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Categorical representations and KLR algebras
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We prove that the KLR algebra associated with the cyclic quiver of length e is a subquotient of the KLR
algebra associated with the cyclic quiver of length e + 1. We also give a geometric interpretation of this
fact. This result has an important application in the theory of categorical representations. We prove that a
category with an action of ;[e+1 contains a subcategory with an action of ;[e. We also give generalizations
of these results to more general quivers and Lie types.
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1. Introduction

Consider the complex affine Lie algebra g[e = sl [t,17!'1® C1. In this paper, we study categorical
representations of sl,. Our goal is to relate the notion of a categorical representation of 5l, with the notion
of a categorical representation of ;[e-i-l-

The Lie algebra ;[e has generators ¢;, f; fori € [0, e —1]. Let a, . . ., a.—; be the simple roots of ;[e.
Fix k € [0, e — 1]. Consider the following inclusion of Lie algebras ;[e C ;[eH:

e, ifrel0,k—1], fr ifrel0, k—1],
er > | lex, ex+1] ifr =k, Jr=> Ukt fild it r =k, (D
€r+1 ifrelk+1,e—1], fr+1 ifrelk+1,e—1].

It is clear that each 5~[e+1—module can be restricted to the subalgebra 5~[e of 5~[e+1. So it is natural to ask
if we can do the same with categorical representations.
First, we recall the notion of a categorical representation. Let k be a field. Let C be an abelian

Hom-finite k-linear category that admits a direct sum decomposition C = &5 Cu. A categorical

~ neze
representation of sl, in C is a pair of biadjoint functors E;, F;: C — C for i € [0, e — 1] satisfying a
list of axioms. The main axiom is that for each positive integer d there is an algebra homomorphism
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Rd(Ail_)l) — End(F%)°P, where F = @f;(l) F; and Rd(AS_)l) is the KLR algebra of rank d associated
with the quiver Aél_)l (i.e., with the cyclic quiver of length e).

Let C be an abelian Hom—ﬁNnite k-linear category. Assume that C = P pezet! C,, has a structure of a
categorical representation of sl,,; with respect to functors E;, F; for i € [0, e]. We want to restrict the
action of 5~[e+ 1 on C to f?[e. The most obvious way to do this is to define new functors E;, F;: C — C, for
i €[0, e — 1], from the functors E;, F;: C — C, fori € [0, ], by the same formulas as in (1). Of course,
this makes no sense because the notion of a commutator of two functors does not exist. However, we are
able to get a structure of a categorical representation on a subcategory C C C (and not on the category C
itself). We do this in the following way.

Assume additionally that the category C, is zero whenever w has a negative entry. For each e-

tuple uw = (1, ..., Le) € Z° we consider the (e+1)-tuple p = (w1, ..., i, 0, Lit1, - - -, He) and we
set C,, = Cp,
c=Ep .
HeZe

Next, consider the endofunctors of C given by

Eil; if0<i<k, File if0<i <k,
Ei = ExErpil, ifi=k, F,={FnFil, ifi=k,
Eitile ifk<i<e, Fitle ifk<i<e.

The following theorem holds.

Theorem 1.1. The category C has the structure of a categorical representation of sl, with respect to the
functors Eg, ..., E._1, Fo, ..., Fo_1. O

Let us explain our motivation for proving Theorem 1.1 (see [Maksimau 2015b] for more details).
Let O, be the parabolic category O for EIN = gly[t,t7'1® C1 & Cd with parabolic type v at level
—e — N. By [Rouquier et al. 2016], there is a categorical representation of sl, in 0! ,. Now we apply
Theorem 1.1 to C = OK(eJr]). e
equivalent to O",. This allows us to compare the categorical representations in the category O for gly

It happens that in this case the subcategory C C C defined as above is

for two different (negative) levels.

A result similar to Theorem 1.1 has recently appeared in [Riche and Williamson 2018], where it is
applied in the following way. It is known from [Chuang and Rouquier 2008] that there is a categorical
representation of sl p 1n the category Rep(GL, (F p)) of finite dimensional algebraic representations of
GLn(Fp). Riche and Williamson used this fact to construct a categorical representation of the Hecke
category on the principal block Rep,(GL,, (F »)) of Rep(GL, (F p)) for p > n. Their proof is in two steps.
First they show that the action of 5~[p on Rep(GL, (F »)) induces an action of :?[n on some full subcategory
of Rep(GL, (F »)). The second step is to show that the action of g[n constructed on the first step induces
an action of the Hecke category on Rep,(GL, (F »)). The first step of their proof is essentially p—n
consecutive applications of Theorem 1.1.

The main difficulty in proving Theorem 1.1 is showing that the action of the KLR algebra R, (Afg])) on
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F4 where F = @?:0 F i, yields an action of the KLR algebra Rd(AS_) ponF 4. 8o, to prove the theorem,
we need to compare the KLR algebra Rd(Agl)) with the KLR algebra R, (Aél_)l). This is done in Section 2.

We introduce the abbreviations I" = Ail_)l and T = Agl). Leta = Zf;é d;o; be a dimension vector of
the quiver I'. We consider the dimension vector & of I" defined by

e

k
= Zdiai + Z di—10.

i=0 i=k+1

Ql

Let Ry (") and Ry(T) be the KLR algebras associated with the quivers I" and [ and the dimension
vectors « and &. The algebra Rz(T) contains idempotents e(i) parametrized by certain sequences i of
vertices of T. In Section 2D we consider some sets of such sequences / o and 1% . Sete=Y;, i e(i) e
Rz(T) and

Sa(T)=eRz(D)e/ Y eRz(D)e(i)Ra(De.
iel®
The main result of Section 2 is the following theorem.

Theorem 1.2. There is an algebra isomorphism R, (I') ~ S5 D). O

The paper has the following structure. In Section 2 we study KLR algebras. In particular, we prove
Theorem 1.2. In Section 3 we study categorical representations. We prove our main result about categorical
representations (Theorem 1.1). We also generalize this theorem to arbitrary symmetric Kac—Moody
Lie algebras. In Appendix A we give a geometric construction of the isomorphism in Theorem 1.2. In
Appendix B, we give some versions of Theorems 1.1 and 1.2 in type A over a local ring.

It is important to emphasize the relation between the present paper and [Maksimau 2015b]. That preprint
contains (an earlier version of) the results of the present paper and an application of these results to the
category O for gT[ ~- The preprint is expected to be published as two different papers. The present paper is
the first of them. It contains the results of the preprint about KLR algebras and categorical representations.
The second paper will give an application of the results of the first paper to the affine category O.

2. KLR algebras

For a noetherian ring A we denote by mod (A) the abelian category of left finitely generated A-modules.
We denote by N the set of nonnegative integers.

2A. Kac-Moody algebras associated with a quiver. Let ' = (I, H) be a quiver without 1-loops with
the set of vertices I and the set of arrows H. For i, j € I let h; ; be the number of arrows from i to j and
set also a; j = 268; ; —h; j —h; ;. Let g; be the Kac—-Moody algebra over C associated with the matrix
(a;,j). Denote by e;, f; for i € I the Serre generators of g;.

Remark 2.1. By the Kac-Moody Lie algebra associated with the Cartan matrix (g; ;) we understand the
Lie algebra with the set of generators e;, f;, h;, i € I, modulo the defining relations
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[hi, hj]1=0,
[hi,ejl=a; je;,
(i, fi] = —a; je;,
lei, fi1=46i jhi,

(ad(e)' ™ i(ej) =0 i # ],
@d(f)' i (f) =0 i# .

In particular, if (a; ;) is the affine Cartan matrix of type Agljl, then we get the Lie algebra ;[e ©) =
sl,(C)®C[t, t~'1® C1 (not 5[, (C) ® C[t, t 11 C1 P Cd).

For each i € I, let «; be the simple root corresponding to e;. Set

Q1=P70; and 0F =P Ne.

iel iel

Fora =Y, , dia; € QF denote by |«| its height, i.e., we have || =), ; d;. Set I* = {i =(1,...,0g) €
1l erazll a, =al.

2B. Doubled quiver. Let I' = (I, H) be a quiver without 1-loops. Fix a decomposition I = Iy Ll I such
that there are no arrows between the vertices in ;. In this section we define a doubled quiver T = (I, H)
associated with (", Iy, I). The idea is to “double” each vertex in the set /1 (we do not touch the vertices
from I). We replace each vertex i € I; by a couple of vertices i' and i> with an arrow i! — i%. Each
arrow entering i should be replaced by an arrow entering to i!, each arrow coming from i should be
replaced by an arrow coming from ;.

Now we describe the construction of T' = (I, H) formally. Let I be a set that is in bijection with .
Let i° be the element of I associated with an element i € ;. Similarly, let I, and I, be sets that are in
bijection with I;. Denote by i! and i? the elements of I and I, respectively that correspond to an element

iel;.Put I =Igul;ul, Wedefine H in the following way. The set H contains 4 types of arrows:

o An arrow i® — j for each arrow i — j in H with i, j € .

0

« An arrow i® — j! for each arrow i — j in H withi € Iy, j € I.

2

« An arrow i2 — j for each arrow i — j in H withi € I, j € Io.

1

e An arrow i! — i2 for each vertex i € 1.

Set I®° =]],cn 1 dand I® =] deN 14, where I¢ and I¢ are the cartesian products. The concatenation
yields a monoid structure on 1 and I°. Let ¢: 1°° — [ be the unique morphism of monoids such
that for i € I C I*° we have
i if i € I,

G',i% ifiel.

¢(i)={
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There is a unique Z-linear map ¢: Q; — Q; such that ¢ (I%) C A for each o € Qf. It is given by
o0 if i € Iy,
(o) = { l s
op+op ifiel.

2C. KLR algebras. Letk be afield. Let ' = (I, H) be a quiver without 1-loops. Forr €[1, d—1] let s, be
the transposition (r,r +1) € &4. Fori = (i1, ...,i4) € Isets, (i) =(y,..., 01, Ll Ips brd2s o ooy ).
For i, j € I we set
0 ifi =j,
0, ju,v)= {

(v —uw)tii(u—v)hii  else.

Definition 2.2. Assume that the quiver I" is finite. The KLR-algebra R4 ;(I") is the k-algebra with the

set of generators ty, ..., Ty—1, X1, ..., Xq, (i) where i € [ 4 modulo the following defining relations:

e(i)e(j) =8 je(i),
D el)=1,
ield
xre(i) =e()x,,
Tre(i) = e(sy (i),
XrXs = XsXr,
T Xry1e(i) = (X, 17, +8i,,i,+1)e(i),
xr—i—lfre(i) = (T X, +8i,,i,+1)e(i)v
T Xy = X, T ifs#Err+1,
T, T, =TT, if [r—s|>1,
0 if i, =i,41,
T,?e(l') _ { . r r+1
Qi iy (Xr, xrp1)e(i)  else,
(X2 = %) 7N Qiyiy oy Krg2s X 1) = Qi iy (X, Xp1))e(@)  if ip= iy,

(T 1T —Tr 1 T Trr1)e(d) = {
0 else.

for each i, j, r and 5. We may write Ry x = Ry x(I'). The algebra R, admits a Z-grading such that
dege(i) =0, degx, =2 and deg t;e(i) = —a;,, foreach 1 <r<d,1<s<dandiel

is41°

For each a € Q,+ such that || = d set e(@) = ) ;.;a €(i) € Rgk. It is a homogeneous central
idempotent of degree zero. We have the following decomposition into a sum of unitary k-algebras
Rik = D)yj=q Ra k> Where Ry k = e(@) Ry k-

Let kfll) be the direct sum of copies of the ring k;[x] := k[x1, ..., x4] labeled by [ 4 We write
kY = @ kalxle). )

ield
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where e(i) is the idempotent of the ring k;l) projecting to the component i. A polynomial in k4[x] can be
considered as an element of kfll) via the diagonal inclusion. For each i, j € I fix a polynomial P; ;(u, v)
such that we have Q; ;(u,v) = P; j(u, v) P;;(v, u).

Denote by 9, the Demazure operator on k;[x], i.e., we have

8 () =t —2xr1) " (5 () = /)
The following is proved in [Rouquier 2008, §3.2].

Proposition 2.3. The algebra R, i has a faithful representation in the vector space k((il) such that the
element e(i) acts by projection to kc(il)e(i), the element x, acts by multiplication by x, and such that for
f € ky[x] we have

8, (f)e(i) ifir =i,

Pi,,i,ﬂ (Xr41, Xp)s-(fe(s-(i))  otherwise.

fr-fe(i)={ 3)

We will always choose P; ; in the following way:
Py j(u, v) = (u—v)"i.

Remark 2.4. There is an explicit construction of a basis of a KLLR algebra (see [Khovanov and Lauda
2009, Theorem 2.5]). Assume i, j € I%. Set &; j = {w € &, : w(i) = j}. For each permutation w € &; ;
fix a reduced expression w =s,, - - -5, and set t,, = T, - - - T,,. Then the vector space e(j) Ry re(i) has
a basis {rwxf' . -xsde(i) cw€6; j,ay,...,aq € N}. Note that the element 7,, depends on the reduced
expression of w. Moreover, if we change the reduced expression of w, then the element t,,e(i) is changed
only by a linear combination of monomials of the form 7, - - - rq,xfl . -xsd e(i) with t < £(w). Note also
that if s, -- -5, is not a reduced expression, then the element 7, - - - 7, (i) may be written as a linear
combination of monomials of the form 7, - - - rq,xlfl - -xZ" e(i) with t < r. Moreover, in both situations
above, the linear combination can be chosen in such a way that for each monomial 7, - - - tq,xf‘ e xsd e(i)

in the linear combination, the expression s, - - - 54, 18 reduced.

Remark 2.5. The algebra R, j in Definition 2.2 is well defined only for a finite quiver because of the
second relation. However, the algebra R, x is well defined even if the quiver is infinite because each
o uses a finite set of vertices. Thus, for an infinite quiver we can define Ry x as Ry x = @m\:d Ry k.
However, in this case the algebra R, x is not unitary.

2D. Balanced KLR algebras. From now on the quiver I" is assumed to be finite. Fix a decomposition
I = Ioui1; as in Section 2B and consider the quiver I' = (I, H) as in Section 2B. Recall the decomposition
I=1 ol 11U I,. In this section we work with the KLR algebra associated with the quiver Tr.

We say that a sequence i = (iy, ip,...,1q) € 1% is unordered if there is an index r € [1, d] such that the
number of elements from 75 in the sequence (i, io, ..., i) is strictly greater than the number of elements

from 7. We say that it is well-ordered if for each index a such that i, =i! for some i € I;, we have a < d

o

org and 1%, the subsets of well-ordered and unordered sequences in 1.

and i, =i%. We denote by I
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The map ¢ from Section 2B yields a bijection
¢ QT—) {a: > dia; € Q;’ tdpp=dp, Vi e 11}, o Q.
iel
Fix o € Qf. Sete =3, e(i) € Ra(D).
Definition 2.6. For « € Q7 , the balanced KLR algebra is the algebra
Sa.k(T) = eRz x(De / 3 eRg k(D)e(i) Ry x(De.
il
We may write S&,k(F) = Sa.k-

Remark 2.7. Assume that i = (ij,...,i4) € I_‘Z‘rd. Let a be an index such that i, € I;. We have the
relation raze(i) = (x4+1 — X4)e(@) in Ry . Moreover, we have t(fe(i) = 14e(s,(1)) T e(i) and s,(@) is

unordered. Thus we have x,e(i) = x,41e(@) in Sz k.

dio; € QF . Leti=(iy,...,ig) € 1%,

Denote by J (i) the ideal of the polynomial ring ky[x]e (i) Ckg) generated by the set

2E. The polynomial representation of Sg . We assumeo =) _.,

{0 = XpqDe@) tir € 11},
Lemma 2.8. Assume that i € igrd and j € ig‘n. Then each element of e(i) Ry xe(j) maps kg[x]e(j) to J (i).

Proof. We will prove by induction on k that for all i € 1 grd and j eI @ and all py, ..., px such that the
permutation w = s,, - - -5, € &, satisfies w(j) =i, the monomial t,, - - - 7, maps ky[x]e(j) to J(i).
Assume k= 1. Write p=p;. Letus write i = (i1, ..., ig) and j=(ji, ..., ja). Thenwehavei=s,(j).
By assumptions on i and j we know that there exists i € Iy such thati, = j,1| = i' and ipr1=Jp= i2.
In this case the statement is obvious because 7, maps fe(j) € ky[xle(j) to (x,41 —xp)s,(fe(@) by (3).
Now consider a monomial 7, - - - T, such that the permutation w = s, - - - 5, satisfies w(j) =i and
assume that the statement is true for all such monomials of smaller length. By assumptions on i and j
there is an index r € [1, d] such that i, = i! for some i € I} and w™'(r + 1) < w™!(r). Thus w has a
reduced expression of the form w = s,.s,, - - - 5,,,. This implies that 7, - - - 7, e(j) is equal to a monomial
of the form 7,7, - - - 7,,e(j) modulo monomials of the form 7 , - -- rthi" x -xZ"e(j) with ¢ < k, see
Remark 2.4. As the sequence s, (i) is unordered, the case k = 1 and the induction hypothesis imply the
statement. [l

Lemma 2.9. Assume thati, j € f‘(’:‘rd. Then each element of e(i) Rz xe(j) maps J(j) into J(i).

Proof. Take y € e(i) Rz xe(j). We must prove that for each r € [1, d] such that j, = i! for some i € I
and each f € ky[x] we have y((x, —x,11) fe(j)) € J(i). We have (x, — x,41) fe(j) = —r,z(fe(i)) (see
Remark 2.7). This implies

V(5 =) fe()) = =yT7(fe(j)) = —yTe(s, () (T (fe(j))).

Thus Lemma 2.8 implies the statement because the sequence s, (j) is unordered. U
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The representation of Ry x on

k= @ kialxle(i)

iel®
yields a representation of e Rz xe on
] .
k= EP kiailxle).
iel®

ord

Set Jz.ord = @i el?, J(i). From Lemmas 2.8 and 2.9 we deduce the following.

Lemma 2.10. The representation of R x on kg) factors through a representation of Sg x on kél)ord /Ja.ord-

This representation is faithful.

Proof. The faithfulness is proved in the proof of Theorem 2.12. U

2F. The comparison of the polynomial representations. Fix o € Qf. Setd = || and d = |a&|. For each
sequence i = (i, ..., ig) € I* and r € [1, d] we denote by r’ or r; the positive integer such that r’ — 1 is
the length of the sequence ¢ (iy, ...,i,_1) € I,

Forr €[1,d] and r € [1,d — 1] consider the element x* € Sz x and t,* € S , respectively, such that
for each i € I* we have

Tre(¢(i)), if iy, iry1 € I,
T Tpg1e(P (D)) if i, € I, ir41 € lo,
xie(@@i) =xpe(@@), tle(@@)=t1177e((i)) if iy € Iy, iry1 € I,

Tr/—',-lTr’+2rr/fr/+le(¢(i)) if i ir—',—l €ly,i, 7& ir+l,
— T 1 T2 T Tr1e(@ (@) it i, =i, € 11
For each i € I* we have the algebra isomorphism

kalxle(@) ~ kzlxle(9(i))/J (9 (D)), xre(i) > xpe(p(@)).

We will always identify kél) with kg)

ord/ Ja,ord via this isomorphism.

Lemma 2.11. The action of the elements e(i), x,e(i) and t,e(i) of Ry x on kél) is the same as the action
of the elements e($(i)), xe(p (D)), Tre(¢ (i) of Sak on ky )4/ Ja.ord-

Proof. The proof is based on the observation that by construction for each i € I and j € Iy we have
Pil’j()(l/t, v)Piz,jo(u, v) =P j(u,v), PjO’il(u, v)Pjo,iz(u, v) = Pj;(u,v). 4)

For each i € 1%, we write ¢ (i) = (i, i%, ..., (’j). The only difficult part concerns the operator 7,e(i)
when at least one of the elements i, or i, isin /;. Assume that i, € I and i, € Iy. In this case we have

. N1 7 . L2 T . . 0 _ =
=) €ly, i,,=>G) €l i, ,=">41) €l.

In particular, the element i, , is different from i/, and i), |. Then, by (3), for each f € k;[x] the element
T e(@ (i) = 1Ty 1e(p (i) maps fe( (@) € kS )/ Ja.ona 1O
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Py i (gt Xe)sp (P, v, (g2, X 1)Sp 41 (f))e(sr 841 (9 (0)))
42 r'+177r 2
=Py Ll oy (xr’-i-la xr’)Pi;,H,i;,H(xr’-i-Z’ x)8p8p41(f)e(@ (sy (7))
i,,i,ﬂ Xprrg1, X)) 88041 (f)e(@ (sr(0))),

where the last equality holds by (4). Thus we see that the action of t*e(¢(i)) on the polynomial
representation is the same as the action of 7,e(i). The case when i, € Iy and i, 4| € I} can be done similarly.

Assume now that i, # i, are both in /1. By the assumption on the quiver I" (see Section 2B), there are
no arrows in I" between i, and i, . Thus there are no arrows in T between any of the vertices (i ol = i;,
or (i,)> =1’ +4 and any of the vertices (i,41)! = =i, 140 OF (rg1)? = Then, by (3), for each f € kz[x]

the element t,%e(i) = 7,41 T 42T Ty 1€(¢ (i) maps fe(g(i)) to

lr '+3°

sp418p 4287841 (f)e (P (sr(D))).
Thus we see that the action of 7,*e(¢ (i)) on the polynomial representation is the same as that of 7,e(i).
Finally, assume that i, = i,4| € I;. In this case we have
(i)' =il =)' =iy, and () =il = (1) =il
Then, by (3), for each f € k;[x] the element t*e(¢p (i) = =T 417427 T4 1€(P (i) maps fe(P(i)) to

Sp1410p 4200 (Xpr 41 — Xr/+2)Sr/+1(f)€(¢) (s-(@))),

where 9, is the Demazure operator (see the definition before Proposition 2.3). To prove that this gives
the same result as for 7,e(i), it is enough to check this on monomials x;'x",  e(i). Assume for simplicity
that n > m. The situation n < m can be treated similarly. The element 7,e(i) maps this monomial to

n—1

O (e Ded) = — Y xfx T e ().

a=m

Here the symbol ) >_  means 0 when y = x — 1. The element 7,%¢(¢(i)) maps X\ Xhae(@(i)) to

1 1 . .
sr/+18,/+28,/[xffil X, —X ,+1xf“_:2]e(¢ (7)), which equals

n—1
Sr/+1 |:— <Zxa :ﬂf) (fourzxf;g_b) (Z XX, '+1 ) (Zxr 142Xy +3>]e(¢(’))
b=0
n—1
= (Zxa ;n+§) (fo’ﬂxf’;g_b) (Z XX, +2 ) (Z T +3>]e(¢ (@)
b=0
= —xf?(Zx,b,+1xf,jrl3_b> +x,) +1(Zx X ):|€(¢(l))
- b=0
_ n—1 m—1 n—1
==X (fo’ﬂxf';lz_b) X0 (Z xf/+1x;’7;21_“):|e(¢(i)) = _(Z xf’+1x:7:§_l_a>e(¢(i))-
b=0 a=m

a=0
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Here the first equality follows from the following property of the Demazure operator

n—1

—1-
O (xy) = =0, (x)) = D x|
a=0

the fourth equality follows from Remark 2.7. Other equalities are obtained by elementary manipulations
with sums. 0

2G. The isomorphism .
Theorem 2.12. For each o € Q7 , there is an algebra isomorphism Do k: Rox — Sak such that

e(i) > e(p(i)),
xre(d) > xle(@ (i),

e(i) — Tre(p(i)).

Proof. By Proposition 2.3, the representation kél) of Ry is faithful. Now, in view of Lemma 2.11, it is
enough to prove the following two facts:

o The elements e(¢(i)), x;°, T generate Sz k.

» The representation ké{lrd / Ja.ord Of Sg k 1s faithful.

Fixi, jel® Seti’=(i,..., ié) =¢(i)and j'=¢(j). Let B and B’ be the bases of e(j) Ry xe(i) and
e(J')Ra re(i’), respectively, as in Remark 2.4. These bases depend on some choices of reduced expressions.
We will make some special choices later. For each element b = thfl . -x;’“ e(i) € B we construct an
element b* € e(j')Sg.xe(i’) that acts by the same operator on the polynomial representation. We set

b= T (D) () e (i) € () Sake @),

where w=s, - - -5, is areduced expression (as we said above, some special choice of reduced expressions
will be fixed later).

Let us call the permutation w € &;/ j» balanced if we have w(a + 1) = w(a) + 1 for each a such that

/ —
a+1 —

map u: S; j — G/ j» such that for each w € G; ; the permutation u(w) is balanced and w(r) < w(z)

i’ =i! for some i € I (and thus i i%). Otherwise we say that w is unbalanced. There exists a unique
if and only if u(w)(r') < u(w)(t’) for each r, t € [1, d], where ' =r] and ¢ =t/ are as in Section 2F.
The image of u is exactly the set of all balanced permutations in &;- ;.

Assume that w € &/ j is unbalanced. We claim that there exists an index a such that i € I, and
w(a) > w(a+ 1). Indeed, let J be the set of indices a € [1, d] such that i, € 1. As Jj' is well-ordered,
we have ), (w(a +1) —w(a)) =#J. As w is unbalanced, not all summands in this sum are equal
to 1. Then one of the summands must be negative. Let a € J be an index such that w(a) > w(a + 1).
We can assume that the reduced expression of w is of the form w = s, - - - 5,,5,. In this case the element
Tye(i’) is zero in Sz x because the sequence s,(i") is unordered.



Categorical representations and KLR algebras 1897

Assume that w € &;/ j is balanced. Thus, there exists some w € &;_j such that u(w) = w. We choose
an arbitrary reduced expression w = s, - - - 5, and we choose the reduced expression w = sy, - - - 54, of w
obtained from the reduced expression of w in the following way. Fort € {1, ..., k}seti’ =s,,,, -- -5, (i)
(in particular, we have i k=1). We write i’ = (i i, AU ;). We construct the reduced expression of w as
W =S§p, - -8y, where for a = p, we have

. .t .t
Sa/ if iy, iyy1 € Do,
o Lsasise ifif e lpand i}, € I,
a — . . .
Sa'Sa'+1 ifif e Iy and i} | € Io,

. .[ -t
Sa+15aSa+25a+1 iy, 0, €11,

where a’ = a;, is as in Section 2F. Let us explain why the obtained expression of w is reduced. The fact
that the expression w = s, - - - 5, is reduced means the following. When we apply the transpositions
Spis Spe_is - - > 8p, consecutively to the d-tuple (1, 2, ..., d), if two elements of the set {1, 2, ..., d} are
exchanged once by some s, then these two elements are never exchanged again by another s later. It
is clear that the expression w = s, - - -84, = §, - - - §, inherits the same property from w = s, - - -5,
because for each a, b € {1,2,...,d}, a # b we have the following (we set a’ = a; and b’ = b}):

o If iy, ip € Iy, then if the reduced expression of w exchanges a and b exactly once or never exchanges
them then the expression of w exchanges a’ and b’ exactly once or never exchanges them, respectively.

e Ifi, € Iy and i}, € I, then if the reduced expression of w exchanges a and b exactly once or never
exchanges them then the expression of w exchanges a’ and b’ exactly once or never exchanges them,
respectively, and it also exchanges a’ with b’ + 1 exactly once or, respectively, never exchanges them.

e If i, € I) and i} € Iy, then if the reduced expression of w exchanges a and b exactly once or never
exchanges them then the expression of w exchanges a’ and b’ exactly once or never exchanges them,
respectively, and it also exchanges a’ + 1 with b exactly once or, respectively, never exchanges them.

o If iy, ip € Iy, then if the reduced expression of w exchanges a and b exactly once or never exchanges
them then the expression of w exchanges a’ and b’ exactly once or never exchanges them, respectively,
and the same thing for a’ and ' + 1, for ' + 1 and #’, and for @’ + 1 and b’ + 1.

If the reduced expressions are chosen as above, then the element 7,,e(i’) = 14, - - - 74, €(i’) € Sy 1 is equal
to £(tp, - - Tpe@)™.

The discussion above shows that the image of an element b’ € B’ in e(j') Sz xe(i’) is either zero or
of the form 4b* for some b € B. Moreover, each b* for b € B can be obtained in such a way. Now we
get the following:

 The elements e(¢(i)), x), and 7, generate Sz because the image of each element of B’ in

ro

e(j")Sa.ke(i’) is either zero or a monomial in e(¢(i)), x*, and 7*.
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 The representation kgz)rd Mz .ora Of Sz is faithful because the spanning set {b*:b € B} of e(j') Sg.xe(i’)
acts on the polynomial representation by linearly independent operators (because the polynomial

representation of R, x in Proposition 2.3 is faithful). ]

Remark 2.13. (a) Note that Theorem 2.12 also remains true for an infinite quiver I because « is

supported on a finite number of vertices (see also Remark 2.5).

(b) The formulas that define the isomorphism &, ; become more natural if we look at them from the
point of view of Khovanov-Lauda diagrams (see [Khovanov and Lauda 2009]). Diagrammatically, the
isomorphism @, ; looks in the following way. It sends a diagram representing an element of R, x to
the diagram (sometimes with a sign) obtained by replacing each strand with label k € I; by two parallel
strands with labels k' and k? (if there is a dot on the strand with label &, it should be moved to the strand
with label k'). For example, if i, j € Ip and k € I;, we have:

ik J i kK'%k%j

3. Categorical representations

3A. The standard representation of ;ie. Consider the affine Lie algebra ;[e =sl, ®C[t,t" 1@ C1,
defined over C. Lete;, f; and h; fori =0, 1, ..., e—1, be the standard generators of ;[6 (see Remark 2.1).
Let V, be a C-vector space with canonical basis {vy, ..., v.} and set U, = V, ® C[z, z~1]. The vector
space U, has a basis {u, : r € Z} where u,y.p = v, ® 7P fora e[l,e], b eZ. It has a structure of an
;[e—module such that

fiuy) =08i=ury1 and e (uy) = di=r—1ur_1.

Let {v], ..., v, } and {u; : r € Z} denote the bases of V41 and U,;.
Fix an integer 0 < k < e. Consider the following inclusion of vector spaces

, .

v if r <k,
Ve CVei1, vp > : . =
LA ifr > k.
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It yields an inclusion sl, C sl.4; such that

e ifrell,k—1],
er = 1 lek, ex+1] ifr =k,

eril ifrelk+1,e—1],

fr ifrell,k—1],
Jr=> U, fil ifr =k,

fra1 ifrelk+1,e—1],

h, ifrell,k—1],
hyv—> L h+hey ifr=k,

hyy1 ifrelk+1,e—1].

This inclusion lifts uniquely to an inclusion g[e C ;[e+1 such that

eo ifk £0,
ey —
[eo, e1] else,
if kA0
fors Jo if k #0,
[f1, fol else,
h if k20
ho s 1710 itk #0,
ho+h; else.

Consider the inclusion U, C U,4; such that u, — u/T(r), where Y is defined in (8).

Lemma 3.1. The embeddings V, C V.41 and U, C U, are compatible with the actions of sl, C sl,41
and sl, C slyy1, respectively. (Il

3B. Type A quivers. Let 'y, = (I, Ho) be the quiver with the set of vertices I, = Z and the set of
arrows Hoo ={i —> i+ 1:i € I}. Assume that e > 1 is an integer. Let I, = (/I,, H,) be the quiver with
the set of vertices I, = Z/eZ and the set of arrows H, ={i — i+ 1:i € I.}. Then gj, is the Lie algebra
5~[e =s5l, @ C[t,t~']® C1 (see Remark 2.1).

Assume that I' = (I, H) is a quiver whose connected components are of the form I',, with e € N,
e>1ore=o0. Fori € I denote by i + 1 and i — 1 the (unique) vertices in / such that there are arrows
i—i+landi—1—1i.

Let X; be the free abelian group with basis {g; : i € I}. Set also

X] =P Ne;. (5)
iel

Let us also consider the following additive map
1 Q0r—> Xp, o> & —Eit.
We may omit the symbol ¢ and write « instead of ¢(«). Let ¢ denote also the unique additive embedding

¢: X1 — X5, &+ ey, (6)
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where
L, [0 ifiel,
1 =
il ifiel.
3C. Categorical representations. Let ' = (I, H) be a quiver as in Section 3B. Let k be a field. Assume
that C is a Hom-finite k-linear abelian category.
Definition 3.2. A g;-categorical representation (E, F, x, 7) in C is the following data:
(1) a decomposition C = @ueXz Cp,
(2) a pair of biadjoint exact endofunctors (E, F) of C,
(3) morphisms of functors x: F — F and 7: F?> — F?,

(4) decompositions E =&, ., E; and F =D, ; Fi,

satisfying the following conditions:
(a) We have E;(Cy,) CCpqq;, Fi(Cp) CCplyg;.
(b) For each d e N there is an algebra homomorphism v/4: Ry — End(F?)°P such that ¥4 (e(i)) is
the projector to Fj, - - - I, where i = (i1, ..., ig) and
Valx,) = F"xF™™" and  yyu(t,) = F4 el
(c) For each M € C the endomorphism of F (M) induced by x is nilpotent.
Remark 3.3. (a) For a pair of adjoint functors (E, F) we have an isomorphism End(E?) ~ End(F?)°P.

In particular, the algebra homomorphism Ry x — End(F?)°P in Definition 3.2 yields an algebra homo-
morphism Ry — End(EY).

(b) If the quiver I' is infinite, the direct sums in (4) should be understood in the following way. For each
object M € C, there is only a finite number of i € I such that E;(M) and F;(M) are nonzero.

3D. From gie.,.l-categorical representations to gie-categorical representations. As in Section 3A, we
fix 0 < k < e. Only in Section 3D, we assume that I' = (I, H) and T = (I, H) are fixed as in as in
Section B2 (i.e., we have I' =T',, I} = {k} and we identity T with Tpy).

Let C be a Hom-finite abelian k-linear category. Let

E=E\®E ®---®E, and F=Fy,®F,®---®F,

be endofunctors defining a sl,|-categorical representation in C. Let ¥4: Rqx — End(F4)° be the

corresponding algebra homomorphism. We set F; = F;, - -- F;, for any tuple i = (iy, ..., i) € I¢ and

Fa=@P,; 5= Fi forany element & € Q}r. If |@|=d let Y 5: Rsx — End(Fz)° be the @-component of ¥ 4.
Now, recall the notation X ;f from (5). Assume that we have

Cu=0, VYue X;\X;. (7)

For u € X;r setC, = 5¢(u)> where the map ¢ is as in (6). Let C = @MGX; Cu.
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Remark 3.4. (a) C is stable by F;, E; foreach i #k, k+ 1,

(b) Cis stable by Fiy1Fy, ExEry1,

(c) Fi,F;, ,---F;(M) = 0 for each M € C whenever the sequence (iy,...,iq) is unordered (see
Section 2D).

Consider the following endofunctors of C:

Eile if0<i <k, File if0<i <k,
Ei=1{ ExExil, ifi=k, and F; ={ Fy1Fyle ifi=k,
Eitile ifk<i<e, Fitile ifk<i<e.
Similarly to the notations above we set F; = Fj, - - - F;, for any tuple i = (i1, ...,ig) € 19 and F, =

D, Fi for any element « € Q;L. Note that we have F; = Fq;(i)lc for eachi € 1°.
Leta € Q;r and @ = ¢ (). Note that we have

Fo= &P Filc.

P T
ielgy

The homomorphism /5 yields a homomorphism e Rz xe — End(F,)°P, where e = Yic i e(i). By (o),

the homomorphism e Ry xe — End(Fy)°P factors through a homomorphism Sz x — End(F,)°P. Let us call

it 1}& Then we can define an algebra homomorphism v, : Ry x — End(Fy)°P by setting ¥, = %(’i oDy k.
Now, Theorem 2.12 implies the following result.

Theorem 3.5. For each category C, defined as above, that satisfies (7), we have a categorical represen-
tation of 5~[e in the subcategory C of C given by functors F; and E; and the algebra homomorphisms
Vo Rox — End(Fy)°P. U

Now, we describe the example that motivated us to prove Theorem 3.5. See [Maksimau 2015b]
for details.

Example 3.6. Let U, and V, be as in Section 3A. Fix v = (v, ...,y € N/ and put N = Zi:l V. Set
AU, =N"U, Q- QAYU,.

Let O, be the parabolic category O for 3[ y Wwith parabolic type v at level —e — N. The categorical
representation of ;[e in OY, (constructed in [Rouquier et al. 2016]) yields an ;[e—module structure on the
(complexified) Grothendieck group [O",] of O”,. This module is isomorphic to A" U,.

v
—(e+1)*

as above is equivalent to O",. The embedding of categories 0", C O
AU, C AYU,41 (see also Lemma 3.1).

Let us apply Theorem 1.1to C = O It happens that in this case the subcategory C C C defined

v

Y (e+1) categorifies the embedding

3E. Reduction of the number of idempotents. In this section we show that it is possible to reduce the
number of idempotents in the quotient in Definition 2.6. This is necessary to generalize Theorem 3.5.
Here we assume the quivers I' = (/, H) and I = (I, H) are as in Section 2B.
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We fix ¢ € Q;r and put @ = ¢ (). We say that the sequence i € I% is almost ordered if there exists
a well-ordered sequence j € 1% such that there exists an index r such that j, € I and i = s,(j). It
is clear from the definition that each almost ordered sequence is unordered because the subsequence
(i1, i3, ...,i,) of i contains more elements from I, than from 7;. The following lemma reduces the
number of generators of the kernel of eR5 xe — Sz i (see Definition 2.6).

Lemma 3.7. The kernel of the homomorphism eRg xe — Sz i is equal to ) _; eRg xe(i) Ry ke, where i
runs over the set of all almost ordered sequences in I°.

Proof. Denote by J the ideal ) ; eRs rxe(i)Rg ke of eRg ke, where i runs over the set of all almost
ordered sequences in /¢.

By definition, each element of the kernel of e Rz xe — Sz k is a linear combination of elements of the
form eae(j)be, where a and b are in Ry ;. and the sequence j is unordered. By Remark 2.4, it is enough

o

to prove that for each i € 1% , j € I%,

b € Rz r and indices py, ..., py the element e(i)7), - - - 7,,e(j)be
is in J. We will prove this statement by induction on k.

Assume that k = 1. Write p = p;. The element e(i)7,e(j)be may be nonzero only if i =s5,(j). This
is possible only if the sequence j is almost ordered. Thus the element e(i)t,e(j)be is in J.

Now, assume that k > 1 and that the statement is true for each value < k. Set w =), ---5,,. We
may assume that i = w(j), otherwise the element e(i)z,, - - - 7,.e(j)be is zero. By assumptions on i
and j there is an index r € [1, d] such that i, € I; and w™'(r + 1) < w™!(r). Thus w has a reduced
expression of the form w =s,s,, - - - 5,,,. Thisimplies that ,, - - - T, e(j) is equal to a monomial of the form
T, Ty, - - - Tn,e(j) modulo monomials of the form 7, - - - rthf‘ e xé"’e(j) witht <k, see Remark 2.4. Thus
the element e(i)7; - - - Txe(j)be is equal to e(i) 7,7/, - - - T,,e(j)be modulo the elements of the same form
e(i)Tp, - - - Tpe(j)be with smaller k. The element e(i)7, 7, - - - 7,,e(j)be is in J because the sequence
s (i) is almost ordered and the additional terms are in J by the induction assumption. ]

3F. Generalization of Theorem 3.5. In this section we modify slightly the definition of a categorical
representation given in Definition 3.2. The only difference is that we use the lattice Q; instead of X;.
This new definition is not equivalent to Definition 3.2. In this section we work with an arbitrary quiver
I' = (I, H) without 1-loops.

Let k be a field. Let C be a k-linear Hom-finite category.

Definition 3.8. A g;-quasicategorical representation (E, F, x, t) in C is the following data
(1) a decomposition C =P, o, Ca>
(2) a pair of biadjoint exact endofunctors (E, F') of C,
(3) morphisms of functors x: FF — F, t: F? > F2,
(4) decompositions E =&, ., Ei, F=@,., Fi,
satisfying the following conditions.

(a) We have E; (Ca) - Cozfa,w F; (Coz) - C(x+(x,- .
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(b) For each d € N there is an algebra homomorphism ¥;: Ry x — End(F 4yop guch that ¥ (e(i)) is
the projector to Fj, - - - F;,, where i = (i1, ..., i4) and

Valx,) = F4'xF™™" and  yyu(t,) = F4 el
(c) For each M € C the endomorphism of F (M) induced by x is nilpotent.
If the quiver I is infinite, condition (4) should be understood in the same way as in Remark 3.3(b).

Now, fix a decomposition I = Iy L I; as in Section 2B. We consider the quiver ' = (I, H) and the map
¢ as in Section 2B. To distinguish the elements of Q; and Q;, we write Q; = P; cjZa;. Foreacha € Q;
we set @ = ¢ () € Qj. (See Section 2B for the notation.) However we can sometimes use the symbol &
for an arbitrary element of Q; that is not associated with some « in Q;. Let C be a Hom-finite abelian
k-linear category. Let E = @, _; E; and F = @, ; F; be endofunctors defining a g;-quasicategorical
representation in C. Let ¥ 4: Ry x(I') — End(F?)°P be the corresponding algebra homomorphism. We
set F; = F,-d . }7,-1 for any tuple i = (i1, ...,i4) € I4and Fg = @iei& F; for any element & € Q;f. If
@] =d, let Y5: Ry r — End(Fg)°P be the @-component of v/,.

Assume that C is an abelian subcategory of C satisfying the following conditions:
(a) C is stable by F; and E; for each i € I,.
(b) C is stable by F2F;i and E;1 E;» for eachi € I;.
(c) We have F,-z(C) =0foreachi € I;.
(d) We have C=&P,.,, CNCs.

aeQ;

By (d), we get a decomposition C = &5 Cq, Where C, = CNCy. For each i € I we consider the

aeQr
following endofunctors E; and F; of C:

po|Ple ik (Rl e
FiZFl'1|C lflell, EilEi2|C lflell.

As in the notations above we set F; = F;, - - - F;, for any tuple i = (i1, ..., iq) € [%and F, = EBiE,a F;

for any element o € Q. Note that we have F; = Fy )|, for each i € 1.
Leta € Q;r. We have
Fy= P Fil.

. _7a
ielgy

The homomorphism Va yields a homomorphism eRz xe — End(F,)°P, where e =) i@, e(i).

Since the category C satisfies (a), (b) and (c), for each almost ordered sequence i = (iy, ..., ig) € I*
we have Fid e Fil (C) =0. By Lemma 3.7, this implies that the homomorphism e Rz xe — End(F,)°P
factors through a homomorphism Sz x — End(F,)°P. Let us call it J?& Then we can define an algebra

homomorphism ¥/, : Ry x — End(F,)°P by setting ¥, = ¥ 0 Py 1.
Now, Theorem 2.12 implies the following result.
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Theorem 3.9. For each abelian subcategory C C C as above, that satisfies (a)—(d), we have a gj-
quasicategorical representation in C given by functors F; and E; and the algebra homomorphisms
Yo Ry — End(Fy)°P. |

Remark 3.10. Assume that the category C is such that we have Cz = 0 whenever & = Zie jdia; € Qs
such that d;i < d;» for some i € I1. In this case the subcategory C C C defined by C = P
conditions (a)—(d).

we0; Cg satisfies

Appendix A: The geometric construction of the isomorphism &

The goal of this section is to give a geometric construction of the isomorphism ® in Theorem 2.12.

Al. The geometric construction of the KLR algebra. Let k be a field. Let I' = (I, H) be a quiver
without 1-loops. See Section 2A for the notations related to quivers. For an arrow 7 € H we will write i’
and " for its source and target respectively. Fix @ = Y_,,; dia; € Q7 and set d = |a|. Set also

Eq = P Hom(Vi. Vi), Vi=C% V=(PV.
heH iel
The group G, = [[;.; GL(V;) acts on E, by base changes.
Set

d
1% = {i =(in,....i el ) a, =a}.
r=1
We denote by F; the variety of all flags
p=wv=V'ovis...ovi={0)

in V that are homogeneous with respect to the decomposition V = P, _; V; and such that the /-graded
vector space V'~!/V" has graded dimension i, for r € [1,d]. We denote by F; the variety of pairs
(x, ¢) € E, x F; such that x preserves ¢, i.e., we have x(V") C V" forr € {0, 1, ..., m}. Let ; be
the natural projection from F; to Ey, ie., i : Fi — E,, (x,¢) — x. For i, j € I* we denote by
Z; ; the variety of triples (x, ¢1, ¢2) € E, x F; x Fj such that x preserves ¢; and ¢, (i.e., we have

ZiJ' = ]3,' XE, FJ) Set
Za: ]_[ Z,',j and Fa:]_[ﬁi.

i,jel icl”

We have an algebra structure on H*G “(Zy, k) such that the multiplication is the convolution product with
respect to the inclusion Z, C F,x F,. Here H*G “(e, k) denotes the G, -equivariant Borel-Moore homology
with coefficients in k. See [Chriss and Ginzburg 1997, §2.7] for the definition of the convolution product.

The following result is proved by Rouquier [2008] and by Varagnolo and Vasserot [2011] in the
situation char k = 0. See [Maksimau 2015a] for the proof over an arbitrary field.
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Proposition A.1. There is an algebra isomorphism Ry (I') >~ Hf“’ (Zy, k). Moreover, foreachi, j € 17,

the vector subspace e(i)Ry x(I')e(j) C Ry x(I') corresponds to the vector subspace H*G" (Zij k) C
Go

H,'*(Zy, k). O

A2. The geometric construction of the isomorphism ®. As in Section 2B, fix a decomposition / = LI}
and consider the quiver I' = (I, H); also fix « € QT and consider & = ¢ (@) € Q;f.

We start from the variety Z5 defined with respect to the quiver I'. By Proposition A.1, we have an
algebra isomorphism Ry x (T) ~ HE *(Zg, k). We have an obvious projection p: Zz — E5 defined by
(x, ¢1, ¢2) — x. For each i € I denote by /; the unique arrow in T that goes from i ! to i2. Consider the
following open subset of Ez: EQ = {x € Eg : xy, is invertible Vi € I1}. Set Z2 = p~1(E2). The pullback
with respect to the inclusion Zg C Zg yields an algebra homomorphism H*G “(Zg, k) — H*G @ (Zg, k) (see
[Chriss and Ginzburg 1997, Lemma 2.7.46]).

Remark A.2. If the sequence i € /% is unordered, then a flag from F; is never preserved by an element
from Eg. This implies that Z; ; N Z0 = @ if i or j is unordered. Thus for each i € I%,, the idempotent
e(i) is in the kernel of the homomorphism H*G“ (Zz, k) — H*G& (Zg, k).

Let e be the idempotent as in Definition 2.6. Consider the following subset of Z:

zi= 1] z.y

i,jel’,

The algebra isomorphism Ry, w(T) =~ H*G *(Zg, k) above restricts to an algebra isomorphism e Ry (De ~
HI%(ZL, k).

Now, set Z/% = 7/, N Z%. Similarly to the construction above, we have an algebra homomorphism
H*G “ (Z(’Y, k) — H*G @ (Z(%O, k). By Remark A.2, the kernel of this homomorphism contains the kernel of
eR&,k(I:)e — Ry 1 (I") (see Theorem 2.12). The following result implies that these kernels are the same.

Lemma A.3. We have the following algebra isomorphism Ry ;(I") =~ HCa (Z&O, k).

Proof. For each i € Iy we identify V; >~ V,o. For each i € I} we identify V; >~ V;1 >~ V,». We have a
diagonal inclusion G, C Gg, i.e., the component GL(V;) of G, with i € Iy goes to GL(V;0) and the
component GL(V;) with i € I} goes diagonally to GL(V;1) x GL(V,2).
Set Ggis = niell
Let us denote by X the choice of isomorphisms V;1 2~ V;> mentioned above. Let E g be the subset of

GL(V;2) C Gg. We have an obvious group isomorphism G5/ G2 ~ G,,.

Ej that contains only x € E such that for each i € I; the component xj, is the isomorphism chosen in X.
The group Ggis acts freely on Eg such that each orbit intersects £ gf once. This implies that we have
an isomorphism of algebraic varieties EQ/G% ~ EX. Now, set ZX = p~!(EX). The same argument as
above yields Z(%O /GBS ~ Z&X . We get the following chain of algebra isomorphisms
_ bis .
HO(z2, k) ~ HI* % (20/G% k) = HO=(ZX .

o
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To complete the proof we have to show that the G,-variety Z&X is isomorphic to Z,. Each element of

I%  is of the form ¢ (i) for a unique i € 1%, where ¢ is as in Section 2B. Let us abbreviate i’ = ¢ (i). By

z,=1] zvy-

i,jel*

definition we have

Set Zi)f = Zi i N Z&X. We have an obvious isomorphism of G-varieties Zi),‘ = Z; j. (Beware, the
variety Z; ; is defined with respect to the quiver I and the variety Z; j is defined with respect to the
quiver T'.) Taking the union for all i, j € I¢ yields an isomorphism of G,-varieties Z&X ~Z,. (Il

Corollary A.4. We have the following commutative diagram.

eR&,k(F)e E— Ra,k(F)

l l

HI*(ZL, k) —— HI*(Z, k).

Here the left vertical map is the isomorphism from Proposition A. 1, the right vertical map is the isomor-
phism from Lemma A.3, the top horizontal map is obtained from Theorem 2.12 and the bottom horizontal
map is the pullback with respect to the inclusion Zg) C ZL.

Proof. The result follows directly from Lemma A.3. The commutativity of the diagram is easy to see on
the generators of Rg, (D).

Indeed, the isomorphism Ry j > H*G “(Zgy, k) is defined in the following way (see [Maksimau 2015a,
§2.9, Theorem 2.4] for more details). The element e(i) corresponds to the fundamental class [Z; ;]. The
element x,.e(i) corresponds to the first Chern class of some line bundle on Z; ;. The element v,.e(i)
corresponds to the fundamental class of some correspondence in Z; (;y;. The commutativity of the
diagram in the statement follows from standard properties of Chern classes and fundamental classes. [

Appendix B: A local ring version in type A

In this appendix we give some versions of the main results of the paper (Theorems 2.12 and 3.5) over a
local ring. These ring versions are interesting because the study of the category O for HIN in [Maksimau
2015b] uses a deformation argument. For this we need a version of Theorem 1.2 over a local ring.

It is known that the affine Hecke algebra over a field is related with the KLR algebra (see Propositions
B.5, B.6). This allows to reformulate the definition of a categorical representation (see Definition 3.2) that
is given in term of KLR algebras in an equivalent way in terms of Hecke algebras (see Definition B.14).
The main difficulty is that there is no known relation between Hecke and KLR algebras over a ring.
Over a local ring, we can give a definition of a categorical representation using the Hecke algebra
(see Definition B.17). But we have no equivalent definition in terms of KLR algebras. That is why,
Proposition B.12, that is a ring analogue of Theorem 2.12, is formulated in terms of Hecke algebras and
not in terms of KLR algebras.
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B1. Intertwining operators. The center of the algebra R, j is the ring of symmetric polynomials kg [x]®¢,
see [Rouquier 2008, Proposition 3.9]. Thus Sz % is a kg [x]S¢ -algebra under the isomorphism ®, x in
Section 2G. Let ¥ be the polynomial [[,_,(xs — xp)? € kg[x]%4. Let Ra,k[E_l] and S&,k[E_l] be the
rings of quotients of R, x and Sz x obtained by inverting ¥. We can extend the isomorphism ®, x from

Theorem 2.12 to an algebra isomorphism
Dot Roi[E7'1 = SaalZ7'].

Assume that the connected components of the quiver I' are of the form I', fora e N, a > 1 or a = oo.
(The quiver I, is defined in Section 3B.)

Note that there is an action of the symmetric group &, on k‘(il) permuting the variables and the
components of i. Consider the following element in R, (=1

((r = x4 + De@) it iy =1y,
Wee(i) = —(x, — xr+1)_lfre(i) ifipp =i, —1,
Te(Q) else.
The element W, e(@) is called intertwining operator. Using the formulas (3) we can check that W, e(i)

still acts on the polynomial representation and the corresponding operator is equal to s,e(i). Note also
that ¥, = (xr —x41)¥, is an element of Ry k.

Lemma B.1. The images of intertwining operators by @y i: Ryrx — Sax can be described in the
following way. For i € 1% such thati, — 1 # i, we have

\Prfe(¢(l)) l:firv ir—H ISR
Oy 1 (Ure(i)) = W, W,y e (i) ifi, € I1,i,41 € Iy,
e | Y Yre(9 () ifiy € Io, i1 € I,

Vo VoW W e(@ (@) if iy, irgr € 11

Fori € 1% such thati, — 1 = i,,| we have

‘?we(d)(i)) ifir, ir+1 € Io,

q)a,k(‘ijre(i)) = Vo Wp1e(p@))  ifiy € 11, irt1 € lo,
Y\ Vre(@d @) ifiy € lo, iyt € 1.
Here r' =r| is as in Section 2F.
Proof. By construction of &, x, the elements &, x (W, e(i)) and d>a,k(\ilre(i)) are the unique elements of
Sz.x that acts on the polynomial representation by the same operator as W,e(i) and W,e(i), respectively.
The right hand side in the formulas for @, x(W,e(i)) or &, k(\I/,e(i )) in the statement is an element
X in S&,k[E*I]. To complete the proof we have to show that:
(1) X acts by the same operator as W,e(i) or W,e(i), respectively, on the polynomial representation.

(2) X isin Szk.
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Part (1) is obvious. Part (2) follows from part (1) and from the faithfulness of the polynomial represen-
tation of S&,k[E_l] (see Lemma 2.10). (In fact, part (2) is not obvious only in the case i, =i,4 € I;.) U

B2. Special quivers. From now on we will be interested only in some special types of quivers.

First, consider the quiver I' =TI',, where e is an integer > 1. In particular, from now on we fix I =Z/eZ.
Fix k € [0, e — 1] and set I; = {k} and Iy = I\{k}. In this case the quiver I is isomorphic to I',|. More
precisely, the decomposition I =1Ioul ul,issuchthat I; = {k} and I, = {k + 1}. To avoid confusion,
for i € I we will write @; and &; for o; and ¢; respectively.

Remark B.2. If I' is as above, a sequence i = (if, ..., i) € 14 is well ordered if for each index a such
that i, = k we have a < d and i, = k+ 1. The sequence i is unordered if there is r < d such that the
subsequence (iy, ..., i,) contains more elements equal to k + 1 than elements equal to k.

Let Y: Z — Z be the map given fora € Z and b € [0, e — 1] by

T(ae+b)_{a(e+l)+b if b € [0, k], ®
T late+ D) +b+1 ifbelk+1,e—1].

Now, consider the quiver =) (e, isa disjoint union of / copies of I'w,). Set = (f, I:I) and
write @; and &; and for «; and ¢; respectively for each i € I. We identify an element of [ with an element
(a,b) € Z x[1,1] in the obvious way. Consider the decomposition I[= fg T, 1 such that (a, b) € I 1 if and
only if a = k mod e. In this case the quiver I is isomorphic to_f‘. We will often write I instead of I" (but
sometimes, if confusion is possible, we will use the notation I to stress that we work with the doubled
quiver). More precisely, in this case we have

(a,b)’ = (Y(a), b),
(a,b)! = (T(a),b),
(a,b)*> = (Y(a)+1,b).

To distinguish notations, we will always write ¢ for any of the maps ¢: [°° — [, Q i~ 05 Xj— Xj
in Section 2B.
From now on we write ' =T",, T = [eqq and I = (T'so)™. Recall that

I=1,=7/eZ, [=I41=7/(e+1)Z, I=(UIx)"=27x]I1,1.
Consider the quiver homomorphism 7, : I' — I" such that
Te: [ — I, (a,b)+ a mode.
Then 7, is a quiver homomorphism 7,4 : I -T. They yield Z-linear maps

Te: Q5 —> Q. e Xj— X1, Tey1: Qf = Qj,  Teqr1: Xj— Xj.
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The following diagrams are commutative for o € Q;r and a € Q}’ such that . (@) = «,

0; —* 0; X; —2 X; @ % i@

HEJ, 7Te+ll ﬂel ne+ll ﬂel ﬂe+1l
¢ ¢ ) -

Qr — Qj X, —— X; jo 2 Jo@

The quiver I is infinite. We will sometimes use its truncated version. Fix a positive integer N. Denote
by 'SV the full subquiver (i.e., a quiver with a smaller set of vertices and _the same arrows between
these vertices) of I that contains only vertices (a, b) such that |a| < eN. Let 'SV be the doubled quiver
associated with 'SV, We can see the quiver I'SY as a full subquiver of I that contains only vertices

(a, b) such that we have
—(e+ DN <a<(e+ 1N if k 20,
—(e+ 1N <a<(e+1)N+1 else.

(Attention, it is not true that the isomorphism of quivers I' ~ T" takes 'SV to 'SV))

B3. Hecke algebras. Let R be a commutative ring with 1. Fix an element g € R.

Definition B.3. The affine Hecke algebra Hg 4(q) is the R-algebra generated by 77, ..., T;—; and the
invertible elements X1, ..., X; modulo the following defining relations
X Xs =X X/,
1. X, =X,T, if [r —s|>1,
T, T, =T, T, if |r —s| > 1,

LTnT, =TT 111,
I, X1 =X, T, + (g — D X411,
I X, =X, T — (g — DXy,
0=(T —¢)(T + D).

Assume that R = k is a field and ¢ # 0, 1. The algebra H; ;(g) has a faithful representation (see
[Miemietz and Stroppel 2016, Proposition 3.11]) in the vector space k[ X ftl, ey Xdil] such that X*!
acts by multiplication by X*! and 7, by

T,(P) = qs,(P)+ (q — DX, 11(X, — X, 41) ™' (5,(P) = P).

The following operator acts on k[ X fﬂ, - Xffl] as the reflection s,
X, —X X, —X
W,zr—rH(T,—q)—i-l:(Tr—i-l)r—rH—l.
gX, —Xr11 Xr—qXrq1

For a future use, consider the element W, € H, x given by

\i’, =@ X = X, DV = Xy = Xo1 DT + (@ — D X1
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B4. The isomorphism between Hecke and KLR algebras. First, we define some localized versions of
Hecke algebras and KLR algebras. Let & be a finite subset of k. We view ¥ as the vertex set of a quiver
with an arrow { — j if and only if j = gi. Consider the algebra

= @ rx XX = XD (g X = X0 e #1le),

ieFd

where e (i) are orthogonal idempotents and X, commutes with e(i). Let H}f,cc (g) be the A-module given by
the extension of scalars from the k[ X fl, R le]-module Hy 1 (gq). It has a k-algebra structure such that

Tre(i) —e(s,NT, = (1 — @) Xr 11 (X, — Xr+l)_1(e(i) —e(sr(1)))
and
z7'T,=1,z7". where Z=][(X, - X)* [ [(¢ X, — X))*.

r<t r#t

In this section the KLR algebras are always defined with respect to the quiver &. We consider the algebra

Az_@kxl,.. , xg108; e (i),
icFd

where

Si={(x+ D, GO+ D —ir(xe + 1)), (qir e + D) =i (s + 1) i r #F 1)}

Consider the following central element in Ry g

=[]+ ] Ger+D—j6+D).
r i,jeF r#£t
The A;-module Riﬁc = Ay ®, @ Ry k has a k-algebra structure because it is a subalgebra in Ryxlz™'1,
d

where kf) is as in (2).

Remark B.4. We assumed above that the set F is finite. This assumption is important because it implies
that A contains k[ X} il .. le] and A, contains k[xy, ..., xy]. However, it is possible to define the
algebras above (Aj, Az, H:!O,CC (g) and Rloc) for arbitrary ]-' C k*. Indeed, if | C JF; are finite, then
the algebra defined with respect to F; is obviously a nonunitary subalgebra of the algebra defined with
respect to F,. Then we can define the algebras Aj, A», Hdll",cc(q) and R}l‘ﬁc with respect to any arbitrary F.
For example, we define the algebra Rbo © associated with F as

Ri%(F) = lim R (Fo),
FoCF

where the direct limit is taken over all finite subsets F; of F. Note that if the set F is infinite, then the
algebras Ay, Ay, H) loc (q) and Rk’k are not unitary.

From now on we assume that F is an arbitrary subset of k*.
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Proposition B.5. There is an isomorphism of k-algebras Rb"i{ ~ Hé",c{ (g) such that

e(i) — e(i),
xre(i) — (i7' X, — De(i),
W.e(d) — W,e(i).
Proof. The polynomial representations of H; x(q) and Ry j yield faithful representations of Hfll",i (g) and
le",; on A and A; respectively. Moreover, there is an isomorphism of k-algebras A, >~ A; given by
xre(d) > (71X, — De(i).

This implies the statement. Indeed, the elements e(i) € Riioj( and e(i) € H(ll"’lcc (g) acton Ay >~ A by
the same operators. The elements x,e(i) € Rl!o?{ and (i~ IX, —De(i) e H}f,‘i(q) acton A; >~ A; by the
same operators. Finally, the elements W,e(i) € Rb"j{ and W, e(i) H:f,cc (g) also act on A, >~ A; by the
same operators. The elements above generate the algebras Rliojc and H;’,‘; (). O

Now, we consider the subalgebra Iéd, x of Rb"% generated by

« the elements of Ry k,

e the elements (x, + 1)7!,

o the elements of the form (i, (x, + 1) —i,(x; + 1)) ~'e(i) such that r # ¢ and i, # i;,

« the elements of the form (gi,(x, + 1) —i,(x; + 1))"'e(i) such that r # ¢ and qi, £ 1i;.
Similarly, consider the subalgebra ILAILL x(g) of Hcll‘f,i(q) generated by

« the elements of Hy x(g),

« the elements of the form (X, — X;)"!e(i) such that r # ¢ and i, # i,

o the elements of the form (¢ X, — X;)"'e(i) such that r # ¢ and qi, # i,.

Note that the element W, e(i) € H(}‘?,Cc(q) belongs to I-Ald,k(q) if i, # qi,+1. We have the following
proposition, see also [Rouquier 2008, §3.2].

Proposition B.6. The isomorphism Riﬁc ~H Cllolcg(q) from Proposition B.5 restricts to an isomorphism

Rax =~ Hyx(q). O

BS. Deformation rings. In this section we introduce some general definitions from [Rouquier et al.
2016] for a later use.

We call the deformation ring (R, k, k1, ..., k;) a regular commutative noetherian C-algebra R with 1
equipped with a homomorphism Clk*!, k1, ..., k1] = R. Let «, k1, ..., k; also denote the images of
K,K1, ...,k in R. A deformation ring is in general position if any two elements of the set

{ky —Kky+ak+b,k—c:a,beZ,ceQ,u#v}

have no common nontrivial divisors. A local deformation ring is a deformation ring which is a local ring
such that 1, ..., k7, kK — e belong to the maximal ideal of R. Note that each C-algebra that is a field has
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a trivial local deformation ring structure, i.e., such that k1 = - -- = k; =0 and k = e. We always consider
C as a local deformation ring with a trivial deformation ring structure.

We will write k =k (e+1)/e and ik, = k,(e + 1) /e. We will abbreviate R for (R, «, k1, ..., ;) and
R for (R, &, k1, ..., K}).

Let R be a complete local deformation ring with residue field k. Consider the elements g, =
exp(2m =1 /k) and g4 = exp(27r«/—_1 /i) in R. These elements specialize to ¢, = exp(2m =1 /e)
and ¢, = exp(2r/—1/(e + 1)) in k.

B6. The choice of F. From now on we assume that R is a complete local deformation ring in general
position with residue field k and field of fractions K. In this section we define some special choice of the
set F. This choice of parameters is particularly interesting because it is related with the categorical action
on the category O for gT[ N> see [Rouquier et al. 2016].

Fix atuple v= (vy,...,v) € Z'. Put Q, = exp(Zn\/—_l(vr + k,)/x) for r € [1,1]. The canonical
homomorphism R — k maps ¢, to ¢, and Q, to ¢,".

Now, consider the subset & of R given by

7= |J lg0)

reZ,te[l,l]

Denote by Fj the image of F in k with respect to the surjection R — k. Recall from Section B4 that we
consider F (and F%) as a vertex set of a quiver. The set F is a vertex set of a quiver that is a disjoint
union if / infinite linear quivers. The set Fy is a vertex set of a cyclic quiver of length e.

Fix k € [0, e — 1]. To this k we associate a map Y: Z — Z as in (8). Now, consider the tuple

b=(1,...,0)eZ, b, =YW)Vrell,ll.

Let R be as in the previous section. Let k and K be the residue field and the field of fractions of R
respectively. Now, consider 0=(01,...,0)), where 0, = exp(2r+/—1(V, +k,)/k) and i and i, are
defined in Section B5. Consider the subset % of R given by

F= U {QZHQ}-

rezre(l,l]
Denote by JF; the image of F in k with respect to the surjection R — k. The set F is a vertex set of a
quiver that is a disjoint union of [ infinite linear quivers. The set F # 1s a vertex set of a cyclic quiver of
length e 4 1.

B7. Algebras ﬁ, EI\I, RandS. LetT = (I, H),T = (I, H) and T = (I, H) be as in Section B2.
We will use the notation F, Fi, F and F % as in previous section. (In particular, we fix some

v=>wi,...,V).)
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We have the following isomorphisms of quivers

[~%F, i=(a,b)r pi:=expa~—1(a+«kp)/K),
[~%, i=(a,b)r p;:=expQu~—1(a+kp)/k),
[ >~ Fy, i pii=¢l,

[ ~%;, i p;:= ei+1.

These isomorphisms yield the following commutative diagrams

[ — I — &
W] | ]
] —— Fr, ] — @,;.
We will identify
I>F, [>~%F, [I~%, I~%F

as above.

Our goal is to obtain an analogue of Theorem 2.12 over the ring R. First, consider the algebras PAId, (&)
and }AId, k (g.) defined in the same way as in Section B4 with respect to the sets & C k and & C K. We
can consider the R-algebra I:Id’ r(ge) defined in a similar way with respect to the same set of idempotents
as I?d,k(ge) (i.e., with respect to the set Fg, not F).

The algebra bAld, x (ge) is not unitary because the quiver I" is infinite. To avoid this problem we consider
the truncated version of this algebra. Let H dgg (ge) be the quotient of PAId, k (g.) by the two-sided ideal
generated by the idempotents e(j) € I such that j contains a component that is not a vertex of the
truncated quiver <N (see Section B2). (In fact, the algebra H dgg (ge) 1s isomorphic to a direct summand
of Hy k (qe))- ) ) )

Similarly, we define the algebras H ; (e+1), Hy g(ge+1) and H; g(ge+1) using the sets F and Fy
instead of F and Fj. We define a truncation ﬁjg (ge+1) of H 1.k (qe+1) using the quiver sV,

For each i € I¢ we consider the following idempotent in H dglzg (qe):

e@y=Y e

. o Jellm (=i . L
Here we mean that e(j) is zero if j contains a vertéx that is not in the truncated quiver ISV, The

idempotent e(i) is well defined because only a finite number of terms in the sum are nonzero. For each
i € I we can define an idempotent e(i) € Fljg(qH 1) in a similar way.

Lemma B.7. There is an injective algebra homomorphism I:Id, r(Gge) — H fﬁ(qe) such that e(i) — e(i),
Xre(i)— Xye(i) and Tye(i) — Te(Q).

Proof. It is clear that we have an algebra homomorphism I:Id, r(qe) — I:Ifg (ge) as in the statement. We

only have to check the injectivity.
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For each w € &, we have an element T,, € H; r(g) defined in the following way. We have T, =

T; ---T;, where w =s;, - - - 5;, is a reduced expression. It is well-known that 7, is independent of the
choice of the reduced expression. Moreover, the algebra H; g(g) is free over R[X lil, R X;H] with a
basis {Ty, : w € G }.

Set

B=@D RIXT, .. X7 — X) 7", (qeXr — X0) ™" i1 # tle(i),

; capd
1eJy

where we invert (X, — X;) only if i, # i; and we invert (¢.X, — X;) only if i, # i;. We have
I:Id’R(qe) =B ®R[Xf:1 o H; r(q.). This implies that the B-module bAldﬁR(qe) is free with a basis
{Ty :w e Gy}

Similarly, we can show that the algebra H f’g(qe) is free (with a basis {T}, : w € &4}) over

.....

B'=@ Kixy'. ... XN — X)X — X)7 i1 £ tle (),
jeFd
where we invert (X, — X;) only if j, # j, and we invert (¢. X, — X;) only if g, j, # j;, and we take only
j that are supported on the vertices of the truncated quiver 'SV,
Now, the injectivity of the homomorphism follows from the fact that it takes a B-basis of ﬁd, r(ge) to
a B’-linearly independent set in H dgg (ge)- U

Now we define the algebra SH .k (Get1) that is a Hecke analogue of a localization of the balanced
KLR algebra Sz x. To do so, consider the idempotent e =) _; 7, e(i) in PAI& 7 (Cer1). We set

SH i (Ges1) = eHy 1 (Cer1)e/ Y eHy p(Coy)e(j) Hy g (Gern)e.
JEIun

Now, we define a similar algebra over K. To do this, we need to introduce some additional notation.
Denote by Q;feq the subset of Q}r that contains only & such that for each k € I;, the dimension vector &
has the same dimensions at vertices k' and k2.

Set

—~ <N o
@)= D Hig@esn, and SH p@esD= @ SHg g@esn),
Tet1(@)=0 Tet1(Q)=0
where in the sums we take only o € Q+ that are supported on the vertices of the truncated quiver F\
and SH K(qu) is defined similarly to SH . a, % (Cer1). More precisely, we have

SH k(qer1) = éaHy g(Ge1)€a/ Y &aHy g(qes1)e(i) Hy g(qet1)éa,
jelg,

where é& = Zjeifrd e(])
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Remark B.8. Consider the following idempotents in I-AI;%/ (Ge+1):

Z é; and e:Ze(i),

P -
Tet1(Q)=0 lEIOld

N

where the first sum is taken only by & € QJr (Note that H <N (qe+1) was defined as a quotient of
Hf £(ge+1)- So, if @ is not supported on F<N then the 1demp0tent €5 1s zero by definition. In particular,
the sum has a finite number of nonzero terms ) Setalso 1% =], (@)= %, where the sum is taken only
by a € QJr . By definition, the algebra SHS K(qH 1) is a quotient of eH SN (qu)e But we can see this
algebra as the same quotient of e H (qe+1)e (we do the quotient with respect to the same idempotents).
Indeed, the idempotent e is a sum of a bigger number of standard idempotents e(j), j € I% than the
idempotent e. More precisely, the idempotent € is the sum all e(j) such that j is well-ordered while e is
the sum of all e(j) such that 7.1 (j) is well-ordered. But each j € 1% such that Tet1(j) is well-ordered
and j is not well-ordered must be unordered. Then such e(j) becomes zero after taking the quotient.

Finally, we define the R-algebra SH g 7(ge+1) as the image in SH ;1[% (ge+1) of the following composi-
tion of homomorphisms

. A o
eH; g(es)e — eH S p(Ges)e — SH g ().

The lemma below shows that the algebra SH g 7(ge+1) 1s independent of N for N large enough. So,
we can write simply SH #.k(ge+1) instead of SH @.8(qe+1) for N large enough.

Lemma B.9. Assume N > 2d. Then the algebra SHY @.8(Ge+1) is independent of N.

Proof. Denote by Jy the kernel of eH R(qeﬂ)e — SH a K(qu) Take M > N. It is clear that we have
Ju C JN.

Let us show that we also have an opposite inclusion if N > 2d. We want to show that each element
x € Jy is also in Jy. It is enough to show this for x of the form x = Xe(i), where i € I orq and
X is composed of the elements of the form 7, and X,. Then Xe(i) € Jy means that the element
Xe(j) € SHO( K(qu) is zero for each j € & supported on F\ such that 77,1 (j) =i. To show that we
have Xe(i) € Jy we must check that the element Xe(j) € SHS K(qe+1) is zero for each j € I supported
on '™ such that Ter1(j) =1i.

Let & € Q;eq be such that j € I% Tt is clear that we can find an & € Q;f’eq supported on
[ such that we have an isomorphism I-AI&’ 7 (G@et1) = 131&7 % (ge+1) that induces an isomorphism
SH a 7 (et1) = SH a. % (ge+1) and such that this isomorphism preserves the generators X, and T, and sends
the idempotent e(j) to some idempotent e(j’) such that j' is supported on I'S? and 7ot (j) = et 1 (j').
Then the element Xe(j) € ﬁ;ﬂé(qeﬂ) is zero because Xe(j') € ﬁég(qeﬂ) is zero. This implies
xeJy. |
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Now we define the KLR versions of the algebras SH a %(Cet1) and SH ;%(qe“). As for the Hecke
version, we denote by e the idempotent ) i e(i) in R\&’k(F). Set

Sax(T) =eRgi(T)e/ Y eRai(D)e(i)Rar(De.
ield
For each @ € Q;feq we consider the idempotent 5 = ) jeid, e(j) in Ié&, K(F). Set

Sax M= P Sax®,

Tet1(Q)=0
where we take only & € Q;eq that are supported on the vertices of the truncated quiver FgN and
Sak (F) = &3 Ra x (D)és/ Y & Ra x (F)e(j)Ra,x (F)és.
Jelg,
Remark B.10. By Proposition B.6 we have algebra isomorphisms
Rox(D) = Hor(2), Ry TSNy = A5 (q0),
Ra(T) = Ay 3 Gerr), Rax TSNy = AY (qes),
from which we deduce the isomorphisms
Sak(@) = SHy ;1 (Gerr) and  Sg.x (FN) = SHE F(ger)-

We may use these isomorphisms without mentioning them explicitly. Using the identifications above
between KLR algebras and Hecke algebras, a localization of the isomorphism in Theorem 2.12 yields an
isomorphism

Pk Hok(6e) = SHy j(et1).

In the same way we also obtain an algebra isomorphism
P4k Hak(qe) = SH 55y g (Ges1)

for each @ € Q;f. Taking the sum over all & € Q;f such that 7, (&) = « and such that & is supported on
the vertices of the truncated quiver 'SV yields an isomorphism

~ —~ <N
D k1 Hy g (qe) = SH 7(qet1)-

A

Lemma B.11. The homomorphism eH p(qe+1)e — eI-AI&,,;(QH)e factors through a homomorphism
@&,R(Qe—t—l) — EI:I&J;(Q_H).

Proof. In Section 2E we constructed a faithful polynomial representation of Sz x. Let us call it Pol. It
is constructed as a quotient of the standard polynomial representation of e Rz xe. After localization we
get a faithful representation Poly of S@, k- Thus the kernel of the algebra homomorphism eléa,, e — Sa,k
is the annihilator of the representation Poly. We can transfer this to the Hecke side (because the
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isomorphism in Proposition B.6 comes from the identification of the polynomial representations) and
we obtain that the kernel of the algebra homomorphism eH k(§e+1)e — SH_ a #(Zeq1) is the annihilator
of the representatlon Pol k- Similarly, we can characterize the kernel of the algebra homomorphism
eH <N (qe+1)e — SH h K(qur 1) as the annihilator of a similar representation Pol K .

The K -vector space Pol K has an R-submodule Pol g stable by the actlon of eH R(qe+1)e such that
k ®g Polg = Poly and it is compatible with the algebra homomorphism e H; 3 (ge+1)e — eHj j(Sev1)e.
By definition of SH H, 7(get1) and the discussion above, the kernel of the algebra homomorphlsm
er i’ (Getr1)e — SH R(Get1) is formed by the elements that act by zero on Pol K (we assume
that N is big enough). Thus each element of this kernel acts by zero on Polg. This implies, that
an element of the kernel of eH R(qe+])e — SH., a 7(get1) specializes to an element of the kernel of
e &’,;(QH)e — SHa,,;(g“eJrl). This proves the statement. O
B8. The deformation of the isomorphism ®.

Proposition B.12. There is a unique algebra homomorphism ®g g : HO,,R(qe) — STH&,R(qu) such that
the following diagram is commutative:

A @, —~
Huk (@) —= SH i(Ler1)

| |

~ Dy, o~
Hyr(ge) —=> SHy p(qes1)

l |

~ q)oz, <N
Hyy(qe) —=> SH ¢(qes1)-

Proof First we consider the algebras H,’ loc & (Ce), H(}("R (ge) and H;?;gN (ge) obtained from ﬁa,k({g),
Hy r(ge) and H <N "k (qe) by inverting

e (X, —X;)and (¢ X, — X;) with r #1¢,
e (X, —X;)and (¢. X, — X;) with r #£1¢,
e (X, —X;)and (¢.X, — X;) with r £ ¢

respectively. Let S H loc (§e+1) and S H loc, <N(qur 1) be the localizations of SH @k (Ce+1) and SH ;%(qﬁl)
such that the 1som0rphlsms ®,  and d>a, x above induce isomorphisms

ok Hyi (o) = SHYS (Gerr) and  @ux: H'g™" (qo) = SHEN (qer).
Let S H loc (qe+]) be the image in S H loc, <N(qe+1) of the following composition of homomorphisms
eH % (qer1)e > eH 2" (qer)e = SHY " (ger).

(We assume N > 2d. Then, similarly to Lemma B.9, the algebra S H;OCE is independent of N under this
assumption.)
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Next, we want to prove that there exists an algebra homomorphism &, z: H (}[O% (ge) > S H;OCE (Ge+1)
such that the following diagram is commutative:

ok

®
H%i (&) ——  SHP%(Cer1)

I I

<I)ozR

HY%(q) —=>  SH(qes1) ©)

| l

loc, <N Qo loc, <N
Ha,[{ (QK) — SH&’E (QeJrl)-

We just need to check that the map @, g takes an element of H;’% (g.) to an element of S H;‘j% (Ges1)
and that it specializes to the map @, x: H (}[‘f,i(g“e) — SH ;‘?E(QJF 1). We will check this on the generators
e(@), X,ye(i) and W, e(i) of Holl‘,’%(qe).

This is obvious for the idempotents e(i).

Let us check this for X,e(i). Assume thati € I* and j € 1! are such that we have mT.(j) =1i.
Write i’ = ¢ (i) and j' = ¢(j). Set r' = r} =r}, see the notation in Section 2F. By Theorem 2.12 and
Proposition B.5 we have

O,k (Xre())) =P, pj Xre(j).
Since, [9]7/1 pj, depends only on i and r and e(i) = an( =i e(j), we deduce that
O,k (Xre(i)) = ;' pj Xrel).

Thus the element @, x (X, e(i)) is in SHal(,)?e and its image in SH;OI‘“; is [)i_,lp,-rX,/e(i’) = Oy 1 (X,e(@)).
Next, we consider the generators W,e(i). We must prove that for each J such that 7. (j) =i and for
each r we have

o &y xk(W,re(j)) = Ee(j'), for some element E € H;’%(qe) that depends only on r and i,
o the image of Ee(i’) in SH;"I%(qu) under the specialization R — k is @y x (Y, e(i)).

This follows from Lemma B.1.
Now we obtain the diagram from the claim of Proposition B.12 as the restriction of the diagram (9). [

BY. Alternative definition of a categorical representation. There is an alternative definition of a cate-
gorical representation, where the KLLR algebra is replaced by the affine Hecke algebra.
Let R be a C-algebra. Fix an invertible element ¢ € R, g 7% 1. Let C be an R-linear exact category.

Definition B.13. A representation datum in C is a tuple (E, F, X, T) where (E, F) is a pair of exact
biadjoint functors C — C and X € End(F)°? and T € End(F?)° are endomorphisms of functors such
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that for each d € N, there is an R-algebra homomorphism v/4: Hy g(q) — End(F?)°P given by
X, FITXF Yrell,d),
T, F ' TF wrell,d—11.

Now, assume that R = k is a field. Assume that C is a Hom-finite k-linear abelian category. Let & be a

subset of k> (possibly infinite). As in Section B4, we view % as the vertex set of a quiver with an arrow
i — j if and only if j = qi.
Definition B.14. A gg-categorical representation in C is the datum of a representation datum (E, F, X, T)
and a decomposition C = P LeXsy C, satisfying the conditions (a) and (b) below. For i € %, let E; and
F; be endofunctors of C such that for each M € C the objects E; (M) and F;(M) are the generalized
i-eigenspaces of X acting on E(M) and F (M) respectively, see also Remark 3.3 (a). We assume

(a) F= @ie% Fiand E = @ie@ Ei,
(b) Ei(Cy) CCpuyo; and Fi(Cy) CCp—q,.
If the set % is infinite, condition (a) should be understood in the same way as in Remark 3.3 (b).

Remark B.15. (a) By definition, for each object M € C and each d € Z>¢, we have F;, --- F; (M) #0
only for a finite number of sequences (i1, ..., ig) € F¢. (Else, the endomorphism algebra of F¢(M) is
infinite-dimensional.) Then the homomorphism Hy x(q) — End(F d(M))P extends to a homomorphism
ﬁd’ x(g) = End(F?(M))°P such that only a finite number of idempotents e(j) has a nonzero image. (We
define the action of e(i) as the projection from F dto F; , -+ Ii,. Note that the action of (X, — X D7 le(d)
such that i, # i, is well defined because X, and X, have different eigenvalues. Similarly, the action of
gX,—X )~ 'e(i) such that r #t and qi, # i; is well defined.) In particular, we obtain a homomorphism
Hyx(q) — End(F9)°P.

(b) Asin part (a), if we have a categorical representation in the sense of Definition 3.2, then the homomor-
phism Ry x — End(F dyop extends to a homomorphism Iéd, « — End(F4)°P. Then Proposition B.6 implies
that the two definitions of a categorical representation of gr (Definitions 3.2 and B.14) are equivalent.

B10. Categorical representations over R. We assume that the ring R is as in Section B6. We are going
to obtain an analogue of Theorem 3.5 over R.

Let Cg, Cx and Cg be R-, k- and K -linear categories, respectively. Assume that C and Cx are Hom-
finite k-linear and K -linear abelian categories, respectively. Assume that the category Cr is exact. Fix
R-linear functors Q2 : Cr — Cr and Qg : Cr — Ck.

Remark B.16. The first example of a situation as above that we should imagine is the following. Let A
be an R-algebra that is finitely generated as an R-module. We set Ck = mod (A), Cr = mod (k ®g A),
Ck = mod (K ®rA), Qr=k®eand Qx = K ®-e.

Another interesting situation (that in fact motivated the result of this section) is when Cp, for B €
{R, k, H}, is the category O for a[ n over B at a negative level. We do not want to assume in this section
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that the category Cp is abelian because [Rouquier et al. 2016] constructs a categorical representation only
in the A-filtered category O over R (and not in the whole abelian category O over R).

Definition B.17. A categorical representation of (;[e, 5[?01) in (Cg, Ck, Ck) is the following data
(1) a categorical representation of g; = ;[e in Cy,
(2) a categorical representation of g; = 5[?01 in Cg,
(3) a representation datum (E, F) in Cr (with respect to the Hecke algebra H; r(g.)) such that the
functors E and F commute with 2 and Qg,
(4) lifts (with respect to Q) of decompositions E = P, _; Ei, F =D,; Fi and Cx = P x, Ck.u from
Cr to Cr
such that the following compatibility conditions are satisfied:
« The decomposition Cr =D, cx,
we have Qi (Cr ;) C Dy, )=y Ck.2)-
« The decompositions E = @, _; E; and F = &P, _; F; in Cg are compatible with the decompositions
E = @jef E;and F = ®jef F; in Cg with respect to Q (i.e., the functors E; = P E;
and F; = @jei’ng(j):i F; for Ck correspond to the functors E;, F; for Cg).
 The actions of the Hecke algebras Hy r(q.), Ha x(¢.) and Hy g (q.) on End(F4)P for Cg, C and
Ck are compatible with Q and Q.

CR, . is compatible with the decomposition Cx = P ;. x; Cx. (e,

jel m (=i

Proposition B.12 yields the following version of Theorem 3.5 over R.

Let (Cg. Cx. Cx) be a categorical representation of (sl,4 1, s[®/). Assume that for each u € X;\X }L we
have Ek.u = ER,M =0 and the foreach fi € Xi\X;f we have EK,;Z =0. Let Cg, Cx and Ck be the subcategory
of Cg, Cx and Cg, respectively, defined in the same way as in Section 3D. Then we have the following.

Theorem B.18. There is a categorical representation of (5~[g, 5[?5) in (Cg, Cg, Cg).

Proof. We obtain a categorical representation of ;[e in Cx by Theorem 3.5. A similar argument as in
the proof of Theorem 3.5 yields a categorical representation of 5[?01 in Ckx (we just have to replace the
isomorphism & from Section 2G associated with the quiver I', by a similar isomorphism associated
with the quiver f‘). To construct a representation datum in Cg, we use the homomorphism &, r from
Proposition B.12. All axioms of a (5~[e, 5[%)—categori0al representation in (Cg, Cg, Cg) follow automati-
cally from the axioms of a categorical representation of (g[e+1 , sl?.f) in (Cg, Cx, Cx). O
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