Algebra &

Volume 12




Richard E. Borcherds
Antoine Chambert-Loir
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas

Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar
Philippe Michel
Susan Montgomery

Shigefumi Mori

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR
David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
Université Paris-Diderot, France

CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA

Princeton University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA
RIMS, Kyoto University, Japan

Martin Olsson
Raman Parimala
Jonathan Pila

Anand Pillay

Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas

J. Toby Stafford
Pham Huu Tiep

Ravi Vakil

Michel van den Bergh
Marie-France Vignéras
Kei-Ichi Watanabe
Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitidt Bonn, Germany
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2018 is US $340/year for the electronic version, and $535/year (+$53, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2018 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

ALGEBRA AND NUMBER THEORY 12:5 (2018)
dx.doi.org/10.2140/ant.2018.12.1001

Semistable Chow—Hall algebras of quivers and
quantized Donaldson—Thomas invariants

Hans Franzen and Markus Reineke

The semistable ChowHa of a quiver with stability is defined as an analog of the cohomological Hall
algebra of Kontsevich and Soibelman via convolution in equivariant Chow groups of semistable loci in
representation varieties of quivers. We prove several structural results on the semistable ChowHa, namely
isomorphism of the cycle map, a tensor product decomposition, and a tautological presentation. For
symmetric quivers, this leads to an identification of their quantized Donaldson—Thomas invariants with
the Chow-Betti numbers of moduli spaces.

1. Introduction

The cohomological Hall algebra, or CoHa for short, of a quiver is defined in [Kontsevich and Soibelman
2011] as an analog of the Hall algebra construction of Ringel [1990] in equivariant cohomology of
representation varieties. In [Kontsevich and Soibelman 2011] the CoHa serves as a tool for the study
of quantized Donaldson—Thomas invariants of quivers, and in particular their integrality properties,
since it admits a purely algebraic description as a shuffle algebra “with kernel” on spaces of symmetric
polynomials. In [Efimov 2012], the CoHa of a symmetric quiver is shown to be a free super-commutative
algebra, proving the positivity of quantized Donaldson—Thomas invariants in this case.

In another direction, the CoHa is used in [Franzen 2016; 2018] to determine the ring structure on
the cohomology of noncommutative Hilbert schemes and more general framed moduli spaces of quiver
representations, as defined in [Engel and Reineke 2009].

Already in [Franzen 2018] it turns out that a “local” version of the CoHa (the semistable CoHa),
constructed via convolution on semistable loci of representation varieties with respect to a stability, is partic-
ularly useful, and that it is also convenient to replace equivariant cohomology by equivariant Chow groups.

In the present paper, we study this local version, called the semistable ChowHa, more systematically
and demonstrate their utility both for understanding the structure of the CoHa and for the study of
quantized Donaldson—Thomas invariants.

We prove the following structural properties of the semistable ChowHa:

The equivariant cycle map between the semistable ChowHa and the semistable CoHa is an isomorphism
(Corollary 5.6), which can be viewed as a generalization of a result of [King and Walter 1995] on the cycle

MSC2010: primary 14N35; secondary 14C15, 16G20.
Keywords: cohomological Hall algebra, Donaldson—Thomas invariants, quiver moduli.
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map for fine moduli spaces of quivers. We exhibit a tensor product decomposition (Theorem 6.2) of the
CoHa into all semistable CoHa’s for various slopes of the stability, categorifying the Harder—Narasimhan,
or wall-crossing, formula of [Reineke 2003]. We give a “tautological” presentation of the semistable
ChowHa (Theorem 8.1), in the spirit of [Franzen 2015], which generalizes the algebraic description
of [Kontsevich and Soibelman 2011] of the CoHa. Quite surprisingly, such a tautological presentation
remains valid for the equivariant Chow groups of stable loci in representation varieties (Theorem 9.1).
From this, we conclude that the quantized Donaldson-Thomas invariants of a symmetric quiver are
given by the Poincaré polynomials of the Chow groups of moduli spaces of stable quiver representations
(Theorem 9.2). This shows that quantized Donaldson—-Thomas invariants are of algebro-geometric origin;
compare [Meinhardt and Reineke 2014] where quantized Donaldson—Thomas invariants are interpreted
via intersection cohomology of moduli spaces of semistable quiver representations.

The proofs of these structural results basically only use the Harder—Narasimhan stratification of
representation varieties of [Reineke 2003], properties of equivariant Chow groups, and the result of
Efimov [2012]. All structural results are illustrated by examples in Section 10: We first give a complete
description of the Hall algebra of a two-cycle quiver, which is the only symmetric quiver with known
representation theory apart from the trivial and the one-loop quiver whose CoHa’s are already described
in [Kontsevich and Soibelman 2011]. Then we consider the only nontrivial (i.e., not isomorphic to
the CoHa of a trivial quiver) semistable ChowHa for the Kronecker quiver — we observe that it is not
super-commutative, but still has the same Poincaré—Hilbert series as a free super-commutative algebra;
for this, the representation theory of the Kronecker quiver is used essentially. Then we illustrate the
calculation of Chow—Betti numbers of moduli spaces of stable representations in the context of classical
invariant theory, and finally hint at an algebraic derivation of the explicit formula of [Reineke 2012] for
quantized Donaldson—Thomas invariants of multiple loop quivers.

The paper is organized as follows:

After reviewing basic facts on quiver representations (Section 2) and the definition of quantized
Donaldson-Thomas invariants (Section 3), we define the semistable ChowHa in Section 4. In Section 5
we study the cycle map from ChowHa to CoHa, and prove it to be an isomorphism via induction over
Harder—Narasimhan strata and framing techniques. The Harder—Narasimhan stratification is also used in
Section 6 to derive the tensor product decomposition of the ChowHa. We recall the algebraic description
of the CoHa of [Kontsevich and Soibelman 2011] and Efimov’s theorem in Section 7. Again using
the Harder—Narasimhan stratification, we obtain the algebraic description of the semistable ChowHa
in Section 8. In Section 9, the previous results are combined to identify quantized Donaldson—-Thomas
invariants and Chow—Betti numbers. Finally, the examples mentioned above are developed in Section 10.

2. A reminder on quiver representations

Let Q be a quiver—i.e., a finite oriented graph — whose set of vertices and arrows we denote by Qg
and Q1, respectively. We will often suppress the dependency on Q in the notation. The bilinear form
X = Xo on 720 defined by
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X(d,e):Zd,-ee Zdej Z((S” a; j)diej

i€eQo ai—j

is called the Euler form of Q. Here, a; ; is the number of arrows from i to j in Q. We denote the
antisymmetrization x (d, e) — x (e, d) of the Euler form by (d,e). Let I' = Zgg be the monoid of
dimension vectors of Q. R

Let k be a field. A representation M of Q over k is a collection of finite-dimensional vector spaces M;
with i € Qg together with linear maps M,, : M; — M for every arrow o : i — j. See [Assem et al. 2006]
for more details. The tuple dimM = (dim M; | i € Qp) € I is called the dimension vector of M. For a
dimension vector d € I', we define R;(k) to be the vector space

Rq(k) = € Hom(k%, k%)

oi—>j

on which we have an action of the group G, (k) = ]_L-EQO Gly, (k) via base change. An element of Ry (k)
is a representation of Q on the vector spaces (k%);. Being an affine space, R;(k) admits a Z-model, i.e.,
there exists a scheme R; whose set of k-valued points is Ry (k). Likewise, there is a group scheme G4
which is a Z-model for G4 (k).
We introduce a stability condition 6 of Q, that is, a linear form 720 — 7. For a nonzero dimension

vector d, the rational number

0(d)

Zi di

is called the -slope of d. For a rational number u, let I'%* be the submonoid of all d € T" with d = 0
or whose 6-slope is u. If M is a nonzero representation of Q over k, the 6-slope of M is defined as
the slope of its dimension vector. A representation M of Q over k is called 8-semistable if no nonzero
subrepresentation of M has larger 6-slope than M. It is called 6-stable if the 6-slope of every nonzero
subrepresentation M’ is strictly less than the slope of M, unless M’ agrees with M. There is a Zariski-open
subset RZ_SSt of the scheme R; whose set of k-valued points is the set of 6-semistable representations
of Q. There is also an open subset Rs_St of Rg_SSt parametrizing absolutely 0-stable representations, that
means RZ‘St(k) consists of those M € R;(k) such that M ®; K is 6-stable for every finite extension K | k.

3. Quantum Donaldson—Thomas invariants

Fix a prime power ¢ and let [F = [, be the finite field with g elements. Then R;(F) and G4 (F) are finite
sets, and we consider the set of orbits R;([F)/ G4 (F). We define the completed Hall algebra of Q as the
vector space

Hy = H, (@) ={ 7| £ : |_|Ra(P)/Gu(®) — @}

del
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equipped with the following convolution-type multiplication: for two functions f and g, we define

(f*)(X) =) f(U)g(X/U),
Ucx
the sum ranging over all subrepresentations of X. Note that this sum is finite. This multiplication turns
H, into an associative algebra. We define yet another algebra. Set T, := @(ql/ DIt | i € Qo and let the

multiplication be given by

d

1401 1/2)(d,e)td+e.

=(—q
It is shown in [Reineke 2003] that the so-called integration map [ : H, — T, defined by

/ ( ql/Z)X(@X,mX)
f =

dimX
4 Aut(X) EAS

is a homomorphism of algebras. Define 1 € H, to be the function with 1(X) = 1 for all [X]. An easy
computation shows that A(q, ) := [ 1 equals

A(q t)_Z( ql/Z) x(dd)l_[l_[(l 7U)71td‘
i v=l
For a stability condition 6 of Q and a rational number u, we define 194 ¢ H, as the sum of the
characteristic functions on Rz_SSt([F)/Gd([F) over all d € T?*, Set AQ’“(q, 1) = f 191, Using a Harder—
Narasimhan type recursion, it is shown in [Reineke 2003] that:

Theorem 3.1. 1=[]1"* inH,
ne

This implies that the series A and A?* relate in the same way in the twisted power series ring T,.
Let R be the power series ring Q(q'/?)[[#; | i € Qo] with the usual multiplication. Let R, be the set of
power series without constant coefficient. There exists a unique continuous bijection Exp: Ry — 14+ R
such that Exp(f + g) = Exp(f) Exp(g) and
k/24dy —

EXP(‘] 1 —qk/ztd

forevery k € Z and d € I'. This function is called the plethystic exponential. We call the stability condition
6 generic for the slope 1 € @ (or u-generic) if (d, e) =0 for all d, e € T'?*. Assuming that 6 is u-generic,
the series A?# can be displayed as a plethystic exponential.

Theorem 3.2 [Kontsevich and Soibelman 2011]. For a u-generic stability condition 0, there are polyno-
mials Qfl (@)= Qfllqu in Z|q] for every nonzero dimension vector d of slope p such that

— 1 =
A%(g™! 1) =Exp (—1 —2 ﬁ(—q”%“d’”szfl(q)td).
d
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Definition 3.3. If 6 is a u-generic stability condition and d is a nonzero dimension vector of slope u
then the coefficients of

Qq) =) Q) 1q"* = q* VPG (q) € 71T
kez

are called the quantum Donaldson—Thomas invariants of Q with respect to 6.

When the quiver Q is symmetric, that means the Euler form of Q is a symmetric bilinear form, then
every stability condition is p-generic for every value p € Q. For example, the trivial stability condition
is O-generic and we can define the Donaldson-Thomas invariants Qg’ i for every d # 0. Note that
Theorem 3.1 implies Qg’ 0= QZ’ i for every 6. We may therefore write €24« in this case.

4. The semistable ChowHa

Fix an algebraically closed field k. Abusing the notation from the first section, we will use the symbols
Ry, Rz_SSt, RZ‘“, and G for the base extensions of the respective Z-models to Spec k.

Let d be a dimension vector for Q. We define &QZ_S“ to be the G 4-equivariant Chow ring with rational
coefficients of the semistable locus

sty ~(Q) = AG, (Rg™ e

For the definition of equivariant Chow groups and rings, see [Edidin and Graham 1998]. As we will
always work with rational coefficients, we will often omit it in the notation. We define s4?5“# as the
graded vector space

w@—sst,u(Q): @ wzfsst.

del'fr

We mimic Kontsevich and Soibelman’s construction [2011] of the cohomological Hall algebra (CoHa) of
a quiver with stability and trivial potential.

For two dimension vectors d and e of the same slope u, we set Z; . as the subspace of Ry, of
representations M which have a block upper triangular structure as indicated, i.e., for every arrow
o :i — j, the linear map M,, sends the first d; coordinate vectors of k%*¢ into the subspace of k%*¢i
spanned by the first d; coordinate vectors. We consider

Ri xR, < Zj.— Ryie,

the left-hand map sending a representation M = (M/ ) to the pair (M’, M"), and the right-hand

map being the inclusion. These maps are called Hecke correspondences. For a short exact sequence
0— M — M — M"” — 0 of representations of the same slope, M is 6-semistable if and only if both M’
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and M" are. We thus obtain cartesian squares

Ry < R, Zje Rite
Ul Ul Ul
RS X RS «— Z4, MRS, — RS,

G
d g;:) on Zy., and the

map Z4 . — Rg X R, is compatible with the action of its Levi L = G4 x G, on R; x R,. With respect to

The action of G = G4, on Ry, restricts to an action of the parabolic P = (

these actions, the respective semistable loci are invariant. This gives rise to morphisms

(R X RS <" G« Zy, x G — Zi, x" G — Ri, X" G > Rare.

‘We see that:

o (R¥'x R®Y) xL G « z, xL G is a G-equivariant (trivial) vector bundle.

o 28 xL G — Z5 xP G is a fibration whose fiber P/L is an affine space (as L is the Levi of P
in G) and thus induces an isomorphism in G-equivariant intersection theory.

d,‘e j.

sst , P sst P : : : : 3 3 —
© Z7,x"G— R}, X" G isaG-equivariant regular embedding of relative dimension s; = >

ol—

. Rsst

e x? G — Ry, is proper as G/ P is complete, and the dimension of G/P is so = Y, d;e;.

The above morphisms give rise to maps in equivariant intersection theory

AR X R™) = AL(Z3,) <= Ap(Z7) — AT (R — AGT™ T (R,

Note that s; — so equals —x (d, e), the negative of the Euler form of d and e. Composing with the

equivariant exterior product map Af; (R7Y) ® A (RS™) — A7 (R3' x R3™), we obtain a linear map

sst sst sst
A @ A — S

The proof of [Kontsevich and Soibelman 2011, Theorem 1] also shows that we thus obtain an associative
I'%#_graded algebra. In analogy to Kontsevich and Soibelman’s terminology, we define:

Definition 4.1. The algebra s(?~5#(Q) is called the §-semistable Chow—Hall algebra (ChowHa) of
slope u of Q.

For the special case that 6 is zero (i.e., RS = R;) and u = 0, we write s{ instead of 975840 and call
it the ChowHa of Q.
5. ChowHa vs. CoHa

We discuss the relation between the semistable ChowHa and Kontsevich and Soibelman’s semistable
CoHa. Let k be the field of complex numbers. There is an equivariant analog (see [Edidin and Graham
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1998, 2.8]) of the cycle map from [Fulton 1984, Chapter 19]. Concretely, there is a homomorphism of
rings which doubles degrees
A*Gd (RZ—SSt) N Héd (Rg—sst)

for every stability condition 6 and every dimension vector d.

Theorem 5.1. The equivariant cycle map A*(‘;d(Rg_SSt) — Héd (RS_SSt) is an isomorphism. In particular,
szm has no odd-dimensional G ;-equivariant cohomology.

This theorem generalizes a result due to King and Walter [1995, Theorem 3(c)]. They show the above
assertion for an acyclic quiver, an indivisible dimension vector and a stability condition for which stability
and semistability coincide. In this case, there exists a geometric PG;-quotient Rz_(s)“ — Mg, and the
G 4-equivariant Chow and cohomology groups agree with the tensor product of the ordinary Chow and
cohomology groups of the quotient with a polynomial ring Q[z] = AEW (pt) = Hgm (pv).

We need a general lemma in order to prove Theorem 5.1. Let X be a complex algebraic scheme
embedded into a nonsingular variety X of complex dimension N; for the rest of this section, a scheme
will be a complex algebraic scheme (see [Fulton 1984, B.1.1]) which admits such an embedding. The
Borel-Moore homology Hj (X) is isomorphic to the singular cohomology H?Y ~*(X, X —X). We consider
the cycle map cl : Ax(X) = Hy(X).

Lemma 5.2. Let X be a scheme, Y a closed subscheme of X and U the open complement:

(1) Ifboth Y and U have no odd-dimensional homology then X does not have odd-dimensional homology.

(2) If Ax(Y) = Hy(Y) and A (U) — Hy (U) are isomorphisms and Hop41(U) = 0 then Ap(X) —
Hy, (X) is an isomorphism.

(3) Suppose that Ay (Y) — Hy(Y) and Ar(X) — Hyr(X) are isomorphisms and Hy—1(Y) = 0. Then
Ar(U) — Hy (U) is also an isomorphism.

Proof. The first assertion is clear by the long exact sequence in homology. To prove the second statement,
we consider the diagram:

Ap(Y) — Apy(X) — Ay (U) ——— 0

| | |

coo— Hopq(U) — Hy(Y) — Hop(X) — Hop(U) — Hy1(Y) —> - -+

The left and right vertical maps being isomorphisms and the left-most term in the lower row being zero by
assumption, the claim follows by applying the snake lemma. The third claim follows by a diagram chase
in the same diagram. We give the proof for completeness. Let u € Hy (U). There exists x € Hyi(X)
with j*x = u where j : U — X is the open embedding. We find a unique & € A;(X) with cly &£ = x, so
u = j*cly & =cly j*& which proves the surjectivity of cly. To show that cly is injective, let v € Ax(U)
with cly v = 0. For an inverse image & € Ax(X) of v under j*, we obtain j* cly & = 0, whence there
exists y € Hy,(Y) such that i,y =cly &. Here i : ¥ — X denotes the closed immersion. Let n € Ax(Y)
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be the unique cycle with cly n = y. We get clx i.n =i,y = clx & and thus i,.n = £ by injectivity of cly.

This implies v = j*i,n =0. O
An immediate consequence of the above lemma is the following:

Lemma 5.3. Suppose that a scheme X has a filtration X =Xy D --- 2 X1 2 Xo =D by closed subschemes
such that the cycle map for the successive complements S; = X; — X;_1 is an isomorphism for all i. Then

cly is an isomorphism and, moreover, we have noncanonical isomorphisms

N N
Al(X) = EB A(S) and A*(X) X @ AxeodimxS; (g
i=0 i=0

by choosing sections of the surjections A (X;) = A.(S;) foralli.

We now turn to an equivariant setup. Let G be a reductive linear algebraic group acting on a scheme X
of complex dimension n. For an index i, we choose a representation V of G and an open subset £ C V
such that a principal bundle quotient £ /G exists and such that codimy (V — E) > n —i. Then, the group

A% (X) = Aivdimv—dimc(X xC E)

is independent of the choice of E and V. In the same vein, for an index j with 2 codimy (V — E) > 2n— j,
we can define equivariant Borel-Moore homology via ordinary Borel-Moore homology, namely

H{ (X) = Hj12dimv—2dim6 (X x© E)

(see [Edidin and Graham 1998]). If X is smooth then HJ.G(X) is dual to H*"~/(X x% E) which is
isomorphic to H>"~/(X x® EG) = Hé"_j (X) (where EG is the classifying space for G).

We consider the equivariant cycle map cl : A,E; X)— Hz(,;( (X) which is defined as the ordinary cycle
map cl : Ajtdimv—dimc (X xG E) —> Hoi 12 dimv—2dimc (X xG E) (again independent of £ C V). For
complementary open and closed subschemes U and Y of X which are G-invariant, we choose £ C V such
that the principal bundle quotient £ /G exists and codimy (V — E) > n —i (note that all the equivariant
versions of the groups appearing in the diagram in the proof of Lemma 5.2 can be defined using E) and
apply Lemma 5.2 to the complementary open/closed subschemes U x© E and Y x¢ E. We thus obtain:

Corollary 5.4. In the above equivariant situation, Lemmas 5.2 and 5.3 hold for equivariant Chow and

Borel-Moore homology groups.
Proof of Theorem 5.1. We prove Theorem 5.1 in two steps:

(1) Prove that the odd-dimensional equivariant cohomology of the f-semistable locus vanishes by
reducing the arbitrary case to a situation where stability and semistability agree. There, the statement
is known thanks to Reineke [2003].

(2) Prove that the equivariant cycle ma A (RO™Y > H. Ga (R%7%Y) is an isomorphism by induction
q y p A" (Ry % Ky p y
over the Harder—Narasimhan strata.
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Step 1: First, assume that d is a #-coprime dimension vector. This means that there is no subdimension
vector 0 # d’ < d with the same slope as d apart from d itself. In this case, -semistability and 0-stability
on R, agree and there exists a smooth geometric PG;-quotient Rz_(s)st — Mg. Here, PG; = G4/C*. In
[Reineke 2003, Theorem 6.7] it is shown that the odd-dimensional cohomology of Mg vanishes. But as

by the existence of a geometric quotient
HE (RS = H* (M) ® HE. (pv),

it follows that R ™" has no odd-dimensional cohomology.

Now, let d be arbitrary. We show that for a fixed — not necessarily positive — integer k, there exist a
quiver 0,a stability condition 6, a é—coprime dimension vector d, and an integer s > 0 (all depending
on k) for which

ste o PG _ A
HZ(RY™) = H, 5 (RE™(0)). (0

For a dimension vector n of Q, we consider Ii’d,n = Ry x F,, where F, = @, Hom(C", C%). The space
Iéd,n is the space of representations of the framed quiver Q of dimension vector d which arise as follows
(see [Engel and Reineke 2009, Definition 3.1]): we add an extra vertex oo to the vertexes of Q, i.e.,
QO = Qo U {00} and, in addition to the arrows of Q, we have n; arrows from co heading to i for all
i € Qp. The dimension vector d is defined by c?,- =d; fori € Qg and c?oo = 1 and is indivisible. The
structure group G ; is C* x G4, whence we can identify PG; with G4. We define 6 in the same way as
in [loc. cit., Definition 3.1]. The following are equivalent for a framed representation (M, f) € Iéd,n (see
[loc. cit., Proposition 3.3]):

e (M, f)is f-semistable.
e (M, f)is f-stable.

e M is 6-semistable and the (6-)slope of every proper subrepresentation M’ of M which contains the
image of f is strictly less than the slope of M.

We denote the set of f-(semi)stable points of I@d’n with Iéf} - 1t is, by the above characterization, an open
subset of Rg_“t x F,. Let Iég , denote the complement of Iés , inside Rg_“t x F,. As RZ_S“ x F, is a
Gq-equivariant vector bundle over R, we obtain

Gapb—ssty ~ 17Ga O —sst
H Ry ) = H g (Rg X F)
where d -n:=)", din; = dim¢ F,. We thus obtain a long exact sequence
G 5 Ga ( ph—ss G, 50 G 5
o B, (Ry ) = HN(Ry = H g (Ra ) = HZ g (R ) = -

in equivariant Borel-Moore homology. The equivariant BM homology groups HZG" (Iéj’n) vanish if /
exceeds 2 dim Iéj’n. So in order to show that (1) is an isomorphism, it suffices to find a framing datum »n
such that the (complex) dimension of Iéjn is smaller than (k — 1) /2 +d - n. As shown in the proof of
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[Franzen 2018, Theorem 3.2], Iéjn is the union of Harder—Narasimhan strata

DX »HN
Ran= I_l R(p q).n

over all proper subdimension vectors p of d which have the same slope (and ¢ =d — p). The set RHN (o)
is defined as follows: let L(M, f) be minimal among those representations of the same slope as M which

contain im f. We set R(};Nq) , as the set of all (M, f) € RZ‘S“ x F, with dimL(M, f) = p. As

RSt % F
SHN  ~ P,
Re= (% ) (7)) <o

the dimension of this stratum — if nonempty — equals
Y didj—pig)+ Y pini— Y _(d} —pigi)+ Y _d} =dim(Ra) +d -n+ x(p.q) —q -n.
ali—j i i i

Choosing n large enough such that
q-n>dim(Rg) =3 (k= 1)+ x(d~q.9)

for all subdimension vectors 0 # g < d of the same slope as d (which is possible as these are finitely
many nonzero dimension vectors ¢), we find that the dimension of ﬁ;n is smaller than (k —1)/24d - n,
as desired.

Similar arguments were also used by Davison and Meinhardt [2016, Lemma 4.1].

Step 2: Let Q, 6 and d be arbitrary. We consider the open and closed complementary subsets R5"
and R™. As R3" is smooth (of dimension n = ) did;), we have A; "(RSS‘) = AG, "(R%Y) and
H ].Gd (RFH=H, 2" j (R3Y). By Corollary 5.4 (concretely, the equivariant analog of part (3) of Lemma 5.2),

oi—j

it suffices to show that
cl: AG4(RY™Y) — HYJ(RY™Y

is an isomorphism. If RY™' = &, then the assertion is clear. So let us assume that RY™' is nonempty. The
unstable locus admits a stratification into locally closed (irreducible) subsets R§*N, the Harder—Narasimhan
strata, by [Reineke 2003, Proposition 3.4]. By [loc. cit., Proposition 3.7], they can be ordered in such a
way that the union of the first n strata is closed for all n, thus yielding a filtration by G ;-invariant closed
subsets like in Lemma 5.3. Thus it suffices to prove that

ASI(REN) — HEY(REN)
is an isomorphism for all HN types d* = (d', ..., d') of d; this includes showing that all HN strata have
even cohomology. But by the proof of [loc. cit., Proposition 3.4], we have
RZI*N ~ qut Py« Gd

where Z:f,} is a (trivial) vector bundle over R“‘ - X Rf;t, and P is a parabolic subgroup of G; with

Levi Gyt X ---x Gy.
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In particular, Rg*N is smooth, therefore we can again identify Borel-Moore homology with cohomology.
Moreover, AiGd (R};N) = AiGdl XX Gy (R[slslt X - X R[S;t), and similarly for equivariant cohomology. This
shows in particular that the equivariant odd-dimensional cohomology of R;I*N vanishes by the first step of
the proof. Now we argue by induction on the dimension vector d, where the set of dimension vectors
is partially ordered by d < e if d; < ¢; for all i; with respect to this order, all d"’s are strictly smaller
than d. We thus assume that the equivariant cycle map for each RS is an isomorphism. Then, [Totaro
1999, Lemma 6.2], which can be generalized to equivariant Chow groups, implies that the equivariant
exterior product map

G (REH®---® AG, (RS — AG ) xexGy (RS -+ x RS

is an isomorphism (even with integral coefficients). As the R3\’s have even cohomology, the Kiinneth

map is an isomorphism. We are thus reduced to proving the assertion for minimal dimension vectors d,
i.e., d = 0. But there the statement is obviously true. (I

Remark 5.5. Theorem 5.1 is valid for integer coefficients.
Corollary 5.6. The cycle map induces an isomorphism A" — JSU# of algebras.

Proof. The multiplication both in the semistable ChowHa and in the semistable CoHa #*"“# are constructed
by means of the same Hecke correspondences. Moreover, the cycle map is compatible with push-forward
and pull-back. (I

6. Tensor product decomposition

We apply Corollary 5.4 to the Harder—Narasimhan filtration, like in the proof of Theorem 5.1. There
exists a filtration R; = Xy 2 --- 2 X; 2 Xo = 0 by closed subsets such that each of the successive
complements S; := X; — X;_1 equals one of the Harder—Narasimhan strata R};I*N (and vice versa). We
have argued in the proof of Theorem 5.1 that the push-forward Af (X)) — A*G" (Ry) is injective for
every i. Any choice of sections o; : Afd(Si) — AU (X;) of the surjections AG¢ (X)) — Af"(S,») gives
rise to injections o : AS¢ (S;) — AGd (Rz) and yields an isomorphism
N

P AG(REN) = P AZ(Si) = A4 (Ry).

d* i=1
For a Harder—Narasimhan type d* we denote the inclusion Af d (sz*N ) —> Af ‘(Rg) with 64+. Using the
cohomological grading of the Chow groups, we get

- x—codimp , (RHN)
Gar 1 Ag, (RN > A, (Ry).

The codimension of RZI*N in Ry can easily be computed as x(d*) := Y. _  x(d", d*). Recall that the

Harder—Narasimhan stratum R;I*N is isomorphic to Z5' xf¢* G4, where Z5 is the inverse image of
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R;Slt X ee X Rj'ﬁt under the projection map of the Pg«-equivariant vector bundle

Rdl k
Zd*= . —)RdIX"‘XRdI.
Rdl

P«

As the map 7 : Zg« x"4* G4 — Ry is proper its image is closed (and irreducible) in R; and contains RE*N

as an open subset. This implies that the image of 7 agrees with the Zariski closure of RZEN. Let i be an
index such that RE*N = S; in the above filtration. We summarize the situation in the following diagram:

HN HN
Rd* g Rd* g Xi g Rd
T :[ /
= b
ZSxfe Gy © Zg xPer Gy

The square on the left-hand side is cartesian with open inclusions. The other inclusions are closed
embeddings. We pass to Chow groups. This yields the following commutative diagram

AZH RNy ———— ATYRIN) — AT(X;) — AYY(RY)
NT ~ ]\ /
= T
ATNZG X P Gg) «— AN (Zge X G)
Now we use the two natural isomorphisms A*C‘;d (Zg» xFer Gy) = A”C‘;d1 RN ® A’&d](Rdz) and

Ag, (Z5! x For Gy = A’(‘;l1 (stlt) R - ® A*(‘;d[ (R[Sﬁt). We work with the cohomological grading here to

avoid having to take degree shifts into account. Let us choose a section of the pull-back of each of the
open embeddings R C Ryv. Let

T gdl (Rj;lt) R ® A*Gd’ (R:;t) — A*Gdl RNV ® A*Gd’ (Ry)

be the resulting section. We get a section A*Gd (Z[Slit x P Gy) — A*Gd (Z4+ xF* G 4) which we, by abuse
of notation, also call t;«. The composition

sar: A (RY) => AL (Z3 xTt Gg) 5 AL (Zg» x Gg) > Al (REYN)
is then a section of the pull-back A’g;d(RdT*N ) — A’g;d (RLI}*N) because of the following:

Lemma 6.1. Let G be an algebraic group and let

x 15 x

Y

Y’%Y
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be a cartesian square of G-schemes, where j is an open embedding, f is a proper morphism and f' is an
isomorphism. Let s' : AS(Y') — AS(Y) be a section of the open pull-back j'* : A% (X) — AS(X'). Then
the composition s := f*s/f;_l is a section of j* : AY(Y) — AS(Y").

Proof. Passing to equivariant Chow groups, we obtain a commutative square

AG(X) <— AZ(X)

1 ' 1~

A 4 AT
in which f is an isomorphism. Let @ € AY(Y’). We compute
Jste) =" fs fT @) = £ 1T @) = fUT @) = e

This proves the lemma. O

Now we apply the above lemma again, this time to the cartesian diagram

REN — RYN
Si — X;
— the vertical map being the closed immersion, and the horizontal maps the open embeddings — and to
s' = s4+. The composition
oi 1 AZY(8;) = AT (RN 245> A (RIN) — A% (X;)
is hence a section of A*G"(X,-) — Af“'(S,-). If we now form the inclusions &+ : A (R};N) — A*G"(Rd)
as described at the beginning of this section we have ensured that we obtain a commutative diagram

Al (RID® -+ AL (R —=— AG (R

dl
l‘[d* l(}d *

AL (R ®---® AL (Ry) —— AG (R

in which the lower horizontal map is the ChowHa multiplication. We define the descending tensor product
®:€@ ASLH as the IM'-graded vector space

DD, ®H®--- A5 (R}
d d*

where the inner sum ranges over all Harder—Narasimhan types d* summing to d (i.e., tuples d* =
d',...,d") of dimension vectors of slopes u! > --- > u! such that d' + --- + d' = d). The above
considerations then prove:
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Theorem 6.2. The ChowHa multiplication induces an isomorphism

<«
®&49—SSLM ~5 o
ne

of T'-graded vector spaces between the descending tensor product of the 0-semistable ChowHa’s over all
possible slopes and the ChowHa.

Remark 6.3. The theorem is valid with integral coefficients, for an arbitrary quiver, and does not require
the stability condition to be generic. Theorem 6.2 has been proved with different methods by Rimédnyi
[2013] for the CoHa of a Dynkin quiver which is not an orientation of Eg.

7. Structure of the CoHa of a symmetric quiver

The CoHa and ChowHa of a quiver are described explicitly in [Kontsevich and Soibelman 2011]. Since
we will make use of this description, we recall it here: The equivariant Chow ring A, (Rq) = Ag (pY) is
isomorphic to

Qlx;, i € Qo, 1 <r<d™,

where Wy =[], Sg, is the Weyl group of a maximal torus of G4. We may regard the variables x; , (located
in degree 1) as a basis for the character group of this torus or as the Chern roots of the G4-linear vector
bundle Ry x k% — Ry with G4 acting on k% by its i-th factor.

Theorem 7.1 [Kontsevich and Soibelman 2011, Theorem 2]. For f € sy and g € A,, the product f x g
equals the function

di ¢j
Z fGioey 1,1 =7 <di) - §Wigdi+s) | 1,1 =5 <€) 1_[ HH(Xj,aj(ders) — X0y O
i,jeQor=1s=l1
The sum ranges over all (d, e)-shuffles o = (0; | i) € Wy., that means each o; is a (d;, e;)-shuffle

permutation.

We assume that the stability condition 6 is p-generic. In this case, we can equip the semistable ChowHa
of slope u with a refined grading: setting

A= {A(c?; DR = x(d. d) (mod 2),
“n o n# x(d.d) (mod2),

it is easy to see that the multiplication map becomes bigraded, thus &iﬁzt’ n ® 5&2‘ my sdzf; +entm)-
Like in Section 3, we consider again the case of a symmetric quiver and the trivial stability condition.

In this situation, it is immediate from the formula in the above theorem that f x g = (—1)X@-¥ g« f for

fed,and g € A,. One can show (see [Kontsevich and Soibelman 2011, §2.6]) that there exists a bilinear

form v on the Z/27Z-vector space (Z/27Z)2° such that f x g = (—1)¥@©) f % g is a super-commutative
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multiplication, when defining the parity of an element of bidegree (d, n) to be the parity of n. We see
that the generating series P(gq,1) =) , Zk(—l)k dim sd (g 1y g*/?t? is

d;
Z(_ql/z)X(d’d) 1_[ 1_[(1 _ q”)_ltd.
d

i v=1

So, P(q,t) = A(g~",t). By Theorem 3.2, the generating series has a product expansion

P(g,t) = 1_[ l_[ 1_[(1 _ qn+k/2td)(_1)k719d,k‘
d

k n>0

As a free super-commutative algebra with a generator in bidegree (d, k) has the generating series
(1 — g*/2¢dy D" = Bxp((—1)¥g*/219), Kontsevich and Soibelman [2011] made a conjecture which was
eventually proved by Efimov.

Theorem 7.2 [Efimov 2012, Theorem 1.1]. For a symmetric quiver Q, the algebra A(Q), equipped
with the super-commutative multiplication *, is isomorphic to a free super-commutative algebra over
a (T x Z)-graded vector space V = VP'™ @ Q[z], where z lives in bidegree (0, 2), and b, V;’r,im is
finite-dimensional for every d.

prim
Vid.k
and must therefore be nonnegative. We will give another characterization of the primitive part of the

CoHa in Theorem 9.2.

This result implies that the Donaldson—-Thomas invariants €24 must agree with the dimension of

8. Tautological presentation of the semistable ChowHa

We investigate the relation between the semistable ChowHa s4° ~“# and the ChowHa s of a quiver Q.
For a dimension vector d of slope u, we consider the open embedding

RZSt — Rd

which gives rise to a surjective map A*Gd (Ry) — A*éd (Rfft). As the Hecke correspondences for the
semistable ChowHa are given by restricting the Hecke correspondences of & to the semistable loci, these
open pull-backs are compatible with the multiplication, i.e., they induce a surjective homomorphism of
I"-graded algebras

o — w@—sst,u

Here, we regard 0% ~5*\# as a I'-graded algebra by extending it trivially to every dimension vector whose
slope is not s. We can describe the kernel explicitly.

Theorem 8.1. The kernel of the natural map sy — &&Z‘S“ equals the sum

> oy sl

over all pairs (p, q) of dimension vectors of Q which sum to d and such that u(p) > u(q).
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The key ingredient of the proof of this result is a purely intersection-theoretic lemma. Following
[Fulton 1984, B.1.1], we call a k-scheme algebraic if it is separated and of finite type over Spec k. Thus,
a variety is an algebraic scheme which is integral.

Lemma 8.2. Let f : X — Y be a surjective, proper morphism of algebraic k-schemes. Then the push-
forward f, : Ax(X)g — A(Y)q is surjective.

Proof. 1t is obviously sufficient to prove that, for every dominant morphism f : X — Y of an algebraic
scheme X to a variety Y, there exists a subvariety W of X of dimension dim W =dim Y which dominates Y.
This is a local statement, so we may assume X and Y to be affine, say X = Spec B and Y = Spec A. The
morphism f corresponds to an extension A < B of rings. We therefore need to show that there exists a
prime ideal q of B with qN A = (0) such that the induced extension

Q(B/q) | Q(A)

is finite. Let K = Q(A) and R = B ®4 K. By Noether normalization, there exist by, ..., b, € R,
algebraically independent over K, such that K[by, ..., b,] € R is a finite (and hence integral) ring-
extension. Without loss of generality, we may assume by, ..., b, € B. Choose a set of generators cy, .. ., Cg
of Rasa K|[by, ..., b,]-algebra and polynomials p; (T) € K[by, ..., b,][T] such that p;(c;) =0. We find
an element s € A — {0} such that the coefficients of all the p;’s lie in A,[b1, ..., b,] and p;(c;) =0 holds
in By. This implies that By is an integral A[by, ..., b,]-algebra which yields the surjectivity of the map
Spec By — Spec A;lby, ..., b,]. We consider the prime ideal p’ = (by, ..., b,) of A[by, ..., b,] and find
a prime ideal q' of B, which lies above it. Then By /q’ is an integral extension of A[by, ..., b,]/p’ = A;
and therefore, setting q = q’ N B, the extension

Q(B/q) = Q(Bs/q) | Q(Ay) = Q(A)
is finite. O
Proof of Theorem 8.1. Let R}™" be the complement of R in Ry. Then, we have an exact sequence
AS(RY™Y) — AS(Ry) — AS(RSY — 0,

where G = G4. For a decomposition d = p +g¢, let R, , be the closed subset of R, of all representations
which possess a subrepresentation of dimension vector p. It is the G-saturation of Z, ,. The G-action
gives a surjective, proper morphism

P?.
ZpgX'71G— Rpg,

where P, , is the parabolic (G” - ) The unstable locus R™" equals the union [ J R, , over all decompo-
q

sitions d = p + g where the slope of p is larger than the slope of ¢g. Let us call these decompositions

0-forbidden. We obtain, using Lemma 8.2 and [Fulton 1984, Example 1.3.1(c)], that the sequence

P A5(Zy.q x4 G) > AG(Ry) — AGRFH >0
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is exact when passing to rational coefficients — the direct sum being taken over all forbidden decomposi-
tions d = p 4 ¢q. Setting n = dim R; — m, we identify

AG(qu X Ppq G) ”+X(P (1)(qu) ~ A’g:))(((g;q)(Rp % Rq)

like in Section 4. As the equivariant product map A*(‘;p(Rp) ® A*G{ (Ry) — A*prcq (R), x Ry) is an
isomorphism (which is clear from the explicit description given above), we have shown that

B D A5, RIe®AG, (R)a— A, (Ri)a — A, (RT)e — 0

p+q=d k+i=n+x(p,q)
forbidden

is an exact sequence. The first map in this sequence is precisely the ChowHa-multiplication. This proves
the theorem. g

9. The primitive part of the semistable ChowHa

As anext step, we analyze the kernel of the pull-back A¥; (R™") — A (RY)) induced by the open embedding
of the stable locus into the semistable locus. A semistable representation M € Ry is not stable if and only if
there exists a proper subrepresentation of the same slope. For a decomposition d = p+¢ into subdimension
vectors of the same slope, we define Rlsffq as the subset of those M € R’ which admit a subrepresentation

of dimension vector p. Therefore, the set of properly semistable representations is the union

sst U Rsst

over all decompositions d = p + g such that p and g have the same slope and are both nonzero. We have,

yet again, a surjective, proper morphism

A result of Totaro [1999, Lemma 6.1], which can easily be transferred to equivariant Chow rings, shows
that the exterior product A*GP(R;“) ® Azq (R;St) — A“&px G, (R;St X RZS‘) is an isomorphism. Following
the arguments of the proof of Theorem 8.1, we obtain:

Theorem 9.1. The kernel of the surjection &QZ_S“ — &ifl_“ is the sum

0 —sst 0 —sst
Dol sl
over all decompositions d = p + q into nonzero subdimension vectors of the same 6-slope.

In other words, the graded vector space 547 ~5t# =P derén sdz_“ equipped with the trivial multiplication

(by which we mean that the product of two homogeneous elements of positive degree is set to be zero) is

O—sst, .szﬁ

isomorphic to the quotient &4 ~SSt# /(sf O=SSLiy of the semistable ChowHa modulo the square

of its augmentation ideal o9,
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Again, we consider the case of a symmetric quiver Q. We have deduced from Theorem 8.1 that s/ =554
is free super-commutative over V%# = D cron Va. The quotient of the augmentation ideal of a free
super-commutative algebra by its square is isomorphic to the primitive part of the algebra, i.e., in our case

Vy = sl = A (R = Af, (RS ® AL, (pt)
forevery d #0. As V; = V; rim ® Q[z], we deduce that
i _ {A;’gdx(d’d”/z(kgt) k=x(d,d) (mod?2),
’ 0 k #£ x(d,d) (mod?2).
Assuming that Rz_“ is nonempty and denoting by Mg_St the geometric quotient Rg_“ / PG4 (which we

call the stable moduli space), we get

J 0—sty __ APGy O—sty _ A .. ) agf—st
Ade (Rd ) - Adim Ry—j (Rd ) - Adlm R;—dim PG, —j (Md )

and dim MS_“ =dim R; —dimPG,; =1 — x(d, d). This yields that the Donaldson—-Thomas invariants
of Q are given by the Chow—Betti numbers of the stable moduli spaces, more precisely:

Theorem 9.2. For a symmetric quiver Q, a stability condition 0 and a dimension vector d # 0, the
Donaldson—Thomas invariant Q4 i equals

dim Alf(k+x(d’d))/2(M2t) ifk = X(d, d) (mod 2) and Mst 75 J,

Qg =
o iO otherwise.
In particular, Q24 can only be nonzero if x(d,d) <k <2 —x(d, d).

Remark 9.3. The range for the nonvanishing of the Donaldson-Thomas invariants from the above
theorem yields that the number N, (Q) in [Efimov 2012, Corollary 4.1] can be chosen as 1 — x(d, d),
i.e., the dimension of Mg_“.

10. Examples

10.1. The two-cycle quiver. We start by illustrating the tensor product decomposition from Theorem 6.2.
There are exactly three connected symmetric quivers which are not wild, that is, for which a classification
of their finite-dimensional representations up to isomorphism is known. Namely, these are:

» The quiver Lo of Dynkin type A; with a single vertex and no arrows.
« The quiver L, of extended Dynkin type Ay consisting of a single vertex and a single loop.

e The quiver Q of extended Dynkin type A, with two vertices i and j and single arrows i — j and
Jj — i, respectively.

For the quivers Ly and L1, the structure of the CoHa is determined in [Kontsevich and Soibelman
2011]. Namely, we have

A(Lo) = S*(Q(1, D[z]) and  sd(Ly) = $™(Q, 0)[z]),
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where S* denotes the free super-commutative algebra, Q(d, i) denotes a one-dimensional Q-space placed
in bidegree (d, i), and z denotes the element in bidegree (0, 2) as in Theorem 7.2.

The structure of the CoHa of Q is described in [Franzen 2018, Corollary 2.5]; here we give a simplified
derivation of this result using the present methods. We consider the stability 6 given by 0(d;, d;) = d;
(note that any nontrivial stability is equivalent to 6 or —6 in the sense that the class of (semi)stable
representation is the same). Let a representation M of Q of dimension vector d be given by vector spaces
Vi and V; and linear maps f : V; — V; and g : V; — V;. We claim that this representation is #-semistable
if and only if V; =0, or V; =0, or dim V; =dim V; and f is an isomorphism; moreover, it is §-stable if
it is 0-semistable and dim V;, dim V; < 1.

The case (dim V;)-(dim V;) =0 being trivial, we assume dim V;, dim V; > 1. Suppose M is 0-semistable.
If f is not injective, we choose a vector 0 # v € V; in the kernel of f, yielding a subrepresentation U of
dimension vector (1, 0). Then we find 1 = u(U) < u(M) =dim V;/(dim V; +dim V;), thus dim V; =0,
a contradiction. Thus f is injective, and (V;, f(V;)) defines a subrepresentation U’ of dimension vector
(dim V;, dim V;) of M. Then we find % = wu(U’) < n(M), thus dim V; < dim V;, which already implies
dim V; = dim V; and shows that f is an isomorphism. Conversely every representation M consisting of
vector spaces V; and V; of the same dimension, an isomorphism f : V; — V;, and an arbitrary linear
map g : V; — V; is 6-semistable: the subrepresentations of M are of the form U = (U;, U;) for some
subspaces satisfying f(U;) € U; and g(U;) C U;. Injectivity of f implies dim U; < dim U; and thus
wl) < % = u(M). To show that stability forces dim V; = 1 = dim V; we argue as follows: as f is an
isomorphism, we may assume without loss of generality that V) =V, =V and f =idy. Let v € V be an
eigenvector of g to some eigenvalue A. The subspaces U; = U, = (v) then provide a subrepresentation of
M of dimension vector (1, 1).

This analysis provides identifications

Ag, (Rg_“t) = AG, @Y ford = (n,0)ord=(0,n),
AL (RS =AY oM (k) ford = (n, n),
which we recognize as the homogeneous parts of the CoHa of L and L, respectively. These identifications

obviously being compatible with the respective Hecke correspondences defining the multiplications, we
see that

&QQ—SSLI(Q) ; &Q(LO) g &QG_SS[’O(Q) and &QQ_SSLI/Z(Q) ; &Q(L])
By Theorem 6.2, we thus arrive at an isomorphism of graded vector spaces
A(Q) = $*((@Q((1,0), H ®QO, 1), D S Q((1, 1), 0))[z]).

10.2. The Kronecker quiver. Now we consider the Kronecker quiver K, with two vertices i and j and
two arrows from i to j. As we will use results from Section 5, we work over the field of complex numbers.
Again we consider the stability 6(d;, d;) = d;. This is again a case where the representation theory of
the quiver is known: up to isomorphism, there exist unique (6-stable) indecomposable representations
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P, and I, for each of the dimension vectors (n, n + 1) and (n + 1, n), respectively, for n > 0, and there
exist one-parametric families R, (}) of (f-semistable) indecomposables for each of the dimension vectors
(n,n) forn >0 and A € P! (C). Arguing as in the first example, we can conclude that

AITSHD (K =2 §5(Q(d, D[z]) ford=m,n+1)ord = (n+1,n),
and

ﬂe_SSt’“(Kz):o if,u&’{O, %, %, %, ceey %, %L, %, %, 1}.

It remains to consider s¢?=541/2(K5).

We construct a stratification of the 6-semistable locus in R, »)(K2) = My x,(C) X M, «,(C), on which
G =Gl,(C) x GI,,(C) acts via (g, h) - (A, B) = (hAg_l, th_l). For 0 < r < n, we define S, as the
G-saturation of the set of pairs of matrices

(5 %) G 2l)

where E; denotes an i x i-identity matrix, A denotes an arbitrary » x r-matrix, and N denotes a nilpotent
(n —r) x (n — r)-matrix. We claim that every S, is locally closed, their union equals the #-semistable
locus, and the closure of S, equals the union of the S, for r’ <r.

The representation R, (A) is given explicitly by the matrices (E,, AE, +J,) for A # oo, and by (J,,, E};)
for A = oo, where J, is the nilpotent n x n-Jordan block. As noted above, a #-semistable representation
of M of dimension vector (n, n) is of the form

M =Ry (k)@ ® Ry, ()

forn=ny+---+ngand A, ..., i € P1(C), uniquely defined up to reordering. Now we reorder the
direct sum and assume that Ay, ..., A; #ooand A = --- = Ay = 00. Using the above explicit form of
the representations R, (1), we see that M is represented by a pair of block matrices of the form

(%) ()

with N nilpotent and A arbitrary. All claimed properties of the stratification follow.
Now we claim that

S, = (G1,(C) x Gl,(C)) x©xC=r© (p1.(C) x N,_,(T)),

where the group Gl, (C) x Gl,,—,(C) is considered as a subgroup of Gl,,(C) x Gl,(C) by mapping a pair
(g1, hg) to ( (%1 }?4 ), (%1 }?4 )) We consider the stabilizer of the set of matrices in the above block form. So
we take g, h € Gl,(C), written as block matrices

g1 & hy hz)
— s h: s
8 (83 84) (h3 n
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and assume we are given matrices A, A’ € M,+,(C) and N, N’ € N,_,(C), the nilpotent cone of
(n —r) x (n — r) matrices, such that

hi hy\ (E- O E. 0\ (g1 & hi ho\ (A O A" 0 g1 &

(ha h4) (0 N) B (0 N’) (g3 g4> and (hs h4) <0 En—r) B (0 En—r) (ga g4)'
From these equations we first conclude h; = g and hg = g4, thus hy = A’g> and g» = hy N, which
yields hy = A’hy N. By induction, this implies h, = (A")kh, N¥ for all k > 1. But N is nilpotent, thus
hy =0, thus g = 0. Similarly, we can conclude 43 =0 and g3 = 0. But then g; and g4 are invertible, and
A = glAgl_1 aswell as N' = g4Ng4_1. This proves the claim.

To obtain information on the Chow groups from this stratification using Lemma 5.3, we first have to
analyze the Chow groups of nilpotent cones.

The nilpotent cone N, (C) is irreducible of dimension d? — d, and the Gl (C)-orbits 0 in Ny are
parametrized by partitions A in P4, the set of partitions of d (we denote by % the union of all %;’s). The
stabilizer G, of a point in 0, has dimension (A, A) = Zi’ j min(m;, mj)m;m, and its reductive part is
isomorphic to ]_[i Gl (C), where m; = m; (1) denotes the multiplicity of i as a part of A, fori > 1. We
can thus apply Lemma 5.3 and reduce the structure group — note that in characteristic zero, an orbit is
isomorphic to the quotient of the group by the stabilizer of a point— to get

A&d@)(Nd(C)) ~ @ A*+d (*, ’\)(pt),
AEP,

and the equivariant cycle map for Ny (C) is an isomorphism.
This enables us to again apply Lemma 5.3, this time to the stratification (S,),. We compute (using
codimS, =n —r):

n

* 6 —sst ~ k—n+r
AGln(C)xGln(C)(R(n n) (KZ)) = @ AGI (C)xGl, (C)(S”)
r=0

=P A8 G xan,© Mr(©) X Na—y(€))

n

= P AL, ) (M (©) ® A" i) (Nar ()
r=0

= @ AGl (©) (pH) ® @ A* ) (p).

AP,

Summing over all n, we obtain

6—sst,1/2 ~ — ~ AA
sy (K2) = EDAG, € <@ Ripmy (K2)) = (@ AGL,© (pt)> ® (@ Ag,' >(pt))'

n>0 r>0 rEP



1022 Hans Franzen and Markus Reineke

The generating function of the bigraded space % ~%"1/2(K;) therefore equals

o g~ g2 1 1
(2) (1—q)---(1 —q")) ' (; [T (T —q)---(1 —qu») _,H o L=

>0 i>1

by standard identities. We thus arrive at an isomorphism of bigraded Q-spaces
sd? 72 (Kp) = $*(@((1, D, 0) @ Q((L, 1), 2))z).

However, this is not an isomorphism of algebras, since we will now exhibit an example showing that
the algebra s09~541/2(K>) is not super-commutative.
We use the algebraic description of the CoHa of Section 7 together with Theorem 8.1. We have

&d(m,n)(Kz) ZQ[x1, ..., X, Viseons yn]SmxSn

with multiplication given as in Section 7. By Theorem 8.1, 54, 13""/*(K2) is the factor of sd1,1)(K2) =

Q[x1, y1] by the image of the multiplication map 41 0y(K2) ® so,1)(K2) = A1,1)(K?2), thus
(P (K) = Qlx, y1/ (6= 1),

Again by Theorem 8.1, &i?g ‘;‘;t’l/ 2(K 2) is the factor of 52 2)(K>) by the image of the multiplication map

Ao, 1)(K2) @ Ao,1)(K2) @ A1,0)(K2) @ A(1,2)(K2) = A 2,2)(K?).

The degree of an element in this image is at least —x ((2, 1), (0, 1)) = —x ((1, 0), (1, 2)) = 3. A direct

calculation shows that for the elements 1, x, y € &df{ f;t’l/ %(K»), we have in 5&?2_’ ;;t’l/ 2(Ky):
1x1=2,
Ixx=yl4y2,

xx1=2(x14x2)— (y1+y2),
Ixy=—(x1+x2)4+2(y1+y2), and
yxl=x1+x2.

In particular, the (anti)commutator of 1 and x does not vanish.

10.3. Donaldson—Thomas invariants as Chow-Betti numbers. Next, we illustrate Theorem 9.2. We
consider the symmetric quiver Q with two vertices i and j and n > 1 arrows from i to j and from j
to i, and the dimension vector d = (1, r) for r < n. To determine the quantized Donaldson—-Thomas
invariant Q4 x, we use the stability 8 = (r, —1), for which d is coprime. Therefore, 2, = sz, « €quals
the (suitably shifted) Poincaré polynomial of the cohomology of the moduli space RZ_S“(Q) / PGy, which
is isomorphic to a vector bundle over the Grassmannian Gr, (k") [Reineke 2017, §6.1]. By Theorem 9.2,
we can also compute €2, ; as the (suitably shifted) Poincaré polynomial of the Chow ring of the moduli
space RSiSt(Q) / PG4. Again by [Reineke 2017], this moduli space is isomorphic to the space X of
n x n-matrices of rank r. Mapping such a matrix to its image defines a Gl, (k)-equivariant fibration
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X — Gr,(k"), whose fiber is isomorphic to the space of r x n-matrices of highest rank. The latter being
open in an affine space, its Chow ring reduces to Q, thus the Chow ring of X is isomorphic to the Chow
ring of Gr, (k") as expected.

10.4. Multiple loop quivers. Finally, we consider the quiver L,, with a single vertex and m > 2 loops.
The quantized Donaldson—Thomas invariants are computed explicitly in [Reineke 2012].

All stability conditions are equivalent for this quiver. Let M, SIMP pe the moduli space of simple (equiva-
lently, stable) representations of L,, of dimension d. It is obtained as the geometric quotient R P/ PGly.
The Chow ring A*(M;lmp)@ = PGld(Rmnp)q;D (we will always work with rational coefficients in this
subsection and therefore neglect it in the notation) is a quotient of the equivariant Chow ring APGld (Rg) =
Apgy, (pt). The group of characters of a maximal torus of Gl, identifies with the free abelian group in letters
X1, ..., X4, the natural action of the Weyl group W = S, being the permutation action. A maximal torus of
PGl is given by the quotient of the chosen maximal torus of Gl; by the diagonally embedded multiplicative
group. The corresponding Weyl group is also S; and the character group is then the submodule

Xa=Spy_11=lax1+---+agxqlay+---+a; =0}.

The symmetric algebra Sym(Xy) over X, is the subalgebra of Q[xy, ..., x4] generated by x; — x;

(with i < j) and the equivariant Chow ring A;’;Gld (Ry;) is therefore Sym(Xd)Sd which identifies with

a subalgebra of A (pt) = Q[x1,...,x4]1%. As in the proofs of Theorems 8.1 and 9.1, the kernel of
PG] (Rq) — A} PGl, (RS Py is then given by the image of

B Ata,(Zp.q x"7PGla) > Apey, (Ra).,

ptq=d
p.q>0

where P, , is the obvious parabolic subgroup of PGl; — this, by the way, can be done for an arbitrary
qulver and for the kernels Apg (Ra) — Apg, (Re ) and A}, PG, (RG N —> A3 5, (R9 Y. The ring
Apg, (Zp,q) is isomorphic to Sym(Xy)S7*5 and the push-forward map

Mp.q : Apgr, (Zp.q x 71 PGly) = Apg (Ra)

can be described algebraically and looks just like the explicit formula from [Kontsevich and Soibelman
2011, Theorem 2], i.e., given by a shuffle product with kernel ]_[f:1 ]_[‘]].:1 (Xptj— x;)™ 1. The relations
in AltGld (Rg) which present A*(M;lmp) thus have at least degree (m — 1)(d —1). In other words, for every
0<i<(@m-—1)(d—-1), we get
AT(M™) = Abg) (Rg) = Sym' (X)>.
The generating series of Sym(X,)% is
1

o Zﬁ{(k2,...,kd)|2k2+---+dkd}qi

and using Theorem 9.2, we obtain a descrlptlon of the first few Donaldson—-Thomas invariants.
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Proposition 10.4.1. For the m-loop quiver, the Donaldson—Thomas invariant Qg i for a nonnegative
integer d and an integer k of the same parity as (1 —m)d? satisfying

A=m)d> <k < —m)d>=2d+2)

computes as

Qus =t{(ka, ... kq) | 2ky + - +dkg = 3((m — Dd*> + k) }.

We conclude the subsection with a computation of the numbers €2, ;. The ring Sym(Xz)S2 is the
subalgebra of ([x;, x2]%2 which is generated by (xo — x1)2. Abbreviate A = x, — x;. As a Sym(Xz)Sz-
module, Sym(X>) is generated by 1 and A. The push-forward map m ; : Sym(X,) — Sym(X)"? sends
f(x1,x2) to

(f @1, x2) + (=D f (2, ) A"

and therefore, the image of m ; is the ideal of Sym(Xz)S2 = Q[A?] which is generated by A2m2] e,
A™ if m is even and A1 if m is odd). We have shown that

1 ifk=0 (mod4)and 4(1 —m)—2 <k <4(lm/2] —m),

Qy =
2k {0 otherwise.
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Certain abelian varieties bad at only one prime

Armand Brumer and Kenneth Kramer

An abelian surface A g of prime conductor N is favorable if its 2-division field F is an Ss-extension
over @ with ramification index 5 over Q,. Let A be favorable and let B be a semistable abelian variety
of dimension 2d and conductor N¢ with B[2] filtered by copies of A[2]. We give a sufficient class field
theoretic criterion on F to guarantee that B is isogenous to A“.

As expected from our paramodular conjecture, we conclude that there is one isogeny class of abelian
surfaces for each conductor in {277, 349, 461, 797, 971}. The general applicability of our criterion is
discussed in the data section.
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1. Introduction

Let J4(S) be the set of isogeny classes of simple abelian varieties over Q) of dimension d with good
reduction outside S, a finite set of primes. By [Faltings 1983], J,(S) is finite and it is empty when § is,
by [Abrashkin 1987; Fontaine 1985]. All curves of genus 2 with good reduction outside 2 are found in
[Merriman and Smart 1993; Smart 1997], yielding 165 isogeny classes of Jacobians. Factors of Jo(219)
and Weil restrictions of elliptic curves over quadratic fields provide an additional 50 members of J,({2}),

but the complete determination of J,({2}) is still open.
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For semistable abelian varieties, Fontaine’s nonexistence result has been slightly extended [Brumer
and Kramer 2001; 2004; 2014; Calegari 2004; Schoof 2005]. It is much more challenging to find all
isogeny classes when some exist.

In a beautiful sequence of papers Schoof [2005; 2012b; 2012a] shows that for § = {N} with prime
N <23 or § = {3, 5} the classical modular variety Jo(N) or Jo(15), respectively, is the only simple
semistable abelian variety of arbitrary dimension, up to isogeny. To apply Faltings’ isogeny theorem on
abelian varieties, Schoof introduces a general result on p-divisible groups whose constituents belong to a
category C of finite flat group schemes. For the reader’s convenience, the statement is included here as
Theorem 3.3. For a suitable choice of category D, depending on S, Schoof determines all simple objects
and their extensions by one another. Because the Odlyzko bounds are used, the sets S to which these
methods apply are severely limited.

In fact, given a finite set S of primes, it seems challenging to decide whether the dimension of the
simple semistable abelian varieties good outside S is bounded.

This paper grew out of the desire to check the uniqueness of certain isogeny classes for larger conductors.
Another motivation was to provide additional evidence for our conjecture. (See modification added in
proof, page 1069.)

Paramodular conjecture [Brumer and Kramer 2014]. Let K(N) be the paramodular group of level N.
There is a one-to-one correspondence

isogeny classes of abelian surfaces weight 2 nonlifts f on K(N),
A q of conductor N with < | with rational eigenvalues, up to
Endg A=Z7 scalar multiplication

in which the €-adic representation of T¢(A) ® Q, and that associated to f are isomorphic for any £ prime
to N, so that the L-series of A and f agree.

The L-series of abelian surfaces of GL,-type are understood via classical elliptic modular forms, while
our conjecture treats all other abelian surfaces. It is verified in [Berger et al. 2015; Johnson-Leung and
Roberts 2012] for the Weil restrictions of modular elliptic curves over quadratic fields, not isogenous to
their conjugates. It is also compatible with twists [Johnson-Leung and Roberts 2017].

To ensure that we are not in the endoscopic case, we consider prime conductors. By [Brumer and
Kramer 2014, Theorem 3.4.11], an abelian surface of prime conductor is isogenous to a Jacobian. For
each N in {277, 349, 461, 797, 971}, the space of weight 2 nonlift paramodular forms on K (/N) is one-
dimensional [Poor and Yuen 2015], so our conjecture predicts that there should be exactly one isogeny
class of abelian surfaces of conductor N. In [Brumer and Kramer 2014], we proved that 277 is the
smallest prime conductor. For each N listed above, there is a unique Galois module structure available
for A[2]. For those N, Q(A[2]) must be the Galois closure of a favorable quintic field as defined below.

Definition 1.1. Let N be an odd prime. A quintic extension Fp/Q of discriminant £16N is favorable
if the prime over 2 has ramification index 5. A favorable polynomial is any minimal polynomial for
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a favorable quintic field. An abelian surface A of prime conductor N is favorable its 2-division field
Q(A[2)) is the Galois closure of a favorable quintic field.

We note some pleasant properties of favorable quintic fields.

Proposition 1.2. Let F be the Galois closure of a favorable quintic field Fy of discriminant dy = 16 N*
with N* = £N. Then:

(1) Gal(F/Q) is isomorphic to the symmetric group Ss. At each prime N | N, the inertia group I,y =
In(F/Q) is generated by a transposition.

(ii) The completion Fy of F at each prime B | 2 is isomorphic to Qz(us, «5/5) and the decomposition
group Dy = Dyp(F/Q) is the Frobenius group of order 20. The sign of N* is determined by
N*=5(8).

(iii) There is only one prime over 2 in the subfield K>y of F fixed by Sym{3, 4, 5}.

(iv) If A is a favorable abelian surface, then the finite flat group scheme A[2]z, is absolutely irreducible
and biconnected over 7.

Proof. (i) Since N exactly divides dp, only one prime say 91 over N ramifies in F(/Q and the OF,-ideal
generated by N factors as (N) = 91ja, where a is an ideal prime to 9y and e > 1. If f is the residue
degree of M then N~ D/ divides dy, so e =2, f = 1 and the other primes over N are unramified
in F/Q. Thus the completion Fy is Qy (+/do) and Zy; has order 2. Since Zy acts nontrivially on +/dy, it
is generated by a transposition. A transposition and a 5-cycle generate Ss.

(ii) By assumption, Fiz/@Q; has tame ramification of degree 5 and thus contains (s, J2). Since Dy
is solvable, Fiy = Q2 (s, ¥/2). Any Frobenius automorphism at 93 is a 4-cycle, so it acts nontrivially on
/dp and therefore N* =5 mod 8.

(iii) There are no transpositions in Dy, so Dz N Sym{3, 4, 5} is trivial. Since [Kyg : Q] = 20, there is
only one prime over 2 in K»p.

(iv) Since Dy acts on A[2] via its unique 4-dimensional absolutely irreducible [F>-representation, A[2],7,
has no étale or multiplicative constituents. U

A favorable Ss-field is the Galois closure of a favorable quintic field. The Jacobian of a genus 2 curve C
is favorable only if C has a model y*> = f(x) with f favorable, but C might have bad reduction outside N.

In general, L is a stem field for M it M is the Galois closure of L/Q. A pair-resolvent for an Ss-field F
is a subfield K fixed by the centralizer of a transposition in Ss. Then K is well-defined up to isomorphism
and is a stem field for F. If r; and r; are distinct roots of a quintic polynomial f with splitting field F', we
can take K = Q(r; +r»), the fixed field of Sym{1, 2} x Sym({3, 4, 5}. There is only one prime p over 2 in K
by Proposition 1.2(iii). Let Qf,?) be the maximal elementary 2-extension of K of modulus p? - 0o, i.e., the
compositum of all quadratic extensions of K with that modulus. Write rk, for the rank of Gal(Q(I?) /K).
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The following is a restatement of Theorem 6.1.22.

Theorem 1.3. Let A be a favorable abelian surface of conductor N and let K be a pair-resolvent field
for F = Q(A[2]). Suppose that B is a semistable abelian variety of dimension 2d and conductor N¢, with
BI2] filtered by copies of A[2]. If tky = 0 and tk4 < 1, then B is isogenous to A%. If B is a surface, it is
isogenous to A.

For the proof, we first construct suitable categories E, chosen so that extensions of the simple objects £
in E can be identified. Most of the paper is devoted to the study of such extension classes. A description of
the extensions of £ by £ as group schemes over Z, is obtained via Honda systems. For global applications,
assume that p =2 and () is a favorable Ss-field. Monodromy at N restricts the extensions W of £ by
& as group schemes over Z[ﬁ] A comparison with local data determines when W prolongs to a group
scheme over Z[%] and leads to our class field theoretic criterion for the control of Ext}E (&, &) required
by Schoof’s theorem. Ray class field information, difficult to reach over F, becomes accessible over the
degree 10 field K. Moreover, we found that Theorem 1.3 and Proposition 6.1.13 have no analog for other
intermediate fields of /(). A more detailed overview of our paper follows.

The category E of finite flat p-group schemes over Z[%] defined in §3 is motivated by necessary
conditions for an abelian variety B to be isogenous to a product of given semistable abelian varieties A;. It
is essential to impose conductor bounds at N, without which Theorem 3.3 does not apply, as indicated in
Example B.4. Thanks to Proposition A.2, we deduce in Theorem 3.7 that it suffices to study the subgroup
Ext[lp]y £(&, &) consisting of classes of extensions W of £ by £ such that p)V = 0.

We review group schemes and Honda systems over the ring of Witt vectors W of a finite field k of
characteristic p in Section 2. In Section 4, finite Honda systems are used to classify absolutely simple
biconnected finite flat group schemes £ of rank p* over W and describe the classes V] in Ext[lp]yzp (&, €).
We give the structure of the associated Galois modules E and W in Section 5 and obtain a conductor
bound for the elementary abelian extension K (W)/K (E) in Proposition 5.2.17. The latter improves on
Fontaine’s bound in our case, see Remark 5.2.19.

In Section 6, we restrict to p = 2 and give a class field theoretic condition equivalent to the vanishing
of Ext[IZ]’ £(&, &) in Proposition 6.1.21. Its proof exploits the following ingredients: (i) monodromy at N,
to determine the matrix groups available for Gal(Q(W)/Q) as W runs over the extensions of E by E as
Galois modules, (ii) conductor bounds at p = 2, as described above and (iii) rigidification in Section 5.3
and (6.1.5) of the cocycles corresponding to local and global extensions of E by E, to check whether
they are compatible, as needed for patching.

Appendix C contains several general facts required for the determination of abelian conductor exponents
in our applications.

In Appendix D, we apply Theorem 1.3 to all the favorable quintic fields with N at most 25000 to
obtain Table 1. In particular, there is a unique isogeny class of abelian surfaces for each conductor N in
{277, 349, 461, 797, 971}. Curious about the wider applicability of our criterion, we studied the fields
corresponding to 276109 favorable abelian surfaces of prime conductor at most 10'* found by an ad-hoc
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search. We were surprised to discover that the uniqueness, up to isogeny, in Theorem 1.3 holds uniformly
for about 11.8% of those fields. The data is summarized in Table 3.

In our companion paper [Brumer and Kramer 2018], extensions WV of exponent p? are studied and
new “full image” results for certain subgroups of GSp,,(Z;) generated by transvections are obtained. As
a consequence, if A is a favorable abelian surface, then Q@ (A[4]) is an elementary 2-extension of rank 11
over Q(A[2]) with carefully controlled ramification. In Table 1, we also indicate the fields for which no
favorable abelian surface can exist because there is no candidate for its 4-division field.

Write K for the algebraic closure of K and G g = Gal(K /K). For any local or global field K, let Ok
be its ring of integers. If L/K is a Galois extension of number fields, let D, (L/K) and Z,(L/K) be the
decomposition and inertia subgroups of Gal(L/K) at a place v of L. We also use v for its restriction to
each subfield of L. When the local extension L, /K, is abelian, f,(L/K) denotes the abelian conductor
exponent of L,/K,. Write f,(V) for the Artin conductor exponent of a finite Z,[D,]-module V.

2. Some review of group schemes

Let R be a Dedekind domain with quotient field K. Calligraphic letters are used for finite flat group
schemes V over R and the corresponding Roman letter for the Galois module V = V(K). The order of V
is the rank over R of its affine algebra, or equivalently the order of the finite abelian group V = V(K).

By the following result of Raynaud [1974], group schemes occurring as subquotients of known group
schemes can be treated via their associated Galois modules. Thus, the generic fiber functor induces an
isomorphism between the lattice of finite flat closed R-subgroup schemes of ) and that of finite flat closed
K -subgroup schemes of V|, where K is the field of fractions of R. The following results will be used
without explicit reference.

Lemma 2.1. Let R be a Dedekind domain with quotient field K and let V be a finite flat group scheme
over R with generic fiber V. =V|g. If W = V,/ Vy is a subquotient of V, for closed immersions of finite
flat K-group schemes Vi — V, < V, there are unique closed immersions of finite flat R-group schemes
Vi < Vo < V, such that V; = V; |k, and there is a unique isomorphism V> /Vi >~ W compatible with
WYk = W.

Let p be a prime not dividing N, R = Z[%] R = Z[I%N] and let Gr be the category of p-primary finite
flat group schemes over R. Let C be the category of triples (V1, V», 8) where V) is a finite flat Z,-group
scheme, V), a finite flat R’-group scheme and 6 : V) ®z, Qp — V2 ®r Q) an isomorphism of Q,-group
schemes. Then Proposition 2.3 of [Schoof 2003] asserts that the functor Gr — C taking the R-group
scheme Vto (V®rZ,,V ®r R',id®zQ)) is an equivalence of categories. We can identify V ®g R’
with the Galois module V, since V is étale over R’. For objects V; and V), of Gr, the Mayer—Vietoris
sequence of [Schoof 2003, Corollary 2.4] specializes to:

Homg, (Vi, V2) <~ Homgz,(Vi, V2) x Homg (V1, V2) <~ Homg(V1, V) <0

5 (2.2)
Extz(V1, V2) — Extz (V1, V2) x Extp (V1, V2) — Extg (V1, Va).
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Corollary 2.3. Let V| and V>, be finite flat group schemes over R = Z[
over Zp. The following natural maps are isomorphisms:

%] with V| and V, biconnected

Homg V1, Vo) — Homga(Vy, V2) and  Exta(Vi, Va) — Ext, (Vi, Va).
If'V is a group scheme over R and V\q, is absolutely irreducible, then
Endg, (V) =Endg (V) =F,, and Endgr(V)=F,.
In addition, § =0in 2.2) withV; =V, = V.

Proof. The first claim follows from (2.2) and a theorem of Fontaine quoted in [Mazur 1977, Theorem 1.4].
For the second, use Schur’s lemma and a diagram chase. |

We next review some basic material on Honda systems found in [Brinon and Conrad 2009; Conrad
1999; Fontaine 1977]. Let p be a prime, k a perfect field of characteristic p > 0, W = W(k) the Witt
vectors and K its field of fractions. Let o : W — W be the Frobenius automorphism characterized
by o(x) = x? (mod p) for x in W. The Dieudonné ring D, = WI[F, V] is generated by the Frobenius
operator F and Verschiebung operator V. We have FV = VF = p, Fa = o (a)F and Va = o~ N a)V for all
a in W.

A Honda system over W is a pair (M, L) consisting of a finitely generated free W-module M, a
W-submodule L and a Frobenius semilinear injective endomorphism F: M — M with pM C F(M) and the
induced map L/ pL. — M/FM an isomorphism. If F is topologically nilpotent, then (M, L) is connected.
Since M is torsion free, M becomes a Dy-module with V = pF~!.

A finite Honda system over W is a pair (M, L) consisting of a left D;-module M of finite W-length
and a W-submodule L. with V : L — M injective and the induced map L/ pL. — M/FM an isomorphism.
If F is nilpotent on M, then (M, L) is connected. Morphisms are defined in the obvious manner. If (M, L)
is a Honda system then (M/p"M, L/p"L) is a finite Honda system.

Honda systems owe their importance to the following fundamental result.

Theorem 2.4 [Fontaine 1975a;1975b]. Let k be a perfect field of characteristic p > 0.

(1) If p > 2, there is a natural antiequivalence of categories G ~~ (D(Gy), L(G)) from the category of
p-divisible groups over W to that of Honda systems (D(Gy) is the Dieudonné module of Gy). The

same holds for p = 2 if we restrict to connected objects on both sides.

(1) If p > 2, there is a natural antiequivalence of categories from the category of finite flat p-primary
group schemes over W to that of finite Honda systems and the same holds for p = 2 if we restrict to
connected objects on both sides.

(iii) The cotangent space of Gy at the origin is D(Gy)/FD(Gy).
(iv) Both antiequivalences respect extensions of k. Moreover, if G is a p-divisible group over W, then

DGR/ (p"), L(G)/(p™)) is naturally identified with the finite Honda system associated with G[p"]

foralln > 1.



Certain abelian varieties bad at only one prime 1033

Lemma 2.5. Let (M, L) be a Honda system of exponent p. Then M = L+ FM is a direct sum, kerF =
VL = VM, dimkerF =dimL and ker V = FM.

Proof. Since L/pL — M/FM is an isomorphism, M = L 4+ FM is a direct sum and
dimM =dimFM 4+ dimL = dimM — dimker F + dim L.

Hence dimkerF = dim L and equality holds for each inclusion in VL € VM C ker F because V| is
injective. In addition,

dimL =dim VL =dim VM = dimM — dimker V,
so M =L +ker V is a direct sum and the inclusion FM C ker V is an equality. U

Let CW « denote the formal k-group scheme associated to the Witt covector group functor CWy, see
[Conrad 1999; Fontaine 1977]. When &’ is a finite extension of k and K’ is the field of fractions of W (k'),
we have CWy (k") >~ K’/ W (k’). For any k-algebra R and W = W (k), let D;, = W[F, V] act on elements a =
(cevvlopy ... a—1,a0) of CWi(R)by Fa=(...,a”,,...,a" ,a}), Va=(...,a_ut1), ..., a-2,a_1)

—n
n

andca=(...,c” a_,,..., c”fla,l, cagp), where ¢ in W is the Teichmiiller lift of ¢. Note that such lifts
generate W as a topological ring.
The Hasse—Witt exponential map is a homomorphism of additive groups,

£:CWi(Og/pOg) = K/pOg by (...a_n.....a_1,a) >y p"a’,

independent of the choice of lifts a_, in Og. If U is the group scheme of a Honda system (M, L), the
points of the Galois module U correspond to Di-homomorphisms ¢ : M — CwW (Og/pOg) such that
&(p(L)) =0 and we say that ¢ belongs to U. The action of Gg on U (K) is induced from its action on
CWi(Og/pO%).

We write + for the usual Witt covector addition [Conrad 1999, p. 242] and state some related elementary
facts. For g a power of p and x, y in K, the congruence D,(x,y)=((x+y)—x7—-y9)/q (mod pOg)
defines a unique, possibly nonintegral element of K / pOg, independent of the choices of lifts X and y
in Og. The binomial theorem yields the following estimate.

Lemma 2.6. ord,((x +y)? —x? — y7) > 1 + g min{ord,(X), ord,(y)}.

It is convenient to write (6, X_pn,...,xp) for the element (...,0,0,x_,,...,xp) In EV\Vk(OE/pOE).
A routine calculation using the formulas in [Abrashkin 1987; Conrad 1999] gives:

Lemma 2.7. Addition in CW(Ox/pOx) specializes to
(0, ug, us, uz, u, up)+(0, va, v, vo) = (0, us, u3, uz + v, Wi, wo),
where wi = uy + vy — ®,(uz, v2) and

wo = uo + vo + %(Mf +v7) — @2 (uz, v) — %(ul +v1 — D, (uz, v2))”.
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3. The new categories

After a review of local conductors, we introduce the categories in which extension classes will be studied.

Fix distinct primes N and p and let K be a finite extension of Qy. If L/K is a Galois extension, let
D =D(L/K) be its Galois group and Z =Z(L/K) its inertia subgroup. When Z acts tamely on the finite
Z,|D]-module V, its Artin conductor exponent is given by fy (V) = lengtth V/VIIf

0O—-Vi-V->V,—->0

is an exact sequence of finite Z,[D]-modules, then fy (V) > fy (V1) +fn (V2).

Let A be an abelian variety over Qy with semistable bad reduction and let T,(A) denote its p-adic
Tate module. We freely use results of Grothendieck [Grothendieck and Raynaud 1972], reviewed in
[Brumer and Kramer 2001]. The p®°-division field Qy (A[p°°]) depends only on the isogeny class of A,
so is shared by the dual variety A. The inertia subgroup Z of Gal(Qy (A[p*°])/Qyu) is pro-p cyclic
and (o — I)Z(Tp (A)) = 0 for any topological generator o of Z. The fixed space M;(A) =T ,(A) is a
Z p-direct summand T, (A) and the toric space M;(A) is the Z,-submodule of T ,(A) orthogonal to M f(AA)
under the natural pairing of T,(A) with T, (A). Moreover, (o — 1)(T,(A)) has finite index in M,(A).
The conductor exponent of A at N, denoted fy(A), is the Z,-rank of T,(A)/M y(A). Equivalently, we
have fy(A) =rankz, M;(A) =rankz,(oc — 1)(T,(A)).

Lemma 3.1. Suppose that {y (Al p]) = fn(A). Then we have fn (A[p"]) = nfy(Alp]) foralln > 1 and
(o0 = (T, (A)) = M (A).
Proof. In the following diagram

(0 —D(T,(A)
(0 —D(T,(A) N p"T,(A)

(0 — 1)(A[p"]) <& —Ls M, (A)/p" M, (A),

7 is an isomorphism induced by the natural projection 7 : T,,(A) — A[p"] and j is an injection induced
by the inclusion j : (o6 — 1)(T,(A)) — M;(A). Since M;(A) is a Z,-direct summand of T,(A), we have
M;(A)/p"M,(A) ~ (Z/p™)', where f = fn(A) and thus

nf =length; M:(A)/p"M;(A) = fn(Alp"]) = nfy (AlpD), (3.2)

using super-additivity of conductors for the last inequality. By assumption, the left and right sides of (3.2)
are equal, so fy (A[p"]) =nfy(A[p]). Then jox !
passage to the limit. O

is an isomorphism and (o — 1)(T,) = M,(A) upon

We recall the following elegant theorem of Schoof on p-divisible groups.

Theorem 3.3 [Schoof 2005, Theorem 8.3]. Let C be a full subcategory of the category of p-primary
group schemes over O = Z[%], closed under taking products, closed flat subgroup schemes and quotients
by closed flat subgroup schemes. Let G ={G,} and H = {H,} be p-divisible groups over O, with G, and
H,, in C. Suppose that:

(i) R =End(G) is a discrete valuation ring with uniformizer w and residue field k = R/m R.
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(i) The map Homgo (G[x], G[m]) SIN Extlg(G[n], G[r]), induced by the cohomology sequence of
0 — G[7]— G[n?]— G[n] — 0, isan isomorphism of one-dimensional k-vector spaces.

(iil) Each H, admits a filtration by flat closed subgroup schemes whose successive subquotients are

isomorphic to G[r].
Then H is isomorphic to G” for some r.

For Theorem 3.3 to be applicable, the critical condition required of the category C is that (ii) hold.
Additional motivation for our choice of category is provided at the end of this section.

Definition 3.4. Let ¥ ={&; | 1 <i < s} be a collection of finite flat group schemes over Z[ ] such that

1
N
(i) & is biconnected over Z,, for all i and

(i1) the Galois modules E; are absolutely simple and pairwise nonisomorphic.

Given X, a category E of finite flat group schemes )V over Z[%] is a X-category if the following properties
are satisfied:

E1. Each composition factor of V is isomorphic to some & with 1 <i <.
E2. If o, generates inertia at v | N, then (o, — 1)2 annihilates V = V(Q).

E3. If n; is the multiplicity of E; in the semisimplification V* of V, then

(V) =fn (V) =" nifw (E)).

A collection of semistable abelian varieties A;, good outside N, is X-favorable if End A; = Z, the
& = A;lp] satisfy (i) and (ii) and fy (4;) = fy(E;) for 1 <i <s.

In particular, a favorable abelian surface A is X-favorable with ¥ = {A[2]}.

Lemma 3.5. If 0 > W — V — V — 0 is an exact sequence of finite flat group schemes and V is in E,
then W and V also are in E.

Proof. By super-additivity of conductors and E3 for V, we have
N (V) =fn (W) +fx (V) < fn W)+ (V) < (V) = (V™).
Hence E3 is valid for both W and V. The rest is clear. ([l
Lemma 3.5 implies that £ is a full subcategory of the category of p-primary group schemes over

Z[%], closed under taking products, closed flat subgroup schemes and quotients by closed flat subgroup

schemes. As in [Schoof 2005], this guarantees that ExtIE is defined.

Notation 3.6. If V and W in E are annihilated by p, write Ext[lp]’ g (V, W) for the subgroup of Extij 4%
whose classes are represented by extensions killed by p.

Theorem 3.7. Let {A; | 1 <i < s} be a X-favorable collection of abelian varieties and let E be the
Y-category with ¥ = {& = Ai[pl |1 <i <s}.
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(i) If B is isogenous to [ [, A:”, then subquotients of B[p"] are in E.
(ii) Conversely, let B be semistable and write B[p]* = @®n;&;. Suppose that fy(B) =Y _n;fy(E;) and

E4 :Ext{, (&.£)=0, foralll<i<;j<s.
Then B is isogenous to [ | A}'.

Proof. Lemmas 3.1 and 3.5 imply the first claim. For the converse, it suffices by Lemma 3.5 to show
that B[p"] belongs to E. Property E1 is clear and E2 follows from semistability. By super-additivity of
conductors,

> min(E) =fn (BIpT®) < fn(BIp)) < fw(B) =) nifn (Ed).

Thus each weak inequality above is an equality and so

fv(BLp"D) =rin (BIpD) =Y rnif(E:)

by Lemma 3.1. Hence E3 holds and B[p"] is in E.

Assuming E4, the lemma below enables us to define isotypic decompositions of the finite flat group
schemes in E. Thus the p-divisible group of B is the product of its isotypic p-divisible subgroups H®.
If G is the p-divisible group of A;, then End(G®) = Z p by the theorem of Faltings proving Tate’s
conjecture. Vanishing of Ext[lp]’ E(E,-, &;) and Proposition A.2 imply that Ext}E (&, &) = [, thanks to the
existence of the extension 0 — & — A;[ pz] — & — 0. Theorem 3.3 now gives H; ~ G?" and so the
p-divisible group of B is isomorphic to that of [] A". Conclude by Faltings’ theorem [1983, §5] on
isogenies. (I

Lemma 3.8. Let M be a finite length module over the ring R and E1, ..., E; its nonisomorphic simple
constituents. Let M; be the maximal R-submodule all of whose composition factors are isomorphic to E;.
If Ext}e (Ei, Ej)=0fori # j, then M = @ M;, i.e., M is the sum of its isotypic components.

Proof. If all composition factors of the R-modules N and N’ are isomorphic to E;, the same is true of
N + N’ as a quotient of N @ N’, so the definition of M; makes sense. The sum of the M; is direct, since
no simple module occurs in the intersection of M; with the sum of the other isotypics. By the long exact
sequence of Ext and induction, Ext}e (E;, P) =0 1if P does not involve E;. Let M’ = @le M; C M
and let N be a minimal submodule of M containing M’. Then, after relabeling, we have N/M’ ~ Ej.
The exact sequence 0 - M'/M; — N/My — E; — 0 splits, so there is a submodule N" of N with
N'/M; ~ E,, contradicting maximality of M. O

We conclude with some comments on the definition of £ and the assumptions in Theorem 3.7. Schoof
uses categories D satisfying only E1 and E2. However, as shown in Example B.4, Ext[lz]’ p(€, &) #0 for
the cases of interest to us, violating Theorem 3.3(ii). Motivated by Theorem 3.7(i), we were led to add
E3 as a necessary condition. For the reader who might wonder why E3 was not imposed by Schoof, we
offer the following explanation.
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Remark 3.9. In [Schoof 2005, §7], p=2, dimE =2 and A =Gal(Q(E)/Q) ~S3, so H! (A, Mat,(F»)) =0
and the obstruction to splitting of extensions that we encounter in Example B.4 does not arise for Schoof.
Moreover, E2 implies E3 if dim E; = 2fy (E;) for all i. Indeed, V/V () ~ (o, — 1)V C V(%) by E2.
Let V% = ®n; E; and write £(V) = lengtth V. Then

zznifN(Ei) = Zl’li dim[pp E,=¢(V)=£((c,—1)V) +g(v<0v>)
> 20((oy — DV) =2fn (V) 22> nifn (Ed).

Hence fy (V) = > nifn(E;).

The lower bound fy (V) > > n;fx(E;) holds for the conductor of V, while E3 imposes equality.
Thus, in Theorem 3.7(ii), fx (B) is as small as possible given the structure of B[p]*. But minimality of
conductor does not guarantee that B is semistable, as the following example shows.

Example 3.10. Setzer [1981] gives an elliptic curve over K = Q(+/37) with everywhere good reduction:
C:y’—ey=x"+1CBe+Dx*+1(lle+ Dx, €=6++/37.

If B is its Weil restriction to @, then B has good reduction outside N = 37 and fy(B) = 2 by Milne’s
conductor formula [1972, Proposition 1]. Let A be any of the elliptic curves over @ of conductor 37.
These curves share the same group scheme £ = A[2] and fy(E) = 1. Let E be the X-category with
Y = {&}. Then B[2]* = £ & £ and so E3 holds. But B has potential good reduction at N and inertia
at v| N acts on T(B) through the finite quotient Gal(Qy (+/37)/Qy), so E2 fails. Note that B was
considered earlier in [Shimura 1972].

Remark 3.11. In his work on deformations, Ploner [2015] considered conditions E1, E2 and E4 for

two-dimensional group schemes.

4. Some Honda systems

Recall that W is the ring of Witt vectors over a finite field k£ of characteristic p and let K be the quotient
field of W. Suppose that £ = A[p] is an absolutely simple finite flat group scheme of order p* where A
is an abelian surface over K with biconnected good reduction. In this section, we classify the Honda
systems of such £’s and those of extensions of £ by itself annihilated by p.

Proposition 4.1. Let (M, L) be the Honda system for a group scheme & as above. Then there is a k-basis
X1, X2, X3, X4 for M such that L. = span{x, x»},

1000 0000
V=|oi00| and F=|g501 4.2)
0000 1000

. . .. . 2 4
for some X in k*. Furthermore x|, ..., x} is another such basis if and only if x; = r” xy and .’ = r'=P"
withr in k*.
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Proof. Let € = (M, L) be the Honda system for £. Refer to Lemma 2.5 as needed. Theorem 2.4,
applied to the p-divisible group of A implies that dim L = 2. By absolute simplicity, £ becomes a
Raynaud [ ,«-module scheme over the Witt vectors W (k) [Raynaud 1974; Tate 1997, §4]. Berthelot [1977,
Lemme 2.5] shows that M’ = M ®; k admits a basis {§; | i € Z/4Z} such that F(&;) =&; 1 or V(§;41) =&;,
with L’ spanned by a subset of that basis.

Suppose that L does not contain two successive basis vectors. Then we may assume that L' =
span{&1, &3}. By injectivity of V on L, we have V& = &y and V&; = &;. Since F(M’) = span{F(&;), F(&3)}
is 2-dimensional, V(&) # &1, so F(§1) =&, and similarly F(§3) =&y. If n =&, 4-&3, then Fn =Vn =& +&.
Thus there is a sub-Honda system (M”, L") of € with M” = span{#, Fn} and L” = span{n}, contradicting
absolute simplicity of £.

Therefore, we may assume that L” = span{&;, &}. Since V is injective on L', we cannot have F(&) = &,
s0 &1 =V&, e L’NVL' and dim; (LNVL) =1 over the original ground field k. Write x, =Vx; #0in LNVL
with x; in L and so L = span{x;, x}. Set x4 =Fx; and x3 = F2x;. Since dimy ker F=2 and F is nilpotent,
F3 = 0. By iterating F on M = L 4+ FM to find that FM = FL 4 F?L = span{x3, x4}. Thus x1, x2, X3, x4 is
a basis for M. Injectivity of V on L implies that Vx, # 0. But Vx; is in ker F = VL = span{x;, x3} and V
is nilpotent. Hence Vx; = Ax3 for some A € k™, resulting in matrix representations of the form (4.2).

For another such basis, x} generates L N VL, so x} = r”x; with r € k*. Then x| = rple and
Xy = szi = l’p4X3. Thus A'xy = VX, =rVx; =rix3 = rl_p4kx§ and so A = r!=P A in k. O

Notation 4.3. For A € k™, let &, = (My, L) be the Honda system in the proposition and call x1, x2, x3, x4
a standard basis for &,. Denote the corresponding group scheme, Galois module and representation by

&, Ey and pg, respectively.
Let Ext!(&;, &,) be the group of classes of extensions of Honda systems
0—>¢ —->ML-5¢E -0 4.4)

under Baer sum [Mac Lane 1963, Chapter III, Theorem 2.1] and let Ext[lp](Qf,\, €,) be the subgroup such
that pM = 0.

Proposition 4.5. If (M, L) represents a class in Ext[lp](Qf,\, &,), there is a k-basis ey, . . ., eg for M such
that 1(x1) = ey, m(e5) = x1, L = span{ey, ey, es, ec},

00000 As; 00 0000/0 0 0 0
1000[0 As3 00 00000 0 0 0
0A00[0 As4 00 00010 —s" =20
0000[s Ass 00 1000[0 0 —s”0
V=1%0000 000| “ F=|G50000 0 0 0
0000[1 000 00000 0 0 0
0000[0 » 00 00000 0 0 1
(0000[0 0 00 | [ 0000/1 0 0 0|
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with sy, 83, 83, S4, S5 in k. Fork = k/(o* —1)(k), the map (M, L) ~> (s1, ..., s5) induces an isomorphism
of additive groups s : Ext[lp](éx, ) > k@kDkDhkDEk.

Proof. Let {x; | 1 < j < 4} be a standard basis for &, and define ¢; = ((x;) in (4.4). Since 0 —
Lo — L% Ly — 0is exact, we can extend e, e, to a basis for L by adjoining elements s, &¢ of L
such that 7 (e5) = x1 and 7 (eg) = x».

From V(m(es)) = m(eg), we have Ves = eq +r1e| +rpex +r3es +s1e4 with s and all r; in k. Replace
&5 by es = &5+ 0%(ay)e; + o (ay)e; and ég by eg = é6 + bie; + byes with a;, b; in k. Then

Ves =Ves +o(ay)er + rares
=eg+rie1 + (2 +o(a1))ex+ (r3 +Aax)es + s1eq
=eg+ (r1 —byer+ (rp+o(ay) —br)ex + (r3 + raz)es + s1¢e4.

Now choose a;, b; so that V(es5) —eq = s1e4. Finally, let es = Fes and e7 = Feg. Since V(7 (eg)) = Am(e7),
we may choose elements s; of k such that

Veg = L(e7 + spe; + s3ex + sqe3 + s5e4). 4.6)

This verifies the matrix representation of V. From 0 = FVes = Feg 4 0 (s1)e3, we get Feg = —o (s1)e3.
Apply F to (4.6) to find Fe; and obtain the matrix of F.

The only ambiguity left is that es might be replaced by es + o%(a;)e;, in which case s4 becomes
s4+a; —o*(a)) while s1, 52, 53, 5 remain unchanged.

Another extension (M’, L) is equivalent to (M, L) if and only if there is an isomorphism 4 in the

commutative diagram

! 7_[/

0 ¢, M, L) () 0
[ [ @)
0 ¢ —— ML) —— ¢ 0.
Let e}, ...eg be a basis for (M, L) constructed as above. Since & (e}), ..., h(eg) must be another such

basis, the isomorphism 4 exists if and only if h(e’l) = ¢; and h(e’s) = e5s + o 2(aj)e; with a; in k. Tt
follows that s is a well-defined bijection.

To verify the additivity of s, let (M, L) and (M’, L) represent two classes in Ext[1 p](&, ¢;) and let
0— ¢ 5 M, L") Z ¢ — 0 represent their Baer sum. To obtain a k-basis for M” let y; = (e;, 0)
inMxM forl<i<4andy,; = (e, el’.) for 5 <i <8, each of which satisfies the fiber product condition
that 7 (y;) = m(e;) = m'(e}). The relations are given by (" (a) = (1(a), 0) = (0, ('(a)) for all a in &,.
We have

Vys = (Ves, Ves) = (e6 + s1€4, €5+ 51€4) = ¥6 + (s1ea, 0) + (0, s7¢€))
= ¥+ (s1e4, 0) + (syes, 0) = y6 + (51 + 57) V4,
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Vys = (Ves, Veg) = Mer, e+ Y Asiei, sje)) =hyr+ Y Msi+s)vi,

1<i<4 1<i<4
Fys = (Feg, Feg) = — (s e3, (s)7e3) = —(s7e3,0) — (0, (s)Pe})
= —(s7e3,0) — ((s))7e3,0) = —(s1 + 5" y3,
Fy; = (Fe7, Fel) = —(sfe3, (s5)Pe}) — (53 es, (s5)"ey)
= —(s5+55)"y3 — (s2+5) " ya.

By completing the matrices for V and F, we find that s, = s; + s/ for 1 <i <5. O

5. The local theory

In this section, we study the fields of points of extensions of exponent p whose Honda systems were
described above. In particular, we obtain good conductor bounds. We use freely the notation of Section 2.
Let K be the quotient field of W and let & be the Teichmiiller lift to W of a in k, with 0 = 0. Assume that
w is in O and ord,(w) > 0. For a in K/ wOg, let a be an arbitrary lift to K. Assertions requiring lifts
are made only when the result is independent of the choices, as in the following examples. If a is not
in wOg, let ord,(a) = ord,(a). For w’ in Og such that 0 < ord,(w’) < ord,(w), let a = b (mod w’)
mean that @ — b is in w'Og. If f(X) isin K[X], we write f(a) =0 (mod w”Og) only if f(a) is in
w"Og, for all lifts a of a. For this section, we write x ~ y when ord,(x/y —1) >0 and x =y + O(w)
if ord, (x —y) > ord, (w).

5.1. The irreducible case. Let &, be the group scheme and xi, ..., x4 a standard basis for the cor-
responding Honda system &, = (My, Ly) from Notation 4.3. The Galois module structure of Ej is
well-known, but a description of E, by Witt covectors is required for our analysis of extensions of &,
by &,.. Let F = K(E),), reserving Roman F and V for the Honda system Frobenius and Verschiebung
operators in this section. Recall that points of the Galois module E; correspond to Dj;-homomorphisms
v My — C/X/\Vk(Og/p(’),?) such that £ (y(Lg)) = 0, see Section 2.

Proposition 5.1.1. Let R, = {a € Ox/pOg | Aart = (—p)P+la (mod pP*20g)). Given a in R;,
define b and c in Og /[ pOg by
b= —%)\pal’S (mod pOg) and c= raP’ (mod pOg).

(1) A Dg-map & =, belongs to a point P, of E, if and only if ¥ (x1) = (6, ¢, b, a) with a in *R,. If so,
¥ (x2) = 0, ¢,b), ¥ (x3) = (0, 47"¢) and ¥r(x4) = (0, a?).

(i) F = K(E,) is the splitting field of f,.(x) = AP’ xP' =1 — (= p)?*! over K. The maximal subfield of F
unramified over K is Fo = K ( p4_1, n), where 1 is any root of xPt1 — ). Moreover F|Fy is tamely

ramified of degree t = (p> + 1)(p — 1). For a # 0 we have

1 2 1 2
ordy(@) =, ord,(b) = %, ord,(c) = pT. (5.12)
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(ii1) R, is an [ 4-vector space under the usual operations in Og /| pOg and a — Py defines an F,[Gk]-
isomorphism R, = E,.

Proof. (1) If ¢ belongs to a point in E,, then ¥ (x;) = (6, ¢, b, a), since V3 = 0. We obtain Y (x2) and
Y (x3) by applying V, while ¥ (x4) = ¥ (Fx;) = (6, cP,b?,aP). Use 0 = VF(x1) = Vx4 to find that
c? =b? =0, so0 ord,(b), ord,(c) > 1/p. In addition, F(x4) = x3 implies that c = raP’. Let a, b, ¢ denote
lifts to Og. Vanishing of &(y (L)) provides the additional congruences modulo pOg:

a+%51’+#51’250 and b+ L& =0. (5.1.3)

Thus p ord,(c) =ord,( pl;) >14 % and so #sz = 0. With this simplification, the required congruences
follow from (5.1.3). Furthermore, these congruences are sufficient to imply that i belongs to £, when
Vv (x1) =(0,¢,b,a).

(i) If f5,(8) =0 and ¢ generates p i, then the roots of f; have the form 6; = ¢76 while their reductions
modulo p give all nonzero elements of 3;. For the converse, let a be a lift of a € R, and g(x) = xP —x.
Then g(a/0) =0 (mod g(’),?) and soa =0ora =6; (mod pOg) for some j by Hensel’s lemma. Hence
F = K(ppi_y,0) is the splitting field of f;. Let Fy be the maximal subfield of F* unramified over K.
Since AP’ and therefore also A is a (p+1) power in K (), each root n of x?! — X is in Fy. Furthermore,
0 satisfies an Eisenstein polynomial of the form n”zx’ + wp = 0 over Fy for some w in p, . Hence
K/ Fp is tamely ramified of degree ¢ and we obtain the desired ordinals of a, b, c.

(iii) The embedding [+ = W(F 4)/pW(F ,4) < Og/pOg defines the scalar multiplication by [ .
Closure of 2R under this operation and under the usual addition in Og/ pO¥ is clear. The asserted Galois
isomorphism follows from the correspondence between Di-homomorphisms belonging to &, and points
of E, once we check that a — P, is additive. If a; and a are in $R;, then there is some a in R, such that
Va, (x1)+4, (x1) = ¥,(x1). Denote this equation of Witt covectors by ©, c1, by, a))+(0, 2, by, a3) =
(6, ¢,b,a). Then c =cy + ¢, so a? = afz —i—aé72 in Og/pOg. By using lifts of a, a; and a, of the form
wof, w160 and wy0, with each w; in 4 U {0}, we find that
2 2

2
a)g wa +a)§ E(a)1+a)2)p2 (mod%@i).

Since the w’s lie in the absolutely unramified field Q, (g ,+_;) and ord,(p /91’2) > 0, we obtain wy =
w1 +wy (mod p) and thus a = ay +ay in O/ pOyg. Alternatively, ord, (a —a; —az) > 1 by the covector
addition formulas in Lemma 2.7. O

Remark 5.1.4. (i) By (ii) above, the lifts of all a # 0 in ), to O comprise the cosets ¢ i+ pOx.
Thus 2R, descends to an [ 4-vector subspace of Of/pOF and we write

Ru(F) = {a € Op/pOr | AP’a? = (—p)P*'a (mod p?T20p)}.
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For o in F Pt and a in R, we write o P, = P,,, in agreement with multiplication on Witt covectors.
In fact, @y, = V44, since evaluating on x; gives

[a]((), Ca, by, a) = (0, al/pzca, a'Pb,, aa) = (6, Caa> baa, @a).

(i1) If & is in the ramification subgroup of Gal(F/K), then & acts on R, (F) by h(a) = «a, where o € u,
depends on h. The structure of &, as a Raynaud [ ,«-module scheme is reflected by h(Py) = Pya) =
P,, = a P,. However, Frobenius in Gal(F/K) acts on the scalars.

(ili) By Proposition 5.1.1, we have b” = —pa(mod p?), c? = APaP’ = —pb(mod p?) and P =
(— p)P+1a(mod p”+2). These congruences are independent of the choices of lifts to O.

Using the local structure above, we next obtain a group scheme & over Z[%] fulfilling the hypotheses of
Definition 3.4 for a X-category E with ¥ = {£}. We also determine the image of the Galois representation
provided by E.

Corollary 5.1.5. Let E be a four-dimensional symplectic module over [, and let p : Gg — GSp(E) be
unramified outside {p, N, oo} and tamely ramified at the prime N # p. Suppose that:

(1) p restricted to a decomposition group at p is isomorphic to a local representation of the form pg, as
in Notation 4.3.

(ii) Inertia at v | N acts on E via a cyclic quotient (o) with (o, — 1?2 =0andrank(o, — 1) =1asa

matrix.
(iii) The fixed field of p~' (Sp(E)) is Q(wp) when p is odd.

Then there is a unique finite flat group scheme & over Z[%] whose associated Galois representation is p.
Moreover, the Galois image G = p(Gq) is GSpy(F,) for p > 2 or possibly O, (F;) >~ Ss when p = 2.

Proof. By (i), the local representation is irreducible and so is E. We patch as described before (2.2) to get
the uniqueness.

Since o, is a transvection by (ii), the normal subgroup P generated by transvections is nontrivial.
Follow the proof of [Brumer and Kramer 2012, Proposition 2.8], using dim £ = 4 and the fact that N is
square-free, to conclude that E is irreducible for the group P generated by transvections. If p =2, we find
that G is isomorphic to Spy([F2) >~ Sg or O, () ~ Ss. Since 5 must divide |G|, we rule out S3:S;. When
pis odd, G contains Sp,([F,) by [Kemper and Malle 1997] and thus is isomorphic to GSp,([F,) by (iii). [

When p =2 and A is a favorable abelian surface, £ = A[2] provides a representation p as in the corollary.

5.2. Extensions of exponent p. Let 0 — &, ——> W T &, — 0 be an extension of &, by &, killed by p
with parameters s()V) = [s; - - - s5] from Proposition 4.5. Let P, denote the point of E, corresponding to
a in R, (F), see Proposition 5.1.1(iii) and Remark 5.1.4. Then the fiber over P, has the form Q + ((E})
for any fixed Q in W such that 7 (Q) = P,. We write F, = F(Q) for the fiber field generated over F by
the coordinates of Q.

Notation 5.2.1. Write R, = I?/g@,?, provided that u is in O and ord, (u) < 1.
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Proposition 5.2.2. For ¢ to correspond to a point of W in the fiber over P, # 0, it is necessary and
sufficient that p(e) = (6, ¢, b, a) as in Proposition 5.1.1 and

p(es) = (0, (s2)'/pPe, (hs2)' /pb+ (153)' / pe, ez, by, ax)
where x, y, z in K satisfy all the following congruences:
i) x—yp—i-pp_lzpz:O inR,.
i) y—z’+prPea”” =0 inR,.
iii) X7 —z4wa” =0 inR.. (5.2.3)

with w = sya + s3b + sah " c + ssal, €p=s1if p>3and ey =51 — (As2)? if p = 2. Equivalently, 7 in K
satisfies f,(z) =0in R, where

fa(Z) = [(ZP = pA~Pepal PP — pP~' 2PV — Z 4 wa™ P (5.2.4)

and the classes of x in R, and y in Ry, are determined by (5.2.3)(i) and (ii). When €, = 0, we may instead
use f,(Z) = zrt 7z + wa="’,

Proof. Let ¢ in Homp, (M, C/‘\/Vk(OE/pOf)) be an element of V. Since M is generated by e; and es
as a Dy-module, ¢ is determined by ¢(e;) and ¢(es). The injection of &, to M yields ¢(e;) = ¥ (x;)
for 1 < j <4, as in Proposition 5.1.1(i). Set ¢(es) = (6 ds, ds, dy, dy, dpy), with only the five rightmost
coordinates significant, since V> = 0. Applying FV = 0 to es gives d} = dp = dp dlp =0.

From the matrix representation of V, we have

¢(es) = V(p(es)H—s1lp(es) = 0. dy. d3. do. dy — s10")
and so ¢(A‘1Ve6) = [A_]]((), dy, ds, dy). We also have
9(h"'Veg) = p(en)Fo(s2en) Fo(s3e2) F9(sae3) T (ss5ea)
= F2<p(e5)-i-(6 a_z(sz)c, o ! (s2)D, sm)—i—(é, o ! (s3)c, s3b+ S4A_1c + s5a?)
(0 dp )+(0 sl/p c, sl/pb—l—sl/pc $2a + s3b + sah " ¢ + ssal — d>p(s21/pb, s3l/pc))
(O sl/p c, sz/pb-i-s3 ¢, $2a + 53b + 40~ c+ssap+dp)
since CD,,(szl/pb, s3/7¢) = 0 by (5.1.2) and Lemma 2.6. Modulo pOg, this gives:
dy=0u2)'7e,  dy= (52 Pb+ (sy) e, do=A(d] +w). (5.2.5)

Vanishing of the Hasse—Witt map on ¢ (L) gives the following additional relations:

dp p 14 dp
§(p(es)) = % =+ 2 +-L4+dy=0 (mod pOp),
p* P
dp I’2 dl’
£(p(eg)) = % =+ ? +di —s1a” =0 (mod pOy). (5.2.6)
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Since p? ord,(ds) > p? ord,(c) > p + 1, we have p_3de =0 and p_4df4 = 0 (mod p). Thus the
dy-terms drop out of (5.2.6). By (5.2.5), we have

d} = Asyb? + As3cP (mod p?),

47 = (s2)"b” + (hs3)Pc?” (mod p3),

4 = ()7 b” + (hs3)”c? (mod p*).

In addition,

c?’ b\ pl(pP—p+1) 4_1( 1 ) .
d, [ — A — =L P i =)=
°”’<pf)>°rp(pf) o-np+n =P U ooneren)

is greater than 1 if i) j =3 and all por (i) j =2 and p > 3. If j =2 and p = 2, we also have
ord,(c*/4) > 1 and so (5.2.6) simplifies to

p_2d2p2 + p_ldf’ +dy=0 and p_ldé7 +di —e€pa’ =0. 5.2.7)

Letx =dp/ain R,;, y=d;/bin Ry and 7 =d>/c in R.. Then (5.2.5) and (5.2.7) give (5.2.3), using the
equations for a, b, ¢ in Remark 5.1.4(iii). It follows that f,(z) =0 in R, for f, given by (5.2.4). When
€, =0, we have

1 2 -1 1
ord,(z) = — Ordp(wafpz) = _(p 7} ) ord,(a) = __prl
p p

and thus
P2 Dj._p* 4
ord, (7 )p?™2") = (= D)j +2=ord, (i) + p ord, (2) = 1.

i.e., the middle terms of the binomial expansion for f,(z) drop out.
Conversely, if f,(z) =0 in R, and x and y are defined by (5.2.3)(i) and (ii), then (5.2.3)(iii) holds and
we obtain a Dg-homomorphism belonging to a point of W in the fiber over P. ]

Notation 5.2.8. If A in k™ is fixed, then a in
R (F) = {a € Op/pOp | AP a?" = (—p)P*'a (mod p"*20p))

determines b and ¢ in O/ pOF by the congruences in Proposition 5.1.1. If z in R, satisfies the resulting
congruence f,(z) =0in R, then z determines x in R, and y in R, by (5.2.3). Using the congruences in
(5.2.5),setd,(z) = (6, ds, ds, cz, by, ax). Let ¢, be the Dy-homomorphism such that ¢, (e;) = (6, c,b,a)
and ¢, (e5) =d,(z) and let O, be the corresponding point in W. The fiber field generated by the point of
W lying over the point P, of E is F, = F(Q,).

We next examine the effect of various choices of lifts on constructing a generator for the extension F,/ F.
Under the assumptions of Notation 5.2.8, choose lifts to Ok of A and the entries in s. By Remark 5.1.4(i),
a has a lift a in OF. Using the congruences in Proposition 5.1.1 as equations, a determines lifts band &
in Op of b and ¢. Let f be the polynomial with coefficients in F obtained by using the respective lifts to
replace the corresponding coefficients of f,(Z).
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Corollary 5.2.9. Construct f(Z) in F[Z] by choosing the lifts described above. If 6 is any root of f in
K, then F, = F(0). Ife, =0then h(X) =X — X + wa=r’ splits completely in F,.

Proof. Let M be the splitting field of f over F. Since the p* solutions to the congruence f,(Z) =0 in
R, correspond to the distinct points of W in the fiber over P,, the roots of f in K remain distinct when
reduced to R,. If 6 is any root of f, its reduction z in R. determines the point Q.. Thus F, is contained
in M. If y is in Gal(M/ F,), then Q, = y(Q;) = Oy (1), 80 ¥(z) =z in R.. But then y (8) = 0, since the
roots of f are distinct modulo %OE- Hence F, = F(6) = M is independent of the various choices of lifts.

When €, =0, we have p* ord, (9) :ordp(w/apz) > (1—p?) ord,(a). We find that o =07 +0P +6P+0
satisfies

@ —a=0" —0=—wa " <mod %(’)L),
a

since the worst case middle term in the binomial expansion of a” leads to
ord, (p6” P~De7"y = 1 + (p* — p* + p?) ord, () > 1 — p* ord,,(a).

Hence h(a) = 0 (mod pa‘p2 Or). Upon clearing denominators, Hensel’s lemma [Lang 1994, II, §2]
implies that & has a root in F, and the other roots come by refining o« + j with 1 < j < p — 1. (Il

A polynomial g, of degree p4, analogous to f,, but such that y in R}, satisfies g,(y) =0 in Rj, can
also be derived from Proposition 5.2.2 as in the Corollary below. Then y determines x in R, and z in R}
and thus Q.. Choosing appropriate lifts leads to g(Y) in F[Y], such that a root of g also generates the
extension F,/F. Similar considerations apply to x.

Corollary 5.2.10. Let s = [510000] and choose lifts A, 51 in Ok and @ in Op. Then F, = F(¥) for any
root © in K of (Y) = YP' —Y — pi=P51aP~"". In addition, h(X) = XP — X — pA=P5,aP=F" splits
completely in F,.

Proof. By assumption, w =0 and €, = sy. It suffices to treat s; # 0. In the proof of Proposition 5.2.2, we
showed that d{ =0 in Og/pOg. Hence

ord,(y) = ordp(%l) > % —(p*=p+1) ord,(a) = —% ord,(a).

Then ord, (y) > ordp(pap_”3) and so ord, (z”) = ordp(pap_”3) =(1-p/(p>*+1 by (5.2.3)(i1). It
follows that

ord, (pP 127"y = p—2+ 52111' (5.2.11)
Since (5.2.11) is positive, (5.2.3)(i) and (5.2.3)(iii) imply that
ord, () = — ord (x) = — ordy (2) = —— (”2—_1> (5.2.12)
p p pr\p +1

By (5.2.11), if p > 3, the term p”_lzp2 drops out of (5.2.3)(i) and then we deduce from (5.2.3) that
2a(y) = y?" —y + pA=PsiaP~P is 0in Ry,. If p = 2, apply Lemma 2.6 to (5.2.3)(ii) to obtain x* = y8 in
R.. Thus z=y'®in R, and it again follows that g,(y) =0 in Ry,. Conversely, from y satisfying g,(y) =0
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in Ry, we can find x and z such that (5.2.3) holds. The concluding arguments are analogous to those in
the proof of Corollary 5.2.9. (Il

We have focused on x, y, z in Proposition 5.2.2 because, as we show next, distinct solutions to
Ja(Z) =0 in R, differ by elements of p 4_;.

Lemma 5.2.13. Let Q. lie in the fiber over P, # 0. Then every other point in the same fiber has the form
Q. with 7' = z+ w in R, as o ranges over sy If so,

Y =y+wlinRy, x=x+w” inR, (5.2.14)
and Qy = Q; +1(Py) witha' = WP a in K.

Proof. We have f,(z) =0 in R, and we use (5.2.3)(i) and (ii) to find y and x. Putting 7/ = z + w and
using (5.2.14) to define y’ and x’ gives another solution to the congruences (5.2.3), thereby accounting
for the additional p* — 1 points Q. in the fiber over P,.

Let Q. = Q; + ((Py) and evaluate the corresponding D;-homomorphisms at es to find the equation
of Witt covectors d,(z') =d, (z)—i—(é, ¢’,b',a’). This sum reduces to ordinary addition on coordinates in
k. Indeed, apply Verschiebung twice and use Lemma 2.7 to get ¢z’ = ¢z + ¢’ and so ¢’ = wc in k. By
Remark 5.1.4(iii), ¢’ determines b’ and a’. In particular, the various lifts satisfy

(—p)tla’ = (C')p2 =l el = (—p)p“a)pza (mod ppJ“ZOE).
Hence a’ = w”’a in k and similarly &' = wPb in k. O

The next lemmas treat special cases used in the following subsection to describe Kummer generators
when p = 2.

Lemma 5.2.15. If P, # 0, then the field F, of points of the fiber over P, equals the full field of points
K (W) for the Honda parameters in (5.2.16).

Proof. If s = [s152000], use the first form of f,(Z) in Proposition 5.2.2 with w = spa. In the remaining
cases below, €, = 0 and the simpler equation for f,(Z) holds. Note that f,,(n°Z) = n° f,(Z) for all n in
K p+_1, With e given by

S ‘ [5152000] [00s300] [0000ss] [000s40]

(5.2.16)
e\ 1-p* p’—p* p—p* O

The correspondence between the roots of f,(Z) and those of f,,(Z) induced by z <> n°z shows that

F,a = F, and so each of these fields equals K (W). O

Proposition 5.2.17. If W is an extension of &, by &, killed by p and L = K(W), then its abelian
conductor exponent satisfies f(L/F) < p®. Moreover, §(F'/F) < p® for every intermediate field F'
of L/F.
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Proof. Let s(W) = [s152535455] and write 51 = €, +§,,, with §, = 0 for odd primes p and §; = (As2)?.
Then W =W, +- - -+ Ws is a Baer sum of group schemes corresponding to the sum of Honda parameters

[€,0000] + [8,52000] + [00s300] + [000s40] + [0000s5], (5.2.18)

some of which may be trivial. For the fiber fields Féj ) of each of these W;, we show that f(Fa(j ) /F) < p?
in the next lemmas. Since F, is contained in the compositum of all F[fj ), we then have f(F,/F) < p? by
Lemma C.9. Furthermore, L is the compositum of all F, as P, varies over E;, so f(L/F) < p2. Finally
f(F'/F) < p* because the upper ramification numbering behaves well for quotients. ]

Remark 5.2.19. In contrast to the proposition, Fontaine’s higher ramification bound leads to f(L/F) <
p? +2 by Proposition C.12, since Proposition 5.1.1(ii) gives er/Kk =ef = (p>+1)(p — 1). In particular,
when p = 2, the sharper bound is essential for our applications.

We next verify the lemmas needed for the proof of the Proposition. For P, # 0 and f, as in
Proposition 5.2.2, recall that F,, = F(Q;,), where f,(z) =0in R.. Let 7, be a uniformizer of F,.

Lemma 5.2.20. If s = [000s40], then F,/F is unramified of degree 1 or p.
Proof. The claim follows from separability of f,(Z) = Z Ptz 4 sq over k. (I
Lemma 5.2.21. For the parameters s below, F,/ F is totally ramified of degree p*.
() If s = [510000] with s; # 0, then f(F,/F) = p* —2p +2.
(i1) Let s = [s152538485], with s5 # 0. Set s1 =0 for odd p and 5| = ()Lsz)zfor p=2.Then e, =0 forall
p and §(F,/F) = p*.
(i) If s =[00s3540] and s3 # O, then {(F,/F) = p.
@iv) If s =[000s4s5] and s5 # 0, then {(F,/F) = p.
Proof. To find the conductors, we determine ¢ in F, to which Proposition C.5 applies. In all cases below,
g(t)—tisin Kpt_1 for all g # 1 in Gal(F,/F) by Lemma 5.2.13 and F, = F(¢).

In case (i), let F,, = F(¢) as in Corollary 5.2.10 and let y be the image of ¥ in R,. Observe that by
(5.2.12), F,/F is totally ramified of degree p4 and we have ord,, (y) = ord,(y) ord.,(p) = —(p — 1)2.
Using t = y gives {(F,/F) = p> —2p +2.

In the remaining cases, €, = 0 and F, = F(6) as in Corollary 5.2.9, with 6 a root of f(Z) =0in

Og and f a lift of the simpler version of f, in Proposition 5.2.2. If z is the image of 6 in R., then
p* ord,(z) = ord,(w) — p? ord,(a) and so we have

case \ (ii) (iii) (iv)
__ p+l _ 1 . 1
ord, z) ‘ PO T P P

In cases (ii) and (iii), observe that F, is totally ramified of degree p* over F, with ord, (z) = 1 — p? and
1 — p respectively. We use ¢t = z to determine f(F,/F).
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In case (iv), w = ssa” +S4a”2. Choose 8 € W* such that 87 =s5 (mod pW) and let r = or’ +Ba'~r.
By Lemma 2.6, with O-notation from the start of Section 5,

1P = 0" +55aP P+ O0@m,) =0 — 54+ 011,

so ord,(t) = 1/pord, () = 1/(p*(p* + 1)). Hence the ramification index of F(¢)/F is at least p*.
Since F(t) C F,and [F, : F] < p4, we have F, = F(t), totally ramified over F. If g(z) =z 4+ w as in
Lemma 5.2.13, then

gt)—1=g)Y —6” € (O +w+m,05)" —6” Co” +m,0%.
Proposition C.5 therefore applies with ord,, (t) = 1 — p to give §(F,/F) = p. O

5.3. Local corners. For this subsection, p =2 and K = (. Let £ be the simple group scheme &, of
Notation 4.3, with A = 1 necessarily. Let E be the Galois module of £, F =Q;,(FE) and A =Gal(F/(,). By
Proposition 5.1.1, F = Q, (5, o), with uniformizer o satisfying @ > = 2. Fix a generator ¢ of the inertia
subgroup of A and a Frobenius 7 generating Gal(F/Q(z )) with tot~! =¢2. Then A = (o, T) is isomor-
phic to the Frobenius group of order 20 and E is the unique nontrivial irreducible module over R = F>[A].

Let W represent a class in Ext[lz]’@z(E , E), L=W2(W) and h =Homg, (E, E). Then [W] corresponds
to a cohomology class [] in H L(Gal(L /Q2), b) such that

pw(g) = [PE(;@ Wg;fg;g’} for all g € Gal(L/Q»), (5.3.1)

as in (B.1). We introduce corners to rigidify ¢ and facilitate comparison with the cocycles arising from
global extensions.

Suppose that V is any finitely generated R-module and let 7, = 6* + 06> 4+ 0% 40 + 1 in R be the
trace with respect to o. Since o has odd order, V = V, & V', where Vj is the submodule on which o acts
trivially and V' =ker T, = (o — 1)(V). The corner subgroup of V, which depends on the choice of 7, is
defined as

Cor(V)={veV|t()=vand T, (v) =0}

If vy, ..., v, is an Fp-basis for Cor(V), then Rv; > E and V' = @_, Rv;.
We consistently write P for the unique nonzero element of Cor(E), so P = Py, as in Proposition 5.1.1(iii)
and P, o (P), 0*(P), 0(P) is an F,-basis for E affording the matrix representations

0
]]. (5.3.2)

We will also use the twisted action of Fg on E described in Remark 5.1.4. If a primitive fifth root of
unity ¢ in OF is defined by o (w) = {w, then o0 (¢ P) = ¢ P and t(a¢ P) = 7(w) P for all @ in Fy.

The endomorphisms s and ¢ belong to b, with respective minimal polynomials s* 4+ 3 +s>+s+1=0
and t* — 1 = 0. We next describe b as an R-module.



Certain abelian varieties bad at only one prime 1049

Lemma 5.3.3. An Fy-basis for by = ker((c — 1) | b) is 1, s, s, s, with T acting on by as one Jordan
block. An Fy-basis for Cor(h) is t, 12, t3. We have b >~ b 693.:1 Rt/ , with each Rt! ~ E. The cohomology
group H' (A, b) vanishes.

Proof. The elements of g are precisely the F,[s]-endomorphisms of E. Since E is a cyclic F»[s]-module,
Endp,[)(E) = Fa[s] =~ Fi6. The action of 7 on by is the action of Frobenius on [ and thus has one
Jordan block. Similarly, the elements of Cor(h) are F;[#]-endomorphisms of E, so contained in F;[].
But only the linear combinations of z, t%, 3 are annihilated by the action of 7, on b.

We have H!((t), o) = H'((t), F1¢) = 0 by the additive Hilbert Theorem 90 and H'((c),h) =0
because o has odd order. Applying inflation-restriction with respect to the exact sequence 1 — (o) —
A — (t) — 1 shows that H'(A, h) =0. O

Notation 5.3.4. For ¢ as in (5.3.2), the following elements comprise Cor(h). Their labels are consistent
with Notation 6.1.2.

v =0, ya=t+ 4+, ys=t+0,  p=t%

yii=t+t2, yl, =12 +1, Yis =12, Yis=t. (5.3.5)

All occur as values of extension cocycles for £ by E when we range over Honda parameters, see
Proposition 5.3.12 below.

Motivated by the conductor bound in Proposition 5.2.17, we assume from now on that f,(L/F) < 4. If
T is the maximal elementary 2-extension of F with ray class conductor exponent 4, then 7 is Galois over
Q; and we denote the action of § in A on elements / of I' = Gal(T/ F) by °h = 5h8~" independent of the
choice of lift § of § to Gal(T'/@,). We also write o for an element of order 5 in Gal(T/Q,) projecting to
o in A. We have the following diagram of fields and Galois groups,

T
L=yW) ' =Rg1 R

unram
F=0Qy(E)
A

Q2

r

where I'; is the wild ramification subgroup (see Appendix C) of I'. We next describe the complete lower
ramification filtration on I" and its structure as a module for R = F,[A].

Proposition 5.3.6. Let gy = Artin(ww, T/F), gy =Artin(l4+w +w?>, T/F) and g, = Artin(1+w 3, T/ F).
ThenT’ =Rgo®Rg1 @R ~F, ® ED E and

F1DF2:F3I>F4:{1},

with I'1 = Rg1 ® Rgy and I's = Rgy. There is a Frobenius ® of order 8 in Gal(T /() projecting to T in
A and satisfying o ®~' = o2, In addition, Gal(T /Q,) =Ty x H with H = (o, ®).
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Proof. We use the standard filtration U 1(,") on local units, see (C.1). The R-module structure of I follows
from the class field theory isomorphism

Artin(—, T/F): F*JUP F*? = T,

In particular, R acts trivially on the Frobenius gq of I', while Rg; and Rg, are isomorphic to £ as R-modules.
Since I'y = Artin(Up, T/F), we have I'j = Rg; @& Rgy and similarly for I'p, using UI(;Z) C U?)F“.
Note that

I't =ker(T, | T) = Image((o — 1) | T).

There is a residue extension of degree 2 for T/F, so Frobenius ® projecting to v has order 8. Set

®o3d~! = ho for some & in T';. By direct computation, 7, (h) = (ho)’ = (®o>d~!)> = 1. Hence

h =°x/x for some x in I'; and so (x®)o3(x®)~! = 0. Replace ® by x P to guarantee that o d~! =02,

Then A acts trivially on ®*, so ®* = g(. Since H = (o, ®) is isomorphic to the Galois group of the
maximal tame extension of F in T, we find that Gal(7'/Q,) is a semidirect product of H by the normal
subgroup I';. U

Let rr/r : Gal(T /Qy) — Gal(L/Q;) be the natural projection. Note that the inertia group Gal(L/F);
of Gal(L/F) is the wild ramification subgroup Gal(L/Q,); of Gal(L/Q,).

Corollary 5.3.7. The subgroup H = rrL({o, @) of Gal(L/Q2) projects onto A in Gal(F/Q,). As
R-modules, Gal(L/F); ~ E?, with0 < b < 2.

() If L/F is totally ramified, then Gal(L/F) = Gal(L/F); and |H| = 20.
(i) Otherwise, L] F has residue degree 2, Gal(L/ F)~Gal(L/F)®F, and H has order and exponent 40.

Proof. That H projects onto A and that Gal(L/F); = rr;p(I'1) is the direct sum of at most 2 copies of E
is immediate. Moreover, L/F is totally ramified if and only if gg = &% is in ker ry /1. Thus |ITI | =20 in
case (i) and 40 in case (ii). O

Since T contains L = (W), the cocycle v in (5.3.1) inflates to Gal(7 /Q;). We may arrange for
Y (o) =0, since o has odd order. Lemma 5.3.3 and (B.3) give injectivity of the restriction map:

0 — H'(Gal(T/Qy), h) = HY(T', h)* = Homg(T', b) (5.3.8)

and we say that x =res([v]) in Homg ([, §) belongs to W. Note that x is determined by its values on
g0, 81, &2, as defined in Proposition 5.3.6.

Lemma 5.3.9. The field L = Q(W) is the fixed field of ker x. Moreover:
(1) x(gi) isin Cor(h) fori =1, 2 and x(go) is in {0, I4}.
(i) L/F is unramified if and only if x(g1) = x(g2) = 0.
(i) f(L/F)=4ifand only if x(g2) #0. If x(g2) =0, then f(L/F) =0 or 2.
(iv) The residue degree of L/ F is 1 or 2, according to whether x(go) = 0 or I4.
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Proof. The matrix representation (5.3.1) shows that g in Gal(7'/Q,) acts trivially on W if and only if g
isin ' = Gal(T/F) and x(g) = 0. Then items (i)—(iv) immediately follow from Proposition 5.3.6. In
particular, (i) holds by considering the action of A on go, g; and g». |

Write W for the extension of £ by £ of exponent 2 with Honda parameter s and W for its Galois
module. Belonging to W are the cohomology class [] in H'(Gal(T/Q,), b) and its restriction xs in
Homp,[A1(T', ), as described above. The rest of this section is devoted to evaluating xs as s varies.

If hisin ' =Gal(T/F) and Q;; is any point in the fiber over o/ (P), see Notation 5.2.8, any basis of
the form

P,o(P),a*(P),a*(P), Qs Oz, Qs O (5.3.10)

yields the same matrix pw,(h) in (5.3.1). Moreover, h(Q;;) = O ; + xs(h)o ! (P).
Let M/ F be a finite elementary 2-extension. Define its Kummer group by

k(M/F)=F*NM*> andlet kK(M/F)=k(M/F)/F*%.
By definition, F*? C k(M/F) and we have M = F({~/0 | 6 € k(M /F)}). Kummer theory gives a perfect
pairing
Gal(M/F) x €(M/F) — p, by (g,0) — g(+/8)/6.
Lemma 5.3.11. Let P = P, and let Fy be the subfield of L generated by the points of Wy in the

fiber over P. If s = [10000], then k(Fy /F) contains 1 4+ 2w*. If s| = s2, then k(Fy /F) contains
142502 4+ 2(s3 + 55) 5%,

Proof. Refer to Proposition 5.2.2. Since p =2 and A = 1, we have €, =0 when s; = s,. Then take the
square class of the discriminant of the polynomial /(X) in Corollary 5.2.9. Similarly, use Corollary 5.2.10
when s = [10000]. O

We first determine xs when L/F is a nontrivial totally ramified extension. For compatibility with the
notation for decomposition groups in Section 6, where we consider global Galois module extensions of E
by E, set Dp(L/F) = Gal(L/F).

Proposition 5.3.12. [f L/ F is totally ramified, then xs(go) = 0. Depending on the conductor exponent
f(L/F), we have:

(i) J(L/F) =2. Then |Dy(L/F)| = 16, xs(g2) =0 and

s ‘[00001] [00100] [10000] [10101] [00101] [10001] [10100]

xs(g1) \ V15 Yis ¥o va Vs Vi1 Yii

(i1) f(L/F) =4 and |Dy(L/F)| = 16. Then xs(g2) = y9 and xs(g1) = 0 or y9 according to whether
s = [11000] or [01000].
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(iii) f(L/F) =4 and |Dy(L/F)| = 256. Then x;(g2) = y9 and

s |[11001] [11100] [01101] [11101] [01001] [01100]
Xs(gl)‘ Y15 Yis V4 Vs Y vii

Proof. We begin with some basic Honda parameters, from which the others can be generated by Baer
sum. Recall that F,, denotes the extension of F' obtained by adjoining the coordinates of the points in the
fiber of Wy above one point P, of order 2 in E.

Basic cases: (1) s =[00001], [00100] or [10000]. By Lemma 5.2.21, F,/F is totally ramified of degree
16 and §(F,/F) = 2. Thus xs(go) = xs(g2) =0 by Lemma 5.3.9 and so L = F, is the subfield of T fixed
by Rgo ® Rg, independent of a.

(2) s=[11000]. Lemma 5.2.15 indicates that L = F, does not depend on a. Now L/F is totally ramified
of degree 16 and f(L/F) =4 by Lemma 5.2.21, so xs(go) = 0 but xs(g2) # 0. By Lemma 5.3.11, the
Kummer group it (L/F) contains the coset k = (1 +2z2) F*? and therefore equals Rx. By evaluating the
pairing of Kummer theory and class field theory given by Hilbert symbols, we find that g; acts trivially
on the square roots of elements of Kk (L/F), so xs(g1) =0.

Set h = g1 in the basic case (1) and & = g» in (2). Recall that the primitive fifth root of unity ¢ is
defined by o () = ¢ . To find the matrix xs(k), we use a basis for Wy of the form

P,o(P),a*(P),a*(P), Qs Oz Qs Qs

where z; is a root of the Honda polynomial f,, see Notation 5.2.8. The action of A = Gal(F/Q,) puts
h in the corner group of Dy (L/F), so xs(h) is in Cor(h) and therefore equals one of the matrices in (5.3.5).
In particular, xs(h)(P) = aoP, with ap =0 or 1. Write h(Q;;) = Q;; +«; P, where ap =0 or 1 and

O(jICoj+Clj§+C2j§2+C3jC3inZ[{], forl1 <j <3.

Then the (j+1)-column of the matrix xs(h) is [coj, c1}, ¢2;, C3j]T mod 2 by (5.3.10).

From h(Q;,) = O, +aoP, we get h(z9) = zo + oo by Lemma 5.2.13. In the proof of Lemma 5.2.15,
we showed that there is a correspondence between roots of fr and f;;,,, allowing us to choose z; = ciez0,
with e given by (5.2.16) and j =1, 2, 3. Then h(z;) = z; + o /€ in R.. Since A is not trivial on L, we

have «p = 1. Further use of Lemma 5.2.13 gives
h(Qz_,-) =0+ §4jePC-fw =0;; +§(1_e)jP.

This determines xs(/) for all s in the basic cases.

Remaining cases. Write s =t + u, choosing Honda parameters t and u already treated above. Then W
is the Baer sum of W; and Wy and xs = x¢t + Xu-

In (ii), use [01000] = [11000] 4 [10000]. In (i), the last three entries follow by varying t and u among
first three entries. Use [10101] = [10000] 4 [00101] to complete (i). For (iii), let t = [11000] and let u
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run over the Honda parameters in (i), omitting [10000]. Since g; and g, are independent and nontrivial
on L, we have Gal(L/F) = Rg| ® Rg, of order 256. O

We briefly treat the remaining 16 nontrivial Honda parameters, even though Lemma 6.1.14 shows that
they are not needed for our global applications.

Proposition 5.3.13. If L/ F is not totally ramified, then s = t 4+ u, where t ranges over [00000] and the
15 Honda parameters in Proposition 5.3.12, while u = [00010]. Then xs(go) = 14, xs(g;) = xt(g;) for
Jj = 1,2 and Qy(Ws) is the compositum of Q2 (Wy) and the unramified quadratic extension of F.

Proof. By Lemma 5.2.20, F(W,) is the splitting field of Z'¢ — Z — 1, namely the unramified quadratic
extension of F. Thus xyu(go) = 14 and xu(g1) = xu(g2) = 0 by Lemma 5.3.9. The rest follows from
Xs = Xt + Xu- U

6. Global conclusions

6.1. Favorable abelian surfaces. There are two irreducible Ss-representations of dimension 4 over [;.
Denote the one taking transpositions to transvections by ¢ : S5 — SL4([F;) and fix it by sending (12) — r
and (12345) + s, where

2000 1001 0011
r=|:0010:| and s=|:0101:|. Lett=|:0110:|. (6.1.1)
0001 0011 0010

The image of ¢ is isomorphic to the odd orthogonal group O, (F2) C Sp,(F2). In addition, (((2354)) = ¢
and A = (s, t) is the Frobenius group of order 20.

Fix a favorable quintic field F{ with discriminant dr,,o ==316N and Galois closure F'. Proposition 1.2(i)
implies that the inertia group Z,(F/Q) at each place v | N is generated by a transposition ¢, when we
identify Gal(F /Q) with Ss. In this section, E is the Galois module giving pg : Gal(F/Q) = Ss—— SL4([F»).
Using the matrices r, s, t in (6.1.1), o, is conjugate to pgl(r), inertia at a some p | 2 is generated by
o= pgl (s) and T = pEl (t) is a Frobenius in the decomposition group D, (F/Q) = (o, 7). Hence the
restriction of pr to Dy (F/Q) agrees with the representation pg, of Definition 4.1, as normalized in (5.3.2).
By Corollary 5.1.5, E extends to a group scheme £ over Z[%] Let E be the X-category introduced
in Definition 3.4 with ¥ = {£}. This subsection is devoted to criteria for the validity of axiom E4 in
Theorem 3.7, needed to prove Theorem 6.1.22.

To treat extensions W of E by E of exponent 2, let P = Pg g be the parabolic group as in (B.2). We
describe subgroups of P in which the relevant representations py take their values.

Notation 6.1.2. Let ¢ : Maty(F2) — P by c(m) = [} ] and d : S5 — P by d(g) = [} ] Let Gy be

the image of d. With y, as in 5.3.4 and S = [F,[Ss], we define S-submodules of Mat4(F,) = End(E) with
adjoint action of Ss

F4=Sys, TI's=Sys, T9o=Syy, T'11=Syn, T'is=Sys. (6.1.3)

Let G, =< Gy, c(yy) >=c([y) x Gy.



1054 Armand Brumer and Kenneth Kramer

The radical of G, equals c(I';) and has size 2¢. The abelianization of G, is cyclic of order 2 and
so defines the character ¢p : G, — [F;, generalizing the additive signature on Ss. If a = 0 or 4, all
automorphisms of G, are inner. The center of the other G,’s is generated by c(1) and there is an
automorphism

€:G,— G, by €(g)=gc(1)®®. (6.1.4)

When a = 5 or 9, Aut(G,) is generated by €, modulo automorphisms induced from conjugation by
elements of the normalizer of G, in P.

The corner group of an F>[ A]-module consists of the elements fixed by ¢ and annihilated by the trace 7.
Using Magma, we find the nonzero corners of I',.

a \4 5 9 11 15

(6.1.5)
COT(Fa)—{VO}‘{M} {rs} {va, vs, vot {ys. vin, vy} {all v}

Inclusions among the groups G, follow from this table and are indicated in the Hasse diagram by

ascending lines.
Gis

G
y Gn (6.1.6)

Gy Gs

Go

Moreover, Gy is isomorphic to the fiber product of G4 and G5 over Gg and similarly for the other
parallelograms. When an inclusion G, C G, exists, Magma extends the identity on G to a surjection
Jfab i Gg — Gy sending y, to yp.
Definition 6.1.7. An involution g in a group H is good if its conjugates generate H. If g is good in
H C P and rank(g — 1) = 2, then g is very good.
Remark 6.1.8. A Magma verification shows that each G, has a unique conjugacy class of very good
involutions, represented by d(r) with r as in (6.1.1).
Proposition 6.1.9. Let L be an elementary 2-extension of F = Q(E), Galois over Q, with L/ F unramified
outside {2, oo} and f,(L/F) < 4 for all p | 2. Then:

(1) The maximal subfield of L abelian over Q is Q(~/ N*), with N* = N = 5(8).

(ii) For v | N, inertia Z,(L/Q) is generated by a good involution in Gal(L/Q).
Proof. By Proposition 1.2, F contains +/N*. For v | N, the inertia group Z,(F/Q) has order 2. Since
L/F is unramified, Z,(L/Q) is generated by an involution o,. Intermediate fields L D F’ 2 F satisfy
fp(F'/F) <fp,(L/F) <4. But Lemma C.6 implies that f,(F(i)/F) = 6 and f,(F (V%£2)/F) =11, so
LNF(i, V2) = F. Since L /Q is unramified outside {2, N, oo}, item (i) follows from Kronecker—Weber.

The subfield of L fixed by the normal closure of o, is unramified outside {2, oo} and is contained in Q(i)
by [Brumer and Kramer 2001], so equals Q. Thus (ii) holds. U



Certain abelian varieties bad at only one prime 1055

Corollary 6.1.10. For [W] in Extgz]’@(E , E), assume that L = Q(W) satisfies the hypotheses in the
proposition and rank py (o, — 1) = 2. Then pw (Gal(L/Q)) is one of the groups G, up to conjugation
inP. If [W]isin Ext[lz],E(S, &), then Gal(Q(W)/Q) is conjugate to some G,.

Proof. By the Proposition pw (0,) is good and so is very good by assumption. Magma verifies that the G,
represent the six conjugacy classes of subgroups of P that project onto S5 and admit very good involutions.
If [W] is a class in Ext[lz]’ E(S , £), then the Proposition applies to L = Q(W), since f,(L/F) < 4 by
Proposition 5.2.17 and rank pw (0, — 1) =2 by E3 of Definition 3.4. ]

Definition 6.1.11. A class [W] in Ext[lz]’@(E, E) with L = Q(W) is a G,-class if L/F is unramified
outside {2, oo}, f(L/F) < 4 for p |2 and rank pw (o, — 1) = 2, so that pw (Gal(L/Q)) = G, for some a
by the corollary.

Lemma 6.1.12. Let [W] be a G,-class with L = Q(W).

1) If [W']is a Gy-class, with L' = Q(W’), then the Baer sum [W"] = [W]+ [W'] is a Gp-class for
some b.

1) If fap : Ga — Gy exists in (6.1.6), then the Galois module for f, ,pw represents a Gp-class.

Proof. In (i), [W] and [W’] correspond to classes [v/] and [¢'] in H'(Gg, b) as in (B.1) and [W"]
belongs to the class of " = ¢ + v’. Since L” = Q(W") is a subfield of the compositum LL’, the
ramification properties required of L” in Definition 6.1.11 hold. Proposition 6.1.9 shows that p (o) is a
good involution in G, and so is very good, conjugate to d(r) by Remark 6.1.8. Similarly for py (o)
in G, . Hence the representatives ¥ and ¥’ can be chosen to satisfy vy (o,) = ¥'(0,) = 0. We now have
¥ (0,) = 0 and so rank py~ (o, — 1) = 2. By Corollary 6.1.10, [W"] is a Gj-class for some b.

For (ii), let L’ be the subfield of L fixed by ,ov},l (ker f,5). Then f, ppw induces an isomorphism
o' Gal(L'/Q) — Gj. The required ramification conditions hold for the subfield L’ of L. As above,
p'(oy | L") is a good involution in Gj. Since f, p is the identity on G and pw (0,) is conjugate to d(r) in
Gy sois p'(oy | L). O

Let K = Q(r + r2) be a pair-resolvent field for F = Q(E), as defined before Theorem 1.3, namely
the fixed field of Sym{1, 2} x Sym{3, 4, 5}. Let Qx = Qg?) be the maximal elementary 2-extension of K
of modulus p*oo, where p is the unique prime over 2 in K and oo allows ramification at all archimedean
places. Refer to the following diagram of fields and Galois groups.

L=0Q(W)
J/ T
2k F =Q(E) H G
K'™eK A:%
Q

To simplify notation, also write p for a place over 2 in L and for the restrictions of p to subfields
of L. Note that primes over 2 are unramified in F/K. Suppose that L is the Galois closure of K'/Q. By
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Lemma C.11 with M, F, K’, K| and K there equal to the respective p-adic completions of L, F, K', K
and Q here, f,(K'/K) = f,(L/F).

Proposition 6.1.13. Let K be a pair-resolvent of F. There is a bijection
{G,—classes [W] witha € {4, 5,9}} < {subfields K' C Qg quadratic over K}

such that Q(W) is the Galois closure of K'/Q.

Proof. For v| N, Z,(F/K) acts on the left cosets of Gal(F/K) in Gal(F/Q) with four fixed points and
three orbits of size 2. Thus (N)Ox = ab? where a and b are square-free, relatively prime ideals of O of
absolute norms N* and N3 respectively.

Let [W] be a G,-class with a in {4, 5,9}, L =Q(W) and pw : Gal(L/Q) = G,. Then H =Gal(L/K)
is the inverse image under 7 : G, — S5 of Gal(F/K). Choose v | N so that if o, generates Z,(L/Q),
then 7 (pw(0,)) = (12). By assumption g = pw(0y) is very good in G,. Magma shows that among
the subgroups of index 2 in H, exactly one, say J, has the property that the action of G, on G,/J is
faithful and g has exactly 8 fixed points in this action. Hence K’ = L is a stem field for L and in view
of the factorization of (N)Og, no prime over N ramifies in K’/K. If v"| N is any other choice such that
7 (pw (oy)) = (12), then o is conjugate to o, in H and therefore gives the same J, so also the same K.
Since §,(K'/K) = f,(L/F) < 4 by definition of a G,-class, K’ is contained in Q.

Conversely, let K’ be a subfield of Qg quadratic over K, L the Galois closure of K'/Q, G =Gal(L/Q),
H =Gal(L/K) and J = Gal(L/K"). Then L properly contains F, since each quadratic extension of K in
F ramifies at some prime over N. By Proposition 6.1.9(ii), o, is a good involution in G. Since no prime
over N ramifies in K’/ K, the action of o, on G/J has eight fixed points. The following group-theoretic
properties of G have been established:

(i) There is a surjection 7 : G — S5 whose kernel has exponent 2 and is the radical of G.
(i1) The abelianization of G has order 2.

(ii1) If H is the inverse image under  of the centralizer of a transposition in Ss, then there is a subgroup
J of index 2 in H such that the action of G on G/J is faithful.

(iv) There is a good involution g in G whose action on G/J has 8 fixed points.

We have (i) since the radical of Gal(L/Q) is Gal(L/F) and (ii) by Proposition 6.1.9(i).

In the Magma database of 1117 transitive groups of degree 20 only three satisfy (i)—(iv), namely G,
with a in {4, 5, 9}. Furthermore, if J is the stabilizer in Sy of any letter, then there is a unique conjugacy
class of good involutions g in G such that g acts on G/J with exactly 8 fixed points. By applying this
construction to G = Gal(L /Q), there is an isomorphism p : Gal(L/Q) — G, such that p (o) is conjugate
to g and has 8 fixed points when acting on G,/p(J). Computation now shows the following. If a =4,
then p(o,) is conjugate to d(r). If a is in {5, 9}, then p(0,) is conjugate to d(r) or d(r)e(r) where € is
the automorphism of (6.1.4). In the latter case, replace p by € o p. If W is the associated Galois module,
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then its class is a G,-class. Because any automorphism of G, preserving the conjugacy class of d(r) is
conjugation by an element of P, the class [W] is unique. (Il

Unless otherwise stated, [W] now denotes a G,-class and L = Q(W). Thus W represents a class in
Ext}e, (&, &), where R’ = Z[ﬁ] By the Mayer—Vietoris sequence (2.2), W prolongs to a group scheme
W over R = Z[%] if and only if the image of [W] in Extqllz (&€, £) agrees with that of a class from
Ext%2 (€, ). If so, the other conditions in Definition 6.1.11 guarantee that [W] is in Ext}j (€, ). Recall
that h = Homy, (E, E) and let ¥ : Gg — b represent the class in H'(Gg, b) associated to [W], as in
(B.1). Recall that at p | 2, the decomposition group Dy (F/Q) is isomorphic to A = (s, t).

Lemma 6.1.14. As a A-module, D,(L/F) is isomorphic to Eb with b <2.

Proof. We may assume Dy(L/F) # 1. Computation shows that G, contains no subgroup of order
and exponent 40 whose projection to S5 has order 20. Conclude by using Proposition 5.3.6 and its
Corollary 5.3.7. ]

Remark 6.1.15. Let [¢] in H I(G@, h) correspond to the G,-class [W] and write VD, for the restriction
to the decomposition group D, in Gq at a fixed place p over 2. The classes [Ws] in ExtlZz (€,€) are
classified by their Honda parameters s in (F»)°. Let [Vs]in H l(G@Z, bh) correspond to [Ws]. Then [W] is
compatible with [W;] if and only if:

[Vp,] = [¥s] in HI(G@Z, h) for some Honda parameter s. (6.1.16)

Let Fy, be the completion of F at p and T the maximal elementary 2-extension of F}, having conductor
exponent 4. By Proposition 5.2.17, Q> (Ws) is contained in 7', while the completion L, is contained in T by
definition of a G,-class. In the diagram below, inflation is injective and restriction is injective by (5.3.8):

Hl(Dp’ [])
linf (6.1.17)
0 —— HYGal(T/Qy),h) ——— Homg,a(Gal(T/Fy, h)).

Hence, it suffices to compare the image x of [Vp,] with the image x5 of [/s] in Homp,(A)(Gal(T' / Fy), b).
Note that the values of x and xs are corners in . See Proposition 5.3.6 for specific generators go, g1, g2
of I as an [F;[A]-module. In particular, x (go) = 0 by Lemmas 6.1.14 and 5.3.9(iii). Thus W prolongs
to a group scheme over R = Z[%] exactly if there is a Honda parameter s in Proposition 5.3.12 satisfying

x(gj) = xs(g;) for j =1,2.
Lemma 6.1.18. Let [W] be a G,-class and L = Q(W).
(W) If fo(L/F) <2 forp |2, then W prolongs to a group scheme YV over R.
(i1) Ifa € {4, 5, 11} and W prolongs to a group scheme over R, then f,(L/F) < 2.

Proof. Refer to Remark 6.1.15 for notation. In item (i), we have x(g2) = 0 by Lemma 5.3.9(ii). To
match x with xs for some local Honda parameter s, we therefore consider s in Proposition 5.3.12(i), also
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allowing s = 0. As s varies, xs(g1) ranges over all possible corners of  and we can find a unique s such
that xs(g1) = x(g1). Hence W prolongs to a group scheme W over R.

In item (ii), G, does not contain y9 by (6.1.5). Then x(g2) = 0, to match xs(g>) for some Honda
parameter s in Proposition 5.3.12. Hence f,(L/F) < 2. ]

Definition 6.1.19. Let K be a pair-resolvent of F' and Qk the maximal elementary 2-extension of K
unramified outside {2, oo} such that f,(Q2x /K) < 4 for p | 2. We say F is amiable if either (i) Qg = K
or (il) [Qx : K] =2 and §,(Qk /K) = 4.

Remark 6.1.20. For F' to be amiable, all the following conditions are necessary: (i) The narrow class
number of K is odd. (i) If a € (1 +p°)K %, then a € K2, since f,(K (v/a)/K) <2 by Lemma C.6.
(iii) K is not totally real; otherwise rank Uk / UIZ( = 10, but rank U, /(1 + p9)Up2 = 8.

Proposition 6.1.21. Let £ be the group scheme introduced at the beginning of this section. Then
Extpy) (€, €) = 0if and only if F = Q(E) is amiable.

Proof. Suppose that F' is amiable and let [WW] be a nontrivial class in Extﬂzj, £(&, &). By Corollary 6.1.10,
[W]is G,-class witha # 0. If a = 11, then §,(L/F) <2 by Lemma 6.1.18(ii). By diagram (6.1.6) and
Lemma 6.1.12(ii), there is a Gs-class [W'] with L’ = @Q(W’) contained in L. Proposition 6.1.13 provides
a quadratic extension K’ of K contained in Qg with §,(K'/K) ={,(L'/F) <{,(L/F) <2, contradicting
the amiability of F'. The same argument applies when a =4 or 5. If a = 15 or 9, then [W] gives rise to
both a G4-class and a Gs-class. Then Proposition 6.1.13 provides two distinct quadratic extensions of K
contained in Qg, again contradicting the amiability of F.

Suppose that F' is not amiable. Assume first that [Q2x : K]=2 and let [W] be the G ,-class corresponding
to Qg /K by Proposition 6.1.13. By amiability, f,(Q2x /K) <2 and so fp(L/F) = f,(R2x /K) < 2. Then
Lemma 6.1.18(i) implies that W prolongs to a nontrivial class in Ext[lz]’ £(€, &). Next, assume that there
isa G,-class [W] with L = Q(W) and a G-class [W'] with L' = Q(W’), coming from distinct quadratic
extensions of K in Qg and satisfying a, a’ € {4, 5, 9}. Since a Gy-class gives rise to a G4-class and a Gs-
class, we need only consider the pairs (a, a’) in {(4, 4), (5, 5), (4, 5)}. In the notation of Remark 6.1.15, let
x and x” in Homg,(A)(Gal(T' / Fy), b) belong to W and W’ respectively. Then the Baer sum W’ =W + W’
represents a Gj,-class by Lemma 6.1.12 and x” = x + x’ belongs to W”. By Lemma 6.1.18(i) and
Lemma C.11, we may assume that f,(L/F) = f,(L'/F) =4 and so x(g2) and x'(g2) are nontrivial, by
Lemma 5.3.9(i1). In all these cases, only one nontrivial corner is available in (6.1.5), namely x (g2) = v,
and x'(g2) =ywo. lfa=a’"=4 or 5, then x”(g2) =0 and so f(L”/F) < 2. Thus W” prolongs to a group
scheme over Z[%] If (a,ad’) = (4,5), then x"(g2) = va+ys = v, so x” is compatible with x5 for some
s in Proposition 5.3.12(i) or (ii) and the corresponding group scheme exists. (I

Theorem 6.1.22. Let A be a favorable abelian surface of prime conductor N such that F = Q(A[2]) is
amiable. If B is a semistable abelian variety of dimension 2d and conductor N¢, with B[2] filtered by
A[2], then B is isogenous to Al
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Proof. By Proposition 1.2, £ = A[2] satisfies the conditions in Definition 3.4 for a X-category E with
> = {&}. Then Theorem 3.7 applies, since Extpy) (€, £) = 0 by Proposition 6.1.21 and End(A) = Z
because A has prime conductor [Brumer and Kramer 2014]. O

6.2. Elliptic curves of prime conductor, supersingular at 2. We briefly note how Theorem 3.7 applies
to elliptic curves. Let A be an elliptic curve of prime conductor N with supersingular reduction at 2 and
& = A[2]. Then F = Q(E) is an Sz-extension and E is an irreducible Galois module even locally over
(2. The only two irreducible F,[S3] modules are the trivial one and E.

Proposition 6.2.1. Let K be a cubic subfield of F = Q(E) and let p be the prime in K above 2. A
necessary and sufficient condition for Ext[lz], g (&, &) =0 s that there be no quadratic extension of K of
dividing conductor p* - co.

Proof. Only two subgroups of the parabolic group Pg g admit good involutions. One is isomorphic to S3
and corresponds to the split extension of £ by itself because H'!(S3, End(E)) = 0 while the second is
isomorphic to Sy. If M is the field of points of an extension of £ by £ annihilated by 2 and Gal(M /Q) =~ S4,
then M is the Galois closure of a quadratic extension of K unramified at primes over p. The bound for
the local conductor over 2 is given in [Schoof 2003, Proposition 6.4] and Theorem 3.7 applies. A related
proof is in [Schoof 2005] for A = Jo(N) with N =11 and 19. O

In the Cremona database, we find 2037 isogeny classes of elliptic curves supersingular at 2 and of
prime conductor N < 350000. From the Brumer—-McGuinness database [1990], we extract an additional
2422 isogeny classes for a total of 4459 such classes with N < 10%. Applying the proposition above, we
find 847 elliptic curves A to which Theorem 3.7 applies.

Let A; and A, be elliptic curves of prime conductor N with each & = A;[2] biconnected over Z;
and satisfying Ext[lz]’ E(S,-, &) = 0. Suppose that the cubic subfields K; of QU(E;) are nonisomorphic.
Then 20k, k, has the prime factorization (p1p2p3)3. If KK, admits no quadratic extension of conductor
dividing (p1p2p3)zoo, then Ext}E (&1, &) = 0. We found 42 conductors N with multiple A; to which our
results apply. B

As an entertaining example, Cremona’s database lists four elliptic curves of conductor 307, with
A1 =307A1, A, =307C1 and A3 = 307D1 supersingular at 2. Their 2-division fields correspond to the
three subfields of the ray class field of k = Q(+~/—=307) of modulus 2 0.

Theorem 3.7 implies the following. Let B be a semistable abelian variety, good outside N = 307, with
B[2]* = A[2]" @ A»[2]" & A3[2]" for some n;. Then B is isogenous to A7' x A5* x A3*. Note that
we need not impose the conductor fy(B) =) n; fy(A;) = n;, thanks to Remark 3.9.

Appendix A: A cohomology computation in the old style

Let T = A[G] be the group ring of a finite group G over a discrete valuation ring A with prime element
7 and finite residue field k of characteristic p. We consider a cocycle approach to Ext}\[G](E , E). Let
V and W be finitely generated T-modules such that 7V =7 W = 0. A symmetric cocycle is a function
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f:VxV — W satisfying

fvi,v2) = f(v2,v1) and  f(vy, v2) + f(v1 +v2,v3) = f(v1, v2+v3) + f(v2, v3),

for v’s in V, as in [Eilenberg and MacLane 1942, Theorem 7.1]. Coboundaries are symmetric cocycles
such that

fi, 1) =g(v1) + g(v2) — g(v1 + v2),

for some function g : V — W. The symmetric cocycle f is enhanced if there is a function h: T xV — W
satisfying the following for v’sin V and r, s in T':

@) rf (i, v2) = f(rvi, rv2) = h(r, vi) + h(r, v2) — h(r, vi +v2).
@i1) h(rs,v) =rh(s,v) + h(r, sv).
(i) f(rv,sv)=h(r +s,v)—h(r,v) —h(s, v).
The cohomology classes of enhanced cocycles form a k-vector space D(V, W).

Lemma A.1. The functor from T-modules to abelian groups induces an exact sequence
0 — Extly; 7(V, W) = Extp(V, W) = D(V, W) — Homz (V, W),
where EXtEn],T (V, W) consists of classes of extensions annihilated by 7.

Proof. Let0 — W 5 M —5 V — 0 be an exact sequence of T-modules with 7V =7 W = 0. Let
o : V — M be a section of j such that 0(0) = 0. The associated cocycle is defined by f(vy, vp) =
o) +o()—o(+v). lfrisin T, then h(r, v) =ro(v) — o (rv) turns f into an enhanced cocycle.

For the converse, give W x V the structure of a 7T-module by setting
(w1, v1) + (w2, v2) = (W1 + w2+ f(v1, v2), vi+v2), r(w,v)=w+h(r,v),rv).

Hence ExtlT(V, W) =D(V, W). Given f as above, lett: V — W be defined by t(a) = h(m, a). Since
m(w,v) = (t(v), 0) and 7 is in the center of T, we conclude that ¢ is a T-homomorphism and that the
sequence is exact. U

Using the lemma, we give a refined variant of [Schoof 2012b, Lemma 2.1]. Let F be a number field
and R its ring of S-integers for a finite set S of primes.

Proposition A.2. Let V and W be finite flat A-module schemes over R killed by 7w, with associated Galois
modules V and W. Let Ext[lﬂ]’ r WV, W) denote the subgroup of Ext}e (V, W) consisting of those extensions
killed by m. Then there is a natural exact sequence

0 — Ext{y; (V. W) — Exti(V, W) — Homga(V, W).

If V is absolutely irreducible over k, then Endg, (V) = k.

Proof. Apply Lemma A.1 with G the Galois group of a suitable finite extension of F. Then the passage
from Galois modules to the associated group schemes is as in Schoof and so is left to the reader. ]
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Appendix B: Parabolic subgroups and an obstreperous cocycle

For any group G, consider representations pg, afforded by F,[G]-modules E; fori =1,2. If gisin G
and &; = pg,(g), then g acts on m in ) = Homg , (E, E1) by g(m) = 81m8;1. In the category of [,[G]-
modules, the extension classes of E, by E| under Baer sum form a group isomorphic to H'(G, ). The
exact sequence of F,[G]-modules 0 — E; — W — E» — 0 gives rise to a cocycle ¥ : G — § such that

@ =4 ] (B.1)

and the class [W] in Ext[}p[G](Ez, E) corresponds to that of [i] in H' (G, h). If N is a normal subgroup
of G contained in ker py, then [1/] comes by inflation from a unique class in H'(G/N, b), also denoted

by [y].

Note that pw (G) lies in a parabolic matrix group

P="Pr.e =g =[4 11116 = P, (). m € Maty, 0, (F,) | (B.2)

with n; = dim[pp E;. If H={ge€G|gg =1}and A; =G/H;, then E; is a faithful [ ,[A;]-module. Any
normal subgroup H of G acting trivially on both E; and E, satisfies

pw(H) S {g=[§1]€PImeMaty . (Fp)}.
Since H'(H, h)C¢/H = Homg (G, w1(H, b), the following sequence is exact:
0— H'(G/H, ) H' (G, h) > Homg 6/ (H. ). (B.3)

Suppose that £ and E, are Gg-modules, F = Q(E;, E;) and A = Gal(F/Q). If the extension
W = Wy, belongs to a cocycle ¥ : A — b whose class in H'(A, ) is not trivial, then Q(W) = F, even
though W does not split as a A-module.

Example B4. Let p =2 and E = E| = E,, with dimg, (E) = 2n, so that  is isomorphic to Maty, (F2).
As in [Brumer and Kramer 2012, Remark 2.6], equip E with the irreducible symplectic representation of
A C Sp,,, (F2) isomorphic to S,,, with transvections corresponding to transpositions and m =2n 41 or
2n+2. When n > 2, there is a nontrivial class [] in H'(A, h) such that v(g) =€(g)lr,, where e(g) € F,
is the parity of the permutation g. This situation can occur when E is the kernel of multiplication by 2 on
the Jacobian of a hyperelliptic curve of genus at least 2.

Suppose further that E has prime conductor N and that o, generates inertiain F/Q at v | N. Then o, is
a transposition in S, so ¥ (o,,) = I, and it follows from (B.1) that rank pw (o, — 1) = 2n. The extension
W = Wy, prolongs to a group scheme over Z[%] satisfying E1 and E2, since the local cohomology
group H!(Dy(F/Q), h) =0 at p | 2, as in Lemma 5.3.3. However, the minimality assumption E3 on our
category E requires that rank pw (o, — 1) = 2, namely the multiplicity of £ in W*, so W is not in E
when n > 2.
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Appendix C: Some technical lemmas on local conductors

Let K be a finite extension of Q,, with uniformizer g, ring of integers Ok and absolute ramification
index ex = ords, (p). Set
UY = {ueOf | ordy, u—1) > n). (C.1)

See [Serre 1979, IV] for basic information about ramification groups and conductors. Let L /K be a finite
Galois extension. The index of elements g in G = Gal(L/K) is given by ik (g) = ordy, (g(0) — 0)
for any choice of 6 in Oy, such that O = Og[0]. Then ordy, (g(a) —a) > i;/k(g) for all a in Ok. In
Serre’s lower numbering on ramification groups, G; ={g € G | i /k(g) = j+ 1}. Thus G_; = G, Gy
is the inertia group, its fixed field is the maximal unramified extension of K inside L and the p-Sylow
subgroup G is the wild ramification subgroup of G. For g in G, we have i; /g (g) =ord,, (g(mr) —mp).
The Herbrand function is defined by

o ds
¢L/K(x)=f0 m (C.2)

In Serre’s upper numbering, G" = G, with m = ¢ )k (n).
Notation C.3. Letc; x =max{j|G;#1}andletm;,x =1 /k(cr k). Thus G™*/X %1 but Gk te =1
for all € > 0. When L/K is abelian, the conductor exponent f(L/K) is the smallest integer n > 0 such
that U ,(<” ) is contained in the norm group Nz x (L™).

We have f(L/K) =my,x + 1 by [Serre 1979, XV, §2], with ¢; )x =m;/x =—1and f(L/K) =0
when L/K is unramified. If M /K is a Galois extension and the intermediate field L also is Galois over

K, then my x < my i because Gal(M/K)“ L5 Gal(L/K)“ is surjective for all @. Translation by an
unramified extension of the base does not affect the conductor, as we next recall.

Lemma CA4. If F/K is unramified, then mpr/r = my/x. Additionally, if L/K is abelian, then
f(LF/F)=f(L/K).

Proof. The restriction map Gal(L F/F) ©2> Gal(L/L N F) is an isomorphism. Since F/K is unramified,
7y, also is a prime element of L F'. For all s > 0, it follows from the definition of the lower numbering that
restriction induces an isomorphism Gal(LF/F); = Gal(L/L N F); = Gal(L/K), Thus the Herbrand
functions of LF/F and L/K agree and the rest is clear. [l

Proposition C.5. Let L = K (t) be Galois over K, with ordy, (t) = —n prime to p and negative. If g(t) —t
is a unit for all g # 1 in G, then Gy is an elementary abelian p-group and f(L/K) =iy gk (g) =n+1.

Proof. By assumption, nontrivial elements g of Gy satisfy g(¢#) = ¢ + « with u# a unit in Oy and
gw) =u (mod ;). If g has order d, then

t=gl®)=t+u+gw)+ - +g" ()=t +du (mod ),

so p|d. Hence Go = G is a p-group and so i =iy ;g (g) > 2. Furthermore, ord; (g(a) —a) > i for all a
in OL.
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Setm =mp, 0 =1/t =an” and g(r) —m = Br’, where « and B are units in @;. We have the
following congruences modulo 7"+ Oy :
gO)—0=(g—D(ar")=a(g—D(@")+g(x")(g — D)
=a(g—D(@")
=a((mr+Br")' — ")
= aﬂnnn—l-‘ri
and therefore ord,; (g(0) —6) =n — 1 +i. Explicitly,
t—g(t
80 M uhg0),
1g(1) 18(1)

so ord;(g(@) —0) = 2n. Hence i = n + 1 and the lower ramification sequence has only one gap:

g(0)—0=

Go = G, 2 Gp41 = {1}. By ramification theory, G, is an elementary abelian p-group and we have
f(L/K)=(pL/K(I’l)+1=I’l+1. |

Next, we recall the conductors of Kummer extensions of degree p.

Lemma C.6. Let K contain p,, and L = K («'/P) with k € K*. Then

f(L/K) =

l”ﬂ +1 if ordy, (k) % 0 mod p

p—

and this is maximal for cyclic extensions of K of degree p. Ifordy, (k —1) =n with1 <n < peg/(p—1)
andn #0 mod p, then f(L/K) = pex/(p—1) —n+1.

Proof. In the first case, assume without loss of generality that ord,, (k) = 1, so § = «!/? is a prime
element for L. If g # 1 in Gal(L/K), then g(6) — 8 = (¢ — 1)y for some a p-th root of unity ¢ and the
conductor follows by definition.

In the second case, set k = 1 +umg with u in Ug and 6 = kP —1. Then g(0) = ¢x'/P —1 =
0+ (¢ — kP, where 0 satisfies x? + Zj.’;ll (§)xf =unl.Lett=0/(¢ —1), to find that g(t) —t =« /7
is a unit in L and ¢ satisfies

p_l n
H+Z@w7£%;mm@=@W—W% C.7)
=1

For1 <j<p—1, we have
.. €K . €K
ordgy(@j)=ex —(p—j)——=0U—-1)——2=>0.
p—1 p—1

Put z =t in (C.7) and compare ordinals on both sides, using p 1 n, to see that L/K is totally ramified of

degree p and
Pek

p—1

ordy (t?) =nordy, (mg) — pord,, (( —1)=np—p

Thus ord, (1) =n — peg/(p — 1) and §f(L/K) can be found by using Proposition C.5. [l
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Remark C.8. Since the choice of « can be changed by multiplying by a suitable element of K *”, the
only remaining cases are n > peg/(p — 1). If equality holds, then (C.7) gives an integral polynomial
satisfied by ¢t whose reduction modulo g has the form z” + aa zP~' — b with b = ur" (¢ —1)~P. Since
a; and b are unit in Ok, this polynomial is separable and L/K is unramified, but possibly split. If
n> pex/(p—1),thenk isin K*P and L = K.

Lemma C.9. Let L;/K be Galois and let m; = my,/x be the upper numbering of the last nontrivial
ramification subgroup of Gal(L; /K). If M = L L, then my/x = max{m, my} and if L is a subfield of
M with L/K abelian, then f(L/K) <mp /g + 1.

Proof. If m = max{my, my}, then my,x > m. Butif g is in Gal(M/K)* with & > m, then g, = 1 for
i=1,2,s0 g =1. Hence my/x = m. It follows that m; ,x < m and therefore f(L/K) <m + 1. O

Lemma C.10. Assume that F /K is Galois and L/ F is abelian. Let M be the Galois closure of L/K.
Then M/ F is abelian and f(M/F) = f(L/F).

Proof. Since my/p < myr, we have f(L/F) <§f(M/F). If T is in Gal(M /K), then T(L)/F is abelian
and f(t(L)/F) =f(L/F). But M is the compositum of all 7(L) as t varies. Therefore, M/ F is abelian
and by Lemma C.9, f(M/F) < f(L/F), giving equality. U

For the next lemma, refer to the following diagram:

M
K'F
F
K’ unram
K,
K

Lemma C.11. Let F be the Galois closure of K1/K and assume that F /K is unramified. Let K' be
an abelian extension of K| and let M be the Galois closure of K'/K. Then M is abelian over F and
f(M/F)=§(K'/K)).
Proof. The field M contains F because K’ contains K. Moreover, M is the Galois closure of K'F/K.
Since K’ is abelian over K, the extension K'F/F is abelian. By Lemma C.10, with L there equal
to K'F here, we find that M/F is abelian and f(M/F) = f(K'F/F). By Lemma C.4, translation of
the base via an unramified extension does not change the conductor, so f(K'F/F) = f(K'/K). Hence
f(M/F)=f(K'/K1). O
When L = K(V), where V is a finite flat group scheme over Ok of exponent p”, Fontaine [1985]
showed that m; ;x < ex(n+1/(p—1)) — 1. Now consider the conductor exponent of an intermediate

abelian extension.

Proposition C.12. Let L = K (V) and suppose that K C F C F' C L, with F'/F abelian and the
relative ramification index ek equal to the tame ramification degree [Go: G1] of L/K. Then f(F'/F) <
er(n+1/(p—1) —ep/k + 1.
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Proof. The fixed field L| of H = G is the maximal subfield of L tamely ramified over K. Since Hy = G
and H; = G, for all s > 0, (C.2) gives

oL/L,(x) =[Go: G1lor/k (x) = er/kpr/k (x), forall x > 0.

We may assume that L properly contains L. Using ¢; /1, = ¢ /g, we have

mpep,y L, <mpjL, =@L/L,(cL/L,) = er/k9L/k(CL/K) = €F/KML/K -

But F is contained in L and L/ F is unramified. Hence Lemma C.4 shows that f(F'/F) =f(F'L;/L) <
1 +efp/kmp k. Conclude with Fontaine’s bound. O

Appendix D: Some data

The quintic field Fy is amiable if its Galois closure F is amiable as in Definition 6.1.19, so that the
uniqueness in Theorem 6.1.22 applies. To check amiability, construct the pair-resolvent field K and
ask Magma, under GRH, for the 2-rank of the ray class groups of K with the desired moduli, as in
Theorem 1.3. A favorable abelian surface A is of type Fy if Q(A[2]) is the Galois closure of Fy. To
find representatives for isogeny classes of abelian surfaces of prime conductor N, it suffices to search
for Jacobians by [Brumer and Kramer 2014, Theorem 3.4.11]. If F is amiable, then it is not totally real
by Remark 6.1.20. The Magma database of quintic fields contains 1919 favorable quintic fields that are
not totally real. Their absolute discriminants are at most 5 - 10° and 714 of them are amiable. We know
Jacobians for only 82 of the latter, but expect conductors of abelian surfaces to be sparse among integers.

We tabulate explicit information for favorable fields and curves with N < 25000 and summarize some
data for N < 10'°. In all our tables, [ag, a1, az, . . .] denotes the polynomial ag + ajx + a)x>+---,asin
Magma.

Legend for Tables 1 and 2. Table 1 on the next two pages gives a defining polynomial f(x) for each of
the 172 favorable quintic fields Fy of discriminant £16/N with N < 25000. Table 2 on page 1068 consists
of 75 curves y? = g(x) whose Jacobians represent distinct known isogeny classes of favorable abelian
surfaces of prime conductor N < 25000. If C is curve number 25, 63 or 64 in that table, its leading
coefficient has the form 4m?>. These curves exhibit mild reduction [Brumer and Kramer 2014, p- 1162],
in that C is bad at p | m but the reduction of J(C) at p is the product of two elliptic curves.

In both tables, the column marked € contains an « if F{ is amiable. For each field F in Table 1, the
column marked #C contains one of the following:

o The line number of a curve in Table 2 such that g has a root in Fj.
« 0 if we can prove that no abelian surface of type Fy exists by [Brumer and Kramer 2018].
« P if no nonlift paramodular form of that level exists, so no such surface is expected to exist.

« U if there is at most one isogeny class of that type, but it is unknown whether such an abelian surface
actually exists.

e v if Fy is not amiable and we do not know whether or not any surface exists.
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#F, fx) N € #C #F, fx) N € #C
1 [-1,-1,-2,0,1,1] 277 a 1 43 [2,-2,2,4,2,1] 5309 o U
2 [-1,1,0,0,1,1] 349 a 2 44 [-1,-3,-6,-2,1,1] 5381 v
3 [-1,3,0,-2,1,1] 461 o 3 45 [3,-1,4,6,1,1] 5437 o O
4 [1,3,2,2,1,1] 613 a P 46 [-2,-4,0,2,2,1] 5651 o 26
5 [1,1,2,0,1,1] 677 a P 47 [2,4,-4,-4,2, 1] 5867 27
6 2,2,2,2,2,1] 797 a 4 48 [2,-4,2,-2,2,1] 6277 o U
7 [-2,0,0,0,2,1] 971 a 5 49 [-1,-1,-8,-4,1,1] 6317 a O
8 [1,1,0,-2,1,1] 97 a 6 50 [-3,-5,-6,2,1,1] 6373 o U
9 [-1,-3,0,4,1,1] 1051 o« 7 51 [2,4,0,-2,2,1] 6397 o O
10 [2,-2,-2,0,2,1] 1061 « U 52 [2,-2,0,-2,0,1] 6491 28
11 [1,-1,2,-2,1,11 1109 o 9 53 [2,0,4,6,0,1] 6701 0
12 [-1,3,-2,0,1,1] 1109 o 8 54 [2,2,4,-4,0,1] 6763 29
13 [2,-4,-2,2,2,1] 1277 o O 55  [-1,9,-2,-6,1,1] 6907 o U
14 [2,-4,4,-2,0,1] 1597 o O 56 [2,6,4,0,0,1] 7013 o U
15 [2,-2,2,0,0, 1] 1637 o 10 57 [-2,0,-4,-2,2,1] 7109 30
16 [1,-3,0,2,1,1] 1811 o 11 58 [2,-4,-2,4,2,1] 7541 o U
17 [-2,2,2,4,2,1] 2069 o U 59 [2,-2,6,0,0,1] 7549 o U
18 [-2,0,2,-2,0,1] 2243 o 12 60 [-3,7,2,6,1,1] 7589 o U
19 [3,5,4,4,1,1] 2269 o U 61 [6,2,-8,—4,2,1] 7723 v
20 [-3,-1,-2,2,1,1] 2341 o 13 62 [2,6,0,-6,0,1] 7877 31,32,33
21 2,4,2,2,2,1] 2557 o O 63 [I11,-1,-4,-4,1,1] 7963 v
22 [2,4,0,-2,0, 1] 2677 o 14 64 [2,4,0,-2,2,1] 8243 «a 34
23 [-2,0,2,0,0,1] 2693 15 65 [2,4,2,2,0,1] 8581 v
24 [2,4,2,0,0,1] 2909 o U 66 [-1,-5,-4,6,1,1] 8803 35
25 [6,8,8,6,2,1] 3037 o O 67 [-3,13,-4,-6,1,1] 9091 « 36
26 [2,-2,4,0,0,1] 3109 o« U 68 [5,7,0,0,1,1] 9781 « U
27 [2,4,2,-6,0,1] 3251 o 16 69 [7,3,-6,—4,1,1] 9803 37
28 [1,5,2,4,1,1] 3461 o U 70 [2,-2,4,0,2,1] 9941 o 38
29 [-1,-3,-2,-2,1,1] 3499 17 71 [7,1,2,-2,1,1] 9949 0
30 [2,0,2,0,0,1] 3557 18 72 [2,-8,8,0,0,1] 10037 39
31 [2,2,0,0,0,1] 3637 o 19 73 [1,-3,-4,-2,1,1] 10163 « U
32 [2,6,0,-4,0,1] 3701 o 20 74 [2,4,0,6,0,1] 10253 0
33 [2,0,0,2,2,1] 3853 o O 75 [-2,2,2,-8,0,1] 10259 v
34 [2,0,0,2,0,1] 3989 21 76 [1,3,6,2,1,1] 10453 a U
35 [-2,-2,-2,2,2,1] 3989 o U 77  [3,-7,10,-6,1,1] 10789 40
36 [-1,5,-4,-4,1,1] 4003 0 78 [2,-2,4,-4,0,1] 10837 41
37 2,2,-2,-2,2,1] 4157 o 22 79 [2,2,6,4,2,1] 10853 42
38 [2,-6,4,0,0,1] 4219 a U 80 [6,-4,0,-2,0,1] 10949 « 43
39 [2,2,0,2,0,1] 4517 a 23 81 [1,1,6,-6,1,1] 10957 v
40 [2,0,-6,-2,2,1] 5059 o 24 82 [-3,-1,0,0,1,1] 11117 44
41 [-1,1,0,—4,1,1] 5227 25 83 [-1,-5,-6,-4,1,1] 11131 v
42 [2,2,2,0,0,1] 5261 o O 84 [5,11,0,—4,1,1] 11243 « U

Table 1. Favorable quintic fields (legend on previous page; continuation on next page).
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85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128

fx)
[-1,5,-6,6,1,1]
[-1,3,2,-4,1,1]
[-3,1,0,2,1,1]
[2,-10,14,-4,0, 1]
[13,11,-6,-6, 1, 1]
[3,-1,-2,0,1,1]
[3,11,0,-4,1,1]
[2,10,6,-2,0,1]
(10,6, -8, 4,2, 1]
(2,2,4,2,0,1]
[-3,5,-2,-4,1,1]
[-3,-5,-10,-6, 1, 1]
[-3,1,-6,-6,1,1]
[-1,-1,2,-4,1,1]
[-2,2,-2,0,2,1]
[-2,4,-2,-4,2,1]
(7,-1,-2,-4,1,1]
[2,—4,0,0,0,1]
[3,-1,4,-4,1,1]
[2,8,8,6,2,1]
[1,5,2,-12,1,1]
(6,4,6,4,2,1]
[1,1,-4,-6,1,1]
[-2,6,2,-6,0,1]
[4,-4,4,0,2,1]
[-9,-1,4,0,1,1]
[15,13,-6,-6, 1, 1]
[2,-2,6,-2,2,1]
[-3,-1,-2,-2,1,1]
(46,48, 6,-14,0, 1]
(2,4,4,4,0,1]
[-2,4,2,-2,0,1]
[1,-3,2,-4,1,1]
[-2,0,2,0,2,1]
[-2,2,4,4,0,1]
(3,7,0,0,1, 1]
[-2,4,-2,0,2,1]
[5,9,4,6,1,1]
[4,0,0,-2,2,1]
[2,-6,2,2,2,1]
[-2,0,10,8,0, 1]
[2,-2,-10, 4,2, 1]
(1,5,2,0,1,1]
[-6,4,2,-4,0,1]
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N

11261
11579
11701
11971
12037
12109
12301
12541
12757
12781
12781
12907
12923
13003
13037
13147
13147
13259
13597
13597
13723
13829
13963
13997
13997
14149
14197
14293
14629
14779
14821
15013
15227
15307
15373
15493
15581
15749
15749
15923
16139
16451
16901
16981

€

S

R R R R R R R R

#C
0
45

v
46,47
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#F,

129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172

f(x)
[97 55 _67—47 1’ 1]
[-7,5,4,-2,1,1]

[-2,10,-12,-2,2, 1]
[-15,13,6,-4,1, 1]
[4,-4,8,-2,0,1]
[-2,0,4,2,0,1]
[-4,4,4,0,0,1]
[3,7,6,4,1,1]
[14,24,4,-6,0, 1]
[6,-4,6,0,0,1]
[-1,-3,-8,-4, 1, 1]
[-1,-5,-4,2,1,1]
[1,7,2,-2,1,1]
[10,4,-8,-4,2,1]
[-1,3,-8,-8,1, 1]
[-2,-2,4,4,2,1]
[2,0,4,4,2,1]
[-2,-12,-22,-8,2,1]
[-1,-5,-14,-8, 1, 1]
[4,0,-8,2,2,1]
[4,4,0,4,2,1]
[1,-3,2,4,1,1]
[-2,6,0,2,2,1]
[-2,2,2,-4,2,1]
[-5,11,2,-12,1, 1]
[-6,-4,4,-4,0,1]
[-14,-18,-10,-2, 2, 1]
[18,8,-12,-6,2, 1]
[-3,-1,2,2,1,1]
[-2,8,-8,-6,2,1]
[-1,-3,-8,4,1,1]
[-3,13,2,10, 1, 1]
[2,0,-6,-4,2,1]
[1,9,6,2,1,1]
[-5,13,-4,-8,1, 1]
[-3,-1,-4,-4,1,1]
[1,-3,-2,4,1,1]
2,-4,-2,0,2,1]
[6,4,2,4,0,1]
[-6,2,4,-2,0,1]
[2,8,0,6,0,1]
[2,-4,2,2,0,1]
[-6,4,6,-6,0, 1]
[-7,-5,-2,-2,1,1]

N

17029
17203
17291
17317
17341
17341
17389
17597
17923
18077
18181
18691
18757
18869
19051
19211
19429
19469
19531
19597
20389
20533
21061
21211
21283
21563
21739
21787
22277
22291
22637
22709
22787
22861
23003
23059
23131
23251
23669
24109
24469
24533
24611
24763

S
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#C #F, g(x) N € | #C #F, g(x) N
1 1 [1,-4,8,-8,0,4] 277 a | 39 72 [1,0,4,0,0,4] 10037
2 2 [1,-4,4,4,-8,4] 349 o | 40 77 [1,12,44,52,4,4] 10789
3 3 [1,8,20,12,-8,4] 461 o | 41 78 [13,4,-20,-8, 8, 4] 10837
4 6 [1,0,0,4,-4,4] 797 « | 42 79 [5,12,0,-12,0, 4] 10853
5 7 [1,4,0,-8,0,4] 971 o | 43 80 [-7,12,4, 16,4, 4] 10949
6 8 [1,0,-4,38,-8,4] 997 o | 44 82 [1,-4,4,-4,8, 4] 11117
7 9 [1,-4,4,0,-4,4] 1051 o | 45 86 [1,12,44,44,-4,4] 11579
8 11 [-79,-304,-560,-200,—4,4] 1109 o | 46 88 [1,4,0,-4,4,4] 11971
9 12 [1,4,4,-4,-4,4] 1109 o | 47 88 [1461041,-565424,78052,-4092,8,4] 11971
10 15 [1,0,-4,4,-4,4] 1637 48 97 [1,4,0,-8,-4,4] 12923
11 16 [5,-24, 44, -36, 8, 4] 1811 « | 49 100 [1,12,32,28,8,4] 13147
12 18 [1,4,4,4,8,4] 2243 « | 50 101 [1,-4,4,-4,4, 4] 13147
13 20 [-3,-4,0,8,8,4] 2341 « | 51 102 [5,-28,48,-24, -4, 4] 13259
14 22 [5,-16,20,-8, -4, 4] 2677 o | 52 105 [1,-4,0,4,8,4] 13723
15 23 [1,0,0,4,8,4] 2693 53 108 [137,-356, 328, -116, 4, 4] 13997
16 27 [1,4,-8,-4,4,4] 3251 «a | 54 111 [9,16,-4,-16,0, 4] 14197
17 29 [9,-40, 60, -32, 0, 4] 3499 55 118 [1,4,-8,-4,8, 4] 15307
18 30 [1,0,0,4,-8, 4] 3557 56 122 [1,4,4,8,8,4] 15749
19 31 [1,0,4,0,4,4] 3637 o | 57 131 [1,-4,4,0,-8,4] 17291
20 32 [161,-360,284,-80,—4,4] 3701 « | 58 132 [-3, 8,-8,8,-8,4] 17317
21 34 [1,-4,4,0,0,4] 3989 59 135 [1,0,0,-4,4,4] 17389
22 37 [-3,8,-12,12,-8, 4] 4157 a | 60 138 [-3,-20,-40,-20, 4, 4] 18077
23 39 [1,-4,8,-8,4,4] 4517 o | 61 144 [-247, 552, -200, -136, 4, 4] 19211
24 40 [-3,8,0,-12,4, 4] 5059 « | 62 144 [-7, 16,4, -16,0, 4] 19211
25 41 [5,-20,-40, 240, -600, 500] 5227 63 145 [-3, 36,144, 192, -108, 108] 19429
26 46 [5185,-6384,2664,-396,—4,4] 5651 « | 64 147 [-11, 44, 264, 440, 968, 5324] 19531
27 47 [73,-180,152,-40,-8,4] 5867 65 152 [-3,-4,8,4,-8,4] 21211
28 52 [1,4,0,-8,4,4] 6491 66 154 [-21167,-18908,-5996,-712,0,4] 21563
29 54 [-3,4,4,-8,0,4] 6763 67 156 [-3,-16,-28,-16, 4, 4] 21787
30 57 [25,28,-12,-16, 4, 4] 7109 68 157 [9,-32, 40, -20, 0, 4] 22277
31 62 [41,-148,160,-56,-4,4] 7877 69 158 [1,-4,8,-12,4,4] 22291
32 62 [1,8,12,-8,-8, 4] 7877 70 162 [1,4,8,4,4,4] 22861
33 62  [73,-228,232,-84,0,4] 7877 71 163 [5,-36,76,-40, 4, 4] 23003
34 64 [-591,-1160,-792,-204,—4,4] 8243 « | 72 165 [1909, 2652, 1308, -236,-4,4] 23131
35 66 [1,-8,20,-12,-8, 4] 8803 73 165 [1,8,-12,-8, 8, 4] 23131
36 67 [1,-8,24,-28,4,4] 9091 « | 74 169 [1, 8,20, 16,0, 4] 24469
37 69 [1,-8,16,-8,-4,4] 9803 75 169 [7309, —-8208, 3292, -504, 4, 4] 24469
38 70 [1, 8,20, 16, 8, 4] 9941 «

Table 2. Curves y2 = g(x), their 2-division fields and conductors (legend on page 1065).
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Legend for Tables 3 and 4. We know 276109 curves, including 10360 mild curves with 3 < m < 53,
whose Jacobians are favorable and nonisogenous of prime conductor N < 109, for a total of 275494
nonisomorphic fields. Table 3 summarizes the statistics. For 0 < j <9, the j-th column refers to N
between j - 10° and (G+1)- 10°. The rows A, F and «, respectively, give the number of abelian varieties,
fields and amiable fields. It is remarkable that approximately 11.8% of the favorable fields are amiable,
uniformly for each slice of size 10°. For the reader’s entertainment, Table 4 lists the curves we found

with largest conductors below 10'” and amiable Jacobians.

J 0 1 2 3 4 5 6 7 8 9 Total

A 63563 35507 29047 25450 23684 22099 20500 19505 18773 17981 276109
F 63212 35429 28998 25417 23657 22079 20479 19493 18761 17969 275494
a 7632 4290 3362 2948 2799 2606 2375 2340 2189 2127 32668

Table 3. Amiable fields among favorable fields (legend immediately above).

P(x) N P(x) N
[—90, —184, —136, —39, —1, 1] 9882329341 [10,22,7,—-7,0,1] 9891907261
[11,26, -7, 8,0, 1] 9893121157 [11,17,3, -4, —-2,1] 9897613669
[—8428, —6910, —2025, —226, —1, 1] 9898501189 [-21,6,10,—1,1,1] 9911121709
[87, —106, 56, —9, —2, 1] 9934582709 [—61,50,9,—13,0,1] 9982174061
[—33,20,—1,10,1,1] 9987633941 [—2,-3,—-15,-9,0,1] 9994370909

Table 4. Curves y?> = 1 +4P(x) of large conductor with amiable fields (legend at top of page).

Note added in proof

The paramodular conjecture should be modified to accommodate comments and examples of Frank

Calegari.

Definition. An abelian fourfold B is a fake abelian surface if End(B) is an order in a quaternion algebra

over Q.

Paramodular conjecture. Let Ay be the set of isogeny classes of abelian surfaces A/Q of conductor
N with End A = Z, let By be the set of isogeny classes of fake abelian surfaces B/Q of conductor N2
and let Py be the set of cuspidal, nonlift Siegel paramodular newforms f of genus 2, weight 2 and level
N with rational Hecke eigenvalues, up to nonzero scaling. Then there is a bijection between Py and

Apn U By such that
L(f,s,spin) ifC e Ay,

L. s)= {L(f, s,spin)2  if C € By.
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Characterization of Kollar surfaces

Giancarlo Urzta and José Ignacio Yafez

Kollar (2008) introduced the surfaces
(7 202 4 25705 42570 + x50 = 0) C P(wy, wa, ws, wy)

where w; = W, /w*, W; = a;41ai120;+3 — aj+20;43 + a;43 — 1, and w* = ged(Wy, ..., Wy). The aim was

to give many interesting examples of Q-homology projective planes. They occur when w* = 1. For

that case, we prove that Kollar surfaces are Hwang—Keum (2012) surfaces. For w* > 1, we construct a

geometrically explicit birational map between Kollar surfaces and cyclic covers z%" = [{23“ [, 3“4 1,

where {I1, 5, I, 1;} are four general lines in P?. In addition, by using various properties on classical

Dedekind sums, we prove that:

(a) For any w* > 1, we have p, = 0 if and only if the Kollar surface is rational. This happens when
aiy1 =1oraja;.; =—1 (mod w*) for some i.

(b) For any w* > 1, we have p, = 1 if and only if the Kolldr surface is birational to a K3 surface. We
classify this situation.

(c) For w* > 0, we have that the smooth minimal model S of a generic Kollar surface is of general type
with K2/e(S) — 1.
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6. Theorems on geometric genus 1096
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1. Introduction

The ground field is C. Let n > 3 be an integer, and let ay, . . ., a, be positive integers such that there is
no (a;, aj42, ..., ai+n—2) = (1, ..., 1) when n is even. The indices are and will be taken modulo n. For

every 1 <i <n, we define the positive integers

i+n—1

w; :=2n:(—1)f—1 ]_[ a; and D::ﬁal+(—1)"_1.
j=1

=i+ =1

MSC2010: 14J10.
Keywords: Q-homology projective planes, Dedekind sums, branched covers.
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For example, for n =4 we have

Wi =ai11ai120; 13 — ai2ai13+ai3—1 and D =ajaazas — 1.
We also define
w* i=ged(Wy, ..., W),).

Then w* = ged(W;, W;41) = gcd(W;, D) since a; W; + W; 1 = D for all i.
Set
w; = il and d:=—.
w* w*
Notice that gcd(a;, w*) = 1 for all i.

The Kolldr hypersurface [2008] of type (ai, ..., ay) is
X(ai,...,an) = ("% +x7x3 4+ +x57x1 =0) C P(wy, ..., wy).

Let 0 < p; < w* be such that u; = (—1) ! ]_[;:Z"J:ll a; (mod w*). We consider the normal projective
variety Y’ given by the w*-th root cover ¥/ — P"*2 = {y; +--- + y, = 0} € P"~! branched along
{y{‘ '...yi" = 0}; see Section 2 for precise definitions. The map v associated to the linear system
|xf1x2, ..., Xy"x1| in the Kollar hypersurface shows that the varieties X (ay, ..., a,) and Y’ are birational;
this is worked out in Section 2.

In this paper we consider in detail the case n = 4; the surface X = X(ay, ..., as) will be called
Kolldr surface. First, we note that Kollar surfaces are birational to infinitely many Kollar surfaces with
ged(w;, wigp) =1 and a; > 1 (see Theorem 5.1), and so we assume these numerical conditions to simplify

the exposition. Section 3 is devoted to proving:

Theorem 1.1. There is a configuration I of six rational curves in X such that, if X— Xisa log resolution
of (X, 1), then X—X-"»P%isa morphism which factors through Y' — P2 via a birational morphism
X Y.

The aim of Kollar surfaces [2008] was to give examples of rational Q-homology projective planes
(QHPP) with ample canonical class. This occurs for w* = 1 after contracting (x; = x3 = 0) and
(x; = x4 = 0) in X, when these two curves have negative self-intersections (see Corollary 4.8). This
contraction gives a QQHPP with two cyclic quotient singularities, and when a; > 4 for all i, the canonical
class is ample. On the other hand, Hwang and Keum [2012] constructed a series of examples of QQHPP
with ample canonical class and same singularities as Kolldr examples. In Section 4 we prove:

Theorem 1.2. Kolldr Q-homology projective planes are Hwang—Keum surfaces.

As an intriguing problem, we point out that rational QQHPP with ample canonical class and cyclic
quotient singularities have not yet been classified. The number of possible singularities is at most four,
and examples with one, two, and three singularities have been constructed. It is conjectured that the case
of four singularities is impossible [Kollar 2008; Hwang and Keum 2012].
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In Section 5 we write down formulas for the invariants of Kollar surfaces via Y’ when w* > 1.
Particularly interesting is the geometric genus, which depends on classical Dedekind sums on the
exponents a;. For example, by comparing the two models X and Y’, we write down an identity for
Dedekind sums in Corollary 5.8. More importantly, in Section 6 we use new bounds on their values,
essentially due to Girstmair [2017], to prove (see Theorems 6.3, 6.6, and 6.11):

Theorem 1.3. For w* > 1, we have:

(a) pg =0ifand only if the Kolldr surface is rational. This happens when a; =1 or a;a; | = —1 modulo
w* for some i.

(b) pg = 1 if and only if the Kolldr surface is birational to a K3 surface. We classify this situation in
eight cases (see Table 1).

(c) For w* > 0, the smooth minimal model S of a generic Kolldr surface is of general type with
K § /e(S) — 1, where K is the canonical class, and e(S) is the topological Euler characteristic.

Moreover, we note that any p, is realizable by some Kollér surface (Proposition 6.2), and that given
m > 0 there exists an N such that p, > m if w* > N (Lemma 6.7). At the end, we give explicit examples
of Kodaira dimension-1 elliptic fibrations (Example 6.9) and surfaces of general type (Example 6.10),
arising as Kollar surfaces for w* arbitrarily large.

2. Kollar hypersurfaces

Koll4r [2008, Theorem 39] proves:

Theorem 2.1. (1) The weighted projective space P(w1, ..., w,) is well formed, and its singular set has
dimension < [n/2] — 1.

(2) The hypersurface X (a1, ..., a,) is quasismooth, and P(wy, ..., w,) \ X(ai, ..., a,) is smooth.
(3) Ifw* =1, then X(ay, . .., ay) is birational to P" 2.
To prove (3) above, Kollar uses the linear system |xf1x2, xgz)g, oo xxr]. In general, this linear
system defines a rational map
Y P(wy, . wy) - P
given by y; = x;"xi41.
Proposition 2.2. The rational map  defines the field extension

CO1/Ynr s Yne1/Y0) CCO1/Yns - s a1 /Y21 = /30

a2a3-+-y | —a3--dy | A4y =D"a, (=1

where 7 = xf/y,’l”‘ and f =y, Y, 3 Vo Vn

Proof. At the affine cover level, the field extension induced by i is

COts-ves Yu) CCGL, s X/ P = )
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where the other variables x», ..., x, can be written using yi, ..., y,, x;. The action of C* compatible
with the map is: given A € C*, y; = A%y; and x; — A% x;. Then the rational map 1 is determined by

€1y )Y CEG - Y]/ P = )T

Notice that (C(yy, ..., yn))c* =CW1/Yn>-+-» Yn-1/Yn), and that z = xld/y#’1 is a C*-invariant element
such that z*" — f/y"1 = 0. Since geometrically the map ¥ has degree w*, then

(CO1, - YT/ = NS =CG1 /Y- Yam1 321/ @ = f/y). O

Corollary 2.3. The corresponding restriction map
Vlx: X (@i an) —> P = {y 44y, =0}
is cyclic of degree w* totally branched along (y; - - - y, = 0) C P"2,

In this way, we can write down another normal projective model Y’ of X (ay, ..., a,) using a w*-th
root cover as described in [Esnault and Viehweg 1992].
As in the introduction, let 0 < u; < w™* be such that

i+n—1

ui= (=D ] @ (modw*).
I=i+1

In P"2={y;+---+y, =0}, we write L; := {y; =0}, and so
Opn-2(w1)®” = Opia (i Ly + -+ + ftnLy),

where wjw* = W) =>""_, ;. Then

w*—1

Yo := Specpn_z<@ @Wz(—wli)) — P2

i=0

is the cyclic cover given by z%" — f/ y" above. We want to consider the normalization of Yy. As in
[Esnault and Viehweg 1992], we define the line bundles £ on P"~2 as

FD = Opn2z(wii) ® Opn—2 (— Z[“” ]Lj>
w

j=1

fori € {0, 1,..., w* — 1}, where [x] is the integer part of x. Then the normalization of Yy is Y’ :=
Specpn-2 (@,w:*o_ ! SE(i)_l) [Esnault and Viehweg 1992, Corollary 3.11]. Notice that ged(u;, w*) =1, and
so this cyclic morphism is totally branched at the L;.

Corollary 2.4. There is a birational map X (ay, ..., a,) --» Y.

In the next section we describe explicitly this birational map for n = 4.
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Eo E, Es—
Eg Est1
E,

Figure 1. Exceptional divisors over %( 1,q), Eg, and E 4.

3. Explicit birational map for Kollar surfaces

From now on we concentrate in the case of Kollar surfaces, where n = 4. We will be working with cyclic
quotient surface singularities, which we now review. A cyclic quotient singularity S, denoted by %(a, b),
is a germ at the origin of the quotient of C? by the action (x, y) — (¢%x, ¢?y), where ¢ is a primitive
m-th root of 1, and a, b are integers coprime to m [Barth et al. 2004, §II1.5]. Let 0 < ¢ < m be such
that ag — b = 0 modulo m. Then %(a, b) = %(1, q). Leto : S — S be the minimal resolution of S.

Figure 1 shows the exceptional curves E; = P! of o, for | <i <, and the strict transforms E, and Esi1
of (y =0) and (x = 0), respectively.

The numbers El2 = —b; are computed using the Hirzebruch—Jung continued fraction
m 1
q by —
o
T
We denote |[by, ..., bs]| := m. This continued fraction defines the sequence of integers

0= <l=B<--<q=p<m=py

where Bi+1 = b;8; — Bi—1. In this way, Bi_1/B8; = b, . .., bs]. Partial fractions «; /y; = [by, ..., bi_1]
are computed through the sequences

O=ayg<1l=a <---<q_1=as<m=as+1,

1 1

where o1 = bjo; —a;_1 (¢! is the integer such that 0 < ¢! <m and g¢~' =1 (mod m)), and yp = —1,
Y1 :0, and Yi+1 Zb,’)/,' —VYi-1. We have Uit 1Yi— O YVi+1 = —1, ,31' =qa; —my;, and m/q_l = [bs, ey bl].

These numbers appear in the pull-back formulas

s+1

) s+1
o ((y=0)= i

_— * — e _l . -
- E; and o*((x =0)) ZEO E;, (3-1)
and Ky =0"(Ky) + Zf_—l(—l +(Bi +;)/m)E;.

Let X (a1, a, a3, as) be a Kollar surface. Let

p1=(1:0:0:0), p2=0:1:0:0), p3=0:0:1:0), ps=0:0:0:1).
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Proposition 3.1. The surface X (a1, az, as, as) is normal and has only singularities of type wL, (Wit2, Wit3)
at the points p; when gcd(w;, wiy2) = 1, and of type %(IH_Q, w;13) when gcd(w;, witp) = h > 1, where
wj = ht j-

Proof. Here we follow the idea in [Iano-Fletcher 2000, §10.1]. Without loss of generality, it is enough to
check the singularity at p;. Consider the affine cone Cx C C* of X (ay, a2, a3, as) and the corresponding
action of C* given by,

rLeCr, A (xr,x2,x3,x4) = (A" X1, A"2x2, A" x3, A" xy).

Then to study the singularities around p, we check how the action behaves when we restrict to (x; = 1).
Notice that, when x; # 0,

0 -1
K(Xflm +x52x3 + x5 x4 + x4t x1) = x{" +axxs? x3 £0,
2
so locally, by the implicit function theorem, we can write x, as a function of x3 and x4, which become

local parameters. Then the action of C* restricted to (x; = 1) is

S (1, x, x3, x4) = (1, £ x2, £ x3, £ x4),

where ¢ is a wi-th primitive root of 1. Therefore, after taking the quotient, the singularity is a cyclic
singularity of type le(w:;, wy), if ged(wy, w3z) = 1. If ged(w;, ws) = h > 1, then there are elements
which fix the axis (x3 = 0), so they are quasireflections. We eliminate them by dividing w; = ht; and
w3 = ht3 by h, obtaining that the singularity is %(tg, wy). O
Assume a; > 2 for all i." We have this key configuration of curves on X (ay, a», az, as) (Figure 2):
Ci:i=(1=x3=0),
Cr:=(x2=x4=0),
o= (3 =xy" —i—xfl_lxz =0),
[h3:=((1= xill +x§271x3 =0),
T34:= () =x2 +x8 1y =0),
T41:=(xp=x5 +xZ4_1x1 =0).
Proposition 3.2. The curves Cy, Cy are smooth and rational. The curve T'; ; is rational, and it may only
have a unibranch singularity at p;.

Proof. The curves Cy, Cy are obviously isomorphic to P!. To prove the assertion about T';. j» it is enough
to do it for I'2 3. Notice that this curve lives in (x4 = 0) = P(w;, w2, w3), and that it is possibly singular
only at (0:0:1). Let us consider the Z/w, & Z/w, & Z/w3 quotient map

P2 — P(wy, wa, w3)

IThis is to have the key configuration of curves as shown. By Theorem 5.1, Kolldr surfaces with a; = 1 are birationally
included in our analysis. Also, check Corollary 4.8 when w* = 1.
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P2 y21
Cy
l_‘l 2 F3,4
D1 G 3

Figure 2. Key configuration of curves on a Kollar surface.

w

given by (x :y:z) = (x¥!:y*2:z"3). Then the preimage of "2 3 is

Fé,'s‘ = (xV19 4 ywz(aZ*l)Zws =0),

and so I'y 3 is rational since all irreducible components (branches at (0:0: 1)) of F§’3 are rational curves.

To see that ', 3 is unibranch at (0: 0: 1), we will show that the (possible) branches of Féﬁ form one
orbit under the Z/w, & Z/w, & Z /w3 action. We take the canonical affine chart at (0: 0: 1), where
Féj = (x4 4 yw2(@=D — () We consider the action of Z/ws given by (x,y) — (;_{‘x, §3ky) where
ke Z and {3 = e?™i/ws Notice that gcd(woy, wy) =1 and ged(wy, a;) = 1 by definition, and so we write
a, — 1 =rb and wya; = ra where gcd(a, b) = 1, to factor in branches

r—1

xwian ywz(az—l) — l—[(ywzb _ é.226+1xa)
r
c=0
where ¢y, = €™/”. Then we take y*2* — £, x¢ and apply (x, y) — ({é‘x, 4“3" y) to obtain the branch
2k+1_a
r X

yw2b ;2,{3]((a_w2b)x“, but @ — wab = w3 /r, and so it goes to y*2* —¢; . Therefore, branches form

one orbit, and the curve I'; 3 is unibranch at (0:0: 1). O
Proposition 3.3. Assume that a; > w* for some i. Then T';1; ;43 is nonsingular.

Proof. We take a; > w* to prove that I'3 4 is nonsingular. For this we will compute the arithmetic
genus of I'; 4. Let P = P(w2, w3z, wy), and consider the exact sequence of sheaves 0 — Op(—ayw;) —
Op — Or,, — 0. From it we have that x (Or;,) = x (Op) — x (Op(—azw2)). If ged(wz, wy) = 1, then by
[Dolgachev 1982, §1.4] we have that x (Op) — x (Op(—awy)) =1 — hO(P, Op(arws — wy — w3 — wa)).
Then
Pa(T3.4) = 1= x(Or,;) = h°(P, Op(azwr — wa — w3 — wy)),

so we have to compute the number of nonnegative integer solutions of the equation wyx 4+ w3y + waz =
arwy — wy — w3 — w4. As aywy + w3 = azws + wq, then our equation can be written as

wa(x +axz) +w3(y + (1 —az)z) = (a3 —2)wz — wy
and its solutions are

x=—1—twsy—asz, y=a3—2+twy+ (a3 — 1)z, z=2z. (3-2)
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If x, y, and z are nonnegative, then ¢ < 0, so we will change the sign of ¢ and assume that # > 0. Then
from (3-2) we obtain that
arz <tws—1
and (a3 — 1)z > twy — az + 2. Hence, we have that
twz — 1 twy+2—as

7z —. (3-3)
a az;— 1

Replacing with wy, = #(a3a4a1 —aga;+a; —1) and w3 = #(awlaz —ajap +a; — 1) we obtain

t+w* tla — 1)+ w*
> w*z > taga; — w* + —.
ap a3 — 1

tagay —t(ap — 1) —

Because a; > w* and t > 1, then ¢t (a; — 1) > w*, so tasa; — w* > tasa; — t(a; — 1). We have that both
(t+w*)/ay and (t(a; — 1) +w™)/(az — 1) are positive; therefore, the right-hand side of the system (3-3)
is greater than the left-hand side, so the system has no solution. Hence, the arithmetic genus of I'3 4 is
zero and therefore nonsingular.

If ged(wa, wg) = h > 1, then p,(I'34) = h (P, Op(—aw»)). To compute it, we first have to consider
the well formed weighted projective plane P’ = P(tp, w3, t4) ~ P, where t = wy/h and t4 = w4/ h, and
following [Dolgachev 1982, Remarks 1.3.2], we have that Op(—ayw2) >~ Op(—axty). Then p,(I'34) =
hO(P', Op (asty — tr — w3 — t4)), which is equivalent to the number of nonnegative integer solutions of
the equation

hx +w3y+nuz=ax —tH — w3 —1Iy.

The general solution of this equation is

—1 —1
% —l+t2t+a3

x=—1—tws—asz, y= Z, 7=z,

with r € Z. Then t < 0, and changing the sign of ¢ as above, we have that the arithmetic genus is equal to
the number of solutions of the system

4+ w* hw* + (a; — Dt
Zw*zza1a4t—w*+—( )
as az—1

ajagt —t(a;—1)—

9

but again, as a; > w™, then the right-hand side is greater than the left-hand side, so the arithmetic genus
is 0. ]

Proposition 3.4. The map v is defined precisely in X (ay, az, az, as) \ {p1, p2, p3, pa}, and it contracts

Y(Ci\{p2, p4a)) =(0:1:0:-1), Y(Co\{p1, p3H)=(1:0:=1:0),
Y T2\ {p1, p2}) =(=1:0:0:1), Y(T23\{p2, p3H)=(1:-1:0:0),
Y34\ {p3, pa) =0:1:-1:0), YT\ {ps» p1}) =0:0:1:—1).

Proof. We have that Y|, ,\(p,.po} = (xfl_lxz :0:0:x;*), and because xf‘_lxz = —x,* over I , then

Ylr o\pr.pay = (—=1:0:0:1). This gives the result for all curves I'; ;1.
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For Cy, let x4 = 1 and x, = b # 0. Then the equation of the surface with these restrictions is

a;—1

bxa‘ + b% x5 +x3 +x1 = x1(1+bx| )+x3(b“2+x§l3_l)=0

The map is ¥ (x; : b :x3: 1) = (bx{" : b®x3: x5 : x;). We multiply every coordinate by (1 + bx}'~ b,
and use the relation x; (1 + bx{'"~ b= —x;00® +x3> 1, to write down ¥ (x; : b :x3: 1) as
(bx® (1 +bx® ) b3 (14 bx® ™) xP A +bx" ) (162" 7h)
= (—x3bx" T B+ 1P b (1 bx T x4+ b s (0™ +xPT)
= (=bx{ T B xT 1) b1+ bx{ ™) x P A+ bx T (™ 4+ x5 7h).
Hence, ¥(0:5:0:1)=(0:6%:0: —b6*?)=(0:1:0:—1). A similar argument works for C5. [l
Remark 3.5. By Theorem 5.1, we know that any X (a1, a2, as, as) has a birational model X (a{, a5, a}, ay)
with ged(w;, w;_,) = 1. From now on, we assume that gcd(wy, w3) = ged(wa, wy) = 1.

Now we want to study the behavior of ¥ on a resolution of the singularities in X (a1, az, as, aq). To
do so, we need to write this map in terms of local coordinates in the resolution, which are described in:

Theorem 3.6 [Reid 2003, Theorem 3.2]. Let X =C?/(Z/m) be a cyclic singularity of type %(a, b), and let
%(a, b) = %(1, q) be as explained at the beginning of Section 3. Let N be the lattice N =7*+7 - %(1, q),
and

M ={(r,s):r+gs=0 (mod m)} C 7>

the dual lattice of invariant monomials under the action (x, y) — ({mx, & y) with &, an m-th primitive

root of unity.

Letm/q = [by, ..., bs], and let zg, z1, . .., 2541 be vectors in N defined as
1
Zl = _(aiv ﬁl)9
m
where «; and B; are as defined at the beginning of Section 3. Then for eachi =0, ...,s, let u;, v; be

monomials forming the dual basis of M to z;, z;+1; that is, u; = (B;, —o;) and v; = (—Bit1, Ait1).
Then X has a resolution of singularities Y — X constructed as

Y=UyuUU---UUs,

where U; ~ C? with coordinates u;, v;.
The gluing U; U U,; 4 and the morphism Y — X are both determined by the definition of u;, v; and they

consist of
~ . — bi
Ui\ (i =0) = Uip1 \ (uip1 =0)  given by ujr1 = v; " and vipy = u;v".

It follows from the definition of the numbers o; and B; that ug = x™ and vy = y™, and they satisfy the
relations

m __ il O
x" =u;"v;" and Y™

/31+1 ,Bz .
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Theorem 3.7. Leto : X — X (a1, ap, as, ag) be the minimal resolution, and let
~9 ~g¢
X —> X — X(a1, a2, a3, a4)

be the minimal log resolution of X together with the key configuration of curves. Then Yy oo o ¢ is a
morphism; i.e., the indeterminacies of \ can be resolved by o o .

To prove Theorem 3.7 we have to compute the strict transform of the curves I'; ;4| on X. Let E;
be the components of the exceptional divisor over the point p;, let wli(w,urz, Wig3) = wli(l, qi), and let
@; j, Bi,j» and y; ; be the integers defined for the continued fraction of w; /g;. Recall from the proof of
Proposition 3.1 that x;42 and x;43 are toric local coordinates at p;, so we have that F; g and E; ;4 are the
strict transforms of (x; 43 = 0) and (x;42 = 0) at the open set (x; # 0). This means that E1 o = E3 o and
E> 0= E4 0 and they correspond to the strict transforms of C, and Cy, respectively. On the other hand,
E; ;,+1 corresponds to the strict transform of the curve I'; ;41. (See Figure 3 to visualize the notation.)
Then it remains to compute the strict transform of I'; ;4; around the point p;;i, and without loss of
generality, we will compute the strict transform I'; 4 at the point p4. As all the results will hold locally
for I'3 4, we can modify the following proofs for every I'; ;1.

Proposition 3.8. Let Uy, ; be the open sets of the resolution of w%(l, q4) as defined in Theorem 3.6. Then
the local equation of the strict transform of the curve I'3 4 restricted to the open set Uy is

((az—1) B4, jy1—az0ts j11)/wa U((a3— D4, j—azray,j)/ws -0

1+uj

i if aoy j41— (a3 — 1) Ba,j41 <0,
(92014,141—(03—1),34,,”1)/11)4U(aza4.j—(a3—1)/34,j)/w4

j +1=0 if0=<aay;— (a3 —1)B4;,
(_aza4,j+1—(03—1),34,j+1)/w4 ((03—1)/34,j—aza4.j)/w4 -0

u; +v; = if aras j— (a3 —1)Bs; <0
< axay j+1— (a3 — 1), j+1.

[
F34 -

Proof. We can assume that x4 = 1 and x; =0, so we must study the curve (x5 —I-xg”_1 =0)C (x4 #£0)C

P(wy, w3, ws). By Theorem 3.6, to find the total transform of I'3 4 in U; we replace x, and x3 with
t_)é4.[+1/w4 v(_l4,1/w4 and uiﬂ4,i+1/w4 Uﬁ4,i/w4

; ; ; , respectively, and so the total transform is

(u?4,i+l/w4v;¥4,i/w4)a2 + (uf4.i+1/w4vl{34,i/w4)a3—l -0

Recall that a4 ; < @4,;41 and B4,i+1 < Pa.i, SO

aray; — (a3 — 1)Ba,i < araq iy — (a3 — D Baiv1-
If both sides are negative, we factor out (u?4'i+]/ w4vfl4‘[/ Wayaz,

out (u?4.i+l/w4 vl{34.i/w4)a3_1'

uE(a3_l)ﬂ4’i+')/w4

If both sides are positive, we factor

If aros i — (a3 — 1),34,,' <0< aros iy — (az — 1),34,i+1, we factor out
and vf2a4’i/ " obtaining what we wanted to prove. O

By Proposition 3.8, the curve I'} , intersects the exceptional divisor if and only if

aray; — (a3 — 1) Ba; <0 <arasit1— (a3 —1)B4it1.



Characterization of Kollar surfaces 1083

E2,s2

_ ’
Erspr1 =T,

Figure 3. Key configuration of curves on X (ai, az, a3, a4) and the curve configuration
of the minimal resolution X.

If ayas; — (a3 —1)Ba; <0 < araait1 — (a3 — 1) Ba i1, then the curve intersects two components of the
exceptional divisor, and if ayos; — (a3 — 1)Ba; =0 or axovs i1 — (a3 — 1)Bai+1 = 0O, then it intersects
only one component.

Proposition 3.9. Let us say that T , intersects the exceptional divisor over py at the components
E4 j and E4 j1 with multiplicity m; and m .y, respectively (possibly mj 1 = 0). Then a3 — 1 =

a4 jmj+oy jrimjyr and ay = By jm;+ Ba j11mjq1.

Proof. Let H be the restriction to X (ay, az, az, as) of a generator of the class group of P(wy, wa, w3, wy).

We have that

wiwz(azws + wy) 1 as
w H- -wH = = 4+ =,
W] WaW3W4 w3 w4

On the other hand, wi H -wyH =o*(w H)-0*(wy H), where o * (w1 H) =0*(['34+C1), and o *(wo H) =
0*(I'4,1 + C3). Because the pull-back of a divisor has intersection zero with any component of the
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exceptional divisor, and using the pull-back formulas in (3-1), we have that

sg—b—lIB3 S4+10[4
a*(le)-o*(wzH)z(F§’4+Ci)-(Z 2L+ Z—E4>
s3+1 ,83 sq+1 Ol4 sq+1 0[4
_ow i—0 4
1 1 S4+1a4
=—+—+Y —T4,-E
w3 Wy ; Wy 347 T4

Thenaz;—1= a4,ng’4 Ey4 +a4’j+1F§,4 E4 j41 =04 jmj+ay4 jyim . To simplify the computation
of the second equality, we will restrict to the plane P(w;, w3, wy), with L a generator of the class
group. We can do this because at the point p4 the singularity is the same as the one at the point
(0:0:1) € P(ws, ws, ws), so locally o does not change.

Then w3 L - aywr L = aywrws/(wrw3wys) = az /w4 and also

s4+1

Ba,
0" (wsL) -0 (@uyL) =T% 4+ ) By,
i=0 w4
where o*(w3L) = O’*(Cl) and 0*(a2w2L) = O’*(F3,4). Then ay = ,34,jmj + ,34’j+1mj+1. O

Corollary 3.10. If T} , intersects the exceptional divisor in one component, then it does it transversally

at one point.

Proof. Recall that in the open subset Uy ;, the exponents of the variables u; and v; of the strict transform
of I'3 4 are £(axay,;i+1 — (a3 — 1)Ba,i+1)/ws and £(az0y; — (a3 — 1)Ba;) /wa.

Suppose that ng 4 intersects E; with multiplicity m ;. Then, using Proposition 3.9, we have that
ay= P4 jmj+P4jrimjrrandaz—1=ay jm;+oay jy1m;ji, and in this case m ;1 = 0. Hence, for all i

axeyi — (a3 — Dfai " Pajotai — o4 jPai

Wy / w4 ’

but the singularity at p4 was unibranch, so it is locally irreducible. Therefore, the exponents on the
resolution must be relatively prime. Thus, m; = 1. O

Theorem 3.11. The curve I} , intersects the exceptional divisor in one component if and only if ¥ o o is
defined on the whole exceptional divisor over py.

Proof. The equation of our surface is x}"x + x37x3 + x5 x4 + x4 x; = 0, so locally at p4 our surface is
(x;“ X —i—x;’zm +x§'3 +x1 =0). Then analytically the power series expansion of x; in terms of x; and x3 is

x1 = —x5°x3 — x3° + (higher order terms in x and x3).

Therefore, at the open set U;

(ua4,i+1/w4 a4.i/w4)a2( Bait1/wy ﬂ4,i/w4)_(uﬁ4,i+1/w4vl{34,i/w4)a3

o (x1) = —(u; v, u; v; : + (higher order terms),
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and so

axoty i+1+Pai wy  (axo4,;i+pP4.i)/w azPa.i+1/wa azfPai/w.
wOO—|U,- _ ((*) : ulg 204 i+11Bai+1)/ 4”1'( 204, i+Bai)/wa : ui3,34,l+]/ 4vi3ﬁ4,z/ 4

arol4 i+1+pPa.i w4 (axots i+pPai)/w. aszPai+1/ws azPai/w
3—’15 204, i+1+Pai+1)/ 4Ui( 204,i+Ba,i)/ wa _ui3ﬂ4,:+1/ 4vi 3Bai/wa _{_(*))’

where (%) are terms in u; and v; of degree higher than (axos ;41 + Bai+1 + araa; + Baiv1)/wa and
(@3B4,i+1+azPai)/wa.

Assume now that u; and v; are both nonzero. If ayoy; — (a3 —1)Ba;i < araa,i+1 — (a3 —1)Bait1 <0,
then we can factor out

04,i+1/ W4 O4j /W4 4,i+1/ W4
(ui ,t+/ vi ,1/ )az(u;s t+/ v

{34,,'/104)

1

from v o o to obtain

Yooy =((¥):1: u?(a3_1)/§4.i+1_aza4,i+1)/w4v_((a3_1)134.i_112014,i)/w4 S 14+ (%),

1

Then (Y ooly,)(u;,0) = (Y ooly,)(0,v;) = (0:1:0:—1). Repeating the same procedure for 0 <
aray; — (a3 — 1)Ba; < arag iy — (a3 — 1) Pa.i1+1, we obtain that, restricted to that open set Uj;,

(Yooly)wi,0)=(Yooly)0,v))=(0:0:1:-1).

Now we are left with the case ayaa; — (a3 — 1)Ba,; <0 < asoa ;41 — (a3 — 1)Ba.i+1. Suppose first that
the curve Fg’ 4 intersects one component of the exceptional divisor, so Proposition 3.9 implies that there is
some j such that aay ; — (a3 — 1)Bs,j = 0. By Corollary 3.10, Fé’ 4 intersects the exceptional divisor
transversally at one point, so (a4, j+1—(az3—1)Bs,j+1)/wa=1, and (ax0ts j_1—(a3—1)B4 j—1)/ws=—1.
Then in U;_; we can still factor out
vﬁ4,i/ w4)

1

Q4it1/Wa 04 /Wavay o Baiv1/wa
(M- V. ) (ui )

] 1

so assuming that u ;_; and v;_; are not zero, the maps looks like
v OG|Uj—l =((x):1: Vj—1: —1— vj—1+ (*)).

Therefore, (Yoo |y, ) (uj-1,0)=(0:1:0:—1) and (Y ooy, )(0,vj—1)=(0:1:v;_;:—1—v;_1). Doing
the same for U; we find that ({y oo'|y,)(0, v;) =(0:0:1:—1) and (Yooly)w;,0)=O:u;:1:—u;—1).
Then we see that ¥ oo ( {;01 E4i)=(0:1:0:—1) and ¢ oo(Uf“:J;.LI E4;)=(0:0:1:—1). Notice
that v;_; and u; are the coordinates of the charts of E; >~ P! and that

(Yooly,_)O0,vj—)=0:1:v;—1:—1—v;)
and
(¢OG|Uj)(uj,O) = (Ozuj 3 —uj— 1)

3
Y1,¥2,Y3,¥4"

Therefore, 1 o o is defined at the exceptional divisor over p4, and it is totally branched over the line
Li=(m=0COi+y+y3+y=0).

So ¥ o o is an isomorphism from E; onto the line (y1 =0) C (y1+y2+y3+y4=0) CP
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Figure 4. An example of the situation in Proposition 3.12.

Now, if Fg 4 does not intersect transversally the exceptional divisor, then ayay; — (a3 — 1)B4,; # 0 for
all i, so we will have some j such that

arayj— (a3 —1)Bsj <0 <axay jr1— (a3 —1)Ba j11,

and we will not be able to define the map on the open set U;. This is because we can factor out
j3ﬁ4’j ! v?zm‘j ) from Y oo |, so the map will be
" OG|U _ (<*) (0120t4 jH1—(@—=1)B4 j+1)/wa : vﬁ.(a3_l)ﬁ4,j_a2a4,j)/w4
_M5.02(¥4.j+1*(03*1)134.141)/11)4 . v;(“}*l)ﬂ4,j*a20(4,j)/w4 + (*))
Thenif v; #0, (Yoo|y;)(0,v;)=(0:0:1:—1),and if u; #0, we have (Yoo |y;)(u;,0)=(0:1:0:—1),
and so it is not well defined when u; =v; =0. O

Proposition 3.12. Assume that Fg 4 does not intersect transversally the exceptional divisor, so it intersects
it at the point (0, 0) of some affine open set U;. Let 1 : X1 — X be the blowup over that point, let E, (1)

be the new component of the exceptional divisor, and let u j, v 1 and u’; |, v;j be the affine coordinates of

5
+ /
UtV and U; 12 the two affine charts over U;. Then they satlsfy the relations x,* = u(])[4 Jre g Jm; =

oy i 044/+a4/+1 Baj+Baj+1_ 1Bai 1B j+1 /34,+ﬂ4/+1
il ; andx =u; i =up

Proof. This follows from the fact that the resolution was constructed as a toric variety, and the blowup of
an affine variety defined by vectors v; and v, is the variety associated to the fan generated by the vectors
v1, U1 4 v2, and v,. (Figure 4 shows an example of the situation in the proposition.) ([

Notice that, if axoy j — (az — 1):84,j <0< axayq j+1 — (az — 1):84,j+17 then

azay j — (a3 — 1)sj <ax(agj+ag 1) — (@3 — D) (Bsj+ B4, j+1)
and

az(ay,j+ogj+1) — (@3 — 1)(Ba,j + Ba,j+1) < acog jy1 — (a3 — D Ba jv1,

so we can use Proposition 3.8 to see that the strict transform of I'} , in the blowup intersects at most two
components of the exceptional divisor, and that the singularity of the curve is “better”. Therefore, the map
W 00 0@y is defined in one of the charts U{"", and if ay(ea,j + s, j1) — (a3 — D) (Baj + Pa.j1) =0
then it is defined in all the exceptional divisor on X| over ps.
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Proof of Theorem 3.7. 1f all the curves T} ; | intersect transversally the exceptional divisor on X, then
the result follows from Theorem 3.11. If not, then consider the log resolution ¢ : X — X of all the

/
curves I'; ;.
the previous ones, and as the strict transform of the curves I'; ;| intersect transversally the exceptional

Proposition 3.12 shows that the relations of the new local coordinates are compatible with

divisor, we can use the proof of Theorem 3.11 to show that the composition ¥ oo o ¢ is defined over X. O

Corollary 3.13. The morphisms Yoo o : X > P2and Y — P? (defined at the end of Section 2) factor
through a birational morphism X — Y/ which contracts precisely six chains of smooth rational curves in

(0o0@)*(Ci+Cy+T o+T23+T34+T41),

each containing one of the proper transforms of C1, C2, I'1 2, I'2.3, I'3.4, I'4,1, and each contracting to the
six cyclic quotient singularities in Y.

Proof. First, by Theorem 3.7, we note that Yy oo o @ : X — P2 contracts precisely six chains of smooth
rational curves in (o 0 9)*(C; + C2 +T'1 2 +T23 4+ I'3.4 + I'41), each containing one of the proper
transforms of Cy, Ca, I'1 2, ['2.3, I'3.4, I'4.1. This was done locally when we proved the definition of the
map in Theorem 3.11 at a certain exceptional component over the p;. Each of these components maps to
each of the four lines in P2. Therefore, the birational map X --» Y’ is defined over these components
except possibly over the six singularities of Y’. Because there is a unique minimal resolution for normal
two-dimensional singularities, the six chains of curves in X mapping to the six nodes of the four lines in
P2 must contract to the six singularities of Y’ O

4. Kollar surfaces are Hwang—Keum surfaces

We now study the case w* = 1. In this section, we allow gcd(w, w3) and gcd(w,, wy) to be greater than 1.

In [Kollar 2008, p. 231], it is shown that the curves C; and C; are extremal rays of the Kx 4, .4y.a3,a4) +
(1 —€)(Cy + C») minimal model program if C12 < 0 and C% < 0. They are both contractible to quotient
singularities. Hwang and Keum [2012] computed explicitly the type of these singularities.

Theorem 4.1 [Hwang and Keum 2012, Theorem 1.1]. The contraction of the curve Cy forms a singularity
of type %(wz, wq), with s| = asw4 — w3, and the contraction of the curve C, forms a singularity of type
é(u)l, w3), with so = asws — wy. If w* = 1, then their Hirzebruch—Jung continued fractions are

2,...,2,as,a1,2,...,2] and [2,...,2,a2,a4,2,...,2],
— — —— —— — ——
as—1 ay—1 az—1 a;—1

respectively.

Letn: X (a1, a2, a3, as) — X' (a1, az, az, ag) be the contraction of Cy and C,. Hwang and Keum [2012,
§4] constructed several examples of rational (D-homology projective planes with two cyclic singularities.
In certain cases the singularities are the same as for X'(ay, az, as, as) when w* = 1.

The construction of Hwang—Keum is as follows. Let Ly, L,, L3, L4 be four general lines in P2, and
choose four points from the six intersection points, such that every L; passes through two of them. After
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Figure 5. Curve configuration over Z(ay, a;, as, as).

blowing up each of these four points twice, we obtain the curve configuration

Ls L,
\
Es¢ E, 7 E,4 Eq
C : 5
L, Ly

where e is a (—1)-curve and o is a (—2)-curve. We now blowup r; times the point E; N L; to obtain the
surface Z(ay, az, as, as), where a; = 2 + r;. The curve configuration on Z(ay, az, as, aq) is shown in
Figure 5.

Let T (ay, az, as, as) be the surface obtained by contracting the two chains of rational curves corre-
sponding to the white vertices. Then this surface is a rational (2-homology projective plane with two
cyclic singularities. By Theorem 4.1, it has the same singularities as X’(ay, a, as, as) when w* = 1.

Theorem 4.2. Ler X (a1, az, az, aq) be a Kolldr surface with w* = 1, and assume that a; > 2 for all i.
Then X'(ay, az, a3, a4) is the Hwang—Keum surface T (ay, aa, az, as).

To prove Theorem 4.2 we will show that we can find the same curve configuration of Z(ay, az, az, as)
(Figure 5) in X ', which is the minimal resolution of X'(ay, az, as, as).

First of all, we prove that the rational map ¥ is defined in the minimal resolution of X. For this we
will use:

Proposition 4.3. Let X be a surface with a cyclic quotient singularity at the point p, and let C C X be a
curve passing through p. Then C is nonsingular at p if and only if the strict transform of C intersects
transversally at one point only one component of the exceptional divisor of the minimal resolution of X.

Proof. The maximal cycle (which coincides with the fundamental cycle) of a cyclic quotient singularity is
the (reduced) exceptional divisor. Then we can apply [Gonzalez-Sprinberg and Lejeune-Jalabert 1997,
Proposition 1.1]. U
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By Proposition 3.3 we have that the curves I'; ;| are smooth, so Proposition 4.3 says that the curves
F’ i+1 intersect transversally the exceptional divisor over p; 1. If ged(wy, w3) = ged(wa, wg) = 1, then
we already know that the map v is defined on the minimal resolution of X. Therefore, we only need to
check the same assertion when ged(wy, w3) > 1 or ged(wz, wg) > 1.

Proposition 4.4. The map oo : X—>Pisa morphism.

Proof. We study the case over the point ps4, with ged(wo, wg) = h > 1. The singularity at p4 is
1/w4(wy, w3) with toric coordinates x, and x3. From Proposition 3.1 we have that 1/w4(w>, w3) =~
1/14(t2, w3), with toric coordinates x/, and x}, and the relation x} = x, and x} = xé’. Then from Theorem 3.6
we have Y = U U- - -UUj, in the resolution of p4, with u;, v; the local coordinates in U;, and the relations

Xyt =ui v and xJt = uﬂ’vﬁ’“ The curve '3 4 C P(t2, w3, t4), restricted to the open set (x4 = 1),

has equation x," + )c/(ch b/

=0, and we can use Proposition 3.8 to find the equation of the curve in
every U;.

Following the proof of Proposition 3.9, by the intersection number

sq+1

Ba, as
1—‘34 Z_IEM ——4,

and using the fact that the curve I'} , intersects transversally one component, we have that there exist
Ba,j = ay and oy j = (a3 — 1)/ h. Therefore,

613—1

ardy j1——P4j—1=—1,
a3 —1
aoy, j — Ba,j =0,
aroy j+1 — ,34,j+1 =1

Hence, considering the composition
~ o0 1 ~ ¥
X = — (2, w3) > — (w2, w3) --» X(ai, a2, az, as)
s Wy
we have the hypothesis of Theorem 3.11; therefore, the map is defined on the whole exceptional divisor. [J
Proposition 4.5. The curves C| and C} in X are (—1)-curves. To obtain the chain of curves

Ki:=Ey,U---UE, ] UC{UE4 1 U---UE4,
and

K2=E1,S1UUELIUCQUE:;,]UUE:%,S@

we blowup X' on the intersection points of the curves with self-intersections —az and —ay, and —a;

and —ay, respectively.
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Proof. We have the commutative diagram

[ o
X —— X(a1, a2, a3, as)

|l

~ ’
X' 2 X'(a1, a2, a3, as)

Then, to obtain the chain of curves K| we have to blowup on the exceptional divisor over the singularity
ﬁ(wg, wy). This is because, if no blowup were needed, then C{ would be some of the curves in the
exceptional divisor over the singularity Sl—l(wz, wy), so we would have that wy, < a4 —1 or wg <ap — 1,
which can happen only if one of the @; is 1. Recall from Theorem 4.1 that the Hirzebruch—Jung continued
fraction of the singularity é(u)z, wy) is [2,...,2,a3,a;1,2,...,2]. Then we want to show that the
blowups needed must be done between the curves with self-intersection —a3 and —a;. For this, we will
rule out every other possibility. Suppose first that the blowups are done on the point

—az —a

Then we would obtain that the continued fraction associated to the singularity at p, would have an §;
such that

Bi = 12,...,2,a3, a1 + 1],
V'J
0471 d4—1
—— .
but |[2,...,2, a3, a; + 1]| = wy+2+4azas —2a4 > wy, which is a contradiction. If the blowups are done
on the point
e+1
—az —a —
Oi...go Oi"“@%"“@
with e > 0, we would have
ﬁl Z |[2’""2?a3?a1’2"“72’3]|’
—— ——
as—1 e ag—1 €
— —
but [[2,...,2,a3,a1,2,...,2,3]| = Qe+ 3)wy — e+ 1)azas —2a4 + 1 > ws.

Therefore, the blowups to obtain the chain of curves K| desired have to be done at the point

—asz —aj

From the proof of Proposition 4.5, we have that the singularity at p; of the Kolldr surface has
Hirzebruch—Jung continued fraction

[....ci,2,...,2]
—_———

-

ajy2—1
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Figure 7. Contraction of Fi,z and the chain of (—2)-curves.

with ¢; > 2. The intersection of F;_Li with the exceptional divisor over p; is B; j/w; = aj2/w;,
so the curve Flf_l’l. intersects the exceptional divisor over p; at the mentioned component with self-
intersection —c;. This is because B; ;;,+1 =0 and B; 5, = 1, and B; x—1 = biBi k — Bi.k+1. This implies that
Bis;—(a—1) = a2 = B;. Therefore, we have the curve configuration shown in Figure 6.

Proposition 4.6. The curves T} ;| are (—1)-curves.

Proof. We have a birational morphism 1 oo : X —> P2, soitisa composition of blowups, which contracts
(—1)-curves to reach [?2. We start by contracting the curves from the proof of Proposition 4.5 to obtain X
with the curve configuration in Figure 6. Recall from Theorem 3.11 that the image of the curves with
self-intersection —a; are the four lines in general position in P2, so they cannot be contracted. In addition,
by Corollary 3.13 the birational morphism X' > P?isan isomorphism outside of the configuration in
Figure 6. Then, one of the F;,i+1 is a (—1)-curve; say that it is Fi,2~ We contract Fi,z and the chain of
(—2)-curves connected to it, to obtain the diagram in Figure 7.

By repeating the procedure, we obtain that all curves Flf’ i+1 are (—1)-curves. U
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Figure 8. Curve configuration on X

Proof of Theorem 4.2. From Propositions 4.5 and 4.6, we conclude that X' and Z(ay, as, as, as)
are obtained from the same sequence of blowups of P2. Therefore, X ~Zz (a1, az, a3, as) and so
X'(a1, a2, a3, a4) = T (a1, az, az, as). 0

Remark 4.7. We note that, if w* # 1, then the surface T (ay, a2, as, a4) does not correspond to a Kollar
surface, so Kollar surfaces with w* = 1 and a; > 2 are strictly contained in Hwang—Keum surfaces.

Finally, we check what happens when some a; = 1, say a; = 1.

Corollary 4.8. Let a; = 1. Then the point p4 is smooth, and the map  is defined in the log resolution X
of the key curves. The curve I'3 4 is smooth, and ¥ does not contract Cy. The surface X is obtained
by doing blowups from Z(1, ay, as, a4). The curve C; C X(1, aa, a3, aq) is contractible if and only if
asz > ayp.

Proof. If a; =1, then wy = as(az — 1) and wq = a3 — 1. Then by Proposition 3.1 we have that the point p4
is smooth, and at the point p, the singularity is of type i(l, arazas —azas +ag —1) = é(l, as —1).
The curve I'; 5 intersects transversally the curve C; at the point (0: —1:0: 1), and following the proof of
Proposition 3.4 we have that ¥(0:1:0:5) = (b :—1—-b:0:1), so the curve ¥ does not contract C.
The curve I's 4 restricted to the weighted projective plane (x; = 0) and to the open set (x4 # 1) is
(x> +x3=0) C AZ, so it is smooth and to obtain the log resolution X itis necessary to do ap blowups.

Now assume that all the other a; > 2. Therefore, C, is contractible, and by contracting it and all the
other (—1)-curves in X we obtain the surface X’ with the curve configuration shown in Figure 8. If also
ay =1, then all the points are smooth but point p, with a singularity of type i(l, as — 1), and we obtain
the curve configuration on X shown in Figure 9.

Following the proof of Proposition 4.6 we have that the curves Flf’i 4 are (—I)-curves, C{z = —a3, and
Céz = —ay. Therefore, X' ~ Z(1, a», a3, a4), and by contracting the (—1)-curve in the top chain along
with the (—2)-curves to the right, we obtain that Ciz = —as + ap. Therefore, C, is contractible if and
only if C {2 < 0, and this is equivalent to az > ay. U
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1 T

Figure 9. Curve configuration on X, when a, = 1.

5. Kollar surfaces as branched covers of P2

defined at the end of Section 2 as the w*-th root cover of (L|'LY>L5*LY* = 0) € P2, We recall that
0<pu; <w*are

We now consider the birational model Y’ := Specp: (€D *a ! ££(i>_1) of X(ay, as, a3, as), which was

W1 = axazaa, W2 = —azay, W3 = as, na=—1

modulo w*, and that by definition ged(u;, w*) = 1. The lines Ly, Ly, L3, L4 form a plane curve with six

)

fori €{0,1,..., w* — 1}, where [x] is the integer part of x, and w;w* = Z?:l ;. Let Y be the minimal

nodes. We also recall that

4
PO = Op2 (wyi) ® Op2 (— >

j=1

resolution of all singularities in Y.

Theorem 5.1. The Kolldr surface X (ay, az, as, as) is birational to
X (a}, ay, a5, ay) C P(w], wh, wi, w))
with ged(w), wy) = ged(w), wy) = 1, for infinitely many 4-tuples (ay, a5, ay, ay).

Proof. By Corollary 2.4, the surface X (aj, az, as, as) is birational to Y’, and so for any #; € Z-( we have
that X (a;, ay, a3, aq) is birational to

X(a1 +Hw*, ar + bw*, a3 +w*, as + uw™),

as soon as w* = ged(W/, ..., Wzi) for the corresponding Wi’ . This is because, for a fixed w*, the
isomorphism type of ¥’ depends only on the multiplicities u; modulo w*. In this way, we must find
t; € Z>q such that ged(w), w}) = ged(w), wy) =1, and w* = ged(Wy, ..., Wy).

First, choose 73 such that ged(az + t3w*, 6(as — 1)) = 1, and let @} := a3 + zw* and W| =
araias —asas +as — 1 = wijw*. Next take £, such that ged(w] + fajas, 6(as — 1)) = 1, and then
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define aé = ap + hw*. Now we will choose #; such that the final weights (wl, wz, w3, w4) satisfy
ged(wy, wy) = ged(wy, wy) =1, and w* = ged(W/, ..., W)).

Let W) = ajasa) — asay +ay — 1 = wiw*, Wi 1= agaiay — aya) + a) — 1 = wiw*, and W, =
aasal — ayal +ay — 1 = wyw*, and define

Wi = wiw* = wjw*, Wy = wijw* = (w) +t(asas — as + 1)w”,
Wi = wiw* = (Wi + 1 (asay — ay))w”, Wy = wjw* = (wy + tayay)w*,

where ¢t will be found.
Let wi =[] qilj‘." be its prime factorization. Then we have to find a solution ¢ for w) + taja’; #
0 (mod g1,;), wj +ta§(a4 —1)#0 (mod g ;), and t # 0 (mod gy ;), for all j. This ¢ will exist because
we have that gcd(as — 1, w}) = 1, and that all p; ; are greater than 3, by the previous choice of #, and #3.
By the Chinese remainder theorem, we know that the solutions are of the form 7; +r - [] g1, j»r el
Hence, we have that gcd(wl, w3) = gcd(wl, w4) = 1, for any choice of r. Therefore, considering

wh = wh+ 1 (@has —as+ 1) +r-(@has—as+1)- [ [ a1
and w4 = w4 + t1a2a3 +r- a2a3 [Ta1. j» it is enough to find an r € Z( such that gcd(w2, w4) =1. Let

A:=w)+n(dsas —as+ 1), B:= (a§a4—a4+1)-1_[611,j,
C = wj + tayas, D1=a§a§'1_[611,j-

Notice that gcd(A, B) = 1 by the definition of w) and the way #; was obtained. Let AD — BC =

Aoa A A . . .
q, 21‘q2 222 “q, 21‘1 with g ; a prime number, and let 7 be a solution of

A+ Br #0 (mod g, ;). (5-1)

Now assume that gcd(w), wy) = ged(A + Bry, C 4 Dry) > 1. This means that there is a prime p # ¢ ;
for all j, such that it divides both A + Br and C + Dr. Then consider the linear transformation
T : (Z/pZ)* — (Z/pZ)? associated to the matrix (2 2 ). This matrix maps the vector (1, r1) to (0, 0), so
the matrix is singular. But the determinant AD — BC # 0 (mod p), which is a contradiction. Therefore,
ged(A+ Br,C+ Dry) =1. Leta) :=a; + (t1 +r-[]p, j)w* This gives us that X (a}, a5, a3, as) C
P(w{, wy, w3, wy) is birational to X (a1, az, as, as), with gcd(w?, w3) = ged(w), wy), and because
ged(wy, wy)) = 1, then w* = ged(W/, ..., W)). Because (5-1) has infinite solutions, then we have
infinite 4-tuples (a; i az, a3 ,a 4) that satlsfy the result. |

Corollary 5.2. Let Y' be an n-th root cover of (L' L5 LY* L}{* = 0) C P2, with ged(p;, n) = 1 for all i.
Then Y' is birational to a Kolldr surface.

Proof. If we multiply the u; by a unit & of Z/nZ, then the n-th root cover does not change. So we take &
such that £ uqy = —1. In this way, we have to solve the system ayazas = &y, —azas = &€y, ag = € u3,
and ajazaszas = 1 modulo n, which has a solution because & and the w; are units in Z/nZ. Then, with
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those a; we can use Theorem 5.1 to find numbers a; such that X (a}, aj, a5, ay) is a Kollar surface with

w* = n, and birational to Y’. O
We want to compute the main numerical invariants of Y. For that we first define the following numbers.
Definition 5.3. Let n > 1 be an integer, and let a, b be integers coprime to 7.

(1) We define the generalized Dedekind sum [Hirzebruch and Zagier 1974, p. 94] as

oS ()

where ((x)) =x — [x] — % for any rational number x.

(2) Let 0 < g < n be such that ag = b modulo n. We define the HJ length [ = [(a, b; n) as the length of
the Hirzebruch—Jung continued fraction
n
—=[b1,...,b]
q
Dedekind sums and Hirzebruch—Jung continued fractions relate as (see, e.g., [Barkan 1977; Urzda

2010, Example 3.5])
-1 la,bin)

qg-+gq
12s(a, b; n)=T+ 21: (bi —3),
i=

1

where 0 < ¢! < n and g¢~! = 1 modulo n. We recall that Y is the minimal resolution of Y.

Proposition 5.4. We have that 71 (Y) =0, and

Pe(¥) =25(1, Lw*) + > s (i, pj; w*)

i<j
where s(1, 1; w*) = w*/12 4+ 1/(6w*) — zlr

Proof. The finite morphism Y’ — P? is completely ramified at four lines. By pulling back to ¥ a trivial
pencil through one point in one of these lines, one can compute 71 (Y) = 0; for details see the proof
of [Urzia 2010, Theorem 8.5]. This also shows that x (Oy) = 1 + p,(Y). Then we use [Urzia 2010,
Proposition 3.2] to find the formula for p, (Y). The term 2s(1, 1; w*) turns out to be exactly the expression
not involving Dedekind sums in [Urzda 2010, Proposition 3.2]. ]

Remark 5.5. Since the geometric genus pe(Y) is a nonnegative number, we have 2s(1, 1; w*) +
Zi< j s(pi, pj; w*) > 0, which can be rewritten using basic properties of Dedekind sums as

4
pe(¥) =2s(1, ;w*) =Y " s(1, a;; w*) +5(1, aras; w*) +5(1, ara2; w*) > 0.
i=1

We will tell more on this expression in the next section.
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Proposition 5.6. We have that e(Y) = w*+2 + ij I(wi, pj; w*), and
4
Ky =w'+ — 4+ (125, 3 w") = 1Gui, s w)).
i<j
Proof. See [Urzia 2010, Proposition 3.6], and use Noether’s formula. O

Corollary 5.7. For X =X (ai, az, a3, as) we have e(X) =w*+4, m1(X) =0, and po(X)=2s(1, 1; w*)—
S s(Lai w®) +s(1, arag w*) +s(1, ayaz; w*).

Corollary 5.8. Let gcd(w;, wiy2) = 1 foralli. Then

* dd— iwi)z —6w*+4
12<Zs(u,-, w0t + 3 i, wis; wi)) = an - Z; SR

Proof. Let X = X(ay, az, a3, as). We are going to compute p,(X) from its minimal resolution, and

i<j
then the equality follows from pe(X) = p,(Y). Let X — X be the minimal resolution of singularities,

SO pg ()? ) = pg(X). As in the proof of Proposition 3.4 in [Urzia 2010] and the formula right before
Proposition 5.4, we have

2(w; — 1)

K% . K}Z( _ —IZZS(wiJrz» Wiy3; W) — Zl(w,-+2, Wit3; W;) +Z — ;) ’
. - . l

1 ! '

and e(X) —e(X) = Y, l(wi2, wits; w;). Since K2 =d(d — Y, w;)?/]; wi and e(X) = w* +4, then

o _dd-—yl w)’ I 1w
pg(X) = Sl ¥AL) _Zs(wi+2,wi+3;wi)_gza+w—

12w wawzwy 12

is a consequence of the Noether’s equality 12 (03) = K )2? + e(? ). [l

6. Theorems on geometric genus

In this section we prove results related to the geometric genus of Kollar surfaces. All our computations
will be done in terms of generalized Dedekind sums. We note that the (classical) Dedekind sum s(g, n)
is equal to s(1, ¢; n) and s(a, b; n) = s(1,a~'b; n), and so all properties of s(g, n) are properties of
s(a, b; n) [Hirzebruch and Zagier 1974, Chapter II]. For example, we have the reciprocity law:

Theorem 6.1 (see, e.g., [Hirzebruch and Zagier 1974, p. 93]1). If n and k are relatively prime, then

km sk = (" k)1 (6-1)
S ) S 2\ Tk Th) )

Throughout this section, w* will be greater than 1. All equalities involving = will be modulo w*,

1

unless otherwise stated. The symbol ¢~ will denote the inverse of ¢ modulo w*. To avoid confusion, we

will write é when it corresponds to a number in ().

Proposition 6.2. Any n > 0 is realizable as the geometric genus of a Kolldr surface.
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Proof. We know that w* = 1 implies rationality, and so py = 0. Assume that n > 0, and let w* =3n+1
and a; =37!, aa =3, and a3 = a4 = w* — 1. This gives the w*-th root cover ¥ with u; = 3 and
wo = 3 = g = w* — 1. The geometric genus of Y is

pe(Y) =5s(1, 1; w*) —3s(1, 3; w*)

EVATARNE S & WP AR SR SR N
“\12 w4 36 4w 36wt 18 4

=n. |

6.1. p; = 0 surfaces are rational.

Theorem 6.3. Let X = X (a1, az, as, as) be a Kolldar surface with w* > 1. Then the following are

equivalent:
(@) pg(X)=0.
(b) a; =1 ora;a;+1 = —1 modulo w* for some i.

(c) X is rational.

Lemma 6.4. Let 0 < a < n be relatively prime. Then:
(1) s(1,1;n) > 2s(1,a;n) ifa #£ 1.

() s(1,1;n)>3s(1,a;n) ifa#1,2,27%

(3) s(1,1;n) >4s(1,a;n) ifa#1,2,271,3,371,

Proof. First of all, using the reciprocity law we have

n>—6n+5
25s(1,2;n) = ——— < s(1, 1; n),
12n
n*—7Tn+10
35(1,3;n) < —— < s5(1, 1; n),
12n
2 _6n+17
as(l 4y < 2P
12n

with ged(n, 2) =1, ged(n, 3) = 1, and ged(n, 4) = 1, respectively, and n > 6. Notice that s(1, 1; n) =
(n —1)(n —2)/12n. Girstmair [2017, Theorem 1] describes how Dedekind sums s(1, m; n) grow for a
fixed m, given a positive integer k. To do so, Girstmair divides the numbers 1 <m <n — 1 as ordinary
and not ordinary, and proves that, if m is ordinary, then s(1,m;n) < n/(12(k + 1)) + O(1) and, if
m is not ordinary, then there existd € {1,...,2k+ 1} and c € {0, 1, ..., d}, gcd(c, d) = 1, such that
s(1,m;n) =n/(12dq) + O(1), where g = md — nc.

First assume that k = 2. Notice that s(1, 1; n)/2=n/24+ O(1); also if m is ordinary, then s (1, m; n) <
n/36+ O(1), and if m is not ordinary and dg > 3, then s(1, m; n) <n/36+ O(1). Therefore, we have to
find a bound for the three O(1) involved, and find an N such that, if n > N, then s(1, 1; n)/2 > s(m, n)
for ordinary numbers and nonordinary numbers with gd > 3. The procedure to do so is shown by
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Girstmair [2017, Theorem 2], and for the case k = 2 such N is 132. The nonordinary numbers with
gd <2 correspond to m = 1,2, 27!, but the first case was ruled out in the proposition, and the inequality
for 2 and 2! was shown at the beginning of the proof. Therefore, we have (1) for n > 132, and using a
computer we can check that it holds true for every n.

For k = 3 and k = 4 we obtain similar results, with N = 320 and N = 630, respectively. The cases
with gd <3 and gd < 4 are the ones ruled out in the proposition, and using a computer we can check
that (2) and (3) are true for n < 320 and n < 630. O

Corollary 6.5. (1) 2s(1, 1;n)—2s(1,2; n)+s(1,4; n)—s(1,3; n)+s(1,2-37; n)—s(1,4-37 1 n) >0
foralln > 5.

() 2s(1, I;n) —s(1,2;n) —s(1,3;n) —s(1,4;n)+s(1,6;n) —s(1,2-37 L n)+s5(1,4-37n) >0
foralln > 1.

(3) 2s(1, 1;n) —s(1,2;n) —s(1,3:n) —s(1,5;n) +s(1,6;n) +s(1,2-5 " n)—s(1,6-5n) >0
foralln >1.

Proof. Using the inequalities from Lemma 6.4 we see that to prove (1) it is enough to prove that
%s(l, 1;n)+s(1,4:n)+s(1,2-37 n)—s(1,4-37': n) > 0. On the other hand, we have that s(1, 4; n) > 0
ifn ¢{7,13,19,25,31},s(1, -2 3~ n)<s(,1;n)/3ifn ¢{5,7}, and s(1,4- 3~ n)<s(l,1;n)/3
if n # 5. Therefore, if n is not one of those cases, then the inequality holds. We check the remaining
cases and find that (1) is false only if n = 5. We repeat the same argument and prove that we have to
check the cases when n € {7, 11, 13, 19, 25, 31} for (2), and when n € {7, 13, 19, 31} for (3). Both cases
give us that (2) or (3) are false only if n = 7. [l

Proof of Theorem 6.3. By Corollary 5.7, we have that the geometric genus of X (a;, az, az, ag) is

4
Pe(X) =2s(L, s w") = 3 s(L, ag w*) +s(1 arag; w) +s(1, araz; w).
i=1

(c) = (a). This is trivial.

(a) => (b). Assume that @; # | and a;a;,; # —1 for all i. First, if ¢; £2, 27! and ¢;a;4 # —2, =27 for
all i, then by Lemma 6.4(2) we have that p, > 2s(1, 1; w*) — gs(l, 1; w*) > 0. Therefore, it is enough
to rule out the cases when a; =2 or aja, = —2~!. First suppose that a; = 2, so

4
Pe=2s(1, 1; w") +5(1, 2a2; w*) +s(1, 2a4; w*) —s(1,2; w*) — Zs(l, ai; w"),
i=2
and we have to check the cases when we cannot use Lemma 6.4(3).
Ifa3=2o0ra;=2"", then aja; = —1 or a4 = 1, respectively, so they satisfy the hypothesis for pe=0.
Ifa, =271, 2ap = =2, 2a4 = —2, as = 37", or 2a, = —3, then one of the terms is equal to s(1, 1; w*)
or two of the terms cancel, so by Lemma 6.4(1) we have that p, > 0.
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Ifa, =2,2a, =271, or 2a4 = =27}, then
pe=2s(1, 1; w*) = 2s(1, 2; w*) +s(1,4; w*) —s(1, 3; w*) +5(1,2-37 5 w*) —s(1,4-37; w¥)

and by Corollary 6.5(1) pg > 0 when w* > 5. If w* =5, then it satisfies the conditions for p, = 0.
If ay =3 or 2ay = —37!, then

Pe=2s(1,1; w")—s(1,2; wH)—s(1, 3; w*)—s(1, 4 w*)+s(1, 6; w*)—s(1, 2.3 L wH4s(1, 4371 w*)

and by Corollary 6.5(2) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
If as = 3 or 2a, = —37!, then

pe=2s(1,1; w*)—s(1,2; w)—s(1,3; w)—s(1, 5 w+s(1, 6; w*)+s(1,2:5" wH—s(1,6-57"; w*)

and by Corollary 6.5(3) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.

These cover all the cases for a; = 2. Now assume that ajay = —271, so
4
Pe =2s(1, 1;w*) —s(1, 2 w*) +5(1, aras; w*) +5(1, 2a2; w*) = Y _ s (1, a5 w*),
i=2
and we proceed as in the previous case.
If ajas = -2 orajas=—-2"1, thenaj=loras =1, respectively, so they satisfy the hypothesis for

pg =0.

If a, = 37! or a3 = 3, then two of the terms in the sum cancel, so by Lemma 6.4(1) we have that
pe > 0.

If ay =37! or 2ap = —37!, then

Pe=2s(1, 1; w")—s(1,2; w*)—s(1, 3; w*)—s(L, 4; w")+s(1, 6; w*)—s(1, 2371 wH4s(1, 4371 w*)

and by Corollary 6.5(2) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.
If ap =3 or a3 =371, then

pe=2s(1,1; w*)—s(1,2; w)—s(1,3; w)—s(1, 5 w+s(1, 6; w*)+s(1,2:5"; wH—s(1,6-57"; w*)

and by Corollary 6.5(3) pg > 0 when w* > 7. If w* =7, then it satisfies the conditions for p, = 0.

These cover all the cases for ajay = —271.

(b) = (c). Notice that (b) implies the existence of 1; and j ; such that p; + @ ; =0 (mod w*). Consider
the trivial pencil of lines through L; N L;. Since p; + p1; =0 (mod w*), this pencil defines a pencil of
smooth rational curves in Y via pull-back. Therefore, Y is rational, and so is X. |

6.2. p, = 1surfaces are K3. In Table 1, we show the total transform of the key configuration of curves
after successively blowing down several (—1)-curves from the minimal resolution of the indicated surfaces
X(a1, a2, a3, as).
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X(ay, az, a3, as) | w* total transform of key configuration

Fl F2 F3 L1 F4 F5 F6 L2 F7 Fg F9
-2 -2 -2 -2 -2 -2 -2 =2 =2 =2 =2

X(7,7,15,15) 4
-2 -2 =2 -2 -2 =2 =2 =2 =2 =2 =2
Fio Fi1 Fio Ly Fi3 Fia Fis Ly Fig Fi7 Fis

Fi F, Ly F3s F4 Fs Fg¢ L, F; Fy Fo Fyo

-3 -2 -2 =2 -2 =2 =2 =2 =2 =2 =2 =2

X(8,9,14,22) 5

-2 -2 -2 =2 =2 -2 -3 -1 -3 =2
Fiy Fio Fi3 Fia Ly Fis Fig La Fi7 Fig

F, F, Ly F3 Fy Fs Ly Fs F; Fy Fy Fio Fiy

2 4 -1 -3 2 2 2 -2 -2 2 2 -2 -2

X(11,27,10,18) | 7

3 2 2 2 2 —4 —1 —4 =2

Fip Fi3 Fig Ly Fis Fie La Fi7 Fig
FR F, F3 Fy Ly Fs F¢ L, F; Fg
2 3 -2 2 2 2 —6 —1 -3 —4

X(17,14,42,18) | 11

2 2 -2 -2 -3 -1 -3 —4 -1 —6 -2
Fo Fio Fii Fi2 Fi3 Ly Fua Fis Ls Fig Fi7

FR F, F3 Ly Fy Fs L, F¢ F; Fg
2 2 -5 -1 -2 -7 -1 -3 -3 -2

X (20,21,43,22) | 13

4 2 2 2 2 -2 -2 -5 -1 -7 -2
Fy Fio Fiix Fio Ly Fiz3 Fia Fis Ly Fie Fir
FR F, F3 F, Ly Fs F¢ L, F; Fg Fy
2 2 2 -5 -1 —2 -9 —1 -3 —2 _4

X (26,56,39,64) | 17

4 2 3 -1 -3 -6 -1 -9 -2

Fio Fi1 Fio L3 Fi3 Fia Ly Fis Fie

F] F2 F3 Ll F4 F5 FG L2 F7 Fg Fg
-2 -2 -7 -1 =2 -2 -7 -1 -3 -4 =2

X (29, 30,42,32) | 19

5 4 1 -5 —4 —1 —10 —2
Fio Fi1 Ly Fia Fi3 Ly Fia Fis

Fr F, F3 Ly F4 Fs L, F¢ F; Fg
-2 -6 -2 -1 -3 -7 -1 =2 —-6 =2

X (47,51,63,91) | 20

7 3 -1 -7 =3 -1 -7 -3
Fy Fio Ly Fu Fi2 Ly Fi3 Fug

Table 1. List for p, = 1.
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Theorem 6.6. Let X = X(a;, a», az, ag) be a Kolldr surface with w* > 1. Then the following are
equivalent:

@) pg(X)=1
(b) X is birational to one of the eight surfaces in Table 1.

(c) X is birational to a K3 surface.

Proof. (c) = (a). It is trivial.
(a) = (b). First we prove:

Lemma 6.7. Let m be a positive integer. Then there is a positive integer N such that, if w* > N and
pg #0, then pg > m.

Proof. If all a; and —aa; and —aja4 are not equivalent to 2, 213,371 then by Lemma 6.4(3)
pe>2s(1,1; w*) — gs(l, 1; w*) = %s(l, 1; w*).

Also we note that, if we fix two of these values, say for example a; = 2 and a;a, = —3, then the rest
of the a; are completely determined, and they are equivalent to 2, 27!, 3, 37! only for finitely many w*.
Therefore, if we set two of the a;, —aja;, or —aja4 to be equivalent to 3 or 3~ then for w* > 0

pe>2s(1, 1;w*) = 3s(1, L; w*) —s(1, 1; w*) = 1s(1, I; w™).
If one of the values is 2 or 2~! and the other is 3 or 37!, then for w* > 0
pe>2s(1, L;w*) — $s(1, 1; w*) — 1s(1, 1; w*) —s(1, I; w*) = ¢s(1, 1; w*).

Both of these cases happen when w* > 28; hence, we have to check the case when two of the values
are 2 or 27!, This was done in the proof of Theorem 6.3, and the only relevant case is when Dg 18
2s(1, 1; w*) —2s(1, 2; w*) +s(1, 4; w*) —s(1, 3; w*) +s(1,2-37 1 w*) —s(1,4-371; w*). For w* >0

Pe>2s(L, Ly w*) —s(1, I; w*) — 3s(L.1; w*) — Ss(1, L; w*) +s(1, 45 w™),

and because s(1, 4; w*) > 0 for w* > 15, we have that p, > s(1, 1; w*)/6.
Therefore, N is the first integer such that s(1, 1; N) > 6m. O

To prove this implication, we first use Lemma 6.7 for m = 1, which gives us that N = 75. We check
using a computer all the possible w*-th root covers for w* <75, and find that there are eight cases with
pg = 1, which are represented by a Kollar surface in Table 1.

(b) = (c). We prove this implication by means of the following simple lemma:

Lemma 6.8. Let S be a smooth projective surface with p, = 1 and q = 0. Assume it has an effective
connected divisor F with F* =0 and pa(F) =1, and a (—2)-curve C such that F - C = 1. Then S is

birational to a K3 surface, and F is a fiber of an elliptic fibration S — P', where C is a section.
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Proof. Notice that F has the type of a nonmultiple fiber of an elliptic fibration. We want to get such a
fibration on S. By the Riemann—Roch inequality and F-(F —Kg) =0, we have h*(F)+h*(F) > x (0Og) =2.
Since in addition h%(F) = h°(Ks — F) and C - (K5 — F) = —1, we have h?(F) = 0. Therefore, there is a
fibration § — P! with general fiber of genus 1 and F is a fiber. Let S’ be the relative minimal model of
this fibration. By the canonical class formula, Kg ~ (=24 x(0s))F + Y _,(m; — 1)G; + E where G; are
the multiple fibers, and FE is the exceptional divisor from S — S’. But there is a section C, and so G; =0
for all i. Then S’ has trivial canonical class, and so it is a K3 surface. O

We now go case by case, showing what the support supp(F) of F is and its type (using Kodaira’s
notation), and showing C. Here we are choosing F and C; there are other choices in general:

(4) supp(F) = Z?:l Fi+Li+ Lo+ Ls+ Fig+ Fi7+ Fig, type 112, and C = F7.

(5) supp(F) = F1 + Fi6+ F17+ L4, type IV, and C = F>.

(7) supp(F) = Fi1 + Fi6+ Fi17+ L4, type 1II, and C = Fis.
(11) supp(F) = Fs+ Lr + Fi17+ F7, type II, and C = Fs.
(13) supp(F) = Fy + Fa+ Ly + L3+ Fs + 3,2 o Fi, type III*, and C = F.
(17) supp(F) = Ly + Y Fi + Fio + L3+ Fi3 4 Fig, type IV, and C = Fy;.
(19) supp(F)=F4+ L+ Fs+ Fo+ F7+ Lo+ Fis5, type I, and C = F3.
(20) supp(F)=F3+ L1+ Fys+ Fs+ Fg+ Lo+ Fua, type I, and C = F>. O
6.3. pg > 2 generic surfaces are of general type. In this subsection, we assume that p, > 2. We recall
that Kollar surfaces are simply connected. By classification of algebraic surfaces, the Kodaira dimension
of the associate surface Y is either 1 or 2. We first present families of explicit examples for each of the
two possible Kodaira dimensions, and then we show the general picture for w* > 0.

Let g : Y/ — P? be the normal w*-th root cover branched on

(LY'LPPLY LY =0),

and let f : Y — P? be g composed with the minimal resolution of singularities of Y’. Let p;, i=LiNL;
fori < j. Let E; ; x be the k-th exceptional curve over p; ;. Then

w* — 1 o i+ B
KYEf*<—3H+ - (L1+L2+L3+L4)>—ZZ(I—%)ELM

i<j k

where H is a line in [P2. We have

w*—1 w*—4
(Li+Lo+ L3+ Ly =
w* 4w*

—3H + (L1+La+ L3+ Ly)

and

UL+ L) =w'Li+w L+ Y (@ ju+ Biji) Eijk
k



Characterization of Kollar surfaces 1103

14b — 1 14b — 1
L, L,
-2 -2 -2 -2 =2 -2 —4b-1 =2 =2 -2 -3 -2 =2 -2 -3

-2 -2 =5 -1 —4 —h—1 -2 -2 -3 -2 —2 -2 -3 —2b—1-2

Figure 10. Curve configuration of a general type example.

for i # j, and so

w*—4
KYE

- .4
(L/l+L’2+L’3+Lg)+Zz<al”’k+f”’k )Ei,,-,k,

i<j k
where we are using notation and facts from the beginning of Section 3, and L/ ~ P! is the (reduced,

irreducible) preimage of L;.

Example 6.9. Let b > 2. Consider w* =4(b— 1), 1 = o =1, and uz = pa = 2b — 3. Then, over p;
and p3 4 we have A,«_; singularities in Y’, and over the rest of the p; ; we have #(1, 2b — 1). Notice
that w*/(2b — 1) = [2, b, 2]. We have that L'? = —2, and
b-2
Ky=—— (2 Z L+ Z 2E12k+ E340) + (E13% + Evax + Ex3p + E2,4,k)>-
i k

Therefore, Y is a minimal surface with K% =0and e(Y) = 3w* + 12, and so py,(Y) = b — 1. The
surface Y is K3 when b = 2, and Kodaira dimension 1 when b > 2. In fact, one can show that
E132,E142, E232, E2 4 are sections (and (—b)-curves) for an elliptic fibration ¥ — P!, and the
complement of them in the support above of Ky give two I ;. singular fibers (using Kodaira notation).

Example 6.10. Let b > 1. Consider w* =28b+ 1, u; =1, up =2, u3 =4, and pg = 28b — 6. Then
over p; ; we have:

(p12) (1, w*—2)and [2,...,2,3] with (14b — 1) 2.
(P13) 2=(1,7b) and [5,2, ..., 2] with (7b — 1) 2s.
(P14) -=(1,7) and [4b+1,2,2,2,2,2,2].

(p23) (1, w*—2)and [2,...,2,3] with (14b — 1) 2s.
(p2.4) -=(1,14b+4) and [2,2b+1,3,2,2].

(p3.4) 2=(1,7b+2) and [4,b+1,2,2,3].

One can also compute that L't = L' = L' = —2 and L'3 = —1. The configuration of all these curves
is shown in Figure 10.
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One can verify that o j « + B; jx > 4 for all i, j, k. Therefore, by the formula above, Ky can be written
with positive coefficients supported in the configuration of curves, so that to obtain the minimal model Y”
of Y we only need to contract L since (w* —4)/4 > 1 (and see the figure). We compute using the
formulas above K)z,,, =73b—1),e(Y")=63b+19, and p,(Y") = 7b. In this way, Y is of general type
for any b.

We now consider prime numbers w* >> 0 and partitions

M1+ o 4 13+ g = w*

with 0 < u; < w*. Let & be the set of all partitions. Then, as we did before, there are smooth projective
surfaces Y constructed as w*-th root covers ¥ — ¥’ — P2, and there are infinitely many Kollar surfaces
X (a1, ap, a3, aq) birational to each Y. Let X, be a minimal (smooth) model for Y (and so for all
X(ay, ar, a3, as)). The following is based on [Urzda 2010; 2017]:

Theorem 6.11. There is ¥’ C ¥ with |F'|/w* — 0 as w* > 0 such that, if {iL1, n2, 13, s} € L\, then
Xmin is a simply connected surface of general type with K )Z(min /e(Xmin) = 1 as w* > 0.

Proof. By Proposition 5.6, we have e(Y) = w* +2 + ij I(wi, poj; w*), and

Ki=w"+ % +4+ Z 125 (piy pj; w*) — 1, pj; w*).
i<j
Notice that by Theorem 4.1 in [Urzia 2017], both e(Y) > 0 and K )2, >> 0. In particular Y is of general type
by classification of algebraic surfaces. We also note that Ky is ample since it is numerically (1 —4/w™)
times the pull-back of the class of a line. Thus, by Theorem 4.3 in [Urzda 2017], the number of potential
(—=1)-curves to be contracted over w* tends to zero as w* approaches infinity, and so X, satisfies
K% /e(Xmin) = 1as w* > 0. O
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Représentations de réduction unipotente
pour SO(2n+1)
I1l: Exemples de fronts d'onde

Jean-Loup Waldspurger

Soit G un groupe SO(2n + 1) défini sur un corps p-adique. Nous calculons le front d’onde des repré-
sentations irréductibles anti-tempérées de G (F) qui sont de réduction unipotente. Le front d’onde d’une
telle représentation est I’orbite orthogonale duale a I’orbite symplectique qui intervient dans le parametre
d’ Arthur de cette représentation.

Let G be a group SO(2n + 1) defined over a p-adic field. We compute the wave front set of the
antitempered irreducible representations of G (F) which are of unipotent reduction. The wave front set
of such representations is the orthogonal orbit dual to the symplectic orbit appearing in the Arthur’s
parametrization of the representation.
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3. Fronts d’onde 1150
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Remerciement 1170
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Introduction

Cet article est la suite de [Waldspurger 2018 ; 2016b]. Le corps de base F est local, non-archimédien
et de caractéristique nulle. On note p sa caractéristique résiduelle. Un entier n > 1 est fixé pour tout
I’article. On suppose p > 6n + 4. On introduit les groupes Giso et G, suivants. Le groupe Gig, est le
groupe spécial orthogonal d’un espace Vis, de dimension 2n + 1 sur F muni d’une forme quadratique
QOiso et G4y, est le groupe spécial orthogonal d’un espace V,, de dimension 2n 4+ 1 sur F muni d’une forme
quadratique Qgp. Le groupe Gig, est déployé et G, en est la forme intérieure non déployée. Pour un indice
f = iso ou an, on note Irryy;p z I’ensemble des classes d’isomorphismes de représentations admissibles
irréductibles de G;(F) qui sont tempérées et de réduction unipotente, cf. [Waldspurger 2018, §1.3]

MSC2010: 22ESO0.
Mots-clefs : representation of unipotent reduction, dual orbit, wave front set, unipotent orbit.
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pour la définition de cette proprié€t€. On note Irryyip la réunion disjointe de Irrypip,iso €t ITrunip,an. Pour
une partition symplectique A de 2n, fixons un homomorphisme algébrique p; : SL(2; C) — Sp(2n; C)
paramétré par A, cf. [Waldspurger 2018, §1.3]. On note Z(}) le commutant dans Sp(2n; C) de ’image
de p,. Soit s € Z(X) un élément semi-simple dont toutes les valeurs propres sont de module 1. On note
Z (s, A) le commutant de s dans Z (1), Z(A, s) son groupe de composantes connexes et Z(A, s)" le groupe
des caracteres de Z(A, s). La paramétrisation de Langlands prend la forme suivante, cf. [Waldspurger
2018, §1.3] : Irryyip est paramétré par I’ensemble des classes de conjugaison (en un sens facile a préciser)
de triplets (A, s, €), ol A et s sont comme ci-dessus et € € Z(s, A)". On note Jrtwnip cet ensemble de
triplets. Ce paramétrage a été obtenu par différents auteurs : Lusztig [1995], Meeglin [1996b, théoreme 5.2]
et Arthur [2013, théoreme 2.2.1] dans le cas du groupe Giso.

Dans [Mceeglin et Waldspurger 2003; Waldspurger 2016b], on a montré que les représentations
construites par Lusztig vérifiaient les propriétés de compatibilité a I’endoscopie qui les caractérisent.
En particulier, dans le cas du groupe Gis,, ces représentations sont les mémes que celles d’ Arthur.
Pour (A, 5, €) € Jrtyyip, on note (A, s, €) la représentation tempérée qui lui est associée par Lusztig.
L’involution introduite par Zelevinsky dans le cas du groupe GL(n) a été généralisée par Aubert et par
Schneider et Stuhler aux groupes réductifs quelconques. On la note D et on pose § (A, s, €) = D(mw (A, s, €)).

Soit ff =1iso ou an et soit 77 une représentation admissible irréductible de G (F'). Notons gy 1’algebre
de Lie de G;. Harish-Chandra a prouvé que, dans un voisinage de 1’origine, le caractere de , descendu
par I’exponentielle a g4 (F'), était combinaison linéaire de transformées de Fourier d’intégrales orbitales
nilpotentes. Fixons une cloture algébrique F de F et notons A/ (7r) I’ensemble des orbites nilpotentes O
dans gﬁ(F ) vérifiant la condition suivante : il existe une orbite nilpotente O dans g4(F), qui est incluse
dans O et qui intervient avec un coefficient non nul dans le développement ci-dessus du caractere de 7.
On dit que 7 admet un front d’onde si A/ (77) admet un unique élément maximal. Dans ce cas, on dit que
cet élément maximal est le front d’onde de 7. Les orbites nilpotentes dans gz (F) sont paramétrées par les
partitions orthogonales de 2n 4 1 et nous identifierons ces deux ensembles. On conjecture (ce qui est
peut-étre hasardeux) que toute représentation admissible irréductible admet un front d’onde. Signalons
que, dans le cas ot le corps de base est non pas p-adique, mais réel, 1a notion de front d’onde est également
définie et se révele importante, cf. par exemple [Barbasch et Vogan 1985].

En modifiant quelque peu une construction de Spaltenstein, on définit une “dualité” qui envoie une
partition symplectique A de 2n sur une partition orthogonale d(A) de 2n 4 1. La partition d () est toujours
spéciale et la dualité d n’est pas bijective (par contre, sa restriction au sous-ensemble des partitions
symplectiques spéciales de 2n est une bijection entre cet ensemble et celui des partitions orthogonales
spéciales de 2n + 1). On démontre dans cet article le résultat suivant.

Théoreme. Soit (A, s, €) € Ttvynip. Alors la représentation §(A, s, €) admet un front d’onde et celui-ci

est la partition d(A).

Remarquons que 1’on retrouve dans notre cas particulier le théoreme 1.4 de [Mceglin 1996a] : ce front
d’onde est une partition spéciale. Notre théoreme n’est pas trés nouveau. Meeglin [1996b, théoreme 3.3.5]
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a démontré un résultat similaire. Ses hypotheses étaient plus générales que les notres. D une part, elle
considérait tous les groupes classiques et pas seulement les groupes spéciaux orthogonaux. Surtout, elle
considérait les représentations dont le parametre de Langlands, sous sa forme habituelle, se restreint
au groupe de Weil en une somme de caracteres d’ordre au plus 2, éventuellement ramifiés. Nous nous
limitons au cas de réduction unipotente, ce qui exclut les caracteres ramifiés. Toutefois, notre résultat
n’est pas inclus dans celui de [Mceglin 1996b] : avec nos notations, celui-ci suppose que les termes de A
sont tous distincts. La démonstration est aussi entierement différente.

Soit (A, s, €) € Jrrypjp, et posons § = (A, s, €). Notons { I'indice iso ou an tel que § soit une
représentation de G (F'). Dans [Waldspurger 2016a], on a donné une formule qui calcule la restriction du
caractere de & aux éléments compacts de G (F) (ceux qui sont contenus dans un sous-groupe compact).
A fortiori cette formule calcule la restriction du caractére a un voisinage de I’origine. Cette restriction
est somme de distributions que I’on peut calculer si I’on connait les restrictions de § aux différents sous-
groupes compacts maximaux de Gy (F), ou plus exactement les représentations des groupes “résiduels”
qui s’en déduisent. La construction de Lusztig donne les renseignements voulus. A partir de 13, en utilisant
de nombreux travaux de Lusztig (faisceaux-caracteres, correspondance de Springer généralisée, etc.), on
traduit I’assertion a démontrer en termes de représentations de groupes de Weyl. Il s’agit en gros de savoir
quelles sont les représentations qui peuvent intervenir dans certaines restrictions d’une représentation
d’un produit de groupes de Weyl déterminée par §. C’est un probleme combinatoire que nous avons
longuement étudié dans [Waldspurger 2001] et les résultats de cette référence permettent de conclure.

Remarque. Dans [Waldspurger 2001], le groupe était supposé non ramifié, ce qui est le cas de Gis, mais
pas de Ga,. En fait, cette hypothese ne servait qu’a utiliser des résultats d’homogénéité qui n’étaient
alors connus que sous cette hypothése restrictive. Ils sont maintenant connus sans cette hypothese, cf.
[DeBacker 2002], et la plupart des résultats de [Waldspurger 2001], en particulier ceux que 1’on utilisera,
s’étendent au cas général.

Evidemment, il serait tentant d’appliquer la méme méthode non pas 2 la béte représentation 8(1, s, €),
mais a la représentation tempérée (1, s, €). Indiquons ol est le probléme. Les représentations des groupes
“résiduels” associés a §(A, s, €) sont bien calculées par Lusztig, mais en termes de représentations de
groupes de Weyl peu explicites. Plus précisément, il apparait des représentations non irréductibles dont
la décomposition en composantes irréductibles est dictée par des variantes de polyndmes de Kazhdan-
Lusztig. Ces représentations sont notées p;, . dans notre article, mais il ne s’agit plus du méme couple
A, €, notons-les ici p, ;. Il y a un ordre (partiel) naturel sur I’ensemble des représentations irréductibles
et on contro6le trés bien le terme minimal du développement de p, ; en composantes irréductibles. 11
s’avere que cela nous suffit pour conclure. Si I’on remplace 6 (A, s, €) par 7 (A, s, €), les représentations
pv.- sont remplacées par leur produit tensoriel avec sgn, le caractere signe du groupe de Weyl sous-jacent.
Comme on peut s’y attendre, cela inverse I’ordre : on connait le terme maximal du développement de
sgn ®p, . Mais maintenant, I’ordre va dans le mauvais sens et connaitre le terme maximal ne permet
plus de conclure.
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1. Combinatoire

1.1. Partitions et représentations des groupes de Weyl. On appelle partition une classe d’équivalence
de suites décroissantes finies de nombres entiers positifs ou nuls, deux suites étant équivalentes si
elles ne different que par des termes nuls. Pour une telle partition A = (A; > Ay > --- > A,), on pose
S =3,

partition (0, . .., 0) et on pose /(&) = 0. On note mult,, la fonction sur N— {0} telle que, pour tout i dans cet

»Aj etonnote /(A) le plus grand entier j tel que A; # 0. Cas particulier : on note & la

ensemble, mult, (i) est le nombre d’entiers j tels que A; =i. On pose aussi mult; (> i) = Zi,zi multy (i).
On note Jord(X) ’ensemble des i > 1 tels que mult, (i) > 1. Soit k € N. A équivalence pres, on peut

supposer r > k et on pose Sg(A) = «Aj.- Pour N € N, on note P(N) I’ensemble des partitions

e
A telles que S(A) = N. Plus généralemjent, pour un entier kK > 1, on note P, (N) ’ensemble des k-uples
de partitions (Aq, ..., Ag) tels que S(A1) +-- -+ S(Ax) = N. On utilisera plus loin des variantes de cette
notation, par exemple szmp (2N) etc. On définit de la fagon usuelle la transposition A — ‘A dans P(N)
et les applications

A, M) A1+XA et (A, A=A UM

qui envoient P, (N) dans P(N). On définit un ordre partiel sur P(N) : pour deux partitions A1, A, € P(N),
A1 < Ap si et seulement si Si (A1) < Si(Ay) pour tout k € N.

Plusieurs notations ci-dessus se généralisent aux suites finies o = (¢, . .., &) de nombres réels pas
forcément décroissantes. Par exemple, si k est un entier tel que 0 < k < r, on pose Si() =) =1,k O
On utilisera aussi la notation a<; = Sk («). Si « et 8 sont deux suites de méme longueur, on note o 4 B la
suite (o1 + Bi1, ..., & + Br).

Pour tout ensemble X, on note C[ X ] I’espace vectoriel complexe de base X. Pour tout groupe fini W, on
note W I’ensemble des classes de représentations irréductibles de W. En identifiant une telle représentation
a son caractere, I’espace C[X] s’identifie a celui des fonctions de W dans C qui sont invariantes par
conjugaison.

Soit N € N. On note G le groupe des permutations de I’ensemble {1, ..., N}. On sait paramétrer S N
par P(N), on note p(X) la représentation irréductible correspondant a une partition A (en particulier la
représentation triviale de Gy est paramétrée par la partition A = (n)). On note sgn le caractere signe usuel
de Sy . Si une représentation irréductible p est paramétrée par la partition A, p ®sgn est paramétrée par ‘A.

On note Wy le groupe de Weyl d’un systeme de racines de type By ou Cy (avec la convention Wy = {1}).
On sait paramétrer Wy par P>(N), on note p(c, B) la représentation irréductible correspondant a un
couple de partitions (¢, 8) (en particulier, la représentation triviale est paramétrée par ((N), ©)).On note
sgn le caractere signe usuel de Wy et sgn.p, le caractere dont le noyau est le sous-groupe ij,) d’un
systeme de racines de type Dy. Si une représentation irréductible p est paramétrée par le couple de
partitions («, ), p ® sgn est paramétrée par ('8, ‘a) et p ® sgn,, est paramétrée par (8, o).

Supposons N > 1. Pour (¢, 8) € P>(N), les restrictions a er de p(«, B) et p(B, @) sont équivalentes.
Si a # B, ces restrictions sont irréductibles, on les note p” (o, B) ou p? (B, @). Si & = B, la restriction
de p(o, @) a WI{,) se décompose en deux représentations irréductibles, que 1’on note p? (a, o, +) et
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oP(a, a, —). Elles sont conjuguées par un élément de Wy — WI{,) et on n’aura pas besoin de les distinguer.
Toutes les représentations irréductibles de W,IV) sont ainsi obtenues.

1.2. Symboles. Pour tout ensemble fini X, on note | X | le nombre d’éléments de X. Si X est un ensemble
de nombres, on note S(X) la somme des éléments de X. Pour tout nombre réel x, on note [x] sa partie
entiere.

Soit N € N. Un symbole de rang N est une classe d’équivalence de couples (X, Y) de sous-ensembles

finis de N, vérifiant la condition
2
S(X)+S¥) = [(3UX|+1¥| - 1) ]=N.
La relation d’équivalence est engendrée par les deux relations (qui préservent I’égalité précédente) :

X, Y)~X.,Y) ol X'={x+1;xeX}Uu{0}, Y ={y+1;yeY}U{0};
X, Y)~, X).

Remarque. Par abus de terminologie, on appellera plut6t symbole un couple (X, Y) représentant une
classe d’équivalence.

Le défaut d’un symbole (X, Y) est la valeur absolue de |X| — |Y| (il ne dépend que de la classe
d’équivalence de (X, Y)). Pour D € N, on note Sy p I’ensemble des symboles de rang N et de défaut D.

On regroupe les symboles en familles : deux symboles sont dans la méme famille si et seulement si on
peut les représenter par des couples (X, Y) et (X', Y") telsque XUY =X'UY et XNY =X'NY'. La
parité du défaut est constante sur chaque famille. Toute famille de symboles de défaut impair contient un
unique symbole spécial, c’est-a-dire représenté par un couple (X, Y) de la forme X = (x; > --- > x,41),
Y=(1>--->y)ettel que

XIZYVIZX2Z222 2V = Xpyl-

Toute famille de symboles de défaut pair contient un unique symbole spécial, c’est-a-dire représenté par
un couple (X,Y) delaforme X = (x;>--->x,), Y =(y; >--->y,) et tel que

XI1ZYV1Z2X22Y2=2--2Yr.

Soit (X, Y) un symbole de rang N. Fixons un entier d majorant les éléments de X U Y. Posons
X ={d,...,00—-{d—y;yeY}, Y ={d,...,00—{d—x;xeX}

On vérifie que (X', Y’) est un symbole de rang N. A équivalence pres, il ne dépend pas du choix
de d et ne dépend que de la classe d’équivalence de (X, Y). Cette construction définit une “dualité”
(X,Y)—d(X,Y)=(X",Y’) dans ’ensemble des symboles de rang N. Cette dualité conserve le défaut
et est involutive : d o d est I’identité. Elle se restreint en une involution du sous-ensemble des symboles

spéciaux. Enfin, deux symboles sont dans une méme famille si et seulement si leurs images par dualité le
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sont. Autrement dit, si (X, Y) est dans la famille du symbole spécial (X*P, YP), alors d(X, Y) est dans la
famille du symbole spécial d(X°P, Y*P).

Soit p € WN. Comme en 1.1, on lui associe un couple de partitions («, 8) € P>(N). On choisit un
entier r > [(),[(B). Onpose X =a +{r,...,0}, Y =8+{r—1,...,0}. Alors (X, Y) est un symbole
de rang N et de défaut 1 dont la classe ne dépend pas de r. On pose symb(p) = (X, Y). L’application
symb : WN — Sy,1 ainsi définie est bijective. On a symb(p ® sgn) = d o symb(p).

Soit p € W,I\? Comme en 1.1, on lui associe un couple de partitions («, 8) € P>(N). On choisit un
entierr >[(«),[(B). Onpose X =a+{r—1,...,0},Y=8+{r—1,...,0}. Alors (X, Y) est un symbole
de rang N et de défaut O dont la classe ne dépend pas de r. On pose symb(p) = (X, Y). L’application
symb : WAL,) — Sn.0 ainsi définie est surjective. Ses fibres ont un ou deux éléments, celles a deux éléments
étant formées des couples de la forme p (o, «, +), p(e, &, —). On a symb(p ® sgn) = d o symb(p).

1.3. Correspondance de Springer, cas symplectique. Soit n € N. On note PP (2n) 1’ensemble des
partitions symplectiques de 2n, c’est-a-dire les A € P(2n) telles que mult, (i) est pair pour tout entier i
impair. Pour une telle partition, on note Jordpp (1) I’ensemble des entiers i > 2 pairs tels que mult; (i) > 1.
Plus précisément, pour un entier k£ > 1, on note Jord{;p(k) I’ensemble des i > 2 pairs tels que mult, (i) = k.

On note PY™P(2n) ’ensemble des couples (1, €) ott A € PY™P(2n) et € € {£1}7°™*) La correspon-
dance de Springer généralisée établit une bijection entre PY™P(2n) et I’ensemble des couples (p, k) tels
que

keN et k(k+1)<2n; 0 € W ktiny)2-

On note (py e, k». ) le couple associé a un élément (1, €) € P¥™P(2n). L'entier k; . se calcule de la
facon suivante. Notons i; > - - - > i,, > 0 les entiers pairs i tels que mult, (i) soit impair. Posons

h= Y (=D —ei)).

Alors k, ¢ = sup(h, —h — 1). En particulier, si € = 1, c’est-a-dire €(i) = 1 pour tout i € Jordyp(1), on a
kyi1=0etp, € Wn
Une partition A = (A1 > A > - - -) € PY"™P(2n) est spéciale si et seulement si A>;_1 et A»; sont de méme
parité pour tout j > 1. Cela équivaut a ce que ‘A soit symplectique. En notant PSY™P-P(25) I’ensemble
des partitions symplectiques spéciales de 2n, I’application A + ‘A est une involution de PSY™P-SP(2n).
Considérons une partition A € PY™P-5P(25) et définissons i; > - - - > i, comme ci-dessus. Si m est pair,
on pose m’ =m; si m est impair, on pose m’ = m + 1 et i,y = 0. On appelle intervalle de A un ensemble
A de I'une des formes suivantes :
— pour un entier A =1, ...,m’/2, A est ’ensemble des i tels que i =0 oui > 1 et mult; (i) > 1 et
tels que iyp—1 >0 > iy
— A ={i} ol estun entier pair tel que i =0 oui > 2 et mult, (i) > 1 et tel qu’il n’existe pas d’entier
h=1,...,m’/2 de sorte que irp_1 > i > iz.
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Parce que A est spéciale, on vérifie que les intervalles sont formés d’entiers pairs (c’est évident dans
le deuxieme cas ci-dessus, un peu moins dans le premier). Ils forment une partition de 1’ensemble
Jordp, (1) U {0}. On ordonne les intervalles : A > A’ sii > i’ pourtousi € A, i’ € A’. On note Apy;n le
plus petit intervalle (c’est celui qui contient 0). On note Int(1) I’ensemble des intervalles de A.

L’application A — symb(p; 1) est une bijection de P*¥™P-*P(2n) sur I’ensemble des symboles spéciaux
de rang n et de défaut 1. Pour A € P¥Y™P-5P(2n), on a défini en [Waldspurger 2001, VIII.17] une bijection
fam entre la famille du symbole symb(p, 1) et ’ensemble des

(1,8) € (Z/22)"™P x (222)™P  tels que T(Amin) = 8(Amin) = 0.

Soit A € P¥™P(2n). 11 existe une unique partition spéciale sp(1) € PY™P-*P(2n) telle que symb(p; 1)
et symb(psp(1),1) soient dans la méme famille. Il est connu que A < sp(A) et que sp(1) est la plus petite
partition symplectique spéciale A’ telle que A < A’. Plus généralement, on a le lemme suivant.

Lemme. (i) Soit (A, €) € PY™(2n), supposons k, . = 0. Notons sp(A, €) l'unique partition spéciale
telle que symb(p;, ¢) et symb(psp(i.e),1) Soient dans la méme famille. Alors A < sp(A, €).

(i) Soit » € PY™PSP(2n). Pour € € {£1}/°"% ™ es conditions suivantes sont équivalentes :
(@) krne=0etsp(r,e)=1;
(b) € est constant sur tout A € Int()) et, dans le cas ot Apin 7Z {0}, €(i) =1 pour tout i € Apin—{0}.

(iii) Soit A € PSY™PP(2n). L’application € — fam o symb(p;, () est une bijection entre I’ensemble des €
décrits au (ii) et le sous-ensemble des

(1,8) € (Z)27)™P x (722)™*  tels que § = 0 et T(Amin) = 0.
La preuve est similaire a celle du lemme 1.4 ci-dessous.

1.4. Correspondance de Springer, cas orthogonal impair. Soit n € N. On note P°™(2n + 1) 1’ensemble
des partitions orthogonales de 2n + 1, c’est-a-dire les A € P(2n + 1) telles que mult, (i) est pair pour tout
entier i > 0 pair. Pour une telle partition, on note Jordp, (1) I’ensemble des entiers i > 1 impairs tels que
mult, (i) > 1. Plus précisément, pour un entier kK > 1, on note J ordlf)p () I’'ensemble des i > 1 impairs tels
que mult; (i) = k.

On note P°™ (25 4 1) I’ensemble des couples (4, €) ot A € P21 4 1) et € € ({1} ™)) /{41},
le groupe {1} s’envoyant diagonalement dans {41}'°"%®*) En pratique, on relévera € en un élément de
{£1}ord ™) Sauf indication contraire, les formules que nous écrirons ne dépendront pas du choix de
ce relévement. La correspondance de Springer généralisée établit une bijection entre Po™(2n + 1) et
I’ensemble des couples (p, k) tels que

keN, kestimpair et K> <2n+1; pE an(szl)/z-
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On note (py ¢, ka.c) le couple associé a un élément (A, €) € Pt (25 +1). Lentier kj. e se calcule de la

facon suivante. Notons i > - - - > i, les entiers impairs i tels que mult, (i) soit impair. Posons

h= (—DI (1 —€@i)).

j=1,..., m

Alors k) = |h+1|. En particulier, si € = 1, ¢’est-a-dire € (i) = 1 pour tout i € Jordp,(A), onak; ; =1et
Pxr1 € Wn-

Une partition A = (A; > Ay > ---) € P21 4 1) est spéciale si et seulement si A; est impair et A, i
et Apj+1 sont de méme parité pour tout j > 1. Cela équivaut a ce que ‘A soit orthogonale. En notant
Porth.sp (2 4 1) I’ensemble des partitions orthogonales spéciales de 2n + 1, ’application A — ‘A est une
involution de PP (25 4 1). Considérons une partition A € P°""P(25 4 1) et définissons i| > - - - > iy,
comme ci-dessus. L’entier m est forcément impair. On appelle intervalle de A un ensemble A de I’'une
des formes suivantes :

— pour un entier A =0, ..., (m —1)/2, A est I’ensemble des i > 1 tels que mult, (i) > 1 et tels que

ion >0 > iry41, avec la convention ig = 00;

— A = {i} ou i est un entier impair tel que mult, (i) > 1 et tel qu’il n’existe pas d’entier & =

0,...,(m—1)/2 de sorte que iz, > i > izp41.

Parce que A est spéciale, on vérifie que les intervalles sont formés d’entiers impairs. Ils forment une
partition de I’ensemble Jordy,(4). On ordonne les intervalles comme dans le cas symplectique. On note
Amin le plus petit intervalle et Ay« le plus grand. On note Int(A) I’ensemble des intervalles.

L application A — symb(p;_1) est une bijection de P°"™P(224-1) sur I’ensemble des symboles spéciaux
de rang n et de défaut 1. Pour A € P°™P(254-1), on a défini en [Waldspurger 2001, VIIL.19] une bijection
fam entre la famille du symbole symb(p; 1) et ’ensemble des (z, 8) € (Z/2Z)™® x (Z2/27)™® tels
que T(Amax) = 8(Amin) = 0.

Soit A € PN (2n41). Tl existe une unique partition spéciale sp(1) € Po*P(2n+1) telle que symb(p; 1)
et symb(psp(1),1) soient dans la méme famille. Il est connu que A < sp(A) et que sp(1) est la plus petite
partition orthogonale spéciale A’ telle que A < 1A/. Plus généralement, on a le lemme suivant.

Lemme. (i) Soit (A, €) e P (2n+1), supposons k. = 1. Notons sp(A, €) 'unique partition spéciale
telle que symb(p;, ) et symb(psp(i.e),1) Soient dans la méme famille. Alors A < sp(A, €).

(i) Soit & € POSP(2n + 1). Pour € € {1} X les conditions suivantes sont équivalentes :
(@) kre=1etsp(h,e) =A2;
(b) € est constant sur tout A € Int()).

(iii) Soit A € PO™SP(2n + 1). L’application € — fam o symb(p; ) est une bijection entre I’ensemble

des € décrits au (i), modulo le groupe diagonal {1}, et le sous-ensemble des

(1,8) € (Z)2Z)™P x (2/22)™®  tels que § =0 et T(Amax) = 0.
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Preuve. Soit (A, €) comme en (i). On peut supposer A = (Aq, ..., Azy41). Dans la suite A 4+ {2n, ..., 0},
il y a n nombres pairs notés 2z; > - - - > 2z, et n + 1 nombres impairs notés 2z} +1>--->2z , +1.
On note z = (21, ..., 2) et 2’ = (2], ..., Z,,,) puis

A =7 +{n... 0=, ....d, ). B =z+{n—1,...,0=®] ... .00).

On vérifie que

ft ft ft ft ft
ajzbi=a5>--->bl>a . M

On voit aussi qu’il y a une unique bijection croissante i — X; entre 1’ensemble Jordy,(A) et celui des
sous-ensembles non vides de (A* U B*) — (A" N B¥) formés d’entiers consécutifs, et maximaux pour cette
propriété. Posons

A= (Aﬁ - U @n A%) y ( U @n Bﬁ)),

i€Jordpp(X),6;=—1 i€lordpy(1),€;=—1

B = (Bﬁ - U (=N Bﬁ)> U ( U (ZiN Aﬂ)>.
i€Jordpp(X),e;=—1 ieJordpp(A),6;=—1
Si on multiplie € par I’élément diagonal —1, on échange A et B. On peut donc choisir le relevement e
de sorte que |A| > |B|. L’hypothese k; = 1 entraine alors que |A| =n + 1 et |B| = n. On définit les
suites X = (x1, ..., xprp) et Y =, ...,yppar X+{n,...,0l=AetY+{n—1,...,0} = B. Alors
symb(p;,e) = (X, Y).
Soit k € {1, ...,2n+ 1}. On va majorer Si(A) en fonction de (X, Y). Tout d’abord

Sk(W) = Sp(h+{2n, ..., 0D) — k(dn+1—k). )

Notons j; < --- < ji les indices j tels que A; soit impair et &y < --- < h, les indices h pour lesquels A,
est pair. Puisque la somme des A ; vaut 2n + 1 qui est impair, s est impair et f = 2n+ 1 — s est pair. Puisque
tout nombre pair non nul intervient avec multiplicité paire, la parité de ¢ entraine que O intervient aussi

avec multiplicité paire. Il en résulte aussi que hy = hor—1+1pourtoutr =1,...,¢/2. Pourr =1, ...,s5,
ily a j, —r termes A; qui sont pairs et strictement supérieurs a A ;, . Puisque ces termes interviennent avec
multiplicité paire, j. est de méme parité que r. Soient s € {1, ..., s} et € {1,...,t} les plus grands
entiers tels que j;, <k eth, <k.Onasi+1# =k. Les k premiers termes de A 4 {2n, ..., 0} sont les
Aj,+2n+1—j, pouru=1,...,s, 3)
An,+2n+1—hy, pourv=1,..., #%. €))

D’apres les propriétés de nos suites, il y a [(sx + 1)/2] éléments impairs et [sg /2] éléments pairs parmi
les éléments (3). Si #; est pair, il y a #; /2 éléments impairs et #; /2 éléments pairs parmi les éléments (4).
Si #; est impair et h;, est pair, il y a (f; 4+ 1)/2 éléments impairs et (fx — 1)/2 éléments pairs parmi les
éléments (4). Si # est impair et s, est impair, il y a (tx — 1)/2 éléments impairs et (# + 1)/2 éléments
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pairs parmi les éléments (4). En réunissant les deux types d’éléments, on voit que, parmi les k premiers
termes de A +{2n,...,0}, il y a [(k+ 1)/2] 4+ n termes impairs et [k/2] — n termes pairs, ol
— n =15l # et s sont impairs et s, est pair,
— n = —1si # et hy sont impairs et s est pair,
— 1 =0 dans les autres cas.
Les k premiers termes de A + {2n, ..., 0} sont donc 2z} +1, ..., 2zf(lc+l)/2]+,7 +1let2zy,...,22%2-9-
Supposons A impair. Alors j;, = k. On a dit que s; est de la méme parité que j,,, donc que k, donc
1 =k — si est pair. Donc n = 0 et il résulte de la description ci-dessus que

Sc(h+{2n, ..., 0}) = 281441212 + [(k + 1) /2] + 28121 (2)- %)

Supposons Ay pair. Alors h,, = k. Si n =0, le calcul est le méme que ci-dessus et on a (5). Supposons
n = 1. Alors k = h,, est pair et les k premiers termes de A + {2n, ..., 0} sont 21’1 +1,..., 2z;(/2+1 +1et
221, ..., 2zx/2—1. Le dernier de ces termes est A +2n+1—k qui est impair, donc c’est 212/2+1 +1. Mais, #;,
étant impair,ona hy, 1 =h, +1=k+1et Ay =A4y1. Le k+1-iéme terme de A+{2n, ..., 0} est Ay +2n—k
qui est pair, c’est donc le premier terme pair strictement inférieur a 2z4 >, autrement dit, c’est 2z 2.
Les égalités Ay +2n+1—k = 2z,/c/2+1 +1 et Ay +2n —k = 2z4), entrainent ZZ/2+1 = zk/2. Les k premiers
termes de A + {2n, ..., 0} sont donc aussi bien 2z} +1, ..., 2z;€/2 +1et2zy,...,222-1,22/2+ 1. On
obtient alors

Si(A+{2n,...,0}) = 25[(k+1)/2] (Z’) +[k+1)/2]+1+ ZS[k/z] (2). 6)
Supposons maintenant n = —1. Alors k = h,_ est impair et les k premiers termes de A + {2n, ..., 0}
sont 277 +1,.. ., 21/(k_1)/2 +1et2zy,...,2z¢+1)/2- Le dernier de ces termes est Ay +2n + 1 — k qui
est pair, donc c’est 2z(t41)/2. Comme ci-dessus, on a Ay = Ag41. Le k+1-ieme terme de A + {2n, ..., 0}

est A + 2n — k qui est impair, c’est donc le premier terme impair strictement inférieur a 2z2k71) nt 1,
autrement dit, c’est 22/(k+1)/2 + 1. Les égalités Ay +2n+1 —k =2zp41)2 et Ap +2n —k = 2z2k+1)/2 +1
entrainent Z/(k+1)/2 + 1 = Z41),2- Les k premiers termes de A + {2n, ..., 0} sont donc aussi bien
221 +1,..., 22/(/<—1)/2 +1, 2Z/(k+1)/2 +2et2zy,...,2z%-1)/2. On obtient encore (6).

Supposons encore A pair. Puisque h;, = k = s; + #, les conditions de parité sur # sont redondantes
dans la définition de n. On voit que n = +£1 si et seulement si k + s est impair. On voit aussi que s; est
de la méme parité que Si(A). On a obtenu que, si Sx(A) + k est pair, on a la formule (5) tandis que, si
Sk (L) + k est impair, on a la formule (6). Posons alors, pour k=1, ...,2n+1,

V(X)) =1 si Ag est pair et Sg(A) + k est impair, vg(A) =0 sinon.
On a la formule générale :

Sc(A+{2n, ..., 0}) = 281k+1)21(2) + [k + 1) /2] + v (A) + 28k /21 (2)- (7



Représentations de réduction unipotente pour SO(2n+1), Il 1117
Remarquons que, d’apres le calcul ci-dessus, on a
sivg(A)=1, alorsk <2netigy; =X (8)
D’apres la définition des termes A® et B, on a les égalités
Stw+1)/212) = Set1y/21(AY) = [(k+ 1)/212n + 1 — [(k + 1)/2])/2,
Si/21(2) = Sik/21(B) — [k/21(2n — 1 = [k/2])/2.

Avec les formules (2) et (7), on obtient
Sk(R) = 28(k41y/21 (AT + 2814 /21 (BY) + ve (M) + .,

oll ¢ est un nombre qui ne dépend pas de A. Notons A” LI B la réunion des suites A? et B, les termes
étant rangés en ordre décroissant mais comptés avec leur multiplicité (c’est-a-dire qu’un terme intervenant
dans les deux suites intervient avec multiplicité 2). La propriété (1) entraine que la réunion (en ce sens)
des [(k + 1)/2] plus grands termes de A” et des [(k — 1)/2] plus grands termes de B” n’est autre que la
suite des k plus grands termes de A” L B¥. La formule précédente se récrit

Sk(r) = 28, (A% U BF) 4+ v (L) + cx.

Avec une définition similaire, on a A" U B = A U B, donc aussi Sg(A® L B¥) = Sy (A U B). 1l existe deux
entiers e, f € N tels que e + f = k et que la famille des k plus grands éléments de A LI B soit la réunion
des familles des e plus grands éléments de A et des f plus grands éléments de B. Alors

Sk(AUB) = S.(A)+ Sy(B). ©)

Par définition de X et Y, on a

Se(A) =S (X)+e(n+1—e)/2, Sy(B)=S;Y)+ fC2n—1— f)/2.
D’ou
SkA) =285.(X) +285,(Y) +ve(A) —e(2—e) — 12 + ¢y,
ol C;C = ¢, + (2n — 1)k est indépendant de A. Le terme S.(X) + S7(Y) est la somme de k termes de la
famille X L1 Y, donc il est majoré par la somme des k plus grands termes de cette famille :
Se(X)+ 85(Y) < S (X UY). (10)
D’ou
Sk(A)§2Sk(XuY)+vk(k)—e(e—2)—f2+c;(. (11
Posons A = sp(X, €). Reprenons le calcul en remplacant (A, €) par (A, 1). On souligne les objets

associés a cette paire. Parce que le caractére € est remplacé par 1, on a les égalités A = A®, B = B*
et I'on voit que e = [(k + 1)/2] et f = [k/2]. Parce que le symbole (X, ¥) est spécial, la réunion des
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[(k 4 1)/2] plus grands termes de X et des [k/2] plus grands termes de Y n’est autre que la famille des k
plus grands termes de X LI Y. L’analogue de I’inégalité (10) est donc une égalité et on obtient

Sk =28 (X UY) 4+ ved) — [(k+ 1/21([(k + 1)/21 = 2) — [k/2]* + ¢}..

Par définition de sp(X, €), les symboles (X, ¥) et (X, Y) sont dans la méme famille, d’ot XUY = X UY.

En comparant (11) avec 1’égalité ci-dessus, on obtient
Sk < Sk + v —e(e —2) — f2 —ve() + [k + 1)/21([(k + 1)/2] = 2) + [k/2]*. (12)
On vérifie que, pour deux entiers e, f tels que e+ f =k, on a
ele—2)+ £ = [(k+ 1)/21([(k + 1)/2] — 2) + [k/2]%,

I’égalité n’étant vérifiée que pour les couples (e, f) = ([(k + 1)/2], [k/2]) ou, si k est pair, (e, f) =
(k/24+1,k/2—1). On obtient

Sk(A) = Sk (D) + vk (1) — v (A). (13)

Supposons S (1) > Sk (A). L’inégalité précédente force vi (1) = 1. Donc Ay est pair, k+ Si (1) est impair et,
d’apres (8), Ax+1 = Ag. Les entiers k—14Sg_1(A) et k+1+Sk1 (1) sont pairs, donc vg_;(X) =vr41(A) =0.
L’inégalité (13) entraine donc S;—_1(A) < Sg—1 (L) et Sg+1(A) < Sxr1(X) (pour Etre précis, si k = 1, notre
calcul ne s’applique pas a k — 1 mais, dans ce cas, I'inégalité So(L) < Sp(A) est triviale). Les deux
inégalités S;_1 (1) < Sk—1(A) et Sg(A) > Sk (X) entrainent Ay > Ar. Donc g1 = Ag > Ag > Ar4q. Alors
I'inégalité Sp (1) > Sk (A) entraine Sgy1(X) > Sg+1(X), contrairement a ce que 1’on a vu ci-dessus. Cette
contradiction prouve I’inégalité Si (1) < Sx(A). Cela étant vrai pour tout k, on conclut A < A, ce qui
démontre le (i) de I’énoncé.

Supposons maintenant A spéciale et A = A. Considérons I’inégalité (12) pour k impair. Les termes

relatifs a A et A s’annulent et il reste
ele—2)+ f2 < ((k+ D/ ((k+1)/2—2) + ((k — 1)/2)%.

Comme on I’a dit, cela entraine que e = (k+ 1) /2 et f = (k — 1)/2. Parce que A est spéciale, on calcule
facilement les termes A? et BY. Puisque X est impair, le terme A; + 2n 1’est aussi, donc ¢’est 2z’1 + 1.
Pour h =1, ..., n, les termes Ay, et Ay sont de méme parité donc les termes Aoy +2n + 1 —2h et

A2n+1 +2n — 2h sont de parité opposée. Par récurrence, ce sont les termes 2z, et 2z, ; + 1. Cela permet

le calcul des termes zj, et z}l e puis des termes ag 4 €t bi. On obtient

ai = —1)/2+2n,
bfl = a2+] = Ay /24 2n —2h pour h =1, ..., n,si Ay = Aop4 est pair,
bg = +1)/242n—-2h Si Agy et Appyq sont impairs,

a2+1 = (Aop+1—1)/2+2n —2h  si dyj et Aypyy sont impairs.
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Considérons I’intervalle maximal Ap.x de A. Notons ses éléments i} > - - - > i,. Ils sont impairs. Les
multiplicités de iy, ..., i;—1 sont paires et celle de i, est impaire. On note ces multiplicités

2my, ..., 2m;_1, 2m; + 1.

L’intervalle correspond aux éléments suivants de A® LI BY :

i

m

b* Sbh >4

g gt # i £
a,>by>--->a, >b, >a Mt > e N

m m my+1 >b

coos gt 8 s gt
1> >ay, _, >bm52 > >am51_|+1 >

(on rappelle que m<; = m; + - - - +m;). Supposons que € ne vaut pas 1 sur Apax. Soit s le plus petit
élément de {1, ..., ¢} tel que €(i;) = —1. Appliquons I’égalité (9) a k = 2m,_; + 1. Comme on I’a dit
plus haut,onae=m<;_1+ 1, f =m<,_;. On obtient

a4t b A =ait et b b,

Par construction de A et B et par définition de s, les termes de ces ensembles sont égaux a ceux de A et
B* jusqu’a I'indice m<,_ et 1’égalité précédente devient

8 —
amS;_l-i-] - amﬁs—l‘l’l .

Par contre, passer de (A%, B¥) 4 (A, B) échange les termes correspondant 2 I’entier i;. Hormis le cas s = ¢

— _ .t
etm, =0,onadonc ay__,+1 = bmss_1+1‘

AU B qui n’est pas dans I’ensemble €crit ci-dessus. Dans tous les cas, on obtient a,,_,_,+1 < aigm 41

ce qui contredit 1’égalité de ces termes prouvée ci-dessus. Cette contradiction conclut : € vaut 1 sur Apx.

Quand s =1 et m; =0, a,,_,_,+1 est un terme de la famille

Considérons maintenant un intervalle A # Apax. On note ses éléments i; > - - - > i;. Le premier indice
J tel que A; =iy est forcément pair. Notons le 2u. Si t = 1, la multiplicité de iy est paire. On la note 2m.
Alors Iintervalle correspond aux éléments suivants de A® LI BY :

# g g f
by<a, <. <b, .1 <din
Sit > 1, les multiplicités de i; et i; sont impaires et, pour 1 < s < ¢, celle de i; est paire. On les note

respectivement 2m + 1, 2m; + 1, 2my. Alors I’intervalle correspond aux éléments suivants de APu B?:

<b*

utm< 1

<b’

#
u+m<p < au+11152+1 < <

g i # #
bu <au+l < <bu+m1 <au+m1+1 <

ft ft
au+m5,_]+1 << au+m5,+l'

Supposons par récurrence que € est constant sur tout intervalle strictement supérieur a A. Pour ces
intervalles, ou bien on ne change pas les termes de A” et B? leur correspondant, ou bien on les échange.
Mais on voit ci-dessus que chaque intervalle contribue autant a Ay qu’a B;. Cela ne perturbe pas les
numérotations des termes postérieurs, on veut dire par la que la contribution & A (resp. B) de I'intervalle
A commence par a, (resp. b,). Si A est réduit a i1, on n’a rien a démontrer : € est forcément constant
sur A. Supposons t > 1 et que € ne soit pas constant sur A. Notons s le plus petit élément de {2, ..., t}
tel que €;, , # €. Appliquons I’égalité (9) a k = 2u — 1 (on sait qu’alors e =u et f =u — 1) eta
k=2u+2m<;_1+1 (onsait qu'alors e = u +m<,_; + 1 et f =u +m<,_1). Par différence, on obtient

bLﬁ[ +at+1 +--+ b5+m5371 + a5+'7l5x—1+1 = bu +ayt1+---+ bu+m§S,1 + Autmog_1+1- (14)

u
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Supposons d’abord €(is_1) = 1 et €(iy) = —1. Les termes de I’ensemble A sont égaux a ceux de A*
entre les indices u + 1 et u +m;_. Les termes de ’ensemble B sont égaux a ceux de B entre les
indices u et u + m<;_;. L'égalité (14) devient

g _
a”+m5.r—1+1 =Ay+meg_1+1-

Parce que €;, = —1, on échange les termes correspondant a I’entier ;. Hormis le cas s =t et m; =0, on a
donc
_pt
au+m§x71+1 - bu—i—mss_]—i-l -
Sis=tetm; =0, ay4m., ,+1 estun terme de la famille A*u B? qui est au-dela de ceux écrits ci-dessus.

Dans tous les cas, on obtient @y _, ,+1 < a

wms_ 141 €€ QUi contredit 1’égalité de ces termes prouvée

ci-dessus.
Supposons maintenant €(is_;) = —1 et €(i;) = 1. Les entiers iy, ..., is_ contribuent a A et B en
échangeant leur contribution & A" et B®. D’ou

—_ i =’ =d; =
ay+1 = buv ey Autmeg 1 +1 = bu-l-mel s bu - au-H ’ LR bu+m5571*1 - a”"'mfkl )
L’égalité (14) devient
_
bu—H’l’lgs—l - au+m5571+1‘

Par contre, 1’entier i; contribue par les mémes termes 2 A et A* comme & B et B*. Mais les indices sont
décalés et on a

_ t
Autmeg1+2 = au+m5371+1

et, hormis le cas s =t etm; =0, byym_,_, = b5+m<s71+1' Sis=tetm; =0, byym_,_, estun terme de la
famille A®LIB* qui est au-dela de ceux écrits ci-dessus. Dans tous les cas, on obtient Dutm_,_, < ai eyt

ce qui contredit I’égalité de ces termes prouvée ci-dessus.

Ces contradictions prouvent que € est constant sur A. Cela prouve que, sous les hypotheses du (ii) de
I’énoncé, la condition (a) implique (b).

Soit maintenant (A, €) € P (2n + 1), supposons A spéciale et € constant sur les intervalles de A. En
notant iy > - - - > i,, les éléments de Jordy, (A) intervenant avec multiplicit€ impaire, on a € (iz,) = € (i2p41)
pour tout h =1, ..., (m — 1)/2. La recette indiquée plus haut pour calculer k, . montre que cet entier
vaut 1. Relevons € en I’élément de {£1}'°%»®*) qui vaut 1 sur le plus grand intervalle. On a calculé
ci-dessus les termes A®, Bf, A, B. Remarquons que les deux premiers sont aussi les termes A et B
associés a (A, 1). On en déduit facilement les termes X, Y, X et Y. On voit que les ensembles suivants
contribuent de la méme fagon a X et X comme a Y et Y :

— Dl’intervalle maximal ; sa contribution est de la forme

XI=Y1=>X2=y2> "> Xy = Yu > Xy+l;

— tout couple Ay, Aop41 d’éléments pairs donc égaux ; sa contribution est de la forme y, = x4 ;
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— tout intervalle non maximal sur lequel € vaut 1; sa contribution est de la forme
Yu = Xu+1 = Yu+l =+ = Xy = Yy > Xy+1-
Par contre, la contribution a X et Y d’un intervalle sur lequel € vaut —1 est de la forme
Yu > Xutl = Yu+1 > -0 > X0 = Yv > Xotls
tandis que sa contribution a X et Y est
Xut+l = Yu = Yu = Xu4+1 = Xu42 = Yut+1 > = * > Yo—1 =X = Xp4+1 = Yo > Yo = Xo+1-

Il est immédiat que X LI Y = X U Y, autrement dit les symboles (X, ¥) et (X, Y) sont dans la méme
famille. Cela prouve que A = sp(A, €), donc que la relation (b) du (ii) de I’énoncé entraine la relation (a).

Conservons les hypotheses sur (A, €). On releve € comme ci-dessus. Posons (7, §) = fam o symb(p, ).
En utilisant la description du symbole (X, Y) faite ci-dessus et la définition de I’application fam de
[Waldspurger 2001, VIII.19], on calcule, pour tout intervalle A :

— 3(A)=0;
— 1t(A)=0sievaut 1 sur A et t(A)=1sie vaut —1.
Le (iii) de I’énoncé s’en déduit. O

1.5. Correspondance de Springer, cas orthogonal pair. Soit n € N. On note P°""(2n) I’ensemble des
partitions orthogonales de 2n, c’est-a-dire les A € P(2n) telles que mult, (i) est pair pour tout entier i pair.
Pour une telle partition, on note Jordy,(A) I’ensemble des entiers i > 1 impairs tels que mult; (i) > 1. Plus
précisément, pour un entier k£ > 1, on note Jord]gp (A) I’ensemble des i > 1 impairs tels que mult, (i) = k.

Pour A € P°"(2n), disons que A est exceptionnelle si J ordyp(A) = &. Sin > 0, on introduit I’ensemble
PO (2n) formé des partitions A € P°"(21) non exceptionnelles et des paires (A, +) et (A, —) pour les
partitions A € P°"(2n) exceptionnelles.

Justifions cette définition. Notons E une cloture algébrique de F, et O(2n) le groupe orthogonal
évident sur Fq. L’ensemble P°"(2n) paramétre les classes de conjugaison unipotentes par 0(2n)(Fq) dans
SO(2n)(Fq). Mais il arrive que de telles classes se coupent en deux classes de conjugaison par SO(2n)(I]_:q).
Cela arrive précisément quand la classe est paramétrée par une partition A exceptionnelle. Alors I’ensemble
Porth(2p) parametre les classes de conjugaison unipotentes par SO(2n)(Fq) dans SO(Zn)(ﬁq). Sin=0,
on pose P°"(0) = P (0) = {@}. Il y a en tout cas une application évidente de P°""(2n) dans P°™(2n).
Si A est un élément de P°"™(2x), on note sans plus de commentaire A € Porth(25) son image.

On note P°™(2n) I’ensemble des couples (X, €) ot A € P™(2n) et € € ({1} ™) /{41}, le groupe
{£1} s’envoyant diagonalement dans {£1}7°"% ) On note 2°“h (2n) I’ensemble des couples (1, €) ol
A e P (2n) et € € ({1} ™)) /{£1}. La correspondance de Springer généralisée établit une bijection
entre 7_>°“h (2n) et 'ensemble des couples (p, k) tels que

— keN,kestpairetk2§2n;

—sik>0,pe Wn,kz/z; sik=0,pe WHD.
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On note (p;, ¢, kj. ) le couple associé a un €lément (A, €) € POoth(2n). L entier k. e ne dépend que de
I’image (X, €) de (X, €) dans Poth(2p). 11 se calcule de la facon suivante. Notons i; > - - - > i, les entiers
impairs i tels que mult, (i) soit impair. Posons

h= Y (=D —eG)).

Alors k;, . = |h|. En particulier, si € = 1, ¢’est-a-dire €(i) = 1 pour tout i € Jordy,(A), ona k; 1 =0 et
Pxr,1 € W,f) .
Une partition
h=0azlaz---) e P"2n)

est spéciale si et seulement si Ap;_; et Ap; sont de mé€me parité pour tout j > 1. Cela équivaut a ce
que ‘A soit symplectique. Notons P°™P(27) I’ensemble des partitions orthogonales spéciales de 2n.
Considérons une partition A € Porthsp(2y1) et définissons i > - - - > i,, comme ci-dessus. L entier m est
forcément pair. On appelle intervalle de A un ensemble A de ’une des formes suivantes :

— pour un entier h = 1,...,m/2, A est I’ensemble des i > 1 tels que mult, (i) > 1 et tels que

h—1 =1 =l

— A ={i} oui estun entier impair tel que mult, (i) > 1 et tel qu’il n’existe pas d’entier h =1, ..., m/2

de sorte que ipp—1 > i > iop.

Parce que A est spéciale, on vérifie que les intervalles sont formés d’entiers impairs. Ils forment une
partition de Jordpp(4). On ordonne les intervalles comme dans le cas symplectique. On note Ay, (resp.
Amax) le plus petit (resp. grand) intervalle. On note Int()1) 1’ensemble des intervalles.

Pour (A, €) € 20“1‘(211), le symbole symb(p; ) ne dépend que de A, on le note abusivement symb(p;, ).
L application A —> symb(p;_1) est une bijection de P°"P(2x) sur I’ensemble des symboles spéciaux de
rang n et de défaut 0. Pour A € PorthsP(2p7), on a défini en [Waldspurger 2001, VIIL.19] une bijection fam
entre la famille du symbole symb(p, ;) et un certain sous-ensemble de (Z/27)"™® x (7/27)"™®),

Soit A € P°(2n). 1l existe une unique partition spéciale sp() € PMP(2n) telle que symb(p;, 1) et
symb(psp(),1) soient dans la méme famille. Il est connu que A < sp(A) et que sp(A) est la plus petite
partition orthogonale spéciale A’ telle que A < 1. Plus généralement, on a le lemme suivant.

Lemme. (i) Soit (A, €) € PO (2n), supposons k¢ = 0. Notons sp(A, €) l'unique partition spéciale
telle que symb(p;, ) et symb(psp(i.e),1) Soient dans la méme famille. Alors A < sp(A, €).

(i) Soit » € POMSP(2n). Pour € € {£1}°"% M) les conditions suivantes sont équivalentes :
(@) kne=0etsp(r,e)=1;
(b) € est constant sur tout A € Int()).

(iii) Soit » € PO™P(2n). L’application € — fam o symb(p; ) est une bijection entre I’ensemble des €

décrits au (i), modulo le groupe diagonal {£1}, et le sous-ensemble des

(1,8) € (Z)2Z)™P x (2/22)™®  tels que § =0 et T(Amax) = 0.
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La preuve est similaire a celle du lemme précédent.

1.6. Dualité, cas symplectique-orthogonal impair. Soit n € N. Notons S;f)l I’ensemble des symboles
spéciaux de rang n et de défaut impair (ce défaut est alors 1). On dispose de bijections

PYIPSP(2p) — SP A > symb(pp1); POt (2n 4+ 1)— S A symb(p; 1)
n,1 y > n,1 y s
et d’une involution d de Sffl. On en déduit des bijections
d: PY™P(2n) - POPP2n 4 1) et d: P20+ 1) — PYPP(2n)

inverses 1’une de I’autre définies par la formule commune symb(p4()),1) = d o symb(py 1).

Soit A € PYMP-SP(2p). On vérifie qu’il y a une unique bijection décroissante de Int(X) sur Int(d(1)).
Notons Ay > --- > A, les intervalles de A et A| > --- > A/ ceux de d(1). On a dit que I’involution d
des symboles échangeait les familles de symb(p, 1) et de symb(p4(1),1). D’autre part, ces familles sont
paramétrées par des sous-ensembles de (Z/27)™P) x (7/27)™*) et de (Z/27) @) x (7/27)Hd0)
respectivement. Soit (X, ¥) un symbole dans la famille de symb(p, 1), notons (7, ) = fam(X, Y) et
(1/,8") =famod(X, Y). On vérifie les égalités

T'(A)) =T(Arpi-n),  8'(A) =8(Ar—p)

pour tout h =1, ..., r, avec la convention 6 (Ag) = 0. En particulier cette application échange 1’ensemble
des (z, 8) tels que & = 0 et celui des (/, &) tels que 8’ = 0.

On a défini des applications sp : PY™P(2n) — PY™PP(2n) et sp : PO 2n + 1) — POsP(2n 4 1).
On étend les bijections d en des applications encore notées d : PY™(2n) — Porthseopn 4 1) et d :
POt (25 4 1) — PY™P-SP(2p) par la formule commune d (1) = d osp(A). Il est connu que ces applications
sont décroissantes : pour A, A’ € PY™P(2n) (resp. A, A’ € P°M(2n 4+ 1)), A < A’ entraine d(1') < d(1).

Soit A € PY¥™P(2n). On vérifie que d(A) est la plus grande partition pu € P°™M(2n + 1) telle que
w <'(AU{1}), cf. [Meeglin et Renard 2017, paragraphe 7].

Soit u € Po™M(2n 4 1). Ecrivons = (4] = -+ = g > fs41 > - - - ). Posons

W= (== e > g — 1> g =),

On vérifie que d(u) est la plus grande partition A € P¥™P(2n) telle que A <’w/, cf. [Mceglin et Renard
2017, paragraphe 7].

Soit A € PY™PSP(2n) (resp. A € POSP(2n + 1)). On a défini I’ensemble Int(1). Soit A € Int(X). On
note J(A) I’ensemble des indices j > 1 tels que A; € A. Hormis les cas particuliers ci-dessous, on
note jmin(A) (resp. jmax(A)) le plus petit (resp. grand) élément de J(A). Les cas particuliers sont : A
symplectique et A = Ay, auquel cas on pose jmax(A) = 00; A orthogonal et A = Ap,x, auquel cas
Jmin(A) n’est pas défini (plus exactement, on peut le définir en appliquant la définition ci-dessus, on
obtient jmin(Amax) = 1, mais cette valeur perturberait nos calculs et on considere que jmin(Amax) n’est pas
défini). Remarquons que, si A € PY"™5P(2n), les jnin(A) sont impairs et les jmax (A) sont pairs (ou 00);
si A € POrsP(25 4 1), les jmin(A) sont pairs et les jmax (A) sont impairs.
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On définit une suite de nombres (X)) = ({(X)1, ¢ (A)2, ... ) par

1 s’il existe A € Int(}) tel que j = jmin(A),
C(A)j=1—1 vs’ilexiste A €Int(A) tel que j = jmax(A),
0 dans les autres cas.

Lemme. Soit 1 € PY™P(2n) (resp. A € PO™SP(2n + 1)). On a I’égalité
d(L) = A+ ().
Preuve. On suppose A € PY"P-5P(25), la preuve étant similaire dans le cas orthogonal. Montrons d’abord

(15) ‘d (L) est la plus petite partition orthogonale spéciale v de 2n + 1 telle que v > A U {1}.

Puisque d (1) est orthogonale et spéciale, sa transposée 1’est également. L’inégalité d(A) < "(AU{1})
entraine ‘d(1) > A U {1}. Inversement, soit v une partition orthogonale spéciale de 2n + 1 telle que
v > A U{l1}. Alors "v est encore orthogonale et vérifie 'v < (A U {1}). Donc ‘v < d(A) puis v > ‘d(}). Cela
démontre (15).

On vérifie facilement que A + ¢ (A) est une partition, ¢’est-a-dire A; +¢(A); > A1 +¢(A) j41 pour tout
J = 1. Puisque tout intervalle A # Ay, crée un terme jmin(A) pour lequel £(X)j,..(a) =1 et un terme
Jmax(A) pour lequel ¢(2) ;... (a) = —1 et puisque le dernier intervalle Ay, crée seulement un jiin (Amin)
la somme totale des £(A); vaut 1 et A +¢(A) € P(2n+1). Si A; est impair, A1 n’est pas dans un intervalle
et £(A); = 0 donc A; + ¢(A); est impair. Si A; est pair, il appartient a un intervalle A (le plus grand
intervalle). On a jyin(A) =1,d’ou £(A); =1 et Ay + ¢ (A1) est encore impair. Considérons un entier i1 > 1
et distinguons les cas :

— Aop et App4q sont impairs. Comme ci-dessus, on a alors £(A)o, = {(A)2p+1 = O et les termes
Aon + & (A)2n €t Aapi1 + C(A)2p+1 Sont impairs.

— App est impair et Ay;4 est pair. Dans ce cas (1), = 0 mais Ay, appartient a un intervalle A
tel que jmin(A) =2h + 1, donc ¢(A)ap41 = 1; les termes App + $(A)2n €t Agpt1 + (X)2p41 sont
impairs.

— Aop est pair et Ay, est impair. Dans ce cas ¢(A)2,41 = 0 mais Ay, appartient a un intervalle A tel
que jmax(A) = 2h, donc £(A)2, = —1; les termes Aoy + £ (A)op €t Appy1 + E(A)2p41 sont impairs.

— Aop et Aop4 sont pairs et distincts. Dans ce cas, Ay, appartient a un intervalle A tel que jiax (A) =2k
et Aoyt appartient a Iintervalle suivant A’ tel que jmin(A") = 2h 4+ 1; on a {(A), = —1 et
C(A)ane1 = 15 les termes Aoy + £ (X)op et Appy1 + £ (A)2p41 sont impairs.

— XAop €t Agp4q sont pairs et égaux. Dans ce cas, Ay, = Appy1 appartient a un intervalle A tel
que jmin(A) < 2h < 2h 4+ 1 < jpax(A) et LMo, = E(X)op+1 = 0 les termes Apy + £(A)2, et
Aont1+ £ (A)on41 sont pairs et égaux.

Cela montre d’abord que les termes pairs de la partition A + £ (A) interviennent par paires, donc sont

de multiplicité paire, c’est-a-dire que A + ¢ (A) est orthogonale. Cela montre ensuite que deux termes
Ao+ & (M)ap et Aopy1 4+ £ (A)2p11 sont de la méme parité. Donc A + ¢ (A) est spéciale.
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Pour k£ > 1, on voit que Si(¢(A)) vaut 1 s’il existe A € Int(A) tel que jmin(A) <k < jmax(A) et vaut 0
sinon. Ecrivons A = A =--=A>0).Alors \U{1}=(,..., A, 1,0).Sik<[,ona

Sk(A+¢(A) = Sk(A) + Sk (§(A) = Sk (A) = Sk (A U{1}).
Sik>I1l4+1,0onak> jnin(Amnin) et Sk(¢(A)) = 1. Le méme calcul conduit a 1’égalité

Sk +5() = Sk(AU{1}).

Donc A+ ¢(A) = AU {1}.

Soit maintenant v une partition orthogonale spéciale de 2n 4 1 telle que v > AU {1}. Soitk > 1. On a
Sr(v) = Sk (LU {1}) = Sk (A). Supposons que S (v) < Sp(A+¢(1)). Alors Sx(v) = Sk (1) et Sp(¢(V)) = 1.
Donc il existe un intervalle A tel que jmin(A) < k < jmax(A). On vérifie alors que Si(X) est pair.
Supposons de plus k impair. Alors Sk (v) est impair parce que v est spéciale. L'égalité Si(v) = Sk (1) est
contradictoire. Cela démontre que, pour k impair, S;(v) > Si(A 4+ £(1)). Supposons maintenant que k est
pair. Les inégalités jnin(A) <k < jmax(A) et le fait que jmin (A) est impair tandis que jmax (A) est pair
ou infini entrainent que jmin(A) <k — 1 < jmax(A) et jnin(A) <k 4+ 1 < jmax(A). D’apres ce que I’on
vient de démontrer, on a S;_1(v) > Sp—1(A + (X)) = Sp—1(A) + 1. Avec I’égalité Si(v) = Sg(A), cela
entraine vy < Ag. D’autre part, A et Ar4 sont dans un méme intervalle. L’entier k étant pair, cela entraine
A1 = Ag, donc veq < v < Ag = Agp1. Avec Dégalité Sp (v) = Si (1), cela entraine Si41(v) < Sg+1(1), ce
qui contredit I’hypothese v > AU{1}. Cette contradiction démontre encore I’inégalité S (v) > S (A4 (A)).
Celle-ci est donc vraie pour tout k, d’ott v > A 4+ Z()).

On a donc prouvé que A 4 ¢ (A) était la plus petite partition orthogonale spéciale v de 2n + 1 telle que
v > A U{1}. Le lemme résulte alors de (15). O

1.7. Dualité, cas orthogonal pair. Soit n € N. Notons SZI’)O I’ensemble des symboles spéciaux de rang n
et de défaut pair (ce défaut est alors 0). On dispose d’une bijection

PO (2p) — S, A > symb(ps,1)

et d’une involution d de SZ%. On en déduit une involution d : PP (25) — POth-sP(25) définie par la
formule symb(p4(1),1) = d o symb(p; 1).

Soit A € POhsP(2p). On vérifie qu’il y a une unique bijection décroissante de Int(A) sur Int(d(A)).
Notons Ay > --- > A, les intervalles de A et A| > --- > A/ ceux de d(1). On a dit que I’involution d
des symboles échangeait les familles de symb(p;, 1) et de symb(p4y),1). D autre part, ces familles sont
paramétrées par des sous-ensembles de (Z/27)™*) x (7/27)"™P) et de (Z/27)™E¢P) x (7 /27)"1 4D,
respectivement. Soit (X, ¥) un symbole dans la famille de symb(p, 1), notons (7, §) = fam(X, Y) et
(1/,8") =famod(X, Y). On vérifie les égalités suivantes, pour tout h =1, ...,r :

8'(A}) = 8(Ar—n),

avec la convention §(Ag) =0;
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— si le défaut de (X, Y) est strictement positif,

(A} =T(Ary1-p);
— si ce défaut est nul,
(A} =t(Arg1-p) — T(A)).

En particulier cette application échange I’ensemble des (z, §) tels que § = 0 et celui des (z/, §') tels que
8 =0.

On a défini I’application sp : P°"(2n) — P°P(21). On étend I’involution d en une application
encore notée d : PO (2n) — Porth:sp(2p) par la formule d (1) =d osp()). Il est connu que cette application
est décroissante : pour A, A’ € P°™(2n), A < A’ entraine d(1') < d(}).

Soit A € P°"(2n). On vérifie que d(A) est la plus grande partition 1 € P°™(2n) telle que u <A, cf.
[Mexeglin et Renard 2017, paragraphe 7].

Soit A € P°SP(2p). On a défini I’ensemble Int(1). Soit A € Int(X). On note J(A) ’ensemble des
indices j > 1 tels que A; € A. On note jyin(A) (resp. jmax(A)) le plus petit (resp. grand) élément
de J(A). Le nombre jpin (A) (resp. jmax(A)) est impair (resp. pair). On définit une suite de nombres
¢(A) = (@)1, 8(A)2, ...) par

1 si il existe A € Int(A) tel que j = jmin(A),
{(A)j=1—1 siilexiste A €Int(d) tel que j = jmax(A),
0 dans les autres cas.

Lemme. Soit & € PSP (2n). On a I'égalité 'd(1) = A + C(A).

La preuve est similaire a celle du lemme précédent.

1.8. Dualité et induction. Considérons une famille n = (ny, ..., n;, ng) d’entiers positifs ou nuls. Posons

n= Zj:O
PRy =P(ny) x - X P(n;) x P 2ng+ 1), PY™(n) =Pn;) x - - x P(n;) x PY™(2n).

. j. Posons

On définit une opération d’induction
PO () — PM(2n 1), A= (A1,..., A, ko) > ind(X)
de la fagon suivante : ind(L) est la plus grande partition orthogonale A telle que

A Ar+AD)+-+ Ay +Ap) + Ao

L’ensemble P°""(n) étant le produit d’ensembles ordonnés, il 1’est aussi par 1’ordre produit. On vérifie
que I’application d’induction est strictement croissante.
On définit I’application
cup : PY"P(n) — PP (2n)



Représentations de réduction unipotente pour SO(2n+1), Il 1127

par la formule
cup(Ay, ...y A, Ag) = (A UADU---U R U U .

On définit enfin une dualité d : PY™(n) — P°"(n). C’est le produit des applications A > ‘A sur
chaque facteur P(n;) pouri =1, ..., t et de la dualité d : PY™P(2no) — PP (2no+1) C PO (2no+1).
On a alors (Cf. [Barbasch et Vogan 1985, corollaire A.4]) :

Lemme. Pour A = (Ay, ..., As, Ag) € PY™P(n), on a I’égalité d o cup(A) = ind od (X).
1.9. Induction endoscopique. Soient ny,n, € N, posons n = n| + n. Soient A; € P¥"P-5P(2p) et

Ao € POthSP (2, Rappelons la définition de I’induite endoscopique ind(A1, A2) € P¥Y™(2n), cf. [Wald-
spurger 2001, XI.6]. On note J* I’ensemble des entiers j > 1 tels que

A1,j est pair, Ao ; est impair et il existe A € Int(1;) UInt(A;) de sorte que j = jmin(A) (cela
entraine que j est impair).

On note J~ I’ensemble des entiers j > 1 tels que

A1,j est pair, Ay ; est impair et il existe A € Int(A1) UInt(2) de sorte que j = jmax(A) (cela
entraine que j est pair).

On vérifie que J T et J~ ont méme nombre d’éléments et que, si on note leurs éléments jf“ <---<jhet
Jp <---<J;,ona

W<l <y <y <<t <
On note § = (&1, &, ...) la famille définie par §; =1si j € JT, §j=—1sijeJ et§;=0pourj>1
tel que j ¢ JTUJ ™. Alors ind(Aq, Ap) = A + Ay +E.
Proposition. dd))Udy) <d@nd(rq, A2)).

Preuve. Les deux membres de I’inégalité & prouver sont des partitions de 2n + 1. Les partitions d(X11) et
d(A;) sont orthogonales, leur réunion 1’est aussi. D’apres la caractérisation de d(ind(A1, A,)) donnée en
1.6, il suffit de prouver I’inégalité

d(A)Ud(X) <'(ind(A1, A2) U{1}), ouencore ‘d(r;)+'d(Ap)>ind(A1, A2) U {1},
ou encore, d’apres les lemmes 1.6 et 1.7 et la définition ci-dessus,
M+EAD)+2r2+ () = (A +2r2+8) U{L}
Cette inégalité se traduit par les inégalités suivantes, pour tout k > 1 :
Sk(C (A1) + Sk (£ (h2)) = Sk(§), si k < I(ind(A1, A2)); (16)
Sk(C (A1) + Sk (§(X2)) = Sk(§) + 1, sik > [(ind(2y, A2)). (17

Les entiers Sg(¢(A1)), Sk(E(X2)) et Si(&) valent toujours O ou 1. L’inégalité (16) est donc vérifiée si
Sk (&) = 0. Supposons Si(£) = 1. Avec les notations introduites plus haut, il existe alors s € {1, ..., r}
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tel que j;" <k < j; . Lentier A j- est pair et 'entier A, ;- est impair. Il existe donc A € Int(4) et
Ay € Int(Xy) tels que )»ij— e Ajet )»2,]-; € Aj. Posons u = max(jmin (A1), jmin(A2)). Alors &g, € Aq est
pair et A, , € A, est impair. En appliquant la définition de J ™, on voit que u € J ™. On a aussi u < j~, donc
u < jF.Onaalors jmin(A2) <u < ji" <k < ji < jmax(A2) et jmin(A1) Su < j7 <k < j7 < jmax(AD).
Ces inégalités entrainent Sg (¢ (A1)) = Sk(£(X2)) = 1. On a alors 1’égalité

Sk(C(A) + Sk (C(A2) =2 =S5 (§) +1,

qui est plus forte que (16). Cela prouve cette inégalité (16).

Supposons k > [(ind(A1, Ap)). Si Sg(§) = 1, on vient de voir que I'inégalité (17) est vérifiée (et que
c’est une égalité). On peut donc supposer Si(§) = O et il suffit de montrer que Sx(¢(A1)) = 1. Puisque
k> 1(ind(A1, A2)),ona Ay + Az +& =0. Si & # —1, cela force A x =0. Si & = —1, alors d’une part
Ak <1, d’autre part k € J~. Donc A1 est pair et on a encore Aj x = 0. Donc k € J(A1 min), OU A1 min
est le plus petit élément de Int(X;). Cela entraine S; (£ (1)) = 1, ce qui acheéve la démonstration. O

1.10. Intervalles relatifs, induction endoscopique réguliére. On conserve les données ny, np, A1 et Aj.
On pose A =ind(Aq, 12).

On a défini en [Waldspurger 2001, XI.11] un ensemble d’intervalles de A. La terminologie est mal
choisie car il se peut que A soit spéciale et que cet ensemble ne soit pas celui défini en 1.3 ci-dessus. Nous
appellerons ici intervalles relatifs (a A| et ;) ces nouveaux intervalles. Rappelons leur définition. On pose

T = {Jmin(A); A € Int(A1) UInt(A2)} U {jmax(A); A € Int(A1) UInt(A2)},
T = {min(A); A € Int(r1)} N {jmin(A); A € Int(22)},
I~ = {max(A); A € Int(A )} N {jmax(A); A € Int(22)}.
Remarquons que J contient 0o qui est jmax (A) pour le plus petit A € Int(A1). Appelons intervalle

relatif d’indices tout intervalle d’entiers {j, ..., j'} (avec éventuellement j* = 00) vérifiant I’une des
conditions suivantes :

(18) j=jegtug;

(19) j < j', j et j' sont deux termes consécutifs de 7 et il existe un unique d € {1, 2} et un unique
Ag € Int(Ag) de sorte que jmin(Ag) < j < j' < jmax(Aa).

Pour tout tel intervalle relatif d’indices J ={j, ..., j’}, on pose D(J) = {A;»; j < j” < j’}. On appelle
intervalle relatif un tel ensemble D (J). Inversement, pour un intervalle relatif D, on note J (D) I’intervalle
relatif d’indices J dont il provient et on note juin(D) (resp. jmax (D)) le plus petit (resp. grand) terme de
J (D). On note Int,, ,, (1) 'ensemble de ces intervalles relatifs. On montre que cet ensemble d’intervalles
relatifs forme une partition de Jordy, (1) U {0}.

Remarque. Comme on I’a dit ci-dessus, la définition des intervalles relatifs n’est pas la méme que celle
des intervalles d’une partition spéciale donnée en 1.3. Ces deux types d’intervalles n’ont pas les mémes
propriétés. En particulier, si A est un intervalle d’une partition symplectique spéciale, jumin(A) est impair
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et jmax (A) est pair (ou 0o). Tandis que, pour un intervalle relatif D comme ci-dessus, jmin (D) et jmax (D)
sont de parité quelconque.

On dit que A; et A, induisent régulierement A si et seulement si tout intervalle relatif est réduit a un
€lément. Autrement dit, Int, ;,(A) est la partition maximale de Jordy,(A) U {0}.

Supposons que A1 et A2 induisent régulierement A. On définit alors une fonction 7, 3, :Jordpp(A) — Z /27
de la fagon suivante. Soit i € Jord,,(A). L’ensemble {i} est un intervalle relatif. Remarquons que mult; (i) =
1 si et seulement si J ({i}) n’a qu’un élément, autrement dit J ({i}) est du type (18). Si mult, (i) =1, on pose
Ty, (1) =0. Simult, (i) > 2, J({i}) est du type (19) et on note d (i) € {1, 2} I’indice tel qu’il existe Ay(;) €
Int(Ag()) de sorte que J ({i}) C {Jmin(Ad@)), - - - » Jmax(Ag@y)}. On pose 7y, 4, (i) =d (i) +1 mod 27Z.

1.11. Une proposition d’existence. Soient n € N et A € PSY™P(2n). On se limite ici au cas ou tous les
termes de A sont pairs. En particulier, A est spéciale. Fixons une fonction 7 : Jordy, (1) — Z/27 telle que
7(i) = 0 pour tout i € Jordy,(A) tel que mult, (i) = 1.

Proposition. Soient . et T comme ci-dessus. Il existe ny,ny € N tels que ny + n, = n et il existe
Ay € PYTPSP(2n1) et Ay € POMSP(2my) tels que

(a) Ay et Ay induisent régulierement A ;

(b) d(A)Ud(hy) =d (1)

©) o, =r1.

Preuve. Notons J* I’ensemble des j > 1 tels que j soit impair et A; > A1. Notons J~ I’ensemble des
Jj =2 tels que j soit pair et A;_; > A;. Les ensembles J* et J~ sont disjoints et leur réunion est égale a
la réunion des couples {2k — 1, 2k}, pour k > 1, tels que Ayr—; > Ar. On note ¢ = (zq, 12, ... ) la suite
tellequeyrj=1si jeJt, rj=—1sijeJ etr;=0sijgIJtug .

On prolonge la fonction 7 a Jordp,(A) U {0} en posant 7(0) = 0. Soit d € {1, 2}. Pour j > 1, disons que
j et j+ 1 sont d-liés si et seulement s’ils vérifient I’'une des conditions suivantes :

(20) Aj =X 1ett(rj) =d+1 (on veut dire par la 7(A;) =d + 1 mod 27);
(21) j estimpairet A; > Aj.

Pour deux entiers 1 < j < j’, disons qu’ils sont d-liés si et seulement si k et k + 1 sont d-1iés pour tout
k=j,...,j —1.Cest une relation d’équivalence. On note Jnt,; 1’ensemble des classes d’équivalence
dont le nombre d’éléments est au moins 2. Pour J € Inty, on note juyin(J) (resp. jmax (J)) le plus petit
(resp. plus grand) élément de J (éventuellement jy,x (J) = 00). Montrons que :

(22) L’ensemble Jnt, est fini; il contient un élément infini si et seulement si d = 1.
(23) Pour J € Inty, jmin(J) est impair et jnax (J) est pair ou infini.

(24) Pour tout k > 1, il existe au moins un d € {1, 2} et un J € Jnty tel que {2k — 1,2k} C Ty les
deux éléments de {1, 2} vérifient cette condition si et seulement si 2k — 1 € J*+ (ce qui équivaut a
2k e J7).
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(25) Pour tout k > 1, il existe au plus un d € {1, 2} et un J € Int, tel que {2k, 2k + 1} C J,.

(26) Pour tout j > 1, il existe au moins un d € {1, 2} et un J € Jnt, tel que j € J; les deux éléments de
{1, 2} vérifient cette condition si et seulement si j € JTUJ ™.

Pour j > I(A)+1,0nai; =X =0 et, puisque 7(0) =0, j et j + 1 sont 1-li€s mais pas 2-li€s.
Donc {{(A) +1, ..., oo} est contenu dans une classe infinie Jy min € Int; tandis que, pour j > [(A) + 2,
{j} forme une classe pour la 2-équivalence donc n’est pas contenu dans un élément de Jnt,. Cela prouve
(22).

Soit J € Jnty, posons j = jmin(J). Montrons que j est impair. Puisque J a au moins deux éléments, j
et j + 1 sont d-liés. Si la condition (21) est vérifiée, j est impair et on a terminé. Si (20) est vérifiée, on a
T(A;) =d+1.Si j =1, j est impair et on a terminé. Sinon, puisque j est I’élément minimal de J, j — 1
et j ne sont pas d-liés. Alors le couple (j — 1, j) ne vérifie pas (21). Donc j — 1 est pairou A;_; = 4;.
Dans le premier cas, j est impair et on a terminé. Dans le deuxieme cas,ona t(A;_1) =t(A;) =d +1
mais alors (j — 1, j) vérifie (20) et j — 1 et j sont d-liés, ce qui n’est pas le cas. Cela démontre 1’assertion.
Un raisonnement similaire prouve que jmax(J) est pair s’il n’est pas infini. D ol (23).

Soit k > 1. Pour d =1, 2, dire qu’il existe J € Int, tel que {2k — 1, 2k} C J équivaut a ce que 2k — 1 et
2k soient d-liés. Si Ayx—1 > Ay, 2k — 1 et 2k vérifient (21) et sont d-liés pour les deux éléments d = 1, 2.
Mais on a aussi 2k — 1 € J* et I’assertion (24) est vérifiée dans ce cas. Si Ay—1 = A, (21) n’est pas
vérifiée. Alors 2k — 1 et 2k sont d-liés pour I’'unique élément d = t(Ayr_1) + 1. On a aussi 2k — 1 ¢ J*
et (24) est encore vérifiée.

Soient k > 1 etd = 1, 2. Le couple (2k, 2k + 1) ne vérifie pas la condition (21). Si 2k, 2k + 1 sont
d-liés, la condition (20) est satisfaite. Donc d = 7(Ay) + 1 est uniquement déterminé. D’ou (25).

Soit j > 1. Posons k = [(j +1)/2]. Ona j € {2k — 1, 2k}. Soitd = 1,2 et J € Int,. D’apres (23), les
conditions j € J et {2k — 1, 2k} C J sont équivalentes. Alors (26) résulte de (24).

Pour d = 1, 2, définissons une fonction p; : N — {0} — Z/27 : py(j) = 1 s’il existe T € TInt, tel que
Jj €73, pa(j) =0 sinon. La relation (23) entraine
pa(j) =pa(j+1) sijestimpair.
La définition de ¢ et ’assertion (26) entrainent I’égalité
rj = p1(j) + p2(j) + 1 mod 2Z. (27)
On va montrer qu’il existe des suites d’entiers positifs ou nuls A; et A, vérifiant les conditions suivantes,
pour j > 1:
(28) Aij 42Xy +rj=2;;
(29) pourd =1,2, Ag,j =d + pa(j) mod 27,
(30) pourd =1,2,0na

(@) Ag,j =Aa,j+1 81 j estpair, pg(j) =1 etil n’existe pas de J € Inty tel que j = jmax(JT) ou si j
est impair et py(j) =0;
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(b) Ag,j > Aq,j+1 81 j est pair et il existe J € Int, tel que j = jmax(J);
(€) Ag,j = Ag,j+1 81 j estimpair et py(j) =1 ou si j est pair et py(j) =0.

On raisonne par récurrence descendante sur j. Pour j > /(1) +2, on pose A1 j =A2 ; =0.Onavu
dans la preuve de (22) que j était contenu dans Jj min et n’était contenu dans aucun élément de Jnt;. On
aaussi j € JTUJ™ donc r; = 0. On voit que toutes nos conditions sont vérifiées.

On fixe j et on suppose que I’on a fixé des termes A1, j» et Ao j pour j' > j de sorte que les conditions
soient vérifiées pour ces j'. Pour d =1, 2, soit e; € Z, posons A4, j =24, j+1+eq. Traduisons les conditions
ci-dessus en termes des entiers e et e;. La condition (28) étant vérifiée pour j + 1, on voit que cette
condition pour j équivaut a

erter=Aj—Ajr1+Ej+1 —§j. 3D

La condition (29) étant vérifiée pour j + 1, cette condition pour j équivaut a
ea = pa(j)+pa(j+1) mod2Z. (32)

Remarquons que, si (31) est vérifiée et si (32) I’est pour un d € {1, 2}, cette condition (32) est aussi
vérifiée pour I’autre élément de {1, 2} : cela résulte de la parit€ de A; et de A;; et de la relation (27). La
condition (30) se traduit par les conditions e; = 0 dans le cas (a), e; > 0 dans le cas (b) et e; > 0 dans le
cas (c). Remarquons que, dans le cas (a), la condition e; = 0 est compatible avec (32), autrement dit on a
pa(j)+ pa(j+1) =0 mod 2Z. En effet, si j est impair, on a toujours py(j) = pa(j + 1). Si j est pair,
la condition de (30)(a) est d’une part que p;(j) = 1 donc il existe J € Int, tel que j € J, d’autre part
que j n’est pas I’élément maximal de J. Donc j+ 1€ Jet py(j+ 1) = pa(j).

Supposons la condition (30)(a) vérifiée pour au moins un d = 1, 2, disons pour d = 1 pour fixer la
notation. On n’a pas le choix pour e; : on pose e; = 0. Comme on vient de le dire, la condition (32) est
vérifi€e pour d = 1. La condition (31) ne laisse plus le choix pour ey : onpose eo =A; —Aj 1 +¥jr1 —Lj.
Puisque (31) est vérifiée et aussi (32) pour d = 1, (32) est aussi vérifiée pour d = 2. Il reste a vérifier
que e; vérifie les conditions résultant de (30). Supposons d’abord j pair. L’hypothese que (30)(a) est
vérifiée pour d = 1 signifie, comme on I’a vu ci-dessus, qu’il existe J; € Jnt; tel que {j, j + 1} C J;.
D’apres (25), cette condition ne peut pas €tre réalisée pour d = 2. Donc (30)(a) n’est pas vérifiée pour
d =2. 51 (30)(c) est vérifiée pour d = 2, on doit seulement voir que e > 0. Or, puisque j est pair, on a
—xrj>0etrj;1 >0,donc A; — A1 +1j41 —&j =0 comme on le voulait. Si (30)(b) est vérifiée pour
d =2, on doit montrer que e; > 0. On a p;(j) =1 d’apres (30)(a) pour d =1 et pa(j) =1 d’apres (30)(b)
pour d =2. Alors j € J~ d’apres (26) et —xr; = 1. Donc A; — A ;41 +rj4+1 —&; > 0 comme on le voulait.
Supposons maintenant j impair. L’hypothése que (30)(a) est vérifiée pour d = 1 signifie que p;(j) =0.
D’apres (26), ona pa(j)=1et j € JT, donc aussi j + 1 ¢ J~. Ces deux dernieres relations entrainent
rj=rj+1 =0ete;=A; —A ;. Larelation p>(j) = 1 entraine que (30)(c) est vérifiée pour d =2 et que
I’on doit seulement prouver que e; > 0, ce qui est clair d’apres la formule précédente.

Supposons maintenant que (30)(a) n’est vérifiée ni pour d = 1, ni pour d = 2. Supposons la condition
(30)(b) vérifiée pour au moins un d = 1, 2, disons pour d = 1. Cela entraine que j est pair. Choisissons
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pour e; le plus petit entier strictement positif vérifiant la condition (32). On a e; = 1 ou 2. Posons
ex=Aj—Ajy1+1j41 —1; —er;. Comme ci-dessus, on doit montrer que e; vérifie les conditions résultant
de (30). On a supposé que (30)(a) n’était pas vérifiée pour d = 2. Supposons que (30)(c) soit vérifiée pour
d = 2. 1l faut voir que e; > 0. D’apres (30)(b) pour d = 1, il existe J; € Int; tel que j = jmax(J1). Donc
j et j 4+ 1 ne sont pas 1-li€s. D’apres (30)(c) pour d = 2 et parce que j est pair, on a p>(j) = 0 donc
J et j+ 1 ne sont pas 2 liés. Si A; = A4 la condition (20) est vérifiée pour un d donc j et j + 1 sont
d-liés pour ce d. Puisque ce n’est pas le cas,ona A; # A1, donc A; > A; 41 + 2, puisque les termes de
A sont pairs. Le méme calcul que plus haut conduit a I’'inégalité cherchée e, > 0. Supposons maintenant
(30)(b) vérifiée pour d = 2. On doit prouver e, > 0. On vient de montrer que j et j 4+ 1 n’étaient pas
1-liés. Pour la méme raison, ils ne sont pas 2-liés et cela entraine encore A; > A ;41 + 2. Les conditions
(30)(b) pour d = 1, 2 entrainent que p1(j) = p2(j) =1, donc j € J~ d’apres (26). Alors —r; =1 et on
voit que e > 0.

Il reste le cas ol (30)(c) est vérifiée pour d = 1, 2. Puisque py(j) = 1 pour au moins un d, cette
hypoth&se entraine que j est impair et p;(j) = p2(j) = 1. Donc j € J*, puis j + 1 € J~. Ces relations
entrainent que r; = letyr;; 1 =—1etaussique A; > A1y, donc A; > A1 +2. Puisque j est impair, on a
p1(j+1)=p1(j)=1.La condition (32) pour d = 1 signifie que e; doit étre pair. Choisissons e¢; = 0, qui
vérifie la condition résultant de (30)(c) pourd =1.Posons ex =A; —A 11 +rj11—tj—e1=Aj—Ajp1—2.
On a e; > 0, ce qui vérifie la condition résultant de (30)(c) pour d = 2. Cela démontre 1’existence de nos
suites A et As.

Fixons donc de telles suites A; et A,. La condition (30) entraine que ce sont des partitions, c’est-a-dire
qu’elles sont décroissantes. Montrons que :

(33) Il existe des entiers ny, ny tels que n| + ny, = n, que A appartienne a P (2n) et que A,
appartienne & PSP (2n,).

On voit qu’il s’agit de prouver que, pour d = 1,2 et k > 1, les termes Ay 2xk—1 €t A4 2 sont de méme
parité et que, quand cette parité est celle de d, on a A4 2k—1 = Ag2¢. La premiére propriété résulte de
(29) et de I’égalité py;(2k — 1) = py(2k). Si la parité de A4 21— est celle de d, cette méme relation (29)
entraine p;(2k — 1) = 0. Mais alors (30)(a) est vérifiée pour 2k — 1, d’olt Ag2k—1 = Ag2¢. D’0oU (33).

Grice a cette relation, on peut définir les ensembles d’intervalles Int(1;) et Int(A;) et, comme en 1.9,
les ensembles J* et J~ et la fonction £&. Montrons que

{(J(A); A eInt(h)} =Tnty, {J(A); Aelnthy))=0nt,, J =37, J =J, &£=1 (34

Soit d = 1, 2. La réunion des J(A) quand A parcourt Int(1;) est I’ensemble des j > 1 tels que
Aq,j =d+1 mod 2Z. En vertu de (29), c’est I’ensemble des j > 1 tels que py(j) = 1, autrement dit c’est
la réunion des éléments de Jnt;. On a donc un méme ensemble d’indices découpé de deux facons en
intervalles disjoints : les J(A) pour A € Int(A4) ou les J € Int,. Pour prouver que ces découpages sont
les mémes, il suffit de prouver que les éléments maximaux de ces intervalles sont les mémes, c’est-a-dire

{Jmax(A); A € Int(A)} = {jmax(7); T € Tnty}.
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Comme on I’a vu en (22), I’infini intervient dans les deux ensembles si d = 1 et n’y intervient pas si
d = 2. Soit j > 1. Par définition de Int(X;), j appartient a I’ensemble de gauche ci-dessus si et seulement
sijestpair, Ay j =d+1mod2Z et Ay j > Ay j4+1. On vient de voir que la congruence est équivalente a
pa(j) = 1. Les relations (30) entralnent alors que ces conditions équivalent a ce que j soit de la forme
Jjmax(J) pour un J € JInt,. Cela démontre les deux premicres égalités de (34). Soit j € J*. Alors j

499

est impair A; ; et A2 ; sont “de bonne parit€”, d’ou, comme on I’a vu, ps(j) =1 pour d = 1, 2. Alors
j € 3+ d’apres (26) et I'imparité de j. Inversement, soit j € J*. Alors j est impair et, en inversant le
raisonnement précédent, A ; et A, ; sont de bonne parité. Il existe Ay € Int(A;) et A; € Int(X,) tels que
jE€J(ADNJI(A,).Sij=1,o0naévidemment j = jpin(A1) = jmin(A2) et j € JT.Si j > 1, I'assertion
(25) implique qu’il existe d tel que j — 1 n’appartienne pas a J4, ou Iy = J(Ay). Alors j = jmin(Jg)
pour ce d, ou encore j = jmin(Ay). Par définition de I’ensemble J T, on a alors j € JT. Cela prouve
Iégalité J*+ =JT et I’égalité J~ = J~ se démontre de méme. Ces égalités et les définitions de & et ¢
entrainent la derniere égalité de (34).
’égalité & = et la relation (28) entrainent 1’égalité Ind(A{, A2) = A. Montrons que

A1 et Ap induisent régulierement A. (35)

Cela signifie que tout intervalle relatif est réduit a un seul élément. Soit D un tel intervalle relatif.
Evidemment, si J(D) est réduit 2 un seul élément, D aussi. Supposons que J(D) a au moins deux
éléments. Il vérifie la relation (19). Pour fixer la notation, supposons que I’entier d qui figure dans
cette relation soit 1. Il existe donc J; € Int; tel que J(D) C J;. Considérons deux éléments consécutifs
J, j+1€J(D).Supposons qu’il existe J, € Inty tel que {j, j+1} CTp. On a jnin(T2) < j+1 < jmax (D).
Puisque les termes jnin (D) et jmax (D) sont par définition des éléments consécutifs de 7, cela entraine
Jmin(T2) < Jmin(D). De méme jpax (D) < jmax(J2). Alors J(D) C T, ce qui est exclu par (19). Cela
démontre que, pour deux elements j, j + 1 € J(D), il n’existe pas de J, € Int, tel que {j, j + 1} C J».
Donc j et j 4 1 sont 1-liés mais pas 2-liés. En se reportant aux relations (20) et (21) qui définissent la
liaison, on voit que, si j est impair, le fait que j et j + 1 ne sont pas 2-liés entraine que A; = A j; 1, tandis
que, si j est pair, le fait que j et j + 1 sont 1-liés entraine la méme égalité. Cette égalité pour tout couple
J, j+1¢€ J(D) entraine que A; est constant pour j € J(D), ce que I’on voulait démontrer.

Montrons que

Ta =T, (36)

Soit i € Jordpp(A). Si multy (i) =1, on a 7, ;,(i) = 7(i) = 0 par définition. Supposons mult; (i) > 2.
Comme ci-dessus, il existe un unique d = 1, 2 et un unique J; € Jnt, tel que J({i}) C J4. On a alors
Ty, (1) = d + 1. Considérons un couple j, j +1 € J({i}). lls sont d-liésetona A; = A1 =i. L'une
des relations (20) ou (21) est vérifiée pour d et ce ne peut étre que (20). Donc (i) =d + 1, d’ou I’égalité
cherchée 7, ,, (i) = 7(i).

Montrons qu’on a 1’égalité

FAD)+E(2) =5(R) +§. (37)
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Soit j > 1. Supposons j impair. Chacune des quatre fonctions vaut O ou 1 en j. Supposons d’abord
C(A1)j =¢(A2)j =1. Alors il existe J; € Inty et Jo € Inty de sorte que j = jmin(I1) = jmin(J2). D’apres
(26) et (34),ona j € J*,d’ou &; =1.Si j =1, j est le plus petit indice tel que ; appartienne au plus
grand intervalle de A (il s’agit ici des intervalles au sens des partitions spéciales) donc ¢(A); = 1. Si
J > 1, ’hypothese sur j implique que j — 1 et j ne sont ni 1-liés, ni 2-liés. Si ;1 =A;, j — 1 et j sont
d-liés pour le d tel que T(A;) =d + 1, cf. (20). C’est impossible donc A;_; > A ;. Puisque j est impair,
c’est la condition pour que j soit de la forme j = jyin(A) pour un A € Int(X). Donc ¢(1); = 1. L’égalité
(37) est vérifiée en j. Supposons maintenant {(A1); = 1 et {(A2); = 0 (un raisonnement analogue vaut si
on échange les indices 1 et 2). Il existe J; € Jnt; tel que j = jmin(J1) mais il n’y a pas de J, vérifiant
la méme égalité. Supposons d’abord p,(j) = 1. De nouveau, j € J* et §; = 1. Puisque p,(j) =1, le
fait que j ne soit pas le plus petit élément d’un élément de Jnt, entraine que j > 2 etque j — 1 et j
sont 2-liés. Puisque j — 1 est pair, cette condition implique A;_; = ;. Donc ¢{(1); = 0 et on obtient
I’égalité cherchée. Supposons au contraire p>(j) =0. Alors j ¢ JT et§; =0.Si j=1,ona(r); =1
comme ci-dessus. Sinon, j — 1 et j ne sont pas 1-liés (car j = jnin(J1)) et ne sont pas 2-liés (car
p2(j) = 0). Comme ci-dessus, cela entraine A;_1 > A; et {(A); = 1. D’ou I’égalité cherchée. Supposons
enfin {(A1); = ¢(A2); = 0. D’apres (26), on peut supposer par exemple pi(j) = 1. Comme ci-dessus,
I’hypothése ¢ (A1) ; = 0 implique alors j > 2 et j — 1 et j sont 1-liés. D’ou A;_; =A;ett(1;) =0.La
premiere relation entraine ¢ (A) ; = 0. La seconde entraine que j — 1 et j ne sont pas 2-1iés. Si p>(j) =1, j
est de la forme jmin(J2) et alors £(A); = 1 contrairement a I’hypothése. Donc p(j) =0et j ¢ J . Donc
&; = 0 et on obtient I’égalité cherchée. Des calculs similaires valent dans le cas j pair. Cela prouve (37).

Cette égalité entraine
MAEAD++iR) =2+ +E+TR) =2 +5R).
En utilisant les lemmes 1.6 et 1.7, cette égalité se transforme en
‘d(n) +'d(h) ="'d(A), quiéquivauta d(r)Ud(ry) =d (). ]

1.12. Multiplicités. Soient n,n’,n”, ny,ny € N tels que n = n’ +n” = n; + ny. Soient p; € Wnl et
P € Wnlz . A p; est associé un symbole (X, Y1) de rang n; et de défaut 1. On note A; la partition
symplectique spéciale de 2n associée a la famille de (X1, ;) et on pose (11, §;) = fam(Xy, Y1). A p»
est associé un symbole (X», ¥>) de rang n, et de défaut 0. On note A, la partition orthogonale spéciale de
2n, associée a la famille de (X», Y») et on pose (12, §7) = fam (X35, ¥»). On définit des représentations ,o;
et p, de W, de la facon suivante. Introduisons le couple (a2, B2) € P2(n2) qui parametre p;. C’est-a-dire
que, siay # Ba, p2= pP(aa, B2) ; siay = B, il existe un signe n = = tel que pr = pP (a2, a2, n). Dans ce
dernier cas, on pose p;r =p, = p(az, @z). Siaz # B, on sait que I’on peut permuter oy et B;. Supposons
a3 plus grand que B, pour I’ordre lexicographique (pour le plus petit indice j tel que a3 j # B2 j, on a
az j > B2,j). On pose

py =plaa, Br) et py =p(Br,a2).
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Soient (), €') € P¥Y™P(2n"), (1", €”) € PY™P(2n"). Considérons I’hypothése
koo = ko en = 0. (Hyp)

Supposons-la vérifiée. Dans [Waldspurger 2018, §1.8 et §1.10] , on a défini des espaces R = @yer R(Y),
REP — R et une application linéaire pi : R — RE°P (ces objets sont relatifs & 1’entier 7). Posons
y =(0,0,n’,n"). C’est un élément de I" et p;/ ¢ ® ;. s’identifie & un élément de R(y). On dispose
donc de I’élément pt(py ¢ @ par,e) € R. Remarquons en passant que 1’élément a de [Waldspurger 2018,
§1.10] vaut (0, 0, 0, 1). Posons 8 = (0, 0, ny, ny). C’est aussi un élément de I" et, pour £ ==+, o1 ® ,o§
s’identifie a un élément de R(6). On peut définir la multiplicité m (o1, ,oé; Oar.e's Parer) de p1 ® ,0§ dans
pL(py e @ par ) par la formule usuelle

m(p1, 3 prrers prre) = [Wa | Wi |70 D" pr(wi)ps (o) pe(par.e ® paren) (i X wy).
w1 €Wy, wreW,y,
On n’a pas besoin d’introduire des conjugaisons complexes dans cette formule puisqu’on sait que les
représentations irréductibles des groupes de type W,, ont des caracteres réels. En réfléchissant a la définition
de pt(py .t @ par.e7), On VoIt que sa restriction a R(0) est une “vraie” représentation, ce qui entraine que
la multiplicité ci-dessus est un entier naturel.
On a défini en 1.9 I’induite endoscopique ind(X1, A;) € PY™P(2n).

Proposition. On suppose vérifiée I’hypothese (Hyp). Soit ¢ = +. Si m(p1, ,0§ s Puses Parer) # 0, alors
A UL <ind(Aq, Ao).

Cette proposition, comme la suivante, se déduit des résultats de [Waldspurger 2001]. Nous donnerons
la preuve dans le paragraphe suivant.

1.13. Multiplicités, cas particulier. On conserve les données du paragraphe précédent. Posons A =
ind(A, A2). On suppose de plus :

A est a termes pairs; A; et A, induisent régulierement A ; §; = 8§, = 0.

On définit des fonctions 87,8, 71, 77 : Jordpp(A) — Z/27 de la fagon suivante, ou on utilise les
notations des paragraphes 1.9 et 1.10. Soit i € Jordy,(2). On a {i} € Int; ;, (1) puisque A; et A, induisent
régulierement A. On pose 87 (i) = § (i) = 0 sauf dans le cas ol jm.x({i}) € JT. Dans ce cas, il existe
d’uniques A € Int(A;) et Ay € Int(Ay) tels que jmax({i}) € J(A1) N J(A,) et on pose

ST =t(AD)+n(A)+1, 8§ @G)=1(A)+12(A2).

Si mult, (i) = 1, il existe comme ci-dessus d’uniques A € Int(A;) et A, € Int(Xy) tels que jmax({i}) €
J(A)NJ(Ay) etonpose t4(i) =17 (i) = 71(A1). Supposons multy (i) > 2. Alors il existe un unique
d =1,2 etun unique Ay € Int(Ay) tels que J({i}) C J(Ay).Sid =1,0npose t1(i) =17 (i) =11(A}).
Sid =2, on pose

tHi) =n(Ay), @) =n(A)+1.
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Si i n’est pas I’élément maximal de Jordy,(A), on note it le plus petit élément de J ordp,(A) strictement
supérieur a i. Si i est 1’élément maximal, on pose par convention §* (i) =8 (1) = 1.
Remarque. (1) On vérifie sur ces formules que t+ + 1~ =15, ,, cf. 1.10.

(2) On a montré en [Waldspurger 2001, X1.29 remarque] que, pour tout i € Jordy,(A), on a la congruence
81 (i) +6~ (i) = mult; (> i) mod 2Z. Cela équivaut 2 mult; (i) =87 (i) +8~ () —8T(@T) -6 ()
mod 2Z7.

Soit ¢ = £. On introduit les deux conditions suivantes :

(A (1) VUL =2;

(ii) pour tout i € Jordyp(X), multy (i) =8¢(i) — 8¢ (i*) mod 2Z;

(iii) pour tout i € Jordpy(1'), €' (i) = (=1)™ @ ; pour tout i € Jordp, (L"), €”(i) = (—1)7 *@.
(B)* (1) VUL =2;

(i) I’hypothese (Hyp) de 1.12 est vérifiée et m(p1, ,og; Oa.es Pa.er) 7 0.
Proposition. Pour ¢ = =+, les conditions (A)* et (B)® sont équivalentes. Si elles sont vérifiées, on a
m(p1, pﬁ; P e Parer) = 1.
Preuve de la proposition et de la précédente. On devra utiliser la propriété générale suivante. Soient
m,m’,m"” trois éléments de N tels que m’ + m” = m, soient («, B) € Pr(m), (&, B') € Pr(m’) et

(", B") € P,(m"). Le groupe W, x W,,» se plonge naturellement dans W,, et ce plongement est bien
défini a conjugaison pres. D’ou un foncteur de restriction resw"’/ ww.,-Ona:

(38) Supposons que p(a’, B) ® p(a”, B”) intervienne dans res%:/xwm” (p(a, B)); alors
(@) S@)+S@) =S8, SPBH+SB")=SB);
(b) U <a, BUB" <B;
©a<d+a’, B<p+p"
(39) Supposons que (a) soit vérifiée ainsi que I’'une des conditions suivantes :
) «'Ua" =a, B'UB"=B;
) a=a'+a", B=p+p";
alors p(a’, B)) ® p(a”, B”) intervient dans res%’:,xwm,/ (p(a, B)) avec multiplicité 1.

Si on oublie les conditions (b) et (b'), cela résulte de [Geck et Pfeiffer 2000, Lemmas 6.1.2, 6.1.3]. En
remarquant que la multiplicité de p (o, B/) ® p(a”, B”) dans res%’”,xw ,(p(a, B)) est égale a celle de
(p(@, B)®@sgn) ® (p(a”, B”) ®sgn) dans resw';, «w, , (0, B) ®@sgn), c’est a dire celle de p(B,d)®
p(B” ") dans resw'"/xw ,(p('B,'a)), on récupere ces assertions (b) et (b).

Plagons-nous dans la situation du paragraphe précédent (c’est-a-dire qu’on leve provisoirement 1”hypo-

thése que A et A, induisent régulierement 1) et posons I’hypotheése (Hyp), c’est-a-dire

k)"/’e/ = k)\.//,é// i O (40)
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Notons IT la composante de pt(py ¢ ® par.er) dans R(6), ou 6 = (0, 0, ny, np). On note N I’ensemble
des quadruplets n = (n/, n, n7, nY) tels que

n'=ny+n,y, n"=n{+n,, ni=nj+n], ny=n)+nj.
Pour un tel quadruplet, posons Wy, = Wy x Wy» x Wy, x W,r. Ce groupe se plonge dans Wy, x Wy,
et dans W,y x W,» de facon évidente, les plongements étant bien définis a conjugaison pres. D’ou des

. . . Wy, xW, . . W xW N .
foncteurs d’induction deZ] "2 et de restriction resy,” "". Notons sgn¢p , le caractere de W, qui est
le produit tensoriel du caractere sgn.p, de W, et des caracteres triviaux des autres facteurs. Alors, par

définition de pt, on a I’égalité
. Wn XWn Wn’ XW,,//
I1= @ 1nde1 : (sgnCD’,, @ resy,’ (o ® p}L//’e//)).
neN

Le terme m(pq, ,05 3 Par.e’s Par.er) est la multiplicité de p; ® ,05 dans I1. Supposons que cette multiplicité
soit non nulle. On peut alors fixer n € N et une représentation irréductible p, = p| ® p; ® p| ® p5 de
W, telle que

. . W xW, n
pn intervient dans resy,” I (arer @ o en), 41)
é‘ . . . Wn] x Wn2 o .. L . N
et telle que p; ® p, intervient dans indy, (sgnep , ®pn). Cette derniere condition équivaut a
. . Wi, x W,
sghcp , ®pp 1ntervient dans resWn1 2 (M pé ). (42)

Introduisons les couples de partitions qui parametrent les différentes représentations intervenant, que
I’on note avec les mémes indices et exposants que celles-ci : par exemple (o}, B]) parametre p;. On fait
une exception, dont la raison sera expliquée plus loin : (o, B>) parametre p;’ . Remarquons que

SENep. ®on = p) ® Py ® pi ® (sgncp ®py),

et que sgngp ®p5 est paramétrée par (B, ). Supposons d’abord ¢ = + (on identifie ci-dessous les
signes & a £1). En appliquant (38), les relations (25) et (26) entrainent :

o <ajtay, B <B+B o <aof+a), B'<B]+B5; (43)
ajUa] <aj, BIUB <Bi, ayUB) <oz, PrUaj < po. (44)

Ce sont exactement les relations de [Waldspurger 2001, p. 377]. Plus précisément, dans cette référence, on
considere le cas ot V est symplectique. Les données ¢ et 1, sont (A1, T1, 81) et (A2, T2, 82). Le terme ¢ est
(0,0, 1). Si maintenant { = —, la représentation p, est paramétrée par (S, a2) et on obtient des relations
comme ci-dessus, ol on permute «» et B2. On voit que seules les derniéres relations sont modifiées. La
condition (44) devient :

aUaf <ai, BUBI <P, PUd) <, asUB)<pa. (45)
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Ce sont de nouveau les relations de [Waldspurger 2001, p. 377], ol maintenant le terme ¢ est (0, 0, —1).
Remarquons qu’en [Waldspurger 2001], on a supposé ap > B, pour 1’ordre lexicographique, ce qui
explique que I’on a défini ci-dessus le couple (a2, f2) comme celui qui parametre ,0; .

La condition (40) et I’existence de couples de partitions (ozi, /31), etc., vérifiant les conditions (43) et
(44) ou (45) équivalent a I’appartenance du quadruplet (1, €’; A", €”) a I’ensemble Z (11, t2; tp) défini en
[Waldspurger 2001, p. 377] (le L de cette référence est un réseau autodual dont la seule utilité, dans le
chapitre en question, est de déterminer les entiers n’ et n”). La proposition XI.28 de [Waldspurger 2001]
affirme qu’on a alors I’inégalité A’ UA” < A. Cela prouve la proposition 1.12.

On revient aux hypotheses du présent paragraphe, c’est-a-dire que A; et A, induisent régulierement .
Supposons satisfaite la condition (B)®. Les hypotheses ci-dessus sont aussi satisfaites, donc (A', €’; A, €”)
appartient a I’ensemble Z (11, t2; tg), ot to = (0, 0, ¢). De plus, on a par hypothese 1’égalité 1’ UL” = A. Le
(i) de la proposition XI.29 de [Waldspurger 2001] affirme alors que (A', €’; A", €”) appartient 4 I’ensemble
I (11, 12; Lo) défini page 380 de [Waldspurger 2001]. Compte tenu de 1’hypothése que I’induction
est réguliere, cette appartenance signifie précisément que (A) est satisfaite. Inversement, supposons
vérifiée cette condition (A)¢. Comme on vient de le dire, cela signifie que (A, €’; A", €”) appartient &
I’ensemble Z7"** (11, 125 19), a fortiori a I’ensemble Z; (11, t2; o). Par définition de celui-ci, cela entraine
que (40) est vérifié. Le (ii) de la proposition XI1.29 de [Waldspurger 2001] affirme qu’il y a un unique
quadruplet de partitions («}, 1), etc., vérifiant les relations (43) et (44) ou (45) et que, pour ce quadruplet,
les inégalités figurant dans ces relations sont des égalités. La multiplicité m (o, ,05; Dal.els Pur.e) est la
somme sur les n € NV et les représentations irréductibles p, de W, du produit de la multiplicité de p,
dans resvvgz,xw"” (P, ® pyr ) et de la multiplicité de sgnep, , ® pp dans reswz1 XWny (M ® ,05 ). On vient
de voir qu’il y a un unique n et une unique p, pour lesquels ces multiplicités ne sont pas nulles. Pour ce
couple, les inégalités (43) et (44) ou (45) sont des égalités. Grace a (39), on en déduit que les multiplicités
en question valent 1. Alors

m(p1, Py Pirers Parer) = 1.

Donc (B)¢ est vérifiée ainsi que la derniére assertion de la proposition 1.13. (]

2. Calcul de caracteres

2.1. Caracteres de représentations. Dans cette deuxieme section, on reprend les données et notations
de [Waldspurger 2018 ; 2016b]. Rappelons les principales. Le corps de base F est local non-archimédien
et de caractéristique nulle. On note p sa caractéristique résiduelle. Un entier n > 1 est fixé. On suppose

p>6n+4.

On considere deux espaces vectoriels sur F' de dimension 2n + 1, notés Vig, et Vy,, munis de formes
quadratiques non dégénérées Qiso et Qan. On note Gig, et Gy, les groupes spéciaux orthogonaux de
(Viso» Qiso) €t (Van, Qan). On suppose Gig, déployé et G,, non quasi-déployé. Pour un indice f = iso
ou an, on fixe une mesure de Haar sur G;(F) comme en [Waldspurger 2016b, 1.1]. On note Irry,ip,¢
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I’ensemble des classes d’isomorphismes de représentations admissibles irréductibles de G(F) qui sont
de réduction unipotente, cf. [Waldspurger 2018, §1.3].

Soit 7w € Irryypr. A 7 est associ€ son caractere-distribution, c¢’est-a-dire la forme linéaire ®, sur
CX(G(F)) définie par O (f) = tracew(f). Restreignons-nous aux fonctions f dont le support est
formé d’éléments compacts de G;(F), c’est-a-dire d’éléments dont les valeurs propres dans une clo-
ture algébrique de F sont de valuation nulle. La représentation 7 étant de niveau 0, on a donné dans
[Waldspurger 2016a] une formule pour ® (f), que nous allons expliciter.

Dans [Waldspurger 2016a, paragraphe 10], on a introduit un ensemble Fac},,, (G). A tout (F, v) €

Facy,,(Gy) sont associés un sous-groupe compact K; de G4(F) et un sous-ensemble K} C K}. Le

*
max

groupe G (F) agit naturellement sur Fac,

max (G1). 1l résulte facilement des définitions que I’ensemble

des orbites pour cette action est en bijection avec 1’ensemble des triplets (n’, n”, ¢), ou (n’, n”") € D(n)
(c’est-a-dire n’, n” e N et n’ +n" = n) et £ = &, soumis aux restrictions suivantes :
— danslecasou f=iso,onal =+sin"=0et=—sin"=1;

— dansle casou ff =an,onan” > 1.

*

On peut choisir un ensemble de représentants des orbites dans Fac, .

(G4) de sorte que, si un élément
(F,v) de cet ensemble correspond a un triplet (n’, n”, ¢), le groupe K; soit égal au groupe Knj?’n,, de
[Waldspurger 2018, §1.2] et I’ensemble K ;- soit égal a K,f,’n,,.

Considérons un triplet (n’, n”, £) comme ci-dessus. On dispose de la fonction projCusp (Resf;,y 2 () €
Rparglob - of ['Waldspurger 2018, §1.5]. On peut considérer que ¢’est une fonction sur K 5,”1,,, invariante

par K, .. On pose

+ _ _ .
Orcup(f)= Y mes(KE )" f f £(87"hg) projeygy (Resy, ., (1)) (h) dh dg.
s G):I(F) G):I(F)
(n',n".%)

Cette intégrale est convergente dans cet ordre. Les (n, n”, ) sont soumis aux restrictions ci-dessus. Mais
on peut en fait lever celles-ci parce la fonction proj, (Resfl,’ . (7)) est nulle si elles ne sont pas vérifi€es.

Considérons maintenant une partition m = (m; > --- > m, > 0) € P(< n) (c’est-a-dire S(m) :=
mi + --- 4+ m; < n), posons ng = n — S(m). On suppose ng > 1 si § = an. On associe a m un
sous-groupe de Levi M C Gy. Avec les notations de [Waldspurger 2018, §1.1], c’est I’ensemble des
éléments qui, pour tout j =1, ..., 1, stabilisent les deux sous-espaces de V; engendrés respectivement

Par Vng+m +-+mj_1+1s « - - > Ungtmy+-+m; et par V2n+2—ng—my——mjs - » + » V2n+2—ng—my—-—m;_;—1- On a
M >~ GL(m) x --- x GL(m;) x Gy, 4,

ou Gy, 1 est 'analogue de Gy quand n est remplacé par ng (ce groupe est trivial si §f = iso et ng = 0).
Pour tout j = 1,...,¢, fixons un sous-groupe compact maximal ij C GL(m;j; F) et notons K,’flj
son radical pro-p-unipotent. On note K,, (resp. K,,) le produit de ces groupes. On note aussi Ay le
plus grand tore déploy€ central dans M, c’est-a-dire le produit des centres des groupes GL(m;). On a
défini en [Waldspurger 2016a, paragraphe 11] un ensemble Fac’ , (M )G-comp- A tout élément (Fum,v)
de cet ensemble est associé un sous-groupe K;M de M(F). Le groupe M (F) agit naturellement sur
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Fac! (M )G.-comp- On voit que I’ensemble des orbites est en bijection avec I’ensemble des triplets
(n',n", ¢) tels que (n’, n"”) € D(ng) et { = =%, soumis aux restrictions similaires a celles ci-dessus. On

peut choisir un ensemble de représentants des orbites de sorte que, si un élément (Fs, v) de cet ensemble
+

n',n""

correspond a un triplet (n’, n”, ¢), le groupe K}M soit égal 24 Ay (F)Kpy x K
L analogue pour ce groupe M de I’espace RP£1° et ’espace

,glob __ ~GL(m) GL(m,) ,glob
R}::rgo = COLm) & ... g COLm ®R23rgo ,

cf. [Waldspurger 2018, §1.5]. On introduit I’application linéaire ResM : ClIrrypip, M1 — RbE r.glob analogue
a Res. Soit P un sous-groupe parabolique de G de composante de Levi M. Le semi-simplifié du module
de Jacquet 7 p s’identifie a un élément de C[Irrypip, p7]. D’apres [Waldspurger 2018, §1.5(1)] (qui résulte
directement de [Moy et Prasad 1996, Proposition 6.7]) le terme Res(;rp) ne dépend pas du choix de P et
on a |’égalité

ResM(JTp) =res,, o Res(m).

¢

Notons ce terme Resy, (77) et notons ses diverses composantes Res, .,

¢

m,n’,n

(7r). On dispose de la projection
cuspidale proj,g, (Res »(7)). On peut considérer que c’est une fonction sur K, x K 5, > Invariante

par K, x K,’f,’n,,. Pour une fonction ¢ € C°(M(F)), posons

G%cusp(gb) = Z mes((Ay (F)Kp x K:l‘in,,)/AM(F))fl
(n/’n//’g-)

X / / ¢(m71ym) projcusp(Resfn,n’,n” (7‘[))(_)7) dy dm.
M(F)/Au(F) JM(F)

Cette intégrale converge dans cet ordre. Fixons un groupe P comme ci-dessus, notons U son radical
unipotent. Fixons une mesure de Haar sur U (F). De la mesure sur M (F) (fixée comme en [Waldspurger
2016b, 1.1]) et de celle sur U (F) se déduit une mesure invariante a gauche sur P (F), puis une pseudo-
mesure sur P(F)\G4(F) (pseudo parce qu’elle s’applique a des fonctions qui ne sont pas invariantes a
gauche par P(F) mais qui se transforment selon le module usuel §p). Définissons une fonction fi; sur
M(F) par
fom)=38pm)' | f(mu)du.
U(F)

En vertu de notre hypothese sur le support de f, on peut aussi bien supprimer le facteur & p(m)%, il
vaut 1 si 'intégrale est non nulle. D’autre part, pour g € G;(F), on définit la fonction ¢f sur Gy (F) par

8f(h) = f(g"'hg). On pose

®n,m,cusp(f) = / ®7TM,Cusp((gf)U) dg-

P(FI\G(F)

Ce terme ne dépend pas du choix de P. Remarquons que le terme O cysp(f) introduit plus haut est égal
a O g cusp(f), ol on a noté & I'unique partition de 0.
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Rappelons que I’on suppose que le support de f est formé d’éléments compacts de G;(F). Le
théoréme 12 de [Waldspurger 2016a] affirme 1’égalité

Ox(f) = 27" mult!,,' O s cusp(f), ()

ol on a posé
multly, = [ [ multy, i)!
i>1
et noté /(m) le nombres de termes non nuls de m (qui est noté ¢ plus haut). La somme porte sur les
partitions indiquées plus haut, c’est-a-dire m € P(<n) sif =isoetm € P(<n—1) si f =an.

Remarque. Le théoréme 12 de [Waldspurger 2016a] n’est pas tout-a-fait énoncé comme ci-dessus mais
on voit facilement que les deux énoncés sont équivalents.

2.2. Un lemme élémentaire. Soit § = iso ou an. Pour g € G;(F), on dit que g est topologiquement
unipotent si et seulement si lim,,_, o, g#" = 1. Pour X € gr(F), on dit que X est topologiquement nilpotent
si et seulement si lim,,;,_, oo X™ = 0. Sous certaines hypotheses sur p (du type p > A+ B valp(p), ol valg
est la valuation usuelle de F'), I’exponentielle est définie sur I’ensemble des éléments topologiquement
nilpotents de gy (F') et est une bijection de cet ensemble sur celui des éléments topologiquement unipotents
de G:(F). Pour simplifier les hypotheses sur p, on remplace I’exponentielle par I’application E définie par
EX)=(14X/2)/(1—X/2).Pour p > 2, c’est une bijection de I’ensemble des éléments topologiquement
nilpotents de gy (F) sur celui des éléments topologiquement unipotents de G (f'). Rappelons que 1’on a
supposé p > 6n + 4, a fortiori p > 2.

Soit (n’,n”) € D(n). On suppose n” > 1 si § = an. On a défini en [Waldspurger 2018, §1.2] le
+

réseau L, ,» C V3, le sous-groupe compact K, ., de G:(F) et son radical pro-p-unipotent K/, ,. On

n/,,,///'
définit deux réseaux €, ,~ et £, , de gz(F) : ce sont les sous-ensembles des €léments X € gz (F)
tels que X (L, 7)) C Ly nr (ce qui entraine aussi X(L}, ) C Ly, ) (resp. X(L, ) C wlL}, . et

n

X(Ly ) C Ly yv). On vérifie que, pour X € gz(F) topologiquement nilpotent, on a

X e En’,n” < E(X) € K+ X e EZ’,H” <~ E(X) S K::’,n”'

n',n">

Posons G = SO(2n" + 1) x SO(2n"),, avec les notations de [Waldspurger 2018, §1.1]. On sait que
K;,n,,/K,‘l‘,’n,, >~ G(Fy). Notons g I'algebre de Lie de G. On vérifie que &, /¢, » =~ g(Fy). On note
encore E ’application définie par E(X) = (1 + X/2)/(1 — X/2) sur ’ensemble des éléments nilpotents
de g(F,). C’est une bijection de cet ensemble sur celui des €léments unipotents de G(F).

Soit f € C°(G4(F)). Supposons que le support de f est formé d’éléments topologiquement unipotents.
On déduit de f une fonction fi;. € C°(gz(F)). Son support est formé d’éléments topologiquement
nilpotents. Pour un tel élément X, on a f1i.(X) = f(E(X)). On déduit aussi de f une fonction fiq sur
an’n,, telle que, pour tout g € K, 7,

Fra@) = [ Fighyan

ol
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Cette fonction est invariante par K,/ . on peut considérer que c’est une fonction sur G ([;). Elle est
alors a support unipotent. On en déduit une fonction feq,Lie sSur g([F,) : celle-ci est a support nilpotent et,
pour un €lément nilpotent X € g([,), on a I’égalit€ freq Lie(X) = frea(E(X)). Enfin, on déduit de fi;e
une fonction fije red Sur &, ,» : pour X dans cet ensemble,

17

Sriered(X) = / fLe(X +Y)dY.
E‘/ n//

Cette fonction est invariante par translations par £}, . On peut la considérer comme une fonction sur g([F,).

Elle est alors a support nilpotent.

Lemme. fred,Lie = fLie,red'
Preuve. En détaillant les définitions, on voit qu’il s’agit de démontrer 1’assertion suivante :

(46) Soit X € £, ,» un élément topologiquement nilpotent ; alors I’application ¥ — E(X)~'E(X +7Y)
envoie bijectivement €/, , sur K, , et préserve les mesures.

La démonstration est élémentaire ; on la laisse au lecteur. O

On a effectué les constructions ci-dessus pour le groupe G afin de ne pas introduire de notations
supplémentaires. Mais il est clair que les mémes constructions et le méme lemme valent pour les groupes
de Levi de G4 et nous les utiliserons pour ceux-ci.

2.3. Calcul du caractere sur les éléments topologiquement unipotents. Pour § = iso ou an, soit 7 €
Irrypip,¢. On a défini I’élément Res(rr) € Rpar.glob o I’isomorphisme & : Relob _, par.glob o) [Waldspurger
2018, §1.5 et §1.9]. On note «, I’élément de REP tel que Res() = k(kz). Soit f € C°(G4(F)). On
suppose que tout élément du support de f est topologiquement unipotent. Un tel élément est compact,
donc ® (f) est donné par la formule () de 2.1. Nous allons expliciter cette formule a 1’aide de 1’élément
Ky € REOD,

Considérons un entier ng € {0, ...,n}, une décomposition nyp = n’ + n” et une partition m =
(my,...,m; >0) € P(n —ng). Ces données sont soumises aux mémes restrictions qu’ en 2.1 : si § = an,
onang>1etn”>1. On aassocié a ces données un groupe de Levi M de G;. Soit ¢ € C>°(M(F)),
supposons que le support de ¢ est formé d’éléments topologiquement unipotents. On va d’abord calculer

I = / ¢(y) projcus (Resfn n n//(ﬂ))()’) dy
M(F) 2{: P T

La somme porte sur les signes { = =4, soumis aux conditions : si f =iso,onal =+sin" =0et ¢ = —
si n” = 1. La deuxiéme fonction dans I’intégrale est a support dans le groupe compact K, x K ;5 4 etest
invariante par K, x K7, ,. On peut I'identifier a une fonction sur le groupe M jE([Fq), oll

M* = GL(m)) x - - - x GL(m,) x SOQ2n" +1) x 0(2n"),.
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Définissons une fonction ¢yes sur K, x K fﬁ v par

Gres(y) = / 6 (yh) dh.
KixK",

n’.n

On peut la considérer elle-aussi comme une fonction sur M jE([Fq). On a I’égalité

I= > ¢ D Projoysp(Resh, i (T)().

yeM=*(F,) ¢

On dispose de 1’application

resy, : REP — C[@ml] X e X C[@m,] ® REld

no

obtenue en itérant la construction de [Waldspurger 2018, §1.8]. Notons I',/ ,» ’ensemble des y =
(', r",N',N")y € Ty, tels que > +r'+ N' =n', r">+ N” = n". Pour un tel y, notons resy (kz)y la
composante dans

ClSm, ] x - X C[Ep, ] OR,
de res,, (k). Excluons d’abord le cas ol ff = iso et n”/ = 1. On voit que

> projeuspResy, v (M) = Y Projoy, o kM (resu (icx), ).
¢ }/GF !l

n,n

Fixons y = (r',r”, N', N") € T}y . Dans [Mceglin et Waldspurger 2003, 2.12 et 2.13] on a introduit des
fonctions k(r’, w’) sur SO(2n’ +1)(F,) pour w’ € Wy et k(r”, w) sur O(2n")(F,) pour w” € Wy». Une
construction analogue vaut pour les groupes GL(m;) : pour w € &,,;, on définit une fonction k(w) sur
GL(m;; [F;). Posons

W(m,N',N") =G, x - xS, x Wyr x Wy,

La fonction res,, (kr ), est définie sur ce groupe. Pour w = (wy, ..., w;, w’, w”) € W(m, N, N”), on
pose k(r', r"; w) =k(w)) @ - - - @ k(w;) @k (r', w) k(r”, w”). Il résulte des définitions que

kM(reSm(Kﬂ)y): |W(m,N/,N//)|_1 Z resm(’(n)y(w)k(r/’r”; w).
weW@m,N',N")

Dans chacun des groupes &,,;, Wy’ et Wy, on définit usuellement la notion d’élément elliptique.
Lapplication k entrelace la projection proj,, et la projection sur les €léments elliptiques. Donc
Projeysp 0 kM (resm (kx)y) = [W(m, N' . N") ™" 3" resu(ir)y (wk (', r"s w),
wEW(m,N/,N//)eu

ou W(m, N, N")e est le sous-ensemble des éléments elliptiques de W(m, N’, N”). On obtient

I= > (Wem, N NDIT Y resmlka)y ) Y s (MK, w)().

y:(r’,r//,N/,N//)EFn/_n// wEW(m,N/,N”)eU yEMi([F,])
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Les hypothéses sur le support de ¢ entrainent que ¢res est a support unipotent. D’apres la proposition 2.16
de [Mceglin et Waldspurger 2003], k(+/, r”’; w) est nulle sur les unipotents sauf si r’ =r” = 0. Il ne reste
qu’un seul y qui contribue, a savoir ’élément y,, ,» = (0, 0, n’, n”"). Dol

I=Wam,n' 0™ Y resmlin)y,, (W) Y s (kw)(y),
weW (m,n',n")en yeM=(F,)
ou on a posé simplement k(w) = k(0, 0; w). A ce point, on peut supprimer I’hypothese restrictive faite

plus haut. Sif =isoetn” =1,onal=0caronselimitea=—et K,

. s 414
1 iso 1€ contient pas d’élément

topologiquement unipotent. Mais la formule ci-dessus donne le méme résultat, car pour 1’unique élément
elliptique w” € Wj ¢, on a k(0, w”)iso = 0, cf. [Mceglin et Waldspurger 2003, 2.13]. Notons M la
composante neutre de M~ et m son algébre de Lie. On dispose de ’application E de 2.2, qui est une
bijection de I’ensemble m,; (F,) des €léments nilpotents de wi([F,) sur I’ensemble My,;p([F,) des éléments
unipotents de M (F,). Notons ¢eq,Lie 1a fonction sur m([F,) qui est nulle hors des éléments nilpotents
et qui Vérifie Pred.Lie(X) = Prea(E (X)) pour tout X nilpotent. Pour w € W(m, n’, n”)e), définissons de
méme une fonction k(w)yje. On obtient

I = |W(m’ n/’ n//)|_1 Z resm (Kﬂ)yn"n” (w)luh (47)
weW (m,n’,n")en
ol
L= reaLic)k)Lie(X).
Xem(Fy)
Fixons w = (wy, ..., w, w', w”) € W(m,n',n")ey. On peut supposer sgn-p(w”) =1 si § = iso,
sgnep(w”) = —1 si #f = an, sinon la fonction k(0, w”) est nulle sur SO (F,), cf. [Mceglin et Waldspurger

2003, 2.13]. A tout w; est associée une classe de conjugaison de sous-tore maximal elliptique dans
GL(m;) (qui est d’ailleurs I'unique telle classe). A w’ (resp. w”) est associée une classe de conjugaison
de sous-tore maximal elliptique dans SO(2n’ + 1) (resp. SO(2n”);). On fixe des tores dans ces classes de
conjugaison et on note T, leur produit qui est donc un sous-tore maximal elliptique dans M. On dispose
de I’induction de Deligne-Lusztig de T;, a M. Ce foncteur vaut aussi pour les algebres de Lie. Notons
t,, 'algebre de Lie de T, et considérons la fonction caractéristique de {0} dans t,,(F;). On note Q,,
son image par induction de Deligne-Lusztig, qui est une fonction sur m([F,), a support nilpotent. On a
I’égalité

k(w)Lie =27 0w, ot B=0sin"=0, B=1sin">0. (48)

En effet, d’apres nos définitions de [Moeglin et Waldspurger 2003, 2.12 et 2.13], k(w) est égal a
(—1)"2# fois la trace d’un Frobenius sur un faisceau-caractére. D’apres [Lusztig 1990, Theorem 1.14],
cette trace est égale, sur les unipotents, (—1)" fois I’'image par induction de Deligne—Lusztig de la fonction
caractéristique de 1 dans T, (). En descendant par I’application E a I’algebre de Lie, on obtient (48).

En [Waldspurger 2016b, 1.1], on a fixé un caractere ¥ de F de conducteur wwo. Il lui est associé
un caractere de [, grace auquel on définit, comme en [Waldspurger 2016b, 1.1], une transformation de
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Fourier ¢ — ¢ dans C2°(m([F,)). On la normalise de sorte que é(X) = @(—X). D’apres la proposition 7.2
et I’égalité 6.15(a) de [Lusztig 1992], on a I’égalité

Qw(X) = sgn(w)q_”/zQu,(X) pour tout élément nilpotent X € w,;(F,). 49)

Fixons un point X, € t,,(F;) en position générale. Notons ¢[X ] la fonction caractéristique de la
classe de conjugaison par M ([,) de X,,. D’aprés [Waldspurger 2001, proposition I1.8], on a I’égalité

PIXp](X) = Qw(X ) pour tout €lément nilpotent X € wiy; (F,). (50)

En rassemblant (48), (49) et (50), on obtient 1’égalité k(w)ric(X) = sgn(w)q”/22ﬁ¢[Xw](X), pour
Xe mnﬂ(l]:q). D’ou

Ly =sgn(w)q"*2" Y~ ¢reaLie(X)PIXu](X),
Xem(F,)

puis, par la formule de Parseval,

Ly =sgn(w)q"?2® Y~ Prea Lie(X)@[ X1, 1 (X).
Xem(F,)

Ou encore, en explicitant la fonction ¢[X,,],

Ly =sgn(w)g" 2P| T, FNI™" Y freaielx ™ Xop).
xeM(F,)
La conjugaison se fait ici par le groupe M (F,) et on rappelle que M est la composante neutre de M £,
Mais, dans la formule ci-dessus, on peut remplacer X,, par un conjugué quelconque par un élément
de M i(I]:q). Un tel conjugué vérifie les mémes propriétés que X,,. On peut donc remplacer la conjugaison
par M ([F,) par la conjugaison par M jE([l:q) tout entier, a condition de diviser par [M i([l:q) : M(Fy)], qui
vaut précisément 2. D’ou

Ly =sgn(w)q" | TyF)I™" D rearie(x™ Xpx). (51)

xeM=(F,)
Notons m I’algebre de Lie de M. Comme en 2.2, on définit une fonction ¢ sur m(F) : elle est & support
topologiquement nilpotent ; pour X € m(F') topologiquement nilpotent, on a ¢ri.(X) = ¢ (E(X)). On en
déduit une fonction @pic req sur &, @ £, 7 (avec une définition évidente de &, et, ci-dessous, de £ ) par

PLiered(X) = f dLe(X +Y)dY
Et;neagu/ ”

pour tout X € £, ® &y ,». On peut considérer que ¢’est une fonction sur m(F,). Le lemme 2.2 dit que
@Pred Lie = PLic.red- On dispose de la fonction qASLie (la transformée de Fourier de ¢y ;o) dont on déduit comme
ci-dessus une fonction (qSLie)red sur €, ® £, 7, que I’on peut considérer comme une fonction sur m([F,).
On vérifie I’égalité

(¢Lie)red = ¢Lie,red .
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Dans la formule (51), remplagons @red,ue par (qASLie)red. Les termes de la formule vivent dans m([F,) mais
on peut les relever dans ¢, @ €,/ ,». On releve ainsi X, en un élément de ce réseau que 1’on note X,,. La

somme en x € M jE([Fq) devient une intégrale sur K, x K + On

. "
> divisée par la mesure de K, x K

n',n"*

obtient

Ly = sgn(w)q"*| T,y (Fy)| ™" mes(Ky, x K} )™ f | Guora ' Xypx)da. (52)
KmXKn/Yn//

Notons T, le centralisateur de X,, et t,, son algebre de Lie. Le tore T, est non ramifié sur F et possede
une structure naturelle sur 0. On a t,,(0) = t, (F) N (€ @y nr) et wty, (0) =, (F)N (€, D), ). Posons
Xy = Xy + @ty (0). Montrons que

pour tout x € K,,, X K;?

"y
N

(PLie)rea(x 1 X, x) = mes(X,) ! f

u
Ko <K

/ ey Yuyx) d¥udy. (53)
Xy

On se ramene immédiatement au cas x = 1 en conjuguant par x la fonction PLic. Supposons donc x = 1.
Posons Ty, (F)* =T, (F) N (K}, x K:l‘,,n,,). C’est 'image par E de @t (0), on a donc mes(7,,(F)") =
mes(Xy). Les éléments Y,, appartiennent a t,(F) donc T,,(F) commute a ces éléments. On peut
remplacer I'intégrale en y € Ky, x K, , du membre de droite ci-dessus par une intégrale en y €
Ty(F)"\(K,, x K},
membre de droite. Considérons 1’application

’ ,)» multipliée par mes(&y,). Ce facteur fait disparaitre son inverse qui figure dans ce

T (F)“\(Ki x Kl ) X @ty (0) > m(F), (3, Z) >y~ ' (Xu+2)y — Xu.

Il est clair que son image est contenue dans ¢, ¢, .. Montrons qu’elle est injective. Si (y, Z) et o', Z)
ont méme image, on a y~ (X, + Z)y =y (X, + Z')y’. Le point X,, est en position générale et ses
valeurs propres (dans une cloture algébrique E, de [,) sont distinctes. Les valeurs propres de X, + Z et
Xy + Z' sont entiéres (dans une cloture algébrique de F) et leurs réductions dans Fq sont les mémes que
celles de X,,. On en déduit aisément que les points X, + Z et X, + Z’ ne peuvent étre conjugués que

-1

s’ils sont égaux. Donc Z = Z’. Alors y'y~" commute a X,, + Z’ et appartient donc a T, (F'). Cela prouve

I’injectivité de ¢. L’application ¢ est différentiable. Sa dérivée en un point (y, Z) est I’application
ty (F)\m(F) x t,(F) > m(F), (,3) >y '(Xu+Z,D1+3)y.

Celle-ci est bijective et, parce que les valeurs propres de X, + Z sont entieres et de réductions toutes
distinctes, on vérifie qu’elle préserve les mesures. Donc ¢ est un isomorphisme local, de jacobien constant
de valeur 1. On en déduit que I'image de ¢ est ouverte dans ¢, @ ¢, , et que cette image a méme
mesure que 1’espace de départ. D’autre part, ’image de ¢ est clairement compacte et 1’espace de départ
u

a méme mesure que ¢, @ ¢, ,. Cela entraine que ¢ est un isomorphisme préservant les mesures de
Ty(F)\(K,, x K}, ) x wty,(0) sur £, @ ¢, ,. Le membre de droite de (53) (en x = 1) s’écrit

f / PLic(L(y, Z) + Xy) dZ dy.
Tu(FY\(Kjyx K ) ot (0)

n',n
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D’apres les propriétés de ¢, c’est aussi

/ brie(Xo+ V) dY.
ot ,

Mais ceci est la définition de (qASLie)red(X w). Cela démontre (53).

Utilisons (53) pour transformer (52). L’intégrale en K, x K;‘,’n,, est absorbée par celle en K,;, X Ky 7
mais introduit un facteur mes(K,, x K ,’f/’n,,) qui compense I’inverse de cette mesure intervenant dans (52).
On obtient

1y = sgn(w)g"?| T, (F,)| " mes(X,)~! / / e Yx) Y,y dox.
Kux K5 0 J Xy

Rappelons que I’on a supposé sgnqp(w”) = 1 si f = iso et sgnop(w”) = —1 si § = an. Notons
W(m,n',n")en s le sous-ensemble des éléments de W (m, n’, n” ) dont la composante w” vérifie cette
condition. En revenant a (47), on obtient

I=|W(m.n' 2™ Y resulkn)y, . (w) sgn(w)g™ | T, ()|~

weW(m,n',n")en,z

xmes()(w)_lf / qASLie(x_lex)dedx. 54
KuxKy; ,J X,

Notons plus précisément I, ,~(¢) cette expression. En 2.1, on a défini un terme @7’;’{ Cusp(qﬁ). On a
I’égalité

O @ =Y mes(Au(F\(Au(F) K x K2 )7 / Ly ("¢) dm,
Am(F)\M(F)

n/,n”
ot (n’, n”") parcourt D(n) avec la restriction n” > 1 si f = an et ol on a noté "¢ la fonction x > ¢ (m ' xm).
On peut oublier la restriction sur n” : si § = an et n”/ = 0, la formule (54) vaut O car I’ensemble
W(m,n',n")en s est vide. On voit que I'image par transformation de Fourier de ("¢)iie est ’"(q@ue).
Les intégrales sur K,, x Kin,, de la formule (54) sont absorbées par 'intégrale sur Ay (F)\M (F),
mais introduisent des facteurs mes(K,, x Kf’n,,). Notons Ay (F)€ le plus grand sous-groupe compact
de Ay (F). C’est aussi I’intersection de Ay, (F) et de K,,. Donc

mes(Ay (F)\(Ay (F)Kw x K, ) = mes(Kp x K7 ) mes(Ay (F)9) ™"
D’ou
@M _ c 1oy —1
M@= D mes(Ay(F))|W(m,n',n")
(n’,n"yeD(n)
x> resu(kn)y, . (w) sgn(w)g" | Ty (Fy)| !

weW@m,n',n" ez

xmes(Xw)_I/ /éLie(m_lem)dedm. (55
Au(F)\M(F) J X,

On peut encore remplacer I’intégrale en Ay (F)\M (F) par une intégrale sur Ty, (F)\M (F), a condition
de multiplier par mes(A (F)\Ty(F)). Notons Ty, (F)¢ le plus grand sous-groupe compact de T, (F).
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Parce que T}, est non ramifié, on a T, (F) = Ay (F)T,,(F)¢, d’ ol

mes(Ay (F)\T,,(F)) = mes(Ay (F)) ™" mes(T,,(F)°).
Le premier facteur compense son inverse qui figure dans la formule ci-dessus. On a introduit plus haut le
sous-groupe Ty, (F)" de T, (F) etona T,,(F)/ T, (F)" ~ T, (F,). De plus, mes(T,,(F)") = mes(w t,,(0)).

On a fixé sur t,(F) la mesure autoduale. Puisque t,(0) et wt,(0) sont duaux pour le bicaractere
(X,Y) > yp(trace(XY)), on calcule

mes(@ t,(0)) = [t,(0) : wtw(o)]_% = q_”/z.

D’ou
mes (T, (F)) = ¢~ T, (F,)|.

Ces termes compensent leurs inverses figurant dans la formule (55). Finalement

@ = > IWam.n' """ Y resulka)y, . (w) sgn(w) mes(X,) !

(n’,n")eD(no) weW@m,n',n" )z

X / / brLic(m™"Yym)dY,dm. (56)
Ty (F)\M(F) J Xy

Soit maintenant f € C2°(G4(F)). On suppose que le support de f est formé d’éléments topologiquement
unipotents. En 2.1, on a défini le terme

®ﬂ,m,cusp(f) = / ®71¥I,cusp((gf)U) dg~
P(F)\G:(F)
On définit la fonction fije, cf. 2.2. Posons ¢ = f;. On voit que
¢Lie(X): fLie(X+Y)dY,
u(F)

ou dY est la mesure de Haar sur u(F) telle que I’exponentielle de u(F) sur U (F') préserve les mesures.
D’ou aussi

Prie(X) = fLe(X+Y)ay.
u(F)
Ou encore

PLie(X) = |det(ad(X)|u(F))|F/ frie@™ Xu) du,
U(F)
ou | - | est la valeur absolue usuelle de F. On peut remplacer f par 8f. En posant ¢ = (8f)y, on obtient
PLie(X) = |det(ad(X) u(r)| 7 / Jrie(¢™ u™" Xug) du.
U(F)

Les éléments Y,, intervenant dans (56) vérifient |det(ad(Yy,)u(r))|F = 1 car les valeurs propres des
réductions X, sont toutes distinctes. On en déduit 1’égalité

/ / &Lie(m_lywm) dm ng/ fLie(g_Ing) dg.
P(F)\G4(F) J Ty (F)\M(F) Ty (F)\Gy(F)
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On obtient

Ormep()= D, Wmn' 2™ Y resmlin)y,,, () sgn(w) mes(,) "

(n',n")eD(no) weW(m,n',n")en s

X / fLie(g_lng) dY, dg.
Ty (FO\G(F) J Xy
Dans [Waldspurger 2001, p. 53], on a introduit la distribution

Q> o(g 'Y,8) dg
T, (F)\G.(F)

sur C2°(gz(F)) (elle y est notée ¢y (X7, ¢)). On a montré en [Waldspurger 2001, corollaire III.5] que
sa restriction a un certain sous-espace H C C2°(g:(F)) ne dépendait pas de I’élément Y,, € X, (elle ne
dépend d’ailleurs pas non plus du choix de X,, mais cela résulte déja de nos calculs ci-dessus). L’espace
H est défini ainsi. Soit B un sous-groupe d’Iwahori de Gy (F). Il lui correspond un sous-o-réseau b
de g4 (F). Notons C2°(g:(F)/b) le sous-espace des fonctions invariantes par b. Alors # est la somme de
ces espaces C2°(gg¢(F)/b) quand b décrit tous les sous-groupes d’Iwahori de G4. On voit facilement que
H est exactement le sous-espace des fonctions ¢ telles que ¢ soit a support topologiquement nilpotent.

En particulier, fLie appartient a 7. Donc I’intégrale

/ fLie(g_Ing) dg
Ty (FO\G(F)

ne dépend pas du point Yy, € X,. Intégrer cette formule en Y, revient a la multiplier par mes(X,,) et ce
facteur compense son inverse figurant dans la formule plus haut. On obtient simplement

®7r,m,cusp(f) = Z |W(m, I’l/, n//)l_l Z IeSn (K”)Vn/,n’/(w) sgn(w)

(n’,n"yeD(ng) weW (m,n',n")en ¢
x / frie(g 7' Xwg)dg. (57)
Ty (FO\G(F)

Pour expliciter davantage la formule obtenue, introduisons 1’élément yy = (0, 0, n) de T (cf. [Waldspur-
ger 2018, §1.8]) et la composante ko de k, dans la composante R(yp) de R. Soit (o, B, B”) € P3(n).
On a défini en [Waldspurger 2018, §1.8] la valeur k. o(wq, g, 7). Associons a notre triplet de partitions la
partition m = « et les entiers n’ = S(B'), n” = S(B”), no =n’ +n". Soit w = (w1, ..., w,, w, w”) un
élément de W (m, n’, n”)ey tel que w’ et w” soient paramétrés par les partitions (&, B') et (&, B”). Les
définitions entrainent que

ICSm (K”)Vn’,n“ (w) == K;T,()(wa’ﬁ/’ﬁ//),
Posons sgn(wy, g g7) = sgn(w) et définissons une distribution @, g g7 sur C°(gz(F)) par :
— siff =iso et (B”) est impair ou si ff = an et [(B”) est pair, ¢y g g7 =0;
— siff=isoet/(B") est pair ou si § = an et [(B”) est impair,

bo s (@) = / (¢ Xug) dg
Ty (F)\G(F)
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pour tout ¢ € C°(gy(F)).

La distinction entre les deux cas provient de ce que X, n’existe que si w € W(m, n’, n"" )¢y 1, ¢’est-a-dire
si sgn(w”) vaut 1 si ff =1iso, —1 si #f = an, ce qui se traduit par les conditions indiquées. Cette définition
dépend des choix de w dans sa classe de conjugaison et de I’élément X,,. Mais nous n’appliquerons cette
distribution qu’a des éléments de I’espace H. Comme on 1’a dit ci-dessus, cette restriction ne dépend pas
de ces choix. Dans la formule (57), I’intégrale devient ¢y, g g ( fLie). Cette formule devient une somme,
indexée par les triplets («, 8’, B”) tels que @ = m, de termes ne dépendant que de ces triplets. Chaque
triplet (., B/, B”) intervient avec une certaine multiplicité. Celle-ci est le produit de |W (m, n’, n”)| ™" et
du nombre d’éléments w = (w1, ..., w;, w’, w”’) € W(m, n’, n")¢y tels que w’ et w” soient paramétrés
par (&, B) et (&, B”). Pour toute partition A, posons

z(,\)z( ] ZAj)l_[mult;L(i)!,

j=1,...,100) i>1
et posons

2(a, B, B") = z(a)z(Bz(B").
On voit que la multiplicité précédente est égale a

2/ multlyz (e, B, B7) .
Alors (57) se récrit

Ormap(H = > 2Omultlyz(@, B, B sen(Wap 5k 0(Wa p 5005157 (fLic)-
(@.p',B")eP3(n); a=m
Le résultat de 2.1 est que ®,(f) est la somme sur m des expressions ci-dessus, multipliées par
271m mule! 1. Dol

O«()= Yz p B sen(wupp)iro(Wa . p)bap pr(fLic). (58)
(a,8,B")€P3(n)

3. Fronts d’onde

3.1. Rappel sur les orbites unipotentes. Soit ff = iso ou an. On appelle orbite nilpotente une classe de
conjugaison par G (F) d’éléments nilpotents dans gz (F). On note Nil; I’ensemble des orbites nilpotentes.
Les orbites nilpotentes sont classifiées par des données (i, (q,-),-ejordbp(m), ou u e PoM2n +1); pour
tout i € Jordpp(it), g; est une classe d’équivalence d’une forme quadratique non dégénérée sur un espace
vectoriel sur F' de dimension mult, (i) ; le noyau anisotrope de la forme quadratique @ie]ordbp () 9i est
équivalent a celui de Q.

Pour une orbite nilpotente O, on note u(QO) la partition associée a O.

Une classification analogue vaut pour les groupes SO(2n + 1) et SO(2n); définis sur F,. Il y a une
petite perturbation dans le cas du groupe SO(2n)iso. La classification ci-dessus vaut pour les classes de
conjugaison par O(2n);s(F,) et non pas par SO(2n);s ([, ). Il peut y avoir des classes de conjugaison par
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O(2n)iso(Fy) qui se coupent en deux classes de conjugaison par SO(2n);s0 (). A ces deux classes sont
associées les mémes données (i, (q,-),-ejordbpw)).

La définition suivante va nous €tre utile. Considérons deux espaces vectoriels /; et I sur [, de
dimensions d; et d», respectivement. Soient q; et g», des formes quadratiques non dégénérées sur ces
espaces. A isomorphisme prés, il existe un unique triplet (V, Q, L) vérifiant les conditions suivantes :

— V est un espace vectoriel sur F de dimension d; +dy ;

— Q est une forme quadratique non dégénérée sur V ;

— L C V est un réseau presque autodual, c’est-a-dire w L* C L C L*;

— (1, q1) est isomorphe a (I’, Q') et (I, g») est isomorphe a (I”, Q") (rappelons que I’ = L /w L*,
I"=L*/L et que Q" et Q" sont les formes sur ces espaces qui se déduisent naturellement de Q, cf.
[Waldspurger 2018, §1.1]).

On note Qy, 4, cette forme quadratique Q dont la classe d’équivalence est bien déterminée.

Considérons I’ensemble Nil; des paires (01, O,) telles que

il existe ny,np € N, avec n; +ny = n et np > 1 si § = an, de sorte que O; soit une orbite
nilpotente dans so(2n; + 1)([F,) et O est une orbite nilpotente dans so(2n2):(F,).

A un telle paire, on va associer une orbite nilpotente Op, 0,. Notons

(11, (q1,1)ielordnp(un)) €6 (2, (§2,i)ieTordyy (112))

les parametres de Oy et Oy. On pose = w1 Uy et, pour tout i € Jordpy(1), ¢i = Qg ;.40 (@Vec qu;
ougqy; =0sii ¢Jordpy(re1) oui ¢ Jordyp(iz)). On vérifie que (u, (q,-)iejordbp(m) classifie une orbite
nilpotente dans g4 (F). Alors Op, o, est cette orbite unipotente. L’application

Nil; — Nil;, (01, 02) - Op, 0,

est surjective.
Pour O € Nily, on note /p I’intégrale orbitale associée a O. Pour la définir, il faut bien siir fixer une
mesure sur O invariante par conjugaison. La définition de cette mesure n’aura pas d’importance pour nous.
Soit (O1, O3) € Nily. En [Waldspurger 2001, IX.2], on a défini une fonction hp, o, € C2°(g:(F)) (dans
cette référence, les éléments de Nil; étaient notés N). Elle vérifie les propriétés suivantes :

— ho,,0, € H; I’espace H a €té€ défini en 2.3; c’est celui des fonctions ¢ dont la transformée de
Fourier est a support topologiquement nilpotent ;

(59) pour O € Nil; dont I’adhérence O ne contient pas Op, 0,, lo(ho,.0,) =0;
(60) pour 0= 0(91,(927 Io(hol,oz) 75 0.

On définit une fonction fo, 0, € C°(G4(F)) comme suit (cf. [Waldspurger 2001, lemme IX.4]) : c’est
la fonction a support topologiquement unipotent telle que ( fo,,0,)Lic = flol,oz-

3.2. Développement des caracteres a I’origine. Soit 7 une représentation lisse et irréductible de G4 (F).
D’apres Harish-Chandra, on sait qu’il existe une unique famille de nombres complexes (co (7)) oenil,
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et un voisinage V() de 1 dans G(F') de sorte que les propriétés suivantes soit vérifiées. Le voisinage
V (7r) est invariant par conjugaison par G;(F) et est formé d’éléments topologiquement unipotents. Soit
feC(Gy(F)). On suppose que le support de f est contenu dans V (7). En particulier, on peut associer
a f une fonction fie sur gz(F'), a support topologiquement nilpotent. Alors on a I’égalité

Ox(f)= Y colmlo(fiie). (61)
OeNilg

Remarquons que les coefficients ¢ (;r) ne sont pas tous nuls. En effet, si f est la fonction caractéristique
d’un sous-groupe ouvert compact H contenu dans V (1), ©, (f) est égal au produit de la mesure de H et
de la dimension du sous-espace des invariants par H dans I’espace de . Ce terme est non nul si H est
assez petit. On dit que m admet un front d’onde s’il existe u () € POt (25 + 1) de sorte que

— pour tout O € Nily tel que co(r) #0, ona u(0) < u(mw);

— il existe O € Nil; tel que co () # 0 et u(O) = u(w).

Evidemment, 1 (77) est unique si elle existe. On conjecture que toute représentation lisse irréductible
admet un front d’onde. Supposons que 7 admette un front d’onde. On montre que

— () est une partition spéciale, cf. [Mceglin 1996a, théoreme 1.4];

— pour tout O € Nil; tel que n(O) = wu(w), on a co(w) > 0, cf. [Mceglin et Waldspurger 1987,

corollaire 1.17].

Remarque. La construction d’Harish-Chandra utilise 1’exponentielle et non pas notre exponentielle
tronquée E. Mais le résultat est le méme, avec les mémes coefficients, que I’on utilise I’'une ou I’autre de
ces applications.

Dans le cas ol 7w € Irryyp, 1, on peut prendre pour voisinage V (;r) I’ensemble tout entier des €léments
topologiquement unipotents de G (F). En effet, pour f a support topologiquement unipotent, ®, (f) est
calculé par la formule (58). Or il résulte de [DeBacker 2002, Theorem 2.1.5] que le membre de droite de
cette formule est de la méme forme que celui de (61) ci-dessus. Ces deux expressions doivent coincider
si le support de f est dans un voisinage assez petit de ’origine. Les distributions f +— I ( fLie) sont
linéairement indépendantes, méme si on les restreint aux fonctions vérifiant cette condition de support.
Cela implique que les coefficients sont les mémes dans les deux expressions. Donc (61) est valable pour
toute f a support topologiquement unipotent.

3.3. Le théoréme. Pour f =iso ou an, notons Irryyp,» le sous-ensemble des représentations admissibles
irréductibles de G (F) qui sont tempérées et de réduction unipotente. Notons Irryyip la réunion disjointe de
Irteunip,iso €t Irtunip,an- Dans [Waldspurger 2018, §1.3], on a adapté 1’habituelle classification de Langlands :
I’ensemble Irryy;p est paramétré par un ensemble Jrryp, de triplets (A, s, €). En particulier, le terme
A est un élément de PY™P(2n). Pour un tel triplet, on a noté w (A, s, €) la représentation qui lui est
associée par Lusztig (elle est tempérée). On a introduit I’involution D de Zelevinsky—Aubert—Schneider—
Stuhler en [Waldspurger 2018, §1.7] et une dualité d entre partitions en 1.6 et 1.7 ci-dessus. On pose
8(A,s,€)=D(m(A,s,€)).
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Théoreme. Soit (A, s, €) € Jttwnip. Alors §(A, s, €) admet un front d’onde et on a I’égalité

w(@(A,s,€)) =d(Ar).
La fin de ’article est consacrée a la démonstration du théoréme.

3.4. Une premiéere réduction. En [Waldspurger 2018, §1.3], on a introduit le sous-ensemble Jttypip-quad
des triplets (A, s, €) € Jrrynip tels que s? = 1. Supposons que le théoréme soit prouvé pour les triplets
(A, s, €) € Trtynip-quad tels que A n’ait que des termes pairs. Montrons que le théoreme résulte de ce cas
particulier.

Soit f =iso0 ou an et soit P un sous-groupe parabolique de G, de composante de Levi M. Soit 7* une
représentation lisse irréductible de M (F'), notons 7w = Ind(lzﬁ (w™) son induite et supposons 7 irréductible.
On a défini en 3.2 la notion de front d’onde pour le groupe G; mais on sait bien que la définition est
générale et s’applique en particulier au Levi M. Supposons que 7" admette un front d’onde. Si

M =GL(m) x --- x GL(m;) x Gy p,,

(™) est alors une famille (1, . . ., f4;, o) ol, pouri =1, ..., ¢, u; € P(m;) et uo e P""(2ny+1). On
a défini en 1.8 une opération d’induction qui envoie w(@™) sur une partition ind(u (™)) e PO 2n +1).
Sous ces hypotheses, on a

m admet un front d’onde etona u(w) = ind(u(nM ). (62)

Preuve. Pour f € C°(Gy(F)), on al’égalité ©,(f) = O, m(fp), ot fp est’habituel “terme constant”
de f. On définit facilement un voisinage V (7r) de 1 dans G;(F) invariant par conjugaison et formé
d’éléments topologiquement unipotents, de sorte que, si f est a support dans V (), fp soit a support
dans V(™). Pour une telle fonction f, on a alors

O()= Y, com@)Ion(fp),
OMeNil!
ot Nil” est 1’analogue de Nily pour le groupe M. Notons u le radical nilpotent de I’algebre de Lie p.
Pour OM e Nil¥ et O € Nil;, on dit que O est induite de O™ si © coupe O™ +u(F) selon un ouvert
non vide. On note cette relation @ C ind(OM). Si on se plagait sur la cldture algébrique F, il y aurait
une et une seule orbite induite mais, parce que 1’on travaille sur F, il y en a plusieurs en général. Cette
opération d’induction d’orbites est reliée a I’induction des partitions par la relation suivante :

si O Cind(OM), alors  w(O) = ind(u(OM)).
On a une égalité

Iow(fe)=")_ comolo(f),

OCind(OM)
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avec des coefficients com » > 0. D’ou

O ()= Y colmio(f).
OeNilg
ou, pour tout O € Nilg, on a

com= > coum)com o. (63)

OMeNilM
Ocind(OM)

Si co(m) # 0, il existe OM tel que O C ind(OM) et com (mM) # 0. On a alors (O) = ind(u(OV)) et
OM < u(@™). D’ott u(©) < ind(u(mM)) car I’opération d’induction est croissante. Inversement, soit
O} e Nil” tel que cop (@M) £ 0 et w(O)) = u(@™). Soit O C ind(O}). On a u(0) = ind(u(x™)).
Montrons que co () # 0. Soit O intervenant de facon non nulle dans la formule (63). On a com (M) #£0
donc uw(OM) < (™). Si cette relation n’est pas une égalité, on a ind(u(OM)) < ind(u(x™)) car
I’opération d’induction est strictement croissante. Cela contredit la relation ind(u(OM)) = n(O) =
ind(u(7™)). Donc w(OM) = (™). Alors le coefficient com (mM)com o est strictement positif. Par
construction, il y a au moins une telle orbite OM 3 savoir 03’1 . Le coefficient ¢ (7r) est une somme non
vide de termes strictement positifs, donc co () > 0, ce qui achéve la démonstration de (62) ]

Soit (A, 5, €) € Jrtynip,z. En reprenant les considérations de [Waldspurger 2018, §1.3], on voit qu’il
existe
— un sous-groupe parabolique P de G: de composante de Levi

M = GL(ml) X -+ X GL(m,) X G]:I,no;

. N . , 2 . L
— pour tout j =1, ..., ¢, un caractere non ramifié x; de F'* tel que X; # 1 sim; est pair;
— un €élément (A, S0, €0) € ItTunip-quad,ne,z t€l que Ao n’ait que des termes pairs ;
de sorte que les propriétés suivantes soient vérifiées :

7O, 5, €) =Tndy? (st (1 0 det) ® - - - ® sty (1, 0 det) ® 7 (ho, 50, €0)), (64)
ou st,,; est la représentation de Steinberg de GL(m;; F) :
)":(ml’ml)u"‘u(mhmt)U)"O' (65)

Remarque. Le couple (Ao, so) se déduit de (A, s) en éliminant les termes impairs de A ainsi que les
termes pairs pour lesquels la valeur propre correspondante de s est différente de 1. On voit que
Z(\,s) = Z()\y, o) (avec les notations de I’introduction) et € s’identifie a un caractere €, de Z (X, so).
L’égalité (64) exprime la compatibilité du paramétrage de Langlands avec I’induction. Cette compatibilité
est bien vérifiée par les représentations construites par Lusztig, cf., par exemple, [Waldspurger 2004,

lemme 3.8].

En appliquant I’'involution D, on déduit de (64) 1’égalité

S(1. s, €) =Ind % (8M),
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ou

M = (x10det) ® - - - ® (x; o det) ® 8 (Lo, 50, €0)-

Puisqu’on suppose connu le théoréeme pour 8 (Lo, So, €g) (et que les fronts d’onde des représentations des
groupes GL(m;) sont bien connus), il résulte de (62) que §(A, s, €) admet un front d’onde et que

w8, s, €)) =ind(u(8M)).

Le front d’onde d’un caractere de GL(m;; F) est (m;), ¢’est-a-dire la partition composée de m; fois le
nombre 1. On a donc

n(@My = (my), ..., (m,), d(%)).

Posons A = ((my), ..., (m;), o). Avec les définitions de 1.8, cette derniére relation s’écrit i (8M) =d(X)
tandis que 1’égalité (65) s’écrit A = cup()). En appliquant le lemme 1.8, on obtient ind(11(8)) = d(1).
D’ou u(8(A, s, €)) =d(A), ce qui démontre le théoreme.

3.5. Traduction de ce que I’on veut démontrer. On fixe désormais un élément (A, s, €) € Jrtyyip et on
pose 6 =&8(A, s, €). On note § I’indice tel que § soit une représentation de G (F’). On veut prouver que §
admet un front d’onde et que 1 (6) = d(A). Montrons qu’il suffit de prouver :

(66) Pour tout (01, O3) € Nil, la relation O;( fo, 0,) # 0 entraine u(O1) U n(O2) < d(A).
(67) 1l existe (01, O2) € Nil tel que Os(fo,.0,) #0et u(O1)Upn(Or) =d).

Comme on I’a dit en 3.2, on peut prendre pour voisinage V (§) I’ensemble tout entier des éléments
topologiquement unipotents. En particulier, le développement de 3.2 vaut pour toute fonction fo, 0,.
D’apres la définition de cette fonction, on a

Os5(f0,,0,) = Z co®Io(ho,,0,)- (68)
OeNily

Soit Op un élément maximal dans I’ensemble des O € Nily pour lesquels co(8) # 0. Appliquons 1’égalité
(68) a une paire (O, O,) telle que Op, 0, = Op. En vertu de (59), il ne reste dans la somme que des O
pour lesquels O contient . Par maximalité de Oy, il ne reste donc que Og. Le coefficient cp,(§) est non
nul par hypothese et I’intégrale orbitale /o, (ho, 0,) ne I'est pas par (60). Donc Os(fo, 0,) # 0. D’ou
w(Op) <d(r) d’apres (66). Ceci étant vrai pour tout élément maximal Oy, c’est vrai pour tout élément :
pour tout O tel que co(8) # 0, on a w(O) < d(Xr). En appliquant maintenant (68) pour une paire (O, O,)
vérifiant (67), le méme calcul montre que cp(8) # 0 pour 'orbite O = Op, 0,. Pour cette orbite, on
a u(0) =d(A). Cela vérifie les propriétés requises pour que 6 admette un front d’onde et que 1’on ait
p(8) =d(x).

3.6. Début du calcul. Fixons un couple (01, O;) € Nilg, posons

ur=wn(O01), p2=p(02), S(u)=2n+1, S(u2)=2ns.
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Sif=iso, on pose Wy, iso = an. Sif=an, auquel cas np >0, on note W, an ={w € W,,,; sgn-p(w) =—1}.
On fixe des éléments nilpotents Y1 € O; et Y, € O5.

La formule (58) calcule O;( fo,,0,) en fonction de termes ¢y g, g, (ho,,0,) pour (¢, B1, B2) € P3(n). On
a calculé ce terme en [Waldspurger 2001, proposition 3.5]. On va rappeler ce résultat en modifiant quelque
peu ses notations. Pour w; € W,,,, on définit une certaine fonction qul sur 1I’ensemble des éléments
nilpotents de SO(2n; + 1)(F,), cf. [Waldspurger 2001, VIII.13]. Elle est invariante par conjugaison
par SO(2n; + 1)(F,) et ne dépend que de la classe de conjugaison de wi. Pour wy € W,,, , on définit
de méme une fonction QEUz sur I’ensemble des €léments nilpotents de SO(2n;):(F,), cf. [Waldspurger
2001, VIIL.13]. Elle est invariante par conjugaison par SO(2n;):([F,) et ne dépend que de la classe de
conjugaison par W,2 de w;.

Remarque. Dans le cas ol § = an, la construction de [Waldspurger 2001] était un peu différente. On y
avait fixé une certaine symétrie élémentaire wy € Wy, an et défini une fonction QEUZ indexée non pas par
un élément wy € W, 4n, mais par un élément w; € Wrg. Cette fonction ne dépendait que de la classe de
wg-conjugaison de wy. Notre présente fonction Q?Uz est la fonction Q,HU »uw, de [Waldspurger 2001].

Notons W («, B1, B2) I’ensemble des paires (wy, w) € W,,, x W, » vérifiant la condition suivante.
Notons (o1, A1) la paire de partitions paramétrant la classe de conjugaison de w; et (a2, B5) celle qui
parametre la classe de conjugaison par W,,, de w,. Alors

a=aUay, Bir=p1, By=ph.
Pour une telle paire (wy, w»), posons

zZ(a)
[wy, wo] = —F——,
z(a1)z(a2)
cf. 2.3 pour la définition de ces termes;
— n(wy, w2) =2 si np > 1 et la classe de conjugaison de wy par W,, coincide avec sa classe de
conjugaison par W,2 ;
— n(wy, wy) =1siny =0o0usiny > 1 etlaclasse de conjugaison de w; par W,, se coupe en deux
classes de conjugaison par Wnlz .
Fixons un ensemble de représentants W(a, B1, B2) des classes de conjugaison par W,, x WnLZ dans
W(a, B1, B2).

La proposition IX.5 de [Waldspurger 2001] affirme alors I’existence d’un demi-entier dp, 0, (ne
dépendant que de (01, O,)) de sorte que

Paprpr(ho0) =g > p(wr, w)lwr, walQY, (Y1) 0%, (Ya).
(wy,w2)eW(a,B1,B2)
Cette formule peut se simplifier. Pour w; € W,,,, notons Z(w) son centralisateur dans W,,,. Pour wy € W,,,,
notons Z2 (w») son centralisateur dans Wnlz . Le terme Qi), (Y1)Qi,2(Y2) ne dépendant que de la classe de

conjugaison de (w1, wy) par W,, x WP

1,» O peut remplacer la somme sur le systeme de représentants
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W(e, B1, B2) par une somme sur W (e, B1, B2), a condition de multiplier chaque terme indexé par (wy, wy)
par 'inverse du nombre d’éléments de sa classe de conjugaison par W, x W,g . Cet inverse est égal a

| Z(w)[1ZP (wo) | [ Wa, | W27
D’autre part, soit (w1, wy) € W(a, B1, B2). On vérifie I’égalité
z2(et, B1, B2) " 'n(wi, wo)wi, wal = |Z(w)| 1 ZP (wy)| ™"
La formule ci-dessus se récrit
2(e Br. B2) " bupr o (hor.0) = qOr02 | Wy WL Y (Y1) Q5 (V).

(wy,w2)eW(a,B1,B2)

Reportons cette égalité dans la formule (58). On obtient

O5(fo,,0,)
= gloro | W, |7 w2 Z sgn(Wa, gy, 8,)K5.0(Wa. p1.5,) Z 05, (V) Q5 (Ya).
(a,B1,B2)€P3(n) (wy,w2)eW(a,B1,B2)

Sommer en (a, B1, B2) puis en (w1, w2) € W(a, B1, B2) revient a sommer sur tout (wy, wp) € Wy, x Wy, 4.
D’ou

Os(fo,.0,) = g™ W, [THWRITH 3T sgn(wy) sgn(wa)ks o(wy x w)) Q% (Y1) Q% (Va).
(w1, w2) €Wy X Wy, ¢

Pour toute paire (p1, p2) € Wnl X an, posons

ms(o1, p2) = W, | IWio | ™' D k0w, wa)pr (wi)pa(wy).

(w17w2)€Wn| Xan

Posons aussi
— il —
G =Wl D2 pwn 0l et xp  =IWRIT D0 pa(w) QG
w1 €Wy, W2 EWn, 4
Pour (wy, wp) € Wy, x W,,,, on a I’égalité
sgn(wy) sgn(w2)ks,o(wi X wa) = > ms(p1 @ sgn, p2 @ sgn)p1(wi) p2(w2).

(;01 sPZ)eWnl X an
On obtient alors

Os(fo.0) =q Y ms(pr ®@sgn, pr @sgn)xl (YD) xS L (Ya). (69)
(P1.02) €Wy X Wy

Soit (i1, n1) € PO Q2n; +1). Supposons k,, ,, = 1. On a défini en [Waldspurger 2001, VIII.13] une
fonction X;uu,m sur I’ensemble des €léments nilpotents de so(2n; + 1)([F,). 1l existe un demi-entier dy,, ,,
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tel que Xﬂl,m =g%ham X;lﬂ]ﬂl .Onnote P°""(2n,+1; k=1) le sous-ensemble des (1, n1) € PN (2n1+1)
tels que k,, ,, = 1. Rappelons que I’application

PN+ 1k =1) = Way, (1 11) = Puyns

est bijective.

Soit (2, m2) € POt (2n,), cf. 1.5. Supposons k., ,, = 0. On a défini en [Waldspurger 2001, VIII.13]
une fonction x iu n.z SUT I’ensemble des €éléments nilpotents de so(2n):([F,) (on a ajouté un indice f
A la notation de [Waldspurger 2001]). Soit (2, 72) € POoth(2p,) tel que k;, n, = 0. Si uy n’est pas
exceptionnel, (2, 172) est aussi un élément de E‘mh (2n7) ; la représentation p,, ¢, est définie ainsi que
ses prolongements ,0:[2, & €L Py, o0 cf. 1.12. La fonction x /iz,nz,tt est aussi définie. Si u, est exceptionnel,
auquel cas np =1, u, se releve en les deux éléments (o, +) et (up, —) de Poth(2n,). Les représentations
Pus,+.m €t Puy,— y, sont définies. Les représentations ,0;:2&’,72, Pis 412 p/jz’_’nz et P, -, Sont toutes

égales. On note p;_fz,n . ce prolongement. On pose

= Pus,m

b _ i f
Koot = Ko, 4m.t + Ko, — .t

En tout cas, il existe un demi-entier d,,, ,, tel que les égalités suivantes soient vérifiées :

: : i d, f d, i
= .= 2:M2 = K212
si ff = iso, Xpz.miso = 4 Xp;rz.nz,iso q Xp,fz,,,z,iso’
it—= g — gm0 — _ 4 b
S1 0 =an = 212 = —g%my” .
g > Xpzman = 4 X92—2~Uz’an q Xpuz,,,z,an

Remarquons que, quand w, est exceptionnel, on a Xﬂz,nz,an =0.
On note ’Porth(2n2; k = 0) I’ensemble des (3, n2) € ”Porth(2n2) tels que k,, ,, = 0. Rappelons que

o~

W,, est réunion disjointe des ensembles {,0;;,,72, Ppy.np} POUT (2, 12) € P20y k = 0) avec us

non exceptionnel et des ensembles {,0:[2’%,]2} ={Pytm} = {,0;2’,’,]2} = {Pp,—n,} POUT (2, 12) €
P (2n,y; k = 0) avec uy exceptionnel.
On pose

PP (n1, ny) =P (2n; + 1k = 1) x PO (2np; k = 0)

pour abréger la notation. Pour (i1, n1; 2, 12) € PP ™(ny, ns), posons
— si ff =1is0, ny # 0 et wo n’est pas exceptionnel,

ms iso(K1, M5 12, 12) = Ms(Ppy oy @ SEN, Py, ) @ 8gN) +1m5(ppy oy @SN, Py, . @ 5gN);
— siff =an, ny # 0 et puy n’est pas exceptionnel,

M, an (11, M5 K2, 12) = Ms (g @SEN, 0,7, @ 5gN) — M (P py ® SN, Py, ) @ SEN);
— si ff =1iso et si np = 0 ou uy est exceptionnel

M iso(1 15 W22 12) = 5 (ms(Ppy.ny @ 5g0, O, - @ sg0) + ms(pp, .y, @sg, pr, . @sgn)):
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— si ff = an et uy est exceptionnel

ms an(pt1, 115 m2, n2) =0.

On voit alors que la formule (69) se récrit

Os(fo,,0,)

= "1 > g~ m = my o (y, s 2. )X YDA s (Y2). (70)
(1,013 12,m2) EPPO N (ny ,mp)

3.7. Traduction des conditions en termes de représentations de groupes de Weyl. Montrons qu’il nous
suffit de prouver les deux assertions suivantes :

(71) Soientny,n, e Navecny+ny=netny >1siff=an;soient (1, n1; U2, N2) € PP 5y, ny);
supposons ms (i1, M1; K2, 72) 7# 05 alors wy U <d(R).

(72) Tlexiste ny, no € Navec ny+nr=netn, > 1sifi =an et il existe (i1, n1; w2, 12) € PPN (ny, ny)
tels que ms (1, N1 12, 12) 0 et uy Upp =d(A).

Soit (01, O) € Nil;. On en déduit des entiers n1, n, comme en 3.6. Supposons Os(fo, 0,) #0. La
formule (70) implique qu’il existe (i1, 71; 2, 12) € PPN (ny, ny) tel que

msiso(ier, M5 2, m) #0 et xpp, 0 (YD X,y 5 (Y2) # 0.

Or la fonction an .7 N"est non nulle que sur les orbites nilpotentes O vérifiant 1 (O}) < 1, cf. [Waldspur-
ger 2001, VIII.13]. Puisque Y| € Oy, cela entraine u(O;) < u;. La fonction X;ttz,nz.ﬁ vérifie une propriété
analogue. Donc u(0;) < uo. Grace a (71), on a aussi ;1 Uy < d(X). Donc w(O1) U u(Oy) <d(X), ce
qui vérifie la propriété (66).

Fixons des données vérifiant (72). Considérons la somme

= —dyy g Ay, . ! s
V=) ¢ Mg (s 115 1425 1) Xy Ky a0

VIR
ol | parcourt les éléments de {Z1}P° 1) /(£ 1} tels que k(11, 1}) = 1 et n), parcourt les éléments de
{1} ordop(12) 7141} tels que k(u2, 15) = 1. C’est une fonction invariante par conjugaison sur le produit
des ensembles d’éléments nilpotents de so(2n + 1)([F,) et de s0(2n;):(F,). Notons ¢/(j1) la réunion
des orbites nilpotentes O; dans so(2n + 1)(F,) telles que £(O;) = 1. Notons U (u2) la réunion des
orbites nilpotentes O, dans s0(2n):([F,) telles que u(O2) = 2. Quand ’7/1 décrit les éléments ci-dessus,
les restrictions a U/(it1) des fonctions x El,ni sont linéairement indépendantes, cf. [Waldspurger 2001,
VIIL.13]. Quand 7}, décrit les éléments ci-dessus, les restrictions a U/ (12) des fonctions x Ez,n’z,ﬁ sont elles
aussi linéairement indépendantes (on doit remarquer que, si = an, I’hypothese m; (111, 915 (2, 72) #0
implique que wp n’est pas exceptionnel). L’hypothese m;s » (1, n1; (2, n2) 7 0 implique donc que la
restriction de W a U (1) X U(uz) est non nulle. Fixons donc des orbites O C U et O, C U, telles que
W soit non nulle sur 01 x O;. On a w(O1) U u(O3) = u1 U up = d(A). Appliquons la formule (70) au
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couple (Oy, O»). Notons plutdt (i), n}; 15, n5) les termes indexant la somme de cette formule. Je dis
que, si (1}, uy) # (i1, (2), le terme

Mo (s i s ) X (YD Xy e o (V2)

est nul. En effet, la non-nullité des deux derniers termes entraine comme plus haut les inégalités 1 (O1) < i
et £(0y) < uj, c’est-a-dire g < u et o < p. La non-nullité du premier terme entraine ) U, < d(X)
d’apres (71). Puisque p01 Uy =d (1), les inégalités précédentes sont forcément des égalités. Donc | = 1
et ) = 12, contrairement a I’hypothése. Dans la somme de (70) ne restent donc que les (], 175 (05, 1)
pour lesquels p} =y et w), = p. C’est-a-dire que 1’on obtient

Os(fo,.0,) = q*r2 W (Y1, Ya),
ou (Yy, Y2) € O1 x O2. D’ot O5(fo,.0,) # 0. Alors (O, Oy) vérifie (67).

3.8. Une description de Res(5). On a fixé€ (A, s, €) € Jrrynp en 3.5. Nous supposons désormais que
c’est un €lément de Jrtypip-quad, C€ qui nous suffit d’apres 3.4. On a montré en [Waldspurger 2018, §2.2]
que cet ensemble s’identifiait a ’P;ymp (2n). On note (A+, e, A7, €7) I’élément de cet ensemble auquel
s’identifie (A, s, €). Ona A = AT UL~ et cette décomposition est déterminée par 1’élément s.

Notons n(A™, A7) I’ensemble des couples de partitions symplectiques (vt, v™) vérifiant les conditions
suivantes :

(73) (a) vT UV~ =A;
(b) pour tout entier i € N impair, mult,- (i) =0;
(¢) pour tout i € Jordyp(AT) NJordpy (A7), mult,- (i) <2;
(d) pour tout i € Jordp,(A) tel que multy+ (i) = 0 ou multy- (i) =0, mult,- (i) < 1.

Notons 9(A1, A2) I’ensemble des quadruplets (vF, €%, V7, £7) € Tttynip-quad tels que (v, v7) €
n(A™, A7). Fixons un tel quadruplet (vt, &, v=, 7). Soiti € Jordyp(A). On définit un nombre complexe
e(i) par les formules suivantes, oll on pose par convention (i) =1sii ¢ Jordbp(v+) etE(i)=1si
i ¢ Jordpp(v7) :

(74) (a) simult,- () =0, e(@) = &+ (G)™IH-O;
(b) si mult,-(i) =1, multy+ (i) > 1 et mult;- (i) > 1,
e(i) =€~ (DEOET O™ O+ eT (gt ™
(c) simult,- (i) =1 etmult;+ (i) =0, e(i) = e~ (I)E~(G)EH ()™ -1,
(d) simult,-(i) =1etmult;-() =0, e(i) =€"();
(e) simult,- (i) =2, e(i) = €T (i)e ()&~ ()ET(H)™IL- D1,
On pose

e(A+, €+, A, e V+, S+» VLET) = 2—|J0rdbp()ﬁ)|—|Jordbp()\’)| 1—[ e(i).
i€Jordy, ()
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D’autre part, en [Waldspurger 2018, §1.11], on a associé a (v, T, v™, £7) un élément de R que
I’on a noté j(p,+ ¢+ ® p,- ¢-). Le terme j était un isomorphisme entre R et un autre espace. Distinguer
ces deux espaces nous était alors utile. Ce ne 1’est plus, on identifie I’espace en question a R grice a
I’isomorphisme j et on fait disparaitre ce j de la notation.

Lemme. On a l’égalité

ks = > et et AT, e v EY VT E ) oyt g+ © oo o).
W+, E v, ET)EN(T, A7)

Preuve. Rappelons quelques notations de [Waldspurger 2018, §1.3]. On fixe un homomorphisme p; :
SL(2; C) — Sp(2n; C) paramétré par A et on note Z(X) le commutant dans Sp(2n; C) de son image. Le
terme s appartient a Z(X) et vérifie s> =1.On note Z(%, s) le commutant de s dans Z (1), Z(x, s) son
groupe des composantes connexes et Z(A, s)" le groupe des caracteres de Z(A,s). Onae € Z(A,s)".
Considérons un sous-ensemble H C Z (X, s) qui s’envoie bijectivement sur Z(A, s) et est formé d’éléments
h vérifiant h2 = 1. Pour h € H, le triplet (A, s, i) appartient a I’ensemble Endoypip-quad de [Waldspurger
2018, §2.2]. Il lui est associé une représentation virtuelle

NO.s.h)y= Y w(h s €)' h). (75)

eeZ(r,s)V

Par inversion de Fourier dans le groupe Z(A, s), on a

T s, €)=|Z(h, s)| " Z TI(A, s, h)e(h).
heH
On applique Res oD a cette égalité :

Res(8) =|Z(1, )| ' Y ResoDoTI(%, s, h)e(h).
heH
Utilisons I’involution FP*" de [Waldspurger 2018, §1.9]. Puisque, justement, c’est une involution, on peut
composer a gauche le membre de droite ci-dessus par FP* o 7P, Le théoreme 2.7 de [Waldspurger 2018]
n’est plus conditionnel puisqu’on a démontré en [Waldspurger 2016b] le théoreme 2.1 de [Waldspurger
2018]. Il nous dit que FP* oResoD o I1(A, s, h) =ResoD o IT(X, h, s). D’ou

Res(8) =|Z(x,$)|' Y FP oResoD o TI(%, h, s)e(h).
heH

On peut encore développer le membre de droite en utilisant (75) o I’on échange s et /i :

Res(®) =Z(h.9)| 'Y > FPoResoD(m(x, h,£))E(s)e(h). (76)

heH &€Z(A,h)Y

L’ensemble Endoupip-quad S identifie a szmp (2n). Plus précisément, les €léments de Endougip-quad de la
forme (X, s, h) (c’est-a-dire dont les deux premiers termes sont nos éléments fixés X et s) s’identifient
aux quadruplets (AT, A7F, A7, 077) € PP (2n) tels que ATTUATT = AT et ATTUATT =47, Si
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(A, s, h) correspond ainsi 2 (AT, A=, AT~, A7 7), I'image de & dans

Z(h,s)~ (Z/zz)Jordbp(AJr) x (Z/ZZ)Jordbp(A*)
est

(multy+— (1)) eJordy, () X (MUl —(@))ietordyy (1) » (717)

ou il s’agit en fait des images des multiplicités dans Z/27Z. On voit que I’on peut choisir H de sorte que
I’ensemble des (A, s, h) pour h € H s’identifie a I’ensemble des quadruplets satisfaisant les conditions
ci-dessus et de plus : mult;+ (i) < 1 et mult,—(7) < 1 pour tout i. On peut évidemment renforcer des
inégalités en mult,+- (i) <inf(1, mult,+ (7)) et multy— (i) <inf(1, mult,- (7)) (par exemple, mult;+- (i) <
multy+ (i) puisque AT = AT UAT™). On choisit ainsi I’ensemble H. Pour tout 2 € H, continuons 2 noter
(AT, A7, AT, A7) le quadruplet associé a (A, s, h) et posons v = ATT UL, v =ATT UL,

Le couple (v, v™) appartient a notre ensemble n(A™, A7). Le groupe Z (A, h) s’identifie a
(Z/ZZ)Jordbp(v+) % (Z/zz)Jordbp(V’)

et un élément & € Z(A, h)Y s’identifie a un couple (1, £7). Le quadruplet (v, €T, v™, £€7) appartient
aM(AT, A7). Mais I’application & — (vt, v™) n’est pas injective (h est une classe de conjugaison par
Z(x,s) et (v, v™) parametre sa classe de conjugaison par Z(1)). L’égalité (76) se récrit

Res(8) = > fO ET VT ED)FPT oResoD(m(vT, ET, v, 7)),
(v+.EF v ET)ENGRT A7)
ol :
— pour (A, h, &) correspondant a (v, T, v, E7),onanot€ w(v,ET, v, ET) =7 (A, h, E);
— ft, T, v, E7) est la somme des |Z(X, s)| " 'e(h)&(s) sur les h € H d’image (vF, v™).
Pour (W, €T, v 7)) eMN(AT, A7), ona

ResoD(m(vT, €T, v, £7)) = Repopt(py+ g+ @ py- £-)

d’apres la proposition 1.11 de [Waldspurger 2018]. On a aussi FP* o Rep = k, cf. [Waldspurger 2018,
§1.9]. Donc

Res(8) = > SOTET VT EDko pulpyr g+ @ po-g-).
(H.E+ v ET)ENOH A7)
Puisque «; est I’élément de R tel que Res(8) = k(«s), on obtient la formule de 1’énoncé, a condition de

prouver 1’égalité
SO E VT E ) =e( et a7, e v 6T, 0T 67) pourtout (v ET, VT, ET) e M, A0).

Fixons donc (vt, &+, v, £7) € 9M(AT, A7). On compare tout de suite le facteur |Z (%, s)|~! figurant
dans la définition de f(vt, &1, v, &™) avec le facteur 2~ 1ordwGDI=Hordny O foyrant dans celle de
e(AT,eT, A7, e ;v ET, v, E7) 1 ils sont égaux. On note f le terme f (v, T, v™, &€7) privé de ce
facteur et on doit prouver que f = [];¢ Jordyp () €(i), avec les notations précédant I’énoncé. Soit h € H
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d’image (v*, v™). Notons encore (AT, A=, AT=, A7 7) le quadruplet associé a (A, s, h). D’apres (77),

e(h) = ( [T @™ <">) ( [1 e—(i)m““M")).
i€Jordyp (AT) i €Jordyp (A7)
On simplifie cette égalité en

E(h) — 1_[ 6+(l~)multﬁ7(i)€—(i)mult)ff(i)’

i€Jordy, (1)

on a

avec la convention €7 (i) =1sii ¢ Jordbp()ﬁ) ete (i) =1 pouri ¢ Jordp, (A 7). Le quadruplet associé a
(A, h,s) est (ATT, AT, 47T, A77). Le couple (§T, £7) s’identifie & un élément de Z(A, h)" et on a la
formule similaire (avec une convention analogue) :
S(S) — 1_[ €+(i)mult)i+(i)gf(l‘)mult)if(l')‘
i€Jordpp(X)
Posons simplement m™ (i) = multy+- (i) et m™~ (i) = mult;— (i). On a mult; -+ (i) = mult,- (i) —m~ (i) et
on obtient
emis)= [ e Ve @ Petmi OO i@,
i€Jordpp (1)

Pour i € Jordpp(2), notons E(i) I’ensemble des couples (m*,m™) €{0, 1}* tels que
mt <inf(1, mult,+ (7)) et m~ <inf(l, mult,- (i)); m* +m~ =mult,- (i).

L application

b= (m™ (i), m™(i))ielordyy ()

identifie I’ensemble des h € H d’image (v, v™) avec ]_[iejordbme(i). On voit alors que f= HieJordbp(k)fi’
ol, pour i € Jordpp(2), on a posé
fi= > €O ey ETH™ N O
(mtm™)€E®)
Il reste a démontrer I’égalité f; = e; pour tout i € Jordy,(1). C’est un calcul élémentaire que I’on effectue
en distinguant chacun des cas (74)(a) a (74)(e). On le laisse au lecteur. [l

3.9. Preuve de (71). On fixe n1,n, e Navec n; +ny =netny > 1sit=an. On fixe (i1, n1; K2, M2) €
PP (n1, ny) et on suppose ms g(11, 13 12, n2) # 0. D’apres la définition de ms 5 (11, n1; 2, m2) #0,
on peut fixer ¢’ = = tel que ms(py,,» @ sgn, ,o,i;,nz ®sgn) # 0.

On a défini en les paragraphes 1.4 et 1.5 les partitions spéciales sp(it1, 1) et sp(u2, n72). D’apres les
résultats de ces paragraphes, on a

wi <sp(ier, 1), p2 < sp(i2, n2). (78)

Le symbole associé a p,, ,, appartient a la famille de sp(u1, n1). Posons A1 = d(sp(u1, n1)) et p; =
Pur,m ®sgn. D apres 1.6, le symbole associ€ a p; appartient a la famille de 1. Posons A, = d (sp(u2, 12))



1164 Jean-Loup Waldspurger

et p2 = Pu,.n, @ SN Si pp n'est pas exceptionnel. Si py est exceptionnel, on releve wy en un élément o
de P°"™(2n5) et on pose pp = Puz,n, @sgn. On a de méme : le symbole associé a p, appartient a la famille
de A,. La représentation pﬁ;’n , ®sgn est I'un des prolongements de p, a Wy, donc est de la forme ,o§ pour
un ¢ = =+ (on n’a pas en général ¢ = ¢’ mais peu importe). On a donc ms(p;, ,0§ ) # 0. Rappelons que ce
terme est la “multiplicité” de p; ® p§ dans ks o. La fonction «; est calculée par le lemme 3.8 (rappelons
que I’on suppose (A, s, €) € Tttynip-quad)- La fonction ks o est calculée par une formule analogue, ou I’on
se restreint aux (v, &1, v7,67) € M(AT, A7) tels que ky+ g+ = k- ¢~ = 0. Notons ce sous-ensemble
MNo(At, A7). D’apres ce lemme, on peut fixer un élément (v, ET, v, E7) € MNy(AT, A7) tel que la
multiplicité de p; ® ,05 dans pt(p,+ g+ ® py- g-) est non nulle. On sait que la représentation p,+ ¢+ est
de la forme
P+ g+ = Z C(V+s §+§ ‘)+’ é+)/0,>+,g'+a
pt EF

ot (0, £T) parcourt les éléments de PY™P(S(vT)) tels que ky+ z+ = 0. On note PY™(S(v*); k =0)
I’ensemble de ces éléments. Le coefficient c(vt, £€T; v, £1) n’est non nul que si vt < V. De mémes
propriétés valent pour p,- ¢-. On peut donc fixer (ﬁ+,é+) € PY™(S(wT); k = 0) et (f)_,é_) €
PYMP(S(v7); k =0) tels que

bt v < (79)

et la multiplicité de p; ® pg dans pu(py+ g+ @ py- ¢-) soit non nulle. Cette multiplicité est exactement le
terme m(p1, ,05 S Pp+ g+» Py- i) défini en 1.12. Dapres la proposition de ce paragraphe, la non-nullité de
cette multiplicité entraine

pTUDT <ind(Aq, A2). (80)

Par définition de DI(A*, A7), on a vT Uv~ = A. Les inégalités (79) et (80) entrainent A <ind(A{, A7)
d’ou aussi d(ind(A1, Ap)) < d(A) puisque la dualité est décroissante. On applique la proposition 1.9 :
d(x) Ud(y) < d(@nd(ry, X2)), d’ou aussi d(A1) Ud(r) < d(X). Or d(Ay) = sp(u1, n1) et d(hy) =
sp(ua, n2) par définition. En utilisant les inégalités (78), on en déduit U uy <d(A), ce qui démontre (71).

3.10. Preuvede (72). Onasupposé (A, s, €) € Jttypip-quad- Maintenant, on suppose de plus que les termes
de A sont tous pairs. C’est loisible d’apres 3.4.
On fixe une fonction 7 : Jordp, (1) — Z /27 vérifiant les conditions suivantes :

(81) (a) Pour i € Jordy,(A) tel que multy (i) =1, 7(i) =0.
(b) Pour i € Jordyy(A ™) NJordp, (2 7), (=17 = et (i)e(i).

Remarquons que les deux cas sont exclusifs : dans le cas (b), on a mult, (i) > 2.

Appliquant la proposition 1.11, on introduit des entiers n, np € N tels que n; +n, = n et des partitions
A1 € PYMPSP(2p1), Ay € POSP(2n5) telles que A; et A, induisent régulierement A, d (A1) Ud(Xy) =d())
et Ty,.1, = T. On fixe des couples (71, §1) et (12, §2) paramétrant des symboles (X, Y1) dans la famille de
A1 et (X2, , Y>) dans la famille de A;, avec §; =0 et § =0. On pose w1 =d (A1), ua =d(Az). Ce sont des
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partitions spéciales. Le symbole d(X, Y1) appartient a la famille de w; et est paramétré par un couple
(71, 8}) tel que 8] = 0. D’apres le lemme 1.4, c’est le symbole de la représentation p,,, ,, pour un couple
(w1, m) € PO opn +1;k=1). Le symbole d(X>, Y») appartient a la famille de u, et est paramétré par
un couple (7, 8)) tel que 8, = 0. Supposons /1, non exceptionnel. D’apres le lemme 1.5, d(X3, Y>) est le
symbole de la représentation p,, », pour un couple (u2, 72) € Poth(2p,: k = 0). Dans le cas ou o est
exceptionnel, on a de méme un couple (2, 12) mais la représentation p,,, ,, doit Etre remplacée par p,, ,,
ou Ly est I’'un des relévements de w, dans 7_3°“h(2n2). On va montrer que le quadruplet (w1, 71; ,uzt 12)
véri_ﬁe la condition (72).

Tout d’abord, on a w1 Uy =d(A) Ud(Ar) =d(A).

On veut prouver que ms : (i1, n1; K2, 12) 7 0. Posons sgn, = 1 si ff = iso, sgn; = —1 siff =an. Le
terme ms (W1, N1; 12, 72) est égal a

M5Oy @ SEN, p,F . @ sgn) + sgn, ms (., @sgN, p,), . @ sgn), (82)

éventuellement divisé par % La représentation p,, ,, ® sgn n’est autre que la représentation p; de Wy,
dont le symbole est (X1, Y1). Les représentations ,0:[2’,]2 ®sgnet p,, . ®sgn sont les prolongements
(éventuellement égaux) a W,,, d’une représentation p, € W,g dont le symbole est (X», ¥>). Le terme (82)
est égal, au signe pres, a

ms(p1, p3) +sgnyms(p1, p3). (83)

Soit ¢ = £. En reprenant la preuve du paragraphe précédent, on calcule

ms(p1, p3)
_ > et et et ET VT E)
(WHETVT,ET)EM(A T, A7)

x cvt gt T, ET)
> >

(b ENEPYMP(S(vH);k=0) (V—,E7)ePY™P(S(v);k=0)
xc(w L, ET; Vv, E )m(py, ,0§§ Pit i+ Py =)

Comme dans le paragraphe précédent, la non-nullité du terme que 1’on somme entraine les inégalités (79)
et (80) de ce paragraphe. On a v Uv™ = A et, ici, on sait par hypothése que ind(A1, ;) = A. Ces inégalités
(79) et (80) sont donc des égalités. Maintenant que v+ = v, on sait que la relation c(v*, £+; 0, 1) £0
équivaut 2 T = £ et que, si elle est vérifiée, on a c(vT, £T; b1, ET) = 1. De méme bien sir pour
les objets associés a v~. Cela nous débarrasse des sommes en (v, S et (v, é‘) et des coefficients
ct et vt ENyete(v—,£7; 07, £7). On a simplement

ms (o1, 03) = > e, et AT e v EY VT EDIm(p1, 35 put oty o)
(W &+ 0™ E) MO A0)

Les éléments (v, ET, v, &E7) € Mo(AT, A7) pour lesquels m(p;, pg; Put g+, pr-g-) 7 0 sont exac-
tement les éléments de (AT, A7) qui vérifient I’hypothese (B)¢ de 1.13. D’apres la proposition de
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ce paragraphe, ce sont aussi les éléments de D1(A™T, A7) qui vérifient (A)¢ et, pour ces €léments, on a

m(p1, pg; P+ g+, pv-g-) = 1. La condition (A)¢ se décompose en deux :
pour i € Jordpp(A), mult,-(i) = ¢ (i), (84)
olton aposé c*(i)=8"%3G)—8°@GT);
pour i € Jordp,(v), EF()=(=DTD;  pouri €Jordp,(v7), £ () =(=DT D (85)
Notons né (A1, A2) ’ensemble des (v, v™) € n(A1, A2) vérifiant la condition (84). Dans la suite du calcul,
pour (v, v™) €né (A, A2), notons (¢, £7) le couple déterminé par la condition (85). On obtient
ms(prp3) = Y. et et AT vt ET v e, (86)
(wtvH)ent(At,A7)

Soit i € Jordpp (). Définissons un ensemble M §(i) par les égalités suivantes :
— sicf(i) =1, MS(i) ={1};
— sic(i) =0 et multy+ (i) mult,- (i) =0, M%) ={0};
— si ¢4 (i) =0 et mult,+ (i) multy- (i) £ 0, M*(@Q) = {0, 2}.
On vérifie a I’aide de la définition de 3.8 et de la relation (84) ci-dessus que I’application (v, v™)
(mult,- (1)) ejordy(2) €St une bijection de n (A, A7) sur Hie]ordbp(x) ME ().
Soit i € Jordyp(X) et m € M*(i). Définissons un nombre € (i, m) par les égalités suivantes :
(87) (a) €f (i, 0) = (D)7 Dmull-
(b) si mult,+ (i) mult,- (i) # O,

e{ (l, 1) — E—I—(i)(_l)ri(z’)multr(i) + 6—(i)(_l)r_i(i)-i-rf(i)(mult)ﬁ(i)—l);

(©) si multy+ (i) =0, €5(i, 1) = € (i)(=1)7 DOl (-1,
(d) simult;-(i) =0, e4(i, 1) =€T();
(e) et (,2) = €+(l’)€—(i)(_l)t’[(i)-‘rrz(i)(mult)h_(i)—l)‘
Pour (v, v™) ené (A", A7), on vérifie a I’aide de la définition de 3.8 et de la relation (85) ci-dessus
que I'on a I’égalité
e et T e vt g v ET) = 27 Poe DI GO Tt i, mult,- (1)),
i€Jordpp(A)

La relation (86) se transforme en

— )| — - .
my(p1, py) =27 GOl T 52, (88)
i€Jordy, (1)

ol on a posé

S¢@i) = Z e (i, m).

meM¢ (i)
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Fixons i € Jordy,(A) et calculons § £(i). Remarquons qu’en vertu de la condition (81)(b) ci-dessus, de
I’égalité v = 1;, 1, et de la remarque (1) de 1.13, on a I’égalité

(=D)T OO — et ()e () si mult+ (i) mult;— (i) # 0. (89)
La définition des termes e® (i, m) se simplifie alors dans les deux cas suivants :
si mult+ () mult— () #0, e5(i, 1) = 2eT(i)(=1)T Omuilt-0 LG 2) = (— )T Omult-0),
On calcule alors :
(90) (a) sicf(i)=1etmult,-(i)) =0, S°@)=€t(i);
(b) si ¢t (i) =1 et multy+ (i) =0, S¢(i) =€ (i)(—1)7 O+ Omuly-H-D
(c) sicf(i) =1 et multy+ (i) multy- (i) # 0, SE(@i) =2t (i)(—1)mult- O .
(d) si ¢4 (i) = 0 et multy+ (i) multy- (i) = 0, $¢(i) = (—1)mlu-OFO)
(e) si ¢4 (i) =0 et multy+ (i) multy— (i) # 0, S¢(i) = 2(—1)mult- DT,

On voit que S° (i) est non nul pour tout i. On déduit de (88) que m;(p, ,05) # 0. Mais cela ne suffit
pas a prouver que I’expression (83) est non nulle. Pour cela, montrons que, pour tout i € Jordy,(2), on a
I’égalité

S~ (l) — €+(i)multx+ (i)é_ (l-)multr (i)S+ (i), (91)
o, pour simplifier les notations, on a posé € (i) =1 sii ¢ Jordy,(AT) et €~ (i) = 1 sii & Jordp, (A 7). La
vérification de cette assertion se fait cas par cas. Traitons seulement le cas ot mult;+ (i) mult, - (i) # O.

D’apres la définition de ¢ (i) et la remarque (2) de 1.13, on a la relation ¢ (i) +¢~ (i) = multy (i) mod 27Z.
Supposons d’abord multy (i) pair. Alors ¢t (i) = ¢~ (i). Si ces deux nombres valent 1, on a d’apres (90)(c)

S+ (l) — 2€+(l)(— 1)mult)\7 @) , S~ (l) — 2E+(l)(— l)mult)r (i)‘t_(i).
D’ob §7(i) = (=) O+t O)ymult— ) g+ ;) En vertu de (89), cela équivaut
S~ (l) — 6+(i)mult)ﬁ (i)E_ (i)mult)f (i) S+(l)
Mais, puisque mult, (i) est pair, mult; + (i) et mult, - (i) sont de méme parité et I’égalité précédente coincide
avec (91). Si ¢t (i) = ¢~ (i) =0, on a d’apres (90)(e)
st (i) =2(— l)mult;f @Tr@) . ST()=2(— 1)mult)\7 )T~ @) i

d’ol encore S™(i) = et (i)™ D= ()™ML= §+(j) et la méme conclusion. Supposons maintenant
mult; (i) impair. Alors ¢t (i) # ¢~ (i). Soit ¢ = =% tel que ¢®(i) = 1 et ¢7¢(i) = 0. D’apres (90)(c) et
(90)(e), on a
SE@i) = 26T (i) (= )™= OFD g (1 = 9(—1ymul- DT D),
D’ou
SE(@i) = et (i) (= l)multx— HE* O+~ () g—¢ (i),
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ou encore, d’apres (89) :
S{ (l) — é-i-(i)(é-i-(i)é—(i))mult)r (i)S—{ (l) — 6+(i)1+mult)\7 (i)E—(l-)mult;; (i)S—§ (l)

Mais mult, (i) est impair donc 1 + mult, - (i) est de la méme parité que mult,+(i). L’égalité précédente
coincide avec (91). Cela démontre (91) dans le cas ou mult,+ (i) mult,- (i) # 0. On laisse les autres cas
au lecteur.

En vertu de (88) et (91), on a I’égalité

ms(p1, pi) = cms(p1, py), (92)

c=( I] e+(i)m““ﬁ<”)( [1 e(i)mulw')).

ieJordp, (A1) i€Jordyp (A7)

Mais on a vu en [Waldspurger 2018, §1.3(1)] que ce produit déterminait I’indice f : celui-ci estisosic=1,
an si ¢ = —1. Autrement dit, ¢ = sgn,. L'égalité (92) et la non nullité€ de ses deux membres entrainent la
non-nullité de I’expression (83). Cela acheve de prouver que m;s (1, n1; (2, n2) # 0.

Il reste une derniere condition a prouver, a savoir que n, > 0 si § = an. Mais, si n, =0, les représentations
,o; et p, sont les mémes : ce sont I’'unique représentation du groupe Wy = {1}. Donc m;(p1, p; )=
ms(p1, p, ) et le calcul ci-dessus entraine que ff = is0. Cela acheve la vérification de la condition (72) et
en méme temps la preuve du théoreme 3.3.

Remarque. On peut vérifier directement que, si ff = an, le couple (n1, ny) fourni par la proposition 1.11,
pour notre fonction t, vérifie n, # 0. En effet, supposons par I’absurde que n, = 0. A fortiori, I’ensemble
d’intervalles de X, est vide donc j et j + 1 ne sont 2-liés pour aucun j > 1. Pour j impair, la condition
(21) entraine A ; = A ;1. Donc les multiplicités mult; (i) sont toutes paires. Puisque ff = an, on a

( I1 e+(i)”‘“““(”)( [1 e—(i)”‘““”")>=—1-

i €Jordyp (A1) i€Jordyp (A7)

Un i € Jordy,(A) tel que multy+ (i) mult,- (i) = O n’intervient pas dans ce produit. Par exemple, si
mult, - (i) = 0, il n’intervient évidemment pas dans le second produit. Il intervient dans le premier par
et )™+ @) Mais mult,+ (i) = multy (i) est pair et cette contribution vaut 1. En supprimant ces termes
et en utilisant que mult,+ (i) et mult,- (i) sont de méme parité, on obtient

[T ©ocaomn-o=—1
i €Jordyp (AT)NJordyy (A7)
On peut donc fixer i € Jordy,(AT)NJordp, (A7) tel que T (i)e™ (i) = —1. D’apres (89), ona v (i) £t~ (i).
Par construction de ces fonctions, cela entraine qu’il existe un intervalle A; € Int(A;) tel que J({i}) CJ(A»).
A fortiori, Int(A;) est non vide, ce qui contredit notre hypothese n, = 0.
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Correspondences without a core

Raju Krishnamoorthy

We study the formal properties of correspondences of curves without a core, focusing on the case of
étale correspondences. The motivating examples come from Hecke correspondences of Shimura curves.
Given a correspondence without a core, we construct an infinite graph G, together with a large group of
“algebraic” automorphisms A. The graph G, measures the “generic dynamics” of the correspondence. We
construct specialization maps Ggen — Gpnys to the “physical dynamics” of the correspondence. Motivated
by the abstract structure of the supersingular locus, we also prove results on the number of bounded étale
orbits, in particular generalizing a recent theorem of Hallouin and Perret. We use a variety of techniques:
Galois theory, the theory of groups acting on infinite graphs, and finite group schemes.
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1. Introduction

To an étale correspondence of complex hyperbolic curves
VA
X Y
one can associated a many-valued function X --+ X. Mochizuki [1998] proved that if this many-valued
function has unbounded dynamics, then X, Y, and Z are all complex Shimura curves. Mochizuki uses a

highly nontrivial result of Margulis [1991], which characterizes complex Shimura curves via properties
of discrete subgroups of PSL,(R).
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The most basic examples of Shimura varieties are the modular curves, parametrizing elliptic curves
with level structure. A slightly less familiar example comes from moduli spaces of fake elliptic curves;
these Shimura varieties are projective algebraic curves. It turns out that the modular curves are the only
noncompact Shimura curves. See Deligne [1979] for a general introduction to Shimura varieties.

In general, Shimura varieties are quasiprojective algebraic varieties defined over @ [Borovoi 1982;
Deligne 1979; Milne 1983; Milne and Shih 1982]. Recent work of Kisin [2010] shows that many Shimura
varieties of abelian type have natural integral models, which opens up the possibility of studying their
reduction modulo p. PEL-type Shimura varieties are moduli spaces of abelian varieties with manifestly
algebraic conditions (i.e., fixing the data of a polarization, endomorphisms, and level). Using the moduli
interpretation it is straightforward to define PEL-type Shimura varieties directly over finite fields [, at
least for most g. As far as we know, there is not as of yet a direct definition of general non-PEL-type
Shimura varieties over .

Jie Xia has recently taken the simplest example of non-PEL-type Shimura curves, what he calls Mumford
curves, and given “direct definitions” over Fp [Xia 2013a; 2013c; 2014]. The most basic example of
Mumford curves parametrize abelian 4-folds with certain extra Hodge classes, as in Mumford’s original
paper [1969]. Xia proved theorems of the following form: given an abelian scheme .4 — X over a curve
X/ F p» there are certain conditions that ensure that the pair (A, X) is the reduction of a Mumford curve
together with its universal abelian scheme over W (F »)-

In Chapter 2 of [Krishnamoorthy 2016], we posed the question of characterizing Shimura curves
over [,. Unlike Xia, we did not assume the existence of an abelian scheme A over the curves considered.
Instead, we took as our starting point Mochizuki’s theorem, which is of group theoretic nature.

Definition. Let X <— Z — Y be a correspondence of curves over k. Then we have an inclusion diagram
k(X) C k(Z) D k(Y) of function fields. We say that the correspondence has no core if k(X) Nk(Y) has
transcendence degree O over k.

This definition formalizes the phrase “generically unbounded dynamics” (Remark 3.7 and Proposition
5.10). Shimura curves have many étale correspondences without a core. Inspired by Mochizuki’s theorem,
we wondered if all étale correspondences of curves without a core are “related to” Shimura curves. Given
a smooth projective curve X over [, are there other group theoretic conditions on nf‘(X ) that ensure
that X is the reduction modulo p of a classical Shimura curve?

In this article, we explore the formal structure of (étale) correspondences without a core with an aim to
understanding the similarities with Hecke correspondences of Shimura curves. We now state the main
constructions and results.

Given a correspondence without a core, in Section 5 we construct a pair (Ggen, A) of an infinite graph
together with a large topological group of “algebraic” automorphisms. The graph G, roughly measures
the “generic dynamics.” In the case of a symmetric /-adic Hecke correspondence of modular curves, Ggen
is a tree and the pair (Ggen, A) is related to the action of PSL,(Q);) on its building. When Gqe,, is a tree, we
prove that the vertices of Gge, are in bijective correspondence with the maximal open compact subgroups
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of a certain subgroup A2 of A (Corollary 5.21). This perhaps suggests that in this case the action of the
topological group AP€ on Ggen 1s similar to the action of the /-adic linear group PSL(Q);) on its building.

Definition. Let X < Z %> Y be a correspondence of curves over k. A clump is a finite set S C Z (k)

such that f=1(f(S)) =g ' (g(S)) = S. A clump is étale if f and g are étale at all points of S.

A clump may be thought of as a “bounded orbit of geometric points.” Hecke correspondences of
modular curves over [, have a natural €tale clump: the supersingular locus.

Theorem 9.6. Let X <L~ 7 —45 Y be a correspondence of curves over a field k without a core. There is

at most one étale clump.

An example: let / # p. Applying Theorem 9.6 to the Hecke correspondence Y (1) < Yo(I) — Y (1)
reproves the fact that any two supersingular elliptic curves over F p are related by an /-primary isogeny.
Theorem 9.6 implies a generalization of a theorem of Hallouin and Perret [2014], who came upon it in
the analysis of optimal towers in the sense of Drinfeld—Vladut. They use spectral graph theory and an
analysis of the singularities of a certain recursive tower. In our language, the hypotheses of their “one
clump theorem” are:

e k=F,.
e X < I' = X is a minimal self-correspondence of type (d, d).
o Hgen, a certain directed graph where the in- and out-degree of every vertex is d, has no directed cycles.

Our techniques allow one to relax the third condition to “Hge, i8 infinite™; in particular, Hge, may have
directed cycles. Moreover, our proof works over any field k and is purely algebro-geometric. See the
lengthy Remark 9.8 for a full translation/derivation.
We remark that Theorem 9.6 is characteristic-independent and hence applies to correspondences without
a core over C; in particular, it may be thought of as a result on the dynamics of complex algebraic curves.
Specializing to characteristic 0, we prove the following.

Corollary 9.2. Let X < Z — Y be an étale correspondence of projective curves over a field k without a
core. Suppose char(k) = 0. Then there are no clumps.

We unfurl this statement. Think of a symmetric Hecke correspondence X < Z — X of Shimura
curves over C as a many-valued function from X to X. Then the iterated orbit of any point x € X under
this many-valued function is unbounded. This was likely already known, but we could not find it in the
literature. We nonetheless believe our approach is new. We now briefly describe the sections.

In Section 3 we state Mochizuki’s theorem (Theorem 3.10). We then reprise the theme: “are all étale
correspondences without a core related to Hecke correspondences of Shimura varieties?” in Question 3.16.
The phrase “related to” is absolutely vital, and étale correspondences without a core do not always directly
deform to characteristic 0. We will see one example in Remark 3.18 via Igusa level structure. More
exotic is Example 3.19 of a central leaf in a Hilbert modular variety; according to a general philosophy
of Chai—Oort, these leaves should also be considered Shimura varieties in characteristic p. Unlike in
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characteristic 0, however, these may deform in families purely in characteristic p. There are also examples
of étale correspondences of curves over F » without a core using Drinfeld modular curves. We pose a
concrete instantiation of Question 3.16 that doesn’t mention Shimura varieties at all (Question 3.21).

In Section 4, starting from a correspondence without a core, we use elementary Galois theory to
construct an infinite tower of curves Wy, with “function field” E.,. We use this tower to prove that the
property of “not having a core” for an étale correspondences specializes in families (Lemma 4.10). As a
consequence, there are no global deformations of an étale correspondence of projective hyperbolic curves
over C without a core (Corollary 4.13).

In Section 5, given a correspondence without a core, we construct the pair (Ggen, A) of an infinite
graph together with a large group of “algebraic” automorphisms. The graph Gge, packages the Galois
theory of E and reflects the generic dynamics of the correspondence. We are especially interested in
Question 5.17: given an étale correspondence without a core, is Ggen a tree? Using Serre’s theory [1977] of
groups acting on trees, we prove that in this case the action of A7 on Geen shares several properties with
the action of the /-adic linear group PSL,(Q;) on its building (see Proposition 5.19 and Corollary 5.21).

In Section 6 we develop some basic results for symmetric correspondences. We are interested in the
following refinement of Question 5.17: given a symmetric étale correspondence without a core, is the pair
(Ggen, A) oo-transitive (Question 6.11)? In the case of a symmetric, type (3, 3) correspondence without a
core, we are able to verify this using graph theory due to Tutte (Lemma 6.10); in particular, in this case
Geen 18 a tree.

In Section 7 we construct specialization maps Ggen —> Gphys. These roughly specialize the dynamics
from the generic point to closed points. When the original correspondence is €tale, the maps Geen — Gphys
are covering spaces of graphs (Lemma 7.2). Motivated by work of Kohel [1996] and Sutherland [2013] on
isogeny volcanoes of elliptic curves, we speculate on the behavior and asymptotics of these specialization
maps in Question 7.5.

The rest of the paper may be read independently. In Section 8 we introduce the notion of an invariant
line bundle on a correspondence and prove several results about their spaces of sections on (étale)
correspondences without a core. In characteristic O there are no invariant pluricanonical differential
forms (Corollary 8.13) on an étale correspondence of projective hyperbolic curves without a core. In
characteristic p, however, such forms may exist. The existence of the Hasse invariant, a mod p modular
form, is a representative example of the difference. The key to these results is the introduction of the
group scheme Pic’(X < Z — Y); when X < Z — Y does not have a core, we prove that this group
scheme is finite (Lemma 8.9). We speculate on the relationship between invariant differential forms and
PiCO(X <« Z — Y) in Question 8.18.

In Section 9 we show that an étale clump gives rise to an invariant line bundle together with a line of
invariant sections. Using the analysis in Section 8, we prove the two sample theorems above and explicate
the relationship between our result and that of Hallouin and Perret. In analogy to the supersingular locus,
we wonder if every étale correspondence of projective curves without a core in characteristic p has a
clump, equivalently an invariant pluricanonical differential form (Question 9.7).
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We briefly comment on Chapter 3 of [Krishnamoorthy 2016] (see also [Krishnamoorthy 2017]). Let
(X <L 7Z-4 X)bea symmetric type (3, 3) étale correspondence without a core over a finite field [,.
Inspired by the formal similarity between the pair (Ggen, AP2) and (T, PSLy(Q,)), where 7T is the building
of PGL,(Q;) (i.e., the infinite trivalent tree), we assume that the action of G p on Gg, is isomorphic to
the action of PSL,(Z;) on T, a purely group-theoretic condition. Call the associated (), local system .
Then, using 2-adic group theory we prove that f*& = g*&. Suppose further that all Frobenius traces of
& are in Q. Using a recent breakthrough in the p-adic Langlands correspondence for curves over a finite
field due to Abe [2013], we build the following correspondence.

Theorem. Let C be a smooth, geometrically irreducible, complete curve over F,. Suppose q is a square.
There is a natural bijection between the following two sets:

@y-local systems & on C such that - p-divisible groups 6 on C such that :

« % is irreducible of rank 2. *G has height 2 and dimension 1.

“Gi . .
« P has trivial determinant. is generically versally deformed

. . ¢4 has all Frobenius traces in Q.
e The Frobenius traces are in (.

*§ has ordinary and supersingular points,

o & has infinite image, up to isomorphism. up to isomorphism.

such that if € corresponds to G, then £ @ Q; (—%) is compatible with the F-isocrystal D(%) ® Q.

If G is everywhere versally deformed on X, Xia [2013b] shows that the pair (X, §) may be canonically
lifted to characteristic 0. In this case the whole correspondence is the reduction modulo p of an étale
correspondence of Shimura curves. However, examples coming from Shimura curves with Igusa level
structure show that ¥ may be generically versally deformed without being everywhere versally deformed.
For more details, see [Krishnamoorthy 2016; 2017].

2. Conventions, notation, and terminology

We explicitly state conventions and notations. These are in full force unless otherwise stated:
(1) p is a prime number and ¢ is a power of p.
(2) [ is a fixed algebraic closure of [ .

(3) A curve C over a field k is a quasiprojective geometrically integral scheme of dimension 1 over k.
Unless otherwise explicitly stated, we assume C — Spec(k) is smooth.

(4) A morphism of curves X — Y over k is a morphism of k-schemes that is nonconstant, finite, and
generically separable.

(5) A smooth curve C over a field k is said to be hyperbolic if Aut;(Cy) is finite.

(6) A complex Shimura Curve is a finite étale cover of a one-dimensional complex Shimura variety.

(Other authors call such curves arithmetic curves or Shimura-arithmetic curves.)
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(7) Given a field k, 2 will always be an algebraically closed field of transcendence degree 1 over k.

(8) In general, X, Y, and Z will be a curves over k, with M = k(Z), L = k(X), and K = k(Y) the
function fields. We fix a k-algebra embedding PQ : k(Z) — Q that identifies 2 as an algebraic
closure of k(Z).

3. Correspondences and cores
Definition 3.1. A smooth curve X over a field & is said to be hyperbolic if Aut;(X3) is finite.

This is equivalent to the usual criterion of 2g — 2 +r > 1 where g is the geometric genus of the
compactification X and r is the number of geometric punctures. Over the complex numbers, this is
equivalent to X being uniformized by the upper half plane H.

Lemma 3.2. If X — Y is a nonconstant morphism of curves over k where Y is hyperbolic, then X is

hyperbolic.

Definition 3.3. A correspondence of curves over k is a diagram

z
N
X Y
of smooth curves over a field kK where f and g are finite, generically separable morphisms. We call such a

correspondence of type (d, e) if deg f =d and deg g = e. We call such a correspondence étale if both maps
are étale. We call a correspondence minimal if the associated map Z — X x Y is birational onto its image.

To a correspondence we can associate a containment diagram of function fields:
k(Z)
k(X) k(Y)
A correspondence is minimal if and only if there is no proper subfield of k(Z) that contains both k(X)
and k(Y).

Remark 3.4. Note that we require both f and g to be finite; for instance, strict open immersions are not

permitted.

Definition 3.5. We say a correspondence X <— Z — Y of curves over k has a core if the intersection of
the two function fields k(X) Nk(Y) has transcendence degree 1 over k.

Remark 3.6. If a correspondence has a core, then k(X)Nk(Y) C k(Z) is a finite separable field extension.
Indeed, suppose it weren’t. The morphisms f and g are generically separable. Then at least one of the
extensions k(X) Nk(Y) Ck(X) or k(X) Nk(Y) C k(Y) is inseparable. Suppose k(X)) Nk(Y) C k(Y) is
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not separable. Then there exists an element A € k(X) such that A ¢ k(Y) but A? € k(Y). But A € k(Z), so
g is not separable, contrary to our original assumption

Suppose X < Z — Y is a correspondence of curves over k with a core. If X, Y, and Z are projective,
we call the smooth projective curve C associated to the field k(X) N k(Y) (considered as a field of
transcendence degree 1 over k) the coarse core of the correspondence if it exists. One may also define
the coarse core if X, Y, and Z are affine, see Remark 4.4.

In particular, a correspondence of curves over k has a core if and only if there exists a curve C over k
with finite, generically separable maps from X and Y such that the following diagram commutes:

XyZXY
N

Remark 3.7. Given a correspondence as above, consider the following “many-valued function” X --+ X
that sends x € X to the multiset f(g~'(g(f~'(x)))), i.e., start with x, take all preimages under f, take
the image under g, take all preimages under g and take the image under f. Having a core guarantees that
the dynamics of this many-valued function are uniformly bounded in the following sense: there exists a
positive integer D such that, starting with any point x and iteratively applying the above many-valued
function, the size of the image set is no greater than D. In other words, the “orbit” of x under the
many-valued function is finite and has size < D.

We had initially written the following proposition in the case when L /k was an algebraic field extension.
The referee explained that this restriction was unnecessary.

Proposition 3.8. Let X < Z — Y be a correspondence of curves over k. Let L be a field extension of k
and X, < Z; — Y| the base-changed correspondence of curves over L. Then X <— Z — Y has a core

ifand only if X; < Z1 — Y has a core.

Proof. We may assume X, Y, and Z are projective. If X <— Z — Y has acore, then sodoes X; < Z; — Y,
so it remains to prove the reverse implication.

First, if X; < Z; — Y1 has a core, then a core exists after a finitely generated field extension, i.e., we
may assume that L/k is finitely generated. Call the coarse core C. Now we may spread out the diagram
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to a commutative square of projective curves over a finite-type k-scheme U. There is a finite extension
k'/k such that U (k") is nonempty. Specializing to such a point u € U (k’), we see that the correspondence
Xy < Zp — Yy of curves over k’ has a core. In particular, we reduce to the case of L/k being a finite
extension.

The Weil restriction of scalars Res; /x C is a smooth, geometrically connected scheme over k by e.g.,
[Conrad et al. 2010, A.5.9]. The universal property of Res; /x C yields the following commutative diagram

PN
~N

ResL/k C

with nonconstant morphisms:

Taking the image of X and Y inside of Res /x C allows us to conclude that X < Z — Y had a core. [J

Remark 3.9. In our conventions, a curve C over a field k is geometrically integral. Therefore & is
algebraically closed inside of k(C). If X <— Z — Y is a correspondence of curves over k without a core,
then the natural map k < k(X) Nk(Y) is therefore an isomorphism, as k(X) Nk(Y) is a finite extension
of k that is contained in k(X).

For most of this article, we focus on correspondences without a core. General correspondences of
curves will not have cores. Consider, for instance a correspondence of the form:

|]:[)1
N
P! P!

For general f and g, the dynamics of the induced many-valued-function P! --» P! will be unbounded
and hence it will not have a core by Remark 3.7. When we restrict to étale correspondences without cores,
there is the following remarkable theorem of Mochizuki (due in large part to Margulis [1991]), which is
the starting point of this article.

Theorem 3.10 [Mochizuki 1998]. If X < Z — Y is an étale correspondence of hyperbolic curves without
a core over a field k of characteristic 0, then X, Y, and Z are all Shimura (a.k.a. Shimura-arithmetic)
curves (see [loc. cit., Definitions 2.2 and 2.3]).

Remark 3.11. Theorem 3.10 in particular implies that if X < Z — Y is an étale correspondence of
complex hyperbolic curves without a core, then all of the curves and maps can be defined over Q: all
Shimura curves are defined over Q as in Remark 3.14, and the set of nonconstant algebraic morphisms
between two complex hyperbolic curves is finite (see also Theorem 4.1 of [Mochizuki 1998]). This will
imply there are no nontrivial (global) deformations of étale correspondences of projective hyperbolic
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curves without a core over C, see Corollary 4.13. This fails in characteristic p; we will see examples,
explained by Ching-Li Chai, later in Example 3.19.

The proof of Theorem 3.10 comes down to a reduction to k = C by the Lefschetz principle and an
explicit description, due to Margulis [1991], of the arithmetic subgroups I' of SL(2, R). Given a complex
hyperbolic curve C, fix a uniformization H — C to obtain an embedding

I' :=m(C) — SL(2, R).

We say ¥ € SL(2, R) commensurates I if the discrete group y 'y ~!

1s commensurable with I, i.e., their
intersection is of finite index in both groups. Define Comm(I") to be the subgroup commensurating I"
in SL(2, R) and note that I' C Comm(I'). Margulis has proved that I' is arithmetic if and only if

[Comm(I") : I'] = o0, see e.g., Theorem 2.5 of [Mochizuki 1998].

Example 3.12. The commensurator of SL(2, Z) in SL(2, R) is SL(2, @). The modular curve Y (1) =
[H/SL(2, Z)] is arithmetic.

Excercise 3.13. The correspondence of nonprojective stacky modular curves Y (1) < Yp(2) — Y (1) does
not have a core. Here, Yy(2) is the moduli space of pairs of elliptic curves (£ 21, E») with a given
degree-2 isogeny between them, and the maps send the isogeny to the source and target elliptic curve
respectively. Hint: to prove this over the complex numbers, look at the “orbits” of T € H as in Remark 3.7.

In our conventions, we declared a (complex) Shimura curve to be a finite étale cover of a one-dimensional
complex Shimura variety. We briefly comment on this.

Remark 3.14. Mochizuki [1998, Definitions 2.2 and 2.3 ] defines two notions of arithmetic hyperbolic
Riemann surface: Margulis arithmeticity and Shimura arithmeticity. Margulis arithmeticity is closer in
spirit to the classical definition of a Shimura variety, while Shimura arithmeticity is essentially given
by the data of a totally real field F' and a quaternion algebra D over F that is split at exactly one of the
infinite places. Proposition 2.4 of [loc. cit.] then proves these two definitions are equivalent. If X is an
arithmetic curve and Y — X is a finite étale cover, then Y is manifestly arithmetic by either definition.
In particular, the hyperbolic Riemann surfaces associated to noncongruence subgroups of SLy(Z) are
arithmetic by definition. What we call a complex Shimura curve is precisely what Mochizuki calls an
arithmetic curve.

The algebraic curve IP’}:\{(), 1, oo} is a degree 2 étale cover of the stack Y (2) = [H/I"(2)] and is hence
a complex Shimura curve under our conventions. Therefore by Belyi’s theorem, for any curve X /@ and
any embedding @ <> C, the complex curve X¢ is birational to a complex Shimura curve. Conversely,
any complex Shimura curve may be defined over Q: every Shimura variety is defined over Q@ [Borovof
1982; Deligne 1979; Milne 1983; Milne and Shih 1982] and a finite étale cover of a Q-variety is again
defined over Q.

Definition 3.15. Let D be an indefinite nonsplit quaternion algebra over Q of discriminant d and let Op
be a fixed maximal order. Let k be a field whose characteristic is prime to d. A fake elliptic curve with
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multiplication by Op is a pair (A, i) of an abelian surface A over k and an injective ring homomorphism
i:0Op — Endi(A).

Pick ¢ € Op such that 1> = —d and denote by ¢ the canonical involution on D. The fake elliptic
curve (A, i) is endowed with the unique principal polarization such that the Rosati involution induces the
following involution on D:

x — t 'x't.

Just as one can construct a modular curve parametrizing elliptic curves, there is a Shimura curve
XP parametrizing fake elliptic curves with multiplication by Op. Over the complex numbers, these are
compact hyperbolic curves. Explicitly, if one chooses an isomorphism D @ R = M; 4> (R), look at the
image of I' = (9}) of elements of O7F, of norm 1 (for the standard norm on Op) inside of SL(2, R). This
is a discrete subgroup and in fact acts properly discontinuously and cocompactly on H. The quotient
[H/T'] is the Shimura curve associated to Op. There is a notion of isogeny of fake elliptic curves which
is required to be compatible with the Op structure and the associated “fake degree” of an isogeny. See
Buzzard [1997] or Boutot and Carayol [1991] for more details. These definitions allow us the define
Hecke correspondences as in the elliptic modular case. For instance, as long as 2 splits in D, one can

define the correspondence:
X§ )

VN
xP xP

where X, 5’ (2) parametrizes pairs of fake elliptic curves (A; — Aj) with a given isogeny of fake degree 2
between them and | and 7, are the projections to the source and target respectively. This is an example
of an étale correspondence of (stacky) hyperbolic curves without a core. To get an example without
orbifold points, one can add auxiliary level structure by picking an open compact subgroup K C A/
of the finite adeles. This correspondence is in fact defined over Z[%] for an integer S and so may be
reduced modulo p for almost all primes.

Motivated by these examples, the orienting question of this article is to explore characteristic p
analogs of Mochizuki’s theorem. More specifically, we wish to understand the abstract structure of étale
correspondences of hyperbolic curves without a core.

Question 3.16. Let k be a field of characteristic p. If X < Z — Y is an étale correspondence of
hyperbolic curves over k without a core, then is it related to a Hecke correspondence of Shimura varieties
or Drinfeld modular varieties?

Remark 3.17. In Corollary 4.12 we will in some sense reduce Question 3.16 to the analogous question
with k =F.

The clause “is related to” in Question 3.16 is absolutely vital as we will see in the following examples.
Nonetheless we take Question 3.16 as a guiding principle.
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Remark 3.18. There are examples of étale correspondence of hyperbolic curves without a core that
should not deform to characteristic 0. Consider, for instance, the Hecke correspondence

Yo(2)
Y(1) Y (1)

of modular curves over [, with p # 2. By definition, there is a universal elliptic curve & — Y (1). Let
G = E[p™] be the associated p-divisible group over Y (1). Note that 7;'G = 75G. Let X be the cover of
Y (1) that trivializes the finite flat group scheme G[p]¢ away from the supersingular locus of Y (1). X is
branched exactly at the supersingular points. Let Z be the analogous cover of Yy(2). Then we have an

X/Z\X

which does not have a core (the dynamics of an ordinary point are unbounded) and morally one does not

étale correspondence

expect this correspondence to lift to characteristic 0. This construction is referred to as adding Igusa level
structure in the literature: [Ulmer 1990] is a particularly lucid account of this story for modular curves.
See Definition 4.8 of [Buzzard 1997] for the analogous construction for Shimura curves parametrizing fake
elliptic curves. We take up the example of Igusa curves once again in Example 8.5, from the perspective
of the Hasse invariant and the cyclic cover trick.

Modular curves with Igusa level structure still parametrize elliptic curves with some (purely charac-
teristic p) level structure. Ching-Li Chai has provided the following more exotic example which shows
that étale correspondence of hyperbolic curves over a field of characteristic p may deform purely in
characteristic p.

Example 3.19. Let F be a totally real cubic field and let p be an inert prime. Consider the Hilbert modular
threefold X7 associated to Or; X parametrizes abelian threefolds with multiplication by Or. Let X be
the reduction of X* modulo p and s be the universal abelian scheme over X. Oort [2004] has constructed
a foliation on such Shimura varieties; a leaf of this foliation has the property that the p-divisible group
A[p®°] is geometrically constant on the leaf; i.e., if x and y are two geometric points of the leaf, then
A[p™]x = A[p™],. We list the possible slopes of a height 6, dimension 3, symmetric p-divisible group:

(1) (0,0,0,1,1,1).
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The only slope types that could possibly admit multiplication (up to isogeny) by Qs are 1, 4, and 5 by
considerations on the endomorphism algebra. By de Jong—Oort purity, the locus where the slope type
(% % % % % %) occurs inside of X is codimension 1. One can prove that a central leaf with this Newton
polygon is a curve. Central leafs of Hilbert modular varieties have the property that they are preserved
under /-adic Hecke correspondences and that in fact the /-adic monodromy is as large as possible [Chai
2005]. In particular, a central leaf has many Hecke correspondences. Moreover, as this Newton polygon
stratum has dimension 2, the isogeny foliation is one-dimensional and so this Hecke correspondence
deforms in a one-parameter family, purely in characteristic p.

We further remark that, in general, there are central leaves of Shimura varieties that are not defined
over F ps in particular there are étale correspondences without a core over fields of characteristic p that

do not descend to the algebraic closure of a prime field, unlike the case of characteristic 0.

Remark 3.20. Chai and Oort have discussed the possibility that central leaves should be considered
Shimura varieties in characteristic p. In particular, one could consider the example of a Hecke correspon-
dence of a central leaf to be a Hecke correspondence of Shimura curves. In any case, both the examples
of a Hecke correspondence of modular curves with Igusa level structure and a Hecke correspondence of a
central leaf of dimension 1 map finitely onto a Hecke correspondence of Shimura varieties which deform
to characteristic 0.

Question 3.16 is phrased in [Krishnamoorthy 2016] using only Shimura varieties. Ambrus P4l has
informed us that there are examples of étale correspondences of Drinfeld modular curves (i.e., moduli
spaces of D-elliptic modules) over F(r) without a core. All three of these examples have moduli
interpretations. Moreover, they all have many Hecke correspondences. This motivates the following
variant of Question 3.16, which does not mention Shimura/Drinfeld modular varieties at all.

Question 3.21. Let X < Z — Y be an étale correspondence of hyperbolic curves over k without a core.
Do there exist infinitely many minimal étale correspondences between X and Y without a core?

4. A recursive tower

In this section we associate an infinite tower of curves to a correspondence without a core. Properties
of this tower will allow us to deduce that “being an étale correspondence without a core” specializes in
families (Lemma 4.10); Corollary 4.13 then shows that there are no (global) deformations of an étale
correspondence of complex projective hyperbolic curves without a core. We also find a simple criterion for
an étale correspondence of projective hyperbolic curves over | without a core to consist of the reductions
modulo p of Shimura curves: if the correspondence lifts to W (F) (Corollary 4.15).

Definition 4.1. Let f : X — Y be a finite, nonconstant, generically separable map of curves over a field k.
We say f is finite Galois if |Auty (X)| = deg(f). We say it is geometrically finite Galois if f; : X; — Y}
is Galois.
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It is well-known that given a finite, generically separable map of curves over a field k, we may take a
Galois closure. In the projective case, this is “equivalent” to taking a Galois closure of the associated
extension of function fields, and the affine case follows by the operation of “taking integral closure of
the coordinate ring in the extension of function fields.” However, the output of the “Galois closure”
operation will not necessarily be a curve over k as in our conventions, i.e., it won’t necessarily be a
geometrically integral scheme over k, unless k is separably closed. For instance, consider the geometrically
Galois morphism P, — P{, given by 7 + 3. This is not a Galois extension of fields, and a Galois
closure is P(};D( ¢3)» Which is not a geometrically irreducible variety over Q. In the language of field theory,
the field extension @ C Q(&3)(¢) is not regular. Therefore, when we take a Galois closure, we implicitly
extended the field k if necessary to ensure that the output is a curve over k.

We begin with a simple Galois-theoretic observation related to the existence of a core.

Lemma 4.2. Let X < Z — Y be a correspondence over a field k where Z is hyperbolic. A core exists if
and only if there exists a curve W, possibly after replacing k by a finite extension, together with a map
W — Z such that the composite maps W — X and W — Y are both finite Galois.

Proof. Suppose such a curve W existed. Then W is hyperbolic because it maps nontrivially to a hyperbolic
curve (Lemma 3.2). The groups Aut(W/X) and Aut(W/Y) are both subgroups of Aut; (W), which is a
finite group because W is hyperbolic. The group I generated by these two Galois groups is therefore
finite. Therefore the curve W/ fits into a diagram:

W

z

S,
N,

Therefore a core exists. Conversely, if the correspondence has a core, call the coarse core C. Let W be a
Galois closure of the map Z — C, finitely extending the ground field if necessary. Then the composite
maps W — X and W — Y are both finite Galois as desired. (]

Lemma 4.3. Let X <~ Z — Y be a correspondence of (possibly hyperbolic) curves over . Then a core
exists if and only if there exists a curve W together with a map W — Z such that the composite maps
W — X and W — Y are both finite Galois.

Proof. The proof is almost exactly the same as that of Lemma 4.2: the key observation is that everything
in sight (including every element of Aut(W/X) and Aut(W/Y)) may be defined over some finite field F,;
therefore the group they generate inside of Aut(W) consists of automorphisms defined over [, and is
hence finite. U
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Remark 4.4. Let X < Z — Y be a correspondence of affine curves with a core. We prove there exists a
curve C together with finite, generically separable maps from X and Y making the square commute.
Let X < Z — Y be the compactified correspondence, with coarse core T. Take a Galois closure W
of Z — T. Let W be the affine curve associated to the integral closure of k[Z] in k(W). Then W — X
and W — Y are both finite Galois morphisms of affine curves. In fact, Aut(W/X) = Aut(W/X) and
likewise for Y. The group I generated by Aut(W/X) and Aut(W/Y) inside of Aut(W) is precisely
Aut(W/T) = Aut(W/T), as T was the coarse core of the projective correspondence. Set C = W/I, the
affine curve with coordinate ring k[W1!. This C is the coarse core of the correspondence of affine curves.

Example 4.5. Let us see the relevance both of Z being hyperbolic in Lemma 4.2 and of the base field
being [ in Lemma 4.3. Let Z = [P’ (,) and consider the following finite subgroups of PGL(2, [ ,(2)): H is
generated by the unipotent clement () and Ha is generated by the unipotent element (| 7). Quotienting
Z gives a correspondence Z/H| <— Z — Z/H,. Both arrows are Galois, but there is evidently no
core because the subgroup of PGL(2, [F,(¢)) generated by H; and H, is infinite. Note that for every
specialization of ¢ € [F, the correspondence does in fact have a core, for instance by Lemma 4.3.

Let X < Z — Y be a correspondence of curves without a core where Z is hyperbolic or where k = .
We perform the following iterative procedure: take a Galois closure of Z — Y and call it Wy. Because
we assumed a core does not exist, the associated map Wy — X cannot be Galois by Lemmas 4.2 and 4.3,
respectively. Take a Galois closure of this map and call it Wyy. Again, the associated map Wyy — Y
cannot be Galois, so we can take a Galois closure to obtain Wy xy. Continuing in the fashion, we get an
inverse system of curves Wyy... over the correspondence.

Wyx...

l

Wyxy

Wyx

\

/ (@-1)
\

N

Note that Wyy... is Galois over Z. In fact, Wyy... is Galois over both X and Y because there is a final system
of Galois subcovers for each. Note that this procedure may involve algebraic extensions of the field k.
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We explicate the based function-field perspective on this construction: let
M
L K
be the associated diagram of function fields, where M = k(Z), L = k(X), and K = k(Y). Recall that
k = L N K; this is exactly the condition that correspondence does not have a core.

Pick an algebraic closure Q2 of M, i.e., let 2 be an algebraically closed field of transcendence degree 1
over k and pick once and for all an embedding of k-algebras PQ : M — Q. (The notation will be justified
later, when PQ will correspond to an edge of a graph.) Let Ex be the Galois closure of M /K in Q2. Then
Ek /L is no longer Galois by Lemmas 4.2 and Lemma 4.3, respectively. Let Eg; be the Galois closure

of Ex /L in Q. Continuing in this fashion, we get an infinite algebraic field extension Ek;... of M, Galois
over both L and K.

Lemma 4.6. Wyx... are Wxy... isomorphic as Z-schemes. That is, by reversing the roles of X and Y we
get mutually final systems of Galois covers.

Proof. Equivalently, we must show that Eg;.. = E k... as subfields of €2. First, note that Ex C Ep g
because Eg is the minimal extension of E in 2 that is Galois over K. Similarly, Ex; C Epg because
Eg is the minimal extension of Eg in €2 that is Galois over L. Continuing, we see that Ex;.. C Erk....
By symmetry, the reverse inclusion holds as desired. (Il

Corollary 4.7. The field extension Exy.. = Epk... of M, thought of as a subfield of 2, is characterized
by the property that it is the minimal field extension of M inside of <2 that is Galois over both L and K.

For brevity, we denote the inverse system Wxyx... by Wo,. Let Eo be the associated function field,
considered as a subfield of Q2. In what follows, unless otherwise specified we consider Eo, C 2 as
inclusions of abstract k-algebras.

Question 4.8. Does the “field of constants” of E, have finite degree over k? That is, does E ®ik decom-
pose as an algebra to be the product of finitely many fields? What if the original correspondence is étale?

If Gal(k*°P/ k) is abelian and Gal(E,/ K ) has finite abelianization, then Question 4.8 has an affirmative
answer. In particular, this applies if k = [, and Gal(E,/K) is a semisimple /-adic group. We will see
in Proposition 9.10 that if the correspondence has an étale clump, then Question 4.8 has an affirmative
answer using the following remark.

Remark 4.9. In (4-1), the morphism Wy — Z is Galois. By precomposing with Aut(Wy/Z), we equip
Wy with Aut(Wy/Z)-many maps to Z. More generally, all curves Wyy...x will be naturally equipped
with Aut(Wyx...x/Z)-many maps to Z via precompositions by Galois automorphisms. This will be useful
in Remark 7.3, when we try to explicitly understand the curves Wyx...y.

The following lemma allows us to specialize étale correspondences without a core.



1188 Raju Krishnamoorthy

Lemma 4.10. Let S be an irreducible Noetherian scheme with generic point n. Let X, Y, and Z be
proper, smooth, geometrically integral curves over S. Suppose Z is “hyperbolic” over S; that is, the
genus of a fiber is at least 2. Let X <— Z — Y be a finite étale correspondence of schemes commuting

with the structure maps to S. If s is a geometric point of S such that

Zs
X Yy

has a core, then X, < Z, — Y, has a core.

Proof. The property of “having a core” does not change under algebraic field extension by Proposition 3.8.
By dévissage, we reduce to the case of § = Spec(R), where R is a discrete valuation ring with algebraically
closed residue field «. Call the fraction field K. We may further replace R by its integral closure in K to get
a valuation ring having both the residue field and the fraction field algebraically closed. We do this to not
worry about the “extension of ground field” question that is always present when taking a Galois closure.

Call the generic point n and the closed point s. First of all X,, < Z, — Y, is a correspondence of
curves over 1. Let us suppose it does not have a core. Then the process of iterated Galois closure, as
detailed in (4-1), continues endlessly to produce a tower of curves over 1. On the other hand, any finite
étale morphism has a Galois closure. This implies that we can apply the construction of taking iterated
Galois closures to the finite étale correspondence of schemes X <— Z — Y to build a tower Wyyx... over S.

As R has an algebraically closed residue field and fraction field, Wyx...x is a smooth proper curve
over §; in particular the geometric fibers of the morphism Wyyx..x — § are irreducible. Moreover,
all of the maps Wyyx..y — Z are finite étale. In fact, the fiber of Wxy..x over the generic point 5 of
Wxy...x is isomorphic, as a scheme over Z,, to the corresponding curve in the tower associated to the
correspondence X, < Z, — Y, of curves over 5. For instance, (Wy), — Y, is a Galois closure of the
finite étale morphism Z, — Y,,. Therefore, if we could prove (Wyy...x), were disconnected, we would
get a contradiction with the original assumption that X,, < Z, — Y, had no core.

The fact that the maps Z — X, Z — Y, and Wyx...y — Z are finite étale implies that taking a Galois clo-
sure and then restricting to s yields a finite Galois étale cover of Z;. For example, (Wy); is a (possibly dis-
connected) finite Galois cover of Y that maps surjectively to (Wy)y,, a Galois closure of the map Z; — Y.

As the correspondence specialized to s has a core and Z — S is assumed to be hyperbolic, Lemma 4.2
implies that there exists a curve Wyy...y of our tower over S such that the fiber (Wyx...y); is disconnected.
We therefore have a smooth proper curve Wxy...y — S such that the fiber over s is disconnected. Zariski’s
connectedness principle (e.g., Corollary 8.3.6 of [Liu 2002] for the case of curves) implies (Wyx...y), is
disconnected (this is where we use properness), contradicting our original assumption that X,, < Z,, — Y,
had no core. ]

Remark 4.11. Example 4.5 shows that the argument of Lemma 4.10 does not work if the correspondence
is not assumed to be étale.
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The following corollary shows we may “reduce” the study of Question 3.16 to where k =[.

Corollary 4.12. Given an étale correspondence of hyperbolic curves X <— Z — Y without a core over a

field k of characteristic p, we can specialize to an étale correspondence without a core over .

Proof. By spreading out, we may ensure that we are in the situation of Lemma 4.10. Then the nonexistence
of a core implies the same for all of the geometric fibers by Lemma 4.10. U

Corollary 4.13. Let S be an integral scheme of finite type over C with generic point 1. Let X, Y, and Z
be proper, smooth, geometrically integral, hyperbolic curves over S. Let X <— Z — Y be a finite étale
correspondence of schemes commuting with the structure maps to S. Suppose that X, <= Z, — Y, has no
core. Then this family of correspondences is étale locally constant.

Proof. Let M denote the moduli space of finite étale correspondences of projective curves with the same
genera as X, Y, and Z. This is a finite-type moduli “space” (i.e., a DM algebraic stack) that may be
defined over @ and has quasiprojective coarse space by the analogous assertions for M gforg>2.1In
particular, we obtain an algebraic map

u:S— Mc

classifying the family X <— Z — Y over S. By Lemma 4.10, for every point s € S(C), the correspondence
X, < Zy — Y, has no core; therefore Remark 3.11 implies that the image u(s) is a Q-valued point
of M(C). On the other hand, u(S), being the image of a morphism between an irreducible finite-type
C-scheme and a finite-type C DM-stack, either has image uncountable or a single point by Chevalley’s
theorem: a constructible subset of a finite-type DM stack over C cannot be countably infinite.

We therefore see that the image of u is a single point; as S is reduced, there exists an étale cover
S” — § such that when we pull X <— Z — Y to ', the family is locally constant. (I

In other words, Corollary 4.13 says that if X < Z — Y is an étale correspondence of compact hyperbolic
Riemann surfaces without a core, then inside of the moduli space M of finite étale correspondences of
projective curves with the appropriate genera, the moduli point [X <— Z — Y] is isolated.

Lemma 4.10 says that for an étale correspondence of projective hyperbolic curves, the property of
“not having a core” specializes. We now show that the property of “not having a core” generalizes, even
without the assumption of étale-ness. This is rather useful; it implies that one way to answer Question 3.16
is to directly lift the correspondence to characteristic 0.

Lemma 4.14. Let S = Spec(R) be the spectrum of a discrete valuation ring with closed point s and
generic point 1. Let X, Y, and Z be smooth, projective, geometrically irreducible curves over S and
let X < Z — Y be a correspondence of schemes, commuting with the structure maps to S, that is a
correspondence of curves when restricted to s and to n. If over n the correspondence has a core, then

over s the correspondence has a core.

Proof. Let  be a uniformizer of R. Denote by « residue field of R and by K the fraction field of R. Pick
a nonconstant rational function f in the intersection K (X) N K (Y) (the intersection takes place in K (Z)).
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By multiplying by an appropriate power of &, we can guarantee that f extends to rational functions on
the special fiber and in fact that f has nonzero reduction in 0 % f € x (X,) Nk (Yy). Suppose f is constant
modulo , or equivalently that f = ¢ (mod 7) for some ¢ € R. Then (f — ¢)/m may again be reduced
modulo . If (f —c)/m is nonconstant on the special fiber, we are done, so suppose not and repeat the
procedure. This procedure terminates because our original choice of f € K(X) was nonconstant and the
result will be a nonconstant function in « (Xy) Nk (Yy). U

Corollary 4.15. Let X < Z — Y be an étale correspondence of smooth projective hyperbolic curves
over F without a core. If correspondence lifts to a correspondence of curves X < Z — Y over W (F),

then X, Y, and Z are the reductions modulo p of Shimura curves.

Proof. The lifted correspondence is automatically étale as the étale locus is open. Lemma 4.14 implies
that the generic fiber does not have a core. Mochizuki’s Theorem 3.10 then implies that X,Y,and Z are
all Shimura curves as desired. O

5. The generic graph of a correspondence

Let X < Z — Y be a correspondence of curves over k. and let 2 be an algebraically closed field of
transcendence degree 1 over k, thought of as a k-algebra. We construct an infinite 2-colored graph ggg}},
which we call the full generic graph of the correspondence. The blue vertices of g;glnl are the Q-valued
points of X; more precisely, a blue vertex is given by a k-algebra homomorphism k(X) — €. Similarly,
the red vertices are the 2-valued points of ¥ and the edges are the 2-valued points of Z. A blue vertex
p k(X))  and red vertex g : k(Y) — 2 are joined by an edge if there exists an embedding k(Z) — 2

that restricts to p and to g on the subfields k(X) and k(Y) respectively. Note that Auty (£2) naturally acts

full
gen

on the graph G . by postcomposition.

full

Remark 5.1. The original correspondence is minimal if and only if there are no multiple edges in G,e,.

(Recall that the morphisms of curves were generically separable by definition.)

Condition 5.2. For the rest of the sections involving graph theory, we suppose that the correspondence
X < Z — Y is minimal in order to get a graph and not a multigraph.

Definition 5.3. Given any subgraph H C Q;‘éﬂ, we define the subfield Ey C Q2 by taking the compositum
of the subfields e(k(Z)) C 2, p(k(X)) C 2, and g(k(Y)) C Q corresponding to all of the edges and
vertices e, p, and ¢ in H.

full

There is no reason to believe that ! is connected. We give ggen

sen a distinguished blue vertex P, red

vertex (0, and edge PQ between them by picking the k-embedding
PO k(Z)— Q

and we set the graph G, (the generic graph) to be the connected component of ggg{} containing this

full

distinguished edge. All connected components of Gge,

arise in this way and all connected components of
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gg;}l are isomorphic. We denote by P (k(X)) the image of the distinguished blue point P as a subfield of
2 and similarly for Q(k(Y)).

Lemma 5.4. Let H C Ggen be the full subgraph consisting of all vertices of distance at most n from a
fixed vertex v; that is, H is the closed ball H = B(v, n). Then Ey is Galois over E,,.

Proof. First of all, E,, is the field corresponding to v as in Definition 5.3. We may suppose without loss
of generality that v is a blue vertex, so E, = v(k(X)) as v is by definition a k-embedding k(X) to 2. In
other words, v gives Q2 the structure of a k(X)-algebra. Now, Ey is the compositum of all of the fields
associated to all of the edges and vertices in H in 2. In particular, if P = { P} is the collection of all
paths of length n starting at v, then E g is the compositum of (Ep)pcp inside of 2. Here each Ep and
E g has a k(X)-algebra structure via v and our goal is to prove that Ey is Galois over k(X) with respect
to this algebra structure v : k(X) — Ej.

Consider Ey together with the subfields Ep, for P € P, as abstract k(X)-algebras. Let ¢g be the
original embedding £y <— 2. To prove E g is Galois over k(X), we must show that for every

¢ € Homy(x)(En, 2)

the image of ¢ is contained in ¢o(E ). Note that ¢ is determined by where all of the Ep are sent. Any
¢ can be obtained from ¢ via an element of Aut(2/k(X)), as 2 is algebraically closed, and so a path
P of length n originating at v is sent to another such path P’. In other words, ¢ (Ep) = ¢o(Ep’) for
another path P’ of length n originating at v. As Ey was the compositum of all such Ep, it follows that
the extension Ey/k(X) is Galois as desired. [l

The graph Gy is a full subgraph of gglég

Eg,., C € given by the compositum of the subfields of €2 associated to the edges. Let E C 2 be the
minimal field extension of k(Z) (with respect to the embedding PQ : k(Z) — ) that is Galois over both
k(X) and k(Y). We prove that E = Eg,., with the next series of results.

so, as in Definition 5.3, we can take the associated field

Corollary 5.5. The subfield Eg,., C S is Galois over both P k(X)) and Q(k(Y)). Therefore E C Eg,.,.

Proof. The connected graph Ggey is the union of the subgraphs _J, B(P, n) of closed balls of radius n
around P, so by Lemma 5.4 the field Eg,,, is Galois over P(k(X)). Similarly, Eg,,, is Galois over
Q(k(Y)). Therefore E C Eg,,, as desired. O

Lemma 5.6. Let X < Z — Y be a correspondence of curves over k and embed the function fields into Q2
via PQ : k(Z) < Q. If there is a subfield F C 2 that is Galois over both k(X) and k(Y), then Eg,, C F.



1192 Raju Krishnamoorthy

Proof. We have the following diagram of fields:

k(X) k(Y)

where F is Galois over both k(X) and k(Y). The field F is naturally equipped with the structure of a
k(Z) algebra. Extend PQ : k(Z) — 2 any which way to a k(Z)-algebra embedding ¢ : I — 2. Then
the image of any edge adjacent to P in Gy, lands inside of the image ¢ (F) because F is Galois over
k(X). Similarly, the image of any edge adjacent to Q in Gge, lives inside the image of ¢ (F).

Let g # Q be a vertex adjacent to P. There exists an automorphism o« € Gal(¢ (F)/P(k(X))) that
sends Q(k(Y)) to E, because F is Galois over k(X). Conjugating by «, we deduce that ¢ (F) is Galois
over E, and hence the image of all edges emanating from ¢ lie in ¢ (F). By propagating, we get that
Eg,., C F as desired. O

Corollary 5.7. We have an equality of fields E = Eg,,,, considered as subfields of 2. Equivalently, Eg,,,
is the minimal field extension of PQ(k(Z2)) inside Q2 that is Galois over the fields P(k(X)) and Q(k(Y)).

Proof. Combine Lemma 5.6 and Corollary 5.5. U

Corollary 5.8. Let X < Z — Y be a correspondence of curves over k without a core with Z hyperbolic
orwithk =F. Then Eo = Eg,,.

Proof. The field E is also the minimal field extension of PQ(k(Z)) inside of Q2 that is Galois over
P(k(X)) and Q(k(Y)) by Corollary 4.7. ([l

Remark 5.9. One is tempted to make a converse definition to Definition 5.3: given any subfield £ C Q2
or £ C E, define gf;“ and Gg to be the subgraphs of ggg}} and Ggey, respectively, whose points and
edges are have image inside of E. This definition is rather poorly behaved; for instance if one starts out
with a finite connected subgraph H C Ggen, takes Ey C Eo, and then looks at the associated graph Gg,,,
there is no reason to believe that this graph is connected.

The graph Gge, informally reflects the “generic dynamics”™ of the correspondence. We will see one
way of making this precise in Section 7: via a specialization map. Nevertheless, we have the following
proposition, which says that a core exists if and only if G, is finite (i.e., the “generic dynamics” are
bounded), in line with Remark 3.7.

Proposition 5.10. Let X < Z — Y be a correspondence of curves over k where Z is hyperbolic or where
k = T. This correspondence has no core if and only if Geen is an infinite graph.

Proof. If Ggen is finite, then Eg,., is a finite Galois extension of both k(X) and k(Y), so the correspondence
has a core by Lemma 4.2 or Lemma 4.3, respectively.
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Conversely, if the correspondence had a core, then let C be the coarse core. Let W be a Galois closure
of Z — C. We have the following diagram of fields, where we again fix PQ : k(Z) — Q and any

extension ¢ : k(W) — Q:
k(W)

|

k(Z)
k(Y)

k(C)

Call P, Q, and R the restriction of the algebra embedding PQ to k(X), k(Y), and k(C) respectively. Let
v be blue vertex in Ggen adjacent to Q, given by a k-algebra embedding v : k(X) — ¢ (k(W)) C Q by
Lemma 5.6. As k(W) /k(Y) is Galois, there exists an automorphism

k(X)

a € Gal(¢ (k(W))/ Q(k(Y))) = Gal(k(W)/k(Y))

that sends P to v. As k(C) C k(Y), this implies that v|ic) = R. By propagating, we see that for every
verteX v of Ggen, v[k(c) = R. Therefore, for every edge e € Ggen, thought of as a k-algebra embedding
e: k(Z) — 2, we have that e|;c) = R. On the other hand, k(Z) is a finite extension of k(C), so there
are only finitely many ways to extend R to a k-algebra homomorphism k(Z) < . Therefore the number
of edges is finite, as desired. |

We record the following easy proposition for later use in proving the surjectivity of the specialization
morphism in the case of an étale correspondence without a core.

Proposition 5.11. For any finite subgraph H € Ggey, the field Ey is contained in a finite extension F of
PQ(k(2)).
Proof. We have the following two facts:
e Ey lands inside of E,, which is exhausted by fields of the form Ex..x, by Lemma 5.6.
e Ep is finitely generated over k.
Therefore Ey lands inside of some Eg ..k, a finite extension of PQ(k(Z)), as desired. O
We now analyze the action of various subgroups of Aut(Es) on Geep.

Remark 5.12. We take a brief digression into the structure of automorphism groups of fields. Let 2 be
any field. We endow the group Aut(£2) with the compact-open topology, considering €2 to be a discrete
set. Given any finite subset S C €2, the subgroup Stab(S) C Aut(€2) is an open subgroup and as S ranges
these form a neighborhood base of the identity in Aut(€2). If K C 2 is a separable Galois extension with
K finitely generated over its prime field, the natural map Gal(2/K) C Aut(2) is an open embedding
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of topological groups; in other words, the topology just defined is compatible with the usual profinite
topology on Galois groups.

Note that this procedure generalizes: if k C 2 is a field extension, we may give the group Aut (£2) the
structure of a topological group, where a neighborhood base of the identity is given by Stab(S) for finite
subsets S C Q\k. However, Aut(£2) is not an open subgroup of Aut(€2) unless k is finitely generated
over its prime field.

Any element g € Auty(Eo) gives a map of graphs Ggen, — g;g‘l} by postcomposition: for instance,
an edge e : k(Z) > Ex C 2 is sent to the edge goe : k(Z) > Ex C 2. In fact, the Galois groups
Gp:=Gal(Ex/P(k(X))) and G := Gal(Ex/Q(k(Y))) actually act on the connected graph: g € Gp
sends an edge e : k(Z) - Exxc CQtogoe: k(Z) - Ex C 2, and g o e is an edge of the connected
graph Gge, because g fixes P.

Definition 5.13. Let A C Aut(E«) the subgroup of Auty(Es) sends Geen to itself with the induced
topology, as in Remark 5.12. Let A”? C A be the subgroup of A generated by G p and G o with the
induced topology from A.

Question 5.14. Is A — Auty(Es) an isomorphism?

Remark 5.15. The topology on A€ is uniquely determined by declaring the compact subgroups G p
and G ¢ to be open.

By definition, A acts faithfully on Ggep: if ¢ € A acts trivially on Ggen, then it acts trivially on the field
generated by all of the vertices and the edges of Ggey, 1.€., it is the trivial automorphism of E. If we
give Ggep the discrete topology, APC acts continuously on Ggen; that is, the stabilizer of a vertex is an
open subgroup. Let d = deg(Z — X) and e = deg(Z — Y). Then the degree of a blue vertex is d and
the degree of a red vertex is e. Moreover, G p acts transitively on the edges coming out of P by Galois
theory and similarly G o acts transitively on the edges coming out of Q. By conjugating we see that
AFC ¢ Aut(Ggen) acts transitively on the edges coming out of any vertex. Therefore the group APQ acts
transitively on the edges of Ggen, subject to the constraint that colors of the vertices are preserved. This is
recorded in the following corollary.

Corollary 5.16. In the notation above, AYC and hence also A act transitively on the edges of Ggens
subject to the constraint that the colors of the vertices are preserved. We say the pair (Ggen, APQ) is

colored-edge-symmetric.
Question 5.17. If X < Z — Y is a minimal correspondence with no core, does Ggen have any cycles?
What if it is étale?

The graph Geen being a tree has consequences for the structure of the group A Q. To state these, we

need a theorem of Serre.

Theorem 5.18 (Serre). Let G be a group acting on a graph X, and let e be an edge of X connecting
vertices p and q. Suppose that e is a fundamental domain for the action. Let G, G4, and G, be the
stabilizers in G of p, q, and e respectively. Then the following are equivalent:
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(1) X is a tree.

(2) The homomorphism G, xg, G, — G induced by the inclusions G, — G and G, — G is an
isomorphism.

Proof. This is a direct translation of Théoréme 6 on Page 48 of [Serre 1977]. O

Proposition 5.19. Suppose Ggen is a tree. Then the natural map G p %G,y Go —> APC is an isomorphism
of topological groups.

Proof. There is no element a € A”€ that flips any edge e of Ggen because APQ preserves the coloring. By
Corollary 5.16, the segment PQ is a fundamental domain for the action of APQ on Ggen- Therefore, by
Serre’s theorem, the fact that Ggep, is a tree implies the induced map G p*¢,, G o — AP€ isan isomorphism
of abstract groups. The group G p *G,, G ¢ has a natural topology generated by the topologies of G p
and G (because G pg is an open subgroup of both Gp and G o), and endowed with this topology the
above map is an isomorphism of topological groups. (Il

When Ggep is a tree, we may describe the pair (Ggen, APQ) in a different way. Given any compact open
subgroup G C A2 and any vertex v € Ggen, the orbit G.v is compact and discrete (as we gave Gge, the
discrete topology) and is hence finite. Therefore G acts on a finite subtree 7' of Gge, and hence the action
factors through a finite quotient H of G.

Lemma 5.20. A finite group H acting on a finite tree T always has a fixed point (though not necessarily

a fixed vertex).

Proof. This is well known and Aaron Bernstein explained the following simple proof to us.

Let the height /1 (v) of a vertex v be the maximal distance of v to any leaf. Any automorphism of T
preserves heights. If there is a unique vertex v of minimal height, we are done, so suppose there is another
vertex w of minimal height. Then v and w must be connected by an edge: if the unique path between
them contained an intermediate vertex u, then some thought shows that #(u) < h(v). As T is a tree, there
can be at most two vertices of minimal height. If there are two, then their midpoint is a fixed point for
any automorphism of T. [l

Therefore there must be a point p € T that is fixed by H; here T is thought of as a topological space.
If p were not a vertex in 7', then H would fix the two neighboring vertices of the edge p is on because H
respects the coloring of the graph. Therefore H fixes at least one vertex v. On the other hand, given any
vertex v, the subgroup G, fixing v is a compact open subgroup. Therefore, the vertices of G, are in
natural bijective correspondence with the maximal open compact subgroups G of APC.

Corollary 5.21. If Ggep is a tree, any maximal compact open subgroup G of APC is conjugate to either

Gp or GQ.

Proof. The discussion above shows that every maximal compact open subgroup G of AP2 is G, for some
vertex v of Geen. The group G, is conjugate in APC to Gp or G by Corollary 5.16. Finally, G p is not
conjugate to G in A” € because the action of APC on Ggen preserves the coloring. U
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Remark 5.22. If G, is a tree, then the action of APQ on Geen 1s the conjugation action on the maximal
compact subgroups.

We may similarly describe the adjacency relation in Gge, from the group APQ when Geen 18 a tree.
Recall our standing assumption that the original correspondence X <— Z — Y is minimal (in order for
Geen to not have multiple edges). As above, we suppose the correspondence is of type (d, ¢). Then a blue
vertex G, and a red vertex G,, are joined by an edge if the intersection G, N G, (inside of AP9) has
index d inside of G, and index e inside of G,.

6. Symmetric correspondences

Definition 6.1. A symmetric correspondence of curves over k is a self-correspondence X L z-8 x
over curves over k such that there is an involution w € Aut(Z) with f ow = g, i.e., w swaps f and g.
We denote by w* the induced involution on k(Z).

Note that if the correspondence is minimal, w is unique if it exists. Therefore being symmetric is a
property and not a structure of a minimal correspondence.

Lemma 6.2. Let X <L Z %5 X be a symmetric correspondence of curves over k without a core. Suppose
Z is hyperbolic or k = F. Any w € Aut(Z) that swaps f and g lifts to an automorphism W of Ws,. We
denote by w* the associated automorphism of Exc = k(Wo).

Proof. We proceed exactly as in the discussion at the beginning of Section 4: let Wy and W, denote a
Galois closures of f and g, respectively. The automorphism w of Z swaps f and g and hence we can
choose an isomorphism w; : W, — W/ living over w on Z:

wq
Wg E— Wf

L, |

W——W
Similarly, we can chose an isomorphism w; : Wy — Wy, living over w on Z, again because w swaps
the roles of f and g. Continuing in this fashion, we get an isomorphism of towers

w:Wep..— Wpg.

By Lemma 4.6, Wy,... is isomorphic to Wy as a procurve over W and we may think of w as an
automorphism of W, living over w € Aut(Z). ]

Remark 6.3. Another way of phrasing Lemma 6.2 is as follows. If X L 78 Xisa symmetric

correspondence without a core with Z hyperbolic, then for any choice of symmetry w, the following map
is (infinite) Galois:

Weo > Z/ <w>.

From this perspective, it is clear that the lift w is not unique.
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Definition 6.4. Let X <L~ Z 5> X be a symmetric correspondence of curves over k without a core where
Z is hyperbolic or k = F. Pick a symmetry w and a lift w to W, which exists by Lemma 6.2. Let w*
be the associated automorphism of E.,. Define A” C Aut;(E~) to be the subgroup generated by AFPQ
and w*. We give the subgroup A¥ C A the induced topology from A.

Remark 6.5. The notation A" is a priori ambiguous as it seems to depend on a choice of lift w. Pick a sec-
ond lift @’ of w. Then W’ fixes Z as w was an involution. In particular, W* %" € Gal(Ew/k(Z)) C A€,
so A" is independent of the choice of lift of w.

Corollary 6.6. Let X L 78 Xbea symmetric correspondence of curves over k without a core with

symmetry w. Suppose Z is hyperbolic or k = F and let W be a lift of the symmetry to Wyo. Then AY and

hence A acts transitively on the oriented edges of Ggen.

Proof. Corollary 5.16 says that A”€ acts transitively on Geen Subject to the constraint that the colors of
the vertices are preserved. The automorphism w* € Aut(E) swaps the points P and Q. By conjugating
we get that A" acts transitively on the edges of Ggen, in the usual sense of remembering the endpoints. [

Corollary 6.7. Let X L 7% Xbea symmetric correspondence of curves over k without a core with
symmetry w. Suppose Z is hyperbolic or k = F. Then APC is an normal subgroup of index 2 inside of A™.

Proof. Conjugating by w* swaps G p and G ¢ and hence stabilizes A”C. Therefore A”? is normal inside
of A¥. Moreover, (0*)> € AP, so A¥/AP? is of order 2. O

Definition 6.8. Let (G, A) be a pair where G is a connected graph and A is a group of automorphisms
of G. (G, A) is said to be (sharply) s-transitive if A acts (sharply) transitively on all s-arcs. (G, A) is
said to be oco-transitive if it is s-transitive for all s > 1.

In this language, under the hypotheses of Corollary 6.6 the pair (Ggen, A) is 1-transitive.

Theorem 6.9 (Tutte). Let G be a connected trivalent graph, A a group of automorphisms of G, and s a
positive integer. If (G, A) is s-transitive and not s + 1-transitive, then (G, A) is sharply s-transitive.

Proof. The proof is exactly the same as in 7.72 in Tutte’s book Connectivity in Graphs [1966]. Alternatively,
see Djokovi¢ and Miller [1980], Theorem 1, for exactly this statement. U

Lemma 6.10. Let X < Z — X be a symmetric type (3, 3) correspondence of curves over k without a
core with symmetry w. Suppose Z is hyperbolic or k = . Then the pair (Ggen, A") is oo-transitive and
Ggen IS a tree.

Proof. Suppose Ggen had a cycle. The graph Gge, is infinite by Proposition 5.10. Then the pair (Ggen, A™)
is 1-transitive, so there exists a positive n such that (Ggen, A") is n-transitive but not n + 1-transitive.
Therefore, to prove Ggep is a tree it suffices to prove that the pair (Ggen, A") is co-transitive.

Suppose (Ggen, A") was not oo-transitive. Then there exists a positive integer n such that (Ggen, A") is
n-transitive but not n+1-transitive because the graph is infinite, connected and 1-transitive. Theorem 6.9
implies that the pair (Ggen, A") is then sharply n-transitive, i.e., there exists a unique automorphism in
A" sending any n-arc to any other n-arc. Therefore any automorphism in A" that fixes any given n-arc
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must be the identity automorphism. To any n-arc R associate the field Eg which is the field generated
by the images of the points and edges inside of E, as in Definition 5.3. Pick the n-arc R through P
so that Eg is a finite extension of P(k(X)). Note that E, is Galois over Eg. The group Gal(E/Eg)
acts faithfully on Gge, and fixes R. As (Ggen, A") is sharply n-transitive, the group Gal(E/ER) acts
trivially on Ggen. Therefore Eg = E is a finite extension k(Z), Galois over both k(X) and k(Y'), which
is a contradiction. U

Lemma 6.10 poses the following refinement to Question 5.17 on whether or not Gy, is a tree.

Question 6.11. Let X < Z — X be a minimal, symmetric, étale correspondence of curves over k without
a core. Is the pair (Ggen, A") oo-transitive?

We may use Question 6.11 to pose a refinement of Question 3.16

Question 6.12. Let X < Z — X be a minimal, symmetric, étale correspondence of projective curves over
k without a core. Does the pair (Ggen, A"™) “look like” the action of SL; over a local field on its building?

7. Specialization of graphs and special orbits

Given a correspondence X <L Z -8, ¥ overa field k, we have defined an undirected 2-colored graph gggﬂ,
the full generic graph, using an algebraically closed overfield €2. In this section we define gpf,;‘}yls, the
full physical graph, which will be an undirected 2-colored graph, using k. The goal of this section is to
speculate on the behavior of “specialization maps” sz : Ggen — Gphys,z; informally, if we think of Ggep
as the “graph of generic dynamics”, this map specializes to the graph associated to the dynamics of a
physical point z € Z (k).

Definition 7.1. Given a correspondence X <L 7 -85 ¥ of curves over k, the full physical graph g;glyls is
the following 2-colored graph. The edges are the points z € Z(k), the blue vertices are the points X (k)
and the red vertices are the points Y (k). Adjacent to z : Spec(l_c) — Z is the blue vertex foze X (k) and
the red vertex goz € Y (k). Given a choice of z € Z(k), we denote by Gphys,; the connected component of

full .
gphys that contains z.

Recall the construction of Ggen: pick an edge PQ € Z(2) of gggg and define Gge,, to be the connected
component of Q&E that contains PQ, suppressing the implicit PQ in the notation. The field Eo, C Q
is the compositum of all of the points and edges of Ggen, thought of as subfields of €2, by Corollary 5.8.
Therefore, an edge e of Gyep yields an element of the set Z(E). Similarly, a blue vertex v of Ggep yields
an element of X (E~) and a red vertex w yields an element of Y (E).

We spell out exactly what is fixed in the construction of a specialization map. First of all, assume the
curves X, Y, and Z are proper over k: this is harmless as any correspondence of curves has a canonical
compactification. Pick z € Z (k). Then pick a point 7 € Wu, (k), a geometric point of the scheme Wy, i.e.,
a compatible system of geometric points on the tower defining W, lying over z. Taking the image of Z
gives a closed point of the scheme W, and the ring Oy __ ; is a valuation ring because it is the filtered
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colimit of valuation rings. Moreover, the fraction field of Oy,_ ; is E«. The choice of 7 : Spec(k) — W
yields a morphism 7 : Oy ; — k. We now construct the specialization map

. full
N ggen - gphys'

Let e be an edge of Ggen. As discussed above, e yields an element of Z(E,). We want to describe sz (ex),
the image of e, in Gypys .. We have the following diagram; the dotted arrow exists uniquely because the
structure map Z — Spec(k) is proper:

Spec(Eso) = Z

-
-
-
-
-
-
-

Spec(k) ——+ Spec(Oy,. z) —— Spec(k)

Composing z with the dotted arrow, we get an element e € Z (k). We set s;(e) = e. The exact same
construction works with (red and blue) vertices, and the result is manifestly a map of graphs. Moreover,
as Ggep 18 connected, so is the image.

Finally, we show that the edge PQ € Z(E) is sent to z. The inverse image of Ow_ : under the map
PQ :k(Z) — Eis the valuation ring R of k(Z) corresponding to z. Therefore, when e = PQ, the above
dotted arrow corresponds to the inclusion R < Oy, z. As Z lives over z, composing this inclusion with
m yields sz (PQ) = z, as desired. Therefore, we have constructed a map of graphs:

83 ° ggen - gphys,z-

Lemma 7.2. Let X <L Z &5 Y be an étale correspondence of projective hyperbolic curves without a

core over a field k. Then all of the specialization maps are surjective:
8z : ggen - gphys,z-

Proof. Because the correspondence is étale, each blue vertex of Gpnys is adjacent to d = deg( f) edges and
each red vertex is adjacent to e = deg(g) edges. It is therefore equivalent to show that no two adjacent
edges of Gge are sent to the same edge in Gpnys,.. Let A and B be two edges sharing the blue vertex p.
We want to show that A and B are not sent to the same edge in Gppys ;.

Recall that A and B yield elements of Z(E ) such that foA= foB = p € X(E«). Proposition 5.11
implies that, after possibly enlarging k, there exists an irreducible curve C together with the maps
p:Spec(Ex) > C,m:C— Z,and a, b : C — Z such that:

e m o p = PQ considered as elements of Z(E ).

e A and B factor through C via a and b.

In the language of Proposition 5.11, C is the curve associated to a field F of transcendence degree 1
over k, finite over PQ (k(Z)), that contains A(k(Z)) and B(k(Z)). More explicitly, we have the following
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factorizations:

Spec(Ex) Spec(Ex)

) l\ AN
? Y N

Moreover, the maps 7, a, and b are all finite étale. Let us follow the specialization construction. Again,
the dotted arrow exists because C — Spec(k) is proper:

Spec(Eno) —— —C

-
-
-
-
-
-
-

Spec(k) — Spec(Oy_ ;) —— Spec(k)

This diagram gives us a point x € C (k) by composition with the dotted arrow. If A and B are identified
under the specialization map, a(x) = b(x) € Z (k). Now, foa = f ob because A and B shared the
vertex p, so we have the following diagram:

But C is irreducible and the maps a, b, and f are finite étale, so the assumption that a(x) = b(x) implies
that a = b and hence A = B, as desired. |

Remark 7.3. The graph Gy helps describe the tower Weo. In this remark, we suppose all morphisms
are unramified at all points specified. For instance, let £y € Wy (k) map to z € Z(k) which maps to
y € Y (k). Then, as in Remark 4.9, there are naturally Aut(Wy/Z) many maps from Wy to Z and we can
look at the images of £y under these maps. In this way, &y yields the graph of all edges coming out of y
in Gphys,;. More generally, a point §yx...y € Wy X...y(/;) which maps to y € Y(I_c) under the natural map
yields the subgraph of Gypnys ; with center y and radius n, where n is the number of letters in the string
“YX..-Y”

We will use this observation in Proposition 9.10 to show that if an éfale clump exists, then Question 4.8
has an affirmative answer.

Consider the Hecke correspondence of open modular curves over [ ,:

Yo(I)

7N

Y (1) Y (1)
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The graph Gge, is a tree. For z € Yo(/)(F) an ordinary point, Gpnys,; has at most one cycle. This follows
from the work in David Kohel’s thesis [1996], summarized by Andrew Sutherland [2013]. They call this
structure an isogeny volcano. The cycle comes from the following fact: given an imaginary quadratic
field K /Q, there exists an elliptic curve E /F with multiplication by the maximal order Og. On the other
hand, there are only finitely many supersingular points, and in fact Theorem 9.6 implies that if Gypys
contains one supersingular point it contains all of them.

Definition 7.4. Given an étale correspondence of projective hyperbolic curves
VA

7N

X Y

over k without a core, we say a point z € Z (k) is special if there exists (equivalently for all) 7 € Wy (k) over

z such that the map sz : Ggen — Gphys, 18 not an isomorphism. We say z € Z (k) is generic if it is not special.
Question 7.5. Let X <~ Z — Y be an étale correspondence of projective curves over [, without a core.
(1) Is there always z € Z(F) that is generic?

(2) Is there always a special point with unbounded orbit?

(3) Suppose Ggey 18 free. For every point z € Z(F), i8 71 (Gpnys,;) finitely generated? If Gppys . 18 infinite,
does Gpnys,; have one cycle?

(4) What is lim,, , |z € Z(F4») with z generic|/|Z(Fyn)|?

8. Invariant line bundles and invariant sections

In this section we will need somewhat refined information about abelian varieties and finite group schemes
over a field k. Our main reference is [van der Geer and Moonen 2008].

Definition 8.1. Let X < Z —£> Y be a correspondence of curves over k. An invariant line bundle & on
the correspondence is a triple (£x, £y, ¢) where £x is a line bundle on X, {y is a line bundle on Y, and
¢: f*Lx — g*Ly is an isomorphism of line bundles on Z. The degree of an invariant line bundle & on
a correspondence of projective curves is deg(f*Lx) = deg(g*<Ly) on Z. An isomorphism of invariant
line bundles i : £ — &' is a pair of isomorphisms iy : £x — ¥/ and iy : £y — &} that intertwine ¢
and ¢’ when pulled back to Z.

The cohomology of an invariant line bundle & is defined as follows:

H'($) :={¢x. &) e H (X, L) ®H' (Y, Ly) | f*(Ex) = ¢*g*(Ey) € H(Z, f*Lx)}.

On a correspondence of projective curves, the group H' (%) is naturally a finite-dimensional k vector space,
and we let 1’ (£) = dim; H' (£). We call elements of H(¥) invariant sections. When it is especially
clear from context, we omit the prefix “invariant”.
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In general, O = (Oyx, Oy, 1) is an invariant line bundle. Note that if the correspondence is étale,
there is a natural invariant line bundle: Q = (Q}, Q},, ¢); here ¢ is the composition of the canonical
isomorphism f*Q} — Q1 and the inverse of the canonical isomorphism g*Q2}, — Q. We call elements
of H(Q) invariant differential 1-forms.

Let & denote the dual of Q2. Then the first-order (equal-characteristic) deformation space of an étale
correspondence of projective curves over k is H'(7), as we now explain. A first-order deformation is a

N

Spec(klel/e?)

diagram

together with an identification of the special fiber with X <— Z — Y. The first-order (equal-characteristic)
deformation space of a smooth projective curve C/k is naturally isomorphic to H'(C, T¢). In particular,
associated to such a diagram we obtain elements &x € H'(Tx), & € H' (Ty), and £z € H'(Z, Ty)
associated to X, ), and Z respectively. Now as Z — X is finite étale, any deformation X of X naturally
induces a deformation Z of Z that maps to X. In the case of first-order deformations, this corresponds to
the inclusion

H' (X, Tx) = HY(Z, f*Tx) = H'(Z, Ty).

Putting these facts together we see that H'(7) is naturally isomorphic to the first-order deformation
space of an étale correspondence of projective curves.

Proposition 8.2. Let X L7 -8 Ybea correspondence of curves over k without a core. Let & be an

invariant line bundle on the correspondence. Then ho(%) < 1.

Proof. If there were two linearly independent sections s = (sx, sy) and t = (¢x, ty), then by taking their

X
X sx sy Y
K y
[]j)l
Hence there is a core. O

ratio we get a map to P':

VA
f
X

Question 8.3. Let X <— Z — Y be an étale correspondence of projective curves over k without a core:
o If char(k) =0, is ' (7) = 0?

e If char(k) = p, what is the maximal possible value of h'(F) in terms of the genera?



Correspondences without a core 1203

Remark 8.4. As noted in Remark 3.11, in characteristic 0 étale correspondences of projective curves
without a core X <— Z — Y do not globally deform. However, it is still perhaps possible that they deform
up to finite order: inside of the moduli space M of finite étale correspondences of projective curves
with the given genera the moduli point [X <— Z — Y] is isolated by Corollary 4.13 but M might not be
smooth at this point. Example 3.19 shows that in characteristic p, étale correspondences of projective
curves without a core may in fact globally deform.

We will see that, in characteristic 0, there are no invariant sections of any nontrivial invariant line
bundle on an étale correspondence without a core. However, they can exist in characteristic p. To better
understand this, we briefly review the cyclic cover trick for smooth curves. Let T be a smooth curve over k,
let £7 be a line bundle on T. Suppose s € H(T, 33?) for some d € N with (d, chark) = 1, such that
s is not the power of a section of a smaller power of £7. Let # denote the following sheaf of algebras

ﬂs :OTGBg;l @'”@g;(d—l)

with multiplication given by the naive multiplication when possible and contraction with s when necessary.
The condition that s is not the power of a section implies that &, is an irreducible sheaf of algebras.
We let T'(s!/?) — T, the d-th cyclic cover of T by s, be the normalization of Specy sd; equipped with
the natural map to 7. Then T (s'/?) is a smooth curve over k. The pullback of £7 to T(s"?) has a
(noncanonical) section, s/, whose d-th power is s.

We remark that, by construction, the d-th cyclic cover of (T, s) is functorial. In particular, let & be an
invariant line bundle on X < Z — Y with s € H°(£%) an invariant section, and suppose that s is not the
power of any invariant section of a smaller power of &. Then we may perform the cyclic cover trick on
(X < Z —Y,s) to obtain

Z(s'/4)

N

X (s'/9) Y (s'/9)

The pullback of & to X (s — Z(s'/?) — Y (s'/?) has a (noncanonical) invariant section, which we
denote by s'/9.

Example 8.5. Consider a Hecke correspondence of (open) modular curves over F. Then the Hasse
invariant H yields an invariant section of an invariant line bundle; if p > 2, this invariant line bundle is
Q(P=D/2 Recall that the divisor of H is the supersingular locus. The Hasse invariant similarly exists
on a Hecke correspondence of moduli spaces of fake elliptic curves. Therefore, there are examples of
invariant sections of nontrivial invariant line bundles on étale correspondences of projective curves over [
without a core.

In these cases, the “Igusa level structure” construction of Remark 3.18 is precisely the (”T_l)—st
cyclic cover construction associated to the invariant section H of Q(?~D/2_ In particular, the induced
correspondences of Igusa curves have an invariant differential form coming from “H?/(?~D”_ See [Ulmer
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1990] for a brief introduction to the Hasse invariant and the Igusa construction and Chapter 1 of [Katz
1973] for a more thorough explication of modular forms.

Given a correspondence of projective curves, X < Z — Y, there are induced maps f*:Pic(X) — Pic(Z)
and g*: Pic(Y) — Pic(Z) between the Picard schemes; both of these maps have finite (though not necessar-
ily reduced) kernel. Restricting, there are induced maps f™*: Pic’(X) — Pic®(Z) and g Pic’(Y) — Pic%(2).
We denote by f*Pic®(X) N g* Pic’(Y) the scheme-theoretic intersection of the image of these two maps
in Pic’(Z); note that this group scheme need not be reduced in positive characteristic.

Definition 8.6. Let X <[ Z —£> Y be a correspondence of projective curves over k. The Picard scheme

of X < Z — Y is the closed subgroup scheme of Pic(X) x Pic(Y) given by
Pic(X < Z — Y) :=ker(Pic(X) x Pic(Y) -L=&5 Pic(Z)).
Similarly, Pic®(X < Z — Y) := ker(Pic®(X) x Pic?(Y) -L=£5 Pic%(2)).

Remark 8.7. The scheme Pic’(X < Z — Y) need not be reduced in positive characteristic. As usual,
if Z has a k-rational point, then Pic(X <— Z — Y)(k) is isomorphic the group of isomorphism classes
of invariant line bundles on X <— Z — Y. Finally, Pic(X < Z — Y)/PicO(X <~ 7Z —Y) < Z viathe
degree map on Z.

We note that Pic(X < Z — Y) — Pic(X) and Pic(X < Z — Y) — Pic(Y) both have finite kernels.
Moreover,
Pic’(X <« Z — Y) > f*Pic®(X) N g*Pic’(Y) c Pic®(Z)

has finite kernel. The following theorem will be very useful for us.

Theorem 8.8. Let A be an abelian variety over a field k and let G < A be a closed subgroup scheme.
Then the connected reduced group subscheme G?ed < A is an abelian subvariety.

Proof. This is Proposition 5.31 in [van der Geer and Moonen 2008]. O

Lemma 8.9. Let X <L Z %> Y bea correspondence of projective curves over k without a core. Then
Pic(X <— Z — Y) has no positive-dimensional abelian subvarieties. In particular, PicO(X ~Z—=>Y)is

a finite group scheme over k.

Proof. We may suppose all of the curves have genus at least 1. To prove the first statement, we show that
there is no abelian variety A with finite maps fitting into the following diagram:

Pic’(2)
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By dualizing, this is equivalent to showing that there is no abelian variety B with nonconstant surjective

maps fitting into the following diagram:

JXy]Z&JY
N

(While Pic’(Z) is canonically principally polarized, we write the dual as J Z to remember the Albanese
functoriality.) Suppose such a B fitting into the diagram existed. We will prove that the correspondence
has a core. Choose a point z € Z (k) (extend k if necessary) and let x = f(z) and y = g(z). Then we have
Abel-Jacobi maps which yield a morphism of correspondences:

i.e., the above diagram commutes. Moreover, under the Abel-Jacobi map, Z spans JZ as a group and
likewise with X and Y. Therefore the induced maps X — B and Y — B are nonconstant. In particular,
their image in B is a curve; therefore X <— Z — Y has a core.

We now prove that Pic’(X < Z — Y) is finite. If Pic’(X < Z — Y) were not finite, then it would

0

be a positive-dimensional group subscheme of PicO(X ) X PiCO(Y ). Then A = PicO(X «—Z—>Y)lsa
closed, reduced, connected subgroup scheme of an abelian variety over k and is hence an abelian variety

by Theorem 8.8. U

Corollary 8.10. Let X < Z — Y be an étale correspondence of projective hyperbolic curves over k
without a core. Let & be an invariant line bundle of positive degree. Then there exists j, k € N with
P =Qk,

Proof. The set of degrees of invariant line bundles is a subgroup of Z, so Q7" ® £ has degree 0 for some
m, n € N. As our correspondence doesn’t have a core, 27" ® £ is torsion by Lemma 8.9. Therefore
there exists j, k € N such that £/ = QF, O

Corollary 8.10 shows that, for étale correspondences of projective curves without a core, 2 plays
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a special role. We will now see several striking consequences of Lemma 8.9 and Corollary 8.10 in
characteristic 0.

Corollary 8.11. Let X <L~ Z —£5 Y be a correspondence of projective curves over k without a core.
Suppose char(k) =0. Then f*H' (X, Ox)Ng*H' (Y, Oy) =0 inside of H'(Z, Oy) and f*H°(X, QX) N
g*HY(Y, Q}) = 0 inside of H*(Z, Q).

Proof. The vector space H'(X, Ox) is the tangent space at the identity of Pic’(X). Moreover, the vector
space f*H' (X, Ox)Ng*H'(Y, Oy) is the tangent space at the identity of f* Pic®(X) N g* Pic’(Y), a
closed subgroup of PiCO(Z ). As the characteristic is 0, f* PicO(X yNg* PicO(Y) is reduced and hence the
connected component of the identity of f* Pic’(X)N g* Pic®(Y) is an abelian variety. Lemma 8.9 implies
that this abelian variety has dimension 0 and hence f*H'(X, Ox)Ng*H' (Y, Oy) =0.
By the Lefschetz principle, we may suppose k = C. If C is a smooth projective complex curve,

smg(C((D) C) = H(C, Q! o) @ H'Y(C,O¢) and HI(C, O¢c) = H(C, Q! ¢) by Hodge symmetry. There-
fore

fFHY(X, QY Ng*HY (Y, Q)) = f*HI(X, Ox) Ng*H(Y, Oy)

inside of H! (Z(C), C). The fact that dim f*H'(X, Ox) Ng*H'(Y, Oy) = 0 implies the result. [

sing

Corollary 8.12. Let X L 78 Ybea correspondence of projective curves over C without a core.
Then f*H. (X,Z)Ng*H! (Y,7Z)=0 inside of H: (Z,7).

sing sing sing

Proof. This is immediate from Corollary 8.11 and the fact that pulling back H: = under f and g induces

smg
a morphism of integral Hodge structures. ]

Corollary 8.13. Let X < Z — Y be an étale correspondence of projective curves over k without a core.
Suppose char(k) = 0. Let & be a nontrivial invariant line bundle. Then (£ =0

Proof. We may suppose deg £ > 0. Then there exists j, k € N such that #/ = Q* by Corollary 8.10. It
therefore suffices to prove that no positive power of €2 has a section.

Suppose s € H(QF) is not the power of any smaller-degree invariant pluricanonical formon X <- Z — Y.
Then we may apply the cyclic-cover trick to obtain an étale correspondence

7z (S l/k)
X(Sl/k) Y(Sl/k)
with an invariant differential form. This contradicts Corollary 8.11. O

We know, via the example of the Hasse invariant (see Example 8.5), that Corollary 8.13 is false in charac-
teristic p. By examining the argument of Corollary 8.11, we see that the characteristic 0 hypothesis is used
twice. First, we used that fact that all group schemes are reduced to argue that ' () =0. Second, we used
the Lefschetz principle and Hodge theory, namely H 0x, Q! x)=H (X, Ox), to relate 1' (0) to h°().



Correspondences without a core 1207

We further investigate the failure of Corollary 8.13 in characteristic p. To do this, we briefly recall
a few facts about (commutative) finite group schemes. Let k be a field of characteristic p and let G be
a finite group scheme over k. We denote by G° the connected component of the identity. There is the
connected-étale sequence

1-G">G—G4—1

which splits if k is perfect. The space of invariant differentials on G, a k-vector space denoted by wg/«,
may be identified with the cotangent space at the origin of G (see 3.14, 3.15 of [van der Geer and Moonen
2008]). We denote by G[p] the p-torsion of G. Then the embedding G[p] < G induces an isomorphism
on the level of (co)tangent spaces at the identity (e.g., see the proof of 4.47 of [loc. cit.])

Remark 8.14. The nomenclature “invariant differential” is slightly overloaded; we use this phrase to
refer to a (left-) invariant differential form on a group scheme. When we use “invariant differential form”,
we mean a section of H°(2) on an étale correspondence. We trust that this is not too confusing.

We record the following fact, surely well known, for lack of a reference.

Lemma 8.15. Let f : A — B be a surjective morphism of abelian varieties over a field k. Then f is
separable if and only if the pullback map *: H(B, 9113) — H(A, Q}L‘) is injective.

Proof. Let K = ker(f) be the kernel of f. Then we have the following inclusion of group schemes
(KMea C K C K

Now, (K%),eq is a closed, reduced, connected subgroup scheme of an abelian variety over k; hence it is
an abelian variety by Theorem 8.8. Therefore A/(K ),eq €Xists as an abelian variety (see Section 9.5 of
[Polishchuk 2003] or Example 4.40 in [van der Geer and Moonen 2008]). Similarly, A/K 0 a quotient of
A/(K 9ed by the finite group scheme K 0 /(K 0),eq €Xists as an abelian variety. We have the following
commutative diagram:

K A B

T

A/K°

T

A/(Ko)red

where the right vertical arrows are isogenies. In particular A/K° — B is a separable isogeny and
A/(K%qg — A/KY is a purely inseparable isogeny. By looking at tangent spaces, we see K is
nonreduced if and only if the pullback map H%(B, QL) — H°(A/(K°)red, Q
On the other hand the short exact sequence of abelian varieties over k

1 . o . .
A/ KO)rcd) 1s not injective.

0— (K%ed —> A — A/(K%)ea — 0
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shows that the pullback map H(A/(K%)ed, Q}A/(KO) d) — HY(A, 9}4) is injective. Therefore f* :
HO(B, Qg) — H(A, Qi\) is injective if and only if K is reduced, i.e., if and only if f is a separable

morphism. O

Corollary 8.16. Let f : C — D be a generically separable, finite morphism of projective curves over k.
Then f,: JC — J D is separable.

Proof. Choose an element ¢ of C (k) (after possibly extending k) and let d = f(c). Then we have the
following commutative diagram:
c——JC

-

where the horizontal arrows are the Abel-Jacobi maps associated to ¢ and d respectively. Pulling back
along these Abel-Jacobi maps yields isomorphisms H(JC, Q) .) — H(C, QL) and H°(JD, Q) ) —
H(D, Q! p)> compatible with pulling back along f and f,. As f was assumed to be generically separable,
we obtain that

()" H'ID, Q) ) — H'(IC, 2)¢)
is injective. Now apply Lemma 8.15. (I

Let k be a field of characteristic p and let X <— Z — Y be a correspondence of projective curves over
k without a core. Suppose Pic’(X < Z — Y) is nontrivial. We have the following diagram:

Pic’(Y)

/

PicO(X «~—Z—->Y)

Pic’(X)

Let G = Pic’(X < Z — Y)[p]. Take p-torsion and apply Cartier duality to obtain the diagram:

AN

JX[p] JY[p] (8-1)

L,

Now, if A is any abelian variety over k, the natural inclusion A[p] < A induces an isomorphism on
the level of invariant differentials: H°(A, QL) = wa(p)/x. On the other hand, pulling back differential
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1-forms under f,: JZ — JX and g, : JZ — JY is an injective operation by Corollary 8.16. Therefore
pulling back invariant differentials is injective:

WIxX[pl/k > @izipi/k  And @yy[plk <> ©FZ[pl/k-

Pick z € Z(k) and set x = f(z) and y = g(z). Then using the compatible Abel-Jacobi maps, we obtain
that the following two vector spaces are isomorphic:

{(nx,ny) € HOX, Q) @ HO(Y, Q) | f*nx =g ny) S (s, 1) € wrxipix @ @ryipiye | £15 = g*1).

Corollary 8.17. Let X < Z — Y be an étale correspondence of projective curves over k without a core.
Then:

« Q) = dimi{(s, 1) € @yx(p1/k D Wsyipyk | 55 = g*1).
o Ifthe map T,J X[p] — Teé is nonzero, then h°(Q2) = 1.
o The dimension of the image of T,J X[ p] — T,G is no greater than 1.

Proof. The first part follows from the above discussion. If the map 7,.J X[p] — Te(v? 1s nonzero, then
the pullback map w; k™ @IX[pl/k > @IZ[p)/k has nonzero image. By the commutativity of (8-1) there
exists a pair (s, 1) € wjx(p)/k D @sy[p)/k such that the pullbacks to w;z(,)/« agree. Hence there exists an
invariant differential form on X < Z — Y. The dimension of the image of the map w /K WIX(pl/k is at
most 1 because 4°(2) < 1. In particular, the dimension of the image of T,J X[p] — Teé is at most 1. [J

Question 8.18. Let X < Z — Y be an étale correspondence of projective curves over k without a core.
Suppose char(k) = p. If h%(Q) = 1, is the Cartier dual of PicO(X <« Z — Y) nonreduced?

9. Clumps

Definition 9.1. Let X <L Z —£> Y be a correspondence of curves over a field k. A clump S is a finite
set of k points S C Z (k) such that f=1(£(S)) = g~ ' (g(S)) = S. An étale clump is a clump S such that
f and g are étale at all points of S.

If X <L Z —£5> Y has a core, then as in Remark 3.7 every z € Z(k) is contained in a clump. In the
language of Remark 3.7, a clump is a finite union of bounded orbits of geometric points.

Let X< Z—%5Ybea correspondence of curves over k of type (d, e). Given an étale clump S, we now
construct a natural invariant line bundle £(S) together with a one-dimensional subspace Vg C H 0(L(S))
of invariant sections. (This line bundle may only be defined after a finite extension of k.) Think of §
as an effective divisor on Z where all of the coefficients of the points are 1. Then f,.S is an effective
divisor on X, all of whose coefficients are exactly d because f is étale at all points of S and has degree d.
Therefore % f+S makes sense as an effective divisor on X it is the divisor associated to the finite set
f(S) C X. The associated line bundle £x (S) on X comes equipped with a natural one-dimensional space
of sections Wy C H(X, £x(S)) with the following defining property: div(w) = é f«S for any w € Wy.
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Moreover, f*£x(S) is isomorphic to the line bundle associated with the divisor S. Similarly we obtain a
line bundle £y (S) on Y with a natural one-dimensional space of sections Wy. We set

L(8) == (£x(8), Ly (S), 9)

for any choice of isomorphism ¢ between the pullbacks. The vector space H’(£(S)) has a natural line
Vs of invariant sections, given by f*Wy and g*Wy; in particular h°(£(S)) > 1.

Corollary 9.2. Let X < Z — Y be a étale correspondence of projective curves over k without a core.
Suppose char k = 0. Then there are no clumps.

Proof. A clump S is automatically étale and hence yields a nontrivial invariant line bundle £(S) such that
hO(£(S)) > 1. This contradicts Corollary 8.13. O

Remark 9.3. Corollary 9.2 shows that there is no direct analog of the supersingular locus in characteristic 0
for the following reason: Hecke orbits are big. This provides another conceptual reason why there is no
canonical lift for supersingular elliptic curves.

Corollary 9.4. A Hecke correspondence of compactified modular curves over C is ramified at at least
one of the cusps.

Proof. The cusps are a clump. Hecke correspondences are unramified on open modular curves; if the
compactified correspondence were unramified at all of the cusps, then the cusps would form a clump on
an étale correspondence of projective curves without a core, contradicting Corollary 9.2. (I

Remark 9.5. The hypothesis of Corollary 9.2 implies that X, Y, and Z are Shimura curves by Theorem 3.10.
This corollary was probably known, but we could not find a reference. Similarly, Corollary 9.4 admits a
direct approach, but we find our method conceptually appealing.

Theorem 9.6. Let X <L~ Z %> Y be a correspondence of curves over a field k without a core. There is

at most one étale clump.

Proof. It is harmless to compactify the correspondence, so we assume X, Y, and Z are all projective.
Suppose there were two étale clumps, S and 7. As in the discussion above, they give rise to positive
invariant line bundles £(S) and £(T) together with lines Vs ¢ H*(£(S)) and V; C HY(£(T)). There
exists m, n € N such that £(5)" ® £(T)™" has degree 0. Lemma 8.9 implies that Pic'(X « Z > Y) is
a finite group scheme over k; in particular, ()™ ® £(T)~" is a torsion line bundle. Therefore there
exists j, k € N such that £(S)/ = P(TH*.

The divisor of any element of V_gz) /isa positive multiple of S, and similarly the divisor of any element
of VT®k is a positive multiple of 7. In particular, if S # T, then the spaces VS® 7 and Vj@k would be
different lines inside of HO(£(S)/) = H(£(T)*). This would imply that h°(£(S)7) > 2, contradicting
Proposition 8.2. ]

Question 9.7. Let k be a field of characteristic p. Let X <L 7 %5 ¥ be an étale correspondence of

projective curves over k without a core. Is there always a clump? Equivalently, is there always an invariant
pluricanonical differential form?
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Remark 9.8. Theorem 9.6 generalizes the main theorem of [Hallouin and Perret 2014] (see the Introduc-
tion and Theorem 19 of that article), and the proof technique is completely different. In particular, those
authors use the Perron—Frobenius theorem from spectral graph theory. We provide a detailed description
of how to derive their result from ours.

Let k =, and let X be a smooth projective (geometrically irreducible) curve over k. Hallouin and
Perret consider correspondences I' C X x X, with the assumption that I" is absolutely irreducible and of
type (d, d). Let T (X, I') be the sequence of curves (C,),>1 defined as follows:

Co={(P1,Ps,....,P) €X"|(P;, Piyy) €T foreachi=1,...,n—1}.

Let Goo (X, I'), the geometric graph, be the graph whose vertices are the geometric points X (F) and for
which there is an oriented edge from P € X(F) to Q € X(F) if (P, Q) € I'. Theorem 19 of [loc. cit.]
states that if the C,, are irreducible for all n > 1, then G (X, ') has at most one finite d-regular subgraph.
As the correspondence is of type (d, d), every finite d-regular subgraph of G, (X, I') induces an étale
clump St C I'(F) with the following “symmetry” property: w1 (St) = m2(Sr). We call St a symmetric
étale clump and set Sx = 7 (Sr) = m2(Sr).

To understand their hypotheses, we first make the following definition. Let €2 be an algebraically
closed field of transcendence degree 1 over k. Let Hgél}l be the following directed graph: the vertices are
elements of X (£2) and the edges are I'(£2). The source of an edge e is 71 (e) € X (£2) and the target of
e is mp(e) € X (£2). As usual, this graph is generally not connected and all connected components are
isomorphic: we let Hgen be any connected component. Every vertex of the graph Hge, has in-degree and
out-degree d. The hypothesis that C,, is irreducible for all n is equivalent to Hge, having no directed
cycles. Note that this implies, but is not equivalent to, Hgen being infinite.

There is of course a surjective “collapsing” map Q;‘élr} — 7—[;‘;‘1 for a self correspondence X < I' — X.
One may make this a map of directed graphs by giving the following orientation to edges in the 2-colored
graph ggg}}: an edge e between a blue vertex v and a red vertex w has the orientation v — w. This map
does not necessarily yield a surjective map Ggen — Hgen; in particular, Gge, can be finite with Hge, infinite
(e.g., see Elkies” Example 9.9).

We now derive their result from ours. Let us assume, as they implicitly do, that Hge, has no directed
cycles. There are two possibilities: either X <~ I" — X has no core (i.€., Ggen is infinite by Proposition 5.10),
or X < I" — X has a core (i.e., Ggep is finite by Proposition 5.10).

In the first case, Theorem 9.6 directly applies. In the second case, we will derive their theorem from
ours. We first note that it is sufficient to prove the theorem after replacing I by its normalization, i.e., we
may assume I" is smooth. Call the coarse core D. We have the following diagram:

XVFYZJX
S,
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As D is the coarse core, I is the normalization of a component of X x, p , X. A symmetric étale clump
St of X <— I' — X yields unique étale clump Sy for the correspondence D <— X — D. In particular, if
we show that D <— X — D has at most one étale clump, we will have proven X < I' — X has at most
one symmetric étale clump and we will have succeeded in deriving their theorem from ours.

We need only prove that D <— X — D has no core. This is where we use the irreducibility of all of
the C,. Note that C,, is birational to I X, x 7, I' X -+ X, x 7, I and lim,,_, o, deg(C, — D) = 00. On
the other hand, I" is birational to a component of X x, p , X. Therefore C, is birational to an irreducible
component

XXppgXX-XppgX

with increasing degree over D as n — oco. We now argue this cannot happen if D <— X — D had a core.
If D < X — D has a core, we can find a curve W — X that is finite Galois over both compositions to
D by Lemma 4.3. If E is any irreducible component of X X, p 4 X X --- X, p 4 X, then

deg(E — D) <deg(W — D).

As the C, are birational to irreducible of components of X x, p 4 X X --- x, p 4 X and deg(C, — D)
goes to 0o as n — 00, we see that D <— X — D has no core. Therefore Theorem 9.6 applies.

We remark that this argument only requires that there are components of C,, whose degree over D
goes to oo as n — 00. In particular, we only need that Hge, is an infinite graph.

Example 9.9. Consider the symmetric modular correspondence Y (1) <— Y5(2) — Y (1) over F. Then
points of the form {(Py, P2, P1) | (P1, P») € Yy(2)} are an irreducible component of C3. Therefore Cs is
not irreducible and their theorem does not directly apply. Note that G, is a tree, by direct computation or
Lemma 6.10. However, one can massage the correspondence, a la [Elkies 1997], to obtain the one-clump
theorem for this correspondence using their method: it is equivalent to prove that there is only one clump
for the correspondence

Y0(2) < Yo(4) — Yo (2).

Here Yy (4) parametrizes pairs of elliptic curves equipped with a cyclic degree 4 isogeny between them
[E; — E5]. This cyclic isogeny is uniquely the composition E; — E’ — E», and the two maps to Y, (2)
send this isogeny to [E] — E’] and [E’ — E] respectively. Note that this correspondence has a core:
Y (1), where [E; — E’] and [E’ — E;] are both sent to [E’]. Hallouin and Perret’s theorem applies to
this correspondence. This correspondence has the property that G, is finite (because there is a core)
but Hgey is infinite. For more details, see [Hallouin and Perret 2014] or Section 2.5 of [Krishnamoorthy
2016].

We describe a simple consequence of having a clump, providing a partial affirmative answer to
Question 4.8.

Proposition 9.10. Let X <— Z — Y be a correspondence of curves without a core with Z hyperbolic. If

an étale clump exists, then the degree of the maximal “field of constants” of E is finite over k.
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Proof. If an étale clump exists, then all of the points of the clump are defined over a finite extension
of fields k’/ k. There are therefore k’-valued points of all of the curves Wyy...y, as in Remark 7.3. This
implies that all of the Wyx...y and hence W, and E have field of constants contained in k’. The field
of constants of E, is then finite over k as desired. O
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Local topological algebraicity with algebraic
coefficients of analytic sets or functions

Guillaume Rond

We prove that any complex or real analytic set or function germ is topologically equivalent to a germ
defined by polynomial equations whose coefficients are algebraic numbers.

The problem of the algebraicity of analytic sets or mappings is an old subject of study. It is known that
the germ of a coherent analytic set with an isolated singularity is analytically equivalent to the germ of an
algebraic set [Kucharz 1986; Tougeron 1976]. But in the general case the germ of an analytic set is not
even locally diffeomorphic to the germ of an algebraic set [Whitney 1965]. On the other hand, considering
a weaker equivalence relation, T. Mostowski [1984] proved that the germ of an analytic set is always
homeomorphic to the germ of an algebraic set and this has been generalized to analytic function germs
[Bilski et al. 2017]. For practical, effective and sometimes even theoretical purposes (for instance see
[Budur and Wang 2017]) it is often not possible to handle coefficients that are transcendental numbers and
so it is important to work with polynomial equations whose coefficients are rational or algebraic numbers.
But it is well known that a small perturbation of the coefficients of polynomial equations defining an
algebraic set germ or an algebraic function germ can drastically change the topology of the germ.

The goal of this paper is to extend the results of [Bilski et al. 2017] by proving that any complex or real
analytic set or function germ is homeomorphic to an algebraic germ defined over the algebraic numbers.
Our main result is the following one:

Theorem 1. Let K =R or C. Let (V,0) C (K", 0) be an analytic set germ and g : (V, 0) — (I, 0) be an

analytic function germ. Then there is a homeomorphism
h: (K", 0 — (K", 0)
such that

(i) (h(V),0) is the germ of an algebraic subset of K" defined over Q NK,
(ii) goh~' is the germ of a polynomial function defined over Q NIK.

Moreover when we consider the particular case where there is no function germ g but only the set
germ (V, 0) we can be more precise about the nature of the homeomorphism:

MSC2010: primary 32S05; secondary 11G35, 13F25, 14B07, 32A05, 32B10, 32S15.
Keywords: local topological type, local algebraicity.
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Theorem 2. Let K=RorC. Let (V,0) C (K", 0) be an analytic set germ. Then there is a homeomorphism
h: (K", 0) — (K", 0) such that

() h(V) is the germ of an algebraic subset of K" defined over QN IK,
(i) (V, 0) is Whitney equisingular with (h(V), 0),
(iii) & is subanalytic and arcanalytic.

The proof of our main result is based on the approach introduced in [Mostowski 1984] and extended in
[Bilski et al. 2017]. For instance the idea to prove Theorem 2 in the case where (V, 0) is a hypersurface
germ is to use a version of the nested Artin—Ploski—Popescu approximation theorem, which we prove in
this paper (see Theorem 12), in order to construct a regular Zariski equisingular deformation of (V, 0)
such that one of the fibers is the germ of a Nash hypersurface defined over Q. By a refinement of a
theorem of Varéenko [1972] due to A. Parusifiski and L. Pdunescu [2017] such a deformation is a Whitney
equisingular deformation so it is topologically trivial and the trivialization is subanalytic and arcanalytic.
Then we use the Artin-Mazur theorem to transform our germ of a Nash set into the germ of an algebraic
set (still defined over Q) by a local diffeomorphism. For Theorem 1 the idea is to apply essentially the
same procedure to the graph of g, and the main difference concerns the part where we transform a Nash
function germ into an algebraic function germ since the Artin—-Mazur theorem is not sufficient to do this
transformation. This part requires the construction of a particular deformation of the Nash set germ which
is topologically trivial thanks to the Thom—Mather isotopy lemma. The paper is organized as follows: The
first and main part is devoted to giving an algebraic statement concerning complex-coefficient algebraic
power series that are solutions of algebraic equations with coefficients in @. It shows that such solutions
are C-points of a family of algebraic solutions defined over Q (see Theorem 7). In the next parts we apply
this statement to prove Theorem 2 and then Theorem 1, essentially by proving that the approach used in
[Bilski et al. 2017] remains valid in our situation.

Remark 3. Let us mention that B. Teissier [1990] provided an example of the germ of a complex algebraic
surface in (C3, 0) defined by a polynomial equation with coefficients in @Q[+/5] which is not Whitney
equisingular to the germ of an algebraic set defined over Q. So we cannot replace @ by @ in the statement
of Theorem 2.

Remark 4. It is known that the germ of an analytic set is not always diffeomorphic to the germ of an
algebraic set (see [Whitney 1965]). Let us mention that in general the germ of an algebraic set is neither
diffeomorphic to the germ of an algebraic set defined over Q. For instance let us consider the germ of the
curve (V, 0) C (R2, 0) defined by the equation

xy(x —y)(x —§y),

where £ € R is a transcendental number. Indeed (V, 0) is the union of four lines whose cross-ratio is &.
If (V, 0) were diffeomorphic to the germ of an algebraic set (W, 0) defined over Q, the differential of the
diffeomorphism germ would induce a bijective linear map between the tangent spaces at 0 of V and W.
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Such a linear map preserves the cross-ratio, so the tangent space of (W, 0) at 0 would be the union of
four lines whose cross-ratio is equal to & and this would not be possible since (W, 0) would be defined by
algebraic equations with coefficients in @. This example extends to the case where I = C much as was
done in [Bilski et al. 2017, Example 6.2].

Remark 5. In general for a given analytic map germ g : (K", 0) — (K™, 0) there is no germ of a
homeomorphism 4 : (K", 0) — (K", 0) such that g o & is the germ of a polynomial map: just take
g: (K, 0)— (K2, 0) given by g(x) = (x, e*) (see [Bilski et al. 2017, Example 6.3]). In particular Theorem 1
cannot be extended to analytic map germs (", 0) — (K", 0). But in general, even if g : (K", 0) — (K™, 0)
is the germ of a polynomial map there is no germ of a homeomorphism /4 : (K", 0) — (K", 0) such
that g o 4 is the germ of a polynomial map defined over @. Indeed let g : (C, 0) — (C2, 0) be defined
by g(x) = (x, &x) where £ € C is a transcendental number. If there were a homeomorphism germ
h: (C,0) — (C,0) such that g o i is the germ of a polynomial map defined over Q then both A (x)
and £h(x) would be algebraic over Q[x]. But this would imply that & is algebraic over @ which is not
possible.

Remark 6. In Theorem 1 we do not know if the germ of a homeomorphism can be chosen to be arcanalytic
or subanalytic. Indeed the proof of this result goes as follows: First we construct a Zariski equisingular
deformation of the graphs of g and of the function germs defining (V, 0) with the graphs of a Nash
function germ g and of function germs defining the germ of a Nash set (V, 0). Using the Artin—-Mazur
theorem we can reduce the situation to the case where (V, 0) is the germ of an algebraic set and g is a
unit u times a polynomial function germ P. Then, in [Bilski et al. 2017] a Thom stratification of the
deformation

t,x) = (1=0)uQ)P(x)+tu(x)P(x)

is constructed which shows (by the Thom—Mather isotopy lemma) that the function germ g = u P is
homeomorphic to the function germ P. But the Thom—Mather isotopy lemma does not provide an
arcanalytic or subanalytic homeomorphism in general.

Notation and terminology. We will denote by x and y the vectors of indeterminates (x, ..., X,) and
(Y15 ..., ym). The notation x! denotes the vector of indeterminates (xi, ..., x;) for any i < n. When
K =R or C, we denote by IK{{x} the ring of convergent power series with coefficients in €, and by K(x) the
ring of algebraic power series with coefficients in . This means that IK(x) is the subring of K[[x] whose
elements are algebraic over KK[x]. We have K(x) C KK{x}; i.e., every algebraic power series is convergent.

Let K =C or R. Let 2 be an open subset of K" and let f be an analytic function on 2. We say that f
is a Nash function at p € 2 if its Taylor expansion at p is an algebraic power series. An analytic function
on R is a Nash function if it is a Nash function at every point of €. An analytic mapping ¢ : Q2 — K" is
a Nash mapping if all its components are Nash functions on €2. A subset X of 2 is called a Nash subset
of Q if for every p € Q there exist an open neighborhood U of p in © and Nash functions f, ..., f; on
Usuchthat XNU ={ze€ U | fi(z) =---= fs(z) =0}. A germ X, of aset X at p € Q is a Nash germ if
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there exists an open neighborhood U of p in 2 such that X N U is a Nash subset of U. A Nash function
germ is said to be defined over @ N K if it satisfies a nontrivial polynomial equation with coefficients
in @ NIK. This is equivalent to saying that its Taylor expansion at a @ N KK-point is an algebraic power
series whose coefficients are in @ N[, i.e., an element of (@ NK)[x]. A Nash set is said to be defined
over @ N K if it is locally defined by Nash function germs defined over Q NIK.

1. An approximation result
We begin by stating the main result of this part:

Theorem 7. Let f(x,y) € (I_l(x)[y]p and let us consider a solution y(x) € C{x)™ of

fx, y(x) =0.
Then there exist a new set of indeterminates t = (t1, . .., t), a vector of algebraic power series
Yt x) =" yaH)x* € Q(t, x)"
aeN"
andt = (ty,...,t.) € C" belonging to the domain of convergence of all the y,(t) such that

y(x)=y(t,x) and f(x,y(t, x))=0.

Remark 8. This theorem is not true if we replace @ by Q. For instance let x and y be single indeterminates
and set f = y> —2x2. Then there is no algebraic power series y(x, t) € Q(x, t) such that

y(x,1)?=2x*=0
but we have

f(x,~/2x) =0.

Proof of Theorem 7. If y(x) € Q(x)™ then we take r = 0 and there is nothing to prove. Let us assume
that y(x) € C(x)™"\Q(x)". By Lemma 10 given below we may assume that there exist y'(¢, u, v, x) €
@(r, u,v, x)" ﬂ@[r, u, v][x]"™, where t = (¢1, ..., t,) and u and v are single indeterminates, and £ € C",
u € C, v € C such that

yx)=y'(t,u, v, x). )]
Moreover we may assume that ¢, . . ., . are algebraically independent over Q, u = 1/R(t, ..., t.) for
some polynomial R € @[tl, ..., 1] such that R(¢y, ..., t) # 0, and v is finite over [ := @(tl, o k).
Let P(11, ..., t, v) € Q(r)[v] be the monic polynomial of minimal degree in v such that
P(,...,t,,v) =0.

Let D C C" be the discriminant locus of P (¢, v) seen as a polynomial in v (i.e., D is the locus of points
g € C" such that g is a pole of one of the coefficients of P or such that P(q, v) has at least one multiple



Topological local algebraicity 1219

root). Since P (¢, ..., t., v) has no multiple roots in an algebraic closure of L, the point ¢ is not in D.
Then there exist &/ C C"\ D a simply connected open neighborhood of p and analytic functions

w,:U—>C, i=1,...,d,

such that

d
P(t,v) =] Jw—wi()

i=1

and w(fy, ..., t) = v. Moreover the ¢ — w;(¢) are algebraic functions over Q[z]. In particular the
Taylor series of wy at a point of / N Q" is an algebraic power series with algebraic coefficients. Since the
polynomial R is not vanishing at p the function

"R — s
rEC\R=0)> oo

is also an analytic function which is algebraic over @[] and so its Taylor series at a point of @"\{R = 0}
is an algebraic power series with algebraic coefficients. Let ¢ := (g1, . .., ¢r) € @ NU\{R = 0} such that
t belongs to an open polydisc A centered at g and such that A C U/ \{R = 0}. We denote by ¢ (¢) and
¢2(t) € Q(t) the Taylor series of  — 1/R(r) and w; at g. For simplicity we can make a translation and
assume that ¢ is the origin of C’. In particular the series ¢;(¢) and ¢;(¢) are convergent at £. We have

f(xv y/(t19"'atr’u9 vv-x)):()

or equivalently

f(x’ y/(t17 "'9trv wl(t19 "'atr)’ 902(t1a "'7tr)9x)) :0'
The function
(t’x)|_) F(tvx) :: f(-xay/(t]’ "'7tr7(pl(t17 "'9tr)a(p2(tla "'7tr)7x))

is an algebraic function over Q[t, x]. Soif F (t, x) # 0 there exists an algebraic function (¢, x) — g(¢, x)
such that

(t,x)—> g, x)F(t, x)
is a nonzero polynomial function. Indeed if
ao(t, )T +ay(t, )T '+ +a.(t, x)
is a polynomial of minimal degree having F' (¢, x) as a root then a.(¢, x) # 0 and we can choose
g(t,x) = —ap(t, \)F(t, ) " —a1(t, x\)F(t,x)° >+ —do_1(t, x)

so we have

gt,x)F(t,x) =a.(t, x).
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Since F (¢, x) =0 we have a.(¢, x) =0but #y, ..., t., x being algebraically independent over Q we obtain
that a,.(z, x) = 0 which is a contradiction. Thus we have

F(tvx):f(x’ y/([17~"v[rv (pl(tl"~~vt}’)’ ¢2(Il’---’tr)»x)):()-

This proves the theorem if we define

y(t, x) =y'(t, 91(1), p2(1), x).
All the series y,(¢) are then convergent at ¢, since ¢ (¢) and ¢, (¢) are convergent power series at ¢ and
since y'(t, u, v, x) € Q(t, u, v, x)" N Q[z, u, v][x]". O

Remark 9. Let us assume that f(x, y) € Q(x)[y]”. In the proof of Theorem 7 let us assume that r =0,
i.e., the coefficients of y(x) belong to a finite field extension of (2. In this case the analytic function w is
a constant function whose value is in @\Q. This is why we need to work with the algebraically closed
field @ and not only with Q.

Lemma 10. Let f € C(x)"\Q(x)™. Then there exist complex numbers ty, ..., t., u and v withr > 1 and
F e @(t, u, v, x)", wheret = (t1, ...,t) and u and v are single indeterminates, such that

o FeQ[t,u, v[x]",
fx)y=F,...,t,u,v,x),

o the extension Q — @(tl, ..., t,) is purely transcendental,
eu=1/R(,,...,t) for some polynomial R € @[tl, ot with R(ty, ..., t) #0,
* v is finite over @(tl, o).

Proof. Let K be the field extension of @ generated by the coefficients of the minimal polynomials of
the components of f. Then the coefficients of the components of f belong to a finite field extension of
K (see for instance [Cutkosky and Kashcheyeva 2008]). Let us replace [K by this finite field extension.
There exists a purely transcendental finitely generated field extension @ — L such that . — I is finite.
By enlarging [ we may assume that [L — [K is normal. By the primitive element theorem K = [(a) for

some a € C algebraic over L. Let us write f(x) = (f1(x), ..., fm(x)). We can write
d—1
fi)=>"d" fixlx) fori=1,....m,
k=0

where d is the degree of a over L and the f; ;(x) are power series with coefficients in L. Let us denote by
ay=a,d,...,dy

the conjugates of a over L. Since f;(x) is algebraic over K[x] and L — K is an algebraic extension, f;(x)
is algebraic over L[x]. Let P;(x, y) = Za’ | Da,ix” y! € L[x, y] be a nonzero vanishing polynomial of f; (x)
and let o be a L-automorphism of K such that o (a) = a; for some j. It induces a [[x]l-automorphism of
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K[x] defined by O'(Za cax"‘) =), 0(ce)x®. Then we have

d—1 1
0=0(Pi(x, () =Y 0 (Pan)x*0(fi(x) =) o (pas)x* (Z d ﬁ-,k<x>> :
a,l a,l

k=0
Thus foreveryi =1,...,mand j =1,...,d the power series

d—1

Y ab firx) € Kix]

k=0
is algebraic over [{[x]. Let M be the (nonsingular) d x d Vandermonde matrix associated to the a;. Then
we have

fi(x) = M fi(x),

where f;(x) is the vector whose entries are the Z,‘f;& a’; fix(x) for j=1,...,d,and f;(x) is the vector
whose entries are the f; x(x). Then fi )=M1! fl-(x); thus the f; x(x) are algebraic over K[x] and so
over L[x]. This shows that f; x(x) € L{(x) for every i and k.

Let ¢, ..., be atranscendence basis of ./ Q. Then by Lemma 11 given below we have

S; ty,...,t
fi,k _ Z z,k,(x( 1 r) X
Rix(ty, ... 1)
aeN"? ’

for some polynomials S; o and R; ; € Qlz, ..., 4] By replacing each R; j by ]_[j’l R; ; and multiplying

every S; k.« by ]_[?Tll)#(i’k) Rlﬁ) we may assume that R; y = Ry = R for every (i, k) and (i’, k’). The
power series

J

1 @) = fix(R(t1, oo 8)x1, .o, Rt o ) X)) = Z Sikalty, ... t)x"

aeN”

belongs to @(tl, ..., ) {x) since f;(x) € @(tl, ..., t){x). Thus we have

fv=Fut, ... .t x)

with, for every i and k,

Fiei= Scalti,....t:)x* €Qln, ... 4]lx]

aeN”
where the #; are new indeterminates. Moreover let P; (t1, ..., %, x,y) € Qlry ..., by, X, v], where y is a
new indeterminate, be a nonzero polynomial with P; (¢, x, fl*k (x)) =0. Since F;; € (IZD[I], o BT

for every k, we can write

Pia(t, oot X Fip(t ot X)) = Y Piga(tr, .. t)xP
BeNr
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for some polynomials P; ;g € @[tl, ..., tr]. Thus P;; g(t, ..., t) =0 for every i, k and B, but since
t1, ..., are algebraically independent over @ we have

Pirp(ti,....t;) =0

for every i, k and S so

Pi,k(t]9"'atraxa Fi,k(tla--'5tr’-x))=0
and this implies that F; ; € @(tl, ..., I+, x). In particular if u denotes a new indeterminate we have
Fix(t, ... e uxy, ..., ux,) € @(tl, ce b U, X) NQ[r, ..., b, ulllx] for all k.

Finally we set t = (¢, ..., ) and

d—1

k
Fi(t,x) = Z V' F k(ty, oot UXY, e, UXy)
k=0

where v denotes a new indeterminate. Thus the result is proven with F' the vector whose components are
the F; andu =1/R(t,...,t) and v =a. O

The following version of Eisenstein lemma is essentially [Tougeron 1990, Lemma 2.2] and the proof
is the same — but we give it here for the convenience of the reader:

Lemma 11 (Eisenstein lemma). Let f € Q(ti, ..., t,)(x) be an algebraic power series where the t; € C
are algebraically independent over Q. Then there exist a polynomial R(t) € Q[t] and polynomials
Sq(t) € @[I]for everya € N" where t = (t1, ..., t,) is a vector of new indeterminates, such that
S()l(t17 ---»tr)
f= Y Selte ) o

||

aeNn R(tlv ---»tr)a
Proof of Lemma 11. Let P(x, y) € Q(¢1, ..., t.)[x, y] be a minimal polynomial of f, i.e., a generator of

the kernel of the ring morphism:
Q1. to)lx, y]1 = Qs - 1)L
p(x,y) —> p(x, f(x)).
Let us set

<aP )
e:=ord, [ —(x, f(x))].
dy

We have e < 0o since P(x, y) is a minimal polynomial of f(x). Let us write f = ZaeNn fou(t)x*, where
t=(t,...,t,)and fu(¢t) € Q(¢). Let b(t) € Q[¢] be a common denominator of the fu () for || <2e+1.
Then Lemma 11 is satisfied by f if and only if it is satisfied by b(¢) f. Thus we may replace f by b(¢) f.
In this case a minimal polynomial of b(¢) f is

/ — pgydeg, (P) A
P'(x,y):=b)"* P(x, b(t))'
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Moreover by multiplying P’(x, y) by an element of Q(¢, ..., ) we may assume that P'(x, y) €
@[tl, ..., t][x, y]. Then we have

(G5 p0r)
e=ord;| —(x,b() f(x))].
dy

Thus we may replace f by b(¢) f and assume that f, (¢) € Q[¢] for |a| < 2e+ 1.
We define
P*(uax9 )’) = P(MX1, cee uxnv )’) e @[tlv ce trv-xla e 7-xl’l][u7 }7]

and

fu, x):= f(uxy, ..., ux,)

where u is a new indeterminate. Then P*(u, x, f*(u, x)) = 0 so f* € Q(t, x)(u). Let us denote by
f *Ce+D () the (2¢ + 1)-truncation of f*(u) (i.e., we remove from f*(u) all the monomials which are
divisible by u%¢*?). Then

*

apP (. x, £CD) € e\ @)t
y

P*(u, X, f*(Ze—H)) c (u)2e+2 and

Let us set
y = ue—i—ly/ + f*(ZeJrl)

where y’ is a new indeterminate. Then

dP*
P y) = PR, fOT) 2o O 12 2y 0 )

for some polynomial Q. Thus the equation P*(u, x, y) = 0 is equivalent to

dP*
Pr(u. x f*(2€+1)) W(”’x’ f*(26+1))

2
u2e+1 + e Yy 4+uy”Qu,y)=0. (2)

Since fy(¢) € Q[¢] for |o| < 2e + 1 we have f*(ze“) € Q[t, x, u]. Since the coefficients in (2) are
polynomials in u#, x and the f,(#) for |a| < 2e + 1, they belong to @[t, x,u]. Let R(t,x) € @[t, x] be

fi
defined by a—P*(u v, freD)
R(t,x):( 9y ) .
|lu=0

ue
Since ord, (P*(u, x, f*(2e+1))/u26+1) > | we see that R(¢, x)? divides

P*(R(t, x)Zu/’ X, f*(ze—H)(R(t, X)ZM/))
(R(t, x)zu/)2e+1

where u’ is a new indeterminate. Thus by replacing y’ by R(¢, x)y” and u by R(t, x)*u’ in (2), and
dividing by R(¢, x)? we conclude that (2) is equivalent to

72

At x,u' )+ (L+u' Ayt x, u')y” +u'y" " As(t, x,u') =0, (3)
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where the A; belongs to Q[z, x, u']. By the implicit function theorem (or Hensel’s lemma) this equation
has a unique solution in Q(t, x, u’) which is necessarily g* := f*(R(t, x)%u’)/R(t, x). Moreover we
can also apply Hensel’s lemma to this equation to see that it has a unique solution in the completion of
Q[t, x, u'] with respect to the ideal generated by u’, i.e., in the ring Q[¢, x][u']. Thus

gt e Qt, x1'TNQt, x, u').

In particular the coefficients g; defined by g*(u') = >, giu’ K are polynomials over @ depending on
the #; and the x;. Moreover

Frap=3 S0

u
2k—1
SR 0)
On the other hand we have
S*w) = Z( > fa(t)x“)uk;
k>0 o=k
hence i
_ gk (ta -x)
Z fa(t)xa = W for all kK € N. (4)

la|=k
For every o € N", let us write f, (¢) = ho(2)/l1o(t) Where hy(2), [)o(t) € Q[¢] and L\ (¢) is coprime with
> aj=k Pa(£)x®. Then i (¢) divides R(z, x)211=1 Let r(t) be the greatest divisor of R(¢, x) belonging
to @[t]. Then there exists d|q|(f) € @[t] such that /|y (#)d||(t) = r(t)?=1, Thus

he(t)d)q(2)
r(t)Z\od—l :

This proves the lemma. O

fa(t) =

Theorem 7 allows us to prove the following version of the nested Artin—Ptoski—Popescu approximation
theorem:

Theorem 12. Let f(x,y) € @(x)[y]p and let us consider a solution y(x) € C{x}" of

fx, y(x)) =0.

Let us assume that y; (x) depends only on (x1, ..., X)) where i +— o (i) is an increasing function. Then
there exist two sets of indeterminates 7= (z1, ..., zs) andt =(t1, ..., t;), an increasing function T, conver-
gent power series z;(x) € C{x} vanishing at O such that z1(x), . .., Z¢()(x) depend only on (x1, . .., X5(i))s
complex numbers ty, ..., t. € Cand an algebraic power series vector solution y(t, x, z) € @(t, x,z)™ of

S,y ,x,2)=0
such that

Vit,x,2) € QUE, X1, ooy Xo(iys 21y - -+ » 2e))  fOT every i,

y(t, x, 7) is well defined and y(x) = y(¢, x, z(x)).
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Proof. By [Bilski et al. 2017, Thereom 1.2] there exist a new set of indeterminates z = (zy, .. ., Z5), an
increasing function 7, convergent power series z; (x) € C{x} vanishing at O such that z;(x), ..., z;¢)(x)
depend only on (xi, ..., Xs(;)), and an algebraic power series vector solution y(x, z) € C(x, z)™ of

fx,y(x,2))=0
such that
vi(x,z) € C{x1, ..., X534y, 215 - - -5 22(i)) forevery i

and y(x) = y(x, z(x)). Then we apply Theorem 7 to the vector y(x, z). O

2. Proof of Theorem 2

The proof is similar to the proof of [Bilski et al. 2017, Theorem 1.2] and so we will refer several times
to this paper for details. For convenience x"~1 will denote the vector of indeterminates (xj, ..., X,—1)
and, more generally, x’ will denote the vector of indeterminates (xi, ..., x;). Firstly we consider the case
K=C. Let g1, ..., gx € C{x} be the defining equations of (V, 0). By a linear change of coordinates we
may assume that the g; are Weierstrass polynomials in x,,:

Is
gs(x) =x,* + Zan,l,s,j(x”_l)x,’;_j forall s=1,...,k
j=1
and
multy(gy) =75 forall s=1,..., k. )

Then the a, ;s ; are arranged in a row vector a, | € C{x""1}P» with Pn =) ,I's. Let f, denote the
product of the g;. Let A, ; denote the i-th generalized discriminant of f, seen as a polynomial in x,
(see [Bilski et al. 2017, 4.2]). This is a polynomial depending on a,,_;. Then let A, ; (a,—1) be the first
nonvanishing generalized discriminant. After a linear change of coordinates in x1, ..., x,_; we may
assume, by the Weierstrass preparation theorem, that

P
Anj(@n-1) =ty (x" 1) (X,’,’if + Z an-2,; (X”_Z)X,’,’if_"),
j=1
where u,_1(0) # 0 and for all j, a,_> ;(0) = 0. We carry on with this construction (exactly as in [Bilski
et al. 2017, 4.2]) and define a sequence of Weierstrass polynomials f;(x’) fori =1, ..., n — 1 such that
fi=xl"+ 0 a6 DR "~/ is the Weierstrass polynomial associated to the first nonidentically
zero generalized discriminant A; 44 j,,, (a;) of fi1, where a; denotes the vector (a; 1, ..., a; p,):

pi
Ay, (ai) = Mi(xl)(xipi + Zail,j(xl_l)xfi_j>, i=0,....,n—1. (6)

j=l1

Thus the vector of power series a; satisfies

Ait1x(a;)=0 for k < jiy;andi=0,...,n—1. @)
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In particular Ay j (ap) is a constant. Then we use Theorem 12 to see that there exist two sets of
indeterminates z = (z1, ..., zg) and t = (¢, ..., t), an increasing function t, convergent power series
7;(x) € C{x} vanishing at 0, complex numbers ¢, ...,t € C, algebraic power series u;(t, x',z) €
@(t, Xz, Z¢(;)) and vectors of algebraic power series

ai(t,x',2) € Qlt, X", 21, ..., 2oy
such that the following hold:
(@) z1(x), ..., z¢¢)(x) depend only on (xi, ..., x;).
(b) a;(t,x', z) and u;(t, x', z) are solutions of (6) and (7).
(©) ai(x") =a;(t,x", z(x")) and u; (x) = u; (¢, x', z(x")).

Let iz; be the constant coefficient of u; (x'). Because z(0) =0 we have it; = u; (¢, 0, 0) and u; (¢, 0, 0) € @(t).
In particular u; (¢, 0,0) # 0. Let y : U{ — C" be the analytic map defined by

y(A)=00—-A)g+xrt

where U/ is an open connected neighborhood of the closed unit disc in C and ¢ € @". Because u; (¢, 0, 0) 0
and Q is dense in C we may choose ¢ close enough to ¢ such that

ui(y(1),0,0)#0 for all i and A € U.

Again because @ is dense in C we can find ¢ € Q close enough to ¢ such that the following are, for all
A € U, well defined convergent power series in x:

Fox) =[] Gs(x),  for GO x) i=xp + Y 1,5, (y (1), x" " Az (@™ g
s j=1

and, fori=1,...,n—1,

Pi N . . N B

FiOnx)i=x"+ Y aiy j(y ), ' aze )™ and ui(y (1), X7, 2(x).

j=1
Finally we set Fy = 1. Because u;(y (1), 0, z(0)) # 0, the family F; (X, x) satisfies the assumptions
of [Parusifiski and Paunescu 2017, Theorem 3.3] with |A| < 1, i.e., the family is Zariski equisingular.
Moreover by (5) we have

multy(Gy) =rg forall s=1,...,k,

so the family is Zariski equisingular with transverse projections (see [Parusifski and Paunescu 2017,
Definition 4.1]). So by Theorem 4.3 of that work this family is a regular Zariski equisingular family and by
Theorem 7.1 of that work it is Whitney equisingular. Thus {F,,(0, x) =0} and {F,,(1, x) =0} ={ f,(x) =0}
are homeomorphic and the homeomorphism between them can be chosen to be subanalytic and arcanalytic.
We have F,(0, x) € @(x) thus, by [Bilski et al. 2017, Theorem 3.2], we may assume that (V, 0) is the
germ of a Nash set defined over @. When I = R we may also assume that (V, 0) is the germ of a Nash
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set defined over @ N K. This follows from the complex case by the same argument used in the proof of
[Bilski et al. 2017, Corollary 4.1]. Then we conclude with the following theorem:

Theorem 13. Lez (V, 0) C (K", 0) be a Nash set germ defined over QN IK. Then there exists a local Nash
diffeomorphism h : (K", 0) — (K", 0) such that h(V) is the germ of an algebraic subset of K" defined
over QNIK.

Proof. This follows from Proposition 14 given below which is a slight modification of [Bochnak and
Kucharz 1984, Proposition 2]. Indeed let f : U — K™ be a Nash function such that f~1(0) = V.
Then by Proposition 14 we have V = s~ !(¢~1(0)). But s : U — s(U) is a Nash diffeomorphism by
Proposition 14ii. So we set 4 = s and (V) is an algebraic set equal to ¢~!(0), again by using the
notations of Proposition 14. (]

Proposition 14. Ler f : U — K™ be a Nash map defined on an open connected set U C K" by algebraic
power series with coefficients in @ NIK. Then there exist an algebraic set X C K" x KV, a polynomial
map ¢ : X — K™ and a Nash map s : U — K" x KV satisfying the following properties:

(i) s(U) C Reg(X) is a connected component of p N U)YN X, where p : K" x KN — K" is the first

projection.
(i) pos=Idy.
(iii) f=gos.
(iv) the coefficients of the polynomials defining X and ¢ are in Q NIK.

Proof. The existence of X, ¢ and s satisfying (i), (ii) and (iii) are given by [Bochnak and Kucharz 1984,
Proposition 2] in the general case where f is defined by algebraic power series with coefficients in K.
In fact X is the normalization of the Zariski closure of the graph of f and ¢ is the restriction to X of a
generic linear map K"+~ — [K”. In particular, since f is assumed to be defined over Q@ N, we have that
X is defined by polynomial equations with coefficients in @ N K. Because ¢ is generic we can choose
such a ¢ with coefficients in @ N K since this field is dense in K. ([

3. Proof of Theorem 1

The proof is similar to the proof of [Bilski et al. 2017, Theorem 1.3] and so once again we will refer
several times to this paper for some details. We begin by considering the case K =C. Let g1, ..., g,
be power series defining (V, 0). Let us replace n by n — 1 to assume that (V,0) C (C*1,0) and let
(x2, ..., x,) denote the coordinates in C"~!. Let us set 8o := g. After a linear change of coordinates in

X2, ..., X, (i.e., preserving x;) we have

p
[T —gmCrar . x)

m=0
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is x,-regular. Thus we may write

p Pn
[ —gmlra. ... x0)) = un(X)<X,f” +> an, ,-(x"*)x,{"lﬂ),
m=0

j=1

where u,(0) #0 and a,,_ ;(0) = 0. We set

Pn
n _1 n_.
fo(x) =xP +§ An—1,j (X" X!
j=1
so that

p n
un () fu () = ] (xl = Xibmi(xa, ., xn>), ®)

m=0 k=2

with g, = ZZ=2 Xrbm r for some power series b, ; since g, (0) = O for every m. We denote by
b € C{x}’"~D and a,_; € C{x"~!}P» the vector of the coefficients b,, x and a,_ ;, respectively. Again
we denote by A, ; the generalized discriminants of f, which are polynomials in a,_;. Let j, be the
positive integer such that

An,i(anfl) =0 fori< jny

and A, j (a,—1) # 0. After a linear change of coordinates (x2, ..., x,—1) we may write
Pn—1
—1\ Gn—1{ . Pn—1 =2y, Pn—1—J
An,jn (ap—1) =up—1 (x" )xln (xnnl + Z an—2,j(xn )xnil ),
j=1

where u,,_1(0) #0 and a,_> ;(0) = 0. We set

Pn—1
n— -2 n—1—J
Famt =04 a6
j=1
and the vector of its coefficients a,, > ; is denoted by a, > € C{x"2}Pn-1. Let Jn—1 be the positive integer
such that

Ap_1x(ap—2)=0 forall k <j,y and A,_y;_,(a,—2) #0.

Then again we divide A,_; j,_, by the maximal power of x| and, after a linear change of coordinates
(x2, ..., x,—2), we denote by fn_2(x""2) the associated Weierstrass polynomial.

We carry on with this construction and define a sequence of Weierstrass polynomials f;(x'), for
i=1,...,n—1,suchthat f; =x"" + Zﬁ.’izl ai—1,j(x'~1Hx"77 is the Weierstrass polynomial associated to
the first nonidentically zero generalized discriminant A; ;. (a;41) of fi1, divided by the maximal power
of x1, where a; = (a; 1, ..., a; p,):

Pi )
j i i i—1 i — .
Aigr i, (ai) = u; (x")x <x{’ +) aioy (! f) for i=0,....,n—1. 9)
j=1
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Thus the vector of power series a; satisfies
Ait1x(ai—1)=0 for k < jiyyandi=0,...,n—1. (10)

Then we use Theorem 12 to see that there exist two sets of indeterminates z = (z1, ..., Z,;) and
t=(t,...,t), an increasing function 7, convergent power series z; (x) € C{x} vanishing at 0, complex
numbers ¢, . .., t, € C, algebraic power series u; (t, xiz)e @(l, X zi, ., Z¢(i)) and vectors of algebraic
power series

bt,x,z) € Qt, x,2)?" D and a;(t,x',2) e Qt, xV, 7y, ..., zea)?s
such that the following hold:
(@) z1(x), ..., z¢¢)(x) depend only on (xi, ..., x;).
(b) a;(t,x", z), u;(t, x", z) and b(¢, x, z) are solutions of (8), (9) and (10).
(©) ai(x") =a;i(t,x", z(x")), u; (x") = u; (¢, x', 2(x")) and b(x) = b(¢, x, z(x)).
Then we repeat what we did in the proof of Theorem 2. Let it; be the constant coefficient of u;(x").

Because z(0) = 0 we have ii; = u; (¢, 0,0) and u;(¢,0,0) € Q(r). In particular u;(¢,0,0) # 0. Let
y :U — C" be the analytic map defined by

yA)={0—-1)q+Art

where I/ is an open connected neighborhood of the closed unit disc in C and ¢ € @”. Because u; (¢, 0, 0) #£0
and Q is dense in C we may choose ¢ close enough to ¢ such that

u;(y(1),0,0) A0 forall i and A eUd.

Again because @ is dense in C we can find g € @ close enough to ¢ such that the following are, for all
A € U, well defined convergent power series in x:

pi
FiOnx)=xl"+ > iy j(y 00, x ' az@ )l for i =0,

= w;(y (W), x', z(x)) fori=1,....,n—1.
We have )
un(y (W), %, A2 F O, x) = [ ] (xl =Y xbn iy (), x, Az(x))).
m=0 k=2

By the implicit function theorem or the Weierstrass preparation theorem we have

X1 = Y Xbw k(Y (W), X, 22(0) = 0 (O, ) (61 = G (A X2, -, X)),
k=2

where v, (A, x) € C{A, x}, G, (A, x2, ..., x,) € C{X, x2, ..., x,} and v,,(0, 0) # 0. Because

X1 =Y Xibmi((0), x,0) € Qx)
k=2



1230 Guillaume Rond

we have
Um (0, x), G (0, x2, ..., xp) € Q(x)

by unicity in the Weierstrass preparation theorem. We set

é’m()’) = Gm(O,y) for m:O,...,p

where y = (y1, ..., Y»—1) is a new vector of indeterminates. Then, for both cases K = C or R, we
conclude exactly as in [Bilski et al. 2017] (see the end of 5.4 and Proposition 5.3 in that work) to show
that there is a homeomorphism 4 : (K", 0) — (K", 0) such that (2(V), 0) is a germ of a Nash subset of
K" defined over @ NIK and g o & is the germ of a Nash function defined over Q N K.

Then we deduce from Proposition 14 the following analogue of [Bilski et al. 2017, Theorem 5.4]:

Corollary 15. Let g; be algebraic powers series with coefficients in Q N K defining Nash function germs
gi : (K", 0) — (K, 0). Then there exist a Nash diffeomorphism h : (K", 0) — (K", 0) and Nash units
u; . (K", 0) = K, u; (0) # 0, such that, for every i, u; (x)g; (h(x)) are polynomial function germs defined
over QNIK.

Proof. We have the following fact: let (¥, 0) C (K", 0) be a Nash set germ defined by algebraic power
series with coefficients in @ NK. Then there exists a Nash diffeomorphism 4 : (K", 0) — (IK°0) such
that for every irreducible analytic component W of (Y, 0), the ideal of functions vanishing on 2(W) is
generated by polynomials with coefficients in @ N . This follows from Proposition 14 by applying word
for word the proof of “(i) = (iv)” in [Bochnak and Kucharz 1984, Theorem 5]. Thus when KK = C this
fact applied to the germ (Y, 0) defined by the products of the g; proves the theorem. When K = R we
conclude as done for this case in the proof of [Bilski et al. 2017, Theorem 5.4]. O

Let us recall that we have shown that there is a homeomorphism 4 : (K", 0) — (K", 0) such that
(h(V), 0) is the germ of a Nash subset of K" defined over QNIK and g oh is the germ of a Nash function
defined over @ NIK. So we conclude the proof of Theorem 1 by using Theorem 13 and [Bilski et al. 2017,
Theorem 5.5].
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Polynomial bound for the nilpotency index
of finitely generated nil algebras

Matyas Domokos

Working over an infinite field of positive characteristic, an upper bound is given for the nilpotency index
of a finitely generated nil algebra of bounded nil index » in terms of the maximal degree in a minimal
homogenous generating system of the ring of simultaneous conjugation invariants of tuples of n-by-n
matrices. This is deduced from a result of Zubkov. As a consequence, a recent degree bound due to
Derksen and Makam for the generators of the ring of matrix invariants yields an upper bound for the
nilpotency index of a finitely generated nil algebra that is polynomial in the number of generators and
the nil index. Furthermore, a characteristic free treatment is given to Kuzmin’s lower bound for the
nilpotency index.

1. Introduction

Throughout this note F stands for an infinite field of positive characteristic. All vector spaces, tensor
products and algebras are taken over [. The results of this paper are valid in arbitrary characteristic, but
they are known in characteristic zero (in fact stronger statements hold in characteristic zero, see Formanek
[1991], giving in particular an account of relevant works of Razmyslov [1974] and Procesi [1976]).

Write F,, :=F(x1, ..., x;) for the free associative F-algebra with identity 1 on m generators xi, ..., X,
and let .7-",;r be its ideal generated by x1, ..., x,; (so .7-",;r is the free nonunitary associative algebra of rank m).
For a positive integer n denote by I, , the ideal in F,,, generated by {a" |a € F,'}. A theorem of Kaplansky
[1946] asserts that if a finitely generated associative algebra satisfies the polynomial identity x"” = 0, then
it is nilpotent. Equivalently, there exists a positive integer d such that for all iy, ...,iz; € {1, ..., m} the
monomial x;, - - - x;, belongs to I, ,,. Denote by dr(n, m) the minimal such d. In other words, dr(n, m)
is the minimal positive integer d such that all F-algebras that are generated by m elements and satisfy the
polynomial identity x" = O satisfy also the polynomial identity y; - - - y; = 0. This is a notable quantity
of noncommutative ring theory; Jacobson [1945] reduced the Kurosh problem for finitely generated
algebraic algebras of bounded degree to the case of nil algebras of bounded degree. We mention also
that proving nilpotency of nil rings under various conditions is a natural target for ring theorists, see for
example the paper of Guralnick, Small and Zelmanov [2010].

This research was partially supported by National Research, Development and Innovation Office, NKFIH K 119934.
MSC2010: primary 16R10; secondary 13A50, 15A72, 16R30.
Keywords: nil algebra, nilpotent algebra, matrix invariant, degree bound.
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The number dr(n, m) is tightly connected with a quantity appearing in commutative invariant theory
defined as follows. Consider the generic matrices

X, =&ij(<ij<n, r=1,...,m.

These are elements in the algebra A”*" of n x n matrices over the mn?

-variable commutative polynomial
algebra A = F[x;;(r) | 1 <i,j <n,1 <r < m]. The general linear group GL,(F) acts on A via [-
algebra automorphisms; for g € GL, () we have that g - x;;(r) is the (i, j)-entry of the matrix g_lX r 8.
Set Ry, = ASL(®) | the subalgebra of GL,, (F)-invariants. This is the algebra of polynomial invariants
under simultaneous conjugation of m-tuples of n x n matrices. The polynomial ring A is graded in the
standard way, and since the GL, (F)-action preserves the grading, the subalgebra R, ,, is generated by
homogeneous elements. Being the algebra of invariants of a reductive group, R, ,, is finitely generated
by the Hilbert—Nagata theorem (see for example [Newstead 1978]). We write Br(n, m) for the minimal
positive integer d such that the F-algebra R, ,, is generated by elements of degree at most d. The main

result of the present note is the following inequality:
Theorem 1.1. di(n,m) < Br(n,m+1).

Remark 1.2. In the reverse direction it was shown in [Domokos 2002, Theorem 3] that for n > 2 we have

Brn,m) < | 2 |de(n, m).

Theorem 1.1 is derived from a theorem of Zubkov [1996] (for which Lopatin [2013] gave versions and
improvements), see Theorem 2.1. Using a result of Ivanyos, Qiao and Subrahmanyam [2017], Derksen and
Makam [2017b] found strong bounds on the degrees of invariants defining the null-cone of m-tuples of n xn
matrices under simultaneous conjugation, and derived from this the following upper bound on Sf(n, m):

Theorem 1.3 [Derksen and Makam 2017a, Theorem 1.4]. We have the inequality
Br(n,m) < (m+ Dn*.

Given this result Derksen and Makam conjectured [2017a, Conjecture 1.5] that there exists an upper
bound on df(n, m) that is polynomial in #» and m. Combining Theorem 1.1 and Theorem 1.3 we obtain
the following affirmative answer to this conjecture:

Corollary 1.4. dr(n,m) < (m +2)n*.

Remark 1.5. Corollary 1.4 is a drastic improvement of the earlier known general upper bounds on
dr(n, m):

(1) dy(n, m) < n®m™*! by Belov [1992].

(2) dg(n, m) < gn®m" by Klein [2000].

(3) dr(n,m) < 2'8mn'?1°6:(W+28 by Belov and Kharitonov [2012].
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Itis easy to see that dp (2, m) <m-1. We note that for the case n =3 exact results on dr (3, m) were obtained
by Lopatin [2005]. Moreover, Lopatin [2012] proved that if char(F) > % then dy(n, m) < n!togGm+2)
and dp(n, m) < 221"/ 2y,

Remark 1.6. When char(F) > n2 + 1, we have Br(n,m) < n2. Indeed, the proof presented by Formanek
[1986] (following the original arguments of Razmyslov [1974] and Procesi [1976]) for the zero character-
istic case of the corresponding inequality goes through without essential changes when char(F) > n? + 1.
Thus by Theorem 1.1 we get that dp(n, m) < n? when char(F) > n?+ 1.

In Section 3 we show that the following lower bound for dg(n, m) due to E. N. Kuzmin [1975] when
char(F) = 0 or char(F) > n holds in arbitrary characteristic:
Theorem 1.7. The monomial xlexlezxzxf . -xzxffl is not contained in the ideal I, ». In particular,
form =2 we have dr(n,m) >n(n+1)/2.

Remark 1.8. It is well known that when 0 < char(F) < n, the element xx; - - - X, is not contained in I, ,,,
see for example [Nagata 1952, 5. Remark (I)]. So in this case for m > 2 we have

nn—+1)
)

max{m—i—l, <dr(n,m) < (m+2)n4.

2. Identities of matrices with forms

The map x; — X; (i =1, ..., m) extends to a unique [F-algebra homomorphism ¢; : F,, — A™*"". We
have ¢ (1) = I, the n x n identity matrix. Consider the commutative polynomial algebra

Pn,mz[F[S[(Cl)|Cl an—:,l= 1,...,n]
generated by the infinitely many commuting indeterminates s;(a). Define the F-algebra homomorphism

02 Pum —> Rum,  @2(s1(a)) = o1(p1(a)),
where for B € A™*" we have

det(tI + B) = Z f'o,_i1(B),
=0

so 07(B) is the sum of the principal [ x [ minors of B. A theorem of Donkin [1992] asserts that ¢; is
surjective onto R, ;. Combining ¢; and ¢, we get an F-algebra homomorphism

go:/Pn,m ®]:m_)An><n’ b®a'—>(ﬂ2(b)¢l(a)-

The subalgebra C,, ,,, = ¢(Py.m ® Fpy) is called the algebra of matrix concomitants. It can be interpreted
as the algebra of GL, (F)-equivariant polynomial maps (F**")" — F"*", where GL,,(F) acts on ["**" by
conjugation and on the space (F"*")" of m-tuples of matrices by simultaneous conjugation. For a € F,}
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define an element x,(a) in Py, @ F;, as follows:

Xn@) =Y (=D'si@)@a""

1=0

(where so(a) = 1). We need the following result of Zubkov [1996] (see also Lopatin [2013, Theorem 2.4]):

Theorem 2.1 [Zubkov 1996]. The ideal ker(p) is generated by
{b®1, xu(a) | b €ker(pr), a € Fp}.

Remark 2.2. The papers [Zubkov 1996; Lopatin 2013] use different commutative polynomial algebras
than our P, ,,,, however, it is straightforward that Theorem 2.1 is an immediate consequence of the versions
stated there. We note that those works give descriptions of the ideal ker(¢;) as well. A self-contained
approach to the theorem of Zubkov can be found in the recent book by De Concini and Procesi [2017].

Denote by n: Cy.p = Cyoim/ R;f . Cn.m the natural surjection (ring homomorphism), where R;f . 15 the
sum of the positive degree homogeneous components of R, ,,.

Corollary 2.3. The kernel of o ¢y is the ideal I, ,, = (a" | a € F,}) in F.

Proof. We have ker(n o ¢1) = ker(n o ¢) N F;,, (where we identify F,, with the subalgebra 1 ® F,, in
Pum @ Fm). The ideal (s;(a) @ 1| a € F,, 1 <1 <n) is mapped surjectively onto R,j’m Cy.m by [Donkin
1992]. Therefore we have

ker(nog)=¢ (R} ,,Cr.m) =ker(p)+(si(@)®1|ae Fi, 1<l <n)=(s(a)®1, 1®a" |a e F,}, 1 < <n),
(the last equality follows from Theorem 2.1 and the fact that 1 ® a” — x,(a) belongs to (s;(a) ® 1 |
a € Fr,1<1<n)). Obviously the ideal (s;(a) ® 1, 1®a" |a € F}, 1 <1 <n) intersects F, in I . U

Remark 2.4. Corollary 2.3 implies that the relatively free algebra F,,,/I, ,, is isomorphic to C,,, m/R,': mCnom.-
When char(F) = 0, this statement is due to Procesi [1976, Corollary 4.7].

The algebras R, ,, and C,, ,, are Z™-graded:

deg, (X;, -+ - Xi,) = (a1, ..., o) Where o = |{j | i; =k}
and
deg,, (01(X;, - -~ X;,)) =1-deg, (X;, - -- Xi,).

Proof of Theorem 1.1. Set d = Br(n, m +1). We have to show that x;, ---x;, € I, , forall iy, ..., iz €
{1, ..., m}. Recall that by [Donkin 1992] the algebra R, ,,+; is generated by the elements o;(W), where
Wisawordin Xy, ..., X;y41,and [ € {1, ..., n}. The total degree of the element Tr(X;, - - - X;, X;u+1) €
Ry, m+1 1s strictly greater than Br(n, m + 1), whence we have a relation

Te(X;, -+ Xiy X)) = Y _as fi, 1)
rEA
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where A is a finite index set, a, € [, and each f) € R, ;,+1 is a product f; =07, (W1)--- 05, (W,) withr >2
and Wy, ..., W, nonempty words in X1, ..., X;y+1. The Zm“—multidegree of Tr(X;, - - - Xi, Xu+1) s

deg,,  (Tr(X;, - - X;, Ximq1)) = (deg,,, (Tr(X;, --- X;,)), D).

The terms f; are all Z”*!-homogeneous, whence we may assume that each has the above 7" +!-degree
(since the other possible terms on the right-hand side of (1) must cancel each other). It follows that for
each f exactly one of its factors o7, (W)), ..., o7, (W;) has Zm“—degree of the form («y, ..., oy, 1), say
this is o7, (W1), and the remaining factors have Z"*+!-degree of the form (y1, ..., ¥m, 0). Necessarily
we have /1 = 1 and so o7, (W;) = Tr(X;,+1Z) for some (possibly empty) word Z in X1, ..., X, and
W, ..., W, are nonempty words in X1, ..., X,,. Set

8r = Ulz(WZ) ce Ul,(Wr)Z S Cn,ma

and note that f; = Tr(g; X,,+1). Using linearity of Tr(—) relation (1) can be written as

Tr<Xm+1 <Xi1 e X, — Zm&)) =0€ Ry my1- 2)

reEA

Substituting X,,41 + E;; (the matrix whose (i, j)-entry is 1 and all other entries are 0) we get from (2)
that the (j, i)-entry of X;, -+ X;, — >, . @28 is 0. This holds for all (i, j), thus we have the equality

Xip - Xig=)_arg. 3)

A
The right-hand side of (3) is obviously contained in R,Jlf mCn.m, therefore it follows from (3) that the element
Xi, - - - xi, € F, belongs to the kernel of no¢;. Thus by Corollary 2.3 we conclude that x;, - - - x;, € I, . U

3. Lower bound

Kuzmin’s proof of the case char(F) = 0 or char(F) > n of Theorem 1.7 (it is presented also in the survey
of Drensky in [Drensky and Formanek 2004]) uses crucially Lemma 3.1 below, relating the complete

linearization of x", namely

Po(x1, ..., xp) = Z Xe(H)Xz@2) " Xzmn) € Fn-
meSym{l,...,n}
Lemma 3.1. If char(F) = 0 or char(F) > n, then 1, ,, is spanned as an F-vector space by the elements
P,(wy, ..., w,), where wy, ..., w, range over all nonempty monomials in x1, ..., Xy.

Remark 3.2. The assumption on char(F) in Lemma 3.1 is necessary, its statement obviously fails if
0 < char(F) <n (as it can be easily seen already in the special case m = 1). Now we modify the arguments
of Kuzmin to obtain Theorem 1.7 in a characteristic free manner. It turns out that although Lemma 3.1
can not be applied, the main combinatorial ideas of Kuzmin’s proof do work.
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Consider the free Z-algebra Z = Z(x, y)* without unity. Write M for the set of nonempty monomials
(words) in x and y. For a positive integer k write Z(k) for the Z-submodule of Z generated by the w € M

whose total degree in y is k—1. It will be convenient to use the following notation, for (ay, ..., ax) € N’(‘) set
laj,...,a ] =x“yxPy ... yx%* e M.
The symmetric group S; = Sym(l1, ..., k} acts on the right linearly on Z(k), extending linearly the

permutation action on Z(k) N M given by

[al,...,ak]ﬂZ[aﬂ(l),...,aﬂ(k)] fOI‘nESk.
Let B denote the Z-submodule of Z generated by all the elements [ay, ..., ar] (k € N) such that a; > n
for some i € {1,...,k} or a; = a; for some 1 <i < j <k, and by all the elements of the form
lat, ..., ax]+a1, ..., a )% where (ij) denotes the transposition interchanging i and j for 1 <i < j <k.

We shall use the following obvious properties of 15:

Lemma 3.3. (i) The Z-submodule BN Z(k) of Z(k) is Sy-stable.
(i1) We have the inclusions yB C B, ZyB C B, By C B, and ByZ C B.

(ii1) Let k be a positive integer, uy, ..., uy—1 € M monomials such that u; € yZNZy or u; =y for
i=1,...,k—1. Then B contains the image of the Z-module map on BN Z(k) given by

[ar, ..., a4kl = xPuxPurx® - up_1x%.

(iv) For any positive integer a, the Z-submodule B of Z is preserved by the derivation §, on Z defined by
8,(x) =x%and 6,(y) = 0.

(v) The factor Z/B is a free Z-module freely generated by the images under the natural surjection
Z — Z/B of the monomials

./\/;l:{[al,...,ak]|keNand0§a1<a2<---<ak§n—l}.

Proof. Statements (i), (ii), (iii), (iv) are immediate consequences of the construction of . To prove (v)
note that Z = @ Z(cy, ..., ¢x) where the direct sum is taken over k € N and 0 < ¢} <--- < ¢, and
Z(cy, ..., cr) stands for the Z-submodule generated by [cy, ..., cx]" as & ranges over S;. Moreover,
B=Blci, ..., cr) where B(ci, ..., cx) =BNZ(cy, ..., cx). Now Z(ci, ..., cx) C Bif ¢; =c; for
some i #~ j or if ¢; > n for some i. It is also clear that for 0 <a; < --- < a; we have Z(ay, ..., a;) =
Z-lay,...,ar]+ B(ay, ..., a), so the monomials in M generate the Z-module Z modulo B. Suppose
that some nontrivial Z-linear combination of the elements in M belongs to B. The above direct sum
decompositions of Z and B imply then that there exist ¢, k € N, and 0 <a; < --- < a; <n — 1 such that
qlai,...,ar] € B(ai, ..., ar). This means that

glar, ...,a 1= ei(wi +w]), )

i=1
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where ¢; = =1, w; € Z(ay, ..., ar) N M and m; € S is a transposition fori = 1, ..., s. Suppose that
s in (4) is minimal. Without loss of generality we may assume that w; = [aj, ..., ar] and ¢; = 1. The

word w’lT must be canceled by some summand ¢; (w; + wf") with i > 2 on the right-hand side of (4), so

T2

after a possible renumbering we have £,(w; + w3?) = — (w7 + w'™). Now the term —w{'™ must be

canceled by w; or by some summand &; (w; + w?’ ) with i > 3. It means that the right-hand side of (4)
has a subsum of the form

g

(w1+w171)_(w1| +w71117r2)+(w171712+w7111ﬂ27r3)_+'”+(_1)r—1(w7171-"7fr—1

+ w7, (5)
where w’fl"'”’ = wj. This latter equality forces that 71 - - - 7, is the identity permutation, so r is even, and
then the sum (5) is zero. So all these terms can be omitted from (4). This contradicts the minimality of s.

This shows that g[aj, ..., ax] is not contained in 5. O

Lemma 3.4. Let k be a positive integer, a; <ap < --- < a; € Ng, andr € Ny with a; +k +r > n. Then

> D lar+eray @+ erpl €B. (6)

Ccl1ttck=r meS

Proof. Apply induction on k. In the case k = 1 the element in question in (6) is x“'*", which belongs to
B by the assumption a; + 1 +r > n. Suppose next that k > 1, and the statement of the lemma holds for
smaller k. The terms [a; +d|, ..., ax + di] in the sum (6) can be grouped into three classes:

(A) a1 +d; < as.

B) a1 +dy =ay+d,.

(C) aj+dy>ayand a; +d| #ar+d>.

The sum of the terms of type (A) is a sum of expressions of the form

xtdy N Y Mt ca@y - kF Cagp): (M
cy+-+Fek=r—d; meSym{2,...,k}
Here a + (k — 1) + (r —dy) > a; + k +r > n, hence by the induction hypothesis
Z Z [ax+cry, . s ak+Crpl

co+-+ck=r—d; meSym{2,...,k}

belongs to 5. Now by Lemma 3.3(ii) we conclude that the element in (7) belongs to B. The terms of

type (B) belong to B by construction of B. Finally, a term [a; +d, ..., ax +d] of type (C) can be paired
off with the term [a; + ey, ar + e, a3+ d3, ..., ar +di] where e; =ay —a;+dy and e =a; —ay + dy
(so this is also of type (C)), and the sum of these two terms belongs to B by construction of B. O
Corollary 3.5. Let k be a positive integer, (ay, ..., a;) € NS, andr € Ng withr +k > n. Then

Z Z[m +Crl)ys -5 A+ Criy] € B.

crt-tek=r geSi
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Proof. Take a permutation p € Sy such that a,1) <--- <a,x). Applying p to the element in the statement

we get
Z Z lapy +Cxq)s -5 Ap) + Crii s
CltFCx=r meSy
which belongs to BN Z(k) by Lemma 3.4. Our statement follows by Lemma 3.3(i). O
Lemma 3.6. Suppose 1 <k <n+1,wy, ..., wg_1 € M are monomials having positive degree in y, and
a,b e Ny. Then

X Py (Wi, .y Whe1, X, ..., x)xD € B. )

Proof. We have w; = x%y,;x% where a;, b; € Ny and u; € yvZNZyoru;=y (@A =1,...,k—1). Then
the element in (8) is

']T ‘ﬂ d — '7'[ - d ‘T[
> <(” —kHDE Y Y w O x EEOy ) xltE g) xte W)’

PESK_1 c1+-+cr=n—k+1meS;

where di =a+ap), d2 =ap) +bpy, d3 =ap3)+bp2), dk—1 = ap—1) +bp—2) and di = bp—1) +b.
The summand corresponding to p € Sx_; in the outer sum is contained in B by Corollary 3.5 and
Lemma 3.3(iii). O

Lemma 3.7. For any wy, ..., w, € M, wy, wy+1 € MU{1} we have
woPy(wy, ..., wy)wy41 €B.

Proof. By Lemma 3.3(ii) it is sufficient to deal with the case wo = x%, w,,; = x”. We may assume that

wi, ..., wg_1 have positive degree in y and wy_14; =x% for j=1,...,n—k+1. If n—k+1=0orall
the c¢; = 1 then we are done by Lemma 3.6. Suppose next thatn —k+1>0,¢cy,...,¢; > 1 with/ > 1, and
Ci41=""-=cp—k+1=1. Byinduction on/ we show that x*P, (wy, ..., wr—1, X', ..., x%, x, ... ,x)xbeB.

By the induction hypothesis (or by Lemma 3.6 when / = 1)
fzxaPn(wl,...,u)k,l,x“,...,x""’,x,...,x)xb € B,

hence by Lemma 3.3(iv) é.,(f) € B. We have

8 =ax P (wy, o wee, xS xS x, L, x)x
C n 1 k—1
k—1
+E x“Pn(wl,...,SCl(wi),...,wk_l,xcl,...,xcl‘],x,...,x)xb
i=1
I—1
+E cjx”Pn(wl,...,wk,l,x"',...,x"-/'+"’_1,...,x""l,x,...,x)xb
j=1
+(n—k—=14+2)xPy(wi, ..., W1, x5, o x x, ., x)X?
a c c_ b+c;—1
+bx“Py(wy, ..., Wr—1, X, oo, xT x, oo x)xT T



Polynomial bound for the nilpotency index of finitely generated nil algebras 1241

All terms other than (n — k — [ + 2)x*P,(wy, ..., we—1, x, ..., x%, x, ..., x)xb on the right-hand
side above belong to B by the induction hypothesis. Taking into account that Z/B is torsion free by
Lemma 3.3(v) we conclude the desired inclusion

X4P, (Wi, . Wi, X x x, . x)x e B. O
For A = (A1, ..., Am) € Nf denote by P; (x1, ..., xn) € Z(x1, ..., X;) the multihomogeneous compo-
nent of (x; + - - -+ x,,,)" having Z"-degree A.
Corollary 3.8. Foranym e N, wy, ..., wy, € M, wg, Wy4+1 € MU{1} and for any A € N’(’; we have that
wo Py (wr, ..., Wy) W41 € B.
Proof. We have the equality
1
Po(xy,....xm)==——"P, (X1, ..., X1, o s XmmsenresXm)-
A( 1 m) 1—[:”=1()w') n( 1 1 m m)
A Am
Therefore the statement follows from Lemma 3.7 by Lemma 3.3(v). O

Proposition 3.9. The ideal 1, 5 is contained in the subspace F @7 B of F(x, y).

Proof. The ideal I, 5 is spanned as an [F-vector space by elements of the form

n
wolciwy + -+ CuWn) W1,

where the w; are monomials in x and y and they have positive total degree for i = 1, ..., m, and
c1,...,cy €F. Since we have the equality
A Am
(c1wi + -+ cpwy)" = Yoo Pwr, L wa),

AENG A p+- A =n
our statement follows from Corollary 3.8. (|

Proof of Theorem 1.7. By Lemma 3.3(v) the monomials
(x“yxP2yx®.coyx* |0<a;<ay<---<ar<n-—1}

are linearly independent in F, = F(x, y) modulo the subspace F ®z B. Since [ ®z B contains the ideal
1, » by Proposition 3.9, our statement follows. O
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Arithmetic functions in short intervals
and the symmetric group

Brad Rodgers

We consider the variance of sums of arithmetic functions over random short intervals in the function
field setting. Based on the analogy between factorizations of random elements of [, [7'] into primes and
the factorizations of random permutations into cycles, we give a simple but general formula for these
variances in the large g limit for arithmetic functions that depend only upon factorization structure. From
this we derive new estimates, quickly recover some that are already known, and make new conjectures in
the setting of the integers.

In particular we make the combinatorial observation that any function of this sort can be explicitly
decomposed into a sum of functions u and v, depending on the size of the short interval, with ¥ making a
negligible contribution to the variance, and v asymptotically contributing diagonal terms only.

This variance evaluation is closely related to the appearance of random matrix statistics in the zeros of
families of L-functions and sheds light on the arithmetic meaning of this phenomenon.

1. Historical background and motivation

The purpose of this paper is to explore a connection between two well-known phenomena in number
theory: that the zeros of a family of L-functions distribute like the eigenvalues of a random matrix and
that the prime factors of a random integer distribute like the cycles of a random permutation. We use
this connection to give a general yet simple description for the statistical behavior of sums of arithmetic
functions over short intervals. The results that we ultimately prove will make use of a function field
analogy: they concern arithmetic functions defined on [, [7'] rather than the integers and we will require
that ¢ — co. We begin this section however with a discussion of some historical conjectures and heuristics
from the integers that motivate what follows. A statement of the most important results we prove may be
found at the beginning of Section 3 — our main results are Theorems 3.1 and 3.2 along with Corollary 3.5.
Key use is made of a combinatorial variant of the explicit formula of Weil, Theorem 7.1, which may be
of independent interest.
We recall the following conjectures:

Conjecture 1.1 [Good and Churchhouse 1968]. As X — oo, for H = X% with § € (0, 1),
1 ? 6
Y/X ( Z u(n)) dx ~ ;H.
x<n<n+H

MSC2010: primary 11M50; secondary 11N37, 11T55.
Keywords: arithmetic in function fields, random matrices, the symmetric group.
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Conjecture 1.2 [Goldston and Montgomery 1987]. As X — oo for H = X® with § € (0, 1),

12X 2
?/ ( > A - H) dx ~ H(log X —log H).
X

x<n<x+H

In both conjectures, we consider random x € [X, 2X] and seek to compute the variance of the sum of
an arithmetic function, @ (n) or A (n), over the random short interval [x, x + H]. Here w(n) is the Mobius
functions, which oscillates around the value 0, and A(n) is the von Mangoldt function which has an
average value of 1, by the prime number theorem. Similar conjectures can be made for, for instance, the
higher order von Mangoldt functions A ;(n) [Rodgers 2015] or the k-fold divisor function dj (n) [Keating
et al. 2018], the latter of which is conjectured to display a very curious series of “phase changes” as the
parameter § varies. These conjectures are known to be closely related to the conjectural phenomenon that
the zeros of families of L-functions tends to distribute like the eigenvalues of certain random matrices
(see [Katz and Sarnak 1999] for an exposition on the latter phenomenon).

In the past few years, beginning with the work of Keating and Rudnick [2014], function field variants
of these conjectures have been proved. (In some cases the function field theorems have in fact motivated
new conjectures.) In order to state these function field results, we make use of a well-known dictionary
between the integers Z and the ring of polynomials over a finite field, that is F,[T]. To review this
dictionary and fix some of our notation:

« The collection of monic polynomials, M, takes the place of positive integers.

The degree, deg(f), of f € M takes the place of logn for n € N.

The collection of degree n monic polynomials, M,, takes the place of integers lying in a dyadic
interval [X, 2X].

Irreducible polynomials take the role of primes.

For f e M and h <deg(f),theset I(f; h):={g € M :deg(f —g) <h}isashort interval around the
polynomial f, playing the role of [x, x + H]. (Here & may be thought of as corresponding to log H.)

The reader should verify that | M, | = ¢”, while |1 (f; h)| = ¢"*'. (Note that in the notation above, we
have suppressed a dependence on the parameter g.)

This set up is explained more extensively in, for instance, the ICM address of Rudnick [2014] or the
book of Rosen [2015]. We have the following analogues of Conjectures 1.1 and 1.2:

Theorem 1.3 [Rudnick 2014; Bae et al. 2015]. For fixed 0 <h <n —35, as g — o0,

1 2
pn YYD u@] ~q" (1)
feMy ' gel(f:h)
Theorem 1.4 [Keating and Rudnick 2014]. For fixed 0 <h <n—35, as ¢ — o0,
1 2
i YYD A@—-"| ~g" m—h-2). )

feM,'gel(f;h)
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For g € M, the Mobius function w(g) is defined in analogy with the integers by ©(g) = (=D if g is
squarefree (that is g has no repeated factors) and g = P; - - - Py in its prime factorization, and u(g) =0
if g is squareful’ (that is g is not squarefree). Likewise A(g) = deg(P) if g = P¥ for a prime P and a
power k > 1, and A(g) = 0 otherwise.

We introduce a notation to write these results more succinctly. For a function n : M,, — C, we define
its mean value by

1
Eremun(f)i= 5 > ), 3)

feM,
and its variance by
2

1
Varsem, (1) = > () —Emn “

feM,

Note that both the mean value and variance typically depend on the size of the field g. As a test of
notation, the reader may easily verify that

> 1)-o )

VarfeMn (
gel(fsh)

Likewise we see that (1) may be rewritten

Varfemn( > M(g)) ~q", (6)
gl (f;h)
and (2)
Var fem, ( > A(g)) ~q""(n—h-2), )
gel(f;h)
as g — 0.

We may add another recent result to this list, due to Keating, the author, Roditty-Gershon, and Rudnick
[Keating et al. 2018], for the k-fold divisor function, which is defined in analogy with the integers by
di(f) =, ...,a0) e M*: f=ay---arl.

Theorem 1.5. For fixed positive integer k, and fixed 0 <h <n —35, as g — o0,

Var e, ( > dk(g)) =q¢"" T (n,n—h—2)+ 0(g""'/), (8)
gel(f;h)

where Li(m, N) is the count of lattice points (xij) € (Z)% satisfying each of the following conditions:
(i) 0<x;j <N foralll1<i,j<k

(i) x11 4+ X = m.

IThere is a closely related terminology “square-full”’, which means something quite different— namely that for prime P, if
P | g, we have P2 g also. The distinction is important to keep in mind. Square-full numbers will not play a role in this paper.
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(iii) The array x;; is weakly decreasing across columns and down rows. That is,

X11 = X12 = 0 2 Xk
[V A% %
X21 = X2 Z - = X2k
[V [V IV
[V v Y
Xkl = Xk2 = v 2 Xk

Of the evaluations (5)—(8), only (5) may proved easily (in fact trivially). Nonetheless, the estimate
in (6), while deep, at least has a heuristic meaning that is easy to understand; it is just the claim that in
expanding the variance into a sum over two indices, the Mdbius function is so oscillatory that off-diagonal
terms make no contribution. That is, (6) may be understood heuristically in the following way:

qh—i-l qh—i-l
VarfeM,l( > M(g)>= — " uoue) T Y pu(gu(g).
gel(f;h) q 81,82 q g1,826M,
deg(g1—g2)=<h g1=g

See for instance [Ng 2008] for a broader application of this heuristic in the setting of the integers, and see
[Carmon and Rudnick 2014; Carmon 2015] for estimates of off-diagonal sums of the Mobius function in
the function field setting.

The evaluation of the k-fold divisor function in (8) is obviously of a more complicated sort, even
heuristically. In particular it may be seen that 7y (n; n — h — 2) is a piecewise polynomial, and for k > 3
as h ranges from 0 to n — 5, it exhibits several phase changes in its behavior in various ranges of & (see
[Keating et al. 2018, §4]). The arithmetic reason for these phase changes in particular is rather mysterious.

Nonetheless, we make the following claim: (8) may be understood arithmetically as nothing more
complicated than a combination of the phenomena that give rise to (5) and (6). For any degree n and
short interval size h, we will observe that we may decompose

di(f) =u(f)+v(f),

where u and v are arithmetic functions, with u( ) regular enough within the specified short intervals that

(in analogy with (5)),
VarfeMn( > u(g)) =o(q"™), Q)
gel(fih)
while v(f) is oscillatory and
1
VarfeMn( > v(g)) ~g" — Y )l (10)
g€l (f:h) T gem,

That is, as with the Mdbius function, only diagonal terms contribute to its variance, in analogy with (6).
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From Cauchy-Schwarz, it follows that

1
VarfeMn( > dk<g>)~qh“-q—n > @l

gel(f:h) gEM,,

This decomposition is explicit, based on symmetric function theory, and is given below — the quantity
Tk (n; n — h — 2) may be recovered from it. That (9) holds for our function # will be a relatively shallow
fact (having to do with the number of zeros of a certain family of L-functions), and one may think of u
as being the largest piece of d; with enough regularity that (9) holds for this reason. The intricacies of
the variance estimate in (8) may thus be thought of as resulting from the fact that this decomposition
changes for various values of n and A.

Such a decomposition is not limited to the k-fold divisor function. Any arithmetic functions whose
value depends only upon the factorization type of its argument may be decomposed in this way and the
variance of its sum over short intervals may thus be evaluated. What we mean by factorization type is
defined formally below; roughly this is the size of all prime factors, listed with multiplicity. The functions
w(f), A(f), Aj(f), and di(f) are all examples to which the result may be applied.

The evaluation of variance for such a general class of function is closely related to the known phenomena
that the zeros of L-functions distribute like the eigenvalues of a random matrix. Indeed, the result we prove
may be seen to be an equivalent restatement of an equidistribution result of Katz, Theorem 4.2 below. (We
make use of Katz’s theorem in our proof, and so we do not arrive at an independent proof of it however.)

We will use this general variance evaluation to recover several of the results that have been mentioned
above with relatively little extra work and to derive new results that seem difficult by other means. New
conjectures in the setting of the integers are put forward based on these results. Perhaps of particular
interest, we consider sums of the function w(n), counting prime factors; based on a function field model,
we conjecture that the variance of sums of this function is somewhat smaller than a naive heuristic would
lead one to believe.

In addition to yielding a pleasant general formula, the decomposition results of this paper help elucidate
why random matrix universality should make an appearance in number theory. A complementary
perspective as to the arithmetic reasons for the appearance of random matrix theory in number theory,
dealing with the integers themselves, has appeared in the work of Bogomolny and Keating [1995; 1996]
and in work of Conrey and Keating [2015a; 2015b; 2015¢; 2016]. It would be very interesting to see if
the combinatorial decompositions in the present paper can be extended to the setting of the integers in a
way consistent with various conjectures that have been made there.

We finally note a recent application of our main results to algebraic geometry proper; by combining
Theorem 3.1 with other work of their own, Hast and Matei [2016] have given a geometric interpretation
of this result. Indeed, it may be possible and it would be interesting to prove Theorem 3.1 of this paper
directly through algebro-geometric means.
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2. The symmetric group and factorization type

2A. The decomposition described in Section 1 and the corresponding estimates for variance hinge upon
a well-known analogy between the prime factors of a random integer or element of [, [7'] and the cycles
of a random permutation. (Later an application of symmetric function theory to the zeros of L-functions
will play an equally important and dual role.)

We begin by recalling how it is that factorizations over [, [T] resemble the cycles of permutations.

Recall that M,,, the collection of monic polynomials of degree 7, consists of ¢” elements. Recall also
that a partition A of a positive integer n is defined to be a sequence of nonincreasing positive integers
(A1, A2, ..., Ag) such that for |A| := A +- - - 4+ Ax we have || = n. We will also use the notation A - n
to indicate that A is a partition of n.

Definition 2.1. For an element f of M, that is squarefree, if f has prime factorization f = PP, --- Py
with deg P; > deg P, > - - -, we define the factorization type to be the partition of n given by

Ty = (deg Py, ..., deg Py).
For f that is not squarefree (i.e., squareful) we adopt the convention that 7y = & (the empty partition).

In the above definition we have fixed our attention on the squarefrees because as ¢ — oo nearly all
elements of M,, are squarefree [Carlitz 1932, §6]; see also [Rosen 2002, Proposition 2.3] or [Weiss 2013,
Theorem 4.1]:

1 1
—#{f e M,, : f squarefree} =1 — 0(—). (11)
q" q

Note that likewise any element o of the symmetric group G,, on n elements can be written uniquely
as a product of disjoint cycles: o = 07073 - - - 0x. Denote the lengths of the cycles by |o;|. For instance
[(245)| = 3, where we have used cycle notation to represent the permutation.

Definition 2.2. For an element ¢ € &,,, with ¢ =010, --- 0} and |o| = |o2| = - - - we define the cycle
type to be the partition of n given by

%o = (lo1l, ..., lokl).

It is well known that as ¢ — oo the distribution over M,, of factorization types tends to the distribution
of cycle types in &,, [Andrade et al. 2015]:

Proposition 2.3. For a partition A F n,
qlirglo Prem, (s =2A) =Poes, (o =1).
Here and in what follows we have used elementary probabilistic notation, for instance

!
Prem,p =2):= [ € Muztp =2).
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There is a well-known expression for the probability that a random permutation has a cycle structure A,
due to Cauchy. We use the standard partition frequency notation A = (1”122 ... j™i}; this means for
A= (A1, A2, ...), that m; of the parts of A are equal to 1, m; are equal to 2, etc. So if 7, = (1"12"2 ... j™/),
o has m 1-cycles, my 2-cycles, etc. With this notation, Cauchy’s result is that

J
1
Pses, (to =A) = p(A), where p(A) := l_[

i=1

. 12
i™im;! (12)

It is worth mentioning a recent result of Andrade, Bary-Soroker, and Rudnick [Andrade et al. 2015]
that has generalized this picture. They show that the factorization types of a random polynomial f and a
shift f + o become independent as ¢ — oc:

Theorem 2.4 (Andrade, Bary-Soroker, and Rudnick). For partitions A and v \-n, uniformly for deg(a) <n,

Pream,(ty =1 Trra =) = pOIp() + 0(q~ ).

In fact they demonstrate this independence even for multiple shifts: the factorization types of f + «;,
f+a, ..., f+ar become independent as well.

2B. In this paper we will be concerned with the distribution of arithmetic functions a : M + C such that
a(f) depends only upon the size and exponents of the prime factors of f. To make a more formal definition,
if f has prime factorization P;' --- P;*, with Py, ..., P monic primes, we call the data (deg Py, ei; - - - ;
deg Py, ex), the extended factorization type of f. We will be concerned with functions a such that a( f)
is defined for all monic f € [,[T] for all g and such that the value a(f) depends only on the extended
factorization type of f; we call such functions factorization functions. The class of factorization functions
includes, for instance, the Mobius function w( f), the von Mangoldt function A(f), the count-of-divisors
function d( f), the indicator function of degree n polynomials 1[deg( /) = n], the indicator function of
squarefree polynomials j4(n)?, etc. It does not include Dirichlet characters, for instance.

It is evident that for each n, the linear space of factorization functions supported on degree n polynomials
is of finite dimension. The space of factorization functions supported on degree n squarefree polynomials is
likewise of (smaller) finite dimension. In invoking the symmetric group, Proposition 2.3 and Theorem 2.4
suggest that the space of factorization functions has an important basis that may provide useful information:
namely the irreducible characters of G,,.

In describing how such characters may be applied to elements of [,[7], we suppose the reader is
familiar with the most basic outlines of representation theory over G, along the lines of, for instance,
Chapter 4 of [Fulton and Harris 1991]. We recall that the space of class functions of &,, are those functions
a(o) with a value depending only on the cycle type the permutation o and that a basis for such functions
is given by the irreducible characters, for which we use the notation’

X*(0).

2We use the letter X rather than the more traditional x to distinguish these characters from Dirichlet characters which will
make an appearance later on.
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If o has cycle type 7, sometimes instead of X*(c) we write X*(7), since X* depends only on cycle
type. Such characters are indexed by partitions A F n, and there is a one-to-one correspondence between
irreducible characters of G,, and partitions of n. These characters satisfy the orthogonality relation:

Eves, X' (0)X"2(0) = 8,23, (13)
For an element f € [,[T], for A = n, we define

X*(f) = {XA(Tf) if deg(f)=n and f is squarefree,

0 otherwise.

It is easy to see from this definition that for any factorization function a, there exists a unique
decomposition

a(f)=>Y_aX*(f)+b(f), (14)
A

where b(f) is a function supported on the squarefuls, a, are constants that depend on the function a and
are defined by this relation, and the sum is over all partitions. (Note that for any particular f of degree n,
the sum in (14) will be a finite sum over A - n, all other terms in the summand being 0.)

Note that from Proposition 2.3 and the orthogonality relation (13) we may equivalently define the
coefficients a, for A - n by

For instance, since X is the trivial character, we have E fempa(f) = aw), as g — 00.3

Hast and Matei [2016, Theorem 4.4] have considered a class of functions called arithmetic functions
of von Mangoldt type, which is similar to the class of factorization functions defined here (see [Hast and
Matei 2016] for details of the definition). For this class of functions, Hast and Matei prove what may
be thought of as a first-order short interval analogue of Andrade, Bary-Soroker, and Rudnick’s result in
Theorem 2.4. Rewritten in the notation used above:

Theorem 2.5. For a fixed arithmetic function of von Mangoldt type a(f), and fixedn > 4,1 <h <n—3,

2
[EfeM,,( > a(g)) ="MV (Efem,a(f)* +0(g" ), (15)
gel(f;h)

as g — oo.

This is sufficient to recover the upper bound of O (g"*!) for the variance computed by Theorem 1.4 of
Keating and Rudnick, though not the constant n — h — 2.

This result of Hast and Matei is of interest perhaps especially because their methods are rather different
than ours —in particular they do not require any of the facts about L-functions that we will make use of
in what follows. Other related recent papers with a perspective similar to Hast and Matei’s, making use of

3Alternatively, if - n,and A : S, — C is the function induced by a, then aj, is also equal to the Fourier coefficient of A.
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the connection between polynomials over a finite field and the symmetric group to investigate arithmetic
functions defined on M, include [Church et al. 2014; Gadish 2017].

3. A statement of main results

3A. We are now in a position to state our main results.

Theorem 3.1. For a(f) a fixed factorization function, and fixed h and n with0 <h <n — 35,

VarfeMn( > a<g>>=q”“ > a4 0@t (16)
gel(f;h) An
rM<n—h-2

Here the coefficients a; are defined by the expansion (14), and the sum in (16) is over all partitions
(A1, A, ...) of n such that A; (and therefore every A;) is no more than n — h — 2.

In (16), the implied constant of the error term depends on 4, n and the factorization function itself, so
the result is only of interest as g — oo.

In Section 9 we compute the coefficients in the expansion (14) for the factorization functions wu(f),
A(f), Aj(f) and di(f). These expansions, applied in Theorem 3.1 are sufficient to recover estimates
for the variance of sums of these arithmetic functions over short intervals which we have cited in
Theorems 1.3, 1.4, and 1.5.

Likewise we consider the arithmetic functions w(f), counting the number of prime factors of f, and
likewise the function w(f)w(f). The short interval variance of these functions is computed in Section 9
by using Theorem 3.1, and this leads us to make a conjecture in the setting of the integers which seems
perhaps somewhat surprising.

Note also that Theorem 3.1 gives us a nontrivial upper bound for the variance of arithmetic functions
supported on the squarefrees, though the upper bound is one which may be far from optimal. Work of
Keating and Rudnick [2016] and Roditty-Gershon [2017] considers some related questions about the
squarefrees (and indeed square-fulls) more carefully to get asymptotics, not only upper bounds.

The variance evaluation in Theorem 3.1 comes in part from a combinatorial analysis of random matrix
integrals. In particular the already mentioned function field equidistribution theorem of Katz plays an
important role in the proof.

A likewise central role is played by a combinatorial analogue of the explicit formula of Weil, relating
the zeros of an L-function to certain arithmetic functions. In particular, in Section 7 and especially
Theorem 7.1 we show that Schur functions of zeros of L-functions are closely related to the characters
X*(f) defined above.

We note the conjectural appearance of the symmetric group in other closely related contexts, for
example in Dehaye’s work [> 2018] on moments of the Riemann zeta function. It would be of interest to
pursue this connection further.

3B. The same result may be stated perhaps more strikingly along the lines advertised in Section 1. Let
F, be the linear space of factorization functions supported on M,,, and define 2! to be the subspace of
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factorization functions for which variance is negligible; that is,

Ut = {u € Fy: lim VarfeMn< > u(g)) =o(qh+1)}. (17)
gel(f;h)
We may endow F,, with an inner product: for ai, a, € F,, we define
. 1 —
(a1, a2) = lim — % " ai(faz(f). (18)
! q JSeM,

This inner product is degenerate, but only on factorization functions supported on the squarefuls. If
we decompose F,, = G, @ B,,, where G, is the space of factorization functions supported on squarefree
monic polynomials of degree n, and 1, is the space supported on squarefuls, then the equidistribution of
factorization types imply that this is a proper inner product when restricted to G,,.

We will show that B, € U

n’

and so if we define V! to be the orthogonal complement to U" inside G,,
we have

— /b oy ph
Fa=U, ®V,.

We will observe the following restatement of Theorem 3.1,

Theorem 3.2. Let 0 < h <n — 5 be fixed and v be a fixed factorization function from the subspace V,ﬁ’.
Then

VarfeMn< > v(g))=qh+1<v,v>+0(qh“/2>.
gel(f;h)

That is, for V", only diagonal terms contribute to the variance, while by definition for 2" the variance
is of lower order.

Thus, this theorem implies an estimate for the variance of an arbitrary factorization function a € F,,,
since there is a unique decomposition a = u + v with u € 4" and v € V". Indeed,

VarfeM,,( > u(g))=0(qh“),

gel(fih)
so (using Cauchy—Schwarz to bound covariance),

VarfeM,,( > a(g)>=qh+‘<v,v>+o<qh+‘). (19)

gel(f:h)

The spaces U and V" can be characterized explicitly.

Proposition 3.3. We have
U =A"aB,,
where
Al = span{X*(f) i Abn, hp =n—h—1)},

Bn: =1{b(f) : b € F, is supported on squareful elements}.
Furthermore

VI = span{X*(f): A n, Ay <n—h—2).
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This explicit decomposition is what connects Theorems 3.1 and 3.2. It is worthwhile to emphasize
once again an interpretation of this result; the determination that the variance of short interval sums of
functions lying in 2" is negligible will be a relatively simple fact to verify — we will see that functions
lying in this space are forced to be regular across short intervals owing in the end to a paucity of zeros
of L-functions. The theorem tells us that outside this first obstruction, factorization functions otherwise
behave in an oscillatory fashion, akin to the Mobius function, when summed in a short interval.

There is another appealing way to write this decomposition, based on a suggestion by J. Ellenberg:

Proposition 3.4. Define the space L{,ﬁ’ as in the start of this subsection. Then Z/l,i’ consists of functions
u(f) that can be written in the form

u(fy=Y  a@®+b(f), forall feM,, (20)

slf
deg(§)<h+1

where o (§) is a factorization function and b( f) is a factorization function supported on the squarefuls.

Here the sum is over all monic polynomials é dividing f with degree no more than /# + 1.

Indeed, it will again follow quite easily that for all factorization functions that can be represented
as truncated divisor sums in this way, the value of their sums over short intervals will remain basically
constant no matter the choice of short interval, so that these sums have negligible variance. The space V"
remains defined as the complement of Z/Ifl', and so an interpretation of this decomposition remains the
same — outside an “easy-to-find” obstruction, functions otherwise behave in an oscillatory fashion when
summed in a short interval.

As a corollary of Theorem 3.2 and Proposition 3.4, we have

Corollary 3.5. For a(f) a fixed factorization function and fixed h and n withQ < h <n —35,

2
VarfeMn< ) a<g>)=q“l infla(f)— Y a@®)| +0@""?), 1)
I(f;h )
gel i deg(S)lth

where F is the space of all factorization functions and ||-|| is the norm induced by the inner product (18).

Rather curiously, the minimization problem arising in the computing the right-hand side of (21) has
some similarity to those which arise in connection to the Selberg sieve.
We turn to a proof of these decompositions and Theorem 3.2 in Section 11.

3C. Because Theorem 3.1 allows us to compute variances for general factorization functions, it is also
straightforward to use it to compute covariance. We record a general formula for covariance in Section 10
and draw out some interesting consequences that appear to be new in the literature.

3D. A similar set of results could be developed for factorization functions in arithmetic progressions
rather than short intervals, though we don’t do so here.
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3E. In the next two sections we recall some background material regarding Dirichlet characters, L-
functions, and symmetric function theory. We turn to the substantial portion of the proof of Theorem 3.1

in Section 8.

4. Background on Dirichlet characters and zeros of L-functions

4A. We recall a few of the basic facts about Dirichlet characters defined over [, [7'] that we will use. Our
notation is the same as that from [Rosen 2002; Keating and Rudnick 2014; Rudnick 2014; Rodgers 2015;
Keating et al. 2018] and a reader familiar with the facts from any one of those may skip this section and
refer back to it as it is referenced.

In F,[T], we will make use of the family of primitive even characters modulo the element TM for
powers M > 1. We call a character x even if for all ¢ € [, and all f € [,[T], we have x (cf) = x(f).
Recall that the number of Dirichlet characters modulo TM is

1
o(TM) :qM<1 — —), (22)
q
the number of primitive Dirichlet characters is
1
Pprim () =q“<1+ 0(5)), (23)

the number of even Dirichlet characters is
(1) =gM !, (24)
and the number of even primitive characters is

O (TH) :qM—1(1+0<1>). (25)
q

We recall that the L-function of a Dirichlet character x is defined for |u| < 1/g by

1
— deg(f) _
Lu, x) = Z X (PHuT=r = 1_[ 1 — x (Pyudee(P)’
f monic P monic,
irreducible

and that for x nontrivial that £(u, x) is a polynomial in u, defined for |u| > 1/g by analytic continuation.
The Riemann hypothesis, in this context a theorem of Weil [1967], states that all roots of L£(u, x) lie on

12 or |u| = 1. If x is a nontrivial character modulo a polynomial Q of degree M,

the circles |u| =q~
then L(u, x) has no more than M — 1 roots, and as a well-known consequence of this and the Riemann
hypothesis,
> AN = 0u(@"?). (26)
feMy
4B. In the case that x is a primitive character we can succinctly say more. In this case for x modulo 7,
the polynomial L(u, x) has exactly M — 1 roots. Define the function A, to be 1 if x is even, and 0
otherwise. When y is even, L(u, x) has a simple zero at u = 1, otherwise all zeros of this polynomial

—-1/2

lie on the circle |u| = ¢ . We can record this information in a single equation; we have for primitive
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characters x and N :=deg Q —1—2,,

N
LG, x) == k) [ [0 —g"?e? 1) = (1 = ayu) det(l — ¢'u®,), (27)
j=1
where €277 ¢27TUN lje on the unit circle and are determined by the character x and
O, = diag(eiz’“91 e eiZ”’?N)
is known as the unitarized Frobenius matrix. From logarithmic differentiation we also have the explicit for-
mula,
Y ANX) =—q"PTe O] =y (28)
feM,

To control the distribution of zeros, a theorem of Katz will be important for us, as it has been in all
investigations of this sort since Keating and Rudnick’s [2014]. We let PU(m) be the projective unitary
group, the quotient of the unitary group U (m) by unit modulus scalars, endowed with Haar measure, and
PU(m)* be the space of conjugacy classes of PU(m), with inherited measure.

Theorem 4.1 [Katz 2013, Theorem 8.1]. Fix M > 5. Over the family of even primitive characters
x (mod TM), the conjugacy classes of the unitarized Frobenii ® x become equidistributed in PU(M — 2)#
as g — oo.

More computationally the meaning of the theorem is as follows: for any continuous class function
¢ : U(M —2) — C such that ¢ (¢>"%g) = ¢ (g) for all unit scalars ¢/>"? and unitary matrices g, we have
lim E, 0,000 = [ (e)ds,

g—o0 XTI * UM-2)

prim,ev

as g — 0o, where for typographical reasons we have written

1
[Ex(TM)¢(®X) = cI)eV—(TM) g ¢(®X)-
prim,ev prim M
x(T™)
prim,ev

Indeed, Katz also considers the rate of convergence in this result, at least for a sufficiently simple
function ¢.

Theorem 4.2 [Katz 2013, Theorem 8.2]. Fix M > 5. For a fixed class function ¢ : UM —2) — C
as described above such that the map induced by ¢ from PU(M — 2) to C is a linear combination of
irreducible characters of PU(M — 2):

E, g $(O) = / b()dg+0(g~").

prim, ev UM=2)

4C. The reason we will be interested in characters modulo 7 is the following involution used by
Keating and Rudnick.

We let P, be the collection of degree n polynomials in [F,[7] and P,t, ={feP,:(f,T)=1}.

Equivalently P, is the collection of degree n polynomials with a constant coefficient that is nonzero. Our
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involution is the mapping f — f* from P,ul to itself defined by
(@+aiT'+- +a, TV =ay+ay1 T+ +apT". (29)
It is straightforward to check that for f with nonzero constant coefficient,
(fH* =1
and for f and g with nonzero constant coefficient,
(fe)"=["g"

If we extend the definition of factorization type to P,, so that for f € P, and for that scalar ¢ € [, such that
cf € M, the factorization type of f is defined to be the factorization type of cf, it follows that for f € P,ul,

This involution is useful for us because for g1, g> € P,u,,

deg(g1—g2) <h

if any only if
g7 — g, =0 (mod Tnih).

This equivalence is easily checked. It is because of this that we may use Dirichlet characters and their

L-functions to study short interval sums.

5. Background on symmetric function theory

S5A. We recall some notation and well-known facts from symmetric function theory that we will use in what
follows. A standard reference and introduction to the material we recall here is [Stanley 1999, Chapter 7].

We have already defined partitions and discussed their basic notation in Section 2A. One additional
way to represent partitions is as a Young diagram. This is an array of left-justified boxes, with the number
of boxes in each row weakly decreasing. For a partition X, the Young diagram corresponding to A has
A1 boxes in its first row, A, boxes in its second row, etc. For instance, the Young diagram with shape
(5,3,3,1) is as follows:

[ |
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The dual partition )" is defined to be (A, 17, ...) where A_ is the number of boxes in the i-th column
of the Young diagram corresponding to A. So in our example above (5,3,3,1) =4, 3,3, 1, 1).

The length of a partition, £()), is defined to be k, where A = (A, ..., A;). For instance £(5, 3, 3, 1) =4.

Young diagrams may be used to write down a relatively simple expression for characters of the
symmetric group in the form of the famous Murnaghan—Nakayama rule. We quickly recall it here, taking
from the presentation in [Stanley 1999, §7.17], which is recommended for those who have not seen this
result before. As a prerequisite, we define Young tableaux of shape A to be arrays of numbers, weakly
increasing across rows and down columns, written in the squares of a Young diagram of A. A border
strip tableau of shape ) and type 7 is a Young tableau such that among the entries the number i occurs
exactly t; times, and for each i the set of squares in which i has been written form a border strip — that
is, a connected collection of squares with no square upward and to the left of any others. The height of
a border strip is one less than the number of rows that contain it, and the height £(7T") of a tableau T
composed of border strips is the sum of the heights of the border strips.

Theorem 5.1 (Murnaghan—Nakayama rule). For A a partition of n and t the type of a permutation
from &,

XM=Y (=D, (31)
T

where the sum is over all border strip tableaux T of shape A and type t.

Remark. A reader unfamiliar with characters of the symmetric group but nonetheless comfortable with
the statement of the Murnaghan—Nakayama rule may take (31) as their definition the symmetric group’s
characters.

5B. We will need to work with symmetric polynomials in m variables. Two bases for these polynomials
that will be important for us are the power sum symmetric functions and Schur functions. Both bases are
indexed by partitions.

For power sum symmetric functions in the variables w1, ..., w, we recall the definition that for an
integer n,

Pn=pn(a)1,...,a)m) =a)’11-|-+w:ln,
and for a partition A = (A1, ..., Ax), we define

Pr = DPxy " Pag-

It is an elementary fact [Stanley 1999, Corollary 7.7.2] that any symmetric polynomial in the variables
w1, ..., o, can be expressed uniquely as a linear combination of the functions p; .

Schur functions in the variables wy, ..., w, have the following as their classical definition. For a
partition A with £(X) < m, set
AjEm=jm
i i,j=1

—
det(e] ),_,

det(w
s, =501, ..., 0p) =
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If £(A) < m, we extend A with O’s in the extra places so that the above definition still makes sense —
e, A=, ..., 2, 0,...,0). If £(L) > m, we set s; = 0.

It is well-known (though not completely obvious at first glance) that s, defined as above is a symmetric
polynomial with integer coefficients. As with power sums, any symmetric polynomial in the variables
w1, ..., o, can be expressed uniquely as a linear combination of the functions s,. Proofs of these facts
may be found in [Stanley 1999, Chapter 7].

For these symmetric polynomials we have the following important identities:

Theorem 5.2 (Frobenius). For A - n,

1
si=-1 >, XM 0)pe =) pX W)py. (32)
oeG, vkn
Likewise,
pv=Y_ X")s,. (33)
An
Proof. Equation (32) is Theorem 7.17.3 of [Stanley 1999], while (33) is Corollary 7.17.4. O

We can also express s, in terms of the elementary symmetric functions, defined by

enzen(a)l’---’a)m) = Z Wiy + Wi,

i1<--<iy

with the conventions eg = 1 and ¢, (w1, ..., w,) =0 for n > m.
Theorem 5.3 (Jacobi-Trudi). For A1 <k,
5). = det(ey i ))f j-1-
Proof. This is a special case of Corollary 7.16.2 of [Stanley 1999]. ]

Remark. This is often known as the dual Jacobi—Trudi identity because there is an equivalent formula in
terms of the complete homogeneous symmetric functions; see [Stanley 1999, Theorem 7.16.1].

5C. One of the many results that is derived in the literature from Theorem 5.2 is an identity for characters
of the symmetric group indexed by partitions that are dual to each other. We cite it here because we will
use it later.

Proposition 5.4. Foro € G, and A +n,
X¥ (o) = (=)' x*(0).
Here ¢(0) := £(1,).

Proof. This is example 2 of section 1.7 in [Macdonald 1995]. U
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5D. One of the reasons we are interested in Schur functions is their appearance in random matrix theory.

It is well known that they satisfy the following orthogonality relation.

Theorem 5.5. For partitions A and v,

/ 5:.(8)sv(8) dg = iy - Se(a).evy<m-
U(m)

Moreover, if A and v are partitions of the same number (that is |\| = |v])
/ 5,.(8)sv(8) dg = 83y Se(n).evy<m-
PU(m)

Here s, (g) and s,(g) are Schur functions whose entries are the m eigenvalues of the matrix g. A
more or less self-contained proof may be found in [Gamburd 2007] as well as in more standard texts on

representation theory.

6. A basis for factorization functions, and a bound for character sums

6A. We turn in this section to a proof of Theorem 3.1. Out strategy will be a familiar one, similar in its
broad outlines to the original proof of Keating and Rudnick. By making use of the involution described
in Section 4, we transfer a short interval sum to an average over sums of Dirichlet characters against
factorization functions. These are in turn evaluated by using an equidistribution result of Katz and the
combinatorial analysis of Section 7. This combinatorial analysis is perhaps the most important observation
of the paper. In terms of technique, some new issues arise that have not appeared in the past just because
we work with factorization functions in general.

6B. We begin by noting some ways to build factorization functions out of simpler functions. For two
arithmetic functions ¢ and ¢, we define the convolution in the usual way,

prada(f)i= Y d1(NHa(f).

fifh=f
f1. freM

It is clear that if ¢; and ¢, are factorization functions, then ¢ x ¢, will be a factorization function as well.

For integers m, e > 1 we define the factorization function

1 if f = P¢ with deg(P) =m,
Lm,e(f) = .
0 otherwise.
Thus ¢, . is the indicator function of e-th powers of m-th degree primes and is supported on M,,,. We
generalize it in the following way: for an array (m, e) = (my, e;; mo, e2; .. .; my, e;) we define
Lim,e) = lmy,e; ¥ lmg,ex ¥ ** K by, ep- (34)

Proposition 6.1. Any factorization function supported on M, is a linear combination of the func-

tions tgn,e). (Necessarily miey +---+mgpe; =n).
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Proof. Let M, 1 be the collection of elements of M,, with extended factorization type (my, ey; - - - ; my, e;)
for £ < L and F, 1 be the collection of factorization function supported on M, ;.. We suppose the
proposition is true for all factorization functions supported on M, ; with » < n and show that it is true
for M, 1+1. Since it is obviously true (check) for M,, 1 for all n, this will verify the claim by induction.

We introduce indicator functions /(, ¢ of the extended factorization type (m, e); that is for f € M,
we set Iin,.e:...mpe)(f) = 1 1if f has extended factorization type (mp,e1;...;m; ep) and we set
I, er:...mp.e0) (f) = 0 otherwise. Clearly

.....

so to prove our claim we need only show that each

I(m1,€1:~~~;mL+1,€L+1) (35)

is a linear combination of functions t¢y ). Suppose v of the terms (m1, e1), ..., (mr, er) in (35) are
equal to (mp+1, eL+1). (We allow v to be 0.) By inspection of elements of M, ;| we see that

I(ml,ffl:m:mL,eL) *lmpgren v+ 1)I(m1,€1:m:mL+1,€L+1) (36)

is supported on M,, ;. By inductive hypothesis then (36) is a linear combination of terms ¢, ¢). Likewise
by inductive hypothesis, I, e;....m; e, ) 18 @ linear combination of such terms, $0 Lon, ey:...mp,er) *tmy 1,041
linear combination of such terms, so that as claimed all factorization functions on M, ;4 are linear
combinations of such terms also. [l

6C. We have indicated that we must work with Dirichlet characters modulo 7* for some power M. Note
that for any nontrivial Dirichlet character x modulo 7", we have, by excluding powers of primes from
the sum in the first line below and using the Riemann hypothesis in the form (26) in the second,

S waMxH =1 3 AN +0E") = 0u(").
feM, feMy
Thus for any e > 2, as long as x° # xo,
D e =Y tma(HxS) = 0m(@™?).
feMpe feMy

For e > 3, trivially

D (X)) =0@™.

feEMupe

Note that for m > 1, e > 2, we have % < % — %, and for m > 1, e > 3, we have likewise m < % —

Thus combining the two estimates above, we see that unless x> = o, we have for e > 2,

D e (O ()= 0™ ).

fEMine

=
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Hence recalling the definition (34), unless x> = xo, if some ¢; > 2,

D tme(HXS) = Omn(g™> ™11, (37)
feM,
where n =mje; + - - - + myey.
We have thus obtained

Lemma 6.2. If b is a fixed factorization function supported on the squarefuls, for x a Dirichlet character
modulo T, as long as x* # xo,
Y bOX) = Oualg"* 112
feM,

Proof. For such b, the function b(f)14,(f) is necessarily a linear combination of functions ¢, , where
in each case some ¢; > 2. |

In the case that x? = xo, we may genuinely have a worse bound, but it is easy to see in the same
way that as long as x # xo for x (mod TM), the bound in Lemma 6.2 may be replaced by OM,,,(q"/ 2),
Indeed, for such an estimate, it is easy to see that we have no need that our factorization function be
supported on the squarefuls as it was in Lemma 6.2.

Lemma 6.3. If a is a fixed factorization function, for x a nontrivial Dirichlet character modulo TY,
> aHx(f) = Onu(@"?).
feMy

Note that a character satisfies x> = xo only if it is real. Fortunately there are not many real characters
modulo 7M.

Lemma 6.4. Over [,[T], the number of nontrivial real characters modulo T™ is 0Q1) if 24q, and
O@q™M?yif21q.

Proof. Let G be the group of characters. Real characters x are characterized by having x2 = xo. As
G ([Fq[T]/(TM))*, the number of real characters is equal to the number of f € [, [T] with (f, ™) =1
and deg(f) < M such that

f2=1 (mod TM). (38)

Yet if 2g, we have (f — 1, f +1) =1 and so (38) implies f =41 (mod T™), which is satisfied by only
two such f. Hence in this case there are at most two real characters modulo 7, and thus at most one
nontrivial real character.

If 2| g, the situation is more complicated. If f =ag+---+apy— TM-1 we have

a4 T,
so that each solution f 2=1 (mod TM) entails [(M — 1) /2] + 1 linear equations,

2 2 2
CZO: 1,a1 :O, ’aL(M_])/2J :0
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of which there is only one solution. The remaining M — 1 — [(M — 1)/2] = |[M/2] coefficients
aym-1y/2)+1, - - - » ap—1 may vary freely, but this leads to only g LM/2] different solutions. O

Remark. I thank Ofir Gorodetsky for suggesting this proof of Lemma 6.4 to me.

7. Schur functions of zeros

7A. We have noted the explicit formula (28), which establishes a correspondence between the von Man-
goldt function A(f) and the traces of powers of unitarized Frobenius matrices. Written another way, let
x be a primitive character modulo 7™. For p,(®,) the symmetric power sum of the unitarized zeros

(e et?™Pn-2} of L(u, x), the explicit formula is just the statement that
—1 —n _
Pu(©p) =5 > APOAN+01/q"*) =—5 > x(P)+ 0" (39)
T fem PeM,
prime

for x> # xo. (We require x> # x in order to absorb higher prime powers into the error term.) By
multiplying these power sums together, from unique factorization and a simple counting argument, it
follows that for the partition v = (1”12™2 ... j™i) with v - n,

1 J
Po(©) = S5 [T mit 3 Le)uHx () + 0@,

i=1 feM,
We have used the Riemann hypothesis bound (26) to retain this error term from (39). Note that the
coefficient [ [ i™im;! here is 1/p(v), defined in (12) from our introductory remarks about the symmetric

group. By applying the Frobenius formula, Theorem 5.2, we see that for the Schur function with arguments
{ei2nﬁ1 . eiZnﬁm,g}

1
5O =55 2L MNX N+ 06,

feMy
Because u(f)X*(f) = (—I)Z(Tf)XA(tf) = (—1)”X)‘/(rf) by Proposition 5.4, we have thus shown:

Theorem 7.1. For x a primitive character modulo T™ with x* # xo,

_1 n ’
51.(0y) = (q—/)z Y XXX+ Oum(q™ ).

feM,

7B. Note that in the above theorem, there is no explicit reference to the degree m of the polynomial 7.
Nonetheless, if x is primitive and even, s; (0, ) is a polynomial in m — 2 variables, and so we must have
53(©,) =0 for £(1) > m — 2. We have thus observed

Corollary 7.2. If ¢(A) = A1 >m —2,
Z X¥ (HHx(f) = 0@,

.feM)l

uniformly for x a primitive even character modulo T™.
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Remark. A similar statement to the above can of course be written down for odd primitive characters.
As another consequence of Theorem 7.1,

Corollary 7.3. For partitions A, v n and m > 5,

1 1
[Ex(Tm)(n—/z > XA(f)X(f))(qn/2 > XU(f)X(f)):SAU'SE(A/),Z(V’)Sm2+0(q_1/2)- (40)

prim,ev q feM, feM,

Proof. By Theorem 7.1, the left-hand side of (40) can be written

1 B glm/2
o 2 (w(©)+0( ”%)@w(®xy+cnq—”%>+-0(&;;—7;; , (41)
prim( ) x(T™) prim( )
prim,ev

using Lemmas 6.3 and 6.4 to bound the contribution of characters with x? = xo. For m > 5, recalling the

ev

value of <I>prim(Tm) given in (25), we certainly have

qu/ZJ

— —172
cDeV (Tm) - O(Q )v

prim

and using the equidistribution Theorem 4.2 to treat the main term, we see that (41) reduces to
[ ssmdgroq,
U(m-2)

(Note that the symmetric polynomial s,5,7, homogeneous under unimodular multiplication, is a linear
combination of characters of PU(M —2).) This agrees with the right-hand side of (40) by the orthonormality
of Schur functions (Theorem 5.5). U

7C. We will later need the following result, which is essentially the “easy” case of Corollary 7.3.

Lemma 7.4. For a; and ay, factorization functions supported on M,,, and m sufficiently large (depending
onn),

1 1
Jm ) (n—/z > a1(f)x(f))(qm > az(f)x(f)> = (a1, @), (42)

prim,ev feM, FeM,
with the inner product defined by (18).

Proof. This is not a deep result, following from nothing more sophisticated than orthogonality relations
for characters averaged in this way.

Nonetheless, it is less work for us at this point to make use of Corollary 7.3 and note the following,
for m > min(5, n + 2): if a; or a, is supported on the squarefuls, then (42) is true (with the right-hand
side obviously equal to 0), owing to Lemmas 6.2 and 6.3 (with contributions of characters x2 = xo in
the average dealt with as in the proof of Corollary 7.3). Moreover, if these functions are characters of
the symmetric group, a;(f) = X*(f) and a>(f) = X" (f), then (42) is true by Corollary 7.3. Since any
factorization function can be written as a linear combination of characters and some function supported
on the squarefuls, this verifies (42) in general. U
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8. A proof of Theorem 3.1

8A. Because we will be using characters modulo powers of 7', we must work with polynomials f that
are coprime to 7. We recall our definition P, and make a similar definition for monic polynomials

Pli={fePy: f(0)#0} and M’ :={feM,: f(0)#0}.

In addition we define for f € M,

a(f):=a(f)— E(a;n), with E(a;n):=

> ae)

1
IMal 51

and for f € /\/l,tl

a'(f):=a(f)— E%a;n), with E%(a;n) :=

> alg).

b
| geMi

n

With these conventions, our proof of Theorem 3.1 may be broken into five pieces.

Step I: In the first place, we reduce the variance of short interval sums, restricted to MEZ, to a sum over
Dirichlet characters.

Lemma 8.1. For any factorization function a,

N I A k) 2
> > a“(g)‘ =@ > 1Y aox(®)] -
feMy gel(fih) xFExo(T"") §EMy

gEME, even

forO<h<n-—1.

The proof is a straightforward modification of Steps 1 and 2 in [Rodgers 2015], and we refer the
reader to that paper for details. In summary: one transfers the short interval sum to a sum over Dirichlet
characters by making use of the involution described in Section 4 of this paper.

Step 2: We next bound the sums in Lemma 8.1 for all factorization functions that are supported on the
squarefuls.

Lemma 8.2. For a fixed factorization b function supported on the squarefuls,

2

Yol DD B =0und"eM. (43)
FeMy'gel(f:h)
geM;,
forO<h<n-—4.
Proof. Clearly by Lemma 8.1 we need only show that
q—1 2

s 2 | 2 b@x®| =0u@"h. (44)

xFxo(T"") §€EM

even
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From Lemma 6.2, we note that for nonreal characters y modulo T"=h, uniformly

> b(f)x(f)‘ = Oni(q"*™'%),

§EM,

while from Lemma 6.4 there are at most O(q("*h)/ 2 real nontrivial characters, and for such a character
by Lemma 6.3 this sum is OH’;,(q”/ 2). Hence the left-hand side of (44) is at most
—1
ﬁ(éev(r"—’l) Oun(@" )+ Onn(q"q" ™M) = 0un(q" ™. O

In a similar same manner, we obtain a more general bound for factorization functions that needn’t be
supported on the squarefuls.

Lemma 8.3. For a fixed factorization function a,

Yo DD dw

2
= On,h(qh—an),

feM,'gel(f;h)
fem;
forO<h<n.
Proof. This follows from Lemmas 8.1 and 6.3. (Il

Step 3: We show that the variances of sums over M,nl we have computed in Lemma 8.1 are not far from
those of sums over M,,, which we are ultimately after.

Lemma 8.4. For a fixed factorization function a,

S| Y aw =%

feM, gel(f;h) feM,

2

Y @@] + Onalg" g™,
gel(f;h)
geM;,

forO<h <n.
Note, in comparison with the error term, that we expect the left-hand side to usually be of order ¢"¢"*!.
Proof. We make use of a mapping of polynomials f > £l defined by
@+aiT+--ay, TV =a; +a T+ +a, 7",
so that if 77| f,
f=1'f1.
For f € M,, we may partition / (f; &) into the disjoint union

h
I(f;h)= (U{T"g el(fih):ge M,i_,-}) Uil piy (45)

i=0
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For g € Mi_l., we define the function

ap(g) ==a(T'g),
with

ar(g) == ap(g) — E¥ag; n—i),  with  E(ag;;n—i) =

From the partitioning (45), it is easy to see that for f € M,,

Y alfH)= Y a@+ Y an@+-+ Y. a[h](g)+a(Th+1f[h+1])- (46)
—
gel(f;h) gel(f; h) gel (f1;h—1) el(f’l =0, (1)
geM;, geM | geM? '

n—h

Using that
IMil=¢"""g—1), and |{gel(f;h):ge M} =q"(q—1),

one may verify (with a little work, but straightforwardly) that

> E(@in)= q— Y ale) = Z Y. E'ap;n— Y atly . @)

gel(f:h) geEM, k=0 ger(f*);h—k) 8EMu—n-1
geMoy —0uu(1)

Thus combining (46) and (47), we have uniformly for f € M,,

Yooae= Y @@+ Y. ay@+-+ Y, @)+ Ol (48)
gel(f;h) gel(f; h) gel (fM;h—1) gel(f,0)
gEM;, geM ge/\/li_h

For each i, the function aj;1 defined on M,,_; extends uniquely to a factorization function defined on all
of M, _;. Hence, using Lemma 8.3 to pass to the second line below,

il =¢ T | ¥

fEMn‘gel(f[’] h—i) feMy_i'gel(f;h—i)
geM_, geM;

2
<<n,h qzthhqunfz ]

This quantity is no more than ¢”¢” for i > 1, and for i = 0 it is of course equal to ¢"*'g".

Therefore, squaring the identity (48) and summing over g € M,,, then using Cauchy—Schwarz and (49)

to bound all terms but one on the right,

2| 2

feM,'gel(f;h)

2
+ 0 n(q"q" ™),

>

feM,

2

gel(f:h)
geEM;,
as claimed. |
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Step 4: Recall the “factorization Fourier expansion” (14):
a(f)=A(f)+b(f), (49)

with
A(f) =) X (),
2
where b(f) is a function supported on the squarefuls. We use this to reduce variance for the function

a(f) to finding the covariance of characters X*(f).
We introduce the shorthand, for partitions A, v - n,

A (m) 3=[Ex(T’”)( > XMf)x(f))( 3 X”(g)x(g))- (50)

prim,ev feM, geM,

Note that by Corollary 7.3, for m > 5,
_ 12y _ —12
Aj (M) = 6,800, 00)<m—2+ 0@~ ") = 83003 v <m—2+ O0(q~ /7). (S1)

Lemma 8.5. For a fixed factorization function a, with0 < h <n —4,

VarfeM,,( > a(g)) =q"" " Apu(n— )iy + 0ni(qg" ). (52)
gel(f:h) w,vn

Proof. The variance in (52) is given by

2
DM IIRTIETD
q eM,

2
7 + On,h(qh+1/2)a
Fem,\ger(rm 1

> Ak
gel(f;h)
gEM;,

where we have reduced to a sum of terms A?(g) by using Lemma 8.4 and then Lemmas 8.2 and 8.3 to
absorb a sum of terms b%(g) into the error term.
In turn from Lemma 8.1,

1 OO R (k) ?
SY| Y Ee <L) Y| Y A
feEM,'gel (fih) XFxo(T"") €M
even
qh+2 2 5
= n—h( Z Z A(g)X(g) +0n,h(qn'qn_h_ ))
74 x (T €My
prim,ev

The second line has followed by taking nonprimitive even characters from the sum and bounding their
contribution by Lemma 6.3. The above quantity simplifies to

2

q"t'E + 01 (g™,

> A@x(9)

geEM,

x (T
prim,ev
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and Lemma 8.5 follows by expanding A(g) into a linear combination of characters X* (recall A is defined
by (49)) and then expanding the square above. (Il

With this lemma in place, Theorem 3.1 now follows by applying (51).

9. Factorization Fourier expansions

9A. We list some examples of the expansion (14) for the arithmetic functions we considered in Section 1.
In this way we recover Theorems 1.3, 1.4, and 1.5, estimating variance over short intervals of the Mdbius
function, the von Mangoldt function, and the k-fold divisor function. We also consider the function w,
which as usual counts distinct prime factors, and this leads to a new result for the variance of w( f) and
w(fo(f) summed over short intervals.
Proposition 9.1. For f € M,

n(f)==D"x.

Remark. Applied to Theorem 3.1 this recovers Theorem 1.3, for u(f).

Proof. Both u(f) and X" (f) will be zero unless f is squarefree. But for f = py --- p,, with all
factors distinct, i (f) = (—1)*, while it may be checked XI")(f) = (—1)dee=1 ... (_1)deelp)—1Ag
(—1)deep) ... (—1)dee(p) = (—1)" this verifies the claim. O
Proposition 9.2. For f € M,,

1w(f)>=X"f).

Proof. As X™ is the trivial character, this is clear. (I

Proposition 9.3. For f € M,

A =D (=D XTI +b(f),

r=1
for a function b( f) that is supported on the squarefuls.
Remark. This recovers Theorem 1.4, for A(f).

If we define the function,

Aj(f) =Y u(g)deg(f/g), (53)
glf

g monic

the proposition above is special case of:

Proposition 9.4. For f € M,

Aj ()= (=D == DHX"TT) + b,

r=I1

for a function b( f) that is supported on the squarefuls.
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Remark. This recovers an estimate for the covariance of almost-primes in short intervals, proved in
[Rodgers 2015].

Note that, using (53),

Aj(f) = Z(rf—(r—l)f) > ule,

glf
deg(g)<n—r
g monic

so we have that Proposition 9.4 is a corollary of:

Proposition 9.5. For f € M,,withn=r+s and 0 <s < n,

() = (=1 X" +b(f),
glf

deg(g)<s
g monic

for a function b(f) that is supported on the squarefuls.

Proof. We will need to make use of the Murnaghan—Nakayama rule, quoted in Theorem 5.1.

We may suppose that f is squarefree (otherwise the proposition is trivial), and let f = p; --- p, with
deg pi =1;, 11 = 120 > - - -. We apply the Murnaghan—Nakayama rule to the type 77 = (71, ..., 7¢) and
Young diagram of (r, 1*). For any border-strip tableau, let / C {2, ..., £} be the collection of numbers
that appear in rows 2 through s of the Young diagram of (r, 1¥). Writing

T = Z T,
iel
to form a valid border-strip tableau, it is easy to see that we require only that 7; <s and 71 +7; > s + 1.
Hence, applying the rule,

XU = 3, prEnethTTi = -t Y 0 (=Dl (54)

1C{2,....6} 1C{2,...,6}

T <s s—ti<11<k

T1+T>5+1

Yet,

Yo ou@= Y (=n (55)
glf JcdL,....¢
deg(g)=<s
£ monic

By breaking the right-hand sum into parts for which 1 is an element of J or not, we see that (55) is equal to

Z ( 1)"'+ Z( DY+ = Z ( Hil.

I1c{2,...ty  IC{2,..,
'L']<A r,+7:1§s v r1<t,<9

Comparing this with (54) yields the result. U
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Proposition 9.6. For f € M,

d(f)= Y sl ... DX*(F)+b(f), (56)
T k

for a function b(f) that is supported on the squarefuls. Moreover, we have the following equivalent

expressions for s, (1, ..., 1):

) M—Aji+j—i

0 s(l...n= ] "5 170 (57)

_— 11 j—i
k 1<i<j<k
with the convention that hygy+1 = -+ = A =01 LX) < k.
(i) si(L, ..., 1) =GT (1), (58)
——
k

where GTy (X)) is the number of triangular arrays of nonnegative integers

&)
xl x2 e xk

with entries weakly decreasing left-to-right down diagonals and weakly increasing left-to-right up

diagonals (that is, x;i) > xUFD > K ), and in the top row, xl.(l) = A;, with again the convention if

j Jj+1
L(A) <k that )\E(k)-i-l =-..=)7=0.
k+c(u)
(i) sl D=T]=0o= (59)

k UEA

where the product is over all squares u of the Young diagram of ,, and where if we label the squares u

by the coordinates (i, j) with 1 < j < A;, the content c(u) is defined by
cu)=i—j,
and the hook length h(u) is defined by
h(u) = A +A; —i—j+1.
(See [Stanley 1999, p. 373] for a lengthier account of these definitions.)

Remark. Using the representation (ii), this recovers the variance of the k-fold divisor function given in
Theorem 1.5.
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Proof. It will again be sufficient to consider f squarefree. We note that for p prime, dix(p) = k, so for
f = p1--- pe with all prime factors distinct,

di(f) =k" = k"™,
where 7 is the factorization type of f. On the other hand,

KO =p(l,.... )= "s5(l,.... DX*), (60)
N —— T Ta
k n

by Theorem 5.2 of Frobenius. This proves (56).

For the formula given in (i), note that for £(1) > k, we have s, (1, ..., 1) =0, while for £(A) <k, the
identity (57) is [Fulton 1997, Example 6, Chapter 6].
For the formula given in (ii), note that s, (1, ..., 1) is equal to the number of semistandard Young

tableaux of shape A with entries 1 through k (see [Stanley 1999, §7.10]), and by a well-known bijection
(again, see [Stanley 1999, §7.10]) this is equal to GT,(A). (For readers familiar with the terminology,
GTy (1) is a count of Gelfand-Tsetlin patterns.)

For the formula given in (iii), this is Corollary 7.21.4 of [Stanley 1999]. ]

Proposition 9.7. Let w( f) be the number of distinct primes that divide f. Then for f € M,,

1 1
M4V A+v41

o(f) = H,X"(f) +Z<—1>”< ) XERD@+ED, ©b
A
where the sum is over all partitions A = (A1, Ay, 1) Fn with ., > 1 and v > 0, where b(f) is a function

supported on the squarefuls, and where

Hymttlyo ]
"T1 02 n

Remark. The mean value as ¢ — oo of w (f) for deg(f) =n is H,. Because X" ( f) =1 for all squarefree
f, the expression (61) may be thought of as characterizing the oscillation of w( f) around this value.

Proof. We use the identity (60) from the last proof, along with the representation (59) for s, (1, ..., 1).
Taken together these imply for 7 - n and positive integer k,
k4 c(u)
kE® = X (7). 62
211 o X (62)
A-n uekr

Though we have only demonstrated (62) for an integer k, both the left- and right-hand side of this identity
are polynomials in k, and therefore (62) must hold for all £ € C. Differentiating (62) and setting k = 1
requires some slightly tedious book-keeping, but is otherwise straightforward and gives us

L ! X G221 2y (63)
AM+v A+v+1

(r) = H, X" (1) + Z(—l)“(
A

Applying this to the factorization types of f € M, gives the proposition. U
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Proposition 9.8. For f € M,

1
J+v+l it j4v+2

w(Po(f) = (1" [an<l”><f>+2<—1>”< )X(””’zj’li)(f)] +b(f). (64)

where the sum is over all partitions (v +2,27, 1)) - n, with i, j, v > 0, and b( f) is a function supported
on the squarefuls.

Proof. For f squarefree with factorization type , note that (f)w(f) = (—1)*D¢ (7). But by applying
Proposition 5.4 to the identity (63), we may decompose (— 1)!@¢(7) into a sum over irreducible characters
associated to dual partitions. This decomposition yields (64). O

9B. By applying Theorem 3.1 to Propositions 9.7 and 9.8 we straightforwardly obtain the following results:
Corollary 9.9. For fixed 0 <h <n -5,

1 1 :
WK%M%iE: w@0=ﬂf“ >3 <n—x{_n—m+4> +0(q""?). (65)

gel(f;h) I1<iy<Ai<n—h—-2%1+Xr2<n

Corollary 9.10. For fixed 0 <h <n —35,

1 2
VarfeM,l( > M(g)w(g)> h+1[H2+ > (n_l_]_ . n_j) ]+0<qh“/2>. (66)

gel(f;h) h+2<i+2j<n-—-2

9C. Because the double-indexed sum in the asymptotic formula of (66) remains bounded for n — oo and
h ~ én with § > 0, and because H,, ~logn =logdeg(f) for f € M,, one may think of Corollary 9.10 as a
function field analogue of the following conjecture over the integers (which is intuitive enough on its own):

Conjecture 9.11. For H = X4 with fixed § € (0, 1), as X — 00, we have

/ZX <

Corollary 9.9 has a rather more striking interpretation. In (65) the double indexed sum remains bounded
for h ~ dn with é € (0, 1) fixed; indeed the reader may check that

1 1 2
22 (;—Kl_n—h+ﬁ) ~PO) <+ 67)

1<h<ii<n—h-2
AtA2=<n

2
memocu~ﬂn%mgm?

x<n<n+H

as n — oo for*

1 1)\°
p(d) = /x+y>1 (; - ;) dxdy.

d=<x=<y=<l

4One can further reduce the integral to see

@_lgm—@m+&¢meH¢m®4%m—M%@ fors <1/2,
Tl =8)/8 — (1—8) —log(8)? for 8 > 1/2,

where Lij is the dilogarithm. Note the phase change at § = >



Arithmetic functions in short intervals and the symmetric group 1273

Because this is bounded it is reasonable to suppose:

Conjecture 9.12. For H = X° with fixed § € (0, 1) as X — oo we have

1 2X 2 1 2X 2
§/X < Z a)(n)> dx—(ffx Z w(n)dx) = O0s(H). (68)

x<n<x+H x<n<x+H

There is a sense in which an estimate of the sort in Conjecture 9.12 would be surprising, since the
Erdés—Kac theorem [1940] predicts that diagonal terms make a contribution of size H loglog X. Clearly
that § € (0, 1) remain fixed is important for anything like Conjecture 9.12 to be true — the consideration of
diagonal terms shows that we cannot have such an estimate if § — 0 as X — oo. Nonetheless the function
field analogy remains, and it would be interesting to study in greater depth whether Conjecture 9.12 is true.’

Rather more ambitiously, one may even guess that the right-hand side of (68) can be replaced by

PO)H +os(H).

10. Covariance

10A. In analogy with the definition of variance, (4), we define the covariance of two arithmetic functions
m and 7 by

1
Covar rer, (1 (f), m2(f)) := P > ) = Ea,n) (12 () — Eag, m2).

feMy

Because Theorem 3.1 holds for a general factorization function a, it implies by a standard argument a
corresponding result for covariance.

Theorem 10.1. For a(f) and b(f) fixed factorization functions and for fixed 0 <h <n —35,

gel(fih) gel(f;h) An
A <n—h-2
One consequence of this is worthwhile to draw out. Since u(g) = XI")(g), we see directly that:

Corollary 10.2. For a(f) a fixed factorization function and for fixed 0 <h <n —35,

1
ht1 s h+1/2 ht1 h+1
COVaffeM,l( Y a@, Y, u(g)> =¢"agn+0@@"" ) =¢"" ra > w@a@)tolg"™h.
gel(f:h) gel(f:h) feMn
That is to say, the Mobius function oscillates to such an extent that in estimating its short-interval-sum
covariance against any factorization function, only diagonal terms contribute. It is easy to see that (up to
values on the squarefuls) the Mdbius function is unique among factorization functions in this regard.

5 Andrew Granville (personal communication) has shown a variant of this conjecture is true for a restricted range of §, when
w(n) is replaced by wy (n), a count of prime factors of n less than y = x1/2—e,
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For example, Corollary 10.2 implies

CovarfeMn< Z A(Q), Z M(g)>“’—61h+ls

gel(fsh) gel(f:h)

as ¢ — oo. Over the integers we have the following analogy:
Conjecture 10.3. For H = X® with § € (0, 1),

%f:x< Z A(n)—H)< Z M(n))de—H,

x<n<x+H x<n<n+H

as X — oo.

11. Decompositions: proofs of Theorem 3.2 and Corollary 3.5

11A. We now turn to the decomposition of the space of factorization functions F into &* and V" and
the corresponding evaluation of variance described in Theorem 3.2. Recall that Z/l,f’ is the linear space of
functions defined by (17) and V" is orthogonal complement supported on squarefuls. We first demonstrate
the explicit characterization of the spaces M,}l’ and Vfl’ given by Proposition 3.3.

Proof of Proposition 3.3. Let AZ and ij be as in the proposition and
C" .= span{X*(f) : Al n, Ay <n—h—2}.
Note that Cfl’ is supported on the squarefrees, and
F=UA"aB)oc"

Moreover, by the equidistribution of factorization types and cycles types and the orthogonality of
characters X*, A" is orthogonal to C”.

Theorem 3.1 implies that Af’l ®B, C Z/l,’f, and likewise that Cff N Z,{fl’ = {0}, so that no function outside
of A" @ B, lies in U"; that is, A" ® B, =U!. V!, defined to be the orthogonal complement supported on
squarefuls, is thus identical with C,’Z, which proves the proposition. (I

Proof of Theorem 3.2. Note that for v € V' with

v(H= D LX),

AM<n—h-2
we have
) 1 — ~ 12
(v,v) = lim dovHH= Y, 1l
feM, rM<n—h-2

by again making use of the equidistribution of factorization types and cycle types (Proposition 2.3).
Combined with Theorem 3.1, this gives the result. U
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11B. We now turn to Proposition 3.4 and Corollary 3.5.

Proof of Proposition 3.4. We note first that for any factorization function ¢, it is simple to see that

w(f):= Y a@), (defined for f € M,)

3| f
deg(8)<h+1

lies in Ufl’. (Recall that M,ﬁ’ is defined by (17).) For in this case, for any f € M,,

Z Q(g): Z 01(5) Z 1= Z Ol(8)qh+1_deg(8),

gel(f:h) deg(8)<h+1 gel(f;h) deg(8)<h+1
3lg

This does not depend on f, so that

VarfeM,,( > w<g>)=0,

gel(fih)

implying w € U". Since we already know any factorization function b € F,, supported on the squarefuls
lies in the linear space Z/I,ﬁ’, and function of the form w(f) + b(f) must therefore lie in Z/l,’f.

Hence to complete the proof of the proposition, we need only show that all functions in Z/{,’Z1 are of this
form. Having already characterized " in terms of characters of the symmetric group in Proposition 3.3,
we will have done so if we show that for A = n with A; > n — h — 1, there exists a factorization function
« and a factorization function b supported on the squarefuls such that

XM=Y, a@+b(f). (forall feM,).
8
deg(é)lghﬂ
The remainder of this proof is devoted to a demonstration in four steps of this claim.

Step 1. Let m be arbitrary. For an even primitive character x modulo 7", from the identity

m—2
u . u 1
11— — || 1 —ue?™?i _—L(—, >_—§ " E ,
( ﬁ) j=1( " ) \/a X ! qn/Z X(f)

n>0 feM,

we have the following expression for elementary symmetric functions in the normalized roots of the
L-function:

—1)"
en(©y) = (q—/l Y XN+ Oumlg™). (69)

feM,
Step 2: We note forn; +---+n; =n,

—1)"
en1<®x>---enk<®x>=(qn—/§< > X(f1)+0n,m(611/2))"'( > x(fk>+0n,m<ql/z>>

fIEMnI flkeMnk
(-1)" .
= > x(ig)e(@) + Onmlg™ ),
flEMnl

§E Moyt
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where

al@) = Y 1

S fe=g
szMz ..... kaMk
is a factorization function supported on M,,...4,,. In particular, we have thatif ny > n—h —1 (so
ny+---+ng <h+1)then

_1 n
em---enk=(qn/l S (DY a® + Onnlg™), (70)

feM, sIf

for a factorization function «(§) supported on the set of § with deg(§) <h + 1.

Step 3: From an expansion of the determinant in the Jacobi—Trudi identity, we see for A - n that s, is a
linear combination of terms e, - - - e,, with ny 4 ---n; = n and (from the top row of the determinant)
ny > A always. Hence viastep 2, if Ay >n—h —1,

1y
(@)= 3 () Y a®)+ 00nla ™), 1)

JeM, s1f

for a factorization function «(§) supported on § with deg(§) < & + 1, since linear combinations of terms
of the form ) |7 (d) remain of this form.
Yet from Theorem 7.1

(="

51:(©) = — > X*(NHx(NH+0@™). (72)
77 fem,
Hence pairing (71) and (72) we have
1
—7 2 x() (XW) - a<5>> = Onm(q™'"?). (73)
T fem, 517

deg(8)<h+1

Step 4: In (73), m is arbitrary; take m sufficiently large depending on n, with the intention of using
Lemma 7.4. We have upon squaring and averaging,

ni/z > x(f)(XA(f)— > a(6>>

feM, s f
deg(8)<h+1

2

Exm -0,

prim,ev

as ¢ — oo. But then from Lemma 7.4,

HX*(f) - “(S)H =0,

S| f
deg(8)<h+1
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for ||-]| the norm induced by our inner product. Since this inner product is nondegenerate on functions
supported on the squarefrees, we must have

XM(f)y= > a@®+b(f),

51 f
deg(3)<h+1

for some function b( f) supported on the squarefuls, as claimed. (I
Proof of Corollary 3.5. This follows immediately from Theorem 3.2 and Proposition 3.4. For in the

identity (19), the function v(f) is a projection of the function a(f) to the subspace V", but then

2

. 2 . 2 .
v, v) = ||Pro a = inf ||a — ul]|* = inf
(v, 0) = [Projyy (@) = inf lla —u|* = inf

a(f)— Yy a@®)
deg(g)léhﬂ

O

11C. Tt is worthwhile to reflect one last time on the dichotomy between " and V. Theorem 7.1 gives
us another way to characterize them. Z/I,’,’ is just the collection of those factorization functions u for which

Y ulHx(H)=0@"*"), (74)
feM,
uniformly for all even primitive characters modulo 7"~". The reason that Theorem 7.1 implies (74)
is very simply that L(u, x) always has n — h — 2 nontrivial zeros. Contrariwise, Theorem 3.2 and
Proposition 3.3 tell us that for those factorization functions which do not have enough structure to belong
to U" their variance may be computed according to the most naive heuristic of randomness. Indeed, one
last reformulation of Theorem 3.2 may be seen to be the following: for vy, v, € V),

Eqanry D vilHx(Ha(@)x(@) = o(@"). (75)
prlm,ev f’fpi'/;/t"

It would be interesting to see whether a modification of this picture is consistent with conjectures that
have been made in other settings (e.g., in the fixed ¢ large n limit, or over number fields), or indeed with
statistics in orthogonal and symplectic families.
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Cohomology for Drinfeld doubles of some infinitesimal
group schemes

Eric M. Friedlander and Cris Negron

Consider a field k of characteristic p > 0, the r-th Frobenius kernel G, of a smooth algebraic group G, the
Drinfeld double DG, of G,), and a finite dimensional DG,)-module M. We prove that the cohomology
algebra H*(DGy,y, k) is finitely generated and that H*(DGy,), M) is a finitely generated module over this
cohomology algebra. We exhibit a finite map of algebras 6, : H* (G, k) ® S(g) = H* (DG, k), which
offers an approach to support varieties for DG)-modules. For many examples of interest, 6, is injective
and induces an isomorphism of associated reduced schemes. For M an irreducible DG(,y-module, 6, en-
ables us to identify the support variety of M in terms of the support variety of M viewed as a G)-module.

1. Introduction

For a Hopf algebra A over a field k, we denote by H*(A, k) = Ext}, (k, k) the Hopf cohomology and we
denote by H*(A, M) =Ext} (k, M) the cohomology of A with values in a finite dimensional A-module M.
The goal of this paper is to prove the following conjecture for an interesting class of examples.

Conjecture (the finite generation conjecture). For any finite dimensional Hopf algebra A, and finite
dimensional A-module M, the cohomology H*(A, k) is a finitely generated k-algebra and H*(A, M) is a
finitely generated module over H*(A, k).

The conjecture has existed as a question at least since the 1990’s (see e.g., [Friedlander and Suslin 1997]),
and was recently stated explicitly in the work of Etingof and Ostrik [2004]. In the finite characteristic
setting, the conjecture was verified for cocommutative Hopf algebras in the work of Friedlander and
Suslin [1997]. This followed earlier work of Friedlander and Parshall [1986] on the cohomology of
restricted enveloping algebras. More recently, Drupieski [2016] generalized these results to finite super
groups (i.e., cocommutative Hopf algebras in the symmetric category of Z/27-graded vector spaces).

For a commutative Hopf algebra A over a field of characteristic p, one can arrive at the desired finite gen-
eration result from the existence of an abstract algebra isomorphism A =k[Z/ p"' Z]®- - -®k[Z/ p*Z] when-
ever A is local, and the fact that the cohomology H*(A, M) only depends on the algebra structure of A.

In characteristic O most of the work to date has focused on pointed Hopf algebras. Ginzburg and
Kumar [1993] (see also [Bendel et al. 2014]) showed that small quantum groups have finitely generated
Friedlander’s work was partially supported by the Simons Foundation. Negron was supported by NSF Postdoctoral Research
Fellowship DMS-1503147.
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cohomology. Mastnak, Pevtsova, Schauenburg, and Witherspoon [2010] verified the finite generation
conjecture for most pointed Hopf algebras with abelian group of grouplikes. Such Hopf algebras were
classified by Andruskiewitsch and Schneider [2002], and can be understood broadly as deformations of
small quantum groups. For results concerning pointed Hopf algebras with nonabelian grouplikes one can
see [Stefan and Vay 2016].

In this work we consider Drinfeld doubles of finite group schemes in characteristic p > 0. We recall
that the Drinfeld double DG of a finite group scheme G is the smash product

DG =0(G)#kG

of the group algebra kG of G acting via the adjoint action on the algebra O(G) = (kG)* of functions
on G. The coalgebra structure on DG is the product structure O(G)°P ® kG, where the cop superscript
indicates that we take the opposite comultiplication. The Drinfeld double DG is neither commutative nor
cocommutative (unless G is commutative) and rarely pointed. For some examples of the computational
and theoretical significance of the double one can see [Etingof and Gelaki 2002; Etingof 2002; Kashina
et al. 2006; Ng and Schauenburg 2007; Shimizu 2017].

Our finite generation results for Drinfeld doubles apply to other Hopf algebras thanks to various general
properties of the Drinfeld double construction. For example, rep(DA) = rep(D(A*)) and for any cocycle
twist o (see [Montgomery 2004]), rep(DA) = rep(D(A,)) [Majid and Oeckl 1999; Benkart et al. 2010].

Let us now fix k a field of finite characteristic p. We assume additionally that p is odd, although most
of our results will still hold when p =2 (see Section 4C). Recall that the r-th Frobenius kernel G, is the
group scheme theoretic kernel of the r-th Frobenius map F” : G — G (see Section 2). We refer the
reader to [Sullivan 1978; Cline 1987; Jantzen 2003] for some discussion of the important role Frobenius
kernels play in the modular representation theory of algebraic groups.

We prove the following:

Theorem (Theorems 5.3 and 5.6). Consider the r-th Frobenius kernel G, of a smooth algebraic group G.
The cohomology of the double H* (DG, k) is a finitely generated k algebra. Moreover, for any finite
dimensional DG, -module M, the cohomology H* (DG, M) is a finitely generated H* (DG, k)-

module.

Our approach utilizes associations between deformation theory and Hopf cohomology. We show that
the deformation G, 11y of G produces a natural map og : g(’) — HZ(@(G(V)), k), where g = Lie(G).
The map o has a natural lift to the cohomology of the double op : g — H?(DGy), k), which is again
constructed in a deformation theoretic manner. The smoothness hypothesis of G plays an important role
in our proof. Namely, we apply an argument which uses in an essential way the structure of G4 as a
flat extension of G(41)/G) to obtain cohomology classes via deformation theory.

In proving the above theorem, we construct a finite algebra map

6, : H* (G, k) ® S(g7[2]) = H* (DG, k)
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(using op and the inflation H* (G, k) — H* (DG, k)) with associated map of reduced affine schemes
O, : DG | = kG| x (g9 (1

(see Theorem 5.3). Here, and elsewhere, we employ the usual notation S(V [n]) for the symmetric algebra
over k of the k-vector space V placed in degree n, and we use the notation |A| = Spec H® (A, k)eq for
the reduced spectrum of the cohomology of a Hopf algebra A.

For many classical algebraic groups G we are able to deduce additional information concerning ®, as
formulated in the following theorem.

Theorem (Corollary 6.11). Let G be a general linear group, simple algebraic group, Borel subgroup in a
simple algebraic group, or a unipotent subgroup in a semisimple algebraic group which is normalized by
a maximal torus. Suppose that p is very good for G, or that p > cl(G) in the unipotent case:

o If p > dim G+ 1 then the map ®, of (1) is an isomorphism for all r.
o For arbitrary p, the map ®, is an isomorphism whenever r is such that p" > 2 dim G.

The key observation we use in proving the above theorem is that the hypotheses guarantee the existence
of a quasilogarithm L : G — g [Kazhdan and Varshavsky 2006]. This leads to a grading on the Drinfeld
double DG,y which greatly simplifies the analysis of the Lyndon—Hochschild—Serre spectral sequence we
use to investigate the cohomology of DG,). The “very good” condition on p is a mild condition which we
review in Section 6. In the unipotent case, the integer cl(G) is the nilpotence class of (s, which is always
less than dim(G). The theorem implies an equality of dimensions dim|DG,)| = dim|kG| + dim G for
such classical groups.

We also consider the support variety [DG,) |y associated to a DG(,y-module M. The support variety
for M is defined as the closed, reduced, subscheme in |[DGg,)| defined by the kernel of the algebra map

—®M : H* (DG, k) > Exths (M, M).

Theorem (Corollary 7.6). Suppose G is as in the statement of the previous theorem. If p > dim G + 1 or
p" > 2dim G, then for any irreducible DG, -module M the map ©, of (1) restricts to an isomorphism of
schemes

O 1 IDG(y I => kG lm x (89"

We supplement the preceding results by extending many of them to relative Drinfeld doubles (see
Section 5C).

Organization. In Section 3, we discuss associations between deformations and Hopf cohomology, and
produce the aforementioned maps o and op. In Section 4 we prove that the algebra map S (g(’ 2] —
H*(0(G()), k)req induced by o¢ is an isomorphism. We use the lifting op, in conjunction with the
inflation map H*(G, k) — H*(DGg), k), to establish the finite generation of cohomology for the
double DG,y in Section 5. Section 6 is dedicated to an analysis of classical groups at large primes.
Section 7 is dedicated to support varieties.
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2. Finite group schemes and the Frobenius

We fix from this point on a field k of finite characteristic p. We assume p # 2 (see Section 4C). A
“scheme” is a scheme of finite type over k and ® = ®y. All schemes considered in this work will be
affine. Throughout, by an algebraic group we mean an affine group scheme which is reduced, absolutely
irreducible, and of finite type over k.

For an affine group scheme G, a rational (left) G-representation is a (right) comodule over the
coordinate algebra O(G). A G-algebra is an O(G)-comodule algebra (i.e., an algebra R which is a rational
G-representation in such a way that the multiplication R ® R — R is a map of G-representations). We
let H*(G, M) denote the rational group cohomology of G with coefficients in M. If G is a finite group
scheme with Hopf algebra kG (the “group algebra” of G), then H*(G, M) = H*(kG, M).

In this section we review some standard information on Frobenius maps and Frobenius kernels. One
can see Jantzen’s book [2003] for a more detailed presentation.

2A. Frobenius maps and Frobenius kernels. Let ¢ : k — k be the p”-th power map on k, A > A7
Given an affine group scheme G we let G denote the fiber product of G with Spec(k) along ¢",

G —— G

l ., |

spec(k) ~22 Spec(k).

By functoriality of the pullback we see that (—)” provides a functor on the category of group schemes
over k. There is a natural map of group schemes F" : G — G over k given explicitly as follows:
0(G") =0(G) ®¢r k — O(G) sends f Q4 Ato A- fP .

Definition 2.1. (i) The above map F” : G — G is called the r-th Frobenius map.

(i1) The r-th Frobenius kernel G, of G is the group scheme theoretic kernel of the r-th Frobenius map,
1- Gy — G G0,

(iii) We say G is of height <r if G = G).
The closed subgroup scheme G, in G is the spectrum of the quotient Hopf algebra
0(G(r) =0G)/(f7 : f €mg),

where m ¢ is the maximal ideal corresponding to the identity in G. Whence we see that an affine group
scheme G is of height < r if and only if f?" =0 for each f € mg.

Example 2.2. For G a height 1 group scheme, we have G = Spec(u(g)*) where g is the restricted Lie
algebra for G and u(g) is the restricted enveloping algebra. This association gives a natural bijection
between height 1 group schemes and finite dimensional restricted Lie algebras.
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Example 2.3. Consider GL,,. This is the spectrum of the Hopf algebra
G(GLn) = k[x,'j, det_l 1< l,] <n]

with comultiplication A(x;;) = Zzzl Xk ® xkj, counit €(x;;) = §;;, and antipode given by the adjoint
formula for the inverse of a matrix. The Frobenius kernels in this case are given by

O(GL, () =k[x;j: 1 <i,j < n]/(xi’} —dij).
Note that in the above presentation of the Frobenius kernel the determinant is already invertible.

2B. Frobenius twists of representations. For a rational G-representation V we let V") denote the new
G-representation which is the vector space k ®4- V along with the G-action given by the composite

G5 G - GL(V)? =GLvV ).

The tensor product k®4- here denotes base change along ¢”. As a comodule, V) has right 0(G)-coaction
given by

p(’)(c Q) = Z(c vy ® vf:r,
where the initial coaction of 0(G) on V is given by p(v) = Y, vj, ® v;,. (In the above equation ¢ € k and
v e V.) We call V) the r-th Frobenius twist of V. The proof of the following lemma is immediate from
the observation that the composition 0(G") - 0(G) — O0(G ) factors through the counit for O (GM)y.

Lemma 2.4. For G of height < r and V any rational G-representation, G acts trivially on the r-th
Frobenius twist V.

We also employ a natural isomorphism of G-representations (V*)") = (V))* given by the formula
c® fr (' @ui>cc f)P).

3. Deformations of Frobenius kernels and cohomology

We fix a positive integer r and consider the r-th Frobenius kernel G, of a smooth linear algebraic group
over k, a field of odd characteristic p > 0. We denote by DG, the Drinfeld double of the Hopf algebra
kG(y. This is the smash product DGy = 0(Gy,))#k G, of the coordinate algebra O(G,)) with the group al-
gebra kG, with respect to the right adjoint action of G, on itself [Montgomery 1993, Corollary 10.3.10].

The adjoint action of G on itself corresponds to the O(Gy)-coaction p(f) =), fi, ® S(fi)) fi;
specifically, and subsequent kG -action & - f =) . fi,E(S(f;,) fi;)- The Hopf structure on DG, is the
unique one so that the two inclusions 0(G())*? — DG, and kG(.) — DG, are maps of Hopf algebras.

We proceed to construct cohomology classes in H 2(DG(,), k) which will enable our proof of finite gen-
eration in Section 5. Our construction involves deformations of 0(G()) and DGy, in particular the embed-
ding G() — G(,+1) which we view as a deformation of G, parametrized by G(,41)/G(,. This deformation
leads to classes in the Hochschild cohomology group HH?(DGy,), k) and thereby classes in H2(DG,), k).
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3A. Hochschild cohomology and deformations. We recall that the Hochschild cohomology of an algebra
R with coefficients in an R-bimodule M is defined as

HH*(R, M) = Extiyg g (R, M),

and HH*(R)= HH*(R, R). Thus, HH*(R, M) is functorial with respect to maps M — N of R-bimodules.
Moreover, we have the well-known surjection (see [Ginzburg and Kumar 1993, §5.6] or [Pevtsova and
Witherspoon 2009, §7])

HH*(R) = H*(R, R™) - H*(R, k) = Exty (k, k), if R is a Hopf algebra

(using the fact that k — R splits). We further recall that a (infinitesimal) deformation %R of an algebra R
parametrized by a scheme Spec(A) is a flat A-algebra, where A is an Artin local (commutative) algebra
with residue field k, equipped with a fixed isomorphism % ® 4 k => R. Given any map A — A’ of such
Artinian local algebras and a deformation % parametrized by Spec(A), we can extend % along A — A’
to get a deformation R ® 4 A" parametrized by Spec(A’). Two deformations % and R’ parametrized by
Spec(A) are said to be isomorphic if there is an A-algebra isomorphism [ : % — R’ fitting into a diagram

A special role is played by deformations parametrized by Spec(k[e]), where k[e] = k[t]/ 12 is the Artin
local algebra of “dual numbers”.

Theorem 3.1 [Gerstenhaber 1964]. There is a naturally constructed bijection
{deformations of R parametrized by Spec(k[¢])}/~ =~ HH?(R). 2)

The domain of the above bijection has a natural linear structure under which (2) is a linear isomorphism.
Let us explain some of the details of Gerstenhaber’s result.
Consider a deformation ® of R over Spec(k[e]). By choosing a k[¢]-linear isomorphism R[e] =
R ® k[e] = R the deformation R may be identified with the k[¢]-module R[] equipped with a multipli-
cation
a-qgb=ab+ Fg(a,b)e, a,be RC RQKk[e].

The function F : R® R — R defines a 2-cocycle in the standard Hochschild cochain complex
C*(R) =0 — R — Homg(R, R) - Homg(R ® R, R) — Hom(R®*, R) — - - -

This determines a map from deformations to HH>(R). To define the inverse map, one simply uses a
2-cocycle in the standard Hochschild cochain complex to define a multiplication on R[¢]. The addition
of isoclasses of deformations [R] + [R'] corresponds to addition of the functions Fy + Fg and scaling
c[R] corresponds to scaling the function c Fy,.
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The following lemma should be standard.

Lemma 3.2. Let R be an (infinitesimal) deformation of R parametrized by S = Spec(A). Then there is a
k-linear mapping
Sq:T,S — HH*(R)

which sends an element § € T,S = Homp (A, k[g]) to the class corresponding to the deformation
R R4 kle], where we change base via &.

In the statement of the above lemma p is the unique point in S.

Proof. Given & € T),S we let Defs = R ® 4 k[¢] denote the corresponding deformation. For the proof we
identify the tangent space 7, S with k-linear maps m 4 — k which vanish on mi, where m 4 is the unique
maximal ideal of A. We adopt an A-linear identification R = R ® A, and write the multiplication on %R
asr-gr =rr'+ E(r,r"), where r,r’ € R and E is a linear function E: RQ R — R Q@ m.

If we take F: = (1 ®§&)E, for & € T),S, then the multiplication on the base change Def; is given by
r-gr’ =rr'+ Fg(r,r")e. Whence we have an equality in Hochschild cohomology

%g.(€) = [Defe] = [F:] € HH*(R).

By the definition of F; we see that Fizyoe = cFr + ¢ Fer. It follows that the map Xg, : 7,5 — HH?*(R)
is k-linear. U

Definition 3.3. Given a deformation R of a Hopf algebra R parametrized by S, we let
og : TS — HZ(R, k)
denote the composite 7, S Za, HH?*(R) — H?(R, k), where Xy, is as in Lemma 3.2.

3B. Cohomology classes for the coordinate algebra via deformations. For the remainder of this section,
we fix G a smooth (affine) algebraic group of dimension n and a positive integer 7. We take g = Lie(G) =
Lie(Gg)) for any s > 1; in particular, g = Lie(G()). We shall view O(G(,1)) as a deformation of 0(G,))
parametrized by G(,+1)/G(). One sees this geometrically using the pullback square

Gy — G+

[

Spec(k) —— G +1)/Gr)-

Proposition 3.4. The extension 0(G+1)/G)) = 0(G(+1)) is a deformation of O(G)) parametrized
by Gi4+1)/Gg) = GZ; We refer to this deformation of 0(G)) as Opat.

Proof. The isomorphism G 11)/G) = Gg; is induced by the Frobenius G(,11) — G, and can be
found in [Jantzen 2003, Proposition 1.9.5]. The fact that O(G(1)/G()) — O0(G(r+1)) is a deformation of
0(Gy) follows easily from the diagram (3). [l



1288 Eric M. Friedlander and Cris Negron

Take 0 = 0(G,). Note that g(’) = TIGg;- We get from Lemma 3.2 and Oy, a canonical linear map
o0 =0, : g — H?(0, k) and induced algebra map

o S(g[2]) — H*(0, k),

where S(—) denotes the symmetric algebra. From the identification H Lo, k)=T G() = g, in conjunction
with o, we get yet another algebra map

A (gl1) ® S 12]) - H*(0, k). )
In Section 4 below we will prove the following proposition.

Proposition 3.5. The algebra map (4) is an isomorphism of Gy-algebras. In particular, o : S P
H*(0(G), k) is an isomorphism modulo nilpotents.

The G(,y-action on the product A*(g[1]) ® S (g(’)[Z]) is induced by the adjoint action on g and the
trivial action on its twist g,

Remark 3.6. We can easily establish an abstract algebra isomorphism between A*(g) ® S (g(’ )[2]) and
the cohomology H*(0, k) as follows. As verified in [Waterhouse 1979, Theorem 14.4], the fact that
G is connected implies that there is an isomorphism O = k[x, ..., xn]/(xfel, R x,’,’en) for some
n,ei,...,e, > 0. The well-known computation of H*(k[x]/(xpe), k) >~ H*(Z/ p®, k) and the Kiinneth
theorem thus implies the asserted isomorphism. The significance of Proposition 3.5 is that we may use
the deformation map og to arrive at such an isomorphism. We will see below that o admits a lift to the
cohomology of the double DG,. The existence of such a lift is an essential point in the proof that the
cohomology of the double is finitely generated.

3C. Cohomology classes for the double via deformations. Since G acts trivially on the quotient
G(+1)/G(r) we see that the image of the inclusion

0(Gr+1)/Gr)) = 0(G+1)) = Onat
is in the G, -invariants. Hence the induced inclusion into the smash product
0G¢+1)/G@)) = OnattkG(r)
has central image, where G, acts via the adjoint action on Op,. Furthermore, the reduction
(Onatk G (1)) ®0(G(y+1) /Gy k

recovers the double DG(,y. Whence we have that the above smash product is a deformation of the double
parametrized by Gx; = G+1)/G(). We denote this deformation Dyy = Ona#kGy;).
The deformation Dy, induces a map to cohomology

op =op,, : 8" = H*(DG,, k)
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and subsequent graded algebra morphism
o : S(g"[2]) = H*(DGy,), k).
Proposition 3.7. The triangle

H*(DG, k)

P LT (5)

H?*(0(Gy), k)

commutes.

Proof. Take 0 = O(G(y) and D = DGy,y. The diagram (5) follows from the diagram

incl

@nat — Dnat

| l

incl

0O— D,

where the top map is one of O(G(+1)/G())-algebras and the vertical maps are given by applying
(=) ®0(G( 41/ k- In particular, the commutative square implies that the maps E D and E© from the
proof of Lemma 3.2 can be chosen in a compatible manner so that E”|¢go = E”. Hence the resulting
Hopf 2-cocycles F ? and F g, corresponding to an element £ € g, are such that

res(op (§)) =res([FP]) = [FY logol = [Fg] = 00(&). O

Corollary 3.8. The map og : g(’ ) > H 2(@(G(r)), k) from Section 3B has image in the invariants
H*(0(G), k)&,

Proof. The restriction H*(D, k) — H*(0, k) is induced by the cochain inclusion
Homj (P, k) = Hom (P, k)®» — Hom{ (P, k),

where P is any resolution of k over D. Hence the lifting of Proposition 3.7 implies that o¢ has image in
the G(,-invariants. g

We can consider also the inflation H*(G,), k) — H*(DGy, k) induced by the Hopf projection
DGy = kG. This inflation, in conjunction with the algebra map o), represents contributions to the
cohomology of the double coming from the two constituent factors kG, and O.

Definition 3.9. We let
0, : H* (G, k) ® S(g7[2]) > H*(DGyy), k)
denote the product of the inflation from H*(Gy), k) and op,.

We will find in Section 5 that the map 6, is finite. It will follow that the cohomology of the double is
finitely generated.
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4. Proof of Proposition 3.5

For a deformation % of an algebra R parametrized by S = Spec(A), we view the tangent space 7),S as
the first cohomology H'(A, k). (Both of which are identified with algebra maps to the dual numbers
Homag (A, k[£]).) So og will appear as

oq: HY(A, k) = H*(R, k).

In the case G = G,, we will see that the map o induced by the deformation O, (which we denote
by % in this case) behaves like the Bockstein map for the integral cohomology of a cyclic group with
coefficients in [,. In particular, it picks out an algebra generator in second cohomology. From this
observation we will deduce Proposition 3.5 for general smooth G.

4A. Generalized (higher) Bocksteins for G,. In this subsection, we consider the special case G = G,
the additive group (whose coordinate algebra is a polynomial algebra on one variable). Consider the defor-
mation O(Gg(-1)) = k[11/(t”"") of 0(Ga(r)) = k[t1/(t”") parametrized by O(GL,})) = (k[1]/(t")) @y k.

To ease notation take % = 0(G4(r+1)), Z=0(G,()) and Z' = @(Gg()l)). The deformation % produces a map

oy H'(Z', k) - H*(Z, k).
Weleta € H'(Z', k) = Homaie(Z', k[€]) denote the class given by the projection Z" — k[e], t — e.

Definition 4.1. Take 8 = oy () € H*(Z, k). We say that B is the (higher order) Bockstein of the class
ae HY(Z' k).

Recall that for i > 0 and g > 1 the cohomology H {(k[t]/(t?), k) is 1 dimensional. (One can see this
directly from the minimal, periodic, resolution of k.) Hence H'(Z’, k) and H*(Z, k) are 1 dimensional.

Lemma 4.2. The map o : H'(Z', k) — H*(Z, k) is a linear isomorphism. In particular, B is nonzero.

Proof. Tt suffices to show that the image 8 of @ € H'(Z’, k) is nonzero. Consider the base change
% ®z kle] via «, and the k[¢]-linear identification ¥ Q7 k[e] = Z[¢] given by

Zlel = ¥ Q7 kle], f—>i @1, ter>i Qe.

This induces a multiplication z -, 7’ = 7z’ + F,(z, 2’)e on Z[¢], where F, is a Hochschild 2-cocycle. We
have then [£® 2 k[e]]=[F,] € HH*(Z) and the corresponding Hopf cohomology class is [Fole HX(Z, k),
where F,, is the composite of F, with the counit Fo=€F,.

We want to show that 8 = oy (a) = [F,] is nonzero (i.e., that F, is not a coboundary). One sees
directly that Fo (¢, ™) = 8/4m, »r, and in particular F(t', 7' ~") = 1. One also sees that the differential
of any degree 1 function f € Homy(Z, k) in the Hopf cochain complex for Z is such that

d(f)t, 1"y =£f@")=££(0)=0.

Therefore F, cannot be a coboundary, and the cohomology class 8 = [F,] is nonzero. |
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We can consider now the n-th tensor product %" as a deformation of Z®", parametrized by Spec((Z")®").
We let g, denote the Lie algebra of G, so that

& = H'((Z2))®", k) = Hompie ((Z)®", kle]),

a

with each element ) ;_, c;o; € (gf{))” corresponding to the algebra map

Zciai (ZH®" > kl[e]l, t > cie.
i
Here «; is the basis vector for the i-th copy of gg), defined as above, and #; is the generator of the i-th
factor in (Z')®".

Proposition 4.3. The map oxen : (g0))" — H2(Z®", k) induces an injective graded k-algebra map

ogen : S(E)"[2]) — H*(Z®", k)

a
which is an isomorphism modulo nilpotents.

Proof. We claim that the reduction oyeq : (g0 )" — H2(Z®", k)req is injective. (Here by H2(Z®", k)red
we mean the degree 2 portion of the reduced algebra and by 0.4 we mean the composite of oye: with
the reduction.) It suffices to show that for any nonzero ¢ = ), ¢;o; there is an index j such that
restriction along the factor Z; — Z®" produces a nonzero element in the cohomology H*(Z;, k)red, via
the composite

(8" =7 H*(Z®" k)rea — H*(Z}, )rea Z K[

For any such ¢ € (gf,r))” let Def,. denote the corresponding deformation %®" ® 7/ en k[¢], where we change

base along the corresponding map (Z')®" — k[e], t; > c;e.

Consider such a nonzero ¢ and take j such that the j-th entry c; is nonzero. We claim that the image
of the corresponding class oxen (¢) € H*(Z%", k) in HZ(Zj, k) is exactly the class ¢;8; € Hz(Zj, k).
One way to see this is to note that the Hochschild 2-cocycle corresponding to Def, is a function F :
78" @ Z®" — Z®" with restriction

FoiZi®Zj—Z%", i@ e,
where a negative power is considered to be 0. (This is just as in Lemma 4.2.) Composing with the counit
produces the function F ¢ '@t ¢ 814m,pr- The function F ¢; Isequal to ¢; F «;» Where F «; 18 as in the
proof of Lemma 4.2, and we can consult the proof of Lemma 4.2 again to see that [F c;1=¢j [F a;l=c¢j Bj.

Upon choosing coordinates of Z®" to obtain the identification

H*(Z®n, k)red = (®:'1:1H*(Zi, k))red = k[ﬁl, ceey ,Bn],

we easily see that the reduced algebra has dimension 7 in degree 2. So injectivity of o4 implies that
Ored is an isomorphism. Consequently, the algebra map o, (the multiplicative extension of oreq) is an
isomorphism. As a consequence, oy, must be injective as well. U
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4B. The proof of Proposition 3.5. We retain our notations & and Z from above, and take also 0 =0(G,)).

Proof of Proposition 3.5. The identification of H'(0, k) with Homy(mg/ m%; k) implies that g =
H'(0,k). Invariance of the image of g follows from Corollary 3.8. Whence the algebra map
A*(g[1]) ® S(g[2]) — H*(O, k) of (4) is one of G -algebras. It remains to show that the map
is a (linear) isomorphism.

Since G is smooth, we can choose complete local coordinates {x;}; at the identity to get algebra
presentations

r+1 r
Onat = 0(G(r11)) =klxp, ..., %1/ ) and O =klxy, ..., %1/ (x]).

Whence we have an algebra isomorphism Z®" = 0, t; — x;, under which the deformations %" and O,
can be identified. Thus the maps oge: and og are also identified, and we see that aé S (g(’ [2]) — H*(0, k)
is an isomorphism modulo nilpotents by Proposition 4.3.

Since we know abstractly that

H*(0,k) = A*(H' (0, k) @ S(V) = A*(g) ® S(V),

for any vector space complement V to A%g in H?(0, k), it suffices to show that o (g(”) is a complement
to the second wedge power of g. However, this follows from the facts that o, is an isomorphism modulo
nilpotents and that the kernel of the reduction H 2(0, k) > H?(0, k)yeq is exactly A2HY O, k) = /\Zg. U

4C. In characteristic 2. Suppose char(k) = 2 and let G be a smooth algebraic group over k. Consider
the r-th Frobenius kernel G,y with » > 1. In this case we have an algebra identification

0Gy) =klxt, ... %)/ (xF 1. X0 ) = @ k[xi1/(x]).
Furthermore, since H*(k[x]/(xzr), k) =kla, b]/(az), where deg(a) = 1 and deg(b) = 2, we see that all
elements in H'! (0(Gy), k) are square zero. Hence we can construct an algebra map
A (gl ® S 12]) = H*(0(G(»), k) 6)

via the identification g = H ! (0(G(ry), k) and the deformation map og, just as before. The above proof of
Proposition 3.5 can now be repeated verbatim to arrive at

Proposition 4.4. When char(k) =2 and r > 1, the algebra map (6) is an isomorphism of Gy-algebras.

Under these same hypotheses all proofs in Sections 57 also apply verbatim. Hence we are able to
deal with these cases without any deviation in our presentation.

Remark 4.5. When char(k) = 2 and r = 1, the algebra map S(g[1]) — H*(0, k) induced by the
identification g = H'(0, k) is an isomorphism. The methods employed in the proof of Proposition 3.5
show that, in this case,

ol SV [2]) — H*(0,k)

is the Frobenius.
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Now, in degree 2 we have an exact sequence of G(j)-representations 0 — gV — $2(g) = H(0, k) —
M — 0, where M = coker(og). The possible failure of this sequence to split over Gy obstructs our
proof of Theorem 5.3 below. In particular, it is not apparent how one can construct the complement I to
S(gM[2]) employed in the proof of the aforementioned theorem.

5. Finite generation of cohomology

We consider a smooth algebraic group G and an integer r > 0. As always, G is assumed to be affine of
finite type over k. In Theorems 5.3 and 5.6 below, we prove finite generation of cohomology for the
Drinfeld double DG,y = 0(G))#kG(,y of the r-th Frobenius kernel G . Our technique is to use the
Grothendieck spectral sequence [Grothendieck 1957] as in [Friedlander and Suslin 1997].

5A. A spectral sequence for the cohomology of the double. We begin with a general result.

Proposition 5.1. Let F : A — B and G : B — C be additive, left exact functors between abelian
categories with enough injectives and suppose that F sends injective objects of A to injective objects of B.
Assume further that A, B and C have tensor products and that F and G are equipped with natural maps
FWV)QF(V)—> FWV®V)and GIW)RGW') — G(WQ W’). Then for any pairing VQV' — V"

there exists a pairing of Grothendieck spectral sequence

{R°G(R'(F(V))) = R (G o F)(V)} ® {R* G(R" (F(V'))) = R** (G o F)(V'))
— (R GR"(F(V") = R (Go F)(V")).

Proof. The Grothendieck spectral sequence for the composition of left exact functors between abelian
categories with enough injectives, G o F : A — B — C, arises from a Massey exact couple. Namely, one
takes an injective resolution V — I* of an object of V of A, and then takes a Cartan—Eilenberg resolution
F(I*) — J** of the cochain complex F(I*); J** is a double complex of injective objects of 5 which
not only gives an injective resolution of each F(I™) but also of each H" (F (1*)). Then the Massey exact
couple is given by “triples” (i : D - D, j: D — E,k: E — D),

o D =P HIH(FPT(ToW(G(T7%) = @) D = HP M (FP(Tot(G (J*%))))
p p
—L> E= @D HP M (FP(Tot(G (J**)))/ FP (Tot(G(J**)))) =5 -+,
p-.q

where F?((Tot(G(J**))) = Tot(G(@in(Ji’*))).

Assuming that A, B and C have tensor products, a paring of objects in A gives rise to a pairing
of Massey exact couples. Namely, given injective resolutions V. — [*, V' — ['*, V" — ["* and a
pairing V ® V' — V”, then the usual extension argument for the injective complex I”* tells us that
there is a map of cochain complexes Tot(/* ® I"*) — I"”*, unique up to chain homotopy, extending this
pairing. This, in turn, determines a pairing of bicomplexes G (J**) ® G(J**) — G(J"**) and thus of
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filtered total complexes. The pairing on exact couples takes the expected form using the natural map
Bs41=n(H*(C*) @ H'(C™)) — HT(C*® C™).

Massey [1954] gives sufficient conditions for a pairing of exact couples to determine a pairing of
spectral sequences (see also [Friedlander and Suslin 1997]). The essential condition is Massey’s condition
wuy, for each n > 0: for z ® 7’ bihomogeneous in £ ® E’ and any x ® x’ bihomogeneous in D ® D’
such that k(z) = i"(x), k(z') = (i")"(x'), there exists x” € D" with k" (z-z") = (i")"(x") and j"(x") =
J (@) -2+ (=1)%e@z. j/(x"). In our context, z®z' € HPHI(FP/FPTYQ HP' ' (FP' JFP'*+1) and x ®x' €
HPratl(ppintly @ grita+1(pri+ntly To satisfy condition w,, we take x” € HPHa+P'+d (prtp'+n+ly

to be the image of x ® x" given by the pairing map. O

Recall that DG /0(G,) is kG(,)-Galois as in [Montgomery 1993]. One can view this property as
the condition that DG, is a kG torsor (in the context of Hopf algebras) over O(G,)): there is a natural
bijection DG () ®o(6,,) DG(r) — DG ® kG(r). By normality of O(G() in DG, for any DG,-module
V on which 0(Gy) acts trivially we have VP®» = V&0 . Hence the invariants functor for DGy, factors

Hompg,,, (k, —) = Homyg,,, (k, —) o Homg (g, (k, —) : rep(DG(y) — Vect.

Proposition 5.2. The above composition of functors leads to a Grothendieck spectral sequence of k-
algebras

Ey' (k) = H* (G, H'(0(G). k) = H* (DG, k). ©)
For any DG, -module M, the above composition of functors leads to Grothendieck spectral sequence
ES' (M) = H* (G, H (0(G(), M)) = HT' (DG, M), (8)
which is a spectral sequence of modules over (7).

Proof. The equalities
Homg g, (k, (DG())*) = Homgg,,,) (DG, k) = Homy (kG k) = (kG())*

imply Homg(g,,) (k, (DG())*) is projective as well as injective as a kG,)-module (because a kG () module
is projective if and only if it is injective [Jantzen 2003; Montgomery 1993]). Since

Homg(g,,,) (k, (DG())*) = (kG())*,

we conclude that Homg(g,,,) (k, —) sends injective DG(,)-modules to injective kG(,)-modules. Conse-
quently, Grothendieck’s construction of the spectral sequence for a composition of left exact functors
applies to the composition Homyg,,, (k, —)oHomgg,,,) (k, —), and this spectral sequence takes the form (7)
when applied to k and the form (8) when applied to M.

The algebra structure on (7) and the module structure on (8) follow from the multiplicative structure
established in Proposition 5.1 in view of the pairing kK ® k — k (multiplication of k) and k@ M — M
(pairing with the trivial module) in the category rep(DGg,)). ]



Cohomology for Drinfeld doubles of some infinitesimal group schemes 1295

SB. Finite generation. We can now prove that H*(DG,), k) is a finitely generated algebra. This will
be followed by Theorem 5.6, establishing our general finite generation theorem. Recall that an algebra
map A — B is called finite if B is a finite module over A. Recall also the map 6, of Definition 3.9.

Theorem 5.3. Let G be a smooth algebraic group over a field k of positive characteristic, let r > 0 be a
positive integer, and let DGy = O(G))#kG ) denote the Drinfeld double of the r-th Frobenius kernel
of G.

Then the graded k-algebra map

0, : H* (G, k) © S(g7[2]) > H* (DG, k)
is finite.

Consequently:
o H*(DGg), k) is a finitely generated k-algebra.

o H*(DGyy, M) is a finite H* (G, k) ® S(g"[2])-module and hence a finite H* (DGy,), k)-module
for any finite dimensional DG, -module M whose restriction to 0(G)) has trivial action.

Proof. Take 0 = O(G(,)) and C* = H*(G), k) ® S(g"’[2]). This proof is an adaption of the proof
of Theorem 1.1 of [Friedlander and Suslin 1997]. Let {ES',r > 2} denote the spectral sequence
{ES"(k), r > 2} of Proposition 5.2.

Observe that H*(0, k) = S(g[2]) ® T'; here, S(g”[2]) has trivial G,)-action and T' = A*(H (0, k))
is finite dimensional. Thus, E5™* = H*(G,), H*(0, k)) equals H*(G, I') ® S(g”[2]), since M +>
H°(G(), M ® V) is the composite of H’(G), —) and the exact functor — ® V for any trivial G-
module V. We equip H* (G, H*(0,k)) = H* (G, ) ® S (g[2]) with the “external tensor product
module structure” for the algebra C* = H*(G), k) ® S (g(’ 2D.

By Theorem 1.1 of [Friedlander and Suslin 1997], H* (G, I') is a finite H*(Gy,, k)-module. It follows
that H* (G, H*(0, k)) is a finite C*-module. We identify this C*-module structure on H* (G, H* (0, k))
as that given by the coproduct ¢ ® ¥ of two maps ¢ and i associated to the spectral sequence: The first
is the map

¢: S 2]) - H* (DG, k) = E, — E%* C EY* C E3*

given by Proposition 3.7. The second is the natural map
H® (G, k) C E3° C E3*.

We have thus verified the hypotheses of Lemma 1.6 of [Friedlander and Suslin 1997], enabling us to
conclude that H*(DG;), k) is a finite module over the finitely generated algebra C* and thus is itself
finitely generated.

Now, we consider a finite dimensional DG,-module M whose restriction to O has trivial action. Then
E>* (M) = H*(G(, H*(0, M)) equals H*(G(, ' ® M) ® S(g"”[2]) which is a finite C*-module by
another application of Theorem 1.1 of [Friedlander and Suslin 1997] (this time, for the finite dimensional
kG(y-module I ® M). Since {E*(M)} is a module over {E**} by Proposition 5.1, Lemma 1.6 of
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[Friedlander and Suslin 1997] applies once again to imply that H*(DG,), M) is finite as a C*-module
and thus as a H*(DGg), k)-module. O

Recall our notation |A| = Spec H® (A, k)req from the introduction.
Corollary 5.4. We have the inequality
dim|DG(| < dim|kG)| + dim G.
Proof. Since 6, is finite, by Theorem 5.3, the induced map on affine spectra
IDG (| — Spec(H® (G(r), k)rea ® S(g"[2])) = |kG, | x A
has finite fibers, where d = dim(G). [l

Proposition 5.5. Let G be an infinitesimal group scheme. If V is a simple module for DG, then V
restricts to a trivial O(G)-module.

Proof. The maximal ideal m in O(G) is nilpotent and is normalized by the action of G on 0(G).
Hence, the ideal kG - m C DG is also nilpotent, and therefore contained in the Jacobson radical of DG.
We conclude that restricting along the projection DG — DG/ (kG - m) = kG determines a bijection
Irrep(kG) — Trrep(DG). O

In the following theorem, we implicitly use the following fact for any Noetherian k-algebra C: a
C-module M is Noetherian if and only if it is finitely generated (as a C-module).

Theorem 5.6. As in Theorem 5.3, let G be a smooth algebraic group over a field k of positive characteris-
tic, let r > 0 be a positive integer, and let DGy = 0(G(,))#k G,y denote the Drinfeld double of the r-th
Frobenius kernel of G.

If M is a finite dimensional DG -module, then H*(DG), M) is finitely generated as a H* (DG, k)-

module.

Proof. By Theorem 5.3 and Proposition 5.5, H* (DG, M) is finitely generated over H*(DGg,), k)
whenever M is an irreducible DG ,)-module. More generally, we proceed by induction on the length of a
composition series for M as a DG()-module. Consider a short exact sequence 0 - N — M — Q — 1
of finite dimensional DG(,)-modules with N irreducible and assume our induction hypothesis applies
to Q. Let V C H*(DG, M) denote the image of H*(DG, N) and let W C H* (DG, Q) denote the
image of H*(DGy, M). Since H*(DGg), k) is Noetherian, V is a Noetherian H* (DG, k)-module
since it is a quotient of the Noetherian H* (DG, k)-module H* (DG, N); moreover, W is a Noetherian
H*(DG;, k)-module since it is a submodule of the Noetherian H* (DG, k)-module H*(DG,, Q).
Granted the short exact sequence 0 — V — H*(DG(), M) - W — 0 of H*(DG,), k)-modules, we
conclude that H*(DGg,y, M) is also Noetherian as a H* (DG, k)-module. U
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5C. Cohomology of relative doubles. Given an inclusion of finite dimensional Hopf algebras A — B,
we can form the relative double D(B, A), which is the vector space B* ® A along with multiplication
given by the same formula as for the standard double. Rather, we give D(B, A) the unique Hopf structure
so that the vector space inclusion D(B, A) — D(B) is a map of Hopf algebras. The relative double can
be of technical importance, especially in tensor categorical settings (see for example [Gelaki et al. 2009;
Etingof et al. 2011]).

For a closed subgroup G — Gy we write D(G(,), G) for the relative double

D(Gy). G) = D(kGy), kG) = O(G,))#kG.,

where the smash product is taken relative to the adjoint action of G on 0(Gg,)).

Dually, for a quotient B — C of finite dimensional Hopf algebras we define the relative double D(C, B)
as the vector space C* ® B along with the unique Hopf structure so that the inclusion D(C, B) — D(B*)
is a map of Hopf algebras. For a group scheme quotient Gy — G’ we write

D(G', G()) = O(G")#k G- ©))]
From [Radford 1993, (11)—(12)], we see that D(G’, G() is identified with the relative double D(kG’, kG;).

Theorem 5.7. Let G be a smooth algebraic group. Consider an arbitrary closed subgroup scheme G
in Gy, and the relative double D(Gy, G). Then:

o The cohomology H*(D(G, G), k) is a finitely generated algebra.

o If M is a finite dimensional D(G(y, G)-module, then H*(D(G(, G), M) is a finitely generated
module over H*(D(G,y, G), k).

The same finite generation results hold for the relative doubles D(G)/G), G), for s <r.

Sketch proof. Consider a closed subgroup G — G(y. We have the sequence O(G(y) = D(G(, G) = kG,
from which we derive Grothendieck spectral sequences as in (7) and (8). We need to exhibit a finitely
generated algebra of permanent cocycles in the E;-page of the spectral sequence

Ey'(k) = H'(G. H'(0(G). k) = H (DG, G). k)

over which EJ"* is a finite module. Just as in the proof of Theorem 5.3, it suffices to show that the image
of the embedding o¢ : g’ — H 2(@(G(r)), k) from Section 3B consists entirely of permanent cocycles
in E5*. The deformation Dpy = D(G(,+1), G) provides a lifting op : g — H*(D(Gy), G), k) of oo,
which verifies permanence of the cocycles g(’) CH 2(@(G(r)), k). We can now argue as in the proof of
Theorem 5.3 to establish finite generation.

In the case of a quotient G(/G) = Gg)_s), we have the deformation Ony = O(G(41)/G(y)) of
0(G(y/Gs)) and the deformation Dy = Opa#k G,y of the relative double D(G() /Gy, G()). These
deformations provide an inclusion

00 : 8" — H*(0(G()/Gy), k)
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and a lifting op : g(’) — HZ(D(G(,)/G(S), G)). k) of 0. We employ og and op, and again argue as in
Theorem 5.3, to establish finite generation. (Il

Remark 5.8. For a general quotient p : Gy — G’, we expect that finite generation of cohomology for
the relative double D(G’, G)) can be proved via the same deformation theoretic approach as above. If
we take K = ker(p), the necessary deformation in this case should be provided by the quotient scheme
G@+1)/ K. Some care needs to be taken, however, in dealing with the arbitrary nature of the subgroup K.

Remark 5.9. In the notation of [Gelaki et al. 2009, §2B], the relative double D(G,), G) has representation
category isomorphic to the relative center Z¢(M) where C =rep(G(,)), M =rep(G), and the C-action
on M is given by the restriction functor rep(G(-)) — rep(G). Similarly, for a quotient Gy — G', we
have D(G’, G()) = Zp(N) where D = corep(kG)) and N = corep(kG’).

In the final two sections of this paper we provide analyses of the spectrum of cohomology and support
for the (usual) double DG,. These analyses are valid for the relative doubles D(G), G) as well. In
particular, one replaces kG, with kG and repeats the arguments verbatim. As we would like to emphasize
the double DG, we choose not to make explicit reference to the relative settings therein.

6. Spectrum of cohomology for classical groups

By Theorem 5.3, the cohomology of the double DGy, is finite over the image of H*(G,), k) ® S(g"[2]),
under the map 6, of Definition 3.9. The map 6, then induces a finite scheme map

0, : IDG(,| — kG| x (g%, (10)

where |A| = Spec H® (A)red-

In this section we show that ®, is an isomorphism when G is one of many classical algebraic groups
with either p sufficiently large for p or r sufficiently large relative to the dimension of G. Our results
follow from an analysis of algebraic groups which admit a quasilogarithm.

Remark 6.1. The schemes |kG )| have been extensively studied and, in conjunction with support varieties
of G -representations, provide one means of approaching modular representation theory. One can see
the survey [Pevtsova 2013] for example.

6A. Quasilogarithms. Let G be an algebraic group with Lie algebra g = Lie(G). We let G act on itself
and its Lie algebra g via the adjoint action. The following definition is adapted from [Kazhdan and
Varshavsky 2006].

Definition 6.2. A quasilogarithm for G is a G-equivariant map L : G — g of k-schemes such that L(1) =0
and the differential d; L : TG — Tyg is the identity on g.

The information of a quasilogarithm for G is exactly the information of a G-linear splitting g* — mg
of the projection mg — mg/ mé = g*, where mg is the maximal ideal corresponding to the identity of G.
Let us give some examples.
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Proposition 6.3. The general linear group GL,, admits a quasilogarithm.

Proof. The augmentation ideal mgy is generated by the functions x;; — §;;. Take V to be the span of
these functions k{x;; —&;; : 1 <i, j <n}. The sequence V — mgy, — gl provides a linear isomorphism
between V and gl.

For the comultiplication on O(GL,) we have A(x;;) = ), Xix ® xx;. Thus for the adjoint coaction p
restricted to V we will have p(V) C (klg® V) ® O(GL,,). Since mgL is preserved by the adjoint coaction,
and V C mgL, we will also have p(V) C mgL ® O(GL,,). Taking the intersection of these two subspaces
gives p(V) C V ® 0(GL,,). Thus we see that V is a subcomodule of O(GL,) under the adjoint coaction.
The aforementioned sequence then provides a GL,-linear isomorphism V — gl'. Taking the inverse
gl* — V C mgL provides the desired quasilogarithm. (|

We can also address many simple algebraic groups. An odd prime p is very good for a simple algebraic
group G if p does not divide n for G of type A,_1, if p # 3 for G of type E¢, E7, F4, G, and p #3,5
for G of type Es. For convenience we extend the notion of a very good prime to GL,,, in which case all
primes will be considered very good.

Corollary 6.4 (cf. [Bezrukavnikov et al. 2016, Lemma C3]). If G is a simple algebraic group for which
p is very good, then G admits a quasilogarithm. Furthermore, any Borel subgroup B in such a G also

admits a quasilogarithm.

Proof. In this case there exists an integer n and an embedding i : G — GL,, such that the differential
dii : g — gl, admits a G-equivariant splitting 7t : gl, — g, by a result of Garibaldi [2009, Proposition 8.1].
Composing with a quasilogarithm L for GL, produces a quasilogarithm L’ for G,

G — GL, 5 ¢gl, S>g.

By [Kazhdan and Varshavsky 2006, Lemma 1.8.3], the restriction of L’ to any Borel subgroup B will
provide a quasilogarithm for B. (Il

Consider a semisimple algebraic group G and a unipotent subgroup U in G which is normalized by a
maximal torus. We let cl(U) denote the nilpotence class of a Q-form of U in a Q-form of G (see [Seitz
2000]). For example, if we consider G = SL,, and U the unipotent subgroup of upper triangular matrices,
then cl(U) = n — 1. The following result is covered in work of Seitz [2000, Proposition 5.2].

Proposition 6.5. Let G be semisimple and U be a unipotent subgroup in G which is normalized by a
maximal torus. If p > cl(U) then U admits a quasilogarithm.

The main principle here is quite simple. Under this restriction on p, the usual exponent on the Q-form
€xpg : ug — Ug is an isomorphism defined over Z(,), and hence induces an isomorphism exp; : u — U
over k. We define L as the inverse L = exp,;l. Equivariance of L under the adjoint U-action follows from
Ug-invariance of expg.
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6B. Induced gradings on the double. Consider an algebraic group G with a fixed quasilogarithm L.
From L we get a map of G,-algebras S(g*) — O(G,) via the composition S(g*) L 0(G) — 0(G()),
for each r. Since each x € g* maps into the augmentation ideal in O(G), there is furthermore an induced
G()-algebramap [, : S(g*) /I, — O(G), where I, is the ideal generated by the p”-th powers of elements
in g*. In other words, I, is the ideal generated by the image of the augmentation ideal under the r-th
Frobenius. We can now take a smash product to arrive at an algebra map

%, 1 (S(g")/ 1) #kG) — DGy, (11)

We note that the algebra S(g*)/ 1, is graded, since the ideal I, is generated by the homogenous elements
x?", x € g*. Furthermore, under this grading kG, acts by graded endomorphisms. Hence the smash
product (S(g*)/1,)#kG) is graded with g* in degree 1 and kG, in degree 0. This point will be of some
significance below.

Lemma 6.6. Suppose G is smooth and admits a quasilogarithm L. Then for any r > 0 the above map
£ (S(g")/1)#kG )y — DGy, is an isomorphism of algebras.

Proof. Recall that dim(G) = dim(g) whenever G is smooth (see [Jantzen 2003, 1.7.17(1)]). The localization
at the distinguished maximal ideals of S(g*) and O(G), S(g*)o — O(G)1, is a local map of regular, local
k-algebras of dimension dim g which induces an isomorphism on corresponding maximal ideals modulo
their squares. Thus, L induces an isomorphism of complete local rings Li: @ = @TG: (see e.g.,
[Matsumura 1989, proof of Lemma 10.28.1]). We mod out by the images of the maximal ideals under the
r-th Frobenius to arrive at an isomorphism

S(g"/1 = S(g"/ 1y => Go1/(f7 : f €ing) =0G)/(f7 : f €ms) =0G).

One can check on elements to see that the above isomorphism is exactly /.. Thus, [, : S(g*)/I, — 0(G()
and hence ¥, : (S(g*)/I,)#kG() — DG, are isomorphisms. O

As a consequence of Lemma 6.6, we see that when G is smooth and admits a quasilogarithm the double
DGy, inherits a grading induced by £,. This grading is such that kG, lies in degree 0 and £, (g*) lies
in degree 1. The coordinate algebra O(G,)) will be a graded subalgebra in the double, with O(G())o =k
and 0(G())1 = I, (g").

We now consider the algebras 0(G(,)) and DG, as graded (Noetherian, locally finite) algebras. As
with any Noetherian graded algebra, the cohomologies Extg(ﬁm)(M , N) and EXtI*)G(,) (M, N) of finitely
generated graded modules inherit natural gradings, in addition to the cohomological gradings. In particular,
the cohomologies H*(0(G)), k) and H*(DGy,), k) will be graded. (See e.g., [Artin et al. 1990].) We
call this extra grading on cohomology the internal grading.

Lemma 6.7. Let G be smooth with a fixed quasilogarithm. Consider H*(0(G), k) with its induced
internal grading. Under the isomorphism AN*(g) ® S(g(’)[2]) = H*(0(G), k) of Proposition 3.5, g is
identified with a subspace of internal degree 1 and g is identified with a subspace of internal degree p".
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Proof. The algebra O = 0(Gy,) is connected graded and generated in degree 1. Hence g = H'(0, k) is
concentrated in degree 1 (see [Artin et al. 1990]).
Under the gradings induced by the quasilogarithm, the reduction

Onat = @(G’(H-l)) — 0

is a homogeneous map, and each deformation Defg = Onyt QoG- 1,/G,,) k[€] associated to an element
£ € g\ is graded, where we take deg(¢) = p". By choosing any graded k[e]-linear identification
O[e] = Defe we see that the associated function F¢ : 0 ® 0 — O, which is defined by the equation
a-gb =ab+ F(a,b)e, is such that deg(F(a, b)) = deg(a ® b) — p". So the Hochschild 2-cocycle
Fs € Hom (0 ® 0, 0) is degree p’, as is its image FS € Hom; (0 ® O, k). It follows that gg(§) = [Fg] €
H?(0, k) is a homogeneous element of degree p”. (Il

6C. Spectra of cohomology. Recall the map O, from (10) and the definition |A| = Spec H®V (A, k)req.

Theorem 6.8. Suppose G is a smooth algebraic group which admits a quasilogarithm. If r is such that
p" > dim(G), then
6, : H* (G, k) ® S(g7[2]) > H*(DGyy), k)

is finite and injective. Consequently, the scheme map
©; : IDG)| — kG| x (g9
is finite and surjective, and furthermore dim|DG,| = dim|kG.)| + dim G.

Proof. We freely use the notation of the proof of Theorem 5.3, and omit the shift [2] in the symmetric
algebra to ease notation. According to Lemma 6.6, DG, inherits a natural algebra grading via the
isomorphism &, of (11), O is a graded subalgebra, and the exact sequence 1 — O — DG,y — kG — 1
is a sequence of graded algebra maps, where kG, is taken to be entirely in degree 0. In this case the
spectral sequence of Proposition 5.2 inherits an internal grading so that all differentials are homogeneous
of degree 0.

The internal grading at the E,-page is such that the degree on each E b g Gy, H J(0)) is induced
by the degree on H/(0). In particular, each summand A/'g ® S72(g) C H/'*/2(0) is of internal degree
j1+ p”" jo, by Lemma 6.7, and the corresponding summands in the decomposition

H' (G, H/ (0, k)) = H' (G(r), P rees: (g<’))) = P HGH A@)esiE")
J1+2=j J1+2p=j
are of respective degrees j; + jop”.
Since dimg < p’, the index j; is such that 0 < j; < p". Hence the degree p"Z portion of the E,-page
is exactly the prescribed subalgebra of permanent cocycles
(E)prz = H' (G, k) @ S72(g7) = (H* (DG, k) prz, (12)
where Sj/z(g(’)) is taken to be 0 when j is odd.
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By homogeneity of the differentials, and the fact that all of the elements of degrees p”Z in E;™* are
cocycles by (12), we see that no elements of degrees p”Z are coboundaries. One can make the same
argument at each subsequent page of the spectral sequence to find that the map H' (G, k) ® S g") —
E?" is injective for all , 7, and s. It follows that gr6, : H*(G), k) ® S(g"”) — EX* is injective.

Injectivity of the associated graded map gr 6, implies that 6, : H*(G,), k) ® S(g”) — H*(DGy), k)
is injective. By Theorem 5.3, 6, is also finite. After taking even degrees and reducing,

02 : HY (G(ry, K)red ® S(g")) — H*(DGyy), k)red

red
remains injective and finite. In particular, 6}, is an integral extension. Thus, the map on spectra induced
by 6% is finite and surjective [Matsumura 1989, Theorem 9.3]. The asserted computation of dimension
follows. ]

Note that the dimension of |0(G,))| is equal to dim G, by Proposition 3.5 (and [Jantzen 2003, 1.7.17(1)]).
Hence the equality of dimensions of Theorem 6.8 can also be written as

dimIDG(r)| = dimlkG(r)l + dim|@(G<r))|.

Under stronger assumptions on p or r we can significantly strengthen the conclusion of Theorem 6.8.
Indeed one can leverage the internal grading on the given spectral sequence, as in the proof of Theorem 6.8,
to show that ®, is an isomorphism in such circumstances.

Theorem 6.9. Suppose G is a smooth algebraic group which admits a quasilogarithm. Suppose addition-
ally that r is such that p" > 2dim G. Then the image of the injective algebra map

0, : H* (G, k) © S(g"[2]) > H* (DG, k)

admits an H* (G, k) ® S (g(’ )[2])-module complement J which consists entirely of nilpotent elements in
H*(DGy, k). Furthermore, the induced map on reduced spectra

©; 1 DG ()| = kG| x (g9
is an isomorphism.

Proof. Fix a quasilogarithm on G, and consider the induced gradings on cohomology. Note that we
can consider all of our Z-graded spaces as Z/p” Z-graded spaces, via the projection Z — Z/p"Z. For
convenience, we employ Z/p"Z-gradings in this proof. For an element a € Z/p"Z we let a denote the
unique representative of @ in {0, ..., p" —1}.

Just as in Lemma 6.7, one can check that the natural map op : g(’) — H 2(D([En(,), k) has image
in degree p” = 0 with respect to the Z/p"Z-grading on cohomology. We also have that the inflation
H*(G), k) — H* (DG, k) has image entirely in degree 0, since the projection DGy — kG, is graded
with kG, entirely in degree 0. By the same spectral sequence calculation as was given in the proof of
Theorem 6.8, we find that

0, : H* Gy, k) ® S(g") — H* (DG, k)

is an isomorphism onto the degree 0 portion of the cohomology of DGy,).
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Under the induced Z/ p" Z-grading on the spectral sequence { E}>*} of the proof of Theorem 6.8 we have
(E5))0=H! (G, k) ® $72(g") and (E}’), =0foreacha =dimG+1,...,p" —1.

This implies that (H* (DG, k)), =0 for each such a. Hence, any homogenous element £ € H* (DG, k)
of nonzero internal degree deg(£) satisfies £ = 0, where

oo 1) nE
p"/deg(§) —1 ifdeg(§)|p",

—_——

since deg(é§™) will be among dimG + 1, ..., p” — 1. Said another way, the subspace J spanned by
elements of nonzero degree is contained in the nilradical, and the inclusion

(H® (DG, k)0)red = HY (DG())red

is therefore an isomorphism. Since 6, is an isomorphism onto the degree 0 portion of cohomology, it
follows that
96V

rea - HY Gy, K)rea ® S@") — H® (DG, k)red
is an isomorphism. We take spectra to find that ®, is an isomorphism. (Il

Theorem 6.10. Suppose G is a smooth algebraic group which admits a quasilogarithm, and that
p > dimG + 1. Then the image of 6, in H*(DG,), k) has a complement J which consists entirely
of nilpotents, just as in Theorem 6.9. Furthermore, the map

O : IDG)| = kG| x (g7
is an isomorphism for all r.

Proof. Our argument will be similar to that of Theorem 6.9. Via the projection Z — Z/pZ we get
7/ pZ-gradings on the spectral sequence {E**} and the cohomology H* (DG, k). We have, under these
7/ pZ-gradings, that

(EyN)o=H' (G, ) @ S ("), (E3")p-1 = (E;))-1 =0,

and that 6, is an isomorphism onto the degree 0 portion of cohomology H* (DG, k)o. Consider now any
homogeneous element § € H*(DG,, k) of degree d # 0. Since Z/pZ =T, is a field there is a positive
integer d’ € Z which reduces to —d~! mod p. We then find that & 4" — ), since

deg(éd/) = —d_ld =—1 and H*(DG(r), k)*l =0.

Hence the subspace J of element of nonzero degree is contained in the nilradical. Just as before, this
implies that 6, induces an isomorphism

021 HY (G(ry, K)rea ® S(g")) — H (DG, k)red,

red °

and that ®, is an isomorphism as well. U
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One considers the examples of Section 6A to arrive at

Corollary 6.11. Let G be a general linear group, simple algebraic group, Borel subgroup in a simple
algebraic group, or a unipotent subgroup in a semisimple algebraic group which is normalized by a

maximal torus. Suppose that p is very good for G, or that p > cl(G) in the unipotent case:

e If p > dim G+ 1 then ©, is an isomorphism for all r.

e For arbitrary p satisfying the hypothesis, the map ©, is an isomorphism whenever r is such that
p" > 2dimG.
7. Results for support varieties

For a Hopf algebra A and finite dimensional A-module M we let |A|;; denote the support variety for M.
This is the closed, reduced, subscheme in |A| defined by the kernel of the algebra map

—Q®M:HY (A, k) — Exty (M, M). (13)

In this section we consider the support |[DG,| s associated to a finite dimensional DG(,-module M. We
show that there is a finite scheme map

®Y : DG |y — kG lm x (g5

for any M with trivial restriction to O(G), and that ® is an isomorphism whenever M is irreducible
and G is a classical group at a large prime or large r.

7A. Generalities for support varieties. Let A be a Hopf algebra and M be a finite dimensional A-module.
Under the natural identification

Exty (M, M) =Extj(k, MQM*)=H"(A, M @ M*),
(13) corresponds to the mapping
coevi’l cHY (A k) — HY(A, M @ M™)

induced by the coevaluation coev™ : k — M ® M* [Etingof et al. 2015, Proposition 2.10.8]. The algebra
structure on H® (A, M ® M*) is induced by the algebra structure on M ® M* = Endy(M, M). By
[Mac Lane 1963, Theorem VII.4.1] (see also [Suarez-Alvarez 2004]) the image of H®(A, k) lies in the
center of H® (A, M Q& M™).

For G smooth and M any finite dimensional DG()-module, 6, produces an algebra map

frn : HY Gy, k) @ S(g7[2]) — H (DG, M @ M*). (14)
Explicitly, f; a is the composite

HY (G, k) ® S@7[2]) 5 H (DG, k) <5 HY (DG, M ® M*).
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By the definition of f, ), one sees that the reduced subscheme in |kG,)| x (g*)(’) defined by the kernel
of f. m is exactly the image of [DG,)|y under ©, : |[DG(| = [kG(| x (g*)(’).

By the material of Section 6 we understand that ®, is often an isomorphism. However, by finiteness
of ©, in general, we can adapt an argument of [Friedlander and Parshall 1987, Proposition 1.5] in all
circumstances to arrive at:

Proposition 7.1. A finite dimensional DG(.\-module M is projective (or, equivalently, injective) as a
DG, -module if and only if ©,(|DG)|m) = {0}.

Proof. One simply repeats the proof of [Friedlander and Parshall 1987, Proposition 1.5], using the fact
that rep(DG,)) is a Frobenius category [Larson and Sweedler 1969]. O

For the remainder of the section we seek to give a more precise description of the support |[DG,) |y for a
finite dimensional DG,--module M whose restriction to O(G,)) is trivial (and thus arises as the restriction
along the quotient DGy — kG, of a kG -ymodule which we also denote by M). By Proposition 5.5,
this condition is satisfied by any irreducible DG()-module. Whenever M satisfies this condition, there is
a natural inflation map H* (G, M) — H*(DG, M).

In the statement of the following lemma, we consider the algebra map

.01 : HY (G, M @ M*) @ S(g”[2]) — HY (DG, M @ M*)

induced by the inflation H*¥ (G, M@ M*) — H* (DG, M ® M*) and the map from § (g(’ )[2]) defined
via of, as above.

Lemma 7.2. For any finite dimensional DG,y-module M whose restriction to O(G) is trivial, the

following diagram commutes

Moo
coev, ®idg

HY (G, k) ® S(g"[2]) ———— H (G, M @ M*) ® S(g"”[2])

erl - \fr,M\ - ler.M
T

H® (DG, k) H® (DG, M @ M*).

<

Ccoevy,

Proof. 1t suffices to prove that the two maps
HY (G, k) ® S(g"[2]) = H" (DG, M @ M*)

agree on the factors H*" (G, k) and § (g(’) [2]) independently. The two restrictions to § (g(’) [2]) are
equal, since they are both defined as the composition

S [2)) %, H*(DGy), k) coevs, H*(DG(y), M ® M").
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So we need only establish commutativity of the diagram

coevM
HY (G, k) —— H (G, M @ M)
infl linf
coevM
HeV(DG(r), k) — HCV(DG(r), M® M*),
which follows by functoriality of the inflation map. U

Proposition 7.3. For any finite dimensional DG -module M whose restriction to O(Gy)) is trivial (for
example, if M is irreducible), the restriction of ©, : DGy — |kG| x (g*)(’) to DG |m factors
through the closed subscheme |kG |y x (g*) ", determining a finite map of schemes

Orm 1 IDG i — kG| x (85)7.

Proof. The image of ©,|pg,,,|,, 1s the closed subscheme defined by the kernel of f; 5. By Lemma 7.2,
fr.m factors through the product map

coev’ @ids : H* (G, k) @ S(g"[2]) = H® (G, M ® M*) ® S(g"[2]),

and hence
ker(coeviw) ® S [2]) C ker(fr.m).

It follows that ©,||pg,,,|,, factors through [kG|pm X (g*)(”. O

7B. Support varieties for classical groups. We now consider irreducible modules and classical groups.
We fix G a smooth algebraic group.

Lemma 7.4. Suppose G admits a quasilogarithm and that V is an irreducible DG -module. Suppose
additionally that p" > dim G. Then the map

6,y H (G, VRV ®S(E"[2]) = HY (DG, VR V™)
is injective.
Proof. Take O = 0(Gg,)). It suffices to show that the associated graded map gr6, v is injective, under

some filtration.
We consider the Grothendieck spectral sequence

Ey) = H' (G, H (0, V® V") = H' (DG, V® V)

induced by the sequence 1 - 0 — DGy — kG() — 1. Recall, from Proposition 5.5, that O acts trivially

on V and V*. Whence we may rewrite the above spectral sequence as

Ey) = H' Gy, (N'g) @V @ V) ® 52 (g"[2]) = H (DG, Ve V*).
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Since O acts trivially on V and V*, the DG(,-module V @ V* is graded and concentrated in degree 0,
under the Z-grading on DG, induced by any quasilogarithm on G. Now one can argue just as in the
proof of Theorem 6.8, using the grading on the above spectral sequence induced by the quasilogarithm,
to conclude that 6,y is injective. O

Theorem 7.5. Suppose G admits a quasilogarithm and that V is an irreducible DG.\-module. Then the
scheme map

O,y : DGy = kGly x (8"
is finite and surjective. Furthermore, when p > dim G+1 or p” > 2 dim G the map ©,y is an isomorphism.

Proof. Finiteness follows by finiteness of ®,. So we need only check surjectivity to establish the first
claim. We omit the shift [2] in the symmetric algebra to ease notation. As discussed above, the image of
0,y is the subscheme associated to the kernel of the algebra map

frv i HY (G, k) ®@ S(g") - HY (DG, VR V*),
which was defined at (14). Now, by Lemma 7.2, we have that f, y factors as the composite of
coev! @idg : H (G, k) @ S(g") = HY (G, VO VH ® S(g")
with
v : HY (G, VR VH®S(") = HY (DG, VR V™).
By Lemma 7.4, 6,y is injective. Hence it follows that ker( f;.y) = ker(coev)) ® S(g") and subsequently
O, v(IDG|v) = kGl x (8.

The fact that ®, y is an isomorphism when p > dimG+ 1 or p” > 2dim G follows from the fact that ®,
is an isomorphism in these cases, by Theorems 6.9 and 6.10. (]

We apply the theorem in the classical settings to find

Corollary 7.6. Let G be a general linear group, simple algebraic group, Borel subgroup in an simple
algebraic group, or a unipotent subgroup in a semisimple algebraic group which is normalized by a
maximal torus. Suppose that p is very good for G, or that p > cl(G) in the unipotent case:

o If p > dim G+ 1 then ©,y is an isomorphism for every r and irreducible DG ,.)-module V .

« For arbitrary p satisfying the hypothesis, and r such that p" > 2 dim G, the map O,y is an isomor-
phism for every irreducible DG.-module V .

Proof. By Propositions 6.3 and 6.5, and Corollary 6.4, the group G admits a quasilogarithm. Hence we
may apply Theorem 7.5. ]
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