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Algebraic dynamics of the lifts of Frobenius
Junyi Xie

We study the algebraic dynamics of endomorphisms of projective spaces with coefficients in a p-adic
field whose reduction in positive characteristic is the Frobenius. In particular, we prove a version of the
dynamical Manin—Mumford conjecture and the dynamical Mordell-Lang conjecture for the coherent
backward orbits of such endomorphisms. We also give a new proof of a dynamical version of the
Tate—Voloch conjecture in this case. Our method is based on the theory of perfectoid spaces introduced
by P. Scholze. In the appendix, we prove that under some technical condition on the field of definition,
a dynamical system for a polarized lift of Frobenius on a projective variety can be embedded into a
dynamical system for some endomorphism of a projective space.
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1. Introduction

In this paper, we write C, for the completion of the algebraically closure of @, with the induced norm.
Denote by C9, its valuation ring and C}” the maximal ideal of C}. Let F': [P’gp — ng be an endomorphism
taking form

F:ilxo: - :xyl>[xd +p' Po(xo, ..., xn) 1 xy + p' Py(x0, ..., xn)]

where ¢ is a power of p, p’ € Cy. and Py, ..., Py are homogeneous polynomials of degree g in
C;[xo, ..., xXn]. We say that F is a lift of Frobenius on ng'

In this paper we present a new argument for studying the algebraic dynamics for such maps, which is
based on the theory of perfectoid spaces introduced by Scholze. In particular, we study some dynamical

analogues of diophantine geometry for such maps.
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Dynamical Manin—Mumford conjecture. At first, we recall the dynamical Manin—-Mumford conjecture
proposed by Zhang [1995].

Dynamical Manin—-Mumford Conjecture. Let F': X¢ — X¢ be an endomorphism of a quasiprojective
variety defined over C. Let V be a subvariety of X. If the Zariski closure of the set of preperiodic points'
of F contained in V is Zariski dense in V, then V itself is preperiodic, and likewise for periodic points.?

This conjecture is a dynamical analogue of the Manin—Mumford conjecture on subvarieties of abelian
varieties. More precisely, let V be an irreducible subvariety inside an abelian variety A over C such that
the intersection of the set of torsion points of A and V is Zariski dense in V. Then the Manin—-Mumford
conjecture asserts that there exists an abelian subvariety Vj of A and a torsion point a € A(C) such that
V=Vy+a.

The Manin—-Mumford conjecture was first proved by Raynaud [1983a; 1983b]. Various versions of this
conjecture were proved by Ullmo [1998], Zhang [1998], Buium [1996b], Hrushovski [2001] and Pink
and Roessler[2002]. Observe that the dynamical Manin—-Mumford conjecture for the map x +— 2x on A
implies the classical Manin—-Mumford conjecture.

The dynamical Manin—-Mumford conjecture does not hold in full generality, as we have some coun-
terexamples [Ghioca et al. 2011; Pazuki 2010; Pazuki 2013]. In particular, Pazuki [2013] shows that
counterexamples can come from a lift of Frobenius crossed with a lift of its Verschiebung. This motivated
the proposal of several modified versions of the conjecture [Ghioca et al. 2011; Yuan and Zhang 2017].

However, this conjecture is now known to hold in some special cases [Baker and Hsia 2005; Fakhruddin
2014; Medvedev and Scanlon 2014; Ghioca and Tucker 2010; Dujardin and Favre 2017; Ghioca et al.
2011; 2015; 2018]. It seems that the dynamical Manin—-Mumford conjecture may be true except a few
families of counterexamples.

In this paper, we prove the dynamical Manin—-Mumford conjecture for periodic points of lifts of
Frobenius on PV,

Theorem 1.1. Let F : [P’gp — [P’gp be a lift of Frobenius on [P’gp. Denote by Per the set of periodic closed
points in ng. Let V be any irreducible subvariety of ng such that V N Per is Zariski dense in V. Then
V is periodic i.e., there exists £ > 1 such that F*(V) = V.

We note that Medvedev and Scanlon [2014] have proved Theorem 1.1 in the case
Filxo: - :xyl> [x{ + pP(xo,xn) i+ i xb_ + pPn_t, xn) : X%,

where g is a power of p and P € Z,[x, y] is a homogenous polynomial of degree g. Pazuki [2013]
studied the lifts of Frobenius on abelian varieties.

We should mention that, recently Scanlon gave a new proof of this theorem without using perfectoid
spaces. Since this proof is unpublished and it is completely different from ours, we will discuss it briefly
in Section 4 of this paper.

TA preperiodic point x is a point satisfying F™ (x) = F" (x) for some m > n > 0.
ZA periodic point x is a point satisfying F"(x) = x for some n > 0.
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Dynamical Tate—Voloch conjecture. Let V be an irreducible subvariety of [P’gp. There are homogenous
polynomials H; € C,[xo,...,xny], i =1, ..., m satistfying || H;|| = 1 which define V. For any point
y € ng(Cl,), we may write y = [yo : - -- : yn1, max{|y;i|}o<i<y = 1. Then we denote by d(y, V) :=
max{|H;(yo, ..., YN)|}1<i<m. Observe that d(y, V) does not depend on the choice of {H;}<;<; or the
coordinates [yg : ---: yy] of y. It can be viewed as the distance between y and V. Moreover for any
quasiprojective variety X and subvariety V of X, by choosing an embedding X < [P’gp, d(s, V) defines
a distance between V and a point in X.
Tate and Voloch [1996] made the following conjecture:

Tate—Voloch Conjecture. Let A be a semiabelian variety over C, and V a subvariety of A. Then there
exists ¢ > 0 such that for any torsion point x € A, we have either x € V or d(x, V) > c.

This conjecture was proved by Scanlon [1999] when A is defined over a finite extension of @ ,. Buium
[1996a] proved a dynamical version of this conjecture for periodic points of lifts of Frobenius on any
algebraic variety. Here we state it only for the lifts of Frobenius on [P’gp.

Theorem 1.2. Let F : [P’gp — [Ij’gp be a lift of Frobenius on ng. Let V be any irreducible subvariety
of I]j’gp. Then there exists 6 > 0 such that for any point x € Per, either d(x,V)>dorxeV.

In this paper, we give a new proof of this theorem by using the theory of perfectoid spaces.

Dynamical Mordell-Lang conjecture. The Mordell-Lang conjecture on subvarieties of semiabelian
varieties (now a theorem of Faltings [1994] and Vojta [1996]) says that if V is a subvariety of a semiabelian
variety G defined over C and I' is a finitely generated subgroup of G(C), then V(C) (T is a union of at
most finitely many translates of subgroups of I.

Inspired by this, Ghioca and Tucker proposed the following dynamical analogue of the Mordell-Lang
conjecture.

Dynamical Mordell-Lang Conjecture [Ghioca and Tucker 2009]. Let X be a quasiprojective variety
defined over C, let f : X — X be an endomorphism, and V be any subvariety of X. For any point

x € X(C) the set {n e N| f*(x) € V(C)} is a union of at most finitely many arithmetic progressions.3

Observe that the dynamical Mordell-Lang conjecture implies the classical Mordell-Lang conjecture in
the case I' >~ (Z, +).

The dynamical Mordell-Lang conjecture has been proved in many cases. For example, Bell, Ghioca
and Tucker [2010] proved this conjecture for étale maps, and the author proved it for endomorphisms of
Aq% [Xie 2017]. We refer to the book [Bell et al. 2016] for a good survey of this conjecture.

We note that the dynamical Mordell-Lang conjecture is not a full generalization of the Mordell-Lang
conjecture. In particular, it considers only the forward orbit but not the backward orbit. In an informal
seminar, Zhang asked me the following question:

3 An arithmetic progression is a set of the form {an + b | n € N} with a, b € N. In particular, when a = 0, it contains only
one point.



1718 Junyi Xie

Question 1.3. Let X be a quasiprojective variety over C and F : X — X be a finite endomorphism. Let
x be a point in X (C). Denote by O~ (x) := U?io F~!(x) the backward orbit of x. Let V be a positive
dimensional irreducible subvariety of X. If V. N O~ (x) is Zariski dense in V, what can we say about V?

We note that if V is preperiodic, then V N O~ (x) is Zariski dense in V. As with the dynamical
Manin—Mumford conjecture, the converse is not true. Indeed, we have the following example. Let
X = Aqlz X A(ID and f : X — X be the endomorphism defined by (x, y) — (x*, y%). Let V be the diagonal
and x = (1, 1). Then VN O~ (x) is Zariski dense in V, but V is not preperiodic. We have counterexamples
even when F is a polarized endomorphism.* The following example is given by Ghioca, which is similar
to [Ghioca et al. 2011, Theorem 1.2].

Example 1.4. Let E be the elliptic curve over C defined by the lattice Z[i] C C. Let F; be the endo-
morphism on E defined by the multiplication by 10 and F, be the endomorphism on E defined by the
multiplication by 6 4+ 8i. Set X := E x E, F := (F, F;) on X. Since |10| = |6 + 8i|, F is a polarized
endomorphism on X. Let V be the diagonal in X and x be the origin. We may check that VN O~ (x) is
Zariski dense in V, but V is not preperiodic.

As a special case of Question 1.3, we propose the following conjecture.

Conjecture 1.5. Let X be a quasiprojective variety over C and F : X — X be a finite endomorphism.
Let {b;};>0 be a sequence of points in X (C) satisfying f(b;) = b;_; for all i > 1. Let V be a positive
dimensional irreducible subvariety of X. If the {b;};>0 N V is Zariski dense in V, then V is periodic
under F'.

Remark 1.6. This conjecture can be viewed as the dynamical Mordell-Lang conjecture for the coherent
backward orbits. In fact, it is easy to see that Conjecture 1.5 is equivalent to the following:

Conjecture 1.5%. Let X be a quasiprojective variety over C and F : X — X be a finite endomorphism.
Let {b;}i>0 be a sequence of points in X (C) satisfying f(b;) =b;_; forall i > 1. Let V be a subvariety
of X. Then the set {n > 0| b, € V} is a union of at most finitely many arithmetic progressions.

Conjecture 1.5= Conjecture 1.5%. If {b;};>¢ is finite, then the b; are contained in a periodic circle. Then
Conjecture 1.5* trivially holds. Now we assume that {b;};>¢ is infinite. Set W :=(,.,{bi | b; € V,i > n}.
Then there exists N > 0 such that W ={b; | b; € V,i > N}. We note that {n >0 | b:, eVi\(n=0|b, €
W} C{0,..., N} is finite. After replacing bg by by, we may assume that N = 0. If W is empty, then

(n>0|b,eV}={n=>0]|b, e W} =0. If W is not empty, then every irreducible component of W
has positive dimension and {b;};>y N W is Zariski dense in W. Conjecture 1.5 implies that there exists
r > 1 such that F" (W) = W. If for some index i € {0, ..., r — 1}, there exists s > 0 such that b;,, € V,
then b;,, ¢ V forall n > s. Denote by T;, i =0, ...,r — 1, the set of j > 0 satisfying b; € V and

4An endomorphism F : X — X on a projective variety is said to be polarized if there exists an ample line bundle L on X
satisfying F*L = L®4 4 > 2.
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j =i modr. Then T; is either finite or equal to {i +rn | n € N}. It follows that
r—1
n=0lbyeVy={nz0lb,eW)=JT;
i=0
is a union of at most finitely many arithmetic progressions. (Il

Conjecture 1.5% =Conjecture 1.5. Assume that V is a positive dimensional irreducible subvariety of X
such that {b;};>0 NV is Zariski dense in V. Then {n > 0| b, € V} is infinite. Conjecture 1.5 shows that
{n>0]b, € V} takes the form {n > 0| b, € V} = FU(j_, T;) where F is finite and T}, j = 1,..., s,
are infinite arithmetic progressions. There exists j € {1, ..., s} such that {b; | i € T;} is Zariski dense in V.
Write 7; =a+rNwhere a > 0, r > 1. Since F({b; |i e T;j)\{b; |i € T;} ={a}, wehave F"(V)=V. [J

In this paper, we prove Conjecture 1.5 for the lifts of Frobenius of [P’gp.

Theorem 1.7. Let F : ng — ng be a lift of Frobenius on [P’gp. Let {b;}i>0 be a sequence of points in
I]:Dgp (Cp) satisfying f(b;) =b;_y foralli > 1. Let V be a positive dimensional irreducible subvariety
of I]j’gp. If {bi}i=o NV is Zariski dense in V, then V is periodic under F.

In fact, we prove a stronger statement.

Theorem 1.8. Let F : ng — ng be a lift of Frobenius on I]J’gp. Let {b;}i>0 be a sequence of points in
I]:Dgp (C)p) satisfying f(b;) =b;_ foralli > 1. Let V be a subvariety of Pg,,' If there exists a subsequence
{by,; }i=0 such that |d(b,,, V)| — 0 when n — oo, then b,, € V for i large enough and there exists r > 0,
such that {b;}i>0 € Uiy F' (V).

It implies the following Tate—Voloch type statement.

Corollary 1.9. Let F : [P’gp — [P’gp be a lift of Frobenius on Pg,,' Let {b;}i>0 be a sequence of points in
ng (Cp) satisfying f(b;) =b;_1 foralli > 1. Let V be a subvariety of ng' Then there exists ¢ > 0 such
that for all i > 0, either b; € V ord(b;, V) > c.

Overview of the proofs. Let us now see in more detail how our arguments work.

—

Denote by K :=C,, and K b= |F,T(t)) the completion of the algebraic closure of [F,,. We denote by
K° and K"° the valuation rings of K and K”, respectively, and by K°° and K"°° the maximal ideal of
K° and K", respectively. Denote by k := F,. We have k = K°/K°° = K"°/K"°. Moreover, we have an
embedding k < K.

Let F : PX¥ — PY be an endomorphism taking form

Filxg::xyl>[xg+ p' Po(xo, ..., xp) 11 xiy + p' Py(x0, ..., xn)],
where p’ € K°°, ¢ is a power of p, and Py, ..., Py are homogeneous polynomials of degree ¢ in
K°[xq, ..., xn].

We associate to [FDII}’ and [P’Izb nonarchimedean analytic spaces Pz’ad and P/]\(/;ad, respectively, with natural

embeddings P (K) C [P’]Kv’ad and PY,(K") € I]J’z;ad. The endomorphism F extends to an endomorphism
d N,ad
F* on Py,



1720 Junyi Xie

Denote by lim ;.. IPIIZ’ad the inverse limit of the I]j’],\(/’acl where the transition maps are F24. Then we may
construct a perfectoid space I]J’z’perf with an endomorphism FP* for which the topological dynamical

system (IPN perf Frety g isomorphic to (lim ;4 [P’N ad , T) where T : (xo, x1, ...) = (F®(xq), x0, ...) is
the shift map on lim .4 IP’ . Moreover, we have a natural morphism 7 : IP’N -perf Pllg’“d defined by

projection to the first coordinate. This construction has been stated by Scholze [2014, §7].
N,ad
Kb

o 4 and g = p*. Denote by 7° [P’]IZ pert [P’%;ad the

morphism defined by the projection to the first coordinate. Since & is a homeomorphism on the underlying
N, perf q)s,perf)

Similarly, we construct a perfectoid space [P’N’ pert Which is isomorphic to the inverse limit lim,, P
where @ is the Frobenius endomorphism on [P>

topological space, ” induces an isomorphism from the topological dynamical system P
to ([P’N ad s, ady "where ®PT is the Frobenius on Py pelf

By the theory of perfectoid spaces, there is a natural homeomorphism of topological space

N perf N ,perf
/0 H:D [I:DKb

satisfying &P o p = p o FPeT,

As an example, we explain the proof of Theorem 1.1. Let V be any subvariety of ng such that V NPer

is Zariski dense in V.
It is easy to see that the map 7 o p~! o () ~! induces a bijection from the set Per” of periodic points
of ®° in [P’N ,(K") to the set Per of periodic points of F in P¥ x (K). We note that the set of periodic points
of ®° in IPN b(K ) is exactly the set of points defined over k, i.e., the image of 7 : IPN (k) — P¥ b(K ).
We have a reduction map red : IP’ x(K) — IPN (k). The map n ored : Per — Per’ is bijective. Moreover,
we have that (nored)o (mop~' o (nb) 1) is the identity on Per’.

Denote by S” the Zariski closure of 5 ored(V N Per). Since S” is defined over k, it is periodic under
®°. The main ingredient of our proof is to show that S is a subset of 7°(p(r = (V). E 7" (o (x~1(V)))
is algebraic, this is obvious. But, a priori, 7°(p( ~!(V))) is not algebraic, since the map p is very
transcendental. Our strategy is to approximate 7°(po(r ~'(V))) by algebraic subvarieties of IP%D. For
simplicity, assume that V is an hypersurface of [P’II}/. Applying the approximation lemma of Scholze
[2012, Corollary 6.7], for any € > 0, there exists an algebraic hypersurface H, of [Ij’llgb which is e-close to
ﬂb(p (w~Y(V))). Then nored(V NPer) is e-close to H,. Since S is the Zariski closure of ored(V NPer)
in IPKb, we can show that it is e-close to H,. Then we can show that S” is contained in 7" (p (x ~'(V)))
by letting € tends to 0. Then we have § := 7(p~ (") (SP))) € V. Since S is periodic and Zariski
dense in V, it follows that V' is periodic.

In this paper, we mainly consider the lifts of Frobenius on [P’gp for simplicity, since the aim of this
paper is to present a new method in dynamics. We suspect that our method can be applied to the more
general case where F is a lift of Frobenius on any projective variety over C,. On the other hand, a lift of
Frobenius on a projective variety X can often be extended to some lift of Frobenius on I]Igp for some
embedding 7 : X — [P’gp. In the Appendix, we prove the existence of such embedding for polarized lifts
of Frobenius on some projective varieties under some technical condition on the field of definition. Once
this happens, many questions can be reduced to the special case where X = [P’gp.
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The plan of the paper. The paper is organized as follows. In Section 2, we gather a number of results on
the perfectoid spaces in Scholze’s papers Scholze 2012; Scholze 2014. In Section 3, we construct the
inverse limit and make it a perfectoid space with an automorphism. We also construct its tilt and give
the isomorphism between these two topological dynamical systems. In Section 4, we study the periodic
points of F. In particular, we prove Theorems 1.1 and 1.2. In Section 5, we study the coherent backward
orbits of a point. In particular, we prove Theorems 1.7 and 1.8 and Corollary 1.9. In the Appendix, we
study the polarized lift of Frobenius on projective varieties over C,,.

2. Preliminary: perfectoid spaces

In this section, we introduce some necessary background in perfectoid spaces. All the results in this
section can be found in Scholze’s papers [2012; 2014]. The perfectoid spaces are some nonarchimedean
analytic spaces. Following the technique of Scholze [2012], we work with Huber’s adic spaces [1993;
1994; 1996].

Adic spaces. In this section, we denote by k£ a complete nonarchimedean field i.e., a complete topological
field whose topology is induced by a nontrivial norm |-| : k — [0, 0o0). Denote by R a topological k-algebra.
Moreover we suppose that R is a Tate k-algebra i.e., there exists a subring Ry C R, such that a Ry, a € k*,
forms a basis of open neighborhoods of 0.

A subset M C R is call bounded if M C a Ry, for some a € k™. An element x € R is called power-bounded
if {x" | n >0} € R is bounded. Let R° C R be the subring of power-bounded elements.

Definition 2.1 [Scholze 2012]. An affinoid k-algebra is a pair (R, R™"), where R is a Tate k-algebra and
R™ is an open and integrally closed subring of R°.

A valuation on R is amap |-| : R — I' U {0}, where I' is a totally ordered abelian group, such that,
0]=0, |1| =1, |xy| = |x||y| and |x + y| < max{|x|, |y|}. We say that |-| is continuous, if for all y € I,
the subset {x € R : |x| < y} C R is open.

To a pair (R, R™), Huber associates a space Spa(R, R™) of equivalence classes of continuous valuations
|| on R such that |[R™| < 1, and calls it an affinoid space.

For a point x € Spa(R, R™), we denote by f — | f(x)]| the associated valuation. It is a fact [Scholze
2012, Proposition 2.12.(iii)] that

Rt ={feR:|f(x)| <1forall x € Spa(R, R™)}.
We equip Spa(R, R™) with the topology generated by rational subsets:
U(fis---s fas 8) = {x € Spa(R, R") : | fi(x)| < |g(x)|} € Spa(R, R™),

where f1, ..., f, € R generate R as an ideal and g € R.
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The completion (1%, Ié+) of an affinoid algebra (R, R™) is also an affinoid algebra. Then we recall
[Huber 1993, Proposition 3.9].

Proposition 2.2. We have Spa(R, R) ~ Spa(R, R"), identifying rational subsets.

We say a point x € Spa(R, R™) is a k-point, if the valuation x is induced by a morphism from R to k
i.e., there exists a morphism ¢ : R — k such that for any f € R, | f(x)| = |¢p(f)I.

Roughly speaking, adic spaces over K are the objects obtained by gluing affinoid spaces. The
morphisms between the adic spaces are the morphisms glued by the morphisms between affinoid spaces.
Because in this paper we only consider some very concrete adic spaces, we give only a very brief definition
of the adic spaces. One may find a detailed definition in [Huber 1994].

On an affinoid space X = Spa(R, R™"), one may define presheaves Ox and 0; on X. Since we do not
use these presheaves in this paper, we omit their definition. We do not know whether Oy is a sheaf in
general. We note that once Oy is a sheaf, 0;{ is a sheaf also. However, if (R, R™) is of topological finite
type then Oy is a sheaf.> Assume that Oy is a sheaf on X. For any x € X, the valuation f — | f(x)]
extends to the stalk Oy ., and we have O;X ={f € Oxx :|f(x)| <1}. The affinoid spaces X defines a
triple (X, Ox, |-(x)| : x € X).

An adic space over k is a triple (Y, Oy, |-(x)| : x € Y), consisting of a locally ringed topological space
(Y, Oy) where Oy is a sheaf of complete topological k-algebras, and a continuous valuation |-(x)| on
Ox x for every x € X, which is locally on Y an affinoid adic space.

Let X be an affinoid space. We say a point x € X is a k-point if it is a k-point in any (and thus all)
affinoid neighborhood of X.

Perfectoid fields. Denote by K a complete nonarchimedean field of residue characteristic p > 0 with
norm |-| : K — Rsg. Denote by K° := {x € K : |x| < 1} its valuation ring.

Definition 2.3. We say K is a perfectoid field if |K| € Rx¢ is dense in R>o and the Frobenius map
®: K°/p— K°/p is surjective.

—

Observe that C, and [, ((¢)) are perfectoid fields. Set
Q,(p""") = JQ,(p"") and  F,(@)@/PT) = F ().

i>0 i>0
—_— —_—

Then their completions Q,(p!/P™) and F,((1))(¢!/P>) are perfectoid fields. Note that @, is not a
perfectoid field, since |Q,| = {0} U {p' |i € Z} C R is not dense.
For any perfectoid field K, we choose some element w € K* such that |p| < |ow| < 1. We define

K™:= lim K° w.
<
x> d(x)

Recall [Scholze 2012, Lemma 3.2].

5 An affinoid k-algebra (R, RT) is said to be of topological finite type if R is a quotient of k{T7, ..., Ty} for some n, and
Rt =Re.
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Lemma 2.4. (i) There exists a multiplicative homeomorphism
lim K° = lim K°/o=K"
Xt>xP x—=d(x)

given by projection. Moreover, we have a map

K= 1lim K°={xQ,xV, ) |xD ek°, ") =x"} > K°

xX—>xP

defined by

x = (x(o), xD) D)= xF=xO,

We may define a norm on K" by |x*| = |x| for all x € K"°.

(i1) The addition on
K™ ={x:= @ x0 )1xD e ke, )P =x1)

is given by (x + )" = lim,,_, oo (x 1T 4 yFm)p",

iii) There exists an element &° € lim K°, satisfying (o”)* = w. Define
g

——Xxt>xP
K= K[ ].
Then norm |-| on K" extends to a norm on K® which makes K" the valuation ring of K.
(iv) There exists a multiplicative homeomorphism

K’ = lim K.
um
X—>xP

Then K" is a perfectoid field of characteristic p. We have |K"*| = |K*|, K*® /o’ ~ K°/w, and K" jm" ~
K°/m, where m and m” are the maximal ideals of K° and K°, respectively.

(v) If K is of characteristic p, then K> = K.

We note that (i) and (ii) of Lemma 2.4 implies that the definition of K bo is independent of w.
We call K" the tilt of K.

o —

Example 2.5. The tilt of C,, is C), = F,((1)).

Then we have the following theorem, which was known by the classical work of Fontaine and
Wintenberger [1979]

Theorem 2.6. (i) Let L be a finite extension of K. Then L with its natural topology induced by K is a
perfectoid field.

(ii) The tilt functor L L induces an equivalence of categories between the category of finite extensions

of K and the category of finite extensions of K. This equivalence preserves degrees.
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Almost mathematics. Let K be a perfectoid field and m be the maximal ideal of K°.
A K°-module M is said to be almost zero if mM = 0. Define the category of almost K °-modules as

K°“—mod K °?— mod := K°—mod (m-torsion).

We have a localization functor M — M“ from K °-mod to K °“-mod, whose kernel is the thick subcategory
of almost zero modules.
For two K°“-modules X and Y, we define alHom(X, Y) = Hom(X, Y)“.

Proposition 2.7 [Gabber and Ramero 2003]. The category K°“—mod is an abelian tensor category,
where we define kernels, cokernels and tensor products in the unique way compatible with their definition
in K°—mod, that is

M*Q@N*=(MQN)"

for any two K°-modules M and N. Forany L, M, N € K°*—mod there is a functorial isomorphism
Hom(L, al[Hom(M, N)) = Hom(L & M, N).

This means that K°¢-mod has all properties of the category of modules over a ring and thus one can
define the notion of K °“-algebra. Any K°-algebra R defines a K °“-algebra R¢ as the tensor products are
compatible. Moreover, localization also gives a functor from R-modules to R*-modules.

Proposition 2.8 [Gabber and Ramero 2003]. There exists a right adjoint functor
K°“—mod — K°—mod : M +— M, :=Homg(K°*, M)

to the localization functor M — M*¢. The adjunction morphism (M,)* — M is an isomorphism. If M is a
K°-module, then (M%), = Hom(m, M).

If A is a K°*-algebra, then A, has a natural structure as K °-algebra and (A%), = A. In particular, any
K°%-algebra comes via localization from a K °-algebra. Furthermore the functor M +— M, induces a
functor from A-modules to A.-modules, and one can see also that all A-modules come via localization
from A,-modules. The category of A-modules is again an abelian tensor category, and all properties
about the category of K°“-modules stay true for the category of A-modules.

Let A be any K°%-algebra. As in [Scholze 2012], an A-module M is said to be flat if the functor
X +— M ®4 X on A-modules is exact.

Denote by w an element in K ° satisfying |p| < |w| < 1. Let A be a K“-algebra, we say A is w-adically

complete if A >~ lim A/o".

Perfectoid algebras. Fix a perfectoid field K and an element w € K° satisfying |p| < || < 1.

Definition 2.9. (i) A perfectoid K -algebra is a Banach K-algebra R such that the subset R° C R of
powerbounded elements is open and bounded, and the Frobenius morphism & : R°/w — R°/w is surjective.
Morphisms between perfectoid K -algebras are the continuous morphisms of K-algebras.
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(i1) A perfectoid K°*-algebra is a w-adically complete flat K°“-algebra A on which Frobenius induces
an isomorphism

DA/~ A)w.
Morphisms between perfectoid K °“-algebras are the morphisms of K °“-algebras.

(iii) A perfectoid K°*/w-algebra is a flat K°? /w-algebra A on which Frobenius induces an isomorphism
O:A/0'/P ~ A.
Morphisms are the morphisms of K °¢/w-algebras.

Let K- Perf denote the category of perfectoid K -algebras and similarly for K °“- Perf and K °?/w- Perf.
Let K" be the tilt of K and ” is an element in K’ satisfying (o?)* = w.
We recall [Scholze 2012, Theorem 5.2].

Theorem 2.10. We have the following series of equivalences of categories:
K - Perf >~ K°*-Perf >~ (K°* /w)- Perf = (K" /w")- Perf ~ K"*- Perf ~ K- Perf .

In other words, a perfectoid K -algebra, which is an object over the generic fiber, has a canonical
extension to the almost integral level as a perfectoid K°?-algebra, and perfectoid K°“-algebras are
determined by their reduction modulo w.

Let R be a perfectoid K °“-algebra, with A = R°¢. Define

A’ :=limA/o,
@

boa

which we regard as a K°°“-algebra via

—

Kboa — (llmKO/CI))a — l(iﬂl(KO/w)a — @Koa/w,
P P ]
and set R” = A2[(0”)7'].

Proposition 2.11. This defines a perfectoid K°-algebra R® with corresponding perfectoid K °*-algebra
A, and R" is the tilt of R. Moreover,

R’ = lim R, A} = lim A,, and A)/o’ ~A,/o.

X—=>xP X>xP
. . . . . b 1
In particular, we have a continuous multiplicative map R” =lim __ , R — R,
X = (x(O), x(l), ) xFi=xO,

Then the equivalence K - Perf — K- Perf in Theorem 2.10 is given by R — R".

Proposition 2.12. Let R = K(T\/7. .., T}/""y = K°[T\/"" .., T,/" 1[w™"]. Then R is a perfectoid
K -algebra, and its tilt R is given by Kb<Tll/1,7°.°. N Tnl/poo>'
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Perfectoid spaces. Fix a perfectoid field K and an element o € K° satisfying |p| < |w| < 1. Let K" be
the tilt of K and o’ is an element in K° satisfying (o”)* = .

Definition 2.13. A perfectoid affinoid K -algebra is an affinoid K -algebra (R, R™), where R is a perfectoid
K -algebra, and R C R° is an open and integrally closed subring.

Proposition 2.14. The association (R, RY) — (R’, R"T), where R** =lim

alence between the category of perfectoid affinoid K -algebras and the category of perfectoid affinoid

) R*. defines an equiv-

(x—>xP

K'-algebras.

Theorem 2.15. For any x € Spa(R, R*), one may define a point x* € Spa(R’, R"T) by setting | f (x")| :=
| f*(x)| for f € R°. This defines a homeomorphism p : Spa(R, RT) => Spa(R", R"") preserving rational
subsets.

Denote by X :=Spa(R, RT) and X" :=Spa(R’, R°*). We note that in general the map R° — R: f — f*

!'is a continuous function on X" but in general is not

is not surjective. For any f in R, p. f := fop™
contained in R".

We have the following approximation lemma [Scholze 2012, Corollary 6.7].

Lemma 2.16. Forany f € R and any ¢ >0, € > 0, there exists g... € R” such that for all x € X, we have

£ () —gF ()] < '™ max(| f ()], [0]°).

Remark 2.17. Note that for € < 1, the given estimate says in particular that for all x € X, we have

max({| f (x)|, ||} = max{|g?  (x)|, ||}

Remark 2.18. Let R := K (x, ..., xy) and Rt := R° = K°(x1, ..., xy). Then R* = K" (xq, ..., xn)
and R"" = K™ (xy, ..., xn).

By Lemma 2.16, for any ¢ € Z*, there exists an element g, € Kb"(xll/]’m, e, x,lv/poc) such that for all
X € Ugerf, we have

1/2

|Hom(x)—gk(0)] < |p|'/? max(|H o (x)], | p[°).

4 4 [e's] [e'9]
There exists £ € N and an element G, € Kb"[xll/’,’ e xll\,/p ] such that g.— G, et"“Kb"(xll/p, o x}v/p ).

It follows that for all x € U(I; erf, we have

|H om(x) — G*(x)| < |p|"* max(|H (x)], |p|°) = | p|"/* max(|G*(x)|, | p|°),

and G?' € K™[x1, ..., xn].
e — 3 3
Moreover, when K = [F,((z)), we may arrange to have G. C E°[x11/13 R xll\,/p ], where E is a finite
extension of E,((t)).
We next describe the structure sheaf Ox on X :=Spa(R, RT). Let U =U(f,..., fi;8) S X bea

rational subset. Equip R[g~'] with the topology making the image of R*[fi/g. ..., f./g] — Rlg™']
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open and bounded. Let R(f1/g, ..., f./g) be the completion of R[g~!] with respect to this topology. It
is equipped with a subring

R(fi/8 -\ ful8) T CR{fi/g ...\ [1]8)

which is the completion of the integral closure of R™[ f1/g, ..., f./g]. By [Huber 1994, Proposition 1.3],

the pair (Ox (U), OQ(U)) = (R{f1/g, ..., f2/8), R(f1/g, ..., fn/g)") depends only on the rational
subset U C X (and not on the choice of f1, ..., f,, g € R). The map

Spa(Ox(U), Ox (U)) — Spa(R, R™)

is a homeomorphism onto U, preserving rational subsets. Moreover, (Ox (U), 0;{(U )) is initial with
respect to this property.
By [Scholze 2012, Theorem 6.3], we have the following:

Theorem 2.19. For any rational subset U C X, let U’ :=pU) C X".

(i) The presheaves Ox and Oy are sheaves.

(ii) For any rational subset U C X, the pair (Ox(U), 0;{(U)) is a perfectoid affinoid K -algebra, which
tilts to (O x»(U), OF,(U)).

The resulting spaces Spa(R, R™), equipped with the two structure sheaves of topological rings Oy
and 0;, are called affinoid perfectoid spaces over K. The morphisms between the affinoid perfectoid
spaces over K are the morphisms induced by the morphisms between affinoid perfectoid K -algebras.

One defines perfectoid spaces over K to be the objects obtained by gluing affinoid perfectoid spaces.
The morphisms between the perfectoid spaces are the morphisms glued by the morphisms between
affinoid perfectoid spaces.

We say that a perfectoid space X” over K" is the tilt of a perfectoid space X over K if there exists
a functorial isomorphism Hom(Spa(RD, R"), X" = Hom(Spa(R, R™), X) for all perfectoid affinoid
K -algebras (R, RT) with tilts (R”, R"*).

Theorem 2.20. Any perfectoid space X over K admits a tilt X", unique up to isomorphism. This induces
an equivalence between the category of perfectoid spaces over K and the category of perfectoid spaces
over K°. The underlying topological spaces of X and X° are naturally identified by p. A perfectoid
space X is affinoid perfectoid if and only if its tilt X" is affinoid perfectoid. Finally, for any affinoid
perfectoid subspace U C X, the pair (Ox(U), OI(U)) is a perfectoid affinoid K-algebra with tilt

(0x:(U"), 03, (U")).

For any morphism F : X — Y between perfectoid spaces over K, denote by F”: X* — Y the morphism
between perfectoid spaces over K” induced by the equivalence of categories.
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Points in perfectoid spaces. Fix a perfectoid field K and an element w € K° satisfying |p| < |o| < 1.
Let X be a perfectoid space over K.

For any point x € X, let K (x) be the residue field of Ox , and K (x)* € K (x) be the image of O;X.
By [Scholze 2012, Proposition 2.25], the w-adic completion of 0;’ . 1s equal to the w-adic completion
I?(x\)Jr of I?(;)Jr. By [Scholze 2012, Corollary 6.7], I?(x\) is a perfectoid field.

Definition 2.21. An affinoid perfectoid field is a pair (K, K*) consisting of a perfectoid field and an
open valuation subring K™ C K.

— —+
Then (K (x), K (x) ) is an affinoid perfectoid field. Also note that affinoid perfectoid fields (L, L™)
for which K C L are affinoid K -algebras.
Then we have the following description of points [Scholze 2012, Proposition 2.27].

Proposition 2.22. The points of X are in bijection with maps 1 :Spa(L, L) — X to affinoid fields (L, L")
such that the quotient field of the image of Ox . in L is dense, where x is the image of Spa(L, L™) in X.

—
Any point x € X associates to a map ¢ : Spa(K (x), K(x) ) — X. By the equivalence of categories,
the point x” € X" associates to a map

b ——b ——b+
¢ :Spa(K(x) ,K(x) )— X.

b —— b4+
By [Scholze 2012, Lemma 5.21], Spa(K (x) , K(x) ) is an affinoid perfectoid field. It follows that
K*(x") = (K(x))".
In particular, we have the following:

Lemma 2.23. For any point x € X, x is a K -point if and only if x° is a K"-point in X".

3. Inverse limit of lifts of Frobenius

In this section, fix a perfectoid field K. Denote by p > 0 the characteristic of the residue field K°/K°° of K.
Let F : P]]}’ — P],g be a lift of Frobenius i.e., an endomorphism taking the form

Filxo: - :xyl>[xl + p' Po(xo, ..., xn) -1 xy 4+ p' Py (x0, ..., xn)],
where p’ € K°°, g = p® is a power of p, and Py, ..., Py are homogeneous polynomials of degree ¢ in
K°[xg, ..., xn]. Let w € K° be an element satisfying max{|p’|, | p|} < |o| < 1.

Adic projective spaces. At first, we define an adic space P]Kv’ad which associates to the projective space IP’%.
In fact, by [Scholze 2012, Theorem 2.22], for any projective variety X defined over K with an integral
model X over K°, we may associate an adic space X4, But in this paper, we don’t need the general
theory and we define I]J’IKV’“l in the following explicit way:

For any i € {0, ..., N}, denote by

d.
U = Spa(K (2i,05 - - -+ Zisie1» Zisit1s - - ZiN)s K(Zi0 + -+ Zisim1s Zisikds - - -0 Z0,N)°)
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the unit balls. Then we define PIIZ’ad by gluing the unit balls Ul.ad together in the usual way: For any i # j,
Uiad N U;d =U(,2i0,---5Zii=1>Zii41> > Zi.N} Zi,j) - Uiad. On Uiad N U;d, the transition map d)i,j 18
defined by

&7 (i) =zik/zij fork #i, j, and @ ;(z0) =1/z;.

Denote by R(PY %) the set of K-points in P},

[P’N A Moreover its image r([P’ (K)) =

Lemma 3.1. There exists a natural embedding t : PY x(K) —
R(PR™).

Proof of Lemma 3.1. For any point g € [P’II\(/ (K), there exists a finite extension L of K, and a point
q' =[xo: - :xy]€PY (L), such that g is the image of that ¢ under the natural morphism 7% : PY — P¥
induced by the inclusion K < L. Indeed, (7 Ilg)_l is exactly the Galois orbit of ¢’. We may suppose that
max{|xo[, ..., |xny|} =1forall j =0,..., N. Denote by I, := {i : |x;| = 1}. Observe that I, depends
only on g. Pick i € I, we define t(g) € U; to be the point defined by f — | f(x1/x;, ..., x,/x;)|, for
all f € K(zi0y---»2ii—1sZii+l>---»2iN). Here f(x1/x;,...,x,/x;) € L depends on the choice of ¢’
in its Galois obit, but the value | f (x;/x;, ..., x,/x;)| depends only on g. Moreover we may check that
the definition of 7(g) does not depend on the choice of i € I,. Then t is well defined. Moreover it is
easy to check that t is injective and r(IP’N(K)) C R(IPN ad) By [Bosch et al. 1984, 6.1.2 Corollary 3],

the map 7 : Py x (K) — R([P’N ad) is surjective. [l
Lifts of Frobenius on Pz’ad. The endomorphism F induces a natural endomorphism F¢ on P%’ad. We
define F in the following explicit way. For any i =0, ..., N, F|,u: U, l."‘d - U ;‘d is defined to be
q
P = zi i+ P Pizio - Zii-1, L Zii 1y -5 ZiN)

14+ p'Pi(zi0s -, 2ii—1> 1, Ziit1s -+ Zi.N)

for all j #i. We may write

q 1
2+ PP, Zii-t L Ziiets - TN) ,
- =2; ;P QijZi0 -5 Zisi—15 Ziit1s - - -5 Zi,N)
L+ p'Pi(zi0s -+ Zisi—15 Ly Ziig1s - o2 Zi,N)
where Q; j € K°(zi 0, ..., Zii—1» Zi,i+1, - - -, Zi,n). Forany i # j, we may check that 1‘71?“1(Ul.aCl N U;id) -

Ul?‘d NnU ;.‘d and
ad _ rad
E |Uiadﬂch_1d == F] |Uiadej:_id.

Then we may glue these F* to define F9 : Py ad IP’],\(/’ad. Observe that we have the following

commutative diagram:

PN(K) —— PN

FIP%(K)j jFad

b
d
PY(K) —— PY*
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Now we identify IP’%(K ) and [P’ ,(K") with the image of 7 and 7° in IP’N ad phV.ad respectively.

Kb

The inverse limit. The inverse limit lim ;. I]J’%’ad is the topological space {(xg, x1,...) € (I]j’f,(v’ad)N |
F3(x;) = x;_1 for all i > 1} with the product topology. There exists a natural automorphism T on
1im ;..q P%’ad defined by

T : (x0, X1, ...) = (F®(x0), x0, X1, .. .).

The aim of this section is to construct a perfectoid space ([P’N yPerf with an automorphism FPf such
that the topological dynamical system ((P Nyperf - pperfy jq isomorphic to (lim .4 IPN ad ,T).
Since (F)~ (Ul.“d) C Ul."Id foralli =0,..., N, we have

N

lim P%,ad _ U(l(in Uiad)‘

Fad i—o Fu
Moreover we have T(Uiad) C Uiad. It follows that we only need to construct a perfectoid affinoid space
U lperf with an automorphism F; P Such that the topological dynamical system (U l.perf, F iperf) is isomorphic
to (lim ;4 U Tand) and check that they can be glued together.

Denote R! := K (z l("o) cl zf’i) 1> zf’i)H, e zl("jz,) foralli =0,..., N and n > 0. We identify z(o)

and z; ;j for i # j. For every n > 0, we have an embedding R} — Rl"+] defined by

+1 +1 +1 +1 +1
o @Y 4 p QD) ) )

where Q; ; is defined in Section 3. Then we denote by

(OO) (00) _(00) (00)
Ri == K(z; 2 g TN D

the completion of Un —o R'. Denote by ||-|| the norm on R; induced by the norms on R}, n > 0.

Lemma 3.2. Foreveryi =1, ..., N, R; is a perfectoid K -algebra with

o __ gro; (c0) (00) _(00) (c0)
Ry =Kz - s 21 Ziiprs o LN )

e o b_ b, 1/p% 1/p> _1/p% 1/p™
Its tilt is given by R; = K <Zi,0 e L G e Gl ).

Proof of Lemma 3.2. Observe that K°(Z§f), e Zl-(io_)l, Zfﬂl, e zl( N)) is the completion of Uzozo(R?)".
It is easy to check that
0/ (00) (00) (00) (00) o
Kz 0 s 2l Ty -0 Gin ) S Ry
For any f € R;, there exists a sequence f,, € R} such that f, — f as n — oo. There exists M > O such
that for all m, n > M, || f, — full < 1. It follows that f, — fi € (R!")° for all n > M. Then Un o(R)°.
If | f;ll <1, we have fy € (RI.M)O and then U;’;O(R?)‘). If || fxll > 1, we have || f"|| = || f; Il = oo as
n — oo. Then f is not power bounded. It follows that

o (00) (00) (00) (00)
R C K°(z; e 2y i,i+l""’ZzN>

It follows that R? is open and bounded.
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We have R? /o = (Ko/a))(zlg%o), R zﬁo_)l, zﬁo_gl, R zl( N)) is the completion of U,‘iio R!/w. The
embedding R /w — R!'/w is given by
(") mod w — (z("+1))q +p'0:. j(zl(noﬂ). - zl(":ll) zl("li) e, I("IC,LI)) mod w = (zl{’”jﬂ))" mod w.
It follows that
° ° 1 [e’e} 1 [e'e} 1 o0 1 [e'e}
Rl /w = (K /CU)(ZI’GP, LI ] Zl,flil L) Zl,{il 9 sy Zl,/l\[; )'

Then the Frobenius morphism & : R /w — R} /w is surjective. It follows that R; is a perfectoid K -algebra.
By Proposition 2.12 and the categorical equivalence in Theorem 2.10, we have

b_ b, 1/p% 1/p* _1/p™ 1/p®
R, =K <Zi,0’“"Zi,i—l’zi,i-i—l’“"Zi,N ). U

We define Ul.p el Spa(R;, R?) and Fl.perf : Ul.perf — Ul.perf the map induced by the morphism R; — R;
defined by

1 0 0 0 0 0 0
Zl{’"j) — zl("] ) foralln>1 and z( ) (z( ))q +p'0;, J(Zl(g, e zl{’i)_l,zf’i)ﬂ, .. .,zfj)\,)

Then we define (P¥)P" by gluing U] perf together in the usual way: For any i # j, U; perf 1) Ujp.’enc =

0) 0) 0) ) . (0) perf perf perf
UL zigs o0 %1 % - %Gy % ) S U On U7 MU, the transition map ¢;,; is defined
to be

rf n n f n n
(¢ch, ) (2 ( W= Z( )/Z( ) fork #i,j and (qbzi-r )*(ZE',:')) = l/zf’j).
It is easy to check that for all i # j,
Fperf(UPerf N U}?erf) - UPerf N Uperf
i i j = i Jj

and F; perf _ =F; perf n U, perf ) U; P Then we define FPerf by gluing F; Pert for i = 0,.
Then we have the followmg

Theorem 3.3. There exists a natural homeomorphism r : (I]:DII\(/)I’erf — lim Fad F"%’ad which makes the
<~
following diagram commutative:

N,perf v .
[I:DK - mpild

| E

N ,perf v . N.ad
Py ——limpa Py

[I])N,ad

N, perf f . N,ad . .
, FP%) and (lim .0 Pe™, T) are isomorphic

In other words, the topological dynamical systems (P
by .
Moreover a point x € Pz’perf, with image ¥ (x) = (xg, X1, ...), is a K-point if and only if x,, is a

K -point for every n > Q.



1732 Junyi Xie

Proof of Theorem 3.3. Denote by B; := | J;—, R". We have BY = |-, R'°. Then Spa(B, B°) is
an affinoid space and we have R, = E and R? = B? By Proposition 2.2, the natural morphism
wi : Spa(R;, R?) — Spa(B;, B;) is a homeomorphism.

Denote by ¥ : U’ et U the map induced by the morphism

K(zi0s---\ Zii—1> Ziji41s--->2iN) = R € B; CR;

by sending z; j — szlj.). It is easy to check that ¥ could be glued to a map y" : Py P — PN,

Since F™ o "+ = 4" for all n > 0, it induces a map

1 n . mpN,perf . N,ad
Yo=lmy"  Pr™ — lmP ™.
n Fad

By checking in the affinoid spaces Ul.p erf, it is easy to check that T o = v o FP°,
So we only need to show that ¥ is a homeomorphism. We only need to show it in U;. Denote by

Vi o= e = lim
n

Now we define a morphism 6; : lim 4 Uf‘d — Spa(B;, B}) as the following: Let (xo, x1, . ..) be a point
in lim ;.4 Uiad. For every n > 0, we identify U; — Spa(R}', R!'°) by z; j — ZE,"j). Then x,, defines a valuation
on R!' with valuation group I', := {| f(x,)| : f € R'}. Moreover, for any £ > n, and f € R!, we have
| £ (x))| =1 f (xn)|. Then we define 6; ((xo, x1, . ..)) to be the natural valuation B; = J,- R — ;= s
by gluing all the valuations x, on R!'. Since all the rational subset of Spa(B;, B;) are defined over
some R, it is easy to check that 6 is continuous. It is easy to check that v; o (/,Li_l 06;) = 1id and
(,ui_l 06;) o y; = id. It follows that v; is a homeomorphism.

Let x be a K-point in Ul.perf and v; (x) = (xg, X1, ...). For any n > 0, we have

KSR/ fGw)=0:feRICSR/{If(x)|=0:f€R}=K.

It follows that x,, is a K -point.

Let x be a point in Ul.peﬁ and set ¥;(x) = (xg, X1, ...). We suppose that all x,, are K-points. Then
m? = {|f(x,)|=0: f € R} is a maximal ideal in R} and R/m} = K. The valuation R} /m} — R
induced by x; is the norm on K.

There exists a continuous morphism | J;- R’ — K obtained by gluing the morphisms R! —
R}/m} — K. We can extend this morphism to a continuous morphism g : R! = |J;2, R — K.
The valuation f — |g(f)| defines a point y € Uipert, which is a K-point. Observe that for all f € R,
|f )| =1f(xi)|. Then we have ¥ (y) = (xg, x1,...) =¥ (x). Then y = x and so, x is a K-point. O

For every i = 0, ..., N, the embedding K(zi0,...,2Zii—1,Zii+l,---,2i.N) € R; induces a map

Uperf

P U, We define 7 : Pz’perf — P by gluing these maps. It is easy to check that

FYor® =70 FpPet,

For any point x € [P’Z’perf with ¥ (x) = (xg, x1, . ..), we have 7w (x) = xp.
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b perf b,perf

Passing to the tilt. Denote by U;” = Spa(R R;”) and de’penc : Ul.b’perf - U>
the Frobenius i.e., the map induced by the morphism

the s-th power of

b b
R, — R : f— f1.
We define (I]J’JI\{’b)Perf by gluing U, -perf together in the usual way: For any i # j, U,” perf Uy perl _
b, perf
U, 2i05 -+ 5 Ziyi—15 Zisitls + - - ZzN,th)CUpe

On U;” perf U; b-pert , the transition map ¢ is defined to be

@7 G =asl fal fork i and @7 I =17

By reducing modulo w and the categorical equivalence in Theorem 2.10, we see that b
and ®;’ perf _ = (F, Perfyo 1t follows that (PR )Pt = (PR)PT)* and we can define @*-Pert by glumg o) -perf
together. Moreover, we have &P = (F perf)b. Then we have the following:

b,perf erf
T =77

Theorem 3.4. The following diagram is commutative:

N,perf P N,perf
prPt s Pl

Fperf l L cb.r,perf

N,perf P N ,perf
prret s pl,

In other words, the topological dynamical systems ([P’N -pert , Frerty and ([P’N pert , ®*) are isomorphic by p.

For any i € {0, ..., N}, denote by

b, d o
U = Spa(K (2i0, - -+ Zisi—1s Ziyit1s « -+ ZiN)s KP{Zi0s oy Ziimts Zisils - -+ s Z0N)°)-

As in Section 3, we define [P’ by gluing U;” -ad ,i=0,..., N. Denote by qbf 4 the s-th power of the
Frobenius on U; i.e., the map 1nduced by the morphism f — f9 on K" (Zi,0s -+ -5 Ziie1> Ziit1s -+ - » ZiN)-

By Lemma 3.1, we have a natural embedding ° : P¥,(K") < P%;*’. Then t(P} (K)) = R(IPN ady
and we have the following commutative diagram:

(DSI[D%(K)] lqy,ad
Py, (K" —— Py

where ®° is the s-th power of the Frobenius on PII(Vb

For every i = 0,..., N, the embedding Kb(z,-,o, ce s Ziie1> Zii+ls -5 ZiN) C Rl.b induces a map

N,perf

bperf bd
U ““. We define 7” : P}

— IPIKV;ad by gluing these maps. It is easy to check that
q)s,ad onb — JTb ° q)s,perf. (1)

y [Scholze 2012, Theorem 8.5] 7’is a homeomorphism. Moreover, we have the following:
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Lemma 3.5. The map n° induces a bijection between R([P’Z;perf) and R([P’%;ad).

Proof of Lemma 3.5. It is clear that if x is a K°-point then 7”(x) is a K -point.
Now we suppose that 7°(x) is a K -point. We suppose that x is contained in U[.b’perf and then
xo:=m"(x) € Ul.b’ad. Since xq is a K -point, it defines a morphism

. ph0 . b b
g0: R, =K (Zio,. .1 Ziji—1»Ziit1s - ZiN) —> K.

It follows that the Frobenius map f — f” on K’ is a field automorphism. For any f € Rl.b =
Kb(zl{{)pn, . z}yé’i, ziéﬂ:ﬂl, cee zl.l’/,{,’n), we have f7" € R?’O. Then the morphism gy extends to a mor-
phism g, : Rl.b " — K" by sending f to (go(f”"))!/P". We glue g, to define a continuous morphism

U2, R’" — K" and then extend it to a continuous morphism

—

oo
¢:R = (U Rf’") - K".

n=0

Then g induces a K"-point y € Uib’perf. Since 7°(y) = xo =7"(x), we have y = x. Then x is a K"-point. [J

4. Periodic points

In this section, we denote by K = C,. Then K is a perfectoid field and K > is the completion of the
algebraical closure of [, ((z)). We may suppose that |p| = [f| = p L.
Let F : PX¥ — P¥ be an endomorphism taking form

Filxo: -:xyl>[xl +p' Po(xo, ..., xn) -1 xy + p' Py (x0, ..., xn)],
where p’ € K°°, g is a power of p, and Py, ..., Py are homogeneous polynomials of degree g in
K°[xo, ..., xy]. The aim of this section is to study the periodic points of F. In particular, we prove

Theorem 1.1 and 1.2.

Recall that Per is the set of periodic closed points in [P’%.

Let V be any irreducible subvariety of [P’]I\(’ . Suppose that V is defined by the equations H; (xo, ..., xy) =
0, j=1,...,m, where H; are homogenous polynomials. We may suppose that ||H;| = 1 for all
j=1,...,m. Foranyi=0,..., N, denote by

VM= (x e UM: |H (x)|=0,j=1,....,m},

where H; j := H(z;0,...,2ii-1, 1, Zii+1, .-, 2i,n). Observe that | H; ;|| = 1.

Set R(V) := RPN v, vad .= (Y, v and R(VY) := R(PY*)) N V™. Then we have
T(R(V)) = R(V¥).

Observe that for all points x € R(Ul.ad), we have d(x, V) = max{|H; ;(x)|}.
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Passing to the reduction. Since K is algebraically closed, we have [P’IKV (K)= I]:DII}’ (K). Denote by k = E,,
we have k = K°/K°°. At first, there exists a reduction map

red : PY(K) — PY (k)

defined by the following: For any point x € [P’%(K ), we may write it as x = [xp : --- : xy] where
x; € K°,i=0,...,N and max{|x;|,i =0, ..., N} =1. Then we define red(x) =[x : - - - : Xy ] where X;
is the image of x; in k = K°/K°°. Observe that red o F = ®* ored, where ¢ is the Frobenius on P’. For
every point y € [P’,ICV (k), there exists m > 0 such that " (y) = y. Then we have Dy := red”! (y) >~ (KN
is a polydisc fixed by F. Since F™|p, is attracting, Dy N Per has exactly one point. It follows that red
induces a bijection between Per and [P’,iv (k).

Similarly, we can define the reduction map red’ : P%b (K*) — IP’,/(V (k). This map induces a bijection
between Per” and [P’,’(V (k) where Per” is the set of @*-periodic closed points of IP%D.

Since k is a subfield of K, there exists an embedding 7 : IPII{V (k) — [P’Izb (K"). Observe that the image
n([P’{(V (k)) is exactly Per’. Moreover we have red’ on = id. We may check that the map

¢ :=nored: Per — Per’
is a bijection satisfying ®* o =¢ o F.

Passing to the tilt. Denote by Per® = 7 (Per). It is exactly the set of periodic K -points in P%’ad. For any
point x € Per®, denote by n > 0 a period of x under F?4. We define a map x : Per® — lim IPII}/’ad by
sending x to (xg, X1, ...) where x; = (F2)%n=i(x) where kn > i. We note that x (x) does not depend on
the choice of n and k. Since 7 o x = id, x is injective. We have that x (Per®) is exactly the set of Pery,
where Perr is the set of points (xo, X1, . ..) € im . P%’ad which is periodic under 7 such that every x,
is a K-point.

Denote by Per” the set of K-points in P%;ad which are periodic under ®*2¢, By applying Lemma 3.1
over K”, there exists a bijection A I]j’ll\gb(K") — R(Pll\(/;ad) and we have

1’0 @ = @5 o 7P,
It follows that t° induces a bijection between Per® and the set Per’ of @ -periodic points in R(IP’]KVD) =
PR, (K").
By Theorems 3.3, 3.4, (1) and Lemma 3.5, the map

t:=n"opoyy oy :Per’d — Per’

is bijective.
Denote by Pe:r;.1d := Per ﬂUiad and Per?’aCl := Per2d ﬂUib’ad for every i =0, ..., N. Then we have
((Per®d) = Per) ™,

i
Observe that for every point x € Per, we have red(x) = red” ot o (x). Then on Per we have

¢p=nored=nored’oior =107.
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Proof of Theorem 1.2. We only need to show this theorem for the periodic points in U, l.ad for all i =
0, ..., N. Without the loss of generality, we only need to show that there exists § > 0 such that for all
X € PerﬂUgd, eitherd(x,V)>dorxeV.

At first, we prove our theorem for hypersurfaces.

Lemma 4.1. Let H € K[x1, ..., xy] be a polynomial. Then there exists ¢ > 0, such that for all x €
PerNUY, either |H (x)| > & or H(x) = 0.

By this lemma, for any Hy j, j = 1,...,m, we have ¢; > 0 such that for all x € Per ﬂUgd, either
|Ho,j(x)| >¢€; or Hy j(x)=0. Setd :=min;<;<,{¢;}. Let x be a point in Per ﬂUgd satisfying d(x, V) <§.
Then for all j =1, ..., m, we have Hy ;j(x) = 0. It follows that x € V.

We only need to prove Lemma 4.1. To do this, we need the following lemma:

Lemma 4.2, Let E/E,((t)) be a finite extension. Then, for some u € E satisfying |u| = |t|1/[E:FP((’))],
E =F,((u)).

Proof of Lemma 4.2. Observe that E is a discrete valuation field.

Since [F_,7 is algebraically closed, the extension E/ ﬂ((t)) is totally ramified. It follows that £ =
[F_p((t)) (u) WEGI‘C the minimal polynomial of u over E((t)) is an Eisenstein polynomial. It follows that
|u| = [¢|1EE (] and w E° is the maximal ideal of E°. For every f € E°, f can be written as ) a;u’
where a; € E for all i > 0. This concludes our proof. U

Lemma 4.3. For any polynomial G € K™[xi,...,xy] and ¢ > 0, there exists a polynomial G, €
K™[x1, ..., xy]satisfying deg G, <deg G, |G—G¢| <& (resp. <&)and G has the form G, = er'nzo u'g;
where g; € E[xl, oxylue [Fp((t))C> with norm |u| = |t|V/FrOYWF O gpd |y|™ > & (resp. > ¢).

Proof of Lemma 4.3. By Lemma 4.2, there exists u € [F,,((t))o with norm |u| = |t|1/[fp((’)>(”)fp((”)] and
H e E((t)&u)[xl, ..., xy]such that deg H <degG, |G — H| < ¢ and H takes form H = Z?;O u'g
where g; € F,[x1, ..., xy]. Let m be the largest integer such that |u|" > & (resp. > ¢). Set G, = Z;nzo uigi
then we conclude our proof. U

Proof of Lemma 4.1. We may suppose that H #0 and | H|| = 1.
l 3
By Remark 2.18, for any ¢ € Z*, there exists £ € N and an element G, € Kbo[xll/’f R x,lv/p ] such
that for all x € U(‘;er,f we have

|H o (x) — G*(x)| < |p|"? max(|H (x)], |p|°) = | p|"/* max(|G*(x)|, | p|°),

4 .
and G?" € K™[xi, ..., xy]. By Lemma 4.3, we may suppose that G = Y isou'gei where g ; €

Folx1, ..., xy], u € F,(1))° with norm [u| = |¢[/Fr@)@F O] apg [y > |7|H1/22]

Denote by I, the ideal of K "[x1, ..., xN] generated by all g, ;.
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Ifx e R(Uob) is a point such that for all g € I, g(x) = 0, then we have

|H@ (o " (@D o)) = |H@ (e ' (@D ™ o)) — G (=) 7 (x))]
< max{|p|"?|GF(p~ (") ), | pITT3

— |p|C+1/2‘

On the other hand we have the following lemma.

Lemma 4.4. Let x be a point in Per ﬂUgd satisfying |H(x)| < |p|tV/? Then for all g € 1., we have
g(¢(x)) =0.

Proof of Lemma 4.4. Observe that |(H — G*)(x (x))| < |p|"/? max(|H (x)|, | p|°) and |H (x)| < |p|<*+1/2,
We have |G (¢ (x))| = |G¥(x(x))| < |p|cT!/2. For all j > 0, we have g. ;(¢(x)) € k. It follows that
either |g. j(¢(x))|=1or g, j(¢(x)) =0forall j > 0. If g. j(¢(x)) =0 for all j > 0, then for all g € I.
we have g(¢(x)) = 0. Otherwise, let jo be the smallest j satisfying |g¢ ;j(¢(x))| = 1. It follows that
1Ge(¢(x))| = |u]o/?". Since |G(¢(x))| = |G*(x (x))| < |p|°T1/2, we get a contradiction. O

Set I:=} .. I. Since K°[xi, ..., xy] is Noetherian, there exists M € Z*, such that [ = Zg’lzl I..
Set & := | p|M+1/2, Let x be a point in Per NU! satisfying |H (x)| <& = |p|MT1/2. By Lemma 4.4, for all
gel = wazl 1., we have |g(¢(x))| = 0. It follows that for all c > 1 and g € I, we have |g(¢(x))| = 0.
Then we have |H (x)| < |p|t1/2 for all ¢ > 0. Let c tend to infinity, we have H (x) = 0. We conclude our
proof of Lemma 4.1. 0

Proof of Theorem 1.1. Suppose that V N Per is Zariski dense in V. We claim the following:

Lemma 4.5. There exists a Zariski dense subset S C V with the property that F*(S) = S for some positive
integer £.

Since § is Zariski dense in V and § = F*(S) is Zariski dense in F*(V). It follows that V = F¢(V).
Then Lemma 4.5 implies Theorem 1.1.

Proof of Lemma 4.5. Since U,N: 0 ! (Perj.id ﬂViad) = Per is Zariski dense in V, there exists i =0, ..., N,
such that 7! (Perjﬁld ﬂVl.ad) is Zariski dense in V. We may suppose that i = 0.

Let Z be the Zariski closure of ¢ (t ™! (Pergd ﬂVOad)) C I]J’%b. Since ¢ (77! (Pergd ﬂV(f*d)) is defined over
k and it is Zariski dense in Z, Z is defined over k = [,. Then Z is defined over a finite extension of [ ,.
It follows that there exists ¢ > 1, such that ®*/(Z) = Z.

Set $"d .= ¢°(Z(K"))N Ug. We have ¢ (Per® ﬂVé‘d) C >N 7P (pr T (Vad))).

We claim the following:

Lemma 4.6. We have S C 7 (p(x =1 (Vi)).

Remark 4.7. We note that if 7° (o (7 ~1(V9))) is algebraic, our lemma is easy. Since ¢ (z ! (Perd NV34))
is Zariski dense in Z, and 7" (p (7 ! (Vd“d))) is algebraic, we have $>* C 7" (p (7! (Vg‘d))).



1738 Junyi Xie

But in general 7’ (p (! (V(;‘d))) is not algebraic since the map p is not algebraic. Our proof of
Lemma 4.6 is based on Lemma 2.16, which allows us to approximate 7" (p (n_l(V(fd))) by algebraic
subvarieties.

By assuming Lemma 4.6, we have 77 (p~! (") ~1(5”39))) € V. Set S =7~ L(m (o1 (") 71 ($"2)))).
We have S C V is a Zariski dense subset of V. Moreover, we have F*(S) = S. This concludes the proof
of Lemma 4.5. ([l

Now we only need to prove Lemma 4.6. First, we need the following:

Lemma 4.8. Let H € K”[z0.1, ..., z0.n] be a polynomial with norm 1. Suppose that for every point
X € L(PeradﬂV(;id), we have |H(x)| < 1/p°, where s € Z+. Then for every point y € $%, we have

[ H()| = 1/p°.

Proof of Lemma 4.8. Observe that we have a map
RWUH = (K" — (K™ /)Y = A, (K™ /()

defined by (x1, ..., x,) — (x1, ..., xy) Where X; = x; mod ¢°. Denote by

H :=H mod ¢*.
For every point x € ¢ (Perd ﬂVOad), we have H (¥) = 0. Observe that

L(Per NV = (¢ (r 7' (Perd NVE))) X speck Spec(K™°/(1%))
is Zariski dense in Z X gpecx Spec(K b2 /(t%)). Tt follows that
Z Xspeck Spec(K"°/(1*)) € {H =0}
Then we have
§730 = Z(k) X speck Spec(K™°/(1*)) € Z xspeck Spec(K"°/(1*)) € {H = 0},

It follows that for every x € $>% we have H(x) =0 mod #*. Then we have |H (x)| < 1/p*, for all

x € §had, O
Proof of Lemma 4.6. Now we apply Lemma 2.16 to Hy ; € K(zo,1,...,20,n) © Rgerf for every j =
1,...,m. For any s > 2 there exists &, € Rg’perf such that for all x € U(’;enc, we have

|Ho,j(x) — h¥(x)| < [t|"/> max(|Ho ;(x)]. [¢]°) = [¢]"/* max{|h} (x)|, [¢]'} < L. 2)

It follows that ||hg|| = || Ho, ;|| = 1.
For every point X" e (") (Per™ ﬂV(f‘d)), we have

x:=p '(x") e 7 (Per®d ﬂVd“d).
Then we have Hy ;(x) = 0. By (2) we have

|hs (") < [t15712 = [¢]12 max{|hs ()|, £} = 1/ p* T2,
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Since i € Rg’perf = Kb(z(l){f’oj. - zé{ﬁm), there are r > 0 and a function
1/p" 1/p"
gSEKb[ZO(F 5"'5ZO’/]1\7[]
such that ||h; — g || < 1/p*. Tt follows that g € K°[zo.1, ..., zo.x] and

12— gl Il < Ipl”".
Then for every point x” € (7*) ™! (¢(Per® ﬂVS‘d)), we have
g (" ()] = g (") = [hY (x") + (g7 (x") = h?" ()| < |p*”".
By Lemma 4.8, for all y € $”2, we have |g” (y)| < |p|*”. Then we have | ((x*)~1(y)| < 1/p°® and

W (o~ N (@) oNl = h (@) I < 1/p°

for all y € §>3,

By (2), we have
|Ho,j(x) — h* ()] < [#]"? max{|h¥ (x)|, |t]*}) = 1/ p* T/

for all x € p~1((") =1 (5™)). It follows that for all x € p~!((x”)~1($>2)), we have |Hp ;(x)| < 1/p°.
Let s — oo, we have | Hy, j (x)| =0 forall x € p~ 1 ((=") =1 ($")). Since | Hy, ; (x)| =|Hy,; (7w (x))|, we have
|Ho j(y)|=0forall j=1,...,mandyem(p~ ' ((x")~1(5"%))). It follows that w (o~ ((=r") "1 ($>d))) C
V. Then we have "% C 7° (o (x ~1(V))). O

Scanlon’s proof of Theorem 1.1. In this section, we discuss Scanlon’s proof of Theorem 1.1. In this
proof, we don’t need the perfectoid spaces.
Let V be a subvariety of PV such that Per NV is Zariski dense in V. We want to show that V is periodic.
We first treat the case where F is defined over @p". Since all points in Per are defined over @p and
Per NV is Zariski dense in V, V is defined over @p. There exists a finite extension K, of Q, such that
F is defined over K, i.e., F' takes form

Filxg::xyl>[xg+ p'Po(xo, ..., xp) 11 xi + p Py (x0, ..., xn)],
where p’ € K}°, q is a power of p, Py, ..., Py are homogeneous polynomials of degree ¢ = p* in
K7 [xo, ..., xy]. After replacing F by a suitable iterate, we may assume that the residue field K:=K°/K°°

is fixed by the g-power Frobenius.
By the structure of the absolute Galois group of K, there exists an element o € Gal(I?p /K ) which
lifts the g-power Frobenius. Then we have the following lemma:

Lemma 4.9 [Medvedev and Scanlon 2014]. We have Per = {x € PV (@I,) F(x)=0)}.

Proof of Lemma 4.9. Recall that the reduction map
red: PV (@,) — PY(F,)

gives a bijection between Per and PV (I]:_p).
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Let x be any point in Per. We have that F(x) € Per and red(F (x)) = red(x)?. On the other hand, we
have that o (x) € Per and red(o (x)) =red(x)?. Then we have F(x) = o (x).

Let x be any point in PV (@l,) satisfying F(x) = o (x). Since x is defined over a finite extension of
K ,, there exists n > 1 such that 0" (x) = x. It follows that

F'x)=F" o) =a(F"'(x))=---=0"(x) = x.

Then x is periodic. U

Observe that o (V) is a subvariety of PV. Then we have
o(VNPer)=F(VNPer) Co(V)NF(V).

Since V N Per is Zariski dense in V, we have o (V) = F (V). Since V is defined over a finite extension
of Q,,, there exists n > 1 such that o" (V) = V. It follows that

F'(Vy=F" Y o(V))=c(F" Y(V))=--- =" (V)= V.

Then V is periodic.

Now we treat the general case.

There exists a subring R € Cf, which is finitely generated over Z such that F is defined over R.
Let m := RN C}? be a maximal ideal of R. By Lemma A.3, there exists o € Gal(C,/Q) such that
o(R) € Q,°cC)ando(m)=Q,*NR.

Denote by F? the Galois conjugate of F by o i.e., F? is obtained by changing every coefficient of F
by its image under 0. Since F” mod C}° = F mod C?, F? is a lift of Frobenius on [P’gp. Moreover it is
defined over Q,°.

Since V N Per is Zariski dense in V, o (V) N o (Per) is Zariski dense in o (V). Moreover o (Per)
is exactly the set of periodic points of F”. Then the previous argument shows that o (V) is periodic
under F?. It follows that V is periodic under F.

5. Coherent backward orbits

In this section, we let K = C,,. Then K is a perfectoid field and K > is the completion of the algebraic
closure of [, ((r)). We may suppose that |p| = |t| = p~ ! Letk = E which is a subfield of K.
Let F : IPIKV — IPIKV be an endomorphism taking form

Filxg:-:axny]— [xg—l—p/Po(xo,...,xN) D ZX;IV—FP/PN(X(),...,XN)],
where p’ € K°°, g is a power of p, and Py, ..., Py are homogeneous polynomials of degree g in
K°[xg,...,xn].

The aim of this section is to prove Theorems 1.7 and 1.8.
Without loss of generality, we may suppose that by € R( Ugd). It follows that b; € R (Ugd) foralli >0. Set
wi=n"opoy~ (bo, b, ...) € P, (Kp). Then w e R(Uy™) :={[1:x1 -+ 1xn]: x| < 1} SPY,(Kp).

It follows that w'/4" € R(UJ™) for all n > 0.
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If {b;}i>0 is infinite, we may suppose that by # by and then the b;, for i > 0, are all different. Let
Z be the reduced subvariety of U, 2= Spec K°[x1, ..., xy], whose support is the union of all positive
dimensional irreducible components of the Zariski closure of {wl/1"y i>0-

There exists A > 0, such that Z is the Zariski closure of {wl/ q" }i=a In Ug . Moreover, foralln > A,
Z is the Zariski closure of {w!/4"};~, in Ug.

Denote by 1(Z) the ideal in K’[x1, ..., xy] which defines Z. .

For every polynomial f = ", a;x! € K"[x1,....xy] and i € Z, we denote by fol = 3, a?lxl.
Observe that f(y'/4") = (£ (y))"/4 foralli >0 and y € R(UJ™).

Then we have the following lemma:

Lemma 5.1. Let f € k[x1, ..., xy] be a polynomial defined over k. If there exists c € (0, 1) and B > A,
such that for alli > B, |f(w1/qni)| <c,then f € I(Z).

Proof of Lemma 5.1. There exists L > 1 such that f is defined over F .. Then we have f o't — f for all
n>0.Fort=0,...,L—1,setT;:={i > B|n; =t mod L}.
Forallt =0,..., L — 1 satisfying #T; = oo, we have

t 1

| f VO = @O = @) <,

for all i € T;. It follows that | f(w!/4")| < 2" forall i € T;. Since T; is infinite, n; can be arbitrary large.
Then we have |f(w]/qt)| =0 for all i € T;. It follows that

t t

|f "y = 7 V= p Y =0

for all i € T;. Set

T = |_| T,.

0<t<L-1

#T, =00
It follows that f(w'/4")=0foralli € T'. Since {i > A} \ T’ is finite, {w'/4"" };c7 is Zariski dense in Z.
Then f € I1(Z). O

Lemma 5.2. We have that Z is defined over k. In particular, there exists r > 1 such that " (Z) = Z and
(w"Yiez € UiZy %(2).

Proof of Lemma 5.2. We only need to show that /(Z) is generated by finitely many polynomials
in k[x1,...,xy1 € K°[x1,...,xy]). In fact, if I1(Z) = (g1,...,g) and g € k[xi, ..., xy] for all
i = 1,...,¢, then there exists r > 1 such that all the coefficients of g;,i = 1,..., ¢, are defined
over [,-. Then we have ®°"(Z) = Z. Moreover, there exists j > 0, such that wl/P’ € Z. Tt follows that
WYz €U @1(2) = UiZy @(2).

Write I(Z) = (f1,..., fm) where m > 1 and f; € K°[xi,...,xy] foralli =1, ..., m. Denote by
d = maxop<;<m{deg(fi)}.
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By Lemma 4.3, for all i = 1, ..., m, there exists a sequence of polynomial {f;,},>1 such that
Ifi — finll < t"| and taking form f;, = 27’2’6 ul{nf,v,n,j where f;, ; € E[xl, ..., xy] of degree at

most d, u; , € F,((t))° with norm |u; ,| = || VIE @) @) Ep (O ang [, ,|min > [¢]".
We claim that f; ; , € I(Z) forall j =0,...,m;,.
We prove that claim by induction on j. For j =0, we have

Fin(!") — Zuinﬁ,j,n<w”q”’>‘ < max{1f"], luiol} < 1
Jj=1
forall £ > A. By Lemma 5.2, we have f; o € I(Z).
If j >1and fion, ..., fi,j—1,n € [(Z), then

| fi0a w9y =

1/g™ —_7 1/g™ / 1/g™ t'—i 1/g™
| frogm @D = fra@y = 3wl froa @) = > w7 fi w1
o<t'<j—1 t'>j+1
|z]" t'—j 1/q™
< max T Z u; " fijn(w40)
LT =i
|z]"
< max -, [t
|ui,n|] '
<1

for all £ > A. By Lemma 5.2, we have f; j, € I(Z). This concludes the proof of the claim. It follows
that f; , € 1.

Set I; := {f € I | deg(f) <d}. Then I, is a finite-dimensional K’-vector space. For all n > 0 and
Jj=0,...,m;,, denote by I; ; , the Kj-vector space spanned by fio00..., fi,j.0,---» fion---s fi,jn-

Then (U0, j—0,...m;, li.jn is @ subspace of Iy. Since dim Iy is finite, U,~0 j—o, . m,, i.jn is closed.

There exists /; > 0, such that f; € Ii,mi,z,- 4 It follows that I = (f1, ..., fu) € leiSm(I,-,mui,)i) cl.
Then we have [ = (fi,j,n)1<i<m,0<n<l,-,0<j<mli and f; ; € k[xy,..., xy] foralli, j. |

Proof of Theorem 1.8. Let V be a subvariety of [P’gp such that there exists a subsequence {b,, };>¢ such
that |d(b,,, V)| — 0 when i — oo. We need to show that b,, € V for i large enough and there exists
r >0, such that {b;};=0 € U/Zy F'(V).

If {b;}i>0 is finite, Theorem 1.8 is trivial. So we suppose that {b;};>¢ is infinite.

Let 1(V) denote the ideal in K[xy, ..., xy] which defines V N U;. Then for any point in R(Ugd), we
have d(y, V) =max{|H(y)|: H € I(V) and |H| = 1}.

Let Z denote the union of all positive dimensional irreducible components of the Zariski closure
of {w!/4""};=9. There exists an A > 0, such that Z is that Zariski closure of {w!'/7"};>, in Ul =
Spec K°[x1, ..., xy]. Moreover, for all n > A, Z is the Zariski closure of {wl/qni }isn In Ug.

Let 1(Z) denote the ideal in K"[x1, ..., xy] which defines Z. Let H be a polynomial in I (V).

Lemma 5.3. For any point x € Z N R(Ug’ad), we have H (w(p~ ' (7”)~1(x)))) = 0.
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Proof of Lemma 5.3. By Remark 2.18, for any ¢ € Z*, there exists £ € N and an element G, €
14 12
KbO[xll/p ey x,lv/p ] such that for all x € U(I;erf, we have

|H om(x) — G*(x)| < |p|"? max(|H (x)], |p|°) = | p|"/* max(|G*(x)|, | p|°),

and sz € K™[xq,...,xy]. By Lemma 4.3, we may suppose that Gf[ = Y Lou'g where g; €
Folxi,....xy), u € F,((2)° with norm [u| = [¢|/Fr@@F O ang [y > || +1/20",

There exists A1 > 0, such that |H (by,)| < |p|°*!, foralli > Aj.

For all i > Ay, we have

G (w4 < max{|H (by,)|, |H (by,;) — Gf(p—l(wl/qn,-))l} <|p[cti2,

Then we have

G (w7 )P < [P /D),

We claim that for all j =0, ..., m, we have g; € I(Z).
We prove this claim by induction on j. Suppose that for all 0 <¢’ < j < m, we have g € I[(Z). For
all i > max{A, A}, we have

i n; / n; n; ¢ Lo
wgj )+ Y u gy (' ))=|Gc<w‘/q P e,
r=j+1

It follows that |g;(w!/9")| < max{]¢|7 €+ /|u}d |ul} < 1 for all i > max{A, A;}. Then Lemma 5.1
implies that g; € I(Z) for j =0, ..., m. This proves the claim.
Then for any x € Z N R(Ug’ad), we have

|H (o~ (@) ol = [H@ (e ' (@) 1)) — G~ (@) ' (x)]
< max{|p|"?|GF(p~ (") ), I pIt3
_ |p|c+l/2‘

Let ¢ tend to infinity, then we have |H (7 (o' ((?) ™' (x))))| = 0. We complete the proof of our lemma. [J

This lemma shows that S := 7 (o~ ((x?)~'(Z N RUJ*")))) € V. Then b,, € V fori > A. By
Lemma 5.2, there exists » > 1 such that ®"(Z) = Z and {w"/?'};cz € |/, ' (Z). It follows that

{bi}i=o € UiZy F'(S) S UZy FL(V).

Proof of Corollary 1.9. Let V be a subvariety of ng of positive dimension. We need to show there
exists ¢ > 0 such that for all i > 0 either b; € V or d(b;, V) > c.

Otherwise, there exists a subsequence {by,}i>0 € {b;}i>0 \ V such that d(b,,, V) tends to 0. By
Theorem 1.8, we have b,, € V for sufficiently large i, which is a contradiction. U
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Proof of Theorem 1.7. Let V be a positive subvariety of [P’gp such that {b;};>0 NV is Zariski dense in V.
Let {n; <n, < ---} be the set of n > 0 such that b, € V. We need to show that V is periodic under F'.

If {b;}i>0 is finite, then all points in {b;};>¢ are periodic. Moreover V is a union of finitely many
periodic points. So V' is periodic.

Now we may suppose that {b;};>o is infinite. Denote by I (V) the ideal in K[xy, ..., xy] which
defines V N U;. Let H be a polynomial / (V). By Lemma 5.3, for any point x € Z N R(Ug’ad), we have
H(m(p~ (")~ (x)))) = 0.

It follows that S := 7 (p~" (") " (ZNR(U™)))) C V. Since by, € S forall i > A, S is Zariski dense
in V. Since & (Z N RWUS™) = ZNRWUS™), we have F7(S) = S. It follows that F”(V) = V. This
concludes the proof. (I

Appendix

Let X be any projective variety over C;, and F : X — X be an endomorphism. Let X — Spec CJ, be
a finitely presented projective scheme which is flat over Spec Cj, whose generic fiber is X and £ an
ample line bundle on X. If there exists an endomorphism F of X over C;, such that F*L = £®1 where
q = p®, s > 1, the restriction of F' on the generic fiber is F' and the restriction F' of F on the special fiber
X is a power of the Frobenius, then we say that F is a polarized lift of Frobenius on X with respect to
(X, F, £). In particular, a lift of Frobenius on I]J’gp in the previous sections is a lift of Frobenius on X
with respect to a pair (Pgii’ F, OP% (1)).

Now assume that F' is a polarized lift of Frobenius on X with respect to the pair (X, F, L) and we
identify X with the generic fiber of X.

In this appendix, we show that under a technical condition, the dynamical system (X, F) can be
embedded in a lift of Frobenius on [P’gp (with respect to some ([P’g;, F , Oﬂj’gop (D).

Theorem A.l. Assume that X and F are defined over @po C C). Then there exists N > 1, a lift of
Frobenius G on I]j’gp and an embedding T : X — [P’gp such that T o F' = G o t for some l > 1.

This theorem can be viewed as a version of [Fakhruddin 2003, Proposition 2.1] for the lifts of Frobenius.
As an application, it implies the dynamical Manin—-Mumford Conjecture and Conjecture 1.5, for any
polarized lift of Frobenius on X with respect to some (X, F.L).

Corollary A.2. Let V be any positive dimensional irreducible subvariety of X. Denote by Perg the set of
periodic closed points in X. Let {b;}i>0 be a sequence of closed points in X satisfying f(b;) = bi_1 for
all i > 1. Then we have that:

(1) If V NPerg is Zariski dense in V, then V is periodic.

(ii) Ifthe {b;}i>o NV is Zariski dense in V, then V is periodic under F.
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Proof of Corollary A.2. There exists subring R € Cj, which is finitely generated over Z such that X, F
and £ are defined over R, i.e., there exists a projective scheme X over Spec R with an endomorphism Fpg
and an ample line bundle L such that X = Xr Qg C;, L=LrRr C‘I’), F= I:"R Rr C; and F;ER = E?q.
IfRC @", Theorem A.1 reduces it to the case where X = [P’gp and F is a lift of Frobenius on I]J’gp.
We conclude the proof by applying Theorems 1.1 and 1.8.
Now we assume that R & @p". Set m := RNCS’. It is a maximal ideal of R.

Lemma A.3. Let R be a subring of Cj, which is finitely generated over Z. Let m := RNC? be a maximal
ideal of R. Then there exists o € Gal(C,/Q) such that o (R) € Q,° C (C:, and o(m) = Q,°° N R.

Now consider X° ::Z{R®%C;, L :=£R®‘1’3C;, Fo = F®%C;, X7 :=Xgr®%C, and F? := XgR%C,,.
In the tensor product « % C,,, we use the embedding o |z. We note that if we view C,, as an abstract
field, (X, F) and (X°, F?) are Galois conjugate. Since the statements of (i) and (ii) are purely algebraic,
we only need to show it for (X, F”). Observe that the special fiber X of X7 is

X7 = Xg ®% (C5/C5) = Xg ®g (R/m) ®%,, (C5,/C) = Xg ®F (C5/C) = X.

Moreover the restriction of F° on X? is exactly F under this identification. So F° is some power of
Frobenius and F' is a lift of the Frobenius with respect to (X°, Fo, L7). Since (X7, Fo, L%) is defined
over o (R) € @Q,°, Theorem A.1 reduces it to the case where X = ng and F is a lift of Frobenius on I]J’gp.
We conclude the proof by applying Theorems 1.1 and 1.8. O

Proof of Lemma A.3. Since C,, is algebraically closed, any embedding R < C,, extends to an automor-
phism in Gal(C,/Q). We only need to find an embedding o : R — C;, € C,, satisfying o (m) < C}.
Indeed since o ! (C;’," No (R)) is a maximal ideal of R which contains m, we have o (m) = o (R) N C;’f.

Lett,...,# € R be a set of generators of R over Z. Let uy, ..., us be a set of generators of m. Set
Y :=Spec R and Y¢, := Spec R ®z C,. We endow Y¢,(Cp) with the p-adic topology induced by the
topology on C,. An element f € R can be viewed as an analytic function on Y¢,(C,).

Denote by i : R <> C,, the inclusion. It defines a point 0 € Y¢,(C)). Set U := {x € Y ,(Cp) : |t;| <1,
i=1,...,0,and |u;| < 1,i =1, ...,s}. Then U is an open neighborhood of o.

For any nonzero element P of R, denote by Vp the subscheme of Ye, defined by {P = 0}. Since the
set of nonzero prime ideals is countable, and Y¢ ) (Cp) has a complete metric, Y¢ . Cp\ (U R\(0} Vp) 18
dense in Y¢, (Cp). Then there exists a point y € U \ (g oy Vr)- It defines a morphism o : R — C,, by
fr f(y). Because yc U, wehaveo(t;) € C°,i=1,...,l,and o(u;) € C°,i =1, ...,s. It follows
that o (R) € C5, and o (m) € C5. Since y & (g V7)o : R = C, is an embedding. This concludes
the proof. ]

Proof of Theorem A.1. 1In this section, we assume that X, F and £ are defined over @po - C;’,. Since X
is finitely presented, there exists a finite extension K of @, such that X, F and £ are defined over K°. We
note that R := K° is a discrete valuation ring. Set m := K °° the maximal ideal of R and & a generator of m.

There exists a flat and geometrically irreducible projective scheme Xz over Spec R an ample line
bundle £z and an endomorphism Fr such that X = X Qg C; L=Lr®r (D; and F = Fgr Qg C‘I’,. We
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may assume that F RLR = E%q. We denote by X the special fiber of Xr and F; the restriction of Fr
on X;. Let Xk be the generic fiber of X and Fx the restriction of FR on Xg. Write Lg := Lp|x, and
L := Lrlx,. Since Lg is ample, after replacing Lr by a suitable power, we may assume that £ is very
ample and the morphisms

Wg = H(Xg, Lr)®! — HO(Xg, £37) and W, := H(X;, £,)® — H(X,, £L39)
are surjective. Moreover, we may assume that
H'(Xg, L) = H'(Xg, Lg") =0
for all i > 1. It follows that the natural morphisms
ri: HY(Xg, Lr) ®g R/m — H(X,, L) and r,: HO(Xg, L57) @& R/m — H°(X,, L&)

are isomorphisms.
Since FjiLg = E%q, it induces morphisms

Fi:HY(Xg, Lr) — HO(Xg, £5) and  FF: HO(X,, £,) — H(X;, £89).

We have ry o ~1’§ =Frory.
Since R is a discrete valuation ring, and H O(X g, Lg) has no torsions, H*(Xg, Lg) is a free R-module.
Let so, ... sy a basis of H*(Xg, Lr). We note that

rg(F*(si)) = ri(s;)?
fori =0,..., N. It follows that
F*(si) — Wr(s!) e mH (X g, LZ") = m HO(Xg, LZ)
fori =0, ..., N. In other words, there exists g; € HO(Xg, E%q) such that
F*(s;)=s! +mgi,i=1,...,N.

Since Wy is surjective, there exists G; € R[xo, ..., xy] homogenous of degree g such that g; =
Gi(sg,...,sy),i=1,..., N. It follows that

F*(si)=s! +7Gi(s0,...,s5), i=1,...,N.
Let Gk : [P’II\(’ — IP% be the morphism
[x0, ..., xn] [xg +7Go(xg, ..., XN) - :x;’\, +7Gpn(xg,...,xN)].
Set G :=Gg®RxCp: [P’gp — [P’gp. It is a lift of Frobenius on [P’gp. Lettg : X — [P’% be the morphism
x> [so(x):---rsy(x)].

Since Lk is very ample, 7 is an embedding. We may check that Gx o tx = tx o Fx. We conclude the
proof by setting 7 := 1x ®g C),. ]
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