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Difference modules and difference cohomology

Marcin Chatupnik and Piotr Kowalski

We give some basics about homological algebra of difference representations. We consider both the
difference discrete and the difference rational case. We define the corresponding cohomology theories
and show the existence of spectral sequences relating these cohomology theories with the standard ones.

1. Introduction

In this article, we initiate a systematic study of module categories in the context of difference algebra.
Our set-up is as follows. We call an object, such as a ring, a group or an affine group scheme, difference
when it is additionally equipped with an endomorphism. Hence a difference ring is just a ring with the
additional structure of a ring endomorphism. Difference algebra (that is, the theory of difference rings)
was initiated by Ritt and developed further by Cohn [1965]. This general theory was motivated by the
theory of difference equations (they may be considered as a discrete version of differential equations).

We introduce and investigate a suitable category of representations of difference (algebraic) groups
which takes into account the extra difference structure. As far as we know, this quite natural field of
research was explored only in [Kamensky 2013; Wibmer 2014]. We discuss the relation between their
approach and ours in Section SA.

We start by discussing the most general case of the category of difference modules over a difference
ring in some detail (see Section 2). However, in the further part of the paper we concentrate on the theory
of difference representations of a difference group and the parallel (yet more complicated) theory of
difference representations of difference affine group schemes. The emphasis is put on developing the
rudiments of homological algebra in these contexts, since our main motivation for studying difference
representations is our idea of using difference language for comparing cohomology of affine group
schemes and discrete groups. Let us now outline our program (further details can be found in Section 5B).

The basic idea is quite general. The Frobenius morphism extends to a self-transformation of the
identity functor on the category of schemes over [F,. Thus schemes over [, can be naturally regarded
as difference objects. We shall apply this approach to the classical problem of comparing rational and
discrete cohomology of affine group schemes defined over [F,,. The main result in this area [Cline et al.
1977] establishes for a reductive algebraic group G defined over [, an isomorphism between a certain
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limit of its rational cohomology groups (called the stable rational cohomology of G) and the discrete
cohomology of the group of its F p-rational points (for details, see Section 5B). The main results of our
paper (Theorems 3.8 and 4.12) provide an interpretation of stable cohomology in terms of difference
cohomology. Thus, the stable cohomology which was defined ad hoc as a limit is interpreted here as a
genuine right derived functor in the difference framework. We hope to use this interpretation in a future
work which aims to generalize the main theorem of [Cline et al. 1977] to the case of nonreductive group
schemes. We also hope that this point of view together with Hrushovski’s theory of generic Frobenius
[2012] may lead to an independent and more conceptual proof of the main theorem of [Cline et al. 1977].
We provide more details of our program in Section 5B.

To summarize, the aim of our article is twofold. Firstly, we develop some basics of module theory and
homological algebra in the difference setting. We believe that some interesting phenomena already can be
observed at this stage. For example, in Remark 3.9 we point out a striking asymmetry between left and
right difference modules, and in Section 5B we discuss the role of the process of inverting endomorphism.
Thus we hope that our work will encourage further research in this subject. Secondly, we provide a formal
framework for applying difference algebra to homological problems in algebraic geometry in the case of
positive characteristic. We hope to use the tools we have worked out in the present paper in our future
work exploring the relation between homological invariants of schematic and discrete objects.

The paper is organized as follows. In Section 2, we collect necessary facts about (noncommutative)
difference rings. In Section 3, we deal with the difference discrete cohomology and in Section 4, we
consider the difference rational cohomology. In Section 5, we compare our theory with the existing ones
and with the theory of spectra from [Chatupnik 2015], and we also briefly describe another version of the
notion of a difference rational representation (see Definition 5.1).

We would like to thank the referee for a careful reading of our paper and many useful suggestions.

2. Difference rings and modules

In this section, we introduce a suitable module category for difference rings. The theory of difference
modules over commutative difference rings has been already considered (see, e.g., [Levin 2008, Chapter 3]),
however our approach is different than the one from [Levin 2008] (we summarize the differences in
Remark 2.2). We recall that a difference ring is a pair (R, o), where R is a ring with a unit (not necessarily
commutative), and o : R — R is a ring homomorphism preserving the unit. A homomorphism of difference
rings is a ring homomorphism commuting with the distinguished endomorphisms.

Let (R, o) be a difference ring. We call a pair (M, o) a left difference (R, o)-module if it consists of
a left R-module M with an additive map o : M — M satisfying the condition

om(0(r)-m)=r-opy(m), ()

for any » € R and m € M (we explain why we choose such a condition in Remark 3.9). The condition (7)
can be concisely rephrased as saying that the map

O'MIM(I)—>M
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is a homomorphism of R-modules, where M1 stands for M with the R-module structure twisted by o,
ie,r-m:=o(r) -m, where r € R and m € M. The left difference (R, o)-modules form a category
with the morphisms being the R-homomorphisms commuting with the fixed additive endomorphisms
satisfying (7).

We have a parallel notion of a right difference (R, o)-module. This time it is a right R-module M with
an additive map oy : M — M satisfying the condition

oy(m-r)=opy(m)-o(r), (")
which, in terms of the induced R-modules, means that the map
oy M— MY

is R-linear.

These categories can be interpreted as genuine module categories, which we explain below. We define
the ring of twisted polynomial R[o] as follows. The underlying Abelian group is the same as in the usual
polynomial ring R[¢]. However, the multiplication is given by the formula

(Z t’h) . <Z tjr}) = Zt"( Z aj(r,-)r}>.
n i+j=n
Then we have the following.

Proposition 2.1. The category of left and right difference (R, o)-modules are equivalent (even isomor-
phic) to the category of left and right R[o]-modules, respectively.

Proof. Let M be a left difference R-module. Then we equip M with a structure of a left R[o ]-module by

(Z tiri) -m = Za};,,(r,- -m).

The condition (§) ensures that the commutativity relation in R[o] is respected. Conversely, for a left

putting

R[o]-module N, we define oy by the formula
on(n) :=t-n.
Then oy : N — N is clearly additive and satisfies (7). The proof for the right modules is similar. ]

Remark 2.2. We summarize here how our definition of a difference module differs from the one in
[Levin 2008].

(1) Our base ring of twisted polynomials (defined above) corresponds to the opposite ring to the ring of
difference operators 9 considered in [Chapter 3.1]. Hence the left difference modules considered in
[loc. cit.] correspond to our right difference modules.

(2) A possible notion of a right difference modules (which would correspond to our left difference
modules, the choice on which we focus in this paper) is not considered in [loc. cit.].
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We should warn the reader that the categories of left and right difference modules behave quite

differently. For example, since o : R — R may be thought of as a map of R-modules, R with o := 0o

is a right difference (R, o’)-module. If o is an automorphism, then obviously R with o :=o ! isa

left difference (R, 0)-module. However, in the general case we do not have any natural structure of
a left difference (R, o)-module on R. Since in this paper we are mainly interested in left difference
(R, 0)-modules (a technical explanation is provided in Remark 3.9), we would like to construct a left
difference (R, o)-module possibly closest to R. We achieve this goal by formally inverting the action of
o on R.

Definition 2.3. Let
Ri_;: R[o] — R[o]

be the right multiplication by (1 — ¢). This is clearly a map of left R[o]-modules and we define the
following left R[o ]-module:

R:= coker(Ri_;).
Our construction has the following properties.
Proposition 2.4. Let o be the map provided by Proposition 2.1. Then we have the following:

(1) The map o is invertible.

(2) If o is an automorphism, then

(R,03) = (R, a7 ).

Proof. Since we have the following relation in R:

n n
Z tr = Z o),
i=0 i=0
we see that the map Y t'r; > Y t'o(r;) is the inverse of oz.
For the second part, we observe first that the map
a:(R, 07— R,

given by the formula «(7) := r, is a homomorphism of left R[o ]-modules, since the relation o lr)=1r
holds in R. Also, the map

B: R— (R,c7h
given by
,3(2 tiri) = Za‘i(ri)

is a homomorphism of left R[o]-modules. We see now that & and 8 are mutually inverse. U
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From now on, we focus exclusively on left (difference) modules, hence we denote by Mod$, the
category of left difference (R, o)-modules (or the equivalent category of left R[o ]-modules). Also, if it
causes no confusion we will not refer to endomorphisms in our notation, i.e., we will usually say “M is a
left difference R-module” (or even “M is a difference R-module”) instead of saying “(M, o) is a left
difference (R, o)-module”.

We finish this section with an elementary homological computation, which explains (roughly speaking)
the effect of adding a difference structure on homology. We will make this point more precise in the next
section.

For a difference R-module M, let M°" and M,,, stand for the Abelian groups of invariants and
coinvariants of the action of oy, respectively. Explicitly, we have

MM ={meM|oym)=m} and My, =M/{opy(m)—m|meM).
Then we have the following.
Proposition 2.5. For a difference R-module M, we have
Homyoaz, (R, M) = M7,

Extygoqq (R, M) = M,

Extyoq (R, M) = 0.
Proof. Since the map R;_; is injective, the complex

0— R[6]— R[o] — 0
is a free resolution of R. Then the complex of Abelian groups
0 — Homyoaz (Rlo 1, M) B2 Homyjoas (R[0], M) — 0,

which computes our Ext-groups, may be identified with the complex

0> M- M0

where L_; stands for the left multiplication by the element (1 — ¢). Thus, the proposition follows. [J

3. Difference representations and cohomology

Let (A, 04) be a difference commutative ring and G be a group with an endomorphism o¢. In this section,
we apply the results of Section 2 to the ring R := A[G], the group ring of G with coefficients in A. The

0(2 a,'g,'> = ZUA(di)UG(gi)

is clearly a difference ring. We will often say “difference representation of G (over A)” for “difference

ring R with the map

A[G]-module”. We observe now that the augmentation map € : A[G] — A is a homomorphism of
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difference rings (by this we mean a ring homomorphism commuting with o and o4). Hence, we can
endow the left difference A-module A (see Definition 2.3) with the “trivial” structure of a left difference

(Za,.g,.) a=Ya-a

Remark 3.1. We would like to warn the reader that in contrast to the classical representation theory,

A[G]-module, i.e., we put

difference representations (M, o) correspond to homomorphisms into the group GL 4 (M) only if oy
is an automorphism. More precisely, if (M, o) is a difference A-module and oy, is an automorphism,
then we have the automorphism 637 on GL4 (M) given by the conjugation:

oy(a) := oﬂfll o ooy.

It is easy to see then that endowing (M, o)) with the structure of a difference A[G]-module is the same
as constructing a homomorphism of difference groups

®:(G,06) —> (GLA(M), 631).
We are ready now to define the notion of a difference group cohomology.
Definition 3.2. Let M be a difference A[G]-module. We define:
HJ(G, M) := Ext{; 4c (A, M).
We show below that the zeroth difference cohomology can be described in terms of invariants.
Proposition 3.3. For any difference A[G]-module M, we have
HY(G, M)=MCS MM,

Proof. We observe first that by the ()-condition from Section 2, the A-module M is preserved by oy;.
Indeed, for any m € M we have:

g (om(m)) = om(oG(g) -m) =opy(m).
Thus M€ is a difference A-module and, since G acts on A trivially, we have
Homytody, (A, M) = Homygoas (A, M).
By Proposition 2.5, we obtain
Homyoar (A, M€) = (M) = M N M,
which completes the proof. U

This description shows possibility of factoring the difference cohomology functor as the composite of
two left exact functors. To make this precise, let us consider the chain of left exact functors

Mod%;;; 5> Mod% —£> Mody,



Difference modules and difference cohomology 1565

where
K (M) := Hompod, g, (A, M) = MY and L(N) := HomModi (A, N) = N°V,

We recall here the fact observed in the proof of Proposition 3.3 that the target category of K is indeed the
category Mod9. Now, Proposition 3.3 can be understood as the following factorization

HY(G,-)=LoK.
We would like now to associate the Grothendieck spectral sequence to the above factorization. To achieve
this, we need the following fact.

Lemma 3.4. The functor €* : Mod} — Mod ¢, is left adjoint to K. Consequently, the functor K
preserves injectives.

Proof. The desired adjunction is a natural isomorphism
Hompoas , (€*(N), M) = Hompoas (N, M),

which immediately follows from the fact that G acts trivially on €*(N). Thus K has an exact left adjoint
functor, hence it preserves injectives. U

The description of the functor K above also shows that for any difference A[G]-module M, each
H/(G, M) has a natural structure of a difference A-module. The endomorphism of H/ (G, M) can be
explicitly described as the composite of the following two arrows:

HI (G, M) =25 HI(G, M) 9 Hi(G, M),

where the first one is the restriction map along o [Weibel 1994, Chapter 6.8], and the second one is the
map induced by the G-invariant map oy : MV — M.

Then we have the following result, where the invariants and the coinvariants are taken with respect to
the difference structure which was just described.

Theorem 3.5. For any difference A[G]-module M and j > 0, there is a short exact sequence (setting
H (G, M) :=0)

0— H'™Y(G, M), - HI (G, M) - H/(G, M)’ — 0.
Proof. Since L, K are left exact functors and K takes injective objects to L-acyclic ones by Lemma 3.4,
we can construct the Grothendieck spectral sequence (see e.g., [Weibel 1994, Chapter 5.8]) associated to
the composite functor L o K. This spectral sequence converges to HZ *4(G, M), and its second page has

the following form:
EJ" = Ext{; .. (A, HY(G, M)).

By Proposition 2.5, there are only two nontrivial columns in this page where we have
EY =H/(G,M)° and E,’ =H/(G, M),.

Thus all the differentials vanish and we get the result. U
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The above theorem is an efficient tool for computations of difference cohomology groups. Let us look
at some simple examples.

Example 3.6. Let G = Z/ p be the cyclic group of prime order p > 2 with an automorphism o given by
the formula o (a) := ta for some integer ¢ such that 0 < ¢ < p. Let r be the order of ¢ in the multiplicative
group of the field [, and let further A = k be a field of characteristic p.

(1) Let us take 04 = id. We would like to compute

o
H}(Z/p. k) =P H}(Z/p. k)
n=0
for (k, id) regarded as the trivial difference k[G]-module. In order to apply Theorem 3.5, we need to
explicitly describe the endomorphism of H*(Z/p, k), let us call it o+, which comes from the difference
structure. When M is a trivial G-module, we have H' (G, M) = Homay,(G, M) and we obtain

oy (@) =0y opoog.

Coming back to our example, let us fix a nonzero y € H Lz /p,k)andletx € H 2z /p, k) be the image
of y by the Bockstein homomorphism. It is well known (see e.g., [Weibel 1994, Exercise 6.7.5]) that we
have a ring isomorphism

H*(Z/p, k) = S(kx) ® A(ky),

where S(M) is the symmetric power and A (M) is the exterior power of a k-module M. Thus we see that
ogi1(y) =ty and, by the naturality of the Bockstein homomorphism, also o2 (x) = ¢tx. Therefore, by the
naturality of the multiplicative structure on group cohomology, for all j > 0 we obtain

Op2i (xj) =1/x/, O 2j-1 (xj_1 ®y) = t’ ()c-"_1 RYy). (*)

Hence we see that H> (Z/p, k)° = kx/ if and only if r | j (recall that r is the multiplicative order of 1),
and H*/(Z/p, k)® = 0 otherwise. A similar conclusion holds for H%~'(Z/p, k)°, H* (Z/p, k), and
H?~Y(Z/p, k),. Applying Theorem 3.5, we get that H2(Z/p, k) = k and, for n > 0, we obtain the
following

kdok for2r|n,
for2r|n—1,
H'Z/p, k) =
o Z/P =1, for 2r |n +1,
0 otherwise.

(2) Let us now elaborate on the above example by adding an automorphism of scalars to the picture.
Hence, let F' be an automorphism of k. Then (k, F ~1) is a difference (k, F)[G]-module and we are
interested in its difference cohomology. We recall that H'(Z/p, k) = Homay(Z/ p, k), which is naturally
identified with k. After choosing y € [, we get the same formulas as in () from the item (1) above.
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Since each H"(Z/p, k) is a difference (k, F')-module, for ¢ € k we obtain the following
OR2j (cxj) = Ffl(c)tjxj,
OF2j-1 (cxj_l Ry) = F_l(c)tj ()cj_1 RYy).

For a € [, \ {0}, let k“ stand for the eigenspace of F regarded as an [ ,-linear automorphism of k for the
eigenvalue a. Dually, let k, be the corresponding “coeigenspace”, i.e., the quotient [ ,-linear space

k,=k/(F(c)—cal|cek).
Therefore, for any nonnegative integer j, we get by Theorem 3.5
HY @/p. )=k @k, HY'@/pdo=k" &ky.

(3) If we consider a special case of the situation considered in the item (2) above, where A =k = I]:Zlg
and o4 = Fry is the Frobenius map, then by the results of [Kowalski and Pillay 2007, §3], the difference
module H*(Z/p, k) is o-isotrivial, i.e., we have the following isomorphism of difference modules

H*(Z/p. k)~ (k. Fr") ®,.ia) (H*(Z/p. k)° . id).

(To apply [Kowalski and Pillay 2007, Fact 3.4(ii)], we need to know that o+ is a bijection, but it is
the case since both g and F are automorphisms.) Since Kr=F »» kre =0 and each H"(Z/p, k) is
a 1-dimensional vector space over [, we immediately (i.e., using neither the item (1) nor the item (2)
above) get (by Theorem 3.5) the following isomorphism of [F,-linear spaces:

HZ(Z/p, k) = S(Fpx) @ A(Fpy) = H*(Z/p, Fp),
which coincides with the computations made in the item (2).

For a left A[G]-module M, let us denote by M*° the induced difference A[G]-module, i.e.,
M = A[Gllo] ®aic1 M.

In order to describe M more explicitly, we slightly extend the notation introduced in Section 2, by
setting M) to be the A[G]-module M with the structure twisted by /. Then, we have an isomorphism

of A[G]-modules
M> ~ EB MD,
i>0

Under this identification, the difference structure on M is given by the following shift:
aMoo(mQ,...,ml-,O,...):(O,mo,...,m,-,O,...).

Let us now investigate the exact sequence from Theorem 3.5 for the difference module M*°. For this, we
introduce the “stable cohomology groups” as

Hg’L(G, M) := colimH’ (G, M),
1

where the maps in the direct system are the restriction maps along og.
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Remark 3.7. We give an interpretation of the stable cohomology in small dimensions.

(1) The zeroth stable cohomology group

oo
HY(G, Ny = N™C®

n=1
may be thought of as the group of “weak invariants” of the action of G on N.

(2) Suppose that N is a trivial G-module. Then we have
H)(G, N) := colim(Hom(G, N) — Hom(G, N) — - - -),

where the map producing the direct system is induced by 0. Hence H}(G, N) can be considered
as the effect of inverting formally the above endomorphism on Hom(G, N).

These stable cohomology groups play an important role in the comparison between rational and discrete
cohomology in [Cline et al. 1977]. The fact that, as we will see in a moment, they appear as difference
cohomology groups is one of the main motivations for the present work. Namely, when we explicitly
describe the action of ¢ on

H*(G, M™) ~ H* <G, &P M<">) ~P H*(G. MD),

i>0 i>0
we obtain that (after restricting to the summand H*(G, M ®)) this action is given by the map
or: H (G, MY — H*(G, M'™Y)
induced by o on the cohomology. Thus we see that H*(G, M*°)° =0, and using Theorem 3.5 we get
the following.

Theorem 3.8. For any A[G]-module M and j > 0, there is an isomorphism
HJ(G, M®) ~ H}~'(G, M).

Remark 3.9. Apparently, there is no similar description of the stable cohomology in terms of cohomology
of right difference modules. The technical obstacle for this is the fact that for a right difference A[G]-
module M, the module of invariants MC are not preserved by o). Therefore, there is no Grothendieck
spectral sequence analogous to the one which we used in the proof of Theorem 3.5. This is the main
reason we have chosen to work with left difference modules in this paper, despite the fact that condition
(") looks more natural than condition (1) (both of which can be found before Proposition 2.1).

4. Difference rational representations and cohomology

In this section, we introduce difference rational modules and difference rational cohomology. As rational
representations and rational cohomology concern representations of algebraic groups, we will consider
here representations of difference algebraic groups, so we recall this notion first. Let k be our ground field.
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4A. Difference algebraic groups. We take the categorical definition of a difference algebraic group
appearing in [Wibmer 2014]. When we say “algebraic group”, we mean “affine group scheme”. We
do not care here about the finite-generation (or finite type) issues: neither in the schematic nor in the
difference-schematic meaning. We comment about other possible approaches in Section 5C.

Let o : k — k be a field homomorphism. The category of difference (k, o)-algebras (denoted here
by Alg ) consists of commutative k-algebras A equipped with ring endomorphisms o4 such that
(04)|x = 0. A morphism between two (k, o)-algebras (Aq, o1) and (A3, o) is a k-algebra morphism
f : Ay = Aj such that

oyo f = fooy.

An affine difference algebraic group is defined as a representable functor from the category Alg ) to
the category of groups. Note that it is in an exact analogy with the pure algebraic case. Such a functor is
represented by a difference Hopf algebra which may be defined as (H, o), where H is a Hopf algebra
over k, 0 *(H) is obtained from H using the base extension o : k — k (i.e., 0*(H) = H ®g (k, o)) and
oy :0*(H) — H is a Hopf algebra morphism [Wibmer 2014, Definition 2.2]. Dualizing, we see that a
difference algebraic group % is the same as a pair (G, og) where G is an affine group scheme over k and
oG : G — 0*(G) is a group scheme morphism, where ¢ *(G) is again obtained from G using the base
extension o : k — k.

Difference algebraic groups appeared first in the context of model theory (of difference fields) and
yielded important applications to number theory (related to the Manin—-Mumford conjecture) and algebraic
dynamics, see e.g., [Chatzidakis and Hrushovski 2008a; 2008b; Hrushovski 2001; Medvedev and Scanlon
2014; Kowalski and Pillay 2007]. Difference algebraic groups also appear as the Galois groups of certain
linear differential equations [Di Vizio et al. 2014] and linear difference equations [Ovchinnikov and
Wibmer 2015].

We are mostly interested in the case when G is defined over the field of constants of o (see Section 5B).
In such a case, one can replace the difference field (k, o) with the difference field (Fix(o), id). Therefore,
in the rest of Section 4, we assume that o = id;. In Section 5C, we discuss our attempts to define a
more general notion of a difference rational representation, which covers the case of an arbitrary base
difference field (k, o) (see also Remark 4.4).

4B. Difference rational representations. Let G be a k-affine group scheme with an endomorphism og.
Its representing ring k[G] is a Hopf algebra over k with a k-Hopf algebra endomorphism, denoted here
by the same symbol og. We would like to introduce the notion of a difference rational G-module. We
recall from classical algebraic geometry [Jantzen 2003] that for a k-affine group scheme G, a left rational
G-module (or a rational representation of G) is a functor

M : Alg, — Mody

such that for any k-algebra A, we have M (A) = M (k) ® A, and each M (A) is equipped with a natural (in
A € Algy) left action of the group G(A) through A-linear transformations. The left rational G-modules
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with the morphisms being the natural transformations form the Abelian category Modg. Given M € Modg,
one can construct a natural structure of a right k[G]-comodule on M (k). The assignment M — M (k)
gives an equivalence between the category Modg and the category of right k[G]-comodules [Jantzen
2003, §1.2.8]. The inverse is explicitly given by the following construction. An element

g € G(A) = Homyy, (k[G], A)
acts on M(A) = M (k) ® A by the composite

(id®m) o (id ®g ®id) o (Ay ®id),
where
Ay Mk) —> Mk) Qk[G]

is the comodule map on M (k), and m is the multiplication on A. From now on, if no confusion can arise,
we will identify M with M (k).

Let us come back to the situation when G is additionally equipped with an endomorphism og. A
natural adaptation of the concept of a difference representation to the context of difference algebraic

groups is the following.

Definition 4.1. A difference rational representation of a difference group (G, og) is a pair (M, o)
consisting of a left rational G-module M and a natural transformation oy, : M — M such that for each
A € Algy, the A-module M (A) becomes a left difference A[G(A)]-module with o7(4) being op/(A), and

OA[G(A)] 1S given by the following formula:

OAIG(A)] <Z aigi) = Z a;0G(4)(8i)-

Let (M, op) and (N, oy) be rational difference (G, og)-modules. We call a transformation of functors
f : M — N adifference G-homomorphism, if for any k-algebra A,

f(A): M(A) - N(A)
is a homomorphism of difference A[G (A)]-modules.

Similarly as in Section 3, we will often skip the endomorphisms from the notation and simply say
that M is a difference rational representation of G. The difference rational representations of G with
difference G-homomorphisms obviously form a category, which we denote by Modg;.

Remark 4.2. We can find a similar interpretation of our difference rational representations as the one
in Remark 3.1. We consider GL(M) as a k-group functor, see [Jantzen 2003, §1.2.2]. In the case when
oy : M — M is a k-linear automorphism, it induces the inner automorphism of this k-group functor:

OGL(M) - GL(M) — GL(M)
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Then enhancing (M, o)) with the structure of a (G, og)-module is the same as giving a morphism of

difference k-group functors as below:
(G,06) — (GL(M), oGL(m))-

Keeping in mind the results of Section 3 and the case of rational representations, we obtain two
equivalent descriptions of the category Modg;. Analogously as in Section 2, for a rational G-module M,
we denote by M) the G-module structure on M twisted by o. If we take the comodule point of view,
then the comodule map on MV is given by the following composite:

(d®og) o Ay : MDY - D @ k[G].
Then we have the following.
Proposition 4.3. Let G be an affine difference group scheme. Then the following categories are equivalent:

(1) The category Modg;,.
(2) The category of pairs (M, o), where M is a rational G-module and oy : MV — M is a G-

homomorphism.

(3) The category of pairs (M, oyr), where M is a right k[G]-comodule and oy : M — M is a k-linear
map satisfying the following identity:

Ayooy =0y ®og)oAy. ()

Remark 4.4. A difference rational representation is a natural (in A € Alg,) collection of difference
A[G(A)]-modules. Hence we see that we work in a less general context than the one in Section 3,
since we have no endomorphism on A and neither on k. It would be tempting to introduce difference
rational representations as functors on the category of difference algebras over k or even over a difference
field (k, o). The resulting category is much more complicated, e.g., we have not even succeeded yet
in showing that it is Abelian. Since the simpler approach in this section is sufficient for homological
applications we have in mind, we decided to stick to it in this paper. We discuss possible generalizations

of difference representation theory and its relations with the other approaches in Section 5.

Example 4.5. We point out here three important examples of difference rational G-modules:

(1) The trivial difference G-module. Clearly, the k-algebra unit map k — k[G] endows (k, id) with the

structure of a difference rational G-module.

(2) The regular difference G-module is defined as follows. We put
M =k[G], oy :=og.

Then the condition (x) in Proposition 4.3(3) is satisfied, since o is a homomorphism of coalgebras.
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(3) The last example corresponds to the induced module k[G][o] ®k[g) M from Section 3. It could be
described in terms of cotensor product, but we prefer the following explicit description. For a rational
G-module M, we set

[e.¢]
-
i=0

as a rational G-module. Since (M>)() = @f’il MY the inclusion map

oo oo
Du® cPu®
i=1 i=0

defines the structure of a difference rational G-module on M. Note that this inclusion map is the same

as the “right-shift” map appearing before Remark 3.7.

In certain simple cases, the category Modg; can be fully described. The following example should be
thought of as the first step towards understanding difference rational representations of reductive groups
with the Frobenius endomorphism.

Let k be a field of positive characteristic p, G, be the multiplicative group over k and Fr : G, - Gy
be the (relative) Frobenius morphism. Then the category Modfé can be explicitly described. Let Modk[x]
denote the category of Z-graded k[x]-modules satisfying the following condition (for each j € Z):

xM’/ C MP/,

We set X := (Z\ pZ) U {0}, and for j € X, we define Modk[ 1. as the full subcategory of the category

Modk[p ) consisting of modules concentrated in the degrees of the form p" j for n € N. Then we have the

following:
Proposition 4.6. The category Mod%m admits the following description:

(1) There is an equivalence of categories
Modg =~ Modk[x]

(2) There is a decomposition into infinite product

p ~
Mody?) =~ [ Mody?) ;-
jeXx

(3) The category Modk[ 1018 equivalent to the category of k|x]-modules, while the category Modk[x] j
for j # 0 is equivalent to the category of N-graded modules over the graded k-algebra k|x], where
x| = 1.

Proof. Since Gy, = Diag(Z), we can use the results from [Jantzen 2003, §1.2.11]. For M € Mod{ o we
take a decomposition of the rational module M ~ € M ; into isotypical rational representations of Gy, i.e.,
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each M is a direct sum of equivalent irreducible representations such that for each A € Alg;, a € G, (A)
and m € M;(A), we have

a-m=a'm.
Then, since (M;)) = (MD),,;, we have o) (M;) C M,;. This turns M into an object of the category
ModZEf]. The rest is straightforward. ]

4C. Difference rational cohomology. We would like to develop now some homological algebra in the
category Modg;. Firstly, it is obvious that Modg; is an Abelian category with the kernels and cokernels
inherited from the category Modg. However, the existence of enough injectives is not a priori obvious.
We shall construct injective objects in the category Mody; by using a particular case of induction. Let
(M, opr) be a k-linear vector space with an endomorphism. Then, M ® k[G] with the comodule map
id ® A and the endomorphism o); ® o satisfies the condition () from Proposition 4.3(3), hence this
data defines a difference G-module. This construction is clearly natural, hence it gives rise to a functor

o ind® : Mody,] — Modg.

We will show (similarly to the classical context) that this difference induction functor is right adjoint to
the forgetful functor
o res? : Mod% — Modgy -

Proposition 4.7. The functor o ind? is right adjoint to the functor o res?. Consequently, the functor

o indlc preserves injective objects.

Proof. We take (N, o) € Modg, and (M, o)) € Modg(). After forgetting the endomorphisms o and oy,
we have (by the classical adjunction) a natural isomorphism

Homyjoq, (N, M) >~ Hompog, (N, M @ k[G]).

This isomorphism can be explicitly described as taking a k-linear map f : N — M to the composite
(f ®id)o Ay. The inverse is given by postcomposing with the counit in k[G]. Then an explicit calculation
shows that the both assignments preserve morphisms satisfying the condition () from Proposition 4.3(3),
which proves our adjunction. Preserving injectives is a formal consequence of having exact left adjoint. [J

Now we construct injective objects in Modg; by a standard argument.
Corollary 4.8. Any object M in the category Modg; embeds into an injective object.

Proof. Let o resf (M) — I be an embedding in the category Modg(,], where [ is injective. Then we take
the chain of embeddings

M — o ind% oo res® (M) — o ind¥ (1),
and observe that o ind? (I) is injective by Proposition 4.7. (Il

Since we have enough injective objects, we can develop now homological algebra in the category Modg,.
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Definition 4.9. For a difference rational G-module M, we define the difference rational cohomology
groups (see Example 4.5(1)) as follows:

H!(G, M) := EthModg (k, M).

We would like to obtain a short exact sequence relating difference rational and rational cohomology
groups. We proceed similarly as in Section 3. First, we recall that for a rational G-module M, the k-vector
space Hompjodg, (k, M) can be identified with

MG =(meM|Aym) =mx1}.

By the condition (x) from Proposition 4.3(3), we immediately get that for a difference rational G-module
M, the k-module of invariants MY is preserved by o). Therefore, the functor (—)€ can be thought of as
a functor from Modg; to Modg[,. Since we can make the following identification:

Homyogr, (k, M) = M N M,
we can factor the above Hom-functor through the category Mody, as
Homyoa, (k, =) = (=)™ o (—)°.

Now, we recall from the proof of Corollary 4.8 that for an injective cogenerator I of Mod(y}, I ® k[G]
is an injective cogenerator of Modg;. Then we see that

(I ®kIGD® =1,
hence the functor (—)€ preserves injectives. Therefore, we can apply the Grothendieck spectral sequence
to our factorization of the functor Hompodg, (k, —) and, similarly as in Theorem 3.5, we get the following.
Theorem 4.10. Let M be a difference rational G-module. Then for any j > 0, there is a short exact
sequence (Where H='(G, M) := 0)
0— H'"Y(G, M), - HI(G, M) - H’/(G, M)’ — 0.

Proof. The proof of Theorem 3.5 carries over to this situation replacing the ring A[o 4] with the ring k[x]
and the discrete cohomology with the rational cohomology. O

Example 4.11. We compute rational difference cohomology in the following special case. As a dif-
ference rational group, we consider the additive group scheme G, over [, (p > 2) with the Frobenius
endomorphism Fr, and we take the trivial difference rational (G,, Fr)-module ([, id).

The ring H*(G,, F,,) was computed in [Cline et al. 1977, Theorem 4.1] together with a description of
the rational action of G,. In particular, H'(G,, F p) 1s an infinite dimensional vector space over [, with
a basis {a; };>0, which can be chosen in such a way that in the action of [,[o] (=2 [,[x]) on

H'(G,, F,) = Hom(G,, G,),

we have o (a;) = aj1.
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Thus we see that H'(G,, F,)” =0 and dim(H (G, F»)o) = 1. Since o acts trivially on H(G,, Fp),
we get dim(HY(G,, [,)o) =1, and we obtain by Theorem 4.10 that

dim(H) (G,, F,)) = 1.

In order to extend our computation, we will use the following description of the graded ring H* (G, F))
from [Cline et al. 1977, Theorem 4.1]:

H*(Gy, Fp) = A(H' (G,, ) @ S(H' (G, Fp)),

where A and § stand respectively for the exterior and symmetric algebra over [, H(G,, F,) isa
space with a basis {a;};>1 and its nonzero elements have degree 2. Since Fr commutes with algebraic
group homomorphisms, the action of o on H*(Gy, [F),) is multiplicative. Hence o acts on decomposable
elements of H*(Gy, F,) diagonally. Therefore, we have that H (G, F,)? =0 forall j > 0, and we
obtain by Theorem 4.10 that

HI(G,,F,) =~ H ™Gy, F))o

for all j > 0. Taking these facts into account, we can summarize our computations as follows:

. ; 1 for j =0,1,2,
dim(H! (G,, F,)) =
m(Hy (Ga. ) {oo for j > 2.

This final outcome may look a bit bizarre, but it coincides with the general philosophy that “invariants
reduce the infinite part of the difference dimension by 17 (this can be made precise using the notion of an
SU-rank, see [Chatzidakis and Hrushovski 1999, §2.2]).

Continuing the analogy with the discrete situation, we can apply Theorem 4.10 to the induced difference
rational module M *° (see Example 4.5(3)). We define, analogously to the discrete case, the “stable rational
cohomology groups” as

HI(G, M) = colimH1 (G, M),
1
Similarly as in Theorem 3.8, we obtain the following.

Theorem 4.12. For any rational G-module M and j > 0, there is an isomorphism

HI (G, M®)~ HI"'(G, M).

5. Applications, alternative approaches and possible generalizations

In this section, we discuss applications of our results to the problem of comparing rational and discrete
group cohomology. We also compare our approach with the theories of difference representations in
[Kamensky 2013; Wibmer 2014], and sketch another (in a way more ambitious) approach to difference
representations.
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5A. Comparison with earlier approach to difference representations. Let us compare our construction
of difference representations with the existing theories of representations of difference groups in [Wibmer
2014; Kamensky 2013]. One sees that Lemma 5.2 in [Wibmer 2014] amounts to saying that the category
of difference rational representations of (G, o) considered in [Wibmer 2014] is equivalent to the category
of rational representations of G. In fact, in the approach in [Wibmer 2014; Kamensky 2013], the difference
structure on G is not encoded in a single representation but rather in some extra structure on the whole
category of representations, namely in the functor M — M which twists the G-action by og. For
example, when the difference group is reconstructed from its representation category through the Tannakian
formalism [Kamensky 2013], this extra structure is used in an essential way. Hence our approach is, in a
sense, more direct. In particular, it allows us to introduce the difference group cohomology which differs
from the cohomology of the underlying algebraic group. Actually, both of the approaches build on the
same structure. Abstractly speaking, we have a category ‘6 with endofunctor F'. Then one can consider
just the category 6 and investigate the effect of the action of F on it; this is, essentially, the approach
initiated in [Wibmer 2014; Kamensky 2013]. On the other hand, one can introduce, like in our approach,
the category 6, whose objects are the arrows

oy F(M)y— M

for M € €. This approach generalizes the first one, since the construction M*° (which can be performed
in any category with countable coproducts) produces a faithful functor

¢ — @f.

On the other hand, our functor o indg produces important objects like injective cogenerators which do
not come from €, hence this approach is potentially more flexible and rich.

5B. Comparing cohomology, inverting Frobenius and spectra. As we mentioned in Section 1, the main
motivation for the present work was its possible application to the problem of comparing rational and
discrete cohomology. More specifically, let G be an affine group scheme defined over [, and let M be a
rational G-module. Then, it is natural to compare the rational cohomology groups H/ (G, M) and the
discrete cohomology groups H/ (G(F ), M). For G reductive and split over [, the comparison is given
by the celebrated Cline—van der Kallen—Parshall-Scott theorem [Cline et al. 1977] saying that

HJ(G, M) := colim H’ (G, M) ~1im H’ (G (F ), M),

and that the both limits stabilize for any fixed j > 0. Then it was observed [Parshall 1987, Theorem 4(d)]
that the right-hand side above (called sometimes generic cohomology) coincides with the discrete group
cohomology H/ (G(F »)>» M). Our work allows one to interpret the left-hand side as a right derived functor
as well (see Theorem 4.12). We hope to use this description in a future work aiming to generalize the main
theorem from [Cline et al. 1977] to nonreductive algebraic groups. We expect a theorem on difference
cohomology expressing generic cohomology as a sort of completion of rational cohomology. We hope
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that the comparison on difference level should be easier because the limit with respect to the twists is
built into the difference theory. Then, one could obtain the theorem on algebraic groups by taking the
M -construction (we recall that there is no need for taking “stable discrete cohomology” because the
Frobenius morphism on a perfect field is an automorphism). This is a subject of our future work.

We would like to point out certain unexpected similarities between Hrushovski’s work [2012] and
the homological results from [Cline et al. 1977]. In both cases, the situation somehow “smooths out”
after taking higher and higher powers of Frobenius. It is visible in the twisted Lang—Weil estimates from
[Hrushovski 2012, Theorem 1.1] and in the main theorem of [Cline et al. 1977] above.

At the time being, we can offer another heuristic reasoning supporting our belief that the difference
formalism is an adequate tool for the problem of comparing rational and discrete cohomology. Namely,
the principal reason why one should not hope for the existence of an isomorphism between rational and
generic group cohomology in general is the fact that the Frobenius morphism becomes an automorphism
after restricting to the group of rational points over a perfect field. Hence we have

H*(G(Fy), M) = H*(G(Fy), M),
while, in general, there is no reason for the map
o, H*(G, M) — H*(G, M)

to be an isomorphism. However, the colimit defining H3 (G, M) can be thought of as the result of making
the map o, invertible (see an example of this phenomenon in Remark 3.7(2)). On the other hand, the
process of inverting the endomorphism o is built into the homological algebra of left difference modules
through the construction of the module R defined in Section 2. This supports our belief that the category
of left difference modules is a relevant tool in this context.

Actually, the first author succeeded in making the connection between the stable cohomology and the
process of inverting Frobenius morphism more precise in an important special case [Chatupnik 2015]. To
explain this idea better, let us come back for a moment to a general categorical context of Section 5A.
We assume that we have a category ¢ with an endofunctor F and a family {6} ;<7 of full orthogonal
subcategories such that any object in 6 is a direct sum of objects from {€;};cz. Thus we have an

¢~ ][]

jez

equivalence of categories

Moreover, we assume that F' takes € ; into € ;. This situation is quite common in representation theory
over [,. For example, any central element of infinite order in G produces such a decomposition of the
category of rational representations of G with F being the functor of twisting by the Frobenius morphism
(see e.g., Proposition 4.6). Then we can grade the category

¢ =],

J#0
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by positive integers, putting

e =]]%pa

deY

for i > 0, where Y :=Z\ pZ. Let us take now M = @i>0 M;, where M; € 6¢7. Then we see that an
object in (€*)¥ is just a sequence of maps

F(M;) = M1,

hence it produces a “spectrum of objects of €*”” [Hovey 2001]. The formalism of spectra is a classical
tool which is used to formally invert an endofunctor, hence it fits well into our context. In [Chatupnik
2015], the first author considered € as the category P of “completed” strict polynomial functors in the
sense of [Friedlander and Suslin 1997], which is closely related to the category of representations of GL,,.
The category % has an orthogonal decomposition
P ~ l_[ P
j=0

into the subcategories of strict polynomial functors homogeneous of degree j, and F is the “precomposition
with the Frobenius twist functor”.

The first author managed to find [Chatupnik 2015, Corollary 4.7] an interpretation of “stable Ext-groups”
in % in terms of Ext-groups in the corresponding category of spectra. He also obtained a version of the
main theorem of [Cline et al. 1977] in % as an analogue of the Freudenthal theorem [Chatupnik 2015,
Theorem 5.3(3)].

Let us now try to compare spectra and difference modules in general. Although the starting categories
are very close, one introduces homological structures in each case in a different way. Namely, in the
case of the category of spectra, the formalism of Quillen model categories is used, while in the case
of the category of difference modules, we just use its obvious structure of an Abelian category. The
important point here is that the resulting Ext-groups are not the same, since in the interpretation of stable
cohomology in terms of difference cohomology there is a shift of degree (see Theorem 4.12). Hence, the
relation between these two constructions remains quite mysterious.

5C. Functors on the category of difference algebras. We finish our paper with discussing another
version of the notion of a difference rational representation. In fact, there is a certain ambiguity at the
very core of difference algebraic geometry. Namely, there are two natural choices for the kind of functors
which could be considered as difference schemes:

(1) Functors from the category of rings to the category of difference sets.
(2) Functors from the category of difference rings to the category of sets.

In the case of representable functors (i.e., affine difference schemes) both of the choices above are
equivalent by the Yoneda lemma. Thanks to this, a difference group scheme can be unambiguously
defined as (the dual of) a difference Hopf algebra. Unfortunately, this “several choices” problem reappears
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when one tries to introduce the appropriate notion of a difference representation. In fact, we made in
Section 4 the “first choice” which is simpler and sufficient for the main objectives of our article. The
drawback of this approach is that the difference structure on the module M (A) from Section 4B does
not depend on a possible difference structure on A. In other words: there is no natural way of turning
the functor M into a functor on the category of difference k-algebras. For this reason, the framework of
Section 4 is less general than the one in Section 3. Thus, it would be tempting to introduce the notion of
a difference rational representation corresponding to the “second choice” above.

We will outline now an alternative approach, which is potentially richer but is also much more involved
technically. We fix a difference field (k, o) and consider the category Alg , of difference commutative
algebras over k as in Section 4A. Then, undoubtedly, we want our difference representation to be some
sort of a functor

M : Alg g o) —> Modg(o),

such that M (A) is naturally a difference (A, 04)-module. Now we need an analogue of the fact that an
ordinary rational representation sends a k-algebra A to A ® M (k). A reasonable choice here seems to be
the following:

M(A) = Alo] Qkjo) M (k),

since in that case the structure of an A[o ]-module on M (A) depends both on (A, o4) and on (M, o).
When we add to this framework a group action, we obtain the following definition.

Definition 5.1. Let (G, o) be a difference algebraic group. We call a functor

M : Alg . 5 — Modgs1,
such that
M(A) = Alo] ko) M (k)

a G-difference representation (or a G-difference module), if there is a natural (in A € Alg ) structure
of a difference A[G(A)]-module on M (A).

With the above definition, we achieve the level of generality we had in the discrete case of Section 3.
However, in order to make the category of such difference representations usable, one would like to obtain
its algebraic description in terms of comodules over coalgebras etc. Unfortunately, the formulae we have
obtained so far are quite complicated and do not fit easily into known patterns. For example, it is not
clear how to use them even to show that the category under consideration has enough injective objects.
For this reason, in this paper, we decided to adopt the approach corresponding to the “first choice”.

References

[Chatupnik 2015] M. Chatupnik, “On spectra and affine strict polynomial functors”, 2015. arXiv

[Chatzidakis and Hrushovski 1999] Z. Chatzidakis and E. Hrushovski, “Model theory of difference fields”, Trans. Amer. Math.
Soc. 351:8 (1999), 2997-3071. MR Zbl


http://msp.org/idx/arx/1512.09285
http://dx.doi.org/10.1090/S0002-9947-99-02498-8
http://msp.org/idx/mr/1652269
http://msp.org/idx/zbl/0922.03054

1580 Marcin Chatupnik and Piotr Kowalski

[Chatzidakis and Hrushovski 2008a] Z. Chatzidakis and E. Hrushovski, “Difference fields and descent in algebraic dynamics, I”,
J. Inst. Math. Jussieu 7:4 (2008), 653-686. MR Zbl

[Chatzidakis and Hrushovski 2008b] Z. Chatzidakis and E. Hrushovski, “Difference fields and descent in algebraic dynamics,
117, J. Inst. Math. Jussieu 7:4 (2008), 687-704. MR Zbl

[Cline et al. 1977] E. Cline, B. Parshall, L. Scott, and W. van der Kallen, “Rational and generic cohomology”, Invent. Math. 39:2
(1977), 143-163. MR Zbl

[Cohn 1965] R. M. Cohn, Difference algebra, Interscience Publishers, New York, 1965. MR Zbl

[Di Vizio et al. 2014] L. Di Vizio, C. Hardouin, and M. Wibmer, “Difference Galois theory of linear differential equations”, Adv.
Math. 260 (2014), 1-58. MR Zbl

[Friedlander and Suslin 1997] E. M. Friedlander and A. Suslin, “Cohomology of finite group schemes over a field”, Invent. Math.
127:2 (1997), 209-270. MR Zbl

[Hovey 2001] M. Hovey, “Spectra and symmetric spectra in general model categories”, J. Pure Appl. Algebra 165:1 (2001),
63-127. MR Zbl

[Hrushovski 2001] E. Hrushovski, “The Manin-Mumford conjecture and the model theory of difference fields”, Ann. Pure Appl.
Logic 112:1 (2001), 43-115. MR Zbl

[Hrushovski 2012] E. Hrushovski, “The Elementary Theory of the Frobenius Automorphisms”, preprint, 2012, Available at
http://www.ma.huji.ac.il/~ehud/FROB.pdf.

[Jantzen 2003] J. C. Jantzen, Representations of algebraic groups, 2nd ed., Mathematical Surveys and Monographs 107,
American Mathematical Society, Providence, RI, 2003. MR Zbl

[Kamensky 2013] M. Kamensky, “Tannakian formalism over fields with operators”, Int. Math. Res. Not. 2013:24 (2013),
5571-5622. MR Zbl

[Kowalski and Pillay 2007] P. Kowalski and A. Pillay, “On algebraic o-groups”, Trans. Amer. Math. Soc. 359:3 (2007),
1325-1337. MR Zbl

[Levin 2008] A. Levin, Difference algebra, Algebra and Applications 8, Springer, 2008. MR Zbl

[Medvedev and Scanlon 2014] A. Medvedev and T. Scanlon, “Invariant varieties for polynomial dynamical systems”, Ann. of
Math. (2) 179:1 (2014), 81-177. MR Zbl

[Ovchinnikov and Wibmer 2015] A. Ovchinnikov and M. Wibmer, “o-Galois theory of linear difference equations”, Int. Math.
Res. Not. 2015:12 (2015), 3962-4018. MR Zbl

[Parshall 1987] B. J. Parshall, “Cohomology of algebraic groups”, pp. 233-248 in The Arcata Conference on Representations of
Finite Groups (Arcata, California, 1986), edited by P. Fong, Proc. Sympos. Pure Math. 47, Amer. Math. Soc., Providence, RI,
1987. MR Zbl

[Weibel 1994] C. A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38,
Cambridge University Press, 1994. MR Zbl

[Wibmer 2014] M. Wibmer, “Affine difference algebraic groups”, preprint, 2014. arXiv

Communicated by Anand Pillay
Received 2017-01-03 Revised 2018-02-03 Accepted 2018-06-27

mchal@mimuw.edu.pl Instytut Matematyki, Uniwersytet Warszawski, Warszawa, Poland

pkowa@math.uni.wroc.pl Instytut Matematyczny, Uniwersytet Wroctawski, Wroctaw, Poland

mathematical sciences publishers :'msp


http://dx.doi.org/10.1017/S1474748008000273
http://msp.org/idx/mr/2469450
http://msp.org/idx/zbl/1165.03014
http://dx.doi.org/10.1017/S1474748008000170
http://dx.doi.org/10.1017/S1474748008000170
http://msp.org/idx/mr/2469451
http://msp.org/idx/zbl/1165.03015
http://dx.doi.org/10.1007/BF01390106
http://msp.org/idx/mr/0439856
http://msp.org/idx/zbl/0336.20036
http://msp.org/idx/mr/0205987
http://msp.org/idx/zbl/0127.26402
http://dx.doi.org/10.1016/j.aim.2014.04.005
http://msp.org/idx/mr/3209348
http://msp.org/idx/zbl/1328.12013
http://dx.doi.org/10.1007/s002220050119
http://msp.org/idx/mr/1427618
http://msp.org/idx/zbl/0945.14028
http://dx.doi.org/10.1016/S0022-4049(00)00172-9
http://msp.org/idx/mr/1860878
http://msp.org/idx/zbl/1008.55006
http://dx.doi.org/10.1016/S0168-0072(01)00096-3
http://msp.org/idx/mr/1854232
http://msp.org/idx/zbl/0987.03036
http://www.ma.huji.ac.il/~ehud/FROB.pdf
http://msp.org/idx/mr/2015057
http://msp.org/idx/zbl/1034.20041
http://msp.org/idx/mr/3144174
http://msp.org/idx/zbl/1335.12005
http://dx.doi.org/10.1090/S0002-9947-06-04312-1
http://msp.org/idx/mr/2262852
http://msp.org/idx/zbl/1124.14041
http://dx.doi.org/10.1007/978-1-4020-6947-5
http://msp.org/idx/mr/2428839
http://msp.org/idx/zbl/1209.12003
http://dx.doi.org/10.4007/annals.2014.179.1.2
http://msp.org/idx/mr/3126567
http://msp.org/idx/zbl/1347.37145
http://dx.doi.org/10.1093/imrn/rnu060
http://msp.org/idx/mr/3356746
http://msp.org/idx/zbl/1388.12011
http://msp.org/idx/mr/933362
http://msp.org/idx/zbl/0649.20043
http://dx.doi.org/10.1017/CBO9781139644136
http://msp.org/idx/mr/1269324
http://msp.org/idx/zbl/0797.18001
http://msp.org/idx/arx/1405.6603
mailto:mchal@mimuw.edu.pl
mailto:pkowa@math.uni.wroc.pl
http://msp.org

ALGEBRA AND NUMBER THEORY 12:7 (2018)
dx.doi.org/10.2140/ant.2018.12.1581

Density theorems for exceptional eigenvalues
for congruence subgroups

Peter Humphries

Using the Kuznetsov formula, we prove several density theorems for exceptional Hecke and Laplacian
eigenvalues of Maal} cusp forms of weight 0 or 1 for the congruence subgroups I'g(¢), I'1(¢), and I'(g).
These improve and extend upon results of Sarnak and Huxley, who prove similar but slightly weaker
results via the Selberg trace formula.

1. Introduction

Let « € {0, 1}, let I" be a congruence subgroup of SL,(Z), and let x be a congruence character of I'
satisfying x(—1) = (—1) should —I be a member of I'. Denote by A, (I", x) the space spanned by
Maaf cusp forms of weight «, level I, and nebentypus x, namely the L?-closure of the space of smooth
functions f : H — C satisfying

e f(y2)=x(¥)Jjy )" f(z) forall y €T and z € H, where for y = (g Z) erl,
cz+d

lez+d|’

» f is an eigenfunction of the weight x Laplacian

A o[ 3* N 92 iyl
= — e —_— IKYy—,
CETY B2 T a2 Yox

jy(Z) =

e f is of moderate growth, and

» the constant term is zero in the Fourier expansion of f at every cusp a of I"\H that is singular with
respect to x.

We may choose a basis B, (I', x) of the complex vector space A, (I', x) consisting of Hecke eigenforms.
For f € B.(T, x), we let Af = i + tf2 denote the eigenvalue of the weight ¥ Laplacian, where either
tr €[0,00) ority € (O, %) Similarly, we let A (p) denote the eigenvalue of the Hecke operator T), at a
prime p, so that [A¢(p)| < p% + p_%. The generalised Ramanujan conjecture states that 77 is real and
that [As(p)| < 2 for every prime p. Exceptions to this conjecture are called exceptional eigenvalues. It
is known that exceptional Laplacian eigenvalues cannot occur if « = 1, while for k = O there are no
exceptional Laplacian eigenvalues for Maal} cusp forms of squarefree conductor less than 857 [Booker

MSC2010: primary 11F72; secondary 11F30.
Keywords: Selberg eigenvalue conjecture, Ramanujan conjecture.
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and Strombergsson 2007, Theorem 1]. The best current bounds towards the generalised Ramanujan

conjecture are due to Kim and Sarnak [2003]; they show that
2 7 7
hpz = (&) Il =pe+pTE

Results. In this paper, we use the Kuznetsov formula to prove density results for exceptional eigenvalues

for the congruence subgroups

To(q) := (? Z) €SLy(Z):c=0 (modq)},

Ty (q) := <Z Z) €SLy(Z):a,d=1 (modgq), c=0 (modq)},

I'(g):= <6Cl fl) eSly(Z):a,d=1 (modgq), b,c=0 (modq)},

with x equal to the trivial character for the latter two congruence subgroups. Recall that

n ZqT1,,(1+5)  if T =To(g),
Vol(P\H) = [SLa@) : T = 1 54° [T, (1= 32) i T =T1(9),
3¢ (1= ) T =T(@.

When y is the trivial character, we write B, (I") in place of B, (I, x), while when I' =T'g(g), we write this
as B, (g, x). Given positive integers g and g, with g, | g, we factorise g = ]_[pa”q p¥andg, = HpV llgx p’,
and define

0=0(q.q0= [] 0w* "), 0=0@.q0= ] 00" p".

r¥llg P%llq
P’ llqy P llgy

with

[pl“““)/‘”—a/z if pisoddand a =y > 3,
O(p%, p?):= {2lBetD/4l=a/2 §f =2 and y +1>a > 3,
1 otherwise,

p ifpisoddanda =y >3,

4 ifp=2anda=y >3,

2 ifp=2anda=y+1=3,

1 otherwise.

O(p®, p¥) =

Theorem 1.1. For any fixed finite collection of primes P not dividing q, any a) € (2, p% + p_%) and
0<mu, =<1forall peP with Zpep Wy =1, we have that

#{f eB(T1(q) : 1y €10, T1, |Ar(p)l = a, forall p € P}
<, vol(T (q)\l]_l])l—3 2 pep up(loga,,/Z)/logp—i-a(T2)1—4Zpep u,,(logoz,,/Z)/logp—&—s’ 1.2)
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#{f €B(T(q) : 1y €0, T1, |As(p)| =y forall p € P}
<<5 VOl(F(q)\[H])l_i Z])E”P up(logap/l)/log p+8(T2)1—4ZPE7; M,,(logap/l)/log p+£’ (13)

#{f €Be(q. x) 11y €0, T1, |As(p)| = p forall p € P}
< VOl(Fo(q)\H)l 42 pep M,,(logap/Z)/logp—i-a(T )1—4 > pep ploga,/2)/log pte
X mln{ Q.4Zpg”p up(loga],/Z)/logp’ Q1_4ZPE”P /Ap(loga,,/Z)/logp}. (14)

Theorem 1.1 should be compared to the Weyl law, which states that

#{f e BT, x) :ty €0, T]} ~ Wﬂ

For I' =S1,(Z), so that y is the trivial character, and P consisting of a single prime p, Theorem 1.1 is a
result of Blomer, Buttcane, and Raulf [Blomer et al. 2014, Proposition 1], improving on a slightly weaker
result of Sarnak [1987, Theorem 1.1], who uses the Selberg trace formula in place of the Kuznetsov
formula and obtains instead (see [Blomer et al. 2014, Footnote 1])

{f e BO(SLZ(Z)) tf = [0 T |)"f (P)| > 0(} < (T2)1 2(loga/2)/logp

Theorem 1.5. For any fixed finite (possibly empty) collection of primes P not dividing q, any o € (O, %),
ap € (2, p% + p_%), and 0 < o, up <1 forall p € P with o+ Zpep wup =1, we have that

#{f € Bo(T'1(9)) s ity € (a0, 5), 1As(p)| = @, forall p € P}
<. vol(T (q)\[H])l—3(lloao+Zpep wp(logap/2)/log P)+€’ (1.6)

#{f € Bo(C(@) :ity € (a0, 3), 1y ()| = @ forall p € P}
e Vol(r(q)\[}_ﬂ)lff(uoaﬁngp Mp(l()gap/2)/logp)+€ (1.7

{f € Bolg, x) :ity € (oeo, ) |Ar(p)| = ap forall p € 73}
e Vol(ro(q)\[H])1—4(Moﬂlo+2pep np(loga,/2)/log p)+e

x min{ O*(oa0+ Y pep pllogay/D)/log p) - (51=4(oa0+ Y e plogay/2)/ log p)}_ (1.8)

When P is empty and x is the trivial congruence character, Theorem 1.5 improves upon a result
of Huxley [1986], who uses the Selberg trace formula in place of the Kuznetsov formula and obtains

instead this result with the exponent 2 for each of the three congruence subgroups instead of 3, %, and

b 3 b
4 respectively. When P is empty and yx is the trivial congruence character, (1.8) is a result of Iwaniec
[2002, Theorem 11.7] ; see also [Iwaniec and Kowalski 2004, (16.61)].

Since

L3a+1J 3a
4 2 =10’

so that Q < vol(I'y (q)\l]-l])%, the right-hand side of (1.4) is bounded by

vol(Fo(q)\I]-[I)l_% 2 pep ipoga,/2)/log pte (T2)1—4 2 pep tpoga,/2)/log pte.
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while the right-hand side of (1.8) is bounded by
vol(To(g)\H) !~ oo+ X pep iplogay /2 log p) e,

On the other hand, taking P to consist of a single prime in (1.4) recovers the Selberg bound A/ (p) < p%“
for an individual element f € B, (g, x) by taking T sufficiently large, while taking P to be empty in (1.8)
recovers the Selberg bound Ay > % by embedding f in B, (q Q, x) and taking Q sufficiently large.

Finally, we also prove the following improvements of Theorems 1.1 and 1.5 for I'; (¢) with g squarefree
via a twisting argument.

Theorem 1.9. When q is squarefree, (1.2) and (1.6) hold with the exponent 3 replaced by 4.

Idea of Proof. By Rankin’s trick (which is to say Chebyshev’s inequality), it suffices to find bounds for

S TP Y X T P

feB (T, x) peP feBo(T,x) peP
17€[0,7T] itye(0.1)
for nonnegative integers £, and a positive real number X > 1 to be chosen. To bound these quantities,
we begin with the Kuznetsov formula for B, (g, x); we then use the Atkin—Lehner decomposition to
turn this into a Kuznetsov formula for 5, (I", x). We take a test function in the Kuznetsov formula that
localises the spectral sum to cusp forms with 7, € [0, T'] in the case of Theorem 1.1 and to cusp forms
with ity € (0, %) in the case of Theorem 1.5. We use the Hecke relations to introduce powers of the Hecke
eigenvalues into the Kuznetsov formula. By positivity, we discard the contribution of the continuous
spectrum, and we are left with bounding the right-hand side of the Kuznetsov formula.

The chief novelty of the proof is the bounds for sums of Kloosterman sums in the Kuznetsov formula
for each congruence subgroup. As well as the usual Weil bound, we use character orthogonality for I'; ()
and I"(g), at which point we only use the trivial bound for the resulting sum of Kloosterman sums. For
I'g(g) and x the principal character, we may also use the Weil bound, but for x nonprincipal, additional
difficulties arise in bounding the Kloosterman sum, with the bound possibly depending on the conductor
of y; it is for this reason that the bounds (1.4) and (1.8) involve Q for Q arises when only weaker bounds
than the Weil bound are possible for the Kloosterman sums involved.

We also highlight the key trick to proving Theorem 1.9, namely that the Laplacian eigenvalue and
absolute value of a Hecke eigenvalue of a Maall form remain unchanged under twisting by a Dirichlet
character. Twisting may alter the level of a Maal} form, yet Theorem 1.9 involves a favourable situation
in which the resulting family of twisted Maal3 forms are sufficiently well-behaved that we are able to
improve the exponent in the density theorem.

It is worth mentioning that the results in this paper ought to generalise naturally to cusp forms on GL;
over arbitrary number fields . Bruggeman and Miatello [2009] prove a form of the Kuznetsov formula
for GL;, over a totally real field and use this to prove weighted Weyl law for cusp forms. Similarly, Maga
[2013] proves a semiadelic version of the Kuznetsov formula for GL; over an arbitrary number field. In
the former case, this formula is valid for congruence subgroups of the form I'y(q) for a nonzero integral
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ideal q of the ring of integers O of F and arbitrary congruence characters y modulo q, while the latter
only treats the case of trivial congruence character but should easily be able to be generalised to arbitrary
congruence character; this is precisely what is required for density theorems for the congruence subgroups
Fo(q), T'1(q), and I'(q).

2. The Kuznetsov formula

The background on automorphic forms and notation in this section largely follows [Duke et al. 2002]; see
[Duke et al. 2002, Section 4] for more details. Let « € {0, 1}, and let x be a primitive Dirichlet character
modulo ¢g,, where g, divides g, satisfying x (—1) = (—1)*; this defines a congruence character of I'g(q)
via x(y) = x(d) for y = (¢ %) € To(q). We denote by L*(I'9(¢)\H, , x) the L?-completion of the
space of all smooth functions f :H — C that are of moderate growth and satisfy f(yz) = x () j, (2)* f(2).
This space has the spectral decomposition

LA (To(\H, &, x) = Ac(q, X) ® Ec(q, X)

with respect to the weight « Laplacian, where A, (q, x) := A.(T'0(g), x) is the space spanned by Maal}
cusp forms of weight «, level g, and nebentypus x, and &,(g, x) is the space spanned by incomplete
Eisenstein series parametrised by the cusps a of ['g(g)\H that are singular with respect to x.

We denote by B, (g, x) an orthonormal basis of Maal} cusp forms f € A, (g, x) normalised to have
L?-norm I:

o fhg = / FORdu@ =1,
Co(g)\H

where du(z) =dxdy/ y? is the SLy(R)-invariant measure on H. Later we will use the Atkin—Lehner
decomposition of A, (g, x) in order to specify that B, (g, x) can be chosen to consist of linear combinations
of Hecke eigenforms. The Fourier expansion of f € B, (g, x) is

o]

f@= Y o) Wegnmcs2.iry 4 nly)e(nx),

n#0
where W, g is the Whittaker function and

1
of (1) Wsgn(ny j2.i1; (47 [0l y) = / f()e(—nx)dx.
0
For a singular cusp a, we define the Eisenstein series

Eo(zs, 0= Y. XNy, (S0 'v2)’,
y€la\T'o(q)

which is absolutely convergent for fQi(s) > 1 and extends meromorphically to C, with the Fourier expansion

o.¢]
Ly : -
8a,00¥? " H @aco (3 +it, X)y2 T 4+ Y paln, 1, x) Wegniuye/a,ir (47 2] y)e(nx)
n=—oo

n#0
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for s = 1 +it with r € R\ {0}, where
1
1 . .
Sacoy 1 + o co(§ +it, x)y? " ‘Zf Eq(z, 5 +it, x) dx,
0

1
pﬂ(nv t’ X)ngn(n)K/2,11(47T|n|)’) = / Ea(Zv %+lt’ X)e(_nx) dx
0

The subspace & (g, x) consists of functions g € L?>(T'y(g)\H, «, x) that are orthogonal to every Maaf}
cusp form f € A.(q, x); it is the L?-closure of the space spanned by incomplete Eisenstein series, which
are functions of the form
1 o+i0o .
Ea(z, ¥, x) =] Ea(z, s, )V (s)ds 2.1
Tl 0 —100
for some singular cusp a and some smooth function of compact support ¥ : R — C, where o > 1 and

76 :=/ x4
0 X

Theorem 2.2 [Duke et al. 2002, Proposition 5.2]. Form,n > 1andr € R,

Z 4m /mnps(m)ps(n) +Z o Jmnpa(m,t, x)pa(n,t, x) dt
coshm(r —t7) coshm (r +15) —oo COShm(r —t) coshm(r +1)

fGBK(%X) a
IT(1—«/2—ir)|? . S, (m,n;c) . (4w mn
= P 5m,n+ Z X IK 7 ’
T — C C
=0"(mod q)
where _
md—+nd
Semonicyi= Y xlde( ML),

de(Z/cz)*

I(t,r) = =21 / (i) Kaip (£1) d2,

—1

with the latter integral being over the semicircle |z] =1, N(z) > 0.

By the reflection formula for the gamma function, we have that for r € R,
Kk .\ |? mr/sinhwr if k =0,
r(-5-0f =
2 m/coshmr ifk=1.

Given a sufficiently well-behaved function 4, we may multiply both sides of the pre-Kuznetsov formula

1 i i
E(h(r—i— 5) +h<r — 5)) coshmr

and then integrate both sides from —oo to oo with respect to r. This yields the following Kuznetsov
formula (see [Blomer et al. 2007, Section 2.1.4; Iwaniec and Kowalski 2004, Theorem 16.3; Knightly
and Li 2013, Equation (7.32)]):

for k =0 by
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Theorem 2.3. Let § > 0, and let h be a function that is even, holomorphic in the horizontal strip
I3(1)] < 5 48, and satisfies h(t) < (|t| +1)727°. Then

> 4anm npy(m)py (M) —-— (f) Z/ \/_pa(mtx)pa(ntx) (t)

fe€Bolg,x)
S,(m,n;c A/
—SmngO'i‘ Z X( c )gO( ncmn>,

c=0 (mod q)

where

L[ -
8= — / rh(r)tanhzrdr, go(x):=2i / Jair (x)
—00

—00

rh(r)
coshmr

The left-hand side of the Kuznetsov formula is called the spectral side; the first term is the contribution
from the discrete spectrum, while the second term is the contribution from the continuous spectrum. The
right-hand side of the Kuznetsov formula is called the geometric side; the first term is the delta term and
the second term is the Kloosterman term.

3. Decomposition of spaces of modular forms

Eisenstein series and Hecke operators. The space &,(q, x) is spanned by incomplete Eisenstein series
of the form (2.1), which are obtained by integrating test functions against Eisenstein series indexed by
singular cusps a; in this sense, the Eisenstein series E,(z, s, x) are a spanning set for & (g, x). We may
instead choose a different spanning set of Eisenstein series for £ (g, x); in place of the set of Eisenstein
series Eq(z, s, x) with a a singular cusp, we may instead choose a spanning set of Eisenstein series of
the form E(z, s, f) with Fourier expansion

o0
1 1
c1 )yt en p()y2 " + Z pr(n, t, X)Wsgnmyie/2,ir (4 |nly)e(nx)
n=—oo

n#0

for s = % + it with t € R\ {0}, where B(x1, x2)  f with x;x2 = x is some finite set depending on
X1, x2 corresponding to an orthonormal basis in the space of the induced representation constructed out
of the pair (1, x2); see [Blomer et al. 2007, Section 2.1.1] or [Knightly and Li 2013, Chapter 5]. For our
purposes, we need not be more specific about B(x, x2), other than noting that for each f € B(x1, x2),
the Eisenstein series E (Z, % +it, f ) is an eigenfunction of the Hecke operators 7, for (n, g) = 1 with
Hecke eigenvalues

A ) =Y xi@a xa(b)b™",

ab=n

where for g : H — C a periodic function of period one,

(Th9)(2) = —= Zx(a) 3 ("”b)

ad n b (mod d)
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So for f € B(x1, x2),

hp(m, gm0y = X(d)xf(%,t), 3.1)
d|(m,n)

Ap(n, 1) = x(M)As(n, 1), (3.2)

pr (1, Ds (n) = V/pg (n, 1), (33)

whenever m, n > 1 with (mn,g) =1and s = %—Ht.

Lemma 3.4 (cf. [Conrey et al. 1997, Lemma 3; Hughes and Miller 2007, Lemma 2.8; Petrow and Young
2018, Section 6]). For any prime p1q and positive integer £, we have that

14

(P DX =" 22X () 2p(p™ . 1) (3.5)
j=0

forany f € B(x1, x2) and s = %—i—it, where

2j+1 ( 20 )_{(e%j)_(ezfl) fo=j=t-1, (3.6)

e\ T ifj =1,

so that each a3 o is positive and satisfies

¢
2/
ZOQJ',ZZ = ( ¢ ) < 2%, (3.7)
j=0
Proof. That (3.7) follows from (3.6) is clear. For (3.5), we have that

)_((P)%)Lf(l” t))

ﬂmmwwhw=w< >

where Uj; is the j-th Chebyshev polynomial of the second kind, because U; satisfies Up(x/2) = 1,
U1(x/2) = x, and the recurrence relation

Uin(3) =20i(3) - Ui-1(3)

for all j > 1, and )_((p)j/zkf (p/, t) satisfies the same recurrence relation from (3.1). Since

1
%/ Ui () U (x)V1 —x*dx =8,
-1

we have that
20
2¢ X
=Y aial(3)
j=0

where

2041 1
ojop = 27[ / xzer(x)\/l—xzdx.
-1
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This vanishes if j is odd as U;j(—x) = (-/U i(x), while for j even we have the identity (3.6) from
[Gradshteyn and Ryzhik 2007, 7.311.2]. Combined with (3.2), this proves (3.5). O

Atkin—-Lehner decomposition for T'g(q). Similarly, we may choose a basis of A, (g, x) consisting of
linear combinations of Hecke eigenforms. Let B} (q, x) denote the set of newforms of weight «, level g,
and nebentypus x, and let A} (q, x) denote the subspace of A, (g, x) spanned by such newforms. Recall
that a newform f € B} (g, x) is an eigenfunction of the weight « Laplacian A, with eigenvalue le + t?
tityic as defined
in [Duke et al. 2002, Section 4], with eigenvalue € € {—1, 1}; we say that f isevenife; =1 and f is

and of every Hecke operator 7, n > 1, with eigenvalue Ar(n), as well as the operator Q 1

odd if € ; = —1. In particular,

Armasm = Y x@ir (), (3.8)
d|(m,n)
d,g)=1
pr(Das(n) = /nps(n) (3.9)
whenever m, n > 1, and
Ap(n) =X (m)As(n) (3.10)

for n > 1 with (n, ¢) = 1. Using (3.8) and (3.10), we have the following:

Lemma 3.11. For any prime ptq and positive integer £, we have that

14

(PP =" o X (p) A (p™) (3.12)
j=0

forany f € Bi(q, x), where once again ayj 2 is given by (3.6).

The Atkin—Lehner decomposition states that

Adg. 0= P P Pcuwaar

q9192=9  feB(q1,x) dlg>
qlzo (mod qx) N

where 14,4, 4 : Ac(q1, x) — Ac(q, x) is the map 14 4, 4 f(z) = f(dz). The map 4 4, , commutes with
the weight k Laplacian A, and the Hecke operators 7,, whenever n > 1 and (n, g) = 1. It follows that
if g =14,4,,4f forsome f € B;(q1, x), then t; =ty and A,(n) = A¢(n) whenever n > 1 and (n, q) = 1.
Note, however, that p, (1) = 0 unless d = 1, in which case pg (1) = pr(1).

Unfortunately, the inner Atkin—Lehner decomposition

@ C-tagiqf

dlg>
is not an orthogonal decomposition. Nonetheless, one may make use of this decomposition in determining
an orthonormal basis of A, (g, x). For squarefree g and principal nebentypus, this is a result of Iwaniec,
Luo, and Sarnak [Iwaniec et al. 2000, Lemma 2.4], while Blomer and Mili¢evi¢ [2015, Lemma 9] have
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generalised this to nonsquarefree g. Here we generalise this further to nonprincipal nebentypus; this has
also independently been derived by Schulze-Pillot and Yenirce [2018] via a different method.

Lemma 3.13 (cf. [Iwaniec et al. 2000, Lemma 2.4; Blomer and Miliéevi¢ 2015, Lemma 9]). Suppose
that x has conductor q, | q, and suppose that q1q> = q with q1 =0 (mod g, ). For f € Bi(q1, x) and

(ter.q1.9f trgiq f)g —A ( £y )A_( £ )
=4 f ,
{Laa s Ygia Sl (£, £2) (L1, £2)

where Ay (n) is the multiplicative function defined on prime powers by

L1, € | g2, we have that

VP4 xoqp(P)p~™h ’
A (PD =X (P2 (P! ift>2
P21+ o (P)p~H -

Ap(ph) =

where x((q,) denotes the principal character modulo qy and x4,y *= X Xo(q,) denotes the Dirichlet character

modulo g induced from x.

Proof. For 9i(s) > 1, consider the integral

Fo=[ 0 fenEedue). whee Ee= Y 32
Fo(@)\H

Y €loo\l'0(q)

Unfolding the integral and using Parseval’s identity,

) o] o]
_ _ d
F(s)= f YT N o) 7 (12) Wagnn, yej2.iny (4 £ ma9)? 22
0 np=—0o0 ny=—0o0 y
n#0  ny#0
Liny=Lrny

From (3.9) and the fact from [Duke et al. 2002, Equation (4.70)] that

o2ty
r(d—x)2+i) "

pr(—n)=¢y
for n > 1, where € € {—1, 1}, we find that

lpr(D)? i YYD
@[y, L1~V n’

n=1

> s—1 ) 2 F((1+K)/2+ltf)
X/o y <WK/2,lzf(y) +‘F((1—K)/2+itf)

F(s)=

2 d
Wi 2.ty ()’)2) 7)}

where we have written ny = £"n, n, = £'n, with £/ = £, /(£1, £3) and £" = £,/ (£1, £2).
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Next, by the multiplicativity of the Hecke eigenvalues of f together with the fact that (¢/, £”) = 1, the
sum over 7 is equal to

r+t)

i |Af(n)| Bl Z A (P A (") +f)xf(p ) I Z Ar (P (pt) )xf(p

w7 ple” r=0 e r=0
n, =

From (3.8) and (3.10), we find that

i (PO (P >Z Mf(p >|2

rs
r=0 p

i hp (P Ay (prH) — B (p':5) i Ar (PN
— prs ’

rs
r=0 p

where By (n; s) is defined to be the multiplicative function

Ay (p) ifr=1
1+ - ’

1+ xoqn(p)p~*

so that Ag(n) = n_%Bf(n; 1). We surmise that F'(s) is equal to

oy (DF e e L (Ol
By (€75 5)By (L Liraiea Il
(4n[£1,g2])s71W (L7 8)By( S)Z -

n=1

OO s—1 . 2
X/o ' (W”/z’”f(y) +‘F((1—K)/2+itf)

The result follows by taking the residue at s = 1, noting that E(z, s) has residue equal to 1/ vol(I'g(g)\H)

’ d
W—K/Z,ilf(y)z) 7)) (3.14)

at s = 1 independently of z € I'g(¢)\H, and comparing to the case £; = ¢, = 1. O

Lemma 3.15 (cf. [Blomer and Milicevié¢ 2015, Lemma 9]). An orthonormal basis of A.(q, x) is given
by

Bg. 0= || || |_|{fd =Y £t d)te,ql,qf}, (3.16)

q9192=9  feB(q1,x) dlq2 Lld
qIEO (mod qX) *
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where each f € B(q1, x) is normalised such that {11 4, ¢4 f, 11,41, f)q = 1, and the function &y (€, d) is
Jjointly multiplicative.

! ifr=1=0,
_% ifr=0andt =1,
!ﬁw ifr=t=1,

ForO<r<t, &p(p',pH)= X(q}(p)\/(1_XO(q1>(p)Pl_2)(1—|Af(P)|2) ifr=t—2andt>?2,
_2(p) 1

ifr=t—1landt>?2,

VP VA= X0 (P p~HA=[Ar(P)P)
1

fr=tandt > 2,
VU= xoan (P p~H A=A (P)P) fr=tandt>

0 if0<r<t—3andt>3.

The key point is that the coefficients & ¢ (¢, d) are chosen such that the ratio of inner products

<fd19 fdz)q _ Z Z gf(el, dl)é:_f(zz, dz) (Lil,qhqfa LZz,q|,qf>q

<L1,q1,qfa tl,ql,qf>q 11y Laldy (tl,ql,qf, Ll,ql,qf>q

dr(dy, dr) =

is equal to 1 if d; = d» and 0 otherwise.

Proof. The proof follows the same lines as [Blomer and Milievi¢ 2015, Proof of Lemma 9]; we omit the
details. O

Explicit Kuznetsov formula. We may use the explicit basis (3.16) together with (3.10) and (3.9) to rewrite
the discrete part of the Kuznetsov formula, noting that for f € B (q1, x), d | g2, and n > 1 coprime to ¢,

Ar(n)

pr(n)=8&¢(1,d)ps(1) -

Similarly, the continuous part can be rewritten in terms of the Eisenstein spanning set B(x1, x2) with
X1X2 = x together with (3.2) and (3.3). This yields the following explicit versions of the pre-Kuznetsov
and Kuznetsov formulz.

Proposition 3.17. When m, n > 1 with (mn, q) = 1, the pre-Kuznetsov formula has the form

Z Z 4n§f.|pf(1)|2 )_((m)kf(m)kf(n)

Gimq  feBrang) coshm(r —ty) coshm (r +1t7)
q1=0 (mod g,) 00 S (m)hp(m, Ohr(n, 1)
+ >y lor (1, D)2 oo

x1.x2 (mod q) feB(x1,x2) ¥ coshz(r —t) coshm(r +1)
X1X2=X o

:|r(1_K/z—ir)|2<5mn+ 3 SX(’"’”;C)IK(“”WJ)) (3.18)

w2 c c

c=1
c=0 (mod q)
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for k € {0, 1}, where we define
Er= Y lg,(1L DI,

dlq2

while the Kuznetsov formula for k = 0 has the form

4 1
Z Z M-( m)dy(m)ry(n)h(ty)

- coshmty
9192=4 feBO(cn x)

q1=0 (mod g, 00 |p ( )|2
+ Z Z / s Or ——————xm)As(m, t)As(n, t)h(t) dt

hw
X1 ))((2X(m0)? Q) feBxi,x) "~ coshmt o
1= S, (m, n; c) 4 /mn
—5mngO + § X gO( ) (3.19)
C C

c=0 (mod q)

In both formulee, each f € Bi(q1, x) is normalised such that (t1 4, 4 f, t1,q1.4 f)q = 1.

Atkin—Lehner decomposition for T'1(q). We recall the decomposition

AT = P Al x.

X (mod q)
x(=DH=(=1)"

which follows from the fact that I';(¢) is a normal subgroup of I'g(g) with quotient group isomorphic
to (Z/qZ)*, noting that A, (g, x) = {0} if x(—1) # (—1)*. From this, we obtain the natural basis of
Ac(T1(g)) given by

B(Tig)= || | ] | | |_|{fd=25f(e,d>u,ql,qf}- (3.20)

X (mod g) q192=4 feB,’;(ql,X) d|g> Lld
x(=D=(=1)* ¢1=0 (mod g,

This allows us to use the pre-Kuznetsov and Kuznetsov formula (3.18) and (3.19) for B,(I"1(¢)) and
Bo(I'1(g)), even though ostensibly these two formula are only set up for B, (g, x) and By(q, x)-

Atkin—Lehner decomposition for T'(q). A similar decomposition also holds for A, (I"(¢)). In this case,
the fact that

rgnrio={ (%

(3 s

Ac(T(g)) = t,-1A(To(g*) NT1(q)),

)eSLz(Z) ca,d=1 (modgq), c=0 (modqz)}

implies that
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where t,-1 1 Ac(To(g?) NT1(q)) = Ac(T'(g)) is the map 1,1 f(z) = f(g~'2). AsTo(¢*)NT1(g) isa
normal subgroup of I'g(¢?) with quotient group isomorphic to (Z/gZ)*, we obtain the decomposition

AT@)= P 1AQG 0,

X (mod gq)
x(=D=(=1*

thereby allowing us to choose an explicit basis B, (I"(g)) of A, (I"'(¢)) of the form

-t fa=) Ep d)g-1teg.qf - (3.21)
U U U Uws=X |

X (mod q) qq=q*> F€Biq1,X) dlg Lld
x(=D=(=D* 4,=0 (mod ¢,)

Once again, this allows us to make use of the pre-Kuznetsov and Kuznetsov formula (3.18) and (3.19)
for B (T'(g)) and By(I'(q)).

4. Bounds for Fourier coefficients of newforms

In the Kuznetsov formula (3.19), the Fourier coefficients |,of(1)|2 and the normalisation factor & ¢ both
appear naturally. To remove these weights, we obtain lower bounds for |p7(1) |> and & ¢ For the former,
such bounds are well-known, appearing in some generality in [Duke et al. 2002, Equation (7.16)];
nevertheless, we take this opportunity to correct some of the minor numerical errors in this proof, as well
as greatly streamline the proof via the recent work of Li [2010] on obtaining upper bounds for L-functions
at the edge of the critical strip.

Lemma 4.1. For f € B;(qi1. x), we have that

|Ar ()2 »(p)
o 3 B 1 o)

nlgs® pla> p
In particular, &¢ > 1.

Proof. By multiplicativity,

gr=> &Ll =] D Ig,a. pHP~

dlg> P'llg2 r=0
We have that
1 ifr =0,
! 1
N2 ) — ifr=1,
Zolff(l,pﬂ = 1—|Af(p)|2
= ! ifr>2.
(= xoqn (PP~ A —=|As(P)I?)
The result then follows from the fact that
1 _ (1 B XO(ql)(p)) i IAr(PHP 0
= 1Ar(p)P P )=



Density theorems for exceptional eigenvalues for congruence subgroups 1595

For f € B, (q, x), we define

14+« | I+x
by e r( ! +nf>r<T —nf)|pf<1>|2.

I+« I+« cosjlrlrrt if =0,
r +it )JT| ——it) =
2 2 L fg=1.

sinh ¢
Lemma 4.2. Suppose that f € B;(q1, x) for some q1|q. Then

(Ll,ql,qu Ll,ql,qf>q — v, Res > |)\f(n)|2'
vol(I'o(g)\H) s=1 n’

n=1

Proof. We let £1 = ¢, =1 in (3.14) and take the residue at s = 1, yielding

(thgrgfs grgf g
vol(T'o(g)\H) 0

(132 |/\f(n)|2/°°< 2 ‘F((1+K)/2+ilf)
=lps(DPRes y =0 L (Werman O + | 5 2

Note that

? d
W_k /2.ty (y)z) 7)}

n=

since the residue of E(z,s) at s = 1 is 1/ vol(I'g(¢)\H). We have by [Gradshteyn and Ryzhik 2007,
7.611.4] that for « € C and —1 < %(it) < 1,

T sin2rwit T((1—k)/2+inOT((1 —k)/2—it)

where ¢ is the digamma function; note that a slightly erroneous version of this appears in [Duke et al.

2002, Equation (19.6)]. By the gamma and digamma reflection formula, we find that

> o T+ 2+i) P | 2>d_y_ 14k . 1+k
/(; (Wx/z,nf(y) +‘F((1—K)/2+ilf) W_i/2.it; (¥) y —F( 5 +ltf)F< 3 ltf) 4.3)

assuming that ¢, € [0, 00) if k = 1 and #; € [0, 00) or ity € (0, §) if & = 0. O
Corollary 4.4. Suppose that f € B (q1, x) for some qi|q. Then
(Ll,ql,qfa tl,q1,qf>

q 2\\—¢&
R T IR DI (4.5)
Proof. Tt is known that
o A £()L(s,ad f) i

where for each prime p dividing g, Py, ,(z) is a rational function satisfying p~° <, Py p( p~ ) <1. The
work of Li [Li 2010, Theorem 2] then shows that

log(q(3+17)) )

L(1,ad
(Ladf) < exp(clog log(q(+12)
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for some absolute constant C > 0, thereby yielding the result. ]

5. Bounds for sums of Kloosterman sums

We denote by

S(m,n;c):= Z e(md;l—nd)
de(Z/cT)*

the usual Kloosterman sum with trivial character, for which the Weil bound holds:

|S(m, n; c)| < t(c)\/(m,n,c)c. (5.1

We also require bounds for Kloosterman sums with nontrivial character. For c =0 (mod g¢), m,n > 1,
and (a, g) = 1, we have that

md—i—nci)
— )

> x@Smmo=3 3 Y x@(x@+ 0 x-d)e(
. (x_gr)n;)? _ql))K de(Z/cZ)* x (mod q)

We break this up into two sums. In the second sum, we can replace d with —d and x with ¥ and use
character orthogonality to see that

Q@R (Sa(g)(m,n;¢))  ifk =0,

5.2
i9(@I(Saqy(m, n;0)) ifk=1, (5-2)

Y. X@Sym,n;c)= {

X (mod gq)
x(=D=(=1)*

where we set

) md+nd
Saqy(m,n; c) := Z e(T).
de(Z/cT)*
d=a (mod q)
If c=cycp with (¢1, cp)=1and ¢1c; =0 (mod g), then we letd =cy¢d1+c1¢1da, where dy € (Z/c17) ™,
dr € (Z)crZ)*, and cac; = 1 (mod 1), cic; =1 (mod ¢;). By the Chinese remainder theorem,

Sag)(m, n; ¢) = Sa((g,e1)) (M2, nC2; 1) Sa((g,e)) (MC1, NCT; C2).

To bound S, ) (m, n; c), it therefore suffices to find bounds for S« (m, n; pP) for any prime p and any
B > o > 1. The trivial bound is merely

|Sa(pey(m, n; pPY| < pP=. (5.3)

Somewhat surprisingly, this is sufficient for our needs. Indeed, we cannot do better than this when 8 = «,
and in our applications, this will be the dominant contribution.

We also require bounds for S, (m, n; ¢). Unfortunately, it is not necessarily the case that this is bounded
by t(c)+/(m, n, ¢)c, which can be observed numerically at [LMFDB 2013]; see also [Knightly and Li
2013, Example 9.9].
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Lemma 5.4. Let p be an odd prime, let v be a Dirichlet character of conductor pY, and suppose that
(mn, p) = 1. Then for 8 > y > 0, we have that

1Sy, (m, n; pP)| < 2pP/?

unless B =y > 3, in which case we only have that

1Sy, (m, ny pP)| < 2plGFHD/AL,

Similarly, let xov be a Dirichlet character of conductor 2V, and suppose that (mn, 2) = 1. Then for
B >y >0, we have that
|Syyy (m, 3 2)| < 8-2P/2

unless y + 1> B > 3, in which case we only have that

S5,y (m, 1 2’3)| < 4.2lGp+D/A]

Proof. This follows from [Knightly and Li 2013, Propositions 9.4, 9.7, 9.8, and Lemmata 9.6]. O
Lemma 5.5. When (m, n) = 1, we have that
Z ISa(q>(m n; C)I (10g(mn +1))? 1 . (5.6)
c<dm/mn 62 qz plg 11— p 2
¢=0 (mod q)
S, 1 1))? 1
)3 | a<q>(m3 n; C)I ( og(mn2+ ) I . 5.7)
c<4m/mn c? q plg l_p 2
c=0 (mod qz)

If we additionally assume that (mn, q) = 1, then given a Dirichlet character x modulo q, we have that

. (@) (5
Z [Sy (m, n; o)l « (log(mn + 1))22 DQ

3 .
c<4m/mn ¢z QO(Q)
c=0 (mod q)

(5.8)

Proof. We write g = p‘l"l -+ py", so that the left-hand side of (5.6) is

1
Syt oy
Br=a Be=oy p C<4ﬂmp;ﬁl"'p;ﬂ[ c

(c,q)=1
X [Smpf . pP npPt . pl o)1|Su (mé, ne; pPt - pPh).

Using the Weil bound (5.1) for the first Kloosterman sum and the trivial bound (5.3) for the second, we
find that this is bounded by

l i i Z 'c(c)«/(m n,c)
1 Bi=ai Be=ay V pllfﬂ c<4nm ¢

(¢,q)=
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If (m, n) = 1, the inner sum is bounded by a constant multiple of (log(mn + 1))2, and so the sum is

bounded by a constant multiple of
o

(log(mn +1))?
Z /352;14 \ p/131

Bi=ay
which yields (5.6) upon evaluating these geometric series. (5.7) follows s1m11arly Finally, (5.8) follows
via the same method but using Lemma 5.4 to bound the Kloosterman sums, yielding the bound

8200 ) Z Z 3 T(CC)

Br=a, Br=ae P pi L<4nM
(c,q)=
for the left-hand side of (5.8), from which the result easily follows. O
Lemma 5.9. When (m, n) = 1, we have that
S, 1 1 D)2 1 1
Y B m Ol g € ) ogtmnt DT L 6.0)
c? 4 /mn (mn)7 3 1—p-2
c>4m/mn 4% plq P
¢=0 (mod q)
S, 1 1 1))?
Z |Sa(g) (m, n; ©)| | +log —¢ < (log(mn + 1)) l—[ N 5.11)
c? 47 /mn (mn)4 q2 —p3
>4 /mn l’\q
¢=0 (mod ¢?)
If we additionally assume that (mn, q) = 1, then given a Dirichlet character x modulo q, we have that
Sy (m, n; 1 1))220@ ¢
3 M(l +log ;_> « Uoglmn + ) Q (5.12)
c>4m/mn ¢ T (mn)3 (P(Q)
¢=0 (mod q)

Proof. As before, with g = p{' - -- p‘zl, the left-hand side of (5.10) is bounded by
t(c)/(m,n,c logc

syt % 2
Pe Pt c

'Bl = Be=ar P1 c>4m/mnp, B
(c,q)=1

If (m, n) =1, then the inner sum is bounded by a constant multiple of
(log(mn + 1))?
Vi pl.

(mn)i

It follows that the sum is bounded by a constant multiple of
0

(log(mn+1))% 1
q Z /312(:!@ \/ 131 /35

(mn )4 1 Bi=ai
which gives (5.10). The proof of (5.11) is analogous, while (5.12) again follows upon using Lemma 5.4
O

to bound the Kloosterman sums.
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Lemma 5.13 (cf. [Iwaniec and Kowalski 2004, Equation (16.50)]). For all % <o <1,

o
3 Sacq (m. ) _ 18T ((m. m) 1 I L (5.14)
el 20 —1)? gt 02 1—p~°
c=1 plq
¢c=0 (mod q)
o0
[Saiqy(m, n; c)| 18t ((m,n)) 1 1
c=1 rlq
¢=0 (mod ¢?)

If we additionally assume that (m, n) = (mn, q) = 1, then given a Dirichlet character x modulo q, we
have that -

. o(q) ¢
Z |SX(n/llyn’ C)| S 72 > 2 Q] ) (516)
cite 2o =17 g(g)q° 2

c=1
¢=0 (mod g)

Proof. Once again writing ¢ = p}' - - - p;* and bounding the Kloosterman sums, we have that

i |Sa(g)(m, n; c)] - Z r(c)«/(m n,c) 1 i Z

1+
c=1 ce ﬂl—al Be=ay (P ’ /)J
c=0 (mod q) (c, q) 1
B i T(e)v/(m,n,¢) 1 I 1
- a4 1+ -
e=1 2t " plq I=r
(c,q)=1
2 t(d) 1 1
= {(G + Z) Z o 140 1_[ O
d? q l—p
d|(m,n) rlq

18t((m,n)) 1 1
= (20 _ 1)2 qH—a l_[ 1 _p—n

This proves (5.14). The inequality (5.15) follows by a similar argument, as does (5.16) once the
Kloosterman sums are bounded via Lemma 5.4. O

6. Bounds for test functions

We require bounds for the test function that we will obtain by multiplying the pre-Kuznetsov formula
(3.18) by a function dependent on r and then integrating both sides over r € [0, T'].

Lemma 6.1. For T > 1, let

B (t) = n? T r D —k/2+ir)| 2
ST DA+ k)2 +inD((1+k) /2 —it) Jy coshm(r —1)coshm(r +1)
T sinh 7
coshm/ ! dr ifk =0,
o coshm(r—t)coshm(r+t)

sinh ¢ g rcoshmr
t o coshm(r—t)coshm(r+t)

ifc =1.
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Then h 1 (t) is positive for all t € R and additionally, should k be equal to 0, for it € (—
more, h 1(t) > 1 fort € [0, T].

1 1
35 5). Further-

Proof. Using the fact that
coshm(r —t)coshm(r+1t) = cosh® 7t + sinh? 7r = sinh® 7¢ 4 cosh? 7r,

it is clear that 4, 7(¢) is positive for all # € R and additionally, should « be equal to 0, if it € (—%, %)
For k =0, we have that

coshrt [T 1
hor(t) = —— ———dx
or(®) b4 /1 x2+sinh? ¢t
__ cothmt sinhwt(coshmw T —1)

arctan ——— ,
sinh“ wt+coshn T

where the second line follows from the arctangent subtraction formula. The first expression shows that
ho,r(¢t) > 1 when ¢ is small, while when ¢ is large, the argument of arctan is essentially
en(T—i—z) —eTt
e2mt +erT
and this is bounded from below provided that ¢ < T, so that again hg r(¢) > 1.
For k = 1, we can similarly show via integration by parts that

hir(t) = dx

. sinh 7 T .
sinh 7 ¢ / S arsinh x
7t ) x2+cosh? ¢

tanh ¢t /Sinh ©r arctan(sinh 7w 7'/ cosh w¢t) —arctan(x / cosh i t)

= 5 dx.
Tt Jo Vx2+1

The first expression shows that z; 7(¢) >> 1 when ¢ is small, while when ¢ is large, we break up the second

expression into two integrals: one from 0 to sinh ”7’ and one from sinh ”7’ to sinh 7w 7'. Trivially bounding

the numerator in each integral, we find that

hyr(t) > % (arctan(sinh 77 T/ cosh 1) — arctan(sinh(r#/2) / cosh 1))

tanhzr coshrt(sinh 7w T — sinh(rr1/2))
= arctan .
2n cosh? 7t + sinh 7 T sinh(rr¢/2)

The argument of arctan is essentially
T (T+1) _ 3mt/2

eZm‘ +en(T+t/2) ’

and this is bounded from below provided that + < T, while tanh ¢ is bounded from below provided that
t is larger than some fixed constant. It follows again that 4| () > 1. O

We also require the following bound, which arises from the Kloosterman term in the pre-Kuznetsov
formula (3.18).
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Lemma 6.2. Fork € {0, 1} and T > 0, we have the bound

T .
Va ifa>1,
fo ric@ rydr < {a(l Flog(l/a)) if0<a<1 ©3)

uniformly in T.

Proof. From [Kuznetsov 1980, Equation (5.13)], we have that

r * tanh &
/ rly(a,r) dr:a/ E (1 —cos2T&) sin(a cosh&) d&.
0 0
Similarly, using the fact that
o
Kar@) = [ e cosar a
0

for r € R and % (¢) > 0 from [Gradshteyn and Ryzhik 2007, 8.432.1], we have that

T oo pT i
/ rli(a,r)dr = —Za/ f rcos2ré dr/ etacoshs gr de.
0 0o Jo —i

Evaluating each of the inner integrals and then integrating by parts, we find that

T
/ rli(a,r)dr
0

= ia/oo tanh“;‘(l —cos2T &) cos(acosh &) dé —i/oo tanh &
0 § 0 &

From here, one can show via stationary phase on subintervals of (0, co) that fOTrIO (a, r)dr and the first

B sin(a cosh &)
(1 —cos 2T§)—cosh§ dg.

term in the above expression for fOTrI 1(a, r) dr both are bounded by a constant multiple of

Ja ifa>1,
a(l+1log(1/a)) ifO0<a<l;

see [Kuznetsov 1980, Equation (5.14)]. The second term in the expression for fOTrI 1(a, r) dr is uniformly
bounded for a > 1, so we need only consider when 0 < a < 1. In this case, the fact that |sin x| <min{1, |x|}
for x € R implies that this is bounded by

log(1/a) 00

tanh & f tanh& 1

2a ——=2d&+2 dé¢ < a(l+log(l/a)). O
/o 3 5 log(1/a) § coshé 5 s/

7. Sarnak’s density theorem for exceptional Hecke eigenvalues
We are now in a position to prove Theorem 1.1.

Proof of (1.2). By Rankin’s trick,

#f €BT1(@) 17 €[0.T], Ip(p) Z ey forall pePy < [T, ™ > [] I

pPEP feBc(Ti(g)) peP
t7€l0,T]
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for any nonnegative integers £, to be chosen. Using the explicit basis (3.20) of A, (I'1(g)) together with
the lower bound (4.5) for vy,

o JImverte= > > > @ [P

feB(T'1(q)) peP x (mod gq) N192=4 - feBi(qi,x) peP
17€[0,T] x(=D=(=1 q1=0 (modg,) ~ 4, €[0,7]
1 2¢
<egq'ttTre Y > S g [T I
x (mod gq) q192=q  feBi(q1.x) PEP

x(=D=(=1)* q1=0 (modq,) " 1[0, T]

We take m = 1 and n =[] peP p%r in the pre-Kuznetsov formula (3.18), multiply both sides by
I1 pep 92j,.2¢ p)_(( p)jf’, and sum over all 0 < j, < ¢,, over all p € P, and over all Dirichlet characters
x modulo ¢ satisfying yx (—1) = (—1)*. We then multiply both sides by 72r|0(1 — K/2+ ir)|=2 and
integrate both sides with respect to r from 0 to 7.

On the spectral side, (3.1), (3.5), and Lemma 6.1 allow us to use positivity to discard the contribution
from the continuous spectrum, while we may discard the contribution of the discrete spectrum with
t ¢ 10, T] via (3.8), (3.12), and Lemma 6.1, so that the spectral side is bounded from below by a constant

multiple of
> > S g [

x (mod q) 9192=9  feBi(q1.x) peP
x(=D=(=1)* ¢1=0 (mod q;) " 1 .¢[0,T]

On the geometric side, we only pick up the delta term when j, =0 for all p € P, in which case the term
is bounded by a constant multiple of qu I pep €0,2¢,,- For « =0, we use (5.2) to write the Kloosterman
term in the form

£ x%R(S vy (LT pep P25 €)) (T (4x Jr
@ZH“%% Z [,ep P77 (q) peP /0”0< HpCePP ,r)dr.

C
j,=0 peP c=1
j[;)E'P ¢=0 (mod q)

For k = 1, the Kloosterman term is the same except with i3 in place of i and /; in place of /. In either
case, we bound the integral via (6.3), which allows us to use (5.6) and (5.10) to bound the summation

over c, so that the Kloosterman term is bounded by a constant multiple of

¢,

1 1 . | ,

gl 2 T e ™ Qog(l_[ P+ 1)) |

\/6 p/lq l _ p 2 jp:O pep pep
peP

We bound the summation over j, and over p € P via (3.7), thereby obtaining
#{f €Bc(T1(q) :tr €[0, T1, |Ar(p)| = a) forall p € P}

—2¢ 0,/2 €,/2\2
o r [T,ep P/ *(log[],cp P" 1
<, qH-sTs l_[ (7[7) (qu-l- peP (ﬂ peP ) .

peP
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It remains to take

O

. Vp log(vol(I'; ()\H) 3 T*) J
r log p '

Proof of (1.3). We use (3.21), (5.7), and (5.11) in place of (3.20), (5.6), and (5.10), thereby finding that

#f eBT@) 1y €l0.TL hp(plzapforall pePy < [Te”” Y. ]I,

peP feBc(T(q)) peP
tr€l0,T]

with

Yo JImerte= > > > @) [] 1P

f€B(I'(q)) peP X modq)  gigp=q®  fEBi1.0) peP
17el0.T] x(=D=(=1)* ;=0 (mod q,)  #€l0,T]
€/2(1 p/2\2
prim\log p 1
L gt 2% (qu + Hpep P {lo8 [per P7) I1 )
q ng 1—p' ™2
peP P'lq
Taking
o _ | molog(vol(C@\H)ST*)
b log p

completes the proof. U

Proof of (1.4). Using (3.16), (5.8), and (5.12) in place of (3.20), (5.6), and (5.10),

#{f €Bclg, x) 1y €10, T, |As(p)| = ), for all p € P}

20 2 -
o P 20(q)
<o g™ [ <7”) (T2 +[Tr" (log [ p“”) —Q)

peP peP peP <P(Q)

Upon taking

P Vp log(vol(To(¢)\H)*T* 02 J
a log p ’

we conclude that

#{f €Bc(q, x) 1y €[0, T, |As(p)] = a, forall p € P}
<. (VOI(F()(q)\lH])TZ) 1-43% ,cp np(oga,/2)/log pte Q4 Y pep tpogay/2)/logp- (7.1)

On the other hand, by the inclusion A, (g, x) C Ac(g O, %),

#{f €Be(q, x) 1y €10, T, |2s(p)| =, forall p € P}
<#{f €Bcq0, 1)ty €[0, T, |As(p)l =, forall p e P}.
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Since g, 2 | gy, we have that Q(q Q, dyy2) = 1. Consequently, (7.1) yields the bound

HF €Be@. )11y €10, T, iy (p)l = ey forall p € )
<o (volTo(q O\ T?)! ™ Zrer troeen T oe e

e (VO](Fo(q)\[H])TZ)l_4 > pep ploga,/2)/log p+e Q1—4 Y pep wplloga,/2)/logp

Remark 7.2. Should we wish to improve (1.4) to be uniform in P, then one needs to take into account
the fact that

—2¢
H(a—”) = (Vol(To(q)\H)T2) ™ Erer 008 /D08 152 645 p ytlozey 2102
2
o \2 (i log(vol Co(@)\H)* T4 07%) /log p
< [T(=2
2

peP

peP

’

where {x} denotes the fractional part of x, and the last term need not necessarily be <, (vol(Io(g)\H)T?)¢.
For this reason, [Blomer et al. 2014, Proposition 1] is not correct in the generality in which it is stated,
namely the claim that the result is uniform for 7 > p. Instead, one requires that p <, T*.

8. Huxley’s density theorem for exceptional laplacian eigenvalues

Theorem 1.5 is proved similarly to Theorem 1.1, though we use the Kuznetsov formula (3.19) with a
carefully chosen test function in place of the pre-Kuznetsov formula (3.18), and we require different
methods to bound the Kloosterman term.

Proof of (1.6). We again use Rankin’s trick with nonnegative integers £, and a positive real number X > 1
to be chosen:

#{f € Bo(T'1(q)) : ity € (a0, 5). |Ar(p)| =, forall p € P}

_ -2 i
< X 200 1_[ a, Ly Z X21tf 1_[ |)\f(p)|2£”
PEP feBo(T1(q)) peP
itr€(0,3)

Again using (3.20) and (4.5),

PO SN | IXCIEE D DI DD DRI ORel | Ol

FeByT1()) peP x (modg)  9192=4  feBiqi,x) peP
itr€(0,) x(=D=1 @=0moddo e, 1)
g >y o g X T I (P
x (modg)  9192=4  feBi(q1,x) PEP

x(=D=1 ¢1=0 (mod g) it7€(0.1)
We take m =1, n =[] ,.p p*/», and

xit +X—it)2

h(l)=hx(f)=( .
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in the Kuznetsov formula (3.19), multiply both sides by [ | pep 92,20, X (p)’r, and sum over all 0 < j p<4{p,
over all p € P, and over all even Dirichlet characters modulo g. On the spectral side, we discard all but
the discrete spectrum for which ity € (0 1) via positivity, so that the spectral side is bounded from below

by a constant multiple of

Yoo > > e [Pt

x (mod g) _%'4223 feBylarx) peP
x(==1 ¢1=0 (mod g,) ite(0.1)

We only pick up the delta term on the geometric side when j, = 0 for all p € P, in which case the term

is bounded by a constant multiple of g [, 2>7. We write the Kloosterman term in the form

peP

2jp. i .
(P(Q)Z 1—[ /U+loo o N (SHpEP I"i”(q)(l’ HpeP pr; c)) (47'[ HpeP PJ") shy(is/2)
a2j,.2¢, Js ds

2711} 0 pep c c cos(mrs/2)
[fefp c=0 (modq)

for any % < o < 1. We have, via [Gradshteyn and Ryzhik 2007, 8.411.4], the bound
x? x\°
() € —F— 7 < e”'”z(—> ,
[T (s +3)] 5]
and so the integral in the Kloosterman term is bounded by a constant multiple of

Irihy (ir)| dr.

] - isl'[ P Pj”(fl)(l’ Hpe'P sz"§ C)| o /2+ioco
1_[ plr? Z P f
cl+o .

peP c=1
¢=0 (mod q)

/2—ioco

We take
1 1

+ 9
2 log(X [1,cr ptr)

so that the integral is bounded by a constant multiple of ~/X, and use (5.14) to bound the summation
over ¢ and (3.7) to bound the summation over j, and p € P in order to find that

#{f € Bo(T'1(q)) : ity € (a0, %), |Ar(p)| =, forall p € P}

& g\ TExX 20 l—[ (O%p>—zep (q VR 1—[ plrl? (10g(X 1—[ pe,,)) l—[ )

peP peP peP q

I\)\

The result follows upon taking

11, log vol(Ty (q)\H)2 J

X = vol(T'y (g)\H)*/2, ¢, = L
log p
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Proof of (1.7). By using (3.21) and (5.15) in place of (3.20) and (5.14), we obtain

#{f € Bo(I'(¢)) : ity € (a0, 3), 1A (p)| = a, forall p € P}

—2¢ 2
o\ 2 1 1
plg + P

peP peP peP
and it remains to take

1 log vol(T"()\H) ¥
log p ’
Proof of (1.8). We use (3.16) and (5.16) in place of (3.20) and (5.14), so that

X =vol(T(g)\H)*/3, ¢, = L

{f € Bolg, x) :ity € (ao, 2) |Ar(p)| = ap forall p e 77}

1 o\~ 250(0) ()
e gt X ] (7”) (1 +Vx [T p"" (log<X I1 pzp)) )

peP peP peP ‘P(Q)

‘We find that

{f € Bolg, x) :ity € (ao, 2) |Ar(p)| = ap forall p e 77}
< vol(I'o(g)\H) 1=4(noao+ 3 pep 1p(logay/2)/ log p)+e Q'4(Moao+2pe7> up(loga,/2)/log p)

by taking

- pp log(vol(To(¢)\H)* Q%)
X = vol(To(q)\H)>*0 9 =2, zp{ S .
ogp
Again, we also have that

{f € Bolg, x) 1 ity € (ao, 2) |Ar(p)| = ap forall p e 73}
<#{f € Bo(qQ XW ) iity € (ao, 2) [Ar(p)| = ap forall p e 73}

for any primitive character ¥ modulo Q, which implies that

#{f € Bolg. x) :ity € (a0, 3) €10, T1, |Ar(p)| = a,, for all p € P}
<L VOI(F()(q)\H)1_4(11’00‘0"_2/1&7’ 1p(loga,/2)/log p)+e Q1—4(l/-00l0+zpep wp(loga,/2)/log p) o

9. Improving Theorems 1.1 and 1.5 for I';(¢) via twisting

In this section, we prove Theorem 1.9 Let f € B (q, x) be a newform, and for a primitive character
Y modulo gy with gy | g, we let f ® ¥ denote the twist of f by v; this is the newform whose Hecke
eigenvalues A gy (n) are equal to Ay (n)y (n) whenever (n, g) = 1. By [Atkin and Li 1978, Proposition 3.1],
the weight of f ® v is «, the level of f ® ¥ divides g2, and the nebentypus is the primitive character
that induces x 2. We make crucial use of the fact that twisting by a Dirichlet character preserves the
Laplacian eigenvalue Ay = % + t]% and the absolute value |17 (n)| of the Hecke eigenvalues of f for all
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(n,q) = 1. Moreover, if fi € Bi(q1, x1), f> € B;(q2, x2) are such that there exist primitive Dirichlet
characters ¥y modulo gy, and ¥ modulo gy, with gy, , gy, | g such that

H@Y1= 2@V,
then f> = fi ®1ﬁ1172

Lemma 9.1. If g is squarefree, yr is a primitive Dirichlet modulo qy, where qy | q, and f € Bi(q, x),
then the level of f @ divides q if and only if ¥ divides ¥, in the sense that Y x has conductor dividing qy-

Proof. This follows via the methods of [Humphries 2017]. For p | g, let 7, be the local component of
the cuspidal automorphic representation 7w of GL;(Ag) associated to the newform f, so that the central
character w, of 7, is the local component of the Hecke character w that is the idelic lift of x. As g is
squarefree, 7, is either a principal series representation or a special representation.

In the former case, 7, = w, | Hw, > with central character w, = w, 1wy 2, Where w, 1, w), > are
characters of Q ; with conductor exponents c(w,,1), c(w,2) € {0, 1} such that the conductor exponent
c(mp) of 7y is c(wp,1) + c(wp2) = 1. The twist 7, ® w), of 7, by a character w), of @ of conductor
exponent c(a);,) € {0, 1} is a)p,la);, (0 a)pyga);, with corresponding conductor exponent ¢(7, ® a);,) =
c(w,,ﬁla)’p) +c(a)p,2a)’p). For this to be at most 1, either a)’p is unramified, or one of c(a)p,la)’p), c(a)p,za);)
must be equal to 0, so that /, is equal to )1 or w,,» up to multiplication by an unramified character.

In the latter case, 7, = w, 1 St with central character w, = wfxl such that c(wp,1) = 0, so that
c(mp) = 1. The twist of 7, by w), is w;, 1/, St, with corresponding conductor exponent ¢(7, ® ,) =
max{l, 2c(a)p,]a);,)}. For this to be at most 1, ' must be unramified.

P
It follows that if the Hecke character o' is the idelic lift of v, then the conductor of 7 ® ' divides ¢ if
and only if the conductor of @’'w divides the conductor of w. O

From this, we have the following.

Corollary 9.2. Let g be squarefree. Given a newform g of level dividing q?, there exist at most T(q)
newforms f of level dividing q that can be twisted by a Dirichlet character of conductor dividing q to
give g.

Proof. Suppose that fi € Bi(q1, x1) and f> € Bi(q2, x2) with g and g, dividing ¢ are such that there
exist Dirichlet characters ¥r; and ¥, of conductors dividing ¢ for which f; ® ¥, = f> ® ¥» = g. Then
f> = f1 ® 1Y, and Lemma 9.1 implies that ¥y, divides x;. Since the conductor of x; divides ¢,
the level of fi, the proof is complete by noting that the number of Dirichlet characters y» modulo g for
which this may occur is bounded by the number of divisors of g. (I

Lemma 9.3. Let g be squarefree, let P be a finite collection of primes not dividing q, let Ey be a
measurable subset of [0, oo) Ui (0, %), and let E, be a measurable subset of [0, o0) for each p € P. Then

#{f € B«(T'1(q)) : ty € Eo, |As(p)| € Ep forall p € P}

2
< .fp(é)).#{f € B«(I'(q)) : ty € Eq, |Ap(p)| € E, forall p € P}.
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Proof. From (3.20),

#{f € B«(T'1(q)) : ty € Eo, |As(p)| € E, for all p € P}

is equal to

> > t(@#{f €Biqi. x) ity € Eo. hs(p)| € E,, forall p € P},

x (mod q) q192=q
¥ (=D=(=1)* q1=0 (mod g,)

which, in turn, is equal to

Ly Y Y

(@) ¥ (modg) x (modq) q192=¢
x(—D=(=1)¢ q1=0 (mod g,)

x#{f @V : feBiq x). ty € Eo, |hr(p)l € E, forall p € P},

as twisting preserves Laplacian eigenvalues and the absolute value of Hecke eigenvalues. Each twist
g = f®y of some f € Bi(qi, x) is a newform of weight «, level dividing g°, and nebentypus of
conductor dividing ¢, and Corollary 9.2 implies that there are at most 7(g) newforms of level dividing ¢
that can be twisted by a Dirichlet character of conductor dividing ¢ to yield g. Since 7(g2) < t(g), the
above quantity is bounded by

t(q)?

@ § § #{g € Bi(q1, x) : 1g € Eo, |g(p)| € E, forall p € P},
vl x (modg) q192=9"
x(=D=(=D* 4;=0 (mod g,)

while the explicit basis (3.21) of B, (I'(¢)) implies that

#g € Bc(I'(q)) :t, € Eo, |Ag(p)| € Ep, forall p € P}

is equal to

> > t(q#g e Bigr. x) ity € Eo. |Xg(p)| € E,, forall p € P}.

x (mod g) 1 gr=¢>
x(=D=(=D* g;=0 (mod g,)

This yields the result. O

Combining this with the fact that vol(I"(¢)\H) = ¢ vol(I"'1(¢)\H), we deduce Theorem 1.9. It is likely
that a more careful analysis could obtain this same result even when ¢ is not squarefree via the methods
in [Humphries 2017].
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Irreducible components
of minuscule affine Deligne—Lusztig varieties

Paul Hamacher and Eva Viehmann

We examine the set of J;, (F')-orbits in the set of irreducible components of affine Deligne-Lusztig varieties
for a hyperspecial subgroup and minuscule coweight . Our description implies in particular that its
number of elements is bounded by the dimension of a suitable weight space in the Weyl module associated
with p of the dual group.

1. Introduction 1611
2. Definition of A 1614
3. Equidimensionality 1617
4. TIrreducible components in the superbasic case 1621
5. Reduction to the superbasic case 1627
References 1633

1. Introduction

Let F be a finite extension of Q, or [, ((¢)) and I' its absolute Galois group. We denote by O and kr =,
its ring of integers and its residue field, and by € a fixed uniformizer. Let L denote the completion of the
maximal unramified extension of F, and Oy its ring of integers. Its residue field is an algebraic closure k&
of kr. We denote by o the Frobenius of L over F' and of k over kp.

Let G be a reductive group scheme over O, and denote K = G(0r). Then G is automatically
unramified. We fix § C T C B C G, where S is a maximal split torus, 7 a maximal torus, and B a
Borel subgroup of G. Let W be the absolute Weyl group of G. There exist kr-ind schemes called the
loop group LG, the positive loop group LG, and the affine Grassmannian %rg := LG/L*G of G
whose k-valued points are canonically identified with G(L), K = G(Op), and G(L)/G(OL), respectively
(compare [Pappas and Rapoport 2008; Zhu 2017; Bhatt and Scholze 2017]).

The authors were partially supported by European Research Council starting grant 277889 “Moduli spaces of local G-shtukas”
and thank Miaofen Chen and Xinwen Zhu for helpful conversations and in particular for sharing their conjecture describing the
Jpp (F)-orbits of irreducible components in terms of V), (1).

MSC2010: primary 14G35; secondary 20G25.

Keywords: affine Deligne—Lusztig variety, Rapoport—Zink spaces, affine Grassmannian.
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Let u € X4 (T)dom, and let b € G(L). Then the affine Deligne—Lusztig variety associated with b and p
is the reduced subscheme X, (b) of Grg whose k-valued points are

X, (b)(k) ={g € G(L)/K | g 'bo (g) € Kpu(e)K}.

Let X<, (b) = U<,
positive coroots. It is closed in the affine Grassmannian and called the closed affine Deligne—Lusztig

X, (b) where p' < if u — p/ is a nonnegative integral linear combination of

variety. For minuscule p (the case we are mainly interested in for this paper) it agrees with X, (b).

Notice that up to isomorphism, both affine Deligne-Lusztig varieties depend only on the G(L)-o-
conjugacy class [b] € B(G) of b. An affine Deligne-Lusztig variety X, (b) or X<, (b) is nonempty if and
only if [b] € B(G, ), a finite subset of B(G). The following basic assertion seems to be well known,
but we could not find a reference in the literature.

Lemma 1.1. The scheme X, (b) is locally of finite type in the equal characteristic case and locally of
perfectly finite type in the case of unequal characteristic.

Proof. The proof of this is the same as the corresponding part of the analogous statement for moduli
spaces of local G-shtukas; compare the proof of Theorem 6.3 in [Hartl and Viehmann 2011] (where
only the first half of page 113 is needed). In that proof, the case of equal characteristic and split G is
considered. However, the general statement follows from the same proof. U

Notice that in general X, (b) is not quasicompact since it may have infinitely many irreducible
components. It is conjectured to be equidimensional, but this has not been proven in full generality yet.
In Section 3 we give an overview of the cases where equidimensionality has been proven. In the case of
w minuscule, which we are primarily interested in here, there are only a few exceptional cases where this
is not yet known.

Definition 1.2. For a finite-dimensional k-scheme X we denote by X (X) the set of irreducible components
of X and by X'°P(X) C X(X) the subset of those irreducible components which are top-dimensional.

The affine Deligne—Lusztig varieties X, (b) and X<, (b) carry a natural action (by left multiplication)
by the group
Jy(F)={g € G(L) | g 'bo(g) = b}.

This action induces an action of J,(F') on the set of irreducible components.

A complete description of the set of orbits was previously only known for the groups GL, and GSp,,,
and minuscule p where the action is transitive [ Viehmann 2008a; 2008b], and for some other particular
cases; see for example [Vollaard and Wedhorn 2011] for a particular family of unitary groups and
minuscule .

To describe the (conjectured) number of orbits, denote by G the dual group of G in the sense of
Deligne and Lusztig. That is, G is the reductive group scheme over O that contains a Borel subgroup B
with maximal torus 7' and maximal split torus S such that there exists a Galois equivariant isomorphism
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X *(7"\) = X, (T) identitying simple coroots of T with simple roots of T'. For any u € X (T)dom = X* (f)dom
we denote by V,, the associated Weyl module of 6@L.

In the following we use an element Ag(b) € X *(fr) that we define in Section 2. Its restriction A to S
can be seen as a “best integral approximation” of the Newton point v; of [b], while its precise value in
X *(fr) will depend on the Kottwitz point k¢ (b). We choose a lift reX «(T).

Conjecture 1.3 (Chen and Zhu). There exists a canonical bijection between J,(F) \ (X, (b)) and
the basis of V,,(Ag(b)) constructed by Mirkovi¢ and Vilonen [2007], where V, (A (b)) denotes the
A (b)-weight space (for the action of fr) of V.

In this paper, we describe the set J,(F)\ £'P(X, (b)) for minuscule x. Our main result, Theorem 5.12,
implies in particular the following theorem.

Theorem 1.4. Let 1 € X (T)4om be minuscule, b € [b] € B(G, ), and X e X4(T) be an associated
element as in Section 2. There exists a canonical surjective map

¢ WuN[A+ (1 —0)Xu(T)] = Jp(F) \ (X, (D).
Moreover, this map is a bijection in the following cases:
(1) G is split and
(2) [N Centg(vp) is a union of superbasic o -conjugacy classes in Centg (vp).

Remark 1.5. (a) Letus explain how the theorem is a special case of the conjecture. Since u is minuscule,
we have for any &t € X,(T)

1 ifjie W,

dimV, (1) =
m Vi () {O otherwise,

where now V,, (ft) denotes the ji-weight space for the action of T. Thus, indeed we obtain a bijection
between the Mirkovi¢—Vilonen basis of V(1) and W.u N [5\ + (1 —0)X(T)].

(b) We can replace the weight space V, (A (b)) by the weight space V() for the action of S in
Conjecture 1.3. A priori one might expect the second space to be bigger; the equality is a consequence
of the relation between A and the Kottwitz point kg (b) (see Remark 2.6 for details).

(c) An analogous formula has first been shown by Xiao and Zhu [2017] for [b] such that the F-ranks of
Jp and G coincide. In this case one can simply choose A = vy, the Newton point of [b]. It was then
observed by Chen and Zhu (in oral communication) that an expression similar to the above should
give |Jp(F) \ (X, (b))] also for general [b], and all .

(d) In particular, Theorems 1.4 and 5.12 apply to all cases that correspond to Newton strata in Shimura
varieties of Hodge type.

In the case where b is superbasic, we prove the following stronger result, which was conjectured in
[Hamacher 2015a]. For the ordering < compare the definition at the top of page 1615.
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Proposition 1.6. Assume b € G(L) is superbasic. There exists a decomposition into disjoint J,(F)-stable
locally closed subschemes
x,0)= |J ¢cx

neW.p

alg=vp
such that Cj; intersected with any connected component of ‘4rg is universally homeomorphic to an affine
space. These dffine spaces are of dimension d(f1) := ) _ | {(fL — [tadom» ®F )] Where we take the sum over all
relative fundamental coweights & of G and where Wadom denotes the antidominant representative in the
Weyl group orbit of .

Note that varying b within [b] only changes X, (b) by an isomorphism. For suitably chosen b € [b],
the connected components of Cj; are precisely the intersections of X, (b) with some Iwahori-orbit on 4rg
[Chen and Viehmann 2018, §3]. Since the latter form a stratification on %rg, we can apply the localization
long exact sequence to calculate the cohomology of X, (b). For example for the constant sheaf one
obtains the following result.

Corollary 1.7. Assume b € G(L) is superbasic, and denote by J,(F)° the (unique) parahoric subgroup
of Jp(F). Then the J,(F)-equivariant cohomology of X, (b) (for £ # p) is given by

HY (X, (b), Q) =0,

HZ (X, (b), Qp) = c-ind "), Vi,

where V; is a diagonalizable J,(F)°-representation with coefficients in Q; and of dimension
#HueW.pnldip) =i}
2. Definition of A

We associate with every o-conjugacy class [b] a not necessarily dominant coinvariant Ag(b) € X *(?)[‘
which lifts the Kottwitz point of b and at the same time is a “best approximation” of the Newton point (in
a sense to be made precise below). In the split case it is closely connected to the notion of o -straight
elements in the extended affine Weyl group of G.

Invariants of o-conjugacy classes. By work of Kottwitz [1985], a o-conjugacy class [b] € B(G) is
uniquely determined by two invariants: the Newton point v (b) € X« (S)g,dom and the Kottwitz point
kG (b) € m(G)r. Here 1 (G) denotes Borovoi’s fundamental group, i.e., the quotient of X, (T') by its
coroot lattice. We also consider the Kottwitz homomorphism w¢ as in [Kottwitz 1985]. Let w : X, (T) —
71(G) denote the canonical projection. By the Cartan decomposition G(L) = | | LEXo(T)aom Ku(e)K, and
we extend w to a map wg : G(L) — m1(G) mapping K u(e)K to w(u). Then for every b € G(L) the
projection of wg(b) to 1 (G)r coincides with kg ().

We define a partial order < on X *(T) such that u' < w holds if and only if u — u’ is a linear
combination of positive roots with nonnegative, integral coefficients. Since the set of positive roots is
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preserved by the Galois action, this descends to a partial order on X *(?)r. Similarly, we define its
rational analogue < on X*(T)g such that ;& < &’ holds if and only if « — ' is a linear combination of
positive roots with nonnegative, rational coefficients. By the same argument as above this order descends
to X*(Ma.r = X*(5).
Lemma/Definition 2.1. Let b € G(L). Then the set

(e X*(Dr |w() =k (b), Mg < v6(1))

has a unique maximum Ag(b) characterized by the property that w(Ag (b)) = kg (b) and that for every

relative fundamental coweight a)é F of G, one has
(A () —vg (), 0§ ) € (—1,01. (2.2)

Proof. Denote by Q cX *(f) the root lattice. Then the restriction X *(f) — X *(3) canonically identifies
the relative root lattice with @r. Note that the preimage w N kg(b)r in X *(?)r is a @r—coset. Thus,
one has A’ > A for two elements in w™! (kg (b))r if and only if

/! V \4
b
G.F
value. Thus, if a Ag(b) as in (2.2) exists, it is the unique maximum. One easily constructs such a A (b)

for all relative fundamental coweights wX _ of G and moreover the left-hand side always has integral

by choosing some A’ € w (kg (b))r and defining

ho(b) =1 =Y [ ~v(b). )1+ B,
j

where the sum runs over all positive simple roots /§ € Qr and a)g denotes the corresponding fundamental
coweight. O

Example 2.3. Assume that G = GL,,, B is the upper-triangular Borel subgroup, and that S =T is the
diagonal torus. Then Ag(b) has the following geometric interpretation. To an element v € Q" = X, (S’ o,
we associate a polygon P(v) which is defined over [0, n] with starting point (0, 0) and slope v; over
(i —1,i). We denote by f,, the corresponding piecewise linear function. Then P (vg (b)) is the (concave)
Newton polygon of b and P(Ag (b)) is the largest polygon below P (vg (b)) with integral slopes and
break points. Indeed, the fundamental coweights of GL,, are given by w; = (1, ..., 1,0, ..., 0); thus,
NN

(A (b) —vG(b), wi) = fagk) (D) — fugw) (D),

which implies fi, 1) (@) = | fugw) ()] by (2.2). An example is illustrated in Figure 1.

itimes n—itimes

Lemma 24. Let f : H — G be a morphism of reductive groups over Op. Then we have Lg(f (b)) =
f(Ag (b)) in the following cases:

(1) f is a central isogeny and

(2) f is the embedding of a standard Levi subgroup, such that vy (b) is G-dominant.
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I

\
r

Figure 1. The polygons associated to vg(b) and Ag(b) for [b] € B(GL7) given by
o) =(3.3.3.5. 3. 3. 3.

Proof. If f is a central isogeny, we have X *(fH) =X *(?G) X z,(G) w1 (H) compatibly with the obvious
Galois action and partial order on the right-hand side. Thus, f and A commute.

Now assume that H is a standard Levi subgroup of G and vy (b) is dominant, i.e., vy (b) = vg(b). By
(2.2) we have —1 < (f(Ag (D)) — v (D), a)vﬁ F) < 0 for every relative fundamental coweight of H. Let
a%  be arelative fundamental coweight ofAG, but not of H. Then a% r factorizes through the center
of H; thus, for every quasicharacter v’ € X, (T )q the value of (v, w¥% ) is determined by the image of v’

G.F
in 1 (H)r.g. In w1 (H)r.g we have equalities

(image of vy (b)) = (image of kg (b)) = (image of Ay (b));
thus, (v (b) — Ag(b), a)é F) =0. O

Notation 2.5. For fixed b € G(L) we denote by reX *(7"\) an arbitrary but fixed lift of Ag(b) and by A
its image in X*(8).

Remark 2.6. Since G is quasisplit, the maximal torus of the derived group 7% is induced and hence
—T A ~ ~

Tder C §. Thus, any two elements in X*(7") with the same image in X*(S) differ by a central cocharacter
and thus have a different image in 71 (G)r. In particular

(e X*(T) | filgr = Ao (), we (i) =wa(w)} = (i € X*(T) | fily = 1. we (@) =we(w)).

Since V), (ft) = 0 unless [t < u, this implies V,,(Ag (b)) = V,.(X).

A group-theoretic definition of A¢ in the split case. We denote by W= WG :=(Normg(T))(L)/T(Or)
the extended affine Weyl group of G. Recall that we have canonical isomorphisms We = X (T)x W=
W, x Qg where W, denotes the affine Weyl group of G and Qg C VT/G the set of elements stabilizing
the base alcove, which we choose as the unique alcove in the dominant Weyl chamber whose closure
contains 0. In particular, we can lift the length function £ on W, to WG.

The embedding Normg (7)) < G induces a natural map B (Wg) — B(G), where B(W(;) denotes the
set of Wg—a—conjugacy classes in Wg. In general the notion of Wg -conjugacy is finer than the notion of
G (L)-conjugacy. Hence, we consider only a certain subset of B(Wg).

Definition 2.7. (1) We call x € WG basic if it is contained in Q¢. A o-conjugacy class O € B(Wc;) is
called basic if it contains a basic element.
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(2) An element x € WG is called o-straight if it satisfies
Lxo(x)--- 0" (X)) = L(x) + L@ (X)) + -+ L@ (X))

for any nonnegative integer n. Note that the right-hand side might also be written as n - £(x). A
o-conjugacy class O € B (W(;) is called straight if it contains a o -straight element.

He and Nie gave a characterization of the set of straight o -conjugacy classes which is analogous to
Kottwitz’s description of B(G) [1985, §6].

Proposition 2.8 [He and Nie 2014, Proposition 3.2]. A o-conjugacy class O € B(W(;) is straight if and
only if it contains a basic o -conjugacy class O’ € B(VT/M) for some standard Levi subgroup M C G.

Finally, by [He and Nie 2014, Theorem 3.3] each [b] € B(G) contains a unique straight Oy € B(Wg).
We obtain the following description of A in the split case.

Proposition 2.9. Let G be a split group over Of, let b € G(L), and let x € Oy be a o-straight element.

Denote by 1 its image under the canonical projection WG — X (T). Then 1, = A (b)dom-

Proof. By Proposition 2.8 there exists a standard Levi subgroup M C G and an M-basic element xy; € Qy
such that x and x,; are Wg—conjugate. By [He and Nie 2015, Proposition 4.5] any two such elements are
even W-conjugate and thus correspond to the same element in X, (7)gom. Since the same holds true for
Ac(b)dom by Lemma 2.4, it suffices to prove the proposition in the basic case, i.e., when v () is central.

If [b] is basic, then x is basic; thus, A’ is the (unique) dominant minuscule character with w(A") = k¢ (b);
compare [Bourbaki 1968, §2, Proposition 6]. Hence, it suffices to show that A (b) is minuscule. By
Lemma 2.4(2) we may assume that G is of adjoint type. This leaves finitely many cases, which can easily
be checked using the explicit description of root systems in [Bourbaki 1968]. ]

3. Equidimensionality

While it is conjectured that X, (b) is equidimensional [Rapoport 2005, Conjecture 5.10], this has not yet
been proven in all cases. We give a partial result after reviewing the necessary geometry of X, () first.

Connected components. Let wg : G(L) — 71(G) be the Kottwitz homomorphism, as considered in
[Kottwitz 1985]; compare the bottom of page 1614. It induces a map 9Yrg(k) — m1(G). After base
change to Speck, this induces isomorphisms mo(LGy) = mo(9rg.r) = m1(G); compare [Pappas and
Rapoport 2008, Theorem 0.1] in the equal characteristic case and [Zhu 2017, Proposition 1.21] in the
mixed characteristic case. Here we used that as G is unramified, the action of the inertia subgroup of the
absolute Galois group of F on m1(G) is trivial.

For w € m1(G), we let LG and %r¢; be the corresponding connected components. Denote for any
subgroup H C LGy and subscheme X C %rg ; the intersection H” := H N LG® and X“ := X N%rg.

In particular, X, (b)“ is a union of connected components, and the J;,(F)-orbit of X, (b)* equals
X,.(b) by [Nie 2015, Theorem 1.2] (see also [Chen et al. 2015, Theorem 1.2]) whenever X, (b)® is
nonempty. One can even show that under some mild condition on the triple (G, [b], i) every connected
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component of X, (b) is of the form X, (b)* (see [Nie 2015, Theorem 1.1] and also [Chen et al. 2015,
Theorem 1.1]), but we will not need this result.

The following general result on affine flag varieties is formulated in greater generality than needed in
this paper. We will only apply it in the case where H = G is a reductive group scheme. For consistency
we denote affine flag varieties by the same symbol 4r as affine Grassmannians.

Proposition 3.1. Let f : H — H be a morphism of parahoric group schemes over O such that the
induced homomorphism on their adjoint groups is an isomorphism. Then the induced morphism on

connected components of affine flag varieties
® . g0 f(w)
fg. Gy — Gry
is a universal homeomorphism.

Proof. This is proven in [Pappas and Rapoport 2008, §6] if char F = p and p does not divide the order of
T (Héer) or 1 (Hger) (see also [He and Zhou 2016, Proposition 4.3] for the statement if char F = 0). We
briefly recall the proof in [Pappas and Rapoport 2008] and explain how to generalize it.

Note that it suffices to show that fi is bijective on geometric points. Indeed, it is a morphism of
ind-proper ind-schemes (see [Richarz 2016, Corollary 2.3] if char F = p and [Zhu 2017, §1.5.2] if
char F = 0) and thus universally closed.

By homogeneity under the actions of H'(L) and H (L), respectively, we may assume @ = 0. Denote by
Hge, the derived group of H and by H the simply connected cover of Hg;. Since we have a commutative
diagram

H' > Hc/ler < ﬁ/:ﬁ » Hger © > H

it suffices to prove the theorem in the following two special cases.

Case I: H = Hge;. One can show that f<§r is universally bijective using the argument in [Pappas and
Rapoport 2008, p. 144].

Case 2: H is semisimple and H' = H. The following argument can be found in [Pappas and Rapoport
2008, p. 140-141]. Fix an algebraically closed field [ D k, and let M O L be the corresponding field
extension of ramification index 1. We denote by Z the kernel of H— Handlet T and T denote the Néron
models of fixed maximal tori in Hr and H F satisfying TF =f ~1(TF). Since H r 1s simply connected,
Tr is an induced torus, i.e., there exist finite field extensions F; / F such that

70 =~ HReS@Fi/@F G

l
thus, there exists an n € N such that

Zp C HResﬂ/pan.

1
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In particular, we have Z(M) C TO(@ m). Since T° c H, f(gr is injective on geometric points. The
surjectivity is a direct consequence of [Pappas and Rapoport 2008, Appendix, Lemma 14]. (Il

Remark 3.2. If char F = p and p does not divide the order of (Hc/ler) or 171 (Hyer), it is shown in [Pappas
and Rapoport 2008, §6] that fg even induces an isomorphism of the underlying reduced ind-schemes.
However, Pappas and Rapoport [2008, Example 6.4] show that this is not necessarily the case when
we drop the condition on p. On the other hand fg is always an isomorphism in the case char F = 0,
since universal homeomorphisms of perfect schemes are isomorphisms by [Bhatt and Scholze 2017,
Lemma 3.8].

Let G be the adjoint group of G. We denote by a subscript “ad” the image of an element of G (L),
X.(T), or 71 (G) in G*(L), X,(T*), or 71 (G*), respectively. By [Chen et al. 2015, Corollary 2.4.2],
the homeomorphism of Proposition 3.1 induces a universal homeomorphism

X, (0)? = Xy (bag)™™ 3.3)
whenever X, (b)” is nonempty.

Equidimensionality for some affine Deligne—Lusztig varieties. Equidimensionality is known to hold in
the following cases.

Theorem 3.4. Let G, b, and u be as above.

(1) If char F = p, then X, (b) and X <,,(b) are equidimensional. Furthermore, X <, (b) is the closure
of X,.(b).

(2) Let F be an unramified extension of Q,, and let G be classical, i be minuscule, and either p # 2 or
all simple factors of G* be of type A or C. Then X 1 (b) is equidimensional.

Proof. Assume first that char F' = p. In the case where G is split the assertion is proven in [Hartl and
Viehmann 2012, Corollary 6.8] by identifying the formal neighborhood of a closed point in the affine
Deligne—Lusztig variety with a certain closed subscheme in the deformation space of a local G-shtuka. We
briefly explain how to generalize the arguments in the proof of [Hartl and Viehmann 2012, Corollary 6.8]
to arbitrary reductive group schemes over Op.

The main ingredient is the following result in [Viehmann and Wu 2018], generalizing [Hartl and
Viehmann 2012, Theorem 6.6]. Let x = gK € X<, (b)(k), and denote b’ := gho (g)_l. Consider the
deformation functor

Defy o - (Art/ k) —(Sets),

Ar>{b e (Ku(©)K)(A) | by =b'}/=

where b = D' if there is an h € G(A[[e])) with iy = 1 and h~'bo (h) = b'. By [Viehmann and Wu
2018, Proposition 2.6] this functor is prorepresented by the formal completion of K \ Ku(e)K at b'.
Moreover, the universal object has a unique algebraization by [Viehmann and Wu 2018, Lemma 2.8].
We denote by Dy  the algebraization of (K \ K u(e)K )g, and by be LG (Dy ) alift of the universal
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object. We denote by Np1.0 C Dy o the minimal Newton stratum, that is, the set of all geometric points
§ : Spec ks — Dy o such that 155 is G (k;((€)))-o-conjugate to b (or b'). Since Njp) o is closed, we may
equip it with the structure of a reduced subscheme. By [Viehmann and Wu 2018, Theorems 2.9 and 2.11]
there exists a surjective finite morphism

Spec k[[xl, ey x2(ﬂc,vc(b))]]/>zX§M(b))/c\ — N[b]’()

where p denotes the half-sum of all absolute positive roots in G and X<, (b); the algebraization of the
completion of X<, (b) in x. In particular, we get

dim N[b],O = 2(/)(;, UG(b)) + dim Xjﬂ(b);\
< {(pG, L+ v (b)) — 5 defg (D).

Here the last inequality follows from the dimension formula of X <, () in [Hamacher 2015a, Theorem 1.1]
and equality holds if and only if dim X<, (b)? = dim X<, (b). The Newton stratification on Dy, satisfies
strong purity in the sense of [Viehmann 2015, Definition 5.8]. Indeed, this is shown for G = GL,, in
[Viehmann 2013, Theorem 7] and the general case follows by [Hamacher 2017, Proposition 2.2]. Thus,
the conditions of [Viehmann 2015, Lemma 5.12] are satisfied and we get the dimension formula and
closure relations of all Newton strata in Dy o. In particular,

dim Nipy.0 = (G, 1+ v (b)) — 5 def ().

Thus, dim X<, ()} = dim X<, (b) and since x was an arbitrary closed geometric point of X<, (b), this
implies equidimensionality. Since dim X<,/ (b) < dim X<, (b) for every u’ < u by [Hamacher 2015a,
Theorem 1.1] this also implies the equidimensionality of X<, (b) and that X, (b) is dense in X<, (b).

Now consider F'=Q),, p # 2, and assume first that there exists a faithful representation p : G < GL,
such that the action of G, via p(u) has weights 0 and 1. Then we can associate a Rapoport-Zink space of
Hodge type .#¢,,,(b) to the triple (G, u, b), whose perfection equals X, (b) by [Zhu 2017, Theorem 3.10].
Since %, (b) is equidimensional by [Hamacher 2017, Theorem 1.3], so is X, (D).

Now the morphism X, (b) — X, (baq) induced by the canonical projection G — G isan isomorphism
on connected components by (3.3). Thus, all connected components of X, ,(baq) which are contained in
the image of X, (b) are equidimensional. Since all connected components are isomorphic to each other
by [Chen et al. 2015, Theorem 1.2], this implies that X, (baq) is equidimensional. Thus, any affine
Deligne—Lusztig variety with G classical and adjoint and © minuscule is equidimensional. Applying (3.3)
once more, the claim follows for p # 2. If p = 2, the spaces .#¢ ,(b) are only defined if (G, u, b) is of
PEL type, but in this case the rest of the proof is identical.

If F is an unramified field extension of Q,, let G’ = Resgp,;z, G and 1’ = (1,0, ...,0) and b’ =
(b, 1, ..., 1) with respect to the identification G, = [[,.,; G. By [Zhu 2017, Lemma 3.6] and the
Cartesian diagram below it, we have X,/ (b') = X, (b). Thus, X, (b) is equidimensional. [l
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4. Irreducible components in the superbasic case

In this section we prove Theorem 1.4 for superbasic o-conjugacy classes. In [Hamacher 2015a, §8] this
has been reduced to a purely combinatorial statement, which we prove using the bijectivity of sweep
maps on rational Dyck paths.

Superbasic o-conjugacy classes. An element b € G(L) or the corresponding o -conjugacy class [b] €
B(G) is called superbasic if no element of [b] is contained in a proper Levi subgroup of G defined over F'.

Remark 4.1 [Chen et al. 2015, §3.1]. (1) If b is superbasic in G(L), then the simple factors of the
adjoint group G are of the form Resy ,|F PGL,, for unramified extensions Fy of F' (of degree d) and
n > 2. In particular, X, (b) is equidimensional if char F' = p or F is an unramified extension of Q.

(2) For every [b] € B(G) there is a standard parabolic subgroup P C G defined over F and with the
following property. Let T be a fixed maximal torus of G and M the Levi factor of P containing 7.
Then there is a b € [b] N M (L) which is superbasic in M.

We first consider the special case where [b] is superbasic and where G is of the form Resg,|r GL,, for
some d and n. In this case we give a proof using EL-charts as in [Hamacher 2015a] (see also [de Jong
and Oort 2000] for the split case). We then reduce the general superbasic case to this particular case.

For G as above L ®f Fy =[],.p,, 1 L yields an identification

G(L) =[] GL.(L)
tel
mapping g € G(L) to a tuple (g;);c; Where I := Gal(Fy, F) = 7Z/dZ. Let S C T C B C G be
the split diagonal torus, the diagonal torus, and the upper-triangular Borel, respectively. We have
a canonical identification X, (7T) = (Z")/!. Then the dominant elements in X, (7T) are precisely the
U= (Uz)rer € X4 (T) such that the components of n, are weakly decreasing for each t.
We identify X, (S) with the invariants X (T =7"; thus,
Klg = Z M.
tel

Moreover, this identifies the partial order < on X, (S)g with the dominance order on Q".

A combinatorial identity. An important tool when considering the combinatorics of EL-charts is the
sweep map defined by Armstrong, Loehr, and Warrington [Armstrong et al. 2015]. We need a multiple-
component version of it, which turns out to be easily realized as a special case of the classical sweep map.

Notation 4.2. By a word w we mean a finite sequence of integers w; - - - w,. For 1 <k <r we define
the level of w at k by I(w); := Zf‘: | w;. We consider the following sets for fixed sequences of integers

ar1,...,ar, Where 1l <t <d.
(1) Let &ﬁ(zd) denote the set of words w =wy - - - wg., such that the subword w(;) :=w; Wryq « - Wet(n—1)d

is a rearrangement of a; 1, ...,a., forany T € {1, ..., d}.
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(2) Denote by &ﬂ,(\jl ) &Q(Zd) the subset of words whose level at multiples of d is nonnegative. Following
[Thomas and Williams 2017; Armstrong et al. 2015], we call its elements (d-component) Dyck
words.

Definition 4.3. The sweep map sw(@ : sﬁ(zd) — &Q(Zd) is the map that sorts w according to its level by
permuting w(; using the following algorithm. Initialize sw® (w);) = @ for any 1 < v < d. For each a
down from —1 to —oo and then down from oo to 0 read w(;) from right to left and append to sw'® (w) y)
all letters wy such that [ (w); = a.

We deduce the bijectivity of sw'® from Williams’ result for the classical sweep map in [Thomas and
Williams 2017].

Proposition 4.4. sw? is bijective and preserves A

Proof. If d = 1, the map sw'!) is precisely the sweep map defined in [Thomas and Williams 2017] and
the proposition is proven in [Thomas and Williams 2017, Theorems 6.1 and 6.3]. In order to reduce to
this case, we need to construct an injection &Q(Zd) — &ﬁ(zl) which identifies Dyck words and preserves the
sweep map, i.e., such that the diagram

@ .y g
‘ﬂZ ‘%Z

lsw(d) lswm 4.5)

@ .y g
‘%Z ‘SﬁZ

commutes. Note that part of this construction is also the choice of a sequence {aj, ..., a,, ;} for &ﬂ(zl).
In preparation, fix an integer N big enough such that for any w € &d(zd) and 1 <t <d as above the
inequalities
min{/(w)y + N | k=71 (modd)} > max{l(w); | k=7 —1 (mod d)}, (4.6)
min{/(w);+7-N k=1 (modd)} >0 4.7

hold. We now construct a map &Q(Zd) — &ﬁ(z]), w — wT satisfying the conditions above as follows. For

given w, let w™ be the word which one obtains by replacing w1;—1).4 by

o Jwera-na BN ifr#d,
DA oy i—pa—N-(d—1) ifr=d

forl<i<nand 1<t <d. Thenwt™ e &Q(Z]) for the choice {a}, ..., a, ,}, where

g _ fawi+N if t #d,
DA g N d—1) ifT=d.

The map w — w™ is obviously injective. Note that for any k we have [ (w+"); =[(w); +k - N where
0 <k <d — 1 denotes the residue of kK modulo d. Thus, [(wt™); = l(w); if k is a multiple of d, and
I(w*™) > 0 by (4.7) otherwise. Hence, w*" ¢ &d(,\}) if any only if w € sﬁg).
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By (4.6), we have min; [(w™) 4 —1).q > max; [(w*N) 4 i_aforall I <t <g<d—1lorg <t =d.
Thus, the permutation of letters of w*" induced by the classical sweep map decomposes into a product of
permutations of the subsets {t, T +d, T +2d, ...}. Since moreover [(w™) 1 i_1)q = LW™) i (j—1)a
if and only if [(w);4—1).¢ = [(W)74(j—1).4, the permutations induced by the classical sweep map sw(h
applied to wt" and sw'® applied to w coincide. In other words, the diagram (4.5) commutes. (I

Characterization of EL-charts. Throughout the section, we fix a positive integer m coprime to n and
denote v|¢ = (m/n,...,m/n) € X*(S‘) = X.(T)!. Let my,..., my be arbitrary integers such that
mi + - - -+ my = m. We shall later make convenient choices of them depending on p. We recall the
notion of EL-charts as they were presented in [Hamacher 2015a, §5].

Let 74 = [1;c; Zx) be the disjoint union of d copies of Z. We impose the notation that for any
subset A C Z'Y) we write A ;) := ANZ ). For x € Z we denote by x(r) the corresponding element of Z
and write |a(;)| := a. We equip Z¥ with a partial order < defined by

X)) S V) = T=gandx <y
and a Z-action given by

Xy +2:= X +2))-
Furthermore, we consider a Z-equivariant function f : Z@ — 7@ with

flawm) = a4y +m-.
In particular, f(Z()) = Z(+1) and fl@) =a+m.

Definition 4.8. (1) An EL-chart is a nonempty subset A C Z¥ which is bounded from below and
satisfies f(A) CAand A+n C A.

(2) Two EL-charts A and A’ are called equivalent if there exists an integer z such that A +z = A’. We
write A ~ A’

Let A be an EL-chart and B = A\ (A +n). It is easy to see that #B;) = n for all T € I. We define a
sequence by, ..., by., as follows. Let by = b,.; = min B(p), and for given b; let b; | € B be the unique
element of the form

biyi = f(bi)) — iy -n

for a nonnegative integer 1;. These elements are indeed distinct: if b; = b}, then obviously i = j (mod d)
and then b; ¢.q = b; +k-m (mod n) implies that i = j as m and n are coprime.
It will later be helpful to distinguish the b; and pu; of different components. For this we change the
index setto I x {1, ...,n} via
bri=bri(i-1)d

/A
Mzi=Heqi-1)d-

Here we choose the set of representatives {1,...,d} C Z of I.
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Figure 2. The associated Dyck path and (5, —2)-levels form =5, n =7, and A = Np.

Definition 4.9. With the notation above, 1’ is called the type of A.

Remark 4.10. This definition differs slightly from the definition of the type in [Hamacher 2015a, p. 12822].
In this article we choose the indices such that M/r ; measures the difference between b ; and b, ; while
in [Hamacher 2015a] it yields the difference between b, ; and b ;. Since one can alternate between
those two notions by replacing f by f := f~!' and u by (—t)dom, We can still use the combinatorial
results of [Hamacher 2015a]. Moreover, we consider the Borel of upper-triangular matrices instead of
lower-triangular matrices in [Hamacher 2015a], thus inverting the order on X, (S) and X, (7).

The type characterizes an EL-chart up to equivalence.

Lemma 4.11 [Hamacher 2015a, Lemma 5.3]. Let
Puna={u € @) 1l < vlg).
Then the type of any EL-chart A lies in P, , 4, and the type defines a bijection
{EL-charts}/~ <> Py n.4.

Example 4.12. There are two important special cases of EL-charts.

(a) An EL-chart is called small if A +n C f(A), in other words if its type only has entries O and 1.
They correspond to the affine Deligne—Lusztig varieties with minuscule Hodge point.

(b) A semimodule is an EL-chart A C Z. These are the invariants that occur in the split case.

There is a bijection between small semimodules up to equivalence and rational Dyck paths from (0, 0) to
(n —m, m), that is, lattice paths allowing only steps in the north and east directions which stay above the
diagonal. This gives a purely combinatorial motivation for the definitions below.

The bijection is given as follows (see [Gorsky and Mazin 2013] for more details). With a given
equivalence class [A] of small semimodules, we associate the path which goes east at the i-th step if
type(A); = 0 and north if type(A); = 1. By the above lemma, this map is well defined and a bijection.
Moreover, if we choose min A = 0, then one can recover A from the Dyck path as the set of (m, m — n)-
levels in the sense of [Armstrong et al. 2015] of points on or above the path, giving the inverse to the
bijection. An example is illustrated in Figure 2.

There is another invariant of EL-charts which is more important for the application of this theory, as it
allows us to calculate the dimension of strata inside the affine Deligne—Lusztig variety.
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Definition 4.13. Let A be an EL-chart of type 1/, and let b, ; be defined as above. For each 7 € I let
b,,l > > bf » be the elements of B(;) arranged in decreasing order. Define

ljvr,i = /'L;,i/
where i is the unique number such that l;m = b, ;». We call [t the cotype of A.

It is shown in [Hamacher 2015a, p. 12831] that cotype(A) € Py, ».4. Since the cotype is obviously
invariant under equivalence, we obtain a map

; : Pm,n,d - Pm,n,d, type(A) = COtype(A)-

We claim that ¢ is bijective. For this we note that ¢ is the composition of

(d) m: —w i-d
W > (Wi =My modd) — My - Wk=1,...n-d S'VL> (Wy) — (—r " AL )t . (4.14)
1
Thus, its bijectivity follows from Proposition 4.4.

Example 4.15. Ford=1,n=7,m=35, and A =Ny, we can describe (4.14) as follows. In Figure 2 one sees
that u’ := type(A) = (0,1, 1,0, 1, 1, 1). This is mapped to the word w = (5, —2, —2, 5, =2, —2, —2),
whose levels [(w) = (5,3, 1, 6,4,2,0) are the corresponding elements of B := A \ (A 4+ n). Thus,
applying the sweep map, which sorts the letters of w according to their levels, is nothing else than
permuting the letters such that the corresponding elements of B get arranged in decreasing order. Now
sw(w) = (5,5, =2, =2, —2, =2, —2), which yields ¢(1') = (0,0, 1, 1, 1, 1, 1).

Altogether, we obtain the following theorem, which generalizes the result of [Thomas and Williams
2017, Corollary 6.4]. It was conjectured in [Hamacher 2015a, Conjecture 8.3] and in the split case by
de Jong and Oort [2000, Remark 6.16].

Theorem 4.16. The cotype induces a bijection
{EL-charts}/~ <> Py n.d.

The superbasic case. Proposition 1.6 is a direct consequence of Theorem 4.16 together with the relation
between orbits of irreducible components and EL-charts in [Hamacher 2015a, §8]. We briefly recall this
relation for the reader’s convenience before proving Proposition 1.6.

When applying the results of the previous subsection to affine Deligne—Lusztig varieties, we consider
EL-charts satisfying certain additional criteria.

Definition 4.17. Let A be an EL-chart.

(1) A is called normalized if 3°,cp bl = (5) where By = A() \ (A9) +n).
(2) The Hodge point of A is defined as type(A)dom-
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Note that every EL-chart is equivalent to a unique normalized EL-chart. Let P, := {' € Py n.q |
Whom = M} Then by Lemma 4.11 A — type(A) induces a bijection

{normalized EL-charts with Hodge point u} <> P,.

It is easy to see that ¢ stabilizes P,. Thus, Theorem 4.16 says that A — cotype(A) induces a bijection
between the set of normalized EL-charts with Hodge point ¢ and P,,.

For every minuscule u € X, (T )4om there exists a unique basic o-conjugacy class in B(G, ). We
choose a representative of this o-conjugacy class as follows. Let m, = valdet u(¢),, and choose
b= ((br,i,j); j=)rer With

o elitma/nl if j i =m, (modn),
L 1)) otherwise.

Then the invariants A, v € X*(S‘) = X*(?)r = 7" are given by v = (m/(d - n),...,m/(d - n)) with
m=y _meand A= (Ar,...,A,) With A; = |i-m/n] — (i —1)-m/n]. The requirement that b is in
fact superbasic corresponds to the assertion that m and n are coprime.

By our choice of b, the variety X, b =X w(b)N ‘gr(o; is nonempty. In [Hamacher 2015a; 2015b] we
constructed a J,(F)-invariant cellular decomposition

X, ) =S4
A
where the union runs over all normalized EL-charts with Hodge-point . We denote
Vai={G, j) I bi <bj, pj=u;+1}.

In [Hamacher 2015a, Proposition 6.5; 2015b, Proposition 13.9] we show that A"4 5S4 by constructing
an element g4 € LG(AV4) and a corresponding basis (v, ;) of the universal G-lattice over S4. In particular
dim Sq = #Vy.

Following the calculations of the term §; in [Hamacher 2015a, p. 12831], one obtains #V,4 from [t
using the formula

#Va =Y _L{fil5 — Hadom: D},

where the sum runs over all relative fundamental coweights c?)} of G and Madom denotes the antidominant
element in the W-orbit of u. In particular, S, is top-dimensional if and only if cotype(A)|s = A.

Proof of Proposition 1.6. Let G be arbitrary. We assume without loss of generality that b € K u(€)K;;
thus, X, (b)° # @. Since Jp,(F) acts transitively on (X, (b)) by [Chen et al. 2015, Theorem 1.2], it
suffices to construct Cg =CiNX, (b)°, which have to be J,(F)%-stable and universally homeomorphic
to affine spaces of the correct dimension. In particular, we may take Cgotype( A= Sa if G =Resg, r GL,.

By Remark 4.1 we have G =[]\, Resr, /r PGLy,. Let G' = [T, Resr, /r GL,, and b and
be lifts of byg and pag to G', such that X,/ (b # @. We identify the underlying topological spaces
X, B =X thad (b))’ =X w )0 via the homeomorphism (3.3). Thus, we get a cellular decomposition
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of X, (b)° per transport of structure from X,/ (b’ )0. Since it is Jj (F)?-stable, we consider the canonical
projections J,(F)° EN Jpyy (F)° L Jy (F)?. Tt suffices to show that ¢ is surjective (implying that the
decomposition is Jp,, (F )0_stable) and that the J,(F)°-action factors through Jp, ,(F )0,

To prove the surjectivity, let j € Jp ,(F)? and choose a preimage g € G(L)° of j. The element g
satisfies g~ 'bo (g) = zb for some z € Z'(L) N G(L)° = Z(0;), where Z’ denotes the center of G'. We
choose 7’ € Z'(0) with (z)"'o(z') =z~!. Then gz’ € Jiy (F)° maps to j, as claimed.

Now an elementary calculation of the kernel shows that we have an exact sequence

1= Z(0F) = Jp(F)° — J, (F)°,

where Z denotes the center of G. Since Z(OF) acts trivially on %rg, the J,(F )0-action factors through
Jp,e (F)?, as claimed. |

Corollary 4.18. Conjecture 1.3 is true if b is superbasic and (. minuscule.

Proof. We have

Jp(F)\ 2(X, (b)) ={jr € P, | Cp top-dimensional} = {jt € W.u | t|s = A}. O

5. Reduction to the superbasic case

In this section we consider the general case of Theorem 1.4; i.e., G is an unramified reductive group
over F, u is minuscule, and b is an arbitrary element of G(L). The goal is to use a reduction method,
first introduced in [Gortz et al. 2006], to relate to the superbasic case.

Let P C G be a smallest standard parabolic subgroup of G, defined over F and with the following
property. Let M be the Levi factor of P containing 7. Then we want that M (L) contains a o -conjugate of
b which is superbasic in M. Fix a representative b € M (L) of [b]g = [b]. Then we furthermore want that
the M-dominant Newton point of b is already G-dominant. For existence of such P, M, and b compare
Remark 4.1. We write P = M - N where N denotes the unipotent radical of P. Since b € M (L), this
induces a decomposition

Jp(F)NP(L) = (Jpy(F)NM(L)) - (Jo(F)NN(L)).

Throughout the section, we may refer to subschemes of the loop group or Grassmannian by their
k-valued points to improve readability, e.g., write K instead of L™ G or N(L) instead of LN. We denote
Ky=M@©p), Ky =N(Or),and Kp = P(0p).

We consider the variety

XMC(b)={gKy €9ry | g 'bo(g) € KK},

Then we have Xﬁ”cc(b) =1ver,,

in the G-conjugacy class of u with [b]y € B(M, /). As [b]y is basic in M, this latter condition

X ﬁ”, (b) where I, , is the set of M-conjugacy classes of cocharacters 1/

is equivalent to «p(b) = kpy (1) in i (M)r. We identify an element of 1, , with its M-dominant
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representative in X, (7). Note that /,, ; is nonempty and finite, but may have more than one element if G
is not split.

Notation 5.1. Note that X ;;4 CG(b) is in general not equidimensional, although the individual summands
are conjectured to be. We define
2XNCon:= [ BP0
Mlelu,b

Using Corollary 4.18 we can show that X fy ©G(b) has the same number of orbits of irreducible
components as given by the right-hand side of Theorem 1.4.
Lemma 5.2. (p(F)YNM(L)\ Z'(XNC (b)) =W.un A+ (1 —0)X.(T)]
Proof. By Corollary 4.18 we have

I(F)NMI)\ | =PxM®) = [ Wy’ Ny + 1 —0) X (D).

wel, Welup

Here the unions on both sides are disjoint, and A 3 = Ay (b) denotes the element associated with [b] € B(M)
et Wt NI+ (1= 0) X (D)D),
As X is minuscule, the set Wy;.' N [A+ (1 — o)X (T)] is nonempty for a given ' € W.u if and only if
k(W) =keu(A) (=kp (b)), ice., if and only if ji’ € 1, . Hence, U eq, , (War it/ NA+(1=0) X(T)]) =
W.uN[A+ 1 —0)X.(T)]. [l

whereas A = Ag(b). By Lemma 2.4, the above union is equal to U

In order to relate the irreducible components of X ﬁ” CG(b) to those of X «(b), we consider the variety
X/ Ob):={gKp € Grp | g 'bo(g) € Ku(e)K)

as an intermediate object. The inclusion P < G induces a natural map X l’j Oy — X w(b). Using the
Iwasawa decomposition G(L) = P(L)K we see that this map is surjective, and in fact X /f CG(b) is nothing
but a decomposition of Xff (b) into locally closed subsets (see, e.g., [Hamacher 2015a, Lemma 2.2]).
Thus, we obtain a natural bijection

SOP(X )<Y (b)) - Z'P(XT (b))
which induces a surjection
as : (Jp(F) N P(L)\ ZP(X ) (b)) = Jp(F) \ TP (XS (b)). (5.3)

Furthermore, dim X} <% (b) = dim X (b).

On the other hand, the restriction of the canonical projection 4rp — 9rjs induces a surjective morphism
B:X[<Cb) > X)C )
by [Hamacher 2015a, Proposition 2.9]. Moreover the fiber dimension for x € X % (b) is given by

dim 87" (x) = dim X /<9 (b) — dim X/ (b) (5.4)
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[Hamacher 2015a, Lemma 2.8 and Proposition 2.9(2)], using that for minuscule w, equality in [Hamacher
2015a, Lemma 2.8] always holds, and using the dimension formula [Hamacher 2015a, Theorem 1.1].
Note that this only depends on p’ (but indeed depends on the choice of u” € I,, ), but not on the point x.

Lemma 5.5. B induces a well defined surjective map
Bs 1 TP(X <O (b)) —> /(XN (b)).

It is Jp(F) N P(L)-equivariant for the natural action on the left-hand side, and the action through the
natural projection J,(F) N P(L) — Jp(F) N M (L) on the right-hand side.

Recall that a subset of G(L) is called bounded if it is contained in a finite union of K-double cosets.

Proof. Let € be a top-dimensional irreducible component of X f: CG(b). Then B(®) is irreducible and
thus contained in one of the open and closed subschemes X 2’{ (b). By (5.4), its dimension is equal
to dim(X ﬂ’{ (b)); hence, B(€) is a dense subscheme of one of the irreducible components of X % (b). In
this way we obtain the claimed map Byx. It is surjective and J,(F) N P(L)-equivariant because the same
holds for 8. O

Proposition 5.6. Let Z C X /]y CG(b) be an irreducible subscheme. Then J,(F) N\ N (L) acts transitively
on L(B~1(2)).

In the proof we need the following remark.

Remark 5.7. For x € W let IxI be the locally closed subscheme of LG whose k-valued points are
I(k)xI(k). Let Y be a scheme and g € (Ix1)(Y). Then we claim that there are elements iy, i € I (Y)
with g = i1xiy. In equal characteristic, this is [Hartl and Viehmann 2012, Lemma 2.4] (whose proof
shows the above statement, although the lemma only claims the assertion étale locally on Y). Let us
explain how to modify the proof to deduce the above statement in general: we consider the morphism
I/(INxIx~") — LG/I to the affine flag variety given by g — gx. By writing down the obvious inverse
one sees that it is an immersion with image Ix1/1.

Let g € (IxI)(Y) and g be its image in the affine flag variety. Then the above shows that g is the image
of some i € 1/ NxIx~")(Y). Note that 1/ NxIx™ ') = 1o/ (1 Nxlox~") where I, is the unipotent
radical of /. By [Hartl and Viehmann 2012, Lemma 2.1] we can thus lift i € Io/(IoNxIopx~1)(Y) to an
element i; € Ip(Y) which is as claimed.

Proof of Proposition 5.6. As we have to take an inverse image of an element under o later in this proof,
we replace all occurring ind-schemes by their perfections. Note that this does not change the underlying
topological spaces of the schemes. Moreover, since we may check the assertion on an open covering of Z,
we may replace Z by an open subscheme Y C Z containing one fixed but arbitrary point z € Z (k).
Etale locally there is a lifting of the inclusion Z < X fy (b) to LM [Pappas and Rapoport 2008,
Lemma 1.4] (the proof also works for char F = 0; compare [Zhu 2017, Proposition 1.20]). Thus, there
exists Y/ — Z étale with z € im(Y’ — Z) such that there exists a lift ¢ : Y/ — LM. By replacing Y’ by
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an irreducible component if necessary, we may assume that Y’ is again irreducible. We denote by Y the
image of Y’ in Z, and by y € Y’ a point mapping to z.
We denote
®={m,n)et(Y)x N(L) |mnKp € XﬁCG(b)}

and by, := m~'bo (m) for any m € M(L). For g =mn € P(L) we have
g7'bo(g) =bu-[by,'n ' buo (n)] (5.8)

where the bracket is in N (L) and where b,, € M(L). The condition gKp € ~!(Y) is then equivalent to
the condition that we may choose m -n € gKp with m € «(Y') C LM and n € N(L) such that the last
bracket is in N (L) N bn_ll Kp(e)K. Thus, we have a morphism

y:®—€:i={m,c)|meuY'), ce NL)Nb,'Ku()K}, (m,n)+> (m,b,'n"'b,0n)).

In order to get an easier description of €, we show that one can assume b,, € K - i’ after further
shrinking Y and replacing ¢ if necessary. Let x € W such that IyyxIy C K ui' (€)Kyy is the open cell,
where I)s denotes the standard Iwahori subgroup of M. Then K u(€) K = Kx K, and we fix ko, k, € K such
that b, (,) = koxk(. We replace Y’ (and thus Y) by the open neighborhood of y such that b,,, € ko-Ipyx 1y -k,
for all m € «(Y’). By Remark 5.7 we have a global decomposition b, = koijxizky with i; € Iy (1(Y")).
AsY C Xﬁ’{(b) we have x = wiu'wy € Wy uWy; thus, b, = koijwi i (€)waizk,. We now replace m
by mo ! (wzizk(’))_1 € mKj and modify ¢ accordingly. With respect to this new choice we obtain a
decomposition of b,, of the form k' (€) with ky = o~ (waizk))koiywi € LT™M(1(Y')). Now

N(L)Nb,'Ku(e)K = N(L) N (€)' Ku(e)K
=/ (€)""(N(L) - /' (e) N K u(e)K).

Note that this only depends on the constant element 1’. Hence,

E=1(Y)x (N(L)N W () 'Kn(e)K).

Claim 1: € is irreducible. As ((Y') is irreducible, we have to show that N(L) N /(€)' K u(e)K is
irreducible. For this we consider the morphism pr, N(L) - N(L)u'(e)K C%rg, n+— u'(e)n. Then
N(L)N ' (6) 'K (€)X is the preimage of N(L)u'(€)K N K iu(e) K, which is irreducible by [Mirkovié
and Vilonen 2007, Corollary 13.2]. On the other hand pr,, is a Ky-torsor, since it is surjective and
factorizes as

N(L) = Gry > Gre 9 r.

Here the first map is the projection, a K y-torsor. The second is the natural closed embedding, and the
third the isomorphism obtained by left multiplication by p’(¢). As Ky is also irreducible, this completes
the proof of Claim 1.
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Claim 2: Let & C ® be a nonempty open subscheme with F = F K y where K acts by right multiplication
on the second component. Then its image under y contains an open subscheme of €. In particular, it is
dense by Claim 1.

Fix an irreducible component C of ® such that its intersection with & is nonempty. We may replace
% by an open and dense subscheme of points only contained in the one irreducible component C. As
% is invariant under right multiplication by Ky and m is contained in a bounded subscheme of L M, its
image under y is invariant under right multiplication by some (sufficiently small) open subgroup K,
of Ky (this follows from the same proof as [Gortz et al. 2006, Proposition 5.3.1], which carries over
literally to the unramified case and the case char F = 0). Thus, it is enough to show that the image
of (%) in t«(Y") x (N(L)N ,u’(e)*lKMK)/K is open. Let gg € %, and let U = Spec R be an affine
open neighborhood of y(go) in €. After possibly replacing K}, by a smaller open subgroup we may
assume that U is K I/V—invariant. Let (my, ny) be the universal element. Then my and ny are contained
in bounded subsets of LM and LN, respectively. By Corollary 5.11 there is an étale covering R’ of R
and a morphism Spec R" — ® such that the composite with y and the quotient modulo K, maps Spec R’
surjectively to U/K . Intersecting Spec R” with the inverse image of the open subscheme % of ® and
using that R — R’ is finite étale, we obtain an open subscheme of Spec R’, or of & mapping surjectively
to an open neighborhood of go K. This implies the claim.

Finally, we show that all irreducible components of ~1(Y) are contained in one J,(F) N N (L)-orbit
of irreducible components of X 5 CO(b). Let @ and 9’ be irreducible components of 8 —1(Y). We have to
show that all dense open subsets D and D’ of the two components contain points p and p’ which are in
the same Jj, (F)-orbit. Consider the Ky -torsor

¢:®— BNY), (m,n) > mnKp.

Then it is enough to show that for all nonempty open subsets C; and C, of ® with C; Ky = C; there
are points ¢; € C; and a j € J with ¢(g1) = j¢(g2). This latter condition follows if we can show that
y(q1) = y(g2). But by Claim 2, y(C;) and y (C;) are both open and dense in ¢, which implies the
existence of such ¢; and ¢;. U

Corollary 5.9. By induces a bijection
(Jp(F) N P(L)) \ Z(XPCG(b)) =5 (Jp(F)NM(L))\ (XN O (b))
which restricts to
(Jp(F) N P\ TP (XL O 1)) => (Jp(F) O ML)\ ' (X0 (b)),
In particular XﬁCG(b) is equidimensional if and only if the Xﬁ’{ (b) are forall u' € I, 5.

We use the following notation. Let R be an integral k-algebra. In the arithmetic case we assume R to
be perfect and let R = W, (R). In the function field case, let R = R[[€]l. In both cases let Ry = R[1/€].
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For m € M(R 1) consider the map
fm: LNgR — LNg, nt+— (m_ln_lm)a(n).

Lemma 5.10 (Chen, Kisin, and Viehmann). Let b € [b] N\ M (L) with bo (b) - - - /0~ (b) = €1" for some
lo > O such that lgvy € X, (T). Let R be an integral k-algebra, R and R as above, and y € N(Rp)
contained in a bounded subscheme. Further let x| € Spec R(k) and z; € N (L) with fy(z1) = y(x1). Then
for any bounded open subgroup K' C N (L) there exists a finite étale covering R — R’ with associated
R — R and z € N(R)) such that

(1) for every k-valued point x of R' we have f,(z(x))K' = y(x)K' and
(2) there exists a point x| € Spec R'(k) over x; such that z(x}) = z;.

Proof. This is [Chen et al. 2015, Lemma 3.4.4], except for the fact that there R is assumed to be smooth,
and only the case of mixed characteristic is considered. But actually, none of these assumptions is needed
in the proof given there. U

Corollary 5.11. Let b € [b]NM(L) and R and R be as in the previous lemma. Let m € M(Rp), and
y € N(RL), each contained in a bounded subscheme. Further let x| € Spec R(k) and z1 € N (L) with
f5(z1) = y(x1). Let by, = m~'bo (m) € M(Ry). Then for any bounded open subgroup K' C N (L) there

exists a finite étale covering R — R’ with associated extension R — R’ and z € N(R}) such that
(1) for every k-valued point x of R' we have fp, (z(x))K' = y(x)K' and
(2) there exists a point x| € Spec R’ (k) over x| such that z(x}) = z1.
Proof. For n € N(L) we have
o, ) = (@)~ b~ myn™" (m ™" bo (m))o (n)
=o(m) b mn'mYYbo (mnm=YYo (m)
= o (m)~" fy(mnm™")o (m).
By the boundedness assumption on m, there is a bounded open subgroup K” such that
om(x)"'K"o(m(x)) € K’

for all k-valued points x of Spec R. Applying Lemma 5.10 to o (m)yo (m)~! and K”, and conjugating
the result by m, we obtain the desired lifting with respect to fp, . ([l

Theorem 5.12. Let 1 € X (T)gom be minuscule, b € [b] € B(G, u), and X € X.(T) be an associated
element. Then the map

p=axofs :Wunlh+1—0)X ()] — Jp(F)\ ZP(X, (b))
constructed above is surjective and it is bijective if and only if J,(F) acts trivially on

(Jo(F) N P(L) \ ZP(X . (D).
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Proof. From Lemma 5.2, Corollary 5.9, and (5.3) we obtain the claimed maps
W.unD+ (1 =0)X(T)] = (Jo(F)N ML)\ (X, <% (b))

% Uy (F)N P(LY) \ =X <G (b))

= I(F)\ B (X, (b)),
As ZP(X, (b)) = ZP(X 5 CG (b)), this description also implies the assertion about bijectivity. [l

Proof of Theorem 1.4. The first assertion is a direct consequence of the previous theorem.

If G is split, then W.u N [+ (1 —-0)X«(T)] = {):} has only one element; hence, the map is also
injective.

If the second condition holds, then J,(F) C P(L); hence, ax and also ¢ are bijective. O
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Arithmetic degrees and dynamical degrees of
endomorphisms on surfaces

Yohsuke Matsuzawa, Kaoru Sano and Takahiro Shibata

For a dominant rational self-map on a smooth projective variety defined over a number field, Kawaguchi
and Silverman conjectured that the (first) dynamical degree is equal to the arithmetic degree at a rational
point whose forward orbit is well-defined and Zariski dense. We prove this conjecture for surjective
endomorphisms on smooth projective surfaces. For surjective endomorphisms on any smooth projective
varieties, we show the existence of rational points whose arithmetic degrees are equal to the dynamical
degree. Moreover, if the map is an automorphism, there exists a Zariski dense set of such points with
pairwise disjoint orbits.
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1. Introduction

Let k be a number field, X a smooth projective variety over k, and f: X --» X a dominant rational
self-map on X over k. Let [ ¢ C X be the indeterminacy locus of f. Let X (k) be the set of k-rational
points P on X such that f"(P) ¢ I for every n > 0. For P € Xy (k), its forward f-orbit is defined as
Of(P):={f"(P):n=0}.

Let H be an ample divisor on X defined over k. The (first) dynamical degree of f is defined by
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Keywords: arithmetic degree, dynamical degrees, arithmetic dynamics.
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The first dynamical degree of a dominant rational self-map on a smooth complex projective variety was
first defined by Dinh and Sibony [2004; 2005]. Dang [2017] and Truong [2015] gave algebraic definitions
of dynamical degrees.

The arithmetic degree, introduced by Silverman [2014], of f at a k-rational point P € Xy (IE) is
defined by

oy (P):= lim hj (f"(P)""

if the limit on the right-hand side exists. Here, hgy: X (k) — [0, 00) is the (absolute logarithmic) Weil
height function associated with H, and we put h;; :=max{hy, 1}.

Then we have two types of quantity concerned with the iteration of the action of f. It is natural to
consider the relation between dynamical degrees and arithmetic degrees. In this direction, Kawaguchi
and Silverman formulated the following conjecture.

Conjecture 1.1 (The Kawaguchi-Silverman conjecture [2016b, Conjecture 6]). For every k-rational
point P € Xy (k), the arithmetic degree a s (P) exists. Moreover, if the forward f-orbit O y(P) is Zariski
dense in X, the arithmetic degree oy (P) is equal to the dynamical degree 87, i.e., we have

ap(P)=24y.

Remark 1.2. Let X be a complex smooth projective variety with k (X) >0, ®: X --» W the litaka fibration
of X, and f: X --» X a dominant rational self-map on X. Nakayama and Zhang [2009, Theorem A]
proved that there exists an automorphism g: W — W of finite order such that ® o f = g o ®@. This implies
that any dominant rational self-map on a smooth projective variety of positive Kodaira dimension does not
have a Zariski dense orbit. So the latter half of Conjecture 1.1 is meaningful only for smooth projective
varieties of nonpositive Kodaira dimension. However, we do not use their result in this paper.

When f is a dominant endomorphism (i.e., f is defined everywhere), the existence of the limit defining
the arithmetic degree was proved in [Kawaguchi and Silverman 2016a]. But in general, the convergence
is not known. It seems difficult at the moment to prove Conjecture 1.1 in full generality.

In this paper, we prove Conjecture 1.1 for any endomorphism on any smooth projective surface.

Theorem 1.3. Let k be a number field, X a smooth projective surface over k, and f: X — X a surjective
endomorphism on X. Then Conjecture 1.1 holds for f.

As by-products of our arguments, we also obtain the following two cases for which Conjecture 1.1 holds:

Theorem 1.4 (Theorem 3.6). Let k be a number field, X a smooth projective irrational surface over k,
and f: X --+ X a birational automorphism on X. Then Conjecture 1.1 holds for f.

Theorem 1.5 (Theorem 3.7). Let k be a number field, X a smooth projective toric variety over k, and
f: X — X atoric surjective endomorphism on X. Then Conjecture 1.1 holds for f.

Lin [2018] gives a precise description of the arithmetic degrees of toric self-maps on toric varieties.



Arithmetic degrees and dynamical degrees of endomorphisms on surfaces 1637

As we will see in the proof of Theorem 1.3, there does not always exist a Zariski dense orbit for a
given self-map. For instance, a self-map cannot have a Zariski dense orbit if it is a self-map over a variety
of positive Kodaira dimension. So it is also important to consider whether a self-map has a k-rational
point whose orbit has full arithmetic complexity, that is, whose arithmetic degree coincides with the
dynamical degree. We prove that such a point always exists for any surjective endomorphism on any
smooth projective variety.

Theorem 1.6. Let k be a number field, X a smooth projective variety over k, and f: X — X a surjective
endomorphism on X. Then there exists a k-rational point P € X (k) such that o r(P)=éy.

If f is an automorphism, we can construct a “large” collection of points whose orbits have full
arithmetic complexity.

Theorem 1.7. Let k be a number field, X a smooth projective variety over k, and f: X — X an
automorphism. Then there exists a subset S C X (k) which satisfies all of the following conditions:

(1) Forevery P € S,ay(P)=14;.

(2) For P, Qe Swith P# Q,07(P)N0Os(Q)=a.

(3) S is Zariski dense in X.

Remark 1.8. Kawaguchi, Silverman, and the second author proved Conjecture 1.1 in the following cases:

(1) f is an endomorphism and the Néron—Severi group of X has rank one [Kawaguchi and Silverman
2014, Theorem 2(a)].

(2) f is the extension to PV of a regular affine automorphism on A" [Kawaguchi and Silverman 2014,
Theorem 2(b)].

(3) X is a smooth projective surface and f is an automorphism on X [Kawaguchi 2008, Theorem A;
Kawaguchi and Silverman 2014, Theorem 2(c)].

(4) f is the extension to PV of a monomial endomorphism on G and P € G/ (k) [Silverman 2014,
Proposition 19] .

(5) X is an abelian variety. Note that any rational map between abelian varieties is automatically a
morphism [Kawaguchi and Silverman 2016a, Corollary 31; Silverman 2017, Theorem 2].

(6) f is an endomorphism and X is the product []/_, X; of smooth projective varieties, with the
assumption that each variety X; satisfies one of the following conditions [Sano 2016, Theorem 1.3]:

« The first Betti number of (X;)¢ is zero and the Néron—Severi group of X; has rank one.
e X; is an abelian variety.

e X; is an Enriques surface.

e X; is a K3 surface.
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(7) f is an endomorphism and X is the product X; x X, of positive dimensional varieties such that one
of X or X; is of general type. (In fact, there do not exist Zariski dense forward f-orbits on such
X1 x X».) [Sano 2016, Theorem 1.4]

Notation. Throughout this paper:

» We fix a number field k.
o A variety always means an integral separated scheme of finite type over k.
« A divisor on a variety X means a divisor on X defined over k.

e An endomorphism on a variety X means a morphism from X to itself defined over k. A noninvertible
endomorphism is a surjective endomorphism which is not an automorphism.

e A curve or surface simply means a smooth projective variety of dimension 1 or 2, respectively,
unless otherwise stated.

 For any curve C, the genus of C is denoted by g(C).
« When we say that P is a point of X or write as P € X, it means that P is a k-rational point of X.

o The Néron—Severi group of a smooth projective variety X is denoted by NS(X). It is well-known
that NS(X) is a finitely generated abelian group. We put NS(X)r := NS(X) ®z R.

» The symbols =, ~, ~g and ~k mean algebraic equivalence, linear equivalence, Q-linear equivalence,
and R-linear equivalence, respectively.

e Let X be a smooth projective variety and f: X --+ X a dominant rational self-map. A point
Pe Xy (k) is called preperiodic if the forward f-orbit O (P) of P is afinite set. This is equivalent
to the condition that f"*(P) = f™(P) for some n, m > 0 with n # m.

e Let f, g and & be real-valued functions on a domain §. The equality f = g + O (h) means that
there is a positive constant C such that | f(x) — g(x)| < Cl|h(x)| for every x € S. The equality
f =g+ O(1) means that there is a positive constant C’ such that | f (x) — g(x)| < C’ for every x € S.

Outline of this paper. In Section 2, we recall the definitions and some properties of dynamical and
arithmetic degrees. In Section 3, at first we recall some lemmata about reduction for Conjecture 1.1, which
were proved in [Sano 2016; Silverman 2017]. Then, we prove the birational invariance of arithmetic
degree. As its corollary, we prove Theorem 1.4 by reducing to the automorphism case, using minimal
models. We also prove Theorem 1.5. In Section 4, by using the Enriques classification of smooth projective
surfaces, we reduce Theorem 1.3 to three cases, i.e., the case of P!-bundles, hyperelliptic surfaces, and
surfaces of Kodaira dimension one. In Section 5 we recall fundamental properties of P!-bundles over
curves. In Sections 6, 7, and 8, we prove Theorem 1.3 in each case explained in Section 4. Finally, in
Section 9, we prove Theorems 1.6 and 1.7. In the proof of Theorem 1.6, we use a nef R-divisor D that
satisfies f*D = 87 D.
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2. Dynamical degree and arithmetic degree

Let H be an ample divisor on a smooth projective variety X. The (first) dynamical degree of a dominant
rational self-map f: X --» X is defined by

8 1= lim ((f")"H - HImX=Hl/n,

The limit defining § 7 exists, and §y does not depend on the choice of H [Dinh and Sibony 2005,
Corollary 7; Guedj 2005, Proposition 1.2]. Note that if f is an endomorphism, we have ( f")* = (f*)" as
a linear self-map on NS(X). But if f is merely a rational self-map, then (f")* # (f*)" in general.

Remark 2.1 [Dinh and Sibony 2005, Proposition 1.2(iii); Kawaguchi and Silverman 2016b, Remark 7].
Let p((f™)*) be the spectral radius of the linear self-map (f")*: NS(X)gr — NS(X)r. The dynamical
degree 6 ¢ is equal to the limit lim,,— oo (0 ((f™)*))!/". Thus we have S = 8; for every n > 1.

Let Xy (k) be the set of points P on X such that f is defined at f"(P) for every n > 0. The arithmetic
degree of f atapoint P € Xy (k) is defined as follows. Let

hy: X (k) — [0, 00)

be the (absolute logarithmic) Weil height function associated with H [Hindry and Silverman 2000,
Theorem B3.2]. We put

h},(P) :=max{hp(P), 1}.
We call
ar(P):=limsuphf (f*(P)/" and ay(P):=liminfhf, (f"(P)"/"

n—oo

the upper arithmetic degree and the lower arithmetic degree of f at P, respectively. It is known that
o y(P) and a (P) do not depend on the choice of H [Kawaguchi and Silverman 2016b, Proposition 12].
If & s (P) = ay(P), the limit

ap(P):= lim hy(f"(P)""

is called the arithmetic degree of f at P.

Remark 2.2. Let D be a divisor on X and f a dominant rational self-map on X. Take P € Xy (k). Then
we can easily check that

& (P) = limsup hp,(f"(P)'/" and o (P) = liminf hj,(f"(P)'/".

n—-oo

So when these limits exist, we have
ap(P) = lim W (f"(P)'".
? n—oo

Remark 2.3. When f is an endomorphism, the existence of the limit defining the arithmetic degree
ay(P) was proved by Kawaguchi and Silverman [2016a, Theorem 3]. But it is not known in general.
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Remark 2.4. The inequality & (P) < §y was proved by Kawaguchi and Silverman, and the third author
[Kawaguchi and Silverman 2016b, Theorem 4; Matsuzawa 2016, Theorem 1.4]. Hence, in order to prove
Conjecture 1.1, it is enough to prove the opposite inequality o ¢ (P) > §.

3. Some reductions for Conjecture 1.1

Reductions. We recall some lemmata which are useful to reduce the proof of some cases of Conjecture 1.1
to easier cases.

Lemma 3.1. Let X be a smooth projective variety and f: X — X a surjective endomorphism. Then
Conjecture 1.1 holds for f if and only if Conjecture 1.1 holds for f' for somet > 1.

Proof. See [Sano 2016, Lemma 3.3]. O

Lemma 3.2 [Silverman 2017, Lemma 6]. Let ¢ : X — Y be a finite morphism between smooth projective
varieties. Let fx: X — X and fy: Y — Y be surjective endomorphisms on X and Y, respectively.
Assume that o fx = fro .

(i) Forany P € X (k), we have ap (P)=oap (W (P)).

(i1) Assume that  is surjective. Then Conjecture 1.1 holds for fx if and only if Conjecture 1.1 holds
for fy.

Proof. (i) Take any point P € X (k). Let H be an ample divisor on Y. Then y*H is an ample divisor
on X. Hence we have
o (P)= lim hj.,(fR(P)""

= lim hy (o fx(P)'"
= lim hj;(fy oy (P)!"
=ay (Y (P)).

(i1) For a point P € X (k), the forward fx-orbit Oy, (P) is Zariski dense in X if and only if the forward
fy-orbit Oy, (¥ (P)) is Zariski dense in Y since ¥ is a finite surjective morphism. Moreover we have
dim X =dim Y. So we obtain

S = Jim (SO W H -y H)yIm Xl
= lim (Y*(f{) H - (p =B =Y
= lim (deg(¥)((f)*H - H™ =)/
=38y,.

Therefore the assertion follows. |
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Birational invariance of the arithmetic degree. We show that the arithmetic degree is invariant under
birational conjugacy.

Lemma 3.3. Let u: X --» Y be a birational map of smooth projective varieties. Take Weil height
functions hx and hy associated with ample divisors Hx and Hy on X and Y, respectively. Then there are
constants M € R.g and M’ € R such that

hx(P) > Mhy(u(P))+M'
forany P € X (k) \ I,(k).

Proof. Replacing Hy by a positive multiple, we may assume that Hy is very ample. Take a smooth
projective variety Z and a birational morphism p: Z — X such that p is isomorphic over X \ /,, and
g =wmop: Z— Y isamorphism. Let {F;}/_, be the collection of prime p-exceptional divisors. We take
Hy as not containing g (F;) for any i, so ¢* Hy does not contain F; for any i. Then E = p*p.q*Hy —q*Hy
is an effective divisor contained in the exceptional locus of p. Take a sufficiently large integer N such
that N Hy — p.q*Hy is very ample. Then, for P € X (k) \ 1,,, we have
hx(P) = 5 (hnHy—p.g iy (P) +hp,ge 11y (P)) + O(1)

> %hp*q*Hy(P) + 0(1)

= yhppogray (7 (P) + O(D)

= yhqray (P~ (P) +hp(p~ (P) + O(1)

= yhy (u(P) +hp(p~' (P) + O(D).

We know that 1z > O(1) on Z(k) \ Supp E [Hindry and Silverman 2000, Theorem B.3.2(e)]. Since
Supp E C p~'(1,), he(p~'(P)) > O(1) for P € X (k) \ I,. Finally, we obtain that

hx(P) > (1/N)hy(u(P)) 4+ O(1) for P € X(k)\ I,. O

Theorem 3.4. Let f: X --» X and g: Y --+ Y be dominant rational self-maps on smooth projective
varieties and : X --+ Y a birational map such that gou = o f.

(1) Let U C X be a Zariski open subset such that ju|y : U — n(U) is an isomorphism. Then & y(P) =
do((P)) and o f(P) = ag((P)) for P € X¢(k) N~ (Yy(k)) such that O s (P) C U (k).
(i) Take P € X¢(k) N w=' (Y, (k)). Assume that O¢(P) is Zariski dense in X and both a r(P) and
f 8 f f
ag(u(P)) exist. Then ay(P) = ag(u(P)).
Proof. (i) Using Lemma 3.3 for both x and w~!, there are constants M;, L; € R.g and M, L, € R
such that

Mihy(u(P)) + My < hx(P) < Lihy(u(P)) + L ()

for P € U (k). The claimed equalities follow from ().
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(i1) Since Oy (P) is Zariski dense in X, we can take a subsequence { f"*(P)}; of { f"(P)}, contained
in U. Using (x) again, it follows that

oy (P)= lim Ay (f"™(P)!/" = lim hy (" (u(P))/™ = og ((P)). O

Remark 3.5. Silverman [2014] dealt with a height function on GJ}, induced by an open immersion
G, — P" and proved Conjecture 1.1 for monomial maps on GJ),. It seems that it has not been checked in
the literature that the arithmetic degrees of endomorphisms on quasiprojective varieties does not depend
on the choice of open immersions to projective varieties. Now by Theorem 3.4, the arithmetic degree
of a rational self-map on a quasiprojective variety at a point does not depend on the choice of an open
immersion of the quasiprojective variety to a projective variety. Furthermore, by the birational invariance
of dynamical degrees, we can state Conjecture 1.1 for rational self-maps on quasiprojective varieties,
such as semiabelian varieties.

Applications of the birational invariance. In this subsection, we prove Theorems 1.4 and 1.5 as applica-
tions of Theorem 3.4.

Theorem 3.6 (Theorem 1.4). Let X be an irrational surface and f: X --+ X a birational automorphism
on X. Then Conjecture 1.1 holds for f.

Proof. Take a point P € X k). If © £ (P) is finite, the limit oy (P) exists and is equal to 1. Next, assume
that the closure (’)f—(P) of Oz (P) has dimension 1. Let Z be the normalization of (’)f—(P) andv: Z—> X
the induced morphism. Then an endomorphism g: Z — Z satisfying vo g = f ov is induced. Take a
point P’ € Z such that v(P’) = P. Then o, (P’) = oy (P) since v is finite by Lemma 3.2 (i). It follows
from [Kawaguchi and Silverman 2016a, Theorem 2] that oty (P’) exists (note that their theorem holds for
possibly nonsurjective endomorphisms on possibly reducible normal varieties). Therefore a ¢ (P) exists.

Finally, assume that O r(P) is Zariskidense. If § y =1, then 1 <a y(P) <a y(P) <6y =1by Remark 2.4,
so oy (P) exists and o f(P) =y = 1. So we may assume that 6 ; > 1. Since X is irrational and § > 1,
k (X) must be nonnegative [Diller and Favre 2001, Theorem 0.4, Proposition 7.1 and Theorem 7.2]. Take
a birational morphism @: X — Y to the minimal model Y of X and let g: ¥ --» Y be the birational

automorphism on Y defined as g = 1o f o ™!

. Then g is in fact an automorphism since, if g has
indeterminacy, ¥ must have a Ky-negative curve. It is obvious that O, ((P)) is also Zariski dense in Y.
Since w(Exc(w)) is a finite set, there is a positive integer ng such that (/" (P)) = g" (u(P)) &€ u(Exc(u))
for n > ng. So we have f"(P) & Exc(u) for n > ng. Replacing P by f"°(P), we may assume that
O (P) C X \ Exc(u). Applying Theorem 3.4 (i) to P, it follows that a ¢ (P) = ag(u(P)). We know
that g (u(P)) exists since g is a morphism. So a ¢ (P) also exists. The equality o (u(P)) = §, holds
as a consequence of Conjecture 1.1 for automorphisms on surfaces (see Remark 1.8(3)). Since the
dynamical degree is invariant under birational conjugacy, it follows that 6, = s. So we obtain the equality
ap(P)=26y. Il
Theorem 3.7 (Theorem 1.5). Let X be a smooth projective toric variety and f: X — X a toric surjective
endomorphism on X. Then Conjecture 1.1 holds for f.



Arithmetic degrees and dynamical degrees of endomorphisms on surfaces 1643

Proof. Let G% C X be the torus embedded as an open dense subset in X. Then f lga G4 — G isa
homomorphism of algebraic groups by assumption. Let Gf,ﬂ C P? be the natural embedding of Gﬁl to the
projective space P and g: P4 --» P4 be the induced rational self-map. Then g is a monomial map.

Take P € X (k) such that O (P) is Zariski dense. Note that oy (P) exists since f is a morphism. Since
Oy (P) is Zariski dense and f (an) C Gf’n, there is a positive integer ng such that f"(P) € Gi for n > ny.
By replacing P by f"°(P), we may assume that Oy (P) C G4 . Applying Theorem 3.4 (i) to P, it follows
that a ¢ (P) = ag(P).

The equality ag(P)= ¢ holds as a consequence of Conjecture 1.1 for monomial maps (see Remark 1.8(4)).
Since the dynamical degree is invariant under birational conjugacy, it follows that §; = . So we obtain
the equality oy (P) = 4. (I

4. Endomorphisms on surfaces

We start to prove Theorem 1.3. Since Conjecture 1.1 for automorphisms on surfaces is already proved by
Kawaguchi (see Remark 1.8(3)), it is sufficient to prove Theorem 1.3 for noninvertible endomorphisms,
that is, surjective endomorphisms which are not automorphisms.

Let f: X — X be a noninvertible endomorphism on a surface. We divide the proof of Theorem 1.3
according to the Kodaira dimension of X:

(D k(X) = —o0; we need the following result due to Nakayama.

Lemma 4.1 [Nakayama 2002, Proposition 10]. Ler f: X — X be a noninvertible endomorphism on a
surface X with k (X) = —oo. Then there is a positive integer m such that " (E) = E for any irreducible
curve E on X with negative self-intersection.

Let ;t: X — X’ be the contraction of a (—1)-curve E on X. By Lemma 4.1, there is a positive integer m
such that f”(E) = E. Then f™ induces an endomorphism f": X’ — X’ such that o f™ = f’ou. Using
Lemma 3.1 and Theorem 3.4, the assertion of Theorem 1.3 for f follows from that for f’. Continuing
this process, we may assume that X is relatively minimal.

When X is irrational and relatively minimal, X is a P!-bundle over a curve C with g(C)=>1.

When X is rational and relatively minimal, X is isomorphic to P2 or the Hirzebruch surface F, =
P(Op1 ®Opi (—n)) for some n >0 with n 7 1. Note that Conjecture 1.1 holds for surjective endomorphisms
on projective spaces (see Remark 1.8(1)).

() x(X) = 0; for surfaces with nonnegative Kodaira dimension, we use the following result due to
Fujimoto.
Lemma 4.2 [Fujimoto 2002, Lemma 2.3 and Proposition 3.1]. Let f: X — X be a noninvertible

endomorphism on a surface X with k (X) > 0. Then X is minimal and f is étale.

So X is either an abelian surface, a hyperelliptic surface, a K3 surface, or an Enriques surface. Since
f is étale, we have x (X, Ox) = deg(f)x (X, Ox). Now deg(f) > 2 by assumption, so x (X, Ox) =0
[Fujimoto 2002, Corollary 2.4]. Hence X must be either an abelian surface or a hyperelliptic surface
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because K3 surfaces and Enriques surfaces have nonzero Euler characteristics. Note that Conjecture 1.1
is valid for endomorphisms on abelian varieties (see Remark 1.8(5)).

(IIT) k(X) = 1; this case will be treated in Section 8.

(V) k(X) = 2; the following fact is well known.

Lemma 4.3. Let X be a smooth projective variety of general type. Then any surjective endomorphism on

X is an automorphism. Furthermore, the group of automorphisms Aut(X) on X has finite order.

Proof. See [Fujimoto 2002, Proposition 2.6], [litaka 1982, Theorem 11.12], or [Matsumura 1963,
Corollary 2]. O

So there is no noninvertible endomorphism on X. As a summary, the remaining cases for the proof of
Theorem 1.3 are the following:

« Noninvertible endomorphisms on [P!'-bundles over a curve.
» Noninvertible endomorphisms on hyperelliptic surfaces.

» Noninvertible endomorphisms on surfaces of Kodaira dimension 1.
These three cases are studied in Sections 5-8 below.

Remark 4.4. Fujimoto and Nakayama gave a complete classification of surfaces which admit noninvertible
endomorphisms (see [Fujimoto 2002, Proposition 3.3], [Fujimoto and Nakayama 2008, Theorem 1.1],
[Fujimoto and Nakayama 2005, Appendix to Section 4], and [Nakayama 2002, Theorem 3]).

5. Some properties of P!-bundles over curves

In this section, we recall and prove some properties of P!-bundles (see [Hartshorne 1977, Chapter V.2] or
[Homma 1992; 1999] for details). In this section, let X be a P'-bundle over a curve C. Letw: X — C
be the projection.

Proposition 5.1. We can represent X as X =P (&), where £ is a locally free sheaf of rank 2 on C such that
HO(&) # 0 but H'(€ ® £) = 0 for all invertible sheaves L on C with deg £ < 0. The integer e :== — deg &
does not depend on the choice of such £. Furthermore, there is a section o : C — X with image Cy such
that Ox(Cp) = Ox(1).

Proof. See [Hartshorne 1977, Proposition 2.8]. O

Lemma 5.2. The Picard group and the Néron—Severi group of X have the following structure:
Pic(X)=EZ@®r*Pic(C) and NS(X)=EZPa*NS(C)=7Zd7.

Furthermore, the image Cq of the section o : C — X in Proposition 5.1 generates the first direct factor of
Pic(X) and NS(X).

Proof. See [Hartshorne 1977, V, Proposition 2.3]. U
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Lemma 5.3. Let F € NS(X) be a fiber 1" (p) = n* p over a point p € C(k), and e the integer defined
in Proposition 5.1. Then the intersection numbers of generators of NS(X) are as follows:

F-F=0, F-Co=1, Cy-Cy= —e.

Proof. 1t is easy to see that the equalities F - FF = 0 and F - Cop = 1 hold. For the last equality, see
[Hartshorne 1977, V, Proposition 2.9]. (|

We say that f preserves fibers if there is an endomorphism f¢ on C such that w o f = fc om. In our
situation, since there is a section o : C — X, f preserves fibers if and only if, for any point p € C, there
is a point g € C such that frY(p) cng).

The following lemma appears in [Amerik 2003, p.18] in a more general form. But we need it only in
the case of P!-bundles on a curve, and the proof in the general case is similar to our case. So we deal
only with the case of P!- bundles on a curve.

Lemma 5.4. For any surjective endomorphism f on X, the iterate f* preserves fibers.

Proof. By the projection formula, the fibers of 7: X — C can be characterized as connected curves
having intersection number zero with any fiber ), = 7*p, p € C. Hence, to check that the iterate f 2
sends fibers to fibers, it suffices to show that (f2)*(7* NS(C)r) = 7* NS(C)gr. Now dim NS(X)r =2
and the set of the numerical classes in X with self-intersection zero forms two lines, one of which is
7*NS(C)g, and f* fixes or interchanges them. So (f?)* fixes 7* NS(C)g. [l

The following might be well-known, but we give a proof for the reader’s convenience.

Lemma 5.5. A surjective endomorphism f preserves fibers if and only if there exists a nonzero integer a
such that f*F = aF. Here, F is the numerical class of a fiber.

Proof. Assume f*F = aF. For any point p € C, we set F), := 7~ (p) =m*p. If f does not preserve
fibers, there is a point p € C such that f(F},) - F > 0. Now we can calculate the intersection number as
follows:

O0=F-aF =F-(f*F)=F,-(f"F) = (fFp)- F =deg(f|r,) - (f(Fp)-F) > 0.

This is a contradiction. Hence f preserves fibers.
Next, assume that f preserves fibers. Write f*F = aF + bCy. Then we can also calculate the
intersection number as follows:

b=F- -(aF+bCy)=F f*F=(fuF)-F=deg(f|r) - (F-F)=0.
Further, by the injectivity of f*, we have a # 0. The proof is complete. (Il

Lemma 5.6. If £ splits, i.e., if there is an invertible sheaf L on C such that £ = O¢ @ L, the invariant e
of X = P(&) is nonnegative.

Proof. See [Hartshorne 1977, V, Example 2.11.3]. U
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Lemma 5.7. Assume that e > 0. Then for a divisor D = aF + bCy € NS(X), the following properties are
equivalent:

e D is ample.
e a>beandb > 0.

In other words, the nef cone of X is generated by F and e F + C.

Proof. See [Hartshorne 1977, V, Proposition 2.20]. O
We can prove a result stronger than Lemma 5.4 as follows.

Lemma 5.8. Assume that e > 0. Then any surjective endomorphism f: X — X preserves fibers.

Proof. By Lemma 5.5, it is enough to prove f*F = aF for some integer a > 0. We can write
f*F=aF + bC for some integers a, b > 0.
Since we have
aF +bCy=(a—be)F +b(eF + Cp)

and f preserves the nef cone and the ample cone, either of the equalities a — be = 0 or b = 0 holds.
We have

0=deg(f)(F-F)=(fof*F)-F=(f*F)-(f*F) = (aF +bCp)- (aF +bCq) = 2ab—be = b(2a —be).

So either of the equalities b = 0 or 2a — be = 0 holds.
If we have b # 0, we have a — be = 0 and 2a — be = 0. So we get a = 0. But since e # 0, we obtain
b = 0. This is a contradiction. Consequently, we get b =0 and f*F =aF. (I

Lemma 5.9. Fix a fiber F = F), for a point p € C (k). Let f be a surjective endomorphism on X
preserving fibers, fc the endomorphism on C satisfying wo f = fcomn, fr:i= flp: F — f(F) the
restriction of f to the fiber F. Set f*F = aF and f*Cy = cF 4+ dCy. Then we have a = deg(fc),
d =deg(fr), deg(f) =ad, and § y = max{a, d}.

Proof. Our assertions follow from the following equalities of divisor classes in NS(X) and of intersection
numbers:

aF = f*F = f*n*p=n"f¢ p =n"(deg(fc) p) = deg(fc)m ™ p =deg(fc)F,
deg(f)F = fu f*F = fuf*'n*p = fur* fep = fumr*(deg(fc)p)
=deg(fc) fx I = deg(fc) deg(fr) f(F) = deg(fc) deg(fr) F
deg(f) =deg(f)Co- F = (fuf*Co)-F=(f"Co)-(f*F)=(cF+dCp)-aF =ad.

The last assertion é = max{a, d} follows from the equality 6 ; =lim, .o o ((f YU = p(f*) and from
the functoriality of f* (see Remark 2.1). O

Lemma 5.10. Using the notation of Lemma 5.9, assume that e > 0. Then both F and Cy are eigenvectors
of f*: NS(X)gr = NS(X)r. Further, if e is positive, then we have deg( fc) = deg(fr).
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Proof. Set f*F =aF and f*Cy=cF 4+ dCpin NS(X). Then we have
—ead = —edeg f = (f, f*Co) - Co = (f*Co)? = (cF +dCp)* = 2cd — ed?.
Hence, we get ¢ = e(d — a)/2. We have the following equalities in NS(X):
f*(eF 4+ Cy) =aeF + (cF +dCy) = (ae +c)F +dCy.

By the fact that f*D is ample if and only if D is ample, it follows that e F + Cy is an eigenvector of f*.
Thus, we have

de=ae+c=ae+e(d—a)/2=e(d+a)/2.

Therefore, the equality e(d —a) = 0 holds. So ¢ = e(d —a)/2 = 0 holds.
Further, we assume that e > 0. Then it follows that d —a =0. So we have deg( f¢) =a=d =deg(fr). U

The following lemma is used on page 1650.

Lemma 5.11. Let L be a nontrivial invertible sheaf of degree 0 on a curve C with g(C) > 1, =0c ® L,
and X = P(E). Let Cy and Cy be sections corresponding to the projections £ — L and € — Oc¢. If
o: C — X is a section such that (o (C))? =0, then o (C) is equal to Cy or Cy.

Proof. Note that e = 0 in this case and thus (Cg) = 0. Moreover, Ox(Cp) = Ox(1) and Ox(C;) =
Ox(H)Rm*L~". Set 6(C) = aCy+ bF. Then a = (6(C)- F) =1 and 2ab = (¢(C)?) = 0. Thus
o (C) = Cy. Therefore, Ox (o (C)) = Ox (Co)®m*N for some invertible sheaf A of degree 0 on C. Then

0# H(X, 0x(0(C)) = H(C, m,0x(Co)@N) = H*(C, (L&Oc) ®N)
and this implies V' = O¢ or N = £~!. Hence Ox (o (C)) is isomorphic to Oy (Cp) or Ox (Co)@m* L™ =
Ox(C}). Since £ is nontrivial, we have H%(Ox (Co)) = H*(Ox(C;)) =k and we geto(C)=Cpor C;. O
6. Pl-bundles over curves

In this section, we prove Conjecture 1.1 for noninvertible endomorphisms on P!-bundles over curves. We
divide the proof according to the genus of the base curve.

Pl-bundles over PL.

Theorem 6.1. Let w: X — P! be a P'-bundle over P! and f: X — X be a noninvertible endomorphism.
Then Conjecture 1.1 holds for f.

Proof. Take alocally free sheaf £ of rank 2 on P! such that X = P(&) and deg & = —e (see Proposition 5.1).
Then & splits [Hartshorne 1977, V, Corollary 2.14]. When X is isomorphic to P! x P!, i.e., the case of
e =0, the assertion holds by [Sano 2016, Theorem 1.3]. When X is not isomorphic to P! x P!, i.e., the
case of e > 0, the endomorphism f preserves fibers and induces an endomorphism fp1 on the base curve
P!. By Lemma 5.10, we have §f =46y, . Fixapoint p € P! and set F =7*p. Let P € X (k) be a point
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whose forward f-orbit is Zariski dense in X. Then the forward fpi-orbit of w(P) is also Zariski dense
in P!. Now the assertion follows from the following computation.

of(P) = lim hp(f"(P)'" = Hm hxep(f"(P)!"

= Jim iy o f7 (P = lim hp(f5i 0w (PN =0, =y :

Pl-bundles over genus one curves. In this subsection, we prove Conjecture 1.1 for any endomorphisms
on a P!-bundle on a curve C of genus one.

The following result is due to Amerik. Note that Amerik in fact proved it for P!-bundles over varieties
of arbitrary dimension.

Lemma 6.2. Let X = P(E) be a P'-bundle over a curve C. If X has a fiber-preserving surjective
endomorphism whose restriction to a general fiber has degree greater than 1, then £ splits into a direct
sum of two line bundles after a finite base change. Furthermore, if £ is semistable, then £ splits into a

direct sum of two line bundles after an étale base change.
Proof. See [Amerik 2003, Theorem 2 and Proposition 2.4]. O

Lemma 6.3. Let E be a curve of genus one with an endomorphism f: E — E. If g: E' — E is a finite
étale covering of E, there exists a finite étale covering h: E" — E’ and an endomorphism f’: E" — E”
such that f ogoh = goho f'. Furthermore, we can take h as satisfying E” = E.

Proof. At first, since E’ is an étale covering of E, a genus one curve, E’ is also a genus one curve. By
fixing a rational point p € E’ (k) and g(p) € E(k), these curves E and E’ can be regarded as elliptic
curves, and g can be regarded as an isogeny between elliptic curves. Let i := ¢g: E — E’ be the dual
isogeny of g. The morphism f is decomposed as f = 7. o iy for a homomorphism ¥ and a translation
map t. byce E (k). Fix a rational point ¢’ € E (IE) such that [deg(g)](c") = ¢ and consider the translation
map 7./, where [deg(g)] is the multiplication by deg(g). We set f’ = 7 o . Then we have the following

equalities.
fogoh=t0fogog =10y oldeg(g)] =1 0ldeg(g)loy =I[deg(g)lotroy =goho f'.
This is what we want. U

Proposition 6.4. Let £ be a locally free sheaf of rank 2 on a genus one curve C and X = P(E). Suppose
Conjecture 1.1 holds for any noninvertible endomorphism on X with £ = O¢ @ L where L is a line bundle
of degree zero on C. Then Conjecture 1.1 holds for any noninvertible endomorphism on X = P(E) for
any E&.

Proof. By Lemmas 5.4 and 3.1, we may assume that f preserves fibers. We can prove Conjecture 1.1
in the case of deg(f|r) = 1 in the same way as in the case of g(C) = 0 since deg(f|r) = 1 < deg(fc).
Since we are considering the case of g(C) = 1, if £ is indecomposable, then £ is semistable (see [Mukai
2003, 10.2(c), 10.49] or [Hartshorne 1977, V, Exercise 2.8(c)]). By Lemma 6.2, if deg(f|r) > 1 and &
is indecomposable, there is a finite étale covering g: E — C satisfying that E x¢ X = P(Og & L) for
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an invertible sheaf £ over E. Furthermore, by Lemma 6.3, we can take E equal to C and there is an
endomorphism f/.: C — C satisfying fc o g = g o f{.. Then by the universality of cartesian product
X x¢,¢ C, we have an induced endomorphism f': X x¢ o C — X x¢ ¢ C. By Lemma 3.2, it is enough
to prove Conjecture 1.1 for the endomorphism f’. Thus, we may assume that £ is decomposable, i.e.,
X ZP(O¢ & £). Then the invariant e is nonnegative by Lemma 5.6. When e is positive, by the same
method as the proof of Theorem 1.3 in the case of g(C) =0, the proof is complete. When e = 0, we have
deg £ = 0 and the assertion holds by the assumption. (I

In the rest of this subsection, we keep the following notation. Let C be a genus one curve and £ an
invertible sheaf on C with degree 0. Let X = P(O¢ @ £) = Proj(Sym(O¢ @ £)) and 7: X — C the
projection. When L is trivial, we have X = C x P!, and by [Sano 2016, Theorem 1.3], Conjecture 1.1
is true for X. Thus we may assume £ is nontrivial. In this case, we have two sections of 7: X — C
corresponding to the projections Oc & L — L and O¢c & L — Oc¢. Let Cy and C; denote the images of
these sections. Then we have Ox (Co) = Ox (1) and Ox(C;) = Ox(1)®@n*L~". Since £ is nontrivial, we
have Cy # C;. But since deg £ =0, Cp and C are numerically equivalent. Thus (Co - Cy) = (Cg) =0
and therefore CoNC; = @.

Let f be a noninvertible endomorphism on X such that there is a surjective endomorphism fc: C — C
withmo f = fecom.

Lemma 6.5. When L is a torsion element of Pic C, Conjecture 1.1 holds for f.

Proof. We fix an algebraic group structure on C. Since L is torsion, there exists a positive integer n > 0
such that [n]*£ = O¢. Then the base change of 7: X — C by [n]: C — C is the trivial P'-bundle
P! x C — C. Applying Lemma 6.3 to g = [1], we get a finite morphism /2: C — C such that the base
change of 7: X — C by h: C — C is P! x C — C and there exists a finite morphism fé: € — C with
fcoh=ho fl.. Then f induces a noninvertible endomorphism f’: P! x C — P! x C. By [Sano 2016,
Theorem 1.3], Conjecture 1.1 holds for f’. By Lemma 3.2, Conjecture 1.1 holds also for f. O

Now, let F' be the numerical class of a fiber of 7. By Lemma 5.10, we have
f*FEaF and f*C()EbCQ
for some integers a, b > 1. Note that a = deg fc, b = deg f|r and ab = deg f (see Lemma 5.9).

Lemma 6.6. (1) One of the equalities f(Cy) = Cy, f(Co) =Cyor f(Co)NCo= f(Co)NCy1 =D holds.
The same is true for f(Cy).
2) If f(Co)NC; =@ fori =0, 1, then the base change of m: X — C by fc: C — C is isomorphic to
P! x C. In particular, fEL= Oc and L is a torsion element of Pic C. The same conclusion holds
under the assumption that f(C{) NC; = @ fori =0, 1.

Proof. (1) Since f*C; =bC;, Co=C and (Cg) =0, we have (f,C;-C;) =0 forevery i and j. Thus
the assertion follows.
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(2) Assume f(Co)NC; =@ fori =0, 1. Consider the following Cartesian diagram:

YL

X
Ll
c-lc

Then Y is a P!-bundle over C associated with the vector bundle O¢ @ f&L. The pull-backs C; =

g 1(C)),i =0, 1 are sections of 7. By the projection formula, we have (lez) =0.Leto: C — X be

the section with o (C) = Cy. Since 7 o f oo = f¢, we get a sections: C — Y of 7.

fe

Note that g(s(C)) = f(Cp) # Co, C1. Thus s(C), C; and C; are distinct sections of 7r’. Moreover, by the
projection formula, we have (s(C)-C()) =0. Thus we have three sections which are numerically equivalent
to each other. Then Lemma 5.11 implies f*L = Oc and Y = P! x C. Since fé: Pic’ C — Pic’ C is an
isogeny, the kernel of f is finite and thus £ is a torsion element of Pic C. (Il
Lemma 6.7. (1) Suppose that

e L is nontorsion in Pic C,

e f(Co)=CpyorCy,and

e f(C1)=CyporC.

Then f(Co) = Co and f(C1) = Cy, or f(Co) =Cy and f(Cy) = Co.

(2) If the equalities f(Cy) = Co and f(Cy) = Cy hold, then f*C; ~q bC; fori =0and 1.
Proof. (1) Assume that f(Cp) = Cp and f(Cy) = Cp. Then f,Co=aCp and f,.C; =aCy as cycles. Since
fé: Pic® C — Pic® C is surjective, there exists a degree zero divisor M on C such that fEOc(M) = L.
Then C; ~ Co —m* fEM. Hence

aCo= f,C1~ (fuCo— firt™ fecM) = (aCo — firt™ fc M)
and
O~ fit* foM ~ fof*n*M ~ (deg f)m*M.

Thus 7*M is torsion and so is M. This implies that £ is torsion, which contradicts the assumption.
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The same argument shows that the case when f(Cy) = C; and f(C;) = C; does not occur.

(2) In this case, we have f,Co ~ aCp. We can write [*Cy ~ bCo+ m* D for some degree zero divisor D
on C. Thus

(deg f)Co ~ fif*Co~abCo+ fim™D = (deg f)Co+ fur™D

and fym*D ~ 0. Since f}: Pic’ C — Pic’ C is surjective, there exists a degree zero divisor D’ on C
such that f*D" ~ D. Then

0~ fut*D ~ fir* fED' ~ fif*n*D’ ~ (deg f)n*D’.
Hence n*D’ ~g 0 and D’ ~¢g 0. Therefore D ~g 0 and f*Cy ~g bC.

Similarly, we have f*C| ~q bC}. O
Lemma 6.8. Suppose a < b. If f*C; ~g bC; fori =0, 1, the line bundle L is a torsion element of Pic C.
Proof. Let L be a divisor on C such that O¢ (L) = L. Note that C; ~ Cy —*L. Thus

ffn*L ~ f*(Co—Cy) ~qg bCy—bCy ~ br*L

and fXL ~q bL hold.
Thus, from the following lemma, £ is a torsion element. |

Lemma 6.9. Let a and b be integers such that 1 <a < b. Let C be a curve of genus one defined over an
algebraically closed field k. Let fc: C — C be an endomorphism of deg fc = a. If L is a divisor on C of
degree 0 satisfying

feL~abL,

the divisor L is a torsion element of Pic’(C)

Proof. By the definition of Q-linear equivalence, we have f5rL ~ br L for some positive integer r. Since
the curve C is of genus one, the group Pic’(C) is an elliptic curve. Assume the (group) endomorphism

f& —b]: Pic’(C) — Pic’(C)

is the O map. Then we have the equalities a = deg fc = deg fi = deg[b] = b?*. But this contradicts to
the inequality 1 < a < b. Hence the map f — [b] is an isogeny, and Ker(f* — [b]) C Pic’(C) is a finite
group scheme. In particular, the order of r L € Ker(f — [b])(k) is finite. Thus, L is a torsion element. []

Remark 6.10. We can actually prove the following. Let X be a smooth projective variety over @ and
f: X — X be a surjective morphism over @ with first dynamical degree §. If an R-divisor D on X
satisfies

f*D ~g AD

for some A > §, then one has D ~p O.
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Sketch of the proof. Consider the canonical height

hp(P)= lim hp(f"(P))/A"
n—oo
where hp is a height associated with D [Call and Silverman 1993]. If h p(P) #£0 for some P, then we can

prove & r(P) > A. This contradicts the fact § > & ¢ (P) and the assumption A > §. Thus one has h p=0and
therefore hp = sz 4+ O(1)=0(1). By a theorem of Serre, we get D ~ 0 [Serre 1997, 2.9, Theorem]. [

Proposition 6.11. Let L be an invertible sheaf of degree zero on a genus one curve C and X =P(Oc @ L).
For any noninvertible endomorphism f: X — X, Conjecture 1.1 holds.

Proof. By Lemmas 6.5 and 6.9 we may assume a > b. In this case, § = a and Conjecture 1.1 can be
proved as in the proof of Theorem 6.1. ]

Proof of Theorem 1.3 for P'-bundles over genus one curves. As we argued at the first of Section 4, we
may assume that the endomorphism f: X — X is not an automorphism. Then the assertion follows from
Propositions 6.4 and 6.11. O

Remark 6.12. In the above setting, the line bundle £ is actually an eigenvector for f up to linear
equivalence. More precisely, for a P!-bundle 7 : X = P(O¢ & £) — C over a curve C with deg £ =0
and an endomorphism f: X — X that induces an endomorphism fc: C — C, there exists an integer ¢
such that fiL= L'. Indeed, let Cy and C; be the sections defined above. Since (f*(Co) - Cp) = 0, we can
write Ox (f 1 (Cp)) = Ox (mCo)@m*N for some integer m and degree zero line bundle A" on C. Since

m
0# HY(Ox(f1(Co))) = H(Ox (mCo)@m*N) = H(Sym™ (Oc & LYRN) = D H(L'RN).

i=0
we have NV = £ for some —m < r < 0. Thus f*Ox(Cy) = Ox(mCy)@m*L". The key is the
calculation of global sections using projection formula. Since Ox(C;) = Ox(Co)®@n*L~"!, we have
1,.O0x(mCp) = 1,0x(mCo)RL™™. Moreover, since Cy and C; are numerically equivalent, we can
similarly get f*Ox(C1) = Ox(mCo)Q@m*L® for some integer s. Thus, f*7m*L = n*L . Therefore,
a*feL=m*L"°. Since w*: Pic C — Pic X is injective, we get frL=L""".

Pl-bundles over curves of genus > 2. By the following proposition, Conjecture 1.1 trivially holds in
this case.

Proposition 6.13. Let C be a curve with g(C) >2 and w: X — C be a P'-bundle over C. Let f: X — X
be a surjective endomorphism. Then there exists an integer t > 0 such that f' is a morphism over C, that

is, f! satisfies w o f' = m. In particular, f admits no Zariski dense orbit.

Proof. By Lemma 5.4, we may assume that f induces a surjective endomorphism fc: C — C with
mo f = fcom. Since C is of general type, fc is an automorphism of finite order and the assertion
follows. -

Remark 6.14. One can also show that any surjective endomorphism over a curve of genus at least two
admits no dense orbit by using the Mordell conjecture (Faltings’s theorem).
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7. Hyperelliptic surfaces

Theorem 7.1. Let X be a hyperelliptic surface and f: X — X a noninvertible endomorphism on X.
Then Conjecture 1.1 holds for f.

Proof. Let m: X — E be the Albanese map of X. By the universality of r, there is a morphism g: £ — E
satisfying m o f = g om. It is well-known that E is a genus one curve, 7 is a surjective morphism with
connected fibers, and there is an étale cover ¢: E' — E suchthat X' = X xg E' = F x E’, where F is
a genus one curve [Bidescu 2001, Chapter 10]. In particular, X’ is an abelian surface. By Lemma 6.3,
taking a further étale base change, we may assume that there is an endomorphism 4: E" — E’ such that
poh=go¢.Letn’: X' — E’and y: X’ — X be the induced morphisms. Then, by the universality of
fiber products, there is a morphism f’: X’ — X’ satisfying 7’0o f'=n'oh and ¥ o f' = f oy. Applying
Lemma 3.2, it is enough to prove Conjecture 1.1 for the endomorphism f’. Since X' is an abelian variety,
this holds by [Kawaguchi and Silverman 2016a, Corollary 31] and [Silverman 2017, Theorem 2].  [J

8. Surfaces with k(X) =1

Let f: X — X be a noninvertible endomorphism on a surface X with «(X) = 1. In this section we shall
prove that f does not admit any Zariski dense forward f-orbit. Although this result is a special case of
[Nakayama and Zhang 2009, Theorem A] (see Remark 1.2), we will give a simpler proof of it.

By Lemma 4.2, X is minimal and f is étale. Since deg(f) > 2, we have x (X, Ox) =0.

Let ¢ = Py : X —> PV = PH(X, mKx) be the Titaka fibration of X and set Co = ¢(X). Since f
is étale, it induces an automorphism g: PV — PV such that ¢ o f = g o ¢ [Fujimoto and Nakayama 2008,
Lemma 3.1]. The restriction of g to Co gives an automorphism fc,: Co — Co such that ¢ o f = fc, 0 ¢.
Take the normalization v: C — Cy of Cy. Then ¢ factors as X > C — C( and 7 is an elliptic fibration.
Moreover, fc, lifts to an automorphism fc: C — C such that w o f = fcom.

So we obtain an elliptic fibration 7 : X — C and an automorphism fc on C such that m o f = from.
In this situation, the following holds.

Theorem 8.1. Let X be a surface with k(X) = 1, m: X — C an elliptic fibration, f: X — X a
noninvertible endomorphism, and fc: C — C an automorphism such that w o f = fcon. Then f.=idc¢
for a positive integer t.

Proof. Let { P, ..., P.} be the points over which the fibers of 7 are multiple fibers (possibly r =0, i.e.,
7 does not have any multiple fibers). We denote by m; denotes the multiplicity of the fiber 7* P; for
every i. Then we have the canonical bundle formula:

mi—l
7T*P,',

,
Kx=n"(Kc+L)+)
i=l

m;

where L is a divisor on C such that deg(L) = x (X, Ox). Then deg(L) = 0 because f is étale and
deg(f) > 2 (see Lemma 4.2). Since «(X) = 1, the divisor K¢ + L + Z;zl(mi — 1)/m; P; must have
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positive degree. So we have

2(2(C) — 1)+Zm"m—__1 > 0. (%)
i=1 !

For any i, set Q; = fC_I(Pi). Then n*Q; =n* fiP; = f*m* P; is a multiple fiber. So (fc)l(p,,....p,) is
a permutation of {Py, ..., P,} since f¢ is an automorphism.

We divide the proof into three cases according to the genus g(C) of C:

(1) g(C) = 2; then the automorphism group of C is finite. So f/. = idc for a positive integer .

(2) g(C) = 1; by (xx), it follows that r > 1. For a suitable ¢, all P; are fixed points of fé. We put the
algebraic group structure on C such that Py is the identity element. Then f{. is a group automorphism on
C. So f =1idc for a suitable s since the group of group automorphisms on C is finite.

(3) g(C) = 0; again by (xx), it follows that r > 3. For a suitable ¢, all P; are fixed points of fé. Then
f& fixes at least three points, which implies that f/. is in fact the identity map. ]

Immediately we obtain the following corollary.

Corollary 8.2. Let f: X — X be a noninvertible endomorphism on a surface X with k(X) = 1. Then

there does not exist any Zariski dense f-orbit.

Therefore Conjecture 1.1 trivially holds for noninvertible endomorphisms on surfaces of Kodaira
dimension 1.

9. Existence of a rational point P satisfying as(P) =4

In this section, we prove Theorems 1.6 and 1.7. Theorem 1.6 follows from the following lemma. A subset
Y C V (k) is called a set of bounded height if for some (or, equivalently, any) ample divisor A on V, the
height function 4 4 associated with A is a bounded function on X.

Lemma 9.1. Let X be a smooth projective variety and f: X — X a surjective endomorphism with
8y > 1. Let D # 0 be a nef R-divisor such that f*D =67D. Let V C X be a closed subvariety of
positive dimension such that (DY™V . V) > 0. Then there exists a nonempty open subset U C V and a set
¥ C U (k) of bounded height such that for every P € U (k) \ & we have ap(P)=14y.

Remark 9.2. By a Perron—Frobenius type result of [Birkhoff 1967, Theorem], there is a nef R-divisor
D # 0 satisfying the condition f*D = §7D since f* preserves the nef cone.

Proof. Fix a height function hp associated with D. For every P € X (k), the following limit exists
[Kawaguchi and Silverman 2016b, Theorem 5]:

h(P)= lim M

n—00 Sf
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The function / has the following properties [Kawaguchi and Silverman 2016b, Theorem 5]:

(1) h=h p+ O(Whpy) where H is any ample divisor on X and ~y > 1 is a height function associated
with H.

(i) If A(P) > 0, then a s (P) =& ;.
Since (DY™V . V) > 0, we have (D|y%™"V) > 0 and D|y is big. Thus we can write D|y ~g A+ E
with an ample R-divisor A and an effective R-divisor E on V. Therefore we have

hlyg =ha+he+ 0 hy)

where h 4 and h g are height functions associated with A and E and % 4 is taken to be 24 > 1. In particular,
there exists a positive real number B > 0 such that hy +hp — h | v = B+/h 4. Then we have the following

inclusions: o _
{(PeV(k)|h(P)<0}C{PeV(k)|ha(P)+hp(P)<Byha(P)}
C Supp EU{P € V(k) | ha(P) < Bv/ha(P))
=Supp EU{P € V(k) | ha(P) < B?}.
Hence we can take U = V \ Supp E and ¥ = {P € U (k) | fz(P) <0} ]

Corollary 9.3. Let X be a smooth projective variety of dimension N and f: X — X a surjective
endomorphism. Let C be a irreducible curve which is a complete intersection of ample effective divisors
Hy, ..., Hy_1 on X. Then for infinitely many points P on C, we have ay(P) = ;.

Proof. We may assume 8y > 1. Let D be as in Lemma 9.1. Then (D-C) = (D-H;---Hy_1) >0
[Kawaguchi and Silverman 2016b, Lemma 20]. Since C (k) is not a set of bounded height, the assertion

follows from Lemma 9.1. O

To prove Theorem 1.7, we need the following theorem which is a corollary of the dynamical Mordell-
Lang conjecture for étale finite morphisms.

Theorem 9.4 (Bell, Ghioca and Tucker [2010, Corollary 1.4]). Let f: X — X be an étale finite morphism
of smooth projective variety X. Let P € X (k). If the orbit O (P) is Zariski dense in X, then any proper
closed subvariety of X intersects O ¢(P) in at most finitely many points.

Proof of Theorem 1.7. We may assume dim X > 2. Since we are working over k, we can write the set of
all proper subvarieties of X as
(V;CX1i=0,1,2,...}.

By Corollary 9.3, we can take a point Py € X \ Vj such that as(P) = §¢. Assume we can construct
Py, ..., P, satisfying the following conditions:

() ap(P)=6ffori=0,...,n.

(2) OF(P)NO(Pj) =2 fori # j.

3) Pi¢Vifori=0,...,n.
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Now, take a complete intersection curve C C X satisfying the following conditions:
« Fori=0,...,n,C ¢ Op(P)if Op(P;) # X.
« Fori=0,...,n,C ¢ Os1(P)if Op-1(P) #X.
« CZ Vyq.

By Theorem 9.4, if O y=(P;) is Zariski dense in X, then O +(P;) N C is a finite set. By Corollary 9.3,
there exists a point

Pn+1eC\( U orenu U 0f1<Pl~)uvn+1>

0<i<n 0<i<n
such that ar(P,41) = 87. Then Py, ..., P41 satisfy the same conditions. Therefore we get a subset
S={P|i=0,1,2,...} of X which satisfies the desired conditions. |
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Big Cohen—Macaulay algebras and the vanishing
conjecture for maps of Tor in mixed characteristic

Raymond Heitmann and Linquan Ma

We prove a version of weakly functorial big Cohen—Macaulay algebras that suffices to establish Hochster
and Huneke’s vanishing conjecture for maps of Tor in mixed characteristic. As a corollary, we prove an
analog of Boutot’s theorem that direct summands of regular rings are pseudorational in mixed characteristic.
Our proof uses perfectoid spaces and is inspired by the recent breakthroughs on the direct summand
conjecture by André and Bhatt.

1. Introduction and preliminaries

In a recent breakthrough, Y. André [2018a] settled Hochster’s direct summand conjecture which dates
back to 1969.

Theorem 1.1 (André). Let A — R be a finite extension of Noetherian rings. If A is regular, then the map
is split as a map of A-modules.

This was previously only known for rings containing a field [Hochster 1975b] and for rings of dimension
less than or equal to three [Heitmann 2002]; what is new and striking is the general mixed characteristic
case. A simplified and shorter proof of Theorem 1.1 was later found by Bhatt [2018]. But André’s
argument [2018a] also proved the stronger conjecture that balanced big Cohen—Macaulay algebras exist in
mixed characteristic.' Recall that B is called a balanced big Cohen—Macaulay algebra for the local ring
(R, m) if mB # B and every system of parameters for R is a regular sequence on B. It is a conjecture of
Hochster [1975a; 1975b] that such algebras exist in general and he proved this for rings that contain a
field. André’s solution in mixed characteristic depends on his deep result in [André 2018b] that gives a
generalization of the almost purity theorem: the perfectoid Abhyankar lemma.

The purpose of this paper is to prove that weakly functorial balanced big Cohen—Macaulay algebras exist
for certain surjective ring homomorphisms in mixed characteristic, a result that has many applications.

MSC2010: primary 13D22; secondary 13HOS.
Keywords: big Cohen—Macaulay algebras, direct summand conjecture, perfectoid space, vanishing conjecture for maps of Tor,
pseudorational singularities.
! André [2018a, Théoréme 0.7.1] stated the existence of big Cohen—Macaulay algebras for complete local domains, but the
general case follows by killing a minimal prime and taking the completion.
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Theorem 3.1. Let (R, m, k) be a complete local domain with k algebraically closed, and let Q € R
be a height one prime ideal. Suppose both R and R/ Q have mixed characteristic. Then there exists a

commutative diagram:
R—— R/Q

| ]

B——C
where B, C are balanced big Cohen—Macaulay algebras for R and R/ Q respectively.

Our method of proving avoids the perfectoid Abhyankar lemma in [André 2018b] and thus is much
shorter than André’s argument. More importantly, the weakly functorial property we prove is new.> We
should note that, in equal characteristic, the existence of weakly functorial balanced big Cohen—Macaulay
algebras was known in general [Hochster and Huneke 1995]. Nonetheless, the version we prove is strong
enough to settle Hochster and Huneke’s [1995] vanishing conjecture for maps of Tor in mixed characteristic.

Theorem 4.1. Let A — R — S be maps of Noetherian rings such that A — S is a local homomorphism
of mixed characteristic regular local rings and R is a module-finite torsion-free extension of A. Then for
all A-modules M, the map TorlA (M,R) — ToriA (M, S) vanishes forall i > 1.

As a consequence of Theorem 4.1, we prove the following, which is the mixed characteristic analog of
Boutot’s theorem [1987].3

Corollary 4.3. If R — S is a ring extension such that S is regular and the map is split as a map of
R-modules, then R is pseudorational (in particular Cohen—Macaulay).

It is well known that Theorem 4.1 implies Theorem 1.1 (for example, see [Ranganathan 2000] or
[Ma 2018, Remark 4.6]). Recently, Bhatt [2018] gave an alternative and shorter proof of Theorem 1.1:
instead of using the perfectoid Abhyankar lemma, Bhatt established a quantitative form of Scholze’s
Hebbarkeitssatz (the Riemann extension theorem) for perfectoid spaces, and the same idea leads to a proof
of a derived variant, i.e., the derived direct summand conjecture. We point out that Theorem 4.1 formally
implies such derived variant by [Ma 2018, Remark 5.12] and hence we recover, and in fact generalize,
Bhatt’s result (see Remark 4.5). Furthermore, although the idea is inspired by [Bhatt 2018], our argument
is independent of that work in exposition. We avoid the use of Scholze’s Hebbarkeitssatz and the vanishing
theorems of perfectoid spaces; instead we study the colon ideals of A (p"/g) in Lemma 3.4.

Remark 1.2. We should point out that, to the best of our knowledge, Hochster and Huneke’s vanishing con-
jecture for maps of Tor is still open if A and R have mixed characteristic but S has equal characteristic p > 0.
This case also implies Theorem 1.1 by [Hochster and Huneke 1995, (4.4)]. However, the discussion above
shows that the mixed characteristic case we proved (i.e., Theorem 4.1) is enough for almost all applications.
2In fact, our version of the existence of weakly functorial big Cohen—Macaulay algebras does not even seem to follow from
the perfectoid Abhyankar lemma [André 2018b].
3This corollary can be also proved by combining [André 2018a, Remarque 4.2.1] and [Bhatt 2018, Theorem 1.2] (and an

extra small argument), see Remark 4.4. However, to the best of our knowledge, the results of [André 2018a; 2018b; Bhatt 2018]
are not enough to establish Theorem 4.1.
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This paper is organized as follows. In Section 2 we demonstrate a weakly functorial construction of
integral perfectoid algebras in Lemma 2.3. Then, in Section 3, we prove Theorem 3.1, and in Section 4,
we prove Theorem 4.1 and Corollary 4.3.

Perfectoid algebras. We will freely use the language of perfectoid spaces [Scholze 2012] and almost
mathematics [Gabber and Ramero 2003]. In this paper we will always work in the following situation:
for a perfect field k of characteristic p > 0, we let W (k) be the ring of Witt vectors with coefficients in k.
Let K° be the p-adic completion of W (k)[p'/?™] and K = K°[1/p]. Then K is a perfectoid field in the
sense of [Scholze 2012] with K° C K its ring of integers.

A perfectoid K -algebra is a Banach K-algebra R such that the set of power-bounded elements R° C R
is bounded and the Frobenius is surjective on R°/p. A K°-algebra S is called integral perfectoid if
it is p-adically complete, p-torsion free, satisfies S = S,* and the Frobenius induces an isomorphism
S/p'/P — §/p. These two categories are equivalent to each other [Scholze 2012, Theorem 5.2] via the
functors R — R° and S — S[1/p].

Unless otherwise stated, almost mathematics in this paper will always be measured with respect to the
ideal (p!/?™) in K°.

Partial algebra modifications. We briefly recall Hochster’s partial algebra modifications that play a
crucial rule in the construction of balanced big Cohen—Macaulay algebras. Our definition and usage of
these modifications is basically the same as that in [Hochster 2002, Sections 3 and 4].

Let (R, m) be a local ring and let M be an R-module. We define a partial algebra modification of M
with respect to a system of parameters xp, ..., x; of R to be a map M — M’ obtained as follows: for
some integer s > 0 and relation x4 U5 = ijl xjuj, where u; € M, choose indeterminates X1, ..., Xj
and an integer N > 1, let F = u;4 1 — Zj‘:l x; X and let

M/:M[le 7XS']§N/FR[X19 "'aXS]SN—19

where M[ X1, ..., X;]=M®rR[X1, ..., X;]and thus M[X7, ..., X]<n refers to polynomials of degree
at most N (with coefficients in M). The definition of M’ makes sense since F has degree one in X;. It is
readily seen that in M’, the relation xsug1 ] = ijl xju; is trivialized in the sense that u . is contained
in (xg, ..., xy)M’ by construction. We shall refer to the integer N as the degree bound of the partial algebra
modification. We can then recursively define a sequence of partial algebra modifications of an R-module M.

Now given a local map of local rings (R, m) — (S, n) we can define a double sequence of partial
algebra modifications of an R-module M with respect to R — S, a system of parameters x1,...,x; of R and
a system of parameters y1,..., vy of S as follows: we first form a sequence of partial algebra modifications
of M over R with respect to xy,...,x4, say M = My, My,..., M,, and then we form a sequence of partial
algebra modifications No = S ®g M,, Ny,..., Ny of Ny over S with respect to yi,..., . When M is an
R-algebra, we call this double sequence bad if the image of 1 € M in N; is in nNj.

48, = {x e S[1/p]| pl/pk -x € S for all k}. Hence § is almost isomorphic to Sy with respect to (pl/poo); thus in practice
we will often ignore this distinction since one can always pass to Sy without affecting the issue.
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The following was essentially taken from [Hochster 2002, Theorem 4.2], and is one of the main
ingredients in our construction.

Theorem 1.3. Let (R, m) — (S, n) be a local homomorphism of local rings. Then there exists a commu-
tative diagram

|

X =
O——t

—

such that B is a balanced big Cohen—Macaulay algebra for R and C is a balanced big Cohen—Macaulay
algebra for S if and only if there is no bad double sequence of partial algebra modifications of R over
R — S with respect to x1,...,xqg of Rand yy, ..., ya of S.

This theorem is actually a bit stronger than [Hochster 2002, Theorem 4.2]. Whereas Hochster allows
the system of parameters to vary throughout the double sequence, we fix a system of parameters of R
and S. But the idea of the proof is the same: one first constructs B’ as a direct limit of finite sequences of
modifications of R and then constructs C’ as a direct limit of finite sequences of modifications of S ® g B
over S. It is readily seen that xi, ..., xs and yq, ..., ys are improper-regular sequences on B’ and C’
respectively. To guarantee that mB’ # B’ and nC’ # C’ one needs precisely that there is no bad double
sequence of partial algebra modifications over R — S. Now B’ and C’ are not balanced, but that problem
is easily remedied. We invoke [Bruns and Herzog 1993, Corollary 8.5.3] to note that B — C’ induces
B=B"->Cc=C"a map of balanced big Cohen—Macaulay algebras of R — .

2. Weakly functorial construction of integral perfectoid algebras

Notation. Throughout this section, (A, m, k) will always be a complete and unramified regular local ring
of mixed characteristic with k perfect, i.e., A = W(k)[[x1, ..., xg—1], where W (k) is the ring of Witt
vectors with coefficients in k. Let K° be the p-adic completion of W (k)[p'/?”] and K = K°[1/p]. Let

Ao be the p-adic completion of A[p!/?™, x,/” . x)/ ploc], which is an integral perfectoid K °-algebra.

For any nonzero element g € A, we let Ay, 0 = Ao be André’s construction of integral perfectoid K °-
algebras (for example see [Bhatt 2018, Theorem 2.3]): A is almost faithfully flat over A o modulo p
such that g admits a compatible system of p*-th roots in A,. We will denote by Ao (p"/g) the integral
perfectoid K °-algebra which is the ring of bounded functions on the rational subset {x € X | |p"| < |g(x)[},
where X = Spa(Ax[1/p], Ax) is the perfectoid space associated to A,. Since g admits a compatible
system of pX-th roots in Ao, Aso(p™/g) can be described almost explicitly as the p-adic completion of
Aso(p"/8)V/?P7] [Scholze 2012, Lemma 6.4].

We begin by observing the following:

Lemma 2.1. Suppose g #0in A/x1A. Then we have a natural map Aso — (A/x1A) Sending gl/pk
to g‘/l’k.
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Proof. We first note that there are natural maps
Acc,0 > (A/x1A) 00,0 = (A/X1A) o0,
where the first map is simply obtained by killing xl1 /P” Thus we have a map
Ao o(TP™) = (A/x1A)s0

of integral perfectoid K°-algebras sending T/ " to gV P, Since Ay is the ring of functions on
the Zariski closed subset of ¥ = Spa(Aoo’o(Tl/Poo)[l/p], Aoo,o(Tl/poo)) defined by 7' — g, the map
Ase.o{T/P™) = (A/x1A)oo induces a map Ao, — (A/x1A)s sending g!/7" to g!/7". O

Lemma 2.2. Let (R, m, k) be a complete normal local domain with k perfect, and let Q C R be a height
one prime ideal. Suppose both R and R/ Q have mixed characteristic. Then we can find a complete and
unramified regular local ring A = W (k)[[x1, ..., xq_1]l with A — R a module-finite extension such that

() O0NA=(x1);
(2) A, —> R is essentially étale.

Proof. Let {P;} be all the minimal primes of (p); they all have height one. Since R/Q has mixed
characteristic, p ¢ Q. Thus Q is not contained in any of the P;. By prime avoidance we can choose x € O
that is not in ({J; £;) U Q‘?. Thus the image of x in R generates QR since R is normal, and p, x is
part of a system of parameters of R.

Cohen’s structure theorem implies the existence of a complete and unramified regular local ring
A=W(®&)[xg, ..., xs—1] and a module-finite extension A — R such that the image of x| in R is x. It is
clear that Q N A = (x;) because Q N A is a height one prime of A that contains (x;), so it must be (x).
To see A(x,) = Ry is essentially étale, note that the image of x1, x, generates the maximal ideal QR
of R¢ and the extension of residue fields A()/(x1)A,) — Ro/ QR is finite separable since both fields
have characteristic O (p is inverted when we localize). Thus A,y — Ry is unramified. But it is clearly
flat because R is xi-torsion free. Therefore A(,,) — Ry is essentially étale. U

The following is the main result of this section. It is crucial in proving the version of weakly functorial
balanced big Cohen—Macaulay algebras that we need.

Lemma 2.3. Let (R, m, k) be a complete normal local domain with k perfect, and let Q C R be a height
one prime ideal. Suppose both R and R/ Q have mixed characteristic. We pick A = W (k)[x1, ..., xq—1]
such that A — R is a module-finite extension satisfying the conclusion of Lemma 2.2. Then there exists
an element g € A, whose image is nonzero in A/x1 A, such that Ag — R, and (A/x1A)g — (R/Q), are

both finite étale. Furthermore, for every n > 0, we have a commutative diagram:

R——R/Q

I

Roo,n — (R/Q)oo,n
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where Roon (resp. (R/Q)oo.n) is an integral perfectoid K°-algebra that is almost finite étale over
Ao (p"/8) (resp. (A/x1A)o00(P"/8))-

Proof. Let g € A be the discriminant of the map A — R; i.e., it defines the locus of Spec A such
that the map A — R is not essentially étale when localizing. Since A() — Ry is essentially étale, g
is nonzero in A/x1A. Since x| generates Q when localizing at Q and we know that A, — R, and
hence (A/x1A)¢ — (R/x1R), are finite €tale, replacing g by a multiple we have A, — R, and
(A/x1A)g — (R/Q), are both finite étale. By Lemma 2.2 we have a commutative diagram:

A—— R

| |

A/x1A —— R/OQ.

By Lemma 2.1 we also have a commutative diagram:

A Aco Al Z)

| | |

A/x1A —— (A/x1A)0e — (A/x1A)oo( ).
Tensoring over A we get a natural commutative diagram:

R—— R® A

| |

R/Q — (R/Q)® (A/x1A)u( ).

Since A, — R, and (A/x1A), — (R/Q), are both finite étale and g divides p" in A (p"/g) and

(A/x1A)o0(p"/8), we know that (R ® Aco(p"/g)[1/p] and ((R/Q) ® (A/x1A)e(p"/g))[1/p] are
finite étale over (Ao (p"/g)[1/p] and ((A/x1A)o{p"/g))[1/ p] respectively. Therefore

n n

(reas(Z )] (R@maman(Z))[]

is a morphism of perfectoid K -algebras; thus it induces a map on the ring of power-bounded elements
p” 170 pn 170
R =(RO AP ] = (R/ 00 i= (R/Q © (A T[T

The almost purity theorem [Scholze 2012, Theorem 7.9] implies that R, , and (R/ Q)0 are integral
perfectoid K °-algebras that are almost finite étale over Ao (p”/g) and (A/x1A)0(p"/g) respectively.
Therefore we have the desired commutative diagram:

R———R/0

| O

Roo,n — (R/Q)oo,n
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3. The main result

In this section we continue to use the notation from the beginning of Section 2. The main theorem we
want to prove is the following:

Theorem 3.1. Let (R, m, k) be a complete local domain with k algebraically closed, and let Q C R
be a height one prime ideal. Suppose both R and R/ Q have mixed characteristic. Then there exists a
commutative diagram:

R—— R/Q

| ]

B——C
where B, C are balanced big Cohen—Macaulay algebras for R and R/ Q respectively.
To prove this we need several lemmas.

Lemma 3.2. Let A= W (k)[x1, ..., xq—1]] be a complete and unramified regular local ring with k perfect,
andlet I = (p, y1, ..., ys) be an ideal of A that contains p. Fix a nonzero element g = p" go € A, where
P 1 8o, and consider the extension A — Aoy — Axo(p"/g). Suppose z € [Ax(p"/g) N Ax for some
n > p® 4+ m (one should think that n > p® > 0 here). Then we have (pg)l/”az € lAx.

Proof. Using the almost explicit description of A (p"/g) [Scholze 2012, Lemma 6.4], we have
, TN
prrcenf(5)"
8

for some 7 > a. This implies that the image of p'/?'z in Aso[(p"/2)"/P™1/p = Accl(p"/)1/P¥1/ p is
contained in the ideal (yy, ..., y;). Therefore we can write

PP = pfotyifit vk

where fo, fi,..., fs € Aool(p"/g)"/P™]. Then there exists integers k and & such that fy, fi, ..., f; are
elements in A [(p"/g)" ”k] of degree bounded by p*h. Multiplying by gg to clear all the denominators
in f;, one gets:

PP gz e (g T, pUTIPY (puyis y) Ace.

From this we know:

! h—(1/p* ) o
pl/p ggz=g0 (/p)(Ph0+ylh1+"'+)’shs) in Au/p—m/p

where ho, hy, ..., hy € As. Rewriting this we have
h—(1/p° t o1/ p . —m)/p¢
go P (p P gy " 2 — pho— yihy — - — ysh) =0 in Ag/pUTm/P".
Since p t go, go is a nonzero divisor on A/p. This implies gg ~(/P") §s an almost nonzero divisor on

Aoo/p(”_m)/pa since A — Ao, is faithfully flat and A0 — A is almost faithfully flat modulo p.
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1/p*

Hence pl/“”g0 z— pho— yih1 — - - — yshy is killed by (p'/P™). In particular, since ¢ > a, we know

(pgo)l/p”ze(p,yl,...,ys) in Aoo/p(n_m)/p“_

Finally, since n > p“ +m and g is a multiple of gy, we have

(PP ze Py ¥ A
This finishes the proof. U

Lemma 3.3. Let A= W (k)[[x1, ..., xq—1] be a complete and unramified regular local ring with k perfect.
Fix a nonzero element g = p™ go € A where ptgo and n > m. Suppose z € Acl(p" /)P 1 and pPz e A
for some D > 0. Then pPz pD_(l/p’)Aoofor all t.

Proof. There exist k > 0 such that z € As[(p"/g)"/ Pk]. Choosing a high enough power of g¢ to clear
denominators, we get ggz € Ax. SO g{)’ (pPz) € pPA. Since go is a nonzerodivisor on A/p?” and
Aoo/ pP is almost faithfully flat over A/pP, p'/?' pPz € pP A, for all 7. Since Ao is p-torsion free,
pPze pP=U/PY A for all 1. O

Lemma 3.4. Let A=W (k)[x1, ..., xq—1] be a complete and unramified regular local ring with k perfect.
Fix a nonzero element g = p"™ gy € A where p 1 go, and consider the extension A — Ao — Aso(P"/8)
for every n. Suppose S is an almost finite projective Aoo(p"/g)-algebra. If p* +m < n, then we have
(PP (p)VP" annihilates (p, x1, ..., x5)S : Xg41/(P, X1, ..., X5)S forall s <d — 1.

Proof. Suppose y € (p, x1, ..., X5)Acc(p"/g) : Xxs+1. Since y is an element of A (p"/g), for every
1> 0, Py € Anl(p"/9)V7™] and x,11p/7'y € (p.x1. ... x0) Ascl(p"/8)1/7™] by [Scholze 2012,
Lemma 6.4]. Thus modulo p, p'/?'y gives an element in An [(p"/8)" /g)l/l’ 1/p = Ascl(p" /)" /P 1/ p. We
pick z € Aso[(p" /)P ] such that z = p'/?"y modulo pAso[(p" /g)l/l’ |

Now the image of x;, 1z € Axo (p"/g)l/p 1in As[(p" /)Y P™1/ p = Ascl(p"/8)V/P*]1/p is contained

in the ideal (x1, ..., x;5)(Asc[(p" /g)l/l7 1/p). Therefore, we know
p"\1/p>
X512 € (p, X1, ...,xS)AOO[<?) ]
and thus
p\1/P>=
ZG(P,XI,---,xs)Aool:<?) ]:xs+1-

Next we write z = u + (p"/g)"/?"u’ such that g(l) Py e Ao, u' € Aso[(p"/2)"/P7], and we also write
xé"rlz =V + (pn/g)l/P v SuCh that g()/p vV E (p xlv R ] XS)AOO’ U/ € (p9 xl» ] xA)AOO[(pn/g)l/poo]
We consider two expressions of x4 go/

— a 1 a 1 a
xs-i—]go/p u—+ P(n m/p xs—HM/ = xs+1g()/p = go/p v+p

(n=m)/p® /-
From this we know that

1 a 1 a _ a
Xor1(ge " w) = go " v+ P W = xgtd). (3.4.1)
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It follows from (3.4.1) that p(”_m)/pa (v — xg41u’) € A (since the other two terms are in Ay,). Thus by
Lemma 3.3, p®~™/P" (v/ — x,11u') € pAss since n > p* +m. But now (3.4.1) tells us that

1 a
X108 ) € (X1, oo X)) Ao+ PAse = (P, X1, .., Xs) Ao
Since gé/pau € Ay and p, x1, ..., xg11 is an almost regular sequence on A,
(pgo)/"'u e (p.x1,.... %) Acc.

But now

(pgo) /7 z = (pgo) /P u+ p/P" plr=mirty,

Therefore

a p\1/p% p"\1/p>
(pgo)'/"'z e (P,xl,---,xs)Aoo-i-pAoo[(?) ] - (p,xl,...,xs)Aoo[(?) ]

Because z = p'/?'y modulo pAs[(p”/g)"/7*] and g is a multiple of go, we have

o0 pn

Up' () o1 LA P
p'P(pg)’t ye(p,xi,...,x)Ax P _(p,xl,...,xs)Aoog-

Since this is true for all r > 0, we have (p'/?”)(pg)'/P" annihilates

(P> X1s - X) AcoZ) x4

(psX1seney xs)Aoo<p?n)

Finally, since S is an almost finite projective A (p"/g)-algebra, by [Gabber and Ramero 2003, Lemma
2.4.31],
(P, X15 ooy X5)S D X541
(p, X1, ..., %5)S

=Homg(S/Xs41, §/(p, X1, ..., X))
is almost isomorphic to

" P (P X1, s %) Aco Z) X1
S ®H0ono(p”/g> <Aoo<—>/xs+1, AOO<—>/(p, X1y onns x5)> =5S® G
g g (paxla~~~axS)AOO<?)

Therefore (pl/poc)(pg)l/pa annihilates (p, x1, ..., x5)S : xs+1/(p, X1, - .., X5)S as well. [l
We need the following lemma:

Lemma 3.5 [Hochster 2002, Lemma 5.1]. Let M be an R-module and let T be an R-algebra with a map
a:M — T[1/c]. Let M — M’ be a partial algebra modification of M with respect to part of a system of
parameters p, X1, .. ., X5, Xg1 with degree bound D. Suppose xs1ts1 = pto+xi1t1+- - -+xsts witht; €T
implies ctyy 1 € (p, x1, ..., x)T and a(M) C ¢™NT. Then there is an R-linear map B : M’ — T[1/c]
extending o with image contained in ¢=N 'T where N=ND+ N + D depends only on N and D.
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Proof of Theorem 3.1. Let R’ be the normalization of R and let Q’ be a height one prime of R’ that lies
over Q. Note that the residue field of R’ is still k since we assumed k is algebraically closed. If we can
construct weakly functorial big Cohen—Macaulay algebras for R” — R’/Q’ then the same follows for
R — R/Q. Thus without loss of generality we can assume (R, m, k) is normal. Let

R——~R/Q

I

Roon — (R/Q)oorn

be the commutative diagram constructed in Lemma 2.3. Moreover, abusing notation slightly, suppose
g=p™goin Aand g = p"gopin A/x1 A such that p{ go and p 1 go.

Now Ruon, and (R/Q)s.n are almost finite étale over Axo(p"/g) and (A/x1A)c(p"/g) respectively,
in particular they are almost finite projective over A (p"/g) and (A/x1A)o{p"/g) respectively (see
[Scholze 2012, Definition 4.3 and Proposition 4.10]). Lemma 3.4 shows that, for every n and p“ such that
n> p®+my+my, with ¢ = (pg)?/ P, if xs4 14,41 = plo+x1t;+- - -+ X515 With t; € Reo  (resp. (R/ Q)oon)s
we have that ct,1 € (p, X1, ..., Xs)Roo n (tesp. (R/Q)oo.n)-

By Theorem 1.3, it suffices to show that there is no bad double sequence of partial algebra modifications

of R. Suppose there is one:
R-M —----—>M —-(R/QO)QM, - N - ---— Nj.

We claim that there exists a commutative diagram:

R Ml Mr (R/Q)®Mr Nl Ns

| [ | l

Roo,n[%] — Roo,n[l] == Roo,n[%] - (R/Q)oo,n[%] — (R/Q)oo,n[%] e (R/Q)oo,n[%]

c

The leftmost vertical map is the natural one; the first half of the diagram exists by Lemma 3.5; the
middle commutative diagram exists because the composite map M, — R n[1/c] = (R/Q)oo.nll/c]
induces amap (R/ Q)@ M, — (R/Q)oo.nll/c] since (R/Q)oo.nll/c]is an R/Q-algebra; the second half
of the diagram exists by Lemma 3.5 again.

Let D > 0 be an integer larger than the degree bounds for all the partial algebra modifications in
this sequence. Applying Lemma 3.5 repeatedly to the first half of the diagram, we know there is
an integer M depending only on D, but not on n and p“ such that the image of « is contained in
c_MRoo,n. The image of the map (R/Q)® M, — (R/Q)co.nl1/c] is contained in c‘M(R/Q)oo,n because
Roonll/c]— (R/Q)oo.nll/clisinduced by R, = (R/Q)oo.n- But then applying Lemma 3.5 repeatedly
to the second half of the diagram, we know that there exists an integer N depending on M and D (and
hence only on D), but not on n and p? such that the image of 8 is contained in ¢~V (R/ Qoo.n-
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Now we chase the above diagram and we see that on the one hand, the element 1 € R maps to
1 € (R/Q)co.nl1/c]. But on the other hand, since the sequence is bad, the image of 1 € R in N; is in mNj
and hence the image of 1 € R is contained in mc‘N(R/Q)OO,,, in (R/Q)oco.nll/cl. Therefore we have
1em((pg)*?" )™M (R/Q)oc,n. that is,

(p)*V'7" e m(R/Q)oon-

Because m is the maximal ideal of R and A = W(k)[[x1,...,xs—1] = R is module-finite, m”" ' C
(p, x1,...,%x4_1)R for some fixed N'. We thus have:

(p)* VNP e (pxas . xa 1) (R Q)ooun-

Since (R/ Q)0 is almost finite étale over (A/x1A)oo(p"/g), We know that

n

(PPN TV € (s a A Aol S )0 (A 11 A

But now Lemma 3.2 implies (pg) VN +2/P" ¢ (p, xa, ..., x4-1)(A/x1A)so for all p% Because N, N’
do not depend on p?, we know that pg € (p, x2, ..., x4-1)"(A/x1A) for all m > 0. Since (A/x1A)
is almost faithfully flat over (A/x;A)o0.0 mod p™, we know that

P8 (P X2, ... Xa—1)" (A/X1A) 000 N (A/x1A) = (P, X2, ..., Xa—1)" (A/x1 A)
for all m > 0 by faithful flatness of (A/x1A)x 0 Over A/x;A. But then
P8 €Nn(p, X2, ... Xa-1)" (A/x14) =0,
which is a contradiction. O

Remark 3.6. We point out that the quantitative form of Scholze’s Hebbarkeitssatz [Bhatt 2018, The-
orem 4.2] implies Lemma 3.2 and the following weaker form of Lemma 3.4: if {S,}, is a pro-system
such that S, is an almost finite projective A (p"/g)-algebra, then for every k > 1 and n > p“ + m,
(p"P™)(pg)"/P" annihilates the image of (p,x1,...,Xs)Skan : X541/ (Ps X1, +vvs Xs) Skgn A0 (P, X1, ..., X5) Sk :
Xs+1/(p,X1,...,%5)Sk. This weaker form is enough to establish Theorem 3.1, but one needs to modify the
proof of Lemma 3.5 and Theorem 3.1: to extend each partial algebra modification to R ,[1/c] one needs
to decrease n roughly by p“ in order to trivialize bad relations (and keep control on the denominators).
We leave it to the interested reader to carry out the details.

4. Applications

The results obtained in the preceding section are strong enough to establish the mixed-characteristic case
of Hochster and Huneke’s vanishing conjecture for maps of Tor [1995].

Theorem 4.1. Let A — R — S be maps of Noetherian rings such that A — S is a local homomorphism
of mixed characteristic regular local rings and R is a module-finite torsion-free extension of A. Then for
all A-modules M, the map Torl’.A‘ (M,R) — ToriA (M, S) vanishes for all i > 1.
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We need the following important reduction. This reduction is known to experts and is proved implicitly
in [Ranganathan 2000, Chapter 5.2] and [Hochster 2017, Section 13]. We will give a sketch of the proof.

Lemma 4.2. To prove Theorem 4.1, we can assume (A, m) is complete, R is a complete local domain,

and S = A/x A where x € m —m?>

Sketch of proof. We can assume M is finitely generated. Replacing M by its first module of syzygies over A
repeatedly, we only need to prove the case i = 1. We may further assume M = A/I by [Ranganathan
2000, Lemma 5.2.1] or [Hochster 2017, Page 15].> Next by [Hochster and Huneke 1995, (4.5)(a)], we
can assume A and S are both complete, R is a complete local domain, and A — S is surjective; i.e.,
S'= A/P where P is generated by part of a regular system of parameters of A (note that p ¢ P since S
has mixed characteristic). It follows that S = R/Q for some prime ideal Q of R lying over P. After all
these reductions, we note that by [Hochster 2017, Lemma 13.6], Torf‘ (A/I, R) — Tor’l“ (A/I, S) vanishes
ifandonlyif /IQNP =1P.

We next want to reduce to the case that P is generated by one element. The trick is to replace A
by its extended Rees ring A= A[Pt,t7'], R by R= R[Pt,t '] and S by S = A‘/t—ll Since P is
generated by part of a regular system of parameters, A and § are still regular. The point is that there is a
homogeneous prime ideal é C R that contains Q and contracts to t~'AC A (see [Ranganathan 2000,
Proof of Theorem 5.2.6] or [Hochster 2017, Page 16]), thus we have A — R — S. Therefore if we can
prove Theorem 4.1 for A>R—>SandM=A4 /1 A, then [Hochster 2017, Lemma 13.6] implies that
IQ Nt'A=11""A. Comparing the degree O part, we see that /[QN P =1P.

Finally, we can localize A and S and complete, and reduce to the case Risa complete local domain
as in [Hochster and Huneke 1995, (4.5)(a)]. Note that S is obtained from A by killing one element
(and we may assume S still has mixed characteristic after localization). We thus obtain all the desired
reductions. U

Proof of Theorem 4.1. By Lemma 4.2, we may assume R is a complete local domain and § = A/x A.
It follows that S = R/Q for a height one prime Q of R. Since A — § and R — § are both surjective,
A, R, S have the same residue field k. We fix a coefficient ring W (k) of A, then the images of W (k)
in R and S are also coefficient rings of R and S. Replacing A, R, S by their faithfully flat extensions
A@W(k) W (k), R@W(k) W (k), S@W(k)W(IE) does not affect whether the map on Tor vanishes or not. Thus
without loss of generality we may assume k is algebraically closed.

By Theorem 3.1, we have a commutative diagram:

R——>S=R/Q
B—C

3In this process we may lose A and S being local, but we can always localize A and S again to assume they are local (and
have mixed characteristic, since otherwise Theorem 4.1 is known).
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where B and C are balanced big Cohen—Macaulay algebras for R and S respectively. This induces a
commutative diagram:

Tor (M, R) —— TorA (M, S)

l l

Tor (M, B) — Tor (M, C)

Since B is a balanced big Cohen—Macaulay algebra over R (and hence also over A), it is faithfully flat
over A so Torl‘fx (M, B) =0 for all i > 1. Moreover, C is faithfully flat over § since it is a balanced big
Cohen—Macaulay algebra over S and S is regular, thus ToriA M, S) — Torl’-“ (M, C) is injective. Chasing
the diagram above we know that the map Tor (M, R) — Tor(M, S) vanishes for all i > 1. O

A local ring (R, m) of dimension d is called pseudorational if it is normal, Cohen—Macaulay, ana-
lytically unramified (i.e., the completion R is reduced), and if for every projective and birational map
m: W — Spec R, the canonical map HZ(R) — HE(W, Oy) is injective where E = 7 ~!(m) denotes the
closed fiber. In characteristic 0, pseudorational singularities are the same as rational singularities. Very
recently, Kovécs [2017] has proved a remarkable result that, in all characteristics, if 7: X — Spec R is
projective and birational, where X is Cohen—Macaulay and R is pseudorational, then Rm,Ox = R.

In equal characteristic, direct summands of regular rings are pseudorational [Boutot 1987; Hochster and
Huneke 1990]. This is usually called Boutot’s theorem. It is well known that the vanishing conjecture for
maps of Tor in a given characteristic implies that direct summands of regular rings are Cohen—Macaulay
[Hochster and Huneke 1995, (4.3)]. What we want to prove next is the analog of Boutot’s theorem that
direct summands of regular rings are pseudorational in mixed characteristic. This in fact also follows
formally from the vanishing conjecture for maps of Tor [Ma 2018]. Since the full details were not written
down explicitly there, we give a complete argument here. We first recall the following Sancho de Salas
exact sequence [1987].

LetT =R[Jt]=R®JtHJ**>P--- andlet W = Proj T — Spec R be the blow up with £ =7 (m).
Pick fi,..., fu € Jt =[T]; such that U = {U; = Spec[T,]o} is an affine open cover of W. We have an
exact sequence of chain complexes:

0— C*(U, Oy)[—11— [C*(fi, ..., fn. T)lo— R — 0.

Since é’(U, Ow) = Rn,.Ow and C*(fi, ..., fu, T) = [RI'7_,T]o, the above sequence gives us (after
rotating) an exact triangle:

[RT7, Tl — R — Rm, Oy >

Applying RT,, we get:

[RTmi7.,Tlo — RTmR — RTwR7, Oy > .
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Taking cohomology we get the Sancho de Salas exact sequence:

—— h([RT i1, Tlo) — h*(RTwR) —— h*(RT R, Oyw) —— 4.2.1)

—— [HZ, 1 (T)]o —— HI(R) ———— HE(W, Oy) ——

m

We also recall that R — S is pure if R® M — S ® M is injective for every R-module M. This is
slightly weaker than saying that R — S splits as a map of R-modules. If R is an A-algebra and R — S is
pure, then Tor{ (M, R) — Tor{(M, S) is injective for every i [Hochster and Huneke 1995, (2.1)(h)], in
particular, H&(R) — Hril(S) is injective for every i.

We are ready to prove the following corollary. We state the result in the local setting, but the general
case reduces immediately to the local case.

Corollary 4.3. Let (R, m) — (S, n) be a pure map of local rings such that (S, n) is regular of mixed char-
acteristic. Then R is pseudorational. In particular, direct summands of regular rings are pseudorational.

Proof. We can complete R and S at m and n respectively to assume both R and S are complete; R is
normal since pure subrings of normal domains are normal. By Cohen’s structure theorem, we have a
module-finite extension A — R such that A is a complete regular local ring. Let x1, ..., x4 be a regular
system of parameters of A. We apply Theorem 4.1 to M = A/(x1, ..., x4). We have

Tor (A/(x1, ..., Xa), R) = Torf (A/(x1, ..., xq), S)

vanishes for all i > 1. However, we also know that this map is injective because R — S is pure. Thus we
have TorlA(A/(xl, .oy Xq), R)=H;(x1,...,xq4, R) =0for all i > 1. This implies x, ..., xg is a regular
sequence on R and hence R is Cohen—Macaulay. Obviously, the complete local domain R is analytically
unramified.

We now check the last condition of pseudorationality. Let W — Spec R be a projective birational map,
thus W = Proj T =Proj R@® Jt ® J?t>* @ - - - for some ideal J € R. We now apply the Sancho de Salas
exact sequence (4.2.1) to get:

(T)lo — HEL(R) —— HE(W, Ow)

lz

(T) —— HL(R).

[ m+T0

m+T 0

Thus in order to show Hd(R) — Hd(W Oy ) is injective, it suffices to show H m+T 0(T) — Hd(R)
vanishes. We can localize T at the maximal ideal m + 7% ¢, complete, and kill a minimal prime without
affecting whether the map vanishes or not. Hence it is enough to show that if (7, m) — (R, m) is a
surjection such that T is a complete local domain of dimension d + 1, then Hé’l(T) — Hrﬁ(R) vanishes.
By Cohen’s structure theorem there exists (A, mg) — (7, m) a module-finite extension such that A is a
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complete regular local ring. We consider the chain of maps
A—-T—->R—>S
Applying Theorem 4.1to A - T — Sand M = H]f{o+l (A), we know that the composite map
Tor{ (HA'(A), T) — Tor (H& (A), R) — Tor{ (HA' (A), S)

vanishes. Since the Cech complex on a regular system of parameters gives a flat resolution of Hn‘i(‘:l (A)
over A, we know that Tor{' (HZ ' (A), N) = Hd (N) for every A-module N. Thus the composite map

HY(T) — HY(R) — HL(S)

vanishes. But then Hn‘i(T) — Hfl(R) vanishes because Htﬁ(R) — Hfl(S) is injective since R — S is
pure. (I

Remark 4.4. Corollary 4.3 can be also obtained by combining the main results of [André 2018a; Bhatt
2018] and using the following argument: the existence of weakly functorial big Cohen—Macaulay algebras
for injective ring homomorphisms [André 2018a, Remarque 4.2.1] implies that direct summands of regular
rings are Cohen—Macaulay, but we also know they are derived splinters (because this is true for regular
rings by [Bhatt 2018, Theorem 1.2] and it is easy to see that direct summand of derived splinters are
still derived splinters). Now the argument of [Kovacs 2017, Lemma 7.5] implies that Cohen—Macaulay
derived splinters are pseudorational.

Remark 4.5. Last we point out that by [Ma 2018, Remark 5.12], Theorem 4.1 gives a new proof of the
derived direct summand conjecture [Bhatt 2018, Theorem 6.1], that is, if R is a complete regular local
ring of mixed characteristic and w: X — Spec R is a proper surjective map, then R — R, Ox splits in
the derived category of R-modules. Our proof is different from Bhatt’s in that it does not use Scholze’s
vanishing theorem [2012, Proposition 6.14]. In fact, tracing the arguments of [Ma 2018, Theorem 5.11 and
Remark 5.13], one can show that our Theorem 3.1 leads to a stronger result that complete local rings that are
pure inside all their big Cohen—Macaulay algebras (e.g., complete regular local rings) are derived splinters.
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Blocks of the category of smooth ¢-modular
representations of GL(n, F) and its inner forms:
reduction to level O

Gianmarco Chinello

Let G be an inner form of a general linear group over a nonarchimedean locally compact field of residue
characteristic p, let R be an algebraically closed field of characteristic different from p and let Zg(G) be
the category of smooth representations of G over R. In this paper, we prove that a block (indecomposable
summand) of Zg(G) is equivalent to a level-0 block (a block in which every simple object has nonzero
invariant vectors for the pro-p-radical of a maximal compact open subgroup) of Zx(G’), where G’ is a
direct product of groups of the same type of G.

Introduction

Let F be a nonarchimedean locally compact field of residue characteristic p and let D be a central division
algebra of finite dimension over F' whose reduced degree is denoted by d. Given m € N*, we consider
the group G = GL,,(D) which is an inner form of GL,,;(F). Let R be an algebraically closed field of
characteristic £ # p and let Zg(G) be the category of smooth representations of G over R, that are called
£-modular when £ is positive. In this paper, we are interested in the Bernstein decomposition of Zg(G)
(see [Sécherre and Stevens 2016] or [Vignéras 1998] for d = 1) that is its decomposition as a direct sum
of full indecomposable subcategories, called blocks. Actually a full understanding of blocks of Zr(G) is
equivalent to a full understanding of the whole category.

The main purpose of this paper is to find an equivalence of categories between any block of Zg(G) and
a level-0 block of Zg(G’) where G’ is a suitable direct product of inner forms of general linear groups
over finite extensions of F. We recall that a level-0 block of Zz(G’) is a block in which every object has
nonzero invariant vectors for the pro-p-radical of a maximal compact open subgroup of G’. This result
is an important step in the attempt to describe blocks of Zg(G) because it reduces the problem to the
description of level-0 blocks.

In the case of complex representations, Bernstein [1984] found a block decomposition of Z¢(G)
indexed by pairs (M, o) where M is a Levi subgroup of G and o is an irreducible cuspidal representation
This work is partially part of the PhD thesis of the author and he wants to thank his supervisor, Vincent Sécherre, for his support
and his comments on this paper.
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of M, up to a certain equivalence relation called inertial equivalence. In particular an irreducible
representation ;v of G is in the block associated to the inertial class of (M, o) if its cuspidal support is in
this class. Bushnell and Kutzko [1998] introduced a method to describe the blocks of Z¢(G): the theory
of types. This method consists in associating to every block of Z¢(G) a pair (J, A), called a type, where J
is a compact open subgroup of G and A is an irreducible representation of J, such that the simple objects
of the block are the irreducible subquotients of the compactly induced representation inds; (A). In this case
the block is equivalent to the category of modules over the C-algebra ¢ (G, 1) of G-endomorphisms of
ind? (A). Sécherre and Stevens [2012] (see [Bushnell and Kutzko 1999] for d = 1) described explicitly
this algebra as a tensor product of algebras of type A.

In the case of £-modular representations, Sécherre and Stevens [2016] (see [Vignéras 1998] for d = 1)
found a block decomposition of Zg(G) indexed by inertial classes of pairs (M, o) where M is a Levi
subgroup of G and o is an irreducible supercuspidal representation of M. In particular an irreducible
representation 7 of G is in the block associated to the inertial class of (M, o) if its supercuspidal support
is in this class. We recall that the notions of cuspidal and supercuspidal representations are not equivalent
as in complex case; however, Minguez and Sécherre [2014a] proved the uniqueness of supercuspidal
support, up to conjugation, for every irreducible representation of G. We remark that to obtain the block
decomposition of Zg(G), Sécherre and Stevens do not use the same method as Bernstein, but they rely,
like us in this paper, on the theory of semisimple types developed in [Sécherre and Stevens 2012] (see
[Bushnell and Kutzko 1999] for d = 1). Actually, they associate to every block of Zr(G) a pair (J, 1),
called a semisimple supertype. Unfortunately the construction of the equivalence, as in the complex case,
between the block and the category of modules over 7% (G, L) does not hold and one of the problems that
occurs is that the pro-order of J can be divisible by £. Some partial results on descriptions of algebras
which are Morita equivalent to blocks of Zg(GL,,(F)) are given in [Dat 2012; Helm 2016; Guiraud 2013].

The idea of this paper is the following. We fix a block Z2(J, A) of Zg(G) associated to the semisimple
supertype (J, A) and, as in [Sécherre and Stevens 2016], we can associate to it a compact open subgroup

Jmax of G, its pro-p-radical J! and an irreducible representation 1,,,, of J. . We remark that we can

max-*

extend, not uniquely, to an irreducible representation kmax Of Jmax. Thus, we denote Z(G, 1ax)

nmax

the direct sum of blocks of Z(G) associated to (Jrllax, Nmax) and we consider the functor

M

" max

= Homg (ind§, maxs =) : Z(G. Nipay) —> Mod- A (G Nypa),

where & (G, §.x) = Endg (ind(J;&m (Mmax))- Using the fact that 5,,,, is a projective representation, since
JL.. is a pro-p-group, we prove that M, . is an equivalence of categories (Theorem 5.10). This result
generalizes Corollary 3.3 of [Chinello 2017] where 7,,,, is a trivial character. We can also associate to
(J, 1) aLevi subgroup L of G and a group B;, which is a direct product of inner forms of general linear
groups over finite extensions of F' and which we have denoted G’ above. If K is a maximal compact open
subgroup of B;* and K i is its pro-p-radical then K /K i = Jmax/J L = 9 is a direct product of finite
general linear groups. Actually, in [Chinello 2017] it is proved that the K i-invariants functor inv k! is an

equivalence of categories between the level-0 subcategory Z(B;, K i) of Zr(B]'), which is the direct
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sum of its level-0 blocks, and the category of modules over the algebra 7% (B, K i) =End BY (indiLz 1g 1 ).
Now, thanks to the explicit presentation by generators and relations of ./ (B, , K 2) presented in [Chinello
2017], in this paper we construct a homomorphism ©,, . . : % (B, K i) —> AR (G, Ny finding
elements in 7% (G, 1,,,;) satisfying all relations defining 7% (B, K i). This homomorphism depends on
the choice of the extension K max Of 50 t0 Jmax and on the choice of an intertwining element y of 5.
Moreover, using some properties of 3,,,,, we prove that this homomorphism is actually an isomorphism.
We remark that finding this isomorphism is one of the most difficult results obtained in this article and the
proof in the case L = G takes about half of the paper (Section 3). In this way we obtain an equivalence

of categories Fy ... : Z(G, o) —> Z(B}, K i) such that the following diagram commutes:

K max

FVJ(max

(G, Nnax) Z(B[, K])

M'Imax ll? 2|liani

¥,Kkmax

Mod- #%(G, Npa) ——— Mod- (B}, K}).

Then we obtain
. .BX
Fy ke (T, V) = My, (T, V) ® 87 k1) mdki(lKLl)

for every (7, V) in Z(G, 1,,,«)> Where the action of J#x(B;", Ki) on M
Hence, F, ., induces an equivalence of categories between the block #(J, A) and a level-0 block of

(7, V) depends on ©, .

ﬂmax

Zr(B Z)- To understand this correspondence we need to use the functor
Kiepes : 2(G o) — AR (Jmax/ Ina) = Zr(9),

where Jmax acts on K, (m) =Hom I (Maxs ) bY X.¢ = 7(x) 09 0 K max (x)~! for every representation
7w of G, 9 € Homj 1 ax(”maX’ ) and x € Jmax. This functor is strongly used in [Sécherre and Stevens 2016]
to define Z(J, L) and to prove the Bernstein decomposition of Zg(G). We also consider the functor
Kk, : Z(B[, Ki) — %R(KL/KD = Zr(¥) given by Kg, (Z) = ZKL for every representation (o, Z)

of B/ where x € K acts on z € ZXL by x.z = o(x)z. Then the functors Kk, o Fy .. and K, are

Kmax
naturally isomorphic (Proposition 5.14) and so Z(J, ) is equivalent to the level-0 block % of Zg(B Z)
such that K, (Z(J, 1)) = Kk, (%). More precisely, if J!is the pro- p-radical of J, then J/J1 = is
a Levi subgroup of ¢ and the choice of k.« defines a decomposition A = k ® & where k is an irreducible
representation of J and o is a cuspidal representation of .# viewed as an irreducible representation of J
trivial on J'. If we can consider the pair (.#, &) up to the equivalence relation given in Definition 1.14 of
[Sécherre and Stevens 2016], then a representation (g, Z) of B, is in 4 if it is generated by the maximal
subspace of Z KL such that every irreducible subquotient has supercuspidal support in the class of (.#, o).

One question we do not address in this paper is the structure of level-0 blocks of %z (B;‘) when the
characteristic of R is positive. Thanks to results of [Chinello 2017] we know that there is a correspondence
between these blocks and the set & of primitive central idempotents of .z (B, K i), which are described

in Sections 2.5 and 2.6 of [Chinello 2015]. Hence, one possibility for understanding level-0 blocks of
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Zr(B ;f) is to describe the algebras e.#% (B}, K 11‘) with e € &. On the other hand, we recall that Dat
[2018] proved that every level-0 block of Zg(GL,(F)) is equivalent to the unipotent block of Zg(G"),
where G” is a suitable product of general linear groups over nonarchimedean locally compact fields.
Hence, putting together the result of Dat and results of this article, we obtain a method to reduce the
description of any block of Zg(GL,(F)) to that of a unipotent block. Unfortunately the description of
the unipotent block of Zg(GL,(F)), or of Zr(G), is nowadays a hard question and it has no answer yet.

We now summarize the contents of each section of this paper. In Section 1 we present general results
on the convolution Hecke algebras 7% (G, o) where G is an arbitrary locally profinite group and o a
representation of an open subgroup H of G. We see that if o is finitely generated then 7% (G, o) is
isomorphic to the endomorphism algebra of indﬁ o. We define two subcategories of Z(G) and prove
that, when they coincide, they are equivalent to the category of modules over .7z (G, o). In Section 2
we introduce the theory of maximal simple types; we consider the Heisenberg representation n associated
to a simple character (see Section 2A) and define the groups B* = B} and K =K é In Section 3
we prove that the algebras #%(G, ) and SR (B*, K 1) are isomorphic. In Section 4 we introduce
the theory of semisimple types, define the representation ,,,, and the group B, and prove that the
algebras 7% (B;, K i) and SR (G, Ny,,x) are isomorphic. In Section 5 we prove that M, and F, ..
are equivalences of categories; we describe the correspondence between blocks of Z(G, 3,,,c) and of
#(B;, K i) and investigate the dependence of these results on the choice of the extension of 5, t0 Jmax-

1. Preliminaries

This section is written in much more generality than the remainder of the paper. We present general
results for an arbitrary locally profinite group.

Let G be a locally profinite group (i.e., a locally compact and totally disconnected topological group)
and let R be a unitary commutative ring. We recall that a representation (;r, V') of G over R is smooth if for
every v € V the stabilizer {g € G| w(g)v = v} is an open subgroup of G. We denote by Zr (G) the (abelian)
category of smooth representations of G over R. From now on all representations considered are smooth.

1A. Hecke algebras for a locally profinite group. In this section we introduce an algebra associated to
a representation o of a subgroup of G and we prove that it is isomorphic to the endomorphism algebra
of the compact induction of ¢. This definition generalizes those in Section 1 of [Chinello 2017] that
corresponds to the case in which o is trivial.

Let H be an open subgroup of G such that every H-double coset is a finite union of left H-cosets (or

1

equivalently HN gHg ™" is of finite index in H for every g € G) and let (o, V,;) be a smooth representation

of H over R.

Definition 1.1. Let 2#%(G, o) be the R-algebra of functions ® : G — Endg(V,) such that ®(hgh’) =
o(h)o®(g)oo (k') forevery h, i’ € Hand g € G and whose supports are a finite union of H-double cosets,
endowed with convolution product

(@1xP)(g) =Y P1(x)Pa(xg), (1)
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where x runs over a system of representatives of G/H in G. This algebra is unitary and the identity element
is o seen as a function on G with support equal to H. To simplify the notation, from now on we denote
DD = Dy x D, forall dy, b, € #%(G, 0).

We observe that the sum in (1) is finite since the support of @ is a finite union of H-double cosets and
by hypothesis, every H-double coset is a finite union of left H-cosets. Furthermore, the formula (1) is well
defined because for every & € Hand x, g € G we have

1 (xh) P2 ((xh)'g) = ®1(x) oo (B) oo (h™ ) o @a(x ' g) = D1 (x) 0 Dr(x'g).

For every g € G we denote by (G, 0)uen the submodule of 7% (G, o) of functions with support
inHgH. If g1, g2 € G, @1 € H#R (G, 0)ugn and Oy € H#R (G, 0)ng,u then the support of ®D; isin HgiHgH
and the support of x > ®;(x)®2(x'g) is in HgiHN gHg, 'H.

Remark 1.2. If g; or g, normalizes H then the support of ®;®; is in Hg;g,H and the support of x
@ (x)P2(x""g182) is in g1H. Hence, we obtain (®1P2)(g182) = P1(g1) 0 P2(g2).

For every g € G we denote by H¢ = g~ !'Hg and (04, V) the representation of H¢ given by o¢(x) =
o(gxg™") for every x € H¥. We denote by I, (o) the R-module Homyngs (0, 0¢) and Ig(o) the set, called
the intertwining of o in G, of g € G such that I,(0) # 0. For every g € Ig(o) the map ® > ®(g) is an
isomorphism of R-modules between 7% (G, 0 )uen and I, (o) and so g € G intertwines o if and only if
there exists an element & € 7% (G, o) such that ®(g) # 0.

Let indS(o) be the compactly induced representation of o to G. It is the R-module of functions
f :G— V,, compactly supported modulo H, such that f(hg) = o (h)f(g) forevery h € Hand g € G
endowed with the action of G defined by x.f : g — f(gx) for every x, g € G and f € indi(o). We remark
that, since H is open, by 1.5.2(b) of [Vignéras 1996] it is a smooth representation of G. For every v € V,; let
iy € indg(a) be the function with support in H defined by i, (h) = o (h)v for every h € H. Then for every
x € G the function x ~!.i,, has support Hx and takes the value v on x. Hence, for every f € indg(a) we have

f=> xligw 2)
x€H\G

with the sum finite since the support of f is compact modulo H, and so the image iy, of v > i, generates
indg (o) as representation of G.

Frobenius reciprocity (1.5.7 of [Vignéras 1996]) states that the map Homgy(o, V) — Hom(;(indg(a), V)
given by ¢ —  where ¢ (v) = ¥ (i) for every v € V,; is an isomorphism of R-modules.

Lemma 1.3. If V, is a finitely generated R-module, the map & : 5#%(G, 0) — Endg (indg(cr)) given by
E@(NR)=(@x =Y @[ g)
x€G/H
forevery ® € 5% (G,0), f € indg (0) and g € G is an R-algebra isomorphism whose inverse is given by
E71)(g)(v) =V (iy)(g) for every ¥ € EndG(indﬁ(a)), geGandveV,.
Proof. See 1.8.5-6 of [Vignéras 1996]. U
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1B. The categories %4 (G) and % (G, o). In this section we associate to an irreducible projective repre-
sentation of a compact open subgroup of G two subcategories of Zg(G).

Let K be a compact open subgroup of G and (o, V,;) be an irreducible projective representation of K
such that V, is a finitely generated R-module. Then p = ind$ (o) is a projective representation of G by
1.5.9(d) of [Vignéras 1996] and so the functor

M, = Hom¢(p, —) : Zr(G) — Mod- 7% (G, o)

is exact. We remark that for every representation (7, V) of G the right-action of ® € J#%(G, o) on
¢ € Homg(p, V) is given by ¢.® = ¢ 0 £(P) where & is the isomorphism of Lemma 1.3. Moreover,
if V| and V, are representations of G and € € Homg(V], V») then M, (¢) maps ¢ to ¢ o ¢ for every
¢ € Homg(p, V1).

Definition 1.4. Let %, (G) be the full subcategory of Zg(G) whose objects are representations V such
that M, (V') # 0 for every irreducible subquotient V' of V.

For every representation V of G we denote by V7 =) $eHomy (o, v) @ (0) Which is a subrepresentation
of the restriction of V to K. We denote by V[o] the representation of G generated by V. If o is the trivial
character of K then V° = V¥ ={v e V | m(k)v = v for all k € K} is the set of K-invariant vectors of V.

Proposition 1.5. For every representation V of G we have V]o] = ZWEM[,(V) Y (p) and so M, (V) =
M, (V[o]). Moreover, if W is a subrepresentation of V then My (W) =M, (V) ifand only if Wlo]=V]o].

Proof. By Frobenius reciprocity we have Homg (o, V) = M, (V) and so using (2) we obtain
Viel=Y (e Y ¥liv)= ), W(Zg.iva) = > ¥,
8€G veMs(V) veMs(V) 8€G YveMy (V)
which implies M, (V) = M,(V[o]). Furthermore, if W[o] = V[o] then M, (W) = M, (V) and if
M, (W)= M, (V) then
Wiol= > v(= Y v =Viol O
YveM, (W) YeM, (V)

Definition 1.6. Let Z(G, o) be the full subcategory of % (G) whose objects are representations V such
that V = V[o]. If o is the trivial character of K we denote by Z(G, K) the subcategory of representations
V generated by VX,

Proposition 1.7. Let V be a representation of G. The following conditions are equivalent:
(i) For every irreducible subquotient U of V we have M, (U) # 0.

(ii) For every nonzero subquotient W of V we have M, (W) # O.

(ii1) For every subquotient Z of V we have Z = Z[o].

(iv) For every subrepresentation Z of V we have Z = Z[o].
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Proof. (i)—(ii): Let W be a nonzero subquotient of V and W| C W, two subrepresentations of W such that
U = W,/ W is irreducible. By (i) we have M, (U) #% 0 which implies M, (W;) # 0 and so M, (W) # 0.

(ii)—(ii): Let Z be a subquotient of V. By Proposition 1.5 we have M, (Z) = M,(Z[o]) and so
M, (Z/Z[o]) =0. Hence, by (ii) we obtain Z = Z[o].

(iv)—(i): Let U be an irreducible subquotient of V and Z; C Z, be two subrepresentations of V

such that U = Z,/Z;. By (iv) we have Z|[o] = Z| # Z, = Z,[o] and by Proposition 1.5 we have
M, (Z)) # M, (Z;,). Hence, we obtain M, (U) # 0. O

Remark 1.8. Proposition 1.7 implies that %, (G) is a subcategory of Z(G, o).

1C. Egquivalence of categories. In this section we suppose that there exists a compact open subgroup Ko
of G whose pro-order is invertible in R and we consider the Haar measure dg on G with values in R such
that fKo dg =1 (see 1.2 of [Vignéras 1996]). We prove that if the two categories introduced in Section 1B
are equal then they are equivalent to the category of modules over the algebra introduced in Section 1A.

The global Hecke algebra 5#%(G) of G is the R-algebra of locally constant and compactly supported
functions f : G — R endowed with convolution product given by (f] * f2)(x) = fG fi(@) fr (g_lx) dg for
every f1, f>» € #%(G) and x € G (see 1.3.1 of [Vignéras 1996]). In general s#%(G) is not unitary but it
has enough idempotents by 1.3.2 of [loc. cit.]. The categories Zg(G) and .##%(G) -Mod are equivalent by
1.4.4 of [loc. cit.] and we have indg(t) = % (G) Q. m) V- for every representation (z, V) of an open
subgroup H of G by 1.5.2 of [loc. cit.].

Let K be a compact open subgroup of G, let (o, V,;) be an irreducible projective representation of X as in
Section 1B and let p = indﬁ (o). Since V is a simple projective module over the unitary algebra 7% (K), it
is isomorphic to a direct summand of .7% (K) itself because any nonzero map .#% (K) — V is surjective and
splits. Then it is isomorphic to a minimal ideal of .7#% (K) and so there exists an idempotent e of .7#% (K) such
that V,, = 7% (K)e. Hence, we obtain p = . (G)e because the map Y, (fi ® hie) > (X_; fihi)e is an iso-
morphism of %% (G)-modules between % (G) @ 4 ) & (K)e and 7 (G)e whose inverse is fet— fe®e.

The algebra 7% (G, o) is isomorphic to Endg(p) = End y4 ) (#%(G)e) by Lemma 1.3 and the map
e (G)e — (End ) (% (G)e))°P which maps ef e € e.#%(G)e to the endomorphism f’e — f’efe of
A% (G)e is an algebra isomorphism whose inverse is ¢ > @(e). Then we have 7% (G, o) = e #%(G)e
and so the categories e.##%(G)e -Mod and Mod- 5% (G, o) are equivalent.

Theorem 1.9. If %;(G) = %#(G, o) then V — M, (V) is an equivalence of categories between % (G, o)
and Mod- 7 (G, o) whose quasiinverse is W +— W ® . @,0) -

Proof. We take A = 7% (G) and 7#%(G)e = p as in 1.6.6 of [Vignéras 1996]. Since #% (G, 0)°P = e #%(G)e,
left-actions of e.#%(G)e become right-actions of #%(G, o). The functor V +— eV of [loc. cit.] from
R (G) -Mod to e (G)e -Mod becomes the functor V + Hom, 4, ) (%% (G)e, V') and so the functor M.
The hypotheses of the theorem “équivalence de catégories” in 1.6.6 of [Vignéras 1996] are satisfied by
the condition %, (G) = Z(G, o) and so we obtain the result. U
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2. Maximal simple types

In this section we introduce the theory of simple types of an inner form of a general linear group over a
nonarchimedean locally compact field in the case of modular representations. We refer to Sections 2.1-5
of [Minguez and Sécherre 2014b] for more details.

Let p be a prime number and let ' be a nonarchimedean locally compact field of residue characteristic p.
For F” a finite extension of F, or more generally a division algebra over a finite extension of F, we denote by
Op its ring of integers, by @ r+ a uniformizer of Of, by g the maximal ideal of O and by € its residue
field. Let D be a central division algebra of finite dimension over F whose reduced degree is denoted
by d. Given a positive integer m, we consider the ring A = M,,(D) and the group G = GL,,,(D) which
is an inner form of GL,,4(F). Let R be an algebraically closed field of characteristic different from p.

Let A be an Op-lattice sequence of V = D™. It defines a hereditary Op-order 2 = 2A(A) of A
whose radical is denoted by 3, a compact open subgroup U(A) = Up(A) = A(A)* of G and a filtration
UM =1 +€]3k with £ > 1 of U(A) (see Section 1 of [Sécherre 2004]). Let [A, n, 0, 8] be a simple
stratum of A (see for instance Section 1.6 of [Sécherre and Stevens 2008]). Then 8 € A and the F-
subalgebra F[B] of A generated by f is a field denoted by E. The centralizer B of E in A is a simple
central E-algebra and 8 = 2N B is a hereditary Og-order of B whose radical is Q =N B.

As in Sections 1.2 and 1.3 of [Sécherre 2005b] we can choose a simple right £ ®  D-module N such
that the functor V +— Homgg,.p (N, V) defines a Morita equivalence between the category of modules
over E ® D and the category of vector spaces over D’ = Endgg,p(N)°P which is a central division
algebra over E. We set A(E) = Endp(N) which is a central simple F-algebra. If d’ is the reduced degree
of D' over E and m' is the dimension of V' =Homgg,p(N, V) over D', then we have m'd’ =md/[E : F].
Fixing a basis of V’ over D’ we obtain, via the Morita equivalence above, an isomorphism N = V
of E ®r D-modules. If for every i € {1,...,m’} we denote by V' the image of the i-th copy of N by
this isomorphism, we obtain a decomposition V=V!& ... @ V™ into simple £ ® p D-submodules. By
Section 1.5 of [Sécherre 2005b] we can choose a basis % of V' over D’ so that A decomposes as the
direct sum of the A' = ANV' fori € {1,...,m'}. Foreveryi € {1,...,m'}, lete; : V — V' be the
projection on V! with kernel @ ot VJ. In accordance with [Sécherre 2004, 2.3.1] (see also [Bushnell
and Henniart 1996]) the family of idempotents e = (ey, ..., €,) is a decomposition which conforms to
A over E.

By 1.4.8 and 1.5.2 of [Sécherre 2005b] there exists a unique hereditary order 2((E) normalized by
E* in A(E) whose radical is denoted by B(E). For every i € {1, ..., m'} we have an isomorphism
Endp (V') = A(E) of F-algebras which induces an isomorphism of O-algebras between the hereditary
orders 2A(A’) and 2(E). Moreover, to the choice of the basis Z corresponds the isomorphisms M,, (D") =
B of E-algebras and M,/ (A(E)) = A of F-algebras.

Remark 2.1. If U(A) N B> is a maximal compact open subgroup of B>, these isomorphisms induce an
isomorphism B = M,/ (Op’) of Og-algebras and, by Lemma 1.6 of [Sécherre 2005a], two isomorphisms
A= M,y (RAE)) and P = M,y CB(E)) of Op-algebras.
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We can associate to [A, n, 0, 8] two compact open subgroups J = J (B, A), H=H(B, A) of U(A)
(see 2.4 of [Sécherre and Stevens 2008]). For every integer k > 1 we set Jk=Jk B, N)=J(B, MHNU(N)
and H* = H*(B, A) = H(B, A) N Ux(A) which are pro- p-groups. In particular J! and H'! are normal
pro-p-subgroups of J and the quotient J'/H! is a finite abelian p-group.

Remark 2.2. We have J = (U(A)N B*)J! and this induce a canonical group isomorphism
J/JV=(U(A)NB*)/(Ui(A)N B*)

(see Section 2.3 of [Minguez and Sécherre 2014b]). It allows us to associate canonically and bijectively a
representation of J trivial on J! to a representation of U (A) N B> trivial on U;(A) N B*.

2A. Simple characters, Heisenberg representation and f-extensions. Let [A, n, 0, 8] be a simple stra-
tum of A. We denote by €r(A, 0, B) the set of simple R-characters (see Section 2.2 of [Minguez and
Sécherre 2014b] and [Sécherre 2004]) that is a finite set of R-characters of H' which depends on the
choice of an additive R-character of F' which has been fixed once and for all. If m € N* and [[\, n,0, B ]
is a simple stratum of M; (D) such that there exists an isomorphism of F-algebras v : F[B] — F [,8~]
with v(B) = ,3~ , then there exists a bijection g (A, 0, 8) — % ([\, 0, ,g) canonically associated to v,
called the transfer map. There also exists an equivalence relation, called endoequivalence, among simple
characters in € (A, 0, B) (see [Broussous et al. 2012]) such that two of them are endoequivalent if they
have transfers which intertwine. The equivalence classes of this relation are called endoclasses. Let
0 € €r(A, 0, B). By Proposition 2.1 of [Minguez and Sécherre 2014b] there exists a finite dimensional
irreducible representation 1 of J!, unique up to isomorphism, whose restriction to H' contains 6. It is
called the Heisenberg representation associated to 6. The intertwining of n is Ig(n) = J'B*J' = JB*J
and for every y € B* the R-vector space I,(7) = Hom iq¢;1yy (17, n”) has dimension 1.

A B-extension of n (or of 0) is an irreducible representation « of J extending n such that I (k) =J B> J.
By Proposition 2.4 of [Minguez and Sécherre 2014b], every simple character 6 € €r(A, 0, ) admits
a B-extension k and by formula (2.2) of [Minguez and Sécherre 2014b] the set of B-extensions of 8 is
equal to

B(0) ={k ® (x o Np/£) | x is a character of O, trivial on 1+ g},

where N/ is the reduced norm of B over E and x o Np/g is seen as a character of J trivial on J 1
thanks to Remark 2.2. We observe that for every « € B(0) and every y € B>, the R-vector space I, (k)
has dimension 1 because it is nonzero and it is contained in 7, (n).

2B. Maximal simple types. Let [A, n, 0, 8] be a simple stratum of A such that U (A) N B> is a maximal
compact open subgroup of B*. By Remarks 2.1 and 2.2, there exists a group isomorphism J/J! =
GL, (¢p’), which depends on the choice of A.

A maximal simple type of G associated to [A, n, 0, 8] is a pair (J, A) where A is an irreducible
representation of J of the form A = ¥ ® o where « € B(0) with 6 € €r(A, 0, B) and o is a cuspidal
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representation of GL,, (£p) identified with an irreducible representation of J trivial on J'. If o is a
supercuspidal representation of GL,,/(¢p/) then (J, 1) is called maximal simple supertype.

Remark 2.3. The choice of a -extension x € B(6) determines the decomposition A = k Q o. If we
choose another B-extension k" =« ® (x o Np,g) € B(6) we obtain the decomposition A = x’ @ o’ where
o’ =O’®(X_1 ONB/E)-

2C. Covers. Let M be a Levi subgroup of G, let P be a parabolic subgroup of G with Levi component M
and unipotent radical ¢/ and let &/~ be the unipotent subgroup opposite to ¢. We say that a compact open
subgroup K of G is decomposed with respect to (M, P) if every element k € K decomposes uniquely as
k = kikoks with ky € KNU™, kp € KN M and k3 € K NU. Furthermore, if 7 is a representation of K
we say that the pair (K, ) is decomposed with respect to (M, P) if K is decomposed with respect to
(M, P) and if K NUY and K NU~ are in the kernel of 7.

Let M be a Levi subgroup of G. Let K and K4 be two compact open subgroups of G and M
respectively and let o and o be two irreducible representations of K and K a4 respectively. We say
that the pair (K, o) is decomposed above (K nq, o0) if (K, 0) is decomposed with respect to (M, P) for
every parabolic subgroup P with Levi component M, if K N M = K and if the restriction of ¢ to Ky
is equal to p 4. For a parabolic subgroup P of G with Levi component M and unipotent radical U, let
oy be the Jacquet module of ¢ and ry; be the canonical quotient map 0 — oy. A pair (K, o) is a cover
of (K, oam) if it is decomposed above (K o, oaq) and if for every irreducible representations & of G
the map Homg (o, ) — Homg , (0Mm, ), given by ¢ +— 17 0 ¢ for every ¢ € Homg (o, ), is injective
(see Condition (0.5) of [Blondel 2005]). For more details see [Blondel 2005; Vignéras 1998].

3. The isomorphisms %4z (G, p) = st (B>, Uj(A) N B*)

Using the notation of Section 2, let [A, n, 0, 8] be a simple stratum of A such that U(A) N B> is a
maximal compact open subgroup of B*. Let 0 € €r(A, 0, f) and let n be the Heisenberg representation
associated to 8. In this section we want to prove that the algebras 5% (G, n) and 7#z (B>, U;(A) N BX)
are isomorphic (Theorem 3.43).

Henceforth, for a given m € N, we denote by [, the identity matrix of size m. Thanks to Section 2,
from now on we identify A with M, (A(E)), G with GL,,/(A(E)), U (A) with GL,»(A(E)), U;(A) with
I + My CB(E)), B* with GL,,(D"), Kg = U(A) N B* with GL,,,(Op/) and Ké = U (A)N B* with
I + M, (9p). By Section 2.4 of [Chinello 2017] we know a presentation by generators and relations of
the algebra J#z (B>, K 11;) =4(B*, K 11;,) ®z R. Using this presentation we want to find an isomorphism
between #% (B>, K ) and #%(G, n).

3A. Root system of GL,y. In this section we recall some notation and results on the root system of GL,,/
contained in Section 2.1 of [Chinello 2017].

We denote by ® = {a;; | | <i # j <m'} the set of roots of GL,, relative to the torus of diagonal matrices.
Let @t ={oy; [1<i<j<m},® =—-®" ={o;; |1 <j<i<m}and & ={o; ;41 |1 <i<m' —1}
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be, respectively, the sets of positive, negative and simple roots relative to the Borel subgroup of upper
triangular matrices. For every o = «; ;41 € X we write s, or s; for the transposition (i, 7 + 1). Let W be
the group generated by the s; which is the group of permutations of m’ elements and so the Weyl group
of GL,,. Let £ : W — N be the length function of W relative to sy, ..., s,’—;. The group W acts on ®
by wa;; = ayiyw(;) and for every w € W and a € £ we have (see (2.2) of [loc. cit.])

L(w)+1 if wa e ®F,

twse) = {E(w) —1 ifwe e ®. ©)

Remark 3.1. By Proposition 2.2 of [loc. cit.] we have £(w) = |[®T Nw® | = | Nwd™|.

For every P C ¥ we denote by <I>J[, the set of positive roots generated by P, ®, = —<I>;§, \IJ;,r =®"\ <I>J1§
and ¥V, = —\II;S. We denote by Wp the subgroup of W generated by the s, with « € P and by P the
complement of P in X. We abbreviate & = {a}.

Example. If « = o ;41 then @ = {aj j11 € X | j # i}, \Il(';:{othk edt |1<h<i<k<m'}and
O ={ae® |I<h<k<iori+l<h<k=m}

Proposition 3.2. Let P C X and let w be an element of minimal length in wWp € W/ Wp. Then wa € 7
for every o € <I>J}§ and for every w' € Wp we have L(ww’) = £(w) + £(w').

Proof. Proposition 2.4 and Lemma 2.5 of [Chinello 2017]. U

Proposition 3.2 implies that in each class of W/ Wp with P C X, there exists a unique element of
minimal length and the same holds in each class of Wp\W.

If @ is a uniformizer of Op we identify 1; = ("6 wuo, ) with i € {0, ..., m’}, defined in Section 2.2
of [loc. cit.], with elements of B* and then of G. For o? - o iy1 € X we write 1, = 7;. Let A and A be
the commutative monoid and group, respectively, generated by 7, with & € X. Then we can write every

element 7 of A uniquely as 7 =[] tie with i, in N and uniquely as T = diag(1, w®, ..., w-1)

aeX
with0<a; <---<a,_1. Inthis case we set P(1) ={a € X |iy=0}andif PC{0,...,m}orif PC X

we write Tp in place of ] T,. We remark that if P C ¥ then P(1p) = P.

xeP

3B. The representation np. Let M = A(E)™ x --- x A(E)* (m’ copies) which is a Levi subgroup of
G and let P be the parabolic subgroup of G of upper triangular matrices with Levi component M and
unipotent radical ¢/. Let P~ be the opposite parabolic subgroup of P and I/~ its unipotent radical.

We write U = KpNU, M = KpN M and Ip = K}QMU. Then U is the group of unipotent upper
triangular matrices with coefficients in Opr, M is the group of diagonal matrices with coefficients in O,
and /p is the standard Iwahori subgroup of K.

We denote by W the group W x A of monomial matrices with coefficients in & which is called the
extended affine Weyl group of B*. We recall that BX = Iz W I and actually it is the disjoint union of
IpiIp with b € W.

Remark 3.3. By Proposition 2.16 of [Sécherre 2005a], which works for every decomposition that
conforms to A over E and not necessarily subordinate to B, the groups J! and H' are decomposed with
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respect to (M, P). Moreover, if M"=[];_, GL,, (A(E)) with Y_i_, m;=m"is a standard Levi subgroup
of G containing M and P’ is the upper standard parabolic subgroup of G with Levi component M’, then
J! and H' are decomposed with respect to (M’, P).

Let 3' =3'(B8, A) and $' = $H'(B, A) be the Op-lattices of A such that J' =1+3' and H! = 1+ $'
(see Section 3.3 of [Sécherre 2004] or Chapter 3 of [Bushnell and Kutzko 1993]). Then they are
(B, B)-bimodules and we have wJ' ¢ H' c J' ¢ M, (P(E)).

Since VI = N for every i € {1,...,m'}, we can identify every A to a lattice sequence Ag of N with
the same period as A, every e’ﬂ to an element By € A(E) and 2A(Ag) to A(E). By Proposition 2.28 of
[Sécherre 2004] the stratum [Ag, n, 0, Bp] of A(E) is simple and the critical exponents ko(8, A) and
ko(Bo, Ao) are equal (for a definition of the critical exponent see Section 2.1 of [Sécherre 2004]). This
implies that 8 is minimal (i.e., —ko(8, A) = n) if and only if By is minimal. We write 3(1) =3By, Ao),
5= 9" (Bo. M), J§ = T (Bo. Ao) = 1 +3} and H} = H' (B, Ao) = 1+ 5}

Proposition 3.4. We have J' = M, (3J}) and ' = M, (§}).

Proof. We prove the result only for J! since the case of $' is similar. We have to prove that for
every i, j € {1,...,m'} we have eiglel = 3(1). We need to recall the definition of J(8, A) = 30(,3, A)
and of Jk(ﬁ, A) with k£ > 1. By Proposition 3.42 of [Sécherre 2004] if we set ¢ = —ko(B, A) and
s =[(g +1)/2] (where [x] denotes the integer part of x € @) we have J(8, A) =B +B° if B is minimal
and J(B, A) =B +J3°(y, A) if [A, n, g, y] is a simple stratum equivalent to [A, n, g, B]. Then, if B is
minimal, J*(8, A) = J(B, A) NP* is equal to QF +P* if 0 <k < s — 1 and to P* if k > 5. Otherwise,
if [A,n,q,y] is a simple stratum equivalent to [A, n, g, 81, (B, A) is equal to QF + J°(y, A) if
O<k<s—1landto Jk(y, A) if k > 5. Similarly we obtain that if By is minimal then gk (Bo, Mo) is equal
to pf), +PE) if0<k<s—1andto ‘B(E)k if k > 5. Otherwise, if [Ag, 1, ¢, yo] is a simple stratum
equivalent to [Ag, 1, ¢, Pol, I*(Bo, Ao) is equal to 50;3, + 3 (v, Ao) if k <s—1and to J*(yo, Ag) if k > s.
We prove that ! JX(8, A)e/ = F*(Bo, Ag) for every k > 0 by induction on ¢. If ¢ = n and so if B and By
are minimal, since Q = M, (pp/) and B = M, (B(E)) we have ¢! Q¥e/ = 59’[‘), and ¢/Pke/ = P(E)K
for every k and so ¢/ JX(8, A)el = F*(By, Ag) for every k > 0. Now if ¢ < n and so if g and By are
not minimal, by Proposition 1.20 of [Sécherre and Stevens 2008] (see also the proof of Theorem 2.2
of [Sécherre 2005b]) we can choose a simple stratum [Ayg, 11, g, o] equivalent to [Ag, 1, g, Bo] such
that if y is the image of yy by the diagonal embedding A(E) — A then [A, n, g, y] is a simple stratum
equivalent to [A, n, g, B]. By the inductive hypothesis we have ei‘”jk(y, Ael =3k (yo, Ao) for every
k > 0 and then we obtain ¢/ J*(8, A)e/ = J*(Bo, Ao). O

Let 6 be the transfer of 6 to €& (Ao, 0, B). Since H' is a pro- p-group, proceeding as in Proposition 2.16
of [Sécherre 2005a], the pair (H 1.0)is decomposed with respect to (M, P) and the restriction of 6 to
H'NM= HO1 X oo X HO1 is 089’"/. We remark that in general (J!, ) is not decomposed with respect
to (M, P). We denote by ng the Heisenberg representation of 6y and we can consider the irreducible
representation nyq = ngg’m/ of -]/lvz =J'nM= JO1 X - X ](}.
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We put J71> =J'NP)H" and H71> = (J'NU)H" which are subgroups of J!. They are normal in J'
because H'! contains the derived group of J'. Moreover, J NP normalizes J713 because H' is normal in
J and J' NP is normal in J NP. Then J713 is normal in J'(J N P).

Remark 3.5. Taking into account Remark 5.7 of [Sécherre and Stevens 2008], Proposition 5.3 of
[Sécherre and Stevens 2008] states that J; and H71j are decomposed with respect to (M, P) and so we have
Jp=H"CU)J (I NU) and Hp, = (H'NU™)(H'NM)(J' ). Moreover, if M'=[T;_; GL,y (A(E))
with )., m} =m’ is a standard Levi subgroup of G containing M and P’ is the upper standard parabolic
subgroup of G with Levi component M’, then Jé and H}, are decomposed with respect to (M’, P’).

Let 6p be the character of H713 defined by 6p(uh) = 6(h) for every u € J 'NYf and every he H I, Since
J!is a pro- p-group, proceeding as in Proposition 5.5 of [Sécherre and Stevens 2008] we can construct
an irreducible representation np of J713, unique up to isomorphism, whose restriction to H}; contains 6p.
Actually it is the natural representation of J}; on the J!' Nf-invariants of . Furthermore, indj: (np) is
isomorphic to 1, Ig(np) = J71)BX J71) and for every y € B* we have dimg (/,(np)) = 1. We remark that
(J}, np) is decomposed with respect to (M, P) and the restriction of np to J /1\/1 is nrq. We denote by
Vi the R- vector space of naq and np.

Since md (np) is isomorphic to 1, we can identify the R-vector space V, of n with the vector space
of functlons (p J' — Vaq such that (xj) = np(x)e(j) for every x € J7> and j € J'. In this case
n(j)e : x — @(xj). By the Mackey formula, V,, is a direct summand of V;, and we can identify it with
the subspace of functions ¢ € V; with support in J713. This identification is given by ¢ — ¢ (1) whose
inverse is v — ¢, where the support of ¢, is ]7£ and ¢, (1) =v. Let p : V,, — Vj be the canonical
projection, i.e., the restriction of a function in V;, to J7£, and let ¢ : Vy — V;, be the inclusion.

Remark 3.6. In general we cannot define a representation kp of Jp = (J N P)H' as in Section 2.3 of
[Sécherre 2005a] or in Section 5.5 of [Sécherre and Stevens 2008], because the decomposition e conforms
to A over E but it is not subordinate to B. In our case (8 maximal) the only decomposition which
conforms to A over E and is subordinate to ‘B is the trivial one.

Lemma 3.7. (1) Forevery j € J}, we have n(j)ot=tonp(j) and pon(j) = np(j)o p.
(2) Forevery j € J! we have

np(j) ifj€Jp,

0 otherwise.

pon(j)0t={

3) Xjespni)otopo n(j~") is the identity of Endg(Va).
Proof. To prove the first point, let ¢, € Vo and ¢ € V,. Then n(j)(t(e,))(1) = ¢u(j) = np(j)v
and p((j)(®))(1) = ¢(j) = np(j)e(1). To prove the second point we observe that if j € J}, then

pon(j)ot=potonp(j) =np(j) while if j ¢ 1713 the support of n(j)(¢(¢y)) is in J. 1 j~! for every
¢y € Vyg and so p on(j) ot = 0. Finally, to prove the third point we observe that for every ¢ €V, the

function ¢; = (n(j) oto pon(j ")) has supportin J)j = and ¢; (1) = o(j71). 0
We consider the surjective linear map p : Endg(V;) — Endg (V) givenby f+— po fou.
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Lemma 3.8. The map ¢ : 5%(G, n) — #z(G, np) defined by ® — o D for every ® € #%(G, n) is an
isomorphism of R-algebras. Moreover, if the support of ® € #%(G, n) is in J'xJ' with x € B* then the
support of £ (D) is in Jf;x J713.

Proof. Let ® € s#%(G, nn). Then the support of u o @ is contained in the support of ® which is compact.
Furthermore, for every x1, x> € J5, and every j € J! we have u(®(x1jx2)) = pon(xi) o ®(j) on(xz) ot
which, by Lemma 3.7, is np(x1) o u(®(j)) o np(x2). Hence, ¢ is well defined and it is R-linear. Let
®, ®, € 5#%(G, n). For every g € G we have

(o @) * (o @) (@)= Y podi(x)otopoda(x'g)o
xeG/J}
= Z Z poCDl(yz)otopoCDz(z_ly_lg)ot

yeG/J' zeJ1/J}

= > p0<1>1(y)0< > n(z)OLOPOn(z_l))o<I>z(y_1g)°t

yeG/J! zed1 I}
= ) podi(y)odr(y 'g) ot
yeG/J!

(Lemma 3.7) = (1 o (1 * P7))(g)

and so ¢ is a homomorphism of R-algebras. Let ® € #%(G, n) such that po ®(g) ot =0 forevery g € G.
Then by Lemma 3.7, for every g’ € G we have

®(g)= Y nGnotopon(iHo®@)o Y n()otopon(iy"

jredty ik N AN

= Y noto(po®(ji g j)onoponiiyh
Jrje€dt 17}

=0

and then ¢ is injective. Now, we know that 7#% (G, n) =Endg (ind?, n)), #%(G, np) =Endg (ind?, (np))
P

and indﬁ (np) = n. Then by transitivity of the induction we have J#% (G, n) = #% (G, np) and then ¢
P

must be bijective. Furthermore, if ® € .#%(G, n) has support in J'xJ! with x € B then the support of

¢(@) isin J'xJ'NIg(p) = J'xJ' NILB* I = Jhx ). O

Lemma 3.9. Let x|, x, € B* and let f; € #%(G, m iy ! andf,- = §(f,-)f0ri e{l,2}.
(1) If x1 or x, normalizes J713 then the support of f] * fz isin J713x1x21713 and
(fi* f)(x1x2) = fi(x1) o fo(x2).
(2) If x1 or x normalizes J' then the support of f] * fz isin J713x1x21713 and

(fi* f)(x1x2) = po fi(x1) o fr(x2) oL,
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Proof. The first point follows from Remark 1.2. If x| or x, normalizes J', by Remark 1.2 the support of
fi* f>isin J'x;x,J! and so the support of ﬁ * ng =¢(fix f)isin J'xixaJ ' Nlg(mp) = J%.xlsz};
and moreover

(fi* f)(x1x2) = £(fi * H) (x1x2) = po fi(x1) o fr(xa) o, O

Lemma 3.10. For every x € B* N M and every y € Ig(np) which normalizes Jj{/t we have I, (np) =
I:(nm) and I,(np) = I,(Nag). Moreover, every nonzero element in I,(np), with z € Ig(np), is invertible.

Proof. For the first assertion, in both cases the R-vector spaces are 1-dimensional and so it suffices to prove
an inclusion. Since 7 is the restriction of np to lew for every x” € Ig(np) we have I (np) C Ly ().
For the second assertion, we observe that I (np) = J5B* J} = JLIgWIgJ}. Now Ig normalizes J},
since it is contained in JI(J N P) while W normalizes J/IVI. Take z = 212223 € Ig(np) with z; € J71313,
e Wandz; €lg J713 and take a nonzero element y in I,(np). Let y; and y3 be invertible elements in
Izl—l (np) and in IZ;1 (np) respectively. Then y; o y o y3 is a nonzero element in I, (yp) = I, (nr) and so
it is invertible. O

3C. The isomorphism #x(J,n) = #z(Kp, Ké). We now prove that the subalgebra 7% (K p, K};) of
HR(B*, Ké) is isomorphic to the subalgebra J#z(J, np) of 7% (G, np) and so to H#x(J, n).

In accordance with Chapter 2 of [Chinello 2017], we denote by f, € #% (B>, K 113) the characteristic
function of I(};xl(llg for every x € B* and we write ®|®, = &% D, for every @1 and &, in #% (B, Kll?),
in (G, n) orin R (G, np).

We observe that every element in % (J, np) has supportin J N J};B>< J}, = J71>(J NB X)171J = J};KB J}D
and so its image by ¢! has support in J!KJ'. This implies that ¢ induces an algebra isomorphism
from % (J, n) to s#%(J, np). We also remark that #%z(Kg, K }9) is isomorphic to the group algebra
R[Kp/K 41 = R[J/J'], then we can identify every ® € #%(Kp, K ) with a function ® € #%(J, J').

From now on we fix a B-extension « of . We recall that res§1 k=n, 1) =Ig()=J"'B*J" and
for every y € B* we have I,(n) = I, (k) which is an R-vector space of dimension 1. Then V,, is also the
R-vector space of k and k(j) € I;(n) for every j € J.

Lemma 3.11. The map ®': 5#(Kp, Kllg) — H#R(J, n) defined by ® +— ®Q« for every ® € #z(Kp, Kllg)
is an algebra isomorphism.

Proof. The map is well defined since for every ® € J#z(Kp, K}g) we have ® ® k : J — Endgr(V,) and

(@®K)(1jj)=P)r(rij) =n(1)o(@()r(j)on(j;) forevery j € J and ji, j| € J'. Itis clearly
R-linear and

O (@ x D))= Y, PI)D2x k()= Y Lr)Palx rc(x)or(x! )
xeJ/J! xelJ/J!

= Y (@ @r@) o (@2(x (1) = (O (1) O (92)())

xeJ/J!
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for every @1, &, € #(Kp, K }9) and j € J. Hence, ©’ is an R-algebra homomorphism. It is injective
because k (j) € GL(V,) forevery j € J. Let fe H#%(J,n)and j € J. Since f(j) € 1;(n) =Hom,:(n, n'),
which is of dimension 1, we have f(j) € Rk (j) and then we can write f(j) =d(j)k(j) withd:J — R.
Since f € sx(J, n), for every j| € J! we have

(e (i) = FGLD =nGD FG) =nGD@ (e () = @i j)
and so ® € #z(J, J'). We conclude that ®’ is surjective and then it is an algebra isomorphism. U

Composing the restriction of ¢ to 7% (J, n) with ® we obtain an algebra isomorphism 7% (K g, K }9) —
Ak (J, np). For every x € Kp let fx = O'(fy) € #%(J, n) which is given by f;(y) = k(y) for every
ye JxJ' = J'x and let f, = ¢(fy) € #&(J, np) which is given by fi(z) = p ok (z) o for every
ze Jpxh.

3D. Generators and relations of (B>, K 11;). In this section we introduce some notation and recall
the presentation by generators and relations of the algebra 573 (B>, K };) presented in [Chinello 2017].
We set Q = Kp U {19, ro_]}U{ra | € X} and & ={f, | € Q} which is a finite set. We now define
some subgroups of G, through its identification with GL,,»(A(E)). For every a = «;; € ® we denote by U,
the subgroup of matrices (an;) € G with ap, =1 forevery h e {1, ..., m'}, ajj € A(E) and ap, =0if h #k
and (h, k) # (i, j). For every P C ¥ we denote by M p the standard Levi subgroup associated to P and by
Z/{,f and U, the unipotent radical of, respectively, upper and lower standard parabolic subgroups with Levi
component M p. We remark that M = Mg, U =Ugy and U™ = U, . Thus, we have Z/IIJS = ]_[aeq,; U, and
Up = ]_[ae\y; Uy . Furthermore, if P; C P, C X then U:Sz is a subgroup of I/{,J,r1 and U} a subgroup of Up, .

Remark 3.12. By Proposition 3.4, if we take a = a;; € ® and (apk) in Uy N JVorid, N H' then aij is in
34 or §, respectively.

Remark 3.13. In accordance with Section 2.2 of [Chinello 2017] we set Mp = MpNKp, UIJJ = L{]f NKpg
and U, =U, N Kp forevery P C ¥ and U, =U, N Kp for every o € ®.

As in Section 2.3 of [Chinello 2017], for every @ =« ;11 € £ and w € W we consider the following sets:
Aw, ) ={w(j) |i+1<j<m'}, Bw,a)={w()—1]i+1<j<m'}, P'(w,a)=A(w, @)\ B(w, a),
P(w,a)={ojjt1€X|i€ P (w,a)}and Q(w, «)=B(w, «)\A(w, ). We remark that Tp/(y.0) = Tp(w.a)
because 0 ¢ P'(w, o) and 7,y = [,,y. Moreover, if « = ¢; ;11 € X, w’ € W and w is of minimal length in
w'Ws € W/ W, then we have

!

m’ m
— P -1 -1 _ -1 _ _-1
=wT;w = Wtp—-17, W = Tw(h)—lfw(h) = TP(w,a)TQ(wva)'
h=i+1 h=i+1

w’t,-w’fl

Lemma 3.14. The algebra 5% (B>, K }9) is the R-algebra generated by R subject to the following

relations:

(1) fi=1foreveryk e K' and Sk fro = Sk, fOr every ki, ka € K.
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) fofrrr =1 and o1 for = fro g frot for every w € Q.
) fr fx =S vt Jr, for every a € Xoand x € M.

4) fufe, = fo, fueUy witha' € \Dg,foreverya €.
(5) fo, fu=fr, ifucUy witha' € V., foreverya € X.
6) fr, fr, = fr, fr, foreverya,a’ € X.

@) (Ha/ep(w’a) fra,)fwfra f-1 = qg(w)(na/,eQ(w’Q) fta,,)(zu fu)for every a € X and w of minimal
length in wWy € W/ Wy and where u runs over a system of representatives of (UNwU~w ™)K [13 /K }g
inUNwU w™!

Proof. The only difference between this presentation and that in [Chinello 2017] is relation 3 which
is equivalent to relations 3, 4 and 7 of Definition 2.21 of [Chinello 2017] because M N K, U, with
o' € ®; and Wy generate M. O

Hence, to define an algebra homomorphism from %z (B>, K é) to % (G, np), itis sufficient to choose
elements fw e A% (G, T]'p) for every w € 2 such that the fw respect the relations of Lemma 3.14. We
remark that we can take fw € (G, np) Tholb for every w € Q2 and we recall that in Section 3C we have
defined fk for every k € K g as the image of f; by { 0 ®'.

3E. Some decompositions of J},-double cosets. In this section we introduce some notation and some
tools that we will use to construct elements in #z(G, np); L0, withi € {0,...,m' —1}.

Lemma 3.15. Let T € A and P = P(1).
(1) We have J} = (JhNUR)(Jp N Mp)(JpNUZ) = (Jp NUD (T N Mp)(Jp NUR).
(2) We have (JANUS)T C H' NUL C IANUS, (JHNU)T C (J'NUp)T CH' NUp = IhNU;
and (.]7130./\/113)r = J713 N Mp.
(3) We have (JLNU)T C JHNU, (JANUT)T CILNU™ and (L) = T L,
Proof. The first point follows from Remark 3.5. To prove the second point we observe that Remark 3.12 im-
plies that (J ﬂZ/l+)’ =J! ﬂ]_[ae\l,+ Uy)T is contained in ([, + @ J )F\Z/[I?,L which is in HIDU;S C J713 mu;.
Similarly we prove (J! NUp )T C H! MU, . Moreover, since @ ™~ d(l)w =3(1) and w‘lﬁ(l)w =5§(1), we have
(J};ﬂ/\/lp)f = J%ﬂ./\/lp. To prove the third point, we observe that (JJDDZ/{)T - ((J;OMP)(J%DZ/I;!))TOL{
which is in (J71, N Mp)(J}; HU;S) NU = J713 NU. Similarly we prove (J71> ﬁl/{_)r_1 C J}; N U~ . Finally,
since @~ J @ = J} we obtain (J} )" = J},. O
Lemma 3.16. Lett, 7' € Aand w € W.
(1) We have JptJh = (Jh NUp)TIp = Jpt(Ip NUZ L) and Jpt='Jp = (Jp NUZ )T b =
Jpt N (Ip Uy,
(2) We have (Jp)V Jh = (I nU” NUT) T
(3) We have JJU~JpNU = JpNU and JpUIHNU™ = T NU.
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(4) We have JhtJht'Ih = Jhet I} and (IN)T I 0 (I I = I}
Proof. Let P = P(7).

(1) By Lemma 3.15 we have 1713 = (1713 ﬂZ/I;)(J}; n Mp)(f71; N L{;,r) and so we obtain J713tl71, =
(Jp NUR)T(JH N Mp)T(JHNUL)TJL which is equal to (J5 NUp)TJ) by Lemma 3.15. We prove
the other equalities similarly.

(2) Since (H'NU™)¥ C J) and (J})¥ = J}, we obtain (J5)*JL = (J'NU)* J}. Moreover, we have
(J'nuyrnu c Jh and so (JHVJIL =T NUY NUT)IL.

(3) We have JpU~Jp NU = (Jp NU((Jp N MU~ (Jp N M) NU)(J5 NU) which is contained in
(171J NU)(P~ ﬂL{)(J}D NU) = Jé NU. We prove the second statement similarly.

(4) By point 1, we have J T Jht' T} = ThT(Jp UL )T T} which is equal to JA Tt/ (Jp UL )T Jp. By
Lemma 3.15 it is iln Jptt'(JANUT IS C Jhrt' J) and so we ha:ve JptIpt'Jh = JhtT' I}, By point 1,
(JP)TIHN(IHT I} is contained in (JHNUT)TILNUIANU)T Jh = ((JANUD)TIANIANU)T ) IE
which is contained in (I _J71> NY) J71> and so it is equal to J71J by point 3. ]
Remark 3.17. We can prove results similar to Lemmas 3.15 and 3.16 with J! in place of 1713.

Lemma 3.18. Leta =a; ;41 € X, w € W and P = P(w,a). Then lD;f Nw¥, =& NwW, and
VS NwW =& NwW. Ifin addition w is of minimal length in wWy € W/ Wy then ®T NwW¥; =
P o o a

et Nwd and " Nw¥ =& Nuwd™.
Proof. This follows from Lemma 2.19 of [Chinello 2017]. ]
From now on, we set 5(3(1), 53(1)) = [3(1) : 53(1)] and 3(55(1), wﬁ(l)) = [55(1) : wﬁé].
Remark 3.19. By Remark 3.12, for every & € @, o’ € @ and ” € @~ we have §(J}, ) =[J' Ny :
-1
H'NUy] and §(H), wH) = [H' NUy : (H' NUy)™ ] = [H' NUy : (H' N Uy )" ]. In particular
8(3(1), 53(1)) and 5(55(1), wﬁ(l)) are powers of p and so they are invertible in R.

From now on we fix 1 <i <m’ — 1 and we consider @ = «; ; 41, w of minimal length in wWj,
P=P(w,a)and Q = O(w, a).

Remark 3.20. Lemma 3.18 implies that wi/; w=' N L{;f = wd~w ' NUT and wiffw™' N U, =
wUw™ ' NU~. Moreover, we have £(w) = |\If;)f NwW, | = |\If;) N w\IJ;r| by Remark 3.1.

We define

1

V(w, @) = (Jh Nwld w™ nug)" )

which is a pro-p-group. We remark that it is equal to (J71> Nwlw™! ﬂZ/{_)w’a_]w_1 by Remark 3.20 and
to (H'N wZ/IO?fw_1 ﬂ?/[;)w’aflwfl since J713 NU; = H' nUs. Then V(w, ) is equal to

[T eouy=""= T[] @t = ] Gto'H)nk

o' ew¥inw eV Nw—1w> o’ ewWinw
@ P o P a P
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which is (I, + @ ~'H") Nwif w™! NU ;. We remark that V(w, @) N Jh=JpNwdfw! NU; which
is equal to H' N wZ/{oIt'“w_1 ﬂZ/I; since J71, NU-=H'nuU".

Lemma 3.21. The group wU(;rw_1 N U; is in V(w, ), it normalizes V(w, o) N J71> and
WUFw™ ' NUDN VW, )N Jp) =wlUyw ' NUZNKg.

Proof. We recall that by Remark 3.13 we have wU(;ruf1 N U; = wuguf1 mulg N Kpg. Since U, =
Ty (K}Ee N Ua/)ra_] for every o’ € \II;r (see Lemma 2.9 of [Chinello 2017]), then we have ngw_l N U}; =
(Kéme;w—lmU;)wa]w"l which is contained in V(w, ). Moreover, the group wU;w_lﬂU; normal-
izes V(w, &) NJp=V(w, @) N H' because we have wU; w™! NUj; C Kp and K p normalizes H'. Finally,
since V(w, a)ﬂJ}; = Hlﬂwu;w_lﬂu;, we have wU(;rw_1 ﬂU;ﬂV(w, oz)ﬂ.]71J =wU;w_lﬂU};ﬂH1
and, since Kz N H! =K113,itis equal to u)Uéjrw_lﬁUlgﬂKBﬁH1 =wU§w_1ﬂU;ﬂK};. O

By Lemma 3.21 the group V' = (wU;w_l N U;)(V(w, a)N J71>) is a subgroup of V(w, o). We set
dw,a)=[V(w,a):V']eR
which is nonzero because it is a power of p.

Remark 3.22. We have V(w, @) N J713 =H'N wu;w_l ﬂbl; = Ha/ew\ll;mv; H'NU,. Hence, by
Remarks 3.19 and 3.20 we have

V(w,a) : V(w, @) N Jpl = [ ' 9H): 6517 = 8(5H, mHy) ™.

On the other hand we have [V(w, @) : V(w, o) N J};] =dw, )V :V(w,a)N Jé] which is equal to
d(w, )[(wUTw ' NUT)V(w, @)NJL) : V(w, @) N JA] and by Remark 3.20 to d(w, e)[wUw ™' NU™ :
wa_lﬂU_ﬂKll;] =d(w, a)qe(w) where ¢ is the cardinality of £p. So, if we denote 9 =8(Y)(1), w.?)(l))/q €
R* then d(w, a) = 3*™).

Lemma 3.23. We have (J5)™ J5 N ()P % 7 JL = V(w, a) JA.

Proof. We have (J};)wra_'w_] =(H'n w_lljl_w)’cv_]w_l(.I}Vl)“”a_lw_I (J'Nw 'Uw)% ™" Now we con-
sider the decompositions H' Nw ™'Y/~ w = (H'Nnw~ U~ wni)(H' Nnw= U~ wni/~) and J' Nnw='Yw =
(J'nw lUwnuU) T nw Tuwni). By Lemma 3.18 we have J'nw luwnu— =7 nw uw nU,
and so (J' NwUw NU~)% »" is contained in (J' ﬁZ/I&_)TDf_Iw_1 C (H! ﬂbl&_)w_l C J) and, by
Lemma 3.15, (H' Nw™ 'Y~ wn/~)% " is contained in (H'NU~)% *~" < (H'NuU~)*"" C J}. Then,
since (J/l\,l)“”a_l“rI = J}, by Lemma 3.15 and since (H' NU/~N wdw™HYP% T = V(w, «), we obtain
(1713)“”071’”71 CV(w, oz)Jf;(Jl NnUN wL{w_l)w’tflwfl. By Lemma 3.16 and by previous calculations we
have

DT IEO IR I = (I OUZ)™ NV (w, @) Jh (T NU wtdw ™)%™ IL) I,

—1 -1

Now, since wr =1, Lp, the group V(w, «) is contained both in (Z/I e o (u )*? and in

(J1 NU-)e 't C (J1 NUT)™? C (J )™ by Lemma 3.15. This implies V(w, «) C (J1 ﬂZ/{ )™ and so
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(IS IAN Y% T =V(w, a)((J‘ MUY N IAI DU NwLw= )% v L) L. Now we have
(meu )T”ﬂlp(]]ﬂb{ﬂwb{w_l)“” w JPCZ/{ ﬁJPZ/{J73 that is in J;} by point 3 of Lemma 3.16. [J

3F. The group W. In this section we use a presentation by generators and relations of W to find a
subgroup of Autg (V) isomorphic to a quotient of w.

Remark 3.24. We know that the Iwahori—Hecke algebra (see 1.3.14 of [Vignéras 1996]) is a deformation
of the R-algebra R[W] and so it is not difficult to show that W is the group generated by sy, ..., Sp/—1
and T,/ subject to relations s;s; = s;s; for every i and j such that |i — j| > 1, 5;5;418; = si 115541 for
every i #m’ — 1, sl-2 = 1forevery i, T,y _15; = 5;Tw_1 forevery i #m’ — 1 and T 18 1T —1Sm/—1 =

Sm/—1Tm/ —18m'—1Tm/ —1-

Lemma 3.25. Leti € {l,...,m' — 1}, « = «;,;1+1, w € W be of minimal length in wW; and ® €
R (G, 7773)171){[]713. Then the support Ofqu)fw—l isin J71>wr,-w_1J71> and

(fo® fo-)tiw™) = 8@, 9™ fu(w) o @(1;) 0 fiyi (w™!

Proof. Since w and w~! normalize J!, by Lemma 3.9 the support of qu)fw_l is in J%wriw_lpr. We
recall that
(Fw® fu-)wrw™) = > (fu®)(wnx) fr (x'w ™),

xeG/Jk

By point 2 of Lemma 3.16, the support of the function x > ( qu))(wt,'x) fw—l (x~'w™) is contained
in (JH)WHILN (U)W IL = (IRVEIA N NUY NUT)Jp. Since w is of minimal length in wW;,
by Lemma 3.18 we have J! nu* nu~ = J' nu* n U, which is included in (Jf;)“”i because
U U v = (' nup)E Uy that by Lemma 3.15 is included in (H' N24;)*” N and
SO in J713. Hence, we obtain (]71,)"”" J}, N (J713)“’J71, ='nu» ﬂLl‘)]f,. Now, since (J' NYY ma—)w“
and (J'nu* N Z/{*)’fl"f1 are contained in J! N/ and so in the kernel of np and since we have
[T U U ) IS =1 U U~ H U U~ 1=8(3), 959 we obtain ( f,, @ f,,- 1) (wriw™") =
830 .ﬁé)e(“’)(fw ®)(wT;)o f,-1 (w™'). To conclude we observe that by Lemma 3.9 the support of f,,® is
contained in J%wri J71, and by points 1 and 2 of Lemma 3.16 the support of x — ( fw)(wx)cb(x_lri) is in
UB)PIANUNT Th= (U U™ TSN AOUS )T Jh, which is contained in UJHNU ™) Jh = J}
by point 3 of Lemma 3.16. Hence, (f,, ®)(wt;) = fy(w) o P(1;). O

Lemma 3.26. Let w € W and o € X. Then

pok(wsy)ot if wa > 0,

pOK(UJ)OLOPOK(Sa)OL:{8(‘10"60) Lpor(wsy) ot if wa <0,

Proof. By Lemma 3.11 we have fwfsa = fwsa and then (fwf;a)(wsa) = p ok (wsy) ot. On the other
hand we have

(Fwfs)wse) = D~ (fu)wx) fi, (7 sa).

x€G/JTh
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Moreover, by point 2 of Lemma 3.16, the support of the function x — fw(wx) fsa (x~sy) is contained
in (JR)VUJpNUID=IE = (Up) AN U nufs nU= I = (JH)WIH NI NU_e) S which is equal
to J if w(—a) < 0 and to (J1 NU_g)J} if w(—a) > 0. Hence, if wa > 0 we obtain (£, f,) (wse) =
pok(w)oto pok(sy)ot while if wa < 0, since (J! ﬁZ/I_O,)“’_I and (J'NU_y)% are contained in J! N/
and so in the kernel of np and since we have [(J! ﬁZ/I_o[)J1 73] [J'NU_y: H'NU_4] = 8(3(1,, 33(1)),
we obtain (fwfsu)(wsa) = S(JO, .60)1) ok(w)otopok(sy)olL. U

From now on we fix a nonzero element y € I; ,  (np), which is invertible by Lemma 3.10, and a square
root 8(30, 5’)0)1/2 of 8(30, 0) in R. We consider the function f, ., € HR(G, np)J T 1T defined by
fr,,,/ L1t —172) =np(j1) oy onp(j2) forevery ji, j2 € J and the subgroup W of AutR(VM) generated
by y and by 8(J). 992 pok(s)) ot withi € {l,...,m' —1}.

Lemma 3.27. The function that maps s; to 8(30, 5’)0)1/211 ok(s;)otforeveryi € {l,...,m' — 1} and

T,y —1 to Yy extends to a surjective group homomorphism € : W — W.

Proof. Let § = 8(3(1), .6(1)). To prove that ¢ is a group homomorphism we use the presentation of W
given in Remark 3.24. For every i, j € {1,...,m’ — 1} such that |[i — j| > 1 we have &(s;)e(s;) =
dpok(si)otopok(sj)or which, by Lemma 3.26, is equal to pok (s;s;) ot =38pok(sjs;)ot==e(s;)e(s;).
For every i #m’ — 1 we have e(s;)e(si11)e(s;) = 832pok(si)otopok(siy1)oto pok(s;) ot which,
by Lemma 3.26, is equal to 83/%p o k(sisiy15:) ot = 82p o k(siy18iSi41) ot = &(sir1)e(si)e(sit1).
For every i we have £(s;)> = 8p o k(s;) ot o p o k(s;) ot which, by Lemma 3.26, is equal to p o
k(s;js;) ot which is the identity of Autg(Va¢). Let T = t,y—; and f, = f;m,fl. For every i #m’' — 1
we have &(t)e(si) = 8'/2y o p o k(s;) ot which is equal to 8'/2(f; f,,)(s;) since the support of x
fr(xx) fy,(x~1s;) is contained in (JA)TJAN (JH) T = (JhNUp )T IA OV TS N, ) T = T} Hence,
by Lemma 3.9 we have (t)e(s;) = 8/2p o ¢~ (f2)(x) o k(si) ot. Since ¢~ (f)(x) € I () = I; (k)
and 5; € J N JT we obtain &(7)e(s;) = 8'2p o k(si) o g_l(f,)(r) oL = 81/2(ﬁif,)(sif), which is
equal to 81/217 o /c(s,) otoy = &g(s;)e(r) since the support of x — fsi (six)f,(x_lr) is contained
in (JA)SJIL 0N IS = (Jhn N NUS )T IR TS = Jh. Tt remains to prove the last
relation. Let s = s,y—; and 7 = t,y—;. Then tsts = 1,y_» = stst and by Lemma 3.9 we have
(fefsfe F)@sTs) = p o ¢ (fe fs f)(xsT) 0 k(s) 0 1. Now, since ¢ (fy fs fo)(z57) € Irgr (i) and
s =577 € JNJ™T, weobtain (fr fs fo ) (Tn—2) = por ()0 T (fr fi fo)(xst)or=(f fe s fo) (Tmr2).

On the other hand we have

OtH»ll

(fefsFe ) @) = (fefsfef)asts) = D fren)(fife fo)(x 7 ss).
xeG/J}
The support of x +— ﬁ(rx)(ﬁf,ﬁ)(x‘lsts) isin (H' ﬂua/)’J}, with o' = a7 y—1 by Lemma 3.23.
For every x € (H' N,)7 the elements x7 ' and (x~ 1% are in H' N and so in the kernel of 7. Then

(fofs fe ) @m—2) = (o fo fo Fo) (T —2) s equal to 8(H), @ HY)y o (f; fr f)(sTs) and by Lemma 3.25
it is also equal to 8(53(1), wﬁ(l))s(t)s(s)s(r)s(s). Now, if &” = &ty —2 -1 then o’ ¢ \Il - U \IIA and so we
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AAAAA

f5(s) o (fe fo fo o) (T —2) = 8(H, T HS 0, sa(,)—“zs<s>e<r>s<s>s(r>s(s)
and also to
(Fs e Fs o) @m—2) 0 fi(5) = 890, mHNEGL, H9) ™ 2e(m)e(5)e(T)e(s)>
= 8(HY, mHYSG. H) ' e(De(s)e(2).

This implies &(1)e(s)e()e(s) = e(s)e(t)e(s)e () since both §(5), @ H) and §~!/2 are invertible in R.
We conclude that ¢ is a group homomorphism and it is clearly surjective. (Il

Remark 3.28. For every w € W we have e(w) = §(J), H) @2 pox(w) ot
Lemma 3.29. For every w € W we have e(w) € I;(np).

Proof. Since 1, is the restriction of np to the group ]/1\,1, we have e(w) = 8(3(1), ﬁé)‘(w)/sz(w) el,(Nm)
for every w € W and y € I , ,(nam). Then, since every w € W and 7,/ normalize J \ ., we have
e(w) € Ii(na) for every w € W and so e(@) € I3(p) by Lemma 3.10. [l

Lemma 3.30. Foreveryt',t" € A,y' € I (np) and y" € I.»(np) we have y' o y” =y" oy’.

Proof. We recall that for every t € A the vector space I; (p) is 1-dimensional and so there exist elements
¢/, c” € Rsuchthat y' =c’e(r’) and y” = "¢ (t”). We obtain y' oy’ =c'c¢"e(t)oe(t”) =c'"e(t'1") =

cdc’e(@"tYy=y"oy. O
3G. The isomorphisms #x(G,np) = #r(B*, K}g). In this section we define the elements f,,. €
HR(G, np), L0, for every i € {0, ..., m’ — 1} and we prove that fw with @ € Q respect the relations of
Lemma 3.14 obtaining an algebra homomorphism from s#z (B>, K }g) to % (G, np).

For every i € {0,...,m' — 1} we put y; = 8(’”’_")("“,_[_1)/28(7,') where 0 is the power of p defined in
Remark 3.22. Then y; is an invertible element in Ir,(np) and y,,r—1 = y.
Lemma 3.31. We have, for everyi € {1,...,m' — 1},
m/
Victoy, '=0""e(tiiiY) and vy = 1—[ " Me(t;).
h=i+1

Proof. Since (' — (i —1)m' — (G —1)—1)—(m —i)(m' —i — 1))/2 = m' — [ we have that
Yi_10 yl._l = am/_ie(ti_l)s(r,-)_l = Bm/_is(ti_l‘ri_l). The second statement is true because

im’—h: Z j:(m/_i)(n;/_i—l)' -

h=i+1 '=0

Forevery i € {0, ..., m’— 1} we consider the function ffl e AR (G, np) Ihe b defined by fr, (Jitij2) =
np(j1) o yi o np( ]2) for every ji, jo € J We remark that in general f, is not invertible but since Ty
normalizes Jp the function f,o is invertible in (G, np) with inverse f -1 T, IJP — Endr (V)
defined by f 1(Ty ]) =Y o np(j) for every j € J1
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Lemma 3.32. The map ©" : @ — #%x(G, np) given by f, > f., for every f., € Q is well defined.

Proof. The map is well defined on f; with k € Kp because @' is a homomorphism and it is well defined
on 7; withi € {0, ..., m’ — 1} because KéTiKé = Kéthé implies i = j. O
Lemma 3.33. The function fA,l. fATJ. is in 7% (G, 7’)73)]71).[[_ b and (f,i f,j)(r,- Tj) =y, oyj, foreveryi, j €
{0,...,m'—1}
Proof. 1If i or j is O then the result follows from Lemma 3.9 since tp normalizes J7£. Otherwise,
by point 4 of Lemma 3.16 the support of f,,. frj is contained in J71>ri ]71>rj J71> = J71>ri T; J71J and the
support of x +— fr,- (Tix) f,j (x_lrj) is contained in (Jf,)” J71J N (J};)fff J}D = J713. Hence, we obtain
o fe)@T) = Yosegyan Ju (@) fr, 67l r)) = fr,(T) o fr,(zj) = vio ). O
By Lemmas 3.33 and 3.30 we obtain f,i f,j = f,_/ f;l. for every i, j € {0,...,m' — 1}. So, if P C
{0, ..., m' — 1} we denote by yp the composition of y; with i € P, which is well defined by Lemma 3.30,
and by ﬁP the product of f;l. with i € P, which is well defined because the f,l. commute. Furthermore,
by point 4 of Lemma 3.16 we obtain that the support of frp is .]71ng J713 and by Lemma 3.33 we have

frP(TP) = VP-
Lemma 3.34. We have ﬁi fo = f;i“_—l fA,i foreveryie{0,...,m'—1}and every x € Mg
ifi #00orx € Kp ifi =0.

—KBHM/\

1 i1

Proof. Since x normalizes J!, by Lemma 3.9 the supports of f,i fx and of f; o] fA,l. are contained in

]};r,-x]}; and (f,iﬁc)(t,-x) = pog‘_l(f,i)(t,-)olc(x)ot, which is equal to poK(tixri_l)o;‘_l(ﬁi)(r,-)ot =

(fyxe-1 fe)(xix) because ¢~ (fr)(r;) € I, (k) and x € J N J ™. 0
Lemma 3.35. Leti €{l,...,.m'— 1} and a € \Dai: Then for every u € Uy, and u' € U_, we have

fufr,- = fl’,‘ and fr,-ﬁt’ = fr,--
Proof. The elements rfluri and r,‘u’tlfl arein K }3 C J713 and so, since u and u’ normalize J!, by Lemma 3.9
the supports of ﬁ, ffi and of fr,- ﬁ,/ are in J},ur,- J71> = Jf;r,- J71> = J};r,-uﬁ]};. Now since {_1 (ﬁi)(r,-) €
I;(n) =1I;(k)and u € J N J’iﬁl, by Lemma 3.9 we have (ﬁ,fn)(ur,-) =pok(u)o §_1(ﬂi)(ti) oL=
Ppo¢ ™' (f5)(x)on(r 'uti)or. By Lemma 3.7 we obtain (fy fr,) (uti) = pot = (fi,) (i) otonp (1 ut) =
fronp (@ uty) = fr, (ury). Similarly we have f;, (tiu') = pot ™' () () ok (u')or = por(zu'z "o
¢ (f2) (1) ot which is equal to 7p ('t Yo pol ™ (fi) () ot = np ('t Yo fr, (1) = fo (mad'). O
We introduce some subgroups of G, through its identification with GL,,(A(E)), in order to find the
support of ﬂp fw f,a fw_l. We recall that 2((E) is the unique hereditary order normalized by £* in A(E)
and P(E) is its radical.

o Let Z be the set of matrices (z;;) such that z;; =1, z;; € o IP(E)ifi < j and zij=0ifi > j.

o Let V be the group (J' ﬁwZ/[&_w_1 nug)wf«w" = Ha/ewwgnw; O+ 1 3HNUy C Z. We remark
that it is different from V(w, ) defined by (4).

o Let /! be the group of matrices (m;;) such that m;; € 1 +*B(E), m;; € A(E) if i < j and m;; € *P(E)
ifi > j.
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» Let W =W x M be the subgroup of B* of monomial matrices with coefficients in O,. Then B* is
the disjoint union of Iz(1)wIg(1) with w € W, where Ig(1) = K'U is the standard pro- p-Iwahori
subgroup of K g, i.e., the pro-p-radical of Ip.

Lemma 3.36. We have J713rp Jéwtaw”]f) = J%rQVJ}D.

Proof. We proceed in a similar way to the beginning of the proof of Lemma 3.23: we can prove
that J},wraw_IJf; = (J71, Nwldy w‘l)wrau)_ljf). Now we consider the decomposition of the group
(171J N wu&_w_l) into the product (1713 N wL{&_w_1 ﬂL{_)(J}) N u)Z/{&_uF1 NU). By Lemma 3.15 we have
(JpNwldy w™! NUYF J3 and by Lemma 3.18 we have J Nwidy w™' N = JhNwidy w™! ﬂu;{. O

Lemma 3.37. Let t € A. If z € Z is such that ['tzI' "W # & then ['tzI' NW = {z}.

Proof. For every r € {1, ..., m'} we denote by Ay, Z), f(lr) and W, the subsets of GL,(A(E)) similar
to those defined for GL,,s (A(E)). We prove the statement of the lemma by induction on r. If » = 1 we have
Ay =, Zq)={1}, i(‘l) = 1+B(E) and W(;) = o and we have (1 +P(E) (1 +P(E)) N’ =
(1 +P(E)) Nw? = () for every a € Z. Now we suppose the statement true for every r < m’. Let
x,y € 1" such that xtzy € W. We proceed by steps.

First step: We consider the decomposition I'= (fl ﬂbl_)(il ﬁZ/I)(i1 N M) and we write x = x1x2x3
with x| € I! NUT, xr € I'nu and x3 € I' N M. Then we have

xtzy = xt((t ) (r T a0z g o)) (e g )y,

We observe that 7~ 'x37 is a diagonal matrix with coefficients in 1 +B(E) and the conjugate of z by this

element is in Z. Moreover, T~ 'x,7 is in I' N/ and if we multiply it by an element of Z we obtain another

element of Z. If we set 73 :t_1x2x3rzr_1x;1r € Zthen I'tzI! :flrzlfl and (flﬂu_)tzlflﬂWyé@.

Hence, we can suppose x € I'nu-.

Second step: Let a; < --- < a, € N such that T = diag(w®) and let s € N* such that a; = - - - = a, and
aj < ag11. We want to prove z;; € (E) for every i € {1, ..., s} so we assume the opposite and we look
for a contradiction. Let v be the valuation on A(E) associated to T(E) and let

b=min{v(wz;) |1 <i<s,1<j<m},

k =min{l < j <m'| there exists z;; with 1 <i <s such that v(*'z;;) = b}.

Let 1 <h < s be such that v(m* z;,;) = b. By hypothesis the element zj; is not in 2((E) and so 2 < k and

(a1 — Dv(w) <b < av(z). )

We observe that for every i € {1,...,m’} and j > i we have v(w“z;;) > b: if i <s by definition of b and
if i > s because v(w“z;;) = a;v(w) +V(zij) > (a; — D)v(=) > a;v(zw) > b. We consider the coefficient
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at position (#, k) of xtzy which is equal to

h m

m m
Z thewaezefyfk = Z thew“‘zefyfk,
e=1 f=1 e=1 f=e

since xp, =01if e > h and z,f =0 if f < e. Now,
e ife=hand f =k then v(xp“ zpr yri) = b because xp, = 1, and ygx € 1 +P(E);
e ife=hand f <k then v(xp,@“ 2,7y ri) > b by definition of k;
o ife=nhand f >k then v(xp,“ 21y r1) > b because y g € ‘B(E);
o if e < h then v(xpew ™ zery ri) > b because xp, € P(E).

We obtain an element of valuation . Then b must be a multiple of v(z') because xtzy € W but this

in contradiction with (5). Hence, z;; € A(E) for every i € {1, ..., s}. Now, we can write z = z'z” with
Z;i =1 for all i, z;j =z ifie{s+1,.. .,m'}and j > i and zgj = 0 otherwise and z;/l =1 for all i,
Z;’j =z;jifie{l,...,s}and j >i and z;; = 0 otherwise. Then z” € I' and so I'tzl' = I't7/I" and

(I'NU )t I' N'W # &. Then we can suppose z of the form (”6 (Z)) with 2 € Z—).

Third step: We write x =x'x" with x; =1 for alli,xi’j =x;jifie{s+1,...,m'}and j <i andx’j =0 other-

1//

wise and x/; =1forall i, x. =x;;ifi €{l,...,s}and j <i and xl’; =0 otherwise. Then T rel'andit

J
commutes W1th z. Then we can suppose x is of the form ( L 0 ) with x”" € My —s)xs(B(E)) and x € I Y

Fourth step: Let T = (wolﬂ O) with T € Agy—s) and y = (“ yz) with y; € I(Y), Y2 € Myyon—s5)(A(E)),

V3 € Mp—s)xs(P(E)) and y € I(m —s) . Then the product xtzy is

Is 0 (@ls 0 (I; O\ (y1 2\ _ (@“N @y,
X" R 0o #J\0z)\y; 5)7\ ¢+ xouy, 1R85

where t = x""@™ y, + x72y3. Since xtzy is in W and since y; € f(]s) is invertible then % y; must
be in W) and so y; = [;. This also implies 'y, =t = 0 since xtzy is a monomial matrix and so
@il 0

XTZy = ( 0" ;2%29) with 72y € W,y —y). Now, since i(lln_s)féi(%_s) N W —s) # &, by the inductive
hypothesis we have X7Zy = 7 and so xtzy = t. O
Lemma 3.38. We have J713‘L'P J71,wtaw_1]71) N J7IDBX J71, = J7131Q(U N wU‘w‘l)J};.

Proof. By Lemma~3.36 we have J%rp J}Dwraw_lJf; = J7]3‘L’QVJ71;. Now, since J' C M,y ((B(E)) we have
VY C Z and J71J C I' and so we obtain

IhtpIhwtaw AN B C I'tgZI' NKYyUWUK )y = KyUI' 1o ZI' N W)UK )
(Lemma 3.37) = I(}gUrQUK1 = K};IQUK};.

This implies J5tp Jhwtew ' JANB* = I toVILNK pToUK ). Let now v € V be such that JAtovJ 5N
KoUK} #@. Thenv e, IH K}, tQUKl Jinvc rélJf)tQUJ})ﬂu Now U=KgNUCJNP
normalizes J1 and so v € rQIJ rQJ U NU which is in (‘EQ (J NU, )rQJ1 NU)U by point 1 of
Lemma 3.16. Hence, by point 3 of Lemma 3.16 we obtain v € UJ1 ny cC UJ NY. By Lemma 3.18 we
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have U NwU - w™! = U:{ NwU, w~! and proceeding in a way similar to the proof of Lemma 3.21 we
can prove U}gL N wU&_w_1 C V. We obtain

Ui'nv=UnwU w HUnww Hstny
=UNwU w HJ'UnNnwuwHny)
=UNwU w HJ @ 'Twnu)ny?)r
By the definition of V we have V" = (Jj Nwldy w™' NUL"™ C U;)™ CU~ and then UJ' NV C
(UNwU~w Y (J'UNuU~)*"" which, by Remark 3.17, is equal to (U NwU~w~1)J!. Hence v is in

UNwU w HI'NUIL=WUNwU~w ) (' NU)J} which is contained in (UNwU w™HKpJ} =
(U NwU~w™HJ} and so Jtp Jhwraw TN ILB* I = Thro(UNwU~w™ ) JL. O

Lemma 3.39. Foreveryu € UNwU " w™! we have
(Fep fo Fr fr-0) (o) = ¢" ™ d (w, @)8(Fh, H) ™ yp o pok(w)otoyiopor(w " )oropok(u)ot.

Proof. By Lemma 3.38 the support of f,P fwf,a fw—l is contained in Jth(U N wU‘w‘l)J}D. Let
ueUNwU w™". By Lemma 3.18 we have U NwU ~w™ U+ﬂwUA ~!, by Lemma 3.35 we have
f f,afw 1, and by Lemma 3.11 we have fw uwfw 1= fw lfu SinceuisinU =KgNUCJNP,
it normalizes J713 and then by Lemma 3.9 we obtain ( fr,, fw f,a fw—l)(TQM) =( f,,, fw fta fw—l fu)(rQu) =
(f,P fw fra fw_l )(tg) o pok(u) ot It remains to calculate

(Fer fo Feu fr) @) = Y frp(@px) (fo fry ) wrw ™).
xeG/Jh

By Lemma 3.23 the support of the function x +— f,P (rpx)(fwﬂa fw_l)(x_lwraw_l) is in V(w, a)J,,]).
Now, since for every x € V(w, a) = (Jl N wZ/[+w ﬂZ/{ YWl 'w™ we have ()c_l)“”‘*“f1 € J1 NU~ and
X e (J1 Nwidfw™! nuz)" o' ¢ (JpNU)T o' which is in JANU™ by Lemma 3.15, then (x )W
and x™ are in the kernel of np. We obtain
(fep fooFeo 1) (10) = V(w, @) : V(w, @) 0 H'1 fr, (p) 0 (fo fr, ) (wTew™)
Remark 3.22) = d(w, &)q"™ fr, (tp) 0 (fu fr, frp-1) (WTaw™")

e(w)yp opok(w)otoy;op ox(w_l) olL.

(Lemma 3.25) = d(w, @)q* ™8 (35, HY)
The result follows. ]
Lemma 3.40. We have yp =d(w, a)(S(\”j(]), ﬁ(l))g(w)yp opok(w)otoy;opok(w oL
Proof. By the definition of P = P(w, «) and Q = Q(w, «) (see Section 3D) we have

—1 _ P -1
Tp Tg =WTHW = 1_[ rw(h)rw(h)—l
h=i+1
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and so

m/
—1 —1
Yp YO = 1_[ Ywm)Ywh)—1
h=i+1
m/
(Lemma 3.31) = 1_[ " ’w(h)s(r,;(lh)fw(h)—l)
h=i+1

:( l_[ Bm/w(h)>s(w1:,-w1)

h=i+1
m’ m’
(Lemma 3.31) = ( 1_[ 8’"/"’“’))( 1_[ 8hm,>e(w) oy;oe(w™ )
h=i+1 h=i+1

m’

m/
(Remark 3.28) = ( I1 am’—w<h>) ( I1 ah—m’>5(3(1), A P por(w)otoyiopokw ot
h=i+1 h=i+1

m’

— ( 1_[ ah—w(h))a(:;}), .6(1))((“’)1) ok(w)otoy;op ok(w Hou.
h=i+1

It remains to prove that d(w, o) = ]_[Z’,:ﬂrl ah—w  Since by Remark 3.22 we have d(w, o) = 3t it is
sufficient to prove Z’:/:l +1 h—w(h) =€(w). We prove this statement by induction on £(w). If £(w) =1,
since w is of minimal length in wWj, we have w =5, = (i,i + 1) and

m m'

Y h—why=i+l-wi+D+ Y h—wh)=i+l—i+0=1

h=i+1 h=i+2

Let now w be of length £(w) =n > 1. By Lemma 2.12 of [Chinello 2017] there exists o ;1 € P and
w’ € W of length n — 1 such that w = s;jw’. Then w’ is of minimal length in w’Wj and so we can use the
inductive hypothesis. Moreover, by definition of P, there exist h € {i+1,...,m'} such that j = w(fz) and
j+1#w(h) forevery he{i+1,...,m'} and then w(h) = w'(h) forevery h € {i + 1, ..., m’'} different
from /. We obtain Z':/:Hl h—wh) = Zh#ﬂl (h —w(h)) +h —w'(h) +w'(h) — w(h) which is equal to

’

Y h—w ) +h—w )+ ;N —j= ) h—wm)+j+1—j=L@)+1=Cw). O
h+#h h=i+1

Lemma 3.41. We have ff}, fw f;a fw—l =q*™ f,Q > fu where u runs over a system of representatives
of UNwU w HKY/K'inUNwU w™.

Proof. By Lemma 3.38 the support of ff,, fw fra fw—l is contained in J}DrQ(U NwU *w*I)J};. For every
u' e UNwU w™!, by Lemmas 3.39 and 3.40, (f,P fwﬁafw_l)(rQu’) is equal to

£(w)

"™ dw, 0)8(JY, H0) ™ ypopok(w)otoy;opor(w Hotopok)ot=qg""ygopor)or.
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To conclude we observe that (f,Q > fu)(rQu/) = (ﬂQ fu/)(rQu/) =ygopok(u)ot O
Proposition 3.42. The map ®" of Lemma 3.32 respect the relations of Lemma 3.14.

Proof. By Lemma 3.11 the map ©” respects relation 1. By Lemma 3.34 it respects relation 3 and

A

fto—lf;( = f,;o—lkmfto—l for every k € Kp and by Lemmas 3.33 and 3.30 it respects relations 2 and 6.

Moreover, it respects relations 4 and 5 by Lemma 3.35 and relation 7 by Lemma 3.41. (Il
Theorem 3.43. For every nonzero y € I, (n) and every B-extension k of n there exists an algebra
isomorphism ©,, . : HR(B*, K};) — (G, n).

Proof. By Proposition 3.42 and by Lemma 3.8 there exists an algebra homomorphism from % (B>, K }9)
to sz (G, n) which depends on the choice of a B-extension of  and of an element in I; ,  (np), which
is isomorphic to I; , () by Lemma 3.8. Let E be a set of representatives of K }g—double cosets of B*.
Then {f; | x € E} is a basis of #z(B*, K}g) as an R-vector space and, since Ig(n) = J'B*J! and
dimg(1,(n)) =1 for every y € Ig(n), the set {®, (f) | x € E} is a set of generators of 7#%(G, n) as an
R-vector space and so ©,, , is surjective. Moreover, the set {®,, ,(fy) | x € E} is linearly independent
and so ©,, , is also injective. ]

Remark 3.44. Let « and «’ be two S-extensions of 7. By Section 2A there exists a character x of O
trivial on 1+ pf such that k" =k ® (x o N, ). If we consider y trivial on &g and we write ¥ = x oNp/f,
which is a character of B*, then ®;’}{ 00, maps fy to x fr = x(x) fx for every x € B*.

4. Semisimple types

Using the notation of Section 2, in this section we present the construction of semisimple types of G with
coefficients in R. We refer to Sections 2.8-9 of [Minguez and Sécherre 2014b] for more details.

Let r € N* and let (m1, ..., m,) be a family of strictly positive integers such that Z?:l m; = m. For
everyi €{1,...,r} we fix a maximal simple type (J;, A;) of GL,,, (D) and a simple stratum [A;, n;, 0, ;]
of A; = M, (D) such that J; = J(8;, A;). Then, the centralizer B; of E; = F[f;] in A; is isomorphic to
M,y (D)) for a suitable E;-division algebra D; of reduced degree d; and a suitable m; € N*. Moreover,
U(A;)N B/ is a maximal compact open subgroup of B, which we identify with GL,, (Op)).

Let M be the standard Levi subgroup of G of block diagonal matrices of sizes m, ..., m,. The pair
(Jm, Am) with Ty =T, Ji and Ay = @);_, A; is called a maximal simple type of M.

Foreveryi e {1, ..., r} we fix a simple character 6; € ¥ (A;, 0, B;) contained in A; and we observe that
this choice does not depend on the choices of the S-extensions implicit in ;. Grouping 6; according their

endoclasses, we obtain a partition {1, ..., r} = |_|§: 1

I; with [ € N*. Up to renumbering the (J;, A;) we can
suppose that there exist integers 0 =ap <a; <--- <a; =r such that we have I; ={i eN|a;_| <i <a;}.
For every j € {1,...,1} we denote m/ = e, mi and m' = > _ie1,M; and we consider the standard
Levi subgroup L of G containing M of block diagonal matrices of sizes m!, ..., m'.

Let j € {1,...,1}. We choose a simple stratum [A/, n/, 0, B/] of M,,;(D) as in Section 2.8 of

[Minguez and Sécherre 2014b] (see also Section 6.2 of [Sécherre and Stevens 2016]); in particular we
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can assume that for every i € I; there exist an embedding ¢; : F[B/] — A; such that 8; = ;(8/) and
that the characters 6; with i € I; are related by the transfer maps. If we denote by B/ the centralizer of
EJ = F[B/]in M,,; (D), there exist an E/-division algebra D’/ and an isomorphism that identifies B/ to
M,,; (D" and U(AJ) N B/* to the standard parabolic subgroup of GL,,; (Op,) associated to m; with
i € I;. We denote by 6/ the transfer of 6; withi € I; to Gg(A’, 0, B/), which does not depend on i, and
we fix a B-extension «/ of 6/. In Section 2.8 of [Minguez and Sécherre 2014b] the authors define two

compact open subgroups J; C J(8/, A7) and J! C J'(B/, AY) of G such that J;/J| = [Tics, JiJL,
and representations « ; of J; and y; of J Jl such that
NN~ TN TN~ ) _ : Jj L _
de_} j=1e8hig) niy K 1nde Ki =k, JjﬂM_l_I[J,, restlic.,_®K,,
1€l 1elj

where «; € B(6;) for every i € I;. We denote by n; the restriction of «; to J Y(Bi, A;) foreveryi el e
We obtain a decomposition A; = k; ® o; for every i € I; where o; is a representation of J; trivial on Jil.
We denote by o ; the representation ), 1, 0i viewed as a representation of J; trivial on J jl and we
setA; = k; ®0o;. Then (J;,X;) is a cover of (]_[ielj Ji, ®i61j )»,-) by Proposition 2.26 of [Minguez
and Sécherre 2014b], (J;, ;) is decomposed above ([T;c;, Ji, @y, ki) and (J], ;) is a cover of
([T< I I R I ni) by Proposition 2.27 of the same reference.

We set

r r r l !
J]b:l_[Jil, KM=®Ki, 77M:®77i’ JL:HJJ" JLI:HJ!’
i=1 i=1 i=1 j=1 j=l1
l I l I
)»L=®)»j, KL=®’Cj, nL:®77j’ o“L=®°“.i-
j=1 j=1 j=1 J=1

By construction (Jr, Az) and (JLl, n;) are covers of (Jy, Ayr) and J5, nuy) respectively and (Jr, k)
is decomposed above (Jys, kpr)-

Proposition 2.28 of [loc. cit.] defines a cover (J, L) of (Jr, Ar) and so of (Jy, Apr), that we call a
semisimple type of G. If the (J;, A;) are maximal simple supertypes, we call (J, L) a semisimple supertype
of G. The semisimple type (J, A) is associated to a stratum [A, r, 0, 8] of A, which is not necessarily
simple (Section 2.9 of [loc. cit.]). We denote by B the centralizer of 8 in A, B, = B*NL = ]_[lj:l BJ*
and J' = J NU;(A). By Propositions 2.30 and 2.31 of [loc. cit.] there exists a unique pair (J', 5)
decomposed above (J Ll, n;) and so above (J L ). Tts intertwining set is Ig(n) = J BZ J and for every
y € B} the R-vector space I,(n) is 1-dimensional. We also have the isomorphisms

T3 =03 =] ] 59 = ]Gl ).
i=1 i=1

We can identify o ; with an irreducible representation o of J trivial on J!. By Proposition 2.33 of [loc. cit.]
there exists a unique pair (J, x) decomposed above (Jr, k1) and so above (Jyy, k7). Moreover, we have
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n= resf1 K, A=k ®o0o and I5(k) = JBLXJ. We denote by .# the finite group 1_[;21 GLm; (ED;). Then
we can identify o to a cuspidal (supercuspidal if (J, A) is a semisimple supertype) representation of ..

Remark 4.1. The choice of S-extensions x/ € B(6/) for every j € {1, ...,1} determines «; € B(6;)
foreveryi e {l,...,r}, k/ for every j € {1,...,1}, kr and k and so the decompositions A; = k; ® o;,
Ai=k;jQ@0cjand A=k ®o0.

4A. The representation nmax. In this section we associate to every semisimple supertype (J, L) of G an
irreducible projective representation 3,,,,, of a compact open subgroup of G and we prove that the algebra
HR(G, Nmay) 18 isomorphic to #%(B;, K i) where K i is the pro- p-radical of the maximal compact open
subgroup of Bj.

For every j € {1,...,[} we choose a simple stratum [Apax, j, max, j> 0, B/ of M,,; (D) such that
U (Amax,j) N B/ is a maximal compact open subgroup of B/* containing U (A7) N B/* as in Section 6.2
of [Sécherre and Stevens 2016]. Then we can identify U (Apax, j) N B/* to GL,,i (Opi). Let Jax,j =
J(ﬂj, Amax,j) and Jnlﬂax’j = Jl(,Bj, Amax,j). We can also choose Omax,j € Cr(Amax,j» 0, ,Bj) such that
its transfer to Gr(A7, 0, B7) is 67/. We fix a B-extension Kpyayx, j Of Omax, j and we denote by nyax, j its

restriction to J . By (5.2) of [Sécherre and Stevens 2016], there exists a unique «/ € B(67) such that

max, j

. A(UAPNBIYUIAT) i~ o (UN)NBIX)UL (M) .
de(ﬁ/‘,A/) K _md(U(Aj)nB/X)J,LW- max, j 6)

and so by Remark 4.1 the choice of kyax, ; determines k ;. We set

l ) 1
1 1
Jmax = 1_[ ]max,ja ‘]max = 1_[ Jmax,j7 Kmax = ®Kmax,js
j=1 Jj=1 j=1

l ) l
nmax=®nmax,ja KL=1_[U(Amax,j)mBjx, K[{:HUI(Amax,j)ﬂBjX-
j=1 j=1 Jj=1

If we denote by ¢ the finite group ]_[ljzl GL,,i (¢pi), we obtain Jmax/J) = K1 /K| =9 and (A, o)
is a supercuspidal pair of 4.
As before in this section, by Propositions 2.30, 2.31 and 2.33 of [Minguez and Sécherre 2014b] we

can define two compact open subgroups Jmax and Jr}lax of G such that Jyax/ Jrilax = Jmax/ Jrilax =9

ax

and pairs (Jmax, Kmax) and (Jrllax, Nmax) decomposed above (Jmax, kmax) and (Jrlm, Nmax) respectively.
Then we have I (Kmax) = 16 (Mmax) = Jmax B Z Jmax and the R-vector spaces Iy (1,,x) and I, (kmax) have
dimension 1 for every y € B;.

Remark 4.2. Since for every j € {1, ..., 1} the choice of kpnax, j € B(Omax, j) determines k ;, the choice of
kmax determines k and kn,x and so the decomposition A = k @ ¢. On the other hand 5, , the group ¢
and the conjugacy class of .# are uniquely determined by the semisimple supertype (J, A), independently
by the choice of «yax or of k.

Proposition 4.3. The algebras 53(G, N,.) and ®§.:1 HR(GL,,i (D), Nmax, j) are isomorphic.
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Proof. By Lemma 1.3 and by Lemma 2.4 and Proposition 2.5 of [Guiraud 2013] there exists an algebra
isomorphism ®lj:1 HR(GL,,i (D), Nmax,j) = HR(L, Nmax). Now, since I (Nnax) C JmaxL Jmax the
subalgebra 7% (Jmax L Jmaxs Mmax) Of 7R (G, Nyax) Of functions with support in Jmax L Jmax 1S equal
to H#R(G, §.x) and so by Sections I1.6-8 of [Vignéras 1998] there exists an algebra isomorphism
HR (L, Nmax) = AR (G, Na) Which preserves the support. |

Corollary 4.4. The R-algebras #%(B; , K i) and R (G, N,y are isomorphic.

Proof. By Remark 1.5 of [Chinello 2017] (see also Theorem 6.3 of [Krieg 1990]) the algebra #z (B, K i)
is isomorphic to ®lj:1 Hr(BI*, U, (Amax,j) N B/*) and then by Theorem 3.43 we obtain, for every
jell, ..., 1},

HR(B7*, Uy (Amax.j) N BY™) = H#3(GL,,; (D), Nmax. j)- O

Remark 4.5. By Theorem 3.43 the isomorphism of Corollary 4.4 depends on the choice of a f-extension
Kmax, j Of Nmax,j and of an intertwining element of nmay, ; for every j € {1, ...,1}. Using Proposition 4.3,
the tensor product of these intertwining elements becomes an intertwining element of 5,,,,.

Remark 4.6. The procedure that associates 3, to (J, A) depends on several noncanonical choices, for
example the choice of the isomorphism B, — [] GL,,, (D). To obtain a canonical correspondence, we

denote by ©; the endoclass of §; withi € {1, ..., r} and we canonically associate to (J, A) the formal sum
- m,-d
O, A)=0= ;-
; LEi: F1

Furthermore, the group ¢ and the ¢-conjugacy class of .# depend only on (J, A) and actually the
group ¢ depends only on © because m'/[£,,; 1 tgi]=m/d/[E/ : F] = Zieh m;d/[E; : F] which is the
coefficient of @; in ®@. We refer to Section 6.3 of [Sécherre and Stevens 2016] for more details.

5. The category equivalence Z(G, 1,ay) =~ Z(B[, Ki)

Using the notation of Section 4, in this section we prove that there exists an equivalence of categories
between Z(G, N,,,¢) and Z(B;, K i). This allows to reduce the description of a positive-level block of
Zg(G) to the description of a level-0 block of Zr (B LX).

5A. The category %(J, A). In this section we associate to a semisimple supertype (J, A) of G a subcat-
egory of Zr(G). We refer to [Sécherre and Stevens 2016] for more details.

From now on we fix an extension kmax 0f .« 10 Jmax, as in Section 4A. This uniquely determines
a decomposition A = k ® o where k is an irreducible representation of J and o is a supercuspidal
representation of .# viewed as an irreducible representation of J trivial on J'. We consider the functor
Kipa : Zr(G) — %(Jmax/-]nllax) =Zr(¥) givenby K, ()= Hoer}]ax (Wmax» ) for every representation
7 of G, with Jnax acting on K, () by

X.p = T(X) 0P 0 Kpax (X) ! 7
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for every x € Jmax. We denote by 1 (kmax) this representation of ¢. We remark that if V| and V, are repre-
sentations of G and ¢ € Homg (V}, V,) then K
details on this functor see Section 5 of [Minguez and Sécherre 2014b] and [Sécherre and Stevens 2016].

(¢) maps ¢ to ¢pog for every ¢ € Homg (p, Vi). For more

K max

We recall that we have o = Q);_, 0; where o; is a supercuspidal representation of GL,,/ (¢p;). We put
r,= ]_[ljzl Gal(tp; /€)1, The equivalence class of (.Z, o) (see Definition 1.14 of [Sécherre and
Stevens 2016]) is the set, denoted by [.#, o], of supercuspidal pairs (.#’, 6’) of ¢ such that there exists
€ € I' 4 such that (%', 6’) is ¥-conjugate to (., c°).

Let ® =0O(J, A). For every representation V of G let V[@, o] be the subrepresentation of V generated
(V) such that every irreducible subquotient has supercuspidal support in

(V) (see Section 9.1 of [Sécherre

by the maximal subspace of K

Kmax

[.#,0] and let V[@®] be the subrepresentation of V generated by K
and Stevens 2016]).

K max

Definition 5.1. Let Z(J, L) be the full subcategory of Z (G) of representations V suchthat V =V[0O, o].
This does not depend on the choice of k¢ (see Section 10.1 of [loc. cit.]).

Remark 5.2. For every representation V of G we have V[O, d][®, 0] = V[O, a] (see Lemma 9.2 of
[loc. cit.]) and so V[@®, o] is an object of Z2(J, A).

We define the equivalence class of (J, L) to be the set [J, A] of semisimple supertypes (J, &) of G
such that ind () = ind§ (0).

Theorem 5.3. The category %(J, L) depends only on the class [ J, L] and it is a block of Zg(G).
Proof. This follows from Propositions 10.2 and 10.5 and Theorem 10.4 of [Sécherre and Stevens 2016]. [J

Remark 5.4. The proof in [loc. cit.] of Theorem 5.3 uses the notions of inertial class of a supercuspidal
pair of G and of supercuspidal support (see 1.1.3, 2.1.2 and 2.1.3 of [Minguez and Sécherre 2014a]).
These notions are very important in the study of representations of GL,, (D) but in this article they are

not used explicitly.

5B. The category equivalence. Let (J, L) be a semisimple supertype of G and let @ = @(J, L) be the
formal sum of endoclasses associated to it. In general there exist several semisimple supertypes of G
associated to @. We put X = Xg = {[J/,A] | ©(J', 1) = ©}. In this section we prove that the sum
Dy aiex 2, ') is equivalent to the level-O subcategory of % (B]).

Let Y = Yg be the set of equivalence classes of supercuspidal pairs of ¢, that is uniquely determined
by ® by Remark 4.6. Let k. be a fixed extension of 9, to Jmax as in Section 4A and let K=K, .

By Proposition 10.7 of [Sécherre and Stevens 2016] there exists a bijection
Gup - X =Y ®)

given by ¢, ([J',A']) = [.#, o] if the supercuspidal supports of irreducible subquotients of K(V) are
in [.#, o] for every (or equivalently for one) object V of 2(J’, \"). This is equivalent to saying that
there exists k as in Section 4 (which depends on k,x) such that A’ = k ® o with (#, 0') € [.#, o].
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Proposition 5.5 [Sécherre and Stevens 2016, Corollary 9.4]. For every representation V of G we have

viel= P Vie.d'l. ©)
(4 0'\eY
Proposition 5.6 [loc. cit., Lemma 10.3]. If [J',A'] € X and W is a simple object of %#(J', ') then
K(W) # 0.

Since J!

notation and results of Section 1B. We have defined the functor

has invertible pro-order in R, the representation 7,,,, is projective and so we can use the

M

Nmax

: ZR(G) — Mod- AR (G, Nax)

by M, (V)=Homg (indg1 (Mmax)» V) and My () : ¢ = @ o ¢ for all representations V and V) of G,
¢ € Homg (V, V) and ¢ € Homg (ind%ax(nmax), V).

Mmax

Remark 5.7. Frobenius reciprocity induces a natural isomorphism between the functor M, composed
with the forgetful functor Mod- 5% (G, 15.x) = Mod- R and the functor K
functor Z (¢) — Mod- R. This implies that for every representation V of G the subrepresentation V[®]

composed with the forgetful

K max

of V is the subrepresentation V[5,,,,] defined in Section 1B.

We have also defined the full subcategories %, (G) and Z(G, N,,x) of Zr(G). We recall that
X (G, Nmyy) 1s the category of V such that V = V[®] and #,__ (G) is the category of V such that
M, (V') # 0 for every irreducible subquotient V' of V.

Lemma 5.8. We have Z(G, Ny,x) = %y, (G).

Proof. Thanks to Remark 1.8 it is sufficient to prove Z(G, ) C %,
in Z(G, N, By Proposition 5.5 we have V = @y V[0, ¢’] and by Remark 5.2 the representation
V[©, o'] is an object of Z(J’, A") where [J/,\] = ¢;;ﬂx([%, o’]) € X. Hence, we obtain the inclusion
R (G, Nmax) CDOx Z(J', L'). Let now W be an object of Py 2(J’, 1') and W’ an irreducible subquotient
of W. Then W' is an irreducible object of Z(J’, 1) for a [J’, '] € X and so by Proposition 5.6 we have
Ko (W) #0. Therefore, by Remark 5.7 we have M, (W') %0 which implies @y Z(J, 1) C %y . (G).

O

(G). Let V be a representation

nmax

max

Remark 5.9. We have proved that Z(G, 1,,,x) = %y, (G) = @[J,A]ex Z#(J, L). Moreover, by Proposi-
tion 1.7, a representation V of G is in this category if and only if it satisfies one of the following equivalent
conditions:

e V=V[O].
» For every subquotient Z of V we have Z = Z[O].

For every irreducible subquotient U of V we have M, (U) # 0.

For every nonzero subquotient W of V' we have M, (W) # 0.
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Theorem 5.10. The functor My__ is an equivalence of categories between
B(G, M) and  Mod- A (G, ynay)-
Proof. We apply Theorem 1.9 with G =G and o = 4. ]

Remark 5.11. We recall that a level-O representation of B/ is a representation generated by its K i—
invariant vectors. It is equivalent to say that all irreducible subquotients have nonzero K i—invariant
vectors (see Section 3 of [Chinello 2017]). The category Z(B;, K i) is called the level-0 subcategory of
Zr(B LX). By Section 3 of [Chinello 2017] and Theorem 1.9, the K i—invariant functor inv k! induces an
equivalence of categories between Z(B;, K i) and Mod- 5% (B}, K i) whose quasiinverse is

. Bf
Wi W ® s k) indy (1),

We recall that if (o, Z) is a representation of B LX then the action of ® € #% (B}, K i) onzeZ K is given
by z.& = erKi\BZ d(x)o(xNz.

Corollary 5.12. There exists an equivalence of categories between Z(G, ,,,,x) and Z(B;, K i).

Proof. By Corollary 4.4 the algebras 57z (B}, K i) and % (G, 1,,,) are isomorphic. We obtain an equiv-
alence of categories between Mod- % (G, 1,,,x) and Mod- #%(B;, K i) and so between Z(G, pax)
and Z(B/, K|) by Theorem 5.10 and Remark 5.11. O

Now we want to describe the functor that induces this equivalence of categories. We recall that we
have fixed an isomorphism B, = [[ GL,,,; (D’ 7) and an extension K max of ;.. We also fix a nonzero
intertwining element y of 5,,,, as in Remark 4.5. By Corollary 4.4 we have an isomorphism ®,, ,
HR(B}, K z) — HR(G, Npyay) Which induces an equivalence of categories © . :Mod- % (G, Nyay) =
Mod- #% (B}, K i). We obtain the diagram

Corollary 5.12 « 1
Z(G, Nipax) Z(B[,K|)

J{M’?mux TRemark 5.11 (1 0)
e} Kmax
Mod- #z (G, Nnay) —————— Mod- #%(B), K}).

The functor My, : Z(G, N,ax) — Mod- 7% (G, 1,,,) 18 an equivalence of categories by Theorem 5.10.
By Lemma 1.3 the right action of J#z (G, 9,,x) on M,,max(V) is given by (m.W)(f) = m(W x f) for
everym e My (V), VW € JR(G, Nyx) and [ € ind% i (ﬂmax) The right-action of ® € J#;(B/, K} 1)
on a (G, Np.)-module N is given by N.® = N. ®y km (D). By Remark 5.11 the functor W +—
w ®%R(B>< KD 1ndB (1) is an equivalence of categories between Mod- %”R (B}, L) and Z(B), K! L)
where, by Lemma 1 3, the left-action of ® € J#%(B;, L) on f € ind Ki (1) is given by &. f = d % f.
Moreover, the left-action of x € B, on w® f € W® 4., (B K| )de1 (1) is glven by x.(w® f)=w®(x.f).
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Composing these three functors we obtain the equivalence of categories of Corollary 5.12 which we

denote by F, and is given by

> K max

. BX
Fy (T, V) =My (7, V) Q@ (B K} 1ndKL£(1K£) (1)

for every (7, V) in Z(G, N,,4¢)> Where the right-action of ® € #% (B, Ki) onme M, (mw,V)Iisgiven
by (m.®)(f) = m(®y ;... (P) * f) for every f € indzax (Mmax)- We remark that if V| and V, are in
Z(G, nmax) and ¢ € Homg (V1, V) then F), . (¢) maps m® f to (pom)® f forevery m € My _ (V1)
and f € 1ndKI (1K1)

K max

5C. Correspondence between blocks. In this section we discuss the correspondence among blocks of
#(B, K i) and those of Z(G, n,,,,) induced by the equivalence of categories F, . defined in (11).

We consider the functor K, : (B}, K}) — Zr(K1/K}) = Zr(%) given by Kk, (Z) = ZXi and
Kk, (@) = qb Sk} for all representations (o, Z) and (01, Z;) of B>< and every ¢ € Home (Z, Zy), where
x € Ky acts on ze zKi by x.z = o(x)z. It is the functor presented in Section SA when we replace G by
B Z and K.« by the trivial representation of K. We also consider the functor H : Mod- %% (B, L) —
%’R(KL/KD given by H(W) = (¢’, W) and H (¢) = ¢ for all % (B, Ké)—modules W and W; and
every ¢ € HomﬂR(Bx’Kl)(W, W1), where o' (k)w = w. f;—1 forevery k € K and w € W.

Remark 5.13. The functor Kg, is the Composmon of inv K! (see Remark 5.11) and the functor H.
Actually if (o, Z) is an object of Z(B), K}) then H (inv k1 (2) = H(ZKL) = (o', ZKL) where o' (k)z =
2 i1 =D ekl 1\Bx fi-1(x)o(x 1z = o(k)z for every z € ZKi and k € Kp.

We obtain the diagram

F,

¥sKmax

Z (G, Ninax) #(B[, K})

* .
Wax oM, Mmax IHV
L

Mod- #% (B}, K})

lH

KRr(Y)

(12)

Kmax

Proposition 5.14. There exists a natural isomorphism between Kk, o F,, ;. and K,

Kmax*

Proof. By Remark 5.13 we have Kg, o F), . = H o iani oF, and by (10) we have a natural

7KmﬂX
isomorphism between inv 1 oFy ,, and ©F . oM,  soitis sufficient to find a natural isomorphism
3: H°®;,xmax°Mﬂmax - K For every object (77, V) of Z(G, §ax)s let 3v : My (V) — K, (V) be

the isomorphism of R-modules given by Remark 5.7. The action of x € K; /K i =4onmeM, (m,V)

Kmax * Mmax K max

is given by x.m = m.O, . (fi-1) = m.fxq where fxq € HR(G, ) has support x~1J! —and
(V) is given by (7). We have
to prove that 3y (x.m) = x.3y (m) for every m € M, (w, V) and x € 4. We recall that in Section 1A

fe1(x™1) = kmax (x 1) while the action of x € Jyax/JL,, =% on g e K

K max
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we defined elements i, : JILax — Vi With v € V, such that m(i,) = 3v(m)(v), which generate
ind?,,‘m("max) as a representation of G. Then for every v € V,,  we have

3y (xm)(v) = (x.m) (i) = (m. fr-1)(iy) = m( -1 *iy).

The support of f,1 % i, is JL x7" and (fi1 *i,)(x™") = fioi(x™)v = kmax(x~")v. We obtain
3y @m)©) = M, (o) = TE) Mg, o-1) = TGy (0) K@~ H0)) = (6.3y (m) ().
Now, let V| and V; be two objects of Z(G, 9,,,) and let ¢ € Homg (Vy, V2). Then foreveryme My (V1)
and every v € V;  we have 3y, (H (O (M, (#)))(m))(v) = 3v,(¢ o m)(v) which is equal to

Vmeax
(¢ om)(iy). On the other hand we have K, (¢)(3v, (m))(v) = ¢ (3v, (m)(v)) which is equal to ¢ (m(i,)).
This shows that 3 is a natural isomorphism. ([

Now we look for a block decomposition of Z (B, Ké). Let [.#,0] € Y. Then .# = ]_[ljzl M
and 0 = ®lj:1 o; where .#; = J;/J ].1 and [.#;, o ;] is a class of supercuspidal pairs of GL,,;(¢p,).
For every j € {1, ..., 1}, replacing G by B/* and kp,x by the trivial character of U(Apax, j) N B/* in
Definition 5.1, we obtain an abelian full subcategory 2 (U (Amax, j) N Bi*, o ;) of Zg (B/*) whose objects

are representations V; of B/* generated by the maximal subspace of V; Ur(Ama, OB

for which every
irreducible subquotient has supercuspidal support in [.#}, o ;]. We obtain a full subcategory Z(K, o)
of Zr(B Z) (and of Z(B, K i)) whose objects are representations V of B Z generated by the maximal
subspace of VX L such that every irreducible subquotient has supercuspidal supportin [.#, o' ]. Theorem 5.3
and Remark 5.9 give a block decomposition of Z(BI*, U, (Amax,j) N B/ for every je€{l,...,l} and

so we obtain a block decomposition
#B}.K)= P %K. 0).
[#.6]eY
We recall that we have a block decomposition Z(G, §.x) = @”,”ex Z(J, L) by Remark 5.9 and a

bijection ¢, : X — Y defined in (8) which depends on the choice of K max.

Theorem 5.15. Let [J, Al € X and [#, 0] = ¢y, ,([J,A]) €Y. Then F,, . induces an equivalence of
categories between the block Z(J , L) of %Zr(G) and the block #(K 1, o) of Zr(B]).

Proof. If V is an object of Z(J, L), by Proposition 5.14 there exists an isomorphism of representations
of ¢ between Kg, (F,.,,..(V)) and K (V)KL have
supercuspidal support in [.#, o] and so F), ;. (V) isin Z(K[, o). 0

(V). Then irreducible subquotients of (F),,

K max K max K max
We remark that the matching of the blocks of Z(G, 1,,,x) and of Z(B;, K i) does not depend on the
choice of the intertwining element y of 5,,,, while the equivalence of categories between these blocks,

induced by F, ;. (V), depends on this choice.

K max

5D. Dependence on the choice of kmax. In this section we discuss the dependence of results of Sections
5A, 5B and 5C on the choice of the extension of 9, t0 Jmax-

Let (J, A) be a semisimple supertype of G. We have just seen in Remark 4.6 that the group ¢ depends
only on @(J, L) and by Remark 4.6 and Theorem 5.3 the ¢-conjugacy class of .# and the category
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Z#(J, L) do not depend on the choice of the extension of 5, t0 Jmax. Moreover, the sum (9) does not
depend on this choice because a different one permutes the terms V[@, 6] in V[®]. Then V[@], the
(G) = ®[J,k]ex Z(J, L) and the equivalence of Theorem 5.10 do not
depend on the choice of the extension of 1,,,,-

equalities Z(G, Nyax) = %y,
Let y be a fixed nonzero intertwining element of »,,,,, as in Remark 4.5. Using notation of Section 4A

let & max and «’

. ol 1l /
" ax D€ two extensions of 9, 10 Jmax and let kmax = Q) =1 kmax,j and Kk, = X =1 Kinaxj

/

be the restrictions to Jyax Of Kmax and k., respectively. Then, for every j € {1, ..., [}, kmax,j and Kimax. j

are f-extensions of 6yax ; and so by Section 2A there exists a character x; of O; ; trivial on 1+ pp;
such that /cr’nax’j = Kmax,j ® (Xj 0 Npi/gi). Let x and X be the character ®lj:1(xj o Ngigi) viewed as

characters of Jyax trivial on J 1

max and of & respectively and, if we consider y; trivial on @, for every

jel{l,... I}, let x = ®[J':1(Xj o Npj, i) viewed as a character of BLX.

We consider the functors X : H(B}, Ki) — Z(B}, Ki) and X : ZR(9) — Zr(¥) given by %(Q) =
0®% 1, X(@)=¢, X(t)=1®% ! and X(¢) = ¢ for every o, 01 in Z(BY, K}l),every g e Homg- (0, o),
all representations t and 71 of ¢ and every ¢ € Homg (7, 71). We consider the following diagram.

Kx

X 1 L
Z (B, K;p) HR(Y)
i H(G M) ¥ (42
X 1 KKL
#(B),K}) HR(D).

Lemma 5.16. We have K, = Xo Ki,... and so for every representation (1w, V) in Z(G, 1)) We have
1

T[(’C;nax) = T[(Kmax) &® )_(_ .
Proof. The space of K, (V) and %(K,cmax(V)) isHom 1 (fnax. V). Let ¢ be in this space and x € Jmax.
Let Q be the standard parabolic subgroup of G with Levi component L, let N be the unipotent radical of
QO such that Q = LN and let N~ be the unipotent radical opposite to N. We choose x; € Jpax "N,

/
max?’

Jmax) respectively, we obtain 7 (k/,. ) (x)(¢) = 7(x) o @ o Kk (x7 1)

X2 € Jmax and x3 € Jmax NN such that x = x;x2x3. Since (Kmax, Jmax) and (k Jmax) are decomposed

/

above (KmaX’ JmaX) and (Kmax’

which is equal to 7(x) 0 ¢ 0 i/ (X7 1) = 7(x) 0 9 0 kemax (X3 ) x (45 1) = 7 (Ko max) (X) (@) x (x2) "' Since
Joax "N =JL NN and Juox "N~ = JL NN~ we obtain x (x2) ! = x(x)~'. Now, let V; and V5 be
two objects of Z(G, n,.) and let ¢ € Homg(Vy, V2). Then for every ¢ € Hom Jilmx(nmax, V1) we have
Ki)o (@) (@) = p o = X (K, () (@). 0

Lemma 5.17. We have Kx, o X = X o K.

Proof. Let (0, Z) be in Z(B), K}). The space of Kk, (X(Z)) and X(Kk, (Z)) is ZXL. Let x € K1, and
let X be the projection of x in K; /K} =%. Forevery z € ZKL we have Kk, (i‘(g))(}?)(z) =7(x"Hox)v
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while .%(KKL(Q))()?)(Z) = x(x~Do(x)v. Now, let Z; and Z, be two objects of Z(B}", Ki) and let
¢ € Hompx(Z1, Z5). Then we have Kk, (X(¢)) = ¢ = X(Kk, (#)). O

We remark that by Proposition 5.14 and Lemmas 5 16 and 5.17, the functor Kg, o F, 4/ is naturally

isomorphic to K s which is equal to X o K, which is naturally isomorphic to X oK, o Fy,xmax which

K max

is equal to Kg, o Xo Fy -
Proposition 5.18. There exists a natural isomorphism between F,, y; and X o Fy . .

Proof. For every object (7, V) in Z(G, N,y), the space of F . (V) and %(F,, kma (V) 18
. BX
My, (V) ® sy k) 0d s (k)

IfmeM, (V)and f € ind?z (lKi)’ in the first case the right-action of ® € J#; (B, Ki) on m and
the left-action of x € B onm ® f are givenby m ' ® =m.0, , (P)and x o' (M f) =m @ x.f
while in the second case they are given by m x ® = m. ®y k(@) and x o (m® f) = Fx Hmx. f.
Let 3y be the automorphlsm of My, (V) ® (7 k! )mdil (Ig1) that maps m ® f tom ® x f for every
meM, (V)and f elnd (1 1) By Remark 3.44 we havem* ® =m *x x P and then

v+ @@ f)=(m+ )@ (X f)
=(m*xP)® (X f)
=mQ ((XP)*(x /)
=mQ x(Px*f)
=3v(mQ (P x* f)).

This implies that 3y is well defined as an R-linear automorphism. Moreover, for every x € B;* we have
3yxo Mm@ f))=mRx(x.f)=xx"Hmx.(¥ f) =x03yv(m® f) and so 3y is an isomorphism of
representations of B>< Now, let V; and Vz be two objects of Z(G, N,x) and let ¢ € Homg (Vy, V2). Then
foreveryme M, (V))and f € 1ndK1 (Ig 1) we have 3V2(FV w (@M [f)) = v,(pom)® f) =

($om)® 7 f which is equal 1o X(F, . (6))(1 ® 7 ) = X(Fy enss )3y, m ® £). O

By Remark 4.2, the representations knm,x and k|, determine two decompositions A = k¥ @ o and

max

A =«’®0c’ where o and o' are supercuspidal representations of .# viewed as irreducible representations
of Jy trivial on J Ll Hence, the bijection ¢ o qﬁ;n}ax permutes the elements of Y and it maps [./Z, o]
to [.#,0']. Let k1, and k', be the restrictions to J; of k and k' respectively. By (6) and by (2.20) of

[Minguez and Sécherre 2014b] we have k), =k; ® x andso ¢’ =0 ® x L
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Algebraic dynamics of the lifts of Frobenius
Junyi Xie

We study the algebraic dynamics of endomorphisms of projective spaces with coefficients in a p-adic
field whose reduction in positive characteristic is the Frobenius. In particular, we prove a version of the
dynamical Manin—Mumford conjecture and the dynamical Mordell-Lang conjecture for the coherent
backward orbits of such endomorphisms. We also give a new proof of a dynamical version of the
Tate—Voloch conjecture in this case. Our method is based on the theory of perfectoid spaces introduced
by P. Scholze. In the appendix, we prove that under some technical condition on the field of definition,
a dynamical system for a polarized lift of Frobenius on a projective variety can be embedded into a
dynamical system for some endomorphism of a projective space.
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1. Introduction

In this paper, we write C, for the completion of the algebraically closure of @, with the induced norm.
Denote by C9, its valuation ring and C}” the maximal ideal of C}. Let F': [P’gp — ng be an endomorphism
taking form

F:ilxo: - :xyl>[xd +p' Po(xo, ..., xn) 1 xy + p' Py(x0, ..., xn)]

where ¢ is a power of p, p’ € Cy. and Py, ..., Py are homogeneous polynomials of degree g in
C;[xo, ..., xXn]. We say that F is a lift of Frobenius on ng'

In this paper we present a new argument for studying the algebraic dynamics for such maps, which is
based on the theory of perfectoid spaces introduced by Scholze. In particular, we study some dynamical

analogues of diophantine geometry for such maps.

The author is supported by the labex CIMI.
MSC2010: primary 37P55; secondary 37P20, 37P35.
Keywords: algebraic dynamics, perfectoid space.
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Dynamical Manin—Mumford conjecture. At first, we recall the dynamical Manin—-Mumford conjecture
proposed by Zhang [1995].

Dynamical Manin—-Mumford Conjecture. Let F': X¢ — X¢ be an endomorphism of a quasiprojective
variety defined over C. Let V be a subvariety of X. If the Zariski closure of the set of preperiodic points'
of F contained in V is Zariski dense in V, then V itself is preperiodic, and likewise for periodic points.?

This conjecture is a dynamical analogue of the Manin—Mumford conjecture on subvarieties of abelian
varieties. More precisely, let V be an irreducible subvariety inside an abelian variety A over C such that
the intersection of the set of torsion points of A and V is Zariski dense in V. Then the Manin—-Mumford
conjecture asserts that there exists an abelian subvariety Vj of A and a torsion point a € A(C) such that
V=Vy+a.

The Manin—-Mumford conjecture was first proved by Raynaud [1983a; 1983b]. Various versions of this
conjecture were proved by Ullmo [1998], Zhang [1998], Buium [1996b], Hrushovski [2001] and Pink
and Roessler[2002]. Observe that the dynamical Manin—-Mumford conjecture for the map x +— 2x on A
implies the classical Manin—-Mumford conjecture.

The dynamical Manin—-Mumford conjecture does not hold in full generality, as we have some coun-
terexamples [Ghioca et al. 2011; Pazuki 2010; Pazuki 2013]. In particular, Pazuki [2013] shows that
counterexamples can come from a lift of Frobenius crossed with a lift of its Verschiebung. This motivated
the proposal of several modified versions of the conjecture [Ghioca et al. 2011; Yuan and Zhang 2017].

However, this conjecture is now known to hold in some special cases [Baker and Hsia 2005; Fakhruddin
2014; Medvedev and Scanlon 2014; Ghioca and Tucker 2010; Dujardin and Favre 2017; Ghioca et al.
2011; 2015; 2018]. It seems that the dynamical Manin—-Mumford conjecture may be true except a few
families of counterexamples.

In this paper, we prove the dynamical Manin—-Mumford conjecture for periodic points of lifts of
Frobenius on PV,

Theorem 1.1. Let F : [P’gp — [P’gp be a lift of Frobenius on [P’gp. Denote by Per the set of periodic closed
points in ng. Let V be any irreducible subvariety of ng such that V N Per is Zariski dense in V. Then
V is periodic i.e., there exists £ > 1 such that F*(V) = V.

We note that Medvedev and Scanlon [2014] have proved Theorem 1.1 in the case
Filxo: - :xyl> [x{ + pP(xo,xn) i+ i xb_ + pPn_t, xn) : X%,

where g is a power of p and P € Z,[x, y] is a homogenous polynomial of degree g. Pazuki [2013]
studied the lifts of Frobenius on abelian varieties.

We should mention that, recently Scanlon gave a new proof of this theorem without using perfectoid
spaces. Since this proof is unpublished and it is completely different from ours, we will discuss it briefly
in Section 4 of this paper.

TA preperiodic point x is a point satisfying F™ (x) = F" (x) for some m > n > 0.
ZA periodic point x is a point satisfying F"(x) = x for some n > 0.
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Dynamical Tate—Voloch conjecture. Let V be an irreducible subvariety of [P’gp. There are homogenous
polynomials H; € C,[xo,...,xny], i =1, ..., m satistfying || H;|| = 1 which define V. For any point
y € ng(Cl,), we may write y = [yo : - -- : yn1, max{|y;i|}o<i<y = 1. Then we denote by d(y, V) :=
max{|H;(yo, ..., YN)|}1<i<m. Observe that d(y, V) does not depend on the choice of {H;}<;<; or the
coordinates [yg : ---: yy] of y. It can be viewed as the distance between y and V. Moreover for any
quasiprojective variety X and subvariety V of X, by choosing an embedding X < [P’gp, d(s, V) defines
a distance between V and a point in X.
Tate and Voloch [1996] made the following conjecture:

Tate—Voloch Conjecture. Let A be a semiabelian variety over C, and V a subvariety of A. Then there
exists ¢ > 0 such that for any torsion point x € A, we have either x € V or d(x, V) > c.

This conjecture was proved by Scanlon [1999] when A is defined over a finite extension of @ ,. Buium
[1996a] proved a dynamical version of this conjecture for periodic points of lifts of Frobenius on any
algebraic variety. Here we state it only for the lifts of Frobenius on [P’gp.

Theorem 1.2. Let F : [P’gp — [Ij’gp be a lift of Frobenius on ng. Let V be any irreducible subvariety
of I]j’gp. Then there exists 6 > 0 such that for any point x € Per, either d(x,V)>dorxeV.

In this paper, we give a new proof of this theorem by using the theory of perfectoid spaces.

Dynamical Mordell-Lang conjecture. The Mordell-Lang conjecture on subvarieties of semiabelian
varieties (now a theorem of Faltings [1994] and Vojta [1996]) says that if V is a subvariety of a semiabelian
variety G defined over C and I' is a finitely generated subgroup of G(C), then V(C) (T is a union of at
most finitely many translates of subgroups of I.

Inspired by this, Ghioca and Tucker proposed the following dynamical analogue of the Mordell-Lang
conjecture.

Dynamical Mordell-Lang Conjecture [Ghioca and Tucker 2009]. Let X be a quasiprojective variety
defined over C, let f : X — X be an endomorphism, and V be any subvariety of X. For any point

x € X(C) the set {n e N| f*(x) € V(C)} is a union of at most finitely many arithmetic progressions.3

Observe that the dynamical Mordell-Lang conjecture implies the classical Mordell-Lang conjecture in
the case I' >~ (Z, +).

The dynamical Mordell-Lang conjecture has been proved in many cases. For example, Bell, Ghioca
and Tucker [2010] proved this conjecture for étale maps, and the author proved it for endomorphisms of
Aq% [Xie 2017]. We refer to the book [Bell et al. 2016] for a good survey of this conjecture.

We note that the dynamical Mordell-Lang conjecture is not a full generalization of the Mordell-Lang
conjecture. In particular, it considers only the forward orbit but not the backward orbit. In an informal
seminar, Zhang asked me the following question:

3 An arithmetic progression is a set of the form {an + b | n € N} with a, b € N. In particular, when a = 0, it contains only
one point.
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Question 1.3. Let X be a quasiprojective variety over C and F : X — X be a finite endomorphism. Let
x be a point in X (C). Denote by O~ (x) := U?io F~!(x) the backward orbit of x. Let V be a positive
dimensional irreducible subvariety of X. If V. N O~ (x) is Zariski dense in V, what can we say about V?

We note that if V is preperiodic, then V N O~ (x) is Zariski dense in V. As with the dynamical
Manin—Mumford conjecture, the converse is not true. Indeed, we have the following example. Let
X = Aqlz X A(ID and f : X — X be the endomorphism defined by (x, y) — (x*, y%). Let V be the diagonal
and x = (1, 1). Then VN O~ (x) is Zariski dense in V, but V is not preperiodic. We have counterexamples
even when F is a polarized endomorphism.* The following example is given by Ghioca, which is similar
to [Ghioca et al. 2011, Theorem 1.2].

Example 1.4. Let E be the elliptic curve over C defined by the lattice Z[i] C C. Let F; be the endo-
morphism on E defined by the multiplication by 10 and F, be the endomorphism on E defined by the
multiplication by 6 4+ 8i. Set X := E x E, F := (F, F;) on X. Since |10| = |6 + 8i|, F is a polarized
endomorphism on X. Let V be the diagonal in X and x be the origin. We may check that VN O~ (x) is
Zariski dense in V, but V is not preperiodic.

As a special case of Question 1.3, we propose the following conjecture.

Conjecture 1.5. Let X be a quasiprojective variety over C and F : X — X be a finite endomorphism.
Let {b;};>0 be a sequence of points in X (C) satisfying f(b;) = b;_; for all i > 1. Let V be a positive
dimensional irreducible subvariety of X. If the {b;};>0 N V is Zariski dense in V, then V is periodic
under F'.

Remark 1.6. This conjecture can be viewed as the dynamical Mordell-Lang conjecture for the coherent
backward orbits. In fact, it is easy to see that Conjecture 1.5 is equivalent to the following:

Conjecture 1.5%. Let X be a quasiprojective variety over C and F : X — X be a finite endomorphism.
Let {b;}i>0 be a sequence of points in X (C) satisfying f(b;) =b;_; forall i > 1. Let V be a subvariety
of X. Then the set {n > 0| b, € V} is a union of at most finitely many arithmetic progressions.

Conjecture 1.5= Conjecture 1.5%. If {b;};>¢ is finite, then the b; are contained in a periodic circle. Then
Conjecture 1.5* trivially holds. Now we assume that {b;};>¢ is infinite. Set W :=(,.,{bi | b; € V,i > n}.
Then there exists N > 0 such that W ={b; | b; € V,i > N}. We note that {n >0 | b:, eVi\(n=0|b, €
W} C{0,..., N} is finite. After replacing bg by by, we may assume that N = 0. If W is empty, then

(n>0|b,eV}={n=>0]|b, e W} =0. If W is not empty, then every irreducible component of W
has positive dimension and {b;};>y N W is Zariski dense in W. Conjecture 1.5 implies that there exists
r > 1 such that F" (W) = W. If for some index i € {0, ..., r — 1}, there exists s > 0 such that b;,, € V,
then b;,, ¢ V forall n > s. Denote by T;, i =0, ...,r — 1, the set of j > 0 satisfying b; € V and

4An endomorphism F : X — X on a projective variety is said to be polarized if there exists an ample line bundle L on X
satisfying F*L = L®4 4 > 2.
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j =i modr. Then T; is either finite or equal to {i +rn | n € N}. It follows that
r—1
n=0lbyeVy={nz0lb,eW)=JT;
i=0
is a union of at most finitely many arithmetic progressions. (Il

Conjecture 1.5% =Conjecture 1.5. Assume that V is a positive dimensional irreducible subvariety of X
such that {b;};>0 NV is Zariski dense in V. Then {n > 0| b, € V} is infinite. Conjecture 1.5 shows that
{n>0]b, € V} takes the form {n > 0| b, € V} = FU(j_, T;) where F is finite and T}, j = 1,..., s,
are infinite arithmetic progressions. There exists j € {1, ..., s} such that {b; | i € T;} is Zariski dense in V.
Write 7; =a+rNwhere a > 0, r > 1. Since F({b; |i e T;j)\{b; |i € T;} ={a}, wehave F"(V)=V. [J

In this paper, we prove Conjecture 1.5 for the lifts of Frobenius of [P’gp.

Theorem 1.7. Let F : ng — ng be a lift of Frobenius on [P’gp. Let {b;}i>0 be a sequence of points in
I]:Dgp (Cp) satisfying f(b;) =b;_y foralli > 1. Let V be a positive dimensional irreducible subvariety
of I]j’gp. If {bi}i=o NV is Zariski dense in V, then V is periodic under F.

In fact, we prove a stronger statement.

Theorem 1.8. Let F : ng — ng be a lift of Frobenius on I]J’gp. Let {b;}i>0 be a sequence of points in
I]:Dgp (C)p) satisfying f(b;) =b;_ foralli > 1. Let V be a subvariety of Pg,,' If there exists a subsequence
{by,; }i=0 such that |d(b,,, V)| — 0 when n — oo, then b,, € V for i large enough and there exists r > 0,
such that {b;}i>0 € Uiy F' (V).

It implies the following Tate—Voloch type statement.

Corollary 1.9. Let F : [P’gp — [P’gp be a lift of Frobenius on Pg,,' Let {b;}i>0 be a sequence of points in
ng (Cp) satisfying f(b;) =b;_1 foralli > 1. Let V be a subvariety of ng' Then there exists ¢ > 0 such
that for all i > 0, either b; € V ord(b;, V) > c.

Overview of the proofs. Let us now see in more detail how our arguments work.

—

Denote by K :=C,, and K b= |F,T(t)) the completion of the algebraic closure of [F,,. We denote by
K° and K"° the valuation rings of K and K”, respectively, and by K°° and K"°° the maximal ideal of
K° and K", respectively. Denote by k := F,. We have k = K°/K°° = K"°/K"°. Moreover, we have an
embedding k < K.

Let F : PX¥ — PY be an endomorphism taking form

Filxg::xyl>[xg+ p' Po(xo, ..., xp) 11 xiy + p' Py(x0, ..., xn)],
where p’ € K°°, ¢ is a power of p, and Py, ..., Py are homogeneous polynomials of degree ¢ in
K°[xq, ..., xn].

We associate to [FDII}’ and [P’Izb nonarchimedean analytic spaces Pz’ad and P/]\(/;ad, respectively, with natural

embeddings P (K) C [P’]Kv’ad and PY,(K") € I]J’z;ad. The endomorphism F extends to an endomorphism
d N,ad
F* on Py,
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Denote by lim ;.. IPIIZ’ad the inverse limit of the I]j’],\(/’acl where the transition maps are F24. Then we may
construct a perfectoid space I]J’z’perf with an endomorphism FP* for which the topological dynamical

system (IPN perf Frety g isomorphic to (lim ;4 [P’N ad , T) where T : (xo, x1, ...) = (F®(xq), x0, ...) is
the shift map on lim .4 IP’ . Moreover, we have a natural morphism 7 : IP’N -perf Pllg’“d defined by

projection to the first coordinate. This construction has been stated by Scholze [2014, §7].
N,ad
Kb

o 4 and g = p*. Denote by 7° [P’]IZ pert [P’%;ad the

morphism defined by the projection to the first coordinate. Since & is a homeomorphism on the underlying
N, perf q)s,perf)

Similarly, we construct a perfectoid space [P’N’ pert Which is isomorphic to the inverse limit lim,, P
where @ is the Frobenius endomorphism on [P>

topological space, ” induces an isomorphism from the topological dynamical system P
to ([P’N ad s, ady "where ®PT is the Frobenius on Py pelf

By the theory of perfectoid spaces, there is a natural homeomorphism of topological space

N perf N ,perf
/0 H:D [I:DKb

satisfying &P o p = p o FPeT,

As an example, we explain the proof of Theorem 1.1. Let V be any subvariety of ng such that V NPer

is Zariski dense in V.
It is easy to see that the map 7 o p~! o () ~! induces a bijection from the set Per” of periodic points
of ®° in [P’N ,(K") to the set Per of periodic points of F in P¥ x (K). We note that the set of periodic points
of ®° in IPN b(K ) is exactly the set of points defined over k, i.e., the image of 7 : IPN (k) — P¥ b(K ).
We have a reduction map red : IP’ x(K) — IPN (k). The map n ored : Per — Per’ is bijective. Moreover,
we have that (nored)o (mop~' o (nb) 1) is the identity on Per’.

Denote by S” the Zariski closure of 5 ored(V N Per). Since S” is defined over k, it is periodic under
®°. The main ingredient of our proof is to show that S is a subset of 7°(p(r = (V). E 7" (o (x~1(V)))
is algebraic, this is obvious. But, a priori, 7°(p( ~!(V))) is not algebraic, since the map p is very
transcendental. Our strategy is to approximate 7°(po(r ~'(V))) by algebraic subvarieties of IP%D. For
simplicity, assume that V is an hypersurface of [P’II}/. Applying the approximation lemma of Scholze
[2012, Corollary 6.7], for any € > 0, there exists an algebraic hypersurface H, of [Ij’llgb which is e-close to
ﬂb(p (w~Y(V))). Then nored(V NPer) is e-close to H,. Since S is the Zariski closure of ored(V NPer)
in IPKb, we can show that it is e-close to H,. Then we can show that S” is contained in 7" (p (x ~'(V)))
by letting € tends to 0. Then we have § := 7(p~ (") (SP))) € V. Since S is periodic and Zariski
dense in V, it follows that V' is periodic.

In this paper, we mainly consider the lifts of Frobenius on [P’gp for simplicity, since the aim of this
paper is to present a new method in dynamics. We suspect that our method can be applied to the more
general case where F is a lift of Frobenius on any projective variety over C,. On the other hand, a lift of
Frobenius on a projective variety X can often be extended to some lift of Frobenius on I]Igp for some
embedding 7 : X — [P’gp. In the Appendix, we prove the existence of such embedding for polarized lifts
of Frobenius on some projective varieties under some technical condition on the field of definition. Once
this happens, many questions can be reduced to the special case where X = [P’gp.
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The plan of the paper. The paper is organized as follows. In Section 2, we gather a number of results on
the perfectoid spaces in Scholze’s papers Scholze 2012; Scholze 2014. In Section 3, we construct the
inverse limit and make it a perfectoid space with an automorphism. We also construct its tilt and give
the isomorphism between these two topological dynamical systems. In Section 4, we study the periodic
points of F. In particular, we prove Theorems 1.1 and 1.2. In Section 5, we study the coherent backward
orbits of a point. In particular, we prove Theorems 1.7 and 1.8 and Corollary 1.9. In the Appendix, we
study the polarized lift of Frobenius on projective varieties over C,,.

2. Preliminary: perfectoid spaces

In this section, we introduce some necessary background in perfectoid spaces. All the results in this
section can be found in Scholze’s papers [2012; 2014]. The perfectoid spaces are some nonarchimedean
analytic spaces. Following the technique of Scholze [2012], we work with Huber’s adic spaces [1993;
1994; 1996].

Adic spaces. In this section, we denote by k£ a complete nonarchimedean field i.e., a complete topological
field whose topology is induced by a nontrivial norm |-| : k — [0, 0o0). Denote by R a topological k-algebra.
Moreover we suppose that R is a Tate k-algebra i.e., there exists a subring Ry C R, such that a Ry, a € k*,
forms a basis of open neighborhoods of 0.

A subset M C R is call bounded if M C a Ry, for some a € k™. An element x € R is called power-bounded
if {x" | n >0} € R is bounded. Let R° C R be the subring of power-bounded elements.

Definition 2.1 [Scholze 2012]. An affinoid k-algebra is a pair (R, R™"), where R is a Tate k-algebra and
R™ is an open and integrally closed subring of R°.

A valuation on R is amap |-| : R — I' U {0}, where I' is a totally ordered abelian group, such that,
0]=0, |1| =1, |xy| = |x||y| and |x + y| < max{|x|, |y|}. We say that |-| is continuous, if for all y € I,
the subset {x € R : |x| < y} C R is open.

To a pair (R, R™), Huber associates a space Spa(R, R™) of equivalence classes of continuous valuations
|| on R such that |[R™| < 1, and calls it an affinoid space.

For a point x € Spa(R, R™), we denote by f — | f(x)]| the associated valuation. It is a fact [Scholze
2012, Proposition 2.12.(iii)] that

Rt ={feR:|f(x)| <1forall x € Spa(R, R™)}.
We equip Spa(R, R™) with the topology generated by rational subsets:
U(fis---s fas 8) = {x € Spa(R, R") : | fi(x)| < |g(x)|} € Spa(R, R™),

where f1, ..., f, € R generate R as an ideal and g € R.
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The completion (1%, Ié+) of an affinoid algebra (R, R™) is also an affinoid algebra. Then we recall
[Huber 1993, Proposition 3.9].

Proposition 2.2. We have Spa(R, R) ~ Spa(R, R"), identifying rational subsets.

We say a point x € Spa(R, R™) is a k-point, if the valuation x is induced by a morphism from R to k
i.e., there exists a morphism ¢ : R — k such that for any f € R, | f(x)| = |¢p(f)I.

Roughly speaking, adic spaces over K are the objects obtained by gluing affinoid spaces. The
morphisms between the adic spaces are the morphisms glued by the morphisms between affinoid spaces.
Because in this paper we only consider some very concrete adic spaces, we give only a very brief definition
of the adic spaces. One may find a detailed definition in [Huber 1994].

On an affinoid space X = Spa(R, R™"), one may define presheaves Ox and 0; on X. Since we do not
use these presheaves in this paper, we omit their definition. We do not know whether Oy is a sheaf in
general. We note that once Oy is a sheaf, 0;{ is a sheaf also. However, if (R, R™) is of topological finite
type then Oy is a sheaf.> Assume that Oy is a sheaf on X. For any x € X, the valuation f — | f(x)]
extends to the stalk Oy ., and we have O;X ={f € Oxx :|f(x)| <1}. The affinoid spaces X defines a
triple (X, Ox, |-(x)| : x € X).

An adic space over k is a triple (Y, Oy, |-(x)| : x € Y), consisting of a locally ringed topological space
(Y, Oy) where Oy is a sheaf of complete topological k-algebras, and a continuous valuation |-(x)| on
Ox x for every x € X, which is locally on Y an affinoid adic space.

Let X be an affinoid space. We say a point x € X is a k-point if it is a k-point in any (and thus all)
affinoid neighborhood of X.

Perfectoid fields. Denote by K a complete nonarchimedean field of residue characteristic p > 0 with
norm |-| : K — Rsg. Denote by K° := {x € K : |x| < 1} its valuation ring.

Definition 2.3. We say K is a perfectoid field if |K| € Rx¢ is dense in R>o and the Frobenius map
®: K°/p— K°/p is surjective.

—

Observe that C, and [, ((¢)) are perfectoid fields. Set
Q,(p""") = JQ,(p"") and  F,(@)@/PT) = F ().

i>0 i>0
—_— —_—

Then their completions Q,(p!/P™) and F,((1))(¢!/P>) are perfectoid fields. Note that @, is not a
perfectoid field, since |Q,| = {0} U {p' |i € Z} C R is not dense.
For any perfectoid field K, we choose some element w € K* such that |p| < |ow| < 1. We define

K™:= lim K° w.
<
x> d(x)

Recall [Scholze 2012, Lemma 3.2].

5 An affinoid k-algebra (R, RT) is said to be of topological finite type if R is a quotient of k{T7, ..., Ty} for some n, and
Rt =Re.
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Lemma 2.4. (i) There exists a multiplicative homeomorphism
lim K° = lim K°/o=K"
Xt>xP x—=d(x)

given by projection. Moreover, we have a map

K= 1lim K°={xQ,xV, ) |xD ek°, ") =x"} > K°

xX—>xP

defined by

x = (x(o), xD) D)= xF=xO,

We may define a norm on K" by |x*| = |x| for all x € K"°.

(i1) The addition on
K™ ={x:= @ x0 )1xD e ke, )P =x1)

is given by (x + )" = lim,,_, oo (x 1T 4 yFm)p",

iii) There exists an element &° € lim K°, satisfying (o”)* = w. Define
g

——Xxt>xP
K= K[ ].
Then norm |-| on K" extends to a norm on K® which makes K" the valuation ring of K.
(iv) There exists a multiplicative homeomorphism

K’ = lim K.
um
X—>xP

Then K" is a perfectoid field of characteristic p. We have |K"*| = |K*|, K*® /o’ ~ K°/w, and K" jm" ~
K°/m, where m and m” are the maximal ideals of K° and K°, respectively.

(v) If K is of characteristic p, then K> = K.

We note that (i) and (ii) of Lemma 2.4 implies that the definition of K bo is independent of w.
We call K" the tilt of K.

o —

Example 2.5. The tilt of C,, is C), = F,((1)).

Then we have the following theorem, which was known by the classical work of Fontaine and
Wintenberger [1979]

Theorem 2.6. (i) Let L be a finite extension of K. Then L with its natural topology induced by K is a
perfectoid field.

(ii) The tilt functor L L induces an equivalence of categories between the category of finite extensions

of K and the category of finite extensions of K. This equivalence preserves degrees.
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Almost mathematics. Let K be a perfectoid field and m be the maximal ideal of K°.
A K°-module M is said to be almost zero if mM = 0. Define the category of almost K °-modules as

K°“—mod K °?— mod := K°—mod (m-torsion).

We have a localization functor M — M“ from K °-mod to K °“-mod, whose kernel is the thick subcategory
of almost zero modules.
For two K°“-modules X and Y, we define alHom(X, Y) = Hom(X, Y)“.

Proposition 2.7 [Gabber and Ramero 2003]. The category K°“—mod is an abelian tensor category,
where we define kernels, cokernels and tensor products in the unique way compatible with their definition
in K°—mod, that is

M*Q@N*=(MQN)"

for any two K°-modules M and N. Forany L, M, N € K°*—mod there is a functorial isomorphism
Hom(L, al[Hom(M, N)) = Hom(L & M, N).

This means that K°¢-mod has all properties of the category of modules over a ring and thus one can
define the notion of K °“-algebra. Any K°-algebra R defines a K °“-algebra R¢ as the tensor products are
compatible. Moreover, localization also gives a functor from R-modules to R*-modules.

Proposition 2.8 [Gabber and Ramero 2003]. There exists a right adjoint functor
K°“—mod — K°—mod : M +— M, :=Homg(K°*, M)

to the localization functor M — M*¢. The adjunction morphism (M,)* — M is an isomorphism. If M is a
K°-module, then (M%), = Hom(m, M).

If A is a K°*-algebra, then A, has a natural structure as K °-algebra and (A%), = A. In particular, any
K°%-algebra comes via localization from a K °-algebra. Furthermore the functor M +— M, induces a
functor from A-modules to A.-modules, and one can see also that all A-modules come via localization
from A,-modules. The category of A-modules is again an abelian tensor category, and all properties
about the category of K°“-modules stay true for the category of A-modules.

Let A be any K°%-algebra. As in [Scholze 2012], an A-module M is said to be flat if the functor
X +— M ®4 X on A-modules is exact.

Denote by w an element in K ° satisfying |p| < |w| < 1. Let A be a K“-algebra, we say A is w-adically

complete if A >~ lim A/o".

Perfectoid algebras. Fix a perfectoid field K and an element w € K° satisfying |p| < || < 1.

Definition 2.9. (i) A perfectoid K -algebra is a Banach K-algebra R such that the subset R° C R of
powerbounded elements is open and bounded, and the Frobenius morphism & : R°/w — R°/w is surjective.
Morphisms between perfectoid K -algebras are the continuous morphisms of K-algebras.
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(i1) A perfectoid K°*-algebra is a w-adically complete flat K°“-algebra A on which Frobenius induces
an isomorphism

DA/~ A)w.
Morphisms between perfectoid K °“-algebras are the morphisms of K °“-algebras.

(iii) A perfectoid K°*/w-algebra is a flat K°? /w-algebra A on which Frobenius induces an isomorphism
O:A/0'/P ~ A.
Morphisms are the morphisms of K °¢/w-algebras.

Let K- Perf denote the category of perfectoid K -algebras and similarly for K °“- Perf and K °?/w- Perf.
Let K" be the tilt of K and ” is an element in K’ satisfying (o?)* = w.
We recall [Scholze 2012, Theorem 5.2].

Theorem 2.10. We have the following series of equivalences of categories:
K - Perf >~ K°*-Perf >~ (K°* /w)- Perf = (K" /w")- Perf ~ K"*- Perf ~ K- Perf .

In other words, a perfectoid K -algebra, which is an object over the generic fiber, has a canonical
extension to the almost integral level as a perfectoid K°?-algebra, and perfectoid K°“-algebras are
determined by their reduction modulo w.

Let R be a perfectoid K °“-algebra, with A = R°¢. Define

A’ :=limA/o,
@

boa

which we regard as a K°°“-algebra via

—

Kboa — (llmKO/CI))a — l(iﬂl(KO/w)a — @Koa/w,
P P ]
and set R” = A2[(0”)7'].

Proposition 2.11. This defines a perfectoid K°-algebra R® with corresponding perfectoid K °*-algebra
A, and R" is the tilt of R. Moreover,

R’ = lim R, A} = lim A,, and A)/o’ ~A,/o.

X—=>xP X>xP
. . . . . b 1
In particular, we have a continuous multiplicative map R” =lim __ , R — R,
X = (x(O), x(l), ) xFi=xO,

Then the equivalence K - Perf — K- Perf in Theorem 2.10 is given by R — R".

Proposition 2.12. Let R = K(T\/7. .., T}/""y = K°[T\/"" .., T,/" 1[w™"]. Then R is a perfectoid
K -algebra, and its tilt R is given by Kb<Tll/1,7°.°. N Tnl/poo>'
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Perfectoid spaces. Fix a perfectoid field K and an element o € K° satisfying |p| < |w| < 1. Let K" be
the tilt of K and o’ is an element in K° satisfying (o”)* = .

Definition 2.13. A perfectoid affinoid K -algebra is an affinoid K -algebra (R, R™), where R is a perfectoid
K -algebra, and R C R° is an open and integrally closed subring.

Proposition 2.14. The association (R, RY) — (R’, R"T), where R** =lim

alence between the category of perfectoid affinoid K -algebras and the category of perfectoid affinoid

) R*. defines an equiv-

(x—>xP

K'-algebras.

Theorem 2.15. For any x € Spa(R, R*), one may define a point x* € Spa(R’, R"T) by setting | f (x")| :=
| f*(x)| for f € R°. This defines a homeomorphism p : Spa(R, RT) => Spa(R", R"") preserving rational
subsets.

Denote by X :=Spa(R, RT) and X" :=Spa(R’, R°*). We note that in general the map R° — R: f — f*

!'is a continuous function on X" but in general is not

is not surjective. For any f in R, p. f := fop™
contained in R".

We have the following approximation lemma [Scholze 2012, Corollary 6.7].

Lemma 2.16. Forany f € R and any ¢ >0, € > 0, there exists g... € R” such that for all x € X, we have

£ () —gF ()] < '™ max(| f ()], [0]°).

Remark 2.17. Note that for € < 1, the given estimate says in particular that for all x € X, we have

max({| f (x)|, ||} = max{|g?  (x)|, ||}

Remark 2.18. Let R := K (x, ..., xy) and Rt := R° = K°(x1, ..., xy). Then R* = K" (xq, ..., xn)
and R"" = K™ (xy, ..., xn).

By Lemma 2.16, for any ¢ € Z*, there exists an element g, € Kb"(xll/]’m, e, x,lv/poc) such that for all
X € Ugerf, we have

1/2

|Hom(x)—gk(0)] < |p|'/? max(|H o (x)], | p[°).

4 4 [e's] [e'9]
There exists £ € N and an element G, € Kb"[xll/’,’ e xll\,/p ] such that g.— G, et"“Kb"(xll/p, o x}v/p ).

It follows that for all x € U(I; erf, we have

|H om(x) — G*(x)| < |p|"* max(|H (x)], |p|°) = | p|"/* max(|G*(x)|, | p|°),

and G?' € K™[x1, ..., xn].
e — 3 3
Moreover, when K = [F,((z)), we may arrange to have G. C E°[x11/13 R xll\,/p ], where E is a finite
extension of E,((t)).
We next describe the structure sheaf Ox on X :=Spa(R, RT). Let U =U(f,..., fi;8) S X bea

rational subset. Equip R[g~'] with the topology making the image of R*[fi/g. ..., f./g] — Rlg™']
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open and bounded. Let R(f1/g, ..., f./g) be the completion of R[g~!] with respect to this topology. It
is equipped with a subring

R(fi/8 -\ ful8) T CR{fi/g ...\ [1]8)

which is the completion of the integral closure of R™[ f1/g, ..., f./g]. By [Huber 1994, Proposition 1.3],

the pair (Ox (U), OQ(U)) = (R{f1/g, ..., f2/8), R(f1/g, ..., fn/g)") depends only on the rational
subset U C X (and not on the choice of f1, ..., f,, g € R). The map

Spa(Ox(U), Ox (U)) — Spa(R, R™)

is a homeomorphism onto U, preserving rational subsets. Moreover, (Ox (U), 0;{(U )) is initial with
respect to this property.
By [Scholze 2012, Theorem 6.3], we have the following:

Theorem 2.19. For any rational subset U C X, let U’ :=pU) C X".

(i) The presheaves Ox and Oy are sheaves.

(ii) For any rational subset U C X, the pair (Ox(U), 0;{(U)) is a perfectoid affinoid K -algebra, which
tilts to (O x»(U), OF,(U)).

The resulting spaces Spa(R, R™), equipped with the two structure sheaves of topological rings Oy
and 0;, are called affinoid perfectoid spaces over K. The morphisms between the affinoid perfectoid
spaces over K are the morphisms induced by the morphisms between affinoid perfectoid K -algebras.

One defines perfectoid spaces over K to be the objects obtained by gluing affinoid perfectoid spaces.
The morphisms between the perfectoid spaces are the morphisms glued by the morphisms between
affinoid perfectoid spaces.

We say that a perfectoid space X” over K" is the tilt of a perfectoid space X over K if there exists
a functorial isomorphism Hom(Spa(RD, R"), X" = Hom(Spa(R, R™), X) for all perfectoid affinoid
K -algebras (R, RT) with tilts (R”, R"*).

Theorem 2.20. Any perfectoid space X over K admits a tilt X", unique up to isomorphism. This induces
an equivalence between the category of perfectoid spaces over K and the category of perfectoid spaces
over K°. The underlying topological spaces of X and X° are naturally identified by p. A perfectoid
space X is affinoid perfectoid if and only if its tilt X" is affinoid perfectoid. Finally, for any affinoid
perfectoid subspace U C X, the pair (Ox(U), OI(U)) is a perfectoid affinoid K-algebra with tilt

(0x:(U"), 03, (U")).

For any morphism F : X — Y between perfectoid spaces over K, denote by F”: X* — Y the morphism
between perfectoid spaces over K” induced by the equivalence of categories.
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Points in perfectoid spaces. Fix a perfectoid field K and an element w € K° satisfying |p| < |o| < 1.
Let X be a perfectoid space over K.

For any point x € X, let K (x) be the residue field of Ox , and K (x)* € K (x) be the image of O;X.
By [Scholze 2012, Proposition 2.25], the w-adic completion of 0;’ . 1s equal to the w-adic completion
I?(x\)Jr of I?(;)Jr. By [Scholze 2012, Corollary 6.7], I?(x\) is a perfectoid field.

Definition 2.21. An affinoid perfectoid field is a pair (K, K*) consisting of a perfectoid field and an
open valuation subring K™ C K.

— —+
Then (K (x), K (x) ) is an affinoid perfectoid field. Also note that affinoid perfectoid fields (L, L™)
for which K C L are affinoid K -algebras.
Then we have the following description of points [Scholze 2012, Proposition 2.27].

Proposition 2.22. The points of X are in bijection with maps 1 :Spa(L, L) — X to affinoid fields (L, L")
such that the quotient field of the image of Ox . in L is dense, where x is the image of Spa(L, L™) in X.

—
Any point x € X associates to a map ¢ : Spa(K (x), K(x) ) — X. By the equivalence of categories,
the point x” € X" associates to a map

b ——b ——b+
¢ :Spa(K(x) ,K(x) )— X.

b —— b4+
By [Scholze 2012, Lemma 5.21], Spa(K (x) , K(x) ) is an affinoid perfectoid field. It follows that
K*(x") = (K(x))".
In particular, we have the following:

Lemma 2.23. For any point x € X, x is a K -point if and only if x° is a K"-point in X".

3. Inverse limit of lifts of Frobenius

In this section, fix a perfectoid field K. Denote by p > 0 the characteristic of the residue field K°/K°° of K.
Let F : P]]}’ — P],g be a lift of Frobenius i.e., an endomorphism taking the form

Filxo: - :xyl>[xl + p' Po(xo, ..., xn) -1 xy 4+ p' Py (x0, ..., xn)],
where p’ € K°°, g = p® is a power of p, and Py, ..., Py are homogeneous polynomials of degree ¢ in
K°[xg, ..., xn]. Let w € K° be an element satisfying max{|p’|, | p|} < |o| < 1.

Adic projective spaces. At first, we define an adic space P]Kv’ad which associates to the projective space IP’%.
In fact, by [Scholze 2012, Theorem 2.22], for any projective variety X defined over K with an integral
model X over K°, we may associate an adic space X4, But in this paper, we don’t need the general
theory and we define I]J’IKV’“l in the following explicit way:

For any i € {0, ..., N}, denote by

d.
U = Spa(K (2i,05 - - -+ Zisie1» Zisit1s - - ZiN)s K(Zi0 + -+ Zisim1s Zisikds - - -0 Z0,N)°)
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the unit balls. Then we define PIIZ’ad by gluing the unit balls Ul.ad together in the usual way: For any i # j,
Uiad N U;d =U(,2i0,---5Zii=1>Zii41> > Zi.N} Zi,j) - Uiad. On Uiad N U;d, the transition map d)i,j 18
defined by

&7 (i) =zik/zij fork #i, j, and @ ;(z0) =1/z;.

Denote by R(PY %) the set of K-points in P},

[P’N A Moreover its image r([P’ (K)) =

Lemma 3.1. There exists a natural embedding t : PY x(K) —
R(PR™).

Proof of Lemma 3.1. For any point g € [P’II\(/ (K), there exists a finite extension L of K, and a point
q' =[xo: - :xy]€PY (L), such that g is the image of that ¢ under the natural morphism 7% : PY — P¥
induced by the inclusion K < L. Indeed, (7 Ilg)_l is exactly the Galois orbit of ¢’. We may suppose that
max{|xo[, ..., |xny|} =1forall j =0,..., N. Denote by I, := {i : |x;| = 1}. Observe that I, depends
only on g. Pick i € I, we define t(g) € U; to be the point defined by f — | f(x1/x;, ..., x,/x;)|, for
all f € K(zi0y---»2ii—1sZii+l>---»2iN). Here f(x1/x;,...,x,/x;) € L depends on the choice of ¢’
in its Galois obit, but the value | f (x;/x;, ..., x,/x;)| depends only on g. Moreover we may check that
the definition of 7(g) does not depend on the choice of i € I,. Then t is well defined. Moreover it is
easy to check that t is injective and r(IP’N(K)) C R(IPN ad) By [Bosch et al. 1984, 6.1.2 Corollary 3],

the map 7 : Py x (K) — R([P’N ad) is surjective. [l
Lifts of Frobenius on Pz’ad. The endomorphism F induces a natural endomorphism F¢ on P%’ad. We
define F in the following explicit way. For any i =0, ..., N, F|,u: U, l."‘d - U ;‘d is defined to be
q
P = zi i+ P Pizio - Zii-1, L Zii 1y -5 ZiN)

14+ p'Pi(zi0s -, 2ii—1> 1, Ziit1s -+ Zi.N)

for all j #i. We may write

q 1
2+ PP, Zii-t L Ziiets - TN) ,
- =2; ;P QijZi0 -5 Zisi—15 Ziit1s - - -5 Zi,N)
L+ p'Pi(zi0s -+ Zisi—15 Ly Ziig1s - o2 Zi,N)
where Q; j € K°(zi 0, ..., Zii—1» Zi,i+1, - - -, Zi,n). Forany i # j, we may check that 1‘71?“1(Ul.aCl N U;id) -

Ul?‘d NnU ;.‘d and
ad _ rad
E |Uiadﬂch_1d == F] |Uiadej:_id.

Then we may glue these F* to define F9 : Py ad IP’],\(/’ad. Observe that we have the following

commutative diagram:

PN(K) —— PN

FIP%(K)j jFad

b
d
PY(K) —— PY*
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Now we identify IP’%(K ) and [P’ ,(K") with the image of 7 and 7° in IP’N ad phV.ad respectively.

Kb

The inverse limit. The inverse limit lim ;. I]J’%’ad is the topological space {(xg, x1,...) € (I]j’f,(v’ad)N |
F3(x;) = x;_1 for all i > 1} with the product topology. There exists a natural automorphism T on
1im ;..q P%’ad defined by

T : (x0, X1, ...) = (F®(x0), x0, X1, .. .).

The aim of this section is to construct a perfectoid space ([P’N yPerf with an automorphism FPf such
that the topological dynamical system ((P Nyperf - pperfy jq isomorphic to (lim .4 IPN ad ,T).
Since (F)~ (Ul.“d) C Ul."Id foralli =0,..., N, we have

N

lim P%,ad _ U(l(in Uiad)‘

Fad i—o Fu
Moreover we have T(Uiad) C Uiad. It follows that we only need to construct a perfectoid affinoid space
U lperf with an automorphism F; P Such that the topological dynamical system (U l.perf, F iperf) is isomorphic
to (lim ;4 U Tand) and check that they can be glued together.

Denote R! := K (z l("o) cl zf’i) 1> zf’i)H, e zl("jz,) foralli =0,..., N and n > 0. We identify z(o)

and z; ;j for i # j. For every n > 0, we have an embedding R} — Rl"+] defined by

+1 +1 +1 +1 +1
o @Y 4 p QD) ) )

where Q; ; is defined in Section 3. Then we denote by

(OO) (00) _(00) (00)
Ri == K(z; 2 g TN D

the completion of Un —o R'. Denote by ||-|| the norm on R; induced by the norms on R}, n > 0.

Lemma 3.2. Foreveryi =1, ..., N, R; is a perfectoid K -algebra with

o __ gro; (c0) (00) _(00) (c0)
Ry =Kz - s 21 Ziiprs o LN )

e o b_ b, 1/p% 1/p> _1/p% 1/p™
Its tilt is given by R; = K <Zi,0 e L G e Gl ).

Proof of Lemma 3.2. Observe that K°(Z§f), e Zl-(io_)l, Zfﬂl, e zl( N)) is the completion of Uzozo(R?)".
It is easy to check that
0/ (00) (00) (00) (00) o
Kz 0 s 2l Ty -0 Gin ) S Ry
For any f € R;, there exists a sequence f,, € R} such that f, — f as n — oo. There exists M > O such
that for all m, n > M, || f, — full < 1. It follows that f, — fi € (R!")° for all n > M. Then Un o(R)°.
If | f;ll <1, we have fy € (RI.M)O and then U;’;O(R?)‘). If || fxll > 1, we have || f"|| = || f; Il = oo as
n — oo. Then f is not power bounded. It follows that

o (00) (00) (00) (00)
R C K°(z; e 2y i,i+l""’ZzN>

It follows that R? is open and bounded.
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We have R? /o = (Ko/a))(zlg%o), R zﬁo_)l, zﬁo_gl, R zl( N)) is the completion of U,‘iio R!/w. The
embedding R /w — R!'/w is given by
(") mod w — (z("+1))q +p'0:. j(zl(noﬂ). - zl(":ll) zl("li) e, I("IC,LI)) mod w = (zl{’”jﬂ))" mod w.
It follows that
° ° 1 [e’e} 1 [e'e} 1 o0 1 [e'e}
Rl /w = (K /CU)(ZI’GP, LI ] Zl,flil L) Zl,{il 9 sy Zl,/l\[; )'

Then the Frobenius morphism & : R /w — R} /w is surjective. It follows that R; is a perfectoid K -algebra.
By Proposition 2.12 and the categorical equivalence in Theorem 2.10, we have

b_ b, 1/p% 1/p* _1/p™ 1/p®
R, =K <Zi,0’“"Zi,i—l’zi,i-i—l’“"Zi,N ). U

We define Ul.p el Spa(R;, R?) and Fl.perf : Ul.perf — Ul.perf the map induced by the morphism R; — R;
defined by

1 0 0 0 0 0 0
Zl{’"j) — zl("] ) foralln>1 and z( ) (z( ))q +p'0;, J(Zl(g, e zl{’i)_l,zf’i)ﬂ, .. .,zfj)\,)

Then we define (P¥)P" by gluing U] perf together in the usual way: For any i # j, U; perf 1) Ujp.’enc =

0) 0) 0) ) . (0) perf perf perf
UL zigs o0 %1 % - %Gy % ) S U On U7 MU, the transition map ¢;,; is defined
to be

rf n n f n n
(¢ch, ) (2 ( W= Z( )/Z( ) fork #i,j and (qbzi-r )*(ZE',:')) = l/zf’j).
It is easy to check that for all i # j,
Fperf(UPerf N U}?erf) - UPerf N Uperf
i i j = i Jj

and F; perf _ =F; perf n U, perf ) U; P Then we define FPerf by gluing F; Pert for i = 0,.
Then we have the followmg

Theorem 3.3. There exists a natural homeomorphism r : (I]:DII\(/)I’erf — lim Fad F"%’ad which makes the
<~
following diagram commutative:

N,perf v .
[I:DK - mpild

| E

N ,perf v . N.ad
Py ——limpa Py

[I])N,ad

N, perf f . N,ad . .
, FP%) and (lim .0 Pe™, T) are isomorphic

In other words, the topological dynamical systems (P
by .
Moreover a point x € Pz’perf, with image ¥ (x) = (xg, X1, ...), is a K-point if and only if x,, is a

K -point for every n > Q.
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Proof of Theorem 3.3. Denote by B; := | J;—, R". We have BY = |-, R'°. Then Spa(B, B°) is
an affinoid space and we have R, = E and R? = B? By Proposition 2.2, the natural morphism
wi : Spa(R;, R?) — Spa(B;, B;) is a homeomorphism.

Denote by ¥ : U’ et U the map induced by the morphism

K(zi0s---\ Zii—1> Ziji41s--->2iN) = R € B; CR;

by sending z; j — szlj.). It is easy to check that ¥ could be glued to a map y" : Py P — PN,

Since F™ o "+ = 4" for all n > 0, it induces a map

1 n . mpN,perf . N,ad
Yo=lmy"  Pr™ — lmP ™.
n Fad

By checking in the affinoid spaces Ul.p erf, it is easy to check that T o = v o FP°,
So we only need to show that ¥ is a homeomorphism. We only need to show it in U;. Denote by

Vi o= e = lim
n

Now we define a morphism 6; : lim 4 Uf‘d — Spa(B;, B}) as the following: Let (xo, x1, . ..) be a point
in lim ;.4 Uiad. For every n > 0, we identify U; — Spa(R}', R!'°) by z; j — ZE,"j). Then x,, defines a valuation
on R!' with valuation group I', := {| f(x,)| : f € R'}. Moreover, for any £ > n, and f € R!, we have
| £ (x))| =1 f (xn)|. Then we define 6; ((xo, x1, . ..)) to be the natural valuation B; = J,- R — ;= s
by gluing all the valuations x, on R!'. Since all the rational subset of Spa(B;, B;) are defined over
some R, it is easy to check that 6 is continuous. It is easy to check that v; o (/,Li_l 06;) = 1id and
(,ui_l 06;) o y; = id. It follows that v; is a homeomorphism.

Let x be a K-point in Ul.perf and v; (x) = (xg, X1, ...). For any n > 0, we have

KSR/ fGw)=0:feRICSR/{If(x)|=0:f€R}=K.

It follows that x,, is a K -point.

Let x be a point in Ul.peﬁ and set ¥;(x) = (xg, X1, ...). We suppose that all x,, are K-points. Then
m? = {|f(x,)|=0: f € R} is a maximal ideal in R} and R/m} = K. The valuation R} /m} — R
induced by x; is the norm on K.

There exists a continuous morphism | J;- R’ — K obtained by gluing the morphisms R! —
R}/m} — K. We can extend this morphism to a continuous morphism g : R! = |J;2, R — K.
The valuation f — |g(f)| defines a point y € Uipert, which is a K-point. Observe that for all f € R,
|f )| =1f(xi)|. Then we have ¥ (y) = (xg, x1,...) =¥ (x). Then y = x and so, x is a K-point. O

For every i = 0, ..., N, the embedding K(zi0,...,2Zii—1,Zii+l,---,2i.N) € R; induces a map

Uperf

P U, We define 7 : Pz’perf — P by gluing these maps. It is easy to check that

FYor® =70 FpPet,

For any point x € [P’Z’perf with ¥ (x) = (xg, x1, . ..), we have 7w (x) = xp.
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b perf b,perf

Passing to the tilt. Denote by U;” = Spa(R R;”) and de’penc : Ul.b’perf - U>
the Frobenius i.e., the map induced by the morphism

the s-th power of

b b
R, — R : f— f1.
We define (I]J’JI\{’b)Perf by gluing U, -perf together in the usual way: For any i # j, U,” perf Uy perl _
b, perf
U, 2i05 -+ 5 Ziyi—15 Zisitls + - - ZzN,th)CUpe

On U;” perf U; b-pert , the transition map ¢ is defined to be

@7 G =asl fal fork i and @7 I =17

By reducing modulo w and the categorical equivalence in Theorem 2.10, we see that b
and ®;’ perf _ = (F, Perfyo 1t follows that (PR )Pt = (PR)PT)* and we can define @*-Pert by glumg o) -perf
together. Moreover, we have &P = (F perf)b. Then we have the following:

b,perf erf
T =77

Theorem 3.4. The following diagram is commutative:

N,perf P N,perf
prPt s Pl

Fperf l L cb.r,perf

N,perf P N ,perf
prret s pl,

In other words, the topological dynamical systems ([P’N -pert , Frerty and ([P’N pert , ®*) are isomorphic by p.

For any i € {0, ..., N}, denote by

b, d o
U = Spa(K (2i0, - -+ Zisi—1s Ziyit1s « -+ ZiN)s KP{Zi0s oy Ziimts Zisils - -+ s Z0N)°)-

As in Section 3, we define [P’ by gluing U;” -ad ,i=0,..., N. Denote by qbf 4 the s-th power of the
Frobenius on U; i.e., the map 1nduced by the morphism f — f9 on K" (Zi,0s -+ -5 Ziie1> Ziit1s -+ - » ZiN)-

By Lemma 3.1, we have a natural embedding ° : P¥,(K") < P%;*’. Then t(P} (K)) = R(IPN ady
and we have the following commutative diagram:

(DSI[D%(K)] lqy,ad
Py, (K" —— Py

where ®° is the s-th power of the Frobenius on PII(Vb

For every i = 0,..., N, the embedding Kb(z,-,o, ce s Ziie1> Zii+ls -5 ZiN) C Rl.b induces a map

N,perf

bperf bd
U ““. We define 7” : P}

— IPIKV;ad by gluing these maps. It is easy to check that
q)s,ad onb — JTb ° q)s,perf. (1)

y [Scholze 2012, Theorem 8.5] 7’is a homeomorphism. Moreover, we have the following:
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Lemma 3.5. The map n° induces a bijection between R([P’Z;perf) and R([P’%;ad).

Proof of Lemma 3.5. It is clear that if x is a K°-point then 7”(x) is a K -point.
Now we suppose that 7°(x) is a K -point. We suppose that x is contained in U[.b’perf and then
xo:=m"(x) € Ul.b’ad. Since xq is a K -point, it defines a morphism

. ph0 . b b
g0: R, =K (Zio,. .1 Ziji—1»Ziit1s - ZiN) —> K.

It follows that the Frobenius map f — f” on K’ is a field automorphism. For any f € Rl.b =
Kb(zl{{)pn, . z}yé’i, ziéﬂ:ﬂl, cee zl.l’/,{,’n), we have f7" € R?’O. Then the morphism gy extends to a mor-
phism g, : Rl.b " — K" by sending f to (go(f”"))!/P". We glue g, to define a continuous morphism

U2, R’" — K" and then extend it to a continuous morphism

—

oo
¢:R = (U Rf’") - K".

n=0

Then g induces a K"-point y € Uib’perf. Since 7°(y) = xo =7"(x), we have y = x. Then x is a K"-point. [J

4. Periodic points

In this section, we denote by K = C,. Then K is a perfectoid field and K > is the completion of the
algebraical closure of [, ((z)). We may suppose that |p| = [f| = p L.
Let F : PX¥ — P¥ be an endomorphism taking form

Filxo: -:xyl>[xl +p' Po(xo, ..., xn) -1 xy + p' Py (x0, ..., xn)],
where p’ € K°°, g is a power of p, and Py, ..., Py are homogeneous polynomials of degree g in
K°[xo, ..., xy]. The aim of this section is to study the periodic points of F. In particular, we prove

Theorem 1.1 and 1.2.

Recall that Per is the set of periodic closed points in [P’%.

Let V be any irreducible subvariety of [P’]I\(’ . Suppose that V is defined by the equations H; (xo, ..., xy) =
0, j=1,...,m, where H; are homogenous polynomials. We may suppose that ||H;| = 1 for all
j=1,...,m. Foranyi=0,..., N, denote by

VM= (x e UM: |H (x)|=0,j=1,....,m},

where H; j := H(z;0,...,2ii-1, 1, Zii+1, .-, 2i,n). Observe that | H; ;|| = 1.

Set R(V) := RPN v, vad .= (Y, v and R(VY) := R(PY*)) N V™. Then we have
T(R(V)) = R(V¥).

Observe that for all points x € R(Ul.ad), we have d(x, V) = max{|H; ;(x)|}.
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Passing to the reduction. Since K is algebraically closed, we have [P’IKV (K)= I]:DII}’ (K). Denote by k = E,,
we have k = K°/K°°. At first, there exists a reduction map

red : PY(K) — PY (k)

defined by the following: For any point x € [P’%(K ), we may write it as x = [xp : --- : xy] where
x; € K°,i=0,...,N and max{|x;|,i =0, ..., N} =1. Then we define red(x) =[x : - - - : Xy ] where X;
is the image of x; in k = K°/K°°. Observe that red o F = ®* ored, where ¢ is the Frobenius on P’. For
every point y € [P’,ICV (k), there exists m > 0 such that " (y) = y. Then we have Dy := red”! (y) >~ (KN
is a polydisc fixed by F. Since F™|p, is attracting, Dy N Per has exactly one point. It follows that red
induces a bijection between Per and [P’,iv (k).

Similarly, we can define the reduction map red’ : P%b (K*) — IP’,/(V (k). This map induces a bijection
between Per” and [P’,’(V (k) where Per” is the set of @*-periodic closed points of IP%D.

Since k is a subfield of K, there exists an embedding 7 : IPII{V (k) — [P’Izb (K"). Observe that the image
n([P’{(V (k)) is exactly Per’. Moreover we have red’ on = id. We may check that the map

¢ :=nored: Per — Per’
is a bijection satisfying ®* o =¢ o F.

Passing to the tilt. Denote by Per® = 7 (Per). It is exactly the set of periodic K -points in P%’ad. For any
point x € Per®, denote by n > 0 a period of x under F?4. We define a map x : Per® — lim IPII}/’ad by
sending x to (xg, X1, ...) where x; = (F2)%n=i(x) where kn > i. We note that x (x) does not depend on
the choice of n and k. Since 7 o x = id, x is injective. We have that x (Per®) is exactly the set of Pery,
where Perr is the set of points (xo, X1, . ..) € im . P%’ad which is periodic under 7 such that every x,
is a K-point.

Denote by Per” the set of K-points in P%;ad which are periodic under ®*2¢, By applying Lemma 3.1
over K”, there exists a bijection A I]j’ll\gb(K") — R(Pll\(/;ad) and we have

1’0 @ = @5 o 7P,
It follows that t° induces a bijection between Per® and the set Per’ of @ -periodic points in R(IP’]KVD) =
PR, (K").
By Theorems 3.3, 3.4, (1) and Lemma 3.5, the map

t:=n"opoyy oy :Per’d — Per’

is bijective.
Denote by Pe:r;.1d := Per ﬂUiad and Per?’aCl := Per2d ﬂUib’ad for every i =0, ..., N. Then we have
((Per®d) = Per) ™,

i
Observe that for every point x € Per, we have red(x) = red” ot o (x). Then on Per we have

¢p=nored=nored’oior =107.
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Proof of Theorem 1.2. We only need to show this theorem for the periodic points in U, l.ad for all i =
0, ..., N. Without the loss of generality, we only need to show that there exists § > 0 such that for all
X € PerﬂUgd, eitherd(x,V)>dorxeV.

At first, we prove our theorem for hypersurfaces.

Lemma 4.1. Let H € K[x1, ..., xy] be a polynomial. Then there exists ¢ > 0, such that for all x €
PerNUY, either |H (x)| > & or H(x) = 0.

By this lemma, for any Hy j, j = 1,...,m, we have ¢; > 0 such that for all x € Per ﬂUgd, either
|Ho,j(x)| >¢€; or Hy j(x)=0. Setd :=min;<;<,{¢;}. Let x be a point in Per ﬂUgd satisfying d(x, V) <§.
Then for all j =1, ..., m, we have Hy ;j(x) = 0. It follows that x € V.

We only need to prove Lemma 4.1. To do this, we need the following lemma:

Lemma 4.2, Let E/E,((t)) be a finite extension. Then, for some u € E satisfying |u| = |t|1/[E:FP((’))],
E =F,((u)).

Proof of Lemma 4.2. Observe that E is a discrete valuation field.

Since [F_,7 is algebraically closed, the extension E/ ﬂ((t)) is totally ramified. It follows that £ =
[F_p((t)) (u) WEGI‘C the minimal polynomial of u over E((t)) is an Eisenstein polynomial. It follows that
|u| = [¢|1EE (] and w E° is the maximal ideal of E°. For every f € E°, f can be written as ) a;u’
where a; € E for all i > 0. This concludes our proof. U

Lemma 4.3. For any polynomial G € K™[xi,...,xy] and ¢ > 0, there exists a polynomial G, €
K™[x1, ..., xy]satisfying deg G, <deg G, |G—G¢| <& (resp. <&)and G has the form G, = er'nzo u'g;
where g; € E[xl, oxylue [Fp((t))C> with norm |u| = |t|V/FrOYWF O gpd |y|™ > & (resp. > ¢).

Proof of Lemma 4.3. By Lemma 4.2, there exists u € [F,,((t))o with norm |u| = |t|1/[fp((’)>(”)fp((”)] and
H e E((t)&u)[xl, ..., xy]such that deg H <degG, |G — H| < ¢ and H takes form H = Z?;O u'g
where g; € F,[x1, ..., xy]. Let m be the largest integer such that |u|" > & (resp. > ¢). Set G, = Z;nzo uigi
then we conclude our proof. U

Proof of Lemma 4.1. We may suppose that H #0 and | H|| = 1.
l 3
By Remark 2.18, for any ¢ € Z*, there exists £ € N and an element G, € Kbo[xll/’f R x,lv/p ] such
that for all x € U(‘;er,f we have

|H o (x) — G*(x)| < |p|"? max(|H (x)], |p|°) = | p|"/* max(|G*(x)|, | p|°),

4 .
and G?" € K™[xi, ..., xy]. By Lemma 4.3, we may suppose that G = Y isou'gei where g ; €

Folx1, ..., xy], u € F,(1))° with norm [u| = |¢[/Fr@)@F O] apg [y > |7|H1/22]

Denote by I, the ideal of K "[x1, ..., xN] generated by all g, ;.
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Ifx e R(Uob) is a point such that for all g € I, g(x) = 0, then we have

|H@ (o " (@D o)) = |H@ (e ' (@D ™ o)) — G (=) 7 (x))]
< max{|p|"?|GF(p~ (") ), | pITT3

— |p|C+1/2‘

On the other hand we have the following lemma.

Lemma 4.4. Let x be a point in Per ﬂUgd satisfying |H(x)| < |p|tV/? Then for all g € 1., we have
g(¢(x)) =0.

Proof of Lemma 4.4. Observe that |(H — G*)(x (x))| < |p|"/? max(|H (x)|, | p|°) and |H (x)| < |p|<*+1/2,
We have |G (¢ (x))| = |G¥(x(x))| < |p|cT!/2. For all j > 0, we have g. ;(¢(x)) € k. It follows that
either |g. j(¢(x))|=1or g, j(¢(x)) =0forall j > 0. If g. j(¢(x)) =0 for all j > 0, then for all g € I.
we have g(¢(x)) = 0. Otherwise, let jo be the smallest j satisfying |g¢ ;j(¢(x))| = 1. It follows that
1Ge(¢(x))| = |u]o/?". Since |G(¢(x))| = |G*(x (x))| < |p|°T1/2, we get a contradiction. O

Set I:=} .. I. Since K°[xi, ..., xy] is Noetherian, there exists M € Z*, such that [ = Zg’lzl I..
Set & := | p|M+1/2, Let x be a point in Per NU! satisfying |H (x)| <& = |p|MT1/2. By Lemma 4.4, for all
gel = wazl 1., we have |g(¢(x))| = 0. It follows that for all c > 1 and g € I, we have |g(¢(x))| = 0.
Then we have |H (x)| < |p|t1/2 for all ¢ > 0. Let c tend to infinity, we have H (x) = 0. We conclude our
proof of Lemma 4.1. 0

Proof of Theorem 1.1. Suppose that V N Per is Zariski dense in V. We claim the following:

Lemma 4.5. There exists a Zariski dense subset S C V with the property that F*(S) = S for some positive
integer £.

Since § is Zariski dense in V and § = F*(S) is Zariski dense in F*(V). It follows that V = F¢(V).
Then Lemma 4.5 implies Theorem 1.1.

Proof of Lemma 4.5. Since U,N: 0 ! (Perj.id ﬂViad) = Per is Zariski dense in V, there exists i =0, ..., N,
such that 7! (Perjﬁld ﬂVl.ad) is Zariski dense in V. We may suppose that i = 0.

Let Z be the Zariski closure of ¢ (t ™! (Pergd ﬂVOad)) C I]J’%b. Since ¢ (77! (Pergd ﬂV(f*d)) is defined over
k and it is Zariski dense in Z, Z is defined over k = [,. Then Z is defined over a finite extension of [ ,.
It follows that there exists ¢ > 1, such that ®*/(Z) = Z.

Set $"d .= ¢°(Z(K"))N Ug. We have ¢ (Per® ﬂVé‘d) C >N 7P (pr T (Vad))).

We claim the following:

Lemma 4.6. We have S C 7 (p(x =1 (Vi)).

Remark 4.7. We note that if 7° (o (7 ~1(V9))) is algebraic, our lemma is easy. Since ¢ (z ! (Perd NV34))
is Zariski dense in Z, and 7" (p (7 ! (Vd“d))) is algebraic, we have $>* C 7" (p (7! (Vg‘d))).
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But in general 7’ (p (! (V(;‘d))) is not algebraic since the map p is not algebraic. Our proof of
Lemma 4.6 is based on Lemma 2.16, which allows us to approximate 7" (p (n_l(V(fd))) by algebraic
subvarieties.

By assuming Lemma 4.6, we have 77 (p~! (") ~1(5”39))) € V. Set S =7~ L(m (o1 (") 71 ($"2)))).
We have S C V is a Zariski dense subset of V. Moreover, we have F*(S) = S. This concludes the proof
of Lemma 4.5. ([l

Now we only need to prove Lemma 4.6. First, we need the following:

Lemma 4.8. Let H € K”[z0.1, ..., z0.n] be a polynomial with norm 1. Suppose that for every point
X € L(PeradﬂV(;id), we have |H(x)| < 1/p°, where s € Z+. Then for every point y € $%, we have

[ H()| = 1/p°.

Proof of Lemma 4.8. Observe that we have a map
RWUH = (K" — (K™ /)Y = A, (K™ /()

defined by (x1, ..., x,) — (x1, ..., xy) Where X; = x; mod ¢°. Denote by

H :=H mod ¢*.
For every point x € ¢ (Perd ﬂVOad), we have H (¥) = 0. Observe that

L(Per NV = (¢ (r 7' (Perd NVE))) X speck Spec(K™°/(1%))
is Zariski dense in Z X gpecx Spec(K b2 /(t%)). Tt follows that
Z Xspeck Spec(K"°/(1*)) € {H =0}
Then we have
§730 = Z(k) X speck Spec(K™°/(1*)) € Z xspeck Spec(K"°/(1*)) € {H = 0},

It follows that for every x € $>% we have H(x) =0 mod #*. Then we have |H (x)| < 1/p*, for all

x € §had, O
Proof of Lemma 4.6. Now we apply Lemma 2.16 to Hy ; € K(zo,1,...,20,n) © Rgerf for every j =
1,...,m. For any s > 2 there exists &, € Rg’perf such that for all x € U(’;enc, we have

|Ho,j(x) — h¥(x)| < [t|"/> max(|Ho ;(x)]. [¢]°) = [¢]"/* max{|h} (x)|, [¢]'} < L. 2)

It follows that ||hg|| = || Ho, ;|| = 1.
For every point X" e (") (Per™ ﬂV(f‘d)), we have

x:=p '(x") e 7 (Per®d ﬂVd“d).
Then we have Hy ;(x) = 0. By (2) we have

|hs (") < [t15712 = [¢]12 max{|hs ()|, £} = 1/ p* T2,
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Since i € Rg’perf = Kb(z(l){f’oj. - zé{ﬁm), there are r > 0 and a function
1/p" 1/p"
gSEKb[ZO(F 5"'5ZO’/]1\7[]
such that ||h; — g || < 1/p*. Tt follows that g € K°[zo.1, ..., zo.x] and

12— gl Il < Ipl”".
Then for every point x” € (7*) ™! (¢(Per® ﬂVS‘d)), we have
g (" ()] = g (") = [hY (x") + (g7 (x") = h?" ()| < |p*”".
By Lemma 4.8, for all y € $”2, we have |g” (y)| < |p|*”. Then we have | ((x*)~1(y)| < 1/p°® and

W (o~ N (@) oNl = h (@) I < 1/p°

for all y € §>3,

By (2), we have
|Ho,j(x) — h* ()] < [#]"? max{|h¥ (x)|, |t]*}) = 1/ p* T/

for all x € p~1((") =1 (5™)). It follows that for all x € p~!((x”)~1($>2)), we have |Hp ;(x)| < 1/p°.
Let s — oo, we have | Hy, j (x)| =0 forall x € p~ 1 ((=") =1 ($")). Since | Hy, ; (x)| =|Hy,; (7w (x))|, we have
|Ho j(y)|=0forall j=1,...,mandyem(p~ ' ((x")~1(5"%))). It follows that w (o~ ((=r") "1 ($>d))) C
V. Then we have "% C 7° (o (x ~1(V))). O

Scanlon’s proof of Theorem 1.1. In this section, we discuss Scanlon’s proof of Theorem 1.1. In this
proof, we don’t need the perfectoid spaces.
Let V be a subvariety of PV such that Per NV is Zariski dense in V. We want to show that V is periodic.
We first treat the case where F is defined over @p". Since all points in Per are defined over @p and
Per NV is Zariski dense in V, V is defined over @p. There exists a finite extension K, of Q, such that
F is defined over K, i.e., F' takes form

Filxg::xyl>[xg+ p'Po(xo, ..., xp) 11 xi + p Py (x0, ..., xn)],
where p’ € K}°, q is a power of p, Py, ..., Py are homogeneous polynomials of degree ¢ = p* in
K7 [xo, ..., xy]. After replacing F by a suitable iterate, we may assume that the residue field K:=K°/K°°

is fixed by the g-power Frobenius.
By the structure of the absolute Galois group of K, there exists an element o € Gal(I?p /K ) which
lifts the g-power Frobenius. Then we have the following lemma:

Lemma 4.9 [Medvedev and Scanlon 2014]. We have Per = {x € PV (@I,) F(x)=0)}.

Proof of Lemma 4.9. Recall that the reduction map
red: PV (@,) — PY(F,)

gives a bijection between Per and PV (I]:_p).
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Let x be any point in Per. We have that F(x) € Per and red(F (x)) = red(x)?. On the other hand, we
have that o (x) € Per and red(o (x)) =red(x)?. Then we have F(x) = o (x).

Let x be any point in PV (@l,) satisfying F(x) = o (x). Since x is defined over a finite extension of
K ,, there exists n > 1 such that 0" (x) = x. It follows that

F'x)=F" o) =a(F"'(x))=---=0"(x) = x.

Then x is periodic. U

Observe that o (V) is a subvariety of PV. Then we have
o(VNPer)=F(VNPer) Co(V)NF(V).

Since V N Per is Zariski dense in V, we have o (V) = F (V). Since V is defined over a finite extension
of Q,,, there exists n > 1 such that o" (V) = V. It follows that

F'(Vy=F" Y o(V))=c(F" Y(V))=--- =" (V)= V.

Then V is periodic.

Now we treat the general case.

There exists a subring R € Cf, which is finitely generated over Z such that F is defined over R.
Let m := RN C}? be a maximal ideal of R. By Lemma A.3, there exists o € Gal(C,/Q) such that
o(R) € Q,°cC)ando(m)=Q,*NR.

Denote by F? the Galois conjugate of F by o i.e., F? is obtained by changing every coefficient of F
by its image under 0. Since F” mod C}° = F mod C?, F? is a lift of Frobenius on [P’gp. Moreover it is
defined over Q,°.

Since V N Per is Zariski dense in V, o (V) N o (Per) is Zariski dense in o (V). Moreover o (Per)
is exactly the set of periodic points of F”. Then the previous argument shows that o (V) is periodic
under F?. It follows that V is periodic under F.

5. Coherent backward orbits

In this section, we let K = C,,. Then K is a perfectoid field and K > is the completion of the algebraic
closure of [, ((r)). We may suppose that |p| = |t| = p~ ! Letk = E which is a subfield of K.
Let F : IPIKV — IPIKV be an endomorphism taking form

Filxg:-:axny]— [xg—l—p/Po(xo,...,xN) D ZX;IV—FP/PN(X(),...,XN)],
where p’ € K°°, g is a power of p, and Py, ..., Py are homogeneous polynomials of degree g in
K°[xg,...,xn].

The aim of this section is to prove Theorems 1.7 and 1.8.
Without loss of generality, we may suppose that by € R( Ugd). It follows that b; € R (Ugd) foralli >0. Set
wi=n"opoy~ (bo, b, ...) € P, (Kp). Then w e R(Uy™) :={[1:x1 -+ 1xn]: x| < 1} SPY,(Kp).

It follows that w'/4" € R(UJ™) for all n > 0.
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If {b;}i>0 is infinite, we may suppose that by # by and then the b;, for i > 0, are all different. Let
Z be the reduced subvariety of U, 2= Spec K°[x1, ..., xy], whose support is the union of all positive
dimensional irreducible components of the Zariski closure of {wl/1"y i>0-

There exists A > 0, such that Z is the Zariski closure of {wl/ q" }i=a In Ug . Moreover, foralln > A,
Z is the Zariski closure of {w!/4"};~, in Ug.

Denote by 1(Z) the ideal in K’[x1, ..., xy] which defines Z. .

For every polynomial f = ", a;x! € K"[x1,....xy] and i € Z, we denote by fol = 3, a?lxl.
Observe that f(y'/4") = (£ (y))"/4 foralli >0 and y € R(UJ™).

Then we have the following lemma:

Lemma 5.1. Let f € k[x1, ..., xy] be a polynomial defined over k. If there exists c € (0, 1) and B > A,
such that for alli > B, |f(w1/qni)| <c,then f € I(Z).

Proof of Lemma 5.1. There exists L > 1 such that f is defined over F .. Then we have f o't — f for all
n>0.Fort=0,...,L—1,setT;:={i > B|n; =t mod L}.
Forallt =0,..., L — 1 satisfying #T; = oo, we have

t 1

| f VO = @O = @) <,

for all i € T;. It follows that | f(w!/4")| < 2" forall i € T;. Since T; is infinite, n; can be arbitrary large.
Then we have |f(w]/qt)| =0 for all i € T;. It follows that

t t

|f "y = 7 V= p Y =0

for all i € T;. Set

T = |_| T,.

0<t<L-1

#T, =00
It follows that f(w'/4")=0foralli € T'. Since {i > A} \ T’ is finite, {w'/4"" };c7 is Zariski dense in Z.
Then f € I1(Z). O

Lemma 5.2. We have that Z is defined over k. In particular, there exists r > 1 such that " (Z) = Z and
(w"Yiez € UiZy %(2).

Proof of Lemma 5.2. We only need to show that /(Z) is generated by finitely many polynomials
in k[x1,...,xy1 € K°[x1,...,xy]). In fact, if I1(Z) = (g1,...,g) and g € k[xi, ..., xy] for all
i = 1,...,¢, then there exists r > 1 such that all the coefficients of g;,i = 1,..., ¢, are defined
over [,-. Then we have ®°"(Z) = Z. Moreover, there exists j > 0, such that wl/P’ € Z. Tt follows that
WYz €U @1(2) = UiZy @(2).

Write I(Z) = (f1,..., fm) where m > 1 and f; € K°[xi,...,xy] foralli =1, ..., m. Denote by
d = maxop<;<m{deg(fi)}.
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By Lemma 4.3, for all i = 1, ..., m, there exists a sequence of polynomial {f;,},>1 such that
Ifi — finll < t"| and taking form f;, = 27’2’6 ul{nf,v,n,j where f;, ; € E[xl, ..., xy] of degree at

most d, u; , € F,((t))° with norm |u; ,| = || VIE @) @) Ep (O ang [, ,|min > [¢]".
We claim that f; ; , € I(Z) forall j =0,...,m;,.
We prove that claim by induction on j. For j =0, we have

Fin(!") — Zuinﬁ,j,n<w”q”’>‘ < max{1f"], luiol} < 1
Jj=1
forall £ > A. By Lemma 5.2, we have f; o € I(Z).
If j >1and fion, ..., fi,j—1,n € [(Z), then

| fi0a w9y =

1/g™ —_7 1/g™ / 1/g™ t'—i 1/g™
| frogm @D = fra@y = 3wl froa @) = > w7 fi w1
o<t'<j—1 t'>j+1
|z]" t'—j 1/q™
< max T Z u; " fijn(w40)
LT =i
|z]"
< max -, [t
|ui,n|] '
<1

for all £ > A. By Lemma 5.2, we have f; j, € I(Z). This concludes the proof of the claim. It follows
that f; , € 1.

Set I; := {f € I | deg(f) <d}. Then I, is a finite-dimensional K’-vector space. For all n > 0 and
Jj=0,...,m;,, denote by I; ; , the Kj-vector space spanned by fio00..., fi,j.0,---» fion---s fi,jn-

Then (U0, j—0,...m;, li.jn is @ subspace of Iy. Since dim Iy is finite, U,~0 j—o, . m,, i.jn is closed.

There exists /; > 0, such that f; € Ii,mi,z,- 4 It follows that I = (f1, ..., fu) € leiSm(I,-,mui,)i) cl.
Then we have [ = (fi,j,n)1<i<m,0<n<l,-,0<j<mli and f; ; € k[xy,..., xy] foralli, j. |

Proof of Theorem 1.8. Let V be a subvariety of [P’gp such that there exists a subsequence {b,, };>¢ such
that |d(b,,, V)| — 0 when i — oo. We need to show that b,, € V for i large enough and there exists
r >0, such that {b;};=0 € U/Zy F'(V).

If {b;}i>0 is finite, Theorem 1.8 is trivial. So we suppose that {b;};>¢ is infinite.

Let 1(V) denote the ideal in K[xy, ..., xy] which defines V N U;. Then for any point in R(Ugd), we
have d(y, V) =max{|H(y)|: H € I(V) and |H| = 1}.

Let Z denote the union of all positive dimensional irreducible components of the Zariski closure
of {w!/4""};=9. There exists an A > 0, such that Z is that Zariski closure of {w!'/7"};>, in Ul =
Spec K°[x1, ..., xy]. Moreover, for all n > A, Z is the Zariski closure of {wl/qni }isn In Ug.

Let 1(Z) denote the ideal in K"[x1, ..., xy] which defines Z. Let H be a polynomial in I (V).

Lemma 5.3. For any point x € Z N R(Ug’ad), we have H (w(p~ ' (7”)~1(x)))) = 0.
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Proof of Lemma 5.3. By Remark 2.18, for any ¢ € Z*, there exists £ € N and an element G, €
14 12
KbO[xll/p ey x,lv/p ] such that for all x € U(I;erf, we have

|H om(x) — G*(x)| < |p|"? max(|H (x)], |p|°) = | p|"/* max(|G*(x)|, | p|°),

and sz € K™[xq,...,xy]. By Lemma 4.3, we may suppose that Gf[ = Y Lou'g where g; €
Folxi,....xy), u € F,((2)° with norm [u| = [¢|/Fr@@F O ang [y > || +1/20",

There exists A1 > 0, such that |H (by,)| < |p|°*!, foralli > Aj.

For all i > Ay, we have

G (w4 < max{|H (by,)|, |H (by,;) — Gf(p—l(wl/qn,-))l} <|p[cti2,

Then we have

G (w7 )P < [P /D),

We claim that for all j =0, ..., m, we have g; € I(Z).
We prove this claim by induction on j. Suppose that for all 0 <¢’ < j < m, we have g € I[(Z). For
all i > max{A, A}, we have

i n; / n; n; ¢ Lo
wgj )+ Y u gy (' ))=|Gc<w‘/q P e,
r=j+1

It follows that |g;(w!/9")| < max{]¢|7 €+ /|u}d |ul} < 1 for all i > max{A, A;}. Then Lemma 5.1
implies that g; € I(Z) for j =0, ..., m. This proves the claim.
Then for any x € Z N R(Ug’ad), we have

|H (o~ (@) ol = [H@ (e ' (@) 1)) — G~ (@) ' (x)]
< max{|p|"?|GF(p~ (") ), I pIt3
_ |p|c+l/2‘

Let ¢ tend to infinity, then we have |H (7 (o' ((?) ™' (x))))| = 0. We complete the proof of our lemma. [J

This lemma shows that S := 7 (o~ ((x?)~'(Z N RUJ*")))) € V. Then b,, € V fori > A. By
Lemma 5.2, there exists » > 1 such that ®"(Z) = Z and {w"/?'};cz € |/, ' (Z). It follows that

{bi}i=o € UiZy F'(S) S UZy FL(V).

Proof of Corollary 1.9. Let V be a subvariety of ng of positive dimension. We need to show there
exists ¢ > 0 such that for all i > 0 either b; € V or d(b;, V) > c.

Otherwise, there exists a subsequence {by,}i>0 € {b;}i>0 \ V such that d(b,,, V) tends to 0. By
Theorem 1.8, we have b,, € V for sufficiently large i, which is a contradiction. U
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Proof of Theorem 1.7. Let V be a positive subvariety of [P’gp such that {b;};>0 NV is Zariski dense in V.
Let {n; <n, < ---} be the set of n > 0 such that b, € V. We need to show that V is periodic under F'.

If {b;}i>0 is finite, then all points in {b;};>¢ are periodic. Moreover V is a union of finitely many
periodic points. So V' is periodic.

Now we may suppose that {b;};>o is infinite. Denote by I (V) the ideal in K[xy, ..., xy] which
defines V N U;. Let H be a polynomial / (V). By Lemma 5.3, for any point x € Z N R(Ug’ad), we have
H(m(p~ (")~ (x)))) = 0.

It follows that S := 7 (p~" (") " (ZNR(U™)))) C V. Since by, € S forall i > A, S is Zariski dense
in V. Since & (Z N RWUS™) = ZNRWUS™), we have F7(S) = S. It follows that F”(V) = V. This
concludes the proof. (I

Appendix

Let X be any projective variety over C;, and F : X — X be an endomorphism. Let X — Spec CJ, be
a finitely presented projective scheme which is flat over Spec Cj, whose generic fiber is X and £ an
ample line bundle on X. If there exists an endomorphism F of X over C;, such that F*L = £®1 where
q = p®, s > 1, the restriction of F' on the generic fiber is F' and the restriction F' of F on the special fiber
X is a power of the Frobenius, then we say that F is a polarized lift of Frobenius on X with respect to
(X, F, £). In particular, a lift of Frobenius on I]J’gp in the previous sections is a lift of Frobenius on X
with respect to a pair (Pgii’ F, OP% (1)).

Now assume that F' is a polarized lift of Frobenius on X with respect to the pair (X, F, L) and we
identify X with the generic fiber of X.

In this appendix, we show that under a technical condition, the dynamical system (X, F) can be
embedded in a lift of Frobenius on [P’gp (with respect to some ([P’g;, F , Oﬂj’gop (D).

Theorem A.l. Assume that X and F are defined over @po C C). Then there exists N > 1, a lift of
Frobenius G on I]j’gp and an embedding T : X — [P’gp such that T o F' = G o t for some l > 1.

This theorem can be viewed as a version of [Fakhruddin 2003, Proposition 2.1] for the lifts of Frobenius.
As an application, it implies the dynamical Manin—-Mumford Conjecture and Conjecture 1.5, for any
polarized lift of Frobenius on X with respect to some (X, F.L).

Corollary A.2. Let V be any positive dimensional irreducible subvariety of X. Denote by Perg the set of
periodic closed points in X. Let {b;}i>0 be a sequence of closed points in X satisfying f(b;) = bi_1 for
all i > 1. Then we have that:

(1) If V NPerg is Zariski dense in V, then V is periodic.

(ii) Ifthe {b;}i>o NV is Zariski dense in V, then V is periodic under F.
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Proof of Corollary A.2. There exists subring R € Cj, which is finitely generated over Z such that X, F
and £ are defined over R, i.e., there exists a projective scheme X over Spec R with an endomorphism Fpg
and an ample line bundle L such that X = Xr Qg C;, L=LrRr C‘I’), F= I:"R Rr C; and F;ER = E?q.
IfRC @", Theorem A.1 reduces it to the case where X = [P’gp and F is a lift of Frobenius on I]J’gp.
We conclude the proof by applying Theorems 1.1 and 1.8.
Now we assume that R & @p". Set m := RNCS’. It is a maximal ideal of R.

Lemma A.3. Let R be a subring of Cj, which is finitely generated over Z. Let m := RNC? be a maximal
ideal of R. Then there exists o € Gal(C,/Q) such that o (R) € Q,° C (C:, and o(m) = Q,°° N R.

Now consider X° ::Z{R®%C;, L :=£R®‘1’3C;, Fo = F®%C;, X7 :=Xgr®%C, and F? := XgR%C,,.
In the tensor product « % C,,, we use the embedding o |z. We note that if we view C,, as an abstract
field, (X, F) and (X°, F?) are Galois conjugate. Since the statements of (i) and (ii) are purely algebraic,
we only need to show it for (X, F”). Observe that the special fiber X of X7 is

X7 = Xg ®% (C5/C5) = Xg ®g (R/m) ®%,, (C5,/C) = Xg ®F (C5/C) = X.

Moreover the restriction of F° on X? is exactly F under this identification. So F° is some power of
Frobenius and F' is a lift of the Frobenius with respect to (X°, Fo, L7). Since (X7, Fo, L%) is defined
over o (R) € @Q,°, Theorem A.1 reduces it to the case where X = ng and F is a lift of Frobenius on I]J’gp.
We conclude the proof by applying Theorems 1.1 and 1.8. O

Proof of Lemma A.3. Since C,, is algebraically closed, any embedding R < C,, extends to an automor-
phism in Gal(C,/Q). We only need to find an embedding o : R — C;, € C,, satisfying o (m) < C}.
Indeed since o ! (C;’," No (R)) is a maximal ideal of R which contains m, we have o (m) = o (R) N C;’f.

Lett,...,# € R be a set of generators of R over Z. Let uy, ..., us be a set of generators of m. Set
Y :=Spec R and Y¢, := Spec R ®z C,. We endow Y¢,(Cp) with the p-adic topology induced by the
topology on C,. An element f € R can be viewed as an analytic function on Y¢,(C,).

Denote by i : R <> C,, the inclusion. It defines a point 0 € Y¢,(C)). Set U := {x € Y ,(Cp) : |t;| <1,
i=1,...,0,and |u;| < 1,i =1, ...,s}. Then U is an open neighborhood of o.

For any nonzero element P of R, denote by Vp the subscheme of Ye, defined by {P = 0}. Since the
set of nonzero prime ideals is countable, and Y¢ ) (Cp) has a complete metric, Y¢ . Cp\ (U R\(0} Vp) 18
dense in Y¢, (Cp). Then there exists a point y € U \ (g oy Vr)- It defines a morphism o : R — C,, by
fr f(y). Because yc U, wehaveo(t;) € C°,i=1,...,l,and o(u;) € C°,i =1, ...,s. It follows
that o (R) € C5, and o (m) € C5. Since y & (g V7)o : R = C, is an embedding. This concludes
the proof. ]

Proof of Theorem A.1. 1In this section, we assume that X, F and £ are defined over @po - C;’,. Since X
is finitely presented, there exists a finite extension K of @, such that X, F and £ are defined over K°. We
note that R := K° is a discrete valuation ring. Set m := K °° the maximal ideal of R and & a generator of m.

There exists a flat and geometrically irreducible projective scheme Xz over Spec R an ample line
bundle £z and an endomorphism Fr such that X = X Qg C; L=Lr®r (D; and F = Fgr Qg C‘I’,. We
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may assume that F RLR = E%q. We denote by X the special fiber of Xr and F; the restriction of Fr
on X;. Let Xk be the generic fiber of X and Fx the restriction of FR on Xg. Write Lg := Lp|x, and
L := Lrlx,. Since Lg is ample, after replacing Lr by a suitable power, we may assume that £ is very
ample and the morphisms

Wg = H(Xg, Lr)®! — HO(Xg, £37) and W, := H(X;, £,)® — H(X,, £L39)
are surjective. Moreover, we may assume that
H'(Xg, L) = H'(Xg, Lg") =0
for all i > 1. It follows that the natural morphisms
ri: HY(Xg, Lr) ®g R/m — H(X,, L) and r,: HO(Xg, L57) @& R/m — H°(X,, L&)

are isomorphisms.
Since FjiLg = E%q, it induces morphisms

Fi:HY(Xg, Lr) — HO(Xg, £5) and  FF: HO(X,, £,) — H(X;, £89).

We have ry o ~1’§ =Frory.
Since R is a discrete valuation ring, and H O(X g, Lg) has no torsions, H*(Xg, Lg) is a free R-module.
Let so, ... sy a basis of H*(Xg, Lr). We note that

rg(F*(si)) = ri(s;)?
fori =0,..., N. It follows that
F*(si) — Wr(s!) e mH (X g, LZ") = m HO(Xg, LZ)
fori =0, ..., N. In other words, there exists g; € HO(Xg, E%q) such that
F*(s;)=s! +mgi,i=1,...,N.

Since Wy is surjective, there exists G; € R[xo, ..., xy] homogenous of degree g such that g; =
Gi(sg,...,sy),i=1,..., N. It follows that

F*(si)=s! +7Gi(s0,...,s5), i=1,...,N.
Let Gk : [P’II\(’ — IP% be the morphism
[x0, ..., xn] [xg +7Go(xg, ..., XN) - :x;’\, +7Gpn(xg,...,xN)].
Set G :=Gg®RxCp: [P’gp — [P’gp. It is a lift of Frobenius on [P’gp. Lettg : X — [P’% be the morphism
x> [so(x):---rsy(x)].

Since Lk is very ample, 7 is an embedding. We may check that Gx o tx = tx o Fx. We conclude the
proof by setting 7 := 1x ®g C),. ]
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A dynamical variant of the Pink—Zilber conjecture

Dragos Ghioca and Khoa Dang Nguyen

Let fi,..., f, € Q[x] be polynomials of degree d > 1 such that no f; is conjugate to x¢ or to =C(x),
where Cy(x) is the Chebyshev polynomial of degree d. We let ¢ be their coordinatewise action on A",
ie., ¢ : A" — A" is given by (xy, ..., x,) — (fi(x1), ..., fu(x,)). We prove a dynamical version of
the Pink—Zilber conjecture for subvarieties V of A" with respect to the dynamical system (A", ¢), if
min{dim(V), codim(V) — 1} < 1.

1. Introduction

1A. Notation. As always in dynamics, we write ¢ for the m-th compositional power of the self-map ¢
for any m € Ny (where Ng = N U{0}); also, ¢ is the identity map. The orbit of some point & under ¢ is
denoted by Oy («) and it consists of all ™ () for m € Ny. For a subvariety ¥ C A" under the action of
an endomorphism ¢, we say that Y is periodic if there exists a positive integer m such that ¥ = ¢ (Y);
similarly, we say that Y is preperiodic under the action of ¢ if there exists m € Ny such that ¢ (Y) is
periodic.

For every d > 2, the Chebyshev polynomial of degree d, denoted C;(x), is the polynomial of degree d
satisfying the functional equation Cy (x + %) = x4+ xid Following [Medvedev and Scanlon 2014], a
disintegrated polynomial is a polynomial of degree d > 2 that is not linearly conjugate to x? or +Cy(x).

1B. Our results. In [Ghioca and Nguyen 2016], a dynamical version of the bounded height conjecture
(see [Bombieri et al. 2007] for the formulation of this classical conjecture in the context of algebraic
tori) was proven for endomorphisms of A" given by coordinatewise action of disintegrated polynomials.
The results of [Ghioca and Nguyen 2016] suggest the following variant of the Pink—Zilber conjecture
in a dynamical setting; see [Bombieri et al. 1999; Zilber 2002; Pink > 2018] for the statement of this
conjecture in the classical setting of algebraic tori, or more generally, of semiabelian schemes.

Conjecture 1.1. Let fi, ..., f, € Q[x] be disintegrated polynomials of degree d > 2. We let ¢ be their
coordinatewise action on A", i.e., ¢ : A" — A" is given by (x1, ..., x) — (fi(x1), ..., fu(xn)). For
each positive integer s < n, we let Per's! be the union of all irreducible periodic subvarieties of A" of
codimension s; similarly, we let Prep"®! be the union of all irreducible preperiodic subvarieties of A" of
codimension s. Let X C A" be an irreducible subvariety of dimension m.
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(1) If X NPer™ 1 is Zariski dense in X, then X is contained in a proper, irreducible subvariety of A",

which is periodic under the action of .

(2) If X NPrep™ W is Zariski dense in X, then X is contained in a proper, irreducible subvariety of A",

which is preperiodic under the action of ¢.
We prove the following result in support of Conjecture 1.1.

Theorem 1.2. Let fi, ..., f, € Q[x] be disintegrated polynomials of degree d > 1 and let ¢ be their
coordinatewise action on A", i.e., ¢ : A" — A" is given by ¢(x1, ..., x,) = (fi(x1), ..., fu(xy)). Let
X C A" be an irreducible subvariety defined over Q such that min{dim(X), codim(X) — 1} < 1. If
X N Perl MmO+ i 7ariski dense, then X is contained in a proper, irreducible, periodic subvariety of A".

Therefore Theorem 1.2 provides a proof for Conjecture 1.1(1) in the following 3 nontrivial cases:

(I X is a hypersurface (see Theorem 3.1, which proves the more general result that any irreducible
subvariety of A" containing a Zariski dense set of periodic points must be itself periodic).

(II) X is a curve (see Theorem 4.1).

(III) X C A" has codimension 2 (see Theorem 5.1 which proves a generalization of this statement by
showing that for any irreducible subvariety X C A" of codimension at least equal to 2, we have that
if X NPer”~! is Zariski dense in X, then X must be contained in a proper, periodic, irreducible
subvariety of A").

Clearly, if X is a point (i.e., dim(X) = 0), or if X = A" (i.e., codim(X) = 0, in which case Perl"*1] is
void since there is no periodic subvariety of codimension larger than n), Conjecture 1.1 holds.

Remark 1.3. In particular, we observe that Theorem 1.2 proves completely Conjecture 1.1(1) for all
subvarieties of A" if n < 4.

1C. The dynamical Pink-Zilber conjecture. We discuss next some subtleties involved in Conjecture 1.1.

Remark 1.4. It is natural to wonder whether Conjecture 1.1 could be formulated alternatively by asking
if X N (Ui~ gim(x) Per'™l) or, respectively, X N (U, gim(x, Prep''!) is Zariski dense in X. However, since
each periodic subvariety of codimension m + 1 is contained in a periodic subvariety of codimension m
(see Section 2), this alternative formulation would reduce to our Conjecture 1.1.

It makes sense to restrict Conjecture 1.1 to polynomials which are not conjugate to monomials or
Chebyshev polynomials since otherwise we would encounter the classical Pink—Zilber conjecture (see
[Zannier 2012] for a comprehensive discussion). Also, we note that if X is contained in a proper, irreducible
(pre)periodic subvariety Y of A", then (simply, by geometric considerations of counting the dimensions)
X intersects nontrivially each (pre)periodic subvariety of relative codimension in Y equal to dim(X), and

thus, X has a Zariski dense intersection with Per/@™X)+1I and PrepldimX)+11 respectively; this scenario
is identical to the classical case when a subvariety X C G, contained in a proper algebraic subtorus would

have a Zariski dense intersection with the union of all subtori in G/, of codimension equal to dim(X) + 1.
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We also note that the two parts of Conjecture 1.1 are independent, neither one implying the other
one. Furthermore, it is likely that the methods one would need to employ in proving the above two
conjectures might differ slightly. For example, we would expect that some of the p-adic techniques
developed for attacking the dynamical Mordell-Lang conjecture (for more details, see [Bell et al. 2016,
Chapter 4]) could prove useful in treating Conjecture 1.1(1) in full generality. On the other hand, in
attacking Conjecture 1.1(2), one might need to develop generalizations of the arguments employed in
[Ghioca et al. 2018]. Also, Conjecture 1.1(2) is particularly challenging since one lacks a corresponding
dynamical bounded height conjecture for preperiodic subvarieties, in the spirit of the one proven in
[Ghioca and Nguyen 2016] (which is valid only for periodic subvarieties). Attempting to prove a variant
of the bounded height conjecture for preperiodic subvarieties of A" leads to subtle diophantine questions
similar to the ones encountered in [DeMarco et al. 2017].

It is important to observe that if we did not impose the condition that the polynomials have the same
degree, then there would be simple counterexamples, similar to those of a naive formulation of the
dynamical Manin—Mumford conjecture (see Section 1D) which does not require the polarizability of the
given endomorphism. Indeed, if f € Q[x] has degree d > 2, then its graph y = f(x) is a (rational) plane
curve containing infinitely many points which are periodic under the coordinatewise action of

x, ) = (f), 20

however, this graph is not periodic under the action of (f, f2).

It is difficult to extend any of our results to dynamical systems given by the coordinatewise action
of rational functions due to the absence of Medvedev and Scanlon’s [2014] classification of periodic
subvarieties in that case (see also [Ghioca and Nguyen 2016]). Also, it is difficult to extend Theorem 1.2
to subvarieties X C A" of dimension either larger than 1, or codimension larger than 2; see the following
Example, which can be generalized to any subvariety of A" of dimension in the range {2, ...,n —3}.

Example 1.5. Let f € Q[x] be a polynomial of degree d > 2 and let ¢ be its coordinatewise action on A°,
Let X C AS be a surface which projects to a nonpreperiodic point on each of the first 3 coordinates, i.e.,
X =¢ x X, where ¢ € A3 (@) and X, C A3 is a surface defined over Q. We also assume X is not a
periodic surface, while ¢ is not contained in a proper periodic subvariety of A>; this last assumption can
be achieved (see Section 2) by assuming the coordinates of { := (¢1, &2, ¢3) belong to different orbits
under f, i.e., there are no i, j € {1, 2,3} and no m, n € N such that " (¢;) = f"(¢;). Then X is not
contained in a proper periodic subvariety of A® and therefore, Conjecture 1.1 predicts that X N Perl! is
not Zariski dense in X. In particular, this would yield that

X1N(0f(&1) x Of(£2) x O(83)) (1.6)

is not Zariski dense in X;. However, understanding the intersection from (1.6) is equivalent to solving
a stronger form of the dynamical Mordell-Lang conjecture for hypersurfaces in A3 and at the present
moment, this problem seems very difficult; for a comprehensive discussion about the dynamical Mordell—-
Lang conjecture, see [Bell et al. 2016].
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As shown by Bombieri, Masser and Zannier [Bombieri et al. 1999; 2006], even the classical Pink—
Zilber conjecture in the context of algebraic tori is very difficult and initially only the case of curves was
established; for more details, see the beautiful book [Zannier 2012]. In the dynamical context, the fact
that we do not even know the validity of the dynamical Mordell-Lang conjecture makes Conjecture 1.1
particularly challenging.

It is also natural to formulate Conjecture 1.1 for polynomials with complex coefficients. The difficulty
in extending our present results to this more general setting lies in a couple of points. First, there is
no easy specialization argument which would yield a similar result to the one from Theorem 1.2 for
polynomials with complex coefficients by simply using the conclusion of Theorem 1.2. Secondly, it is
essential for our strategy of proof (for more details, see Section 1E) to use the dynamical Bogomolov
conjecture (proven in [Ghioca et al. 2018] for subvarieties of (PH") and that result was proven when the
maps are defined over Q.

1D. The dynamical Manin—-Mumford and the dynamical Bogomolov conjectures. Our Conjecture 1.1
is related to (and, in fact, motivated by) the dynamical Manin—Mumford conjecture and the dynamical
Bogomolov conjecture, proposed in [Zhang 2006]. We state next a special case of the dynamical
Manin—-Mumford conjecture and of the dynamical Bogomolov conjecture for split endomorphisms of A”.

Theorem 1.7 [Ghioca et al. 2018]. Let fi, ..., f, € Q[x] be disintegrated polynomials of degree d > 1

and we let ¢ be their coordinatewise action on A", i.e., ¢ : A" — A" is given by (x1,...,x,) —
(fi(x1), ..., fu(xy)). For any irreducible @-subvariety X C A", if X contains a Zariski dense set of prepe-
riodic points, then X is preperiodic. Furthermore, if for each € > 0, the set of points (a1, . . ., a,) € X(Q)
such that

hpa)+--+hyan) <e
is Zariski dense in X, then X is a preperiodic subvariety.

In Theorem 1.7, given a polynomial f € Q[x] of degree larger than 1, fzf(-) is the canonical height
defined as fzf(a) = 1lim,— o0 A (f"(a))/deg(f)" for any a € Q, where h(-) is the usual Weil height. For
more details regarding heights, see [Bombieri and Gubler 2006].

Actually, in [Ghioca et al. 2018, Theorem 1.1], the conclusion of Theorem 1.7 was established for
all polarizable endomorphisms of (P')", i.e., maps of the form (xi, ..., x,) — (fi(x1), ..., fu(xn))
where each f; € Q(x) is a rational function of degree d > 2, which is not conjugate to a monomial, a
+Chebyshev polynomial, or a Lattés map. We will prove in Theorem 3.1 a slightly more precise version
of Theorem 1.7 for any subvariety of A" which contains a Zariski dense set of periodic points.

In Theorem 1.7, if each polynomial f; is conjugated with either a monomial or a +Chebyshev
polynomial, then we recover the classical conjectures of Manin—-Mumford and Bogomolov for algebraic
tori. Actually, those conjectures (including in their version for abelian varieties) motivated Zhang to
formulate in the early 1990s a far-reaching dynamical conjecture for polarizable algebraic dynamical
systems generalizing both these classical diophantine problems and Theorem 1.7 (see also [Zhang 2006]).
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In Theorem 1.7, since the coordinatewise action of ¢ on A" is given by polynomials, one does not
encounter the counterexamples (see [Ghioca et al. 2011]) to the original formulation of the dynamical
Manin—-Mumford conjecture (and of the dynamical Bogomolov conjecture), and hence one is not expected
to require the stronger hypothesis for the reformulation from [Ghioca et al. 2011, Conjecture 1.4] of the
dynamical Manin—-Mumford conjecture. We note that Theorem 1.7 was initially proven when X C A" is
a curve in [Ghioca et al. 2015].

1E. Strategy for our proof. We prove Theorem 1.2 by splitting it into its 3 nontrivial cases (I)-(II),
i.e., X is a hypersurface (Theorem 3.1), X is a curve (Theorem 4.1) and finally, X has codimension 2
(Theorem 5.1). The common ingredients for proving these results are the classification of periodic subvari-
eties of A" under the coordinatewise action of n one-variable polynomials (as obtained in [Medvedev and
Scanlon 2014], along with some further refinements obtained in [Ghioca and Nguyen 2016]) and also the
proof of the dynamical Manin—-Mumford and of the dynamical Bogomolov conjectures for endomorphisms
of (P')" (see Theorem 1.7 and [Ghioca et al. 2015; 2018]). In the case of curves X C A", we also need
to employ the recent result of [Xie 2017], who proved the dynamical Mordell-Lang conjecture for plane
curves.

We discuss next a bit more about the actual strategy of proof for our results. First, we note that the
case of hypersurfaces in Theorem 1.2 (see also its extension from Theorem 3.1) is significantly easier
than both the case of curves and also the case of subvarieties of codimension 2 from Theorem 1.2. Next,
we sketch a proof for a special case of both Theorems 4.1 and 5.1.

Assume X C A3 is a curve which contains an infinite set of points in common with the union of all
periodic curves of A3. We assume f; = f» = f3 =: f is a polynomial which commutes only with iterates
of itself; this is actually the generic case for a polynomial mapping. With this assumption, the result of
[Medvedev and Scanlon 2014] yields that each periodic curve of A3 (which projects dominantly on each
coordinate axis) is of the form

Cre = 1{(x, f@), f70))  x € ALY,

for some integers k, £ > 0, after a suitable reordering of the coordinate axes. We show that we can reduce
to the case X N J; , C.¢ is infinite. Now, if there exists some integer j such that either X N [ J, Cy,; or
X N U, Cj.¢ is infinite, we derive that X is contained in a periodic surface of A®. So, then we are left
with the case that there exists an infinite set of pairs (k,, £,) such that

XNCy,¢, 72 and lim k, = lim £, = oo.

n—oo n—oo

Then letting (a,, by, ¢y) € (XNCy,, gn)(@), using the fact that for each point on X, the height of any given

coordinate is bounded uniformly (depending only on X, but independently of the given point) in terms of

the heights of the other two coordinates of the point, while fzf (cn) > h 1 (b)) > h f(ay), we can show that
lim A s(a,) = Tim hy(by) =0.

n—oo
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This allows us to apply Theorem 1.7 to derive that the projection of X on the first two coordinate axes
must be a periodic curve and therefore, X must be contained in a periodic surface.

1F. Plan for our paper. In Section 2, using [Medvedev and Scanlon 2014] (along with its refinements
from [Nguyen 2015; Ghioca and Nguyen 2016]) we introduce the structure of periodic subvarieties of A"
under the coordinatewise action of n one-variable polynomials. In Section 3 we prove Theorem 1.2 for
hypersurfaces X C A" (see Theorem 3.1, which actually proves that any subvariety of A" containing a
Zariski dense set of periodic points must be periodic itself). Then we continue by proving Theorem 1.2
when X is a curve (see Theorem 4.1) in Section 4. We conclude our paper by proving Theorem 1.2 when
codim(X) = 2 in Section 5 (see Theorem 5.1, which proves that if any irreducible subvariety X C A"
of codimension at least equal to 2 intersects Per” !l in a Zariski dense subset, then X is contained in a
periodic hypersurface).

2. Structure of preperiodic subvarieties

Most of this section is taken from [Ghioca and Nguyen 2016; 2017] which, in turn, follows from [Medvedev
and Scanlon 2014; Nguyen 2015]. Throughout this section, let n > 2, and let f, ..., f, be disintegrated
polynomials in C[x]. For m > 2, an irreducible curve (or more generally, a higher dimensional subvariety)
in A™ is said to be fibered if its projection to one of the coordinate axes is constant, otherwise the curve
(or the subvariety) is called nonfibered. For any two disintegrated polynomials f(x) and g(x), write
f ~ g if the self-map (x, y) — (f(x), g(¥)) of A? admits an irreducible nonfibered periodic curve. The
relation = is an equivalence relation in the set of disintegrated polynomials (see [Ghioca and Nguyen
2016, Section 7]).

Let ¢ = f1 x --- X f, be the self-map of A" given by ¢(xy,...,x,) = (f1(x1),..., fu(xn)). Lets
denote the number of equivalence classes arising from fi, ..., f, (under ). Let ny, ..., ny denote the
sizes of these classes (hence nj +- - -+ny; =n). We relabel the polynomials fi, ..., f,as f; jfor 1 <i <s
and 1 < j < n; according to the equivalence classes. After rearranging the polynomials fi, ..., f,
so that equivalence polynomials stay in blocks, we have ¢ = ¢ X --- X ¢, where ¢; is the self-map
fi1 x -+ x fin of A" There exist a positive integer N, nonconstant p; ; € C[x] for 1 <i < and
1 < j <n; and disintegrated wy, ..., wy € C[x] in s different equivalence classes such that the following
holds. For 1 <i <, let v; be the self-map w; x --- x w; on A, and let ¥ = | X --- X Y. Let ; be
the self-map p; | x --- X p;j,, of A" and let n = n; x - -+ x ;. We have the commutative diagram:

AP A L A L A Q.1

N
Anlx,,,XAnsw_)Anlx...xA"x

We have the following simple observations:
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Lemma 2.2. Let V be an irreducible ¢-preperiodic subvariety of dimension r.
(@) Every irreducible component of n~' (V) is yr-preperiodic and has dimension r.
(b) IfV is -periodic then some irreducible component of n~' (V) is ¥ -periodic.

(c) Let X be an irreducible subvariety in A" and let Perg] (respectively Perg]) be the union of @-periodic
(respectively \r-periodic) subvarieties of codimension r. If X N Per([;] is Zariski dense in X then there
is an irreducible component X' of n~1(X) such that X' N PerE;] is Zariski dense in X'

Proof. Part (a) follows from the commutative diagram (2.1) and the fact that 7 is finite. For part (b), if
eMo(V) =V then ¥ maps the set of irreducible components of n~1(V) to itself; hence at least one
element in this set is a {-periodic subvariety.

For part (c), we have a collection of points {P; : i € S} that is Zariski dense in X and satisfies the
property that for each i € S, there is an irreducible ¢-subvariety V; of codimension r such that P, € XN'V;.
For each i € S, there is an irreducible component W; of n~!(V;) that is v -periodic and there is a point
Q; € W; such that n(Q;) = P;. Let Xy, ..., X denote all the irreducible components of n~1(X). We
partition S into Sy, ..., Sy such that i € S; implies Q; € X; for every 1 < j < M. We claim that there
exists some j € {1, ..., M} such that {Q; :i € S;} is Zariski dense in X ;; consequently X ; N Per{;] is
Zariski dense in X ;. To prove this claim, assume that the Zariski closure of {Q; : i € §;} is strictly smaller
than X; for every j € {1, ..., M}. Then the image under n of the union of these M Zariski closures
contains {P; : i € S} and is strictly smaller than X, a contradiction. U

Remark 2.3. We will also use the following simple observation which can be proved by arguments which
are similar to the ones employed in the proof of part (c) above. If X is an irreducible subvariety of A"
and {V; : i € S} is a collection of irreducible subvarieties of A" such that X N J; ¢ Vi is Zariski dense in
X and Sy, ..., Sy is a partition of S then there exists j such that X N Ui es; V; is Zariski dense in X.

Each irreducible ¢-preperiodic subvariety V of A" has the form V; x --- x V; where each V; is an
irreducible g;-preperiodic subvariety of A% . Let W be an arbitrary irreducible component of ' (V).
Then W is yr-preperiodic and has the form W; x - - - x W, where each W; is an irreducible component
of wi_l (V;) and it is y;-preperiodic. Note that ; is the coordinate-wise self-map of A" induced by the
common polynomial w;.

Let f be a disintegrated polynomial and let ® = f x --- x f be the corresponding self-map of A".
We recall the structure of ®-periodic subvarieties of A" given in [Ghioca and Nguyen 2016, Section 2].
Write I, = {1, ..., n}. For each ordered subset J of I,,, we define:

AT = Al

equipped with the canonical projection 7y : A" — A”. In this paper, we will consider ordered subsets of
I,, whose orders need not be induced from the usual order of the set of integers. If Jy, ..., J,, are ordered
subsets of I, which partition /,,, then we have the canonical isomorphism

(Tgsennmy) AT =AM o AT
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For each irreducible subvariety V of A", let Jy denote the set of all j € I,, such that the projection from
V to the j-th coordinate axis is constant. If Jy # &, we equip Jy with the natural order of the set of
integers, and we let ay € A’V (C) denote 7, (V). Even when Jy = &, we will vacuously define (A")”v
as the variety consisting of one point and define ay to be that point. We have the following:

Proposition 2.4. (a) Let V be an irreducible ®-periodic subvariety of A" of dimension r. Then there
exists a partition of I, — Jy into r nonempty subsets Ji, ..., J, such that the following hold. We fix
an order on each Jy, ..., J,, and identify

A" =AY x AT x ... x AT,

For 1 <i <r,let ®; denote the coordinatewise self-map of A’i induced by f. For 1 <i <r, there

exists an irreducible ®;-periodic curve C; in A”i such that
V={ay}xC; x---xC,.

(b) Let C be an irreducible ®-periodic curve in A" and denote m := |1, — Jc| > 1. Then there exist a
permutation (i, ..., in) of I, — Jc and nonconstant polynomials g, ..., gn € Q[x] such that C is
given by the equations x;, = g2(x;,), ..., Xi,, = &m(x;,_,). Furthermore, the polynomials g>, . .., gn

commute with an iterate of f.

Remark 2.5. Let C be a nonfibered irreducible preperiodic curve in A? under the map ®(x, y) =
(f(x), f(»)). Then ®"(C) is periodic for some r. So we know that C satisfies an equation of the form
() =g(f"(x1)) or f"(x1) = g(f" (x2)) where g commutes with an iterate of f. We can express both
cases by an equation of the form g(x;) = G(x) where both g and G commute with an iterate of f.

Remark 2.6. The above discussion gives a very precise description of irreducible ¢-preperiodic subvari-
eties of A" (recall that ¢ = f] x - - - X f;;). Occasionally, the following simpler observation is sufficient
for our purpose. Let V C A" be an irreducible p-periodic subvariety. Then there exist 1 <i < j <n
and an irreducible curve C in A2 which is periodic under (x, y) = (f;(x), fj(y)) such that V C A ()
where 7 is the projection from A" to the i-th and j-th coordinates A2

Remark 2.7. The permutation (iy, ..., i,) mentioned in part (b) of Proposition 2.4 induces the order
iy <-+-<1iyonl, — Jc. Such a permutation and its induced order are not uniquely determined by V.
For example, let L be a linear polynomial commuting with an iterate of f. Let C be the periodic curve
in A2 defined by the equation x, = L(xy). Then I — Jc = {1, 2}, and 1 < 2 is an order satisfying the
conclusion of part (b). However, we can also express C as x; = L~ '(x;). Then the order 2 < 1 also
satisfies part (b). Therefore, in part (a), the choice of an order on each J; is not unique. Nevertheless, the
partition of I, — Jy into the subsets Ji, ..., J, is unique (see [Nguyen 2015, Section 2]).

Next we describe all polynomials g commuting with an iterate of f.

Proposition 2.8. Let f € Clx] be a disintegrated polynomial of degree greater than 1. We have:
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(a) If g € Clx] has degree at least 2 such that g commutes with an iterate of f then g and [ have a
common iterate.

(b) Let M(f°) denote the collection of all linear polynomials commuting with an iterate of f. Then
M () is a finite cyclic group under composition.
(c) Let f € Clx] be a polynomial of minimum degree d > 2 such that f commutes with an iterate of f.

Then there exists D = Dy > 0 relatively prime to the order of M (f°°) such that foL=LPof for
every L € M(f).

(d) {f’” oL:m=>0,LeM(f*®)}={Lo f’" :m >0, L € M(f*)}, and these sets describe exactly
all polynomials g commuting with an iterate of f. As a consequence, there are only finitely many

polynomials of bounded degree commuting with an iterate of f.

Remark 2.9. In the diagram (2.1), if fi,..., f, are in GZD[x] then the polynomials w; and p; ; can be
chosen to be in @[x]. In Proposition 2.8, if f(x) € Q[x] then f € Q[x] and elements of M (f*°) arein Q[x].

We will use the following immediate corollary to recognize when a point is f-periodic.
Corollary 2.10. Let f € C[x] be a disintegrated polynomial of degree greater than 1.
(a) Let g(x) € Clx] such that deg(g) > 2 and g commutes with an iterate of f. Then a € C is g-periodic
if and only if it is f-periodic.

(b) Let p(x) € Clx] such that deg(p) > 1 and p commutes with an iterate of f. Let @ € C be f-periodic.
Then p(@) is also f-periodic.

(¢) If o is f-preperiodic then for any polynomial g that commutes with an iterate of f and deg(g) is
sufficiently large, g(a) is f-periodic.

(d) Ifais f-preperiodic then the set
{g() : g commutes with an iterate of f}
is finite.

Proof. Part (a) is obvious since g and f have a common iterate. For part (b), choose m such that f™
commutes with p and « = (o). Then f"(p(a)) = p(f"(«)) = p(). For part (c), let r > 0 such
that f" () is f-periodic, then if deg(g) > deg(f)", we can write g = g o f" where g; commutes with
an iterate of f by Proposition 2.8(d). Now g(«) = g1(f"(«)) is f-periodic by part (b). For part (d),
let f be as in Proposition 2.8, we can write g as L o f’” for some m > 0 and L € M(f*°). Since « is
f-preperiodic and M (f*°) is finite, there are only finitely many possibilities for g(a). (I

We now consider the more general self-map ¢ = f| x - -- X f;, as in the beginning of this section. Let
V be an irreducible ¢-preperiodic subvariety of A" with r := dim(V). As before, Jy denotes the set
of i € I, such that the projection from V to the i-th coordinate A' is constant and ay € A’V (C) is the
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image 77V (V). By Proposition 2.4 and the diagram (2.1), we can partition the set I, \ Jy into r nonempty
subsets Ji, ..., J, such that after identifying

A" =AY x AT x o x AT
we have:
V={ay}xCi x---xC,

where each C; is a preperiodic curve in A’i with respect to the coordinatewise self-map induced by the
polynomials f;’s for i € J;. Moreover, if V is periodic then ay and each C; are periodic. Since each C;
is necessarily nonfibered thanks to the definition of Jy, we have that f ~ g for f,ge J;for1 < j <r.
We have the following:

Definition 2.11. The weak signature of V is the collection consisting of the set Jy and the partition of
I, \ Jy into the sets Ji, ..., J,.

3. Proof of Theorem 1.2 for hypersurfaces

The case of hypersurfaces X C A" in Theorem 1.2 is a consequence of the following more general result.

Theorem 3.1. Let fi, ..., fu, d, and ¢ be as in Theorem 1.2. Let X be an irreducible subvariety of
A" such that X contains a Zariski dense set of ¢-periodic points, then X is periodic. Consequently,
Theorem 1.2 holds when codim(X) = 1.

We thank the referee for suggesting the following proof for Theorem 3.1, which is simpler than our
original proof.

Proof. By Theorem 1.7 X is preperiodic; so there exist positive integers m and r such that " (X) = ¢™(X).
We define a function

v:N—{1,2,...,.m+r—1}

given by
n ifl<n<m-—1,
V(n) = .
p ifn>m,
where p is the unique integer in the set {m, m+1, ..., m+r —1} satisfying the property that p =n (mod r).

In particular, using the fact that ¢ (X) = ¢ 1" (X), we get that ¢ (X) = @Y™ (X) for each n € N.
Let S be the set of periodic points in X. For each point x € S, we denote by r, > 1 its period (under
the action of ¢). Then foreachi =1,...,m+r —1, we let

Sii={xeS:¥(r) =i}

Since S is Zariski dense in X (and X is irreducible), there exists some i € {1, ..., r +m — 1} such that S;
is Zariski dense in X. Now, for each x € §;, we have that

x = @™ (x) € " (X) = ¢' (X).
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It follows that X C gui (X) and since ¢ is finite, we conclude that X = gui (X); therefore, X is periodic, as
claimed. O

4. Proof of Theorem 1.2 for curves
In this section we prove the following result
Theorem 4.1. Theorem 1.2 holds when X C A" is a curve.

Proof. The case n = 2 follows from Theorem 3.1. We will prove next the result for n € {3, 4} and
proceed by induction for n > 5. We recall the notation and terminology from Section 2. We are given
that the curve X has a Zariski dense (i.e., infinite) set of points each of which is contained in a periodic
subvariety V of codimension 2. Since there are only finitely many possibilities for the weak signature, by
Remark 2.3, we may assume that all of the above periodic subvarieties have a common weak signature
consisting of a (possibly empty) subset 7 = Jy of I,, and a partition of [, \ J into n — 2 nonempty subsets
Ji, ..., Jo_r. Let h denote the absolute logarithmic Weil height on P!(@). We also let /& denote the
height on A”(@) c (P')"(Q) given by

h(xi, ..., x) =h(x)+---+h(x,).

For each f;, let h f; denote the canonical height on P!(Q) associated to f;, and let h denote the function
on A" c (P1)"(Q) given by

h(xt, ooy x0) = hp () -4, ().

Note that / is the canonical height associated to ¢ (which is the coordinatewise action of the polynomials
fi on A™). We refer the readers to [Bombieri and Gubler 2006; Silverman 2007, Chapter 3] for more
details on height and canonical height functions.

4A. The case when the ambient space has dimension 3. Without loss of generality, we have the follow-
ing possibilities for the weak signature (7, J;):

Case A: J =@ and J; = {1, 2, 3}. By part (c) of Lemma 2.2, we may assume that f; = f» = f3 =: f.
By Proposition 2.4 and Remark 2.3, we may assume that there are infinitely many points {P;}7°, such
that for each 7, there is a periodic curve V; defined by the equations x, = g; 2(x1) and x3 = g; 3(x2) such
that P; € X N'V; where g; » and g; 3 are polynomials commuting with an iterate of f. If {deg(g;)}i>1 has
a bounded subsequence then Proposition 2.8(d) yields that there exists a polynomial g such that g;» = g
for infinitely many i. Hence X is contained in the periodic surface defined by x, = g(x;) because it is a
curve containing infinitely many points from this surface. The case when {deg(g; 3)};>1 has a bounded

subsequence is treated similarly. We now assume that

lim deg(g;2) = lim deg(g;3) = oc.
1—00 1—>00
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Write P; = (a;, b;, ¢;). Let my » denote the projection from A3 to the first two coordinates AZ and let Y
be the Zariski closure of 7y 2(X).

We consider the case when 7 5 is nonconstant on X, in other words Y is a curve in AZ2. Then there exist
positive constants C; and C, depending only on the curve X such that for every point (a, b, ¢) € X (Q),
we have

h(c) < Cymax{h(a), h(b)}+ C;. 4.2)

Inequality (4.2) is a special case of [Ghioca and Nguyen 2016, Lemma 3.2(b)] (see also Corollary 3.4
of that paper). Essentially, inequality (4.2) says that the height of each coordinate of a point on a curve
is bounded in terms of the heights of the other coordinates, as long as the curve is not fibered. Since
|h — h rI'=0(1), there exist positive constants C3 and C4 depending on X and f such that

hy(c) < Cymaxihp(a), hy(b)} + Cq

for every (a,b,c) € X (@) (see also [Ghioca and Nguyen 2016, Corollary 3.4]). In particular, this
inequality holds for the points P; = (a;, b;, c¢;). On the other hand, we have

hy(ci) =deg(gis)hp(b;) and hs(b;) =deg(gin)h(a).
Overall, we have
deg(gi.3) max{h s (a;), hy (b))} < hp(c;) < Cymax{h s(a;), hf(bi)} + Ca.

Since limdeg(g; 3) = oo, we get limiﬁoo(max{fzf(a,-), ﬁf (bi)}) =0 and so, Theorem 1.7 yields that the
curve Y is preperiodic.

A more careful analysis shows that X is contained in a periodic surface, as follows.

First, consider the case when the projection from X to the first or second coordinate A! is constant,
then this constant, denoted y, is necessarily preperiodic since Y is preperiodic. From ¢; = g; 3(b;) =
8i3(gi2(a;)) and Corollary 2.10, we have that ¢; is periodic for all sufficiently large i and the sequence
{ci}i>1 consists of only finitely many points. Hence there is a periodic point ¢ such that ¢; = ¢ for
infinitely many i. We conclude that X is contained in the periodic surface A? x {¢}.

When the projection from X to neither the first nor second A! is constant, by Proposition 2.4 and
Remark 2.5, the preperiodic curve Y satisfies an equation of the form g(x;) = G(x;) where g and G
commute with an iterate of f. Therefore the point (a;, b;) satisfies both g(a;) = G(b;) and b; = g; 2(a;).

The following observation will be used repeatedly throughout our proof.

Lemma 4.3. With the above notation, for all i sufficiently large, we have that b; is periodic.

Proof of Lemma 4.3.. When i is sufficiently large so that deg(g; ») > deg(g), from Proposition 2.8(d), we
can write g; » = u; o g where u; is a polynomial commuting with an iterate of f. Therefore

bi =ui(g(a;)) =u;(G(b;))

and Corollary 2.10(a) implies that b; is f-periodic. U
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Using that b; is periodic along with the fact that ¢; = g; 3(b;), we obtain that ¢; is also f-periodic
(by Corollary 2.10(b)). Let Y’ be the Zariski closure of the projection from X to the second and third
coordinates A2. Since (b;, ¢;) is periodic for all sufficiently large i, we have that Y’ is periodic (according
to Theorem 3.1). Hence X is contained in the periodic subvariety A' x Y’

The case when 7; , is constant on X is obvious. Indeed, X = {(a, b)} x Al and since X NV, # I, we
have b = g1 2(a) and g1 > commutes with an iterate of f. Hence X is contained in the periodic surface
defined by x2 = g1.2(x1).

Case B: J ={1} and J; ={2, 3}. Asin Case A, we may assume that f>» = f3 =: f and there are infinitely
many points { P; = (a;, b;, ¢;i)}i>1 such that for each i, there is a periodic curve V; defined by x; = ¢; and
x3 = g;(x2) such that P; € X N'V; where ¢; is fi-preperiodic and g; commutes with an iterate of f. By
arguments similar to Case A, we may assume lim;_, o, deg(g;) = oo.
When 7} 7 is nonconstant on X, we can use similar arguments as in Case A. This time, we have an
inequality of the form
hy(c) < Csmax{h s (a), h;(b)} + Co (4.4)

for every (a, b, ¢) € X(Q) where Cs and Cg are constants depending only on X, fi, and f. So we can
conclude that lim; _, h 7(bj) =0. Since Y contains the Zariski dense set {(a; = ¢;, b;)};, we have that ¥
is preperiodic, by Theorem 1.7. If the projection 7r; from X (and Y) to the first A! is constant then we
have a; = ¢| for every i and X is contained in the periodic surface {¢;} x A2. If the projection 7, from X
(and Y) to the second A! is constant, then inequality (4.4) combined with the fact that a; = ¢; is periodic
and the fact that lim;_, o, deg(g;) = oo yields that ; must be preperiodic. But then, because b; is constant
as we vary i and deg(g;) — oo, Corollary 2.10(c) yields that ¢; must be constant and periodic, thus
providing the desired conclusion in Theorem 4.1. If 7r; and m, are nonconstant then Y satisfies an equation
g(x1) = G(x2), where g and G commute with an iterate of f. In particular g(&;) = g(a;) = G(b;); so,
by Corollary 2.10, G (b;) is f-periodic (note that ¢; is periodic). When deg(g;) > deg(G), by (the proof
of) part (c) of Corollary 2.10, we have that ¢; = g; (b;) is also periodic. Now the Zariski closure of the
projection from X to the first and third coordinates A? contains the Zariski dense set {(a;, ¢;) : i is large}
of periodic points, it must be periodic thanks to Theorem 3.1. Hence X is contained in a periodic surface.

The case 7y is constant on X is also obvious. Indeed, X = {(a, b)} x A! and since X NV, #* I, we
have that a = ¢;. Hence X is contained in the periodic surface {¢1} x A%

Case C: J = {1, 2} and J; = {3}. This time, each periodic curve V; has the form {(c;, 8;)} X Al where
«; is f1-periodic and B; is f>-periodic. If 7y 5 is nonconstant on X then Theorem 3.1 implies that Y is a
periodic curve in A2, hence X is contained in the periodic surface Y x Al If 71,2 is constant on X, since
XNV, #a, we have X = V| is periodic.

4B. The case when the ambient space has dimension 4. We will need the following result:

Proposition 4.5. Let f(x), g(x) € Q[x] with deg(f) =deg(g) =:d >2. Let C C AZ? be an irreducible
Q-curve with the following properties:
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o C is nonfibered.
o There exist a, B € Q such that C N (Of(a) x Og(B)) is infinite.
Then C is periodic under the action (x1, x3) — (f(x1), g(x2)).

Before proceeding to its proof, we explain the necessity of Proposition 4.5 for our proof of Theorem 4.1
when n = 4. In this case, we have a curve X C A* which intersects the union of all periodic surfaces in an
infinite set. For example, if f; = f> = f3 = fa =: f we could deal with the special case that X projects
to a point (a, b) on the first two coordinate axes, where both a and b are not preperiodic under the action
of f; we let Y be the projection of X on the last two coordinate axes of A*. Each surface Sy, C A* given
by the equations x3 = f k(x1) and x4 = f E(xy) is periodic. Next, assume

XN (U Sk’g) is infinite.
ke
So, we are left to prove that if ¥ N (Of(a) x Of(b)) is infinite, then Y is periodic under the induced
action of f on the last two coordinate axes of A*, which is precisely the conclusion from Proposition 4.5.

Proof of Proposition 4.5. As in Cases A and B (see also [Ghioca and Nguyen 2016, Corollary 3.4]), since
C is nonfibered there exist positive constants C; and Cg depending on C, f, and g such that for each
(a1, az) € C(Q), we have

max{f ;(a1), hg(az)} < C7min{h ¢ (ay), he(az)} + Cs. (4.6)

Now, since C N (O (a) x O4(B)) is infinite and C projects dominantly to both coordinates, we get that o
and B are not f-preperiodic and g-preperiodic, respectively. Hence h f(@)>0and h ¢(B) > 0. From this ob-
servation, inequality (4.6) for each point (f™ («), g"(B)) € C(Q), and the fact that fzf(fm () = d”’fzf (a)
and h ¢(g"(B) = d"h ¢(B), we conclude that |m — n| is uniformly bounded as we vary among all points
(f™(a), g"(B)) € C (Q). Therefore, there exists an integer ¢ such that there exist infinitely many
(m, n) € Ny x Ny with the property that (" («), g"(8)) € C(Q) and also m — n = £. Without loss of
generality, we assume that £ > 0, and therefore get that C contains infinitely many points from the orbit of
(f%(@), B) under the action of (xi, x2) — (f(x1), g(x2)). Since the dynamical Mordell-Lang conjecture
(see [Bell et al. 2016, Chapter 3]) is known in the case of endomorphisms of AZ (as proven in [Xie 2017]),
we conclude that C is periodic under the action of (x, x2) — (f(x1), g(x2)), as desired. [l

We now return to the proof of Theorem 4.1. We have the following cases for the weak signature
(T, J1, J):
Case D: |J1| =1 or |Jo| = 1. Without loss of generality, assume |J>| = 1, more specifically J, = {4}.
Now there are infinitely many points {P; = (a;, b;, ¢;, d;)}i>1 such that for each i, there is a periodic
surface V; such that P, € X N V;. Moreover, we have that V; = W; x A! where W; is a periodic curve
under the self-map fi x f> x f3 of A3,

Let 71 5.3 denote the projection from A* to the first three coordinates A3, If 7 5 3 is nonconstant
on X, then the Zariski closure Y of 715 3(X) in A? is a curve and we can apply Theorem 4.1 to the
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data (n = 3, f1, f2, f3,Y) to conclude that Y is contained in a periodic surface S in A3. Hence X is
contained in the periodic hypersurface S x A!. The case 7 5 3 is constant on X is obvious. We have that
X ={(a, b, c)} xAl. Since P; = (a;, b;, c;, d;) = (a, b, ¢, d;) lies in V; = W; x A, we have that X itself
is contained in the periodic subvariety V; (for every i).

Case E: |J1| = |J2] = 2. Without loss of generality, assume J; = {1, 2} and J, = {3, 4}. As in Case A,
we may assume f; = f» =: f and f3 = f4 =: g. By Proposition 2.4 and without loss of generality, we
may assume that there are infinitely many points { P; = (a;, b;, ¢;, d;)};>1 such that for each i, there is a
periodic surface V; defined by x, = U;(x1) and x4 = T;(x3) such that P; € X NV; and U;(x) and T;(x)
commute with an iterate of f(x) and g(x), respectively. For such polynomials U;(x) and T; (x), and for
any a € Q, we have (see [Nguyen 2015, Lemma 3.3])

hf(Ui(a)) =deg(Uhs(a) and  hy(Ti(a)) = deg(Ti)hg(a). (4.7)

As in Case A, we may assume that lim;_, o, deg(U;) = lim;_, o deg(T;) = oco. Let 71 3 denote the
projection from A* to the first and third coordinates A2 and let Y denote the Zariski closure of m1,3(X).

We consider first the case when | 3 is nonconstant on X, in other words Y is a curve in A2,
As in Case A, there are positive constants Cy and Cjo depending only on X and f such that for every
point (a, b, ¢, d) € X (@), we have

ht(b) + hy(d) < Co(hs(a)+hg(c)) + Cio.
Combining with (4.7) and the fact that P; = (a;, b;, ¢;, d;) € X N'V;, we have
(deg(U;) — Co)h p(a;) + (deg(T;) — Co)hg(bi) < Cho.

Since 1im; ., o deg(U;) = lim;_, o, deg(T;) = 0o, we get that lim; o0 A £ (a;) = lim; o f1g(c;) = 0. By
Theorem 1.7, the curve Y is preperiodic under the map (x1, x3) — (f(x1), g(x3)). A more careful analysis
shows that X is contained in a periodic subvariety as follows.

When the projection from X to the first (or respectively the third) coordinate is constant, then this
constant is necessarily preperiodic since Y is preperiodic. Since b; = U;(a;) (respectively d; = T;(c;)),
we can argue as in Case A to conclude that there is an f-periodic point (respectively g-periodic point) ¢
such that b; = ¢ (respectively d; = ¢) for infinitely many i. Hence X is contained in the periodic surface
Al x {¢} x A? (respectively A3 x {¢)).

Now consider the case when the projection from X to both the first and third coordinates is nonconstant,
or equivalently Y is a nonfibered curve in A2, This implies f ~ g. By Lemma 2.2, we may assume
that f =g (i.e., fi = fo = f3 = fa = f). Remark 2.5 gives that Y satisfies an equation of the form
g(x1) = G(x3) where g and G commute with an iterate of f. In particular b; = U;(a;), d; = T;(c;), and
g(a;) = G(c;). When i is sufficiently large so that deg(U;) > deg(g) and deg(7;) > deg(G), we can write

U=U’og and T,=T oG
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where U and T commute with an iterate of f. Obviously, either deg(U;*) > deg(7;*) or deg(T;*) >
deg(U;"). By restricting to an infinite subsequence of { P;} and without loss of generality, we may assume
that deg(7;*) > deg(U;") for every i. From Proposition 2.8, we can write T;* = S; o U where S; commutes
with an iterate of f. We have

di =Ti(c;) =T (G(c) = T (g(a;)) = Si (U (g (@) = S; (Ui(a;)) = Si (by).

If {deg(S;)}; has a bounded subsequence then by similar arguments as before, X would be contained
in a periodic surface of the form x4 = S(x,) and we are done. Now assume lim;_, o, deg(S;) = oco. Since
the projection from X to the first 3 coordinates is nonconstant, there exist C; and Cy, such that:

hy(di) < Crymax{hy(ar), hy(bi), hp(ci)) + Cra

On the other hand
hy(d) = deg(Thy(ci),  hy(d) =deg(S)hy(bi) = deg(S:) deg(Uph s (a)
and {deg(S;)};, {deg(T;)};, and {deg(U;)}; become arbitrarily large; so, we conclude that
lim hs(a;) = lim hp(b;) = lim hz(c;) =0.
i—00 i—00 i—00

By Theorem 1.7, the Zariski closure Z of the projection from X to the first 2 coordinates A? is preperiodic.
We are assuming that the projection from X to the first coordinate is nonconstant. If the projection
to the second coordinate is constant then it must be preperiodic (since Z is preperiodic), denoted y .
Now d; = S;(b;) = S;(y) and we can argue as in Case A to conclude that X is contained in a periodic
hypersurface of the form A3 x {¢}. It remains to treat the case when the projection to the second coordinate
is nonconstant. Then Z satisfies an equation g*(x1) = G*(xz) where g* and G* commute with an iterate
of f. By similar arguments as in Case A (see Lemma 4.3), we conclude that b; is f-periodic when i is
sufficiently large, and so, d; = S; (b;) is also f-periodic. Then Theorem 3.1 implies that the projection from
X to the second and fourth coordinates axes is a periodic curve and we are done since we obtain that X is
contained in the periodic (irreducible) hypersurface in A%, which is the pullback of the aforementioned
periodic plane curve under the projection map (xy, x2, x3, X4) > (X2, X4).

Finally, we treat the case when m 3 is constant on X.

Write {(«, y)} = m1,3(X), hence (a;, ¢c;) = («, y) for every i. If o is f-preperiodic then for all i
sufficiently large, we get that b; = U, (a;) = U;(y) must be some given periodic point 8 and thus, X is
contained in the periodic hypersurface A! x {8} x A? and hence, we are done. Therefore we may assume
that @ and y are not f-preperiodic and g-preperiodic, respectively. Hence h f(a) >0 and fzg (y) > 0.
From (4.7) and the fact that

lim deg(U;) = lim deg(T}) = oo,

1—> 00
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we conclude that lim; _, o h (b)) =lim;_, o h ¢(d;) = oo. Consequently, X projects dominantly to both
the second and fourth coordinates of A*. Let X’ be the curve in A? which is the Zariski closure of the
image of X under the projection to the second and fourth coordinates.

From Proposition 2.8, we can write

Ui= f"ou;, Ti = g" ot

where m;, n; € Ny, u; and t; commute with an iterate of f and g, respectively, and max{deg(u;), deg(#;)} <
deg(f) = deg(g). From Proposition 2.8 again, there are only finitely many possibilities for the pair
(ui, t;). Hence there exist polynomials # and ¢ such that (u;, t;) = (u, t) for infinitely many i. Overall,
the curve X’ in A? satisfies the following properties:

e X' is nonfibered.
o X'N (O @) x O(t(B))) is infinite.

By Proposition 4.5, X’ is periodic under the map (x3, x4) — (f(x2), g(x4)). Therefore X is contained in
the periodic hypersurface

{(x1, x2, x3, x4) : (X2, x2) € X'}

and we finish the proof of this case.

4C. The case when the ambient space has dimension larger than 4. Let N > 5, assume Theorem 4.1
holds for n < N — 1. We now consider n = N. Note that the common weak signature (7, Ji, ..., J,—2) of
the V;’s is a partition of {1, ..., n} for which 7 could possibly be empty while each J; is nonempty. Since
2(n —2) > n, there must be some j such that |J;| = 1. Without loss of generality, assume J,_» = {n}.
We can now proceed as in Case D: if the projection from X to the first (n — 1) coordinates is nonconstant
then we reduce to n = N — 1 and apply the induction hypothesis, otherwise we can easily conclude that
X is contained in V; for every i. This finishes the proof of Theorem 4.1. (]

5. Proof of Theorem 1.2 for subvarieties of codimension 2

Theorem 1.2 is proven once we deal with the last case of it, which is covered by the following more
general result:

Theorem 5.1. Let X C A" be an irreducible subvariety of codimension at least equal to 2. If X NPer" 1]
is Zariski dense in X, then X must be contained in a proper, periodic, irreducible subvariety of A".

The reason why we can obtain the stronger Theorem 5.1 for the intersection of any subvariety X C A"
of codimension at least equal to 2 with Per”~!! is that in this case we intersect X with periodic curves
C and this gives a firmer control on the magnitude of the canonical heights for the points from the
intersection X N C. Indeed, we sketch below our approach for the proof of Theorem 5.1. So, assume (for

simplicity) that f; =- .- = f,;, =: f; then for each nonzero integers ki, ..., k,—1, we let C¢, . x, , CA"

.....
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be the curve given by the equations

o= A1), x5 = 20, - x = R ().

Also, assume that X intersects the union of all curves Cy, ., , in a Zariski dense subset. Then, arguing
as in the proof of Theorem 4.1, we can assume that the integers k; are arbitrarily large. This yields
that the projection Y of X on the first (n — 1) coordinate axes contains a Zariski dense set of points of
canonical height tending to 0. Then Theorem 1.7 yields that ¥ must be preperiodic; also, note that Y
is a proper subvariety of A”~! since the codimension of X C A" is at least equal to 2. So, using the
results of [Medvedev and Scanlon 2014], Y itself must be contained in some hypersurface of A"~! of the
form C x A"~3, for some preperiodic plane curve C. Then arguing as in the proof of Lemma 4.3, we
obtain that C must be periodic and so, X is contained in a proper, periodic, irreducible subvariety of A”".
However, there are extra complications appearing in the proof of Theorem 5.1 compared to the proof
of Theorem 4.1 since we cannot reduce our arguments to the case n is small (note that the case n > 5
reduces to the cases n = 3, 4 in the proof of Theorem 4.1); this leads to significant difficulties in showing
that the aforementioned curve C is actually periodic.

Proof of Theorem 5.1.. Here we are assuming that the intersection between X and the union of all periodic
curves is Zariski dense in X and we need to prove that X is contained in a periodic hypersurface of A”".
We argue by induction on n; the case n = 2 is trivial while the case n = 3 was proven in Theorem 3.1.
We assume n > 4 from now on.

By using Remark 2.3 as in the proof of Theorem 4.1, we can assume that all of the above periodic
curves have a common weak signature J; which is assumed to be {1, ..., s} where 1 <s <n. By
Lemma 2.2, Remark 2.3, and Proposition 2.4, we may assume that f; =--- = f; =: f and there are
periodic curves {V,,};,>1 (in A") such that the following hold:

(a) There is a Zariski dense set of points {Py,},,>1 in X such that P, € X NV, for every m.

(b) Each V,, is defined by equations x = g, 1(x1), . .., Xs = &m.s—1(Xs—1) Where the g, ; are polynomials
commuting with an iterate of f, along with equations x;11 =am s+1, - - . , Xn = am,n Where each a,, ;
is fi-periodic for s +1 <i <n.

Write
Pm == (bm,la ceey bmn),

with by, jy1 = gm,j(bp,j) for1 < j<s—1and by j=ay jfors+1=<j<n.

By restricting to a subsequence, we may assume that {P,},> is generic which means that every
subsequence is Zariski dense in X. This is possible, as follows. First we enumerate all the countably many
strictly proper irreducible Q-subvarieties of X as {Z1, Z,,...}. Then we let mg :=0, let P,,, be the first
point in the sequence { Py, };n~m, Which is not contained in Zi, let P,,, be the first point in the sequence
{Pn}m>m, thatis not contained in Z; U Z,, and so on. The subsequence { P, }x>1 is generic in X.
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If for some i € {s + 1, ..., n}, the projection from X to the i-th coordinate axis Al is constant, then
X is contained in the periodic hypersurface x; = a; ; and we are done.

So, from now on, we may assume that each projection of X on the coordinate axes xs+1, ..., X, is not
constant.
In particular, this means that for every i € {s + 1, ..., n} and any f;-periodic point ¢, there are at

most finitely many m such that a,, ; = ¢; otherwise an infinite subsequence of {P,,} is contained in the
hypersurface {x; = ¢}. Since {P,,},, is generic, X is also contained in {x; = ¢}, as desired.

Claim 5.2. Theorem 5.1 holds when s = 1.

Proof. Since s = 1, each V,, is of the form
Al x @m2s -5 Qmn).

We project X to the last n — 1 coordinate axes and thus obtain a proper subvariety X; C A"~! (note that
X C A" has codimension at least equal to 2). Furthermore, according to our hypothesis, X; contains a
Zariski dense set of periodic points (g; 2, . . ., a;,); thus Theorem 3.1 yields that X is periodic. Therefore,
X is contained in the periodic, proper, irreducible subvariety A! x X; C A", as desired. O

From now on, we assume 2 < s < n. Furthermore, as argued in the proof of Theorem 4.1, we may
assume that for j =1, ..., s — 1, we have deg(g,,, ;) — 00 as m — o0.

Claim 5.3. Theorem 5.1 holds if X does not project dominantly onto the s-th coordinate A' of A",

Proof. Let by be the image of the constant projection from X to the s-th coordinate A! and let 77y be the

projection from X to the remaining n — 1 coordinates A"~ !. Let X, be the Zariski closure of 7 (X).
For each m we have that V,, N X contains some point (b, 1, ..., by ) such thatfori =1,...,5s—1,

we have

hy (by)

l:\lf(bm,i) = Si—
]_[jzi deg(gm,j)

— 0, asm— oo.
Since fori =s+1,...,n we have fzf(bm,i) = fzf(am,,-) =0, we conclude that X contains a Zariski
dense set of points of canonical height converging to 0. Thus Theorem 1.7 yields that X ) is preperiodic.
A more careful analysis shows that X is contained in a proper, irreducible, periodic subvariety, as follows.
Since dim(X5)) = dim(X) < n — 2, we have that X ;) C A"~ is a proper, preperiodic subvariety. By
Remark 2.6, there existi < jin {l,...,s —1,s+1,...,n} and an irreducible curve C in A that is
preperiodic under (x;, x;) = (fi(x;), f;(x;)) such that X C 7 ~1(C) where 7 is the projection to the
i-th and j-th coordinate axes, i.e.,

(X1, oy X1y X1y o v -y Xn) = (X7, Xj). 5.4

We have several cases (note that the projection from X to each of the ¢-th coordinate A! for ¢ e
{s+1,...,n}is nonconstant):
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(i) i, je{s+1, ..., n}. Then the curve C contains the Zariski dense set of periodic points {(@.;, Gm, ;) }m-
By Theorem 3.1, C is periodic. Hence 7 ~!(C) is periodic and X is contained in the periodic
hypersurface n&)l (r~1(O)).

() i, j e{l,...,s — 1} and the curve C is fibered. Hence there exists an f-preperiodic point y such
that X is contained in the hypersurface x; = y, say. From by = by, s = gm.s—1 00 gm.i(y) and
Corollary 2.10, by choosing sufficiently large m, we have that b, is f-periodic. Hence X is contained
in the periodic hypersurface {x; = b;}.

@ii) i,j € {1,...,s — 1} and the curve C is nonfibered. By Remark 2.5, C satisfies an equation
g(x;) = G(x;) where g and G commute with an iterate of f. As in Case A in Section 4 (see
Lemma 4.3), we have that b, ; is f-periodic when m is sufficiently large (see Lemma 4.3). Then
by =bps=8mn;s—10--08m,j(by, ;) is f-periodic and we are done.

v) iefl,...,s—1},je{s+1,...,n}, and the curve C is fibered. We can use the same arguments as in
Case (ii) above since we know C must project dominantly onto the x; coordinate axis and therefore,
we must have that the curve C is given by an equation of the form x; = y, for a preperiodic point y.

v)yiefl,...,s—1}, je{s+1,...,n}, and the curve C is nonfibered. Then f; ~ f;. By Lemma 2.2,
we may assume that f; = f; = f. Now C satisfies an equation g(x;) = G (x;) as in Case (iii). Hence
g(bm,i) =G (an,;) is f-periodic. By choosing m sufficiently large such that deg(g,s—10---0gm,i) >
deg(g), we conclude that by = by, s = g s—10- - 0 gm.i (bm,i) 1s periodic.

This finishes the proof of Claim 5.3. U

From now on, in the proof of Theorem 5.1 we assume that X projects dominantly onto the s-th axis.
Let (5 and X, be as in the proof of Claim 5.2. We still have 2 more cases: dim(X,)) = dim(X) — 1
or dim(X)) = dim(X).

Claim 5.5. Theorem 5.1 holds if dim(X (5)) = dim(X) — 1.

Proof. In this case, we have that X = X ) x A! (where the factor A' comes from the s-th coordinate).
Furthermore, by our assumption, we know that X ) has a Zariski dense intersection with periodic curves
of A"~! given by the equations

X2 = gm,l(x1)7 X3 = gm,Z(XZ), ey Xg—1 = gm,s—l(xs—Z)
and the equations
Xs+1 = Am s+1, Xs4+2 = Am 5425 - - - Xn = Am n-

In other words, X () has a dense intersection with Per"=2 ¢ A"~!. By the inductive hypothesis, we
conclude that X ) is contained in a strictly proper periodic subvariety of A"~!, and sois X C A". O

From now on, in the proof of Theorem 5.1 we may assume dim(X (5)) = dim(X).
Then there is a strictly smaller Zariski closed subset Y(5) of X such that for ¥ := 7! (Y(), the
induced morphism from X \ ¥ to X(y) \ Y(s) is finite. At the expense of removing finitely many pairs
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(P, V) for which P, € Y, we may assume that P,, € V,, N (X \ Y) for every m (note that the sequence
of points {P,,} is generic in X).
Since the map from X \ Y to Xy \ ¥y is finite, by [Ghioca and Nguyen 2016, Corollary 3.4] there

are constants cg, ..., Cs_{, Cs+1, - - - C, such that for each m € N we have the inequality
hp(bms) <co+ Y cihpbmi). (5.6)
1<i<n
i#s
Using the fact that for eachi =1, ..., s — 1, we have
. h ¢ (bm.s)
hp (O i) = == (5.7)

Hj;: deg(gm,j)’

while for eachi =s+1, ..., n, we have that fzf(bm,,-) = fzf(am,,-) = 0. Combining (5.7) with (5.6) and

with the fact that deg(g,, ;) — oo asm — oo foreachi =1,...,s — 1, we conclude that
lim A (b)) =0, foreachi=1,...,5—1. (5.8)
m—oo

So, X () contains a Zariski dense set of points of small height, i.e., the points

(bm,l, ey bm,s—lv bm,s—Hs ceey bm,n)

Then Theorem 1.7 yields that X ) is preperiodic.

As in the proof of Claim 5.3, there existi < jin{l,...,s —1,s+1, ..., n} and a preperiodic curve
C in A? such that Xy is contained in 7 ~!(C) where 7 is the projection to the i-th and j-th coordinate
axes, as in (5.4). We have cases (i)—(v) as in the proof of Claim 5.3. Case (i) can be handled by the exact
same arguments. On the other hand, cases (ii) and (iv) cannot occur under the hypothesis that X projects
dominantly onto the s-th coordinate axis. Indeed, in both those two cases (ii) and (iv) we would have
that C is fibered, given by some equation x; =y (or x; = y) for some i (or j)in {I,...,s— 1} and some
preperiodic point y. But then (without loss of generality) b,, ; = y for each m and so,

bm,s = (gm,s—l 0--+0 gm,i)(bm,i) = (gm,s—l 0--+0 gm,i)(y)

takes only finitely many values as we vary m by Corollary 2.10. However, the points { P,,} are dense in X
and X projects dominantly onto the s-th coordinate axis, contradiction. Therefore, we are left to analyze
only cases (iii) and (v) appearing in the proof of Claim 5.3.

In cases (iii) and (v), we have that b,,, ; is periodic when m is large; by removing finitely many m, we may
assume that b,  is periodic for every m. Forany k € {1, ...,s—1}, from by, s = gm.s—19...08m.ik (bm.i),
we have that b,  is f-preperiodic. Therefore, using again that each b, x = a,, x is periodic for k > s,
Theorem 1.7 yields that X is preperiodic because it contains a Zariski dense set of preperiodic points. From
the discussion in Section 2, we know that X is a product of preperiodic curves. Since dim(X) = dim(X))
and X € C x A3 (the factor A"~ comes from all the ¢-axes where £ € {1, ..., n}\ {i, j, s}), we only
have two possibilities.
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Case F: The first possibility is that X € C’ x A"~3 where C’ is a preperiodic curve in A3 which is also
the projection from X to the i-th, j-th, and s-th axes (hence C is the projection from C’ to the i-th and
j-th axes A?). Now in both cases (iii) and (v) from the proof of Claim 5.3, we have that b, j 18 periodic
for all (sufficiently large) m. Consequently, the projection from X to the j-th axis together with the s-th
axis is a curve containing the Zariski dense set of periodic points (b, j, by s)m. Therefore this projection
is a periodic curve by Theorem 3.1. Hence X lies in the periodic hypersurface which is the inverse image
in A" of this periodic plane curve under the projection map (x1, ..., X,) = (x;, Xy).

Case G: The second possibility is that there exist £ € {1, ..., n}\{i, j, s} such that X C C x C” x A4
where C” is a preperiodic curve in A? which is also the projection from X to the s-th and ¢-th axes and
the factor A”~* comes from the k-th axes for k € {1, ..., n) \{i, j,s,£}. Nowif £ € {s+1,...,n} then
we have by, ¢ = ay, ¢ is periodic, hence the curve C” contains the Zariski dense set of periodic points
(bm.ss bm.¢)m. From Theorem 3.1, we have that C” is periodic and we are done since then X is contained
in the periodic hypersurface A% x C” x A4,

From now on, in the proof of Theorem 5.1 we assume that £ € {1, ..., s}.

If the projection from C” to the £-th coordinate is constant then we derive a contradiction. Indeed, then
x¢ =y where y is f-preperiodic. From b, s = g s—10...0 gm.¢(y), we obtain that the s-th coordinates
by, s of the points P, must belong to a finite set, contradicting thus the fact that these points are dense
in X, which is a variety projecting dominantly onto the s-th coordinate axis.

So, from now on, we may assume that C" is nonfibered (note that we are already working under the
assumption that X projects dominantly onto the s-th coordinate axis).

Therefore C” satisfies an equation U (x5) = T (x¢) where U and T commute with an iterate of f. It
remains to treat case (iii) or case (v) in the proof of Claim 5.3. In either case, we may assume that
fj = f and C satisfies an equation g(x;) = G(x;) where g and G commute with an iterate of f. Asin
the proof of Claim 5.3, we have that b,, ; is f-periodic for all large m. Hence both T (b, ¢) = U (b, 5)
and g(by,,;) = G(by, ;) are f-periodic for all large m.

Ifi <¢,wehave by, p =gm e—10...08m.i(bm.i). Therefore when m is large enough so that deg(g,, ¢(—1 o
...0gm.i) >deg(g), we have that b,, ¢ is periodic (see Lemma 4.3). Consequently, the curve C” is periodic
since it contains a Zariski dense set of periodic points (b, ¢, by, ). Similarly, if £ < i, when m is large so that

deg(gm,i—10...08m¢) = deg(T),
we have b, ; is periodic (again using Lemma 4.3), hence C is periodic because it contains a Zariski dense
set of periodic points (b, ;, by, ;). This finishes the proof of Theorem 5.1. |
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ALGEBRA AND NUMBER THEORY 12:7 (2018)
dx.doi.org/10.2140/ant.2018.12.1773

Homogeneous length functions on groups
D. H. J. Polymath

A pseudolength function defined on an arbitrary group G = (G, -, e, ()"} isamap £ : G — [0, +00)
obeying £(e) = 0, the symmetry property £(x ') = £(x), and the triangle inequality £(xy) < £(x) + £(y)
for all x, y € G. We consider pseudolength functions which saturate the triangle inequality whenever
x =y, or equivalently those that are homogeneous in the sense that £(x") = n€(x) for all n € N. We show
that this implies that £([x, y]) = O for all x, y € G. This leads to a classification of such pseudolength
functions as pullbacks from embeddings into a Banach space. We also obtain a quantitative version of our
main result which allows for defects in the triangle inequality or the homogeneity property.

1. Introduction
Let G = (G, -, e, ()~") be a group (written multiplicatively, with identity element e). A pseudolength
Junction on G is amap ¢ : G — [0, +00) that obeys the properties
e L(e) =0,
e L(x7h =t(x),
o Llxy) = L£(x)+£(y)

for all x, y € G. If in addition we have £(x) > O for all x € G \ {e}, we say that £ is a length function. By
setting d(x, y) := £(x~'y), it is easy to see that pseudolength and length functions are in bijection with
left-invariant pseudometrics and metrics on G, respectively.

From the above properties it is clear that one has the upper bound

£(x") < Injl(x)

for all x € G and n € Z. Let us say that a pseudolength function £ : G — [0, +00) is homogeneous if
equality is always attained here, in that one has

£(x") = In|l(x) (1.1)

for all x € G and any n € Z. Using the axioms of a pseudolength function, it is not difficult to show that
the homogeneity condition (1.1) is equivalent to the triangle inequality holding with equality whenever
x =y (i.e., that (1.1) holds for n = 2); see [Gajda and Kominek 1991, Lemma 1].

MSC2010: primary 20F12; secondary 20F65.
Keywords: homogeneous length function, pseudolength function, quasimorphism, Banach space embedding.
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If one has a real or complex Banach space B = (B, || ||), and ¢ : G — B is any homomorphism from
G to B (viewing the latter as a group in additive notation), then the function £ : G — [0, +00) defined by
L(x):=|l¢(x)] is easily verified to be a homogeneous pseudolength function. Furthermore, if ¢ is injective,
then ¢ is in fact a homogeneous length function. For instance, the function £((n, m)) := |n + \/im| is a
length function on 72, where in this case B := R and ¢ ((n, m)) :=n+ /2m. On the other hand, one can
easily locate many length functions that are not homogeneous, for instance by taking the square root of
the length function just constructed.

The main result of this paper is that such Banach space constructions are in fact the only way to
generate homogeneous (pseudo-)length functions.

Theorem 1.2 (classification of homogeneous length functions). Given a group G, let £ : G — [0, +00)
be a homogeneous pseudolength function. Then there exist a real Banach space B = (B, || ||) and a group
homomorphism ¢ : G — B such that £(x) = ||¢ (x)|| for all x € G. Furthermore, if € is a length function,
one can take ¢ to be injective, i.e., an isometric embedding.

We derive Theorem 1.2 from a more quantitative result bounding the pseudolength of a commutator
[x, y] :=xyx~'y™!; (1.3)

see Proposition 2.1 below. Our arguments are elementary, relying on directly applying the axioms of a
homogeneous length function to various carefully chosen words in x and y, and repeatedly taking an
asymptotic limit n — oo to dispose of error terms that arise in the estimates obtained in this fashion.
An additional advantage of quantifying Theorem 1.2 in Proposition 2.1 is that one can derive from the
latter proposition a “quasified” version of Theorem 1.2. See Theorem 4.4 below.!
Finally, as one quick corollary of Theorem 1.2, we obtain the following characterization of the groups

that admit homogeneous length functions.

Corollary 1.4. A group admits a homogeneous length function if and only if it is abelian and torsion-free.

Examples and approaches. We now make some remarks to indicate the nontriviality of Theorem 1.2.
Corollary 1.4 implies that there are no nonabelian groups with homogeneous length functions. Whether or
not such a striking geometric rigidity phenomenon holds was previously unknown to experts. Moreover,
the corollary fails to hold if one or more of the precise conditions in the theorem are weakened. For
instance, such length functions indeed exist (i) on nonabelian monoids, and (ii) on balls of finite radius in
free groups. We explain these two cases further in Section 4.

Given these cases, one could a priori ask if every nonabelian group admits a homogeneous length
function. This is not hard to disprove; here are two examples.

LA different variant of Theorem 1.2 involves replacing homogeneity by the assumption that £ is a pseudolength function on G

whose homogenization is positive:

. g
Lhom(8) == nli>moo . >0, Vg#e.

(This was studied in [Niemiec 2013, Theorem 2.10(III)] in the special case of abelian (G, £).) In this case we work with
(G, €hom) instead of £, to conclude that G maps into a Banach space.
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Example 1.5 (nilpotent groups). If G is nilpotent of nilpotency class two (e.g., the Heisenberg group),
then [x, y]”2 = [x", y"] for all x, y € G and integers n > 0 since the map (g, k) — [g, h] is now a
bihomomorphism G x G — [G, G] C Z(G). If [x, y] is nontrivial, then any homogeneous length function
on G would assign a linearly growing quantity to the right-hand side and a quadratically growing quantity
to the left-hand side, which is absurd; thus such groups cannot admit homogeneous length functions. The
claim then also follows for nilpotent groups of higher nilpotency class, since they contain subgroups of
nilpotency class two.”

Example 1.6 (connected Lie groups). As we explain in Remark 2.9, a homogeneous length function ¢
induces a biinvariant metric on G. Now if (G, £) is furthermore a connected Lie group, then by [Milnor
1976, Lemma 7.5], G = K x R" for some compact Lie group K and integer n > 0. By (1.1), K cannot
have torsion elements, hence must be trivial. But then G is abelian.

Prior to Corollary 1.4, the above examples left open the question of whether any nonabelian group
admits a homogeneous length function. One may as well consider groups generated by two noncommuting
elements. As a prototypical example, let F, be the free group on two generators a and b. The word
length function on F; is a length function, but it is not homogeneous, since for instance the word length
of (bab™ """ = ba™b~" is n + 2, which is not a linear function of n. It is however the case that the word
length of x" has linear growth in n for any nontrivial x. Similarly for the Levenshtein distance (edit
distance) on F».

Our initial attempts to construct homogeneous length functions on F; all failed. Of course, this failure
is explained by our main result. However, many of these methods apply under minor weakening of the
hypotheses, such as working with monoids rather than groups, or weakening homogeneity. Results in
these cases are discussed further in Section 4.

Further motivations. We next mention some motivations from functional analysis and probability, or
more precisely the study of Banach space embeddings. If G is an additive subgroup of a Banach space B,
then clearly the norm on B restricts to a homogeneous length function on G. In [Cabello Sdnchez and
Castillo 2002; Gajda and Kominek 1991] one can find several equivalent conditions for a given length
function on a given group to arise in this way (studied in the broader context of additive mappings and
separation theorems in functional analysis); see also [Niemiec 2013, Theorem 2.10(II)] for an alternative
proof. These conditions are summarized in [Khare and Rajaratnam 2016]. For instance, given a group G
with a length function ¢, there exists an isometric embedding from G to a Banach space B with £ induced
from the metric on B, if and only if G is amenable and 2(x?) = 24(x) for all x.

In view of such equivalences, it is natural to try to characterize the groups possessing a homogeneous
length function. This characterization is given in Corollary 1.4, which shows these are precisely the
abelian torsion-free groups.

20ne can also show by relatively simple means that solvable nonabelian groups cannot admit homogeneous length functions
either; see the discussion on lamplighter groups in the comments to terrytao.wordpress.com/2017/12/16/.
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Groups and semigroups with translation-invariant metrics also naturally arise in probability theory, with
the most important “normed” (i.e., homogeneous) examples being Banach spaces [Ledoux and Talagrand
1991]. Notice however that in certain fundamental stochastic settings, formulating and proving results
does not require the full Banach space structure. In this vein, a general variant of the Hoffmann-Jgrgensen
inequality was shown in [Khare and Rajaratnam 2017] in arbitrary metric semigroups — including Banach
spaces as well as (nonabelian) compact Lie groups. Similarly in [Khare and Rajaratnam 2016], the authors
transferred the (sharp) Khinchin—Kahane inequality from Banach spaces to abelian groups G equipped
with a homogeneous length function. To explore extensions of these results to the nonabelian setting (e.g.,
Lie groups with left-invariant metrics), we need to first understand if such objects exist. As explained
above, this question was not answered in the literature; but it is now settled by our main result.

Finally, there may also be a relation to the Ribe program [Naor 2012], which aims to reformulate
aspects of Banach space theory in purely metric terms. Indeed, from Corollary 1.4 we see that a metric
space X is isometric to an additive subgroup of a Banach space if and only if there is a group structure on
X which makes the metric left-invariant and the length function £(x) := d(1, x) homogeneous.

2. Key proposition

The key proposition used to prove Theorem 1.2 is the following estimate, which can treat a somewhat more
general class of functions than homogeneous pseudolength functions, in which the symmetry hypothesis is
dropped and one allows for an error in the homogeneity property, which is now also only claimed for n = 2.

Proposition 2.1. Let G = (G, *) be a group, let ¢ € R, and let £ : G — R be a function obeying the
following axioms:

(i) Forany x,y € G, one has

L(xy) < €(x) +L(y). (2.2)
(1) For any x € G, one has
£(x%) > 20(x) —c. (2.3)
Then for any x, y € G, one has
£([x, yD) = 5c, (2.4)

where the commutator [x, y] was defined in (1.3).

Notably, we neither assume symmetry 2(x~") = £(x), not even up to a constant, nor £(e) = 0 (although
0 < £¢(e) < c follows from the axioms); we also allow ¢ to take on negative values. The reader may
however wish to restrict attention to homogeneous length functions, and set ¢ = 0 and ¢ > O for a first
reading of the arguments below. The factor of 5 is probably not optimal here, but the crucial feature of
the bound (2.4) for our main application is that the right-hand side vanishes when ¢ = 0 (the right-hand
side is also independent of x and y, which we use in other applications).
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We define a semilength function to be a function £ : G — R such that for all x, y € G, £(xy) <£(x)+£(y),
i.e., £ satisfies (2.2). Every pseudolength function is a semilength function. A semilength function that
satisfies (2.3) for some ¢ € R is called quasihomogeneous.

Remark 2.5. Suppose £ : G — R and there is a constant k such that £(xy) < £(x) 4+ €(y) + k for all
x,y € G. Then the function £'(x) := £(x) + k is a semilength function. Further, ¢’ satisfies (2.3) with ¢
replaced by ¢’ := k + ¢, whenever ¢ satisfies (2.3) on the nose. Thus Proposition 2.1 continues to hold
if (2.2) is replaced by the condition £(xy) < £(x) + £(y) + k for all x, y € G, with the bound in the
conclusion (2.4) becoming 5c + 4k.

We now turn to the proof. For the remainder of this section, let G, ¢, and £ satisfy the hypotheses of
the proposition. Our task is to establish the bound (2.4). We shall now use (2.2) and (2.3) repeatedly
to establish a number of further inequalities relating the semilengths £(x) of various elements x of G,
culminating in (2.4). Many of our inequalities will involve terms that depend on an auxiliary parameter n,
but we will be able to eliminate several of them by the device of passing to the limit n — oo. It is because of
this device that we are able to obtain a bound (2.4) whose right-hand side is completely uniform in x and y.

From (2.2) and induction we have the upper homogeneity bound

L(x") < nl(x) (2.6)
for any natural number n > 1. Similarly, from (2.3) and induction one has the lower homogeneity bound
2(x") > nl(x) —log,(n)c > nt(x) —nc

whenever n is a power of two. It is convenient to rearrange this latter inequality as

o) < 20

+c. 2.7

This inequality, particularly in the asymptotic limit n — oo, will be the principal means by which the
hypothesis (2.3) is employed.

We remark that by further use of (2.6) one can also obtain a similar estimate to (2.7) for natural numbers
n that are not powers of two, but the powers of two will suffice for the arguments that follow.

Lemma 2.8 (approximate conjugation invariance). For any x,y € G, one has
Lyxy™) =) +e.

Remark 2.9. Setting ¢ = 0, we conclude that any homogeneous pseudolength function is conjugation
invariant, and thus determines a biinvariant metric on G. It should not be surprising that this observation
is used in the proof of Theorem 1.2, since it is a simple consequence of that theorem.

1

Proof of Lemma 2.8. From (2.7) with x replaced by yxy™', one has

2(vx" —1
ﬁ(yxy‘l)s—(y Y he
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whenever n is a power of two. On the other hand, from (2.6) and (2.2) one has

Eyx"y™hy < (y) +nl(x) +L(y~")
and thus

1 Ly H—
Eyxy™") <lx)+c+ (y)+n(y )—¢.

Sending n — oo, we obtain the claim. ([l

Lemma 2.10 (splitting lemma). Let x, y, z, w € G be such that x is conjugate to both wy and zw™".
Then one has

£(x) < 1) +€@) + 3c. (2.11)

1

Proof. If we write x = swys ™' =tzw~'t~! for some s, t € G, then from (2.7) we have

£(x) <

Z(xz"nx”) fem Z(s(wy)”s_lztn(zw_l)"t_l) e

whenever n is a power of two. From Lemma 2.8 and (2.2) one has
() s ™ HYM = (wy(wy) s i zw D zw ™

<y s 1w )+

< L((wy)'s 1w ) +£(y) + () +¢

for any k > 0, and hence by induction
C(wy)"'s i zw™H") < €T 4 nE(y) + £(z) +¢).
Inserting this into the previous bound for £(x) via two applications of (2.2), we conclude that

-1 -1
SE(y)—i—ﬁ(z)—i—c_|_£(s)-|—£(s2t)-l—Z(t )+C;
n

sending n — 0o, we obtain the claim. O

£(x)

Corollary 2.12. Ifx,y € G,let f = f, y: 7* — R denote the function

fm, k) = e x, y19.
Then for any m, k € Z, we have

f(m—l,k)+f(m+1,k—1)+2

fim, k) < >

c. 2.13)

-1

Proof. Observe that x[x, y]¥ is conjugate to both x (x”~![x, y]¥) and to (y~'x"[x, y]*~'xy)x~!, hence

by (2.11) one has
e e, 19 < g [0GMT x, y19 + e e y1 e [+ Je

Since y~!'x"[x, y]*~'xy is conjugate to x”![x, y]¥~!, the claim now follows from Lemma 2.8. U
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We now prove Proposition 2.1. Let x, y € G. We can write the inequality (2.13) in probabilistic form as
fm, k) <Ef((mk—3)+v(1,-1))+2c

where ¥ = %1 is a Bernoulli random variable that equals 1 or —1 with equal probability. The key point
here is the drift of (0, —4) in the right-hand side. Iterating this inequality, we see that

FO,n) <Ef((Y1+--+Ya)(1, =1)) +den,

where n >0and Y1, ..., Ys, are independent copies of ¥ (so in particular Y| +- - -4 Y, is an even integer).
From (2.2) and (2.6) one has the inequality

f(m, k) < |m|(max(€(x), £(x~"))) + [kl (max(€([x, y]), £(Lx, yI~1) + £(e)

for all integers m and k, where the final term €(e) is used when m = k = 0, but can also be added in the
remaining cases since it is nonnegative. We conclude that

F(+- 4 Y)(1 —3)) S AV +- -+ Yaul +L(e)
where A is a quantity independent of n; more explicitly, one can take
A = max(€(x), £(x 1) + 5 max(€(Lx, yD), €(x, yI7H).

Taking expectations, since the random variable Y + - - - + Y»,, has mean zero and variance 2n, we see
from the Cauchy—Schwarz inequality or Jensen’s inequality that

E|Yi 4+ +You| <(E|Yi+-++ Yo, )2 =21
and hence

£(0,n) < AN2n + £(e) + 4cn.

But from (2.7), if n is a power of 2 then we have

e(lx, y]) < f((;’ L

Combining these two bounds and sending n — 0o, we obtain Proposition 2.1. (]

Remark 2.14. One can deduce a “local” version of Proposition 2.1 as follows: notice that the constant ¢
can be described in terms of £ from (2.3), to yield

€([x, y]) < 5sup(2€(2) — £(z°)) (2.15)
zeG

for any group G and function £ : G — R for which this supremum exists, and any x, y € G. (Both sides
are zero when G is a Banach space and £ is the norm, so equality is obtained in that case.) It is also
enough to consider the supremum over the subgroup of G generated by x and y without loss of generality,
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which may lead to a better bound on £([x, y]) than taking the supremum over all of G. Notice also that
the constant ¢ must be nonnegative, from (2.3) and (2.2) withx =y =e:

c>20(e) — L(e*) = L(e) > L(e?) — L(e) = 0. (2.16)

In fact, this reasoning and our results imply that the only way to get ¢ = 0 on the right-hand side of (2.4)
is when ¢ arises from pulling back the norm of a Banach space B along a group homomorphism G — B,
or equivalently along a group homomorphism from the torsion-free abelianization of G to B.

3. Completing the proof of Theorem 1.2

With Proposition 2.1 in hand, it is not difficult to conclude the proof of Theorem 1.2. Suppose that G
is a group with a homogeneous semilength function £ : G — [0, +00). Applying Proposition 2.1 with
¢ =0, we conclude that £([x, y]) = 0 for all x, y € G, thus by the triangle inequality £ vanishes on the
commutator subgroup [G, G], and therefore factors through the abelianization G4, := G/[G, G] of G.
Observe that this already establishes part of one implication of Corollary 1.4. Factoring out by [G, G]
like this, we may now assume without loss of generality that G is abelian. To reflect this, we now use
additive notation for G, thus for instance £(nx) = |n|€(x) for each x € G and n € Z, and one can also
view G as a module over the integers Z.

At this point we repeat the arguments in [Khare and Rajaratnam 2016, Theorem B], which treated the
case when G was separable, though it turns out that this separability hypothesis is unnecessary.

If x is a torsion element of G, i.e., nx = 0 for some n, then the homogeneity condition forces £(x) = 0.
Thus £ vanishes on the torsion subgroup of G; factoring out by this subgroup, we may thus assume
without loss of generality that G is not only abelian, but is also torsion-free.

We can view G as a subgroup of the Q@-vector space G ®z Q, the elements of which can be formally
1

expressed as %x for natural numbers »n and elements x € G (with two such expressions - x, % y identified
if and only if mx = ny, and the Q-vector space operations defined in the obvious fashion); the fact that
this is well defined as a Q-vector space follows from the hypotheses that G is abelian and torsion-free.

We can then define the map || ||g : G ®7z Q — [0, +00) by setting
1 1
[ 5xllq = ne®

for any x € G and natural number #n; the linear growth condition ensures that || ||g is well defined. It is
not difficult to verify that || ||g is indeed a seminorm over the Q-vector space G ®z Q.

The norm || ||g on G ®z Q gives a metric d(x, y) = ||x — y|lg. Consider the metric completion B
of G ®z (2 with this metric. It is easy to see that the (Q-vector space structure on G ®z Q extends to
an R-vector space structure on B, and the norm || ||g on G ®7z Q extends to a norm || ||g on B. As B is
complete by construction, it is a Banach space. The inclusion of G in G ®z () gives a homomorphism
¢ : G — B as required.

This concludes the proof of Theorem 1.2. Since the homomorphism ¢ : G — B can only be injective
for abelian torsion-free G, we obtain the “only if” portion of Corollary 1.4. Conversely, if a group G is
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abelian and torsion-free, by the above constructions it embeds into a real vector space B := G ®z R; now
by Zorn’s lemma B has a norm (e.g., consider the £! norm with respect to a Hamel basis of B), which
restricts to the desired homogeneous length function on G. We remark that G ®z R is the construction of
the smallest, “enveloping” vector space containing a copy of the abelian, torsion-free group G.

Remark 3.1. The above arguments also show that homogeneous pseudolength functions on G are in
bijection with seminorms on the real vector space Gap0 @z R, where Gy, ¢ denotes the torsion-free
abelianization of G.

4. Further remarks and results

If we weaken any of several conditions in Corollary 1.4, then examples of nonabelian structures with
generalized length functions do, in fact, often exist. However, the generality of Proposition 2.1 allows us
to obtain nontrivial information in some of these cases. Here we mention several such cases and discuss
other related problems.

Monoids and embeddings. Our first weakening is to replace “groups” by the more primitive structures
“monoids” or “semigroups”. In this case, Robert Young (private communication) described to us nonabelian
monoids with homogeneous, biinvariant length functions: consider the free monoid FMon(X) on any
alphabet X of size at least 2, with the edit distance d (v, w) between strings v, w € FMon(X) being the
least number of single generator insertions and deletions to get from v to w. The triangle inequality and
positivity are easily verified, while homogeneity of the corresponding length function £(x) :=d(e, x) is
trivial. Moreover, the metric d( -, -) turns out to be biinvariant:

d(gxh,gyh)=d(x,y) forall g, h,x,y e FMon(X).

This specializes to left- and right-invariance upon taking g € X and 2 =e, or h € X and g = e, respectively.
Note moreover that FMon(X) embeds into the free group FGp(X) generated by X and X !, where X!
is the collection of symbols defined to be inverses of elements of X. In particular, FMon(X) is cancellative.
While this trivially addresses the embeddability issue, notice that a more refined version of embeddability
fails. Namely, by our main theorem, FMon(X) does not embed into any group in the category Chiiny,hom
with cancellative semigroups with homogeneous biinvariant metrics as objects and isometric semigroup
maps as morphisms. Thus, one may reasonably ask what is a sufficiently small category in which the
embeddability works. The following proposition shows that we just need to drop homogeneity.

Proposition 4.1. Let Cyiny denote the category whose objects are cancellative semigroups with biinvariant
metrics, and morphisms are isometric semigroup maps. Then FMon(X) embeds isometrically into FGp(X)
in Chiiny-

Proof. From above, FMon(X) is an object of Cyiiny; denote the metric by dry. One can check that
dry(w, w') equals the difference between £(w) + £(w’) and twice the length of the longest common
(possibly noncontiguous) substring in w and w’; here, £ denotes the length of a word in the alphabet X.
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We next claim FGp(X) is also an object of Cpiiny. Namely, for a word w = x1x; - - - X, in the free
group, we consider noncrossing matchings in w, i.e., sets M of pairs of letters in {1, 2, ...m} such that
the following hold:

o If (i, j) € M, theni < j and x; = x; .

e If (i, j), (k,]) € M, then either (i, j) = (k,[) or i, j, k, [ are distinct.
elfi<k<j<land (i, j) € M, then (k,]) ¢ M.

Given a matching M as above, consider the set U = U(M) of indices k, 1 < k < m, which are not
part of a pair in M. Define the deficiency of the matching M as the cardinality of the set U (M), and
define the length £,,.(w) of the word w as the infimum of the deficiency over all noncrossing matchings
in w (the subscript in £y, stands for Watson—Crick). This length was previously studied in [Gadgil 2009],
including checking that it is well defined on all of FGp(X); moreover, £y(w) equals the smallest number
of conjugates of elements in X LI X! whose product is w. Now define drg(w, w') := £yc(w™w’). It is
easy to see that £y, is a conjugacy invariant length function.

We claim that dpg = dppy on FMon(X), which proves the result. It is easy to show that if two words in
FMon(X) differ by a single insertion or deletion, then their distance in FGp(X) is at most one, hence exactly

'w’, with w and w’ containing

one. In the other direction, we claim that a noncrossing matching on w™
only positive generators (in X), is just a “rainbow”, i.e., nested arches with one end in w~' and the other
in w’. But then drg(w, w’) equals £(w) + £(w’) minus twice the length of a common substring, which is

maximal by the minimality of the deficiency. Hence dpg(w, w') =dppy (w, w’), completing the proof. [J

Note that given weights £(a) and £(b), there is a natural weighted version £y.., » Where the letters
of U as above are taken with these weights (symmetrically under inversion). This corresponds to the

weighted edit distance, with different costs for editing different letters.

Quasimorphisms and commutator lengths. We now investigate potential applications of Proposition 2.1
with ¢ > 0. A quasimorphism on a group G is amap f : G — R whose defect is bounded,

D(f):= sup [ f(xy) = f(x) = f(¥)] < +o0.

x,yeG

Every quasimorphism induces a pseudolength function (in particular a semilength function) by setting

€)= f)[+D(f), (4.2)

where we can take ¢ = 2D( f) as a bound on the homogeneity defect. In this case, Proposition 2.1 makes

a rather trivial statement: a homogeneous quasimorphism is bounded on commutators,

| f([x, yDI = 10D(f).

In fact, as observed in [Bavard 1991, Lemme 1.1], for homogeneous quasimorphisms one can im-
prove the constant from 10 to 3, and a quasimorphism can always be homogenized by replacing it by
lim,,, o f(x")/n [Bavard 1991, p.135], which differs from the original f by at most D(f).
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Nevertheless, quasimorphisms can be utilized to construct interesting pseudolength functions, for
example satisfying homogeneity on specific commutators. The following quasimorphism is due to Brooks
[Fujiwara 2009, §2]. For a given word w in the free group F,, written in reduced form, let f,, : F» — R
be the function which assigns to every other g € F,, also written in reduced form, the maximum number
of times that w occurs in g without overlaps, minus the analogous maximal number of times that w™! can
occur in g. Since fy, (w") = nfy, (w), using (4.2) results in a pseudolength function that grows linearly on
the powers of w. For example with w being the commutator of the generators of F,, we see that although
the pseudolength function must be bounded on commutators by Proposition 2.1, it can nevertheless grow
linearly on the powers of a fixed commutator.

Thus, there exist examples of quasihomogeneous semilength functions on free groups that are not
induced by norms. Nevertheless, we will now see that for a large class of groups, including amenable
groups and G = SL(n, Z) for n > 3, even all quasihomogeneous semilength functions are induced by
norms on Banach spaces. Further, the bound from Proposition 2.1 even in the case of free groups is
sharper than that obtained without using homogeneity.

Recall that the commutator length cl(g) of a word in [G, G] is the length k of the shortest expression
g = lai, b1] - laz, ba] - - - [ak, bx] of g as a product of commutators. The stable commutator length is
defined as lim,,_, o cl(g")/n, where the limit exists by subadditivity of the function n — cl(g").

Then Proposition 2.1, together with £(e) < ¢ and (2.7) for n a power of two,

L(x™)

n

0x) < = +logy(n)e,

easily imply the following estimates:

Proposition 4.3. Let ¢ and c be as in Proposition 2.1. Then for x € [G, G], £(x) < (5cl(x) + 1)c and
£(x) < (5scl(x) + 1)c.

We say two semilength functions ¢, £, : G — R are equivalent if |£1(x) — £,(x)| is bounded in x € G.

For a perfect group G on which the stable commutator length vanishes (such as SL(n, Z) for n > 3), it
is immediate that any homogeneous semilength function is bounded, and hence equivalent to the trivial
semilength function £(g) = 0.

More generally, for groups G for which the stable commutator length vanishes on [G, G], we can
deduce an analogue of Theorem 1.2. Note that there are several interesting examples of such groups,
including solvable groups, and more generally, amenable groups.

Theorem 4.4. Let G be a group such that the stable commutator length vanishes on |G, G] and assume
{: G — R satisfies (2.2) and (2.3). Then there exist a real Banach space B = (B, || ||) and a group
homomorphism ¢ : G — B such that £ is equivalent to x +— ||¢(x)]|.

Remark 4.5. As in Remark 2.5, we can replace (2.2) by the a priori weaker condition that £(xy) <
0(x) 4+ £(y) + k for all x, y € G with k fixed.
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Proof. Let ab: G — Ga = G/[G, G] be the abelianization homomorphism. We first construct a
homogeneous semilength function £ on Gyp so that £ is equivalent to foab. Let n: G — G be a section
of ab and let £4(x) := £(5(x)) + c. We show that £ is a semilength function. The required ¢ will be
obtained by homogenizing £.

By Proposition 4.3, as the stable commutator length vanishes on [G, G], it follows that for x, y € G, if
ab(x) = ab(y), then |£(x) — £(y)| < c. Now, for «, B € G, ab(n(xB)) = ab(n(x)n(B)), hence

€ (ap)) — L(n(a)n(B)))| =< c.

This together with the triangle inequality (2.2) gives

Lo(ap) < lo(@) +Eo(B) +c,

while using (2.3) instead gives the required lower bound for £o(a?).

Next, for x € G, as ab(n(ab(x))) =ab(x), we have |£(x)— (£yoab)(x)| <c. Thus £ is equivalent to £yoab.

Since (eB)" = o"B" in Gap, wWe also have £o((af)") < Lo(a™) + £o(B") + ¢. We deduce that the
homogenization Loflyisa semilength function on G, which is equivalent to £y due to the bounds (2.6)
and (2.7), applied to £o. Therefore also ¢ is equivalent to £ o ab on G.

The claim now follows upon applying Theorem 1.2 to (Gqp, £) and taking ¢ to be the composition
G — Gyp— B. O

The following examples of length functions on the free group show that some hypotheses are needed
to get bounds as strong as those of the theorem (naturally the stable commutator length does not vanish in
the free group). For example, consider the word [a*, b™] in the free group F», generated by a and b, for
some integers k and m:

e The norm of such an element with respect to the word metric is 2(|k| 4 |m]).

« If we have a length function £ which is symmetric and conjugation-invariant, but not necessarily ho-
mogeneous, then we have the bound £([d*, b™]) < 2min(|k|€(a), |m|£(b)). Furthermore, the Lweab
from above are conjugation-invariant length functions for which these inequalities hold with equality.

Further, £([a*, b]) > 2 min(|k|¢(a), |m|£(b)) as, for any matching M for w = [a¥, b™], if some
pair (i, j) corresponds to letters @ and !, then no pair corresponds to letters b and b~! and conversely.
Further, it is easy to find a matching for w for which the deficiency is min(|k|€(a), |m|€(b)). On the
other hand, £y, » 1s not homogeneous; for instance, £([a, b]) =2 and £([a, b)) =4. Similarly, we
have £([a*, b*]) = 2|k| and £([a*, b*]*) < 4|k|, which demonstrates that 2¢(x) — £(x?) is unbounded
(as must be the case, according to (2.15)).

¢ On the other hand, the function £.y. associating to each word the length of its cyclically reduced
form is homogeneous, but not a semilength function. For this we have Ecyc([ak, b)) = 2(lk| + |m]).

Observe that all of the bounds on £([a¥, b™]) here become unbounded as k, m — co. This should be
compared with Proposition 2.1, which establishes a bound 2([a*, b™]) < 5c that is uniform in k and m
for any function ¢ satisfying the hypotheses of that proposition.
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Finite balls in free groups. From Proposition 2.1 and a standard compactness argument, we can establish
the following local version of the theorem.

Theorem 4.6. For any ¢ > 0 there exists R > 4 with the following property: if a, b are two elements of a
group G, B, »(R) C G is the collection of all words in a, b,a™", b= of length at most R (so in particular
B, »(R) contains [a, b]), and the map £ : B, ,(R) — [0, +00) is a “local semilength function” which
obeys the triangle inequality

Llxy) = £(x) +L(y) 4.7)

whenever x, y, xy € B, ,(R), with equality when x =y, then one has
U([a, b]) < e(t(a)+ £(b)).

Proof. By pulling back to the free group F, generated by a and b, we may assume without loss of
generality that G = F,. Without loss of generality we may also normalize £(a) + £(b) = 1. If the claim
failed, then one could find a sequence R, — oo and local pseudolength functions ¢, : B, 5 (R,) — [0, +00)
such that ¢,,(a) + ¢, (b) = 1, but that ¢,,([a, b]) > ¢. By the Arzela—Ascoli theorem, we can pass to a
subsequence that converges pointwise to a homogeneous pseudolength function £ : G — [0, +-00) such
that £([a, b]) > e, which contradicts Proposition 2.1. O

Remark 4.8. By carefully refining the arguments in the previous section, choosing n to be various small
powers of R instead of sending 7 to infinity, one can extract an explicit value of R of the form R = Ce=4
for some absolute constants C, A > 0; we leave the details to the interested reader.

On the other hand, for any finite R one can construct local length functions £ : B(0, R) — [0, 4-00) such
that £(x) > O for all x € B(0, R) \ {e}. One construction is as follows. Any two matrices U,, Uy € SO(3)
define a representation x — U, of the free group F; in the obvious fashion. Every U, is then a rotation
around some axis in R3 by some angle 0 <6, < in one of the two directions around that axis; if U, and U,
are sufficiently close to the identity, then the angle 6, is at most r/2 for all x € B(0, R). We set £(x) := 6,
for x € B(0, R). Also, if U, and U}, are chosen generically, the representation is faithful, as follows from
the dominance of word maps on simple Lie groups such as SO(3), see [Borel 1983]. Hence £(x) > O for
any nonidentity x. From the triangle inequality for angles we thus have (4.7) whenever x, y, xy € B(0, R),
with equality when x = y. Note that as one sends R — oo, the local length functions constructed here
converge to zero pointwise, so in the limit we do not get any counterexample to the main theorem.
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When are permutation invariants
Cohen—Macaulay over all fields?

Ben Blum-Smith and Sophie Marques

We prove that the polynomial invariants of a permutation group are Cohen—Macaulay for any choice of
coefficient field if and only if the group is generated by transpositions, double transpositions, and 3-cycles.
This unites and generalizes several previously known results. The “if” direction of the argument uses
Stanley—Reisner theory and a recent result of Christian Lange in orbifold theory. The “only if” direction
uses a local-global result based on a theorem of Raynaud to reduce the problem to an analysis of inertia
groups, and a combinatorial argument to identify inertia groups that obstruct Cohen—Macaulayness.

1. Introduction

The invariant ring of a graded action by a finite group G on a polynomial ring
klx]=klxi, ..., x,]

over a field k is well behaved when the field characteristic is prime to the group order. For example, it
is generated in degree < |G| (Noether’s bound), and it is a Cohen—Macaulay ring (the Hochster—Eagon
theorem).

When the characteristic divides the group order (the modular case), the situation is much more
mysterious. Both of these statements (and many others) can, but do not always, fail. The question of
when such pathologies arise has attracted research attention over the last few decades.

In this article we focus on Cohen—Macaulayness. Let k[x]¢ be the invariant ring and let

p =chark

be the field characteristic. We interpret k[x] as the coordinate ring of A7, so that the action of G on
k[x] is induced from an action on A} by automorphisms. Because the action on k[x] is graded, the
corresponding action on A}/ is linear, i.e., it arises from a linear representation of G on a k-vector space.
Here is a sampling of known results:

« Ellingsrud and Skjelbred [1980] showed that if G is cyclic of order p™, then k[x]¢ is not Cohen—

Macaulay unless G fixes a subspace of A} of codimension < 2.

MSC2010: primary 13A50; secondary 05E40.
Keywords: invariant theory, modular invariant theory, henselization, Stanley—Reisner, Cohen—Macaulay, commutative ring, finite
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e Larry Smith [1996] showed that if n = 3, then k[x]¢ is Cohen—Macaulay. (This was known to hold

forn <2.)

o Campbell et al. [1999] showed that if G is a p-group, and if the action of G on A} is the sum of
three copies of the same linear representation, then k[x]€ is not Cohen—Macaulay.

o Gregor Kemper [1999] showed that if G is a p-group and k[x]® is Cohen—-Macaulay, then G is
necessarily generated by elements g whose fixed-point sets in A}’ have codimension < 2, generalizing
[Ellingsrud and Skjelbred 1980] beyond cyclic groups and [Campbell et al. 1999] beyond three-copies
representations.

See [Kemper 2012] for a more detailed overview.

A theme uniting these results is that generation of G by elements fixing codimension < 2 subspaces is
related to good behavior of k[x]€. Further variations on this theme are found in [Dufresne et al. 2009;
Gordeev and Kemper 2003; Kac and Watanabe 1982; Lorenz and Pathak 2001]. The main goal of this
paper is a result of this kind for permutation groups G C §,, acting on k[x] by permuting the x;. The
result characterizes permutation groups generated in this way, and is not restricted to p-groups.

Permutation groups have the feature that the definition of the action is insensitive to the choice of a
ground field k. Thus it is natural to ask:

Question 1.1. For which G C S, is k[x]¢ Cohen—Macaulay regardless of k?

An additional motivation for this question is that k[x]° is Cohen-Macaulay for every choice of k if
and only if Z[x]¢ is free as a module over the subring Z[x]% of symmetric polynomials, and also if
and only if A[x]¢ is Cohen-Macaulay for every Cohen—Macaulay ring A. (We will not develop these
equivalences here, but see [Blum-Smith 2017, §2.4.1] where the first is worked out in detail, and [Bruns
and Herzog 1993, Exercise 5.1.25] for a sketch of the second in a slightly different setting.)

Kemper [2001] gave an if-and-only if criterion that determines Cohen—Macaulayness of a permutation in-
variant ring when p divides |G| exactly once. This criterion allows one to determine Cohen—Macaulayness
for many specific groups and primes, but does not in general answer Question 1.1 because few permutation
groups have squarefree order. Some special cases of Question 1.1 are known:

« If G is a Young subgroup (i.e., a product of symmetric groups acting on disjoint sets), then k[x]¢ is
a polynomial algebra over k, so it is Cohen—Macaulay regardless of k.

« It follows from the result of Kemper [1999] quoted above that if G is a p-group, then k[x]¢ cannot
be Cohen—Macaulay over all fields unless G is generated by transpositions and double transpositions,
or 3-cycles (and p =2 or 3).

o Kemper [1999] also showed that if G C §,, is regular (i.e., its action on

[n]={1,...,n}
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is free and transitive), then k[x]¢ is Cohen—Macaulay over every k if it is isomorphic to C,, C3, or
C, x C3, but not otherwise. (In fact, in other cases, it is not Cohen—Macaulay for any k with char k
dividing |G]|.)

 Victor Reiner [1992; 2003] has shown that A,,, and the diagonally embedded S, — S, x S, C S2,,
have invariant rings that are Cohen—Macaulay regardless of the field. (These are the S,-cases of
results he found for all finite Coxeter groups.) Patricia Hersh [2003a; 2003b] has shown the same
for the wreath product S, S,, C Sz,.

Our main objective in this article is to answer Question 1.1 completely. We will prove the following
theorem, which unites all of these cases and ties them into the theme mentioned above.

Theorem 1.2. Let G C S,,. The ring k[x]1¢ is Cohen—-Macaulay for all choices of k if and only if G is

generated by transpositions, double transpositions, and 3-cycles.

Let N be the subgroup of G generated by transpositions, double transpositions, and 3-cycles. The
“if” direction of Theorem 1.2, together with the Hochster—Eagon theorem [Hochster and Eagon 1971,
Proposition 13], imply that the characteristics p in which k[x]€ fails to be Cohen—Macaulay must be
among those that divide [G : N]. This implication will be discussed in more detail in the conclusion
(Section 5). The “only if” direction implies that if [G : N] > 1, then there is at least one such characteristic p.
This p is explicitly constructed in the course of the proof.

The proof of this theorem is methodologically eclectic. The “if” direction uses Stanley—Reisner theory,
which relates Cohen-Macaulayness of k[x]¢ to the topology of the quotient of a ball by G, and a recent
result in orbifold theory by Christian Lange [2016] that characterizes the groups G such that this quotient
is a piecewise-linear ball. The “only if” direction is much more algebraic. It is based on a local-global
result (Theorem 3.1) reducing the Cohen—Macaulayness of a noetherian invariant ring to that of the
invariant rings of its inertia groups acting on strict localizations.

Though Theorem 1.2 is specific to the situation of a polynomial ring k[x] and a permutation group G,
a substantial portion of our method for the “only if” direction applies in considerably more generality.
Section 2C concerns arbitrary commutative, unital rings, and the local-global result just mentioned only
assumes that the invariant ring is noetherian. (Other work on Cohen—Macaulayness of invariants at
the generality of noetherian rings includes [Gordeev and Kemper 2003; Lorenz and Pathak 2001].) A
secondary goal of this paper is to develop these general tools, which we expect have broader applicability.
The fact that Cohen—Macaulayness depends fully on the local action of the inertia groups yields information
about Cohen—Macaulayness whenever inertia groups can be accessed directly and are simpler than the
whole group, as in the present case.

The method of the “if”” direction is similar to the methods used by Reiner [1992; 2003] and Hersh
[2003a; 2003b] to prove the results mentioned above. The novelty is the application of Lange’s orbifold
result [2016] in place of an explicit shelling of a cell complex. The main novelties in the “only if”” direction
are: the local-global Theorem 3.1, its application to show that certain kinds of inertia p-groups obstruct
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Cohen—Macaulayness (Proposition 3.11), and a combinatorial argument that exhibits such an inertia
p-group explicitly in the case at hand (Lemma 4.5).

The organization of the paper is as follows. Section 2 collects together the needed background from
commutative algebra, Stanley—Reisner theory, and piecewise-linear topology, and introduces notation that
is used throughout the article. Section 3 contains the general results on Cohen—Macaulayness and inertia
groups that are needed for the “only if” direction of Theorem 1.2, including the local-global Theorem 3.1
and the p-group obstruction Proposition 3.11. Section 4 proves the “if”” direction of Theorem 1.2, and
then using this, proves the “only if”” direction. Finally, Section 5 draws out some implications and poses
questions for further inquiry.

2. Background

Throughout this paper, A denotes an arbitrary commutative, unital ring, k denotes a field, p denotes the
characteristic of k, k[x] denotes the polynomial ring k[xy, ..., x,], [n] denotes the set {1, ..., n}, and
G denotes a finite group with a faithful action on k[x] by permutations of the x;’s, or on A by arbitrary
automorphisms. In Section 4B, the prime number p will be conceptually prior to k, and k& will be chosen
to satisfy chark = p.

2A. Cohen—Macaulayness. Recall that the depth of a local noetherian ring is the length of the longest
regular sequence contained in the maximal ideal. The depth is always bounded above by the dimension.
When equality is achieved, the ring is said to be Cohen—Macaulay. A general noetherian ring is defined
to be Cohen—Macaulay if its localization at every maximal, or equivalently at every prime, is Cohen—
Macaulay [Bruns and Herzog 1993, Definition 2.1.1 and Theorem 2.1.3(b)].

Although there has been work on extending the theory of Cohen—Macaulayness to the nonnoetherian
setting [Hamilton and Marley 2007], in this paper we will follow tradition by regarding noetherianity as a
requirement of Cohen—Macaulayness.

Cohen—Macaulayness is automatic for artinian rings, since if the dimension is zero, the depth of a
localization cannot be strictly lower than this. For example, fields are Cohen—Macaulay. Noetherian
regular rings, for example polynomial rings over fields, are also Cohen—Macaulay [Bruns and Herzog
1993, Corollary 2.2.6].

For our purposes it will be necessary to know how the Cohen—Macaulayness of a ring relates to that
of a flat extension. The needed fact [Bruns and Herzog 1993, Theorem 2.1.7] is that if A — B is a flat
extension of noetherian rings, then B is Cohen—Macaulay if and only if, for each prime ideal ¢ of B and
its contraction p in A, both A, and B,/p B, are Cohen—Macaulay. It is enough to quantify this statement
over maximal ideals q of B. We will use this fact repeatedly in Section 3.

When a noetherian ring is finite over a regular subring, Cohen—Macaulayness is related to flatness
as a module over the subring. In the traditional situation of invariant theory, this fact has a particularly
nice formulation. For if k[x] is a polynomial ring over a field, and G acts by graded automorphisms,
then k[x]¢ is finitely generated and graded, and the Noether normalization lemma guarantees a graded



When are permutation invariants Cohen—Macaulay over all fields? 1791

polynomial subring (generated by a homogeneous system of parameters) over which k[x]¢ is finite. In
this situation, k[x]¢ is Cohen—-Macaulay if and only if it is a free module over this subring (the Hironaka
criterion). We will not build on this fact directly, but we mention it both because it motivates interest in
Cohen—Macaulayness, and because we do use a result [Reiner 2003, Theorem A.1] that depends on it,
whose proof we outline in the next section.

2B. Combinatorial commutative algebra and PL topology. The proof of the “if” direction of Theorem 1.2
relies on results in combinatorial commutative algebra and some basic facts about PL topology. For
motivation, we describe the plan of the proof before recalling these results.

By work of Adriano Garsia and Dennis Stanton [1984], refined by Victor Reiner [2003], Cohen—
Macaulayness of the polynomial invariant ring k[x]¢ can be deduced from the Cohen—-Macaulayness of
the Stanley—Reisner ring of a certain cell complex (specifically a boolean complex) that depends on G.
The Cohen—Macaulayness of this Stanley—Reisner ring can in turn be deduced from information about
the complex that depends only on the homeomorphism class of its total space. For G generated as in
Theorem 1.2, a recent result of Christian Lange [2016] hands us this topological information. This is the
structure of the proof, which will be assembled in Section 4A. Here, we recall the needed results and
definitions regarding boolean complexes and Stanley—Reisner rings.

Let P be a finite poset and k a field.

Definition 2.1. The Stanley—Reisner ring of P over k, written k[ P], is the quotient of the polynomial
ring k[{yqy }aecp], With indeterminates indexed by the elements of P, by the ideal generated by products
Yo yp indexed by incomparable pairs a, B € P.

Remark 2.2. This is a special case of a more general definition, which we will not use directly: the
Stanley—Reisner ring of a simplicial complex. (We will use a further generalization — see Definition 2.5
below.) The Stanley—Reisner ring of a poset is nothing but the Stanley—Reisner ring of the chain complex
of the poset, i.e., the simplicial complex with vertex set the elements of the poset, whose simplices are the
chains in the poset. It is helpful to keep in mind that the Stanley—Reisner ring of a poset has an underlying
simplicial complex as well.

Write [n] = {1, ..., n}. Let B, be the boolean algebra on the set [n], i.e., the set of subsets of [n],
ordered by inclusion. Then the Stanley—Reisner ring k[ B, \ {}] is, in a sense that can be made precise, a
coarse approximation of the polynomial ring k[x]. In particular, it carries a natural action of S, via the
latter’s action on the set [n], and if G C S, then k[x]C is Cohen—Macaulay whenever k[ B, \ {& 1NC is
Cohen—Macaulay. This is the content of [Reiner 2003, Theorem A.1].

The proof is given in full there, and also in great detail in [Blum-Smith 2017, Section 2.5.3], and
in any case is essentially a characteristic-neutral reformulation of an argument of Adriano Garsia and
Dennis Stanton [1984], building on Garsia’s earlier work [1980]. However, we would like this result to
be better-known, so we indicate the line of proof.

As mentioned in Section 2A, a finitely generated graded k-algebra is Cohen—Macaulay if and only
if it is free as a module over the subring generated by any homogeneous system of parameters. Thus,
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Cohen—Macaulayness can be established by showing the existence of a module basis over such a subring.
For any G C S,,, k[x]% and k[B, \ {@}]5" are such subrings, respectively, of k[x]¢ and k[B, \ {@}]1¢, and
they are isomorphic. Thus, Cohen—-Macaulayness may be passed from k[B, \ {@}]° to k[x]° by showing
that the existence of a module basis for the former over the common subring k[ B, \ {& N5 = k[x]5
implies the existence of a basis for the latter. Garsia [1980] introduced a k-linear, S,-equivariant map

% : k[B, \ {F}] — k[x] sending
Yu = Hxi,

ieU

where U € B, \ {&} is any nonempty subset of [n]. The map 4 is first extended multiplicatively to
all monomials of k[ B, \ {@}], and then k-linearly to the whole ring. This map is an isomorphism of
k-vector spaces, and also, in a sense made precise in [Blum-Smith 2017, Proposition 2.5.66], a coarse
approximation of a ring homomorphism. In particular, for any G C S,, if k[ B, \ {@}]¢ is Cohen-Macaulay,
it maps an appropriately chosen k[ B, \ {@}]5-basis of k[B, \ {@1C to a k[x]5-basis of k[x]¢. This
statement about bases was proven by Garsia and Stanton [1984] with k = Q, in which case both rings
are automatically Cohen—Macaulay — Garsia and Stanton’s interest was in the explicit construction of
bases — but it was observed in [Reiner 2003, Theorem A.1] that the argument is characteristic-neutral
and so allows one to deduce Cohen—-Macaulayness of k[x]° from that of k[B,, \ {@}]¢ in the modular
situation.

Remark 2.3. The map 4 is referred to as the transfer map in [Garsia 1980; Garsia and Stanton 1984;
Reiner 2003]. Other authors in invariant theory [Neusel and Smith 2002; Smith 1995] use the same phrase
to denote the A®-linear map

While this latter map is also called the trace, there are well-established usages of transfer to describe
maps analogous to Tr in both topology and group theory, so we prefer to call ¢ the Garsia map to avoid
competition for the term and to honor Garsia’s introduction of it [1980]. The present paper makes no use
of the Garsia map except implicitly in quoting [Reiner 2003, Theorem A.1].

The work cited above reduces proving Cohen—Macaulayness of k[x]¢ to the analogous statement
for k[B, \ {@}]¢. The Cohen-Macaulayness of this latter ring can be assessed using a topological
criterion, following a general philosophy in Stanley—Reisner theory that the Cohen—Macaulayness of a
Stanley—Reisner ring is equivalent to a condition on the homology of the underlying simplicial complex.
In the present situation, k[ B, \ {@}]¢ is not the Stanley—Reisner ring of a poset or simplicial complex,
but it turns out to be the Stanley—Reisner ring of a boolean complex. We recall the needed definitions:

Definition 2.4. A boolean complex is a regular CW complex in which every face has the combinatorial
type of a simplex.
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D

16}

Figure 1. Left: a boolean complex with total space homeomorphic to a circle. Right: its
face poset.

This is a mild generalization of a simplicial complex, in which it is possible for two faces to intersect
in an arbitrary subcomplex rather than a single subface. (For example, two faces can have all the same
vertices.) See Figure 1. The terminology is due to Garsia and Stanton [1984].

The face poset of a cell complex is the poset whose elements are the cells (faces), and the relation
o < B means that «’s closure is contained in 8’s closure. For our purposes it is convenient to modify this
definition to include an additional empty face @, with & < « for all faces «. With this convention, a boolean
complex can be characterized as a regular CW complex whose face poset has the property that every
lower interval is a finite boolean algebra; this is the etymology of the name boolean complex. Face posets
of boolean complexes are referred to as simplicial posets, a term introduced by Richard Stanley [1986].

Stanley [1991] generalized the notion of a Stanley—Reisner ring to a boolean complex €2, as follows.
Let k be a field and let Q be the face poset of €2, including the minimal element @. Let k[{z4}aco] be
a polynomial ring with indeterminates indexed by the elements of Q. Let I be the ideal of this ring

generated by:
(1) The element 75 — 1.
(2) All products z4zg where «, B € Q have no common upper bound.
(3) All elements of the form

ZaZﬂ - Za/\ﬁ Z Zy
y €lub(w, B)
where o and 8 have at least one common upper bound and lub(¢, 8) denotes the (consequently

nonempty) set of least upper bounds of « and S.

The greatest (common) lower bound @ A 8 of « and S exists and is unique in the above formula because,
as remarked above, every lower interval, and in particular the lower interval below any common upper
bound for « and B, is a boolean algebra and therefore a lattice. Thus whenever « and 8 have any common
upper bound, they have a unique greatest common lower bound in some lower interval containing them

both, and thus in the whole poset.

Definition 2.5. The quotient ring k[{zy }xcp]/1 is called the Stanley—Reisner ring of Q2 and denoted k[2].
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(3] 3
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Figure 2. The poset B3 \ {@}, and its order complex, which is a 2-ball.

Remark 2.6. Definition 2.5 generalizes Definition 2.1, but in a somewhat subtle way. Given a poset P,
one can form its chain complex €2, regarded as a boolean complex, and then the k[ P] of Definition 2.1
will be isomorphic to the k[€2] of Definition 2.5; however, the poset Q of the latter definition will not
be P. Instead, its elements will be chains in P, ordered by inclusion. For example, let P = B; \ {&}.
Then the elements of P may be abbreviated 1, 2, and 12, and the only incomparable pair consists of 1
and 2. Thus

k[P]=k[y1, y2, y121/(y1y2)

according to Definition 2.1. However, Q consists of the six chains in P: the empty chain &, three chains
of length 1 (1, 2, and 12), and two chains of length 2 (1 C 12 and 2 C 12). Thus

k(] =klzg, 21, 22, 212, Z1c12, 22c12]/1

where [ is as described above. The isomorphism is given by mapping the z of a given chain to the product
of y’s corresponding to elements of the chain, for example zi-12 — y1y12. Indeed, the definition of
becomes much more transparent after considering why this map is an isomorphism.

The ring of interest to us is the invariant ring k[B, \ {@}]¢ inside the Stanley—Reisner ring of the
poset B, \ {&}. This ring can be identified with the Stanley—Reisner ring of a boolean complex using a
result of Victor Reiner, as follows. Let A be the order complex of B, \ {&}, i.e., the simplicial complex
whose vertices are the elements of B, \ {&}, and whose faces are the chains in B, \ {&}. As a simplicial
complex, A is the barycentric subdivision of an (n — 1)-simplex, thus it is topologically an (n — 1)-ball.
See Figure 2.

The simplicial complex A carries a natural simplicial action of S, via the latter’s action on [n]. The
quotient cell complex A /G is usually not simplicial, but it is a boolean complex. This is because A is a
balanced complex, and the action of G is a balanced action.

Definition 2.7. A boolean complex of dimension d is balanced if there is a labeling of its vertices by
d + 1 labels such that the vertices of any one face have distinct labels. Given such a labeling, a cellular
action by a group is a balanced action if it preserves the labeling.
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Figure 3. The labeling of the order complex of B3 \ {&}, showing it is balanced.

In the present case, the vertices of A are the nonempty subsets of [n], and thus A is balanced by
associating a subset to its cardinality. (Here, d = n — 1, so the n possible cardinalities give the right
number of labels.) The action of S, is clearly balanced with respect to this labeling. See Figure 3.

It is straightforward to check that the quotient of a balanced boolean complex by a balanced action is
again a balanced boolean complex. (Details are given in [Blum-Smith 2017, Lemma 2.5.86].) Thus A /G
is a balanced boolean complex.

Victor Reiner [1992, Theorem 2.3.1] showed that if a group G acts cellularly and balancedly on a
balanced boolean complex 2, then the invariant ring k[2]¢ inside the Stanley—Reisner ring of € is
isomorphic to k[€2/G], the Stanley—Reisner ring of the quotient boolean complex 2/G. In the present
situation, this gives us

k[A/GIZk[B, \ {2}1°. (1)

Thus the problem is reduced to showing that k[A /G] is Cohen—Macaulay.

Finally, the Cohen—Macaulayness of k[A /G] can be assessed topologically. In general, the Cohen—
Macaulayness of the Stanley—Reisner ring of a boolean complex 2 is equivalent (just as for a simplicial
complex) to a condition on 2|, the underlying topological space of €2, that depends only on its homeo-
morphism class. Namely, k[€2] is Cohen—Macaulay if and only if

H(Ql:k)=0 and H;(Ql,|Q|—q¢:k)=0 )

for all points g € |2| and all i < dim Q2. (Here, H; (|2, |2|—q; k) is relative singular homology and
I:I,- (|€2]; k) is reduced singular homology.) This theorem is the product of work of Gerald Reisner (building
on work of Melvin Hochster), James Munkres, Richard Stanley, and Art Duval. Reisner [1976] proved
that for a simplicial complex €2, Cohen—Macaulayness of k[€2] is equivalent to a homological vanishing
condition that a priori depends on the simplicial structure and not just the underlying topological space.
Munkres [1984] showed that Reisner’s condition is equivalent to the purely topological condition stated
above. Richard Stanley [1991] showed that the direction

(2) is satisfied for all g € |2] and i < dim 2 = k[€2] is Cohen—Macaulay

generalizes to boolean complexes, and Art Duval [1997] showed that this generalization is bidirectional.
See [Blum-Smith 2017, §2.5.2] for more details.
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Figure 4. A compact cone neighborhood of a point in R?. The link K is drawn in bold,
and the star S is the entire set, the union of segments from x to the points of K. Some of
these segments are also drawn. Note each point of S\ {x} is on exactly one such segment.

Remark 2.8. Since we only use Stanley—Reisner theory to show the “if”” direction of Theorem 1.2 and
thus we only need it to deduce Cohen—Macaulayness, and not the failure of Cohen—Macaulayness, the
proof of Theorem 1.2 only uses Stanley’s and not Duval’s part of the generalization of (2) to boolean
complexes.

Combining the results quoted above, we see that to demonstrate the Cohen—Macaulayness of the ring
k[x]¢, it is sufficient to prove that the boolean complex 2 = A /G satisfies the homological vanishing
condition (2) for all x € [A/G| and all i < n — 1. The proof of the “if” direction of Theorem 1.2 will
consist in showing that this condition holds when G is generated by transpositions, double transpositions,
and 3-cycles.

This will be accomplished by quoting a recent result of Christian Lange (see Section 4A) that is stated
in the language of piecewise-linear (PL) topology, so we also need to recall a few definitions and a basic
fact from this field. We follow [Lange 2016, §3.1] and [Rourke and Sanderson 1972, Chapters 1 and 2]
for these details. A polyhedron is a subset X of R™ in which each point has a compact cone neighborhood,
i.e., given x € X, there is a compact set K C X such that (i) the union S of line segments from x to points
of K is contained in X, (ii) each point of S\ {x} is on a unique such line segment from x, and (iii) S is a
neighborhood of x in X, i.e., it contains an open subset of X containing x. The set S is called a star of x
in X, and K is called a link of x. See Figure 4.

Remark 2.9. This definition of polyhedron is a technical device, used here to define the concepts
piecewise-linear and polyhedral star. It includes the more conventional meaning of a three-dimensional
polytope as a special case, but is much, much broader. For example, any open subset of R”, or of any
polytope, is a polyhedron.

More broadly, our use of PL topology in this paper is only to serve a technical need linking Lange’s
result to our setting.

If X CR" and Y C R" are polyhedra, a continuous map f : X — Y is a piecewise-linear (or PL)
map if its graph {(x, f(x)) : x € X} C R™™" is a polyhedron. A piecewise-linear (or PL) space is a
second-countable, Hausdorff topological space equipped with a covering by open sets U;, each with a
homeomorphism ¢; : X; — U; from a polyhedron X; in some R™, such that the transition maps

—1
¢; 2 9ily-1winu;)
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are PL. A PL space is a PL manifold (with or without boundary) if the charts X; can be taken to be open
subsets of R" or the half-space R"~! x R=°.

A subset P of a PL space Y is called a polyhedron if for each of the charts ¢; : X; — U; C Y, the
preimage (pi_l (P) C X; C R™ is a polyhedron.

If X C R" is a polyhedron and x € X, one may always find a link and star for x that are polyhedra
[Rourke and Sanderson 1972, p.5]. It then follows from the definitions that if ¥ is a PL space, any point
y of Y has a neighborhood § contained in some U; > y, such that the preimage ¢, 1($) c X; is both a
polyhedron and a star of ¢;” '(y) in X;. We will refer to such an S as a polyhedral star of y.

The key fact we need is that if X is a polyhedron and x € X, then any two polyhedral stars of x in
X are PL-homeomorphic, in other words the star is a PL-homeomorphism invariant of x [Rourke and
Sanderson 1972, pp.20-21]. It follows from the above discussion that the same is true in any PL space.

If Y is a PL manifold, one may take each chart X; to be an open subset in R” or R"~! x R=°. In any open
subset of R”, the star of a point (xy, . .., x,) may be taken to be the cube [x; —¢, x;+&] X - - X[x,—¢, X, +€]
for sufficiently small & > 0; and in R"~! x R= it can be taken to be the intersection of this cube with the
closed half-space {x, > 0}. In all cases, this is topologically a closed ball. It then follows from the fact
quoted in the previous paragraph that every polyhedral star in a PL. manifold is topologically a ball.

The “if” direction of Theorem 1.2 will be proven by quoting the result of Lange mentioned above
to show that if G is generated by transpositions, double transpositions, and 3-cycles, then A/G is a
polyhedral star of a point in a PL manifold, and therefore a ball. Thus it meets the homological vanishing
criterion described above, regardless of the field k.

2C. Generalities about group actions on a ring. The purpose of this section is to develop the commu-
tative algebra needed to prove the general results in Section 3, which are then used in section Section 4B
to prove the “only if” direction of Theorem 1.2.

Let 1 denote the group identity. (In commutative diagrams, let it also denote a trivial group.) Let A
denote the ring of invariants, and similarly for any subgroup of G. It is well known that A is always
integral over A® [Bourbaki 1964, Chapitre V §1.9, Proposition 22].

Let B < A be a prime ideal.

Recall that the decomposition group Dg(*3) of B3 is the stabilizer of 3 in G:

Dg(B) ={g € G: g'B ="F}.

The decomposition group acts on the integral domain A /3. The inertia group 15 () of *B is the kernel
of this action:
Ig(P)={geG:(g—DACP}
where
(g—1)A={ga—a:aec A}

The notations I () and D (R) implicitly specify the ring A being acted on by G, since I3 belongs
to A.
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We recall some basic facts in this setup [Bourbaki 1964, Chapitre V §2.2, Théoréme 2], which we use
freely in what follows: (i) G acts transitively on the prime ideals of A lying over * =P N A and (ii) the
extension of residue fields « (J3)/« (P3*) is a normal field extension, and the canonical map from D¢ (]3)
to the group of « (3*)-automorphisms of « (J3) is a surjection with kernel /5 (%B), i.e., the sequence

1 — Ic(R) — Dc(P) — Autypr (K (F)) — 1

is exact.
If N <G is a normal subgroup, then the quotient group G/N acts on the invariant ring A", and the
decomposition and inertia groups in G and G/ N relate straightforwardly. Note that, by their definitions,

INB)=Ic(B)NN and Dy(F)=Dc(P)NN.

Lemma 2.10. We have

D/n (PN AY) = D6 (R)/ Dy (P)

and

Ig/nBNAYN) = 16(B)/InCR).

We believe this and the next lemma may be well known; however, as we were unable to locate
references, we include full proofs.

Proof. The sequences
1 — Dy(P) — D6(P) & Dg/n (PN AY) — 1

and

1= InCR) = I6(R) L IgnBNAY) > 1

are exact in the first and second positions by the definitions; we have to prove surjectivity of ¢ and .
Consider ¢ first. Suppose g € G is such that its image g in G/N lies in D,y (BN AN). Then, setting
9 = g'B, we have

QNAN =pnAV.

All primes of A that intersect A" in 8N A" lie in the same orbit of N. Thus there exists n € N with
n$) =B. Therefore ngP =P, i.e., ng € Dc(P), and we have ¢(ng) = g. So ¢ is surjective.

We establish the surjectivity of ¥ with a diagram chase. Let ' =B N AN and let P* =P N AC. We
have the following commutative diagram:
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1 1 1

Jv g ~

l — In(R) —> Ic(P) — Ig/n(P)
I —— Dy —— D —— Dgn@P) — 1
PNl PG PG/N

W w

I —— Autey) (k(P)) —— Autegy (k(P)) — Al (K (B)) ——> 1

Jv hd ~

1 1 1

where k (), « (P’), and « (P*) are the residue fields. The first and second row are exact by what we
have just done. The third row is exact by consideration of the definitions and the fact that « () is
normal over k () (by [Bourbaki 1964, Chapitre V §2.2, Théoreme 2(ii)], as recalled above), since field
automorphisms always extend to normal extensions. The columns are also exact by the same theorem.

Let g € Ig/n (') be arbitrary and consider ig,y(g). Since ¢ is surjective, there is a y € D () with
¢(y) =ig/n(g). Then

Il =pc/noiG/n(g) = pc/no@(y) =& o pa(y),

so that pg(y) € ker§ = imy,. Thus there is a z € Aut, ) (K (R)) with 1, (z) = pg(y). Since py is
surjective, we have a 7 € Dy (J3) with py(z’) = z. Now consider

Y =)'y € Da(P).
We have
Pc(y) =pc o) pe(y) =10 pn (@) pe () =1 p () = pe () pe(y) = 1.
Thus y* € ker pg = imig, so there exists g’ € I (P) with ig(g") = y*. Then
io/noW(g) =woic(g) =" =¢pE) M =poip() e =17"ig/n(8) =i/ (g).
Since i,y is injective, we can conclude ¥ (g’) = g. Thus ¥ is surjective. [l

The inertia group of a prime that survives a base change remains stable under that base change, and
the decomposition group can only shrink:

Lemma 2.11. Let C be an arbitrary A -algebra, and let B := A® 4c C. Let G act on B through its action
on A and trivial action on C. If there is a prime Q of B pulling back to B in A, then Dg(Q) C D¢ (B),
and 16(Q) = I (P).
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Proof. Let T : A — B be the canonical map. By construction, t is G-equivariant. Thus if g € G stabilizes
£) < B setwise, it also stabilizes the preimage B3 < A setwise, and it follows that D () C D ().

When g € D () and therefore € Dg (°R), it has an induced action on both B/ and A /B, and the
G-equivariance of 7 then implies that the induced map

T:A/P— B/Q

is (g)-equivariant. If also g € I(Q), then its action on B /L is trivial. Since *J3 is the full preimage of
£, T is an injective map, and it follows that g’s action on A/B is also trivial, i.e., g € I5(). Thus
I6(Q) C I (P).

In the other direction, suppose g € Ig(*B). By [Liu 2002, Chapter 1, Corollary 1.13], we have a
canonical isomorphism

B/t(B)B=ZA/PB®yc C. 3)

Using only the fact that g € D (*13) and the G-equivariance of 7, we already know that g fixes I3 and
T(*P) setwise, and thus has well-defined actions on A /%3 and B/t (*}3) B that coincide via (3). But because
g is actually in /5 (J3), the action on A/ is trivial, and therefore, by (3), the action of g on B/t (*[3) B is
also trivial.

In other words, g fixes the cosets of the additive subgroup t(*13) B of B setwise. Since £Q pulls back
to 3, it contains the image of 3, thus we have Q D t(*B) B. Then the cosets of £ are unions of cosets
of T(P) B, and therefore g fixes these setwise as well. In other words, g acts trivially on B/, i.e.,
g € I(Q). Thus I(P) C I5(Q), and we conclude I (P) = I5(Q). O

Remark 2.12. Examining the proof of Lemma 2.11, we see why the analogous equality to /¢ (F) = I (Q)
may fail for decomposition groups. If g € Dg(]3), then we do have the (g)-equivariant isomorphism
(3), and therefore g does act on the cosets of T(*J3)B in B, but the only one we know it fixes is T(*3) B
itself. In particular, £, which may be the union of many of these cosets, need not be fixed setwise, so that

8 ¢ Dg(Q).

Henceforth, let p be a prime of A%. Our goal is to show that, in a suitable sense, the local structure
of AC at p is determined by the inertia group of a prime of A lying over p. The precise statement is
Lemma 2.14 below. It is stated by Michel Raynaud [1970, Chapitre X §1, Corollaire 1], with lines of
proof indicated. Because it is central to our results, we develop in detail the notation and tools that will
be required to state and prove this lemma.

Let C;‘S be the strict henselization (see [Raynaud 1970, Chapitre VIII, Definition 4] or [EGAT 1960,
Definition 18.8.7]) of AC at p, with respect to some embedding of « (p) in its separable closure. Then
CQS is faithfully flat over (AG)p, and of relative dimension zero [EGA 1 1960, Proposition 18.8.8(iii)].
Furthermore, Cf;s and (AG),J are simultaneously noetherian [EGA I 1960, Proposition 18.8.8(iv)], and

AP = A®46 C
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is integral over C;‘S (as it is a base change of the integral morphism A® — A). Moreover, G acts on AL‘S
via the first component of the tensor product, so that the map A — Ags is G-equivariant, and

hs\G _ (hs
(AM7 =Cy°

since A — (AG)p — CSS is flat and the functor of invariants commutes with flat base change.

Let B be a prime ideal of A lying over p, and let Q be a prime ideal of AES lying over the maximal
ideal of C;;S corresponding to p, and pulling back to 13 in A.

From Lemma 2.11, we have that

I6(Q) = I6(P).

The action of G on Ags induces an action on its ideals. Since Ags is integral over C;‘S, all of its maximal
ideals lie over the one maximal of C;‘S. Because Cgs is the invariant ring under the action of G, this
implies [Bourbaki 1964, Chapitre V §2.2, Théoréme 2(i)] that the maximal ideals of Ags comprise a
single orbit for the action on ideals. The maximals are therefore finite in number. We denote them by
Mi(=Q),..., M.

The product of canonical localization homomorphisms

s
¢: AY — [ A, )
j=1
is an isomorphism. Indeed, Ags is the inductive limit of C;‘S—ﬁnite subalgebras (since it is integral over
C,}J‘S). Since AES has only s maximals, there exists a finite subalgebra containing s maximals. Now
view Ags as the inductive limit just of the finite subalgebras that contain this one. For each of them,
the analogous product of canonical localization morphisms is an isomorphism because C;‘S is henselian
[Raynaud 1970, Chapitre I, §1 Définition 1 and Proposition 3]; then the statement about (4) follows
because inductive limits commute with finite products.

Lemma 2.13. If A is a noetherian ring, then AES is noetherian too.

Proof. Because of the isomorphism (4), it suffices to show that the localizations of Ags at its maximal
ideals 901; are noetherian rings, and because the action of G on AES by automorphisms is transitive on
these maximals, it suffices to show this for a single maximal. We will do this by showing that there is a
maximal ideal 9; of AES such that

hs
(A™)oy,

is isomorphic to the strict henselization of the noetherian local ring Asz, whereupon the result will follow
because strict henselization preserves noetherianity [EGAT 1960, Proposition 18.8.8(iv)].

Consider the local ring (A©),. By slight abuse of notation, let us call its maximal ideal p. Note that
the residue field « (p) is the same whether p refers to the prime in A® or in (AG)p, SO we can write k (p)
without ambiguity. Then the maximal ideals in the ring

B :=A®40 (A%),
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are in bijection with the prime ideals of A lying over p < A®. There are finitely many of these since they
are subject to a transitive action by G, so B is semilocal. It is also integral as an extension of (AG),J since
this is a base change of the integral extension A® C A. One of the prime ideals over p in A is 3. By the
same abuse of notation, let ¥ also refer to the corresponding ideal in B; again, this does not introduce
ambiguity when writing « (8). Note that By = Aq because B is obtained from A by inverting some but
not all of the elements in the complement of ‘3.

Because B is semilocal and integral over (A®), (and % and p are maximal ideals of these rings
respectively), if we can show that the extension of residue fields « () /k (p) has finite separable degree,
then it will follow from [EGA T 1960, Proposition 18.8.10 and its proof, and Remarque 18.8.11] that the
strict henselization

(B‘B)hs
of the localization By (with respect to some embedding of its residue field in a separable closure) is
isomorphic to the localization of

B ®40), CF°
at some maximal ideal, since Cgs is a strict henselization of (AG)p. But we also have
B ®0), Cp¥ = A® 46 (A%)y ®a0), C)° = A®,0 C)F = A
Thus the conclusion from [EGA T 1960, 18.8.10 and 18.8.11] will actually be that
(Ap)™ = (Bp)™ = (AP)an,

for some maximal ideal 90T; of Ags. This is the desired conclusion, so it remains to show that « (1) /k (p)
has finite separable degree.

Now return p and P to the setting of A® and A, recalling that the residue fields « (p) and « (J3) do not
change. From [Bourbaki 1964, Chapitre V, §2.2(ii)] we have that « (J3) /« (p) is a normal field extension,
and the group of « (p)-automorphisms of « () is isomorphic to

Dg(B)/16(P).

This is a subquotient of the finite group G and is therefore finite. For a normal field extension, infinite
separable degree would imply infinitely many automorphisms. Thus « (3) /k (p) is an extension of finite
separable degree, and the proof is complete. (I

The action of G on A%s induces, via the isomorphism ¢ of (4), an action on ]_[i (Ags)gmj : it is the unique
action on this ring such that ¢ is G-equivariant. Because ¢ is the product of the canonical localization
maps

¢t Ay = (AP,
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it is possible to write down this action explicitly. Via the isomorphism ¢ of (4) we associate uniquely to
ac Ags the s-tuple

S
¢(a) = (am,. ....am) € [ [(AP)m, (5)
j=1
where each agy; is the image in (Ags)gmj of a under ¢;. If g € G maps IM; to M;, then it also induces an
isomorphism
(Ao, £ (AP)am;
a/sv+ gaj/gs
of the localizations that makes the following square commutative:

Alpls 8 Alpls

o] J#

Ay, —> (AP,
8

By such isomorphisms, G acts on the disjoint union of the localizations (Ags)gmj. Given an « € (Alpls)gm,.,
if one chooses a € Ags with ¢; (a) = «, then the commutativity of this square can be rewritten as

ga=¢j(ga).

Note that this statement is true regardless of the choice of a. For any such choice, writing o = agy, and
¢j(ga) = (ga)m, = (ga)gom;), this becomes

glam,) = (8a)gom;)
or equivalently,

g(agfl(sm,-)) = (ga)imj- (6)

Thus, for any a € AL‘S, the i-th coordinate of ¢ (a) determines the j-th coordinate of ¢ (ga), without
requiring additional information about a. Then the action of G on []; (Ags)gmj induced by ¢ may be
written

g(af)j’{l, R ams) = (g(ag’l(fml))s ceey g(agfl(i)ﬁs)))' (7)

Indeed, if a € Ags, then the left side of this formula is g¢ (a), and the right side is ¢ (ga) by (6).
Because I () stabilizes £ = 9, it acts on (Ags) q- In this setting, we have the following lemma.
As mentioned above, this lemma was stated by Michel Raynaud [1970, Chapitre X §1, Corollaire 1], with
the proof sketched. It is the needed statement that the local structure of A€ is determined by the inertia

groups. Because it is critical to our results, we give a detailed proof.

Lemma 2.14 (Raynaud). We have a ring isomorphism

hsyI6 (B) ~ ~hs
(Ap )D = Cp .
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Proof. Recall that I (B) = I5(2). Let g1, ..., g € G be a set of left coset representatives for G /I (B),
with g; the identity. Since Cgs is strictly henselian, its residue field is separably closed, so there are
no nontrivial automorphisms of «(Q) over it. Since the group of automorphisms of x (Q)/« (C;‘S) is
isomorphic to Dg(Q)/15(Q), we have Dg(Q) = I5(2), so that I(LQ), which equals I (B), is the
stabilizer of Q. Thus, if we put 9 := g;Q, then the ideals My, ..., M are exactly the maximal ideals
of AL‘S, and all of the above discussion applies.

We claim that if one restricts the canonical localization map

¢1: A = (AP)a

to Cgs, one obtains an isomorphism onto (AES)S(Q). We see this as follows:
The map ¢, is the composition of ¢ with projection to the first coordinate. Because (7) makes ¢ a
G-equivariant isomorphism, a € Ags is in C;‘S = (AES)G if and only if

(8(ag-10m)))s - - - » 8(@g-1(9m,))) = (ammy, - - -, asy,) ®)
for all g € G. From (8), we will deduce the following:

(a) Ifa e C;’S is an arbitrary G-invariant, then ¢ (a) is invariant under I (*J3). Thus ¢, (Cgs) is contained
in (AhS)gl(m)
p .

(b) Ifa € C;‘s is an arbitrary G-invariant, then all the coordinates of ¢ (a) are determined by the first
coordinate. Thus « itself is determined by ¢;(a). In other words, the restriction of ¢ to C.® is
di Th itself is d ined by ¢1(a). In oth ds, th icti f ¢ C;“'
injective.
(c) Ifae (Ags)g(m) is arbitrary, there exists an a € CSS with ¢ (a) = «. Thus the restriction of ¢; to

C Qs is surjective.

This will suffice to establish the lemma.
To prove (a), take g € I (). The condition in the first coordinate of (8) is

glag-19m,)) = am, -
For g € I(P) = D (), we have g~ (M) =M = O, and this condition becomes
glag) = aq.

Thus for the G-invariant a, we have that aq = ¢;(a) is an I (P)-invariant. Therefore, ¢1(C;‘S) is

contained in (Ags)g}(m).

For (b), consider g = g; for j =1, ..., s. The condition in the jth coordinate of (8) is
g(ag-1m;)) = amm;-

Since gj_l(fm j) =1, this becomes

gjlag) = agm;.
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Letting j =1, ..., s, this shows that if a is a G-invariant, then all the coordinates of ¢ (a) are determined
by agn, which is ¢ (a), so a itself is determined by ¢;(a). Therefore, the restriction of ¢; to CSS is
injective.

Lastly, for (¢), let @ € (Ags)g(m) be arbitrary. We construct a specific a € Ags with ¢ (a) = «, and
show it lies in C?S. Set

am; = g;j(a)
forj=1,...,s,and let

o a1 hs
Cl.=¢ (amlv"'9a9ﬁ_§,) 61413s

Note that this a satisfies ¢1(a) = agn, = g1(o) = « since g; is the identity. To show that it also lies in
CQS = (AES)G, it is necessary and sufficient to show that ¢ (a) satisfies (8) for all g € G, i.e., that

g(ag1m,) = am, ©)

foralge Gandall j=1,...,s5.
To do this, we first establish that

ag) = g(aq) (10)

for all g € G, and then use this to show (9) for all g and all ;.
To see (10), first recall that & = asn, = aq, and then use this and 9t; = g;(Q) to rewrite the definition
of each ag;:

ag;) = gj(ag)-

This establishes (10) in the particular case that g is one of g1, ..., g;. An arbitrary g € G has the form
g;h for some g; and some h € I (P). Since Q and ag = « are both I (P)-invariant, we have

ag) = ag;n() = dg; () = &j(an) = gjh(an) = g(an),

and (10) is established for all g € G.
Now we deduce (9). If g € G is arbitrary, then

dg=t@m;) = dg=1g; ()
because g;(Q) =M, and
Ag—1g;(0) = g 'gj(an)
by (10). Thus a;-1(9n,) = g g j(an), and applying g to the left on both sides yields
g(ag—'(smj)) =gjlaq) = an;,
so condition (9) is met for all g and all j, i.e., (8) is met for all g. Thus

hs\G __ hs
ae (A% =ch.
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Since a € (Ags)g(m) was arbitrary, this shows that the restriction of ¢; to C;‘S is surjective onto (Ags) )[QG @3),

completing the proof of isomorphism. U

3. Inertia groups and Cohen—Macaulayness of invariant rings

Using Lemma 2.14, we can show that the Cohen—Macaulayness of a ring of invariants at a prime ideal p
can always be tested in a faithfully flat neighborhood of p, and only depends on the action of the inertia
group considered around this neighborhood. The precise statement is Theorem 3.1.

We use this to derive an obstruction to Cohen—Macaulayness for a characteristic p ring that will apply
in the situation of Theorem 1.2 to prove the “only if” direction. The statement is Proposition 3.11.

In all of what follows, we use the notation of Section 2C: A is a commutative, unital ring endowed
with a faithful action of a finite group G, if p is a prime ideal of A%, then CQS is the strict henselization
of AY atp, and AES is

A®40 C),

with G acting through its action on A (and trivially on CQS).
Theorem 3.1. Assume that AC is noetherian. Then the following assertions are equivalent:
(1) AC is Cohen—Macaulay.

(2) For every prime ideal p of A, and for every prime ideal ) of AES lying over pC'}J1S and pulling back
to a prime R of A lying over p,

sy _ 16 (P)
(Apa"®

is Cohen—Macaulay.

(3) For every maximal ideal p of A, there is some prime ideal ) of Ags lying over pCl}J1S and pulling
back to a prime *B of A lying over p, such that

16 (P)
(Al)q®

is Cohen—Macaulay.

Proof. Clearly (2)=(3). We will show that (3)=-(1) and (1)=(2).
(3)=(1): Lemma 2.14 states that for each maximal ideal p of A® and for any choice of 93 and Q as in (3),

hs ~ ¢ AhsyIc(B)
G =(A0g
Thus (3) implies that C;‘S is Cohen—Macaulay for each p. The homomorphism of local noetherian rings
(A%, — C

is flat, so by [Bruns and Herzog 1993, Theorem 2.1.7] quoted in Section 2A, Cohen—Macaulayness of
CL’S is equivalent to that of (AG)p plus that of C;‘S /pC;‘S. In particular, since C;‘S is Cohen—Macaulay, so
is (AG)p. Since this holds for all maximal ideals p of A¢, AC is Cohen—Macaulay.



When are permutation invariants Cohen—Macaulay over all fields? 1807

(1)=(2): Suppose A¢ is Cohen-Macaulay. Let p be any prime ideal of A . It suffices to prove that C;‘S
is Cohen—Macaulay since, by Lemma 2.14, for any 3 and Q as in (2), we have

hs ~  4hsy /6 (P)
Cp _(A];)D .

Since (AG)p — CL‘S is flat, we again have by [Bruns and Herzog 1993, Theorem 2.1.7] that the Cohen—
Macaulayness of CQS is equivalent to that of (AG)¥J plus that of C;‘S /pC};S. The former ring is Cohen—
Macaulay since AC is, by the hypothesis (1), and the latter is Cohen—Macaulay since it is a field
(see Section 2A), namely, the residue field of the local ring CL‘S. O

Theorem 3.1 allows us to test Cohen-Macaulayness of an invariant ring A locally, prime by prime, in
terms of the local ring (AES)Q and the local group action /¢ (*)3). For the application we have in mind in
Section 4, we will need to carry information about A and G to (Ags) g and I (*3), so we enunciate a few
more lemmas to accomplish this:

Lemma 3.2. If A is Cohen—Macaulay, then AES is Cohen—Macaulay for any prime ideal p of AC.

Proof. Suppose A is Cohen—Macaulay, thus noetherian, and p is a prime of A®. By Lemma 2.13, Ags is
noetherian.

Let 9 be any maximal ideal of AES and let I3 be its contraction in A. (Note that £ lies over pC};s, per
Section 2C, and therefore ‘3 lies over p.) Now

A% > (A%, - P
is a flat map. Therefore, base changing by A® — Asp,
Ap — Ap®,40 C)° = Ap ®4 A}
is also a flat map. Since 9 < AES pulls back to 3 in A, (AES)Q is a localization of Ay ®4 Ags; thus
Ap— (A)g

is also flat. Therefore, again by [Bruns and Herzog 1993, Theorem 2.1.7], the Cohen—Macaulayness of
(AISS) ¢ is equivalent to that of A plus that of (Algs) a /‘,B(AES) q. The former is Cohen—Macaulay since
A is, while the latter is Cohen—Macaulay since it is an artinian local ring (see Section 2A), which in turn
is because A — (Ags) q is of relative dimension zero. This itself is because this map is a localization of
the base change Aqy ®a6),— of the map (AG),J — C;‘S, which is flat of relative dimension zero because it
is a strict henselization [EGA 1 1960, Proposition 18.8.8(iii)]. [l

For a natural number ¢, an element g € G is called a ¢-reflection if the ideal generated by (g —1)A
in A is contained in a prime of height < ¢. A prime ‘33 contains (g — 1)A if and only if g € Ip(A), so
another way to say this is that g is a z-reflection if it is in the inertia group of some prime of height < ¢.

In the geometric situation (where A is a finitely generated algebra over a field), the ideal generated by
(g — 1) A corresponds to the fixed point locus of g, so this definition makes a group element a ¢-reflection
if this fixed point locus has codimension at most ¢. Thus if G is a linear group acting on the coordinate
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ring of affine space, a 1-reflection is either the identity or a reflection in the classical sense. A 2-reflection
has a fixed point locus of codimension 0, 1, or 2. In particular, if G acts by permutations of a basis, then
the 2-reflections are exactly the identity, the transpositions, the double transpositions, and the 3-cycles.

Lemma 3.3. If an element g € 1 (°P) acts as a t-reflection on Ag, then it acts as a t-reflection on A.

Proof. Since g € Ig(*), we have (g — 1)A C *B. The primes of A contained in *J3 are in containment-
preserving bijection with the primes of Ay, with the bijection given by extension along the canonical
localization map, and (g — 1) Ags is the image of (g — 1) A along this map. Thus if a prime of height 7 in
Asz contains (g — 1) Ag, then its pullback in A is also of height ¢ and contains (g — 1)A. (Il

hs

ps then it acts as a

Lemma 3.4. If A is noetherian, and g € I(R) = I(Q) acts as a t-reflection on A

t-reflection on A.

Proof. 1f g is a t-reflection on AES, then there is a prime ideal & of Ags of height < ¢ and containing
(g— 1)A}55. Let R be G’s pullback in A. Then R contains (g —1)A. Since by Section 2C and Lemma 2.13,

A— A

is a flat extension of noetherian rings, going-down applies [Eisenbud 1995, Lemma 10.11], so that the
height of G is at least that of fR. In particular, the height of R is <, so that g is a z-reflection on A. [

We will also need to take an element of G acting on A but not as a ¢-reflection, and conclude that it
does not act on a certain subring as a ¢-reflection either:

Lemma 3.5. If N is the normal subgroup of G generated by the t-reflections, then no element of G\ N
acts on AN as a t-reflection.

Remark 3.6. This lemma does not require a noetherian hypothesis on A.

Proof. Let g € G. We will show that if its image g € G/N acts on AV as a t-reflection, then actually
g€E€N.

If g acts on A" as a t-reflection, then there is a prime p of AV of height < ¢ with g € I /N (). Let P
be any prime of A lying over p. The height of 3 is equal to that of p (e.g., by [Gordeev and Kemper
2003, Lemma 5.3], which is stated for noetherian A but the argument holds in general); in particular it
is <t. By Lemma 2.10, we have

Ig/n(p) = Ic(P)/In(B).

In particular, I (P) surjects onto I, (p), so there is an element g’ € I () whose image in G/N is g.
Since 13 has height < ¢, g’ is a t-reflection, so it is contained in N by construction. Then its image g
must actually be the identity. So g (with the same image) lies in the kernel of G - G/N, i.e., g€ N. U

The following lemma allows us to detect a failure of Cohen—Macaulayness locally.

Lemma 3.7. Let A be a ring containing the prime field [, and let G be a p-group. Suppose that A is
Cohen—Macaulay, AC is noetherian, and A is finite over A®. Further, suppose there is a prime ideal 3
of A such that G = I(R). Then A€ is not Cohen—Macaulay unless G is generated by its 2-reflections.
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Remark 3.8. This statement is closely related to [Gordeev and Kemper 2003, Theorem 5.5], which also
applies to non- p-groups and gives some control over how far A¢ can be from Cohen—Macaulay. However,
a key step in the proof of that result requires the rings to be normal rings that are localizations of algebras
finitely generated over fields. As our application will be to rings that do not fulfill this hypothesis, we
give an independent proof.

Proof of Lemma 3.7. Let N be the normal subgroup of G generated by the 2-reflections.

Since A is finite over the noetherian ring A, it is noetherian as an A®-module. Since it also contains [ P>
[Lorenz and Pathak 2001, Corollary 4.3] applies, which, when specialized to the situation that G is a
p-group, states that if both A and A® are Cohen—Macaulay, then the map

Trg/y : AY — A

given by

x|—>ng

geG/N

is surjective onto AY, where we think of each g as an element of G and the sum is taken over coset
representatives of N.

We will show that this map cannot be surjective unless N = G. Since A is Cohen—Macaulay by
assumption, this will show A% is not Cohen-Macaulay if N # G.

If Trg/n is surjective, then we have

for some x € AV, Since G = I(P), all g € G satisfy gx =x mod P in A, thus

I= ) x=[G:Nlx mod P
geG/N
in A. Since G is a p-group and A contains [, [G : N]x =0in A unless N = G. In particular, [G : N]x
cannot be 1 mod ‘B unless N = G. ]

Remark 3.9. The map Trg,y is called the relative trace or relative transfer; see Remark 2.3.

Remark 3.10. The proof uses a result of Lorenz and Pathak [2001, Lemma 4.3], which has as a hypothesis
that A is noetherian as an A®-module; call this (x). Above, we deduced (x) from the assumptions that (1)
A is noetherian and (2) A is finite over it. Actually, (x) also implies (1) and (2), hence is equivalent to
them. Since any ideal of A9 is also an A9-submodule of A (since A embeds in A), (%) implies that all
these ideals are finitely generated, thus (1). Meanwhile, A itself is an A®-submodule of A, so (x) implies
it is finitely generated as an A®-module, thus (2). More generally, if a module M over a ring R has an
injective R-module map from R, then noetherianity of M as R-module is equivalent to noetherianity of
R as aring plus finite generation of M over R, by the same arguments.



1810 Ben Blum-Smith and Sophie Marques

Combining all of these results, we get an obstruction to Cohen—Macaulayness for a characteristic p
ring expressed entirely in terms of the presence of a certain inertia group. The proof of the “only if”
direction of Theorem 1.2 will be an application of this proposition.

Proposition 3.11. Let A be a ring containing [, and let G be a finite group of automorphisms of A. Let
N be the normal subgroup of G generated by the 2-reflections. Suppose that AN is Cohen—-Macaulay, A
is noetherian, and AV is finite over AS. If there is an inertia group for the action of G/N on AV that is a
nontrivial p-group, then A® is not Cohen—Macaulay.

Proof. Note that
AG — (AN)G/N‘

Since A is noetherian, Theorem 3.1 applies.
Suppose ‘P is a prime of AV whose inertia group I /n(PB) is a p-group, per the hypothesis. Let

p=Pn@ANIN,
let C;‘S be the strict henselization of (AG),J = ((AN)O/N )p» and let
(AN)I”JIS — AN ®AG C;IS,

as in Section 2C.
By assumption, AV is Cohen—-Macaulay. Thus (A" )gs is Cohen—Macaulay, by Lemma 3.2, and thus

SO 1S
(AN

for any Q < (A" )ES, and in particular any £ as described in Theorem 3.1.

As AV is finite over the noetherian ring A by assumption, its base change (A" )gs is finite over C, gs’
which is noetherian by [EGAT 1960, Proposition 18.8.8(iv)], as discussed in Section 2C. The localization
(AN )ES) o is a homomorphic image of (A" )ES by the isomorphism (4), so it too is finite over Cgs.

By Lemma 2.14, CSS is the invariant ring for the action of I,y (") on ((AN )lgs)g. Since A contains
[, and therefore so do AV and ((AN)ES)Q, and since g,y (B) is a p-group that is equal to I,y (Q)
which is an inertia group of ((AY )L‘S) 2, we have now verified all the hypotheses of Lemma 3.7 for the
action of I,y (*B) on ((AN )ES)Q. We can conclude from that lemma that the invariant ring cannot be
Cohen—Macaulay unless I,y (B) is generated by 2-reflections.

However I,y (R) is not so generated. By Lemma 3.5, no nontrivial element of G/N acts on AN asa
2-reflection. In particular, no nontrivial element of /G,y (*B) acts on AV as a 2-reflection. Since AV is
Cohen-Macaulay, it is noetherian, so Lemma 3.4 applies, and no nontrivial element of /g,y (33) acts on
(AN )gs as a 2-reflection either. By Lemma 3.3, the same is true for the action of I,y (B) = Ig/n(Q) on

(AM))q.
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In particular, the p-group I,y (P) is not generated by 2-reflections on this ring, since it is nontrivial.
Then Lemma 3.7 implies that

I
(A g

is not Cohen—Macaulay. Therefore, by Theorem 3.1, neither is (AY)6/N = AC. O

4. Permutation invariants

In this section we prove the two directions of Theorem 1.2. A schematic diagram of the proof is found in
Figure 5.

4A. The if direction. In this section we prove:

Proposition 4.1. If G is generated by transpositions, double transpositions, and 3-cycles, then k[x1° is
Cohen—Macaulay regardless of the field k.

The groundwork has been laid in Section 2B. The remaining piece of the proof is supplied by a recent,
beautiful result of Christian Lange, building on earlier work of Marina Mikhailova. Let H be a finite
subgroup of the orthogonal group O4(R), acting on R?. Endow R¢ with its standard piecewise-linear (PL)
structure. The topological quotient R¢ / H carries a PL structure such that the quotient map R — R?/H is
a PL map, and the main result of [Lange 2016] is that it is a PL. manifold (possibly with boundary) if and
only if H is generated by 2-reflections. (Lange calls elements of O, (R) fixing a codimension-2 subspace
rotations since they rotate a plane and fix its orthogonal complement, so he calls groups generated this
way rotation-reflection groups.) The bulk of the work in this result lies in the “if” direction. The proof is
a delicate induction on the group order, based on a complete classification of rotation-reflection groups.
This classification was proven in joint work of Lange and Mikhailova [2016].

Proof of Proposition 4.1. Let G act on R" by permutations of the axes. Let x1, ..., x;, be the coordinates
on R". The subspace

Tz{lZ:xi:O}

is G-invariant. Transpositions in G act as reflections on 7', while double transpositions and 3-cycles act
as rotations. Thus under the hypothesis of the proposition, G acts on T as a rotation-reflection group. By
Lange’s work [2016], T/ G is a PL manifold.

Recall the A of Section 2B: it is the order complex of B, \ {<&}, which is the first barycentric subdivision
of an (n — 1)-simplex. Embed the underlying topological space |A| of A in T as follows. First, map the
vertices of A to the barycenters of the standard simplex

{xizO, le:l}
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A/G satisfies (2) £ OB 4 pp /G s oM BB

T

Lange’s theorem (§4A)

k[A]C is CM

Garsia—Stanton/Reiner (§2B)

|

G generated by 2-reflections k[x]¢ is CM

G not generated by 2-reflections If char k = p, k[x]¢ is not CM

Lemma 4.5 (§4B)

J k[x]V is CM
E|p with GgN/N = Z/p Proposition 3.11 (§3)
Lemma 4.4 (§4B)

N

IP<klx]V st Ig/n(B) =Z/p

Figure 5. Schematic diagram of the proof of Theorem 1.2. Arrows are implications,
and small print above or interrupting an arrow names a result needed for the implication
to go through. The §-references indicate where to look for statements and notation
definitions. The top half is the “if”” direction (Proposition 4.1). The bottom half is the
“only if” direction (Proposition 4.2). The group N is the subgroup of G generated by the

2-reflections, so the “if” direction is required to conclude that k[x]" is Cohen-Macaulay
in the bottom half.

in R" by mapping each vertex, which by definition is an element o € B, \ {&}, which is itself a nonempty
subset of [n], to the barycenter

of the set of standard basis vectors {e;};c, corresponding to that subset. Then, extend this map to all of
A by extending linearly from the vertices to each simplex in A. Finally, project the affine hyperplane
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{Zx,- = 1} containing the image orthogonally onto T via (xy, ..., x,) — (x;—1/n, ..., x,—1/n). This
embedding is G-equivariant for the action of G on |A| induced from its action on [r], and the present
actionof G on T.

The embedded complex |A| C T is evidently a polyhedron, and it is a star of the origin in T since it is
the union of closed line segments from the origin to its compact boundary, these segments are disjoint
except for the origin itself, and it is a neighborhood of the origin in 7' (see the definition of a star in
Section 2B). Since the action of G is linear, it permutes these segments. Thus |[A|/G = |A/G] is also
a union of line segments from the (image of the) origin to its compact boundary, and these segments
are disjoint except for the origin itself. Also, |A/G]| is a neighborhood of the (image of the) origin
since T — T /G is the quotient map by a group of homeomorphisms and is therefore an open map. It is
additionally a polyhedron since the quotient map T — T/ G is PL, and the image of a compact polyhedron
under a PL. map is a compact polyhedron [Rourke and Sanderson 1972, Corollary 2.5]. In other words,
|A /G| is a polyhedral star of the image of the origin in the PL. (n—1)-manifold 7/G. It is therefore (per
[Rourke and Sanderson 1972, pp.20-21], see the discussion at the end of Section 2B) homeomorphic to a
ball. In particular, it is contractible, thus

H;(|A/G| k) =0
for all i, regardless of the field k; and it is a manifold (with boundary), thus
Hi(IA/G|, |A/G|=q;k)=0

foralli <n—1and all ¢ € |A/G]|, regardless of k. Thus it satisfies (2) for all i < dim A/G and all
q € |A/G]|, so by the discussion in Section 2B, k[x]¢ is Cohen—Macaulay. ]

4B. The only if direction. In this section we complete the proof of Theorem 1.2 by proving the converse
of Proposition 4.1.

Proposition 4.2. If G is not generated by transpositions, double transpositions, and 3-cycles, then there

exists a prime p such that for any k of characteristic p, k[x1° is not Cohen—Macaulay.

The proof is at the end of the section. Actually we prove somewhat more: for a group G not generated
by transpositions, double transpositions, and 3-cycles, we give an explicit construction yielding the prime
p. The precise statement is given below as Proposition 4.2b.

In this section, p is conceptually prior to the field k. Our proof will first construct p and then prove
that when chark = p, k[x]¢ is not Cohen—Macaulay.

We develop the needed machinery for the proof. Let I1,, be the poset of partitions of the set [n], with
the order relation given, for any =, t € I1,, by

T <1 <= 7 refines t.
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Anelement g € G C S, partitions [#] into orbits, and thus determines an element 7 € I1,,. This gives a map
o:G—>1TI,
g .

If = € I1,,, we write G,lf for the blockwise stabilizer of 7 in G, i.e., the set of elements of G that act
separately on each block of 7.

For a given r € I1,, let B} be the prime ideal of k[x] generated by the binomials x; — x; for every
pair i, j € [n] lying in the same block of r. The dimension of 3% (i.e., the dimension of k[x]/P}) is the
number of blocks of 7.

Lemma 4.3. With this notation, we have
*\ __ B
IG (mn ) - G7T .

Proof. The ring k[x]/*8}, is the polynomial ring obtained by identifying x; with x; for each i and j in
the same block of 7, so its indeterminates are in bijection with the blocks of . If & € Gf, then /4 acts
separately on the x;’s in each block, and therefore £ fixes 3} setwise and the induced action on k[x ]/}
is trivial. Thus i € I (B7). Conversely, if ¢ fo, then either 4 fixes 7 but not blockwise, in which case
h fixes % setwise but the action of 4 on k[x]/*B} is not trivial, so that 1 € Dg (*B%) but not I (B} ); or
else h does not fix m at all, in which case it does not act on B%, and is not contained in Dg (°B7), let
alone I (7). [l

If N is a normal subgroup of G, denote by GEN/N the image of G2 in the quotient G/N, and let
PBr =T Nklx]".
Lemma 4.4. With this notation, we have

Io/n(Bx) = GEN/N.

Proof. We have from Lemma 2.10 that

Ig/nBr) = I6(B) /In(B) = I6(B,) /(N NI (),
and from Lemma 4.3 that
I6($;)/(NN16(P;) =Gz /(NN GZ) = GZN/N. O
The following lemma is the device we use to find the characteristic p in which we can prove that k[x]¢
fails to be Cohen—Macaulay.

Lemma4.5. Let N<G be a proper normal subgroup. Let w be minimal in T1,, among partitions associated
(via ) with elements of G that are not in N. Then:

(1) The group fo N/N is cyclic of prime order, say p.
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(2) Any element g of G\ N whose orbits are given by w has order a power of p.
(3) The image of g in G/N generates foN/N.

Proof. Let g be an element of G \ N whose orbits are given by m, and let & be any other nontrivial
element of G2, in other words a nontrivial element of G whose orbits refine . (Note that, by minimality
of m, either ¢(h) = m or else h € N.) Pick any element a € [n] acted on nontrivially by 4. Then g acts
nontrivially on a as well since /’s orbits refine g’s.

Since h preserves 7 and g acts transitively on each block of r, there is an m € Z such that g"* (a) = h(a).
Then h~'g™(a) = a, so that h~! g both preserves 7 and has a fixed point a that g does not have. Thus
its orbits properly refine v, and minimality of 7 among partitions associated to elements of G \ N implies
that h~!g™ € N. Thus hN = g N. This shows that g generates the image of G3in G/N, proving (3);
thus GBN/N is cyclic. Meanwhile, for any prime p dividing the order of g, the orbits of g7 also properly
refine those of g, so g” is in N too; thus the image of g in G/N has order dividing p. Since g ¢ N by
construction, the order of the image of g in G/N is exactly p. This completes the proof of (1). If g is a
hypothetical second prime dividing the order of g in G, then the order of the image of g in G/N is g, for
the same reason it is p, and it follows that ¢ = p after all, so there is no such second prime. Therefore g
has p-power order in G. This proves (2). ]

Proof of Proposition 4.2. Let N be the subgroup of G generated by the transpositions, double transpositions,
and 3-cycles (i.e., 2-reflections). By Proposition 4.1, k[x]" is a Cohen—-Macaulay ring. Since k[x] is a
finitely generated algebra over k, k[x]¢ is also finitely generated as an algebra over k [Bourbaki 1964,
Chapitre V §1.9, Théoréme 2], so in particular it is noetherian. By the same logic, k[x]" is finitely
generated as an algebra over k, and therefore over k[x]°. Since it is a subring of k[x], which is integral
over k[x]° by [Bourbaki 1964, Chapitre V §1.9, Proposition 22], it is integral over k[x]¢ as well, which,
together with finite generation as an algebra, implies it is actually finite over the noetherian ring k[x]°.
Thus if k is a field of positive characteristic p, then Proposition 3.11 applies, and we can show k[x]€ is
not Cohen—Macaulay by exhibiting an inertia group for the action of G/N on k[x]" that is a nontrivial
p-group.

Now if N is a proper subgroup of G per the hypothesis, then we can find a = € I1,, that is minimal
among all partitions associated (via ¢) with elements of G \ N. Then Lemma 4.5 gives us a prime number
p such that GBEN /N is cyclic of order p, and then Lemma 4.4 gives us a prime ideal *B,; of k[x]" such that

Ig/n(Bx) = GZN/N.
Thus, for any k of this specific characteristic, we can conclude by Proposition 3.11 that k[x]¢ fails to
be Cohen—Macaulay. O

An examination of the proof in view of conclusion (2) of Lemma 4.5 shows that we have actually
proven the following constructive version of Proposition 4.2 with no additional work:

Proposition 4.2b. Let N be the subgroup of G generated by the transpositions, double transpositions,
and 3-cycles. If N C G, then for any g € G\ N whose orbits are not refined by the orbits of any other
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g € G\ N, the order of g is a prime power p®, where p has the property that k[x]¢ is not Cohen—Macaulay
if chark = p. (Il

5. Conclusion and further questions

In this section we note some implications of the results above, and pose questions for further exploration.
Throughout, let N be the subgroup of G C §,, generated by the transpositions, double transpositions, and
3-cycles, as at the end of Section 4B.

5A. Bad primes; relation to previous work. Given a permutation group G C S, let us refer to the set
of prime numbers p for which k[x]¢ fails to be Cohen—Macaulay if chark = p as the bad primes of G.

It was mentioned in the introduction that the “if” direction of Theorem 1.2 implies that the bad primes
of G are a subset of the primes dividing [G : N]. We see this as follows: the “if”” direction implies that
k[x]1V is Cohen—Macaulay. Then, since

k[x1¢ = (k[x]V)9/V,

it follows from the Hochster—Eagon theorem [Hochster and Eagon 1971, Proposition 13] that k[x]¢ is
Cohen—-Macaulay in any characteristic not dividing the order of G/N. Meanwhile, the “only if” direction
of Theorem 1.2 implies that if the set of primes dividing [G : N] is nonempty, then so is G’s set of bad
primes.

It was also mentioned in the introduction that the present work unites and generalizes several previously
known results: Reiner’s theorem [1992] that the invariant rings of A, and the diagonally embedded
S, — S, x S, are Cohen—Macaulay over all fields; Hersh’s similar theorem [2003a; 2003b] for the wreath
product S S, C S2,, and Kemper’s theorems [1999] that in the p-group case, the “only if” direction of
Theorem 1.2 holds, and that the invariant ring of a regular permutation group G is Cohen—-Macaulay over
all fields if and only if G = C», C3, or C, x C», and in all other cases, every prime dividing |G| is a bad
prime for G. Most of these results are immediate implications of the “if”” direction of Theorem 1.2:

e The group A, is generated by 3-cycles.

o The diagonal S,, — S, x S, is generated by the double transpositions (i, i + 1)(i +n,i +n+ 1) for
i=1,...,n—1.

 The wreath product S,: S, is generated by the transpositions (2i — 1, 2i) and the double transpositions
2i —1,2i+1)(2i,2i +2) fori=1,...,n—1.

 The regular representations of C,, C3, and C, x C, are generated by (in fact, their only nontrivial

elements are) transpositions, 3-cycles, and double transpositions, respectively.

Recovering the other half of Kemper’s result on regular permutation groups (that every prime dividing
|G| is bad for G) from the present work requires the constructive version of the “only if” direction given
in Proposition 4.2b. Recall that if G acts regularly, i.e., freely and transitively, on [n], then this action is
isomorphic to G’s left-translation action on its own elements. Then we have |G| = n, and every element
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g of G splits [n] into orbits of equal length the order of g, because these orbits are in bijection with the
right cosets (g)h, h € G.

If G acts regularly and |G| =n > 5, then G does not contain any transpositions, double transpositions,
or 3-cycles, so N is trivial. If p is any prime dividing |G|, then G has an element g of order p, which,
by the discussion in the last paragraph, partitions [#] into orbits of equal length p. This partition cannot
be refined by any nontrivial partition with parts of equal length since p is prime; thus no element of
G\ N = G\ {1} can have orbits refining g’s. It follows from Proposition 4.2b that p is a bad prime for G.

The remaining case is n =4 and G = Cy4. In this case, G is a 2-group not generated by its lone double
transposition, so it follows from Theorem 1.2 that 2 is a bad prime for G.

5B. Groups generated by transpositions, double transpositions, and 3-cycles. Theorem 1.2 calls atten-
tion to the family of permutation groups generated by transpositions, double transpositions, and 3-cycles.
One may wonder how extensive is this family of groups. It turns out to be very limited. One can extract a
classification from Lange and Mikhaiflova’s classification of all rotation-reflection groups [2016], but this
is more power than is needed. In the case that G is transitive, such groups were already classified in 1979
by W. Cary Huffman [1980, Theorem 2.1]:

(1) If G’s transpositions generate a transitive subgroup, then G = §,,.

(2) If G contains a transposition but the transpositions do not act transitively, then n = 2m is even and
G is isomorphic to the wreath product S, .S,,.

(3) If G does not contain a transposition but does contain a three-cycle, then G = A,,.

(4) Otherwise, G contains no transpositions or 3-cycles and is generated by double transpositions. Then
we have:

(a) If G contains a subgroup acting transitively on 5 points and fixing the rest, then either n = 5
and G = Ds in its usual action on the vertices of a regular pentagon, or else n = 6 and
G = A5 = PSL(2, 5) in its transitive action on 6 points, e.g., the six points of the projective line
over [Fs.

(b) If G contains a subgroup acting transitively on 7 points and fixing the rest, then either n =7
and G = GL(3,2) acting on the nonzero vectors of I3, or else n = 8 and G = AGL(3,2) =
[Fg x GL(3, 2) acting on the points of A[Ez.

(c) If G does not contain either of these kinds of subgroups, then n =2m is even, and G is isomorphic
to the alternating subgroup of the wreath product S;2:.S,,.

When one considers intransitive groups G, one does not end up too far beyond direct products of the
above, since transpositions and 3-cycles can only act in a single orbit, while double transpositions can
only act in two orbits, as a transposition in each. For example, if G has two orbits, the classification
begins as follows. If G is not a direct product of the above, it contains a double transposition that acts
as a transposition in each orbit. Then its image in each orbit contains a transposition, so is either S,, or
S5 S, by the above. The possibilities are then highly constrained by Goursat’s lemma.
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Thus Theorem 1.2 shows that most permutation groups G have at least one bad prime.

5C. Further questions. Since Theorem 1.2 implies that the set of bad primes of G is contained in the
set of prime factors of [G : N] and is nonempty exactly when the latter is nonempty, one might hope that
these two sets are always equal. This is not the case. For example, let G C S7 be the Frobenius group of
order 21 generated by

(1234567), (124)(365).

All the nontrivial elements in this group are 7-cycles or double 3-cycles. Thus N is trivial in this case,
and the candidate bad primes are 3 and 7.

Now m ={1,2,4}U {3, 5, 6} U {7} is a minimal partition as in Lemma 4.5, and thus the corresponding
g = (124)(365) generates an inertia group of order 3 for the action of G/N = G on k[x]" = k[x]. Then
Proposition 4.2b shows that if k& has characteristic 3, k[x]€ fails to be Cohen—Macaulay; i.e., 3 is a bad
prime for this G.

On the other hand, 7 is not a bad prime for this G. This can be seen using the criterion given by
Kemper [2001, Theorem 3.3], since 7 divides |G| just once. Thus, a prime can divide [G : N] without
being bad. (By a computer calculation, no example of this phenomenon occurs below degree 7.)

At the other extreme, one might hope that the bad primes of G are only those which are furnished
by Proposition 4.2b. This is not true either. Take G = D7, the dihedral group of order 14 acting on the
vertices of a heptagon, which is also a Frobenius group. Now, all the nontrivial elements are 7-cycles
and triple transpositions, so again, N is trivial, and the candidate bad primes are 2 and 7. This time, they
both really are bad primes. One can see this using Kemper’s criterion [2001, Theorem 3.3]. For 2 it
also follows from Proposition 4.2b, but for 7 it does not, since the 7-cycles have orbits that are properly
refined by the triple transpositions.

Thus it remains to be determined, for a given G, exactly which primes are bad. Theorem 1.2 gives us a
finite list of candidate bad primes (those dividing [G : N]), and, if this list is nonempty, Proposition 4.2b
gives us some specific primes that are definitely bad. Among the remaining candidate bad primes, if
any divide |G| only once, [Kemper 2001, Theorem 3.3] can be used to determine if they are actually
bad. What remains to be determined is whether p is a bad prime if p?| |G| and p is not associated to a
g € G\ N with minimal orbits as in Proposition 4.2b.

Question 5.1. How can Cohen—Macaulayness of k[x]C be assessed when [Kemper 2001, Theorem 3.3]
and the present work are both inapplicable, i.e., when p |[G : N] and p?| |G|, but p does not come from
aminimal g € G\ N as in Proposition 4.2b?

Another line of inquiry that flows from the present work has to do with the relationship between the
arguments in the “if” and “only if”’ directions. The proof of the “if”” direction is a mildly revised version
of an argument given by the first author in his doctoral thesis [Blum-Smith 2017]. In that same work, he
also proved the “only if” direction for k[ A /G] (see Section 2B for notation), but not for k[x]°. There,
the “only if” argument was framed in the same topological language as the “if”” argument, which is why
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it applied to k[A /G] (taking advantage of Stanley—Reisner theory) but not k[x]¢. The second author
suggested to transfer the “only if”” argument from topological into commutative-algebraic language, and
much of the present paper sprang from this suggestion.

This transfer was accomplished piecemeal, with an individual search for each commutative-algebraic
fact needed to replace each topological fact. For example, Raynaud’s theorem (Lemma 2.14) replaced an
elementary principle about the relationship between point stabilizers and the local structure in a topological
quotient. The well-behavedness of inertia groups with respect to normal subgroups (Lemma 2.10) replaced
an elementary fact about group actions on a set. The observation that inertia p-groups obstruct Cohen—
Macaulayness if they are not generated by 2-reflections (Lemma 3.7), based on [Lorenz and Pathak 2001,
Corollary 4.3], replaced an argument about the homology of links in the quotient of a simplicial complex.

Nonetheless, the authors had the conviction throughout that an overarching principle was at play. It
may be fruitful to seek a more comprehensive understanding of the relationship between the topology
and the algebra. Stanley—Reisner theory gives a partial answer to this question, but it does not appear to
account for the “only if” direction of Theorem 1.2, so a fuller picture is desirable.

Here are two more focused questions that approach this inquiry from various directions:

Question 5.2. Is there a purely algebraic proof of Theorem 1.2, making no use of Stanley—Reisner theory
or Lange’s result on PL manifolds?

Question 5.3. For a fixed p = chark as in Question 5.1, can k[x]° be Cohen—-Macaulay without k[A / G]
being Cohen—Macaulay?
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