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Blocks of the category of smooth ¢-modular
representations of GL(n, F) and its inner forms:
reduction to level O

Gianmarco Chinello

Let G be an inner form of a general linear group over a nonarchimedean locally compact field of residue
characteristic p, let R be an algebraically closed field of characteristic different from p and let Zg(G) be
the category of smooth representations of G over R. In this paper, we prove that a block (indecomposable
summand) of Zg(G) is equivalent to a level-0 block (a block in which every simple object has nonzero
invariant vectors for the pro-p-radical of a maximal compact open subgroup) of Zx(G’), where G’ is a
direct product of groups of the same type of G.

Introduction

Let F be a nonarchimedean locally compact field of residue characteristic p and let D be a central division
algebra of finite dimension over F' whose reduced degree is denoted by d. Given m € N*, we consider
the group G = GL,,(D) which is an inner form of GL,,;(F). Let R be an algebraically closed field of
characteristic £ # p and let Zg(G) be the category of smooth representations of G over R, that are called
£-modular when £ is positive. In this paper, we are interested in the Bernstein decomposition of Zg(G)
(see [Sécherre and Stevens 2016] or [Vignéras 1998] for d = 1) that is its decomposition as a direct sum
of full indecomposable subcategories, called blocks. Actually a full understanding of blocks of Zr(G) is
equivalent to a full understanding of the whole category.

The main purpose of this paper is to find an equivalence of categories between any block of Zg(G) and
a level-0 block of Zg(G’) where G’ is a suitable direct product of inner forms of general linear groups
over finite extensions of F. We recall that a level-0 block of Zz(G’) is a block in which every object has
nonzero invariant vectors for the pro-p-radical of a maximal compact open subgroup of G’. This result
is an important step in the attempt to describe blocks of Zg(G) because it reduces the problem to the
description of level-0 blocks.

In the case of complex representations, Bernstein [1984] found a block decomposition of Z¢(G)
indexed by pairs (M, o) where M is a Levi subgroup of G and o is an irreducible cuspidal representation
This work is partially part of the PhD thesis of the author and he wants to thank his supervisor, Vincent Sécherre, for his support
and his comments on this paper.
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of M, up to a certain equivalence relation called inertial equivalence. In particular an irreducible
representation ;v of G is in the block associated to the inertial class of (M, o) if its cuspidal support is in
this class. Bushnell and Kutzko [1998] introduced a method to describe the blocks of Z¢(G): the theory
of types. This method consists in associating to every block of Z¢(G) a pair (J, A), called a type, where J
is a compact open subgroup of G and A is an irreducible representation of J, such that the simple objects
of the block are the irreducible subquotients of the compactly induced representation inds; (A). In this case
the block is equivalent to the category of modules over the C-algebra ¢ (G, 1) of G-endomorphisms of
ind? (A). Sécherre and Stevens [2012] (see [Bushnell and Kutzko 1999] for d = 1) described explicitly
this algebra as a tensor product of algebras of type A.

In the case of £-modular representations, Sécherre and Stevens [2016] (see [Vignéras 1998] for d = 1)
found a block decomposition of Zg(G) indexed by inertial classes of pairs (M, o) where M is a Levi
subgroup of G and o is an irreducible supercuspidal representation of M. In particular an irreducible
representation 7 of G is in the block associated to the inertial class of (M, o) if its supercuspidal support
is in this class. We recall that the notions of cuspidal and supercuspidal representations are not equivalent
as in complex case; however, Minguez and Sécherre [2014a] proved the uniqueness of supercuspidal
support, up to conjugation, for every irreducible representation of G. We remark that to obtain the block
decomposition of Zg(G), Sécherre and Stevens do not use the same method as Bernstein, but they rely,
like us in this paper, on the theory of semisimple types developed in [Sécherre and Stevens 2012] (see
[Bushnell and Kutzko 1999] for d = 1). Actually, they associate to every block of Zr(G) a pair (J, 1),
called a semisimple supertype. Unfortunately the construction of the equivalence, as in the complex case,
between the block and the category of modules over 7% (G, L) does not hold and one of the problems that
occurs is that the pro-order of J can be divisible by £. Some partial results on descriptions of algebras
which are Morita equivalent to blocks of Zg(GL,,(F)) are given in [Dat 2012; Helm 2016; Guiraud 2013].

The idea of this paper is the following. We fix a block Z2(J, A) of Zg(G) associated to the semisimple
supertype (J, A) and, as in [Sécherre and Stevens 2016], we can associate to it a compact open subgroup

Jmax of G, its pro-p-radical J! and an irreducible representation 1,,,, of J. . We remark that we can

max-*

extend, not uniquely, to an irreducible representation kmax Of Jmax. Thus, we denote Z(G, 1ax)

nmax

the direct sum of blocks of Z(G) associated to (Jrllax, Nmax) and we consider the functor

M

" max

= Homg (ind§, maxs =) : Z(G. Nipay) —> Mod- A (G Nypa),

where & (G, §.x) = Endg (ind(J;&m (Mmax))- Using the fact that 5,,,, is a projective representation, since
JL.. is a pro-p-group, we prove that M, . is an equivalence of categories (Theorem 5.10). This result
generalizes Corollary 3.3 of [Chinello 2017] where 7,,,, is a trivial character. We can also associate to
(J, 1) aLevi subgroup L of G and a group B;, which is a direct product of inner forms of general linear
groups over finite extensions of F' and which we have denoted G’ above. If K is a maximal compact open
subgroup of B;* and K i is its pro-p-radical then K /K i = Jmax/J L = 9 is a direct product of finite
general linear groups. Actually, in [Chinello 2017] it is proved that the K i-invariants functor inv k! is an

equivalence of categories between the level-0 subcategory Z(B;, K i) of Zr(B]'), which is the direct
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sum of its level-0 blocks, and the category of modules over the algebra 7% (B, K i) =End BY (indiLz 1g 1 ).
Now, thanks to the explicit presentation by generators and relations of ./ (B, , K 2) presented in [Chinello
2017], in this paper we construct a homomorphism ©,, . . : % (B, K i) —> AR (G, Ny finding
elements in 7% (G, 1,,,;) satisfying all relations defining 7% (B, K i). This homomorphism depends on
the choice of the extension K max Of 50 t0 Jmax and on the choice of an intertwining element y of 5.
Moreover, using some properties of 3,,,,, we prove that this homomorphism is actually an isomorphism.
We remark that finding this isomorphism is one of the most difficult results obtained in this article and the
proof in the case L = G takes about half of the paper (Section 3). In this way we obtain an equivalence

of categories Fy ... : Z(G, o) —> Z(B}, K i) such that the following diagram commutes:

K max

FVJ(max

(G, Nnax) Z(B[, K])

M'Imax ll? 2|liani

¥,Kkmax

Mod- #%(G, Npa) ——— Mod- (B}, K}).

Then we obtain
. .BX
Fy ke (T, V) = My, (T, V) ® 87 k1) mdki(lKLl)

for every (7, V) in Z(G, 1,,,«)> Where the action of J#x(B;", Ki) on M
Hence, F, ., induces an equivalence of categories between the block #(J, A) and a level-0 block of

(7, V) depends on ©, .

ﬂmax

Zr(B Z)- To understand this correspondence we need to use the functor
Kiepes : 2(G o) — AR (Jmax/ Ina) = Zr(9),

where Jmax acts on K, (m) =Hom I (Maxs ) bY X.¢ = 7(x) 09 0 K max (x)~! for every representation
7w of G, 9 € Homj 1 ax(”maX’ ) and x € Jmax. This functor is strongly used in [Sécherre and Stevens 2016]
to define Z(J, L) and to prove the Bernstein decomposition of Zg(G). We also consider the functor
Kk, : Z(B[, Ki) — %R(KL/KD = Zr(¥) given by Kg, (Z) = ZKL for every representation (o, Z)

of B/ where x € K acts on z € ZXL by x.z = o(x)z. Then the functors Kk, o Fy .. and K, are

Kmax
naturally isomorphic (Proposition 5.14) and so Z(J, ) is equivalent to the level-0 block % of Zg(B Z)
such that K, (Z(J, 1)) = Kk, (%). More precisely, if J!is the pro- p-radical of J, then J/J1 = is
a Levi subgroup of ¢ and the choice of k.« defines a decomposition A = k ® & where k is an irreducible
representation of J and o is a cuspidal representation of .# viewed as an irreducible representation of J
trivial on J'. If we can consider the pair (.#, &) up to the equivalence relation given in Definition 1.14 of
[Sécherre and Stevens 2016], then a representation (g, Z) of B, is in 4 if it is generated by the maximal
subspace of Z KL such that every irreducible subquotient has supercuspidal support in the class of (.#, o).

One question we do not address in this paper is the structure of level-0 blocks of %z (B;‘) when the
characteristic of R is positive. Thanks to results of [Chinello 2017] we know that there is a correspondence
between these blocks and the set & of primitive central idempotents of .z (B, K i), which are described

in Sections 2.5 and 2.6 of [Chinello 2015]. Hence, one possibility for understanding level-0 blocks of
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Zr(B ;f) is to describe the algebras e.#% (B}, K 11‘) with e € &. On the other hand, we recall that Dat
[2018] proved that every level-0 block of Zg(GL,(F)) is equivalent to the unipotent block of Zg(G"),
where G” is a suitable product of general linear groups over nonarchimedean locally compact fields.
Hence, putting together the result of Dat and results of this article, we obtain a method to reduce the
description of any block of Zg(GL,(F)) to that of a unipotent block. Unfortunately the description of
the unipotent block of Zg(GL,(F)), or of Zr(G), is nowadays a hard question and it has no answer yet.

We now summarize the contents of each section of this paper. In Section 1 we present general results
on the convolution Hecke algebras 7% (G, o) where G is an arbitrary locally profinite group and o a
representation of an open subgroup H of G. We see that if o is finitely generated then 7% (G, o) is
isomorphic to the endomorphism algebra of indﬁ o. We define two subcategories of Z(G) and prove
that, when they coincide, they are equivalent to the category of modules over .7z (G, o). In Section 2
we introduce the theory of maximal simple types; we consider the Heisenberg representation n associated
to a simple character (see Section 2A) and define the groups B* = B} and K =K é In Section 3
we prove that the algebras #%(G, ) and SR (B*, K 1) are isomorphic. In Section 4 we introduce
the theory of semisimple types, define the representation ,,,, and the group B, and prove that the
algebras 7% (B;, K i) and SR (G, Ny,,x) are isomorphic. In Section 5 we prove that M, and F, ..
are equivalences of categories; we describe the correspondence between blocks of Z(G, 3,,,c) and of
#(B;, K i) and investigate the dependence of these results on the choice of the extension of 5, t0 Jmax-

1. Preliminaries

This section is written in much more generality than the remainder of the paper. We present general
results for an arbitrary locally profinite group.

Let G be a locally profinite group (i.e., a locally compact and totally disconnected topological group)
and let R be a unitary commutative ring. We recall that a representation (;r, V') of G over R is smooth if for
every v € V the stabilizer {g € G| w(g)v = v} is an open subgroup of G. We denote by Zr (G) the (abelian)
category of smooth representations of G over R. From now on all representations considered are smooth.

1A. Hecke algebras for a locally profinite group. In this section we introduce an algebra associated to
a representation o of a subgroup of G and we prove that it is isomorphic to the endomorphism algebra
of the compact induction of ¢. This definition generalizes those in Section 1 of [Chinello 2017] that
corresponds to the case in which o is trivial.

Let H be an open subgroup of G such that every H-double coset is a finite union of left H-cosets (or

1

equivalently HN gHg ™" is of finite index in H for every g € G) and let (o, V,;) be a smooth representation

of H over R.

Definition 1.1. Let 2#%(G, o) be the R-algebra of functions ® : G — Endg(V,) such that ®(hgh’) =
o(h)o®(g)oo (k') forevery h, i’ € Hand g € G and whose supports are a finite union of H-double cosets,
endowed with convolution product

(@1xP)(g) =Y P1(x)Pa(xg), (1)
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where x runs over a system of representatives of G/H in G. This algebra is unitary and the identity element
is o seen as a function on G with support equal to H. To simplify the notation, from now on we denote
DD = Dy x D, forall dy, b, € #%(G, 0).

We observe that the sum in (1) is finite since the support of @ is a finite union of H-double cosets and
by hypothesis, every H-double coset is a finite union of left H-cosets. Furthermore, the formula (1) is well
defined because for every & € Hand x, g € G we have

1 (xh) P2 ((xh)'g) = ®1(x) oo (B) oo (h™ ) o @a(x ' g) = D1 (x) 0 Dr(x'g).

For every g € G we denote by (G, 0)uen the submodule of 7% (G, o) of functions with support
inHgH. If g1, g2 € G, @1 € H#R (G, 0)ugn and Oy € H#R (G, 0)ng,u then the support of ®D; isin HgiHgH
and the support of x > ®;(x)®2(x'g) is in HgiHN gHg, 'H.

Remark 1.2. If g; or g, normalizes H then the support of ®;®; is in Hg;g,H and the support of x
@ (x)P2(x""g182) is in g1H. Hence, we obtain (®1P2)(g182) = P1(g1) 0 P2(g2).

For every g € G we denote by H¢ = g~ !'Hg and (04, V) the representation of H¢ given by o¢(x) =
o(gxg™") for every x € H¥. We denote by I, (o) the R-module Homyngs (0, 0¢) and Ig(o) the set, called
the intertwining of o in G, of g € G such that I,(0) # 0. For every g € Ig(o) the map ® > ®(g) is an
isomorphism of R-modules between 7% (G, 0 )uen and I, (o) and so g € G intertwines o if and only if
there exists an element & € 7% (G, o) such that ®(g) # 0.

Let indS(o) be the compactly induced representation of o to G. It is the R-module of functions
f :G— V,, compactly supported modulo H, such that f(hg) = o (h)f(g) forevery h € Hand g € G
endowed with the action of G defined by x.f : g — f(gx) for every x, g € G and f € indi(o). We remark
that, since H is open, by 1.5.2(b) of [Vignéras 1996] it is a smooth representation of G. For every v € V,; let
iy € indg(a) be the function with support in H defined by i, (h) = o (h)v for every h € H. Then for every
x € G the function x ~!.i,, has support Hx and takes the value v on x. Hence, for every f € indg(a) we have

f=> xligw 2)
x€H\G

with the sum finite since the support of f is compact modulo H, and so the image iy, of v > i, generates
indg (o) as representation of G.

Frobenius reciprocity (1.5.7 of [Vignéras 1996]) states that the map Homgy(o, V) — Hom(;(indg(a), V)
given by ¢ —  where ¢ (v) = ¥ (i) for every v € V,; is an isomorphism of R-modules.

Lemma 1.3. If V, is a finitely generated R-module, the map & : 5#%(G, 0) — Endg (indg(cr)) given by
E@(NR)=(@x =Y @[ g)
x€G/H
forevery ® € 5% (G,0), f € indg (0) and g € G is an R-algebra isomorphism whose inverse is given by
E71)(g)(v) =V (iy)(g) for every ¥ € EndG(indﬁ(a)), geGandveV,.
Proof. See 1.8.5-6 of [Vignéras 1996]. U
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1B. The categories %4 (G) and % (G, o). In this section we associate to an irreducible projective repre-
sentation of a compact open subgroup of G two subcategories of Zg(G).

Let K be a compact open subgroup of G and (o, V,;) be an irreducible projective representation of K
such that V, is a finitely generated R-module. Then p = ind$ (o) is a projective representation of G by
1.5.9(d) of [Vignéras 1996] and so the functor

M, = Hom¢(p, —) : Zr(G) — Mod- 7% (G, o)

is exact. We remark that for every representation (7, V) of G the right-action of ® € J#%(G, o) on
¢ € Homg(p, V) is given by ¢.® = ¢ 0 £(P) where & is the isomorphism of Lemma 1.3. Moreover,
if V| and V, are representations of G and € € Homg(V], V») then M, (¢) maps ¢ to ¢ o ¢ for every
¢ € Homg(p, V1).

Definition 1.4. Let %, (G) be the full subcategory of Zg(G) whose objects are representations V such
that M, (V') # 0 for every irreducible subquotient V' of V.

For every representation V of G we denote by V7 =) $eHomy (o, v) @ (0) Which is a subrepresentation
of the restriction of V to K. We denote by V[o] the representation of G generated by V. If o is the trivial
character of K then V° = V¥ ={v e V | m(k)v = v for all k € K} is the set of K-invariant vectors of V.

Proposition 1.5. For every representation V of G we have V]o] = ZWEM[,(V) Y (p) and so M, (V) =
M, (V[o]). Moreover, if W is a subrepresentation of V then My (W) =M, (V) ifand only if Wlo]=V]o].

Proof. By Frobenius reciprocity we have Homg (o, V) = M, (V) and so using (2) we obtain
Viel=Y (e Y ¥liv)= ), W(Zg.iva) = > ¥,
8€G veMs(V) veMs(V) 8€G YveMy (V)
which implies M, (V) = M,(V[o]). Furthermore, if W[o] = V[o] then M, (W) = M, (V) and if
M, (W)= M, (V) then
Wiol= > v(= Y v =Viol O
YveM, (W) YeM, (V)

Definition 1.6. Let Z(G, o) be the full subcategory of % (G) whose objects are representations V such
that V = V[o]. If o is the trivial character of K we denote by Z(G, K) the subcategory of representations
V generated by VX,

Proposition 1.7. Let V be a representation of G. The following conditions are equivalent:
(i) For every irreducible subquotient U of V we have M, (U) # 0.

(ii) For every nonzero subquotient W of V we have M, (W) # O.

(ii1) For every subquotient Z of V we have Z = Z[o].

(iv) For every subrepresentation Z of V we have Z = Z[o].
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Proof. (i)—(ii): Let W be a nonzero subquotient of V and W| C W, two subrepresentations of W such that
U = W,/ W is irreducible. By (i) we have M, (U) #% 0 which implies M, (W;) # 0 and so M, (W) # 0.

(ii)—(ii): Let Z be a subquotient of V. By Proposition 1.5 we have M, (Z) = M,(Z[o]) and so
M, (Z/Z[o]) =0. Hence, by (ii) we obtain Z = Z[o].

(iv)—(i): Let U be an irreducible subquotient of V and Z; C Z, be two subrepresentations of V

such that U = Z,/Z;. By (iv) we have Z|[o] = Z| # Z, = Z,[o] and by Proposition 1.5 we have
M, (Z)) # M, (Z;,). Hence, we obtain M, (U) # 0. O

Remark 1.8. Proposition 1.7 implies that %, (G) is a subcategory of Z(G, o).

1C. Egquivalence of categories. In this section we suppose that there exists a compact open subgroup Ko
of G whose pro-order is invertible in R and we consider the Haar measure dg on G with values in R such
that fKo dg =1 (see 1.2 of [Vignéras 1996]). We prove that if the two categories introduced in Section 1B
are equal then they are equivalent to the category of modules over the algebra introduced in Section 1A.

The global Hecke algebra 5#%(G) of G is the R-algebra of locally constant and compactly supported
functions f : G — R endowed with convolution product given by (f] * f2)(x) = fG fi(@) fr (g_lx) dg for
every f1, f>» € #%(G) and x € G (see 1.3.1 of [Vignéras 1996]). In general s#%(G) is not unitary but it
has enough idempotents by 1.3.2 of [loc. cit.]. The categories Zg(G) and .##%(G) -Mod are equivalent by
1.4.4 of [loc. cit.] and we have indg(t) = % (G) Q. m) V- for every representation (z, V) of an open
subgroup H of G by 1.5.2 of [loc. cit.].

Let K be a compact open subgroup of G, let (o, V,;) be an irreducible projective representation of X as in
Section 1B and let p = indﬁ (o). Since V is a simple projective module over the unitary algebra 7% (K), it
is isomorphic to a direct summand of .7% (K) itself because any nonzero map .#% (K) — V is surjective and
splits. Then it is isomorphic to a minimal ideal of .7#% (K) and so there exists an idempotent e of .7#% (K) such
that V,, = 7% (K)e. Hence, we obtain p = . (G)e because the map Y, (fi ® hie) > (X_; fihi)e is an iso-
morphism of %% (G)-modules between % (G) @ 4 ) & (K)e and 7 (G)e whose inverse is fet— fe®e.

The algebra 7% (G, o) is isomorphic to Endg(p) = End y4 ) (#%(G)e) by Lemma 1.3 and the map
e (G)e — (End ) (% (G)e))°P which maps ef e € e.#%(G)e to the endomorphism f’e — f’efe of
A% (G)e is an algebra isomorphism whose inverse is ¢ > @(e). Then we have 7% (G, o) = e #%(G)e
and so the categories e.##%(G)e -Mod and Mod- 5% (G, o) are equivalent.

Theorem 1.9. If %;(G) = %#(G, o) then V — M, (V) is an equivalence of categories between % (G, o)
and Mod- 7 (G, o) whose quasiinverse is W +— W ® . @,0) -

Proof. We take A = 7% (G) and 7#%(G)e = p as in 1.6.6 of [Vignéras 1996]. Since #% (G, 0)°P = e #%(G)e,
left-actions of e.#%(G)e become right-actions of #%(G, o). The functor V +— eV of [loc. cit.] from
R (G) -Mod to e (G)e -Mod becomes the functor V + Hom, 4, ) (%% (G)e, V') and so the functor M.
The hypotheses of the theorem “équivalence de catégories” in 1.6.6 of [Vignéras 1996] are satisfied by
the condition %, (G) = Z(G, o) and so we obtain the result. U
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2. Maximal simple types

In this section we introduce the theory of simple types of an inner form of a general linear group over a
nonarchimedean locally compact field in the case of modular representations. We refer to Sections 2.1-5
of [Minguez and Sécherre 2014b] for more details.

Let p be a prime number and let ' be a nonarchimedean locally compact field of residue characteristic p.
For F” a finite extension of F, or more generally a division algebra over a finite extension of F, we denote by
Op its ring of integers, by @ r+ a uniformizer of Of, by g the maximal ideal of O and by € its residue
field. Let D be a central division algebra of finite dimension over F whose reduced degree is denoted
by d. Given a positive integer m, we consider the ring A = M,,(D) and the group G = GL,,,(D) which
is an inner form of GL,,4(F). Let R be an algebraically closed field of characteristic different from p.

Let A be an Op-lattice sequence of V = D™. It defines a hereditary Op-order 2 = 2A(A) of A
whose radical is denoted by 3, a compact open subgroup U(A) = Up(A) = A(A)* of G and a filtration
UM =1 +€]3k with £ > 1 of U(A) (see Section 1 of [Sécherre 2004]). Let [A, n, 0, 8] be a simple
stratum of A (see for instance Section 1.6 of [Sécherre and Stevens 2008]). Then 8 € A and the F-
subalgebra F[B] of A generated by f is a field denoted by E. The centralizer B of E in A is a simple
central E-algebra and 8 = 2N B is a hereditary Og-order of B whose radical is Q =N B.

As in Sections 1.2 and 1.3 of [Sécherre 2005b] we can choose a simple right £ ®  D-module N such
that the functor V +— Homgg,.p (N, V) defines a Morita equivalence between the category of modules
over E ® D and the category of vector spaces over D’ = Endgg,p(N)°P which is a central division
algebra over E. We set A(E) = Endp(N) which is a central simple F-algebra. If d’ is the reduced degree
of D' over E and m' is the dimension of V' =Homgg,p(N, V) over D', then we have m'd’ =md/[E : F].
Fixing a basis of V’ over D’ we obtain, via the Morita equivalence above, an isomorphism N = V
of E ®r D-modules. If for every i € {1,...,m’} we denote by V' the image of the i-th copy of N by
this isomorphism, we obtain a decomposition V=V!& ... @ V™ into simple £ ® p D-submodules. By
Section 1.5 of [Sécherre 2005b] we can choose a basis % of V' over D’ so that A decomposes as the
direct sum of the A' = ANV' fori € {1,...,m'}. Foreveryi € {1,...,m'}, lete; : V — V' be the
projection on V! with kernel @ ot VJ. In accordance with [Sécherre 2004, 2.3.1] (see also [Bushnell
and Henniart 1996]) the family of idempotents e = (ey, ..., €,) is a decomposition which conforms to
A over E.

By 1.4.8 and 1.5.2 of [Sécherre 2005b] there exists a unique hereditary order 2((E) normalized by
E* in A(E) whose radical is denoted by B(E). For every i € {1, ..., m'} we have an isomorphism
Endp (V') = A(E) of F-algebras which induces an isomorphism of O-algebras between the hereditary
orders 2A(A’) and 2(E). Moreover, to the choice of the basis Z corresponds the isomorphisms M,, (D") =
B of E-algebras and M,/ (A(E)) = A of F-algebras.

Remark 2.1. If U(A) N B> is a maximal compact open subgroup of B>, these isomorphisms induce an
isomorphism B = M,/ (Op’) of Og-algebras and, by Lemma 1.6 of [Sécherre 2005a], two isomorphisms
A= M,y (RAE)) and P = M,y CB(E)) of Op-algebras.
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We can associate to [A, n, 0, 8] two compact open subgroups J = J (B, A), H=H(B, A) of U(A)
(see 2.4 of [Sécherre and Stevens 2008]). For every integer k > 1 we set Jk=Jk B, N)=J(B, MHNU(N)
and H* = H*(B, A) = H(B, A) N Ux(A) which are pro- p-groups. In particular J! and H'! are normal
pro-p-subgroups of J and the quotient J'/H! is a finite abelian p-group.

Remark 2.2. We have J = (U(A)N B*)J! and this induce a canonical group isomorphism
J/JV=(U(A)NB*)/(Ui(A)N B*)

(see Section 2.3 of [Minguez and Sécherre 2014b]). It allows us to associate canonically and bijectively a
representation of J trivial on J! to a representation of U (A) N B> trivial on U;(A) N B*.

2A. Simple characters, Heisenberg representation and f-extensions. Let [A, n, 0, 8] be a simple stra-
tum of A. We denote by €r(A, 0, B) the set of simple R-characters (see Section 2.2 of [Minguez and
Sécherre 2014b] and [Sécherre 2004]) that is a finite set of R-characters of H' which depends on the
choice of an additive R-character of F' which has been fixed once and for all. If m € N* and [[\, n,0, B ]
is a simple stratum of M; (D) such that there exists an isomorphism of F-algebras v : F[B] — F [,8~]
with v(B) = ,3~ , then there exists a bijection g (A, 0, 8) — % ([\, 0, ,g) canonically associated to v,
called the transfer map. There also exists an equivalence relation, called endoequivalence, among simple
characters in € (A, 0, B) (see [Broussous et al. 2012]) such that two of them are endoequivalent if they
have transfers which intertwine. The equivalence classes of this relation are called endoclasses. Let
0 € €r(A, 0, B). By Proposition 2.1 of [Minguez and Sécherre 2014b] there exists a finite dimensional
irreducible representation 1 of J!, unique up to isomorphism, whose restriction to H' contains 6. It is
called the Heisenberg representation associated to 6. The intertwining of n is Ig(n) = J'B*J' = JB*J
and for every y € B* the R-vector space I,(7) = Hom iq¢;1yy (17, n”) has dimension 1.

A B-extension of n (or of 0) is an irreducible representation « of J extending n such that I (k) =J B> J.
By Proposition 2.4 of [Minguez and Sécherre 2014b], every simple character 6 € €r(A, 0, ) admits
a B-extension k and by formula (2.2) of [Minguez and Sécherre 2014b] the set of B-extensions of 8 is
equal to

B(0) ={k ® (x o Np/£) | x is a character of O, trivial on 1+ g},

where N/ is the reduced norm of B over E and x o Np/g is seen as a character of J trivial on J 1
thanks to Remark 2.2. We observe that for every « € B(0) and every y € B>, the R-vector space I, (k)
has dimension 1 because it is nonzero and it is contained in 7, (n).

2B. Maximal simple types. Let [A, n, 0, 8] be a simple stratum of A such that U (A) N B> is a maximal
compact open subgroup of B*. By Remarks 2.1 and 2.2, there exists a group isomorphism J/J! =
GL, (¢p’), which depends on the choice of A.

A maximal simple type of G associated to [A, n, 0, 8] is a pair (J, A) where A is an irreducible
representation of J of the form A = ¥ ® o where « € B(0) with 6 € €r(A, 0, B) and o is a cuspidal
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representation of GL,, (£p) identified with an irreducible representation of J trivial on J'. If o is a
supercuspidal representation of GL,,/(¢p/) then (J, 1) is called maximal simple supertype.

Remark 2.3. The choice of a -extension x € B(6) determines the decomposition A = k Q o. If we
choose another B-extension k" =« ® (x o Np,g) € B(6) we obtain the decomposition A = x’ @ o’ where
o’ =O’®(X_1 ONB/E)-

2C. Covers. Let M be a Levi subgroup of G, let P be a parabolic subgroup of G with Levi component M
and unipotent radical ¢/ and let &/~ be the unipotent subgroup opposite to ¢. We say that a compact open
subgroup K of G is decomposed with respect to (M, P) if every element k € K decomposes uniquely as
k = kikoks with ky € KNU™, kp € KN M and k3 € K NU. Furthermore, if 7 is a representation of K
we say that the pair (K, ) is decomposed with respect to (M, P) if K is decomposed with respect to
(M, P) and if K NUY and K NU~ are in the kernel of 7.

Let M be a Levi subgroup of G. Let K and K4 be two compact open subgroups of G and M
respectively and let o and o be two irreducible representations of K and K a4 respectively. We say
that the pair (K, o) is decomposed above (K nq, o0) if (K, 0) is decomposed with respect to (M, P) for
every parabolic subgroup P with Levi component M, if K N M = K and if the restriction of ¢ to Ky
is equal to p 4. For a parabolic subgroup P of G with Levi component M and unipotent radical U, let
oy be the Jacquet module of ¢ and ry; be the canonical quotient map 0 — oy. A pair (K, o) is a cover
of (K, oam) if it is decomposed above (K o, oaq) and if for every irreducible representations & of G
the map Homg (o, ) — Homg , (0Mm, ), given by ¢ +— 17 0 ¢ for every ¢ € Homg (o, ), is injective
(see Condition (0.5) of [Blondel 2005]). For more details see [Blondel 2005; Vignéras 1998].

3. The isomorphisms %4z (G, p) = st (B>, Uj(A) N B*)

Using the notation of Section 2, let [A, n, 0, 8] be a simple stratum of A such that U(A) N B> is a
maximal compact open subgroup of B*. Let 0 € €r(A, 0, f) and let n be the Heisenberg representation
associated to 8. In this section we want to prove that the algebras 5% (G, n) and 7#z (B>, U;(A) N BX)
are isomorphic (Theorem 3.43).

Henceforth, for a given m € N, we denote by [, the identity matrix of size m. Thanks to Section 2,
from now on we identify A with M, (A(E)), G with GL,,/(A(E)), U (A) with GL,»(A(E)), U;(A) with
I + My CB(E)), B* with GL,,(D"), Kg = U(A) N B* with GL,,,(Op/) and Ké = U (A)N B* with
I + M, (9p). By Section 2.4 of [Chinello 2017] we know a presentation by generators and relations of
the algebra J#z (B>, K 11;) =4(B*, K 11;,) ®z R. Using this presentation we want to find an isomorphism
between #% (B>, K ) and #%(G, n).

3A. Root system of GL,y. In this section we recall some notation and results on the root system of GL,,/
contained in Section 2.1 of [Chinello 2017].

We denote by ® = {a;; | | <i # j <m'} the set of roots of GL,, relative to the torus of diagonal matrices.
Let @t ={oy; [1<i<j<m},® =—-®" ={o;; |1 <j<i<m}and & ={o; ;41 |1 <i<m' —1}
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be, respectively, the sets of positive, negative and simple roots relative to the Borel subgroup of upper
triangular matrices. For every o = «; ;41 € X we write s, or s; for the transposition (i, 7 + 1). Let W be
the group generated by the s; which is the group of permutations of m’ elements and so the Weyl group
of GL,,. Let £ : W — N be the length function of W relative to sy, ..., s,’—;. The group W acts on ®
by wa;; = ayiyw(;) and for every w € W and a € £ we have (see (2.2) of [loc. cit.])

L(w)+1 if wa e ®F,

twse) = {E(w) —1 ifwe e ®. ©)

Remark 3.1. By Proposition 2.2 of [loc. cit.] we have £(w) = |[®T Nw® | = | Nwd™|.

For every P C ¥ we denote by <I>J[, the set of positive roots generated by P, ®, = —<I>;§, \IJ;,r =®"\ <I>J1§
and ¥V, = —\II;S. We denote by Wp the subgroup of W generated by the s, with « € P and by P the
complement of P in X. We abbreviate & = {a}.

Example. If « = o ;41 then @ = {aj j11 € X | j # i}, \Il(';:{othk edt |1<h<i<k<m'}and
O ={ae® |I<h<k<iori+l<h<k=m}

Proposition 3.2. Let P C X and let w be an element of minimal length in wWp € W/ Wp. Then wa € 7
for every o € <I>J}§ and for every w' € Wp we have L(ww’) = £(w) + £(w').

Proof. Proposition 2.4 and Lemma 2.5 of [Chinello 2017]. U

Proposition 3.2 implies that in each class of W/ Wp with P C X, there exists a unique element of
minimal length and the same holds in each class of Wp\W.

If @ is a uniformizer of Op we identify 1; = ("6 wuo, ) with i € {0, ..., m’}, defined in Section 2.2
of [loc. cit.], with elements of B* and then of G. For o? - o iy1 € X we write 1, = 7;. Let A and A be
the commutative monoid and group, respectively, generated by 7, with & € X. Then we can write every

element 7 of A uniquely as 7 =[] tie with i, in N and uniquely as T = diag(1, w®, ..., w-1)

aeX
with0<a; <---<a,_1. Inthis case we set P(1) ={a € X |iy=0}andif PC{0,...,m}orif PC X

we write Tp in place of ] T,. We remark that if P C ¥ then P(1p) = P.

xeP

3B. The representation np. Let M = A(E)™ x --- x A(E)* (m’ copies) which is a Levi subgroup of
G and let P be the parabolic subgroup of G of upper triangular matrices with Levi component M and
unipotent radical ¢/. Let P~ be the opposite parabolic subgroup of P and I/~ its unipotent radical.

We write U = KpNU, M = KpN M and Ip = K}QMU. Then U is the group of unipotent upper
triangular matrices with coefficients in Opr, M is the group of diagonal matrices with coefficients in O,
and /p is the standard Iwahori subgroup of K.

We denote by W the group W x A of monomial matrices with coefficients in & which is called the
extended affine Weyl group of B*. We recall that BX = Iz W I and actually it is the disjoint union of
IpiIp with b € W.

Remark 3.3. By Proposition 2.16 of [Sécherre 2005a], which works for every decomposition that
conforms to A over E and not necessarily subordinate to B, the groups J! and H' are decomposed with
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respect to (M, P). Moreover, if M"=[];_, GL,, (A(E)) with Y_i_, m;=m"is a standard Levi subgroup
of G containing M and P’ is the upper standard parabolic subgroup of G with Levi component M’, then
J! and H' are decomposed with respect to (M’, P).

Let 3' =3'(B8, A) and $' = $H'(B, A) be the Op-lattices of A such that J' =1+3' and H! = 1+ $'
(see Section 3.3 of [Sécherre 2004] or Chapter 3 of [Bushnell and Kutzko 1993]). Then they are
(B, B)-bimodules and we have wJ' ¢ H' c J' ¢ M, (P(E)).

Since VI = N for every i € {1,...,m'}, we can identify every A to a lattice sequence Ag of N with
the same period as A, every e’ﬂ to an element By € A(E) and 2A(Ag) to A(E). By Proposition 2.28 of
[Sécherre 2004] the stratum [Ag, n, 0, Bp] of A(E) is simple and the critical exponents ko(8, A) and
ko(Bo, Ao) are equal (for a definition of the critical exponent see Section 2.1 of [Sécherre 2004]). This
implies that 8 is minimal (i.e., —ko(8, A) = n) if and only if By is minimal. We write 3(1) =3By, Ao),
5= 9" (Bo. M), J§ = T (Bo. Ao) = 1 +3} and H} = H' (B, Ao) = 1+ 5}

Proposition 3.4. We have J' = M, (3J}) and ' = M, (§}).

Proof. We prove the result only for J! since the case of $' is similar. We have to prove that for
every i, j € {1,...,m'} we have eiglel = 3(1). We need to recall the definition of J(8, A) = 30(,3, A)
and of Jk(ﬁ, A) with k£ > 1. By Proposition 3.42 of [Sécherre 2004] if we set ¢ = —ko(B, A) and
s =[(g +1)/2] (where [x] denotes the integer part of x € @) we have J(8, A) =B +B° if B is minimal
and J(B, A) =B +J3°(y, A) if [A, n, g, y] is a simple stratum equivalent to [A, n, g, B]. Then, if B is
minimal, J*(8, A) = J(B, A) NP* is equal to QF +P* if 0 <k < s — 1 and to P* if k > 5. Otherwise,
if [A,n,q,y] is a simple stratum equivalent to [A, n, g, 81, (B, A) is equal to QF + J°(y, A) if
O<k<s—1landto Jk(y, A) if k > 5. Similarly we obtain that if By is minimal then gk (Bo, Mo) is equal
to pf), +PE) if0<k<s—1andto ‘B(E)k if k > 5. Otherwise, if [Ag, 1, ¢, yo] is a simple stratum
equivalent to [Ag, 1, ¢, Pol, I*(Bo, Ao) is equal to 50;3, + 3 (v, Ao) if k <s—1and to J*(yo, Ag) if k > s.
We prove that ! JX(8, A)e/ = F*(Bo, Ag) for every k > 0 by induction on ¢. If ¢ = n and so if B and By
are minimal, since Q = M, (pp/) and B = M, (B(E)) we have ¢! Q¥e/ = 59’[‘), and ¢/Pke/ = P(E)K
for every k and so ¢/ JX(8, A)el = F*(By, Ag) for every k > 0. Now if ¢ < n and so if g and By are
not minimal, by Proposition 1.20 of [Sécherre and Stevens 2008] (see also the proof of Theorem 2.2
of [Sécherre 2005b]) we can choose a simple stratum [Ayg, 11, g, o] equivalent to [Ag, 1, g, Bo] such
that if y is the image of yy by the diagonal embedding A(E) — A then [A, n, g, y] is a simple stratum
equivalent to [A, n, g, B]. By the inductive hypothesis we have ei‘”jk(y, Ael =3k (yo, Ao) for every
k > 0 and then we obtain ¢/ J*(8, A)e/ = J*(Bo, Ao). O

Let 6 be the transfer of 6 to €& (Ao, 0, B). Since H' is a pro- p-group, proceeding as in Proposition 2.16
of [Sécherre 2005a], the pair (H 1.0)is decomposed with respect to (M, P) and the restriction of 6 to
H'NM= HO1 X oo X HO1 is 089’"/. We remark that in general (J!, ) is not decomposed with respect
to (M, P). We denote by ng the Heisenberg representation of 6y and we can consider the irreducible
representation nyq = ngg’m/ of -]/lvz =J'nM= JO1 X - X ](}.
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We put J71> =J'NP)H" and H71> = (J'NU)H" which are subgroups of J!. They are normal in J'
because H'! contains the derived group of J'. Moreover, J NP normalizes J713 because H' is normal in
J and J' NP is normal in J NP. Then J713 is normal in J'(J N P).

Remark 3.5. Taking into account Remark 5.7 of [Sécherre and Stevens 2008], Proposition 5.3 of
[Sécherre and Stevens 2008] states that J; and H71j are decomposed with respect to (M, P) and so we have
Jp=H"CU)J (I NU) and Hp, = (H'NU™)(H'NM)(J' ). Moreover, if M'=[T;_; GL,y (A(E))
with )., m} =m’ is a standard Levi subgroup of G containing M and P’ is the upper standard parabolic
subgroup of G with Levi component M’, then Jé and H}, are decomposed with respect to (M’, P’).

Let 6p be the character of H713 defined by 6p(uh) = 6(h) for every u € J 'NYf and every he H I, Since
J!is a pro- p-group, proceeding as in Proposition 5.5 of [Sécherre and Stevens 2008] we can construct
an irreducible representation np of J713, unique up to isomorphism, whose restriction to H}; contains 6p.
Actually it is the natural representation of J}; on the J!' Nf-invariants of . Furthermore, indj: (np) is
isomorphic to 1, Ig(np) = J71)BX J71) and for every y € B* we have dimg (/,(np)) = 1. We remark that
(J}, np) is decomposed with respect to (M, P) and the restriction of np to J /1\/1 is nrq. We denote by
Vi the R- vector space of naq and np.

Since md (np) is isomorphic to 1, we can identify the R-vector space V, of n with the vector space
of functlons (p J' — Vaq such that (xj) = np(x)e(j) for every x € J7> and j € J'. In this case
n(j)e : x — @(xj). By the Mackey formula, V,, is a direct summand of V;, and we can identify it with
the subspace of functions ¢ € V; with support in J713. This identification is given by ¢ — ¢ (1) whose
inverse is v — ¢, where the support of ¢, is ]7£ and ¢, (1) =v. Let p : V,, — Vj be the canonical
projection, i.e., the restriction of a function in V;, to J7£, and let ¢ : Vy — V;, be the inclusion.

Remark 3.6. In general we cannot define a representation kp of Jp = (J N P)H' as in Section 2.3 of
[Sécherre 2005a] or in Section 5.5 of [Sécherre and Stevens 2008], because the decomposition e conforms
to A over E but it is not subordinate to B. In our case (8 maximal) the only decomposition which
conforms to A over E and is subordinate to ‘B is the trivial one.

Lemma 3.7. (1) Forevery j € J}, we have n(j)ot=tonp(j) and pon(j) = np(j)o p.
(2) Forevery j € J! we have

np(j) ifj€Jp,

0 otherwise.

pon(j)0t={

3) Xjespni)otopo n(j~") is the identity of Endg(Va).
Proof. To prove the first point, let ¢, € Vo and ¢ € V,. Then n(j)(t(e,))(1) = ¢u(j) = np(j)v
and p((j)(®))(1) = ¢(j) = np(j)e(1). To prove the second point we observe that if j € J}, then

pon(j)ot=potonp(j) =np(j) while if j ¢ 1713 the support of n(j)(¢(¢y)) is in J. 1 j~! for every
¢y € Vyg and so p on(j) ot = 0. Finally, to prove the third point we observe that for every ¢ €V, the

function ¢; = (n(j) oto pon(j ")) has supportin J)j = and ¢; (1) = o(j71). 0
We consider the surjective linear map p : Endg(V;) — Endg (V) givenby f+— po fou.
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Lemma 3.8. The map ¢ : 5%(G, n) — #z(G, np) defined by ® — o D for every ® € #%(G, n) is an
isomorphism of R-algebras. Moreover, if the support of ® € #%(G, n) is in J'xJ' with x € B* then the
support of £ (D) is in Jf;x J713.

Proof. Let ® € s#%(G, nn). Then the support of u o @ is contained in the support of ® which is compact.
Furthermore, for every x1, x> € J5, and every j € J! we have u(®(x1jx2)) = pon(xi) o ®(j) on(xz) ot
which, by Lemma 3.7, is np(x1) o u(®(j)) o np(x2). Hence, ¢ is well defined and it is R-linear. Let
®, ®, € 5#%(G, n). For every g € G we have

(o @) * (o @) (@)= Y podi(x)otopoda(x'g)o
xeG/J}
= Z Z poCDl(yz)otopoCDz(z_ly_lg)ot

yeG/J' zeJ1/J}

= > p0<1>1(y)0< > n(z)OLOPOn(z_l))o<I>z(y_1g)°t

yeG/J! zed1 I}
= ) podi(y)odr(y 'g) ot
yeG/J!

(Lemma 3.7) = (1 o (1 * P7))(g)

and so ¢ is a homomorphism of R-algebras. Let ® € #%(G, n) such that po ®(g) ot =0 forevery g € G.
Then by Lemma 3.7, for every g’ € G we have

®(g)= Y nGnotopon(iHo®@)o Y n()otopon(iy"

jredty ik N AN

= Y noto(po®(ji g j)onoponiiyh
Jrje€dt 17}

=0

and then ¢ is injective. Now, we know that 7#% (G, n) =Endg (ind?, n)), #%(G, np) =Endg (ind?, (np))
P

and indﬁ (np) = n. Then by transitivity of the induction we have J#% (G, n) = #% (G, np) and then ¢
P

must be bijective. Furthermore, if ® € .#%(G, n) has support in J'xJ! with x € B then the support of

¢(@) isin J'xJ'NIg(p) = J'xJ' NILB* I = Jhx ). O

Lemma 3.9. Let x|, x, € B* and let f; € #%(G, m iy ! andf,- = §(f,-)f0ri e{l,2}.
(1) If x1 or x, normalizes J713 then the support of f] * fz isin J713x1x21713 and
(fi* f)(x1x2) = fi(x1) o fo(x2).
(2) If x1 or x normalizes J' then the support of f] * fz isin J713x1x21713 and

(fi* f)(x1x2) = po fi(x1) o fr(x2) oL,
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Proof. The first point follows from Remark 1.2. If x| or x, normalizes J', by Remark 1.2 the support of
fi* f>isin J'x;x,J! and so the support of ﬁ * ng =¢(fix f)isin J'xixaJ ' Nlg(mp) = J%.xlsz};
and moreover

(fi* f)(x1x2) = £(fi * H) (x1x2) = po fi(x1) o fr(xa) o, O

Lemma 3.10. For every x € B* N M and every y € Ig(np) which normalizes Jj{/t we have I, (np) =
I:(nm) and I,(np) = I,(Nag). Moreover, every nonzero element in I,(np), with z € Ig(np), is invertible.

Proof. For the first assertion, in both cases the R-vector spaces are 1-dimensional and so it suffices to prove
an inclusion. Since 7 is the restriction of np to lew for every x” € Ig(np) we have I (np) C Ly ().
For the second assertion, we observe that I (np) = J5B* J} = JLIgWIgJ}. Now Ig normalizes J},
since it is contained in JI(J N P) while W normalizes J/IVI. Take z = 212223 € Ig(np) with z; € J71313,
e Wandz; €lg J713 and take a nonzero element y in I,(np). Let y; and y3 be invertible elements in
Izl—l (np) and in IZ;1 (np) respectively. Then y; o y o y3 is a nonzero element in I, (yp) = I, (nr) and so
it is invertible. O

3C. The isomorphism #x(J,n) = #z(Kp, Ké). We now prove that the subalgebra 7% (K p, K};) of
HR(B*, Ké) is isomorphic to the subalgebra J#z(J, np) of 7% (G, np) and so to H#x(J, n).

In accordance with Chapter 2 of [Chinello 2017], we denote by f, € #% (B>, K 113) the characteristic
function of I(};xl(llg for every x € B* and we write ®|®, = &% D, for every @1 and &, in #% (B, Kll?),
in (G, n) orin R (G, np).

We observe that every element in % (J, np) has supportin J N J};B>< J}, = J71>(J NB X)171J = J};KB J}D
and so its image by ¢! has support in J!KJ'. This implies that ¢ induces an algebra isomorphism
from % (J, n) to s#%(J, np). We also remark that #%z(Kg, K }9) is isomorphic to the group algebra
R[Kp/K 41 = R[J/J'], then we can identify every ® € #%(Kp, K ) with a function ® € #%(J, J').

From now on we fix a B-extension « of . We recall that res§1 k=n, 1) =Ig()=J"'B*J" and
for every y € B* we have I,(n) = I, (k) which is an R-vector space of dimension 1. Then V,, is also the
R-vector space of k and k(j) € I;(n) for every j € J.

Lemma 3.11. The map ®': 5#(Kp, Kllg) — H#R(J, n) defined by ® +— ®Q« for every ® € #z(Kp, Kllg)
is an algebra isomorphism.

Proof. The map is well defined since for every ® € J#z(Kp, K}g) we have ® ® k : J — Endgr(V,) and

(@®K)(1jj)=P)r(rij) =n(1)o(@()r(j)on(j;) forevery j € J and ji, j| € J'. Itis clearly
R-linear and

O (@ x D))= Y, PI)D2x k()= Y Lr)Palx rc(x)or(x! )
xeJ/J! xelJ/J!

= Y (@ @r@) o (@2(x (1) = (O (1) O (92)())

xeJ/J!
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for every @1, &, € #(Kp, K }9) and j € J. Hence, ©’ is an R-algebra homomorphism. It is injective
because k (j) € GL(V,) forevery j € J. Let fe H#%(J,n)and j € J. Since f(j) € 1;(n) =Hom,:(n, n'),
which is of dimension 1, we have f(j) € Rk (j) and then we can write f(j) =d(j)k(j) withd:J — R.
Since f € sx(J, n), for every j| € J! we have

(e (i) = FGLD =nGD FG) =nGD@ (e () = @i j)
and so ® € #z(J, J'). We conclude that ®’ is surjective and then it is an algebra isomorphism. U

Composing the restriction of ¢ to 7% (J, n) with ® we obtain an algebra isomorphism 7% (K g, K }9) —
Ak (J, np). For every x € Kp let fx = O'(fy) € #%(J, n) which is given by f;(y) = k(y) for every
ye JxJ' = J'x and let f, = ¢(fy) € #&(J, np) which is given by fi(z) = p ok (z) o for every
ze Jpxh.

3D. Generators and relations of (B>, K 11;). In this section we introduce some notation and recall
the presentation by generators and relations of the algebra 573 (B>, K };) presented in [Chinello 2017].
We set Q = Kp U {19, ro_]}U{ra | € X} and & ={f, | € Q} which is a finite set. We now define
some subgroups of G, through its identification with GL,,»(A(E)). For every a = «;; € ® we denote by U,
the subgroup of matrices (an;) € G with ap, =1 forevery h e {1, ..., m'}, ajj € A(E) and ap, =0if h #k
and (h, k) # (i, j). For every P C ¥ we denote by M p the standard Levi subgroup associated to P and by
Z/{,f and U, the unipotent radical of, respectively, upper and lower standard parabolic subgroups with Levi
component M p. We remark that M = Mg, U =Ugy and U™ = U, . Thus, we have Z/IIJS = ]_[aeq,; U, and
Up = ]_[ae\y; Uy . Furthermore, if P; C P, C X then U:Sz is a subgroup of I/{,J,r1 and U} a subgroup of Up, .

Remark 3.12. By Proposition 3.4, if we take a = a;; € ® and (apk) in Uy N JVorid, N H' then aij is in
34 or §, respectively.

Remark 3.13. In accordance with Section 2.2 of [Chinello 2017] we set Mp = MpNKp, UIJJ = L{]f NKpg
and U, =U, N Kp forevery P C ¥ and U, =U, N Kp for every o € ®.

As in Section 2.3 of [Chinello 2017], for every @ =« ;11 € £ and w € W we consider the following sets:
Aw, ) ={w(j) |i+1<j<m'}, Bw,a)={w()—1]i+1<j<m'}, P'(w,a)=A(w, @)\ B(w, a),
P(w,a)={ojjt1€X|i€ P (w,a)}and Q(w, «)=B(w, «)\A(w, ). We remark that Tp/(y.0) = Tp(w.a)
because 0 ¢ P'(w, o) and 7,y = [,,y. Moreover, if « = ¢; ;11 € X, w’ € W and w is of minimal length in
w'Ws € W/ W, then we have

!

m’ m
— P -1 -1 _ -1 _ _-1
=wT;w = Wtp—-17, W = Tw(h)—lfw(h) = TP(w,a)TQ(wva)'
h=i+1 h=i+1

w’t,-w’fl

Lemma 3.14. The algebra 5% (B>, K }9) is the R-algebra generated by R subject to the following

relations:

(1) fi=1foreveryk e K' and Sk fro = Sk, fOr every ki, ka € K.
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) fofrrr =1 and o1 for = fro g frot for every w € Q.
) fr fx =S vt Jr, for every a € Xoand x € M.

4) fufe, = fo, fueUy witha' € \Dg,foreverya €.
(5) fo, fu=fr, ifucUy witha' € V., foreverya € X.
6) fr, fr, = fr, fr, foreverya,a’ € X.

@) (Ha/ep(w’a) fra,)fwfra f-1 = qg(w)(na/,eQ(w’Q) fta,,)(zu fu)for every a € X and w of minimal
length in wWy € W/ Wy and where u runs over a system of representatives of (UNwU~w ™)K [13 /K }g
inUNwU w™!

Proof. The only difference between this presentation and that in [Chinello 2017] is relation 3 which
is equivalent to relations 3, 4 and 7 of Definition 2.21 of [Chinello 2017] because M N K, U, with
o' € ®; and Wy generate M. O

Hence, to define an algebra homomorphism from %z (B>, K é) to % (G, np), itis sufficient to choose
elements fw e A% (G, T]'p) for every w € 2 such that the fw respect the relations of Lemma 3.14. We
remark that we can take fw € (G, np) Tholb for every w € Q2 and we recall that in Section 3C we have
defined fk for every k € K g as the image of f; by { 0 ®'.

3E. Some decompositions of J},-double cosets. In this section we introduce some notation and some
tools that we will use to construct elements in #z(G, np); L0, withi € {0,...,m' —1}.

Lemma 3.15. Let T € A and P = P(1).
(1) We have J} = (JhNUR)(Jp N Mp)(JpNUZ) = (Jp NUD (T N Mp)(Jp NUR).
(2) We have (JANUS)T C H' NUL C IANUS, (JHNU)T C (J'NUp)T CH' NUp = IhNU;
and (.]7130./\/113)r = J713 N Mp.
(3) We have (JLNU)T C JHNU, (JANUT)T CILNU™ and (L) = T L,
Proof. The first point follows from Remark 3.5. To prove the second point we observe that Remark 3.12 im-
plies that (J ﬂZ/l+)’ =J! ﬂ]_[ae\l,+ Uy)T is contained in ([, + @ J )F\Z/[I?,L which is in HIDU;S C J713 mu;.
Similarly we prove (J! NUp )T C H! MU, . Moreover, since @ ™~ d(l)w =3(1) and w‘lﬁ(l)w =5§(1), we have
(J};ﬂ/\/lp)f = J%ﬂ./\/lp. To prove the third point, we observe that (JJDDZ/{)T - ((J;OMP)(J%DZ/I;!))TOL{
which is in (J71, N Mp)(J}; HU;S) NU = J713 NU. Similarly we prove (J71> ﬁl/{_)r_1 C J}; N U~ . Finally,
since @~ J @ = J} we obtain (J} )" = J},. O
Lemma 3.16. Lett, 7' € Aand w € W.
(1) We have JptJh = (Jh NUp)TIp = Jpt(Ip NUZ L) and Jpt='Jp = (Jp NUZ )T b =
Jpt N (Ip Uy,
(2) We have (Jp)V Jh = (I nU” NUT) T
(3) We have JJU~JpNU = JpNU and JpUIHNU™ = T NU.
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(4) We have JhtJht'Ih = Jhet I} and (IN)T I 0 (I I = I}
Proof. Let P = P(7).

(1) By Lemma 3.15 we have 1713 = (1713 ﬂZ/I;)(J}; n Mp)(f71; N L{;,r) and so we obtain J713tl71, =
(Jp NUR)T(JH N Mp)T(JHNUL)TJL which is equal to (J5 NUp)TJ) by Lemma 3.15. We prove
the other equalities similarly.

(2) Since (H'NU™)¥ C J) and (J})¥ = J}, we obtain (J5)*JL = (J'NU)* J}. Moreover, we have
(J'nuyrnu c Jh and so (JHVJIL =T NUY NUT)IL.

(3) We have JpU~Jp NU = (Jp NU((Jp N MU~ (Jp N M) NU)(J5 NU) which is contained in
(171J NU)(P~ ﬂL{)(J}D NU) = Jé NU. We prove the second statement similarly.

(4) By point 1, we have J T Jht' T} = ThT(Jp UL )T T} which is equal to JA Tt/ (Jp UL )T Jp. By
Lemma 3.15 it is iln Jptt'(JANUT IS C Jhrt' J) and so we ha:ve JptIpt'Jh = JhtT' I}, By point 1,
(JP)TIHN(IHT I} is contained in (JHNUT)TILNUIANU)T Jh = ((JANUD)TIANIANU)T ) IE
which is contained in (I _J71> NY) J71> and so it is equal to J71J by point 3. ]
Remark 3.17. We can prove results similar to Lemmas 3.15 and 3.16 with J! in place of 1713.

Lemma 3.18. Leta =a; ;41 € X, w € W and P = P(w,a). Then lD;f Nw¥, =& NwW, and
VS NwW =& NwW. Ifin addition w is of minimal length in wWy € W/ Wy then ®T NwW¥; =
P o o a

et Nwd and " Nw¥ =& Nuwd™.
Proof. This follows from Lemma 2.19 of [Chinello 2017]. ]
From now on, we set 5(3(1), 53(1)) = [3(1) : 53(1)] and 3(55(1), wﬁ(l)) = [55(1) : wﬁé].
Remark 3.19. By Remark 3.12, for every & € @, o’ € @ and ” € @~ we have §(J}, ) =[J' Ny :
-1
H'NUy] and §(H), wH) = [H' NUy : (H' NUy)™ ] = [H' NUy : (H' N Uy )" ]. In particular
8(3(1), 53(1)) and 5(55(1), wﬁ(l)) are powers of p and so they are invertible in R.

From now on we fix 1 <i <m’ — 1 and we consider @ = «; ; 41, w of minimal length in wWj,
P=P(w,a)and Q = O(w, a).

Remark 3.20. Lemma 3.18 implies that wi/; w=' N L{;f = wd~w ' NUT and wiffw™' N U, =
wUw™ ' NU~. Moreover, we have £(w) = |\If;)f NwW, | = |\If;) N w\IJ;r| by Remark 3.1.

We define

1

V(w, @) = (Jh Nwld w™ nug)" )

which is a pro-p-group. We remark that it is equal to (J71> Nwlw™! ﬂZ/{_)w’a_]w_1 by Remark 3.20 and
to (H'N wZ/IO?fw_1 ﬂ?/[;)w’aflwfl since J713 NU; = H' nUs. Then V(w, ) is equal to

[T eouy=""= T[] @t = ] Gto'H)nk

o' ew¥inw eV Nw—1w> o’ ewWinw
@ P o P a P
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which is (I, + @ ~'H") Nwif w™! NU ;. We remark that V(w, @) N Jh=JpNwdfw! NU; which
is equal to H' N wZ/{oIt'“w_1 ﬂZ/I; since J71, NU-=H'nuU".

Lemma 3.21. The group wU(;rw_1 N U; is in V(w, ), it normalizes V(w, o) N J71> and
WUFw™ ' NUDN VW, )N Jp) =wlUyw ' NUZNKg.

Proof. We recall that by Remark 3.13 we have wU(;ruf1 N U; = wuguf1 mulg N Kpg. Since U, =
Ty (K}Ee N Ua/)ra_] for every o’ € \II;r (see Lemma 2.9 of [Chinello 2017]), then we have ngw_l N U}; =
(Kéme;w—lmU;)wa]w"l which is contained in V(w, ). Moreover, the group wU;w_lﬂU; normal-
izes V(w, &) NJp=V(w, @) N H' because we have wU; w™! NUj; C Kp and K p normalizes H'. Finally,
since V(w, a)ﬂJ}; = Hlﬂwu;w_lﬂu;, we have wU(;rw_1 ﬂU;ﬂV(w, oz)ﬂ.]71J =wU;w_lﬂU};ﬂH1
and, since Kz N H! =K113,itis equal to u)Uéjrw_lﬁUlgﬂKBﬁH1 =wU§w_1ﬂU;ﬂK};. O

By Lemma 3.21 the group V' = (wU;w_l N U;)(V(w, a)N J71>) is a subgroup of V(w, o). We set
dw,a)=[V(w,a):V']eR
which is nonzero because it is a power of p.

Remark 3.22. We have V(w, @) N J713 =H'N wu;w_l ﬂbl; = Ha/ew\ll;mv; H'NU,. Hence, by
Remarks 3.19 and 3.20 we have

V(w,a) : V(w, @) N Jpl = [ ' 9H): 6517 = 8(5H, mHy) ™.

On the other hand we have [V(w, @) : V(w, o) N J};] =dw, )V :V(w,a)N Jé] which is equal to
d(w, )[(wUTw ' NUT)V(w, @)NJL) : V(w, @) N JA] and by Remark 3.20 to d(w, e)[wUw ™' NU™ :
wa_lﬂU_ﬂKll;] =d(w, a)qe(w) where ¢ is the cardinality of £p. So, if we denote 9 =8(Y)(1), w.?)(l))/q €
R* then d(w, a) = 3*™).

Lemma 3.23. We have (J5)™ J5 N ()P % 7 JL = V(w, a) JA.

Proof. We have (J};)wra_'w_] =(H'n w_lljl_w)’cv_]w_l(.I}Vl)“”a_lw_I (J'Nw 'Uw)% ™" Now we con-
sider the decompositions H' Nw ™'Y/~ w = (H'Nnw~ U~ wni)(H' Nnw= U~ wni/~) and J' Nnw='Yw =
(J'nw lUwnuU) T nw Tuwni). By Lemma 3.18 we have J'nw luwnu— =7 nw uw nU,
and so (J' NwUw NU~)% »" is contained in (J' ﬁZ/I&_)TDf_Iw_1 C (H! ﬂbl&_)w_l C J) and, by
Lemma 3.15, (H' Nw™ 'Y~ wn/~)% " is contained in (H'NU~)% *~" < (H'NuU~)*"" C J}. Then,
since (J/l\,l)“”a_l“rI = J}, by Lemma 3.15 and since (H' NU/~N wdw™HYP% T = V(w, «), we obtain
(1713)“”071’”71 CV(w, oz)Jf;(Jl NnUN wL{w_l)w’tflwfl. By Lemma 3.16 and by previous calculations we
have

DT IEO IR I = (I OUZ)™ NV (w, @) Jh (T NU wtdw ™)%™ IL) I,

—1 -1

Now, since wr =1, Lp, the group V(w, «) is contained both in (Z/I e o (u )*? and in

(J1 NU-)e 't C (J1 NUT)™? C (J )™ by Lemma 3.15. This implies V(w, «) C (J1 ﬂZ/{ )™ and so
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(IS IAN Y% T =V(w, a)((J‘ MUY N IAI DU NwLw= )% v L) L. Now we have
(meu )T”ﬂlp(]]ﬂb{ﬂwb{w_l)“” w JPCZ/{ ﬁJPZ/{J73 that is in J;} by point 3 of Lemma 3.16. [J

3F. The group W. In this section we use a presentation by generators and relations of W to find a
subgroup of Autg (V) isomorphic to a quotient of w.

Remark 3.24. We know that the Iwahori—Hecke algebra (see 1.3.14 of [Vignéras 1996]) is a deformation
of the R-algebra R[W] and so it is not difficult to show that W is the group generated by sy, ..., Sp/—1
and T,/ subject to relations s;s; = s;s; for every i and j such that |i — j| > 1, 5;5;418; = si 115541 for
every i #m’ — 1, sl-2 = 1forevery i, T,y _15; = 5;Tw_1 forevery i #m’ — 1 and T 18 1T —1Sm/—1 =

Sm/—1Tm/ —18m'—1Tm/ —1-

Lemma 3.25. Leti € {l,...,m' — 1}, « = «;,;1+1, w € W be of minimal length in wW; and ® €
R (G, 7773)171){[]713. Then the support Ofqu)fw—l isin J71>wr,-w_1J71> and

(fo® fo-)tiw™) = 8@, 9™ fu(w) o @(1;) 0 fiyi (w™!

Proof. Since w and w~! normalize J!, by Lemma 3.9 the support of qu)fw_l is in J%wriw_lpr. We
recall that
(Fw® fu-)wrw™) = > (fu®)(wnx) fr (x'w ™),

xeG/Jk

By point 2 of Lemma 3.16, the support of the function x > ( qu))(wt,'x) fw—l (x~'w™) is contained
in (JH)WHILN (U)W IL = (IRVEIA N NUY NUT)Jp. Since w is of minimal length in wW;,
by Lemma 3.18 we have J! nu* nu~ = J' nu* n U, which is included in (Jf;)“”i because
U U v = (' nup)E Uy that by Lemma 3.15 is included in (H' N24;)*” N and
SO in J713. Hence, we obtain (]71,)"”" J}, N (J713)“’J71, ='nu» ﬂLl‘)]f,. Now, since (J' NYY ma—)w“
and (J'nu* N Z/{*)’fl"f1 are contained in J! N/ and so in the kernel of np and since we have
[T U U ) IS =1 U U~ H U U~ 1=8(3), 959 we obtain ( f,, @ f,,- 1) (wriw™") =
830 .ﬁé)e(“’)(fw ®)(wT;)o f,-1 (w™'). To conclude we observe that by Lemma 3.9 the support of f,,® is
contained in J%wri J71, and by points 1 and 2 of Lemma 3.16 the support of x — ( fw)(wx)cb(x_lri) is in
UB)PIANUNT Th= (U U™ TSN AOUS )T Jh, which is contained in UJHNU ™) Jh = J}
by point 3 of Lemma 3.16. Hence, (f,, ®)(wt;) = fy(w) o P(1;). O

Lemma 3.26. Let w € W and o € X. Then

pok(wsy)ot if wa > 0,

pOK(UJ)OLOPOK(Sa)OL:{8(‘10"60) Lpor(wsy) ot if wa <0,

Proof. By Lemma 3.11 we have fwfsa = fwsa and then (fwf;a)(wsa) = p ok (wsy) ot. On the other
hand we have

(Fwfs)wse) = D~ (fu)wx) fi, (7 sa).

x€G/JTh
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Moreover, by point 2 of Lemma 3.16, the support of the function x — fw(wx) fsa (x~sy) is contained
in (JR)VUJpNUID=IE = (Up) AN U nufs nU= I = (JH)WIH NI NU_e) S which is equal
to J if w(—a) < 0 and to (J1 NU_g)J} if w(—a) > 0. Hence, if wa > 0 we obtain (£, f,) (wse) =
pok(w)oto pok(sy)ot while if wa < 0, since (J! ﬁZ/I_O,)“’_I and (J'NU_y)% are contained in J! N/
and so in the kernel of np and since we have [(J! ﬁZ/I_o[)J1 73] [J'NU_y: H'NU_4] = 8(3(1,, 33(1)),
we obtain (fwfsu)(wsa) = S(JO, .60)1) ok(w)otopok(sy)olL. U

From now on we fix a nonzero element y € I; ,  (np), which is invertible by Lemma 3.10, and a square
root 8(30, 5’)0)1/2 of 8(30, 0) in R. We consider the function f, ., € HR(G, np)J T 1T defined by
fr,,,/ L1t —172) =np(j1) oy onp(j2) forevery ji, j2 € J and the subgroup W of AutR(VM) generated
by y and by 8(J). 992 pok(s)) ot withi € {l,...,m' —1}.

Lemma 3.27. The function that maps s; to 8(30, 5’)0)1/211 ok(s;)otforeveryi € {l,...,m' — 1} and

T,y —1 to Yy extends to a surjective group homomorphism € : W — W.

Proof. Let § = 8(3(1), .6(1)). To prove that ¢ is a group homomorphism we use the presentation of W
given in Remark 3.24. For every i, j € {1,...,m’ — 1} such that |[i — j| > 1 we have &(s;)e(s;) =
dpok(si)otopok(sj)or which, by Lemma 3.26, is equal to pok (s;s;) ot =38pok(sjs;)ot==e(s;)e(s;).
For every i #m’ — 1 we have e(s;)e(si11)e(s;) = 832pok(si)otopok(siy1)oto pok(s;) ot which,
by Lemma 3.26, is equal to 83/%p o k(sisiy15:) ot = 82p o k(siy18iSi41) ot = &(sir1)e(si)e(sit1).
For every i we have £(s;)> = 8p o k(s;) ot o p o k(s;) ot which, by Lemma 3.26, is equal to p o
k(s;js;) ot which is the identity of Autg(Va¢). Let T = t,y—; and f, = f;m,fl. For every i #m’' — 1
we have &(t)e(si) = 8'/2y o p o k(s;) ot which is equal to 8'/2(f; f,,)(s;) since the support of x
fr(xx) fy,(x~1s;) is contained in (JA)TJAN (JH) T = (JhNUp )T IA OV TS N, ) T = T} Hence,
by Lemma 3.9 we have (t)e(s;) = 8/2p o ¢~ (f2)(x) o k(si) ot. Since ¢~ (f)(x) € I () = I; (k)
and 5; € J N JT we obtain &(7)e(s;) = 8'2p o k(si) o g_l(f,)(r) oL = 81/2(ﬁif,)(sif), which is
equal to 81/217 o /c(s,) otoy = &g(s;)e(r) since the support of x — fsi (six)f,(x_lr) is contained
in (JA)SJIL 0N IS = (Jhn N NUS )T IR TS = Jh. Tt remains to prove the last
relation. Let s = s,y—; and 7 = t,y—;. Then tsts = 1,y_» = stst and by Lemma 3.9 we have
(fefsfe F)@sTs) = p o ¢ (fe fs f)(xsT) 0 k(s) 0 1. Now, since ¢ (fy fs fo)(z57) € Irgr (i) and
s =577 € JNJ™T, weobtain (fr fs fo ) (Tn—2) = por ()0 T (fr fi fo)(xst)or=(f fe s fo) (Tmr2).

On the other hand we have

OtH»ll

(fefsFe ) @) = (fefsfef)asts) = D fren)(fife fo)(x 7 ss).
xeG/J}
The support of x +— ﬁ(rx)(ﬁf,ﬁ)(x‘lsts) isin (H' ﬂua/)’J}, with o' = a7 y—1 by Lemma 3.23.
For every x € (H' N,)7 the elements x7 ' and (x~ 1% are in H' N and so in the kernel of 7. Then

(fofs fe ) @m—2) = (o fo fo Fo) (T —2) s equal to 8(H), @ HY)y o (f; fr f)(sTs) and by Lemma 3.25
it is also equal to 8(53(1), wﬁ(l))s(t)s(s)s(r)s(s). Now, if &” = &ty —2 -1 then o’ ¢ \Il - U \IIA and so we
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AAAAA

f5(s) o (fe fo fo o) (T —2) = 8(H, T HS 0, sa(,)—“zs<s>e<r>s<s>s(r>s(s)
and also to
(Fs e Fs o) @m—2) 0 fi(5) = 890, mHNEGL, H9) ™ 2e(m)e(5)e(T)e(s)>
= 8(HY, mHYSG. H) ' e(De(s)e(2).

This implies &(1)e(s)e()e(s) = e(s)e(t)e(s)e () since both §(5), @ H) and §~!/2 are invertible in R.
We conclude that ¢ is a group homomorphism and it is clearly surjective. (Il

Remark 3.28. For every w € W we have e(w) = §(J), H) @2 pox(w) ot
Lemma 3.29. For every w € W we have e(w) € I;(np).

Proof. Since 1, is the restriction of np to the group ]/1\,1, we have e(w) = 8(3(1), ﬁé)‘(w)/sz(w) el,(Nm)
for every w € W and y € I , ,(nam). Then, since every w € W and 7,/ normalize J \ ., we have
e(w) € Ii(na) for every w € W and so e(@) € I3(p) by Lemma 3.10. [l

Lemma 3.30. Foreveryt',t" € A,y' € I (np) and y" € I.»(np) we have y' o y” =y" oy’.

Proof. We recall that for every t € A the vector space I; (p) is 1-dimensional and so there exist elements
¢/, c” € Rsuchthat y' =c’e(r’) and y” = "¢ (t”). We obtain y' oy’ =c'c¢"e(t)oe(t”) =c'"e(t'1") =

cdc’e(@"tYy=y"oy. O
3G. The isomorphisms #x(G,np) = #r(B*, K}g). In this section we define the elements f,,. €
HR(G, np), L0, for every i € {0, ..., m’ — 1} and we prove that fw with @ € Q respect the relations of
Lemma 3.14 obtaining an algebra homomorphism from s#z (B>, K }g) to % (G, np).

For every i € {0,...,m' — 1} we put y; = 8(’”’_")("“,_[_1)/28(7,') where 0 is the power of p defined in
Remark 3.22. Then y; is an invertible element in Ir,(np) and y,,r—1 = y.
Lemma 3.31. We have, for everyi € {1,...,m' — 1},
m/
Victoy, '=0""e(tiiiY) and vy = 1—[ " Me(t;).
h=i+1

Proof. Since (' — (i —1)m' — (G —1)—1)—(m —i)(m' —i — 1))/2 = m' — [ we have that
Yi_10 yl._l = am/_ie(ti_l)s(r,-)_l = Bm/_is(ti_l‘ri_l). The second statement is true because

im’—h: Z j:(m/_i)(n;/_i—l)' -

h=i+1 '=0

Forevery i € {0, ..., m’— 1} we consider the function ffl e AR (G, np) Ihe b defined by fr, (Jitij2) =
np(j1) o yi o np( ]2) for every ji, jo € J We remark that in general f, is not invertible but since Ty
normalizes Jp the function f,o is invertible in (G, np) with inverse f -1 T, IJP — Endr (V)
defined by f 1(Ty ]) =Y o np(j) for every j € J1
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Lemma 3.32. The map ©" : @ — #%x(G, np) given by f, > f., for every f., € Q is well defined.

Proof. The map is well defined on f; with k € Kp because @' is a homomorphism and it is well defined
on 7; withi € {0, ..., m’ — 1} because KéTiKé = Kéthé implies i = j. O
Lemma 3.33. The function fA,l. fATJ. is in 7% (G, 7’)73)]71).[[_ b and (f,i f,j)(r,- Tj) =y, oyj, foreveryi, j €
{0,...,m'—1}
Proof. 1If i or j is O then the result follows from Lemma 3.9 since tp normalizes J7£. Otherwise,
by point 4 of Lemma 3.16 the support of f,,. frj is contained in J71>ri ]71>rj J71> = J71>ri T; J71J and the
support of x +— fr,- (Tix) f,j (x_lrj) is contained in (Jf,)” J71J N (J};)fff J}D = J713. Hence, we obtain
o fe)@T) = Yosegyan Ju (@) fr, 67l r)) = fr,(T) o fr,(zj) = vio ). O
By Lemmas 3.33 and 3.30 we obtain f,i f,j = f,_/ f;l. for every i, j € {0,...,m' — 1}. So, if P C
{0, ..., m' — 1} we denote by yp the composition of y; with i € P, which is well defined by Lemma 3.30,
and by ﬁP the product of f;l. with i € P, which is well defined because the f,l. commute. Furthermore,
by point 4 of Lemma 3.16 we obtain that the support of frp is .]71ng J713 and by Lemma 3.33 we have

frP(TP) = VP-
Lemma 3.34. We have ﬁi fo = f;i“_—l fA,i foreveryie{0,...,m'—1}and every x € Mg
ifi #00orx € Kp ifi =0.

—KBHM/\

1 i1

Proof. Since x normalizes J!, by Lemma 3.9 the supports of f,i fx and of f; o] fA,l. are contained in

]};r,-x]}; and (f,iﬁc)(t,-x) = pog‘_l(f,i)(t,-)olc(x)ot, which is equal to poK(tixri_l)o;‘_l(ﬁi)(r,-)ot =

(fyxe-1 fe)(xix) because ¢~ (fr)(r;) € I, (k) and x € J N J ™. 0
Lemma 3.35. Leti €{l,...,.m'— 1} and a € \Dai: Then for every u € Uy, and u' € U_, we have

fufr,- = fl’,‘ and fr,-ﬁt’ = fr,--
Proof. The elements rfluri and r,‘u’tlfl arein K }3 C J713 and so, since u and u’ normalize J!, by Lemma 3.9
the supports of ﬁ, ffi and of fr,- ﬁ,/ are in J},ur,- J71> = Jf;r,- J71> = J};r,-uﬁ]};. Now since {_1 (ﬁi)(r,-) €
I;(n) =1I;(k)and u € J N J’iﬁl, by Lemma 3.9 we have (ﬁ,fn)(ur,-) =pok(u)o §_1(ﬂi)(ti) oL=
Ppo¢ ™' (f5)(x)on(r 'uti)or. By Lemma 3.7 we obtain (fy fr,) (uti) = pot = (fi,) (i) otonp (1 ut) =
fronp (@ uty) = fr, (ury). Similarly we have f;, (tiu') = pot ™' () () ok (u')or = por(zu'z "o
¢ (f2) (1) ot which is equal to 7p ('t Yo pol ™ (fi) () ot = np ('t Yo fr, (1) = fo (mad'). O
We introduce some subgroups of G, through its identification with GL,,(A(E)), in order to find the
support of ﬂp fw f,a fw_l. We recall that 2((E) is the unique hereditary order normalized by £* in A(E)
and P(E) is its radical.

o Let Z be the set of matrices (z;;) such that z;; =1, z;; € o IP(E)ifi < j and zij=0ifi > j.

o Let V be the group (J' ﬁwZ/[&_w_1 nug)wf«w" = Ha/ewwgnw; O+ 1 3HNUy C Z. We remark
that it is different from V(w, ) defined by (4).

o Let /! be the group of matrices (m;;) such that m;; € 1 +*B(E), m;; € A(E) if i < j and m;; € *P(E)
ifi > j.
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» Let W =W x M be the subgroup of B* of monomial matrices with coefficients in O,. Then B* is
the disjoint union of Iz(1)wIg(1) with w € W, where Ig(1) = K'U is the standard pro- p-Iwahori
subgroup of K g, i.e., the pro-p-radical of Ip.

Lemma 3.36. We have J713rp Jéwtaw”]f) = J%rQVJ}D.

Proof. We proceed in a similar way to the beginning of the proof of Lemma 3.23: we can prove
that J},wraw_IJf; = (J71, Nwldy w‘l)wrau)_ljf). Now we consider the decomposition of the group
(171J N wu&_w_l) into the product (1713 N wL{&_w_1 ﬂL{_)(J}) N u)Z/{&_uF1 NU). By Lemma 3.15 we have
(JpNwldy w™! NUYF J3 and by Lemma 3.18 we have J Nwidy w™' N = JhNwidy w™! ﬂu;{. O

Lemma 3.37. Let t € A. If z € Z is such that ['tzI' "W # & then ['tzI' NW = {z}.

Proof. For every r € {1, ..., m'} we denote by Ay, Z), f(lr) and W, the subsets of GL,(A(E)) similar
to those defined for GL,,s (A(E)). We prove the statement of the lemma by induction on r. If » = 1 we have
Ay =, Zq)={1}, i(‘l) = 1+B(E) and W(;) = o and we have (1 +P(E) (1 +P(E)) N’ =
(1 +P(E)) Nw? = () for every a € Z. Now we suppose the statement true for every r < m’. Let
x,y € 1" such that xtzy € W. We proceed by steps.

First step: We consider the decomposition I'= (fl ﬂbl_)(il ﬁZ/I)(i1 N M) and we write x = x1x2x3
with x| € I! NUT, xr € I'nu and x3 € I' N M. Then we have

xtzy = xt((t ) (r T a0z g o)) (e g )y,

We observe that 7~ 'x37 is a diagonal matrix with coefficients in 1 +B(E) and the conjugate of z by this

element is in Z. Moreover, T~ 'x,7 is in I' N/ and if we multiply it by an element of Z we obtain another

element of Z. If we set 73 :t_1x2x3rzr_1x;1r € Zthen I'tzI! :flrzlfl and (flﬂu_)tzlflﬂWyé@.

Hence, we can suppose x € I'nu-.

Second step: Let a; < --- < a, € N such that T = diag(w®) and let s € N* such that a; = - - - = a, and
aj < ag11. We want to prove z;; € (E) for every i € {1, ..., s} so we assume the opposite and we look
for a contradiction. Let v be the valuation on A(E) associated to T(E) and let

b=min{v(wz;) |1 <i<s,1<j<m},

k =min{l < j <m'| there exists z;; with 1 <i <s such that v(*'z;;) = b}.

Let 1 <h < s be such that v(m* z;,;) = b. By hypothesis the element zj; is not in 2((E) and so 2 < k and

(a1 — Dv(w) <b < av(z). )

We observe that for every i € {1,...,m’} and j > i we have v(w“z;;) > b: if i <s by definition of b and
if i > s because v(w“z;;) = a;v(w) +V(zij) > (a; — D)v(=) > a;v(zw) > b. We consider the coefficient
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at position (#, k) of xtzy which is equal to

h m

m m
Z thewaezefyfk = Z thew“‘zefyfk,
e=1 f=1 e=1 f=e

since xp, =01if e > h and z,f =0 if f < e. Now,
e ife=hand f =k then v(xp“ zpr yri) = b because xp, = 1, and ygx € 1 +P(E);
e ife=hand f <k then v(xp,@“ 2,7y ri) > b by definition of k;
o ife=nhand f >k then v(xp,“ 21y r1) > b because y g € ‘B(E);
o if e < h then v(xpew ™ zery ri) > b because xp, € P(E).

We obtain an element of valuation . Then b must be a multiple of v(z') because xtzy € W but this

in contradiction with (5). Hence, z;; € A(E) for every i € {1, ..., s}. Now, we can write z = z'z” with
Z;i =1 for all i, z;j =z ifie{s+1,.. .,m'}and j > i and zgj = 0 otherwise and z;/l =1 for all i,
Z;’j =z;jifie{l,...,s}and j >i and z;; = 0 otherwise. Then z” € I' and so I'tzl' = I't7/I" and

(I'NU )t I' N'W # &. Then we can suppose z of the form (”6 (Z)) with 2 € Z—).

Third step: We write x =x'x" with x; =1 for alli,xi’j =x;jifie{s+1,...,m'}and j <i andx’j =0 other-

1//

wise and x/; =1forall i, x. =x;;ifi €{l,...,s}and j <i and xl’; =0 otherwise. Then T rel'andit

J
commutes W1th z. Then we can suppose x is of the form ( L 0 ) with x”" € My —s)xs(B(E)) and x € I Y

Fourth step: Let T = (wolﬂ O) with T € Agy—s) and y = (“ yz) with y; € I(Y), Y2 € Myyon—s5)(A(E)),

V3 € Mp—s)xs(P(E)) and y € I(m —s) . Then the product xtzy is

Is 0 (@ls 0 (I; O\ (y1 2\ _ (@“N @y,
X" R 0o #J\0z)\y; 5)7\ ¢+ xouy, 1R85

where t = x""@™ y, + x72y3. Since xtzy is in W and since y; € f(]s) is invertible then % y; must
be in W) and so y; = [;. This also implies 'y, =t = 0 since xtzy is a monomial matrix and so
@il 0

XTZy = ( 0" ;2%29) with 72y € W,y —y). Now, since i(lln_s)féi(%_s) N W —s) # &, by the inductive
hypothesis we have X7Zy = 7 and so xtzy = t. O
Lemma 3.38. We have J713‘L'P J71,wtaw_1]71) N J7IDBX J71, = J7131Q(U N wU‘w‘l)J};.

Proof. By Lemma~3.36 we have J%rp J}Dwraw_lJf; = J7]3‘L’QVJ71;. Now, since J' C M,y ((B(E)) we have
VY C Z and J71J C I' and so we obtain

IhtpIhwtaw AN B C I'tgZI' NKYyUWUK )y = KyUI' 1o ZI' N W)UK )
(Lemma 3.37) = I(}gUrQUK1 = K};IQUK};.

This implies J5tp Jhwtew ' JANB* = I toVILNK pToUK ). Let now v € V be such that JAtovJ 5N
KoUK} #@. Thenv e, IH K}, tQUKl Jinvc rélJf)tQUJ})ﬂu Now U=KgNUCJNP
normalizes J1 and so v € rQIJ rQJ U NU which is in (‘EQ (J NU, )rQJ1 NU)U by point 1 of
Lemma 3.16. Hence, by point 3 of Lemma 3.16 we obtain v € UJ1 ny cC UJ NY. By Lemma 3.18 we
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have U NwU - w™! = U:{ NwU, w~! and proceeding in a way similar to the proof of Lemma 3.21 we
can prove U}gL N wU&_w_1 C V. We obtain

Ui'nv=UnwU w HUnww Hstny
=UNwU w HJ'UnNnwuwHny)
=UNwU w HJ @ 'Twnu)ny?)r
By the definition of V we have V" = (Jj Nwldy w™' NUL"™ C U;)™ CU~ and then UJ' NV C
(UNwU~w Y (J'UNuU~)*"" which, by Remark 3.17, is equal to (U NwU~w~1)J!. Hence v is in

UNwU w HI'NUIL=WUNwU~w ) (' NU)J} which is contained in (UNwU w™HKpJ} =
(U NwU~w™HJ} and so Jtp Jhwraw TN ILB* I = Thro(UNwU~w™ ) JL. O

Lemma 3.39. Foreveryu € UNwU " w™! we have
(Fep fo Fr fr-0) (o) = ¢" ™ d (w, @)8(Fh, H) ™ yp o pok(w)otoyiopor(w " )oropok(u)ot.

Proof. By Lemma 3.38 the support of f,P fwf,a fw—l is contained in Jth(U N wU‘w‘l)J}D. Let
ueUNwU w™". By Lemma 3.18 we have U NwU ~w™ U+ﬂwUA ~!, by Lemma 3.35 we have
f f,afw 1, and by Lemma 3.11 we have fw uwfw 1= fw lfu SinceuisinU =KgNUCJNP,
it normalizes J713 and then by Lemma 3.9 we obtain ( fr,, fw f,a fw—l)(TQM) =( f,,, fw fta fw—l fu)(rQu) =
(f,P fw fra fw_l )(tg) o pok(u) ot It remains to calculate

(Fer fo Feu fr) @) = Y frp(@px) (fo fry ) wrw ™).
xeG/Jh

By Lemma 3.23 the support of the function x +— f,P (rpx)(fwﬂa fw_l)(x_lwraw_l) is in V(w, a)J,,]).
Now, since for every x € V(w, a) = (Jl N wZ/[+w ﬂZ/{ YWl 'w™ we have ()c_l)“”‘*“f1 € J1 NU~ and
X e (J1 Nwidfw™! nuz)" o' ¢ (JpNU)T o' which is in JANU™ by Lemma 3.15, then (x )W
and x™ are in the kernel of np. We obtain
(fep fooFeo 1) (10) = V(w, @) : V(w, @) 0 H'1 fr, (p) 0 (fo fr, ) (wTew™)
Remark 3.22) = d(w, &)q"™ fr, (tp) 0 (fu fr, frp-1) (WTaw™")

e(w)yp opok(w)otoy;op ox(w_l) olL.

(Lemma 3.25) = d(w, @)q* ™8 (35, HY)
The result follows. ]
Lemma 3.40. We have yp =d(w, a)(S(\”j(]), ﬁ(l))g(w)yp opok(w)otoy;opok(w oL
Proof. By the definition of P = P(w, «) and Q = Q(w, «) (see Section 3D) we have

—1 _ P -1
Tp Tg =WTHW = 1_[ rw(h)rw(h)—l
h=i+1
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and so

m/
—1 —1
Yp YO = 1_[ Ywm)Ywh)—1
h=i+1
m/
(Lemma 3.31) = 1_[ " ’w(h)s(r,;(lh)fw(h)—l)
h=i+1

:( l_[ Bm/w(h)>s(w1:,-w1)

h=i+1
m’ m’
(Lemma 3.31) = ( 1_[ 8’"/"’“’))( 1_[ 8hm,>e(w) oy;oe(w™ )
h=i+1 h=i+1

m’

m/
(Remark 3.28) = ( I1 am’—w<h>) ( I1 ah—m’>5(3(1), A P por(w)otoyiopokw ot
h=i+1 h=i+1

m’

— ( 1_[ ah—w(h))a(:;}), .6(1))((“’)1) ok(w)otoy;op ok(w Hou.
h=i+1

It remains to prove that d(w, o) = ]_[Z’,:ﬂrl ah—w  Since by Remark 3.22 we have d(w, o) = 3t it is
sufficient to prove Z’:/:l +1 h—w(h) =€(w). We prove this statement by induction on £(w). If £(w) =1,
since w is of minimal length in wWj, we have w =5, = (i,i + 1) and

m m'

Y h—why=i+l-wi+D+ Y h—wh)=i+l—i+0=1

h=i+1 h=i+2

Let now w be of length £(w) =n > 1. By Lemma 2.12 of [Chinello 2017] there exists o ;1 € P and
w’ € W of length n — 1 such that w = s;jw’. Then w’ is of minimal length in w’Wj and so we can use the
inductive hypothesis. Moreover, by definition of P, there exist h € {i+1,...,m'} such that j = w(fz) and
j+1#w(h) forevery he{i+1,...,m'} and then w(h) = w'(h) forevery h € {i + 1, ..., m’'} different
from /. We obtain Z':/:Hl h—wh) = Zh#ﬂl (h —w(h)) +h —w'(h) +w'(h) — w(h) which is equal to

’

Y h—w ) +h—w )+ ;N —j= ) h—wm)+j+1—j=L@)+1=Cw). O
h+#h h=i+1

Lemma 3.41. We have ff}, fw f;a fw—l =q*™ f,Q > fu where u runs over a system of representatives
of UNwU w HKY/K'inUNwU w™.

Proof. By Lemma 3.38 the support of ff,, fw fra fw—l is contained in J}DrQ(U NwU *w*I)J};. For every
u' e UNwU w™!, by Lemmas 3.39 and 3.40, (f,P fwﬁafw_l)(rQu’) is equal to

£(w)

"™ dw, 0)8(JY, H0) ™ ypopok(w)otoy;opor(w Hotopok)ot=qg""ygopor)or.
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To conclude we observe that (f,Q > fu)(rQu/) = (ﬂQ fu/)(rQu/) =ygopok(u)ot O
Proposition 3.42. The map ®" of Lemma 3.32 respect the relations of Lemma 3.14.

Proof. By Lemma 3.11 the map ©” respects relation 1. By Lemma 3.34 it respects relation 3 and

A

fto—lf;( = f,;o—lkmfto—l for every k € Kp and by Lemmas 3.33 and 3.30 it respects relations 2 and 6.

Moreover, it respects relations 4 and 5 by Lemma 3.35 and relation 7 by Lemma 3.41. (Il
Theorem 3.43. For every nonzero y € I, (n) and every B-extension k of n there exists an algebra
isomorphism ©,, . : HR(B*, K};) — (G, n).

Proof. By Proposition 3.42 and by Lemma 3.8 there exists an algebra homomorphism from % (B>, K }9)
to sz (G, n) which depends on the choice of a B-extension of  and of an element in I; ,  (np), which
is isomorphic to I; , () by Lemma 3.8. Let E be a set of representatives of K }g—double cosets of B*.
Then {f; | x € E} is a basis of #z(B*, K}g) as an R-vector space and, since Ig(n) = J'B*J! and
dimg(1,(n)) =1 for every y € Ig(n), the set {®, (f) | x € E} is a set of generators of 7#%(G, n) as an
R-vector space and so ©,, , is surjective. Moreover, the set {®,, ,(fy) | x € E} is linearly independent
and so ©,, , is also injective. ]

Remark 3.44. Let « and «’ be two S-extensions of 7. By Section 2A there exists a character x of O
trivial on 1+ pf such that k" =k ® (x o N, ). If we consider y trivial on &g and we write ¥ = x oNp/f,
which is a character of B*, then ®;’}{ 00, maps fy to x fr = x(x) fx for every x € B*.

4. Semisimple types

Using the notation of Section 2, in this section we present the construction of semisimple types of G with
coefficients in R. We refer to Sections 2.8-9 of [Minguez and Sécherre 2014b] for more details.

Let r € N* and let (m1, ..., m,) be a family of strictly positive integers such that Z?:l m; = m. For
everyi €{1,...,r} we fix a maximal simple type (J;, A;) of GL,,, (D) and a simple stratum [A;, n;, 0, ;]
of A; = M, (D) such that J; = J(8;, A;). Then, the centralizer B; of E; = F[f;] in A; is isomorphic to
M,y (D)) for a suitable E;-division algebra D; of reduced degree d; and a suitable m; € N*. Moreover,
U(A;)N B/ is a maximal compact open subgroup of B, which we identify with GL,, (Op)).

Let M be the standard Levi subgroup of G of block diagonal matrices of sizes m, ..., m,. The pair
(Jm, Am) with Ty =T, Ji and Ay = @);_, A; is called a maximal simple type of M.

Foreveryi e {1, ..., r} we fix a simple character 6; € ¥ (A;, 0, B;) contained in A; and we observe that
this choice does not depend on the choices of the S-extensions implicit in ;. Grouping 6; according their

endoclasses, we obtain a partition {1, ..., r} = |_|§: 1

I; with [ € N*. Up to renumbering the (J;, A;) we can
suppose that there exist integers 0 =ap <a; <--- <a; =r such that we have I; ={i eN|a;_| <i <a;}.
For every j € {1,...,1} we denote m/ = e, mi and m' = > _ie1,M; and we consider the standard
Levi subgroup L of G containing M of block diagonal matrices of sizes m!, ..., m'.

Let j € {1,...,1}. We choose a simple stratum [A/, n/, 0, B/] of M,,;(D) as in Section 2.8 of

[Minguez and Sécherre 2014b] (see also Section 6.2 of [Sécherre and Stevens 2016]); in particular we
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can assume that for every i € I; there exist an embedding ¢; : F[B/] — A; such that 8; = ;(8/) and
that the characters 6; with i € I; are related by the transfer maps. If we denote by B/ the centralizer of
EJ = F[B/]in M,,; (D), there exist an E/-division algebra D’/ and an isomorphism that identifies B/ to
M,,; (D" and U(AJ) N B/* to the standard parabolic subgroup of GL,,; (Op,) associated to m; with
i € I;. We denote by 6/ the transfer of 6; withi € I; to Gg(A’, 0, B/), which does not depend on i, and
we fix a B-extension «/ of 6/. In Section 2.8 of [Minguez and Sécherre 2014b] the authors define two

compact open subgroups J; C J(8/, A7) and J! C J'(B/, AY) of G such that J;/J| = [Tics, JiJL,
and representations « ; of J; and y; of J Jl such that
NN~ TN TN~ ) _ : Jj L _
de_} j=1e8hig) niy K 1nde Ki =k, JjﬂM_l_I[J,, restlic.,_®K,,
1€l 1elj

where «; € B(6;) for every i € I;. We denote by n; the restriction of «; to J Y(Bi, A;) foreveryi el e
We obtain a decomposition A; = k; ® o; for every i € I; where o; is a representation of J; trivial on Jil.
We denote by o ; the representation ), 1, 0i viewed as a representation of J; trivial on J jl and we
setA; = k; ®0o;. Then (J;,X;) is a cover of (]_[ielj Ji, ®i61j )»,-) by Proposition 2.26 of [Minguez
and Sécherre 2014b], (J;, ;) is decomposed above ([T;c;, Ji, @y, ki) and (J], ;) is a cover of
([T< I I R I ni) by Proposition 2.27 of the same reference.

We set

r r r l !
J]b:l_[Jil, KM=®Ki, 77M:®77i’ JL:HJJ" JLI:HJ!’
i=1 i=1 i=1 j=1 j=l1
l I l I
)»L=®)»j, KL=®’Cj, nL:®77j’ o“L=®°“.i-
j=1 j=1 j=1 J=1

By construction (Jr, Az) and (JLl, n;) are covers of (Jy, Ayr) and J5, nuy) respectively and (Jr, k)
is decomposed above (Jys, kpr)-

Proposition 2.28 of [loc. cit.] defines a cover (J, L) of (Jr, Ar) and so of (Jy, Apr), that we call a
semisimple type of G. If the (J;, A;) are maximal simple supertypes, we call (J, L) a semisimple supertype
of G. The semisimple type (J, A) is associated to a stratum [A, r, 0, 8] of A, which is not necessarily
simple (Section 2.9 of [loc. cit.]). We denote by B the centralizer of 8 in A, B, = B*NL = ]_[lj:l BJ*
and J' = J NU;(A). By Propositions 2.30 and 2.31 of [loc. cit.] there exists a unique pair (J', 5)
decomposed above (J Ll, n;) and so above (J L ). Tts intertwining set is Ig(n) = J BZ J and for every
y € B} the R-vector space I,(n) is 1-dimensional. We also have the isomorphisms

T3 =03 =] ] 59 = ]Gl ).
i=1 i=1

We can identify o ; with an irreducible representation o of J trivial on J!. By Proposition 2.33 of [loc. cit.]
there exists a unique pair (J, x) decomposed above (Jr, k1) and so above (Jyy, k7). Moreover, we have
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n= resf1 K, A=k ®o0o and I5(k) = JBLXJ. We denote by .# the finite group 1_[;21 GLm; (ED;). Then
we can identify o to a cuspidal (supercuspidal if (J, A) is a semisimple supertype) representation of ..

Remark 4.1. The choice of S-extensions x/ € B(6/) for every j € {1, ...,1} determines «; € B(6;)
foreveryi e {l,...,r}, k/ for every j € {1,...,1}, kr and k and so the decompositions A; = k; ® o;,
Ai=k;jQ@0cjand A=k ®o0.

4A. The representation nmax. In this section we associate to every semisimple supertype (J, L) of G an
irreducible projective representation 3,,,,, of a compact open subgroup of G and we prove that the algebra
HR(G, Nmay) 18 isomorphic to #%(B;, K i) where K i is the pro- p-radical of the maximal compact open
subgroup of Bj.

For every j € {1,...,[} we choose a simple stratum [Apax, j, max, j> 0, B/ of M,,; (D) such that
U (Amax,j) N B/ is a maximal compact open subgroup of B/* containing U (A7) N B/* as in Section 6.2
of [Sécherre and Stevens 2016]. Then we can identify U (Apax, j) N B/* to GL,,i (Opi). Let Jax,j =
J(ﬂj, Amax,j) and Jnlﬂax’j = Jl(,Bj, Amax,j). We can also choose Omax,j € Cr(Amax,j» 0, ,Bj) such that
its transfer to Gr(A7, 0, B7) is 67/. We fix a B-extension Kpyayx, j Of Omax, j and we denote by nyax, j its

restriction to J . By (5.2) of [Sécherre and Stevens 2016], there exists a unique «/ € B(67) such that

max, j

. A(UAPNBIYUIAT) i~ o (UN)NBIX)UL (M) .
de(ﬁ/‘,A/) K _md(U(Aj)nB/X)J,LW- max, j 6)

and so by Remark 4.1 the choice of kyax, ; determines k ;. We set

l ) 1
1 1
Jmax = 1_[ ]max,ja ‘]max = 1_[ Jmax,j7 Kmax = ®Kmax,js
j=1 Jj=1 j=1

l ) l
nmax=®nmax,ja KL=1_[U(Amax,j)mBjx, K[{:HUI(Amax,j)ﬂBjX-
j=1 j=1 Jj=1

If we denote by ¢ the finite group ]_[ljzl GL,,i (¢pi), we obtain Jmax/J) = K1 /K| =9 and (A, o)
is a supercuspidal pair of 4.
As before in this section, by Propositions 2.30, 2.31 and 2.33 of [Minguez and Sécherre 2014b] we

can define two compact open subgroups Jmax and Jr}lax of G such that Jyax/ Jrilax = Jmax/ Jrilax =9

ax

and pairs (Jmax, Kmax) and (Jrllax, Nmax) decomposed above (Jmax, kmax) and (Jrlm, Nmax) respectively.
Then we have I (Kmax) = 16 (Mmax) = Jmax B Z Jmax and the R-vector spaces Iy (1,,x) and I, (kmax) have
dimension 1 for every y € B;.

Remark 4.2. Since for every j € {1, ..., 1} the choice of kpnax, j € B(Omax, j) determines k ;, the choice of
kmax determines k and kn,x and so the decomposition A = k @ ¢. On the other hand 5, , the group ¢
and the conjugacy class of .# are uniquely determined by the semisimple supertype (J, A), independently
by the choice of «yax or of k.

Proposition 4.3. The algebras 53(G, N,.) and ®§.:1 HR(GL,,i (D), Nmax, j) are isomorphic.
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Proof. By Lemma 1.3 and by Lemma 2.4 and Proposition 2.5 of [Guiraud 2013] there exists an algebra
isomorphism ®lj:1 HR(GL,,i (D), Nmax,j) = HR(L, Nmax). Now, since I (Nnax) C JmaxL Jmax the
subalgebra 7% (Jmax L Jmaxs Mmax) Of 7R (G, Nyax) Of functions with support in Jmax L Jmax 1S equal
to H#R(G, §.x) and so by Sections I1.6-8 of [Vignéras 1998] there exists an algebra isomorphism
HR (L, Nmax) = AR (G, Na) Which preserves the support. |

Corollary 4.4. The R-algebras #%(B; , K i) and R (G, N,y are isomorphic.

Proof. By Remark 1.5 of [Chinello 2017] (see also Theorem 6.3 of [Krieg 1990]) the algebra #z (B, K i)
is isomorphic to ®lj:1 Hr(BI*, U, (Amax,j) N B/*) and then by Theorem 3.43 we obtain, for every
jell, ..., 1},

HR(B7*, Uy (Amax.j) N BY™) = H#3(GL,,; (D), Nmax. j)- O

Remark 4.5. By Theorem 3.43 the isomorphism of Corollary 4.4 depends on the choice of a f-extension
Kmax, j Of Nmax,j and of an intertwining element of nmay, ; for every j € {1, ...,1}. Using Proposition 4.3,
the tensor product of these intertwining elements becomes an intertwining element of 5,,,,.

Remark 4.6. The procedure that associates 3, to (J, A) depends on several noncanonical choices, for
example the choice of the isomorphism B, — [] GL,,, (D). To obtain a canonical correspondence, we

denote by ©; the endoclass of §; withi € {1, ..., r} and we canonically associate to (J, A) the formal sum
- m,-d
O, A)=0= ;-
; LEi: F1

Furthermore, the group ¢ and the ¢-conjugacy class of .# depend only on (J, A) and actually the
group ¢ depends only on © because m'/[£,,; 1 tgi]=m/d/[E/ : F] = Zieh m;d/[E; : F] which is the
coefficient of @; in ®@. We refer to Section 6.3 of [Sécherre and Stevens 2016] for more details.

5. The category equivalence Z(G, 1,ay) =~ Z(B[, Ki)

Using the notation of Section 4, in this section we prove that there exists an equivalence of categories
between Z(G, N,,,¢) and Z(B;, K i). This allows to reduce the description of a positive-level block of
Zg(G) to the description of a level-0 block of Zr (B LX).

5A. The category %(J, A). In this section we associate to a semisimple supertype (J, A) of G a subcat-
egory of Zr(G). We refer to [Sécherre and Stevens 2016] for more details.

From now on we fix an extension kmax 0f .« 10 Jmax, as in Section 4A. This uniquely determines
a decomposition A = k ® o where k is an irreducible representation of J and o is a supercuspidal
representation of .# viewed as an irreducible representation of J trivial on J'. We consider the functor
Kipa : Zr(G) — %(Jmax/-]nllax) =Zr(¥) givenby K, ()= Hoer}]ax (Wmax» ) for every representation
7 of G, with Jnax acting on K, () by

X.p = T(X) 0P 0 Kpax (X) ! 7
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for every x € Jmax. We denote by 1 (kmax) this representation of ¢. We remark that if V| and V, are repre-
sentations of G and ¢ € Homg (V}, V,) then K
details on this functor see Section 5 of [Minguez and Sécherre 2014b] and [Sécherre and Stevens 2016].

(¢) maps ¢ to ¢pog for every ¢ € Homg (p, Vi). For more

K max

We recall that we have o = Q);_, 0; where o; is a supercuspidal representation of GL,,/ (¢p;). We put
r,= ]_[ljzl Gal(tp; /€)1, The equivalence class of (.Z, o) (see Definition 1.14 of [Sécherre and
Stevens 2016]) is the set, denoted by [.#, o], of supercuspidal pairs (.#’, 6’) of ¢ such that there exists
€ € I' 4 such that (%', 6’) is ¥-conjugate to (., c°).

Let ® =0O(J, A). For every representation V of G let V[@, o] be the subrepresentation of V generated
(V) such that every irreducible subquotient has supercuspidal support in

(V) (see Section 9.1 of [Sécherre

by the maximal subspace of K

Kmax

[.#,0] and let V[@®] be the subrepresentation of V generated by K
and Stevens 2016]).

K max

Definition 5.1. Let Z(J, L) be the full subcategory of Z (G) of representations V suchthat V =V[0O, o].
This does not depend on the choice of k¢ (see Section 10.1 of [loc. cit.]).

Remark 5.2. For every representation V of G we have V[O, d][®, 0] = V[O, a] (see Lemma 9.2 of
[loc. cit.]) and so V[@®, o] is an object of Z2(J, A).

We define the equivalence class of (J, L) to be the set [J, A] of semisimple supertypes (J, &) of G
such that ind () = ind§ (0).

Theorem 5.3. The category %(J, L) depends only on the class [ J, L] and it is a block of Zg(G).
Proof. This follows from Propositions 10.2 and 10.5 and Theorem 10.4 of [Sécherre and Stevens 2016]. [J

Remark 5.4. The proof in [loc. cit.] of Theorem 5.3 uses the notions of inertial class of a supercuspidal
pair of G and of supercuspidal support (see 1.1.3, 2.1.2 and 2.1.3 of [Minguez and Sécherre 2014a]).
These notions are very important in the study of representations of GL,, (D) but in this article they are

not used explicitly.

5B. The category equivalence. Let (J, L) be a semisimple supertype of G and let @ = @(J, L) be the
formal sum of endoclasses associated to it. In general there exist several semisimple supertypes of G
associated to @. We put X = Xg = {[J/,A] | ©(J', 1) = ©}. In this section we prove that the sum
Dy aiex 2, ') is equivalent to the level-O subcategory of % (B]).

Let Y = Yg be the set of equivalence classes of supercuspidal pairs of ¢, that is uniquely determined
by ® by Remark 4.6. Let k. be a fixed extension of 9, to Jmax as in Section 4A and let K=K, .

By Proposition 10.7 of [Sécherre and Stevens 2016] there exists a bijection
Gup - X =Y ®)

given by ¢, ([J',A']) = [.#, o] if the supercuspidal supports of irreducible subquotients of K(V) are
in [.#, o] for every (or equivalently for one) object V of 2(J’, \"). This is equivalent to saying that
there exists k as in Section 4 (which depends on k,x) such that A’ = k ® o with (#, 0') € [.#, o].
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Proposition 5.5 [Sécherre and Stevens 2016, Corollary 9.4]. For every representation V of G we have

viel= P Vie.d'l. ©)
(4 0'\eY
Proposition 5.6 [loc. cit., Lemma 10.3]. If [J',A'] € X and W is a simple object of %#(J', ') then
K(W) # 0.

Since J!

notation and results of Section 1B. We have defined the functor

has invertible pro-order in R, the representation 7,,,, is projective and so we can use the

M

Nmax

: ZR(G) — Mod- AR (G, Nax)

by M, (V)=Homg (indg1 (Mmax)» V) and My () : ¢ = @ o ¢ for all representations V and V) of G,
¢ € Homg (V, V) and ¢ € Homg (ind%ax(nmax), V).

Mmax

Remark 5.7. Frobenius reciprocity induces a natural isomorphism between the functor M, composed
with the forgetful functor Mod- 5% (G, 15.x) = Mod- R and the functor K
functor Z (¢) — Mod- R. This implies that for every representation V of G the subrepresentation V[®]

composed with the forgetful

K max

of V is the subrepresentation V[5,,,,] defined in Section 1B.

We have also defined the full subcategories %, (G) and Z(G, N,,x) of Zr(G). We recall that
X (G, Nmyy) 1s the category of V such that V = V[®] and #,__ (G) is the category of V such that
M, (V') # 0 for every irreducible subquotient V' of V.

Lemma 5.8. We have Z(G, Ny,x) = %y, (G).

Proof. Thanks to Remark 1.8 it is sufficient to prove Z(G, ) C %,
in Z(G, N, By Proposition 5.5 we have V = @y V[0, ¢’] and by Remark 5.2 the representation
V[©, o'] is an object of Z(J’, A") where [J/,\] = ¢;;ﬂx([%, o’]) € X. Hence, we obtain the inclusion
R (G, Nmax) CDOx Z(J', L'). Let now W be an object of Py 2(J’, 1') and W’ an irreducible subquotient
of W. Then W' is an irreducible object of Z(J’, 1) for a [J’, '] € X and so by Proposition 5.6 we have
Ko (W) #0. Therefore, by Remark 5.7 we have M, (W') %0 which implies @y Z(J, 1) C %y . (G).

O

(G). Let V be a representation

nmax

max

Remark 5.9. We have proved that Z(G, 1,,,x) = %y, (G) = @[J,A]ex Z#(J, L). Moreover, by Proposi-
tion 1.7, a representation V of G is in this category if and only if it satisfies one of the following equivalent
conditions:

e V=V[O].
» For every subquotient Z of V we have Z = Z[O].

For every irreducible subquotient U of V we have M, (U) # 0.

For every nonzero subquotient W of V' we have M, (W) # 0.
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Theorem 5.10. The functor My__ is an equivalence of categories between
B(G, M) and  Mod- A (G, ynay)-
Proof. We apply Theorem 1.9 with G =G and o = 4. ]

Remark 5.11. We recall that a level-O representation of B/ is a representation generated by its K i—
invariant vectors. It is equivalent to say that all irreducible subquotients have nonzero K i—invariant
vectors (see Section 3 of [Chinello 2017]). The category Z(B;, K i) is called the level-0 subcategory of
Zr(B LX). By Section 3 of [Chinello 2017] and Theorem 1.9, the K i—invariant functor inv k! induces an
equivalence of categories between Z(B;, K i) and Mod- 5% (B}, K i) whose quasiinverse is

. Bf
Wi W ® s k) indy (1),

We recall that if (o, Z) is a representation of B LX then the action of ® € #% (B}, K i) onzeZ K is given
by z.& = erKi\BZ d(x)o(xNz.

Corollary 5.12. There exists an equivalence of categories between Z(G, ,,,,x) and Z(B;, K i).

Proof. By Corollary 4.4 the algebras 57z (B}, K i) and % (G, 1,,,) are isomorphic. We obtain an equiv-
alence of categories between Mod- % (G, 1,,,x) and Mod- #%(B;, K i) and so between Z(G, pax)
and Z(B/, K|) by Theorem 5.10 and Remark 5.11. O

Now we want to describe the functor that induces this equivalence of categories. We recall that we
have fixed an isomorphism B, = [[ GL,,,; (D’ 7) and an extension K max of ;.. We also fix a nonzero
intertwining element y of 5,,,, as in Remark 4.5. By Corollary 4.4 we have an isomorphism ®,, ,
HR(B}, K z) — HR(G, Npyay) Which induces an equivalence of categories © . :Mod- % (G, Nyay) =
Mod- #% (B}, K i). We obtain the diagram

Corollary 5.12 « 1
Z(G, Nipax) Z(B[,K|)

J{M’?mux TRemark 5.11 (1 0)
e} Kmax
Mod- #z (G, Nnay) —————— Mod- #%(B), K}).

The functor My, : Z(G, N,ax) — Mod- 7% (G, 1,,,) 18 an equivalence of categories by Theorem 5.10.
By Lemma 1.3 the right action of J#z (G, 9,,x) on M,,max(V) is given by (m.W)(f) = m(W x f) for
everym e My (V), VW € JR(G, Nyx) and [ € ind% i (ﬂmax) The right-action of ® € J#;(B/, K} 1)
on a (G, Np.)-module N is given by N.® = N. ®y km (D). By Remark 5.11 the functor W +—
w ®%R(B>< KD 1ndB (1) is an equivalence of categories between Mod- %”R (B}, L) and Z(B), K! L)
where, by Lemma 1 3, the left-action of ® € J#%(B;, L) on f € ind Ki (1) is given by &. f = d % f.
Moreover, the left-action of x € B, on w® f € W® 4., (B K| )de1 (1) is glven by x.(w® f)=w®(x.f).
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Composing these three functors we obtain the equivalence of categories of Corollary 5.12 which we

denote by F, and is given by

> K max

. BX
Fy (T, V) =My (7, V) Q@ (B K} 1ndKL£(1K£) (1)

for every (7, V) in Z(G, N,,4¢)> Where the right-action of ® € #% (B, Ki) onme M, (mw,V)Iisgiven
by (m.®)(f) = m(®y ;... (P) * f) for every f € indzax (Mmax)- We remark that if V| and V, are in
Z(G, nmax) and ¢ € Homg (V1, V) then F), . (¢) maps m® f to (pom)® f forevery m € My _ (V1)
and f € 1ndKI (1K1)

K max

5C. Correspondence between blocks. In this section we discuss the correspondence among blocks of
#(B, K i) and those of Z(G, n,,,,) induced by the equivalence of categories F, . defined in (11).

We consider the functor K, : (B}, K}) — Zr(K1/K}) = Zr(%) given by Kk, (Z) = ZXi and
Kk, (@) = qb Sk} for all representations (o, Z) and (01, Z;) of B>< and every ¢ € Home (Z, Zy), where
x € Ky acts on ze zKi by x.z = o(x)z. It is the functor presented in Section SA when we replace G by
B Z and K.« by the trivial representation of K. We also consider the functor H : Mod- %% (B, L) —
%’R(KL/KD given by H(W) = (¢’, W) and H (¢) = ¢ for all % (B, Ké)—modules W and W; and
every ¢ € HomﬂR(Bx’Kl)(W, W1), where o' (k)w = w. f;—1 forevery k € K and w € W.

Remark 5.13. The functor Kg, is the Composmon of inv K! (see Remark 5.11) and the functor H.
Actually if (o, Z) is an object of Z(B), K}) then H (inv k1 (2) = H(ZKL) = (o', ZKL) where o' (k)z =
2 i1 =D ekl 1\Bx fi-1(x)o(x 1z = o(k)z for every z € ZKi and k € Kp.

We obtain the diagram

F,

¥sKmax

Z (G, Ninax) #(B[, K})

* .
Wax oM, Mmax IHV
L

Mod- #% (B}, K})

lH

KRr(Y)

(12)

Kmax

Proposition 5.14. There exists a natural isomorphism between Kk, o F,, ;. and K,

Kmax*

Proof. By Remark 5.13 we have Kg, o F), . = H o iani oF, and by (10) we have a natural

7KmﬂX
isomorphism between inv 1 oFy ,, and ©F . oM,  soitis sufficient to find a natural isomorphism
3: H°®;,xmax°Mﬂmax - K For every object (77, V) of Z(G, §ax)s let 3v : My (V) — K, (V) be

the isomorphism of R-modules given by Remark 5.7. The action of x € K; /K i =4onmeM, (m,V)

Kmax * Mmax K max

is given by x.m = m.O, . (fi-1) = m.fxq where fxq € HR(G, ) has support x~1J! —and
(V) is given by (7). We have
to prove that 3y (x.m) = x.3y (m) for every m € M, (w, V) and x € 4. We recall that in Section 1A

fe1(x™1) = kmax (x 1) while the action of x € Jyax/JL,, =% on g e K

K max
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we defined elements i, : JILax — Vi With v € V, such that m(i,) = 3v(m)(v), which generate
ind?,,‘m("max) as a representation of G. Then for every v € V,,  we have

3y (xm)(v) = (x.m) (i) = (m. fr-1)(iy) = m( -1 *iy).

The support of f,1 % i, is JL x7" and (fi1 *i,)(x™") = fioi(x™)v = kmax(x~")v. We obtain
3y @m)©) = M, (o) = TE) Mg, o-1) = TGy (0) K@~ H0)) = (6.3y (m) ().
Now, let V| and V; be two objects of Z(G, 9,,,) and let ¢ € Homg (Vy, V2). Then foreveryme My (V1)
and every v € V;  we have 3y, (H (O (M, (#)))(m))(v) = 3v,(¢ o m)(v) which is equal to

Vmeax
(¢ om)(iy). On the other hand we have K, (¢)(3v, (m))(v) = ¢ (3v, (m)(v)) which is equal to ¢ (m(i,)).
This shows that 3 is a natural isomorphism. ([

Now we look for a block decomposition of Z (B, Ké). Let [.#,0] € Y. Then .# = ]_[ljzl M
and 0 = ®lj:1 o; where .#; = J;/J ].1 and [.#;, o ;] is a class of supercuspidal pairs of GL,,;(¢p,).
For every j € {1, ..., 1}, replacing G by B/* and kp,x by the trivial character of U(Apax, j) N B/* in
Definition 5.1, we obtain an abelian full subcategory 2 (U (Amax, j) N Bi*, o ;) of Zg (B/*) whose objects

are representations V; of B/* generated by the maximal subspace of V; Ur(Ama, OB

for which every
irreducible subquotient has supercuspidal support in [.#}, o ;]. We obtain a full subcategory Z(K, o)
of Zr(B Z) (and of Z(B, K i)) whose objects are representations V of B Z generated by the maximal
subspace of VX L such that every irreducible subquotient has supercuspidal supportin [.#, o' ]. Theorem 5.3
and Remark 5.9 give a block decomposition of Z(BI*, U, (Amax,j) N B/ for every je€{l,...,l} and

so we obtain a block decomposition
#B}.K)= P %K. 0).
[#.6]eY
We recall that we have a block decomposition Z(G, §.x) = @”,”ex Z(J, L) by Remark 5.9 and a

bijection ¢, : X — Y defined in (8) which depends on the choice of K max.

Theorem 5.15. Let [J, Al € X and [#, 0] = ¢y, ,([J,A]) €Y. Then F,, . induces an equivalence of
categories between the block Z(J , L) of %Zr(G) and the block #(K 1, o) of Zr(B]).

Proof. If V is an object of Z(J, L), by Proposition 5.14 there exists an isomorphism of representations
of ¢ between Kg, (F,.,,..(V)) and K (V)KL have
supercuspidal support in [.#, o] and so F), ;. (V) isin Z(K[, o). 0

(V). Then irreducible subquotients of (F),,

K max K max K max
We remark that the matching of the blocks of Z(G, 1,,,x) and of Z(B;, K i) does not depend on the
choice of the intertwining element y of 5,,,, while the equivalence of categories between these blocks,

induced by F, ;. (V), depends on this choice.

K max

5D. Dependence on the choice of kmax. In this section we discuss the dependence of results of Sections
5A, 5B and 5C on the choice of the extension of 9, t0 Jmax-

Let (J, A) be a semisimple supertype of G. We have just seen in Remark 4.6 that the group ¢ depends
only on @(J, L) and by Remark 4.6 and Theorem 5.3 the ¢-conjugacy class of .# and the category
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Z#(J, L) do not depend on the choice of the extension of 5, t0 Jmax. Moreover, the sum (9) does not
depend on this choice because a different one permutes the terms V[@, 6] in V[®]. Then V[@], the
(G) = ®[J,k]ex Z(J, L) and the equivalence of Theorem 5.10 do not
depend on the choice of the extension of 1,,,,-

equalities Z(G, Nyax) = %y,
Let y be a fixed nonzero intertwining element of »,,,,, as in Remark 4.5. Using notation of Section 4A

let & max and «’

. ol 1l /
" ax D€ two extensions of 9, 10 Jmax and let kmax = Q) =1 kmax,j and Kk, = X =1 Kinaxj

/

be the restrictions to Jyax Of Kmax and k., respectively. Then, for every j € {1, ..., [}, kmax,j and Kimax. j

are f-extensions of 6yax ; and so by Section 2A there exists a character x; of O; ; trivial on 1+ pp;
such that /cr’nax’j = Kmax,j ® (Xj 0 Npi/gi). Let x and X be the character ®lj:1(xj o Ngigi) viewed as

characters of Jyax trivial on J 1

max and of & respectively and, if we consider y; trivial on @, for every

jel{l,... I}, let x = ®[J':1(Xj o Npj, i) viewed as a character of BLX.

We consider the functors X : H(B}, Ki) — Z(B}, Ki) and X : ZR(9) — Zr(¥) given by %(Q) =
0®% 1, X(@)=¢, X(t)=1®% ! and X(¢) = ¢ for every o, 01 in Z(BY, K}l),every g e Homg- (0, o),
all representations t and 71 of ¢ and every ¢ € Homg (7, 71). We consider the following diagram.

Kx

X 1 L
Z (B, K;p) HR(Y)
i H(G M) ¥ (42
X 1 KKL
#(B),K}) HR(D).

Lemma 5.16. We have K, = Xo Ki,... and so for every representation (1w, V) in Z(G, 1)) We have
1

T[(’C;nax) = T[(Kmax) &® )_(_ .
Proof. The space of K, (V) and %(K,cmax(V)) isHom 1 (fnax. V). Let ¢ be in this space and x € Jmax.
Let Q be the standard parabolic subgroup of G with Levi component L, let N be the unipotent radical of
QO such that Q = LN and let N~ be the unipotent radical opposite to N. We choose x; € Jpax "N,

/
max?’

Jmax) respectively, we obtain 7 (k/,. ) (x)(¢) = 7(x) o @ o Kk (x7 1)

X2 € Jmax and x3 € Jmax NN such that x = x;x2x3. Since (Kmax, Jmax) and (k Jmax) are decomposed

/

above (KmaX’ JmaX) and (Kmax’

which is equal to 7(x) 0 ¢ 0 i/ (X7 1) = 7(x) 0 9 0 kemax (X3 ) x (45 1) = 7 (Ko max) (X) (@) x (x2) "' Since
Joax "N =JL NN and Juox "N~ = JL NN~ we obtain x (x2) ! = x(x)~'. Now, let V; and V5 be
two objects of Z(G, n,.) and let ¢ € Homg(Vy, V2). Then for every ¢ € Hom Jilmx(nmax, V1) we have
Ki)o (@) (@) = p o = X (K, () (@). 0

Lemma 5.17. We have Kx, o X = X o K.

Proof. Let (0, Z) be in Z(B), K}). The space of Kk, (X(Z)) and X(Kk, (Z)) is ZXL. Let x € K1, and
let X be the projection of x in K; /K} =%. Forevery z € ZKL we have Kk, (i‘(g))(}?)(z) =7(x"Hox)v
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while .%(KKL(Q))()?)(Z) = x(x~Do(x)v. Now, let Z; and Z, be two objects of Z(B}", Ki) and let
¢ € Hompx(Z1, Z5). Then we have Kk, (X(¢)) = ¢ = X(Kk, (#)). O

We remark that by Proposition 5.14 and Lemmas 5 16 and 5.17, the functor Kg, o F, 4/ is naturally

isomorphic to K s which is equal to X o K, which is naturally isomorphic to X oK, o Fy,xmax which

K max

is equal to Kg, o Xo Fy -
Proposition 5.18. There exists a natural isomorphism between F,, y; and X o Fy . .

Proof. For every object (7, V) in Z(G, N,y), the space of F . (V) and %(F,, kma (V) 18
. BX
My, (V) ® sy k) 0d s (k)

IfmeM, (V)and f € ind?z (lKi)’ in the first case the right-action of ® € J#; (B, Ki) on m and
the left-action of x € B onm ® f are givenby m ' ® =m.0, , (P)and x o' (M f) =m @ x.f
while in the second case they are given by m x ® = m. ®y k(@) and x o (m® f) = Fx Hmx. f.
Let 3y be the automorphlsm of My, (V) ® (7 k! )mdil (Ig1) that maps m ® f tom ® x f for every
meM, (V)and f elnd (1 1) By Remark 3.44 we havem* ® =m *x x P and then

v+ @@ f)=(m+ )@ (X f)
=(m*xP)® (X f)
=mQ ((XP)*(x /)
=mQ x(Px*f)
=3v(mQ (P x* f)).

This implies that 3y is well defined as an R-linear automorphism. Moreover, for every x € B;* we have
3yxo Mm@ f))=mRx(x.f)=xx"Hmx.(¥ f) =x03yv(m® f) and so 3y is an isomorphism of
representations of B>< Now, let V; and Vz be two objects of Z(G, N,x) and let ¢ € Homg (Vy, V2). Then
foreveryme M, (V))and f € 1ndK1 (Ig 1) we have 3V2(FV w (@M [f)) = v,(pom)® f) =

($om)® 7 f which is equal 1o X(F, . (6))(1 ® 7 ) = X(Fy enss )3y, m ® £). O

By Remark 4.2, the representations knm,x and k|, determine two decompositions A = k¥ @ o and

max

A =«’®0c’ where o and o' are supercuspidal representations of .# viewed as irreducible representations
of Jy trivial on J Ll Hence, the bijection ¢ o qﬁ;n}ax permutes the elements of Y and it maps [./Z, o]
to [.#,0']. Let k1, and k', be the restrictions to J; of k and k' respectively. By (6) and by (2.20) of

[Minguez and Sécherre 2014b] we have k), =k; ® x andso ¢’ =0 ® x L
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