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Certain abelian varieties bad at only one prime

Armand Brumer and Kenneth Kramer

An abelian surface A g of prime conductor N is favorable if its 2-division field F is an Ss-extension
over Q with ramification index 5 over (2. Let A be favorable and let B be a semistable abelian variety
of dimension 2d and conductor N¢ with B[2] filtered by copies of A[2]. We give a sufficient class field
theoretic criterion on F to guarantee that B is isogenous to A%.

As expected from our paramodular conjecture, we conclude that there is one isogeny class of abelian
surfaces for each conductor in {277, 349, 461, 797, 971}. The general applicability of our criterion is
discussed in the data section.
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1. Introduction

Let J,(S) be the set of isogeny classes of simple abelian varieties over () of dimension d with good
reduction outside S, a finite set of primes. By [Faltings 1983], J;(S) is finite and it is empty when S is,
by [Abrashkin 1987; Fontaine 1985]. All curves of genus 2 with good reduction outside 2 are found in
[Merriman and Smart 1993; Smart 1997], yielding 165 isogeny classes of Jacobians. Factors of Jo(2!%)
and Weil restrictions of elliptic curves over quadratic fields provide an additional 50 members of J,({2}),
but the complete determination of J,({2}) is still open.

Research of the second author was partially supported by a PSC-CUNY Award, cycle 44, jointly funded by The Professional
Staff Congress and The City University of New York.

MSC2010: primary 11G10; secondary 11R37, 11831, 14K15.

Keywords: semistable abelian variety, group scheme, Honda system, conductor, paramodular conjecture.

1027


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2018.12-5
http://dx.doi.org/10.2140/ant.2018.12.1027

1028 Armand Brumer and Kenneth Kramer

For semistable abelian varieties, Fontaine’s nonexistence result has been slightly extended [Brumer
and Kramer 2001; 2004; 2014; Calegari 2004; Schoof 2005]. It is much more challenging to find all
isogeny classes when some exist.

In a beautiful sequence of papers Schoof [2005; 2012b; 2012a] shows that for S = {N} with prime
N <23 or § = {3, 5} the classical modular variety Jo(N) or Jy(15), respectively, is the only simple
semistable abelian variety of arbitrary dimension, up to isogeny. To apply Faltings’ isogeny theorem on
abelian varieties, Schoof introduces a general result on p-divisible groups whose constituents belong to a
category C of finite flat group schemes. For the reader’s convenience, the statement is included here as
Theorem 3.3. For a suitable choice of category D, depending on S, Schoof determines all simple objects
and their extensions by one another. Because the Odlyzko bounds are used, the sets S to which these
methods apply are severely limited.

In fact, given a finite set S of primes, it seems challenging to decide whether the dimension of the
simple semistable abelian varieties good outside S is bounded.

This paper grew out of the desire to check the uniqueness of certain isogeny classes for larger conductors.
Another motivation was to provide additional evidence for our conjecture. (See modification added in
proof, page 1069.)

Paramodular conjecture [Brumer and Kramer 2014]. Let K (N) be the paramodular group of level N.
There is a one-to-one correspondence

isogeny classes of abelian surfaces weight 2 nonlifts f on K(N),
A g of conductor N with <> | with rational eigenvalues, up to
Endg A=7 scalar multiplication

in which the £-adic representation of T¢(A) ® Q, and that associated to f are isomorphic for any £ prime
to N, so that the L-series of A and f agree.

The L-series of abelian surfaces of GL,-type are understood via classical elliptic modular forms, while
our conjecture treats all other abelian surfaces. It is verified in [Berger et al. 2015; Johnson-Leung and
Roberts 2012] for the Weil restrictions of modular elliptic curves over quadratic fields, not isogenous to
their conjugates. It is also compatible with twists [Johnson-Leung and Roberts 2017].

To ensure that we are not in the endoscopic case, we consider prime conductors. By [Brumer and
Kramer 2014, Theorem 3.4.11], an abelian surface of prime conductor is isogenous to a Jacobian. For
each N in {277, 349, 461, 797, 971}, the space of weight 2 nonlift paramodular forms on K (/) is one-
dimensional [Poor and Yuen 2015], so our conjecture predicts that there should be exactly one isogeny
class of abelian surfaces of conductor N. In [Brumer and Kramer 2014], we proved that 277 is the
smallest prime conductor. For each N listed above, there is a unique Galois module structure available
for A[2]. For those N, Q(A[2]) must be the Galois closure of a favorable quintic field as defined below.

Definition 1.1. Let N be an odd prime. A quintic extension Fy/Q of discriminant £16N is favorable
if the prime over 2 has ramification index 5. A favorable polynomial is any minimal polynomial for
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a favorable quintic field. An abelian surface A of prime conductor N is favorable its 2-division field
Q(A[2]) is the Galois closure of a favorable quintic field.

We note some pleasant properties of favorable quintic fields.

Proposition 1.2. Let F be the Galois closure of a favorable quintic field Fy of discriminant dy = 16 N*
with N* = £ N. Then:

(1) Gal(F/Q) is isomorphic to the symmetric group Ss. At each prime N | N, the inertia group Ty =
In(F/Q) is generated by a transposition.

(ii) The completion Fy of F at each prime B | 2 is isomorphic to Qx(us, V2) and the decomposition
group Dy = Dy(F/Q) is the Frobenius group of order 20. The sign of N* is determined by
*=5(8).

(iii) There is only one prime over 2 in the subfield K, of F fixed by Sym{3, 4, 5}.

(iv) If A is a favorable abelian surface, then the finite flat group scheme A[2]|z, is absolutely irreducible
and biconnected over 7.

Proof. (1) Since N exactly divides dp, only one prime say 1y over N ramifies in Fy/Q and the OFp,-ideal
generated by N factors as (N) = D1ja, where a is an ideal prime to 91y and e > 1. If f is the residue
degree of Ny then N~ D/ divides dy, so e =2, f = 1 and the other primes over N are unramified
in Fy/Q. Thus the completion Fy is @y (+/do) and Zy has order 2. Since Zy; acts nontrivially on /dy, it
is generated by a transposition. A transposition and a 5-cycle generate Ss.

(i1) By assumption, Fiz/Q; has tame ramification of degree 5 and thus contains Q2 (s, J2). Since Dy
is solvable, Fy = Qa (s, J/2). Any Frobenius automorphism at 93 is a 4-cycle, so it acts nontrivially on
/dp and therefore N* =5 mod 8.

(iii) There are no transpositions in Dy, so Dy N Sym({3, 4, 5} is trivial. Since [K»o : Q] = 20, there is
only one prime over 2 in K»o.

(iv) Since Dy acts on A[2] via its unique 4-dimensional absolutely irreducible [F>-representation, A[2],z,
has no étale or multiplicative constituents. O

A favorable Ss-field is the Galois closure of a favorable quintic field. The Jacobian of a genus 2 curve C
is favorable only if C has a model y? = f(x) with f favorable, but C might have bad reduction outside N.

In general, L is a stem field for M if M is the Galois closure of L /(). A pair-resolvent for an Ss-field F
is a subfield K fixed by the centralizer of a transposition in Ss. Then K is well-defined up to isomorphism
and is a stem field for F. If r| and r; are distinct roots of a quintic polynomial f with splitting field F', we
can take K = Q(r| +ry), the fixed field of Sym{1, 2} x Sym{3, 4, 5}. There is only one prime p over 2 in K
by Proposition 1.2(iii). Let Q(,?) be the maximal elementary 2-extension of K of modulus p* - 00, i.e., the
compositum of all quadratic extensions of K with that modulus. Write rk, for the rank of Gal(Q%) /K).
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The following is a restatement of Theorem 6.1.22.

Theorem 1.3. Let A be a favorable abelian surface of conductor N and let K be a pair-resolvent field
for F = Q(A[2]). Suppose that B is a semistable abelian variety of dimension 2d and conductor N¢, with
BI2] filtered by copies of A[2]. If tko = 0 and tky4 < 1, then B is isogenous to A“. If B is a surface, it is
isogenous to A.

For the proof, we first construct suitable categories E, chosen so that extensions of the simple objects £
in E can be identified. Most of the paper is devoted to the study of such extension classes. A description of
the extensions of £ by £ as group schemes over Z, is obtained via Honda systems. For global applications,
assume that p =2 and Q(&) is a favorable Ss-field. Monodromy at N restricts the extensions W of £ by
& as group schemes over Z[ﬁ] A comparison with local data determines when W prolongs to a group
scheme over Z[%] and leads to our class field theoretic criterion for the control of Ext}E (&, &) required
by Schoof’s theorem. Ray class field information, difficult to reach over F, becomes accessible over the
degree 10 field K. Moreover, we found that Theorem 1.3 and Proposition 6.1.13 have no analog for other
intermediate fields of F/Q. A more detailed overview of our paper follows.

The category E of finite flat p-group schemes over Z[%] defined in §3 is motivated by necessary
conditions for an abelian variety B to be isogenous to a product of given semistable abelian varieties A;. It
is essential to impose conductor bounds at N, without which Theorem 3.3 does not apply, as indicated in
Example B.4. Thanks to Proposition A.2, we deduce in Theorem 3.7 that it suffices to study the subgroup
Ext[lp]’ £(&, &) consisting of classes of extensions W of £ by £ such that py¥ = 0.

We review group schemes and Honda systems over the ring of Witt vectors W of a finite field £ of
characteristic p in Section 2. In Section 4, finite Honda systems are used to classify absolutely simple
biconnected finite flat group schemes & of rank p* over W and describe the classes [W] in Ext[lp]’zp €&, 8).
We give the structure of the associated Galois modules E and W in Section 5 and obtain a conductor
bound for the elementary abelian extension K (W)/K (E) in Proposition 5.2.17. The latter improves on
Fontaine’s bound in our case, see Remark 5.2.19.

In Section 6, we restrict to p = 2 and give a class field theoretic condition equivalent to the vanishing
of Ext[lz]’ £(&, &) in Proposition 6.1.21. Its proof exploits the following ingredients: (i) monodromy at N,
to determine the matrix groups available for Gal(Q(W)/Q) as W runs over the extensions of E by E as
Galois modules, (ii) conductor bounds at p = 2, as described above and (iii) rigidification in Section 5.3
and (6.1.5) of the cocycles corresponding to local and global extensions of E by E, to check whether
they are compatible, as needed for patching.

Appendix C contains several general facts required for the determination of abelian conductor exponents
in our applications.

In Appendix D, we apply Theorem 1.3 to all the favorable quintic fields with N at most 25000 to
obtain Table 1. In particular, there is a unique isogeny class of abelian surfaces for each conductor N in
{277, 349, 461, 797, 971}. Curious about the wider applicability of our criterion, we studied the fields
corresponding to 276109 favorable abelian surfaces of prime conductor at most 10'? found by an ad-hoc
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search. We were surprised to discover that the uniqueness, up to isogeny, in Theorem 1.3 holds uniformly
for about 11.8% of those fields. The data is summarized in Table 3.

In our companion paper [Brumer and Kramer 2018], extensions W of exponent p? are studied and
new “full image” results for certain subgroups of GSp,,(Z;) generated by transvections are obtained. As
a consequence, if A is a favorable abelian surface, then @Q(A[4]) is an elementary 2-extension of rank 11
over (D(A[2]) with carefully controlled ramification. In Table 1, we also indicate the fields for which no
favorable abelian surface can exist because there is no candidate for its 4-division field.

Write K for the algebraic closure of K and G ¢ = Gal(K /K). For any local or global field K, let Ok
be its ring of integers. If L/K is a Galois extension of number fields, let D, (L/K) and Z,,(L/K) be the
decomposition and inertia subgroups of Gal(L/K) at a place v of L. We also use v for its restriction to
each subfield of L. When the local extension L, /K, is abelian, f,(L/K) denotes the abelian conductor
exponent of L,/K,. Write §,(V) for the Artin conductor exponent of a finite Z,[D,]-module V.

2. Some review of group schemes

Let R be a Dedekind domain with quotient field K. Calligraphic letters are used for finite flat group
schemes V over R and the corresponding Roman letter for the Galois module V = V(K). The order of V
is the rank over R of its affine algebra, or equivalently the order of the finite abelian group V = V(K).

By the following result of Raynaud [1974], group schemes occurring as subquotients of known group
schemes can be treated via their associated Galois modules. Thus, the generic fiber functor induces an
isomorphism between the lattice of finite flat closed R-subgroup schemes of V and that of finite flat closed
K -subgroup schemes of V|, where K is the field of fractions of R. The following results will be used
without explicit reference.

Lemma 2.1. Let R be a Dedekind domain with quotient field K and let V be a finite flat group scheme
over R with generic fiber V. =V|g. If W = V> / V} is a subquotient of 'V, for closed immersions of finite
flat K -group schemes V| < V, < V there are unique closed immersions of finite flat R-group schemes
Vi < Vo = V, such that V; = V; |k, and there is a unique isomorphism V> /V1 >~ W compatible with
V2 /VDik = W.

Let p be a prime not dividing N, R=7[+ ], R'= Z[pLN] and let Gr be the category of p-primary finite
flat group schemes over R. Let C be the category of triples (Vy, V2, 8) where V) is a finite flat Z,-group
scheme, V) a finite flat R’-group scheme and 6 : V) ®z, Qp = V2 ®p Q) an isomorphism of Q,-group
schemes. Then Proposition 2.3 of [Schoof 2003] asserts that the functor Gr — C taking the R-group
scheme Vto (V®rZ,,V®g R, id®rQ)) is an equivalence of categories. We can identify V ®g R’
with the Galois module V, since V is étale over R’. For objects V; and V, of Gr, the Mayer—Vietoris

sequence of [Schoof 2003, Corollary 2.4] specializes to:
Homg, (Vi, V2) <~ Homgz,(Vi, V2) x Homg (V1, V1) <= Homg(V1, V2) <0

5 (2.2)
Extp(V1, V2) = Extz (V1, V2) x Extp (V1, V2) — Extg (V1 V2).
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Corollary 2.3. Let V| and V; be finite flat group schemes over R = Z[%] with V| and V, biconnected

over Z,. The following natural maps are isomorphisms:
Homg(Vi, V») — Homga(Vi, V2) and  Exti(Vi, V2) — Extgy (Vi, Vo).
If'V is a group scheme over R and Viq, is absolutely irreducible, then
Endg, (V) =Endg (V) =F,, and Endg(V)=F).
In addition, § =0 in (2.2) with V| =V, = V.

Proof. The first claim follows from (2.2) and a theorem of Fontaine quoted in [Mazur 1977, Theorem 1.4].
For the second, use Schur’s lemma and a diagram chase. (|

We next review some basic material on Honda systems found in [Brinon and Conrad 2009; Conrad
1999; Fontaine 1977]. Let p be a prime, k a perfect field of characteristic p > 0, W = W(k) the Witt
vectors and K its field of fractions. Let o : W — W be the Frobenius automorphism characterized
by o(x) = x? (mod p) for x in W. The Dieudonné ring Dy = WIF, V] is generated by the Frobenius
operator F and Verschiebung operator V. We have FV = VF = p, Fa = o (a)F and Va = o~ (a)V for all
a in W.

A Honda system over W is a pair (M, L) consisting of a finitely generated free W-module M, a
W-submodule L and a Frobenius semilinear injective endomorphism F: M — M with pM € F(M) and the
induced map L/pL — M/FM an isomorphism. If F is topologically nilpotent, then (M, L) is connected.
Since M is torsion free, M becomes a D;-module with V = pF_l.

A finite Honda system over W is a pair (M, L) consisting of a left Dy-module M of finite W-length
and a W-submodule L with V : L — M injective and the induced map L/ pL. — M/FM an isomorphism.
If F is nilpotent on M, then (M, L) is connected. Morphisms are defined in the obvious manner. If (M, L)
is a Honda system then (M/p"M, L/p"L) is a finite Honda system.

Honda systems owe their importance to the following fundamental result.

Theorem 2.4 [Fontaine 1975a;1975b]. Let k be a perfect field of characteristic p > 0.

(1) If p > 2, there is a natural antiequivalence of categories G ~~ (D(Gy), L(G)) from the category of
p-divisible groups over W to that of Honda systems (D(G}y,) is the Dieudonné module of Gy). The

same holds for p =2 if we restrict to connected objects on both sides.

(i) If p > 2, there is a natural antiequivalence of categories from the category of finite flat p-primary
group schemes over W to that of finite Honda systems and the same holds for p =2 if we restrict to

connected objects on both sides.
(ii1) The cotangent space of Gy at the origin is D(Gy) /FD(Gy).

(iv) Both antiequivalences respect extensions of k. Moreover, if G is a p-divisible group over W, then

MG/ (p"), L(G)/(p™)) is naturally identified with the finite Honda system associated with G[p"]
foralln > 1.
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Lemma 2.5. Let (M, L) be a Honda system of exponent p. Then M = L 4+ FM is a direct sum, ker F =
VL = VM, dimker F = dim L and ker V = FM.

Proof. Since L/ pL — M/FM is an isomorphism, M = L 4+ FM is a direct sum and
dimM =dimFM + dim L = dimM — dimker F 4 dim L.

Hence dimker F = dim L and equality holds for each inclusion in VL € VM C ker F because V|, is
injective. In addition,
dimL =dim VL =dim VM =dimM — dimker V,

so M =L +kerV is a direct sum and the inclusion FM C ker V is an equality. U

Let CW, x denote the formal k-group scheme associated to the Witt covector group functor CWy, see
[Conrad 1999; Fontaine 1977]. When k' is a finite extension of k and K’ is the field of fractions of W (k'),
we have CWy (k") >~ K’/ W (k’). For any k-algebra R and W = W (k), let Dy =W][F, V] act on elements a =
(cvlopy...,a—1,a0) of CWe(R)byFa=(...,a",,....a" ,al),Va=(...,a_guy1), ..., a2, a_1)
andéa=(...,cP"a_,,...,cP 'a_y, cap), where ¢ in W is the Teichmiiller lift of c. Note that such lifts
generate W as a topological ring.

The Hasse—Witt exponential map is a homomorphism of additive groups,

&:CWi(Og/pOg) = K/pOg by (...a_p.....a_1.a0)—> Y p~"a’,.

independent of the choice of lifts a_, in Og. If U is the group scheme of a Honda system (M, L), the
points of the Galois module U correspond to Di-homomorphisms ¢ : M — CW k(Og/pOg) such that
£(p(L)) = 0 and we say that ¢ belongs to U. The action of G on U(K) is induced from its action on
CWi(0g/pOx).

We write -+ for the usual Witt covector addition [Conrad 1999, p. 242] and state some related elementary
facts. For ¢ a power of p and x, y in K, the congruence O, (x,y) =((Xx+y)?—x7—-y7)/q (mod pOp)
defines a unique, possibly nonintegral element of K / pOgx, independent of the choices of lifts x and y
in Og. The binomial theorem yields the following estimate.

Lemma 2.6. ord, (X +y)? —x9 — y7) > 1 + g min{ord, (X), ord , (y)}.

It is convenient to write (6, X_n,...,Xxo) for the element (..., 0,0, x_,, ..., xp) In EV\Vk(OE/pOE).
A routine calculation using the formulas in [Abrashkin 1987; Conrad 1999] gives:

Lemma 2.7. Addition in CW(Og/pOx) specializes to
(0, ug, uz, uz, uy, uo)+(0, va, v, vo) = (0, us, uz, us + va2, w1, wo),
where wi = uy + vy — ®,(u2, v2) and

wo = uo+vo + %(Mf +v7) — @2 (uz, v2) — %(ul +v1 — D (uz, v2))”.
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3. The new categories

After a review of local conductors, we introduce the categories in which extension classes will be studied.

Fix distinct primes N and p and let K be a finite extension of Qu. If L/K is a Galois extension, let
D =D(L/K) be its Galois group and Z =Z(L/K) its inertia subgroup. When Z acts tamely on the finite
Z ,[D]-module V, its Artin conductor exponent is given by fy (V) = lengtth V)V If

0O—-Vi—-V—=>V,—->0

is an exact sequence of finite Z,[D]-modules, then fy (V) > fy (V1) +fy (V2).

Let A be an abelian variety over Qy with semistable bad reduction and let T ,(A) denote its p-adic
Tate module. We freely use results of Grothendieck [Grothendieck and Raynaud 1972], reviewed in
[Brumer and Kramer 2001]. The p*°-division field Qx (A[p°°]) depends only on the isogeny class of A,
so is shared by the dual variety A. The inertia subgroup Z of Gal(Qy (A[p™>])/Qp) is pro-p cyclic
and (o — I)Z(Tp (A)) = 0 for any topological generator o of Z. The fixed space Ms(A) =T, (Al isa
Z ,-direct summand T, (A) and the toric space M;(A) is the Z,-submodule of T, (A) orthogonal to M ¢ (A)
under the natural pairing of T,(A) with T, (A). Moreover, (o — 1)(T,(A)) has finite index in M;(A).
The conductor exponent of A at N, denoted fy (A), is the Z,-rank of T,(A)/M;(A). Equivalently, we
have fy(A) =rankz, M;(A) =rankz,(oc — 1)(T,(A)).

Lemma 3.1. Suppose that fy (A[p]) = fn(A). Then we have fx (Al p"]) = nfy(Alp]) foralln > 1 and
(o — D)(T,(A)) = M, (A).

Proof. In the following diagram

(0 —D(T,(A)

Ly M,(A)/p"M,(A),
T DT,y N T M P M)

(0 — D(A[p"]) <

7 is an isomorphism induced by the natural projection 7 : T,,(A) — A[p"] and J is an injection induced
by the inclusion j : (o — 1)(T,(A)) — M;(A). Since M;(A) is a Z ,-direct summand of T,(A), we have
M;(A)/p"M,(A) ~ (Z/p™)', where f = fn (A) and thus

nf =lengthy M;(A)/p"M,(A) = fn(A[p"]) = nfn(AlpD), (3.2)

using super-additivity of conductors for the last inequality. By assumption, the left and right sides of (3.2)

1

are equal, so fy (A[p"]) =nfn(A[p]). Then jox ™" is an isomorphism and (o — 1)(T,) = M;(A) upon

passage to the limit. O
We recall the following elegant theorem of Schoof on p-divisible groups.

Theorem 3.3 [Schoof 2005, Theorem 8.3]. Let C be a full subcategory of the category of p-primary
group schemes over O = Z[%], closed under taking products, closed flat subgroup schemes and quotients
by closed flat subgroup schemes. Let G = {G,} and H = {H,,} be p-divisible groups over O, with G, and
H, in C. Suppose that:

(1) R =End(G) is a discrete valuation ring with uniformizer w and residue field k = R/ R.
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(ii) The map Homo (G[r], G[r]) = Ethg(G[JT], G[r]), induced by the cohomology sequence of
0 — G[r]— G[n?]— G[r]— 0, isan isomorphism of one-dimensional k-vector spaces.

(iii) Each H, admits a filtration by flat closed subgroup schemes whose successive subquotients are
isomorphic to G[r].

Then H is isomorphic to G" for some r.

For Theorem 3.3 to be applicable, the critical condition required of the category C is that (ii) hold.
Additional motivation for our choice of category is provided at the end of this section.

Definition 3.4. Let ¥ = {&; | 1 <i < s} be a collection of finite flat group schemes over Z[ ] such that

1
N
(i) & is biconnected over Z), for all i and

(i) the Galois modules E; are absolutely simple and pairwise nonisomorphic.

Given X, a category E of finite flat group schemes V' over Z[ﬁ] is a X-category if the following properties
are satisfied:

E1. Each composition factor of V is isomorphic to some & with 1 <i <.
E2. If o, generates inertia at v | N, then (o, — 1)2 annihilates V = V(Q).

E3. If n; is the multiplicity of E; in the semisimplification V* of V, then

v (V) =fn (V) = nifw (Ey).

A collection of semistable abelian varieties A;, good outside N, is X-favorable if End A; = Z, the
& = A;[p] satisfy (i) and (ii) and fy(A;) = fy(E;) for 1 <i <s.

In particular, a favorable abelian surface A is ¥-favorable with ¥ = {A[2]}.

Lemma 3.5. If 0 > W — V — V — 0 is an exact sequence of finite flat group schemes and V is in E,
then W and V also are in E.

Proof. By super-additivity of conductors and E3 for V, we have

fv (V) =y (W) + iy (V) < fy (W) +Fa (V) < fu (V) = (V).
Hence E3 is valid for both W and V. The rest is clear. O

Lemma 3.5 implies that E is a full subcategory of the category of p-primary group schemes over
Z[%], closed under taking products, closed flat subgroup schemes and quotients by closed flat subgroup
schemes. As in [Schoof 2005], this guarantees that Ext}j is defined.

Notation 3.6. If V and W in E are annihilated by p, write Ext[lp]’ £V, W) for the subgroup of Exti5 vV, W)
whose classes are represented by extensions killed by p.

Theorem 3.7. Let {A; | 1 <i < s} be a X-favorable collection of abelian varieties and let E be the
X-category with ¥ = {&; = A;[p] |1 <i <s}.
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(i) If B is isogenous to []; A?", then subquotients of B[p”"] are in E.
(ii) Conversely, let B be semistable and write B[p]* = @®n;&;. Suppose that fx(B) =Y _ nify(E;) and

E4:Ext{, ;(&.£)=0, foralll<i<;j<s.
Then B is isogenous to [ A}'.

Proof. Lemmas 3.1 and 3.5 imply the first claim. For the converse, it suffices by Lemma 3.5 to show
that B[ p"] belongs to E. Property E1 is clear and E2 follows from semistability. By super-additivity of
conductors,

> nmifn(E) =fn (BIpI®) < fn(BIp]) < fn(B) =) nifn (En).

Thus each weak inequality above is an equality and so

Fv(BLp'D) =rin(BIpD) =Y _ rnif(E;)

by Lemma 3.1. Hence E3 holds and B[p”] isin E.

Assuming E4, the lemma below enables us to define isotypic decompositions of the finite flat group
schemes in E. Thus the p-divisible group of B is the product of its isotypic p-divisible subgroups H®.
If GO is the p-divisible group of A;, then End(G®") = Z p by the theorem of Faltings proving Tate’s
conjecture. Vanishing of Extg »1.£(Ei» €) and Proposition A.2 imply that Ext}E (&, &) = [, thanks to the
existence of the extension 0 — & — A; [pz] — & — 0. Theorem 3.3 now gives H; >~ G;.” and so the
p-divisible group of B is isomorphic to that of [] A’. Conclude by Faltings’ theorem [1983, §5] on
isogenies. (|

Lemma 3.8. Let M be a finite length module over the ring R and E\, . .., E; its nonisomorphic simple
constituents. Let M; be the maximal R-submodule all of whose composition factors are isomorphic to E;.
If Ext}e (Ei, Ej) =0fori # j, then M = @ M;, i.e., M is the sum of its isotypic components.

Proof. If all composition factors of the R-modules N and N’ are isomorphic to E;, the same is true of
N + N’ as a quotient of N & N’, so the definition of M; makes sense. The sum of the M; is direct, since
no simple module occurs in the intersection of M; with the sum of the other isotypics. By the long exact
sequence of Ext and induction, Ext}e(Ei, P) =0 if P does not involve E;. Let M’ = @le M; CM
and let N be a minimal submodule of M containing M’. Then, after relabeling, we have N/M’ ~ Ej.
The exact sequence 0 - M'/M; — N/Mg; — E; — 0 splits, so there is a submodule N’ of N with
N'/M >~ E, contradicting maximality of M. O

We conclude with some comments on the definition of E and the assumptions in Theorem 3.7. Schoof
uses categories D satisfying only E1 and E2. However, as shown in Example B.4, Ext[lz]’ p(€, &) #0 for
the cases of interest to us, violating Theorem 3.3(ii). Motivated by Theorem 3.7(i), we were led to add
E3 as a necessary condition. For the reader who might wonder why E3 was not imposed by Schoof, we
offer the following explanation.
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Remark 3.9. In [Schoof 2005, §7], p=2, dimE =2 and A =Gal(Q(E)/Q) ~S3, so H' (A, Mat,(F»)) =0
and the obstruction to splitting of extensions that we encounter in Example B.4 does not arise for Schoof.
Moreover, E2 implies E3 if dim E; = 2fy (E;) for all i. Indeed, V/V %) ~ (¢, — 1)V C V(%) by E2.
Let V¥ = &n; E; and write £(V) = lengtth V. Then

2ZnifN(Ei) = Z”i dimg, E; = €(V) = £((0, — DV) +£(V 7))
> 20((0y — DV) =2fn (V) 22 nifw (E)).

Hence fx (V) =Y nifn(E;).

The lower bound fy(V) > > n;fx(E;) holds for the conductor of V, while E3 imposes equality.
Thus, in Theorem 3.7(ii), fx (B) is as small as possible given the structure of B[p]¥*. But minimality of
conductor does not guarantee that B is semistable, as the following example shows.

Example 3.10. Setzer [1981] gives an elliptic curve over K = (0(+/37) with everywhere good reduction:
C: yz—ey =X3+%(36+ 1)x2+ %(lle—i- Dx, e€e=64++37.

If B is its Weil restriction to Q, then B has good reduction outside N = 37 and fx(B) =2 by Milne’s
conductor formula [1972, Proposition 1]. Let A be any of the elliptic curves over QQ of conductor 37.
These curves share the same group scheme £ = A[2] and fy(E) = 1. Let E be the X-category with
Y = {£}. Then B[2]* = & & £ and so E3 holds. But B has potential good reduction at N and inertia
at v| N acts on T,(B) through the finite quotient Gal(Qy (+/37)/Qu), so E2 fails. Note that B was
considered earlier in [Shimura 1972].

Remark 3.11. In his work on deformations, Ploner [2015] considered conditions E1, E2 and E4 for
two-dimensional group schemes.

4. Some Honda systems

Recall that W is the ring of Witt vectors over a finite field k of characteristic p and let K be the quotient
field of W. Suppose that £ = A[p] is an absolutely simple finite flat group scheme of order p* where A
is an abelian surface over K with biconnected good reduction. In this section, we classify the Honda
systems of such £’s and those of extensions of £ by itself annihilated by p.

Proposition 4.1. Let (M, L) be the Honda system for a group scheme & as above. Then there is a k-basis
X1, X2, X3, X4 for M such that L. = span{xy, x;},

098 it
V=|:0)\00:| and F=|:0001:| 4.2)
0000 1000

, . .. . 2 4
for some X in k*. Furthermore x|, ..., x} is another such basis if and only if x; = r” xy and \ = r'=P"1
with r in k*.
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Proof. Let € = (M, L) be the Honda system for £. Refer to Lemma 2.5 as needed. Theorem 2.4,
applied to the p-divisible group of A implies that dim L = 2. By absolute simplicity, £ becomes a
Raynaud [ ,«-module scheme over the Witt vectors W (k) [Raynaud 1974; Tate 1997, §4]. Berthelot [1977,
Lemme 2.5] shows that M' = M ®; k admits a basis {§; | i € Z/4Z} such that F(&;) =&;,1 or V(&;11) =&,
with L’ spanned by a subset of that basis.

Suppose that L does not contain two successive basis vectors. Then we may assume that L' =
span{&, &}. By injectivity of V on L, we have V& = &j and V&; = &,. Since F(M') = span{F(&;), F(&3)}
is 2-dimensional, V(&) # &1, so F(&1) = &; and similarly F(&3) =&y. If n =&+ &3, then Fn =Vn =&, +&.
Thus there is a sub-Honda system (M”, L") of & with M” = span{n, Fn} and L” = span{n}, contradicting
absolute simplicity of £.

Therefore, we may assume that L = span{&;, &}. Since V is injective on L', we cannot have F(&;) = &;,
s0 &1 =V& e L’'NVL' and dimg (LNVL) = 1 over the original ground field k. Write x, =Vx; #0in LNVL
with x; in L and so L = span{xy, x,}. Set x4 =Fx; and x3 = F2x,. Since dim; ker F=2 and F is nilpotent,
F =0. By iterating F on M =L 4 FM to find that FM = FL + FL = span{xs, x4}. Thus x1, x3, x3, x4 is
a basis for M. Injectivity of V on L implies that Vx; # 0. But Vx; is in ker F = VL = span{x;, x3} and V
is nilpotent. Hence Vx; = Ax3 for some A € k™, resulting in matrix representations of the form (4.2).

For another such basis, x} generates L N VL, so x), = r”x; with r € k*. Then x| = r”2x1 and
Xy = szi — rP'x;. Thus Nxy=Vx)=rVx; =rix; = rl_p4kx§ and so A’ = r!1=P"' A in k*. d

Notation 4.3. For A € k™, let &, = (M, Ly) be the Honda system in the proposition and call x1, x, X3, x4
a standard basis for €,. Denote the corresponding group scheme, Galois module and representation by
&y, Ey and pg, respectively.

Let Ext' (&, &) be the group of classes of extensions of Honda systems
0—> ¢ —->M,L)5 ¢, -0 (4.4)

under Baer sum [Mac Lane 1963, Chapter III, Theorem 2.1] and let Ext[lp](QEA, &;) be the subgroup such
that pM = 0.

Proposition 4.5. If (M, L) represents a class in Ext[lp]((’fk, &,), there is a k-basis ey, . . ., eg for M such
that 1(x1) = ey, w(es) = x1, L = span{ey, 2, es, e6},

0000[0 As; 00 00000 0 0 0
1000/0 As3 00 00000 0 0 0
0100[0 As4 00 00010 —s) —sZ0
0000|s; Ass 00 10000 0 —s”0
V=1%90000 0o00| “ F=|G50000 0 0 0
0000/1 0 00 00000 0 0 0
00000 A 00 00000 0 0 1
1 0000[0 0 00 | [ 0000/1 0 0 0]
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with sy, 2, 83, 84, S5 in k. Fork = k/(c* —1)(k), the map (M, L) ~> (s1, ..., S5) induces an isomorphism
of additive groups s : Ext[lp](t’fk, E) > kDkDkDk k.

Proof. Let {xj | 1 < j < 4} be a standard basis for €, and define ¢; = ((x;) in (4.4). Since 0 —
Lo — L % Ly — 0 is exact, we can extend e, e, to a basis for L by adjoining elements ¢és, &g of L
such that 7 (e5) = x; and 7 (eg) = x».

From V(7 (es)) = m(eg), we have Ves = eq +rie) +ryep +r3es +s1e4 with 51 and all r; in k. Replace
es by es = ¢es +02%(a))e; + o (ar)e; and &4 by eg = €6 + biey + byer with a;, b; in k. Then

Ves = Ves 4+ o (aj)ey + Lazes
=e¢¢+rier+ (n+o(ay)er+ (r3 + raz)es + sieq
=ec+ (r1 —b1)e1 + (ry +o(a1) —by)ex + (r3 + Aaz)es + s1e4.

Now choose a;, b; so that V(es5) — eg = s1e4. Finally, let e = Fes and e7 = Feg. Since V(7 (e¢)) = Am(e7),
we may choose elements s; of k such that

Veg = A(e7 + spe1 + s3e3 + s4e3 + s5€4). (4.6)

This verifies the matrix representation of V. From 0 = FVes = Feg 4+ o (s1)e3, we get Feg = —o (s1)e3.
Apply F to (4.6) to find Fe; and obtain the matrix of F.

The only ambiguity left is that es might be replaced by es + o2(ay)e;, in which case s4 becomes
s4+a; —o*(ay) while sq, 52, 53, 55 remain unchanged.

Another extension (M’, L) is equivalent to (M, L) if and only if there is an isomorphism 4 in the
commutative diagram

/ !

0 ¢, ™', L) (P 0
lidem lh lident 4.7)
0 ¢ —— ML) —— ¢ 0.
Let e}, ...eg be a basis for (M, L") constructed as above. Since /(e}), ..., h(eg) must be another such

basis, the isomorphism /4 exists if and only if h(e’l) = ¢ and h(eg) = e5s + o 2(aj)e; with a; in k. Tt
follows that s is a well-defined bijection.

To verify the additivity of s, let (M, L) and (M’, L") represent two classes in Ext[] p](QS,x, ¢,) and let
0— ¢, 5 M, L") Z & — 0 represent their Baer sum. To obtain a k-basis for M” let y; = (e;, 0)
inMxM for 1 <i <4and y; = (e, €;) for 5 <i <8, each of which satisfies the fiber product condition
that 7" (y;) = m(e;) = m'(e}). The relations are given by ("(a) = (1(a), 0) = (0, ('(a)) for all a in €,.
We have

Vys = (Ves, Veg) = (e6 + s1€4, €5+ s1€4) = y6 + (s1€4, 0) + (0, 7€)
= 6+ (s1€4, 0) + (s]€4, 0) = y + (s1 + 51) y4,
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Vys = (Ves, Veg) = Aer, e)) + > Msiei,sje)) =Ayr+ Y A(si+s)vi.

l<i<4 1<i<4
Fys = (Fes, Feg) = —(s7e3, (s))Pe3) = —(s7e3, 0) — (0, (s7)7e3)
= —(s7e3,0) — ((s))7e3,0) = —(s1 + 5" y3,
Fy; = (Fe7, Fel) = —(sfe3, (s5)Pe}) — (53 es, (s5)7ey)
= —(s5 +55)"y3 — (s2+55)" ya.

By completing the matrices for V and F, we find that s =s; + s/ for 1 <i <5. O

5. The local theory

In this section, we study the fields of points of extensions of exponent p whose Honda systems were
described above. In particular, we obtain good conductor bounds. We use freely the notation of Section 2.
Let K be the quotient field of W and let & be the Teichmiiller lift to W of a in k, with 0 = 0. Assume that
w is in Ok and ord,(w) > 0. For a in K/ wOg, let a be an arbitrary lift to K. Assertions requiring lifts
are made only when the result is independent of the choices, as in the following examples. If a is not
in wOg, let ord,(a) = ord,(a). For w’ in O such that 0 < ord,(w’) < ord,(w), let a = b (mod w’)
mean that @ — b is in w'Og. If f(X) isin K[X], we write f(a) =0 (mod w”Og) only if f(a) is in
w"”Og, for all lifts a of a. For this section, we write x ~ y when ord,(x/y — 1) > 0 and x =y + O (w)
if ord,(x —y) > ord,(w).

5.1. The irreducible case. Let &, be the group scheme and xi, ..., x4 a standard basis for the cor-
responding Honda system &, = (Mp, Lo) from Notation 4.3. The Galois module structure of E; is
well-known, but a description of E; by Witt covectors is required for our analysis of extensions of &
by &,.. Let F = K(E),), reserving Roman F and V for the Honda system Frobenius and Verschiebung
operators in this section. Recall that points of the Galois module E, correspond to Dg-homomorphisms
¥ : Mg — CW(Ox/pOx) such that &(¥(Lg)) = 0, see Section 2.

Proposition 5.1.1. Let R, = {a € Og/pOx | A aP = (—p)P+la (mod pP*t20x)). Given a in R;,
define b and ¢ in Og/pOx by
= —1aPaP’ (mod pOg) and c=ra?” (mod pOg).

(1) A Dy-map ¥ = ¥, belongs to a point P, of E,, if and only if ¥ (x1) = (6, ¢, b, a) with a in ‘R, If so,
¥ (x2) = 0, ¢,b), ¥r(x3) = (0, A7'¢) and yr(x4) = (0, a?).

(i) F = K (E;) is the splitting field of f,.(x) = Apixpt=l (—p)?*! over K. The maximal subfield of F
unramified over K is Fo = K (p ,+_y, n), where n is any root of xPT1 — A. Moreover F | Fy is tamely

ramified of degree t = (p> + 1)(p — 1). For a # 0 we have

1 2 1 2
ordy(@) = . ord, (b) = %, ord, (c) = pT. (5.1.2)
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(iii) R, is an F a-vector space under the usual operations in Og / pOg and a — Py defines an F,[G]-

isomorphism R, = E,.

Proof. (i) If ¢ belongs to a point in E,, then ¥ (x;) = (6, ¢, b, a), since V3 =0. We obtain v (x») and
¥ (x3) by applying V, while ¥ (x4) = ¥ (Fx;) = (6, cP,bP,aP). Use 0 = VF(x1) = Vx4 to find that
c? =bP =0, s0ord,(b), ord,(c) > 1/p. In addition, F(x4) = x3 implies that ¢ = raP’. Let a, b, ¢ denote
lifts to Og. Vanishing of &(y/ (L)) provides the additional congruences modulo pOx:

a+%z§!’+#5ﬂzzo and b+ L& =o0. (5.1.3)

Thus p ord,(c) = ord,( pb) > 1+ % and so #E”z = 0. With this simplification, the required congruences
follow from (5.1.3). Furthermore, these congruences are sufficient to imply that i belongs to £, when
lp‘(‘xl) = (0’ C, b! a)'

(i) If f,(9) =0 and ¢ generates p ,_;, then the roots of f; have the form 6; = £76 while their reductions
modulo p give all nonzero elements of R, . For the converse, let a be a lift of a € R, and g(x) = xP' —x.
Then g(a/0) =0 (mod gOI;) and soa=0ora =6; (mod pOg) for some j by Hensel’s lemma. Hence
F = K(ppi_1,0) is the splitting field of f;. Let Fy be the maximal subfield of F" unramified over K.
Since 47" and therefore also A is a (p+1) power in K (6), each root n of x?*! — X is in Fy. Furthermore,
0 satisfies an Eisenstein polynomial of the form npzx’ + wp = 0 over Fy for some w in p, . Hence
K/ Fp is tamely ramified of degree ¢ and we obtain the desired ordinals of a, b, c.

(iii) The embedding F,« = W(F,4)/pW(F,4) — Og/pOg defines the scalar multiplication by [F .
Closure of 2R under this operation and under the usual addition in Og / pOg is clear. The asserted Galois
isomorphism follows from the correspondence between Di-homomorphisms belonging to &, and points
of E, once we check that a — P, is additive. If a; and a, are in fR;, then there is some a in R; such that
Va, (x1)+Fa, (x1) = ¥, (x1). Denote this equation of Witt covectors by ©, c1, by, a)4-(0, 2, by, az) =
(6, ¢,b,a). Then c = ¢y + ¢, so al’ = alp2 —i—aé72 in Og/pOg. By using lifts of a, a; and a, of the form
wof, w16 and w,6, with each w; in Ryt U {0}, we find that
2 2

2
wy =0 +of = (01 + w)" (mod#@,?)

Since the w’s lie in the absolutely unramified field Q,(p,+_;) and ord, (p/0p2) > (0, we obtain wy =
w1 +wy (mod p) and thus a = a; +ay in O/ pOfg. Alternatively, ord, (a —a; —az) > 1 by the covector
addition formulas in Lemma 2.7. O

Remark 5.1.4. (i) By (ii) above, the lifts of all a # 0 in R, to O comprise the cosets ¢ 10 + pOx.
Thus 2R, descends to an [ ,+-vector subspace of Of/pOp and we write

R.(F) = {a € Op/pOF | i7" a?" = (—p)P*'a (mod p?T20Op)}.
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For o in F Pt and a in fR,, we write o P, = P,,, in agreement with multiplication on Witt covectors.
In fact, @y, = Y44, since evaluating on x| gives

[21(0, ca, bar @) = (0, 07 cq, &'/ Pb,, aa) = 0, caa, baa. 2a).

(@ii) If A is in the ramification subgroup of Gal(F/K), then & acts on R, (F) by h(a) = «a, where o € u,
depends on /. The structure of &, as a Raynaud F p+-module scheme is reflected by h(P,) = Ppa) =
P,, = a P,. However, Frobenius in Gal(F¥/K) acts on the scalars.

(iii) By Proposition 5.1.1, we have b” = —pa(mod p?), c? = APaP = —pb(mod p?) and P =
(—p)PTla(mod pP+?). These congruences are independent of the choices of lifts to O.

Using the local structure above, we next obtain a group scheme £ over Z[%] fulfilling the hypotheses of
Definition 3.4 for a X -category E with X = {£}. We also determine the image of the Galois representation
provided by E.

Corollary 5.1.5. Let E be a four-dimensional symplectic module over [, and let p : Gg — GSp(E) be
unramified outside {p, N, oo} and tamely ramified at the prime N # p. Suppose that:

(1) p restricted to a decomposition group at p is isomorphic to a local representation of the form pg, as
in Notation 4.3.
(ii) Inertia at v| N acts on E via a cyclic quotient (c,,) with (o, — 1)> =0 and rank(c, — 1) = 1 as a

matrix.
(iii) The fixed field of p~'(Sp(E)) is Q(up) when p is odd.

Then there is a unique finite flat group scheme & over Z[%] whose associated Galois representation is p.
Moreover, the Galois image G = p(Gq) is GSpy(F,) for p > 2 or possibly O, (F;) >~ S5 when p = 2.

Proof. By (i), the local representation is irreducible and so is E£. We patch as described before (2.2) to get
the uniqueness.

Since o, is a transvection by (ii), the normal subgroup P generated by transvections is nontrivial.
Follow the proof of [Brumer and Kramer 2012, Proposition 2.8], using dim £ = 4 and the fact that N is
square-free, to conclude that E is irreducible for the group P generated by transvections. If p =2, we find
that G is isomorphic to Sp,([F2) >~ Sg or O, (F2) > Ss. Since 5 must divide |G|, we rule out S3:S,. When
p is odd, G contains Sp,(F,) by [Kemper and Malle 1997] and thus is isomorphic to GSp,4(F ) by (iii). [

When p =2 and A is a favorable abelian surface, £ = A[2] provides a representation p as in the corollary.

5.2. Extensions of exponent p. Let 0 — &, —> W -2 &, — 0 be an extension of &, by &, killed by p
with parameters s(V) = [ - - - s5] from Proposition 4.5. Let P, denote the point of E; corresponding to
a in R, (F), see Proposition 5.1.1(iii) and Remark 5.1.4. Then the fiber over P, has the form Q + ((E})
for any fixed Q in W such that 7 (Q) = P,. We write F, = F(Q) for the fiber field generated over F by
the coordinates of Q.

Notation 5.2.1. Write R, = I?/f@,?, provided that u is in O and ord,(u) < 1.
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Proposition 5.2.2. For ¢ to correspond to a point of W in the fiber over P, # 0, it is necessary and
sufficient that ¢ (e1) = (6, ¢, b, a) as in Proposition 5.1.1 and

p(es) = (0, 0s2)' /pc, (hs2)' [ pb+ (hs3)' [ pe, ez, by, ax)
where x, v, z in K satisfy all the following congruences:
i) x—yp+pp_lzp2:O in R,.
i) y—zp+pk_pepap_p3=0 in Ryp.
iii) X —z+wa " =0 inR. (5.2.3)

with w = saa + s3b + sar " e + ssa?, ep=s1ifp>3ande; =5 — (As2)? if p = 2. Equivalently, z in K
satisfies f,(z) =0in R., where

Fa(Z) = (2P = pr~Pepa? )P — pP=' 2P’V — Z 4 wa P (5.2.4)

and the classes of x in R, and y in Ry, are determined by (5.2.3)(i) and (ii). When €, = 0, we may instead
use f,(Z) = zrt—z + wa= ",

Proof. Let ¢ in Homp, (M, fﬁ/k (Ox/pOg)) be an element of W. Since M is generated by e; and es
as a Di-module, ¢ is determined by ¢(e;) and ¢(es). The injection of €; to M yields ¢(e;) = ¥ (x;)
for 1 < j <4, as in Proposition 5.1.1(i). Set p(es) = (6 ds, ds, dy, dy, dy), with only the five rightmost
coordinates significant, since V> = 0. Applying FV =0 to es gives dy = dp dy =di =0.

From the matrix representation of V, we have

¢(es) = V(p(es)FH—s1lp(es) = (0, dy, ds, da, dy — s1aP)
and so (p(k_IVe6) = [,\—1](6, dy, ds, dp). We also have
9(L"'Vee) = p(e7)Fo(s2e1)F0(s362)+0(s4¢3)+0 (s5€4)
= F? (65)+(6 o_z(sz)c J_l(sz)b sza)—i-((_j o*_l(sz)c szb+S4A_1c+S5ap)
— (0, dp )+(0, sl/p c, sz/pb+s3 ¢, 52a + s3b + sah " e + ssaP — @ (sl/pb sl/pc))
= (0, sl/p c, sz/pb+s3 ¢, $2a + s3b + sa)” c+ssa”+dp)
since ® (sz/pb sl/p ) =0 by (5.1.2) and Lemma 2.6. Modulo pOg, this gives:
dy=(s)'Pc, dy=(s2)/Pb+ (s3)VPe,  dy = Al +w). (5.2.5)

Vanishing of the Hasse—Witt map on ¢(L) gives the following additional relations:

ar p3 dp dr
é(fp(es))—# pe +p—+?+do—0 (mod pOg),
P’
L
D3

P2 d!’

ar d
E(p(ee)) = = 4+ 2 4d—s1a” =0 (mod pOy). (5.2.6)
T



1044 Armand Brumer and Kenneth Kramer

Since p? ord,(ds) > p? ord,(c) > p + 1, we have p_3d£73 = 0 and p“‘d‘{74 = 0 (mod p). Thus the
ds-terms drop out of (5.2.6). By (5.2.5), we have

dl = Asyb? + Asse? (mod p?),
" = (s2)Pb” + (hs3)Pc? (mod p?),
4l = (us)P'b7 4 (hs3)" e’ (mod p*).

In addition,

c”’ b?’ pl(p*—p+1) | -1< 1 ) .
d,( — dy( =) =L P i — ) -
Or”<pf>>°r”<pi> o-Dpr+y =P T oorrn)

is greater than 1 if (i) j =3 and all p or (ii) j =2 and p > 3. If j =2 and p = 2, we also have
ord,(c*/4) > 1 and so (5.2.6) simplifies to

p72dY + p~ldP +dy=0 and p~'d? +di —epa’ =0. (5.2.7)

Letx =dp/ain R,, y=d;/bin Ry and z =d>/c in R.. Then (5.2.5) and (5.2.7) give (5.2.3), using the
equations for a, b, ¢ in Remark 5.1.4(iii). It follows that f,(z) =0 in R, for f, given by (5.2.4). When
€, =0, we have

1 2 (p>—1 p+1
ord,(z) = — ord,(wa™?) > — ord,(a) = ————5——
P P » P (2

and thus
P2 -j_p* . . 4
ord, (7)) pr=172") = (p = 1)j +2 = ord, (i) + p* ord () = 1.

i.e., the middle terms of the binomial expansion for f,(z) drop out.
Conversely, if f,(z) =0 in R, and x and y are defined by (5.2.3)(i) and (ii), then (5.2.3)(iii) holds and
we obtain a Dx-homomorphism belonging to a point of W in the fiber over P. U

Notation 5.2.8. If A in £~ is fixed, then a in
R (F) = {a € Op/pOr | i’ a?" = (- p)P*'a (mod p?*20p))

determines b and ¢ in O/ pOF by the congruences in Proposition 5.1.1. If z in R, satisfies the resulting
congruence f,(z) =0in R, then z determines x in R, and y in R, by (5.2.3). Using the congruences in
(5.2.5),setd,(z) = (6, dy, ds, cz, by, ax). Let ¢, be the Di-homomorphism such that ¢, (e;) = (6, ¢, b,a)
and ¢, (es) =d,(z) and let Q, be the corresponding point in W. The fiber field generated by the point of
W lying over the point P, of E is F, = F(Q;).

We next examine the effect of various choices of lifts on constructing a generator for the extension F, / F.
Under the assumptions of Notation 5.2.8, choose lifts to Ok of A and the entries in s. By Remark 5.1.4(i),
a has a lift a in Op. Using the congruences in Proposition 5.1.1 as equations, a determines lifts band ¢
in O of b and c. Let f be the polynomial with coefficients in F obtained by using the respective lifts to
replace the corresponding coefficients of f,(Z).
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Corollary 5.2.9. Construct f(Z) in F[Z] by choosing the lifts described above. If 6 is any root of f in
K, then F, = F(6). Ife, =0then h(X) =X — X + war’ splits completely in F,.

Proof. Let M be the splitting field of f over F. Since the p* solutions to the congruence f,(Z) =0 in
R, correspond to the distinct points of W in the fiber over P,, the roots of f in K remain distinct when
reduced to R,. If 6 is any root of f, its reduction z in R. determines the point Q.. Thus F, is contained
in M. If y is in Gal(M/ F,,), then Q, = y(Q;) = Qy(;), 80 ¥(z) =z in R.. But then y (0) = 0, since the
roots of f are distinct modulo %01?- Hence F, = F(6) = M is independent of the various choices of lifts.

When €, =0, we have p* ord, (0) :0rdp(w/aP2) > (1—p?) ord,(a). We find that o =P +OP" +OP+0
satisfies

@ —a =0 —0=—wa "’ (mod %(’)L),
a

since the worst case middle term in the binomial expansion of «” leads to
ord, (p0”’P=VP"y = 1+ (p* — p* + pP) ord,,(0) > 1 — p*ord,, (a).

Hence h(a) = 0 (mod pa‘f”2 Or). Upon clearing denominators, Hensel’s lemma [Lang 1994, 11, §2]
implies that z has a root in F, and the other roots come by refining o + j with 1 < j < p — 1. (|

A polynomial g, of degree p*, analogous to f,, but such that y in R, satisfies g,(y) =0 in R,, can
also be derived from Proposition 5.2.2 as in the Corollary below. Then y determines x in R, and z in R}
and thus Q.. Choosing appropriate lifts leads to g(Y) in F[Y], such that a root of g also generates the
extension F,/F. Similar considerations apply to x.

Corollary 5.2.10. Let s = [510000] and choose lifts X, 51 in Ok and G in Op. Then F, = F(©) for any
root ® in K of g(Y) = yr'—y — pifpﬁ&l’*ps. In addition, h(X) = XP — X — pi*%l&p*f’s splits
completely in F,.

Proof. By assumption, w =0 and €, = sy. It suffices to treat s; # 0. In the proof of Proposition 5.2.2, we
showed that d{ =0 in Og/pOf. Hence

ord,(y) = ordp(%‘) >l _(p*—p+Dordy(a)= —% ord,(a).

1
p
Then ord,,(y) > ord,(pa?~?’) and so ord,(z”) = ord,(pa?~?") = (1 — p)/(p> + 1) by (5.2.3)(i). It
follows that

ord,(p" 12"y =p—2+ ;’2111. (5.2.11)
Since (5.2.11) is positive, (5.2.3)(i) and (5.2.3)(iii) imply that
ord, (y) = — ord (x) = — ordy (2) = —— (,92_—1) (5.2.12)
p p pr\p~+1

By (5.2.11), if p > 3, the term p”_lzf”2 drops out of (5.2.3)(i) and then we deduce from (5.2.3) that
8a(y) = y174 —y+ p)»‘”slal”_’73 is 0in Ry,. If p =2, apply Lemma 2.6 to (5.2.3)(ii) to obtain x* = y® in
R.. Thus z =y'% in R, and it again follows that g,(y) = 0 in R,,. Conversely, from y satisfying g, (y) =0
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in Rp, we can find x and z such that (5.2.3) holds. The concluding arguments are analogous to those in
the proof of Corollary 5.2.9. g

We have focused on x, y, z in Proposition 5.2.2 because, as we show next, distinct solutions to
Jfa(Z) =0 in R, differ by elements of p ,4_;.

Lemma 5.2.13. Let Q. lie in the fiber over P, # 0. Then every other point in the same fiber has the form
Q. with 7' = z4+ w in R. as w ranges over Rps_1. If so,

Y =y+aw”inRy, x =x+o” inR, (5.2.14)
and Q. = Q.+ 1(Py) witha' = w” a in R,

Proof. We have f,(z) =0 in R, and we use (5.2.3)(i) and (ii) to find y and x. Putting 7’ = z + ® and
using (5.2.14) to define y" and x’ gives another solution to the congruences (5.2.3), thereby accounting
for the additional p* — 1 points Q. in the fiber over P,.

Let O, = O, + t(Py) and evaluate the corresponding Di-homomorphisms at es to find the equation
of Witt covectors d,(z') =d, (2)4—(6, ¢, b, a’). This sum reduces to ordinary addition on coordinates in
k. Indeed, apply Verschiebung twice and use Lemma 2.7 to get ¢z’ = ¢z + ¢’ and so ¢’ = wc in k. By
Remark 5.1.4(iii), ¢’ determines b’ and a’. In particular, the various lifts satisfy

(=p)PHla = () =P = (—p) ol a (mod pP0g).
Hence a’ = w”’a in k and similarly »" = wPb in k. O

The next lemmas treat special cases used in the following subsection to describe Kummer generators
when p = 2.

Lemma 5.2.15. If P, # 0, then the field F, of points of the fiber over P, equals the full field of points
K (W) for the Honda parameters in (5.2.16).

Proof. If s = [s15,000], use the first form of f,(Z) in Proposition 5.2.2 with w = spa. In the remaining
cases below, €, = 0 and the simpler equation for f,(Z) holds. Note that f,,(n°Z) = n° f,(Z) for all n in
R4y, with e given by
S ‘ [5152000] [00s300] [0000ss] [000s40]
5 .

(5.2.16)
e\ 1—-p* p’=p* p—p* 0
The correspondence between the roots of f,(Z) and those of f,,(Z) induced by z <> n°z shows that
F,q = F, and so each of these fields equals K (W). O

Proposition 5.2.17. If W is an extension of &, by &, killed by p and L = K(W), then its abelian
conductor exponent satisfies §(L/F) < p>. Moreover, {(F'/F) < p> for every intermediate field F'
of L/F.
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Proof. Let s(W) = [s152535455] and write 51 = €, + §,,, with §, = 0 for odd primes p and §; = (As2)?.
Then W =W +-- -4+ Ws is a Baer sum of group schemes corresponding to the sum of Honda parameters

[€,0000] + [6,,52000] + [00s300] + [000s540] + [0000s5], (5.2.18)

some of which may be trivial. For the fiber fields Fa(j ) of each of these W;, we show that f(Fa(j ) /F) < p?
in the next lemmas. Since F, is contained in the compositum of all Fa(j ). we then have f(F,/F) < p* by
Lemma C.9. Furthermore, L is the compositum of all F, as P, varies over Ej, so f(L/F) < pz. Finally
f(F'/F) < p? because the upper ramification numbering behaves well for quotients. |

Remark 5.2.19. In contrast to the proposition, Fontaine’s higher ramification bound leads to f(L/F) <
p2 + 2 by Proposition C.12, since Proposition 5.1.1(i1) gives er/x = ef = (p2 + 1)(p — 1). In particular,
when p = 2, the sharper bound is essential for our applications.

We next verify the lemmas needed for the proof of the Proposition. For P, # 0 and f, as in
Proposition 5.2.2, recall that F, = F(Q;), where f,(z) =0in R.. Let 7, be a uniformizer of F,.

Lemma 5.2.20. If s = [000s40], then F,/F is unramified of degree 1 or p.
Proof. The claim follows from separability of f,(Z) = zrt -7+ 54 over k. O
Lemma 5.2.21. For the parameters s below, F,/ F is totally ramified of degree p*.
() If s = [510000] with s; # 0, then {(F,/F) = p* —2p +2.
(i1) Let s = [s51528538485], with s # 0. Set s1 =0 for odd p and s; = (Asz)zfor p=2. Then e, =0 for all
p and {(F,/F) = p*.
(iii) If s = [00s3540] and s3 # 0, then §(F,/F) = p.
@iv) If s =[000s4s5] and ss5 # 0, then f(F,/F) = p.
Proof. To find the conductors, we determine ¢ in F, to which Proposition C.5 applies. In all cases below,
g(t)—tisin Rpt_i for all g # 1 in Gal(F,/F) by Lemma 5.2.13 and F, = F(t).

In case (i), let F, = F(¢) as in Corollary 5.2.10 and let y be the image of ¥ in R;,. Observe that by
(5.2.12), F,/F is totally ramified of degree p* and we have ordy, (y) =ord,(y) ord,, (p) = —(p — 1)2.
Using t = y gives f(F,/F) = p> —2p +2.

In the remaining cases, €, = 0 and F, = F(0) as in Corollary 5.2.9, with 6 a root of f(Z) =0in

Og and f a lift of the simpler version of f, in Proposition 5.2.2. If z is the image of 6 in R., then
pt ord,(z) = ord,(w) — p? ord,(a) and so we have

case \ (ii) (iii) (iv)
__ p+l _ 1 . 1
ord, () ‘ PEHD D P

In cases (ii) and (iii), observe that F, is totally ramified of degree p4 over F, with ord,, (z) =1 — p2 and
1 — p respectively. We use ¢ = z to determine §(F,/F).
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In case (iv), w = s5a” +S4a”2. Choose 8 € W* such that 87 = s5 (mod pW) and let r = or' +Bal~r.
By Lemma 2.6, with O-notation from the start of Section 35,

P =07 +55aP P + O(r,) =0 — 54+ O (1),

so ord,(t) = 1/pord,(®) = 1/(p*(p> + 1)). Hence the ramification index of F(¢)/F is at least p*.
Since F(t) C F,and [F, : F] < p4, we have F, = F(t), totally ramified over F. If g(z) =z 4+ w as in
Lemma 5.2.13, then

g(t)—1=2g) —6” € (0 +w+m,05)" —6” Co” +m,0%.
Proposition C.5 therefore applies with ord,, () = 1 — p to give f(F,/F) = p. O

5.3. Local corners. For this subsection, p =2 and K = (1. Let £ be the simple group scheme &, of
Notation 4.3, with A = 1 necessarily. Let E be the Galois module of £, F =@, (E) and A =Gal(F/(Q,). By
Proposition 5.1.1, F = Q, (g5, ), with uniformizer o satisfying z> = 2. Fix a generator o of the inertia
subgroup of A and a Frobenius 7 generating Gal(F/Q(z)) with tot~! =02, Then A = (o, T) is isomor-
phic to the Frobenius group of order 20 and E is the unique nontrivial irreducible module over R = F>[A].

Let W represent a class in Extﬂzj’@z(E, E), L =0Q(W) and h = Homp,(E, E). Then [W] corresponds
to a cohomology class [¢] in H'(Gal(L/Q>), h) such that

pw(g) = [ﬂng Wg;ﬂ(’[g)(g)] for all g € Gal(L/Q»), (5.3.1)

as in (B.1). We introduce corners to rigidify v and facilitate comparison with the cocycles arising from
global extensions.

Suppose that V is any finitely generated R-module and let 7, = 0* + 6> 402+ 0 + 1 in R be the
trace with respect to o. Since o has odd order, V = Vy @ V', where Vj) is the submodule on which o acts
trivially and V' =ker T, = (o — 1)(V). The corner subgroup of V, which depends on the choice of t, is
defined as

Cor(V)={veV|t(v)=vand T, (v) =0}.

If vy, ..., v, is an [F5-basis for Cor(V), then Rv; @ E and V' = @le Ru;.
We consistently write P for the unique nonzero element of Cor(E), so P = Py as in Proposition 5.1.1(1ii)
and P, o (P), o2(P), 03(P) is an F,-basis for E affording the matrix representations
0001 1010
s=pE(a)=|:(1)(l)8%:| and t=pE(f)=[g?{g)]. (5.32)
0011 0010
We will also use the twisted action of F;q on E described in Remark 5.1.4. If a primitive fifth root of
unity ¢ in Op is defined by o (@) = ¢w, then o (¢ P) = a¢ P and t(a¢P) = 1(o) P for all @ in [Fy¢.
The endomorphisms s and ¢ belong to b, with respective minimal polynomials s* 453 +s>+s+1=0
and * — 1 = 0. We next describe § as an R-module.
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Lemma 5.3.3. An F»-basis for hy = ker((c — 1) | h) is 1, s, s%, 53, with © acting on o as one Jordan
block. An TF-basis for Cor(h) is t, 2, 13. We have bh>~bho 69;21 R#/, with each Rt? ~ E. The cohomology
group H' (A, b) vanishes.

Proof. The elements of hy are precisely the F;[s]-endomorphisms of E. Since E is a cyclic F,[s]-module,
Endr,[1(E) = Fals] = F16. The action of 7 on by is the action of Frobenius on F¢ and thus has one
Jordan block. Similarly, the elements of Cor(h) are F;[#]-endomorphisms of E, so contained in F;[¢].
But only the linear combinations of ¢, t2, ¢ are annihilated by the action of T, on h.

We have H'((t), ho) = H'((t), F1¢) = 0 by the additive Hilbert Theorem 90 and H'((c), ) =0
because o has odd order. Applying inflation-restriction with respect to the exact sequence 1 — (o) —
A — (t) — 1 shows that H'(A, h) =0. O

Notation 5.3.4. For ¢ as in (5.3.2), the following elements comprise Cor(f). Their labels are consistent
with Notation 6.1.2.

¥ =0, m=t+24+1, ys=t+1, p=t%

yii=t+t*, yl =241, Yis =1, Yis=t. (5.3.5)

All occur as values of extension cocycles for £ by E when we range over Honda parameters, see
Proposition 5.3.12 below.

Motivated by the conductor bound in Proposition 5.2.17, we assume from now on that f,(L/F) < 4. If
T is the maximal elementary 2-extension of F with ray class conductor exponent 4, then 7 is Galois over
Q; and we denote the action of § in A on elements & of I' = Gal(T/ F) by °h = §h5~" independent of the
choice of lift § of § to Gal(T /Q,). We also write o for an element of order 5 in Gal(7 /Q;) projecting to
o in A. We have the following diagram of fields and Galois groups,

T
L=x(W)x" || =Rg; ®Rg»

unram
F=0Qy(F)
A

Q>

r

where 'y is the wild ramification subgroup (see Appendix C) of I'. We next describe the complete lower
ramification filtration on I" and its structure as a module for R = F,[A].

Proposition 5.3.6. Let go = Artin(w, T/F), g1 = Artin(l+w +w?>, T/F) and g = Artin(1+w 3, T/ F).
ThenI’ =Rgo®Rg1 PRgr ~F, D E & E and

F]DFQ:F3DF4:{1},

with 'y = Rg; ®Rgy and I's = Rgy. There is a Frobenius ® of order 8 in Gal(T /Q,) projecting to T in
A and satisfying o &~ = o2, In addition, Gal(T /Q,) =Ty x H with H = (o, ®).
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Proof. We use the standard filtration U I(V") on local units, see (C.1). The R-module structure of I" follows
from the class field theory isomorphism

Artin(—, T/F): F*JUY F*? = T

In particular, R acts trivially on the Frobenius gg of I', while Rg; and Rg» are isomorphic to E as R-modules.
Since I'y = Artin(Up, T/F), we have I'j = Rg; & Rg; and similarly for I'p, using U}z) - U?)FXZ.
Note that

I'y =ker(7T, | T") =Image((c — 1) | T").

There is a residue extension of degree 2 for 7/ F, so Frobenius ® projecting to 7 has order 8. Set

®o3d~! = ho for some & in Ty. By direct computation, T, (h) = (ho)® = (Po3d~ 1) = 1. Hence

h =°x /x for some x in I'; and so (x®)o3(x®)~! = 0. Replace ® by x P to guarantee that o d~! =02,

Then A acts trivially on ®*, so ®* = go. Since H = (o, ®) is isomorphic to the Galois group of the
maximal tame extension of F in T, we find that Gal(7 /Q,) is a semidirect product of H by the normal
subgroup I';. O

Let r7/p : Gal(T /Qy) — Gal(L/Q>) be the natural projection. Note that the inertia group Gal(L/F);
of Gal(L/F) is the wild ramification subgroup Gal(L/Q,); of Gal(L/Qy).

Corollary 5.3.7. The subgroup H = rr/L({o, @)) of Gal(L/Q») projects onto A in Gal(F/Qy). As
R-modules, Gal(L/F), ~ E”, with 0 < b < 2.

(1) If L/ F is totally ramified, then Gal(L/F) = Gal(L/F) and |H| = 20.
(ii) Otherwise, L/ F has residue degree 2, Gal(L/F)~Gal(L/F),®F, and H has order and exponent 40.

Proof. That H projects onto A and that Gal(L/F); = rr;.(I'1) is the direct sum of at most 2 copies of E
is immediate. Moreover, L/F is totally ramified if and only if go = &4 is in ker rp sL- Thus |H| =20 in
case (i) and 40 in case (ii). O

Since T contains L = (W), the cocycle ¥ in (5.3.1) inflates to Gal(7/Q),). We may arrange for
¥ (o) =0, since o has odd order. Lemma 5.3.3 and (B.3) give injectivity of the restriction map:

0— H'(Gal(T/Qy), h) = HY(T', h)® = Homg(T', b) (5.3.8)

and we say that x =res([¢]) in Homg (T, ) belongs to W. Note that x is determined by its values on
80, &1, &2, as defined in Proposition 5.3.6.
Lemma 5.3.9. The field L = (W) is the fixed field of ker x. Moreover:
(1) x(gi) isinCor(h) fori = 1,2 and x(go) is in {0, 14}.
(i) L/F is unramified if and only if x(g1) = x(g2) =0.
(iii) f(L/F)=4ifand only if x(g2) # 0. If x(g2) =0, then f(L/F) =0 or 2.
@iv) The residue degree of L/ F is 1 or 2, according to whether x(go) = 0 or I4.
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Proof. The matrix representation (5.3.1) shows that g in Gal(7' /Q;) acts trivially on W if and only if g
isin I' = Gal(T/F) and x(g) = 0. Then items (i)—(iv) immediately follow from Proposition 5.3.6. In
particular, (i) holds by considering the action of A on gg, g; and g». U

Write W for the extension of £ by £ of exponent 2 with Honda parameter s and W for its Galois
module. Belonging to W are the cohomology class [] in H'(Gal(T/Q»), b) and its restriction xs in
Homg,A1(T, b), as described above. The rest of this section is devoted to evaluating xs as s varies.

If hisin ' = Gal(T/F) and sz is any point in the fiber over o/ (P), see Notation 5.2.8, any basis of
the form

P,o(P),a*(P),d*(P), Qs Oz, Qs O, (5.3.10)

yields the same matrix pw, (k) in (5.3.1). Moreover, h(Q;;) = Q;; + xs(h)o ! (P).
Let M/ F be a finite elementary 2-extension. Define its Kummer group by

k(M/F)y=F*NM>** andlet k(M/F)=x(M/F)/F*%.
By definition, F*2C k(M /F) and we have M = F({V0 |0 €e k(M /F)}). Kummer theory gives a perfect
pairing
Gal(M/F) x €(M/F) — p, by (g.0) — g(~/0)/6.
Lemma 5.3.11. Let P = P, and let F, be the subfield of L generated by the points of Wy in the

fiber over P. If s = [10000], then k(Fy /F) contains 1 4+ 2w®. If s1 = s2, then k(Fy /F) contains
142502 4 2(s3 + 55) ™.

Proof. Refer to Proposition 5.2.2. Since p =2 and A = 1, we have €, = 0 when s; = 5. Then take the
square class of the discriminant of the polynomial /(X) in Corollary 5.2.9. Similarly, use Corollary 5.2.10
when s = [10000]. 0

We first determine xs when L/ F is a nontrivial totally ramified extension. For compatibility with the
notation for decomposition groups in Section 6, where we consider global Galois module extensions of E
by E, set Dy(L/F) = Gal(L/F).

Proposition 5.3.12. If L/ F is totally ramified, then xs(go) = 0. Depending on the conductor exponent
f(L/F), we have:

(i) f(L/F) =2. Then |Dy(L/F)| = 16, xs(g2) = 0 and

s ‘[00001] [00100] [10000] [10101] [00101] [10001] [10100]

xs(g1) \ Vis Yis Yo Va Vs Vi1 il

(ii) f(L/F) =4 and |Dy(L/F)| =16. Then xs(g2) = yo and xs(g1) = 0 or yy according to whether
s = [11000] or [01000].
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(iii) f(L/F) =4 and |Dy(L/F)| =256. Then xs(g2) = y9 and

S ‘[11001] [11100] [01101] [11101] [01001] [01100]

xs(g1) \ yis Vis Va Vs Vi1 yii

Proof. We begin with some basic Honda parameters, from which the others can be generated by Baer
sum. Recall that F,, denotes the extension of F' obtained by adjoining the coordinates of the points in the
fiber of Wy above one point P, of order 2 in E.

Basic cases: (1) s =[00001], [00100] or [10000]. By Lemma 5.2.21, F,/F is totally ramified of degree
16 and §(F,/F) = 2. Thus xs(go) = xs(g2) =0 by Lemma 5.3.9 and so L = F, is the subfield of T fixed
by Rgo & Rg; independent of a.

(2) s=[11000]. Lemma 5.2.15 indicates that L = F, does not depend on a. Now L/ F is totally ramified
of degree 16 and f(L/F) =4 by Lemma 5.2.21, so xs(go) = O but xs(g2) # 0. By Lemma 5.3.11, the
Kummer group it (L /F) contains the coset k = (14 2e2) F*? and therefore equals Rk. By evaluating the
pairing of Kummer theory and class field theory given by Hilbert symbols, we find that g acts trivially
on the square roots of elements of kK (L/F), so xs(g1) =0.

Set h = g1 in the basic case (1) and & = g» in (2). Recall that the primitive fifth root of unity ¢ is
defined by o (w) = ¢w. To find the matrix ys(h), we use a basis for Wy of the form

P,o(P),a*(P),0(P), Oz, Qzy» Qus Oy,

where z; is a root of the Honda polynomial f,;,,, see Notation 5.2.8. The action of A = Gal(F/Qy) puts
h in the corner group of Dy (L/F), so xs(h) is in Cor(h) and therefore equals one of the matrices in (5.3.5).
In particular, xs(h)(P) = ao P, with g =0 or 1. Write h(Q;;,) = O, +«; P, where ap =0 or I and

Olj=C0j+C1j§+Czj§2+C3j§3inZ[{], for1 <j <3.

Then the (j+1)-column of the matrix xs(h) is [coj, ¢1}, €2/, C3j]T mod 2 by (5.3.10).

From h(Q;,) = Oz, +aoP, we get h(zp) = zo + oo by Lemma 5.2.13. In the proof of Lemma 5.2.15,
we showed that there is a correspondence between roots of fr and f; ., allowing us to choose z; = ciez0,
with e given by (5.2.16) and j =1, 2, 3. Then h(z;) = z; +aps’¢ in R,. Since A is not trivial on L, we
have ap = 1. Further use of Lemma 5.2.13 gives

(Q:) = Qs+ Priy = Qe + 217 P,
This determines xg(h) for all s in the basic cases.

Remaining cases. Write s = t + u, choosing Honda parameters t and u already treated above. Then W
is the Baer sum of W; and W, and x5 = xt + Xu.

In (ii), use [01000] = [11000] 4 [10000]. In (i), the last three entries follow by varying t and u among
first three entries. Use [10101] = [10000] 4 [00101] to complete (i). For (iii), let t = [11000] and let u
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run over the Honda parameters in (i), omitting [10000]. Since g; and g, are independent and nontrivial
on L, we have Gal(L/F) = Rg; & Rg; of order 256. O

We briefly treat the remaining 16 nontrivial Honda parameters, even though Lemma 6.1.14 shows that
they are not needed for our global applications.

Proposition 5.3.13. If L/F is not totally ramified, then s =t +u, where t ranges over [00000] and the
15 Honda parameters in Proposition 5.3.12, while u = [00010]. Then xs(go) = 14, xs(g;) = xt(g;) for
j =1,2 and Qy(Wy) is the compositum of W, (Wy) and the unramified quadratic extension of F.

Proof. By Lemma 5.2.20, F(W,) is the splitting field of Z'® — Z — 1, namely the unramified quadratic
extension of F. Thus xy(go) = I4 and xu(g1) = xu(g2) = 0 by Lemma 5.3.9. The rest follows from

Xs = Xt + Xu- O

6. Global conclusions

6.1. Favorable abelian surfaces. There are two irreducible Ss-representations of dimension 4 over [F;.
Denote the one taking transpositions to transvections by ¢ : S5 — SL4(F,) and fix it by sending (12) — r
and (12345) > s, where

0100 0001 1010

r=|:(1)8?8:| and s=|:(1)?8%:|. Lett=|:8?{6:|. 6.1.1)

0001 0011 0010
The image of ¢ is isomorphic to the odd orthogonal group O, (F2) C Sp,(F»). In addition, (((2354)) = ¢
and A = (s, t) is the Frobenius group of order 20.

Fix a favorable quintic field Fyy with discriminant d ;o ==%16N and Galois closure F. Proposition 1.2(i)
implies that the inertia group Z, (F/Q) at each place v | N is generated by a transposition o, when we
identify Gal(F/Q) with Ss. In this section, E is the Galois module giving pg : Gal(F/Q) = S5—— SL4([F»).
Using the matrices r, s, t in (6.1.1), o, is conjugate to ,ogl(r), inertia at a some p | 2 is generated by
o= pEl(s) and T = ,ogl(t) is a Frobenius in the decomposition group D, (F/Q) = (o, 7). Hence the
restriction of pg to Dy (F/Q) agrees with the representation pg, of Definition 4.1, as normalized in (5.3.2).
By Corollary 5.1.5, E extends to a group scheme £ over Z[%] Let E be the X-category introduced
in Definition 3.4 with ¥ = {£}. This subsection is devoted to criteria for the validity of axiom E4 in
Theorem 3.7, needed to prove Theorem 6.1.22.

To treat extensions W of E by E of exponent 2, let P = P g be the parabolic group as in (B.2). We
describe subgroups of P in which the relevant representations py take their values.

Notation 6.1.2. Let ¢ : Maty(F2) — P by c(m) = [} ] and d : S5 — P by d(g) = [}, ] Let Gy be

the image of d. With y, as in 5.3.4 and S = F;[Ss5], we define S-submodules of Mat,(F;) = End(E) with
adjoint action of Ss

L4=Sys, TI's=Sys, T9g=Sy, TI'11=Syn, TI'is=Sys. (6.1.3)

Let G, =< Gg, c(y,) >=c(['y) x Gy.
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The radical of G, equals c(I';) and has size 2. The abelianization of G, is cyclic of order 2 and
so defines the character ¢y : G, — [, generalizing the additive signature on Ss. If a = 0 or 4, all
automorphisms of G, are inner. The center of the other G,’s is generated by c(1) and there is an
automorphism

€:G,— G, by e(g)=ge(1)®, (6.1.4)

When a = 5 or 9, Aut(G,) is generated by €, modulo automorphisms induced from conjugation by
elements of the normalizer of G, in P.

The corner group of an [F>[ A]-module consists of the elements fixed by ¢ and annihilated by the trace 7.
Using Magma, we find the nonzero corners of I',.

a \4 5 9 11 15

(6.1.5)
COT(Fa)—{VO}‘{M} {lrst {va vs, wot s, v, vy} {all v}

Inclusions among the groups G, follow from this table and are indicated in the Hasse diagram by

ascending lines.
Gis

G
’ G (6.1.6)
G, 6

Go

Moreover, Gy is isomorphic to the fiber product of G4 and G5 over Gg and similarly for the other
parallelograms. When an inclusion G, C G, exists, Magma extends the identity on G to a surjection
Sfap : Ga = Gy sending y, to yp.
Definition 6.1.7. An involution g in a group H is good if its conjugates generate H. If g is good in
H C P and rank(g — 1) =2, then g is very good.
Remark 6.1.8. A Magma verification shows that each G, has a unique conjugacy class of very good
involutions, represented by d(r) with r as in (6.1.1).
Proposition 6.1.9. Let L be an elementary 2-extension of F = Q(E), Galois over Q, with L/ F unramified
outside {2, oo} and f,(L/F) < 4 for all p|2. Then:

(i) The maximal subfield of L abelian over Q is Q(+v/ N*), with N* = =N = 5(8).

(ii) For v | N, inertia ,(L/Q) is generated by a good involution in Gal(L/Q).
Proof. By Proposition 1.2, F' contains ~/N*. For v | N, the inertia group Z,(F¥/Q) has order 2. Since
L/F is unramified, Z,(L/Q) is generated by an involution o,,. Intermediate fields L 2 F’' D F satisfy
fo(F'/F) < fp,(L/F) < 4. But Lemma C.6 implies that f,(F(i)/F) = 6 and §,(F(vV£2)/F) = 11, so
LNF(i, «/5) = F. Since L/Q is unramified outside {2, N, oo}, item (i) follows from Kronecker—Weber.

The subfield of L fixed by the normal closure of o, is unramified outside {2, oo} and is contained in Q(i)
by [Brumer and Kramer 2001], so equals Q. Thus (ii) holds. O
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Corollary 6.1.10. For [W] in Ext[lz],@(E , E), assume that L = Q(W) satisfies the hypotheses in the
proposition and rank py (o, — 1) = 2. Then pw (Gal(L/Q)) is one of the groups G, up to conjugation
inP. If [W]isin Ext[lz]’ £(€,6), then Gal(Q(W)/Q) is conjugate to some G,.

Proof. By the Proposition pw (0,) is good and so is very good by assumption. Magma verifies that the G,
represent the six conjugacy classes of subgroups of P that project onto S5 and admit very good involutions.
If [W] is a class in Ext%z]’E(S, £), then the Proposition applies to L = Q(W), since f,(L/F) < 4 by
Proposition 5.2.17 and rank pw (0, — 1) =2 by E3 of Definition 3.4. O

Definition 6.1.11. A class [W] in Ext[IZ]’@(E, E) with L = Q(W) is a G,-class if L/F is unramified
outside {2, 0o}, fp(L/F) < 4 for p |2 and rank pw (o, — 1) = 2, so that pw (Gal(L/Q)) = G, for some a
by the corollary.

Lemma 6.1.12. Let [W] be a G,-class with L = Q(W).

(1) If [W']is a Gy -class, with L' = Q(W’), then the Baer sum [W'] = [W]+[W'] is a Gp-class for
some b.

1) If fap : Ga — Gy exists in (6.1.6), then the Galois module for f, ,pw represents a Gp-class.

Proof. In (i), [W] and [W’] correspond to classes [¢] and [¢'] in H'(Gg, b) as in (B.1) and [W"]
belongs to the class of ¥ = + ¢'. Since L” = Q(W”) is a subfield of the compositum LL’, the
ramification properties required of L” in Definition 6.1.11 hold. Proposition 6.1.9 shows that p (o) is a
good involution in G, and so is very good, conjugate to d(r) by Remark 6.1.8. Similarly for py (o)
in G,. Hence the representatives v and v’ can be chosen to satisfy v (o,) = ¥'(0,,) = 0. We now have
V¥’ (0,) = 0 and so rank py (o, — 1) = 2. By Corollary 6.1.10, [W"] is a Gj-class for some b.

For (ii), let L’ be the subfield of L fixed by ,ov_vl (ker f,.»). Then f, ppw induces an isomorphism
o' Gal(L'/Q) — Gj. The required ramification conditions hold for the subfield L’ of L. As above,
p'(oy | L") is a good involution in Gj,. Since f, j is the identity on Gy and pw (0,) is conjugate to d(r) in
Go sois p'(oy | L"). O

Let K = Q(r; +r7) be a pair-resolvent field for F' = Q(E), as defined before Theorem 1.3, namely
the fixed field of Sym{1, 2} x Sym{3, 4, 5}. Let Qx = QS?) be the maximal elementary 2-extension of K
of modulus p*oo, where p is the unique prime over 2 in K and oo allows ramification at all archimedean
places. Refer to the following diagram of fields and Galois groups.

L QW)
Qk F @(E) ]
Pl exs

To simplify notation, also write p for a place over 2 in L and for the restrictions of p to subfields
of L. Note that primes over 2 are unramified in /K. Suppose that L is the Galois closure of K'/Q. By
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Lemma C.11 with M, F, K’, K| and K there equal to the respective p-adic completions of L, F, K’, K
and Q here, f,(K'/K) =f,(L/F).

Proposition 6.1.13. Let K be a pair-resolvent of F. There is a bijection
{Gy—classes [W] with a € {4, 5, 9}} <> {subfields K' C Qk quadratic over K}
such that Q(W) is the Galois closure of K'/Q.

Proof. For v| N, Z,(F/K) acts on the left cosets of Gal(F/K) in Gal(F/Q) with four fixed points and
three orbits of size 2. Thus (N)Ox = ab? where a and b are square-free, relatively prime ideals of O of
absolute norms N* and N3 respectively.

Let [W] be a G,-class witha in {4, 5, 9}, L =Q(W) and pyw : Gal(L/Q) = G,. Then H =Gal(L/K)
is the inverse image under 7 : G, - S5 of Gal(F/K). Choose v | N so that if o, generates Z,(L/Q),
then 7 (pw(0,)) = (12). By assumption g = pw (o) is very good in G,. Magma shows that among
the subgroups of index 2 in H, exactly one, say J, has the property that the action of G, on G,/J is
faithful and g has exactly 8 fixed points in this action. Hence K’ = L’ is a stem field for L and in view
of the factorization of (N)Og, no prime over N ramifies in K’/K. If v"| N is any other choice such that
7 (pw(oy)) = (12), then o, is conjugate to o, in H and therefore gives the same J, so also the same K'.
Since fp(K'/K) = fp(L/F) < 4 by definition of a G,-class, K’ is contained in Q.

Conversely, let K’ be a subfield of Qg quadratic over K, L the Galois closure of K'/Q, G = Gal(L/Q),
H =Gal(L/K) and J = Gal(L/K"). Then L properly contains F, since each quadratic extension of K in
F ramifies at some prime over N. By Proposition 6.1.9(ii), o, is a good involution in G. Since no prime
over N ramifies in K'/K, the action of o, on G/J has eight fixed points. The following group-theoretic
properties of G have been established:

(i) There is a surjection 7 : G — S5 whose kernel has exponent 2 and is the radical of G.
(i1)) The abelianization of G has order 2.

(iii) If H is the inverse image under 7 of the centralizer of a transposition in Ss, then there is a subgroup
J of index 2 in H such that the action of G on G/J is faithful.

(iv) There is a good involution g in G whose action on G/J has 8 fixed points.

We have (i) since the radical of Gal(L/Q) is Gal(L/F') and (ii) by Proposition 6.1.9(i).

In the Magma database of 1117 transitive groups of degree 20 only three satisfy (i)—(iv), namely G,
with a in {4, 5, 9}. Furthermore, if J is the stabilizer in Syg of any letter, then there is a unique conjugacy
class of good involutions g in G such that g acts on G/J with exactly 8 fixed points. By applying this
construction to G = Gal(L /Q), there is an isomorphism p : Gal(L/Q) — G, such that p(o,) is conjugate
to g and has 8 fixed points when acting on G,/p(J). Computation now shows the following. If a =4,
then p(o,) is conjugate to d(r). If a is in {5, 9}, then p(o,) is conjugate to d(r) or d(r)e(r) where € is
the automorphism of (6.1.4). In the latter case, replace p by € o p. If W is the associated Galois module,
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then its class is a G,-class. Because any automorphism of G, preserving the conjugacy class of d(r) is
conjugation by an element of P, the class [W] is unique. g

Unless otherwise stated, [W] now denotes a G,-class and L = Q(W). Thus W represents a class in
Ext}e, (&, &), where R’ = Z[ﬁ] By the Mayer—Vietoris sequence (2.2), W prolongs to a group scheme
W over R = Z[%] if and only if the image of [W] in Ext(};Dz (&, &) agrees with that of a class from
Ext%2 (€, €). If so, the other conditions in Definition 6.1.11 guarantee that [W] is in Extlg (&, &). Recall
that h = Homy, (E, E) and let ¥ : Gg — b represent the class in H'(Gg, h) associated to [W], as in
(B.1). Recall that at p | 2, the decomposition group D, (F/Q) is isomorphic to A = (s, t).

Lemma 6.1.14. As a A-module, D,(L/F) is isomorphic to Eb with b <2.

Proof. We may assume D,(L/F) # 1. Computation shows that G, contains no subgroup of order
and exponent 40 whose projection to S5 has order 20. Conclude by using Proposition 5.3.6 and its
Corollary 5.3.7. (|

Remark 6.1.15. Let [v]in H'(Gg, ) correspond to the G,-class [W] and write YD, for the restriction
to the decomposition group D, in Gg at a fixed place p over 2. The classes [Ws] in ExtlZz (&,€&) are
classified by their Honda parameters s in (F»)°. Let [] in H I(GQZ, h) correspond to [Wg]. Then [W] is
compatible with [Wg] if and only if:

[V¥p,] = [¥s] in HI(G@Z, h) for some Honda parameter s. (6.1.16)

Let F}, be the completion of F at p and T the maximal elementary 2-extension of F, having conductor
exponent 4. By Proposition 5.2.17, Q> (W) is contained in 7', while the completion Ly, is contained in T" by
definition of a G,-class. In the diagram below, inflation is injective and restriction is injective by (5.3.8):

Hl(,Dp’ b)
linf 6.1.17)
0 —— HY(Gal(T/Qy), b) SELLLEN Homp,(A1(Gal(T / Fy, b)).

Hence, it suffices to compare the image x of (YD, ] with the image xs of [v/s] in Homp,(A1(Gal(T' / Fy), b).
Note that the values of x and s are corners in ). See Proposition 5.3.6 for specific generators go, g1, &2
of I as an F;[A]-module. In particular, x (go) = 0 by Lemmas 6.1.14 and 5.3.9(iii). Thus W prolongs
to a group scheme over R = Z[%] exactly if there is a Honda parameter s in Proposition 5.3.12 satisfying

x(8j) = xs(gj) for j=1,2.
Lemma 6.1.18. Let [W] be a G,-class and L = Q(W).
W) If fo(L/F) <2 forp|2, then W prolongs to a group scheme V¥ over R.
(ii) Ifa € {4,5, 11} and W prolongs to a group scheme over R, then f,(L/F) < 2.

Proof. Refer to Remark 6.1.15 for notation. In item (i), we have x(g2) = 0 by Lemma 5.3.9(ii). To
match y with g for some local Honda parameter s, we therefore consider s in Proposition 5.3.12(i), also
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allowing s = 0. As s varies, xs(g1) ranges over all possible corners of ) and we can find a unique s such
that xs(g1) = x(g1). Hence W prolongs to a group scheme W over R.

In item (ii), G, does not contain yy by (6.1.5). Then x(g2) = 0, to match xs(g») for some Honda
parameter s in Proposition 5.3.12. Hence f,(L/F) < 2. U

Definition 6.1.19. Let K be a pair-resolvent of F and Qg the maximal elementary 2-extension of K
unramified outside {2, oo} such that f,(Q2x /K) < 4 for p |2. We say F is amiable if either (i) Qg = K
or (ii) [Qk : K] =2 and §,(Qx /K) = 4.

Remark 6.1.20. For F to be amiable, all the following conditions are necessary: (i) The narrow class
number of K is odd. (ii) If a € (1 +p°)K 2, then a € K*2, since f,(K (v/a)/K) <2 by Lemma C.6.
(iii) K is not totally real; otherwise rank Uk / UIZ( = 10, but rank U, /(1 + pg)Up2 =8.

Proposition 6.1.21. Let £ be the group scheme introduced at the beginning of this section. Then
Extly, g (€, €) =0 if and only if F = Q(E) is amiable.

Proof. Suppose that F is amiable and let [VV] be a nontrivial class in Ext[lz]’ £(€, ). By Corollary 6.1.10,
[W]is G,-class witha # 0. If a = 11, then f,(L/F) < 2 by Lemma 6.1.18(ii). By diagram (6.1.6) and
Lemma 6.1.12(ii), there is a Gs-class [W’'] with L’ = Q(W’) contained in L. Proposition 6.1.13 provides
a quadratic extension K’ of K contained in Qx with §,(K'/K) =f,(L"/F) < {,(L/F) <2, contradicting
the amiability of F'. The same argument applies whena =4 or 5. If a = 15 or 9, then [W] gives rise to
both a G4-class and a Gs-class. Then Proposition 6.1.13 provides two distinct quadratic extensions of K
contained in g, again contradicting the amiability of F.

Suppose that F' is not amiable. Assume first that [Q2x : K]=2 and let [W] be the G ,-class corresponding
to Qg /K by Proposition 6.1.13. By amiability, f,(2x /K) <2 and so f,(L/F) = f,(Rk/K) < 2. Then
Lemma 6.1.18(i) implies that W prolongs to a nontrivial class in Ext[lz]’ E(EJ , £). Next, assume that there
isa G,-class [W] with L = Q(W) and a G -class [W'] with L' = Q(W’), coming from distinct quadratic
extensions of K in Qg and satisfying a, a’ € {4, 5, 9}. Since a Gg-class gives rise to a G4-class and a G-
class, we need only consider the pairs (a, a’) in {(4, 4), (5, 5), (4, 5)}. In the notation of Remark 6.1.15, let
x and x in Homg,(A)(Gal(T / Fy), b) belong to W and W’ respectively. Then the Baer sum W’ =W + W’
represents a Gp-class by Lemma 6.1.12 and x” = x + x’ belongs to W”. By Lemma 6.1.18(i) and
Lemma C.11, we may assume that f,(L/F) = f,(L'/F) =4 and so x(g2) and x'(g2) are nontrivial, by
Lemma 5.3.9(ii). In all these cases, only one nontrivial corner is available in (6.1.5), namely x (g2) = Va
and x'(g2) = yo. fa=da’ =4 or 5, then x"(g2) =0 and so f(L”/F) < 2. Thus W” prolongs to a group
scheme over Z[%] If (a,a’) = (4,5), then x"(g2) = Y4+ ¥5 = ¥9, so x” is compatible with xs for some
s in Proposition 5.3.12(i) or (ii) and the corresponding group scheme exists. O

Theorem 6.1.22. Let A be a favorable abelian surface of prime conductor N such that F = Q(A[2]) is
amiable. If B is a semistable abelian variety of dimension 2d and conductor N%, with B[2] filtered by
A[2], then B is isogenous to Al
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Proof. By Proposition 1.2, £ = A[2] satisfies the conditions in Definition 3.4 for a X-category E with
¥ = {£&}. Then Theorem 3.7 applies, since Extpp} (€, £) = 0 by Proposition 6.1.21 and End(A) = Z
because A has prime conductor [Brumer and Kramer 2014]. O

6.2. Elliptic curves of prime conductor, supersingular at 2. We briefly note how Theorem 3.7 applies
to elliptic curves. Let A be an elliptic curve of prime conductor N with supersingular reduction at 2 and
& = A[2]. Then F = Q(F) is an Sz-extension and E is an irreducible Galois module even locally over
5. The only two irreducible F,[S3] modules are the trivial one and E.

Proposition 6.2.1. Let K be a cubic subfield of F = Q(E) and let p be the prime in K above 2. A
necessary and sufficient condition for Ext[l2]’ g(€, &) =0 s that there be no quadratic extension of K of
dividing conductor p* - 0o.

Proof. Only two subgroups of the parabolic group Pg g admit good involutions. One is isomorphic to Sz
and corresponds to the split extension of £ by itself because H'(S3, End(E)) = 0 while the second is
isomorphic to Sy. If M is the field of points of an extension of £ by £ annihilated by 2 and Gal(M /Q) ~ S,
then M is the Galois closure of a quadratic extension of K unramified at primes over p. The bound for
the local conductor over 2 is given in [Schoof 2003, Proposition 6.4] and Theorem 3.7 applies. A related
proof is in [Schoof 2005] for A = Jo(&N) with N =11 and 19. U

In the Cremona database, we find 2037 isogeny classes of elliptic curves supersingular at 2 and of
prime conductor N < 350000. From the Brumer—-McGuinness database [1990], we extract an additional
2422 isogeny classes for a total of 4459 such classes with N < 10%. Applying the proposition above, we
find 847 elliptic curves A to which Theorem 3.7 applies.

Let A} and A, be elliptic curves of prime conductor N with each & = A;[2] biconnected over Z;
and satisfying Ext[lz]’ E(E,-, &) = 0. Suppose that the cubic subfields K; of Q(E;) are nonisomorphic.
Then 20k, k, has the prime factorization (p;pop3)°. If K1 K, admits no quadratic extension of conductor
dividing (p1p2p3)zoo, then Ext}E (&1, &) = 0. We found 42 conductors N with multiple A; to which our
results apply. B

As an entertaining example, Cremona’s database lists four elliptic curves of conductor 307, with
A1 =307A1, A, =307C1 and A3 = 307 D1 supersingular at 2. Their 2-division fields correspond to the
three subfields of the ray class field of k = Q(+/=307) of modulus 20x.

Theorem 3.7 implies the following. Let B be a semistable abelian variety, good outside N = 307, with
B[2]® = A[2]" @ A,[2]" & A3[2]" for some n;. Then B is isogenous to A7' x A5* x A3*. Note that
we need not impose the conductor fy(B) =) n; fy(A;) = Y_ n;, thanks to Remark 3.9.

Appendix A: A cohomology computation in the old style

Let T = A[G] be the group ring of a finite group G over a discrete valuation ring A with prime element
7 and finite residue field k of characteristic p. We consider a cocycle approach to Ext}\[G](E , E). Let
V and W be finitely generated T-modules such that 7V =W = 0. A symmetric cocycle is a function
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f:V xV — W satisfying

S, v) = f(va,v1) and  f(vy, v2) + f(v1 +v2, v3) = f(v1, v2+v3) + f(v2, V3),

for v’s in V, as in [Eilenberg and MacLane 1942, Theorem 7.1]. Coboundaries are symmetric cocycles
such that

fr, 1) =g +g(v2) — g(vy +v2),

for some function g : V — W. The symmetric cocycle f is enhanced if there is a function i : T xV — W

satisfying the following for v’sin V and r, s in T':
(i) rf(vr, v2) = f(rvy, rvz) = h(r, v1) + h(r, v2) — h(r, vi +v2).
@i1) h(rs,v) =rh(s,v)+ h(r, sv).
(iii) f(rv,sv)=h(@r +s,v) —h(r,v) — h(s, v).
The cohomology classes of enhanced cocycles form a k-vector space D(V, W).

Lemma A.1. The functor from T-modules to abelian groups induces an exact sequence
0 — Extly; 7(V, W) — Extp.(V, W) = D(V, W) — Homz (V, W),
where Extgﬂ]’T (V, W) consists of classes of extensions annihilated by .

Proof. Let0 — W —4 M 5 V - 0 be an exact sequence of T-modules with 7V =7 W = 0. Let
o : V — M be a section of j such that 0 (0) = 0. The associated cocycle is defined by f(v;, vp) =
o) +o(v)—o(+wv). Ifrisin T, then h(r, v) =ro(v) —o (rv) turns f into an enhanced cocycle.
For the converse, give W x V the structure of a 7-module by setting

(wi, v1) + (w2, v2) = (w1 +wa + f (v, v2), v1 +v2), r(w,v)=(Gw+h(r, v),rv).

Hence ExtlT(V, W) =D(V, W). Given f as above, lett: V — W be defined by t(a) = h(m, a). Since
w(w, v) = (1(v), 0) and 7 is in the center of T, we conclude that ¢ is a 7-homomorphism and that the

sequence is exact. O

Using the lemma, we give a refined variant of [Schoof 2012b, Lemma 2.1]. Let F be a number field

and R its ring of S-integers for a finite set S of primes.

Proposition A.2. Let V and W be finite flat A-module schemes over R killed by i, with associated Galois
modules V and W. Let Ext[ln]’ gV, W) denote the subgroup of Ext}e (V, W) consisting of those extensions

killed by 1. Then there is a natural exact sequence
0 — Ext{, g(V, W) — Extp(V, W) — Homga(V, W).

If V is absolutely irreducible over k, then Endgy (V) = k.

Proof. Apply Lemma A.1 with G the Galois group of a suitable finite extension of F. Then the passage
from Galois modules to the associated group schemes is as in Schoof and so is left to the reader. O
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Appendix B: Parabolic subgroups and an obstreperous cocycle

For any group G, consider representations pg, afforded by [,[G]-modules E; fori =1,2. If gisin G
and &; = pg, (g), then g acts on m in ) = Homg ,(E, E1) by g(m) = 61m82_1. In the category of [,[G]-
modules, the extension classes of E, by E; under Baer sum form a group isomorphic to H'(G, b). The
exact sequence of [ ,[G]-modules 0 — E; — W — E; — 0 gives rise to a cocycle ¥ : G — b such that

(o) =575 (B.1)

and the class [W] in Ext[le[G](Ez, E1) corresponds to that of [v/] in H'(G, h). If N is a normal subgroup
of G contained in ker py, then [1/] comes by inflation from a unique class in H'(G/N, b), also denoted

by [].

Note that pw (G) lies in a parabolic matrix group

P="Pr k= {g =[5 m]18 =pr (). me Matm,nz([F,,)} (B.2)

with n; =dimg, E;. If H; ={g € G | g, = 1} and A; = G/ H;, then E; is a faithful [ ,[A;]-module. Any
normal subgroup H of G acting trivially on both E; and E, satisfies

pw(H) S {g=[¢"7]€P|meMaty n,(Fp}.
Since H'(H, h)°¢/H = Homg [G/m)(H, ), the following sequence is exact:
0— H'(G/H, b) ™5 H' (G, ) = Homg, (6,1 (H. b). (B.3)

Suppose that £ and E, are Gg-modules, F = Q(E1, E;) and A = Gal(F/Q). If the extension
W = Wy, belongs to a cocycle ¥ : A — b whose class in H'(A, b) is not trivial, then Q(W) = F, even
though W does not split as a A-module.

Example B4. Let p =2 and E = E| = E,, with dimp, (E) = 2n, so that § is isomorphic to Maty, (F>).
As in [Brumer and Kramer 2012, Remark 2.6], equip E with the irreducible symplectic representation of
A C Sp,,, (F2) isomorphic to S,,, with transvections corresponding to transpositions and m = 2n + 1 or
2n+2. When n > 2, there is a nontrivial class [/] in H'(A, b) such that ¥ (g) = €(g) I, where €(g) € F»
is the parity of the permutation g. This situation can occur when E is the kernel of multiplication by 2 on
the Jacobian of a hyperelliptic curve of genus at least 2.

Suppose further that £ has prime conductor N and that o, generates inertia in F/Q at v | N. Then o, is
a transposition in S, so ¥ (oy,) = I, and it follows from (B.1) that rank pw (o, — 1) = 2n. The extension
W = Wy, prolongs to a group scheme over Z[%] satisfying E1 and E2, since the local cohomology
group H' (Dy(F/Q),bh) =0at p|2, as in Lemma 5.3.3. However, the minimality assumption E3 on our
category E requires that rank pw (o, — 1) = 2, namely the multiplicity of E in W¥, so W is not in E
when n > 2.
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Appendix C: Some technical lemmas on local conductors

Let K be a finite extension of @, with uniformizer g, ring of integers Ok and absolute ramification
index ex = ord,, (p). Set
UY ={ueOf | ordy, (u—1)>n). (C.1)

See [Serre 1979, IV] for basic information about ramification groups and conductors. Let L/K be a finite
Galois extension. The index of elements g in G = Gal(L/K) is given by iy x(g) = ordy, (g(0) — 0)
for any choice of 6 in Oy, such that O = Ok[0]. Then ordy, (g(a) —a) > iy /k(g) for all a in Ok. In
Serre’s lower numbering on ramification groups, G; ={g € G | iy x(g) = j+1}. Thus G_; =G, Gy
is the inertia group, its fixed field is the maximal unramified extension of K inside L and the p-Sylow
subgroup G is the wild ramification subgroup of G. For g in G, we have iy /x (g) = ordy, (g(wr) — 7).
The Herbrand function is defined by

Y ds
o1k (x) = / B (€2
HE o [Go:G,]
In Serre’s upper numbering, G™ = G, with m = ¢ /x (n).

Notation C.3. Letc; g =max{j|G; #1}andletm g =1 /k(cL k). Thus G"¥/X %1 but G™MiktTe =1
for all € > 0. When L/K is abelian, the conductor exponent f(L/K) is the smallest integer n > 0 such
that UI((") is contained in the norm group Nz, g (L™).

We have f(L/K) =mp,x + 1 by [Serre 1979, XV, §2], with ¢, )y =m/;x = —1 and f(L/K) =0
when L/K is unramified. If M /K is a Galois extension and the intermediate field L also is Galois over
K, then mp g < mpyk because Gal(M/K)* == Gal(L/K)* is surjective for all «. Translation by an
unramified extension of the base does not affect the conductor, as we next recall.

Lemma CA4. If F/K is unramified, then myr/r = mp g. Additionally, if L/K is abelian, then
f(LF/F)=f(L/K).

Proof. The restriction map Gal(L F/F) £> Gal(L/L N F) is an isomorphism. Since F/K is unramified,
7y, also is a prime element of L F'. For all s > 0, it follows from the definition of the lower numbering that
restriction induces an isomorphism Gal(LF/F); = Gal(L/L N F); = Gal(L/K),; Thus the Herbrand
functions of LF/F and L/K agree and the rest is clear. [

Proposition C.5. Let L = K (t) be Galois over K, with ordy, (t) = —n prime to p and negative. If g(t) —t
is a unit for all g # 1 in Gy, then G is an elementary abelian p-group and f(L/K) =ik (g) =n+ 1.

Proof. By assumption, nontrivial elements g of G satisfy g(f) = ¢t + u with u a unit in Oy and
g(u) =u (mod my). If g has order d, then

t=gl®)=t+u+gw) + - +g" ") =1t+du (mod ),

so p|d. Hence Go = G is a p-group and so i =iy /g (g) > 2. Furthermore, ord;(g(a) —a) > i for all a
in OL.
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Setw =mp,0 =1/t =an" and g(w) — 7 = Br’, where « and B are units in O;. We have the
following congruences modulo 7"+ Oy :
gO)—0=(g—Dar")=a(g—D@E")+g(@")(g— D)
=a(g—D(@")
=a((r+ B —a")
= afnn" 1t
and therefore ord,; (g(0) —6) =n — 1 +i. Explicitly,
r—g(t)  u
1g(1) 1g(1)

so ord;(g(0) —0) = 2n. Hence i = n 4+ 1 and the lower ramification sequence has only one gap:

g(0)—6 =

—u-0g(9),

Go = G, 2 G471 = {1}. By ramification theory, G, is an elementary abelian p-group and we have
f(L/K)=¢r/k(n)+1=n+1. O

Next, we recall the conductors of Kummer extensions of degree p.
Lemma C.6. Let K contain p,, and L = K («'/P) with k € K*. Then
p

f(L/K) = ekl +1 if ordg, (k) 2 0 mod p

and this is maximal for cyclic extensions of K of degree p. If ordy, (k —1) =n with1 <n < peg/(p—1)
andn #0 mod p, then f(L/K) = pex/(p—1) —n+ 1.

Proof. In the first case, assume without loss of generality that ord,, (k) = 1, so # = «!/? is a prime
element for L. If g # 1 in Gal(L/K), then g(#) — 0 = (¢ — 1) for some a p-th root of unity ¢ and the
conductor follows by definition.

In the second case, set k = 1 + unf with u in Uk and 6 = /7 — 1. Then g(0) = ¢k'/P — 1 =
6+ (¢ —1)k'/P, where 0 satisfies x” +Z§:ll (?)xj =umyg.Lett=60/(¢ —1), to find that g(r) —t = ,/p
is a unit in L and ¢ satisfies

p_l n
L) S (P —1)-
z”+;a}z’ = oy M 4= (j)(; ad (C.7)

For1 <j<p-—1, we have
.. €K . (5¢
ordy(a;) =ex —(p—j)—— =G —-1D——=0.
p—1 p—1

Put z =¢ in (C.7) and compare ordinals on both sides, using p 1 n, to see that L/K is totally ramified of

degree p and
Pek
p—1

Thus ord,(t) =n — peg /(p — 1) and f(L/K) can be found by using Proposition C.5. O

ordy (t?) =nord,, (mg) — pord,, (( —1)=np—p
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Remark C.8. Since the choice of ¥ can be changed by multiplying by a suitable element of K *7, the
only remaining cases are n > peg/(p — 1). If equality holds, then (C.7) gives an integral polynomial
satisfied by ¢ whose reduction modulo g has the form z” 4 aa zP~' —b with b = ur" (¢ —1)~P. Since
a; and b are unit in Ok, this polynomial is separable and L/K is unramified, but possibly split. If
n> pex/(p—1),thenk isin K*? and L = K.

Lemma C.9. Let L;/K be Galois and let m; = my,/x be the upper numbering of the last nontrivial
ramification subgroup of Gal(L;/K). If M = Ly L, then my;x = max{m, my} and if L is a subfield of
M with L/K abelian, then f(L/K) <mpy/k + 1.

Proof. If m = max{m, my}, then my/;x > m. Butif g is in Gal(M/K)* with o« > m, then g, = 1 for
i=1,2,s0 g=1. Hence my; x = m. It follows that m; ,x <m and therefore f(L/K) <m + 1. O

Lemma C.10. Assume that F /K is Galois and L/ F is abelian. Let M be the Galois closure of L/K.
Then M/ F is abelian and f(M/F) =f(L/F).

Proof. Since my;r <mpyr, we have f(L/F) <§(M/F). If T is in Gal(M/K), then t(L)/F is abelian
and f(z(L)/F) =f(L/F). But M is the compositum of all 7(L) as t varies. Therefore, M/ F is abelian
and by Lemma C.9, f(M/F) < §(L/F), giving equality. U

For the next lemma, refer to the following diagram:

M
K'F
F
K’ unram
K
K

Lemma C.11. Let F be the Galois closure of K1/K and assume that F /K is unramified. Let K' be
an abelian extension of Ky and let M be the Galois closure of K’ /K. Then M is abelian over F and
f(M/F)={(K'/Ky).

Proof. The field M contains F because K’ contains K. Moreover, M is the Galois closure of K'F/K.
Since K’ is abelian over K1, the extension K'F/F is abelian. By Lemma C.10, with L there equal
to K'F here, we find that M/F is abelian and f(M/F) = f(K'F/F). By Lemma C.4, translation of
the base via an unramified extension does not change the conductor, so f(K'F/F) = f(K'/K). Hence
f(M/F)=§(K'/KY). O

When L = K(V), where V is a finite flat group scheme over Ok of exponent p”, Fontaine [1985]
showed that m; )k <ex(n+1/(p—1)) — 1. Now consider the conductor exponent of an intermediate
abelian extension.

Proposition C.12. Let L = K (V) and suppose that K C F C F' C L, with F'/F abelian and the
relative ramification index ek equal to the tame ramification degree (G : Gl of L/K. Then f(F'/F) <
er(n+1/(p—1)) —ep/k + 1.
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Proof. The fixed field L| of H = G is the maximal subfield of L tamely ramified over K. Since Hy = G
and Hy; = G, for all s > 0, (C.2) gives

oL/L,(x) =[Go: GiloL/k (x) =er/kprL/k(x), forall x > 0.

We may assume that L properly contains L. Using ¢z /1, = c1/k, we have

mpp L, <mpjL, =@/, (cLjL,) = er/k9L/k(CL/K) = €F/KkML/K -

But F is contained in L and L/ F is unramified. Hence Lemma C.4 shows that f(F'/F) =f(F'L,/L) <
1 +ep/kmp k. Conclude with Fontaine’s bound. O

Appendix D: Some data

The quintic field Fy is amiable if its Galois closure F is amiable as in Definition 6.1.19, so that the
uniqueness in Theorem 6.1.22 applies. To check amiability, construct the pair-resolvent field K and
ask Magma, under GRH, for the 2-rank of the ray class groups of K with the desired moduli, as in
Theorem 1.3. A favorable abelian surface A is of type Fy if Q(A[2]) is the Galois closure of Fy. To
find representatives for isogeny classes of abelian surfaces of prime conductor N, it suffices to search
for Jacobians by [Brumer and Kramer 2014, Theorem 3.4.11]. If F is amiable, then it is not totally real
by Remark 6.1.20. The Magma database of quintic fields contains 1919 favorable quintic fields that are
not totally real. Their absolute discriminants are at most 5 - 10° and 714 of them are amiable. We know
Jacobians for only 82 of the latter, but expect conductors of abelian surfaces to be sparse among integers.

We tabulate explicit information for favorable fields and curves with N < 25000 and summarize some
data for N < 10'9. In all our tables, [ag, a;, az, . ..] denotes the polynomial ag + ajx + ax>+---,asin
Magma.

Legend for Tables 1 and 2. Table 1 on the next two pages gives a defining polynomial f(x) for each of
the 172 favorable quintic fields Fy of discriminant £16N with N < 25000. Table 2 on page 1068 consists
of 75 curves y? = g(x) whose Jacobians represent distinct known isogeny classes of favorable abelian
surfaces of prime conductor N < 25000. If C is curve number 25, 63 or 64 in that table, its leading
coefficient has the form 4m?>. These curves exhibit mild reduction [Brumer and Kramer 2014, p. 1162],
in that C is bad at p | m but the reduction of J(C) at p is the product of two elliptic curves.

In both tables, the column marked € contains an « if Fy is amiable. For each field Fy in Table 1, the
column marked #C contains one of the following:

e The line number of a curve in Table 2 such that g has a root in Fj.
« 0 if we can prove that no abelian surface of type Fy exists by [Brumer and Kramer 2018].
« P if no nonlift paramodular form of that level exists, so no such surface is expected to exist.

« U if there is at most one isogeny class of that type, but it is unknown whether such an abelian surface
actually exists.

e v if Fy is not amiable and we do not know whether or not any surface exists.
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#F, f(x) N ¢ #C #F, fx) N ¢ #C
1 [-1,-1,-2,0,1, 1] 277 a 1 43 [-2,-2,2,4,2,1] 5309 o« U
2 [-1,1,0,0,1, 1] 3499 o 2 44 [-1,-3,-6,-2,1,1] 5381 )
3 [-1,3,0,-2,1,1] 461 o« 3 45 [3,-1,4,6,1,1] 5437 o O
4 [1,3,2,2,1,1] 613 a P 46 [-2,-4,0,2,2,1] 5651 o 26
5 [1,1,2,0,1,1] 677 a P 47 2,4,-4,-4,2, 1] 5867 27
6 2,2,2,2,2,1] 797 o« 4 48 [2,-4,2,-2,2,1] 6277 o U
7 [-2,0,0,0,2,1] 971 a 5 49 [-1,-1,-8,-4,1,11 6317 a O
8 [1,1,0,-2,1,1] 97 a 6 50 [-3,-5,-6,2,1,1] 6373 a U
9 [-1,-3,0,4,1,1] 1051 o 7 51 [2,4,0,-2,2,1] 6397 o O
10 [2,-2,-2,0,2,1] 1061 o« U 52 [2,-2,0,-2,0,1] 6491 28
11 [M,-1,2,-2,1,11 1109 o 9 53 [2,0,4,6,0,1] 6701 0
12 [-1,3,-2,0,1,1] 1109 o 8 54 [-2,2,4,-4,0,1] 6763 29
13 [-2,-4,-2,2,2,1] 1277 a O 55  [-1,9,-2,-6,1,1] 6907 o U
14 [2,4,4,-2,0,1] 1597 a« O 56 [2,6,4,0,0,1] 7013 o U
15 [2,-2,2,0,0,1] 1637 o 10 57  [-2,0,-4,-2,2,1] 7109 30
16 [1,-3,0,2,1,1] 1811 o 11 58 2,4,-2,4,2,1] 7541 o U
17 [-2,2,2,4,2,1] 20609 o U 59 [2,-2,6,0,0,1] 7549 o U
18 [2,0,2,-2,0,1] 2243 o 12 60 [-3,7,2,6,1,1] 7589 o U
19 [3,5,4,4,1,1] 2269 o U 61 [6,2,-8,—4,2, 1] 7723 )
20 [-3,-1,-2,2,1,1] 2341 o 13 62 [2,6,0,-6,0,1] 7877 31,32,33
21 2,4,2,2,2,1] 2557 o O 63 [11,-1,-4,-4,1,1] 7963 v
22 [2,4,0,-2,0,1] 2677 o 14 64 [2,4,0,-2,2,1] 8243 «a 34
23 [-2,0,2,0,0,1] 2693 15 65 [2,4,2,2,0,1] 8581 v
24 [2,4,2,0,0,1] 2909 o U 66 [-1,-5,-4,6,1,1] 8803 35
25 [6,8,8,6,2,1] 3037 a O 67 [-3,13,-4,-6,1,1] 9091 « 36
26 [2,-2,4,0,0, 1] 3109 o« U 63 [5,7,0,0,1,1] 9781 o U
27 [-2,4,2,-6,0,1] 3251 « 16 69 [7,3,-6,-4,1,1] 9803 37
28 [1,5,2,4,1,1] 3461 o U 70 [2,-2,4,0,2,1] 9941 o 38
29 [-1,-3,-2,-2,1,1] 3499 17 71 [7,1,2,-2,1,1] 9949 0
30 [2,0,2,0,0,1] 3557 18 72 [2,-8,8,0,0,1] 10037 39
31 [2,2,0,0,0,1] 3637 o 19 73 [1,-3,-4,-2,1,11 10163 o U
32 [2,6,0,—4,0,1] 3701 o 20 74 [2,4,0,6,0,1] 10253 0
33 [2,0,0,2,2,1] 3853 a O 75 [-2,2,2,-8,0,1] 10259 )
34 [2,0,0,2,0,1] 3989 21 76 [1,3,6,2,1,1] 10453 a U
35 [-2,-2,-2,2,2,1] 3989 «a U 77  [3,-7,10,-6,1,1] 10789 40
36 [-1,5,-4,-4,1,1] 4003 0 78 [2,-2,4,-4,0,1] 10837 41
37 2,2,-2,-2,2,11 4157 o 22 79 [2,2,6,4,2,1] 10853 42
38 [2,-6,4,0,0,1] 4219 o U 80 [6,—4,0,-2,0,11 10949 «o 43
39 [2,2,0,2,0,1] 4517 o 23 81 [1,1,6,-6,1,1] 10957 v
40 [2,0,-6,-2,2,1] 5059 o 24 82 [-3,-1,0,0,1,1] 11117 44
41 [-1,1,0,—4,1,1] 5227 25 83 [-1,-5,-6,-4,1,1] 11131 v
42 [2,2,2,0,0,1] 5261 o O 84 [5,11,0,—4,1,1] 11243 « U

Table 1. Favorable quintic fields (legend on previous page; continuation on next page).




#F,

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

fx)
[-1,5,-6,6,1,1]
[-1,3,2,-4,1,1]
[-3,1,0,2,1,1]
[2,-10, 14,-4,0,1]
[13,11,-6,-6,1,1]
[3,-1,-2,0,1,1]
(3,11,0,-4, 1, 1]
[2,10,6,-2,0,1]
[10, 6, -8,-4,2, 1]
(2,2,4,2,0,1]
[-3,5,-2,-4,1,1]
[-3,-5,-10,-6, 1, 1]
[-3,1,-6,-6,1,1]
[-1,-1,2,-4,1,1]
[-2,2,-2,0,2,1]
[-2,4,-2,-4,2,1]
[7,-1,-2,-4,1,1]
[2,-4,0,0,0,1]
(3,-1,4,-4,1,1]
[2,8,8,6,2, 1]
[1,5,2,-12,1,1]
[6,4,6,4,2,1]
[1,1,-4,-6,1,1]
[-2,6,2,-6,0,1]
[4,-4,4,0,2,1]
[-9,-1,4,0,1,1]
[15,13,-6,-6, 1, 1]
[2,-2,6,-2,2,1]
[-3,-1,-2,-2,1,1]
[-46, 48, 6,14, 0, 1]
[2,4,4,4,0,1]
[-2,4,2,-2,0,1]
[1,-3,2,-4,1,1]
[-2,0,2,0,2,1]
[-2,2,4,4,0,1]
[3,7,0,0,1, 1]
[-2,4,-2,0,2,1]
(5,9,4,6,1,1]
[4,0,0,-2,2,1]
[2,-6,2,2,2,1]
[-2,0,10,8,0, 1]
[2,-2,-10,-4,2,1]
[1,5,2,0,1,1]
[-6,4,2,-4,0,1]
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N

11261
11579
11701
11971
12037
12109
12301
12541
12757
12781
12781
12907
12923
13003
13037
13147
13147
13259
13597
13597
13723
13829
13963
13997
13997
14149
14197
14293
14629
14779
14821
15013
15227
15307
15373
15493
15581
15749
15749
15923
16139
16451
16901
16981

€

R R R R R R R R

#C
0
45

v
46,47
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#F,

129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172

fx)
[9,5,-6,-4,1,1]
[-7,5,4,-2,1,1]
[-2,10,-12,-2,2, 1]
[-15,13,6,-4,1,1]
[4,-4,8,-2,0,1]
[-2,0,4,2,0,1]
[4,4,4,0,0, 1]
[3,7,6,4,1,1]
[14,24,4,-6,0, 1]
[6,—4,6,0,0,1]
[-1,-3,-8,-4,1,1]
[-1,-5,-4,2,1,1]
[1,7,2,-2,1,1]
(10,4, -8,-4,2, 1]
[-1,3,-8,-8, 1, 1]
[-2,-2,4,4,2,1]
[2,0,4,4,2, 1]
[-2,-12,-22,-8,2, 1]
[-1,-5,-14,-8, 1, 1]
[4,0,-8,2,2,1]
[4,4,0,4,2,1]
[1,-3,2,4,1,1]
[-2,6,0,2,2,1]
[-2,2,2,-4,2,1]
[-5,11,2,-12,1,1]
(-6, -4, 4,-4,0, 1]
[-14,-18,-10,-2,2, 1]
[18,8,-12,-6,2, 1]
[-3,-1,2,2,1,1]
[-2,8,-8,-6,2, 1]
[-1,-3,-8,4,1, 1]
[-3,13,2,10,1, 1]
[2,0,-6,-4,2,1]
(1,9,6,2,1,1]
[-5,13,-4,-8,1,1]
[-3,-1,-4,-4,1,1]
[1,-3,-2,4,1,1]
[2,-4,-2,0,2,1]
[6,4,2,4,0,1]
[-6,2,4,-2,0,1]
[2,8,0,6,0,1]
[2,-4,2,2,0,1]
[-6,4,6,-6,0, 1]
[-7,-5,-2,-2,1,1]

N

17029
17203
17291
17317
17341
17341
17389
17597
17923
18077
18181
18691
18757
18869
19051
19211
19429
19469
19531
19597
20389
20533
21061
21211
21283
21563
21739
21787
22277
22291
22637
22709
22787
22861
23003
23059
23131
23251
23669
24109
24469
24533
24611
24763

S
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#C #F) g(x) N € | #C #F g(x) N
1 1 [1,-4,8,-8,0,4] 277 a | 39 72 [1,0,4,0,0,4] 10037
2 2 [1,-4,4,4,-8,4] 349 « | 40 77 [1,12,44,52,4,4] 10789
3 3 [1,38,20,12,-8, 4] 461 « | 41 78 [13,4,-20,-8, 8, 4] 10837
4 6 [1,0,0,4,-4,4] 797 « | 42 79 [5,12,0,-12,0,4] 10853
5 7 [1,4,0,-8,0,4] 971 o | 43 80 [-7,12,4, 16,4, 4] 10949
6 8 [1,0,-4,8,-8,4] 997 « | 44 82 [1,-4,4,-4,8,4] 11117
7 9 [1,-4,4,0,-4,4] 1051 o« | 45 86 [1,12,44,44,-4,4] 11579
8 11 [-79,-304,-560,-200,-4,4] 1109 o | 46 88 [1,4,0,-4,4,4] 11971
9 12 [1,4,4,-4,-4,4] 1109 o | 47 88 [1461041,-565424,78052,-4092,8,4] 11971
10 15 [1,0,-4,4, 4,4 1637 48 97 [1,4,0,-8,4,4] 12923
11 16 [5,-24,44,-36, 8, 4] 1811 « | 49 100 [1,12, 32,28, 8, 4] 13147
12 18 [1,4,4,4,8,4] 2243 « | 50 101 [1,-4,4,-4,4,4] 13147
13 20 [-3,-4,0,8, 8, 4] 2341 « | 51 102 [5,-28, 48, 24,4, 4] 13259
14 22 [5,-16,20,-8, -4, 4] 2677 o | 52 105 [1,-4,0,4,8,4] 13723
15 23 [1,0,0,4,8,4] 2693 53 108 [137,-356, 328,116, 4, 4] 13997
16 27 [1,4,-8,-4,4,4] 3251 o« | 54 111 [9, 16,—4,-16,0, 4] 14197
17 29 [9, 40, 60, -32, 0, 4] 3499 55 118 [1,4,-8,-4,8,4] 15307
18 30 [1,0,0,4,-8,4] 3557 56 122 [1,4,4,8,8,4] 15749
19 31 [1,0,4,0,4,4] 3637 « | 57 131 [1,-4,4,0,-8, 4] 17291
20 32 [161,-360,284,-80,—4,4] 3701 « | 58 132 [-3,8,-8, 8,-8, 4] 17317
21 34 [1,-4,4,0,0,4] 3989 59 135 [1,0,0,-4,4, 4] 17389
22 37 [-3,8,-12,12,-8, 4] 4157 o | 60 138 [-3, =20, -40, -20, 4, 4] 18077
23 39 [1,-4,8,-8,4,4] 4517 o | 61 144 [-247, 552, -200, 136, 4, 4] 19211
24 40 [-3,8,0,-12,4, 4] 5059 o | 62 144 [-7,16,4,-16,0, 4] 19211
25 41 [5,-20,-40, 240,-600, 500] 5227 63 145 [-3, 36,144, 192, -108, 108] 19429
26 46 [5185,-6384,2664,-396,—4,4] 5651 « | 64 147 [-11, 44, 264, 440, 968, 5324] 19531
27 47 [73,-180,152,-40,-8,4] 5867 65 152 [-3,-4,8,4,-8,4] 21211
28 52 [1,4,0,-8,4,4] 6491 66 154 [-21167,-18908,-5996,-712,0,4] 21563
29 54 [-3,4,4,-8,0,4] 6763 67 156 [-3,-16,-28,-16, 4, 4] 21787
30 57 [25,28,-12,-16, 4, 4] 7109 68 157 [9,-32, 40, -20, 0, 4] 22277
31 62 [41,-148,160,-56,-4,4] 7877 69 158 [1,-4,8,-12,4,4] 22291
32 62 [1,8,12,-8,-8,4] 7877 70 162 [1,4,8,4,4,4] 22861
33 62  [73,-228,232,-84,0,4] 7877 71 163 [5,-36,76,-40, 4, 4] 23003
34 64 [-591,-1160,-792,-204,—4,4] 8243 « | 72 165  [1909,-2652, 1308, -236,-4,4] 23131
35 66 [1,-8,20,-12,-8, 4] 8803 73 165 [1,8,-12,-8, 8, 4] 23131
36 67 [1,-8,24,-28,4,4] 9091 « | 74 169 [1,38,20,16,0,4] 24469
37 69 [1,-8,16,-8,-4,4] 9803 75 169 [7309, —8208, 3292, -504, 4, 4] 24469
38 70 [1, 8,20, 16, 8, 4] 9941 «

Table 2. Curves y> = g(x), their 2-division fields and conductors (legend on page 1065).
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Legend for Tables 3 and 4. We know 276109 curves, including 10360 mild curves with 3 <m < 53,
whose Jacobians are favorable and nonisogenous of prime conductor N < 10!, for a total of 275494
nonisomorphic fields. Table 3 summarizes the statistics. For 0 < j <9, the j-th column refers to N
between j - 10° and (G+1)- 10°. The rows A, F and «, respectively, give the number of abelian varieties,
fields and amiable fields. It is remarkable that approximately 11.8% of the favorable fields are amiable,
uniformly for each slice of size 10°. For the reader’s entertainment, Table 4 lists the curves we found
with largest conductors below 10'° and amiable Jacobians.

J 0 1 2 3 4 5 6 7 8 9 Total
A 63563 35507 29047 25450 23684 22099 20500 19505 18773 17981 276109
F 63212 35429 28998 25417 23657 22079 20479 19493 18761 17969 275494
o 7632 4290 3362 2948 2799 2606 2375 2340 2189 2127 32668

Table 3. Amiable fields among favorable fields (legend immediately above).
P(x) N P(x) N

[—90, —184, —136, —39, —1, 1] 0882329341 [10,22,7,-7,0,1] 9891907261
[11,26,—-7,-8,0,1] 9893121157 [11,17,3,—4,-2,1] 9897613669

[—8428, —6910, —2025, —226, —1,1] 9898501189 [—21,6,10,—1,1,1] 9911121709
[87, —106, 56, =9, —2, 1] 9934582709 [—-61,50,9,—13,0,1] 9982174061
[—33,20, -1, 10,1, 1] 9987633941 | [-2,-3,—15,-9,0,1] 9994370909

Table 4. Curves y> = 1 +4P(x) of large conductor with amiable fields (legend at top of page).

Note added in proof

The paramodular conjecture should be modified to accommodate comments and examples of Frank
Calegari.

Definition. An abelian fourfold B is a fake abelian surface if End(B) is an order in a quaternion algebra
over Q.

Paramodular conjecture. Let Ay be the set of isogeny classes of abelian surfaces A/Q of conductor
N with End A = Z, let By be the set of isogeny classes of fake abelian surfaces B/Q of conductor N>
and let Py be the set of cuspidal, nonlift Siegel paramodular newforms f of genus 2, weight 2 and level
N with rational Hecke eigenvalues, up to nonzero scaling. Then there is a bijection between Py and
An U By such that

L(f, s, spin) if C € Ay,

Lc.s)= {L(f, s,spin)?  if C € By.
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