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Ordinary algebraic curves with many automorphisms
in positive characteristic

Gabor Korchmaros and Maria Montanucci

Let & be an ordinary (projective, geometrically irreducible, nonsingular) algebraic curve of genus g(%¥) >2
defined over an algebraically closed field K of odd characteristic p. Let Aut(¥) be the group of all
automorphisms of & which fix K elementwise. For any solvable subgroup G of Aut(¥) we prove that
|G| < 34(g(%) + 1)*2. There are known curves attaining this bound up to the constant 34. For p odd,
our result improves the classical Nakajima bound |G| < 84(g(¥) — 1)g(%) and, for solvable groups G,
the Gunby—Smith—Yuan bound |G| < 6(g(¥)? + 12421 g(%)%/?) where g(¥) > cp? for some positive
constant c.

1. Introduction

In this paper, & stands for a (projective, geometrically irreducible, nonsingular) algebraic curve of genus
g(%) > 2 defined over an algebraically closed field K of odd characteristic p. Let Aut(¥) be the group
of all automorphisms of & which fix K elementwise. The assumption g(X) > 2 ensures that Aut(¥) is
finite. However, the classical Hurwitz bound |Aut(%)| < 84(g(¥) — 1) for complex curves fails in positive
characteristic, and there exist four families of curves satisfying |Aut(¥)| > 893(96) [Stichtenoth 1973;
Henn 1978; Hirschfeld et al. 2008, §11.12]. Each of them has p-rank y (¥) (equivalently, its Hasse—Witt
invariant) equal to zero; see for instance [Giulietti and Korchméros 2014]. On the other hand, if ¥ is
ordinary, i.e., g(X) = y (%), Guralnick and Zieve announced in 2004, as reported in [Gunby et al. 2015;
Kontogeorgis and Rotger 2008], that for odd p there exists a sharper bound, namely |Aut(%¥)| <c, a(%)8/3
with some constant c;, depending on p. It should be noticed that no proof of this sharper bound is available
in the literature. In this paper, we concern ourselves with solvable automorphism groups G of an ordinary

curve &, and for odd p we prove the even sharper bound:

Theorem 1.1. Let X be an algebraic curve of genus g(¥X) > 2 defined over an algebraically closed field K
of odd characteristic p. If X is ordinary and G is a solvable subgroup of Aut(¥), then

|G| < 34(g(%) + )2, (1)

For odd p, our result provides an improvement on the classical Nakajima bound |G| < 84(g(%)—1)g(%¥)
[1987] and, for solvable groups, on the recent Gunby—Smith—Yuan bound |G| < 6(g ()2 +124/21g(%)*/?)
proven in [Gunby et al. 2015] under the hypothesis that g(%) > cp? for some positive constant c.

MSC2010: primary 14H37; secondary 14HOS.
Keywords: algebraic curves, algebraic function fields, positive characteristic, automorphism groups.
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The following example is due to Stichtenoth, and it shows that (1) is the best possible bound apart from
the constant ¢ [Korchmdros et al. 2018]. Let [, be a finite field of order g = p", and let K = [F_q denote its
algebraic closure. For a positive integer m prime to p, let Y be the irreducible curve with affine equation

1
Yity=x"+-2 2)

m

and F = K(%) its function field. Let r = x™@~D_ The extension F|K(¢) is a non-Galois extension
as the Galois closure of F' with respect to H is the function field K(x, y, z) where x, y, z are linked
by (2) and z? + z = x™. Furthermore, g(¥) = (g — D)(gm — 1), y(Y) = (g — 1)%, and Aut(%) contains
a subgroup Q x U of index 2 where Q is an elementary abelian normal subgroup of order ¢ and the
complement U is a cyclic group of order m(q —1). If m =1, then % is an ordinary curve, and in this case
2g(M)3? =2(g — 1)} <2¢*(g — 1) = |Aut(%)|, which shows indeed that (1) is sharp up to the constant c.
Lower bounds on the order of solvable automorphism groups of algebraic curves depending on their
genera are due to Neftin and Zieve. Their [2015, Theorem 4.1] states that for every integer £ > 0 there
exists a curve ¥ together with a solvable subgroup of Aut(¥) of order d and derived length £ such that
9(®) < ced log™ (d),

ol

where ¢y is a constant and log®* denotes log iterated ¢ times. The curve & is constructed as a solvable

cover of a curve with at least one rational point, in which a given set S of rational points splits completely.

2. Background and preliminary results

For a subgroup G of Aut(%), let ¥ denote a nonsingular model of (%), that is, a (projective, nonsingular,
geometrically irreducible) algebraic curve with function field IK(%), where IKK(%)© consists of all elements
of IK(%) fixed by every element in G. Usually, ¥ is called the quotient curve of ¥ by G and denoted by
%/G. The field extension K(%)|K(%)¢ is Galois of degree |G]|.

Since our approach is mostly group theoretical, we prefer to use notation and terminology from group
theory rather than from function field theory.

Let ® be the cover of X|%¥ where ¥ = %/G. A point P € ¥ is a ramification point of G if the stabilizer
G p of P in G is nontrivial; the ramification index ep is |G p|; a point Q € ¥ is a branch point of G if
there is a ramification point P € ¥ such that ®(P) = Q ; the ramification (branch) locus of G is the set of
all ramification (branch) points. The G-orbit of P € ¥ is the subset o = {R | R = g(P), g € G} of &,
and it is long if |o| = |G|; otherwise o is short. For a point Q, the G-orbit o lying over Q consists of all
points P € ¥ such that ®(P) = Q. If P € o, then |o| = |G|/|G p| and hence Q is a branch point if and
only if o is a short G-orbit. It may be that G has no short orbits. This is the case if and only if every
nontrivial element in G is fixed-point-free on ¥, that is, the cover @ is unramified. On the other hand, G
has a finite number of short orbits. For a nonnegative integer i, the i-th ramification group of & at P is
denoted by Gg) (or G;(P) as in [Serre 1979, Chapter IV]) and defined to be

GY ={g|ordp(g(t)—1)=i+1, g€ Gp},

where ¢ is a uniformizing element (local parameter) at P. Here GE,?) =Gp.
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Let g be the genus of the quotient curve ¥ = %¥/G. The Riemann—Hurwitz genus formula gives
20-2=IGl2§ -2+ ) _ dp, 3)
Pex
where the different dp at P is given by
dp =Y (IGP|-1). (4)
i>0
If |G p| is prime to p, thendp = |G p| — 1.
Let y be the p-rank of %, and let ¥ be the p-rank of the quotient curve ¥ = ¥/G. The Deuring—

Shafarevich formula (see [Sullivan 1975] or [Hirschfeld et al. 2008, Theorem 11.62]) states that if G is a
p-group then

k
y —1=IGI(F -+ (G| —t) 5)
i=1

where £1, ..., £; are the sizes of the short orbits of G. If % is ordinary (and hence Gg) is trivial for every
P € %; see Result 2.5(1)), then dp = |G| — 14+ |1G0 | —1=2(1GY| = 1) =2(|Gp| — 1) and hence (5)
follows from (3) and vice versa.

The Nakajima bound (see [1987, Theorem 1] or [Hirschfeld et al. 2008, Theorem 11.84]) states that
the existence of large p-groups of automorphisms implies that y = 0.

Result 2.1. If X has positive p-rank y, then every p-subgroup of Aut(¥X) has order < p(y — 1)/(p — 2).

A subgroup of Aut(¥) is a prime to p group (or a p’-subgroup) if its order is prime to p. A subgroup G
of Aut(%X) is tame if the 1-point stabilizer of any point in G is p’-group. Otherwise, G is nontame (or wild).
Obviously, every p’-subgroup of Aut(¥) is tame, but the converse is not always true.

Result 2.2. The following claims hold.
1) If |G| > 84(g(X) — 1), then G is nontame.
(i) If G is abelian, then |G| < 4g+ 4.
(iii) If G has prime order other than p, then |G| <2g+ 1.

The first two claims are due to Stichtenoth [1973]; see also [Hirschfeld et al. 2008, Theorems 11.56
and 11.79]. For a proof of claim (iii), see [Homma 1980] or [Hirschfeld et al. 2008, Theorem 11.108].
Henn’s bound [1978] (see also [Hirschfeld et al. 2008, Theorem 11.127]) has the following corollary.

Result 2.3. If |G| > 8g°, then ¥ has zero p-rank, and G is not solvable.

An orbit o0 of G is tame if Gp is a p’-group for P € o. The structure of G p is well known; see for
instance [Serre 1979, Chapter 1V, Corollary 4] or [Hirschfeld et al. 2008, Theorem 11.49].

Result 2.4. The stabilizer G p of a point P € X in G is a semidirect product Gp = Q p x U where the
normal subgroup Q p is a p-group while the complement U is a cyclic prime to p group.
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If % is ordinary, some more results are available; those used in this paper are collected below.
Result 2.5. If ¥ is an ordinary curve, then
() @ is trivial,
(i1) Qp is elementary abelian,
(iii) no nontrivial element of U commutes with a nontrivial element of Q p,
@iv) |U| divides |Qp|— 1, and
(V) the quotient curve /G for a p-group G of automorphisms is also ordinary.

Claim (i) is due to Nakajima [1987, Theorem 2.1]. Claim (ii) follows from claim (i) by Serre’s result
[1979, Corollary 3, p. 67] stating that the factor groups Qg) / Qgﬂ) for i > 1 are elementary abelian; see
also [Hirschfeld et al. 2008, Theorem 11.74]. Claim (iii) follows from claim (ii) by Serre’s result [1979,
Corollary 1, p. 69]; see also [Hirschfeld et al. 2008, Theorem 11.75(ii)]. Claim (iv) is a consequence of
claim (iii) since the latter claim together with Result 2.4 imply that U induces an automorphism group of
Qp. Claim (v) follows from comparison of (3) to (5) taking into account claim (i).

For a nontrivial p-subgroup G of Aut(¥), divide both sides in (3) by 2 and then subtract the result
from (5). If Gg) is trivial for every P € &, then this computation gives

9(®) —y (@) =1G(g(X) — ¥ () (6)

where ¥ = &/ Q [Nakajima 1987]. This shows the first two claims of the following result hold. The third
one is due to Stichtenoth [1973]; see also [Hirschfeld et al. 2008, Theorem 11.79].

Result 2.6. Let Q be nontrivial p-subgroup of Aut(X). Assume that Qg) is trivial for every P € X. Then
(1) (6) holds,

(1) & and its quotient curve ¥/ Q are simultaneously ordinary or not, and

(i) |Qp| = pg(@)/(p — D).

The first two claims below on low-genus curves are well known; see for instance [Hirschfeld et al.
2008, Theorems 11.94 and 11.99]. The third one is a corollary of Henn’s bound.

Result 2.7. If G is an automorphism group of an elliptic curve € over K, then for every point P € € the
order of the stabilizer G p of P in G divides 6 when p > 3 and 12 when p = 3. The solvable automorphism

groups of a genus-2 curve over K have order at most 48. For genus-3 curves the latter bound is 216.
We also need a technical result.

Result 2.8. Assume that Aut(¥X) has a solvable subgroup G of order larger than 34(g(¥) + 1)*/>. If N
is a normal subgroup of G and the quotient curve X = ¥ /N is neither rational nor elliptic, then the
automorphism group G = G /N of % has order larger than 34(g(%) + 1)3/2, as well.
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Since |N| = |G|/|G]|, the claim is a straightforward consequence of (3) except for the cases where
9(9_6) =2, 0r 9(9_6) =3, g(®) =5, |[N| =2, and the cover 96|9_6 is unramified. Actually, the exceptional
cases do not occur. In fact, |G| > |G|(g(%) — 1) /(g(%®) — 1) > 34(g(X) + 1D3>2(g(®) — 1) /(g(%) — 1) is
bigger than 48 and 827 = 216 for g(¥) =2 and g(¥) = 3, contradicting Results 2.7 and 2.3, respectively.

From group theory we use Dickson’s classification of finite subgroups of the projective linear group
PGL(2, K); see [Valentini and Madan 1980] or [Hirschfeld et al. 2008, Theorem A.8].

Result 2.9. The following is a complete list of finite solvable subgroups of PGL(2, K) up to conjugacy:
(1) cyclic groups of order prime to p,

(ii) elementary abelian p-groups,

(iii) dihedral groups with an index-2 cyclic subgroup of order prime to p,

(iv) the alternating group Ay,

(V) the symmetric group Sy,

(vi) semidirect products of an elementary abelian p-group of order p" by a cyclic group of order n with

n|(p"=1.

If PGL(2, K) is viewed as the automorphism group of the line over [, any cyclic subgroup of order
prime to p has exactly two points, while any p-subgroup has a unique fixed point [Valentini and Madan
1980].

We also use the Schur—Zassenhaus theorem; see for instance [Machi 2012, Corollary 7.5].

Result 2.10. Let G be a finite group with a normal subgroup N. If |N| is prime to the index [G : N]
of N, then N has a complement in G, that is, G = N x M for a subgroup M of G. Such complements are

pairwise conjugate in G.
From representation theory, we need the Maschke theorem; see for instance [Machi 2012, Theorem 6.1].

Result 2.11. Any representation of a finite group over a field whose characteristic is prime to the order of

the group is completely reducible.
The following two lemmas of independent interest play a role in our proof of Theorem 1.1.

Lemma 2.12. Let ¥ be an ordinary algebraic curve of genus g(X) > 2 defined over an algebraically
closed field K of odd characteristic p. Let H be a solvable automorphism group of Aut(X) containing a
normal p-subgroup Q such that |Q| and [H : Q] are coprime. Suppose that a complement U of Q in H
is abelian and that

H| > {18(9— 1) for|U|=3, 7

12(g—1) otherwise.

Then U is cyclic, and the quotient curve £ = %/ Q is rational. Furthermore, Q has exactly two (nontame)
short orbits, say 21, Q2. They are also the only short orbits of H, and g(¥X) = | Q| — (|21]| + |22]) + 1.
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Proof. From Result 2.10, H = Q x U. Set |Q| = p* and |U| = u. Then p 1 u. Furthermore, if u = 2, then
|H|=2|Q] > 9g(¥) whence | Q| > 4.5g(¥). From Result 2.1, & has zero p-rank, which is not possible
as & is assumed to be ordinary of genus at least 2. Therefore, u > 3.

Three cases are treated separately according as the quotient curve ¥ = %/ Q has genus g at least 2, or
% is elliptic, or rational.

If 9(9_6) > 2, then Aut(¥) has a subgroup isomorphic to U, and Result 2.2(ii) yields 49(9_6) +4=|U|.
Furthermore, from (3) appliedto Q, g—1 > |Q|(g(9_€) —1). Let c =12 or ¢ = 18, according as |U| > 3

or |U| =3, sothat |H| > c(g — 1) from (7). Then

“4g(®) +H[Q] = [U[|1Q| = [H| = c(g— 1) = c|Ql(g(®) — 1),
whence
c < 49(9:6)—+l.
g(@®) —1
As the right-hand side is smaller than 12, a contradiction to the choice of the constant c¢ is obtained.

If % is elliptic, then the cover %|% ramifies; otherwise % itself would be elliptic. Thus, Q has some
short orbits. The group H acts on the set of short orbits of Q. In this action, an orbit of a given short
orbit o of O with respect to H is a set of short orbits of Q having the same length of 0. We will refer
to these short orbits as images of o. Take a short orbit of Q together with its images oy, ..., o,, under
the action of H. Since Q is a normal subgroup of H, 0 =0 U---Uo,, is an H-orbit of size u;p"
where p¥ = |o1| = - - - = |o,,|. Equivalently, the stabilizer of a point P € o has order p*~Vu/u, and by
Result 2.4, it is the semidirect product Q| x U where |Q1| = p*V and |U;| = u/u, for subgroups Q|
of Q and U; of U, respectively. The point P lying under P in the cover ¥|% is fixed by the factor
group U,=U,Q/Q. Since % is elliptic, and p is prime to |U1|, Result 2.7 yields |Ui| <4forp=3
and |U;| < 6 for p>3. As U, = Uy, this yields the same bound for |U,|, that is, u < 4u; for p =3
and u < 6u; for p > 3. Furthermore, since the p-group Q; fixes P, and 0,0 = Qﬁl) = @1, we have
dp=31-00101"1= 1) >2(1Q1| - 1) =2(p*"" — 1) > 3 p*~". From (3) applied to Q, since P € 0 and
lo| = pPuy, if p =3, then

262> 3"uidp = 3'u1 (33"7") = 33"us = §3*u = §1QIIU| = §IH],
while for p > 3,
2g—2 = plurdp = p'ui (59" 7Y) = $pM w1 = 5P u = 31011U| = 3| H|,

but this contradicts (7).

If % is rational, then Q has at least one short orbit. Furthermore, U = U Q /Q is isomorphic to a
subgroup of PGL(2, K) = Aut(%®). Since U = U and U is abelian, from Result 2.9, U is cyclic, U fixes
two points Py and P, but no nontrivial element in U fixes a point other than Pgor Pu. Let 05 and o
be the Q-orbits lying over Py and P, respectively. Obviously, 0 and o are short orbits of H. We
show that Q has at most two short orbits, the candidates being o, and 0. By absurd, there is a Q-orbit o
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of size p™ with m < k which lies over a point P € ¥ different from both Py and P,. Since the orbit of
P in U has length u, then the H-orbit of a point P € o has length up™. If u > 3, (3) applied to Q gives

2g—2> =2p" +up” (P — 1) = =2p +up™ 3 p* " = —2p" + Jup* = S —3)p* > Lup* = }|H|,
a contradiction with |H| > 12(g — 1). If u = 3, then p > 3, and hence,
29_2 > _2pk+3pm(pk—m _ 1) — pk _3pm - %pk’

whence |H| = 3p* < 18(g — 1), a contradiction with (7). This proves that H has exactly two short orbits.
Since, as we have showed, Q has either one or two short orbits, and they are contained in 0., U 09, two
cases arise correspondingly. Assume first that Q has two short orbits. They are 0, and og. If their lengths
are p? and pb with a, b < k, then (5) (or (3)) applied to Q gives

9@ —1=y@®) —1=—p"+ (P - pH+ " -p"

whence g(¥) = p* — (p® 4+ p”) +1 > 0. The same argument shows that if Q has just one short orbit,
then y (¥) = 0, a contradiction. Il

Lemma 2.13. Let N be an automorphism group of an algebraic curve of even genus such that |N| is even.
Then any 2-subgroup of N has a cyclic subgroup of index 2.

Proof. Let U be a subgroup of N of order d =2* > 2, and ¥ = %/ U the arising quotient curve. From (3)
applied to U,

m
29(%) —2=2"Qg@) —2) + ) (2"~ )
i=1
where {1, ..., £, are the short orbits of U on &. Since g(¥X) is even, 2g(¥) —2 =2 (mod 4). On the
other hand, 2% (29(%) —2) =0 (mod 4). Therefore, some ¢; (1 <i <m) must be either 1 or 2. Therefore,
U or a subgroup of U of index 2 fixes a point of & and hence is cyclic. (|

3. The proof of Theorem 1.1

Our proof is by induction on the genus. Theorem 1.1 holds for g(¥) = 2, as |G| < 48 for any solvable
automorphism group G of a genus-2 curve; see Result 2.7. For g(%) > 2, & is taken by absurd for
a minimal counterexample with respect the genera so that for any solvable subgroup of Aut(¥) of an
ordinary curve ¥ of genus g(¥) > 2 we have |G| < 34(g+ 1)3/2. Two cases are treated separately.

Case 1. G contains a minimal normal p-subgroup.

Proposition 3.1. Let X be an ordinary algebraic curve of genus g defined over an algebraically closed
field KK of odd characteristic p > 0. If G is a solvable subgroup of Aut(X) containing a minimal normal
p-subgroup N, then |G| <34(g+ 1)3/2,
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Proof. Before going through the proof we describe the main steps in it.

Take the largest normal p-subgroup Q of G. Let ¥ be the quotient curve of ¥ with respect to Q,
and let G = G/Q. The first step is to show that ¥ is rational. Then we derive from the classification
in Result 2.9 that G is a semidirect product of Q by cyclic group U of order prime to p. Therefore,
Lemma 2.12 applies to G. This gives us enough information on the action of Q on ¥: Q has exactly
two (nontame) orbits, say €27 and €2,, and they are also the only short orbits of G. Then a subgroup H
of G of index < 2 preserves both €21 and €2, inducing a permutation group on each of them. If both €2;
and €2, are nontrivial, that is, || > 1 and |€2;| > 1, then two cases are possible, according as Q p with
P € Q is sharply transitive and faithful on €2, or some nontrivial element in Q p fixes €2, pointwise. So
the next step is to rule out both these possibilities using elementary permutation group theory together
with Results 2.2 and 2.4. If Q| = {P} and |€2;| > 1, then G fixes P, and the structure of G is given
by Result 2.4 where Q is an elementary abelian group, that is, a vector space over the prime field of K
and G is a linear group so that some appropriate result from representation theory can be used. In fact,
combining Result 2.11 with (5) allows us to rule out this possibility. If | = {P} and Q, = {Q}, we
are able to prove a much stronger bound, namely |G| < 2(g(%¥) + 1). In this final step, our approach is
function field theory rather than group theory as it uses some ideas from Nakajima’s paper [1987] and the
Riemann—Roch theorem together with some results on linearized polynomials over finite fields.

The quotient group G is a subgroup of Aut(%¥), and it has no normal p-subgroup; otherwise G would
have a normal p-subgroup properly containing Q. For § = g(¥) three cases may occur, namely g > 2,
g=1,0r g=0.If g > 2, then Result 2.8 shows that |G| > 34(g + 1)*/2. Since ¥ is still ordinary by
Result 2.5(v), this contradicts our choice of ¥ to be a minimal counterexample. If g = 1, then the cover
K(%)|IK(%) ramifies. Take a short orbit A of Q. Let I" be the nontame short orbit of G that contains A.
Since Q is normal in G, the orbit I" partitions into short orbits of O whose components have the same
length, which is equal to |A|. Let k be the number of the Q-orbits contained in I". Then

G|

Gr|l= —1
|Gpl PN

holds for every P e I'. Moreover, the quotient group G p Q/Q fixes a place on ¥. Now, from Result 2.7,
GrOI __1Grl__1Gel _,
1Y IGpN QI QP
From this together with (3) and Result 2.5(1),

|Qp| _ kIAIGP| _ |G|
29 -2=2k|Al(1Qpl — 1) = 2k|A| BT
which contradicts our hypothesis |G| > 34(g + 1)%/2.

It turns out that % is rational. Therefore, G is isomorphic to a subgroup of PGL(2, IK) which contains
no normal p-subgroup. From Result 2.9, G is a prime to p subgroup which is either cyclic, or dihedral,
or isomorphic to one of the groups Alty, Sym,. In all cases, G has a cyclic subgroup U of index < 6 and

of order distinct from 3. We may dismiss all cases but the cyclic one up to replacing G with U, that is, up
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to assuming that G = Q x U with |G| > %(g(%) +1)3/2. Then |G| > 12(g — 1). Therefore, Lemma 2.12
applies to G. Thus, Q has exactly two (nontame) orbits, say €2; and €25, and they are also the only short
orbits of G. More precisely,

y —1=10] = (1] + [€22]). (®)

We may also observe that G p with P € ) contains a subgroup V isomorphic to U. In fact, |Q||U| =
|G|=|Gpl|IR21=10pxV||Q|=|V||QPpl||S2] with a prime to p subgroup V fixing P, whence |U|=|V]|.
Since V is cyclic the claim follows.

We proceed with the case where both €2; and €2, are nontrivial, that is, their lengths are at least 2.

Assume that Q is nonabelian, and look at the action of its center Z(Q) on ¥. Since Z(Q) is a nontrivial
normal subgroup of G, we can argue as before to show that quotient curve X/Z(Q) is rational, and hence
that the Galois cover X|(¥/Z(Q)) ramifies at some points. Indeed, observe that in the previous arguments
normality of O was only used to dismiss all cases but the rational one, and hence we may simply replace
QO with Z(Q). In other words, there is a point P € 2] (or R € €2;) such that some nontrivial subgroup T
of Z(Q) fixes P (or R). Suppose that the former case occurs. Since 27 is a Q-orbit, T fixes 2| pointwise.

The group G has an index < 2 subgroup H that induces a permutation group on 2. Let M, be the
kernel of this permutation representation. Obviously, 7T is a nontrivial p-subgroup of M. Therefore, M
contains some but not all elements from Q. Since both M; and Q are normal subgroups of G, N =M;NQ
is a nontrivial normal p-subgroup of G. As we have proven before, the quotient curve =% /N is rational,
and hence the factor group G = G/N is isomorphic to a subgroup of PGL(2, ). Since 1 SN X O, the
order of G is divisible by p. From Result 2.9, G = é x U where é is an elementary abelian p-group of
order g and U= UN/N Z U with |l7| = |U| is a divisor of g — 1.

This shows that Q acts on 2] as an abelian transitive permutation group. Obviously this holds true
when Q is abelian. Therefore, the action of Q on €2 is sharply transitive. In terms of 1-point stabilizers
of Q on @1, we have Qp = Qp' for any P, P’ € Q;. Moreover, Qp = N, and hence Qp is a normal
subgroup of G.

Furthermore, since & is an ordinary curve, Q p is an elementary abelian group by Result 2.5(ii).

The quotient curve X/ Q p is rational, and its automorphism group contains the factor group Q/Qp.
Hence, exactly one of the Q p-orbits is preserved by Q. Since €2; is a Q-orbit consisting of fixed
points of QO p, 2, must be a Q p-orbit. Similarly, if Z(Q) # Q p, the factor group Z(Q)Qp/Qp is an
automorphism group of ¥/Q p and hence exactly one of the Q p-orbits is preserved by Z(Q). Either
Z(Q) fixes a point in 21 but then Z(Q) = Q p, or 2 is a Z(Q)-orbit. This shows that either Z(Q) = Qp,
or Z(G) acts transitively on €2;.

Two cases arise according as Q p is sharply transitive and faithful on €2, or some nontrivial element
in Qp fixes 2, pointwise.

If some nontrivial element in Q p fixes 2, pointwise, then the kernel M, of the permutation represen-
tation of H on 2, contains a nontrivial p-subgroup. Hence, the above results extend from €2; to €2,, and
Qr is a normal subgroup of Q.
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If Qp is (sharply) transitive on €25, then the abelian group Z(Q)Q p acts on €2 as a sharply transitive
permutation group, as well. Hence, either Z(Q) = Q p, or as before M, contains a nontrivial p-subgroup,
and Qg is a normal subgroup of Q. In the former case, Q = Qp Qg with QrNQOp ={1},and Z(Q)=Qp
yields that

Q=0px Q. ©)

This shows that Q is abelian, and hence | Q| <4g+4 by Result 2.2(ii). Also, either |Q p| or | Qg| is at most
/4g+ 4. From Result 2.5(), Gg) at P € Q) is trivial. Furthermore, for Gp = Qp x V, Result 2.5(iv)
gives [U|=|V| =|Qp|—1. Hence, |U| < |Qp| = V|Q| < 49+ 4 whence

|G| =|U||Q| < 8(g+ 1)*/2. (10)

If Qg is a normal subgroup, take a point R from €2,, and look at the subgroup Qp g of Qp fixing R.
Actually, we prove that either Qp r = Qp or Qp g is trivial. Suppose that Qp g 7# {1}. Since Qp r =
Op N Qg and both Qp and QO are normal subgroups of G; the same holds for Qp r. By (ii), the
quotient curve ¥/ Q p g is rational and hence its automorphism group Q/Q p r fixes exactly one point.
Furthermore, each point in €25 is totally ramified. Therefore, Qg = QO p r; otherwise Qr/Q p g would fix
any point lying under a point in €2; in the cover €|(¥X/Qp r).

It turns out that either Qp = Qg or Qp N Qr = {1}, whenever P € 2| and R € 2,.

In the former case, from (5) applied to Q p,

y =1=—=10p|+I211(1QpP| = D+ 2[(Qp| = 1) = —|Qp| + Q] = |21 + Q] — |€22].

This together with (8) give Q = Q p, a contradiction.

Therefore, the latter case must hold. Thus, Q = Op x Qg and Qp (and also Q) is an elementary
abelian group since it is isomorphic to a p-subgroup of PGL(2, K). Also, |Qp| = |Qr| = /] Q]. Since
Q is abelian, this yields |Qp| < </4g+4 by Result 2.2(ii). Now, the argument used after (9) can be
employed to prove (10). This ends the proof in the case where both €2; and €2, are nontrivial.

Suppose next Q1 = {P} and |2;| > 2. Then G fixes P, and hence G = Q x U with an elementary
abelian p-group Q. Furthermore, G has a permutation representation on €2, with kernel K. As €2, is a
short orbit of Q, the stabilizer Qg of R € €2, in Q is nontrivial. Since Q is abelian, this yields that K is
nontrivial, and hence it is a nontrivial elementary abelian normal subgroup of G. In other words, Q is
an r-dimensional vector space V (r, p) over a finite field [, with |Q| = p”, the action of each nontrivial
element of U by conjugacy is a nontrivial automorphism of V (r, p), and K is a U -invariant subspace.
By Result 2.11, K has a complementary U-invariant subspace. Therefore, O has a subgroup M such that
QO =K x M, and M is a normal subgroup of G. Since K N M = {1}, and €2, is an orbit of Q, this yields
|M| = |€2;]. The factor group G /M is an automorphism group of the quotient curve ¥/ M, and Q/M is
a nontrivial p-subgroup of G/M whereas G/M fixes two points on & /M. Therefore the quotient curve
& /M is not rational since the 2-point stabilizer in the representation of PGL(2, [) as an automorphism
group of the rational function field is a prime to p (cyclic) group. We show that /M is not elliptic either.
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From (5), g(¥) — 1 =y (&) — 1 =—|0|+ 1 + ||, and so g(¥) is even. Since M is a normal subgroup
of odd order, g(¥) =0 (mod 2) yields that g(%/M) =0 (mod 2). In particular, g(%/M) # 1. Therefore,
g(%/M) > 2. At this point we may repeat our previous argument and prove |G /M| > 34(g(¥/M)+ 1)/
Again, we get a contradiction with our choice of & to be a minimal counterexample, which ends the proof
in the case where just one of € and €2, is trivial.

We are left with the case where both short orbits of Q are trivial. Our goal is to prove a much stronger
bound for this case, namely |U| < 2 whence

Gl =2(g(X) + D). (11)
We also show that if equality holds then & is a hyperelliptic curve with equation
fU)=aT +b+cT~', a,b, cek*, (12)

where f(U) € K[U] is an additive polynomial of degree |Q]|.
Let Q) ={P;} and 2, = {P>}. Then Q has two fixed points P; and P,, but no nontrivial element in Q
fixes a point of & other than P and P,. From (5),

g@ +1=y@+1=|0| (13)

Therefore, |U| < g(&). Actually, for our purpose, we need a stronger estimate, namely |U| < 2. To prove
the latter bound, we use some ideas from Nakajima’s paper [1987] regarding the Riemann—Roch spaces
(D) of certain divisors D of K(&). Our first step is to show

() dim £((|Q] -1 P1) =1 and
(i) dimy £(( Q| — D) P1+ Pp) = 2.

Let £ > 1 be the smallest integer such that dimy £(¢{P;) = 2, and take x € £(¢P;) with vp, (x) = —L.
As Q = Qp,, the Riemann—Roch space £(£P) contains all ¢, = o(x) —x with o € Q. This yields
¢ € Kby vp (cy) > —€ 41 and our choice of £ to be minimal. Also, Q = Q p, together with vp, (x) >0
show vp,(cs) > 1. Therefore, ¢, =0 for all o € Q, thatis, x is fixed by Q. From £ = [[K(¥) : K(x)] =
[K: K@) 2[K@®)C : K(x)] and | Q| =[IK: (%) 2], it turns out that £ is a multiple of | Q|. Thus £ > |Q|—1
whence (i) follows. From the Riemann—Roch theorem, dimx L£((|Q| — 1P+ P) > |Q|— g+ 1 =2,
which proves (ii).
Let d > 1 be the smallest integer such that dimy £(d P; + P,) = 2. From (ii)

d=<|0|-1 (14)

Let « be a generator of the cyclic group U. Since « fixes both points P; and Ps, it acts on £(d Py + P»)
as a K-vector space automorphism @. If @ is trivial, then «(#) = u for all u € £(d P; + P»). Suppose
that & is nontrivial. Since U is a prime to p cyclic group, & has two distinct eigenspaces, so that
F(dP+ P,) = K® Ku where u € (d P, + P») is an eigenvector of & with eigenvalue & € K* so that
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a(u) = Eu with /Yl = 1. Therefore, there is u € £(d P, + P») with u # 0 such that « (1) = &u with
g!Ul = 1. The pole divisor of u is

div(u)so =d Py + P>. (15)
Since Q = Qp, = QO p,, the Riemann—-Roch space £(d P, + P>) contains o (#) and hence contains all
O, =0(u)—u, oeqQ.

By our choice of d to be minimal, this yields 6, € K, and then defines the map 6 from Q into K that
takes o to 6,. More precisely, 8 is a homomorphism from Q into the additive group (I€, 4+) of K as the

following computation shows:
0100, = (01002) () —u = 01(02(u) —u +u) —u =01(0s,) + 01(u) —u = 0o, + 05, = 05, + 0o,

Also, 6 is injective. In fact, if 85, = 0 for some op € O \ {1}, then u is in the fixed field of oy, which is
impossible since vp, (1) = —1 whereas P; is totally ramified in the cover &|(¥/(o})). The image 6(Q)
of 6 is an additive subgroup of K of order |Q|. The smallest subfield of I containing 8(Q) is a finite
field I ,» and hence 6(Q) can be viewed as a linear subspace of [ ,» considered as a vector space over [ .
Therefore, the polynomial

fO)=[]w-6 (16)

ogeQ

is a linearized polynomial over [, [Lidl and Niederreiter 1983, §4, Theorem 3.52]. In particular, f(U) is
an additive polynomial of degree |Q|; see also [Serre 1962, Chapter V, §5]. Also, f(U) is separable as 6
is injective. From (16), the pole divisor of f(u) € K(%X) is

div(f(u))oo = [Q|(d P1 + P2). a7)

For every og € O,
oo(f@) =[]0 —b:) = [Tu+6s )= [ =b,,-0 =[] w—6:) = fw.
oeQ oeQ oeQ o€Q

Thus, f(u) € K(%)€. Furthermore, from « € N (Q), for every o € Q there is ¢’ € Q such that oo =o’a.
Therefore,

a(f@)=[]@ow-u)=]]@ow)—tu)=]]© @w)—Euw) =] ] Eu)—&u) =£f ).
oeQ oeQ oeQ oeQ

This shows that if R € ¥ is a zero of f(u) then Supp(div(f(u)g)) contains the U-orbit of R of length
|U|. Actually, since o (f(#)) = f(u) for o € Q, Supp(div(f(u)g)) contains the G-orbit of R of length
|G| =|Q]|U|. This together with (17) give

[Ul|(d+1). (18)
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On the other hand, (%) € is rational. Let P and P, be the points lying under Py and P,, respectively, and
let Ry, Ry, ..., Ry withk = (d+ 1)/|U| be the points lying under the zeros of f () in the cover X|(¥/Q).
We may represent KK (%) € as the projective line K U {oo} over IS so that P; = oo, P; =0, and R; =1t; for
1<i<k Letg(t) =t +1"+h(t) where h(r) e K[t] is a polynomial of degree k = (d +1)/|U| whose
roots are r1, ..., ry. It turns out that f(u), g(¢) € IK(%¥) have the same pole and zero divisors, and hence

cfw)=t+1""+h@), cek" (19)

We prove that IK(X) = K(u, t). From [Sullivan 1975] (see also [Hirschfeld et al. 2008, Remark 12.12]),
the polynomial ¢Tf(X) — T¢t! — 1 — h(T)T is irreducible, and the plane curve € has genus g(¢) =
%(q —1)(d + 1). Comparison with (13) shows K(¥) =€ and d = 1 whence |U| < 2. If equality holds,
then deg h(T) = 1 and & is a hyperelliptic curve with Equation (12). (|

Case 11. G contains no minimal normal p-subgroup.

Proposition 3.2. Let X be an ordinary algebraic curve of genus g defined over a field K of odd char-
acteristic p > 0. If G is a solvable subgroup of Aut(¥) with a minimal normal subgroup N, then
|G| < 34(g(X) +1)*2.

Proof. We begin with an outline of the proof.

Since & is chosen to be a (minimal) counterexample, Proposition 3.1 yields that G contains no nontrivial
normal p-subgroup. The factor group G = G/N is a subgroup of Aut(¥) where ¥ = %/N. As in the
proof of Proposition 3.1, we begin by showing that % must be rational. This time Result 2.6(ii) does not
apply and some more effort is needed to rule out the possibility of g(%) > 2 while the elliptic case does
not require a different approach. If ¥ is rational, the classification in Result 2.9 gives the possibility of
the structure of G and its action on %. A careful analysis shows that G must be of type (vi) in Result 2.9.
From this we obtain the possibilities for the action of G on &. After that, (3) and (5) together with
straightforward computation are sufficient to end the proof although the case where N is an elementary
abelian 2-group requires some additional facts from group theory.

We prove that 9(9_6) > 2. By Result 2.2(ii), |N| < 4g(X) +4 as N is abelian. If % is also ordinary,
then the choice of % to have minimal genus implies that |G| < 34(g(%¥) + 1)3/2. Comparing this with
Result 2.8 shows a contradiction. Therefore, the possibility for % to be nonordinary is investigated.

From Result 2.5(i), any p-subgroup S of G has trivial second ramification group at any point ¥. The
latter property remains true when & and S are replaced by & and the factor group S = SN /N, respectively.
To show this claim, take P € ¥ and let S 7 be the subgroup of S fixing P. Since p {|N| there is a point
P e ¥ lying over P which is fixed by S. Hence, the stabilizer Sp of P in S is a nontrivial normal subgroup
of Gp. Since N is a normal subgroup in G, so is Np in G p. This yields that the product Np Sp is actually
a direct product. Therefore, Np is trivial by Result 2.5(iii), that is, the cover 96|9_€ is unramified at P.
From this, the claim follows.

Actually, N may be taken to be the largest normal subgroup N; of G whose order is prime to p. Also,
by our hypothesis, the quotient curve ¥; = &/ N is neither rational, nor elliptic. From Result 2.8, its
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[K-automorphism group G| = G/N; has order bigger than 34(g(%;) + 1)*/2. Since G and hence G are
solvable, G| has a minimal normal d-subgroup where d must be equal to p by the choice of N; to be the
largest normal, prime to p subgroup of G. Take the largest normal p-subgroup N, of G;. Observe that
N, # Gy. Infact, if Ny = G, then G is p-group of order bigger than 34(g(%1)+1)%? > pg(%1)/(p—2).
From Result 2.1, ¥ has zero p-rank, and hence G| fixes a point P; € ¥;. On the other hand, since Giz)
is trivial, Result 2.6(iii) shows |G| < pg(¥1)/(p — 1), a contradiction. Now, define &, to be the quotient
curve X1/ N,. Since the second ramification group of N; at any point of ¥ is trivial, Result 2.6(i) gives
g(X1) —y (&) = |N2|(g(X2) — y (¥2)). In particular, if &, is ordinary or rational, then &; is an ordinary
curve. From the proof of Proposition 3.1, the case g(%,) = 1 cannot occur as |G| > 34(g(¥;) + 1)3/2.
Therefore, g(%¥,) > 2 with g(¥,) > y(¥,) may be assumed. The factor group G, = G|/N; is a K-
automorphism group of the quotient curve ¥, = &;/N;, and it has a minimal normal d-subgroup with
d # p, by the choice of N;. Define N3 to be the largest normal, prime to p subgroup of G,. Observe that
N3 must be a proper subgroup of G»; otherwise G, itself would be a prime to p subgroup of Aut(¥,)
of order bigger than 34(g(%,) + 1)3/2, contradicting Result 2.2(i). Therefore, there exists a (maximal)
nontrivial normal p-subgroup Ny in the factor group G3z = G,/N3. Now, the above argument remains
valid whenever G, Ny, G, Np, X1, &, are replaced by G, N3, G3, N4, 3, X4 where the quotient curves
are A3 = G2/N3 and X4 = G3/Ny. In particular, g(¥4) # 1 and g(%3) — ¥ (X3) = | Na|(g(%Xs) — ¥ (X4)).
Repeating the above argument, a finite sharply decreasing sequence g(&1) > g(¥2) > g(¥3) > g(¥4) > - - -
arises. If this sequence has n 4+ 1 members, then g(¥,) — ¥ (¥,) = |Npt+11(@&Ep+1) — ¥y (Xp41)) with
9(&Xn+1) = ¥ (& ,+1) = 0. Therefore, for some (odd) index m < n, the curve &, would not be ordinary,
but the successive member &, would be an ordinary curve. Since &,,4 is a quotient curve of ¥,, with
respect to a p-subgroup, this is impossible by Result 2.6(ii).

We continue with the elliptic case. Since g(%) > 2, (3) applied to X ensures that N has a short orbit. Let
I" be a short orbit of G containing a short orbit of N. Since N is a normal subgroup of G, I' is partitioned
into short orbits X1, ..., X; of N each of length |X;|. Take a point R; from X; fori =1,2,...,k, and
set ¥ = X and S = S;. With this notation, |G| = |Gs||I'| = |Gslk| 2|, and (3) gives

: |Ns|
29(%) -2 = Z|Ei|(|NSi| — 1) =k[S|(INs| — 1) = +3k|Z||Ng| = %IGIﬁ- (20)
i=1

Also, the factor group GgN /N is a subgroup of Aut(¥) fixing the point of ¥ lying under S in the cover

%|%. From Result 2.7,
IGsN| _ _1Gsl  _ 1Gs| _

INl — IGsNN| — [Ns| ~
This and (20) yield |G| < 48(g(%) — 1), a contradiction with our hypothesis 34(g(%) + 1)*/2.
Therefore, % is rational. Thus, G is isomorphic to a subgroup of PGL(2, K). Since p divides |G|

12.

but not ||, G contains a nontrivial p-subgroup. From Result 2.9, either p =3 and G = Alty, Symy, or
G = Q x C where Q is a normal p-subgroup and its complement C is a cyclic prime to p subgroup and
|C| divides | Q] — 1.
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If G = Alty, Symy, then |G| < 24 whence |G| <24|N| < 96(g(X) + 1) as N is abelian. Comparison
with our hypothesis |G| > 34(g(X) + 1)3/? shows that g(%¥) < 6. For small genera we need a little
more. If |N| is prime, then |N| < 2g(%¥) + 1 by Result 2.2(iii), and hence |G| < 48(g(X) + 1), which
is inconsistent with |G| > 34(g(%) + 1)*>/?. Otherwise, since p = 3 and |N| has order a power of
prime distinct from p, the bound |[N| < 4(g(¥) + 1) with g(¥) < 6 is only possible for (g(%¥), [N]) €
{(3,16), (4, 16), (5, 16), (6, 16), (6, 25)}. Comparison of |G| < 24|N| with |G| > 34(g(¥) + 1)*/? rule
out the latter three cases. Furthermore, since N is an elementary abelian group of order 16, g(%) must be
odd by Lemma 2.13. Finally, g(¥) =3, |[N| = 16, and G/N = Sym, is impossible as Result 2.3 would
imply that & has zero p-rank.

Therefore, the case G = Q x C occurs. Also, G fixes a unique place P € . Let A be the N-orbits
in & that lie over P in the cover ¥|%. We prove that A is a long orbit of N. By absurd, the permutation
representation of G on A has a nontrivial 1-point stabilizer containing a nontrivial subgroup M of N.
Since N is abelian, M is in the kernel. In particular, M is a normal subgroup of G contradicting our
choice of N to be minimal.

Take a Sylow p-subgroup Q of G of order |Q| = p" with & > 1, and look at the action of Q on A.
Since |A| = |N| is prime to p, Q fixes a point P € A, thatis, Q = Qp. Since & is an ordinary curve,
Result 2.5(ii) shows that Q p and hence Q are elementary abelian. Therefore, Gp = Q x U where U is a
prime to p cyclic group. Thus,

|Q|IC|IN| = |G|IN| =G| = |Gp||A] = |Ql|U||A] = |Q||U||IN], 21)

whence |Q| = |Q| and |U| = |C|. Consider the subgroup H of G generated by Gp and N. Since A is a
long N-orbit, Gp NN = {1}. As N is normal in H this implies that H = N xGp =N x (Q x U) and
hence |H| = |N||Q||U]|, which proves G = H =N x (Q x U).

Since ¥ is rational and P is the unique fixed point of nontrivial elements of Q, each Q-orbit other
than {P} is long. Furthermore, C fixes a point R other than P and no nontrivial element of C fixes a
point distinct from P and R. This shows that the G-orbit Q; of R has length |Q]. In terms of the action
of G on &, there exist as many as | Q| orbits of N, say Ay, ..., Ajg|, whose union A is a short G-orbit
lying over Q; in the cover €|%. Obviously, if at least one of A; is a short N-orbit, then so are all.

We show that this actually occurs. Since the cover €|¥ ramifies, N has some short orbits, and by
absurd there exists a short N-orbit ¥ not contained in A. Then ¥ and A are disjoint. Let I denote the
(short) G-orbit containing ¥. Since N is a normal subgroup of G, I is partitioned into N-orbits, say
¥ = ,..., I each of them of the same length ||. Here k = |Q||U]| since the set of points of %
lying under these k short N-orbits is a long G-orbit. Also, |[N| = |X;]| |Ng,| for <i <kand R; € Z;. In
particular, | 21| = |%;| and |Ng,| = |Bg,|. From (3),

k
29(%) —2= —2|N| +Z|Ei|(|NR,-| — 1) = =2IN[+[Q[IU[|Z1[(INg,| = D).
i=1
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Since Npg, is nontrivial, [Ng,| —1> %lN R, |. Therefore,
29(%)—2= —2|N|+3| QI|U|IZ1[|Ng, | ==2|N|+3 | QIU|IN|=|N|(3(1QIIU|-2)) = 5IN|(|Q||U|—4).
As |Q||U| =4 = 3|Q[|U| by |Q||U| = 4, this gives
29(%) —2 = 3IN|IUI1Q| = 5IGI.

But this contradicts our hypothesis |G| > 34(g(%) + 1)3/2.
Therefore, the short orbits of N are exactly Ay, ..., A|p|. Take a point S; from A; fori =1,...,]0]|.
Then Ng, and N, are conjugate in G, and hence |Ng, | = |Ng,|. From (3) applied to N,
10|
29(%) —2=-2IN|+ ZIAiI(INs,-I — 1) = =2IN|+|Ql|A|(INs,| = 1) = =2|N| + 3| Q|| A1]|Ns, .
i=1
Since [N | =|A1]||Ns, |, this gives 2g(&) —2 > %|N|(|Q| —4) whence 2g(¥) —2 > }L|N||Q| provided that
|Q| > 5. The missing case, |Q| = 3, cannot actually occur since in this case |C| = |U| < |Q] — 1 =2,
whence |G| = |Q||U||N| < 6|N| < 24(g(¥) + 1), a contradiction with |G| > 34(g(%) + 1)*/2. Thus,

INIIQ] = 8(g(X) — 1). (22)
Since |[N||U| < |N||Q], this also shows

IN||U| < 8(g(%) — 1). (23)
Therefore,
|GIIN| = INI*|U1Q]| < 64(g(%) — 1)*.

Equations (22) and (23) together with our hypothesis |G| > 34(g(¥) + 1)*/? yield

INI < &Va@) —1. (24)

From (24) and |G| = |N||Q||U| > 34(g(%) + 1)*/? we obtain

342
QU] > a(g(%) —1) > 18(g(¥) — 1),

which shows that Lemma 2.12 applies to the subgroup Q x U of Aut(%). With the notation in Lemma 2.12,
this gives that @ x U and Q have the same two short orbits, 2 = { P} and €2;. In the cover %|%, the point
P € % lying under P is fixed by Q. We prove that Q, is a subset of the N-orbit A containing P. For this
purpose, it suffices to show that for any point R € 25, the point R € ¥ lying under R in the cover X|%
coincides with P. Since 5 is a Q-short orbit, the stabilizer Q is nontrivial, and hence Q fixes R. Since
% is rational, this yields P = R. Therefore, Q, U {P} is contained in A, and either A = Q, U{P} or A
contains a long Q-orbit. In the latter case, |U| < |Q| < |N|, and hence

642
|GI* = |N||QIIN||U||Q||U| < |N||Q|IN||U||IN|* < 3—4(9(96)—1)3
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whence |G| < 34(g(X) + 1)*/2, a contradiction with our hypothesis. Otherwise [N| = |A| = 1 4+ |2,]. In
particular, | V| is even, and hence it is a power of 2. Also, by (5), g(X) — 1=y &) —1=—|0|+ 1+ 2]
where [€2;] > 1 is a power of p. This implies that g(&) is also even. Since N is an elementary abelian
2-group, Lemma 2.13 yields that either |N| =2 or |N| =4.

If [IN| = 2, then 2, consists of a unique point R and Q x U fixes both points P and R. Since
A ={P, R}, and A is a G-orbit, the stabilizer G p g is an index-2 (normal) subgroup of G. On the other
hand, Gp,g = Q X U and hence Q is the unique Sylow p-subgroup of O x U. Thus, Q is a characteristic
subgroup of the normal subgroup G p g of G. But then Q is a normal subgroup of G, a contradiction
with our hypothesis.

If IN| =4, then |A| =4 and p = 3. The permutation representation of G of degree 4 on A contains
a 4-cycle induced by N but also a 3-cycle induced by Q. Hence, if K = ker, then G/K = Sym,. On
the other hand, since both N and Ker are normal subgroups of G, their product N K is normal, as well.
Hence, NK /K is a normal subgroup of G/K, but this contradicts G/K = Sym,. O
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Variance of arithmetic sums and L-functions in [Fg[t]

Chris Hall, Jonathan P. Keating and Edva Roditty-Gershon

We compute the variances of sums in arithmetic progressions of arithmetic functions associated with
certain L-functions of degree 2 and higher in F,[¢], in the limit as ¢ — oo. This is achieved by establishing
appropriate equidistribution results for the associated Frobenius conjugacy classes. The variances are
thus related to matrix integrals, which may be evaluated. Our results differ significantly from those that
hold in the case of degree-1 L-functions (i.e., situations considered previously using this approach). They
correspond to expressions found recently in the number field setting assuming a generalization of the pair
correlation conjecture. Our calculations apply, for example, to elliptic curves defined over [, [f].
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1. Introduction

1.1. Analytic motivation. Let A(n) denote the von Mangoldt function, defined by

log p if n = p* for some prime p and integer k > 1,
0 otherwise.

An) :{
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The prime number theorem implies

D Am) =x+o(x)

n=<x
as x — 0o, determining the average of A (n) over long intervals. In many problems one needs to understand
sums over shorter intervals and in arithmetic progressions. This is significantly more difficult, because the
fluctuations between different short intervals/arithmetic progressions can be large, and in many important
cases we do not have rigorous results.

One may seek to characterize the fluctuations in these sums via their variances. These variances are

the subject of several long-standing conjectures. For example, in the case of short intervals Goldston and
Montgomery [1987] made the following conjecture:

Conjecture 1.1.1 (variance of primes in short intervals). For any fixed ¢ > 0,
X 2
/ ( > A —h) dx ~ hX (log X —logh)
! X<n<x+h
uniformly for 1 <h < X'~%.

It is natural to try to compute the variance in Conjecture 1.1.1 using the Hardy-Littlewood conjecture
> AMA@n+E) ~S(k)X (1.1.2)
n<X

as X — oo, where G (k) is the singular series, defined in terms of products over primes p and g,
1 —1
2TT(1- =" ifkiseven,
- (p—1? q—2
G(k) = p>2 q>2

qlk
0 if k is odd.

Montgomery and Soundararajan [2004] proved that (1.1.2), together with an assumption concerning
the implicit error term, implies a more precise asymptotic for the variance in Conjecture 1.1.1 when
log X < h < X'/2, namely that it is equal to

hX (log X —logh — yo —log 27) + O, (h*¥/1° X (log X)'7/16 4 2 x 1/2+¢), (1.1.3)

where yy is the Euler—Mascheroni constant.
An alternative approach to computing this variance follows from

7)o A

() =

=1

which links statistical properties of A (n) to those of the zeros of the Riemann zeta-function ¢ (s). Taking
this line, Goldston and Montgomery [1987] proved that Conjecture 1.1.1 is equivalent to the following
conjecture, due to Montgomery [1973], concerning the pair correlation of the nontrivial zeros of the
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zeta-function. Denoting the nontrivial zeros by %—i—iy and assuming the Riemann hypothesis (so y € R), let
FX.T)y= Y XU uy—y),
O<y,y'<T
where w(u) = 4/(4 + u?).
Conjecture 1.1.4 (Montgomery’s pair correlation conjecture). For any fixed A > 1
TlogT

F(X,T)~

uniformly for T < X < T4,

See also [Chan 2003; Languasco et al. 2012], where lower-order terms are considered in the equivalence.
There is a similar theory in the case of sums in arithmetic progressions. The prime number theorem
for arithmetic progression states that for a fixed modulus ¢, when A is coprime to ¢

Z A(n)~% as X — 0o, (1.1.5)

n<X
n=A modc

where ¢ (c) is the Euler totient function, giving the number of reduced residues modulo c¢. The variance
of sums over different arithmetic progressions is then defined by

X
GX.0)= Y. ‘ > A(n)—¢(c)

A mod ¢ n<X
ged(A,0)=1 n=A modc

2

(1.1.6)

Asymptotic formulae are known when G (X, ¢) is summed over a long range of values of ¢ (see, e.g.,
[Montgomery 1970; Hooley 1975b; 1975c]), but much less is known concerning G (X, c) itself. In the
latter case, Hooley [1975a] made the following conjecture.

Conjecture 1.1.7 (variance of primes in arithmetic progressions).
G(X,c)~ Xlogec.

Hooley was not specific about the size of ¢ relative to X for which this asymptotic should hold.
Friedlander and Goldston [1996] showed that in the range ¢ > X!To(,

G(X,c)~ Xlog X — X—X—2 0( X
! s $() (log X)A

This is a relatively straightforward range because it contains at most one prime. They conjectured that

)+ 0((logc)?). (1.1.8)

Hooley’s asymptotic holds if X!/?T¢ < ¢ < X and further conjectured that if X'/?*¢ < ¢ < X'~¢ then
0
G(X,c)~ Xlogc— X (yo+log27r+z gp). (1.1.9)
p
ple

They showed that both Conjecture 1.1.7 and (1.1.9) hold assuming the Hardy-Littlewood conjecture with
small remainders. For ¢ < X!/2 relatively little seems to be known.
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Conjectures 1.1.1 and 1.1.7 remain open, but their analogues in the function-field setting have been
proved in the limit of large field size [Keating and Rudnick 2014]. Let [, be a finite field of g elements and
[, [#] the ring of polynomials with coefficients in [,. Let M C [F,[¢] be the subset of monic polynomials
and M, C M be the subset of polynomials of degree n. Let Z C M be the subset of irreducible
polynomials and Z,, = ZN M,,. The norm of a nonzero polynomial f € [F,[¢] is defined to be | f| = gdee /.

The von Mangoldt function is the function on M defined for m > 1 by

d if f=n" withm €7,
ap={4 "=
0 otherwise.
The prime polynomial theorem in this context is the identity
YA =4q" (1.1.10)
feM,

The analogue of Conjecture 1.1.1 is the following result, proved in [Keating and Rudnick 2014]: for
h<n-35,
2

~q¢" (n—h-2) (1.1.11)

in > ‘ > A —¢"!
T acm, |f—Al=q"
as ¢ — oo; note that |{f : | f — A| < ¢"}| = ¢+
In the same vein, there is a function-field result, also established in [Keating and Rudnick 2014],
that is similar to Conjecture 1.1.7: fix n > 2; then, given a sequence of finite fields [, and square-free
polynomials ¢ € [, [7] with 2 < deg(c) <n + 1, one has

n

2
> ‘ Yo oA -2 ’qu"(deg(c)—l) (1.1.12)

d(c
A mod ¢ feM, ( )
ged(A,0)=1 f=A modc

as g — 00.

The asymptotic formulae (1.1.11) and (1.1.12) were established in [Keating and Rudnick 2014] by
expressing the variances as sums over families of L-functions. These L-functions can be expressed as the
characteristic polynomials of matrices representing Frobenius conjugacy classes. In the limit as g — oo,
these matrices become equidistributed in one of the classical compact groups and the sums become matrix
integrals of a kind familiar in random matrix theory. Evaluating these integrals leads to the expressions
above.

This approach to computing variances has subsequently been applied to other arithmetic functions
defined over function fields, including the Mobius function [Keating and Rudnick 2016], the square of
the Mobius function (i.e., the characteristic function of square-free polynomials) [loc. cit.], square-full
polynomials [Roditty-Gershon 2017], and the generalized divisor functions [Keating et al. 2018]. For
overviews see [Rudnick 2014; Keating and Roditty-Gershon 2016; Rodgers 2018]. The arithmetic
functions considered so far have all been associated with degree-1 L-functions (or simple functions
of these). Our main aim in this paper is to extend the theory to arithmetic functions associated with
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L-functions of degree 2 and higher. For example, our results apply to L-functions associated with elliptic
curves defined over [, [7], and one expects them to apply to all standard automorphic L-functions. This
will require us to establish the appropriate equidistribution results for such L-functions. We achieve this
using the machinery developed by Katz [2012].

The main reason for moving to higher-degree L-functions is the recent discovery in the number-field
setting that one gets qualitatively new behavior when the degree exceeds 1 [Bui et al. 2016].

We summarize briefly now the results in [loc. cit.]. Let S denote the Selberg class L-functions. For
F € S primitive, write

F(s) = Z aF(n).

ns
n=1

Then F(s) has an Euler product

0 !
F(s):ﬂexp(Z ﬂlf)) (1.1.13)
p

= P
and satisfies the functional equation
D(s) =epd(1—y),
where ®(s) = ®(5) and
-
d@s)=c* (1‘[ T(hjs+ Mj)) F(s)
j=1
for some ¢ > 0, A; >0, Re(u;) >0and |ep| = 1.
There are two important invariants of F(s): the degree dr and the conductor qr, given by

r r
dr =234, ar=@o*E[1"
j=1 j=1
respectively. Another is m r, the order of the pole at s = 1, which equals 1 for the Riemann zeta function

and is expected to be 0 otherwise.
Let A r be the arithmetic function defined by

F'(s) <~ Ar(n)
F(s) ==

and let {r be the function defined by

V() =Y Ap(n).

n<x

The former will be the main focus of our attention.
A generalized prime number theorem of the form

D Ar() =mpx+o(x)

n<x
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is expected to hold. In analogy with the case of the Riemann zeta function, it is natural to consider the

variance

X
Vi(X, h) 3=/ |WF(X+h)—WF(X)—th|2dx,
1

where h # 0. For example, when F represents an L-function associated with an elliptic curve, VF (X, h)
is the variance of sums over short intervals involving the Fourier coefficients of the associated modular
form evaluated at primes and prime powers; and in the case of Ramanujan’s L-function, it represents the
corresponding variance for sums involving the Ramanujan t-function.

For most F' € S it is expected that

Z Ap(m)Ap(n+h) =o0(X) whenh #0.

n<X
This might lead one to expect that Vi(X, h) typically exhibits significantly different asymptotic behavior
than in the case when F is the Riemann zeta-function because in that case (1.1.2) plays a central role in
our understanding of the variance. However, all principal L-functions are believed to look essentially the
same from the perspective of the statistical distribution of their zeros; that is, it is conjectured that the
zeros of all primitive L-functions have a limiting distribution which coincides with that of random unitary
matrices, as in Montgomery’s conjecture (Conjecture 1.1.4). It was proved in [Bui et al. 2016], assuming
the generalized Riemann hypothesis (GRH), that an extension of the pair correlation conjecture for the
zeros that includes lower-order terms (and which itself follows from the ratio conjecture of [Conrey et al.
2008], along the lines of [Conrey and Snaith 2007]) is equivalent to the formulae (1.1.14) and (1.1.15)
below for Vi (X, h), which generalize the Montgomery—Soundararajan formula (1.1.3).

If0 < By < B, < B3 < 1/dF, then

VF(X, h) = hX(dp log % +logqr — (yo + log Zn)dp)
+ 0, (h X' (h) X)) + O (hX e (hXx —(1=B0)1/30=B0y  (1.1.14)

uniformly for X' =5 « h « X782, for some ¢ > 0.
Otherwise, if 1/drp < By < B, < B3 < 1,

VF(X, h) = thX (6log X — (3+8log2))
+ 0. (WX (h) X)) 4+ 0 (h X' T8 (hx~1=BV)1/30=B0y (11.15)

uniformly for X'~ « h <« X'~ for some ¢ > 0.

If dr = 1 there is only one regime of behavior, governed by (1.1.14). When qr = 1, this coincides
exactly with (1.1.3); and when qf # 1, it generalizes (1.1.3) in a straightforward way.

If dp > 1 there are two ranges depending on the size of /. In the first range, Ve(X, h) / h is proportional
to log A; in the second regime it is independent of /4 at leading order.

It is this kind of behavior that we seek to understand better in the context of function fields. We shall
focus on variances defined over arithmetic progressions rather than short intervals. In that case we are able
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to establish unconditional theorems, Theorems 1.2.3 and 9.0.1 below, which again exhibit the qualitatively
new form of the variance when the degree is 2 or higher.

Our function field results can be used to motivate predictions for the variance of sums over arithmetic
progressions of A in the number-field context reviewed above. In order to illustrate these predictions,
we focus now on two representative examples: elliptic curve L-functions and the Ramanujan L-function.

Let E/Q be an elliptic curve of conductor N defined over Q. The associated L-function F'(s) will be
denoted by L(s, E) and is given by

L, E)=[[a—app™ "7 [T —app™ 124 p72)7,
PIN PN

where a,, is the difference between p + 1 and the number of points on the reduced curve mod p
a,=p+1—#E(F,).

When p | N, then a,, is either 1, —1, or 0. In general, we have the Hasse bound on a,, |a,| <2,/p; hence
we can write
dp

W =2cos(6,) =a,+ B,

where, for p{N, one has ), = /% and Bp= e~ with 8, € [0, 7] and for p | N, one has «), = a,, and
Bp =0. Let Ag be the arithmetic function defined by the logarithmic derivative of L(s, E):

Ls.E) < .,
m——’;AE(I’Z)n .

It follows that for e > 1

logp - (aj+By) if n= p® with p prime,
0 otherwise.

Ag(n) = {

Our results in the function-field setting are analogous to computing the variance of the sum of Ag in
arithmetic progressions

Sx,c,E(A) = E AE(”)
n<x
n=A modc

Our function-field result (see Theorem 9.0.1) leads us to predict that for x° < ¢, ¢ > 0, the following
holds:

Var(Sy.c 5) ~ —— min{logx, 2log c}.
¢ (c)

This demonstrates the two regimes of behavior. We can also detect the degree of the L-function in
question as the coefficient of log c.
Another example of a degree-2 L-function is the Ramanujan L-function

7(p) 1\
L(s,r)zl_[(l—WJr )

2s
» p



26 Chris Hall, Jonathan P. Keating and Edva Roditty-Gershon

where 7 is the Ramanujan tau function 7 : N — Z defined by the identity
Y otmg" =q ] —-g"*,
n>1 n>1

where ¢ = exp(2miz). Ramanujan conjectured (and his conjecture was proved by Deligne) that [t (p)| <
2p"1/2 for all primes p. Hence, as before, we can write

7(p)

m ZZCOS(QP) =Olp+/3p.

Let A; be the arithmetic function defined by the logarithmic derivative of L(s, 7):

L(s,7) > s
LG ) _—;A,(n)n .

It follows that for e > 1

log p- (e, +B;) if n=p° with p prime,
0 otherwise.

Ar(n) = {
Again we are led to speculate that for x* < ¢ and ¢ > 0, if

Seer(A)i= > Ac(n)
n<x
n=A mod ¢

then the following holds:
Var(Sy c.r) ~ - min{log x, 2log c}.
¢(c)

1.2. Function-field analogue. Our results are quite general and to state them requires a good deal of
notation and terminology to be explained. For this reason we postpone presenting them until later sections,
when the necessary theory has been developed. To illustrate them however we first present below a special
case of one of them, and then we sketch a proof.

Remark 1.2.1. For reference, our main results are Theorems 9.0.1 and 12.3.1. The former provides
the variance estimates we need in terms of a matrix integral and the latter provides an application of
these estimates to L-functions of abelian varieties. Two key ingredients used to prove these theorems
are Theorems 10.0.4 and 11.0.1, which provide requisite equidistribution and big-monodromy results

respectively.

Suppose g is an odd prime power, and let E¢g/[F, (¢) be the Legendre curve, that is, the elliptic curve
with affine model

y:E=x(x—1(x—1).

Over the ring [, [¢], this curve has bad multiplicative reduction at = 0, 1 and good reduction everywhere
else, so it has conductor s = #(+ — 1). It also has additive reduction at oo, so the L-function is given by
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an Euler product
L(T, Epeg/Fg () = [ | LT, Epey/Fr) ™",
weP

where P C [, [¢] is the subset of monic irreducibles and [ is the residue field F,[¢]/wF,[7].
Each Euler factor of L(T', Eyey/F,(t)) is the reciprocal of a polynomial in Q[T] and satisfies

oo
d _
T 10g L(T, Ereg/F) ™" = Zl axmT™ € Z[T].
m=

Moreover, if we define Apeg to be the function on the subset M of monic polynomials given by

d-ap, if f=n" withm € P and deg(w) =d,
0 otherwise,

ALeg(f) = {

then the L-function satisfies

o0
d
T 10g(L(T, Eveg/Fy (1) = Z( 3 ALeg(f)) T".
n=1 “feM,
Let ¢ € [, [t] be monic and square-free. For each n > 1 and each A in I'(¢) = (F,[t]/c[F,[¢]) ™, consider
the sum

Snc(A) = > ALeg(f). (122)

feM,
f=A mod ¢

Let A vary uniformly over I'(c), and consider the moments
1 1 2
E[Sn,c(A)] = —— Snc(A),  Var[S, (A)] = —— Z |Sn,c(A) — E[Sy, (A"

()l A€l (¢) ()] Ael(c)

These moments (and the quantity |I"(c)|) depend on ¢, so one can ask how they behave when we replace
[, by a finite extension, that is, let ¢ — oo. Using the theory we develop in this paper one can prove the
following theorem.
Theorem 1.2.3. If gcd(c, s) =t and if deg(c) is sufficiently large, then

II"(c)]

()] - E[Sp,c(A)] = E Areg(f),  lim —==-Var[S, c(A)] = min{n, 2deg(c) — 1}.
q—00 q”
feM,
ged(f,0)=1

See Theorem 12.3.1. We sketch the proof below in Section 1.3.

Remark 1.2.4. This should be compared to (1.1.12). For definiteness, we could replace “sufficiently
large” by deg(c) > 900, but we do not believe this bound to be optimal. We also do not believe the
hypothesis on gcd(c, s) is necessary (see Remark 11.0.2). We use it to deduce that certain monodromy
groups are big. We do not have any examples of coprime ¢ and s where we know the monodromy groups
are not big.
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Remark 1.2.5. The fact that the expression for the variance depends on 2 deg(c) is a direct consequence
of the fact that the associated L-functions have degree 2. (For an L-function of degree r, one will get a
leading term of r deg(c) instead.) This then leads to there being two ranges of behavior.

1.3. Sketch of proof of Theorem 1.2.3. The calculation of the first moment proceeds immediately from
the definition (1.2.2). The first step in our proof of the rest of the theorem is to use Fourier analysis on
the multiplicative group I"(c) and rewrite the first and second moments in terms of coefficients of twisted
L-functions. Part of this step is to construct a 2-dimensional £-adic Galois representation

PLeg : Gk = GL(V),

and for each character ¢ in the dual group ®(c¢) = Hom(I'(¢), @Z), to define a twisted L-function

o0
: T
Le(T. preg®9) = [ [LIT ™ (preg ® 0)n) ™' = exp(Z pregw,n;),
n=1

wte
where C is the set of finite places dividing ¢ and the infinite place. The reason for doing this is that one can
then rewrite the moments using orthogonality of characters, and we show that, for any field embedding
t: Q@ — C, one has

1 1
E[Snc(A)] = ——tbpporn).  VarlSpc(D]=—= > [tbpepn)l
¢(c) ¢(c) .

ped(c)
where S* = S ~\ {1} for § C ®(c).

The next step is to analyze the coefficients by, ¢ It is relatively easy to show that they lie in Q.
One can also interpret them cohomologically via a trace formula. Moreover, using Deligne’s theorem one
can show that, for some integer R > 0 and all ¢ in a subset ®(¢) gooda € P(c), the normalized L-function

Tn

00
LE(T, Pleg ®¢)=Lc(T/q, Pleg ® @) =exp (Z bZLeg@)le 7)
n=1

is the reverse characteristic polynomial of a unitary matrix 6, , € Ug(C) which is unique up to conjugacy.
Let

@ (c)pbad = P(c) \ P(¢)pgood
so that we have

¢(c) 1 . 1 .
o Var[sn,C,(A)]:(P(—c) > |Tr(std(9p’¢))|2+¢(—c) D b e

(pé@(c)’/;good <p€d>(c)zbad

The subset ®(c),pad has density zero as ¢ — 00, and Deligne’s theorem also implies that the terms in
the sum over bad characters are uniformly bounded. In particular,

¢(c)

o VarlSu (]~ > ITe(std (@) )1
0

good <p€<1>(c); go0d

as g — 00.
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The final step in the proof is to show that

1 n 2 ny2
Y [Tred@ )~ / Tee™) 2 d6

*
| O (C)p g00d| (peq)(c);good -

with respect to Haar measure on Ug(C). To do this, we must show that the 6, , are equidistributed in
Ug(C). Roughly speaking, this is equivalent to showing that some accompanying monodromy group is
big and is where the conditions on gcd(c, s) and deg(c) come into play. We say a bit more about this in
the next section.

1.4. Underlying equidistribution theorem. The key ingredients we use to prove Theorem 1.2.3 and its
generalizations are the Mellin transform and Katz’s equidistribution theorem. More precisely, we start
with a lisse sheaf F on a dense open T C A![1/s] and twist it by variable Dirichlet characters ¢ with
square-free conductor ¢ to obtain a family of lisse sheaves F, on T'[1/c]; this family is a Mellin transform
of 7. One can associate a monodromy group G to this family generated by Frobenius conjugacy
classes Frobg , for variable Dirichlet characters ¢ over finite extensions E/[F,. A priori Gy is reductive
and defined over @y, but Deligne’s Riemann hypothesis allows us to associate the classes Frob E,q for
“good” ¢ to well-defined conjugacy classes in a compact form of the “same” reductive group over C.
Katz’s equidistribution theorem implies these classes are equidistributed.

For our applications, we need equidistribution in a unitary group Ug(C), and thus we need G to be
as big as possible, namely GL g,. We were only able to prove this is the case under the hypotheses that
deg(c) > 1 and that F has a unipotent block of exact multiplicity 1 about r = gcd(c, s) = 0. While we
do expect that one may encounter exceptions when deg(c) is small, we do not believe our lower bound
on deg(c) is sharp. On the other hand, the hypothesis on the monodromy about the unique prime dividing
gcd(c, s) was made in order to ensure we could exhibit elements of G, Whose existence helped ensure the
group was big. We conjecture one still has big monodromy under the weaker hypothesis that ged(c, s) = 1.

1.5. Overview. The structure of this paper is as follows. We start in Section 2 by establishing notation
and relatively basic facts that we need throughout the rest of the paper.

Throughout the first several sections of the paper we work over a global function field K = [, (X)),
but starting in Section 5, we restrict to K = [, (7). Throughout the entire paper we fix an £-adic Galois
representation

p:Gg.s — GL(V),

where Gk s is a quotient of the absolute Galois group G of K. We also fix a finite set of places C of K.
Ultimately it consists of the place at infinity in [, (¢) and the finite places corresponding to primes dividing
a square-free polynomial ¢ € [, [t]. The characters we twist by will be continuous homomorphisms

¢:Gye— Qf,

where GE(,C is another quotient of Gg.
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In Section 3, we define two L-functions: a partial L-function Ls(T, p) and the complete L-function
L(T, p). It is the coefficients of the former which appear in our moment formulas, but the latter is
what might be called “the” L-function of p. Both are defined via an Euler product: for the complete
L-function, we use an Euler product over P, the set of all places of K; for the other, we exclude the Euler
factors over C. They coincide if and only if the excluded (or missing) Euler factors are trivial. We recall
the cohomological manifestation of each L-function and the trace formula. We also derive numerical
invariants for p required for computing the degree of each L-function.

In Section 4, we consider twists of the representation p by tame £-adic characters ¢ with conductor
supported on C. If one replaces p by p ® ¢, then one can apply the material of Section 3 to define
L(T,p® ¢) and Lo(T, p ® ¢). We provide an annotated version of those results in a manner which is
convenient for us.

In Section 5, we revert to K = [, (¢) and define the von Mangoldt function A, of our Galois repre-
sentation. It is a multiplicative function M — Q, defined using the Euler factors L(T, p,) for the finite
places in [, (¢), and for the trivial representation p =1, one has, for m > 1,

deg(w) if f=nm" and & irreducible,

Al(f):{

0 otherwise.

For each A € I'(c), we consider the sum

Sne(A) =Y Ay(f),

feM,(A)

where M, (A) = {f = A mod ¢} € M,,. We regard the sum as random variable with values in @, by
varying A uniformly over I'(c) and express its moments as sums of coefficients of the partial L-functions

Le(T, p ® @), where ¢ varies over characters of I'(c).

In Section 6, we define purity and weights. Purity boils down to saying that, in the complex plane,
some set of numbers lies on a circle centered at zero, and weight corresponds to the radius. These are
the properties usually used to state some sort of Riemann hypothesis. We impose purity on the (zeros
of the) Euler factors of L(T, p ® ¢) and use Deligne’s theorem to deduce purity of its cohomology
factors P;(T, p ® ¢). A priori, these factors are polynomials in @,[7'], but in fact, Deligne’s theorem
implies they have coefficients in Q. His theorem also tells us what the weight of each cohomological factor
should be, so we can use a field embedding ¢ : @ — C to regard the sums Sn.c(A) as complex numbers.

In Section 7, we isolate conditions for a complete L-function L(7, p ® ¢) to be a pure polynomial,
and they hold for most ¢. These are the L-functions for which a suitable normalization L*(T, p ® ¢) has
coefficients in @ and is unitary, that is, equals the characteristic polynomial of a complex unitary matrix.
We also isolate conditions for L (T, p ® ¢) to be a pure polynomial since it is the coefficients of these
L-functions which appear in our moment calculations. These conditions imply the partial and complete
L-functions are polynomials and coincide.

In Section 8, we partition ®(c) into subsets of good and bad characters, and then we further partition
the bad characters into mixed and heavy characters. A character ¢ is good if it makes sense to say
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that a certain renormalization L3 (T, p ® ¢) of Lo(T, p ® @) is unitary, and otherwise it is bad, and
Li(T, p® @) is no longer unitary. If Le(T, p ® @) is an impure polynomial, then ¢ is mixed, and if
Le(T, p® @) is not even a polynomial, then ¢ is heavy since L¢ (T, p ® ¢) has poles of excess weight.

In Section 9, we return to our moment calculations. The main result of the section is that the second
moment can be approximated using a matrix integral over some compact subgroup K € Ug(C), and
one has control over the error term precisely when no nontrivial ¢ is heavy. At this stage, all we know
about [K is that each unitary L3 (T, p ® @) corresponds to a unique conjugacy class 6, , C [ and that the
classes become equidistributed in K as ¢ — o0. In later sections we give conditions for it to be big, that
is, equal to Ug(C).

In Section 10, we partition @ (c) into cosets of a “one-parameter” subgroup @ (u)” € ®(c), and then we
attach a monodromy group to each coset ¢ ® (u)". We define what it means for one of these monodromy
groups to be big, and then we define the big characters in ®(c) to be those ¢ whose coset has big
monodromy. We then show that if the density of big characters tends to 1 as ¢ — oo, then the 6, , are
equidistributed in I = Ug(C). In this case we say the Mellin transform of p has big monodromy.

In Section 11, we prove a theorem which asserts that the Mellin transform of p has big monodromy
provided p satisfies certain hypotheses. The material in this section rests heavily on the monumental
works of Katz, most notably the monograph [Katz 2012]. In order to prove our result, we were forced
to impose the condition that the (square-free) conductor s of p and the twisting conductor ¢ satisfy
deg(gcd(c, s)) = 1. We also imposed conditions on the local monodromy of p at the zero of deg(c, s).
We used both of these hypotheses to deduce that the relevant monodromy groups contained an element so
special that the group was forced to be big (e.g., for the specific example considered in Theorem 1.2.3
one obtains pseudoreflections). While the specific result we proved is new, it borrows heavily from the
rich set of tools developed by Katz, and one familiar with his work will easily recognize the intellectual
debt we owe him.

In Section 12, we bring everything together and show how Galois representations arising from (Tate
modules of) certain abelian varieties satisfy the requisite properties to apply the theorems of the earlier
sections. More precisely, we consider Jacobians of (elliptic and) hyperelliptic curves of arbitrary genus,
the Legendre curve being one such example. Because we chose to work with hyperelliptic curves we were
forced to assume ¢ is odd. Nonetheless, we expect one can find other suitable examples in characteristic 2.

There are four appendices to the paper containing material we needed for the results in Section 11.
In Appendix A we recall the definition of and some basic facts about middle-extension sheaves. In
Appendix B we recall well-known formulas for Euler—Poincaré characteristic. In Appendix C we prove
the group-theoretic result which asserts that a reductive subgroup of GL with the sort of special element
alluded to above is big. In Appendix D we recall much of the abstract formalism required to define the
monodromy groups which we want to show are big. While none of this material is new, it elaborates on
some of the facts which we felt were not always easy to give a direct reference for in [Katz 2012]. In
particular, our work should not be regarded as a substitute for Katz’s original monograph, but we hope
some readers will find it an acceptable and enriching complement to his masterful presentation.
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2. Notation

Let g = g, be powers of a prime p and [, be a finite field with g elements. We write ¢ — 00 to mean
n— oQ.

Let X be a proper smooth geometrically connected curve over [y, and K be the function field [, (X)
(e.g., X = [Ij’,1 and K =, (¢)). Let P be the set of places of K, and for each v € P, let [, be its residue
field and d, = [F, : ;] be its degree. We identify the elements of P with the closed points of X in the
usual way.

Let K*P be a separable closure of K and F, C K*P be the algebraic closure of F, C K. Let
Gk = Gal(K*?/K) and Gy, = Gal(l]_:q /Fq), and let Gk C G be the stabilizer of E so that there is an
exact sequence

1—>5K—>GK—>G[Fq—>1

of profinite groups. Given a quotient Gg — Q of profinite groups, we write Q € Q for the image of Gg
and call it the geometric subgroup.

For each subset S C P, let Ks C K*P be the maximal subextension unramified away from S and
K% C K5 be the maximal subextension tamely ramified over S. Both extensions are Galois over K, so
we write Gk s and G%’ s for their respective Galois groups. There is a commutative diagram

N S | 2.0.1)

of quotients.

For each v € P, we fix a place of K*P over v and write D (v) € Gk for its decomposition group; the
latter is well-defined up to conjugacy. Let I (v) € D(v) be the inertia subgroup and P (v) C I (v) be the
wild inertia subgroup (i.e., the p-Sylow subgroup). The quotient G, = D(v)/I (v) is the absolute Galois
group of [,, and we write Frob, € G, for the Frobenius element Frobfllv and Frob, I (v) for its preimage
in D(v).

If v ¢ S, then the inertia subgroup I (v) is contained in the kernel of the horizontal map in (2.0.1). In
particular, every element of the coset Frob, / (v) maps to the same element of Gk s, which we denote by
Frob, € Gk s.

Given a smooth geometrically connected curve U over [, we write U for the base change curve U x F, Fq.
We fix a geometric generic point 17 of U and write 71 (U) and 71 (U) for the arithmetic and geometric
étale fundamental groups of U respectively. Moreover, if T is a second smooth geometrically connected
curve over [, and if T — U is a finite étale cover, then we implicitly suppose the geometric generic
point of 7" maps to that of U and write 7{(T") — 1 (U) for the induced inclusion of fundamental groups.

Let £ € Z be a prime distinct from p and @, be an algebraic closure of Q;. All sheaves on U we consider
are constructible étale Q,-sheaves, unless stated otherwise, and we write H (U, F) and HL’: (U, F) for
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the étale cohomology groups of F. For each integer n, we also write F(n) for the Tate twisted sheaf
F ®g, @g (n) and recall that

det(1 — T Frob, | H' (U, F(n))) = det(1 — ¢"T Frob, | H' (U, F)).

A similar identity holds for cohomology with compact supports (see [SGA 41» 1977, Sommes trig.,
Theorem 1.13]). In particular, we have identities

dim(H' (U, F(n))) = dim(H (U, F)), dim(H (U, F(n))) =dim(H'(U, F))

for every i and n.

The sheaf F is lisse (or locally constant) on U if and only it corresponds to a continuous representation
m1(U) — GL(V) from the étale fundamental group to a finite-dimensional Q, vector space V (cf. [Milne
1980, 11.3.16.d]). In that case one has identifications

H'U,F)=v"D and HXU,F2)=V, g (2.0.2)

with the subspace of m1(U)-invariants and quotient space of m1(U)-coinvariants (see [SGA 41, 1977,
Sommes trig., Remarques 1.18(d)]).

3. L-functions

In this section, we recall the construction of two L-functions attached to a Galois representation of the
absolute Galois group of a global function field K. A priori, both L-functions are given via Euler products,
the essential difference being that one Euler product is over all places of K while the other excludes the
Euler factors at a finite set of places of K. We call them the complete and partial L-functions respectively.
Each will play a role in later sections, and in particular, when they differ, that is, when at least one omitted
Euler factor is nontrivial, their roles will also differ. We do not elucidate the difference in this section, but
we do give necessary and sufficient criteria for the L-functions to coincide.

As we recall, both L-functions have a cohomological genesis via the Grothendieck—Lefschetz trace
formula. Therefore they can be expressed as rational functions, that is, quotients of polynomials in a single
variable, and the polynomials are products of (reverse) characteristic polynomials of an operator acting
on certain £-adic cohomology groups. Given basic information about p, we show how to calculate the
degrees of its L-functions, e.g., in terms of numerical invariants such as Swan and absolute conductors.

3.1. Euler products. Let S C P be a finite subset of places. Let V be a finite-dimensional Q;-vector
space and p be a homomorphism
p:Gg.s— GL(V)

which is continuous with respect to the profinite topologies.
The decomposition group D(v) stabilizes the subspace V, = V!, and the inertia subgroup I (v) acts
trivially on it, so there is a representation

Pv : Gy = GL(Vy).
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The Euler factor of p at v is given by
L(T, py) := det(1 — T py (Frob,) | V;)) € Qu[T],

and its degree equals the dimension of V.
Let C C P be a finite subset. The partial and complete L-functions of p are the formal power series in
@g[T] with respective Euler products

-1 -1
Le(T. p)=][L@® p)" and L(T.p):=]]LT% p))". 3.1
veC veP
The ratio
Mc(T, p) := L(T, p)/Le(T, p) = [ [L(T%, po)~"
veC

is the reciprocal of a polynomial, and M¢(T, p) =1 if and only if L(T, p) = L¢(T, p).

3.2. Galois modules versus sheaves. While most of this paper uses the language of global fields, it is
useful to adopt a geometric language. Certain readers will find the latter language more to their taste,
and we acknowledge that many of our results may have a more appealing formulation in the language of
geometry (and sheaves). However, we felt the language of Galois representations over global (function)
fields was accessible to a broader audience, so we tried to do “as much as possible” in that language.

3.3. Middle extensions. Recall X is a proper smooth geometrically connected curve over F,. Let U C X
be a dense Zariski open subset over [,. Let F be a sheaf on X and Fj; be its geometric generic stalk. The
latter is a Gg-module, and up to replacing U by a dense open subset, it is even a module over the étale
fundamental group 71 (U); that is, F is lisse on U. Conversely, for every finite-dimensional Q;-vector
space V and continuous homomorphism 7 (U) — GL(V), there is a lisse Qy-sheaf on U whose stalk
over 7 is the 1 (U)-module V.
There are two sheaves and morphisms one can associate to the inclusion j : U — X: those in the
diagram
B F —> F— juj*F 3.3.1)

and constructed in Appendix A.

Definition 3.3.2. We say F is supported on U if and only if the first map of (3.3.1) is an isomorphism,
and F is a middle extension if and only if the second map is an isomorphism for every j.

The following proposition shows that there is a canonical middle-extension sheaf on X we can associate
to p. We denote it by ME(p).

Proposition 3.3.3. There is a middle extension F with F; =V as G g-modules, and it is unique up to

isomorphism.

Proof. One can identify V,, with the stalk ME(p), and p, with the restriction of 71 (U) — GL(V) to the
decomposition group D(v) C 71 (U) See Proposition A.0.4 and compare [Milne 1980, 3.1.16]. O
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Corollary 3.3.4. Let S’ C P be a finite subset containing S and p' : Gg s — GL(V) be the composition
of p with the natural quotient Gk s — Gk s. Then ME(p) and ME(p’) are isomorphic.

Proof. The quotient Gy — Gk s factors as Gy — Gk s — Gg.s, and ME(,o/)ﬁ =V = ME(p) as
Gk-modules. Since ME(p), ME(p’) are both middle extensions, Proposition 3.3.3 implies they are
isomorphic. U

3.4. Cohomological manifestation. Suppose Z = X \. U equals C. Then L(T, p) and L¢(T, p) equal
the L-functions of the sheaves ME(p) and j) j*ME(p) respectively. More precisely, the Euler products of
the latter coincide with (3.1.1). Moreover, they all have the same Euler factors over U; hence M¢(T, p)
has an Euler product over Z which coincides with that of the L-function of ME(p) over Z.

The étale cohomology groups of these sheaves are finite-dimensional Q;-vector spaces, and Frob, acts
Q¢-linearly on them. In particular, we have characteristic polynomials

Pei(T, p) := det(1 — T Frob, | H.(U, ME(p))), (3.4.1)

which are trivial for i # 0, 1, 2 since U is a curve. Moreover, P¢;(T) =1 if U is an affine curve, that is,
if C is nonempty, and then

Le(T, p) = P (T, p)/ Pco(T, p). (34.2)
Similarly, the characteristic polynomials
Pi(T, p) :=det(1 — T Frob, | H'(X,ME(p))) (3.4.3)

are trivial for i # 0, 1, 2 since X is a curve, and they satisfy

_ Pl(T7 /0)
Py(T, p) Po(T, p)’

L(T, p) (3.4.4)
Finally, if C = @ and thus U = X, then

Py (T, p)=P(T,p) foralli,
and thus L(T, p) = Ly(T, p).

3.5. Numerical invariants of p. Let
rank, (o) :=deg(L(T, py)), drop,(p) :=dim(V) —rank,(p),

and Swan, (p) be the Swan conductor of V as an Q[ (v)]-module (see [Katz 1988, 1.6]). We call these
and

drope(p) := Y _d, - drop,(p)

veC

the local invariants of p. On the other hand, we call

rank(p) :=dim(V), drop(p) := Zdv -drop, (p), Swan(p) := Zd” -Swan, (p)
veP veP
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and
rg(p) :=deg(L(T, p)), rc(p) :=deg(Lce(T, p))

the global invariants.

Proposition 3.5.1. Let g be the genus of X. Then the Euler characteristics x(X, ME(p)) and x.(U, ME(p))

(see (B.0.5)) satisfy

ro(p) = —x (X, ME(p)) = (drop(p) + Swan(p)) — (2 — 2g) - rank(p),

3.5.2)

re(p) = —x(U, ME(p)) = (drop(p) — dropc(p) 4+ Swan(p)) — (2 — 2g — deg(C)) - rank(p). (3.5.3)

Moreover, if ME(p) is supported on U (see Definition 3.3.2), then XC(Uv ME(p)) = x (X, ME(p)).

Proof. See Proposition B.1.1 and Corollary B.1.2.

One deduces immediately that
re(p) =rg(p) +deg(C) - rank(p) — drop(p).
3.6. Trace formula. The local traces of p are given by

ap,v,m = Tr(py(Frob,)" | V,) forvePandm >1,
and they satisfy

[e.¢]

d ~1

T 1og L(T, p) ™' = Zl apomT™ forvep.
m=

Combining this with (3.1.1) yields the identity

o0
TdiTloch(T,p):Z(Z > d.ap,v,m)T",

n=1 “md=n vePy~C

where P; C P is the finite subset of places of degree d.
Let U C X be the open complement of C. The cohomological traces of p are given by
bpn = 22:(—1)" -Tr(Frob, | H:(U, ME(p))) forn>1
and they satisfy - o
TdiT log Le(T, p) = X;bMT".
n=

Combining this with (3.6.3) yields the Grothendieck—Lefschetz trace formula

Y > deapum=bpn

md=n vePy~\C

See [SGA 415 1977, Rapport, §3] for details.

3.5.4)

(3.6.1)

(3.6.2)

(3.6.3)

(3.6.4)

(3.6.5)
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4. Twisted L-functions

In this section, we apply the theory of the previous section to the twist of a Galois representation by a

Dirichlet character. We start by defining the twist and its L-functions, and then we apply the theory from

the previous section, e.g., to calculate the respective degrees.

4.1. Twists by characters. Let S C P be a finite subset and V be a finite-dimensional @-vector space. Let
p:Gg.s— GL(V)

be a Galois representation, that is, a continuous homomorphism.
Let C C P be a finite subset. An £-adic character with conductor supported on C is a continuous
homomorphism
¢:Ggc— Qf,

and we write @ (C) for the set of all such characters which also have finite image. By definition, ¢ factors
as a composite homomorphism
Gk.c—~ G o — Q

through the maximal abelian quotient. We say it is tame if and only if it factors as a composite homomor-
phism
Gab t,ab X
ke Gge— Q

through the maximal tame (abelian) quotient.
Let R =CUS so that there are natural quotients

Ggr —» Ggs and Ggr— Ggc.
Let pg and g be the respective compositions
pr: Gk.r = Gg.s > GL(V), ¢g:Ggr— Ggc— Q.
The tensor product of p and ¢ is the representation
PRy =(g > pr(8¢r(8) : Gk, r = GL(Vy),
where V, =V as @g—vector spaces.
4.2. L-functions. The Euler factors of the L-functions of p ® ¢ are given by

L(T, (p® @)v) :=det(1 = T (p ® ), (Frob,) | V[ ™),
and in particular,
L(T, (p ® ¢)v) = L(¢c(Frob,)T, p,) forv &C. 4.2.1)

Moreover, the partial and complete L-functions of p ® ¢ satisfy

-1 il
Lo(T, p® @)= [[LT* (0@ ¢)) =[] Pei(T.p@ )"
vgC i
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and

—1 _1)i+l

LT, p@¢):=][LT* (0@ 9)) =[[P(T.p0p""
veP i

respectively, where

Pe (T, p® ¢) :=det(1 — T Frob, | H,(U, ME(p ® ¢))),
Pi(T, p® @) :=det(1 — T Frob, | H'(X, ME(p ® ¢))).
Recall U C X is the open complement of C. Compare (3.1.1), (3.4.1), and (3.4.2).

4.3. Numerical invariants. Recall the numerical invariants defined in Section 3.5. We say a character
¢ is tame if and only if it factors through the maximal tame quotient Gx,¢c — G} ., or equivalently,
Swan(p) vanishes. Let

re(p® @) :=deg(Lc(T, p ® ¢))

as in Section 3.5.

Proposition 4.3.1. If ¢ is tame, then

re(p ® @) =re(p) = deg(L(T, p)) + (deg(c) + 1) dim(V) — dropc(p). (4.3.2)

Proof. If ¢ is tame and g is the genus of X, then Proposition 3.5.1 and Lemma B.1.3 imply

re(p® ¢) "= (drop(p @ ¢) — drope (o ® @)+ Swan(p & ¢)) — (2 = 2g — deg(C)) - rank(p ).
"= (drop(p) — drope(p) + Swan(p)) — (2 — 2g — deg(€)) - rank(p)

(3.5.3)
= "re(p)

3.54
C2Y 14 (p) + deg(C) - rank(p) — drop (p).

The proposition follows by observing that
ro(p) =deg(L(T, p)), deg(C) =deg(c)+ 1, rank(p) =dim(V). O
Remark 4.3.3. Observe deg(L¢ (T, p ® ¢)) is independent of ¢.

4.4. Trace formula. By (4.2.1), we have

o0
TdiT log L(T, (p® ¢)y) ' = Z @(Frob,)"a, , wT" forveP~C. 4.4.1)
m=1
We also have o
74 Nog Le(T pR@) =Y b T" (4.4.2)
dT ) 1 PR@.n ) T
n=

where

2
bpopn i= Z(—l)" -Tr(Frob, | H:(U,ME(p ® ¢))) forn> 1.

i=1
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Thus, we have the twisted Grothendieck—Lefschetz trace formula

Z Z d- ‘p(FrObv)ma,o,v,m = bp@go,n- 4.4.3)

md=n vePy~C

Compare (3.6.5).

5. Sums in arithmetic progressions

Throughout this section (and many of the remaining sections) we suppose that X is the projective ¢-line P!
and thus that K = [, (¢).

5.1. Dirichlet characters. Let c € [,[t] be monic and square-free of degree d > 1, and let
I'(c) :== (F,lt]/cFylt])™* and  ®(c) := Hom(I'(c), Q).

The latter are finite abelian groups and are noncanonically isomorphic of order equal to the Euler
totient ¢ (c). Let Ue C P be the complement of the finite set

C :=supp(c) = {v € P:ordy(c) # 0}

ThenooeCand ) - deg(v) =d + 1.

The elements of u of U are in natural bijection with the maximal ideals p, C F,[¢] which do not
contain ¢, and such an ideal is generated by a unique monic 7, € p,. In particular, abelian class field
theory supplies both a well-defined element Frob,, € G}“(tfc and a homomorphism

oc G%b,c — I'(¢), with a¢(Frob,) = m, mod ¢ for u € Ue.
This allows us to regard any character ¢ € ®(c) as a (continuous) composite homomorphism
¢ Ggc— Gglo —T(c) > Q"
We call the composite homomorphism a tame Dirichlet character and say it has conductor supported in C.

5.2. Von Mangoldt function. Let M C [F,[t] be the subset of monic polynomials, Z C M be the subset
of irreducibles, and Z; C Z be the monics of degree d. There is a natural bijection between the finite
places v € P\ {oo} and the elements 7 € Z since X = P!. We write v : Z — P . {oc} for the map
sending an irreducible to its corresponding place.

We define the von Mangoldt function of p to be the map A, : M — Q; given by

d-ayymym if f=n", wherem>1andnm eI,

Ap(f) = { (5.2.1)

0 otherwise.

Recall a, y(x),m 1s the local trace defined in (3.6.1), and in (3.6.2), it is completely determined by the
Euler factor L(T, p,). We also define the extension by zero of ¢ € ®(c) to be the map ¢, : M — @g given
by

o(f +clbyle]) if ged(f, ) =1,

0 otherwise.

@!(f)Z{
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It is multiplicative and satisfies

Frob if
¢ (Frobyer) if 7 fc, form €.

wz(ﬂ)={

0 otherwise
There may be other multiplicative maps extending ¢, but for our extension we have the identity
bowgn= Y @(f)A,(f) forn>1 (5.2.2)
A/‘GMH
by (4.4.3). We observe that in the special case ¢ = 1 this simplifies to
bomw= > Y Apf), (5.2.3)
A€l (c) feEM,(A)
where M,,(A) € M, is the subset of f satisfying f = A mod c.

5.3. Sums in random arithmetic progressions. Consider the sum

Sue(A)i= > Ap(f) forAel(c)andn>1, (5.3.1)
FeMn(A)

where A, : M — Q; is the von Mangoldt function of p.

For each n, we would like to regard the sum as a random variable on I'(c), e.g., so that we can speak
of the mean and variance. If we were loathe to impose hypotheses on the range of A ,, we might consider
the drastic measure of choosing a field isomorphism @Q; — C. Instead, we fix field embeddings ¢ : @ — C
and @ — Q; and suppose the range of A o 18 a subset of Q c Q. This allows us to define the elements

E[S, (A)]:i=—— Sn.c(A), 5.3.2
[Sn.c(A)] 50 = c(A) (53.2)
1
Var[Sy ()] = — > [e(Sue(A) —ELSy.c (D (5.3.3)
d)(c) Ael'(¢)

in @ and C respectively.

5.4. Coefficients of L-functions. Observe that, for each A, A, € I'(c), one has

1 _ 1 if Ay = Ay,
—_— A Ay) =
50 %(D(C)w( D@ (Az) {o if A % Ao,
and thus by (5.2.2), one has
Sn.c(A) : Ap(f) Z o (fHe(A) . b @i(A)
n,c = < P ! ! = < pRe,n " P! .
P /3, ped(©) 9@ ot

Therefore, if we write 1 € ®(¢) for the trivial character, then (5.3.2) becomes

1 1
Y bospn Y A = byt

2
¢(C) pe®(c) Ael'(c)
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since, for every ¢, ¢» € ®(c), one has

1 if oy =@,

A)pr(A) =
1(A)p2(A) :0 i o1 £ 0o,

1
— 5.4.1
¢() Ael(0) ( )

In particular, we have the identity

1
Sn,c(A) =E[Sp,c(A)] = — Z bogen9(A), where ®(c)* = P(c) \ {1},

(©) ped(c)*
and (5.3.3) becomes
1 - _ 1
Varl Sy (A)] = 23 DD bpepinbpsesn $r(A)en(A) = YPE Y bpeeal’
A€el'(c) ¢1,02€P(0)* ped(c)*
by (5.4.1).
In summary, the function S, .(A) of the random variable A satisfies
1 1 s
ELSnc(A] = ——bpatn  VarlS, (M= ——= Y lbpop)l (5.42)
é(c) @ (c) e

p#1
In order to say anything meaningful about these numbers individually or as g grows, we need to impose
additional hypotheses on p, e.g., that the Euler factors of L(T, p) satisfy a suitable Riemann hypothesis.
Doing so will enable us to apply Deligne’s theorem and to rewrite the variance in terms of a matrix
integral.

6. Purity and weights

Let @ — Qg and ¢ : @ — C be field embeddings. Using these embeddings we can define what it means
for a representation such as p to be pointwise t-pure of some weight w € R. We do so by imposing a
Riemann hypothesis on the zeros of each of the Euler factors, i.e., that they embed in C via ¢ and lie on
a suitable circle centered at the origin. The property is local in that it places constraints on each of the
Euler factors, and it does not immediately say anything global. To show that the partial and complete
L-functions also satisfy a suitable Riemann hypothesis, one needs Deligne’s theorem.

6.1. Purity. We say a polynomial in Q[T is t-pure of g-weight w if and only if it is nonzero and each
of its zeros a € @g lies in @ and satisfies

(@) > = (1/q)".

We also say it is pure of q-weight w if and only if it is (-pure of g-weight w for every (. More generally, we
say it is mixed of q-weights < w if and only if it is a product of polynomials, each pure of g-weight < w.

Remark 6.1.1. Our terminology is unconventional in that we incorporate g; however, we need to make
q explicit since we have not said where the polynomial comes from.



42 Chris Hall, Jonathan P. Keating and Edva Roditty-Gershon
Remark 6.1.2. In many applications w is usually rational and often an integer.

6.2. Riemann hypothesis. We say the representation p ® ¢ is pointwise (t-)pure of weight w if and only
if the Euler factor L(T%, (p ® ¢)y) is (t-)pure of g-weight w for every v ¢ S.

Theorem 6.2.1. (Deligne) If p ® ¢ is pointwise (1-)pure of weight w, then the cohomological factors
P (T, p ® @) are (:-)mixed of q-weights < w + n and the factors P;(T, p ® ¢) both lie in Q[T] and are
(t-)pure of g-weight w + n.

Proof. See Theorems 1 and 2 of [Deligne 1980] for the respective assertions about P; ¢(T, p ® ¢) and
P (T, p ® ) in terms of the middle extension ME(p ® ¢). The theorems are stated in terms of ¢, but
one can easily deduce the statement for pointwise pure p ® ¢ by considering all ¢ simultaneously. [

The following lemma implies every twist p ® ¢ is pointwise pure if and only if p is.
Lemma 6.2.2. If p = p ® 1 is pointwise (-pure of weight w, then so is p Q ¢.

Proof. Observe that ¢ = ¢¢(Frob,) is a root of unity since I'(c) has finite order; hence ¢ € Q and
|t(§)|2 =1l.IfvgCandifa e Q is a zero of L(T, (p® ¢)y), then (4.2.1) implies that «/¢ is a zero of
L(T, p,). In particular, |«|> = |a/¢|> = (1/g%)"; hence L(T%, (p ® ¢),) is t-pure of g-weight w for
almost all v. U

6.3. Weight bound for missing Euler factors. Let F be a middle-extension sheaf on X (e.g., ME(p ® ¢)).
We say that F is pointwise (1-)pure of weight w if and only if for some dense Zariski open subset U C X
on which F is lisse, the corresponding representation of w1 (U) is pointwise (¢-)pure of weight w. In
general, even for U maximal among such U, the complement Z = X ~ U may be nonempty, and there
may be mild degeneration among the zeros of the corresponding Euler factors.

Lemma 6.3.1. Let j : U — X be the inclusion of a dense Zariski open subset and Z = X \ U. If F is
lisse on U and pointwise 1-pure of weight w, then

det(1 — TFrob, | H*(Z, j.F)) = [ | L(T*. F.)
z€Z

is t-mixed of q-weights < w.

Proof. See [Deligne 1980, 1.8.1]. Il

7. Polynomial L-functions

A priori, the partial and complete L-functions are different and rational, that is, a quotient of two
polynomials. We suppose that p is pointwise ¢-pure of known weight so that we can speak of the weights
of the zeros and poles of the L-functions. Under suitable additional conditions on ¢, the L-functions of
p ® @ coincide, are polynomials, and are (-pure of known g-weight. As we explain in the next section,
these properties will allow us to associate a conjugacy class of unitary matrices to p ® ¢.
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7.1. Semisimplicity. Consider an exact sequence of Gk s-modules
0—-Vi—=V->V,—0, (7.1.1)

and let p : Gx.s — GL(V) and p; : Ggx.s — GL(V;) for i = 1,2 be the corresponding structure
homomorphisms.

A priori, (7.1.1) does not split, but we say p is arithmetically semisimple if and only if the sequence
splits for every Gk s-invariant subspace V; € V. By Clifford’s theorem, the condition implies that p
is geometrically semisimple since (_;K,g is normal in Gk s (cf. [Curtis and Reiner 1962, 49.2]): every
G .s-invariant subspace of V has a Gk s-invariant complement. We also say that p is geometrically
simple if and only if p is irreducible and geometrically semisimple.

Lemma 7.1.2. If p is geometrically simple, then so is p ® .

Proof. If W, C V, is a G k,r-invariant subspace, then W = W, ® ¢ is a G k.Rr-Invariant subspace.
Moreover, if p is geometrically simple, then W equals O or V; hence W,, equals O or V. (]

7.2. Invariants and coinvariants. We say p has trivial geometric invariants if and only if the subspace
in V of Gg_s-invariants is zero, and it has trivial geometric coinvariants if and only if the quotient space
of G _s-coinvariants of V is zero. These properties are equivalent when p is geometrically semisimple.

Proposition 7.2.1. If p is pointwise (-pure, then it is geometrically semisimple, and in particular it has

trivial geometric invariants if and only if it has trivial geometric coinvariants.

Proof. One can rephrase semisimplicity for p in terms of semisimplicity for ME(p) (cf. [Beilinson et al.
1982, 5.1.7]). It follows that both are geometrically semisimple if p is t-pure (see [Beilinson et al. 1982,
5.3.8]), and then the spaces of invariants and coinvariants are isomorphic, so both vanish or neither does. [

Corollary 7.2.2. If p is pointwise (-pure and has trivial geometric invariants, then H' (X, ME(p)) and
Hci (U, ME(p)) vanish fori # 1, and there is an exact sequence

0 — H°(Z,ME(p)) - H!(U,ME(p)) — H'(X, ME(p)) — 0. (7.2.3)
Therefore L(T, p) = P1(T, p) and Lc(T, p) = P1c(T, p).

Proof. Suppose p is pointwise (-pure and has trivial geometric invariants so that Proposition 7.2.1 implies

p has trivial geometric coinvariants. We claim H'(X, ME(p)) vanishes for i # 1. The corollary then

follows by observing that (B.0.3) simplifies to (7.2.3) and that H 02((7 , ME(p)) vanishes by (B.0.4).
The claim is independent of U, so up to shrinking U, we suppose j*ME(p) is lisse. Then

H°(X,ME(p)) = H(U,ME(p)) and H*(X,ME(p)) = H (U, ME(p))

are the subspace of m1(U)-invariants and (a Tate twist of the) quotient space of 71(U)-coinvariants,
respectively, of V by (2.0.2). The claim is also independent of S, so up to replacing S by a finite superset
in P, we suppose p factors through a natural quotient Gg s —» 71 (U). Then the cohomology spaces
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in question are the Gg_s-invariants and G s-coinvariants of V, which are trivial by hypothesis, so
H (X, ME(p)) vanishes for i # 1 as claimed. O

7.3. Pure polynomial L-functions. In this section we present two theorems. They address the partial
and complete L-functions of p ® ¢ respectively. In both cases we focus on necessary and sufficient
conditions for the L-function in question to be a polynomial.

Let A/[1/c] € A/ be the open complement of the locus ¢ = 0. To say that a sheaf F on P} is supported
on U C P} means that the stalks of F vanish over the points of the complement Z = P} \ U.

Theorem 7.3.1. The following are equivalent:
(1) Mc(T, p) = 1; that is, ME(p) is supported on A,l[l/c].
(i1) L¢e(T, p) is a polynomial which is t-pure of q-weight w + 1.

Note, M¢(T, p) is the L-function of the restriction of ME(p) to Z, so the former is trivial if and only
if the latter is.

Proof. If (i) holds, then the subspace of I (oco)-invariants of V is trivial, so a fortiori, the subspace of
Gy s-invariants is trivial. Therefore Corollary 7.2.2 implies L¢ (T, p) equals L(T, p) = Py(T, p) and
hence Theorem 6.2.1 implies (ii) holds.

If (i) holds, then P> ¢ (T, p) divides Py ¢(T, p) by (3.4.2). Theorem 6.2.1 implies P> ¢(T, p) = P.(T, p)
is (-pure of g-weight w + 2, s0 it is coprime to P; ¢(T, p) and hence trivial. Therefore H>(X, ME(p))
vanishes, and hence H°(X, ME(p)) also vanishes since p is geometrically semisimple. That is, p has
trivial geometric invariants. Moreover, 1/M¢(T, p) is a polynomial which is (-mixed of g-weights < w
by Lemma 6.3.1, while L(T, p) is a polynomial which is ¢-pure of g-weight w, so Corollary 7.2.2 implies
(1) holds. O

Now we turn to the complete L-function.

Theorem 7.3.2. Suppose p @ ¢ is pointwise i-pure of weight w. Then the following assertions are

equivalent:
(1) The complete L-function L(T, p ® @) is in Q(T) but not Q[T].
(i1) The cohomological factors Py(T, p @ @) and P,(T, p ® ¢) are nontrivial polynomials in Q[T].
(ii1) The cohomological factor P(T, p ® @) is a nontrivial polynomial in @[T].
@iv) The twist p ® ¢ has nontrivial geometric coinvariants.
(v) The twist p @ ¢ has nontrivial geometric invariants and coinvariants.
If these assertions are not true, then:
(vi) Le(T, p® @) equals Py c(T, p ® ¢) and is .-mixed of g-weights < w + 1.
(vii) L(T, p ® @) is the largest i-pure factor of g-weight w + 1 of Le(T, p ® ¢).
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Proof. First we prove the assertions are equivalent. On one hand, Theorem 6.2.1 implies that the
cohomological factors P; (T, p) are relatively prime, so (i) and (ii) are equivalent. Moreover, (ii) and (v)
(resp. (iii) and (iv)) are equivalent by (2.0.2) and (3.4.1). On the other hand, Proposition 7.2.1 implies
that Po(T, p ® o) is trivial if and only if P»(T, p ® ¢) is trivial, so (ii) and (iii) are equivalent.

Now suppose the assertions are not true. On one hand, Corollary 7.2.2 implies

LT, p@¢)=P(T,p®¢), Lc(T,pR¢)=Pc(T,p® @),

so both are polynomials as claimed. On the other hand, Theorem 6.2.1 implies L(T, p ® ¢) is t-pure
of g-weight w41 and Lq(T, p ® @) is t-mixed of g-weights < w + 1 since p ® ¢ is pointwise (-pure
of weight w. Moreover, Lemma 6.3.1 implies that L¢(T, p ® @)/ L(T, p® ¢) = 1/Mc(T, p ® @) is a
polynomial which is (-mixed of g-weights < w, so L(T, p ® @) is the largest ¢-pure factor of Lo (T, p ® ¢)
of g-weight w + 1 as claimed. 0

Remark 7.3.3. Observe that Lo (T, p ® ¢) is “usually” a pure polynomial of degree rz(p) (compare
Remark 4.3.3).

8. Trichotomy of characters

Fix field embeddings @ — @, and ¢ : @ — C. We suppose throughout this section that p is pointwise
t-pure of weight w so that we can apply Deligne’s theorem and talk about the weights of the zeros and
poles of L¢o(T, p ® @) as ¢ varies. Having done so, we partition ®(c) into three classes of characters
based the possible size of the summands of

Varl$, o (4)] = dﬁ S Lo (8.0.1)

pe@ (O {1}

In our classification, each ¢ € ®(c) is either good or bad (for p), and each bad character is either mixed
or heavy. On one hand, one can show that most characters are good and that they’re the ones for which

we will regard
b* P t(b)O@W»n)
pRp,n " qn(1+w)/2
as the trace of a unitary matrix. This will allow us to approximate the sum in (8.0.1) using a matrix
integral. On the other hand, the heavy characters are those for which b7, , | is unbounded as ¢ — oo,
and their number is bounded as ¢ — oo.

8.1. Good versus bad. We say that a character ¢ € ®(c) is good for p if and only if it belongs to the
subset
P(c)pgood :={p € P(c): Le(T, p@ ) = L(T, pQ ¢) € Q[T}, (8.1.1)

and otherwise we say it is bad for p and define
<I)(C),o bad := P(c) CI)(C)p good -

As we will see, this coincides with Katz’s classification of characters in [Katz 2012] (cf. Lemma 10.3.1).
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By Theorem 7.3.2, the good characters are precisely those for which the partial L-function Lo (T, p ® ¢)
has three properties: it is identical to the polynomial

Py.c(T, p) = det(1 — T Frob, | H' (A{[1/c], ME(p ® ¢))),

it has degree R = r¢(p), and it is (-pure of g-weight w + 1. Equivalently, they are the characters for
which the normalized L-function

LET, p®¢) = Le(T/ (V'™ p® ¢) (8.12)

is a polynomial and ¢-pure of g-weight zero.
In particular, if std : Ugr (C) — GLg(C) is the inclusion Ug(C) € GLg(C), then for each good ¢, there
is a unique conjugacy class
05,0 CUR(C) € GLR(C)

such that «(L3:(T, p ® ¢)) equals the characteristic polynomial of std(6, ). Therefore, from the identity

L(LC(T PR ) _prwn (8.1.3)
n=1
one deduces that
bropn=—Tr(std(®) ) for e d(c)good (8.1.4)

andn > 1.

8.2. Equidistributed matrices. If we combine (8.0.1) with (8.1.4), then

qf(l(i)w)Var[Sn (A)]=— ¢( ) Z | Tr(std (6 ))| +¢(—) Z (b, DI (8.2.1)

ed>(c)pg00d <ped>(c)zbad

Definition 8.2.2. Let K C Ug(C) be a compact reductive subgroup, say a maximal compact subgroup of
a reductive subgroup G(C) € GLg(C). The multiset

Op.qg =1{0p.p: 9 € DP(c)pgood} Ur(©)
becomes equidistributed in K as ¢ — oo if and only if it satisfies:

(i) KN @ is nonempty, for any 6 € ®, , and any q.
(ii) For any continuous central function f : K — C, one has

ql.%oo | () Z f(Op,0) —/ f(©)do, (8.2.3)

p good ped (C)p good

where d6 is probability Haar measure on K.

The general theory of Katz tells us that, in favorable situations, some such K exists and is unique up to
conjugation.
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Remark 8.2.4. The Peter—Weyl theorem implies that proving 8.2.2(ii) holds is equivalent to proving that
(8.2.3) holds for every f of the form f =Tro A, where

A K— GLdim(A)(C)
is a finite-dimensional representation. One may even restrict to irreducible representations.

8.3. Refining bad: mixed versus heavy. There are two ways a character can be bad:
(i) either L(T, p ® ¢) is not a polynomial in Q(T');
(i) or L(T, p® ¢) and Lo(T, p ® ¢) are polynomials but not equal to each other in Q[T].

What distinguishes the first case from the second is that ((L(T, p ® ¢)) has poles some of which have
excessive weight. More precisely, if the factor P>(T, p ® ¢) of the denominator of L(T, p ® ¢) is
nontrivial, then it :-mixed of g-weights < w + 1 but not (-mixed of g-weights < w (cf. Theorem 7.3.2).

Definition 8.3.1. We say that ¢ is heavy for p (or p-heavy) if and only if it lies in the subset

D (C) pheavy 1= 19 € P(C)prad : L(T, p® 9) € Q[T]}.

Otherwise, we say that ¢ is mixed for p (or p-mixed) to mean it lies in the subset

CD(C)p mixed -= cID(C)pbad N (D(c)p heavy -
Equivalently, ¢ is mixed for p if and only if L (T, p ® ¢) is a polynomial which is (-mixed of g-weights
< w + 1 but not t-pure of g-weight w + 1.

Lemma 8.3.2. Suppose p is geometrically simple and pointwise -pure and ¢ € ®(c). Then ¢ is heavy

for p if and only if p ® @ is geometrically isomorphic to the trivial representation.

Proof. The essential point is that since p ® ¢ is geometrically simple, the quotient space of geometric
coinvariants (Vy,)g, . either vanishes or equals V,,. The former occurs if and only if p ® ¢ is geometrically
isomorphic to the trivial representation, so the lemma follows from Theorem 7.3.2. O

Corollary 8.3.3. Suppose p is geometrically simple and pointwise 1-pure, and let r = dim(V'). Then
D () pheavy € {1} if and only if one of the following hold.
1) r>1.
(i1) r = 1 and p is geometrically isomorphic to the trivial representation.
(iii) r = 1 and p is not geometrically isomorphic to a Dirichlet character in ©(c).
Moreover, ®(c) pheavy = {1} if and only if (ii) holds.

Proof. Let ¢ € ®(c). Lemma 8.3.2 implies that ¢ is heavy for p if and only if p ® ¢ is geometrically
isomorphic to the trivial representation (and hence r = 1). By the contrapositive, ¢ is not heavy for p if
and only if » > 1 or p is not geometrically isomorphic to 1/¢. Therefore (i) or (iii) holds if and only if
®(c)pheavy 18 empty, and (ii) holds if and only if ®(c),neavy = {1}. Il
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9. Variance revisited

We have yet to make precise what we mean when we say that most characters are good or that most bad
characters are mixed. Nonetheless, the following theorem shows how we can express the Var[S, .(A)]
using our trichotomy of characters.

Theorem 9.0.1. Let K C Ug(C) be a compact reductive subgroup and d6 be its Haar measure. Sup-
pose that p is pointwise -pure of weight w, that ®, , is equidistributed in K as g — 00, and that
cID(C)pheavy C {1}. Then

¢ (c) ] N |q>(6)pgood| / N (|<D(C)pmixed N {1}|>
—qn(l+w) Var[ S, (A)] = —|CI>(C)| § |Tr(60")|"d0 + O D)

as q — oQ.
The proof is in Section 9.2.

Remark 9.0.2. Later we will prove

|<D(C)pg00d| ~ |®(c)l, |(D(C)pmixed S =0(P)l/g).
See Corollaries 10.3.2 and 10.3.3.

Remark 9.0.3. One can also show that

/ |Tr S'[d((9”)|2 df = min{n, R}. 9.04)
Ur(©)

See! [Diaconis and Evans 2001, Theorem 1].

9.1. Archimedean bounds.

Lemma 9.1.1. If M is an invertible d x d matrix with coefficients in Qg and if det(1 — M T) is mixed of
g-weights < w, then Tr(M) € Q and |(Tr(M))|? < dq"™ for every field embedding 1 : Q@ — C.

Proof. If M is invertible and ¢ (T') = det(1 — M T) is mixed, there exist 81, ..., B4 € @ such that
d
v(T) = 1_[(1 -BT)=1—-Te(M)-T+---+ (=14 - det(M) - T
i=1
and such that Tr(M) = By + - - - + B, also lies in Q. Therefore, if ¢ : @ — C is a field embedding, then
d

> uB)

i=1

2 d

ITe(M)|? = <) B)IF=dg"
i=1

as claimed. O

I'The reference [Diaconis and Shahshahani 1994, Theorem 2] is sometimes used, but as explained in [Diaconis and Evans
2001], the theorem is incorrectly stated.
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Lemma 9.1.2. Suppose p is pointwise i-pure of weight w and ¢ € ®(c). If ¢ is heavy for p, then
b5 gpnl> = O(q"), and otherwise |bg, ,|?
and the implied constants depend only on p.

= O(1). Moreover, the bounds assume n tends to infinity

Proof. Consider the Tate twist
F:=ME(p® ¢) ® Qe ((1 +w)/2).

It is pointwise t-pure of weight —1 since F is pointwise (-pure of weight w, and its partial L-function is
Li(T, p ® ¢). Therefore

b*

*opn = —Tr(Frob? | HI(A/[1/c], F)) + Tr(Frob) | HX(A}[1/c], F))

by (8.1.3). Moreover, the second term on the right vanishes unless ¢ is heavy, and
|(Te(Frob? | HA![1/c], F))|* = 0(g" D)
by Theorem 6.2.1 and Lemma 9.1.1. U

9.2. Proof of Theorem 9.0.1. By (8.2.1) we have

¢(c) 1 1 x 2
ity VarlSee (Ml = > ITr(std(®) )1+ o) Y g,
(pe(b((’)pgood (pe(b(c);bz\d
for any S C ®(c).
On one hand, by (8.2.3) we have
. 1 |q)(c)pg00d| 2
lim — I Tr(std(0” ,))|? = ——2E2° |Tr(0")|” d6.
9= ¢(c) Z P [P Juge
wecb(c)pgood

p#1

On the other hand, by Lemma 9.1.2 we have

1 1 1
- b o o 0"
5@ 2 el =g 2 0t D 06

(Pe(b(c)pbad @ecb(c)pmlxcd (pe(b(c)phcavy
p#1 p#1 p#1
D i 1 D(C) pheavy ™ {1
_ | (C)pmlxed\{ 1 o) + | ( )pheavy {1} 0@,
[P (0)] [P (o)l

where the implied constants are independent of ¢, and the last term vanishes if ® (), heavy € {1}.

Remark 9.2.1. While we do not need the result, we point out that (5.4.2) and Lemma 9.1.2 imply
¢(c)

prIEET) JU(ELSnc(ADI)? = |b% [P =0(1)  for g — oo,

when p is pointwise ¢-pure of weight w and ¢ is not heavy for p.
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10. Big monodromy implies equidistribution

In principle, one could try to exhibit equidistribution for all of ®, , at once. Instead we follow Katz and
(try to) prove simultaneous and uniform equidistribution for certain one-parameter families of characters.
More precisely, we partition ®(c) into cosets ¢ ® (u)" of a subgroup ®(u)" (defined in Section 10.2) and

(try to) prove equidistribution for characters in
PP ()} g00d = PP )" N P(C) p good- (10.0.1)

Doing so for a single coset is equivalent to showing that an associated monodromy group we denote by
Gocom(p, 9@ (u)") equals GLR,@[ See Sections 10.2, 10.3, and 10.4.

The monodromy group is an algebraic subgroup of GLj, g,. We say the former is big if and only if it
equals the latter, and we write

() pvig = {¢ € P(¢) : Ggeom(p, P (u)") is big} (10.0.2)

for the subset of big characters. We say that the Mellin transform of p has big monodromy in GL g if
and only if

|®()pbigl ~ [P(c)| asn— oo, (10.0.3)

where g = ¢; for prime power go. We show that it implies ®, , becomes equidistributed in Ug(C). By
Remark 8.2.4, it suffices to prove the following theorem.

Theorem 10.0.4. Suppose p is pointwise t-pure and ¢ is in ®(c)ppig. Let A : UR(C) — GLgimn)(C) be
a finite-dimensional representation. If q = qy; is sufficiently large, then

: > TrA(G,W/)zf Tr A(6)d6 +o(1) asn — oo, (10.0.5)

v
|(pq)(u)p g00d| (p/e(pq)(u);good UR(C)

and the implicit constant depends only on r = dim(V') and dim(A). In particular, if the Mellin transform

of p has big monodromy, then ® , , becomes equidistributed in Ug(C) as n — oo.
The proof is in Section 10.5.

Remark 10.0.6. Observe that the g-weight w of p plays no role in the statement of the theorem. This
is because we factored out the weight in the normalization (8.1.2). Another way to achieve the same
renormalization is to replace p by an appropriate Tate twist so that w = —1 and L3(T, p® ¢) =

Le(T, p® ).

10.1. Reduction to G,,. Recall X = [IJ’Il and ¢ € [F,[t] C K is monic and square-free. Let IP’; denote the
projective u-line and U, = X \. C. Moreover, let L equal F,(u) — K, the F,-linear field embedding
generated by u — ¢ and corresponding to the finite cover ¢ : X — PL. The morphism has generic degree
n = deg(c) and is generically étale since it has n distinct points over u = 0. It also fits in a commutative
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diagram
U, X C

G — Pl +— C'={0, 00}

where the outer vertical maps are finite morphisms.

Let R be a finite set of places in L including those lying under C U S and those which ramify in K /L,
and let U’ C P! be the corresponding open complement. Then for each ¢ € ®(c), we have an induced
representation

Ind(p ® ¢) : G.g — GL(Ind(V,)),

where Ind(V,,) is a vector space of dimension n-dim(V,,). The representation is the geometric generic fiber
of F = Q.ME(p ® ¢), and the hypotheses on R imply F is lisse on U’ C [P’;. (In fact, Proposition A.0.4
implies 7 and ME(Ind(p ® ¢)) are isomorphic on U".). In particular, if i is a geometric closed point of
I]J’th, that is, the image of a closed point of X, and if

cTH@ =1, i} C X,
then the various geometric stalks satisfy
m m
(@.F)i=H'@, Q.F) =P H G, FH =P F (10.1.1)
i=1 i=1
as Qg-vector spaces (cf. [Milne 1980, I1.3.1(e) and 11.3.5(c)]). Thus if F is supported on U,, then Q,F is
supported on Gy,.
Lemma 10.1.2. If p is pointwise t-pure of weight w, then so is Ind(p ® ¢).
Proof. Let v be a place in L not lying in R, and let v | v denote any place in K lying over v. Then

LT, Ind(p ® 9)5) = [ [ LT, (p ® 9))

v|v
by (10.1.1). In particular, Lemma 6.2.2 implies the factors on the right are (-pure of g-weight w, so the
left side is also ¢-pure of g-weight w. U

The functorial properties of QQ, yield canonical isomorphisms
H' (X, F)=H(X,Q,F) and H (U., F)=H (G, Q.F) (10.1.3)

for each i. For example, Q, is exact since c is a finite map, so the first identity in (10.1.3) is a consequence
of the (trivial) Leray spectral sequence (cf. [Milne 1980, I1.3.6 and III.1.18]). In particular, the identities
(3.4.2), (3.4.4), and (10.1.3) jointly imply that

L(T,ME(p®¢)) =L(T, Q:ME(p®¢)) and Lc(T,ME(p®¢))=Lc(T, Q:-ME(p®¢)) (10.1.4)

for ¢ € ®(c).
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10.2. One-parameter families. Recall ¢ € F,[t] C K is monic and square-free and F,(#) — K is the
function-field embedding which sends u to ¢. The norm map K — [F,(u) is multiplicative and sends
t —ato (—1)"u for n = deg(c) and a € [, a zero of c. It also induces homomorphisms

v:T'(c) > Tw) and v*:®@w)— P(c),
where

T(u) := (Fylul/uF [u])* and @ (u) := Hom(T'(u), Q))

(see [Katz 2013, §2]). In particular, v is surjective, so its dual v* is injective, and we can identity ® (u)
with its image ® («)". Moreover, as the following lemma shows, twisting by elements of the coset ¢ ® (u)"
is the “same” as twisting by elements of @ (u).

Lemma 10.2.1. Let ¢ € ®(c) and a € D (u):
(1) Q.ME(p ® @) is isomorphic to ME(Ind(p ® ¢)).
(1) Q.ME(p ® paV) is isomorphic to ME(Ind(p ® ¢) ® o).

Proof. By [Katz 2002, 3.3.1], @Q.ME(p ® ¢) is a middle extension, and since it is generically equal to
the middle-extension sheaf ME(Ind(p ® ¢)), Proposition 3.3.3 implies part (i) holds.

Up to replacing p by p ® ¢, we suppose without loss of generality that ¢ = 1. Let T C IP’,l be a
dense Zariski open subset and U = ¢(T'). Suppose that U C G, so that c*ME(«) is lisse on 7, that the
restriction ¢ : T — U is étale, and that ME(p) is lisse on 7. Leti : T — P! and j : U — P! be the
inclusions. We have

ME(p @ @) ~ i, i*(ME(p @ @")) >~ i,.i*(ME(p) @ ME(a")) =~ i,i*(ME(p) ® c*ME(a))
since each of the sheaves is a middle extension and lisse on 7. Therefore the projection formula implies
Q.ME(p ® a”) = Q,(i,i"(ME(p) ® c"ME(@))) =~ j. j*(Q.ME(p) ® ME(a))

since each of the sheaves is lisse on U and a middle extension on IPLII (by part (1)) and since ¢ : T — U is
étale. Finally,

JxJ " (Q«ME(p) ® ME(a)) = i j*(ME(Ind(p)) ® ME(«)) =~ ME(Ind(p) ® )
and thus part (ii) holds. O
10.3. Counting good characters. We say a character ¢ € ®(c) is good for p or simply good if and only
if it lies in the subset ®(c), gooa defined in (8.1.1). When ¢ = ¢ and thus A}[l/c] = (G,,, our notion of

good coincides with that of [Katz 2012, Chapter 3]. For general c, the following lemma shows how our
notion relates to his via Q,:

Lemma 10.3.1. If ¢ € ®(c) and a € ®(u), then the following are equivalent:
(1) eaV is good for p.
(i) ME(p ® ¢a") is supported on A} [1/c].
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(iii) ME(Ind(p ® ¢) ® «) is supported on G,,.
(iv) o € ®(u) is good for Q.ME(p ® ¢).

Proof. Theorem 7.3.1 implies the first conditions (i) and (ii) are equivalent. Conditions (ii) and (iii) are
equivalent by the identity in (10.1.1) for u € C’. Finally, taking ¢ = ¢ and applying the equivalence of (i)
and (ii) yields the equivalence of (iii) and (iv). O

Let ®(c),baa be the complement ®(c) \ P (c) ) good and gofb(u);bad = P(C)ppad NP (u)".

Corollary 10.3.2. lo® (u) paal < (14 deg(c)) - rank(p).

Proof. If ¢ € ®(c),vad, then ¢ it coincides with some tame character of p at some v € C, and there are at
most (1 +deg(c)) - rank(p) such characters. Compare [Katz 2012, pp. 12—13]. O
Corollary 10.3.3. [P (¢)pgood| ~ [P(c)] as g — oo.

Proof. Observe that Corollary 10.3.2 implies

[P ()] — [P () good| = [P () pbad| = Z [P () ) haal < ORI/ W)"]) = 0(|P(c)])
P )"
as g — o0. U

One can also show that
[P (co)pgood| ~ [P (co)| as g —> o0 (10.3.4)

for any monic divisor ¢y | c.

10.4. Tannakian monodromy groups. Suppose ¢ = t and thus C' = C = {0, oo} and ®(u) = d(c).
Suppose moreover that p is geometrically simple and dim(V) > 1 so that no geometric subquotient of
ME(p) is a Kummer sheaf.

Let j: G, — [P’,ll be the inclusion, let jy : G,,, — A; be the inclusion map, and for each o € ®(u), let

we (ME(p)) = H (AL, jox j*ME(p ® @)).

It is a G,-module; that is, Frob, acts functorially, and it corresponds to a well-defined conjugacy class
of elements Frobr, o C GL(w(ME(p))), where o (ME(p)) = w1(ME(p)) and 1 € ®(u) is the trivial
character. Moreover, if « is good, then

0o (ME(p)) = H (G, ME(p ® @),
and in particular
Le(T, p ® o) =det(1 — Frob, T | o(ME(p))).

In a way we will not make precise here, the Frob, “generate” ¢-adic reductive subgroups

ggeom(pv CI)([,{)V) - garith(p7 (D(u)v) - GLR’@(
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which are well-defined up to conjugacy. They are fundamental groups of certain Tannakian categories,
and we call them the Tannakian monodromy groups of p. See Appendix D for details. We say the Mellin
transform of p has big Tannakian monodromy if and only if Geeom (0, ®(u)") = GL RO,

For general ¢ and ¢ € ®(c), we write

ggeom(/oa 90@(”)”) C Guiith (0, ‘PCD(M)V) - GLR,@g

for the Tannakian monodromy groups of Ind(p ® ¢), and we say that the Mellin transform of p ® ¢
has big Tannakian monodromy if and only if Geeom (0, @@ (1)") = GL r.@,- Now the action of Frob, on
wy (ME(p ® ¢)) corresponds to a well-defined conjugacy class Frobg g C Garith (0, @@ (1)").

10.5. Proof of Theorem 10.0.4. We may suppose without loss of generality that A is irreducible since it
is semisimple and Tr(A| @ Ay) = Tr(A1) + Tr(A;) for any representations A1, Ap. Moreover, we have
the Schur orthogonality relations

/ Tr A(6) d6 = {1 if A is .the trivial representation,
Ur(©) 0 otherwise,

so to prove (10.0.5) we must show that

1 Z TrA(G.,) = { 1 if A is the trivial representation, (10.5.1)

|¢q>(”),v)good| o(1) otherwise,

P'€Q® ()} yo0d

when ¢ is large.
If g is sufficiently large, then Corollary 10.3.2 implies

@ ()}, pagl = (1+deg(c)) - rank(p) < lpP(u)”

and thus godD(u)pgoo
identically 1 when A is the trivial representation. On the other hand, if A is nontrivial and if ¢ is bigger
than (|g0<I>(u) badl T 1)2, then [Katz 2012, 7.5] implies

4 1s nonempty. In particular, the left side of (10.5.1) is defined for large ¢, and it is

1
|§0q>(u);)g()od|

1
< (dim(V) + dim(A)) (— + —) (10.5.2)
NN

Thus (10.5.1) holds, as claimed, and the implicit constant depends only on r and dim(A).

> TrA®,)

P'€Q® (1)} yo0d

To complete the proof of the theorem we must show that ®, , becomes equidistributed in Ug(C). We
observe that

ITr A(0p,¢)| <dim(A) for ¢ €pdu)’

" sood- (10.5.3)

Therefore

Yo TrAG) = Y. TrA@Bpe)+0(1)[P(0)p g~ P(O)pgoodn pbigls

¢€q>(c),ogood ‘peq)(c)pgoodﬂpbig
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where
CD(C)p good N p big = P (C),o good N P (C),o big-
In particular, if the Mellin transform of p has big monodromy, that is, if (10.0.3) holds, then

|(D(C)p good ™ (D(C),o goodﬁpbigl
|q)(c),o g00d|

=o0(l) forg— o0

and thus
1

(10.5.3) 1 . '
|P(©)pgooal D TAG) = g ) TrAGe)+o(1)- 0dim(A)

D (c
Eq)(C)pgood | ( )ngOdl (Peq)(c)pgoodﬂpbig

“0-:0-5)/ Tr A(0) d6 + o(1)
Ur(©)
as g — oo. Therefore ®, , becomes equidistributed in Uz (C) as claimed.

11. Exhibiting big monodromy

In this section we present sufficient criteria for the Mellin transform of p to have big monodromy and
refer the interested reader to Section 12 for explicit examples of representations meeting these criteria.
Before stating the main theorem, we make some hypotheses and introduce pertinent terminology.

Throughout this section, we suppose that ged(s, ¢) =t —a for some a € [,. One could easily argue
that this is less general than supposing that s, ¢ are relatively prime; however, we do not presently have a
way to avoid our hypothesis. For ease of exposition, we also suppose that a = 0 and observe that, up to
performing an additive translation ¢ — ¢ + a, this represents no additional loss of generality.

For t =0, oo, we regard V,, as an I (t)-module and then denote it by V,(r). We write V, (¢)"MiP for
the maximal subspace of V,,(#) on which I(¢) acts unipotently. It is a direct summand of V,, (), and
each simple e-dimensional submodule of it is isomorphic to a common module Unip(e). We say V(1)
has a unique unipotent block of exact multiplicity 1 if and only if, for a unique integer e > 1, some
I (¢)-submodule is isomorphic Unip(e) but no submodule is isomorphic to Unip(e) & Unip(e).

Theorem 11.0.1. Suppose that ged(s, ¢) = t and that deg(c) > 3. Suppose moreover that V (0) has a
unique unipotent block of exact multiplicity 1 and that p is geometrically simple and pointwise pure. If
r :=dim(V') and deg(c) satisfy
deg(c) > + (7262 + 17 = r — deg(L(T, p)) +dropc (),
then the Mellin transform of p has big monodromy.
We prove the theorem in Section 11.11.

Remark 11.0.2. As the reader will notice, the proof of our theorem has a lot in common with the proof
of [Katz 2012, Theorem 17.1]. We need both the hypothesis on gcd(c, s) and the structure of V (0)unip
in order to exhibit special elements of the relevant arithmetic monodromy groups. More precisely, the
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hypothesis that gcd(c, s) = ¢ helps ensure that, for sufficiently many ¢, some induced representation
Ind(V,,) has the property that Ind(V(p)(O)urlip = V(0)"™P (cf. Lemma 11.10.1). The hypothesis on the
structure of these coincident modules then leads to the desired element (cf. Lemma 11.7.4). We expect
one can remove this hypothesis but do not know how to do so.

Remark 11.0.3. The hypothesis gcd(c, s) = ¢ also plays a minor role in Proposition 11.9.1. However,
one could easily make other hypotheses (e.g., gcd(c, s) = 1) and still be able to proceed (cf. [Katz 2013,
Theorem 5.1]).

11.1. Two norm maps. This subsection recalls material from [Katz 2012, §2] and borrows heavily from
that paper.

Let B be the finite [ -algebra [, [7]/c F,[¢]. It is a direct product of finite extensions of [, and hence
€tale since c is square-free. More generally, for each finite extension E /[, the [,-algebra

B =B Qf, E

is étale and has the structure of a free B-module of rank d = [E : [,].
Let B be the functor from the category of [,-algebras to itself defined for an [F,-algebra R by

B(R) = R[t]/cRIt].

It is the functor R—~ Br =B ®r, R. In fact, B(R) even has the structure of an étale R-algebra which is
free of rank deg(c). In particular, for each [F,-algebra R, there is a norm map B(R) — R which is part of
a transformation

NormB/[Fq :B— id[Fq—algebraS

between B and the identity functor on the category of [, -algebras.
Let B> be the functor from the category of [,-algebras to the category of groups defined by

B*(R) = (R[t]/cR[t]) ™.

It is the composition of B with the functor A — A of [,-algebras. Moreover, the restriction of the norm
map B(R) — R to the group of units yields a homomorphism

v : B*(R) — R*,

and in particular, vg, is the map v of Section 10.2.
For each finite extension E/F,, let B, By be the functors on variable F,-algebras R defined by

Br(R) = B ®, R, BY(R) = (Bp ®, R)*
respectively.
On one hand, B takes values in the category of [,-algebras. However, B (R) also has the structure
of an étale Br-algebra which is free of rank d as a Bg-module since

Br ®r, R=B®r, EQr, R=Br®r, E
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and since Bp is an étale B-algebra which is free of rank d as a B-module. In particular, there is a
transformation

NormE/[Fq B —> B

between the functors Bg and B.

On the other hand, B takes values in the category of groups and is even a smooth commutative group
scheme. More precisely, B* is a group scheme over [, of multiplicative type (i.e., a torus), and B is the
torus Resg/, (B*) over [, given by extending scalars to E and then taking the Weil restriction of scalars
of B* back down to [, (cf. [Bosch et al. 1990, §7.6]). Moreover, the transformation Normg /F, induces a
transformation

Normg g, : By — B*
which is even an étale surjective homomorphism of tori. In particular, since
B} (Fy) = BX(E) = (E[1]/cE[])*,
one obtains a second norm map
vi o (E[t]/cE[t])™ — (Fylt]/cFyltD™

which is a surjective homomorphism by Lang’s theorem.

11.2. Characters of a twisted torus. Let E/F, be a finite extension and ®g(c) be the dual group
Hom(B* (E), @Z) so that @, (c) = ®(c). Suppose that c splits completely over E, and letay, ..., a, € E
be the zeros of ¢ so that ¢ = [[/_,(t — a;) in E[z].

For each E-algebra R, the Chinese remainder theorem implies that there is a unique algebra isomorphism

n
R[t)/cR[t] — [ | RI1)/(t — ai) RIt] (11.2.1)
i=1
which sends the residue class of ¢ to the tuple (ay, ..., a,) of residue class representatives. Writing it as
an isomorphism B(R) — R" and restricting to units yields a group isomorphism B*(R) — (R*)". As
R varies over E-algebras, the latter isomorphisms in turn yield an isomorphism of tori o : B* — G,
over E. In particular, applying Weil restriction of scalars from E to [, yields an isomorphism

Resg/r, (0) : By — G, £

of tori over F,, where G, g = Resg/r, (G).

There is a unique permutation ¢ € Sym([n]), where [n] = {1, 2, ..., n}, satisfying ay-13) = af since ¢
is square-free and has coefficients in [,. While o does not descend to a morphism B* — G, in general,
we can use ¢ to construct a twisted form T of G, over [, such that o is the pullback of a morphism
B* — T over [F,. More precisely, we define the twisted Frobenius 7 on T = GJ;, as the composition

b1y oo bp) > (B, B > (B -5 b )
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of the usual Frobenius automorphism and a permutation of the coordinates of GJ,,. One can easily verify
that 7¢ is the d-th power of the usual Frobenius and thus T is indeed a twist of G, (cf. [Carter 1985,
Section 1.17 and Chapter 3] or [Platonov and Rapinchuk 1994, §2.1.7]). Moreover, one can also show
that (ay, ..., ay) is fixed by T and even that

T(F) =T =B*(F,).
In particular, by precomposing with T we obtain the automorphism ¢,/ on
Hom(T(E), @)) = Hom(G", (E), @)) = Hom(E*, Q)"
given by
T8 (P1, e ) > ((pg,l(l), e (pg,l(n)). (11.2.2)

Composition of Resg ¢, (o) with the projection G}, . — Gy, g onto the i-th factor yields a surjective
homomorphism

7 By — GuE

of tori over F,. In particular, taking duals of the respective groups of E-rational points and using the
bijections Gy, £ (F,;) = G,,(E) = E* yields an isomorphism

n n
oy : [ [Hom(E*, @) 3 (¢1. ... 00) > [ [0imi € ®r(o).
i=1 i=1
We observe that since v/, is surjective its dual v;” is a monomorphism ®(c) — ®g(c) and thus we can

identify ®(c¢) with a subset of Hom(E >, @EX)”. More precisely, it is the subgroup of characters fixed by
) and thus

(@) T (@) = (@1, - - ., pu) € Hom(E™, Q)" : @py = ¢f for i € [n]}. (11.2.3)

11.3. Characters with distinct components. We say that a character ¢ € ®(c) has distinct components
if and only if it lies in the subset

£ () distinet = {OF (@1, ..., ¢n) € Pp(c) ¢ #¢j for 1 <i < j <n},

and we define the corresponding subset of ®(c) as the intersection

D (¢)distinet = PE(C)distinet N V];‘v (®(c)),
where v;" : ®(c) - Pg(c) is the dual of v.
Lemma 11.3.1. ®(¢)gistinct is well-defined; that is, it does not depend upon our choice of E.

Proof. Let E'/ E be a finite extension and observe that the norm map E’* — E* is surjective so it induces
a monomorphism
Hom(E™, @Z) — Hom(E'™, @Z),
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and thus
D £ () distinet = P (€)distinet N PE(C).

In particular, if E”/F, is a second finite extension over which c splits completely and if E’ contains the

compositum E E”, then
D £ (C)distinet N Vg (P(€)) = P pr(Cdistinet NV (P(€)) = Ppr(C)distinet N Vgr (P(€))
and D (¢)gistinet 18 Indeed well-defined. ]
Letc = ]_[;-:1 m; € [F,[t] be a factorization into monic irreducibles. The quotient E; = [F,[¢]/m;F,[t]

is a finite extension of [, of degree n; = deg(sr;). It is also the splitting field of 7; and thus may be
embedded in E. Moreover, there are bijections

r r r r
®(c) =[] o) =[[Hom(E}, @)), @p(c)=]]®em)=]]Hom(E*, @) (113.2)
j=1 j=1 j=1 j=1
given by applying the Chinese remainder theorem.
For each monic factor co of ¢ in [, [7], let ®(co)distinct be the subset of ®(cp) defined much as above
but with ¢y in lieu of ¢. One can easily verify that it does not depend upon the polynomial ¢ of which ¢y

is a factor.
Lemma 11.3.3. | P (7)) distinet| ~ [P ()|  foreach j € [r], as g — oo.
Proof. Let j € [r], and suppose without loss of generality that ay, ..., a,; are the zeros of 7; and

¢(i)=i+1 modn; fori € [n;]. Then by (11.2.3) and (11.3.2) there is an identification
O(1) = {(@1. ... ¢on)) € Hom(ES Q)" : g1 = ¢ for i € [n; — 1]},

since any ¢ € Hom(E ™, (IZDZ) factors through an inclusion E ].X — EXif (pq"j =g.
The groups E;* and Hom(E ", Q;) are cyclic and noncanonically isomorphic, so let g and x be
respective generators. Then we have a further identifications

D) ={(x", ..., x™) € Hom(E.X, @;)”f teir1 =qe; mod g™ —1fori € [n;—1]}
={(g%,...,8") e (EJ.X)”J' teir1 =qe; mod g™ — 1 fori € [n; —1]}.
From this last identification one easily deduces an identification between ® (77} ) gistince and the set
{(g%,...,8") e (Ej)" :eit1=qe; mod g — 1 fori €[n; —1]and Fy(g*) = Ej},
and thus

|q)(77j)distinct| = |{ge € ij ‘e€ [qnj — 1] and Ej = ”:q(ge)H-

Finally, it is well known that the cardinality of the right-hand set is asymptotic to g — 1 as ¢ — oo (cf.
[Rosen 2002, 2.2]), and thus

|® ()| = [Hom(E[, @) = |E}'| = ¢" — 1 ~ |®(x)gistines|  fOr g — 00

as claimed. O
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Corollary 11.3.4. If co is a monic factor of c in F4[t], then |® (co)distinct| ~ [P (co)| as g — oo.

Proof. Suppose without loss of generality that c = 7y - - - m; with s € [r] so that there is a bijection

®(co) = [ [ @ ).

j=1

This bijection in turn induces an inclusion

s
@ (co)distinct — l_[ @ (7)) distinct
j=1

whose coimage is bounded above by ]_[‘;-:1 (deg(co) — n;) since an element of the codomain lies in the
image if (and only if) the components are pairwise distinct. In particular,

S N
Lem.11.3.3
@ (codaistinet] ~ [ [ 19T aistinetl — ~ " [ [ 1@ (x| for g — o0
Jj=1 j=1

as claimed. O

11.4. Properties of H cz Let X be a smooth geometrically connected curve over [, let 7 C X be a dense
Zariski open subset, and let F be a sheaf on X.

Lemma 11.4.1. There is an isomorphism HCZ(T, F)— HCZ()?, F).
Proof. See [SGA 41» 1977, Sommes trig., Remarques 1.18(d)] and also [Deligne 1980, §1.4, (1.4.1b)]. [J
Let G be a sheaf on X and GV be its dual. Suppose F and G are lisse on 7, and thus so is G". Let

p:1m(T) — GL(V), w:m(T) — GL(W), and 0" : 1 (T) — GL(W") be the respective corresponding
representations.

Lemma 11.4.2. Suppose F and G are lisse and geometrically simple on T':
(i) dim(HX(T, F ®G")) = dim(Hom_, 7, (W, V)) < 1.
(ii) dim(ch(T, FQ®GY)) = 1ifand only if F and G are geometrically isomorphic on T.

Proof. Use [SGA 4}, 1977, Sommes trig., Remarques 1.18(d)] and Schur’s lemma [Curtis and Reiner
1962, 27.3]. Compare [Katz 1996, §7.0]. O

11.5. Invariant scalars. Let )\ € F;. If we identify G,, with P! \ {0, oo} and regard X as an element of
(E (E), then multiplication by it (i.e., translation) induces an automorphism of [P’; over E, which we
also denote by A : P — P! We say A is an invariant scalar of G if and only if the direct image 1.G
is geometrically isomorphic to G. For example, 1 is an invariant scalar for every G, and every A is an
invariant scalar of the constant sheaf @g.

Let @ : 7 (G,,) — @KX be a tame character. The corresponding sheaf £, = ME(«) is a so-called
Kummer sheaf.

Lemma 11.5.1. Every A € I]_:;< is an invariant scalar of L.
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Proof. The tame fundamental group of G,, is a quotient and completely generated by the images of the
inertia groups I (0) and I (c0). The character « is completely determined by these images, and translation
by A does not change how /(0) and I (c0) act since it fixes both 0 and co. Therefore A, L, and £, are
lisse and geometrically isomorphic on G,,, and A is an invariant scalar of L. UJ

Corollary 11.5.2. A is an invariant scalar of G if and only if it is an invariant scalar of G ® L.

In particular, the answer to the question of whether or not A is an invariant scalar of Q,ME(p ® ¢)
depends only on the coset p® (u)".

Proof. The sheaves AL, and L, are lisse and geometrically isomorphic on G,, by Lemma 11.5.1.
Moreover,

MG RLy) R G ® Eoc)v =G ® (AeLy ® E(\x/) X g\/’

502G ®GY and A, (G ® L4) ® (G ® L)Y are lisse and geometrically isomorphic on PL < {0, 0o}. Thus
A is an invariant scalar of G if and only if it is an invariant scalar of G ® L. O

The following lemma gives a cohomological criterion for detecting invariant scalars.

Lemma 11.5.3. Ler 1 € [l_:;. Suppose LG and G are lisse and geometrically simple on U. Then the
following are equivalent:

(1) X is an invariant scalar of G.

(i) HZ(U, G ®GY) #0.
(iii) H2(PL, 1.5 ®GY) #0.
Proof. Lemma 11.4.2 implies the equivalence of (1) and (2), and Lemma 11.4.1 implies the equivalence
of (2) and (3). O
11.6. Avoiding invariant scalars. Consider the affine plane curve

X, : rc(x)) = c(x2),

and let ; : X, — A} be the map (x1, x2) — x;. They are part of a commutative diagram

)
X, 2 Al

Al — A,
Ac

where m = cmy, = Acmy. Moreover, the maps ¢ and Ac are generically étale of degree n = deg(c); thus
their fiber product 7 is generically étale of degree n” Let g : X, — Al x Al be the product map (71, 72).
Let E/F, be a finite extension over which ¢ splits and Z = {a, ..., a,} € E be the zeros of c.

Lemma 11.6.1. X, is smooth over the n* points of Z Xpt Z=7Zx Z.
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Proof. The subset Z C A} is the vanishing locus of ¢ and Ac; hence Zx a1 Z = Z x Z. Moreover,
n
g Ot =) = ¢/ = Y[ [r - a)
i=1 j#i
does not vanish at any a; € Z since c is square-free, so X, is smooth at every (a;, a;) € Z X Z. O

Consider the external tensor product sheaf
Eppps ' =ME(p ® ¢) KME(p ® ¢)” =7{ME(p ® ¢) @ 1;ME(p ® ¢)"”
on Al x A! and the tensor product sheaf
Toogs = AQME(p ® ¢) ® Q:ME(0 ® ¢)”

on Pl. They have respective generic ranks r2 and (nr)? since both ME(p ® ¢) and its dual have generic
rank r and since ¢ has degree n.

Let 7). € X, be a smooth dense Zariski open subset and U, = (7). Up to shrinking 7, we suppose
that £,g¢,5 1s lisse on T and that 7 is étale over U,,.

Lemma 11.6.2. The sheaves 70.8*(Epg¢,.) and Tyg e,y are lisse and isomorphic on U,

Proof. Consider the commutative diagram

Ty —5 1 (T3) x mo(T}) —— Al x A

l lh [eo

UAT>U,\XU,\—,>A;XA}¢
J

where i and j are the canonical inclusions, 4 is induced by (Ac, ¢), and A is the diagonal map. On one
hand, 4 is étale, so h.i*(Epge,1) is lisse on Uy x U, and therefore A*h,i*(£,gy,5.) is lisse on U;. On

the other hand, there are canonical isomorphisms
T8 (Ep@p2) = (1, 1) 1™ (Ep@p,0) = A*hui™ (Epggn) = AT j*(Ae, ©)(Epop) = A j Toge.i
on U,. O
The contrapositive of the following corollary gives us a way to show some A is not an invariant scalar.
Corollary 11.6.3. Suppose p is geometrically simple and ¢ € ®(c). Then the following are equivalent:
(1) X is an invariant scalar of Q. ME(p ® ¢).
(i) H2(U;., Tpops) #0.
They imply

(iii) H2(T 1, Epgpr) #O.
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Proof. Lemmas 11.5.3 and 11.6.2 imply the equivalence of (1) and (2). If m1(U,) — GL(V) is the
representation corresponding to 7, then V7" 1) c ymiTh) g0 (2.0.2) and (2) imply (3). O

The following proposition was inspired by [Katz 2002, Proof of Theorem 5.1.3].
Proposition 11.6.4. Suppose deg(c) > 2 + deg(ged(c, s)) and ¢ € P (¢)distinct:
(1) If p is geometrically irreducible, then so is ME(p ® ¢).
(i) A =1 is the only invariant scalar of Q. ME(p ® ¢).

Proof. Let E /I, be a splitting field of ¢ and a;, a; € E be zeros of ¢ which are distinct from each other
and the zeros of s. Let ¢1, ¢, € Hom(E*, @Z) be the corresponding components of (o) "' (v, (¢)) as
an element of (o Y N PE(c)) (compare (11.2.3) and (11.3.2)). Then ¢, ¢, are distinct characters, so
o = @1 /¢, is a nontrivial character.

LetA e Ej be an arbitrary scalar. If A # 1, then for each component 7, C T;, over E, there is a smooth
point t' = (1], t;) € T, (F,) satisfying {¢{, ;} = {a1, a2}. The map 7 is étale over O since c is square-free;
hence we can use 7 to identify 7(¢") with 7(0). We can also identify 7 (¢{) and I (z;) with I(0).

On one hand, the stalk of ME(p ® ¢) at t =t/ and the stalk at r = 0 of @Z ® Ly, are isomorphic as
1(0)-modules since s(a;) # 0. Moreover, the stalk of £,g,,, at ¢’ and the stalk at u = 0 of @22 ® Ly
are isomorphic as 7 (0)-modules. On the other hand, the latter stalks have no 7 (0)-invariants since ¢ is
nontrivial, so a fortiori, the geometric generic stalk of £,g, 3 has no m; (T ;)-invariants. Therefore (2.0.2)
implies H2 (T}, Epwy,1) vanishes for A # 1, and hence the contrapositive of Corollary 11.6.3 implies
A =1 is the only invariant scalar of Q,ME(p ® ¢). U

11.7. Baby theorem. In this subsection we prove a simplified version of Theorem 11.0.1.

Let U be a dense Zariski open subset of G,,;, = [Ij’ll4 ~ {0, 00} and 6 : 7 (U) — GL(W) be a continuous
representation to a finite-dimensional Q,-vector space W. Let @ (u) be the dual of I' (1) = (F, [u]/ulF, [u])*
(cf. Section 10.2). For u = 0, 0o, let W (u) denote W regarded as an I («)-module and W (1)""P be its
maximal submodule where I (1) acts unipotently. If 0 is geometrically simple and pointwise pure of
weight w and if dim(W) > 1, then we can associate to 6 a pair of Tannakian monodromy groups

ggeom(97 CD(M)) - garith(e’ CI)(I,{)) - GLR,@@
for R =y (G, ME(8)) (see Section D.14 and Theorem D.7.1).

Theorem 11.7.1. Suppose that 6 is geometrically simple and pointwise pure of weight w, that dim(W) > 1
or that 6 does not factor through the composed quotient m\(U) — m1(G,,) — nl’ (G,), and that A =1
is the only invariant scalar of ME(®). Suppose moreover that W (0)"™P has dimension at most r and a
unique unipotent block of exact multiplicity 1 and that R > 72(r*> + 1). Finally, suppose W (00)"™P = 0.
Then Geeom (0, (1)) equals GLR’@Z.

The proof consists of a few steps and will occupy the remainder of this section.
Let G = Guim (0, ®(u)) and H = ggeom(e, D (u)).
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Lemma 11.7.2. G and H are reductive and there is an exact sequence

1-H—->G—->T—1

for some torus T over (.

Proof. Observe that ME(6) is geometrically simple yet is not a Kummer sheaf since otherwise one would
have dim(W) = 1 and 6 would factor through 7 (U) — n{(Gm). Moreover, 0 is geometrically simple and
pointwise pure of weight w by hypothesis. Therefore the lemma follows from Proposition D.14.1(1). U

A priori G or H could be disconnected, so let G® and H be the respective identity components.
Lemma 11.7.3. G° and H° are (Lie-)irreducible subgroups of GL R.Qy

Proof. This follows from [Katz 2012, Theorem 8.2 and Corollary 8.3] since A =1 is the only invariant
scalar of ME(9). O

Let i, : (@%)™ — Z™ be the m-th weight multiplicity map for m = R given in Definition C.1.2.
Lemma 11.7.4. There exist an element g € G° and an eigenvalue tuple y € (@;)R of g satisfying the
following:

Q) y =W, ..., yr) liesin (Q)F and thus det(g) =y, - - - yg lies in Q*.

(i) |e(det(g)|*> = (1/q)" for some w # 0 and every field embedding 1 : Q@ — C.

(iii) ¢ = ur(y) satisfies len(c) <r +1 and 1 = Clen(c) < Clen(c)—1 and c3 <r.

Proof. This follows from Proposition D.14.1(ii) with g = f“ for any element f € Frobg,_; and for
¢ =[G : G°]. More precisely, if @ = («y, ..., ag) is an eigenvalue tuple of f, then all the ¢; lie in Q,
all the nonzero weights wy, ..., w, of the o; are negative since W(oo)llnip vanishes, onehas 1 <n <r
since 1 < dim(W (0)"™P) < r, there is a unique nonzero weight of multiplicity 1 since W (0)"™P has a
unique unipotent block of exact multiplicity 1, and the weight zero has multiplicity R—n > R —r > 1.

Hence it suffices to take y € (Q*)® to be the eigenvalue tuple with y; = a;f for 1 <i < R and w to be
(w4 ---+wy)c. O

Corollary 11.7.5. det(H) = Q.

Proof. This follows from Lemma 11.7.4(ii) and the argument in [Katz 2012, Proof of Theorem 17.1]
using the element g in Lemma 11.7.4. |

Let [G?, G°] be the derived subgroup of G°.
Lemma 11.7.6. [G°, G°1=SL, g,

Proof. Combine Lemmas 11.7.3 and 11.7.4 to deduce that the hypotheses of Theorem C.4.1 hold, and
thus G° equals one of SLz(Q;) or GLz(Q;). The derived subgroup of both of these groups equals
SLR(Qy). O
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We may now complete the proof of the theorem. First, we have inclusions
[G°, G°1 S [G. G1 S [GLg 5,. GLg g1 = SLg g,

and Lemma 11.7.6 implies the outer terms are equal, so the inclusions are equalities. Moreover,
Lemma 11.7.2 implies H is normal in G and G/ H is abelian, so H contains [G, G] =SL R.Qp and hence,
by Corollary 11.7.5, H = GLj, g, as claimed.

11.8. Frobenius reciprocity. Let ¢ : T — U be a finite étale map of smooth geometrically connected
curves over [F,. Let 7 be a lisse sheaf on T and 71 (T) — GL(V) be the corresponding representation.
Similarly, let G be a lisse sheaf U and 7r;(U) — GL(W) be the corresponding representation. Let 7 be
the dual of F and 71 (T) — GL(V") be the corresponding representation.

Lemma 11.8.1. Q. (FY) is isomorphic to the dual of Q,F.

Proof. See [Katz 2002, Lemmma 3.1.3]. O
Therefore we may unambiguously write Q,F".

Proposition 11.8.2. dim(H2(T, c¢*G ® FV)) =dim(H*(U, G @ Q,FY)).

Proof. Let H = 71(T) and G =, (U). We suppose that V is a left H-module and W is a left G-module,
and define Indg(V) to be the (Mackey) induced module Homg (@g[H 1, V) and Resf,(W) to be the
restricted module W regarded as a left H-module. Then Frobenius reciprocity implies that there is a
bijection of vector spaces

Homy (Res$ (W), V) — Homg (W, Ind% (V)
given by ¥ — (w — (r — ¥ (rv))) (cf. [Katz 2002, §3.0]). Moreover, Lemma 11.4.2 implies
dim(HCZ(T, c*G®FY)) =dim(Hompy (Resg(W), V),
dim(H2(U, G ® Q,F")) = dim(Homg (W, Ind$ (V))),
so the proposition follows immediately. U
11.9. Begetting simplicity. In this section we give a criterion for Ind(p ® ¢) to be geometrically simple.
Our argument was inspired by [Katz 2013, Proof of Theorem 5.1.1].

Proposition 11.9.1. Let ¢ € @ (¢)gistinct- Suppose that ged(c, s) =t, that deg(c) > 2, and that o(I'(t)) = 1.
If p is geometrically simple, then so are p ® ¢ and Ind(p ® ¢).

Proof. Let T C P! be a dense Zariski open subset and U = ¢(T). Up to shrinking T, we suppose that
F =ME(p ® ¢) is lisse over T and that c is étale over U.

Suppose that p is geometrically simple and thus so is p ® ¢. Let G = Q,F" (cf. Lemma 11.8.1),
and observe that Lemma 10.2.1(i) implies that G and ME(Ind(p ® ¢))" are isomorphic over U. We
wish to show that dim(H?*(U, G ® GV)) = 1 so that Lemma 11.4.2 implies that ME(Ind(p ® ¢)) is
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geometrically simple over U, that is, that Ind(p ® ¢) is geometrically simple. In fact, Lemma 11.4.1 and
Proposition 11.8.2 imply

dim(H2(PL, 6 ® G¥)) = dim(H>(U, Q. F @ Q,FY)) = dim(HX(T, c*Q.F ® F")),

so it suffices to show the last term equals 1.

The functor ¢* is left adjoint to the functor Q, since c is finite (cf. [Milne 1980, 11.3.14]), so the identify
map Q,F — Q. F induces an adjoint ¢*Q,F — c. Generically it is the trace map Ind(V,,) — V,, and thus
is surjective (cf. [Milne 1980, V.1.12]). Let KC be the kernel so that we have an exact sequence of sheaves

00— K— c"Q,F— F—0. (11.9.2)
These sheaves and F" are all lisse over 7, so the sequence
0> KQF - QA FQF' - FQF' -0 (11.9.3)
is exact on 7. In particular, we have a corresponding exact sequence of cohomology
H>(U,K®FY) - HXT,*Q.FQF") - H (T, FQF') - H(T,K®F),

the last term of which vanishes. The hypothesis that F is geometrically simple implies the penultimate
term has dimension 1 by Lemma 11.4.2, so it suffices to show that the first term vanishes.
Let E/F, be a splitting field of ¢, let ay, ..., a, € E be the zeros of ¢, and let

@15 s 00) = ()T (v;¥ (9)) € Hom(E™, Q)"

as in (11.2.3). We suppose without loss of generality that a; = 0 and thus s(ay) - - - s(a,) # O since
gcd(c, s) =t.

Let H=m (T) and G = m; (17), and let H — GL(V,)) and G — GL(Indg(Vw)) be the representations
corresponding to F and Q,F respectively. The exact sequences (11.9.2) and (11.9.3) correspond to exact
sequences of H-modules

0—-K—->R—->V,—0 (11.9.4)
and
0— K®V¢V—>R®V¢V—> V¢®V¢V—>O,

where R = Resg (Indg(V(p)). We claim the first term of the latter sequence has no 7 (0)-coinvariants so
a fortiori has no 7, (T)-coinvariants, and hence H2(T, K ® F") vanishes as claimed.

The translation map ¢ — ¢ + a; induces an isomorphism 7 (0) >~ I (a;) for each i € [n], so we can
regard V,,(a;) as an I (0)-module. In fact, we have isomorphisms of 7 (0)-modules

RO)~@P Vyla), KO =P Vo), KV, H0)=~P@ "¢
i=1 i=2

i=2
More precisely, the first isomorphism corresponds to the fact that the geometric stalks of ¢*Q,F and F
satisfy (c*QyF)o = @c(u)zo Fo since c is étale over u = 0 (cf. (10.1.1)); the second isomorphism uses
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(11.9.4) and the assumption that a; = 0 to identify K (0) with R(0)/V,(0); and the last isomorphism
uses that s(as) - - - s(a,) # 0, that is, C \ {a;} lies in the locus of lisse reduction of ME(p ® ¢)".

The hypothesis that I'(¢) is in the kernel of ¢ implies that V,(0) >~ V (0) as I(0)-modules. Moreover,
@2, ..., @y are all nontrivial since they are distinct from the trivial character ¢; by hypothesis, so each
of the summands (@271 ® ¢ Y has trivial 1(0)-coinvariants. Therefore K ® V(pv has trivial 7;(T)-
coinvariants as claimed. O

11.10. Preserving unipotent blocks. For each monic divisor ¢ of ¢ in [[#], consider the subset
D(c0)pgood = {9 € P(co) : ME(p ® ¢) is supported on A,l [1/¢col}.

If p is the trivial representation, then it consists of the odd primitive characters of conductor cg.

For t =0, 00, let V,,(¢) denote V,, regarded as an I (¢)-module. Similarly, for u = 0, oo, let Ind(V,,) ()
denote Ind(V,) regarded as an I (u)-module, and let Ind(Vw)(u)unip be the maximal submodule of
Ind(V,)(u), where I (1) acts unipotently. We say that Ind(V,,)(0) (resp. V,,(0)) has a unipotent block of
dimension e and exact multiplicity m if and only if it has an I (0)-submodule isomorphic to U (¢)®™ but
no 7 (0)-submodule isomorphic to U (e)®m+l,

Lemma 11.10.1. Suppose ged(c, s) =t, and let co = ¢/t and ¢ € P () distinct N P (o) p good- Then:
(1) Ind(V,)(0) has a unipotent block of dimension e and exact multiplicity m if and only if 'V (0) does.
(ii) Ind(V,)(o0)"miP = (.

Proof. On one hand, V(p(z)Llnip = 0 for every z € C \ {0} since ¢ is in ®(cp),good and ged(co, s) = 1.
Moreover, V,,(0) and V(0) are isomorphic as I (0)-modules since ¢(I'(¢)) = 1. Therefore the only
unipotent blocks of Ind(V,,)(0) are those coming from V,(0), and all such blocks contribute identical
blocks to V,(0) (cf. [Milne 1980, I1.3.1(e) and I1.3.5(c)]), so (i) holds. On the other hand, every unipotent
block of Ind(V,)(c0) contributes to V,, (00)™P_and the latter vanishes since ¢ is good for p, so (ii)
holds. O

11.11. Proof of Theorem 11.0.1. Recall that R is given by
R :=rc(p) = (deg(c) + 1)r +deg(L(T, p)) — drop.(p) (11.11.1)
and it equals deg(L¢ (T, p ® ¢)) for all ¢ € ®(c) (see Proposition 4.3.1).
Lemma 11.11.2. R >T72(r* +1)>%.
Proof. This follows from (11.11.1) and the hypothesis on deg(c) in the statement of the theorem. U
Letco=c/t.
Lemma 11.11.3. Suppose ¢ € ®(¢)distinct N P (o) p good- Then the following hold:

(1) Ind(p ® @) is geometrically simple.
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(i) dim(Ind(V(p)(O)”nip) = dim(V,, (0)™P) and Ind(V,)(0) has a unique unipotent block of exact multi-
plicity 1.

(iii) Ind(V,,)(c0)uniP = 0.

Proof. Part (i) follows from Proposition 11.9.1 since ¢ is in ®(¢)distinct N P (co), since p is geometrically

simple, and since deg(c) > 2. Parts (ii) and (iii) follow from Lemma 11.10.1 since ¢ is also in ®(cp) » good

and since V (0) has a unique unipotent block of exact multiplicity 1. (]
Corollary 11.11.4. (P (¢)distinet N P (CO)p good) co (C)p big-

Proof. Let ¢ € ®(¢)distinct N P (o) p good> and let & =Ind(p ® ¢) and W =1Ind(V,,). Then Lemmas 11.11.3
and 10.1.2 imply that 6 = Ind(p ® ¢) is geometrically simple and pointwise pure of weight w since
¢ € D(C)distinet- Moreover, dim(W) = deg(c) - dim(V) > 2 since deg(c) > 2, and Proposition 11.6.4
implies that A = 1 is the only invariant scalar of ME(0) >~ Q,ME(p ® ¢) since deg(c) > 3 and ¢ €
@ (¢)distinct- Lemma 11.11.3 also implies that W (0) has a unique unipotent block of exact multiplicity 1,
that dim(W (0)""P) = dim(V (0)""P) < dim(V) = r, and that W (0c0)"™P = 0. Finally, Lemma 11.11.2
implies R > 72(r? 4+ 1)2. Therefore the hypotheses of Theorem 11.7.1 hold, and hence ¢ € ®(c),pig. U

Corollary 11.11.5. (P (C)distinet N P (€0) p good) P ()" S P () p big-

Proof. This follows from Corollary 11.11.4 since ®(c),vig is a union of cosets ¢® (u)". O
Let ¢ € ®(c¢) and ¢®(u)" be the corresponding coset.

Lemma 11.11.6. lp®(u)”" NP (cy)| = 1.

Proof. We must show that there is a unique element o € ® (u) satisfying gV (I'(¢)) = 1. Since ged(s, ¢) =1,
we can speak of the component of ¢ at ¢+ = 0: it is the character given by restricting x to the subgroup
['(t) C I'(c). There is a unique element of ® ()" with the same component at r = 0; call it 8*. Then
o = 1/ is the desired character. [

We need one more estimate to complete the proof of the theorem.
Lemma 11.11.7. [P (¢)dgistinct N CI)(CO),ogoodI ~ | ®(co)distinct| ~ |P(co)| asq— oo.

Proof. We observe that there are natural inclusions

(q)(cO)distinct N U P (co/m )) € (P (O)distinet N P(c0)) S P(co)distinet

7| co

since an element of @ (cg)gistinet Will fail to lie in @ (¢)gistinet Only if one of its deg(cy) components is
trivial, that is, if it lies in ®(co/m) for some prime factor 7 | co. Intersecting with ® (o) good gives further

inclusions

((CD(C())p good M D (co)distinet) U qD(CO/jT)) C (@ (¢)distinct N CD(CO),O good) C D (co)distinct -

7T |co
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Finally, we know that

1D C0)pgond = 1) = B oddisinals | L Pleo/m)|/19@1 < 1/g =o0(])
7 |co
and hence
(@ (c0)p good N P (coaistinet) ~ | P (co/m)| ~ |®(co)l
7T |co
as g — o0. U

Corollary 11.11.8.  [(P(¢)distinet N P (c0) p good) P ()" | ~ |®(c)|  for g — oc.
Proof. Combine Lemma 11.11.6 and Lemma 11.11.7. (|

The theorem now follows by observing that

Cor.11.11.8

Cor.11.11.5
[P (c)] |(P () distinct N ¢(C0)pgood)q)(”)v| = |®(C)pbig| <|®(0)l

and thus
|D () ppigl ~ [P ()]
for g — oo.
Therefore, the Mellin transform of p has big monodromy as claimed and Theorem 11.0.1 holds.

12. Application to explicit abelian varieties

In this section we apply the theory developed in the previous sections to representations coming from
(the Tate modules of) a general class of abelian varieties. More precisely, we give an explicit family
of abelian varieties for which we can show the corresponding representations satisfy the hypotheses of
Theorem 11.0.1. Our principal application, of which Theorem 1.2.3 is a special case, is Theorem 12.3.1.

Throughout this section we suppose that g is an odd prime power so that we can speak of hyperelliptic
curves. One who is interested in even characteristic or in L-functions whose Euler factors have odd
degree is encouraged to consider Kloosterman sheaves (e.g., see [Katz 1988, 7.3.2]).

12.1. Some hyperelliptic curves and their Jacobians. Let g be a positive integer. In this section we
construct an explicit family of abelian varieties which give rise to Galois representations we can easily
show satisfy the hypotheses of Theorem 10.0.4. One member of this family is an elliptic curve, the
Legendre curve, and it has affine model

Xieg 1 Y2 =x(x — D)(x —1).

It is isomorphic to its own Jacobian, and the general abelian varieties in our family will be Jacobians of
curves. More precisely, we fix a monic square-free f € [, [x] of degree 2g and consider the projective
plane curve X /K with affine model

X:y?=f(x)(x —1). (12.1.1)
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For technical reasons we will eventually suppose that f has a zero a in [, and up to the change of
variables x +— x 4 a, we will suppose that a = 0. We do not need this hypothesis yet since the discussion
in this section does not use it.

The curve X has genus g. If g > 1, it is a so-called hyperelliptic curve, and otherwise it is an elliptic
curve. Either way its Jacobian J is a g-dimensional principally polarized abelian variety over K. See
[Cohen et al. 2006] for more information about hyperelliptic curves and their Jacobians.

For each finite place v = 7, one can define a reduction X /[, starting with the reduction of (12.1.1)

modulo 7.

Lemma 12.1.2. The monic polynomial s = f(t) € [,[t] satisfies the following:
(i) If wts, then X /F; is a smooth projective curve of genus g.

@{i1) If | s, then X/ is smooth away from a single node and has genus g — 1.

Proof. The essential point is that, for any monic polynomial 4(x) with coefficients in a field F of
characteristic not 2, the affine curve y?> = h(x) is smooth if and only if % is a square-free polynomial.
More generally, if h = hih%, where hy, hy € F[x] are square-free and relatively prime, then the following
hold:

(i) The map (x, y) — (x, y/hy(x)) induces a birational map from y? = h(x) to y> = h(x).
(i) The deg(h;) points (x, y) satisfying h,(x) = y = 0 are so-called nodes of y2 = h(x).
(iii)) The map in (1) corresponds to blowing up the nodes in (2).
(iv) The curve y2 = hy(x) is smooth of genus |(deg(h;) — 1)/2] since h; is square-free.
(v) Both curves have one point at infinity if deg(/) is odd and two points at infinity if deg(/4) is even.

(Compare [Hartshorne 1977, Chapter I, Exercises 5.6.1-3].) The proof of the lemma will consist of
showing that we are in this general situation.

Let #9 € [, satisfy t = o mod 7, and let ho(x) := f(x)(x —t9) € F;[x]. The polynomial f(x) is
square-free by hypothesis, so hg(x) is square-free if and only if f(f)) = O, or equivalently, 7 | s. In
particular, if 7 1s, then h¢ is square-free and y2 = ho(x) is smooth of genus g. Otherwise, hy = hlh%,
where h; = f/(x —tp) and hy = x —ty are coprime (since f is square-free), and thus y2 = ho(x) is smooth
away from the node (#p, 0) and birational to the curve y? = hy(x), which is smooth of genus g — 1. [0

Remark 12.1.3. One can also define a reduction X/F., by writing t = 1/u and clearing denominators,
and one eventually finds that X /F., has genus zero. However, the arguments are subtler and beyond the

scope of this article, so we omit them.

For example, X1e; has smooth reduction away from ¢t = 0, 1, oo, over t = 0, 1 its reduction is a
so-called node, and over t = oo it is a so-called cusp. Since it is isomorphic to its Jacobian, these are
sometimes referred to as good, multiplicative, and additive reduction respectively. However, in general,
one needs to construct separately reductions J/F,, for every m, and also a reduction J/[F.
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Lemma 12.1.4. (i) If 7ts, then J/F, is the Jacobian of X /Fy so it is a g-dimensional abelian variety.
(i) If | s, then J/F is an extension of an abelian variety by a 1-dimensional torus.

Proof. Both statements are easy consequences of Lemma 12.1.2. More precisely, if X/F, is projective
and smooth away from »n nodes, then J/F, is an extension of a (g—n)-dimensional abelian variety by an
n-dimensional torus. See [Bosch et al. 1990, 9.2.8] and keep in mind Lemma 12.1.2. O

Remark 12.1.5. One can also show that J/F is a g-dimensional additive linear algebraic group, but
demonstrating it directly is harder and requires a finer statement than the claim in Remark 12.1.3.

One can regard the various reductions of J as the special fibers of the (identity component of the)
Néron model of J/K over P!. However, for our purposes, Lemma 12.1.4 contains all the information we
need about the model. More precisely, we only need to know the respective dimensions g, m,, and a,
of the good, multiplicative, and additive parts of J/F,. Thus

(g.0,0) if s,
(g—1,1,0) ifm|s
by Lemma 12.1.4. In Section 12.2 we will show that

(8n My, ay) = { (12.1.6)

(gOOa mOO? aOO) = (0’ 07 g)

as claimed in Remark 12.1.5.

12.2. Tate modules. Let £ be a prime distinct from the characteristic p of F,. For each m > 0, let
J[€™] € J(K) be the subgroup of £ -torsion; it is isomorphic to (Z/ £™)2¢ and hence is a finite Galois
module. Multiplication by £ induces an epimorphism J[£"+!1] — J[¢"] for each m, and the Z,-Tate
module of J is the projective limit

Ty(J) :=lim J[£"].

Concretely one can regard Ty(J) as the set
{(Po, Pi,...): P, e J[£"] and £P,, | = P, for m > 0}.

It is even a Galois Z,-module (since the action of G and multiplication by ¢ commute), and it is
isomorphic to Z,*¢ as a Z,-module (cf. [Serre and Tate 1968, §1]).

Let V be the vector space T (J) ®z, @g and Gg — GL(V) be the corresponding Galois representation.
For each v € P, let V (v) denote V as an I (v)-module and let V (v)"™P be the maximal submodule where
I (v) acts unipotently.

Proposition 12.2.1. Let v € P, and let g, and m; be the respective dimensions of the abelian and
multiplicative part of J /F, Then

V()" > U ()% @ U (2)%™.

Proof. This is a general fact about Tate modules of abelian varieties. See [SGA 71 1972, Exposé 1X,
§2.1]. O
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LetS={m €eP:m|s}U{oo}, where s = f(¢) as in Lemma 12.1.2. Then by Proposition 12.2.1, the
action of Gg on V induces a representation

p:Gg.s — GL(V)
since
dim(V!W) =dim(V)=2g forve PS8
by (12.1.6).

Lemma 12.2.2. The representation p is geometrically simple and pointwise pure of weight 1, and it
satisfies
0, vePNS,
drop,(p) =11, veS~{oo}, Swan(p)=0.
2g, v=o00,

Proof. The values drop, (p) for v # oo follow directly from (12.1.6) since
drop, (p) = dim(V) —dim(V!") =2¢ —2g, —m,

by Proposition 12.2.1. For the assertions about geometric simplicity and weight and about drop., (o)
and Swan(p) we refer to [Katz and Sarnak 1999, 10.1.9 and 10.1.17] (cf. [Hall 2008, §5] for a related
discussion about J[£]). Il

Corollary 12.2.3. L(T, J/K) = 1; that is, it is a polynomial and deg(L(T, J/K)) = 0.

Proof. The representation p is geometrically simple and dim(V) = 2g > 0, so p has trivial geometric
invariants. Moreover, it is pointwise pure of weight w = 1, so Theorem 7.3.2 implies L(7, p) is a
polynomial of degree

ro(p) U= drop(p) + Swan(p) — 2 - dim(V) 2% (deg(f) -1+ 1-2g) +0—2-2g =0

as claimed. O

Let ¢ € [,[t] be monic and square-free and C C P be the finite subset consisting of oo and v () for
every prime factor  of ¢ (cf. Section 4).

Lemma 12.2.4. For every ¢ € ®(c), the representation p ® ¢ is geometrically simple and pointwise pure
of weight 1, and ¢ is not heavy.

Proof. Lemma 7.1.2 implies that p ® ¢ is geometrically simple since p is. Moreover, it has trivial
geometric invariants since dim(V) = 2g > 1, so ¢ is not heavy. Finally, Lemma 6.2.2 implies that it is

pointwise pure of weight w = 1 since p is. O

Corollary 12.2.5. If ¢ € ®(c), then Lo(T, p ® @) is a polynomial and

deg(Le(T, p® ¢)) = 2g - deg(c) — deg(ged(c, 5)).



Variance of arithmetic sums and L-functions in Fg[t] 73

Proof. By Lemma 12.2.4 the hypotheses of Theorem 7.3.2 hold, and hence L (T, p ® ¢) is a polynomial
of degree

re(p) 2 deg(L(T, p)) + (deg(c) + 1) dim(V) — drop,(p) = 2g - (deg(c) + 1) — dropans ().

The corollary follows by observing that

dropens(0) = Y dy - drop,(p) = deg(ged(c, ) - 1 4 drop, (p)
veCns

and that drop,(p) = 2g. O

12.3. Arithmetic application. In this section we show how to apply our main theorem to the example
given above. Let M C [, [¢] be the subset of monic polynomials, Z C M and M,, C M be the subsets of
irreducibles and polynomials of degree n respectively, and Z; = M, NZ. Recall that K = [, (7) and that
7 — v(mr) induces a bijection Z — P \ {oo}.

The Euler factor at v = oo of the L-function of J is trivial since drop,,(p) = dim(V), and thus the
complete L-function satisfies

L(T. J/K) =[] L@, J/E)~ = [[LT®. p)~ = L(T. p).
nel veP

Similarly, for the partial L-function of p, we have

Le(T,p)= ] La@® p)™ =[] L@, 1/F)7"

veP~\C wel
wte

For each 7 € Z, the Euler factor L(T, J/[F,)~! is the reciprocal of a polynomial with coefficients in Z
so it satisfies
d o0
T log(L(T. J [Fx)) = Z}amT"
n=
for integers a, , € Z.
The complete L-function is also a polynomial with coefficients in Z, and it satisfies

d d . "
T Vog(L(T, J/K)) = T log(L (T, p)) = ;(f; Ap(f)>T :

where A,(f): M — Z is the von Mangoldt function of p defined in (5.2.1) by

d-ap, if f=n"andnr €1y,
0 otherwise.

non=|

Similarly, the partial L-function of p is a polynomial with coefficients in Z and satisfies
o0

T%Lw,p):Z( > Ap(f>)T".

n=1 feM,
ged(f,c)=1
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For A in I'(c) = (F4[t]/cF,[])* and positive integer n, we defined the sum S, .(A) in (5.3.1) by

Sue(A)="Y_ Ap(f).
fem,
f=A mod ¢

We then defined the expected value and variance of this sum as A varies uniformly over I'(c) by

1 2

[E[Sn L(A)] - m Sn,c(A)’ Var[ n, c(A) ¢( ) Z |Sn L(A) n,c(A)]|
A€ (o) A€eT(¢)

respectively, where ¢ (c) = |I"(c)| (see (5.4.2)).

Theorem 12.3.1. Suppose that gcd(c, s) =t and that deg(c) > i(72(4g2 +1)241). Then

H©) ElSucl= S A(f) and lim ? Var[Sy.c(A)] = min{n, 2g - deg(c) — 1),
gq—00
feM,
ecd(f.0)=1

Proof. This will follow from applying Theorems 11.0.1, 10.0.4, and 9.0.1 successively, the last with

Remarks 9.0.2 and 9.0.3 in mind. To complete the proof we show that all the hypotheses of the first

theorem are met.

Lemma 12.2.4 implies that p is pointwise pure of weight w = 1 and that ®(c)/neayy 18 empty.?

Moreover, Proposition 12.2.1 implies that V (0) has a unique unipotent block of dimension 2 and no

other unipotent block of multiplicity 1 (since 2g — 2 # 1); hence Theorem 11.0.1 implies that the Mellin

transform of p has big monodromy since gcd(c, s) = ¢ and since
deg(c) > %(72((25»)2 +1)2 =2 —0+(1+42g)) = %(72(45'2 F1241).

Therefore the hypotheses of Theorem 11.0.1 hold as claimed.
Taking g =1 and f = x(x — 1) yields Theorem 1.2.3 from Section 1.

Appendix A: Middle extension sheaves

Recall the following notation:
X is a proper smooth geometrically connected curve over [,.
e U is a dense Zariski open subset of X defined over [, .
* K is the function field [, (X).
o P is the set of places of K.
e C is a finite subset of P.
» G is the absolute Galois group G = Gal(K*P/K).

2There are mixed characters, but as shown the proof of Theorem 9.0.1, they do not contribute to the main term of the variance

estimate.
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e [ (v) is the inertia subgroup in G of v € P.

* G ¢ is the quotient of Gk by normal closure of (I (v) |[v e P \C).
e ¢ is a prime in N coprime to g.

o Fis asheaf on X.

e G is a sheaf on U.

All sheaves in this section are constructible and étale with coefficients in Q.

Let j : U — X be the inclusion of a dense Zariski open subset. Given G (e.g., the pullback sheaf
Fly = j*F), there are two® functorial extensions of G to a sheaf on all of X we wish to consider: the
extension by zero ;|G and the direct image j,G. As F and G vary we have

Homy (jiG, F) =Homy (G, j*F) and Homy(F, j.G) =Homy (j*F, G);

that is, the functors ji, j, are adjoints of j* (cf. [Milne 1980, I1.3.14.a]). In particular, the adjoints of the
identity j*F — j*JF are maps of the form j, j*F — F and F — j, j*F called adjunction maps. We say
that F is supported on U if and only if the first map is an isomorphism, and F is a middle extension if
and only if the second map is an isomorphism for every j.

Lemma A.0.1. (i) If j*F is lisse and F — j,j*F is an isomorphism, then F is a middle extension.
(i) If G is lisse, then j.G is a middle extension.
Proof. Let U’ C X be a dense Zariski open and U” = U N U’. Consider the commutative diagram

./
U// ! U/

[}

U——X
J

of inclusions and the corresponding commutative diagram
F JsJ*F

l | (A0.2)

JeJ"F — ()« F = (@) j)*F

of adjunction maps.

Suppose G is lisse. On one hand, this implies the map G — i,i*G is an isomorphism, so the right
map of (A.0.2) is an isomorphism when G = j*F. In particular, if the top map of (A.0.2) is also an
isomorphism, then the left map must also be an isomorphism for every j’; hence (i) holds. On the other
hand, the direct image map j,G — j.i4i*G is also an isomorphism. It even coincides with the adjunction
map j.G — j,j™ j«G via the functorial identities j.i,.i*G = j.i,i*G = j.j™ j«G, so (ii) holds. O

30ne can also consider hybrid versions such as J{jxG for inclusions j*: U — U’ and j” : U” — X, but we do not need such

versions.
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Lemma A.0.3. Suppose F is a middle extension. If j*F >~ G on U, then F ~ j,G on X.

Proof. Let j, j*F — F be the inverse of the adjunction map F — j,j*F, and let j*F — G and G — j*F
be mutually inverse morphisms. Then the composed maps

F—= juj*F— jxG and j,G— j.j*F—>F
are mutually inverse. U

Let 1 be a geometric generic point of X and V be a finite-dimensional QG k.c]-module. The following
proposition shows that there is a canonical middle-extension sheaf on X we can associate to V (cf. [Milne
1980, 3.1.16]).

Proposition A.0.4. There is a middle extension F with F; =V as Gk c-modules, and it is unique up to

isomorphism.

Proof. Suppose U C X is the open complement corresponding to C so that the structure map Gg — GL(V)
factors through the quotient Gg — Gk ¢ and so that we can identify Gk ¢ with the étale fundamental group
w1(U, n). Then there is a lisse sheaf G on U corresponding to the representation 71 (U, n) — GL(V)
through which Gx — GL(V) factors, and it is unique up to isomorphism. In particular, G and F = j,.G are
middle-extension sheaves by Lemma A.0.1(ii) and F; = G; = V as Gk ¢-modules. Every isomorphism
Fi =V of Gg c-modules extends to an isomorphism j*F — G of lisse sheaves, and Lemma A.0.3 implies
the latter extends to an isomorphism F >~ j,G. O

Appendix B: Euler characteristics

We continue the notation of the previous section. Let j : U — X be the inclusion of a dense Zariski open
subset and F be a sheaf on U. Then there is an exact sequence

0— jF— jJF—>Sr—0,

where Sr is a skyscraper sheaf supported on Z = X \ U, and the corresponding long exact sequence of
(étale) cohomology (over Fq) can be written

o= H(Z,S7)— HYWU, F)—» HT'(X, juF)— -, (B.0.1)
where n € Z.
Lemma B.0.2. There exist exact sequences

0— H (U, F)— H'X, j.F)— H*Z,Sr) - HNU, F) - H' (X, j.F) = 0 (B.0.3)
and
0— H>U,F)— H*(X, juoF) =0 (B.0.4)

and all other cohomology groups in (B.0.1) vanish.
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Proof. The first term of (B.0.1) vanishes unless n = 0 since dim(Z) = 0, and the other two terms vanish
forn+1+#0,1,2since U and X are curves. Therefore (B.0.1) breaks into the pieces (B.0.3) and (B.0.4),
and all other terms vanish. O

If U = X, then the middle term of (B.0.3) vanishes, and otherwise the first term vanishes since any
curve U C X is affine. Either way, the Euler characteristics

2 2
XX, juF) = Y (=D dim(H (X, juF),  xe(U, juF) =) (=1)"dim(H (U, j.F)), (B.0.5)

n=0 n=0
and x(Z, Sr) =dim(H®(Z, Sr)) satisfy
XX, juF) = xe(U, F) = x(Z.S7) = ) _ deg(z) - dim(F; V). (B.0.6)
zeZ

B.1. Middle extensions. Let p be a Galois representation and ME(p) be the corresponding middle-
extension sheaf.

Proposition B.1.1. Let g be the genus of X. Then
X (X, ME(p)) = (2 —2¢) - rank(p) — (drop(p) -+ Swan(p)).

Proof. Suppose ME(p) is lisse on U; we may since ME(p) is a middle extension. On one hand, the
Euler—Poincaré formula, as proved by Raynaud [1966, Théoreme 1], asserts

Xe(U, ME(p)) = xc(U) - rank(p) — Swan(p), xc(U) =2—2g —deg(Z).
On the other hand, a short calculation shows

X(Z,ME(p)) = deg(Z) - rank(p) — drop(p)
since U is open and dense in X and hence Z is finite, and thus
X (X, ME(p)) = x.(U, ME(p)) + x(Z, ME(p)) = (2 — 2g) - rank(p) — drop(p) — Swan(p)
as claimed. |

Let C C P be the subset of places corresponding to the finite complement Z = X \ U.
Corollary B.1.2. If ME(p) is supported on U, then x.(U, ME(p)) = x (X, ME(p)), and

Xc(U, ME(p)) = (2 — deg(C)) - rank(p) — (drop(p) — drop(p) + Swan(p))

in general.
Proof. 1If ME(p) is supported on U, then drop,(p) = deg(C) - rank(p), so it suffices to show (3.5.3) holds
in general. Recall that Z = C, so the desired identity follows easily from the identities

xe(U, ME(p)) = x (X, ME(p)) — x(Z, ME(p)),

X(Z,ME(p)) = deg(C) - rank(p) — drope ()
and (3.5.2). O
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Let ¢ be a character of conductor supported by C.
Lemma B.1.3. (i) If ¢ is tame, then Swan(p ® ¢) = Swan(p).
(i) drop(p ® ¢) — drop(p) = drop.(p ® @) — drop.(p).

Proof. If v € P, then Swan, (p ® ¢) = Swan, (p) since tensoring with tamely ramified character (e.g., ¢)
does not change the local Swan conductor. Moreover, if v € C, then V and V,, are isomorphic as I (v)-
modules (since ¢ has conductor supported on C). Hence L(T, p,) and L(T, (p ® ¢),) have the same
degree, and in particular,

drop, (p ® ¢) —drop,(p) = deg(L(T, py)) — deg(L(T, (p ® ¢),)) =0
when v ¢ C. O

Appendix C: Detecting a big subgroup of GL

Let R be a positive integer and G be a connected reductive subgroup of GL(Q;), and suppose G acts
irreducibly on @f. The main goal of this section is to state and prove a theorem of the following form:

Claim C.0.1. If G contains a suitable element g, then G = SLg (Q¢) or G = GLg(Qy).

We give explicit conditions on g after introducing some terminology and preliminary results.

C.1. Weight multiplicity map. Let m be a positive integer and [m] = {1, ..., m}.
Definition C.1.1. A weight partition map of an element & = (a1, ..., @) in (@%)™ is a map wy :
[m] — [m] satisfying the following for every i, j € [m]:
We (i) = we(j) if and only if  [c(a;)| = [e(a))l,
g ' (O] = lwg (DI if i <.
The fibers of wy partition the indices i € [m] according to the corresponding weights —log, |¢(«;) | and

are ordered according to size.

In general, « may have multiple weight partition maps, but all will induce the same partition of [m],
have the same range, and yield the same map [m] — Z given by i — |w, L(1)]. In particular, if wq is a
weight partition map of o and if o € Sym(m), then the composed map w0 is also a weight partition
map of «.

Definition C.1.2. The m-th weight multiplicity map is the map

fom = (@) — 7"
which sends an element « to the tuple A = (A1, ..., A,) satisfying A; = |w, L(i)| for some weight partition
map w, and every i € [m].

Definition C.1.3. For any A = u,, (), let len(A) = max{l <i <m : A; #0}.
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Observe that [len(A)] is the range of any weight partition map w, of o and (A1, ..., Aenn)) 15 @
partition of m.

Example C.1.4. Let A = us(1, —1, ¢, —q, g?). Then A = us(¢%, —q,q,—1,1) = (2,2, 1,0, 0), and
thus len(}) = 3 and (2, 2, 1) is a partition of 5.

Lemma C.1.5. Let a, 8 € (QX)", and let s € Q% and o € Sym(m). Suppose B; = saq ;) for every
i € [m]. Then (o) = wm(B).

Proof. Let wq, wg be respective weight partition maps of o, 8. Then for every i, j € [m], one has
wg(@)=wg(j) <= B)I=(B)] = [asi)|l=Ilasj))| = wuo(@)=wuo(j).

In particular, the weight partition maps o w,, wg of o, B respectively coincide, s0 (o) = p,(B) as
claimed. O

C.2. Tensor indecomposability. Let m, n > 2 be integers, let o € (Q%)", B € (Q*)", and y € (Q*)™
be elements, and let a = w, («), b = w,(8), ¢ = wmn(y). We regard o and 8 as respective tuples of
eigenvalues of matrices A € GL,,(Q) and B € GL,(Q). We also suppose that y is an eigenvalue tuple of
the tensor product A ® B, and thus there exists a bijection 7 : [m] x [n] — [mn] satisfying

Y =i for (i, j) € [m] x [n].
Let wy, wg, w, be weight partition maps of «, B, y respectively.

Lemma C.2.1. There exists a unique map « : [len(a)] x [len(b)] — [len(c)] which makes the following

diagram commute:
[m] x [n] ————— [mn]
waxwﬂl lwy
[len(a)] x [len(b)] — [len(c)].

In particular,

=Y abj. (C.2.2)

K(i, j)=k
Proof. To see that such a map exists observe that w,, t factors through w, X wg since
(we X wp)(in, j1) = (wa X wp)(iz, j2) = l|oi| = lei,| and [B),] = |8},
= i, Bj| = lei, B,
= el = Vel
= w,t(i1, j1) =w,1(i2, j2)

for every i1, ip € [m] and j;, j» € [n]. To see that the map is unique, observe that the left vertical map of
the diagram is surjective and that the map must satisfy / — w, (i, j) for any (i, j) in (wg X w,g)_l(l).
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Finally, (C.2.2) follows from the identities
= |w, ' (k)| = |(row,) ™ (k)] = |(wy x wgor)~' (k)|

= D lwexwp) '@, Dl= Y aiby. O

Kk (i, j)=k ki, )=k

Example C.2.3. Leta=(1,1,9), 8=(,q,9),and y = (1, 1,4, 9,9, 9.9, q*, ¢*). The maps w, and
wg are canonical and given by

. 1, i=1,2, . 2, j=1,
w“(l):{z, =3, wﬂ(”:{L =23
The maps 7 and w,, are not canonical, so we choose
2, i=1,2,
(i, H)=3G-D+i, w,(j)=11, j=3,...,7,
3, i=8,09.

Then one hasa=b=(2,1,0) and c = 4,2,2,0,0,0,0, 0, 0), and also

L, G jH=0,1,21,
U)y‘[(i, J =13, @, 7 =G@,2),3,2),
2, otherwise

for (i, j) € [3] x [3]. Therefore, the domain and codomain of « are [2] x [2] and [3] respectively, and

L G H=0,1,Q2,2),
k@, j)=12, G j)=(1,2),
3., G,)H=@21
for (i, j) € [2] x [2].

Lemma C.2.4. For eachl € [len(a)], the restriction of k to {l} x [len(b)] is injective, and in particular,
len(b) < len(c).

Proof. Recall that [len(a)] and [len(b)] are the respective ranges of w, and wg, so suppose i € [m] and
Jj1, j2 € [n]. Moreover, one has

K (we (i), wp(j1) =k (We (i), we(j2)) = wyt(, j1) =wyT(, j2)
= |y, jpl = vl
= o8| = laiBjl
— wg(j1) =wg(j2),
and thus the restriction of x to {wy (i)} x [len(b)] is injective as claimed. Il
Let r be a positive integer.
Lemma C.2.5. (i) If Cien(c) <7, then ajena) < r and bienpy <.

(i) If a1 > r then Cienp) > r and if by > r then Ciena) > 7.
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Proof. For part (i), we prove the contrapositive. More precisely, if k € [len(c)], then one has

€22

Ck Z aibj = aien(abrenv) = Max{dien(a); bien(i },

K (i, j)=k
and thus cjene) > 7 if @len(a) > 1 OF bienyy > r. Thus (i) holds.
For part (ii), we suppose, without loss of generality, that a; > r and show that cjenp) > 7. We first
observe that Lemma C.2.4 implies the integers « (1, 1), ..., k(1, len(b)) are distinct. Moreover, for each
[ € [len(b)], one has

cey =abp>r-1=r.

Therefore at least len(b) integers in the monotone decreasing sequence cy, .. ., Cleny) €Xceed r, and thus
(i1) holds. Il

The following proposition is the main result of this subsection. We will use it to deduce that a certain
representation is tensor indecomposable whenever mn > r.

Proposition C.2.6. Suppose ciene) =1 <len(c) and c; <r. If len(c) <r +1, then m,n < r2+1 and
thus mn < (r* +1)=%.

Proof. Lemma C.2.5(i) implies that ajena) = bienp) = 1 since cien(cy = 1. Therefore len(a) > 2 and
len(b) > 2 since m > 2 and n > 2 respectively, and moreover, ¢ > Clen(q) OF €2 > Clen(s). Hence the
contrapositive of Lemma C.2.5(ii) implies a; < r and by <r since c; < r. In particular, if len(c) <r +1,
then Lemma C.2.4 implies len(a), len(b) <r + 1, and thus
len(a) len(b)
m= Z a; < raj+ dlena) < r2+ 1, n= Z bj <rb1+bienp) < I‘2+ 1
i=1 j=1

as claimed. O

C.3. Pairing avoidance. Let n be a positive integer and I be the n x n identity matrix. We define the
orthogonal and symplectic groups of matrices by

0,(Q)={M e GL,(Q): MM' =1},

szn(@) = {M EGLG((fD) . MPMt = P for P = (_(I) é)}

respectively.

Lemma C.3.1. Suppose h € GL,, (Q), wherem =n (resp. m = 2n) and hgh™' € O, (@) (resp. hgh™' e
Spa, (Q)). Let a € (Q*)™ be a tuple of the eigenvalues of g and a = (). Then some involution
€ Sym(len(a)) satisfies the following:

(1) a; = ax) for everyi € [len(a)].

(i) 7 has at most one fixed point.
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Proof. Since g and hgh™' have the same eigenvalues, we suppose without loss of generality that 4 = 1.
The involution s — 1/s of Q@ induces a permutation of the eigenvalues of elements of O, (@) and
Sp,, (Q). The latter is an involution o € Sym(m) with the property that, for any weight partition map wy
of o and every i € [m], one has

we (i) =weo (i) = lai|=lasi)| = lail=1/ai| <= |ai|=1.
The involution in question is given by wq (i) — wqo (i) for every i € [m]; recall w, maps onto [len(a)]. [

The following is the main result of this subsection. We will use it to show that some subgroup of
GL,,(Q) fails to preserve nondegenerate pairings which are either symmetric or alternating.

Proposition C.3.2. Let g be an element of GL,,(Q), a € (Q*)™ be a tuple of its eigenvalues, and
a =y (). If there exist i, j such that a;, a; are distinct from each other and from all ay. for k #1, j, then
g is not conjugate to an element of O,,(Q). If moreover m = 2n, then g is not conjugate to an element of

Proof. We prove the contrapositive. More precisely, if 21gh~! € 0,,(Q) or hgh™" € Sp,, (Q) for some
h € GL,, (@) and if m € Sym(len(a)) is an involution satisfying the properties of Lemma C.3.1, then
m (i) =i for at most one i. Therefore, for all but at most one i and for j = (i), one has i # j and a; = a;.
In particular, there is at most one i such that a; # a; for j #1. O

C.4. Main theorem. In this section we state and prove the main result of this appendix.

Theorem C.4.1. Let r, R be positive integers and G be a connected reductive subgroup of GLg(Qy). Let
g € G be an element and y € (Q h YR be an eigenvector tuple of g. Suppose that G is irreducible, that y
lies in (Q)R, and that ¢ = pg(y) satisfies 1 < len(c) <r+1and 1= Clen(c) < Clen(c)—1 and ca < r. If

R > 72(r* 4+ 1)2, then either G = SLg(Qy) or G = GLg(Qy).

The proof will occupy the remainder of this subsection.

Since G is algebraic, it contains the semisimplification of g, an element for which y is also an
eigenvector. Hence we replace g by its semisimplification and suppose without loss of generality that g
is semisimple. We also replace G and g by the conjugates h~!Gh and h~!gh by a suitable element & €

GL(Qp) so that we may suppose without loss of generality that g is the diagonal matrix diag(y1, . . ., yg).
LetV = @5 and f be the diagonal matrix
f=diag(le(yl, ..., L(yr)D-

We claim we may regard f as an element of GL #(Qp). More precisely, it is an element of GLg (@) C
GLg(C) since |t(yi)|> = t(¥;)i(y;) lies in the algebraically closed subfield (@) ¢ C and thus so does
[t(y:)]. Replacing G, g, f by conjugates by a suitable common permutation matrix, we suppose without
loss of generality that |¢(y;)] is an eigenvalue of f of multiplicity c;.

Lemma C.4.2. The matrix f is a semisimple element of G such that f — |t(y1)| € End(V) has rank at

most 1"2.
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Proof. For some sequence ey, ..., e, of tuples e; = (e; 1, ..., e;.m) € Z™, the intersection of G with the
subgroup of diagonal matrices in GLz(Q;) consists of all matrices diag(c;, . . ., a,,) satisfying

m m m

eni e _ . _ eni __
l_[“i —H“i = —H“i =1
i=l1 i=l1 i=l1

By hypothesis, g lies in this intersection, and thus
m
z( y) ‘ = [e(D)]
i=1

m m
t<1_[ yiel,i)‘ = t(l_[ yiez’i)‘ —=...=
i=1 i=1 i

l_[ |L(Vi)|€11i = 1_[ I[()/i)lez’i R l_[ |L(yl.)|en,i — 1
i=l i=l i=1

Therefore f is a diagonal (hence semisimple) element of G as claimed. It remains to show f — [i(y1)] €

or equivalently

End(V) has rank at most > Indeed, exactly c; of its eigenvalues equal |t(y;)|; hence the rank of

Jf=lelylis

len(c)

R—c < E c,'fr-r:r2
i=2

by our hypotheses on c. O

Let [G, G] be the derived (i.e., commutator) subgroup of G. Observe that G acts irreducibly on
V= @f by hypothesis, so its center Z(G) consists entirely of scalars and G is an almost product of
[G, G] and Z(G). In particular, [G, G] is a connected semisimple group which also acts irreducibly on V,
and for some a € @Z , the scalar multiple af lies in [G, G].

Let g C gl = End(V) be the Lie algebra of [G, G]. We claim g is simple. On one hand, g is a
semisimple irreducible Lie subalgebra of gl since [G, G] is semisimple and acts irreducibly on V. It
also contains af, and Lemma C.4.2 implies that dim((af —a|t(y1))V) < r2; hence the contrapositive of
Proposition C.2.6 implies that V is not tensor decomposable as a representation of g. On the other hand,
g has a decomposition g = [[/_, g; with respect to simple Lie subalgebras gi, ..., g, C g, and thus V has
a tensor decomposition V = @);_, V; where g; acts faithfully on V;. In particular, n = 1 since V is not
tensor decomposable, and thus g is simple as claimed. (Compare [Katz 2002, proof of Theorem 1.4.3].)

We now apply the following theorem to deduce that g is one of sl(V), so(V), or sp(V).

Theorem C.4.3. (Zarhin) Let g C End(V) be a simple Lie subalgebra, and suppose that g acts irreducibly
onV. Let (a, f) € Q x gandr =rank(f —a). If R =dim(V) > 72r2, then g is one of sl(V), so(V),
or sp(V).

Proof. See [Zarhin 1990, Lemma 4 and Theorem 6]. These results refer to constants D and D; respectively,

and in the proofs one finds D = % and D, =9/D =72 suffice. The latter is the source of the constant 72
in the hypothesis R > 72r% Compare [Katz 2002, Theorem 1.4.4]. O

To complete the proof of the theorem it suffices to rule out g = so(V) and g = sp(V) or equivalently
to show that G preserves neither an orthogonal nor a symplectic pairing. However, our hypotheses on c,
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together with the contrapositive of Proposition C.3.2, imply that G preserves neither such type of pairing,
so g =s[(V) as claimed. That is, [G, G] is SL(V) and G is equal to one of SL(V) or GL(V).

Appendix D: Perverse sheaves and the Tannakian monodromy group

D.1. Category of perverse sheaves. Given a smooth curve X over a perfect field |, we can speak of the
so-called derived category Df (X, Q). Its objects M are complexes of constructible @;-sheaves on X
over [ whose cohomology complex

s W M) - HOWM) - H (M) — -

is bounded and whose cohomology sheaves H' (M) are all constructible. There is a well-defined dual
object DM, the Verdier dual of M. Moreover, for each n € Z, there is a well-defined shifted complex
M{n] which satisfies 7' (M[n]) = H' ™" (M).

We say that M is semiperverse if and only if 7°(M) is punctual and ' (M) vanishes for i > 0 and that
M is perverse if and only if M and DM are semiperverse. We write Perv(X, Q) for the full subcategory
of perverse objects in Df (X, Q). It is an abelian category; thus one can speak of subquotients of its
objects as well as kernels and cokernels of its morphisms. It is common to call its objects perverse sheaves
despite the fact that they are complexes of sheaves.

There is a natural functor from the category of constructible @,-sheaves on X over k to Df (X, Qp): it
sends a sheaf F to a complex concentrated at i = 0 and takes a morphism to the unique extension to a
morphism of complexes. The image of this functor is not stable under duality though: if 7" is the dual
of F, then DF is isomorphic to " (1)[2]. If instead one sends each F to F (%)[1], then self-dual objects
are taken to self-dual objects and middle-extension sheaves are taken to perverse sheaves.

D.2. Purity. Let X be a smooth curve over [,. We say an object M in Df (X, Qy) is t-mixed of
weights < w if and only if /(M) is pointwise (-mixed of weights < w + i for every i, and then
M|n] is t-mixed of weights w +n. We also say M is t-pure of weight w if and only if M is (-mixed of
weights < w and DM is t-mixed of weights < —w, and then M[n] is (-pure of weight w + n. Finally, we
say M is pure of weight w if and only if it is (-pure of weight w for every field embedding ¢ : @ — C.

D.3. Subobjects and subquotients. Let (C, @) be an abelian category, let 0 be its zero object, and let
M, N be a pair of objects in C.

We say that N is a subobject of M and write N € M if and only if there is a monomorphism N «— M
in C. More generally, we say N of M is a subquotient of M if and only if there exist an object S, a
monomorphism § < M, and an epimorphism S — N all in C. Equivalently, N is a subquotient of M if
and only if there exist an object Q, an epimorphism M — Q, and a monomorphism N < Q all in C.

Proposition D.3.1. If M € Perv(G,,, Q) is t-pure of weight w, then so is every subquotient N.

Proof. See [Beilinson et al. 1982, 5.3.1]. O
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Given a pair N1, Ny € M of subobjects, we write N C N, € M if and only if Ny € N, and, for
the corresponding monomorphisms, Ny < M equals the composition Ny < N, < M. We also write
Ny =N, € M if and only if Ny € N, € M and N, € N; € M. For example, if M is an object in
Perv(G,,, Q;) and if ¢ is the Frobenius automorphism of M, then the subobjects N € M give rise to
precisely those subobjects N € M satisfying N = ¢(N) € M.

D.4. Kummer sheaves. Let G,, = IP; ~ {0, oo} over [y, and let n{(@m) be the tame étale fundamental
group, that is, the maximal quotient of 7{(G,,) whose kernel contains the p-Sylow subgroups of /(0)
and 7 (c0). It lies in an exact sequence

1 — 7{(Gy) — 7} (Gy) — Gal(F,/F,) — 1,

where n}(@m) is the image of | (@m) via the tame quotient | (G,,) — Jr}(Gm).

We say a constructible sheaf on P! is a Kummer sheaf if and only if it is a middle-extension sheaf
which is lisse of rank 1 on G,, and for which the corresponding representation factors through the quotient
m(@m) —» n}((_}m). Equivalently, the Kummer sheaves are the middle-extension sheaves £, on P!
associated to a continuous character p : n}(@m) — @Z.

D.5. Middle convolution on P. Letr : G, x G,, — G,, be the multiplication map on G,, over [,. Using
it one can define two additive bifunctors on D? (G, Q) corresponding to two flavors of multiplicative
convolution:

M x N :=Rm(MXN), Mx*,N:=Rn,(MXN).

There is a canonical map M x»y N — M %, N, but it need not be an isomorphism in general. However, if
both convolution objects lie in Perv(G,,, Q;), then one can speak of the image of the map and define

M spig N :=Image(M x N - M », N).

This observation led Katz to define the full subcategory P of Perv(G,,, @) whose objects are all M
for which N —= M % N and N — M «, N take perverse sheaves to perverse sheaves (see [Katz 1996,
§2.6] and [Katz 2012, Chapter 2]). Among other things, it includes perverse sheaves F[1] for F a simple
middle-extension sheaf on G,, of generic rank at least 2. Moreover, it is an additive category with respect
to the usual direct sum of sheaves. Katz called the resulting additive bifunctor on 7P middle convolution.

D.6. The category Paritn. Let Df (G, Qp) — Df (Gyn, Qp) be the “extension of scalars” functor which
sends an object of M over [, to the object M=M XF, Eq. It maps objects of Perv(G,,, Q) to objects of
Perv(G,,, Q;), and we define P,y to be the full subcategory of Perv(G,,, Qy) whose objects M are those
for which M lies in P. Among other things, Pyt contains perverse sheaves F[1] for F a geometrically
simple middle-extension sheaf on G, over [, which is of generic rank at least 2.

Once again we have the two flavors of multiplicative convolution

M N :=Rmi(MXN), Mx,N:=Rm,(MXN)
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for any pair of objects M, N in Perv(G,,, Q). We can also define middle convolution on Py as before:
M #pmig N :=Image(M xy N — M x, N)

for any pair of objects M, N in Pyi-

Proposition D.6.1. If M and N are 1-pure of weights m and n respectively, then M g N is t-pure of
weight m + n.

Proof. Our argument is essentially that of [Katz 2012, Chapter 4]. On one hand, M X N is (-pure of
weight m +n on G, x G,,;; hence [Deligne 1980, 3.3.1] and Proposition D.3.1 imply M % N and its
perverse quotient M #pyig N are t-mixed of weight m 4 n. On the other hand, DM and DN are t-pure of
weights m and n respectively, and
D(M spig N) = Image(D(M x, N) = D(M x N))
= Image(DM x DN — DM x, DN) = DM *pjg DN;

hence D(M smpig N) is t-mixed of weight < m 4+ n (cf. [Deligne 1980, 6.2]). Thus M *pig N is t-pure of
weight m + n as claimed. O

D.7. The category Tann(@m y @e ). Gabber and Loeser [1996, p. 529] defined an object M in Perv(@m, @e)
to be negligible if and only if its Euler characteristic x (G,,, M) vanishes, or equivalently, it is isomorphic
to a successive extension of shifted Kummer sheaves £,[1] (cf. [loc. cit., 3.5.3]). They showed that
the full subcategory Negl(G,,, Q,) of Perv(G,,, Q;) whose objects are the negligible sheaves is a thick
subcategory of the abelian category (see [loc. cit., 3.5.2]), and thus one can speak of the quotient category

Tann(G,,, Q¢) := Perv(G,,, Q) /Negl(G,,, Q).

They then proceeded to show that Tann(@m, @[) is a neutral Tannakian category (see [loc. cit., 3.7.5] and
[Deligne et al. 1982, 11.2.19]).

Theorem D.7.1. The composite map P — Perv(@m, @g) — Tann(G,,, Q) induces an equivalence of

categories such that:

(1) Middle convolution on P induces a tensor product ® on Tann(@m, @g).
(ii) The unit object 1 corresponds to the skyscraper sheaf i,Qq fori: {1} — G, the inclusion.
(iii) The dual M of an object M is the object [x — 1/x]*DM.
@iv) The dimension dim(M) of an object M is x (G, M).
(v) A fiber functor is M +— HO(A! JjoM) for jo : G, — A; the inclusion.

u’

See [Gabber and Loeser 1996, 3.7.2] and [Katz 2012, Chapters 2-3].
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D.8. The category Tann(G,,, @g). Let Negl(G,,, Q) be the full subcategory of Perv(G,,, Q,) whose
objects M are those for which M lies in Negl(G,,, Q;), and let

Tann(G,,, @() = Perv(G,,, @g)/Negl(Gm, @g).

Like Tann(G,,, Q;), the quotient category is an abelian category and even a neutral Tannakian category
with tensor product ® given by middle convolution. Moreover, the “extension of scalars” functor induces
a functor

Tann(G,,, Qp) — Tann(G,,, Q)
which we also call the “extension of scalars” functor.

Proposition D.8.1. Suppose M, N € Tann(G,,, Q;) are t-pure of weights m and n respectively. Then
MY, N, and M ® N are t-pure of weights m, n, and m + n respectively.

Proof. The Verdier duals DM and DN are t-pure of weights m and n respectively; hence so are the
Tannakian duals MY =[x + 1/x]*DM and NV =[x + 1/x]* DN. Moreover, Proposition D.6.1 implies
that M @ N = M sxpiq N is t-pure of weight m + n. O

D.9. Semisimple abelian categories. We say that M is simple if and only if the only subobjects N € M
in C are isomorphic to 0 or M. More generally, we say that M is semisimple if and only if it is isomorphic
to a finite direct sum N| @ - - - @ N, of simple subobjects Ny, ..., N,, © M. We say that C is semisimple
if and only if each of its objects is semisimple.

Proposition D.9.1. If M € Tann(G,,,, Q) is t-pure of weight zero, then (M) is semisimple.

Proof. If Ny, N» € Tann(G,,,, Q) are i-pure of weight zero, then so is N @ Ns. Therefore Proposition D.6.1
implies that T%? (M) is pure of weight zero, for every a, b > 0, and [Beflinson et al. 1982, 5.3.8] implies
that T4? (M) is semisimple. O

D.10. Tannakian monodromy group. Let k be an algebraically closed field of characteristic zero and
Vec;, be the category of finite-dimensional vector spaces over k. It is well known that the latter yields a
rigid abelian tensor category (Vec, ®) with respect to the usual operators @ and ® of vector spaces and
with unit object 1 = k.

Let (C, ®) be a neutral Tannakian category over k. Thus (C, ®) is a rigid abelian tensor category whose
unit object 1 satisfies k = End(1) and for which there exists a fiber functor w, that is, an exact faithful
k-linear tensor functor w : C — Vec,. For example, Vecy is a neutral Tannakian category and the identity
functor Vec, — Vecy is a fiber functor. More generally, given an affine group scheme G over k, the
category Rep, (G) of linear representations of G on finite-dimensional k-vector spaces yields a neutral
Tannakian category (Rep,(G), ®), and the forgetful functor Rep, (G) — Vecy is a fiber functor.

Given an object M of C, its dual M", and nonnegative integers a, b, let

Ta,b(M) = M®a o) (MV)®b
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and let (M) be the full tensor subcategory of C whose objects consist of all subobjects of T%?(M)
for all a, b > 0. For each automorphism y € Aute(M), let y¥ € Aute(M") be the corresponding dual
automorphism and T“*b(y) € Aute(T%?(M)) be the induced automorphism.

Let Alg, be the category of k-algebras and Set be the category of sets. Given a pair w;, w, of fiber
functors C — Vec; and an object M in C, one can define a functor

Isom® (w1 |M, @ |M) : Alg, — Set
by sending a k-algebra R to the set
{y € Isomg(w1(M)g, w2 (M)g) : T*"(y)(@1(N)) € wp(N) foralla, b > 0 and N € T (M)},
where w; (M)gr = w; (M) ®; R and
Isomg(wi (M) g, w2(M)g) = {y € Homg(w;(M)g, wa(M)R) : y is invertible}.
Similarly, given a single fiber functor w : C — Vec; and object M in C, one can define a functor
Aut®(w| M) : Alg, — Set
as the functor Isom®(w | M, w | M).
Theorem D.10.1. Let w1, wy be fiber functors C — Vecy, and M be an object of C.
(i) Aut®(w; | M) is representable by an algebraic group scheme G, | m over k.
(1) If (M) is semisimple, then G, | m is reductive.
(iii) Isom®(w; | M, ws | M) is represented by an affine scheme over k which is a G, | m-torsor.

See [Deligne et al. 1982, 11.2.11, 11.2.20, 11.2.28, and 11.3.2].

We call the group scheme G, | » in the theorem the Tannakian monodromy group of (M) with respect
to w;.
Theorem D.10.2. Let w : Perv(@m, @g) — Vecy, be a fiber functor over H_:q and M € Perv(G,,, @5). IfM

is pure of weight zero, then G, j; is reductive.

Proof. This follows from Proposition D.9.1 and Theorem D.10.1(ii). (|

D.11. Geometric versus arithmetic monodromy. For every object M in Tann(G,,, Q) and all integers
a, b > 0, the “extension of scalars” functor sends a subobject N € T*?(M) to a subobject N € T*?(M).
Moreover, composing the functor with a fiber functor @ on Tann(G,,, Q) yields a fiber functor on
Tann(G,,, Q,) which we also denote . Thus there is a natural transformation

Aut®(@| M) - Aut®(0| M)
and a corresponding monomorphism of Tannakian monodromy groups

G 1171_>Ga)|M-

o |



Variance of arithmetic sums and L-functions in Fg[t] 89

We call G, j; and G| m the geometric and arithmetic Tannakian monodromy groups of M with respect
to w respectively.

Proposition D.11.1. Suppose M is in Tann(G,, /[F,, Q¢) and is pure of weight zero. Then:
(i) G, i is a normal subgroup of G| m-
(i) If M is arithmetically semisimple, then G, \m /G, 37 is a torus, and thus G|y is reductive.

Proof. Proposition D.9.1 implies that M is semisimple, so part (1) follows from [Katz 2012, Theorem 6.1].
Therefore we can speak of the quotient G| m/ G, j7, and [loc. cit., Lemmma 7.1] implies it is a quotient
of M if M is arithmetically semisimple. Moreover, Theorem D.10.2 implies that G, 3; is reductive, so
part (2) follows by observing that the extension of a torus by a reductive group is reductive. U

D.12. Frobenius element. 1et w be a fiber functor Tann(([_Bm, @g) — Vecy, let E /[, be a finite extension,
and let M be in Tann(G,,/ E, Q). The geometric Frobenius element of Gal(Fq /E) induces a well-defined
automorphism ¢ of M. By applying w, one obtains a well-defined k-linear automorphism of w (M), that
is, an element of GL(w (M)) = GL(w(M)). It is even an element of G, | m since, for every N C TP (M)
and a, b > 0, one has
N =T (¢p)(N) S T*"(M)
and thus
o(N) = T*($p)(@(N)) C (T (M) = T (@(M)).

We call w(¢g) the geometric Frobenius element of G|y .

D.13. Frobenius conjugacy classes. Let w;, w; be fiber functors Tann(G,,, Q;) — Vecy, let M be an
element of Tann(G,,,, @g), and let v be an element of Isom® (w; | M, wo | M) (k). Then Theorem D.10.1(iii)
implies that the map g +— g induces a bijection

Gy 1m — Isom® (w1 | M, w3 | M).

Moreover, the map g, — g7 = n_lgzn induces an isomorphism G, |y — G, | . While the map is
not canonical (since 7 is not), the conjugacy class

Frobe, |m = {02()™*" : g1 € Gy m(K)} C Gy | m (k)

is well-defined. We call it the geometric Frobenius conjugacy class of wy | M in G, | m.
For each finite extension E /[, and each character p € ®(u), let £, be the corresponding Kummer
sheaf on G,, over E and w, : Tann(G,,, @;) — Vec, be the functor given by

M HA,, jo(M®L,)).
It is a fiber functor by [Katz 2012, 3.2], and w; is the fiber functor of Theorem D.7.1(v). We write
FI‘ObE,p C Gwl | M

for the corresponding geometric Frobenius conjugacy class of w, | Mg, where Mg = M Xy, E.
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Let m = dim(w,(M)) and n € {0, 1, ..., m}. We say that w,(M) is mixed of weights w1, ..., w,, if
and only if there exists an eigenvector tuple o = (1, ..., op) € (GZDE< )" of any element of Frobg , such
that « € (@*)" and such that

(@) = (1/|ED)™ for 1 <i<m

for every field embedding ¢ : @ — C. We also say that w, (M) is mixed of nonzero weights wy, ..., wy if
and only if it is mixed of weights wy, ..., w,, with w,4y; =---=w, =0.

D.14. Monodromy for pure middle-extension sheaves. Let U C (5, be a dense Zariski open subset
over F,. Let 6 : m1(U) — GL(W) be a continuous representation to a finite-dimensional Qy-vector
space W and F be the restriction to G,, of the associated middle-extension sheaf ME(#) on Pl. Suppose
that 0 is pointwise pure of weight w so that M = F((1 + w)/2)[1] is pure of weight zero. Suppose
moreover that 6 is geometrically simple and that it does not factor through the composed quotient
1 (U) = m1(Gy,) — 7{(Gy,) so that M lies in Paigh.

Let ®(u) be the dual of I'(u) = (F,[u]/ulf,[u])* (cf. Section 10.2). We define the geometric and
arithmetic Tannakian monodromy groups of (the Mellin transformation of) 6 to be

Goeom (0, ®(w)) := G, 17> Gaitn(0, P(w)) := Gy M-

For u =0, 0o, let W (u) denote W regarded as an [ (#)-module, and let W (u)"™P be the maximal submodule
of W(u) where I (1) acts unipotently. Moreover, let e, 1, ..., €, 4, be positive integers satisfying

W)™ P ~ U(e, )@ - ®Ul(ena,)

as I (u)-modules, where U (e) denotes the irreducible e-dimensional I (1#)-module on which I (z) acts
unipotently.
Proposition D.14.1. (i) The groups Geeom (0, (1)) and Gt (0, ®(u)) are reductive, and there is an
exact sequence
1 = Ggeom (0, ®(u)) = Gurith (0, P(u)) > T — 1

for some torus T over Q.

(ii) For each finite extension E/F, and each o € ® g (u), the stalk w,(M) is mixed of nonzero weights
—60,1» ceey —EO,dO» eOO,l’ ceey eOO,doo~

Proof. Part (1) follows from Proposition D.11.1, and part (2) follows from [Katz 2012, Theorem 16.1]. [J
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Extended eigenvarieties for
overconvergent cohomology

Christian Johansson and James Newton

Recently, Andreatta, Iovita and Pilloni constructed spaces of overconvergent modular forms in character-
istic p, together with a natural extension of the Coleman—Mazur eigencurve over a compactified (adic)
weight space. Similar ideas have also been used by Liu, Wan and Xiao to study the boundary of the
eigencurve. This all goes back to an idea of Coleman.

In this article, we construct natural extensions of eigenvarieties for arbitrary reductive groups G over a
number field which are split at all places above p. If G is GL,/Q, then we obtain a new construction of
the extended eigencurve of Andreatta—lovita—Pilloni. If G is an inner form of GL, associated to a definite
quaternion algebra, our work gives a new perspective on some of the results of Liu—Wan—Xiao.

We build our extended eigenvarieties following Hansen’s construction using overconvergent cohomol-
ogy. One key ingredient is a definition of locally analytic distribution modules which permits coefficients
of characteristic p (and mixed characteristic). When G is GL,, over a totally real or CM number field, we
also construct a family of Galois representations over the reduced extended eigenvariety.

A correction was submitted on 27 October 2020 and posted online on 27 February 2021.

1. Introduction

1.1. The halo conjecture. The eigencurve, introduced by Coleman and Mazur [1998], is a rigid analytic
curve &2 over Q » which parametrizes systems of Hecke eigenvalues of finite-slope overconvergent
modular forms. It comes equipped with a morphism &£"¢ — ngg, called the weight map, whose target is
known as weight space. Wéig parametrizes continuous characters « : Z; — @; and is a disjoint union of
a finite number of open unit discs. There is also a morphism "¢ — G, which sends a system of Hecke
eigenvalues to the U,-eigenvalue; the p-adic valuation of the U),-eigenvalue is known as the slope. The
geometry of &€ encodes a wealth of information about congruences between finite-slope overconvergent
modular forms, and it is therefore not surprising that its study remains a difficult topic. In particular, we
know very little about the global geometry of £"¢ (for example, it is not known whether the number of
irreducible components of £"2 is finite or not).

Letgq = pif p #2and g =4 if p = 2. The components of ngg are parametrized by the characters
(Z/qZ)* — (Z/qZ)*, and if we define X := X, = k(exp(gq)) — 1, then X defines a parameter on each

1

component. Very little is known about the global geometry of &' over the centre |X| < ¢~! and it

seems likely to be rather complicated. Near the boundary, however, the situation turns out to be rather
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simple. Coleman and Mazur raised the question of whether the slope tends to zero as one moves along a
component of &€ towards the boundary of W(;ig. Buzzard and Kilford [2005] investigated this question
for p =2 (and tame level 1) and proved a striking structure theorem: é"rigl“ X|>1/8} 18 a disjoint union
of connected components (E;)7°, and the weight map E; — {|X | > %} is an isomorphism for every i.
Moreover, the slope of a point on E; with parameter X is i.v,(X), where v, is the p-adic valuation
(normalized so that v, (p) = 1). Out of this came a folklore conjecture; the following version is essentially
[Liu et al. 2017, Conjecture 1.2]:

Conjecture. Forr € (0, 1) sufficiently close to 1, é"rig|{| X|>r} is a disjoint union of connected components
(E)2, such that each E; is finite over {|X| > r}. Moreover, there exist constants A; € R>o fori =0, 1, ...,
strictly increasing and tending to infinity, such that if x is a point on E; with weight parameter X, then the
slope of x is Ajv,(X). The sequence (1;)72 is a finite union of arithmetic progressions, after perhaps

removing a finite number of terms.

We will loosely refer to this as the “halo conjecture” (the “halo” in question is the (disjoint union of)
annuli {|X| > r}). Let us assume p # 2 for simplicity. If « is a point of ngg then U, acts compactly on
the space of overconvergent modular forms M,’. ¥ The Fredholm determinants det(1 — T U, M K‘ ye@ HITT
interpolate to an entire series F = Zn _oan T" with coefficients in Z [[ZX]] (Q(WHg)O Fix a character
n: Z; — [F; and consider the ideal I;, = (p, [n]—n(n) [n=1, ..., p—1). The quotient ring ZI,[[Z;]]/I,7
is isomorphic to F,[[ X ]| via the map sending [exp(p)] to 1 + X. We may consider the reduction F, of F

modulo /,, and the character
Ky :Z;,< — (Z‘,,[[Z;]]/In)X = [Fp[[X]]X.

In an unpublished note, Coleman conjectured that there should exist an [, ((X))-Banach space M; M of

“overconvergent modular forms of weight i, with a compact U),-action such that det(1—-7".U, | M ) =F,,
and promoted the idea that one should study the halo conjecture via integral models of the elgencurve
near the boundary of weight space.

In [Andreatta et al. 2018], Andreatta, Iovita and Pilloni proved Coleman’s conjecture on the existence
of M Jf and constructed an integral model &’ of ", which lives in the category of analytic adic spaces
[Huber 1994]. an has a natural formal scheme model Spf Z [[ZX]] which may be viewed as an adic
space Qg over the affinoid ring (Z,, Z,). Apart from the points corresponding to the adic incarnation
of ngg, 20, contains an additional 2(p — 1) points in characteristic p, corresponding to the characters
n and k,. The latter points are analytic in Huber’s sense (the former are not) and one may consider
the analytic locus Wy = Wéig U {ky, | n} of Wy (viewing Wéig as an adic space). Wy may be viewed
as a compactification of Wrig, and Coleman’s idea may be interpreted as saying that one should study
the behaviour of £"¢ near the boundary of W, by extending the eigencurve to an adic space living
over W, turning global behaviour into local behaviour “at infinity”. At a point &,, one can no longer
measure slopes using p. Instead, one has to use X. Noting that one can use X not only at &, but also
“near” it, the halo conjecture says that the X-adic slope is constant as one approaches «,. This supports
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the idea that an extension of &"¢ exists, and that the E; in the halo conjecture are X-adic Coleman
families (i.e., subspaces which are finite over their images in weight space, and of constant slope). In this
framework, the slopes of U, should be the A;, with multiplicity the degree of X; over {|X| > r}. The halo
conjecture asserts, remarkably, that a Coleman family centred at a point over k, extends to some locus
{|X| > r} in the component corresponding to 1, where r is independent of the family (and in particular
its slope).

In [Liu et al. 2017], Liu, Wan and Xiao prove the halo conjecture for eigencurves for definite quaternion
algebras. Here the construction of (overconvergent) automorphic forms is of a combinatorial nature. Those
authors succeeded in proving the halo conjecture by calculations on some relatively explicit ad hoc integral
models of spaces of overconvergent automorphic forms. They construct one space over the whole of 20,
with a possibly noncompact U),-action, and another model over {|X| > p~ '} with a compact Up-action.
By the p-adic Jacquet-Langlands correspondence of [Chenevier 2005], this proves the halo conjecture
for the components of the Coleman—Mazur eigencurve of (generically) Steinberg or supercuspidal type at
some prime g # p.

1.2. Extended eigenvarieties for overconvergent cohomology. The main goal of this paper is to construct
extensions of eigenvarieties for a very general class of connected reductive groups G over Q. In
particular, we give a new construction of the extended eigencurve & appearing in [Andreatta et al. 2018].
Our construction also gives a conceptual framework for many of the results in [Liu et al. 2017] (and
establishes a generalization of some of their results, which was described as an “optimistic expectation”
in Remark 3.26(2) of that paper). See Theorem 6.3.4 for an interpretation of some of their results using
the extended eigencurve.

Our construction of these eigenvarieties appears in Section 4.1. For the purposes of the introduction,
we have the following vague statement:

Theorem A. Let F be a number field and let H be a connected reductive group over F which is split
at all places above p. Set G = Resg H. Then the eigenvarieties for G constructed in [Hansen 2017]
naturally extend to adic spaces Z¢g over the extended weight space

W = Spa(Z,[ Tyl Z, 1 ToD)™,
where T is a certain quotient of the Z ,-points Ty of a maximal torus in a suitable model of G over Z,,.

The assumption that H is split at all places above p is made for convenience only; it makes it easy
to define a “canonical” Iwahori subgroup. We believe that it should be relatively straightforward to
generalize our constructions to general quasisplit G over Q (or to the setting of [Loeffler 2011]). The
resulting theory would, however, be even more notationally cumbersome, so we have decided to stick to
the simpler (but still very general) situation in this paper.

As a secondary goal, we show (Theorem 5.4.5) that when G = Resg GL,/F, where F is a CM or
totally real number field, the reduced eigenvariety that we construct carries a Galois determinant (in the
language of [Chenevier 2014]) satisfying the expected compatibilities between Frobenii at unramified
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places and the eigenvalues of Hecke operators. This shows that, in these cases, the new systems of Hecke
eigenvalues that we construct in characteristic p carry arithmetic information.

Theorem B. There exists an n-dimensional continuous determinant D of G with values in O+(%Cr;ed)
such that
D(1 — X Frob,) = P,(X)

for unramified places v, where P,(X) is the usual Hecke polynomial (5.3.1).

Our proof of Theorem B is an adaptation of an argument due to the first author and David Hansen
in the rigid setting, which will appear in a slightly refined form in [Hansen and Johansson > 2019]. It
crucially uses Scholze’s results [2015] on Galois determinants attached to torsion classes, as well as
filtrations on distribution modules constructed in [Hansen 2015].

To end our brief discussion of the results established in this paper, we explain one interpretation of the
phrase “naturally extend” in Theorem A. Suppose for simplicity that F = Q, G(R) is compact modulo
centre, and G(Q,) may be identified with GL, (Q,). We let Tp € GL,(Q,,) denote the diagonal matrices
with entries in Z,, (in this case Ty = T}j). Modules of overconvergent automorphic forms for G (and some
fixed tame level, which we suppress) were constructed in [Chenevier 2004] (see also [Loeffler 2011]). If
we denote by U the Hecke operator corresponding to

1
p .

n—1

then this acts compactly on the spaces of overconvergent automorphic forms, and so for each continuous
character « : Ty — Q ; there is a characteristic power series F, € Q p[[IT1 given by the determinant of
1 — TU on the space of overconvergent automorphic forms of weight x. The following theorem is a
consequence of our eigenvariety construction, together with Corollary 4.1.5.

Theorem C. The characteristic power series F, glue together to F\yy € OOW){T}}, an entire function on
affine 1-space over W.

Suppose k : To — F,(X))* is a continuous character, with q a power of p. Then we give an
interpretation of the specialization Fyy ¢ of Fyy at k as the characteristic power series of U acting on an
F, (X))-Banach space of overconvergent automorphic forms of weight k.

The Fredholm hypersurface % cut out by Fyy is locally quasifinite, flat and partially proper over W
and the eigenvariety & comes equipped with a finite map to %.

1.3. Outline of the construction. The eigenvarieties that we extend are those constructed using overcon-
vergent cohomology (sometimes also referred to as overconvergent modular symbols). Overconvergent
cohomology was developed in [Stevens 1994; Ash and Stevens 2008], and the eigenvarieties were
constructed in [Hansen 2017]. Let us recall their construction in the special case of the Coleman—Mazur
eigencurve and p # 2. Let R be an affinoid Q) -algebra in the sense of rigid analytic geometry and
let k : Z; — R* be a continuous homomorphism. It is well known that « is locally analytic, and in
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particular analytic on the cosets of 1 + p*Z, for all sufficiently large s. For such s, we consider the
Banach R-module A, [s] of functions f: pZ, — R which are analytic on the cosets of p°Z,. The monoid

A:{y:<‘c‘ Z)GMQ(ZP)‘MC, anX,ad—bc;éO}

acts on A, [s] from the right by

d
(fY)x)=«(a Jrlax)f(c+ x).

a—+bx

We consider the dual space D, [s] = Homg ¢s(Ai[s], R), with the dual left action of A. A key point is that
the matrix = ((1) 2) acts compactly on D, [s]; it factors through the compact injection D, [s] < D [s + 1].
Fix an integer N > 5 (for simplicity) which is coprime to p, and consider the congruence subgroup
I'=T1(N)NTo(p) € A. We may view D,[s] as a local system 2~),< [s] on the complex modular curve
Y (I') = I'\'H and consider the singular cohomology group

H'(Y (D), D[s]) = H'(T, D, [s),

where the right-hand side is group cohomology (in general we would consider cohomology in all degrees,
but it turns out that H' (T, D[s]) = 0 if i # 1; see Section 6.1). It carries an action of the Hecke
operator U,. Considering these spaces for varying s and R = O(Uf), where U C Wéig is an affinoid open
subset, Hansen shows how to construct an eigenvariety from the Ash—Stevens cohomology groups by
a clever adaptation of the eigenvariety construction of [Coleman 1997] (in the one-dimensional case)
and [Buzzard 2007] (in the general case).! This eigenvariety turns out to equal the Coleman—Mazur
eigencurve. To extend this construction to W), the key point is to define generalizations of the modules
D, [s] for all open affinoid subsets U/ € Wy. Let R = O(U) and let « : Z; — R be the induced character.
The first thing to note is that « is continuous but need not be locally analytic anymore, so one cannot
directly copy the definition of D, [s]. One could try to instead use the space A, of all continuous functions
pZ, — R. This carries an action of A by the same formula, and we may consider its dual D,. However,
the action of ¢ is no longer compact, so one has to do something different.

Let f : pZ, — R be a continuous function and let f(x) =), cn(xfl P ) be its Mahler expansion.
Recall that, when U/ C Worig (i.e., when R is a QQ,-algebra), a the(;rem of Amice (see [Colmez 2010,
Théoréme 1.4.7]) says that £ is analytic on the cosets of p*™1Z,, if and only |c,|p™/?" P~V — 0 as n — oo.
Here | — | is any Q,-Banach algebra norm such that |p| = p~!. Dually, we may identify D, with the ring

ZdnT”,

n>0

of formal power series

where T" is the distribution f — ¢,(f) and d, is bounded as n — oo. The analytic distribution
module D, [s] is defined by the weaker condition that |d,, | p‘"/ P’ (=1 is bounded as n — co. We may
INote that it is not clear how to topologize the R-modules H 1 (I, Dy [s]), nor that they can be made into potentially ON-able

Banach R-modules, so even in this special case we are combining Hansen’s eigenvariety construction with the Fredholm theory
of Coleman and Buzzard, rather than using the Coleman—-Mazur-Buzzard eigenvariety construction.
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define norms | —||,, forr €[1/p, 1), on D, by || ano d,T" Hr =sup,, |d,|r". Let D, denote the completion

of D, with respect to || — ||; it may be explicitly described as the ring of power series ano d,T", where
|d,|r" — 0. While the D,[s] are not among the D, , one sees that 1<i£1r_>1 Dy =lim _  Di[s], so the

norms allow one to recover the space of locally analytic distributions. As an aside, we remark it is
possible to recover the D, [s] on the nose from the || — ||, but we will not need them for the construction
of eigenvarieties.

The upshot of considering the norms || — ||, is that they may be constructed on D, for any open affinoid
U Wy, by the formula given above. It is, however, not clear a priori that the norms interact well
with the action of A. As a monoid A is generated by the Iwahori subgroup I = ANGL,(Z,) and the
element 7. The element ¢ acts via multiplication by p on pZ, and it is not too hard to see that it induces
a norm-decreasing map (D, || — I;) = (D, || — ll,1/») and that the inclusions D; C D, for r < s are
compact. Thus ¢ induces a compact operator on D, as desired. The action of I is more complicated to
analyze, but it turns out that / acts by isometries for sufficiently large r (depending only on «). To see
this, it is useful to find a different description of || — ||,. This description, which we will outline below,
is one of the key technical innovations of this paper. It is the analogue, in our setting of norms, of the
observation in the rigid case that if « is s-analytic then the /-action on A, preserves A,[s].

Schneider and Teitelbaum [2003] generalized the norms defined above to the spaces D(G, L) of
continuous distributions on a uniform pro-p group G [Dixon et al. 1999, Definition 4.1] valued in a
finite extension L of Q,. To recall this construction briefly, a choice of a minimal set of topological
generators of G induces an isomorphism G = Z‘;imG of p-adic manifolds and using multivariable Mahler
expansions one may identify D(G, L) (as an L-Banach space) with Or[T1, ..., Tgimcl[1/p], and we
put (m = dim G)

nittny
----- N |r °

r

Schneider and Teitelbaum showed that these norms are submultiplicative and independent of the choice
of minimal generating set. We generalize the construction of these norms to the module D(G, R) of
distributions on a uniform group G valued in a certain class of normed Z,-algebras R that we call
Banach-Tate Z ,-algebras. These include the rings R = O(U/) for U € W) open affinoid (for a suitable
choice of norm) and generalize the constructions in the previous paragraph, which was the special case
G = pZ,. Moreover, the action of g € G on D(G, R) via left or right translation is an isometry for || — ||,
(for any r).

Let By = {y € I | c = 0} be the upper triangular Borel and let N1 = {(! %) | x € pZ,} = pZ,,; I has
an Iwahori decomposition / = N x By. Extend « to a character of By by setting «(y) = «(a). We have
an /-equivariant injection f + F of A, into the space C(/, R) of continuous functions F : G — R given
by F(nb) = f(n)x(b), withn € N and b € By. Here I acts on C(I, R) via left translation. The image
is the set of functions F such that F'(gb) = x(b)F(g) for all g € I and b € By. Dually, we obtain an
I-equivariant surjection D(/, R) — D,. If we pretend, momentarily, that / is uniform, then we may
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consider the quotient norm on D, induced from || — ||, on D(I, R) and one can show that for sufficiently
large r, this quotient norm agrees with the previously defined || — ||, on D,. This shows that I acts by
isometries on (D, || — ||,) for sufficiently large r. In reality / is not uniform, but one can adapt the
argument by working with a suitable open uniform normal subgroup of 1.

This summarizes our construction of the modules D, which we use to construct the eigenvariety.
From the D;, we construct variants DS and function modules A, € A, as well. When R is a Banach
Q-algebra, the A.[s] and D,[s] appearing in [Hansen 2017] are equal to A} and D', respectively, for
r=p~ /P (P=D 1t is easiest, however, to use the modules D, to construct the eigenvariety since they are
potentially orthonormalizable. Using the D/, the construction of the eigenvariety follows [loc. cit.], and
amounts largely to generalizing various well-known results from rigid geometry and nonarchimedean
functional analysis. Our arguments also generalize from the case of G = GL;/q to the general case
considered in [loc. cit.] (as stated in Theorem A). In particular, our methods work for groups that do not
have Shimura varieties (such as G = Resg GL,,F for n > 3), which are intractable by the methods of
[Andreatta et al. 2018] (see also [Andreatta et al. 2016]).

Remark 1.3.1. In independent work, Daniel Gulotta [2018] used a similar definition of distribution
modules to extend Urban’s construction [2011] of equidimensional eigenvarieties for reductive groups
possessing discrete series.

1.4. Questions and future work.

Generalizations of the halo conjecture. It is interesting to consider how the halo conjecture might
generalize beyond the case of GL,/Q. For general G we raise the following questions:

Question 1.4.1. Does every irreducible component of the extended eigenvariety 2 contain a point in
the locus p = 0?

Question 1.4.2. Are there irreducible components of 2 contained in the locus p = 0?

In the case of G = GL,/Q it is a consequence of the halo conjecture that every irreducible component
contains a characteristic- p point. Similarly, when G is an inner form of GL,/Q associated to a definite
quaternion algebra over @, it is a consequence of the results of [Liu et al. 2017] that every irreducible
component contains a characteristic-p point (see Theorem 6.3.4). In general, we regard an affirmative
answer to the first question as a very weak version of the halo conjecture.

If a component has a characteristic-p point, it becomes possible to study characteristic-0 points
in the component (if they exist) by passing to the characteristic-p point, or to points approximat-
ing the characteristic-p point. In the case of GL,/Q (or its inner forms), components which have
a characteristic-p point have a Zariski dense set of points corresponding to (twists of) classical modular
forms of weight 2. One argument in this spirit appears in [Pottharst and Xiao 2014], which has been used
by the authors in combination with the methods of [Liu et al. 2017] to establish new cases of the parity
conjecture for the Bloch—Kato Selmer groups associated to Hilbert modular forms. We essentially do
this by showing that there is a classical parallel weight-2 point on every irreducible component of an
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eigenvariety for a definite quaternion algebra over a totally real field in which p splits completely. See
[Johansson and Newton 2018] for more details.

Dimensions of irreducible components and functoriality. We note here that the theory of global irreducible
components for the adic spaces we work with requires some explanation (see [Conrad 1999] for the
rigid case). We have done this in a sequel to this paper [Johansson and Newton 2017], where we also
generalize some of the results of [Hansen 2017]. In particular, we show that the lower bound for the
dimension of irreducible components [loc. cit., Theorem 1.1.6] and (a variant of) the interpolation of
Langlands functoriality [loc. cit., Theorem 5.1.6] generalize to our extended eigenvarieties.

One application of the interpolation of Langlands functoriality is that in the case of GL,,q (or its inner
forms) [Bergdall and Pollack 2016; Liu et al. 2017] show that the extended eigenvarieties contain the
usual rigid eigenvarieties as a proper subspace. Applying functoriality (cyclic base change, for example)
then shows that this is true for a larger class of groups. See [Johansson and Newton 2017] for more details.

Galois representations. In [Andreatta et al. 2018] the natural question is raised as to whether the Galois
representations attached to characteristic-p points of the extended eigencurve are trianguline (in an
appropriate sense). One can similarly ask this question for the characteristic-p Galois representations con-
structed in this paper. Note that in our level of generality, it is still only conjectural that the characteristic-0
Galois representations carried by the eigenvariety are trianguline, but this is known, for example, in the
case where G is a definite unitary group defined with respect to a CM field. It would also be interesting
to construct a “patched extended eigenvariety” in this setting, extending the construction of [Breuil et al.
2017], and we hope to study this in the near future.

1.5. An outline of the paper. Let us describe the contents of the paper. Section 2 collects what we need
about the eigenvariety machine and the notion of slope decompositions, and introduces some functional-
analytic terminology that we will need throughout the paper. Since the key point of the paper is the
construction of certain norms, we adopt terminology that puts emphasis on the norm, as opposed to
merely the underlying topology. We give a definition of a slope decomposition (a concept introduced in
[Ash and Stevens 2008]) that differs slightly from the definitions that appear in the literature. This is
necessary since the definition given in [loc. cit.] neither localizes nor glues well, and so is not suitable for
the construction of eigenvarieties. Our definition is a formalization of an informal definition that the first
author learnt from conversations with David Hansen.

In Section 3, we carry out the construction of the norms on the D,, following the outline above. We
first discuss the generalization of the Schneider—Teitelbaum norms to distributions on a uniform group G
valued in a certain class of normed Z ,-algebras that we call Banach-Tate Z ,-algebras. These include,
for example, all Banach Q,-algebras in the usual sense, as well as Tate rings R = O(U{) with U/ an
affinoid open subset of weight space (equipped with a suitable norm). We show that, in a precise sense,
the completion of D(G, R) with respect to the family of norms (|| — ||)re(1/p,1) only depends on the
underlying topology of R. Imposing some additional conditions on the norm (which is always possible in

practice), we then construct the modules D/, D" and A; as outlined above.
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Section 4 then uses the modules D, to construct the eigenvariety, following the strategy in [Hansen
2017]. Since the D, are potentially orthonormalizable, the construction simplifies somewhat. We end
the section by generalizing the “Tor-spectral sequence” [loc. cit, Theorem 3.3.1] to our setting, which is
a key tool for analyzing the geometry of eigenvarieties, and use it give a description of the “points™ of
the eigenvariety valued in a local field. We use this description in Section 5 when we construct Galois
determinants.

In Section 6 we discuss the relationship of our work with that of [Andreatta et al. 2018; Liu et al.
2017]. We show that when G = GL;/q, our construction, over the normalization of the weight space W)
discussed above, produces the same eigencurve as in [Andreatta et al. 2018] (this normalization is only
different from W, if p =2). When G is the algebraic group over (0 associated with the units of a definite
quaternion algebra over @, we show that our framework gives a conceptual proof of [Liu et al. 2017,
Theorem 3.16], which is a key ingredient in their proof of the halo conjecture. In essence, the numerical
estimate of [loc. cit., Theorem 3.16] falls out directly from our proof of compactness of the U,-operator.
Thus, it is possible to view our proof of compactness of suitable “U,-like” operators (known as controlling
operators) as a generalization of [loc. cit., Theorem 3.16], as asked for in [loc. cit., Remark 3.26(2)].
Since this numerical estimate doesn’t appear strong enough to establish the halo conjecture in more
general situations, we have restricted ourselves to proving the statement in the setting of [loc. cit.] as an
illustration of our method.

Finally, the Appendix proves various results that we need on the class of Tate rings whose associated
affinoid adic spaces appear as the local pieces of our eigenvarieties; some of these results might be of
independent interest.

2. Preliminaries

The goal of this section is to set up some functional analytic terminology and theory. Specifically, we
require the results of [Buzzard 2007, §2-3] on Fredholm determinants, Riesz theory and the construction
of spectral varieties in a level of generality that is intermediate between the settings of [Buzzard 2007,
Coleman 1997] (see also [Andreatta et al. 2018, Appendice B]). For example, we need to work over coeffi-
cient rings arising from affinoid opens in the adic space W, discussed in our Introduction. These rings are
complete topological rings which are 7ate in the language of Huber [1993, §1]. The topology on these rings
is induced by a norm, and to discuss the spectral theory of compact operators it is convenient to fix such
a norm. This gives rise to a class of normed rings which we call Banach—Tate rings (see Definition 2.1.2).

The proofs in [Buzzard 2007] go through with little to no change when working over Banach-Tate
rings, so we will be rather brief. All norms etc. will be nonarchimedean so we will ignore this adjective.
All rings will be commutative unless otherwise specified.

2.1. Fredholm determinants over Banach—Tate rings.
Definition 2.1.1. Let R be aring. A function | — | : R — R is called a seminorm if (for all r, s € R)
(1) 0]=0and |1| =1;
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(2) |Ir +s| <max(|r], |s]);
3) Irs| < |rlls].

If in addition |r| = 0 only if » = 0, then we say that | — | is a norm. A ring R together with a (semi-)norm
will be called a (semi-)normed ring. A normed ring R is called a Banach ring if the metric induced by the
norm is complete.

If f: R — S is a morphism of normed rings, we say that f is bounded if there is a constant C > 0
such that | f(r)| < C|r| for all r € R.

We say that two norms | — |, | —|" on a ring R are equivalent if they induce the same topology. We say
that they are bounded-equivalent if there are constants C1, C> > 0 such that Cy|r| < |r|" < C;|r| for all
r € R (note that this is stronger than equivalence, see Lemma 2.1.6). Let R be a normed ring. We say
that » € R is multiplicative if |rs| = |r||s| for all s € R.

Definition 2.1.2. Let R be a normed ring. We say that R is Tate if R contains a multiplicative? unit o
such that |@r| < 1. We call such a @ a multiplicative pseudouniformizer. If R is also complete, we say
that R is a Banach—Tate ring. If R is a Tate normed ring and = is a multiplicative pseudouniformizer,

then we define the corresponding valuation v, on R by v, (r) = —log, |r|, where a = |& ~!|.

We remark that it is easy to see that a unit @ in a normed ring R is multiplicative if and only if
|o~!| = |=r|~!. A multiplicative pseudouniformizer & is a uniform unit in the sense of [Kedlaya and
Liu 2015, Remark 2.3.9(b)].

Remark 2.1.3. Let R be a Tate normed ring, with e a multiplicative pseudouniformizer:

(1) The underlying topological ring is a Tate ring in the language of Huber; the unit ball Ry is a ring of
definition and @ is a topologically nilpotent unit. Conversely, assume R is a Tate ring and @ € R is a
topologically nilpotent unit, contained in some ring of definition Ry. If @ € R., then we may define a
norm on R by |r| =inf{a™ | r € @" Ry, n € Z}. Equipped with this norm, R is a Tate normed ring with
unit ball Ry and @ is a multiplicative pseudouniformizer.

(2) A Banach-Tate ring A is the same thing as a Banach algebra A satisfying |A™| # 1 in the language
of [Coleman 1997, §1] (and what we call a Banach ring is what Coleman calls a Banach algebra). Here
A™ denotes the set of multiplicative units of A. Additionally, when R is a Banach-Tate ring and R™ is
a ring of integral elements, a choice of a multiplicative pseudouniformizer & may be used to identify
the Gelfand spectrum M (R) of bounded multiplicative seminorms on R [Berkovich 1990, §1.2] with
the maximal compact Hausdorff quotient of the adic spectrum Spa(R, R*) [Huber 1993]; see [Kedlaya
and Liu 2015, Definition 2.4.6]. Concretely, @ gives us a natural way of viewing a rank-1 point in
Spa(R, R1) as a bounded multiplicative seminorm.

Definition 2.1.4. Let R be a normed ring. A normed R-module is an R-module M equipped with a
function || — || : M — Rx¢ such that (for all m,n € M and r € R)

2That is, a unit which is multiplicative in the sense we just defined, as well as being a unit for multiplication!
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(1) |lm] = 0 if and only if m = 0;
(2) lm + nll < max(|lmll, [Inl);
) llrm| < |r|lim].

We remark that if » € R is a multiplicative unit, then one sees easily that ||rm| = |r|||m| for all m € M.
If R is a Banach ring and M is complete, we say that M is a Banach R-module.

Let R be a Tate normed ring. If M and N are normed R-modules, then a homomorphism ¢ : M — N is
a continuous R-linear map. In this case, continuity of an R-linear map ¢ is equivalent to boundedness; i.e.,
there exists C € R such that ||¢ (m)|| < C||m|| for all m € M. In this case we set || = Sup,,, 20 ¢ (m)] |m|~!
as usual; Hompg (M, N) becomes a normed R-module with respect to this norm. The open mapping
theorem holds in this context; see, e.g., [Huber 1994, Lemma 2.4(i)].

Let R be a Noetherian Banach—Tate ring. The results of [Bosch et al. 1984, §3.7.2] hold in the context
of Banach-Tate rings with the same proofs (thanks to the open mapping theorem), so R being Noetherian
is equivalent to all ideals being closed. Moreover, the results of [loc. cit., §3.7.3] hold for Noetherian
Banach-Tate rings with the same proofs. In particular, any finitely generated R-module carries a canonical
complete topology, and any abstract R-linear map between two finitely generated R-modules is continuous
and strict with respect to the canonical topology.

Definition 2.1.5. Let R be a Banach-Tate ring and let / be a set. We define cz(/) to be the set of
sequences (r;);c;s in R tending to O (with respect to the filter of subsets of I with finite complement). It is
a Banach R-module when equipped with the norm ||(r;)|| = sup;¢; |7:].

We say that a Banach R-module M is (potentially) orthonormalizable (or (potentially) ON-able for
short) if there exists a set I such that M is R-linearly isometric (resp. merely R-linearly homeomorphic)
to cr(I). A setin M corresponding to the set {e; = (8;;); | i € I} € cg(I) under such a map is called an
(potential) ON-basis.

Finally, we say that a Banach R-module M has property (Pr) if it is a direct summand of a potentially
ON-able Banach R-module.

If M — N is a continuous morphism of ON-able Banach R-modules, then we may define its matrix
for a fixed ON-basis on M and one on N as on [Buzzard 2007, p. 65], and the properties stated there
hold in this situation as well. A morphism ¢ : M — N between general Banach R-modules is said
to be of finite rank if the image of ¢ is contained in a finitely generated submodule of N. More
generally, ¢ is said to be compact (or completely continuous) if it is a limit of finite-rank operators in
Homg ¢s(M, N). If R is Noetherian, [loc. cit., Lemma 2.3, Proposition 2.4] go through with the same
proofs (using a multiplicative pseudouniformizer @ for what Buzzard calls p in the proof of Lemma 2.3)
and we see that if ¢ : M — N is a continuous R-linear map between ON-able Banach R-modules with
matrix (a;;) with respect to some bases (¢;);c; of M and (fj);es of N, then ¢ is compact if and only if
lim;_, oo sup;¢; la;j| =0. When M = N and (¢;);e; = (fj);ey this allows us to define the characteristic
power series, or Fredholm determinant, det(1 — T ¢) of a compact ¢ using the recipe on [loc. cit., p. 67]
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and one sees that det(1 — Tu) € R{{T}}, where

R{T) = {ZanT" € RITT | lam|M™ — Ofor all M € [Rzo}
n
is the ring of entire power series in R.

Moving on, we remark that [loc. cit., Lemma 2.5, Corollary 2.6] are true in our setting with the same
proofs. In particular, the notion of the Fredholm determinant extends to compact operators on potentially
ON-able M, and may be computed using a potential ON-basis. It will be useful (at least psychologically)
for us to know that these notions remain unchanged if we replace the norm on R by an equivalent one.
First, we remark that changing the norm on R to an equivalent one doesn’t change the topology on cg (1)
(for I arbitrary). This can be seen directly, but it is also a consequence of the following lemma, which we
will need later.

Lemma 2.1.6. Let R be a complete Tate ring, and let w, m € R be topologically nilpotent units. Assume

that we have two equivalent norms | — | and | — |, on R (inducing the intrinsic topology) such that @ is
multiplicative for | — | and m is multiplicative for | — | ;. Then we may find constants Cy, C3, s1, 55 > 0
such that

Cilaly <lalm < Calal?

foralla € R.

Proof. We thank a referee for suggesting a more efficient argument for this proof. First, note that it
suffices to find constants such that the inequalities hold for all nonzero a € R, since it trivially holds
for @ = 0 and all choices of constants. We will first prove the second inequality. To start, pick C' > 0
such that |a|, < 1 implies |a|, < C’ for all a € R (possible since the norms are equivalent). Since @ is
m |;1

topologically nilpotent we may find m € Z> such that |o™|, < 1. It follows that | ™" |, > |& > 1.

{ log |al, W
log |@™ |

We have || |al, < 1. If n > 0, we deduce that [o™"al|, < |&"|} |al, < 1. If n <0 we similarly
deduce that

For any nonzero a € R, set

o™ al, <o " " aly <l@"7lal < 1.

Therefore we have |@™"a|, < C'. By multiplicativity of @ for | — |5 we get |a|, < C'|ew | Setting
q = |o|," > 1, we then have

m|—1
laly < C'q" < C'qUoglin/ 812"+ = Cglal2,
where we have put s, = (logq |wm|;1)_1; note that s, > 0. Set C, = C'q; we get

lalm < Calaly,

with C,, s5 > 0 as desired.
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To get the first inequality, note that by symmetry we may find D, ¢ > 0 such that |a|; < Dlal|’,.
Rearranging we obtain
Cilaly <lalm < Colaly

as desired, where C; = D~/ and 51 = 1/1. O
Remark 2.1.7. If R has two equivalent norms | — | and | — |" with a common multiplicative pseudouni-
formizer @ such that | | = ||, then the proof shows that | — | and | — |" are bounded-equivalent. This

is also easy to see directly, and will be used freely throughout the paper.

Suppose then that (M, | — |) is a Banach (R, | — |)-module, and (M, | —|') is a Banach (R, | —|)-
module, where | — | and | — |" are equivalent on both R and M. A Banach (R, | — |)-module isomorphism
(M, |—|) = (cg(I), | —]) is then the same thing as a Banach (R, | —|")-module isomorphism (M, | —|) =
(cr(D), | —1"), since (cr(I),| —1) = (cg(I), | — ") as topological R-modules via the identity map. Thus
(M, | —) is potentially ON-able if and only if (M, | —|’) is potentially ON-able, and (e¢;);<; is a potential
ON-basis for (M, | —|) if and only if it is a potential ON-basis for (M, | —|'). It follows, at least when R
is Noetherian (which is all we need), that an operator ¢ is compact on a potentially ON-able (M, | — |) if
and only if it is compact on a potentially ON-able (M, | —|'), and the Fredholm determinant is the same.

We remark that the results [Buzzard 2007, Lemma 2.7—Corollary 2.10] hold over Noetherian Banach—
Tate rings R, again with the same proofs. We can extend the notion of Fredholm determinants of compact
operators on Banach R-modules with property (Pr) as on [loc. cit., pp. 72-73], and the results there hold
over Noetherian Banach—Tate rings. One also sees that having property (Pr) is stable when changing
the norms on (R, M) to equivalent ones, as is compactness of operators and the Fredholm determinants
for compact operators are unchanged. We summarize the results of this section with the following
proposition:

Proposition 2.1.8. Let R be a Noetherian Banach—Tate ring. If M is a Banach R-module with property
(Pr)and ¢ : M — M is compact then there is a well-defined Fredholm determinant

det(1 — T¢|M) € R{T)).

If we change the norms on (R, M) to equivalent ones, then M still has property (Pr), ¢ is still compact,

and the Fredholm determinant is unchanged.

2.2. Riesz theory, slope factorizations and slope decompositions. We continue to let R denote a Banach—
Tate ring. If Q € R[T], we write Q*(T) := T2 Q(1/T). We recall the following definitions:
n>1nT" € R{T}}. A polynomial
Q € R[T] is called multiplicative if the leading coefficient of Q is a unit (in other words, if 0*(0) € R*).
Two entire series P, Q € R{{T'}} are said to be relatively prime if the ideal (P, Q) is equal to R{T'}}.

Definition 2.2.1. A Fredholm series is a formal power series F =1+ _

The proof of [Buzzard 2007, Theorem 3.3] goes through without changes; we state it for completeness
(see also [Andreatta et al. 2018, Théoreme B.2]). Implicit in this is that [Buzzard 2007, Lemma 3.1]
holds with the same proof; we will make use of this later.
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Theorem 2.2.2. Assume that R is Noetherian. Let M be a Banach R-module with property (Pr) and
let u: M — M be a compact operator with F = det(1 — Tu). Assume that we have a factorization
F = QS, where S is a Fredholm series, Q € R[T] is a multiplicative polynomial, and Q and S are
relatively prime in R{{T}}. Then Ker Q*(u) C M is finitely generated and projective and has a unique
u-stable closed complement N such that Q*(u) is invertible on N. The idempotent projectors M —
Ker Q*(u) and M — N lie in the closure of R[u] C Endg ¢s(M). The rank of Ker Q*(u) is deg Q, and
det(1 — Tu | Ker Q*(u)) = Q. Moreover, u is invertible on Ker Q*(u), and det(1 — Tu | N) = S.

Proof. Apart from the last sentence, this is (a minor reformulation of) [Buzzard 2007, Theorem 3.3]. To
see that u is invertible on Ker Q*(u), note that

det(u | Ker Q*(u)) = Q*(0) € R™.
To see that det(1 — Tu | N) = S, write S’ =det(1 — Tu | N) and note that
F =det(1—Tu | Ker Q*(u))det(1—Tu | N) = QS".
Hence O(S — §’) =0, and Q is not a zero divisor since Q(0) =1,s0 S =S". O

The following lemma may be extracted from the proof of [loc. cit., Lemma 5.6]; we give the short
proof for completeness.

Lemma 2.2.3. Assume that R is Noetherian. Let M and M' be two Banach R-modules with property
(Pr) and assume that we have a continuous R-linear map v : M — M’ and a compact R-linear map
i:M — M. Set u=ivand u' = vi. Then u and u’ are both compact and det(1 — Tu) = det(1 — Tu');
call this entire power series F. If F = QS is a factorization as in Theorem 2.2.2, then i restricts to an
isomorphism between Ker Q*(u’) and Ker Q* (u).

Proof. Compactness of u and u’ and the equality of their Fredholm determinants follows from [loc. cit.,
Proposition 2.7]. Now assume we have a factorization F = QS. If x’ € Ker Q*(u'), then Q*(u)(i(x)) =
i(Q*(w)(x")) = 0 so i(Ker O*(u')) € Ker Q*(u). Furthermore, if i(x’) = 0 then v/(x’) = 0, so
O*(w)(x") = 0*(0).x’ = 0 and hence x’ = 0, so i is injective on Ker Q*(u’). For surjectivity onto
Ker Q*(u), let x € Ker Q*(u) and choose y € Ker Q*(u) with u(y) = x (possible by Theorem 2.2.2).
Then one checks, similarly to the computation above, that v(y) € Ker Q*(u”), and hence i (v(y)) =u(y) ==x,
which gives us surjectivity and finishes the proof. O

Next, we let K be a field, complete with respect to a nontrivial nonarchimedean absolute value. We
briefly define the Newton polygon of a power series F € K[T]], following [Ash and Stevens 2008, §4.2]
(in this special case). A subset N C R? is said to be sup-convex if it is convex and, if a point (a, b) is
in NV, then A contains the whole half-line {(a, b +1) | t > 0} above it. Given an arbitrary subset S C R?,
there is a unique smallest sup-convex set containing S, which we will denote by H (S). If I € Z>( and
w : I — R is a function, then any set of the form H, ({(n, w(n)) | n € I}) is called a Newton polygon. We
refer to [loc. cit., §4.2] for the notions of vertices, edges and slopes of a Newton polygon.
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Definition 2.2.4. Let F = ano a,T" € K[T]. Fix a pseudouniformizer @ € K and consider the
corresponding valuation v,. The Newton polygon of F is the Newton polygon H (S(F)), where

S(F) = {(n, vy (ay)) | n € Ir} CR?,
with Ir = {n € Z>¢ | a, #0}.

Let & € R. We say that a power series F € K[[T]] has slope < h (or > h) if all slopes of its Newton
polygon are < & (or > h). Now consider a Banach—Tate ring R with a multiplicative pseudouniformizer .
We say that F € R[[T] has slope < & (or > h) if, for any x in the Gelfand spectrum M (R) with residue
field K, the specialization F, € K,[T] has slope < h (or > h).

Definition 2.2.5. Let R be a Banach—Tate ring with a fixed multiplicative pseudouniformizer @ . Let
F € R{{T}} be a Fredholm series and let 1 € R. A slope < h-factorization of F is a factorization F = QS
in R{T}}, where Q is a multiplicative polynomial of slope < & and S is a Fredholm series of slope > h.

Remark 2.2.6. If R is a complete Tate ring with a fixed topologically nilpotent unit zr, then the notions
of slope factorizations and slope < i or > h are independent of the choice of a norm on R with @
multiplicative. Moreover, one can define all these notions directly without choosing a norm on R.

Recall that an element a € R is called quasinilpotent if its spectral seminorm? lalsp is 0. This is
equivalent to |a|, = 0 for all x € M(R) by [Berkovich 1990, Corollary 1.3.2]. The set of quasinilpotent
elements forms an ideal of R, which is the kernel of the Gelfand transform R — [, r) Kx. We note
that it is easy to see that a quasinilpotent element is topologically nilpotent. For the kinds of rings R
which appear in practice in this paper, the quasinilpotent elements are just the nilpotent elements (this
follows from Theorem A.7), and the proof of the following lemma is simpler. However, we will avoid
imposing additional technical assumptions at this stage.

Lemma 2.2.7. Let R be a Banach—Tate ring with a fixed multiplicative pseudouniformizer w and let
h € Qso. Let S be a Fredholm series of slope > h and Q a multiplicative polynomial of slope < h. Then
QO and S are relatively prime.

Proof. We will use Coleman’s resultant Res, for which we refer to [Coleman 1997, §A3] (the reader
may also benefit from the discussion on [Buzzard 2007, p. 74]). By [Coleman 1997, Lemma A3.7]
it suffices to prove that Res(Q, S) is a unit in R{{T'}}. Pick x € M(R) and specialize to K. Then
Res(Q, S)x =Res(Qy, Sy) and since Qy has slope < & and S, has slope > h we see that Res(Q, S), €
K. {T}* = K. By [Berkovich 1990, Corollary 1.2.4] we see that Res(Q, S) =ao+ T.F(T), where
ap € R* and F(T) € R{{T}} has quasinilpotent coefficients. Multiplying by a, ! we see that it suffices to
prove that if F € R{{T}} has quasinilpotent coefficients, then 1 — T.F(T) € R{{T }}*.

To prove this, we use an argument suggested to us by a referee, which is more efficient than our original
argument. First note that the formal inverse of 1 — T.F(T) is G(T) = ano T".F(T)" so we need to
show that this is entire. Setting H(T) = T.F (T), it suffices to show that if H(T) is any entire power

3The definition of the spectral seminorm is recalled in the Appendix.
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series with H (0) = 0 and with quasinilpotent coefficients, then ) " _, H(T)" converges and is entire. In

n>0
fact, it suffices to prove that ano H(T)" € R(T), since if we have proved this we can apply this to
H(zw ~NT) for all N (which still has quasinilpotent coefficients) to deduce that > -0 H(T)" is entire.
So, to show this, it suffices to show that H(T') is topologically nilpotent in R(T'), where we equip R(T)
with the Gauss norm coming from the norm on R. Since the coefficients of H tend to 0, we may write
H(T)= Zfl\’:l hyT" 43",y hnT", with |h,| < 1 for n > N. Then the tail ), _, h,T" is topologically
nilpotent (it has Gauss norm < 1) and the terms %, T" are topologically nilpotent for all n since 4, is
quasinilpotent (and hence topologically nilpotent). So H(T') is a finite sum of topologically nilpotent

elements, and hence topologically nilpotent. 0

Continue to let R be a Banach-Tate ring with a fixed multiplicative pseudouniformizer . The
following is a minor variation of [Ash and Stevens 2008, Definition 4.6.1].

Definition 2.2.8. Let M be an (abstract) R-module, let u : M — M be an R-linear map and let & € Q.
An element m € M is said to have slope < h with respect to u if there is a multiplicative polynomial
Q € R[T] such that

(1) Q*(u).m =0;
(2) the slope of Q is < h.

We let M<;, € M denote the subset of elements of slope < A.

Lemma 2.2.9 [Ash and Stevens 2008, Proposition 4.6.2]. My, is an R-submodule of M, which is stable

under u.

Proof. 1t is clear from the definition that M<;, is closed under multiplication, and stable under u. It
therefore suffices to prove that it is closed under addition, for which it suffices to prove that if Q; and Q>
are two multiplicative polynomials of slope < A, then so is Q| Q». To see this it suffices to specialize
to the case when R is a field and the norm is an absolute value. The assertion is then well known (for
example, the argument in the proof of [loc. cit., Proposition 4.6.2] carries over without change). U

Definition 2.2.10 [Ash and Stevens 2008, Definition 4.6.3]. Let M be an R-module with an R-linear
map u : M — M and let h € Q. A slope < h-decomposition of M is an R[u]-module decomposition
M = M;, & M" such that

(1) My is a finitely generated R-submodule of M<y;

(2) for every multiplicative polynomial Q € R[T] of slope < h, the map Q*(u) : M" — M" is an
isomorphism of R-modules.

Proposition 2.2.11. We keep the above notation. If M has a slope < h-decomposition My, & M", then
it is unique, and My = M<y, (in particular the latter is finitely generated over R). We will from now on
write M), for the unique complement. Moreover, slope decompositions satisfy the following functorial
properties:
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(1) Let f: M — N be a morphism of R[u]-modules with slope < h-decompositions. Then f(M<y) S N<p,
and f(M~y) € N-j. Moreover, both Ker(f) and Im(f) have slope < h-decompositions.

(2) Let C* be a complex of R[ul-modules and suppose that each C' has a slope < h-decomposition. Then
every H' (C*) has a slope < h-decomposition, explicitly given by H'(C*) = Hi(C'Sh) @®HI(C)).

>h
Proof. The proof is identical to that of [Ash and Stevens 2008, Lemma 4.6.4]: one equates slope < h-
decompositions with S-decompositions (as defined and studied in [loc. cit., §4.1]) for the set S € R[u] of
all O*(u), where Q is a multiplicative polynomial of slope < h. The properties then stated follow from
general facts about S-decompositions, recorded in [loc. cit., Proposition 4.1.2]. O

Definition 2.2.12. Let R be a Banach-Tate ring with a fixed multiplicative pseudouniformizer e and let
M be a Banach R-module. Assume that M has a slope < h-decomposition M =M<, &M, . If f: R— S
is a bounded morphism of Banach—Tate rings such that f(zz') is a multiplicative pseudouniformizer in S,
we say that the slope < h-decomposition is functorial for R — § if M®gS = (M<, Q@rS)® (M-=p ®r S)
is a slope < h-decomposition of M®y S (using f (=) to define slopes for S). We say that the slope < /-
decomposition is functorial if it is functorial for all such bounded homomorphisms of Banach-Tate rings
out of R.

Theorem 2.2.13. Let R be a Noetherian Banach—Tate ring with a fixed multiplicative pseudouni-
formizer w, and let M be a Banach R-module with property (Pr). Let u be a compact R-linear operator
on M, with Fredholm determinant F(T) = det(1 — Tu). If M has a slope < h-decomposition which is
functorial with respect to R — K for all x € M(R), then F has a slope < h-factorization. Conversely, if

F has a slope < h-factorization, then M has a functorial slope < h-decomposition.

Proof. Assume that M has a slope < h-decomposition M = M, & M-, which is functorial with respect
to R — K, for all x € M(R). Then both of these spaces satisfy property (Pr) and are u-stable, and hence
we have

F=det(l —Tu|M<p)det(l —Tu | M-p).

We claim that this is a slope < h-factorization. Put Q =det(1 — Tu | M<p), S =det(1 —Tu | M~p).
Pick x € M(R) with residue field K, and specialize. We have Q, =det(l — Tu | M<, ®r K,) and
Sy =det(1—Tu | M-, QrK,). By assumption MQgrK, = (M<, ®r Kx)® (M>h(§)RKx) is a slope < h-
decomposition, so O, has slopes < & and S, has slopes > & and so F' = QS is a slope < h-factorization.

Conversely, assume that F has a slope < h-factorization F = QS. By Lemma 2.2.7 Q and S are
relatively prime, so we may apply Theorem 2.2.2 to get a u-stable decomposition M = Ker Q*(u) & N.
It is easy to see that this decomposition is functorial, as is a slope < h-factorization, so it suffices to
prove that this decomposition is a slope < s-decomposition. First, since Q has slope < /i we see that
Ker O*(u) € M<j, (and we know it’s finitely generated). It remains to show that for every multiplicative
polynomial P of slope < h, P*(u) is invertible on N. By Lemma 2.2.7 P and S are relatively prime.
Since S =det(1 — Tu | N) (by Theorem 2.2.2), it follows from [Buzzard 2007, Lemma 3.1] that P* is
invertible on N, as desired. O
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Corollary 2.2.14. With notation and assumptions as in the theorem, a slope < h-decomposition of M is
functorial if and only if it is functorial for the natural map R — K, for all x € M(R).

2.3. Fredholm hypersurfaces. In this section we discuss the notion of Fredholm hypersurfaces and relate
this to slope factorizations and decompositions. We will use Huber’s adic spaces as our framework for
nonarchimedean geometry, and we will use standard notions and notation from this theory freely, referring
to the basic references [Huber 1994; 1996].

Any Tate ring R with a Noetherian ring of definition has an associated affinoid adic space Spa(R, R™),
for any ring of integral elements R™, by [Huber 1994, Theorem 2.5]. Fix an R' and consider X =
Spa(R, R™). We will frequently be interested in affine 1-space over X. As an adic space over (Z, Z), we
have Al = Spa(Z[T], Z); it represents the functor X — O(X) on the category of adic spaces (we note that
the functor X — OT(X) is represented by the “closed unit disc” Spa(Z[T], Z[T])). The fibre product
A; =X Xspaz,2) Al exists, but it is no longer affinoid. Indeed, if we pick a topologically nilpotent unit
@ € R, it can be checked that the fibre product is given by

Al = U Spa(R(w™T), RT (@™ T))
m=>0
with respect to the transition maps coming from the natural inclusions. The ring of global functions on
A}( is the ring of entire power series R{{T'}}. Pick a topologically nilpotent unit o € R. If h € Q then,
writing h =m/n withm € Z and n € Z>, we define an affinoid subset Bx , C A; by

Bx.n ={IT"| < ||} € Ag.

We have A} = J,cq Bx.i-

Let R be a complete Tate ring with a Noetherian ring of definition and let F € R{{T}} be a Fredholm
series. Put X = Spa(R, R°). The closed subvariety Z(F) := {F =0} C A}( is called the Fredholm
hypersurface of F, or sometimes the spectral variety of F. It carries a projection map Z(F) — X, which
is flat, locally quasifinite and partially proper by [Andreatta et al. 2018, Théoreme B.1].

Definition 2.3.1. Let R be a complete Tate ring with a Noetherian ring of definition, and pick a topologi-
cally nilpotent unit € R. Let F be a Fredholm series with Fredholm hypersurface Z = Z(F) C A},
where X = Spa(R, R°). Let h € Q>¢ and let U € X be an open affinoid in X; put Zy , =ZNBy, C A}(
(this is an open affinoid subset of Z). We say that the pair (U, k) is a slope datum for (X, F) if Zy , - U
is finite of constant degree (if the pair (X, F') is clear form the context, we occasionally just say that
(U, h) is a slope datum).

Theorem 2.3.2. Let R be a complete Tate ring with a Noetherian ring of definition, and pick a topologi-
cally nilpotent unit w € R. Let F be a Fredholm series over R with spectral variety Z = Z(F) C AL,
where X = Spa(R, R°). Let U € X be an open affinoid and let h € Q. Then:

(1) (U, h) is a slope datum for (X, F) if and only if F has a slope < h-factorization in Ox (U){{T}}.
(2) The collection of all Zy j, for all slope data (U, h) is an open cover of Z.



Extended eigenvarieties for overconvergent cohomology 111

Proof. This follows almost directly from [Andreatta et al. 2018, Théoreme B.1, Corollaire B.1]. The
second assertion is shown by tracing through the proof of [loc. cit., Lemme B.1, Théoreme B.1]; adapting
the proof of [loc. cit., Théoreme B.1] slightly one sees that one may take the sets to be of the form Zy
(the degree is locally constant on U, so constancy of the degree can be arranged). For the first assertion,
the statement that if (U, h) is a slope datum then F has a slope < h-factorization in Ox (U){{T}} is
[loc. cit., Corollaire B.1]. Conversely, if F = QS is a slope < h-factorization in Ox (U){T}}, then S is a
unit in O(By ). Therefore O(Zy ) = OBy .p)/(F) = OBy.)/(Q) is finite of constant degree equal
to deg Q over U, and hence Zy , — U is finite of constant degree. O

More generally, let X be an analytic adic space locally of the form Spa(R, R°) for R a complete
Tate ring with a Noetherian ring of definition, and let ' be a Fredholm series over X with Fredholm
hypersurface Z. If U C X is an open affinoid and /& € Q>¢, we say that (U, h) is a slope datum for (X, F)
if O(U) is Tate and there is a topologically nilpotent unit @ € O(U) such that Zy j,, defined using this
choice of @, is finite flat of constant degree over U.

When constructing eigenvarieties, it will be useful to consider a slightly more general notion. Let X be
an analytic adic space as above and let F' be a Fredholm series over X, with associated hypersurface Z.
Write w : Z — X for the projection. We let ¥ov(Z) denote the set of all open affinoid V C Z such that
(V) C X is open affinoid, O(w(V)) is Tate, and the map |y : V — (V) is finite of constant degree.
Then we have the following theorem.

Theorem 2.3.3. Keep the notation and assumptions of the paragraph above. Then €ov(Z) is an open
cover of Z. If V € Gov(Z), then there exists a factorization F = QS in O(w(V)){{T}}, where Q is a
multiplicative polynomial of degree deg |y, S is a Fredholm series, Q and S are relatively prime, and
we have

O(V)=0@(V)ITI/(Q) and OF(V)=(O@(V)ITI/(Q)°.

Conversely, if such a factorization of F exists in O(U){{T}}, where U C X is open affinoid and O(U) is
Tate, then V = Spa((’)(U)[T]/(Q), ((’)(U)[T]/(Q))°) is naturally an element of €ov(Z).

Proof. The assertions about rings of integral elements follow immediately from the rest by Lemma A.3.
The first two parts are [Andreatta et al. 2018, Théoreme B.1, Corollaire B.1]. Note thatif 7 : V — U is a
finite flat morphism, with U C X and V C Z open affinoid, then r is open by [Huber 1996, Lemma 1.7.9].
For the last part, it is clear that V — U is finite and surjective of constant degree deg Q, so it remains to
see that V is naturally an open subset of Z. For this we may work locally over U. Set B = O(U). For
each n we have compatible morphisms

B[T1/(Q) = B(@"T)/(Q) < B(w"T)/(F).
The second map is the projection onto the first factor in the decomposition

B{@"T)/(F)=B({@"T)/(Q) x B{@"T)/(S)
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which results from the fact that Q and S are relatively prime. Thus {Q = 0} C Z is open and closed
in Z. Moreover, when 7 is sufficiently large, we claim that the first map is an isomorphism. To
see this, consider the quotient map p : B[T] — B[T]/(Q) and equip the target with a submultiplica-
tive norm that induces the canonical topology. For large enough n we will have |p(@"T)| < 1 and
hence p(Bol@w"T]) € (B[T]/(Q))o (here we are using —¢ to denote unit balls), so p is continuous
for the topology on B[T] coming from the inclusion B[T] € B(w"T), and we may complete to
obtain a morphism B{(w"T) — B[T]/(Q) with kernel QB (w"T). This gives an inverse to the map
B[T]/(Q) — B{@w"T)/(Q), proving the claim. Thus we may identify V with {Q = 0} € Z, which
shows that V is naturally an open subset of Z. 0

3. Relative distribution algebras

3.1. Relative distribution algebras and norms. A p-adic analytic group will in this paper always mean
a Q,-analytic group. Let R be a Banach—Tate ring. We denote the unit ball of R by Ry. If there exists a
norm-decreasing homomorphism Z, — R, where we equip Z, with the usual norm |x|, = p o) we
call such an R (together with the map Z, — R) a Banach-Tate Z ,-algebra. The goal of this section is
to extend some of the constructions of [Schneider and Teitelbaum 2003, §4] to the case of continuous
functions and distributions valued in such R. In particular, we construct R-valued analogues of (locally)
analytic distribution algebras for compact p-adic analytic groups. We begin with a lemma on the existence
of Banach-Tate Z ,-algebra norms.

Lemma 3.1.1. Let R be a Noetherian Banach—Tate ring with norm | — | and a multiplicative pseudouni-
formizer w. Assume that there exists a continuous homomorphism Z, — R (necessarily unique). Then
there exists a Banach-Tate Z ,-algebra norm | — |" on R which is bounded-equivalent to | — |* for some
s > 0, and such that @ is a multiplicative pseudouniformizer for | — |

Proof. Note first that a norm | —|" on R is a Banach-Tate Z ,-algebra norm if and only if | p|" < p~ ! sowe

need to check this. By continuity of Z, — R we have p € R°°. Choose m € Z> such that |pls, < |& |>/m
and consider the finite free R-algebra

S = R[] = R[X]/(X" —w).

We equip S with its canonical topology as a finite R-module; then the induced subspace topology on R € S
agrees with the original topology on S. Thus we have p, @ !/ € §°°. Now equip S with a submultiplicative
R-Banach module norm | — | that induces the canonical topology. Note that o is a multiplicative

pseudouniformizer for | — |s with | |s = ||, and that (R, | —|) — (S, | —|s) is norm-decreasing. We

1/m —1/m

then have |pw—1/’”|5,Sp < || < 1 by construction, so pw

1/m

is topologically nilpotent in S. We

—1/m

can then choose a ring of definition S, of S containing @ /™ and pw and consider the norm

Is|, = inf{|@ [/ | s € @*/™ S5},

Since p € w /™S, we have |p|, < 1, and we may hence find s > 0 such that Ipl5 < p~!. Restricting the
norm | —|":=|— |} to R C S then gives the desired norm. O
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Definition 3.1.2. Let X be a compact topological space and let A be a topological Z ,-algebra:

(1) We let C(X, A) denote the A-module of all continuous A-valued functions on X, and let Cs (X, A)
denote the subspace of all locally constant functions.

(2) We put D(X, A) = Homy os(C(X, A), A).

When A is a normed ring, we may topologize C(X, A) and Cyy (X, A) using the supremum norm, and
we may give D(X, A) the corresponding dual/operator norm. If A is complete, this makes C(X, A) into
a complete A-module. When the topology on X is profinite, Csn (X, A) is dense in C(X, A) and, if R
is a Banach—Tate Z ,-algebra, the natural map C(X, Z p)®ZpR — C(X, R) is a topological isomorphism.
Similarly C(X, Zp)®zp Ry = C(X, Ry), where Ry is the unit ball of R.

Continue to let X be a profinite set and R a Banach—Tate Z ,-algebra with unit ball Ry and a multiplicative
pseudouniformizer z. Note that D(X, Rg) = Hompg,(C(X, Rp), Ro) (i.e., continuity with respect to the
w -adic topology is automatic) and that this is the unit ball in D(X, R). We may equip D(X, Rp) with the
weak topology coming from the family of maps D(X, Ryp) — Ry given by u +— u(f) for f € C(X, Rop)
and the w-adic topology on Ry. We will refer to this topology as the weak-star topology on D(X, Rp).
When X = G is a profinite group, D(G, R) carries a convolution product

(n*v)(f) = (g = v(h = f(gh))).

One checks directly that 8, * 8, = 8, for all g, h € G, where 8, denotes the Dirac distribution at g. This
product preserves D(G, Ryp). We sum up some basic properties of the weak-star topology.

Lemma 3.1.3. If X is finite (hence discrete) the weak-star topology on D(X, Rg) coincides with the
@ -adic topology. In general, if X = lim, X, is an inverse limit of finite sets X,, we have a natural
isomorphism D(X, Ro) = lim, D(X,,, Ro) which identifies the weak-star topology on the source with the
inverse limit topology, where D(X,,, Ro) is equipped with the @ -adic topology. When X = G is a profinite
group this is a ring homomorphism, and multiplication on D(G, Ry) is jointly continuous with respect to
the weak-star topology.

Proof. The first assertion is straightforward. For the second, note that the formation of D(X, Ry) is
covariantly functorial in X, so the maps X — X, induce a natural map D(X, Ry) — lim, D(X,, Ro)
which is continuous by the first assertion when we equip the source and the target with the topologies in
the statement of the lemma. Moreover it is easily checked to be a ring homomorphism when X = G is a
profinite group. Unraveling, we see that this morphism is the natural morphism

Homg, (C(X, Ro), Ro) — Hompg,(Csm (X, Ro), Ro)

induced by the inclusion Cgp,y (X, Rg) € C(X, Ryp). Since this subspace is dense for the @ -adic topology,
we see that the map is an isomorphism. To check that it also a homeomorphism, note first that by the
same density one may define the weak-star topology using only locally constant functions. It is then
straightforward to check that all basic opens from locally constant functions come by pullback from basic
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opens on the D(X,, Rp), which implies that the map is a homeomorphism. Finally, multiplication is
jointly continuous for the w-adic topology on D(G,, Ry) for all n, and hence jointly continuous on the
inverse limit. This implies the last assertion. U

Let X = lim, X, be a countable inverse limit of finite sets, viewed as a profinite set. We define
Rol[X] :=lim, Ro[X,] and R[X] := (lim, Ro[X,])[1/]; these are Ro- and R-modules, respectively,
and independent of the choice of the X,,’s (here, if B is a ring and S is a finite set, B[S] denotes the
free B-module generated by the set S). If the X, are groups (so X is a profinite group) then they carry
natural algebra structures. We may topologize Ro[[ X ] in two ways; either giving it the natural inverse
limit topology or the w-adic topology. We give R[[X] the topology induced from the =z -adic topology
on Ro[[X], which is compatible with viewing R[[X ] as an R-Banach module with unit ball Ro[X]].

Proposition 3.1.4. Let X =lim, X, be a profinite set. There is a natural R-Banach module isomorphism
R[X] — D(X, R) sending |x] to éy. It restricts to an Ry-module isomorphism Ro[X] — D(X, Ryp)
which identifies the inverse limit topology on the source with the weak-star topology on the target. If
X = G is a profinite group, then these maps are ring homomorphisms.

Proof. Define compatible maps Ro[X,] — Hompg,(C(X,, Ro), Ro) by [x] — 8,; one checks directly that
this is an isomorphism of topological Ry-modules, and that it is a ring homomorphism when X is a
profinite group. Taking inverse limits we get

Ro[[X] = Hompg,(Csm(X, Ro), Ro) = D(X, Rp).

Lemma 3.1.3 shows that this identifies the inverse limit topology on the source with the weak-star
topology on the target. Inverting @ we get the desired isomorphism R[X] — D(X, R), which is clearly
a Banach module isomorphism since it identifies the respective unit balls Ro[ X ] and D(X, Ryp). Il

Recall the notion of a uniform pro-p group from [Dixon et al. 1999, Definition 4.1]. When G is a
uniform pro-p group, Z,[[G] may be identified with a ring of noncommutative formal power series

{Zdab“

where d is the dimension of G, o = (ay, ..., ay) € Z‘éo is a multi-index, g1, ..., g7 is a minimal set

dy eZp},

of topological generators of G, b; = [g;] — 1 and b* := b}" - - bj}". Our next goal is to show that the
analogous description holds for Ry[[G]l, with the same commutation relations between the b*.

Proposition 3.1.5. Let G = ZZ. Fora e Zio’ let Ey : ZZ — Z, denote the function

Ea()q,...,xd): (::) (zj) .

ws Y M(ENT - Ty
o

Then the Amice transform
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defines an algebra isomorphism D(Zf,, Ro) = Ryl T, ..., Tyl which identifies the weak-star topology
on the source with the product topology Ro[[ T, ..., Tsll =[], RO.TI‘)‘1 e T;" on the target.

Proof. Once again this is a simple extension of a well-known result, so we content ourselves with a sketch.
The key observation is that C (7%, Ry =cCz4,7 p)@)zp Ry. Then it is clear that

D(Z%, Ro) = [ [ Ro
o

via u — (U (Ey))e and it is straightforward to check that this identifies the weak topology on the source
with the product topology on the target (it is the statement that the E, suffice to define the weak-star
topology). To finish, we remark that the computation that the algebra structures match up is identical to
the well-known one in the case Ry =Z,,. Il

Note that the topology on Ry[[71, ..., T4] described in the proposition is equal to the (@, 11, . .., Ty)-
adic topology. Let us return to the case of a general uniform pro-p group G. The ring Z,[ Gl is described
by formal power series as above. Following [Schneider and Teitelbaum 2003], let us define elements
CBy.a e”? p by

BB = cpyab® (3.1.1)
o

We remark that, for fixed o, cg, o — 0as ||+ |y| — +0o0 (here and elsewhere, for a multi-index o we
define |a| = a1 + - - - + ay). This follows from [loc. cit., Lemma 4.1(i1)].

Proposition 3.1.6. Let G be a uniform pro-p group and use the notation above. Then Ro[[G] may be
identified with the ring of formal power series

{Zdab“

da € RQ}

with multiplication given by

(25: dﬂbﬂ) (Xy: eyby) -y (ﬂXV: dﬁeycﬂy,a) b

o

Proof. The choice gy, ..., g4 of a minimal (ordered) set of topological generators identifies G, as p-adic
analytic manifold, with Z‘Iﬂ. Thus we get a topological isomorphism Ry[[G] = Ry [[Z;’)]] of Rp-modules
(for both the weak-star and the @ -adic topology). Proposition 3.1.5 then implies the description in
terms of power series. To see that the multiplication works out as described, note that the natural map
Z,[[Gl1— Rol[G]l is an algebra homomorphism; hence the above formula is true for products of monomials.
We can then deduce the formula in general by noting that Ry is central in Ro[[G]l and that the subring
generated by Ry and the image of Z,[G] (for which the formula holds) is dense in Ro[[G ] with respect
to the weak-star topology, and that multiplication is jointly continuous for the weak-star topology. [

Inverting @ we get an explicit description of R[G] when G is uniform. Using this we may now
define a family of norms on R[G] following [Schneider and Teitelbaum 2003, §4]. We continue to fix a
minimal ordered set of topological generators g1, ..., g4
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Definition 3.1.7. Let r € [1/p, 1). We define the r-norm || — ||, on R[G] by the formula

Z d,b*

Recall that we have fixed a choice of norm | — | on R such that |z| < |z|, for all z € Z,,. This will

= sup |dy|r'¥.
r o

be convenient for some calculations. Note that the definition of || — ||, a priori depends on the choice
of generators. We remark that for all r € [1/p, 1), || — || induces the weak-star topology on Ro[G]
by Proposition 3.1.5 and a straightforward calculation. It follows that any homomorphism G — H of
uniform groups induces a continuous homomorphism Ry[[G] — Ro[[ H] when the source and target are
equipped with (any) r-norms, since this is true for the weak-star topology using the characterization in
Lemma 3.1.3.

Proposition 3.1.8. The norm || — ||, is independent of the choice of minimal ordered set of topological
generators for G, and is submultiplicative. Finally, if we replace the norm | — | on R by a bounded-
equivalent 7 ,-algebra norm | — |, then the resulting norm || — |\. is bounded-equivalent to || — ||,.

Proof. For the proof of independence, we follow the discussion after the proof of [Schneider and
Teitelbaum 2003, Theorem 4.10]. Let g}, ..., g/, be a different choice and set b; = [g/] — 1 € Z,[G]]
etc., and let || — || denote the r-norm with respect to this choice. We may write

b =" cpab”

in Z,[[G]], and one has |c/_z3,0,|pr“"| < rlBl (see [loc. cit.]). Transporting this to R[G] we have the same
identity, and the inequality |c/3,a|r‘“| < rlBl (since lcg,al < |cp,alp). Expanding out a general element

€ R[[G] we then have
n= S0 = (X djen )b
B o B

We then have
el < supldyllcp.alr'® < sup |dj|r'Pl = |ull.
B.a B

By symmetry, we must have equality.

To prove submultiplicativity, we follow the proof of [Schneider and Teitelbaum 2003, Proposition 4.2].
Recall the cgy o from (3.1.1). By [loc. cit., Lemma 4.1(ii)] we have |cgy o|7'* < |cp, o pr!® < rPIFIY]
forall a, B, y. Let u = Zﬂ dﬁbﬂ and v = Zy e, b” be elements of R[G]]; then we have

Uk = Z(Z dﬂe,,c,gy,a) b*
o "By

and we can calculate

Z dgeyCpy.a

B.y

v, = sup

o

rt < sup |dg] ley rPHIY T = |l vl
B.y
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where we use submultiplicativity and [cg, o |rlel < plBI+I¥1 to obtain the middle inequality. This finishes
the proof of submultiplicativity.

Finally, suppose we have C;|x| < |x|' < Cs|x| for all x € R. Then C|dy|r'*! < |dy|'r1*! < Cy|dy|r!*!
for all ¢ which implies

Ci

Z d,b” Z d,b® Z d,b”

as desired. O

=
-

/
<C
,

r

Before moving on to general compact p-adic analytic G, we record a few properties of the 7-norms.

Lemma 3.1.9. Let r € [1/p, 1). If g € G, then |[glll, = 1 and |[glull; = llulglll; = llnl for all
i € RIG]. Moreover, if ¢ is an automorphism of G (of p-adic analytic groups), then ¢ induces an
automorphism of RG] satisfying ||¢ ()|, = l|ill- for all uw € RI[G].

Proof. The first statement follows from the fact that the expansion of [g] has coefficients in Z, and
the constant term is 1. The second is an easy consequence of the first and submultiplicativity (since
[g]_1 = [g_l] also has norm 1).

For the final statement, observe that if gi,..., g4 is a set of topological generators then so are
o(g1), ..., 9(gq). Since the r-norms are independent of the choice of generators, we conclude that if
w=>_,d.b", then

ol =

= sup |de |r'® =[]l O
o

r

> du(@(b)*

We will use the last property mostly in the case when H is a compact p-adic analytic group, N C H is
a uniform open normal subgroup, and ¢ is the automorphism of N given by conjugation by some 4 € H.

Now let G be an arbitrary compact p-analytic group. Pick a uniform open normal subgroup N and a
set hy, ..., h; of coset representatives of G/N. Any n € R[G] may be written uniquely as = . [#;1;
with u; € R[N], and we define a norm || — ||y, on R[G] by

lialln,r = sup || il

1

We could alternatively take a right coset decomposition © = Zi v;[h;] with v; € R[N]], and define
I =I5 on RIGT by
igh
el = sup llvill,.
1
Proposition 3.1.10. We have || — v, = || — ||;\i,%2t. The definition is also independent of the choice of

coset representatives. Moreover, || — ||n » is submultiplicative and satisfies ||[g]lln.» =1 and || [g]liln . » =
lilgllin: = llilln,r for all g € G and € RG]

Proof. For left/right independence, note that v = Y. ([h;]u; [hi_l])[hi] and hence

i )
Il = sup Uit 10 = sup lusill = Nl
1

1
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by Lemma 3.1.9. For independence of the coset representatives, suppose we have &/ a different set with
hi = hin;; then =), [h;]1([n;]11;) and hence

Illy » = sup lnidmill- = sup llwill, = lielin,r
1

1
by Lemma 3.1.9 again. Next we prove submultiplicativity. Define k(i, j) by h;hj = hy jn;;. For
w=7y ;[hiln; and v = Zj[hj]vj in R[G]], we have

v = Z[hk]( DU (a 7% [h,-])v,-).
k i, jk(i, )=k
Using Lemma 3.1.9 and submultiplicativity for || — ||, on N one then sees easily that ||uv|y, <
Il v vl

Next, let g € G. Writing g = h;n for some i and n € N, we see that ||[g]||~ - =|[#]|l, =1 by Lemma 3.1.9.
Finally, the last property then follows by the same argument as in the proof of Lemma 3.1.9. U

As the notation suggests, || — || v, does depend on the choice of N. For a study of how the completions
change when one changes the subgroup in certain situations, see [Ardakov and Wadsley 2013, §10.6-10.8].

3.2. Completions. In this section we study the case when G is a uniform pro-p group in more detail.
Let R be a Banach-Tate Z ,-algebra with multiplicative pseudouniformizer @ as usual.

Definition 3.2.1. For r € [1/p, 1), define D" (G, R) to be the completion of D(G, R) with respect to the
norm || — ||, and we let 2(G, R) denote the completion of D(G, R) with respect to the entire family of

norms (|| — [I;)reri/p,1)-

Remark 3.2.2. Note that if we change the norm on R to a bounded-equivalent one, then the completion
D’ (G, R) is unchanged, by Proposition 3.1.8.

The motivation for this definition is that if R is a Banach @ ,-algebra, Z(G, R) is naturally isomorphic
to the space of locally analytic R-valued distributions on G, by Proposition 3.2.9.

Note that there are natural norm-decreasing injective maps D*(G, R) — D" (G, R) whenever r < s
(which we will think of as inclusions), and that they fit together into an inverse system with limit Z(G, R).
The explicit description of D(G, R) from Proposition 3.1.6 gives us an explicit formal power series
description

D'(G, R) = {Zdab“

dy € R, |dy|r'¥ — 0}

and the norm is still given by || > dyb* Hr = sup |d,|r'®!. We see that, unlike D(G, R), the D" (G, K) are
naturally potentially ON-able, with a potential ON-basis given by the elements @ ~"("@-®)p%, where

|a|10gprJ

(3.2.1)
log, |o|

nr,o,ua) = L
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Lemma 3.2.3. If r < s then the inclusion t : D*(G, R) — D" (G, R) is a compact map of R-Banach

modules.

Proof. For simplicity set D" := D" (G, R) etc. for the duration of this proof. Choose a minimal set of
topological generators g1, ..., g; of G and set b; = [g;] — 1 as usual. For n > 1 define 7,, : D* — D" by

Tn(Zdab“) = ) dub”.

|| <n

By definition we see that 7, is of finite rank. Then if ), d,b* is in the unit ball of D*, i.e., |dy Islel < 1
for all @, we have

(t— T,,)(Z dab"‘> = H D dab®| < (/).
o r lot|=n r
Thus ||¢ — T, || < (r/s)"*, where || — || is the operator norm on Hompg s(D¥, D”), and hence 7,, — ¢ as
n — 00, SO ¢ is compact. g

Lemma 3.2.4. Let G and H be two uniform pro-p groups and assume that f : G — H is a homomorphism
of p-adic analytic groups such that f(G) € HP" for some n > 0. Then the induced map f,: D(G, R) —
D(H, R) is norm-decreasing when we equip D(G, R) with || — ||, and D(H, R) with || — ||,i;m. As a
consequence, we get an induced map

f«:D"(G,R) - D" (H, R)

which factors through the natural map v (H, R) — D"(H, R). In particular, when n > 1, f, is
hich h h th / D"

compact.

Proof. We start with the first assertion. Note that the general case follows from two special cases: n =0,
f arbitrary, and n = 1, G = H?” with f the inclusion. Indeed the general case can be written as a
composition of these cases.

So, suppose first that n = 0. Scaling by powers of @, it suffices to prove this for D(G, Rp). The map
[« 1s continuous with respect to the norm || — ||, (see the discussion after Definition 3.1.7). Let g1, ..., g4
be a minimal set of topological generators for G and let b; = [g;] — 1 as usual. Using that |[[#] — 1|, <r
for all 4 € H, we see that

fe (Z dab“) Y da fu(b) ‘Zdab‘”

as desired, using continuity of f,. This completes the proof of the first special case.

<sup |a’w|r‘°‘| =
,

r

Next, we consider the second case G = H? C H. Let s =r'/?; since r > p~! we have s > p~ /P >
p‘l/(p_l). Let hy, ..., hg be a minimal set of topological generators for H. Then h,..., h‘ll form a
minimal set of topological generators for H”. Set b; = [hf ]—1 and b; = [h;] — 1 (apologies for the mild
abuse of notation). Then, inside D(H, R), we have

p

(7)o

k=1

=sP=r

I1Bills = (1 + b7 — 1|5 =

s
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using s > p~1/®~V and |p| < |p|, = p~'. Thus, if }_d,b* € D(H?, R), then inside D(H, R) we have

r

<sup |de |r®,
\)

which is equal to H > dy b Hr computed inside D(H?, R). This finishes the proof of first assertion. The
remaining assertions are then easily verified (using Lemma 3.2.3 for last one). (|

Before discussing what happens when one changes the norm on R, we record the following important
base change lemma.

Lemma 3.2.5. Let R and S be Banach-Tate 7 ,-algebras, and let f : R — S be a bounded ring ho-
momorphism. Suppose that there is a multiplicative pseudouniformizer w € R such that f (@) is also
multiplicative. Let r € [1/p, 1). Then the natural map D" (G, R)®gS — D" (G, S) is an isomorphism of
Banach S-modules.

Proof. Note that (since f is bounded) the fact that zo and f () are both multiplicative implies that |z | =
| f(@)|. We recall the potential ON-bases (e "™ ¥ p%), and (f () """/ @)@ p2)  of D"(G, R) and
D" (G, S), respectively. It is straightforward to check that the tensor product norm on

(@ R(w—"“w’“)b“)) ®r S = S (@7

induced by || — ||, on D" (G, R) and the norm on S is bounded-equivalent to the norm induced by || — ||,
on D" (G, §), and so we obtain isomorphic completions, which gives the desired statement. O

Our next goal is to prove that 2(G, R) is independent, as a topological R-module, of the choice of
norm on R. Recall that we only consider norms for which there exists a multiplicative pseudouniformizer,
and such that the natural map Z,, — R is norm-decreasing.

Proposition 3.2.6. 2(G, R) is independent of the choice of norm on R.

Proof. Let | — | and | — |" be two equivalent such norms on R; for r € [1/p, 1) we get the corresponding
r-norms || — ||, and || — ||. on D(G, R). Let u =), d,b* € D(G, R) be an arbitrary element and use
Lemma 2.1.6 to find constants Cy, Cy, s1, s > 0 such that
Cilal™ <lal" < Calal™
for all @ € R. Then
Cilde 71 < |, |'r®! < Cold,, |27
for all @ and hence

Cillell™ e, < il < Callpels,

for all r such that r, 7'/5t, r1/52 € [1/p, 1). Tt follows that the families (|| — |,,) and (|| — [I’) define the
same topology on D(G, R), and hence the same completion, as required. O
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We now introduce a variant of the D" (G, R), which, when R is a Banach Q,-algebra, recovers the
analytic distribution algebra (with fixed radius of analyticity). Although we do not use this variant in our
construction of eigenvarieties, it is used in Section 5 to construct Galois representations.

Letr > s > 1/p. Let D"°(G, R) = {>_dyb* | |dy|r'®! < 1} denote the unit ball of D" (G, R). We
define D<"°(G, R) to be the closure of D">°(G, R) in D*(G, R). Note that D<"°(G, R) is an Ry-module,
a priori depending on s, which carries two natural topologies (the @ -adic topology and the subspace
topology coming from D*(G, R)).

Proposition 3.2.7. We have
D<"°(G, R) = {Zdab“ € D*(G, R) ‘ dy |1 < 1}
o

as a subset of D*(G, R). Thus D="°(G, R) is independent of s. The subspace topology corresponds to the
weak topology with respect to the family of maps (u +— dy(1L)) on the right-hand side (and is therefore
also independent of s). The @ -adic topology is induced by the norm

or

= sup |dy|'r!*!
r o

and is separated and complete.

Proof. Let W = {}" dob* € D*(G, R) | |dy|r'*! < 1}. Since the maps p > dy (1) are continuous we see
that W is closed. On other hand, any finite truncation of an element in W is in D">°(G, R), so D"°(G, R)
is dense in W. It follows that W = D="°(G, R). The subspace topology is given by the norm || — ||, and
one checks easily that this agrees with the weak topology in the statement of the proposition. The final
statement is similarly easy to check; we leave it to the reader. 0

We then set D="(G, R) = D~"°(G, R)[1/w]; this is naturally a Banach R-module which embeds
into D*(G, R) for all s € [1/p, r). The (D~"(G, R)),>1/p form an inverse system and the natural map
D" (G, R) — D*(G, R) factors over D=" (G, R), so we therefore have

2(G, R) =limD<" (G, R)
r

as well. Recall the potential ON-basis (w ~""@-®)p%), of D" (G, R); we have

1

dy|r'* bounded } = Ry.aw @ @pe )| |
|dy |7 oune} (l:[ 0.0 -

We remark that if (o —"""@-®p%),, is an ON-basis, we have D<"°(G, R) =[], Ro. """ *b* and the
weak topology on the left-hand side is equal to the product topology on the right-hand side. Next, we

D<"(G, R) = {Zdab"‘

define some function modules in a similar fashion. We put

C<"°(G,R)={f €C(G, R) | |n(f)| < 1 for all x € D(G, R)ND"°(G, R)}
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and set C<"(G, R) =C=<"°(G, R)[1/w] S C(G, R). Wenote that f =) coEq € C="(G, R) if and only
if PO () = o "9 is bounded as o — o00; from this one sees that

1
CY(G,R) = <]‘[ Ro.w”(”w’“)Ea> [5}

and that it is the dual space of D" (G, R), and that the dual norm is given by || Y CaEa ||r =sup,, |cq |r—lel,
When r > s > 1/p, we let C" (G, R) denote the closure of C=*(G, R) inside C~" (G, R). Tracing through
the definitions we get an explicit description

C"(G,R) = {anEa

and see that the dual space of C" (G, R) is D~ (G, R).

o |r ™1 — 0} = @ R.w"r™YE,
o

Remark 3.2.8. The reader should compare our description of C" (G, R) with the construction of [Liu
et al. 2017, Section 5.4]. Here, the authors give a definition of a “modified” space of continuous functions
on Z, with values in Z,[[ T, pT ' which is morally (apart from the slight difference in coefficients and
the fact that we have only defined C" (G, R) for r > 1/p) the space C!/P(Z p» R), where R is the Tate ring

obtained as the rational localization
p\l1
Z,ITIH =) =

of Z,[[T]. We give R the norm with unit ball Z,[T[(p/T) and |T| =1/ p, defined as in Remark 2.1.3.
The definition which appears in [loc. cit.] is therefore a useful motivation for the general constructions of
this article, although we will not use the modules C" (G, R) in this article. We will see in Theorem 6.3.4
that one may use the module D'/?(Z p» R) (which is defined) to prove the main results of [loc. cit.].

To finish this section we discuss the relationship between our constructions and the spaces of locally
analytic functions or distributions when R is a Banach Q,-algebra. We may and do assume that Q,, is
isometrically embedded into R and that |p| = 1/p. Recall that the atlas on G induced from our choice of
a topological basis identifies G" with (p"Z p)dim G, Amice’s theorem [Colmez 2010, Théoréme 1.4.7]
tells us that the space of n-analytic functions on G with respect to this atlas is explicitly given as

C"(G, Qp) =P Qp ko Ea.

where k, ;= | p~"a1]! - - [p"adgimG ]! . The space of n-analytic R-valued functions on G is then
C"*™G, R) =D R-kaEs SC(G, R).
o
It is well known that |ke| ~ 7! with r, = p~1/?"®P=D, and it follows that C"*(G, R) = C"*(G, R) as

Q,-Banach spaces. Since r, — 1 from below as n — oo it follows that € (G, R) is the space of locally
analytic R-valued functions on G, with its usual locally convex topology. Dually, 2(G, R) is then the
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space of locally analytic R-valued distributions with its usual locally convex topology. We sum up this
discussion in a proposition.

Proposition 3.2.9. When R is Banach Q ,-algebra, € (G, R) is canonically the space of locally analytic
R-valued functions on G and 2(G, R) is dually the space of locally analytic R-valued distributions on G.

3.3. Ash-Stevens distribution modules for Banach-Tate Z ,-algebras. While the definitions in this
subsection will be of a local nature, let us nevertheless start by introducing the global setup that we will
need to define eigenvarieties. Let F be a number field. We put G = Resg H, where H is a connected
reductive group over F split at all places v | p. G is then a connected reductive group over (2. When v | p
we write Hp,. for a split model of Hf, over O, and choose a Borel subgroup B, (with unipotent radical
N,) and a maximal torus T, € B, of Hp,, . Set

_ OFU _ OFU _ OFU
Gz,=|[Res;" Ho,, B=][Res;"” B, T=][]Res;"T,
vlip vlp vip

Or,
Reszp B,

andalsoput N=[T,,
where the B, are the opposite Borels of B,,.

We will also need notation for various subgroups of G := G(Q,,). Set Go = Gz,(Z,), Bo= B(Z)),
To=T(Zp), and No = N(Z,). We let I denote the Iwahori subgroup of G defined as the preimage of
B(F ) under the reduction map Gy — GZP (Fp), and we let K; = Ker(Go — Gzp (Z/p*)) be the s-th

principal congruence subgroup of Gg for s > 1. Again for s > 1, set

Res(zopp * N,. We use overlines to denote opposite groups; e.g., B = IL Ip

Ty = Ker(To — T(Z/p*Z)),
Ny =Ker(No — N(Z/p°2)),
Ny, =Ker(N(Z,) — N(Z/p*Z)).

Set By = Ty N, for s > 0. We have Iwahori decompositions / = N1ToNo and K = N T, N,. Next, choose
a splitting 7 := T'(Q,) — Ty of the inclusion 7y € T and put X = Ker(T — Tp). We set

st={rex|tNit"' SNy},
TP ={te X |tN it~ C Ny}

We may then define A, = I £71; this is a monoid and (A, I) is a Hecke pair (which means that / and
815~" are commensurable for all § € A p)- The corresponding Hecke algebra (defined over Z,) will be
denoted by T(A,, I).

With these preparations let us now move on to the definition of analytic and locally analytic distribution
modules for general Banach-Tate Z ,-algebras R. When R is a Banach Q,-algebra, these were defined in
[Ash and Stevens 2008] using (locally) analytic functions on /. Recasting this in terms of the norms of
the previous section, we are able to extend the definition to all Banach—Tate Z ,-algebras.

Let x : Ty — R* be a continuous character. We will put some restrictions on the choice of norm on R,
according to the following lemma. We set e = 1 if p %2 and € =2 if p =2, and put ¢ = p*©.
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Lemma 3.3.1. Keep the above notation and assume that R is Noetherian. Write | — | for the given norm
on R and let w be a multiplicative pseudouniformizer. Then there exists a Banach-Tate Z ,-algebra norm
| —|" on R, bounded-equivalent to | — |* for some s > 0, such that |k (t)|' <1 forallt € Ty, k(@) —1] <1

forallt € T, and @ is a multiplicative pseudouniformizer for | — |'.

Proof. The proof is similar to that of Lemma 3.1.1. Let 71, .. ., t, be a set of topological generators of Ty
and let 7,41, ..., 1 be a set of topological generators for T¢; it suffices to find | — |” such that |k (#;)|' < 1

fori=1,...,a, [k(tj)—1|<1fori=a+1,...,b,and |p| < p~!

, which is bounded-equivalent to
| —|* for some s > 0.

Since Ty is compact, x(Tp) is bounded, and hence ¢; is powerbounded for all i. Moreover, T is
pro-p and R°/R°®° is a reduced discrete ring of characteristic p, so the continuous homomorphism
T — (R°/R°°)* induced from « is trivial. We conclude that « (T;) € 1 + R°° and hence x(;) — 1 € R°°
fori =a+1,...,b. We may now choose m such that |k (#;) — 1[sp < |w|2/’" fori=a+1,...,band
Iplsp < |e |2/, Arguing with § = R[w'/™] as in Lemma 3.1.1 we may construct a norm | — | on
R for which =z is a multiplicative pseudouniformizer with |@ |, = ||, |k ()], <1fori=1,...,a,
lk(ti)—1lp <1 fori=a+1,...,b,and |p|r < 1. Setting | — | := | — |5 for s sufficiently large then
gives the desired norm. g

Definition 3.3.2. Let R be a Banach-Tate Z,-algebra and « : Tp — R™ a continuous character. We will
say that the norm of R is adapted to k if k (Ty) € Ry and |k (1) — 1| < 1 for all ¢ € T,. Note that then
|k (t)| =1 for all t € Ty and there exists an r < 1 such that | (z) — 1| <r forall t € T..

For the rest of the subsection we consider a Banach—Tate Z ,-algebra R and character « : Typ — R such
that the norm on R is adapted to k. We extend « to a character of By by making it trivial on Nyg. We define
A CC(I, R) to be the subset of functions such that f(gb) =« (b) f(g) forall g € I and b € By. A, is
naturally a Banach R-module and carries a continuous right action of / by left translation. Restricting a
function from 7 to N gives a topological isomorphism A, = C(N1, R). By definition, £+ acts on the
left on N by conjugation, and via the previous isomorphism this induces a right action of £ on A,.
These actions fit together into a right action of A, on A,. We let D, denote the dual Hompg ¢s(Ac, R),
equipped with the dual left A ,-action. Since A, is the set of By-invariants of C(/, R) with respect to the
action (f.b)(g) = K(b)_lf(gb) (b € By, g € 1), D, is the Hausdorff By-coinvariants of D(/, R) with
respect to the dual (right) action. We record a more precise statement for future use:

Proposition 3.3.3. The natural surjection D(I, R) — D, is equivariant for the natural left I-actions on

both sides. Identifying D, with D(Ny, R), the map is given by &;p > k(b)d;.

Proof. The inverse to the restriction map A, — C(N1, R) is given by f +— (iib — «(b) f (1)) (here and
above 71 € N and b € By). From this one sees directly that the dual map sends 85, to k (b)d;. That this
characterizes the maps follows from R-linearity and continuity for the weak-star topology. O

To apply the results from the previous subsection we will need to know that some groups are uniform.
The following result is presumably well known to experts but we have been unable to find a suitable
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reference. The proof we give is due to Konstantin Ardakov, and we thank him for allowing us to include
it here (any errors are due to the authors).

Proposition 3.3.4. K, and N, are uniform for s > €.

Proof. By construction the groups are products Ky = [],,Kj.,, and similarly for Ny ,, in a natural

v
way, so it suffices to prove that each K, and each N 5.0 |ips uniform. Fix v|p and let s > €. First
assume that H, = GL,,0,, . Then we have the usual matrix logarithm log : K; , — p*M,(OF,) and
exponential exp : p*M,,(Of,) — Kj,,. They converge and are inverse to each other (by our assumption
on s) and the Lie algebra p* M, (OF,) is easily seen to be powerful by assumption, so by the definition
of the correspondence between powerful Lie algebras and uniform pro-p groups [Dixon et al. 1999,
Theorem 9.10] via the Campbell-Hausdorff series we see that K ,, is the uniform group corresponding
to p* M, (OF,). To get the result for N, we may by conjugation assume that N, is the group of lower
triangular unipotent matrices; the corresponding Lie algebra is that of lower triangular nilpotent matrices
and we then argue similarly.

Now let H, be arbitrary and choose a closed immersion H, — GL,,0,, for some n. We thereby
identify H, with a closed subgroup of GL,,0,, . Writing B, for the upper triangular Borel of GL,, 0, ,
N/ for its unipotent radical, N, for the opposite of N/, and T, for the diagonal torus, we may assume, after
conjugating if necessary, that T, C T, etc. We write K, etc. for the corresponding principal congruence
subgroups. With this setup, we now give the rest of the proof for the K, , only; the proof for Ny ,
proceeds in the same way. Note that K, = H,(Of,) N K.é,v‘ By [Dixon et al. 1999, Theorem 4.5] we see
that K;’v is torsion-free and that it suffices to prove that K ,, is powerful, i.e., that [K} ,, K, ,] € qu,u,
where [K ,, K., ] is the derived subgroup of K, and K §{ v 18 the subgroup generated by the g-th powers

of elements in K, (any compact p-adic analytic group is topologically finitely generated). We remark

that it is easy to see that [K , K ] € K[, , = (K| ). Using this and K, = H,(Of,) N K|, we see
that [Ks,v’ Ks,v] g K.;+e,v N HU(OFU) = Ks+6,v and K;I,U g Ks—i—e,v-

It remains to prove that K ., € K ,. We have Ty, = Ty, using the logarithm and exponential
(T, is a split torus). We have an isomorphism of Of, -schemes [ [, x4 : [ [, Ga = Ny, where « ranges
through the roots of H, whose root subgroups are contained in N,, and x, is a corresponding root
homomorphism. Under this isomorphism N , corresponds to [ [, p*OF,, and by standard properties of x,
one has x,(q.(p°a)) = x4, (p*a)? for any a € OF,. It follows that Ny ¢, = N;{v. Similarly ]VHG,U = N;{v.
By the Iwahori decomposition we then see that K., C Ky, as desired. O

Remark 3.3.5. Note that the argument in the final paragraph of the above proof also implies that, for
arbitrary p and s > 1, we have IVH],U = Nﬁv.

Definition 3.3.6. Letr € [1/p, 1):

(1) We define anorm || — ||§ub on D, by transporting the norm || — || No.r (defined before Proposition 3.1.10)
on D(N1, R) to D, via the isomorphism D(N1, R) = D, obtained by restriction of functions from
ItoN 1.
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(2) We define a norm || — ||quot on D, as the quotient norm induced from || — || g, (defined before
Proposition 3.1.10) via the natural surjection D(/, R) — D,.

Note that || — ||quot is I-invariant; this follows from [I-equivariance of the surjection and from
Proposition 3.1.10. The following is the key result of this subsection:

Proposition 3.3.7. Suppose that |k (t) — 1| <r forallt € T,. Then || — ||quOt | — ||ile on D,.

Proof. Let us first assume that p 2. First we claim that || — ||} “ls equal to the quotient norm on D, coming
from the surjection D(K, R) — D, and the norm || — ||, on the source. To see this, pick a set (b;); of coset
representatives of //K lying in By and define a map =, : D(I, R) = P, é,,D(K1, R) - D(Ki, R) by

Bo )i > Y k(b

We remark that composing this map with the natural surjection D(K, R) — D, gives the natural surjection
D(1, R) — D, (this follows from the explicit formula in Proposition 3.3.3). To prove the claim, it then
suffices to prove that || — ||, is the quotient norm of || — ||k, » via 7. Write || — ||). for this quotient norm.
For simplicity assume that 1 is one of the coset representatives b;. Then our map is a section of the
inclusion D(K, R) € D(I, R). It is then clear that | — || < (|| — lx,.»)Ipk,.») = Il — |l-. Conversely, if
w=7y;k(bj)u; € D(Ky, R) is the image of ), 8,,u; € D(I, R), then

Z Op; i
i

el < sup e Gl < sup flail =
l 1

Ky,r
Taking the infimum over such presentations we obtain || — ||, < || — ||’., and hence equality.
Next, let iy, ..., ng (resp. ny, ..., n;) be a minimal set of topological generators of N, (resp. Nyp),
and let 71, ..., #; be a set of topological generators of 7. Put n* = [[;(8,, — 1)* and similarly for T}

and N. By Proposition 3.3.3, the map D(K{, R) — D, is then given by

> dupyi®tPn? Z(Zdaﬁol_[(x(z,) —~ 1)/31)

a.B.y
We then make a computation similar to the one in the proof of the claim above. First, it’s clear that
| = I < || — I3 since restricting || — ||, on D(K{, R) to D(Ny, R) gives (the intrinsically defined)
Il — |l-, and the composition D(Ny, R) —» D(K;, R) - D =D(Nj, R) is the identity. Second, if

Z eall” = Z (Xﬂ: da,p.0 H(K(ti) - 1)’3">ﬁ°‘

then

E eqn”

o

Zd/g a%tPnY

o, By

’
r

< Sup<|da,60| l_[ e (1) — 1)Pir '“') < supld polrtAl <
,

where we have used the assumption |« (¢;) — 1| < r for all i to obtain the second inequality. Hence, taking

I quot

the infimum over such presentations, we see that || — ||§Ub <|—|ly  and equality follows.
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The case p = 2 is similar. We identify D, with D(N1, R) and consider the subspace D(N,, R). Tt
carries the norm || — ||, and also receives a quotient norm from the norm | — ||, on D(K3, R) via the
surjection ¢ : D(K3, R) — D(N,, R). These two norms are equal by the same type of argument as in the
second part above. We then equip D(/, R) with the norm || — ||k,,, and D(N, R) with the norm | — ||§”b.
Pick coset representatives (n;); of Ny / N, and (bj); of By/B>, both containing 1. We may then write
the map D(I, R) — D(N1, R) as

B i, D(K2. R) = €D 85, D(N2. R). (8, 1tij)ij > (aﬁl. Zx(bjw(mj)) :
ij i j i

By a computation similar to that in the first part of the proof in the case p # 2 (using additionally the

sub

equality of the two norms on D(N», R) asserted above) the norm || — ||§uOt agrees with the norm || — ||3*°,

as desired. O

Remark 3.3.8. It might happen that N is uniform when p =2 (e.g., when G = Resg GL;y/F). In this
case, the norm || — ||§Ub is bounded-equivalent to || — ||,12 on D(N1, R).

Definition 3.3.9. Write r, for the minimal » € [1/p, 1) such that |« (¢) — 1| <r for all t € T.. When

r > r, we write | — || for the norm || — ||§llb = - ||§1u°t on D, (we will never consider these norms when
r<re).
Let r > r,. We define D; to be the completion of D, with respect to || — ||, and let %, = lim,_ Dy .

D, is a Banach R-module with respect to its induced norm, and carries a left /-action (since / acts on
D, by || — || --isometries, the action extends to the completion). When R is a Banach Q,-algebra, it follows
from Proposition 3.2.9 that 9, is the locally analytic distribution module used in [Ash and Stevens 2008;
Hansen 2017]. We will also need to extend the action of = to these modules, and prove that elements of
X°Pt give compact operators. For this, it is convenient to use the definition of || — || as || — ||§“b. We have a
natural identification D, = D’ (N1, R) when p #2; when p =2 we have D] = ®ﬁieﬁu/ﬁz 8,—,iD’(IV2, R).

Corollary 3.3.10. Ift € £, then the action of t on Dy is norm-decreasing with respect to || — ||, for any
r > ry, and hence the action of t extends to D]. If t € P, then t acts compactly on D].. Moreover, in
this case the action of t is given by the composition of a norm-decreasing map

1/p

-
with the compact (norm-decreasing) inclusion

rl/p r
D, <—D,.

Proof. We use the identification D, = D(N, R), with regards to which 7 acts by the map induced from
the homomorphism N; — N given by 7 > tiit~!. First assume p # 2. The first assertion follows
directly from Lemma 3.2.4. The second assertion follows from the third, so it remains to prove the third
assertion. If t € P we have tN 1t~ C Ny = (N|)P by the definition of X' and Remark 3.3.5, so the
third assertion follows from Lemmas 3.2.3 and 3.2.4.
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Now assume p = 2 and let (77;); be a set of coset representatives of N{/N,. We have tN,t~' € N, and
i1 > tit ! induces a map N]/NQ — 1\_/1/1V2; moreover if € P! then t Nt~} C N_?,, by Remark 3.3.5.
Writing D(Ny, R) = @, 87, D(N2, R) we see that ¢ acts by a sum of maps of the form D(N», R) —
D(N,, R) induced by 71 — tiit~!, and the proof now proceeds as in the case when p # 2. UJ

Continue to assume r > r,.. In the rest of this subsection, for simplicity of notation we will assume
p # 2 in the discussion, but everything we do works for p =2 as well after minor adjustments, writing
D] = @i SﬁiD’(JVz, R). Letny, ..., n, be a topological basis of N and set n; = [i1;] — | € D, as usual.
Then the description e

D' (N1, R) =P R """ n”
o
gives us an explicit description of D via the identification D! = D" (N1, R). In particular we remark
that the D/ are potentially ON-able with a countable potential ON-basis that we can actually write down.
This is in contrast with the compact distribution modules considered in [Ash and Stevens 2008], which
are potentially ON-able but one cannot write down an explicit basis (and the dimension is uncountable),
as well as the distribution modules considered in [Hansen 2017], which are not known to be potentially
ON-able in general. Our next goal is to introduce variants of the modules D, as well as modules A;. C A,,
which are analogous to those considered in [loc. cit.].

Let r > r, and pick s € [r,, ). The unit ball D,>° of D, is A-stable since A acts by norm-decreasing
operators. The natural map D, — D; is injective, and may naturally be thought of as an inclusion. Doing
so, we define D-"° to be the closure of D;° inside D;. It is a w-torsion free Ry-module and we set
D" =D;"°[1/w]; this is an R-module which naturally embeds into D,.. Since D,>° C D, is A-stable

we see that D-"° and D" are as well. We may then define
A ={f € Ac | ln(f)l < 1forall u e D, ND°)

and AS" = AS"°[1/w] € A,. Then A" is the dual space of D.. We equip it with the norm dual to
| — Il -, and define A, € AZ" to be the closure of AS* C A" with respect to this norm. These spaces are
A-stable since D, ND,>° is. Note that we have natural identifications

D EDY (N, R), AT Z=CT(NLR), A ZC(NLR),
so the discussion in Section 3.2 applies to give explicit descriptions of these spaces, and show that they
are independent of the choice of s.
4. Overconvergent cohomology and eigenvarieties

In this section we establish the basic results on overconvergent cohomology needed to construct and
analyze eigenvarieties. We retain the notation from Section 3.3, but we will change our point of view
slightly, from a functional-analytic point of view to a geometric one. Instead of working with Banach-Tate
Z ,-algebras, we will work with complete Tate Z,-algebras, which we will always assume to have a
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Noetherian ring of definition. A weight will therefore be a continuous homomorphism « : Ty — R*, where
R is a complete Tate Z ,-algebra with a Noetherian ring of definition. We follow the strategy of [Hansen
2017, §3—4] to construct our eigenvarieties. A similar construction was also carried out in [Xiang 2012].

4.1. Eigenvarieties. We retain the global setup from the beginning of Section 3.3. To construct our
eigenvarieties, we will need some more notation as well as some concepts from [Ash and Stevens 2008;
Hansen 2017]. First, let us fix a compact open subgroup K, = K; C G (Qy), for each prime £ # p, which
is hyperspecial for all but finitely many ¢, and set K” =[], +p K¢ (the tame level) and K = K71. We
assume that K is neat (which is the case when K7 is sufficiently small).* Let Z denote the centre of G
and put Z(K) = Z(Q) N K. All weights in this section will be assumed to be trivial on Z(K) C T.

We also fix a monoid A, € G(Q) containing K, which is equal to G(Q,) when K, is hyperspecial,
such that (A, Ky) is a Hecke pair and the £-Hecke algebra T(A, K¢) (defined over Z,) is commutative.
Set A? = ]_[/ Ay (restricted product with respect to the K¢) and A = AP A, (recall that A, =1 >*1).
Next, as in [Hansen 2017, §2.1], we fix a choice C,(K, —) of an augmented Borel-Serre complex and for
any left A-module M we define C*(K, M). Note that C*(K, M) carries an action of the Hecke algebra
T(A, K). In general, if C* is a cochain complex we let C* = @iez C' and, similarly, we use H* to
denote the direct sum of all cohomology groups when cohomology makes sense.

Fix once and for all an element r € P, Let « : Ty — R be a weight, and choose a Banach-Tate
Z ,-algebra norm on R which is adapted to k. We let ﬁm = IAJJ,,,” denote the corresponding Hecke
operator on C*(K, Dy) (here r > r,). This operator is compact and we let

F/(T) =det(1 — TU,, | C*(K,D.))

denote its Fredholm determinant, which exists since C*(K, Dy) is potentially ON-able (by basic properties
of Borel-Serre complexes). Before proceeding, let us recall the definition of weight space.

Definition 4.1.1. Suppose (A, A™) is a complete sheafy affinoid (Z,,, Z,)-algebra. The functor
(A, AT) = Homes(To/ Z(K), AX)

from complete sheafy affinoid (Z,, Z,)-algebras (A, A™) to sets is representable by the affinoid ring
(ZpTo/Z(K)], Z,[To/ Z(K)), and we let 2 denote the corresponding adic space. We remark that any
continuous homomorphism 7y/Z(K) — A* automatically lands in (A1) *. To see this, note that Tj is

noncanonically isomorphic to F' x Z/, as a p-adic Lie group, where F'is a finite group and r € Z>¢. The
image of F" lands in the roots of unity jioc(A) in A, and the image of Z), lands in 1 + A®°. Since AT is
open and integrally closed in A (which is complete), 1o (A) and 1 + A°° are both subsets of (A1)*.
We let W denote the analytic locus of 20; this is an open subset. For any weight x : Ty — R and ring of
integral elements R™ C R°, we obtain a map U = Spa(R, R*) — W. If this map is an open immersion (so
in particular we have R = R°, by Corollary A.6), we will conflate the weight « and the open subsetZf C W
and refer to U/ as an open weight. In this case, we will also replace « by U in our notation, writing D;, etc.

“In fact it suffices to assume that K contains a neat open normal subgroup with index prime to p.
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Proposition 4.1.2. Let k be a weight and choose an adapted Banach—Tate Z ,-algebra norm on R. Then

F is independent of r > 1.

Proof. Let r, <r < s; we wish to prove that F] = F;. Note that the general case follows from the case
s <r'/P, so we may assume this. Then, by Corollary 3.3.10, l7,(,r factors as

C*(K,Dl) 25 C*(K,D}) - C*(K, D)),

where ¢ is induced by the natural compact inclusion D, < D,. We have Uy.s = P ot, so the result follows
from [Buzzard 2007, Lemma 2.7]. O

In light of this we will from now on drop r from the notation and simply write F,. We remark that it
currently depends on a choice of norm on R.

Proposition 4.1.3. Let k : To — R* be a weight and choose an adapted Banach—Tate Z ,-algebra norm
on R. Let w be a multiplicative pseudouniformizer in R:

(1) Assume that F, has a factorization F, = QS, where Q is a multiplicative polynomial, S is a Fredholm
series, and Q and S are relatively prime. Let s > r > r,.. The inclusion C*(K,D;) € C*(K, D;) induces
an equality Ker* Q*(lNJK,S) = Ker* Q*(lNJK,r) (here and elsewhere we write Ker* Q*(lA]JK,r)for the complex
with i-th term being the kernel of Q*(ﬁ”) acting on C' (K, DL)).

(2) Let R’ be a complete Tate ring with a Noetherian ring of definition, which we assume to be equipped
with a Banach-Tate Z ,-algebra norm | — |" which induces the topology. Assume that we have a bounded
homomorphism ¢ : R — R’ such that | — |" is adapted to k' = k o ¢ and ¢ (@) is multiplicative for | —|'.
Then Fo = ¢ (Fy).

If we assume moreover that F, has a factorization as in the previous part, we have a canonical
isomorphism (Ker* Q*(ﬁk ) Qr R = Ker® Q*(ﬁ,(/ ).
Proof For assertion (1), we note that the general case follows from the case s < r!/?, and then writing
UK » and UK s as in the proof of Proposition 4.1.2 the result follows from Lemma 2.2.3. For part (2), the
first assertion follows from Lemma 3.2.5 and [Buzzard 2007, Lemma 2.13], and the second assertion
follows from Lemma 3.2.5 upon writing C*(K, D,) = Ker* Q*(ﬁ”) @ N* as in Theorem 2.2.2 since
Q*(ﬁ”) is invertible on N°. O

We can now prove that F, is independent of the choice of norm on R.
Proposition 4.1.4. F is independent of the choice of adapted Banach-Tate Z ,-algebra norm on R.

Proof. Let | — | and | — |’ be two different such norms on R and denote the constructions coming from
| — | as usual and the constructions coming from | — |" by adding a prime. By Lemma 2.1.6, we may
find constants Cy, C», s1, s2 > 0 such that Cy|a|*" < |a|" < Cz|a|* for all a € R, which, as in the proof
of Proposition 3.2.6, implies that D7 < D' < D" for r suitably close to 1. Assume first that
52/51 < p, or in other words that rP/*> < r1/51, Then ﬁ”lm factors through D,fl/sz, and hence through D,

1/sy

Decreasing s; if necessary (still making sure that s,/s; < p), the inclusion D}’ € D, is compact, and

we may now argue as in the proof of Proposition 4.1.2.
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We now do the general case. Choose multiplicative pseudouniformizers @ and @’ for | — | and | — |’
respectively. Put X = Spa(R, R°) and let U C X be a rational subdomain. Write Ry := Ox(U) and ¢y
for the natural map R — Ry . Then it is easy to see, by (the proof of) Lemma 3.3.1, that we may find a
Banach-Tate norm | — |y on Ry such that ¢y : (R, | —1|) = (Ry, | — |v) is bounded, @ is a multiplicative
pseudouniformizer for | — |y, and for all ¢y sufficiently large, | — |tL[,’ is a Banach—Tate Z ,-algebra norm
on Ry which is adapted for ki := ¢y o k. We may find a norm | — |}, with the same properties in relation
to | —|” etc. By Proposition 4.1.3(2) we then have F,,, = ¢y (F,) and F, = ¢y (F,), using that changing a
norm by raising it to a real positive power only reindexes the D’, and hence does not change the Fredholm
determinant by Proposition 4.1.2. We also remark that raising | — | and | — |" to the same power ¢ > 0
does not change the quantity s,/s;. Thus, we aim to find an open cover (U;); of Spa(R, R°) consisting
of rational subdomains, such that, writing R; = O(U;) and equipping with norms of the form described
above, the quantity s;/s; is < p for each i. This would then finish the proof.

It remains to construct the cover (U;);. We recall from the proof of Lemma 2.1.6 that we may take
| '

_ log|o™ _log|(w

"Tloglmm T log (@)

for any m sufficiently large that ™', |(ew’)™| < 1. Let § > 0 be small, and choose m sufficiently large
that (|o™|)Y/™ — |w|;p <§8and (/)" |V/™ — |or'|sp < &. There is a continuous real-valued function ®
on M(R) given by

x> dx) = log|@'|'log|w|  logl|w'|, log|w],

log|a’| logla |, — logla’|slog|a

Note the similarity between s,/s; and ®. We recall here that M (R) is the maximal Hausdorff quotient
of Spa(R, R°®), and hence it does not depend on whether we used | — | or | — |" to construct it (though
of course the functions x — | — |, and x — | — | are in general different). We compose this function
with the projection Spa(R, R°) — M(R) to get a function on Spa(R, R°). We claim that it is constant
and equal to 1. To see this, fix x and note that there is an s > 0 such that | — |, = | — [}; one then checks
easily that ®(x) = 1. Fix x € Spa(R, R°). Let U be a rational subdomain containing x and give O(U)
two norms | — | and | — |’ constructed as for R; above. If U is small, |w|;p = SUPy e moW ) MR 1@} i
close to | |, and similarly for |&’|s,. Choosing 8 small, we may then ensure that the quantity s /sy is
close to ®(x) =1 for U small; in particular it is < p as desired. Picking such a U for every x gives the
desired cover. O

From the preceding two propositions, we can immediately deduce the following corollary.

Corollary 4.1.5. Let Uy C U, be open weights and let ¢ : Oy (U) — Ow U)) be the induced map. Then
¢ (Fu,) = Fy,. Therefore, the Fredholm determinants (F4)y, where U ranges over all open weights, glue
together to a Fredholm series Fyy € OOW){T}} = (’)(A%,V).

We write ﬁ,( for the Hecke operator on C*(K, %,) coming from our fixed t € X°P,
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Proposition 4.1.6. Let k : Ty — R* be a weight. Assume that F, has a factorization F, = QS, where
Q is a multiplicative polynomial, S is a Fredholm series, and Q and S are relatively prime. Then
Ker* Q*(ﬁ,() is a complex of projective R-modules. If ¢ : R — R’ is a continuous homomorphism, where
R’ is a complete Tate ring with a Noetherian ring of definition, then we have a canonical isomorphism
(Ker* Q*(ﬁK)) ®Qr R’ = Ker* Q*(ﬁ,g), where k' =k o ¢.

Proof. We have C*(K, %) = LiLnrer C*(K,D]). Since I7K = LiLnrer l~],{,r the result follows from
Proposition 4.1.3 upon noting that we may choose a topologically nilpotent unit @ € R and norms on R
and R’ such that ¢ and @ satisfies the assumptions of that proposition. O

Next we study what happens when the factorization of F, changes. Keep the notation of Proposition 4.1.6.
We make Ker* Q*(ﬁK) into a complex of R[T]/(Q(T))-modules by letting T act as 17,(_1.

Proposition 4.1.7. Let k : Tp — R be a weight. Assume that F, has two factorizations F, = Q18] =
0,8, where the Q; are multiplicative polynomials, the S; are Fredholm series, and for each i the Q; and

S; are relatively prime. Assume further that Q1| Q2. Then we have a canonical isomorphism

Ker* Q% (U,) ®rir1/(0y RIT1/(Q1) = Ker* (Q}(Uy)).

Proof. Let P be such that O, = PQy; P is then a multiplicative polynomial and one checks that
it is relatively prime to Q;, so we may find polynomials A, B € R[T] such that PA + QB = 1.
We then have R[T]/(Q2) = R[T]1/(Q1) x R[T]/(P) and PA € R[T]/(Q>) corresponds to (1,0) €
R[T]/(Q1)x R[T]/(P). The proposition now amounts to showing that P A. Ker* Q;(f],{) =Ker* QT([NJ,{).
If x € Ker* Q%(U,), then

QF(U,).PAx = U1 AQ,x =0,

which gives us one inclusion. For the other, assume that y € Ker* QT(ﬁK). Note that deg PA =deg 0 B.
Then
y =094 (P00 A*(T,) + B*(T0) 01(T0))y = P*(U) A*(U,) T e P4y,

which gives us the other inclusion. O

We now return to the Fredholm series Fyy from Corollary 4.1.5. Let & C A%/v denote its Fredholm
hypersurface. Consider €ov(%), the set of all open affinoid V C Z such that 7 (V) C X is open affinoid,
O(@m(V)) is Tate, and the map w|y : V — (V) is finite of constant degree, where w : & — W is the
projection map. For V € €ov(%), let us write Fyy = Qv Sy for the associated factorization of Fyy from
Theorem 2.3.3.

Corollary 4.1.8. The assignment V — Ker* Q’;(ﬁﬂ(v)), with V € €ov(%), defines a bounded complex

of coherent sheaves J¢* on .

Proof. €ov(%) is an open cover of 2 so we need to prove that whenever V| C V, are elements of ¥ov (%),
we have (Ker* Q*“,Z(U,,(Vz))) ®ovy) O(V)) = Ker* Q"“,] (Ux(v,)) canonically. Define V3 = JT|;21 ((V1)).
Then we have V| C V3 C V>, so it suffices to treat the inclusions V; C V3 and V3 C V5. In the first case



Extended eigenvarieties for overconvergent cohomology 133

we have 7w (V]) = 7 (V3) and the result follows from Proposition 4.1.7, since V| C V3 forces Qy, | Qv;.
For the second we have V3 = V5 X (y,) w(V}) and the result follows from Proposition 4.1.6. O

This allows us to finish the construction of the eigenvariety. We define .2#* = H*(.¢*); this is a
coherent sheaf on 2. Since the projectors C*(K, Z(v)) — Ker* Q*‘}(ﬁn(v)) commute with the action
of T(A?, K?) (by construction, using the assertion about the projectors in Theorem 2.2.2), we get an
induced action T(A?, K?) — &ndy(*). Let 7 C &nd 4 (A7) denote the sub-presheaf generated over
O« by the image of T(A”, K?). It is a sheaf by flatness of rational localization, hence a coherent sheaf
of O 4-algebras, and we define the eigenvariety 2" = Z¢. k» to be the relative Spa(.7, .7°) — Z (note
that the sheaf of integral elements is determined by Lemma A.3). The morphism?: Z — % is finite by
construction, and we have

O(q~' (V) =Im(T(A?, K?) ®7, O(V) — Endo(v)(H* (Ker* 0})))

forall V € ¥ov(%). In particular, if (U4, h) is a slope datum for OV, Fyy), we write J;; , = (’)(q_1 (Zu.n))
and have

Tyn =Im(T(A?, KP) ®z, O(Zy.n) — Endo(z, ) (H* (K, Zu)<n)).

Remark 4.1.9. Our eigenvariety 2" contains the eigenvariety constructed in [Hansen 2017, §4] as the
open subset {p # 0}. Indeed, our construction specializes to his over Banach Q ,-algebras, with the minor
difference that we use the complexes C*(K, D;,) to construct the auxiliary Fredholm hypersurface Z,
whereas the complexes C,(K, <)) (in our notation) are used in [loc. cit.], giving a different auxiliary
Fredholm hypersuface. However, working over the union of the two Fredholm hypersurfaces, one sees
that the coherent sheaf 7#* on Ag/vﬁg, with its T(A?, K”)-action, is equal to the sheaf .Z* on A;\,r;g (in
the notation of [loc. cit., §4.3]), with its T(A”, K?)-action (here we have used WW"2 to denote the locus

{p#£0W).

Remark 4.1.10. Like the other constructions, our construction of overconvergent cohomology and
eigenvarieties has numerous variations, which are sometimes useful to keep in mind. For example, one
may use compactly supported cohomology, homology or Borel-Moore homology instead (see [loc. cit.,
§3.3]), and/or one could use the modules .27, instead of the &,. One can also add (or remove) Hecke

operators, or work over some restricted family of weights, rather than the universal one.

4.2. The Tor-spectral sequence. We now give the analogue of the Tor spectral sequence in [Hansen
2017, Theorem 3.3.1], which is a key tool in analyzing the eigenvarieties. We phrase it in terms of slope
decompositions and Banach—Tate rings, though we could have formulated it more generally for elements
in ov(%).

Theorem 4.2.1. Let h € Q> and let k : To — R™ be a weight. We fix an adapted Banach-Tate Z ,-algebra
norm on R, and suppose that C*(K, D)) has a slope < h-decomposition for somer > r,. Let R — S be a
bounded homomorphism of Banach—Tate Z ,-algebras with adapted norms and write ks for the induced
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weight Ty — S*. Then there is a convergent Hecke-equivariant (cohomological) second quadrant spectral
sequence
Ej =Tor®;(H' (K, Z)<n, §) = H'/ (K, i) <n-

Proof. We follow the proof of [Hansen 2017, Theorem 3.3.1]. Define a chain complex €, by 4; =
C(K, P,)<i and the obvious differentials (i.e., we are just reindexing and viewing C*(K, %)<y as a
chain complex). This is a bounded chain complex of finite projective R-modules. Thus

Tor[, ;(4..S) = H;1 (€. ®& S).

where Tor denotes hyper-Tor. The hyper-Tor spectral sequence then gives us a homological spectral
sequence
E}, =Torf (Hj(%.), S) = Hi1;(6.®& 5)

which is concentrated in the fourth quadrant. Reindexing we may turn this into a cohomological spectral
sequence (see [Weibel 1994, Dual definition 5.2.3])

E;j = Torf,-(H_j(‘g.), S)= H_i—j(6.®rS)

which is concentrated in the second quadrant. Since H_;(%4,) = H (K, PD¢)<n (by definition) and
H__j(¢.®QrS)=H +i(K, P¢s)<ih (canonically, by our previous results) this gives the desired spectral
sequence. Finally, Hecke-equivariance follows from the functoriality of the hyper-Tor spectral sequence. [J

As an application, we prove the following analogue of [Hansen 2017, Theorem 4.3.3]. We will use it
in the next section when we construct Galois representations.

Proposition 4.2.2. Let (U, h) be a slope datum and let m C Oy(U) be a maximal ideal corresponding to
aweight k : Ty — L*, where L = Oy(U)/m; this is a local field by Lemma A.12. Fix an absolute value on
L with |p| < p~! (i.e., an adapted Banach—Tate Z y-algebra norm). Let T C T(A, K) be a Z ,-subalgebra
and put

Ten =Im(T ®z, L — End (H* (K, Z)<n)),

Ty n =Im(T ®z, OwU) — Endoy, @) (H* (K, Zu)<n))-
Then there is a natural isomorphism (Ty 1, ®o,,w) Lyred = Tlrf%.

Proof. By the Tor-spectral sequence we see that, if 7 € T acts as 0 on H*(K, Z;/)<p, then it acts
nilpotently on H*(K, Z,)<,. It follows that we have a surjection Ty, ®o,, @) L — T,rf‘}l of finite-
dimensional commutative L-algebras. To finish the proof it suffices to show that if q is a maximal ideal of
T, ®ow) L then the localization (T, ;)4 is nonzero. Let j be maximal such that (H (K, Du)<n)q #0
and localize the entire Tor-spectral sequence with respect to . Then the entry (Eg’j )q 1s stable (i.e.,
(ES7)q = (E%))q) and it follows that (H/ (K, Z)<p)q # 0. Thus we must have (T, ;) # 0 as desired. [J

Corollary 4.2.3. We retain the notation of Proposition 4.2.2. If we let U, be the double coset operator
[KtK1€T(A, K) for our fixed t € =P, consider the commutative subalgebra T(AP, KP)[U;]CT(A, K).

Then we have a natural isomorphism (Fn @ow) L)y =T (AP, Kp)[Ut]rKf%.
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Proof. By Proposition 4.2.2 we have a natural isomorphism
(T(A?, KM)[Udup ®@oen L™ ZT(AP, KPUIE,

so it suffices to show that 93, , = T(A?, K?)[Uly.n, which is clear from the definitions (note that
Endo(#, ) (H*(K, Zy)<n) S Endow) (H*(K, Zu)<n)). 0

5. Galois representations

We continue to assume that all weights are trivial on Z(K). Let G = Resg GL,,F, with F a totally real
or CM field. In this section we construct a Galois determinant (in the language of [Chenevier 2014])
valued in the global sections of the reduced extended eigenvariety, satisfying the expected compatibility
between Hecke eigenvalues and the characteristic polynomial of Frobenius at all unramified primes. The
construction is an adaptation of a construction due to the first author and David Hansen, to appear in
[Hansen and Johansson > 2019] (in a slightly refined form), which produces a Galois determinant over
the reduced rigid eigenvariety as constructed in [Hansen 2017]. The key step is to produce the desired
Galois determinant for all “points™ of the extended eigenvariety. In the rigid analytic setting one can
then glue these individual determinants together by an argument due to Bellaiche and Chenevier; we
prove a version of this gluing technique in our setting. We will not assume that G = Resg GL,,F until
Section 5.3.

5.1. Filtrations. Let k : To — L be a weight, where L is a local field equipped with an adapted absolute
value; we let @ be a uniformizer of L. Let r > r, and choose an auxiliary s € (., r). In this subsection,
we construct a filtration on the unit ball D"° of D" with finite graded pieces, generalizing the filtrations
constructed in [Hansen 2015]. We define

Fill DZ"° :=D="° N DE°.

When « and r are clear from the context we will simply write Fil/ for Fil/ Ds"° (we will always omit the
choice of 5). By the definitions the Fil/ are open and closed in the subspace topology on DS"° coming
from D} (we recall that D"° is compact with respect to this subspace topology since Oy, is compact).
Therefore the DF"°/ Fil/ are finite discrete O -torsion modules and we have DF"° = lim Do/ Fil/
topologically. Note that Fil’ is A-stable (being the intersection of two A-stable subsets in Dy), so the O -
torsion modules DS"°/ Fil/ inherit a A-action and the equality in the previous sentence is A-equivariant.
We also record the following lemma.

Lemma 5.1.1. We have

H'(K,Dg"°) =lim H' (K, D"/ FilY)  for all i.
J
Proof. On Borel-Serre complexes we have C*(K, Dg"°) =lim j C(K,D;"°/ Fil’) and these are bounded
complexes of compact abelian Hausdorff groups. This category is abelian and has exact inverse limits
(e.g., by [Neukirch 1999, Proposition 1V.2.7]), which gives us the result. O
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We remark that C*(K, DS") has a slope < h-decomposition for any & € Q¢ (since we are working
over the field L) and C*(K, D)<, = C*(K, D,)<p, (since it is sandwiched between C*(K, D))<; and
C*(K, D;)<n, and these are equal). Thus, we may use the D" instead of the D, to define overconvergent
cohomology. We will do this to define Galois representations because of the fact that DS"° is profinite
with respect to topology coming from the Fil/.

5.2. A morphism of Hecke algebras. We continue with the notation of the previous subsection. In this
subsection we will fix a Z,-subalgebra T C T(A, K) and, if A is any Z,-algebra, we will write T4 for
T®z, A. Then Tp, acts on H*(K, D;”O/Filj) for all » and j and we set

T, ; =Im(To, — Endp, (H*(K, D"/ Fil'))),

T,y = Im (TTOL —T]T j).
J
We equip each T, j with the discrete topology (they are finite rings) and give [ | i T j the product topology;
we then give T p; the subspace topology. We let T\,’(‘Fil denote the completion of T p; in I1 i T i this is
a compact Hausdorff ring.
Fix h € Q>¢. We have natural maps H*(K, D:"°) - H*(K,D;") = H*(K, D:")<;, and we define

H*(K,D:"°)<p to be the image of the composition.

Lemma 5.2.1. H*(K, D:"°) <y, is an open and bounded Op,-submodule of H*(K, D:") <y, (and hence a
finite free O -module).

Proof. It is an O -submodule which spans H*(K, DS")<; essentially by construction, so it suffices to
show that it is finitely generated. The morphisms H*(K, D;"°) — H*(K,D;") — H*(K, D;") <y are
induced by the morphisms

C'(K,D;"°)— C*(K,D;") — C(K,D:") <

of complexes. Let C*(K, D;"°)<;, denote the image of the composition. Note that each Ci(K, D:"°)
is bounded in C' (K, D7), so Ci(K, D:"°) <, is bounded in C/(K, DS")<p by continuity of the projec-
tion. Thus C*(K, D:"°) <, is a bounded complex of finite free Oy -modules. Since H* (K, DS"°) <, C
Im(H*(C*(K, D) <) — H*(K,DZ")<p), finite generation of the former follows. O

We define
17, = Im(To, — Endo, (H* (K, D) 24)):

by the above lemma this is a finite O -algebra and hence naturally a compact Hausdorff ring. Note that
ifT eTp, 1s01in TTI’(’FH, i.e., acts as O on all H*(K, D;”O/Filj), then it acts as 0 on H*(K, DS"°) <p,
and so is 0 in TZOS »- In other words we have a natural (surjective) map T, g —>AT£”°§h. The goal of this
section is to show that this map is continuous and so extends to the completion T} .

To do this we introduce some special open sets. Let pr; : T} g — T, ; denote the projection. We put

Uj = Ker(pr;); this is an open ideal of T} ;. On T"°_, the opens that we will use are more delicate to

K, <h
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construct. We have a commutative diagram
H*(K,Dg"°) —— H*(K, D) <n
H*(K,D})°) —— H*(K, D)<

where the right vertical map is an isomorphism, which we think of as an equality (the reader may trace
through the definitions and see that this is a natural thing to do). Defining H* (K, D;>°)< to be the image
of H*(K,D)°) — H*(K, D})<, we see that H*(K, D:"°) <, € H*(K, D;>°) <, are both open lattices
in H*(K,D;")<, = H*(K, D;)<;, (Lemma 5.2.1 holds for H*(K, D}°) <, as well, with the same proof).

Lemma 5.2.2. The ideals

V, ={T eT;°,, | T(H*(K,D"°) <) € @’ H*(K, D°) <n}

r,0
Kk, <h*

form a basis of open neighbourhoods of 0 in T

Proof. It’s easy to check that the V; are ideals. By the preceding remarks the subgroups @/ H*(K, DS°) <p
form a basis of neighborhoods of 0 in H* (K, D:"°) <, (for j >>0). Using this the lemma is elementary. [

We may now prove continuity. Denote the map T} ¢, — T;OS » by ¢.
Proposition 5.2.3. We have ¢(U;) € V;. Thus ¢ is continuous and extends to a continuous map

Ar r,0
Term = T

Proof. The second statement follows directly from the first (by general properties of linearly topologized
groups and the fact that T;‘; , 1s complete). The first statement amounts, by the definitions, to proving
that if T acts as 0 on H*(K_, D,fr’c’/Filj), then it maps H*(K, D:"°) <, into w!H*(K, D °)<p, or in
other words that T acts as 0 on

Im(H*(K, DF"%) <y — H*(K, D3°) < /).
By definition this image is equal to
Im(H*(K,DS"°) — H*(K, DS°)<p /@ ).

Assume now that 7" acts as 0 on H*(K, D:"°/ Fil’). We may factor H*(K, D:"°)— H*(K, D,ﬁ’°)§h/wj
through H*(K, D:°) /@ so it suffices to prove that T acts as 0 on

Im(H*(K, D:"°) — H*(K, D2°) /@ ).
From the long exact sequence attached to the short exact sequence
0— DI 25 D DI ferd — 0

we see that
H*(K,D}°)/w/ — H*(K,D>°/w?).
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By definition, we have a natural map D;"°/ Fil/ — D/ /. Assembling the last few sentences, we
have a commutative diagram

H*(K,Dg"°) —— H*(K, D°) /o’

l l

H*(K, Dz FilV) —— H*(K, D5°/w )

where the right vertical map is injective. By assumption 7" acts as 0 on H*(K, D"°/ Fil’); hence it acts
as 0 on Im(H*(K,D;"°) — H*(K, D,ﬁ’o/wf)). But, since the right vertical map is injective, this image
is isomorphic to Im(H*(K, D:"°) — H*(K, D,ﬁ"’)/zzrj). Thus T acts as 0 on this, which is what we
wanted to prove. U

5.3. Galois representations. We now specialize to the case G = Resg GL,,F, where F is a totally real
or CM number field, and n > 2. When discussing Galois representations we will, for simplicity of
referencing, use the same conventions as in [Scholze 2015, §5]. Let S denote the set of places w of @
such that either w = oo, or if w is finite then K, is not hyperspecial. This is a finite set containing p and
the primes which ramify in F. We let S denote the set of places in F lying above those in S’. We set

T:@TU,

vesS
where T, = Z,[GL,(F,)//GL,(OF,)] is the usual spherical Hecke algebra (we assume that K C
GL,(Of ®z7 2)). We have T C T(A, K) and we will use the notation and results of the previous
subsection for this choice of T. Let g, be the size of the residue field at v. We have the (unnormalized)
Satake isomorphism
Tolgy 1= Zlqy N o 1,

where S, is the symmetric group on {1, ..., n} permuting the variables x, ..., x,. If we let 7; , denote
the i-th elementary symmetric polynomial in x1, ..., x,, then qf,("H)/ 2T[~,v € T, and we define
Py(X)=1—q" V2T X4 ¢" ' X? — o (=1)"q" TV, X" e T, [X]. (5.3.1)

The following theorem is essentially a special case of [Scholze 2015, Theorem 5.4.1]. We let G s denote
the Galois group of the maximal algebraic extension of F unramified outside S. For the notion of a
determinant we refer to [Chenevier 2014].

Theorem 5.3.1. (Scholze) There exists an integer M depending only on [F : Q] and n such that the
following is true: for any j and r there exists an ideal 1, ;S L j with (I . j)M = 0 and an n-dimensional
continuous determinant D of G, s with values in T, j /1 j such that

D(1 — X Frob,) = P,(X)
forallv ¢ S.
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We remark that the local systems corresponding to the DS"°/ Fil/ are not necessarily included in
the formulation of [Scholze 2015, Theorem 5.4.1], but the proof works the same: one first applies the
Hochschild—Serre spectral sequence to reduce to the case of a trivial local system.

Corollary 5.3.2. Keep the notation of Theorem 5.3.1:

(1) There exists a closed ideal I C :ﬂ\—/r(,Fil such that I'M = 0 and an n-dimensional continuous determinant
D of G s with values in ?;’F“/I such that D(1 — X Frob,) = P,(X) forallv ¢ S.

(2) Let h € Q>¢. Then there exists a closed ideal J C Ti”‘;h such that JM = 0 and an n-dimensional

continuous determinant D of Gr s with values in Tlr(”oih/J such that D(1 — X Frob,) = P,(X) for
allv ¢ S.

Proof. Part (1) follows from the theorem and the definition and compactness of ﬁT\,’(’Fﬂ via [Chenevier 2014,
Example 2.32]; one sets [ = T\;’Fil N ] j 1 ,: j Assertion (2) then follows from (1) and Proposition 5.2.3. [

5.4. Gluing over the reduced eigenvariety. We now finish our construction of a Galois determinant over
the reduced eigenvariety 2™ = %éEd. See Definition A.10 for the definition of the reduced subspace.
Keep the notation of the previous subsection. Let (U, /) be a slope datum. We have a corresponding open
affinoid 2y, € % If m, is a maximal ideal of O(U{) corresponding to the weight « : Ty — L* with
L =0OU)/m, alocal field, then Corollary 4.2.3 gives us a natural identification

(O(Zign) /)™ = (025D /m)™ ZT(AP, KDV,

Fix r. Note that ch,gh = T;”‘;h[l/zzr] is naturally a closed L-subalgebra of T(A”, K”)[U;] . From
Corollary 5.3.2 it follows that we have a Galois determinant into T(A?, K?)[U, ,]L‘f‘}l and therefore into

(O(e%”zfg) /m, ). We record this discussion in the following convenient form:

Lemma 5.4.1. Let (U, h) be a slope datum and let m be a maximal ideal of O(%ng). Then there exists an
n-dimensional continuous determinant D of G s with values in (9(3&”&?2) /m such that D(1 — X Frob,) =
Py(X) forallv ¢ S.

Proof. This follows from the discussion above since the map Spec O(%Lfg) — Spec O(U) sends maximal
ideals to maximal ideals (the map is finite). O

Before we can glue we need some preparations. Let A be a reduced Z,-algebra which is finite
and free as a Z,-module; we equip it with the p-adic topology. Consider the adic space Z*" = A\lqan,
where S =Spa(A[ Xy, ..., Xqll, AL[X1, ..., XqD); here A[ Xy, ..., Xy] carries the (p, X1, ..., X4)-adic

topology. Fix an index i € {1,...,d}. Let T be a coordinate on Aém. We are interested in the open
affinoid subsets V,, = {|p™[, [ X{'|, ..., |XJ| < |X;| #0, |X"T| < 1} of Z*" for m € Z~,. Note that the
union of the V,, is the locus V = {| X;| # 0} € Z?". The ring O(V,,) has a ring of definition
PXE X\
Ru=A[X1, ..., Xgl{ —, oo, — NXP'T
m II 1 d]]< Xi Xi Xi < i )
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(with the X;-adic topology), and we have natural maps R, — Ry, for all m. Note that O(V,,,) = R, [1/ X;]
and that O (V,,) is the integral closure of R,, in O(V,,). By Theorem A.5 (and its proof), in fact we have

Ot (V) = O(V,,)° and O(V,,)° is a finite R,,-algebra.
Lemma 5.4.2. The image of Ry 11 in R,/ X} is finite for all m and n. More generally, if M is a finitely
generated Ry, 1-module, then the image of M in M ®g, ., Ry /X is finite.

m+1

Proof. Fix m and n. We start with the first assertion. It suffices to check that the kernel contains the ideal

m—+1\mn Xm—',—l mn Xm+1 mn
Iz(p'"",xq"",...,xg,"",<px ) ( 1 ) ( e ) ,(X;"“T)">
i i i

since it’s straightforward to check that R,,41/1 is finite. It’s also straightforward to check that the given

generators of [ are in the kernel. This finishes the (sketch of) proof of the first assertion. For the second,
there is an integer ¢ > 0 and a surjection R,qn +1 = M of Ry y1-modules, which gives us a commuting

diagram
R~ Rb/X!
M —— M Q®g,., Rn/X!
where the vertical maps are surjections, and the second assertion then follows from the first. O

Proposition 5.4.3. With notation as above, let Y — V = {|X;| # 0} C Z* be a finite morphism of adic
spaces, and assume that Y is reduced. Then O (Y) is compact.

Proof. Write Y,, for the pullback of V,,; these form an increasing cover of Y consisting of open affinoids.
Since Y,, — V,, is finite and O (V,,) = O(V,,)° we know that O" (Y,,) is integral over O(V,,)° (by
definition of a finite morphism). Since O(Y,,) is reduced and O(V,,)° is Nagata (it is finite over R,,, which
is Nagata by the proof of Theorem A.5) it follows that O (Y,,) is finite over O(V,;,)°. In particular, O (Y,,)
is finite over R,,, and hence Noetherian. We may also deduce from Lemma A.2 that O (Y,,) = O(Y;,)°.

For any n the map OF (Y,11) = O1(Y,,)/ X! factors through O (Y,,11) ®r,,,, Rm/ X! and hence
the image is finite by Lemma 5.4.2. It follows that O (Y,,+1), when equipped with the weak topology
with respect to the map OF (Y,11) = O1(Y,,), is compact. We deduce that O (Y) =lim, O*(Y,) is
compact, as desired. U

m+1

Corollary 5.4.4. Assume that X — Z* is a finite morphism of adic spaces, with X reduced. Then O (X)

is compact.

Proof. Foreachi €{l, ..., d} consider the locus Z; = {| X;| # 0} C Z*" (i.e., what was previously denoted
by V) and set Zy = {|p| # 0}. Let X;, fori € {0, ..., d}, denote the corresponding pullbacks to X. Then
we have a strict inclusion 07 (X) C H?:o O (X;) with closed image and the O (X;) are compact (for
i=1,...,d this is Proposition 5.4.3 and for i = 0 this is [Bellaiche and Chenevier 2009, Lemma 7.2.11];
note that X is nested in the terminology of that paper), so O1(X) is compact as well. O
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We may then prove the main result of this section.

Theorem 5.4.5. There is an n-dimensional continuous determinant D of G s with values in O (2 redy
such that

D(1 — X Frob,) = P,(X)
forallv ¢ S.

Proof. Fix a collection {(U/, h)} of slope data such that the %fﬂ cover .2°™4. We then have injections

otz — [T owgrh < [T ]]ow@mn/m,
,h) W, m

where the m range over all maximal ideals of (’)(%ng). Note that we have an injection (’)(%ng) —
[T O(%Lﬁ) /m by Lemma A.1, so the second morphism really is an injection. Then note that O (2" ™)
is compact; since 2" red is finite over Spa(Z,[Toll, Z, 1 Tol)™" x Al this follows from Corollary 5.4.4. To
see that Z,[To]l is of the form A[ X1, ..., X4]l, we write Ty = Tgor X Tgree, where TOtor is the torsion
subgroup of Ty (which is finitely generated) and TOfree = Zf,im 105 a free complement (see, e.g., [Neukirch
1999, Proposition I1.5.7]). Set A = Z,[T;*"]; then

Z,[Tol = A®z, Z,[ Ty 1 = A[X1, ..., X4l
Thus we may glue the determinants from Lemma 5.4.1 into the desired determinant using [Chenevier
2014, Example 2.32]. Il
6. The Coleman—Mazur eigencurve

In this section we give a short discussion of the special case of the Coleman—Mazur eigencurve and the
relationship between our work and that of Andreatta, Iovita and Pilloni [Andreatta et al. 2018] and Liu,
Wan and Xiao [Liu et al. 2017].

6.1. The case G = GLy/q. Let us consider the special case G = GL,,g. We begin by fixing choices of
groups and Hecke algebras/operators. Let B be the upper triangular Borel, / the corresponding Iwahori

and T the diagonal torus. We use the element ¢ = ((1) 2) € X°P'; the corresponding Hecke operator is the

L

{GLQ(@() if 24N,
GL,(Z,) if£¢]|N.

U),-operator. We choose the tame level

Ki(N) = {g € GL,(Z")

with N € Z>s5 prime to p. Put

With these choices, everything else is determined and we use the notation of the main part of the paper.
In this case, overconvergent modular symbols were first constructed in [Stevens 1994], and the
corresponding eigencurve was constructed and shown to agree with the Coleman—Mazur eigencurve
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in [Bellaiche 2010]. Stevens and Bellaiche worked with the compactly supported cohomology Hcl,
which admits a very explicit description in this case (it is given by the functor denoted by Symb in
[Bellaiche 2010; Stevens 1994]). Ordinary cohomology was first considered in [Hansen 2017]. For
ordinary cohomology, one has

H*(K, %) = H (K, 9;)

for all weights «, upon noting that the H' vanish automatically for all i > 2 and that H° vanishes by (a
simpler version of) the argument in the proof of [Chojecki et al. 2017, Lemma 5.4]. A consequence is the

following lemma:

Lemma 6.1.1. Let x : To — R be a weight, and assume that F, has a slope < h-factorization for some
h € Qs (slopes with respect to some multiplicative pseudouniformizer @ € R). Then H' (K, )<, is a
finite projective R-module and is compatible with arbitrary base change.

Proof. Let f : R — S be a continuous homomorphism of complete Tate rings and equip S with a
Banach-Tate Z ,-algebra norm such that f(zo') is a multiplicative pseudouniformizer. Put kg = f ok. By
the vanishing of the H' for i # 1 the Tor-spectral sequence collapses and gives us that

H' (K, 2)<n ®r S = H' (K, Zis) <n,
TorR(HY(K, Z)<p, §) = 0.
The first line is compatibility with base change. Putting S = R/J for an arbitrary ideal J C R (automatically

closed) we see from the second line that H' (K, P)<n 1s a finite flat R-module, and hence is finite

projective. O

If « : Tp — R is a weight, we write «;, i = 1, 2, for the characters Z; — R defined by

K((g 2)) — (@) (d)

! 0) > x. If we consider the eigenvariety 2™"¢ = %gg constructed

x 1
in [Hansen 2017], then it is equidimensional of dimension 2 by Proposition B.1 of that paper since

and we identify N with pZ, via (

H* = H'. This object is usually referred to as the “eigensurface”. If we instead do the eigenvariety
construction over the part ngg of weight space where k, = 1, we obtain an eigenvariety that turns out
to equal the Coleman—Mazur eigencurve; it is in particular reduced, equidimensional of dimension 1,
and flat over W(;ig. Let us denote this eigenvariety by &"¢; the properties of £"¢ stated in the previous
sentence are presumably well known to experts but we will give a brief sketch of the proofs below. To
begin with, it is equidimensional of dimension 1 (by the same argument as above for .2 "¢). For weights
with k» = 1 we conflate ¥ and x|, and we may write the action on <7 explicitly as

c—i—dx)

(fy)(x)=«(a +bX)f<a T hx
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fory = (“%) € My(Z,) such that a € Z%, ¢ € pZ,, (this defines the submonoid A, o of A, generated by
I and 1), and x € pZ, [Hansen 2017, §2.2]. Using the anti-involution

ab a c/p
(£3)= ()

!'in the argument to a function on Z p one sees this right action corresponds

on A, o and rescaling f by p~
to the left action defined in [Stevens 1994]. To prove that &"8 is reduced one uses a criterion of [Chenevier
2005, Proposition 3.9]; see [Bellaiche 2010, Theorem IV.2.1] for the analogous statement for the HC1
Unfortunately, the notion of a “classical structure” in [Chenevier 2005] is based on the input data for the
eigenvariety construction in [Buzzard 2007] and is therefore not directly applicable to the situation in
[Hansen 2017]. Let us state a version of [Chenevier 2005, Proposition 3.9] applicable to the situation in
[Hansen 2017, Definition 4.2.1]. We use the notation and terminology of [Hansen 2017, §4-5] freely; in
particular we use the language of classical rigid geometry for this proposition.

Proposition 6.1.2. Let O = (W, %, #,T, ) be an eigenvariety datum. If (U, h) is a slope datum,
assume that .# (Zy 1) is a projective O(U)-module. Assume moreover that there exists a very Zariski
dense set W' C W such that, if (U, h) is a slope datum, there is a Zariski open and dense subset Wy j, of
' NU such that A (Zy.n)yx IS a semisimple T[T~ "1-module. Here T is the parameter on AL which
naturally acts invertibly on #(27.1,), and the set # ! is given the Zariski topology. Then the eigenvariety
Zo is reduced.

The proof is virtually identical to that of [Chenevier 2005, Proposition 3.9]; we omit it. Using this,
one proves that £™¢ is reduced in the same way as in the proof of [Bellaiche 2010, Theorem IV.2.1(i)],
using the control theorem of Stevens (see [Hansen 2017, Theorem 3.2.5]); recall that our Hecke algebra
T(AP, KP) contains no Hecke operators at primes dividing N. That £"¢ is equal to the Coleman—-Mazur
eigencurve is then proved using the control theorems of Coleman and Stevens and the Eichler—Shimura
isomorphism together with [Hansen 2017, Theorem 5.1.2] (this type of argument is well known to experts;
see for example the proof of [Bellaiche 2010, Theorem 1V.2.1(1)]). The argument for flatness will be
given below. This finishes our review of the basic properties of &"i.

Let us now return to the constructions of this paper. Our eigenvariety construction gives an extension &
of &"¢ defined over the locus Wy € W where «x, = 1. Another such extension &’ was constructed by
Andreatta, Iovita and Pilloni [Andreatta et al. 2018]. Note that W) is naturally the analytic locus of the
formal weight space 2y with k, = 1. We have

Wo = Spa(Z, 121, Z,[Z1).

When p # 2, Zp[[Z;]] is a regular ring. When p = 2 this is no longer the case; we have ZQ[[Z;]] =
Z7[Z /211 X] and Z,[Z/2] is not regular. We will instead work over the normalization A of ZZIIZ;]],
which is isomorphic to Z>[ X] x Z>[ X 1. The normalization map

Dl Z2MMXT — Zo0X1 x 20 XT]
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is explicitly given by

D (an+bag)X" (Z(an +b) X" D (an — bn>X”),

n>0 n>0 n>0

where a,, b, € Z, and g € Z/2 is the nontrivial element. Using this map we get a weight into A, and we let
Q~Uo = Spa(A, A) and put Wo = QNIIS“. We remark that 17V(r)ig = W(;i £ canonically via the normalization map.
To make our notation uniform, we set Wy = W, when p # 2. We may perform our construction over Wos
and one may pull back the Banach modules that are used to construct the eigencurve in [Andreatta et al.
2018] to Wy, and construct the eigencurve over W, instead. Let us denote the corresponding eigenvarieties
by & and g, though we hasten to remark that these should not be thought of as normalizations of &
and &'

Lemma 6.1.3. Let U C W) be a connected open affinoid subset such that O(U) is a Tate ring. Then
OWU) is a Dedekind domain.

Proof. We first show that O(U) is regular of Krull dimension 1. The connected components of )7\/0 are iso-
morphic to Spa(Z,[ X1, Z,[ X1) so we may take I to be an open affinoid subset of Spa(Z,[[ X1, Z,[X1).
Let q be a maximal ideal of O(/) and let p be its preimage in A = Z,[X]. By Proposition A.15 the
natural map A, — O(U)q induces an isomorphism on completions. By Lemma A.13 p defines a closed
point of Spec A\ {(p, X)}. Since A is a regular local ring of dimension 2, it follows that A is a regular
local ring of dimension 1, and hence the same is true for O(U)q (since if R is a Noetherian local ring with
completion R, then R is regular if and only if Ris regular, and dim R = dim R). It follows that O/) is a
product of regular integral domains of dimension 1. Since U/ is connected O(f) does not contain any
nontrivial idempotents, so O(l/) is an integral domain. Il

Let (U, h) be a connected slope datum for & (by which we mean a slope datum for the construction
that produces & such that { is connected; we will use the terminology “(connected) slope datum for &
similarly). Then O(ﬁu,h) is, by definition, an O(Uf)-submodule of Endp ) (H (K, P11)<n)- The latter is
projective by Lemma 6.1.1, so the former is also projective since O(lf) is Dedekind. Thus the natural
map &, — U is finite flat, and hence & — Wy is flat. The same applies to g

Now let (U, h) be a slope datum for & and &' Let (U;)ie; be an open affinoid cover of UM Then the
natural map OU) — [[;c; OWU;) is an injection (since U \ UM does not contain any open subset of Uf)
so tensoring with the finite projective O(1/)-module O(&y,1,) we get an injection

O(Eun) = (l_[ O(Ui)) ®owy OEun) =[] OE ),
iel iel
which in particular shows that O(gu,h) is reduced. The image of O(ﬁu’h) inside ]_[iE I O(égui, ) is equal

to the O(U)-span of the image of T(A?, K?)[U,]in [[,, O(é;ui,h). The same holds replacing & by é;/,
so since we have canonical isomorphisms

Oy Z Oy, 1),
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we obtain a canonical isomorphism O(ﬁu = O(£’u »)> compatible with the way the eigencurves are built.
As a result we have a canonical isomorphism & = & extending the canonical isomorphism & = ((5‘7 )i,
We summarize the discussion above in the following theorem:

Theorem 6.1.4. The eigenvariety & is reduced and flat over Wo. Moreover, it is canonically isomorphic
to the eigencurve &' constructed by Andreatta, lovita and Pilloni [ Andreatta et al. 2018].

Remark 6.1.5. In fact, it is possible to show that & and &” are isomorphic for all p (i.e., including p =2),
using the interpolation theorem [Johansson and Newton 2017, Theorem 3.2.1], since both & and & are
reduced with Zariski dense sets of classical points which naturally match up.

Fix a character n: (Z/q)* — [F; (recall that ¢ =4 if p =2 and g = p otherwise). We have a natural
isomorphism Z; =(Z/q)* x (14+qZ,) defined by z — (z, z/w(z)), where an overline denotes reduction
modulo g and w denotes the Teichmiiller lift. Let us write (z) := z/w(z). Then we may define a character
Ky Z; — Z,[ X1 by

-1
lo
0@ =om@ Y ( Ble >) X",
n=0

We let k,, denote its reduction modulo p. This is a character Z; — [F,((X))* which we may think of as a
character Tp — F,((X))™ with k» = 1. We remark that if p =2 then », and hence i, is unique.
Corollary 6.1.6. There are infinitely many (nonordinary) finite-slope U,,-eigenvectors in H (K, D&,)-
Proof. By Corollary 4.2.3, its analogue for & (which is simpler, and is essentially [Buzzard 2007,
Lemma 5.9]) and Theorem 6.1.4 we see that H!(K, Yk,) and the module M ;n (N) of overconvergent
modular forms of weight k, and tame level N constructed in [Andreatta et al. 2018] contain the same
finite-slope systems of Hecke eigenvalues. By [Bergdall and Pollack 2016, Corollary A.1], M ;n (N) has
infinitely many finite-slope U,-eigenvectors, so we are done. U
Remark 6.1.7. It is possible to prove Corollary 6.1.6 directly from [Bergdall and Pollack 2016, Theo-

rem A] (using the observation in the remark following [loc. cit., Corollary A.2]) without any reference to
[Andreatta et al. 2018].

6.2. Estimates for the Newton polygon of Up. In this and the following section we give a short proof of
the estimates obtained in [Liu et al. 2017, Theorem 3.16] for the Newton polygon of U, acting on spaces
of overconvergent automorphic forms for a definite quaternion algebra over Q.

We fix an odd prime p and assume that we are in the setting of Section 3.3. Suppose that N| = Z p
and fix a topological generator n. Let f be a norm-decreasing R-linear map

t t
P~ @Dg””
i=1 i=1

and recall that we have a compact inclusion

t t
1/p
. r r
@D B
i=1 i=1
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We set U = 1o f. Then U is a compact endomorphism of M = @le D,.. Recall that we have a potential
ON-basis for D given by the elements e, o := @ """Z 1% for a € Z>.
We consider the potential ON-basis for M given by

erl’():(er,()’oa--"o), ey 65’0:(0,...,0,87-,0), elvl =(€r’1,0,...,0),
Lemma 6.2.1. Assume that there is no x € R with 1 <|x| < | |~'. Then U maps ei’a to a sum Zj,ﬂ aéeiﬂ
with
jal| < | " B,
If we define

A0)=0, Ai+1D)=r0)+n0 o, |i/t]))—nG"? @, |i/t]),

the Fredholm series
det(1—TU|M) =) ¢, T" € R{T}
n>0

satisfies |c,| < |@ ™.

Proof. We first prove the estimate on the matrix coefficients of U. Apply f to ei,a. We get a sum
;. g€y, 5 and the fact that f is norm-decreasing is equivalent to

|b113| < |w-|n(r1/p,wﬂ)*n(ﬁwﬂ)r|0¢|*|ﬂ|/[’

for all j, B. Since |w| < || "> Oplal |w|_”(’l/p’w’5)r|ﬁ|/p < 1 by construction, we deduce that
|b/’3| < | |~! for all j, 8. By our assumption on R, it follows that Ib/]g| <1 forall j, 8. We then have

" p)

=B _ rw.B)—n'? . w.p) ,J
nﬁ_wnrwﬂ n(r Wﬁer,ﬁ

J _
Crinp =
so we conclude that
i J
Ue’,’a = E age, g,
J.B

where aé = w"(r,w,ﬁ)—n(rl/p,w,ﬂ)bg, and therefore

la}| < || HmnC D),

In other words, the i-th row of the matrix for U (we begin indexing rows at i = 0) has entries with
norm < | |2 @ Li/th=n(!?.@.1i/1]) We deduce immediately that |c,| < |z |*™, since ¢, is an alternating
sum of products of matrix entries coming from »n distinct rows [Serre 1962, Proposition 7], and each of
these products has norm < | |*™, 0O

6.3. Definite quaternion algebras over (). As an application of Lemma 6.2.1, we give a new proof of
[Liu et al. 2017, Theorem 3.16]. In this section we assume that p is odd. We need to set up things so that
we can apply the machinery of Sections 3.3 and 4. Let D/Q be a definite quaternion algebra, split at p,
and let G be the reductive group over () defined by G(R) = (D ®q R)*, for Q-algebras R. We fix an
isomorphism D, = M>(Q,) and henceforth identify D, with M»(Q,,) via this isomorphism. Let Gz, be
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the Z,-model for G given by Gz,(R) = (M2(Z),) ®z, R)* for Z,-algebras R. We let B be the upper
triangular Borel in Gz, and let T' be the diagonal maximal torus.

Fix a tame level K? = ]_[l#p K; with K; € G(Qy) compact open, let K = K71, and assume that K is
neat.

Fix a character n: Z; — [} and let A = Z,[[Z]l. We have an induced map 7, : A — F, and we
denote its kernel by m,. We write A, for the localization Ap, . We have a universal character

[- 1y :Z; — Af;.
We give the complete local ring A, the m,-adic topology. Fixing a topological generator y of 1+ pZ,

gives an isomorphism
2 XN — Ay, X+ [yl—1.

Let 20, = Spa(A,, A;), denote its analytic locus by W, and let &; C W, be the rational subdomain
of 20,
Uy ={Ipl = IX] #0}.

Pulling back ; to the open unit disc W,;ig gives the “boundary annulus” |X|, > p~ L

We let R, = O(U)). More explicitly, R, = R}[1/X], where R is a ring of definition for Ry, given by
the X-adic completion of Z,[X]|[p/X], with the X-adic topology.
Even more explicitly, we can describe the elements of R as formal power series

{ZanX”

nez

an € Zp, lanlpp™ <1, lan|pp™ — O0asn — —oo}

X is a topologically nilpotent unit in R, and so equipping R, with the norm

lrl=inf{p™" |r € X"R}, n € Z}

makes R, into a Banach—Tate Z ,-algebra. This norm has the explicit description

Zanx"‘ = sup{|a,|,p"}. (6.3.1)

nez
Note that if r € A, we have |r| =inf{p™" | r € m’f], neZ}.
We now define a continuous character

. X
K,].T()—>Rn

Ky (g 2) = [a],.

Lemma 6.3.1. The norm we have defined on R, is adapted to k,. Moreover, for t € Ti we have
iy (1) =11 < 1/p.
Proof. If t e Ty we have k (1) —1 = (1+X)*—1=)_,_, (") X" forsome a € Z,,. So |k, (1) = 1| <1/p. O

by
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We can now apply the theory of Section 4 to the space of overconvergent automorphic forms
HO(K, D,l,{p ). Note that we have the concrete description

HY(K, D7) ={f: D*\(D®A))*/K? — D7 | f(gk) =k~ f(g) fork € I}

and HO(K, D,lr{p) is a Banach R;-module with norm | f| = SUPyc(DRAS)* lf(I/p-
In particular, we consider the action on H%(K, D,% Py of the Hecke operator Uy, attached to the element

((1) 2) € X°PL As a simple consequence of our results, we obtain the following theorem, which is essentially

due to Liu—Wan—Xiao — compare with [Liu et al. 2017, Theorem 3.16, §5.4].

Theorem 6.3.2. The Hecke operator Uy, is compact. Consider the Fredholm series
F.(T)= Z enT" =det(1—TU,, |H°(K, Dgf’)).
n>0
Lett = |D*\(D®A)*/K|. We have ¢, € A, and moreover we have

A(n)

cn €My forn e Zsy,

where A(0) =0, A(1), ... is a sequence of integers determined by
A0)=0, AG+1D=AG)+Li/t]—Li/pt].

Proof. Compactness of Uy, follows from Corollary 3.3.10. The fact that ¢, € A, follows from
Corollary 4.1.5, since Fy, (T') extends to a Fredholm series over W, and O(W,) = A,.

The rest of the theorem follows from Lemma 6.2.1 (note that the norm on R,, satisfies the assump-
tion of that lemma), using the fact that if we choose representatives gy, ..., g; for the double cosets
D*\(D®AY)*/K and r € [p~!, 1) we have an isomorphism of potentially ON-able R,-modules:

HK, D) =D, [ ()i
i=1

We take o = X, and compute that

n(p™ X, Li/t]) = Li/1],
n(p~VP X, lijt]) = L1/pli/t]] =i/ pt]. O
As in Section 6.1, our eigenvariety construction, applied to the modules H°(K, D%) with k; = 1, gives
an eigenvariety &; which is flat over W,. The open subspace @@,Yr'g defined by |p| # O is the eigenvariety
constructed in [Buzzard 2004].

We end this section with our interpretation of [Liu et al. 2017, Theorems 1.3 and 1.5]. First we need
some extra notation. For m < n positive integers we define

Unm = {Ip" < 1X"| #0} W,
We set U = U;.
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For a real number « € (0, 1] we denote by W, ” " the open subspace of W, obtained as the union of

open affinoids
Wy = Unn
m/n<ao
Note that X is a topologically nilpotent unit in OU,y,,,) for all m, n. We denote the pullback of &, to
wy* - by &, . The eigenvariety &, comes equipped with a map to the spectral variety Z(Fj, ), and
therefore it comes equipped with a map to Ag{. Forh=m/n € Q withm € Z and n € Z> we define an
affinoid subspace By, —;, C Ag, by
Bu,=n ={IT"| = 1X""]}.

Similarly, if h =m/n < h’ = m’/n are rational numbers, we define
Bu iy =X " < 1T" < |1X 7]},

Lemma 6.3.3. Let L/Q, be a finite extension and let x € L with |x|, = p~% where 0 < o < 1. Consider
the closed immersion 1 : Spa(L, Or) < U induced by the continuous Z ,-algebra map R, — L sending
X to x. Let By —j, be the pullback of By —p along 1. Then By —j — AlL is the affinoid open defined by

By—n ={IT|,=p "}

Proof. The affinoid B, - is given by {|T"| = [x ™| = |p*™|} C Ai. O
—1

Theorem 6.3.4 [Liu et al. 2017]. The space &, " is a disjoint countable union of adic spaces finite and

—1
flat over W, 7.

Moreover, there is an explicit o depending only on K?, with 0 < a < 1, such that
éc;n>p_ — ]_[ ‘%-7],1.
i>0

with 2, ; finite flat over W,7> P and each piece 2 ; of the eigenvariety has constant slope, in the sense
that each map %2, ; — AIL factors thr_ough the affinoid subspace By —p, C Ag, for some h; € Qxy. In
particular, if we measure slopes on %nrj;.g with the usual p-adic valuation, then the slope of a point in ,%’nlzlf

is given by h;v,(T).

Proof. This follows from Theorems 1.3, 1.5 and Remark 3.25 of [Liu et al. 2017]. Remark 3.25 shows
that, after restricting to W, ” _I, the Fredholm series F}, factorizes as a countable product of multiplicative
polynomials [ ];., P;, with each finite product HINZO P; afactor in a slope factorization over every affinoid
subspace of W, ” "', This establishes the claim about &P "', Theorem 1.5 shows moreover that (for
some explicit «) the restriction of Fj, to W,]> P factorizes as Hi20 Qi, such that the specialization of
Q; at every classical rigid analytic point of W, ” " has constant slope equal to A; for some h; € Q>
(independent of the specialization). We obtain a decomposition of Z(F, ) as a disjoint union of spaces Z;,
finite flat over W, ” w, such that every classical rigid analytic point of Z; is contained in By, —;,. The

space 2, ; is defined to be the inverse image of Z; in &, " . It now remains to show that every point
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of Z; is contained in By —p,. First we check this for rank-1 points: a rank-1 point of Z; which is not in
Bzs,—n, is contained in By (4, for some interval [i, h'] which does not contain /;. But then By (5 1N Z;
is a nonempty open subset in Z; which contains no classical rigid analytic point, which is impossible
since Z; is finite flat over W, 7 - (in particular the map Z; — W, " s open). Let V be an affinoid
open in W, ¥ . Then Z;|y N By, —y, is an affinoid open in Z;|y such that the complement contains no
rank-1 point. We have Z;|y = Spa(A, A°) for some Tate ring A with a Noetherian ring of definition. So
[Huber 1993, Lemma 3.4] (see the proof of Corollary 4.2 of that paper) implies that rank-1 points are
dense in the constructible topology of Spa(A, A°) and we deduce that Z; |y N By =5, = Z;|y. Therefore

Z; is contained in By, —p,, as desired. The final sentence of the theorem follows from Lemma 6.3.3. [

Note that [Liu et al. 2017] proves moreover that the slopes appearing in the above theorem (with
multiplicities) are given by a finite union of arithmetic progressions.

Appendix: Some algebraic properties of Tate rings

In this section we prove some properties of the kinds of Tate rings and adic spaces that we need. We start
with a ring-theoretic lemma.

Lemma A.1. Let R be a complete Tate ring with a Noetherian ring of definition Ry. Then R is Jacobson.

Proof. Let @ € Ry be a topologically nilpotent unit in R. Because Ry is a Zariski ring when equipped
with its @ -adic topology (since it is complete), Spec Ry \ {zw = 0} is a Jacobson scheme by [EGAIV3
1966, (10.5.7)]. But Spec Rp \ {w = 0} = Spec R, so R is Jacobson as desired. O

We record another simple lemma that will prove to be useful.

Lemma A.2. Let R be a complete Tate ring with a Noetherian ring of definition Ry. If S C R is an open
and bounded subring (i.e., a ring of definition) containing Ry, then S is a finitely generated Ry-module,

hence Noetherian, and integral over Ry. Moreover, R° is the integral closure of Ry in R.

Proof. Pick a topologically nilpotent unit = € R contained in Ry. Since S is bounded we have S C & VR,
for some N, and hence S is an Ry-submodule of the cyclic Ry-module @ N Ry. The lemma now follows
since Ry is Noetherian. For the last assertion, first note that the integral closure is contained in R°. Since
R° is the union of all open and bounded subrings and any two open bounded subrings are contained in a
third, the assertion follows from the first part. U

One consequence of the above lemma is a version for Tate rings (with our Noetherian hypothesis) of
[Bosch et al. 1984, 6.3.4/Proposition 1]:

Lemma A.3. Let R be a complete Tate ring with a Noetherian ring of definition. Let S be a finite R-
algebra, equipped with the natural R-module topology. Then S is a complete Tate ring with a Noetherian
ring of definition.

Moreover, the integral closure of R° in S is equal to S°. In particular, the morphism (R, R°) — (S, S°)
is a finite morphism of affinoid rings (see [Huber 1996, 1.4.2]) and Spa(S, §°) — Spa(R, R°) is a finite
morphism of adic spaces (see [loc. cit., 1.4.4]).
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Proof. We let R\ denote a Noetherian ring of definition for R, let zo denote a topologically nilpotent unit
in R and let sy, ..., s, denote R-module generators of S. Each s; is integral over R, and multiplying by
a large enough power of @ we may assume that each s; is integral over Rg. Let Sy be the subring of
S generated by Ry and sq, ..., s,. Now Sy is a finite Rgp-module and is in particular a Noetherian ring.
Moreover Sy with the @ -adic topology is an open subring of S. In particular, S is an f-adic topological
ring, and since @ is a topologically nilpotent unit we see that S is a Tate ring with a Noetherian ring of
definition. Completeness of S follows from completeness of finitely generated modules over Noetherian
adic rings (this is [Huber 1994, Lemma 2.3(ii)]).

Finally we show that the integral closure R° in § is equal to S°. It is clear from the definition of the
topology on § that R° maps to S° so the integral closure of R° in S is contained in §°. Conversely, by
Lemma A.2, §° is the integral closure of Sp in S. Since Sy is integral over Ry, we see that S° is integral
over Ry, and therefore it is integral over R°. O

Next we recall the notion of uniformity. If R is a normed ring, then the spectral seminorm | — [, on R is
defined by |r|sp =1im, o [F"| /7 Tt is well known that this limit exists and defines a power-multiplicative
seminorm. Whenever it is a norm, we will refer to it as the spectral norm on R. Conversely, if we mention
“the spectral norm of R”, we are implicitly stating (or assuming) that the spectral seminorm is a norm.

Definition A.4. Let R be a complete Tate ring. We say that R is uniform if the set of power-bounded
elements R° is bounded. We say that R is stably uniform if any rational localization of R is also uniform.
If R is a Banach-Tate ring, we say that R is uniform if the norm is power-multiplicative.

Note that, if R is Banach—Tate ring whose underlying complete Tate ring is uniform, then the given
norm on R is equivalent to the corresponding spectral norm, which is power-multiplicative. In this case,
[Berkovich 1990, Theorem 1.3] says that the spectral norm is equal to the Gelfand norm sup, ¢ v gy | — |-
If R is in addition stably uniform, then if @ € R is a multiplicative pseudouniformizer and U C X =
Spa(R, R™) is a rational subdomain, we may equate M(Qx (U)) with the rank-1 points in U using @
and equip Ox (U) with the corresponding Gelfand norm.

We may extend the definition of stable uniformity to arbitrary analytic adic spaces, i.e., those that
are locally the adic spectra of complete Tate rings. We say that such an X is stably uniform if there is
a cover of open affinoid subsets U; € X such that Ox (U) is stably uniform. We remark that if R is a
complete sheafy Tate ring such that Spa(R, R™) is stably uniform, then R is stably uniform (this is a
short argument; see [Kedlaya and Liu 2015, Remark 2.8.12]). When R has a Noetherian ring of definition,
many naturally occurring complete Tate rings are stably uniform. Below we will prove some results in
this direction.

Theorem A.5. Let A be a reduced quasiexcellent ring. Let I be an ideal of A and give A the I-adic
topology. If U is a rational subdomain of X = Spa(A, A) and Ox (U) is Tate, then Ox(U) is uniform. In
other words, the analytic locus X*™ C X is stably uniform. We also have O;(U) = Ox(U)"

Moreover, if U C X is an arbitrary open affinoid then (’);an (U)=0Oxan (U)° and Oxan (U)° is bounded
in Oxan (U).



152 Christian Johansson and James Newton

Proof. Let fi1, ..., fn, 8 € A suchthat fi, ..., f, generate an open ideal and let

U=A{lfil,.... 1 fal =18l #0}.

Put R = Ox(U); recall that R may be constructed as completion of the f-adic ring 7 = A[1/g] with
ring of definition Ty = A[f1/g, ..., f»/g€] € T and ideal of definition J = I[fi/g, ..., f./g] C Tp. Let
Ry be the J-adic completion of Tj; this is a ring of definition of R, with ideal of definition J Ry. Since
A is reduced, so is T and hence Ty; moreover Tj is quasiexcellent since it is finitely generated over A.
Recall that a Noetherian ring is reduced if and only if Serre’s conditions Ry and S; hold (we apologize
for the unfortunate clash of notations). By [EGA IV, 1965, (7.8.3.1)], Ry inherits these properties from
Ty and is therefore reduced. Moreover, T, and hence Tp/J = Ry/J Ry, are Nagata (since they are finitely
generated over A, which is quasiexcellent, and hence Nagata). By [Marot 1975, Proposition 2.3], Ry is
Nagata (note that there is a trivial misprint in the reference).

Pick a topologically nilpotent unit @ € R (recall that R is Tate by assumption); without loss of
generality assume @ € Ry. Then R = Ry[1/@ ], so R is contained in the total ring of fractions Q(Rp)
of Ry. Since Ry is reduced and Nagata, it follows that the integral closure R’ of Ry in R is a finitely
generated Ro-module, and hence is bounded. Now R’ = R° by Lemma A.2, so R° is bounded as desired.

For the assertion about O;(U ), let T denote the integral closure of Ty in 7. By definition, the
completion of Tt is RT := (’))J?(U ). In particular, R™ contains Ry and the assertion now follows from
Lemma A.2.

To check the assertion about an open affinoid U = Spa(Ox (U), O;(U )), note that U has a finite cover
by Tate rational subdomains (U;);c; of X. Since the maps O(U) — O(U;) are bounded (the U; are also
rational subdomains of U), the strict embedding

ow) — [Jown
iel

induces an embedding

o) = oW)N[[ow:)°

iel

but the right-hand side equals

ow)n[lo*w)=0*w)

iel

by the first part of the theorem, so we are done because by definition O (U) € O(U)°, which implies that
we have equality. Finally, the boundedness of Oy (U)° follows from the boundedness of the O(U;)°. [J

Corollary A.6. Let O be a complete discrete valuation ring and let A be a reduced complete Noetherian
adic ring formally of finite type over O, i.e., such that A/ A°° is a finitely generated O-algebra. Then
the analytic locus X*" C X is stably uniform. Moreover, if U C X is an open affinoid subspace then
O;m(U) = Oxan(U)° and Oxax (U)° is bounded in Oxa (U).
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Proof. A is excellent by [Valabrega 1975, Proposition 7; 1976, Theorem 9] (see [Conrad 1999], near the
end of the Introduction). Thus, Theorem A.5 applies. g

We also note that the proof of Theorem A.5 applies essentially verbatim to prove the following similar
result.

Theorem A.7. Let R be a complete Tate ring and assume that R has a ring of definition Ry which is
quasiexcellent and reduced. Then R is stably uniform. Moreover, if X = Spa(R, R°), and U C X is
an open affinoid subspace, then O;(U) = Ox(U)° and Ox(U)° is bounded in Ox (U). In particular,
Ox(U) is reduced.

This theorem also allows us to develop the theory of the nilreduction of an adic space. We only give a
sketch here — one can check that everything in [Bosch et al. 1984, §9.5.1] works in our setting.

Definition A.8. Let X be an adic space. Define the nilradical rad Oy to be the sheaf associated to the
presheaf U +— rad(Ox (U)), where rad(Ox (U)) is the nilradical of the ring Ox (U).

Proposition A.9. Let R be a complete Tate ring and assume that R has a ring of definition Ry which is
quasiexcellent. Let X = Spa(R, R°). Thenrad Ox C Oy is a coherent Ox-ideal, associated to the ideal
rad(R) of R.

More generally, if X is an adic space which is locally of the form Spa(R, R°) where R is a complete
Tate ring with a quasiexcellent ring of definition, then rad Oy is a coherent Ox-ideal.

Proof. The key point is that if U C X = Spa(R, R°) is a rational subdomain, then
Spa(Ox (U)/ rad(R)., (Ox(U)/ rad(R))°) — Spa(R"™, (R"%)°)

is a rational subdomain, so Theorem A.7 implies that Ox(U)/rad(R) is reduced, which implies that
rad(Ox(U)) =rad(R)Ox(U). O

Definition A.10. Let X be an adic space which is locally of the form Spa(R, R°), where R is a complete
Tate ring with a quasiexcellent ring of definition. Then we define X™¢ to be the closed subspace of X cut
out by rad Oy (see [Huber 1996, 1.4]).

In this paper the analytic adic spaces encountered will locally be of the form Spa(R, R°), where R is a
complete Tate ring with a ring of definition Ry which is formally of finite type over Z,. We will need
a few properties of these rings, all of which follow from the material in [Abbes 2010]. We recall the
following definition from that paper, specialized to our Noetherian situation.

Definition A.11. A Noetherian adic ring B is called a 1-valuative order if it is an integral domain which
is local of Krull dimension 1, and has no J-torsion, where J is an ideal of definition (this is independent
of the choice of ideal of definition).

This is [Abbes 2010, Definition 1.11.1], except that we demand that B is Noetherian. If B is a
1-valuative order, then the integral closure B in L = Frac(B) is finite over B and is a complete discrete
valuation ring, so L is a complete discrete valuation field [loc. cit., Proposition 1.11.4]. If A is any
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Noetherian adic ring with an ideal of definition / and p € Spec A, then A/p is a 1-valuative order if and
only if p is a closed point in Spec A \ V (I) [loc. cit., Proposition 1.11.8].

Lemma A.12. Let R be a complete Tate ring with a ring of definition Ry which is formally of finite type
over Z,, and let m C R be a maximal ideal. Then R/m is a local field.

Proof. Let p = RoNm and let @ € Ry be a topologically nilpotent unit. Then p is a closed point in
Spec Ro\ V ((zw)) = Spec R, so Ry/p is a 1-valuative order and hence its fraction field R/m is a complete
discrete valuation field. It remains to prove that the residue field is finite. For this, it suffices to show
that the residue field of the local ring Ry /p is finite since the integral closure of Ry/p in R/m is finite
over Ro/p. Pick an adic surjection A = Z,[[Ty, ..., T, (X1, ..., X,) = Ro for some m,n € Z-(. The
maximal ideal of Ry/p is open and so corresponds to an open maximal ideal of A, and hence to a maximal
ideal of [, [ X, ..., X,] in a way that preserves residue fields. It follows that Ro/p is finite as desired. [

Lemma A.13. Let f : A — B be a morphism of topologically finite type between Noetherian adic rings.
Let I be an ideal of definition of A and assume that A/l is Jacobson. Let J = I B; this is an ideal of
definition of B. If q € Spec B\ V (J) is a closed point, then p = £~ (q) is a closed point in Spec A\ V (I).

Proof. The morphism A — B/q is topologically of finite type and B/q is a 1-valuative order, so by
[Abbes 2010, Proposition 1.11.2] A — B/q is finite. It is then easy to check that this forces A/p to be a
1-valuative order as well, and hence p to be closed in Spec A \ V(1) by [loc. cit., Proposition 1.11.8]. [

Corollary A.14. Let g : R — S be a continuous morphism between two complete Tate rings with a ring
of definition that is formally of finite type over Z,. Then g is topologically of finite type> and pulls back

maximal ideals to maximal ideals.

Proof. Choose a ring of definition Ry for R which is formally of finite type over Z,. By [Huber 1993,
Proposition 1.10] g is adic, and therefore g(Rp) is contained in a ring of definition for S. Since any two
rings of definition are contained in another, we can find a ring of definition Sy for S such that g(Rg) € So
and Sy contains a ring of definition S which is formally of finite type over Z . It follows from Lemma A.2
that Sy is finite over S7, and hence S is also formally of finite type over Z,,.

Let @w € R( be a topologically nilpotent unit in R. Then I = @w Ry and J = g(w)Sy are ideals of
definition, and Rog/I — Sp/J is of finite type. Therefore Ry — S is topologically of finite type; hence
so is g. This proves the first assertion. The second then follows from Lemma A.13, since maximal
ideals of R and S correspond to closed points in Spec R = Spec Ro \ V(1) and Spec S = Spec So \ V (/))
respectively. O

Proposition A.15. Let S be a complete Tate ring with a Noetherian ring of definition Sy and a topologi-
cally nilpotent unit w € Sy such that So/m Sy is Jacobson:

(1) Let A be a Noetherian adic ring with an ideal of definition I such that A/ is Jacobson. Let f : A — S
be a continuous morphism such that the induced map Spa(S, S°) — Spa(A, A) is an open immersion,

SThat is, g factors through a surjective, continuous and open morphism R(X1q, ..., Xy,) — S; see [Huber 1994, Lemma 3.3].
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and let q be a maximal ideal of S with preimage p = f~'(q) in A. Then the natural map Ay — S induces

an isomorphism on completions (with respect to the maximal ideals).

(2) Let R be a complete Tate ring with a Noetherian ring of definition Ry and a topologically nilpotent
unit @ € Ry such that Ry/w is Jacobson. Let h : R — S be a continuous morphism such that the induced
map Spa(S, §°) — Spa(R, R°) is an open immersion, and let ' be a maximal ideal of S with preimage
v =h~'(q") in R. Then the natural map Ry — Sy induces an isomorphism on completions (with respect

to the maximal ideals).

Proof. We prove part (1); the proof of part (2) is virtually identical. Since S/q is a complete discretely
valued field it defines a point v in Spa(S, S°) € Spa(A, A); let U ={| fil, ..., | ful <|g| # 0} be a rational
subdomain of Spa(A, A) which contains this point and is contained in Spa(S§, S°). Let

T =Alfi/g,---, [n/8] S All/g]

and let T be the I T-adic completion of T. Since 7"\[1/ g1 = O(U) we see that the valuation v extends to
a valuation w on ?[1 /gl, and hence q extends to a maximal ideal v = Ker w of 7"\[1 /g]. We will abuse
notation and let v denote its preimage in any of the rings 7, T[1/g] and T as well; then t is a closed point
in Spec T\ V(IT).

By [Abbes 2010, Proposition 1.12.18], the natural map 7, — ﬁ induces an isomorphism of completions.
We claim that the natural maps A, — T; and ﬁ — 7"\[1 /gl are isomorphisms. For the second map this is
clear (by the general fact that if B is any ring, f € B, and P € Spec B[1/f] C Spec B, then the natural
map Bp — B[1/f]p is an isomorphism). For the first map, we have natural maps A, — 7. — T[1/g]. =
A[1/g]: and it is clear that the second map and the composite are isomorphisms, so the first map is an
isomorphism as well. Summing up, we see that the natural map A, — O(U), induces an isomorphism
on completions. By an almost identical argument, the natural map S; — O(U), induces an isomorphism
on completions. It then follows that the natural map A, — S; induces an isomorphism on completions,
as desired. OJ
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A tubular variant of Runge’s method
in all dimensions, with applications to
integral points on Siegel modular varieties

Samuel Le Fourn

Runge’s method is a tool to figure out integral points on algebraic curves effectively in terms of height.
This method has been generalized to varieties of any dimension, but unfortunately the conditions needed
to apply it are often too restrictive. We provide a further generalization intended to be more flexible while
still effective, and exemplify its applicability by giving finiteness results for integral points on some Siegel
modular varieties. As a special case, we obtain an explicit finiteness result for integral points on the Siegel
modular variety A,(2).
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Introduction

One of the major motivations of number theory is the description of rational or integral solutions of
diophantine equations, which from a geometric perspective amounts to understanding the behavior of
rational or integral points on algebraic varieties. In dimension one, several fundamental results provide
a good overview of the situation, including the famous Faltings’ theorem (for genus > 2 and algebraic
points) or Siegel’s theorem (for integral points and a function with at least three poles). Nevertheless,
the quest for general effectivity (meaning a bound on the height on these points, or hopefully complete
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determination of the points) is still ongoing, and effective methods are quite different from these two
powerful theoretical theorems.

On the other hand, there is major interest in the study of algebraic torsion points of elliptic curves,
or more generally abelian varieties, defined over a given number field. In many situations, it amounts
to understanding the algebraic points of so-called modular spaces, parametrizing isomorphism classes
of abelian varieties with additional datum. For modular curves (i.e., modular spaces of elliptic curves),
the existing techniques are numerous and far-reaching (for example, with Merel’s uniform boundedness
theorem [1996] or Mazur’s isogeny theorem [1977]), but the world of higher-dimensional abelian varieties
is far less known.

We thus focus in this paper on a method for integral points on curves called Runge’s method, and its
generalizations to algebraic varieties and applications for Siegel modular varieties. This introduction is
twofold: first, we give the guiding principles behind our approach and second, we flesh out the precise
structure of the article and indicate where to find the details for each claim made.

Runge’s method for algebraic varieties. On a smooth algebraic projective curve C over a number field K,
Runge’s method proceeds as follows. Let ¢ € K(C) be a nonconstant rational function on C. For any
finite extension L /K, we denote by M the set of places of L (and by M° the archimedean ones). For S,
a finite set of places of L containing M?°, we denote the ring of Sy -integers of L by

Ors, ={xeL:|x|, <1forallveM\S.}.

Now, let 7, be the number of orbits of poles of ¢ under the action of Gal(L/L). The Runge condition on
a pair (L, Sp) is the inequality
ISL| < L. (1)

Then, Bombieri’s generalization [Bombieri and Gubler 2006, paragraph 9.6.5 and Theorem 9.6.6] of
Runge’s old theorem [1887] states that given such C and ¢, there is an absolute bound B such that for
every pair (L, Sr) satisfying the Runge condition and every point P € C(L) such that ¢(P) € O s, ,

h(¢(P)) < B,

where 4 is the Weil height. In short, as long as the point ¢ (P) has few nonintegrality places (the exact
condition being (1)), there is an absolute bound on the height of ¢ (P). When applicable, this method has
two important assets: it gives good bounds and is uniform in the pairs (L, Sz ), which for example is not
true for Baker’s method [Bilu 1995].

Our first goal was to transpose the ideas for Runge’s method on curves to higher-dimensional varieties.
First, let us recall a previous generalization of Bombieri’s theorem in higher dimensions obtained by
Levin [2008, Theorem 4] under a simplified form. On a projective smooth variety X, the analogues of
poles of ¢ are effective divisors Dy, ..., D,. We have to fix a smooth integral model X’ of X on Ok, and
denote by D, ..., D, the Zariski closures of the divisors in this model, of union D, so our integral points
here are the points of (¥\D)(OL,s,). There are two major changes in higher dimension. Firstly, the
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divisors have to be ample (or at least big) to obtain finiteness results (this was automatic for dimension 1).
Secondly, instead of the condition |S; | < r as for curves, the higher-dimensional Runge condition is

m|Sy| <r, ()

where m is the smallest number such that any (m + 1) divisors amongst Dy, ..., D, have empty common
intersection. Levin’s theorem states in particular that when the divisors are ample,

( U (X\D)(OL,SL)) is (effectively) finite.

(L,SL)
m|Sp|<r

The issue with (2) is that the maximal number |S; | satisfying this condition is lowered by m, since
the ample (or big) hypothesis tends to give a lower bound on m, condition (2) is impossible to satisfy
(remember that S; contains archimedean places, so |Sy| > [L : @]/2). This was the initial motivation for
a generalization of this theorem, called “tubular Runge’s theorem”, designed to be more flexible in terms
of the Runge condition. Let us explain its principle below.

In addition to X and Dy, ..., D,, we fix a closed subvariety ¥ of X which is meant to be “where the
divisors Dy, ..., D, intersect a lot”. More precisely, let my be the smallest number such that for any
(my + 1) distinct divisors amongst Dy, ..., D,, their common intersection is included in Y. In particular,
my < m, and the goal is to have my as small as possible without asking Y to be too large. Now, we fix a
“tubular neighborhood” of Y, which is the datum of a family V = (V,),, where v goes through the places v
of K, every V, is a neighborhood of Y in the v-adic topology, and this family is uniformly not too small
in some sense. As the main example, if ) is the Zariski closure of Y in X', we can define at a finite place
v the neighborhood V;, to be the set of points of X (Ky) reducing in ) modulo v. A point P € X (K) does
not belong to V if P ¢ V, for every place v of K, and intuitively, this means that P is v-adically far away
from Y for every place v of K. Now, assume our integral points are not in V. It implies that at most my
divisors amongst D1, ..., D, can be v-adically close to them, hence using the same principles of proof
as Levin, this gives the fubular Runge condition

my|Sp| <r. 3)
With this additional data, one can now sketch our tubular Runge’s theorem.

Theorem (simplified version of the “tubular Runge’s theorem” (Theorem 5.1)). For X, X, Dy, ..., D,,
Y, my and a tubular neighborhood V of Y as in the paragraph above, let (X\D)(Oy_s,)\V be the set of
points of (X\D)(OL s, ) which do not belong to V. Then, if Dy, ..., D, are ample, for every such tubular
neighborhood, the set

( U <X\D><0L,SL>\V) is finite,

(L,Sr)
my|SL|<r

and bounded in terms of some auxiliary height.
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As the implicit bound on the height is parametrized by the tubular neighborhood V), this theorem
can be seen as a concentration result rather than a finiteness one; essentially, it states that the points
of (¥Y\D)(OL s, ) concentrate near the closed subset Y. As such, we have compared it to theorems of
[Corvaja et al. 2009], notably Autissier’s theorem and the CLZ theorem, in Section 5 (in particular, our
version is made to be effective, whereas these results are based on Schmidt’s subspace theorem, of which
no effective proof is known yet). On the other hand, there is an interesting (and genuine finiteness result)
variant only using the tubular neighborhood at finite places: under all above assumptions, we also have
finiteness of the union of all the (X\D)(OL s, ) minus all the points reducing in Y at some finite place,
where the pairs (L, Sp.) satisty the mixed tubular Runge condition

m|M°|+my|SL\M[°| <, “4)

and this will be straightforward given the proof of the theorem.

In the second part of our paper, we apply the method to Siegel modular varieties, both as a proof
of principle and because integral points on these varieties are not very well understood, apart from the
Shafarevich conjecture proved by Faltings. As we will see below, this is also a case where a candidate for
Y presents itself, thus giving tubular neighborhoods a natural interpretation.

For n > 2, the variety denoted by A, (n) is the variety over Q(¢,) parametrizing triples (A, A, «,) where
(A, A) is a principally polarized abelian variety of dimension 2 and «, is a symplectic level n structure
on (A, A). It is a quasiprojective algebraic variety of dimension 3, and its Satake compactification (which
is a projective algebraic variety) is denoted by A, (n)3, the boundary being d A»(n) = A>(n)5\ A>(n). The
extension of scalars A, (n)c is the quotient of the half-superior Siegel space H; by the natural action of the
symplectic congruence subgroup I'2(n) of Sp,(Z) made up with the matrices congruent to the identity mod-
ulo 7. Now, we consider some divisors (n*/2+42 of them) defined by the vanishing of some modular forms,
specifically theta functions. One finds that they intersect a lot on the boundary d A;(n) (m comparable
to n*), but when we fix ¥ = 9 A,(n), we get my < (n? — 3) hence giving the tubular Runge condition

(n* —3)|S.| < 4n* +2.

The application of our tubular Runge’s theorem gives for every even n > 2 a finiteness result for the
integral points for these divisors and some tubular neighborhoods associated to potentially bad reduction
for the finite places; this is Theorem 7.12. In the special case n = 2, we made this result completely
explicit in Theorem 8.2. A simplified case of this theorem (using (4)) is the following result.

Theorem (Theorem 8.2, simplified case). Let K be either Q or a quadratic imaginary field.
Let A be a principally polarized abelian surface defined over K, whose full 2-torsion is also defined
over K and having potentially good reduction at all finite places of K.
Then, if the semistable reduction of A is a product of elliptic curves at most at 3 finite places of K, we
have the explicit bound
hr(A) <828,

where hr is the stable Faltings height. In particular, there are only finitely many such abelian surfaces.
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Let us finally explain the structure of the paper.

I

6
3——=5—-=17
8

1

2

AN

Section 1 is devoted to the notations used throughout the paper, including heights, M g-constants and

4

bounded sets. We advise the reader to pay particular attention to its reading as it introduces notations
which are ubiquitous in the rest of the paper. Section 2 is where the exact definition and basic properties
of tubular neighborhoods are given. In Section 3, we prove the key result for the tubular Runge’s theorem
(Proposition 3.1), essentially relying on a well-applied Nullstellensatz. In Section 4, we reprove Bombieri’s
theorem for curves with Bilu’s idea, as it is not yet published to our knowledge (although this is exactly
the principle behind Runge’s method in [Bilu and Parent 2011] for example). Finally, we prove and
discuss our tubular Runge’s theorem (Theorem 5.1) in Section 5.

For the applications to Siegel modular varieties, Section 6 gathers the necessary notations and reminders
on these varieties (Section 6A), their integral models and their properties (Section 6B) and the key notion
of theta divisors on abelian varieties and their link with classical theta functions (Section 6C). The theta
functions are essential because they define the divisors we use in our applications of the tubular Runge’s
theorem.

In Section 7, we focus on the case of abelian surfaces (the one we are interested in), especially regarding
the behavior of theta divisors (Section 7A) and state in Section 7B the applications of our tubular Runge’s
theorem for the varieties A (n)° and the divisors mentioned above (Theorems 7.11 and 7.12).

Finally, in Section 8, we make explicit Theorem 7.11 by computations on the ten fourth powers of
even characteristic theta constants. To do this, the places need to be split into three categories. The finite
places not above 2 are treated by the theory of algebraic theta functions in Section 8A, the archimedean
places by estimates of Fourier expansions in Section 8B and the finite places above 2 (the hardest case)
by the theory of Igusa invariants and with polynomials built from our ten theta constants in Section 8C.
The final estimates are given as Theorem 8.2 in Section 8D, both in terms of a given embedding of A;(2)
and in terms of Faltings height.

The main results of this paper have been announced in the recently published note [Le Fourn 2017], and
apart from Section 8 and some improvements can be found in the author’s thesis manuscript [Le Fourn
2015] (both in French).
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1. Notations and preliminary notions

The following notations are classical and given below for clarity. They will be used throughout the paper.

e K is a number field, Mx and MR° are the set of places and archimedean places of K, respectively. We
also denote by M the set of places of K.

* |-|oo is the usual absolute value on Q, and ||, is the place associated to p prime, whose absolute value

is normalized by
|x|p — p—ordp(x)

where ord, (x) is the unique integer such that x = pordr (x)% with p{ab (by convention, |0], =0). Similarly,
||, is the absolute value on K associated to v € Mg, normalized to extend |-|,, when v is above vy € Mq,
and the local degree is n, = [K, : Q,]. For every x € K*, one has the classical product formula

n
[Tkl =1

UEMK
When v comes from a prime ideal p of Ok, we indifferently write |-|, and [-|,.

« For any place v of K, one defines the sup norm on K"*! by
[(x0, - -+ xp) o = Max [xi,.
0<i<n
« Every set of places S C Mk considered is finite and contains Mg°. The ring of S-integers is
Ok.s=1{xe K :|x|, <1 forevery v e Mg\S}.

o For every P € P"(K), we denote by xp = (xp, ..., xp.,) € K" any possible choice of projective
coordinates for P, this choice being of course fixed for consistency when used in a formula or a proof.
The logarithmic Weil height of P is defined by

1
h(P) = ny logllxplly, (1-1)
(K : Q] UEXM:K ' ’
this does not depend on the choice of xp nor on the number field, and satisfies the Northcott property.
o Forevery n > 1 and every i € {0, ..., n}, the i-th coordinate open subset U; of P is the affine subset
defined as
Ui={(xo:---:x0) | x; # 0} (1-2)
The normalization function ¢; : U; — A"*! is then defined by
X0 X
gp,-(x():---:xn):(—,...,1,...—"). (1-3)
Xi Xi

For most of our results, we need to formalize the notion that some families of sets indexed by the
places v € Mk are “uniformly bounded”. To this end, we recall some classical definitions (see [Bombieri
and Gubler 2006, §2.6]).
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Definition 1.1 (M -constants and Mg -bounded sets). « An Mg -constant is a family C = (¢y)yep, of real
numbers such that ¢,, =0 except for a finite number of places v € M. The set of Mk-constants is stable by
finite sum and finite maximum on each coordinate, a fact which we will often use without further mention.

» Let L/K be a finite extension. For an Mg-constant (¢,)yem, , We define (with abuse of notation) an
M -constant (cy)wenm, by ¢y :=cy if w | v. Conversely, if (¢y)wenr, is an My -constant, we define (again
with abuse of notation) (c,)vemy by ¢y := maxy, |, ¢y, and get in both cases the inequality

1 1
.0 Z NyCy < K 0] Z NyCy. (1-4)

weML UEMK

o If U is an affine variety over K and E C U (K)x M - aregular function f € K[U]is Mg-bounded
on E if there is a Mg-constant C = (¢, )yem, such that for every (P, w) € E with w above v in Mk,

log| f(P)|w < cy.

o An M-bounded subset of U is, by abuse of definition, a subset E of U(K) x M % such that every
regular function f € K[U] is Mg-bounded on E.

Remark 1.2. (a) In the projective space P, for every i € {0, ..., n}, consider the set
E; ={(P,w) e P"(K) x Mg : |xp ilw=llxplw}. (1-5)

The regular functions x;/x; (j #1) on K[U;] (notation (1-2)) are trivially M g-bounded (by the zero
M -constant) on E;, hence E; is Mg-bounded in U;. Notice that the E; cover P"(K) x M g

(b) With notations (1-1), (1-2) and (1-3), for a subset E of U;(K), if the coordinate functions of U;
are M-bounded on E x Mg, the height 4 o ¢; is straightforwardly bounded on E in terms of the
involved Mg -constants. This simple observation will be the basis of our finiteness arguments.

The following lemma allows us to split M g-bounded sets in an affine cover.

Lemma 1.3. Let U be an affine variety and E an Mg-bounded set. If (U;) ey is a finite affine open
cover of U, there exists a cover (E;)jcj of E such that every E is Mg-bounded in U;.

Proof. This is Lemma 2.2.10 together with Remark 2.6.12 of [Bombieri and Gubler 2006]. (|

Let us now recall some notions about integral points on schemes and varieties.

For a finite extension L of K, a point P € P"(L) and a nonzero prime ideal ¥ of O, of residue field
k(P) = Or /B, the point P extends to a unique morphism Spec O 3 — P, , and the image of its special
point is the reduction of P modulo *}3, denoted by Py € P"(k(*B)). More explicitly, after normalization
of the coordinates xp of P so that they all belong to O 3 and one of them to OZ‘I?’ one has

Py = (xpomodP:---:xp, mod*P) € IP’Z@). (1-6)

The following (easy) proposition expresses scheme-theoretic reduction in terms of functions (there
will be another in Proposition 3.4). We write it below as it is the inspiration behind the notion of tubular
neighborhood in Section 2.
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Proposition 1.4. Let S be a finite set of places of K containing M2°, and X be a projective scheme on
Ok.s, seen as a closed subscheme of PIZOK_S'

Let Y be a closed sub-Ok g-scheme of X.

Consider g1, ..., g € Ok sl Xo, ..., X,] homogeneous generators of the ideal of definition of Y in
H:D?DK,SO' For every nonzero prime ‘B of Or not above S and every point P € X (L), the reduction Py
belongs to Y, (k(B)) (withp =PNOk) ifand only if Vj e {1,...,s}

d .
lgjCep)lop < llxp iy (1-7)

Proof. For every j € {1, ..., s}, by homogeneity of g;, for a choice xp of coordinates for P belonging to
OL 3 with one of them in O{’q}, the inequality (1-7) amounts to

gj(xpo, ..., xp,) =0 modP.

On the other hand, the reduction of P modulo 33 belongs to ), (k()) if and only if its coordinates satisfy
the equations defining ), in X, but these are exactly the equations gy, ..., ge modulo p. This remark

immediately gives the proposition by (1-6). (|

2. Definition and properties of tubular neighborhoods

The explicit expression (1-7) is the motivation for our definition of fubular neighborhood, at the core of
our results. This definition is meant to be used by exclusion; with the same notations as Proposition 1.4,
we want to say that a point P € X (L) is not in some tubular neighborhood of ) if it never reduces in ),
whatever the prime ideal 3 of Oy is.

The main interest of this notion is that it provides us with a convenient alternative to the reduction
assumption for the places in § (which are the places where the reduction is not well defined, including
the archimedean places), and also allows us to loosen up this reduction hypothesis in a nice fashion.
Moreover, as the definition is function-theoretic, we only need to consider the varieties over a base field,
keeping in mind that Proposition 1.4 makes the link with reduction at finite places.

Definition 2.1 (tubular neighborhood). Let X be a projective variety over K and Y be a closed K-
subscheme of X.

We choose an embedding X C [P, a set of homogeneous generators g, ..., g in K[Xg, ..., X;] of
the homogeneous ideal defining ¥ in P" and an Mg-constant C = (¢y)vemy -

The tubular neighborhood of Y in X associated to C and g1, . . ., g5 (the embedding made implicit) is
the family V = (Vi) e Mg of subsets of X (K) defined as follows.

For every w € Mg above some v € Mg, V,, is the set of points P € X (K) such that, Vj € {1, ..., s},

log|g;(xp)lw < deg(g;) - logllxplw +cv. (2-1)
As we said before, this definition will be ultimately used by exclusion:

Definition 2.2. Let X be a projective variety over K and Y be a closed K-subscheme of X.
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For any tubular neighborhood V = (V) wem, of ¥, we say that a point P € X (K) does not belong to
V (and we denote it by P ¢ V) if, Vw € M,

Pé¢vV,.

Remark 2.3. (a) A tubular neighborhood of Y can also be seen as a family of open subsets defined
by bounding strictly a global height function relative to ¥ coming from arithmetic distance functions
(see [Vojta 1987], paragraph 2.5 or the original article [Silverman 1987] for more details on arithmetic
distance functions). In particular, functoriality of global height functions (Theorem 2.1(h) of [Vojta 1987]
for example) implies that if one fixes a second embedding X C P%, any tubular neighborhood of Y
defined using this embedding can be put between two tubular neighborhoods defined using the original
embedding, and conversely. The notion of tubular neighborhood is thus essentially independent of the
choice of embedding (which is there to make things as explicit as needed).

(b) Comparing (1-7) and (2-1), for the Mg-constant C = 0 and with the notations of Proposition 1.4,
at the finite places w not above S, the tubular neighborhood V,, is exactly the set of points P € X (K)
reducing in ) modulo w.

(c) If Y is an ample divisor of X and V is a tubular neighborhood of Y, one easily sees that if P ¢ V
then (1 (P)) is bounded for some embedding ¥ associated to Y, from which we get the finiteness of the
set of points P of bounded degree outside of V. This illustrates why such an assumption is only really
relevant when Y is of small dimension.

Example 2.4. We have drawn in Figures 1, 2 and 3 three different pictures of tubular neighborhoods in
P2(R), at the usual archimedean norm. The coordinates are x, v, z, the affine open subset U, defined
by z #0, and E,, E,, E, the respective sets such that |x], |y, |z] = max(|x], |y], |z]). These different
tubular neighborhoods are drawn in U, and the contribution of the different parts E,, E, and E is made
clear.

3. Key results

We will now prove the key result for Runge’s method, as a consequence of the Nullstellensatz. We only
use the projective case in the rest of the paper but the affine case is both necessary for its proof and
enlightening for the method we use.

Proposition 3.1 (key proposition). (a) (Affine version) Let U be an affine variety over K, Y a closed
subset of U, g1, ..., & € K[U] whose set of common zeroes is Y and hy, ..., hy € K[U] all vanishing
onY. For every Mg -bounded set E of U and every M -constant Cy, there is an Mg -constant C such that
for every (P, w) € E with w above v € Mg, one has the following dichotomy:

max log|ge(P)|w > ¢, or max loglh;(P)|y, < co,v. (3-1)
1<t<r 1<j<s
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(0,6) ¢ (6, 6)

2,2

_(6,0)

Figure 1. Tubular neighborhood of the point P = (3 : 3 : 1) associated to the inequality
max(|x —3y, y —3z]) < g max(|x], |yl, |z])-

(b) (Projective version) Let X be a normal projective variety over K and ¢y, ..., ¢, € K(X). Let Y be
the closed subset of X defined as the intersection of the supports of the (Weil) divisors of poles of the ¢;.
For every tubular neighborhood V of Y (Definition 2.1), there is an M -constant C depending on V such
that for every w € Mg (above v € M) and every P € X(K),

11‘1’1}11 loglg¢(P)|lw <cy, or PeV,. (3-2)
<t=r

This result has an immediate corollary when Y = &:

Corollary 3.2 [Levin 2008, Lemma 5]. Let X be a normal projective variety over K and ¢y, ..., ¢, €
K (X) having globally no common pole. Then, there is an Mg -constant C such that for every w € Mg
(above v € M) and every P € X(K),

lmein log|é¢(P)|w < cv. (3-3)

Remark 3.3. (a) As will become clear in the proof, part (b) is actually part (a) applied to a good cover of
X by Mg-bounded subsets of affine open subsets of X (inspired by the natural example of Remark 1.2(a)).

(b) Besides the fact that the results must be uniform in the places (hence the Mg -constants), the principle
of (a) and (b) is simple. For (a), we would like to say that if the first part of the dichotomy is not satisfied,
the point P must be close to each set of zeroes of the g, hence to their intersection Y. Consequently, the
functions vanishing on Y must be small at P (second part of the dichotomy). This is not immediately
true yet (take for example functions vanishing respectively on one hyperbola and one of its axes on the
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* 4.4

(=4/3,4/3)

1/2,1)

Figure 2. Tubular neighborhood of the line D : y —x 42z = 0 associated to the inequality
max(jx —y +2z]) < % max(|x[, |y|, |z|). The boundary of the neighborhood is made up
with segments between the indicated points.

affine plane). Indeed, one needs to restrict to bounded sets to compactify the situation, which is also why
it works in the projective case as the closed sets are then compact.

(c) Corollary 3.2 is the key for Runge’s method in the case of curves in Section 4. Notice that Lemma 5
of [Levin 2008] assumed X smooth, but the proof is actually exactly the same for X normal. Moreover,

the argument below follows the structure of Levin’s proof.

(d) If we replace Y by Y’ D Y and V by a tubular neighborhood V' of Y, the result remains true with
the same proof, which is not surprising because tubular neighborhoods of Y’ are larger than tubular
neighborhoods of Y.

Proof of Proposition 3.1.

(a) By the Nullstellensatz applied to K[U], there are p € N> and regular functions f; ,, € K[U] such
that for every m € {1, ..., s},

j{: g@fhm ::hﬁ-

1<t<r
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(V2.42)

—(V2V2)

Figure 3. Tubular neighborhood of the hyperbola H : xy —z> = 0 given by the inequality
lxy—2z2%| < % max(|x]|, |y|, |z]). The boundary is made up with arcs of hyperbola between
the indicated points.

As E is Mg-bounded on U, all the f; ,, are M-bounded on E hence there is an auxiliary Mg -constant
C; such that for all (P, w) € E,

max 1Og|f€,m(P)|w =1,
1<t<r
1<m<s

therefore

|Am (P)P |y = 8

<r

w

> 8(P) frm(P)

et max |go(P)|w,
1<t<r
1<t<r

where §, is 1 if v is archimedean and O otherwise. For fixed w and P, either log|h,, (P)|, < co,y for all
m e {1, ..., s} (second part of dichotomy (3-1)) or the above inequality applied to some m € {1, ..., s}
gives

P-Coy = Sy 10g(r) +ciot+ llllgz(r 10g|gf,j(P)|w»

which is equivalent to

max loglgﬁ(PHw =D Cop— Sy 10g(r) —Cly
1<t<r

and taking the Mg -constant defined by ¢, := ¢y, + 6, log(r) — p - co,, for every v € Mg gives exactly
the first part of (3-1).
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(b) We consider X as embedded in some P so that V is exactly the tubular neighborhood of ¥ in X
associated to an Mg -constant Cp and generators gy, . . ., gs for this embedding. Let us define X; := XNU;
for every i € {0, ..., n} (see notations (1-2), (1-3) and (1-5)). The following argument is designed to
make Y appear as a common zero locus of regular functions built from the ¢,.

Forevery £ €{1, ..., r}, let Dy be the positive Weil divisor of zeroes of ¢, on X. Foreveryi €{0, ..., n},
let 1, ; be the ideal of K[X;] made up with the regular functions /. on the affine variety X; such that
div(h) > (Dy)|x,, and we choose generators hy ; 1, ..., he; j,, of this ideal. The functions hy ; ;/(¢e) x,
are then regular on X; and Vj e {1, ..., jo;},

m%fﬁi>>wum
(P)ix.) —

(the divisor of poles of ¢, on X;). By construction of I, ;, the minimum (prime Weil divisor by prime
Weil divisor) of the div(h,; ;) is exactly (Dy)x,; indeed, for every finite family of distinct prime Weil
divisors D{, ..., D;, D" on X;, there is a uniformizer i for D" of order O for each of the D;, otherwise
the prime ideal associated to D” in X; would be included in the finite union of the others. This allows
us to build for every prime divisor D’ of X; not in the support of (Dy)x, a function & € I;; of order O
along D’ (and of the proper order for every D’ in the support of (Dy)|x,). Consequently, the minimum
of the divisors of the h¢; ;j/(¢¢)x,, being naturally the minimum of the divisors of the i /(¢¢)|x, (for
h € K[X;]), is exactly (¢¢.i)oo-

Thus, by definition of Y, for fixed i, the set of common zeroes of the regular functions hy ; ; /(¢¢) x,
(forl <¢<rand1<j<j,;)on X;is Y N X;, so they generate an ideal whose radical is the ideal
of definition of ¥ N X;. We apply part (a) of this proposition to the h; ;j/(¢¢)x, (for 1 < £ <r and
1 <j < jei)the gjog; (for 1 < j <s)and the Mg-constant Cy, which gives us an Mg-constant C and
the following dichotomy on X; for every (P, w) € E;:

hei i
max log —=Lpy|l > c;v or max log|g;o;(P)|y < co,v-
I<t=r o] w I<j<s
1<j<si

Now, the Ay ; ; are regular on X; hence Mg-bounded on E;, therefore there is a second Mk -constant le’
such that for every (P, w) € E;

heii )

max log| —=(P)| >cf, = min log|g¢(P)|y <cf,.
1<t<r oy, w ' I<t=r '
I1<j<si

Taking C as the maximum of the Mk -constants le’, 0<i<n,forevery (P, w)e€ X(I?) x Mg, we choose i
such that (P, w) € E; and then we have the dichotomy (3-2) by definition of the tubular neighborhood V.
O

To finish this section, we will give the explicit link between integral points on a projective scheme
(relative to a divisor) and integral points relative to rational functions on the scheme. This will also tie



172 Samuel Le Fourn

our notion of integer points with that of [Levin 2008, Section 2], showing that the two can be treated

exactly in the same way.

Proposition 3.4. Let X be a normal projective scheme over Ok .

(a) If Y is an effective Cartier divisor on X such that Y is an ample (Cartier) divisor of Xk, there is a
projective embedding \ : Xg — P’ and an Mg -constant C such that the pullback by  of the hyperplane
of equation xo = 0 in P is Yk, and for any finite extension L of K and any w € M not above S,
VP e (X\V)(OL ),

logllxy Py llw < cv +10g| Xy (P).0lw- (3-4)

(b) If Y is an effective Cartier divisor on X such that Yk is a big (Cartier) divisor of Xk, there is a strict
Zariski closed subset Zx of Xk, a closed immersion ¢ : Xg\Zx — Py \{xo = 0} and an Mg -constant C
such that for any finite extension L of K and any w € M|, not above S, formula (3-4) holds outside Z .

Proof of Proposition 3.4. (a) and (b) come from the classical link between integral points in terms of a
scheme and integral points in terms of local heights (proven in Lemma 1.4.6 and Proposition 1.4.7 of
[Vojta 1987] for instance), combined with the properties of the morphisms associated to (very) ample
or big divisors. 0

Remark 3.5. (a) This proposition is formulated to avoid the use of local heights, but the idea is exactly
that under the hypotheses above, if P € (XY\Y)(OL ), the local height at w of P for the divisor Y is
strictly bounded.

(b) The hypotheses on ampleness (or “bigness”) are only necessary at the generic fiber. Once again, the
auxiliary functions replace the need for a complete understanding of what happens at the finite places.

4. The case of curves revisited

In this section, we reprove the generalization of an old theorem of Runge [1887], obtained by Bombieri
[1983, p. 305] (also rewritten as [Bombieri and Gubler 2006, Theorem 9.6.6]), following an idea explained
by Bilu in an unpublished note and mentioned for the case K = (Q by [Schoof 2008, Chapter 5]. The
aim of this section is to give a general understanding of this idea (quite different from the original proof
of Bombieri), as well as explain how it actually gives a method to bound heights of integral points on
curves. It is also a good start to understand how the intuition behind this result can be generalized to
higher dimension, which will be done in the next section.

Proposition 4.1 (Bombieri, 1983). Let C be a smooth projective algebraic curve defined over a number
field K and ¢ € K(C) not constant.

For any finite extension LK , let r; be the number of orbits of the natural action of Gal(L/L) over
the poles of ¢. For any set of places Sy of L containing M¢°, we say that (L, Sp) satisfies the Runge
condition if

ISl <rL. 4-1)
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Then, the union
U tpecw)ioP)eoLs,), (4-2)
(L,S)
where (L, Sp) runs through all the pairs satisfying the Runge condition, is finite and can be explicitly
bounded in terms of the height h o ¢.

Example 4.2. As a concrete example, consider the modular curve Xo(p) for p prime and the j-invariant
function. This curve is defined over Q@ and j has two rational poles (which are the cusps of X((p)), hence
rp =2 for any choice of L, and we need to ensure |[M;°| < [S;| < 2. The only possibilities satisfying the
Runge condition are thus imaginary quadratic fields L with S;, = {|-|o0}-

We proved in [Le Fourn 2016] that for any imaginary quadratic field L and any P € Xo(p)(L) such
that j(P) € O, one has

log|j(P)| = 2m/p+6log(p) +38.

The method for general modular curves is carried out in [Bilu and Parent 2011] and gives explicit estimates
on the height for integral points satisfying the Runge condition. This article uses the theory of modular
units and implicitly the same proof of Bombieri’s result as the one we explain below.

Remark 4.3. (a) The claim of an explicit bound deserves a clarification: it can actually be made explicit
when one knows well enough the auxiliary functions involved in the proof below (which is possible in
many cases, e.g., for modular curves thanks to the modular units). Furthermore, even as the theoretical
proof makes use of Mg-constants and results of Section 3, they are frequently implicit in practical cases.

(b) Despite the convoluted formulation of the proof below and the many auxiliary functions to obtain the
full result, its principle is as described in the introduction. It also gives the framework to apply Runge’s
method to a given couple (C, ¢).

Proof of Proposition 4.1. We fix K’ a finite Galois extension of K on which every pole of ¢ is defined. For
any two distinct poles Q and Q' of ¢, we choose by the Riemann—Roch theorem a function g o' € K'(C)
whose only pole is Q and which vanishes at Q’. For every point P of C(K) which is not a pole of ¢,
one has ordp(gp, o) > 0 thus gp, o belongs to the intersection of the discrete valuation rings of K(C)
containing ¢ and K [Hartshorne 1977, proof of Lemma 1.6.5], which is exactly the integral closure of
K[¢]in K (C) [Atiyah and Macdonald 1969, Corollary 5.22]. Hence, the function 80,0’ 1s integral on
K[¢] and up to multiplication by some nonzero integer, we can and will assume it is integral on Ok [¢].

For any fixed finite extension L of K included in K, we define fo,0.1 € L(C) the product of the
conjugates of gp o’ by Gal(L/L). If Q and Q' belong to distinct orbits of poles for Gal(L/L), the set
of poles of fp o1 1s exactly the orbit of Q by Gal(K /L), and its set of zeroes contains all the orbit of
Q' by Gal(K /L). Notice that we thus built only finitely many different functions (even with L running
through all finite extensions of K) because each g¢ o' only has finitely many conjugates in Gal(K'/K).

Now, let Oy, ..., O, be the orbits of poles of ¢ and denote for any i € {1,...,r.} by fi 1 a product
of fQ,.,Q/j’ 1 where Q; € O; and Q/j runs through representatives of the orbits (except O;). Again, there is
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a finite number of possible choices, and we obtain a function f; ; € L(C) having for only poles the orbit
O; and vanishing at all the other poles of ¢.

We apply Corollary 3.2 to f; 1 /¢* and f; 1 (for any i) for some k such that f; ; /¢* does not have poles
at O;, and take the maximum of the induced Mg-constants (Definition 1.1) forany L and 1 <i <rp.
This gives an Mg-constant Cy independent of L such that Vi € {1,...,r.}, Yw € Mg and VP € C(K),

logmin< %(P) , |ﬁ,L<P>|w) <con (wlveMy).
w
In particular, the result interesting us in this case is that Vi € {1, ...,r.}, Yw € Mg and VP € C(K),
|p(P)lw = 1= log| fi,. (P)lw =< co,v, (4-3)

and we can assume cg , is O for any finite place v by integrality of the f; ; over Ok [¢].

Given our construction, we also fix n such that for every i € {1, ...,r}, the ¢ fan have poles at O; and
vanish at all other poles of ¢. We reapply Corollary 3.2 for every pair (¢f;";, ¢.f ]Tf PDwithl<i<j<rg,
which again by taking the maximum of the induced Mg-constants for all the possible combinations
(Definition 1.1) gives an Mg-constant C; such that for every v € Mg and every (P, w) € C (K)x M d
with w | v, the inequality

log|(@ - f')(P)lw < c1,0 (4-4)

is true for all indices i except at most one (depending on the choice of P and w).
Let us now suppose that (L, Sy) is a pair satisfying the Runge condition and P € C(L) with ¢ (P) €
OL.s, . By integrality on Ok[¢], forevery i € {1,...,rr}, | fi, L (P)]w <1 for every place w € M \Sr.

For every place w € S, there is at most one index i not satisfying (4-4) hence by the Runge condition
and the pigeon-hole principle, there remains one index i (depending on P) such that Vw € M,

log|g (P) "1 (P)|w < c1.0- (4-5)

With (4-3) and (4-5), we have obtained all the auxiliary results we need to finish the proof. By the product

formula,
0= )" nylog|fi L(P)lw
weML
= > mploglfic(P)lw+ Y., mwloglfic(P)lw+ D nyloglfiL(P)l.
weMy weMP|p(P)|y=<1 weMp\M;®
[p(P)lw>1 [p(P)|w=<1

Here, the first sum on the right side will be linked to the height 4 o ¢ and the third sum is negative by
integrality of the f; 1, so we only have to bound the second sum. From (4-3) and (1-4), we obtain

Z Ny loglfi,L(P)|w =< Z NyCo,p = [L:K] Z nyCo,v-
weMp® weM® veMy®
[p(P)|w=1 [p(P)lw=<1
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On another side, by (4-5) (and (1-4) again), we have
ne Y ngloglfit(Plw=Y_ nuloglpfl (P)lw— Y nuylogl¢(P)lw

weMy, weMp, weMy,
[¢(P)lw>1 | (P)lw>1 [¢(P)lw>1
< ([L K1Y nvcl,v> —[L: Qlh(¢(P)).
UEMK

Hence, we obtain

0<[L:K] ) nycry—I[L: Q@GP +IL:Kln Y nycou,

vEMg veMy

which is equivalent to

h(¢(P)) < > nylery +nco.).

(K : Q] vi
We thus obtained a bound on (¢ (P)) independent on the choice of (L, Sp) satisfying the Runge condition,

and together with the bound on the degree [L : Q] < 2|S.| < 2r; < 2r, we get the finiteness. Il

5. The main result: tubular Runge’s theorem

We will now present our version of Runge theorem with tubular neighborhoods, which generalizes
Theorem 4(b) and (c) of [Levin 2008]. As its complete formulation is quite lengthy, we indicated the
different hypotheses by the letter H and the results by the letter R. The key condition for integral points
(generalizing the Runge condition of Proposition 4.1) is indicated by the letters TRC.

We recall that the crucial notion of tubular neighborhood is explained in Definitions 2.1 and 2.2, and
we advise the reader to look at the simplified version of this theorem stated in the Introduction to get

more insight if necessary.

Theorem 5.1 (tubular Runge’s theorem). (HO0) Let K be a number field, Sy a set of places of K containing
Mg and O the integral closure of Ok s, in some finite Galois extension K' of K.

(H1) Let X be a normal projective scheme over Ok s, and Dy, . .., D, be effective Cartier divisors on
Xo=X X Ok 5, O such that Dy = U;=1 D; is the scalar extension to O of some Cartier divisor D on X,
and that Gal(K'/K) permutes the generic fibers (D;) k. For every extension L/ K, we denote by ry the
number of orbits of (D\)g, ..., (D,)g for the action of Gal(K'L/L).

(H2) Let Y be a closed subscheme of Xx and V be a tubular neighborhood of Y in Xx. Let my € N
be the minimal number such that the intersection of any (my + 1) of the divisors (D;) g amongst the r

possible ones is included in Y.

TRC The tubular Runge condition for a pair (L, Sy), where L/K is finite and Sy contains all the
places above Sy, is

my|SL| <ryr.
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Under these hypotheses and notations, the results are the following:

R If (DY)ks ..., (Dy)g are ample divisors, the set

J (P e@\D)(OLs,) | P¢V), (5-1)

(L,S1)
where (L, S1) goes through all the pairs satisfying the tubular Runge condition, is finite.

R2) If (D)), ..., (Dy)g are big divisors, there exists a proper closed subset Z g of Xk such that the
set

( U (Pe@\D)OLs,) | P¢ V})\ZK«I?),

(L,SL)

where (L, Sp) goes through all the pairs satisfying the tubular Runge condition, is finite.

Remark 5.2 explains the hypotheses and results of this theorem, and Remark 5.3 compares it with
other theorems.

Remark 5.2. (a) The need for the extensions of scalars to K’ and @ in (HO0) and (H1) is the analogue of
the fact that the poles of ¢ are not necessarily K -rational in the case of curves, hence the assumption
that the (D;) g are all conjugates by Gal(K'/K) and the definition of r; given in (H1). It will induce
technical additions of the same flavor as the auxiliary functions fp o’ in the proof of Proposition 4.1.

(b) The motivation for the tubular Runge condition is the following: imitating the principle of proof for
curves (Remark 4.3(b)), if P € (X\D)(OL s, ), we can say that at the places w of M \Sy, this point is
“w-adically far” from D. Now, the divisors (D1)k’, ..., (D,)k’ can intersect (which does not happen for
distinct points on curves), so for w € Sy, this point P can be “w-adically close” to many divisors at the
same time. More precisely, it can be “w-adically close” to at most m such divisors, where m = mg, i.e.,
the largest number such that there are m divisors among Dy, ..., D, whose set-theoretic intersection is
nonempty. This number is also defined in [Levin 2008] but we found that for our applications, it often
makes the Runge condition too strict. Therefore, we allow the use of the closed subset Y in (H2), and if
we assume that our point P is never too close to Y (i.e., P ¢ V), this m goes down to my by definition.
Thus, we only need to take out my divisors for each place w in Sy, hence the tubular Runge condition
my|Sp| < rp. Actually, one can even mix the Runge conditions, i.e., assume that P is close to Y exactly
at s1 places, and close to one of the divisors (but not from Y) at s, places: following along the lines of
the proof below, we obtain finiteness given the Runge condition sjmg + spmy < rp (this is exactly what
we do for Theorem 8.2(a)).

(c) The last main difference with the case of curves is the assumption of ample or big divisors, respectively
in (R1) and (R2). In both cases, such an assumption is necessary twice. First, we need it to translate by
Proposition 3.4 the integrality condition on schemes to an integrality expression on auxiliary functions (such
as in Section 2 of [Levin 2008]) to use the machinery of Mg -constants and the key result (Proposition 3.1).
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Then, we need it to ensure that after obtaining a bound on the heights associated to the divisors, it implies
finiteness (implicit in Proposition 3.4, see also Remark 3.5(a)).

Remark 5.3. (a) This theorem has some resemblance to the CLZ theorem of [Corvaja et al. 2009] (where
our closed subset Y would be the analogue of the ) in that article), let us point out the differences. In
the CLZ theorem, there is no hypothesis of the set of places Sy, no additional hypothesis of integrality
(appearing for us under the form of a tubular neighborhood), and the divisors are assumed to be normal
crossing divisors, which is replaced in our case by the tubular Runge condition. As for the results
themselves, the finiteness formulated by CLZ depends on the set Sy, (that is, it is not clear how it would
prove that (5-1) is finite). Finally, the techniques employed are greatly different: the CLZ theorem uses
Schmidt’s subspace theorem (which has not been made effective yet), whereas our method can be made
effective if one knows the involved auxiliary functions. It might be possible (and worthy of interest) to
build some bridges between the two results, and the techniques involved.

(b) Theorem 5.1 can be seen as a stratification of Runge-like results depending on the dimension of
the intersection of the involved divisors: at one extreme, the intersection is empty, and we get back
Theorem 4(b) and (c) of [Levin 2008]. At the other extreme, the intersection is a divisor (ample or big),
and the finiteness is automatic by (Remark 2.3). Of course, this stratification is not relevant in the case of
curves. In another perspective, for a fixed closed subset Y, Theorem 5.1 is more a concentration result of
integral points than a finiteness result, as it means that even if we choose a tubular neighborhood V of Y
as small as possible around Y, there is only a finite number of integral points in the set (5-1), i.e., these
integral points (ignoring the hypothesis P ¢ V) must concentrate around Y (at least at one of the places

w € Mp). Specific examples are given in Sections 7 and 8.
Let us now prove Theorem 5.1, following the ideas outlined in Remark 5.2.

Proof of Theorem 5.1. (R1) Let us first build the embeddings we need. For every subextension K” of K'/K ,
the action of Gal(K'/K") on the divisors (Dy)k, ..., (D,)k’ has orbits denoted by Ok~ 1, ..., Og7 sy
Notice that any my + 1 such orbits still have their global intersection included in Y.

For each such orbit, the sum of its divisors is ample by hypothesis and coming from an effective Cartier
divisor on Xk, One can then choose by Proposition 3.4 an appropriate embedding ¥~ ; : Xx» — P’I’g,,,
whose coordinate functions (denoted by ¢~ ; j = (x;/x0) o ¥gr ;i (1 < j < n;)) satisfy Proposition 3.4 on
all points of (X@\m) (where m denotes the Zariski closure of Ok~ ; in Xp). We will denote by
Co the maximum of the (induced) M -constants obtained from Proposition 3.4 for all possible K" /K
and orbits Ok~ ;(1 <i <rgr). The important point is that for any extension L/K, any v € M \So, any
place w € M above v and any P € (X\D)(OL ), choosing L' = K’ N L, one has

max logler,i.j(P)lw < co.o- (5-2)
1<j<n;

This is the first step to obtain a bound on the height of one of the ¥k ; (P). For fixed P, we only have
to do so for one of the i € {1, ..., r.} as long as the bound is uniform in the choice of (L, S;) (and P),
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to obtain finiteness as each g~ ; is an embedding. To this end, one only needs to bound the coordinate
functions on the places w of Sy, which is what we will do now.

For a subextension K” of K'/K again, by (H2) (see the definition of my), taking any set Z of
my + 1 couples (i, j), 1 <i <rgr, j€{l,...,n;} with my 4+ 1 different indices i and considering the
rational functions ¢k ; ;, (i, j) € Z, whose common poles are included in Y by hypothesis, we can
apply Proposition 3.1 to these functions and the tubular neighborhood V = (Vi) wem,. Naming as C; the
maximum of all the (induced) obtained Mg -constants (also for all the possible K”), we just proved that
for every subextension K” of K'/K, every place w € Mg (above v € Mk) and any P € X (K)\Vy, the

inequality
max log|¢gr; j(P)|lw < c1v (5-3)
1<j<n;

is true except for at most my different indices i € {1, ..., rg~}.

Now, let us consider (L, S;) a pair satisfying the tubular Runge condition my|Sy | < r; and denote
L= K'N L again. For P € (X\D)(O_ s, ) not belonging to V, by (5-2), (5-3) and the tubular Runge
condition, there remains an index i € {1, ..., r.} (dependent on P) such that Vw € M,

max log|gr ;i j(P)|y <max(coy, c1) (w]ve Mg).

1<j<n;
This immediately gives a bound on the height of v,/ ;(P) independent of the choice of pair (L, Sy)
(except the fact that L' = K’ N L). As ¥/ ; is an embedding and [L : @] < 2|5, | < 2r, by Northcott’s
property, P belongs to a finite family of points (depending on i but not on (L, Sy )), and taking the union
of these families for i € {1, ..., rp}, we have proven the finiteness of the set of points

U (Pe@\D)©OLs,) | P V),

(L,S1)
where (L, S;) goes through all the pairs satisfying the tubular Runge condition.

(R2) The proof is the same as for (R1) except that we have to exclude a closed subset of X+ for every
big divisor involved, and their union will be denoted by Zg-. The arguments above hold for every point
P ¢ Zx/(K) (both for the expression of integrality by auxiliary functions, and for the conclusion and
finiteness outside of this closed subset), using again Propositions 3.4 and 3.1. O

6. Reminders on Siegel modular varieties

In this section, we recall the classical constructions and results for the Siegel modular varieties, parametriz-
ing principally polarized abelian varieties with a level structure. Most of those results are extracted (or
easily deduced) from these general references: Chapter V of [Cornell and Silverman 1986] for the basic
notions on abelian varieties, [Debarre 1999] for the complex tori, their line bundles, theta functions and
moduli spaces, Chapter II of [Mumford 2007] for the classical complex theta functions, [Mumford 1984]
for their links with theta divisors, and Chapter V of [Faltings and Chai 1990] for abelian schemes and
their moduli spaces.
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Unless specified, all the vectors of Z%, R$ and C# are assumed to be row vectors.

6A. Abelian varieties and Siegel modular varieties.

Definition 6.1 (abelian varieties and polarization). e An abelian variety A over a field k is a projective
algebraic group over k. Each abelian variety A/, has a dual abelian variety denoted by A =Pic’(A /k)
[Cornell and Silverman 1986, §V.9].

e A principal polarization is an isomorphism A : A — A such that there exists a line bundle L on A
with dim HO(A,;, L) =1 and A is the morphism

ALAL— Z;
x> T LL™
[Cornell and Silverman 1986, §V.13].
» Given a pair (A, ), for every n > 1 prime to char(k), we can define the Weil pairing
Aln] x An] — p (k),
where A[n] is the n-torsion of A(k) and , the group of n-th roots of unity in k. It is alternating and
nondegenerate [Cornell and Silverman 1986, §V.16].

» Given a pair (A, ), for n > 1 prime to char(k), a symplectic level n structure on A[n] is a basis «,, of
A[n] in which the matrix of the Weil pairing is

— 0 Ig
=(5.0)

» Two triples (A, A, ;) and (A’, A, «},) of principally polarized abelian varieties over K with level
n-structures are isomorphic if there is an isomorphism of abelian varieties ¢ : A — A’ such that ¢*A" = A

and ¢*a), = ay,.
In the case of complex abelian varieties, the previous definitions can be made more explicit.

Definition 6.2 (complex abelian varieties and symplectic group). Let g > 1.
e The half-superior Siegel space of order g, denoted by H,, is the set of matrices

He:={t € Mg(C)|'t =7 and Im7 > 0}, (6-1)

where Im 7 > 0 means that this symmetric matrix of M (R) is positive definite. This space is an open
subset of M, (C).

e For any 7 € H,, we define
A, =78 +7%t and A, :=C8/A,. (6-2)
Let L, be the line bundle on A, made up as the quotient of C8 x C by the action of A defined Vp,qg € Z¢, by

(PT+q)- (2. 1) = (24 pt +q, e TPT P2y, (6-3)
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Then, L, is an ample line bundle on A; such that dim H O(A;, L) =1, hence A, is a complex abelian
variety and L, induces a principal polarization denoted by A; on A; (see for example [Debarre 1999,
Theorem VI.1.3]). We also denote by ; : C8 — A, the quotient morphism.

« For every n > 1, the Weil pairing w; , associated to (A, A;) on A;[n] is defined by

Wrp - A[n] x Ar[n] — wu,(C)
()_C, )—}) — eZ[ﬂnw,(x,y)
where x,y € C8 have images X and y by m;, and w; is the R-bilinear form on C$ x C¢ (so that
wr (A X A;) = Z) defined by
we(x, y) :=Re(x) - Im(r) ™" " Im(y) —Re(y) - Im(x) ™" - " Im(x)

(also readily checked by making explicit the construction of the Weil pairing).

 Let (ey, ..., eg) be the canonical basis of C4. The family
(me(e1/n), ..., wc(eg/n), me(er-t/n), ..., wc(eg-1/n)) (6-4)

is a symplectic level n structure on (A;, A;), denoted by o .

o letJ= (_01 (1)) € M3¢(Z). For any commutative ring A, the symplectic group of order g over A, denoted
by Sp,,(A), is the subgroup of GL,(A) defined by

SPag(A) i= (M € GLog(A) |'MIM = J}, J:= < 01 Iog> . (6-5)
—1g

For every n > 1, the symplectic principal subgroup of degree g and level n, denoted by I'y(n), is the
subgroup of Sp,,(Z) made up by the matrices congruent to /5, modulo n. For every y = (é g) € Spy, (R)

and every T € H,, we define
Jy(1)=Ct+DeGL,(C) and y-t=(AT+B)(Ct+ D)*l, (6-6)

which defines a left action by biholomorphisms of Sp,,(R) on H,, and (y, ) — j, (7) is a left cocycle
for this action [Klingen 1990, Proposition I.1].

e Forevery g > 2, n > 1 and k > 1, a Siegel modular form of degree g, level n and weight k is an

holomorphic function f on H, such that Vy € I'g(n),

f(y - 2) =det(jy, ()" f(2). (6-7)

The reason for this description of the complex abelian varieties is that the (A;, ;) defined above make
up all the principally polarized complex abelian varieties up to isomorphism. The following results can
be found in Chapter VI of [Debarre 1999] except the last point which is straightforward.
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Definition-Proposition 6.3 (uniformization of complex abelian varieties). e Every principally polarized
complex abelian variety of dimension g with symplectic structure of level n is isomorphic to some triple
(A¢, Mg, 0r ) where T € H,.

« For every n > 1, two triples (A;, A, @7 ) and (Ay/, Ay, apr ) are isomorphic if and only if there exists
y € I'y(n) such that y - T = 7/, and then such an isomorphism is given by

Ar —> Ay
zmod A; — z- j),(r)_1 mod A,/ .

o The Siegel modular variety of degree g and level n is the quotient Ag(n)c := I'y(n)\'H,. From the
previous result, it is the moduli space of principally polarized complex abelian varieties of dimension g
with a symplectic level n structure. As a quotient, it also inherits a structure of normal analytic space
(with finite quotient singularities) of dimension g(g + 1)/2, because I'; (n) acts properly discontinuously

on H,.

« For every positive divisor m of n, the natural morphism Az (n)c — Ag(m)c induced by the identity of
H, corresponds in terms of moduli to multiplying the symplectic basis a; , by n/m, thus obtaining a; ,.

« For every g > 1 and n > 1, the quotient of H, x C by the action of I'g(n) defined as

y-(r.1)=(y -7.1/det(j, (2))) (6-8)

is a variety over H, denoted by L. For a large enough power of k (or if n > 3), L®* is a line bundle over
Ag(n)c, hence L is a Q-line bundle over Ag(n)c called line bundle of modular forms of weight one over
A, (n)c. By definition (6-7), for every k > 1, the global sections of L®* are the Siegel modular forms of
degree g, level n and weight k.

Let us now present the compactification of Ag(n)c we will use, that is the Satake compactification (for
a complete description of it, see Section 3 of [Namikawa 1980]).

Definition-Proposition 6.4 (Satake compactification). Let g > 1 and n > 1. The normal analytic space
Ag4(n)c admits a compactification called Satake compactification and denoted by A g(n)é, satisfying the
following properties.

(a) A g(n)qs: is a compact normal analytic space (of dimension g(g+ 1) /2, with finite quotient singularities)
containing Ag(n)c as an open subset and the boundary d A, (n)c := A, (n)qS:\A ¢(n)c is of codimension g
(see [Satake and Cartan 1957] for details).

(b) As a normal analytic space, Ag(n)f: is a projective algebraic variety. More precisely, for M, (n)
the graded ring of Siegel modular forms of degree g and level n, A g(n)qs: is canonically isomorphic to
Projc Mg (n) [Cartan 1957, Théoreme fondamental].

In particular, one can naturally obtain A g(n)é by fixing for some large enough weight k a basis of
modular forms of Mg (n) of weight k and evaluating them all on Ag(n)c to embed it in a projective space,
so that A g(n)é is the closure of the image of the embedding in this projective space.
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(c) The Q-line bundle L of modular forms of weight 1 on Ag(n)c extends naturally to an ample Q-line
bundle on A, (n)f: (which is also denoted L); this is a direct consequence of (b).

6B. Further properties of Siegel modular varieties. As we are interested in the reduction of abelian
varieties on number fields, one needs to have a good model of A,(n)c over integer rings, as well as
some knowledge of the geometry of A, (n)c. The integral models below and their properties are given in
Chapter V of [Faltings and Chai 1990].

Definition 6.5 (abelian schemes). (a) An abelian scheme A — S is a smooth proper group scheme whose
fibers are geometrically connected. It also has a natural dual abelian scheme A =Pic’(A /S), and it is
principally polarized if it is endowed with an isomorphism A : A — A such that at every geometric point
5 of S, the induced isomorphism A; : A; — A;sisa principal polarization of Aj.

(b) A symplectic structure of level n > 1 on a principally polarized abelian scheme (A, A) overa Z[{,, 1/n]-
scheme S is the datum of an isomorphism of group schemes A[n] — (Z/nZ)¢, which is symplectic with
respect to A and the canonical pairing on (Z/ nz)*8 given by the matrix J (as in (6-5)).

Definition-Proposition 6.6 (algebraic moduli spaces). For every integers ¢ > 1 and n > 1:

(a) The Satake compactification A g(n)f: has an integral model A, (n)S on Z[¢,, 1 /n] which contains as a
dense open subscheme the (coarse, if n < 2) moduli space A, (n) over Z[¢,, 1/n] of principally polarized
abelian schemes of dimension g with a symplectic structure of level n. This scheme A, (n)S is normal,
proper and of finite type over Z[¢,, 1/n] [Faltings and Chai 1990, Theorem V.2.5].

(b) For every divisor m of n, we have canonical degeneracy morphisms A, n)S — Ag (m)S extending
the morphisms of Definition-Proposition 6.3.

Before tackling our own problem, let us give some context on the divisors on A g(n)qS: to give a taste of
the difficulties to overcome.

Definition 6.7 (rational Picard group). For every normal algebraic variety X over a field K, the rational
Picard group of X is the Q-vector space

Pic(X)g := Pic(X) ®7 Q.
Proposition 6.8 (rational Picard groups of Siegel modular varieties). Let g > 2 and n > 1.

(a) Every Weil divisor on Ag(n)c or Ag (n)qS: is up to some multiple a Cartier divisor, hence their rational

Picard group is also their Weil class divisor group tensored by Q.
(b) For g = 3, the Picard rational groups of Az (n)qS: and Az(n)c are equal to Q - L for every n > 1.
(¢) For g =2, one has Picg(A>(1)2) =Q- L.

This result has the following immediate corollary, because L is ample on A, (n)qs: for every g > 2 and
every n > 1 (Definition-Proposition 6.4(c)).
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Corollary 6.9 (ample and big divisors on Siegel modular varieties). A Q-divisor on Ay(n)c or A g(n)é
with g=3 (or g=2 and n=1) is ample if and only if it is big if and only if it is equivalent to a - L with a > (.

Remark 6.10. We did not mention the case of modular curves (also difficult, but treated by different
methods): the point here is that the cases g > 3 are surprisingly much more uniform because then
Pic(Ag (n)é) = Pic(Ag(l)QS:). The reason is that some rigidity appears from g > 3 (essentially by the
general arguments of [Borel 1981]), whereas for g = 2, the situation seems very complex already for the
small levels (see for example n = 3 in [Hoffman and Weintraub 2001]).

This is why the ampleness (or bigness) is in general hard to figure out for given divisors of A>(n), n > 1.
We consider specific divisors in the following (namely, divisors of zeroes of theta functions), whose
ampleness will not be hard to prove.

Proof of Proposition 6.8.

(a) This is true for the A, (n) é by [Artal Bartolo et al. 2014] as they only have finite quotient singularities
(this result actually seems to have been generally assumed a long time ago). Now, as aAg(n)f: is of
codimension at least 2, the two varieties A, (n)qS: and A, (n)c have the same Weil and Cartier divisors,
hence the same rational Picard groups.

(b) This is a consequence of general results of [Borel 1981] further refined in [Weissauer 1992] (it can
even be generalized to every g > 3).

(c) This comes from the computations of Section II1.9 of [Mumford 1983] (for another compactification,
called toroidal), from which we extract the result for A,(1)¢ by a classical restriction theorem [Hartshorne
1977, Proposition I1.6.5] because the boundary for this compactification is irreducible of codimension 1.
The result for Az(l)é is then the same because the boundary is of codimension 2. O

6C. Theta divisors on abelian varieties and moduli spaces. We will now define the useful notions for
our integral points problem.

Definition 6.11 (theta divisor on an abelian variety). Let k be an algebraically closed field and A an
abelian variety over k.

Let L be an ample symmetric line bundle on A inducing a principal polarization A on A. A theta
function associated to (A, L) is a nonzero global section ¥4 ; of L. The theta divisor associated to
(A, L), denoted by ®4 1, is the divisor of zeroes of ¥4 1, well-defined and independent of our choice
because dim H(A, L) = deg(1)? = 1.

The theta divisor is in fact determined by the polarization A itself up to a finite ambiguity, as the result
below makes precise.

Proposition 6.12. Let k be an algebraically closed field and A an abelian variety over k.
Two ample symmetric line bundles L and L' on A inducing a principal polarization induce the same
one if and only if L' = T L for some x € A|2], and then

Oar =041 +x.
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Proof. This is a well-known result relying on the properties of the map
L (¢pp x> T'LRL™Y

from Pic(A) to Hom(A, A) [Mumford 1970, Corollary 4 p. 60 and Theorem 1 p. 77], and of ample
symmetric line bundles. O

When char(k) # 2, adding to a principally polarized abelian variety (A, A) of dimension g the datum
ap of a symplectic structure of level 2, we can determine an unique ample symmetric line bundle L with
the following process called the Igusa correspondence, devised in [Igusa 1967]. To any ample symmetric
Weil divisor D defining a principal polarization, one can associate bijectively a quadratic form gp from
A[2] to {1} called even, which means that the sum of its values on A[2] is 28 [loc. cit., Theorem 2 and
the previous arguments]. On the other hand, the datum «; also determines an even quadratic form ¢, , by
associating to a x € A[2] with coordinates (a, b) € (Z/ZZ)Zg in the basis o of A[2] the value

G (¥) = (—=1)°. (6-9)

We now only have to choose the unique ample symmetric divisor D such that gp = g4, and the line
bundle L associated to D.

By construction of this correspondence [loc. cit., p. 823], a point x € A[2] of coordinates (a, b) €
(Z/27)%¢ in o automatically belongs to ©® 4 ; (with L associated to (A, A, ap)) if a’b =1 mod 2. A
point of A[2] with coordinates (a, b) such that a’b = 0 mod 2 can also belong to ® 4 ; but with even
multiplicity.

This allows us to get rid of the ambiguity of choice of an ample symmetric L in the following, as
soon as we have a symplectic level 2 structure (or finer) (this result is a reformulation of Theorem 2 of
[loc. cit.]).

Definition-Proposition 6.13 (theta divisor canonically associated to a symplectic even level structure).
Let n > 2 even and k algebraically closed such that char(k) does not divide 7.

For (A, A, o) a principally polarized abelian variety of dimension g with symplectic structure of
level n (Definition 6.2), there is up to isomorphism an unique ample symmetric line bundle L inducing A
and associated by the Igusa correspondence to the symplectic basis of A[2] induced by «,,. The theta
divisor associated to (A, A, o), denoted by ©4 5 4, is then the theta divisor associated to (A, L).

The Runge-type theorem we give in Section 7 (Theorem 7.12) focuses on principally polarized abelian
surfaces (A, 1) on a number field K whose theta divisor does not contain any n-torsion point of A (except
2-torsion points, as we will see it is automatic). This will imply (Proposition 7.5) that A is not a product of
elliptic curves, but this is not a sufficient condition, as pointed out for example in [Boxall and Grant 2000].

We will once again start with the complex case to figure out how such a condition can be formulated
on the moduli spaces, using complex theta functions [Mumford 2007, Chapter II].
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Definition-Proposition 6.14 (complex theta functions). Let g > 1.
The holomorphic function ® on C8 x H, is defined by the series (uniformly convergent on any compact
subset)
O(z,7) = Z eirmr’n+2irm’z. (6-10)

nezs
For any a, b € R8, we also define the holomorphic function ®, ; by
Ounp(z, T) = Z ein(n+a)f’(n+a)+2iﬂ(n+a)’(z+b). 6-11)
nezs
For a fixed t € H,, one defines © : z — ©O(z, 7) and similarly for ©, ; .. These functions have the

following properties.

(a) Foreverya,b e 78,
Oup.r(z) =TT AFATACHDQ (7 4 a1 + D). (6-12)

(b) Forevery p,q € 78,
Ou b (24 pT +q) = e TPTPTHIRATEIIDG, (), (6-13)

(c) Let us denote by ¢ and 9, ; the normalized theta-constants, which are the holomorphic functions on
H, defined by

9(1):=0(0,7) and (7)) :=e "0, ,(0, 7). (6-14)

These theta functions satisfy the following modularity property: with the notations of Definition 6.2
and Yy € I'g(2),

Bap(y - T) = L3(¥)e ™DV [ i (T, (T), (6-15)

where ¢g(y) (an 8-th root of unity) and V,, € Z¢ only depend on y and the determination of the square
root of j, (7).

In particular, for every even n > 2, if (na, nb) € 7?8, the function 195”}, is a Siegel modular form of
degree g, level n and weight 4n, which only depends on (a, b) mod Z%¢.

Proof. The convergence of these series as well as their functional equations (6-12) and (6-13) are classical
and can be found in Section II.1 of [Mumford 2007].

The modularity property (6-15) (also classical) is a particular case of the computations of Section IL.5
of [Mumford 2007] (we do not need here the general formula for y € szg (2)).

Finally, by natural computations of the series defining ®, p, one readily obtains that

2im(a'q—b'
ﬂa-i-p,b—{-q =e” @q p)l?a,}r

Therefore, if (na,nb) € 728, the function ﬁg’b only depends on (a, b) mod 7?¢. Now, putting the
modularity formula (6-15) to the power 87, one eliminates the eight root of unity and if y € Iy (n), one
has (a, b)y = (a, b) mod Z4 hence ﬁff’b is a Siegel modular form of weight 4n for I'g(n). O
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There is of course an explicit link between the theta functions and the notion of theta divisor, which
we explain now with the notations of Definition 6.2.

Proposition 6.15 (theta divisor and theta functions). Let T € H,.

The line bundle L. is ample and symmetric on A;, and defines a principal polarization on A;. It
is also the line bundle canonically associated to the 2-structure o o and its polarization by the Igusa
correspondence (Definition-Proposition 6.13).

Furthermore, the global sections of L, canonically identify to the multiples of ®, hence the theta
divisor associated to (Ar, A;, ar2) is exactly the divisor of zeroes of ©, modulo A-.

Thus, for every a, b € RS, the projection of m.(at + b) belongs to ®4_ s, «., if and only if ¥, ,(t) = 0.

Remark 6.16. The proof below that the L, is the line bundle associated to (A, A;, @7 2) is a bit technical,
but one has to suspect that Igusa normalized its correspondence by (6-9) exactly to make it work.

Proof. One can easily see that L, is symmetric by writing [—1]*L, as a quotient of C8 x C by an action
of A., then figuring out it is the same as (6-3). Then, by simple connectedness, the global sections of L,
lift by the quotient morphism C& x C — L into functions z > (z, f(z)), and the holomorphic functions
f thus obtained are exactly the functions satisfying functional equation (6-13) for a = b = 0 because of
(6-3), hence the same functional equation as ®,. This identification is also compatible with the associated
divisors, hence ® 4, 1, is the divisor of zeroes of ®; modulo A. For more details on the theta functions
and line bundles, see [Debarre 1999, Chapters IV, V and Section VI.2].

We now have to check that the Igusa correspondence indeed associates L, to (A;, A;, @7 2). With the
notations of the construction of this correspondence [Igusa 1967, pp. 822, 823 and 833], one sees that the
meromorphic function ¥, on A, (depending on L) associated to x € A;[2] has divisor [2]*T®4 1, —
[2]*®4, .., hence it is (up to a constant) the meromorphic function induced on A; by

Oa,b,:(22)

fx(2) = 0.(22) )

where x = at + b mod A;. Now, the quadratic form g associated to L, is defined by the identity

Jo(=2) =qx) fx(2)

for every z € C8, but ©; is even hence
fi= =" fu()

by (6-12). Now, the coordinates of x in a; , are exactly (2b, 2a) mod Z?¢ by definition, hence g = Qo >

Let us finally make the explicit link between zeroes of theta-constants and theta divisors; using the
argument above, the divisor of zeroes of ®; modulo A; is exactly ®4, 1 , hence ©4, ; 4, , by what we
just proved for the Igusa correspondence. This implies that for every z € C8, ®,(z) =0 if and only if
7. (z) belongs t0 ©4, 5., «,,» and as ¥, ;(7) is a nonzero multiple of O (at + b, ), we finally have that
Ya,5(t) =0 if and only if 7;(at + b) belongs to Oy, 3, a.,- O
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7. Applications of the main result on a family of Siegel modular varieties

We now have almost enough definitions to state the problem which we will consider for our Runge-type
result (Theorem 7.12). We consider theta divisors on abelian surfaces, and their torsion points.
To make their indexation easier, we use the following notation.

Notation. Until the end of this article, the expression “a couple (a, b) € (Z/ nZ)* (resp. 74, Q%) isa
shorthand to designate the row vector with four coefficients where a € (Z/nZ)? (resp. Z*, @* ) make up
the first two coefficients and b the last two coefficients.

7TA. The specific situation for theta divisors on abelian surfaces. As an introduction and a preliminary
result, let us treat first the case of theta divisors on elliptic curves.

Lemma 7.1 (theta divisor on an elliptic curve). Let E be an elliptic curve on an algebraically closed field
k with char(k) # 2 and L an ample symmetric line bundle defining the principal polarization on E.

The effective divisor O 1, is a 2-torsion point of E with multiplicity one. More precisely, if (e, e2) is
the basis of E[2] associated by Igusa correspondence to L (Definition-Proposition 6.13),

Ofp. 1 =le1 + ezl (7-1)

Remark 7.2. In the complex case, this can simply be obtained by proving that ®1,2 1/, is odd for
every T € H; hence cancels at 0, and has no other zeroes (by a residue theorem for example), then using
Proposition 6.15.

Proof. By the Riemann—Roch theorem on E, the divisor @ ; is of degree 1 because h°(E, L) =1 (and
effective). Now, as explained before when discussing the Igusa correspondence, for a, b € Z, ae; + be;
automatically belongs to ®g 1 if ab =1 mod 2Z, hence O 1 = [e; + e2]. O

This allows one to describe the theta divisor of a product of two elliptic curves.

Proposition 7.3 (theta divisor on a product of two elliptic curves). Let k be an algebraically closed field
with char(k) # 2.

Let (A, L) with A = E| x E» a product of elliptic curves over k and L an ample symmetric line bundle
on A inducing the product principal polarization on A. The divisor ©® 4 |, is then of the shape

OaL ={x1} x Ex+ E1 x {x2}, (7-2)
with x; € E;[2] fori =1, 2. In particular, this divisor has a (unique) singular point of multiplicity two at
(x1, x2), and:

(a) There are exactly seven 2-torsion points of A belonging to ®4 1: the six points given by the
coordinates (a, b) € (Z/27)* such that a'b = 1 in a basis giving © 4.1 by the Igusa correspondence,
and the seventh point (x1, x2).

(b) For every even n > 2 which is nonzero in k, the number of n-torsion (but not 2-torsion) points of A
belonging to ® 4 1 is exactly 2(n> — 4).
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Proof. By construction of (A, L), a global section of (A, L) corresponds to a tensor product of global
sections of E1 and E; (with their principal polarizations), hence the shape of ®4 1 is a consequence of
Lemma 7.1.

We readily deduce (a) and (b) from this shape, using that the intersection of the two components of ® 4 1,
is a 2-torsion point of even multiplicity for the quadratic form hence different from the six other ones. [

Regarding abelian surfaces which are not products of elliptic curves, we recall below a fundamental
result (proven in [Oort and Ueno 1973]).

Proposition 7.4 (shapes of principally polarized abelian surfaces). Let k be any field.

A principally polarized abelian surface (A, )) over k is, after a finite extension of scalars, either the
product of two elliptic curves (with its natural product polarization), or the jacobian J of an hyperelliptic
curve C of genus 2 (with its canonical principal polarization). In the second case, for the Albanese
embedding ¢, : C — J with base-point x and an ample symmetric line bundle L over K inducing A, the
divisor ©;  is irreducible, and it is actually a translation of ¢ (C) by some point of J (k).

Let us now fix an algebraically closed field k with char(k) # 2.

Let C be an hyperelliptic curve of genus 2, and ¢ its hyperelliptic involution. This curve has exactly six
Weierstrass points (the fixed points of ¢, by definition), and we fix one of them, denoted by co. For the
Albanese morphism ¢, the divisor ¢, (C) is stable by [—1] because the divisor [x] + [¢(x)] — 2[o0]
is principal for every x € C. As Oy 1 is also symmetric and a translation of ¢.(C), we know that
Oy, =T} (Po(C)) for some x € J[2].

This tells us that understanding the points of ®; ; amounts to understanding how the curve C behaves
when embedded in its jacobian (in particular, how its points add). It is a difficult problem to know which
torsion points of J belong to the theta divisor (see [Boxall and Grant 2000] for example), but we will

only need to bound their quantity here, with the following result.

Proposition 7.5. Let k an algebraically closed field with char(k) # 2.
Let C be an hyperelliptic curve of genus 2 over k with jacobian J, and oo a fixed Weierstrass point
of C. We denote by C the image of C in J by the associated embedding ¢~ : x — [x] — [o0].

(a) The set C is stable by [—1], and the application
Sym2(C~' )—>J
{P,Q}—>P+Q
is the blow-up of J at the origin, in particular it is injective outside the fiber above 0.

(b) There are exactly six 2-torsion points of J belonging to C, and they are equivalently the images of
the Weierstrass points and the points of coordinates (a, b) € (Z/ 27)*)? such that a'b = 1 in a basis
giving C by the Igusa correspondence.

(¢) For any n > 2 which is nonzero in k, the number of n-torsion points of J belonging to C is bounded
by ﬁn2 + %
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Remark 7.6. This proposition is not exactly a new result, and its principle can be found (with slightly
different formulations) in Theorem 1.3 of [Boxall and Grant 2000] or in Lemma 5.1 of [Pazuki 2013].
The problem of counting (or bounding) torsion points on the theta divisor has interested many people,
e.g., [Boxall and Grant 2000] and very recently [Auffarth et al. 2017] in general dimension. Notice that
the results above give the expected bound in the case g = 2, but we do not know how much we can lower
the bound «/znz in the case of jacobians.

Proof. (a) is a well-known consequence of the Riemann—Roch theorem in genus 2. (b) comes from the
construction of the Igusa correspondence, and the definition of Weierstrass points as points P such that
2[P] is a canonical divisor. Now, for any n > 2, let us denote C [n]:= cnJ [7]. The summing map from
C~'[n]2 to J[n] has a fiber of cardinal |C‘[n]| above 0 and at most 2 above any other point of J[n] by (a),
hence the inequality of degree two

ICn]1* < [Clnll +2(* = 1),
from which we directly obtain (c). Il

We can now define the divisors we will consider for our Runge-type theorem.

Definition-Proposition 7.7 (theta divisors on Az(n)g). Let n € N>, even.

(@) A couple (a, b) € (Z/nZ)* is called regular if it is not of the shape ((n/2)a’, (n/2)b’) with (a’, ') €
((Z/27)%)? such that a’’b’ = 1 mod 2. There are exactly 6 couples (a, b) not satisfying this condition,
which we call singular.

(b) If (a, b) € (Z/nZ)* is regular, for every lift (a, b) € 7* of (a, b), the function 198" n/n is a nonzero
Siegel modular form of degree 2, weight 4n and level n, independent of the ch01ce of lifts. The theta
divisor associated to (a, b), denoted by (D, 4.p)c, is the Weil divisor of zeroes of this Siegel modular
form on A2(n)([S:.

Remark 7.8. The singular couples correspond to what are called odd characteristics by Igusa.

The proof below uses Fourier expansions to figure out which theta functions are nontrivial. One can
also prove through Fourier expansions that the Weil divisors (D, ,.5)c and (Dj, . )¢ are distinct (unless
(a, b) = *(d’, ') of course) and it is likely true that they are even set-theoretically pairwise distinct (i.e.,
even without counting the multiplicities). This is not very important for us since Proposition 7.3 and 7.5
are not modified if some of the divisors taken into account are equal.

Proof of Definition-Proposition 7.7. (a) By construction, for any even n > 2, the number of singular
couples (a, b) € (Z/nZ)* is the number of couples (a’, b') € (Z/27)* such that a’’b’ = 1 mod 2, and we
readily see there are exactly six of them, namely

(0101), (1010), (1101), (1110), (1011) and (O111).

For (b) and (c), the modularity of the function comes from Definition-Proposition 6.14(c) hence we only
have to prove that it is nonzero when (a, b) is regular. To do this, we will use the Fourier expansion of
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this modular form (for more details on Fourier expansions of Siegel modular forms, see chapter 4 of
[Klingen 1990]), and simply prove that it has nonzero coefficients. This is also how we will prove the
U,.p are distinct.

To shorten the notations, given (a, b) € (Z/nZ)*, we consider instead (@/n, b /n) € @* for some lift
(a, 15) of (a, b) in Z*) and by abuse of notation we denote it (a, b) for simplicity. Regularity of the couple
translates into the fact that (a, b) is different from six possibles values modulo Z*, namely

0.3.0,5):(3:0.5:0). (5:3:0,5): (3:3:3.0) (3:0.3:3): (0.3 3. 3)

by (a), which we will assume now. We also fix n € N even such that (na, nb) € 7.
Recall that

’07

DN —
DN —
D —

BYap(t) = oima'b Z T kta)T! (k+a)+2imk'b 7-3)
kez?

by (6-12) and (6-14). Therefore, for any symmetric matrix S € M»(Z) such that S/ (2n?) is half-integral
(i.e., with integer coefficients on the diagonal, and half-integers otherwise), we have Vt € H;,

0a,b(f + S) = ﬂa,b(f)a

because for every k € 72,

(k4+a)S'(k+a)e27.
Hence, the function ¥, ; admits a Fourier expansion of the form

ﬂa,b(f) — ZaTeZin Tr(Tr)’
T

where T runs through all the matrices of S,(Q) such that QnAT is half-integral. This Fourier expansion
is unique, because for any 7 € H; and any 7', we have

2n¥ar = / Dap( 4 x)e T T EH0) gy
[0,1]

In particular, the function 9, is zero if and only if all its Fourier coefficients ar are zero, hence
we will directly compute those, which are almost directly given by (7-3). For a = (a1, a2) € Q* and
k = (ki, k2) € Z?, let us define

T, — < (k1 +ar)? (k1 +al)(k2+az))
¢ (k1 +a1)(ka +a) (ky +ap)? '
so that

.y -y .
ﬁa,b(f) — elT[a b Zezw'[k belT[ Tr(Ta_k‘L') (7_4)
kez?
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by construction. It is not yet exactly the Fourier expansion, because we have to gather the 7,  giving the
same matrix 7" (and this is where we will use regularity). Clearly,

Toy=Typ = (k+a)==x(k+d).

If 2a ¢ 72, the function k — T, x is injective, so (7-4) is the Fourier expansion of ¢, 5, with clearly
nonzero coefficients, hence %,  is nonzero.

If 2a = A € 77, for every k, k' € 7%, we have (k +a) = (k' +a) if and only if k =k’ or k + k' = A,
so the Fourier expansion of 9, j is

eina’b o PR )
ﬁa,b(f)= Z Z (eZIﬂkb+e2lT[( A—k) b)emTr(Tr)‘ (7_5)

2
T |k er?
Tx.a=Ty =T

Therefore, the coefficients of this Fourier expansion are all zero if and only if, for every k € 72,

; t
Q2 hAYD

ie.,if and only if b € (1/2)Z and (— 1)4“tb = —1, and this is exactly singularity of the couple (a, b) which
proves (b). O

These divisors have the following properties.
Proposition 7.9 (properties of the (D, ,.5)c). Let n € N>y even.
(a) For every regular (a, b) € (Z/nZ)*, the divisor (Dy.a.p)c is ample.

(b) For n =2, the ten divisors (D 4 p)c are set-theoretically pairwise disjoint outside the boundary
0A>(2)¢c = AZ(Z)E\Az(Z)@, and their union is exactly the set of moduli of products of elliptic curves
(with any symplectic basis of the 2-torsion).

(c) For (A, A, o) a principally polarized complex abelian surface with symplectic structure of level n:

— If (A, A) is a product of elliptic curves, the moduli of (A, A, a,,) belongs to exactly n> —3 divisors

(Dn,a,h)O
— Otherwise, the point (A, A, o) belongs to at most («/5/2)112 + 1/4 divisors (Dy, 4.p)cC.

Proof. (a) The divisor (D, 45)c is by definition the Weil divisor of zeroes of a Siegel modular form
of order 2, weight 4n and level n, hence of a section of L®*" on Ag(n)é. As L is ample on Az(n)qu
(Definition-Proposition 6.4(c)), the divisor (D, 4.5)c is ample.

Now, we know that every complex pair (A, A) is isomorphic to some (A;, A;) with T € H, (Definition-
Proposition 6.3). If (A, 1) is a product of elliptic curves, the theta divisor of (A, A, a») contains exactly
seven 2-torsion points (Proposition 7.3), only one of comes from a regular pair, i.e., (A, A, ap) is
contained in exactly one of the ten divisors. If (A, 1) is not a product of elliptic curves, it is a jacobian
(Proposition 7.4) and the theta divisor of (A, A, «;) only contains the six points coming from singular
pairs (Proposition 7.5) i.e., (A, A, ap) does not belong to any of the ten divisors, which proves (b).
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To prove (c), we use the same propositions for general n, keeping in mind that we only count as one the
divisors coming from opposite values of (a, b): for products of elliptic curves, this gives 2(n*> —4)/2 + 1
divisors (the 1 coming from the even 2-torsion), and for jacobians, this gives («/5/ 2)n? + }l (there are no
nontrivial 2-torsion points to consider here). U

We will now give the natural divisors extending (Dj, 4.»)c on the integral models A, (n) (Definition-
Proposition 6.6).

Definition 7.10. Let n € N>, even.

For every regular (a, b) € (Z/ nZ)*, the divisor (Dp.q.p)c is the geometric fiber at C of an effective
Weil divisor Dy, 4, on Ajy(n), such that the moduli of a triple (A, A, ;) (on a field k of characteristic
prime to n) belongs to Dy, 4 (k) if and only if the point of A[n](k) of coordinates (a, b) for o, belongs
to the theta divisor ®4 4, (Definition-Proposition 6.13).

Proof. This amounts to giving an algebraic construction of the D, , 5 satisfying the wanted properties.
The following arguments are extracted from Remark 1.5.2 of [Faltings and Chai 1990]. Let 7 : A — S an
abelian scheme and £ a symmetric invertible sheaf on A, relatively ample over S and inducing a principal
polarization on A. If s : S — A is a section of A over §, the evaluation at s induces an Og-module
isomorphism between 7, £ and s*£. Now, if s is of n-torsion in A, for e : § — A the zero section, the sheaf
(s*L£)®?" is isomorphic to (e*£)®" i.e., trivial. We denote by wa,s the invertible sheaf on § obtained as
the determinant of the sheaf of invariant differential forms on A, and the computations of Theorem 1.5.1
and Remark 1.5.2 of [Faltings and Chai 1990] give 87,L = —4w, /s in Pic(A/S). Consequently, the
evaluation at s defines (after a choice of trivialization of (¢*£)®?" and putting to the power 87) a section
of a)%‘g. Applying this result on the universal abelian scheme (stack if n < 2) X,(n) on Ay(n), for
every (a, b) € (Z/ nZ)*, the section defined by the point of coordinate (a, b) for the n-structure on X>(n)
induces a global section s, 5, of w;eé;'gl) As(n)? and we define D, , 5 as the Weil divisor of zeroes of this
section. It remains to check that it satisfies the correct properties.

Let (A, A, o) be a triple over a field k of characteristic prime to n, and L the ample line bundle
associated to it by Definition-Proposition 6.13. By construction, its moduli belongs to D,, 4 5 if and only
if the unique (up to constant) nonzero section vanishes at the point of A[n] of coordinates (a, b) in «,,
hence if and only if this point belongs to ® 4 ; q, -

Finally, we see that the process described above applied to the universal abelian variety X>(n)c

of A;(n)c (by means of explicit description of the line bundles as quotients) gives (up to invertible
8n

a/n,b/n
of D, 4 p (it is easier to see that their complex points are the same, by Proposition 7.9(c) and the above

holomorphic functions) the functions ¢ , which proves that (D, 4 »)c is indeed the geometric fiber
characterization applied to the field C).

If one does not want to use stacks for n =2, one can consider for (a, b) € (Z/ 2Z)4 the divisor Dy 24 2p
which is the pullback of D, ; by the degeneracy morphism A5 (4) — A»(2). O

7B. Tubular Runge theorems for abelian surfaces and their theta divisors. We can now prove a family
of tubular Runge theorems for the theta divisors D, ,; (for even n > 2).
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We will state the case n = 2 first because its moduli interpretation is easier but the proofs are the same,
as we explain below.
In the following results, the boundary of Az(n)qu is defined as BAz(n)f: = Az(n);f:\Az(n)C.

Theorem 7.11 (tubular Runge for products of elliptic curves on A, (2)%). Let U be an open neighborhood
of 0A, (2)% in A2(2)qs: for the natural complex topology.

For any such U, we define E(U) the set of moduli P of triples (A, A, a2) in AZ(Z)(GZD) such that
(choosing L a number field of definition of the moduli):

— The abelian surface A has potentially good reduction at every finite place w € My (tubular condition
for finite places).

— For any embedding o : L — C, the image Py of P in Ay(2)c is outside of U (tubular condition for
archimedean places).

— The number sy, of nonintegrality places of P, i.e., places w € M such that

— either w is above M;° or 2,

— or the semistable reduction modulo w of (A, A) is a product of elliptic curves

satisfies the tubular Runge condition

sy < 10.

Then, for every choice of U, the set E(U) is finite.

Theorem 7.12 (tubular Runge for theta divisors on A, (n)3). Let n > 4 even.

Let U be an open neighborhood of 8A2(n)% in Az(n)é for the natural complex topology.

For any such U, we define £(U) the set of moduli P of triples (A, A, ay) in A>(n)(Q) such that
(choosing L D Q(¢,) a number field of definition of the triple):

— The abelian surface A has potentially good reduction at every place w € M;° (tubular condition for
finite places).

— For any embedding o : L — C, the image P; of P in Ay(n)c is outside of U (tubular condition for
archimedean places).

— The number sy, of nonintegrality places of P, i.e., places w € M| such that

— either w is above M;° or a prime factor of n,
— or the theta divisor of the semistable reduction modulo w of (A, A, o) contains an n-torsion
point which is not one of the six points coming from odd characteristics,

satisfies the tubular Runge condition
2 n*
(fl — 3)SL < 7 + 2.

Then, for every choice of U, the set of points £(U) is finite.
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Remark 7.13. We put an emphasis on the conditions given in the theorem to make it easier to identify
how it is an application of our main result, Theorem 5.1. The tubular conditions (archimedean and
finite) mean that our points P do not belong to some tubular neighborhood V of the boundary. We of
course chose the boundary as our closed subset to exclude because of its modular interpretation for
finite places. The places above M[° or a prime factor of n are automatically of nonintegrality for our
divisors because the model A, (n) is not defined at these places. Finally, the second possibility to be
a place of nonintegrality straightforwardly comes from the moduli interpretation of the divisors Dj, ;.p
(Definition 7.10). All this is detailed in the proof below.

To give an example of how we can obtain an explicit result in practice, we prove in Section 8 an
explicit (and even theoretically better) version of Theorem 7.11.

It would be more satisfying (and easier to express) to give a tubular Runge theorem for which the
divisors considered are exactly the irreducible components parametrizing the products of elliptic curves.
Unfortunately, except for n = 2, there is a serious obstruction because those divisors are not ample, and
there are even reasons to suspect they are not big. We have explained in Remark 6.10 why proving the
ampleness for general divisors on Ag(n)qS: is difficult.

It would also be morally satisfying to give a better interpretation of the moduli of the union of all the
D, 4.p (for a fixed n > 2), i.e., not in terms of the theta divisor, but maybe of the structure of the abelian
surface if possible (nontrivial endomorphisms? isogenous to products of elliptic curves?). As far as the
author knows, the understanding of abelian surfaces admitting some nontrivial torsion points on their
theta divisor is still very limited.

Finally, to give an idea of the margin the tubular Runge condition gives for n > 2 (in terms of the
number of places which are not “taken” by the automatic bad places), we can easily see that the number
of places of (Q(¢,) which are archimedean or above a prime factor of » is less than n/2. Hence, we can
find examples of extensions L of Q(¢,) of degree n such that some points defined on it still can satisfy the
tubular Runge condition. This is also where using the full strength of tubular Runge theorem is crucial:
for n =2, one can compute that some points of the boundary are contained in 6 different divisors D 4 p,
and for general even n, a similar analysis gives that the intersection number m is quartic in n, which
leaves a lot less margin for the places of nonintegrality (or even none at all).

Proof of Theorems 7.11 and 7.12. As announced, this result is an application of the tubular Runge theorem
(Theorem 5.1) to A3 (”)fib(;n) (Definition-Proposition 6.6) and the divisors D,, , 5 (Definition 7.10), whose
properties will be used without specific mention. We reuse the notations of the hypotheses of Theorem 5.1
to explain carefully how it is applied.

(HO) The field of definition of Az(n)qS: is @Q(&,), and the ring over which our model A, (n)3 is built is
Z1¢&,, 1/n], hence Sy is made up with all the archimedean places and the places above prime factors of n.
There is no need for a finite extension here as all the D,, ,;, are divisors on Ax(n)S.

(H1) The model A, (n)qS: is indeed normal projective, and we know that the D, , , are effective Weil
divisors hence Cartier divisors up to multiplication by some constant by Proposition 6.8. For any finite
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extension L of Q(¢,), the number of orbits r;, is the number of divisors D,, ;5 (as they are divisors on
the base model), i.e., n4/2 + 2 (Proposition 7.9(c)).

(H2) The chosen closed subset Y of A, (n)%({,,) is the boundary, namely

aAZ(”)é{)(;n) = AZ(”)%@”)\AZ(”)Q(Q)'

We have to prove that the tubular conditions given above correspond to a tubular neighborhood. To do this,
let ) be the boundary A, (n)%\ A (n) and g, . .., g, homogeneous generators of the ideal of definition of
Y after having fixed a projective embedding of A>(n). Let us find an Mg(,,)-constant such that £(U) is
included in the tubular neighborhood of 9.4, (n)f)(g‘n) in A, (n)%)({n) associated to C and g1, ..., g. For
the places w not above M;° or a prime factor of n, the fact that P = (A, A, ;) does not reduce in Y
modulo w is exactly equivalent to A having potentially good reduction at w hence we can choose ¢, =0
for the places v of Q(¢,) not archimedean and not dividing n. For archimedean places, belonging to U
for an embedding o : L — C implies that gy, ..., g, are small, and we just have to choose ¢, strictly
larger than the maximum of the norms of the g;(U N V;) (in the natural affine covering (V;); of the
projective space), independent of the choice of v € MEDO( ) Finally, we have to consider the case of places
above a prime factor of n. To do this, we only have to recall that having potentially good reduction can
be given by integrality of some quotients of the Igusa invariants at finite places, and these invariants are
modular forms on I';(1). We can add those who vanish on the boundary to the homogeneous generators
g1, ..., &n and consider ¢, = 0 for these places as well. This is explicitly done in Section 8C for A;(2).

(TRC) As said before, there are n*/2 + 2 divisors considered, and their generic fibers are ample by

Proposition 7.9. Furthermore, by Propositions 7.3 and 7.5, outside the boundary, at most (7> —3) can have

nonempty common intersection, and this exact number is attained only for products of elliptic curves.
This gives the tubular Runge condition

4
(n?® —3)s; < % +2,
which concludes the proof.
For n =2, the union of the ten D, , ; is made up with the moduli of products of elliptic curves, and
they are pairwise disjoint outside d A>(2) (Proposition 7.9(b)), hence the simply expressed condition
s7. < 10 in this case. O

8. The explicit Runge result for level two

To finish this paper, we improve and make explicit the finiteness result of Theorem 7.11, as a proof of
principle of the method.

Before stating Theorem 8.2, we need some notations. In level two, the auxiliary functions are deduced
from the ten even theta constants of characteristic two, namely the functions ©,,,2(t) (notation (6-11)),
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with the quadruples m going through
E = {(0000), (0001), (0010), (0011), (0100), (0110), (1000), (1001), (1100), (1111)} (8-1)

(see Sections 6C and 7A for details). We recall [van der Geer 1982, Theorem 5.2] that these functions

define an embedding
VA (2) > P°
- 4 (8-2)
T (("Dm/z(f))meE
which induces an isomorphism between A2(2)¢S: and the subvariety of P° (with coordinates indexed by
m € E) defined by the linear equations

X1000 — X1100 + X1111 — X1001 = 0 (8-3)
X0000 — X0001 — X0110 — X1100 = 0 (8-4)
X0110 — X0010 — X1111 + X0011 = 0 (8-5)
X0100 — *0000 + X1001 + X0011 = 0 (8-6)
X0100 — X1000 + X0001 — X0010 = 0 (8-7)

(which makes it a subvariety of [P*) together with the quartic equation

2
(Zx;) —43 x5 =0. (8-8)

meE meE

Remark 8.1. For the attentive reader, the first linear equation has sign (+1) in x111; whereas itis (—1) in
[van der Geer 1982], as there seems to be a typographic mistake there: we found the mistake during our
computations in Sage in Section 8C and found the correct sign using Igusa’s relations [1964, Lemma 1
combined with the proof of Theorem 1].

There is a natural definition for a tubular neighborhood of ¥ = dA,(2): for a finite place v, as in
Theorem 7.11, we choose V, as the set of triples P = (A, A, a») where A has potentially bad reduction
modulo v. To complete it with archimedean places, we use the classical fundamental domain for the
action of Sp,(Z) on H, denoted by F, (see [Klingen 1990, §1.2], for details). Given some parameter
t > +/3/2, the neighborhood V (¢) of 8A2(2)5§ in A2(2)QSj is made up with the points P whose lift 7 in
F» (for the usual quotient morphism H, — A (1)) satisfies Im(t4) > ¢, where 14 is the lower-right
coefficient of 7. We choose V (¢) as the archimedean component of the tubular neighborhood for every
archimedean place. The reader knowledgeable with the construction of Satake compactification will have
already seen such neighborhoods of the boundary.

Notice that for a point P = (A, A, a2) € A2(2)(K), the abelian surface A is only defined over a finite
extension L of K, but for prime ideals *J3; and 3, of O above the same prime ideal 3 of Ok, the
reductions of A modulo B3| and ‘3, are of the same type because P € A>(2)(K). This justifies what we
mean by “semistable reduction of A modulo 3" below.
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Theorem 8.2. Let K be a number field and P = (A, A, a2) € A2(2)(K) where A has potentially good
reduction at every finite place.

Let sp be the number of prime ideals '3 of Ok such that the semistable reduction of A modulo B is a
product of elliptic curves. We denote by h r the stable Faltings height of A.

(a) If K = Q or an imaginary quadratic field and
lsp| <4

then
h(y(P)) <10.75, hr(A) < 828.

(b) Let t > ~/3/2 be a real number. If for every embedding o : K — C, the point P, € A>(2)¢ does not
belong to V (t), and

Ispl + M| < 10

then
h(y(P)) <4mt+8.44, hr(A) <2mt+5+533log(mt+5)

Remark 8.3. Previous versions gave a bound i2x(A) < 1070. This was actually due to an error in
comparing the height of i/ (P) and the Faltings height, and this error worsened the bounds, hence the
slightly better new bound.

The Runge condition for (b) is a straightforward application of our tubular Runge theorem. For (a), we
did not assume anything on the point P at the (unique) archimedean place, which eliminates six divisors
when applying Runge’s method here, hence the different Runge condition here (see Remark 5.2(b)).

The principle of proof is very simple: we apply Runge’s method to bound the height of ¥ (P) when P
satisfies the conditions of Theorem 7.11, and using the link between this height and Faltings height given
in [Pazuki 2012, Corollary 1.3], we know we will obtain a bound of the shape

hr(P) = f (1)

where f is an explicit function of ¢, for every point P satisfying the conditions of Theorem 7.11.

At the places of good reduction not dividing 2, the contribution to the height is easy to compute thanks
to the theory of algebraic theta functions devised in [Mumford 1966; 1967]. The theory will be sketched
in Section 8A, resulting in Proposition 8.4.

For the archimedean places, preexisting estimates due to Streng for Fourier expansions on each of the
ten theta functions allow us to make explicit how only one of them can be too small compared to the
others, when we are outside of V (¢). This is the topic of Section 8B.

For the places above 2, the theory of algebraic theta functions cannot be applied. To bypass the problem,
we use Igusa invariants (which behave in a well-known fashion for reduction in any characteristic) and
prove that the theta functions are algebraic and “almost integral” on the ring of these Igusa invariants,
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with explicit coefficients. Combining these two facts in Section 8C, we will obtain Proposition 8.7, a
less-sharp avatar of Proposition 8.4, but explicit nonetheless.

Finally, we put together these estimates in Section 8D and obtain the stated bounds on 4 o ¢ and the
Faltings height.

8A. Algebraic theta functions and the places of potentially good reduction outside of 2. The goal of
this part is the following result.

Proposition 8.4. Let K be a number field and 3 a maximal ideal of Ok, of residue field k(°B3) with
characteristic different from 2. Let P = (A, A, ap) € A2(2)(K). Then, Y (P) € P°(K) and:

(a) If the semistable reduction of A modulo ‘B is a product of elliptic curves, the reduction of ¥ (P)
modulo P has exactly one zero coordinate, in other words every coordinate of W (P) has the same
B-adic norm except one which is strictly smaller.

(b) If the semistable reduction of A modulo * is a jacobian of hyperelliptic curve, the reduction of ¥ (P)
modulo B has no zero coordinate, in other words every coordinate of ¥ (P) has the same *B-adic

normi.

To link ¥ (P) with the intrinsic behavior of A, we use the theory of algebraic theta functions, devised
in [Mumford 1966; 1967] (see also [David and Philippon 2002; Pazuki 2012]). As it is not very useful
nor enlightening to go into detail or repeat known results, we only mention them briefly here. In the
following, A is an abelian variety of dimension g over a field k and L an ample symmetric line bundle on
A inducing a principal polarization A. We also fix n > 2 even, assuming that all the points of 2n-torsion
of A are defined over k and char(k) does not divide n (in particular, we always assume char(k) # 2). Let
us denote formally the Heisenberg group G(n) as the set

G(n) :=k* x (Z/nZ)® x (Z/nZ)8
equipped with the group law
(@,a,b)-(o,ad,b):= (@a'e@m/maV 41 4 b+b)

(contrary to the convention of [Mumford 1966, p. 294], we identified the dual of (Z/nZ)$ with itself).
Recall that A[n] is exactly the group of elements of A(k) such that TX*(L®") = L®"; indeed, it is by
definition the kernel of the morphism ¢y en =n¢ from A to A (see the references mentioned in the proof
of Proposition 6.12).

Proof. Given the datum of a theta structure on L®", i.e., an isomorphism B : G(L®") = G(n) which is
the identity on k* (see [Mumford 1966, p. 289] for the definition of G(L®")), one has a natural action
of G(n) on T'(A, L®") (a consequence of Proposition 3 and Theorem 2 of [Mumford 1966]), hence for
n > 4 the following projective embedding of A:

Vg A— [F"Zzg_l

(3-9)
x> (1, a, b) - (58" (X)) abe@/nz)es
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where 59 is a nonzero section of I'(A, L), hence unique up to multiplicative scalar (therefore ¥4 only
depends on #). This embedding is not exactly the same as the one defined in [Mumford 1966, p. 298 ] (it
has more coordinates), but the principle does not change at all. One calls Mumford coordinates of (A, L)
associated to B the projective point ¥g(0) € pr*-1 (k).

Now, one has the following commutative diagram whose rows are canonical exact sequences [Mumford
1966, Corollary of Theorem 1],

0 ——k* —— G(L®") Aln] 0
bk
0 k* G(n) (Z/n2)* — 0,

where «,, is a symplectic level n structure on A[n] (Definition 6.1), called the symplectic level n structure
induced by B. Moreover, for every x € A(k), the coordinates of g (x) are (up to constant values for each
coordinate, only depending on B) the ¥4 1 ([n]x + o, (a, b)) (see Definition 6.11). In particular, for any
a,be (Z/nZ)8,

V(0)ap =05 o, (a,b) €Oy 1. (8-10)

Furthermore, for two theta structures 8 and 8’ on [1]*L inducing «,,, one sees that 8’ o 87! is of the
shape («, a, b) — (a- f(a, b), a, b), where f has values in n-th roots of unity, hence ¥4 and ¥z only
differ multiplicatively by n-th roots of unity.

Conversely, given the datum of a symplectic structure o, on A[2r], there exists an unique symmetric
theta structure on [n]* L which is compatible with some symmetric theta structure on [2rn]* L inducing a»;,
[Mumford 1966, p. 317 and Remark 3 p. 319]. We call it the theta structure on [n]*L induced by oy,.
Thus, we just proved that the datum of a symmetric theta structure on [n]*L is intermediary between a
level 2n symplectic structure and a level n symplectic structure (the exact congruence group is easily
identified as I'g(n, 2n) with the notations of [Igusa 1966]).

Now, for a triple (A, L, ay,) (notations of Section 6A), when A is a complex abelian variety, there
exists T € H, such that this triple is isomorphic to (A, L, a¢2,) (Definition-Proposition 6.3). By
definition of L, as a quotient (6-3), the sections of L®" canonically identify to holomorphic functions ¢
on C$¢ such that, Vp, g € 7% and Vz € C8,

D (z+prq) =TT (), (8-11)

and through this identification one sees (after some tedious computations) that the symmetric theta
structure 8; on L;@” induced by a2, acts by

2w ~t

(e, a, D) - ﬂ)(z)—aexp<—a a+==a (z—i—b)) (Z+%[+%)’

where @ and b are lifts of a and b in 78 (the result does not depend on this choice by (8-11)). Therefore, by
Vg and the theta functions with characteristic (formula (6-12)), the Mumford coordinates of (A, L, a,)
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(with the induced theta structure 8 on L®") are exactly the projective coordinates

(|

2g_1
a/n’];/n(.[)(T))a’beizk/zzg c P" ((]:)’

where the choices of lifts @ and b for a and b still do not matter.

In particular, for every T € H,, the point ¥ (t) can be intrinsically given as the squares of Mumford
coordinates for 8;, where the six odd characteristics (whose coordinates vanish everywhere) are taken
out. The result only depends on the isomorphism class of (A;, L., o7 2), as expected.

Finally, as demonstrated in paragraph 6 of [Mumford 1967] (especially the theorem on page 83), the
theory of theta structures (and the associated Mumford coordinates) can be extended to abelian schemes
(Definition 6.5) (still outside characteristics dividing 2n), and the Mumford coordinates in this context
lead to an embedding of the associated moduli space in a projective space as long as the fype of the sheaf
is a multiple of 8 (which for us amounts to 8 | n). Here, fixing a principally polarized abelian variety A
over a number field K and 13 a prime ideal of Ok not above 2, this theory means that given a symmetric
theta structure on (A, L) for L®" where 8 | n, if A has good reduction modulo 93, this theta structure has a
natural reduction to a theta structure on the reduction (A, L) for L&", and this reduction is compatible
with the reduction of Mumford coordinates modulo 3. To link this with the reduction of coordinates
of i, one just has to extend the number field K of definition of A so that all 8-torsion points of A are
defined over K (in particular, the reduction of A modulo 3 is semistable), and consider a symmetric theta
structure on L®8. The associated Mumford coordinates then reduce modulo 3, and making use of (8-10)
and Propositions 7.3 and 7.5 over the residue field, one of the Mumford coordinates coming from the
2-torsion does not vanish. We can now consider only the coordinates coming from the 2-torsion and it
yields Proposition 8.4 (not forgetting the six ever-implicit odd characteristics). g

8B. Evaluating the theta functions at archimedean places. We denote by H, the Siegel half-space of
degree 2, and by > the usual fundamental domain of this half-space for the action of Sp,(Z) (see [Klingen
1990, §1.2] for details). For t € H,, we denote by y, the imaginary part of the lower-right coefficient of 7.

Proposition 8.5. For every T € H, and a fixed real parameter t > /32, one has:
(a) Amongst the ten even characteristics m of E, at most six of them can satisfy

|©/2(1)] < 0.42 max|®,, > (7)].
m'eE

(b) If the representative of the orbit of T in the fundamental domain F, satisfies y4 < t, at most one of

the ten even characteristics m of E can satisfy
|@m/2(T)| < 0.747e™ max| @ 2(7)l.
m

Proof. First, we can assume that T € 7; as the inequalities (a) and (b) are invariant by the action of Sp,(Z),
given the complete transformation formula of these theta functions [Mumford 2007, §I1.5]. Now, using the
Fourier expansions of the ten theta constants (mentioned in the proof of Definition-Proposition 7.7) and
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isolating their respective dominant terms (such as in [Klingen 1990], proof of Proposition I'V.2), we obtain
explicit estimates. More precisely, Proposition 7.7 of [Streng 2010] states that, for every T = (2 Z) e B
(which is a domain containing ), one has

|©/2(t) — 1] < 0.405,  me{(0000)(0001),(0010),(0011)}.

O 2(7)
‘26”7—"51/2 — 1] < 0.348, me{(0100),(0110)}.
®m/2(f)
‘zein—u/Z — 1| <0.348, me{(1000),(1001)}.
®m/2(f)
TP e Ve 1| < 0.438, me{(1100),(1111)},

with g,, =1 if m = (1100) and —1 if m = (1111).
Under the assumption that y4 < ¢ (which induces the same bound for Im 7; and 2 Im 1,), we obtain

0.595 < [®,,2(7)| < 1.405,  me{(0000)(0001),(0010),(0011)}.

1.304e~71/? < |Om/2(T)| <0.692,  me{(0100).(0110),(1000),(1001)}.
1.05¢7™" < |©p2(7)| < 0.855,  m=(1100).
|©m/2(t)| <0.855, m=(111)

Thus, we get (a) with 9222 > 0.42, and (b) with 52e ™" > 0.747¢ 7" O

8C. Computations with Igusa invariants for the places above 2 case. In this case, as emphasized before,
it is not possible to use Proposition 8.4, as the algebraic theory of theta functions does not work.
We have substituted it in the following way.

Definition 8.6 (auxiliary polynomials). Foreveryi e {1, ..., 10}, let ; be the i-th symmetric polynomial
in the ten modular forms ®,§1 PIAS E (notation (8-1)). This is a modular form of level 4i for the whole
modular group Sp,(Z).

Indeed, each @?n P is a modular form for the congruence subgroup I'2(2) of weight 4, and they are
permuted by the modular action of I'>(1) [Mumford 2007, §II.5]. The important point is that the ¥; are
then polynomials in the four Igusa modular forms 4, ¥, x10 and x12 [Igusa 1967, pp. 848-849]. We can
now explain the principle of this paragraph: these four modular forms are linked explicitly with the Igusa
invariants (for a given jacobian of an hyperelliptic curve C over a number field K'), and the semistable
reduction of the jacobian at some place v | 2 is determined by the integrality (or not) of some quotients of
these invariants, hence rational fractions of the modular forms. Now, with the explicit expressions of the
Y; in terms of ¥4, V¥, x10 and x12, we can bound these X; by one of the Igusa invariants, and as every
®§1 2 is a root of the polynomial

PX)=X"— 52X+ 2X8 - 53X+ Ty X0 — 55X + S X — 7 X4 4+ S5 X2 — S0 X + 210,
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we can infer an explicit bound above on the @fn P /A, with a well-chosen normalizing factor A such that
these quotients belong to K. Actually, we will even give an approximate shape of the Newton polygon of
the polynomial A'°P(X /1), implying that its slopes (except maybe the first one) are bounded above and
below, thus giving us a lower bound for each of the [®,, 2],/ max, cg|Om 2]y, €xcept maybe for one m.
The explicit result is the following.
Proposition 8.7. Let K be a number field, (A, L) a principally polarized jacobian of dimension 2 over
K and t© € H, such that (A;, L;) = (A, L).

Let B be a prime ideal of K above 2 such that A has potentially good reduction at R, and the reduced
(principally polarized abelian surface) is denoted by (Asz, Lyz). By abuse of notation, we forget the

normalizing factor ensuring that the coordinates ©,, /2(t)8 belong to K.

(a) If (Ass, Lyyp) is the jacobian of a smooth hyperelliptic curve, all the m € E satisfy

1O /2(7)8| g
max, e |Om 2(T)8|p

> |2]33.

(b) If (A, Lep) is a product of elliptic curves, all the m € E except at most one satisfy

1Om2(T)3 |
maX,/'cE |®m’/2(f)8|q3

> 213

Proof. The most technical part is computing the ¥; as polynomials in the four Igusa modular forms.
To do this, we worked with Sage in the formal algebra generated by some sums of @il P with explicit
relations (namely, yo, ..., y4 in the notations of [Igusa 1964, pp. 396-397]). The total computation time,
done on a laptop PC, was approximately twelve hours (including the verification of the results). The
algorithms and details of their construction is available on a Sage worksheet (in Jupyter format).! An
approach based on Fourier expansions might be more efficient, but as there is no clear closed formula for
the involved modular forms, we privileged computations in this formal algebra. For easier reading, we
slightly modified the Igusa modular forms into A4, ke, k10, h12 defined as

ha =2-¢4=%Z®§1/2
mekE
h6 = 22 . w6 = Z :l:(®m|/2®m2/2®’Vl3/2)4
{mi,my,m3}CE
syzygous
‘ (8-12)
hio =2 x10=2 1_[ 02
mekE
hi2=2'9-3- =3 Z 1_[ On2
CCE meE\C
C Gopel

([Tgusa 1967, p. 848] for details on these definitions, notably syzygous triples and Gopel quadruples).
The third expression is not explicitly a polynomial in yy, ..., y4, but there is such an expression, given

I This worksheet can be found at http://msp.org/ant/2019/13-1/ant-v13-n1-x01-Igusainvariants.ipynb.
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on page 397 of [Igusa 1964]. We also used to great benefit (both for understanding and computations)

Section 1.7.1 of [Streng 2010].

Now, the computations in Sage gave us the following formulas (the first and last one being trivial given

(8-12), were not computed by the algorithm)

T =2hy (8-13)
=3n (8-14)
B3 = 5oy — s+ g (8-15)
Ba= grahi- 2133h4h2 22 hahiz + Zhehio (8-16)
55 = sriahi = sy + 23531121112 2%3h4h6h10+ L 8-17)
B = 55515 — 535 e+ 5 x5hiz — a5 h3hehio
2473h4h et = s+ gl (8-18)
¥ = 21341121112 3 34h4h6h10+ 2‘31;2}31}1%0 . 34h4h his
+ o 32h4h 57 34h 7o = 53 32h6h10h12 (8-19)
S5 = ok 2h3,+ ! ———h3h?, — L hahehiohis + = = h2h?, “h%ohlz (8-20)
2233410 9232 2.3 23.3376710 7 53
%9 = 57 §2h4h10h12+22733h6h +§h?2 (8-21)
o= 2—14h‘1‘0 (8-22)

Remark 8.8. The denominators are always products of powers of 2 and 3. This was predicted by Ichikawa

[2009], as all Fourier expansions of ©,,/> (therefore of the X;) have integral coefficients. Surprisingly,
the result of [Ichikawa 2009] would actually be false for a Z[1/3]-algebra instead of a Z[1/6]-algebra,
as the expression of X3 (converted as a polynomial in ¥y, ¥, x12) shows, but this does not provide a

counterexample for a Z[1/2]-algebra.

Now, let C be a hyperelliptic curve of genus 2 on a number field K and P a prime ideal of Ok

above 2. We will denote by |-| the norm associated to 3 to lighten the notation. Let A be the jacobian

of C and J,, Jua, Js, J3, J1o the homogeneous Igusa invariants of the curve C, defined as in [Igusa 1960,

pp. 621-622] up to a choice of hyperelliptic equation for C. We fix t € H; such that A; is isomorphic

to A, which will be implicit in the following (i.e., 14 denotes h4(7) for example). By [Igusa 1967, p. 848]
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applied with our normalization, there is an hyperelliptic equation for C (and we fix it) such that

1hia

J 8-23
2= 3 (8-23)
Js = 51 (hiz 2 4) (8-24)
2 th
1 (h},  hshpp
Js= 5 33(h3 —6 4—4h6) (8-25)
1 [t hah? heh
= 5, 33(hf 12 ;ZU-+16 Zuf-—rzhi) (8-26)
10
1
Jio = 2Thlo- (8-27)

Let us now figure out the Newton polygons allowing us to bound our theta constants.

(a) If A has potentially good reduction at J3, and this reduction is also a jacobian, by Proposition 3 of
[Igusa 1960], the quotients J; >/ J1o, J; >/ JlO’ Jg >/ J]30 and 185 / J140 are all integral at 3. Translating it into
quotients of modular forms, this gives

5 5
)tz <1
Jio A,
A e o ha | 1
72| 12/5 25| =
Tio h]O/ h1</)
A n? hah he |°
J_g =12/ hlé?S —6 28/152 + h3?5 =1
10 10 10 10
A ht, hah? heh n P
_i |2|7 24/5 —12 414/152 +16 69/22 —12 44/‘5 =1L
J10 hio g o hio
By successive bounds on the three first lines, we obtain
hy _ he _ hiz _
—| <1217 | = 1217, ngg <2785, (8-28)
10 10 10

Using the expressions of the X; ((8-13)—(8-22)), we compute that for every i € {1, ..., 10}, one has
|E /h2’/5| < |2)% with the following values of A;:

i 10 9 8 7 6 5 4 3 2 1
| —20 _4 112 156 _ 125 7 4
l

_44 8 _ — 125 IE}
5 5 5 5 5

=
3
w
Q
—
=N

104 _
5

|
|

5 5

and for i = 10, it is an equality. Therefore the highest slope of the Newton polygon is at most E “vp(2),
whereas the lowest one is at least —= - vp(2), which gives part (a) of Proposition 8.7 by the theory of
Newton polygons.
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(b) If A has potentially good reduction at *J3 and the semistable reduction is a product of elliptic curves,

defining
Iy=J5 =25/, = h—z‘* (8-29)
1
Iy =—8J} +9JJ4Js — 2702 — J3Js = m(zhi —hd), (8-30)
Py =223 Js = hy — 12hahi,hiy + 16hehiohy, — 120507, (8-31)

(which as modular forms are of respective weights 4, 12 and 48), by Theorem 1 (parts (V) and (V)) of
[Liu 1993], we obtain in the same fashion that

ha

1/12
Py

hio
5/24
Py

he
/8
48

< 2|77, <273

— ’

<2177 (8-32)

Using the Newton polygon for the polynomial of (8-31) defining P4g, one deduces quickly that

<1272 (8-33)

As before, with the explicit expression of the ¥;, one obtains that the |X;/ P‘ié 12| are bounded by |2|*
with the following values of A:

ij10 9 8 7 6 5 4 3 2 1
1 (8-34)

hy|—28 7L =53 55 84 71 64 _jy =29 10

This implies directly that the highest slope of the Newton polygon is at most % -vp(2). Now, for the
lowest slope, there is no immediate bound which was expected; in this situation, Xy = 2*4h‘1‘0 can be
relatively very small compared to P458/ .

As Pyg is in the ideal generated by /g, #12 (in other words, is cuspidal) and dominates all modular
forms hy, he, h10, h12, one of h1g and h 1, has to be relatively large enough compared to Psg. In practice,
we get (with (8-32), (8-33) and (8-31))

ey o [

Py P
Now, if hyg is relatively very small (for example, |h1o/ P458/ 24| < 12|Y/01h )5 / P418/ 4|), we immediately get
|hi2/ P418/ 4| =1 and | X/ P438/ 4| = 1. Computing again with these estimates for /¢ and />, we obtain that
the |X;/ Pié 12| are bounded by |2|* with the following slightly improved values of A,

i9 8 7 6 5 4 3 2 1
84 —

o 32 51 —84 —71 —64 44 =29 —I0
Ai 3 73 14 = =

The value at i =9 is exact, hence the second lowest slope is then at least —% “vp(2).
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0,0) (10, 0)
| ElO_i/hi()lofz)/s

Figure 4. When the reduction of A is a jacobian.

If it is not so small, we have a bound on v (X10/ P468/ 5), hence the Newton polygon itself is bounded
(and looks like the first situation). In practice, one finds that the lowest slope is at least —%7 -vp(2), hence
all others slopes are at least this value, and this concludes the proof of Proposition 8.7(b). O

Remark 8.9. In characteristics # 2, 3, Theorem 1 of [Liu 1993] and its precise computations on pages 4
and 5 give the following exact shapes of Newton polygons (notice the different normalization factors).

In particular, when A reduces to a jacobian, the theta coordinates all have the same B3-adic norm and
when A reduces to a product of elliptic curves, exactly one of them has smaller norm; in other words, we
reproved Proposition 8.4, and the Newton polygons have a very characteristic shape.

The idea behind the computations above is that in cases (a) and (b) (with other normalization factors),
the Newton polygons have a shape close to these ones, therefore estimates can be made. It would be
interesting to see what the exact shape of the Newton polygons is, to maybe obtain sharper results.

8D. Wrapping up the estimates and end of the proof. We can now prove the explicit refined version of
Theorem 7.11, namely Theorem 8.2.

Proof of Theorem 8.2. In case (a), one can avoid the tubular assumption for the archimedean place
of K; indeed, amongst the ten theta coordinates, there remain 4 which are large enough with no further
assumption. As |sp| < 4, there remains one theta coordinate which is never too small (at any place). In
practice, normalizing the projective point ¥ (P) by this coordinate, one obtains with Propositions 8.5(a)
(archimedean places) 8.4 (finite places not above 2) and 8.7 (finite places above 2)

21/

2
h(y (P)) < —410g(0.42) + Ter Zzn log(2) < 10.75

after approximation.

vp

~— (10—i)/3
ElO—i/hig &

Figure 5. When the reduction of A is a product of elliptic curves.
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In case (b), one has to use the tubular neighborhood implicitly given by the parameter ¢, namely
Proposition 8.5(b) for archimedean places, again with Propositions 8.4 and 8.7 for the finite places, hence

we get
21/2
h(y(P)) < 4log(e™/0.747) + —— ) n,log(2) <4mt+8.44
[K : Q] UZZ: '
after approximation.
Finally, we deduce from there the bounds on the stable Faltings height by Corollary 1.3 of [Pazuki
2012] (with its notations, he (A, L) = h(Yy(P))/4). U

It would be interesting to give an analogous result for Theorem 7.12, and the estimates for archimedean
and finite places not above 2 should not give any particular problem. For finite places above 2, the method
outlined above can only be applied if, taking the symmetric polynomials X1, ..., ¥z, in well-chosen
powers © nbyn(T) for &, b € 72, we can figure out by other arguments the largest rank ko for which Zko
is cuspidal but not in the ideal generated by /9. Doing so, we could roughly get back the pictured shape
of the Newton polygon when /g is relatively very small (because then ¥ is relatively very small for
k > ko by construction). Notice that for this process, one needs some way to theoretically bound the
denominators appearing in the expressions of the X; in hy, k¢, k19, h12, but if this works, the method can
again be applied.
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Algebraic cycles on genus-2 modular fourfolds
Donu Arapura

To the memory of my father

This paper studies universal families of stable genus-2 curves with level structure. Among other things, it
is shown that the (1, 1)-part is spanned by divisor classes, and that there are no cycles of type (2, 2) in the
third cohomology of the first direct image of C under projection to the moduli space of curves. Using this,
it shown that the Hodge and Tate conjectures hold for these varieties.

One of the goals of this article is to extend some results from Shioda’s study [1972] of elliptic modular
surfaces to families of genus-2 curves. We recall that elliptic modular surfaces f : Cy.1[n] — M1 1[n]
are the universal families of elliptic curves over modular curves. Among other things, Shioda showed
that C 1,1[n] has maximal Picard number in the sense that H Licc 1.1[n]) is spanned by divisors. He also
showed that the Mordell-Weil rank is zero. A related property, observed later by Viehweg and Zuo [2004],
is that a certain Arakelov inequality becomes equality. As they observe, this is equivalent to the map

1 1
f*wél.l["]/ﬁl.l[n] - QMH[n](IOg D)®R f*Oél.l[n]

induced by the Kodaira—Spencer class being an isomorphism. The divisor D is the discriminant of f.
In this paper, we study universal curves f’: C»[I'] = M;[I'] over the moduli space of stable genus-2
curves with generalized level structure. The level I' is a finite-index subgroup of the mapping class
group I['». The classical level n-structures correspond to the case where I' is the preimage ['(n) of the
principal congruence subgroup I'(n) C Sp,(Z). We fix a suitable nonsingular birational model f : X — Y
for f'. Let D C Y be the discriminant, and U = Y — D. We show that, as before, for a classical level, the
Mordell-Weil rank of PiCO(X ) — Yiszeroand H"'(X) is spanned by divisors. These results are deduced
from Raghunathan’s vanishing theorem [1967]. We also prove an analogue of Viehweg—Zuo that the map

Q) (log D) ® frwx )y — Q3 (log D) ® R f.Ox

is an isomorphism. We will see that this implies that there are no cycles of type (2, 2) in the mixed Hodge
structure H(U, R' f,C). As an application, we deduce that the Hodge conjecture holds for X. We also
show that the Tate conjecture holds for X for a classical level using, in addition, Faltings’ p-adic Hodge
theorem [1988] and Weissauer’s work [1988] on Siegel modular threefolds.

Partially supported by a grant from the Simons foundation.
MSC2010: 14C25.
Keywords: Hodge conjecture, Tate conjecture, moduli of curves.
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If X is a complex variety, then unless indicated otherwise, sheaves should be understood as sheaves on
the associated analytic space X"

1. Hodge theory of semistable maps

We start with some generalities. By a log pair X = (X, E), we mean a smooth variety X together with
a divisor with simple normal crossings E. We usually denote log pairs by the symbols X, ), ... with
corresponding varieties X, Y, .... Given X, set

QL =Q4(logE) and Ty =(QL)".

Recall that a semistable map f : (X, E) — (Y, D) of log pairs is a morphism f : X — Y such that
f~'D = E and étale locally it is given by

Y1 =X1""Xpp,

Yk = xrk,1+1 v ‘xrka

Yi+1 = Xpp+1,

where y; --- yx =0 and x; - - - x,, =0 are local equations for D and E respectively. We will say f is log
étale if it is semistable of relative dimension zero. (This is a bit more restrictive than the usual definition).
Fix a projective semistable map f : (X, E) — (¥, D). The map restricts to a smooth projective map
fofromU=X—EtoU=Y —D. Let
Qlyjy = Ly, y(log E).

The sheaf £™ = R™ f?Q is a local system, which is part of a variation of Hodge structure. Let
V™ = R™ f,£2% 5, with filtration F" induced by the stupid filtration R™ f*Qil/’y. It carries an integrable
logarithmic connection
ViV Qe V"
such that ker V|y = Cy ® L£™. Griffiths transversality
V(F) c Q@ F/!
holds. The relative de Rham to Hodge spectral sequence
E; =R/ f,.Q% = R Q% )
degenerates at E; by [Illusie 1990, Corollaire 2.6; Fujisawa 1999, Theorem 6.10]. Therefore
Gry V" = R" 7P £,.Q5 .
The Kodaira—Spencer class
K:O0y > QLR f,Tx)y (D
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is given as the transpose of the map
Ty — R' f,Tx/y
induced by the sequence
0— TX/y — TX —> f*Ty — 0.
Proposition 1.1. The associated graded
- - —1

Gr(V): R"77 f,QF ,, — Q@ R" ”Hf*Qf(/y

coincides with cup product and contraction with k.

Proof. In the nonlog setting, this is stated in [Katz 1970, Theorem 3.5], and the argument indicated there

extends to the general case. O

By [Arapura 2005], we can give H' (U, R’ f,Q) a mixed Hodge structure by identifying it with the
associated graded of H'*/ (ﬁ , Q) with respect to the Leray filtration. It can also be defined intrinsically
using mixed Hodge module theory, but the first description is more convenient for us. We will need a
more precise description of the Hodge filtration. We define a complex

Kxjy(m, p)=[R" P £,.Qh , 2> QL @ R" P f,Q07) 45 Q3 @ R™PH2£,Q % .
Proposition 1.2. Grl H\(U, R’ f,.C) = H' (Kx/y(j, p)).
Proof. (Compare with [Zucker 1979, 2.16].) Define a filtration
L'Q =im f*Q), @ Q.
Then
Grj @ = /"2, ® R[]

from which we deduce that

Gry RfQ%y = Q) ® R yl—i]. 2)
Therefore, we obtain a spectral sequence

LE}) = MM (Gr) REQ) S Q)@ R Q%) = Q)@ VI = R .0
Recall that to L we can associate a new filtration Dec(L) [Deligne 1971] such that
pec() Eg! Z L EF I

Therefore we obtain a quasiisomorphism

Griee(r) RAEQ = Q5@ V7] 3)

This becomes a map of filtered complexes with respect to the filtration induced by Hodge filtration
F? = Q3" On the right of (3), it becomes

FPrQy,@V ' =F'V' 5> Q@F 'V ...
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The relative de Rham to Hodge spectral sequence
FE1=RI£,Q = R £,Q ),

degenerates at £ [Illusie 1990, Corollaire 2.6; Fujisawa 1999, Theorem 6.10]. Therefore by [Deligne
1971, 1.3.15], we can conclude that (3) is a filtered quasiisomorphism.
The spectral sequence associated to the filtration induced by Dec(L) on RT"(R f,.£2%,)

pecny EyY = H¥H (Y, @5, @ V') = H¥+ (U, R £,C)

coincides with Leray after reindexing. Therefore this degenerates at the first page by [Deligne 1968]. The
above arguments plus [Deligne 1971, 1.3.17] show that F-filtration on the H*+/ (Y, Q3,® V™) coincides
with the filtration on pec(r)Eco, Which is the Hodge filtration on H 2iti(y, R f+«C). The proposition
follows immediately from this. g

One limitation of the notion of semistability is that it is not stable under base change. In order to handle
this, we need to work in the broader setting of log schemes [Kato 1989]. We recall that a log scheme
consists of a scheme X and a sheaf of monoids M on X together with a multiplicative homomorphism
o : M — Oy such that « induces an isomorphism o ™! (O%) = O%. Alog pair (X, E) gives rise to a log
scheme where M is the sheaf of functions invertible outside of E. If f : (X, E) — (Y, D) is semistable,
and  : (Y, D) — (Y, D) is log étale in our sense, then X’ = X xy Y’ can be given the log structure
pulled back from Y’. Then X" — Y’ becomes a morphism X’ — )’ of log schemes, which is log smooth
and exact. Logarithmic differentials can be defined for log schemes [Kato 1989], so the complexes
K x1/y(m, p) can be constructed exactly as above. Since 7 is log €tale, we easily obtain:

Lemma 1.3. With the above notation, t*K x;y(m, p) = Kx1/y (m, p).

Let us spell things out for curves. Suppose that f : X — ) is semistable with relative dimension 1.
From
1 1 1
0—> Q) —>Qy—>Qyy—>0
we get an isomorphism
Qljy = det Q) ® (det Q)™ = wy,y.

The complex Ky ,y(1, i) satisfies
Kajy(1,D) =9y ® fuwx)y — 2@ R' f.0x],

where the first term sits in degree i — 1. We note that this complex, which we now denote by K,y (1, i),
can be defined when X /Y is a semistable curve in the usual sense (a proper flat map of relative dimension 1
with reduced connected nodal geometric fibres). In general, any such curve carries a natural log structure
[Kato 2000], and the differential of this complex can be interpreted as a cup product with the associated
Kodaira—Spencer class. Consequently, given a map 7 : X’ — X of curves over Y, we get an induced map
of complexes 7* : Kx,y(1,i) — Kx//y/(1,1i). Finally, we note that these constructions can be extended
to Deligne-Mumford stacks, such as the moduli stack of stable curves M,, without difficulty.
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2. Consequences of Raghunathan’s vanishing

Let M, be the moduli space of smooth projective curves of genus g, let M, , be the moduli space of
smooth genus-g curves with n marked points, and let A, be the moduli space of principally polarized
g-dimensional abelian varieties. The symbols My, A, etc. will be reserved for the corresponding moduli
stacks. We note that dim M, = 3. The Torelli map t : M, — Aj is injective and the image of M, is the
complement of the divisor parametrizing products of two elliptic curves. As an analytic space, M3" is
a quotient of the Teichmiiller space 7, by the mapping class group I'>. Given a finite-index subgroup
[ C 'y, let M[I"'] = T,/ I'. We view this as the moduli space of curves with generalized level structure.
When I' = T'(n) is the preimage of the principal congruence subgroup I'(n) € Sp,(Z) under the canonical
map 'y — Sp4(Z), the space M,[n] := MZ[F(n)] is the moduli space of curves with classical (or abelian
or Jacobi) level n-structure. It is smooth and fine as soon as n > 3, and defined over the cyclotomic field
Q(e¥/™). More generally M;[I"] is smooth, and defined over a number field, as soon as I' C F(n) with
n > 3. We refer to I" as fine, when the last condition holds. Torelli extends to a map M>[n] — Aj[n] to
the moduli space of abelian varieties with level n-structure.

Let M, denote the Deligne-Mumford compactification of M,. The boundary divisor A consists of a
union of two components Ag U A;. The generic point of A( corresponds to an irreducible curve with a
single node, and the generic point of A corresponds to a union of two elliptic curves meeting transversally.
Let 77 : M»[I'] = M, denote the normalization of M in the function field of M5[']. When I" = F(n),
we denote this by M>[n]. On the other side A;[n] has a unique smooth toroidal compactification, first
constructed by Igusa, and 7 extends to an isomorphism between M»[n] and the Igusa compactification
[Namikawa 1980, §9]. The space M,[I'] is smooth, when ' = F(n), n > 3, and in some other cases
[Pikaart and de Jong 1995]. Suppose that n > 3. The boundary D = M[n]—M>[n] is a divisor with normal
crossings. Let D; = 7~ 'A;. Since D; parametrizes unordered pairs of (generalized) elliptic curves with
level structure, its irreducible components are isomorphic to symmetric products M 1.1[n] x M 1.1[n1/ 82
of the modular curve of full level n. Let C L.mlnl/ M 1.m[n] denote the pullback of the universal elliptic
curve under the canonical map M 1.mln] — f\_/lll’m. The components of Dy are birational to the elliptic
modular surfaces C 1.1[n] [Oda and Schwermer 1990, §1.4].

Given a fine level structure T, let C,[I'] — M>[I'] be the pullback of the universal curve from M.
The space C,[I'] will be singular [Boggi and Pikaart 2000, Proposition 1.4], so we will replace it with a
suitable birational model f : X — Y whose construction we now explain. If I' = F[n], we set Y = Ms[n].
As noted above, Y is smooth. For other I'’s, we choose a desingularization ¥ — M,[T'] which is an
isomorphism over M;[I'"] and such that boundary divisor D has simple normal crossings. We have a
morphism ¥ — M to the moduli stack, which is log étale. It follows in particular that Qr]\7nz (log A) pulls
back to Qly(log D). The space Y will carry a stable curve X’ — Y obtained by pulling back the universal
family over M. The space X’ will be singular, however:

Lemma 2.1. (a) X' will have rational singularities.

(b) There exists a desingularization 7w : X — X' such that X — Y is semistable.
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(¢) The map w : X — X' can be chosen so as to have the following additional property. After extending

scalars to Q, let E be a component of an exceptional divisor of . Then:

() If m(E) is a point, E is a rational variety.
(i) If n(E) = C is a curve, there is a map E — C such that the pullback under a finite map C—>C
is birational to P* x C.
(iii) If @ (E) is a surface, there is a map E — D;, for some i, such that the pullback of E to an étale
cover 51’ — Dj is birational to P! x 5,~.
(v) If dimnm(E) = 3, then E — nw(E) is birational.

(d) Kxyy(1,i) = Kyy(1,i).

Proof. The singularities of X’ are analytically of the form xy = tfté’ t5. These are toroidal singularities, in
the sense that is local analytically, or étale locally, isomorphic to a toric variety. (This is a bit weaker
than the notion of toroidal embedding in [Kempf et al. 1973], but it is sufficient for our needs.) Such
singularities are well known to be rational; see [Kempf et al. 1973; Viehweg 1977]. Item (b) follows from
[de Jong 1996, Proposition 3.6].

To prove (c), we need to recall some details of the construction of X from [de Jong 1996]. First, as

explained in the proof of [loc. cit., Lemma 3.2], one blows up a codimension-2 component 7" C X ;ing.
The locus T is an étale cover of some component D;. Furthermore, from the description in [loc. cit.] we
can see that T is compatible with the toroidal structure. Consequently, we can find a toric variety V with
torus fixed point 0, and an étale local isomorphism between X’ and V x T, over the generic point of T,
which takes T to {0} x T. This shows that, over the generic point, the exceptional divisor E to T is étale
locally a product of 7" with a toric curve. So we get case (iii). Note that this step is repeated until the
X ;ing
[loc. cit., Proposition 3.6] shows that the required blow ups are also compatible with the toroidal structure

has codimension at least 3. One does further blow ups to obtain X. An examination of the proof of

in the previous sense. If the centre of the blow up is a point, then the exceptional divisor is toric and we
have case (i1). If the centre is a smooth curve C, we obtain case (ii). The last item (iv) is automatic for
blow ups.

By the remarks at the end of the last section, there is a commutative diagram marked with solid arrows

Q' ® fiwxyy —— QL @ R £,0x
| |
n*TI”* n*Tlﬂ*

_ + +
Q' ® fiwoxyy — QL@ R £,0x

Since X' has rational singularities, the dotted arrows labelled with 7, are isomorphisms, and these are
left inverse to the arrows labelled with 7 * Therefore 7* are also isomorphisms, and this proves (d). [

We refer to f : X — Y constructed in Lemma 2.1 as a good model of C»[T'] = M5[T]. We let
U=Y—D, E=f"'D,and U = X — E as above.
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Corollary 2.2. After extending scalars to Q, let Ey be an irreducible component of E for a classical fine
level F(n). Then there exists a dominant rational map E 1 --»> Eq, where E 1 is one of

(1) Crilnl x My [n],

(2) Cialnl,

3) Cl,l[m] X [P’]for some n|m,

@) 1\711,1[m] X ]\7[1,1[m] X [P’lforsome n|m,
(5) a product of P2 with a curve,

©6) P>

Proof. The preimage of D; in C;[n] parametrizes a union of pairs of (generalized) elliptic curves with
level structure together with a point on the union. It follows that a component of E dominating D; is
dominated by C 1.1[n] x M 1.1[n]. The preimage of Dy in Co[n]is a family of nodal curves over Dy; its
normalization is C 12[n]. Therefore a component of E dominating Dy is birational to C 12[n]. Case (3)
follows from Lemma 2.1(ciii) once we observe that an étale cover of C 1.1[n] is dominated by C 1.10m]
for some n | m. This is because we have a surjection of étale fundamental groups

A (M 1[n]) Z 77 (Craln]) = 7 (Cha[n)
[Cox and Zucker 1979, Theorem 1.36], and {M 1[m]}, |, is cofinal in the set of étale covers of M 1[n].
Case (4) is similar. The remaining cases follow immediately from the lemma. g
Proposition 2.3. When T = T'(n), withn > 3, H'(U, R' ,C) = 0.

Proof. As explained above, Y = Mj[n] = Az[n] and U = As[n] — DY, where DY = Dy — Dy. Let
g : Pic’(X/Y) — Y denote the relative Picard scheme. Then R' f,C = R'g,C|y. We have an exact
sequence

H'(As[n], R'g.C) - H' (U, R' f,C) - H°(D?, R'g,0).

The group on the left vanishes by Raghunathan [1967, p. 423, Corollary 1]. The local system R'g,C| D?
decomposes into a sum of two copies of the standard representation of the congruence group I' (n) C SL;(Z).
Therefore it has no invariants. Consequently, H' (U, R! f,C) = 0 as claimed. U

Lemma 2.4. Let n denote the generic point of Y. Then we have an exact sequence
0 — Pic(U) = Pic(U) ~> Pic(X,) — 0,
where r and s are the natural maps.

Proof. Consider the diagram

l — = CU) —— CU)*®CU) —— CU)* —— 1

Jvdiv ldiv—t—div ldiv

/ /

0 —— Div(U) ——— Div(U) —— Div(X,) —— 0
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The map r’ is surjective because any codimension-1 point of X, is the restriction of its scheme-theoretic
closure. A straightforward argument also shows that s’ is injective and ker 7’ = im s”. The lemma now
follows from the snake lemma. O

Lemma 2.5. The first Chern class map induces injections

Pic(U)/ Pic®(X) ® Q — H*(U, Q), 4)
Pic(U)/Pic®(Y) ® @ — H?*(U, Q). (5)

Proof. To prove (4), we observe that there is a commutative diagram with exact lines

Pic(U)/Pic’(X) ® @
I
_ . ¥
Pic(U) ® @ ————— H*(U, Q)
Pic’(X) ® @ —— Pic(X) ® @ ——— H2(X, Q)
D QE; D QlE;]

The existence and injectivity of the dotted arrow follows from this diagram. Existence and injectivity of
the map of (5) is proved similarly. O

We refer to the group of C(Y) rational points of Pic’(X ») as the Mordell-Weil group of X/Y.
Theorem 2.6. Let f : X — Y be a good model oféz[n] — Mj[n], where n > 3:

(a) The space H LX) is spanned by divisors.
(b) The rank of the Mordell-Weil group of X/Y is zero.

Proof. We have an sequence
P a1 — H*(X) - Gry H*U) -0

of mixed Hodge structures. So for (a), it suffices to show that the (1, 1)-part of rightmost Hodge structure
is spanned by divisors. The Leray spectral sequence together with Proposition 2.3 gives an exact sequence

0— H*(U, Q) — H*U) — H'(U, R* £.0) > 0
of mixed Hodge structures. Therefore, we get an exact sequence

0— Gr¥ H*(U, f,Q) — GtYf H>(U) — Gr¥¥ H°(U, R* £,Q) — 0.
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The space on the right is 1-dimensional and spanned by the class of any horizontal divisor. We can
identify
Gry H*(U, f.Q) = GrY H*(U, Q)

with a quotient of H?(Y). Weissauer [1988, p. 101] showed that H'-!(Y) is spanned by divisors. This
proves (a).

By Lemma 2.4, we have isomorphisms
Pic(U) .. Pic(U)/ Pic’(X)
Pic(U) ~ Pic(U)/ Pic’(Y)
and, by Lemma 2.5, the last group embeds into H 2(17 ,Q)/H*(U, Q). Therefore, Pic’(X n) ® Q embeds
into

Pic(X,) ® Q =

ker[H2(U, Q) —» H2(X,, Q)]

=H'(U, R £,Q) =0,

H2(U, Q)
where ¢ € U. For the first isomorphism, we use the fact the Leray spectral sequence over U degenerates
by [Deligne 1968]; the second is Proposition 2.3. O

3. Key vanishing

Let us fix a fine level structure I' € I',. We do not assume that it is classical. Choose a good model
f:X —Y for C»[T'] = M,[T], with U, E, U as above. Our goal in this section is to establish the
vanishing of GrfP H3(U, R' f,C). This is the key fact which, when combined with Lemma 4.3 proved
later on, will allow us to prove the Hodge conjecture for X.

Theorem 3.1. K,y (1, 2) is quasiisomorphic to 0.

Proof. The moduli stack M is smooth and proper, the boundary divisor has normal crossings, and the
universal curve is semistable. So we can define an analogue of K (1, 2) on it. Since the canonical map
Y — M, is log étale, K x /v (1,2) is the pullback of the corresponding complex on the moduli stack. So
we replace Y by M, and X by the universal curve M ;.

Set

H = fioxy.
By duality, we have an isomorphism

H = R'f,0%.
Thus the Kodaira—Spencer map

H—Q,®H"
induces an adjoint map

(H)®* > Q5.

This factors through the symmetric power to yield a map

S*H — Q). (6)
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After identifying M, = A,, and PicO(X /Y) with the universal semiabelian variety, we see that (6) is an
isomorphism by [Faltings and Chai 1990, Chapter IV, Theorem 5.7].
With the above notation K (1, 2) can be written as

QLoH > Q3®H".

We need to show that the map in this complex is an isomorphism. It is enough to prove that the map is
surjective, because both sides are locally free of the same rank. To do this, it suffices to prove that the
adjoint map

K Q) ®(H)® — Q3

is surjective. Let «” denote the restriction of «’ to Q;, ® S?H. We can see that we have a commutative

diagram
1 277 K 2
QL ®STH £ Q2
1 1A 2
Qloal -2
This implies that «”, and therefore «”’, is surjective. O

From Proposition 1.2, we obtain:

Corollary 3.2. Gr% H*(U, R f,C) = 0.

Remark 3.3. The referee has pointed out that for a classical level, a short alternative proof of the corollary
can be deduced using Faltings’ BGG resolution as follows. It suffices to prove Gr% H*(A,[T'], R'f/C)=0,
where f’ is the universal abelian variety, because the restriction map to Gr% H*(U, R! £,C) can be seen
to be surjective. By [Faltings and Chai 1990, Chapter VI, Theorem 5.5] (see also [Petersen 2015,
Theorem 2.4] for a more explicit statement) Gry. H*(A>[I'], R! f+C) is zero unless a € {0, 1, 3, 4}.

4. Hodge and Tate

Given a smooth projective variety X defined over C, a Hodge cycle of degree 2p is an element of
Homps (Q(—p), H*P(X, @)), and given a smooth projective variety X defined over a finitely generated
field K, an ¢-adic Tate cycle of degree 2p is an element of } Héztp(X ® K, Qu(p))Gal&/L) a5 L/K runs
over finite extensions. The image of the cycle maps from CH?(X) @ Q or CH? (X ® K) ® Q; lands in
these spaces. We say that the Hodge or Tate conjecture holds for X (in a given degree) if the space of
Hodge or Tate cycles (of the given degree) are spanned by algebraic cycles. Here is the main result of the
paper:

Theorem 4.1. Let f : X — Y be a good model of Cy[T] = M;[T], where T C T is a fine level:

(A) The Hodge conjecture holds for X.
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(B) WhenT = F(n) is a classical level, the Tate conjecture holds for X.
We deduce this with the help of the following lemmas.
Lemma 4.2. Let X| and X, be smooth projective varieties defined over a finitely generated field:

(1) If X1 and X, are birational, then the Tate conjecture holds in degree 2 for X if and only if it holds
for X».

(2) If the Tate conjecture holds in degree 2 for X and there is a dominant rational map X| --+ X, then
the Tate conjecture holds in degree 2 for X»; if the Tate conjecture holds in degree 2d for X and
there is a surjective regular map X1 --+ X», then the Tate conjecture holds in degree 2d for X».

(3) Ifthe Tate conjecture holds in degree 2 for X;, then the Tate conjecture holds in degree 2 for X| x X».
Proof. See [Tate 1994, Theorem 5.2]. O

Lemma 4.3. Let f: (X, E) — (Y, D) be a semistable map of smooth projective varieties with dimY =3
and dim X = 4. Suppose that
Gr% H*(U, R' £,C) =0,

where U =Y — D. Then the Hodge conjecture holds for X.

Proof. Also let U =X — E. Since X is a fourfold, it is enough to prove that Hodge cycles in H*(X) are
algebraic. The other cases follow from the Lefschetz (1, 1) and hard Lefschetz theorems. Using the main
theorems of [Deligne 1968; Arapura 2005], and the semisimplicity of the category of polarizable Hodge
structures, we have a noncanonical isomorphism of Hodge structures

Gry H*(U) = GrY H*(U, f,Q) ®Gr) H*(U, R £.Q) @Gty H>(U, R*f,Q). (7)

1 11 11

The first summand I can be identified with
HY(Y) ~7 H*(Y)
> im H2(Dj)(—-1) ~ \ Y. L~'im H2(D;)(-1) )’

where L is the Lefschetz operator with respect to an ample divisor on Y. The Lefschetz (1, 1) theorem

im[H*(Y) > HY(U)] =

shows that the Hodge cycles in I are algebraic.
We have an isomorphism Qg = R? £°Q, under which 1 € H°(U, @) maps to the class of a multisection
[o] € H(U, R? f2Q). Thus the summand /II can be identified with

o1Vl (Y) — B2y = VD)
Y lolUlD;]
It follows again, by the Lefschetz (1, 1) theorem, that any Hodge cycle in the summand //] is al-
gebraic. This is also vacuously true for /I because, by assumption, there are no Hodge cycles in
Gry H3(U, R Q).
From the sequence
P H*(EN(-1) > H*(X) —> Gr)f H*({U) — 0
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we deduce that
H*(X) = @ im H(E;)(—1) @ Gry H*(U) (noncanonically).
Therefore all the Hodge cycles in H*(X) are algebraic. O

Lemma 4.4. Let f : (X, E) — (Y, D) be a semistable map of smooth projective varieties defined over a
finitely generated subfield K C CwithdimY =3 and dim X = 4. Let U =Y — D. Suppose that

Grz H*(U, R' £,C) =0,

that HY\(Y) is spanned by algebraic cycles, and that the Tate conjecture holds in degree 2 for the
components E; of E. Then the Tate conjecture holds for X in degree 4.
Proof. By the Hodge index theorem

(, p) = L tr(e U B)

gives a positive definite pairing on the primitive part of H*(X), and this can be extended to the whole of
H* by hard Lefschetz. Let

Sg =y im H*(E;(C), O)(1) € H*(X(C), C)(2),
Suag = »_im H'(E;, Qp,) € H*(X, Q%).
Se= Y im HG(E; ® K, Q1)) € Hy(X ® K, Qu(2)),
where the images above are with respect to the Gysin maps. Set
Ve = H'(X(C), ©)(2)/Ss,
Viag = H*(X, Q%) /Shde»
Vi=H}(X® K, Qu(2))/S,.

Observe that Vg is a Hodge structure and V; is a Galois module. Let us say that a class in any one of
these spaces is algebraic if it lifts to an algebraic cycle in H*(X) or H*(X, Qg(). Let us write

Tate(-) = ) ()M,

[L:K]<o0

where (—) can stand for V; or any other Galois module. Clearly
dim(space of algebraic classes in V;) < dim Tate(Vy). (8)

We also claim that
dim Tate(V) < dim Vygqe. 9)

This will follow from the Hodge-Tate decomposition. After passing to a finite extension, we can
assume that all elements of Tate(H*(X, Q;(2))) and Tate(V,) are fixed by Gal(K /K). Let K, denote
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the completion of K at a prime lying over ¢, and let C; = I/?\ ¢ By [Faltings 1988] there is a Hodge—Tate
decomposition, i.e., a functorial isomorphism of Gal(K, /K ¢)-modules

Hy(X ® K, Q(2) ®a, Cc = P H (X, Q%) ®k Co2—D).

a+b=4
This is compatible with products, Poincaré/Serre duality, and cycle maps. Since we can decompose
H;(X RK,Q(2) =S Sj- as an orthogonal direct sum, and this is a decomposition of Gal(K /K)-
modules, an element of y € Tate(Vy) can be lifted to y; € Tate(Hgt(X ® K, Q(2))). This gives a
Gal([?g/Kg)—invariant element of H;(X ® K, Q;(2))®Cy, and thus an element of Y € H*(X, QE() RK,.
Let 3 € Vhae ® K¢ denote the image. One can check that y +— y3 is a well-defined injection of
Tate(Vy) ® K¢ — Vhag ® K. This proves that (9) holds.

As in the proof of Lemma 4.3, we can split Vg(—2) as

V(=) =1 oI,

where the summands are defined as in (7). Arguing as above, but with the stronger assumption that H ! (Y)
is algebraic, we can see that the (not necessarily rational) (2, 2)-classes in [ and /1] are algebraic, and
that /1 has no such classes. Therefore Vygq is spanned by algebraic classes. Combined with inequalities
(8) and (9), we find that every element of Tate(V;) is an algebraic class. Therefore given a Tate cycle
y € Tate(Hét(X ® K, @/(2))), there is an algebraic cycle y’ so that y — y’ € S;. This means that y — y’
is the sum of images of Tate cycles in H>(E;). By assumption, this is again algebraic. U

Lemma 4.5. Let X be a smooth projective variety defined over a finitely generated subfield K C C. If
H“\(X) is spanned by divisors, the Tate conjecture holds for X in degree 2.

Proof. This is similar to the previous proof. We have inequalities
rank NS(X) < dim Tate(HZ (X ® K, Q,(1))) < k"1 (X),

where the second follows from Hodge-Tate. Since H'-!(X) is spanned by divisors, we must have equality
above. O

Proof of Theorem 4.1. The statement (A) about the Hodge conjecture follows immediately from
Corollary 3.2 and Lemma 4.3.

We now turn to part (B) on the Tate conjecture. We break the analysis into cases. Tate in degree 2
follows from Theorem 2.6 and Lemma 4.5. Hard Lefschetz then implies Tate in degree 6. In degree 4,
by Lemmas 4.2 and 4.4, it is enough to verify that H!(Y) is spanned by divisors and that the Tate
conjecture holds in degree 2 for varieties rationally dominating components of the divisor E. The first
condition for Y is due to [Weissauer 1988, p. 101]. By Corollary 2.2, irreducible components of E are
dominated by El,l[n]xl\?l’l[n], Cl,z[n], 61,1[m]x[|3’1, Ml’l[m]xﬂl,l[m], P2 times a curve, or P4,
The Tate conjecture in degree 2 is trivially true for the last two cases. The Tate conjecture in degree 2 for
the other cases follows from [Gordon 1993, Theorem 5] and Lemma 4.2. O
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Part (B) of the previous theorem can be extended slightly. Suppose that I' C I'; is the preimage of
a finite-index subgroup of Sp,(Z) such that M5[I'] is smooth. With this assumption, we may choose a
good model X — Y of C»[I"] = M,[I'], with Y = M,[T].

Corollary 4.6. The Tate conjecture holds for X as above.

Proof. We first note that I' contains some I'(n), because the congruence subgroup problem has a positive
solution for Sp,(Z) [Bass et al. 1967]. Therefore the good model X|[n] for F(n) surjects onto X. Since
we know that Tate holds for X[n], it holds for X by Lemma 4.2. Ol
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Average nonvanishing of Dirichlet L-functions
at the central point

Kyle Pratt

The generalized Riemann hypothesis implies that at least 50% of the central values L (%, X) are nonvan-
ishing as x ranges over primitive characters modulo g. We show that one may unconditionally go beyond
GRH, in the sense that if one averages over primitive characters modulo ¢ and averages g over an interval,
then at least 50.073% of the central values are nonvanishing. The proof utilizes the mollification method
with a three-piece mollifier, and relies on estimates for sums of Kloosterman sums due to Deshouillers
and Iwaniec.

1. Introduction

It is widely believed that no primitive Dirichlet L-function L(s, x) vanishes at the central point s = %
Most of the progress towards this conjecture has been made by working with various families of Dirichlet
L-functions. Balasubramanian and Murty [1992] showed that, in the family of primitive characters
modulo ¢, a positive proportion of the L-functions do not vanish at the central point. Iwaniec and Sarnak
[1999] later improved this lower bound, showing that at least % of the L-functions in this family do not
vanish at the central point. Bui [2012] improved this further to 34.11%, and Khan and Ngo [2016] showed
at least % of the central values are nonvanishing! for prime moduli. Soundararajan [2000] worked with a
family of quadratic Dirichlet characters, and showed that % of the family do not vanish at s = % These
proofs all proceed through the mollification method, which we discuss in Section 2 below.

If one assumes the generalized Riemann hypothesis, one can show that at least half of the primitive
characters x (mod ¢g) satisfy L(%, X) # 0 [Balasubramanian and Murty 1992; Sica 1998; Miller and
Takloo-Bighash 2006, Exercise 18.2.8]. One uses the explicit formula, rather than mollification, and the
proportion % arises from the choice of a test function with certain positivity properties.

It seems plausible that one may obtain a larger proportion of nonvanishing by also averaging over
moduli g. Indeed, Iwaniec and Sarnak [1999] already claimed that by averaging over moduli one can
prove at least half of the central values are nonzero. This is striking, in that it is as strong, on average, as

the proportion obtained via GRH.

MSC2010: primary 11MO06; secondary 11M26.
Keywords: Dirichlet L-function, nonvanishing, central point, mollifier, sums of Kloosterman sums.

1A clear preference for “non-vanishing” or “nonvanishing” has not yet materialized in the literature. We exclusively use the
latter term throughout this work.
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A natural question is whether, by averaging over moduli, one can breach the 50% barrier, thereby
going beyond the immediate reach of GRH. We answer this question in the affirmative.

Let Z;( 2 denote a sum over the primitive characters modulo ¢, and define ¢*(q) to be the number of
primitive characters modulo g.

Theorem 1.1. Let V be a fixed, nonnegative smooth function, compactly supported in [% 2], which

satisfies

/ Y(x)dx > 0.
R

Then for Q sufficiently large we have

q q * q q &
U= )|— 1 >0.50073 Ul —=|)|— .
2 ()0 2 12000730 (3)sae @

L(3.0)#0
Thus, roughly speaking, a randomly chosen central value L(%, X) is more likely nonzero than zero.
We remark also that the appearance of the arithmetic weight ¢ /¢(q) is technically convenient, but not
essential.

2. Mollification and a sketch for Theorem 1.1

The proof of Theorem 1.1 relies on the powerful technique of mollification. For each character y we
associate a function v (), called a mollifier, that serves to dampen the large values of L(% X)- By the
Cauchy—-Schwarz inequality we have

\quQZE}(q)L(%’XW(X)‘ Z S 2-1)
qugzx(q)|L(§’X)W( )| 9<0  x(q)

L(5.0)#0
The better the mollification by v, the larger proportion of nonvanishing one can deduce.
It is natural to choose ¥ (x) such that

1
VOO~ —4—-
L(3 x)
Since L(%, X) can be written as a Dirichlet series
o
Z X (n) (2-2)
this suggests the choice -
() x (£)
VOO Y = (2-3)

f=y
We have introduced a truncation y in anticipation of the need to control various error terms that will arise.
We write y = QY, where 6 > 0 is a real number. At least heuristically, larger values of @ yield better
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mollification by (2-3). Iwaniec and Sarnak [1999] made this choice (2-3) (up to some smoothing), and
found that the proportion of nonvanishing attained was

0

150 (2-4)

When 6 = 1 we see (2-4) is exactly %, so we need 6 > 1 in order to conclude Theorem 1.1. This seems
beyond the range of present technology. Without averaging over moduli we may take 6 = % —¢&, and the
asymptotic large sieve of Conrey, Iwaniec, and Soundararajan [Conrey et al. 2011] allows one to take
6 =1 — ¢ if one averages over moduli. This just falls short of our goal.

Thus, a better mollifier than (2-3) is required. Part of the problem is that (2-2) is an inefficient
representation of L(% X)- A better representation of L(% X) may be obtained through the approximate
functional equation, which states

x (n) X (n)
L(%’X)% Z iz +e00) Z /2" (2-5)

n=q'/? n=q'’?

Here €() is the root number, which is a complex number of modulus 1 defined by

1 h
«O=rm 2 x(h)e(g)- (2-6)

h (mod g)

Inspired by (2-5), Michel and VanderKam [2000] chose a mollifier

w(®)x (&) p &) x (€)
v~y BT — s el )y B —am 2-7)
E<y < y
We note that Soundararajan [1995] earlier used a mollifier of this shape in the context of the Riemann
zeta function.
For y = Q%, Michel and VanderKam found that (2-7) gives a nonvanishing proportion of
20
—_— 2-8
14260 (2-8)
Thus, we need 8 = % + ¢ in order for (2-8) to imply a proportion of nonvanishing greater than % However,
the more complicated nature of the mollifier (2-7) means that, without averaging over moduli, only the
choice 6 = ﬁ — ¢ is acceptable [Khan and Ngo 2016].

As we allow ourselves to average over moduli, however, one might hope to obtain (2-8) for 6 = % +e.
Again we fall just short of our goal. Using a powerful result of Deshouillers and Iwaniec on cancellation
in sums of Kloosterman sums (see Lemma 5.1 below) we shall show that § = % — ¢ is acceptable, but
increasing 0 any further seems very difficult. It follows that we need any extra amount of mollification in

. . < . 1
order to obtain a proportion of nonvanishing strictly greater than 3.
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The solution is to attach yet another piece to the mollifier ¥ (), but here we wish for the mollifier to
have a very different shape from (2-7). Such a mollifier was utilized by Bui [2012], who showed that

(2-9)

A X (b
VB(X) ~ _ZZ (b)) x (b) x (c)

(bc)l/z

is a mollifier for L(%, X)- It turns out that adding (2-9) to (2-7) gives a sufficient mollifier to conclude
Theorem 1.1.
One may roughly motivate a mollifier of the shape (2-9) as follows. Working formally,

L LG X (r) ()X () () x (v)
L(%’X) _L(%’X)L Z;Z (rsv)l/2
~ Z 3 10gr X p(s)x () ) x (v)

logg (rsv)l/2

r,s,v

Z Z (1 xlog) (u) X (u) () x (v)

(uv)uz

log q

One might wonder what percentage of nonvanishing one can obtain using only a mollifier of the
shape (2-9). The analysis for Bui’s mollifier is more complicated, and it does not seem possible to write
down simple expressions like (2-4) or (2-8) that give a percentage of nonvanishing for (2-9) in terms of 6.
If one assumes, perhaps optimistically, that averaging over moduli allows one to take any 6 < 1 in (2-9),
then some numerical computation indicates that the nonvanishing percentage does not exceed 27%, say.

We remark that, in the course of the proof, the main terms are easily extracted and we have no need
here for the averaging over moduli. We require the averaging over moduli in order to estimate some of
the error terms.

The structure of the remainder of the paper is as follows. In Section 3 we reduce the proof of
Theorem 1.1 to two technical results, Lemmas 3.3 and 3.4, which give asymptotic evaluations of certain
mollified sums. In Section 4 we extract the main term of Lemma 3.3, and in Section 5 we use estimates
on sums of Kloosterman sums to complete the proof of this lemma. Section 6 similarly proves the main
term of Lemma 3.4, but this derivation is longer than that given in Section 4 because the main terms are
more complicated. In the final section, Section 7, we bound the error term in Lemma 3.4, again using
results on sums of Kloosterman sums.

3. Proof of Theorem 1.1: first steps

Let us fix some notation and conventions that shall hold for the remainder of the paper.

The notation a = b(q) means a = b (mod ¢), and when a(q) occurs beneath a sum it indicates a
summation over residue classes modulo g.

We denote by € an arbitrarily small positive quantity that may vary from one line to the next, or even
within the same line. Thus, we may write X2¢ < X¢ with no reservations.
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We need to treat separately the even primitive characters and odd primitive characters. We focus
exclusively on the even primitive characters, since the case of odd characters is nearly identical. We write
Z;( o for a sum over even primitive characters modulo ¢, and we write @1 (q) for the number of such
characters. Observe that ¢ (q) = %(p*(q) +0().

We shall encounter the Ramanujan sum ¢, (n) (see the proof of Proposition 5.2), defined by

cq(n) = Z e<aq—n>.

a(q)
(a,q)=1

We shall only need to know that ¢, (1) = u(q) and |c,(n)| < (g, n), where (g, n) is the greatest common
divisor of ¢ and n.

We now fix a smooth function W as in the statement of Theorem 1.1, and allow all implied constants
to depend on W. We let Q be a large real number, and set y; = Q% fori € {1, 2, 3}, where 0 < 6; < % are
fixed real numbers. We further define L =log Q. The notation o(1) denotes a quantity that goes to zero
as Q goes to infinity.

Let us now begin the proof of Theorem 1.1 in earnest. As discussed in Section 2, we choose our
mollifier ¥ (x) to have the form

V(x) =vis(x) +¥B(X) + ¥mv(x), (3-1)
where
p€)  (log(yi/f)
v1s(x) :zg'l Iz Pl( log yi )
1 Ab)p(e)x(b)x(c) , (log(y2/bc)
B0 =7 ng: b2 Pz( oz vs ) (3-2)

) x (L 1 ¢
0 =0 T GO (TR

€=y
The smoothing polynomials P; are real and satisfy P;(0) = 0. For notational convenience we write
1 .
P,-( Og(yz/x)) _ Pl
log y;

There is some ambiguity in this notation because of the y;-dependence in the polynomials, and this needs
to be remembered in calculations.
Now define sums S7 and S, by

=Y \P(%)L S LA )0,
a
o

p v(q) ol

SFZ
q

(3-3)
) SLG v ool
®(q) o
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We apply Cauchy—Schwarz as in (2-1) and get

2
Z\p(ﬁ>i ST 1> 58 (3-4)
p QJe@) 7 A
L(5.0#0
The proof of Theorem 1.1 therefore reduces to estimating S; and S,. We obtain asymptotic formulas for
these two sums.

Lemma 3.1. Suppose 0 < 6,6, <1and0 <63 < % Then

6> ~ q) q
Si=|( P P5(1 —P(1 1 Ul = )|— ,
1 ( 1(1) + P3( )+2 > (1) +o( )) Eq <Q (p(q)sﬂ (q)

where

f"z(x)zfx Py(u) du.
0

Lemma 3.2. Let 0 < 0y, 6,605 < % with 6, < 61, 65. Then

1 1
s, = (2P, (1) Ps(1 P12—/P’ 24 A 1) \p(i>i+,
) ( HDPs(D)+ P17+ o A 1 (x)2 dx + i+ +o(1) ; ) )

where .
k=36, P3(1) Py(1) — 202/ Py (x)P3(x)dx
and ’
—x)

2 1 ! / 2 5 ! 92(1
)\.:PI(I) +9— Pl(x) dx—@zPl(l)P2(1)+2t92 P 1—0—
1J0 1

)Pz(x)dx
0
1 _ 1
+@/ Pl’(l—M)Pz(x)dx+922/ (1—=x)Py(x)*dx
01 Jo 01 0

6 [ 2 p/r N2 922 52, % : 2
+ = A=x)"Py(x)*dx ——=P(1)"+ — Py(x)“dx.
2 0 4 4 0

Proof of Theorem 1.1. Lemmas 3.1 and 3.2 give the evaluations of S; and S, for even characters. The
identical formulas hold for odd characters. Theorem 1.1 then follows from (3-4) upon choosing 6, =63 = %

6, =0.163, and
Py (x) = 4.86x 4+ 0.29x% — 0.96x> 4+ 0.974x* — 0.17x°,

Py(x) = —3.11x — 0.3x> + 0.87x> — 0.18x* — 0.53x>,
P3(x) = 4.86x + 0.06x>.

These choices actually yield a proportion?
> (0.50073004...,
which allows us to state Theorem 1.1 with a clean inequality. O

2 A Mathematica file with this computation is included with this paper on arXiv at https://arxiv.org/e-print/1804.01445v1.
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We note without further comment the curiosity in the proof of Theorem 1.1 that the largest permissible
value of 6, is not optimal.
We can dispense with Sy quickly.

Proof of Lemma 3.1. Apply [Bui 2012, Theorem 2.1] and the argument of [Michel and VanderKam 2000,
$3], using the facts L =logg + O(1) and y; = g%+, O

The analysis of S is much more involved, and we devote the remainder of the paper to this task. We
first observe that (3-1) yields

1 GO = 1Yas(x) + ¥ 001 + 2 Relyis GO vmv () + B OO ¥mv GO + ¥y GO
By [Bui 2012, Theorem 2.2] we have

SLG ) PivssGo + vsGOP = het (@) + 0L+,
x(q)

where A is as in Lemma 3.2. We also have

W(q) S L )P v oo = +( ) S L x

x(q) x(q)

2
P ==

L<y3

1 1
= P3;(1)* + o / Pj(x)?dx + O(L™'9),
3 Jo
by the analysis of the Iwaniec—Sarnak mollifier [Bui 2012, §2.3].
Therefore, in order to prove Lemma 3.2 it suffices to prove the following two results.
Lemma 3.3. For0 < 6,,03 < % we have
Vis () ¥mv (X) = (P1(1) P3(1) +o(1)) (—) —<P+(61)
Xq,:<)¢)(q)z:| | Z Q/¢@)

Lemma 3.4. Let 0 <6, <03 < 5. Then

dw ( )M)Z| ) VB 0OYMY (X)

q x(q)
= —=P3(1)P(1) -6 P P d 1 g
(2 5 (1) Py(1) 2/0 5 (x) P3(x) dx + o(1) ; M) 0T (q).

4. Lemma 3.3: main term

The goal of this section is to extract the main term in Lemma 3.3. The main term analysis is given in
[Michel and VanderKam 2000, §6], but as the ideas also appear in the proof of Lemma 3.4 we give details
here.

We begin with two lemmas.
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Lemma 4.1. Let x be a primitive even character modulo q. Let G(s) be an even polynomial satisfying

G(0) = 1, and which vanishes to second order at % Then we have

X(m)x(n)
{ ‘ _222 (mn)1/2 (_)

q
where
1 G
V(x) = / (H) GOy (4-1)
27Tl o) 1“2( ) h)
Proof. See [Iwaniec and Sarnak 1999, (2.5)]. The result follows along the lines of [Iwaniec and Kowalski
2004, Theorem 5.3]. O

We remark that V satisfies V (x) <4 (1 +x)~4, as can be seen by moving the contour of integration
to the right. We also note that the choice of G (s) in Lemma 4.1 is almost completely free. In particular,
we may choose G to vanish at whichever finite set of points is convenient for us (see (4-6) below for an
application).

Lemma 4.2. Let (mn, q) = 1. Then

>z =5 3 Y nwip).

vw=q
x(q) Bt

Proof. See [Bui and Milinovich 2011, Lemma 4.1], for instance. ]

We do not need the averaging over ¢ in order to extract the main term of Lemma 3.3. We insert
the definitions of the mollifiers {s(x) and vy (X), then apply Lemma 4.1, and interchange orders of
summation. We obtain

S ) PussGova ()

x(q)
u)p(3) Pi€]P3[¢3] n + 3
IR D T e B Dy sV () 2 xmataze. @)
(f]zfz,qu;:l

Opening €(x) using (2-6) and applying Lemma 4.2, we find after some work [Iwaniec and Sarnak 1999,
(3.4) and (3.7)] that

2mnml €3
ST eoxmertxm = 7 5 3> 1 W)p(w) cos == (4-3)

vw=q
x(q) (e

The main term comes from m{£3 = 1. With this constraint in place we apply character orthogonality in
reverse, obtaining that the main term Mis ymv of Lemma 3.3 is

MISMV—2P1(1)P3(1)Z (X)for/lz) (q)‘

x(q)

We have the following proposition.
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Proposition 4.3. Let x be a primitive even character modulo q, and let T > 0 be a real number. Let V be
defined as in (4-1). Then

x(m) (Tn _ X(n)
Eonv(y) -t -0 me (7).

where | | Lot
1 C(58+3)T'(—355+3)G
F(x):—/ (2 4) S 28 4) (s) x5 ds. (4-4)
2mi Jay r’(3) s
Before proving Proposition 4.3, let us see how to use it to finish the evaluation of Mis my. Proposition 4.3
gives
+ 1 = X(”l)
Misav =2Pi(DP(D) Y eGOL(h ) —2Pyps() S Y X S F

x(q) x(@) n
and by the first moment analysis (see [Michel and VanderKam 2000, §3] and also Section 6 below) we
have
+ - +
2P (D) P3(1) Z e(X)L(3. %) =(1+o))2P (1) P3(1)g*(q). (4-5)
x(q)

For the other piece, we apply Lemma 4.2 to obtain

20P0 Y YA Fay = P AD Y pwna/m) Y .

x(q) n wlq n= :l:l(w)
(n,q)=1

We choose G to vanish at all the poles of
1 1 1 1
P(zs+ )0 (=35 +3)
in the disc |s| < A, where A > 0 is large but fixed. By moving the contour of integration to the right
we see

F(x) < (4-6)

1
(I +x)100°
say, and therefore, the contribution from n > ¢!/1°
1/4 1/4

is negligible. By trivial estimation the contribution

1/10

from w < ¢g'/* is also negligible. For w > ¢'/* and n < ¢

1/4

, we can only have n = £1 (mod w) if

n = 1. Adding back in the terms with n < ¢'/*, the contribution from these terms is therefore

—(1+o(1))2P1 (D) Ps(HF (g™ (q). (4-7)

Since the integrand in F (1) is odd, we may evaluate F'(1) through a residue at s = (0. We shift the line of
integration in (4-4) to Re s = —1, picking up a contribution from the simple pole at s = 0. In the integral
on the line Re s = —1 we change variables s — —s. This yields the relation F (1) =1 — F (1), whence
F(1) = 1. Combining (4-5) and (4-7), we obtain

Mismv = (1+0(1) P (1) P3(D)et(q),

as desired. This yields the main term of Lemma 3.3.
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Proof of Proposition 4.3. We write V using its definition and interchange orders of summation and

integration to get

x(n). (Tn 1 MAs+3)G66s) (q) ., _
an/zv(7) i ) s (n)T L(3+s,X)ds.

n 1)

We move the line of integration to Re s = —1, picking up a contribution of L (% )_() from the pole at s = 0.
Observe that we do not get any contribution from the double pole of Fz( s 4—11) ats = —% because of
our assumption that G vanishes at s = :I:; to second order.

Now, for the integral on the line Re s = —1, we apply the functional equation for L(% +s, )_() and then

change variables s — —s to obtain

L[ PGs+P(=35+3) 66y 1
_E(X)%/l) Fz(zlt) S (§+s,x)ds.

The desired result follows by expanding L (3 +s, x) in its Dirichlet series and interchanging the order of

summation and integration. 0

5. Lemma 3.3: error term

Here we show that the remainder of the terms in (4-2) (those with m£,€3 % 1) contribute only to the error
term of Lemma 3.3. Here we must avail ourselves of the averaging over q.
Inserting (4-3) into (4-2) and averaging over moduli, we wish to show that

u(€)pu(€3) Pil€1]1P3[43]
=Y Y () py e n

(v w) 1 e|<y

l3<y3
13, vw)=1

mn 2nnml€3v 2—e+o(1)
X ZZ (mn)1/2 ( ) ST«Q o

(mn,vw)=1

where m£1¢3 # 1, but we do not indicate this in the notation. The function Z is actually just V in (4-1),
but we do not wish to confuse the function V with the scale V that shall appear shortly.

Observe that the arithmetic weight g/¢(g) has become (v/¢(v))(w/¢(w)) by multiplicativity, and
that this factor of ¢(w) has canceled with ¢(w) in (4-3), making the sum on w smooth.

The main tool we use to bound €/ is the following result, due to Deshouillers and Iwaniec, on

cancellation in sums of Kloosterman sums.

Lemma 5.1. Let C, D, N, R, S be positive numbers, and let b, , s be a complex sequence supported in
(0, N1 x (R,2R] x (S8,2S1NN3. Let go(£, ) be a smooth function having compact support in RT x Rt
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and let g(c,d) = go(c/C,d/D). Then

rd
D330 bursgle, d)e(n;) Lego (CDNRS)K(C, D, N, R, 8)||by r.sl2,
c d n K

r

(rd,sc)=1

where

1/2
Ibx. ksl = (ZZZMM,”F)
n r N

and

K(C,D,N,R,S$)?>=CS(RS+N)(C+RD)+C?>DS/(RS+ N)R+ D>NRS™".

Proof. This is essentially [Bombieri et al. 1986, Lemma 1], which is an easy consequence of [Deshouillers
and Iwaniec 1982, Theorem 12]. O

We need to massage (5-1) before it is in a form where an application of Lemma 5.1 is appropriate.
Let us briefly describe our plan of attack. We apply partitions of unity to localize the variables and
then separate variables with integral transforms. By using the orthogonality of multiplicative characters
we will be able to assume that v is quite small, which is advantageous when it comes time to remove
coprimality conditions involving v. We next reduce to the case in which # is somewhat small. This is due
to the fact that the sum on 7 is essentially a Ramanujan sum, and Ramanujan sums experience better than
square-root cancellation on average. We next use Mdbius inversion to remove the coprimality condition
between n and w. This application of Mobius inversion introduces a new variable, call it f, and another
application of character orthogonality allows us to assume f is small. We then remove the coprimality
conditions on m. We finally apply Lemma 5.1 to get the desired cancellation, and it is crucial here that f
and v are no larger than Q€.

Let us turn to the details in earnest. We apply smooth partitions of unity (see [Blomer et al. 2017,
Lemma 1.6], for instance) in all variables, so that €; can be written

> €M, N, Ly, L3, V, W), (5-2)

M,N,Ly,L3,V,W

where

1)) wl/z ATY) v w
€ (M,N, L, Ly, V,W)= Z ZMZ(U)MW\p(E)G(V)G(W)

(v,w)=1
w ) €3) Pi[€1]1P3[45] 4y 43
8 ZZ (€13)'/? G<L_1>G<L_3>

L1=<y1

£3<y3
(143, 0w)=1

1 mn m n 2nnmiil3v
5 el )

(mn,vw)=1
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Here G is a smooth, nonnegative function supported in [% 2], and the numbers M, N, L;, V, W in (5-2)

range over powers of two. We may assume
M,N,Ly, L3, V,W>1, VW < Q, L <y.

Furthermore, by the rapid decay of Z we may assume MN < Q'*€. Thus, the number of summands
€1(M,...,W)in (5-2) is < Q°D.
Up to changing the definition of G, we may rewrite €;(M, ..., W) as

wl/2 v w vw
€1 (M,N,Li,Lz,V, W)= G|= |G| = |Y| —
: LBV <MNL1L3V>1/2%>§“(”) (V) (W) (Q

)
2.2 ﬂwoy(a)c;(ﬁ_ll)(;(ﬁ_s )

Li<yi
“;,vw)=1
mn m n 2wnmli3v
X Z| — |Gl — |G| — _
ZZ <Uw) <M) <N>COS w
(mn,vw)=1

where «, 8, y are sequences satisfying |a(v)[, |B(£1)], |y (£3)| < Q°D.

We separate the variables in Z by writing Z using its definition as an integral (4-1) and moving the
line of integration to Re s = L~!. By the rapid decay of the I' function in vertical strips we may restrict
to [Ims| < Q€. We similarly separate the variables in W using the inverse Mellin transform. Therefore,
up to changing the definition of some of the functions G, it suffices to prove that

, wl/2 v w
(M,N, Ly, L3, V, W):(MNL1L3V)1/2 E E a(v)G(v)G<W>
(v,w)=1

V4 V4
x Z ﬁ(eoy(es)G(L—i)G(L—i)

m n I’lm —e+o

Our smooth functions G all satisfy GV (x) <; Q/€ for j > 0. To save on space we write the left side of
(5-3) as simply €.
Observe that the trivial bound for € is

0t (y1y3)'/?
—v
This bound is worst when V is small. Since y; will be taken close to Ql/ 2 we therefore need to save
~ Q!? in order to obtain (5-1). The trivial bound does show, however, that the contribution from

V > Q72 is acceptably small, and we may therefore assume that V < Q'/>*2¢. Note this implies
W >> QI/Z—S.

€ < VIPWR(MN)'2 (L L3) 200V « (5-4)
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We now reduce to the case V « Q€. We accomplish this by reintroducing multiplicative characters.
The orthogonality of multiplicative characters yields

e(”m£1£3”)= LS r@xmame . (5-5)
v v @

Using the Gauss sum bound |7 (¥)| < w'/2 we then arrange € as

> xmxm)

(mn,v)=1

/

YY) x|,

(£143,v)=1

w
(MNL1L3V)1/2 Z </)(w) 2

vV
where we have suppressed some things in the notation for brevity. By Cauchy—Schwarz and character
orthogonality we obtain

Yry

x(w)' mn

L Q°VMNLL)Y>(MN +W)2(L1Ls + W)'/?,

2.2

1,43

which yields a bound of

MN)!/2 1/2 3/2(M N2 3/2 1/2 2
0" « ol )Vl/(z)’l)’3) +Q (v ) +Q (€y3) +VQ3/2‘ (5-6)

We observe that (5-6) is acceptable for V > 03, say. We may therefore assume V < Q€.

We next show that €/ is small provided N is somewhat large.

Proposition 5.2. Assume the hypotheses of Lemma 3.3. If N > M Q™% and m€43 # 1, then ¢ <
Q2_€+”(1)-

Proof. We make use only of cancellation in the sum on n, say

Sv= ). G(%)e(@)

(n,vw)=1

We use Mobius inversion to detect the condition (n, v) = 1, and then break » into primitive residue classes

Sy =S Y (admﬁlﬁgv) 5 G(dﬁn)

dlv (a,w)=1 n=a(w)

modulo w. Thus,

We apply Poisson summation to each sum on #, and obtain
admlilzv\ N ah hN _
EN—ZM(CZ) Z ( )E Z e<E>G<d >+0(Q 199,
dlv (a,w)=1 lh|<Wi+ed/N

say. The contribution of the error term is, of course, negligible. The contribution of the zero frequency
h=0to Xy is

Gom Y Y ¥ (adm£1£3”> GO~

d|v (a,w)=1
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and upon summing this contribution over the remaining variables, the zero frequency contributes
< VIPWY2(MNY 2 (3, y3) 2000 « 032

to €/, and this contribution is sufficiently small.
It takes just a bit more work to bound the contribution of the nonzero frequencies || > 0. We rearrange

N ~(hN admtlzv ah
d)— G| — —_—+—).
ZM( )dw Z (dw)(a%:zle( w + w)

dlv |h|<Wlted/N

the sum as

By a change of variables the inner sum is equal to the Ramanujan sum c,, (hmf€3v + d). Note that
hme€3v +d # 0 because m€1€3 # 1. The nonzero frequencies therefore contribute to %’1 an amount

(VWL Li;M)!'/?
<O sup Y lew(®)].
0<lkl< QoM , T3y
Since |cy, (k)| < (k, w) the sum on w is < WM Tt follows that

2
1/2M1/
N1/Z"

€ < Q4+ 0P (y1y3)

Since y; = Q% and 6; < % — 3¢, say, this bound for € is acceptable provided N > M Q. U

By Proposition 5.2 we may assume N < M Q2. Since MN < Q'*¢, the condition N < M Q%
implies N < Q!/2.

We now pause to make a comment on the condition m£,£3 7~ 1, which we have assumed throughout this
section but not indicated in the notation for %’1 Observe that this condition is automatic if M LL3 > 2019
(say). If ML L3 < 1, then we may use the trivial bound (5-4) along with the bound N < Q'/? < Q!—*¢
to obtain

€« Q¥ €.

We may therefore assume M L;L, > 1, so that the condition m££3 # 1 is satisfied.
We now remove the coprimality condition (n, w) = 1. By Mobius inversion we have

1o,wy=1 = Z w(f)-

fln
flw

We move the sum on f to be the outermost sum, and note f < N. We then change variables n — nf
and w — wf. If a,, say, is any lift of the multiplicative inverse of m€;f3v modulo wf, then a, =

mfi1¢3v (mod w), and therefore,

nfméilzv  nmlilzv

wf

(mod 1).
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It follows that

, W1/2 U)f
= NL L7 2 “(f)ZZ“(U)G< ) <W)

f<KN (v,wf)=1
14 me,03v
« 3% ﬂwl)y(zg)c;(;l) ( )ZZ ( ) (;)(_’”;)3)
Li<yi m, fow)=1
(L’i,fvli)=1 ( (nfv) )1

We next reduce the size of f by a similar argument to the one that let us impose the condition V < Q€.
We obtain by transitioning to multiplicative characters (recall (5-5)) that the sum over v, w, m, n, £1, {3
is bounded by

<

wl/2+o()y1/2 1 ((MN)l/Z

12 wl/2 1/2
f w=xW/f w f

+w 1/2>((L L)' +w'?) <
and therefore, the contribution from f > Q* is negligible.

Now the only barrier to applying Lemma 5.1 is the conditions (m, f) =1 and (m, v) = 1. We remove
both of these conditions with Mdbius inversion, obtaining

w2 vt wf
) u(f)Zu(h)Zu(>(MNL1L3V)1/2ZZa( )G( ) <W>
f<min(N, Q¢) hlf 1LV (w hj:)) 11
4 nf nmht2€143v
< 22 seres(;)o( ) X ) ) ()
. fow)=1 o

We set

12 43
bk = Lin,0)= IG( )ZZZﬁ(ﬁl)y(ﬂs)a(v)G< ) (L]>G(L_3>

4 03 v
L1l3v=k
(6143,0)=1

if (k, f) = 1, and for integers r not divisible by ht? we set b, = 0. It follows that if b, , # 0, then
n=<N/fandr <xhtL|L3V withr = O(htz). The sum over n, r, m, w is therefore a sum of the form to
which Lemma 5.1 may be applied. We note that

o(1)

W(NLngV)I/Z,

I1bn rll2 <K
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and therefore, by Lemma 5.1 we have

1 1 w2
%/1<<Q6 Z WZZ 2 12

A h|f 1< Q¢
w2 N1/2 1/2
x {W((MLILW)WJFW)(W +(MLiL3V)'?)

w M2 M
— —— ((WtL{L3V)"? + (ht L \LsNV)Y*) + —(ht L L3N V)'/?
f(ht)l/z(( 1L3V) /=4 (htL1L3NV) )+ht( 1L3NV)
W2 (y1y)'/2 N1/
< Q° (W + Wyrys + W3/2M1/2 +W(yys) PN+ WP (y1ys)' 2

+ W (yryn) AN+ W1/2Q1/2(y1y3)1/2) <0,

upon recalling the bounds W <« Q and y; < Q% with 6; < J, and N < Q'~¢. This completes the proof
of Lemma 3.3.

6. Lemma 3.4: main term

In this section we obtain the main term of Lemma 3.4. We allow ourselves to recycle some notation from
Sections 4 and 5.
Recall that we wish to asymptotically evaluate

S L 0) Pus0vm ().

x(q)

We begin precisely as in Section 4. Inserting the definitions of ¥g(x) and Ymv(X), we must asymp-
totically evaluate

2 Ab)(e) Palbe]l <~ n(@) P3[4 I mn -+ ~
ZZZ (bc)l/22 Z gl/z3 ZZ W"(;) Z () x (ctm)x (bn). (6-1)
(mn,q)=1

bc<y, <y3 x(q)
(be,q)=1 ,q9)=1

The main term of Lemma 3.3 arose from m€;£3 = 1. In the present case, the main term contains more
than just cm = 1; the main term arises from those c£m which divide b. The support of the von Mangoldt
function constrains b to be a prime power, so the condition cfm | b is straightforward, but tedious, to
handle.

There are three different cases to consider. The first case is ¢fm = 1. In the second case we have
cfm = p and b = p. Both of these cases contribute to the main term. The third case is everything else
(b = p’ with j > 2 and cfm | b with cfm > p), and this case contributes only to the error term.
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First case: cdm = 1. If cfm is equal to 1, then certainly c€m divides b for every b. The contribution
from cfm =1 is equal to

2P5(1) AD)XB)Pa[b] x~ X(n) (1
M= I Z 6()()2 b2 ;nWV(;)'

x(q) b=y,

By an application of Proposition 4.3,
M=M,+ M;, (6-2)

where

2P3(1 Ab)P[b
= %Z+e<x>z<bn(%,z),

b=y, x(q)
b.9)=1
2P (1) A(b)P[b] _
My=-"223%"%" o )f/z Fm Y xmx ),
b<y x(q)
(bn.g)=1

and F is the rapidly decaying function given by (4-4). A main term arises from M, and M, contributes
only to the error term.
Let us first investigate M,. By Lemma 4.2 we have

P 1 AD)P[b
Mo =~ S it /m YN ((b))fﬂ] n).

wlgq b=y,
b=+n(w)
(bn,q)=1

By the rapid decay of F (recall (4-6)) we may restrict n to n < ¢'/1°. The contribution from w < ¢'/>+€ is
then trivially < ¢'~¢, since y, < ¢'/>~¢. For the remaining terms, the congruence condition b = 4n(w)
becomes b = n, and thus,

1 b
My<q' ™o 3 ew) Y () AGP gy gL,

w‘q b<q1/10
w>ql/2+e

Let us turn to M. We use the following lemma to represent the central value L(%, )_().
Lemma 6.1. Let x be a primitive even character modulo q. Then
oy N X (n) X (n)
L(E’X)_Z W12 ( 1/2)+ (X )Z 1/2 1/2

n

where

1 ris+1Hc
V](x) / (2 4) l(s)n—s/Zx—s ds
o I(

27i ) s
and G(s) is an even polynomial satisfying G1(0) = 1.
Proof. See [Iwaniec and Sarnak 1999, (2.2)]. O
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Applying Lemma 6.1, the main term M naturally splits as M| = M; | + M; >, where

2P3(1) A(b) P>[b] n + _
M= j{jj{j TG 1(q1/2) > €GOXbn),

x(q)
(bn q) 1
2%ﬂ> ABYPoIb] ( n A
ZZ (bn)1/2 Vi g2 Z x () x (b).
by, x(q)
(bn,q)=1

Applying character orthogonality to M1 | we arrive at

_2P5() AB)PaIDL 2mbni
=T Xv;;u W)e(w) ;Z (bn)1/2 ql/z cos — —,
w,w)=1 b=

and a trivial estimation shows
M <q'c.

Let us lastly examine M| 5, from which a main term arises. By character orthogonality we have

Ps(1 Ab) Pa[b]
M= 3()Z¢(w)u(q/w)zz ((b))f/[z (q?ﬂ)

wlg b=y,
b=+n(w)
(b,q)=1

By trivial estimation, the contribution from w < ¢'/?*€ is

> wmoﬁjwﬂ 3 1/2<<y;/2 3 ww(?

wlq b=y, n<ql/2te wlg
qul/2+€ nE:I:b(w) qul/2+é

1/44€

4 0(1)) << q3/4+6.

By the rapid decay of Vi, for w > ¢'/?*¢ the congruence b = 4n(w) becomes b = n. Adding back in the

terms w < ¢'/>*¢, we have
2P3(1) A(b) P>[b] b -
M1’2: 7 0] (q) E b Vi ql/Z +0(q E).
b=y,
(b,g)=1

For x < 1 we see by a contour shift that
Vi) =1+0G",
and we have bg~1/? « g ~¢. Tt follows that
—ey , 2P3(D) A(b) P[]
Mir=0(q" ")+ —Zp" .
12=04"" ) +——0" @) Y} —

b=y,
(b,q)=1

b Io
Z L < 1 +Zﬂ < loglogq,
b
(b,g)>1 rlq

We have
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and therefore, we may remove the condition (b, ¢) = 1 at the cost of an error O(gL~'*¢). From the
estimate

% =logx+ 0O(1),

n<x

summation by parts, and elementary manipulations, we obtain

A(b)Ps[b 1
Z %ﬂbgm)/o Py(u)du+ O(1).

b=y,

Therefore, the contribution to the main term of Lemma 3.4 from cém =1 is
(26, P;(1) Py (1) + 0(1)e T (q). (6-3)

Second case: cdm = p, b = p. Another main term which contributes to Lemma 3.4 comes from cfm = p
and b = p. There are three subcases: (c, £, m) = (p, 1, 1), (1, p, 1), or (1, 1, p). These three cases give
(compare with (6-1))

| =—

2Py(1) 5 (log p) P> (log(yy'*/ p) /log(y,’*) 5 UZ X0, ( )

nl/2
L p<yl/2 p X(Q)
(p.q)=1
2 (log p) P2[ p] P3[ p] X(n)
Nz:—z Z » Z ()Z 1/2
P=y2 x(q)
(p.q)=1
2P5(1) (log p) P> p] X(n)
N3 = I Z » Z €(x )Z 1/2 :
PN x(q)
(p.q)=1

The first two are somewhat easier to handle than the last one. We apply Proposition 4.3 and then argue as
in Section 4 and the cfm = 1 case to obtain

3 ()fo’fz) ( ) Lot @)+ 0(g").

x(q)
It follows that

) ~
Ny = —(§P3(1>Pz(1> +o(1)><p+(q>,
1 (6-4)
Ny = —(92/0 P (u) P3(u) du+0(1))<0+(q)-

Combining (6-3) and (6-4) gives the main term of Lemma 3.4.
The final term N3 is more difficult because the inner sum now depends on p. However, M3 contributes
only to the error term. By Proposition 4.3 with T = p,

X . (pn _ x(n) (n
Z nl/2 V<_> =L(3 %) _Z nl/2 F(;) (6-5)

n q n
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The first term on the right side of (6-5) contributes to N3 an amount
(26, P3(1) Po(1) + 0(1)¢ ™ (q). (6-6)
For the second term on the right side of (6-5) we use character orthogonality and get

2P5(1 1 P,
_ z() Z (ogp) »[p] 1 ZQD(W)M(Q/U)) Z ( )

P=» wlq n= :I:l(w)
(p.g)=1

11/10

By the rapid decay of F the contribution from n > p , say, is O(gL~"). We next estimate trivially

3/5

the contribution from w < g°/~, say. We have the bound

1 n 11/20
§ —F| - ) «q P +1),
nt/2° \ p w
n=+1(w)
n<pll/10

and this contributes to N3 an amount
< q3/5+e 1 g Z p—9/20 < q3/5+e’

P=y2

11/10

since y» < g'/?. Forw > ¢ andn < p the congruence n = £1(w) becomes n = 1. By a contour

shift we have

1
F<—) =14+0(p~ 1.
p
Thus, the second term on the right side of (6-5) contributes to N3 an amount
— (26, P3 (1) Py (1) + o(1) ot (g), (6-7)
and (6-6) and (6-7) together imply N3 is negligible.

Third case: everything else. This case is the contribution from b = p/ with j > 2 and c¢fm | b with
cfm > p. This case contributes an error of size O(gL~!7¢), essentially because the sum
Z log(p")
k
p* b
k>2

converges. There are four different subcases to consider, since the Mobius functions attached to ¢ and ¢
imply c, £ € {1, p}. The same techniques we have already employed allow one to bound the resulting
sums, so we leave the details for the interested reader. This completes the proof of Lemma 3.4.

7. Lemma 3.4: error term

After the results of the previous section, it remains to finish the proof of Lemma 3.4 by showing the
error term of (6-1) is negligible. The argument is very similar to that given in Section 5, and, indeed, the
arguments are identical after a point.
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The error term has the form

v w? _ fvw w(f) P3[€]
%ZZZZMZ(U)mmw(E) Z —El/z

(v,w)=1 L<y3
“,ow)=1
A(b)u(c) Po[bc] 1 mn 2mbnclmvy
X — V| — )cos ——,
2.2 o 22 wwin' e "
bc<y, (mn,vw)=1
(bc,vw)=1

where we also have the condition cfm 1 b, which we do not indicate in the notation. This condition is
awkward, but turns out to be harmless.

We note that we may separate the variables b and ¢ from one another in P,[bc] by linearity, the
additivity of the logarithm, and the binomial theorem. Thus, it suffices to study €; with P;[bc] replaced
by (log b)’' (log c)’2, for j; some fixed nonnegative integers. Arguing as in the reduction to (5-3), we may
bound ¢, by <« Q°V instances of €, =€,(B, C, L, M, N, V, W), where

o _ w2 v w L b b c
2= (BCLMNV)'2 ZZ“(”)G(V>G<W) 2 W)G(Z> 227 )S(C)G(E)G(E)

(v,w)=1 L<y3 be<y,
,ow)=1 (bc,vw)=1
m n bnclmv
X G|— |G| = )e , (7-1
2 o(jg)e(§)(*") o
(mn,vw)=1

the function G is smooth as before, and «, 8, v, § are sequences f satisfying | f(z)| < 0°D . We also
have the conditions

VW < Q, MN < Q'*, BC < y», L < ys, B,C,L,M,N,V,W > 1.

By the argument that gave (5-6) we may also assume V < Q€. Lastly, we may remove the condition
bc < y; by Mellin inversion, at the cost of changing y and § by b and c¢'", respectively, where t € R is
arbitrary (see [Duke et al. 1997, Lemma 9], for instance).

Recall the condition c¢€m 1 b. This condition is unnecessary if CLM > 2019 B, so it is only in the
case CLM « B where we need to deal with it. However, the case CLM < B is exceptional, since B is
bounded by y» < Q'/2, but generically we would expect CLM to be much larger than Q'/2.

Indeed, we now show that when CLM <« B it suffices to get cancellation from the n variable alone.
The proof is essentially Proposition 5.2, so we just remark upon the differences. By Mobius inversion
and Poisson summation we have

Z G<£>e<bnc£mv) =u(w)ﬁw
N w w v

(n,ow)=1 .
N ~(hN abdclmv ah
d)— G| — _—+ —
+Z'U“( )dw Z (dw>(a§:1e< w + w)

dlv |h|<Wited/N

+ 0071,
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The first and third terms contribute acceptable amounts, so consider the second term. The sum over a is
the Ramanujan sum ¢y, (hc€mv + bd), and since c€m does not divide b the argument of the Ramanujan
sum is nonzero. Following the proof of Proposition 5.2, we therefore obtain a bound of

Q3/2+e (BCLM)I/Z
N1/2
By the reasoning immediately after Proposition 5.2, the bound (7-2) allows us to assume N < M Q~%¢,

so that N < Ql/ 2 regardless of whether CLM « B. In the case CLM « B, the bound (7-2) becomes

Q3/2+eB
N1/2

€, K (7-2)

/2<< << Q3/2+€B << Q3/2+92+€ << Q2_E,

which of course is acceptable.

At this point we can follow the rest of the proof in Section 5. We change variables bn — n, and the
rest follows mutatis mutandis (it is important that with N < Q'/? we have BN <« Q'7¢). This completes
the proof of Lemma 3.4.
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