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Semistable Chow—Hall algebras of quivers and
quantized Donaldson—Thomas invariants

Hans Franzen and Markus Reineke

The semistable ChowHa of a quiver with stability is defined as an analog of the cohomological Hall
algebra of Kontsevich and Soibelman via convolution in equivariant Chow groups of semistable loci in
representation varieties of quivers. We prove several structural results on the semistable ChowHa, namely
isomorphism of the cycle map, a tensor product decomposition, and a tautological presentation. For
symmetric quivers, this leads to an identification of their quantized Donaldson-Thomas invariants with
the Chow—Betti numbers of moduli spaces.

1. Introduction

The cohomological Hall algebra, or CoHa for short, of a quiver is defined in [Kontsevich and Soibelman
2011] as an analog of the Hall algebra construction of Ringel [1990] in equivariant cohomology of
representation varieties. In [Kontsevich and Soibelman 2011] the CoHa serves as a tool for the study
of quantized Donaldson—Thomas invariants of quivers, and in particular their integrality properties,
since it admits a purely algebraic description as a shuffle algebra “with kernel” on spaces of symmetric
polynomials. In [Efimov 2012], the CoHa of a symmetric quiver is shown to be a free super-commutative
algebra, proving the positivity of quantized Donaldson—Thomas invariants in this case.

In another direction, the CoHa is used in [Franzen 2016; 2018] to determine the ring structure on
the cohomology of noncommutative Hilbert schemes and more general framed moduli spaces of quiver
representations, as defined in [Engel and Reineke 2009].

Already in [Franzen 2018] it turns out that a “local” version of the CoHa (the semistable CoHa),
constructed via convolution on semistable loci of representation varieties with respect to a stability, is partic-
ularly useful, and that it is also convenient to replace equivariant cohomology by equivariant Chow groups.

In the present paper, we study this local version, called the semistable ChowHa, more systematically
and demonstrate their utility both for understanding the structure of the CoHa and for the study of
quantized Donaldson-Thomas invariants.

We prove the following structural properties of the semistable ChowHa:

The equivariant cycle map between the semistable ChowHa and the semistable CoHa is an isomorphism
(Corollary 5.6), which can be viewed as a generalization of a result of [King and Walter 1995] on the cycle
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map for fine moduli spaces of quivers. We exhibit a tensor product decomposition (Theorem 6.2) of the
CoHa into all semistable CoHa’s for various slopes of the stability, categorifying the Harder—Narasimhan,
or wall-crossing, formula of [Reineke 2003]. We give a “tautological” presentation of the semistable
ChowHa (Theorem 8.1), in the spirit of [Franzen 2015], which generalizes the algebraic description
of [Kontsevich and Soibelman 2011] of the CoHa. Quite surprisingly, such a tautological presentation
remains valid for the equivariant Chow groups of stable loci in representation varieties (Theorem 9.1).
From this, we conclude that the quantized Donaldson-Thomas invariants of a symmetric quiver are
given by the Poincaré polynomials of the Chow groups of moduli spaces of stable quiver representations
(Theorem 9.2). This shows that quantized Donaldson—Thomas invariants are of algebro-geometric origin;
compare [Meinhardt and Reineke 2014] where quantized Donaldson-Thomas invariants are interpreted
via intersection cohomology of moduli spaces of semistable quiver representations.

The proofs of these structural results basically only use the Harder—Narasimhan stratification of
representation varieties of [Reineke 2003], properties of equivariant Chow groups, and the result of
Efimov [2012]. All structural results are illustrated by examples in Section 10: We first give a complete
description of the Hall algebra of a two-cycle quiver, which is the only symmetric quiver with known
representation theory apart from the trivial and the one-loop quiver whose CoHa’s are already described
in [Kontsevich and Soibelman 2011]. Then we consider the only nontrivial (i.e., not isomorphic to
the CoHa of a trivial quiver) semistable ChowHa for the Kronecker quiver — we observe that it is not
super-commutative, but still has the same Poincaré—Hilbert series as a free super-commutative algebra;
for this, the representation theory of the Kronecker quiver is used essentially. Then we illustrate the
calculation of Chow—Betti numbers of moduli spaces of stable representations in the context of classical
invariant theory, and finally hint at an algebraic derivation of the explicit formula of [Reineke 2012] for
quantized Donaldson—-Thomas invariants of multiple loop quivers.

The paper is organized as follows:

After reviewing basic facts on quiver representations (Section 2) and the definition of quantized
Donaldson-Thomas invariants (Section 3), we define the semistable ChowHa in Section 4. In Section 5
we study the cycle map from ChowHa to CoHa, and prove it to be an isomorphism via induction over
Harder—Narasimhan strata and framing techniques. The Harder—Narasimhan stratification is also used in
Section 6 to derive the tensor product decomposition of the ChowHa. We recall the algebraic description
of the CoHa of [Kontsevich and Soibelman 2011] and Efimov’s theorem in Section 7. Again using
the Harder—Narasimhan stratification, we obtain the algebraic description of the semistable ChowHa
in Section 8. In Section 9, the previous results are combined to identify quantized Donaldson—Thomas
invariants and Chow—Betti numbers. Finally, the examples mentioned above are developed in Section 10.

2. A reminder on quiver representations

Let Q be a quiver—i.e., a finite oriented graph — whose set of vertices and arrows we denote by Qg
and Q1, respectively. We will often suppress the dependency on Q in the notation. The bilinear form
X = xo on Z20 defined by



Semistable Chow—Hall algebras of quivers and quantized Donaldson—Thomas invariants 1003

X(dve)zzdiee Zdej 2(8,1 a; j)die;

i€eQo aii—j

is called the Euler form of Q. Here, g; ; is the number of arrows from i to j in Q. We denote the
antisymmetrization x (d, e) — x (e, d) of the Euler form by (d,e). Let I' = 283 be the monoid of
dimension vectors of Q. B

Let k be a field. A representation M of Q over k is a collection of finite-dimensional vector spaces M;
with i € Qg together with linear maps M,, : M; — M for every arrow o : i — j. See [Assem et al. 2006]
for more details. The tuple dimM = (dim M; | i € Qp) € I is called the dimension vector of M. For a
dimension vector d € I', we define R;(k) to be the vector space

Rq(k) = € Hom(k*, k%)

aii—j

on which we have an action of the group G, (k) = Hier Gly, (k) via base change. An element of R, (k)
is a representation of Q on the vector spaces (k%;. Being an affine space, R;(k) admits a Z-model, i.e.,
there exists a scheme R; whose set of k-valued points is R;(k). Likewise, there is a group scheme G,
which is a Z-model for G4(k).
We introduce a stability condition 6 of Q, that is, a linear form Z2° — Z. For a nonzero dimension

vector d, the rational number

0(d)

Zz’ di

is called the §-slope of d. For a rational number p, let I'%* be the submonoid of all d € T" with d = 0
or whose 6-slope is u. If M is a nonzero representation of Q over k, the 6-slope of M is defined as
the slope of its dimension vector. A representation M of Q over k is called 0-semistable if no nonzero
subrepresentation of M has larger 6-slope than M. It is called 6-stable if the 6-slope of every nonzero
subrepresentation M’ is strictly less than the slope of M, unless M’ agrees with M. There is a Zariski-open
subset Rg_“t of the scheme R; whose set of k-valued points is the set of §-semistable representations
of Q. There is also an open subset Rz_“ of RS_S‘“ parametrizing absolutely 6-stable representations, that
means Rz_“(k) consists of those M € R;(k) such that M ®; K is 6-stable for every finite extension K | k.

3. Quantum Donaldson-Thomas invariants

Fix a prime power g and let [F = [, be the finite field with g elements. Then R, (F) and G4([F) are finite
sets, and we consider the set of orbits R;(F)/ G, (F). We define the completed Hall algebra of Q as the
vector space

Hy = H, (@) ={f| £ :|_|Ra(P)/Gu(F) — @}

del
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equipped with the following convolution-type multiplication: for two functions f and g, we define

(f*)(X)= ) f(U)g(X/U).
Ucx
the sum ranging over all subrepresentations of X. Note that this sum is finite. This multiplication turns
H, into an associative algebra. We define yet another algebra. Set T, := Q(q" DIt | i € Qo and let the
multiplication be given by

td 0t = (_ql/2)(d,e)td+e‘

It is shown in [Reineke 2003] that the so-called integration map [ : H, — T, defined by

1/2)x(mX,dLnX)

I ) _dimX
f f _§ 8 Aut(X) FX)-1

is a homomorphism of algebras. Define 1 € H, to be the function with 1(X) = 1 for all [X]. An easy
computation shows that A(g, t) := [ 1 equals

d;
Alq. )= (=¢"H T =g
d

i v=I
For a stability condition # of Q and a rational number w, we define 194 ¢ H, as the sum of the

characteristic functions on Rff“t([F) /Ga(F) over alld € rf#, Set Ae’“(q, 1) = f 191, Using a Harder—
Narasimhan type recursion, it is shown in [Reineke 2003] that:

Theorem 3.1. 1= 1_[ 19+ in H,.
nel

This implies that the series A and A%* relate in the same way in the twisted power series ring T,.

Let R be the power series ring @(ql/ D[t | i € Qoll with the usual multiplication. Let R, be the set of
power series without constant coefficient. There exists a unique continuous bijection Exp : R+ — 1+ R4
such that Exp(f + g) = Exp(f) Exp(g) and

k/2,dy _

forevery k € Z and d € T". This function is called the plethystic exponential. We call the stability condition
6 generic for the slope u € Q (or w-generic) if (d, e) =0 for all d, e € T'?*. Assuming that 6 is -generic,
the series A%* can be displayed as a plethystic exponential.

Theorem 3.2 [Kontsevich and Soibelman 2011]. For a u-generic stability condition 6, there are polyno-
mials QZ (@)= QZ’quk in Z|[q] for every nonzero dimension vector d of slope . such that

_ 1 =
A%M(q™! 1) =Exp (_l—q Z(—q‘/z)x<""’>92<q)rd>.
d
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Definition 3.3. If 6 is a p-generic stability condition and d is a nonzero dimension vector of slope p
then the coefficients of

Q(q) =) Q14" = q* " DPQ(q) € Z1gF')
keZ

are called the quantum Donaldson—Thomas invariants of Q with respect to 6.

When the quiver Q is symmetric, that means the Euler form of Q is a symmetric bilinear form, then
every stability condition is p-generic for every value p € Q. For example, the trivial stability condition
is 0-generic and we can define the Donaldson—Thomas invariants Qg’ ¢ for every d # 0. Note that
Theorem 3.1 implies 92’ 0= sz, i for every 0. We may therefore write 24« in this case.

4. The semistable ChowHa

Fix an algebraically closed field k. Abusing the notation from the first section, we will use the symbols
Ry, Rz_“t, RS_St, and G, for the base extensions of the respective Z-models to Spec k.

Let d be a dimension vector for Q. We define &QZ*S“ to be the G ;-equivariant Chow ring with rational
coefficients of the semistable locus

sly(Q) = AG, (Rg™™a.

For the definition of equivariant Chow groups and rings, see [Edidin and Graham 1998]. As we will
always work with rational coefficients, we will often omit it in the notation. We define 545"/ as the
graded vector space

w@—SS[,M(Q): @ &szsst'

dert.n

We mimic Kontsevich and Soibelman’s construction [2011] of the cohomological Hall algebra (CoHa) of
a quiver with stability and trivial potential.

For two dimension vectors d and e of the same slope u, we set Z; . as the subspace of Ry, of
representations M which have a block upper triangular structure as indicated, i.e., for every arrow
o :i — j, the linear map M,, sends the first d; coordinate vectors of k%*¢ into the subspace of k4i*¢
spanned by the first d; coordinate vectors. We consider

Rd X Re < Zd,e e Rd+e,

the left-hand map sending a representation M = (M/ ) to the pair (M’, M"), and the right-hand

map being the inclusion. These maps are called Hecke correspondences. For a short exact sequence
0> M — M — M"” — 0 of representations of the same slope, M is 6-semistable if and only if both M’
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and M" are. We thus obtain cartesian squares

Rd X Re Zd,e Rd+e
Ul Ul Ul
RS X RS +— Zy o NRY, — RSL,.

The action of G = G44. on Ry, restricts to an action of the parabolic P = (G" 5 ) on Z, ., and the
map Z; . — Rg X R, is compatible with the action of its Levi L = G4 x G, on R; x R,. With respect to
these actions, the respective semistable loci are invariant. This gives rise to morphisms

(RS x R x* G « Z3, x" G — 23, x" G - R}, x" G — Ryqe.
We see that:

o (R} x RS xt G « Z3, x* G is a G-equivariant (trivial) vector bundle.

« Z3 x1' G — Z3', xP G is a fibration whose fiber P/L is an affine space (as L is the Levi of P

in G) and thus induces an isomorphism in G-equivariant intersection theory.

sst P sst P . . . . . . _ o
* Z7,x"G— R}, X" G isaG-equivariant regular embedding of relative dimension s; = > de;.

ai—j %

. Rsst

de x? G — Ry is proper as G/ P is complete, and the dimension of G/P is so =Y, d;e;.

The above morphisms give rise to maps in equivariant intersection theory

AL (R X R™) = AL(Z3) <= AB(Z7%) — AT (L) — AGT™ T (R,

Note that s; — 5o equals —x (d, e), the negative of the Euler form of d and e. Composing with the
equivariant exterior product map Ay (R7") ® Ay (RP™) — A7 (RF' x RS™), we obtain a linear map

sst sst sst
Ay Ay, — Ay, ,.

The proof of [Kontsevich and Soibelman 2011, Theorem 1] also shows that we thus obtain an associative
I'%#_graded algebra. In analogy to Kontsevich and Soibelman’s terminology, we define:

Definition 4.1. The algebra s0?~5t#(Q) is called the #-semistable Chow—Hall algebra (ChowHa) of
slope u of Q.

For the special case that 0 is zero (i.e., RZF‘ = Ry) and u = 0, we write o instead of #9540 and call
it the ChowHa of Q.

5. ChowHa vs. CoHa

We discuss the relation between the semistable ChowHa and Kontsevich and Soibelman’s semistable
CoHa. Let k be the field of complex numbers. There is an equivariant analog (see [Edidin and Graham
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1998, 2.8]) of the cycle map from [Fulton 1984, Chapter 19]. Concretely, there is a homomorphism of
rings which doubles degrees
A>|(<;d (szsst) N Héd (szsst)

for every stability condition 6 and every dimension vector d.

Theorem 5.1. The equivariant cycle map A*Gd(Rg_SSt) — H(*;d (Rz_“t) is an isomorphism. In particular,
RZ_SSt has no odd-dimensional G 4-equivariant cohomology.

This theorem generalizes a result due to King and Walter [1995, Theorem 3(c)]. They show the above
assertion for an acyclic quiver, an indivisible dimension vector and a stability condition for which stability
and semistability coincide. In this case, there exists a geometric PG;-quotient RZ_(S)St — Mg, and the
G g-equivariant Chow and cohomology groups agree with the tensor product of the ordinary Chow and
cohomology groups of the quotient with a polynomial ring Q[z] = AEm (pt) = Hém (pv).

We need a general lemma in order to prove Theorem 5.1. Let X be a complex algebraic scheme
embedded into a nonsingular variety X of complex dimension N; for the rest of this section, a scheme
will be a complex algebraic scheme (see [Fulton 1984, B.1.1]) which admits such an embedding. The
Borel-Moore homology Hy (X) is isomorphic to the singular cohomology H*Y (X, X —X). We consider
the cycle map cl: Ag(X) = Hyu (X).

Lemma 5.2. Let X be a scheme, Y a closed subscheme of X and U the open complement:
(1) Ifboth Y and U have no odd-dimensional homology then X does not have odd-dimensional homology.
2) If Ax(Y) = Hy(Y) and Ax(U) — Hy (U) are isomorphisms and Hop41(U) = 0 then Ap(X) —
Hyi (X) is an isomorphism.
(3) Suppose that A (Y) — Hpr(Y) and Ap(X) — Ha(X) are isomorphisms and Hy_1(Y) = 0. Then
Ar(U) — Hy (U) is also an isomorphism.

Proof. The first assertion is clear by the long exact sequence in homology. To prove the second statement,
we consider the diagram:

Ap(Y) — Ay (X)) — A, (U) ——— 0

| | |

coo = Hy 1 (U) — Hy(Y) — Hy(X) — Hy(U) — Hy—(Y) — - -

The left and right vertical maps being isomorphisms and the left-most term in the lower row being zero by
assumption, the claim follows by applying the snake lemma. The third claim follows by a diagram chase
in the same diagram. We give the proof for completeness. Let u € Hy (U). There exists x € Hy(X)
with j*x = u where j : U — X is the open embedding. We find a unique & € A;(X) with cly & = x, so
u = j*cly & =cly j*& which proves the surjectivity of cly. To show that cly is injective, let v € Ax(U)
with cly v = 0. For an inverse image & € Az (X) of v under j*, we obtain j*cly & = 0, whence there
exists y € Hy,(Y) such that i,y =clx &. Here i : Y — X denotes the closed immersion. Let n € Ag(Y)
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be the unique cycle with cly n = y. We get clx i,n =i,y = clx & and thus i,.n = £ by injectivity of cly.

This implies v = j*i,n = 0. g
An immediate consequence of the above lemma is the following:

Lemma 5.3. Suppose that a scheme X has afiltration X =Xy 2 - - -2 X1 2 Xo = by closed subschemes
such that the cycle map for the successive complements S; = X; — X;_ is an isomorphism for all i. Then

clx is an isomorphism and, moreover, we have noncanonical isomorphisms

N N
A(X) = @ A(S) and A*(X)= @ AxeodimxSi (g
i=0 i=0

by choosing sections of the surjections A.(X;) = A.(S;) foralli.

We now turn to an equivariant setup. Let G be a reductive linear algebraic group acting on a scheme X
of complex dimension n. For an index i, we choose a representation V of G and an open subset E C V
such that a principal bundle quotient £ /G exists and such that codimy (V — E) > n —i. Then, the group

AS(X) = Ajvdimv—dimc(X xC E)

is independent of the choice of E and V. In the same vein, for an index j with 2 codimy (V —E) > 2n—j,

we can define equivariant Borel-Moore homology via ordinary Borel-Moore homology, namely
HY (X) = Hj12dimv—2dim6 (X X E)

(see [Edidin and Graham 1998]). If X is smooth then HJ.G (X) is dual to H>"~/(X x° E) which is
isomorphic to H* (X x9 EG) = Hé"_j (X) (where EG is the classifying space for G).

We consider the equivariant cycle map cl : AE(X ) — HZCI;C(X ) which is defined as the ordinary cycle
map cl : Ajtdimv—dimc(X xC E) —> Hoi10dimv—2dimc (X xC E) (again independent of E C V). For
complementary open and closed subschemes U and Y of X which are G-invariant, we choose £ C V such
that the principal bundle quotient £ /G exists and codimy (V — E) > n —i (note that all the equivariant
versions of the groups appearing in the diagram in the proof of Lemma 5.2 can be defined using E) and
apply Lemma 5.2 to the complementary open/closed subschemes U x¢ E and Y x¢ E. We thus obtain:

Corollary 5.4. In the above equivariant situation, Lemmas 5.2 and 5.3 hold for equivariant Chow and

Borel-Moore homology groups.
Proof of Theorem 5.1. We prove Theorem 5.1 in two steps:

(1) Prove that the odd-dimensional equivariant cohomology of the #-semistable locus vanishes by
reducing the arbitrary case to a situation where stability and semistability agree. There, the statement
is known thanks to Reineke [2003].

(2) Prove that the equivariant cycle map A (R — HS¢(R%~%) is an isomorphism by induction
q y p A (y 2 Ly p y
over the Harder—Narasimhan strata.
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Step 1: First, assume that d is a 6-coprime dimension vector. This means that there is no subdimension
vector 0 # d’' < d with the same slope as d apart from d itself. In this case, 6-semistability and 0-stability
on R, agree and there exists a smooth geometric PG,-quotient sz(S)St — Mg. Here, PG; = G4/C*. In
[Reineke 2003, Theorem 6.7] it is shown that the odd-dimensional cohomology of Mg vanishes. But as
by the existence of a geometric quotient

HE (R = HY (M) ® HE. (pt),

it follows that RS~ has no odd-dimensional cohomology.

Now, let d be arbitrary. We show that for a fixed — not necessarily positive — integer k, there exist a
quiver 0,a stability condition 6,a é—coprime dimension vector d, and an integer s > 0 (all depending
on k) for which

—ssta o 2 PGs G (s)st, A
HEU (RGN = H 5 (REDN(0)). (1)

For a dimension vector n of Q, we consider Iéd,n = Ry x F, where F,, = @, Hom(C", C%). The space
Iéd,,, is the space of representations of the framed quiver QO of dimension vector d which arise as follows
(see [Engel and Reineke 2009, Definition 3.1]): we add an extra vertex oo to the vertexes of Q, i.e.,
Qo = Qo U {00} and, in addition to the arrows of Q, we have n; arrows from oo heading to i for all
i € Qp. The dimension vector d is defined by c?,' =d; fori € Qg and dAoo = 1 and is indivisible. The
structure group G ; is C* x G4, whence we can identify PG; with G4. We define 6 in the same way as
in [loc. cit., Definition 3.1]. The following are equivalent for a framed representation (M, f) € I@d,n (see
[loc. cit., Proposition 3.3]):

e (M, f)is f-semistable.
e (M, f)is f-stable.

e M is 6-semistable and the (6-)slope of every proper subrepresentation M’ of M which contains the
image of f is strictly less than the slope of M.

We denote the set of é—(semi)stable points of Iéd,,, with Ii’gyn. It is, by the above characterization, an open
subset of Rz_“t x F,. Let Iég , denote the complement of Iéz , inside RZ_SSt x F,. As Rz_“t x F, is a

G 4-equivariant vector bundle over Rf[“t, we obtain

G —ssty ~ 177G _
Hj d(RZ e kazd.n(RZ Sx Fy)

where d - n := Zi din; = dim¢ F,,. We thus obtain a long exact sequence
Gy DX Gq  pf—sst Gy HO Gy HX
> B, (Rg ) = H SRy = Hilhg., (R ) = By g, (Rg ) — -+

in equivariant Borel-Moore homology. The equivariant BM homology groups H,G“’ (Iég’n) vanish if /
exceeds 2 dim Iég - S0 in order to show that (1) is an isomorphism, it suffices to find a framing datum n
such that the (complex) dimension of Iég’n is smaller than (k —1)/24d - n. As shown in the proof of
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[Franzen 2018, Theorem 3.2], Iéin is the union of Harder—Narasimhan strata
5 SHN
Rin= |_| R 5.q).n

over all proper subdimension vectors p of d which have the same slope (and ¢ =d — p). The set RHN

(P.q).n
is defined as follows: let L (M, f) be minimal among those representations of the same slope as M which

, as the set of all (M, f) € RZ’SS‘ x F, with dimL(M, f) = p. As

A RSt % F
HN ~ P
(7 ) (5)

the dimension of this stratum — if nonempty — equals

> (didj—pig)+ ) _pini— Y _(dF — pig)+ Y _d? =dim(Ry)+d-n+ x(p.q)—qn.
i i i

ai—>j

contain im f. We set RHN
(».9).

Choosing 7 large enough such that
q-n>dim(Rg) — 3k = 1)+ x(d~q.q)

for all subdimension vectors 0 # g < d of the same slope as d (which is possible as these are finitely
many nonzero dimension vectors g), we find that the dimension of ﬁj,n is smaller than (k —1)/2+4d - n,
as desired.

Similar arguments were also used by Davison and Meinhardt [2016, Lemma 4.1].

Step 2: Let Q, 0 and d be arbitrary. We consider the open and closed complementary subsets R5"
and R)™. As R is smooth (of dimension n =3, , ; did;), we have AZY(RSY = A’(’;;i(RZSt) and
HJ.G" (RSH = Hé'j[_] (R3"). By Corollary 5.4 (concretely, the equivariant analog of part (3) of Lemma 5.2),
it suffices to show that

cl: Af" (Rznst) — HZG*({(RgnSt)

is an isomorphism. If R}™" = &, then the assertion is clear. So let us assume that R}™" is nonempty. The
unstable locus admits a stratification into locally closed (irreducible) subsets R};N, the Harder—Narasimhan
strata, by [Reineke 2003, Proposition 3.4]. By [loc. cit., Proposition 3.7], they can be ordered in such a
way that the union of the first n strata is closed for all n, thus yielding a filtration by G 4-invariant closed
subsets like in Lemma 5.3. Thus it suffices to prove that

AZU(RENY — HE(REY)
is an isomorphism for all HN types d* = (d', ..., d') of d; this includes showing that all HN strata have
even cohomology. But by the proof of [loc. cit., Proposition 3.4], we have
RN =73 <P Gy,

where Z3' is a (trivial) vector bundle over RZSI‘ X - X Rfﬁt, and P+ is a parabolic subgroup of G; with

LeviGy x--- x Gg.
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In particular, R‘I}N is smooth, therefore we can again identify Borel-Moore homology with cohomology.
Moreover, Aléd(R;I*N) = AiGdl XX Gy (R[Slslt X - X R;s,t), and similarly for equivariant cohomology. This
shows in particular that the equivariant odd-dimensional cohomology of R‘I}N vanishes by the first step of
the proof. Now we argue by induction on the dimension vector d, where the set of dimension vectors
is partially ordered by d < e if d; < ¢; for all i; with respect to this order, all d"’s are strictly smaller
than d. We thus assume that the equivariant cycle map for each R3 is an isomorphism. Then, [Totaro
1999, Lemma 6.2], which can be generalized to equivariant Chow groups, implies that the equivariant
exterior product map

G R ®- @AY (RS — A (R x - x R

Gdl ><~-><Gd/

is an isomorphism (even with integral coefficients). As the R3)’s have even cohomology, the Kiinneth

map is an isomorphism. We are thus reduced to proving the assertion for minimal dimension vectors d,
i.e., d = 0. But there the statement is obviously true. O

Remark 5.5. Theorem 5.1 is valid for integer coefficients.
Corollary 5.6. The cycle map induces an isomorphism A" — U of algebras.

Proof. The multiplication both in the semistable ChowHa and in the semistable CoHa #*“* are constructed
by means of the same Hecke correspondences. Moreover, the cycle map is compatible with push-forward
and pull-back. (|

6. Tensor product decomposition

We apply Corollary 5.4 to the Harder—Narasimhan filtration, like in the proof of Theorem 5.1. There
exists a filtration Ry = Xy 2 --- 2 X| 2 Xo = 0 by closed subsets such that each of the successive
complements S; := X; — X;_ equals one of the Harder—Narasimhan strata R}liN (and vice versa). We
have argued in the proof of Theorem 5.1 that the push-forward AZd (X)) — ASH (Ry) is injective for
every i. Any choice of sections o; : Af" (S;) — Af" (X;) of the surjections Afd (X)) — Af“ (S;) gives
rise to injections o; : A*G"’ (S;) — Af ?(Ry) and yields an isomorphism

N

P A%«(RIN) = P A%«(S;) => A%(Ry).
d* i=1

For a Harder—Narasimhan type d* we denote the inclusion A*Gd (RgN) — A*G" (Ry) with &4+. Using the

cohomological grading of the Chow groups, we get

- sx—codimp , (RHN)
Gar 1 Ag, T (RN > A, (Ry).

x(d", d*). Recall that the

Harder—Narasimhan stratum R;{*N is isomorphic to Z5' xf G4, where Z5 is the inverse image of

The codimension of R;N in Ry can easily be computed as x (d*) :=)_

r<s
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stlt X oo X R;ﬁt under the projection map of the Py+-equivariant vector bundle

Rdl %
Zd*: —)Rle"'XRdl.
Rdl

Far G4 — Ry is proper its image is closed (and irreducible) in Ry and contains RLI;LN

As the map 7 : Z;+ x
as an open subset. This implies that the image of 7 agrees with the Zariski closure of R;{*N. Leti be an

index such that R?*N = §; in the above filtration. We summarize the situation in the following diagram:

T

Z xte Gy © Zge xP Gy

RN c RN € Xi € Ry

The square on the left-hand side is cartesian with open inclusions. The other inclusions are closed
embeddings. We pass to Chow groups. This yields the following commutative diagram

AZYRIN) ¢ ATUREN) — ACU(X) — AY(Ry)
NT ~ T /
= Ty
AJNZ P Gy) «— AL (Zgr T G)

Now we use the two natural isomorphisms A’gd(Zd* x P Gg) = A“&dl RNV ® Azdl(Rd/) and
A*Gd(fo;t x P Gg) = A*Gd1 (stlt) R ® A*G,,z (R;?t). We work with the cohomological grading here to
avoid having to take degree shifts into account. Let us choose a section of the pull-back of each of the
open embeddings R C Ryv. Let

T AL (RYD® - @AY (R — AL (Rg) @ ® A (Ry)

be the resulting section. We get a section A’gd (z3t x P Gg) — A”(‘;d (Zg+ xFe* G 4) which we, by abuse

of notation, also call t;+. The composition
sae: A% (RIN) =5 A% (Z5 5P Gg) 5 A% (Zge x T Gg) 2 A% (REN)
is then a section of the pull-back Azd (RdT*N ) —> A*&d (R(I;N) because of the following:

Lemma 6.1. Let G be an algebraic group and let

x I x

bl

Y Ly v
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be a cartesian square of G-schemes, where j is an open embedding, f is a proper morphism and f’ is an
isomorphism. Let s' : AS(Y') — AY(Y) be a section of the open pull-back j'™* : AS(X) — AS(X"). Then
the composition s := f*s’ffl is a section of j*: AS(Y) — AY(Y").

Proof. Passing to equivariant Chow groups, we obtain a commutative square

AS(X") <~ AZ(X)

1% ' 1~

AT = AT
in which f] is an isomorphism. Let @ € AY(Y’). We compute
. . -1 . -1 -1
Js@ = fus' £ @ = [ T @) = ffT (@ =a
This proves the lemma. g

Now we apply the above lemma again, this time to the cartesian diagram

REN __, RN
i
— the vertical map being the closed immersion, and the horizontal maps the open embeddings — and to
s" = s4+. The composition
oi - AG4(S;) = AGd(REN) sat AGa(REN) > AGu(x})
is hence a section of Af" (X)) — Af" (S;). If we now form the inclusions G+ : A*G"(Rg*N) — Af"(Rd)

as described at the beginning of this section we have ensured that we obtain a commutative diagram

Ay (R @@ A, (R —=— A (R

dl
lrd * l&d *

AG (R ® - ®AG (Ry) —— AL (R,

in which the lower horizontal map is the ChowHa multiplication. We define the descending tensor product
R o ABHH as the T'-graded vector space

nel

PHPp A (RE®- - ® AL (RS
d ax

where the inner sum ranges over all Harder—Narasimhan types d* summing to d (i.e., tuples d* =

', ...,d" of dimension vectors of slopes ! > .-+ > w! such that d' + - -- +d' = d). The above

considerations then prove:
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Theorem 6.2. The ChowHa multiplication induces an isomorphism
<«
®ﬂ9755t,u ~s o
ne

of T'-graded vector spaces between the descending tensor product of the 0-semistable ChowHa’s over all
possible slopes and the ChowHa.

Remark 6.3. The theorem is valid with integral coefficients, for an arbitrary quiver, and does not require
the stability condition to be generic. Theorem 6.2 has been proved with different methods by Riméanyi
[2013] for the CoHa of a Dynkin quiver which is not an orientation of Eg.

7. Structure of the CoHa of a symmetric quiver

The CoHa and ChowHa of a quiver are described explicitly in [Kontsevich and Soibelman 2011]. Since
we will make use of this description, we recall it here: The equivariant Chow ring Agd(Rd) = A"C‘;d (pt) is
isomorphic to

Qlxi, i € Qo, 1 <r<d]™,

where Wy =[], Sy, is the Weyl group of a maximal torus of G ;. We may regard the variables x; , (located
in degree 1) as a basis for the character group of this torus or as the Chern roots of the G4-linear vector
bundle R; x k% — R, with G, acting on ki by its i-th factor.

Theorem 7.1 [Kontsevich and Soibelman 2011, Theorem 2]. For f € sy and g € A,, the product f x g
equals the function

di €j
Z f iy 1,1 <1 <di) - g(Xioya+5) 11, 1 =5 <€) - l_[ 1_[ H(xj,aj(dj+s) — X0y 0
i,jeQor=I1s=1
The sum ranges over all (d, e)-shuffles o = (0; | i) € Wy4., that means each o; is a (d;, e;)-shuffle

permutation.

We assume that the stability condition 6 is p-generic. In this case, we can equip the semistable ChowHa
of slope u with a refined grading: setting

AGTHEDZRY = x(d, d) (mod 2),

(ﬂsst _ {
(d.n) —
0 n == x(d,d) (mod?2),

it is easy to see that the multiplication map becomes bigraded, thus &ﬂ?f{n) ® &ﬁzzt = &d?i} rentm)-
Like in Section 3, we consider again the case of a symmetric quiver and the trivial stability condition.

In this situation, it is immediate from the formula in the above theorem that f x g = (—1)X@-“ g x f for

fed,and g € A,. One can show (see [Kontsevich and Soibelman 2011, §2.6]) that there exists a bilinear

form v on the Z/27Z-vector space (Z/27Z)20 such that f x g = (—1)¥@€) f % g is a super-commutative
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multiplication, when defining the parity of an element of bidegree (d, n) to be the parity of n. We see
that the generating series P(q, 1) = Y ;> (= D* dim s (4 1 g*/?t? is

d;
Z(_qlﬂ)x(d,d) 1_[ l_[(l _ qV)—ltd.
d

i v=I1
So, P(q,t) = A(g~', t). By Theorem 3.2, the generating series has a product expansion
Paq.0) =TI —q" 2D o,
d k n>0

As a free super-commutative algebra with a generator in bidegree (d, k) has the generating series
(1 — g*/244)y D" = Exp((—1)*g*/?t9), Kontsevich and Soibelman [2011] made a conjecture which was
eventually proved by Efimov.

Theorem 7.2 [Efimov 2012, Theorem 1.1]. For a symmetric quiver Q, the algebra A(Q), equipped
with the super-commutative multiplication *, is isomorphic to a free super-commutative algebra over
a (' x Z)-graded vector space V = VP™ @ Q[z], where z lives in bidegree (0,2), and D Vd[ir,im is
[finite-dimensional for every d.

This result implies that the Donaldson—Thomas invariants €2, ; must agree with the dimension of V(‘Z,iig
and must therefore be nonnegative. We will give another characterization of the primitive part of the
CoHa in Theorem 9.2.

8. Tautological presentation of the semistable ChowHa

We investigate the relation between the semistable ChowHa 547 %%# and the ChowHa #{ of a quiver Q.
For a dimension vector d of slope i, we consider the open embedding

RZSt — Rd

which gives rise to a surjective map A (Rs) — Ag, (R3"). As the Hecke correspondences for the
semistable ChowHa are given by restricting the Hecke correspondences of s to the semistable loci, these
open pull-backs are compatible with the multiplication, i.e., they induce a surjective homomorphism of
["-graded algebras

A — A7

Here, we regard s4? 5% as a I'-graded algebra by extending it trivially to every dimension vector whose
slope is not s. We can describe the kernel explicitly.

Theorem 8.1. The kernel of the natural map s, — &ﬁg_m equals the sum

Z&q,,*&qq

over all pairs (p, q) of dimension vectors of Q which sum to d and such that L (p) > 1(q).



1016 Hans Franzen and Markus Reineke

The key ingredient of the proof of this result is a purely intersection-theoretic lemma. Following
[Fulton 1984, B.1.1], we call a k-scheme algebraic if it is separated and of finite type over Spec k. Thus,
a variety is an algebraic scheme which is integral.

Lemma 8.2. Let f : X — Y be a surjective, proper morphism of algebraic k-schemes. Then the push-
forward f, : Ay(X)g — Ax(Y)q is surjective.

Proof. 1t is obviously sufficient to prove that, for every dominant morphism f : X — Y of an algebraic
scheme X to a variety Y, there exists a subvariety W of X of dimension dim W =dim Y which dominates Y.
This is a local statement, so we may assume X and Y to be affine, say X = Spec B and Y = Spec A. The
morphism f corresponds to an extension A < B of rings. We therefore need to show that there exists a
prime ideal q of B with ¢ A = (0) such that the induced extension

Q(B/q) | Q(A)

is finite. Let K = Q(A) and R = B ®4 K. By Noether normalization, there exist by, ...,b, € R,
algebraically independent over K, such that K[b;, ..., b,] € R is a finite (and hence integral) ring-
extension. Without loss of generality, we may assume by, ..., b, € B. Choose a set of generators ¢y, ..., ¢
of Rasa K[by, ..., b,]-algebra and polynomials p;(T) € K[by, ..., b,][T] such that p;(c;) =0. We find
an element s € A — {0} such that the coefficients of all the p;’s lie in As[by, ..., b,] and p;(c;) =0 holds

in By. This implies that By is an integral A;[by, ..., b,]-algebra which yields the surjectivity of the map
Spec By — Spec Ag[by, ..., b,]. We consider the prime ideal p’ = (b4, ..., b,) of Ag[by, ..., b,] and find
a prime ideal ¢’ of B, which lies above it. Then By/q’ is an integral extension of A[by, ..., b,]/p’ = A;

and therefore, setting q = q’ N B, the extension

Q(B/q) = Q(By/q) | Q(A;) = Q(A)
is finite. U

Proof of Theorem 8.1. Let R}™" be the complement of R} in R,. Then, we have an exact sequence
A (RP™) — AL(Ra) — AL (RF) — 0,

where G = G4. For a decomposition d = p +g¢, let R, ; be the closed subset of R, of all representations
which possess a subrepresentation of dimension vector p. It is the G-saturation of Z, ,. The G-action
gives a surjective, proper morphism

Z,qyx1G— R

p.g X P.qs

G, *
G‘[
sitions d = p + g where the slope of p is larger than the slope of ¢q. Let us call these decompositions

0-forbidden. We obtain, using Lemma 8.2 and [Fulton 1984, Example 1.3.1(c)], that the sequence

where P, , is the parabolic ( ) The unstable locus R}™" equals the union [ J R, ;, over all decompo-

P A5 (Zyq x"r1 G) - AS(R)) —> AS(RFH — 0
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is exact when passing to rational coefficients — the direct sum being taken over all forbidden decomposi-
tions d = p +q. Setting n = dim R; — m, we identify

~ + B ~ + )
A (Zpg x"1G) = A’;ﬂp.;((p NZpg) = A’ép)i(gqq)(Rp X Ry)

like in Section 4. As the equivariant product map A*Gp (Rp) ® Az‘;q (Ry) — AE,)qu (R, x Ry) is an
isomorphism (which is clear from the explicit description given above), we have shown that

B P AL Ra®AG (R)a —~ AL, (Ri)a — A, (R Ha — 0

p+q=d k+l=n+x(p.q)
forbidden

is an exact sequence. The first map in this sequence is precisely the ChowHa-multiplication. This proves
the theorem. O

9. The primitive part of the semistable ChowHa

As anext step, we analyze the kernel of the pull-back AF; (R5™") — A (RY) induced by the open embedding
of the stable locus into the semistable locus. A semistable representation M € R, is not stable if and only if
there exists a proper subrepresentation of the same slope. For a decomposition d = p+¢ into subdimension
vectors of the same slope, we define R;qu as the subset of those M € R which admit a subrepresentation
of dimension vector p. Therefore, the set of properly semistable representations is the union

sst st sst
Ry —Rg = U Rp,q

over all decompositions d = p + g such that p and g have the same slope and are both nonzero. We have,

yet again, a surjective, proper morphism

A result of Totaro [1999, Lemma 6.1], which can easily be transferred to equivariant Chow rings, shows
that the exterior product A”ép(R;ft) ® A*Gq (R;St) — A*prcq (R;St X R;S‘) is an isomorphism. Following
the arguments of the proof of Theorem 8.1, we obtain:

Theorem 9.1. The kernel of the surjection &QZ_S“ — &ig_St is the sum

6 —sst 6 —sst
D ey sl

over all decompositions d = p + q into nonzero subdimension vectors of the same 0-slope.

In other words, the graded vector space A% ~* =P, _ro.. &fo“ equipped with the trivial multiplication
(by which we mean that the product of two homogeneous elements of positive degree is set to be zero) is
isomorphic to the quotient 4% ~s-#/ (&ﬁi_‘%t’” * %i_SSt’“ ) of the semistable ChowHa modulo the square

of its augmentation ideal o4,
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Again, we consider the case of a symmetric quiver Q. We have deduced from Theorem 8.1 that s/ ~5:#
is free super-commutative over V/* = @D cro.n Va. The quotient of the augmentation ideal of a free
super-commutative algebra by its square is isomorphic to the primitive part of the algebra, i.e., in our case

Vi = sl = A (R = Afg, (RS ® AL (pt)
for every d #0. As V; = V; ) Q[z], we deduce that
porim _ iAg‘GdX(d’d))/z(RZ‘) k=x(d,d) (mod2),
dik 0 k # x(d,d) (mod?2).
Assuming that RZ_St is nonempty and denoting by Mg_“ the geometric quotient Rg_“ / PG4 (which we

call the stable moduli space), we get

J 0—st PG 0—st 6—st
Ade (Rd ) )= Adirrllle_j(Rd ) )= AdidefdimPGd —Jj (Md ) )

and dim M{?’St =dim R; —dim PG; =1 — x(d, d). This yields that the Donaldson—-Thomas invariants
of Q are given by the Chow—Betti numbers of the stable moduli spaces, more precisely:

Theorem 9.2. For a symmetric quiver Q, a stability condition 0 and a dimension vector d # 0, the
Donaldson—Thomas invariant Q24 equals

dim Alf(k+x(d,d))/2(M21t) lfk = X(d, d) (IllOd 2) and M;t 75 g,

Q =
ok {0 otherwise.
In particular, Q24 ; can only be nonzero if x(d,d) <k <2—x(d, d).

Remark 9.3. The range for the nonvanishing of the Donaldson-Thomas invariants from the above
theorem yields that the number N;(Q) in [Efimov 2012, Corollary 4.1] can be chosen as 1 — x (d, d),
i.e., the dimension of Mg_“.

10. Examples

10.1. The two-cycle quiver. We start by illustrating the tensor product decomposition from Theorem 6.2.
There are exactly three connected symmetric quivers which are not wild, that is, for which a classification
of their finite-dimensional representations up to isomorphism is known. Namely, these are:

e The quiver Lo of Dynkin type A; with a single vertex and no arrows.
« The quiver L of extended Dynkin type Aq consisting of a single vertex and a single loop.

e The quiver Q of extended Dynkin type A, with two vertices i and j and single arrows i — j and
Jj — i, respectively.

For the quivers Ly and L1, the structure of the CoHa is determined in [Kontsevich and Soibelman
2011]. Namely, we have

A(Lo) = S*(Q(1, D[z]) and  s(Ly) = S*(Q(1, 0)[z]),
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where S* denotes the free super-commutative algebra, Q(d, i) denotes a one-dimensional Q-space placed
in bidegree (d, i), and z denotes the element in bidegree (0, 2) as in Theorem 7.2.

The structure of the CoHa of Q is described in [Franzen 2018, Corollary 2.5]; here we give a simplified
derivation of this result using the present methods. We consider the stability 6 given by 6(d;, d;) = d;
(note that any nontrivial stability is equivalent to & or —6 in the sense that the class of (semi)stable
representation is the same). Let a representation M of Q of dimension vector d be given by vector spaces
Vi and V; and linear maps f : V; — V; and g : V; — V;. We claim that this representation is #-semistable
if and only if V; =0, or V; =0, or dim V; =dim V; and f is an isomorphism; moreover, it is 6-stable if
it is 6-semistable and dim V;, dim V; < 1.

The case (dim V;)-(dim V;) =0 being trivial, we assume dim V;, dim V; > 1. Suppose M is 0-semistable.
If f is not injective, we choose a vector 0 # v € V; in the kernel of f, yielding a subrepresentation U of
dimension vector (1, 0). Then we find 1 = u(U) < u(M) =dim V;/(dim V; 4+ dim V;), thus dim V; =0,
a contradiction. Thus f is injective, and (V;, f(V;)) defines a subrepresentation U’ of dimension vector
(dim V;, dim V;) of M. Then we find % = n(U’) < n(M), thus dim V; < dim V;, which already implies
dim V; = dim V; and shows that f is an isomorphism. Conversely every representation M consisting of
vector spaces V; and V; of the same dimension, an isomorphism f : V; — V;, and an arbitrary linear
map g : V; — V; is f-semistable: the subrepresentations of M are of the form U = (U;, U;) for some
subspaces satisfying f(U;) € U; and g(U;) C U;. Injectivity of f implies dim U; < dim U, and thus
nwl) < % = u(M). To show that stability forces dim V; = 1 = dim V; we argue as follows: as f is an
isomorphism, we may assume without loss of generality that V) =V, =V and f =idy. Let v € V be an
eigenvector of g to some eigenvalue A. The subspaces U; = U, = (v) then provide a subrepresentation of
M of dimension vector (1, 1).

This analysis provides identifications

A’gd(Rz_“‘) = AGl, @Y ford = (n,0) ord = (0,n),
AL (RGN =AY o (Muxa (k) ford = (n, n),
which we recognize as the homogeneous parts of the CoHa of L and L, respectively. These identifications

obviously being compatible with the respective Hecke correspondences defining the multiplications, we
see that

(ﬁ@*SSt,l(Q) ;‘Sﬂ(L()) g&iefsst,O(Q) and ﬂ@*SSLl/Z(Q) ;ﬂ(L])
By Theorem 6.2, we thus arrive at an isomorphism of graded vector spaces
A(Q) = §*((Q((1,0), H®Q(0, 1), N S Q((1, 1), 0))[2]).

10.2. The Kronecker quiver. Now we consider the Kronecker quiver K, with two vertices i and j and
two arrows from i to j. As we will use results from Section 5, we work over the field of complex numbers.
Again we consider the stability 6(d;, d;) = d;. This is again a case where the representation theory of
the quiver is known: up to isomorphism, there exist unique (6-stable) indecomposable representations
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P, and I, for each of the dimension vectors (n, n + 1) and (n + 1, n), respectively, for n > 0, and there
exist one-parametric families R, (1) of (6-semistable) indecomposables for each of the dimension vectors
(n,n) forn >0 and A € P! (C). Arguing as in the first example, we can conclude that

AITSHD (KoY = §5(Q(d, D[z]) ford=m,n+1)ord=n+1,n),

and

,gde—SSt’“(Kz):O if,ug’{(),%,%,%,...,%,...%‘,%,%,1}.

It remains to consider s4?~S1/2(K5).

We construct a stratification of the 6-semistable locus in R, »)(K2) = M, (C) x M, ,(C), on which
G = Gl,(C) x Gl,(C) acts via (g, h) - (A, B) = (hAg~', hBg™"). For 0 < r < n, we define S, as the
G -saturation of the set of pairs of matrices

(%) sl)

where E; denotes an i x i-identity matrix, A denotes an arbitrary » x r-matrix, and N denotes a nilpotent
(n —r) x (n —r)-matrix. We claim that every S, is locally closed, their union equals the 6-semistable
locus, and the closure of S, equals the union of the S, for r’ <r.

The representation R, (A) is given explicitly by the matrices (E,, AE, + J,) for A # oo, and by (J,,, E};)
for A = oo, where J, is the nilpotent n x n-Jordan block. As noted above, a 6-semistable representation

of M of dimension vector (n, n) is of the form
M=R, (AM)D - B R,y (Ay)

forn =ny+---4+n;and A, ..., Ax € P1(C), uniquely defined up to reordering. Now we reorder the
direct sum and assume that Ay, ..., A; #ooand A ;| = --- = A, = 00. Using the above explicit form of
the representations R, (), we see that M is represented by a pair of block matrices of the form

((i 1%) ’ <6‘ EO_>)

with N nilpotent and A arbitrary. All claimed properties of the stratification follow.
Now we claim that

S, = (G1,(C) x Gl,(C)) x©xCh=© (p1.(C) x N,_,(C)),

where the group Gl,(C) x Gl,—,(C) is considered as a subgroup of Gl,(C) x Gl,(C) by mapping a pair
(g1, hg) tO ((‘g(')1 }?4 ), (58 }?4 )) We consider the stabilizer of the set of matrices in the above block form. So
we take g, h € Gl,(C), written as block matrices

g1 & hi hz)
= ) h: N
8 (g3 g4) <h3 hy
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and assume we are given matrices A, A’ € M,.,(C) and N, N’ € N,_,(C), the nilpotent cone of
(n —r) x (n — r) matrices, such that

) (0 3)= (2 (G5 = G (el )-(0 2l ) (5 5)
h3 hy) \ O N 0 N'J\g3 g4 h3 ha) \O E,_, 0 Enr) \g3 84
From these equations we first conclude h; = g and hy = g4, thus h, = A’g> and g» = hy N, which
yields h, = A’hy N. By induction, this implies i, = (AY¥hyN¥ for all k > 1. But N is nilpotent, thus
hy =0, thus gp = 0. Similarly, we can conclude 43 =0 and g3 = 0. But then g; and g4 are invertible, and
A= glAgl_1 as well as N' = g4Ng4_1. This proves the claim.

To obtain information on the Chow groups from this stratification using Lemma 5.3, we first have to
analyze the Chow groups of nilpotent cones.

The nilpotent cone N;(C) is irreducible of dimension d* — d, and the Gl (C)-orbits 0, in N, are
parametrized by partitions A in P4, the set of partitions of d (we denote by % the union of all %;’s). The
stabilizer G, of a point in 0, has dimension (A, A) = Zi’ j min(m;, mj)m;m;, and its reductive part is
isomorphic to [ [; Gl,,, (C), where m; = m; (1) denotes the multiplicity of i as a part of A, for i > 1. We
can thus apply Lemma 5.3 and reduce the structure group — note that in characteristic zero, an orbit is
isomorphic to the quotient of the group by the stabilizer of a point—to get

A0 Na©) = P Az o),
rePy

and the equivariant cycle map for N;(C) is an isomorphism.
This enables us to again apply Lemma 5.3, this time to the stratification (S,),. We compute (using
codim S, =n —r):

n
* 6 —sst ~ k—n-+r
A&, ©x61,© Rigm (K2) Z €D AGE 1, ) (S
r=0

n
= EB Aél_,lzg)rxGl,,_,(C)(Mr (€) X Np—r(©))
-0

=P AL, M- (©) ® A" o) (Na—r (C))

r=0
n

=D aseme P 45" o,
r=0 AP,

Summing over all n, we obtain

f—sst.1/2 ~ o— ~ — (A
*94(*,;1) 2Ky = @AEI,,(C)XGIH(C)(R(n,rsst(Kﬁ) = (@ AGL© (Pt)) ® (@ AZA( >(P'[))-

n>0 r>0 rEP
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The generating function of the bigraded space #”~¢1/2(K;) therefore equals

— () g1

t" q . 1 ' 1
(Z (1_q)...(1_qn))'(; Hi21<<1—q>---<1—qmz’>)> gl Sl S by

n>0 i=0 i>1

by standard identities. We thus arrive at an isomorphism of bigraded Q-spaces
sd?7S 2 (Kp) = $*((@((1, 1D, 0) @ Q((1, 1), 2))[z)).

However, this is not an isomorphism of algebras, since we will now exhibit an example showing that
the algebra s4%~5541/2(K>) is not super-commutative.
We use the algebraic description of the CoHa of Section 7 together with Theorem 8.1. We have

&g(m,n)(KZ) =Qxy, ..., X, DITRERE yn]Smxsn

with multiplication given as in Section 7. By Theorem 8.1, &d?{ f;t’l/ 2(K») is the factor of A1y (Ky) =

Q[x1, y1] by the image of the multiplication map 1 0)(K2) ® H(0,1)(K2) = (1.1)(K2), thus
sy D2 (K) = QLx, y1/(x - )2,

Again by Theorem 8.1, sd?; ‘;;t’l/ 2(K2) is the factor of d(2,2)(K>) by the image of the multiplication map

Ao, 1)(K2) @ HA0,1)(K2) @ HA1,0)(K2) @ A(1,2)(K2) = HA2,2)(K2).

The degree of an element in this image is at least —x ((2, 1), (0, 1)) = —x ((1, 0), (1, 2)) = 3. A direct

calculation shows that for the elements 1, x, y € sﬂ?; f;t’l/ %(K5), we have in &i?i ;it’l/ 2(Ky):
1x1=2,
lxx =y14y2,

xx1=2(x14+x2)— (y1+y2),
Ilxy=—(x14+x2)+2(y1 +y2), and
yxl=x1+x2.

In particular, the (anti)commutator of 1 and x does not vanish.

10.3. Donaldson-Thomas invariants as Chow—-Betti numbers. Next, we illustrate Theorem 9.2. We
consider the symmetric quiver Q with two vertices i and j and n > 1 arrows from i to j and from j
to i, and the dimension vector d = (1, r) for r < n. To determine the quantized Donaldson-Thomas
invariant 4 x, we use the stability 6 = (r, —1), for which d is coprime. Therefore, 2, x = QZ» « €quals
the (suitably shifted) Poincaré polynomial of the cohomology of the moduli space Rg_SSt(Q) / PGy, which
is isomorphic to a vector bundle over the Grassmannian Gr, (k") [Reineke 2017, §6.1]. By Theorem 9.2,
we can also compute €2, 4 as the (suitably shifted) Poincaré polynomial of the Chow ring of the moduli
space Rg_St(Q) / PGy. Again by [Reineke 2017], this moduli space is isomorphic to the space X of
n x n-matrices of rank r. Mapping such a matrix to its image defines a Gl, (k)-equivariant fibration
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X — Gr,(k"), whose fiber is isomorphic to the space of r x n-matrices of highest rank. The latter being
open in an affine space, its Chow ring reduces to (2, thus the Chow ring of X is isomorphic to the Chow
ring of Gr, (k") as expected.

10.4. Multiple loop quivers. Finally, we consider the quiver L,, with a single vertex and m > 2 loops.
The quantized Donaldson—Thomas invariants are computed explicitly in [Reineke 2012].

All stability conditions are equivalent for this quiver. Let M, SIP be the moduli space of simple (equiva-
lently, stable) representations of L,, of dimension d. It is obtained as the geometric quotient R "/ PGly.
The Chow ring A*(M, simpy - — PGlI(R“mp Yo (we will always work with rational coefficients in this
subsection and therefore neglect it in the notation) is a quotient of the equivariant Chow ring A, (Rq) =

PGld (pt). The group of characters of a maximal torus of Gl identifies with the free abelian group in letters
X1, ..., X4, the natural action of the Weyl group W = S, being the permutation action. A maximal torus of
PGl, is given by the quotient of the chosen maximal torus of Gl; by the diagonally embedded multiplicative
group. The corresponding Weyl group is also S; and the character group is then the submodule

Xig=Spy_11=taxi+---+agxq | ay+---+aqs =0}.

The symmetric algebra Sym(X,) over X is the subalgebra of Q[xy, ..., x4] generated by x; — x;
(with i < j) and the equivariant Chow ring APG] (Ry) is therefore Sym(X ;)% which identifies with
a subalgebra of Ay (pt) = Q[x1,...,x4]%. As in the proofs of Theorems 8.1 and 9.1, the kernel of

PGl (Rq) — A}, PG, (Rmn ) is then given by the image of

@ Abar, (Zp.g xTr1 PGly) — Afg, (Ra),
p+q=d
p,q>0

where P, , is the obvious parabolic subgroup of PGl; —this, by the way, can be done for an arbitrary
quiver and for the kernels Apg (Rg) — A;GJ(RZ*S“) and AlﬁGd(RffSSt) — Af;Gd(Rz*St). The ring
Apgy, (Zp,q) is isomorphic to Sym(X 2)37%5 and the push-forward map

Mpq : Apar,(Zp.q x 71 PGly) = Apg (Ra)
can be described algebraically and looks just like the explicit formula from [Kontsevich and Soibelman
2011, Theorem 2], i.e., given by a shuffle product with kernel ]_[;.D:1 ]_[;].:1 (Xp4j— x;)"™~!. The relations

in A;Gld (Rg4) which present A*(M;imp) thus have at least degree (m —1)(d — 1). In other words, for every
O0<i<@m-—1)d—1), we get

AT(MJ™) = Abg, (Rg) = Sym' (X,

The generating series of Sym(X 2)5 is

Zﬁ{(kz,...,kd)|2k2+-.,+dkd}qi

i>0

(I—g¢ 2)

and using Theorem 9.2, we obtain a description of the first few Donaldson—Thomas invariants.
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Proposition 10.4.1. For the m-loop quiver, the Donaldson—Thomas invariant Q4 x for a nonnegative

integer d and an integer k of the same parity as (1 — m)d? satisfying
(1—-m)d* <k < (1 —m)(d*—2d+2)

computes as
Qui=t{lka, ... . ka) | 2ko+ - +dkg = 1((m — Dd* + b)}.

We conclude the subsection with a computation of the numbers €2, ;. The ring Sym(Xg)S2 is the
subalgebra of ([x, x2]1%2 which is generated by (xp — x1)%. Abbreviate A = x; —x;. As a Sym(X 5)52-
module, Sym(X3) is generated by 1 and A. The push-forward map m; ; : Sym(X3) — Sym(X,)"? sends
f(x1,x2) to

(f 1, x2) + (=)™ f O, ) A"

and therefore, the image of m ; is the ideal of Sym(X3)%> = Q[A?] which is generated by A2"/2! (ie.,
A™ if m is even and A" if m is odd). We have shown that

1 ifk=0 (mod4)and 4(1 —m) -2 <k <4(|m/2] —m),

Q> =
2k {0 otherwise.
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