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Characterization of Kollar surfaces

Giancarlo Urza and José Ignacio Yafez

Kollar (2008) introduced the surfaces
({1 x4 53753 4+ 357 x4 4 x4 %1 = 0) C P(wy, wa, w3, wa)

where w; = W, /w*, W; = a;11ai120;+3 — a;+20i13 +a;13 — 1, and w* = ged(Wy, ..., Wy). The aim was
to give many interesting examples of Q-homology projective planes. They occur when w* = 1. For
that case, we prove that Kollar surfaces are Hwang—Keum (2012) surfaces. For w* > 1, we construct a
geometrically explicit birational map between Kollr surfaces and cyclic covers %" = l“za3a4l B!
where {I1, 5, I3, I3} are four general lines in P2. In addition, by using various properties on classical
Dedekind sums, we prove that:

’

(a) For any w* > 1, we have p, = 0 if and only if the Kolldr surface is rational. This happens when
aiy1 =1oraa 1 =—1 (mod w*) for some i.

(b) For any w* > 1, we have p, = 1 if and only if the Kollar surface is birational to a K3 surface. We
classify this situation.

(c) For w* > 0, we have that the smooth minimal model S of a generic Kollar surface is of general type
with K3/e(S) — 1.
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1. Introduction

The ground field is C. Let n > 3 be an integer, and let ay, . .., a, be positive integers such that there is
no (a;, aj4+2, ..., a;+n—2) = (1, ..., 1) when n is even. The indices are and will be taken modulo n. For

every 1 <i <n, we define the positive integers

i+n—1

Wl._Z( 1)/—! ]_[ a and D := ]_[a,+( DL

I=i+j

MSC2010: 14]110.
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For example, for n =4 we have

Wi =ai11ai120i+3 — aiy20i13+a;43—1 and D =ajazazas — 1.

We also define
w* :=ged(Wy, ..., W,).
Then w* = ged(W;, W;41) = gcd(W;, D) since a; W; + W; 1 = D for all i.
Set
; D
w;:=— and d:=—
w* w*

Notice that gcd(a;, w*) = 1 for all i.
The Kolldr hypersurface [2008] of type (ay, ..., a,) is

X(ai,...,ap) ="+ x7x34 - +x0x; =0) CP(wy, ..., wy).

Let 0 < u; < w* be such that pu; = (—1)i*! ]_[;:7;11 a; (mod w*). We consider the normal projective
variety Y’ given by the w*-th root cover ¥/ — P"~2 = {y; +--- +y, = 0} C P"~! branched along
{y{L ...yl = 0}; see Section 2 for precise definitions. The map y associated to the linear system
|xi”x2, ..., Xy"x1| in the Kolldr hypersurface shows that the varieties X (ay, ..., a,) and Y’ are birational;
this is worked out in Section 2.

In this paper we consider in detail the case n = 4; the surface X = X(ay, ..., as) will be called
Kolldr surface. First, we note that Kollar surfaces are birational to infinitely many Kollar surfaces with
ged(w;, wiyp) =1 and a; > 1 (see Theorem 5.1), and so we assume these numerical conditions to simplify
the exposition. Section 3 is devoted to proving:

Theorem 1.1. There is a configuration I of six rational curves in X such that, if X—>Xisa log resolution
of (X, 1), then X—>X--»Pisa morphism which factors through Y' — P? via a birational morphism
X—7Y.

The aim of Kollar surfaces [2008] was to give examples of rational Q-homology projective planes
(QHPP) with ample canonical class. This occurs for w* = 1 after contracting (x; = x3 = 0) and
(x2 = x4 = 0) in X, when these two curves have negative self-intersections (see Corollary 4.8). This
contraction gives a @QHPP with two cyclic quotient singularities, and when a; > 4 for all i, the canonical
class is ample. On the other hand, Hwang and Keum [2012] constructed a series of examples of QHPP
with ample canonical class and same singularities as Kollar examples. In Section 4 we prove:

Theorem 1.2. Kolldr Q-homology projective planes are Hwang—Keum surfaces.

As an intriguing problem, we point out that rational QQHPP with ample canonical class and cyclic
quotient singularities have not yet been classified. The number of possible singularities is at most four,
and examples with one, two, and three singularities have been constructed. It is conjectured that the case
of four singularities is impossible [Kollar 2008; Hwang and Keum 2012].
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In Section 5 we write down formulas for the invariants of Kolldr surfaces via ¥’ when w* > 1.
Particularly interesting is the geometric genus, which depends on classical Dedekind sums on the
exponents a;. For example, by comparing the two models X and Y’, we write down an identity for
Dedekind sums in Corollary 5.8. More importantly, in Section 6 we use new bounds on their values,
essentially due to Girstmair [2017], to prove (see Theorems 6.3, 6.6, and 6.11):

Theorem 1.3. For w* > 1, we have:

(a) pg =0ifand only if the Kolldr surface is rational. This happens when a; = 1 or a;a; 1 = —1 modulo
w™ for some i.

(b) pg = 1if and only if the Kolldr surface is birational to a K3 surface. We classify this situation in
eight cases (see Table I).

(c) For w* > 0, the smooth minimal model S of a generic Kolldr surface is of general type with

K § /e(S) — 1, where Ky is the canonical class, and e(S) is the topological Euler characteristic.

Moreover, we note that any p, is realizable by some Kolldr surface (Proposition 6.2), and that given
m > 0 there exists an N such that p, > m if w* > N (Lemma 6.7). At the end, we give explicit examples
of Kodaira dimension-1 elliptic fibrations (Example 6.9) and surfaces of general type (Example 6.10),
arising as Kollar surfaces for w* arbitrarily large.

2. Kollar hypersurfaces

Kolléar [2008, Theorem 39] proves:

Theorem 2.1. (1) The weighted projective space P(wy, ..., wy,) is well formed, and its singular set has
dimension < [n/2] — 1.

(2) The hypersurface X (ay, ..., a,) is quasismooth, and P(wy, ..., w,) \ X(ai, ..., a,) is smooth.
(3) Ifw* =1, then X (ay, ..., ay) is birational to P"~2,
To prove (3) above, Kolldr uses the linear system |xf'x2, xgzxg, ..., Xxy"x1|. In general, this linear

system defines a rational map
. n—1
viPwy, ..., w,) --» Py1,...,yn
. ai
given by y; = x;"x;y1.

Proposition 2.2. The rational map  defines the field extension

CO1/ Y- Yne1/90) CCO1 s - s Yot /Y21 = f/y7)

aaz--Gp  —az---ay | A4~y (-D"2q, (-1

where 7 = xfl/y}f1 and f =y, Y, ¥ SR N Yn

Proof. At the affine cover level, the field extension induced by v is

C1s-evs Y0) CCOL, s )]/ P = )
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where the other variables x», ..., x, can be written using yi, ..., ¥,, x;. The action of C* compatible
with the map is: given A € C*, y; — A%y; and x; — A%ix;. Then the rational map 1 is determined by

(CO1, -y CECGL -yl 2 = N

Notice that (C(y1, ..., ya)& =C1/Yn, .- Yn_1/Yn), and that z = xf/y}l”‘ is a C*-invariant element
such that %" — f/y"1 = 0. Since geometrically the map v has degree w*, then

€Ot Y1/ O = DT =COV /s s Yt 3T/ = /. O
Corollary 2.3. The corresponding restriction map
Vix: X, .. a) - P2 =y -4y, =0)
is cyclic of degree w* totally branched along (y; - - - y, = 0) C P2,

In this way, we can write down another normal projective model Y’ of X (ay, ..., a,) using a w*-th
root cover as described in [Esnault and Viehweg 1992].

As in the introduction, let 0 < u; < w* be such that

i+n—1

pi= (=D T a (modw®).
I=i+1

In P"~2 = {y; +---+y, =0}, we write L; := {y; = 0}, and so
Opn-2(w1)®”" = Opia(ui Ly + -+ taLn),

where wjw* =W, =>""_, ;. Then

w*—1

Yo:= Spec[pn_z(@ @pnz(—wli)> — P2

i=0

is the cyclic cover given by z%" — f/ y"i above. We want to consider the normalization of Yy. As in
[Esnault and Viehweg 1992], we define the line bundles £ on P"~2 as

n .
g(l) = ©p1172 (w]l) ® @[pmfZ <_ Z[M]*l ]Lj>
w

j=1

fori € {0, 1,..., w* — 1}, where [x] is the integer part of x. Then the normalization of Yy is Y’ :=
Specpn—2 (EB:”:*O_ ! 33(")_1) [Esnault and Viehweg 1992, Corollary 3.11]. Notice that ged(u;, w*) =1, and
so this cyclic morphism is totally branched at the L;.

Corollary 2.4. There is a birational map X (ai, ..., a,) --+Y'.

In the next section we describe explicitly this birational map for n = 4.
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Ey E, Es—
E;s Est1
E,

Figure 1. Exceptional divisors over %(1, q), Eo, and Esy;.

3. Explicit birational map for Kollar surfaces

From now on we concentrate in the case of Kollar surfaces, where n = 4. We will be working with cyclic
quotient surface singularities, which we now review. A cyclic quotient singularity S, denoted by %(a, b),
is a germ at the origin of the quotient of C? by the action (x, y) — (¢%x, ¢?y), where ¢ is a primitive
m-th root of 1, and a, b are integers coprime to m [Barth et al. 2004, §IIL.5]. Let 0 < g < m be such
that ag — b = 0 modulo m. Then %(a, b) = %(1, q). Leto : S — S be the minimal resolution of S.
Figure 1 shows the exceptional curves E; = P! of o, for | <i <, and the strict transforms Eq and E,
of (y =0) and (x = 0), respectively.

The numbers E 12 = —b; are computed using the Hirzebruch—Jung continued fraction
m 1
—Ibl— 1 =Z[b1,...,bs].
q
by —
by
We denote |[b1, ..., bs]| := m. This continued fraction defines the sequence of integers

O=Fr1<l=8<---<g=B1<m=po

where 8,1 = b; 8; — Bi—1. In this way, Bi_1/B8i = bi, ..., bs]. Partial fractions «; /y; = [by1, ..., bi_1]
are computed through the sequences

O=ay<1l=a <---<q*1=o¢s<m=as+1,

1 1

where ;1| =b;ja; —o;—1 (¢~ is the integer such that 0 < ¢~ <m and qq_1 =1 (mod m)), and yp = —1,
y1=0, and y; 41 =b;y; —yi—1. Wehave ;11 —a;Vip1 = —1, Bi =qo; —my;, andm/q~ ' =[by, ..., bi].
These numbers appear in the pull-back formulas

s+1 ,3 s+1 o
—E and o*((x=0)=) —E, (3-1)
m m

i=0 i=0

o*((y=0)=

and K3 =0*(Ks)+ Y i_ (=1 4+ (Bi +a;)/m)E;.
Let X (a1, az, a3, as) be a Kollar surface. Let

p1=(1:0:0:0), p2=0:1:0:0), p3=0:0:1:0), ps=0:0:0:1).
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Proposition 3.1. The surface X (ay, az, as, as) is normal and has only singularities of type wl, (Wig2, Wit3)
at the points p; when gcd(w;, wiyz) = 1, and of type zl_,«(ti+2’ wit3) when ged(w;, wits) =h > 1, where
wj = ht j-

Proof. Here we follow the idea in [Iano-Fletcher 2000, §10.1]. Without loss of generality, it is enough to
check the singularity at p;. Consider the affine cone Cx C C* of X (ay, a2, a3, as) and the corresponding
action of C* given by,

rAeCr,  A-(x1,x2,x3,x4) = (A" xq, AM2x0, A3 a3, A40y).

Then to study the singularities around p;, we check how the action behaves when we restrict to (x; = 1).
Notice that, when x; # 0,

0 a -1
S @R gt g ) = X+t s £ 0,
2

so locally, by the implicit function theorem, we can write x; as a function of x3 and x4, which become
local parameters. Then the action of C* restricted to (x; = 1) is

o (1, xo, x3, x4) = (1, £ x2, £ x3, £ x4),

where ¢ is a wi-th primitive root of 1. Therefore, after taking the quotient, the singularity is a cyclic
singularity of type wll(w3, wy), if ged(wy, w3) = 1. If ged(wy, wz) = h > 1, then there are elements
which fix the axis (x3 = 0), so they are quasireflections. We eliminate them by dividing w; = ht; and
w3 = ht3 by h, obtaining that the singularity is %(2‘3, wyq). U
Assume a; > 2 for all i.! We have this key configuration of curves on X (ay, a2, a3, as) (Figure 2):
Cri=(x1=x3=0),
Cri=(x2=x4=0),
Tio= (i =x{+x"""x=0),
T23i=(xg = xP +x52 3 = 0),
T34:= (0 =x3 +x8 'y =0),
Iy := (xo = x§l3 +xf:4_1x1 =0).
Proposition 3.2. The curves Cy, Cy are smooth and rational. The curve T'; ; is rational, and it may only
have a unibranch singularity at p;.

Proof. The curves Cy, C; are obviously isomorphic to P!. To prove the assertion about T';. j» it is enough
to do it for I'; 3. Notice that this curve lives in (x4 = 0) = P(w, w2, w3), and that it is possibly singular
only at (0:0:1). Let us consider the Z/w, & Z/w, & Z /w3 quotient map

P? — P(wy, wa, w3)

IThis is to have the key configuration of curves as shown. By Theorem 5.1, Kollar surfaces with a; = 1 are birationally
included in our analysis. Also, check Corollary 4.8 when w* = 1.
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P2 P4
Cy
T2 F3,4
P1 G D3

Figure 2. Key configuration of curves on a Kollar surface.

given by (x :y:z)+— (x*:y*2:z"3). Then the preimage of I'; 3 is
Fé ,= (1 +yw2(az—1)zw3 =0),

and so I'y 3 is rational since all irreducible components (branches at (0:0: 1)) of Fi 5 are rational curves.

To see that I'; 3 is unibranch at (0: 0 : 1), we will show that the (possible) branches of Féﬁ form one
orbit under the Z/w{ & Z/w; b Z /w3 action. We take the canonical affine chart at (0: 0: 1), where
Féﬁ = (xW191 4 wa(“Tl) = 0). We consider the action of Z/ws3 given by (x, y) > ({é‘x, {3"y) where
keZ and {3 = e2™i/w3s Notice that ged(wo, wy) =1 and ged(wy, a;) = 1 by definition, and so we write
ap — 1 =rb and wya; = ra where gcd(a, b) = 1, to factor in branches

r—1

xwlal 4 ywz(az—l) — H(ywzb . ;22;‘-‘1-1)611)
c=0

where ¢, = /", Then we take y“?* — {,,x% and apply (x,y) > (¢{5x, ¢¥y) to obtain the branch

y2b — g, {éc(“_wzb)x“, but a — wyb = w3/r, and so it goes to y*?* — £7¥* x4, Therefore, branches form
one orbit, and the curve I'; 3 is unibranch at (0: 0: 1). O

Proposition 3.3. Assume that a; > w* for some i. Then I'j 15 ;13 is nonsingular.

Proof. We take a; > w* to prove that I's 4 is nonsingular. For this we will compute the arithmetic
genus of I'3 4. Let P = P(w2, w3, ws), and consider the exact sequence of sheaves 0 — Op(—azw;) —
Op — Or;, — 0. From it we have that x (Or,,) = x (Op) — x (Op(—azw>)). If gcd(w2, wq) = 1, then by
[Dolgachev 1982, §1.4] we have that x (Op) — x (Op(—ayw3)) =1 — hO(P, Op(aywy — wy — w3 — wy)).
Then
Pa(T3,4) = 1= x(Or,,) = h°(P, Op (w2 — wy — w3 — wy)),

so we have to compute the number of nonnegative integer solutions of the equation wyx + w3y + wqz =
arwy — wy — w3 — wy4. As aywy + w3 = azws + wy, then our equation can be written as

w2 (x +azz) +w3(y + (1 —a3)z) = (a3 —2)wz — w2
and its solutions are

x=—1—tws—arz, y=a3—2+twy+ (a3 — 1)z, z7=2z. (3-2)
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If x, y, and z are nonnegative, then ¢ < 0, so we will change the sign of # and assume that ¢ > 0. Then
from (3-2) we obtain that
arz <twsz—1
and (a3 — 1)z > twy — a3 + 2. Hence, we have that
twz — 1 twy+2 —as

iz —. (3-3)
a» az— 1

Replacing with w, = %(a3a4a1 —aga; +a; — 1) and w3 = #(awlaz —ajap +ap — 1) we obtain

4+ w* t(a—1)4+w*
>w*z > tawa; —w  + ————.

taga; —t(ap — 1) —
ay az—1

Because a; > w* and ¢ > 1, then t(a; — 1) > w*, so taga; — w* > tasa; — t(a; — 1). We have that both
(t+w*)/ay and (¢ (a; — 1) + w™) /(a3 — 1) are positive; therefore, the right-hand side of the system (3-3)
is greater than the left-hand side, so the system has no solution. Hence, the arithmetic genus of I'3 4 is
zero and therefore nonsingular.

If ged(wa, wg) =h > 1, then p,(I'34) = h'(P, Op(—asw,)). To compute it, we first have to consider
the well formed weighted projective plane P’ = P(t,, w3, f4) >~ P, where r, = wy/h and t4 = w4/ h, and
following [Dolgachev 1982, Remarks 1.3.2], we have that Op(—axw;) = Op/(—axty). Then p,(I'3 4) =
hO(P', Opr (asty — tr — w3 — t4)), which is equivalent to the number of nonnegative integer solutions of
the equation

hx +w3y+nuz=ax —t) — w3 —1I.

The general solution of this equation is

—1 —1
a —1+t2t+a3h

with ¢ € Z. Then ¢ < 0, and changing the sign of ¢ as above, we have that the arithmetic genus is equal to

x=—1—tws—ayz, y= Z, =2z,

the number of solutions of the system

t+w* hw* + (a; — Dt
> ws > ayagt — w4 T @ =Dt

ajagt —t(a; —1) —
ar a3—1

’

but again, as a; > w*, then the right-hand side is greater than the left-hand side, so the arithmetic genus
is 0. O

Proposition 3.4. The map v is defined precisely in X (a1, ap, as, as) \ {p1, p2, p3, pa}, and it contracts

Y(Ci\{p2, p4a})) =(0:1:0:-1), Y(C2\{p1, p3})) =(1:0:—-1:0),
Y2\ {p1, p2) =(=1:0:0:1), V(23 \{p2, p3)) =(1:-1:0:0),
Y(T34\{p3, psa) =(0:1:-1:0), V(a1 \{ps, ;D =0:0:1:-1).

Proof. We have that ¥ |1 ,\(p,.p,} = (xf‘flxz :0:0:x;*), and because xi“*lxg = —x,* over ' », then

VI o\ipr.poy = (=1:0:0:1). This gives the result for all curves I'; ; ;1.
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For Cy, let x4 = 1 and x; = b # 0. Then the equation of the surface with these restrictions is
bx{' +bPx3+x3* +x1 = x1 (1 + bxf‘_l) + x3(b* +x§3_1) =0.

The map is ¥ (x : b :x3: 1) = (bx{" : b*x3: x5° : x;). We multiply every coordinate by (1 + bx}'~ b,
and use the relation x; (1 + bx’“ 1) = —x3(b*® —i—xa3 1), to write down ¥ (x; : b:x3:1) as
(bx (1 4+ bx{ ™" s b2 x3 (1 4+ bx (™) s xP A+ b s (4 b))

= (—x3bx (" O + 27T b (L b ) x P A+ b T (02 + x5 T)

:(_bxfl l(baz a% 1) ba2(1+bxa1 1) xu’«} 1(1+bxa1 1) _(ba2 a3 1))

Hence, ¥(0:5:0:1)=(0:6*:0: —-b*?)=(0:1:0:—1). A similar argument works for Cj. Il
Remark 3.5. By Theorem 5.1, we know that any X (a1, az, az, a4) has a birational model X (a{, aj}, a5, ay)
with ged(w;, w;_,) = 1. From now on, we assume that gcd(wy, w3) = ged(wz, wy) = 1.

Now we want to study the behavior of ¥ on a resolution of the singularities in X (ay, az, az, as). To
do so, we need to write this map in terms of local coordinates in the resolution, which are described in:

Theorem 3.6 [Reid 2003, Theorem 3.2]. Let X =C?/(Z/m) be a cyclic singularity of type %(a, b), and let
%(a, b) = %(1 , q) be as explained at the beginning of Section 3. Let N be the lattice N = 7*>+7 - %(1, q),
and

M=A{(r,s):r+gs=0 (mod m)} C Z°

the dual lattice of invariant monomials under the action (x, y) — ({nX, o y) with &, an m-th primitive

root of unity.

Letm/q = by, ..., bsl, and let 79, z1, ..., 2s+1 be vectors in N defined as
1
zi = — (a4, Bi),
m
where o; and B; are as defined at the beginning of Section 3. Then for eachi =0, ...,s, let u;, v; be

monomials forming the dual basis of M to z;, zj+1; that is, u; = (B;, —o;) and vi = (—Bit1, ¥i+1).
Then X has a resolution of singularities Y — X constructed as

Y=U,UU U---UU,

where U; >~ C? with coordinates u;, v;.
The gluing U; U U; 4 and the morphism Y — X are both determined by the definition of u;, v; and they
consist of

Ui\ (v; =0) = Ui1 \ (iy1 =0)  given by u; | = v and vy = uivfi-

It follows from the definition of the numbers «; and B; that uy = x™ and vy = Y™, and they satisfy the

relations
/3/+I ﬂz

m __ Ui+l O
x"=u;""v;" and Y™
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Theorem 3.7. Leto : X — X (a1, ay, az, ag) be the minimal resolution, and let
X = X — X(a1,a2, a3, a4)

be the minimal log resolution of X together with the key configuration of curves. Then Yy oo o @ is a
morphism; i.e., the indeterminacies of W can be resolved by o o .

To prove Theorem 3.7 we have to compute the strict transform of the curves I'; ;11 on X. Let E;
be the components of the exceptional divisor over the point p;, let wii(w,-ﬂ, Wit3) = wii(l, gi), and let
@; j, Bi,j» and y; ; be the integers defined for the continued fraction of w;/g;. Recall from the proof of
Proposition 3.1 that x;4, and x;43 are toric local coordinates at p;, so we have that E; g and E; i, are the
strict transforms of (x;+3 = 0) and (x;4» = 0) at the open set (x; # 0). This means that £y o = E3, and
E> 0= E4 0 and they correspond to the strict transforms of C, and Cj, respectively. On the other hand,
E; s, +1 corresponds to the strict transform of the curve I'; ;41. (See Figure 3 to visualize the notation.)
Then it remains to compute the strict transform of I'; ;4 around the point p;;+;, and without loss of
generality, we will compute the strict transform I'3 4 at the point ps. As all the results will hold locally
for I'3 4, we can modify the following proofs for every I'; ;1.

Proposition 3.8. Let Uy, ; be the open sets of the resolution of w%(l, q4) as defined in Theorem 3.6. Then
the local equation of the strict transform of the curve I'3 4 restricted to the open set Uy ; is

((a3=1D) B4, j+1—az204, j+1)/wa U((tl3— DBa,j—axas, j)/ws -0

1+u

i if aras j11— (a3 —1)Ba j+1 <0,
(9204,,‘“—(a3—1)/34.j+1)/w4v(_a2a4,j—(a3—1)ﬁ4,j)/w4

+1=0 if0<acay;— (a3 —1)B4;,

., =
34 —(as—1)Ba. ; DB j—aras ; )
u;azom,,ﬂ (az—1)B4,j+1)/ws + v;(% )Ba.j—azxas, ) /wy -0 if aroy j — (a3 — 1)134’]' <0
<agoy ji1— (a3 —1)Bg jt1.
Proof. We can assume that x4 = 1 and x; = 0, so we must study the curve (x5 +x§’3_1 =0)C (x4 #0)C

P(ws, w3, ws). By Theorem 3.6, to find the total transform of I'; 4 in U; we replace x; and x3 with

041/ Wa Qi /Wa 4,i+1/wa Pai/wa
i it+1/ v il andu? i+1/ vlﬁ il

, respectively, and so the total transform is
(u?4,i+l/w4 v:_%4,i/w4)a2 + (uiﬂ4,i+l Jwa

v/'g4,i/w4)a3—l =0.

1

Recall that oq ; < @4,;4+1 and Ba i+1 < Pa.i, SO

arag; — (a3 — )B4 < arag iy — (a3 —1)Baiv1.

If both sides are negative, we factor out (u?“‘”l/ w4v?4"/ “ya2 " If both sides are positive, we factor

out (uf4’i+l/w4vf4’i/w4)“3_l. If apay; — (a3 — 1)Bs; < 0 < azaq;41 — (a3 — 1)Ba.i+1, we factor out

ug(l” ~DRD/Y and v /" obtaining what we wanted to prove. O

By Proposition 3.8, the curve I'} , intersects the exceptional divisor if and only if

aray; — (a3 —1)Ba; <0 <aray i1 — (a3 —1)B4it1.
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Figure 3. Key configuration of curves on X (ai, az, as, a4) and the curve configuration
of the minimal resolution X.

If axas; — (a3 — 1)Ba;i <0 < azos j+1 — (a3 — 1) Bai+1, then the curve intersects two components of the
exceptional divisor, and if ayas ; — (a3 — 1)B4,; =0 or axaes i1 — (a3 — 1)Ba.i+1 = 0, then it intersects

only one component.

Proposition 3.9. Let us say that ' , intersects the exceptional divisor over py at the components
Ey4 j and E4 j11 with multiplicity m; and m .y, respectively (possibly mj,1 = 0). Then a3 — 1 =

Qg jmj+ag jrimjyy and ay = By jm;+ Ba jr1mjyy.

Proof. Let H be the restriction to X (ay, az, as, as) of a generator of the class group of P(wy, wy, w3, wa).

We have that

wiwy (azws + wy) 1 as
le-wzH: = — 4+ —.
wW1wWorwW3 Wy w3 Wy

On the other hand, w H -wy H =o* (w1 H)-0*(wa H), where 6 *(w  H) =0 *(I'34+C1), and 0 *(w2 H) =
0*(I'4,1 + C3). Because the pull-back of a divisor has intersection zero with any component of the
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exceptional divisor, and using the pull-back formulas in (3-1), we have that

s3+1 133 s4+1 .
o*(wiH) o (w2H) = (T34 +C)) - (Z ZLEsi+ Yy —Ea )
i—o W3 im0 W4
s3+1 /3 sq+1 o s4+1 o
3,i 4,i ’ 4,i
=T —E3 +C- —E4;4+T5,- ——Ey4;
3.4° Z w3 i 1° ; wy i 3,4 pars wy i
s4+1

o
=—+—+Zﬁrs4 Es;.

Thenaz; — 1 = oz4,jl“§’4 Ey4j +oz4,j+1Fg’4 “E4 j41 =04 jmj+ay jrm ;. To simplify the computation
of the second equality, we will restrict to the plane P(w;, w3, wa), with L a generator of the class
group. We can do this because at the point p4 the singularity is the same as the one at the point
(0:0:1) e P(wy, ws, wy), so locally o does not change.

Then w3 L - aywy L = arwows/(wawiwys) = ar /w4 and also

sq+1 IB
4
o*(wsL) -0 (awal) =T 4 Z L Ea.
Wy
=0
where (T*(U)3L) = O*(C]) and G*(dzU)zL) = 0*(1—‘3’4). Then a) = ,84’jmj + ,34,j+1mj+1 . Il

Corollary 3.10. If '} , intersects the exceptional divisor in one component, then it does it transversally
at one point.

Proof. Recall that in the open subset Uy ;, the exponents of the variables u; and v; of the strict transform
of I'3 4 are £(axay,i+1 — (a3 — 1)Ba,i+1)/ws and £(aray; — (a3 — 1) Bai) /wa.

Suppose that '} , intersects E; with multiplicity m ;. Then, using Proposition 3.9, we have that
ar=P4 jmj+Psjrimjrrandaz—1=ay jm;+oay jy1m;ji, and in this case m ;| = 0. Hence, for all i

axai— (a3 — Dpai _ Pajoai— a4 jPai

w4 / w4 ’

but the singularity at p4 was unibranch, so it is locally irreducible. Therefore, the exponents on the
resolution must be relatively prime. Thus, m; = 1. 0

Theorem 3.11. The curve I}y , intersects the exceptional divisor in one component if and only if Y o o is
defined on the whole exceptional divisor over py.

Proof. The equation of our surface is x'xy + x52x3 + x3°x4 + x5*x1 = 0, so locally at p4 our surface is
q 1 2 3 4 yatp
2 x0 +x52x3+ x5 +x1 = 0). Then analytically the power series expansion of x; in terms of x, and x3 is
1 2 3 y y

x| = —xgz)g — xé” + (higher order terms in x, and x3).

Therefore, at the open set U;

04 i1/ Wa_ 04 /Waay o Pait1/wa Bai/ws Baiv1/wa_ Pai/wayas
—(u; v; )7 (u v; ) — (u; v; )

o*(x1) = + (higher order terms),
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and so

aray ir1+Pai wy  (araqi+PBa.i)/w azpPai+1/W4 azP4.i/ W
Yooly = ((x): p(esinitBric)/wey (@aaitpaifws . asaivi/we, aspuifws
i 4 L t !
a0y j+1+pP4i wy (204, +pP4,i)/w a i+1/W4 @ i/ W
:_”5 2004 i1+ PBai+1)/ 4vi( 2004,i+B4,i) /w4 _ui3/34,z+1/ 4vi3/34.t/ 4 +(*)),

where (x) are terms in u; and v; of degree higher than (axos 41 + Bai+1 + a20a; + Ba,i+1)/wa and
(a3P4,iv1 +a3Pai)/ws.
Assume now that u; and v; are both nonzero. If axos ; — (a3 — 1)fa; < arosiy1 — (a3 —1)Bai+1 <0,

then we can faCtor out
oy, W4 o4/ W4 /34 i w4
( ; I+|/ ; ,t/ )az(l/il' 1+1/

vﬁ4‘i/w4)

1

from v o o to obtain

f(a3—1),34,i—a2a4,i)/w4 c—1 4 (%))

1

W °U|U,« = ((*) -1 ME(%_I)'BMH_aza4'i+l)/w4v

Then (Y ool|y,)(@;,0) = (Y ool|y,)(0,v;) =(0:1:0:—1). Repeating the same procedure for 0 <
arosi — (a3 — 1)Ba; < azos j+1 — (a3 — 1) Ba,i+1, we obtain that, restricted to that open set U;,

(Y oaly)ui,0)= (Y ooly)O0,v;) =(0:0:1:—1).

Now we are left with the case axaa; — (a3 —1)B4,; <0 <asos i1 — (a3 —1)Ba,i+1. Suppose first that
the curve Fg’ 4 intersects one component of the exceptional divisor, so Proposition 3.9 implies that there is
some j such that axay j — (a3 — 1)B4,; = 0. By Corollary 3.10, Fgﬁ 4 Intersects the exceptional divisor
transversally at one point, so (axats, j+1—(az—1)B4,j+1)/wa=1, and (a204, j—1—(a3—1) B4, j—1)/ws=—1.
Then in U;_; we can still factor out

04 i1/ Wa_ 04 /Wayay o Pait1/wa
(u; v; ) (u; ,

1 ]

vﬁ4.i/w4)

1

so assuming that «;_; and v;_; are not zero, the maps looks like
Vooly,, =((x):1:vj1:=1—v;_1 4+ (%)).

Therefore, (Yoo|y; ) (u;-1,0)=(0:1:0:—1) and (Yoo |y, ,)(0, vj—1)=(0:1:v;_1: —1—v;_). Doing
the same for U; we find that (Woa|Uj)(O, v;)=(0:0:1:-1) and (Woa|Uj)(uj, 0)=O:u;:1:—u;—1).
Then we see that v o o ( {;01 E4i)=(0:1:0:—1)and ¥ oo(Uf“:J;lJrl E4;)=(0:0:1:—1). Notice
that v;_; and u; are the coordinates of the charts of E; ~ P! and that
(Yooly,_)O0,vj)=0:1:vj1:—=1—-vj_1)
and
(IﬁoJ|Uj)(uj,0):(Oiuj . li—l/tj—l).

So ¥ oo is an isomorphism from E; onto the line (y; =0) C (y1 +y2+y3 +y4=0) C P;’yww“.

Therefore, ¢ o o is defined at the exceptional divisor over p4, and it is totally branched over the line
Li=(yn=0COi+y2+y3+y=0).
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Figure 4. An example of the situation in Proposition 3.12.

Now, if Fg 4 does not intersect transversally the exceptional divisor, then axay,; — (a3 — 1)B4,; # 0 for
all i, so we will have some j such that

axay j— (a3 —1)Bsj <0 <azay jy1— (a3 — 1) B4 j+1,

and we will not be able to define the map on the open set U;. This is because we can factor out
azPa j+1_ ax0a j+Pa.;

i ; from ¢ o o'|y;, so the map will be

Vo U|Uj _ ((*) : u;“2014,j+1—((13—1)ﬂ4‘j+1)/w4 : U;(a3—1)134.j_020¢4,_/)/w4
_u(_aza4,j+1—(03—1)ﬁ4,j+1)/w4 . v(_(a3—1)ﬂ4,j—azﬂl4,j)/w4 + (*))

J J

Thenif v; #0, (Yoo |y;)(0,v;)=(0:0:1:—1),and if u; #0, we have (Yoo |y,)(u;,0)=(0:1:0:—1),
and so it is not well defined when u; =v; =0. O

Proposition 3.12. Assume that I'; , does not intersect transversally the exceptional divisor, so it intersects

’ (O]
4,j
". |, vj be the affine coordinates of

B
; . TR IR Ty
UV and U](.l’Z), the two affine charts over U;. Then they satisfy the relations x5* = uS T ja‘l"f =

1oy j 41 04 j 0, 41 M,B4<j+ﬂ4‘j+l Baj ’/34,_/+1vﬂ4._/+ﬂ4,j+1
Js1 J J J,1 T 7l J )

it at the point (0, 0) of some affine open set U;. Let 1 : X1 — X be the blowup over that point, let E

be the new component of the exceptional divisor, and let u , v} L and u

andx;”4 =

Proof. This follows from the fact that the resolution was constructed as a toric variety, and the blowup of
an affine variety defined by vectors v; and v; is the variety associated to the fan generated by the vectors
v1, V1 + v2, and v;. (Figure 4 shows an example of the situation in the proposition.) U

Notice that, if acay j — (a3 — 1)B4,j <0 < acay j11 — (a3 — 1)B4, j41, then

aras j— (a3 — 1D faj <ax(agj+oas jr1) — (a3 — 1) (Baj+ Baj+1)
and

ax(ag,j+agjr1) — (a3 — 1)(Ba,j + B4, j+1) < axay jy1 — (a3 —1)Ba j11,

so we can use Proposition 3.8 to see that the strict transform of I'} , in the blowup intersects at most two
components of the exceptional divisor, and that the singularity of the curve is “better”. Therefore, the map
Y oo o is defined in one of the charts Uj(.l’l), and if ax (a4, j +otg j11) — (a3 — 1)(Ba,j + B4, j+1) =0,
then it is defined in all the exceptional divisor on X over ps.
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Proof of Theorem 3.7. If all the curves Flf’ it

the result follows from Theorem 3.11. If not, then consider the log resolution ¢ : X — X of all the

| intersect transversally the exceptional divisor on X, then

/
curves Fi,i+1‘

the previous ones, and as the strict transform of the curves I'; ;| intersect transversally the exceptional

Proposition 3.12 shows that the relations of the new local coordinates are compatible with

divisor, we can use the proof of Theorem 3.11 to show that the composition ¥y oo o ¢ is defined over X. O

Corollary 3.13. The morphisms Yoo o : X—>P2and Y — P? (defined at the end of Section 2) factor
through a birational morphism X — Y’ which contracts precisely six chains of smooth rational curves in

(009) (C1+Co+T124+ T3+ T34+ T41),

each containing one of the proper transforms of C1, C2, I'1 2, I'2.3, I'3.4, I'4.1, and each contracting to the
six cyclic quotient singularities in Y.

Proof. First, by Theorem 3.7, we note that y oo 0@ : X — P2 contracts precisely six chains of smooth
rational curves in (o 0 ¢)*(C1 4+ C2 +T'1 2+ 123+ I'3.4 + I'4,1), each containing one of the proper
transforms of Cy, Ca, I'1 2, I'2.3, I'3.4, I'4.1. This was done locally when we proved the definition of the
map in Theorem 3.11 at a certain exceptional component over the p;. Each of these components maps to
each of the four lines in P2, Therefore, the birational map X --» Y/ is defined over these components
except possibly over the six singularities of Y’. Because there is a unique minimal resolution for normal
two-dimensional singularities, the six chains of curves in X mapping to the six nodes of the four lines in
[P must contract to the six singularities of Y’ U

4. Kollar surfaces are Hwang-Keum surfaces

We now study the case w* = 1. In this section, we allow gcd(wq, ws) and ged(w, w4) to be greater than 1.

In [Kolldr 2008, p. 231], it is shown that the curves C; and C; are extremal rays of the Kx 4, .ay.a3.44) +
(1 —€)(C; + C3) minimal model program if C 12 < 0and C22 < 0. They are both contractible to quotient
singularities. Hwang and Keum [2012] computed explicitly the type of these singularities.

Theorem 4.1 [Hwang and Keum 2012, Theorem 1.1]. The contraction of the curve Cy forms a singularity
of type %(wz, wa), with s1 = asw4 — w3, and the contraction of the curve C, forms a singularity of type
Sl—z(wl, w3), with so = azws — wy. If w* = 1, then their Hirzebruch—Jung continued fractions are

2,...,2,a3,a1,2,...,2] and [2,...,2,a2,a4,2,...,2],
—— —— —— ——
as—1 ar—1 az—1 a;—1

respectively.

Letn: X(ay, az, a3, as) — X' (a1, az, az, as) be the contraction of C| and C,. Hwang and Keum [2012,
§4] constructed several examples of rational @-homology projective planes with two cyclic singularities.
In certain cases the singularities are the same as for X'(ay, az, az, ag) when w* = 1.

The construction of Hwang—Keum is as follows. Let Ly, L,, L3, L4 be four general lines in P2, and
choose four points from the six intersection points, such that every L; passes through two of them. After
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Figure 5. Curve configuration over Z(ay, as, a3, as4).

blowing up each of these four points twice, we obtain the curve configuration

Ly L
\
E;¢ E, T E4 Eq
e . . —0
L, Ly

where e is a (—1)-curve and o is a (—2)-curve. We now blowup r; times the point E; N L; to obtain the
surface Z(ay, a», az, as), where a; = 2 4 r;. The curve configuration on Z(ay, as, as, as) is shown in
Figure 5.

Let T (a1, az, az, as) be the surface obtained by contracting the two chains of rational curves corre-
sponding to the white vertices. Then this surface is a rational ()-homology projective plane with two
cyclic singularities. By Theorem 4.1, it has the same singularities as X'(ay, a2, a3, as) when w* = 1.

Theorem 4.2. Let X (ay, az, as, as) be a Kolldr surface with w* = 1, and assume that a; > 2 for all i.
Then X'(ay1, az, a3, as) is the Hwang—Keum surface T (ay, az, az, aq).

To prove Theorem 4.2 we will show that we can find the same curve configuration of Z(ay, a», az, as)
(Figure 5) in X ', which is the minimal resolution of X'(a;, as, az, as).

First of all, we prove that the rational map ¥ is defined in the minimal resolution of X. For this we
will use:

Proposition 4.3. Let X be a surface with a cyclic quotient singularity at the point p, and let C C X be a
curve passing through p. Then C is nonsingular at p if and only if the strict transform of C intersects

transversally at one point only one component of the exceptional divisor of the minimal resolution of X.

Proof. The maximal cycle (which coincides with the fundamental cycle) of a cyclic quotient singularity is
the (reduced) exceptional divisor. Then we can apply [Gonzalez-Sprinberg and Lejeune-Jalabert 1997,
Proposition 1.1]. O
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By Proposition 3.3 we have that the curves I'; ;| are smooth, so Proposition 4.3 says that the curves
Flf’l. 41 intersect transversally the exceptional divisor over p;41. If ged(w, w3) = ged(ws, wa) = 1, then
we already know that the map 1 is defined on the minimal resolution of X. Therefore, we only need to
check the same assertion when ged(wi, w3) > 1 or gcd(wy, wa) > 1.

Proposition 4.4. The map oo : X—>Plisa morphism.

Proof. We study the case over the point p4, with gcd(w;, wq) = h > 1. The singularity at py4 is
1/w4(wy, w3) with toric coordinates x; and x3. From Proposition 3.1 we have that 1/w4(w,, w3) =~
1/14(t2, w3), with toric coordinates x/, and x3, and the relation x} = x, and x} = xé’. Then from Theorem 3.6

we have Y = U U- - -UUj, in the resolution of p4, with u;, v; the local coordinates in U;, and the relations
/31 lgt+l

xg“ = u?4‘ivf‘4‘i+‘ and x; =u; v "', The curve '3 4 C P(f2, w3, 1), restricted to the open set (x4 = 1),
has equation x z 4+ x/(a3 DIk = 0, and we can use Proposition 3.8 to find the equation of the curve in
every U,.
Following the proof of Proposition 3.9, by the intersection number
sq+1
B, a
F3 4 Z _IE41 = —,

71

and using the fact that the curve I'; , intersects transversally one component, we have that there exist
Ba,j =az and a4 j = (a3 — 1)/ h. Therefore,

a3 —1
aoy j—1 — Ba,j—1=-—1,
az— 1
a0ty j — ——Paj =0,
asz — 1
a0, j1 — — Ba,j+1=1.

Hence, considering the composition

~ 1 ~ 1
K5 ~ (1, ws) > — (wa, w3) 2> X(ay, az, a3, as)
14 Wy

we have the hypothesis of Theorem 3.11; therefore, the map is defined on the whole exceptional divisor. [J
Proposition 4.5. The curves C| and C} in X are (—1)-curves. To obtain the chain of curves
Kl = E2,S2 U-- -UE2,1 UC; UE4,1 U-- 'UE4’S4

and

K2:=E1’SlU'--UEl’lUCéUE3’1U---UE3,53

we blowup X' on the intersection points of the curves with self-intersections —as and —ay, and —a,
and —ay, respectively.
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Proof. We have the commutative diagram

X —2— X(ay, a2, a3, as)

|l

~ i
X' —— X'(a1, a2, a3, as)

Then, to obtain the chain of curves K| we have to blowup on the exceptional divisor over the singularity
i(wz, wy). This is because, if no blowup were needed, then Ci would be some of the curves in the
exceptional divisor over the singularity Sl—l(wz, wy), so we would have that wy <as—1orws <a;—1,
which can happen only if one of the g; is 1. Recall from Theorem 4.1 that the Hirzebruch—Jung continued
fraction of the singularity %(wz, wy) is [2,...,2,a3,a1,2,...,2]. Then we want to show that the
blowups needed must be done between the curves with self-intersection —a3 and —a;. For this, we will
rule out every other possibility. Suppose first that the blowups are done on the point

o—:+ —O0—0—0%0—"-+ —0

Then we would obtain that the continued fraction associated to the singularity at p, would have an §;
such that

Bi>12,...,2,a3,a;+1]|,
——
(1471 a4—1
(—/h\ . . . .
but |[2,...,2,a3,a; + 1]| = wy +2+azas —2a4 > w,, which is a contradiction. If the blowups are done
on the point
e+ 1
—az —a

oO—++ —O0—0—0—0—++ —Ox% -+ —O

with e > 0, we would have

ﬂiZ|[27"'72’a3’a1’2,"'72’3]|’
~— ~—
as—1 e as—1 ¢
— —
but [[2,...,2,a3,a1,2,...,2,3]| = Qe+ 3)wy — e+ Dazas —2a4+ 1 > wo.

Therefore, the blowups to obtain the chain of curves K| desired have to be done at the point

o—: " —O0—0%0—0— -+ —0 O

From the proof of Proposition 4.5, we have that the singularity at p; of the Kollar surface has
Hirzebruch—Jung continued fraction

[...,C,‘,2,...,2]
N e’

di+2—1
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Figure 7. Contraction of Fi,z and the chain of (—2)-curves.

with ¢; > 2. The intersection of F;_Li with the exceptional divisor over p; is B; j/w; = a;12/w;,
so the curve I'] _1,; Intersects the exceptional divisor over p; at the mentioned component with self-
intersection —c;. This is because B; 5, +1 =0 and B; 5, = 1, and B; x—1 = bxBi k — Bi.k+1. This implies that
Bi,si—(a—1) = a2 = B;. Therefore, we have the curve configuration shown in Figure 6.

Proposition 4.6. The curves Flf iv1 are (—1)-curves.

Proof. We have a birational morphism ¥ oo : X > P2, soitisa composition of blowups, which contracts
(—1)-curves to reach P2, We start by contracting the curves from the proof of Proposition 4.5 to obtain X
with the curve configuration in Figure 6. Recall from Theorem 3.11 that the image of the curves with
self-intersection —a; are the four lines in general position in P2, so they cannot be contracted. In addition,
by Corollary 3.13 the birational morphism X' — P?is an isomorphism outside of the configuration in

Figure 6. Then, one of the I'; ;| is a (—1)-curve; say that it is I} ,. We contract I} , and the chain of

(—2)-curves connected to it, to obtain the diagram in Figure 7.
/

By repeating the procedure, we obtain that all curves I'; ;| are (—1)-curves. O
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Figure 8. Curve configuration on X

Proof of Theorem 4.2. From Propositions 4.5 and 4.6, we conclude that X' and Z (a1, az, az, as)
are obtained from the same sequence of blowups of P2. Therefore, X ~Zz (a1, ap, a3, as) and so
X'(a1, a2, a3, a4) = T (a1, az, az, as). O

Remark 4.7. We note that, if w* # 1, then the surface T (ay, asz, a3, as) does not correspond to a Kollar
surface, so Kollar surfaces with w* = 1 and g; > 2 are strictly contained in Hwang—Keum surfaces.

Finally, we check what happens when some a; = 1, say a; = 1.

Corollary 4.8. Let a; = 1. Then the point p4 is smooth, and the map  is defined in the log resolution X
of the key curves. The curve '3 4 is smooth, and  does not contract Cy. The surface X is obtained
by doing blowups from Z(1, ay, a3, as). The curve C; C X (1, az, a3, a4) is contractible if and only if
asz > ap.

Proof. If a; =1, then wy = a4(az — 1) and wgq = a3z — 1. Then by Proposition 3.1 we have that the point py4
is smooth, and at the point p, the singularity is of type i(l, araszaqs — azas+ag — 1) = i(l, as—1).
The curve I'; » intersects transversally the curve Cj at the point (0: —1:0: 1), and following the proof of
Proposition 3.4 we have that (0:1:0:b) = (b :—1—-b:0: 1), so the curve ¥ does not contract C.
The curve I'3 4 restricted to the weighted projective plane (x; = 0) and to the open set (x4 # 1) is
(x> +x3=0) C A2, so it is smooth and to obtain the log resolution X itis necessary to do ap blowups.

Now assume that all the other a; > 2. Therefore, C, is contractible, and by contracting it and all the
other (—1)-curves in X we obtain the surface X’ with the curve configuration shown in Figure 8. If also
ap = 1, then all the points are smooth but point p, with a singularity of type a—14(1, as — 1), and we obtain
the curve configuration on X shown in Figure 9.

Following the proof of Proposition 4.6 we have that the curves Flf’ i+1 are (—1)-curves, C? = —a3, and
Céz = —ay. Therefore, X' ~7 (1, a2, a3, a4), and by contracting the (—1)-curve in the top chain along
with the (—2)-curves to the right, we obtain that C 12 = —a3 + a». Therefore, C, is contractible if and
only if C{z < 0, and this is equivalent to a3 > a;. O
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3,4

Figure 9. Curve configuration on X, when a; = 1.

5. Kollar surfaces as branched covers of P2

defined at the end of Section 2 as the w*-th root cover of (L’f ‘Lg ZL’; 3LZ4 = 0) C P%. We recall that
0<u; <w*are

We now consider the birational model Y’ := Specp: (@:"*0_ ! 33(")71) of X (a1, as, az, as), which was

W1 = axazdy, W2 = —azay, u3 = ayg, e =—1

modulo w*, and that by definition ged(u;, w*) = 1. The lines L1, L», L3, L4 form a plane curve with six
nodes. We also recall that

4 .
g(l) = @[P’2 (wll) ®@p2 (— Z[/;j: :|LI)

j=1
fori €{0, 1, ..., w* — 1}, where [x] is the integer part of x, and wjw* = Z?:l ;. Let Y be the minimal
resolution of all singularities in Y.
Theorem 5.1. The Kolldr surface X (ay, az, a3, a4) is birational to
X (a}, a5, a5, ay) C P(w], wh, wi, wy)
with ged(w], wj) = ged(w), w)) = 1, for infinitely many 4-tuples (a}, a5, a}, ay).
Proof. By Corollary 2.4, the surface X (aj, az, as, as) is birational to Y’, and so for any #; € Z>( we have
that X (a1, ay, a3, as) is birational to
X (a1 +hw*, ar +bw*, a3 +nBw*, ag + 4w”),

as soon as w* = ged(Wj, ..., Wéi) for the corresponding Wl.’ . This is because, for a fixed w*, the
isomorphism type of Y depends only on the multiplicities x; modulo w*. In this way, we must find
t; € Z>¢ such that ged(w}, wj) = ged(w), wy) =1, and w* = ged(Wy, ..., Wy).

First, choose #3 such that ged(az + rzw*, 6(as — 1)) = 1, and let @} := a3 + zw* and W| =
araias —ajas +as — 1 = wijw*. Next take f, such that ged(w] + f2ajas, 6(as — 1)) = 1, and then
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define a2 = ap + hw*. Now we will choose #; such that the final weights (wl, wz, w3, w4) satisfy
ged(wy, wy) = ged(wy, wy) =1, and w* = ged(W{, ..., W,).

Let W) = ajasa) — asa; + ay — 1 = wiw*, W} 1= asaia) — aya) +a) — 1 = wijw*, and W, =
aayay — ayas +ay — 1 = wyw*, and define

Wi = wiw" = wjw?, Wy = wiw* = (w) + t(asas —as + 1) w*,
Wy = wiw® = (W + 1(asay — ah)w*, Wi :=wjw" = (w} +rasal)w*,

where ¢ will be found.
Let w{ = quk‘lj‘." be its prime factorization. Then we have to find a solution ¢ for w), 4 taja’; #
0 (mod ¢y ;), wg +taé(a4 —1)#0 (mod ¢ ;), and t #0 (mod g ;), for all j. This ¢ will exist because
we have that gcd(as — 1, w}) = 1, and that all p; ; are greater than 3, by the previous choice of #, and 3.
By the Chinese remainder theorem, we know that the solutions are of the form t; +r-[[ g1, r € Z.
Hence, we have that gcd(wl, w3) = ged(w 1> w4) = 1, for any choice of r. Therefore, considering

wg=w§+t1(a§a4—a4-|—1)+r'(a§a4—a4+l)-l_[quj
and wy = w), + tyayay +r-ayal - []q,), it is enough to find an r € Z- such that ged(wy, wy) = 1. Let
A:=w)+t(dsas —as+ 1), B = (a§a4—a4+1)-1_[q17j,
C := wy + nahas, D :=d)a} - qu,.,-.

Notice that gcd(A, B) = 1 by the definition of w) and the way #; was obtained. Let AD — BC =

g A . . .
LR q2 7' with g, ; a prime number, and let r; be a solution of

A+ Br#0 (mod g ;). (5-1)

Now assume that gcd(w), wy) = ged(A + Bry, C 4 Dry) > 1. This means that there is a prime p # ¢ ;
for all j, such that it divides both A + Br and C + Dr. Then consider the linear transformation
T : (Z)pZ)* — (Z] pZ)? associated to the matrix (é g). This matrix maps the vector (1, 1) to (0, 0), so
the matrix is singular. But the determinant AD — BC # 0 (mod p), which is a contradiction. Therefore,
ged(A+ Br,C+ Dry) =1. Leta; :=a; + (t1 +r-[]pr. j)w* This gives us that X (a}, a}, a5, as) C
I]J’(wl, wz, w3, w4) is birational to X (a1, ay, as, as), with gcd(wl, wg) = gcd(wz, w4) and because
ged(wy, wy) = 1, then w* = ged(W/', ..., W)). Because (5-1) has infinite solutions, then we have
infinite 4-tuples (a{, aj, a5, ay) that satlsfy the result. (|

Corollary 5.2. Let Y' be an n-th root cover of (L' LY> LY’ Ly* = 0) C P2, with ged(u;, n) =1 for all i.
Then Y’ is birational to a Kolldr surface.

Proof. If we multiply the u; by a unit § of Z/nZ, then the n-th root cover does not change. So we take &
such that £ uq = —1. In this way, we have to solve the system ayazas =&y, —azas =&y, ag = & s,
and ajayazas = 1 modulo n, which has a solution because £ and the u; are units in Z/nZ. Then, with
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those a; we can use Theorem 5.1 to find numbers a; such that X (a}, a}, aj, a}) is a Kollar surface with
w* = n, and birational to Y’. O

We want to compute the main numerical invariants of Y. For that we first define the following numbers.
Definition 5.3. Let n > 1 be an integer, and let a, b be integers coprime to 7.
(1) We define the generalized Dedekind sum [Hirzebruch and Zagier 1974, p. 94] as
n—1 . .
ia ib
o= LG )E)
i=1
where ((x)) =x — [x] — % for any rational number x.

(2) Let 0 < g < n be such that ag = b modulo n. We define the HJ length [ =[(a, b; n) as the length of

the Hirzebruch—Jung continued fraction

n
—=Iby,.... bl
q

Dedekind sums and Hirzebruch—Jung continued fractions relate as (see, e.g., [Barkan 1977; Urzia
2010, Example 3.5])

+ _1 l(a,b;n)
12s@,bimy =10 1 3 (- 3),
n
i=1

where 0 < ¢! < n and g¢~! = 1 modulo n. We recall that Y is the minimal resolution of Y’

Proposition 5.4. We have that 7,(Y) =0, and

Pe(¥) =251, L w*) + > s(ui, prj; w*)

i<j
where s(1, 1; w*) = w* /12 + 1/(6w™*) — 411-

Proof. The finite morphism ¥’ — P? is completely ramified at four lines. By pulling back to Y a trivial
pencil through one point in one of these lines, one can compute 7;(Y) = 0; for details see the proof
of [Urzia 2010, Theorem 8.5]. This also shows that x (Oy) = 1 + p¢(Y). Then we use [Urzia 2010,
Proposition 3.2] to find the formula for p,(Y). The term 2s(1, 1; w*) turns out to be exactly the expression
not involving Dedekind sums in [Urzda 2010, Proposition 3.2]. O

Remark 5.5. Since the geometric genus p,(Y) is a nonnegative number, we have 2s(1, 1; w*) +
Zi <j s(ui, pj; w*) > 0, which can be rewritten using basic properties of Dedekind sums as

4
pe(¥) =2s(1, ;w") = > " s(1, a3 w*) +5(1, aras; w*) +5(1, ara2; w*) > 0.

i=1

We will tell more on this expression in the next section.
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Proposition 5.6. We have that e(Y) = w* + 2+ ij I(wi, pj; w*), and
4
Ky =w't — 4+ ) (125 (i 3 w") = Li, s w')).
i<j
Proof. See [Urzia 2010, Proposition 3.6], and use Noether’s formula. O
Corollary 5.7. For X = X(ay, az, a3, as) we have e(X) =w*+4, w1 (X) =0, and po(X) =2s(1, 1; w*)—
S s an w*) + (1, aras; w*) + s(1, arag; w*).
Corollary 5.8. Let gcd(w;, wit2) =1 foralli. Then
dd—Y; w;)? 2w — 6w 44
12X st )+ E st wissw) ) = LTl g 2 WA,
i<j i
Proof. Let X = X(ay, a2, a3, ay). We are going to compute pg(X) from its minimal resolution, and
then the equality follows from p,(X) = p.(Y). Let X — X be the minimal resolution of singularities,

SO pg()N( ) = pg(X). As in the proof of Proposition 3.4 in [Urzia 2010] and the formula right before
Proposition 5.4, we have

2(w; — 1)

K3 = K3 = =123 sCunsa, wissi w) = Y1z, wigss w) + Y 2,
' - . 1

1 ! '

and e(X) —e(X) = Y., [(wiya, wir3; w;). Since K2 =d(d — Y, w;)?/T]; wi and e(X) = w* +4, then

2
o dd—Y1 w) Il | w
X = = - i ) [ ; i) — - T A
pg( ) 12w, wywswe IZS(erZ Wi43; W;) 6 IZ w; + 12
is a consequence of the Noether’s equality 12 (03) = K )2? + e()? ). O

6. Theorems on geometric genus

In this section we prove results related to the geometric genus of Kollar surfaces. All our computations
will be done in terms of generalized Dedekind sums. We note that the (classical) Dedekind sum s(g, n)
is equal to s(1, ¢; n) and s(a, b; n) = s(1,a~'b; n), and so all properties of s(g, n) are properties of
s(a, b; n) [Hirzebruch and Zagier 1974, Chapter II]. For example, we have the reciprocity law:

Theorem 6.1 (see, e.g., [Hirzebruch and Zagier 1974, p. 93]). If n and k are relatively prime, then

Wkemy s b= ("4 L5y ] (6-1)
SR =\ Tk Th) T 1

Throughout this section, w* will be greater than 1. All equalities involving = will be modulo w*,

1

unless otherwise stated. The symbol g~ will denote the inverse of ¢ modulo w*. To avoid confusion, we

will write 5 when it corresponds to a number in Q.

Proposition 6.2. Any n > 0 is realizable as the geometric genus of a Kolldr surface.
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Proof. We know that w* = 1 implies rationality, and so p, = 0. Assume that n > 0, and let w* =3n + 1
and a; =37, a =3, and a3 = a4 = w* — 1. This gives the w™*-th root cover Y with u; = 3 and
Wo = 3 = ug = w* — 1. The geometric genus of Y is

pe(Y)=5s(1, 1; w*) —3s(1, 3; w*)

EYATARNR S A WY LASN S SR S
S\12 6w 4 36 4w* ' 36wt 18 4

6.1. p, = 0 surfaces are rational.

Theorem 6.3. Let X = X (a1, az, az, as) be a Kolldr surface with w* > 1. Then the following are

equivalent:
(@) pg(X)=0.
(b) a; =1 ora;ai+1 = —1 modulo w* for some i.

(c) X is rational.
Lemma 6.4. Let 0 < a < n be relatively prime. Then:
(1) s(1,1;n) >2s(1,a;n) ifa # 1.

() s(1,1;n) >3s(1,a;n) ifa#1,2,27%

() s(1,1;n) > 4s(1,a;n) ifa#1,2,271,3,371

Proof. First of all, using the reciprocity law we have

2_6 5
251, 2:m) = O 1w,
12n
n?> —7Tn+10
35(1,3;n) < ——— < s(1, 1; n),
12n
Z_6n+17
4s5(1,4;n) < w <s(1,1;n)
12n

with ged(n, 2) =1, ged(n, 3) = 1, and ged(n, 4) = 1, respectively, and n > 6. Notice that s(1, 1; n) =
(n —1)(n —2)/12n. Girstmair [2017, Theorem 1] describes how Dedekind sums s(1, m; n) grow for a
fixed m, given a positive integer k. To do so, Girstmair divides the numbers 1 <m <n — 1 as ordinary
and not ordinary, and proves that, if m is ordinary, then s(1, m;n) < n/(12(k + 1)) + O(1) and, if
m is not ordinary, then there existd € {1,...,2k+ 1} and c € {0, 1, ..., d}, gcd(c, d) = 1, such that
s(1,m;n)=n/(12dq) + O(1), where g = md — nc.

First assume that k = 2. Notice that s(1, 1; n)/2 =n/24+ O(1); also if m is ordinary, then s(1, m; n) <
n/36+ O(1), and if m is not ordinary and dg > 3, then s(1, m; n) <n/36+ O(1). Therefore, we have to
find a bound for the three O(1) involved, and find an N such that, if n > N, then s(1, 1;n)/2 > s(m, n)
for ordinary numbers and nonordinary numbers with gd > 3. The procedure to do so is shown by
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Girstmair [2017, Theorem 2], and for the case k = 2 such N is 132. The nonordinary numbers with
gd <2 correspond to m = 1,2, 27", but the first case was ruled out in the proposition, and the inequality
for 2 and 27! was shown at the beginning of the proof. Therefore, we have (1) for n > 132, and using a
computer we can check that it holds true for every n.

For k = 3 and k = 4 we obtain similar results, with N = 320 and N = 630, respectively. The cases
with gd <3 and gd < 4 are the ones ruled out in the proposition, and using a computer we can check
that (2) and (3) are true for n < 320 and n < 630. O

Corollary 6.5. (1) 2s(1, 1;n)—2s(1,2;n)+s(1,4;n)—s(1,3; n)+s(1,2-37 L n)—s(1,4-37",n) >0
foralln > 5.

(2) 2s(1, 1;n) —s(1,2;n) —s(1,3:n) —s(1,4;n) +s(1,6;n) —s(1,2-37 . n)+s(1,4-37 1 0n) > 0
foralln >.

3) 2s(1,1;n) —s(1,2;n) —s(1,3;n) —s(1,5;n)+s(1,6;n)+s(1,2-5 5 n)—s(1,6-5 1) >0
foralln >17.

Proof. Using the inequalities from Lemma 6.4 we see that to prove (1) it is enough to prove that
%s(l, 1;n)+s(1,4:n)+s(1,2-37 1 n)—s(1,4-37'; n) > 0. On the other hand, we have that s(1, 4; n) > 0
if n¢{7,13,19,25,31},s(1,=2-3"Ln) <s(1, 1;n)/3ifn ¢ {5,7}, and s(1,4-371;n) < s(1, 1;n)/3
if n # 5. Therefore, if n is not one of those cases, then the inequality holds. We check the remaining
cases and find that (1) is false only if n = 5. We repeat the same argument and prove that we have to
check the cases when n € {7, 11, 13, 19, 25, 31} for (2), and when n € {7, 13, 19, 31} for (3). Both cases
give us that (2) or (3) are false only if n = 7. O

Proof of Theorem 6.3. By Corollary 5.7, we have that the geometric genus of X (ai, a», a3, as) is

4
Pe(X) =2s(1, L;w*) =Y " s(l,a;; w*) +s(1, ayas; w*) +5(1, ayaz; w*).
i=1
(c) = (a). This is trivial.

(a) = (b). Assume that a; # 1 and a;a;+1 # —1 for all i. First, if a; # 2, 2! and aiai+ =2, —2-! for
all i, then by Lemma 6.4(2) we have that p, > 2s(1, 1; w*) — gs(l, 1; w*) > 0. Therefore, it is enough

to rule out the cases when a; =2 or ajay = —2~!. First suppose that a; = 2, so
4
pe=2s(1, L w") +s(1, 2az; w*) +s(1, 205 w*) —s(1, 2 w") = Y s(1, s w),
i=2

and we have to check the cases when we cannot use Lemma 6.4(3).
If a3 =2ora3=2"", then aja; = —1 or a4 = 1, respectively, so they satisfy the hypothesis for pe=0.
Ifa, =271 200 = -2, 2a4 = =2, as =37, or 2a, = —3, then one of the terms is equal to s(1, 1; w*)
or two of the terms cancel, so by Lemma 6.4(1) we have that p, > 0.
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Ifap=2,2a,=—-2"", or 2as = —27', then
pe=2s(1, 1; w*) —2s(1,2; w*) +s(1,4; w*) —s(1, 3; w*) +s(1, 2.3 L wh —g(1,4-37 5w

and by Corollary 6.5(1) pg > 0 when w* > 5. If w* =5, then it satisfies the conditions for p, = 0.
If a =3 or 2as = —37', then

Pe=2s(1, 1; w")—s(1,2; w*)—s(1, 3; w*)—s(1, 4; w")+s(1, 6; w*)—s(1, 237 wh+s(1, 4371 w¥)

and by Corollary 6.5(2) p, > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
If as =3 or 2a, = —37!, then

pe=2s(1, 1; w*)—s(1,2; w*)—s(1,3; w)—s(1, 5 w+s(1, 6; w*)+s(1,2:57"; w*)—s(1,6-57"; w*)

and by Corollary 6.5(3) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.

These cover all the cases for a; = 2. Now assume that aja, = -2, so
4
pe=2s(L, L w") —s(1, 2 w") +s(1, arag; w*) +5(1, 2a2 w*) = Y s(1, az w"),
i=2
and we proceed as in the previous case.
Ifajas=—-2orajas=—-2"",thenay=1loras =1, respectively, so they satisfy the hypothesis for

pg=0.

If a, = 37! or a3 = 3, then two of the terms in the sum cancel, so by Lemma 6.4(1) we have that
pe > 0.

If ag =37" or 2a = —37!, then

Pe=2s(1, 1; w")—s(1,2; w*)—s(1, 3; w*)—s(1, 4; w*)+s(1, 6; w*)—s(1, 2.3 L wh+s(1, 437 w)

and by Corollary 6.5(2) p, > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
If ay =3 oraz =371, then

pe=2s(1, 1; w*)—s(1,2; w*)—s(1,3; w)—s(1, 5 w+s(1, 6; w)+s(1,2:57"; w*—s(1,6-57"; w*)

and by Corollary 6.5(3) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
These cover all the cases for aja, = —271.

(b) = (c). Notice that (b) implies the existence of 11; and p; such that u; + ¢ ; =0 (mod w*). Consider
the trivial pencil of lines through L; N L;. Since p; + pu; =0 (mod w*), this pencil defines a pencil of
smooth rational curves in Y via pull-back. Therefore, Y is rational, and so is X. O

6.2. p, = 1surfaces are K3. In Table 1, we show the total transform of the key configuration of curves
after successively blowing down several (—1)-curves from the minimal resolution of the indicated surfaces
X (a1, a2, a3, as).
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X(ay, ar, a3, as) | w* total transform of key configuration

F F, F3 Ly Fy Fs Fg L, F; Fg Fy
-2 -2 -2 -2 =2 -2 -2 -2 =2 =2 =2

X(,7,15,15) 4
-2 -2 -2 =2 -2 -2 =2 =2 =2 =2 =2
Fio Fuu Fio Ly Fi3 Fia Fis Ly Fig Fi7 Fis

F F, L F; Fy Fs Fs L, F; Fg Fy Fio

-3 -2 -2 -2 -2 -2 =2 =2 -2 =2 =2 =2

X(8,9,14,22) 5

-2 -2 -2 -2 =2 =2 -3 -1 -3 =2
Fiy Fia Fis Fia Ly Fis Fig Ly Fi7 Fis

F] Fz L1 F3 F4 F5 Lz F6 F7 FS F9 FIO Fll

2 4 -1 -3 2 -2 2 2 -2 -2 -2 -2 -2

X(11,27,10,18) | 7

3 2 2 -2 2 —4 -1 -4 -2

Fip Fi3 Figs Ly Fis Fig Ls Fi7 Fis
FR F, F3 Fy Ly Fs F¢ L, F; Fg
2 -3 2 2 2 -2 —6 -1 -3 —4

X(17,14,42,18) | 11

2 2 2 2 3 —1 -3 —4 -1 —6 -2
Fy Fio Fiui Fi2 Fi3 Ly Fia Fis Ly Fie Fir

F F, F3s Ly Fy Fs L, F¢ F; Fg
-2 -2 -5 -1 -2 -7 -1 -3 =3 =2

X (20,21,43,22) | 13

4 2 2 2 2 2 2 -5 -1 -7 -2
Fo Fiuo Fin Fio Ly Fi3 Fia Fis Ly Fig Fir
F, F, F3 Fy Ly Fs F¢ L, F;, Fg Fy
2 2 2 -5 -1 -2 -9 -1 -3 -2 —4

X (26,56,39,64) | 17

4 2 3 -1 3 -6 -1 9 -2
Fio Fii Fi2 Ly Fizs Fia Ly Fis Fie

F] Fz F3 L1 F4 F5 F6 LZ F7 FS F9

2 2 -7 -1 -2 2 -7 -1 -3 —4 -2

X (29, 30,42,32) | 19
-5 4 —1 -5 —4 —1 —10 -2
Fro Fiu Ly Fio Fis Ly Fig Fis

FR F, F3 Ly Fy Fs L, F¢ F; Fg

-2 -6 -2 -1 -3 -7 -1 -2 -6 =2

X(47,51,63,91) | 20

-7 -3 -1 -7 -3 -1 -7 =3
Fo Fio Ly Fin Fio Ly Fi3 Fus

Table 1. List for p, = 1.
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Theorem 6.6. Let X = X (aj, ar, a3, ag) be a Kolldr surface with w* > 1. Then the following are

equivalent:

(@) pg(X)=1
(b) X is birational to one of the eight surfaces in Table 1.

(c) X is birational to a K3 surface.

Proof. (c) = (a). It is trivial.
(a) = (b). First we prove:

Lemma 6.7. Let m be a positive integer. Then there is a positive integer N such that, if w* > N and
pg # 0, then py > m.

Proof. If all a; and —aa, and —aja4 are not equivalent to 2, 213,371 then by Lemma 6.4(3)
Pe>2s(1, Ly w*) = 8s(1, I; w*) = Ls(1, 1; w¥).

Also we note that, if we fix two of these values, say for example a; = 2 and aja; = —3, then the rest
of the a; are completely determined, and they are equivalent to 2, 27!, 3, 37! only for finitely many w*.
Therefore, if we set two of the a;, —ajay, or —aja4 to be equivalent to 3 or 3~!1, then for w* > 0

Pe>2s(1, L w*) — 2s(1, 1; w*) —s(1, 1; w*) = $s(1, 1; w™).
If one of the values is 2 or 27! and the other is 3 or 37!, then for w* > 0
pe>2s(1, L w*) — 3s(1, L w*) — Ls(1, 1; w*) —s(1, I; w*) = ¢s(1, 1; w*).

Both of these cases happen when w* > 28; hence, we have to check the case when two of the values
are 2 or 27!, This was done in the proof of Theorem 6.3, and the only relevant case is when Dg 18
2s(1, 1; w*) —2s(1, 2; w*) +s(1, 4 w*) —s(1, 3; wH) +s5(1,2-375 w) —s(1,4-371; w*). For w*>>0

Pe>2s(L, L w") —s(1, I; w*) — 1s(L.1; w*) — $s(1, I; w*) +5(1, 45 w™),

and because s(1, 4; w*) > 0 for w* > 15, we have that p, > s(1, 1; w*)/6.
Therefore, N is the first integer such that s(1, 1; N) > 6m. Il

To prove this implication, we first use Lemma 6.7 for m = 1, which gives us that N =75. We check
using a computer all the possible w*-th root covers for w* <75, and find that there are eight cases with
pe = 1, which are represented by a Kollar surface in Table 1.

(b) => (c). We prove this implication by means of the following simple lemma:

Lemma 6.8. Let S be a smooth projective surface with p, = 1 and g = 0. Assume it has an effective
connected divisor F with F* = 0 and pa(F) =1, and a (—2)-curve C such that F - C = 1. Then S is
birational to a K3 surface, and F is a fiber of an elliptic fibration S — P!, where C is a section.
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Proof. Notice that F has the type of a nonmultiple fiber of an elliptic fibration. We want to get such a
fibration on S. By the Riemann—Roch inequality and F-(F — Ks) =0, we have hO(F)+h*(F)> x(0g)=2.
Since in addition h2(F) =h%(Kg— F) and C - (Ks — F) = —1, we have h%(F) = 0. Therefore, there is a
fibration S — P! with general fiber of genus 1 and F is a fiber. Let S’ be the relative minimal model of
this fibration. By the canonical class formula, Kg ~ (=2 + x(05))F + Y _;(m; — 1)G; + E where G; are
the multiple fibers, and E is the exceptional divisor from S — §’. But there is a section C, and so G; =0
for all i. Then S’ has trivial canonical class, and so it is a K3 surface. O

We now go case by case, showing what the support supp(F) of F is and its type (using Kodaira’s

notation), and showing C. Here we are choosing F' and C; there are other choices in general:

(4) supp(F) = Z?:l Fi+Li+Ly+ Ls+ Fie+ Fi7+ Fig, type 112, and C = F7.

(5) supp(F) = F1+ Fig+ F17+ L4, type IV, and C = F;.

(7) supp(F) = F1 + Fi6+ F17+ Ly, type 111, and C = Fis.
(11) supp(F) = Fs+ Lo+ Fi17+ F7, type 11, and C = Fs.
(13) supp(F) = Fi + Fa+ Ly + L3+ Fy + Y12 o Fi, type III*, and C = F.
(17) supp(F) = Ly + Y 3 Fi + Fio + L3+ Fi3 4 Fig, type IV, and C = Fy;.
(19) supp(F)=Fs+ L1+ Fs+ Fo+ F7+ Ly + Fys5, type I, and C = F3.
(20) supp(F)=F3+ L1+ Fs+ Fs+ Fo+ Ly + Fi4, type I, and C = F>. O
6.3. p, > 2 generic surfaces are of general type. In this subsection, we assume that p, > 2. We recall
that Kollar surfaces are simply connected. By classification of algebraic surfaces, the Kodaira dimension
of the associate surface Y is either 1 or 2. We first present families of explicit examples for each of the

two possible Kodaira dimensions, and then we show the general picture for w* > 0.
Let g : Y’ — P? be the normal w*-th root cover branched on

Wig o g M3 e _
(LY LY L LY = 0),
and let f : Y — P2 be g composed with the minimal resolution of singularities of Y. Let p;, i=L;NL;
fori < j. Let E; ;i be the k-th exceptional curve over p; ;. Then
*

w*—1 o ik + B
KyEf*(—3H+ - (L1+L2+L3+L4))—ZZ(l—M)EW

* w*

i<j k

where H is a line in P2. We have

*

w* —4
4w*

w

—1
o (Li+Ly+Ls+ Ly =

—3H + (Li+Ly+ L3+ Ly)

and
frLi+Lj)=w'li+w'Ll)+ Z(ai,j,k + Bij ) Eij i
k
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14b — 1 14b — 1
Ly Ly
-2 -2 -2 -2 -2 -2 —4b—1 -2 -2 -2 3 -2 =2 -2 =3

-2 -2 -5 -1 —4 —b—1 -2 -2 -3 -2 -2 -2 -3 —2h—1=2
L 1 L3 L4

Figure 10. Curve configuration of a general type example.

for i # j, and so

w* — 4 ik + Bijx —4
Ky=— (L’1+L’2+L’3+L’4)+ZZ( = fl’]’k >E,-,j,k,
i<j k

where we are using notation and facts from the beginning of Section 3, and L’ ~ P! is the (reduced,

irreducible) preimage of L;.

Example 6.9. Let b > 2. Consider w* =4(b— 1), u; = o =1, and u3 = pa = 2b — 3. Then, over p;
and p3 4 we have A,«_; singularities in Y’, and over the rest of the p; ; we have %(1, 2b —1). Notice
that w*/(2b — 1) = [2, b, 2]. We have that L'? = —2, and
b—2 ,
Ky = — (2 Z L;+ ; 2E10k+Esar) +(E13k+ Erax+ Ex3i+ E2,4,k))-
1

Therefore, Y is a minimal surface with K% =0and e(Y) =3w* + 12, and so pe(Y) =b — 1. The
surface Y is K3 when b = 2, and Kodaira dimension 1 when b > 2. In fact, one can show that
E132,E1 42, E23.2, E24, are sections (and (—b)-curves) for an elliptic fibration ¥ — P! and the
complement of them in the support above of Ky give two I;. singular fibers (using Kodaira notation).

Example 6.10. Let b > 1. Consider w* =28b+ 1, u; =1, up =2, u3 =4, and g = 28b — 6. Then
over p; j we have:

(P12) (1, w*—2)and [2,...,2,3] with (146 — 1) 2s.
(p13) —=(1,7b) and [5,2, ..., 2] with (7b— 1) 2s.
(P14) ==(1,7)and [4b+1,2,2,2,2,2,2].

(P23) (1, w*—2)and [2,...,2,3] with (14b — 1) 2s.
(P2.4) (1, 14b+4) and [2,2b+1, 3,2, 2].

(p3.4) —=(1,7b+2) and [4,b+1,2,2,3].

One can also compute that L's = L'5 = L'; = —2 and L'3 = —1. The configuration of all these curves
is shown in Figure 10.
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One can verify that o; j x + B; jx >4 for all i, j, k. Therefore, by the formula above, Ky can be written
with positive coefficients supported in the configuration of curves, so that to obtain the minimal model Y”
of Y we only need to contract L} since (w* —4)/4 > 1 (and see the figure). We compute using the
formulas above K)z,,, =73b—1),e(Y")=63b+ 19, and p,(Y") = 7b. In this way, Y” is of general type
for any b.

We now consider prime numbers w* >> 0 and partitions

w1+ o+ ps + g = w*

with 0 < u; < w*. Let & be the set of all partitions. Then, as we did before, there are smooth projective
surfaces Y constructed as w*-th root covers ¥ — Y’ — P2, and there are infinitely many Kollar surfaces
X (a1, ap, a3, as) birational to each Y. Let X, be a minimal (smooth) model for Y (and so for all
X(ai, az, az, as)). The following is based on [Urzda 2010; 2017]:

Theorem 6.11. There is ¥’ C S with |¥'|/w* — 0 as w* > 0 such that, if {1, n2, 13, pa} € L\, then
X min s a simply connected surface of general type with K imin /e(Xmin) = 1 as w* > 0.

Proof. By Proposition 5.6, we have e(Y) = w* 4+ 2+ ij I(wi, mj; w*), and

K} =w*+ % +4+ Z 125 (piy pjs w*) =1, pj; w*).
i<j
Notice that by Theorem 4.1 in [Urzda 2017], both e(Y) > 0 and K )2, >> 0. In particular Y is of general type
by classification of algebraic surfaces. We also note that Ky’ is ample since it is numerically (1 —4/w™)
times the pull-back of the class of a line. Thus, by Theorem 4.3 in [Urzta 2017], the number of potential
(—1)-curves to be contracted over w* tends to zero as w* approaches infinity, and so X, satisfies
K% /e(Xmin) = 1as w* > 0. O
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