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On the relative Galois module structure
of rings of integers in tame extensions

Adebisi Agboola and Leon R. McCulloh

Let F be a number field with ring of integers O and let G be a finite group. We describe an approach to
the study of the set of realisable classes in the locally free class group CI(OrG) of O G that involves
applying the work of McCulloh in the context of relative algebraic K theory. For a large class of soluble
groups G, including all groups of odd order, we show (subject to certain mild conditions) that the set
of realisable classes is a subgroup of C1(OrG). This may be viewed as being a partial analogue in the
setting of Galois module theory of a classical theorem of Shafarevich on the inverse Galois problem for

soluble groups.
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Introduction

Suppose that F is a number field with ring of integers O, and let G be a finite group. If F;;/F is any
tame Galois G-algebra extension of F, then a classical theorem of E. Noether implies that the ring of
integers O, of Fy is a locally free OfG-module, and so determines a class (O ) in the locally free class
group CI(OrG) of OrG. Hence, if we write H!(F, G) for the pointed set of isomorphism classes of
tame G-extensions of F, then we obtain a map of pointed sets

v Htl(F, G) - CI(OfrG), [7m]r (Oyg).

Even when G is abelian, so that Htl(F , G) is actually a group, this map is almost never a group
homomorphism. We say that an element ¢ € C1(O¢G) is realisable if ¢ = (O ) for some tame Galois
G-algebra extension F; /F, and we write R(OrG) for the collection of realisable classes in CI(OrG).
These classes are natural objects of study, and they have arisen in a number of different contexts in Galois
module theory. The problem of describing R(OrG) for a given G may be viewed as being a loose
analogue of the inverse Galois problem in the setting of arithmetic Galois module theory.

When G is abelian, McCulloh [1987] has given a complete description of R(OrG) by showing that it
is equal to the kernel of a certain Stickelberger homomorphism on CI1(O¢G). In particular, he has shown
that R(OrG) is in fact a group. In subsequent unpublished work McCulloh [2011; 2012] showed that, for
arbitrary G, the set R(OrG) is always contained in the kernel of this Stickelberger homomorphism, and
he raised the question of whether or not R(OrG) is in fact always equal to this kernel. This question has
inspired research by a number of authors, and we refer the reader to, e.g., [Byott and Sodaigui 2005; Byott
et al. 2006; Farhat and Sodaigui 2015] and to the bibliographies of these papers for further information
concerning previous work on this problem.

In this paper we shall describe a new approach to studying this topic that involves combining the
methods introduced by McCulloh [1987; 2011] with techniques involving relative algebraic K -theory and
categorical twisted forms introduced by D. Burns and Agboola [2006]. This enables us to both clarify
certain aspects of the theory of realisable classes and to establish new results. Although our perspective
is somewhat different, it should be stressed that many of the main ideas that we use are in fact already
present in some form in [McCulloh 1987; 2011].

Let us now describe the contents of this paper in more detail. In Section 2 we recall some basic
facts concerning principal homogeneous spaces, Galois algebras and resolvends; these play a key role in
everything that follows. Next, we assemble a number of technical results explaining how resolvends may
be used to compute discriminants of rings of integers in Galois G-extensions. We also discuss how certain
Galois cohomology groups may be expressed in terms of resolvends in a manner that is very useful for
calculations in class groups and K-groups. In Section 4 we explain how determinants of resolvends may
be represented in terms of certain character maps, and we recall an approximation theorem of A. Siviero
(which is in turn a variant of [McCulloh 1987, Theorem 2.14]).
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We begin Section 5 by outlining the results we need about twisted forms and relative algebraic K -
groups from [Agboola and Burns 2006]. Each tame G-extension F;/F of F has an associated resolvend
isomorphism

rg:F,Qr FC¢ >~ F°G

of F°G-modules, and this may be used to construct a categorical twisted form which is represented by an
element [0, OrG; rg] in a certain relative algebraic K-group Ko(OrG, F€). The group Ko(OrG, F°)
admits a natural surjection onto the locally free class group C1(OrG), sending [0, OrG; rg] to (Oy),
and so there is a map of pointed sets

W :HYF,G) = Ko(OrG, FY), [n]+> [Ox, OrG;rq]

which is a refinement (more precisely, a lifting) of the map i above.

Crucial to our approach is the fact that each of the constructions that we have just described admits a
local variant. Let v be any place of F, and write H!(F,, G) for the pointed set of isomorphism classes of
tame G-extensions of F),. Then there is a localisation homomorphism

Ay : Ko(OrG, F) — Ko(Op,G, Fy)
as well as a map of pointed sets
¥, : H'(Fy, G) = Ko(OF,G, F}),  [m]+> [Ox,, OF,G; rg]l.

The following result reflects the fact that [O,, OrG; rg] is a much finer structure invariant than (O )

(see Proposition 13.1 below):
Proposition A. The kernel of WV is finite.

Let G’ denote the derived subgroup of G. We may identify H'(F, G’) with a subset of H'(F, G) via
the exact sequence 0 — G’ — G — G® — 0. Proposition A is proved by showing that Ker(¥) is a
subset of the pointed set Hf]m(F , G') of isomorphism classes of G’-Galois F-algebras that are unramified
at all finite places of F; this last set is finite because there are only finitely many unramified extensions of
F of bounded degree. If G is abelian, the map W is injective (see Proposition 14.3). In many cases one
can show that Ker(¥) = HfLr(F , G'), but we do not know whether this equality always holds.

Write K R(OrG) for the image of W, i.e., for the collection of realisable classes of Ko(OrG, F€).
The central conjecture of this paper gives a precise description of K’ R(OrG) in terms of a local-global
principle for the relative algebraic K-group Ko(OrG, F€). This may be described as follows.

For each place v of F, let H).(F,, G) denote the subset H!(F,, G) consisting of isomorphism classes
of unramified G-extensions of F,,. We define a pointed set of ideles J (Htl(F , G)) of H,l(F ,G) to
be the restricted direct product over all places v of the sets H,I(FU, G) with respect to the subsets
HI}r(Fv, G) (see Definition 6.2). The natural maps Htl(F, G) —> Ht1 (Fy, G) for each v induce a map
HYF,G) — J(H!(F,G)). We also define a group of ideles J(Ko(OrG, F¢)) of Ko(OrG, F°) to
be the restricted direct product over all places of F of the groups Ko(OF,G, Fy) with respect to the



1826 Adebisi Agboola and Leon R. McCulloh

subgroups Ko(OF,G, OF¢) (see Definition 5.8). We show that the maps A, above induce an injective
localisation map
L:Ko(OFG, F°) — J(Ko(OFG, F9))

(see Proposition 5.9), and that the maps W, induce an idelic version
W' J(H!(F.G)) > J(Ko(OFG, F°))

of the map W (see Definition 6.2). We conjecture that KR(OfrG) has the following description (see
Conjecture 6.5 below):

Conjecture B. KR(OrG) = A~ (Im(¥'%)).

In other words, our conjecture predicts that an element x lies in the image of W if and only if A, (x)
lies in the image of W, for every place v of F. We remark that it follows directly from the definitions that

KR(OpG) C A~ dm(¥'Yy).

We point out that, in contrast to R(OrG), it is not difficult to show that if G is nontrivial, then
KR(OFG) is never a subgroup of Ko(OrG, F°) (cf. [Agboola and Burns 1998, Remark 2.10(iii); 2006,
Remarks 6.13(i)].) Nevertheless, by applying the methods of [McCulloh 1987; 2011] in the present
context, we show that Conjecture B implies both an affirmative answer to McCulloh’s question concerning
R(OrG) as well as a positive solution to the inverse Galois problem for G over F (see Theorems 6.6,
6.7 and 13.6 below):

Theorem C. If Conjecture B holds, then R(OrG) is a subgroup of Cl{OrG). Furthermore, if ¢ €
R(OFrG), then there exist infinitely many [r] € Htl(F, G) such that Fy is a field and (Oy) = c. The
extensions F, /F may be chosen to have ramification disjoint from any finite set S of places of F. In

particular, the inverse Galois problem for G admits a positive solution over F.

In order to orient the reader, we shall now briefly indicate the main ideas involved in the proof of
Theorem C.
We begin by observing that the long exact sequence of relative algebraic K-theory yields a sequence

K1 (FG) -2 Ko(OrG, FO) -2 Cl(OrG) — 0.

Hence, in order to show that R(OrG) = Im(y) is a subgroup of CI(OfrG), it suffices to show that
(K (F¢G)) -Im(¥) is a subgroup of Ko(OrG, F€).
To do this, we first show that it suffices to prove that

(@' (K1 (FCG))) - Tm(¥'?)

is a subgroup of J(Ko(OrG, F)). Once this is done, it is not hard to show that 3! (K| (F¢G)) - Im(¥)
is equal to the kernel of the homomorphism

J(Ko(OFG, F°))
A[D1 (K (FG))]- Im(Wid)’

Ko(OrG, F¢) 2> J(Ko(OFG, F°)) —
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and so is indeed a subgroup of Ko(OrG, F¢) (see Theorem 6.7 below). The crux of the proof of the
first part of Theorem C therefore consists of showing that LYK (FCG))) - Im(¥19) is a subgroup of
Ko(OFG, F°).

This is accomplished as follows. Write G(—1) for the group G (viewed as a set) endowed with an
action of Qp via the inverse cyclotomic character. Although in general this is only an action on G as
a set (rather than via automorphisms of G), the induced action on conjugacy classes of G does induce
an action on the centre Z(F°[G]) of the group ring F°G. We write Z(F°[G(—1)]) to denote Z(F°[G])
endowed with this action. We set

A(FG) = Z(F[G(-D)]®r,

and we write A(OrG) for the (unique) O p-maximal order in A(F G). For each place v of F, we define
A(F,G) and A(OFf,G) in an analogous manner. We write J (A (F G)) for the restricted direct product
over all places of F of the groups A(F,G)* with respect to the subgroups A(Of,G)™.

Let Irr(G) denote the set of irreducible characters of G. Motivated by an analysis of normal integral
basis generators of tame local extensions, we define a Stickelberger pairing

(—, =g : Ir(G) x G — Q.

(Loosely speaking, this may be viewed as being a monodromy-type pairing that encodes ramification data
associated to tame extensions of local fields in a uniform manner (cf. Definition 10.6 below).) We then
use this pairing to construct a K -theoretic transpose Stickelberger homomorphism

K®': J(A(FG)) — J(Ko(OfrG, F°)).

The homomorphism K ®' is closely related to the map Wd in the following way. We show that even
though the map W, is just a map of pointed sets, the image W,(H! (F,, G)) of the restriction of ¥,
to H1(F,, G) is in fact a subgroup of Ko(OF,G, F°) for each v. Using an approximation theorem for
J(A(FG)), we show further that, for a suitable choice of auxiliary ideal a of Of, the homomorphism
K ©' may be used to construct a homomorphism

J(Ko(OrG, F9))

t . /+
0 Cla (MOFG) = SR (FeG)I - TT, Yo Hy (Fy, G

where ClélJr (A(OFG@G)) is a certain finite quotient of J(A(FG)). We prove that
Im(®!) = Im(Wid),

where Wid denotes the composition of W4 with the obvious quotient map

J(Ko(OFG, F))

J(Ko(OFrG, F%)) — A0V (K1 (FCG))]- Hv \IJU(Hnlr(Fu, G))

We then show that this in turn implies that

LYK (FCG))) - Im(KO') = A0 (K1 (FG))) - Im(¥'Y). (0-1)
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In particular, this proves that the right-hand side of (0-1) is a subgroup of J(Ko(OrG, F¢)), as claimed.
This completes our outline of the proof of the first part of Theorem C.

The strategy of the proof of the second part of Theorem C may be very roughly described as follows.
Suppose that x € A~ (Im(¥9)). By using the map K @' together with a suitable approximation theorem on
J(Ko(OFG, F€)), we show that there are infinitely many y € A~ (Im(W%)) such that (i) 8°(y) = 8°(x),
and (ii) each y corresponds via Conjecture B to an element [7,] € H,l(F , G) which is ramified (away
from §) in such a way that 7, € Hom(Q2r, G) is forced to be surjective. This in turn implies that Fr,
is a field (rather than just a Galois algebra), and so the inverse Galois problem for G admits a positive
solution over F.

Let us now turn to our results concerning the validity of Conjecture B.

When G is abelian, we obtain the following refinement of [McCulloh 1987, Theorem 6.7] (see
Theorem 14.2 below):

Theorem D. Conjecture B is true if G is abelian.

By combining our methods with work of Neukirch, we are able to establish a variant of Conjecture B
for a large class of soluble groups, including all groups of odd order (see Theorems 16.4 and 16.5
below). We thereby obtain the following result, which may be viewed as being a partial analogue of a
classical theorem of Shafarevich [1954] on the inverse Galois problem for soluble groups in the context
of arithmetic Galois module theory. (See Theorem 16.7 of the main text.)

Theorem E. Suppose that G is of odd order and that (|G|, hr) = 1, where h denotes the class number
of F. Suppose also that F contains no nontrivial |G|-th roots of unity. Then R(OrG) is a subgroup of
Cl(OfrG). If c € R(OfrG), then there exist infinitely many 7] € H,I(F, G) such that Fy is a field and
(Oy) =c. The extensions Fy /| F may be chosen to have ramification disjoint from any finite set S of places
of F.

While it is perhaps conceivable that it might be possible to remove the hypothesis (|G|, i) = 1 of
Theorem E using methods similar to those of the present paper (although we do not as yet know how to do
this), the same probably cannot be said of the condition concerning the number of roots of unity in F. This
latter hypothesis is forced upon us because our proof makes crucial use of a lifting theorem of Neukirch
(see Section 15) where such hypotheses are unavoidable (cf. the last paragraph of the introduction of
[Neukirch 1979]). It would be interesting to determine whether or not the methods of [Shafarevich 1954]
can be used to prove a result similar to Theorem E for all soluble groups.

The results and techniques introduced in this paper suggest a number of different avenues of further
investigation. For example, our methods may also be applied in the context of the relative Galois module
structure of the square root of the inverse different as studied by C. Tsang [2016; 2017], and it seems
reasonable to expect that an analogue of Theorem E holds in this setting. Applying the methods of
[Agboola 2012] to the study of counting and equidistribution problems involving cohomological classes
in relative algebraic K-groups should lead to new results concerning similar problems for number fields,
generalising certain aspects of e.g., [Wright 1989; Malle 2002]. Our techniques may also be applied in
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the setting of global function fields [Agboola and Burns 2001; 2006], and it would be of interest to further
investigate the connection between the approach adopted here and that taken in e.g., [Chinburg 1994] (cf.,
for example, [Agboola and Burns 2006, §4]).

Here is an outline of the rest of this paper. In Section 7, we explain a hitherto unpublished result
of McCulloh that describes how resolvends of normal integral bases of tamely ramified extensions of
nonarchimedean local fields admit certain Stickelberger factorisations (see Definition 7.12); this is a
nonabelian analogue of a version of Stickelberger’s factorisation of abelian Gauss sums. A somewhat
analogous (but much simpler) framework over R is described in Section 8.

In Section 9, we recall the definition and properties of the Stickelberger pairing. We also give a
new character-theoretic description of this pairing (see Proposition 9.2) as well as an application of this
description (see Corollary 9.4).

We construct a K -theoretic version of the transpose Stickelberger homomorphism in Section 10, and
we also briefly describe an alternative approach to defining the Stickelberger pairing and establishing its
basic properties. In Section 11 we construct transpose Stickelberger homomorphisms ©/, on modified
narrow ray class groups le(A(O rG)). These are used in Section 12 to prove Theorem 6.6, thereby
completing the proof of the first part of Theorem C.

In Section 13 we prove Proposition A, and we explain how a weaker form of Conjecture B implies that
every realisable class in C1(OfG) may be realised (in infinitely many ways) by rings of integers of tame
field (and not merely Galois algebra) G-extensions of F. This proves the second part of Theorem C.

We give a proof of Theorem D in Section 14. In Section 15, we describe work of Neukirch on the
solution to an embedding problem that is required for the proof of Theorem E. This proof is completed in
Section 16 via showing that a suitable variant of Conjecture B holds for a large class of soluble groups
(see Definition 16.1 and Theorems 16.3 and 16.4).

1. Notation and conventions

For any field L, we write L€ for an algebraic closure of L, and we set
Qp :=Gal(L°/L).

If L is a number field or a nonarchimedean local field (by which we shall always mean a finite extension
of Q,, for some prime p), then Oy denotes the ring of integers of L. If L is an archimedean local field,
then we adopt the usual convention of setting Oy = L.

Throughout this paper, F will denote a number field. For each place v of F, we fix an embedding
F¢ — F{, and we view QF, as being a subgroup of Q2 via this choice of embedding. We write I, for
the inertia subgroup of 2, when v is finite.

The symbol G will always denote a finite group upon which Q2 acts trivially. If H is any finite group,
we write Irr(H) for the set of irreducible F“-valued characters of H and Ry for the corresponding ring
of virtual characters. We write 15 (or simply 1 if there is no danger of confusion) for the trivial character
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in Ry. If h € H, then we write c(h) for the conjugacy class of 4 in H and C(H) for the set of conjugacy
classes of H. We denote the derived subgroup of H by H'.

If L is a number field or a local field, and I" is any group upon which €2; acts continuously, we identify
["-torsors over L (as well as their associated algebras, which are Hopf—Galois extensions associated
to Ar := (L°T")%) with elements of the set Z!'(Q;, I") of I'-valued continuous 1-cocycles of Q; (see
[Serre 1997, 1.5.2] and Section 2 below). If 7 € Z!(Q., I'), then we write L, /L for the corresponding
Hopf-Galois extension of L, and O, for the integral closure of Oy in L,. (Thus O, = L, if L is an
archimedean local field.) Each such L is a principal homogeneous space (p.h.s.) of the Hopf algebra
Mapg, (T, L¢) of 2, -equivariant maps from I' to L. It may be shown that if 7y, 7, € zZY QL D),
then L, =~ L., if and only if 7; and m, differ by a coboundary. The set of isomorphism classes of
I'-torsors over L may be identified with the pointed cohomology set H!(L,T") := H'(Q;, I"). We write
[7] e H'(L,T) for the class of L, in H'(L,T"). If L is a number field or a nonarchimedean local field
we write Htl(L, I") for the subset of H'(L, ") consisting of those [] € H' (L, T) for which L,/L is at
most tamely ramified. If L is an archimedean local field, we set H,1 (L,G)=H (L, G). We denote the
subset of H,1 (L, T) consisting of those [7] € H,1 (L, T) for which L, /L is unramified at all (including
infinite) places of L by Hnlr(L, I'). (So, with this convention, if L is an archimedean local field, we have
Hnlr(L, I') =0.) If L is a number field, we write Hf;r(F, I') for the subset of Htl(F, ') consisting of
those [] € Hll(F , ') for which L, /L is unramified at all finite places of L.

If A is any algebra, we write Z(A) for the centre of A. If A is semisimple, we write

nrd: A — Z(A)*, nrd: K{(A) = Z(A)*

for the reduced norm maps on A* and K (A) respectively [Frohlich 1983, Chapter II, §1]. If A is an
R-algebra for some ring R, and R — R; is an extension of R, we write Ag, := A ®r R; to denote
extension of scalars from R to R;.

If S; and S, are sets, we sometimes use the notation .S; N S> to denote a surjective map from S; to 5.

2. Principal homogeneous spaces and resolvends

In this section we shall describe some basic facts concerning principal homogeneous spaces and resolvends.
Throughout this section, the symbol L denotes either a number field or a local field.

Principal homogeneous spaces. [McCulloh 1987, §1; Byott 1998, §1]. Let I" be any finite group upon
which Q; acts continuously on the left, and write Z 1(Q, ) for the set of I'-valued continuous ;.
I-cocycles. If m € Z 1(Qp, ), then we write "I for the set I' endowed with the following modified action
of Qp: if

r—-7"r, y—y

is the identity map on the underlying sets, then

vy =n(w)- y®
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for each y € I and w € Q2. The group I" acts on *I" via right multiplication.
We define an associated L-algebra L, by

Ly :=Mapg, (T, L°);
this is the algebra of L¢-valued functions on " I" that are fixed under the action of €2;. The Hopf algebra
A= AL = (LT

acts on L, via the rule

(@ a)y) =) ag-aly-g)

gel

forally eTanda =}, r
short) of the Hopf algebra

ag - g € A. The algebra L is a principal homogeneous space (p.h.s. for

B :=Mapg, (T, L°). 2-1)

It may be shown that every p.h.s. of B is isomorphic to an algebra of the form L, for some , and so
every such p.h.s. may be viewed as being a subset of the L¢-algebra Map(I", L¢). It is easy to check that

L, ® L =LT -4r,

where {1 € Map(T", L) is defined by

1 ify=1,
friy)= {0 otherwise.
This implies that L, is a free, rank one A-module.
The Wedderburn decomposition of L, may be described as follows. For any y € *I", write Stab(y)
for the stabiliser of ¥ in 2, and set
L(7) = (L),
Then

L.~ [] L&),

Q\*T

where Q7 \"I" denotes the set of 2 -orbits of 7", and the product is taken over a set of orbit representatives.
In general, the field L(¥) is not normal over L. However, if ; acts trivially on T, then Z'(Q;,T") =
Hom(2;, I'), and for each ¥ €™ I', we have

L(7) = (L) = L7, (2-2)
with Gal(L™ /L) ~ 7 (£2L). In this case, we have that

L, ~ ]_[ L”, (2-3)

I/m(S2L)

and this isomorphism depends only upon the choice of a transversal of 7 (€2) in I".
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Remark 2.1. For most of this paper we shall only need to consider the case in which €2 acts trivially
on I'; in this situation A = LT", and L, is a I'-Galois L-algebra. A notable exception to this will occur in
Section 7, when we take L to be a nonarchimedean local field, and we construct a canonical subextension
of a tame extension L, /L (see Definitions 7.4 and 7.6). This canonical subextension is complementary
to the maximal unramified subextension of L, /L, and is not usually a Galois algebra extension of L. It
is however, a p.h.s. of a Hopf algebra of the form (2-1) associated to a certain group I" equipped (as a set)
with a nontrivial ; -action.

Resolvends. [McCulloh 1987, §1; Byott 1998, §2]. Since every p.h.s. of B may be viewed as being a
subset of Map(I", L¢), it is natural to consider the Fourier transforms of elements of Map(I", L¢). These

arise via the resolvend map

rr:Map(T', L) — LT, a+> Za(s)s_l.
sel’
The map rr is an isomorphism of left L“T"-modules, but not of algebras, because it does not preserve
multiplication. It is easy to show that for any a € Map(I', L¢), we have that a € L, if and only if
rr(a)® =rr(a)- m(w) for all w € Q2. It may also be shown that an element a € L, generates L, as an A-
module if and only if rr(a) € (L°T")*. Two elements a;, a, € Map(I", L¢) with rp(a;), rr(az) € (LT)*
generate the same p.h.s. as an A-module if and only if rr(a;) = b - rr(ay) for some b € A*. If a is any
generator of L, as an A-module, then a I'-valued 2 1-cocycle that represents the class [ ] of 7 in the
pointed cohomology set H'(L, T") is given by

o> rr(a)” ! orra)?.
We define pointed sets (where in each case the distinguished element is afforded by 1 € A7 = (L°T")*)
H(A) :={x € AJ. o a? el Voe Q) and H(A) = HA)/T ={a-T:ae H(A)},

and we write rr(a) € H(A) for the image in H(A) of rr(a) € H(A). The element rr(a) is referred to
as the reduced resolvend of a. If 2 is any O -order in A, then we define H(2() and H(2() in a similar
manner. Hence we have

HE) =Ap,, NH(A) and HER)=H®)/T.
Write L' for the maximal, tamely ramified extension of L. We set
HA) ={aecHA):a”=a,Vo € Qn:} and H,(A):=H;(A)/T ={a-T:aec H(A)},

and we define H,(2() and H,(2() analogously for any O -order 2 in A.

We shall now give a characterisation of the set H(A) that avoids any explicit mention of Galois action.
This is a nonabelian version of a description of H(A) in terms of primitive elements of quotients of
groups of units in Hopf algebras in the abelian case [Agboola and Burns 2006, Theorem 6.4].
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In order to do this, we first note that there are 2; -equivariant homomorphisms of algebras
Ayir, it Ape — Ape ®@pe Afe
induced by the maps
Aly)=yQ®y, ualy)=y®l iy)=1Qy

fory el.
We define a map of pointed sets

PrAY = (A ®re Are)*, x> AWX)-[i1(x) - i2(x)]7".
It is easy to verify that
Px1-x2) = Ax1) - Px) - [i1 (xr) - in(x)] 7

As P(y) =1 for each y €T, it follows that P induces a map of pointed sets (which we denote by the
same symbol)
‘:P . Azc/ I' —> (ALL' ®L" ALL‘)X.

Theorem 2.2. Let x € AZC. Then x € H(A) if and only if P(x) € (AQr A)*.
Proof. Suppose that x € H(A). Then if w € Q, we have
x“’ =X Yo
for some y,, € I'. Hence
[A@) 1 (0)i2(0)) 1 = AX) (Vo ® V)11 () (Vo ® Di2(0) (1 @ ¥0)] ™

= A Vo ® Vo)1 ® ¥0) i) ™ (e @ D)7 in(x) ™!
= A Vo ® Vo)1 ®¥0) ™ (o ® D7 in(x) iy (x) ™!
= A@)[i1 ()i ()]

This shows that
P(x) € [(Ape @pe Are) 1 = (A® A)*.

Suppose conversely that P(x) € (A ® A)*, and that x* = x - u,, for each w € Q. We wish to show
that u,, € I'. As the maps A, i1, and i, are 27 -equivariant, we have that

AX)? =AX) - Auy), 1107 =i1(x) i1(Ue), 2(x)*=i2(x) i2(Uw),
and a straightforward computation shows that
Px)? = A(x) - Pluy) - [i1(x) - iz (x)] ™.
As P(x) = P(x)®, this implies that P(u,,) = 1, i.e., that

Auw) =11 () - 12(Uy).
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It now follows that u,, € I' via an argument identical to that given in [Agboola and Burns 2006, Theo-
rem 6.4]. O

Let F be a number field. Our next result shows that the pointed set H (Ar) of resolvends satisfies a

Hasse principle.

Proposition 2.3. Let F be a number field, and suppose that x € (F°T')*. Then x € H(AF) if and only if
loc,(x) € H(AF,) for every finite place v of F.

Proof. We first observe that the map P commutes with localisation, i.e., for each finite place v of F,

we have

loc, (P(x)) = P(locy,(x)) (2-4)
for all x € (F°T")*. Hence we have

x€ HAfR) <= P(x) e (AF ®r Ap)”* (from Theorem 2.2)
< loc,(P(x)) € (A, ®F, Ar,)* for each finite v
< P(locy(x)) € (Af, ®F, Ap,)™ for each finite v (from (2-4))
< loc,(x) € H(AF,) for each finite v (from Theorem 2.2). [

Remark 2.4. It is also possible to give a proof of Proposition 2.3 directly from the definition of H(AF).
The standard such proof that was known to the authors is valid only for abelian groups I'; we are grateful
to an anonymous referee for explaining how this proof may be modified so as to hold for arbitrary finite
groups.

Suppose that x € A7, is such that, for each finite place v of F, we have loc,(x) € H(AF,). We wish
to show that x € H(AF).

Let E/F be any finite Galois extension such that Qg fixes x. Then the action of Q2 on x factors
through the action of the finite group D := Gal(E/F). Hence, to prove the desired result, it suffices to
show that for any 8 € D, we have x® = x - y5, with y5 € .

Let Gr denote the subgroup of Qr generated by the subgroups €2f, as v runs over the finite places
of F. As each element of Q2F is conjugate to an element of Qf, for some v, it follows via the Chebotarev
density theorem that the image G of Gr in D has nontrivial intersection with every conjugacy class
of D. A lemma of Jordan now implies that G must be equal to the whole of D [Serre 2003, p. 435,
Theorem 4°]. The result we seek now follows at once.

3. Resolvends and cohomology

Recall that F' is a number field and G is a finite group upon which Qr acts trivially. In this section, we
explain, following [McCulloh 1987, §2], how resolvends may be used to compute discriminants of rings
of integers of G-Galois extensions of F, and to describe certain Galois cohomology groups.
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For each [n] € H'(F, G), the standard trace map
Tr: Map(G, F°) — F¢
induces a trace map
Tr: F;, > F

via restriction. This in turn yields an associated, nondegenerate bilinear form (a, b) — Tr(ab) on F,. If
M is any full Op-lattice in Fy, then we set

M*:={be F, |Tr(b- M) C Or} and disc(O,/OF):=[0} : Ozlo,.

where the symbol [— : —]¢, denotes the Or-module index. We see from the isomorphism (2-3) that
we have

disc(Oy/OF) = disc(Opr | O p)IETEN],
where disc(Opr / OF) denotes the usual discriminant of the number field F™ over F, and so it follows that
disc(O,/OF) = Of
if and only if F/F is unramified at all finite places of F.
Definition 3.1. We write [—1] for the maps induced on Map(G, F¢) and F¢G by the map g+ ¢~ on G.

Lemma 3.2. Suppose that a, b € F,, for some [w] € H'(F, G). Then

rg(a) -rg(b)1 = ZTr(afb) sl e FG.
seG

Proof. This may be verified via a straightforward calculation (see, e.g., [McCulloh 1983, (1.6)], and note
that the calculation given there is valid for an arbitrary finite group G). U

Corollary 3.3. Suppose that F,, = FG - a. Then we have:

() r¢(@) ' =rc®)=Y, where b € Fy satisfies Tr(a*b") = 8 ;.

(i) (OrG -a)* = OpG -b.
(iii) [(OFrG -a)*: OpG -alo, =[0FG : OFG -rg(a) - rg(@)™p,.
(iv) rg(a) € (Op<G)* ifand only if O = OpG - a and disc(O, /OF) = Op.

Analogous results hold if F is replaced by F, for any finite place v of F.

Proof. Exactly as in [McCulloh 1987, 2.10 and 2.11]. (|
Lemma 3.4. Suppose that L is either a number field or a local field. Then

(i) H'(L, (L°G)*) =1,

(i) HY(L, Z(L°G)*) = 1.
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Proof. For each x € Irr(G), write d(x ) for the degree of x, and My, (L) for the algebra of d(x) x d(x)-
matrices over L¢. Then the Wedderburn isomorphism of algebras

LG~ @ May (L)
x €lrr(G)

yields isomorphisms of groups

(LG~ P GLup(LY). ZULG*~ P @)™

x €lrr(G) x €lrr(G)

Let x1, ..., xm € Irr(G) be a set of representatives of 27\ Irr(G). Write Stab(;) for the stabiliser of yx;
in 7, and set L[x;] := (L)X There are isomorphisms of §2; -modules

(L9)*.

m m
(L°G)" = @ Indgf[m (GLa(x) (L)),  Z(L°G)* x @ Indgi[Xi]

We have
m m
H'(L, (L°GY) =~ H'(L, @ Indg!, | GLagy (L)) = @D H'(LIxi], GLagen (L)) = 1,
i=1 i=1

where the second isomorphism follows via Shapiro’s lemma and the final equality is a standard consequence
of Hilbert’s Theorem 90. This proves (i). The proof of (ii) is very similar. g

Recall that two pointed sets S; and S, are said to be isomorphic if there is a bijection of sets
f . S] —> Sz

with f(x;) = f(x2), where x; is the distinguished element of S;, (i =1, 2).
A sequence

o S L g L S
of pointed sets is said to be exact if there is an equality of sets
Im(f) = £ (xig1),
where x; is the distinguished element of S; .
Theorem 3.5. (1) There is an exact sequence of pointed sets
1—> G — (FG)* - H(FG) — H'(F,G) — 1. (3-1)

(2) For each finite place v of F, recall that H[}r(Fv, G) denotes the subset ole (Fy, G) consisting of
those [mr,] € H' (F,, G) Jfor which the associated G-Galois extension Fy | F, is unramified. Then

there is an exact sequence of pointed sets

1> G— (0r,G)* = H(Or,G) = H.(F,,G) — 1. (3-2)
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(3) There are exact sequences of pointed sets
1—- G— (FG)* - H,(FG) — H(F,G) - 1, (3-3)

and
1—-G— (F,G)* = H,(F,G) — Htl(Fv, G)—1 (3-4)

for each place v of F.

Proof. When G is abelian, parts (a) and (b) are proved in [McCulloh 1987, p. 268 and p. 273] by
considering the Qr and QF -cohomology of the exact sequences of abelian groups

1—-G— (F'G)— (F'G)/)G—>1 (3-5)
and
1 -G — (0Op:G)* = (0p:G)* /G — 1

respectively. If G is nonabelian, and these exact sequences are viewed as exact sequences of pointed sets
instead, then a similar proof of part (a) also holds, as is pointed out in [McCulloh 1987, p. 268]: taking
Q r-cohomology of the exact sequence (3-5) of pointed sets yields an exact sequence

1> G— (FG)* > H(FG) - H'(F,G) - H'(F, (F°G)»), (3-6)

and since H'(F, (F°G)*) = 1 (see Lemma 3.4(i)), (3-1) immediately follows.

Alternatively, we could also argue directly (as is done in [McCulloh 1987]) that the map H(FG) —
H'(F, G) in (3-6) is surjective. Let us briefly describe the argument given in [McCulloh 1987]. Suppose
that [7] € H'(F, G), and let a € F,; be a normal basis generator of F, /F. Set « = r¢(a); then the coset
o -G € H(FG) lies in the preimage of [ ], and so it follows that (3-6) is indeed surjective on the right,
as claimed.

Part (b) follows from Corollary 3.3(iv) (cf. the proof of (2.12) on [McCulloh 1987, p. 273]).

The proof of (c) is very similar to that of (a). Let F' and F! denote the maximal tamely ramified
extensions of F and F, respectively, and set Q. := Gal(F'/F), Q’Fv := Gal(F]/F,). Then (c) follows
via considering the Q' and Q’Fu -cohomology of the exact sequences of pointed sets

l1-G— (F'G)" = (F'G)*/G—1
and
1> G— (FIG)* - (F/G)* /G — 1
respectively, using the direct argument given in [McCulloh 1987, p. 268] that we have described above. [J

Suppose that L is a number field or a local field. Recall that Z(L G) denotes the centre of LG. Before
stating our next result, we note that the reduced norm map

nrd : (LG)* — Z(LG)*
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induces an injection G® — Z(LG)*. (More explicitly, if we identify Z(L°G)* with [] X EIrr(G)(LC)X via
the Wedderburn decomposition of L¢G (see the proof of Lemma 3.4), then the injection G — Z(L%)*
is induced by the map G — Z(L°G)™ given by g — [(det(x))(g)],, where det(x) is the abelian character
of G defined below in Definition 4.3. See also (4-5).) In what follows, we shall identify G with its
image in Z(LG)* under this map. We set

H(Z(LG)) :={a € Z(L°G)* :a” ' a” € G®, Vo € Q. },
H(Z(LG)) := H(Z(LG))/G® ={a- G® :« € H(Z(LG))).

We define H(Z(2l)) and H(Z(2l)) analogously for any Oy -order 2l in LG.

Proposition 3.6. Let L be a number field or a local field. Then there is an exact sequence of abelian
groups:

1 - G®— Z(LG)* - H(Z(LG)) > H' (L, G*™) — 1. (3-7)
Proof. This follows at once from taking €2; cohomology of the exact sequence of abelian groups
1> G® > Z(L°G)* — Z(L°G)*/G™ — 1,

arising from the injection G® — Z(L°G)* induced by the reduced norm map nrd : (LG)* — Z(LG)*
as described above, and noting that H'(Q2;, Z(L¢G)*) = 1, via Lemma 3.4(ii). O

It is easy to see that the group (LG)* acts on the pointed set H(LG) by left multiplication. Write
(LG)*\'H(LG) for the quotient set afforded by this action. It follows from Theorem 3.5 and Proposition 3.6
that there are isomorphisms

HY(L,G) = (LG)*\H(LG) and H'(L,G™®)=> Z(LG)*\H(Z(LG))
of pointed sets and abelian groups respectively, and that the following diagram commutes:

HY(L,G) ——  (LG)*\H(LG)

l lnrd (3-8)

HY(L,G®) —— Z(LG)*\H(Z(LG)).

(Here the left-hand vertical arrow is induced by the quotient map G — G®°, while the right-hand vertical
arrow is induced by the reduced norm map nrd : (L°G)* — Z(LG)*.)
We shall need the following result in Section 6.

Proposition 3.7. Let F be a number field. For each finite place v of F, the image of the map
nrd : (Op,G) \H(OF,G) = Z(Of,G)*\H(Z(OF,G))

of pointed sets is in fact a group.
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Proof. Just as in the case of (3-8), we see from the exact sequences (3-2) and (3-7) that there is a
commutative diagram
H}(F,,G) ——  (0f,G)*\H(OF,G)

1 J-

H\(F,,G®) —— Z(0Fp,G)*\H(Z(OF,G)) (3-9)
| |n
H'(F,,G®) —— Z(F,G)*\H(Z(F,G)).
The middle horizontal arrow of this commutative diagram is therefore injective, and its image is a
subgroup of Z(Of,G)*\H(Z(OF,G)). Hence, to prove the desired result, it suffices to show that the

map H] (F,, G) — H\(F,, G®) is surjective. This is in turn an immediate consequence of the fact that
the Galois group Gal(F)"/F,) is profinite free on a single generator. O

4. Determinants and character maps

In this section we shall describe how determinants of resolvends may be represented in terms of certain
character maps.

Let L be a number field or a local field.

Suppose that I" is any finite group upon which the absolute Galois group €2; of L acts (possibly
trivially). Then €2 also acts on the ring R of virtual characters of I" according to the following rule: if
x € Irr(T) and w € 1, then, for each y € T, we have x“(y) = w(x (@~ (y))).

We begin by recalling some well-known facts and definitions concerning determinant maps (see, e.g.,
[Frohlich 1983, Chapter II; 1984, Chapter I]).

Definition 4.1. For each element a of GL,,(L°G), we define an element
Det(a) € Hom(Rg, (L)) >~ Z(LG)™ 4-1)
in the following way: if T is any representation of G over L¢ with character ¢, then we set
Det(a)(¢) := det(T (a)).

It may be shown that this definition depends only upon the character ¢, and not upon the choice of
representation 7. The map
Det : GL,(LG) — Hom(Rg, (L))

is 2y -equivariant, and so induces a map
Det : GL,(LG) — Homg, (Rg, (L)™).
Remark 4.2. The map Det in (4-1) above is essentially the same as the reduced norm map. Let

nrd : (L°G)* — Z(L°G)™ (4-2)
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denote the reduced norm. Then (4-2) induces an isomorphism
nrd : K{(L°G) = Z(L°G)™ ~Hom(Rg, (L)) 4-3)

(see, e.g., [Curtis and Reiner 1987, Theorem 45.3]). Suppose now that ¢ is any L¢-valued character of G
and let a € (L°G)*. Then we have that

Det(a)(¢) = nrd(a)(¢)
(see [Frohlich 1984, Chapter I, Proposition 2.7]).

Definition 4.3. Suppose that x € Irr(G). We define an abelian character det(y) of G as follows. Let T
be any representation of G over L¢ affording yx. For each element g € G, we set

(det(x))(g) = Det(T (g)).

Then det(x) is independent of the choice of T, and may be viewed as being a character of G**. We extend
det to a homomorphism R — (G®)”, where (G®)” denotes the group of characters of G, by defining

det( > axx>= [] detGoy™,

x €lrr(G) x €lrr(G)

and we set

Ag := Ker(det).
Hence we have an exact sequence of groups

0— Ag — Rg % (G — 0. (4-4)

Applying the functor Hom(—, (L)) to (4-4), we obtain an exact sequence
0 — G® — Hom(Rg, (L°)*) 2& Hom(Ag, (L)*) — 0, (4-5)

which is surjective on the right because (L¢)* is divisible. It follows that there are 2y -equivariant
isomorphisms

Hom(Ag, (L°)*) ~ Hom(Rg, (L)*)/G® ~ Z(L*G)* | G™. (4-6)

In what follows, we shall sometimes identify Hom(Ag, (L€)*) with Z(L¢G)* /G via (4-6) without
explicit mention.
Taking €27 -cohomology of (4-5) yields an exact sequence

0 — G™ — Homg, (Rg, (L)) 2% Homg, (Ag, (L)) — H'(L, G™) — 1, “-7)

which is surjective on the right via Lemma 3.4(ii).



On the relative Galois module structure of rings of integers in tame extensions 1841

Definition 4.4. Let Ry; denote the (additive) subgroup of Rg generated by the symplectic characters
of G. Thus, Ry, is generated by the irreducible symplectic characters of G, together with elements of the
form x + X, where x € Rg and x denotes the complex conjugate of x. All virtual characters lying in Ry,
are real-valued.

If F is a number field, and v is a real place of F, we write

Hom¢, (R, (F$)™)

for those elements f € Homg, (Rg, (Fy)*) for which f(n) > 0 for all n € Rg;,. Note that if f €
Homg, (Rg, (F)*) and x € R, then we automatically have

Fx+x=r00-f(x)>0.

Hence in fact f € Homng (Rg, (F{)>) if and only if f is positive on all irreducible, symplectic characters
of G. In particular, if G has no nontrivial irreducible symplectic characters (e.g., if |G| is odd), then we have

Hom, (Rg, (Fy)*) = Homg,, (Rg, (F;))™).
We write Z(F,G)Z for the image of Homng (Rg, (F{)*) in Z(F,G)™ under the isomorphism
Homg, (Rg, (F;)™) = Z(F,G)™.
Proposition 4.5. Let F be a number field. For each place v of F, we write
Det: (F;G)* — Hom(Rg, (F;)*) ~ Z(F;G)* (4-8)
for the determinant homomorphism afforded by Definition 4.1.
(1) If v is real, then (4-8) induces an isomorphism
Det((F,G)*) = Homg, (Rg, (F))*) = Z(F,G). (4-9)
(2) If v is finite or complex, then the map (4-8) induces isomorphisms

Det((F,G)™) ~ Homg,, (Rg, (F))™*) =~ Z(F,G)*, (4-10)

Det(H(F,G)) ~ Homg, (Ag, (F;)™). 4-11)

(3) If v is finite of residue characteristic coprime to |G|, so Of, G is an Of,-maximal order in F,,G, then
(4-8) induces isomorphisms

Det((OF,G)™) ~Homg,, (Rg, (Of:)™) =~ Z(Of,G)™, (4-12)
Det(H(OF,G)) ~ Homg,, (Ag, (OF:)™). (4-13)
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Proof. The isomorphisms (4-9), (4-10) and (4-12) are standard and are explained in e.g., [Frohlich 1983,
Chapter II, §1].
Suppose that v is either finite or complex. Theorem 3.5(a) and (4-10) yield the commutative diagram

epi

G —= (F,G)* SN H(F,G) H'(F,,G)

Det Det epi

w ~ hd v

G =, Det((F,G)*) SN Det(H(F,G)) o, H'(F,, G*) (4-14)

~

~ v

G® —=— Homg, (Rg, (F%)*) —— Homg, (Ag, (FO)*) —= H(F,, G™),
and this implies that the map
Det(H(F,G)) — Homg, (Ag, (F$))

is an isomorphism, which proves (4-11).
Suppose now that v is finite of residue characteristic coprime to |G|. In order to establish (4-13), we
first observe that applying the functor Hom(—, (OF¢)*) to the exact sequence (4-4) yields a sequence

0 — G® — Hom(Rg, (OFe)™) — Hom(Ag, (OF:)™) — 1 (4-15)
which is surjective on the right because (Ofc)™ is divisible. Taking 2, -cohomology of (4-15) yields

0 — G* — Homg,, (Rg, (Org)*) — Homg,, (Ag, (Or)*) —

— H'(F,, G*) -1 H'(F,, Hom(Rg, (OF:)™)). (4-16)

Now since v does not divide the order of G, Z(OF,G) is an OFf,-maximal order in (the split algebra)
Z(F,G) and

Z(0r;G)* ~ Hom(Rg, (OF;))
(see (4-12)). Suppose that € Ker( f). Then there exists u € Z(OFSG)X such that u® - u~! = 7 (w) for all

w € Qp,. This implies that ulG”l ¢ Z(Ofr,G)*. As v$|G®®| and Z(OF,G) is a maximal order, it follows
that u € Z(O FUmG)X, and so 7 € Hr}r(Fv, G®). Hence there is an exact sequence

0— G*™ — Homg,. (Rg, (Op)*) — Homg, (Ag, (Op)*) — Hoa(F,, G™). (4-17)

We recall also (see the proof of Proposition 3.7) that the natural map HI}r(Fv, G)— Hr]r(Fv, G™) is
surjective because the group Gal(F;"/F,) is profinite free on a single generator. Theorem 3.5(b) together
with (4-12) and (4-17) now yield the following commutative diagram:
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G —S (OF,G)* SN H(OF,G) P HL(F, G)

Det Det epi

~ v hd hd

G* —S5  Det((0r,G)*) —— DetH(OrG) — HI(F,G®) “18)

nr

hd L d

G» S, H Ri. (Op)* H Ag. (Op)* H\(F,, G®
——> Homg, (Rg, (Ofc)*) —— Homg, (Ag, (OfF:)*) ——> H (F,, GT).

It follows from (4-18) that the third row of this diagram is surjective on the right. Since Det(H(OF,G))
is a subgroup of Homg,, (A, (OF¢)™), we see that the map

Det(#(OF,G)) — Homg, (Ag, (OF)™)
is an isomorphism. This establishes (4-13). 0

If on the other hand v is finite and v | |G|, so Of, G is not an Of,-maximal order in F,,G, then we have
Det(H(OF,G)) € Homg, (Ag, (0% )™),
but this inclusion is not in general an equality. If a is any integral ideal of O, set
Ua(OFe) == (1+a0p) N (OFe)™,

and write Uy (OF¢) instead of Uy (OFc) when a = aOp. We shall need the following result of A. Siviero
(which is a variant of [McCulloh 1987, Theorem 2.14]) in Section 11.

Proposition 4.6 (A. Siviero). Let v be a finite place of F. Then if N € Z~ is divisible by a sufficiently
large power of |G|, we have

Homg, (Ag, Un(OF:)) S Det(H(OF,G)) € Homg,, (Ag, (OF:)™).

Proof. This is shown in [Siviero 2013, Theorem 5.1.10] when G is abelian, and the proof for arbitrary
finite G is quite similar. As the reference is not widely accessible, we describe the argument.
If vt|G|, then Proposition 4.5(iii) implies that we have

Homg,, (Ag, OF.) = Det(H(OF,G)) = Homg,, (A, (OF)™),

and so it follows that the desired result holds in this case. We may therefore suppose that v | |G|.
We first observe that the group
Homg, (Ag, (OF:)™)
Det((Ofr,G)*/G)

is annihilated by |Gab|[Det(MvX) : Det(OF,G)* ], where M, denotes any O, -maximal order in F,,G
containing OF,G. Since Ag is finitely generated, it follows that Det((Of,G)*/G) is of finite index in
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Homg,. (Ag, (OFLL;)X), and so is an open subgroup of Homg, (Ag, (OFUc)X). The result now follows
from the fact that, because v | |G|, the collection of groups

{Homg,. (Ag, UiG»(OF¢)) | n > 0}
is a fundamental system of neighbourhoods of the identity of Homg, (Ag, (OF:)™). O

Remark 4.7. When G is abelian, it follows from [McCulloh 1987, Theorem 2.14] that we may take
N =|G|? in Proposition 4.6.

We shall also require the following related result in Section 15.

Proposition 4.8. Let I' be a finite group with an action of Qr. Suppose that v | |T'| is a finite place of F,
and write p, for the maximal ideal of OF,. Then for all sufficiently large n, we have

Homg,, (Ar, Uy (OFy)) € rag[Homg . (Rr, (OF)™)].
Proof. The proof of this is very similar to that of Proposition 4.6. We observe that
I -Homg, (Ar, (OF)™) S rag[Homg, (Rr, (OF;) )],

which implies that rag[Homg,. (Rr, (OF¢) *)] is an open subgroup of Homg, w(Ar, (O Fuc)x) because Ar
is finitely generated. The desired result now follows since the collection of groups {Homg,. (Ar,Up: (OF¢)) |
n > 0} is a fundamental system of neighbourhoods of the identity of Homg, . (Ar, (OFc)™). [

5. Twisted forms and relative K-groups

Recall that G is a finite group upon which Q acts trivially. In this section, we shall recall some basic
facts concerning categorical twisted forms and relative algebraic K-groups. The reader may consult
[Agboola and Burns 2006; Swan 1968, Chapter 15] for some of the details that we omit.

Twisted forms. Suppose that R is a Dedekind domain with field of fractions L of characteristic zero. (For
notational convenience, we shall sometimes also allow ourselves to take R = L.) Let 2 be any R-algebra
which is finitely generated as an R-module and which satisfies A ®z L >~ LG.

Definition 5.1. Let A be any extension of R, and write P(2() and P(2l®@g A) for the categories of finitely
generated, projective 2 and 2l ® g A-modules respectively. A categorical A-twisted A-form (or twisted
form for short) is an element of the fibre product category P(2() xpwgza) P(2L), where the fibre product
is taken with respect to the functor P() — PRl Q@ A) afforded by extension of scalars. In concrete
terms therefore, a twisted form consists of a triple (M, N; &), where M and N are finitely generated,
projective 2A-modules, and

EIM@RAL)N®RA

is an isomorphism of 2 ® g A-modules.
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Example 5.2. If F;;/F is any G-extension and £, C F; is any nonzero projective OrG-module, then
(Ly, OrG; rg) is a categorical F¢-twisted OpG-form. In particular, if F,/F is a tame G-extension,
then (O, OrG; rg) is a categorical F¢-twisted OpG-form. Similarly, if v is any place of F, then (still
assuming F /F to be tame) (O, OF,G; rg) is a categorical F{-twisted O G-form. We shall mainly
be concerned with twisted forms of these types in this paper.

We write Ko (2, A) for the Grothendieck group associated to the fibre product category P (2l) X p@igy )
P, and we write [M, N; &] for the isomorphism class of the twisted form (M, N; &) in Ko(2(, A).
The group Ko(2A, A) is often called the relative K-group with respect to the homomorphism 2L — A.
Recall [Swan 1968, Theorem 15.5] that there is a long exact sequence of relative algebraic K -theory:

1 0
Ki@) = Ki(A@r A) —245 Ko@h, A) —245 Ko@) — Ko(A®g A). (5-1)

The first and last arrows in this sequence are afforded by extension of scalars from R to A. The map
Oy » is defined by
o A(IM, N; A]) = [M]—[N].

The map 8%[’ A 1s defined by first recalling that the group K (2l ® g A) is generated by pairs of the form
(V, ¢), where V is a finitely generated, free, A ®@r A-module, and ¢ : V => V is an A Qg A-isomorphism.
If T is any projective 2-submodule of V satistfying T ®g A ~ V, then we set

ay (V. ) =I[T,T: ¢l.

It may be shown that this definition is independent of the choice of T.
We shall often ease notation and write e.g., 3° rather than 831 A When no confusion is likely to result.

Idelic description and localisation. [Frohlich 1983, Chapter I1,§1]. Let us retain the notation established
above, and suppose in addition that we now work over a number field F. The reduced norm map

nrd: (FG)* — Z(FG)*
induces isomorphisms
Ki(FG) ~nrd(K{(FG)) ~nrd((FG)™) >~ Det((FG)™) C Z(FG)* (5-2)

and
K1(F,G) ~nrd(K{(F,G)) ~nrd((F,G)*) >~ Det((F,G)*) € Z(F,G)* (5-3)

for each place v of F. In general the natural map K (2(,) — K (F,G) is not injective, and so the reduced
norm map
nrd : K{(24,) — Z(A)™

is not an isomorphism (although it is surjective if %I, is an Of,-maximal order in F,,G). If we write
Ki(RL,) for the image of K;(2l,) in K{(F,G), then (5-3) induces isomorphisms

K1 ()" ~nrd(K; (A,)") >~ nrd((A,)*) =~ Det(2). (5-4)



1846 Adebisi Agboola and Leon R. McCulloh

We shall make frequent use of the identifications (5-2), (5-3) and (5-4) (as well as those afforded by
Proposition 4.5) in what follows, sometimes without explicit mention.
For each place v of F, we write

loc, : K{(FG) — K{(F,G)
for the obvious localisation map.

Definition 5.3. We define the group of ideles J (K| (F G)) of K{(F G) to be the restricted direct product
over all places v of F of the groups Det(F,G)* >~ K (F,G) with respect to the subgroups Det(Of,G)*.
We define the group of finite ideles J¢ (K (F G)) in a similar manner but with the restricted direct product
taken over all finite places v of F.

If E is any extension of F', then the homomorphism
Det(FG)* — J(K1(FG)) xDet(EG)*, x> ((locy(x))y, x!

induces a homomorphism
J(K1(FG))
[ 1, Det(2A,)>
Theorem 5.4. (a) There is a natural isomorphism
J(K1(FG))
Det(FG)* [ [, Det(2(,)* ’

Ag g : Det(FG)* — x Det(EG)*.

CIQl) =>

(b) There is a natural isomorphism
ha g : Ko, E) = Coker(Ay.g).

Proof. Part (a) is a well-known result of A. Frohlich [1984, Chapter I]. Part (b) is proved in [Agboola and
Burns 2006, Theorem 3.5]. g

Remark 5.5. If [M, N; &] € Ko(2, E) and M, N are locally free 2(-modules of rank one (which is the
only case that we shall need in this paper), then hg g([M, N; £]) may be described explicitly as follows.

For each place v of F, we choose 2l,-bases m, of M, and n, of N,. We also choose an F'G basis
neo of Np, as well as an FG-module isomorphism 6 : M => Np. Then, for each v, we may write
Ny = Vy - Moo, With vy, € (F,G)*. As 0~ (ny) is an F G-basis of My, we may write m, = iy -0~ (o),
with u, € (F,G)*. Finally, writing 6 for the map Mg — Ng afforded by 6 via extension of scalars
from F to E, we have that (£ o 951)(1100) = Vo - Noo fOr sOme Voo € (EG)™. Then a representative of
hy g(IM, N; &]) is given by the image of [ (1, -v;l)v, Vool In J (K1 (FG)) x K1(EG), and a representative
of 3%(he £(IM, N; £])) € CI() is given by the image of (u, - v, 1), € J(K1(FG)).

Remark 5.6. As 2, = F,G when v is infinite (by convention), we see that
J(Ki(FG))  Jp(Ki(FG))
[, Det(2A,)> ]_[vj(oo Det(2,)*




On the relative Galois module structure of rings of integers in tame extensions 1847

Hence the infinite places of F' in fact play no explicit role on the right-hand sides of the isomorphisms given
by Theorem 5.4, and so these isomorphisms may be formulated using the finite idele group J;(K{(FG))
of K1 (FG) instead of the full idele group J (K (FG)).

Lemma 5.7. Suppose that v is a place of F and that E, is any extension of F,. Then there is an
isomorphism
KoL, E,) >~ Det(E,G)>/ Det(24,) ™.

Proof. This follows directly from the long exact sequence of relative K -theory (5-1) applied to Ko (A, E,),
together with (5-3) and (5-4). U

For each place v of F, there is a localisation map on relative K-groups:
)"U:KO(QL E)_>KO(9’[U7EU)7 [Ma N;é]'_)[Mvan»éj-v],

where &, denotes the map obtained from & via extension of scalars from E to E,. It is not hard to check
that, in terms of the descriptions of Ko(2(, E) and Ko(2!,, E,) afforded by Theorem 5.4 and Lemma 5.7,
the map A, is that induced by the homomorphism (which we denote by the same symbol A,)

Ayt J(K1(FG)) x Det(EG)™ — Det(E,G)™,  [(Xy)v, Xool F> [xy - 10Cy (xs0)].

Definition 5.8. We define the idele group J(Ky(2, E)) of Ko(2, E) to be the restricted direct product
over all places v of F of the groups Ko(2l,, E,) with respect to the subgroups Ko(2l,, OE,).

We define the group of finite ideles J (Ko (2, F€)) in a similar manner, but with the restricted direct
product taken over all finite places of F.

Proposition 5.9. (a) The homomorphism

ri=]]r: Ko@, E) > [ [ Ko@y. Ey)

is injective.
(b) If F has no real places or if G admits no irreducible symplectic characters, then the homomorphism

hpi=]] r: Ko@ E) > [] Ko@u. Ev)

vioo vioo
is injective.
(c) The image of A lies in the idele group J(Ky(2U, E)).
Proof. (a) Suppose that o € Ko(2l, E) lies in the kernel of X, and let
[(xy)vs Xoo] € J(K1(FG)) x Det(EG)™
be a representative of «. Then for each v, we have

Xy -locy (xs0) € Det(y) ™ € Det(F,G)™. (5-5)
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Since x, € Det(F,G)* C Z(F,G)*, we see that loc,(xs) € Z(F,G)* for each v. Hence xoo € Z(FG)*,
and so via the Hasse—Schilling norm theorem [Swan 1970, Theorem 7.6; Curtis and Reiner 1981,
Theorem 7.8] we deduce that xo, € Det(FG)*. Hence « is also represented by the idele

[10cy (o)) v, Xog' T+ [(¥0)s Xool = [(xy - T0cy (xeo)) s 11,

and now (5-5) and Theorem 5.4(b) imply that « = 0 in Ko(2, E). Therefore X is injective, as claimed.
(b) The proof of this assertion is virtually identical to that of part (a). Using the same notation as in the
proof of part (a), we see that loc, (xo) € Det(F,G)* >~ Z(F,G)* for each finite place v of F. This implies
that xoo € Z(FG)*. Under our hypotheses, we have that Det(FG)* ~ Z(FG)*, and so xo € Det(FG)*.
The remainder of the argument proceeds exactly as in the proof of part (a).

(c) If B =[M,N;&] € Ko, E), then for all but finitely many places v, the isomorphism &, :
M®o,.E,~ NQ®o, E, obtained from & via extension of scalars from E to E, restricts to an isomorphism
M ®o, O, = N ®o, Og,. Hence, for all but finitely many v, we have that A, (8) € Ko(2l,. Og,), and
so A(B) € J(Ko(, E)), as asserted. Il

6. Cohomological classes in relative K -groups

Recall that F' is a number field and that G is a finite group upon which Q acts trivially. In this section
we shall explain how the set of realisable classes R(OrG) € CI(OrG) may be studied via imposing
local cohomological conditions on elements of the relative K-group Ko(OrG, F€).

Definition 6.1. We define maps W and W, (for each place v of F) by
W =Vg: H(F,G)— Ko(OrG, F), [l [Ox, OrG;rgl,

W, =V, : H'(F,, G) = Ko(OF,G, FS), [m,]+> [Oy,, OF,G; rgl.
We set
KR(OpG) :=Im(V).

Definition 6.2. We define the pointed set of ideles J (Ht1 (F, G)) of Ht1 (F, G) to be the restricted direct
product over all places v of F of the pointed sets Htl (F,, G) with respect to the pointed subsets Hnlr(Fv, G),
and we write

wid: J(HN(F, G)) = J(Ko(OFG, F€))

for the map afforded by the maps W, : Htl(Fv, G) — Ko(Of,G, Fy).
In general, KR(O¢G) is not a subgroup of Ko(OrG, F¢). However, although HI}r(FU, G) is in general

merely a pointed set and not a group, the following result holds.
Proposition 6.3. Let v be any place of F, and write O™ for the restriction of ¥, to H\.(F,, G). Then
Im(W}") is a subgroup of Ko(OF,G, FY).

Proof. If v is infinite, then Hnlr(Fv, G) =0, and so Im(W}") = 0. For finite v, the result follows from
Proposition 3.7 and Lemma 5.7. O
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Definition 6.4. We say that an element x € Ko(OrG, F€) is cohomological (respectively cohomological
at v) if x € Im(¥) (respectively A,(x) € Im(W,)). We say that x is locally cohomological if x is
cohomological at v for all places v of F. We write

LC(OFG) := 2~ (Im(¥'?))
for the subset of Ko(OrG, F€) consisting of locally cohomological elements.

The long exact sequence of relative K-theory (5-1) applied to Ko(OrG, F€) yields a long exact
sequence
K\(0rG) — K\ (F°G) -5 Ko(0rG, F°) -2 Cl(0FG) — 0, (6-1)

where Cl1(OrG) denotes the locally free class group of OpG. We set

V=09,
and we write
R(OrG) :=Im(y).

McCulloh has conjectured that R(OrG) is always a subgroup of CI(OrG), and he has proved that
this is true whenever G is abelian [McCulloh 1987, Corollary 6.20]. The following conjecture gives a
precise characterisation of the image K R(OrG) of W.

Conjecture 6.5. An element of Ko(OrG, F€) is cohomological if and only if it is locally cohomological.
In other words, we have that
KR(OrG) =LC(OFG).

Let us now explain why Conjecture 6.5 implies that R(O¢G) is a subgroup of CI(OrG). In order
to do this, we shall require the following result which is equivalent to a theorem of McCulloh when G
is abelian, and whose proof relies on results contained in [McCulloh 1987; 2011]. Before stating the
result, we remind the reader that [ [, Im(W]") is not merely a pointed set, but is in fact a subgroup of
J(Ko(OrG, F°)) (see Proposition 6.3).

Theorem 6.6. Let
J(Ko(OFG, F°))
AMAN(K (FeGD]-TT, Im(W)

wid: J(H!(F, G)) —

denote the map of pointed sets given by the composition of the map W'Y with the quotient homomorphism

J(Ko(OFG, F))

EOPG ) = S TR (oG] - T, m(w)

Then the image of wid js in fact a group. Hence it follows that
M (K1 (FCG))- Im(W')

is a subgroup of J(Ko(OfrG, F°)).
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This theorem will be proved in Section 12. It implies the following result.
Theorem 6.7. If Conjecture 6.5 holds, then R(OrG) is a subgroup of CI(OrG).

Proof. 1t follows from the exact sequence (6-1) that R(OrG) is a subgroup of CI(OrG) if and only
if 31 (K1 (F°G)) - KR(OFG) is a subgroup of Ko(OrG, F¢). However, if Conjecture 6.5 is true, then
Theorem 6.6 implies that

AN(K((FCG))- KR(OpG) = 3" (K (FG)) -LC(OFG) (6-2)

is the kernel of the homomorphism

J(Ko(OFG, F*))
AL (K1 (FCG))]- Im(Pid)’

where the last arrow denotes the obvious quotient homomorphism. This implies the desired result. [

Ko(OFG, F) > J(Ko(OFG, F°)) —

We conclude this section with the following result on unramified locally cohomological classes in
Ko(OfG, F€). This will be used in the proofs of Theorem 16.4 and Theorem E of the introduction (see
Section 16 below).

Proposition 6.8. (a) Let L be the maximal, abelian, everywhere unramified (including at all infinite
places) extension of F of exponent |G™|, and suppose that y € Ko(OpG, F€) lies in the kernel of the map
J(Ko(OFG, F°))

[T, Im(w")

B: Ko(OrG, F®) 25 J(Ko(OFG, F%)) —

Then y lies in the kernel of the extension of scalars map
ey . K()(OFG, FC) —> KQ(OLG, FC).

Hence, if (hf, |G™®]) = 1 (where h; denotes the narrow class number of F), then L = F, and so B is
injective.
(b) Suppose that G admits no nontrivial irreducible symplectic characters, or that F has no real places,
and that y € Ko(OfrG, F°) lies in the kernel of the map
J¢(Ko(OFG, F°))

vaoo Im(\l’{}r)

Br: Ko(OrG, FO) —2L1s J1(Ko(OFG, FO)) —

Then y lies in the kernel of the extension of scalars map
em : Ko(OFG, F°) — Ko(OuG, F°),

where M is the maximal, abelian, unramified (at all finite places) extension of F of exponent |G™|.
Hence if (hp, |G®|) =1 then L = F, and so By is injective.

Proof. (a) Suppose that y = [(yy), Yool lies in the kernel of B, and let E/F be the smallest Galois
extension such that Qg fixes yoo. For each place v of F, let w(v) be the place of E afforded by our fixed
choice of embedding F¢ — Fy.
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As y lies in the kernel of B, we have that y, - loc,(y~) € Im(W¥)") for each place v. Hence, for each v,
locy,(Yoo) € H(Z(F,G)) is an unramified G?®-resolvend over F, (see Proposition 3.6). It follows that, for
each v, the extension E,,(,)/F, is unramified and that [E,, ) : F,] divides |G®|. This implies that E/F
is unramified at all places v, and is of exponent dividing |G*®|. Hence E C L, and so ys, € Det(LG)*.

Now since y, - loc, (ys) € Im(W}") for each place v, we see that in fact y, - loc,(y) € Det(Or, G)*.
Hence ey (y) is in the kernel of the localisation map

AL Ko(OLG, F) — J(Ko(OLG, F*)),

and since Ay is injective (see Proposition 5.9(a)) it follows that ey (y) = 0.
The final assertion now follows immediately.

(b) This proof is virtually identical to the proof of (a), except that here, because either G admits no
irreducible symplectic characters or F has no real places, we may appeal to the injectivity of the localisation
map A 7,y (see Proposition 5.9(b)) rather than that of Ay,. O

7. Local extensions I

The goal of this section is to describe how resolvends of normal integral bases of tamely ramified,
nonarchimedean local extensions admit Stickelberger factorisations (see Definition 7.12). This reflects the
fact that every tamely ramified G-extension of F), is a compositum of an unramified extension of F, and
a twist of a totally ramified extension of F,. All of the results in this section are based on unpublished
notes of the second-named author.

For each finite place v of F, we fix a uniformiser @, of F),, and we write ¢, for the order of the residue
field of F,. We fix a compatible set of roots of unity {¢,,}, and a compatible set {zzrv1 / "™} of roots of .

So, if m and n are any two positive integers, then we have (¢,;,)" = ¢,, and (wv1 / mtym

1/n
=w, .
Recall that F™ (respectively F!) denotes the maximal unramified (respectively tamely ramified)

extension of F,. Then

Fr= |J FRG) ad F= ] FGwo)/™.
m=>1 m=1

(m,qy)=1 (m,qy)=1

The group Q7' := Gal(F)"/F,) is topologically generated by a Frobenius element ¢, which may be
chosen to satisfy

() =¢d and ¢y (w)/™) =}/

for each integer m coprime to ¢,. Our choice of compatible roots of unity also uniquely specifies a
topological generator o, of Gal(F}/F,") by the conditions

(@)™ =y -w!/™ and  0,(Ln) =l
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for all integers m coprime to ¢,. The group Q! := Gal(F|/F,) is topologically generated by ¢, and o,
subject to the relation
o 0v-¢y =0l (7-)

While reading the remainder of this section (especially Proposition 7.7 below), it may be helpful for
the reader to keep in mind the statement and proof of the following well-known result which provides

some motivation for a number of subsequent constructions.

Proposition 7.1. Set L := F),. Let n be a positive integer with (n, q,) = 1, and suppose that u,, C L. Set
E=L(w,"),T =Gal(E/L) =Z/nZ,and =Y "-) w./". Then Op = O,T - B.

Proof. We first observe that plainly O I" - 8 C Op, as 8 € Og.
Let x denote the Kummer character of I', defined by

1/n
y(@y')
X)) = 1 €
Wy

for each y € I'. Then [ = (x), and for each 0 < j <n — 1, we have

n—1 n—1
(Z xj(y)y_l) B= (Z xj(y)y_l) : (Z W£/”> = Z(ij(y)-x‘i(y)-wé/”> =n-a]".
Y Y i=0 i=0 Y

Asn e OZ, we therefore see that {wl{/"};?;(l) C OrI' - B, which implies that O € OpI" - 8. This
implies the desired result. 0

Definition 7.2. For each finite place v of F, we define
Y,(G):={s e G|s? €c(s)}

(recall that c(s) denotes the conjugacy class of s in G). Plainly if s € 3, (G), then both c(s) and (s) are
subsets of ¥, (G). Let us also remark that if s € ¥, (G), then the order |s| of s is coprime to g,.

Definition 7.3. If s € G, we set
|s]—1

1 i/lsl.
/35 T m 2(; w—v 9
1=

note that 8; depends only upon |s|, and so in particular we have

Bs = IBg—]sg
for every g € G. We define ¢, ; € Map(G, OF¢) by setting

ol(Bs) ifg=s",
wv,s(g) = {0 lfg ¢ (S)
Then
Is|—1 . ‘ Is|—1 . .
r6(gus) = Y pus(sHsT =D al(By)s (7-2)
i=0 i=0
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We note that for each g € G, we have

r6(@yg150) =8 TG (Pus) - 8 (7-3)
and so
Det(rg ((pv,g‘lsg)) = Det(rg(¢v.s)), (7-4)

1.e., the element Det(rg (¢, s)) depends only upon the conjugacy class c(s) of s in G. We remark that it
will be shown later as a consequence of properties of the Stickelberger pairing that Det(rg (¢, 5)) in fact
determines the subgroup (s) of G up to conjugation (see Remark 4.2 and Proposition 10.5(b)).

We shall see that generators of inertia subgroups of tame Galois G-extensions of Fy lie in X,(G),
and that the elements ¢, ; for s € G with (|s|, g,) = 1 may be used to construct normal integral basis
generators of tame (and of course totally ramified) Galois G-extensions of F".

In order to ease notation, we shall now set L := F, and O := O, and we shall drop the subscript v
from our notation for the rest of this section.

Suppose now that L, /L is a tamely ramified Galois G-extension of L, corresponding to 7w €
Hom(', G). We are going to describe McCulloh’s [2011] decomposition of resolvends of normal
integral basis generators of L, /L (see also [Byott 1998, §6]). When G is abelian, this decomposition is
an analogue of a version of Stickelberger’s factorisation of Gauss sums.

Write s := (o) and t := 7 (¢); thent-s-1~' =57, and so s € £(G). We define 7, 7y, € Map(L2', G)
by setting

n(0™¢") =m(0™) =", (7-5)
Toe(0"@") = (") =1". (7-6)
If w; € Q' (i =1, 2) with w; = o™i - ¢", then a straightforward calculation using (7-1) shows that
W1 - wy = oM gmAnz,
This implies that 7, € Hom(Q2™, G). Plainly we have
7(w) = 7 (@) - Tnr(@) (7-7)

forevery w = o™ -¢" € Q'. The map 7, € Hom(Q™, G) corresponds to an unramified Galois G-extension
L, of L (see Remark 7.10 below for a more detailed discussion of this point). Since L, /L is unramified,
Og,. 1s a free O G-module. Let ap, be any normal integral basis generator of this extension. Note that
rg(an) € H(OG), because L, /L is unramified (see Corollary 3.3(iv)).

Definition 7.4. Let G () denote the group G with Q'-action given by
®(g) = Tar(@) - g * Tor(@) ™
forwe Q' and g € G.

Lemma 7.5. The map 7, is a G(7wy)-valued 1-cocycle of .
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Proof. Suppose that w1, wy € Q. Then since m, € Hom(Q™, G) and w = 7, - 7y, a straightforward
calculation shows that

T (@1@2) = 700 (@1) - e (@1) - 7, (@2) - (1)
and this establishes the desired result. O

Definition 7.6. We write ™ G (1,,;) for the set G endowed with the following action of Q': for every
g € G and w € Q' we have

g =7, (@) Tne(@) - g - Te(@) ™.
Lemma 7.5 implies that if w;, w, € Q, then
g(wlwz) = (g“)”.
We set
Ly, (7Tnr) 1= Math (ﬂrG(nnr)» Lt)-

The algebra (L' G(nm))Qr acts on L, () via the rule

(@ a)h)=> ag-a(h-g)

geG

forallheGanda =Y, ;o g € (L'G(mm)®.

geG
Proposition 7.7. (a) Recall that s € X(G). We have that ¢; € Ly, (7yy).
(b) Set
A(r) = (0L G ()2,
and let Oy, (1) be the integral closure of Oy, in Ly, (y). Then
A(Tnr) - @5 = 071,4 (7Tnr).
(c) Forany a, € L, (my) and @ € Q', we have
re(@)” = mu(@) ™" ro () 7 ().

Proof.

(a) Suppose that w =o0™ -¢" € Q'. If g € G and g ¢ (s), then we have that

95 (89) =0=;()”.
On the other hand, we also have
e (SN =@ ()T ) =g (5" 1" 5" 17" = 9y (") =" () = (0" -¢") -0 (B) = 95 ()"
Hence ¢; € Ly, (7y), as claimed.

(b) The proof of this assertion is very similar to that of [Byott 1998, Lemma 6.6], which is in turn an
analogue of [McCulloh 1987, 5.4].
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Set H = (s). Then Q" acts transitively on ™ H (7r,,) €™ G (), and so the algebra
Ly, ()™ := Mapgy (" H (), L")
may be identified with a subfield of L’ via identifying b € L, (7rnr) ! with x, = b(1) € L'. We have that
9" — b(s™) and x,‘f = Xp,

and so it follows that L, (o) ¥ is the subfield of L consisting of those elements of L’ that are fixed by
both ¢ and ¢*!. This implies that L, (7tr) = L[eo /1817 (which in general will not be normal over L),
and that the integral closure of O in L, ()" is equal to Oy [z '/1!]. Plainly g; € O [ !/1¥!] (as |s|
is invertible in Op ), and the element S, corresponds to the element ¢;|g € Ly, (o)

If we set A(my) g = (OLtH(nm))Qr, then for each integer k with 0 < k < |s| — 1, it is not hard to

check that
Is|—1

s|—1 ¢
(ZO §|s_|klsl) — ZO ;.‘S—lktsz

and so we see that
[s[—1

Z Eolls’ € ATar) .
A straightforward computation (cf. [McCulloh 1987, 5.4]) also shows that
Is|—1
( Z §|5_|le1) ZD'k/Isl.

It therefore follows that A(mn )y - Bs = O [ /511, and this in turn implies that

A(70r) - @5 = On, (7o),

as asserted.
(c) We have
re(e)” =Y a(g)” g
geG
= o8¢
geG
= 0 (1 (@) e (@) - g 7 (@) g7
geG
=Y (@) Tu(@) g7 7 () ()
geG

= (@) rg(e) - (W),

as claimed. O
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Corollary 7.8. For any o, € Ly, (1) and oy € Ly, there is a unique o € Ly such that
rg(ome) - rg(ar) =rg(@).
Proof. Proposition 7.7(c) implies that, for any w € Q', we have
[rG (anr) - 16 ()] = rg(om) - re (o) - m(w),

and so rg(oyy) - re(a) € H(LG). As the map rg is bijective, it follows that there is a unique « €
Map(G, L) such that

rg(ome) - rg(o) =rg(a),
and that @ € L. O

Theorem 7.9. If ay € Ly, is any normal integral basis generator of Ly, /L, then the element a € Ly
defined by

rG(an) - rG(@s) =rg(a) (7-8)
is a normal integral basis generator of L /L.

Proof. The proof of this assertion is very similar to that of the analogous result in the abelian case described
in [McCulloh 1987, (5.7), p. 283]. We first observe that plainly O;G -a € O, because ay € Oy, and
@5 € Oy, (yr). Hence, to prove the desired result, it suffices to show that

disc(OrG -a/0r) =disc(0O,/Opr).
This will in turn follow if we show that
diSC(OLan . (l/OLnr) = diSC(Oﬂ/OL) . OLHT.

Recall (see (2-3)) that we may write L, =~ @G/”(Q,) L™, where L™ is a field with Gal(L™ /L) ~ m (2").
Under this last isomorphism, the inertia subgroup of Gal(L”™ /L) is isomorphic to (s). The standard
formula for tame field discriminants therefore yields

disc(07 /0,) = g BI=DI@I/sl o,

and so we have
disc(05/0) = wBI=DIGVIsI o, . (7-9)

Now rg(anr) € (OrxG)*, and we see from the proof of Proposition 7.7(b) that

OwGa=0rwG ;= Ox, (Tor) ®0, O~ EP Opwlww/1].
G/fs)
Since

disc(Opn[w /1) Opw) = w171 Opmr,
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it follows that
disc(OpwG -a/Opw) = o BI=VIGVII 0w = disc(05/0) - Opm,
and this establishes the desired result. U

Remark 7.10. We caution the reader that L is not in general equal to the maximal unramified subex-
tension of L, /L, even when L is a field. Suppose, for example, that L is a field, and write Lq for the
maximal unramified subextension of L, /L. Set f =[Lg : L]. Then it is not hard to check that

IGI/f
Lr,~ [] Lo. (7-10)
i=1

and so L is a Galois algebra with “core field” Lg. If « € Oy, is such that Oy, = O [Gal(Lo/L)] -,
then we may take an, = (, O, ..., 0) under the identification given by (7-10).

Suppose further that L contains the |s|-th roots of unity, and that L, = Lq - L(zo '/¥!). To ease notation,
write M := L(w /I!), and set H = (s). Then a calculation similar to (but simpler than) that given in
the proof of Proposition 7.7(b) (see also Proposition 7.1) shows that Oy = OL[H] - B, and it may be
shown by computing the coefficient of 15 on the left-hand side of (7-8) that a = « - By, as is of course
well known.

Remark 7.11. Suppose that s € G with (|s|, g) = 1. A straightforward computation (cf. the proofs of
Propositions 7.1 and 7.7(b)) shows that for every w € Qp~, we may write

rg (¢s)w =rg(gs) - ¢s (w)
where [@;] € H!(L™, G), and that ¢; is a normal integral basis generator of Lgt/ L™. We have that

[5,1=1¢s,]11n H,1 (L™, G) if and only if c(s1) = c(s2). Itis easy to show that every element of Hzl (L™, G)
is of the form [§;] for some s € G with (|s|, g) = 1 (cf. the proof of Proposition 7.1 again).

Definition 7.12. Let a be any normal integral basis generator of L, /L. Theorem 7.9 implies that we
may write

rg(a) =u-rg(an) - re(s), (7-11)
where u € (OG)™ and ay, is any normal integral basis generator of L, /L. This may be viewed as being
a nonabelian analogue of a version of Stickelberger’s factorisation of abelian Gauss sums (see [Hilbert

1998, pages XXXV-XXXVI, and Theorems 135 and 136; McCulloh 1987, Introduction]), and so we call
(7-11) a Stickelberger factorisation of rg(a).

8. Local extensions II

Our goal in this section is to state certain results analogous to, (but very much simpler than), those in
Section 7, for extensions of F, where v is an infinite place of F. This section may therefore be viewed as
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being a “supplement at infinity” to Section 7 (cf. [Frohlich 1984, Chapter I, §3]). We remind the reader
that, if v is infinite, by convention, we set O, G = F,,G and Htl(Fv, G)= H'(F,, G).
Suppose first that v is a complex place of F. Then

Ko(Or,G,F)=0 and H'(F,,G)=0,

and we set X,(G) = {1}. As this case is totally degenerate, we therefore suppose henceforth in this
section that v is real. We set L = F,, >~ R, and for the remainder of this section, we drop any further
reference to v from our notation.

Set Gal(L¢/L) = (o), and fix a primitive fourth root of unity ¢4 € L€ (cf. the choice of compatible
roots of unity made at the beginning of Section 7), so L = L(&4).

Write

(G):={seG|s*=e). (8-1)
(Note that this set is in fact independent of v.) For each s € X(G), we set
By = 3(1+2).

Define ¢; € Map(G, L€) by
o' (By) ifg=s",

¢s(8) = {0 if g ¢ (s).

Then it is easy to check that
ro(¢s) =Bs-e+o(B) -5 = 3[(1+a) - e+ (1= 84) - 5.
Proposition 8.1. Suppose that 1 € Hom(Q2y, G) with w(o) =s. Then s € Ly, and
L, =LG - ;.

Proof. The first assertion follows directly from the definition of ¢;. The second is an immediate

consequence of the fact that rg(p;) € (L°G)*, because
3((A+e) et (1=8a)-9) 5 (1=C) e+ (1+8)-5) =1 O
Proposition 8.2. Suppose that x € Rg, and write
Xlsy=a-1+b-¢,
where ¢ denotes the unique nontrivial irreducible character of (s). Then
[Det(rg (¢:)](x) = (=12,

Proof. This follows via a straightforward computation:

[Det(rg (@:))]1(x) = 1rg(ps)* - e(rc ()’ = (Bs +a (B - (Bs —o (Bs))’ =1- ¢ = (=DHP2 O
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Remark 8.3. In terms of the Stickelberger pairing (—, —) which will be introduced in the next section,
Proposition 8.2 asserts that

[Det(rg (gs)](x) = (—1)*-s)a,

9. The Stickelberger pairing

Definition 9.1. The Stickelberger pairing is a Q-bilinear pairing
{(—, =) :QR; x QG — Q (9-1)

that is defined as follows.

Let ¢|| be a fixed, primitive |G|-th root of unity (see the conventions established at the beginning of
Section 7), and suppose first that G is abelian. Then if x € Irr(G) and g € G, we may write x(g) = gerl
for some integer r. We define

-
(x,g>c—{@},

where {x} denotes the fractional part of x € (O, and we extend this to a pairing on QR x QG via linearity.
For arbitrary finite G, the Stickelberger pairing is defined via reduction to the abelian case by setting

(X, 86 = {xle) &g
It is easy to check that both definitions agree when G is abelian.

We shall now explain a different way of expressing the Stickelberger pairing using the standard inner
product on Rg. In order to do this, we must introduce some further notation.
img,

For each s € G, we set my := |G|/|s|. We define a character & of (s) by & (s') = 863 SO & isa
generator of the group of irreducible characters of (s). Then it follows from Definition 9.1 that

¢ By _ %}
(& s s )is) {|s|'

Define
|s]—1

o1 L
bS:mZ]fsj
j=1

Proposition 9.2. Let (—, —)g denote the standard inner product on Rg, and suppose that x € Rg
and s € G. Then we have

(x-Indf) (Es))6 = (x. 5)c-

Proof. Suppose that
Is|—1

Xlisy = lel a;&;l,
=0
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where a; € Z for each j. Then we have

ls|—1 s|—1

(X.9)6=Y_ ajEl shy=> aj{li—|} = ﬁ Y ajj.
j=0 '

On the other hand, via Frobenius reciprocity, we have

Is|—1 Is|—1 Is|—1

- - i1 . 1 .
(x> Ind, (Es))g = (x5 B())is) = (Z a€l. 1 > ]55)( =i Y ajji=x 956
Jj=0 s

j=0 j=0
and this establishes the desired result. O
In order to apply Proposition 9.2, we shall require the following result concerning traces of sums of
roots of unity.

Lemma 9.3. Let n > 1 be an integer, and suppose that ¢ is any primitive n-th root of unity. Write

n—1

y:=Zi-§'i.

i=1
Then
Trag)0(y) = —3n(n),

where ¢ is the Euler ¢-function. In particular, Trg)/a(y) # 0.

Proof. Bach ¢! is a primitive d-th root of unity for some divisor d of n, and so it follows that

y:Z Z %;nr/d_

d|n 1<r<d-1
rd)=1
If d | n, then applying Mdbius inversion to the identity x¢ — 1 = [, \a Pm(x) (Where @, (x) denotes the
m-th cyclotomic polynomial) yields ®,,(x) =], | g = 1)*@/m whence it is not hard to show that
Trg)/a(e) = u(d) for any primitive d-th root & of unity. Hence Tro ) a(e) = ¢ (n)u(d)/¢(d), and so

we have
wu(d) ¢(n)
Traa() =) Y o Tewel")=n}_ 0@’
d|n 1<sr=d—1 dln
(rd)=1
where

1 ifd=1,

s(d) = Zlfiid—li ifd > 1.
G.d)=1

It is well-known that
s(d) = 3d¢(d)
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for any integer d > 1 (see, e.g., [Burton 2007, Theorem 7.7]). It therefore follows that

Trag)a() = 3n¢ () Y ud) = —ing (),

dln
d>1

as claimed. g
We can now state the following corollary to Proposition 9.2.

Corollary 9.4. Suppose that s| and s, are elements of G.

() If c(s1) = c(s2), then (X, s1)G = (X, s2)G for all x € QRg.
() If {(x,s1)6 = (x, s2)c for all x € QRg, then (s1) is conjugate to (s3) in G.
(iii) We have that {x, s1)g = 0 for all x € QR¢ if and only if s; = e.

Proof. (i) Let x € Rg and s € G. It follows from the definition of the Stickelberger pairing that for fixed x
the value of (yx, s)¢ depends only upon the conjugacy class c(s) of s in G. Hence, if c(s1) = c(s2), then
(X, s1)6 = (X, s2)¢ forall x € QRg.

(i) To show this we use Proposition 9.2. We first note that a straightforward computation shows that
the degree of the virtual character Ind(Gs) (By) is equal to |G|(|s| — 1)/2]s|, and so we see that Indfv)(E s)
determines |s|. Next, we remark that If {#;} is a set of representatives of G/(s), then for each g € G, we
have

[Ind§, (E)I) = > & 'gt), (9-2)

- gtt€<s)

and so the character Ind&(E s) vanishes on all elements of G that are not conjugate to an element of (s).
Proposition 9.2 implies that under our hypotheses, IndG y(Es) = IndG y(Es,). Hence, to prove the
desired result, it suffices to show that [Ind<GSI>(E s1(s1) # O, because then

[Indf},, (E5)1(s1) = [Indf} , (E;)](s1) #0,

which implies (since |s1| = |s2|) that s; is conjugate to a generator of (s;).
Now if s{ is any generator of (s1), then &, (s{) is a primitive |s;|-th root of unity, and we have

Isi]—1

Eq (s =Y i (s

i=1

Hence if ¢ denotes any primitive |s;|-th root of unity, Lemma 9.3 implies that

Tra)aEs (7)) = —3Is1lp (Is1]).

It follows from (9-2) that Tr@(g)/@[lndg(asl )1(s1) is equal to a nonzero multiple of —|s;|¢(|s1])/2, and
so is nonzero. This in turn implies that [IndSGI(ES1 )](s1) is also nonzero, thereby establishing the desired
result.
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(iii) Proposition 9.2 implies that (x, s;)¢ = 0 for all x € QRg if and only if (Indgl)(Esl), x)c = 0 for
all x € QQR. The latter condition holds if and only if Indgl>(E s5;) = 0 and this happens if and only if
51 =e. O

Remark 9.5. (a) The converse to Corollary 9.4(i) does not hold in general, e.g., it fails for the dihedral
group D, of order 2p, where p > 3 is a prime. (See [Siviero 2013, Chapter 3; 2016] for an explicit
description of the Stickelberger pairing in this case.)

(b) Let x1, ..., xqa (respectively cy, ..., cq) be the set of irreducible characters (respectively conjugacy
classes) of G. We refer the reader to [Bueno et al. 2016] for computations and conjectures concerning the
rank of the d x d-matrix [{x;, ¢;)c] associated to the Stickelberger pairing (—, —)G when G is cyclic.

10. The Stickelberger map and transpose homomorphisms

The Stickelberger map.
Definition 10.1. The Stickelberger map

®=0;:QR; - QG (10-1)

is defined by
O =Y (x.8c"8.

geG

We write G(—1) for the set G endowed with an action of QF via the inverse cyclotomic character.
Note that in general, for nonabelian G, this 2g-action is not an action on G via group automorphisms; it
is only an action on the set G. However, it does induce an action on the additive group QG (—1), which
is all that we shall require.

The following proposition summarises some basic properties of the Stickelberger map.

Proposition 10.2. (a) We have that ©(x) € Z(QG) for all x € Rg, i.e., in fact
®:QR; — Z(QG).
(b) Suppose that x € Rg. Then ©(x) € ZG if and only if x € Ag. Hence ® induces a homomorphism
AG — ZG.
(c) The map
®:QR; — QG(-1)
is Qp-equivariant.

Proof. The proofs of these assertions for arbitrary G are essentially the same as those in the case of
abelian G. See [McCulloh 1987, Propositions 4.3 and 4.5].

(a) It follows from the definition of the Stickelberger pairing that if x € Rg and g € G, then (x, g)¢ is
determined by the conjugacy class ¢(g) of g in G. This implies that ® (Rg) C Z(QG), as claimed.
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(b) Suppose that x € Rg and g € G. Write
Xl =Y anm,
1

where the sum is over irreducible characters of (g), and set {4 := ;llGl/ ¢l Then
a a | |Z a
(det(x))(g) = det(x | 5))(g) = Hn(g) " H@l'g' e

It now follows that (x, g)g € Z for all g € G if and only if x € Ker(det) = Ag, as required.

(c) Let « denote the cyclotomic character of 2, and suppose that x € R is of degree one. Then, for
each g € G and w € QF, we have

x“(8) = x(g““),
and so

(x?, 8)e = (x, ). (10-2)

It follows via bilinearity that (10-2) holds for all x € Rg and all g € G. Hence, if we view © () as being
an element of QG (—1), then
—1
O =D (X8 g=Y (x.8 e g=) _(x.8)a 8" @ =000". O
geG geG geG
Transpose Stickelberger homomorphisms. We see from Proposition 10.2 that dualising the homomor-
phism
®:Ac —> Z(ZG)
and twisting by the inverse cyclotomic character yields an Qg-equivariant transpose Stickelberger
homomorphism
©' : Hom(Z(ZG(—-1)), (F°)*) — Hom(Ag, (F)™). (10-3)
Composing (10-3) with the sequence of homomorphisms
Det(F¢G)*
Hom(Ag, (F)*) = Z(F°G)*/G® - ————— — Ko(OrG, F°), 10-4
om(Ag, (F°)") = Z(F°G)”/ = Det(0,G)< 0(OF ) (10-4)
(where the first arrow is given by (4-6), the second via (the inverse of) (4-3), and the third is via the
homomorphism 8! of (6-1)) yields a homomorphism

K®' :Hom(Z(ZG(-1)), (F)*) — Ko(OpG, F°). (10-5)

Hence, if we write C(G(—1)) for the set of conjugacy classes of G endowed with 2g-action via the
inverse cyclotomic character, and set

A(OFG) := Homg, (Z(ZG(~1)), Orc) =Mapg, (C(G(—1)), Or<) = Z(Op:[G (=D,
A(FG) :=Homg, (Z(ZG(~1)), F*) = Mapg, (C(G(=1)), F) = Z(F[G(-)])?,



1864 Adebisi Agboola and Leon R. McCulloh

then K®' induces a homomorphism (which we denote by the same symbol):
K®' : A(FG)* — Ko(OfrG, F°).

For each place v of F, we may apply the discussion above with F replaced by F, to obtain local

versions
! :Hom(Z(ZG(-1)), (F$)*) — Hom(Ag, (F{)™) (10-6)
and

K®.: A(F,G)* — Ko(OF,G, F°) (10-7)

of the maps ®" and K ©' respectively. The homomorphism ©' commutes with local completion, and
K ®' commutes with the localisation maps

A : Ko(OFG, F©) = Ko(OF, G, FO).

Definition 10.3. We define the group of ideles J (A (FG)) of A(FG) to be the restricted direct product
over all places v of F of the groups A (F,G)* with respect to the subgroups A(Of, G)™.

For all finite places v of F not dividing the order of G, as Of,G is an Of,-maximal order in F,G, we
have that (see Proposition 4.5(ii))

O} (A(OF,G)) € Homg, (Ag, (OF)*) = Det(H(OF,G)),
and so

KO, (A(OF,G)) € Ko(OF,G, Or).

It follows that the homomorphisms ® combine to yield an idelic transpose Stickelberger homomorphism

KO': J(A(FG)) — J(Ko(OpG, F9)). (10-8)

We shall see in the next subsection that the idelic homomorphism K®’ is closely related to the
homomorphism

W' J(H!(F.G)) - J(Ko(OFG, F°))
of Definition 6.2.

Prime F-elements.

Definition 10.4. Let v be a place of F. For each element s # e of ¥,(G) (see Definition 7.2 and (8-1)),
define f, s € A(F,G)* by

—1 ifvisreal and ¢ = c(s),
Sfvs(c) =4 @, ifvisfinite and c = c(s), (10-9)
1 otherwise.
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Observe that f) s is Q2F, -equivariant because s € X,(G) and so QF, fixes c(s) when s is viewed as an
element of G(—1). The element f; ; depends only upon the conjugacy class c(s) of s. For all places v
of F, we define f, . € (A(F,G))™ to be the constant function f, , = 1.
Write
F, = {fv,s |s € 2,(G)},

and define the subset F C J(A(FG)) of prime F-elements by
feF << feJ(AFG))and f, € F, for all places v of F.

Following [Byott 1998, Definition 7.1], we define the support Supp(f) of f € F to be set of all places v
of F for which f, # 1. We say that f is full if, for each s € G there is a place v with f, = f, ;.

Our interest in the set F, as well as the relationship between K ®' and W9, is explained by the following
result.

Proposition 10.5. Let v be a place of F.
(a) Foreachs € 2,(G), we have
Det(rg (¢v,5)) = KO, (fu.5)
in Ko(OF,G, Fy).
(b) Suppose that s, sp € X, (G) with
Det(rg(¢v,s,)) = Det(rg (¢u,s,)). (10-10)

Then (s1) is conjugate in G to (s3).

(c) Suppose that v is finite. Let w1, mp € Hom(S2f,, G) with [m;] € HII(FU, G) for each i, and set
s; = mi(oy) (see (7-5)). Let a; be a normal integral basis generator of F, ./ F,, and let

rg(aj) =u; - rG(ai,nr) : "G(‘Ps,-)
be a Stickelberger factorisation of rg(a;) (see Definition 7.12). Suppose that
Det(rg(ay)) - Det(rg(ax)) ! € Det((Or:G)™). (10-11)

Then
Det(rg (¢s1)) = Det(rg ((psz))

and for some integer m and some h € G, the equality
1) = h-ma()" b

holds for all w € I,,.
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Proof.

(a) The proof of this assertion is very similar to that of [McCulloh 1987, Proposition 5.4].
It suffices to show that the equality

Det(rg(¢y.5)) = ©4(fu.s)

holds in Hom(Ag, (F{)™).
Let x € Rg, and write

X|<s> = Zann,

n

where the sum is over irreducible characters 1 of (s).
Suppose first that v is finite. Using (7-2), we see that (cf. [McCulloh 1987, Proposition 5.4])

Is|—1

[Det(rg (¢u. )10 = H< > ol (ﬁsm(s—")) R (10-12)

noNi=0
and so it follows that
[Det(rg (gu,)1(@) = & (**0

forall ¢ € Ag.
If v is real, then the proof of Proposition 8.2 shows directly that

[Det(rg(gss)1(x) = (—1) x5,

and so we have
[Det(rg (gos))(@) = (—1){**e

for all @ € A in this case also.
Now suppose that v is either finite or real. If « € A, then we have

@ @6 if v is finite,

(—Dfe%%6  if y is real.

(O, (fo.) (@) = fos(O) = fu,s<2<a, 8)G -g) =[] fos(@®*¥° = {

geG geG
The desired result now follows.
(b) The proof of (a) above shows that if (10-10) holds, then
(x,s1)6 = (X, 2)G

for every x € Rg. It therefore follows from Corollary 9.4 that (s;) is conjugate in G to (s»).

(c) Observe that (10-11) holds if and only if

Det(rg(¢s,)) - Det(rg(¢s,) ") € Det((0F: G)*), (10-13)
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and the proof of part (a) (see (10-12)) implies that (10-13) holds if and only if
Det(rg (¢5,)) = Det(rg (¢s,))-
Part (b) therefore implies that (s1) and (s,) are conjugate. Hence
sp=h-sy h!
for some m € Z and h € G, and so
r6(@s) =h-r(gm) -h™'

(see (7-3)).
For any w € Q2 For, We have

71 (@) =rg(a)”" 6@ =re(es) ™" 16 (es)".
Applying the map F{G — F{G defined by ) g dg8 F> > ¢ 4g&™ to this equality (when i = 2) yields
(@) = ro(ee) ™" - re(@m)”.
The final assertion now follows. U

The Stickelberger pairing revisited. In this subsection we shall briefly describe an alternative definition
of the Stickelberger pairing that involves a direct connection with resolvends of local normal integral
basis generators. This will not be used in the sequel.

Let v be a finite place of F. There is a natural pairing

(= =} : Im(G) x H'(F}", G) — Q/Z,  (x, [7]) = [v(Det(rg (a(m)))(x))], (10-14)

where a () is any normal basis generator of F}" /FJ". Recall that every element of Ht1 (F}", G) is of the
form @, s for some s € G with v{|s| (see Remark 7.11). The restriction of {—, —}¢., to Irr(G) x Htl (F)", G)
yields a refined pairing

{— =15 1 Im(G) x HN(F™, G) — Q. (X, Gu.s) > v(Det(rg(@y,)) (X)). (10-15)
This leads to the following definition.

Definition 10.6. Suppose that v is finite and that v{|G|. We define a pairing

[— =l : Im(G) x G = Q,  (x,8) = v(Det(rg(¢v,g)) (X)), (10-16)

and we extend this to a pairing on QR x QG via linearity.

Proposition 10.7. Suppose that v is finite and that vt|G|. Then for each x € Irr(G) and g € G, we have

(X, &la.w = [Xxl(g)s &lig).v- (10-17)
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Proof. Set H := (g). The property (10-17) is a direct consequence of the fact that the restriction map
Rc — Ry induces a homomorphism Hom(Ry, (F))*) — Hom(Rg, (F{)*) such that the following
diagram commutes:

(FEHY*  —=>  (FSG)*
lDCt lDet
Hom(Rpy, (Fy)*) —— Hom(Rg, (F})™)
(see, e.g., [Frohlich 1976, p. 436; 1984, p. 118]). O

Proposition 10.8. Suppose that v is finite and that vt|G|. Then for each x € Irr(G) and g € G, we have

[x: gle.w = (X, 8)c- (10-18)

In particular, [—, —]g.v is independent of our choice of v.
Proof. Proposition 10.7 implies that we may assume that G is cyclic. The equality (10-18) may then be
established via an argument identical to that used in the proof of Proposition 10.5(a) (see also [McCulloh
1987, Proposition 5.4]). O
11. Modified ray class groups
Definition 11.1. Let a be an integral ideal of Of. For each finite place v of F, recall that
Us(Or) = (14 a0p) N (O5) ™.

We define
Uy(A(OF,G)) € A(F,G)* =Mapg, (C(G(=1)), (F;)™)
by
Uy(A(OF,G)) = {gy € A(FyG)*|gy(c) € Ua(OF¢) Ve # 1}
(with g, (1) allowed to be arbitrary).
Set
U, (A(OFG)) := (l_[ UC’L(A(OF“G))) NJ(A(FG)).

Definition 11.2. For each real place v of F, we define
A(F,G)} = {gy € A(F,G)™ | gu(c) e RZ, for all c € C(G(—1))}

(with g, (1) allowed to be arbitrary).
If v is complex, we set A(F,G)} := A(F,G)*. We define

U, (A(OFG)) = ( HA(FG)X) NJ(A(FG)),

v| oo
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and

UL(A(OFG))y = (]‘[ A(FG)1> NJ(A(FG)).

v|oo

Definition 11.3. The modified ray class group modulo a of A(OpG) is defined by

/ B J(A(FG))
Cl,(A(OFG)) = A(FG)*-UlL(A(OFG)) - Ul (A(OFG))

The modified narrow ray class group modulo a is defined by

CIL T (A(0FG)) == JAXFG)) :
A(FG)* - Uy(A(OFG)) - UL (A(OFG))+

We refer to the elements of Cl/a(A(O rG)) (respectively Clg+(A(0 rG))) as the modified ray classes
(respectively modified narrow ray classes) of A(OrG) modulo a.

Remark 11.4. Fix a set of representatives 7' of 2p\C(G(—1)), and foreach t € T, let F(¢) be the smallest
extension of F such that Qf( fixes ¢. Then the Wedderburn decomposition of A(FG) is given by

A(FG):MapQF(C(G(—l)),F“):HF(t), (11-1)
teT
where the isomorphism is induced by evaluation on the elements of 7.
The group CI; (A (OrG)) (respectively lelJr (A(OFG))) above is finite, and is isomorphic to the product
of the ray class groups Cla(OF(;)) (respectively the narrow ray class groups Cl:(OF(,))) modulo a of
the Wedderburn components F(t) of A(FG) with ¢ # 1. There is a natural surjection

CL,Y(A(OFG)) — CL(A(OFG))

with kernel an elementary abelian 2-group.
If |G| is odd, then (as no nontrivial element of G is conjugate to its inverse) F () has no real places
when t # 1, and so Cly(OF()) = Clj(OF(t)). Hence we have

CIQ+(A(0FG)) = Cl(A(OFG))
whenever G is of odd order.

Proposition 11.5. Let a be any integral ideal of Op. Then the inclusion F — J(A(FG)) induces a
surjection F — Cl’a+(A(0FG)). In particular, each modified narrow ray class modulo a of A(OrG)
contains infinitely many elements of F.

Proof. Let I(A(OfrG)) denote the group of fractional ideals of A(OrG). Then via the Wedderburn
decomposition (11-1) of A(FG), we see that each fractional ideal 6 in A (OrG) may be written in the
form B = (2B,);cr, where each ‘B; is a fractional ideal of O (). For each conjugacy class t € T', let o(t)
denote the Q2 p-orbit of ¢ in C(G(—1)), and write |¢| for the order of any element of .
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For each idele v € J(A(FG)), let

co(v) := [co(v)lier € I(A(OFG)) = ]_[ 1(OF®)

teT

denote the ideal obtained by taking the idele content of v. If v is a place of F, we view F, as being a
subset of F via the obvious embedding A(F,G)* C J(A(FG)), and we set

Fyi={co(fo) | fv € Fy}.

Now suppose that v is finite, and consider the ideal

co( fu,s) = [co(fo,s)ilrer

in I (A(OrG)). If c(s) ¢ o(t), then it follows from the definition of f,  that co(f, s); = OF(). Suppose
that c(s) € o(¢). Since s € X, (G), it follows that v(|s|) = 0 and that QF, fixes c(s). Hence F,(t) = F,,
and so we see that co( f, s); is a prime ideal of O, of degree one lying above v (cf. [McCulloh 1987,
pp- 287-289]). Furthermore, if t € T and if v is a finite place of F that is totally split in F(¢), then
fo.s € Fy forall ¢(s) € o(z).

We therefore deduce that if v is finite, the set F, consists precisely of the invertible prime ideals
p = (p:)rer of A(OFG) with p,, a prime of degree one above v in F(¢1) for some #; € T with v(|#1]) =0
and p; = Op(, for all t # t1. For every t € T, the narrow ray class modulo a of F(¢) contains infinitely
many primes of degree one, and this implies that F surjects onto Cl/aJF(A(O rG)) as claimed. Il

Our next result describes a transpose Stickelberger homomorphism on modified narrow ray class groups
ClélJr (A(OFG)) for a suitable choice of a. Before stating it, we remind the reader that Proposition 6.3
implies that [ [, Im(W}") is a subgroup of J(Ko(OrG, F°)).

Proposition 11.6. Let N be an integer, and set a := N - Or. Then if N is divisible by a sufficiently high
power of |G|, the idelic transpose Stickelberger homomorphism

K®': J(A(FG)) — J(Ko(OrG, F%))

induces a homomorphism
J(Ko(OFG, F))
AN(K (FeG)]- T, Im(¥ir)’

Proof. To show this, we first observe that Proposition 4.6 implies that if N is divisible by a sufficiently

O :ClL (A(OFG)) —

high power of |G| and v is any finite place of F, then we have
! (U4(A(OF,G))) € Det((0,G)*/G) € Det(H(OF, G)) = Im(¥!),
and so it follows that

KO (Uy(A(0FG))) € [ [Im(wy)

in J(Ko(OfrG, F°)).
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Suppose that v is a real place of F and that & € A(F,G)Z. Then for each x € Rg, we have (recalling

that (x, e)¢ =0)
L (x) = [ | hc@n™ e >0,
geG

and so O (h) € HomgF (Rg, (FS)™). This implies that K©'(h) = 1 in Ko(OF,G, FY), and therefore
KO (U, (A(OFG))) =1in J(Ko(OFG, F°)).

It now follows that K®' induces a homomorphism

J(Ko(OFG, F°))

AN(K 1 (FeG)]-TT, Im(¥p)’

®' :Cl. T (A(0FG)) —
as claimed. O

12. Proof of Theorem 6.6

In this section we shall prove Theorem 6.6. Recall that we wish to show that if

J(Ko(OFG, F))

wid . J(H!
vid: J(H, (F,G)) — A0 (K1 (F<G))]- ], Im(wnr)

denotes the map of pointed sets given by the composition of the map W¢ with the quotient homomorphism

J(Ko(OFG, F))

@ RolOr G F) = S T (B - T, Im()”

then the image of Wid g in fact a group.
To show this, we choose an ideal a = N - O as in Proposition 11.6, and we consider the diagram

J(H\(F, G))

\I/id l

612l qzl qll
CILF (A(0FG)) —— CLF(A(0FG)) —= J(Ko(OFG, F))

AN(K (FG)T-TT, Im(W)

Here g, denotes the obvious quotient map. Proposition 11.6 shows that the right-hand square commutes,
and Proposition 11.5 shows that the left-most vertical arrow is surjective.
It follows from Proposition 10.5(a) that

Q1[KO' (F)] = qi[W'(J(H!(F, G)))] = Im ¥id,
On the other hand, we also have that

q1[K®' (F)] = ©4(Cl, " (A(0rG))),
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which is a group. It therefore follows that Im(\Iﬁ) is indeed a group, as claimed.
This completes the proof of Theorem 6.6. g

13. Realisable classes from field extensions

In this section, after first proving that the kernel of W is finite, we explain how a slightly weaker form of
Conjecture B implies that every element of R(OrG) may be realised by the ring of integers of a tame
field (as opposed to merely a Galois algebra) G-extension of F.

Recall that G’ denotes the derived subgroup of G, and note that we may view H'(F, G’) and H'(F,, G’)
as being pointed subsets of H!(F, G) and H'(F,, G) respectively via taking Galois cohomology of the
exact sequence of groups

0—>G —G— G®—0.

Recall also that we write H) (F, G') for the set of isomorphism classes of G’-Galois F-algebras that are

fnr
unramified at all finite places of F.

Proposition 13.1. (a) Let v be a finite place of F. Then Ker(V,) C Hnlr(Fv, G).
(b) Suppose that [r] € Ker(V). Then [r] € H. (F, G') € H'(F, G). We have that Ker(V) is finite.
(c) Suppose that F/Q is at most tamely ramified at all primes dividing |G|. Then Hnlr(F , G') C Ker(W).

(d) Suppose that G has no irreducible symplectic characters or that F has no real places. Suppose also
that F /Q is at most tamely ramified at all primes dividing |G|. Then Ker(V) = Hflnr(F, G).

Proof.
(a) Let v be a finite place of F. Suppose that [,] € Ht1 (Fy, G), and that O, = OF,G - a,. Recall (see

Sections 5 and 6) that we have
Det(F¢G)*
v, : H\(F,,G) - Ko(OF,G, F) ~ —— Y~
v ;( v )_> O( F, v) Det(OFvG)X
and that W, ([r,]) = [Det(rg(ay))] (see also Definition 4.1 and Remark 4.2). It follows that W, ([7r,]) =0
if and only if Det(rg(a,)) € Det(Of,G)™.
Hence, if W, ([7r,]) =0, then for each w € QF,, we have

Det(rg(ay) ") - Det(rg(a,)” = 1,

and so we deduce from (3-8) that [, ] lies in the kernel of the natural map H'(F,, G) — H'(F,, G™)
of pointed sets. This implies that [7,] € H L(F,, G. Finally, we see from (7-11) and Proposition 10.5(c)
that Det(r¢ (ay)) € Det((Ofr,G)™) only if [7,] € Hnlr(Fv, G). We now conclude that if [7,] € Ker(¥,),
then [rr,] € H)(F,, G’). This establishes part (a).

(b) Suppose that [] € H'(F, G) satisfies W([r]) =0. Then W, (loc,([r])) = 0 for each place v, and so it
follows from part (a) that loc, ([7r]) € Hnlr(Fv, G’) for all finite places v of F. Therefore [7] € H'(F, G),
and 7 is unramified at each finite place of F, i.e., ] € Hflm(F , G'). As there are only finitely many
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unramified extensions of F of bounded degree, it follows that Hf]m(F , G') is finite, and so Ker(W¥) is

finite, as claimed.

(c) Suppose that [7] € Hnlr(F, G) C Htl(F, G), and write O, = Of,G - a, for each finite place v of
F. As m is unramified at v, it follows that Det(rg(ay)) € Det(O F;uG)X. Since loc,([]) lies in the
kernel of the natural map H'(F,, G) — H L(F,, G*), we see from the diagram (3-8) that the image of
Det(rg(ay)) in Z(F,G)*\H(Z(F,G)) is trivial, and so in fact Det(rg(ay)) € [Det(OpyrG)X]QFv. Note
that Det(rg(a,)) is defined over the finite, unramified extension F," of F, (see (2-2)). Let L denote an
arbitrary finite, unramified extension of F,.

If vt|G|, then O G is an Op-maximal order in LG, and we have (see (4-12))

[Det(0,G)*1%" ~ [Homg, (Rg, (OF:))|*" ~Homg, (Rg, (OF:)*) ~Det(Of,G)*.

If v | |G|, then because F/Q is at most tamely ramified at all primes dividing |G|, it follows from M. J.
Taylor’s fixed point theorem for group determinants [1984, Chapter VIII] that

[Det(0,G)* 1% = Det(OF,G)™.

Hence, for each finite place v of F, we see that Det(rg(a,)) € Det(Of,G)*, and so W, ([7,]) = 0 (cf.
part (a) above).

Since Hr}r(Fv, G) = 0 for all infinite places of F, it follows that W, ([r,]) = O for all places v of F.
This in turn implies that A(W ([7r])) = 0. As the localisation map A is injective (see Proposition 5.9(a)), it
follows that W ([xr]) = 0. Hence Hnlr(F, G') C Ker(W), as claimed.

(d) The proof of this assertion is very similar to that of part (c) above, and so here we shall be brief.
Suppose that [ ] € Hf]m(F , G'). Arguing exactly as in part (c), we see that W, ([r],) =0 for all finite places
v of F, which in turn implies that A ; (W ([r])) = 0. Under our hypotheses, Proposition 5.9(b) implies
that the localisation map A r is injective, and so W([7r]) = 0. Hence we see that Hfhr(F , G CKer(¥),
and so it follows from part (b) above that in fact HfLr(F , G') = Ker(W¥), as asserted. U

Definition 13.2. Suppose that x e LC(OrG) (see Definition 6.4). We say that x is unramified (respectively
ramified) at a place v of F if A,(x) € Im(H\.(F,, G)) (respectively if A, (x) ¢ Im(HL(F,, G))).

If S is any finite set of places of F', we denote the set of x € LC(OrG) that are unramified at all places
in S by LC(OfrG)s.

Before stating our next result, it will be helpful to introduce the following notation. Suppose that
x € LC(OFG) and let [(xy)y, Xo] € J(K1(FG)) x Det(F¢G)™ be a representative of x. Then A(x) €
J(Ko(OFG, F°)) is represented by the element (x, -loc,(xo0)) € [ [, Det(FSG)*. Hence it follows from
Theorem 7.9 and Proposition 10.5(a) that we have an equality

[(xy - locy (xoo))] = [a(x)] - KO'(f(x)) (13-1)

in J(Ko(OfG, F)), where a(x) = (a(x),) € [[, Det(H(OF,G)) and f(x) € F.
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Definition 13.3. We say that x € LC(OfrG) is fully ramified if f(x) is full (see Definition 10.4 —note in
particular that this does not mean that x is ramified at all places of F', which would of course be absurd!).

Let us also recall that 3°(x) e CI(OrG) is represented by the idele (x,), € J(K1(F G)) (see Remark 5.5).

Proposition 13.4. Suppose that S is any finite set of places of F, and that x € LC(OrG). Then there
exist infinitely many y € LC(OrG)g with Bo(y) = 98%x) in CI(OrG). Hence we have

3%LC(0rG)) = d°%LC(OFG)s). (13-2)

Proof. Let a be an ideal of F chosen as in Proposition 11.6 (so a is divisible by a sufficiently high power
of |G| for the homomorphism ®/, to be defined). Proposition 11.5 implies that there are infinitely many
choices of g € F such that Supp(g) is disjoint from $ and g lies in the same modified narrow ray class
modulo a as f(x), i.e.,

f(x) =g (mod A(FG)™ - Uy(A(OFG)) - Ui, (A(OFG))+).

Hence for any such g, we have
KO'(f(x) =K®'(B-b-g)

where B € A(FG)* and b = (b,) € U,(A(OFG)) - UL (A(OFG))+. Now KO (B) € 31 (K (F¢G)) (see
(10-3)—(10-5)), while K ©' (D) lies in the image of [ [, Det(H(OF,G)) in J(Ko(OrG, F€)), by virtue of
our choice of a. We therefore see from (13-1) that we have the equality

[(xy - 1ocy (X)) - KO'(B) ! =[a(x)]- KO'(b) - KO (g)
in J(Kyo(OfG, F¢)). Then the class

y =[xy - loc, (x0o))]- KO'(B) ™!

in J(Ko(OfrG, F¢)) satisfies the desired conditions.
The final assertion follows immediately from the exact sequence (6-1). U

Proposition 13.5. Suppose that S is any finite set of places of F, and that x € LC(OpG). Then there
exist infinitely many y € LC(OrG)g such that y is fully ramified and 3°(y) = 3°(x) in Cl(OrG).

Proof. This is a generalisation of [McCulloh 1983, Proposition 6.14], and it may be proved in the same
way as [Byott 1998, Proposition 7.4].

We begin by constructing a full element / of F as follows. Let M/ F be a finite Galois extension such
that €2, acts trivially on C(G(—1)). For each s € G, choose a place v(s) of F that splits completely in
M/ F; the Chebotarev density theorem implies that this may be done so that the places v(s) are distinct
and disjoint from S. Then the element 7 =[], cG Ju(s),s 18 full.

Next, we choose an ideal a of F as in Proposition 11.6 and observe that Proposition 11.5 implies that
there are infinitely many choices of g € F with Supp(g) disjoint from S U Supp(/) such that g lies in the
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same modified narrow ray class of A(OrG) modulo a as f(x)-Ah~!. Then, for any such g, we have that
f(x)=g-h (mod A(FG)* - Ug(A(OFG)) - Up (A(OFG)) ),

and g -h € F is full. Now exactly as in the proof of Proposition 13.4 we may replace f(x) by g- /4 in
(13-1), changing the other terms in the equality as needed, to obtain y € Ko(OrG, F¢) satisfying the
stated conditions. g

Theorem 13.6. Let S be any finite set of places of F, and suppose that Conjecture B holds for LC(OrG)s,
i.e., that

LC(OrG)s € KR(OrG) =Im(W). (13-3)

Then R(OrG) is a subgroup of Cl(OrG). If c € R(OfrG), then there exist infinitely many [ ] € Ht1 (F, G)
such that Fy is a field and (O ) = c. The extensions F; /| F may be chosen to have ramification disjoint
from S.

Proof. To prove the first assertion, it suffices to show that, under the given hypotheses, we have
3°(LC(OFG)) = R(OrG) (13-4)

(see the proof of Theorem 6.7, especially (6-2)).

We plainly have R(OrG) € 8%(LC(OrG)). Suppose that x € LC(OrG), and set ¢, = 3°(x). Then
Proposition 13.5 implies that there exists y € LC(OrG)s with 3°(y) = ¢,. By hypothesis, we have
y € Im(W¥), and so 3°(y) = ¢, € R(OrG). This implies that 3°(LC(OrG)) € R(OrG). Hence (13-4)
holds, and so R(OrG) is a subgroup of CI(OrG), as claimed.

Next, we observe that if ¢ € R(OrG), then (13-4) and Proposition 13.5 imply that there are infinitely
many x € LC(OfrG)gs such that x is fully ramified and 8%(x) = ¢. For each such x, our hypotheses imply
that there exists 7, € Hom(Q2 g, G) with [, ] € Ht1 (F, G) and ¥ ([r,]) = x. The set of primes that ramify
in Fr /F is equal to Supp(f(x)), and so Fy, /F has ramification disjoint from S. As f(x) is full, we see
that for each nonidentity element s € G, there is a place v(s) € Supp(f(x)) such that 7, (o)) € c(s) (see
(7-5) and Proposition 10.5(a) and (b)). Hence Im(sr,) has nontrivial intersection with every conjugacy
class of G and so is equal to the whole of G, by a lemma of Jordan (see [Serre 2003, p. 435, Theorem 4’]).
Therefore 7, is surjective, and so Fy, is a field. This establishes the result. O

14. Abelian groups

In this section we shall prove that Conjecture 6.5 holds for abelian groups. We shall also show that the
map W is injective in this case.

Let G be abelian, and suppose that L is any finite extension of F or of F, for some place v of F. As
G is abelian, the reduced norm map induces isomorphisms

(LG)* ~Det(LG)*, (0.G)* ~Det(0.G)*, (L°G)* ~Det(L°G)™. (14-1)
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For each finite place v of F', Lemma 5.7 and (14-1) imply that there are isomorphisms

e _ Det(FEG)* (FLG)™
Ko(OF,G, F) ~ ~ :
Det(Ofr,G)*  (Of,G)*

Proposition 14.1. Let G be abelian and suppose that v is a finite place of F. Then the map WV, is injective.
Proof. Suppose that [, ;] € Htl(Fv, G) (i =1, 2), with O,TW. = O0F,G-ay,;. Then ¥, ([m;]) = [rc(ay,i)]
in (F{G)*/(OF,G)*. Hence if W([m, 1]) = W ([, 2]), then we have rg(ay, 1) - rG(av,z)*l € (0fr,G)*.

This implies that [} ] = [72,,] in Ht1 (Fy, G), and so it follows that W, is injective, as claimed. Il

Again because G is abelian, the pointed set of resolvends H;(LG) is an abelian group, and the exact
sequences (3-3) and (3-4) show that there is an isomorphism

H,(LG)

t:HYL,G) =
(LG)*

(14-2)

defined as follows: if [7] € Ht1 (L,G) with L; = LG - by, then t([r]) = [rg(by)].
Note also that Theorem 5.4(b) and (14-1) imply that Ko(OrG, F€) is isomorphic to the cokernel of
the homomorphism

J(FG)

A e (FG)™ _
0¢G,Fe : (FG) HHU(OFUG)X

x (FCG)*

induced by
(FG)* — J(FG) x (F°G)*, x> ((locy(x))y, x71).

Theorem 14.2. Conjecture 6.5 is true when G is abelian.

Proof. Suppose that x € LC(OrG), and let [(xy)y, Xoo] € J(FG) X (FCG)™ be a representative of x. We
shall explain how to construct an element [] € Ht] (F, G) such that 1, (x) = A,(¥([r])) for all finite
places v of F. Since G is abelian, and therefore admits no nontrivial irreducible symplectic characters,
this will imply that x = W([r]) (see Proposition 5.9(b)).

For each v, we have that x,, - loc,(x) € H;(F,G). As x, € (F,G)*, this implies that loc,(xs) €
H,(F,G) for each v. It follows from Proposition 2.3 that xo, € H(F G), and we see in addition that in
fact xoo € H,(FG). Hence x is the resolvend of a normal basis generator of a tame extension Fy /F.
Set 7, :=loc, (7r). Then for each finite v, we have

T(W, ! (o () = [locy (xo0)] = T ([7,])
in H,(F,G)/(F,G)*, which in turn implies that
Ay (x) = Wy ([mu]) = Ay (W ([ ])).
Hence x = W([r]), as required. O

Proposition 14.3. If G is abelian, then the map VWV is injective.
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Proof. Let [7] € H,I(Fv, G), and suppose that [(xy)y, Xoo] € J(K1(FG)) x (F°G)™ is a representative
of W([r]). Then it follows from the proof of Theorem 14.2 that ([ ]) = xo in H;(FG)/(FG)*. Since
T is an isomorphism, we deduce that W is injective. U

15. Neukirch’s lifting theorem

Our main purpose in this section is to describe certain results, mainly from [Neukirch 1979], that will
be used in the proof of Theorem E. We refer the reader to [Neukirch 1979; 2008, IX.5] for full details
regarding these topics.

Let D be an arbitrary finite group. Consider the category D of homomorphisms 7 : G — D of arbitrary
profinite groups G into D in which a morphism between two objects n1 : G — D and 2 : Go — D is
defined to be a homomorphism v : G; — G, such that n; = 5 o v. We say that two such morphisms
v : G1 = Gy (i = 1, 2) are equivalent if there is an element k € Ker(17,) such that v (w) =k - va(w) - k™!
for all w € G;. Write Homp(G1, G») for the set of equivalence classes of homomorphisms G; — G,
and Hom p(G1, G2)epi for the subset of Homp(G, G2) consisting of equivalence classes of surjective
homomorphisms.

Suppose now that we have an exact sequence

0—-B—->G-LD-—>0

with B abelian, and that L is a number field or a local field. Let 4 : Q; — D be a fixed homomorphism.
We view Q; > D and G -4 D as being elements of D. The group D acts on B via inner automorphisms,
and this in turn induces an action of £2; on B via h. We write L(B) for the smallest extension of L such
that Q27.(p) fixes B (i.e., L(B) is the field of definition of B).

It may be shown that the group H'(L, B) acts on Homp(2;, G) in the following way. Let z €
Z'(L, B) be any 1-cocycle representing [z] € H'(L, B), and let v € Hom(S2., G) be any homomorphism,
representing an element [v] € Homp(2r, G). Define z-v : 2 — G by

(z-v)(w) =z(w) - v(w)
for all w € ;. It is not hard to check that
h=go(z-v),

and that the element [z - v] € Homp (21, G) is independent of the choices of z and v. It may also be
shown that Hom p(2y, G) is a principal homogeneous space over H' (L, B).

For a number field F', and a finite place v of F, we let Hom p(€2F,, G),r denote the set of classes of
homomorphisms Qr, — G that are trivial on I,. We write J¢(Homp (2, G)) for the restricted direct
product over all finite places of F' of the sets Hom p(S2F,, G) with respect to the subsets Homp (QF,, G)yr.

Now we can state Neukirch’s lifting theorem.
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Theorem 15.1. Let F be a number field and let h : QF — D be a fixed, surjective homomorphism.
Suppose that
0—-B—-G-4LD—0

is an exact sequence for which B is a simple Qr-module. (This implies that | - B = 0 for a unique
prime l.) Assume that the field of definition F (B) of B contains no nontrivial l-th roots of unity, and that
Jy(Homp(RF, G)) # @. Let S be any finite set of finite places of F. Then the natural map

Homp(Qr. Gepi — | [ Homp(Q,. G)
ves

is surjective.

Proof. This is [Neukirch 1979, Main Theorem, p. 148]. O
The following result implies that Homp(2f,, G) # & for all but finitely many v.

Proposition 15.2 [Neukirch 1979, Lemma 5]. Let F' be a number field, and let v be a finite place of F.

Suppose that G — G, is a surjective homomorphism of arbitrary profinite groups, and that there exists an
unramified homomorphism h,, : Qr, — Ga. Then Homg, (QF,, G1)nr # D, and so Homg, (2f,, G1) # S

also.

Proof. If h, is unramified, then A, factors through QF, /1, > Z and a map 7 — G> may always be lifted
to a map 7 G by lifting the image of a topological generator of Z. (|

We now turn to two results of a local-global nature that will play a role in the proof of Theorem 16.4.
In order to describe them, we let I" be a finite abelian group equipped with an action of Q such that I' is
a simple Q2p-module. Then [ - I" = 0 for a unique prime [. Write F(I") for the field of definition of I.

Theorem 15.3. Let M/ F be a Galois extension with F(I') € M and w; ¢ M, and let N'/M be a finite
abelian extension. Let S be a finite set of finite places of F, and suppose given an element y, € H'(F,, T")
for each v € S. Then there exists an element z € H'(F, T") satisfying the following local conditions:
(1) zy = yy foreachv € S.
(i) Ifv ¢ S, then z, is cyclic (i.e., is trivialised by a cyclic extension of F,), and if z, is ramified, then v
splits completely in N'/ F.
Proof. This is [Neukirch 1979, Theorem 1]. O

In order to state our next result, we introduce the following notation.

Definition 154. Let T := {vy, ..., v} be any finite set of finite places of F' containing all places that
ramify in F(I")/F and all places above /. Let p; denote the prime ideal of F corresponding to v;.
Proposition 4.8 implies that we may choose an integer N = N(T') such that for each 1 <i <r and for
every place w of F(I") lying above v;, we have

HomQF(r)w (AF’ UpIN (OF(F)‘ )) g rag[HomQF(r)w (Rl"’ 0;(1")2})]

w
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Set
a=a(T)=[]n:.
i=1

Let F(a") denote the ray class field of F modulo aV.

Theorem 15.5. Let v ¢ T be any finite place of F that splits completely in F (a"), and suppose that s is
any nontrivial element of T'. Then there is an element b = b(v; s) € H'(F, T") satisfying the following

local conditions:

(i) locy, (b) =0for1 <i <r.
(ii) b|;, = @y s (see Remark 7.11).

(iii) b is unramified away from v.

Proof. Let p be the prime ideal of F corresponding to v. Our hypotheses on v imply that p is principal,
with p =1 (mod aV). Set M := F(I'). As I' is abelian, we have that H(MT") ~ Homg,, (Ar, (M€)*)
(see (4-6)). Let @ be a generator of p, and define p € Homg,, (Ar, (M€)*) by

pla) = @,

(This homomorphism is €2s-equivariant because €2, fixes I'.) Then p is the reduced resolvend of a normal
basis generator of an extension My (,)/M corresponding to [ (p)] € H'(M,T). Since p=1 (mod aly,

for each place w of M lying above a place v; in T, we have
locy, (p) € Homg,,, (Ar, Uyv(Opg)) S rag[Homg,, (Rr, Oj}lcv)],

and so it follows that loc,, (7w (p)) = 0 (see (4-7)). In particular, 7 (p) is unramified at all places above T'.
For all places w” of M not lying above T or v we have that

locy (p) € Homg,, (Ar, Oy ),

and so 7 (p) is unramified at w’. This implies that 77 (p) is unramified away from v, since we have already
seen that 7 (p) does not ramify at any place above 7. It is also easy to see that

b |Iw(,,) = ¢w(v),s

for any place w(v) of M lying above v (cf. the proof of Proposition 10.5(a)).

As w € F, we have that 7w(p) € H'(M, T)C4M/F) " Since ' = 0 (because I is a simple Q-
module), the restriction map H YWF,T)—> H'(M,TI)is injective and induces an isomorphism H WF,T)~
H'(M, T)GM/F) Hence 7 (p) is the image of an element b € H'(F, I') satisfying the conditions (i),
(ii) and (iii) of the theorem. g
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16. Soluble groups

In this section we shall use Neukirch’s lifting theorem to prove a result (see Theorem 16.4 below) that
implies Theorem E of the introduction. In order to describe this result, it will be helpful to formulate the
following definition.

Definition 16.1 (Property R). Let S be any finite (possibly empty) set of places of F'. We shall say that
LC(OFG)s satisfies Property R if the following holds: Suppose given any fully ramified x € LC(OrG)s.
For each finite place v of F, suppose also given a homomorphism m, , € Hom(f2f,, G) such that
[Ty x] € Ht1 (Fy, G) and A, (x) = W, ([7ry «]). (Note that in general, such a choice of 7, , is not unique.)
Then there exists IT € Hom(Q2g, G) with [I1] € H,l(F, G) such that

(@) x =W([I]),
(b) II|;, = 7y« |, for each finite place v of F.
(So in particular, x is cohomological.)
Proposition 16.2. If G is abelian, then LC(OrG) satisfies Property R.

Proof. We shall in fact prove a slightly stronger result. Suppose that G is abelian, and let x € LC(OfrG).
(Note that we do not assume that x is fully ramified.) Then Theorem 14.2 implies that x is cohomological.
As G is abelian, the maps W and W, are injective (see Propositions 14.1 and 14.3). Hence it follows
that there is a unique [I1] € Htl(F, G) such that x = W([IT]), and a unique [, ] € HZI(FU, G) such that
Ayp(x) = Wy ([T x]). We therefore see that

)Vv(-x) = \pv([nv]) = q”([nv,x])»
and so I1, = m, . This implies that LC(OrG) satisfies Property R. Il

Theorem 16.3. Suppose that LC(OrG)s satisfies Property R. Then R(OFrG) is a subgroup of CI{(OrG).
If c € R(OfrG), then there exist infinitely many [ ] € Hl1 (F, G) such that Fy is a field and (Oy) = c. The

extensions F /| F may be chosen to have ramification disjoint from S.
Proof. This is an immediate consequence of Theorem 13.6. U
Our proof of Theorem E rests on the following result.

Theorem 16.4. Suppose that there is an exact sequence
0—-B—G—D-—0,

where B is an abelian minimal normal subgroup of G with [ - B = 0 for an odd prime l. Let S be any finite

set of finite places of F containing all places dividing |G|. Assume that the following conditions hold:
(1) The set LC(OF D)g satisfies Property R.

(i) We have (|G|, hg) = 1, where h denotes the class number of F.

(iii) Either G admits no irreducible symplectic characters, or F has no real places.
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(iv) The field F contains no nontrivial I-th roots of unity.
Then LC(OFG)g satisfies Property R.

Proof. We shall establish this result in several steps, one of which crucially involves Neukirch’s lifting
theorem (see Theorem 15.1).
Suppose that x e LC(Or G)s is fully ramified. For each finite place v of F', choose 7, x € Hom(Q2f,, G)
such that [, ] € H}(F,, G) with
Ay(x) = Wy ([, ])-

The choice of 7, . is not unique. However, if a(s, ,) is any normal integral basis generator of Fy,  /F,,
with Stickelberger factorisation (see Definition 7.12)

re (a(ﬂv,x)) = u(a(nv,x)) e (anr(nv,x)) e ((p(nv,x))’ (16-1)

then Proposition 10.5(c) implies that Det(rg (¢ (7, x))) is independent of the choice of m, .. Hence, if

©(y.x) = @y, say, then it follows from Proposition 10.5(b) that the subgroup (s) of G (up to conjugation)

and the determinant Det(rg (¢, 5)) of the resolvend r (¢, ) do not depend upon the choice of m, ;.
We write ¢ : G — D for the obvious quotient map, and we use the same symbol ¢g for the induced maps

Ko(OrG, F¢) — Ko(OpD, F¢), H'(F,G)— H'(F,D), H'(F,,G)— H'(F,, D).
Set

X:i=qx), myz:=q(myy).

Then x € LC(OpD)s with
)\v()_c) = lIJD,U(jTU,)f)

for each finite place v of F, and x is fully ramified.
By hypothesis, LC(Or D)g satisfies Property R, and so there exists p € Hom(Q2r, D) with [p] €
Htl(F, D) such that
x=Yp(lpD (16-2)
and

pli, =myxl1, (16-3)

for each finite place v of F. Hence, for each such v, we have that

Det(rp(¢(py))) = Det(rp(¢(my.3))),

using the notation established in (16-1) above concerning Stickelberger factorisations. As x is fully
ramified, we see from the proof of Theorem 13.6 that p is surjective, and so F), is a field. We also see
that, as x € LC(Of D)y, the extension F,/F is unramified at all places dividing | D|. Furthermore, if v |/
(so v € ), then since 7, , is unramified, the same is true of 7, 3, and so F,/F is also unramified at v.
Hence, as F' N u; = {1} by hypothesis, it follows that F,, N u; = {1} also.
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For each finite place v of F, we are now going to use the fact that x € LC(OfrG) to construct a lift
ov € Hom(Q2F,, G) of p, such that [p,] € H,I(FU, G) with

Polt, = o xl1,- (16-4)
To do this, we first observe that if ¢ (7, x) = @y 5, then ¢ (7, 3) = ¢, 5, Where § = g (s), and so we have
(/)(pv) = (/)(ﬂv,fc) = @u,5
(see (16-3)).
Next, we write

Pv = Pu,r * Pu,nrs

with [py »r] € Hr}r(Fv, D) (see (7-7)). Since p, ,r is unramified, Proposition 15.2 implies that [p, ,.] may
/F,. Then
rg(a(pPy.nr)) - rg(@y.s) is the resolvend of a normal integral basis generator of a tame Galois G-extension

be lifted to [0y nr] € Hnlr(Fv, G). Let a(p, ) be a normal integral basis generator of F;

v,nr

F;,/ F, such that g([0y]) = p, (see Corollary 7.8 and Theorem 7.9). As ¢ (7, ) = ¢y, We see from the
construction of p that

ﬁv|ll, = 7Tv,x|1v = (ﬁv,s,
where [@, 5] € Ht1 (I, G) is defined in Remark 7.11. The map p, is our desired lift of p,.
We are now ready to apply the results contained in Section 15. Consider the following diagram:

q

0 B G D 0

Tp
Qp

The group D acts on B via inner automorphisms, and we view B as being an Qr-module via p. Then

B is a simple Q2 p-module because B is a minimal normal subgroup of G and p is surjective. The field
of definition F'(B) of B is contained in the field F,, and so in particular F(B) contains no nontrivial /-th
roots of unity. We are going to construct an element I1 € Hom p(Q2f, G) such that

H|IU =7Tv,x|IU

for each finite place v of F. This will be accomplished in the following three steps:

I. We begin by observing that our construction above of a lift p, of p, for each finite v shows that
Jr(Homp(R2F, G)) is nonempty. Let 8 be the set of finite places v of F at which x is ramified or v | |G|.
Theorem 15.1 implies that there exists I1; € Homp(Q2F, G) such that IT; , = p, for all v € §. Observe
that I, is unramified at all v | |G| because p, is unramified at these places (see (16-4)). Note also that
[1; may well be ramified outside S.

II. Recall that Homp(2F, G) (respectively Homp(§2F,, G) for each finite v) is a principal homogeneous
space over H!(F, B) (respectively H!(F,, B)). Let 8; denote the set of finite places v ¢ $ of F at which
I1; is ramified. For each v € 81, choose y, € H'(F,, B) so that o -I1,, € Homp(L2F,, G) is unramified.
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Now apply Definition 15.4 (with I' = B and 7' = §) to obtain an ideal a = a(8) and an integer N = N (8)
as described there. Theorem 15.3 implies that there exists an element z € H I(F, B) such that:

(z1) zy = y, forall v € 8.
(z2) zy =1forall v eS.

(z3) If v ¢ SUSy, then z, is cyclic, and if z, is ramified, then v splits completely in (F(B) - F(aV))/F,
where F(a) denotes the ray class field of F modulo a® .

Set I, :=z -1} € Homp(QLF, G). Note that, as z might possibly be ramified, the homomorphism I1,
might be ramified outside 8. We shall eliminate any such potential ramification in the third and final step.

III. Let 8, be the set of places of F' at which z is ramified (so S NS, = &). We see from (z3) that each
v € 8, is totally split in F(a")/F. Hence Theorem 15.5 implies that for each v € 8, we may choose
b(v) € H'(F, B) such that:

(b1) b(v), = 1 for all w € 8.
(b2) bW, =2z,

(b3) b(v) is unramified away from v.

o [(1120) o

vesSs;

Set

Then it follows directly from the construction of IT that we have
l_I|Iv = nv,xllv (16-5)

for all finite places v of F.
We claim that
x = W(I).

To show this, let T = W(IT)~! - x. We see from (16-5) that
Ay(T) € Im(W)")
for every finite place v of F. As either G admits no irreducible symplectic characters or F has no real places,
and as (hp, |G|) = 1 by hypothesis, Proposition 6.8(b) implies that = 0. Hence x = W (I1), as claimed.
This completes the proof that LC(OrG)g satisfies Property R. O

Theorem 16.4 (in conjunction with Proposition 16.2) yields an abundant supply of groups G for which
LC(OFrG)s satisfies Property R (for a suitable choice of ), and therefore also for which Theorem 16.3
holds. Here is an example of this.

Theorem 16.5. Let G be of odd order. Suppose that (|G|, hg) = 1 and that F contains no nontrivial
|G |-th roots of unity. Let S be any finite set of finite places of F containing all places dividing |G|. Then
LC(OFG)g satisfies Property R.
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Proof. We shall establish this result by induction on the order of G. We first note that Proposition 16.2
implies that the theorem holds if G is abelian.

Suppose now that G is an arbitrary finite group of odd order. As |G| is odd, a well-known theorem of
Feit and Thompson [1963] implies that G is soluble. Hence G has an abelian minimal normal subgroup
B such that [ - B = 0 for some odd prime / (see, e.g., [Rotman 1995, Theorem 5.24]), and there is an

exact sequence

0—-B—-G—->D—0

with D soluble. As |G| is odd, G admits no nontrivial irreducible symplectic characters. We may therefore
suppose by induction on the order of G that LC(Op D)y satisfies Property R. The desired result now
follows from Theorem 16.4. U

Remark 16.6. It follows from Theorem 14.2 that in Theorem 16.4, we may take D to be a finite abelian
group of arbitrary order (subject of course to the obvious constraint that the number field F' is such that all
other conditions of Theorem 16.4 are satisfied). This enables one to show that Property R holds for many
nonabelian groups of even order (e.g., S3). However, if for example G is a nonabelian 2-group (e.g., Hg),
then because w, C F for any number field F, we can no longer appeal to Neukirch’s lifting theorem, and
our proof of Theorem 16.4 fails. It appears very likely that new ideas are needed to establish Property R in
such cases (see also the remarks contained in the final paragraph of [Neukirch 1979, Introduction], where
a similar difficulty is briefly discussed in the context of the inverse Galois problem for finite groups).

We can now prove Theorem E of the introduction.

Theorem 16.7. Let G be of odd order and suppose that (|G|, hg) =1, where h denotes the class number
of F. Suppose also that F contains no nontrivial |G|-th roots of unity. Then R(OrG) is a subgroup of
Cl(OfrG). If c € R(OfrG), then there exist infinitely many [7] € H,l(F, G) such that Fy is a field and
(Oy) =c. The extensions Fy /| F may be chosen to have ramification disjoint from any finite set S of places
of F.

Proof. This is an immediate consequence of Theorems 16.5 and 16.3. O
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Categorical representations and KLR algebras

Ruslan Maksimau

We prove that the KLR algebra associated with the cyclic quiver of length e is a subquotient of the KLR
algebra associated with the cyclic quiver of length e + 1. We also give a geometric interpretation of this
fact. This result has an 1mportant application in the theory of categorical representatlons We prove that a
category with an action of 5[e+ | contains a subcategory with an action of 5[ We also give generalizations
of these results to more general quivers and Lie types.
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1. Introduction

Consider the complex affine Lie algebra ;[e = s5l,[t,t7']1® C1. In this paper, we study categorical
representations of ;[e. Our goal is to relate the notion of a categorical representation of ;[e with the notion
of a categorical representation of 5~[e+1-

The Lie algebra g[e has generators e;, f; fori € [0, e —1]. Let g, . .., ote—1 be the simple roots of ;[e.
Fix k € [0, e — 1]. Consider the following inclusion of Lie algebras ;[e C ;[H 1

e, ifrel0, k—1], fr ifrel0, k—1],
€r = [ekvek+l] ifr:k’ fl’ = [fk+17 fk] ifr:kv (1)
€r+1 ifrelk+1,e—1], fr+1 ifrelk+1,e—1].

It is clear that each 5~[e+1-module can be restricted to the subalgebra ;[e of ;[eJrl. So it is natural to ask
if we can do the same with categorical representations.
First, we recall the notion of a categorical representation. Let k be a field. Let C be an abelian

Hom-finite k-linear category that admits a direct sum decomposition C = &5 Cu. A categorical

~ HEZ®
representation of sl, in C is a pair of biadjoint functors E;, F;: C — C for i € [0, e — 1] satisfying a

list of axioms. The main axiom is that for each positive integer d there is an algebra homomorphism

MSC2010: primary 16G99; secondary 17B67, 18E10.
Keywords: KLR algebra, categorical representation, Hecke algebra, affine Lie algebra, quiver variety, flag variety.
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Ry (Agl_)l) — End(F9%)°P, where F = @f;ol F; and R, (Agl_)l) is the KLR algebra of rank d associated
with the quiver Ailll (i.e., with the cyclic quiver of length e).

Let C be an abelian Hom-finite k-linear category. Assume that C = pezet! C,, has a structure of a
categorical representation of sl,;; with respect to functors E;, F; for i € [0, e]. We want to restrict the
action of sl,1 on C to sl,. The most obvious way to do this is to define new functors E;, F;: C — C, for
i €0, e — 1], from the functors E;, F;: C — C, fori € [0, e], by the same formulas as in (1). Of course,
this makes no sense because the notion of a commutator of two functors does not exist. However, we are
able to get a structure of a categorical representation on a subcategory C C C (and not on the category C
itself). We do this in the following way.

Assume additionally that the category C, is zero whenever u has a negative entry. For each e-

tuple u = (g, ..., Le) € Z° we consider the (e+1)-tuple it = (uy, ..., g, 0, i1, - - -, Le) and we
set Cy = Cp,
c=EPec.
neze

Next, consider the endofunctors of C given by

Eil, if0<i<k, File if0<i<k,
Ei=\EEil, ifi=k, Fy = FrpiFrle ifi=k,
Eitile ifk<i<e, Fitile ifk<i<e.

The following theorem holds.

Theorem 1.1. The category C has the structure of a categorical representation of sl, with respect to the
functors Eg, ..., Ec_1, Fo, ..., Fe_1. Il

Let us explain our motivation for proving Theorem 1.1 (see [Maksimau 2015b] for more details).
Let O, be the parabolic category O for a[N = gly[t,t~'1@® C1 ® Cd with parabolic type v at level
—e — N. By [Rouquier et al. 2016], there is a categorical representation of ;[e in 0”,. Now we apply
Theorem 1.1 to C = OK(H]). e
equivalent to O",. This allows us to compare the categorical representations in the category O for gly

It happens that in this case the subcategory C C C defined as above is

for two different (negative) levels.

A result similar to Theorem 1.1 has recently appeared in [Riche and Williamson 2018], where it is
applied in the following way. It is known from [Chuang and Rouquier 2008] that there is a categorical
representation of ;[p in the category Rep(GL, (F p)) of finite dimensional algebraic representations of
GL,(F »)- Riche and Williamson used this fact to construct a categorical representation of the Hecke
category on the principal block Rep,(GL, (F »)) of Rep(GL, (F p)) for p > n. Their proof is in two steps.
First they show that the action of s » on Rep(GL, (F »)) induces an action of ;[,, on some full subcategory
of Rep(GL,, (F »)). The second step is to show that the action of 5~[n constructed on the first step induces
an action of the Hecke category on Rep, (GL, (F p)). The first step of their proof is essentially p—n
consecutive applications of Theorem 1.1.

The main difficulty in proving Theorem 1.1 is showing that the action of the KLR algebra Rd(Agl)) on
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F4, where F = @f:o Fi, yields an action of the KLR algebra R, (Ail_)l) on F?. So, to prove the theorem,
we need to compare the KLLR algebra Ry (Agl)) with the KLR algebra Rd(Aél_)l). This is done in Section 2.

We introduce the abbreviations I' = Agl_)l and T = Agl). Leta = Zf;é d;a; be a dimension vector of
the quiver I'. We consider the dimension vector & of I defined by

k e
= Zdiai + Z di 1.

i=0 i=k+1

Ql

Let Ry (") and Rz(T) be the KLR algebras associated with the quivers I" and " and the dimension
vectors o and @. The algebra Ry (T") contains idempotents e(i) parametrized by certain sequences i of
vertices of . In Section 2D we consider some sets of such sequences 1 grd and / & . Sete=Y ;. i@ e(i) e
R&(I") and

Sa(T) =eRa(Me/ Y eRa(TDe(i)Ry(De.
iel?
The main result of Section 2 is the following theorem.

Theorem 1.2. There is an algebra isomorphism Ry, (I') ~ S5 (). Il

The paper has the following structure. In Section 2 we study KLLR algebras. In particular, we prove
Theorem 1.2. In Section 3 we study categorical representations. We prove our main result about categorical
representations (Theorem 1.1). We also generalize this theorem to arbitrary symmetric Kac—-Moody
Lie algebras. In Appendix A we give a geometric construction of the isomorphism in Theorem 1.2. In
Appendix B, we give some versions of Theorems 1.1 and 1.2 in type A over a local ring.

It is important to emphasize the relation between the present paper and [Maksimau 2015b]. That preprint
contains (an earlier version of) the results of the present paper and an application of these results to the
category O for 3[ ~- The preprint is expected to be published as two different papers. The present paper is
the first of them. It contains the results of the preprint about KLR algebras and categorical representations.
The second paper will give an application of the results of the first paper to the affine category O.

2. KLR algebras

For a noetherian ring A we denote by mod (A) the abelian category of left finitely generated A-modules.
We denote by N the set of nonnegative integers.

2A. Kac—Moody algebras associated with a quiver. Let I’ = (I, H) be a quiver without 1-loops with
the set of vertices / and the set of arrows H. For i, j € I let h; ; be the number of arrows from i to j and
set also a; j = 28; j —h; j —hj ;. Let g; be the Kac-Moody algebra over C associated with the matrix
(a;, ;). Denote by e;, f; for i € I the Serre generators of g;.

Remark 2.1. By the Kac-Moody Lie algebra associated with the Cartan matrix (a;, ;) we understand the
Lie algebra with the set of generators e;, fi, h;, i € I, modulo the defining relations
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[hi, hj]1=0,
[hi,ejl=a; je;j,
[hi, fi]=—a; jej,
lei, fi1=46ijhi,
(ad(e;))' "% (e;) =0 i +# j,
@d(fi))' =i (fj)=0 i#}j.
(1)

In particular, if (a; ;) is the affine Cartan matrix of type A,”,, then we get the Lie algebra ;[e © =

sl,(C)®C[r,t 11 C1 (not sl,(C) ®C[r, t~'1® C1 & Cd).

For each i € I, let o; be the simple root corresponding to e;. Set

QO =@Zai and QF =@Nai.

iel iel

Fora =Y., dia; € Q7 denote by |« its height, i.e., we have |a| =), di. Set I* ={i = (i1, ... i) €
1l erclel i, = a}.

2B. Doubled quiver. Let I' = (I, H) be a quiver without 1-loops. Fix a decomposition / = Iy U I such
that there are no arrows between the vertices in /;. In this section we define a doubled quiver T = (I, H)
associated with (I", Iy, I;). The idea is to “double” each vertex in the set I; (we do not touch the vertices
from I). We replace each vertex i € I; by a couple of vertices i! and i> with an arrow i! — i2. Each
arrow entering i should be replaced by an arrow entering to i!, each arrow coming from i should be
replaced by an arrow coming from i2.

Now we describe the construction of T = (I, H) formally. Let I be a set that is in bijection with Ij.
Let i° be the element of 1 o associated with an element i € Ip. Similarly, let I, and I, be sets that are in
bijection with I;. Denote by i! and 2 the elements of 7 and I, respectively that correspond to an element

iel.PutI=1Ioul{ul, Wedefine H in the following way. The set H contains 4 types of arrows:

0

« An arrow i® — j° for each arrow i — j in H with i, j € .

0

« An arrow i® — j! for each arrow i — j in H withi € Iy, j € I;.

2

e An arrow i —>j0 for each arrow i — j in H withi € Iy, j € Iy.

e An arrow i! — i2 for each vertex i € I;.

Set I =] en 1 dand I® =]] deN 1, where 1¢ and I are the cartesian products. The concatenation
yields a monoid structure on /> and I°. Let ¢: 1% — [ be the unique morphism of monoids such
that for i € I C I*° we have
i ifi € Iy,
(i',i% ifiel.

¢(i)={
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There is a unique Z-linear map ¢: Q; — Qj such that ¢ (I%) C Fha for each a € Qf. It is given by
o0 ifi e I(),
(o) = { l e
ap +op ifiel.

2C. KLR algebras. Letk be afield. Let I' = (I, H) be a quiver without 1-loops. Forr € [1, d—1] let s, be

the transposition (r,r +1) € &4. Fori = (i1, ...,i4) € I sets, (i) = (i1, ..., 01, L ls by b2y o oo s id).
Fori, j € I we set

0 ifi = j,

Qi,j(u,v) = { /

(v —uw)ii(u—v)hii  else.

Definition 2.2. Assume that the quiver I" is finite. The KLR-algebra Ry ;(I") is the k-algebra with the
set of generators ty, ..., Tg—1, X1, ..., Xq, e(i) where i € [ 4 modulo the following defining relations:

e(@e(j) =i je(D),

Ze(i) =1,

ield
xre(@) =e(@)x,,
Tre(d) = e(s (D)7,
XpXg = XgXr,
T Xrp16(d) = (X T + 84,5, e(D),
Xrp1Tre (@) = (T2 + 8, i,y e (),
TXy = X7, ifs#rr+1,
T T =TT I [r—s|>1,
{0 if iy =ips1,
Qi iy (Xr, xr41)e(@)  else,

. (2 = X)) "N Qi iy Crg2s X 1) — Qi iy oy Gy Xpp1))e (@) if iy =iy 42,
(T T 1T —Tr+1 T Trp1)e(d) = 0

te(i) =

else.

for each i, j, r and s. We may write Ry x = Ry x(I'). The algebra R, ; admits a Z-grading such that

dege(i) =0, deg x, =2 and deg 1,e(i) = —a;, . foreach 1 <r<d,1<s<dandiel’.

Is41°

For each a € Qf such that || = d set e(e) = ) ;.;a €(i) € Rgk. It is a homogeneous central
idempotent of degree zero. We have the following decomposition into a sum of unitary k-algebras
Rik= G9|Ol|=d Ry .k, where Ry = e(a)Ry k.

Let kc(ll) be the direct sum of copies of the ring k;[x] := k[xy, ..., x4] labeled by 1¢. We write

kg = P kalxle), )

ield
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where e(i) is the idempotent of the ring k[(/) projecting to the component i. A polynomial in k;[x] can be
considered as an element of ky) via the diagonal inclusion. For each i, j € I fix a polynomial P; ;(u, v)
such that we have Q; ;(u, v) = P; j(u, v) P;;(v, u).

Denote by 9, the Demazure operator on k;[x], i.e., we have

0,(f) = Cor = xr)” (51 () = ).
The following is proved in [Rouquier 2008, §3.2].

Proposition 2.3. The algebra R, x has a faithful representation in the vector space k[(ll) such that the
element e(i) acts by projection to kf,l)e(i), the element x, acts by multiplication by x, and such that for
f € ky[x] we have

3, (f)ei) ifiy = irs1,

P, iy rg1, Xp)sr (fe(sy (i) otherwise.

T - fei) = { 3)

We will always choose P; ; in the following way:
P j(u,v) =(u— v)hf"'.

Remark 2.4. There is an explicit construction of a basis of a KLLR algebra (see [Khovanov and Lauda
2009, Theorem 2.5]). Assume i, j € I%. Set &; j ={w € &, : w(i) = j}. For each permutation w € &; ;
fix a reduced expression w =s,, - - -5, and set t,, = T, - - - Tp,,. Then the vector space e(j) R re(i) has
a basis {thf‘ . -xj"e(i) cw€G; j,ay,...,aq € N}. Note that the element 7,, depends on the reduced
expression of w. Moreover, if we change the reduced expression of w, then the element 7, e(i) is changed
only by a linear combination of monomials of the form 7, - - - tq,xlfl .- -xﬁ" e(i) with t < £(w). Note also
that if s, - - - 5, is not a reduced expression, then the element 7, - - - 7, e(i) may be written as a linear
combination of monomials of the form 7, - - - ‘L'thi)l . -xS"e(i) with ¢t < r. Moreover, in both situations
above, the linear combination can be chosen in such a way that for each monomial 7, - - - rq,xf] e xsf’ e(i)

in the linear combination, the expression sy, - - - 54, is reduced.

Remark 2.5. The algebra R, j in Definition 2.2 is well defined only for a finite quiver because of the
second relation. However, the algebra R, j is well defined even if the quiver is infinite because each
o uses a finite set of vertices. Thus, for an infinite quiver we can define Ry x as Ry x = ®Ia|=d Ry k.
However, in this case the algebra R, x is not unitary.

2D. Balanced KLR algebras. From now on the quiver I" is assumed to be finite. Fix a decomposition
I = Iy as in Section 2B and consider the quiver I'= (I, H) as in Section 2B. Recall the decomposition
I =1Ioul,ul,. In this section we work with the KLR algebra associated with the quiver T.

We say that a sequence i = (i1, i, ...,i4) € 1% is unordered if there is an index r € [1, d] such that the
number of elements from 7, in the sequence (i1, io, . . ., i) is strictly greater than the number of elements

from 1. We say that it is well-ordered if for each index a such that i, = i! for some i € I}, we have a < d

o

« ;and I% the subsets of well-ordered and unordered sequences in /%.

and i, = i%. We denote by I
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The map ¢ from Section 2B yields a bijection
¢: 0F — {oz: Y dia; € Q;f:d,-l =dp, Vi€ 11}, o> .
iel
Fixw € Qf. Sete =3,z e(i) € Rax(D).
Definition 2.6. For o« € Q7 the balanced KLR algebra is the algebra
Se.k(F) = eRgx(T)e /Y. eRg 1 ()e(@)Rax(D)e.
i€l

We may write S&,k(f) = Sa.k-

Remark 2.7. Assume that i = (iy,...,i4) € fgrd. Let a be an index such that i, € I;. We have the

relation raze(i) = (X441 — X4)e(@) in Ry . Moreover, we have tfe(i) = 14e(5,(i))7,e(@) and 5,(Q) is
unordered. Thus we have x,e(i) = x,41e(@@) in Sz k.

ey dici € QF . Leti=(ir, ... i) € 1%,
Denote by J (i) the ideal of the polynomial ring k;[x]e(i) Ckg) generated by the set

2E. The polynomial representation of Sg k. We assume v =

{Gor —xpg1)e(i) 1y € I_l}

Lemma 2.8. Assume that i € igrd and j € ign. Then each element of e(i) Ry xe(j) maps ky[x]e(j) to J (i).

o
ord

Proof. We will prove by induction on k that for all i € I, and j € I @ and all py, ..., px such that the
permutation w = s, - - -5, € Gy satisfies w(j) =i, the monomial z,, - - - 7, maps ky[x]e(j) to J(i).
Assume k =1. Write p = p;. Letus write i = (iy, ..., ig) and j =(ji, ..., ja). Thenwehavei =s,(j).
By assumptions on i and j we know that there exists i € I1 such thati, = j,y1 = il and ipt1=Jp= i2.
In this case the statement is obvious because 7, maps fe(j) € ky[x]e(j) to (x,41 —xp)s,(f)e(@) by (3).
Now consider a monomial 7, - - - 7, such that the permutation w = s, - - - 5, satisfies w(j) =i and
assume that the statement is true for all such monomials of smaller length. By assumptions on i and j
there is an index r € [1, d] such that i, = i! for some i € I} and w='(r + 1) < w='(r). Thus w has a
reduced expression of the form w = s,.s,, - - - 5,,,. This implies that 7, - - - 7, e(j) is equal to a monomial
of the form 7,7, - - - 7,,e(j) modulo monomials of the form 7, ---rq,xf' X -xsde(j) with 1 < k, see
Remark 2.4. As the sequence s, (i) is unordered, the case k = 1 and the induction hypothesis imply the

statement. O
Lemma 2.9. Assume thati, j € fg‘rd. Then each element of e(i) Rz xe(j) maps J(j) into J(i).

Proof. Take y € e(i) Rz xe(j). We must prove that for each r € [1, d] such that j. = i! for some i € I
and each f € ky[x] we have y((x, —x,41) fe(j)) € J(i). We have (x, —x,4+1) fe(j) = —tf(fe(i)) (see
Remark 2.7). This implies

V(x5 = xrp1) fe())) = =yT7(fe(j)) = —yrre(s, (1)) (T (fe(i))).

Thus Lemma 2.8 implies the statement because the sequence s, (j) is unordered. O
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The representation of Rz x on

k(I) @km e(l)

iel®
yields a representation of e Ry re on
I
K ora = 69 K [x]e@).
iel®

Set Jz.ord = EB,-E i, J(i). From Lemmas 2.8 and 2.9 we deduce the following.

Lemma 2.10. The representation of Rg i on kg) factors through a representation of Sg . on kél())rd /Ja.ord-
This representation is faithful.

Proof. The faithfulness is proved in the proof of Theorem 2.12. U

2F. The comparison of the polynomial representations. Fix « € Q;r. Setd = |«| and d = |&|. For each
sequence i = (iy, ..., ig) € I and r € [1, d] we denote by r’ or r; the positive integer such that " — 1 is
the length of the sequence ¢ (iy, ..., i,—1) € [°.

Forr €[1,d] and r € [1,d — 1] consider the element x* € Sz x and t,* € Sz , respectively, such that
for each i € 1% we have

Tre(@ (i), if iy ir41 € lo,
Tr’fr’+le(¢(i)) if i €1, ir—i—l € IO’
xre(@(@) =xpe(@@), t'e(@() =1t +17e(@(@)) if iy € lo, ir41 € I,

T 1 T2 T T 18(P (i) ifi,,irp1 €1, iy Firg,
T 1 T2 T Trpre(@ @)  if i, =iy € 1.
For each i € I* we have the algebra isomorphism
kqlxle(i) > kzlx]e(@ @)/ J (@ (@), xre(@) > xpe(@(@)).
We will always identify k{" with kélord / Ja.ord via this isomorphism.

Lemma 2.11. The action of the elements e(i), x,e(i) and t,.e(i) of Ry x on kél) is the same as the action
of the elements e(¢ (i), xe(¢ (D)), T} e(¢(i)) of Sak on ky L4/ Ja.ora-

Proof. The proof is based on the observation that by construction for each i € I and j € Iy we have
P,-u’jo(u, v)Piz,J-o(u, v) =P j(u,v), Pjo’l-l (u, v)Pjo’iz(u, v) = Pji(u,v). @)

For each i € 1%, we write ¢ (i) = (i}, iy, ..., :?). The only difficult part concerns the operator t,.e (i)
when at least one of the elements i, or i, isin /;. Assume that i, € I} and i,y € Iy. In this case we have

. ol T . I . . 0 _ 7
=) €ly, i, =>G) €l iny=_(>r1) €lo.

In particular, the element i/, 2 is different from i/, and i/, il Then, by (3), for each f € kj[x] the element
Tre(¢(i)) = 17 1e(@ (i) maps fe(p(i)) € kélord/fa ord tO
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, 2, X )sp 1 (f))esrs 1 (@(i)))

_Pl,l, (X141, Xp1) Pyr

Pi;,,z " (Xrr 41, Xp) Sy (Pz’,_H

Y N Y (xr’+2a xr’)sr’sr’+1(f)e(¢ (s-(1)))
irvir+l (Xr 415 X)) Sy 1 (f)e(@ (- (7)),

where the last equality holds by (4). Thus we see that the action of 7 e(¢(i)) on the polynomial
representation is the same as the action of t,e(i). The case when i, € Ip and i, | € I} can be done similarly.

Assume now that i, #i,11 are both in ;. By the assumption on the quiver I" (see Section 2B), there are
no arrows in I" between i, and i, . Thus there are no arrows in T between any of the vertices (i)'=i ;
or (i) =i Y and any of the vertices (lr+1) =i i OF (lr+1) =i Then, by (3), for each f € k;[x]

the element t*e(i) = 7,417,427 T4 1€(¢ (i) maps fe(p(i)) to

r'+3°

Sr+18r4+28rSp 41 (f)e(@ (s, ())).

Thus we see that the action of 7 e(¢(i)) on the polynomial representation is the same as that of 7,.e(i).
Finally, assume that i, =i, € I;. In this case we have

(i)' =il = () =il and (i) =il = Grp1)> =05
Then, by (3), for each f € kz[x] the element 7 e(¢p (i) = =T 4 1T42T T4 1€(¢ (i) maps fe(P(i)) to

Sr/ 410774200 (Xpr 1 — Xp142) 841 (e(@ (s, (7)),

where 0, is the Demazure operator (see the definition before Proposition 2.3). To prove that this gives
the same result as for 7,e(i), it is enough to check this on monomials x; x,’ He(z) Assume for simplicity
that n > m. The situation n < m can be treated similarly. The element 7,e(i) maps this monomial to

3, (x"x" De(i) = — fo R ()Y

Here the symbol Zy _, means 0 when y = x — 1. The element 7 e(¢(i)) maps x)\ x" ,e($(i)) to

Sy 41007420y [xr +1xr’+2 x f,ilz]e(q)(l)) which equals

m n—1
[—(Z nt)(Xstanrd )+ (Z )(Z x5 Jewan
b=0
- n—1
_ (Zx“ 1) (Xt ) + (Z )(mexr%)]e@a»
b=0
_ —x;'f(mex:;;—”)+x;u1(fo/x:':;‘“)]e<¢<i>>
b=0 a=0

m—1

n—1 n—1

Z b on—1-b Z —1- . Z el .
= —x:j/l_,’_l( xr/_i_l.x:l/_,’_z ) +.x;,1/+1< x,a./+lx:,1;l+2 u)]e(¢(l>) = —( .xf/+1x:’;l+£l a>e(¢(l))

b=0 a=0

a=m
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Here the first equality follows from the following property of the Demazure operator

n—1

0, (x4 )) = =0, () = D Xl
a=0
the fourth equality follows from Remark 2.7. Other equalities are obtained by elementary manipulations

with sums. O

2G. The isomorphism .
Theorem 2.12. For each o € Q}F, there is an algebra isomorphism ®, i : Ry x — Sa r such that

e(i) > e(p(i)),
xre(d) > xje(¢(i)),
(i) = Tre(p(i)).

Proof. By Proposition 2.3, the representation kS of Rq k is faithful. Now, in view of Lemma 2.11, it is

enough to prove the following two facts:

o The elements e(¢ (1)), x;7, T generate Sz .

o The representation kgz)rd /Ja.ora Of Sg k 1s faithful.

Fixi, jel® Seti'=(if, ..., ié) =¢ (@) and j'=¢(j). Let B and B’ be the bases of e(j) Ry re(i) and
e(J)Rg re(i’), respectively, as in Remark 2.4. These bases depend on some choices of reduced expressions.
We will make some special choices later. For each element b = ‘rwxf‘ - -xf’i" e(i) € B we construct an
element b* € e(j') Sz re(i’) that acts by the same operator on the polynomial representation. We set

b =1, T, () () e(i) € e(j) Sa ke (@),

where w=s, - --sp, is areduced expression (as we said above, some special choice of reduced expressions
will be fixed later).

Let us call the permutation w € &/ j» balanced if we have w(a + 1) = w(a) + 1 for each a such that
i’ =i' for some i € I (and thus i w1 =1 2). Otherwise we say that w is unbalanced. There exists a unique
map u: &; j — G j such that for each w € G; ; the permutation u(w) is balanced and w(r) < w(t)
if and only if u(w)(r") < u(w)(¢') for each r, t € [1, d], where v’ =r] and t' =] are as in Section 2F.
The image of u is exactly the set of all balanced permutations in &;/ ;.

Assume that w € G;/ j is unbalanced. We claim that there exists an index a such that i /€ I, and
w(a) > w(a +1). Indeed, let J be the set of indices a € [1, d] such that i S 1. As j' is well-ordered,
we have ), (w(a+1) —w(a)) =#J. As w is unbalanced, not all summands in this sum are equal
to 1. Then one of the summands must be negative. Let a € J be an index such that w(a) > w(a + 1).
We can assume that the reduced expression of w is of the form w = s, - - - 5,,5,. In this case the element

Tye(i’) is zero in Sz x because the sequence s,(i’) is unordered.
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Assume that w € G;/ j is balanced. Thus, there exists some w € &; j such that u(w) = w. We choose
an arbitrary reduced expression w =, - - - s, and we choose the reduced expression w = s, - - - 54, of w
obtained from the reduced expression of w in the following way. Forz € {1, ..., k} seti' =5, -5, (i)
(in particular, we have i k—=1{). We write i’ = (i i, ol [’l). We construct the reduced expression of w as
w =S§p, -8, where for a = p; we have

Sa’ if i;, ifz—}-l € I(),
~ Sa'+18a’ if l'(tl S I() and i(tz-i-l (S 11,
Sa = [ .

Sa'Sal41 ifi{ e Iy and i} | € Io,

. .t -t
Sa'+15a'Sa+25a+1 iy, 0, €11,

where a’ = a;, is as in Section 2F. Let us explain why the obtained expression of w is reduced. The fact
that the expression w = s, - - - 5, is reduced means the following. When we apply the transpositions
SpisSpe_is - - > Sp, consecutively to the d-tuple (1,2, ..., d), if two elements of the set {1,2, ..., d} are
exchanged once by some s, then these two elements are never exchanged again by another s later. It
is clear that the expression w = s, - - - 54, = ), - - - §, inherits the same property from @ = s, - -5,
because for each a, b € {1, 2, ...,d}, a # b we have the following (we set a’ = a; and b’ = b}):

o If i, i € Iy, then if the reduced expression of w exchanges a and b exactly once or never exchanges
them then the expression of w exchanges a’ and b’ exactly once or never exchanges them, respectively.

e If i, € Iy and i} € I, then if the reduced expression of w exchanges a and b exactly once or never
exchanges them then the expression of w exchanges a’ and b’ exactly once or never exchanges them,
respectively, and it also exchanges a’ with "+ 1 exactly once or, respectively, never exchanges them.

e If i, € I1 and i} € Iy, then if the reduced expression of w exchanges a and b exactly once or never
exchanges them then the expression of w exchanges a’ and b’ exactly once or never exchanges them,
respectively, and it also exchanges a’ + 1 with b’ exactly once or, respectively, never exchanges them.

e If iy, i, € 11, then if the reduced expression of w exchanges a and b exactly once or never exchanges
them then the expression of w exchanges a’ and b’ exactly once or never exchanges them, respectively,
and the same thing for ¢’ and '+ 1, for ' + 1 and #’, and for @’ + 1 and b’ + 1.

If the reduced expressions are chosen as above, then the element t,e(i’) = 14, - - - 75,€(i’) € Sy is equal
to £(tp, - - Tpe(@))”.

The discussion above shows that the image of an element b’ € B’ in e(j')Sg xe(i’) is either zero or
of the form +b* for some b € B. Moreover, each b* for b € B can be obtained in such a way. Now we
get the following:

» The elements e(¢(i)), x5, and 7" generate Sz because the image of each element of B’ in

e(j')Sa.xe(i’) is either zero or a monomial in e(¢ (i)), x*, and t,*.
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)

» The representation kg a/Ma,ord Of Sz x is faithful because the spanning set {b*:b € B} of e(j "Sa.re(@)

,0
acts on the polynomial representation by linearly independent operators (because the polynomial

representation of R, x in Proposition 2.3 is faithful). O

Remark 2.13. (a) Note that Theorem 2.12 also remains true for an infinite quiver I" because « is

supported on a finite number of vertices (see also Remark 2.5).

(b) The formulas that define the isomorphism &, ; become more natural if we look at them from the
point of view of Khovanov-Lauda diagrams (see [Khovanov and Lauda 2009]). Diagrammatically, the
isomorphism @, ; looks in the following way. It sends a diagram representing an element of R, j to
the diagram (sometimes with a sign) obtained by replacing each strand with label k € I; by two parallel
strands with labels k! and k? (if there is a dot on the strand with label , it should be moved to the strand
with label kl). For example, if i, j € Iy and k € I}, we have:

ik J i k'%2j

3. Categorical representations

3A. The standard representation of gie. Consider the affine Lie algebra 5~[e =sl, ®C[t,t" '] Cl1,
defined over C. Lete;, f; and h; fori =0, 1, ..., e—1, be the standard generators of ;[e (see Remark 2.1).
Let V, be a C-vector space with canonical basis {vy, ..., v.} and set U, = V, ® C[z, z~1). The vector
space U, has a basis {u, : r € Z} where u, ., = v, ®z P forae[l,e],beZ. It has a structure of an
;[6 -module such that

fituy) =68i=ury1 and e (uy) =8i=_1ur_1.

Let {v}, ..., v, } and {u; : r € Z} denote the bases of V41 and U,.
Fix an integer 0 < k < e. Consider the following inclusion of vector spaces

, .
v if r <k,

Ve C Vert, vr : L

(A ifr > k.
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It yields an inclusion sl, C sl,4; such that

er ifrell, k—1],
er > 1 lek, exr1] ifr =k,

€rtl ifrelk+1,e—1],

1, ifrell, k—1],
fr=> { Uferrs il ifr =k,

fron ifrelk+1,e—1l,

h, ifrell,k—1],
hy— 3 hy+hi ifr=k,

By ifrefk+1,e—1].

This inclusion lifts uniquely to an inclusion sl, C 5~[e+1 such that

€ if k #£0,
ey —
[eo, e1] else,
ifk 40
fors Jo if k #0,
[f1, fol else,
h ifk#£0
ho s 110 itk #0,
ho+h; else.

Consider the inclusion U, C U,4 such that u, — u/T(r), where Y is defined in (8).

Lemma 3.1. The embeddings V, C V.41 and U, C U, are compatible with the actions of sl, C sl
and sl, C sl.y1, respectively. O

3B. Type A quivers. Let 'y, = (I, Hoo) be the quiver with the set of vertices I, = Z and the set of
arrows Hoo = {i = i +1:i € I}. Assume that e > 1 is an integer. Let I', = (I, H,) be the quiver with
the set of vertices I, = Z/eZ and the set of arrows H, ={i — i+ 1:i € I.}. Then gy, is the Lie algebra
;[e =5l, @ C[t,t~']® C1 (see Remark 2.1).

Assume that I' = (I, H) is a quiver whose connected components are of the form I',, with e € N,
e>1ore=oc0. Fori € I denote by i + 1 and i — 1 the (unique) vertices in / such that there are arrows
i—>i+landi—1—i.

Let X, be the free abelian group with basis {¢; : i € I}. Set also

X =EPNe;. (5)
iel

Let us also consider the following additive map
t: Qr—> Xy, o> & —&it.
We may omit the symbol ¢ and write « instead of ¢(«). Let ¢ denote also the unique additive embedding

¢ X —> Xj, &ir—>ep, 6)
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where
g [ ifiel,
it ifien.
3C. Categorical representations. Let I = (I, H) be a quiver as in Section 3B. Let k be a field. Assume
that C is a Hom-finite k-linear abelian category.
Definition 3.2. A g;-categorical representation (E, F, x, 7) in C is the following data:
(1) a decomposition C =P, .x, Cu>
(2) a pair of biadjoint exact endofunctors (E, F) of C,
(3) morphisms of functors x: F — F and t: F? > F2,
(4) decompositions E =@, _; E; and F =P, _, F;,

iel iel

satisfying the following conditions:
(a) We have E;(C,) C Cpqo;, Fi(Cp) CCp_g;.

(b) For each d € N there is an algebra homomorphism v/4: Ry — End(F?)°P such that ¥4(e(i)) is
the projector to Fj, - - - F;,, where i = (i1, ..., ig) and

Va(x,) = F'xF'~' and yy(r,) = F& el
(c) For each M e C the endomorphism of F (M) induced by x is nilpotent.

Remark 3.3. (a) For a pair of adjoint functors (E, F) we have an isomorphism End(E 4y ~ End(F?)°P.
In particular, the algebra homomorphism Ry — End(F?)°P in Definition 3.2 yields an algebra homo-
morphism Ry x — End(EY).

(b) If the quiver I' is infinite, the direct sums in (4) should be understood in the following way. For each
object M € C, there is only a finite number of i € [ such that E;(M) and F;(M) are nonzero.

3D. From gieﬂ-categorical representations to gie-categorical representations. As in Section 3A, we
fix 0 < k < e. Only in Section 3D, we assume that I' = (I, H) and T’ = (I, H) are fixed as in as in
Section B2 (i.e., we have I' =T, I} = {k} and we identity T with Ty ).

Let C be a Hom-finite abelian k-linear category. Let

E=E®E & --®E, and F=Fy®F,®&---®F,
be endofunctors defining a ;[e“—categorical representation in C. Let ¥ 4: Ry — End(F¢)°P be the
corresponding algebra homomorphism. We set F; = F;, - - - F;, for any tuple i = (iy, ..., iz) € I¢ and
Fg= @iei& F; for any element @ € Q;f. If @] =d let g Ry r— End(F3)°P be the &@-component of /4.

Now, recall the notation X ;r from (5). Assume that we have

Cu=0, YueX\X;]. (7)

For ;€ X} set C, = Cy(,)» where the map ¢ is as in (6). Let C = GaueX,* Cu.
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Remark 3.4. (a) C is stable by F;, E; foreachi # k, k+ 1,

(b) Cis stable by Fyy1Fi, ExEry1,

(c) Fi,F;, ,---F;(M) =0 for each M € C whenever the sequence (i1, ..., i) is unordered (see
Section 2D).

Consider the following endofunctors of C:

Eil. if0<i <k, File if0<i <k,
Ei={ ExExnil, ifi=k, and F;={ Fy1Fl, ifi=k,
Eiiile ifk<i<e, Fitile ifk<i<e.
Similarly to the notations above we set f; = F;, - -- F;, for any tuple i = (i1,...,1q) € I and F, =

;s Fi for any element o« € Q. Note that we have F; = F ;)| for each i € I°.
Leta € Q;’ and @ = ¢ (). Note that we have

Fo= P File.

P o7
el

The homomorphism /5 yields a homomorphism eRg e — End(F,)?, where e =) _,_ i, e(i). By (¢),

the homomorphism e Ry e — End(F,)°P factors through a homomorphism Sz x — End(F)°P. Let us call

it tﬁé Then we can define an algebra homomorphism v, : Ry x — End(Fy )P by setting ¥, = Wé oDy k.
Now, Theorem 2.12 implies the following result.

Theorem 3.5. For each category C, defined as above, that satisfies (7), we have a categorical represen-
tation of sl, in the subcategory C of C given by functors F; and E; and the algebra homomorphisms
Yo Ry — End(Fy)°P. Il

Now, we describe the example that motivated us to prove Theorem 3.5. See [Maksimau 2015b]

for details.

Example 3.6. Let U, and V, be as in Section 3A. Fix v = (v, ..., ) € N/ and put N = erzl V.. Set
AU, =A"U, Q- Q A"U,.

Let O, be the parabolic category O for 3[ y with parabolic type v at level —e — N. The categorical
representation of 5~[e in O, (constructed in [Rouquier et al. 2016]) yields an ;[e-module structure on the
(complexified) Grothendieck group [O",] of O”,. This module is isomorphic to A" U,.

vV
—(e+1)"

as above is equivalent to O",. The embedding of categories 0", C O
AU, C ANYU,41 (see also Lemma 3.1).

Let us apply Theorem 1.1to C = O It happens that in this case the subcategory C C C defined

v

¥ (e41) categorifies the embedding

3E. Reduction of the number of idempotents. In this section we show that it is possible to reduce the
number of idempotents in the quotient in Definition 2.6. This is necessary to generalize Theorem 3.5.
Here we assume the quivers I' = (I, H) and T = (I, H) are as in Section 2B.
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We fix o € Q;r and put @ = ¢ (). We say that the sequence i € 1% is almost ordered if there exists
a well-ordered sequence j € I such that there exists an index r such that j, € I and i = s,(j). It
is clear from the definition that each almost ordered sequence is unordered because the subsequence
(i1, i, ..., i) of i contains more elements from I, than from 7. The following lemma reduces the
number of generators of the kernel of eRz xe — Sa i (see Definition 2.6).

Lemma 3.7. The kernel of the homomorphism eRg xe — Sz i is equal to ) _; e Ry ke (i) Ry ke, where i
runs over the set of all almost ordered sequences in I°.

Proof. Denote by J the ideal ) ; eRz re(i) Rz ke of eRg ke, where i runs over the set of all almost
ordered sequences in 7.

By definition, each element of the kernel of eR5 e — Sz« is a linear combination of elements of the
form eae(j)be, where a and b are in Ry j and the sequence j is unordered. By Remark 2.4, it is enough
to prove that for each i € fgrd, Jj€ I_‘Z‘n, b € Rz x and indices py, ..., py the element e(i)7,, - - - 7, e(j)be
is in J. We will prove this statement by induction on k.

Assume that k = 1. Write p = p;. The element e(i)t,e(j)be may be nonzero only if i =s,(j). This
is possible only if the sequence j is almost ordered. Thus the element e(i)7,e(j)be isin J.

Now, assume that k > 1 and that the statement is true for each value < k. Set w =5, ---5,,. We
may assume that i = w(j), otherwise the element e(i)7,, - - - 7, e(j)be is zero. By assumptions on i
and j there is an index r € [1, d] such that i, € I; and w™'(r + 1) < w™!(r). Thus w has a reduced
expression of the form w =s,s,, - - - 5,,,. This implies that t,,, - - - 7, e(j) is equal to a monomial of the form
7,7y, - - - T,e(j) modulo monomials of the form z, - - - tq,xfl e xZ"e(j) with # <k, see Remark 2.4. Thus
the element e(i)1 - - - Tve(j)be is equal to e(i) 7,7, - - - T,,,e(j)be modulo the elements of the same form
e(i)Tp, - - - Tp.e(j)be with smaller k. The element e(i)7,7,, - - - 7,,e(j)be is in J because the sequence
s (i) is almost ordered and the additional terms are in J by the induction assumption. U

3F. Generalization of Theorem 3.5. In this section we modify slightly the definition of a categorical
representation given in Definition 3.2. The only difference is that we use the lattice Q; instead of X;.
This new definition is not equivalent to Definition 3.2. In this section we work with an arbitrary quiver
I' = (I, H) without 1-loops.

Let k be a field. Let C be a k-linear Hom-finite category.

Definition 3.8. A g;-quasicategorical representation (E, F, x, t) in C is the following data
(1) a decomposition C = @QEQ, Cy»
(2) a pair of biadjoint exact endofunctors (E, F) of C,
(3) morphisms of functors x: FF — F, t: F?> - F?,
(4) decompositions E =D, _; Ei, F=@,., Fi,
satisfying the following conditions.

(a) We have Ei (Cot) C Cafa,-y Fi (Ca) C Cot+a,--
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(b) For each d e N there is an algebra homomorphism v/4: Ry — End(F?)°P such that ¥4 (e(i)) is
the projector to Fj, - - - F;,, where i = (i1, ..., ig) and

Valx,) = F'xF™™" and  yyu(t,) = F¢ el
(c) For each M € C the endomorphism of F (M) induced by x is nilpotent.
If the quiver I' is infinite, condition (4) should be understood in the same way as in Remark 3.3(b).

Now, fix a decomposition / = IyLI I as in Section 2B. We consider the quiver [ =(I, H) and the map
¢ as in Section 2B. To distinguish the elements of Q; and Q;, we write Q; =D, _; Za;. Foreacha € Q;
we set @ = ¢ () € Qj. (See Section 2B for the notation.) However we can sometimes use the symbol &
for an arbitrary element of Q; that is not associated with some « in Q. Let C be a Hom-finite abelian
k-linear category. Let E = D.; E;and F = D.c; F; be endofunctors defining a g j-quasicategorical
representation in C. Let ¥ 4: Ry x(I') — End(F?)°P be the corresponding algebra homomorphism. We
set F; = Fid e Fil for any tuple i = (i, ..., ig) € I9and Fg = @iej& F; for any element & € Q;f. If
@] =d, let Yz: Rz x — End(Fg)°P be the @-component of 1.

Assume that C is an abelian subcategory of C satisfying the following conditions:
(a) C is stable by F; and E; for each i € I.
(b) Cis stable by F2F;i and E;1 E;» for each i € I;.
(c) We have F"[z(C) =0foreachi € ;.
(d) Wehave C=@,.,, CNCs.

aeQy

By (d), we get a decomposition C = &P, 0, Cas Where Cy =C N Cg. For each i € I we consider the
following endofunctors E; and F; of C:

L= €i|c_ lfl € o, and E; = IE”C_ lfl € o,
Fl'2Fl'I|C lflEII, EiIEi2|C lflell.
As in the notations above we set F; = F;, - - - F;, for any tuple i = (i1, ...,iq) € ¥ and Fy = @; ;u Fi

for any element @ € Q. Note that we have F; = F | for each i € 1%,
Leta € Qf. We have

. 7@
el

The homomorphism /5 yields a homomorphism eR; xe — End(F,)°?, where e = Dic i e(d).

Since the category C satisfies (a), (b) and (c), for each almost ordered sequence i = (i, ..., ig) € I
we have Fi,, e Fi, (C) =0. By Lemma 3.7, this implies that the homomorphism eRy xe — End(F,)°P
factors through a homomorphism Sz x — End(F,)°P. Let us call it Jé Then we can define an algebra
homomorphism ¥, : Ry x — End(Fy)°P by setting ¥, = 1;(% o Dy k.

Now, Theorem 2.12 implies the following result.



1904 Ruslan Maksimau

Theorem 3.9. For each abelian subcategory C C C as above, that satisfies (a)—(d), we have a g-
quasicategorical representation in C given by functors F; and E; and the algebra homomorphisms
Yo Ry — End(Fy)°P. Il

Remark 3.10. Assume that the category C is such that we have C;z = 0 whenever @ = Y icididi € Qj is
such that d;1 < d;>» for some i € I;. In this case the subcategory C C C defined by C = D, €0, Cg satisfies
conditions (a)—(d).

Appendix A: The geometric construction of the isomorphism ¢

The goal of this section is to give a geometric construction of the isomorphism @ in Theorem 2.12.

Al. The geometric construction of the KLR algebra. Let k be a field. Let I' = (I, H) be a quiver
without 1-loops. See Section 2A for the notations related to quivers. For an arrow & € H we will write i’
dia; € QF and set d = |e|. Set also

and A" for its source and target respectively. Fix a« =), ,

Eq = @Hom(Vy, Vi), Vi=C" V=PV
heH iel
The group G, =]
Set

GL(V;) acts on E, by base changes.

iel

d
I“ = {iZ(il,...,id)EleZOl,‘r 206}.
r=1
We denote by F; the variety of all flags
p=V=V'oVio...ovi={0h

in V that are homogeneous with respect to the decomposition V = P, ., V; and such that the /-graded
vector space V' !/ V" has graded dimension i, for r € [1,d]. We denote by F; the variety of pairs
(x, ) € E, x F; such that x preserves ¢, i.e., we have x(V") C V" forr € {0, 1, ..., m}. Let m; be
the natural projection from Fi to E,, 1.€., 7; : Fi — E4, (x,¢) — x. Fori, j € I we denote by
Z; ; the variety of triples (x, @1, ¢2) € E, x F; x Fj such that x preserves ¢; and ¢, (i.e., we have

Z,'J:ﬁi XEdﬁj)~ Set
Za: ]_[ Zi,j and FO,:]_[F,'.

i,jel icl*

We have an algebra structure on HEe (Zy, k) such that the multiplication is the convolution product with
respect to the inclusion Z, C F, x F,. Here H*G “(e, k) denotes the G -equivariant Borel-Moore homology
with coefficients in k. See [Chriss and Ginzburg 1997, §2.7] for the definition of the convolution product.

The following result is proved by Rouquier [2008] and by Varagnolo and Vasserot [2011] in the
situation char k = 0. See [Maksimau 2015a] for the proof over an arbitrary field.
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Proposition A.1. There is an algebra isomorphism Ry x(I') >~ H*G“ (Zy, k). Moreover, foreachi, j € 1%,

the vector subspace e(i)Ry x(IN)e(j) C Ry x(I') corresponds to the vector subspace H*G“ (Zij, k) C
Go

H'(Za, k). O

A2. The geometric construction of the isomorphism ®. As in Section 2B, fix a decomposition / = IyLI;
and consider the quiver C=(, H);also fix @ € Q;r and consider & = ¢ (@) € Q;f.

We start from the variety Z; defined with respect to the quiver I'. By Proposition A.1, we have an
algebra isomorphism R&,k(F) ~ H*G *(Zg, k). We have an obvious projection p: Zz — Eg defined by
(x, @1, ¢2) — x. For each i € I denote by h; the unique arrow in T that goes from i' to i%. Consider the
following open subset of Eg: Eg = {x € Ez : x, is invertible Vi € I1}. Set Zg = p_l(Eg). The pullback
with respect to the inclusion Zg C Zg yields an algebra homomorphism H*G “(Zz, k) — H*G @ (Zg, k) (see
[Chriss and Ginzburg 1997, Lemma 2.7.46]).

Remark A.2. If the sequence i € 1% is unordered, then a flag from F; is never preserved by an element
from EQ. This implies that Z; ; N Z0 = @ if i or j is unordered. Thus for each i € 1%,

e(i) is in the kernel of the homomorphism H*G& (Zz, k) — Hee (Zg, k).

the idempotent

Let e be the idempotent as in Definition 2.6. Consider the following subset of Z:

z,= 11 z.,-

i’jEigrd

The algebra isomorphism Ra ¢ (T') =~ HE? (Zg, k) above restricts to an algebra isomorphism eRg(I)e ~
HI*(ZL, k).

Now, set Z/0 = Z/,N Z0. Similarly to the construction above, we have an algebra homomorphism
H*G “(Z., k) — H*G * (Zéo, k). By Remark A.2, the kernel of this homomorphism contains the kernel of
eR&,k(F)e — Ry k(I') (see Theorem 2.12). The following result implies that these kernels are the same.

Lemma A.3. We have the following algebra isomorphism Ry ;(I') =~ H*G “ (Zéo, k).

Proof. For each i € Iy we identify V; >~ V,o. For each i € I} we identify V; >~ V;1 ~ V;». We have a
diagonal inclusion G, C Gg, i.e., the component GL(V;) of G, with i € Iy goes to GL(V;0) and the
component GL(V;) with i € I} goes diagonally to GL(V;1) x GL(V;2).

Set Gbs = [l;c;, GL(V;2) C G5. We have an obvious group isomorphism G5/ Go ~ G,.

Let us denote by X the choice of isomorphisms V;1 ~ V;> mentioned above. Let E g be the subset of
Ej that contains only x € E5 such that for each i € I; the component xj, is the isomorphism chosen in X.

The group G2 acts freely on Eg such that each orbit intersects E gf once. This implies that we have
an isomorphism of algebraic varieties EQ/GS' ~ EX. Now, set ZX = p~!(EZX). The same argument as
above yields Z&O /GPs ~ ZéX . We get the following chain of algebra isomorphisms

HO=(20, k) =~ HE/ % (201G, ko) ~ HO“(2X ko).

o
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To complete the proof we have to show that the G-variety Z(’YX is isomorphic to Z,. Each element of

12, is of the form ¢ (i) for a unique i € I, where ¢ is as in Section 2B. Let us abbreviate i’ = ¢ (i). By

Z&: ]_[ Z,'/,j/.

i,jel

definition we have

Set Zi’f = Zij N Z&X. We have an obvious isomorphism of G,-varieties Zl?,‘j, >~ Z;,j. (Beware, the
variety Z; ; is defined with respect to the quiver I' and the variety Z;/ - is defined with respect to the
quiver I'.) Taking the union for all i, j € I¢ yields an isomorphism of G-varieties ZéX ~Zy. 0

Corollary A.4. We have the following commutative diagram.

eRzxThe ——  Ryx(D)

l l

HI*(ZL, k) —— HI*(Z, k).

Here the left vertical map is the isomorphism from Proposition A. 1, the right vertical map is the isomor-
phism from Lemma A.3, the top horizontal map is obtained from Theorem 2.12 and the bottom horizontal
map is the pullback with respect to the inclusion Zg) C Z.

Proof. The result follows directly from Lemma A.3. The commutativity of the diagram is easy to see on
the generators of R, k(D).

Indeed, the isomorphism Ry = H*G “(Zgy, k) is defined in the following way (see [Maksimau 2015a,
§2.9, Theorem 2.4] for more details). The element e(i) corresponds to the fundamental class [Z; ;]. The
element x,e(i) corresponds to the first Chern class of some line bundle on Z; ;. The element v.e(i)
corresponds to the fundamental class of some correspondence in Zj (;);. The commutativity of the
diagram in the statement follows from standard properties of Chern classes and fundamental classes. [

Appendix B: A local ring version in type A

In this appendix we give some versions of the main results of the paper (Theorems 2.12 and 3.5) over a
local ring. These ring versions are interesting because the study of the category O for g/;\[ n 1n [Maksimau
2015b] uses a deformation argument. For this we need a version of Theorem 1.2 over a local ring.

It is known that the affine Hecke algebra over a field is related with the KLLR algebra (see Propositions
B.5, B.6). This allows to reformulate the definition of a categorical representation (see Definition 3.2) that
is given in term of KLR algebras in an equivalent way in terms of Hecke algebras (see Definition B.14).
The main difficulty is that there is no known relation between Hecke and KLR algebras over a ring.
Over a local ring, we can give a definition of a categorical representation using the Hecke algebra
(see Definition B.17). But we have no equivalent definition in terms of KLR algebras. That is why,
Proposition B.12, that is a ring analogue of Theorem 2.12, is formulated in terms of Hecke algebras and
not in terms of KLR algebras.
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B1. Intertwining operators. The center of the algebra R, 1 is the ring of symmetric polynomials ky[x]%4,
see [Rouquier 2008, Proposition 3.9]. Thus Sz« is a kq[x]S¢ -algebra under the isomorphism ®, ; in
Section 2G. Let X be the polynomial ]_[a<b(xa —xp)? € ky[x]%. Let Ra,k[E*I] and S&,k[E*I] be the
rings of quotients of R, x and Sz x obtained by inverting . We can extend the isomorphism ®, x from
Theorem 2.12 to an algebra isomorphism

Goi: Rox[Z7'1— SaxlZ7'].

Assume that the connected components of the quiver I' are of the form I', fora e N, a > 1 or a = oc.
(The quiver I'y, is defined in Section 3B.)

Note that there is an action of the symmetric group G, on k;l) permuting the variables and the
components of i. Consider the following element in Ra,k[E_l]:

((r —xr)T + De(@)  ifipy =iy,
Wye(i) =1 —(x, _xr+1)_lfre(i) ifipp =i —1,
Te(i) else.
The element W, e(7) is called intertwining operator. Using the formulas (3) we can check that W, e(i)

still acts on the polynomial representation and the corresponding operator is equal to s.e(i). Note also
that U, = (x, — x,41) ¥, is an element of Ry k-

Lemma B.1. The images of intertwining operators by @y x: Ryr — Sa.r can be described in the
following way. Fori € I such that i, — 1 # i, we have

W,re(p(i)) if ir, ir+1 € o,
o (\.IJ e(l))— lI’r"‘pr’-i-le(ﬁb(i)) ifir EI]air+1 €Iy,
T W e (9 (0) ifir € Lo, ir41 € I,

lI;r’—Q—l\Ijr’—l—qur’\I"r’—}—le((z)(i)) ifirv ir—i—l el.
Fori € I® such thati, — 1 =i, we have
Ue(p (i) if ir,ir1 € I,

Dy i (Vre(@) = 3 U W i1e(p (@) ifiy € I, irs1 € o,
Vo Wee(@@) ifiy € lo, it € 1.
Here r' =r} is as in Section 2F.
Proof. By construction of ®, g, the elements @, x(V,.e(i)) and P, k(\i're(i )) are the unique elements of
Sa.x that acts on the polynomial representation by the same operator as W, e(i) and W,.e(i), respectively.
The right hand side in the formulas for @, x(W,e(i)) or d>o,’k(li',e(i)) in the statement is an element
X in Sz x[=~']. To complete the proof we have to show that:
(1) X acts by the same operator as W,e(i) or W,e(i), respectively, on the polynomial representation.

(2) X isin Sz k.
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Part (1) is obvious. Part (2) follows from part (1) and from the faithfulness of the polynomial represen-
tation of S&,k[E_l] (see Lemma 2.10). (In fact, part (2) is not obvious only in the case i, =i,+1 € I;.) U

B2. Special quivers. From now on we will be interested only in some special types of quivers.

First, consider the quiver I' =I',, where e is an integer > 1. In particular, from now on we fix I =Z/eZ.
Fix k € [0, e — 1] and set I} = {k} and Iy = I\{k}. In this case the quiver I is isomorphic to I',, ;. More
precisely, the decomposition I = gL I U 15 is such that 1| = {k} and I, = {k + 1}. To avoid confusion,
for i € I we will write @; and &; for o; and ¢; respectively.

Remark B.2. If I' is as above, a sequence i = (i1, ..., i) € 1% is well ordered if for each index a such
that i, = k we have a < d and i, = k+ 1. The sequence i is unordered if there is r < d such that the
subsequence (iy, ..., i) contains more elements equal to k + 1 than elements equal to k.

Let Y: Z — Z be the map given fora € Z and b € [0, e — 1] by

"+ (@e+5) = {a(e—|—1)+b if b € [0, k], @®
~lae+ D) +b+1 ifbelk+1,e—1].

Now, consider the quiver = (T (e, [isa disjoint union of / copies of I',). Set = (f, FI) and
write &; and &; and for «; and ¢&; respectively for each i € I. We identify an element of [ with an element
(a,b) € Z x [1,1] in the obvious way. Consiiier the decomposition = io Ul 1 such that (a, b) € I 1 if and
only if @ = k mod e. In this case the quiver I is isomorphic to f We will often write I instead of " (but
sometimes, if confusion is possible, we will use the notation [ to stress that we work with the doubled
quiver). More precisely, in this case we have

(a,b)’ = (Y(a), b),
(a,b)' = (Y(a), b),
(a,b)?> =(Y(a)+1,b).

To distinguish notations, we will always write ¢ for any of the maps ¢ : 1°— 1% Q i—> Q5 Xj— X5
in Section 2B.

From now on we write [ =T, T = et and = (T'so)™. Recall that
I=1,=7/eZ, I=I=7Z/(e+1Z, I=Ux)"=7x][1,1].
Consider the quiver homomorphism 7, : I' — I such that
T, [—1, (a,b) — a mode.
Then 7,4 is a quiver homomorphism 7,4 : r—T. They yield Z-linear maps

Te: Qf = Qr, et Xj—> X1, Teq1: Q7 —> QF,  Teq1: Xj— Xj.
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The following diagrams are commutative for « € Q;r and @ € Q;f such that 7, (&) = «,

0; . 0; X; —2 x; ji _? @

ﬂel 7TE+1J/ ﬂe‘L anJ/ ﬂel ”e+ll
] ¢ ¢ 7

0 — 0Q; X — X; 19 —— %@

The quiver I is infinite. We will sometimes use its truncated version. Fix a positive integer N. Denote
by I'SY the full subquiver (i.e., a quiver with a smaller set of vertices and _the same arrows between
these vertices) of [ that contains only vertices (a, b) such that |a] < eN. Let 'SV be the doubled quiver

associated with ISV, We can see the quiver 'SV as a full subquiver of I" that contains only vertices

(a, b) such that we have
e+ 1N if k #£0,

{—(e—l—l)N <a<(
(e+ 1N +1 else.

—(e+1)N <a

NN

(Attention, it is not true that the isomorphism of quivers I' ~ I" takes 'SV to 'SV )

B3. Hecke algebras. Let R be a commutative ring with 1. Fix an element ¢ € R.

Definition B.3. The affine Hecke algebra Hg 4(q) is the R-algebra generated by 77, ..., T;_; and the
invertible elements X1, ..., X; modulo the following defining relations
X Xy = X X,
T.X, =X, T, if |r —s| > 1,
T,.T, =T,T, if [r —s| > 1,

LT 1T, =T T, T 41,
X, =X T, +(q—1DX 41,
Xy =X, T — (g — DXy,
0=(T —¢)(T- + 1).

Assume that R = k is a field and ¢ # 0, 1. The algebra H; x(g) has a faithful representation (see
[Miemietz and Stroppel 2016, Proposition 3.11]) in the vector space k[X f], cees Xdil] such that X*!
acts by multiplication by X*! and T, by

T,(P) = gs,(P) + (g — DX, 41(X, — X,41) " (s,(P) — P).

The following operator acts on k[ X lil, R le] as the reflection s,
X, — X X, — X
\pr:’—"H(Tr_q)+1:(Tr+1)r—’+l_1_
qu_Xr—H Xr_qu—H

For a future use, consider the element ¥, € H, ; given by

U, =(qX, = Xe )V = (X, = X DT+ (g — DXy
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B4. The isomorphism between Hecke and KLR algebras. First, we define some localized versions of
Hecke algebras and KLR algebras. Let & be a finite subset of k. We view ¥ as the vertex set of a quiver
with an arrow i — j if and only if j = gi. Consider the algebra

A= D RXT XTI = X0 @ X = X0 o £ 1le),

icFd

where e (i) are orthogonal idempotents and X, commutes with e(i). Let H(ll"),c( (g) be the A{-module given by
the extension of scalars from the k[ X f—Ll, X jl]—module Hj x(g). It has a k-algebra structure such that

Tre(i) — (s, DT = (1 — @) Xr11(X, — X, 1)~ (@) — e(5,(0)))
and
z7'T,=T,z7". where Z=][(X, - X’ [ [(a X, — X»)*.

r<t r#t

In this section the KLR algebras are always defined with respect to the quiver %. We consider the algebra

Ay =P klxi, ..., xallS; 'e@),
ieFd

where

Si ={(xr + 1), GrCor + 1) =i (O + 1)), (qir (op +1) =i (e + 1) 1 r # 1)}
Consider the following central element in Ry

=[]+ ] Ge+D—j+D).
r i,jeF.rt
The A,-module leoc = A2 ®,» Ry has a k-algebra structure because it is a subalgebra in Rd,k[z”],
’ d

where kflg) is as in (2).

Remark B.4. We assumed above that the set F is finite. This assumption is important because it implies
that A contains k[XfEl, el X;Fl] and A, contains k[xy, ..., xs]. However, it is possible to define the
algebras above (Aq, Ay, H}f,i (¢) and Rb‘ﬁ{) for arbitrary F C k*. Indeed, if | C F; are finite, then
the algebra defined with respect to F; is obviously a nonunitary subalgebra of the algebra defined with
respect to F,. Then we can define the algebras Aj, A», Hfl"fC (g) and Ri,"ﬁc with respect to any arbitrary F.

For example, we define the algebra lei associated with F as

Ri%(F) = lim Ry (Fo),
FoCF
where the direct limit is taken over all finite subsets J{ of F. Note that if the set F is infinite, then the
algebras Ay, Ay, Hbli",i (g) and Rg’; are not unitary.

From now on we assume that F is an arbitrary subset of k*.
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Proposition B.5. There is an isomorphism of k-algebras Rif",‘c o~ Hall‘f,‘; (q) such that

e(d) — e(i),
xre(d) — (i7' X, — De(i),
W,.e(i) — V,e(i).
Proof. The polynomial representations of Hy x(q) and Ry j yield faithful representations of H [IIOICC (g) and
Rbo";c on A and A, respectively. Moreover, there is an isomorphism of k-algebras A, >~ A; given by
xre(i) = (71X, — De(i).

This implies the statement. Indeed, the elements e(i) € Rboj( and e(i) € HCIZ‘?ICC (g) acton A, >~ A| by
the same operators. The elements x,e(i) € Rll"% and (i,‘er —De(i) € Htlif’,i (g) acton A, >~ A; by the
same operators. Finally, the elements W,e(i) € R;‘ﬁc and W, e(i) € Hﬁli",cc (g) also act on Ap >~ A; by the
same operators. The elements above generate the algebras Rli‘f‘;( and H;’,‘; (q). O

Now, we consider the subalgebra Ii’d, x of Rllo‘,; generated by

« the elements of Ry k,

« the elements (x, + 1)~!,

« the elements of the form (i, (x, + 1) —i;(x; + 1)) ~'e(i) such that r # ¢ and i, # i;,

o the elements of the form (gi,(x, + 1) —i,(x; + 1)) ~'e(i) such that r # ¢ and qi, # i,.
Similarly, consider the subalgebra PAId,k(q) of HJI",‘; (g) generated by

« the elements of Hy; x(q),

« the elements of the form (X, — X;)"'e(i) such that r % ¢ and i, # i,,

e the elements of the form (¢ X, — X,)~'e(i) such that r #t and qi, # i;.

Note that the element W, e(i) € H:i(”,‘; (g) belongs to PAId,k(q) if i, # gi,+1. We have the following
proposition, see also [Rouquier 2008, §3.2].

Proposition B.6. The isomorphism R:ioic ~ H Lliolcc(q) from Proposition B.5 restricts to an isomorphism

Rax =~ Hyx(q). O

BS. Deformation rings. In this section we introduce some general definitions from [Rouquier et al.
2016] for a later use.

We call the deformation ring (R, k, k1, . . ., k;) a regular commutative noetherian C-algebra R with 1
equipped with a homomorphism Clk*!, k1, ..., k;] = R. Let k, k1, . .., k; also denote the images of
K, K1, ...,k in R. A deformation ring is in general position if any two elements of the set

{ky —Kky+ak+b,k—c:a,beZ,ceQ,u#v}

have no common nontrivial divisors. A local deformation ring is a deformation ring which is a local ring
such that «y, ..., k7, kK — e belong to the maximal ideal of R. Note that each C-algebra that is a field has
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a trivial local deformation ring structure, i.e., such that x; = - - - = k; = 0 and ¥ = e. We always consider
C as a local deformation ring with a trivial deformation ring structure.

We will write Kk =k (e+1)/e and i, = k(e + 1) /e. We will abbreviate R for (R, k, k1, ..., k;) and
R for (R, Kk, k1, ..., K]).

Let R be a complete local deformation ring with residue field k. Consider the elements g, =
exp(2m+/—1/k) and q,41 = exp(2m+/—1/i) in R. These elements specialize to ¢, = exp(2m/—1/e)
and ¢4 = exp(2n«/—_1/(e +1))ink.

B6. The choice of F. From now on we assume that R is a complete local deformation ring in general
position with residue field k and field of fractions K. In this section we define some special choice of the
set F. This choice of parameters is particularly interesting because it is related with the categorical action
on the category O for 3[ ~» see [Rouquier et al. 2016].

Fix atuple v = (vy,...,v) € 7'. Put 0, = exp(Zn\/—_l(vr +x,)/k) for r € [1,1]. The canonical
homomorphism R — k maps ¢, to ¢, and Q, to ¢,”.

Now, consider the subset & of R given by

= |J {g/0

reZ,te[l,l]

Denote by Fj the image of F in k with respect to the surjection R — k. Recall from Section B4 that we
consider F (and Fi) as a vertex set of a quiver. The set F is a vertex set of a quiver that is a disjoint
union if / infinite linear quivers. The set Fy is a vertex set of a cyclic quiver of length e.

Fix k € [0, e — 1]. To this k we associate a map Y : Z — Z as in (8). Now, consider the tuple

b=(,....0) €2, v, =YW Vrell,ll.
Let R be as in the previous section. Let k and K be the residue field and the field of fractions of R

respectively. Now, consider Q = (Ql, el QZ), where Qr =exp(2r+/—1(v, +i,)/k) and k and i, are
defined in Section B5. Consider the subset & of R given by

«
Il

U {qZHQ}-

rez.te[1,1]
Denote by F % the image of F in k with respect to the surjection R — k. The set F is a vertex set of a
quiver that is a disjoint union of / infinite linear quivers. The set F % 1s a vertex set of a cyclic quiver of
length e 4 1.

B7. Algebras ﬁ, EI\J, Rand§. LetT = (I, H), T =(I,H)and T = (I, H) be as in Section B2.
We will use the notation F, Fx, F and F % as in previous section. (In particular, we fix some

v=(1,...,v).)
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We have the following isomorphisms of quivers

[~F, i= (a,b) — p;:= exp(Zn'\/—_l(a—l—/cb)//c),
[~%, i=(a,b)r pi:=expRu~—1(a+ip)/i),
I >~ %y, i p;= ei,

I ~F;, ir—>ﬁ,~:=§€i+1.

These isomorphisms yield the following commutative diagrams

I —> % I — ¥
| S
I —— Fy, I — @,;.
We will identify
[>~F, 1~F;, I~F I~F
as above.

Our goal is to obtain an analogue of Theorem 2.12 over the ring R. First, consider the algebras ﬁd, x(&e)
and I:Id, x (g.) defined in the same way as in Section B4 with respect to the sets & C k and & C K. We
can consider the R-algebra I:Id, r(ge) defined in a similar way with respect to the same set of idempotents
as Fld,k(;e) (i.e., with respect to the set Fi, not F).

The algebra I-Ald, x (ge) is not unitary because the quiver I" is infinite. To avoid this problem we consider
the truncated version of this algebra. Let H fg (ge) be the quotient of PAId, k (ge) by the two-sided ideal
generated by the idempotents e(j) € I such that j contains a component that is not a vertex of the
truncated quiver I'SY (see Section B2). (In fact, the algebra H dgg (ge) is isomorphic to a direct summand
of Hyk (qe)). ) ) )

Similarly, we define the algebras H, ; (Ce+1), H; g(qe+1) and H; g(get1) using the sets 7 and Fp
instead of F and Fj. We define a truncation ﬁ;g(qe+]) of H 4.8 (qe+1) using the quiver sV,

For each i € I¢ we consider the following idempotent in H fg (ge):

)= ) el

. - Jellm(p=i . N
Here we mean that e(j) is zero if j contains a vertéx that is not in the truncated quiver 'SV, The

idempotent e(i) is well defined because only a finite number of terms in the sum are nonzero. For each
i € I’ we can define an idempotent e(i) € Ifljg(qeﬂ) in a similar way.

Lemma B.7. There is an injective algebra homomorphism I:Id,R(qe) — I-Aldgz (ge) such that e(i) — e(i),
Xre(i)— X,e(@@) and Tye(i) — T,e(i).

Proof. It is clear that we have an algebra homomorphism I:Id, r(ge) = H dg,]\(] (ge) as in the statement. We
only have to check the injectivity.
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For each w € &, we have an element T,, € H; r(g) defined in the following way. We have T,, =

T;, ---T; , where w =s;, - - - ;. is a reduced expression. It is well-known that 7, is independent of the
choice of the reduced expression. Moreover, the algebra H; g(q) is free over R[ X fﬂ, R le] with a
basis {Ty, : w € &,4}.
Set
B=@RIX{", ... X7X, = X)7' (qeXr = X0) 7" i # 1le(d),
ie%z

where we invert (X, — X;) only if i, # i, and we invert (g. X, — X;) only if i, # i;. We have

Hd,R((Ie) =B ®R[Xli1

{Ty, :w e Gy}
Similarly, we can show that the algebra H dgz (ge) is free (with a basis {T,, : w € &,4}) over

X+ Hy r(q.). This implies that the B-module PAId, r(g.) is free with a basis

.....

B'= @ KIxt'. .. XN = X0 (@ X, — X)) ir # e(),
jegd
where we invert (X, — X;) only if j, # j, and we invert (¢g. X, — X;) only if g, j. # j;, and we take only
Jj that are supported on the vertices of the truncated quiver 'SV,
Now, the injectivity of the homomorphism follows from the fact that it takes a B-basis of I:Id, r(ge) to

a B’'-linearly independent set in H dglj\{’ (qe)- O

Now we define the algebra SH .k (Ge+1) that is a Hecke analogue of a localization of the balanced
KLR algebra Sz x. To do so, consider the idempotent e = Zi el e(i) in H k(§g+1) We set

SHy 1(Ges1) = eHy p(Cer1)e/ Y eHy p(Cor)e(f) Hy j(et)e.

jelg,
Now, we define a similar algebra over K. To do this, we need to introduce some additional notation.
Denote by Qlfeq the subset of QIT that contains only @ such that for each k € I, the dimension vector &

has the same dimensions at vertices k! and k2.
Set

A A _— gN _—
H:¥(qer)= €D Hyg@ern). and SH, z(qes)= @D SHy g(qerr).

Tet1(0)=0 Tet1(Q)=0 _
where in the sums we take only @ € QJr oq I that are supported on the vertices of the truncated quiver ['S¥
and SH - a8 (Ge+ 1) is defined similarly to SH - a, #(Cer1). More precisely, we have

SHy g (qe+1) = €aHy g(Ges )8/ ) €aHy g(Ger)e() Hy g (Ges1)Es,
jelg,

where é; = ZJ'Effm e(j).
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Remark B.8. Consider the following idempotents in ﬁ;%(qﬁ 1):

Z e; and e=Ze(i),

Te11(@)=0 ielt,

N

where the first sum is taken only by & € QJr (Note that H <N (qe+1) was defined as a quotient of
Hj %(qe+1)- So, if @ is not supported on F<N then the 1demp0tent €5 is zero by definition. In particular,
the sum has a finite number of nonzero terms ) Setalso 1% =], @)=, & where the sum is taken only
by @ € QJr . By definition, the algebra SHS @K (qe+1) is a quotient of eH sy (qe+1)e But we can see this
algebra as the same quotient of eH <N (qe+1)e (we do the quotient with respect to the same idempotents).
Indeed, the idempotent e is a sum of a bigger number of standard idempotents e(j), j € I% than the
idempotent e. More precisely, the idempotent ¢ is the sum all e(j) such that j is well-ordered while e is
the sum of all () such that 7,1 () is well-ordered. But each j € I% such that 7, (j) is well-ordered
and j is not well-ordered must be unordered. Then such e(j) becomes zero after taking the quotient.

Finally, we define the R-algebra SH év 7(ge+1) as the image in SH ;%(qﬁ 1) of the following composi-
tion of homomorphisms

A <N <N
eH&j(‘]e-t—l)e - eH&yE(Qe-H)e - SH&’I?(Qe—H)-

The lemma below shows that the algebra SH év #(ge+1) 1s independent of N for N large enough. So,
we can write simply SH @.R(qe+1) instead of SH .k (ge+1) for N large enough.

Lemma B.9. Assume N > 2d. Then the algebra SH év 7#(ge+1) 1s independent of N.

Proof. Denote by Jy the kernel of eH R(qu)e — SH a K(qu) Take M > N. It is clear that we have
Ju C JIN.

Let us show that we also have an opposite inclusion if N > 2d. We want to show that each element
x € Jy is also in Jy. It is enough to show this for x of the form x = Xe(i), where i € 1‘7‘d and
X is composed of the elements of the form 7, and X,. Then Xe(i) € Jy means that the element
Xe(j) e SHa K(qu) is zero for each j € I supported on F<N such that 7,1 (j) =1i. To show that we
have Xe(i) € Jy we must check that the element Xe(j) € SHS K(qe+1) is zero for each j € I supported
on F<M such that 7, (j) =1i.

Let @ € Q;eq be such that j € I%. Tt is clear that we can find an & € Q;eq supported on
['<2 such that we have an isomorphism I—AI&’ 7(Get1) = I-AI&’ 7 (ges+1) that induces an isomorphism
SH @K (Ges+1) = SH a, % (ge+1) and such that this isomorphism preserves the generators X, and 7, and sends
<2 and 7oy 1 (J) = o1 (J).
Then the element Xe(j) € @;%(qeﬂ) is zero because Xe(j') € @;A; (ge+1) 1s zero. This implies

XGJM. O

the idempotent e(j) to some idempotent e(j’) such that j’ is supported on I"
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Now we define the KLR versions of the algebras SH &’,;(QH) and SH ;%(qeﬂ). As for the Hecke
version, we denote by e the idempotent ) ; i e(@) in Ié&, «(T). Set

Sak(T) = eRg x(Tre/ Y eRg x(D)e(i) Ry x(De.
i€l
For each & € Q;feq we consider the idempotent &z = ) | jeld, e(j) in Iég,, K(F). Set
Sax MMy = P Sax@,
7Te+l(&):6l
where we take only & € Q;feq that are supported on the vertices of the truncated quiver <V and
Sa.x (1) =&Ra.x (1)&s/ Y €aRa x (De(j) Ry k().
Jel,
Remark B.10. By Proposition B.6 we have algebra isomorphisms
Ry (D) = Hyr(C), Rk (TV) =AY (qe),
Ra k(D) = Hy 3 (Gest), Rax (FSY) 2 H 2 (Ger),
from which we deduce the isomorphisms
A — -~ A = -~ gN
Sax(T) = SH 1 (Cer1) and  Sg x (FN) = SH_ 2 (get1)-

We may use these isomorphisms without mentioning them explicitly. Using the identifications above
between KLR algebras and Hecke algebras, a localization of the isomorphism in Theorem 2.12 yields an
isomorphism

Dok Hok(Ce) = ﬁla,;;(é“eﬁ)-

In the same way we also obtain an algebra isomorphism
Ok 0 Hix(qe) — SH jg) g (Ges1)

for each @ € Q;f. Taking the sum over all & € Q;f such that 7. (&) = o and such that & is supported on
the vertices of the truncated quiver 'SV yields an isomorphism

N —~ <N
Dok Ho g (ge) — SH %(ge+1)-

Lemma B.11. The homomorphism eI:I&’E(qu)e — eﬁ&j{(é‘e_i_ 1)e factors through a homomorphism
SHy 7(qes1) = SH 5 1 (Cet1)-

Proof. In Section 2E we constructed a faithful polynomial representation of Sz ;. Let us call it Pol. It
is constructed as a quotient of the standard polynomial representation of e Rz xe. After localization we
get a faithful representation 73311( of S&,k- Thus the kernel of the algebra homomorphism elé&, e — 3‘5,, k
is the annihilator of the representation Pol k- We can transfer this to the Hecke side (because the
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isomorphism in Proposition B.6 comes from the identification of the polynomial representations) and
we obtain that the kernel of the algebra homomorphism eI:I&’ i(Cer1)e — SH 3 % (Cex1) 1s the annihilator
of the representation 73.0\1 k- Similarly, we can characterize the kernel of the algebra homomorphism
eH <N (qe+ e — SH a K(qu) as the annihilator of a similar representation 7301 K .

The K -vector or space Pol K ™ has an R-submodule Pol g stable by the actlon of eHy g(qe+ 1)e such that
k®g Pol R= Polk and it is compatible with the algebra homomorphism e H; z(ge+1)e — eHj j(ev1)e.
By definition of SH H, 7#(ge+1) and the discussion above, the kernel of the algebra homomorphlsm
eH R(qe+1)e — SH., a, 7(get1) 1s formed by the elements that act by zero on 7301 K (we assume
that N is big enough). Thus each element of this kernel acts by zero on Polg. This implies, that
an element of the kernel of eH R(qu)e — SH- i, 7(ge+1) specializes to an element of the kernel of
e &,,;(g“ejq)e — SH&’,;(QH). This proves the statement. Il

B8. The deformation of the isomorphism ®.

Proposition B.12. There is a unique algebra homomorphism ®g g : I:Ia, r(qe) — SH @.R(Ge+1) such that
the following diagram is commutative:

A o ~
Hok(6) —=> SHy j(er1)

I I

A Dy, —
Hyr(ge) —=> SHy g(qes1)

l l

n Dy, <N
ARG —5 SHY % (gern).
Proof First we consider the algebras Hé‘f,cc(g“e), H;’; (ge) and H;?%’SN (ge) obtained from Hy x(Z.),
Hy r(g.) and H <N K (g.) by inverting
e (X, — X)) and (& X, — X;) with r # ¢,
e (X, —X,) and (g X, — X,) with r £1,
e (X, —X;)and (¢g. X, — X;) withr £ ¢
respectively. Let S H;O% (Let1) and S H;O(;?’gN(qu) be the localizations of SH @.i(Cer1) and SH ;%(qﬁ 1)
such that the isomorphisms @y x and &, g above induce isomorphisms

Okt GG = SHO (Ger) and - Dot H'g™" (q0) = SHY " (qes).

Let S H;’% (ge+1) be the image in S H;%QV (ge+1) of the following composition of homomorphisms

loc <N loc <N

eH % (qer1)e — eH 5" (qes)e — SH G (qev).

(We assume N > 2d. Then, similarly to Lemma B.9, the algebra S H;OCR is independent of N under this
assumption.)
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Next, we want to prove that there exists an algebra homomorphism ®, g: H 50% (ge) > S H;ock (Ges1)
such that the following diagram is commutative:

.k

D
H%i (&) ——  SHP%(Cer1)

I I

Dy,
HYR@e) —=  SH%(qer1) ©)

l |

loc, <N Po loc, <N
Ha,[( (CIE) — SH&’I? (Qe-i-l)-

We just need to check that the map ®, g takes an element of Hgf”% (g.) to an element of S H;’% (Ges1)
and that it specializes to the map @, x: H é?,cc(fe) — SH ;’%(QH). We will check this on the generators
e(d), X,e(i) and W, e(i) of Hé‘?%(qe).

This is obvious for the idempotents e(i).

Let us check this for X,e(i). Assume thati € I* and j € I'?! are such that we have m.(j) =1.
Write i’ = ¢(i) and j' = ¢(j). Setr' =+, = r;, see the notation in Section 2F. By Theorem 2.12 and

J
Proposition B.5 we have

Dok (Xre()) =Py pj Xre(j).
Since, 13]_,/1 pj, depends only on i and r and e(i) = Zm(j)=i e(j), we deduce that
Ok (Xre() = P, pj, Xreli).

Thus the element @, g (X, e(i)) is in SHYG and its image in SH’ is B, pi, Xre(i') = ®or(Xre(i)).
Next, we consider the generators W,e(i). We must prove that for each J such that 7. (j) =i and for
each r we have

o &, x(Vre(j)) = Ee(j’), for some element E € H;‘f; (g.) that depends only on r and i,
o the image of Ee(i’) in SH;"]‘E( (qe+1) under the specialization R — k is @ 1 (V,e(i)).

This follows from Lemma B.1.

Now we obtain the diagram from the claim of Proposition B.12 as the restriction of the diagram (9). [J

B9. Alternative definition of a categorical representation. There is an alternative definition of a cate-
gorical representation, where the KLLR algebra is replaced by the affine Hecke algebra.
Let R be a C-algebra. Fix an invertible element g € R, ¢ # 1. Let C be an R-linear exact category.

Definition B.13. A representation datum in C is a tuple (E, F, X, T) where (E, F) is a pair of exact
biadjoint functors C — C and X € End(F)°? and T € End(F?)° are endomorphisms of functors such
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that for each d € N, there is an R-algebra homomorphism v4: Hy g(q) — End(F?)°P given by
X, FITXF wrell,d],
T, FITF wrell,d—11.

Now, assume that R = k is a field. Assume that C is a Hom-finite k-linear abelian category. Let & be a

subset of k* (possibly infinite). As in Section B4, we view ¥ as the vertex set of a quiver with an arrow
i — j if and only if j = qi.
Definition B.14. A gg-categorical representation in C is the datum of a representation datum (E, F, X, T)
and a decomposition C = P neXs C, satisfying the conditions (a) and (b) below. For i € F, let E; and
F; be endofunctors of C such that for each M € C the objects E;(M) and F;(M) are the generalized
i-eigenspaces of X acting on E(M) and F (M) respectively, see also Remark 3.3 (a). We assume

(@) F =5 Fr and E = B Ei.
(b) Ei(Cy) CCpyq; and Fi(Cy) CCp—q,-
If the set % is infinite, condition (a) should be understood in the same way as in Remark 3.3 (b).

Remark B.15. (a) By definition, for each object M € C and each d € Z>, we have F;, --- F; (M) #0
only for a finite number of sequences (iy, ..., iy) € F 4 (Else, the endomorphism algebra of F 4(M) is
infinite-dimensional.) Then the homomorphism Hy x(q) — End(F 4(M))°P extends to a homomorphism
ﬁd,k(q) — End(F?(M))°P such that only a finite number of idempotents e(j) has a nonzero image. (We
define the action of e(i) as the projection from F?to F;, --- F;,. Note that the action of (X, — X)) le(d)
such that i, # i, is well defined because X, and X, have different eigenvalues. Similarly, the action of
(gX, — X;)"'e(i) such that r # ¢ and gi, # i, is well defined.) In particular, we obtain a homomorphism
Hy 1 (q) — End(F4)°P.

(b) Asin part (a), if we have a categorical representation in the sense of Definition 3.2, then the homomor-
phism R, x — End(F dyop extends to a homomorphism Iéd, & — End(F9)°P. Then Proposition B.6 implies
that the two definitions of a categorical representation of gr (Definitions 3.2 and B.14) are equivalent.

B10. Categorical representations over R. We assume that the ring R is as in Section B6. We are going
to obtain an analogue of Theorem 3.5 over R.

Let Cg, Cx and Ck be R-, k- and K -linear categories, respectively. Assume that Cx and Cx are Hom-
finite k-linear and K -linear abelian categories, respectively. Assume that the category Cr is exact. Fix
R-linear functors Q2 : Cg — Cr and Qg : Cr — Ck.

Remark B.16. The first example of a situation as above that we should imagine is the following. Let A
be an R-algebra that is finitely generated as an R-module. We set Ck = mod (A), Cx = mod (k Qg A),
Ck = mod (K Q®rA), Q=kQeand Qx = K Q.

Another interesting situation (that in fact motivated the result of this section) is when Cp, for B €
{R, k, H}, is the category O for 3[ y over B at a negative level. We do not want to assume in this section
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that the category Cp is abelian because [Rouquier et al. 2016] constructs a categorical representation only
in the A-filtered category O over R (and not in the whole abelian category O over R).

Definition B.17. A categorical representation of (;[e, 5[@%’) in (Cgr, Cg, Ck) is the following data
(1) a categorical representation of g; = ;[e in Cg,
(2) a categorical representation of g; = 5[% in Cg,
(3) a representation datum (E, F) in Cg (with respect to the Hecke algebra H; r(g.)) such that the
functors £ and F commute with 2 and Qg,
(4) lifts (with respect to Q) of decompositions E =, _; E;, F =P,; F; and Cx = @XI Ck,y. from
Cr to Cg
such that the following compatibility conditions are satisfied:

« The decomposition Cx = P Cr,y is compatible with the decomposition Cx = P fex; Ck.j (e,

neXe
we haVe QK(CR,M) C ®7Te(ll):l/~ CK,/l)
e The decompositions E = @i e Eiand F = @i <7 Fi in Cg are compatible with the decompositions

E= @jei E;and F = EBjei Fj in Cx with respect to Q (i.e., the functors E; =
and F; = jefx, =i

 The actions of the Hecke algebras Hy r(q.), Hi.x(¢.) and Hy g (g.) on End(F%)°P for Cg, Cx and
Ck are compatible with Q; and Q.

jelmeGr=i Ei

F; for Ck correspond to the functors E;, F; for Cg).

Proposition B.12 yields the following version of Theorem 3.5 over R.

Let (Cg, Ck, Cx) be a categorical representation of (slo1, sI®'). Assume that for each € X7\ X i+ we
have ék,u = ER,M =0 and the for each 1 € Xi\X;f we have 51{,;1 =0. Let Cg, C and Cg be the subcategory
of Cg, Cx and Cg, respectively, defined in the same way as in Section 3D. Then we have the following.

Theorem B.18. There is a categorical representation of (;[e, 5[%) in (Cg, Cr, Ck).

Proof. We obtain a categorical representation of ;[e in Cx by Theorem 3.5. A similar argument as in
the proof of Theorem 3.5 yields a categorical representation of 5[?01 in Cg (we just have to replace the
isomorphism @ from Section 2G associated with the quiver I', by a similar isomorphism associated
with the quiver I'). To construct a representation datum in Cg, we use the homomorphism ®, g from
Proposition B.12. All axioms of a (5~[e, 5[?;)—categorical representation in (Cg, Cg, Cx) follow automati-
cally from the axioms of a categorical representation of (£a~[e+1, 5[;9;) in (Cg, Cx., Ck). O
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On nonprimitive Weierstrass points

Nathan Pflueger

We give an upper bound for the codimension in M, | of the variety ngl of marked curves (C, p) with a
given Weierstrass semigroup. The bound is a combinatorial quantity which we call the effective weight of
the semigroup; it is a refinement of the weight of the semigroup, and differs from the weight precisely
when the semigroup is not primitive. We prove that whenever the effective weight is less than g, the
variety Mé,l is nonempty and has a component of the predicted codimension. These results extend
previous results of Eisenbud, Harris, and Komeda to the case of nonprimitive semigroups. We also survey
other cases where the codimension of Mf;_l is known, as evidence that the effective weight estimate is
correct in wider circumstances. '

1. Introduction

Given a point p on a smooth curve C of genus g, there is an associated numerical semigroup

S(C, p) ={=val,(f): f e T(C\{p}, Oc)},

given by the pole orders of rational functions with no poles away from p. Weierstrass’s Liickensatz (now
an easy consequence of the Riemann—Roch formula) states that there are exactly g gaps in S(C, p).!

In reverse, any numerical semigroup S with g gaps defines a (not necessarily closed) subvariety
M§,1 C Mg 1 of the moduli space of curves with a marked point. These loci stratify M, 1, with the locus
defined by the ordinary semigroup H, = {0, g+ 1, g + 2, ...} dense and open, and the value of the i-th
gap (i =1,2,..., g) an upper semicontinuous function.

The link between the combinatorics of these numerical semigroups and the geometry of curves and their
moduli is a wide and fascinating story that remains largely mysterious, though many intriguing special
cases (specific types of semigroups) are well understood. The core of the difficulty (and excitement)
in this story lies in the fact that S(C, p) is not an arbitrary sequence of integers, but a semigroup; this
combinatorial restriction reflects itself in the geometry of the stratification.

Our objective is to propose a partial answer to a basic question: given a semigroup S, what is the
codimension of /\/l;,gv1 in Mg ,?

MSC2010: 14H55.
Keywords: Weierstrass points, numerical semigroups, algebraic curves, limit linear series.

IThe author has heard conflicting stories about whether the number of gaps in a numerical semigroup is called the “genus”
due to this fact from geometry, or as a joking reference to the “number of holes” in the semigroup.
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Definition 1.1. The effective weight of a numerical semigroup S is

ewt(S) = Z (# generators a < b).
gaps b

Alternatively, ewt(S) is the number of pairs (a, b), where 0 < a < b, a is a generator, and b is a gap.

In almost every situation where codim /\/lgy | 18 known for an explicit family of semigroups (as well
as for all semigroups of genus up to 6), it is equal to ewt(S); we summarize a number of these cases in
Section 2. The first genus in which the author is aware of a semigroup with codim M;l < ewt(S) is
g =9 (the example is discussed in Section 2F).

Our main results are the following, which give much stronger evidence for the utility of ewt(S) in the
study of this stratification of M, i.

Theorem 1.2. If M‘gg’l is nonempty and X is any irreducible component of it, then
dim X > dim Mg | —ewt(S).

We call a point or irreducible component of M;l effectively proper if the local dimension of Mg’l is
exactly dim Mg | —ewt(S).

Theorem 1.3. If S is a genus g numerical semigroup with ewt(S) < g — 2, then M;l has an effectively

proper component. If char k = 0, then the same is true for all numerical semigroups with ewt(S) < g — 1.

The effective weight is a refinement of a more naive quantity, the weight of a semigroup, and the two
quantities are equal for S if and only if S is primitive, meaning that the sum of any two nonzero elements
is greater than the largest gap (see Section 2A).

Theorems 1.2 and 1.3 were originally proved, with a characteristic 0 hypothesis, for primitive semi-
groups (using the weight) by Eisenbud and Harris [1987] and Komeda [1991]. Our proofs are based on
theirs, using the theory of limit linear series as the central technical tool. Our primary innovation is to
apply the machinery of limit linear series to produce incomplete linear series with specified vanishing
data on smooth curves. The basic technique is the same: curves with Weierstrass semigroups of genus g
are constructed by choosing a suitable genus g—1 semigroup and a marked curve realizing it, attaching
an elliptic curve at the Weierstrass point, marking a second point on the elliptic curve differing by torsion,
and deforming the resulting nodal curve.

Remark 1.4. The choice of terminology “effective weight” was made in reference to terminology from
the numerical semigroup literature. The set of all numerical semigroups can be arranged in a rooted tree,
with each level corresponding to a different genus, where the parent of a semigroup S is given by adding
the largest gap back into S. The children of a given semigroup S correspond to the “effective generators”
of S, which are defined to be the generators that are larger than the largest gap. For details, and a study of
the structure of this tree, see [Bras-Amorés and Bulygin 2009]. The effective weight of § is determined
by examining, in the path from the root (genus 0 semigroup) to S, the index of the effective generator

removed at each step (when the effective generators are listed in increasing order). If a similar procedure
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were followed, arranging all cofinite subsets of N into a tree (not just semigroups), then the quantity
constructed in the same way would be the weight, rather than the effective weight.

1A. Speculation and conjectures. While there are semigroups S for which codim M g’l <ewt(S), to the
author’s knowledge all such examples fall in the range g < codim M;l < 2g. Therefore, we (somewhat
speculatively) conjecture that no such semigroups exist in codimension less than g.

Conjecture 1.5. If ./\/l;1 has a component of codimension less than g in My 1, then all components of
M; | have codimension exactly ewt(S).

Curiously, we are not aware of any numerical semigroups of any genus for which codim /\/lg’1 >2g.
Therefore we also make the following (equally speculative) conjecture.

Conjecture 1.6. For any numerical semigroup such that M; | # 9, all components of /\/lés,, | have
codimension at most 2g.

Note that in the above conjectures, g and 2g perhaps ought to be replaced with g + C; and 2g 4+ C;
for some constants C; and C», the value of which we have no strong beliefs about. We have stated the
conjectures as above merely to make them specific.

Although not relevant to the present paper, we also mention a purely combinatorial conjecture about
the effective weight that arose during this work. We have verified this conjecture by a computer search”
up to genus 50.

Conjecture 1.7. For any numerical semigroup of genus g,

(g+1)2J

ewt(S) < L 2

Remark 1.8. If true, this conjecture is sharp. For g <5, this follows from case analysis. For g > 6,
this follows from a general construction. Let 1 be an integer between —2 and 2 inclusive such that
n =g+ 1 (mod4) (there are two choices if g = 1 (mod 4), and one otherwise). Let ¢ = i(3g +34+1n)
and d = }T(Sg + 14 3n). Then the semigroup

S=(c,c4+1,....d—1,d)=N\{1,2,...,c—1,d+1,d+2,...,2c— 1}

has genus g and effective weight %(g +1)2— %nz = L%(g + 1)2J. For 10 < g <50, a computer search
shows that these are the only semigroups of this effective weight, while for g <9 there are some additional
sporadic examples achieving the same maximum.

The semigroups above (that appear, empirically, to maximize ewt(S) in a given genus) also provide
examples where codim Mf,, | < ewt(S) [Pflueger 2016].

2C++ source code is available on the author’s website. The search took approximately 17 hours on a 3.4Ghz Intel 17-3770 CPU.
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Outline of the paper

We summarize in Section 2 several cases where codim M;l is known in the literature, including the
simplest case where strict inequality codim /\/l;1 < ewt(§) occurs. Section 3 summarizes background on
linear series and limit linear series needed for the proofs of the main theorems. Theorem 1.2 is proved in
Section 4. Section 5 is purely combinatorial, and provides some preliminary results on the structure of
numerical semigroups of low effective weight. Section 6 gives the proof of Theorem 1.3.

Conventions

Throughout this paper, we work over an algebraically closed field k. In Section 2, we assume char k = 0.
A point of a scheme will always refer to a closed point, and when we say that a general point of a scheme
satisfies a property, we mean that there exists a dense open subset in which all points satisfy the property.
A curve is always reduced, connected, and complete. A marked curve is a pair (C, p) of a curve C and a
point p € C.

We denote by N the set of nonnegative integers; a numerical semigroup is a cofinite subset § C N
containing 0 and closed under addition. The elements of N\ S are called the gaps of S, and the number
of gaps is called the genus. A positive element of S that is not equal to the sum of two positive elements
of S is called a generator, and a sum of two positive elements is called composite.

We denote the set {0, g+ 1, g +2, ...} by Hg, which we call the ordinary semigroup of genus g.

2. Background

The classification question of Weierstrass points can be asked on various levels. Hurwitz [1892] first
raised the simple existence question, while we are concerned with the more geometric dimension question.

. . . S
Question 2.1. For which § is M 2.l # ?
Question 2.2. Given S, how many irreducible components does M;I have? What are their codimensions?

Question 2.3. Given S, what is the maximum codimension of an irreducible component of M g 1?

The number of semigroups of genus g grows exponentially with g with limiting ratio # [Zhai 2013],
and present knowledge, even about Question 2.1, becomes quite sparse for large genus if all semigroups
are considered (see [Kaplan and Ye 2013]). This is one reason we prefer to focus on Questions 2.2 and 2.3:
if one hopes for general results, matters become much more tractable upon restricting to the more plentiful
sorts of semigroups, i.e., those for which codim Mg’l is small compared to g.

This restriction, to semigroups expected to appear in low codimension, is what allowed Eisenbud and
Harris to prove their rather strong results, later extended by Komeda. The downside of their results is that
they needed to impose not just a quantitative restriction (weight being less than g) but a qualitative one:
that the semigroup is primitive.

In the remainder of this section, we summarize some known results and simple cases of answers to
these questions, in order to highlight the extent to which the effective weight brings many known cases
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under one umbrella. We conclude in Section 2F, however, with the first example we know in which the
effective weight does not give the correct codimension.
Throughout this background section, we will assume that char k = 0, as much of the literature makes

this assumption.

2A. The work of Eisenbud, Harris and Komeda. The weight of a numerical semigroup is most simply
defined as the sum of the gaps minus (g “2”) An alternate description, more suggestive of the link to the
effective weight, is that wt(S) is the number of pairs (a, b) where 0 <a < b,a € S, and b ¢ S. This
description shows that wt(S) —ewt(S) is equal to the number of pairs (a, b) where a < b, a is composite,
and b is a gap; hence wt(S) = ewt(S) if and only if S is primitive.

All semigroups satisfy codim Mg’l < wt(S) (see Remark 4.3 for one argument), and a point of Mg, |
at which equality holds locally is called dimensionally proper. Eisenbud and Harris [1987] proved that
if S is primitive and wt(S) < g — 2, then M§,1 has dimensionally proper points. Their proof made
a characteristic 0 assumption, since this assumption was built into their theory of limit linear series
developed in [Eisenbud and Harris 1986], but modern treatments of limit linear series (e.g., [Osserman
2006; 2013]) make no such assumption. The proofs of Eisenbud and Harris [1987] can therefore be
carried to characteristic p with no modification.

The argument of Eisenbud and Harris [1987] proceeds by induction on g. It nearly succeeds in proving
the same result for primitive semigroups with wt(S) < g — 1 (rather than g — 2), except that the inductive
step fails for one very specific class of semigroups of weight g — 1. Komeda’s contribution [1991]
is to prove the theorem in this special case by a different argument, without limit linear series (and
with a characteristic O hypothesis), thus extending the results of Eisenbud and Harris [1987] to the case
wt(S) = g — 1. A second argument for this special case appears in [Coppens and Kato 1994].

Eisenbud and Harris observe [1987, Corollary on p. 497] that the primitivity hypothesis is necessary,
i.e., codim /\/lg,1 < wt(§) if S is nonprimitive. This fact of course also now follows from our Theorem 1.2.
This is no minor difficulty, as many semigroups, including those that appear with low codimension in
the Weierstrass stratification of M, 1, are not primitive. The main example, which provided substantial
motivation regarding how to refine wt(S), is the following.

Example 2.4. A hyperelliptic curve of genus g has 2g + 2 points with semigroup {2, 4,6, ...,2¢g —2}U
Hy, = (2, 2g + 1) (the ramification points of the double cover of P1), while the rest of the points have
the ordinary semigroup (see e.g., [Arbarello et al. 1985, Exercise 1.E-3]). Furthermore, if 2 € S(C, p)
then C is necessarily hyperelliptic. Hence S = (2, 2g + 1) is called the hyperelliptic semigroup, and
codim /\/lés,’ | = & — 1 (the codimension of the hyperelliptic locus in M, plus 1).

The hyperelliptic semigroup has the distinction of having the maximum weight of all genus g semi-
groups, namely (g) So the weight bound is spectacularly off in this case. However ewt(S) = g — 1.

Remark 2.5. Since the semigroups of maximum weight provide a nice example where the weight bound
fails to be exact (and suggested the definition of the effective weight), it seems reasonable to try to find
cases where the effective weight bound fails to be exact in the semigroups of maximum effective weight.
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Indeed, these semigroups provide such examples; see [Pflueger 2016]. See also Conjecture 1.7 and the
remark following it.

One notable extension of Eisenbud and Harris’s result, and method of proof, was given by Bullock
[2013]. Using a variation on Eisenbud and Harris’s inductive argument, Bullock proves that for the
nonprimitive semigroup

S={0,g—1,g+1,g+2,...,2g—2}UHy,

of weight g, the locus Mg,l is irreducible of codimension g — 1. The manner in which Bullock treated a
nonprimitive semigroup with Eisenbud and Harris’s basic method provided inspiration for our method in
proving the more general Theorem 1.3. Note that S is “barely nonprimitive,” as there is only one gap
exceeding one composite element. See Remark 2.9 for more about Bullock’s work.

2B. The Deligne bound and negatively graded semigroups. The best general-purpose lower bound on
codim M ‘gg’l is the Deligne bound, defined below.

Definition 2.6. For any numerical semigroup S, let A(S) be the number of gaps b € S such thatb+a € S
for all positive elements a € S.

Proposition 2.7. Let S be a numerical semigroup of genus g. If Mf,’l is nonempty, then
codim M3 | = g — A(S).

Proof. This bound follows from results of Deligne [SGA 711 1973], first applied to the moduli of Weierstrass
points by Pinkham [1974, Theorems 10.3 and 13.9]. For a discussion of the bound in this form, see [Rim
and Vitulli 1977, Corollary 6.3]. U

In most cases, the Deligne bound and the effective weight bound do not coincide. Interestingly, the
cases where they do coincide are semigroups of a particular structure: they are the “negatively graded
semigroups” studied by Rim and Vitulli. Rim and Vitulli [1977, Theorem 4.7] prove that a semigroup is
negatively graded (a deformation-theoretic condition) if and only if it is one of the following.

Definition 2.8. Let g > 2 be a positive integer. For each integer ¢ between 1 and g — 1 inclusive, define:
NG, ,=(g—e+1)-ZUH,, wherec=g+|g/(g—e)],
NG;,={0.g.g+1.....g+e—1}UH,,

and also define, for g > 3,

NG;={O,g—l,g+1,g—|—2,...,2g—2}UH2g_1.

Observe that ewt(NG, ,) = ewt(NG; ,) = ¢, and ewt(NG}) = g — 1. Note that NG, ; = NG} | and
NG;,’2 = NG3, but in all other cases the semigroups described above are distinct. Therefore for g > 4,
there is one negatively graded semigroup of effective weight 1, two negatively graded semigroups of
effective weight e for 2 < e < g — 2, and three negatively graded semigroups of effective weight g — 1.
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Half of the semigroups NG;,’ B (those for which e < %), and all of the semigroups NG?,’ . are primitive,
while NGz, and the other half of the NG;’ . are not.

Remark 2.9. The three semigroups NG;,’ e—1> NG; g—1» and NG; of effective weight g — 1 were studied
by Bullock [2013]; they correspond to the three irreducible components of the locus of “subcanonical
points” {(C, p) € M, 1:(2g —2)p ~ Kc}; see [Kontsevich and Zorich 2003] for further background
about this locus. All three are called symmetric semigroups, since a positive integer » is a gap if and only

if 2g — 1 — n is not a gap; this condition is equivalent to the condition that 2g — 1 is a gap.

Remark 2.10. The semigroups NG; . are among the first semigroups for which Mf,’ | was studied in
detail; see [Pinkham 1974, Theorem 14.7].

In fact, the negatively graded semigroups are precisely the semigroups for which the Deligne lower
bound (on codimension) and the effective weight upper bound coincide.

Proposition 2.11. For any numerical semigroup S of genus g,
ewt(S) > g — A(S),

with equality if and only if S is either ordinary or one of the semigroups NG;,’E, NGi’e, or NGz,.

Proof. Let E denote the set of pairs (a, b) € N? such that a < b, a is a generator of S, and b is a gap. Let
A denote the set of gaps b such that b+ a € § for all positive elements a € S. By definition, ewt(S) = | E|
and A(S) = |A].

For all (a,b) € E, b — a is necessarily a gap that is not in A. Conversely, any gap b’ that is not
an element of A must be equal to b — a for some (a, b) € E. This shows that the complement of A
in N'\ S has at most | E| elements, hence ewt(S) > g — A(S). Furthermore, this argument shows that
equality holds if and only if each (a, b) € E gives a distinct difference b — a. Assume now that S satisfies
ewt(S) = g — A(S); we will show that § is of one of the three forms stated. The case where S is ordinary
is immediate, so assume that S is nonordinary. Denote by m, n the first two generators of S.

1
g,g—m+1-

Case I: Suppose there are no gaps above n. In this case § = NG
Case 2: Suppose that n =m+ 1. There can be no two consecutive gaps b and b+ 1 of S greater than m +1,
since otherwise (m, b) and (m + 1, b+ 1) both lie in E. Similarly, there is at most one gap b such that
b — 1 is a generator. Since all elements of S less than 2m are generators, these two facts show that there
is at most one gap b of S between m and 2m. If there are no gaps between m and 2m, then S is ordinary.
If there is one gap b between m and 2m, then S contains {m,m+1,...,b—1,b+1,b+2,...,2m —1},

which generate all integers greater than 2m (recall that b > n = m + 1 by assumption), so in fact b is the

only gap greater than m. Hence S = NG; b—g-

Case 3: Suppose that n > m + 2 and there is some gap b > n. Assume that b is the smallest such gap. The
gap b is less than m 4 n, since otherwise b —m would be an element of S and b could not be a gap. Since
(n,b)e Eand 1 <b—n <m — 1, it follows that not all of (m,m+1), ..., (m,2m —1) can lie in E; this

implies that n <2m — 1, hence m +3 < b < 3m — 1. The pair (m, m + 1) lies in E, so (b — 1, b) cannot
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lie in E, hence b — 1 is a composite element of S. The only possibility is that b = 2m + 1. Therefore
2m—1,2m+1) € E. This shows that im, m+2) € E, son =m+2. Therefore m+2,m+3,...,2me S
and 2m + 1 ¢ S. The numbers m,m +2,m + 3, ..., 2m generate all integers greater than 2m + 1, so
2m 41 is the largest gap of S. Therefore m =g —1and § = NGZ, in this case. UJ

Remark 2.12. It would be interesting to find a more direct connection between negative grading and the
equality of the Deligne and effective weight bounds. It seems improbable that the fact that the same list
of semigroups is found in both contexts is merely a combinatorial coincidence.

2C. Semigroups of low genus. The exact codimension of Mg’ | is known for all semigroups of genus
less than or equal to 6; in all of these cases, ewt(S) = codim Mg,y We now summarize where these
results can be found in the literature.

Most of these loci M}:,l have been described by Nakano; see Table 2 of [Nakano 2008].3 Of the rows
in Nakano’s table where dim M;l is not known, all but one are in fact one of the negatively graded
semigroups discussed in Section 2B, hence codim /\/lf,’ | is equal to ewt(S) in those cases. The remaining
semigroup is S = (5,7, 9, 11, 13) (N(6)12, in the naming system of [Nakano 2008]). The discussion in
[Bullock 2014, Section 2.2] shows that for this semigroup, M f,’l has a component of codimension ewt(.S)
(equal to wt(S) in this case since S is primitive), and the main theorem of [Bullock 2014] shows that this
is the only component.

2D. Two-generator semigroups. We now show that any numerical semigroup S with only two generators
exists as a Weierstrass semigroup, and that Mg,l is irreducible of codimension ewt(S) in My . This
furnishes an infinite family of nonprimitive semigroups of effective weight larger than g for which the
effective weight gives the correct codimension.

Let 1 < e < d be relatively prime integers and let S = (e, d). The genus of S is %(e —1(d—-1),asa
short combinatorial argument shows.

The effective weight is the number of gaps greater than e plus the number of gaps greater that d, which
can be expressed as:

e

d
ewt(S) =2¢g—d—e+ L—J—I—Z

N

To analyze M a1

we use the following description.

Proposition 2.13. Let S, g, d, e be as above, and let P denote the convex lattice polygon {(i, j) € R? :
i,j>0,ei+dj <ed}. Let (c; j),jep be coefficients such that the affine curve C defined by

0= Z ci,jxiyj

(i,j)ePNzZ?

3There is a typographical error in that table: the semigroup (5, 6, 7) is stated in one column to be 11-dimensional, while the
following column indicates that /\/t:: | is an open subset of a 10-dimensional weighted projective space. The second column is

correct.
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is smooth, and such that the coefficients cq 0 and cy ., are nonzero. Then the completion C of C has only
one additional point p, which has Weierstrass semigroup S. Viewing the coordinates x and y as rational
functions on C regular on C, the pole orders of x and y at p are d and e, respectively.

Conversely, given any (C, p) € Mg’l an~d rational functions f and g of pole orders e and d at p and
regular elsewhere, the map (f, g) embeds C = C \ {p} as an affine curve of the form above.

Proof. Embed the affine plane as the set U = {(x, y, 1)} in the weighted projective plane P(e, d, 1), and
let C denote the closure of C in P(e, d, 1). Denote by X, Y and Z the weighted homogeneous coordinates
on P(e, d, 1). The equation of C is

0= Z ci X'y zdeei=di, (1)
(i,j)ePNZ?

Note that the nonvanishing of ¢4 ¢ and co . ensures that the scheme cut out by this homogeneous
equation has no components supported on the complement of U, so since this scheme matches C on U it
is indeed equal to the closure of C.

Neither of the points (1, 0, 0), (0, 1, 0) lie on C since ¢4 0 and c¢ . are nonzero. Therefore any points of
C\ C lie on {(x,y,0):x,y#0} = Specklu, u~'], where u = XY ~¢. The scheme-theoretic intersection
of C with this curve is given by the equation ¢4 ou +cp . = 0. Hence C meets the boundary transversely in
a single point; it follows that C is smooth, hence it is the completion of C, and has exactly one additional
point on the boundary; denote this point by p.

The rational functions x and y are regular on C and their divisors of zeros are degree ¢ and d,
respectively, hence they have poles of orders e and d at p. It follows that the Weierstrass semigroup of
p contains e and d, hence it contains all of S. It suffices to verify that the genus of C is equal to the
genus of S, which is %(d — 1)(e — 1). This can be deduced from standard results in the geometry of
toric surfaces; we summarize an argument using results from [Cox et al. 2011]. To the convex lattice
polygon P, we may associate, as described in [loc. cit.], a toric variety X p together with a projective
embedding. The variety X p is isomorphic to P(e, d, 1) [loc. cit., Exercise 10.2.6(a)]. The hyperplane
sections in this embedding are subschemes cut out by equations of the form of (1), so the curve C is one
such hyperplane section. By [loc. cit., Proposition 10.5.8], the arithmetic genus of the subscheme cut out
by (1) is equal to the number of interior lattice points of P. The area of P is %de, and the number of
boundary vertices of P is d + e + 1 (since d and e are relatively prime, there are no lattice points interior
to the edge from (d, 0) to (0, e), so we need only count the points on the other two edges). It follows
from Pick’s theorem that the number of interior lattice points of P is %(d —1)(e — 1), as desired.

For the converse, suppose that f and g are rational functions on C as in the proposition statement, and let
C be C\{p}. Then (f, g) defines a map from C to the affine plane. The ring generated by f and g includes
functions of every possible pole order at p, hence this ring includes all regular functions on C,and (f, g)is
an embedding. Both f¢ and g¢ have pole order de at p, so some linear combination of them has a strictly
smaller pole order, hence is expressible as a linear combination of functions f'g/, where ei +dj < de.
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In other words, C satisfies a relation of the form 0 = 2 jyepnz2 i, jx'y/. Since there can be no relations

of smaller degree, this must be the generator of the ideal of (the image in the affine plane of) C. 4

We can use this description to determine the dimension of M g’ ;- The dimension of the space of curves
in the affine plane of the form in the Proposition is | P N Z?| — 1. Using Pick’s theorem and the fact that
there are d + e 4 1 vertices on the boundary of P (as in the proof of the proposition), this dimension is
%(d +1)(e+1). This exceeds dim M;l by the dimension of the set of ways to embed a given (C, p) e M ;1
in this manner, which is equal to 2°(O¢ (e- p))+h°(Oc¢ (d- p)), which in turn is equal to 4+ L%J . Therefore

dimMS | =L@+ e+ —4—|¢]=g+d+e—4—[2].

Combining with the earlier calculation of ewt(S), we have proved:

Proposition 2.14. Let S = (e, d) be a numerical semigroup with two generators. Then M;l is irreducible
of codimension ewt(S) in M, ;.

2E. Total inflection points of nodal plane curves. Another naturally arising class of semigroups for

which the effective weight bound is exact are those arising from nodal plane curves. These have been
s

g
their results readily give its value, which coincides with the value that the effective weight would predict.

investigated by Coppens and Kato [1994]. Although they do not explicitly analyze the dimension of M

Definition 2.15. Let d > 3 be an integer, and § a nonnegative integer less than (dgl). Let
Nags=(d—1,d)UH,,

where g = (dgl) — 4 and c is the gth gapin (d — 1, d).

Remark 2.16. The genus of the semigroup (d —1, d) is (dgl), so this is well defined. The semigroup N s

can be thought of as the “simplest” (e.g., the lowest-effective-weight) semigroup of genus g containing
both d and d — 1. It can also be described as the genus g ancestor of (d — 1, d) in the semigroup tree (see
Remark 1.4).

Theorem 2.17 [Coppens and Kato 1994, Theorem 2.3]. Let L be a fixed line in P2, Let X denote the
variety of degree d plane curves C with § simple nodes and smooth at all other points, such that C
intersects L at a smooth point of C to multiplicity d. Then for a general point [C] € X, the Weierstrass
semigroup of (C, p) is Ny s.

Proposition 2.18. For S = Ny 5, with d and § as in Definition 2.15, /\/lg’1 is irreducible of codimension
ewt(S) in Mg 1.

Proof. The genus of S is g = (dgl) — & by definition, and its only generators that are below any gaps are
d — 1 and d, which lie below all gaps of S except 1, 2, ..., d — 2. Therefore

ewt(S) = 2g — 2d + 4.

Let X be the variety in the statement of Theorem 2.17. It has a dense open subset U consisting of curves

S

C such that the normalization of (C, p) lies in M ol

and the induced map U — M;l has irreducible
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fibers of dimension 6, since there is a 6-dimensional space of automorphisms of P? fixing a line. The
map is dominant since any (C, p) with Weierstrass semigroup S may be given a morphism to P? using
two rational functions of pole orders d — 1 and d at p; the image curve will be smooth at the image
of p, and the image of p will be a total inflection point since the divisor d - p must be the pullback of
some hyperplane section. Therefore dim X = dim ./\/lg’1 + 6. It suffices to show that X is irreducible
of dimension g 4 2d. The dimension of X is equal to g + 2d by [Harris 1986, Lemma 2.4], and the
irreducibility of X follows from [Ran 1989, Irreducibility Theorem (bis)]. O

2F. A case where codim M; 1  ewt(S). The smallest genus in which we are aware of a semigroup §
for which codim M | # ewt(S) is g =9.
The example is
S=¢(6,7,8) =N\{1,2,3,4,5,9,10, 11, 17}.

For this semigroup, ewt(S) = 12, but we claim that codim ./\/l‘;’] = 11. We will sketch a proof of
this fact, omitting the full details. In [Pflueger 2016], we describe M;l for all semigroups of the form
(d—r+1,d—r+2,...,d) in complete detail. These semigroups furnish a large collection of cases
where codim M;l < ewt(S).

If (C,p) e /\/lg’l, then one can show that the complete linear series |8p| embeds C in P? as the
complete intersection of a quadric Q and a quartic R, and in this embedding the osculating plane H at p
meets C at p only. Hence we can study /\/lés,, | via the variety of triples (C, H, p) of a smooth complete
intersections C of a quadric and quartic, a hyperplane H, and a point p such that C and H meet at p
only. One can calculate that the dimension of this variety is 29, and verify that for a general point of this
variety, (C, p) does indeed have Weierstrass semigroup S. Since a point (C, p) € Mg’l determines the
triple (C, H, p) up to automorphisms of P3, this shows that dim M;l =29 — dim Aut P3 = 14, hence
codim M§ | =25—14=11.

3. Dimensionally proper linear series

This section collects several key facts and definitions about families of linear series on marked algebraic
curves, including a “regeneration lemma” from the theory of limit linear series. The regeneration lemma
is the basic inductive tool in the proof of Theorem 1.3.

Our discussion will be brief, and a number of proofs and precise definitions are omitted where they are
not necessary for the application in this paper. A complete discussion of these matters can be found in
[Osserman 2013, Chapter 4]; other useful references are [Arbarello et al. 1985, Chapter IV], [Harris and
Morrison 1998, Chapter 5] and [Arbarello et al. 2011, Chapter XXI].

3A. Varieties of linear series with specified ramification.

T

Definition 3.1. Let C be a smooth curve. A linear series of rank r and degree d on C, or “a g/, is a pair
(L, V) consisting of a degree d line bundle on C and an (r 4+ 1)-dimensional vector space V of global
sections of L. We will sometimes refer to the linear series simply as V.
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Let p be a point of C. The vanishing sequence a(‘)/ p),..., a,V (p) of V consists of the » 4 1 distinct
orders of vanishing of elements s € V at the point p, in (strictly) increasing order.

We will often use the phrase vanishing sequence to refer to a set of r 4+ 1 nonnegative integers between
0 and d inclusive (when the values of r and d are clear from context). Vanishing sequences will be
denoted by capital roman letters, while the individual elements of a vanishing sequence will be denoted by
the corresponding lowercase letter, with a subscript. For example, the elements of a vanishing sequence
A will be denoted ag, ay, ..., a,, in increasing order.

In the following two definitions, we describe the set of closed points of a scheme without specifying
the scheme structure. We hope the reader will forgive this, as the scheme structure is not relevant to our
application. Full details, including the functors that these schemes represent, can be found in [Osserman
2013, Section 4.1]. Although we only need the following two definitions in the cases n =1 and n = 2,
we state them in fuller generality.

Definition 3.2. Let C be a smooth curve, py, ..., p, be distinct points of C, and A, ..., A" be vanishing
sequences. Denote by

G(C: (pr. AV, ..., (pu. A™)

a scheme whose closed points correspond to the g/;s (L, V) on C such thatfori=1,...,nand j=0,...,r,
the inequality a;./ (pi) = a§ holds (recall that we write aj. to denote the j-th element of the set A’). Denote by

Gy(Ci (pru AD), ., (pu, AM)
the open subscheme where equality a}/ (pi) = aj. holds for all i and j.

Remark 3.3. In this definition and those that follow, our notation differs slightly from that of, for example,
[Osserman 2013]. In particular, we specify the vanishing sequence at each marked point, whereas most
authors specify the ramification sequence, defined by «;(p) = a;(p) —i. We have chosen to work
exclusively with vanishing orders, as it significantly reduces clutter in several parts of the present paper.

Definition 3.4. Let C — B be a smooth, proper family of curves and sy, ..., s, be disjoint sections. In
the case n = 0, assume that the family has at least one section. Denote by

"(C/B; (s1, A, ..., (5., A") = B

a scheme whose fiber over b € B is G/;(Cp; (s1(b), AY), .. (su(b), AM)).

Denote by Q;’ d(Al, ..., A") — Mg , the scheme formed by gluing these schemes together (or, more
precisely, gluing these schemes together over a versal family of n-marked curves, and then taking the
quotient by a finite group action).

The notation Gg or Qrg 4 Will refer to the open subscheme where the vanishing sequences match the
prescribed sequences exactly.



On nonprimitive Weierstrass points 1935

Here, M, , denotes the coarse moduli space of smooth curves with n distinct marked points. We
omit the details of the gluing process; it suffices for our purposes that a scheme g; d(Al, ..., A") exists,
whose fibers over M, , are isomorphic to the varieties G;(C; (p1, AY, ..., (pn, A™M).

3B. Dimensionally proper points.

Definition 3.5. For integers g, r, d and vanishing sequences Al ..., A", define

n r

pe(rd; AL A =(r+Dd—r)—rg—Y Y (@ —j).

i=1 j=0
When g, r, d, Al, ..., A" are clear from context, we will denote this number simply by p.

Lemma 3.6. If G;(C/B; (s, A, ..., (s,, AM) is nonempty, its local dimension at any point is greater
than or equal to dim B + p.

Proof. See, for example, [Osserman 2013, Theorem 4.1.3] for full details; what follows is a brief summary.
First, describe G/;(C/B) (where we must assume that C — B has a section) as a degeneracy locus of a
map of vector bundles over the relative Picard scheme Pic? (C/B), and bound its dimension with this
description. Note that the assumption that C — B has a section is needed to construct the relative Picard
scheme Pic?(C/B). Then impose the vanishing conditions by intersecting the pullback of n Schubert
cells under n maps of Grassmannian bundles; this imposes at most a number of conditions equal to the
double summation in the formula for p. Il

Definition 3.7. A linear series (L, V) € G,(C; (p1, AY, ..., (pn, AM) is called dimensionally proper
(with respect to the choice of Al, ..., A")if there exists a deformation (C/B,s1,...,8,)0f (C, p1,..., pn)
such that

dim G;(C/B; (s1, AY, ..., (sp, AY)) =dim B + p,

locally at (L, V).
Equivalently, (L, V) is dimensionally proper if the local dimension of g;’ d (A', ..., A" at (L, V) is
equal to 3g+n—3+p.

3C. Regeneration. We will reduce the proof of Theorem 1.3 to the existence of dimensionally proper
points of a suitable variety of linear series. The existence results will come from an induction on genus,
made possible by the following “regeneration lemma.”

Lemma 3.8. Fix positive integers g1, g2, d, r and two vanishing sequences A and A’'. Denote by d — A
the vanishing sequence {d —a,,d —a,_1, ...,d — ap}.

Ifé;l’d(A) and Q;Z’d(d — A, A") both have dimensionally proper points, then Q;lJrgz’d(A/) also has
dimensionally proper points.

This lemma is a standard application of the theory of limit linear series, pioneered by Eisenbud and

Harris [1986]. It is essentially a special case of the “smoothing theorem” [Eisenbud and Harris 1986, Theo-
rem 3.4], which is referred to as the “regeneration theorem” in the expository account [Harris and Morrison
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C1 C2

Figure 1. The nodal curve X of Situation 3.9.

1998, Theorem 5.41]. Both of these sources work over the complex numbers and work locally in the
complex-analytic setting. We give a proof of Lemma 3.8 below based on the more recent [Osserman 2006],
which is therefore valid in characteristic p. The theory of limit linear series has subsequently been expanded
(for example, to include curves not of compact type) in various ways (e.g., [Osserman 2014a; Osserman
2014b; Amini and Baker 2015]), but for our purposes the theory developed in [Osserman 2006] is sufficient.

Limit linear series, as their name suggests, provide a way to construct, from a family of smooth
algebraic curves degenerating to a nodal curve and a family of linear series on the smooth curves, an
object over the nodal curve that serves as a well-defined limit of the linear series on smooth curves. For
the purpose of Lemma 3.8, we need only consider particularly simple nodal curves.

Situation 3.9. Fix positive integers g; and g>. Let C; and C, be smooth curves of genus g; and g»
respectively, let p; be a point of C; and let p, and ¢ be distinct points of C,. Denote by X the nodal
curve obtained by gluing p; to p», and denote the attachment point by p € X. See Figure 1.

We will only require a specific type of limit linear series, namely refined series. In general, the refined
series form an open subset of all limit linear series. We do not require nonrefined series (called coarse
series in the Eisenbud and Harris theory) for our application, so we will not discuss them.

Definition 3.10. In Situation 3.9, a refined limit linear series of rank r and degree d on X (or a limit g,
on X), is a pair ((L, V1), (L2, V2)) of g/;s on Cy and C; respectively, such that fori =0,1,...,r,

al"(p1) =d —a,(p2). (2)

Equation (2) is called the compatibility condition. The linear series (L;, V;) is called the C;-aspect of the
limit linear series.

Another way to view a refined limit linear series on X is that it consists of a choice of vanishing
sequence A (with respect to the data r, d) and a point in

G(Cr; (1, A) x G(Ca; (pa,d = A)),
Therefore a natural way to define a scheme structure for the set of refined limit linear series is as follows.

Definition 3.11. In Situation 3.9, the scheme of refined limit g/;s on X is

G (x) = Gy(Cr: (p1. A)) x Gy(Ca; (p2. d — A)),
A

where the union is taken within the scheme G;(Cy) x G,(C3).
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Definition 3.11 extends in an obvious way to families X — B of two-component curves. What is less
obvious is that it can also be extended to certain families of curves in which some members are smooth
and some are singular. For our purposes, we require the following facts:

(1) There is a special type of family X — B of nodal curves, called a smoothing family [Osserman
2006, Definition 3.1]. For every flat, proper family X — B of genus g curves, all are either smooth
curves or two-component curves with one node, with X" regular and B regular and connected, and for
every choice of point b € B, there is an étale neighborhood B’ — B of b such that the fiber product
X" — B’ is a smoothing family [loc. cit., Lemma 3.3].

(2) If X — B is a smoothing family of curves, all either smooth or two-component, there is a scheme
G;’ref(X/B) — B, whose fiber over any b € B is either G/,(X}) (if X}, is smooth) or ngref()(b) Gf
X} is a two-component curve) [loc. cit., Proposition 6.6].

(3) For such a smoothing family, the dimension bound
dim G'™"(X/B) > dim B + p, (r, d)

holds locally at every point [loc. cit., Theorem 5.3].

(4) With a family X — B as above, given a section s whose image lies in the smooth locus of every
fiber, and a vanishing sequence A, there also exists a scheme

G7™'(X/B; (s, A)) — B,

whose fiber over a point b € B such that X}, is smooth is isomorphic to G;(X;,; (s(b), A)), and whose
fiber over a point b € B such that A}, is singular consists (set-theoretically) of those refined limit
linear series such that the aspect of the component on which s(b) lies has vanishing sequence equal
to A at s(b) [loc. cit., Corollary 6.10].

(5) In the previous situation, the dimension bound
dim G5 (X/B; (s, A)) > dim B + py(r, d; A)
holds locally at every point [loc. cit., Theorem 4.4.10].
With this machinery in place, we can prove the regeneration lemma.

Proof of Lemma 3.8. Suppose that there are two dimensionally proper linear series
(L1, V1) € Gy(Cr: (p1, A)) and  (Ly, Va) € G(Ca; (p2.d — A), (q. A)),

where C and C, are smooth curves of genus g and g, respectively. Form from (Cy, p;) and (C», p>, q)
a nodal two-component marked curve (X, ¢g) as in Situation 3.9. Let (X /B, s) be a versal deformation
of (X, g), and let A C B denote the locus of singular curves, which is of codimension 1 in B. We may
assume (perhaps after taking a base change to an étale neighborhood) that X'/ B is a smoothing family, and
hence form the scheme G;’ref(/“( /B; (s, A")) of refined limit linear series. The two linear series (L1, V1)
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and (L;, V») constitute the aspects of a refined limit linear series on X. Since both of these aspects are
dimensionally proper, the local dimension, at this point, of the preimage of A in GZ’M(X /B; (s, A”)) must
be equal to exactly dim A + pg, (1, d; A) + pg,(r, d; d — A, A”). A bit of algebra shows that this is equal
to dim A + p, (7, d; A’) (this bit of algebra is sometimes referred to as “the additivity of the Brill-Noether
number,” e.g., in [Eisenbud and Harris 1986, Lemma 3.6]). On the other hand, the local dimension, at
this same point, of the entire space G;’ref(X/B; (s, A") is at least dim B + pg(r, d; A’); since A has
codimension one, it follows that the local dimension of égref(é‘( /B; (s, A)) is in fact exactly equal to
dim B + p, (r, d; A"), and that no irreducible component containing this point lies entirely over A. Taking
any irreducible component and restricting it to the complement of A in B, we obtain a dimensionally
proper family of g/;s on smooth marked curves of genus g, with imposed vanishing sequence A’ at the

marked point. Hence Q; 4(A") has dimensionally proper points. U

4. The effective weight bound

We will prove Theorem 1.2 in this section. The proof comes from the dimension bound of Lemma 3.6,
applied to carefully chosen vanishing data at the marked point. Our main point of departure from previous
work on this subject (e.g., [Eisenbud and Harris 1987; Bullock 2013]) is that we consider incomplete linear
series (thatis, (L, V) where V is a strict subspace of the space of global sections of L), which nonetheless
determine the Weierstrass semigroup. This innovation allows the weight bound to be improved to the
effective weight bound.

Definition 4.1. Let S C N be a numerical semigroup of genus g. An effective subsequence for S is a
finite subset 7 C S such that

(1) T contains 0,

(2) T contains all generators of S, and

(3) T does not contain any composite elements of S that are less than the largest gap of S.
In the statement below and elsewhere, we will write d — T to denote the set {d —¢:t € T}.

Lemma 4.2. Let T be an effective subsequence for a numerical semigroup S of genus g, and d > max T
an integer. Let r = |T| — 1. For any smooth marked curve (C, p) of genus g:

(1) If the Weierstrass semigroup of (C, p) is not S, then
Gy(C: (p.d—T)) =2.

(2) If the Weierstrass semigroup of (C, p) is S, then the reduced structure of ég (C; (p,d—=T)) is
isomorphic to the affine space of dimension

pg(r,d;d —T) +ewt(S).

Proof. Suppose that (L, V) € Gfl (C; (p,d —T)). Since 0 € T, one of the vanishing orders of V must be
d itself. Therefore L must be O¢(d - p), and V may be regarded as a vector space of rational functions
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on C, regular away from p, including functions of pole orders ¢ € T and no others. In particular, 7 is a
subset of the Weierstrass semigroup of p. Hence S(C, p) contains all of the generators of S, and hence is
precisely equal to S since S and S(C, p) have the same genus. This proves part (1).

Now suppose that the Weierstrass semigroup of (C, p) is S. Let W be the vector space of global
sections of O¢(d - p); regard the elements of W as rational functions on C. This space has a complete
flag {0} =Wy Cc Wy C --- C W, = W, where W; consists of those rational functions of pole order
less than s;, where S = {0 = sg, 51, 52, ...} (written in increasing order). Then the reduced structure
of G;(C ; (p,d — T)) may be identified with an open Schubert cell in the Grassmannian of (r + 1)-
dimensional subspaces of W with respect to this flag, hence it is isomorphic to an affine space. If we
write T = {s;, :i =0, ..., r} (j; increasing with 7), then the dimension of this Schubert cell is equal to
Z?:o(ji —i). Fori=0,1,2,...,r,s; — j; is equal to the number of gaps below s,, and therefore

Ji—i=(sj, —i)— g+ (#gaps of § greater than s,).
Summing over all i and performing some algebra, we obtain
dim GQ(C; (p,d—T))=pg(r,d;d—T)—g+ Z(#gaps of S greater than ).

teT

Now, the value 0 € T contributes g to the sum on the right side of this equation, the set of generators of S
contribute ewt(S) total to the sum, and all elements of 7" that are composite in S have no gaps of § above
them, thus contribute 0. Therefore dim GQ(C; (p,d—T))=pg(r,d;d —T) +ewt(S). O

Remark 4.3. If T were selected to be SN {n € N:n <2g — 1} (that is, if we include many composite
elements), then the same proof would show that GZ (C; (p,d —T)) is either empty or a single point,
and the following corollary would prove the ordinary weight bound codim Mg’ | < wt(S). Omitting the
composite elements is precisely what strengthens the bound from wt(S) to ewt(.S).

Corollary 4.4. Let (C/B, s) be a smooth, proper family of genus g curves with a section, and consider

the subvariety

BS=1{beB:(Chs(b) e M)
of marked curves with Weierstrass semigroup S. If BS is nonempty, then dim BS > dim B — ewt(S).

Proof. The morphism G; (C/B; (s,d — T)) — B has image equal to BS, and all fibers of dimension
pg(T) +ewt(S). Hence

dim B = dim G(C/B; (s,d —T)) — pg(r, d; d — T) — ewt(S).
Lemma 3.6 now gives the result. U

Proposition 4.5. Let S be a numerical semigroup and let T be an effective subsequence for S. Let d
be any integer greater than or equal to max T. Also let g be the genus of S and r = |T| — 1. The map
G;’ 2d—T) — My gives a bijection between the irreducible components of Q; 4(d—T) and M;l.
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Under this bijecjrion, the effectively proper components of ./\/lg’1 correspond to the dimensionally proper
components of G, ;,(d —T).
In particular, Mgﬂ | has effectively proper points if and only if Q; 4(d — T) has dimensionally

proper points.

Proof. The fiber of this morphism over the point corresponding to a marked curve (C, p) is equal to
G; (C; (p,d—T)). By Lemma 4.2, this fiber is either irreducible of dimension pg (r, d; d — T') + ewt(S)
af (C, p) € M;l), or empty (otherwise). From this it follows that the irreducible components are in
bijection, and that a component of M ;1 has dimension dim M, | —ewt(S) if and only if the corresponding
component ofg;,d(d — T) has dimension dim Mg | + pg(r,d; d —T). Il

We can now prove Theorem 1.2.

Proof of Theorem 1.2. Let (C, p) be any marked smooth curve with Weierstrass semigroup S. Let
(C/B, s) be a versal deformation of (C, p). Corollary 4.4, applied to (C/B, s), implies that the local

dimension of M;l at (C, p) is at least dim M, | —ewt(S). For any irreducible component X of /\/lés,,], a

general point of X lies on no other irreducible components, hence dim X > dim M, | — ewt(S). O

5. Secundive semigroups

This section collects several purely combinatorial ingredients needed to perform the inductive proof of
Theorem 1.3.

Definition 5.1. A numerical semigroup S is called secundive if the largest gap is smaller than the sum of
the two smallest generators.

Remark 5.2. The author has chosen “secundive” as a weaker form of “primitive” (“primus” and “secundus”
meaning, respectively, “first” and “second” in Latin).

Lemma 5.3. If S is a semigroup with ewt(S) < g — 1, then S is secundive.

Proof. Let S be a semigroup that is not secundive; we will show that ewt(S) > g. Let m and n be the
smallest and second-smallest generators of S, and let f be the largest gap of S. Since S is not secundive,

f>m+n.
Consider the following three subsets of N x N:

(1) {(m,a) :m <a and a & S}.
2) {(n,a):n<a<m+nanda ¢ S}.
(3) {(a, f):n<a<m+n,mta, and a € S}.

These three sets are disjoint, and every pair (x, y) in one of the three sets consists of a generator x and
a gap y, with x < y. Therefore the sum of the sizes of the three sets is less than or equal to ewt(S).
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The size of the first set is g —m + 1. The sum of the sizes of the second and third sets is equal to the
number of integers a € {n,n+1, ..., m 4 n — 1} that are not divisible by m. There is exactly one a such
that m | a and n < a < m + n, hence the sum of the sizes of the second and third sets is equal to m — 1. It
follows that ewt(S) > g. Il

Remark 5.4. The method of the proof above, with slight modification, shows that the inequality ewt(S) > g
is sharp (for nonsecundive semigroups), and provides a method to enumerate the equality cases. In fact,
there exist nonsecundive semigroups with ewt(S) = g for all g > 6. On the other hand, all semigroups of
genus g <5 are secundive.

Our inductive argument requires reducing the study of one secundive semigroup to another, which
must be smaller both in genus and in effective weight. This is accomplished with the following operation.

Definition 5.5. For two integers s and k, with k > 2, define

K if s =0 mod k,
slidey(s) = {s—2 ifs=1 modk,
s —1 otherwise.

For a set S of integers and an integer k > 2, define
slider (S) = {slidex(s) : s € S}.

In other words, slide fixes all multiples of & in place, and replaces each nonmultiple with the preceding
nonmultiple. In particular, this function is order-preserving when restricted to nonmultiples of k; this is
the feature which makes it interact well with the effective weight.

Definition 5.6. Let S be a secundive numerical semigroup of genus g. Call an element k € S a good
slider if the following three conditions are met:

(a) §" = slide,(S) is a secundive numerical semigroup of genus g — 1.
(b) ewt(S’) =ewt(S) — 1.

(c) There exists an effective subsequence (Definition 4.1) T for S such that slide; (T) is an effective
subsequence for §'.

Lemma 5.7. Let S be a secundive numerical semigroup and let m be the smallest generator of S:
(1) Ifm+1¢&S, then m is a good slider.
(2) If the largest gap of S is less than 2m — 1, then any k € S such that k + 1 ¢ S is a good slider.
(3) Ifm>3,2m —2 € S and2m — 1 is the largest gap of S, then 2m — 2 is a good slider.

Proof. Part (1). Suppose that m + 1 &€ S, and let S" = slide,, (S). Let n be the second-smallest generator
of S, and let f be the largest gap of S; note that neither is divisible by m. Then m is the smallest positive
element of S’ (this is where we use the hypothesis that m 4+ 1 ¢ S), the smallest element of S’ that isn’t a
multiple of m is n” = slide,, (n), and the largest integer that is not in S” is f’ = slide,, (f).
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Since S is secundive, f —n < m — 1. Equivalently, there are fewer than m — 1 nonmultiples of m
between n and f inclusive. The same is true of n” and f’ since sliding preserves order among nonmultiples
of m, hence f'—n’ <m —1 as well.

The sum of any two elements of S’ is either a multiple of m or exceeds m + n’, which exceeds f’,
hence this sum lies in S’. So §’ is indeed a numerical semigroup. Since m +n’' > f’, §" is secundive. The
gaps of S’ are precisely {slide,,(a) :a ¢ S, a > 2}, so the genus of §" is g — 1.

To compare ewt(S) and ewt(S’), observe first that in a secundive semigroup, an element a smaller than
the largest gap is a generator if and only if it is either equal to m or not divisible by m. All other generators
(those larger than the largest gap) do not contribute to the effective weight. Next observe that m has one
fewer gap above it in S’ than in S. Finally, note that slide,, establishes a bijection between the generators
of S between m and f exclusive and the generators of S’ between m and f’ exclusive, and that the number
of gaps above a given generator is preserved by this bijection. This shows that ewt(S’) = ewt(S) — 1.

For part (c) of Definition 5.6, let T consist of 0 and also the smallest positive element of S in each con-
gruence class modulo m. This set necessarily includes all generators of S, and the fact that S is secundive
implies that any composite elements of S in 7' exceeds the largest gap, hence T is an effective subsequence
of S. The set T’ = slide,, (T) is precisely equal to the set containing 0 and the smallest positive element
of S in each congruence class modulo m, so since S’ is also a secundive semigroup, 7’ is an effective
subsequence of S’ by the same reasoning. This completes the proof that m is a good slider when m+1 & S.

Part (2). Now assume that the largest gap of § is less than 2m — 1, and that k € § is an element
with k + 1 € S. Then S is primitive. The smallest positive element of S’ is either m — 1 or m, and the
largest gap of S’ is less than 2m — 2, hence S’ is in fact a primitive semigroup as well. The operation
slide; preserves the number of gaps above every element of S, except in one case: the number of gaps
of S” above slidei (k) = k is one less than the number of gaps above k in S. So ewt(S") = ewt(S) — 1.
Finally, the set T can be constructed in a manner similar to Part (1): let 7 consist of O and the smallest
positive element of S in each congruence class modulo k. Then T’ = slide; (T) is the result of an identical
construction applied to S’, and a set constructed this way contains all generators of the semigroup. Since
S and S’ are primitive, the sets T and T’ are effective subsequences, since the condition of containing
no composite elements less than the largest gap is vacuous.

Part (3). Now assume that 2m —2 € §, 2m — 1 ¢ S, and all integers larger than 2m are in S. Then
again, S is primitive. The largest gap of S" = slides,;,_>(S) is 2m — 3, and the smallest element of S’ is
m — 1 (note that m # 2m — 2 since we are assuming m > 3), so S’ is also a primitive semigroup. The
rest of the argument is now analogous to the proof of Part (2). (|

Lemma 5.8. Let S be a secundive numerical semigroup and let m be the smallest generator of S. If
m+1e€S8,2m—2¢S,and2m—1¢ S, then ewt(S) > g — 1. Furthermore, equality ewt(S) = g — 1
occurs if and only if S = {0, m, m + 1} U Hy,,.

Proof. Note that the hypotheses imply that m > 4, so m +1 < 2m — 2. Also note that since S is secundive
and contains m + 1, in fact S is primitive and the largest gap is 2m — 1.
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Since all elements of S less than the largest gap are generators, the effective weight (which is equal to
the weight) is equal to the size of the set E = {(a, b) € N2:0<a<b,aeS,b ¢ S}.
The elements of E can be partitioned into four types:

(1) The pairs (m,2m —2), (im,2m —1), (im+1,2m —2), and (m + 1, 2m — 1).

(2) Pairs of the form (m, a) or (m+1,a), where m+2 <a <2m—3anda ¢ S.

(3) Pairs of the form (a, 2m —2) or (a,2m — 1), where m +2 <a <2m —3 anda € S.
(4) Pairs of the form (a, b), where m+2 <a <b<2m—3,ae€ S,and b ¢ S.

There are four pairs of the first type. Since every element a between m +2 and 2m — 3 inclusive appears
in either two pairs of the second type or two pairs of the third type (depending on whether or not a € §),
the total number of pairs of either the second or third type is exactly 2(m — 4). Therefore, adding the four
pairs of the first type, ewt(S) is equal to 2m — 4 plus the number of pairs of the fourth type. On the other
hand, the genus of S is at most (m — 1) + (m — 2) = 2m — 3, with equality if and only if S contains no
elements between m + 2 and 2m — 3 inclusive. Hence g — 1 < 2m —4 < ewt(S), with equality throughout
if and only if S consists precisely of 0, m, m + 1 and all integers greater than or equal to 2m. O

Corollary 5.9. If S is a numerical semigroup with 1 < ewt(S) < g — 2, then S has a good slider. If
ewt(S) = g — 1, then S has a good slider unless S = {0, m, m + 1} U Hy,, for some m > 4.

Proof. Suppose that 1 < ewt(S) < g — 1 and that S does not have a good slider. By Lemma 5.3, §
is secundive. Let m be the smallest generator of S. By Lemma 5.7(1), m + 1 € §; this must be the
second-smallest generator. Since S is secundive, the largest gap of S is less than m + (m + 1), so it is
at most 2m — 1. Since ewt(S) > 0, the largest gap is greater than m, hence at least m 4 2. Therefore
m+2<2m—1,som > 3. By Lemma 5.7(2), the largest gap is in fact equal to 2m — 1, and by
Lemma 5.7(3), 2m — 2 ¢ S. This implies that m + 1 < 2m — 2, hence m > 4. By Lemma 5.8, it follows
that ewt(S) is equal to g — 1 and S = {0, m, m + 1} U Hy,. O

6. Existence of effectively proper points

We can now prove Theorem 1.3 by assembling the ingredients of the previous sections and the following
statement about elliptic curves. This lemma is similar to [Eisenbud and Harris 1987, Proposition 5.2],
and plays an analogous role in our argument.

Lemma 6.1. Fix integers d and r, and let T and T’ be two vanishing sequences. As usual, denote the
elements of these, in increasing order, by t; and t!. Suppose that there exists an integer k, 1 <k <r,
such that:

(1) to=ti=0and t; =1,.

(2) foralli & {0, k}, neither t; nor tl./ is divisible by ty.

(3) foralli & {0, k}, the inequalities t;_1 <t] <t; hold.
Then Q: (T, d — T) has dimensionally proper points.
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Proof. Denote the number 7 = #; by m. Fix an elliptic curve E with a point p. Consider the trivial
family E x E — E given by projection to the second coordinate, with two sections s1(g) = (p, ¢) and
s2(g) = (g, q). Fix a point gg € E differing from p by torsion of order exactly m. Let B be the open
subset of E given by removing p and all points ¢’ differing from p by torsion of order dividing m,
except the point g itself. We can now regard (E x B, 51, s2) as a family of twice-marked elliptic curves
{(E, p, q9)}4eB, With the property that exactly one member (E, p, qo) of this family has p — g of torsion
order m, and all others have p — ¢ either nontorsion or torsion of order not dividing m. We will show that
GZ(E x B/B; (s1, T'), (s2,d — T)) is nonempty of dimension p;(r,d; T',d — T) + 1, which will prove
the result.

More specifically, we will show that if p and ¢ are points not differing by torsion of order divid-
ing m (which is the case for all but one member of the family), GZ,(E ;(p, T, (q,d —T)) is empty,
while if p and ¢ differ by torsion of order exactly m (the case for one member of the family), then
G;(E; (p, T, (g,d —T)) is nonempty of dimension p(r,d; T',d —T) + 1.

Suppose that (E, p, q) is a twice-marked elliptic curve and (L, V) is some linear series with vanishing
orders exactly 7" at p andd — T atgq.

The key observation is that for any i € {0, 1, ..., r}, the subspace

Vi=V(-tip—(d—1)q)

of V consisting of sections vanishing to order at least #/ at p and order at least d — #; at ¢ must be at least
1-dimensional.

In particular, for i = 0 and i = k it follows that the divisors d - ¢ and m - p 4+ (d —m) - ¢ are both in the
divisor class defined by the line bundle L. Hence L must be the line bundle O (d-q), and the points p and g
must differ by an element of PicO(E) of order dividing m. This shows that G/, (E; (p, T'), (¢, d —T)) is
indeed empty whenever p, g do not differ by torsion of order dividing m.

We will now assume that p and q differ by torsion of order exactly m.

Claim 1. Fori=0,1, ..., r—1,there are no sections s € V whose divisor of zeros contains ti/+] p+(d—t;)q.

Proof of claim 1. If i =0, k — 1, or k, then the divisor #/ 1P+ (d —1;)g has degree greater than d, so it
certainly cannot be contained in the divisor of zeros of 5. Otherwise, #/ gt (d —t;) > d, so the only way
for the divisor of s to contain such a divisor is if tl./ =t and the divisor of s is exactly #;p + (d — t;)q.
But this implies that p — g is #;-torsion, which is impossible since m1{t; when i # 0, k. (|

Claim 2. The space V; is exactly 1-dimensional, and a nonzero section of V; vanishes to order exactly
tiat pandd —1t; at q.
Proof of claim 2. The second statement follows from claim 1. The first part follows from the second: in a

2-dimensional space of sections, there must be 2 distinct orders of vanishing at any given point. g

Therefore we see that (L, V') has a very simple form: L = Og(d -¢q) and V is the span of r + 1 disjoint
1-dimensional subspaces V;, each of which is spanned by a section of L vanishing along the divisor
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t/p + (d —t;)q. Conversely, it is clear that any choice of these r + 1 spaces V; gives rise to a point of
GQ(E ; (p, T, (q,d —T)). From this description, we can calculate from Riemann—Roch:

dim G(E; (p, T'), (g, d = T) = ) dimPH(L(—/p — (d — 1:)q))
i=0

= Z dim PHY (O (—t/p + t;9))
i=0

-
=2+ (i —1/—1).
i=0
In the third line, we use the fact that for all i ¢ {0, k}, t; — ¢/ > 0, hence h'(E, Or(—tip+1q9)) =0,
while fori =0 and i =k, hl((’)E(—ti’p +tq)) = h(Op) =1.
On the other hand, a bit of algebra shows that

i=0

So we have established that, in the case where p — ¢ differ by torsion of order m,
dim Gy (E; (p,T'),(q,d —T)) =1+p1(r,d; T',d = T).

By the remarks in the first paragraph, this proves that Qq 4(T’", d —T) has dimensionally proper points. [

slidey (S) has

Corollary 6.2. If S is a secundive numerical semigroup, k is a good slider for S, and Mg_l’l

effectively proper points, then Mg’l has effectively proper points.

Proof. Let T be an effective subsequence of S such that 7’ = slide, (T') is an effective subsequence
of §" = slidex(S). Removing some elements if necessary, we may assume that 7 and 7’ contain no
multiples of k other than 0 and k. Let r = |T| — 1 and let d = max T'. By Proposition 4.5, é;—l,d d-T7T)
has dimensionally proper points. By Lemma 6.1, QI 4(T',d —T) also has dimensionally proper points.
The regeneration lemma, Lemma 3.8, implies that Qrg 4(d — T) also has dimensionally proper points;
Proposition 4.5 now implies that /\/lés,y1 has an effectively proper component. U

Remark 6.3. In fact, the proof of Corollary 6.2 shows that the existence of effectively proper points of
M ;1 can be deduced from the existence of effectively proper points of ./\/l;j/_l’1 whenever S" and S are
semigroups of genus g — 1 and g respectively possessing effective subsequences 7’ and 7T that satisfy the
hypotheses of Lemma 6.1. It is possible that more Mg’ | can be shown to have effective proper points by
constructing S’ in a different way from the slide construction.

Proof of Theorem 1.3. Let S be a numerical semigroup of genus g, such that ewt(S) < g —2. We will
prove that Mg’ | has effectively proper components by induction on g. For g = 1 the only semigroup
is Hp, and there is nothing to prove.
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Suppose that g > 2 and the result holds for genus g — 1. If ewt(S) = 0, then § = H, and ./\/l“;’1 is
a dense open subset of My 1, so the result follows. Otherwise, Corollaries 5.9 and 6.2 show that the
existence of an effectively proper point of M g’l follows from the existence of an effectively proper point
of M;l_l’ , for some semigroup S’ of genus g — 1 and effective weight ewt(S) — 1 < g — 3. This completes
the induction.

Now suppose that char k = 0 and S is a numerical semigroup of genus g such that ewt(S) = g — 1. The
argument above works without modification, except in one case: g is odd and S = {0, %g+%, %g—k%}UH o+3
(this is the exception in Corollary 5.9). The main theorem of [Komeda 1991] is that for this specific
semigroup, in characteristic 0, M; | has dimensionally proper points (which are the same as effectively
proper points, since S is primitive). With this possibility accounted for, the induction is complete in the
case ewt(S) = g — 1 as well. Il
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Bounded generation of SL, over rings of S-integers
with infinitely many units
Aleksander V. Morgan, Andrei S. Rapinchuk and Balasubramanian Sury

To Alex Lubotzky on his 60th birthday

Let O be the ring of S-integers in a number field k. We prove that if the group of units 0> is infinite then
every matrix in I' = SL,(0) is a product of at most 9 elementary matrices. This essentially completes
a long line of research in this direction. As a consequence, we obtain a new proof of the fact that I" is
boundedly generated as an abstract group that uses only standard results from algebraic number theory.

1. Introduction

Let k be a number field. Given a finite subset S of the set V¥ of valuations of k containing the set VX of

archimedian valuations, we let Oy s denote the ring of S-integers in &, i.e.,
Or.s =f{a €k |v(a) >0 forall ve V¥\ S}U{0}.

As usual, for any commutative ring R, we let SL,(R) denote the group of unimodular 2 x 2-matrices

over R and refer to the SL,(R)-matrices

1 a 10
Ep(a) = (O 1) and Ej (b) = (b 1) (a,beR)
as elementary (over R).
It was established in [Vasershtein 1972] (see also [Liehl 1981]) that if the ring of S-integers O = Oy ¢
has infinitely many units, the group I' = SL,(0O) is generated by elementary matrices. The goal of this
paper is to prove that in this case I' is actually boundedly generated by elementaries. More precisely, we

prove the following.

Theorem 1.1. Let O = Oy s be the ring of S-integers in a number field k, and assume that the group of

units O is infinite. Then every matrix in SL,(0) is a product of at most 9 elementary matrices.

The quest to validate the property that every element of SL,(0) is a product of a bounded number of
elementary matrices has a considerable history. First, G. Cooke and P. J. Weinberger [1975] established it
(with the same bound as in Theorem 1.1) assuming the truth of a suitable form of the generalized Riemann
hypothesis, which still remains unproven. Later, it was shown in [Loukanidis and Murty 1994] (see also

MSC2010: primary 11F06; secondary 11R37, 20HOS.
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[Murty 1995]) by analytic tools that the argument can be made unconditional if |.S| > max(5, 2[k : @] —3).
On the other hand, B. Liehl [1984] proved the result by algebraic methods for some special fields k. The
first unconditional proof in full generality was given by D. Carter, G. Keller and E. Paige in an unpublished
preprint; their argument was streamlined and made available to the public by D. W. Morris [2007]. This
argument is based on model theory and provides no explicit bound on the number of elementaries required;
besides, it uses difficult results from additive number theory.

M. Vsemirnov [2014] proved Theorem 1.1 for O = Z[1/p] using the results of D. R. Heath-Brown
[1986] on Artin’s primitive root conjecture (thus, in a broad sense, this proof develops the initial approach
of Cooke and Weinberger [1975]); his bound on the number of elementaries required is < 5. Subsequently,
the third-named author reworked the argument from [Vsemirnov 2014] to avoid the use of [Heath-Brown
1986] in an unpublished note. These notes were the beginning of the work of the first two authors that
eventually led to a proof of Theorem 1.1 in the general case. It should be noted that our proof uses only
standard results from number theory such as Artin reciprocity and Chebotarev’s density theorem, and is
relatively short and constructive with an explicit bound which is independent of the field k& and the set S.
This, in particular, implies that Theorem 1.1 remains valid for any infinite S.

The problem of bounded generation (particularly by elementaries) has been considered for S-arithmetic
subgroups of algebraic groups other than SL;. A few years after [Cooke and Weinberger 1975], Carter
and Keller [1983] showed that SL,(O) for n > 3 is boundedly generated by elementaries for any ring
O of algebraic integers (see [Tavgen 1990] for other Chevalley groups of rank > 1, and [Erovenko and
Rapinchuk 2006] for isotropic, but nonsplit (or quasisplit), orthogonal groups). The upper bound on the
number of factors required to write every matrix in SL,(O) as a product of elementaries given in [Carter
and Keller 1983] is %(3112 —n)+68A — 1, where A is the number of prime divisors of the discriminant
of k; in particular, this estimate depends on the field k. Using our Theorem 1.1, one shows in all cases
where the group of units O* is infinite, this estimate can be improved to %(3112 —n) 4+ 4, hence made
independent of kK — see Corollary 4.6. The situation not covered by this result are when O is either Z or
the ring of integers in an imaginary quadratic field — see below. The former case was treated in [Carter
and Keller 1984] with an estimate %(3}12 —n) + 36, so only in the case of imaginary quadratic fields the
question of the existence of a bound on the number of elementaries independent of the k remains open.

From a more general perspective, Theorem 1.1 should be viewed as a contribution to the sustained
effort aimed at proving that all higher rank lattices are boundedly generated as abstract groups. We recall
that a group I' is said to have bounded generation (BG) if there exist elements y1, ..., Yz € I' such that

I= () (va),

where (y;) denotes the cyclic subgroup generated by y;. The interest in this property stems from the fact
that while being purely combinatorial in nature, it is known to have a number of far-reaching consequences
for the structure and representations of a group, particularly if the latter is S-arithmetic. For example,
under one additional (necessary) technical assumption, (BG) implies the rigidity of completely reducible
complex representations of I' (known as SS-rigidity) — see [Rapinchuk 1990; Platonov and Rapinchuk
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1994, Appendix A]. Furthermore, if I" is an S-arithmetic subgroup of an absolutely simple simply
connected algebraic group G over a number field &, then assuming the truth of the Margulis—Platonov
conjecture for the group G (k) of k-rational points [Platonov and Rapinchuk 1994, §9.1], (BG) implies
the congruence subgroup property (i.e., the finiteness of the corresponding congruence kernel — see
[Lubotzky 1995; Platonov and Rapinchuk 1992]). For applications of (BG) to the Margulis—Zimmer
conjecture, see [Shalom and Willis 2013]. Given these and other implications of (BG), we would like to

point out the following consequence of Theorem 1.1.

Corollary 1.2. Let O = Oy s be the ring of S-integers, in a number field k. If the group of units O™ is
infinite, then the group I' = SL;(0) has bounded generation.

We note that combining this fact with the results of [Lubotzky 1995; Platonov and Rapinchuk 1992],
one obtains an alternative proof of the centrality of the congruence kernel for SL,(O) (provided that O*
is infinite), originally established by J.-P. Serre [1970]. We also note that (BG) of SL,(0) is needed to
prove (BG) for some other groups [Tavgen 1990; Erovenko and Rapinchuk 2006].

Next, it should be pointed out that the assumption that the unit group O* is infinite is necessary for the
bounded generation of SL;,(0), hence cannot be omitted. Indeed, it follows from Dirichlet’s unit theorem
[Cassels and Frohlich 1967, §2.18] that O* is finite only when |S| = 1 which happens precisely when S
is the set of archimedian valuations in the following two cases:

(1) k =Q and O = Z. In this case, the group SL,(Z) is generated by the elementaries, but has a
nonabelian free subgroup of finite index, which prevents it from having bounded generation.

(2) k = Q(v/—d) for some square-free integer d > 1, and O, is the ring of algebraic integers in k.
According to [Grunewald and Schwermer 1981], the group I' = SL,(O,) has a finite index subgroup
that admits an epimorphism onto a nonabelian free group, hence again cannot possibly be boundedly
generated. Moreover, P. M. Cohn [1966] shows thatif d ¢ {1, 2, 3,7, 11} then I" is not even generated
by elementary matrices.

The structure of the paper is the following. In Section 2 we prove an algebraic result about abelian
subextensions of radical extensions of general field —see Proposition 2.1. This statement, which may
be of independent interest, is used in the paper to prove Theorem 3.7. This theorem is one of the
number-theoretic results needed in the proof of Theorem 1.1, and it is established in Section 3 along with
some other facts from algebraic number theory. One of the key notions in the paper is that of a Q-split
prime: we say that a prime p of a number field k is Q-split if it is nondyadic and its local degree over the
corresponding rational prime is 1. In Section 3, we establish some relevant properties of such primes (see
Section 3A) and prove in Section 3B the following (known — see the remark in Section 3) refinement of
Dirichlet’s theorem from [Bass et al. 1967].

Theorem 3.3. Let O be the ring of S-integers in a number field k for some finite S C V¥ containing Vé‘o. If
nonzero a, b € O are relatively prime (i.e., a0 + bO = Q) then there exist infinitely many principal Q-split
prime ideals p of O with a generator 7w such that m = a (mod bO) and w > 0 in all real completions of k.
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Section 3C is devoted to the statement and proof of Theorem 3.7, which is another key number-theoretic
result needed in the proof of Theorem 1.1. In Section 4, we prove Theorem 1.1 and Corollary 1.2. Finally,
in Section 5 we correct the faulty example from [Vsemirnov 2014] of a matrix in SL,(Z[1/p]), where
p is a prime = 1 (mod 29), that is not a product of four elementary matrices — see Proposition 5.1,
confirming thereby that the bound of 5 in [Vsemirnov 2014] is optimal.

Notations and conventions. For a field k, we let k® denote the maximal abelian extension of k. Further-
more, p(k) will denote the group of all roots of unity in k; if (k) is finite, we let ;o denote its order. For
n > 1 prime to char k, we let ¢, denote a primitive n-th root of unity.

In this paper, with the exception of Section 2, the field k£ will be a field of algebraic numbers (i.e., a
finite extension of @), in which case (k) is automatically finite. We let O, denote the ring of algebraic
integers in k. Furthermore, we let V¥ denote the set of (the equivalence classes of) nontrivial valuations of
k, and let Vé‘o and V]’f denote the subsets of archimedean and nonarchimedean valuations, respectively. For
any v € V¥, we let k, denote the corresponding completion; if v € ij‘- then O, will denote the valuation
ring in k, with the valuation ideal p, and the group of units U, = 0.

Throughout the paper, S will denote a fixed finite subset of V¥ containing VX, and O = Oy s the
corresponding ring of S-integers (see above). Then the nonzero prime ideals of O are in a natural bijective
correspondence with the valuations in V¥ \ S. So, for a nonzero prime ideal p C O we let vy € VE\ §
denote the corresponding valuation, and conversely, for a valuation v € V¥ \ S we let p, C O denote the
corresponding prime ideal (note that p, = O N p,). Generalizing Euler’s g-function, for a nonzero ideal a
of O, we set

¢ (@) =1(0/a)"|.

For simplicity of notation, for an element a € O, ¢ (a) will always mean ¢ (aO). Finally, for a € k*, we
let V(a) = {v € V| v(a) #0}.

Given a prime number p, one can write any integer n in the form n = p° - m, for some nonnegative
integer e, where ptm. We then call p¢ the p-primary component of n.

2. Abelian subextensions of radical extensions

In this section, k is an arbitrary field. For a prime p # char k, we let u(k), denote the subgroup of w(k),
consisting of elements satisfying xP" =1 for some d > 0. If this subgroup is finite, we set A(k), to be
the nonnegative integer satisfying | (k),| = pM")P; otherwise, set A(k), = oo. Clearly if u (k) is finite,
then u =] » p*®r_ For a € k>, we write /a to denote an arbitrary root of the polynomial x" — a.

The goal of this section is to prove the following.
Proposition 2.1. Let n > 1 be an integer prime to char k, and let u € k* be such that u ¢ (k) ,k*" for
all p | n. Then the polynomial x" — u is irreducible over k, and for t = /u we have

n

[1,, ged(m, p*®r)’

with the convention that gcd(n, p™) is simply the p-primary component of n.

k@) Nk® = k(™) wherem =
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We first treat the case n = p? where p is a prime.
Proposition 2.2. Let p be a prime number # chark, and let u € k™ \ (k) ,(k*)?. Fix an integer d > 1,
sett = pw. Then

k(t) Nk®™® =k(tP")  where y = max(0, d — A(k) ).

We begin with the following lemma.

Lemma 2.3. Let p be a prime number # chark, and let u € k™ \ (k) ,(k*)P. Set ki = k(/u). Then:
() [k1 :k]=p.

(i) wkn)p = n (),
(iii) None of the {/u are in M(kl)p(klx)p.
Proof. (1) follows from [Lang 2002, Chapter VI, Theorem 9.1], as u ¢ (k*)?.

(ii) If A(k), = oo, then there is nothing to prove. Otherwise, we need to show that for A = A (k) ,, we have
Lt ¢ k1. Assume the contrary. Then, first, A > 0. Indeed, we have a tower of inclusions k C k(¢),) C kj.
Since [k; : k] = p by (1), and [k(¢,) : k] < p — 1, we conclude that [k(¢,) : k] =1, i.e., ¢, €k.

Now, since ¢ .+1 ¢ k, we have

ky = k(¢ ) =k(3/¢,0). (1)

But according to Kummer’s theory (which applies because ¢, € k), the fact that k({/a) = k(¥/b) for
a, b € k* implies that the images of a and b in k™ /(k™)? generate the same subgroup. So, it follows
from (1) that u{l’; € (k*)? for some i, and therefore u € (k) ,(k>)?, contradicting our choice of u.

(iii) Assume the contrary, i.e., some p-th root {/u can be written in the form {/u = ¢a” for some a € k|
and ¢ € pu(ky)p. Let N = Ny klX — k* be the norm map. Then
N({/u) = N()N(a)P.
Clearly, N(¢) € (k) p, so N(&/u) € (k) ,(k*)?. On the other hand, N ({/u) = u for p odd, and —u for
p =2. In all cases, we obtain that u € (k) ,(k*)?. A contradiction. U
A simple induction now yields the following:

Corollary 2.4. Let p be a prime number # chark, and let u € k™ \ (k) ,(k*)?. For a fixed integer d > 1,
set kg = k( ”f/ﬁ). Then:
() [kq k] = p*.
(i) p(kq)p = pu(k)p, hence A(kq) p = A(k)p.
Of course, assertion (i) is well known and follows, for example, from [Lang 2002, Chapter VI, §9].

Lemma 2.5. Let p be a prime number # chark, and let u € k™ \ (k) ,(k*)?. Fix an integer d > 1, and
sett = I’W and kg = k(t). Furthermore, for an integer j between 0 and d define £ ; = k(tpdfj) ~k( %).
Then any intermediate subfield k C £ C ky is of the form £ = £ for some j € {0, ..., d}.
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Proof. Given such an ¢, it follows from Corollary 2.4(i) that [k, : £] = p/ for some 0 < j < d. Since any
conjugate of ¢ is of the form ¢ -+ where {pd =1, we see that the norm Ny, ¢(¢) is of the form ;‘Oﬂ’j, where
again g(f’ ‘= 1. Then ¢y € pu(kq)p, and using Corollary 2.4(ii), we conclude that ¢y € k C £. So, P e £,
implying the inclusion £;,_; C £. Now, the fact that [k : €4 ;] = p/ implies that £ = £,_ j» yielding our
claim. O

Proof of Proposition 2.2. Set A = A(k),. Then for any d < A the extension k( ”f/ﬁ) /k is abelian, and
our assertion is trivial. So, we may assume that A < co and d > A. It follows from Lemma 2.5 that
£:=k(t)Nk™ is of the form byg_j= k(tf’j) for some j € {0, ..., d}. On the other hand, £,_;/k is a Galois
extension of degree p“~/, so must contain the conjugate ¢ pi- it of 1P, implying that ¢ ,i-; € €4 ;.
Since £4_; >~ k( ”d}"/ﬁ), we conclude from Corollary 2.4(ii) that d — j < A, i.e., j > d — A. This proves
the inclusion £ C k(¢t7"); the opposite inclusion is obvious. O

Proof of Proposition 2.1. Letn = p{" - - ps* be the prime factorization of n, and fori =1, ..., s set
ni =n/p;". Lett = {/u and t; = 1" (so, t; is a p;"-th root of u). Using again [Lang 2002, Chapter VI,
Theorem 9.1] we conclude that [k(¢) : k] = n, which implies that

k(@) :k(t;))]=n; foralli=1,...,r. 2)

Since for K := k(1) Nk the degree [K : k] divides n, we can write K = K - - - K; where K; is an abelian
extension of k of degree pl’.g " for some B; < «;. Then the degree [K;(1;) : k(z;)] must be a power of p;.
Comparing with (2), we conclude that K; C k(#;). Applying Proposition 2.2 with d = «;, we obtain the

inclusion
Vi i
Ki Ck(!) =k@"P')  where y; = max(0, a; — A(K) ). 3)
It is easy to see that the gcd of the numbers nipl?’i fori=1,...,sis
. n
Hp\n ng(nv pk(k)p) .
Furthermore, the subgroup of k(¢)* generated by mrl ..., 1P coincides with the cyclic subgroup

with generator ™. Then (3) yields the following inclusion
K=K - K, Ck(™).
Since the opposite inclusion is obvious, our claim follows. O

Corollary 2.6. Assume that @ = | (k)| < 00. Let P be a finite set of rational primes # char k, and define
wW=u-[]r

Given u € k™ such that
u ¢ uk),(k*)? forallpe P,



Bounded generation of SLy over rings of S-integers with infinitely many units 1955
for any abelian extension F of k the intersection
E:=Fnk(%u, )
is contained in k({/u, {y).

Proof. Without loss of generality we may assume that ¢,» € F', and then we have the following tower of
field extensions

k(&/u, &) C E(Yu) Ck(u, &)

We note that the degree [k( 4/u, ¢,v) : k(¥u, £,)] divides [ pep P- S0, if we assume that the assertion
of the lemma is false, then we should be able to find to find a prime p € P that divides the degree
[E(&/u) : k(u, £,)], and therefore does not divide the degree [k( %/u, ¢,v) : E(&/u)]. The latter implies
that »/u € E(4/u). But this contradicts Proposition 2.1 since E(&/u) = E -k({/u) is an abelian extension
of k. (|

3. Results from algebraic number theory

3A. Q-split primes. Our proof of Theorem 1.1 heavily relies on properties of so-called Q-split primes
in O.

Definition. Let p be a nonzero prime ideal of O, and let p be the corresponding rational prime. We say
that p is Q-split if p > 2, and for the valuation v = v, we have k, = Q,,.

For the convenience of further references, we list some simple properties of Q-split primes.

Lemma 3.1. Let p be a Q-split prime in O, and for n > 1 let p,,: O — O/p" be the corresponding quotient
map. Then:

(a) The group of invertible elements (O/p™)* is cyclic for any n.

(b) If c € O is such that p>(c) generates (O/p>)* then p,(c) generates (O/p")* for any n > 2.

Proof. Let p > 2 be the rational prime corresponding to p, and v = v, be the associated valuation of k.
By definition, k, = Q,, hence O, =Z,. So, for any n > 1 we will have canonical ring isomorphisms

O/p" = 0./py=2,/p"Z, ~7/p"Z. 4)

Then (a) follows from the well-known fact that the group (Z/p"Z)* is cyclic. Furthermore, the
isomorphisms in (4) are compatible for different n. Since the kernel of the group homomorphism
(Z/p"Z)* — (Z/p*Z)* is contained in the Frattini subgroup of (Z/p"Z)* for n > 2, the same is true
for the homomorphism (O/p™)* — (O/p?)*. This easily implies (b). O

Let p be a Q-split prime, let v = v}, be the corresponding valuation. We will now define the level £, (u)
of an element u € O and establish some properties of this notion that we will need later.
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Let p > 2 be the corresponding rational prime. The group of p-adic units U, = Z has the natural
filtration by the congruence subgroups

UY =1+p'z, forieN.

It is well-known that
Up=CxUY

where C is the cyclic group of order (p — 1) consisting of all roots of unity in Q,. Furthermore, the
logarithmic map yields a continuous isomorphism U_Jg) — piZ p»» which implies that for any u e U, \ C,
the closure of the cyclic group generated by u has a decomposition of the form

(u_)zc’x[ng)

for some subgroup C’ C C and some integer £ = £,(u) > 1 which we will refer to as the p-level of u.
We also set £, (u) = oo foru € C.

Returning now to a Q-split prime p of k and keeping the above notations, we define the p-level £, (u) of
u € O as the p-level of the element in U, that corresponds to u under the natural identification O, =Z,,.
We will need the following.

Lemma 3.2. Let p be a Q-split prime in O, let p be the corresponding rational prime, and v = vy, the
corresponding valuation. Suppose we are given an integer d > 1 not divisible by p, a unit u € O of
infinite order having p-level s = £,(u), an integer ng, and an element ¢ € O, such that u™s = ¢ (mod p*).
Then for any t > s there exists an integer n; = ng (mod d) for which u™ = ¢ (mod p’).

Proof. In view of the identification O, = Z,,, it is enough to prove the corresponding statement for Z,,.
More precisely, we need to show the following: Let u € U, be a unit of infinite order and p-level s =€, (u).
If c €U, and ng € Z are such that u™ = ¢ (mod p*), then for any t > s there exists n; = n, (mod d) such
that u™ = ¢ (mod p"). Thus, we have that u"s € c[Ug,s), and we wish to show that

u™ - (u) ﬂc[Ug) #* .

Since c[Ug) is open, it is enough to show that

u" - (u?) Nl # @ (5)
But since £, (u) = s and d is prime to p, we have the inclusion (u_d) D [UE,S), and (5) is obvious. O

3B. Dirichlet’s theorem for Q-split primes. The following known (see the remark below) result gives
the existence of Q-split primes in arithmetic progressions.

Theorem 3.3. Let O be the ring of S-integers in a number field k for some finite S C V¥ containing Vé‘o. If
nonzero a, b € O are relatively prime (i.e., a0 + bO = Q) then there exist infinitely many principal Q-split
prime ideals p of O with a generator 7w such that m = a (mod bO) and w > 0 in all real completions of k.
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The proof follows the same general strategy as the proof of Dirichlet’s theorem in [Bass et al. 1967] —
see Theorem A.10 in the appendix on number theory. First, we will quickly review some basic facts
from global class field theory (see, for example, [Cassels and Frohlich 1967, Chapter VII]) and fix
some notations. Let J; denote the group of ideles of k with the natural topology; as usual, we identify
k> with the (discrete) subgroup of principal ideles in Ji. Then for every open subgroup U C J; of
finite index containing k™ there exists a finite abelian Galois extension L/k and a continuous surjective
homomorphism «y /i : Jr — Gal(L/k) (known as the norm residue map) such that:

e U= KCI‘OtL/k = NL/k(JL)kX.

» For every nonarchimedean v € V¥ which is unramified in L we let Fry, /k(v) denote the Frobe-
nius automorphism of L/k at v (i.e., the Frobenius automorphism Fr; /x (w|v) associated to some
(equivalently, any) extension w|v) and let i (v) € Ji be an idele with the components

1 ifv #v,

m, ifv =v,

i(v)y = {

where m, € k, is a uniformizer; then oy, /(i (v)) = Fry /i (v).
For our fixed finite subset S C V¥ containing Vé‘o, we define the following open subgroup of J:
Ug :=1_[k;< X l_[ U,.
ves veVk\§

Then the abelian extension of k corresponding to the subgroup Us := Ugk™ will be called the Hilbert
S-class field of k and denoted K throughout the rest of the paper.

Next, we will introduce the idelic S-analogs of ray groups. Let b be a nonzero ideal of O = Oy g with
the prime factorization

b=p]' By ©
let v; = vy, be the valuation in vk \ § associated with p;, and let V(b) = {vy, ..., v;}. We then define an
open subgroup
Rso) =[] Ru
veVk

where the open subgroups R, C k, are defined as follows. For v real, we let R, be the subgroup of
positive elements, letting R, = k¢ for all other v € S, and setting R, = U, for all v ¢ SU V(b). It
remains to define R, for v =v; € V(b), in which case we set it to be the congruence subgroup Uéj“ ) of
U,, modulo ﬁﬁl’ We then let K (b) denote the abelian extension of k corresponding to Rg(b) := Rg(b)k™
(“ray class field”). (Obviously, K (b) contains K for any nonzero ideal b of O.) Furthermore, given ¢ € k>,
we let ju(c) denote the idele with the following components:

c ifveV(),

Jo@) = {1 ifv ¢ V(b).

Then 6y : k* — Gal(K (b)/ k) defined by ¢ — ak @),k (Je () lisa group homomorphism.
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The following lemma summarizes some simple properties of these definitions.
Lemma 3.4. Let b C O be a nonzero ideal.

(a) If a nonzero c € O is relatively prime to b (i.e., cO + b = Q) then 0y (c) restricts to the Hilbert S-class
field K trivially.

(b) Ifnonzero cy, cp € O are both relatively prime to b then c; = ¢, (mod b) is equivalent to

Pry (Jo(c1) Rs(b)) = pry(Jo(c2) Rs (b)) ()
where pry: Ji = [1,cy @ k' is the natural projection.

Proof. (a) Since c is relatively prime to b, we have jy(c) € Us. So, using the functoriality properties of
the norm residue map, we obtain

06 (O) K = ak )1 (Jo(©) K = ak/x(jo(c) ™ =idg
because jy(c) € Us C Ug = Kerak/y, as required.
(b) As above, let (6) be the prime factorization of b, let v; = vy, € vk \ § be the valuation associated
with p;. Then for any cy, c; € O, the congruence ¢; = ¢, (mod b) is equivalent to

ci=cy (mod py) foralli=1,...,1. (8)

On the other hand, for any v € VJ'? and any u1, up € U,, the congruence u; = u; (mod ﬁ’;) forn >11is
equivalent to
ulUlE") = uzUlEn),

where UIE") is the congruence subgroup of U, modulo ﬁﬁ Thus, for (nonzero) cy, c; € O prime to b, the
conditions (7) and (8) are equivalent, and our assertion follows. Il

We will now establish a result needed for the proof of Theorem 3.3 and its refinements.

Proposition 3.5. Let b be a nonzero ideal of O, let a € O be relatively prime to b, and let F be a finite
Galois extension of Q that contains K (b). Assume that a rational prime p is unramified in F and
there exists an extension w of the p-adic valuation v, to F such that Frg,q(w|v,)|K (b) = 0y(a). If the
restriction v of w to k does not belong to S U V (b) then:

(@) ky, =Q,.

(b) The prime ideal p = p, of O corresponding to v is principal with a generator w satisfying &7 =
a (mod b) and w > 0 in every real completion of k.

We note since v is unramified in £ which contains K (b), we in fact automatically have that v ¢ V (b).

Proof. (a) Since the Frobenius Fr(w|v,) generates Gal(F,,/Q,), our claim immediately follows from the
fact that it acts trivially on k.
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(b) According to (a), the local degree [k, : Q,] is 1, hence the residual degree f(v|v,) is also 1, and
therefore
Fr(wlv) = Fr(w|vp)f(”|””) = Fr(w|v,).

Thus,
ak )k (i (V) = Fr(w|v)| K (b) = 0p(a) = ak o)/ (Jo(@) ",

and therefore
i(v)jo(a) € Kerak gy x = Rs(b) = Rg(b)k™.

So, we can write
i(v)jo(a) =rm withr € Rg(b), m € k™. ©)

Then
7 =i()(ola)r™).

Since a is prime to b, the idele j,(a) € Us, and then jo(a)r~! € Us. For any v’ € VE\ (SU{v)), the
v/-component of i (v) is trivial, so we obtain that 77 € U,s. On the other hand, the v-component of i (v) is
a uniformizer m, of k, implying that 7 is also a uniformizer. Thus, p = 7 O is precisely the prime ideal
associated with v. For any real v/, the v’-components of i (v) and jy(a) are trivial, so 7 equals the inverse
of the v’-component of r, hence positive in k. Finally, it follows from (9) that

pry(Jo(a)) = pry(Jo(7)r),
so m =a (mod b) by Lemma 3.4(b), as required. O

Proof of Theorem 3.3. Set b = bO and o = 0y(a) € Gal(K (b)/k). Let F be the Galois closure of K (b)
over Q, and let 7 € Gal(F/Q) be such that 7| K (b) = 0. Applying Chebotarev’s density theorem (see
[Cassels and Frohlich 1967, Chapter VII, 2.4] or [Bass et al. 1967, A.6]) we find infinitely many rational
primes p > 2 for which the p-adic valuation v, is unramified in F, does not lie below any valuations in
SUV(b), and has an extension w to F' such that Frr/g(w|v,) = 7. Let v = w|k, and let p = p, be the
corresponding prime ideal of O. Since p > 2, Proposition 3.5(a) implies that p is Q-split. Furthermore,
Proposition 3.5(b) asserts that p has a generator 7 such that 7 = a (mod b) and 7 > 0 in every real
completion of k, as required. U

Remark. Dong Quan Ngoc Nguyen pointed out to us that Theorem 3.3, hence the essential part of
Dirichlet’s theorem from [Bass et al. 1967] (in particular, (A.11)), was known already to Hasse [1926,
Satz 13]. In the current paper, however, we use the approach described in [Bass et al. 1967] to establish the
key Theorem 3.7; the outline of the constructions from [loc. cit.] as well as the technical Lemma 3.4 and
Proposition 3.5 are included for this purpose. We note that in contrast to the argument in [loc. cit.], our
proofs of Theorems 3.3 and 3.7 involve the application of Chebotarev’s density theorem to noncommutative
Galois extensions.

We will now prove a statement from Galois theory that we will need in the next subsection.
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Lemma 3.6. Let F/Q be a finite Galois extension, and let k be an integer for which F N Q® C Q(¢,).
Then F(g) NQY = Q(¢,).
Proof. We need to show that
[F(E): FEG)NQPT = [F (&) : Q. (10)

Let
G =Gal(F(¢)/Q) and H =Gal(F/Q).

Then the left-hand side of (10) is equal to the order of the commutator subgroup [G, G], while the
right-hand side equals
[F:FNQE)]=[F: FNQ™]=|[H, H]|.

Now, the restriction gives an injective group homomorphism
v G— HxGal(Q(,)/Q).

Since the restriction G — H is surjective, we obtain that i implements an isomorphism between [G, G]
and [H, H] x {1}. Thus, [G, G] and [H, H] have the same order, and (10) follows. O

3C. Key statement. In this subsection we will establish another number-theoretic statement which plays
a crucial role in the proof of Theorem 1.1. To formulate it, we need to introduce some additional notations.
As above, let © = | (k)| be the number of roots of unity in k, let K be the Hilbert S-class field of k,
and let K be the Galois closure of K over Q. Suppose we are given two finite sets P and Q of rational

w=uT]p

peP

primes. Let

pick an integer A > 1 which is divisible by x and for which K N Q% C Q(¢;), and set
V=xrT]q
q€Q

Theorem 3.7. Let u € O be a unit of infinite order such that u ¢ (k) ,(k*)? for every prime p € P,
and let q be a Q-split prime of O which is relatively prime to ). Then there exist infinitely many principal
Q-split primes p = 7w O of O with a generator w such that:

(1) Foreach p € P, the p-primary component of ¢ (p)/ 1L divides the p-primary component of the order
of u (mod p).

(2) m (mod g°) generates (0/q%)*.
(3) ged(g(p), 1) = A

Proof. As in the proof of Theorem 3.3, we will derive the required assertion by applying Chebotarev’s
density theorem to a specific automorphism of an appropriate finite Galois extension.
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Let K (qz) be the abelian extension K (b) of k introduced in Section 3B for the ideal b = qz. Set
Li=K@) @), Ly=k@u, ¥u), L=LiLy and £=L;NLy.
Then
Gal(L/k) ={o = (01,07) € Gal(L/k) x Gal(L,/k) : 01| £ = 02 | £}. (11D

So, to construct o € Gal(L/k) that we will need in the argument it is enough to construct appropriate
o; € Gal(L;/k) for i =1, 2 that have the same restriction to £.
Lemma 3.8. The restriction maps define the following isomorphisms:

(1) Gal(L1/K) = Gal(K (q°)/K) x Gal(K (£&)/K).

(2) Gal(K &)/ K (5:)) = Gal(Q(8) /Q(53)) = [, o Gal(Q(8g:) /Q(5:).

Proof. (1) We need to show that K(qz) N K (¢,) = K. But the Galois extensions K(qz)/K and K (£,)/K
are respectively totally and unramified at the extensions of vq to K (since q is prime to A), so the required
fact is immediate.

(2) Since K (&) = K (&) - Q(¢y), we only need to show that

K(5) NQG) = Q(53). (12)
We have
K(&)NOEG) S KGN0 =0(%)
by Lemma 3.6. This proves one inclusion in (12); the other inclusion is obvious. (|

Since q is Q-split, the group (O/q?)* is cyclic (Lemma 3.1(a)), and we pick ¢ € O so that ¢ (mod ¢?)

is a generator of this group. We then set
o =0,(c) € Gal(K (4% /K)

in the notations of Section 3B (see Lemma 3.4(a)). Next, for g € Q, we let g9 be the g-primary
component of A. Then using the isomorphism from Lemma 3.8(2), we can find 0| € Gal(K (¢/)/K)
such that

o) =6 but o) (Gpewt) # Lpewt forallg € Q. (13)

We then define o1 € Gal(L1/K) to be the automorphism corresponding to the pair (oy, o{') in terms of
the isomorphism from Lemma 3.8(1) (in other words, the restrictions of o] to K (qz) and K (g;/) are o
and o', respectively).

We fix a u/'-th root “/u, and for v|u’ set /u = ( ‘{'/ﬁ)”//" (also denoted u”_l). To construct o €
Gal(L,/ k), we need the following.

Lemma 3.9. Let og € Gal(£/k). Then there exists o5 € Gal(L,/k) such that
(1) o2|€ = o0y.
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(2) Forany p € P, if p?P) is the p-primary component of i then

) #u

p*(d(lf)Jrl) p*(d(p)Jrl) )

or(u
Consequently either 02(¢ paip+1) 7 §pam+1 or 0 acts nontrivially on all pdPF i roots of u.

Proof. Since L;/k is an abelian extension, we conclude from Corollary 2.6 that

€S k(&/u, &) S K. (14)
On the other hand, according to Proposition 2.1, none of the roots %/u for p € P lies in k*°, and the
restriction maps yield an isomorphism

Gal(k( &/u, 6,)/k(&/, &) — [ | Gal(k(%/u, 60)/k(ut, &)

peP

It follows that for each p € P we can find 7, € Gal(k( %/u, {,v)/k({/u, ) such that

—(d(p)+D) —(d(p)+D) —(d(@)+D —(d(@)+1)
,w? "y =, ub and 7,? " ) =ul " forall g € P\ {p}.

Now, let 69 be any extension of og to L,. For p € P, define

o[l GouP ™"y =
X = o~ —(p —@(p
p 0 if 6o(u? (d<n+l>) £ uP @(p)+1)
Set

(op) =50' 1_[ ‘L’I))((p).

peP

In view of (14), all 7,,’s act trivially on £, so 03 | £ = 6¢|€ = 0 and (1) holds. Furthermore, the choice of
the 7,’s and the x (p)’s implies that (2) also holds. O

Continuing the proof of Theorem 3.7, we now use o1 € Gal(L/k) constructed above, set oy = o1]¢,
and using Lemma 3.9 construct o, € Gal(L,/k) with the properties described therein. In particular, part
(1) of this lemma in conjunction with (11) implies that the pair (o7, 02) corresponds to an automorphism
o € Gal(L/k). As in the proof of Theorem 3.3, we let F denote the Galois closure of L over Q, and let
0 € Gal(F/Q) be such that 6 |L =¢. By Chebotarev’s density theorem, there exist infinitely many rational
primes 7 > 2 that are relatively prime to A’ - i’ and for which the 7 -adic valuation v,, is unramified in F,
does not lie below any valuation in S U {vy}, and has an extension w to F* such that Frr q(w|v;) = 0. Let
v = wlk, and let p = p, be the corresponding prime ideal of O. As in the proof of Theorem 3.3, we see
that p is Q-split. Furthermore, since o |K (qz) = 042(c), we conclude that p has a generator 7 such that
7 = ¢ (mod g?) (see Proposition 3.5(b)). Then by construction 7z (mod q?) generates (O/q?)*, verifying
condition (2) of Theorem 3.7.

To verify condition (1), we fix p € P and consider two cases. First, suppose o ({,ap+1) 7# §pim+1.
Since p is prime to p, this means that the residue field O/p does not contain an element of order p¢(P)+!
(although, since p is prime to p, it does contain an element of order u, hence of order p?(")). So, in
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this case ¢ (p)/p is prime to p, and there is nothing to prove. Now, suppose that o (§,am+1) = {pap+i.

Then by construction o acts nontrivially on every p?»*!-th root of u, and therefore the polynomial
d(p)+1
XP

is not a p?P*1_th power in the residue field. It follows that the p-primary component of the order of

— u has no roots in k,. Again, since p is prime to p, we see from Hensel’s lemma that # (mod p)

u (mod p) is not less than the p-primary component of ¢ (p)/p??), and (1) follows.

Finally, by construction o acts trivially on ¢, but nontrivially on ¢, for any ¢ € Q. Since p is prime
to A/, we see that the residue field O/p contains an element of order A, but does not contain an element of
order gA for any ¢ € Q. This means that A|¢ (p) but ¢ (p)/A is relatively prime to each g € Q, which is
equivalent to condition (3) of Theorem 3.7. 0

4. Proof of Theorem 1.1

First, we will introduce some additional notation needed to convert the task of factoring a given matrix
A € SL,(0) as a product of elementary matrices into the task of reducing the first row of A to (1, 0). Let

RO) = {(a, b) € O* | aO +bO = O}

(note that R(O) is precisely the set of all first rows of matrices A € SL,(0)). For A € O, one defines two
permutations, e, (1) and e_(A), of R(O) given respectively by

(a,b)—~ (a,b+ra) and (a,b)+— (a+ Ab,b).

These permutations will be called elementary transformations of R(O). For (a, b), (¢, d) € R(O) we
will write (a, b) =5 (c, d) to indicate the fact that (c, d) can be obtained from (a, b) by a sequence of n
(equivalently, < n) elementary transformations. For the convenience of further reference, we will record

some simple properties of this relation.
Lemma 4.1. Let (a, b) € R(O).

(la) If (c,d) € R(O) and (a, b) =% (c, d), then (c, d) =% (a, b).

(1b) If (c, d), (e, f) € R(O) are such that (a, b) 2 (c, d) and (¢, d) == (e, f), then (a, b) 2= (e, f).
(a) If ¢ € O such that ¢ = a (mod b0O), then (c, b) € R(O), and (a, b) =L (¢, b).

(2b) Ifd € O such that d = b (mod a0), then (a, d) € R(O), and (a, b) == (a, d).

(3a) If (a,b) =% (1, 0) then any matrix A € SLy(O) with the first row (a, b) is a product of < n + 1

elementary matrices.

(3b) If (a, b) =5 (0, 1) then any matrix A € SL,(0) with the second row (a, b) is a product of <n + 1
elementary matrices.

(4a) Ifa € O then (a, b) == (0, 1).
(4b) Ifb € O% then (a, b) == (1, 0).
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Proof. (1a) We observe that the inverse of an elementary transformation is again an elementary transfor-
mation given by [e+ M) = es (=), so the required fact follows. Part (1b) is obvious.

(Note that (1) implies that the relation between (a, b) and (¢, d) € R(0O) defined by (a, b) =2 (¢, d)
for some n € N is an equivalence relation.)

(2a) We have ¢ = a + Ab with A € O. Then
cO+b0=a0+b0=0,

so0 (¢, a) € R(0), and e, (1) takes (a, b) to (c, b). The argument for (2b) is similar.

(3a) Suppose A € SL,(0O) has the first row (a, b). Then for A € O, the first row of the product AE>()
is (a, b+ ra) = ex(A)(a, b), and similarly the first row of AE,;(}) is e_(A)(a, b). So, the fact that
(a, b)= (1, 0) implies that there exists a matrix U € SL,(0O) which is a product of n elementary matrices
and is such that AU has the first row (1, 0). This means that AU = E»;(z) for some z € O, and then
A=Ey(x)U 'isa product of < n + 1 elementary matrices. The argument for (3b) is similar.

(4a) This follows since e_(—a)e(a~' (1 — b))(a, b) = (0, 1). The proof of (4b) is similar. Il
Remark. All assertions of Lemma 4.1 are valid over any commutative ring O.

Corollary 4.2. Let q be a principal Q-split prime ideal of O with generator q, and let z € O be such that
Z (mod qz) generates (O/qz)x. Given an element of R(O) of the form (b, q") with n > 2, and an integer
to, there exists an integer t > to such that (b, ¢"") == (', g").

Proof. By Lemma 3.1(b), the element z (mod q*) generates (O/q")*. Since b is prime to ¢, one can find
t € Z such that b = 7' (mod q"). Adding to ¢ a suitable multiple of ¢ (q") if necessary, we can assume
that ¢ > #y. Our assertion then follows from Lemma 4.1(2a). U

Lemma 4.3. Suppose we are given (a, b) € R(0), a finite subset T C V;f, and an integer n # 0. Then
there exists o € O and r € O such that V(e) T = @, and (a, b) == (ar", b).

Proof. Let hy be the class number of k. If for each v € §'\ Vé‘o we let m, denote the maximal ideal of
Oy corresponding to v, then the ideal (my) " is principal, and its generator 7, satisfies v(,) = h; and
w(m,) =0forall w e V}‘- \ {v}. Let R be the subgroup of k* generated by 7, for v € S\ Vcﬁ‘o; note that
R C O*. We can pick r € R so that @’ := ar™ € 0. We note that since a and b are relatively prime
in O, we have V(a@)NV () CS.

Now, it follows from the strong approximation theorem that there exists y € Oy such that

v(yb) >0 and wv(yb)=0 (modnhy) forallveS\ Vé‘o,
and

v(yb) =0 forallveV(a)\S.

Then, in particular, we can find s € R so that v(ybs™ ') =0forallve S\ Vé‘o. Set

/

Y :=ys'eO® and b :=y'beOy.
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By construction,

v(b)=0 forallve V(a)U(S\ VL), (15)

implying that V (a") NV (b') = &, which means that a’ and b’ are relatively prime in O.
Again, by the strong approximation theorem we can find t € Oy such that

v(t)=0 forveTNV(@) and v()>0 forveT\V(d).

Seta =a’ +1tb' € Or. Then for v € T NV (a’) we have v(a’) > 0 and v(¢b’) =0 (in view of (15)), while
forve T\ V(a’) we have v(a’) = 0 and v(¢b') > 0. In either case,

vie)=v(@ +tb')=0 forallveT,
i.e., V(a) NT = @. On the other hand,
a+r'"ty'b=r"(a +tb)=r"a,
which means that (a, b) =L (ar™, b), as required. Il
Recall that we let i denote the number of roots of unity in k.

Lemma 4.4. Let (a, b) € R(O) be such that a = a - r* for some a € Oy and r € O™ where V (@) is disjoint
from SUV (). Then there exist a’ € O and infinitely many Q-split prime principal ideals q of O with a
generator q such that for any m =1 (mod ¢ (a’O)) we have (a, b) == (a’, g*™).

Proof. The argument below is adapted from the proof of Lemma 3 in [Carter and Keller 1983]. It relies
on the properties of the power residue symbol (in particular, the power reciprocity law) described in the
appendix on number theory in [Bass et al. 1967]. We will work with all v € V* (and not only v € V¥\ §),
so to each such v we associate a symbol (“modulus”) m,. For v € V}‘ we will identify m, with the
corresponding maximal ideal of O (obviously, p, =m,O for v € V¥\ S); the valuation ideal and the group
of units in the valuation ring O, (or Oy, ) in the completion k, will be denoted m, and U, respectively.

(*’*)
my /.

be the (bimultiplicative, skew-symmetric) power residue symbol of degree « on k;* [Bass et al. 1967,

For any divisor « | u, we let

p-85]. We recall that (%)K =1 if one of the elements x, y is a k-th power in k¢ (in particular, if either v
is complex or v is real and one of the elements x, y is positive in k,) or if v is nonarchimedean ¢ V (k)
and x, y € U,. It follows that for any x, y € k™, we have (;—vy)K = 1 for almost all v € V. Furthermore,
we have the reciprocity law:

AN
I (mv )K_l. (16)
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Now, let u = p{' .-+ py" be a prime factorization of u. For each i = 1,...,n, pick v; € V(p;).
According to [Bass et al. 1967, A.17], the values

xv
( y) for x,y e Uy,
my, pi“i

cover all p;"-th roots of unity. Thus, we can pick units u;, u; € U,, fori =1,...,n so that ("T;”' )pf"' is

1

a primitive p;’-th root of unity. On the other hand, since u;, u} € U,, and v;(1/p;") = 0, we have

¢
!/ . /
<u,',ul.)P1 (ui,ui) |
Mo/ Moi S/ pf

Thus,

is a primitive p;’-th root of unity for eachi =1, ..., n, making

i),

i=1

a primitive p-th root of unity. Furthermore, it follows from the inverse function theorem or Hensel’s
lemma that we can find an integer N > 0 such that

1+aY ck forallve V(w). (18)

We now write b = t* with 8 € O and t € O*. Since a, b are relatively prime in O, so are «, 8, hence
V(e)NV(B) CS. On the other hand, by our assumption V () is disjoint from SU V (1), so we conclude
that V («) is disjoint from V (8) U V(). Applying Theorem 3.3 to the ring O we obtain that there exists
B’ € O having the following properties:

(17) b:= 'Oy is a prime ideal of Oy and the corresponding valuation vy ¢ SU V (1).

(21) B’ > 0 in every real completion of k.

(31) B'=p (mod aOy).

(41) Foreachi =1, ..., n, we have
B =u: (mod ﬁllv\l,’) and g’ =1 (mod i)
for all v e V(p;)\ {vi}.

Set b’ = p't*. Tt is a consequence of (3); that b= b’ (mod a©), so by Lemma 4.1(2) we have (a, b) ==
(a, b"). Furthermore, it follows from (4); and (18) that 8'/u’ € k;“, o)

’ ’
(Mi,,B) <Mi,u,-) ;
= = L’l"
mv,- " mv,— I pi
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Since ¢, defined by (17) is a primitive p-th root of unity, we can find an integer d > 0 such that

(%P oo (2B (e
1_< b >pt é-/JL_( b >;L E( mu,- >M. (19)

By construction, vy ¢ V () UV (1), so applying Theorem 3.3 one more time, we find o’ € O such that:

(12) a:=a’0Oy is a prime ideal of Oy and the corresponding valuation v, ¢ SU V ().
(22) o/ =« (mod b).
(32) o =uf (mod ) fori=1,...,n.

Seta’ = a'r*. Then a’© = 'O is a prime ideal of O and @’ = a (mod '), so (a, b') == (da’, b').
Now, we note that (“m—f,)ﬂ = 1 if either v € Vé‘o (since B > 0 in all real completions of k) or
vE V]]f \(V(@)UV(B)UV(w)). Since the ideals a = 'Oy and b = 'Oy are prime by construction, we
have V (a') = {v,} and V (B8") = {vp}. Besides, it follows from (18) and (4), that for v € V (p;)\{v;} we have
B’ € kx", and therefore again (“m—?,)ﬂ= 1. Thus, the reciprocity law (16) for &, 8’ reduces to the relation

0/,,3/) (Ol/, ﬂ/> n <Ol/,,3/) _,
: : =1. (20)
< a J, b M E My, J,

It follows from (2), and (3), that

/ / / / / d /
(“”3> :(“’ﬁ) and (“’ﬁ) :(”—) foralli=1,...,n.
b w b Iz Moy Mo

Comparing now (19) with (20), we find that

()= (50, =
a u_ a u_.

This implies [Bass et al. 1967, A.16] that 8’ is a u-th power modulo a, i.e., 8’ = y* (mod a) for some

y € Ok. Clearly, the elements @’ = «’r* and yt are relatively prime in O, so applying Theorem 3.3 to this
ring, we find infinitely many Q-split principal prime ideals q of O having a generator ¢ = yt (mod a’O).
Then for any m =1 (mod ¢ (a’O)) we have

g"" =q"* = p't* =b" (moda'0),
s0 (a’, b') =L (a’, g*™). Then by Lemma 4.1(1b), we have (a, b) =% (a’, ¢"™), as required. O

The final ingredient that we need for the proof of Theorem 1.1 is the following lemma which uses
the notion of the level £,(u) of a unit u of infinite order with respect to a Q-split ideal p introduced in
Section 3A.

Lemma 4.5. Let p be a principal Q-split ideal of O with a generator w, and let u € O be a unit of
infinite order. Set s = £, (u), and let .. and m be integers satisfying A|¢(p) and m =0 (mod ¢ (p*)/A).
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Given an integer § > 0 dividing A and b € O prime to w such that b is a §-th power mod p while v := A1 /$§

divides the order of u (mod p), for any integer t > s there exists an integer n, for which
(', 6" =5 (', u™).

Proof. Let p be the rational prime corresponding to p. Being a divisor of A, the integer § is relatively
prime to p. So, the fact that b is a §-th power mod p implies that it is also a 5-th power mod p*. On
the other hand, it follows from our assumptions that Am = Svm is divisible by ¢ (p*), and therefore
(™) =1 (mod p*). But since v is prime to p, the subgroup of elements in (O/p®)* of order dividing
v is isomorphic to a subgroup of (O/p)*™, hence cyclic. So, the fact that the order of u (mod p), and
consequently the order u (mod p*), is divisible by v implies that every element in (O/p*)* whose order
divides v lies in the subgroup generated by u (mod p°®). Thus, b = u”s (mod p*) for some integer n;.
Since p is Q-split, we can apply Lemma 3.2 to conclude that for any ¢ > s there exists an integer n, such
that ™ = ™ (mod p*). Then (7, b") == (n', u™) by Lemma 4.1(2). O

We will call a unit u € O fundamental if it has infinite order and the cyclic group (u) is a direct factor
of O*. Since the group O™ is finitely generated (Dirichlet’s unit theorem, cf. [Cassels and Frohlich 1967,
§2.18]) it always contains a fundamental unit once it is infinite. We note that any fundamental unit has
the following property:

u ¢ pu(k),(k*)?  for any prime p.
We are now in a position to give

Proof of Theorem 1.1. We return to the notations of Section 3C: we let K denote the Hilbert S-class
field of k, let K be its normal closure over @, and pick an integer A > 1 which is divisible by 1 and for
which K N Q% c Q(&;). Furthermore, since O* is infinite by assumption, we can find a fundamental
unit u € O*. By Lemma 4.1(3), it suffices to show that for any (a, b) € R(O), we have

(a,b) = (1, 0). (1)

First, applying Lemma 4.3 with 7 = (S \ Vé‘o) U V() and n = u, we see that there exist « € O and
r € O* such that

V@)NSUV() =2 and (a,b)= (ar*,b).

Next, applying Lemma 4.4 to the last pair, we find «’ € O and a Q-split principal prime ideal ¢ such that
Vg € SUV(A) UV (4(a’O)) and (art, b) = (@', g*™) for any m =1 (mod ¢(a’O)). Then

(a,b) =% (d', ¢") forany m =1 (mod ¢(a’O)). (22)

To proceed with the argument we will now specify m. We let P and Q denote the sets of prime divisors
of A/u and ¢ (a’O), respectively, and define " and 1" as in Section 3C; we note that by construction ¢ is
relatively prime to A". So, we can apply Theorem 3.7 which yields a Q-split principal prime ideal p = 70
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so that vy ¢ V(¢ (a’0)) and conditions (1) - (3) are satisfied. Let s = £, (u) be the p-level of u. Condition
(3) implies that
ged(p(p) /2, A /x) =1 =ged(@(p)/1, (a’0))

since A/ is the product of all prime divisors of ¢ (a’O). It follows that the numbers ¢ (p*) /A and ¢ (a’O)
are relatively prime, and therefore one can pick a positive integer m so that

m=0 (mod¢(p*)/A) and m =1 (mod ¢(a’0)).

Fix this m for the rest of the proof.

Condition (2) of Theorem 3.7 enables us to apply Corollary 4.2 with z =7 and #p = s to find # > 5 so
that (a’, g"") =L (!, g"™). Since P consists of all prime divisors of A/, condition (1) of Theorem 3.7
implies that A /u divides the order of # (mod p). Now, applying Lemma 4.5 with § = u and b = g*, we
see that (', g"™) =L (!, u™) for some integer n,. Finally, since u is a unit, we have (7', u") =25 (1, 0).
Combining these computations with (22), we obtain (21), completing the proof. Il

Corollary 4.6. Assume that the group O™ is infinite. Then for n > 2, any matrix A € SL,(O) is a product
of < %(3112 — n) + 4 elementary matrices.

Proof. For n = 2, this is equivalent to Theorem 1.1. Now, let n > 3. Since the ring O is Dedekind, it
is well-known and easy to show that any A € SL,,(O) can be reduced to a matrix in SL,(O) by at most
%(3112 —n) — 5 elementary operations [Carter and Keller 1983, p. 683]. Now, our result immediately
follows from Theorem 1.1. O

o> I and o> 1o
er: o 01 e_: o o 1

be the standard 1-parameter subgroups. Set U* = e (0). In view of Theorem 1.1, it is enough to show

Proof of Corollary 1.2. Let

that each of the subgroups U™ and U~ is contained in a product of finitely many cyclic subgroups of
SL;(0O). Let hy, be the class number of k. Then there exists t € O such that v(z) = hy forall v e §'\ Voko
and v(t) =0 for all v ¢ S. Then O = O[1/1]. So, letting Uy = e+ (Ox) and h = (},,%), we will have
the inclusion

U* C (WU (h).

On the other hand, if wy, ..., w, (Where n = [k : Q]) is a Z-basis of O then Ut = (e (wy)) - -+ {ex(wy)),
hence

UE C (h)(ex(w)) - - - {ex(wy)) (h), (23)
as required. O

Remarks. (1) Quantitatively, it follows from the proof of Theorem 1.1 that SL,(O) =U U™ --- U~
(nine factors), so since the right-hand side of (23) involves n + 2 cyclic subgroups, with (%) at both ends,



1970 Aleksander V. Morgan, Andrei S. Rapinchuk and Balasubramanian Sury

we obtain that SL,(0O) is a product of 9[k : Q] + 10 cyclic subgroups. Also, it follows from [Vsemirnov
2014] that SL,(Z[1/p]) is a product of 11 cyclic subgroups.

(2) If § = VX, then the proof of Corollary 1.2 yields a factorization of SL,(0) as a finite product
{(y1) - - - {ya) of cyclic subgroups where all generators y; are elementary matrices, hence unipotent. On the
contrary, when S # Vé‘o, the factorization we produce involves some diagonal (semisimple) matrices. So, it
is worth pointing out in the latter case there is no factorization with all y; unipotent. Indeed, let v € S\ VX
and let y € SL,(O) be unipotent. Then there exists N = N (y) such that for any a = (a;;) € (y) we have
v(a;j) < N(y) foralli, j € {1, 2}. It follows that if SL,(O) = (1) - - - (y4) where all y; are unipotent, then
there exists Ny such that for any a = (a;;) € SL»(0) we have v(a;;) < Ny for i, j € {1, 2}, which is absurd.

5. Example

For a ring of S-integers O in a number field &k such that the group of units O* is infinite, we let v(O)
denote the smallest positive integer with the property that every matrix in SL;(0O) is a product of < v(O)
elementary matrices. So, the result of [Vsemirnov 2014] implies that v(Z[1/p]) <5 for any prime p,
and our Theorem 1.1 yields that v(O) <9 for any O as above. It may be of some interest to determine
the exact value of v(O) in some situations. In Example 2.1 on p.289, Vsemirnov [2014] claims that the

5 12
M= (12 29)

is not a product of four elementary matrices in SL,(Z[1/p]) for any p = 1 (mod 29), and therefore

matrix

v(Z[1/p]) =5 in this case. However this example is faulty because for any prime p, in SL,(Z[1/p]) we

(3= ¢

However, it turns out that the assertion that v(Z[1/p]) = 5 is valid not only for p =1 (mod 29) but in

have

fact for all p > 7. More precisely, we have the following.

Proposition 5.1. Let O = Z[1/p], where p is prime > 1. Then not every matrix in SL,(0O) is a product of

four elementary matrices.

In the remainder of this section, unless stated otherwise, we will work with congruences over the ring
O rather than Z, so the notation a = b (mod n) means that elements a, b € O are congruent modulo the
ideal nO. We begin the proof of the proposition with the following lemma.

Lemma 5.2. Let O = Z[1/p], where p is any prime, and let r be a positive integer satisfying p = 1
(mod r). Then any matrix A € SL,(0) of the form

1-p* x
A_( ; l_pﬂ>, o pez 24)
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which is a product of four elementary matrices, satisfies the congruence

. 01
Azj:(_l 0) (mod r).

Proof. The required congruence is obvious for the diagonal entries, so we only need to establish it for
the off-diagonal ones. Since A is a product of four elementary matrices, it admits one of the following
presentations:

A = En(a)Ey(b)E12(c)Ex(d), (25)
or
A = E(a)E12(b)E2i(c)Er2(d), (26)

witha,b,c,d € O.
First, suppose we have (25). Then

x %
A_(* 1+bc)'

Comparing with (24), we get bc = —p#, so b and ¢ are powers of p with opposite signs. Thus, A looks
as follows:

* a(l—p”‘*)w‘*)

A= En(@)Exn(£p")Ena(Fp°) Eai(d) = (d(l_py+5):|:py N

Consequently, the required congruences for the off-diagonal entries immediately follow from the fact that
p =1 (mod r), proving the lemma in this case.
Now, suppose we have (26). Then

Al = E1(—d)Ey (—c)E12(—=b)Er(—a),

which means that A~! has a presentation of the form (25). Since the required congruence in this case has
already been established, we conclude that

Al Ej:(? _(1)) (mod r).

But then we have

. 01
A::l:(_1 ()) (mod r),

as required. 0

To prove the proposition, we will consider two cases:

CASE 1: p —2 is composite. Write p —2 =ry - rp, where r| and r;, are positive integers > 1, and set
r=p—1. Then
ri #+1 (modr) fori=1,2. 27)
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Indeed, we can assume that r, < «/p — 2. If r, = £1 (mod r) then because r is prime to p, the number
r2 F 1 would be a nonzero integral multiple of ». Then r < r, + 1, hence

p—2<yp—-2+1.

But this is impossible since p > 3. Thus, r» # +1 (mod r). Since ry - r, = —1 (mod r), condition (27)

A (1—17 rl'P)
r» l-=p

One immediately checks that A € SL,(O). At the same time, A is of the form (24). Then Lemma 5.2 in
conjunction with (27) implies that A is not a product of four elementary matrices.

follows.
Now, consider the matrix

CASE 2. p and p — 2 are both primes. In the beginning of this paragraph we will use congruences in Z.
Clearly, a prime > 3 can only be congruent to &1 (mod 6Z). Since p > 5 and p — 2 is also prime, in our
situation we must have p = 1 (mod 67). Furthermore, since p > 7, the congruence p =0 or 2 (mod 57)
is impossible. Thus, in the case at hand we have

p=1,13, or 19 (mod 302).

If p = 13 (mod 30Z), then p3 = 7 (mod 30Z), and therefore p> — 2 is an integral multiple of 5. Set
r=p—1ands = (p>—2)/5, and consider the matrix

_ 3 3
(7 )
s 1—p

Then A is a matrix in SL,(0) having form (24). Note that 5 p? =5 (mod r), which is different from
41 (mod r) since r > 6. Now, it follows from Lemma 5.2 that A is not a product of four elementary
matrices.

It remains to treat the case where p =1 or 19 (mod 30Z). Consider the following matrix:

4 _ (900 53-899
—\17 900 )

and note that A € SL,(Z) and

41 _ (900 —53-899
“\-17 900 )

It suffices to show that neither A nor A~! can be written in the form

* c+a(l+bc)
b+d(1+bc) (1+bc)

Assume that either A or A~! is written in the form (28). Then 1 + bc = 900, so

Epn(a)Ex(b)Era(c)Ex(d) = ( ) , witha,b,c,d€O.  (28)

b,ce{xp", £29p", £31p", £899p" | n € Z}.
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Set
t=b+d(1+bc) and u=c+a(l—+bc).

We have the following congruences in O = Z[1/p]:
t=b (mod30) and u =c (mod 30).

Analyzing the above list of possibilities for b and ¢, we conclude that each of # and u is = £ p” (mod 30)
for some integer n. Thus, if p = 1 (mod 30) then ¢, u = £1 (mod 30), and if p = 19 (mod 30) then
t,u==1,+£19 (mod 30). Since 17 # 1, £19 (mod 30), we obtain a contradiction in either case. (We
observe that the argument in this last case is inspired by Vsemirnov’s argument in his Example 2.1.)
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Tensor triangular geometry of filtered modules

Martin Gallauer

We compute the tensor triangular spectrum of perfect complexes of filtered modules over a commutative
ring and deduce a classification of the thick tensor ideals. We give two proofs: one by reducing to perfect
complexes of graded modules which have already been studied in the literature by Dell’ Ambrogio and
Stevenson (2013, 2014) and one more direct for which we develop some useful tools.
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Introduction

One of the age-old problems mathematicians engage in is to classify their objects of study, up to an
appropriate equivalence relation. In contexts in which the domain is organized in a category with
compatible tensor and triangulated structure (we call this a #t-category) it is natural to view objects as
equivalent when they can be constructed from each other using sums, extensions, translations, tensor
product etc., in other words, using the tensor and triangulated structure alone. This can be made precise
by saying that the objects generate the same thick tensor ideal (or, #-ideal) in the tt-category. This sort of
classification is precisely what tt-geometry, as developed by Balmer, achieves. To a (small) tt-category T
it associates a topological space Spc(7T) called the ft-spectrum of T which, via its Thomason subsets,
classifies the (radical) tt-ideals of 7. A number of classical mathematical domains have in the meantime
been studied through the lens of tt-geometry; we refer to [Balmer 2010b] for an overview of the basic
theory, its early successes and applications.

MSC2010: primary 18E30; secondary 18D10, 55U35.
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One type of context which does not seem to have received any attention so far arises from filtered
objects. Examples pertinent to tt-geometry abound: filtrations by the weight in algebraic geometry induce
filtrations on cohomology theories, giving rise to filtered vector spaces, representations or motives; (mixed)
Hodge theory involves bifiltered vector spaces; filtrations by the order of a differential operator play an
important role in the theory of D-modules.

In this note, we take the first steps in the study of filtered objects through the lens of tt-geometry by
focusing on a particularly interesting case whose unfiltered analogue is well-understood. Namely, we
give a complete account of the tt-geometry of filtered modules. This is already enough to say something
interesting about certain motives, as we explain at the end of this introduction. To describe our results in
more detail, let us recall the analogous situation for modules.

Let R be a ring, assumed commutative and with unit. Its derived category D(R) is a tt-category
which moreover is compactly generated, and the compact objects coincide with the rigid (or, strongly
dualizable) objects, which are also called perfect complexes. These are (up to isomorphism in the derived
category) the bounded complexes of finitely generated projective R-modules. The full subcategory
DPef(R) of perfect complexes inherits the structure of a (small) tt-category, and the Hopkins—Neeman—
Thomason classification of its thick subcategories can be interpreted as the statement that the tt-spectrum
Spc(DP(R)) is precisely the Zariski spectrum Spec(R). In this particular case, thick subcategories are
the same as tt-ideals so that this result indeed classifies perfect complexes up to the triangulated and
tensor structure available.

In this note we will replicate these results for filtered R-modules. Its derived category D (Modg (R))
is a tt-category which moreover is compactly generated, and the compact objects coincide with the
rigid objects. We characterize these “perfect complexes” as bounded complexes of “finitely generated
projective” objects in the category Modg)(R) of filtered R-modules.' The full subcategory Dglerf(R) of
perfect complexes inherits the structure of a (small) tt-category. For a regular ring R this is precisely the
filtered derived category of R in the sense first studied by Illusie [1971], and for general rings it is a full
subcategory. Our main theorem computes the tt-spectrum of this tt-category.

Theorem 4.1. The tt-spectrum of Dﬁplerf(R) is canonically isomorphic to the homogeneous Zariski spectrum

Spech(R [B]) of the polynomial ring in one variable. In particular, the underlying topological space
contains two copies of Spec(R), connected by specialization. Schematically:

Spec(R) ~ Z(B)

Spec™(R[B])

Spec(R) ~ U(B)

n the body of the text these are rather called split finite projective for reasons which will become apparent when they are
introduced.
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As a consequence we are able to classify the tt-ideals in Dg]enc(R). To state it precisely notice that
we may associate to any filtered R-module M its underlying R-module 7 (M) as well as the R-module
of its graded pieces gr(M). These induce two tt-functors Dgfrf(R) — DPf(R). Also, recall that the
support of an object M € DP?™(R), denoted by supp(M), is the set of primes in Spc(DP(R)) = Spec(R)
which do not contain M. This is extended to a set £ of objects by taking the union of the supports of its
elements: supp(&) := | J ;e supp(M). Conversely, starting with a set of primes ¥ C Spec(R), we define
Ky := {M € DP*"(R) | supp(M) C Y}.

Corollary 4.9. There is an inclusion preserving bijection:
. . of
{IT C "' | I, T C Spec(R) Thomason subsets} <> {tt-ideals in Dgle (R)}
(Mc D a ' (KmNg™ (Kr)
(supp( J) C supp(grJ)) <=+ J

Clearly, an important role is played by the element 8 appearing in the theorem. It can be interpreted as
the following morphism of filtered R-modules. Let R(0) be the module R placed in filtration degree O,
while R(1) is R placed in degree 1 (our filtrations are by convention decreasing), and 8 : R(0) — R(1) is

R R
0 R

Note that § has trivial kernel and cokernel but is not an isomorphism, witnessing the fact that the

the identity on the underlying modules:>

R(1): . =

E ]

R(0) : . =

C

C

category of filtered modules is not abelian. We will give two proofs of Theorem 4.1, the first of which
relies on “abelianizing” the category. It is observed in [Schneiders 1999] that the derived category of
filtered modules is canonically identified with the derived category of graded R[B]-modules. And the
tt-geometry of graded modules has been studied in [Dell’ Ambrogio and Stevenson 2013; 2014]. Together
these two results provide a short proof of Theorem 4.1, but in view of future studies of filtered objects in
more general abelian tensor categories we thought it might be worthwhile to study filtered modules in
more detail and in their own right. For the second proof we will use the abelianization only minimally
to construct the category of perfect complexes of filtered modules (Section 3). The computation of the
tt-geometry stays within the realm of filtered modules, as we now proceed to explain.

As mentioned above, forgetting the filtration and taking the associated graded of a filtered R-module
gives rise to two tt-functors. It is not difficult to show that Spc(;r) and Spc(gr) are injective with disjoint
images (Section 4). The challenge is in proving that they are jointly surjective — more precisely, proving
that the images of Spc(sr) and Spc(gr) are exactly the two copies of Spec(R) in the picture above. As

ZWe call this element B in view of the intended application described at the end of this introduction. In the context of motives
considered there, g is the “Bott element” of [Hasemeyer and Hornbostel 2005].
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suggested by this then, and as we will prove, inverting 8 (in a categorical sense) amounts to passing from
filtered to unfiltered R-modules, while killing 8 amounts to passing to the associated graded.

We prove surjectivity first for R a noetherian ring, by reducing to the local case, using some general
results we establish on central localization (Section 5), extending the discussion in [Balmer 2010a]. In
the local noetherian case, the maximal ideal is “generated by nonzerodivisors and nilpotent elements”
(more precisely, it admits a system of parameters); we will study how killing such elements affects the
tt-spectrum (Section 6) which allows us to decrease the Krull dimension of R one by one until we reach
the case of R a field.

Although the category of filtered modules is not abelian, it has the structure of a guasiabelian category,
and we will use the results of Schneiders [1999] on the derived category of a quasiabelian category, in
particular the existence of two t-structures, to deal with the case of a field (Section 7). In fact, the category
of filtered vector spaces can reasonably be called a semisimple quasiabelian category, and we will prove
in general that the t-structures in that case are hereditary. With this fact it is then possible to deduce the
theorem in the case of a field.

Finally, we will reduce the case of arbitrary rings to noetherian rings (Section 8) by proving in
general that tt-spectra are continuous, that is for filtered colimits of tt-categories one has a canonical
homeomorphism

Spe(lim 7)) <> lim Spe(Ty).
i i

In fact, we will prove a more general statement which we believe will be useful in other studies of tt-
geometry as well, because it often allows to reduce the tt-geometry of “infinite objects” to the tt-geometry
of “finite objects”. For example, it shows immediately that the noetherianity assumption in the results
of [Dell’ Ambrogio and Stevenson 2013] is superfluous, arguably simplifying the proof given for this
observation in [Dell’ Ambrogio and Stevenson 2014].

We mentioned above that one of our motivations for studying the questions discussed in this note
lies in the theory of motives. Let us therefore give the following application. We are able to describe
completely the spectrum of the triangulated category of Tate motives over the algebraic numbers with
integer coefficients, DTM(Q, Z). (Previously, only the rational part DTM(Q, @) was known.)

Theorem. The tt-spectrum of DTM(Q, Z) consists of the following primes, with specialization relations
as indicated by the lines going upward.

[] ° e omy <o+ } mod-£ motivic cohomology

.\\.. /o ¢ --+ } mod-£ étale cohomology
[ mo

Here € runs through all prime numbers and the primes are defined by the vanishing of the cohomology

} rational motivic cohomology

theories as indicated on the right. Moreover, the proper closed subsets are precisely the finite subsets

stable under specialization.
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As a consequence, we are able to classify the thick tensor ideals of DTM(Q, Z). This theorem and
related results are proved in a separate paper [Gallauer 2017].

1. Conventions

A symmetric, unital monoidal structure on a category is called tensor structure if the category is additive
and the monoidal product is additive in each variable separately. We also call these data simply a tensor cat-
egory. A tensor functor between tensor categories is a strong, unital, symmetric monoidal additive functor.

Our conventions regarding tensor triangular geometry mostly follow those of [Balmer 2010a]. A tensor
triangulated category (or tt-category for short) is a triangulated category with a compatible (symmetric,
unital) tensor structure. Typically, one assumes that the category is (essentially) small. If not specified
otherwise, the tensor product is denoted by ® and the unit by 1. A #-functor is an exact tensor functor
between tt-categories.

A ftt-ideal in a tt-category 7T is a thick subcategory Z C 7 such that 7 ® Z C Z. If S is a set of objects
in 7 we denote by (S) the tt-ideal generated by S. To a small rigid tt-category 7 one associates a locally
ringed space Spec(7), called the tt-spectrum of T, whose underlying topological space is denoted by
Spc(T). It consists of prime ideals in T, i.e., proper tt-ideals Z such that a @ b € Z impliesa € Z or b € 7.
(The underlying topological space Spc(7) is defined even if 7 is not rigid.)

All rings are commutative with unit, and morphisms of rings are unital. For R a ring, we denote by
Spec(R) the Zariski spectrum of R (considered as a locally ringed space) whereas Spc(R) denotes its
underlying topological space (as for the tt-spectrum). We adopt similar conventions regarding graded
rings R: they are commutative in a general graded sense [Balmer 2010a, 3.4], and possess a unit. Spec”(R)
denotes the homogeneous Zariski spectrum with underlying topological space Spc”(R).

As a general rule, canonical isomorphisms in categories are typically written as equalities.

2. Category of filtered modules

In this section we describe filtered modules from a slightly nonstandard perspective which will be useful in
the sequel. Hereby we follow the treatment in [Schapira and Schneiders 2016]. The idea is to embed the
(nonabelian) category of filtered modules into its abelianization, the category of presheaves of modules on
the poset Z. From this embedding we deduce a number of properties of the category of filtered modules.
Much of the discussion in this section applies more generally to filtered objects in suitable abelian tensor
categories.

Fix a commutative ring with unit R. Denote by Mod(R) the abelian category of R-modules, with its
canonical tensor structure. We view Z as a monoidal category where

hom(m, n) = {{*} m=n

g m>n

and m @ n = m + n. The Day convolution product then induces a tensor structure on the category of
presheaves on Z with values in Mod(R) which we denote by Z°° R. Explicitly, an object a of Z°PR is an
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infinite sequence of morphisms in Mod(R)

An,n+1 An—1,n

Cee = Apy a, ap_1— -+, 2.1

and the tensor product of two such objects a and b is described by
(a QR zop b)n = colimerqzn ap Rr bq.

Let M be an R-module and n € Z. The associated presheaf ®nom,(—,»)M is denoted by M (n). It is the
object
00> M-S A4 s

with the first M in degree n. Via the association og : M — M (0) we view Mod(R) as a full subcategory
of Z°P’R. For any object a € Z°°R and n € Z we denote by a(n) the tensor product a ® R(n), and we
call it the n-th twist of a. Explicitly, this is the sequence of (2.1) shifted to the left by n places, i.e.,
a(n), = am_n.

The category Z°PR is R-linear Grothendieck abelian, and the monoidal structure is closed. Explicitly,
the internal hom of a, b € Z°’R is given by

hom(a, b), = homgzeg(a(n), b).

Here is another way of thinking about Z°’R. Let a € Z°P R be a presheaf of R-modules. Associate to it
the graded R[B]-module P, .,
In particular, 8 is assumed to have degree -1. Conversely, given a graded R[A]-module B

a, with B acting by 8 :a — a(l), i.e., in degree n by a,_1,, : an = an—1.
M,,, define
a presheaf by n — M,, and transition maps -8 : M, = M, _;. This clearly establishes an isomorphism of

neZ

categories Z°P R = Mody(R[B]), and it is not difficult to see that the isomorphism is compatible with the
tensor structures on both sides.

Definition 2.2. (1) A filtered R-module is an object a € Z°° R such that a, ,41 is a monomorphism for
all n € Z. The full subcategory of filtered R-modules in Z°PR is denoted by Modg(R).

(2) A finitely filtered R-module is a filtered R-module a such that a,, ;4 is an isomorphism for almost
all n.

(3) A filtered R-module a is separated if ﬂn 7 n =0.

For a filtered R-module a we denote the “underlying” R-module lim,  __ a, by 7(a). This clearly
defines a functor 7 : Modg(R) — Mod(R) which “forgets the filtration”. In this way we recover the
more classical perspective on filtrations: an R-module 7 (a) together with a (decreasing, exhaustive)
filtration (ay,),ez; @ morphism f :a — b of filtered R-modules a, b is an R-linear morphism 7 (a) — 7 (b)
compatible with the filtration.

To a filtered R-module a one can associate its (Z-)graded R-module whose n-th graded piece is
coker(an,n+1) = an/an+1. This clearly defines a functor gr, : Modg(R) — Modg (R) = [1,c7 Mod(R).

The following observation is simple but very useful.
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Lemma 2.3 [Schapira and Schneiders 2016, 3.5]. The inclusion ¢ : Modg (R) — Z°°R admits a left
adjoint k : Z°°? R — Modg(R) given by

k(a), =im(a, — lim ay)
m——00

and the canonical transition maps.

It follows from Lemma 2.3 that Modg;(R) is complete and cocomplete. Limits, filtered colimits and
direct sums are computed in Z°° R while pushouts are computed by applying the reflector « to the pushout
in Z°’R. (The statement about limits and pushouts is formal, while the rest stems from the fact that
filtered colimits and direct sums are exact in Mod(R).) In particular, Modg (R) is additive and has kernels
and cokernels. However, it is not an abelian category as witnessed by the morphism

B:R0O)— R(1) (2.4)

induced by the map 0 — 1 in Z through the Yoneda embedding: both ker(8) and coker(8) are O but 8 is
not an isomorphism. It is an example of a nonstrict morphism. (A morphism f : a — b is called strict if
the canonical morphism coim( f) — im(f) is an isomorphism, or equivalently if im(w (f)) Nb, =im(f;)
for all n € Z.) However, one can easily check that strict monomorphisms and strict epimorphisms in
Modg (R) are preserved by pushouts and pullbacks, respectively [Schapira and Schneiders 2016, 3.9]. In
other words, Modg(R) is a quasiabelian category (we will use [Schneiders 1999] as a reference for the
basic theory of quasiabelian categories).

An object a in a quasiabelian category is called projective if hom(a, —) takes strict epimorphisms to
surjections. (Note that this convention differs from the categorical notion of a projective object!) For exam-
ple, for a projective R-module M and n € Z the object M (n) is projective since homyodg, (r)(M (n), —) =
homg (M, (—)n).

Lemma 2.5 [Schneiders 1999, 3.1.8]. For any a € Modg(R), the canonical morphism

@ @ R(n) — a (2.6)

nez xeay

is a strict epimorphism with projective domain. In particular, the quasiabelian category Modg(R) has
enough projectives.

Let us denote by o : Mod, (R) — Modgi(R) the canonical functor which takes (M,,), to @, M, (n).
A filtered R-module is called split if it lies in the essential image of o. Correspondingly we call a filtered
R-module split free, split projective or split finite projective if it is (isomorphic to) the image of a free,
projective or finite projective graded R-module under o, respectively. In other words, an object of the
form @, M, (n) with @, M, free, projective or finite projective, respectively. Lemma 2.5 shows that
every object in Modg(R) admits a canonical split free resolution.

It is clear that split projective objects are projective, and the converse is also true as we now prove (see
Lemma 2.8 below).
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Lemma 2.7. The full additive subcategory Proja1(R) of split projectives is idempotent complete. The
same is true for the full additive subcategory projai(R) of split finite projectives.

Proof. Let f :a => b @ c be an isomorphism, with a split projective. Since a is split, there is a canonical
isomorphism g : a = P, gr, (a)(n), and we can define the following composition of isomorphisms:

boclsa 4 Pen, @) L Per,b@n) = (@ grn(m(n)) 2 (@ er, (c)(n))

It is easy to see that this induces an isomorphism b = €, gr, (b)(n), and we also see that gr, (b) is a
direct summand of gr, (a). In other words, b is split projective as required. The same proof applies in
the finite case. g

Lemma 2.8. For a filtered R-module a € Modg (R) the following are equivalent:

(1) a is projective.

(2) a is split projective.
Proof. Let a be projective. As remarked in Lemma 2.5, there is a canonical strict epimorphism b — a
with b split free. By definition of projectivity, there is a section a — b, and since Modg(R) has kernels

and images, we deduce that a is a direct summand of b. It therefore suffices to prove that every direct
summand of a split free is split projective. This follows from Lemma 2.7. U

In general, due to the possibility of the tensor product in Mod(R) not being exact, the tensor structure
on Z°P R does not restrict to the subcategory Modg(R). We can use the reflector « to rectify this: for
a, b € Modg (R), let

a®b=«((a) @z t(b)).

This defines a tensor structure on Modg; (R).? It is clear that the internal hom on Z°P R restricts to a bifunctor
on Modg (R), and it follows formally from Lemma 2.3 that this bifunctor is the internal hom on Modg;(R).

Although we will in the sequel only use the implication (1)=>(2) of the following result, it is satisfying
to see these notions match up as they do in Mod(R). Recall that an object a in a category with filtered
colimits is called finitely presented if hom(a, —) commutes with these filtered colimits.

Lemma 2.9. For a filtered R-module a € Modg (R) the following are equivalent:

(1) a is split finite projective.

(2) a is rigid (or strongly dualizable).

(3) a is finitely presented and projective.
Proof. Since o : Modg(R) — Modg (R) is a tensor functor it preserves rigid objects. This shows the
implication (1)=(2).
mseen as a particular instance of [Day 1972] due to the canonical isomorphisms

i (a ®zop k(b)) <=k (a @zop b) => Kk (k(a) ®zop b)

for any a, b € Z°P.
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For (2)=(3) notice that the unit R(0) is both finitely presented and projective. The latter is clear, and
the former is true as filtered colimits are computed in Z°° R. The implication is now obtained from the
identification

hom(a, —) = hom(R(0), hom(a, R(0)) ® —)

together with the fact that the tensor product preserves filtered colimits and strict epimorphisms.

Finally for (3)=(1), we start with the identification a = €, gr,(a)(n) with gr,(a) projective R-
modules, which exists by Lemma 2.8. Notice that the forgetful functor r : Modg(R) — Mod(R) has a
right adjoint A : Mod(R) — Modg (R) which takes an R-module to the same R-module with the constant
filtration. It is clear that A commutes with filtered colimits so that

hom(r (a), lim —) = hom(a, lim A—) = limhom(a, A—) = lim hom( (), -),
hence 7 (a) is a finitely presented R-module. We conclude that a =P gr,, (@) (n) is split finite projective. [J
Corollary 2.10. (1) Ifa € Modg(R) is projective then a @ — preserves kernels of arbitrary morphisms.
(2) If a, b € Modg (R) are projective then so is a @ b.

Proof. Since the tensor product commutes with direct sums both statements follow from Lemma 2.8. [J

3. Derived category of filtered modules

Quasiabelian categories are examples of exact categories and can therefore be derived in the same way.
However, the theory for quasiabelian categories is more precise and we will exploit this fact starting in
the current section. In the case of (separated, finitely) filtered R-modules we obtain what is classically
known as the filtered derived category of R. Some of its basic properties are established, a number of
which are deduced from the relation with the derived category of Z°PR.

For x € {b, —, +, I} we denote by C*(Modg;(R)) the category of bounded (respectively bounded
above, bounded below, unbounded) cochain complexes in Modg; (R), and by K* (Modg; (R)) the associated
homotopy category. A complex

Ar oo ATVAT ql L ql
is called strictly exact if all differentials d' are strict, and the canonical morphism im(d' 1) — ker(d') is
an isomorphism for all /. We note the following simple but useful fact.
Lemma 3.1 [Sjodin 1973, 1]. Let A be a complex in Modg1(R) and consider the following conditions:
(1) A is strictly exact.
(2) All its differentials d* are strict and the underlying complex w(A) is exact.
(3) The associated graded complex gr,(A) is exact, i.e., gr, (A) is an exact complex for alln € Z.

We have (1)<(2)=(3), and if A! is finitely filtered and separated for all | € Z then all conditions are
equivalent.
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The class of strictly exact complexes forms a saturated null system ;. [Schneiders 1999, 1.2.15]
and we set D*(Modg(R)) = K*(Modg (R)) /.. The canonical triangulated structure on K* (Modgi(R))
induces a triangulated structure on D*(Modgi(R)). As follows from Lemma 3.1, this definition is an
extension of the classical “filtered derived category” considered in [Illusie 1971]. There, complexes
are assumed to be (uniformly) finitely filtered separated and the localization is with respect to filtered
quasiisomorphisms, i.e., morphisms f : A — B of complexes such that gr, (f) is a quasiisomorphism of
complexes of R-modules, for all n € Z.

The functor ¢ : Modg (R) — Z°PR clearly preserves strictly exact complexes (we say that ¢ is strictly
exact), hence it derives trivially to an exact functor of triangulated categories ¢ : D*(Modg(R)) —
D*(Z°PR).

Proposition 3.2 [Schapira and Schneiders 2016, 3.16]. The functor ¢ : D*(Modg (R)) — D*(Z°PR) is an

equivalence of categories. Its quasiinverse is given by the left derived functor of k.

Explicitly, Lx may be computed using the “Rees functor” X : Z°° R — Modg(R) which takes a € Z°’R
to the filtered R-module A(a) with
AMa), = @ am

m=>n

and the obvious inclusions as transition maps [Schapira and Schneiders 2016, 3.12]. It comes with a

canonical epimorphism &, : tA(a) — a and since Modg(R) is closed under subobjects in Z°° R, objects

in Z°P R admit an additively functorial two-term resolution by objects in Modg;(R). Thus a complex A in

Z°PR is replaced by the cone of ker(s4) — tA(A) which is a complex in Modg;(R) and computes Lk (A).
The tensor product ®ze on Z°° R can be left derived and yields

®Y0p : D*(ZPR) x D*(Z*R) — D*(Z°°R)
for x € {—, @}. This follows for example from [Cisinski and Déglise 2009, 2.3] (where the descent
structure is given by (G = {R(n) | n € Z}, H = {0})).
Lemma 3.3. The tensor product on Modg(R) induces a left-derived tensor product
®": D*(Modg(R)) x D*(Modgi(R)) — D* (Modgi(R))

where x € {—, J}. Moreover, the equivalence of Proposition 3.2 is compatible with the derived tensor

products.

Proof. Recall that the tensor product was defined as k o @z o (¢ x t). Therefore the left-derived tensor
product is given by
=1Lk o ®Iz‘op o(L X1t).

The second statement is then clear. O

Corollary 3.4. The triangulated category D(Modgi(R)) is compactly generated. For an object A €
D (Modgi(R)) the following are equivalent:
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(1) A is compact.
(2) Ais rigid.
(3) A is isomorphic to a bounded complex of split finite projectives.

Proof. 1t is easy to see [Choudhury and Gallauer 2015, 3.20] that the set { R(n) | n € Z} compactly generates
D(Z°PR). The first statement therefore follows from Proposition 3.2. As is true in general [Neeman 1992,
2.2], the compact objects span precisely the thick subcategory generated by these generators R(n). From
this we see immediately that (3) implies (1). The converse implication follows from Corollary 3.5 below.

That (3) implies (2) is easy to see, using Lemma 2.9. Finally that (2) implies (1) follows formally from
the tensor unit being compact (see the proof of Lemma 2.9). (|

We denote by Dg
called perfect filtered complexes. Note that this is an idempotent complete, rigid tt-category. We denote

erf

| (R) the full subcategory of compact objects in D(Modg;(R)). Its objects are also

the tensor product on Dglerf(R) simply by ®. Recall that projg(R) denotes the additive category of split
finite projective filtered R-modules.

Corollary 3.5. The canonical functor Kb (projs1(R)) — D(Modg(R)) induces an equivalence of tt-
categories
. -~ of
K (proja(R)) => Dpy" (R).

Proof. The fact that the image of the functor is contained in Dgfrf(R) was proved in Corollary 3.4. It
therefore makes sense to consider the following square of canonical exact functors

Kb (projsi(R)) —— DE(R)

l |

K~ (Projai(R)) —— D~ (Modsii(R))

The vertical arrows are the inclusions of full subcategories. (For the right vertical arrow this follows from
[Keller 1996, 11.7].) Moreover, the bottom horizontal arrow is an equivalence, by [Schneiders 1999,
1.3.22] together with Lemma 2.5. We conclude that the top horizontal arrow is fully faithful as well.

Next, we notice that since projg(R) is idempotent complete by Lemma 2.7, the same is true of its
bounded homotopy category [Balmer and Schlichting 2001, 2.8]. It follows that the image of the top
horizontal arrow is a thick subcategory containing R(n), n € Z. As remarked in the proof of Corollary 3.4,
this implies essential surjectivity.

As tensoring with a split finite projective is strictly exact, by Corollary 2.10, the same is true for objects
in KC? (projsi(R)). It is then clear that the equivalence just established preserves the tensor product. [

For future reference we record the following simple fact.
Lemma 3.6. Let J C Dgfrf(R) be a thick subcategory. Then the following are equivalent:
(1) J is a tt-ideal.
(2) J is closed under R(n) ® —, n € Z.
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Proof. As remarked in the proof of Corollary 3.4, the category of filtered complexes Dgfrf(R) is generated
as a thick subcategory by R(n), n € Z. Thus (2) implies (1):

JRDI(R) =T & (R(n) |n e Z)M* 7.

The converse is trivial. 0
Let us discuss the derived analogues of the functors v and gr, introduced earlier.

Lemma 3.7. The functor & : Modg (R) — Mod(R) is strictly exact and derives trivially to a tt-functor
7 : D(Modgi(R)) — D(R). The latter preserves compact objects and restricts to a tt-functor

7 : D (R) — DP(R),
where DP™(R) denotes the category of perfect complexes over R, i.e., the compact objects in D(R).

Proof. The first statement follows from Lemma 3.1. The functor r being tensor, it preserves rigid objects
and the second statement follows from Corollary 3.4. 0

Lemma 3.8. The functor gr, : Modg(R) — Modg(R) is strictly exact and derives trivially to an ex-
act functor gr, : D(Modg (R)) — D(Modg(R)). The latter preserves compact objects and induces a
conservative tt-functor

gr:=a@gr,: Dgfrf(R) — DP(R).

Proof. That gr, is strictly exact is Lemma 3.1. It follows that gr, derives trivially to give an exact functor
gr, : D(Modg1(R)) — D(Modg(R)). For each n, gr, clearly sends perfect filtered complexes to perfect
complexes, i.e., gr, preserves compact objects (by Corollary 3.4).
The functor @ : Modg(R) — Mod(R) is strictly exact (in fact, it preserves arbitrary kernels and
cokernels) and hence derives trivially as well to give a tt-functor which preserves compact objects.
There is a canonical natural transformation (on the underived level)

gr,®gr, — gr,o®

endowing gr, with the structure of a unital lax monoidal functor [Sjodin 1973, 3]. This natural transfor-
mation is easily seen to be an isomorphism for split finite projective filtered R-modules [Sjodin 1973,
12]. It follows that gr: Kb (projs1(R)) — Kb (proj(R)) is a tt-functor (proj(R) is the category of finitely
generated projective R-modules). Conservativity of this functor follows from Lemma 3.1. U

Finally, notice that viewing Mod(R) as a tensor subcategory of Modg;(R) induces a section
o0 : D™ (R) — DX(R)

to both gr and 7.
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4. Main result

The set of endomorphisms of the unit in a tt-category 7 is a (unital commutative) ring R, called the
central ring of 7. There is a canonical morphism of locally ringed spaces

pr : Spec(T) — Spec(R)
comparing the tt-spectrum of 7 with the Zariski spectrum of its central ring, as explained in [Balmer
2010a].

There is also a graded version of this construction. Given an invertible object u € T, it makes sense to
consider the graded central ring with respect to u ([Balmer 2010a, 3.2], see also Section 5 for further
discussion):

RS-, :=homy(1, u®), eeZ.

This is a unital e-commutative graded ring [Balmer 2010a, 3.3] and we can therefore consider its
homogeneous spectrum. There is again a canonical morphism of locally ringed spaces

o7, - Spec(T) — Spech(R}’u).
The inclusion R — R, as the degree 0 part provides a factorization p7 = (RN —) o pF .
Let us specialize to 7 = Dgfrf(R). The object R(1) € Dglerf(R) is clearly invertible and we define

Ry =R so that

DE(R),R(1)’
R.R - hOnglert(R)(R(o), R(.))a LSS Z

DR, R(D)’

We are now in a position to state our main result.

Also, pg :=p

Theorem 4.1. (1) The graded central ring Ry, is canonically isomorphic to the polynomial ring R[f]
where 5 : R(0) — R(1) as in (2.4) has degree 1.
(2) The morphism
Py : Spec(Dfy" (R)) — Spec” (RIA])

is an isomorphism of locally ringed spaces.

T’

The first part is immediate: by Corollary 3.5, morphisms R(0) — R(n) in Dgl f(R) may be computed
in the homotopy category into which projg;(R) embeds fully faithfully. Using the Yoneda embedding we
therefore find

hom pert ) (R(0), R(1)) = homyco projy (r)) (R(0), R(1))
= homprojﬁl(R) (R(0), R(n))

= @homy(0,n) R
_JR-{0—>n} n=0,
1o n<0

and under this identification, {0 — n} corresponds to 8".
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In the remainder of this section we outline two proofs of the second part of Theorem 4.1 and deduce the
classification of tt-ideals in Dgl (R) in Corollary 4.9. The subsequent sections will provide the missing

details.

First proof of Theorem 4.1(2). It is proven in [Dell’ Ambrogio and Stevenson 2013, 5.1] (R noetherian);
[Dell’ Ambrogio and Stevenson 2014, 4.7] (R general) that the comparison map

p* : Spe(DP™(R[B1),) — Spc”(R[B])

is a homeomorphism, where the thick subcategory of compact objects in D (Modg(R[A])) is denoted
by D(R [ﬁ])gerf. It then follows from Proposition 3.2 and Lemma 3.3 (as well as the identification
Z°° R = Modg(R[B]) discussed in Section 2) that the same is true for pj : Spc(Dgfrf(R)) — Spch(R[,B]).
By [Balmer 2010a, 6.11], the morphism of locally ringed spaces p} is then automatically an isomorphism.

g

Second proof of Theorem 4.1(2). For the second proof of Theorem 4.1.(2) we proceed as follows. By
[Balmer 2010a, 6.11], it suffices to show that

P+ Spe(DRT(R)) — Spel(R)

is a homeomorphism on the underlying topological spaces.

Consider the invertible object R € DP(R) and the associated graded central ring R[z, t~1] where
t =id : R — R has degree 1. The morphisms of graded R-algebras induced by gr and & respectively are
given by

R[B]-&> R[t,t 71 R[B]-Z> R[t,t™ 1] w2
Br—>0 Br—>t '

Recall (Section 3) the existence of a section oy to gr and w. We therefore obtain for & € {gr, 7}
commutative diagrams of topological spaces and continuous maps

Spe(DPr(R)) 2= Spe(DE(R)) 2% Spe(DPert(R))

L

Spe(€) Spe” (09)

o[ Sp(RIE, 1) 2 Speh(RIBY) —2—Speh (Rt 171]) ) 0
l Spe(é) l Spc(oo) l
Spc(R) ————— Spc(R) ———— Spc(R)

where the outer vertical maps are all homeomorphisms [Balmer 2010a, 8.1] and the composition of the
horizontal morphisms in each row is the identity. It follows immediately that both Spc(gr) and Spc()
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are homeomorphisms onto their respective images which are disjoint by (4.2). More precisely, we have

im(Spe(gn) € (pk) ™' (Z(B)) = supp(cone(B)), (4.3)
im(Spe(r)) € (k)™ (U (B)) = U (cone(B)).
It now remains to prove two things:
o Spc(gr) and Spc(rr) are jointly surjective.
* Specializations lift along p%.

Indeed, since p} is a spectral map between spectral spaces [Balmer 2010a, 5.7], it being a homeomorphism
is equivalent to it being bijective and lifting specializations [Hochster 1967, 8.16].

The first bullet point is the subject of the subsequent sections. Let us assume it for now and establish
the second bullet point. In particular, we now assume that the inclusions in (4.3) are equalities. Let
PR(CP) ~ pg(Q) be a specialization in Spc™(R[B)), i.e., PRr(P) C pR(Q). If B ¢ p%(LQ) then both primes
lie in the image of Spc(r) and we already know that 8 ~ Q. Similarly, if 8 € p%(P) then both primes
lie in the image of Spc(gr) and we deduce again that 8 ~~ . So we may assume S € p%(Q)\px(P).
Define t = p%(Q) N R € Spc(R) and notice that

Pr(PB) CrlBl Cr+(B) = pir(Q).
Consequently, the preimage of t[8] under p} is the prime
R = ker(DX" (R) > DM (R) — D (R /1))
which contains the prime
9 = ker(DR™(R) &> DPM(R) — DPI(R/v).
We now obtain specialization relations
P~ R0

and the proof is complete. O
As a consequence of Theorem 4.1 we will classify the tt-ideals in Dgfrf(R).

Lemma 4.4. The following two maps set up an order preserving bijection

{ITcI' |, T C Spc(R) Thomason subsets} <> {Thomason subsets of Spc(DEfrf(R))}
(IT C T') > Spe(r)(IT) U Spe(gr)(IM)
(Spe(m)~'(Y) C Spe(gn ™' (Y)) <Y
Here, the order relation on the left is given by (ITC ) < (I'cTM)if[Icl'and " C T.

Proof. To ease the notation, let us denote in this proof by p : § — T (respectively, g : S — T) the
map Spc(w) : Spc(R) — Spc(Dgfrf(R)) (respectively Spc(gr)). It might be helpful to keep the following
picture in mind.
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g

o

e D

p

Z(B) ~ Spc(R)

U(B) ~ Spc(R)

Thus g and p are spectral maps between spectral spaces, homeomorphisms onto disjoint images which
jointly make up all of 7. Moreover, the image of p is open, and there is a common retractionr : 7 — §
to both g and p.

First, the preimages of a Thomason subset Y C T under the spectral maps g and p are Thomason.
Moreover, every Thomason subset is closed under specializations from which one deduces p~'(Y) C
g~ '(Y). This shows that the map from right to left is well defined.

Next, given IT C I' C Spc(R) two Thomason subsets we claim that p(IT) L g(I") is Thomason as well.
By assumption, we may write [T=(_J, IT; and T" = ; T'j with TI} and F;’ quasicompact open subsets,
and hence also

n:rmr:(Uni)m<UF,-):U(HmF,~)
i J Lj

with (IT; N T ) =TI{ U F; quasicompact open. Then
p(Myug(l) = (U p(IL; N Fj)) U (U g(r») =JpanTy)ug)))
ij J iJ
and we reduce to the case where I1¢ and I'“ are quasicompact open. But in that case,

(p(Mu M) = (p(F)ugT) U pI°) =r~" () U p(IT°).

Again, r is a spectral map and hence the first set is quasicompact open. The second one is quasicompact
by assumption, and also open since p is a homeomorphism onto an open subset. This shows that the map
from left to right is also well defined.

It is obvious that the two maps are order preserving and inverses to each other. O

To state the classification result more succinctly, let us make the following definition.

Definition 4.5. Leta € Dgf’rf(R). For & € {m, gr} set
suppg (@) := {p € Spc(R) | £(a @k (p)) # 0 € DP" (i (p))).
We extend this definition to arbitrary subsets J C Dgfrf(R) by

suppe () := | supp; (@)
acJ
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Lemma 4.6. Leta € Dﬁpfrf(R). Then:

(1) suppy (@) = {p € Spe(R) | a @k (p) # 0 € D™ (e (p))).
(2) supp,(a) C suppy(a).

(3) suppg(a) = supp(&(a)).
Proof.

erf

(1) The functor gr : Dgl (k(p)) — DP(k (p)) is conservative by Lemma 3.8, thus the claim.
(2) This follows immediately from the first part.

(3) We have
supp; (@) = {p € Spc(R) | (@ @Kk (p)) #0 € D (i (p))}

= {p € Spc(R) | £(a) ® k (p) # 0 € D™ (i (p)))
= supp(§(a)). O
The relation to the usual support can be expressed in two (equivalent) ways.
Lemma 4.7. Let a € DX (R). Then
(1) supp(a) = Spc(r)(supp,, (@)) L Spe(gr) (suppy, (a)).
(2) Under the bijection of Lemma 4.4, supp(a) corresponds to the pair supp, (a) C suppg(a).

Proof. Both statements follow from

Spc(§) ™" (supp(a)) = supp(&(a)) = supp; (),
the last equality being true by Lemma 4.6. O

Lemma 4.8. Let Y C Spc(Dglerf(R)) be a Thomason subset, corresponding to I1 C I under the bijection
in Lemma 4.4. Fora € Dgf’rf(R) the following are equivalent:

(1) supp(a) CY.
(2) supp, (a) C I and supp,,(a) C T
Proof. This follows immediately from the way IT C I is associated to Y, together with Lemma 4.7. [J
Corollary 4.9. There is an inclusion preserving bijection:
{ITcI'| I, T C Spc(R) Thomason subsets} < {tt-ideals in Dﬁplerf(R)}
(ITcT)+ {a]|supp,(a) CII, suppgr(a) cTI}
(supp, (J) C suppy,(J)) <+ T

erf er

Proof. A bijection between Thomason subsets of SpC(DE1 (R)) and tt-ideals in Dgl lC(R) is described in
[Balmer 2010b, 14]. Explicitly, it is given by Y + {a | supp(a) C Y} and supp(J) <~ J. The Corollary
follows by composing this bijection with the one of Lemma 4.4, using Lemmas 4.7 and 4.8. O
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5. Central localization

In this section we study several localizations of Dgfrf(R) which will allow us to catch primes (points for
the tt-spectrum). In order to accommodate the different localizations we are interested in, we want to
work in the following setting. Let A be a tensor category with central ring R = hom 4(1, 1), and fix an
invertible object u € A. Most of the discussion in [Balmer 2010a, §3] regarding graded homomorphisms
and central localization carries over to our setting. Let us recall what we will need from [loc. cit.].

The graded central ring of A with respect to u is R* =hom_4(1, u®*). This is a Z-graded e-commutative
ring, where ¢ € R is the central switch for u, i.e., the switch u ® u => u ® u is given by multiplication
by ¢. For any objects a, b € A, the Z-graded abelian group hom’(a, b)) = homy(a, b @ u®*) has the
structure of a graded R°-module in a natural way.

Let S C R* be a multiplicative subset of central homogeneous elements. The central localization S~! A
of A with respect to S is obtained as follows: it has the same objects as A, and for a, b € A,

homg-1 4(a, b) = (S~ hom*,(a, b))°,

the degree O elements in the graded localization.
We now prove that this is in fact a categorical localization.

Proposition 5.1. The canonical functor Q : A — S~ A is the localization with respect to
Y={aa@u® |ac A seS,|s|=n}.
Moreover, S~' A has a canonical structure of a tensor category, and Q is a tensor functor.

Proof. Denote by Q' the localization functor A — X! A. It is clear by construction that every morphism
in ¥ is inverted in S~! A thus Q factors through @', say via the functor F : > 1A — S~!A. The functor
F is clearly essentially surjective. And fully faithfulness follows readily from the fact, easy to verify, that
% admits a calculus of left (and right) fractions [Gabriel and Zisman 1967, 2.2].

The fact that ¥ ! A is an additive category and Q' an additive functor is [Gabriel and Zisman 1967,
3.3], and the analogous statement about the monoidal structure is proven in [Day 1973]. The monoidal
product in ¥ ! A is automatically additive in each variable. (|

Consider the homotopy category K?(A) of A. This is a tt-category (large if A is) with the same graded
central ring R° (with respect to u considered in degree 0).

Lemma 5.2. There is a canonical equivalence of tt-categories S~ K?(A) ~ K?(S7'A), and both are
equal to the Verdier localization of Kb (A) with kernel (cone(s) | s € S).

Proof. The first statement can be shown in two steps. First, consider the category of chain complexes
C?(A) and the canonical functor C?(A) — C?(S~ ' A). By Proposition 5.1, it factors through s—lcb(A) —
CP(S~1.A); fully faithfulness and essential surjectivity of this functor are an easy exercise using the explicit
nature of the central localization. (The point is that for bounded complexes there are always only finitely
many morphisms involved thus the possibility of finding a “common denominator”.)
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Next, since C?(—) — KP(—)isa categorical localization (with respect to chain homotopy equivalences),
Proposition 5.1 easily implies the claim.

Compatibility with the tt-structure is also straightforward. The second statement follows from [Balmer
2010a, 3.6]. O

We want to draw two consequences from this discussion. For the first one, denote by proj(R) the
tensor category of rigid objects in Mod(R), i.e., the category of finitely generated projective R-modules.
We let A = projgi(R) and as the invertible object # we choose R(1) so that R* = R[f].

Lemma 5.3. The functor m : projs(R) — proj(R) is the central localization at the multiplicative set
{B" |n=0} C RIBI

Proof. Consider the set of arrows X ={f" :a — a(n) | a € projs(R), n > 0}. By Proposition 5.1, the central
localization in the statement of the Lemma is the localization at . We have X! projai(R)(a, b) =
lim, homy,j (r)(a(—n), b). At each level n, this maps injectively into homyjr)(a, b), and the
transition maps f +— f o 8 are injective as well since § is an epimorphism, hence the induced map

li_r)nhomprojm(R) (a(—=n), b) — homyi(r)(a, wb)
n

is injective. For surjectivity, we may assume a, b € projgs (R) are of “weight in [m, n]”, i.e., m < n and

gr;(a) =gr;(b) =0foralli ¢ [m, n]. In that case f : ma — wb comes from amap f :a(m —n) — b.
We have proved that 77 : £ ~! projs (R) — proj(R) is fully faithful. Essential surjectivity is clear. [J

Corollary 5.4. The functor w : Dgfrf(R) — DP™(R) is the Verdier localization at the morphisms

B:A— A(l), every A € Dgfff(R). In particular, ker(r) = (cone(B)).

Proof. Let S = {"} C R[B]. We know from Lemma 5.3 that S~! projs(R) = proj(R) hence also

§s! Dgfrf(R) =DPerE(R), by Lemma 5.2, and this is the Verdier localization with kernel (cone(8") | n > 0).
The latter tt-ideal is equal to (cone(8)) by [Balmer 2010a, 2.16] and we conclude. Il

Still in the same context let p C R be a prime ideal. Denote by g : R — R, the canonical localization
morphism, and set S = R\p.

Lemma 5.5. The morphism q induces an equivalence of tensor categories
S~ proj(R) = projsi(Ry).

Proof. The functor S~! projs(R) — projgi(Ry) is given by @ g Ry,. This is clearly a tensor functor. Since
Ry, is local every finitely generated projective Ryp-module is free thus @ g Ry, is essentially surjective. For
full faithfulness notice that @ g Ry, is additive and one therefore reduces to check this for twists of R:

- S7'R n>m,
S~ homprgjey(r) (R(m), R(n)) = {
0 n<m

_|Ry nz=m,
o n<m
= homprojﬁl(Rp)(RP (m)’ Rp (I’l)) O
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Corollary 5.6. The square of topological spaces

S
Spe(DE(R)) <2 Spe(DE(R,))

pRl Jm

is cartesian.

erf

Proof. By Lemmas 5.2 and 5.5, we know that DE] (Ry) is the Verdier localization of Dgfnc(R) with kernel
(cone(s) | s € S). The claim now follows from [Balmer 2010a, 5.6]. O

Remark 5.7. Lemma 5.5 is false for general multiplicative subsets S C R, even without taking into
account filtrations. The proof shows that the functor S~! projg (R) — proja(S~'R) is always fully
faithful but it may fail to be essentially surjective. The correct statement would therefore be that
(S~! projai(R))? ~ projsi (S~' R), where (—)? denotes the idempotent completion. We then deduce
K" (proji(S™' R)) = K" ((S™" projsi(R))")

~ (K2(S7! projai(R)))" [Balmer and Schlichting 2001, 2.8]

~ (S7'KP (projai (R)))* Lemma 5.2
and since the tt-spectrum is invariant under idempotent completion, we obtain a cartesian square as in
Corollary 5.6 for arbitrary multiplicative subsets S C R.

6. Reduction steps

Let R be a noetherian ring. Recall from Section 4 that we would like to prove that the tt-functors
T, gr: DE?HC(R) — DP(R) induce jointly surjective maps

Spe(), Spe(gn) : Spe(D*"(R)) — Spe(Df;™ (R)).
In this section, we will explain how to reduce this statement to R a field. The latter case will be proved in
Section 7, and the case of arbitrary (i.e., not necessarily noetherian) rings will be addressed in Section 8.

Proposition 6.1. Ifr € R is nilpotent then the canonical map
Spe(Dpy" (R/r)) — Spe(Dfy" (R)
is surjective.

Proof. Let F = QgrR/r : Dgfrf(R) — Dglerf(R/r). We will use the criterion in [Balmer 2017, 1.3]
to establish surjectivity of Spc(F), i.e., we want to prove that F detects ®-nilpotent morphisms. Let
f:A—> Be Dglenc(R) such that f := F(f) = 0. Equivalently, we may consider f as a morphism
f':R(0)— A ® B, where A" denotes the dual of A. Then f’ =0 and if (f')®” =0 then also f®" =0,

in other words we reduce to A = R(0).
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The morphism f in Dperf(R) is then determined by a map f°: R(0) — B such that §° f® =0, and
F =0 means that there is a map /z : R/r(0) — B~'/r such that f0=8—1h. Choose a lift # : R(0) — B~
of & to projsi(R). There exists g : R(0) — B such that f© —gr =8~ 1h. The composite gr determines a
chain morphism, and we may assume that f° is of the form gr for some g : R(0) — B°. (The map g
itself does not necessarily determine a chain morphism.)

Let m > 1 such that 7°” = 0. Then f®" : R(0) — B®" is described by the morphism

R(O) (gr) (BO)®m s (B®m)0
which factors as

R(0) =% R(0) 825 (B%)®" — (B®™)",
We conclude that f is ®-nilpotent as required. 0
Proposition 6.2. Let r € R be a nonzerodivisor. The image of the canonical map
Spe(Dpy" (R/r)) — Spe(Dfy" (R)
is precisely the support of cone(r).

Proof. Let F =® R R/r: Dplerf(R) Dperf(R /r). The fact that r is a nonzerodivisor means that R/r(0)
is an object in Dp} "(R) hence F admits a right adjoint G : Dperf(R /r) = perf(R) (which is simply the
forgetful functor). We may therefore invoke [Balmer 2017, 1.7]: the image of Spc(F) is the support of
G(R/r(0)) = cone(r). O

We can now put these pieces together. Notice that we have, for any ring morphism R — R’ and
& € {m, gr}, commutative squares

S /
Spe(DRT(R)) 220D e (pET(RYY) 6.3)

SPC(S)T TSPC(E)

Spc(DP(R)) «+—————— Spc(DPEE(R)).
Spc(®rR")

Let P e SpC(Dp ert (R)) be a prime and set p = pr(B) € Spc(R). From Corollary 5.6 we know that 3

lies in the subspace Spc(DEfrlc

(Ryp)). Using (6.3) we therefore reduce to a local ring (R, p) (still assuming
p = pr(P)). We now do induction on the dimension d of R. In each case, repeated application of
Proposition 6.1 in conjunction with (6.3) allows us to assume R reduced. If d = 0, R is necessarily
a field and this case will be dealt with in Corollary 7.9. If d > 0O there exists a nonzerodivisor r € p.
Proposition 6.2 in conjunction with (6.3) reduce us to R/r but this ring has dimension d — 1 and we

conclude by induction.
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7. The case of a field

In this section we will prove Theorem 4.1 in the case of R = k a field. This will follow easily from a
more precise description of Dgfrf(k).

We begin with a result describing the structure of any morphism in projg; (k). For this, let us agree
to call a quasiabelian category semisimple if every short strictly exact sequence splits. Equivalently, a
quasiabelian category is semisimple if every object is projective.

Lemma 7.1. The category projgi (k) is semisimple quasiabelian.

Proof. Notice that projg (k) C Modg (k) is simply the full subcategory of separated filtered vector spaces

whose underlying vector space is finite dimensional. This is an additive subcategory and the set of objects

is closed under kernels and cokernels in Modg; (k). We deduce that it is a quasiabelian subcategory.
Since every object in projg;(k) is projective (Lemma 2.9), semisimplicity follows. O

Lemma 7.2. Let f : a — b be a morphism in a semisimple quasiabelian category. Then f is the
composition
f=Jmo femo fe, (7.3)
where
e fe is the projection onto a direct summand (in particular a strict epimorphism),
o fem is an epimonomorphism,
o fm is the inclusion of a direct summand (in particular a strict monomorphism).
Proof. As in every quasiabelian category, f factors as
a =L coim( f) L im( f) L2 b,
where f, is a strict epimorphism, f,,, is an epimonomorphism, and f,, is a strict monomorphism. The
lemma now follows from the definition of semisimplicity. O
Remark 7.4. Lemma 7.2 allows to characterize certain properties of morphisms f :a — b in a particularly
simple way:
(1) f is a monomorphism if and only if f, is an isomorphism.
(2) f is an epimorphism if and only if f,, is an isomorphism.
(3) f is strict if and only if f,,, is an isomorphism.
Fix a semisimple quasiabelian category .A. Its bounded derived category D”(.A) admits a bounded
t-structure whose heart D% (A) is the subcategory of objects represented by complexes
0—a-Lb—0, (7.5)

where b sits in degree 0 and f is a monomorphism in A.*

4This is [Schneiders 1999, 1.2.18, 1.2.21]. The reader who is puzzled by the asymmetry of this statement should rest assured
that there is a dual t-structure for which the objects in the heart are represented by epimorphisms [Schneiders 1999, 1.2.23]. Also,
the existence of the t-structures does not require A to be semisimple.



Tensor triangular geometry of filtered modules 1997

Lemma 7.6. The t-structure on D? (A) is strongly hereditary, i.e., for any A, B € DY(A) and i > 2, we
have homps 4y (A, B[i]) =0.

Proof. This follows from the fact that A and B are represented by complexes of the form (7.5), and that
homomorphisms can be computed in the homotopy category. Indeed, as every object in A is projective,
the canonical functor K?(A) — D”(A) is an equivalence [Schneiders 1999, 1.3.22]. Il

Assume now in addition that A is a tensor category and every object is a finite sum of invertibles.
Clearly, projg(k) satisfies this condition.

Proposition 7.7. Every object in DY (A) is of the form
@ cone(g)li1 @ Dejla;l,
i j
where the sums are finite, the c; are invertible in A, and the g; are epimonomorphisms in A.

Proof. Let A € D”(A). By Lemma 7.6, the object A is a finite direct sum of shifts of objects in DY (A).
As discussed above, every object in the heart is represented by a complex as in (7.5). We then deduce
from Remark 7.4 that f is an epimonomorphism g followed by the inclusion of a direct summand, say
with direct complement c. Thus

cone(f) = cone(g) ®c. O

We now come to the study of tt-ideals in Dglerf(k) =Db (projs1(k)). Proposition 7.7 tells us that every

prime ideal is generated by cones of epimonomorphisms in projg; (k). However, it turns out that all these
cones generate the same prime ideal (except if 0, of course).

Proposition 7.8. There is a unique nontrivial, proper tt-ideal in Dgfrf(k) given by
ker(m) = (cone(B)).
In particular, (cone(B)) is a prime ideal.

Proof. The equality of the two tt-ideals follows from Corollary 5.4. Since 7 is a tt-functor and DP™ (k) is
local, it is clear that its kernel is a prime ideal.

Let A be a nonzero object in Dglerf(k) such that (A) # Dgfrf(k). We would like to show (A) = (cone(p)).
By Proposition 7.7, we may assume A = cone(g) where g is a nonstrict epimonomorphism in projg (k).
Writing the domain and codomain of g as a sum of invertibles, we may identify g with a square matrix with
entries in the polynomial ring k[B]. Let p(8) € k[B] be the determinant. Since g is not an isomorphism
neither is gr(g) € pret (k) by Lemma 3.8. We deduce that p(0) = 0, or in other words p(B8) = B - p’(B)
for some p'(B) € k[B].

Let T = Dgfrf(k) /{cone(g)) and denote by ¢ : Dgfrf(k) — T the localization functor. As 7T is a tt-
category we can consider the graded (automatically commutative) central ring R*- with respect to ¢ (k(1)).
Since ¢(g) is invertible, ¢ (p) € R is invertible as well. But then we must have

@) o)) eB) =0 o(p)=1

so ¢(B) is invertible as well. In other words, cone(8) € ker(¢) = (cone(g)).
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Conversely, (g) is an isomorphism since g is an epimonomorphism. In other words, cone(g) €
(cone(f)). O

Corollary 7.9. The canonical morphism

Pr Spec(Dgfrf(k)) — Spech(k[ﬁ])

is an isomorphism of locally ringed spaces. The tt-spectrum Spc(Dglerf(k)) is the topological space

(0) = ker(gr)

(cone(B)) = ker(m)

where the only nontrivial specialization relation is indicated by the vertical line going upward.

8. Continuity of tt-spectra

Our primary goal in this section is to deduce the veracity of Theorem 4.1 from its veracity for noetherian
rings. The idea is to write an arbitrary ring as a filtered colimit of noetherian rings, and since this technique
of reducing some statement in tt-geometry to the analogous statement about “more finite”” objects can be
useful in other contexts we decided to approach the question in greater generality.

Denote by ttCat the category of small tt-categories and tt-functors. For the moment we assume that all
structure is strict, e.g., the tt-functors preserve the tensor product and translation functor on the nose.

Lemma 8.1. The forgetful functor ttCat — Cat creates filtered colimits.

Proof sketch. The fact that filtered colimits of monoidal categories are created by the forgetful functor is
[Johnstone 2002, C1.1.8]. Since filtered colimits commute with finite products, the colimit will be an addi-
tive category. It is obvious how to endow the filtered colimit with a translation functor and a class of distin-
guished triangles. The axioms for the triangulated structure all involve only finitely many objects and mor-
phisms each and therefore are easily seen to hold. The same is true for exactness of the monoidal product.

It remains to check universality. But given a cocone on the diagram there is a unique morphism (a
priori not respecting the tt-structure) from the filtered colimit. Hence all one needs to know is that it
actually does respect the tt-structure. Again, in each case this only involves finitely many objects and

morphisms and is easily seen to hold. g

Let us be given a filtered diagram (7;, f;; : T; — T;)ies in ttCat and denote by 7T its colimit, and by
fi : Ti = T the canonical functors.

Proposition 8.2. The induced map
¢ =1lim f;" : Spe(T) — lim Spe(Ty)
is a homeomorphism.

Proof. This follows from Proposition 8.5. O
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Remark 8.3. In practice, of course, tt-categories and tt-functors are rarely strict, and (filtered) diagrams
of such things are rarely strictly functorial. Denote by 2-t¢Cat the 2-category of small tt-categories,
tt-functors, and tt-isotransformations without any strictness assumptions.

Given a pseudofunctor F : I — 2-ttCat, where [ is a small filtered category, we are going to endow
its pseudocolimit 2-lim, F with the structure of a tt-category. For this, choose a strictification of F, i.e., a
strict 2-functor G : I — Cat together with a pseudonatural equivalence n : F — G (as pseudofunctors
I — Cat). Then use n pointwise to endow each category G (i), where i € I, with the structure of a
tt-category, and each functor G («), where « : i — j, with the structure of a tt-functor. In other words,
make 7 into a pseudonatural equivalence of pseudofunctors I — 2-t¢Cat. Since 2-lim F >~ 2-lim G, we
may assume without loss of generality that F is a strict 2-functor. But in this case the canonical functor
2-lim, F — lim, F from the pseudocolimit to the (1-categorical) colimit is an equivalence (here we use
the assumption that 7 is filtered see [SGA 4, 1972, V1.6.8]). Then we can apply Lemma 8.1.3

Proposition 8.2 also holds in this nonstrict context. Notice first that nonstrict tt-functors induce maps
on spectra exactly in the same way as strict ones. Moreover, isomorphic (nonstrict) tt-functors induce the
same map. Therefore the statement of Proposition 8.2 makes sense also for pseudofunctors I — 2-ttCat.
It is clear that F — 2-lim F satisfies the assumptions of Proposition 8.5 below, thus a homeomorphism

Spc(2-lim F) = @Spc(F(i)).
i

In order to generalize Proposition 8.2 we now abstract the pertinent properties of the relation between
the system (7;, fi;) and the “limit” 7.

Definition 8.4. Let 7, : I — 2-ttCat be a pseudofunctor and f : 7, — 7 a pseudonatural transformation,
T € 2-ttCat. We say that

o f is surjective on morphisms if for each morphism « : @ — b in T there exists i € I, and a morphism
«; a; — b; in T; such that f;(«;) = «.

o f detects isomorphisms if for each a;, b; € T; such that f;(a;) = f;(b;) in T there exists u :i — j
such that 7,(a;) = 7,(b;).

The condition f;(«;) = o here means that there are isomorphisms a = f;(a;) and b = f;(b;) such that

o

a———b

~

fi(ai) ~r fi(Di)

~

commutes. The transformation f being surjective on morphisms implies in particular that f is “surjective
on objects” and even “surjective on triangles”, in an obvious sense. Note also that detecting isomorphisms
is equivalent to detecting zero objects.

SThis is maybe not wholly satisfactory. In analogy to Lemma 8.1 one might expect the statement that 2-ttCat — 2-Cat
creates filtered pseudocolimits. We won’t need this at present, and leave it as a question for the interested reader.
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In the following result a category [ is said to be conjoining if
e [ is nonempty, and
e forany i, j € I thereexistsk € [ andi — k, j — k.

In contrast to a filtered category, it is not necessary that parallel morphisms can be equalized. (Of course,
in applications / will often just be a directed poset.)

Proposition 8.5. Let 7, : I — 2-ttCat be a pseudofunctor with I conjoining and f : T, — T a pseudonat-
ural transformation, T € 2-ttCat. Assume that f is surjective on morphisms and detects isomorphisms.

Then the induced map

¢ :=lim

1

lim £;7' : Spe(7) — lim Spe(77)

is a homeomorphism.
Proof.

(1) We first prove injectivity. Let 3 # Q € Spc(7), say a € B\Q. There exists i € I and a; € 7; such that
fi(a;) = a since f is surjective on objects. But then a; € ffl )\ ffl () which implies ¢ () # ¢ ().

(2) For surjectivity, let (3;); € lim Spe(7;). Define
V={aeT|diecel,aePB,:a= fi(a)}CT.
We claim that 3 can also be described as
VW ={acT|Viel,acT  :a= fi(a;) = a; €P;}.

Indeed, if a € P’ choose i € I and a; € 7; such that a = f;(a;) which is possible since f is surjective
on objects. By definition of 3’ we must have a; € ;, and therefore a € 3. Conversely, if a € B, say
a = fi(a;) witha; € B;, and we are given a’; € T; such thata = fj(a)), letk € I and u; :i >k, u;: j — k.
We have fi7,,(a;) = fi(a;)) =a = f; (a;) = ST, (a}) and so by assumption on f there exists u : k — [
such that Ty, (a;) = T T, (@) = TuTu, (a}) = Tuu; (a;.). The former lies in 3; hence so does the latter,
and this implies a; € ;.

It is now straightforward to prove that 3 is a prime ideal. For example, let D :a — b — ¢ -7 be a
triangle in 7 with a, b € 3. By assumption there exists i € I and a triangle D; :a; — b; — ¢; — T in T; such
that f;(D;) = D. By what we just proved we must then have a;, b; € J3; and hence also ¢; € *13;. But then
¢ = fi(c;) €*B. Since ‘P is clearly closed under translations, this shows that it is a triangulated subcategory.

For thickness we proceed similarly. Let a, b € T such that a b €. We may findi € [ and a;, b; € T;
such that a = fi(a;), b = f;(b;). Then fi(a; ®b;) =a Db € P thus a; ® b; € PB; and this implies a; € B;
or b; € B, i.e., a € P or b € P. Primality is proven in exactly the same way as thickness.

Let ; : lim Spe(7;) — Spe(7;) be the canonical projection so that ;¢ = fl._l. Then

TP = 1P = £71P) =B

and this completes the proof of surjectivity.
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(3) Since ¢ is continuous, it remains to show that it is open. A basis for the topology of Spc(7) is given
by U (a) = Spc(T)\ supp(a), where a runs through the objects of 7. Fix a € T, say a = f;(a;) with some
a; € 7;. We claim that ¢ (U (a)) = nfl(U (a;)) (which is open hence this would complete the proof).
Let B € U(a), which means f;(a;) = a €3, or equivalently, a; € fl._l(&B) = m;p(P), i.e., p(P) €
nfl(U(ai)). Conversely, suppose (3;); € rrlfl(U(al-)), i.e., a; € B;. By the proof of surjectivity in
part (2), (B); = ¢(P) with a € B, ie., (By); € 9(U(a)). O

Remark 8.6. Certainly, these are not the only reasonable conditions on f which allow to deduce a
homeomorphism on spectra. For example, it is likely that surjectivity on morphisms could be replaced
by a nilfaithfulness assumption inspired by [Balmer 2017]. We mainly chose these conditions with easy
applicability in mind.

We may apply this result to filtered modules, thereby concluding the second proof of Theorem 4.1.

erf

Corollary 8.7. If pj : Spc(Dg1 (R)) — Spch(R[ﬁ]) is a homeomorphism for noetherian rings then it is
a homeomorphism for all rings.

Proof. Let R be an arbitrary ring and write it as the filtered colimit of its finitely generated subrings
R =lim, R;. An inclusion R; C R; induces a base change tt-functor g, R; Dgfrf(Ri) — Dgfﬁ(R i)
and we obtain a pseudofunctor Dgfrf(R,) : I — 2-ttCat together with a pseudonatural transformation
f=®R: Dglerf(R,) — Dgfrf(R). Let us check that f satisfies the assumptions of Proposition 8.5.

Note first that every free R-module comes from a free R;-module by base change, for any i. Also, a
morphism between finitely generated free R-modules is described by a matrix with entries in R. Adding
these finitely many entries to R; we see that morphisms also come from some R;. In particular, this
is true for idempotent endomorphisms of finitely generated free R-modules. We deduce that finitely
generated projective R-modules also arise by base change from some R;. The same is then true for
objects and morphisms in projg(R) and therefore also in Dgfﬁ(R) =K (projai(R)) (Corollary 3.5). In
other words, f is surjective on morphisms. Moreover, a perfect filtered complex is 0 in Dglerf(R) if and
only if it is nullhomotopic and such a homotopy again comes from some R;. We conclude that f detects
isomorphisms as well.

We may therefore apply Proposition 8.5 to deduce a commutative square

Spe(Df" (R)) —— lim, Spe(D;" ()

p}l l(p;i)i

Spc"(R[B]) — lim; Spc™(R;[B])

where the top horizontal map is a homeomorphism. Since the R; are all noetherian rings, the right vertical
map is a homeomorphism by assumption. And the bottom horizontal map is clearly a homeomorphism.
We conclude that the left vertical map is too. O
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The Euclidean distance degree of
smooth complex projective varieties

Paolo Aluffi and Corey Harris

We obtain several formulas for the Euclidean distance degree (ED degree) of an arbitrary nonsingular
variety in projective space: in terms of Chern and Segre classes, Milnor classes, Chern—Schwartz—
MacPherson classes, and an extremely simple formula equating the Euclidean distance degree of X with
the Euler characteristic of an open subset of X.

1. Introduction

The Euclidean distance degree (ED degree) of a variety X is the number of critical nonsingular points
of the distance function from a general point u outside of X. This definition, tailored to real algebraic
varieties, may be adapted to complex projective varieties X, by considering the critical points of the
(complex-valued) function ), (x; — u;)* on the smooth part of the affine cone over X. This is the context
in which we will work in this paper. The ED degree is studied thoroughly in [Draisma et al. 2016], which
provides a wealth of examples, results, and applications. In particular, [Draisma et al. 2016, Theorem 5.4]
states that the ED degree of a complex projective variety X € P"~! equals the sum of its “polar degrees”,
provided that the variety satisfies a technical condition related to its intersection with the isotropic quadric,
i.e., the quadric Q with equation x12 +---+x2=0. As a consequence, a formula is obtained [Draisma
et al. 2016, Theorem 5.8] computing the Euclidean distance degree of a nonsingular variety X, assuming
that X intersects Q transversally, i.e., under the assumption that Q N X is a nonsingular hypersurface
of X. This number is a certain combination of the degrees of the components of the Chern class of X
(see (3-1)); we call this number the “generic Euclidean distance degree” of X, gEDdeg(X), since it equals
the Euclidean distance degree of a general translate of X.

There are several directions in which this formula could be generalized. For example, the hypothesis
of nonsingularity on X could be relaxed; it is then understood that the role of the Chern class of X is
taken by the so-called Chern—Mather class of X, one of several generalizations of the notion of Chern
class to possibly singular X. The resulting formula (see, e.g., [Aluffi 2018, Proposition 2.9]) gives the
generic ED degree of an arbitrarily singular variety X. In a different direction, one could maintain the
nonsingularity hypothesis, but attempt to dispose of any requirement regarding the relative position of Q
and X, and aim at computing the “actual” ED degree of X.

MSC2010: primary 14C17; secondary 14N10, 57R20.
Keywords: algebraic optimization, intersection theory, characteristic classes, Chern—Schwartz—MacPherson classes.
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The main result of this note is of this second type. It consists of formulas for the Euclidean distance
degree of an arbitrary nonsingular subvariety of projective space; different versions are presented, in
terms of different types of information that may be available on X. The simplest form of the result is the
following:

Theorem 8.1. Let X be a smooth subvariety of P"~', and assume X & Q. Then
EDdeg(X) = (=)™ ¥ x (X \ (QU H)), (1-1)
where H is a general hyperplane.

Here, yx is the ordinary topological Euler characteristic. This statement will be proven in Section 8; in
each of Sections 5—7 we obtain an equivalent formulation of the same result. These serve as stepping stones
in the proof of (1-1), and seem of independent interest. Theorems 5.1 and 6.1 will express EDdeg(X) as a
“correction” y (X) of the generic Euclidean distance degree due to the singularities of Q N X. For example,
it will be a consequence of Theorem 6.1 that when Q N X has isolated singularities, then this correction
equals the sum of the Milnor numbers of the singularities. (If X is a smooth hypersurface of degree # 2,
the singularities of Q N X are necessarily isolated; see Section 9.3.) Theorem 5.1 expresses y (X) in terms
of the Segre class of the singularity subscheme of Q N X; this version of the result is especially amenable
to effective implementation, using available algorithms for the computation of Segre classes [Harris 2017].
Theorem 7.1 relates the Euclidean distance degree to Chern—Schwartz—MacPherson classes, an important
notion in the theory of characteristic classes for singular or noncompact varieties. In fact, EDdeg(X)
admits a particularly simple expression, given in (7-3), in terms of the Chern—Schwartz—MacPherson
class of the nonsingular, but noncompact, variety X ~ Q. Theorem 8.1, reproduced above, follows from
this expression.

The progression of results in Sections 5-8 is preceded by a general formula, Theorem 4.3, giving the
correction term y (X) for essentially arbitrary varieties X. Coupled with [Aluffi 2018, Proposition 2.9],
this yields a general formula for EDdeg(X). This master formula is our main tool for the applications to
nonsingular varieties obtained in the sections that follow; in principle it could be used in more general
situations, but at this stage we do not know how to extract a simple statement such as formula (1-1) from
Theorem 4.3 without posing some nonsingularity hypothesis on X.

Refining the techniques used in this paper may yield more general results, but this is likely to be
challenging. Ultimately, the reason why we can obtain simple statements such as (1-1) is that Segre
classes of singularity subschemes of hypersurfaces of a nonsingular variety X are well understood. In
general, singularities of X will themselves contribute to the singularity subscheme of Q N X, even if the
intersection of Q and X is (in some suitable sense) “transversal”. In fact, for several of our formulas to
hold it is only necessary that X be nonsingular along Q N X (see Remarks 5.2 and 6.2).

The raw form of our result is a standard application of Fulton—-MacPherson intersection theory, modulo
one technical difficulty, which we will attempt to explain here. Techniques developed in [Draisma
et al. 2016] express the ED degree as the degree of a projection map from a certain correspondence in
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P"~1x P*~1. Applying Fulton-MacPherson’s intersection theory, one obtains a formula for the ED degree
involving the Segre class of an associated subscheme Z2 in the conormal space of X (Theorem 4.3);
this formula holds for arbitrary X & Q. In the nonsingular case, the formula may be recast in terms
of the Segre class in X of a scheme supported on the singular locus of Q N X. A somewhat surprising
complication arises here, since this scheme does not coincide with the singularity subscheme of Q N X.
However, we can prove (Lemma 5.4) that the ideal sheaves of the two subschemes have the same integral
closure, and deduce from this that their Segre classes coincide. This is key to our explicit formulas.

This technical difficulty is likely one of the main obstacles in extending the results of this paper to
the case of more general subvarieties of projective space, by analogous techniques. We may venture the
guess that a different approach, aiming at “understanding” (1-1) more directly, without reference to the
theory of characteristic classes of singular varieties, may be more amenable to generalization. Finding
such an approach would appear to be a natural project.

Preliminaries on the Euclidean distance degree are given in Section 2. In Section 3 we point out
that (1-1), in its equivalent formulation (8-2), agrees with gEDdeg(X) when X is nonsingular and meets
the isotropic quadric transversally. We find that this observation clarifies why a formula such as (1-1) may
be expected to hold without transversality hypotheses. It is perhaps natural to conjecture that an analogue
replacing ordinary Euler characteristics in (1-1) with the degree xma of the Chern—Mather class may hold
for arbitrary varieties. Under the transversality hypothesis, an analogue of (8-2) does hold for possibly
singular varieties, as we show in Proposition 3.1. The main body of the paper consists of Sections 4—8
Examples of applications of the results obtained here are given in Section 9.

2. Preliminaries on the Euclidean distance degree

As recalled in the introduction, the Euclidean distance degree of a variety in R" is the number of critical
nonsingular points of the (squared) distance function from a general point outside of the variety. We
consider the complex projective version of this notion: for a subvariety X € P"~! := P(C"), we let
EDdeg(X) be the number of critical points of the (complex) function

(1 = un)? - G — ) 2-1)
which occur at nonsingular points of the cone over X, where (uy, ..., u,) is a general point.

Remark 2.1. If X is a subset of the isotropic quadric Q (with equation xl2 +-+ x,% = 0), then the
quadratic term in (2-1) vanishes, and (2-1) has no critical points. Therefore, EDdeg(X) = O in this case,
and we can adopt the blanket convention that X € Q. With suitable positions, our results will hold
without this assumption (see, e.g., Remark 5.8).

The definition of EDdeg(X) may be interpreted in terms of a projective ED correspondence, and this
will be needed for our results. Our reference here is [Draisma et al. 2016, §5] (but we use slightly different
notation). Consider the projective space P"~! and its dual pr—1, parametrizing hyperplanes in P"~!. It
is well-known that the projective cotangent space T*P" := P(T*P"~!) of P"~! may be realized as the
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incidence correspondence I C P! x P"~! consisting of pairs (p, H) with p € H. Every subvariety
X C P"~! has a (projective) conormal space T% P"—!, defined as the closure of the projective conormal

variety to X; this may be realized as

TyP"i={(p,H)|pe X" and T,X CH}C [ =T*P""",
Consider the subvariety Z € P! x P—! x C" obtained as the image of
(o y ) € (© N {0D? x C" [u=x+y):
that is,

Z ={(x],[y],u) e P" ' x P! x C" | dim(x, y, u) <2} (2-2)

consists of points ([x], [y], u) such that [x], [y], [u] are collinear. The (projective joint) ED correspon-
dence PE (denoted PEx y in [Draisma et al. 2016]) is the component of (T% P-lxChHNZ dominating
T*X[P’”_l. Thus, the fiber of PE over ([x], [y]) € TT}‘([I:D”_1 consists, for [x] # [y], of the vectors u € C”
in the span of x and y; this confirms that P¢ is irreducible and has dimension n. (Since X € Q by our
blanket assumption, there exist points ([x], [y]) € T}IP"‘I with [x] # [y].) The projection PE — C”" is
in fact dominant, and we have the following result.

Lemma 2.2. The Euclidean distance degree EDdeg(X) equals the degree of the projection PE — C".
Proof. This is implied by the argument in the proof of [Draisma et al. 2016, Theorem 5.4]. g

Lemma 2.2 suggests that one should be able to express EDdeg(X) in terms of an intersection with the
fiber Z, of Z over a general point u € C". We may view Z, as a subvariety of P"~! x Pt

Z,={(lx], [y]) € P! x P"! | dim(x, y, u) < 2},

where u is now fixed (and general). It is easy to verify that Z, is an n-dimensional irreducible variety,
and that
(ZA=h"24""h+- k"2 (2-3)

in the Chow group A, (P"~! x Pr=1). Here, h, resp. h, denote the pull-back of the hyperplane class from
P!, resp. pr-t, (For example, one may verify (2-3) by intersecting Z,, with suitably chosen P’ x P
within P"~! x P"~!.) This implies the following statement; see [Draisma et al. 2016, Theorem 5.4].

Lemma 2.3. For all u € C*~! and all subvarieties X C P"~1,
n—2
Z, TP =) 8i(X),
i=0

where the numbers §;(X) are the polar degrees of X.

Indeed, the polar degrees are (by definition) the coefficients of the monomials R [i+1 in the class
[TeP—1].
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In view of Lemma 2.3, we define

n—2
gEDdeg(X) 1= ) | 8i(X),

i=0
the “generic Euclidean distance degree” of X. By Lemma 2.2, EDdeg(X) is the contribution of the
projective ED correspondence to the intersection number gEDdeg(X) = Z, - T} P"=! calculated in
Lemma 2.3. It is a consequence of [Draisma et al. 2016, Theorem 5.4] that if X is in sufficiently general
position, then this contribution in fact equals the whole intersection number, i.e., EDdeg(X) = gEDdeg(X).
Our goal is to determine a precise “correction term” evaluating the discrepancy between EDdeg(X) and
gEDdeg(X) without any a priori hypothesis on X. In Section 4 we will formalize this goal and deduce
a general formula for EDdeg(X) for an arbitrary variety X. In Sections 4-8 we will use this result to
obtain more explicit formulas for EDdeg(X) under the assumption that X is nonsingular.

3. The generic Euclidean distance degree, revisited

This section is not used in the sections that follow, but should help motivating formula (1-1), which will
be proven in Section 8. We also propose a possible conjectural generalization of this formula to arbitrary
projective varieties.
We have defined the “generic” Euclidean distance degree of a subvariety X € P"~! as the sum of its
polar degrees. In [Draisma et al. 2016, Theorem 5.8] it is shown that if X is nonsingular, then
dim X
gEDdeg(X) = Y (=D ¥ He(x) ;274 — 1); (3-1)
j=0
this number may be interpreted as the Euclidean distance degree of a general translation of X, which will
meet Q transversally by Bertini’s theorem. Here ¢(X); is the degree of the component of dimension j of
the Chern class ¢(T X) N[X] of X. Formula (3-1) holds for arbitrarily singular varieties X if one replaces
c(X) with the Chern—Mather class ¢y (X) of X [Aluffi 2018, Proposition 2.9].
Assume first that X is nonsingular. As a preliminary observation, the reader is invited to perform the
following calculus exercise:

For 0 < j < N, the coefficient of t" in the expansion of
tN=J
(1+0)(1+21)
is (=17 QI+ —1).
With this understood, we have the following computation:

dim X

gEDdeg(X) = (_l)dimx Z C(X)j(—l)f(21+1 1
j=0
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di Xdimx pdimX=j dim X ~1
=Y 0, | Gy A
. 1
_ (__1\dimX .
= /<1+h>(1+2h) crH)NIX]

1+h 1420 (A+h)(1+2h) '

Assuming further that X is transversal to Q and that H is a general hyperplane, the last expression may
be rewritten as

(—1)dimx(/ c(TX)ﬂ[X]—/c(T(XﬂH))ﬂ[XﬂH]

—/C(T(XﬂQ))ﬂ[XﬂQ]+/c(T(XﬂQﬂH))ﬂ[XﬂQﬂH])

(by transversality, all of the loci appearing in this expression are nonsingular). The degree of the zero-
dimensional component of the Chern class of a compact complex nonsingular variety is its topological

Euler characteristic, so this computation shows
EDdeg(X) = (=)™ ¥ (x(X) = x(X N H) = x (XN Q) + x (X N Q N H)), (3-2)

if X is nonsingular and meets Q transversally (and where H is a general hyperplane).

Theorem 8.1 will amount to the assertion that (3-2) holds as soon as X is nonsingular, without any
hypothesis on the intersection of Q and X. By the good inclusion-exclusion properties of the Euler
characteristic, (3-2) is equivalent to (1-1).

While the computation deriving (3-2) from [Draisma et al. 2016, Theorem 5.8] is trivial under the
transversality hypothesis, we do not know of any simple way to obtain this formula in the general case.
The next several Sections (4-8) will lead to a proof of (3-2) for arbitrary nonsingular varieties.

The above computation can be extended to singular projective subvarieties. Just as the topological Euler
characteristic of a nonsingular variety is the degree of its top Chern class, we can define an “Euler—Mather
characteristic” of a possibly singular variety V' by setting

ota(V) = / exa(V),

the degree of the Chern—Mather class of V. This number is a linear combination of Euler characteristics
of strata of V, with coefficients determined by the local Euler obstruction Eu, a well-studied numerical
invariant of singularities.

Proposition 3.1. For any subvariety X C P"~! intersecting Q transversally,
EDdeg(X) = (= D™ (s (X) = xa1a(X N Q) = xata(X N H) + xma(X N QN H)), (3-3)

where H is a general hyperplane.
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Proof. Argue precisely as in the discussion leading to (3-2), using [Aluffi 2018, Proposition 2.9] in place
of [Draisma et al. 2016, Theorem 5.8]. The only additional ingredient needed for the computation is the
fact that if W is a nonsingular hypersurface intersecting a variety V transversally, then

w
ema(WNV) = Tow Nema(V).

For a much stronger result, and a discussion of the precise meaning of “transversality”’, we address the
reader to [Schiirmann 2017], particularly Theorem 1.2. 0

Of course (3-3) specializes to (3-2) when X is nonsingular, under the transversality hypothesis; but it
does not do so in general, because Q N X may be singular even if X is nonsingular, and xya(Q N X)
does not necessarily agree with x(Q N X) in that case. Therefore, the transversality hypothesis in
Proposition 3.1 is necessary. The signed Euler—Mather characteristic of the complement,

(—D)ImX (X (QU H)) = (—1)mX / e (Bux o)

(where ¢, denotes MacPherson’s natural transformation) may be the most natural candidate as an expression
for EDdeg(X) for arbitrary subvarieties X € P"~!, without smoothness or transversality hypotheses.

4. Intersection formula

In Section 2 we defined the projective ED correspondence PE to be one component of the intersection
(T% P"~! x C") N Z, where Z is the variety of linearly dependent triples defined in (2-2). We next
determine the union of the other irreducible components. We denote by A the diagonal in P"~! x pr-1,
In this section, X CP" lisa subvariety (not necessarily smooth), and X Z Q (see Remark 2.1).

Lemma 4.1. There exists a subscheme Z* C T% P! % C" such that
(TEP" ' xCHYNZ=PEUZA,
where the support of Z* equals the support of (A N T% Py x C™.

Proof. Consider the projection (T%P"~! x C")NZ — P"~! x P"~!. We have already observed in Section 2
that the fiber over ([x], [y]) € T}[P’”‘l, ([x], [y]) € A, consists of the span (x, y) in C"; it follows that
PE is the only component of the intersection dominating T7% P"=1. (Again note that since X Z Q, there
are points ([x], [y]) € T, (Ix], [y]) ¢ A.)

We claim that if ([x], [x]) € T}}P”_l, then the fiber of (T}}P”_l x C")N Z over ([x], [x]) consists of
the whole space C"~!; the statement follows immediately from this assertion.

Trivially, ([x], [x], u) € T;[P’”_l x C" for all u, so we simply need to verify that ([x], [x], u) € Z for
all u € C". But this is clear, since there are points ([x'], [¥'], u) with u € (x’, y’) and ([x'], [¥']) arbitrarily
close to ([x], [x]). O
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The fact that Z contains A x C" (used in the proof) may also be verified by observing that equations
for Z in P"~! x P! x C" are given by the 3 x 3 minors of the matrix

X] X2 ... Xp
Y Y2 oo Y 4-1)
Up Uy ... Uy

associated with a point ([x], [y], u) € pr=1 x pr-1 x C"; the diagonal A x C" obviously satisfies these
equations.

Now we fix a general u € C". By Lemma 2.2, the fiber P&, consists of EDdeg(X) simple points, which
will be disjoint from the diagonal for general u. On the other hand, for all u, the fiber Z, (when viewed
as a subvariety of P"~! x P=1) contains A. We deduce the following consequence of Lemma 4.1.

Corollary 4.2. For a general u € C",
Z,NT% P"~! = {(EDdeg(X) simple points} Ll ZuA
(as subschemes of T% P"~1), where the support of Z agrees with the support of AN T% Pl

Taking into account Lemma 2.3 we obtain that

EDdeg(X) = gEDdeg(X) — v (X), 4-2)

B

where y (X) is the contribution of ZuA to the intersection product Z,, - T} P!, This “correction term’
¥ (X) does not depend on the chosen (general) u, and vanishes if A NT% P"—! = &, since in this case
Z2 = @ by Corollary 4.2. This special case recovers the statement of [Draisma et al. 2016, Theorem 5.4],
and indeed (4-2) is essentially implicit in [loc. cit.]. We are interested in computable expressions for the
correction term y (X).

We will first obtain the following master formula, through a direct application of Fulton—-MacPherson
intersection theory. The diagonal A is isomorphic to P"~!, and we denote by H its hyperplane class, as
well as its restrictions. (Thus, H agrees with the restriction of both /4 and h.)

Theorem 4.3. With notation as above,
y00 = [+ 1y szt TiEn ) (43)

for u general in C".

Here, [ denotes degree, and s(—, —) is the Segre class, in the sense of [Fulton 1984, Chapter 4]. Segre
classes are effectively computable by available implementations of algorithms (see, e.g., [Harris 2017]).
However, the need to obtain explicit equations for the scheme Z2, and conditions guaranteeing that a
given u is general enough, limit the direct applicability of Theorem 4.3. Our task in the next several
sections of this paper will be to obtain from (4-3) concrete computational tools, at the price of requiring
X to be of a more specific type — we will assume in the following sections that X Z Q is nonsingular,
but otherwise arbitrary.
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The proof of Theorem 4.3 requires some additional information on Z,, which we gather next. As
noted in Section 2, Z, is an irreducible n-dimensional subvariety of P"~! x pr-t, Equations for Z, in
P! x P! are given by the 3 x 3 minors of the matrix (4-1), where now u = (uy, ..., u,) is fixed. The

diagonal A is a divisor in Z,,.
Lemma 4.4. The subvariety Z, of P! x P*~! is smooth at all points ([x], [y]) # ([u], [u]).

Proof. Given (x, y, u) € P! x P! x C" we can change coordinates so that u = (1, 0, ..., 0). If either
[x] or [y] is not [u], we may without loss of generality assume that x,, # 0, and hence x, = 1. The ideal
of Z, at this point ([x], [y]) is generated by the 3 x 3 minors of

X1 X2 ... Xp—1 1
Y Y2 oo Yn—1 Yn
1. 0... 0 O

and among these we find the n — 2 minors
yl_xlyna i=2,---,n_1.

Near ([x], [¥]), these generate the ideal of an irreducible smooth complete intersection of dimension
n = dim Z,, which must then coincide with Z,, in a neighborhood of ([x], [y]), giving the statement. [

Denote complements of {([u], [u])} by °. Thus Z; = Z, ~ {([u], [uD}, A° = A~ A{([u], [ul)}, etc. By
Lemma 4.4, Z7 is a local complete intersection in (P! x I]E’”_l)", and we let N be its normal bundle.

Lemma 4.5. With notation as above, ¢(N)|po = (1 + H)*~ 1.

Proof. Consider the rational map
TP x Pl P2 i pr?

defined by the linear projection from [u] on each factor. Let U € P"~! x P! be the complement of
the union of {[u]} x P"~! and pPr1 x {[u]}; thus, 7|y : U — P* 2 xP"?isa regular map, and U
contains A°. A simple coordinate computation shows that Z, NU == |l_]1 (A"), where A’ is the diagonal
in P"~2 x P"2, Tt follows that

Nlz,nv =75 (NaP 2 x P"2) Z |5 (TA).

Since A’ = P2, ¢(TA') = (1+ H')"~!, where H' is the hyperplane class. The statement follows by
observing that the pull-back of H' to A° agrees with the pull-back of H. This is the case, since the
restriction 77| e 1 A° = P71\ {u} — A’ = P"? is a linear projection. O

With these preliminaries out of the way, we can prove Theorem 4.3.

Proof of Theorem 4.3. Since [u] is general, it may be assumed not to be a point of X. This ensures that
([ul, [u]) & T%P"~; in particular

o —1 —1
ZeNTyP ' = Z, N TP,
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It follows that, as a class in A, (Z, N T% P"~1), the (Fulton-MacPherson) intersection product of T% pr-1
by Z, on P! x -1 equals the intersection product of T}*([P’”_l by Z2 on (P"~! x pr—1ye,
Therefore, we can view y (X) as the contribution of Z2 to Zg - T%P"~!. Consider the fiber diagram

Z,NTiP ! —— TPl

| |

le (I]:[)nfl x nfpnfl)o
By [Fulton 1984, §6.1] (especially Proposition 6.1(a), Example 6.1.1), this contribution equals
/c(gl}AN)ﬂs(ZuA,T;}IP’”_I),

where N = Nz (P"~! x P*=1)° as above. Since Z2 is supported on a subscheme of A°, (gl N) equals
(the restriction of) (1 + H)" ! by Lemma 4.5. The stated formula follows. O

Summarizing, we have proven that

u’

EDdeg(X) = gEDdeg(X) — / (1+H)"'ns(z2, TP (4-4)

for all subvarieties X ¢ Q of P*~!. (If X C Q, then EDdeg(X) = 0; see Remark 2.1.) The quantity
gEDdeg(X) is invariant under projective translations, and may be computed in terms of the Chern—Mather
class of X. The other term records subtle information concerning the intersection of X and Q, by means
of the Segre class s(Z2, T% P"—1). We will focus on obtaining alternative expressions for this class.

5. Euclidean distance degree and Segre classes

Now we assume that X € P"~! is a smooth closed subvariety. As recalled in Section 3, in this case
gEDdeg(X) is given by a certain combination of the Chern classes of X:

dim X

gEDdeg(X) = (=D X Y~ (=) e(X); @7 - 1),

j=0
An application of Theorem 4.3, obtained in this section, will yield an explicit formula for the correction
term ¥ (X) (and hence for EDdeg(X)). This result has two advantages over Theorem 4.3: first, the formula
will not depend on the choice of a general u; second, its ingredients will allow us to draw a connection
with established results in the theory of characteristic classes for singular varieties, leading to the results
presented in Sections 6-8.

The main result of this section is the following. Recall that we are denoting by Q the isotropic quadric,
i.e., the hypersurface of P"~! with equation > xi2
contained in Q, we have that Q N X is a (possibly singular) hypersurface of X. We let J(Q N X) denote
its singularity subscheme, defined locally by the partial derivatives of its equation in X (or equivalently

=0. By our blanket assumption that X should not be
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by the appropriate Fitting ideal of the sheaf of differentials of Q N X). Also, recall that & denotes the
hyperplane class in P"~!.

Theorem 5.1. Let X be a smooth subvariety of P!, and assume X € Q. Then

(142h)-c(T*X®0(2h))
1+h

The key ingredient in (5-1) is the Segre class s(J(Q N X), X). This may be effectively computed by
using the algorithm for Segre classes described in [Harris 2017].

EDdeg(X):gEDdeg(X)—/ Ns(J(ONX), X). (5-1)

Remark 5.2. It will be clear from the argument that it is only necessary to require X to be nonsingular in
a neighborhood of Q N X. (Of course X must only have isolated singularities in this case.) Formula (5-1)
holds as stated in this more general case; gEDdeg(X) may be computed using the same formula as in
the smooth case (that is, (3-1)), but using the degrees of the component of the Chern—Mather class of X
[Aluffi 2018, Proposition 2.9]. The hypothesis X Z Q is also not essential; see Remark 5.8.

The proof of Theorem 5.1 will rely on a more careful study of the schemes A NT5 P*~! and Z2
encountered in Section 4. In Corollary 4.2 we have shown that these two schemes have the same support;
here we will prove the much stronger statement that they have the same Segre class in T% P"~!. Since
ANTY P~ is closely related with J(Q N X) (Lemma 5.3), this will allow us to recast Theorem 4.3 in
terms of the Segre class appearing in (5-1), by means of a result of W. Fulton.

Recall that A C Z,, (in fact, A is a divisor in Z,,); it follows that

ANTyP 1 C Z2.
These two schemes have the same support (Corollary 4.2); but they are in general different. It is
straightforward to identify A NT% P"~! with a subscheme of X.

Lemma 5.3. Let § : P! — P~ x P! be the diagonal embedding, and let X be a smooth subvariety
of P"~!. Then J(QNX) = 8*1(T}‘(ﬂ3’”*1), i.e., § maps J(Q N X) isomorphically to A HT}}P”*I.

Proof. Since T4P"~! C P(T*P"!), we have
ANTEP ' = ANPT*P"HNTEP ' = TP TP (5-2)

The diagonal § restricts to an isomorphism ¢q : Q = TZ P"~!. By (5-2), we have that §~! (T% P"~1) agrees
with ¢! (T% P"—1), viewed as a subscheme of P"~!.

Now q_l (T% P"—1) consists of points [x] such that [x] € QN X and Tj,; O D T}, X, and these conditions
define J (Q N X) scheme-theoretically. The statement follows. Il

Determining Z2 requires more work. We may assume without loss of generality that u = (1,0, ..., 0),
so that equations for Z2 are given by the 3 x 3 minors of

X1 X2 ... Xp—1 Xn

yi Y2 «-- Yn—1 Yn
1 0... 0 O
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(defining Z,) as well as the requirement that ([x], [y]) € T} P71, It is in fact useful to keep in mind that,
for ([x], [y]) € T{P"~!, ANT4P ! is defined by the 2 x 2 minors of

<x1 X2 ... Xp_i x,,)
Yr Y2 --- Yn—1 Yn
while Z2 is defined (near the diagonal) by the 2 x 2 minors of
(XZ cee Xp—1 xn)
Y2 «-v Yn—1 Yn .
Let $ aqrypi-1 2 $za be the corresponding ideal sheaves on T% Pl
Lemma 5.4. The ideal 9 ANTEPr-1 IS integral over $ z». Therefore,
S(Z5, TeP"™ ) =s(ANTEP L, THP ). (5-3)
Proof. The second assertion follows from the first; see the proof of [Aluffi 1995, Lemma 1.2]. The first
assertion may be verified on local analytic charts, so we obtain an analytic description of T% P !ata
point ([x], [x]) of the diagonal. Again without loss of generality we may let [x]=(1:0:---:0:i) e ONX,
and assume that the embedding ¢ : X — P"~! has the following analytic description near this point:
i) =(s2,...,80) > (Lisaioi80:@ap1(8) i+ @u(s)).
Here s are analytic coordinates for X, centered at 0, and ¢;(0) =0 for j =d+1,...,n—1, ¢,(0) =i.
The tangent space to X at (s) is cut out by the n — d hyperplanes
QX2+t Qigxg—x;=®;x;, j=d+1,...,n, (5-4)
where ¢ = d¢;/ds; and
Q; =gjos0+- -+ @Qjasa — ;-

The hyperplanes (5-4) span the fiber of T% P"~! over the point ¢(s). Therefore, A N T% P"=! is cut out
by the 2 x 2 minors of the matrix

( : TP b VR it %> (5-5)
2P =2 ke o =X Aid havt oo b
where Ag41, ..., A, are homogeneous coordinates in the fibers of T5%P"~!, while Z2 is cut out by the
2 x 2 minors of
( 52 . Sd Qd+1 - - <Pn> ‘ 56
- Z.i Aj®j2 e = Z‘,‘ AjQja Aagy1 - Ay

The last several minors in both matrices may be used to eliminate the homogeneous coordinates A ;,
giving A; o« ¢;; in other words, we find that, near ([x], [x]) both A N T§[P’”_l and ZuA lie in the local
analytic section o : X — T} P"—! defined by

0(8): (A1 ) = (@at1(8) i+ - - @u(s)).
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Setting A; = ¢; we obtain from (5-6) generators

Sk+290j(ﬂjk, k=2,...,d (5-7)
J

for the ideal of Z2 in o (X); the same generators, together with

1— ) 90, (5-8)

j=d+1

give the ideal of A N TF”;([P’"_I in o (X). It suffices then to verify that (5-8) is integral over the ideal
generated by (5-7).
For this, note that the hypersurface (~'(Q N X) has the equation

G) =143+ 45+, + +or

Since 0G/dsy = 2(s + Zj ®;j®;jk), the ideal generated by (5-7) is nothing but

(8G BG)‘ (5-9)

a—sz, ey E
On the other hand, (5-8) may be written as

n

n
1— Z pj®j=1- Z @j(@josa+ -+ @jasa — ;)
j=d+1 j=d+1

:1—52(Z¢j¢j2) —---—Sd(2¢j<pjd>+<p§+1 +ot gy
- .

J
~14sy4 i+l +o+ep =Gls)

modulo (5-7). Since G is integral over (5-9) by [Huneke and Swanson 2006, Corollary 7.2.6], this shows
that (5-8) is integral over (5-7), as needed. Il

Remark 5.5. The argument also shows that the ideal of ANT% P"~!in o (X) equals (G, dG/0ds», ...,
0G/dsy), that is, the (local analytic) ideal of J(Q N X). This confirms the isomorphism J(Q N X) =
ANT%P"! obtained in Lemma 5.3.

Remark 5.6. The smoothness of X is needed in our argument, since it gives us direct access to the
conormal space T7% P"~!. However, it is reasonable to expect that (5-3) holds without this assumption,
and it would be interesting to establish this equality for more general varieties.

By Theorem 4.3 and Lemma 5.4,
y(X) :/(1+H)"—‘ Ns(ANTLEP! ThP (5-10)

if X is nonsingular and not contained in Q. We are now ready to prove Theorem 5.1.
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Proof of Theorem 5.1. Our main tools are Lemma 5.3 and a result of W. Fulton. For a closed embedding
V C M of a scheme in a nonsingular variety M, Fulton [1984, Example 4.2.6] proves that the class

cr(V) :=c(TMly)Ns(V,M) (5-11)

is independent of M ;. We call cg(V) the “Chern—Fulton class” of V.

By Lemma 5.3, the diagonal embedding & : P"~! — P"~1 x P! restricts to an isomorphism 8| onx) :
J(ONX) S AN T}‘}P"‘l. Letw’: AN T}“([P’”_l — J(Q N X) be the natural projection, that is, the
inverse of 8|;(onx). Then

cr(A rﬂ@l]j’”*l) =7""ce(J(Q N X)) (5-12)

by Fulton’s result. We proceed to determine this class. The Euler sequence for the projective bundle
TP~ =P(TyP ) 5 X,

0= 0— 7*TEP" 1 ®0(1) - T(TLP" ) - 7*TX — 0,

yields
(T (TP 1) = c(@* TP ' @ 0(1)) - w*c(T X).

Pulling back and tensoring by 0(1), the cotangent sequence defining the conormal bundle gives the exact
sequence

0— T*TEP" ' @0(1) -» 7*T*"P" ' ®0(1) - 7*T*X ® 0(1) — 0,

implying
c(@*T*P" 1 ®@0(1)) - 7*c(T X)
c(m*T*X @ 0(1))

(T (THP" 1) =

The cotangent bundle T7*P"~! may be identified with the incidence correspondence in the product
P71 x P!, and O(1) = O(h + k) under this identification (see, e.g., [Aluffi 2018, §2.2]). Also,
c(T*P" ') = (1 — h)". It follows that

(1+h)" - *c(TX)

o(T (TP 1) = . .
(I+h+h)-c(@*T*X @O(h+ h))

Now we restrict to the diagonal. As in Section 4, we denote by H the hyperplane class in A = P"~! (and
its restrictions); note that H = h - A = h - A. Therefore

(14+H)"-7"*c(TX)

T (TP Dlanrype1) = ’
C( ( X )|AﬂTXP l) (]—}—ZH)C(T[/*T*X@@(ZH))

where 7’ denotes the projection A NT% P~ — J(Q N X) as above (and we are omitting other evident
restrictions). Since H = 7'*h, the Chern—Fulton class of A N T% P"~! must be

(I+h)"-c(TX)
(142h) - c(T*X ® 0(2h))

cr(A mry]mn—l):n’*( >ns(AﬂT}}P"‘1,T*XP”‘1).
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Using (5-12), this shows that

(1+2h)-c(T*X ® O(2h))
A+hr)"-c(TX)
_ n’*((l +2h) - c(T*X ® O(2h))
14+ h)"

s(ANTLP L THph :n/*( ﬂcF(J(QﬂX)))

Ns(J(QNX), X)).
Since n'* = (8] onx)« preserves degrees, and H = 7" (h), (5-10) gives

yon = [ WHEATXB0ED) 50 x), ) (5-13)

and this concludes the proof. O

Remark 5.7. The very definition of the Euclidean distance degree relies on the square-distance function,
Zi(xi — u;)?, which is not a projective invariant. Therefore, EDdeg(X) does depend on the choice of
coordinates in the ambient projective space P"~!. Formula (4-2),

EDdeg(X) = gEDdeg(X) — y(X),

expresses the Euclidean distance degree of a variety in terms of a quantity that is projectively invariant,
i.e., gEDdeg(X), and a correction term y (X) which is not. In fact, the coordinate choice determines the
isotropic quadric Q; thatis, ), xi2 =0 is a specific nonsingular quadric in P"~!. Theorem 5.1 prompts us
to define a transparent “projective invariant version” EDdeg(Q, X) of the Euclidean distance degree, for
smooth X: EDdeg(Q, X) could be defined by the right-hand side of (5-1), where now Q is an arbitrary
nonsingular quadric in P*~!. (If X is not necessarily smooth, (4-3) could likewise be used to define
such a notion.) The number EDdeg(Q, X) is determined by the pair X N Q € X and does not depend on
the choice of coordinates. What Theorem 5.1 shows is that if homogeneous coordinates x, ..., x, are
chosen so that the equation of Q is Y ._, xl.z, then EDdeg(Q, X) equals the Euclidean distance degree of
the variety X (in those coordinates). This fact is occasionally useful in computations; see Section 9.5.

Remark 5.8. As pointed out in Remark 2.1, EDdeg(X) = 0 if X € Q. Theorem 5.1 is compatible
with this fact, in the following sense. If Q N X = X, it is natural to set J(Q N X) = X, and hence
s(J(ONX), X)=s(X, X) =[X]. The reader can verify (using (3-1)) that

(14+2h)-c(T*X ®0(2h)) _
/ Eas N[X] = gEDdeg(X).

Therefore (5-1) reduces to EDdeg(X) = 0 in this case, as expected.

6. Euclidean distance degree and Milnor classes

While the formula in Theorem 5.1 is essentially straightforward to implement, given the algorithm for the
computation of Segre classes in [Harris 2017], it is fair to say that its “geometric meaning” is not too
transparent. In this section and the following two we use results from the theory of characteristic classes
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of singular varieties to provide versions of the formula in terms of notions with a more direct geometric
interpretation.
Our first aim is the following result. The Milnor class of a variety V is the signed difference

M(V) = (=)™ (esm(V) — cp(V))

between its Chern—Fulton class cr (V') (which we already encountered in Section 5) and its CSM (“Chern—
Schwartz—MacPherson”) class.

We denote by M(V); the component of M (V) of dimension j. The Milnor class owes its name to
the fact that if V is a hypersurface with at worst isolated singularities in a compact nonsingular variety,
then the degree of its Milnor class is the sum of the Milnor numbers of its singularities [Parusinski and
Pragacz 2001, Example 0.1].

The CSM class of a variety V is a “homology” class which agrees with the total Chern class of the
tangent bundle of V when V is nonsingular, and satisfies a functorial requirement formalized by Deligne
and Grothendieck. See [MacPherson 1974] for a definition inspired by this functorial requirement, and
[Schwartz 1965a; 1965b] for an earlier equivalent definition motivated by the problem of extending
theorems of Poincaré—Hopf type. An efficient summary of MacPherson’s definition (upgraded to the
Chow group) may be found in [Fulton 1984, Example 19.1.7]. With notation as in this reference (or as
in [MacPherson 1974]), our csm(V) is ¢4 (1y).

As an easy consequence of functoriality, the degree of csm(V) equals x (V), the topological Euler
characteristic of V. In fact the degrees of all the terms in csp (V) may be interpreted in terms of Euler
characteristics [Aluffi 2013, Theorem 1.1], and this will be key for the version of the result we will present
in Section 8.

If V is a hypersurface, then cp(V) equals the class of the virtual tangent bundle of V; it may be
interpreted as the limit of the Chern class of a smoothing of V in the same linear equivalence class. The
terms in cg(V) may therefore also be interpreted in terms of Euler characteristics (of smoothings of V).
Roughly, the Milnor class measures the changes in the Euler characteristics of general hyperplane sections
of V as we smooth it within its linear equivalence class.

Theorem 6.1. Let X be a smooth subvariety of P"~!, and assume X ¢ Q. Then

EDdeg(X) = gEDdeg(X) — Z(—l)j deg M(ONX);. (6-1)
j=0

Milnor classes are also accessible computationally; see [Aluffi 2003, Example 4.7].
Remark 6.2. It suffices to require X to be nonsingular in a neighborhood of O N X; see Remark 5.2.

Proof. We begin by recalling an expression relating the Milnor class of a hypersurface V of a nonsingular
variety M to the Segre class of its singularity subscheme J (V). Letting & = O(V),

M) = (=1yimd ETM) o vy, My @ ). (6-2)
c(¥)
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This is [Aluffi 1999a, Theorem 1.4]. The notation used in this statement are as follows (see [Aluffi 1999a,
§1.4] or [Aluffi 1994, §2]): if A = Zizo a' is a rational equivalence class in V € M, where a' has
codimension i in M, and & is a line bundle on V, then

AV = Z(—l)fa", ARy ¥ = Z c(ii;)i
i>0

i>0

(note that the codimension is computed in the ambient variety M, even if the class may be defined in the
Chow group of the subscheme V).

This notation satisfies several properties, for example a basic compatibility with respect to Chern
classes of tensors of vector bundles. One convenient property is given in [Aluffi 2017, Lemma 3.1]: with
notation as above, the term of codimension ¢ in M in

@D NA®Y D)
is independent of <. In particular,
[ eimitn sy o)
is independent of &, and this implies (using [Aluffi 1994, Proposition 2])

/C(g)dimM—lmA:/A(gMgv'
Apply this fact to y (X) (from (5-13)), viewed as
y(X) = /(1 4 2pp)dim X1 m( c(T”X ® 0(2h))

(14 h)(1 4 2h)dimX—2
with M = X, ¥ = 0(2h). We obtain

B o(T*X @ 0(2h))
V(X)—/((1+h><1+zh>dimx—z“S(“Q”X’ X>>) ®u 0(~2h)

1 c(T*X)
) A=h)1=2h)

Ns(J(@NX, X))),

N (s(J(QNX, X)) @y O(=2h)),

where the equality = follows by applying [Aluffi 1994, Proposition 1]. Since the degree of a class in X is
the degree of its component of dimension 0, i.e., codimension dim X, this gives

tha—wmxf(fj-?TéﬁwﬂugmxX»®Mm—%»Y

1 e(TX)

1+h  1+2h
Finally, by (6-2) (with M = X, V = QN X, £ = O(V) = O(2h)), we get

— (_1)dimX

N(s(J(QNX, X)) @y O02h)).

y@3=/}$zmA«mex
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and this implies (6-1). O

Corollary 6.3. If Q N X only has isolated singularities x;, then

EDdeg(X) = gEDdeg(X) — Z w(x;),

where (=) denotes the Milnor number.

We will see that this is in fact the case for most smooth hypersurfaces (Section 9.3).

7. Euclidean distance degree and Chern-Schwartz—MacPherson classes

Our next aim is to express the Euclidean distance degree of a nonsingular projective variety directly,
rather than in terms of a correction from a “generic” situation. CSM classes provide a convenient means
to do so. The formula presented in Section 8 may look more appealing, but the alternative (7-1) presented
here, besides being a necessary intermediate result, is in a sense algorithmically more direct.

Theorem 7.1. Let X be a smooth subvariety of P"~!. Then

EDdeg(X) = (—=D)™X > (—1)/ (c(X); — csm(Q N X) ). (7-1)
j=0
Here, csm(Q N X); denotes the degree of the j-dimensional component of Q N X. Again, (7-1) is
straightforward to implement given available algorithms for characteristic classes (for example [Aluffi
2003; Jost 2015; Harris 2017]).

Remark 7.2. If X C Q, then csm(Q N X) = csm(X) = ¢(X) by the basic normalization property of
CSM classes, as X is nonsingular. In this case (7-1) gives EDdeg(X) = 0, as it should (see Remark 2.1).
Therefore, we will assume X € Q in the proof.

Remark 7.3. In the proof we will use the fact that ¢(X) = cp(X) if X is nonsingular. This prevents a
straightforward generalization of the argument to the case in which X is only required to be nonsingular
in a neighborhood of O N X.

Proof. According to Theorem 6.1,

EDdeg(X) = gEDdeg(X) — (—D)™™* > "(=1)/ (csm(Q N X); — ce(Q N X) ).
j=0

By (3-1), therefore, EDdeg(X) equals

(=DImED (= 1I (@7 = De(X); +cr(Q N X) j — csm(Q N X) ). (7-2)
j=0

By definition,
c(TX)-2h

er(QNX) =c(TX)Ns(QNX, X) = 10

N[X]
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(after push-forward to X) since Q N X is a hypersurface in X and 0(Q) = O(2h) as Q is a quadric.
Therefore

) 1 2% hdimej 2h dim X
1/ J— - =" — . e 1m

E 0( D/cp(QNX); = 57 1 2hc(TX)ﬁ[X]_ .EOC(X)Jf o T N[P ].

JZ Jj=

The coefficient of ¢(X); in this expression equals the coefficient of h' in the expansion of

2h

= =) (=)@ )
(1+h)(1+2h) Jg

Therefore (7-2) gives

EDdeg(X) = (—D™™X¥ 3 (= 1)7 (27 = 1) = @7 = 2))e(X); — esm(Q N X))
Jj=0

and (7-1) follows. Il

CSM classes may be associated with locally closed sets: if V is a locally closed set of a variety M,
then csm(V) = ¢, (1y) is a well-defined class in A, M. (If V =V ~ W, with W closed, then cspm(V) =
csm(V) — csm(W).) This notation allows us to express (7-1) in (even) more concise terms: if X is a
smooth subvariety of P*~!, and X & Q, then

EDdeg(X) = (D)™™ ¥ 3 (1) csm(X \ Q). (7-3)
Jj=0
Indeed, ¢(X) = csm(X) since X is nonsingular.

If 0N X is (supported on) a simple normal crossing divisor, (7-3) admits a particularly simple expression,
given in the corollary that follows. An illustration of this case will be presented in Section 9.6.

Corollary 7.4. Let X C P"~! be a smooth subvariety, and assume the support of Q N X is a divisor D
with normal crossings and nonsingular components D;, i =1, ...,r. Then

EDdeg(X):/%ﬂ[X]:/ L ]_[C.((Ylw*—Xl;) LX),

Proof. If D is a simple normal crossing divisor in X, then
csM(X N\ D) =c(TX(—logD))N[X] (7-4)

(see [Aluffi 1999b], or [Goresky and Pardon 2002, Proposition 15.3]). Using this fact in (7-3), the stated
formulas follow from simple manipulations and the well-known expression for ¢(7*X (log D)) when D
is a simple normal crossing divisor. O

Liao has shown that (7-4) holds as soon as D is a free divisor that is locally quasihomogeneous
[Liao 2012] or more generally with Jacobian of linear type [Liao 2018]. Therefore, EDdeg(X) =
f c(T*X (og D))/(1 — H)YN[X] as in Corollary 7.4 as soon as the support of Q N X satisfies these less
restrictive conditions.
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8. Euclidean distance degree and Euler characteristics

Finally, we present a version of the main result which makes no use (in its formulation) of characteristic
classes for singular varieties. This is the version given in the introduction.

Theorem 8.1. Let X be a smooth subvariety of P"~!. Then
EDdeg(X) = (D™ ¥ x (X \ (QU H)), (8-1)
where H is a general hyperplane.

By the inclusion-exclusion property of the topological Euler characteristic, (8-1) is equivalent to
EDdeg(X) = (=D"™ ¥ (x(X) = x (XN Q) = x (XN H) + x (XN QN H)) (8-2)

which has the advantage of only involving closed subsets of P"~!. Any of the aforementioned implemen-
tations of algorithms for characteristic classes of singular varieties includes explicit functions to compute
Euler characteristics of projective schemes from defining homogenous ideals, so (8-2) is also essentially
trivial to implement. However, despite its conceptual simplicity, this expression is computationally
expensive.

Remark 8.2. As in Section 7, we have to insist that X be smooth; only requiring it to be nonsingular in
a neighborhood of Q N X is not enough for the result to hold.

Proof. The statement is a consequence of Theorem 7.1 and of a result from [Aluffi 2013]. Collect the
degrees of the components of the CSM class of a locally closed set V € PV into a polynomial
Ty(0) = esm(V);t/;
j=0
and collect the signed Euler characteristics of generic linear sections of V into another polynomial
xv(® =Y (=D x(VNHN---NH)t,
Jj=0

where the H;’s are general hyperplanes. Then according to [Aluffi 2013, Theorem 1.1] we have

Cy()=9%(xv),

where $ is an explicit involution. It follows from the specific expression of $ that

Ly (=1) = xv(0) + xy(0)
(see the paragraph preceding the statement of [Aluffi 2013, Theorem 1.1]). Therefore
D (=D esm(V); = x (V) = x (VN H) (8-3)
Jj=0
for every locally closed set V in projective space.
The statement of the theorem, in the form given in (8-2), follows by applying (8-3) to (7-1). O
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9. Examples

9.1. Computations. The ingredients needed to implement the main theorems of this text on computer
algebra systems such as [Sage] or [Macaulay?2] are all available. One can compute Segre classes and
Chern—Mather classes via [Harris 2017] and Chern—Schwartz—MacPherson classes via (for example)
any of [Aluffi 2003; Marco-Buzundriz 2012; Jost 2013; 2015; Helmer 2016; Harris 2017]. One issue in
concrete examples is that computer algebra systems prefer to work with Q-coefficients, and it is often
difficult to write the defining equations of a variety which is tangent to the isotropic quadric without
extending the field of coefficients. This difficulty can sometimes be circumvented by a suitable choice of
coordinates; see Remark 5.7. Also see Section 9.5 below for a discussion of a template situation.

In many cases, the “standard” algorithm of [Draisma et al. 2016, Example 2.11] appears to be at least
as fast as the alternatives obtained by implementing the results presented here. In some examples these
alternatives are faster, particularly if they take advantage of the refinements which will be presented below.
As an illustration, we can apply Proposition 9.2 (Section 9.4) to compute the ED degrees of plane curves
in terms of a generator of their homogeneous ideal. A (non-optimal) implementation of this method in

Macaulay?2 can be coded as follows:

PP2 = QQ[x,y,z]; C = ideal( F )

S = QQ[s,t,i,Degrees=>{{1,0},{1,0},{0,1}}1/(i"2+1)

J = sub(C,{x=>8"2-t"2,y=>2%s*t,z=>i*(s"2+t"2)})

p = (first degrees radical J)#0 -- ignore degree of i
d = degree C

dx(d-2) + p

where F' = F(x, y, z) is the defining homogeneous polynomial for the curve.

For example, trial runs of computations of the ED degrees of Fermat curves x¢ + y? +z¢ =0
for all degrees d = 3, ...,40 took an average of 4.5 seconds using this method (in a more efficient
implementation), and 260 seconds by using the standard algorithm. However, direct implementations of
the general formulas presented in this paper do not fare as well.

The interested reader can find the actual code used here, as well as implementations of the more general
formulas at http://github.com/coreysharris/EDD-M2. At this stage, the value of the formulas obtained in
Theorems 5.1-8.1 appears to rest more on their theoretical applications (in examples such as the ones
discussed below in Section 9.6) than in the speed of their computer algebra implementations.

If the variety is known to be transversal to the isotropic quadric, then its Euclidean distance degree
equals the generic Euclidean distance degree. This may be computed by using the algorithm for Chern(-
Mather) classes in [Harris 2017], often faster than the standard algorithm. For example, let S be a general
hyperplane section of the second Veronese embedding of P in P°. Then S is transversal to the isotropic
quadric, and the implementation of the algorithm in [Harris 2017] computes its Euclidean distance degree
(i.e., 36) in about 2 seconds. The standard algorithm appears to take impractically long on this example;
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one can improve its performance by first projecting S to a general P (this does not affect the Euclidean
distance degree, by [Draisma et al. 2016, Corollary 6.1]), and the computation then takes about a minute.

9.2. Quadrics and spheres. Let X C P"~! be a nonsingular quadric hypersurface. We say that X is a

sphere if it is given by the equation

2

2 2
X = oxg

with ¢ > 0 a real number. It is clear from the definition in terms of critical points of the distance function
that EDdeg(X) = 2 if X is a sphere in P*~!, n > 2.
We use this example to illustrate some of the formulas obtained in this paper.
First, since X is a degree 2 hypersurface in P"~!,
(TP ') _ (1+h)"
14+2h  1+2h
(where h denotes the hyperplane class and its pull-backs, as in previous sections). Applying (3-1), one

c(TX)=

easily sees that
gEDdeg(X) =2n — 2,
while

(I—h+2n)" _ (1+h)"
(1+2h)(1—2h+2h) ~ 1+42h

c(T*X ®0(2h)) =

For a sphere X C P"~!, the intersection Q N X consists of a double quadric in P"~2, supported on the
transversal intersection X N H of X with a hyperplane. It follows that J(Q N X) = X N H, and therefore

h-[X]
1+h°

According to Theorem 5.1, the correction term in this case is given by

(14+2h)-c(T*X®OQ2h)) (2R B2
/ I+ SUONX). X = [ iy isan 14a 1]

= / 2(14+h)"2-R2N[P" ]

s(J(@NX), X) =

=2(n-2).
By (5-1), EDdeg(X) = (21 — 2) — 2(n — 2) = 2, as it should.

From the point of view of Theorem 8.1, we should deal with the topological Euler characteristics of X,
XNQ,XNH, XN QONH, where H is a general hyperplane (see (8-2)). If X is a sphere, then X N Q
is (supported on) a nonsingular quadric in P"~2; sois X N H, and X N Q N H is a nonsingular quadric
in P"~3. The Euler characteristic of a nonsingular quadric in PV is N 4+ 1 if N is odd, N if N is even;
therefore
m—1)—-2n—-1)+m—-3)=-2 nodd,

X(X)—x(XﬂQ)—X(XOHH‘X(XHQHH)={n_z(n—2)+(n—2)=2 n even
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and by Theorem 8.1,
EDdeg(X) = (—D™ ¥ x (X N (QUH)) =2
for all n, as expected.
9.3. Hypersurfaces. The case of smooth hypersurfaces of degree > 3 is more constrained than it may
look at first.

Claim 9.1. If two smooth hypersurfaces of degree d;, d» in projective space are tangent along a positive
dimensional algebraic set, then d; = d,.

(This is [Aluffi 2000, Claim 3.2].) It follows that if X € P"~! is a smooth hypersurface of degree
d # 2, then the intersection Q N X necessarily has isolated singularities. We are then within the scope of
Corollary 6.3, and we can conclude

EDdeg(X) = gEDdeg(X) — ¥  p(x;),

1

where the sum is over all singularities x; of Q N X, and p(—) denotes the Milnor number.

9.4. Curves. Let C € P"~! be a nonsingular curve. Then
EDdeg(C) =d +#(QNC) — x(C). 9-1)

(This follows immediately from Theorem 8.1.)
For example, the twisted cubic parametrized by

(s:1)—~> (s3 /3521 A3st? t3)

has EDdeg equal to 3: indeed, it meets the isotropic quadric at the images of the solutions of 56 4 3s%1% +
352t* + 1% = (s> 4+ 1%)3 = 0, that is, at two points. More generally, the Euclidean distance degree of the
rational normal curve of degree n — 1 in P*~! parametrized by

(S : t) N ( (l’l;l)sn—l—jtj)j_
isn—1)4+2—-2=n-—1.

For plane curves, (9-1) admits a particularly explicit formulation.

Proposition 9.2. Let C be a nonsingular plane curve, defined by an irreducible homogeneous polynomial
F(x,vy,z2). Then
EDdeg(C) =d(d —2)+ R,

where R is the number of distinct factors of the polynomial
F(s* —1%,2st,i(s* +1%)) € C[t]

andd =deg F.
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Proof. This follows immediately from (9-1), after observing thatd — x (C) =d — 2 —(d —1)(d —2)) =
d(d —?2) and that the isotropic conic x4+ y2 +z2=0is parametrized by (s : ¢) — (s2—12, 251, i (s> +12)).
O

For instance, consider the conic x> +2y% 4+ 2iyz = 0. Since
(2 =12 +2(2s1)* +2i 2st) (i (s> +12) = (s — 1)*,

we have R = 1, therefore its Euclidean distance degree is 2-0+1 = 1.

For another example, the Fermat quintic C: x° + y° +z° = 0 has R = 8 (as Macaulay?2 can verify),
therefore EDdeg(C) =5 -3 4+ 8 = 23 (see [Draisma et al. 2016, Example 2.5]). More generally, the
Euclidean distance degree of the Fermat curve x4+ y4 42729 =0is d(d —2) + R, where R is the number
of distinct factors of the polynomial

(s2 =)+ 2st) + (i (s> + 7).

An explicit expression for the Euclidean distance degree of Fermat hypersurfaces in any dimension may
be found in [Lee 2017, Theorem 4].

9.5. Surfaces. According to Theorem 8.1, if S € P"~! is a smooth degree-d surface, and C is the support
of the intersection Q NS (which may very well be singular), then

EDdeg(S) = x (8) — x (SN H) — x(C) + deg(C),

where H is a general hyperplane. If n — 1 =3, then x (S) = d(d*—4d +6) and x (SN H) =3d — d?; for
d #2, C is necessarily reduced (Claim 9.1), so deg(C) = 2d. In this case (S C P3 a smooth surface of
degree d # 2, or more generally such that SN Q is reduced),

EDdeg(S) =d(d> —4d +6) — 3d —d*) — x (C) +2d = d(d* — 3d +5) — x (C). (9-2)

If C is nonsingular, then x (C) = —2d(d —2), and EDdeg(S) = gEDdeg(S) =d(d>—d +1).

If S is a plane in P3, tangent to the isotropic quadric Q, then C = Q N S is a pair of lines, and (9-2)
gives EDdeg(S) = 0. But note that the coefficients of the equation of this plane are necessarily not all real,
so the enumerative interpretation of EDdeg(S) as the number of critical points of a “distance” function
should be taken cum grano salis.

Next let S be a Veronese surface in P, described parametrically by

(s:t:u)— (a1s2 Taxst lazsu a4t2 jastu :a6u2)
with a; . ..ag # 0. According to Theorem 8.1,
EDdeg(S) =3 —-2—x(C)+2degC =2degC — x(C) +1,
where C is the support of the curve with equation

alzx4 + a%xzy2 + a?,xzz2 + a4y4 + asyzz2 + a6z4 =0 (9-3)
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in the plane. (The degree of the image of C in P3 is 2deg C.)
For example, if C is a smooth quartic (the “generic” case), then x(C) = —4 and EDdeg(S) =
gEDdeg(S) = 13. If the rank of the matrix

2 2 2
2a7 a; a3
a% 2ai a% (9-4)

2 2 2
as; as 2ag

is 1, then (9-3) is a double (smooth) conic, so that x (C) = deg(C) = 2 and EDdeg(S) = 3. For example,
this is the case for

(s:t:u)> (s2:V2st NV 2su 12V 21u:u?). (9-5)
If the rank of (9-4) is 2, then (9-3) factors as a product
(a/xz + b/yz +C/Z2)(a//x2 +b//y2 + C//ZZ) =0

and the factors are different and correspond to nonsingular conics. If these conics meet transversally, then
EDdeg(S) = 9; if they are “bitangent”, then EDdeg(S) = 7 (use Corollary 6.3, or again Theorem 8.1).
Explicit examples of these two types are

(s:t:u)l—)(S2:\/§St:2su:\/§l2:\/§tu:\/§u2)
and

(s:t:u)r—)(szz 3st:\/§su:\/§t2:\/§tu:u2).

More general Veronese embeddings are considered in Section 9.6.
Note that we could equivalently hold the surface S = X fixed, choosing for example the standard
Veronese embedding, parametrized by (s : 7 : u) — (s2:st:su:t?: tu:u?) with ideal

2 2 2
(x1x4 — X5, X1X5 — X2X3, X1 X6 — X3, XoX5 — X3X4, X2X6 — X3X5, X4X6 —Xs)

in P>

(x;:xg)» @nd consider a more general nonsingular quadric

Q:qixi +qox; +- - +qexg =0,

q1 -.-q6 # 0, in place of the isotropic quadric. This corresponds to a change of coordinates x; — /g, x;;
i.e., q; = al.2 with notation as above. The right-hand side EDdeg(Q, X) of (5-1) (or equivalently (6-1),
(7-1), (8-1)) is independent of the coordinate choice; see Remark 5.7. For example, choosing

x12+2x§+2x§+xf+2x52+xg=0

for Q, along with the standard Veronese embedding, is equivalent to choosing the standard isotropic
quadric along with the embedding (9-5) (hence EDdeg(Q, X) = 3 in this case).

This observation may be useful in effective computations, since computer algebra systems prefer to
work with Q coefficients.



2030 Paolo Aluffi and Corey Harris
9.6. Segre and Segre—Veronese varieties. Let X be the image of the usual Segre embedding
PC™) x --- x P(C") = PC" @---®C"),
that is, P~ x ... x P~ — P™-mp=1 This embedding maps a point
(51228 )s e (57 o8P )

to the point in P>~ whose homogeneous coordinates (x) are all the monomials of multidegree
(1,...,1) in the variables s', ..., s”. The equation D xi2 = 0 of the isotropic quadric pulls back to

(Zeh?). (Zon) <o
i i
Let Q; be the isotropic quadric in the i-th factor. Then this shows that
ONX=(Qr xP" Ix..ox P hu...uPE™ ! x...x P17l x Q).

It follows that Q N X is a divisor with normal crossings and nonsingular components. Denoting by #; the
hyperplane class in the i-th factor, the class of the i-th component is 24;. By Corollary 7.4,

1 (I—=hp)™ ...(L—=hp)"r
l—hy—---—=h, (1—=2hy)...(1=2h,)

EDdeg(X) = / NIx1. (9-6)

The conclusion is that EDdeg(P"™~! x ... x P"™»~!) equals the coefficient of h’f“_l .. .h’;l"_l in the

expansion of

1 L@ —hym
l—hy—---—hy, Pl 1—2h;
Friedland and Ottaviani [2014, Theorem 4] (see [Draisma et al. 2016, Theorem 8.1]) obtain a different
expression for the same quantity: they prove that it must equal the coefficient of zT‘_l . z’;” ~in the
expression
P 2mt _ Zml
15—, 9-7)
, =z

where Z; = (21 +- - - +2zp) — zi. These coefficients must be equal, since they both compute the Euclidean
distance degrees of Segre varieties. We note that, for example,

EDdeg(P? x P® x P! x P13 x P?*) = 1430462027777307645494624

according to both formulas.
The same technique may be used to deal with Segre—Veronese varieties, obtained by composing a
Segre embedding with a product of Veronese embeddings:

PC") x---x P(C"?) —> P(Sym®' C"') x - - - x P(Sym®» C"*?) — P(Sym®' C"' & - - - ® Sym®» C"7).
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Using general coordinates for the Veronese embeddings, each Q; (with notation as above) restricts to
a smooth hypersurface of degree 2w;, and the resulting hypersurfaces of the product meet with normal
crossings. The hyperplane class restricts to wihy +- - -+ w,h,, therefore (again by Corollary 7.4) the

EDdegree of this variety equals the coefficient of h'l'“_1 . h};” ~in the expansion of
1 L —hyym
l—-why—---—wyh, plle 1 —2w;h;

Friedland and Ottaviani also consider Segre—Veronese varieties, but they choose suitably invariant
coordinates in each factor; this is a different problem. (For p =1, m| = @ =2, this choice of coordinates
is given by (9-5).) They prove [Friedland and Ottaviani 2014, Draisma et al. 2016, Theorem 8.6] that with
“1 07 in (9-7), but
where now z; = (w121 + - - - + @pz,) — z;. From our point of view, the choice of coordinates affects the

these special coordinates the EDdegree is given again by the coefficient of z|"

restrictions of the isotropic quadrics Q; to the factors. With the invariant coordinates used by Friedland
and Ottaviani, each Q; restricts to a multiple quadric, and this affects the denominator of (9-8): the
resulting EDdegree equals the coefficient of h'l'”_1 .. .h';f" ~in the expansion of

1 P (1 —hy)m

'E 1—2h; ©-9

l—a)lhl—---—a)php

Therefore, this coefficient must agree with the one obtained with the Friedland—Ottaviani formula. (It
does not seem combinatorially trivial that this should be the case in general; it is easy to verify that both
formulas yield ((w; — 1) —1)/(w; —2) for p =1.)
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