(w2, wq) = 1, then by
[Dolgachev 1982, §1.4] we have that x (Op) — x (Op(—ayw3)) =1 — hO(P, Op(aywy — wy — w3 — wy)).
Then
Pa(T3,4) = 1= x(Or,,) = h°(P, Op (w2 — wy — w3 — wy)),

so we have to compute the number of nonnegative integer solutions of the equation wyx + w3y + wqz =
arwy — wy — w3 — wy4. As aywy + w3 = azws + wy, then our equation can be written as

w2 (x +azz) +w3(y + (1 —a3)z) = (a3 —2)wz — w2
and its solutions are

x=—1—tws—arz, y=a3—2+twy+ (a3 — 1)z, z7=2z. (3-2)
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If x, y, and z are nonnegative, then ¢ < 0, so we will change the sign of # and assume that ¢ > 0. Then
from (3-2) we obtain that
arz <twsz—1
and (a3 — 1)z > twy — a3 + 2. Hence, we have that
twz — 1 twy+2 —as

iz —. (3-3)
a» az— 1

Replacing with w, = %(a3a4a1 —aga; +a; — 1) and w3 = #(awlaz —ajap +ap — 1) we obtain

4+ w* t(a—1)4+w*
>w*z > tawa; —w  + ————.

taga; —t(ap — 1) —
ay az—1

Because a; > w* and ¢ > 1, then t(a; — 1) > w*, so taga; — w* > tasa; — t(a; — 1). We have that both
(t+w*)/ay and (¢ (a; — 1) + w™) /(a3 — 1) are positive; therefore, the right-hand side of the system (3-3)
is greater than the left-hand side, so the system has no solution. Hence, the arithmetic genus of I'3 4 is
zero and therefore nonsingular.

If ged(wa, wg) =h > 1, then p,(I'34) = h'(P, Op(—asw,)). To compute it, we first have to consider
the well formed weighted projective plane P’ = P(t,, w3, f4) >~ P, where r, = wy/h and t4 = w4/ h, and
following [Dolgachev 1982, Remarks 1.3.2], we have that Op(—axw;) = Op/(—axty). Then p,(I'3 4) =
hO(P', Opr (asty — tr — w3 — t4)), which is equivalent to the number of nonnegative integer solutions of
the equation

hx +w3y+nuz=ax —t) — w3 —1I.

The general solution of this equation is

—1 —1
a —1+t2t+a3h

with ¢ € Z. Then ¢ < 0, and changing the sign of ¢ as above, we have that the arithmetic genus is equal to

x=—1—tws—ayz, y= Z, =2z,

the number of solutions of the system

t+w* hw* + (a; — Dt
> ws > ayagt — w4 T @ =Dt

ajagt —t(a; —1) —
ar a3—1

’

but again, as a; > w*, then the right-hand side is greater than the left-hand side, so the arithmetic genus
is 0. O

Proposition 3.4. The map v is defined precisely in X (a1, ap, as, as) \ {p1, p2, p3, pa}, and it contracts

Y(Ci\{p2, p4a})) =(0:1:0:-1), Y(C2\{p1, p3})) =(1:0:—-1:0),
Y2\ {p1, p2) =(=1:0:0:1), V(23 \{p2, p3)) =(1:-1:0:0),
Y(T34\{p3, psa) =(0:1:-1:0), V(a1 \{ps, ;D =0:0:1:-1).

Proof. We have that ¥ |1 ,\(p,.p,} = (xf‘flxz :0:0:x;*), and because xi“*lxg = —x,* over ' », then

VI o\ipr.poy = (=1:0:0:1). This gives the result for all curves I'; ; ;1.



Characterization of Kollar surfaces 1081

For Cy, let x4 = 1 and x; = b # 0. Then the equation of the surface with these restrictions is
bx{' +bPx3+x3* +x1 = x1 (1 + bxf‘_l) + x3(b* +x§3_1) =0.

The map is ¥ (x : b :x3: 1) = (bx{" : b*x3: x5° : x;). We multiply every coordinate by (1 + bx}'~ b,
and use the relation x; (1 + bx’“ 1) = —x3(b*® —i—xa3 1), to write down ¥ (x; : b:x3:1) as
(bx (1 4+ bx{ ™" s b2 x3 (1 4+ bx (™) s xP A+ b s (4 b))

= (—x3bx (" O + 27T b (L b ) x P A+ b T (02 + x5 T)

:(_bxfl l(baz a% 1) ba2(1+bxa1 1) xu’«} 1(1+bxa1 1) _(ba2 a3 1))

Hence, ¥(0:5:0:1)=(0:6*:0: —-b*?)=(0:1:0:—1). A similar argument works for Cj. Il
Remark 3.5. By Theorem 5.1, we know that any X (a1, az, az, a4) has a birational model X (a{, aj}, a5, ay)
with ged(w;, w;_,) = 1. From now on, we assume that gcd(wy, w3) = ged(wz, wy) = 1.

Now we want to study the behavior of ¥ on a resolution of the singularities in X (ay, az, az, as). To
do so, we need to write this map in terms of local coordinates in the resolution, which are described in:

Theorem 3.6 [Reid 2003, Theorem 3.2]. Let X =C?/(Z/m) be a cyclic singularity of type %(a, b), and let
%(a, b) = %(1 , q) be as explained at the beginning of Section 3. Let N be the lattice N = 7*>+7 - %(1, q),
and

M=A{(r,s):r+gs=0 (mod m)} C Z°

the dual lattice of invariant monomials under the action (x, y) — ({nX, o y) with &, an m-th primitive

root of unity.

Letm/q = by, ..., bsl, and let 79, z1, ..., 2s+1 be vectors in N defined as
1
zi = — (a4, Bi),
m
where o; and B; are as defined at the beginning of Section 3. Then for eachi =0, ...,s, let u;, v; be

monomials forming the dual basis of M to z;, zj+1; that is, u; = (B;, —o;) and vi = (—Bit1, ¥i+1).
Then X has a resolution of singularities Y — X constructed as

Y=U,UU U---UU,

where U; >~ C? with coordinates u;, v;.
The gluing U; U U; 4 and the morphism Y — X are both determined by the definition of u;, v; and they
consist of

Ui\ (v; =0) = Ui1 \ (iy1 =0)  given by u; | = v and vy = uivfi-

It follows from the definition of the numbers «; and B; that uy = x™ and vy = Y™, and they satisfy the

relations
/3/+I ﬂz

m __ Ui+l O
x"=u;""v;" and Y™
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Theorem 3.7. Leto : X — X (a1, ay, az, ag) be the minimal resolution, and let
X = X — X(a1,a2, a3, a4)

be the minimal log resolution of X together with the key configuration of curves. Then Yy oo o @ is a
morphism; i.e., the indeterminacies of W can be resolved by o o .

To prove Theorem 3.7 we have to compute the strict transform of the curves I'; ;11 on X. Let E;
be the components of the exceptional divisor over the point p;, let wii(w,-ﬂ, Wit3) = wii(l, gi), and let
@; j, Bi,j» and y; ; be the integers defined for the continued fraction of w;/g;. Recall from the proof of
Proposition 3.1 that x;4, and x;43 are toric local coordinates at p;, so we have that E; g and E; i, are the
strict transforms of (x;+3 = 0) and (x;4» = 0) at the open set (x; # 0). This means that £y o = E3, and
E> 0= E4 0 and they correspond to the strict transforms of C, and Cj, respectively. On the other hand,
E; s, +1 corresponds to the strict transform of the curve I'; ;41. (See Figure 3 to visualize the notation.)
Then it remains to compute the strict transform of I'; ;4 around the point p;;+;, and without loss of
generality, we will compute the strict transform I'3 4 at the point ps. As all the results will hold locally
for I'3 4, we can modify the following proofs for every I'; ;1.

Proposition 3.8. Let Uy, ; be the open sets of the resolution of w%(l, q4) as defined in Theorem 3.6. Then
the local equation of the strict transform of the curve I'3 4 restricted to the open set Uy ; is

((a3=1D) B4, j+1—az204, j+1)/wa U((tl3— DBa,j—axas, j)/ws -0

1+u

i if aras j11— (a3 —1)Ba j+1 <0,
(9204,,‘“—(a3—1)/34.j+1)/w4v(_a2a4,j—(a3—1)ﬁ4,j)/w4

+1=0 if0<acay;— (a3 —1)B4;,

., =
34 —(as—1)Ba. ; DB j—aras ; )
u;azom,,ﬂ (az—1)B4,j+1)/ws + v;(% )Ba.j—azxas, ) /wy -0 if aroy j — (a3 — 1)134’]' <0
<agoy ji1— (a3 —1)Bg jt1.
Proof. We can assume that x4 = 1 and x; = 0, so we must study the curve (x5 +x§’3_1 =0)C (x4 #0)C

P(ws, w3, ws). By Theorem 3.6, to find the total transform of I'; 4 in U; we replace x; and x3 with

041/ Wa Qi /Wa 4,i+1/wa Pai/wa
i it+1/ v il andu? i+1/ vlﬁ il

, respectively, and so the total transform is
(u?4,i+l/w4 v:_%4,i/w4)a2 + (uiﬂ4,i+l Jwa

v/'g4,i/w4)a3—l =0.

1

Recall that oq ; < @4,;4+1 and Ba i+1 < Pa.i, SO

arag; — (a3 — )B4 < arag iy — (a3 —1)Baiv1.

If both sides are negative, we factor out (u?“‘”l/ w4v?4"/ “ya2 " If both sides are positive, we factor

out (uf4’i+l/w4vf4’i/w4)“3_l. If apay; — (a3 — 1)Bs; < 0 < azaq;41 — (a3 — 1)Ba.i+1, we factor out

ug(l” ~DRD/Y and v /" obtaining what we wanted to prove. O

By Proposition 3.8, the curve I'} , intersects the exceptional divisor if and only if

aray; — (a3 —1)Ba; <0 <aray i1 — (a3 —1)B4it1.
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Figure 3. Key configuration of curves on X (ai, az, as, a4) and the curve configuration
of the minimal resolution X.

If axas; — (a3 — 1)Ba;i <0 < azos j+1 — (a3 — 1) Bai+1, then the curve intersects two components of the
exceptional divisor, and if ayas ; — (a3 — 1)B4,; =0 or axaes i1 — (a3 — 1)Ba.i+1 = 0, then it intersects

only one component.

Proposition 3.9. Let us say that ' , intersects the exceptional divisor over py at the components
Ey4 j and E4 j11 with multiplicity m; and m .y, respectively (possibly mj,1 = 0). Then a3 — 1 =

Qg jmj+ag jrimjyy and ay = By jm;+ Ba jr1mjyy.

Proof. Let H be the restriction to X (ay, az, as, as) of a generator of the class group of P(wy, wy, w3, wa).

We have that

wiwy (azws + wy) 1 as
le-wzH: = — 4+ —.
wW1wWorwW3 Wy w3 Wy

On the other hand, w H -wy H =o* (w1 H)-0*(wa H), where 6 *(w  H) =0 *(I'34+C1), and 0 *(w2 H) =
0*(I'4,1 + C3). Because the pull-back of a divisor has intersection zero with any component of the
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exceptional divisor, and using the pull-back formulas in (3-1), we have that

s3+1 133 s4+1 .
o*(wiH) o (w2H) = (T34 +C)) - (Z ZLEsi+ Yy —Ea )
i—o W3 im0 W4
s3+1 /3 sq+1 o s4+1 o
3,i 4,i ’ 4,i
=T —E3 +C- —E4;4+T5,- ——Ey4;
3.4° Z w3 i 1° ; wy i 3,4 pars wy i
s4+1

o
=—+—+Zﬁrs4 Es;.

Thenaz; — 1 = oz4,jl“§’4 Ey4j +oz4,j+1Fg’4 “E4 j41 =04 jmj+ay jrm ;. To simplify the computation
of the second equality, we will restrict to the plane P(w;, w3, wa), with L a generator of the class
group. We can do this because at the point p4 the singularity is the same as the one at the point
(0:0:1) e P(wy, ws, wy), so locally o does not change.

Then w3 L - aywy L = arwows/(wawiwys) = ar /w4 and also

sq+1 IB
4
o*(wsL) -0 (awal) =T 4 Z L Ea.
Wy
=0
where (T*(U)3L) = O*(C]) and G*(dzU)zL) = 0*(1—‘3’4). Then a) = ,84’jmj + ,34,j+1mj+1 . Il

Corollary 3.10. If '} , intersects the exceptional divisor in one component, then it does it transversally
at one point.

Proof. Recall that in the open subset Uy ;, the exponents of the variables u; and v; of the strict transform
of I'3 4 are £(axay,i+1 — (a3 — 1)Ba,i+1)/ws and £(aray; — (a3 — 1) Bai) /wa.

Suppose that '} , intersects E; with multiplicity m ;. Then, using Proposition 3.9, we have that
ar=P4 jmj+Psjrimjrrandaz—1=ay jm;+oay jy1m;ji, and in this case m ;| = 0. Hence, for all i

axai— (a3 — Dpai _ Pajoai— a4 jPai

w4 / w4 ’

but the singularity at p4 was unibranch, so it is locally irreducible. Therefore, the exponents on the
resolution must be relatively prime. Thus, m; = 1. 0

Theorem 3.11. The curve I}y , intersects the exceptional divisor in one component if and only if Y o o is
defined on the whole exceptional divisor over py.

Proof. The equation of our surface is x'xy + x52x3 + x3°x4 + x5*x1 = 0, so locally at p4 our surface is
q 1 2 3 4 yatp
2 x0 +x52x3+ x5 +x1 = 0). Then analytically the power series expansion of x; in terms of x, and x3 is
1 2 3 y y

x| = —xgz)g — xé” + (higher order terms in x, and x3).

Therefore, at the open set U;

04 i1/ Wa_ 04 /Waay o Pait1/wa Bai/ws Baiv1/wa_ Pai/wayas
—(u; v; )7 (u v; ) — (u; v; )

o*(x1) = + (higher order terms),
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and so

aray ir1+Pai wy  (araqi+PBa.i)/w azpPai+1/W4 azP4.i/ W
Yooly = ((x): p(esinitBric)/wey (@aaitpaifws . asaivi/we, aspuifws
i 4 L t !
a0y j+1+pP4i wy (204, +pP4,i)/w a i+1/W4 @ i/ W
:_”5 2004 i1+ PBai+1)/ 4vi( 2004,i+B4,i) /w4 _ui3/34,z+1/ 4vi3/34.t/ 4 +(*)),

where (x) are terms in u; and v; of degree higher than (axos 41 + Bai+1 + a20a; + Ba,i+1)/wa and
(a3P4,iv1 +a3Pai)/ws.
Assume now that u; and v; are both nonzero. If axos ; — (a3 — 1)fa; < arosiy1 — (a3 —1)Bai+1 <0,

then we can faCtor out
oy, W4 o4/ W4 /34 i w4
( ; I+|/ ; ,t/ )az(l/il' 1+1/

vﬁ4‘i/w4)

1

from v o o to obtain

f(a3—1),34,i—a2a4,i)/w4 c—1 4 (%))

1

W °U|U,« = ((*) -1 ME(%_I)'BMH_aza4'i+l)/w4v

Then (Y ool|y,)(@;,0) = (Y ool|y,)(0,v;) =(0:1:0:—1). Repeating the same procedure for 0 <
arosi — (a3 — 1)Ba; < azos j+1 — (a3 — 1) Ba,i+1, we obtain that, restricted to that open set U;,

(Y oaly)ui,0)= (Y ooly)O0,v;) =(0:0:1:—1).

Now we are left with the case axaa; — (a3 —1)B4,; <0 <asos i1 — (a3 —1)Ba,i+1. Suppose first that
the curve Fg’ 4 intersects one component of the exceptional divisor, so Proposition 3.9 implies that there is
some j such that axay j — (a3 — 1)B4,; = 0. By Corollary 3.10, Fgﬁ 4 Intersects the exceptional divisor
transversally at one point, so (axats, j+1—(az—1)B4,j+1)/wa=1, and (a204, j—1—(a3—1) B4, j—1)/ws=—1.
Then in U;_; we can still factor out

04 i1/ Wa_ 04 /Wayay o Pait1/wa
(u; v; ) (u; ,

1 ]

vﬁ4.i/w4)

1

so assuming that «;_; and v;_; are not zero, the maps looks like
Vooly,, =((x):1:vj1:=1—v;_1 4+ (%)).

Therefore, (Yoo|y; ) (u;-1,0)=(0:1:0:—1) and (Yoo |y, ,)(0, vj—1)=(0:1:v;_1: —1—v;_). Doing
the same for U; we find that (Woa|Uj)(O, v;)=(0:0:1:-1) and (Woa|Uj)(uj, 0)=O:u;:1:—u;—1).
Then we see that v o o ( {;01 E4i)=(0:1:0:—1)and ¥ oo(Uf“:J;lJrl E4;)=(0:0:1:—1). Notice
that v;_; and u; are the coordinates of the charts of E; ~ P! and that
(Yooly,_)O0,vj)=0:1:vj1:—=1—-vj_1)
and
(IﬁoJ|Uj)(uj,0):(Oiuj . li—l/tj—l).

So ¥ oo is an isomorphism from E; onto the line (y; =0) C (y1 +y2+y3 +y4=0) C P;’yww“.

Therefore, ¢ o o is defined at the exceptional divisor over p4, and it is totally branched over the line
Li=(yn=0COi+y2+y3+y=0).
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Figure 4. An example of the situation in Proposition 3.12.

Now, if Fg 4 does not intersect transversally the exceptional divisor, then axay,; — (a3 — 1)B4,; # 0 for
all i, so we will have some j such that

axay j— (a3 —1)Bsj <0 <azay jy1— (a3 — 1) B4 j+1,

and we will not be able to define the map on the open set U;. This is because we can factor out
azPa j+1_ ax0a j+Pa.;

i ; from ¢ o o'|y;, so the map will be

Vo U|Uj _ ((*) : u;“2014,j+1—((13—1)ﬂ4‘j+1)/w4 : U;(a3—1)134.j_020¢4,_/)/w4
_u(_aza4,j+1—(03—1)ﬁ4,j+1)/w4 . v(_(a3—1)ﬂ4,j—azﬂl4,j)/w4 + (*))

J J

Thenif v; #0, (Yoo |y;)(0,v;)=(0:0:1:—1),and if u; #0, we have (Yoo |y,)(u;,0)=(0:1:0:—1),
and so it is not well defined when u; =v; =0. O

Proposition 3.12. Assume that I'; , does not intersect transversally the exceptional divisor, so it intersects

’ (O]
4,j
". |, vj be the affine coordinates of

B
; . TR IR Ty
UV and U](.l’Z), the two affine charts over U;. Then they satisfy the relations x5* = uS T ja‘l"f =

1oy j 41 04 j 0, 41 M,B4<j+ﬂ4‘j+l Baj ’/34,_/+1vﬂ4._/+ﬂ4,j+1
Js1 J J J,1 T 7l J )

it at the point (0, 0) of some affine open set U;. Let 1 : X1 — X be the blowup over that point, let E

be the new component of the exceptional divisor, and let u , v} L and u

andx;”4 =

Proof. This follows from the fact that the resolution was constructed as a toric variety, and the blowup of
an affine variety defined by vectors v; and v; is the variety associated to the fan generated by the vectors
v1, V1 + v2, and v;. (Figure 4 shows an example of the situation in the proposition.) U

Notice that, if acay j — (a3 — 1)B4,j <0 < acay j11 — (a3 — 1)B4, j41, then

aras j— (a3 — 1D faj <ax(agj+oas jr1) — (a3 — 1) (Baj+ Baj+1)
and

ax(ag,j+agjr1) — (a3 — 1)(Ba,j + B4, j+1) < axay jy1 — (a3 —1)Ba j11,

so we can use Proposition 3.8 to see that the strict transform of I'} , in the blowup intersects at most two
components of the exceptional divisor, and that the singularity of the curve is “better”. Therefore, the map
Y oo o is defined in one of the charts Uj(.l’l), and if ax (a4, j +otg j11) — (a3 — 1)(Ba,j + B4, j+1) =0,
then it is defined in all the exceptional divisor on X over ps.
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Proof of Theorem 3.7. If all the curves Flf’ it

the result follows from Theorem 3.11. If not, then consider the log resolution ¢ : X — X of all the

| intersect transversally the exceptional divisor on X, then

/
curves Fi,i+1‘

the previous ones, and as the strict transform of the curves I'; ;| intersect transversally the exceptional

Proposition 3.12 shows that the relations of the new local coordinates are compatible with

divisor, we can use the proof of Theorem 3.11 to show that the composition ¥y oo o ¢ is defined over X. O

Corollary 3.13. The morphisms Yoo o : X—>P2and Y — P? (defined at the end of Section 2) factor
through a birational morphism X — Y’ which contracts precisely six chains of smooth rational curves in

(009) (C1+Co+T124+ T3+ T34+ T41),

each containing one of the proper transforms of C1, C2, I'1 2, I'2.3, I'3.4, I'4.1, and each contracting to the
six cyclic quotient singularities in Y.

Proof. First, by Theorem 3.7, we note that y oo 0@ : X — P2 contracts precisely six chains of smooth
rational curves in (o 0 ¢)*(C1 4+ C2 +T'1 2+ 123+ I'3.4 + I'4,1), each containing one of the proper
transforms of Cy, Ca, I'1 2, I'2.3, I'3.4, I'4.1. This was done locally when we proved the definition of the
map in Theorem 3.11 at a certain exceptional component over the p;. Each of these components maps to
each of the four lines in P2, Therefore, the birational map X --» Y/ is defined over these components
except possibly over the six singularities of Y’. Because there is a unique minimal resolution for normal
two-dimensional singularities, the six chains of curves in X mapping to the six nodes of the four lines in
[P must contract to the six singularities of Y’ U

4. Kollar surfaces are Hwang-Keum surfaces

We now study the case w* = 1. In this section, we allow gcd(wq, ws) and ged(w, w4) to be greater than 1.

In [Kolldr 2008, p. 231], it is shown that the curves C; and C; are extremal rays of the Kx 4, .ay.a3.44) +
(1 —€)(C; + C3) minimal model program if C 12 < 0and C22 < 0. They are both contractible to quotient
singularities. Hwang and Keum [2012] computed explicitly the type of these singularities.

Theorem 4.1 [Hwang and Keum 2012, Theorem 1.1]. The contraction of the curve Cy forms a singularity
of type %(wz, wa), with s1 = asw4 — w3, and the contraction of the curve C, forms a singularity of type
Sl—z(wl, w3), with so = azws — wy. If w* = 1, then their Hirzebruch—Jung continued fractions are

2,...,2,a3,a1,2,...,2] and [2,...,2,a2,a4,2,...,2],
—— —— —— ——
as—1 ar—1 az—1 a;—1

respectively.

Letn: X(ay, az, a3, as) — X' (a1, az, az, as) be the contraction of C| and C,. Hwang and Keum [2012,
§4] constructed several examples of rational @-homology projective planes with two cyclic singularities.
In certain cases the singularities are the same as for X'(ay, az, az, ag) when w* = 1.

The construction of Hwang—Keum is as follows. Let Ly, L,, L3, L4 be four general lines in P2, and
choose four points from the six intersection points, such that every L; passes through two of them. After
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Figure 5. Curve configuration over Z(ay, as, a3, as4).

blowing up each of these four points twice, we obtain the curve configuration

Ly L
\
E;¢ E, T E4 Eq
e . . —0
L, Ly

where e is a (—1)-curve and o is a (—2)-curve. We now blowup r; times the point E; N L; to obtain the
surface Z(ay, a», az, as), where a; = 2 4 r;. The curve configuration on Z(ay, as, as, as) is shown in
Figure 5.

Let T (a1, az, az, as) be the surface obtained by contracting the two chains of rational curves corre-
sponding to the white vertices. Then this surface is a rational ()-homology projective plane with two
cyclic singularities. By Theorem 4.1, it has the same singularities as X'(ay, a2, a3, as) when w* = 1.

Theorem 4.2. Let X (ay, az, as, as) be a Kolldr surface with w* = 1, and assume that a; > 2 for all i.
Then X'(ay1, az, a3, as) is the Hwang—Keum surface T (ay, az, az, aq).

To prove Theorem 4.2 we will show that we can find the same curve configuration of Z(ay, a», az, as)
(Figure 5) in X ', which is the minimal resolution of X'(a;, as, az, as).

First of all, we prove that the rational map ¥ is defined in the minimal resolution of X. For this we
will use:

Proposition 4.3. Let X be a surface with a cyclic quotient singularity at the point p, and let C C X be a
curve passing through p. Then C is nonsingular at p if and only if the strict transform of C intersects

transversally at one point only one component of the exceptional divisor of the minimal resolution of X.

Proof. The maximal cycle (which coincides with the fundamental cycle) of a cyclic quotient singularity is
the (reduced) exceptional divisor. Then we can apply [Gonzalez-Sprinberg and Lejeune-Jalabert 1997,
Proposition 1.1]. O
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By Proposition 3.3 we have that the curves I'; ;| are smooth, so Proposition 4.3 says that the curves
Flf’l. 41 intersect transversally the exceptional divisor over p;41. If ged(w, w3) = ged(ws, wa) = 1, then
we already know that the map 1 is defined on the minimal resolution of X. Therefore, we only need to
check the same assertion when ged(wi, w3) > 1 or gcd(wy, wa) > 1.

Proposition 4.4. The map oo : X—>Plisa morphism.

Proof. We study the case over the point p4, with gcd(w;, wq) = h > 1. The singularity at py4 is
1/w4(wy, w3) with toric coordinates x; and x3. From Proposition 3.1 we have that 1/w4(w,, w3) =~
1/14(t2, w3), with toric coordinates x/, and x3, and the relation x} = x, and x} = xé’. Then from Theorem 3.6

we have Y = U U- - -UUj, in the resolution of p4, with u;, v; the local coordinates in U;, and the relations
/31 lgt+l

xg“ = u?4‘ivf‘4‘i+‘ and x; =u; v "', The curve '3 4 C P(f2, w3, 1), restricted to the open set (x4 = 1),
has equation x z 4+ x/(a3 DIk = 0, and we can use Proposition 3.8 to find the equation of the curve in
every U,.
Following the proof of Proposition 3.9, by the intersection number
sq+1
B, a
F3 4 Z _IE41 = —,

71

and using the fact that the curve I'; , intersects transversally one component, we have that there exist
Ba,j =az and a4 j = (a3 — 1)/ h. Therefore,

a3 —1
aoy j—1 — Ba,j—1=-—1,
az— 1
a0ty j — ——Paj =0,
asz — 1
a0, j1 — — Ba,j+1=1.

Hence, considering the composition

~ 1 ~ 1
K5 ~ (1, ws) > — (wa, w3) 2> X(ay, az, a3, as)
14 Wy

we have the hypothesis of Theorem 3.11; therefore, the map is defined on the whole exceptional divisor. [J
Proposition 4.5. The curves C| and C} in X are (—1)-curves. To obtain the chain of curves
Kl = E2,S2 U-- -UE2,1 UC; UE4,1 U-- 'UE4’S4

and

K2:=E1’SlU'--UEl’lUCéUE3’1U---UE3,53

we blowup X' on the intersection points of the curves with self-intersections —as and —ay, and —a,
and —ay, respectively.
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Proof. We have the commutative diagram

X —2— X(ay, a2, a3, as)

|l

~ i
X' —— X'(a1, a2, a3, as)

Then, to obtain the chain of curves K| we have to blowup on the exceptional divisor over the singularity
i(wz, wy). This is because, if no blowup were needed, then Ci would be some of the curves in the
exceptional divisor over the singularity Sl—l(wz, wy), so we would have that wy <as—1orws <a;—1,
which can happen only if one of the g; is 1. Recall from Theorem 4.1 that the Hirzebruch—Jung continued
fraction of the singularity %(wz, wy) is [2,...,2,a3,a1,2,...,2]. Then we want to show that the
blowups needed must be done between the curves with self-intersection —a3 and —a;. For this, we will
rule out every other possibility. Suppose first that the blowups are done on the point

o—:+ —O0—0—0%0—"-+ —0

Then we would obtain that the continued fraction associated to the singularity at p, would have an §;
such that

Bi>12,...,2,a3,a;+1]|,
——
(1471 a4—1
(—/h\ . . . .
but |[2,...,2,a3,a; + 1]| = wy +2+azas —2a4 > w,, which is a contradiction. If the blowups are done
on the point
e+ 1
—az —a

oO—++ —O0—0—0—0—++ —Ox% -+ —O

with e > 0, we would have

ﬂiZ|[27"'72’a3’a1’2,"'72’3]|’
~— ~—
as—1 e as—1 ¢
— —
but [[2,...,2,a3,a1,2,...,2,3]| = Qe+ 3)wy — e+ Dazas —2a4+ 1 > wo.

Therefore, the blowups to obtain the chain of curves K| desired have to be done at the point

o—: " —O0—0%0—0— -+ —0 O

From the proof of Proposition 4.5, we have that the singularity at p; of the Kollar surface has
Hirzebruch—Jung continued fraction

[...,C,‘,2,...,2]
N e’

di+2—1
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Figure 7. Contraction of Fi,z and the chain of (—2)-curves.

with ¢; > 2. The intersection of F;_Li with the exceptional divisor over p; is B; j/w; = a;12/w;,
so the curve I'] _1,; Intersects the exceptional divisor over p; at the mentioned component with self-
intersection —c;. This is because B; 5, +1 =0 and B; 5, = 1, and B; x—1 = bxBi k — Bi.k+1. This implies that
Bi,si—(a—1) = a2 = B;. Therefore, we have the curve configuration shown in Figure 6.

Proposition 4.6. The curves Flf iv1 are (—1)-curves.

Proof. We have a birational morphism ¥ oo : X > P2, soitisa composition of blowups, which contracts
(—1)-curves to reach P2, We start by contracting the curves from the proof of Proposition 4.5 to obtain X
with the curve configuration in Figure 6. Recall from Theorem 3.11 that the image of the curves with
self-intersection —a; are the four lines in general position in P2, so they cannot be contracted. In addition,
by Corollary 3.13 the birational morphism X' — P?is an isomorphism outside of the configuration in

Figure 6. Then, one of the I'; ;| is a (—1)-curve; say that it is I} ,. We contract I} , and the chain of

(—2)-curves connected to it, to obtain the diagram in Figure 7.
/

By repeating the procedure, we obtain that all curves I'; ;| are (—1)-curves. O
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Figure 8. Curve configuration on X

Proof of Theorem 4.2. From Propositions 4.5 and 4.6, we conclude that X' and Z (a1, az, az, as)
are obtained from the same sequence of blowups of P2. Therefore, X ~Zz (a1, ap, a3, as) and so
X'(a1, a2, a3, a4) = T (a1, az, az, as). O

Remark 4.7. We note that, if w* # 1, then the surface T (ay, asz, a3, as) does not correspond to a Kollar
surface, so Kollar surfaces with w* = 1 and g; > 2 are strictly contained in Hwang—Keum surfaces.

Finally, we check what happens when some a; = 1, say a; = 1.

Corollary 4.8. Let a; = 1. Then the point p4 is smooth, and the map  is defined in the log resolution X
of the key curves. The curve '3 4 is smooth, and  does not contract Cy. The surface X is obtained
by doing blowups from Z(1, ay, a3, as). The curve C; C X (1, az, a3, a4) is contractible if and only if
asz > ap.

Proof. If a; =1, then wy = a4(az — 1) and wgq = a3z — 1. Then by Proposition 3.1 we have that the point py4
is smooth, and at the point p, the singularity is of type i(l, araszaqs — azas+ag — 1) = i(l, as—1).
The curve I'; » intersects transversally the curve Cj at the point (0: —1:0: 1), and following the proof of
Proposition 3.4 we have that (0:1:0:b) = (b :—1—-b:0: 1), so the curve ¥ does not contract C.
The curve I'3 4 restricted to the weighted projective plane (x; = 0) and to the open set (x4 # 1) is
(x> +x3=0) C A2, so it is smooth and to obtain the log resolution X itis necessary to do ap blowups.

Now assume that all the other a; > 2. Therefore, C, is contractible, and by contracting it and all the
other (—1)-curves in X we obtain the surface X’ with the curve configuration shown in Figure 8. If also
ap = 1, then all the points are smooth but point p, with a singularity of type a—14(1, as — 1), and we obtain
the curve configuration on X shown in Figure 9.

Following the proof of Proposition 4.6 we have that the curves Flf’ i+1 are (—1)-curves, C? = —a3, and
Céz = —ay. Therefore, X' ~7 (1, a2, a3, a4), and by contracting the (—1)-curve in the top chain along
with the (—2)-curves to the right, we obtain that C 12 = —a3 + a». Therefore, C, is contractible if and
only if C{z < 0, and this is equivalent to a3 > a;. O
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3,4

Figure 9. Curve configuration on X, when a; = 1.

5. Kollar surfaces as branched covers of P2

defined at the end of Section 2 as the w*-th root cover of (L’f ‘Lg ZL’; 3LZ4 = 0) C P%. We recall that
0<u; <w*are

We now consider the birational model Y’ := Specp: (@:"*0_ ! 33(")71) of X (a1, as, az, as), which was

W1 = axazdy, W2 = —azay, u3 = ayg, e =—1

modulo w*, and that by definition ged(u;, w*) = 1. The lines L1, L», L3, L4 form a plane curve with six
nodes. We also recall that

4 .
g(l) = @[P’2 (wll) ®@p2 (— Z[/;j: :|LI)

j=1
fori €{0, 1, ..., w* — 1}, where [x] is the integer part of x, and wjw* = Z?:l ;. Let Y be the minimal
resolution of all singularities in Y.
Theorem 5.1. The Kolldr surface X (ay, az, a3, a4) is birational to
X (a}, a5, a5, ay) C P(w], wh, wi, wy)
with ged(w], wj) = ged(w), w)) = 1, for infinitely many 4-tuples (a}, a5, a}, ay).
Proof. By Corollary 2.4, the surface X (aj, az, as, as) is birational to Y’, and so for any #; € Z>( we have
that X (a1, ay, a3, as) is birational to
X (a1 +hw*, ar +bw*, a3 +nBw*, ag + 4w”),

as soon as w* = ged(Wj, ..., Wéi) for the corresponding Wl.’ . This is because, for a fixed w*, the
isomorphism type of Y depends only on the multiplicities x; modulo w*. In this way, we must find
t; € Z>¢ such that ged(w}, wj) = ged(w), wy) =1, and w* = ged(Wy, ..., Wy).

First, choose #3 such that ged(az + rzw*, 6(as — 1)) = 1, and let @} := a3 + zw* and W| =
araias —ajas +as — 1 = wijw*. Next take f, such that ged(w] + f2ajas, 6(as — 1)) = 1, and then
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define a2 = ap + hw*. Now we will choose #; such that the final weights (wl, wz, w3, w4) satisfy
ged(wy, wy) = ged(wy, wy) =1, and w* = ged(W{, ..., W,).

Let W) = ajasa) — asa; + ay — 1 = wiw*, W} 1= asaia) — aya) +a) — 1 = wijw*, and W, =
aayay — ayas +ay — 1 = wyw*, and define

Wi = wiw" = wjw?, Wy = wiw* = (w) + t(asas —as + 1) w*,
Wy = wiw® = (W + 1(asay — ah)w*, Wi :=wjw" = (w} +rasal)w*,

where ¢ will be found.
Let w{ = quk‘lj‘." be its prime factorization. Then we have to find a solution ¢ for w), 4 taja’; #
0 (mod ¢y ;), wg +taé(a4 —1)#0 (mod ¢ ;), and t #0 (mod g ;), for all j. This ¢ will exist because
we have that gcd(as — 1, w}) = 1, and that all p; ; are greater than 3, by the previous choice of #, and 3.
By the Chinese remainder theorem, we know that the solutions are of the form t; +r-[[ g1, r € Z.
Hence, we have that gcd(wl, w3) = ged(w 1> w4) = 1, for any choice of r. Therefore, considering

wg=w§+t1(a§a4—a4-|—1)+r'(a§a4—a4+l)-l_[quj
and wy = w), + tyayay +r-ayal - []q,), it is enough to find an r € Z- such that ged(wy, wy) = 1. Let
A:=w)+t(dsas —as+ 1), B = (a§a4—a4+1)-1_[q17j,
C := wy + nahas, D :=d)a} - qu,.,-.

Notice that gcd(A, B) = 1 by the definition of w) and the way #; was obtained. Let AD — BC =

g A . . .
LR q2 7' with g, ; a prime number, and let r; be a solution of

A+ Br#0 (mod g ;). (5-1)

Now assume that gcd(w), wy) = ged(A + Bry, C 4 Dry) > 1. This means that there is a prime p # ¢ ;
for all j, such that it divides both A + Br and C + Dr. Then consider the linear transformation
T : (Z)pZ)* — (Z] pZ)? associated to the matrix (é g). This matrix maps the vector (1, 1) to (0, 0), so
the matrix is singular. But the determinant AD — BC # 0 (mod p), which is a contradiction. Therefore,
ged(A+ Br,C+ Dry) =1. Leta; :=a; + (t1 +r-[]pr. j)w* This gives us that X (a}, a}, a5, as) C
I]J’(wl, wz, w3, w4) is birational to X (a1, ay, as, as), with gcd(wl, wg) = gcd(wz, w4) and because
ged(wy, wy) = 1, then w* = ged(W/', ..., W)). Because (5-1) has infinite solutions, then we have
infinite 4-tuples (a{, aj, a5, ay) that satlsfy the result. (|

Corollary 5.2. Let Y' be an n-th root cover of (L' LY> LY’ Ly* = 0) C P2, with ged(u;, n) =1 for all i.
Then Y’ is birational to a Kolldr surface.

Proof. If we multiply the u; by a unit § of Z/nZ, then the n-th root cover does not change. So we take &
such that £ uq = —1. In this way, we have to solve the system ayazas =&y, —azas =&y, ag = & s,
and ajayazas = 1 modulo n, which has a solution because £ and the u; are units in Z/nZ. Then, with
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those a; we can use Theorem 5.1 to find numbers a; such that X (a}, a}, aj, a}) is a Kollar surface with
w* = n, and birational to Y’. O

We want to compute the main numerical invariants of Y. For that we first define the following numbers.
Definition 5.3. Let n > 1 be an integer, and let a, b be integers coprime to 7.
(1) We define the generalized Dedekind sum [Hirzebruch and Zagier 1974, p. 94] as
n—1 . .
ia ib
o= LG )E)
i=1
where ((x)) =x — [x] — % for any rational number x.

(2) Let 0 < g < n be such that ag = b modulo n. We define the HJ length [ =[(a, b; n) as the length of

the Hirzebruch—Jung continued fraction

n
—=Iby,.... bl
q

Dedekind sums and Hirzebruch—Jung continued fractions relate as (see, e.g., [Barkan 1977; Urzia
2010, Example 3.5])

+ _1 l(a,b;n)
12s@,bimy =10 1 3 (- 3),
n
i=1

where 0 < ¢! < n and g¢~! = 1 modulo n. We recall that Y is the minimal resolution of Y’

Proposition 5.4. We have that 7,(Y) =0, and

Pe(¥) =251, L w*) + > s(ui, prj; w*)

i<j
where s(1, 1; w*) = w* /12 + 1/(6w™*) — 411-

Proof. The finite morphism ¥’ — P? is completely ramified at four lines. By pulling back to Y a trivial
pencil through one point in one of these lines, one can compute 7;(Y) = 0; for details see the proof
of [Urzia 2010, Theorem 8.5]. This also shows that x (Oy) = 1 + p¢(Y). Then we use [Urzia 2010,
Proposition 3.2] to find the formula for p,(Y). The term 2s(1, 1; w*) turns out to be exactly the expression
not involving Dedekind sums in [Urzda 2010, Proposition 3.2]. O

Remark 5.5. Since the geometric genus p,(Y) is a nonnegative number, we have 2s(1, 1; w*) +
Zi <j s(ui, pj; w*) > 0, which can be rewritten using basic properties of Dedekind sums as

4
pe(¥) =2s(1, ;w") = > " s(1, a3 w*) +5(1, aras; w*) +5(1, ara2; w*) > 0.

i=1

We will tell more on this expression in the next section.
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Proposition 5.6. We have that e(Y) = w* + 2+ ij I(wi, pj; w*), and
4
Ky =w't — 4+ ) (125 (i 3 w") = Li, s w')).
i<j
Proof. See [Urzia 2010, Proposition 3.6], and use Noether’s formula. O
Corollary 5.7. For X = X(ay, az, a3, as) we have e(X) =w*+4, w1 (X) =0, and po(X) =2s(1, 1; w*)—
S s an w*) + (1, aras; w*) + s(1, arag; w*).
Corollary 5.8. Let gcd(w;, wit2) =1 foralli. Then
dd—Y; w;)? 2w — 6w 44
12X st )+ E st wissw) ) = LTl g 2 WA,
i<j i
Proof. Let X = X(ay, a2, a3, ay). We are going to compute pg(X) from its minimal resolution, and
then the equality follows from p,(X) = p.(Y). Let X — X be the minimal resolution of singularities,

SO pg()N( ) = pg(X). As in the proof of Proposition 3.4 in [Urzia 2010] and the formula right before
Proposition 5.4, we have

2(w; — 1)

K3 = K3 = =123 sCunsa, wissi w) = Y1z, wigss w) + Y 2,
' - . 1

1 ! '

and e(X) —e(X) = Y., [(wiya, wir3; w;). Since K2 =d(d — Y, w;)?/T]; wi and e(X) = w* +4, then

2
o dd—Y1 w) Il | w
X = = - i ) [ ; i) — - T A
pg( ) 12w, wywswe IZS(erZ Wi43; W;) 6 IZ w; + 12
is a consequence of the Noether’s equality 12 (03) = K )2? + e()? ). O

6. Theorems on geometric genus

In this section we prove results related to the geometric genus of Kollar surfaces. All our computations
will be done in terms of generalized Dedekind sums. We note that the (classical) Dedekind sum s(g, n)
is equal to s(1, ¢; n) and s(a, b; n) = s(1,a~'b; n), and so all properties of s(g, n) are properties of
s(a, b; n) [Hirzebruch and Zagier 1974, Chapter II]. For example, we have the reciprocity law:

Theorem 6.1 (see, e.g., [Hirzebruch and Zagier 1974, p. 93]). If n and k are relatively prime, then

Wkemy s b= ("4 L5y ] (6-1)
SR =\ Tk Th) T 1

Throughout this section, w* will be greater than 1. All equalities involving = will be modulo w*,

1

unless otherwise stated. The symbol g~ will denote the inverse of ¢ modulo w*. To avoid confusion, we

will write 5 when it corresponds to a number in Q.

Proposition 6.2. Any n > 0 is realizable as the geometric genus of a Kolldr surface.
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Proof. We know that w* = 1 implies rationality, and so p, = 0. Assume that n > 0, and let w* =3n + 1
and a; =37, a =3, and a3 = a4 = w* — 1. This gives the w™*-th root cover Y with u; = 3 and
Wo = 3 = ug = w* — 1. The geometric genus of Y is

pe(Y)=5s(1, 1; w*) —3s(1, 3; w*)

EYATARNR S A WY LASN S SR S
S\12 6w 4 36 4w* ' 36wt 18 4

6.1. p, = 0 surfaces are rational.

Theorem 6.3. Let X = X (a1, az, az, as) be a Kolldr surface with w* > 1. Then the following are

equivalent:
(@) pg(X)=0.
(b) a; =1 ora;ai+1 = —1 modulo w* for some i.

(c) X is rational.
Lemma 6.4. Let 0 < a < n be relatively prime. Then:
(1) s(1,1;n) >2s(1,a;n) ifa # 1.

() s(1,1;n) >3s(1,a;n) ifa#1,2,27%

() s(1,1;n) > 4s(1,a;n) ifa#1,2,271,3,371

Proof. First of all, using the reciprocity law we have

2_6 5
251, 2:m) = O 1w,
12n
n?> —7Tn+10
35(1,3;n) < ——— < s(1, 1; n),
12n
Z_6n+17
4s5(1,4;n) < w <s(1,1;n)
12n

with ged(n, 2) =1, ged(n, 3) = 1, and ged(n, 4) = 1, respectively, and n > 6. Notice that s(1, 1; n) =
(n —1)(n —2)/12n. Girstmair [2017, Theorem 1] describes how Dedekind sums s(1, m; n) grow for a
fixed m, given a positive integer k. To do so, Girstmair divides the numbers 1 <m <n — 1 as ordinary
and not ordinary, and proves that, if m is ordinary, then s(1, m;n) < n/(12(k + 1)) + O(1) and, if
m is not ordinary, then there existd € {1,...,2k+ 1} and c € {0, 1, ..., d}, gcd(c, d) = 1, such that
s(1,m;n)=n/(12dq) + O(1), where g = md — nc.

First assume that k = 2. Notice that s(1, 1; n)/2 =n/24+ O(1); also if m is ordinary, then s(1, m; n) <
n/36+ O(1), and if m is not ordinary and dg > 3, then s(1, m; n) <n/36+ O(1). Therefore, we have to
find a bound for the three O(1) involved, and find an N such that, if n > N, then s(1, 1;n)/2 > s(m, n)
for ordinary numbers and nonordinary numbers with gd > 3. The procedure to do so is shown by
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Girstmair [2017, Theorem 2], and for the case k = 2 such N is 132. The nonordinary numbers with
gd <2 correspond to m = 1,2, 27", but the first case was ruled out in the proposition, and the inequality
for 2 and 27! was shown at the beginning of the proof. Therefore, we have (1) for n > 132, and using a
computer we can check that it holds true for every n.

For k = 3 and k = 4 we obtain similar results, with N = 320 and N = 630, respectively. The cases
with gd <3 and gd < 4 are the ones ruled out in the proposition, and using a computer we can check
that (2) and (3) are true for n < 320 and n < 630. O

Corollary 6.5. (1) 2s(1, 1;n)—2s(1,2;n)+s(1,4;n)—s(1,3; n)+s(1,2-37 L n)—s(1,4-37",n) >0
foralln > 5.

(2) 2s(1, 1;n) —s(1,2;n) —s(1,3:n) —s(1,4;n) +s(1,6;n) —s(1,2-37 . n)+s(1,4-37 1 0n) > 0
foralln >.

3) 2s(1,1;n) —s(1,2;n) —s(1,3;n) —s(1,5;n)+s(1,6;n)+s(1,2-5 5 n)—s(1,6-5 1) >0
foralln >17.

Proof. Using the inequalities from Lemma 6.4 we see that to prove (1) it is enough to prove that
%s(l, 1;n)+s(1,4:n)+s(1,2-37 1 n)—s(1,4-37'; n) > 0. On the other hand, we have that s(1, 4; n) > 0
if n¢{7,13,19,25,31},s(1,=2-3"Ln) <s(1, 1;n)/3ifn ¢ {5,7}, and s(1,4-371;n) < s(1, 1;n)/3
if n # 5. Therefore, if n is not one of those cases, then the inequality holds. We check the remaining
cases and find that (1) is false only if n = 5. We repeat the same argument and prove that we have to
check the cases when n € {7, 11, 13, 19, 25, 31} for (2), and when n € {7, 13, 19, 31} for (3). Both cases
give us that (2) or (3) are false only if n = 7. O

Proof of Theorem 6.3. By Corollary 5.7, we have that the geometric genus of X (ai, a», a3, as) is

4
Pe(X) =2s(1, L;w*) =Y " s(l,a;; w*) +s(1, ayas; w*) +5(1, ayaz; w*).
i=1
(c) = (a). This is trivial.

(a) = (b). Assume that a; # 1 and a;a;+1 # —1 for all i. First, if a; # 2, 2! and aiai+ =2, —2-! for
all i, then by Lemma 6.4(2) we have that p, > 2s(1, 1; w*) — gs(l, 1; w*) > 0. Therefore, it is enough

to rule out the cases when a; =2 or ajay = —2~!. First suppose that a; = 2, so
4
pe=2s(1, L w") +s(1, 2az; w*) +s(1, 205 w*) —s(1, 2 w") = Y s(1, s w),
i=2

and we have to check the cases when we cannot use Lemma 6.4(3).
If a3 =2ora3=2"", then aja; = —1 or a4 = 1, respectively, so they satisfy the hypothesis for pe=0.
Ifa, =271 200 = -2, 2a4 = =2, as =37, or 2a, = —3, then one of the terms is equal to s(1, 1; w*)
or two of the terms cancel, so by Lemma 6.4(1) we have that p, > 0.
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Ifap=2,2a,=—-2"", or 2as = —27', then
pe=2s(1, 1; w*) —2s(1,2; w*) +s(1,4; w*) —s(1, 3; w*) +s(1, 2.3 L wh —g(1,4-37 5w

and by Corollary 6.5(1) pg > 0 when w* > 5. If w* =5, then it satisfies the conditions for p, = 0.
If a =3 or 2as = —37', then

Pe=2s(1, 1; w")—s(1,2; w*)—s(1, 3; w*)—s(1, 4; w")+s(1, 6; w*)—s(1, 237 wh+s(1, 4371 w¥)

and by Corollary 6.5(2) p, > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
If as =3 or 2a, = —37!, then

pe=2s(1, 1; w*)—s(1,2; w*)—s(1,3; w)—s(1, 5 w+s(1, 6; w*)+s(1,2:57"; w*)—s(1,6-57"; w*)

and by Corollary 6.5(3) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.

These cover all the cases for a; = 2. Now assume that aja, = -2, so
4
pe=2s(L, L w") —s(1, 2 w") +s(1, arag; w*) +5(1, 2a2 w*) = Y s(1, az w"),
i=2
and we proceed as in the previous case.
Ifajas=—-2orajas=—-2"",thenay=1loras =1, respectively, so they satisfy the hypothesis for

pg=0.

If a, = 37! or a3 = 3, then two of the terms in the sum cancel, so by Lemma 6.4(1) we have that
pe > 0.

If ag =37" or 2a = —37!, then

Pe=2s(1, 1; w")—s(1,2; w*)—s(1, 3; w*)—s(1, 4; w*)+s(1, 6; w*)—s(1, 2.3 L wh+s(1, 437 w)

and by Corollary 6.5(2) p, > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
If ay =3 oraz =371, then

pe=2s(1, 1; w*)—s(1,2; w*)—s(1,3; w)—s(1, 5 w+s(1, 6; w)+s(1,2:57"; w*—s(1,6-57"; w*)

and by Corollary 6.5(3) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
These cover all the cases for aja, = —271.

(b) = (c). Notice that (b) implies the existence of 11; and p; such that u; + ¢ ; =0 (mod w*). Consider
the trivial pencil of lines through L; N L;. Since p; + pu; =0 (mod w*), this pencil defines a pencil of
smooth rational curves in Y via pull-back. Therefore, Y is rational, and so is X. O

6.2. p, = 1surfaces are K3. In Table 1, we show the total transform of the key configuration of curves
after successively blowing down several (—1)-curves from the minimal resolution of the indicated surfaces
X (a1, a2, a3, as).
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X(ay, ar, a3, as) | w* total transform of key configuration

F F, F3 Ly Fy Fs Fg L, F; Fg Fy
-2 -2 -2 -2 =2 -2 -2 -2 =2 =2 =2

X(,7,15,15) 4
-2 -2 -2 =2 -2 -2 =2 =2 =2 =2 =2
Fio Fuu Fio Ly Fi3 Fia Fis Ly Fig Fi7 Fis

F F, L F; Fy Fs Fs L, F; Fg Fy Fio

-3 -2 -2 -2 -2 -2 =2 =2 -2 =2 =2 =2

X(8,9,14,22) 5

-2 -2 -2 -2 =2 =2 -3 -1 -3 =2
Fiy Fia Fis Fia Ly Fis Fig Ly Fi7 Fis

F] Fz L1 F3 F4 F5 Lz F6 F7 FS F9 FIO Fll

2 4 -1 -3 2 -2 2 2 -2 -2 -2 -2 -2

X(11,27,10,18) | 7

3 2 2 -2 2 —4 -1 -4 -2

Fip Fi3 Figs Ly Fis Fig Ls Fi7 Fis
FR F, F3 Fy Ly Fs F¢ L, F; Fg
2 -3 2 2 2 -2 —6 -1 -3 —4

X(17,14,42,18) | 11

2 2 2 2 3 —1 -3 —4 -1 —6 -2
Fy Fio Fiui Fi2 Fi3 Ly Fia Fis Ly Fie Fir

F F, F3s Ly Fy Fs L, F¢ F; Fg
-2 -2 -5 -1 -2 -7 -1 -3 =3 =2

X (20,21,43,22) | 13

4 2 2 2 2 2 2 -5 -1 -7 -2
Fo Fiuo Fin Fio Ly Fi3 Fia Fis Ly Fig Fir
F, F, F3 Fy Ly Fs F¢ L, F;, Fg Fy
2 2 2 -5 -1 -2 -9 -1 -3 -2 —4

X (26,56,39,64) | 17

4 2 3 -1 3 -6 -1 9 -2
Fio Fii Fi2 Ly Fizs Fia Ly Fis Fie

F] Fz F3 L1 F4 F5 F6 LZ F7 FS F9

2 2 -7 -1 -2 2 -7 -1 -3 —4 -2

X (29, 30,42,32) | 19
-5 4 —1 -5 —4 —1 —10 -2
Fro Fiu Ly Fio Fis Ly Fig Fis

FR F, F3 Ly Fy Fs L, F¢ F; Fg

-2 -6 -2 -1 -3 -7 -1 -2 -6 =2

X(47,51,63,91) | 20

-7 -3 -1 -7 -3 -1 -7 =3
Fo Fio Ly Fin Fio Ly Fi3 Fus

Table 1. List for p, = 1.



Characterization of Kollar surfaces 1101

Theorem 6.6. Let X = X (aj, ar, a3, ag) be a Kolldr surface with w* > 1. Then the following are

equivalent:

(@) pg(X)=1
(b) X is birational to one of the eight surfaces in Table 1.

(c) X is birational to a K3 surface.

Proof. (c) = (a). It is trivial.
(a) = (b). First we prove:

Lemma 6.7. Let m be a positive integer. Then there is a positive integer N such that, if w* > N and
pg # 0, then py > m.

Proof. If all a; and —aa, and —aja4 are not equivalent to 2, 213,371 then by Lemma 6.4(3)
Pe>2s(1, Ly w*) = 8s(1, I; w*) = Ls(1, 1; w¥).

Also we note that, if we fix two of these values, say for example a; = 2 and aja; = —3, then the rest
of the a; are completely determined, and they are equivalent to 2, 27!, 3, 37! only for finitely many w*.
Therefore, if we set two of the a;, —ajay, or —aja4 to be equivalent to 3 or 3~!1, then for w* > 0

Pe>2s(1, L w*) — 2s(1, 1; w*) —s(1, 1; w*) = $s(1, 1; w™).
If one of the values is 2 or 27! and the other is 3 or 37!, then for w* > 0
pe>2s(1, L w*) — 3s(1, L w*) — Ls(1, 1; w*) —s(1, I; w*) = ¢s(1, 1; w*).

Both of these cases happen when w* > 28; hence, we have to check the case when two of the values
are 2 or 27!, This was done in the proof of Theorem 6.3, and the only relevant case is when Dg 18
2s(1, 1; w*) —2s(1, 2; w*) +s(1, 4 w*) —s(1, 3; wH) +s5(1,2-375 w) —s(1,4-371; w*). For w*>>0

Pe>2s(L, L w") —s(1, I; w*) — 1s(L.1; w*) — $s(1, I; w*) +5(1, 45 w™),

and because s(1, 4; w*) > 0 for w* > 15, we have that p, > s(1, 1; w*)/6.
Therefore, N is the first integer such that s(1, 1; N) > 6m. Il

To prove this implication, we first use Lemma 6.7 for m = 1, which gives us that N =75. We check
using a computer all the possible w*-th root covers for w* <75, and find that there are eight cases with
pe = 1, which are represented by a Kollar surface in Table 1.

(b) => (c). We prove this implication by means of the following simple lemma:

Lemma 6.8. Let S be a smooth projective surface with p, = 1 and g = 0. Assume it has an effective
connected divisor F with F* = 0 and pa(F) =1, and a (—2)-curve C such that F - C = 1. Then S is
birational to a K3 surface, and F is a fiber of an elliptic fibration S — P!, where C is a section.
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Proof. Notice that F has the type of a nonmultiple fiber of an elliptic fibration. We want to get such a
fibration on S. By the Riemann—Roch inequality and F-(F — Ks) =0, we have hO(F)+h*(F)> x(0g)=2.
Since in addition h2(F) =h%(Kg— F) and C - (Ks — F) = —1, we have h%(F) = 0. Therefore, there is a
fibration S — P! with general fiber of genus 1 and F is a fiber. Let S’ be the relative minimal model of
this fibration. By the canonical class formula, Kg ~ (=2 + x(05))F + Y _;(m; — 1)G; + E where G; are
the multiple fibers, and E is the exceptional divisor from S — §’. But there is a section C, and so G; =0
for all i. Then S’ has trivial canonical class, and so it is a K3 surface. O

We now go case by case, showing what the support supp(F) of F is and its type (using Kodaira’s

notation), and showing C. Here we are choosing F' and C; there are other choices in general:

(4) supp(F) = Z?:l Fi+Li+Ly+ Ls+ Fie+ Fi7+ Fig, type 112, and C = F7.

(5) supp(F) = F1+ Fig+ F17+ L4, type IV, and C = F;.

(7) supp(F) = F1 + Fi6+ F17+ Ly, type 111, and C = Fis.
(11) supp(F) = Fs+ Lo+ Fi17+ F7, type 11, and C = Fs.
(13) supp(F) = Fi + Fa+ Ly + L3+ Fy + Y12 o Fi, type III*, and C = F.
(17) supp(F) = Ly + Y 3 Fi + Fio + L3+ Fi3 4 Fig, type IV, and C = Fy;.
(19) supp(F)=Fs+ L1+ Fs+ Fo+ F7+ Ly + Fys5, type I, and C = F3.
(20) supp(F)=F3+ L1+ Fs+ Fs+ Fo+ Ly + Fi4, type I, and C = F>. O
6.3. p, > 2 generic surfaces are of general type. In this subsection, we assume that p, > 2. We recall
that Kollar surfaces are simply connected. By classification of algebraic surfaces, the Kodaira dimension
of the associate surface Y is either 1 or 2. We first present families of explicit examples for each of the

two possible Kodaira dimensions, and then we show the general picture for w* > 0.
Let g : Y’ — P? be the normal w*-th root cover branched on

Wig o g M3 e _
(LY LY L LY = 0),
and let f : Y — P2 be g composed with the minimal resolution of singularities of Y. Let p;, i=L;NL;
fori < j. Let E; ;i be the k-th exceptional curve over p; ;. Then
*

w*—1 o ik + B
KyEf*(—3H+ - (L1+L2+L3+L4))—ZZ(l—M)EW

* w*

i<j k

where H is a line in P2. We have

*

w* —4
4w*

w

—1
o (Li+Ly+Ls+ Ly =

—3H + (Li+Ly+ L3+ Ly)

and
frLi+Lj)=w'li+w'Ll)+ Z(ai,j,k + Bij ) Eij i
k
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14b — 1 14b — 1
Ly Ly
-2 -2 -2 -2 -2 -2 —4b—1 -2 -2 -2 3 -2 =2 -2 =3

-2 -2 -5 -1 —4 —b—1 -2 -2 -3 -2 -2 -2 -3 —2h—1=2
L 1 L3 L4

Figure 10. Curve configuration of a general type example.

for i # j, and so

w* — 4 ik + Bijx —4
Ky=— (L’1+L’2+L’3+L’4)+ZZ( = fl’]’k >E,-,j,k,
i<j k

where we are using notation and facts from the beginning of Section 3, and L’ ~ P! is the (reduced,

irreducible) preimage of L;.

Example 6.9. Let b > 2. Consider w* =4(b— 1), u; = o =1, and u3 = pa = 2b — 3. Then, over p;
and p3 4 we have A,«_; singularities in Y’, and over the rest of the p; ; we have %(1, 2b —1). Notice
that w*/(2b — 1) = [2, b, 2]. We have that L'? = —2, and
b—2 ,
Ky = — (2 Z L;+ ; 2E10k+Esar) +(E13k+ Erax+ Ex3i+ E2,4,k))-
1

Therefore, Y is a minimal surface with K% =0and e(Y) =3w* + 12, and so pe(Y) =b — 1. The
surface Y is K3 when b = 2, and Kodaira dimension 1 when b > 2. In fact, one can show that
E132,E1 42, E23.2, E24, are sections (and (—b)-curves) for an elliptic fibration ¥ — P! and the
complement of them in the support above of Ky give two I;. singular fibers (using Kodaira notation).

Example 6.10. Let b > 1. Consider w* =28b+ 1, u; =1, up =2, u3 =4, and g = 28b — 6. Then
over p; j we have:

(P12) (1, w*—2)and [2,...,2,3] with (146 — 1) 2s.
(p13) —=(1,7b) and [5,2, ..., 2] with (7b— 1) 2s.
(P14) ==(1,7)and [4b+1,2,2,2,2,2,2].

(P23) (1, w*—2)and [2,...,2,3] with (14b — 1) 2s.
(P2.4) (1, 14b+4) and [2,2b+1, 3,2, 2].

(p3.4) —=(1,7b+2) and [4,b+1,2,2,3].

One can also compute that L's = L'5 = L'; = —2 and L'3 = —1. The configuration of all these curves
is shown in Figure 10.
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One can verify that o; j x + B; jx >4 for all i, j, k. Therefore, by the formula above, Ky can be written
with positive coefficients supported in the configuration of curves, so that to obtain the minimal model Y”
of Y we only need to contract L} since (w* —4)/4 > 1 (and see the figure). We compute using the
formulas above K)z,,, =73b—1),e(Y")=63b+ 19, and p,(Y") = 7b. In this way, Y” is of general type
for any b.

We now consider prime numbers w* >> 0 and partitions

w1+ o+ ps + g = w*

with 0 < u; < w*. Let & be the set of all partitions. Then, as we did before, there are smooth projective
surfaces Y constructed as w*-th root covers ¥ — Y’ — P2, and there are infinitely many Kollar surfaces
X (a1, ap, a3, as) birational to each Y. Let X, be a minimal (smooth) model for Y (and so for all
X(ai, az, az, as)). The following is based on [Urzda 2010; 2017]:

Theorem 6.11. There is ¥’ C S with |¥'|/w* — 0 as w* > 0 such that, if {1, n2, 13, pa} € L\, then
X min s a simply connected surface of general type with K imin /e(Xmin) = 1 as w* > 0.

Proof. By Proposition 5.6, we have e(Y) = w* 4+ 2+ ij I(wi, mj; w*), and

K} =w*+ % +4+ Z 125 (piy pjs w*) =1, pj; w*).
i<j
Notice that by Theorem 4.1 in [Urzda 2017], both e(Y) > 0 and K )2, >> 0. In particular Y is of general type
by classification of algebraic surfaces. We also note that Ky’ is ample since it is numerically (1 —4/w™)
times the pull-back of the class of a line. Thus, by Theorem 4.3 in [Urzta 2017], the number of potential
(—1)-curves to be contracted over w* tends to zero as w* approaches infinity, and so X, satisfies
K% /e(Xmin) = 1as w* > 0. O
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Représentations de réduction unipotente
pour SO(2n+1)
I1l: Exemples de fronts d'onde

Jean-Loup Waldspurger

Soit G un groupe SO(2n + 1) défini sur un corps p-adique. Nous calculons le front d’onde des repré-
sentations irréductibles anti-tempérées de G (F') qui sont de réduction unipotente. Le front d’onde d’une
telle représentation est I’orbite orthogonale duale a I’orbite symplectique qui intervient dans le parametre
d’ Arthur de cette représentation.

Let G be a group SO(2n + 1) defined over a p-adic field. We compute the wave front set of the
antitempered irreducible representations of G (F) which are of unipotent reduction. The wave front set
of such representations is the orthogonal orbit dual to the symplectic orbit appearing in the Arthur’s
parametrization of the representation.
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Introduction

Cet article est la suite de [Waldspurger 2018 ; 2016b]. Le corps de base F est local, non-archimédien
et de caractéristique nulle. On note p sa caractéristique résiduelle. Un entier n > 1 est fixé pour tout
I’article. On suppose p > 6n + 4. On introduit les groupes Giso et G, suivants. Le groupe Gigo est le
groupe spécial orthogonal d’un espace Vis, de dimension 2n + 1 sur F muni d’une forme quadratique
QOiso et Gy, est le groupe spécial orthogonal d’un espace V,, de dimension 27+ 1 sur F muni d’une forme
quadratique Q,,. Le groupe Gis, est déployé et G4, en est la forme intérieure non déployée. Pour un indice
f = 1iso ou an, on note Irryy;p,z I’ensemble des classes d’isomorphismes de représentations admissibles
irréductibles de G;(F) qui sont tempérées et de réduction unipotente, cf. [Waldspurger 2018, §1.3]

MSC2010: 22ES50.
Mots-clefs : representation of unipotent reduction, dual orbit, wave front set, unipotent orbit.
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pour la définition de cette propri€té. On note Irryyip la réunion disjointe de Irrypip,iso €t IrTrunip,an. Pour
une partition symplectique A de 2n, fixons un homomorphisme algébrique p;, : SL(2; C) — Sp(2n; C)
paramétré par A, cf. [Waldspurger 2018, §1.3]. On note Z (1) le commutant dans Sp(2n; C) de I’image
de p;. Soit s € Z(A) un élément semi-simple dont toutes les valeurs propres sont de module 1. On note
Z (s, ) le commutant de s dans Z (1), Z(A, s) son groupe de composantes connexes et Z(A, s)" le groupe
des caracteres de Z(A, s5). La paramétrisation de Langlands prend la forme suivante, cf. [Waldspurger
2018, §1.3] : Irrypip est paramétré par I’ensemble des classes de conjugaison (en un sens facile a préciser)
de triplets (A, s, €), ot A et s sont comme ci-dessus et € € Z(s, A)”. On note Jttwnip cet ensemble de
triplets. Ce paramétrage a été obtenu par différents auteurs : Lusztig [1995], Mceglin [1996b, théoréeme 5.2]
et Arthur [2013, théoréeme 2.2.1] dans le cas du groupe Giso.

Dans [Mceglin et Waldspurger 2003; Waldspurger 2016b], on a montré que les représentations
construites par Lusztig vérifiaient les propriétés de compatibilité a 1’endoscopie qui les caractérisent.
En particulier, dans le cas du groupe Giso, ces représentations sont les mémes que celles d’ Arthur.
Pour (A, 5, €) € Jrrwpip, on note (A, s, €) la représentation tempérée qui lui est associée par Lusztig.
L’involution introduite par Zelevinsky dans le cas du groupe GL(n) a été généralisée par Aubert et par
Schneider et Stuhler aux groupes réductifs quelconques. On la note D et on pose § (A, s, €) = D(mw (A, s, €)).

Soit § = iso ou an et soit 77 une représentation admissible irréductible de G (F). Notons g; 1’algebre
de Lie de G. Harish-Chandra a prouvé que, dans un voisinage de 1’origine, le caractere de , descendu
par I’exponentielle a g;(F), était combinaison linéaire de transformées de Fourier d’intégrales orbitales
nilpotentes. Fixons une cloture algébrique F de F et notons A/ (rr) I’ensemble des orbites nilpotentes ©
dans gu(F ) vérifiant la condition suivante : il existe une orbite nilpotente O dans g;(F'), qui est incluse
dans O et qui intervient avec un coefficient non nul dans le développement ci-dessus du caractere de 7.
On dit que 7w admet un front d’onde si A/ (;r) admet un unique élément maximal. Dans ce cas, on dit que
cet élément maximal est le front d’onde de 7. Les orbites nilpotentes dans g, (F) sont paramétrées par les
partitions orthogonales de 2n + 1 et nous identifierons ces deux ensembles. On conjecture (ce qui est
peut-étre hasardeux) que toute représentation admissible irréductible admet un front d’onde. Signalons
que, dans le cas ot le corps de base est non pas p-adique, mais réel, la notion de front d’onde est également
définie et se révele importante, cf. par exemple [Barbasch et Vogan 1985].

En modifiant quelque peu une construction de Spaltenstein, on définit une “dualité” qui envoie une
partition symplectique A de 2n sur une partition orthogonale d(X) de 2n + 1. La partition d()) est toujours
spéciale et la dualité d n’est pas bijective (par contre, sa restriction au sous-ensemble des partitions
symplectiques spéciales de 2n est une bijection entre cet ensemble et celui des partitions orthogonales
spéciales de 2n + 1). On démontre dans cet article le résultat suivant.

Théoreme. Soit (X, s, €) € Ttvynip. Alors la représentation §(A, s, €) admet un front d’onde et celui-ci
est la partition d(\).

Remarquons que 1’on retrouve dans notre cas particulier le théoréme 1.4 de [Mceglin 1996a] : ce front
d’onde est une partition spéciale. Notre théoréme n’est pas tres nouveau. Mceglin [1996b, théoréme 3.3.5]
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a démontré un résultat similaire. Ses hypotheses étaient plus générales que les notres. D’une part, elle
considérait tous les groupes classiques et pas seulement les groupes spéciaux orthogonaux. Surtout, elle
considérait les représentations dont le parametre de Langlands, sous sa forme habituelle, se restreint
au groupe de Weil en une somme de caracteres d’ordre au plus 2, éventuellement ramifiés. Nous nous
limitons au cas de réduction unipotente, ce qui exclut les caractéres ramifiés. Toutefois, notre résultat
n’est pas inclus dans celui de [Mceglin 1996b] : avec nos notations, celui-ci suppose que les termes de A
sont tous distincts. La démonstration est aussi entierement différente.

Soit (A, s, €) € Jtrynip, et posons § = §(A, s, €). Notons #f I'indice iso ou an tel que § soit une
représentation de G;(F'). Dans [Waldspurger 2016a], on a donné une formule qui calcule la restriction du
caractere de 6 aux éléments compacts de G (F) (ceux qui sont contenus dans un sous-groupe compact).
A fortiori cette formule calcule la restriction du caractere a un voisinage de I’origine. Cette restriction
est somme de distributions que 1’on peut calculer si I’on connait les restrictions de § aux différents sous-
groupes compacts maximaux de G4(F), ou plus exactement les représentations des groupes “résiduels”
qui s’en déduisent. La construction de Lusztig donne les renseignements voulus. A partir de 13, en utilisant
de nombreux travaux de Lusztig (faisceaux-caracteres, correspondance de Springer généralisée, etc.), on
traduit I’assertion a démontrer en termes de représentations de groupes de Weyl. Il s’agit en gros de savoir
quelles sont les représentations qui peuvent intervenir dans certaines restrictions d’une représentation
d’un produit de groupes de Weyl déterminée par 6. C’est un probléme combinatoire que nous avons
longuement étudié dans [Waldspurger 2001] et les résultats de cette référence permettent de conclure.

Remarque. Dans [Waldspurger 2001], le groupe était supposé non ramifié, ce qui est le cas de Gig, mais
pas de G,,. En fait, cette hypothése ne servait qu’a utiliser des résultats d’homogénéité qui n’étaient
alors connus que sous cette hypothese restrictive. Ils sont maintenant connus sans cette hypothese, cf.
[DeBacker 2002], et la plupart des résultats de [Waldspurger 2001], en particulier ceux que 1’on utilisera,
s’étendent au cas général.

Evidemment, il serait tentant d’appliquer la méme méthode non pas 2 la béte représentation 8(%, s, €),
mais a la représentation tempérée 7 (X, s, €). Indiquons ol est le probleme. Les représentations des groupes
“résiduels” associés a §(X, s, €) sont bien calculées par Lusztig, mais en termes de représentations de
groupes de Weyl peu explicites. Plus précisément, il apparait des représentations non irréductibles dont
la décomposition en composantes irréductibles est dictée par des variantes de polyndmes de Kazhdan-
Lusztig. Ces représentations sont notées p;, . dans notre article, mais il ne s’agit plus du méme couple
A, €, notons-les ici p, ;. Il y a un ordre (partiel) naturel sur I’ensemble des représentations irréductibles
et on controle tres bien le terme minimal du développement de p, ; en composantes irréductibles. I
s’avere que cela nous suffit pour conclure. Si I’on remplace §(A, s, €) par w (A, s, €), les représentations
pv.- sont remplacées par leur produit tensoriel avec sgn, le caractere signe du groupe de Weyl sous-jacent.
Comme on peut s’y attendre, cela inverse I’ordre : on connait le terme maximal du développement de
sgn ®p, . Mais maintenant, ’ordre va dans le mauvais sens et connaitre le terme maximal ne permet
plus de conclure.
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1. Combinatoire

1.1. Partitions et représentations des groupes de Weyl. On appelle partition une classe d’équivalence
de suites décroissantes finies de nombres entiers positifs ou nuls, deux suites étant équivalentes si
elles ne different que par des termes nuls. Pour une telle partition A = (A > Ay > --- > A,), on pose
S =) j=1,..r ~j etonnote /(1) le plus grand entier j tel que A; # 0. Cas particulier : on note & la
partition (0, . .., 0) et on pose /(&) = 0. On note mult, la fonction sur N—{0} telle que, pour tout i dans cet
ensemble, mult, (i) est le nombre d’entiers j tels que A; =i. On pose aussi mult, (> i) = Zi/zi mult, (i).
On note Jord(A) I’ensemble des i > 1 tels que mult, (i) > 1. Soit k € N. A équivalence pres, on peut

supposer r > k et on pose Sg(A) = xAj- Pour N € N, on note P(N) I’ensemble des partitions

i=1,...
A telles que S(A) = N. Plus généralemjent, pour un entier k > 1, on note P (N) I’ensemble des k-uples
de partitions (Aq, ..., Ag) tels que S(A1) + -+ S(Ax) = N. On utilisera plus loin des variantes de cette
notation, par exemple ,szrnp (2N) etc. On définit de la fagon usuelle la transposition A — ‘A dans P(N)
et les applications

A, M) A +Xx et (A, A) > A UM

qui envoient P, (N) dans P(N). On définit un ordre partiel sur P(/N) : pour deux partitions A1, A» € P(N),
A1 < Ay si et seulement si Sg(A1) < Sk(A2) pour tout k € N.

Plusieurs notations ci-dessus se généralisent aux suites finies &« = («y, ..., @) de nombres réels pas
forcément décroissantes. Par exemple, si k est un entier tel que 0 < k <r, on pose Si(«) = Zj=l,...,k aj.
On utilisera aussi la notation a<x = Si(a). Si & et 8 sont deux suites de méme longueur, on note « + B la
suite (a1 4+ B1, ..., & + Br).

Pour tout ensemble X, on note C[X] I’espace vectoriel complexe de base X. Pour tout groupe fini W, on
note W I’ensemble des classes de représentations irréductibles de W. En identifiant une telle représentation
a son caractere, 1’espace C[X] s’identifie a celui des fonctions de W dans C qui sont invariantes par
conjugaison.

Soit N € N. On note G le groupe des permutations de I’ensemble {1, ..., N}. On sait paramétrer S N
par P(N), on note p(X) la représentation irréductible correspondant a une partition A (en particulier la
représentation triviale de Gy est paramétrée par la partition A = (n)). On note sgn le caractere signe usuel
de Sy . Si une représentation irréductible p est paramétrée par la partition A, p ® sgn est paramétrée par ‘A.

On note Wy le groupe de Weyl d’un systeme de racines de type By ou Cy (avec la convention Wy = {1}).
On sait paramétrer WN par P>(N), on note p(«, ) la représentation irréductible correspondant a un
couple de partitions («, 8) (en particulier, la représentation triviale est paramétrée par ((N), ©)).0On note
sgn le caractere signe usuel de Wy et sgn.p, le caractere dont le noyau est le sous-groupe WI(,) d’un
systeme de racines de type Dy. Si une représentation irréductible p est paramétrée par le couple de
partitions (c, 8), p ® sgn est paramétrée par ('8, ‘a) et p ® sgn,, est paramétrée par (B, «).

Supposons N > 1. Pour («, B) € P>(IV), les restrictions a WI{,) de p(«, B) et p(B, o) sont équivalentes.
Si o # B, ces restrictions sont irréductibles, on les note pP(a, B) ou p? (B, @). Si a = B, la restriction
de p(a, @) a ij,’ se décompose en deux représentations irréductibles, que 1’on note p?(a, o, +) et
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pP(a, a, —). Elles sont conjuguées par un élément de Wy — ij,) et on n’aura pas besoin de les distinguer.
Toutes les représentations irréductibles de WI{,) sont ainsi obtenues.

1.2. Symboles. Pour tout ensemble fini X, on note | X | le nombre d’éléments de X. Si X est un ensemble
de nombres, on note S(X) la somme des éléments de X. Pour tout nombre réel x, on note [x] sa partie
entiere.

Soit N € N. Un symbole de rang N est une classe d’équivalence de couples (X, Y) de sous-ensembles
finis de N, vérifiant la condition

2
S+ SO —[(3UXI+1Y|= D) ] =N.
La relation d’équivalence est engendrée par les deux relations (qui préservent I’égalité précédente) :

X, V)~ X,Y) ot X'={x+1;xeXju{0}, Y ={y+1;yeY}u{o};
X, Y)~, X).

Remarque. Par abus de terminologie, on appellera plutét symbole un couple (X, Y) représentant une
classe d’équivalence.

Le défaut d’un symbole (X, Y) est la valeur absolue de |X| — |Y| (il ne dépend que de la classe
d’équivalence de (X, Y)). Pour D € N, on note Sy, p I’ensemble des symboles de rang N et de défaut D.

On regroupe les symboles en familles : deux symboles sont dans la méme famille si et seulement si on
peut les représenter par des couples (X, Y) et (X', Y") telsque XUY =X'UY et XNY =X'NY'. La
parité du défaut est constante sur chaque famille. Toute famille de symboles de défaut impair contient un
unique symbole spécial, c’est-a-dire représenté par un couple (X, Y) de la forme X = (x; > --- > x,41),
Y=(1>--->y)ettel que

XI1Z VI ZX2Z Y22 2 YVr = Xr41-

Toute famille de symboles de défaut pair contient un unique symbole spécial, c’est-a-dire représenté par
un couple (X, Y) delaforme X =(x;>--->x,), Y =1 >--->y,) ettel que

X1 ZY1=X22y22 "2 Yr.
Soit (X, Y) un symbole de rang N. Fixons un entier d majorant les éléments de X U Y. Posons
X' ={d,...,0}—{d—y;yeY}, Y ={d,...,00—{d—x;xeX}.

On vérifie que (X', Y’) est un symbole de rang N. A équivalence pres, il ne dépend pas du choix
de d et ne dépend que de la classe d’équivalence de (X, Y). Cette construction définit une “dualité”
(X,Y)—~d(X,Y)= (X', Y’) dans I’ensemble des symboles de rang N. Cette dualité conserve le défaut
et est involutive : d o d est I’identité. Elle se restreint en une involution du sous-ensemble des symboles
spéciaux. Enfin, deux symboles sont dans une méme famille si et seulement si leurs images par dualité le
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sont. Autrement dit, si (X, ¥) est dans la famille du symbole spécial (X*P, Y*P), alors d (X, Y) est dans la
famille du symbole spécial d(X°P, Y*P).

Soit p € WN. Comme en 1.1, on lui associe un couple de partitions (¢, 8) € P>(N). On choisit un
entier r > [(), [(B). Onpose X =a+{r,...,0}, Y =8+{r—1,...,0}. Alors (X, Y) est un symbole
de rang N et de défaut 1 dont la classe ne dépend pas de r. On pose symb(p) = (X, Y). L’application
symb : Wy —> S .1 ainsi définie est bijective. On a symb(p ® sgn) = d o symb(p).

Soit p € er . Comme en 1.1, on lui associe un couple de partitions (¢, 8) € P>(N). On choisit un
entier r >[(),[(B).Onpose X =a+{r—1,...,0}, Y =84+{r—1,...,0}. Alors (X, Y) est un symbole
de rang N et de défaut O dont la classe ne dépend pas de r. On pose symb(p) = (X, Y). L’application
symb : Wf\? — S0 ainsi définie est surjective. Ses fibres ont un ou deux éléments, celles a deux éléments
étant formées des couples de la forme p (o, o, +), p(a, &, —). On a symb(p ® sgn) = d o symb(p).

1.3. Correspondance de Springer, cas symplectique. Soit n € N. On note PP (2n) I’ensemble des
partitions symplectiques de 2n, c’est-a-dire les A € P(2n) telles que mult, (i) est pair pour tout entier i
impair. Pour une telle partition, on note Jordy,(4) I’ensemble des entiers i > 2 pairs tels que mult; (i) > 1.
Plus précisément, pour un entier k£ > 1, on note J ordﬁp (A) ’'ensemble des i > 2 pairs tels que mult, (i) = k.

On note PY™P(2n) ’ensemble des couples (1, €) olt A € PY™P(2n) et € € {£1}7° ™) La correspon-
dance de Springer généralisée établit une bijection entre P*Y™P(2n) et I’ensemble des couples (p, k) tels
que

keN et k(k+1)<2n; p E Wn—k(k—i—l)/Z-

On note (py ¢, ki) le couple associé a un élément (4, €) € P¥™(2n). L'entier k; . se calcule de la
facon suivante. Notons i > --- > i, > 0 les entiers pairs i tels que mult, (i) soit impair. Posons

h= Y (=11 —ei)).

j=1,...m

Alors k, = sup(h, —h — 1). En particulier, si € = 1, ¢’est-a-dire €(i) = 1 pour tout i € Jordy,(A), on a
kk,l =0et Pl € Wn.

Une partition A = (A1 > Ay > - - - ) € PY™(2n) est spéciale si et seulement si A»;_1 et A5, sont de méme
parité pour tout j > 1. Cela équivaut a ce que ‘A soit symplectique. En notant PSY™P-P(25) I’ensemble
des partitions symplectiques spéciales de 2n, I’application A — ‘A est une involution de PSY™P-SP(2n).
Considérons une partition A € PY™P-P(2n) et définissons i; > - - - > i,,, comme ci-dessus. Si m est pair,
on pose m’ = m; si m est impair, on pose m’ =m + 1 et i,y = 0. On appelle intervalle de A un ensemble
A de I’'une des formes suivantes :

— pourun entier h =1, ..., m’/2, A est ’ensemble des i tels que i =0 oui > 1 et mult, (i) > 1 et

tels que inp—1 >0 > iz

— A ={i} oui estun entier pair tel que i =0 oui > 2 et mult, (i) > 1 et tel qu’il n’existe pas d’entier

h=1,...,m'/2 de sorte que iz;_1 > 1 > iy.
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Parce que A est spéciale, on vérifie que les intervalles sont formés d’entiers pairs (c’est évident dans
le deuxieme cas ci-dessus, un peu moins dans le premier). Ils forment une partition de 1’ensemble
Jordpp (1) U {0}. On ordonne les intervalles : A > A’ sii > i’ pour tousi € A, i" € A’. On note Apy, le
plus petit intervalle (c’est celui qui contient 0). On note Int(A) I’ensemble des intervalles de A.

L’application A > symb(p, 1) est une bijection de P*¥™P-*P(2n) sur I’ensemble des symboles spéciaux
de rang n et de défaut 1. Pour A € P¥™P-5P(2n), on a défini en [Waldspurger 2001, VIII.17] une bijection
fam entre la famille du symbole symb(p, 1) et ’ensemble des

(1,8) € (Z2)27)"™P % (2/22)™*  tels que T(Amin) = 8(Amin) = 0.

Soit A € P¥™P(2n). Il existe une unique partition spéciale sp(A) € PY"P*P(2n) telle que symb(py 1)
et symb(pgp(r),1) soient dans la méme famille. Il est connu que A < sp(A) et que sp(A) est la plus petite
partition symplectique spéciale A’ telle que A < . Plus généralement, on a le lemme suivant.

Lemme. (i) Soit (A, €) € P¥™(2n), supposons k; = 0. Notons sp(X, €) l'unique partition spéciale
telle que symb(p; ¢) et symb(psp(n.e),1) Soient dans la méme famille. Alors A < sp(A, €).

(i) Soit » € PY™PSP(2n). Pour € € {£1}1% M) les conditions suivantes sont équivalentes :
(@) kre=0etsp(h,e) =24;
(b) € est constant sur tout A € Int()) et, dans le cas ot Apin 7 {0}, €(@) =1 pour tout i € Apin—{0}.

(iii) Soit & € PYMPSP(2n). L’application € — fam o symb(p;, ) est une bijection entre I’ensemble des €
décrits au (ii) et le sous-ensemble des

(1,8) € (Z/27)™P) x (7222)™P  tels que § =0 et T(Amin) = 0.
La preuve est similaire a celle du lemme 1.4 ci-dessous.

1.4. Correspondance de Springer, cas orthogonal impair. Soit n € N. On note P°""(2n + 1) I’ensemble
des partitions orthogonales de 2n + 1, c’est-a-dire les A € P(2n + 1) telles que mult, (i) est pair pour tout
entier i > 0 pair. Pour une telle partition, on note Jordy, () I’ensemble des entiers i > 1 impairs tels que
mult, (i) > 1. Plus précisément, pour un entier kK > 1, on note Jord]gp (A) I’ensemble des i > 1 impairs tels
que mult, (i) = k.

On note P°™(2n 4 1) I’ensemble des couples (4, €) ot A € PO™M(2n 4 1) et € € ({1} P /{41},
le groupe {1} s’envoyant diagonalement dans {4-1}'9%»®) En pratique, on relévera € en un élément de
{£1})°or9% ™) Sauf indication contraire, les formules que nous écrirons ne dépendront pas du choix de
ce relevement. La correspondance de Springer généralisée établit une bijection entre P21 4 1) et
I’ensemble des couples (p, k) tels que

keN, k& estimpair et k> <2n+1; pE Wn—(k2—1)/2-
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On note (0 ¢, kx.e) le couple associé a un élément (X, €) € Poth(2n 4+ 1). Lentier kj. e se calcule de la
facon suivante. Notons i > - - - > i, les entiers impairs i tels que mult; (i) soit impair. Posons

h= Y (=1 —eG)).
j=1,.m

Alors kj = |h+ 1]. En particulier, si € = 1, c’est-a-dire € (i) = 1 pour tout i € Jordy,(A), onak, 1 =1et

Pir,1 € Wn-

Une partition A= (A1 > Ap > ---) € Porth (2 4 1) est spéciale si et seulement si A; est impair et Ay;
et A2j4+1 sont de méme parité pour tout j > 1. Cela équivaut a ce que ‘A soit orthogonale. En notant
Pothsp (2 4 1) I’ensemble des partitions orthogonales spéciales de 2n + 1, ’application A — ‘A est une
involution de PP (2 4 1). Considérons une partition A € P°"P(25 4 1) et définissons i; > - - - > iy,
comme ci-dessus. L’entier m est forcément impair. On appelle intervalle de A un ensemble A de I'une
des formes suivantes :

— pour un entier h =0, ..., (m —1)/2, A est I’ensemble des i > 1 tels que mult, (i) > 1 et tels que

iop >0 > i1, avec la convention iy = 00;

— A = {i} ou i est un entier impair tel que mult, (i) > 1 et tel qu’il n’existe pas d’entier &1 =

0,...,(m—1)/2 de sorte que iz, =1 > izp41-

Parce que X est spéciale, on vérifie que les intervalles sont formés d’entiers impairs. Ils forment une
partition de I’ensemble Jordy,(A). On ordonne les intervalles comme dans le cas symplectique. On note
Amin le plus petit intervalle et Ay« le plus grand. On note Int(A) I’ensemble des intervalles.

L application A — symb(p;_1) est une bijection de P°"™P(2n+-1) sur I’ensemble des symboles spéciaux
de rang n et de défaut 1. Pour A € P°"5P(2;4-1), on a défini en [Waldspurger 2001, VIIL.19] une bijection
fam entre la famille du symbole symb(p; 1) et ensemble des (, §) € (Z/2Z)™*® x (7/27)™*) tels
que T(Amax) = 5(Amin) =0.

Soit A € PO (25 4-1). Il existe une unique partition spéciale sp(L) € Porthsp (2 41) telle que symb(po;. 1)
et symb(pgp(r),1) soient dans la méme famille. Il est connu que A < sp(A) et que sp(A) est la plus petite
partition orthogonale spéciale A’ telle que A < A". Plus généralement, on a le lemme suivant.

Lemme. (i) Soit (A, €) € PO (2n+1), supposons k;_ = 1. Notons sp(A, €) 'unique partition spéciale
telle que symb(p;, ) et symb(posp(se),1) Soient dans la méme famille. Alors A < sp(A, €).

(i) Soit » € POMSP(2n 4 1). Pour € € {£1})°9%®) | les conditions suivantes sont équivalentes :
(@) kie = 1etsp(h, €) = i;
(b) € est constant sur tout A € Int(L).

(iii) Soit A € Po"™P(2n 4+ 1). L’application € — fam o symb(p; () est une bijection entre [’ensemble
des € décrits au (i), modulo le groupe diagonal {£1}, et le sous-ensemble des

(1,8) € (Z)27)™P x (722)™®  tels que § = 0 et T(Amay) = 0.
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Preuve. Soit (A, €) comme en (i). On peut supposer A = (A, ..., Ayp4+1). Dans la suite A + {2n, ..., 0},
il y a n nombres pairs notés 2z; > - - - > 2z, et n + 1 nombres impairs notés 2z} +1>--->2z , +1.
Onnote z = (z1,...,24) et 2’ = (2}, ..., 2, ) puis

A =7+ 00=@],....d ). B =z+{n—1,...,00=@®}....00.

On vérifie que

ta gt s ;
ai=biza5> - =bh>a, . (1)

On voit aussi qu’il y a une unique bijection croissante i — X; entre 1’ensemble Jordy,(A) et celui des
sous-ensembles non vides de (A% U B?) — (A* N BY) formés d’entiers consécutifs, et maximaux pour cette
propriété. Posons

A= <Aﬁ_ U (zimﬂ))u( U (EiﬂBﬁ)),
1

i€Jordpp(A),6;=— i€Jordpp(1),6;=—1

B = (Bﬁ — U (N Bﬂ)) U ( U (=N Aﬁ)).
ie]ordbp(k),ei:—l ieJordbp(k),e,-:—l
Si on multiplie € par I’élément diagonal —1, on échange A et B. On peut donc choisir le relevement €
de sorte que |A| > |B|. L’hypothese k; = 1 entraine alors que |A| =n + 1 et |B| = n. On définit les
suites X = (x1, ..., xprp) et Y =, ...,y par X+{n,....,0l=AcetY+{n—1,...,0} = B. Alors
Symb(lo)\,é) = (Xv Y)
Soitk € {1,...,2n+ 1}. On va majorer S (A) en fonction de (X, Y). Tout d’abord

Sk(A) = Sk(A+1{2n, ..., 00) — Jk(dn+1—k). )

Notons j; < --- < jy les indices j tels que A; soit impair et i < --- < h, les indices i pour lesquels A,
est pair. Puisque la somme des A ; vaut 2n + 1 qui est impair, s est impair et # = 2n + 1 —s est pair. Puisque
tout nombre pair non nul intervient avec multiplicité paire, la parité de ¢ entraine que O intervient aussi
avec multiplicité paire. Il en résulte aussi que /o = hy—1+ 1 pourtoutr =1,...,¢/2. Pourr=1,...,s,
il y a j, —r termes A; qui sont pairs et strictement supérieurs a A ;. Puisque ces termes interviennent avec
multiplicité paire, j. est de méme parité que r. Soient s € {1,...,s} et € {1, ..., ¢} les plus grands
entiers tels que j;, <k et h;, <k.On a sy +t, = k. Les k premiers termes de A 4 {2n, ..., 0} sont les

Aj,+2n+1—j, pouru=1,...,s, 3)
Ap,+2n+1—h, pourv=1,..., . (@)

D’apres les propriétés de nos suites, il y a [(sx 4+ 1)/2] éléments impairs et [si /2] éléments pairs parmi
les éléments (3). Si # est pair, il y a # /2 éléments impairs et #; /2 éléments pairs parmi les éléments (4).
Si . est impair et h;, est pair, il y a (t + 1)/2 éléments impairs et (f; — 1)/2 éléments pairs parmi les
éléments (4). Si #; est impair et h,;, est impair, il y a (f; — 1)/2 éléments impairs et (f 4+ 1)/2 éléments
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pairs parmi les éléments (4). En réunissant les deux types d’éléments, on voit que, parmi les k premiers
termes de A + {2n,...,0}, il y a [(k+ 1) /2] 4+ n termes impairs et [k/2] — n termes pairs, ou
— n =15si # et s, sont impairs et &, est pair,
— n = —1si# et hy, sont impairs et s est pair,
— 1 = 0 dans les autres cas.
Les k premiers termes de A + {2n, ..., 0} sont donc 2z} +1, ..., ZZE(HU/Z]JF77 +1et2zy,...,22%2-9-
Supposons Ay impair. Alors j;, = k. On a dit que s est de la méme parité que j,, donc que k, donc
ty = k — s¢ est pair. Donc n = 0 et il résulte de la description ci-dessus que

Sc(i+{2n, ..., 0)) = 2841212 + [k + 1) /2] + 28121 (2). (5)

Supposons A pair. Alors h,, = k. Si n =0, le calcul est le méme que ci-dessus et on a (5). Supposons
n = 1. Alors k = h,, est pair et les k premiers termes de A + {2n, ..., 0} sont 2z’1 +1,..., 2z,/(/2Jrl +1et
221, ..., 2zx2—1. Le dernier de ces termes est Ax+2n+1—k qui est impair, donc ¢’est 2Z;</2+1 +1. Mais, #;,
étant impair, ona hy, 1 =h, +1=k+1 et Ay = Ag41. Le k+1-iéme terme de A+{2n, ..., 0} est Ay +2n—k
qui est pair, c’est donc le premier terme pair strictement inférieur a 2z; > 1, autrement dit, c’est 2zy 2.
Les égalités Ay +2n+1—k = 2z;{/2+1 + 1 et Ay +2n — k = 2z;, entrainent Z;</2+1 = zx/2. Les k premiers
termes de A + {2n, ..., 0} sont donc aussi bien 2z} +1, ..., 222/2 +1let2zy,...,22k2-1,22k2+ 1. On
obtient alors

Sk(A+1{2n,...,0}) =281k+1)/21(Z) + [k + 1) /2] + 1 + 2821 (2). (6)
Supposons maintenant n = —1. Alors k = h;, est impair et les k premiers termes de A + {2n, ..., 0}
sont 277 +1,..., 2Z/(k71)/2 + 1 et2zy,...,22¢+1)/2. Le dernier de ces termes est Ax +2n + 1 —k qui
est pair, donc c’est 2z(t41)/2. Comme ci-dessus, on a Ay = Ag41. Le k+1-ieme terme de A + {2n, ..., 0}

est A + 2n — k qui est impair, c’est donc le premier terme impair strictement inférieur a 222,{_1) T 1,
autrement dit, c’est 2z2k+1)/2 + 1. Les égalités Ay +2n+1—k =2z4np et Ar +2n—k = 2z2k+1)/2 +1
entrainent Z2k+1)/2 + 1 = zZ41)/2. Les k premiers termes de A + {2n, ..., 0} sont donc aussi bien
227 +1, ..., 2Z2k71)/2 +1, 2z2k+1)/2 +2et 2z, ...,2z@#-1),2. On obtient encore (6).

Supposons encore A pair. Puisque h;, = k = s; + #, les conditions de parité sur # sont redondantes
dans la définition de 7. On voit que n = %1 si et seulement si kK + s est impair. On voit aussi que s; est
de la mé&me parité que Si(1). On a obtenu que, si Sx(A) + k est pair, on a la formule (5) tandis que, si
Sk (X) + k est impair, on a la formule (6). Posons alors, pour k=1, ...,2n+1,

V(X)) =1  si At est pair et Sg(A) + k est impair, Vp(A) =0 sinon.
On a la formule générale :

Sk(A+{2n, ..., 00) = 281k+1)/21(@) + [(k + 1) /2] + v (A) + 28k /21 (2)- (7
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Remarquons que, d’apres le calcul ci-dessus, on a
sivg(A) =1, alorsk <2netApy; = Ag. (8)

D’apres la définition des termes A et B, on a les égalités

Sik+1)/21(2) = Siar1y/21(AY) — [(k+ 1)/212n + 1 — [(k + 1)/21)/2,
Sik/21(2) = Siky2(B®) — [k/212n — 1 — [k/2]) /2.

Avec les formules (2) et (7), on obtient
Sk(h) = 28ja1)/21(A") +281k/21(BF) + v (M) + ex,

oll ¢; est un nombre qui ne dépend pas de A. Notons A L B la réunion des suites A” et BY, les termes
étant rangés en ordre décroissant mais comptés avec leur multiplicité (c’est-a-dire qu’un terme intervenant
dans les deux suites intervient avec multiplicité 2). La propriété (1) entraine que la réunion (en ce sens)
des [(k + 1)/2] plus grands termes de A? et des [(k — 1)/2] plus grands termes de B” n’est autre que la
suite des k plus grands termes de A® LI B*. La formule précédente se récrit

Si(r) = 28k (AL B®) 4+ v (A) + .

Avec une définition similaire, on a A® L B = A U B, donc aussi Si(A? U BY) = Sy (A U B). 1l existe deux
entiers e, f € N tels que e + f = k et que la famille des k plus grands éléments de A LI B soit la réunion
des familles des e plus grands éléments de A et des f plus grands éléments de B. Alors

Sk(AUB) = S.(A) + Sy¢(B). ©))

Par définition de X et Y, on a

Se(A) = S.(X)+e@n+1—e)/2, S;(B)=S;Y)+ fQn—1—[)/2.

Sk(A) = 28.(X) +2S,(Y) + (M) —e(2—e) — f2+ ¢,

oll ¢; = ¢ + (2n — 1)k est indépendant de X. Le terme S.(X) 4+ S;(Y) est la somme de k termes de la
famille X L1 Y, donc il est majoré par la somme des k plus grands termes de cette famille :

Se(X)+Sp(Y) < Sp(XUY). (10)

D’ou
Sp(A) <28 (X UY) 4+ ve(h) —e(e —2) — f2+c). (11)
Posons A = sp(A, €). Reprenons le calcul en remplacant (A, €) par (4, 1). On souligne les objets

associés a cette paire. Parce que le caractére € est remplacé par 1, on a les égalités A = A%, B = B*
et 'on voit que e = [(k + 1)/2] et f = [k/2]. Parce que le symbole (X, ¥) est spécial, la réunion des
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[(k 4+ 1)/2] plus grands termes de X et des [k/2] plus grands termes de Y n’est autre que la famille des k
plus grands termes de X LY. L’analogue de I'inégalité (10) est donc une égalité et on obtient

Sk =28 (X UY) + v () — [(k+ 1) /21([(k +1)/2] = 2) — [k/2)* +c}.

Par définition de sp(%, €), les symboles (X, Y) et (X, Y) sont dans la méme famille, d’ou X LUY = X UY.
En comparant (11) avec I’égalité ci-dessus, on obtient

Sk(h) < Sk + 1k () —e(e—2) — 2 —ve) + [k + /2K + 1D /2]1 = 2) + [k/2.  (12)
On vérifie que, pour deux entiers e, f tels que e+ f =k, on a
ele—2)+ f7 = [(k+1)/21([(k +1)/2] —2) + [k/2]%,

I’égalité n’étant vérifiée que pour les couples (e, f) = ([(k + 1)/2], [k/2]) ou, si k est pair, (e, f) =
(k/2+1,k/2—1). On obtient

Sk(A) = Sk(X) + v (A) — vk (D). (13)

Supposons S (1) > Si(A). L’'inégalité précédente force vy (1) = 1. Donc A est pair, k+ S (1) est impair et,
d’apres (8), Ag+1 =Ag. Les entiers k—1+S;_1(A) et k+1+4Sg+1 (1) sont pairs, donc vg_1(A) = vy () =0.
L’inégalité (13) entraine donc Sy (A) < Sg—1 (L) et Sg+1(A) < Sp41(A) (pour Etre précis, si k = 1, notre
calcul ne s’applique pas a k — 1 mais, dans ce cas, I’inégalité Sy(L) < Sp(A) est triviale). Les deux
inégalités Sx_; (X)) < Sp—1(1) et Sp(X) > Sk (A) entrainent Ag > Ag. Donc Agy; = Ag > Ax > Agyy. Alors
I’inégalité S; (1) > S (A) entraine Sgy1(X) > Spt1(L), contrairement a ce que 1’on a vu ci-dessus. Cette
contradiction prouve I’inégalité Si(A) < Sx(A). Cela étant vrai pour tout k, on conclut A < A, ce qui
démontre le (i) de 1’énoncé.

Supposons maintenant A spéciale et A = A. Considérons 1’inégalité (12) pour k impair. Les termes
relatifs a A et A s’annulent et il reste

ele=2)+ 2 < ((k+1)/2)((k+1)/2=2) + ((k = 1)/2).

Comme on I’a dit, cela entraine que e = (k+1)/2 et f = (k — 1)/2. Parce que A est spéciale, on calcule
facilement les termes A? et B, Puisque X est impair, le terme A| + 2n 1’est aussi, donc c’est 2Z’1 + 1.
Pour h =1, ..., n, les termes Ay, et Ay sont de méme parité donc les termes Aoy +2n + 1 —2h et
A2n+1+2n — 2h sont de parité opposée. Par récurrence, ce sont les termes 2z, et 2z;, . ; + 1. Cela permet
le calcul des termes zj et z}l Iy puis des termes afl 4 €t bfl. On obtient

al = —1)/2+2n,
b;ﬁ, = a2+1 = A /24+2n—2h pour h=1,...,n, si Ay, = Ayp4 est pair,
bl = (an+1)/242n—2h  si Ay, et Ayyq1 sont impairs,

ap,, = ons1 — 1)/2+2n—2h  si Ay et hyyqt sont impairs,
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Considérons I’intervalle maximal Ap,x de A. Notons ses éléments i; > - - - > i;. [ls sont impairs. Les
multiplicités de iy, ..., i;—1 sont paires et celle de i; est impaire. On note ces multiplicités

2my, ..., 2m;_1,2m; + 1.

L’intervalle correspond aux éléments suivants de A® LI BY :

f ft i i f ft it i f i ft f
a, >b| > >a, > bm] >y > bm]Jrl > >a, > bm§2 > >y >bm§f,.+1 > >bmSr >0y, 1

(on rappelle que m<; = m| + - - - 4+ m;). Supposons que € ne vaut pas 1 sur Apax. Soit s le plus petit
élément de {1, ..., t} tel que €(iy) = —1. Appliquons I’égalité (9) a k =2m,_; + 1. Comme on I’a dit
plus haut,onae =m<;_1 4+ 1, f =m<,_1. On obtient

aj+-ta, D 4D

M<s—1

:al+...+am§rl+1+b1+"'+bm5rl‘

Par construction de A et B et par définition de s, les termes de ces ensembles sont égaux 2 ceux de A et
B jusqu’a I'indice m~,_ et 1’égalité précédente devient

# —
amss_l-i-l - amfsfl‘i‘l'

Par contre, passer de (A%, BY a (A, B) échange les termes correspondant a I’entier i;. Hormis le cas s = ¢

— _
etm, =0,onadonc ay__,+1 = bm53_|+1'

AP L1 B¥ qui n’est pas dans I’ensemble écrit ci-dessus. Dans tous les cas, on obtient Am_g+1 < aﬁk il

ce qui contredit 1’égalité de ces termes prouvée ci-dessus. Cette contradiction conclut : € vaut 1 sur Apx.

Quand s =1 et m; =0, a;y_,_ 41 est un terme de la famille

Considérons maintenant un intervalle A # Apax. On note ses éléments i; > - - - > i;. Le premier indice
J tel que A; =1i; est forcément pair. Notons le 2u. Si t = 1, la multiplicité de iy est paire. On la note 2m.
Alors Dintervalle correspond aux éléments suivants de A L B :

g 8 g i
by<a, < <b .1 <duip-

Si ¢t > 1, les multiplicités de i; et i; sont impaires et, pour 1 < s < ¢, celle de i; est paire. On les note
respectivement 2m 4 1, 2m; + 1, 2m;. Alors I'intervalle correspond aux éléments suivants de APu BY:

-<(lri

#
- < b u+m<i+1°

#
<a U+nm<p_

u+m§2+l < <

8 gt o< bE 1 coo< bf 4 ..
b, <a, < < bqum1 <y 41 < <b Aoy 41 <

u+m<p

Supposons par récurrence que € est constant sur tout intervalle strictement supérieur a A. Pour ces
intervalles, ou bien on ne change pas les termes de A* et B¥ leur correspondant, ou bien on les échange.
Mais on voit ci-dessus que chaque intervalle contribue autant a Ay qu’a By. Cela ne perturbe pas les
numérotations des termes postérieurs, on veut dire par 1a que la contribution a A (resp. B) de I’intervalle
A commence par a, (resp. b,). Si A est réduit a i1, on n’a rien a démontrer : € est forcément constant
sur A. Supposons ¢t > 1 et que € ne soit pas constant sur A. Notons s le plus petit élément de {2, ..., ¢}
tel que €;, , # €. Appliquons I’'égalité (9) a k = 2u — 1 (on sait qu’alorse =u et f =u —1)eta
k=2u+2m<;_1+1 (onsait qu’alors e =u +m<;_1+1et f =u-+m<,_1). Par différence, on obtient

blg + aft-‘r] +-t bﬁ‘f‘mgsfl + a5+m§s—l+1 = bu + Ayu+1 +-oo bu""mfsfl +au+m§x—l+1' (14)
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Supposons d’abord €(i;_1) = 1 et €(iy) = —1. Les termes de I’ensemble A sont égaux a ceux de A"
entre les indices u + 1 et u +m—;_1. Les termes de 1’ensemble B sont égaux a ceux de B* entre les
indices u et u +m<,_;. L’égalité (14) devient

f _
au—O—mS_]-H = Qutmey_1+1-

Parce que €;, = —1, on échange les termes correspondant a I’entier ;. Hormis le cas s =7 et m; =0, on a
donc

_ 3t
Qutmes 1+1 = bu—l—mfs,l—i-l'

Sis=rtetm; =0, ay1m_,_,+1 estun terme de la famille A¥ U BF qui est au-dela de ceux écrits ci-dessus.

Dans tous les cas, on obtient a, ., 41 < da*

wim-,_+1 €& qui contredit I’égalité de ces termes prouvée
<s—

ci-dessus.
Supposons maintenant €(is_1) = —1 et €(i;) = 1. Les entiers iy, ..., i;—1 contribuent & A et B en
échangeant leur contribution 4 A% et B¥. D’ou

— pt _pt _ B _ B
et =bys oo Gugme 1 =Dy bu=a, ., s bugmo 1 =y -

L’égalité (14) devient
_ B
b”""mis—l - au—l—msx,l—i-l'
Par contre, 1’entier i; contribue par les mémes termes 2 A et A* comme & B et B®. Mais les indices sont
décalés et on a

_ B
Autmas 142 = au+m5S,1+1

et, hormis le cas s =t et m; =0, byym_,_, = bi+m53,1+1- Sis=tetm; =0, bytm_,_, estun terme de la
famille A"LiB* qui est au-dela de ceux écrits ci-dessus. Dans tous les cas, on obtient butm_,_, < “5 eyt

ce qui contredit 1’égalité de ces termes prouvée ci-dessus.

Ces contradictions prouvent que € est constant sur A. Cela prouve que, sous les hypotheses du (ii) de
I’énoncé, la condition (a) implique (b).

Soit maintenant (A, €) € P (2n + 1), supposons A spéciale et € constant sur les intervalles de A. En
notant iy > - - - > i, les éléments de Jordy, (A) intervenant avec multiplicit€ impaire, on a € (iz,) = € (i241)
pour tout h =1, ..., (m — 1)/2. La recette indiquée plus haut pour calculer k, . montre que cet entier
vaut 1. Relevons € en I’élément de {#1}7°9®) qui vaut 1 sur le plus grand intervalle. On a calculé
ci-dessus les termes A®, B®, A, B. Remarquons que les deux premiers sont aussi les termes A et B
associés a (A, 1). On en déduit facilement les termes X, ¥, X et Y. On voit que les ensembles suivants
contribuent de la méme facon a X et X comme a Y et Y :

— Dl’intervalle maximal ; sa contribution est de la forme

XI1=YV1=>X2=Y2> "> Xy = Yu = Xy+1;

— tout couple Ay, Aopy1 d’éléments pairs donc égaux ; sa contribution est de la forme y, = xp41;
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— tout intervalle non maximal sur lequel € vaut 1; sa contribution est de la forme
Yu = Xu+1 = Yu+1 =+ = Xy = Yy > Xy+1-
Par contre, la contribution a X et Y d’un intervalle sur lequel € vaut —1 est de la forme
Yu = Xut1 = Yu+1 > - > Xy = Yo > Xo+l,
tandis que sa contribution a X et Y est
Xu4+1 = Yu = Yu = Xu4+1 = Xu42 = Yu+1 = = * = Yo—1 = Xo = Xp4+1 = Yo > Yo = Xo+1-

Il est immédiat que X LY = X L1 Y, autrement dit les symboles (X, Y) et (X, Y) sont dans la méme
famille. Cela prouve que A = sp(, €), donc que la relation (b) du (ii) de I’énoncé entraine la relation (a).

Conservons les hypotheses sur (A, €). On releve € comme ci-dessus. Posons (7, §) = fam o symb(p; ).
En utilisant la description du symbole (X, Y) faite ci-dessus et la définition de I’application fam de
[Waldspurger 2001, VIII.19], on calcule, pour tout intervalle A :

— 8(A)=0;
— 7(A)=0sievaut 1 sur Aet t(A) =1 sie€ vaut —1.
Le (iii) de 1’énoncé s’en déduit. ]

1.5. Correspondance de Springer, cas orthogonal pair. Soit n € N. On note P°"(2n) I’ensemble des
partitions orthogonales de 2n, c’est-a-dire les A € P(2n) telles que mult, (i) est pair pour tout entier i pair.
Pour une telle partition, on note Jordy,(A) I’ensemble des entiers i > 1 impairs tels que multy (i) > 1. Plus
précisément, pour un entier k > 1, on note Jord{‘)p (1) I’ensemble des i > 1 impairs tels que mult, (i) = k.

Pour A € P°™(2n), disons que A est exceptionnelle si Jordpp(A) = &. Sin > 0, on introduit I’ensemble
POt (25) formé des partitions A € Pt (21) non exceptionnelles et des paires (A, +) et (A, —) pour les
partitions A € P°"(2n) exceptionnelles.

Justifions cette définition. Notons Fq une cloture algébrique de [, et O(2n) le groupe orthogonal
évident sur ﬁq. L’ensemble P°™"(2n) parametre les classes de conjugaison unipotentes par 0(2n)(Fq) dans
SO(Zn)(Fq). Mais il arrive que de telles classes se coupent en deux classes de conjugaison par SO(2n)(Fq).
Cela arrive précisément quand la classe est paramétrée par une partition A exceptionnelle. Alors I’ensemble
Porth(2p) parametre les classes de conjugaison unipotentes par SO(2n)(E]) dans SO(2n)(Fq). Sin=0,
on pose P°"(0) = P°™(0) = {@}. I y a en tout cas une application évidente de P°""(2n) dans P°™(2n).
Si A est un élément de P°™(2n), on note sans plus de commentaire A € P (27) son image.

On note P°™(2n) I’ensemble des couples (A, €) ot A € P™(2n) et € € ({1} ™) /{4-1}, le groupe
{£1} s’envoyant diagonalement dans {£1}’°"%®) On note P°"™(2n) I’ensemble des couples (1, €) ou
A e P (2n) et € € ({1} M) /{£1}. La correspondance de Springer généralisée établit une bijection
entre P°"(2n) et ’ensemble des couples (p, k) tels que

— ke N,kestpairetk2 <2n;

— sik>0,peW, 2:sik=0,pec WP
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On note (py.c, kxe) le couple associé a un élément (A, €) € P°™(2n). Lentier k;_. ne dépend que de
I’'image (X, €) de (A, €) dans Poth (o). 11 se calcule de la facon suivante. Notons i; > - - - > i, les entiers
impairs i tels que mult, (i) soit impair. Posons

h= Y (=11 —eG)).
j=l,...m
Alors k) = |h|. En particulier, si € = 1, ¢’est-a-dire €(i) = 1 pour tout i € Jordy,(A), on a k; 1 =0 et
Pxr,1 € er)
Une partition
h=0azhaz-) e P20

est spéciale si et seulement si Ap;_; et A2; sont de méme parit€ pour tout j > 1. Cela équivaut a ce
que A soit symplectique. Notons P°"™P(2n) ’ensemble des partitions orthogonales spéciales de 2n.
Considérons une partition A € Pporthsp(2y1) et définissons i > - - - > i,, comme ci-dessus. L entier m est
forcément pair. On appelle intervalle de A un ensemble A de ’'une des formes suivantes :

— pour un entier h = 1,...,m/2, A est I’ensemble des i > 1 tels que mult; (i) > 1 et tels que

oh—1 =1 >l

— A ={i} oli estun entier impair tel que mult, (i) > 1 et tel qu’il n’existe pasd’entierh =1, ..., m/2

de sorte que ipp—1 > i > ipp.

Parce que X est spéciale, on vérifie que les intervalles sont formés d’entiers impairs. Ils forment une
partition de Jordy,(A). On ordonne les intervalles comme dans le cas symplectique. On note Ay, (resp.
Amax) le plus petit (resp. grand) intervalle. On note Int(1) I’ensemble des intervalles.

Pour (A, €) € E‘mh(2n), le symbole symb(p, ) ne dépend que de A, on le note abusivement symb(p; ¢).
L application A —> symb(p;_1) est une bijection de P°™™P(2n) sur I’ensemble des symboles spéciaux de
rang n et de défaut 0. Pour A € P°"5P(2n), on a défini en [Waldspurger 2001, VIIL.19] une bijection fam
entre la famille du symbole symb(p; 1) et un certain sous-ensemble de (Z/27)"™® x (7/27)"™),

Soit A € PO (2n). 1l existe une unique partition spéciale sp(L) € P MP(2n) telle que symb(p,, ;) et
symb(psp(x),1) soient dans la méme famille. Il est connu que A < sp(A) et que sp(A) est la plus petite
partition orthogonale spéciale A’ telle que A < 1. Plus généralement, on a le lemme suivant.

Lemme. (i) Soit (A, €) € P (2n), supposons kj ¢ = 0. Notons sp(A, €) l'unique partition spéciale
telle que symb(p; ¢) et symb(psp(n.e),1) Soient dans la méme famille. Alors A < sp(A, €).

(i) Soit » € POMSP(2n). Pour € € {£1}'°"% M) les conditions suivantes sont équivalentes :
(@) kre=0etsp(h,e)=A;
(b) € est constant sur tout A € Int()).

(iii) Soit A € PO™P(2n). L’application € — famo symb(p; ) est une bijection entre I’ensemble des €

décrits au (i), modulo le groupe diagonal {£1}, et le sous-ensemble des

(1,8) € (Z)27)"™P x (72 22)™*  tels que § = 0 et T(Amayx) = 0.



Représentations de réduction unipotente pour SO(2n+1), Il 1123

La preuve est similaire a celle du lemme précédent.

1.6. Dualité, cas symplectique-orthogonal impair. Soit n € N. Notons 82?1 I’ensemble des symboles
spéciaux de rang n et de défaut impair (ce défaut est alors 1). On dispose de bijections

PYTPR(2n) - 8P A symb(pr1); POPQ@n+1)— 8P e symb(p;1)
et d’une involution d de Sffl. On en déduit des bijections
d . PP (2p) — PSP (2p £ 1) et d: PO (20 4 1) — PYTPSP(2p)

inverses 1'une de I’autre définies par la formule commune symb(o4(1),1) = d o symb(po;.1).

Soit A € PSY™P-SP(25). On vérifie qu’il y a une unique bijection décroissante de Int(X) sur Int(d(A)).
Notons Ay > --- > A, les intervalles de A et A| > --- > A/ ceux de d(1). On a dit que I’involution d
des symboles échangeait les familles de symb(p,,1) et de symb(p4(),1). D autre part, ces familles sont
paramétrées par des sous-ensembles de (Z/27)™*) x (7/27)"™*) et de (Z/27)™ @) x (7 /27)Ed@3)
respectivement. Soit (X, Y) un symbole dans la famille de symb(p, 1), notons (7, §) = fam(X, Y) et
(t/,8") =famod(X, Y). On vérifie les égalités

(A =T(Arpin),  §(A)) =8(Ar—n)

pour tout h =1, ..., r, avec la convention § (Ag) = 0. En particulier cette application échange 1’ensemble
des (z, 8) tels que § = 0 et celui des (77, §') tels que 8’ = 0.

On a défini des applications sp : PY™P(2n) — PY™PSP(2n) et sp : PO (2n + 1) — PSP (2n 4 1).
On étend les bijections d en des applications encore notées d : PY™(2n) — PP + 1) et d :
POt (25 4 1) — PY™P-SP(2p) par la formule commune d(1) = d osp(A). Il est connu que ces applications
sont décroissantes : pour A, A’ € PY™P(2n) (resp. A, A € Po"(2n 4 1)), A < A entraine (1)) < d(}).

Soit A € P¥™P(2n). On vérifie que d()) est la plus grande partition u € P°™M(2n + 1) telle que
u <'(AU{1}), cf. [Meeglin et Renard 2017, paragraphe 7].

Soit € P25 4 1). Ecrivons = () = -+ - = g > fg41 > - - - ). Posons

W=(pi=- =1 = s — 1> fgq1 >---).

On vérifie que d(u) est la plus grande partition A € P¥Y™P(2n) telle que A <'u/, cf. [Mceglin et Renard
2017, paragraphe 7].

Soit A € PY™PSP(2n) (resp. A € PONSP(2n + 1)). On a défini I’ensemble Int(1). Soit A € Int(1). On
note J(A) I'ensemble des indices j > 1 tels que A; € A. Hormis les cas particuliers ci-dessous, on
note jmin(A) (resp. jmax(A)) le plus petit (resp. grand) élément de J(A). Les cas particuliers sont : A
symplectique et A = Ap;p, auquel cas on pose jmax(A) = 00; A orthogonal et A = Ap,x, auquel cas
Jmin(A) n’est pas défini (plus exactement, on peut le définir en appliquant la définition ci-dessus, on
obtient jmin(Amax) = 1, mais cette valeur perturberait nos calculs et on considere que jmin (Amax) n’est pas
défini). Remarquons que, si A € P¥Y™P5P(2n), les jmin(A) sont impairs et les jia.x(A) sont pairs (ou 00);
si A € POSP(25 4 1), les jmin(A) sont pairs et les jmax(A) sont impairs.
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On définit une suite de nombres (X)) = (¢(X)1, £ (A)2, ... ) par

1 s’il existe A € Int()) tel que j = jnin(A),
t(A)j=1—1 vs’ilexiste A €Int(}) tel que j = jmax(A),
0 dans les autres cas.

Lemme. Soit & € PY™PSP(2n) (resp. A € POMSP(2n + 1)). On a I’égalité
dO) =r+C).
Preuve. On suppose A € P¥Y™P-SP(2n), la preuve étant similaire dans le cas orthogonal. Montrons d’abord

(15) ‘d()) est la plus petite partition orthogonale spéciale v de 2n + 1 telle que v > A U {1}.

Puisque d (1) est orthogonale et spéciale, sa transposée 1’est également. L’'inégalité d(A) < (AU {1})
entraine ‘d(A) > A U {1}. Inversement, soit v une partition orthogonale spéciale de 2n + 1 telle que
v > A U{l1}. Alors ‘v est encore orthogonale et vérifie 'v < ‘(A U {1}). Donc ‘v < d()) puis v > ‘d()). Cela
démontre (15).

On vérifie facilement que A + ¢ (X) est une partition, ¢’est-a-dire A; +¢(A); > A1 +¢ () 41 pour tout

J = 1. Puisque tout intervalle A # Ap, crée un terme jmin(A) pour lequel ¢(A) ...(a) = 1 et un terme
Jmax(A) pour lequel £ (1) ,..(a) = —1 et puisque le dernier intervalle Ap, crée seulement un jiin (Amin)
la somme totale des {(A); vaut 1 et A +¢(A) € P(2n+1). Si Ay est impair, A; n’est pas dans un intervalle
et £(A); = 0 donc A; + ¢(A); est impair. Si A; est pair, il appartient a un intervalle A (le plus grand
intervalle). On a jyin(A) =1,d’ou £(A); =1 et Ay +¢(X1); est encore impair. Considérons un entier 7 > 1
et distinguons les cas :

— Aop et Aop4q sont impairs. Comme ci-dessus, on a alors £(A)2, = ¢(A)an41 = 0 et les termes
Aon + C(M)2n et Aopg1 + £ (A)2p41 sont impairs.

— App est impair et Ayp4 est pair. Dans ce cas (1), = 0 mais Ap;,41 appartient a un intervalle A
tel que jmin(A) = 2h + 1, donc ¢(A)2;41 = 1; les termes Ay, + $ ()2 €t Aopg1 + $(A)241 sont
impairs.

— App est pair et Ay, est impair. Dans ce cas ¢(A)2,4+1 = 0 mais Ay, appartient a un intervalle A tel
que jmax(A) = 2h, donc ¢ (A)2, = —1; les termes Azp 4 £ (X)2p €t Appy1 + (A)2p41 sont impairs.

— Ao et Aop4 sont pairs et distincts. Dans ce cas, Ay, appartient a un intervalle A tel que jiax (A) =2k
et Aoy appartient a I'intervalle suivant A’ tel que jnin(A’) = 2h + 1; 0n a {(A)y, = —1 et
C(A)an+1 = 15 les termes Ay 4+ E(X)op et Appr1 + C(A)2p41 sont impairs.

— Aop €t Aop4q sont pairs et égaux. Dans ce cas, Ay, = Apjpy1 appartient a un intervalle A tel
que jmin(A) <2h <2h+ 1 < jmax(A) et £(A)2n = E(A)2n+1 = 05 les termes Aoy + £ (A)2y et
Aoh+1 + £ (A)oap41 sont pairs et égaux.

Cela montre d’abord que les termes pairs de la partition A 4 ¢ (A) interviennent par paires, donc sont

de multiplicité paire, c’est-a-dire que A + ¢ (L) est orthogonale. Cela montre ensuite que deux termes
Aon + C(A)an et Aopy1 + £ (X2 sont de la méme parité. Donc A + ¢ (A) est spéciale.
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Pour k& > 1, on voit que S;(¢(A)) vaut 1 s’il existe A € Int(A) tel que jmin(A) <k < jmax(A) et vaut 0
sinon. Ecrivons A = AM=--=x>0).Alors A\U{1}=(y,...,2,1,0).Sik<l,ona

Sk(A+¢(A) = Se(X) + Sk (C(A) = Sk (A) = Sp(AU{1}).
Sik>I[l+4+1,0onak > jymin(Amin) et Sk(¢(1)) = 1. Le mé&me calcul conduit a 1’égalité

Sk(A+¢() = SR U{1}).

Donc A +¢(A) = AU{1}.

Soit maintenant v une partition orthogonale spéciale de 2n + 1 telle que v > AU {1}. Soit k > 1. On a
Sk(v) = Sp(AU{1}) > Sk (X). Supposons que Sg(v) < Sk(A+¢(1)). Alors Sk (v) = Sk(X) et Sp(¢(A)) = 1.
Donc il existe un intervalle A tel que jnin(A) < k < jmax(A). On vérifie alors que Si(X) est pair.
Supposons de plus k impair. Alors S (v) est impair parce que v est spéciale. L'égalité Si(v) = Sk (1) est
contradictoire. Cela démontre que, pour k impair, S;(v) > Si (A + ¢(A)). Supposons maintenant que k est
pair. Les inégalités jmin(A) <k < jmax(A) et le fait que jmin (A) est impair tandis que jmax (A) est pair
ou infini entrainent que jmin(A) <k —1 < jmax(A) et jnin(A) <k 4+ 1 < jnax(A). D’apres ce que 1’on
vient de démontrer, on a S;_1(v) > Sg—1 (A + (X)) = Sk—1(X) + 1. Avec I’égalité S (v) = Sx(A), cela
entraine vy < Ar. D’autre part, A et Ar4; sont dans un méme intervalle. L’entier k étant pair, cela entraine
Ak+1 = Ag, donc viy1 < vg < Ap = Ay Avec I’égalité Si (v) = Sk (1), cela entraine Sy (v) < Sg+1(1), ce
qui contredit I’hypothese v > AU{1}. Cette contradiction démontre encore I’inégalité Si (v) > Sp(A+¢(1)).
Celle-ci est donc vraie pour tout k, d’ot v > A + ¢ (A).

On a donc prouvé que A + ¢ (A) était la plus petite partition orthogonale spéciale v de 2n + 1 telle que
v > AU{l1}. Le lemme résulte alors de (15). O

1.7. Dualité, cas orthogonal pair. Soit n € N. Notons Sflf)o I’ensemble des symboles spéciaux de rang n
et de défaut pair (ce défaut est alors 0). On dispose d’une bijection

,Porth,sp(zn) — S:f ,  At=>symb(p, 1)

et d’une involution d de SZ%’O. On en déduit une involution d : PP (25) — PO-5P(21) définie par la
formule symb(p4(1),1) = d o symb(p;1).

Soit A € POsP(25). On vérifie qu’il y a une unique bijection décroissante de Int(A) sur Int(d(A)).
Notons A > --- > A, les intervalles de A et A/l > ... > A/ ceux de d(1). On a dit que I’involution d
des symboles échangeait les familles de symb(p,,1) et de symb(pz(,,1). D autre part, ces familles sont
paramétrées par des sous-ensembles de (Z/27)™*) x (7/27)™*) et de (Z/27)™ 40D x (7 /27)Ed@3)
respectivement. Soit (X, Y) un symbole dans la famille de symb(p, 1), notons (7, §) = fam(X, Y) et
(t/,8") =famod(X, Y). On vérifie les égalités suivantes, pour tout h =1, ...,r :

8'(A}) = 38(Ar—n),

avec la convention §(Ag) =0;
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— si le défaut de (X, Y) est strictement positif,

T'(A)) = T(Argi-n);
— si ce défaut est nul,
T'(A)) = T(Aryi-n) — T(AY).

En particulier cette application échange 1’ensemble des (z, §) tels que § = 0 et celui des (z/, §') tels que
8 =0.

On a défini 1’application sp : P°"(2n) — Po":5P(2,). On étend I’involution d en une application
encore notée d : Po"M(2n) — POth-sP(2y) par la formule d (1) =d osp(}). Il est connu que cette application
est décroissante : pour A, A’ € PN (2n), A < A entraine d(1') < d(}).

Soit A € P°(2n). On vérifie que d(A) est la plus grande partition 1 € P°"(2n) telle que u <A, cf.
[Mceglin et Renard 2017, paragraphe 7].

Soit A € P°P(2p). On a défini 1’ensemble Int(1). Soit A € Int(A). On note J(A) I’ensemble des
indices j > 1 tels que A; € A. On note jyin(A) (resp. jmax(A)) le plus petit (resp. grand) élément
de J(A). Le nombre jnin(A) (resp. jmax(A)) est impair (resp. pair). On définit une suite de nombres
£0) = (€01, (02, ...) par

1 si il existe A € Int(A) tel que j = jmin(A),
¢(A)j=1—1 siilexiste A €Int(d) tel que j = jmax(A),
0 dans les autres cas.

Lemme. Soit 1 € P"™P(2n). On a ’égalité 'd(\) = A + ¢ (M).

La preuve est similaire a celle du lemme précédent.

1.8. Dualité et induction. Considérons une famille n = (ny, ..., n;, ng) d’entiers positifs ou nuls. Posons

h= ijo
PN () =P(ny) x - x P(n,) x PO Q2no+1), PY™P(n) = P(n1) x - -- x P(n,;) x PY™P(2np).

. j. Posons

On définit une opération d’induction
PO () — P20 1), A= (A1,..., A, ko) > ind(X)
de la fagon suivante : ind(X) est la plus grande partition orthogonale A telle que

A< (A +A) 4+ +2p) + Ao

L’ensemble P°(n) étant le produit d’ensembles ordonnés, il I’est aussi par 1’ordre produit. On vérifie
que I’application d’induction est strictement croissante.
On définit I’application
cup : PP (n) — PYMP(2n)
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par la formule
cup(Ai, ...y A, Ap) = (A UADU---U (A U URg.

On définit enfin une dualité d : PY™P(n) — P°"(n). C’est le produit des applications A > ‘A sur
chaque facteur P(n;) pouri =1, ..., t et de la dualité d : PY™P(2no) — PP (2no+1) C POM(2no+1).
On a alors (Cf. [Barbasch et Vogan 1985, corollaire A.4]) :

Lemme. Pour A = (Ay, ..., A, Ag) € PY™P(n), on a l’égalité d o cup(L) = ind od (X).
1.9. Induction endoscopique. Soient ny,n, € N, posons n = nj| + ny. Soient A € PY™P-P(2n,) et

Ay € PO™:5P(2,). Rappelons la définition de I’induite endoscopique ind(A1, A2) € PY™P(2n), cf. [Wald-
spurger 2001, X1.6]. On note J T I’ensemble des entiers j > 1 tels que

A1,j est pair, Ay ; est impair et il existe A € Int(A1) UInt(A;) de sorte que j = jmin(A) (cela
entraine que j est impair).

On note J~ I’ensemble des entiers j > 1 tels que

A1,j est pair, A ; est impair et il existe A € Int(A;) UInt(A;) de sorte que j = jmax(A) (cela
entraine que j est pair).

On vérifie que J T et J~ ont méme nombre d’éléments et que, si on note leurs éléments jl+ << jhet
Jp <---<j;,ona

W< <i <y <<t <ii
On note § = (&1, &, ...) la famille définie par &; = 1si je J*,§;=—1si jeJ et§; =0pour j > 1
tel que j ¢ JTUJ ™. Alors ind(Ay, Ap) = A +Ax +&.
Proposition. d(A)Ud) <d(@nd(Aq, 12)).

Preuve. Les deux membres de 1’inégalité & prouver sont des partitions de 2n 4 1. Les partitions d (A1) et
d (A7) sont orthogonales, leur réunion 1’est aussi. D’apres la caractérisation de d(ind(A1, A,)) donnée en
1.6, il suffit de prouver I’inégalité

d(A)Ud(h) <'(ind(A1, A2) U{1}), ouencore 'd(r)+'d(r2)>ind(A1, A2) U {1},
ou encore, d’apres les lemmes 1.6 et 1.7 et la définition ci-dessus,
M+LAD)+2r2+8(h2) = (M +A2+6) UL}
Cette inégalité se traduit par les inégalités suivantes, pour tout k > 1 :
Sk(C (A1) + Sk (£ (X2)) = Sk (8), si k <I(ind(%1, A2)); (16)
Skc(C(A)) + Sk (E(A2)) = Si(§) + 1, sik > [(ind(Ay, 12)). a7

Les entiers Sg (£ (A1), Sk(¢(X2)) et Si(€) valent toujours O ou 1. L’inégalité (16) est donc vérifiée si
Sk (&) = 0. Supposons Si(§) = 1. Avec les notations introduites plus haut, il existe alors s € {1, ..., r}
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tel que j;© <k < j; . L'entier Ay j- est pair et 'entier 4, ;- est impair. Il existe donc A} € Int(A) et
Aj € Int(Ay) tels que )Ll’jx— e Ajet )Lz’jx— € Aj. Posons u = max(jmin (A1), jmin(A2)). Alors A1, € Aj est
pair et A , € A, est impair. En appliquant la définition de J T, on voit que u € J*. On a aussi u < j;~, donc
u < ji. Onaalors jmin(A2) <u < jif <k < j7 < jmax(A2) et jmin(A1) Su < jF <k < j7 < jmax(A1).
Ces inégalités entrainent Si (¢ (A1)) = Sk (£ (X)) = 1. On a alors 1’égalité

Sk(C (A1) + Sk (§(X2)) =2 =Sk (§) + 1,

qui est plus forte que (16). Cela prouve cette inégalité (16).

Supposons k > [(ind(A1, Ap)). Si Sx(§) = 1, on vient de voir que I'inégalité (17) est vérifiée (et que
c’est une égalité). On peut donc supposer Si(§) = 0 et il suffit de montrer que Sx(£(11)) = 1. Puisque
k> 1(ind(A1, A2)),ona Ay g+ Az x+& =0.Si & # —1, cela force A1 x =0. Si § = —1, alors d’une part
Ak <1, d’autre part k € J~. Donc A x est pair et on a encore A| x = 0. Donc k € J (A1 min), OU A min
est le plus petit élément de Int(X1). Cela entraine S (¢(A1)) = 1, ce qui acheve la démonstration. O

1.10. Intervalles relatifs, induction endoscopique réguliére. On conserve les données ny, ny, A1 et Ap.
On pose A =ind(Aq, A2).

On a défini en [Waldspurger 2001, XI.11] un ensemble d’intervalles de A. La terminologie est mal
choisie car il se peut que A soit spéciale et que cet ensemble ne soit pas celui défini en 1.3 ci-dessus. Nous
appellerons ici intervalles relatifs (2 A; et 1) ces nouveaux intervalles. Rappelons leur définition. On pose

J = {jmin(A); A € Int(A1) UInt(A2)} U {jmax (A); A € Int(A1) UInt(A2)},
JTF = Umin(A); A € IntGa)} N {jmin(A); A € Int(12)},
T~ = {Jmax(A); A € Int(A1)} N {jmax(A); A € Int(A2)}.
Remarquons que J contient oo qui est jmax (A) pour le plus petit A € Int(A;). Appelons intervalle

relatif d’indices tout intervalle d’entiers {j, ..., j'} (avec éventuellement j' = 0o) vérifiant I’une des
conditions suivantes :

18) j=j'egtug;

(19) j < j’, j et j sont deux termes consécutifs de 7 et il existe un unique d € {1, 2} et un unique
Ay € Int(rg) de sorte que jmin(Ag) < j < j' < jmax(Aa)-

Pour tout tel intervalle relatif d’indices J ={j, ..., j’'}, on pose D(J) ={;»; j < j” < j’}. On appelle
intervalle relatif un tel ensemble D (J). Inversement, pour un intervalle relatif D, on note J (D) I'intervalle
relatif d’indices J dont il provient et on note juyin(D) (resp. jmax (D)) le plus petit (resp. grand) terme de
J(D). On note Int, ,,(A) I’ensemble de ces intervalles relatifs. On montre que cet ensemble d’intervalles
relatifs forme une partition de Jordy, (1) U {0}.

Remarque. Comme on I’a dit ci-dessus, la définition des intervalles relatifs n’est pas la méme que celle
des intervalles d’une partition spéciale donnée en 1.3. Ces deux types d’intervalles n’ont pas les mémes
propriétés. En particulier, si A est un intervalle d’une partition symplectique spéciale, jmin(A) est impair
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et jmax (A) est pair (ou 00). Tandis que, pour un intervalle relatif D comme ci-dessus, jpnin(D) et jmax (D)
sont de parité quelconque.

On dit que A et A, induisent régulicrement A si et seulement si tout intervalle relatif est réduit a un
¢lément. Autrement dit, Inty, ;,(A) est la partition maximale de Jordy,(A) U {O}.

Supposons que A; et A2 induisent régulierement A. On définit alors une fonction 7, 3, :Jordyp(A) — Z /27
de la fagon suivante. Soit i € Jordy,(A). L’ensemble {i} est un intervalle relatif. Remarquons que mult; (i) =
1 si et seulement si J ({i}) n’a qu’un élément, autrement dit J ({i}) est du type (18). Si mult, (i) =1, on pose
Ty, (1) =0. Simulty (i) > 2, J({i}) estdu type (19) et on note d (i) € {1, 2} I'indice tel qu’il existe Ay(;) €
Int(A4(;)) de sorte que J({i}) C {jmin(Adq))s - - - s Jmax(Aa@y)}. On pose 73, 3, () =d (i) + 1 mod 27Z.

1.11. Une proposition d’existence. Soient n € N et A € P¥™P(2n). On se limite ici au cas ou tous les
termes de A sont pairs. En particulier, A est spéciale. Fixons une fonction 7 : Jordy,(A) — Z/27 telle que
7(i) = 0 pour tout i € Jordy,(A) tel que multy (i) = 1.

Proposition. Soient A et T comme ci-dessus. Il existe ny,ny € N tels que ny + ny, = n et il existe
A1 € PYMPSP(251) et Ay € POSP(2ny) tels que

(a) A et Ay induisent régulierement A

(b) dr)Ud(r2) =d(Rr);

©) =Tt
Preuve. Notons J* I’ensemble des j > 1 tels que j soit impair et A; > A 41. Notons J~ I’ensemble des
Jj =2 tels que j soit pair et A;_; > A ;. Les ensembles J* et J~ sont disjoints et leur réunion est égale a
la réunion des couples {2k — 1, 2k}, pour k > 1, tels que Ark—1 > Aox. On note ¢ = (ry, 12, . .. ) la suite
tellequeyrj=1sijeJt, rj=—1sijeJ etr;=0sijgIJTUJ .

On prolonge la fonction 7 a Jordpp (1) U {0} en posant 7(0) = 0. Soit d € {1, 2}. Pour j > 1, disons que
j et j+ 1 sont d-liés si et seulement s’ils vérifient I’une des conditions suivantes :

(20) Aj =Aj41ett(Xj) =d+1 (on veut dire par la T(A;) =d + 1 mod 27);
(21) j estimpairet A; > A ;.

Pour deux entiers 1 < j < j’, disons qu’ils sont d-liés si et seulement si k et k + 1 sont d-liés pour tout
k=j,...,j —1.Cest une relation d’équivalence. On note Jnt,; ’ensemble des classes d’équivalence
dont le nombre d’éléments est au moins 2. Pour J € Jnty, on note jyin (J) (resp. jmax(J)) le plus petit
(resp. plus grand) élément de J (éventuellement jy,x (J) = 00). Montrons que :

(22) L’ensemble JInt, est fini; il contient un élément infini si et seulement si d = 1.
(23) Pour J € Inty, jmin(J) est impair et jnax (J) est pair ou infini.

(24) Pour tout k > 1, il existe au moins un d € {1, 2} et un J € Int, tel que {2k — 1,2k} C J4; les
deux éléments de {1, 2} vérifient cette condition si et seulement si 2k — 1 € J* (ce qui équivaut a
2k € J7).
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(25) Pour tout k > 1, il existe au plus un d € {1, 2} et un J € JInt, tel que {2k, 2k + 1} C T .
(26) Pour tout j > 1, il existe au moins un d € {1, 2} et un J € Int, tel que j € J; les deux éléments de
{1, 2} vérifient cette condition si et seulement si j € J*UJ ™.

Pour j > I(A)+1,0onaA; =Xj;1 =0 et, puisque 7(0) =0, j et j + 1 sont 1-li€s mais pas 2-li€s.
Donc {{(X)+ 1, ..., 0o} est contenu dans une classe infinie J; min € Int; tandis que, pour j > [(A) + 2,
{j} forme une classe pour la 2-équivalence donc n’est pas contenu dans un élément de Jnt,. Cela prouve
(22).

Soit J € Inty, posons j = jmin(J). Montrons que j est impair. Puisque J a au moins deux éléments, j
et j + 1 sont d-liés. Si la condition (21) est vérifiée, j est impair et on a terminé. Si (20) est vérifiée, on a
T(A;)=d+1.Si j =1, j est impair et on a terminé. Sinon, puisque j est I’élément minimal de J, j — 1
et j ne sont pas d-li€s. Alors le couple (j — 1, j) ne vérifie pas (21). Donc j — 1 est pairou A;_; = A ;.
Dans le premier cas, j est impair et on a termin€é. Dans le deuxieme cas,onat(A;_1) =7t(A;) =d +1
mais alors (j — 1, j) vérifie (20) et j — 1 et j sont d-lié€s, ce qui n’est pas le cas. Cela démontre 1’assertion.
Un raisonnement similaire prouve que jmax(J) est pair s’il n’est pas infini. D ol (23).

Soit k > 1. Pour d =1, 2, dire qu’il existe J € Int, tel que {2k — 1, 2k} C J équivaut a ce que 2k — 1 et
2k soient d-liés. Si Ayx—1 > Ay, 2k — 1 et 2k vérifient (21) et sont d-liés pour les deux éléments d = 1, 2.
Mais on a aussi 2k — 1 € J* et I’assertion (24) est vérifiée dans ce cas. Si Ay = A, (21) n’est pas
vérifiée. Alors 2k — 1 et 2k sont d-liés pour I’'unique élément d = t(Ayr_1) + 1. Onaaussi 2k — 1 ¢ J+
et (24) est encore vérifiée.

Soient k > 1 et d = 1, 2. Le couple (2k, 2k 4+ 1) ne vérifie pas la condition (21). Si 2k, 2k 4+ 1 sont
d-liés, la condition (20) est satisfaite. Donc d = 7(Xy) + 1 est uniquement déterminé. D’ou (25).

Soit j > 1. Posons k =[(j +1)/2]. On a j € {2k — 1, 2k}. Soitd =1, 2 et J € Int,. D apres (23), les
conditions j € J et {2k — 1, 2k} C J sont équivalentes. Alors (26) résulte de (24).

Pour d = 1, 2, définissons une fonction p; : N — {0} — Z/27 : ps(j) = 1 s’il existe T € Int, tel que
j €3, pa(j) =0 sinon. La relation (23) entraine

pa(j) =pa(j+1) sijestimpair.
La définition de r et ’assertion (26) entrainent I’égalité
rj = p1(j) + p2(j) + 1 mod 2Z. (27)
On va montrer qu’il existe des suites d’entiers positifs ou nuls A; et Ap vérifiant les conditions suivantes,
pour j > 1:
(28) Ay,j+Azjtrj=2A);
(29) pourd=1,2,rq j =d+ ps(j) mod 27,
(30) pourd =1,2,0ona

(@) Ag,j =Aq,j+1 81 j estpair, pg(j) =1 etil n’existe pas de J € Inty tel que j = jmax(J) ousi j
est impair et py(j) =0;
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(b) Ag,j > Aqg,j+1 81 j est pair etil existe J € Inty tel que j = jmax(J);
(€) Ag,j = Ag,jy1 81 j estimpair et py(j) =1 ou si j est pair et py(j) = 0.

On raisonne par récurrence descendante sur j. Pour j > /(1) +2, on pose A j =A2 ; =0.On a vu
dans la preuve de (22) que j était contenu dans J; min €t n’était contenu dans aucun élément de Jnt,. On
aaussi j  JTUJ~ donc r; = 0. On voit que toutes nos conditions sont vérifiées.

On fixe j et on suppose que I’on a fixé des termes A;, j» et Ao j pour j > j de sorte que les conditions
soient vérifiées pour ces j'. Pour d =1, 2, soit e; € Z, posons A4, j =2A4,j+1+eq. Traduisons les conditions
ci-dessus en termes des entiers e et e;. La condition (28) étant vérifiée pour j 4 1, on voit que cette
condition pour j équivaut a

ertex=~Ar; —Ajr1+rjy1— L. (31)

La condition (29) étant vérifiée pour j + 1, cette condition pour j équivaut a
ea = pa(j)+ pa(j+1) mod2Z. (32)

Remarquons que, si (31) est vérifiée et si (32) I’est pour un d € {1, 2}, cette condition (32) est aussi
vérifiée pour I’autre élément de {1, 2} : cela résulte de la parit€ de A; et de A;; et de la relation (27). La
condition (30) se traduit par les conditions e; = 0 dans le cas (a), e > 0 dans le cas (b) et e > 0 dans le
cas (c). Remarquons que, dans le cas (a), la condition e; = 0 est compatible avec (32), autrement dit on a
pa(j)+ pa(j+1) =0 mod 2Z. En effet, si j est impair, on a toujours py(j) = pa(j + 1). Si j est pair,
la condition de (30)(a) est d’une part que p,(j) = 1 donc il existe J € Int, tel que j € J, d’autre part
que j n’est pas I’élément maximal de J. Donc j+1e€Jet py(j+ 1) = pa(j).

Supposons la condition (30)(a) vérifiée pour au moins un d = 1, 2, disons pour d = 1 pour fixer la
notation. On n’a pas le choix pour e; : on pose e; = 0. Comme on vient de le dire, la condition (32) est
vérifiée pour d = 1. La condition (31) ne laisse plus le choix pour ey : onpose ex =A; —Aj 1 +¥jr1 —Lj.
Puisque (31) est vérifiée et aussi (32) pour d = 1, (32) est aussi vérifiée pour d = 2. Il reste a vérifier
que ey vérifie les conditions résultant de (30). Supposons d’abord j pair. L’hypothese que (30)(a) est
vérifiée pour d = 1 signifie, comme on I’a vu ci-dessus, qu’il existe J; € Int; tel que {j, j + 1} C J;.
D’apres (25), cette condition ne peut pas étre réalisée pour d = 2. Donc (30)(a) n’est pas vérifiée pour
d =2. Si (30)(c) est vérifiée pour d = 2, on doit seulement voir que e, > 0. Or, puisque j est pair, on a
—rj>0etyjr 1 >0,donc Aj —Ajy1 +1j41 —r; > 0 comme on le voulait. Si (30)(b) est vérifiée pour
d =2, on doit montrer que e, > 0. On a p;(j) =1 d’apres (30)(a) pour d =1 et p(j) =1 d’apres (30)(b)
pour d =2. Alors j € J~ d’apres (26) et —xj = 1. Donc A; — A ;41 +1j4+1 —; > 0 comme on le voulait.
Supposons maintenant j impair. L hypothese que (30)(a) est vérifiée pour d = 1 signifie que p;(j) = 0.
D’apres (26), on a py(j) =1et j €31, donc aussi j + 1 ¢ J~. Ces deux dernires relations entrainent
rj=rj+1 =0ete; =A; —A;;. Larelation p>(j) = 1 entraine que (30)(c) est vérifiée pour d =2 et que
I’on doit seulement prouver que e; > 0, ce qui est clair d’apres la formule précédente.

Supposons maintenant que (30)(a) n’est vérifiée ni pour d = 1, ni pour d = 2. Supposons la condition
(30)(b) vérifiée pour au moins un d = 1, 2, disons pour d = 1. Cela entraine que j est pair. Choisissons
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pour e le plus petit entier strictement positif vérifiant la condition (32). On a e¢; = 1 ou 2. Posons
ex=MAj—Aji1+rj+1 —j —er. Comme ci-dessus, on doit montrer que e, vérifie les conditions résultant
de (30). On a supposé que (30)(a) n’était pas vérifiée pour d = 2. Supposons que (30)(c) soit vérifiée pour
d = 2. 1l faut voir que e, > 0. D’apres (30)(b) pour d = 1, il existe J; € Int; tel que j = jmax(J1). Donc
j et j 4+ 1 ne sont pas 1-li€s. D’apres (30)(c) pour d = 2 et parce que j est pair, on a p>(j) = 0 donc
J et j+ 1 ne sont pas 2 liés. Si A; = A4 la condition (20) est vérifi€ée pour un d donc j et j + 1 sont
d-liés pour ce d. Puisque ce n’est pas le cas,ona A; # A1, donc A; > A ;| + 2, puisque les termes de
A sont pairs. Le méme calcul que plus haut conduit a I’inégalité cherchée e; > 0. Supposons maintenant
(30)(b) vérifiée pour d = 2. On doit prouver e; > 0. On vient de montrer que j et j + 1 n’étaient pas
1-liés. Pour la mé&me raison, ils ne sont pas 2-liés et cela entraine encore A; > A ;41 + 2. Les conditions
(30)(b) pour d = 1, 2 entrainent que p(j) = p2(j) =1, donc j € J~ d’apres (26). Alors —x; =1 et on
voit que ey > 0.

Il reste le cas ou (30)(c) est vérifiée pour d = 1, 2. Puisque py(j) = 1 pour au moins un d, cette
hypoth&se entraine que j est impair et p;(j) = p2(j) = 1. Donc j € 3T, puis j + 1 € J~. Ces relations
entrainent que r; =l etr; 41 = —1 et aussique A; > A; 41, donc A; > A ;41 +2. Puisque j est impair, on a
p1(j+1)=p1(j) =1.La condition (32) pour d = 1 signifie que e; doit étre pair. Choisissons e; = 0, qui
vérifie la condition résultant de (30)(c) pourd =1.Posons e =A; — A 1 +rjp1—Fj—e1=A; —Aj1—2.
On a e; > 0, ce qui vérifie la condition résultant de (30)(c) pour d = 2. Cela démontre I’existence de nos
suites A et As.

Fixons donc de telles suites A et A,. La condition (30) entraine que ce sont des partitions, c’est-a-dire
qu’elles sont décroissantes. Montrons que :

(33) 1l existe des entiers n, ny tels que n| + ny = n, que A; appartienne a P™PP(2n) et que A
appartienne a PSP (2n,).

On voit qu’il s’agit de prouver que, pour d = 1,2 et k > 1, les termes A4 2xk—1 €t A4 2 sont de méme
parité et que, quand cette parité est celle de d, on a Ag2r—1 = Ag2¢. La premiere propriété résulte de
(29) et de I’égalité py(2k — 1) = p4(2k). Si la parité de A4 21— est celle de d, cette méme relation (29)
entraine p;(2k — 1) = 0. Mais alors (30)(a) est vérifiée pour 2k — 1, d’olt Ag2k—1 = Ag2k. D’0U (33).

Grace a cette relation, on peut définir les ensembles d’intervalles Int(1;) et Int(A;) et, comme en 1.9,
les ensembles J T et J~ et la fonction £. Montrons que

{(J(A); A et} =Tnt;, {J(A); Aet(o))=0nty, J"=J%, J =3, &=r (4

Soit d = 1, 2. La réunion des J(A) quand A parcourt Int(1y) est I’ensemble des j > 1 tels que
Ad,j =d+1 mod 2Z. En vertu de (29), c’est I’ensemble des j > 1 tels que py(j) = 1, autrement dit c’est
la réunion des éléments de Jnt;. On a donc un méme ensemble d’indices découpé de deux facons en
intervalles disjoints : les J(A) pour A € Int(A,) ou les J € Int,. Pour prouver que ces découpages sont
les mé&mes, il suffit de prouver que les éléments maximaux de ces intervalles sont les mémes, c’est-a-dire

{jmax(A); A€ Int()td)} = {jmax(j); Je jntd}-
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Comme on I’a vu en (22), I’infini intervient dans les deux ensembles si d = 1 et n’y intervient pas si
d = 2. Soit j > 1. Par définition de Int(X;), j appartient a I’ensemble de gauche ci-dessus si et seulement
si j estpair, Ay j =d+1 mod2Z et Ay j > Ay j+1. On vient de voir que la congruence est équivalente a
pa(j) = 1. Les relations (30) entrainent alors que ces conditions équivalent a ce que j soit de la forme
Jjmax(J) pour un J € Int,. Cela démontre les deux premicres égalités de (34). Soit j € J*. Alors j
est impair Ay ; et A2 ; sont “de bonne parit€”, d’oli, comme on I’a vu, p,(j) =1 pour d =1, 2. Alors
j € 3T d’apres (26) et I'imparité de j. Inversement, soit j € J*. Alors j est impair et, en inversant le
raisonnement précédent, A1 ; et A, ; sont de bonne parité. Il existe A € Int(X;) et A; € Int(X,) tels que
jE€J(A)NJI(A,).Sij=1,onaévidemment j = jmin(A1) = jmin(A2) et j € JT.Si j > 1, ’assertion
(25) implique qu’il existe d tel que j — 1 n’appartienne pas a Jg, ot Tz = J(Ay). Alors j = jmin(Tq)
pour ce d, ou encore j = jmin(Ay). Par définition de I’ensemble J T, on a alors j € JT. Cela prouve
Iégalité J© = JT et I’égalité J~ = J~ se démontre de méme. Ces égalités et les définitions de & et ¢
entrainent la derniere égalité de (34).
L’égalité & = et la relation (28) entrainent 1’égalité Ind(A, A2) = A. Montrons que

A1 et Ay induisent régulierement A. 35

Cela signifie que tout intervalle relatif est réduit a un seul élément. Soit D un tel intervalle relatif.
Evidemment, si J (D) est réduit a un seul élément, D aussi. Supposons que J (D) a au moins deux
éléments. Il vérifie la relation (19). Pour fixer la notation, supposons que ’entier d qui figure dans
cette relation soit 1. Il existe donc J; € Int; tel que J (D) C J;. Considérons deux éléments consécutifs
J, j+1€J(D). Supposons qu’il existe J, € Int, tel que {j, j+1} CTo. Ona jmin(JT2) < j+1 < jmax (D).
Puisque les termes jmin (D) et jmax (D) sont par définition des éléments consécutifs de 7, cela entraine
Jmin(J2) < jmin(D). De méme jnax (D) < jmax(J2). Alors J(D) C T, ce qui est exclu par (19). Cela
démontre que, pour deux elements j, j + 1 € J(D), il n’existe pas de J, € JInt; tel que {j, j + 1} C J».
Donc j et j + 1 sont 1-1liés mais pas 2-liés. En se reportant aux relations (20) et (21) qui définissent la
liaison, on voit que, si j est impair, le fait que j et j + 1 ne sont pas 2-li€s entraine que A; = A, tandis
que, si j est pair, le fait que j et j 4+ 1 sont 1-liés entraine la méme égalité. Cette égalité pour tout couple
J, j+1¢€ J(D) entraine que A; est constant pour j € J(D), ce que I’on voulait démontrer.

Montrons que

T)mlz =T. (36)

Soit i € Jordyp(A). Si multy (i) =1, on a 7;, ;, (i) = 7(i) = 0 par définition. Supposons mult; (i) > 2.
Comme ci-dessus, il existe un unique d = 1, 2 et un unique J; € Jnt, tel que J({i}) C J;. On a alors
Ty;,a, (1) = d + 1. Considérons un couple j, j+1 € J({i}). lls sont d-liésetona A; =LA =i. L’une
des relations (20) ou (21) est vérifiée pour d et ce ne peut étre que (20). Donc t(i) =d + 1, d’ou I’égalité
cherchée 1y, 5, (i) = v(i).

Montrons qu’on a 1’égalité

FAD)+E() =5() +§. (37)
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Soit j > 1. Supposons j impair. Chacune des quatre fonctions vaut 0 ou 1 en j. Supposons d’abord
¢(A1)j =¢(X2)j = 1. Alors il existe J; € Inty et I, € Inty de sorte que j = jmin(J1) = jmin(J2). D apres
(26) et (34),0ona j € JT,dou §; =1.Si j =1, j est le plus petit indice tel que A; appartienne au plus
grand intervalle de A (il s’agit ici des intervalles au sens des partitions spéciales) donc {(4); = 1. Si
J > 1, ’hypothese sur j implique que j — 1 et j ne sont ni 1-liés, ni 2-liés. Si A;_1 =A;, j — 1 et j sont
d-liés pour le d tel que T(A;) =d + 1, cf. (20). C’est impossible donc A ;_; > A ;. Puisque j est impair,
c’est la condition pour que j soit de la forme j = jyin(A) pour un A € Int(1). Donc ¢(A); = 1. L’égalité
(37) est vérifiée en j. Supposons maintenant {(A1); = 1 et {(A2); = 0 (un raisonnement analogue vaut si
on échange les indices 1 et 2). Il existe J; € Int; tel que j = jmin(J1) mais il n’y a pas de J, vérifiant
la méme égalité. Supposons d’abord p>(j) = 1. De nouveau, j € J* et §; = 1. Puisque p»(j) =1, le
fait que j ne soit pas le plus petit élément d’un élément de Jnt, entraine que j > 2 etque j — 1 et j
sont 2-liés. Puisque j — 1 est pair, cette condition implique A;_; = ;. Donc ¢{(A); = 0 et on obtient
I’égalité cherchée. Supposons au contraire p>(j) =0. Alors j ¢ Jt et§; =0.Si j=1,ona¢(r); =1
comme ci-dessus. Sinon, j — 1 et j ne sont pas 1-1iés (car j = jnin(J1)) et ne sont pas 2-liés (car
p2(j) =0). Comme ci-dessus, cela entraine A;_; > A; et {(1); = 1. D’ou I’égalité cherchée. Supposons
enfin ¢ (A1); = ¢(A2); = 0. D’apres (26), on peut supposer par exemple pi(j) = 1. Comme ci-dessus,
I’hypothése ¢(A1); = 0 implique alors j > 2 et j — 1 et j sont 1-liés. D’ou A;_1 =X et7(A;) =0.La
premiere relation entraine ¢ (A) ; = 0. La seconde entraine que j — 1 et j ne sont pas 2-1iés. Si p>(j) =1, j
est de la forme jiin(J2) et alors ¢ (A); = 1 contrairement a I’hypotheése. Donc p>(j) =0et j & J *. Donc
&; = 0 et on obtient I’égalité cherchée. Des calculs similaires valent dans le cas j pair. Cela prouve (37).

Cette égalité entraine

M+ LD +r+iA) =M+ i +E+LR) =2+T).
En utilisant les lemmes 1.6 et 1.7, cette égalité se transforme en
‘d(n) +'d(h) ='d(A), quiéquivauta d(r)Ud(ry) =d(}). O

1.12. Multiplicités. Soient n,n’,n"”, ny,ny € N tels que n = n’ +n” = n; + n,. Soient p; € Wnl et
0 € W,g . A pp est associé un symbole (X, Y1) de rang n; et de défaut 1. On note A la partition
symplectique spéciale de 2n| associée a la famille de (X1, Y7) et on pose (71, §;) = fam(X1, Y1). A p»
est associé un symbole (X2, Y>) de rang n, et de défaut 0. On note A, la partition orthogonale spéciale de
2n, associée a la famille de (X5, Y») et on pose (12, ) = fam(X», ¥»). On définit des représentations ,0;“
et p, de W, de la fagon suivante. Introduisons le couple (a2, B2) € P2(n2) qui parametre py. Cest-a-dire
que, siap # B2, po = pP (a2, Bo); si = B, il existe un signe n = = tel que py = P (a2, a2, 1). Dans ce
dernier cas, on pose ,0;“ =p, = p(az, a2). Siay # B, on sait que I’on peut permuter oy et 7. Supposons
a3 plus grand que B, pour I’ordre lexicographique (pour le plus petit indice j tel que az ; # B2, j, on a

az j > B2, j). On pose

py =plaz, B2) et p; =p(B2, a2).
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Soient (), €") € P¥Y™P(2n"), (A", €”) € PY™P(2n"). Considérons I’hypothése
k}h/’e/ = k}»”,e” = 0 (Hyp)

Supposons-la vérifiée. Dans [Waldspurger 2018, §1.8 et §1.10] , on a défini des espaces R = EBV er R(Y),
Re> — R et une application linéaire pt : R — R (ces objets sont relatifs a 1’entier n). Posons
y =(0,0,n',n”). C’est un élément de " et p;/ ¢ ® p;7.» s identifie & un élément de R(y). On dispose
donc de I’élément pt(py . @ par 7) € R. Remarquons en passant que 1’élément a de [Waldspurger 2018,
§1.10] vaut (0, 0, 0, 1). Posons 8 = (0, 0, ny, np). C’est aussi un élément de " et, pour { ==+, o1 ® pg
s’identifie a un élément de R(#). On peut définir la multiplicité m (o1, pé; Oy Par.er) de p1 ® ,05 dans
oL(py.e @ par ) par la formule usuelle

m(py, pss pivers Parer) = Wt | Wy |70 D0 pr(wi)ps (W) pt(pi.er ® paren) (wi X wo).
wiEW, , w2eW,,
On n’a pas besoin d’introduire des conjugaisons complexes dans cette formule puisqu’on sait que les
représentations irréductibles des groupes de type W,, ont des caracteres réels. En réfléchissant a la définition
de pt(py.e @ par.er), on voit que sa restriction a R(0) est une “vraie” représentation, ce qui entraine que
la multiplicité ci-dessus est un entier naturel.
On a défini en 1.9 I’induite endoscopique ind(A, Ay) € PY™P(2n).

Proposition. On suppose vérifiée I’hypothése (Hyp). Soit { = £. Si m(p1, ,05 5 Pvels Par.er) 7 0, alors
A UL <ind(Aq, A).

Cette proposition, comme la suivante, se déduit des résultats de [Waldspurger 2001]. Nous donnerons
la preuve dans le paragraphe suivant.

1.13. Multiplicités, cas particulier. On conserve les données du paragraphe précédent. Posons A =
ind(A, Az). On suppose de plus :

A est a termes pairs; A; et Ao induisent régulierement A ; §; = §, = 0.

On définit des fonctions 87,6, 71, 77 : Jordpp(A) — Z/27 de la fagon suivante, ou on utilise les
notations des paragraphes 1.9 et 1.10. Soit i € Jordy,(A). On a {i} € Int;, ,(A) puisque Ay et A induisent
régulierement A. On pose 87 (i) = 6 (i) = 0 sauf dans le cas ol jmax({i}) € JT. Dans ce cas, il existe
d’uniques A € Int(A1) et A, € Int(Xy) tels que jmax({i}) € J(A1) N J(A3) et on pose

ST =11(A)+1(A)+1, 8§ () =1(A)+12(A2).

Si mult, (i) = 1, il existe comme ci-dessus d’uniques A € Int(A1) et A; € Int(X,) tels que jmax({i}) €
J(A)NJ(Ay) etonpose T7(i) =77 (i) = 11(A1). Supposons mult; (i) > 2. Alors il existe un unique
d =1, 2 et un unique A, € Int(Ay) tels que J({i}) C J(Ay). Sid =1,onpose t+(i) =17 (i) = 11(A1).
Sid =2, on pose

TH() =1(Ay), () =n(A)+1.
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Si i n’est pas I’élément maximal de Jordy,(A), on note i * Ie plus petit élément de J ordp, (2) strictement
supérieur 2 i. Si i est I’élément maximal, on pose par convention §T(i1t) =8 (it) = 1.
Remarque. (1) On vérifie sur ces formules que ™+ + 7~ =13, ;,, cf. 1.10.

(2) On a montré en [Waldspurger 2001, X1.29 remarque] que, pour tout i € Jordy,(A), on a la congruence
8% (i) 48~ (i) = mult; (> i) mod 2Z. Cela équivaut 2 multy (i) =87 (@) +8~ (i) —8T(ET) -6 ()
mod 27.
Soit { = #£. On introduit les deux conditions suivantes :
(A)¢ () VUL =2,
(ii) pour tout i € Jordyp(X), multy (i) =8¢(i) —8 ¢ (i*) mod 2Z;
(iii) pour tout i € Jordpp(1'), €' (i) = (=1)™ @ ; pour tout i € Jordp,(X"), €”(i) = (—1)7 @,
(B)¢ () VUL =1;
(i) ’hypotheése (Hyp) de 1.12 est vérifiée et m(p1, ,05; Pty Paren) 7 0.
Proposition. Pour ¢ = +, les conditions (A)* et (B)® sont équivalentes. Si elles sont vérifiées, on a
m(p1, p§; P> Parer) = 1.
Preuve de la proposition et de la précédente. On devra utiliser la propriété générale suivante. Soient
m,m’',m"” trois éléments de N tels que m’ + m” = m, soient («, B) € Pr(m), (&', ') € Pr(m’) et

(a”, B") € Po(m"). Le groupe W, x W,,» se plonge naturellement dans W,, et ce plongement est bien
défini a conjugaison pres. D’ol un foncteur de restriction res%’"/xw ,-Ona:

(38) Supposons que p(a’, B/) ® p(«”, B”) intervienne dans res%:/xwm” (p(a, B)); alors
(@) S(@)+S@")=S@), SPBHI+SB")=SB);
(b) ¢’V <a, BUB <B;
© a<a'+a’, B=p'+p"
(39) Supposons que (a) soit vérifiée ainsi que 1’'une des conditions suivantes :
b)) dUa"=a, B UL =B;
() a=a'+a", B=p+p";
alors p(a’, B) ® p(a”, B”) intervient dans res‘vlv,’;/xwmﬁ (p(a, B)) avec multiplicité 1.

Si on oublie les conditions (b) et (b'), cela résulte de [Geck et Pfeiffer 2000, Lemmas 6.1.2, 6.1.3]. En

remarquant que la multiplicité de p (¢, B/) ® p(a”, B”) dans res%’”/xw ,(p(a, B)) est égale a celle de

(p(, B)®sgn) @ (p(a”, B”) ®sgn) dans res%’”/xw L(p(ar, B) ®sgn), c’est a dire celle de p(B . d)®
p(B”, ') dans resW’",XW ,(p('B,'a)), on récupere ces assertions (b) et (b).

Plagons-nous dans la situation du paragraphe précédent (c’est-a-dire qu’on leve provisoirement 1’hypo-
theése que A et Ap induisent régulierement )) et posons I’hypotheése (Hyp), c’est-a-dire

k}n/,E/ = kk”,e” = O (40)
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Notons IT la composante de pt(p;/ ¢ ® py ) dans R(9), ou 6 = (0, 0, ny, ny). On note N I’ensemble
des quadruplets n = (n), nj, n{, n}) tels que

n'=n\+n,, n"=n{+n), ni=n)+n{, ny=n)+nj.
Pour un tel quadruplet, posons Wy, = Wy: x Wyr x Wy, x W,r. Ce groupe se plonge dans Wy, x Wy,
et dans W, x W,,» de facon évidente, les plongements étant bien définis a conjugaison pres. D’ou des

ye . . Wy xXW, . L. W, xW, N .
foncteurs d’induction 1ndWZ1 "2 et de restriction resWZ’ " Notons sgn., , le caractere de W, qui est
le produit tensoriel du caractere sgney, de W,y et des caracteres triviaux des autres facteurs. Alors, par

définition de pt, on a 1’égalité

. Wy, xW, W x W,
1= @ lndel 2 (SgnCD,n X reSW,, (pk/’e/ () P e )
neN
Le terme m(py, ,05 5 Pa.e's Por.e) est la multiplicité de p; ® pg dans IT. Supposons que cette multiplicité
soit non nulle. On peut alors fixer n € N et une représentation irréductible p, = p; ® p5 Q@ p| ® p5 de
W, telle que

. . W, xW,
pa intervient dans resy," ™ """ (pr.er @ par.e), 41)

. . . Wn W)l L3N LR 2z . N
et telle que p; ® ,05 intervient dans indy, ' Moz (sgnep , ®pn)- Cette derniere condition €quivaut a
. . WVl W)‘l
sghcp , ®Pn intervient dans res,, (01 ® pg). (42)

Introduisons les couples de partitions qui parametrent les différentes représentations intervenant, que
I’on note avec les mémes indices et exposants que celles-ci : par exemple (o}, B]) parametre p;. On fait
une exception, dont la raison sera expliquée plus loin : (oz, B2) parametre ,o; . Remarquons que

SENcp , ®Pn = 01 ® Py ® Py ® (5gncp ®P3),

et que sgnqp ®p; est paramétrée par (85, ay). Supposons d’abord ¢ = + (on identifie ci-dessous les
signes &= a £1). En appliquant (38), les relations (25) et (26) entrainent :

o oty P=pitpy o saitay, BTSBIHA) (43)
apUa <ai, BIUB] <pi. a3UB) <, BrUas <po. (44)

Ce sont exactement les relations de [Waldspurger 2001, p. 377]. Plus précisément, dans cette référence, on
considere le cas ou V est symplectique. Les données ¢; et ¢ sont (A, 71, §1) et (A, T2, §2). Le terme (g est
(0,0, 1). Si maintenant { = —, la représentation p, est paramétrée par (82, az) et on obtient des relations
comme ci-dessus, ol on permute a; et B>. On voit que seules les dernieres relations sont modifiées. La
condition (44) devient :

aUa) <ai, BUB <P, BUa)<a, aUB)<pf. (45)
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Ce sont de nouveau les relations de [Waldspurger 2001, p. 377], oi maintenant le terme (g est (0, 0, —1).
Remarquons qu’en [Waldspurger 2001], on a supposé or > B, pour I’ordre lexicographique, ce qui
explique que I’on a défini ci-dessus le couple (a2, f2) comme celui qui parametre ,0; .

La condition (40) et I’existence de couples de partitions (o}, B1), etc., vérifiant les conditions (43) et
(44) ou (45) équivalent a I’appartenance du quadruplet (A, €’; A”, €”) a I’ensemble Zj (11, t2; to) défini en
[Waldspurger 2001, p. 377] (le L de cette référence est un réseau autodual dont la seule utilité, dans le
chapitre en question, est de déterminer les entiers n” et n”’). La proposition XI1.28 de [Waldspurger 2001]
affirme qu’on a alors ’inégalité A’ U A" < A. Cela prouve la proposition 1.12.

On revient aux hypotheses du présent paragraphe, c’est-a-dire que A; et A, induisent régulierement A.
Supposons satisfaite la condition (B)®. Les hypotheses ci-dessus sont aussi satisfaites, donc (A', €’; A", €”)
appartient a I’ensemble Z (¢1, t2; tp), ot to = (0, 0, ¢). De plus, on a par hypothese I’égalité A’UL” = A. Le
(i) de la proposition XI.29 de [Waldspurger 2001] affirme alors que (A', €’; A", €”) appartient a I’ensemble
I (11, 125 Lo) défini page 380 de [Waldspurger 2001]. Compte tenu de I’hypothése que 1’induction
est réguliere, cette appartenance signifie précisément que (A)® est satisfaite. Inversement, supposons
vérifiée cette condition (A)¢. Comme on vient de le dire, cela signifie que (A, €’; A", €”) appartient 2
I’ensemble Z7"* (11, t2; to), a fortiori a I’ensemble Z; (11, t2; to). Par définition de celui-ci, cela entraine
que (40) est vérifié. Le (ii) de la proposition XI1.29 de [Waldspurger 2001] affirme qu’il y a un unique
quadruplet de partitions («}, B1), etc., vérifiant les relations (43) et (44) ou (45) et que, pour ce quadruplet,
les inégalités figurant dans ces relations sont des égalités. La multiplicité m (o1, ,05; Ow.es Par.ev) estla
somme sur les n € A et les représentations irréductibles p, de W, du produit de la multiplicité de p,
dans reswj W (P ® par,er) et de la multiplicité de sgncp , ®p, dans resg:i' xWna (p1 ® ,05). On vient
de voir qu’il y a un unique n et une unique o, pour lesquels ces multiplicités ne sont pas nulles. Pour ce
couple, les inégalités (43) et (44) ou (45) sont des égalités. Grace a (39), on en déduit que les multiplicités
en question valent 1. Alors

m(p1, ps; u.ers Parer) = 1.

Donc (B)¢ est vérifiée ainsi que la derniére assertion de la proposition 1.13. O

2. Calcul de caracteres

2.1. Caracteres de représentations. Dans cette deuxieme section, on reprend les données et notations
de [Waldspurger 2018 ; 2016b]. Rappelons les principales. Le corps de base F est local non-archimédien
et de caractéristique nulle. On note p sa caractéristique résiduelle. Un entier n > 1 est fixé. On suppose

p > 6n+4.

On considere deux espaces vectoriels sur ' de dimension 2n + 1, notés Vi, et V,,, munis de formes
quadratiques non dégénérées Qiso €t Qan. On note Gy, et Gy, les groupes spéciaux orthogonaux de
(Visos Qiso) €t (Van, Qan). On suppose Giso déployé et G,, non quasi-déployé. Pour un indice f = iso
ou an, on fixe une mesure de Haar sur G;(F) comme en [Waldspurger 2016b, 1.1]. On note Irrypip ¢
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I’ensemble des classes d’isomorphismes de représentations admissibles irréductibles de G (F') qui sont
de réduction unipotente, cf. [Waldspurger 2018, §1.3].

Soit 7w € Irryyip,z. A 7 est associ€ son caractere-distribution, c¢’est-a-dire la forme linéaire ®, sur
CX(Gy(F)) définie par O (f) = trace w(f). Restreignons-nous aux fonctions f dont le support est
formé d’éléments compacts de G;(F), c’est-a-dire d’éléments dont les valeurs propres dans une clo-
ture algébrique de F sont de valuation nulle. La représentation 7 étant de niveau 0, on a donné dans
[Waldspurger 2016a] une formule pour ®, (f), que nous allons expliciter.

Dans [Waldspurger 2016a, paragraphe 10], on a introduit un ensemble Fac’;

max

(Gy). A tout (F,v) €

Fac} . (G3) sont associés un sous-groupe compact K; de G4(F) et un sous-ensemble K> C K;. Le

*
max

groupe G(F) agit naturellement sur Fac

tax (Gr). Il résulte facilement des définitions que I’ensemble

des orbites pour cette action est en bijection avec I’ensemble des triplets (n’, n”, ¢), ou (n’, n”) € D(n)
(c’est-a-dire n’, n” e N et n’ +n” = n) et £ = +, soumis aux restrictions suivantes :
— danslecasou f=iso,onal =+sin"=0et’=—sin"=1;

— danslecasou ff =an,onan” > 1.

*

On peut choisir un ensemble de représentants des orbites dans Fac;,

(G4) de sorte que, si un élément
(F, v) de cet ensemble correspond a un triplet (n’, n”, ¢), le groupe K; soit égal au groupe K j’n,/ de
[Waldspurger 2018, §1.2] et ’ensemble K- soit égal a K,f,

Considérons un triplet (n’, n”, £) comme ci-dessus. On dispose de la fonction PrOjcusp (Resfl/ 2 () €

1"
S

RParelod of [Waldspurger 2018, §1.5]. On peut considérer que c’est une fonction sur K 5, 4> Invariante
par K, . On pose

Oz cusp(f) = Z meS(K,:ﬁ,nH)I/

/ £(g7 ' hg) projeye (Resy, . (1)) (h) dh dg.
(n’,n”,;‘) Gﬁ(F) Gﬁ(F)

Cette intégrale est convergente dans cet ordre. Les (', n”, ¢) sont soumis aux restrictions ci-dessus. Mais
on peut en fait lever celles-ci parce la fonction projcusp(Resf;,’n,, (7r)) est nulle si elles ne sont pas vérifiées.

Considérons maintenant une partition m = (m; > --- > m; > 0) € P(< n) (c’est-a-dire S(m) :=
my + --- 4+ m; < n), posons ng = n — S(m). On suppose ng > 1 si §f = an. On associe a m un
sous-groupe de Levi M C G;. Avec les notations de [Waldspurger 2018, §1.1], c’est I’ensemble des
éléments qui, pour tout j =1, ..., ¢, stabilisent les deux sous-espaces de V; engendrés respectivement

Par Vng+my+-+mj_i+1s « - - s Ungtm+-+m; et par V2n4+2—ng—my—--—mjs « + +» V2n+2—ng—m—--—mj_1—1- Ona
M >~ GL(m) x --- x GL(m;) X Gy 4,

ou G, est I’analogue de G; quand n est remplacé par ng (ce groupe est trivial si §f = iso et ng = 0).
Pour tout j = 1,...,t, fixons un sous-groupe compact maximal ij C GL(m;j; F) et notons K;Lfl,-
son radical pro-p-unipotent. On note K,, (resp. K,,) le produit de ces groupes. On note aussi Ay le
plus grand tore déployé€ central dans M, c’est-a-dire le produit des centres des groupes GL(m;). On a
défini en [Waldspurger 2016a, paragraphe 11] un ensemble Fac},,. (M)g.-comp- A tout élément (Fy, v)

de cet ensemble est associé un sous-groupe K;M de M(F). Le groupe M (F) agit naturellement sur
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Fac}; . (M)G,-comp- On voit que I’ensemble des orbites est en bijection avec I’ensemble des triplets
(n',n",¢) tels que (n’, n”) € D(ng) et £ = %, soumis aux restrictions similaires a celles ci-dessus. On
peut choisir un ensemble de représentants des orbites de sorte que, si un élément (F)s, v) de cet ensemble
correspond a un triplet (n’, n”, ¢), le groupe K;M soit égal & Ay (F)Ky X Kj?’n,,.

L’ analogue pour ce groupe M de I’espace RP21 est ’espace

,glob __ ~GL GL ,glob
Rg:rgo -C (m1)®“‘®c (m,)®Rggrgo’

cf. [Waldspurger 2018, §1.5]. On introduit 1’application linéaire Res¥ : CllIrrgnip, M1 — R},’,f‘r’gbb analogue
a Res. Soit P un sous-groupe parabolique de G de composante de Levi M. Le semi-simplifié du module
de Jacquet 7p s’identifie a un €lément de C[Irryyip ar]. D’apres [Waldspurger 2018, §1.5(1)] (qui résulte
directement de [Moy et Prasad 1996, Proposition 6.7]) le terme Res(mp) ne dépend pas du choix de P et
on a I’égalité

ResM (p) =res,, oRes().

Notons ce terme Res,, (77) et notons ses diverses composantes Resfn . (). On dispose de la projection
¢ o ¢

mn'.n > INVariante

cuspidale proj,g, (Res »(7)). On peut considérer que c’est une fonction sur K, x K

par K} x K,‘l‘,’n,,. Pour une fonction ¢ € C>°(M(F)), posons

OF wp@® = > mes((Ay(F)Kp x Ky )/ Ay (F))™!
(n',n".¢)

X [ / ¢(m—1ym) projcusp(Resfn’n,’n,, (@) (y)dydm.
M(F)/Au(F) JM(F)

Cette intégrale converge dans cet ordre. Fixons un groupe P comme ci-dessus, notons U son radical
unipotent. Fixons une mesure de Haar sur U (F). De la mesure sur M (F) (fixée comme en [Waldspurger
2016b, 1.1]) et de celle sur U (F') se déduit une mesure invariante a gauche sur P (F'), puis une pseudo-
mesure sur P(F)\G4(F) (pseudo parce qu’elle s’applique a des fonctions qui ne sont pas invariantes a
gauche par P(F) mais qui se transforment selon le module usuel ép). Définissons une fonction fi; sur
M (F) par

fum) = 8 (m) "2 / F(mu) du.
U(F)

En vertu de notre hypothese sur le support de f, on peut aussi bien supprimer le facteur § p(m)%, il
vaut 1 si I’intégrale est non nulle. D’autre part, pour g € G¢(F'), on définit la fonction éf sur G4(F) par

8f(h) = f(g'hg). On pose

®7r,m,cusp(f) = / ®%cusp((gf)U) dg-

P(F)O\Gy(F)

Ce terme ne dépend pas du choix de P. Remarquons que le terme ®; cusp(f) introduit plus haut est égal
a O g cusp(f), ol on a noté & 1'unique partition de 0.
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Rappelons que 1’on suppose que le support de f est formé d’éléments compacts de G;(F). Le
théoréme 12 de [Waldspurger 2016a] affirme 1’égalité

O (f) = 27" mult!,,' O m.cusp(f): ()

ol on a posé
multly, = [ [ multy, (i)!
i1
et noté /(m) le nombres de termes non nuls de m (qui est noté ¢ plus haut). La somme porte sur les
partitions indiquées plus haut, c’est-a-dire m € P(<n) sif=isoetm e P(<n—1) sif =an.

Remarque. Le théoréme 12 de [Waldspurger 2016a] n’est pas tout-a-fait énoncé comme ci-dessus mais
on voit facilement que les deux énoncés sont équivalents.

2.2. Un lemme élémentaire. Soit § = iso ou an. Pour g € G;(F), on dit que g est topologiquement
unipotent si et seulement si lim,, o, g”" = 1. Pour X € gz (F), on dit que X est topologiquement nilpotent
si et seulement si lim,,—, oo X" = 0. Sous certaines hypotheses sur p (du type p > A+ B valg(p), ou valp
est la valuation usuelle de F), I’exponentielle est définie sur I’ensemble des éléments topologiquement
nilpotents de g4 (F') et est une bijection de cet ensemble sur celui des éléments topologiquement unipotents
de G (F). Pour simplifier les hypotheses sur p, on remplace I’exponentielle par I’application E définie par
EX)=(01+X/2)/(1—X/2).Pour p > 2, c’est une bijection de I’ensemble des éléments topologiquement
nilpotents de gy (F) sur celui des éléments topologiquement unipotents de G4 (F'). Rappelons que 1’on a
supposé p > 6n +4, a fortiori p > 2.

Soit (n’,n”) € D(n). On suppose n” > 1 si § = an. On a défini en [Waldspurger 2018, §1.2] le
réseau L, ,» C Vi, le sous-groupe compact K;?,n,, de G4(F) et son radical pro-p-unipotent K, ,. On
définit deux réseaux €, ,~ et {%Z/’n/, de g:(F) : ce sont les sous-ensembles des éléments X € gy (F)
tels que X (L, ) C L, ., (ce qui entraine aussi X(LZ,J[,,) - LZ,’n,,) (resp. X (Ly ) C wL:,’n,, et

X(Ly, ) C Ly n). On vérifie que, pour X € gy(F) topologiquement nilpotent, on a
X € En”n“ <~ E(X) € K:;’n//, X € E,ul/’n// <~ E(X) € K}’l:/,l’l”'

Posons G = SO(2n’ + 1) x SO(2n")4, avec les notations de [Waldspurger 2018, §1.1]. On sait que
K;,n"/K:’,n“ =~ G(Fy). Notons g 'algébre de Lie de G. On vérifie que &, /€, » = g(Fy). On note
encore E I’application définie par E(X) = (1 4+ X/2)/(1 — X/2) sur I’ensemble des éléments nilpotents
de g([F,). C’est une bijection de cet ensemble sur celui des éléments unipotents de G (F).

Soit f € C°(Gy(F)). Supposons que le support de f est formé d’éléments topologiquement unipotents.
On déduit de f une fonction fi;. € C2°(g:(F)). Son support est formé d’éléments topologiquement
nilpotents. Pour un tel élément X, on a f1;.(X) = f(E(X)). On déduit aussi de f une fonction fiq sur
K ;’ v telle que, pour tout g € Ky 7,

fred(g):/Ku f(gh)dh.

n/,n”
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u
n',n’>

alors a support unipotent. On en déduit une fonction freq,ie sur g(F,) : celle-ci est a support nilpotent et,

Cette fonction est invariante par K on peut considérer que c’est une fonction sur G(F,). Elle est
pour un €élément nilpotent X € g([,), on a I’égalit€ fieq Lie(X) = fred(E(X)). Enfin, on déduit de fije
une fonction fije red Sur &, ,» : pour X dans cet ensemble,

fLie,red(X) :f fLie(X+Y)dY~
E’4/ n//

Cette fonction est invariante par translations par €}, ,. On peut la considérer comme une fonction sur g([F,).

Elle est alors & support nilpotent.

Lemme. Jred,Lie = fLie,red-
Preuve. En détaillant les définitions, on voit qu’il s’agit de démontrer 1’assertion suivante :

(46) Soit X € £, ,» un élément topologiquement nilpotent ; alors I’application Y — E (X YTE(X+7Y)
envoie bijectivement €, , sur K7/, ., et préserve les mesures.

La démonstration est élémentaire ; on la laisse au lecteur. |

On a effectué les constructions ci-dessus pour le groupe G4 afin de ne pas introduire de notations
supplémentaires. Mais il est clair que les mémes constructions et le méme lemme valent pour les groupes
de Levi de G et nous les utiliserons pour ceux-ci.

2.3. Calcul du caractere sur les éléments topologiquement unipotents. Pour {f = iso ou an, soit 7 €
Irrypip,s. On a défini I’élément Res(rr) € RPY glob o I’isomorphisme & : Relob _ ppar.glob oy [Waldspurger
2018, §1.5 et §1.9]. On note ., I’élément de R&°P tel que Res(rr) = k(ky). Soit f € CX(G4(F)). On
suppose que tout élément du support de f est topologiquement unipotent. Un tel élément est compact,
donc ®, (f) est donné par la formule () de 2.1. Nous allons expliciter cette formule a 1’aide de I’élément
Ky € REOP,

Considérons un entier ng € {0, ..., n}, une décomposition no = n’ + n” et une partition m =
(my,...,my > 0) € P(n—np). Ces données sont soumises aux mémes restrictions qu’ en 2.1 : si § = an,
onang>1etn”>1.0n aassocié a ces données un groupe de Levi M de G;. Soit ¢ € C°(M(F)),
supposons que le support de ¢ est formé d’éléments topologiquement unipotents. On va d’abord calculer

I = / 600 Y Projuses(Rest, () (») dy.
M(F) ; P T

La somme porte sur les signes ¢ = &, soumis aux conditions : si f =iso,ona¢ =+ sin”’ =0et{ = —
si n”” = 1. La deuxiéme fonction dans I’intégrale est a support dans le groupe compact K,,, x K f v Etest
invariante par K, x K, .. On peut I'identifier a une fonction sur le groupe M jE([Fq), ou

M™* =GL(m)) x - - x GL(m;) x SOQ2n" + 1) x 0(2n")s.
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Définissons une fonction ¢yes sur K, x K j v par
d)res(y) = / d)(yh) dh.
K& xK", ,

On peut la considérer elle-aussi comme une fonction sur M+ (Fy). On a I’égalité
= Y e Z PrOjeusp (RESy, v (1) (3.
yeM=(F,)

On dispose de I’application
resy : REP — C[@ml] X oo X C[@m,] ®R§})°b

obtenue en itérant la construction de [Waldspurger 2018, §1.8]. Notons I', ,» ’ensemble des y =
(r',r",N',N")y € Ty, tels que > +r'+ N' =n’, r">+ N" = n”. Pour un tel y, notons resy (kz)y la
composante dans

ClSm1x -+ xC[E,,1OR,

de res;, (k). Excluons d’abord le cas ou § = iso et n” = 1. On voit que

ZprOqusp(Resmn o)=Y Projoy o kM (resm (icx)y ).

yel" ! !

Fixons y = (', r", N', N”) € Ty ,». Dans [Mceglin et Waldspurger 2003, 2.12 et 2.13] on a introduit des
fonctions k(r’, w’) sur SO(2n’ + 1)(F,) pour w’ € Wy et k(r”, w) sur O(2n");(F,) pour w” € Wy». Une
construction analogue vaut pour les groupes GL(m;) : pour w € G;, on définit une fonction k(w) sur
GL(m;; [F;). Posons

W(m,N',N") =G, x -+ xS, x Wyr x Wi,

La fonction res, (k- ), est définie sur ce groupe. Pour w = (wy, ..., w,, w', w”) € W(m, N’', N”), on
pose k(r', r""; w) =k(w)) @ - - - @ k(w,) @k(r', w) @ k(r”, w”). Il résulte des définitions que

KM (resm(k)y) = WG NONOID Y resmlen)y k(7' w).
weW(@m,N',N")

Dans chacun des groupes &,,;, Wy’ et Wy», on définit usuellement la notion d’élément elliptique.
Lapplication k entrelace la projection proj,, et la projection sur les éléments elliptiques. Donc
Projeysp 0 kM (resm (e )y) = [W(m, N', N) ™1 > resm(icn )y (w)k (', s w),
weW (m,N',N")eli

ou W(m, N', N")e est le sous-ensemble des éléments elliptiques de W (m, N’, N”). On obtient

I= > (Wam, N',NDITH Y resmlcn)y(w) Y dres(AC, 3 w) ().

y=@',r",N',N")el weW@m,N',N")en yeM=(Fy)
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Les hypotheses sur le support de ¢ entrainent que ¢y est a support unipotent. D’apres la proposition 2.16
de [Meeglin et Waldspurger 2003], k(r’, r”’; w) est nulle sur les unipotents sauf si r’ = r” = 0. Il ne reste
qu’un seul y qui contribue, a savoir 1’élément y, ,» = (0, 0, n’, n”). D’ou

I=|Wm,n' . n)™" Y resmlka)y,, (w) Y (W)Y,

weW (m.n',n")en yeM=*(F,)

ol on a posé simplement k(w) = k(0, O; w). A ce point, on peut supprimer 1’hypothése restrictive faite

plus haut. Si f =isoetn” =1,onal =0caron se limitea { = —et K,

. s 214
2 iso € contient pas d’élément

topologiquement unipotent. Mais la formule ci-dessus donne le méme résultat, car pour 1’'unique élément
elliptique w” € Wi ey, on a k(0, w”)iso = 0, cf. [Meeglin et Waldspurger 2003, 2.13]. Notons M la
composante neutre de M~ et m son algébre de Lie. On dispose de I’application E de 2.2, qui est une
bijection de I’ensemble 1n; () des €léments nilpotents de wi([F,) sur I’ensemble My, (F,) des éléments
unipotents de M ([F,). Notons ¢req,Lie la fonction sur m(F,) qui est nulle hors des éléments nilpotents
et qui Vérifie Pred Lie(X) = Prea(E (X)) pour tout X nilpotent. Pour w € W(m, n’, n”)¢y, définissons de
méme une fonction k(w)yje. On obtient

I=|Wam,n'n)™" 3" resmlkan)y, . (w)l, (47)
weW(m,n’,n”)en
ou
Ly=Y $eaLic(X)kw)Lie(X).
Xem(Fy)
Fixons w = (wy, ..., wy, w', w”) € W(@m, n’, n")e. On peut supposer sgn-p(w”) =1 si § = iso,

sgncp(w”) = —1 si ff = an, sinon la fonction (0, w"”) est nulle sur SO;(F,), cf. [Mceglin et Waldspurger
2003, 2.13]. A tout w; est associée une classe de conjugaison de sous-tore maximal elliptique dans
GL(m;) (qui est d’ailleurs I'unique telle classe). A w’ (resp. w”) est associée une classe de conjugaison
de sous-tore maximal elliptique dans SO(2n" + 1) (resp. SO(2n”);). On fixe des tores dans ces classes de
conjugaison et on note T, leur produit qui est donc un sous-tore maximal elliptique dans M. On dispose
de I’induction de Deligne-Lusztig de T, a M. Ce foncteur vaut aussi pour les algebres de Lie. Notons
t,, Ialgebre de Lie de T, et considérons la fonction caractéristique de {0} dans t, (F,;). On note Q,,
son image par induction de Deligne—Lusztig, qui est une fonction sur m([F,), a support nilpotent. On a
I’égalité

k(w)Lie =27 0w, ot B=0sin"=0, B=1sin">0. (48)

En effet, d’apres nos définitions de [Mceglin et Waldspurger 2003, 2.12 et 2.13], k(w) est égal a
(—1)"2# fois la trace d’un Frobenius sur un faisceau-caractére. D’apres [Lusztig 1990, Theorem 1.14],
cette trace est égale, sur les unipotents, (—1)" fois I’image par induction de Deligne—Lusztig de la fonction
caractéristique de 1 dans T, (F,). En descendant par I’application E a I’algebre de Lie, on obtient (48).

En [Waldspurger 2016b, 1.1], on a fixé un caractere ¥y de F de conducteur e o. Il lui est associé
un caractere de [, grice auquel on définit, comme en [Waldspurger 2016b, 1.1], une transformation de
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Fourier ¢ — ¢ dans C2°(m([F,)). On la normalise de sorte que g?)(X ) =@ (—X). D’apres la proposition 7.2
et ’'égalité 6.15(a) de [Lusztig 1992], on a I’égalité

0., (X) = sgn(w)g "2 Q,,(X) pour tout élément nilpotent X € mp;(F,). (49)

Fixons un point X, € t,,(F;) en position générale. Notons ¢[X,,] la fonction caractéristique de la
classe de conjugaison par M ([F,) de X,,. D’apres [Waldspurger 2001, proposition I1.8], on a I’égalité

o[ X, 1(X) = Qw(X ) pour tout élément nilpotent X € my;(F,). (50)

En rassemblant (48), (49) et (50), on obtient I’égalité k(w)p;c(X) = sgn(w)q"/?28$[ X, 1(X), pour
X € my;(F,). D’ou

Ly =sgn(w)g"*2f 3" rea Lie(X)PLX (X)),
Xem(F,)

puis, par la formule de Parseval,

Ly =sgn(w)g"?2f 3" frea Lie(X)P[ X1 1(X).
Xem(F,)

Ou encore, en explicitant la fonction ¢[X,,],

Ly = sgn(w)qg" 2’ | T, FHI™" D" rearie(x ™ Xpx).
xeM(F,)
La conjugaison se fait ici par le groupe M () et on rappelle que M est la composante neutre de M £,
Mais, dans la formule ci-dessus, on peut remplacer X,, par un conjugué quelconque par un élément
de M jE(I]:q). Un tel conjugué vérifie les mémes propriétés que X,,. On peut donc remplacer la conjugaison
par M ([F,) par la conjugaison par M jE([Fq) tout entier, a condition de diviser par [M jE([Fq) :M(F)], qui
vaut précisément 2. D’out

Ly =sgnw)q" Ty )™ D Prearie(x™ Xpx). (51)

xeM*(F,)
Notons m I’algebre de Lie de M. Comme en 2.2, on définit une fonction ¢y ;. sur m(F) : elle est a support
topologiquement nilpotent ; pour X € m(F) topologiquement nilpotent, on a ¢ (X) = ¢ (E(X)). On en
déduit une fonction ¢pe red sur €, @ &, , (avec une définition évidente de €, et, ci-dessous, de €,) par

¢Lie,red(X) = / ¢Lie(X + Y) dYy
Eth@?ﬁ/,nv

pour tout X € £, ® £y ,». On peut considérer que ¢’est une fonction sur m([F,). Le lemme 2.2 dit que

@red Lie = PLie red- On dispose de la fonction ¢3Lie (la transformée de Fourier de ¢y ;o) dont on déduit comme

ci-dessus une fonction (dA)Lie)red sur £, ® &y ,~, que I’on peut considérer comme une fonction sur m([F,).

On vérifie I’égalité

(¢Lie)red = ¢Lie,red .
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Dans la formule (51), remplacons qued,Lie par (qASLie)red. Les termes de la formule vivent dans m([,) mais
on peut les relever dans €, @ £,/ ,». On releve ainsi X,, en un élément de ce réseau que I’on note X,,. La
somme en x € M jE(I]:q) devient une intégrale sur K,,, x K ni, > divisée par la mesure de K, x K, . On
obtient

Ly = sgn(w)q" | T,y (Fg)| ™" mes(Ky, x Ky )™ f . QLo Xyx)dx. (52)
KmXKn/ﬂ//

Notons T, le centralisateur de X,, et t,, son algebre de Lie. Le tore T, est non ramifié sur F' et posseéde
une structure naturelle sur 0. On a t,,(0) = t, (F) N (€, @€y 1) et ity (0) = t, (F)N (L, @), ). Posons

Xy = Xy + @ty (0). Montrons que
+

n',n'">

Briodrea(c ™ Xux) = mes(Xy)~! / / ey Yuyx) d¥udy. (53)
K,L,‘,XK::/JL// Xw

pour tout x € K, x K

On se ramene immédiatement au cas x = 1 en conjuguant par x la fonction PLic. Supposons donc x = 1.
Posons T, (F)" =T, (F) N (K,, X K,’f,’n,,). C’est 'image par E de @ty (0), on a donc mes(T,, (F)*) =
mes(X,,). Les éléments Y,, appartiennent a t,(F) donc T, (F) commute a ces éléments. On peut
remplacer I'intégrale en y € Ky, x K, , du membre de droite ci-dessus par une intégrale en y €
Ty(F)"\(Kp, x K},
membre de droite. Considérons 1’application

’ ) multipli€ée par mes(Xy,). Ce facteur fait disparaitre son inverse qui figure dans ce

L T (F)“\(K!" x K"

n’,n”

) X @y (0) = m(F), (1, 2)y " (Xp+2Z)y— Xy

I est clair que son image est contenue dans ¢, ®¢t,, . Montrons qu’elle est injective. Si (y, Z) et o', Z"
ont méme image, on a y~ (X, + Z)y = y " 1(X,, + Z')y’. Le point X, est en position générale et ses
valeurs propres (dans une cloture algébrique Fq de ;) sont distinctes. Les valeurs propres de X, + Z et
X, + Z' sont entiéres (dans une cloture algébrique de F) et leurs réductions dans ﬁq sont les mémes que
celles de X,. On en déduit aisément que les points X, + Z et X,, + Z’ ne peuvent étre conjugués que

1

s’ils sont égaux. Donc Z = Z'. Alors y'y~' commute a X,, + Z’ et appartient donc a T,,(F). Cela prouve

I’injectivité de ¢. L’application ¢ est différentiable. Sa dérivée en un point (y, Z) est I’application
tw (F\M(F) X t,(F) > m(F), (Y, 3) >y~ (Xu+Z, D]+ 3)y.

Celle-ci est bijective et, parce que les valeurs propres de X,, + Z sont entieres et de réductions toutes
distinctes, on vérifie qu’elle préserve les mesures. Donc ¢ est un isomorphisme local, de jacobien constant
de valeur 1. On en déduit que I'image de ¢ est ouverte dans ¢, @ £, , et que cette image a méme
mesure que 1’espace de départ. D’autre part, ’image de ¢ est clairement compacte et 1’espace de départ
a méme mesure que £, © ¢, . Cela entraine que ¢ est un isomorphisme préservant les mesures de
T (F)"\(K,, x K:,’n,/) X @ty (0) sur £, @ EZ,’n,,. Le membre de droite de (53) (en x = 1) s’écrit

/ f PLic(L(y, Z) + Xy) dZ dy.
Tu(FY\(Kiyx K" ) St (0)

no,n
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D’apres les propriétés de ¢, c’est aussi

/ PLic(Xy +Y)dY.
fﬁ‘”@?ii/{n//

Mais ceci est la définition de (@Lie)red(X w). Cela démontre (53).

Utilisons (53) pour transformer (52). L'intégrale en K, < K :l‘,’n,, est absorbée par celle en K, x K/ 7
mais introduit un facteur mes(K,, x K;f,’n,/) qui compense I’inverse de cette mesure intervenant dans (52).
On obtient

I = sgn(w)q"| T (F,)| " mes(Xy)™! / / e Yux) Yo di.
KnxK3 /%,

Rappelons que 1’on a supposé sgnqp(w”) = 1 si § = iso et sgn-p(w”) = —1 si § = an. Notons
W(m,n',n")en 4 le sous-ensemble des éléments de W (m, n’, n” ) dont la composante w” vérifie cette
condition. En revenant a (47), on obtient

I=|Wam,n' 2™ Y resmlka)y, . (w) sgn(w)g"/?| Ty (Fy)| ™

weW(@m,n',n" )z

X mes(/"(w)_1 /

+
Km XK”/J,//

/q@ue(x—lywx)dywdx. (54)
Xy

Notons plus précisément I,/ ,7(¢) cette expression. En 2.1, on a défini un terme @7’;’{ Cusp(d)). On a

Iégalité

O @) =3 mes(Ay(F\(Ay(F)Kn x K£,,)7! / L (") dim.,
Ay (F)\M(F)

n’,n”
oul (n', n”") parcourt D(n) avec la restriction n” > 1 si f = an et ol on a noté "¢ la fonction x > ¢ (m~'xm).
On peut oublier la restriction sur n” : si § = an et n” = 0, la formule (54) vaut O car I’ensemble
W(m,n',n")eny est vide. On voit que I'image par transformation de Fourier de ("¢)rie est ’"(¢A5Lie).
Les intégrales sur K,, x an,, de la formule (54) sont absorbées par I’intégrale sur Ay (F)\M(F),
mais introduisent des facteurs mes(K,, x Kjf,n,,). Notons Ay (F)€ le plus grand sous-groupe compact
de Ay (F). C’est aussi I'intersection de Ay (F) et de K. Donc

mes(Ay (F)O\(Ay (F)Ky x Kj?’n,,)) = mes(K,, x Kin,,) mes(Ay (F)°)~ L.
D’ou
M c NS |
®ﬂ,cusp(¢) = Z meS(AM(F) )lW(m» n,n )|
(n’,n"yeD(n)

x Y resm(kn)y,,, () sgn(w)g" | Ty (F)| ™!

weW @m,n',n")en 1

xmes(Xw)_I/ / éLie(m_lem)dedm. (55)
Au(F)\M(F) J X,

On peut encore remplacer 1’intégrale en Ay (F)\M (F) par une intégrale sur T, (F)\M (F), a condition
de multiplier par mes(Ay (F)\T,(F)). Notons Ty, (F)¢ le plus grand sous-groupe compact de T,,(F).
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Parce que T, est non ramifié, on a T, (F) = Ay (F) T, (F)¢, d’ou
mes(Ay (F)\T,(F)) = mes(Ay (F)) ™" mes(T, (F)°).

Le premier facteur compense son inverse qui figure dans la formule ci-dessus. On a introduit plus haut le
sous-groupe T, (F)" de T,,(F) etona T,,(F)°/ T, (F)" ~ T, (F,). De plus, mes(T,,(F)") =mes(w t, (0)).
On a fixé sur t,(F) la mesure autoduale. Puisque t, (0) et wt,(0) sont duaux pour le bicaractere

(X,Y)— yp(trace(XY)), on calcule
mes(wty (0)) = [ty (0) : @ty (0)] 2 = g/

mes (T, (F)) = ¢ ~"/2| T ().
Ces termes compensent leurs inverses figurant dans la formule (55). Finalement

O @ = D W n)[" Y resmka)y,,, (w) sgn(w) mes(Xy,) "

(n’,n”)eD(no) wEW(M,n/»nN)ell.:

x/ f([)Lie(m_lem)dea’m. (56)
Ty (F)\M(F) J Xy

Soit maintenant f € C2°(G(F)). On suppose que le support de f est formé d’éléments topologiquement
unipotents. En 2.1, on a défini le terme

®n,m,cusp(f) = / ®7]:4,Cllsp((gf)U) dg-
P(F)O\G:(F)
On définit la fonction fije, cf. 2.2. Posons ¢ = f;. On voit que
¢Lie(X): fLie(X+Y) dY,
u(F)

ou dY est la mesure de Haar sur u(F) telle que I’exponentielle de u(F) sur U (F') préserve les mesures.
D’ou aussi

Prie(X) = frie(X +Y)ay.
u(F)

Ou encore

Pric(X) = |det(ad(X)u(r))| frie@™ Xu) du,
U(F)

ou | - | est la valeur absolue usuelle de F'. On peut remplacer f par 8f. En posant ¢ = (8f)y, on obtient
Prie(X) = [det@dX)pr)lr [ fuiele™ u™" Xug) du.
U(F)
Les éléments Y,, intervenant dans (56) vérifient |det(ad(Yy,)u(r))|F = 1 car les valeurs propres des
réductions X, sont toutes distinctes. On en déduit 1’égalité

/ / Buie(m ™" Yum) dm dg = / frie(g™ Yug) dg.
P(F)\Gy(F) JT,(F)\M(F) Tw(F)O\Gy(F)
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On obtient

Orn.m,cusp(f) = Z |W(m, n’, n”)lil Z I€Sm (Kn)yn@,,n (w) sgn(w) mes(-)(w)il

(n’,n")eD(ng) weW@m,n’,n" ez
x / f Juie(g™'Yyg) dY, dg.
Ty (FO\G(F) J Xy,

Dans [Waldspurger 2001, p. 53], on a introduit la distribution

Q> p(g 'Y,g) dg
T (F)\G3(F)

sur C°(gz(F)) (elle y est notée ¢y (X7, ¢)). On a montré en [Waldspurger 2001, corollaire II1.5] que
sa restriction a un certain sous-espace # C C2°(g:(F)) ne dépendait pas de I’élément Y,, € X, (elle ne
dépend d’ailleurs pas non plus du choix de X,, mais cela résulte déja de nos calculs ci-dessus). L’espace
H est défini ainsi. Soit B un sous-groupe d’Iwahori de G4(F). Il lui correspond un sous-o-réseau b
de g (F). Notons C2°(gr(F)/b) le sous-espace des fonctions invariantes par b. Alors # est la somme de
ces espaces C2°(gz(F)/b) quand b décrit tous les sous-groupes d’Iwahori de G. On voit facilement que
H est exactement le sous-espace des fonctions ¢ telles que ¢ soit & support topologiquement nilpotent.
En particulier, fLie appartient a 7. Donc I’intégrale

/ frie(g™'Yug) dg
Ty (FO\G(F)

ne dépend pas du point Y, € X,. Intégrer cette formule en Y, revient a la multiplier par mes(X,,) et ce
facteur compense son inverse figurant dans la formule plus haut. On obtient simplement

Orn.m,cusp(f) = Z |W(m,n', n”)l_l Z ICSm (Kn)y,,@,,// (w) sgn(w)

(n’,n"")eD(ng) weW(m,n',n" ez
x / Jue(¢™' Xug)dg.  (57)
Ty (F)\G(F)

Pour expliciter davantage la formule obtenue, introduisons I’élément yy = (0, 0, n) de T (cf. [Waldspur-
ger 2018, §1.8]) et la composante ko de k, dans la composante R(yp) de R. Soit («, B, B”) € P3(n).
On a défini en [Waldspurger 2018, §1.8] la valeur « o(wq, g/, 7). Associons a notre triplet de partitions la
partition m = « et les entiers n’ = S(B'), n”" = S(B"), no =n’+n". Soit w = (wy, ..., w;, w, w”) un
élément de W (m, n’, ")y tel que w' et w” soient paramétrés par les partitions (&, B') et (&, 8”). Les
définitions entrainent que

resm (Kﬂ)y}’t/,n” (w) = Kﬂ,O(wa,ﬂ/sﬂ”)-
Posons sgn(wg, g, p7) = sgn(w) et définissons une distribution ¢y p g7 sur C°(gy(F)) par :
— sif=isoetl(B”) estimpair ou si ff = an et [(B”) est pair, ¢y g g7 =0;
— sifi =iso et /(B”) est pair ou si §f = an et [(B”) est impair,

bo s 5 (9) = f (g Xug) dg
Ty (FO\G(F)
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pour tout ¢ € C°(gz(F)).

La distinction entre les deux cas provient de ce que X, n’existe que si w € W (m, n’, n” ) 4, ¢’est-a-dire
si sgn(w”) vaut 1 si § =1iso, —1 si ff = an, ce qui se traduit par les conditions indiquées. Cette définition
dépend des choix de w dans sa classe de conjugaison et de 1’élément X,,. Mais nous n’appliquerons cette
distribution qu’a des éléments de 1’espace . Comme on I’a dit ci-dessus, cette restriction ne dépend pas
de ces choix. Dans la formule (57), I’intégrale devient ¢y g g7 ( fLie). Cette formule devient une somme,
indexée par les triplets (c, B’, B”) tels que @ = m, de termes ne dépendant que de ces triplets. Chaque
triplet (a, B/, B”) intervient avec une certaine multiplicité. Celle-ci est le produit de |W (m, n’, n”)|~! et
du nombre d’éléments w = (wy, ..., wy, w', w”) € W(m, n', n")ey tels que w’ et w” soient paramétrés
par (2, B) et (&, B”). Pour toute partition A, posons

z(k)z( I1 2Aj)l_[multk(i)!,

=1 I i>1
et posons

z2(a, B, B") = z(e)z(Bz(B).
On voit que la multiplicité précédente est égale a

2/ multlyz(a, B, B7) .

Alors (57) se récrit

®n,m,cusp(f) = Z 21(‘)[) mult!az(oz, ,3/, ,8//)_1 Sgn(wa,ﬂ’,ﬂ”)/{n,O(wa,ﬂ’,ﬁ’/)¢a,ﬁ/,ﬁ”(fLie)-
(o, ', B €P3(n); =m
Le résultat de 2.1 est que ©,(f) est la somme sur m des expressions ci-dessus, multipliées par
2710m mult! 1. Dol

O(f)= Y. 2@ BB sgn(wypp)kn0(Wapp)baprpr(fLic). (58)
(a,8',B")€P3(n)

3. Fronts d’onde

3.1. Rappel sur les orbites unipotentes. Soit t{ = iso ou an. On appelle orbite nilpotente une classe de
conjugaison par G (F) d’éléments nilpotents dans g;(F). On note Nil; I’ensemble des orbites nilpotentes.
Les orbites nilpotentes sont classifiées par des données (i, (¢i)ielordyy (1)), OU U € Pt (2n 4 1); pour
tout i € Jordpp(it), g; est une classe d’équivalence d’une forme quadratique non dégénérée sur un espace
vectoriel sur F de dimension mult, (i) ; le noyau anisotrope de la forme quadratique €p; ETordyy () 9i €St
équivalent a celui de Q.

Pour une orbite nilpotente O, on note ©(QO) la partition associée a O.

Une classification analogue vaut pour les groupes SO(2n + 1) et SO(2n); définis sur F,. Il y a une
petite perturbation dans le cas du groupe SO(2n)iso. La classification ci-dessus vaut pour les classes de
conjugaison par O(2n)is,(F,) et non pas par SO(2n);s0 ([, ). Il peut y avoir des classes de conjugaison par
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O(2n)is0(Fy) qui se coupent en deux classes de conjugaison par SO(2n);s0 (). A ces deux classes sont
associées les mémes données (1, (q,-)iejordbp(m).

La définition suivante va nous étre utile. Considérons deux espaces vectoriels [; et I sur [, de
dimensions d; et d,, respectivement. Soient ¢q; et g, des formes quadratiques non dégénérées sur ces
espaces. A isomorphisme pres, il existe un unique triplet (V, Q, L) vérifiant les conditions suivantes :

— V est un espace vectoriel sur F' de dimension d; + d5 ;

— Q est une forme quadratique non dégénérée sur V ;

— L C V est un réseau presque autodual, c’est-a-dire w L* C L C L*;

— (1, q1) est isomorphe a (I’, Q') et (I2, g2) est isomorphe a (I”, Q") (rappelons que I’ = L/w L*,
I"=L*/L et que Q' et Q" sont les formes sur ces espaces qui se déduisent naturellement de Q, cf.
[Waldspurger 2018, §1.1]).

On note Qy, 4, cette forme quadratique Q dont la classe d’équivalence est bien déterminée.

Considérons I’ensemble Nil; des paires (O1, O3) telles que

il existe ny,n, € N, avec n; +ny = n et np > 1 si § = an, de sorte que O; soit une orbite
nilpotente dans so(2n; + 1)(F,) et O, est une orbite nilpotente dans so(2n7)4(F,).

A un telle paire, on va associer une orbite nilpotente Op, o,. Notons

(1, (g1,i)ielordyp(un)) € (12, (q2,i)ieordyy (112))

les parametres de Oy et Oy. On pose = w1 U s et, pour tout i € Jordpy (1), ¢i = Qg :.q.; (@vec qu,i
ouga; =0sii ¢Jordp(p1) ou i & Jordpp(142)). On vérifie que (u, (gi)ielordy,(n)) Classifie une orbite
nilpotente dans g;(F). Alors Op, 0, est cette orbite unipotente. L’ application

Nilj — Nilﬁ, (01, 02) (rd 0(/)1,02
est surjective.
Pour O € Nilg, on note /o I’intégrale orbitale associée a O. Pour la définir, il faut bien sir fixer une
mesure sur O invariante par conjugaison. La définition de cette mesure n’aura pas d’importance pour nous.
Soit (O1, O3) € Nil;. En [Waldspurger 2001, IX.2], on a défini une fonction hp, o, € C2°(g:(F)) (dans
cette référence, les éléments de Nil; étaient notés N). Elle vérifie les propriétés suivantes :

— ho,,0, € H; I'espace H a €té€ défini en 2.3; c’est celui des fonctions ¢ dont la transformée de
Fourier est a support topologiquement nilpotent ;

(59) pour O € Nil; dont I’adhérence O ne contient pas Op,.0,, lo(ho,.0,) =0;
(60) pour 0= 001,02’ I@(hol,Oz) 7é 0.

On définit une fonction fo, 0, € C°(G(F)) comme suit (cf. [Waldspurger 2001, lemme IX.4]) : c’est
la fonction a support topologiquement unipotent telle que ( fo, 0,)Lie = flol,oz-

3.2. Développement des caracteéres a I’origine. Soit 7w une représentation lisse et irréductible de G (F).
D’apres Harish-Chandra, on sait qu’il existe une unique famille de nombres complexes (co (7)) oenil,
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et un voisinage V (;r) de 1 dans G (F) de sorte que les propriétés suivantes soit vérifiées. Le voisinage
V (7r) est invariant par conjugaison par G(F) et est formé d’éléments topologiquement unipotents. Soit
f € C(Gy(F)). On suppose que le support de f est contenu dans V (;7). En particulier, on peut associer
a f une fonction fi;e sur gs(F’), a support topologiquement nilpotent. Alors on a I’égalité

Ox(f)= Y colmlo(fie). (61)
OeNily

Remarquons que les coefficients ¢ (;r) ne sont pas tous nuls. En effet, si f est la fonction caractéristique
d’un sous-groupe ouvert compact H contenu dans V (r), ®, (f) est égal au produit de la mesure de H et
de la dimension du sous-espace des invariants par H dans I’espace de 7. Ce terme est non nul si H est
assez petit. On dit que 7 admet un front d’onde s’il existe u () € Porth (2 4 1) de sorte que

— pour tout O € Nily tel que co(mr) #0,0ona u(0) < u(r);

— il existe O e Nil; tel que co() # 0 et w(O) = u(m).

Evidemment, 1(;7) est unique si elle existe. On conjecture que toute représentation lisse irréductible
admet un front d’onde. Supposons que 7w admette un front d’onde. On montre que

— (o) est une partition spéciale, cf. [Mceglin 1996a, théoreme 1.4];

— pour tout O € Nily tel que n(O) = (), on a co(w) > 0, cf. [Mceglin et Waldspurger 1987,

corollaire 1.17].

Remarque. La construction d’Harish-Chandra utilise I’exponentielle et non pas notre exponentielle
tronquée E. Mais le résultat est le méme, avec les mémes coefficients, que I’on utilise I’'une ou I’autre de
ces applications.

Dans le cas ou 7 € Irryyp ¢, on peut prendre pour voisinage V (r) I’ensemble tout entier des €léments
topologiquement unipotents de G (F). En effet, pour f a support topologiquement unipotent, ® (f) est
calculé par la formule (58). Or il résulte de [DeBacker 2002, Theorem 2.1.5] que le membre de droite de
cette formule est de la méme forme que celui de (61) ci-dessus. Ces deux expressions doivent coincider
si le support de f est dans un voisinage assez petit de I’origine. Les distributions f + I ( fLie) sont
linéairement indépendantes, méme si on les restreint aux fonctions vérifiant cette condition de support.
Cela implique que les coefficients sont les mémes dans les deux expressions. Donc (61) est valable pour
toute f a support topologiquement unipotent.

3.3. Le théoréme. Pour f =iso ou an, notons Irryyp ¢ le sous-ensemble des représentations admissibles
irréductibles de G;(F) qui sont tempérées et de réduction unipotente. Notons Irryyp la réunion disjointe de
Irreunip,iso €t ITunip,an. Dans [Waldspurger 2018, §1.3], on a adapté I’habituelle classification de Langlands :
I’ensemble Irry;p est paramétré par un ensemble Jrtyy;p de triplets (A, s, €). En particulier, le terme
A est un élément de PY™P(2n). Pour un tel triplet, on a noté w (A, s, €) la représentation qui lui est
associée par Lusztig (elle est tempérée). On a introduit I’involution D de Zelevinsky—Aubert—Schneider—
Stuhler en [Waldspurger 2018, §1.7] et une dualité d entre partitions en 1.6 et 1.7 ci-dessus. On pose
S(A,s,€)=D(m(A,s,€)).
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Théoreme. Soit (A, s, €) € Jrtynip. Alors 8(A, s, €) admet un front d’onde et on a I’égalité

w(d(A, s, €)) =d).
La fin de ’article est consacrée a la démonstration du théoreme.

3.4. Une premiere réduction. En [Waldspurger 2018, §1.3], on a introduit le sous-ensemble Jttypip-quad
des triplets (A, s, €) € Jrrypip tels que s2 = 1. Supposons que le théoréme soit prouvé pour les triplets
(A, s, €) € Trtypip-quad tels que A n’ait que des termes pairs. Montrons que le théoréme résulte de ce cas
particulier.

Soit # = iso ou an et soit P un sous-groupe parabolique de Gy, de composante de Levi M. Soit 7 une
représentation lisse irréductible de M (F'), notons 7w = IndgIi (™) son induite et supposons 7 irréductible.
On a défini en 3.2 la notion de front d’onde pour le groupe G; mais on sait bien que la définition est
générale et s’applique en particulier au Levi M. Supposons que 7™ admette un front d’onde. Si

M =GL(m}) x - -+ x GL(m;) X Gy.p,.

w(m™) est alors une famille (11, ..., py, o) o, pouri =1, ..., t, p; € P(m;) et g € PO (2ny+1). On
a défini en 1.8 une opération d’induction qui envoie w(@™M) sur une partition ind(u(r™)) e PO 2n+1).
Sous ces hypotheses, on a

7 admet un front d’onde etona  w() = ind(u(x™)). (62)

Preuve. Po