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Let F be a number field with ring of integers O and let G be a finite group. We describe an approach to
the study of the set of realisable classes in the locally free class group CI(OrG) of O G that involves
applying the work of McCulloh in the context of relative algebraic K theory. For a large class of soluble
groups G, including all groups of odd order, we show (subject to certain mild conditions) that the set
of realisable classes is a subgroup of C1(OrG). This may be viewed as being a partial analogue in the
setting of Galois module theory of a classical theorem of Shafarevich on the inverse Galois problem for

soluble groups.
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Introduction

Suppose that F is a number field with ring of integers O, and let G be a finite group. If F;;/F is any
tame Galois G-algebra extension of F, then a classical theorem of E. Noether implies that the ring of
integers O, of Fy is a locally free OfG-module, and so determines a class (O ) in the locally free class
group CI(OrG) of OrG. Hence, if we write H!(F, G) for the pointed set of isomorphism classes of
tame G-extensions of F, then we obtain a map of pointed sets

v Htl(F, G) - CI(OfrG), [7m]r (Oyg).

Even when G is abelian, so that Htl(F , G) is actually a group, this map is almost never a group
homomorphism. We say that an element ¢ € C1(O¢G) is realisable if ¢ = (O ) for some tame Galois
G-algebra extension F; /F, and we write R(OrG) for the collection of realisable classes in CI(OrG).
These classes are natural objects of study, and they have arisen in a number of different contexts in Galois
module theory. The problem of describing R(OrG) for a given G may be viewed as being a loose
analogue of the inverse Galois problem in the setting of arithmetic Galois module theory.

When G is abelian, McCulloh [1987] has given a complete description of R(OrG) by showing that it
is equal to the kernel of a certain Stickelberger homomorphism on CI1(O¢G). In particular, he has shown
that R(OrG) is in fact a group. In subsequent unpublished work McCulloh [2011; 2012] showed that, for
arbitrary G, the set R(OrG) is always contained in the kernel of this Stickelberger homomorphism, and
he raised the question of whether or not R(OrG) is in fact always equal to this kernel. This question has
inspired research by a number of authors, and we refer the reader to, e.g., [Byott and Sodaigui 2005; Byott
et al. 2006; Farhat and Sodaigui 2015] and to the bibliographies of these papers for further information
concerning previous work on this problem.

In this paper we shall describe a new approach to studying this topic that involves combining the
methods introduced by McCulloh [1987; 2011] with techniques involving relative algebraic K -theory and
categorical twisted forms introduced by D. Burns and Agboola [2006]. This enables us to both clarify
certain aspects of the theory of realisable classes and to establish new results. Although our perspective
is somewhat different, it should be stressed that many of the main ideas that we use are in fact already
present in some form in [McCulloh 1987; 2011].

Let us now describe the contents of this paper in more detail. In Section 2 we recall some basic
facts concerning principal homogeneous spaces, Galois algebras and resolvends; these play a key role in
everything that follows. Next, we assemble a number of technical results explaining how resolvends may
be used to compute discriminants of rings of integers in Galois G-extensions. We also discuss how certain
Galois cohomology groups may be expressed in terms of resolvends in a manner that is very useful for
calculations in class groups and K-groups. In Section 4 we explain how determinants of resolvends may
be represented in terms of certain character maps, and we recall an approximation theorem of A. Siviero
(which is in turn a variant of [McCulloh 1987, Theorem 2.14]).
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We begin Section 5 by outlining the results we need about twisted forms and relative algebraic K -
groups from [Agboola and Burns 2006]. Each tame G-extension F;/F of F has an associated resolvend
isomorphism

rg:F,Qr FC¢ >~ F°G

of F°G-modules, and this may be used to construct a categorical twisted form which is represented by an
element [0, OrG; rg] in a certain relative algebraic K-group Ko(OrG, F€). The group Ko(OrG, F°)
admits a natural surjection onto the locally free class group C1(OrG), sending [0, OrG; rg] to (Oy),
and so there is a map of pointed sets

W :HYF,G) = Ko(OrG, FY), [n]+> [Ox, OrG;rq]

which is a refinement (more precisely, a lifting) of the map i above.

Crucial to our approach is the fact that each of the constructions that we have just described admits a
local variant. Let v be any place of F, and write H!(F,, G) for the pointed set of isomorphism classes of
tame G-extensions of F),. Then there is a localisation homomorphism

Ay : Ko(OrG, F) — Ko(Op,G, Fy)
as well as a map of pointed sets
¥, : H'(Fy, G) = Ko(OF,G, F}),  [m]+> [Ox,, OF,G; rg]l.

The following result reflects the fact that [O,, OrG; rg] is a much finer structure invariant than (O )

(see Proposition 13.1 below):
Proposition A. The kernel of WV is finite.

Let G’ denote the derived subgroup of G. We may identify H'(F, G’) with a subset of H'(F, G) via
the exact sequence 0 — G’ — G — G® — 0. Proposition A is proved by showing that Ker(¥) is a
subset of the pointed set Hf]m(F , G') of isomorphism classes of G’-Galois F-algebras that are unramified
at all finite places of F; this last set is finite because there are only finitely many unramified extensions of
F of bounded degree. If G is abelian, the map W is injective (see Proposition 14.3). In many cases one
can show that Ker(¥) = HfLr(F , G'), but we do not know whether this equality always holds.

Write K R(OrG) for the image of W, i.e., for the collection of realisable classes of Ko(OrG, F€).
The central conjecture of this paper gives a precise description of K’ R(OrG) in terms of a local-global
principle for the relative algebraic K-group Ko(OrG, F€). This may be described as follows.

For each place v of F, let H).(F,, G) denote the subset H!(F,, G) consisting of isomorphism classes
of unramified G-extensions of F,,. We define a pointed set of ideles J (Htl(F , G)) of H,l(F ,G) to
be the restricted direct product over all places v of the sets H,I(FU, G) with respect to the subsets
HI}r(Fv, G) (see Definition 6.2). The natural maps Htl(F, G) —> Ht1 (Fy, G) for each v induce a map
HYF,G) — J(H!(F,G)). We also define a group of ideles J(Ko(OrG, F¢)) of Ko(OrG, F°) to
be the restricted direct product over all places of F of the groups Ko(OF,G, Fy) with respect to the
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subgroups Ko(OF,G, OF¢) (see Definition 5.8). We show that the maps A, above induce an injective
localisation map
L:Ko(OFG, F°) — J(Ko(OFG, F9))

(see Proposition 5.9), and that the maps W, induce an idelic version
W' J(H!(F.G)) > J(Ko(OFG, F°))

of the map W (see Definition 6.2). We conjecture that KR(OfrG) has the following description (see
Conjecture 6.5 below):

Conjecture B. KR(OrG) = A~ (Im(¥'%)).

In other words, our conjecture predicts that an element x lies in the image of W if and only if A, (x)
lies in the image of W, for every place v of F. We remark that it follows directly from the definitions that

KR(OpG) C A~ dm(¥'Yy).

We point out that, in contrast to R(OrG), it is not difficult to show that if G is nontrivial, then
KR(OFG) is never a subgroup of Ko(OrG, F°) (cf. [Agboola and Burns 1998, Remark 2.10(iii); 2006,
Remarks 6.13(i)].) Nevertheless, by applying the methods of [McCulloh 1987; 2011] in the present
context, we show that Conjecture B implies both an affirmative answer to McCulloh’s question concerning
R(OrG) as well as a positive solution to the inverse Galois problem for G over F (see Theorems 6.6,
6.7 and 13.6 below):

Theorem C. If Conjecture B holds, then R(OrG) is a subgroup of Cl{OrG). Furthermore, if ¢ €
R(OFrG), then there exist infinitely many [r] € Htl(F, G) such that Fy is a field and (Oy) = c. The
extensions F, /F may be chosen to have ramification disjoint from any finite set S of places of F. In

particular, the inverse Galois problem for G admits a positive solution over F.

In order to orient the reader, we shall now briefly indicate the main ideas involved in the proof of
Theorem C.
We begin by observing that the long exact sequence of relative algebraic K-theory yields a sequence

K1 (FG) -2 Ko(OrG, FO) -2 Cl(OrG) — 0.

Hence, in order to show that R(OrG) = Im(y) is a subgroup of CI(OfrG), it suffices to show that
(K (F¢G)) -Im(¥) is a subgroup of Ko(OrG, F€).
To do this, we first show that it suffices to prove that

(@' (K1 (FCG))) - Tm(¥'?)

is a subgroup of J(Ko(OrG, F)). Once this is done, it is not hard to show that 3! (K| (F¢G)) - Im(¥)
is equal to the kernel of the homomorphism

J(Ko(OFG, F°))
A[D1 (K (FG))]- Im(Wid)’

Ko(OrG, F¢) 2> J(Ko(OFG, F°)) —
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and so is indeed a subgroup of Ko(OrG, F¢) (see Theorem 6.7 below). The crux of the proof of the
first part of Theorem C therefore consists of showing that LYK (FCG))) - Im(¥19) is a subgroup of
Ko(OFG, F°).

This is accomplished as follows. Write G(—1) for the group G (viewed as a set) endowed with an
action of Qp via the inverse cyclotomic character. Although in general this is only an action on G as
a set (rather than via automorphisms of G), the induced action on conjugacy classes of G does induce
an action on the centre Z(F°[G]) of the group ring F°G. We write Z(F°[G(—1)]) to denote Z(F°[G])
endowed with this action. We set

A(FG) = Z(F[G(-D)]®r,

and we write A(OrG) for the (unique) O p-maximal order in A(F G). For each place v of F, we define
A(F,G) and A(OFf,G) in an analogous manner. We write J (A (F G)) for the restricted direct product
over all places of F of the groups A(F,G)* with respect to the subgroups A(Of,G)™.

Let Irr(G) denote the set of irreducible characters of G. Motivated by an analysis of normal integral
basis generators of tame local extensions, we define a Stickelberger pairing

(—, =g : Ir(G) x G — Q.

(Loosely speaking, this may be viewed as being a monodromy-type pairing that encodes ramification data
associated to tame extensions of local fields in a uniform manner (cf. Definition 10.6 below).) We then
use this pairing to construct a K -theoretic transpose Stickelberger homomorphism

K®': J(A(FG)) — J(Ko(OfrG, F°)).

The homomorphism K ®' is closely related to the map Wd in the following way. We show that even
though the map W, is just a map of pointed sets, the image W,(H! (F,, G)) of the restriction of ¥,
to H1(F,, G) is in fact a subgroup of Ko(OF,G, F°) for each v. Using an approximation theorem for
J(A(FG)), we show further that, for a suitable choice of auxiliary ideal a of Of, the homomorphism
K ©' may be used to construct a homomorphism

J(Ko(OrG, F9))

t . /+
0 Cla (MOFG) = SR (FeG)I - TT, Yo Hy (Fy, G

where ClélJr (A(OFG@G)) is a certain finite quotient of J(A(FG)). We prove that
Im(®!) = Im(Wid),

where Wid denotes the composition of W4 with the obvious quotient map

J(Ko(OFG, F))

J(Ko(OFrG, F%)) — A0V (K1 (FCG))]- Hv \IJU(Hnlr(Fu, G))

We then show that this in turn implies that

LYK (FCG))) - Im(KO') = A0 (K1 (FG))) - Im(¥'Y). (0-1)
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In particular, this proves that the right-hand side of (0-1) is a subgroup of J(Ko(OrG, F¢)), as claimed.
This completes our outline of the proof of the first part of Theorem C.

The strategy of the proof of the second part of Theorem C may be very roughly described as follows.
Suppose that x € A~ (Im(¥9)). By using the map K @' together with a suitable approximation theorem on
J(Ko(OFG, F€)), we show that there are infinitely many y € A~ (Im(W%)) such that (i) 8°(y) = 8°(x),
and (ii) each y corresponds via Conjecture B to an element [7,] € H,l(F , G) which is ramified (away
from §) in such a way that 7, € Hom(Q2r, G) is forced to be surjective. This in turn implies that Fr,
is a field (rather than just a Galois algebra), and so the inverse Galois problem for G admits a positive
solution over F.

Let us now turn to our results concerning the validity of Conjecture B.

When G is abelian, we obtain the following refinement of [McCulloh 1987, Theorem 6.7] (see
Theorem 14.2 below):

Theorem D. Conjecture B is true if G is abelian.

By combining our methods with work of Neukirch, we are able to establish a variant of Conjecture B
for a large class of soluble groups, including all groups of odd order (see Theorems 16.4 and 16.5
below). We thereby obtain the following result, which may be viewed as being a partial analogue of a
classical theorem of Shafarevich [1954] on the inverse Galois problem for soluble groups in the context
of arithmetic Galois module theory. (See Theorem 16.7 of the main text.)

Theorem E. Suppose that G is of odd order and that (|G|, hr) = 1, where h denotes the class number
of F. Suppose also that F contains no nontrivial |G|-th roots of unity. Then R(OrG) is a subgroup of
Cl(OfrG). If c € R(OfrG), then there exist infinitely many 7] € H,I(F, G) such that Fy is a field and
(Oy) =c. The extensions Fy /| F may be chosen to have ramification disjoint from any finite set S of places
of F.

While it is perhaps conceivable that it might be possible to remove the hypothesis (|G|, i) = 1 of
Theorem E using methods similar to those of the present paper (although we do not as yet know how to do
this), the same probably cannot be said of the condition concerning the number of roots of unity in F. This
latter hypothesis is forced upon us because our proof makes crucial use of a lifting theorem of Neukirch
(see Section 15) where such hypotheses are unavoidable (cf. the last paragraph of the introduction of
[Neukirch 1979]). It would be interesting to determine whether or not the methods of [Shafarevich 1954]
can be used to prove a result similar to Theorem E for all soluble groups.

The results and techniques introduced in this paper suggest a number of different avenues of further
investigation. For example, our methods may also be applied in the context of the relative Galois module
structure of the square root of the inverse different as studied by C. Tsang [2016; 2017], and it seems
reasonable to expect that an analogue of Theorem E holds in this setting. Applying the methods of
[Agboola 2012] to the study of counting and equidistribution problems involving cohomological classes
in relative algebraic K-groups should lead to new results concerning similar problems for number fields,
generalising certain aspects of e.g., [Wright 1989; Malle 2002]. Our techniques may also be applied in
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the setting of global function fields [Agboola and Burns 2001; 2006], and it would be of interest to further
investigate the connection between the approach adopted here and that taken in e.g., [Chinburg 1994] (cf.,
for example, [Agboola and Burns 2006, §4]).

Here is an outline of the rest of this paper. In Section 7, we explain a hitherto unpublished result
of McCulloh that describes how resolvends of normal integral bases of tamely ramified extensions of
nonarchimedean local fields admit certain Stickelberger factorisations (see Definition 7.12); this is a
nonabelian analogue of a version of Stickelberger’s factorisation of abelian Gauss sums. A somewhat
analogous (but much simpler) framework over R is described in Section 8.

In Section 9, we recall the definition and properties of the Stickelberger pairing. We also give a
new character-theoretic description of this pairing (see Proposition 9.2) as well as an application of this
description (see Corollary 9.4).

We construct a K -theoretic version of the transpose Stickelberger homomorphism in Section 10, and
we also briefly describe an alternative approach to defining the Stickelberger pairing and establishing its
basic properties. In Section 11 we construct transpose Stickelberger homomorphisms ©/, on modified
narrow ray class groups le(A(O rG)). These are used in Section 12 to prove Theorem 6.6, thereby
completing the proof of the first part of Theorem C.

In Section 13 we prove Proposition A, and we explain how a weaker form of Conjecture B implies that
every realisable class in C1(OfG) may be realised (in infinitely many ways) by rings of integers of tame
field (and not merely Galois algebra) G-extensions of F. This proves the second part of Theorem C.

We give a proof of Theorem D in Section 14. In Section 15, we describe work of Neukirch on the
solution to an embedding problem that is required for the proof of Theorem E. This proof is completed in
Section 16 via showing that a suitable variant of Conjecture B holds for a large class of soluble groups
(see Definition 16.1 and Theorems 16.3 and 16.4).

1. Notation and conventions

For any field L, we write L€ for an algebraic closure of L, and we set
Qp :=Gal(L°/L).

If L is a number field or a nonarchimedean local field (by which we shall always mean a finite extension
of Q,, for some prime p), then Oy denotes the ring of integers of L. If L is an archimedean local field,
then we adopt the usual convention of setting Oy = L.

Throughout this paper, F will denote a number field. For each place v of F, we fix an embedding
F¢ — F{, and we view QF, as being a subgroup of Q2 via this choice of embedding. We write I, for
the inertia subgroup of 2, when v is finite.

The symbol G will always denote a finite group upon which Q2 acts trivially. If H is any finite group,
we write Irr(H) for the set of irreducible F“-valued characters of H and Ry for the corresponding ring
of virtual characters. We write 15 (or simply 1 if there is no danger of confusion) for the trivial character
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in Ry. If h € H, then we write c(h) for the conjugacy class of 4 in H and C(H) for the set of conjugacy
classes of H. We denote the derived subgroup of H by H'.

If L is a number field or a local field, and I" is any group upon which €2; acts continuously, we identify
["-torsors over L (as well as their associated algebras, which are Hopf—Galois extensions associated
to Ar := (L°T")%) with elements of the set Z!'(Q;, I") of I'-valued continuous 1-cocycles of Q; (see
[Serre 1997, 1.5.2] and Section 2 below). If 7 € Z!(Q., I'), then we write L, /L for the corresponding
Hopf-Galois extension of L, and O, for the integral closure of Oy in L,. (Thus O, = L, if L is an
archimedean local field.) Each such L is a principal homogeneous space (p.h.s.) of the Hopf algebra
Mapg, (T, L¢) of 2, -equivariant maps from I' to L. It may be shown that if 7y, 7, € zZY QL D),
then L, =~ L., if and only if 7; and m, differ by a coboundary. The set of isomorphism classes of
I'-torsors over L may be identified with the pointed cohomology set H!(L,T") := H'(Q;, I"). We write
[7] e H'(L,T) for the class of L, in H'(L,T"). If L is a number field or a nonarchimedean local field
we write Htl(L, I") for the subset of H'(L, ") consisting of those [] € H' (L, T) for which L,/L is at
most tamely ramified. If L is an archimedean local field, we set H,1 (L,G)=H (L, G). We denote the
subset of H,1 (L, T) consisting of those [7] € H,1 (L, T) for which L, /L is unramified at all (including
infinite) places of L by Hnlr(L, I'). (So, with this convention, if L is an archimedean local field, we have
Hnlr(L, I') =0.) If L is a number field, we write Hf;r(F, I') for the subset of Htl(F, ') consisting of
those [] € Hll(F , ') for which L, /L is unramified at all finite places of L.

If A is any algebra, we write Z(A) for the centre of A. If A is semisimple, we write

nrd: A — Z(A)*, nrd: K{(A) = Z(A)*

for the reduced norm maps on A* and K (A) respectively [Frohlich 1983, Chapter II, §1]. If A is an
R-algebra for some ring R, and R — R; is an extension of R, we write Ag, := A ®r R; to denote
extension of scalars from R to R;.

If S; and S, are sets, we sometimes use the notation .S; N S> to denote a surjective map from S; to 5.

2. Principal homogeneous spaces and resolvends

In this section we shall describe some basic facts concerning principal homogeneous spaces and resolvends.
Throughout this section, the symbol L denotes either a number field or a local field.

Principal homogeneous spaces. [McCulloh 1987, §1; Byott 1998, §1]. Let I" be any finite group upon
which Q; acts continuously on the left, and write Z 1(Q, ) for the set of I'-valued continuous ;.
I-cocycles. If m € Z 1(Qp, ), then we write "I for the set I' endowed with the following modified action
of Qp: if

r—-7"r, y—y

is the identity map on the underlying sets, then

vy =n(w)- y®
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for each y € I and w € Q2. The group I" acts on *I" via right multiplication.
We define an associated L-algebra L, by

Ly :=Mapg, (T, L°);
this is the algebra of L¢-valued functions on " I" that are fixed under the action of €2;. The Hopf algebra
A= AL = (LT

acts on L, via the rule

(@ a)y) =) ag-aly-g)

gel

forally eTanda =}, r
short) of the Hopf algebra

ag - g € A. The algebra L is a principal homogeneous space (p.h.s. for

B :=Mapg, (T, L°). 2-1)

It may be shown that every p.h.s. of B is isomorphic to an algebra of the form L, for some , and so
every such p.h.s. may be viewed as being a subset of the L¢-algebra Map(I", L¢). It is easy to check that

L, ® L =LT -4r,

where {1 € Map(T", L) is defined by

1 ify=1,
friy)= {0 otherwise.
This implies that L, is a free, rank one A-module.
The Wedderburn decomposition of L, may be described as follows. For any y € *I", write Stab(y)
for the stabiliser of ¥ in 2, and set
L(7) = (L),
Then

L.~ [] L&),

Q\*T

where Q7 \"I" denotes the set of 2 -orbits of 7", and the product is taken over a set of orbit representatives.
In general, the field L(¥) is not normal over L. However, if ; acts trivially on T, then Z'(Q;,T") =
Hom(2;, I'), and for each ¥ €™ I', we have

L(7) = (L) = L7, (2-2)
with Gal(L™ /L) ~ 7 (£2L). In this case, we have that

L, ~ ]_[ L”, (2-3)

I/m(S2L)

and this isomorphism depends only upon the choice of a transversal of 7 (€2) in I".
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Remark 2.1. For most of this paper we shall only need to consider the case in which €2 acts trivially
on I'; in this situation A = LT", and L, is a I'-Galois L-algebra. A notable exception to this will occur in
Section 7, when we take L to be a nonarchimedean local field, and we construct a canonical subextension
of a tame extension L, /L (see Definitions 7.4 and 7.6). This canonical subextension is complementary
to the maximal unramified subextension of L, /L, and is not usually a Galois algebra extension of L. It
is however, a p.h.s. of a Hopf algebra of the form (2-1) associated to a certain group I" equipped (as a set)
with a nontrivial ; -action.

Resolvends. [McCulloh 1987, §1; Byott 1998, §2]. Since every p.h.s. of B may be viewed as being a
subset of Map(I", L¢), it is natural to consider the Fourier transforms of elements of Map(I", L¢). These

arise via the resolvend map

rr:Map(T', L) — LT, a+> Za(s)s_l.
sel’
The map rr is an isomorphism of left L“T"-modules, but not of algebras, because it does not preserve
multiplication. It is easy to show that for any a € Map(I', L¢), we have that a € L, if and only if
rr(a)® =rr(a)- m(w) for all w € Q2. It may also be shown that an element a € L, generates L, as an A-
module if and only if rr(a) € (L°T")*. Two elements a;, a, € Map(I", L¢) with rp(a;), rr(az) € (LT)*
generate the same p.h.s. as an A-module if and only if rr(a;) = b - rr(ay) for some b € A*. If a is any
generator of L, as an A-module, then a I'-valued 2 1-cocycle that represents the class [ ] of 7 in the
pointed cohomology set H'(L, T") is given by

o> rr(a)” ! orra)?.
We define pointed sets (where in each case the distinguished element is afforded by 1 € A7 = (L°T")*)
H(A) :={x € AJ. o a? el Voe Q) and H(A) = HA)/T ={a-T:ae H(A)},

and we write rr(a) € H(A) for the image in H(A) of rr(a) € H(A). The element rr(a) is referred to
as the reduced resolvend of a. If 2 is any O -order in A, then we define H(2() and H(2() in a similar
manner. Hence we have

HE) =Ap,, NH(A) and HER)=H®)/T.
Write L' for the maximal, tamely ramified extension of L. We set
HA) ={aecHA):a”=a,Vo € Qn:} and H,(A):=H;(A)/T ={a-T:aec H(A)},

and we define H,(2() and H,(2() analogously for any O -order 2 in A.

We shall now give a characterisation of the set H(A) that avoids any explicit mention of Galois action.
This is a nonabelian version of a description of H(A) in terms of primitive elements of quotients of
groups of units in Hopf algebras in the abelian case [Agboola and Burns 2006, Theorem 6.4].
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In order to do this, we first note that there are 2; -equivariant homomorphisms of algebras
Ayir, it Ape — Ape ®@pe Afe
induced by the maps
Aly)=yQ®y, ualy)=y®l iy)=1Qy

fory el.
We define a map of pointed sets

PrAY = (A ®re Are)*, x> AWX)-[i1(x) - i2(x)]7".
It is easy to verify that
Px1-x2) = Ax1) - Px) - [i1 (xr) - in(x)] 7

As P(y) =1 for each y €T, it follows that P induces a map of pointed sets (which we denote by the
same symbol)
‘:P . Azc/ I' —> (ALL' ®L" ALL‘)X.

Theorem 2.2. Let x € AZC. Then x € H(A) if and only if P(x) € (AQr A)*.
Proof. Suppose that x € H(A). Then if w € Q, we have
x“’ =X Yo
for some y,, € I'. Hence
[A@) 1 (0)i2(0)) 1 = AX) (Vo ® V)11 () (Vo ® Di2(0) (1 @ ¥0)] ™

= A Vo ® Vo)1 ® ¥0) i) ™ (e @ D)7 in(x) ™!
= A Vo ® Vo)1 ®¥0) ™ (o ® D7 in(x) iy (x) ™!
= A@)[i1 ()i ()]

This shows that
P(x) € [(Ape @pe Are) 1 = (A® A)*.

Suppose conversely that P(x) € (A ® A)*, and that x* = x - u,, for each w € Q. We wish to show
that u,, € I'. As the maps A, i1, and i, are 27 -equivariant, we have that

AX)? =AX) - Auy), 1107 =i1(x) i1(Ue), 2(x)*=i2(x) i2(Uw),
and a straightforward computation shows that
Px)? = A(x) - Pluy) - [i1(x) - iz (x)] ™.
As P(x) = P(x)®, this implies that P(u,,) = 1, i.e., that

Auw) =11 () - 12(Uy).
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It now follows that u,, € I' via an argument identical to that given in [Agboola and Burns 2006, Theo-
rem 6.4]. O

Let F be a number field. Our next result shows that the pointed set H (Ar) of resolvends satisfies a

Hasse principle.

Proposition 2.3. Let F be a number field, and suppose that x € (F°T')*. Then x € H(AF) if and only if
loc,(x) € H(AF,) for every finite place v of F.

Proof. We first observe that the map P commutes with localisation, i.e., for each finite place v of F,

we have

loc, (P(x)) = P(locy,(x)) (2-4)
for all x € (F°T")*. Hence we have

x€ HAfR) <= P(x) e (AF ®r Ap)”* (from Theorem 2.2)
< loc,(P(x)) € (A, ®F, Ar,)* for each finite v
< P(locy(x)) € (Af, ®F, Ap,)™ for each finite v (from (2-4))
< loc,(x) € H(AF,) for each finite v (from Theorem 2.2). [

Remark 2.4. It is also possible to give a proof of Proposition 2.3 directly from the definition of H(AF).
The standard such proof that was known to the authors is valid only for abelian groups I'; we are grateful
to an anonymous referee for explaining how this proof may be modified so as to hold for arbitrary finite
groups.

Suppose that x € A7, is such that, for each finite place v of F, we have loc,(x) € H(AF,). We wish
to show that x € H(AF).

Let E/F be any finite Galois extension such that Qg fixes x. Then the action of Q2 on x factors
through the action of the finite group D := Gal(E/F). Hence, to prove the desired result, it suffices to
show that for any 8 € D, we have x® = x - y5, with y5 € .

Let Gr denote the subgroup of Qr generated by the subgroups €2f, as v runs over the finite places
of F. As each element of Q2F is conjugate to an element of Qf, for some v, it follows via the Chebotarev
density theorem that the image G of Gr in D has nontrivial intersection with every conjugacy class
of D. A lemma of Jordan now implies that G must be equal to the whole of D [Serre 2003, p. 435,
Theorem 4°]. The result we seek now follows at once.

3. Resolvends and cohomology

Recall that F' is a number field and G is a finite group upon which Qr acts trivially. In this section, we
explain, following [McCulloh 1987, §2], how resolvends may be used to compute discriminants of rings
of integers of G-Galois extensions of F, and to describe certain Galois cohomology groups.
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For each [n] € H'(F, G), the standard trace map
Tr: Map(G, F°) — F¢
induces a trace map
Tr: F;, > F

via restriction. This in turn yields an associated, nondegenerate bilinear form (a, b) — Tr(ab) on F,. If
M is any full Op-lattice in Fy, then we set

M*:={be F, |Tr(b- M) C Or} and disc(O,/OF):=[0} : Ozlo,.

where the symbol [— : —]¢, denotes the Or-module index. We see from the isomorphism (2-3) that
we have

disc(Oy/OF) = disc(Opr | O p)IETEN],
where disc(Opr / OF) denotes the usual discriminant of the number field F™ over F, and so it follows that
disc(O,/OF) = Of
if and only if F/F is unramified at all finite places of F.
Definition 3.1. We write [—1] for the maps induced on Map(G, F¢) and F¢G by the map g+ ¢~ on G.

Lemma 3.2. Suppose that a, b € F,, for some [w] € H'(F, G). Then

rg(a) -rg(b)1 = ZTr(afb) sl e FG.
seG

Proof. This may be verified via a straightforward calculation (see, e.g., [McCulloh 1983, (1.6)], and note
that the calculation given there is valid for an arbitrary finite group G). U

Corollary 3.3. Suppose that F,, = FG - a. Then we have:

() r¢(@) ' =rc®)=Y, where b € Fy satisfies Tr(a*b") = 8 ;.

(i) (OrG -a)* = OpG -b.
(iii) [(OFrG -a)*: OpG -alo, =[0FG : OFG -rg(a) - rg(@)™p,.
(iv) rg(a) € (Op<G)* ifand only if O = OpG - a and disc(O, /OF) = Op.

Analogous results hold if F is replaced by F, for any finite place v of F.

Proof. Exactly as in [McCulloh 1987, 2.10 and 2.11]. (|
Lemma 3.4. Suppose that L is either a number field or a local field. Then

(i) H'(L, (L°G)*) =1,

(i) HY(L, Z(L°G)*) = 1.
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Proof. For each x € Irr(G), write d(x ) for the degree of x, and My, (L) for the algebra of d(x) x d(x)-
matrices over L¢. Then the Wedderburn isomorphism of algebras

LG~ @ May (L)
x €lrr(G)

yields isomorphisms of groups

(LG~ P GLup(LY). ZULG*~ P @)™

x €lrr(G) x €lrr(G)

Let x1, ..., xm € Irr(G) be a set of representatives of 27\ Irr(G). Write Stab(;) for the stabiliser of yx;
in 7, and set L[x;] := (L)X There are isomorphisms of §2; -modules

(L9)*.

m m
(L°G)" = @ Indgf[m (GLa(x) (L)),  Z(L°G)* x @ Indgi[Xi]

We have
m m
H'(L, (L°GY) =~ H'(L, @ Indg!, | GLagy (L)) = @D H'(LIxi], GLagen (L)) = 1,
i=1 i=1

where the second isomorphism follows via Shapiro’s lemma and the final equality is a standard consequence
of Hilbert’s Theorem 90. This proves (i). The proof of (ii) is very similar. g

Recall that two pointed sets S; and S, are said to be isomorphic if there is a bijection of sets
f . S] —> Sz

with f(x;) = f(x2), where x; is the distinguished element of S;, (i =1, 2).
A sequence

o S L g L S
of pointed sets is said to be exact if there is an equality of sets
Im(f) = £ (xig1),
where x; is the distinguished element of S; .
Theorem 3.5. (1) There is an exact sequence of pointed sets
1—> G — (FG)* - H(FG) — H'(F,G) — 1. (3-1)

(2) For each finite place v of F, recall that H[}r(Fv, G) denotes the subset ole (Fy, G) consisting of
those [mr,] € H' (F,, G) Jfor which the associated G-Galois extension Fy | F, is unramified. Then

there is an exact sequence of pointed sets

1> G— (0r,G)* = H(Or,G) = H.(F,,G) — 1. (3-2)
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(3) There are exact sequences of pointed sets
1—- G— (FG)* - H,(FG) — H(F,G) - 1, (3-3)

and
1—-G— (F,G)* = H,(F,G) — Htl(Fv, G)—1 (3-4)

for each place v of F.

Proof. When G is abelian, parts (a) and (b) are proved in [McCulloh 1987, p. 268 and p. 273] by
considering the Qr and QF -cohomology of the exact sequences of abelian groups

1—-G— (F'G)— (F'G)/)G—>1 (3-5)
and
1 -G — (0Op:G)* = (0p:G)* /G — 1

respectively. If G is nonabelian, and these exact sequences are viewed as exact sequences of pointed sets
instead, then a similar proof of part (a) also holds, as is pointed out in [McCulloh 1987, p. 268]: taking
Q r-cohomology of the exact sequence (3-5) of pointed sets yields an exact sequence

1> G— (FG)* > H(FG) - H'(F,G) - H'(F, (F°G)»), (3-6)

and since H'(F, (F°G)*) = 1 (see Lemma 3.4(i)), (3-1) immediately follows.

Alternatively, we could also argue directly (as is done in [McCulloh 1987]) that the map H(FG) —
H'(F, G) in (3-6) is surjective. Let us briefly describe the argument given in [McCulloh 1987]. Suppose
that [7] € H'(F, G), and let a € F,; be a normal basis generator of F, /F. Set « = r¢(a); then the coset
o -G € H(FG) lies in the preimage of [ ], and so it follows that (3-6) is indeed surjective on the right,
as claimed.

Part (b) follows from Corollary 3.3(iv) (cf. the proof of (2.12) on [McCulloh 1987, p. 273]).

The proof of (c) is very similar to that of (a). Let F' and F! denote the maximal tamely ramified
extensions of F and F, respectively, and set Q. := Gal(F'/F), Q’Fv := Gal(F]/F,). Then (c) follows
via considering the Q' and Q’Fu -cohomology of the exact sequences of pointed sets

l1-G— (F'G)" = (F'G)*/G—1
and
1> G— (FIG)* - (F/G)* /G — 1
respectively, using the direct argument given in [McCulloh 1987, p. 268] that we have described above. [J

Suppose that L is a number field or a local field. Recall that Z(L G) denotes the centre of LG. Before
stating our next result, we note that the reduced norm map

nrd : (LG)* — Z(LG)*
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induces an injection G® — Z(LG)*. (More explicitly, if we identify Z(L°G)* with [] X EIrr(G)(LC)X via
the Wedderburn decomposition of L¢G (see the proof of Lemma 3.4), then the injection G — Z(L%)*
is induced by the map G — Z(L°G)™ given by g — [(det(x))(g)],, where det(x) is the abelian character
of G defined below in Definition 4.3. See also (4-5).) In what follows, we shall identify G with its
image in Z(LG)* under this map. We set

H(Z(LG)) :={a € Z(L°G)* :a” ' a” € G®, Vo € Q. },
H(Z(LG)) := H(Z(LG))/G® ={a- G® :« € H(Z(LG))).

We define H(Z(2l)) and H(Z(2l)) analogously for any Oy -order 2l in LG.

Proposition 3.6. Let L be a number field or a local field. Then there is an exact sequence of abelian
groups:

1 - G®— Z(LG)* - H(Z(LG)) > H' (L, G*™) — 1. (3-7)
Proof. This follows at once from taking €2; cohomology of the exact sequence of abelian groups
1> G® > Z(L°G)* — Z(L°G)*/G™ — 1,

arising from the injection G® — Z(L°G)* induced by the reduced norm map nrd : (LG)* — Z(LG)*
as described above, and noting that H'(Q2;, Z(L¢G)*) = 1, via Lemma 3.4(ii). O

It is easy to see that the group (LG)* acts on the pointed set H(LG) by left multiplication. Write
(LG)*\'H(LG) for the quotient set afforded by this action. It follows from Theorem 3.5 and Proposition 3.6
that there are isomorphisms

HY(L,G) = (LG)*\H(LG) and H'(L,G™®)=> Z(LG)*\H(Z(LG))
of pointed sets and abelian groups respectively, and that the following diagram commutes:

HY(L,G) ——  (LG)*\H(LG)

l lnrd (3-8)

HY(L,G®) —— Z(LG)*\H(Z(LG)).

(Here the left-hand vertical arrow is induced by the quotient map G — G®°, while the right-hand vertical
arrow is induced by the reduced norm map nrd : (L°G)* — Z(LG)*.)
We shall need the following result in Section 6.

Proposition 3.7. Let F be a number field. For each finite place v of F, the image of the map
nrd : (Op,G) \H(OF,G) = Z(Of,G)*\H(Z(OF,G))

of pointed sets is in fact a group.
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Proof. Just as in the case of (3-8), we see from the exact sequences (3-2) and (3-7) that there is a
commutative diagram
H}(F,,G) ——  (0f,G)*\H(OF,G)

1 J-

H\(F,,G®) —— Z(0Fp,G)*\H(Z(OF,G)) (3-9)
| |n
H'(F,,G®) —— Z(F,G)*\H(Z(F,G)).
The middle horizontal arrow of this commutative diagram is therefore injective, and its image is a
subgroup of Z(Of,G)*\H(Z(OF,G)). Hence, to prove the desired result, it suffices to show that the

map H] (F,, G) — H\(F,, G®) is surjective. This is in turn an immediate consequence of the fact that
the Galois group Gal(F)"/F,) is profinite free on a single generator. O

4. Determinants and character maps

In this section we shall describe how determinants of resolvends may be represented in terms of certain
character maps.

Let L be a number field or a local field.

Suppose that I" is any finite group upon which the absolute Galois group €2; of L acts (possibly
trivially). Then €2 also acts on the ring R of virtual characters of I" according to the following rule: if
x € Irr(T) and w € 1, then, for each y € T, we have x“(y) = w(x (@~ (y))).

We begin by recalling some well-known facts and definitions concerning determinant maps (see, e.g.,
[Frohlich 1983, Chapter II; 1984, Chapter I]).

Definition 4.1. For each element a of GL,,(L°G), we define an element
Det(a) € Hom(Rg, (L)) >~ Z(LG)™ 4-1)
in the following way: if T is any representation of G over L¢ with character ¢, then we set
Det(a)(¢) := det(T (a)).

It may be shown that this definition depends only upon the character ¢, and not upon the choice of
representation 7. The map
Det : GL,(LG) — Hom(Rg, (L))

is 2y -equivariant, and so induces a map
Det : GL,(LG) — Homg, (Rg, (L)™).
Remark 4.2. The map Det in (4-1) above is essentially the same as the reduced norm map. Let

nrd : (L°G)* — Z(L°G)™ (4-2)
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denote the reduced norm. Then (4-2) induces an isomorphism
nrd : K{(L°G) = Z(L°G)™ ~Hom(Rg, (L)) 4-3)

(see, e.g., [Curtis and Reiner 1987, Theorem 45.3]). Suppose now that ¢ is any L¢-valued character of G
and let a € (L°G)*. Then we have that

Det(a)(¢) = nrd(a)(¢)
(see [Frohlich 1984, Chapter I, Proposition 2.7]).

Definition 4.3. Suppose that x € Irr(G). We define an abelian character det(y) of G as follows. Let T
be any representation of G over L¢ affording yx. For each element g € G, we set

(det(x))(g) = Det(T (g)).

Then det(x) is independent of the choice of T, and may be viewed as being a character of G**. We extend
det to a homomorphism R — (G®)”, where (G®)” denotes the group of characters of G, by defining

det( > axx>= [] detGoy™,

x €lrr(G) x €lrr(G)

and we set

Ag := Ker(det).
Hence we have an exact sequence of groups

0— Ag — Rg % (G — 0. (4-4)

Applying the functor Hom(—, (L)) to (4-4), we obtain an exact sequence
0 — G® — Hom(Rg, (L°)*) 2& Hom(Ag, (L)*) — 0, (4-5)

which is surjective on the right because (L¢)* is divisible. It follows that there are 2y -equivariant
isomorphisms

Hom(Ag, (L°)*) ~ Hom(Rg, (L)*)/G® ~ Z(L*G)* | G™. (4-6)

In what follows, we shall sometimes identify Hom(Ag, (L€)*) with Z(L¢G)* /G via (4-6) without
explicit mention.
Taking €27 -cohomology of (4-5) yields an exact sequence

0 — G™ — Homg, (Rg, (L)) 2% Homg, (Ag, (L)) — H'(L, G™) — 1, “-7)

which is surjective on the right via Lemma 3.4(ii).
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Definition 4.4. Let Ry; denote the (additive) subgroup of Rg generated by the symplectic characters
of G. Thus, Ry, is generated by the irreducible symplectic characters of G, together with elements of the
form x + X, where x € Rg and x denotes the complex conjugate of x. All virtual characters lying in Ry,
are real-valued.

If F is a number field, and v is a real place of F, we write

Hom¢, (R, (F$)™)

for those elements f € Homg, (Rg, (Fy)*) for which f(n) > 0 for all n € Rg;,. Note that if f €
Homg, (Rg, (F)*) and x € R, then we automatically have

Fx+x=r00-f(x)>0.

Hence in fact f € Homng (Rg, (F{)>) if and only if f is positive on all irreducible, symplectic characters
of G. In particular, if G has no nontrivial irreducible symplectic characters (e.g., if |G| is odd), then we have

Hom, (Rg, (Fy)*) = Homg,, (Rg, (F;))™).
We write Z(F,G)Z for the image of Homng (Rg, (F{)*) in Z(F,G)™ under the isomorphism
Homg, (Rg, (F;)™) = Z(F,G)™.
Proposition 4.5. Let F be a number field. For each place v of F, we write
Det: (F;G)* — Hom(Rg, (F;)*) ~ Z(F;G)* (4-8)
for the determinant homomorphism afforded by Definition 4.1.
(1) If v is real, then (4-8) induces an isomorphism
Det((F,G)*) = Homg, (Rg, (F))*) = Z(F,G). (4-9)
(2) If v is finite or complex, then the map (4-8) induces isomorphisms

Det((F,G)™) ~ Homg,, (Rg, (F))™*) =~ Z(F,G)*, (4-10)

Det(H(F,G)) ~ Homg, (Ag, (F;)™). 4-11)

(3) If v is finite of residue characteristic coprime to |G|, so Of, G is an Of,-maximal order in F,,G, then
(4-8) induces isomorphisms

Det((OF,G)™) ~Homg,, (Rg, (Of:)™) =~ Z(Of,G)™, (4-12)
Det(H(OF,G)) ~ Homg,, (Ag, (OF:)™). (4-13)
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Proof. The isomorphisms (4-9), (4-10) and (4-12) are standard and are explained in e.g., [Frohlich 1983,
Chapter II, §1].
Suppose that v is either finite or complex. Theorem 3.5(a) and (4-10) yield the commutative diagram

epi

G —= (F,G)* SN H(F,G) H'(F,,G)

Det Det epi

w ~ hd v

G =, Det((F,G)*) SN Det(H(F,G)) o, H'(F,, G*) (4-14)

~

~ v

G® —=— Homg, (Rg, (F%)*) —— Homg, (Ag, (FO)*) —= H(F,, G™),
and this implies that the map
Det(H(F,G)) — Homg, (Ag, (F$))

is an isomorphism, which proves (4-11).
Suppose now that v is finite of residue characteristic coprime to |G|. In order to establish (4-13), we
first observe that applying the functor Hom(—, (OF¢)*) to the exact sequence (4-4) yields a sequence

0 — G® — Hom(Rg, (OFe)™) — Hom(Ag, (OF:)™) — 1 (4-15)
which is surjective on the right because (Ofc)™ is divisible. Taking 2, -cohomology of (4-15) yields

0 — G* — Homg,, (Rg, (Org)*) — Homg,, (Ag, (Or)*) —

— H'(F,, G*) -1 H'(F,, Hom(Rg, (OF:)™)). (4-16)

Now since v does not divide the order of G, Z(OF,G) is an OFf,-maximal order in (the split algebra)
Z(F,G) and

Z(0r;G)* ~ Hom(Rg, (OF;))
(see (4-12)). Suppose that € Ker( f). Then there exists u € Z(OFSG)X such that u® - u~! = 7 (w) for all

w € Qp,. This implies that ulG”l ¢ Z(Ofr,G)*. As v$|G®®| and Z(OF,G) is a maximal order, it follows
that u € Z(O FUmG)X, and so 7 € Hr}r(Fv, G®). Hence there is an exact sequence

0— G*™ — Homg,. (Rg, (Op)*) — Homg, (Ag, (Op)*) — Hoa(F,, G™). (4-17)

We recall also (see the proof of Proposition 3.7) that the natural map HI}r(Fv, G)— Hr]r(Fv, G™) is
surjective because the group Gal(F;"/F,) is profinite free on a single generator. Theorem 3.5(b) together
with (4-12) and (4-17) now yield the following commutative diagram:
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G —S (OF,G)* SN H(OF,G) P HL(F, G)

Det Det epi

~ v hd hd

G* —S5  Det((0r,G)*) —— DetH(OrG) — HI(F,G®) “18)

nr

hd L d

G» S, H Ri. (Op)* H Ag. (Op)* H\(F,, G®
——> Homg, (Rg, (Ofc)*) —— Homg, (Ag, (OfF:)*) ——> H (F,, GT).

It follows from (4-18) that the third row of this diagram is surjective on the right. Since Det(H(OF,G))
is a subgroup of Homg,, (A, (OF¢)™), we see that the map

Det(#(OF,G)) — Homg, (Ag, (OF)™)
is an isomorphism. This establishes (4-13). 0

If on the other hand v is finite and v | |G|, so Of, G is not an Of,-maximal order in F,,G, then we have
Det(H(OF,G)) € Homg, (Ag, (0% )™),
but this inclusion is not in general an equality. If a is any integral ideal of O, set
Ua(OFe) == (1+a0p) N (OFe)™,

and write Uy (OF¢) instead of Uy (OFc) when a = aOp. We shall need the following result of A. Siviero
(which is a variant of [McCulloh 1987, Theorem 2.14]) in Section 11.

Proposition 4.6 (A. Siviero). Let v be a finite place of F. Then if N € Z~ is divisible by a sufficiently
large power of |G|, we have

Homg, (Ag, Un(OF:)) S Det(H(OF,G)) € Homg,, (Ag, (OF:)™).

Proof. This is shown in [Siviero 2013, Theorem 5.1.10] when G is abelian, and the proof for arbitrary
finite G is quite similar. As the reference is not widely accessible, we describe the argument.
If vt|G|, then Proposition 4.5(iii) implies that we have

Homg,, (Ag, OF.) = Det(H(OF,G)) = Homg,, (A, (OF)™),

and so it follows that the desired result holds in this case. We may therefore suppose that v | |G|.
We first observe that the group
Homg, (Ag, (OF:)™)
Det((Ofr,G)*/G)

is annihilated by |Gab|[Det(MvX) : Det(OF,G)* ], where M, denotes any O, -maximal order in F,,G
containing OF,G. Since Ag is finitely generated, it follows that Det((Of,G)*/G) is of finite index in
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Homg,. (Ag, (OFLL;)X), and so is an open subgroup of Homg, (Ag, (OFUc)X). The result now follows
from the fact that, because v | |G|, the collection of groups

{Homg,. (Ag, UiG»(OF¢)) | n > 0}
is a fundamental system of neighbourhoods of the identity of Homg, (Ag, (OF:)™). O

Remark 4.7. When G is abelian, it follows from [McCulloh 1987, Theorem 2.14] that we may take
N =|G|? in Proposition 4.6.

We shall also require the following related result in Section 15.

Proposition 4.8. Let I' be a finite group with an action of Qr. Suppose that v | |T'| is a finite place of F,
and write p, for the maximal ideal of OF,. Then for all sufficiently large n, we have

Homg,, (Ar, Uy (OFy)) € rag[Homg . (Rr, (OF)™)].
Proof. The proof of this is very similar to that of Proposition 4.6. We observe that
I -Homg, (Ar, (OF)™) S rag[Homg, (Rr, (OF;) )],

which implies that rag[Homg,. (Rr, (OF¢) *)] is an open subgroup of Homg, w(Ar, (O Fuc)x) because Ar
is finitely generated. The desired result now follows since the collection of groups {Homg,. (Ar,Up: (OF¢)) |
n > 0} is a fundamental system of neighbourhoods of the identity of Homg, . (Ar, (OFc)™). [

5. Twisted forms and relative K-groups

Recall that G is a finite group upon which Q acts trivially. In this section, we shall recall some basic
facts concerning categorical twisted forms and relative algebraic K-groups. The reader may consult
[Agboola and Burns 2006; Swan 1968, Chapter 15] for some of the details that we omit.

Twisted forms. Suppose that R is a Dedekind domain with field of fractions L of characteristic zero. (For
notational convenience, we shall sometimes also allow ourselves to take R = L.) Let 2 be any R-algebra
which is finitely generated as an R-module and which satisfies A ®z L >~ LG.

Definition 5.1. Let A be any extension of R, and write P(2() and P(2l®@g A) for the categories of finitely
generated, projective 2 and 2l ® g A-modules respectively. A categorical A-twisted A-form (or twisted
form for short) is an element of the fibre product category P(2() xpwgza) P(2L), where the fibre product
is taken with respect to the functor P() — PRl Q@ A) afforded by extension of scalars. In concrete
terms therefore, a twisted form consists of a triple (M, N; &), where M and N are finitely generated,
projective 2A-modules, and

EIM@RAL)N®RA

is an isomorphism of 2 ® g A-modules.
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Example 5.2. If F;;/F is any G-extension and £, C F; is any nonzero projective OrG-module, then
(Ly, OrG; rg) is a categorical F¢-twisted OpG-form. In particular, if F,/F is a tame G-extension,
then (O, OrG; rg) is a categorical F¢-twisted OpG-form. Similarly, if v is any place of F, then (still
assuming F /F to be tame) (O, OF,G; rg) is a categorical F{-twisted O G-form. We shall mainly
be concerned with twisted forms of these types in this paper.

We write Ko (2, A) for the Grothendieck group associated to the fibre product category P (2l) X p@igy )
P, and we write [M, N; &] for the isomorphism class of the twisted form (M, N; &) in Ko(2(, A).
The group Ko(2A, A) is often called the relative K-group with respect to the homomorphism 2L — A.
Recall [Swan 1968, Theorem 15.5] that there is a long exact sequence of relative algebraic K -theory:

1 0
Ki@) = Ki(A@r A) —245 Ko@h, A) —245 Ko@) — Ko(A®g A). (5-1)

The first and last arrows in this sequence are afforded by extension of scalars from R to A. The map
Oy » is defined by
o A(IM, N; A]) = [M]—[N].

The map 8%[’ A 1s defined by first recalling that the group K (2l ® g A) is generated by pairs of the form
(V, ¢), where V is a finitely generated, free, A ®@r A-module, and ¢ : V => V is an A Qg A-isomorphism.
If T is any projective 2-submodule of V satistfying T ®g A ~ V, then we set

ay (V. ) =I[T,T: ¢l.

It may be shown that this definition is independent of the choice of T.
We shall often ease notation and write e.g., 3° rather than 831 A When no confusion is likely to result.

Idelic description and localisation. [Frohlich 1983, Chapter I1,§1]. Let us retain the notation established
above, and suppose in addition that we now work over a number field F. The reduced norm map

nrd: (FG)* — Z(FG)*
induces isomorphisms
Ki(FG) ~nrd(K{(FG)) ~nrd((FG)™) >~ Det((FG)™) C Z(FG)* (5-2)

and
K1(F,G) ~nrd(K{(F,G)) ~nrd((F,G)*) >~ Det((F,G)*) € Z(F,G)* (5-3)

for each place v of F. In general the natural map K (2(,) — K (F,G) is not injective, and so the reduced
norm map
nrd : K{(24,) — Z(A)™

is not an isomorphism (although it is surjective if %I, is an Of,-maximal order in F,,G). If we write
Ki(RL,) for the image of K;(2l,) in K{(F,G), then (5-3) induces isomorphisms

K1 ()" ~nrd(K; (A,)") >~ nrd((A,)*) =~ Det(2). (5-4)
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We shall make frequent use of the identifications (5-2), (5-3) and (5-4) (as well as those afforded by
Proposition 4.5) in what follows, sometimes without explicit mention.
For each place v of F, we write

loc, : K{(FG) — K{(F,G)
for the obvious localisation map.

Definition 5.3. We define the group of ideles J (K| (F G)) of K{(F G) to be the restricted direct product
over all places v of F of the groups Det(F,G)* >~ K (F,G) with respect to the subgroups Det(Of,G)*.
We define the group of finite ideles J¢ (K (F G)) in a similar manner but with the restricted direct product
taken over all finite places v of F.

If E is any extension of F', then the homomorphism
Det(FG)* — J(K1(FG)) xDet(EG)*, x> ((locy(x))y, x!

induces a homomorphism
J(K1(FG))
[ 1, Det(2A,)>
Theorem 5.4. (a) There is a natural isomorphism
J(K1(FG))
Det(FG)* [ [, Det(2(,)* ’

Ag g : Det(FG)* — x Det(EG)*.

CIQl) =>

(b) There is a natural isomorphism
ha g : Ko, E) = Coker(Ay.g).

Proof. Part (a) is a well-known result of A. Frohlich [1984, Chapter I]. Part (b) is proved in [Agboola and
Burns 2006, Theorem 3.5]. g

Remark 5.5. If [M, N; &] € Ko(2, E) and M, N are locally free 2(-modules of rank one (which is the
only case that we shall need in this paper), then hg g([M, N; £]) may be described explicitly as follows.

For each place v of F, we choose 2l,-bases m, of M, and n, of N,. We also choose an F'G basis
neo of Np, as well as an FG-module isomorphism 6 : M => Np. Then, for each v, we may write
Ny = Vy - Moo, With vy, € (F,G)*. As 0~ (ny) is an F G-basis of My, we may write m, = iy -0~ (o),
with u, € (F,G)*. Finally, writing 6 for the map Mg — Ng afforded by 6 via extension of scalars
from F to E, we have that (£ o 951)(1100) = Vo - Noo fOr sOme Voo € (EG)™. Then a representative of
hy g(IM, N; &]) is given by the image of [ (1, -v;l)v, Vool In J (K1 (FG)) x K1(EG), and a representative
of 3%(he £(IM, N; £])) € CI() is given by the image of (u, - v, 1), € J(K1(FG)).

Remark 5.6. As 2, = F,G when v is infinite (by convention), we see that
J(Ki(FG))  Jp(Ki(FG))
[, Det(2A,)> ]_[vj(oo Det(2,)*
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Hence the infinite places of F' in fact play no explicit role on the right-hand sides of the isomorphisms given
by Theorem 5.4, and so these isomorphisms may be formulated using the finite idele group J;(K{(FG))
of K1 (FG) instead of the full idele group J (K (FG)).

Lemma 5.7. Suppose that v is a place of F and that E, is any extension of F,. Then there is an
isomorphism
KoL, E,) >~ Det(E,G)>/ Det(24,) ™.

Proof. This follows directly from the long exact sequence of relative K -theory (5-1) applied to Ko (A, E,),
together with (5-3) and (5-4). U

For each place v of F, there is a localisation map on relative K-groups:
)"U:KO(QL E)_>KO(9’[U7EU)7 [Ma N;é]'_)[Mvan»éj-v],

where &, denotes the map obtained from & via extension of scalars from E to E,. It is not hard to check
that, in terms of the descriptions of Ko(2(, E) and Ko(2!,, E,) afforded by Theorem 5.4 and Lemma 5.7,
the map A, is that induced by the homomorphism (which we denote by the same symbol A,)

Ayt J(K1(FG)) x Det(EG)™ — Det(E,G)™,  [(Xy)v, Xool F> [xy - 10Cy (xs0)].

Definition 5.8. We define the idele group J(Ky(2, E)) of Ko(2, E) to be the restricted direct product
over all places v of F of the groups Ko(2l,, E,) with respect to the subgroups Ko(2l,, OE,).

We define the group of finite ideles J (Ko (2, F€)) in a similar manner, but with the restricted direct
product taken over all finite places of F.

Proposition 5.9. (a) The homomorphism

ri=]]r: Ko@, E) > [ [ Ko@y. Ey)

is injective.
(b) If F has no real places or if G admits no irreducible symplectic characters, then the homomorphism

hpi=]] r: Ko@ E) > [] Ko@u. Ev)

vioo vioo
is injective.
(c) The image of A lies in the idele group J(Ky(2U, E)).
Proof. (a) Suppose that o € Ko(2l, E) lies in the kernel of X, and let
[(xy)vs Xoo] € J(K1(FG)) x Det(EG)™
be a representative of «. Then for each v, we have

Xy -locy (xs0) € Det(y) ™ € Det(F,G)™. (5-5)
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Since x, € Det(F,G)* C Z(F,G)*, we see that loc,(xs) € Z(F,G)* for each v. Hence xoo € Z(FG)*,
and so via the Hasse—Schilling norm theorem [Swan 1970, Theorem 7.6; Curtis and Reiner 1981,
Theorem 7.8] we deduce that xo, € Det(FG)*. Hence « is also represented by the idele

[10cy (o)) v, Xog' T+ [(¥0)s Xool = [(xy - T0cy (xeo)) s 11,

and now (5-5) and Theorem 5.4(b) imply that « = 0 in Ko(2, E). Therefore X is injective, as claimed.
(b) The proof of this assertion is virtually identical to that of part (a). Using the same notation as in the
proof of part (a), we see that loc, (xo) € Det(F,G)* >~ Z(F,G)* for each finite place v of F. This implies
that xoo € Z(FG)*. Under our hypotheses, we have that Det(FG)* ~ Z(FG)*, and so xo € Det(FG)*.
The remainder of the argument proceeds exactly as in the proof of part (a).

(c) If B =[M,N;&] € Ko, E), then for all but finitely many places v, the isomorphism &, :
M®o,.E,~ NQ®o, E, obtained from & via extension of scalars from E to E, restricts to an isomorphism
M ®o, O, = N ®o, Og,. Hence, for all but finitely many v, we have that A, (8) € Ko(2l,. Og,), and
so A(B) € J(Ko(, E)), as asserted. Il

6. Cohomological classes in relative K -groups

Recall that F' is a number field and that G is a finite group upon which Q acts trivially. In this section
we shall explain how the set of realisable classes R(OrG) € CI(OrG) may be studied via imposing
local cohomological conditions on elements of the relative K-group Ko(OrG, F€).

Definition 6.1. We define maps W and W, (for each place v of F) by
W =Vg: H(F,G)— Ko(OrG, F), [l [Ox, OrG;rgl,

W, =V, : H'(F,, G) = Ko(OF,G, FS), [m,]+> [Oy,, OF,G; rgl.
We set
KR(OpG) :=Im(V).

Definition 6.2. We define the pointed set of ideles J (Ht1 (F, G)) of Ht1 (F, G) to be the restricted direct
product over all places v of F of the pointed sets Htl (F,, G) with respect to the pointed subsets Hnlr(Fv, G),
and we write

wid: J(HN(F, G)) = J(Ko(OFG, F€))

for the map afforded by the maps W, : Htl(Fv, G) — Ko(Of,G, Fy).
In general, KR(O¢G) is not a subgroup of Ko(OrG, F¢). However, although HI}r(FU, G) is in general

merely a pointed set and not a group, the following result holds.
Proposition 6.3. Let v be any place of F, and write O™ for the restriction of ¥, to H\.(F,, G). Then
Im(W}") is a subgroup of Ko(OF,G, FY).

Proof. If v is infinite, then Hnlr(Fv, G) =0, and so Im(W}") = 0. For finite v, the result follows from
Proposition 3.7 and Lemma 5.7. O
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Definition 6.4. We say that an element x € Ko(OrG, F€) is cohomological (respectively cohomological
at v) if x € Im(¥) (respectively A,(x) € Im(W,)). We say that x is locally cohomological if x is
cohomological at v for all places v of F. We write

LC(OFG) := 2~ (Im(¥'?))
for the subset of Ko(OrG, F€) consisting of locally cohomological elements.

The long exact sequence of relative K-theory (5-1) applied to Ko(OrG, F€) yields a long exact
sequence
K\(0rG) — K\ (F°G) -5 Ko(0rG, F°) -2 Cl(0FG) — 0, (6-1)

where Cl1(OrG) denotes the locally free class group of OpG. We set

V=09,
and we write
R(OrG) :=Im(y).

McCulloh has conjectured that R(OrG) is always a subgroup of CI(OrG), and he has proved that
this is true whenever G is abelian [McCulloh 1987, Corollary 6.20]. The following conjecture gives a
precise characterisation of the image K R(OrG) of W.

Conjecture 6.5. An element of Ko(OrG, F€) is cohomological if and only if it is locally cohomological.
In other words, we have that
KR(OrG) =LC(OFG).

Let us now explain why Conjecture 6.5 implies that R(O¢G) is a subgroup of CI(OrG). In order
to do this, we shall require the following result which is equivalent to a theorem of McCulloh when G
is abelian, and whose proof relies on results contained in [McCulloh 1987; 2011]. Before stating the
result, we remind the reader that [ [, Im(W]") is not merely a pointed set, but is in fact a subgroup of
J(Ko(OrG, F°)) (see Proposition 6.3).

Theorem 6.6. Let
J(Ko(OFG, F°))
AMAN(K (FeGD]-TT, Im(W)

wid: J(H!(F, G)) —

denote the map of pointed sets given by the composition of the map W'Y with the quotient homomorphism

J(Ko(OFG, F))

EOPG ) = S TR (oG] - T, m(w)

Then the image of wid js in fact a group. Hence it follows that
M (K1 (FCG))- Im(W')

is a subgroup of J(Ko(OfrG, F°)).
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This theorem will be proved in Section 12. It implies the following result.
Theorem 6.7. If Conjecture 6.5 holds, then R(OrG) is a subgroup of CI(OrG).

Proof. 1t follows from the exact sequence (6-1) that R(OrG) is a subgroup of CI(OrG) if and only
if 31 (K1 (F°G)) - KR(OFG) is a subgroup of Ko(OrG, F¢). However, if Conjecture 6.5 is true, then
Theorem 6.6 implies that

AN(K((FCG))- KR(OpG) = 3" (K (FG)) -LC(OFG) (6-2)

is the kernel of the homomorphism

J(Ko(OFG, F*))
AL (K1 (FCG))]- Im(Pid)’

where the last arrow denotes the obvious quotient homomorphism. This implies the desired result. [

Ko(OFG, F) > J(Ko(OFG, F°)) —

We conclude this section with the following result on unramified locally cohomological classes in
Ko(OfG, F€). This will be used in the proofs of Theorem 16.4 and Theorem E of the introduction (see
Section 16 below).

Proposition 6.8. (a) Let L be the maximal, abelian, everywhere unramified (including at all infinite
places) extension of F of exponent |G™|, and suppose that y € Ko(OpG, F€) lies in the kernel of the map
J(Ko(OFG, F°))

[T, Im(w")

B: Ko(OrG, F®) 25 J(Ko(OFG, F%)) —

Then y lies in the kernel of the extension of scalars map
ey . K()(OFG, FC) —> KQ(OLG, FC).

Hence, if (hf, |G™®]) = 1 (where h; denotes the narrow class number of F), then L = F, and so B is
injective.
(b) Suppose that G admits no nontrivial irreducible symplectic characters, or that F has no real places,
and that y € Ko(OfrG, F°) lies in the kernel of the map
J¢(Ko(OFG, F°))

vaoo Im(\l’{}r)

Br: Ko(OrG, FO) —2L1s J1(Ko(OFG, FO)) —

Then y lies in the kernel of the extension of scalars map
em : Ko(OFG, F°) — Ko(OuG, F°),

where M is the maximal, abelian, unramified (at all finite places) extension of F of exponent |G™|.
Hence if (hp, |G®|) =1 then L = F, and so By is injective.

Proof. (a) Suppose that y = [(yy), Yool lies in the kernel of B, and let E/F be the smallest Galois
extension such that Qg fixes yoo. For each place v of F, let w(v) be the place of E afforded by our fixed
choice of embedding F¢ — Fy.



On the relative Galois module structure of rings of integers in tame extensions 1851

As y lies in the kernel of B, we have that y, - loc,(y~) € Im(W¥)") for each place v. Hence, for each v,
locy,(Yoo) € H(Z(F,G)) is an unramified G?®-resolvend over F, (see Proposition 3.6). It follows that, for
each v, the extension E,,(,)/F, is unramified and that [E,, ) : F,] divides |G®|. This implies that E/F
is unramified at all places v, and is of exponent dividing |G*®|. Hence E C L, and so ys, € Det(LG)*.

Now since y, - loc, (ys) € Im(W}") for each place v, we see that in fact y, - loc,(y) € Det(Or, G)*.
Hence ey (y) is in the kernel of the localisation map

AL Ko(OLG, F) — J(Ko(OLG, F*)),

and since Ay is injective (see Proposition 5.9(a)) it follows that ey (y) = 0.
The final assertion now follows immediately.

(b) This proof is virtually identical to the proof of (a), except that here, because either G admits no
irreducible symplectic characters or F has no real places, we may appeal to the injectivity of the localisation
map A 7,y (see Proposition 5.9(b)) rather than that of Ay,. O

7. Local extensions I

The goal of this section is to describe how resolvends of normal integral bases of tamely ramified,
nonarchimedean local extensions admit Stickelberger factorisations (see Definition 7.12). This reflects the
fact that every tamely ramified G-extension of F), is a compositum of an unramified extension of F, and
a twist of a totally ramified extension of F,. All of the results in this section are based on unpublished
notes of the second-named author.

For each finite place v of F, we fix a uniformiser @, of F),, and we write ¢, for the order of the residue
field of F,. We fix a compatible set of roots of unity {¢,,}, and a compatible set {zzrv1 / "™} of roots of .

So, if m and n are any two positive integers, then we have (¢,;,)" = ¢,, and (wv1 / mtym

1/n
=w, .
Recall that F™ (respectively F!) denotes the maximal unramified (respectively tamely ramified)

extension of F,. Then

Fr= |J FRG) ad F= ] FGwo)/™.
m=>1 m=1

(m,qy)=1 (m,qy)=1

The group Q7' := Gal(F)"/F,) is topologically generated by a Frobenius element ¢, which may be
chosen to satisfy

() =¢d and ¢y (w)/™) =}/

for each integer m coprime to ¢,. Our choice of compatible roots of unity also uniquely specifies a
topological generator o, of Gal(F}/F,") by the conditions

(@)™ =y -w!/™ and  0,(Ln) =l
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for all integers m coprime to ¢,. The group Q! := Gal(F|/F,) is topologically generated by ¢, and o,
subject to the relation
o 0v-¢y =0l (7-)

While reading the remainder of this section (especially Proposition 7.7 below), it may be helpful for
the reader to keep in mind the statement and proof of the following well-known result which provides

some motivation for a number of subsequent constructions.

Proposition 7.1. Set L := F),. Let n be a positive integer with (n, q,) = 1, and suppose that u,, C L. Set
E=L(w,"),T =Gal(E/L) =Z/nZ,and =Y "-) w./". Then Op = O,T - B.

Proof. We first observe that plainly O I" - 8 C Op, as 8 € Og.
Let x denote the Kummer character of I', defined by

1/n
y(@y')
X)) = 1 €
Wy

for each y € I'. Then [ = (x), and for each 0 < j <n — 1, we have

n—1 n—1
(Z xj(y)y_l) B= (Z xj(y)y_l) : (Z W£/”> = Z(ij(y)-x‘i(y)-wé/”> =n-a]".
Y Y i=0 i=0 Y

Asn e OZ, we therefore see that {wl{/"};?;(l) C OrI' - B, which implies that O € OpI" - 8. This
implies the desired result. 0

Definition 7.2. For each finite place v of F, we define
Y,(G):={s e G|s? €c(s)}

(recall that c(s) denotes the conjugacy class of s in G). Plainly if s € 3, (G), then both c(s) and (s) are
subsets of ¥, (G). Let us also remark that if s € ¥, (G), then the order |s| of s is coprime to g,.

Definition 7.3. If s € G, we set
|s]—1

1 i/lsl.
/35 T m 2(; w—v 9
1=

note that 8; depends only upon |s|, and so in particular we have

Bs = IBg—]sg
for every g € G. We define ¢, ; € Map(G, OF¢) by setting

ol(Bs) ifg=s",
wv,s(g) = {0 lfg ¢ (S)
Then
Is|—1 . ‘ Is|—1 . .
r6(gus) = Y pus(sHsT =D al(By)s (7-2)
i=0 i=0
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We note that for each g € G, we have

r6(@yg150) =8 TG (Pus) - 8 (7-3)
and so
Det(rg ((pv,g‘lsg)) = Det(rg(¢v.s)), (7-4)

1.e., the element Det(rg (¢, s)) depends only upon the conjugacy class c(s) of s in G. We remark that it
will be shown later as a consequence of properties of the Stickelberger pairing that Det(rg (¢, 5)) in fact
determines the subgroup (s) of G up to conjugation (see Remark 4.2 and Proposition 10.5(b)).

We shall see that generators of inertia subgroups of tame Galois G-extensions of Fy lie in X,(G),
and that the elements ¢, ; for s € G with (|s|, g,) = 1 may be used to construct normal integral basis
generators of tame (and of course totally ramified) Galois G-extensions of F".

In order to ease notation, we shall now set L := F, and O := O, and we shall drop the subscript v
from our notation for the rest of this section.

Suppose now that L, /L is a tamely ramified Galois G-extension of L, corresponding to 7w €
Hom(', G). We are going to describe McCulloh’s [2011] decomposition of resolvends of normal
integral basis generators of L, /L (see also [Byott 1998, §6]). When G is abelian, this decomposition is
an analogue of a version of Stickelberger’s factorisation of Gauss sums.

Write s := (o) and t := 7 (¢); thent-s-1~' =57, and so s € £(G). We define 7, 7y, € Map(L2', G)
by setting

n(0™¢") =m(0™) =", (7-5)
Toe(0"@") = (") =1". (7-6)
If w; € Q' (i =1, 2) with w; = o™i - ¢", then a straightforward calculation using (7-1) shows that
W1 - wy = oM gmAnz,
This implies that 7, € Hom(Q2™, G). Plainly we have
7(w) = 7 (@) - Tnr(@) (7-7)

forevery w = o™ -¢" € Q'. The map 7, € Hom(Q™, G) corresponds to an unramified Galois G-extension
L, of L (see Remark 7.10 below for a more detailed discussion of this point). Since L, /L is unramified,
Og,. 1s a free O G-module. Let ap, be any normal integral basis generator of this extension. Note that
rg(an) € H(OG), because L, /L is unramified (see Corollary 3.3(iv)).

Definition 7.4. Let G () denote the group G with Q'-action given by
®(g) = Tar(@) - g * Tor(@) ™
forwe Q' and g € G.

Lemma 7.5. The map 7, is a G(7wy)-valued 1-cocycle of .
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Proof. Suppose that w1, wy € Q. Then since m, € Hom(Q™, G) and w = 7, - 7y, a straightforward
calculation shows that

T (@1@2) = 700 (@1) - e (@1) - 7, (@2) - (1)
and this establishes the desired result. O

Definition 7.6. We write ™ G (1,,;) for the set G endowed with the following action of Q': for every
g € G and w € Q' we have

g =7, (@) Tne(@) - g - Te(@) ™.
Lemma 7.5 implies that if w;, w, € Q, then
g(wlwz) = (g“)”.
We set
Ly, (7Tnr) 1= Math (ﬂrG(nnr)» Lt)-

The algebra (L' G(nm))Qr acts on L, () via the rule

(@ a)h)=> ag-a(h-g)

geG

forallheGanda =Y, ;o g € (L'G(mm)®.

geG
Proposition 7.7. (a) Recall that s € X(G). We have that ¢; € Ly, (7yy).
(b) Set
A(r) = (0L G ()2,
and let Oy, (1) be the integral closure of Oy, in Ly, (y). Then
A(Tnr) - @5 = 071,4 (7Tnr).
(c) Forany a, € L, (my) and @ € Q', we have
re(@)” = mu(@) ™" ro () 7 ().

Proof.

(a) Suppose that w =o0™ -¢" € Q'. If g € G and g ¢ (s), then we have that

95 (89) =0=;()”.
On the other hand, we also have
e (SN =@ ()T ) =g (5" 1" 5" 17" = 9y (") =" () = (0" -¢") -0 (B) = 95 ()"
Hence ¢; € Ly, (7y), as claimed.

(b) The proof of this assertion is very similar to that of [Byott 1998, Lemma 6.6], which is in turn an
analogue of [McCulloh 1987, 5.4].
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Set H = (s). Then Q" acts transitively on ™ H (7r,,) €™ G (), and so the algebra
Ly, ()™ := Mapgy (" H (), L")
may be identified with a subfield of L’ via identifying b € L, (7rnr) ! with x, = b(1) € L'. We have that
9" — b(s™) and x,‘f = Xp,

and so it follows that L, (o) ¥ is the subfield of L consisting of those elements of L’ that are fixed by
both ¢ and ¢*!. This implies that L, (7tr) = L[eo /1817 (which in general will not be normal over L),
and that the integral closure of O in L, ()" is equal to Oy [z '/1!]. Plainly g; € O [ !/1¥!] (as |s|
is invertible in Op ), and the element S, corresponds to the element ¢;|g € Ly, (o)

If we set A(my) g = (OLtH(nm))Qr, then for each integer k with 0 < k < |s| — 1, it is not hard to

check that
Is|—1

s|—1 ¢
(ZO §|s_|klsl) — ZO ;.‘S—lktsz

and so we see that
[s[—1

Z Eolls’ € ATar) .
A straightforward computation (cf. [McCulloh 1987, 5.4]) also shows that
Is|—1
( Z §|5_|le1) ZD'k/Isl.

It therefore follows that A(mn )y - Bs = O [ /511, and this in turn implies that

A(70r) - @5 = On, (7o),

as asserted.
(c) We have
re(e)” =Y a(g)” g
geG
= o8¢
geG
= 0 (1 (@) e (@) - g 7 (@) g7
geG
=Y (@) Tu(@) g7 7 () ()
geG

= (@) rg(e) - (W),

as claimed. O
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Corollary 7.8. For any o, € Ly, (1) and oy € Ly, there is a unique o € Ly such that
rg(ome) - rg(ar) =rg(@).
Proof. Proposition 7.7(c) implies that, for any w € Q', we have
[rG (anr) - 16 ()] = rg(om) - re (o) - m(w),

and so rg(oyy) - re(a) € H(LG). As the map rg is bijective, it follows that there is a unique « €
Map(G, L) such that

rg(ome) - rg(o) =rg(a),
and that @ € L. O

Theorem 7.9. If ay € Ly, is any normal integral basis generator of Ly, /L, then the element a € Ly
defined by

rG(an) - rG(@s) =rg(a) (7-8)
is a normal integral basis generator of L /L.

Proof. The proof of this assertion is very similar to that of the analogous result in the abelian case described
in [McCulloh 1987, (5.7), p. 283]. We first observe that plainly O;G -a € O, because ay € Oy, and
@5 € Oy, (yr). Hence, to prove the desired result, it suffices to show that

disc(OrG -a/0r) =disc(0O,/Opr).
This will in turn follow if we show that
diSC(OLan . (l/OLnr) = diSC(Oﬂ/OL) . OLHT.

Recall (see (2-3)) that we may write L, =~ @G/”(Q,) L™, where L™ is a field with Gal(L™ /L) ~ m (2").
Under this last isomorphism, the inertia subgroup of Gal(L”™ /L) is isomorphic to (s). The standard
formula for tame field discriminants therefore yields

disc(07 /0,) = g BI=DI@I/sl o,

and so we have
disc(05/0) = wBI=DIGVIsI o, . (7-9)

Now rg(anr) € (OrxG)*, and we see from the proof of Proposition 7.7(b) that

OwGa=0rwG ;= Ox, (Tor) ®0, O~ EP Opwlww/1].
G/fs)
Since

disc(Opn[w /1) Opw) = w171 Opmr,
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it follows that
disc(OpwG -a/Opw) = o BI=VIGVII 0w = disc(05/0) - Opm,
and this establishes the desired result. U

Remark 7.10. We caution the reader that L is not in general equal to the maximal unramified subex-
tension of L, /L, even when L is a field. Suppose, for example, that L is a field, and write Lq for the
maximal unramified subextension of L, /L. Set f =[Lg : L]. Then it is not hard to check that

IGI/f
Lr,~ [] Lo. (7-10)
i=1

and so L is a Galois algebra with “core field” Lg. If « € Oy, is such that Oy, = O [Gal(Lo/L)] -,
then we may take an, = (, O, ..., 0) under the identification given by (7-10).

Suppose further that L contains the |s|-th roots of unity, and that L, = Lq - L(zo '/¥!). To ease notation,
write M := L(w /I!), and set H = (s). Then a calculation similar to (but simpler than) that given in
the proof of Proposition 7.7(b) (see also Proposition 7.1) shows that Oy = OL[H] - B, and it may be
shown by computing the coefficient of 15 on the left-hand side of (7-8) that a = « - By, as is of course
well known.

Remark 7.11. Suppose that s € G with (|s|, g) = 1. A straightforward computation (cf. the proofs of
Propositions 7.1 and 7.7(b)) shows that for every w € Qp~, we may write

rg (¢s)w =rg(gs) - ¢s (w)
where [@;] € H!(L™, G), and that ¢; is a normal integral basis generator of Lgt/ L™. We have that

[5,1=1¢s,]11n H,1 (L™, G) if and only if c(s1) = c(s2). Itis easy to show that every element of Hzl (L™, G)
is of the form [§;] for some s € G with (|s|, g) = 1 (cf. the proof of Proposition 7.1 again).

Definition 7.12. Let a be any normal integral basis generator of L, /L. Theorem 7.9 implies that we
may write

rg(a) =u-rg(an) - re(s), (7-11)
where u € (OG)™ and ay, is any normal integral basis generator of L, /L. This may be viewed as being
a nonabelian analogue of a version of Stickelberger’s factorisation of abelian Gauss sums (see [Hilbert

1998, pages XXXV-XXXVI, and Theorems 135 and 136; McCulloh 1987, Introduction]), and so we call
(7-11) a Stickelberger factorisation of rg(a).

8. Local extensions II

Our goal in this section is to state certain results analogous to, (but very much simpler than), those in
Section 7, for extensions of F, where v is an infinite place of F. This section may therefore be viewed as
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being a “supplement at infinity” to Section 7 (cf. [Frohlich 1984, Chapter I, §3]). We remind the reader
that, if v is infinite, by convention, we set O, G = F,,G and Htl(Fv, G)= H'(F,, G).
Suppose first that v is a complex place of F. Then

Ko(Or,G,F)=0 and H'(F,,G)=0,

and we set X,(G) = {1}. As this case is totally degenerate, we therefore suppose henceforth in this
section that v is real. We set L = F,, >~ R, and for the remainder of this section, we drop any further
reference to v from our notation.

Set Gal(L¢/L) = (o), and fix a primitive fourth root of unity ¢4 € L€ (cf. the choice of compatible
roots of unity made at the beginning of Section 7), so L = L(&4).

Write

(G):={seG|s*=e). (8-1)
(Note that this set is in fact independent of v.) For each s € X(G), we set
By = 3(1+2).

Define ¢; € Map(G, L€) by
o' (By) ifg=s",

¢s(8) = {0 if g ¢ (s).

Then it is easy to check that
ro(¢s) =Bs-e+o(B) -5 = 3[(1+a) - e+ (1= 84) - 5.
Proposition 8.1. Suppose that 1 € Hom(Q2y, G) with w(o) =s. Then s € Ly, and
L, =LG - ;.

Proof. The first assertion follows directly from the definition of ¢;. The second is an immediate

consequence of the fact that rg(p;) € (L°G)*, because
3((A+e) et (1=8a)-9) 5 (1=C) e+ (1+8)-5) =1 O
Proposition 8.2. Suppose that x € Rg, and write
Xlsy=a-1+b-¢,
where ¢ denotes the unique nontrivial irreducible character of (s). Then
[Det(rg (¢:)](x) = (=12,

Proof. This follows via a straightforward computation:

[Det(rg (@:))]1(x) = 1rg(ps)* - e(rc ()’ = (Bs +a (B - (Bs —o (Bs))’ =1- ¢ = (=DHP2 O
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Remark 8.3. In terms of the Stickelberger pairing (—, —) which will be introduced in the next section,
Proposition 8.2 asserts that

[Det(rg (gs)](x) = (—1)*-s)a,

9. The Stickelberger pairing

Definition 9.1. The Stickelberger pairing is a Q-bilinear pairing
{(—, =) :QR; x QG — Q (9-1)

that is defined as follows.

Let ¢|| be a fixed, primitive |G|-th root of unity (see the conventions established at the beginning of
Section 7), and suppose first that G is abelian. Then if x € Irr(G) and g € G, we may write x(g) = gerl
for some integer r. We define

-
(x,g>c—{@},

where {x} denotes the fractional part of x € (O, and we extend this to a pairing on QR x QG via linearity.
For arbitrary finite G, the Stickelberger pairing is defined via reduction to the abelian case by setting

(X, 86 = {xle) &g
It is easy to check that both definitions agree when G is abelian.

We shall now explain a different way of expressing the Stickelberger pairing using the standard inner
product on Rg. In order to do this, we must introduce some further notation.
img,

For each s € G, we set my := |G|/|s|. We define a character & of (s) by & (s') = 863 SO & isa
generator of the group of irreducible characters of (s). Then it follows from Definition 9.1 that

¢ By _ %}
(& s s )is) {|s|'

Define
|s]—1

o1 L
bS:mZ]fsj
j=1

Proposition 9.2. Let (—, —)g denote the standard inner product on Rg, and suppose that x € Rg
and s € G. Then we have

(x-Indf) (Es))6 = (x. 5)c-

Proof. Suppose that
Is|—1

Xlisy = lel a;&;l,
=0
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where a; € Z for each j. Then we have

ls|—1 s|—1

(X.9)6=Y_ ajEl shy=> aj{li—|} = ﬁ Y ajj.
j=0 '

On the other hand, via Frobenius reciprocity, we have

Is|—1 Is|—1 Is|—1

- - i1 . 1 .
(x> Ind, (Es))g = (x5 B())is) = (Z a€l. 1 > ]55)( =i Y ajji=x 956
Jj=0 s

j=0 j=0
and this establishes the desired result. O
In order to apply Proposition 9.2, we shall require the following result concerning traces of sums of
roots of unity.

Lemma 9.3. Let n > 1 be an integer, and suppose that ¢ is any primitive n-th root of unity. Write

n—1

y:=Zi-§'i.

i=1
Then
Trag)0(y) = —3n(n),

where ¢ is the Euler ¢-function. In particular, Trg)/a(y) # 0.

Proof. Bach ¢! is a primitive d-th root of unity for some divisor d of n, and so it follows that

y:Z Z %;nr/d_

d|n 1<r<d-1
rd)=1
If d | n, then applying Mdbius inversion to the identity x¢ — 1 = [, \a Pm(x) (Where @, (x) denotes the
m-th cyclotomic polynomial) yields ®,,(x) =], | g = 1)*@/m whence it is not hard to show that
Trg)/a(e) = u(d) for any primitive d-th root & of unity. Hence Tro ) a(e) = ¢ (n)u(d)/¢(d), and so

we have
wu(d) ¢(n)
Traa() =) Y o Tewel")=n}_ 0@’
d|n 1<sr=d—1 dln
(rd)=1
where

1 ifd=1,

s(d) = Zlfiid—li ifd > 1.
G.d)=1

It is well-known that
s(d) = 3d¢(d)
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for any integer d > 1 (see, e.g., [Burton 2007, Theorem 7.7]). It therefore follows that

Trag)a() = 3n¢ () Y ud) = —ing (),

dln
d>1

as claimed. g
We can now state the following corollary to Proposition 9.2.

Corollary 9.4. Suppose that s| and s, are elements of G.

() If c(s1) = c(s2), then (X, s1)G = (X, s2)G for all x € QRg.
() If {(x,s1)6 = (x, s2)c for all x € QRg, then (s1) is conjugate to (s3) in G.
(iii) We have that {x, s1)g = 0 for all x € QR¢ if and only if s; = e.

Proof. (i) Let x € Rg and s € G. It follows from the definition of the Stickelberger pairing that for fixed x
the value of (yx, s)¢ depends only upon the conjugacy class c(s) of s in G. Hence, if c(s1) = c(s2), then
(X, s1)6 = (X, s2)¢ forall x € QRg.

(i) To show this we use Proposition 9.2. We first note that a straightforward computation shows that
the degree of the virtual character Ind(Gs) (By) is equal to |G|(|s| — 1)/2]s|, and so we see that Indfv)(E s)
determines |s|. Next, we remark that If {#;} is a set of representatives of G/(s), then for each g € G, we
have

[Ind§, (E)I) = > & 'gt), (9-2)

- gtt€<s)

and so the character Ind&(E s) vanishes on all elements of G that are not conjugate to an element of (s).
Proposition 9.2 implies that under our hypotheses, IndG y(Es) = IndG y(Es,). Hence, to prove the
desired result, it suffices to show that [Ind<GSI>(E s1(s1) # O, because then

[Indf},, (E5)1(s1) = [Indf} , (E;)](s1) #0,

which implies (since |s1| = |s2|) that s; is conjugate to a generator of (s;).
Now if s{ is any generator of (s1), then &, (s{) is a primitive |s;|-th root of unity, and we have

Isi]—1

Eq (s =Y i (s

i=1

Hence if ¢ denotes any primitive |s;|-th root of unity, Lemma 9.3 implies that

Tra)aEs (7)) = —3Is1lp (Is1]).

It follows from (9-2) that Tr@(g)/@[lndg(asl )1(s1) is equal to a nonzero multiple of —|s;|¢(|s1])/2, and
so is nonzero. This in turn implies that [IndSGI(ES1 )](s1) is also nonzero, thereby establishing the desired
result.
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(iii) Proposition 9.2 implies that (x, s;)¢ = 0 for all x € QRg if and only if (Indgl)(Esl), x)c = 0 for
all x € QQR. The latter condition holds if and only if Indgl>(E s5;) = 0 and this happens if and only if
51 =e. O

Remark 9.5. (a) The converse to Corollary 9.4(i) does not hold in general, e.g., it fails for the dihedral
group D, of order 2p, where p > 3 is a prime. (See [Siviero 2013, Chapter 3; 2016] for an explicit
description of the Stickelberger pairing in this case.)

(b) Let x1, ..., xqa (respectively cy, ..., cq) be the set of irreducible characters (respectively conjugacy
classes) of G. We refer the reader to [Bueno et al. 2016] for computations and conjectures concerning the
rank of the d x d-matrix [{x;, ¢;)c] associated to the Stickelberger pairing (—, —)G when G is cyclic.

10. The Stickelberger map and transpose homomorphisms

The Stickelberger map.
Definition 10.1. The Stickelberger map

®=0;:QR; - QG (10-1)

is defined by
O =Y (x.8c"8.

geG

We write G(—1) for the set G endowed with an action of QF via the inverse cyclotomic character.
Note that in general, for nonabelian G, this 2g-action is not an action on G via group automorphisms; it
is only an action on the set G. However, it does induce an action on the additive group QG (—1), which
is all that we shall require.

The following proposition summarises some basic properties of the Stickelberger map.

Proposition 10.2. (a) We have that ©(x) € Z(QG) for all x € Rg, i.e., in fact
®:QR; — Z(QG).
(b) Suppose that x € Rg. Then ©(x) € ZG if and only if x € Ag. Hence ® induces a homomorphism
AG — ZG.
(c) The map
®:QR; — QG(-1)
is Qp-equivariant.

Proof. The proofs of these assertions for arbitrary G are essentially the same as those in the case of
abelian G. See [McCulloh 1987, Propositions 4.3 and 4.5].

(a) It follows from the definition of the Stickelberger pairing that if x € Rg and g € G, then (x, g)¢ is
determined by the conjugacy class ¢(g) of g in G. This implies that ® (Rg) C Z(QG), as claimed.
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(b) Suppose that x € Rg and g € G. Write
Xl =Y anm,
1

where the sum is over irreducible characters of (g), and set {4 := ;llGl/ ¢l Then
a a | |Z a
(det(x))(g) = det(x | 5))(g) = Hn(g) " H@l'g' e

It now follows that (x, g)g € Z for all g € G if and only if x € Ker(det) = Ag, as required.

(c) Let « denote the cyclotomic character of 2, and suppose that x € R is of degree one. Then, for
each g € G and w € QF, we have

x“(8) = x(g““),
and so

(x?, 8)e = (x, ). (10-2)

It follows via bilinearity that (10-2) holds for all x € Rg and all g € G. Hence, if we view © () as being
an element of QG (—1), then
—1
O =D (X8 g=Y (x.8 e g=) _(x.8)a 8" @ =000". O
geG geG geG
Transpose Stickelberger homomorphisms. We see from Proposition 10.2 that dualising the homomor-
phism
®:Ac —> Z(ZG)
and twisting by the inverse cyclotomic character yields an Qg-equivariant transpose Stickelberger
homomorphism
©' : Hom(Z(ZG(—-1)), (F°)*) — Hom(Ag, (F)™). (10-3)
Composing (10-3) with the sequence of homomorphisms
Det(F¢G)*
Hom(Ag, (F)*) = Z(F°G)*/G® - ————— — Ko(OrG, F°), 10-4
om(Ag, (F°)") = Z(F°G)”/ = Det(0,G)< 0(OF ) (10-4)
(where the first arrow is given by (4-6), the second via (the inverse of) (4-3), and the third is via the
homomorphism 8! of (6-1)) yields a homomorphism

K®' :Hom(Z(ZG(-1)), (F)*) — Ko(OpG, F°). (10-5)

Hence, if we write C(G(—1)) for the set of conjugacy classes of G endowed with 2g-action via the
inverse cyclotomic character, and set

A(OFG) := Homg, (Z(ZG(~1)), Orc) =Mapg, (C(G(—1)), Or<) = Z(Op:[G (=D,
A(FG) :=Homg, (Z(ZG(~1)), F*) = Mapg, (C(G(=1)), F) = Z(F[G(-)])?,
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then K®' induces a homomorphism (which we denote by the same symbol):
K®' : A(FG)* — Ko(OfrG, F°).

For each place v of F, we may apply the discussion above with F replaced by F, to obtain local

versions
! :Hom(Z(ZG(-1)), (F$)*) — Hom(Ag, (F{)™) (10-6)
and

K®.: A(F,G)* — Ko(OF,G, F°) (10-7)

of the maps ®" and K ©' respectively. The homomorphism ©' commutes with local completion, and
K ®' commutes with the localisation maps

A : Ko(OFG, F©) = Ko(OF, G, FO).

Definition 10.3. We define the group of ideles J (A (FG)) of A(FG) to be the restricted direct product
over all places v of F of the groups A (F,G)* with respect to the subgroups A(Of, G)™.

For all finite places v of F not dividing the order of G, as Of,G is an Of,-maximal order in F,G, we
have that (see Proposition 4.5(ii))

O} (A(OF,G)) € Homg, (Ag, (OF)*) = Det(H(OF,G)),
and so

KO, (A(OF,G)) € Ko(OF,G, Or).

It follows that the homomorphisms ® combine to yield an idelic transpose Stickelberger homomorphism

KO': J(A(FG)) — J(Ko(OpG, F9)). (10-8)

We shall see in the next subsection that the idelic homomorphism K®’ is closely related to the
homomorphism

W' J(H!(F.G)) - J(Ko(OFG, F°))
of Definition 6.2.

Prime F-elements.

Definition 10.4. Let v be a place of F. For each element s # e of ¥,(G) (see Definition 7.2 and (8-1)),
define f, s € A(F,G)* by

—1 ifvisreal and ¢ = c(s),
Sfvs(c) =4 @, ifvisfinite and c = c(s), (10-9)
1 otherwise.
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Observe that f) s is Q2F, -equivariant because s € X,(G) and so QF, fixes c(s) when s is viewed as an
element of G(—1). The element f; ; depends only upon the conjugacy class c(s) of s. For all places v
of F, we define f, . € (A(F,G))™ to be the constant function f, , = 1.
Write
F, = {fv,s |s € 2,(G)},

and define the subset F C J(A(FG)) of prime F-elements by
feF << feJ(AFG))and f, € F, for all places v of F.

Following [Byott 1998, Definition 7.1], we define the support Supp(f) of f € F to be set of all places v
of F for which f, # 1. We say that f is full if, for each s € G there is a place v with f, = f, ;.

Our interest in the set F, as well as the relationship between K ®' and W9, is explained by the following
result.

Proposition 10.5. Let v be a place of F.
(a) Foreachs € 2,(G), we have
Det(rg (¢v,5)) = KO, (fu.5)
in Ko(OF,G, Fy).
(b) Suppose that s, sp € X, (G) with
Det(rg(¢v,s,)) = Det(rg (¢u,s,)). (10-10)

Then (s1) is conjugate in G to (s3).

(c) Suppose that v is finite. Let w1, mp € Hom(S2f,, G) with [m;] € HII(FU, G) for each i, and set
s; = mi(oy) (see (7-5)). Let a; be a normal integral basis generator of F, ./ F,, and let

rg(aj) =u; - rG(ai,nr) : "G(‘Ps,-)
be a Stickelberger factorisation of rg(a;) (see Definition 7.12). Suppose that
Det(rg(ay)) - Det(rg(ax)) ! € Det((Or:G)™). (10-11)

Then
Det(rg (¢s1)) = Det(rg ((psz))

and for some integer m and some h € G, the equality
1) = h-ma()" b

holds for all w € I,,.
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Proof.

(a) The proof of this assertion is very similar to that of [McCulloh 1987, Proposition 5.4].
It suffices to show that the equality

Det(rg(¢y.5)) = ©4(fu.s)

holds in Hom(Ag, (F{)™).
Let x € Rg, and write

X|<s> = Zann,

n

where the sum is over irreducible characters 1 of (s).
Suppose first that v is finite. Using (7-2), we see that (cf. [McCulloh 1987, Proposition 5.4])

Is|—1

[Det(rg (¢u. )10 = H< > ol (ﬁsm(s—")) R (10-12)

noNi=0
and so it follows that
[Det(rg (gu,)1(@) = & (**0

forall ¢ € Ag.
If v is real, then the proof of Proposition 8.2 shows directly that

[Det(rg(gss)1(x) = (—1) x5,

and so we have
[Det(rg (gos))(@) = (—1){**e

for all @ € A in this case also.
Now suppose that v is either finite or real. If « € A, then we have

@ @6 if v is finite,

(—Dfe%%6  if y is real.

(O, (fo.) (@) = fos(O) = fu,s<2<a, 8)G -g) =[] fos(@®*¥° = {

geG geG
The desired result now follows.
(b) The proof of (a) above shows that if (10-10) holds, then
(x,s1)6 = (X, 2)G

for every x € Rg. It therefore follows from Corollary 9.4 that (s;) is conjugate in G to (s»).

(c) Observe that (10-11) holds if and only if

Det(rg(¢s,)) - Det(rg(¢s,) ") € Det((0F: G)*), (10-13)
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and the proof of part (a) (see (10-12)) implies that (10-13) holds if and only if
Det(rg (¢5,)) = Det(rg (¢s,))-
Part (b) therefore implies that (s1) and (s,) are conjugate. Hence
sp=h-sy h!
for some m € Z and h € G, and so
r6(@s) =h-r(gm) -h™'

(see (7-3)).
For any w € Q2 For, We have

71 (@) =rg(a)”" 6@ =re(es) ™" 16 (es)".
Applying the map F{G — F{G defined by ) g dg8 F> > ¢ 4g&™ to this equality (when i = 2) yields
(@) = ro(ee) ™" - re(@m)”.
The final assertion now follows. U

The Stickelberger pairing revisited. In this subsection we shall briefly describe an alternative definition
of the Stickelberger pairing that involves a direct connection with resolvends of local normal integral
basis generators. This will not be used in the sequel.

Let v be a finite place of F. There is a natural pairing

(= =} : Im(G) x H'(F}", G) — Q/Z,  (x, [7]) = [v(Det(rg (a(m)))(x))], (10-14)

where a () is any normal basis generator of F}" /FJ". Recall that every element of Ht1 (F}", G) is of the
form @, s for some s € G with v{|s| (see Remark 7.11). The restriction of {—, —}¢., to Irr(G) x Htl (F)", G)
yields a refined pairing

{— =15 1 Im(G) x HN(F™, G) — Q. (X, Gu.s) > v(Det(rg(@y,)) (X)). (10-15)
This leads to the following definition.

Definition 10.6. Suppose that v is finite and that v{|G|. We define a pairing

[— =l : Im(G) x G = Q,  (x,8) = v(Det(rg(¢v,g)) (X)), (10-16)

and we extend this to a pairing on QR x QG via linearity.

Proposition 10.7. Suppose that v is finite and that vt|G|. Then for each x € Irr(G) and g € G, we have

(X, &la.w = [Xxl(g)s &lig).v- (10-17)
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Proof. Set H := (g). The property (10-17) is a direct consequence of the fact that the restriction map
Rc — Ry induces a homomorphism Hom(Ry, (F))*) — Hom(Rg, (F{)*) such that the following
diagram commutes:

(FEHY*  —=>  (FSG)*
lDCt lDet
Hom(Rpy, (Fy)*) —— Hom(Rg, (F})™)
(see, e.g., [Frohlich 1976, p. 436; 1984, p. 118]). O

Proposition 10.8. Suppose that v is finite and that vt|G|. Then for each x € Irr(G) and g € G, we have

[x: gle.w = (X, 8)c- (10-18)

In particular, [—, —]g.v is independent of our choice of v.
Proof. Proposition 10.7 implies that we may assume that G is cyclic. The equality (10-18) may then be
established via an argument identical to that used in the proof of Proposition 10.5(a) (see also [McCulloh
1987, Proposition 5.4]). O
11. Modified ray class groups
Definition 11.1. Let a be an integral ideal of Of. For each finite place v of F, recall that
Us(Or) = (14 a0p) N (O5) ™.

We define
Uy(A(OF,G)) € A(F,G)* =Mapg, (C(G(=1)), (F;)™)
by
Uy(A(OF,G)) = {gy € A(FyG)*|gy(c) € Ua(OF¢) Ve # 1}
(with g, (1) allowed to be arbitrary).
Set
U, (A(OFG)) := (l_[ UC’L(A(OF“G))) NJ(A(FG)).

Definition 11.2. For each real place v of F, we define
A(F,G)} = {gy € A(F,G)™ | gu(c) e RZ, for all c € C(G(—1))}

(with g, (1) allowed to be arbitrary).
If v is complex, we set A(F,G)} := A(F,G)*. We define

U, (A(OFG)) = ( HA(FG)X) NJ(A(FG)),

v| oo
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and

UL(A(OFG))y = (]‘[ A(FG)1> NJ(A(FG)).

v|oo

Definition 11.3. The modified ray class group modulo a of A(OpG) is defined by

/ B J(A(FG))
Cl,(A(OFG)) = A(FG)*-UlL(A(OFG)) - Ul (A(OFG))

The modified narrow ray class group modulo a is defined by

CIL T (A(0FG)) == JAXFG)) :
A(FG)* - Uy(A(OFG)) - UL (A(OFG))+

We refer to the elements of Cl/a(A(O rG)) (respectively Clg+(A(0 rG))) as the modified ray classes
(respectively modified narrow ray classes) of A(OrG) modulo a.

Remark 11.4. Fix a set of representatives 7' of 2p\C(G(—1)), and foreach t € T, let F(¢) be the smallest
extension of F such that Qf( fixes ¢. Then the Wedderburn decomposition of A(FG) is given by

A(FG):MapQF(C(G(—l)),F“):HF(t), (11-1)
teT
where the isomorphism is induced by evaluation on the elements of 7.
The group CI; (A (OrG)) (respectively lelJr (A(OFG))) above is finite, and is isomorphic to the product
of the ray class groups Cla(OF(;)) (respectively the narrow ray class groups Cl:(OF(,))) modulo a of
the Wedderburn components F(t) of A(FG) with ¢ # 1. There is a natural surjection

CL,Y(A(OFG)) — CL(A(OFG))

with kernel an elementary abelian 2-group.
If |G| is odd, then (as no nontrivial element of G is conjugate to its inverse) F () has no real places
when t # 1, and so Cly(OF()) = Clj(OF(t)). Hence we have

CIQ+(A(0FG)) = Cl(A(OFG))
whenever G is of odd order.

Proposition 11.5. Let a be any integral ideal of Op. Then the inclusion F — J(A(FG)) induces a
surjection F — Cl’a+(A(0FG)). In particular, each modified narrow ray class modulo a of A(OrG)
contains infinitely many elements of F.

Proof. Let I(A(OfrG)) denote the group of fractional ideals of A(OrG). Then via the Wedderburn
decomposition (11-1) of A(FG), we see that each fractional ideal 6 in A (OrG) may be written in the
form B = (2B,);cr, where each ‘B; is a fractional ideal of O (). For each conjugacy class t € T', let o(t)
denote the Q2 p-orbit of ¢ in C(G(—1)), and write |¢| for the order of any element of .
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For each idele v € J(A(FG)), let

co(v) := [co(v)lier € I(A(OFG)) = ]_[ 1(OF®)

teT

denote the ideal obtained by taking the idele content of v. If v is a place of F, we view F, as being a
subset of F via the obvious embedding A(F,G)* C J(A(FG)), and we set

Fyi={co(fo) | fv € Fy}.

Now suppose that v is finite, and consider the ideal

co( fu,s) = [co(fo,s)ilrer

in I (A(OrG)). If c(s) ¢ o(t), then it follows from the definition of f,  that co(f, s); = OF(). Suppose
that c(s) € o(¢). Since s € X, (G), it follows that v(|s|) = 0 and that QF, fixes c(s). Hence F,(t) = F,,
and so we see that co( f, s); is a prime ideal of O, of degree one lying above v (cf. [McCulloh 1987,
pp- 287-289]). Furthermore, if t € T and if v is a finite place of F that is totally split in F(¢), then
fo.s € Fy forall ¢(s) € o(z).

We therefore deduce that if v is finite, the set F, consists precisely of the invertible prime ideals
p = (p:)rer of A(OFG) with p,, a prime of degree one above v in F(¢1) for some #; € T with v(|#1]) =0
and p; = Op(, for all t # t1. For every t € T, the narrow ray class modulo a of F(¢) contains infinitely
many primes of degree one, and this implies that F surjects onto Cl/aJF(A(O rG)) as claimed. Il

Our next result describes a transpose Stickelberger homomorphism on modified narrow ray class groups
ClélJr (A(OFG)) for a suitable choice of a. Before stating it, we remind the reader that Proposition 6.3
implies that [ [, Im(W}") is a subgroup of J(Ko(OrG, F°)).

Proposition 11.6. Let N be an integer, and set a := N - Or. Then if N is divisible by a sufficiently high
power of |G|, the idelic transpose Stickelberger homomorphism

K®': J(A(FG)) — J(Ko(OrG, F%))

induces a homomorphism
J(Ko(OFG, F))
AN(K (FeG)]- T, Im(¥ir)’

Proof. To show this, we first observe that Proposition 4.6 implies that if N is divisible by a sufficiently

O :ClL (A(OFG)) —

high power of |G| and v is any finite place of F, then we have
! (U4(A(OF,G))) € Det((0,G)*/G) € Det(H(OF, G)) = Im(¥!),
and so it follows that

KO (Uy(A(0FG))) € [ [Im(wy)

in J(Ko(OfrG, F°)).
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Suppose that v is a real place of F and that & € A(F,G)Z. Then for each x € Rg, we have (recalling

that (x, e)¢ =0)
L (x) = [ | hc@n™ e >0,
geG

and so O (h) € HomgF (Rg, (FS)™). This implies that K©'(h) = 1 in Ko(OF,G, FY), and therefore
KO (U, (A(OFG))) =1in J(Ko(OFG, F°)).

It now follows that K®' induces a homomorphism

J(Ko(OFG, F°))

AN(K 1 (FeG)]-TT, Im(¥p)’

®' :Cl. T (A(0FG)) —
as claimed. O

12. Proof of Theorem 6.6

In this section we shall prove Theorem 6.6. Recall that we wish to show that if

J(Ko(OFG, F))

wid . J(H!
vid: J(H, (F,G)) — A0 (K1 (F<G))]- ], Im(wnr)

denotes the map of pointed sets given by the composition of the map W¢ with the quotient homomorphism

J(Ko(OFG, F))

@ RolOr G F) = S T (B - T, Im()”

then the image of Wid g in fact a group.
To show this, we choose an ideal a = N - O as in Proposition 11.6, and we consider the diagram

J(H\(F, G))

\I/id l

612l qzl qll
CILF (A(0FG)) —— CLF(A(0FG)) —= J(Ko(OFG, F))

AN(K (FG)T-TT, Im(W)

Here g, denotes the obvious quotient map. Proposition 11.6 shows that the right-hand square commutes,
and Proposition 11.5 shows that the left-most vertical arrow is surjective.
It follows from Proposition 10.5(a) that

Q1[KO' (F)] = qi[W'(J(H!(F, G)))] = Im ¥id,
On the other hand, we also have that

q1[K®' (F)] = ©4(Cl, " (A(0rG))),
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which is a group. It therefore follows that Im(\Iﬁ) is indeed a group, as claimed.
This completes the proof of Theorem 6.6. g

13. Realisable classes from field extensions

In this section, after first proving that the kernel of W is finite, we explain how a slightly weaker form of
Conjecture B implies that every element of R(OrG) may be realised by the ring of integers of a tame
field (as opposed to merely a Galois algebra) G-extension of F.

Recall that G’ denotes the derived subgroup of G, and note that we may view H'(F, G’) and H'(F,, G’)
as being pointed subsets of H!(F, G) and H'(F,, G) respectively via taking Galois cohomology of the
exact sequence of groups

0—>G —G— G®—0.

Recall also that we write H) (F, G') for the set of isomorphism classes of G’-Galois F-algebras that are

fnr
unramified at all finite places of F.

Proposition 13.1. (a) Let v be a finite place of F. Then Ker(V,) C Hnlr(Fv, G).
(b) Suppose that [r] € Ker(V). Then [r] € H. (F, G') € H'(F, G). We have that Ker(V) is finite.
(c) Suppose that F/Q is at most tamely ramified at all primes dividing |G|. Then Hnlr(F , G') C Ker(W).

(d) Suppose that G has no irreducible symplectic characters or that F has no real places. Suppose also
that F /Q is at most tamely ramified at all primes dividing |G|. Then Ker(V) = Hflnr(F, G).

Proof.
(a) Let v be a finite place of F. Suppose that [,] € Ht1 (Fy, G), and that O, = OF,G - a,. Recall (see

Sections 5 and 6) that we have
Det(F¢G)*
v, : H\(F,,G) - Ko(OF,G, F) ~ —— Y~
v ;( v )_> O( F, v) Det(OFvG)X
and that W, ([r,]) = [Det(rg(ay))] (see also Definition 4.1 and Remark 4.2). It follows that W, ([7r,]) =0
if and only if Det(rg(a,)) € Det(Of,G)™.
Hence, if W, ([7r,]) =0, then for each w € QF,, we have

Det(rg(ay) ") - Det(rg(a,)” = 1,

and so we deduce from (3-8) that [, ] lies in the kernel of the natural map H'(F,, G) — H'(F,, G™)
of pointed sets. This implies that [7,] € H L(F,, G. Finally, we see from (7-11) and Proposition 10.5(c)
that Det(r¢ (ay)) € Det((Ofr,G)™) only if [7,] € Hnlr(Fv, G). We now conclude that if [7,] € Ker(¥,),
then [rr,] € H)(F,, G’). This establishes part (a).

(b) Suppose that [] € H'(F, G) satisfies W([r]) =0. Then W, (loc,([r])) = 0 for each place v, and so it
follows from part (a) that loc, ([7r]) € Hnlr(Fv, G’) for all finite places v of F. Therefore [7] € H'(F, G),
and 7 is unramified at each finite place of F, i.e., ] € Hflm(F , G'). As there are only finitely many
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unramified extensions of F of bounded degree, it follows that Hf]m(F , G') is finite, and so Ker(W¥) is

finite, as claimed.

(c) Suppose that [7] € Hnlr(F, G) C Htl(F, G), and write O, = Of,G - a, for each finite place v of
F. As m is unramified at v, it follows that Det(rg(ay)) € Det(O F;uG)X. Since loc,([]) lies in the
kernel of the natural map H'(F,, G) — H L(F,, G*), we see from the diagram (3-8) that the image of
Det(rg(ay)) in Z(F,G)*\H(Z(F,G)) is trivial, and so in fact Det(rg(ay)) € [Det(OpyrG)X]QFv. Note
that Det(rg(a,)) is defined over the finite, unramified extension F," of F, (see (2-2)). Let L denote an
arbitrary finite, unramified extension of F,.

If vt|G|, then O G is an Op-maximal order in LG, and we have (see (4-12))

[Det(0,G)*1%" ~ [Homg, (Rg, (OF:))|*" ~Homg, (Rg, (OF:)*) ~Det(Of,G)*.

If v | |G|, then because F/Q is at most tamely ramified at all primes dividing |G|, it follows from M. J.
Taylor’s fixed point theorem for group determinants [1984, Chapter VIII] that

[Det(0,G)* 1% = Det(OF,G)™.

Hence, for each finite place v of F, we see that Det(rg(a,)) € Det(Of,G)*, and so W, ([7,]) = 0 (cf.
part (a) above).

Since Hr}r(Fv, G) = 0 for all infinite places of F, it follows that W, ([r,]) = O for all places v of F.
This in turn implies that A(W ([7r])) = 0. As the localisation map A is injective (see Proposition 5.9(a)), it
follows that W ([xr]) = 0. Hence Hnlr(F, G') C Ker(W), as claimed.

(d) The proof of this assertion is very similar to that of part (c) above, and so here we shall be brief.
Suppose that [ ] € Hf]m(F , G'). Arguing exactly as in part (c), we see that W, ([r],) =0 for all finite places
v of F, which in turn implies that A ; (W ([r])) = 0. Under our hypotheses, Proposition 5.9(b) implies
that the localisation map A r is injective, and so W([7r]) = 0. Hence we see that Hfhr(F , G CKer(¥),
and so it follows from part (b) above that in fact HfLr(F , G') = Ker(W¥), as asserted. U

Definition 13.2. Suppose that x e LC(OrG) (see Definition 6.4). We say that x is unramified (respectively
ramified) at a place v of F if A,(x) € Im(H\.(F,, G)) (respectively if A, (x) ¢ Im(HL(F,, G))).

If S is any finite set of places of F', we denote the set of x € LC(OrG) that are unramified at all places
in S by LC(OfrG)s.

Before stating our next result, it will be helpful to introduce the following notation. Suppose that
x € LC(OFG) and let [(xy)y, Xo] € J(K1(FG)) x Det(F¢G)™ be a representative of x. Then A(x) €
J(Ko(OFG, F°)) is represented by the element (x, -loc,(xo0)) € [ [, Det(FSG)*. Hence it follows from
Theorem 7.9 and Proposition 10.5(a) that we have an equality

[(xy - locy (xoo))] = [a(x)] - KO'(f(x)) (13-1)

in J(Ko(OfG, F)), where a(x) = (a(x),) € [[, Det(H(OF,G)) and f(x) € F.



1874 Adebisi Agboola and Leon R. McCulloh

Definition 13.3. We say that x € LC(OfrG) is fully ramified if f(x) is full (see Definition 10.4 —note in
particular that this does not mean that x is ramified at all places of F', which would of course be absurd!).

Let us also recall that 3°(x) e CI(OrG) is represented by the idele (x,), € J(K1(F G)) (see Remark 5.5).

Proposition 13.4. Suppose that S is any finite set of places of F, and that x € LC(OrG). Then there
exist infinitely many y € LC(OrG)g with Bo(y) = 98%x) in CI(OrG). Hence we have

3%LC(0rG)) = d°%LC(OFG)s). (13-2)

Proof. Let a be an ideal of F chosen as in Proposition 11.6 (so a is divisible by a sufficiently high power
of |G| for the homomorphism ®/, to be defined). Proposition 11.5 implies that there are infinitely many
choices of g € F such that Supp(g) is disjoint from $ and g lies in the same modified narrow ray class
modulo a as f(x), i.e.,

f(x) =g (mod A(FG)™ - Uy(A(OFG)) - Ui, (A(OFG))+).

Hence for any such g, we have
KO'(f(x) =K®'(B-b-g)

where B € A(FG)* and b = (b,) € U,(A(OFG)) - UL (A(OFG))+. Now KO (B) € 31 (K (F¢G)) (see
(10-3)—(10-5)), while K ©' (D) lies in the image of [ [, Det(H(OF,G)) in J(Ko(OrG, F€)), by virtue of
our choice of a. We therefore see from (13-1) that we have the equality

[(xy - 1ocy (X)) - KO'(B) ! =[a(x)]- KO'(b) - KO (g)
in J(Kyo(OfG, F¢)). Then the class

y =[xy - loc, (x0o))]- KO'(B) ™!

in J(Ko(OfrG, F¢)) satisfies the desired conditions.
The final assertion follows immediately from the exact sequence (6-1). U

Proposition 13.5. Suppose that S is any finite set of places of F, and that x € LC(OpG). Then there
exist infinitely many y € LC(OrG)g such that y is fully ramified and 3°(y) = 3°(x) in Cl(OrG).

Proof. This is a generalisation of [McCulloh 1983, Proposition 6.14], and it may be proved in the same
way as [Byott 1998, Proposition 7.4].

We begin by constructing a full element / of F as follows. Let M/ F be a finite Galois extension such
that €2, acts trivially on C(G(—1)). For each s € G, choose a place v(s) of F that splits completely in
M/ F; the Chebotarev density theorem implies that this may be done so that the places v(s) are distinct
and disjoint from S. Then the element 7 =[], cG Ju(s),s 18 full.

Next, we choose an ideal a of F as in Proposition 11.6 and observe that Proposition 11.5 implies that
there are infinitely many choices of g € F with Supp(g) disjoint from S U Supp(/) such that g lies in the
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same modified narrow ray class of A(OrG) modulo a as f(x)-Ah~!. Then, for any such g, we have that
f(x)=g-h (mod A(FG)* - Ug(A(OFG)) - Up (A(OFG)) ),

and g -h € F is full. Now exactly as in the proof of Proposition 13.4 we may replace f(x) by g- /4 in
(13-1), changing the other terms in the equality as needed, to obtain y € Ko(OrG, F¢) satisfying the
stated conditions. g

Theorem 13.6. Let S be any finite set of places of F, and suppose that Conjecture B holds for LC(OrG)s,
i.e., that

LC(OrG)s € KR(OrG) =Im(W). (13-3)

Then R(OrG) is a subgroup of Cl(OrG). If c € R(OfrG), then there exist infinitely many [ ] € Ht1 (F, G)
such that Fy is a field and (O ) = c. The extensions F; /| F may be chosen to have ramification disjoint
from S.

Proof. To prove the first assertion, it suffices to show that, under the given hypotheses, we have
3°(LC(OFG)) = R(OrG) (13-4)

(see the proof of Theorem 6.7, especially (6-2)).

We plainly have R(OrG) € 8%(LC(OrG)). Suppose that x € LC(OrG), and set ¢, = 3°(x). Then
Proposition 13.5 implies that there exists y € LC(OrG)s with 3°(y) = ¢,. By hypothesis, we have
y € Im(W¥), and so 3°(y) = ¢, € R(OrG). This implies that 3°(LC(OrG)) € R(OrG). Hence (13-4)
holds, and so R(OrG) is a subgroup of CI(OrG), as claimed.

Next, we observe that if ¢ € R(OrG), then (13-4) and Proposition 13.5 imply that there are infinitely
many x € LC(OfrG)gs such that x is fully ramified and 8%(x) = ¢. For each such x, our hypotheses imply
that there exists 7, € Hom(Q2 g, G) with [, ] € Ht1 (F, G) and ¥ ([r,]) = x. The set of primes that ramify
in Fr /F is equal to Supp(f(x)), and so Fy, /F has ramification disjoint from S. As f(x) is full, we see
that for each nonidentity element s € G, there is a place v(s) € Supp(f(x)) such that 7, (o)) € c(s) (see
(7-5) and Proposition 10.5(a) and (b)). Hence Im(sr,) has nontrivial intersection with every conjugacy
class of G and so is equal to the whole of G, by a lemma of Jordan (see [Serre 2003, p. 435, Theorem 4’]).
Therefore 7, is surjective, and so Fy, is a field. This establishes the result. O

14. Abelian groups

In this section we shall prove that Conjecture 6.5 holds for abelian groups. We shall also show that the
map W is injective in this case.

Let G be abelian, and suppose that L is any finite extension of F or of F, for some place v of F. As
G is abelian, the reduced norm map induces isomorphisms

(LG)* ~Det(LG)*, (0.G)* ~Det(0.G)*, (L°G)* ~Det(L°G)™. (14-1)
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For each finite place v of F', Lemma 5.7 and (14-1) imply that there are isomorphisms

e _ Det(FEG)* (FLG)™
Ko(OF,G, F) ~ ~ :
Det(Ofr,G)*  (Of,G)*

Proposition 14.1. Let G be abelian and suppose that v is a finite place of F. Then the map WV, is injective.
Proof. Suppose that [, ;] € Htl(Fv, G) (i =1, 2), with O,TW. = O0F,G-ay,;. Then ¥, ([m;]) = [rc(ay,i)]
in (F{G)*/(OF,G)*. Hence if W([m, 1]) = W ([, 2]), then we have rg(ay, 1) - rG(av,z)*l € (0fr,G)*.

This implies that [} ] = [72,,] in Ht1 (Fy, G), and so it follows that W, is injective, as claimed. Il

Again because G is abelian, the pointed set of resolvends H;(LG) is an abelian group, and the exact
sequences (3-3) and (3-4) show that there is an isomorphism

H,(LG)

t:HYL,G) =
(LG)*

(14-2)

defined as follows: if [7] € Ht1 (L,G) with L; = LG - by, then t([r]) = [rg(by)].
Note also that Theorem 5.4(b) and (14-1) imply that Ko(OrG, F€) is isomorphic to the cokernel of
the homomorphism

J(FG)

A e (FG)™ _
0¢G,Fe : (FG) HHU(OFUG)X

x (FCG)*

induced by
(FG)* — J(FG) x (F°G)*, x> ((locy(x))y, x71).

Theorem 14.2. Conjecture 6.5 is true when G is abelian.

Proof. Suppose that x € LC(OrG), and let [(xy)y, Xoo] € J(FG) X (FCG)™ be a representative of x. We
shall explain how to construct an element [] € Ht] (F, G) such that 1, (x) = A,(¥([r])) for all finite
places v of F. Since G is abelian, and therefore admits no nontrivial irreducible symplectic characters,
this will imply that x = W([r]) (see Proposition 5.9(b)).

For each v, we have that x,, - loc,(x) € H;(F,G). As x, € (F,G)*, this implies that loc,(xs) €
H,(F,G) for each v. It follows from Proposition 2.3 that xo, € H(F G), and we see in addition that in
fact xoo € H,(FG). Hence x is the resolvend of a normal basis generator of a tame extension Fy /F.
Set 7, :=loc, (7r). Then for each finite v, we have

T(W, ! (o () = [locy (xo0)] = T ([7,])
in H,(F,G)/(F,G)*, which in turn implies that
Ay (x) = Wy ([mu]) = Ay (W ([ ])).
Hence x = W([r]), as required. O

Proposition 14.3. If G is abelian, then the map VWV is injective.
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Proof. Let [7] € H,I(Fv, G), and suppose that [(xy)y, Xoo] € J(K1(FG)) x (F°G)™ is a representative
of W([r]). Then it follows from the proof of Theorem 14.2 that ([ ]) = xo in H;(FG)/(FG)*. Since
T is an isomorphism, we deduce that W is injective. U

15. Neukirch’s lifting theorem

Our main purpose in this section is to describe certain results, mainly from [Neukirch 1979], that will
be used in the proof of Theorem E. We refer the reader to [Neukirch 1979; 2008, IX.5] for full details
regarding these topics.

Let D be an arbitrary finite group. Consider the category D of homomorphisms 7 : G — D of arbitrary
profinite groups G into D in which a morphism between two objects n1 : G — D and 2 : Go — D is
defined to be a homomorphism v : G; — G, such that n; = 5 o v. We say that two such morphisms
v : G1 = Gy (i = 1, 2) are equivalent if there is an element k € Ker(17,) such that v (w) =k - va(w) - k™!
for all w € G;. Write Homp(G1, G») for the set of equivalence classes of homomorphisms G; — G,
and Hom p(G1, G2)epi for the subset of Homp(G, G2) consisting of equivalence classes of surjective
homomorphisms.

Suppose now that we have an exact sequence

0—-B—->G-LD-—>0

with B abelian, and that L is a number field or a local field. Let 4 : Q; — D be a fixed homomorphism.
We view Q; > D and G -4 D as being elements of D. The group D acts on B via inner automorphisms,
and this in turn induces an action of £2; on B via h. We write L(B) for the smallest extension of L such
that Q27.(p) fixes B (i.e., L(B) is the field of definition of B).

It may be shown that the group H'(L, B) acts on Homp(2;, G) in the following way. Let z €
Z'(L, B) be any 1-cocycle representing [z] € H'(L, B), and let v € Hom(S2., G) be any homomorphism,
representing an element [v] € Homp(2r, G). Define z-v : 2 — G by

(z-v)(w) =z(w) - v(w)
for all w € ;. It is not hard to check that
h=go(z-v),

and that the element [z - v] € Homp (21, G) is independent of the choices of z and v. It may also be
shown that Hom p(2y, G) is a principal homogeneous space over H' (L, B).

For a number field F', and a finite place v of F, we let Hom p(€2F,, G),r denote the set of classes of
homomorphisms Qr, — G that are trivial on I,. We write J¢(Homp (2, G)) for the restricted direct
product over all finite places of F' of the sets Hom p(S2F,, G) with respect to the subsets Homp (QF,, G)yr.

Now we can state Neukirch’s lifting theorem.
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Theorem 15.1. Let F be a number field and let h : QF — D be a fixed, surjective homomorphism.
Suppose that
0—-B—-G-4LD—0

is an exact sequence for which B is a simple Qr-module. (This implies that | - B = 0 for a unique
prime l.) Assume that the field of definition F (B) of B contains no nontrivial l-th roots of unity, and that
Jy(Homp(RF, G)) # @. Let S be any finite set of finite places of F. Then the natural map

Homp(Qr. Gepi — | [ Homp(Q,. G)
ves

is surjective.

Proof. This is [Neukirch 1979, Main Theorem, p. 148]. O
The following result implies that Homp(2f,, G) # & for all but finitely many v.

Proposition 15.2 [Neukirch 1979, Lemma 5]. Let F' be a number field, and let v be a finite place of F.

Suppose that G — G, is a surjective homomorphism of arbitrary profinite groups, and that there exists an
unramified homomorphism h,, : Qr, — Ga. Then Homg, (QF,, G1)nr # D, and so Homg, (2f,, G1) # S

also.

Proof. If h, is unramified, then A, factors through QF, /1, > Z and a map 7 — G> may always be lifted
to a map 7 G by lifting the image of a topological generator of Z. (|

We now turn to two results of a local-global nature that will play a role in the proof of Theorem 16.4.
In order to describe them, we let I" be a finite abelian group equipped with an action of Q such that I' is
a simple Q2p-module. Then [ - I" = 0 for a unique prime [. Write F(I") for the field of definition of I.

Theorem 15.3. Let M/ F be a Galois extension with F(I') € M and w; ¢ M, and let N'/M be a finite
abelian extension. Let S be a finite set of finite places of F, and suppose given an element y, € H'(F,, T")
for each v € S. Then there exists an element z € H'(F, T") satisfying the following local conditions:
(1) zy = yy foreachv € S.
(i) Ifv ¢ S, then z, is cyclic (i.e., is trivialised by a cyclic extension of F,), and if z, is ramified, then v
splits completely in N'/ F.
Proof. This is [Neukirch 1979, Theorem 1]. O

In order to state our next result, we introduce the following notation.

Definition 154. Let T := {vy, ..., v} be any finite set of finite places of F' containing all places that
ramify in F(I")/F and all places above /. Let p; denote the prime ideal of F corresponding to v;.
Proposition 4.8 implies that we may choose an integer N = N(T') such that for each 1 <i <r and for
every place w of F(I") lying above v;, we have

HomQF(r)w (AF’ UpIN (OF(F)‘ )) g rag[HomQF(r)w (Rl"’ 0;(1")2})]

w
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Set
a=a(T)=[]n:.
i=1

Let F(a") denote the ray class field of F modulo aV.

Theorem 15.5. Let v ¢ T be any finite place of F that splits completely in F (a"), and suppose that s is
any nontrivial element of T'. Then there is an element b = b(v; s) € H'(F, T") satisfying the following

local conditions:

(i) locy, (b) =0for1 <i <r.
(ii) b|;, = @y s (see Remark 7.11).

(iii) b is unramified away from v.

Proof. Let p be the prime ideal of F corresponding to v. Our hypotheses on v imply that p is principal,
with p =1 (mod aV). Set M := F(I'). As I' is abelian, we have that H(MT") ~ Homg,, (Ar, (M€)*)
(see (4-6)). Let @ be a generator of p, and define p € Homg,, (Ar, (M€)*) by

pla) = @,

(This homomorphism is €2s-equivariant because €2, fixes I'.) Then p is the reduced resolvend of a normal
basis generator of an extension My (,)/M corresponding to [ (p)] € H'(M,T). Since p=1 (mod aly,

for each place w of M lying above a place v; in T, we have
locy, (p) € Homg,,, (Ar, Uyv(Opg)) S rag[Homg,, (Rr, Oj}lcv)],

and so it follows that loc,, (7w (p)) = 0 (see (4-7)). In particular, 7 (p) is unramified at all places above T'.
For all places w” of M not lying above T or v we have that

locy (p) € Homg,, (Ar, Oy ),

and so 7 (p) is unramified at w’. This implies that 77 (p) is unramified away from v, since we have already
seen that 7 (p) does not ramify at any place above 7. It is also easy to see that

b |Iw(,,) = ¢w(v),s

for any place w(v) of M lying above v (cf. the proof of Proposition 10.5(a)).

As w € F, we have that 7w(p) € H'(M, T)C4M/F) " Since ' = 0 (because I is a simple Q-
module), the restriction map H YWF,T)—> H'(M,TI)is injective and induces an isomorphism H WF,T)~
H'(M, T)GM/F) Hence 7 (p) is the image of an element b € H'(F, I') satisfying the conditions (i),
(ii) and (iii) of the theorem. g
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16. Soluble groups

In this section we shall use Neukirch’s lifting theorem to prove a result (see Theorem 16.4 below) that
implies Theorem E of the introduction. In order to describe this result, it will be helpful to formulate the
following definition.

Definition 16.1 (Property R). Let S be any finite (possibly empty) set of places of F'. We shall say that
LC(OFG)s satisfies Property R if the following holds: Suppose given any fully ramified x € LC(OrG)s.
For each finite place v of F, suppose also given a homomorphism m, , € Hom(f2f,, G) such that
[Ty x] € Ht1 (Fy, G) and A, (x) = W, ([7ry «]). (Note that in general, such a choice of 7, , is not unique.)
Then there exists IT € Hom(Q2g, G) with [I1] € H,l(F, G) such that

(@) x =W([I]),
(b) II|;, = 7y« |, for each finite place v of F.
(So in particular, x is cohomological.)
Proposition 16.2. If G is abelian, then LC(OrG) satisfies Property R.

Proof. We shall in fact prove a slightly stronger result. Suppose that G is abelian, and let x € LC(OfrG).
(Note that we do not assume that x is fully ramified.) Then Theorem 14.2 implies that x is cohomological.
As G is abelian, the maps W and W, are injective (see Propositions 14.1 and 14.3). Hence it follows
that there is a unique [I1] € Htl(F, G) such that x = W([IT]), and a unique [, ] € HZI(FU, G) such that
Ayp(x) = Wy ([T x]). We therefore see that

)Vv(-x) = \pv([nv]) = q”([nv,x])»
and so I1, = m, . This implies that LC(OrG) satisfies Property R. Il

Theorem 16.3. Suppose that LC(OrG)s satisfies Property R. Then R(OFrG) is a subgroup of CI{(OrG).
If c € R(OfrG), then there exist infinitely many [ ] € Hl1 (F, G) such that Fy is a field and (Oy) = c. The

extensions F /| F may be chosen to have ramification disjoint from S.
Proof. This is an immediate consequence of Theorem 13.6. U
Our proof of Theorem E rests on the following result.

Theorem 16.4. Suppose that there is an exact sequence
0—-B—G—D-—0,

where B is an abelian minimal normal subgroup of G with [ - B = 0 for an odd prime l. Let S be any finite

set of finite places of F containing all places dividing |G|. Assume that the following conditions hold:
(1) The set LC(OF D)g satisfies Property R.

(i) We have (|G|, hg) = 1, where h denotes the class number of F.

(iii) Either G admits no irreducible symplectic characters, or F has no real places.
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(iv) The field F contains no nontrivial I-th roots of unity.
Then LC(OFG)g satisfies Property R.

Proof. We shall establish this result in several steps, one of which crucially involves Neukirch’s lifting
theorem (see Theorem 15.1).
Suppose that x e LC(Or G)s is fully ramified. For each finite place v of F', choose 7, x € Hom(Q2f,, G)
such that [, ] € H}(F,, G) with
Ay(x) = Wy ([, ])-

The choice of 7, . is not unique. However, if a(s, ,) is any normal integral basis generator of Fy,  /F,,
with Stickelberger factorisation (see Definition 7.12)

re (a(ﬂv,x)) = u(a(nv,x)) e (anr(nv,x)) e ((p(nv,x))’ (16-1)

then Proposition 10.5(c) implies that Det(rg (¢ (7, x))) is independent of the choice of m, .. Hence, if

©(y.x) = @y, say, then it follows from Proposition 10.5(b) that the subgroup (s) of G (up to conjugation)

and the determinant Det(rg (¢, 5)) of the resolvend r (¢, ) do not depend upon the choice of m, ;.
We write ¢ : G — D for the obvious quotient map, and we use the same symbol ¢g for the induced maps

Ko(OrG, F¢) — Ko(OpD, F¢), H'(F,G)— H'(F,D), H'(F,,G)— H'(F,, D).
Set

X:i=qx), myz:=q(myy).

Then x € LC(OpD)s with
)\v()_c) = lIJD,U(jTU,)f)

for each finite place v of F, and x is fully ramified.
By hypothesis, LC(Or D)g satisfies Property R, and so there exists p € Hom(Q2r, D) with [p] €
Htl(F, D) such that
x=Yp(lpD (16-2)
and

pli, =myxl1, (16-3)

for each finite place v of F. Hence, for each such v, we have that

Det(rp(¢(py))) = Det(rp(¢(my.3))),

using the notation established in (16-1) above concerning Stickelberger factorisations. As x is fully
ramified, we see from the proof of Theorem 13.6 that p is surjective, and so F), is a field. We also see
that, as x € LC(Of D)y, the extension F,/F is unramified at all places dividing | D|. Furthermore, if v |/
(so v € ), then since 7, , is unramified, the same is true of 7, 3, and so F,/F is also unramified at v.
Hence, as F' N u; = {1} by hypothesis, it follows that F,, N u; = {1} also.
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For each finite place v of F, we are now going to use the fact that x € LC(OfrG) to construct a lift
ov € Hom(Q2F,, G) of p, such that [p,] € H,I(FU, G) with

Polt, = o xl1,- (16-4)
To do this, we first observe that if ¢ (7, x) = @y 5, then ¢ (7, 3) = ¢, 5, Where § = g (s), and so we have
(/)(pv) = (/)(ﬂv,fc) = @u,5
(see (16-3)).
Next, we write

Pv = Pu,r * Pu,nrs

with [py »r] € Hr}r(Fv, D) (see (7-7)). Since p, ,r is unramified, Proposition 15.2 implies that [p, ,.] may
/F,. Then
rg(a(pPy.nr)) - rg(@y.s) is the resolvend of a normal integral basis generator of a tame Galois G-extension

be lifted to [0y nr] € Hnlr(Fv, G). Let a(p, ) be a normal integral basis generator of F;

v,nr

F;,/ F, such that g([0y]) = p, (see Corollary 7.8 and Theorem 7.9). As ¢ (7, ) = ¢y, We see from the
construction of p that

ﬁv|ll, = 7Tv,x|1v = (ﬁv,s,
where [@, 5] € Ht1 (I, G) is defined in Remark 7.11. The map p, is our desired lift of p,.
We are now ready to apply the results contained in Section 15. Consider the following diagram:

q

0 B G D 0

Tp
Qp

The group D acts on B via inner automorphisms, and we view B as being an Qr-module via p. Then

B is a simple Q2 p-module because B is a minimal normal subgroup of G and p is surjective. The field
of definition F'(B) of B is contained in the field F,, and so in particular F(B) contains no nontrivial /-th
roots of unity. We are going to construct an element I1 € Hom p(Q2f, G) such that

H|IU =7Tv,x|IU

for each finite place v of F. This will be accomplished in the following three steps:

I. We begin by observing that our construction above of a lift p, of p, for each finite v shows that
Jr(Homp(R2F, G)) is nonempty. Let 8 be the set of finite places v of F at which x is ramified or v | |G|.
Theorem 15.1 implies that there exists I1; € Homp(Q2F, G) such that IT; , = p, for all v € §. Observe
that I, is unramified at all v | |G| because p, is unramified at these places (see (16-4)). Note also that
[1; may well be ramified outside S.

II. Recall that Homp(2F, G) (respectively Homp(§2F,, G) for each finite v) is a principal homogeneous
space over H!(F, B) (respectively H!(F,, B)). Let 8; denote the set of finite places v ¢ $ of F at which
I1; is ramified. For each v € 81, choose y, € H'(F,, B) so that o -I1,, € Homp(L2F,, G) is unramified.
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Now apply Definition 15.4 (with I' = B and 7' = §) to obtain an ideal a = a(8) and an integer N = N (8)
as described there. Theorem 15.3 implies that there exists an element z € H I(F, B) such that:

(z1) zy = y, forall v € 8.
(z2) zy =1forall v eS.

(z3) If v ¢ SUSy, then z, is cyclic, and if z, is ramified, then v splits completely in (F(B) - F(aV))/F,
where F(a) denotes the ray class field of F modulo a® .

Set I, :=z -1} € Homp(QLF, G). Note that, as z might possibly be ramified, the homomorphism I1,
might be ramified outside 8. We shall eliminate any such potential ramification in the third and final step.

III. Let 8, be the set of places of F' at which z is ramified (so S NS, = &). We see from (z3) that each
v € 8, is totally split in F(a")/F. Hence Theorem 15.5 implies that for each v € 8, we may choose
b(v) € H'(F, B) such that:

(b1) b(v), = 1 for all w € 8.
(b2) bW, =2z,

(b3) b(v) is unramified away from v.

o [(1120) o

vesSs;

Set

Then it follows directly from the construction of IT that we have
l_I|Iv = nv,xllv (16-5)

for all finite places v of F.
We claim that
x = W(I).

To show this, let T = W(IT)~! - x. We see from (16-5) that
Ay(T) € Im(W)")
for every finite place v of F. As either G admits no irreducible symplectic characters or F has no real places,
and as (hp, |G|) = 1 by hypothesis, Proposition 6.8(b) implies that = 0. Hence x = W (I1), as claimed.
This completes the proof that LC(OrG)g satisfies Property R. O

Theorem 16.4 (in conjunction with Proposition 16.2) yields an abundant supply of groups G for which
LC(OFrG)s satisfies Property R (for a suitable choice of ), and therefore also for which Theorem 16.3
holds. Here is an example of this.

Theorem 16.5. Let G be of odd order. Suppose that (|G|, hg) = 1 and that F contains no nontrivial
|G |-th roots of unity. Let S be any finite set of finite places of F containing all places dividing |G|. Then
LC(OFG)g satisfies Property R.
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Proof. We shall establish this result by induction on the order of G. We first note that Proposition 16.2
implies that the theorem holds if G is abelian.

Suppose now that G is an arbitrary finite group of odd order. As |G| is odd, a well-known theorem of
Feit and Thompson [1963] implies that G is soluble. Hence G has an abelian minimal normal subgroup
B such that [ - B = 0 for some odd prime / (see, e.g., [Rotman 1995, Theorem 5.24]), and there is an

exact sequence

0—-B—-G—->D—0

with D soluble. As |G| is odd, G admits no nontrivial irreducible symplectic characters. We may therefore
suppose by induction on the order of G that LC(Op D)y satisfies Property R. The desired result now
follows from Theorem 16.4. U

Remark 16.6. It follows from Theorem 14.2 that in Theorem 16.4, we may take D to be a finite abelian
group of arbitrary order (subject of course to the obvious constraint that the number field F' is such that all
other conditions of Theorem 16.4 are satisfied). This enables one to show that Property R holds for many
nonabelian groups of even order (e.g., S3). However, if for example G is a nonabelian 2-group (e.g., Hg),
then because w, C F for any number field F, we can no longer appeal to Neukirch’s lifting theorem, and
our proof of Theorem 16.4 fails. It appears very likely that new ideas are needed to establish Property R in
such cases (see also the remarks contained in the final paragraph of [Neukirch 1979, Introduction], where
a similar difficulty is briefly discussed in the context of the inverse Galois problem for finite groups).

We can now prove Theorem E of the introduction.

Theorem 16.7. Let G be of odd order and suppose that (|G|, hg) =1, where h denotes the class number
of F. Suppose also that F contains no nontrivial |G|-th roots of unity. Then R(OrG) is a subgroup of
Cl(OfrG). If c € R(OfrG), then there exist infinitely many [7] € H,l(F, G) such that Fy is a field and
(Oy) =c. The extensions Fy /| F may be chosen to have ramification disjoint from any finite set S of places
of F.

Proof. This is an immediate consequence of Theorems 16.5 and 16.3. O

Acknowledgements

We are very grateful indeed to Andrea Siviero for his extremely detailed comments on an earlier draft of
this paper, and to Ruth Sergel for her most perceptive remarks at a critical stage of this project. We heartily
thank Nigel Byott and Cindy Tsang for the many very helpful comments, questions and corrections that
we received from them, and Bob Guralnick for a very helpful remark concerning the proof of Corollary 9.4.
We are also extremely grateful to the anonymous referees whose very careful reading of the manuscript led
us to correct and considerably strengthen our original results, and to significantly improve our exposition.



On the relative Galois module structure of rings of integers in tame extensions 1885

References
[Agboola 2012] A. Agboola, “On counting rings of integers as Galois modules”, J. Reine Angew. Math. 663 (2012), 1-31. MR
Zbl

[Agboola and Burns 1998] A. Agboola and D. Burns, “On the Galois structure of equivariant line bundles on curves”, Amer. J.
Math. 120:6 (1998), 1121-1163. MR Zbl

[Agboola and Burns 2001] A. Agboola and D. Burns, “Grothendieck groups of bundles on varieties over finite fields”, K -Theory
23:3 (2001), 251-303. MR Zbl

[Agboola and Burns 2006] A. Agboola and D. Burns, “On twisted forms and relative algebraic K -theory”, Proc. London Math.
Soc. (3) 92:1 (2006), 1-28. MR Zbl

[Bueno et al. 2016] M. L. Bueno, S. Furtado, J. Karkoska, K. Mayfield, R. Samalis, and A. Telatovich, “The kernel of the matrix
[ij (modn)] when n is prime”, Involve 9:2 (2016), 265-280. MR Zbl

[Burton 2007] D. M. Burton, Elementary number theory, McGraw-Hill, Boston, 2007.
[Byott 1998] N. P. Byott, “Tame realisable classes over Hopf orders”, J. Algebra 201:1 (1998), 284-316. MR Zbl

[Byott and Sodaigui 2005] N. P. Byott and B. Sodaigui, “Realizable Galois module classes for tetrahedral extensions”, Compos.
Math. 141:3 (2005), 573-582. MR Zbl

[Byott et al. 2006] N. P. Byott, C. Greither, and B. Sodaigui, “Classes réalisables d’extensions non abéliennes”, J. Reine Angew.
Math. 601 (2006), 1-27. MR Zbl

[Chinburg 1994] T. Chinburg, “Galois structure of de Rham cohomology of tame covers of schemes”, Ann. of Math. (2) 139:2
(1994), 443-490. MR Zbl

[Curtis and Reiner 1981] C. W. Curtis and 1. Reiner, Methods of representation theory, 1: With applications to finite groups and
orders, Wiley, New York, 1981. MR Zbl

[Curtis and Reiner 1987] C. W. Curtis and 1. Reiner, Methods of representation theory, I1: With applications to finite groups and
orders, Wiley, New York, 1987. MR Zbl

[Farhat and Sodaigui 2015] M. Farhat and B. Sodaigui, “Classes réalisables d’extensions non abéliennes de degré p37, J. Number
Theory 152 (2015), 55-89. MR Zbl

[Feit and Thompson 1963] W. Feit and J. G. Thompson, “Solvability of groups of odd order”, Pacific J. Math. 13 (1963),
775-1029. MR Zbl

[Frohlich 1976] A. Frohlich, “Arithmetic and Galois module structure for tame extensions”, J. Reine Angew. Math. 286/287
(1976), 380-440. MR Zbl

[Frohlich 1983] A. Frohlich, Galois module structure of algebraic integers, Ergebnisse der Mathematik und ihrer Grenzgebiete
(3) [Results in Mathematics and Related Areas (3)] 1, Springer, 1983. MR Zbl

[Frohlich 1984] A. Frohlich, Classgroups and Hermitian modules, Progress in Mathematics 48, Birkhéuser, Boston, 1984. MR
Zbl

[Hilbert 1998] D. Hilbert, The theory of algebraic number fields, Springer, 1998. MR Zbl
[Malle 2002] G. Malle, “On the distribution of Galois groups”, J. Number Theory 92:2 (2002), 315-329. MR Zbl

[McCulloh 1983] L. R. McCulloh, “Galois module structure of elementary abelian extensions”, J. Algebra 82:1 (1983), 102-134.
MR Zbl

[McCulloh 1987] L. R. McCulloh, “Galois module structure of abelian extensions”, J. Reine Angew. Math. 375/376 (1987),
259-306. MR Zbl

[McCulloh 2011] L. R. McCulloh, “On realisable classes for non-abelian extensions”, lecture in Luminy, March 22 2011.
[McCulloh 2012] L. R. McCulloh, “From Galois module classes to Steinitz classes”, preprint, 2012. arXiv
[Neukirch 1979] J. Neukirch, “On solvable number fields”, Invent. Math. 53:2 (1979), 135-164. MR Zbl

[Neukirch et al. 2008] J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields, 2nd ed., Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 323, Springer, 2008. MR Zbl


http://dx.doi.org/10.1515/CRELLE.2011.090
http://msp.org/idx/mr/2889705
http://msp.org/idx/zbl/1354.11069
http://dx.doi.org/10.1353/ajm.1998.0045
http://msp.org/idx/mr/1657154
http://msp.org/idx/zbl/0923.14021
http://dx.doi.org/10.1023/A:1011843723810
http://msp.org/idx/mr/1857209
http://msp.org/idx/zbl/0998.14011
http://dx.doi.org/10.1017/S0024611505015418
http://msp.org/idx/mr/2192383
http://msp.org/idx/zbl/1198.11086
http://dx.doi.org/10.2140/involve.2016.9.265
http://dx.doi.org/10.2140/involve.2016.9.265
http://msp.org/idx/mr/3470730
http://msp.org/idx/zbl/1332.15004
http://dx.doi.org/10.1006/jabr.1997.7247
http://msp.org/idx/mr/1608722
http://msp.org/idx/zbl/0911.16010
http://dx.doi.org/10.1112/S0010437X04001137
http://msp.org/idx/mr/2135277
http://msp.org/idx/zbl/1167.11319
http://dx.doi.org/10.1515/CRELLE.2006.093
http://msp.org/idx/mr/2289203
http://msp.org/idx/zbl/1137.11069
http://dx.doi.org/10.2307/2946586
http://msp.org/idx/mr/1274097
http://msp.org/idx/zbl/0828.14007
http://msp.org/idx/mr/632548
http://msp.org/idx/zbl/0469.20001
http://msp.org/idx/mr/88f:20002
http://msp.org/idx/zbl/0616.20001
http://dx.doi.org/10.1016/j.jnt.2014.12.010
http://msp.org/idx/mr/3319055
http://msp.org/idx/zbl/1393.11074
http://dx.doi.org/10.2140/pjm.1963.13.775
http://msp.org/idx/mr/0166261
http://msp.org/idx/zbl/0124.26402
http://dx.doi.org/10.1515/crll.1976.286-287.380
http://msp.org/idx/mr/0432595
http://msp.org/idx/zbl/0385.12004
http://dx.doi.org/10.1007/978-3-642-68816-4
http://msp.org/idx/mr/717033
http://msp.org/idx/zbl/0501.12012
http://dx.doi.org/10.1007/978-1-4684-6740-6
http://msp.org/idx/mr/756236
http://msp.org/idx/zbl/0539.12005
http://dx.doi.org/10.1007/978-3-662-03545-0
http://msp.org/idx/mr/1646901
http://msp.org/idx/zbl/0984.11001
http://dx.doi.org/10.1006/jnth.2001.2713
http://msp.org/idx/mr/1884706
http://msp.org/idx/zbl/1022.11058
http://dx.doi.org/10.1016/0021-8693(83)90176-X
http://msp.org/idx/mr/701039
http://msp.org/idx/zbl/0508.12008
http://dx.doi.org/10.1515/crll.1987.375-376.259
http://msp.org/idx/mr/882300
http://msp.org/idx/zbl/0619.12008
http://msp.org/idx/arx/1207.5702
http://dx.doi.org/10.1007/BF01390030
http://msp.org/idx/mr/560411
http://msp.org/idx/zbl/0447.12008
http://dx.doi.org/10.1007/978-3-540-37889-1
http://msp.org/idx/mr/2392026
http://msp.org/idx/zbl/1136.11001

1886 Adebisi Agboola and Leon R. McCulloh

[Rotman 1995] J.J. Rotman, An introduction to the theory of groups, 4th ed., Graduate Texts in Mathematics 148, Springer,
1995. MR Zbl

[Serre 1997] J.-P. Serre, Galois cohomology, Springer, 1997. MR Zbl
[Serre 2003] J.-P. Serre, “On a theorem of Jordan”, Bull. Amer. Math. Soc. (N.S.) 40:4 (2003), 429-440. MR Zbl

[Shafarevich 1954] I. R. Shafarevich, “Construction of fields of algebraic numbers with given solvable Galois group”, Izv. Akad.
Nauk SSSR. Ser. Mat. 18 (1954), 525-578. In Russian; translated in Izv. Akad. Nauk SSSR. Ser. Mat. 18 (1954), 525-578. MR
Zbl

[Siviero 2013] A. Siviero, Class invariants for tame Galois algebras, Ph.D. thesis, Université de Bordeaux and Universiteit
Leiden, 2013.

[Siviero 2016] A. Siviero, “Realisable classes, Stickelberger subgroup and its behaviour under change of the base field”, pp.
69-92 in Publications mathématiques de Besancon: algebre et théorie des nombres, 2015, Publ. Math. Besancon Algebre
Théorie Nr. 2015, Presses Univ., Franche-Comté, Besancon, 2016. MR Zbl

[Swan 1968] R. G. Swan, Algebraic K -theory, Lecture Notes in Mathematics 76, Springer, 1968. MR Zbl
[Swan 1970] R. G. Swan, K -theory of finite groups and orders, Lecture Notes in Mathematics 149, Springer, 1970. MR Zbl

[Taylor 1984] M. Taylor, Classgroups of group rings, London Mathematical Society Lecture Note Series 91, Cambridge
University Press, 1984. MR Zbl

[Tsang 2016] C. Tsang, “On the Galois module structure of the square root of the inverse different in abelian extensions”, J.
Number Theory 160 (2016), 759-804. MR Zbl

[Tsang 2017] C. Tsang, “On the realizable classes of the square root of the inverse different in the unitary class group”, Int. J.
Number Theory 13:4 (2017), 913-932. MR Zbl

[Wright 1989] D. J. Wright, “Distribution of discriminants of abelian extensions”, Proc. London Math. Soc. (3) 58:1 (1989),
17-50. MR Zbl

Communicated by Bjorn Poonen
Received 2015-08-28 Revised 2018-03-23 Accepted 2018-07-02

agboola@math.ucsb.edu Department of Mathematics, University of California, Santa Barbara,
CA, United States

mcculloh@math.uiuc.edu Department of Mathematics, University of lllinois, Urbana, IL, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/978-1-4612-4176-8
http://msp.org/idx/mr/1307623
http://msp.org/idx/zbl/0810.20001
http://dx.doi.org/10.1007/978-3-642-59141-9
http://msp.org/idx/mr/1466966
http://msp.org/idx/zbl/0902.12004
http://dx.doi.org/10.1090/S0273-0979-03-00992-3
http://msp.org/idx/mr/1997347
http://msp.org/idx/zbl/1047.11045
http://msp.org/idx/mr/0071469
http://msp.org/idx/zbl/0057.27401
http://msp.org/idx/mr/3525538
http://msp.org/idx/zbl/06641726
http://msp.org/idx/mr/0245634
http://msp.org/idx/zbl/0193.34601
http://msp.org/idx/mr/0308195
http://msp.org/idx/zbl/0205.32105
http://dx.doi.org/10.1017/CBO9781107325555
http://msp.org/idx/mr/748670
http://msp.org/idx/zbl/0597.13002
http://dx.doi.org/10.1016/j.jnt.2015.09.010
http://msp.org/idx/mr/3425233
http://msp.org/idx/zbl/06516895
http://dx.doi.org/10.1142/S1793042117500476
http://msp.org/idx/mr/3627689
http://msp.org/idx/zbl/1377.11116
http://dx.doi.org/10.1112/plms/s3-58.1.17
http://msp.org/idx/mr/969545
http://msp.org/idx/zbl/0628.12006
mailto:agboola@math.ucsb.edu
mailto:mcculloh@math.uiuc.edu
http://msp.org

Richard E. Borcherds
Antoine Chambert-Loir
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas

Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar

Philippe Michel
Susan Montgomery

Shigefumi Mori

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
Université Paris-Diderot, France

CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

RIMS, Kyoto University, Japan

Martin Olsson
Raman Parimala
Jonathan Pila

Anand Pillay

Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas

J. Toby Stafford
Pham Huu Tiep

Ravi Vakil

Michel van den Bergh
Marie-France Vignéras
Kei-Ichi Watanabe
Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitdt Bonn, Germany
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2018 is US $340/year for the electronic version, and $535/year (4$55, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2018 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 12 No. 8 2018

On the relative Galois module structure of rings of integers in tame extensions
ADEBISI AGBOOLA and LEON R. MCCULLOH

Categorical representations and KLR algebras
RUSLAN MAKSIMAU

On nonprimitive Weierstrass points
NATHAN PFLUEGER

Bounded generation of SL, over rings of S-integers with infinitely many units
ALEKSANDER V. MORGAN, ANDREI S. RAPINCHUK and BALASUBRAMANIAN SURY

Tensor triangular geometry of filtered modules
MARTIN GALLAUER

The Euclidean distance degree of smooth complex projective varieties
PAOLO ALUFFI and COREY HARRIS

1937-0652(2018)1

1823
1887
1923
1949
1975

2005

2:8:1-9



	Introduction
	1. Notation and conventions
	2. Principal homogeneous spaces and resolvends
	Principal homogeneous spaces
	Resolvends

	3. Resolvends and cohomology
	4. Determinants and character maps
	5. Twisted forms and relative K-groups
	Twisted forms
	Idelic description and localisation

	6. Cohomological classes in relative K-groups
	7. Local extensions I
	8. Local extensions II
	9. The Stickelberger pairing
	10. The Stickelberger map and transpose homomorphisms
	The Stickelberger map
	Transpose Stickelberger homomorphisms
	Prime F-elements
	The Stickelberger pairing revisited

	11. Modified ray class groups
	12. Proof of 0=theorem.1061=Theorem 6.6
	13. Realisable classes from field extensions
	14. Abelian groups
	15. Neukirch's lifting theorem
	16. Soluble groups
	Acknowledgements
	References
	
	

