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Density theorems for exceptional eigenvalues
for congruence subgroups

Peter Humphries

Using the Kuznetsov formula, we prove several density theorems for exceptional Hecke and Laplacian
eigenvalues of Maal} cusp forms of weight 0 or 1 for the congruence subgroups I'g(¢), I'1(¢), and I'(g).
These improve and extend upon results of Sarnak and Huxley, who prove similar but slightly weaker
results via the Selberg trace formula.

1. Introduction

Let « € {0, 1}, let I" be a congruence subgroup of SL,(Z), and let x be a congruence character of I'
satisfying x(—1) = (—1) should —I be a member of I'. Denote by A, (I", x) the space spanned by
Maaf cusp forms of weight «, level I, and nebentypus x, namely the L?-closure of the space of smooth
functions f : H — C satisfying

e f(y2)=x(¥)Jjy )" f(z) forall y €T and z € H, where for y = (g Z) erl,
cz+d

lez+d|’

» f is an eigenfunction of the weight x Laplacian

A o[ 3* N 92 iyl
= — e —_— IKYy—,
CETY B2 T a2 Yox

jy(Z) =

e f is of moderate growth, and

» the constant term is zero in the Fourier expansion of f at every cusp a of I"\H that is singular with
respect to x.

We may choose a basis B, (I', x) of the complex vector space A, (I', x) consisting of Hecke eigenforms.
For f € B.(T, x), we let Af = i + tf2 denote the eigenvalue of the weight ¥ Laplacian, where either
tr €[0,00) ority € (O, %) Similarly, we let A (p) denote the eigenvalue of the Hecke operator T), at a
prime p, so that [A¢(p)| < p% + p_%. The generalised Ramanujan conjecture states that 77 is real and
that [As(p)| < 2 for every prime p. Exceptions to this conjecture are called exceptional eigenvalues. It
is known that exceptional Laplacian eigenvalues cannot occur if « = 1, while for k = O there are no
exceptional Laplacian eigenvalues for Maal} cusp forms of squarefree conductor less than 857 [Booker
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and Strombergsson 2007, Theorem 1]. The best current bounds towards the generalised Ramanujan

conjecture are due to Kim and Sarnak [2003]; they show that
2 7 7
hpz = (&) Il =pe+pTE

Results. In this paper, we use the Kuznetsov formula to prove density results for exceptional eigenvalues

for the congruence subgroups

To(q) := (? Z) €SLy(Z):c=0 (modq)},

Ty (q) := <Z Z) €SLy(Z):a,d=1 (modgq), c=0 (modq)},

I'(g):= <6Cl fl) eSly(Z):a,d=1 (modgq), b,c=0 (modq)},

with x equal to the trivial character for the latter two congruence subgroups. Recall that

n ZqT1,,(1+5)  if T =To(g),
Vol(P\H) = [SLa@) : T = 1 54° [T, (1= 32) i T =T1(9),
3¢ (1= ) T =T(@.

When y is the trivial character, we write B, (I") in place of B, (I, x), while when I' =T'g(g), we write this
as B, (g, x). Given positive integers g and g, with g, | g, we factorise g = ]_[pa”q p¥andg, = HpV llgx p’,
and define

0=0(q.q0= [] 0w* "), 0=0@.q0= ] 00" p".

r¥llg P%llq
P’ llqy P llgy

with

[pl“““)/‘”—a/z if pisoddand a =y > 3,
O(p%, p?):= {2lBetD/4l=a/2 §f =2 and y +1>a > 3,
1 otherwise,

p ifpisoddanda =y >3,

4 ifp=2anda=y >3,

2 ifp=2anda=y+1=3,

1 otherwise.

O(p®, p¥) =

Theorem 1.1. For any fixed finite collection of primes P not dividing q, any a) € (2, p% + p_%) and
0<mu, =<1forall peP with Zpep Wy =1, we have that

#{f eB(T1(q) : 1y €10, T1, |Ar(p)l = a, forall p € P}
<, vol(T (q)\l]_l])l—3 2 pep up(loga,,/Z)/logp—i-a(T2)1—4Zpep u,,(logoz,,/Z)/logp—&—s’ 1.2)
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#{f €B(T(q) : 1y €0, T1, |As(p)| =y forall p € P}
<<5 VOl(F(q)\[H])l_i Z])E”P up(logap/l)/log p+8(T2)1—4ZPE7; M,,(logap/l)/log p+£’ (13)

#{f €Be(q. x) 11y €0, T1, |As(p)| = p forall p € P}
< VOl(Fo(q)\H)l 42 pep M,,(logap/Z)/logp—i-a(T )1—4 > pep ploga,/2)/log pte
X mln{ Q.4Zpg”p up(loga],/Z)/logp’ Q1_4ZPE”P /Ap(loga,,/Z)/logp}. (14)

Theorem 1.1 should be compared to the Weyl law, which states that

#{f e BT, x) :ty €0, T]} ~ Wﬂ

For I' =S1,(Z), so that y is the trivial character, and P consisting of a single prime p, Theorem 1.1 is a
result of Blomer, Buttcane, and Raulf [Blomer et al. 2014, Proposition 1], improving on a slightly weaker
result of Sarnak [1987, Theorem 1.1], who uses the Selberg trace formula in place of the Kuznetsov
formula and obtains instead (see [Blomer et al. 2014, Footnote 1])

{f e BO(SLZ(Z)) tf = [0 T |)"f (P)| > 0(} < (T2)1 2(loga/2)/logp

Theorem 1.5. For any fixed finite (possibly empty) collection of primes P not dividing q, any o € (O, %),
ap € (2, p% + p_%), and 0 < o, up <1 forall p € P with o+ Zpep wup =1, we have that

#{f € Bo(T'1(9)) s ity € (a0, 5), 1As(p)| = @, forall p € P}
<. vol(T (q)\[H])l—3(lloao+Zpep wp(logap/2)/log P)+€’ (1.6)

#{f € Bo(C(@) :ity € (a0, 3), 1y ()| = @ forall p € P}
e Vol(r(q)\[}_ﬂ)lff(uoaﬁngp Mp(l()gap/2)/logp)+€ (1.7

{f € Bolg, x) :ity € (oeo, ) |Ar(p)| = ap forall p € 73}
e Vol(ro(q)\[H])1—4(Moﬂlo+2pep np(loga,/2)/log p)+e

x min{ O*(oa0+ Y pep pllogay/D)/log p) - (51=4(oa0+ Y e plogay/2)/ log p)}_ (1.8)

When P is empty and x is the trivial congruence character, Theorem 1.5 improves upon a result
of Huxley [1986], who uses the Selberg trace formula in place of the Kuznetsov formula and obtains

instead this result with the exponent 2 for each of the three congruence subgroups instead of 3, %, and

b 3 b
4 respectively. When P is empty and yx is the trivial congruence character, (1.8) is a result of Iwaniec
[2002, Theorem 11.7] ; see also [Iwaniec and Kowalski 2004, (16.61)].

Since

L3a+1J 3a
4 2 =10’

so that Q < vol(I'y (q)\l]-l])%, the right-hand side of (1.4) is bounded by

vol(Fo(q)\I]-[I)l_% 2 pep ipoga,/2)/log pte (T2)1—4 2 pep tpoga,/2)/log pte.
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while the right-hand side of (1.8) is bounded by
vol(To(g)\H) !~ oo+ X pep iplogay /2 log p) e,

On the other hand, taking P to consist of a single prime in (1.4) recovers the Selberg bound A/ (p) < p%“
for an individual element f € B, (g, x) by taking T sufficiently large, while taking P to be empty in (1.8)
recovers the Selberg bound Ay > % by embedding f in B, (q Q, x) and taking Q sufficiently large.

Finally, we also prove the following improvements of Theorems 1.1 and 1.5 for I'; (¢) with g squarefree
via a twisting argument.

Theorem 1.9. When q is squarefree, (1.2) and (1.6) hold with the exponent 3 replaced by 4.

Idea of Proof. By Rankin’s trick (which is to say Chebyshev’s inequality), it suffices to find bounds for

S TP Y X T P

feB (T, x) peP feBo(T,x) peP
17€[0,7T] itye(0.1)
for nonnegative integers £, and a positive real number X > 1 to be chosen. To bound these quantities,
we begin with the Kuznetsov formula for B, (g, x); we then use the Atkin—Lehner decomposition to
turn this into a Kuznetsov formula for 5, (I", x). We take a test function in the Kuznetsov formula that
localises the spectral sum to cusp forms with 7, € [0, T'] in the case of Theorem 1.1 and to cusp forms
with ity € (0, %) in the case of Theorem 1.5. We use the Hecke relations to introduce powers of the Hecke
eigenvalues into the Kuznetsov formula. By positivity, we discard the contribution of the continuous
spectrum, and we are left with bounding the right-hand side of the Kuznetsov formula.

The chief novelty of the proof is the bounds for sums of Kloosterman sums in the Kuznetsov formula
for each congruence subgroup. As well as the usual Weil bound, we use character orthogonality for I'; ()
and I"(g), at which point we only use the trivial bound for the resulting sum of Kloosterman sums. For
I'g(g) and x the principal character, we may also use the Weil bound, but for x nonprincipal, additional
difficulties arise in bounding the Kloosterman sum, with the bound possibly depending on the conductor
of y; it is for this reason that the bounds (1.4) and (1.8) involve Q for Q arises when only weaker bounds
than the Weil bound are possible for the Kloosterman sums involved.

We also highlight the key trick to proving Theorem 1.9, namely that the Laplacian eigenvalue and
absolute value of a Hecke eigenvalue of a Maall form remain unchanged under twisting by a Dirichlet
character. Twisting may alter the level of a Maal} form, yet Theorem 1.9 involves a favourable situation
in which the resulting family of twisted Maal3 forms are sufficiently well-behaved that we are able to
improve the exponent in the density theorem.

It is worth mentioning that the results in this paper ought to generalise naturally to cusp forms on GL;
over arbitrary number fields . Bruggeman and Miatello [2009] prove a form of the Kuznetsov formula
for GL;, over a totally real field and use this to prove weighted Weyl law for cusp forms. Similarly, Maga
[2013] proves a semiadelic version of the Kuznetsov formula for GL; over an arbitrary number field. In
the former case, this formula is valid for congruence subgroups of the form I'y(q) for a nonzero integral
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ideal q of the ring of integers O of F and arbitrary congruence characters y modulo q, while the latter
only treats the case of trivial congruence character but should easily be able to be generalised to arbitrary
congruence character; this is precisely what is required for density theorems for the congruence subgroups
Fo(q), T'1(q), and I'(q).

2. The Kuznetsov formula

The background on automorphic forms and notation in this section largely follows [Duke et al. 2002]; see
[Duke et al. 2002, Section 4] for more details. Let « € {0, 1}, and let x be a primitive Dirichlet character
modulo ¢g,, where g, divides g, satisfying x (—1) = (—1)*; this defines a congruence character of I'g(q)
via x(y) = x(d) for y = (¢ %) € To(q). We denote by L*(I'9(¢)\H, , x) the L?-completion of the
space of all smooth functions f :H — C that are of moderate growth and satisfy f(yz) = x () j, (2)* f(2).
This space has the spectral decomposition

LA (To(\H, &, x) = Ac(q, X) ® Ec(q, X)

with respect to the weight « Laplacian, where A, (q, x) := A.(T'0(g), x) is the space spanned by Maal}
cusp forms of weight «, level g, and nebentypus x, and &,(g, x) is the space spanned by incomplete
Eisenstein series parametrised by the cusps a of ['g(g)\H that are singular with respect to x.

We denote by B, (g, x) an orthonormal basis of Maal} cusp forms f € A, (g, x) normalised to have
L?-norm I:

o fhg = / FORdu@ =1,
Co(g)\H

where du(z) =dxdy/ y? is the SLy(R)-invariant measure on H. Later we will use the Atkin—Lehner
decomposition of A, (g, x) in order to specify that B, (g, x) can be chosen to consist of linear combinations
of Hecke eigenforms. The Fourier expansion of f € B, (g, x) is

o]

f@= Y o) Wegnmcs2.iry 4 nly)e(nx),

n#0
where W, g is the Whittaker function and

1
of (1) Wsgn(ny j2.i1; (47 [0l y) = / f()e(—nx)dx.
0
For a singular cusp a, we define the Eisenstein series

Eo(zs, 0= Y. XNy, (S0 'v2)’,
y€la\T'o(q)

which is absolutely convergent for fQi(s) > 1 and extends meromorphically to C, with the Fourier expansion

o.¢]
Ly : -
8a,00¥? " H @aco (3 +it, X)y2 T 4+ Y paln, 1, x) Wegniuye/a,ir (47 2] y)e(nx)
n=—oo

n#0
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for s = 1 +it with r € R\ {0}, where
1
1 . .
Sacoy 1 + o co(§ +it, x)y? " ‘Zf Eq(z, 5 +it, x) dx,
0

1
pﬂ(nv t’ X)ngn(n)K/2,11(47T|n|)’) = / Ea(Zv %+lt’ X)e(_nx) dx
0

The subspace & (g, x) consists of functions g € L?>(T'y(g)\H, «, x) that are orthogonal to every Maaf}
cusp form f € A.(q, x); it is the L?-closure of the space spanned by incomplete Eisenstein series, which
are functions of the form
1 o+i0o .
Ea(z, ¥, x) =] Ea(z, s, )V (s)ds 2.1
Tl 0 —100
for some singular cusp a and some smooth function of compact support ¥ : R — C, where o > 1 and

76 :=/ x4
0 X

Theorem 2.2 [Duke et al. 2002, Proposition 5.2]. Form,n > 1andr € R,

Z 4m /mnps(m)ps(n) +Z o Jmnpa(m,t, x)pa(n,t, x) dt
coshm(r —t7) coshm (r +15) —oo COShm(r —t) coshm(r +1)

fGBK(%X) a
IT(1—«/2—ir)|? . S, (m,n;c) . (4w mn
= P 5m,n+ Z X IK 7 ’
T — C C
=0"(mod q)
where _
md—+nd
Semonicyi= Y xlde( ML),

de(Z/cz)*

I(t,r) = =21 / (i) Kaip (£1) d2,

—1

with the latter integral being over the semicircle |z] =1, N(z) > 0.

By the reflection formula for the gamma function, we have that for r € R,
Kk .\ |? mr/sinhwr if k =0,
r(-5-0f =
2 m/coshmr ifk=1.

Given a sufficiently well-behaved function 4, we may multiply both sides of the pre-Kuznetsov formula

1 i i
E(h(r—i— 5) +h<r — 5)) coshmr

and then integrate both sides from —oo to oo with respect to r. This yields the following Kuznetsov
formula (see [Blomer et al. 2007, Section 2.1.4; Iwaniec and Kowalski 2004, Theorem 16.3; Knightly
and Li 2013, Equation (7.32)]):

for k =0 by
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Theorem 2.3. Let § > 0, and let h be a function that is even, holomorphic in the horizontal strip
I3(1)] < 5 48, and satisfies h(t) < (|t| +1)727°. Then

> 4anm npy(m)py (M) —-— (f) Z/ \/_pa(mtx)pa(ntx) (t)

fe€Bolg,x)
S,(m,n;c A/
—SmngO'i‘ Z X( c )gO( ncmn>,

c=0 (mod q)

where

L[ -
8= — / rh(r)tanhzrdr, go(x):=2i / Jair (x)
—00

—00

rh(r)
coshmr

The left-hand side of the Kuznetsov formula is called the spectral side; the first term is the contribution
from the discrete spectrum, while the second term is the contribution from the continuous spectrum. The
right-hand side of the Kuznetsov formula is called the geometric side; the first term is the delta term and
the second term is the Kloosterman term.

3. Decomposition of spaces of modular forms

Eisenstein series and Hecke operators. The space &,(q, x) is spanned by incomplete Eisenstein series
of the form (2.1), which are obtained by integrating test functions against Eisenstein series indexed by
singular cusps a; in this sense, the Eisenstein series E,(z, s, x) are a spanning set for & (g, x). We may
instead choose a different spanning set of Eisenstein series for £ (g, x); in place of the set of Eisenstein
series Eq(z, s, x) with a a singular cusp, we may instead choose a spanning set of Eisenstein series of
the form E(z, s, f) with Fourier expansion

o0
1 1
c1 )yt en p()y2 " + Z pr(n, t, X)Wsgnmyie/2,ir (4 |nly)e(nx)
n=—oo

n#0

for s = % + it with t € R\ {0}, where B(x1, x2)  f with x;x2 = x is some finite set depending on
X1, x2 corresponding to an orthonormal basis in the space of the induced representation constructed out
of the pair (1, x2); see [Blomer et al. 2007, Section 2.1.1] or [Knightly and Li 2013, Chapter 5]. For our
purposes, we need not be more specific about B(x, x2), other than noting that for each f € B(x1, x2),
the Eisenstein series E (Z, % +it, f ) is an eigenfunction of the Hecke operators 7, for (n, g) = 1 with
Hecke eigenvalues

A ) =Y xi@a xa(b)b™",

ab=n

where for g : H — C a periodic function of period one,

(Th9)(2) = —= Zx(a) 3 ("”b)

ad n b (mod d)
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So for f € B(x1, x2),

hp(m, gm0y = X(d)xf(%,t), 3.1)
d|(m,n)

Ap(n, 1) = x(M)As(n, 1), (3.2)

pr (1, Ds (n) = V/pg (n, 1), (33)

whenever m, n > 1 with (mn,g) =1and s = %—Ht.

Lemma 3.4 (cf. [Conrey et al. 1997, Lemma 3; Hughes and Miller 2007, Lemma 2.8; Petrow and Young
2018, Section 6]). For any prime p1q and positive integer £, we have that

14

(P DX =" 22X () 2p(p™ . 1) (3.5)
j=0

forany f € B(x1, x2) and s = %—i—it, where

2j+1 ( 20 )_{(e%j)_(ezfl) fo=j=t-1, (3.6)

e\ T ifj =1,

so that each a3 o is positive and satisfies

¢
2/
ZOQJ',ZZ = ( ¢ ) < 2%, (3.7)
j=0
Proof. That (3.7) follows from (3.6) is clear. For (3.5), we have that

)_((P)%)Lf(l” t))

ﬂmmwwhw=w< >

where Uj; is the j-th Chebyshev polynomial of the second kind, because U; satisfies Up(x/2) = 1,
U1(x/2) = x, and the recurrence relation

Uin(3) =20i(3) - Ui-1(3)

for all j > 1, and )_((p)j/zkf (p/, t) satisfies the same recurrence relation from (3.1). Since

1
%/ Ui () U (x)V1 —x*dx =8,
-1

we have that
20
2¢ X
=Y aial(3)
j=0

where

2041 1
ojop = 27[ / xzer(x)\/l—xzdx.
-1
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This vanishes if j is odd as U;j(—x) = (-/U i(x), while for j even we have the identity (3.6) from
[Gradshteyn and Ryzhik 2007, 7.311.2]. Combined with (3.2), this proves (3.5). O

Atkin—-Lehner decomposition for T'g(q). Similarly, we may choose a basis of A, (g, x) consisting of
linear combinations of Hecke eigenforms. Let B} (q, x) denote the set of newforms of weight «, level g,
and nebentypus x, and let A} (q, x) denote the subspace of A, (g, x) spanned by such newforms. Recall
that a newform f € B} (g, x) is an eigenfunction of the weight « Laplacian A, with eigenvalue le + t?
tityic as defined
in [Duke et al. 2002, Section 4], with eigenvalue € € {—1, 1}; we say that f isevenife; =1 and f is

and of every Hecke operator 7, n > 1, with eigenvalue Ar(n), as well as the operator Q 1

odd if € ; = —1. In particular,

Armasm = Y x@ir (), (3.8)
d|(m,n)
d,g)=1
pr(Das(n) = /nps(n) (3.9)
whenever m, n > 1, and
Ap(n) =X (m)As(n) (3.10)

for n > 1 with (n, ¢) = 1. Using (3.8) and (3.10), we have the following:

Lemma 3.11. For any prime ptq and positive integer £, we have that

14

(PP =" o X (p) A (p™) (3.12)
j=0

forany f € Bi(q, x), where once again ayj 2 is given by (3.6).

The Atkin—Lehner decomposition states that

Adg. 0= P P Pcuwaar

q9192=9  feB(q1,x) dlg>
qlzo (mod qx) N

where 14,4, 4 : Ac(q1, x) — Ac(q, x) is the map 14 4, 4 f(z) = f(dz). The map 4 4, , commutes with
the weight k Laplacian A, and the Hecke operators 7,, whenever n > 1 and (n, g) = 1. It follows that
if g =14,4,,4f forsome f € B;(q1, x), then t; =ty and A,(n) = A¢(n) whenever n > 1 and (n, q) = 1.
Note, however, that p, (1) = 0 unless d = 1, in which case pg (1) = pr(1).

Unfortunately, the inner Atkin—Lehner decomposition

@ C-tagiqf

dlg>
is not an orthogonal decomposition. Nonetheless, one may make use of this decomposition in determining
an orthonormal basis of A, (g, x). For squarefree g and principal nebentypus, this is a result of Iwaniec,
Luo, and Sarnak [Iwaniec et al. 2000, Lemma 2.4], while Blomer and Mili¢evi¢ [2015, Lemma 9] have



1590 Peter Humphries

generalised this to nonsquarefree g. Here we generalise this further to nonprincipal nebentypus; this has
also independently been derived by Schulze-Pillot and Yenirce [2018] via a different method.

Lemma 3.13 (cf. [Iwaniec et al. 2000, Lemma 2.4; Blomer and Miliéevi¢ 2015, Lemma 9]). Suppose
that x has conductor q, | q, and suppose that q1q> = q with q1 =0 (mod g, ). For f € Bi(q1, x) and

(ter.q1.9f trgiq f)g —A ( £y )A_( £ )
=4 f ,
{Laa s Ygia Sl (£, £2) (L1, £2)

where Ay (n) is the multiplicative function defined on prime powers by

L1, € | g2, we have that

VP4 xoqp(P)p~™h ’
A (PD =X (P2 (P! ift>2
P21+ o (P)p~H -

Ap(ph) =

where x((q,) denotes the principal character modulo qy and x4,y *= X Xo(q,) denotes the Dirichlet character

modulo g induced from x.

Proof. For 9i(s) > 1, consider the integral

Fo=[ 0 fenEedue). whee Ee= Y 32
Fo(@)\H

Y €loo\l'0(q)

Unfolding the integral and using Parseval’s identity,

) o] o]
_ _ d
F(s)= f YT N o) 7 (12) Wagnn, yej2.iny (4 £ ma9)? 22
0 np=—0o0 ny=—0o0 y
n#0  ny#0
Liny=Lrny

From (3.9) and the fact from [Duke et al. 2002, Equation (4.70)] that

o2ty
r(d—x)2+i) "

pr(—n)=¢y
for n > 1, where € € {—1, 1}, we find that

lpr(D)? i YYD
@[y, L1~V n’

n=1

> s—1 ) 2 F((1+K)/2+ltf)
X/o y <WK/2,lzf(y) +‘F((1—K)/2+itf)

F(s)=

2 d
Wi 2.ty ()’)2) 7)}

where we have written ny = £"n, n, = £'n, with £/ = £, /(£1, £3) and £" = £,/ (£1, £2).
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Next, by the multiplicativity of the Hecke eigenvalues of f together with the fact that (¢/, £”) = 1, the
sum over 7 is equal to

r+t)

i |Af(n)| Bl Z A (P A (") +f)xf(p ) I Z Ar (P (pt) )xf(p

w7 ple” r=0 e r=0
n, =

From (3.8) and (3.10), we find that

i (PO (P >Z Mf(p >|2

rs
r=0 p

i hp (P Ay (prH) — B (p':5) i Ar (PN
— prs ’

rs
r=0 p

where By (n; s) is defined to be the multiplicative function

Ay (p) ifr=1
1+ - ’

1+ xoqn(p)p~*

so that Ag(n) = n_%Bf(n; 1). We surmise that F'(s) is equal to

oy (DF e e L (Ol
By (€75 5)By (L Liraiea Il
(4n[£1,g2])s71W (L7 8)By( S)Z -

n=1

OO s—1 . 2
X/o ' (W”/z’”f(y) +‘F((1—K)/2+itf)

The result follows by taking the residue at s = 1, noting that E(z, s) has residue equal to 1/ vol(I'g(g)\H)

’ d
W—K/Z,ilf(y)z) 7)) (3.14)

at s = 1 independently of z € I'g(¢)\H, and comparing to the case £; = ¢, = 1. O

Lemma 3.15 (cf. [Blomer and Milicevié¢ 2015, Lemma 9]). An orthonormal basis of A.(q, x) is given
by

Bg. 0= || || |_|{fd =Y £t d)te,ql,qf}, (3.16)

q9192=9  feB(q1,x) dlq2 Lld
qIEO (mod qX) *
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where each f € B(q1, x) is normalised such that {11 4, ¢4 f, 11,41, f)q = 1, and the function &y (€, d) is
Jjointly multiplicative.

! ifr=1=0,
_% ifr=0andt =1,
!ﬁw ifr=t=1,

ForO<r<t, &p(p',pH)= X(q}(p)\/(1_XO(q1>(p)Pl_2)(1—|Af(P)|2) ifr=t—2andt>?2,
_2(p) 1

ifr=t—1landt>?2,

VP VA= X0 (P p~HA=[Ar(P)P)
1

fr=tandt > 2,
VU= xoan (P p~H A=A (P)P) fr=tandt>

0 if0<r<t—3andt>3.

The key point is that the coefficients & ¢ (¢, d) are chosen such that the ratio of inner products

<fd19 fdz)q _ Z Z gf(el, dl)é:_f(zz, dz) (Lil,qhqfa LZz,q|,qf>q

<L1,q1,qfa tl,ql,qf>q 11y Laldy (tl,ql,qf, Ll,ql,qf>q

dr(dy, dr) =

is equal to 1 if d; = d» and 0 otherwise.

Proof. The proof follows the same lines as [Blomer and Milievi¢ 2015, Proof of Lemma 9]; we omit the
details. O

Explicit Kuznetsov formula. We may use the explicit basis (3.16) together with (3.10) and (3.9) to rewrite
the discrete part of the Kuznetsov formula, noting that for f € B (q1, x), d | g2, and n > 1 coprime to ¢,

Ar(n)

pr(n)=8&¢(1,d)ps(1) -

Similarly, the continuous part can be rewritten in terms of the Eisenstein spanning set B(x1, x2) with
X1X2 = x together with (3.2) and (3.3). This yields the following explicit versions of the pre-Kuznetsov
and Kuznetsov formulz.

Proposition 3.17. When m, n > 1 with (mn, q) = 1, the pre-Kuznetsov formula has the form

Z Z 4n§f.|pf(1)|2 )_((m)kf(m)kf(n)

Gimq  feBrang) coshm(r —ty) coshm (r +1t7)
q1=0 (mod g,) 00 S (m)hp(m, Ohr(n, 1)
+ >y lor (1, D)2 oo

x1.x2 (mod q) feB(x1,x2) ¥ coshz(r —t) coshm(r +1)
X1X2=X o

:|r(1_K/z—ir)|2<5mn+ 3 SX(’"’”;C)IK(“”WJ)) (3.18)

w2 c c

c=1
c=0 (mod q)
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for k € {0, 1}, where we define
Er= Y lg,(1L DI,

dlq2

while the Kuznetsov formula for k = 0 has the form

4 1
Z Z M-( m)dy(m)ry(n)h(ty)

- coshmty
9192=4 feBO(cn x)

q1=0 (mod g, 00 |p ( )|2
+ Z Z / s Or ——————xm)As(m, t)As(n, t)h(t) dt

hw
X1 ))((2X(m0)? Q) feBxi,x) "~ coshmt o
1= S, (m, n; c) 4 /mn
—5mngO + § X gO( ) (3.19)
C C

c=0 (mod q)

In both formulee, each f € Bi(q1, x) is normalised such that (t1 4, 4 f, t1,q1.4 f)q = 1.

Atkin—Lehner decomposition for T'1(q). We recall the decomposition

AT = P Al x.

X (mod q)
x(=DH=(=1)"

which follows from the fact that I';(¢) is a normal subgroup of I'g(g) with quotient group isomorphic
to (Z/qZ)*, noting that A, (g, x) = {0} if x(—1) # (—1)*. From this, we obtain the natural basis of
Ac(T1(g)) given by

B(Tig)= || | ] | | |_|{fd=25f(e,d>u,ql,qf}- (3.20)

X (mod g) q192=4 feB,’;(ql,X) d|g> Lld
x(=D=(=1)* ¢1=0 (mod g,

This allows us to use the pre-Kuznetsov and Kuznetsov formula (3.18) and (3.19) for B,(I"1(¢)) and
Bo(I'1(g)), even though ostensibly these two formula are only set up for B, (g, x) and By(q, x)-

Atkin—Lehner decomposition for T'(q). A similar decomposition also holds for A, (I"(¢)). In this case,
the fact that

rgnrio={ (%

(3 s

Ac(T(g)) = t,-1A(To(g*) NT1(q)),

)eSLz(Z) ca,d=1 (modgq), c=0 (modqz)}

implies that
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where t,-1 1 Ac(To(g?) NT1(q)) = Ac(T'(g)) is the map 1,1 f(z) = f(g~'2). AsTo(¢*)NT1(g) isa
normal subgroup of I'g(¢?) with quotient group isomorphic to (Z/gZ)*, we obtain the decomposition

AT@)= P 1AQG 0,

X (mod gq)
x(=D=(=1*

thereby allowing us to choose an explicit basis B, (I"(g)) of A, (I"'(¢)) of the form

-t fa=) Ep d)g-1teg.qf - (3.21)
U U U Uws=X |

X (mod q) qq=q*> F€Biq1,X) dlg Lld
x(=D=(=D* 4,=0 (mod ¢,)

Once again, this allows us to make use of the pre-Kuznetsov and Kuznetsov formula (3.18) and (3.19)
for B (T'(g)) and By(I'(q)).

4. Bounds for Fourier coefficients of newforms

In the Kuznetsov formula (3.19), the Fourier coefficients |,of(1)|2 and the normalisation factor & ¢ both
appear naturally. To remove these weights, we obtain lower bounds for |p7(1) |> and & ¢ For the former,
such bounds are well-known, appearing in some generality in [Duke et al. 2002, Equation (7.16)];
nevertheless, we take this opportunity to correct some of the minor numerical errors in this proof, as well
as greatly streamline the proof via the recent work of Li [2010] on obtaining upper bounds for L-functions
at the edge of the critical strip.

Lemma 4.1. For f € B;(qi1. x), we have that

|Ar ()2 »(p)
o 3 B 1 o)

nlgs® pla> p
In particular, &¢ > 1.

Proof. By multiplicativity,

gr=> &Ll =] D Ig,a. pHP~

dlg> P'llg2 r=0
We have that
1 ifr =0,
! 1
N2 ) — ifr=1,
Zolff(l,pﬂ = 1—|Af(p)|2
= ! ifr>2.
(= xoqn (PP~ A —=|As(P)I?)
The result then follows from the fact that
1 _ (1 B XO(ql)(p)) i IAr(PHP 0
= 1Ar(p)P P )=
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For f € B, (q, x), we define

14+« | I+x
by e r( ! +nf>r<T —nf)|pf<1>|2.

I+« I+« cosjlrlrrt if =0,
r +it )JT| ——it) =
2 2 L fg=1.

sinh ¢
Lemma 4.2. Suppose that f € B;(q1, x) for some q1|q. Then

(Ll,ql,qu Ll,ql,qf>q — v, Res > |)\f(n)|2'
vol(I'o(g)\H) s=1 n’

n=1

Proof. We let £1 = ¢, =1 in (3.14) and take the residue at s = 1, yielding

(thgrgfs grgf g
vol(T'o(g)\H) 0

(132 |/\f(n)|2/°°< 2 ‘F((1+K)/2+ilf)
=lps(DPRes y =0 L (Werman O + | 5 2

Note that

? d
W_k /2.ty (y)z) 7)}

n=

since the residue of E(z,s) at s = 1 is 1/ vol(I'g(¢)\H). We have by [Gradshteyn and Ryzhik 2007,
7.611.4] that for « € C and —1 < %(it) < 1,

T sin2rwit T((1—k)/2+inOT((1 —k)/2—it)

where ¢ is the digamma function; note that a slightly erroneous version of this appears in [Duke et al.

2002, Equation (19.6)]. By the gamma and digamma reflection formula, we find that

> o T+ 2+i) P | 2>d_y_ 14k . 1+k
/(; (Wx/z,nf(y) +‘F((1—K)/2+ilf) W_i/2.it; (¥) y —F( 5 +ltf)F< 3 ltf) 4.3)

assuming that ¢, € [0, 00) if k = 1 and #; € [0, 00) or ity € (0, §) if & = 0. O
Corollary 4.4. Suppose that f € B (q1, x) for some qi|q. Then
(Ll,ql,qfa tl,q1,qf>

q 2\\—¢&
R T IR DI (4.5)
Proof. Tt is known that
o A £()L(s,ad f) i

where for each prime p dividing g, Py, ,(z) is a rational function satisfying p~° <, Py p( p~ ) <1. The
work of Li [Li 2010, Theorem 2] then shows that

log(q(3+17)) )

L(1,ad
(Ladf) < exp(clog log(q(+12)
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for some absolute constant C > 0, thereby yielding the result. ]

5. Bounds for sums of Kloosterman sums

We denote by

S(m,n;c):= Z e(md;l—nd)
de(Z/cT)*

the usual Kloosterman sum with trivial character, for which the Weil bound holds:

|S(m, n; c)| < t(c)\/(m,n,c)c. (5.1

We also require bounds for Kloosterman sums with nontrivial character. For c =0 (mod g¢), m,n > 1,
and (a, g) = 1, we have that

md—i—nci)
— )

> x@Smmo=3 3 Y x@(x@+ 0 x-d)e(
. (x_gr)n;)? _ql))K de(Z/cZ)* x (mod q)

We break this up into two sums. In the second sum, we can replace d with —d and x with ¥ and use
character orthogonality to see that

Q@R (Sa(g)(m,n;¢))  ifk =0,

5.2
i9(@I(Saqy(m, n;0)) ifk=1, (5-2)

Y. X@Sym,n;c)= {

X (mod gq)
x(=D=(=1)*

where we set

) md+nd
Saqy(m,n; c) := Z e(T).
de(Z/cT)*
d=a (mod q)
If c=cycp with (¢1, cp)=1and ¢1c; =0 (mod g), then we letd =cy¢d1+c1¢1da, where dy € (Z/c17) ™,
dr € (Z)crZ)*, and cac; = 1 (mod 1), cic; =1 (mod ¢;). By the Chinese remainder theorem,

Sag)(m, n; ¢) = Sa((g,e1)) (M2, nC2; 1) Sa((g,e)) (MC1, NCT; C2).

To bound S, ) (m, n; c), it therefore suffices to find bounds for S« (m, n; pP) for any prime p and any
B > o > 1. The trivial bound is merely

|Sa(pey(m, n; pPY| < pP=. (5.3)

Somewhat surprisingly, this is sufficient for our needs. Indeed, we cannot do better than this when 8 = «,
and in our applications, this will be the dominant contribution.

We also require bounds for S, (m, n; ¢). Unfortunately, it is not necessarily the case that this is bounded
by t(c)+/(m, n, ¢)c, which can be observed numerically at [LMFDB 2013]; see also [Knightly and Li
2013, Example 9.9].
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Lemma 5.4. Let p be an odd prime, let v be a Dirichlet character of conductor pY, and suppose that
(mn, p) = 1. Then for 8 > y > 0, we have that

1Sy, (m, n; pP)| < 2pP/?

unless B =y > 3, in which case we only have that

1Sy, (m, ny pP)| < 2plGFHD/AL,

Similarly, let xov be a Dirichlet character of conductor 2V, and suppose that (mn, 2) = 1. Then for
B >y >0, we have that
|Syyy (m, 3 2)| < 8-2P/2

unless y + 1> B > 3, in which case we only have that

S5,y (m, 1 2’3)| < 4.2lGp+D/A]

Proof. This follows from [Knightly and Li 2013, Propositions 9.4, 9.7, 9.8, and Lemmata 9.6]. O
Lemma 5.5. When (m, n) = 1, we have that
Z ISa(q>(m n; C)I (10g(mn +1))? 1 . (5.6)
c<dm/mn 62 qz plg 11— p 2
¢=0 (mod q)
S, 1 1))? 1
)3 | a<q>(m3 n; C)I ( og(mn2+ ) I . 5.7)
c<4m/mn c? q plg l_p 2
c=0 (mod qz)

If we additionally assume that (mn, q) = 1, then given a Dirichlet character x modulo q, we have that

. (@) (5
Z [Sy (m, n; o)l « (log(mn + 1))22 DQ

3 .
c<4m/mn ¢z QO(Q)
c=0 (mod q)

(5.8)

Proof. We write g = p‘l"l -+ py", so that the left-hand side of (5.6) is

1
Syt oy
Br=a Be=oy p C<4ﬂmp;ﬁl"'p;ﬂ[ c

(c,q)=1
X [Smpf . pP npPt . pl o)1|Su (mé, ne; pPt - pPh).

Using the Weil bound (5.1) for the first Kloosterman sum and the trivial bound (5.3) for the second, we
find that this is bounded by

l i i Z 'c(c)«/(m n,c)
1 Bi=ai Be=ay V pllfﬂ c<4nm ¢

(¢,q)=
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If (m, n) = 1, the inner sum is bounded by a constant multiple of (log(mn + 1))2, and so the sum is

bounded by a constant multiple of
o

(log(mn +1))?
Z /352;14 \ p/131

Bi=ay
which yields (5.6) upon evaluating these geometric series. (5.7) follows s1m11arly Finally, (5.8) follows
via the same method but using Lemma 5.4 to bound the Kloosterman sums, yielding the bound

8200 ) Z Z 3 T(CC)

Br=a, Br=ae P pi L<4nM
(c,q)=
for the left-hand side of (5.8), from which the result easily follows. O
Lemma 5.9. When (m, n) = 1, we have that
S, 1 1 D)2 1 1
Y B m Ol g € ) ogtmnt DT L 6.0)
c? 4 /mn (mn)7 3 1—p-2
c>4m/mn 4% plq P
¢=0 (mod q)
S, 1 1 1))?
Z |Sa(g) (m, n; ©)| | +log —¢ < (log(mn + 1)) l—[ N 5.11)
c? 47 /mn (mn)4 q2 —p3
>4 /mn l’\q
¢=0 (mod ¢?)
If we additionally assume that (mn, q) = 1, then given a Dirichlet character x modulo q, we have that
Sy (m, n; 1 1))220@ ¢
3 M(l +log ;_> « Uoglmn + ) Q (5.12)
c>4m/mn ¢ T (mn)3 (P(Q)
¢=0 (mod q)

Proof. As before, with g = p{' - -- p‘zl, the left-hand side of (5.10) is bounded by
t(c)/(m,n,c logc

syt % 2
Pe Pt c

'Bl = Be=ar P1 c>4m/mnp, B
(c,q)=1

If (m, n) =1, then the inner sum is bounded by a constant multiple of
(log(mn + 1))?
Vi pl.

(mn)i

It follows that the sum is bounded by a constant multiple of
0

(log(mn+1))% 1
q Z /312(:!@ \/ 131 /35

(mn )4 1 Bi=ai
which gives (5.10). The proof of (5.11) is analogous, while (5.12) again follows upon using Lemma 5.4
O

to bound the Kloosterman sums.
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Lemma 5.13 (cf. [Iwaniec and Kowalski 2004, Equation (16.50)]). For all % <o <1,

o
3 Sacq (m. ) _ 18T ((m. m) 1 I L (5.14)
el 20 —1)? gt 02 1—p~°
c=1 plq
¢c=0 (mod q)
o0
[Saiqy(m, n; c)| 18t ((m,n)) 1 1
c=1 rlq
¢=0 (mod ¢?)

If we additionally assume that (m, n) = (mn, q) = 1, then given a Dirichlet character x modulo q, we
have that -

. o(q) ¢
Z |SX(n/llyn’ C)| S 72 > 2 Q] ) (516)
cite 2o =17 g(g)q° 2

c=1
¢=0 (mod g)

Proof. Once again writing ¢ = p}' - - - p;* and bounding the Kloosterman sums, we have that

i |Sa(g)(m, n; c)] - Z r(c)«/(m n,c) 1 i Z

1+
c=1 ce ﬂl—al Be=ay (P ’ /)J
c=0 (mod q) (c, q) 1
B i T(e)v/(m,n,¢) 1 I 1
- a4 1+ -
e=1 2t " plq I=r
(c,q)=1
2 t(d) 1 1
= {(G + Z) Z o 140 1_[ O
d? q l—p
d|(m,n) rlq

18t((m,n)) 1 1
= (20 _ 1)2 qH—a l_[ 1 _p—n

This proves (5.14). The inequality (5.15) follows by a similar argument, as does (5.16) once the
Kloosterman sums are bounded via Lemma 5.4. O

6. Bounds for test functions

We require bounds for the test function that we will obtain by multiplying the pre-Kuznetsov formula
(3.18) by a function dependent on r and then integrating both sides over r € [0, T'].

Lemma 6.1. For T > 1, let

B (t) = n? T r D —k/2+ir)| 2
ST DA+ k)2 +inD((1+k) /2 —it) Jy coshm(r —1)coshm(r +1)
T sinh 7
coshm/ ! dr ifk =0,
o coshm(r—t)coshm(r+t)

sinh ¢ g rcoshmr
t o coshm(r—t)coshm(r+t)

ifc =1.
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Then h 1 (t) is positive for all t € R and additionally, should k be equal to 0, for it € (—
more, h 1(t) > 1 fort € [0, T].

1 1
35 5). Further-

Proof. Using the fact that
coshm(r —t)coshm(r+1t) = cosh® 7t + sinh? 7r = sinh® 7¢ 4 cosh? 7r,

it is clear that 4, 7(¢) is positive for all # € R and additionally, should « be equal to 0, if it € (—%, %)
For k =0, we have that

coshrt [T 1
hor(t) = —— ———dx
or(®) b4 /1 x2+sinh? ¢t
__ cothmt sinhwt(coshmw T —1)

arctan ——— ,
sinh“ wt+coshn T

where the second line follows from the arctangent subtraction formula. The first expression shows that
ho,r(¢t) > 1 when ¢ is small, while when ¢ is large, the argument of arctan is essentially
en(T—i—z) —eTt
e2mt +erT
and this is bounded from below provided that ¢ < T, so that again hg r(¢) > 1.
For k = 1, we can similarly show via integration by parts that

hir(t) = dx

. sinh 7 T .
sinh 7 ¢ / S arsinh x
7t ) x2+cosh? ¢

tanh ¢t /Sinh ©r arctan(sinh 7w 7'/ cosh w¢t) —arctan(x / cosh i t)

= 5 dx.
Tt Jo Vx2+1

The first expression shows that z; 7(¢) >> 1 when ¢ is small, while when ¢ is large, we break up the second

expression into two integrals: one from 0 to sinh ”7’ and one from sinh ”7’ to sinh 7w 7'. Trivially bounding

the numerator in each integral, we find that

hyr(t) > % (arctan(sinh 77 T/ cosh 1) — arctan(sinh(r#/2) / cosh 1))

tanhzr coshrt(sinh 7w T — sinh(rr1/2))
= arctan .
2n cosh? 7t + sinh 7 T sinh(rr¢/2)

The argument of arctan is essentially
T (T+1) _ 3mt/2

eZm‘ +en(T+t/2) ’

and this is bounded from below provided that + < T, while tanh ¢ is bounded from below provided that
t is larger than some fixed constant. It follows again that 4| () > 1. O

We also require the following bound, which arises from the Kloosterman term in the pre-Kuznetsov
formula (3.18).
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Lemma 6.2. Fork € {0, 1} and T > 0, we have the bound

T .
Va ifa>1,
fo ric@ rydr < {a(l Flog(l/a)) if0<a<1 ©3)

uniformly in T.

Proof. From [Kuznetsov 1980, Equation (5.13)], we have that

r * tanh &
/ rly(a,r) dr:a/ E (1 —cos2T&) sin(a cosh&) d&.
0 0
Similarly, using the fact that
o
Kar@) = [ e cosar a
0

for r € R and % (¢) > 0 from [Gradshteyn and Ryzhik 2007, 8.432.1], we have that

T oo pT i
/ rli(a,r)dr = —Za/ f rcos2ré dr/ etacoshs gr de.
0 0o Jo —i

Evaluating each of the inner integrals and then integrating by parts, we find that

T
/ rli(a,r)dr
0

= ia/oo tanh“;‘(l —cos2T &) cos(acosh &) dé —i/oo tanh &
0 § 0 &

From here, one can show via stationary phase on subintervals of (0, co) that fOTrIO (a, r)dr and the first

B sin(a cosh &)
(1 —cos 2T§)—cosh§ dg.

term in the above expression for fOTrI 1(a, r) dr both are bounded by a constant multiple of

Ja ifa>1,
a(l+1log(1/a)) ifO0<a<l;

see [Kuznetsov 1980, Equation (5.14)]. The second term in the expression for fOTrI 1(a, r) dr is uniformly
bounded for a > 1, so we need only consider when 0 < a < 1. In this case, the fact that |sin x| <min{1, |x|}
for x € R implies that this is bounded by

log(1/a) 00

tanh & f tanh& 1

2a ——=2d&+2 dé¢ < a(l+log(l/a)). O
/o 3 5 log(1/a) § coshé 5 s/

7. Sarnak’s density theorem for exceptional Hecke eigenvalues
We are now in a position to prove Theorem 1.1.

Proof of (1.2). By Rankin’s trick,

#f €BT1(@) 17 €[0.T], Ip(p) Z ey forall pePy < [T, ™ > [] I

pPEP feBc(Ti(g)) peP
t7€l0,T]
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for any nonnegative integers £, to be chosen. Using the explicit basis (3.20) of A, (I'1(g)) together with
the lower bound (4.5) for vy,

o JImverte= > > > @ [P

feB(T'1(q)) peP x (mod gq) N192=4 - feBi(qi,x) peP
17€[0,T] x(=D=(=1 q1=0 (modg,) ~ 4, €[0,7]
1 2¢
<egq'ttTre Y > S g [T I
x (mod gq) q192=q  feBi(q1.x) PEP

x(=D=(=1)* q1=0 (modq,) " 1[0, T]

We take m = 1 and n =[] peP p%r in the pre-Kuznetsov formula (3.18), multiply both sides by
I1 pep 92j,.2¢ p)_(( p)jf’, and sum over all 0 < j, < ¢,, over all p € P, and over all Dirichlet characters
x modulo ¢ satisfying yx (—1) = (—1)*. We then multiply both sides by 72r|0(1 — K/2+ ir)|=2 and
integrate both sides with respect to r from 0 to 7.

On the spectral side, (3.1), (3.5), and Lemma 6.1 allow us to use positivity to discard the contribution
from the continuous spectrum, while we may discard the contribution of the discrete spectrum with
t ¢ 10, T] via (3.8), (3.12), and Lemma 6.1, so that the spectral side is bounded from below by a constant

multiple of
> > S g [

x (mod q) 9192=9  feBi(q1.x) peP
x(=D=(=1)* ¢1=0 (mod q;) " 1 .¢[0,T]

On the geometric side, we only pick up the delta term when j, =0 for all p € P, in which case the term
is bounded by a constant multiple of qu I pep €0,2¢,,- For « =0, we use (5.2) to write the Kloosterman
term in the form

£ x%R(S vy (LT pep P25 €)) (T (4x Jr
@ZH“%% Z [,ep P77 (q) peP /0”0< HpCePP ,r)dr.

C
j,=0 peP c=1
j[;)E'P ¢=0 (mod q)

For k = 1, the Kloosterman term is the same except with i3 in place of i and /; in place of /. In either
case, we bound the integral via (6.3), which allows us to use (5.6) and (5.10) to bound the summation

over c, so that the Kloosterman term is bounded by a constant multiple of

¢,

1 1 . | ,

gl 2 T e ™ Qog(l_[ P+ 1)) |

\/6 p/lq l _ p 2 jp:O pep pep
peP

We bound the summation over j, and over p € P via (3.7), thereby obtaining
#{f €Bc(T1(q) :tr €[0, T1, |Ar(p)| = a) forall p € P}

—2¢ 0,/2 €,/2\2
o r [T,ep P/ *(log[],cp P" 1
<, qH-sTs l_[ (7[7) (qu-l- peP (ﬂ peP ) .

peP
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It remains to take

O

. Vp log(vol(I'; ()\H) 3 T*) J
r log p '

Proof of (1.3). We use (3.21), (5.7), and (5.11) in place of (3.20), (5.6), and (5.10), thereby finding that

#f eBT@) 1y €l0.TL hp(plzapforall pePy < [Te”” Y. ]I,

peP feBc(T(q)) peP
tr€l0,T]

with

Yo JImerte= > > > @) [] 1P

f€B(I'(q)) peP X modq)  gigp=q®  fEBi1.0) peP
17el0.T] x(=D=(=1)* ;=0 (mod q,)  #€l0,T]
€/2(1 p/2\2
prim\log p 1
L gt 2% (qu + Hpep P {lo8 [per P7) I1 )
q ng 1—p' ™2
peP P'lq
Taking
o _ | molog(vol(C@\H)ST*)
b log p

completes the proof. U

Proof of (1.4). Using (3.16), (5.8), and (5.12) in place of (3.20), (5.6), and (5.10),

#{f €Bclg, x) 1y €10, T, |As(p)| = ), for all p € P}

20 2 -
o P 20(q)
<o g™ [ <7”) (T2 +[Tr" (log [ p“”) —Q)

peP peP peP <P(Q)

Upon taking

P Vp log(vol(To(¢)\H)*T* 02 J
a log p ’

we conclude that

#{f €Bc(q, x) 1y €[0, T, |As(p)] = a, forall p € P}
<. (VOI(F()(q)\lH])TZ) 1-43% ,cp np(oga,/2)/log pte Q4 Y pep tpogay/2)/logp- (7.1)

On the other hand, by the inclusion A, (g, x) C Ac(g O, %),

#{f €Be(q, x) 1y €10, T, |2s(p)| =, forall p € P}
<#{f €Bcq0, 1)ty €[0, T, |As(p)l =, forall p e P}.
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Since g, 2 | gy, we have that Q(q Q, dyy2) = 1. Consequently, (7.1) yields the bound

HF €Be@. )11y €10, T, iy (p)l = ey forall p € )
<o (volTo(q O\ T?)! ™ Zrer troeen T oe e

e (VO](Fo(q)\[H])TZ)l_4 > pep ploga,/2)/log p+e Q1—4 Y pep wplloga,/2)/logp

Remark 7.2. Should we wish to improve (1.4) to be uniform in P, then one needs to take into account
the fact that

—2¢
H(a—”) = (Vol(To(q)\H)T2) ™ Erer 008 /D08 152 645 p ytlozey 2102
2
o \2 (i log(vol Co(@)\H)* T4 07%) /log p
< [T(=2
2

peP

peP

’

where {x} denotes the fractional part of x, and the last term need not necessarily be <, (vol(Io(g)\H)T?)¢.
For this reason, [Blomer et al. 2014, Proposition 1] is not correct in the generality in which it is stated,
namely the claim that the result is uniform for 7 > p. Instead, one requires that p <, T*.

8. Huxley’s density theorem for exceptional laplacian eigenvalues

Theorem 1.5 is proved similarly to Theorem 1.1, though we use the Kuznetsov formula (3.19) with a
carefully chosen test function in place of the pre-Kuznetsov formula (3.18), and we require different
methods to bound the Kloosterman term.

Proof of (1.6). We again use Rankin’s trick with nonnegative integers £, and a positive real number X > 1
to be chosen:

#{f € Bo(T'1(q)) : ity € (a0, 5). |Ar(p)| =, forall p € P}

_ -2 i
< X 200 1_[ a, Ly Z X21tf 1_[ |)\f(p)|2£”
PEP feBo(T1(q)) peP
itr€(0,3)

Again using (3.20) and (4.5),

PO SN | IXCIEE D DI DD DRI ORel | Ol

FeByT1()) peP x (modg)  9192=4  feBiqi,x) peP
itr€(0,) x(=D=1 @=0moddo e, 1)
g >y o g X T I (P
x (modg)  9192=4  feBi(q1,x) PEP

x(=D=1 ¢1=0 (mod g) it7€(0.1)
We take m =1, n =[] ,.p p*/», and

xit +X—it)2

h(l)=hx(f)=( .
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in the Kuznetsov formula (3.19), multiply both sides by [ | pep 92,20, X (p)’r, and sum over all 0 < j p<4{p,
over all p € P, and over all even Dirichlet characters modulo g. On the spectral side, we discard all but
the discrete spectrum for which ity € (0 1) via positivity, so that the spectral side is bounded from below

by a constant multiple of

Yoo > > e [Pt

x (mod g) _%'4223 feBylarx) peP
x(==1 ¢1=0 (mod g,) ite(0.1)

We only pick up the delta term on the geometric side when j, = 0 for all p € P, in which case the term

is bounded by a constant multiple of g [, 2>7. We write the Kloosterman term in the form

peP

2jp. i .
(P(Q)Z 1—[ /U+loo o N (SHpEP I"i”(q)(l’ HpeP pr; c)) (47'[ HpeP PJ") shy(is/2)
a2j,.2¢, Js ds

2711} 0 pep c c cos(mrs/2)
[fefp c=0 (modq)

for any % < o < 1. We have, via [Gradshteyn and Ryzhik 2007, 8.411.4], the bound
x? x\°
() € —F— 7 < e”'”z(—> ,
[T (s +3)] 5]
and so the integral in the Kloosterman term is bounded by a constant multiple of

Irihy (ir)| dr.

] - isl'[ P Pj”(fl)(l’ Hpe'P sz"§ C)| o /2+ioco
1_[ plr? Z P f
cl+o .

peP c=1
¢=0 (mod q)

/2—ioco

We take
1 1

+ 9
2 log(X [1,cr ptr)

so that the integral is bounded by a constant multiple of ~/X, and use (5.14) to bound the summation
over ¢ and (3.7) to bound the summation over j, and p € P in order to find that

#{f € Bo(T'1(q)) : ity € (a0, %), |Ar(p)| =, forall p € P}

& g\ TExX 20 l—[ (O%p>—zep (q VR 1—[ plrl? (10g(X 1—[ pe,,)) l—[ )

peP peP peP q

I\)\

The result follows upon taking

11, log vol(Ty (q)\H)2 J

X = vol(T'y (g)\H)*/2, ¢, = L
log p
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Proof of (1.7). By using (3.21) and (5.15) in place of (3.20) and (5.14), we obtain

#{f € Bo(I'(¢)) : ity € (a0, 3), 1A (p)| = a, forall p € P}

—2¢ 2
o\ 2 1 1
plg + P

peP peP peP
and it remains to take

1 log vol(T"()\H) ¥
log p ’
Proof of (1.8). We use (3.16) and (5.16) in place of (3.20) and (5.14), so that

X =vol(T(g)\H)*/3, ¢, = L

{f € Bolg, x) :ity € (ao, 2) |Ar(p)| = ap forall p e 77}

1 o\~ 250(0) ()
e gt X ] (7”) (1 +Vx [T p"" (log<X I1 pzp)) )

peP peP peP ‘P(Q)

‘We find that

{f € Bolg, x) :ity € (ao, 2) |Ar(p)| = ap forall p e 77}
< vol(I'o(g)\H) 1=4(noao+ 3 pep 1p(logay/2)/ log p)+e Q'4(Moao+2pe7> up(loga,/2)/log p)

by taking

- pp log(vol(To(¢)\H)* Q%)
X = vol(To(q)\H)>*0 9 =2, zp{ S .
ogp
Again, we also have that

{f € Bolg, x) 1 ity € (ao, 2) |Ar(p)| = ap forall p e 73}
<#{f € Bo(qQ XW ) iity € (ao, 2) [Ar(p)| = ap forall p e 73}

for any primitive character ¥ modulo Q, which implies that

#{f € Bolg. x) :ity € (a0, 3) €10, T1, |Ar(p)| = a,, for all p € P}
<L VOI(F()(q)\H)1_4(11’00‘0"_2/1&7’ 1p(loga,/2)/log p)+e Q1—4(l/-00l0+zpep wp(loga,/2)/log p) o

9. Improving Theorems 1.1 and 1.5 for I';(¢) via twisting

In this section, we prove Theorem 1.9 Let f € B (q, x) be a newform, and for a primitive character
Y modulo gy with gy | g, we let f ® ¥ denote the twist of f by v; this is the newform whose Hecke
eigenvalues A gy (n) are equal to Ay (n)y (n) whenever (n, g) = 1. By [Atkin and Li 1978, Proposition 3.1],
the weight of f ® v is «, the level of f ® ¥ divides g2, and the nebentypus is the primitive character
that induces x 2. We make crucial use of the fact that twisting by a Dirichlet character preserves the
Laplacian eigenvalue Ay = % + t]% and the absolute value |17 (n)| of the Hecke eigenvalues of f for all
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(n,q) = 1. Moreover, if fi € Bi(q1, x1), f> € B;(q2, x2) are such that there exist primitive Dirichlet
characters ¥y modulo gy, and ¥ modulo gy, with gy, , gy, | g such that

H@Y1= 2@V,
then f> = fi ®1ﬁ1172

Lemma 9.1. If g is squarefree, yr is a primitive Dirichlet modulo qy, where qy | q, and f € Bi(q, x),
then the level of f @ divides q if and only if ¥ divides ¥, in the sense that Y x has conductor dividing qy-

Proof. This follows via the methods of [Humphries 2017]. For p | g, let 7, be the local component of
the cuspidal automorphic representation 7w of GL;(Ag) associated to the newform f, so that the central
character w, of 7, is the local component of the Hecke character w that is the idelic lift of x. As g is
squarefree, 7, is either a principal series representation or a special representation.

In the former case, 7, = w, | Hw, > with central character w, = w, 1wy 2, Where w, 1, w), > are
characters of Q ; with conductor exponents c(w,,1), c(w,2) € {0, 1} such that the conductor exponent
c(mp) of 7y is c(wp,1) + c(wp2) = 1. The twist 7, ® w), of 7, by a character w), of @ of conductor
exponent c(a);,) € {0, 1} is a)p,la);, (0 a)pyga);, with corresponding conductor exponent ¢(7, ® a);,) =
c(w,,ﬁla)’p) +c(a)p,2a)’p). For this to be at most 1, either a)’p is unramified, or one of c(a)p,la)’p), c(a)p,za);)
must be equal to 0, so that /, is equal to )1 or w,,» up to multiplication by an unramified character.

In the latter case, 7, = w, 1 St with central character w, = wfxl such that c(wp,1) = 0, so that
c(mp) = 1. The twist of 7, by w), is w;, 1/, St, with corresponding conductor exponent ¢(7, ® ,) =
max{l, 2c(a)p,]a);,)}. For this to be at most 1, ' must be unramified.

P
It follows that if the Hecke character o' is the idelic lift of v, then the conductor of 7 ® ' divides ¢ if
and only if the conductor of @’'w divides the conductor of w. O

From this, we have the following.

Corollary 9.2. Let g be squarefree. Given a newform g of level dividing q?, there exist at most T(q)
newforms f of level dividing q that can be twisted by a Dirichlet character of conductor dividing q to
give g.

Proof. Suppose that fi € Bi(q1, x1) and f> € Bi(q2, x2) with g and g, dividing ¢ are such that there
exist Dirichlet characters ¥r; and ¥, of conductors dividing ¢ for which f; ® ¥, = f> ® ¥» = g. Then
f> = f1 ® 1Y, and Lemma 9.1 implies that ¥y, divides x;. Since the conductor of x; divides ¢,
the level of fi, the proof is complete by noting that the number of Dirichlet characters y» modulo g for
which this may occur is bounded by the number of divisors of g. (I

Lemma 9.3. Let g be squarefree, let P be a finite collection of primes not dividing q, let Ey be a
measurable subset of [0, oo) Ui (0, %), and let E, be a measurable subset of [0, o0) for each p € P. Then

#{f € B«(T'1(q)) : ty € Eo, |As(p)| € Ep forall p € P}

2
< .fp(é)).#{f € B«(I'(q)) : ty € Eq, |Ap(p)| € E, forall p € P}.
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Proof. From (3.20),

#{f € B«(T'1(q)) : ty € Eo, |As(p)| € E, for all p € P}

is equal to

> > t(@#{f €Biqi. x) ity € Eo. hs(p)| € E,, forall p € P},

x (mod q) q192=q
¥ (=D=(=1)* q1=0 (mod g,)

which, in turn, is equal to

Ly Y Y

(@) ¥ (modg) x (modq) q192=¢
x(—D=(=1)¢ q1=0 (mod g,)

x#{f @V : feBiq x). ty € Eo, |hr(p)l € E, forall p € P},

as twisting preserves Laplacian eigenvalues and the absolute value of Hecke eigenvalues. Each twist
g = f®y of some f € Bi(qi, x) is a newform of weight «, level dividing g°, and nebentypus of
conductor dividing ¢, and Corollary 9.2 implies that there are at most 7(g) newforms of level dividing ¢
that can be twisted by a Dirichlet character of conductor dividing ¢ to yield g. Since 7(g2) < t(g), the
above quantity is bounded by

t(q)?

@ § § #{g € Bi(q1, x) : 1g € Eo, |g(p)| € E, forall p € P},
vl x (modg) q192=9"
x(=D=(=D* 4;=0 (mod g,)

while the explicit basis (3.21) of B, (I'(¢)) implies that

#g € Bc(I'(q)) :t, € Eo, |Ag(p)| € Ep, forall p € P}

is equal to

> > t(q#g e Bigr. x) ity € Eo. |Xg(p)| € E,, forall p € P}.

x (mod g) 1 gr=¢>
x(=D=(=D* g;=0 (mod g,)

This yields the result. O

Combining this with the fact that vol(I"(¢)\H) = ¢ vol(I"'1(¢)\H), we deduce Theorem 1.9. It is likely
that a more careful analysis could obtain this same result even when ¢ is not squarefree via the methods
in [Humphries 2017].
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