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Ordinary algebraic curves with many automorphisms
in positive characteristic

Gabor Korchmaros and Maria Montanucci

Let & be an ordinary (projective, geometrically irreducible, nonsingular) algebraic curve of genus g(¥) > 2
defined over an algebraically closed field KK of odd characteristic p. Let Aut(¥) be the group of all
automorphisms of & which fix [ elementwise. For any solvable subgroup G of Aut(X) we prove that
|G| < 34(g(%) + 1)3/2. There are known curves attaining this bound up to the constant 34. For p odd,
our result improves the classical Nakajima bound |G| < 84(g(¥) — 1)g(%) and, for solvable groups G,
the Gunby—Smith—Yuan bound |G| < 6(g(%)? + 12+/21g(%)*/?) where g(¥) > cp? for some positive
constant c.

1. Introduction

In this paper, ¥ stands for a (projective, geometrically irreducible, nonsingular) algebraic curve of genus
g(X) > 2 defined over an algebraically closed field K of odd characteristic p. Let Aut(X) be the group
of all automorphisms of & which fix K elementwise. The assumption g(%) > 2 ensures that Aut(¥) is
finite. However, the classical Hurwitz bound |Aut(%)| < 84(g(¥) — 1) for complex curves fails in positive
characteristic, and there exist four families of curves satisfying |Aut(X)| > 8g° (%) [Stichtenoth 1973;
Henn 1978; Hirschfeld et al. 2008, §11.12]. Each of them has p-rank y (¥) (equivalently, its Hasse—Witt
invariant) equal to zero; see for instance [Giulietti and Korchmaros 2014]. On the other hand, if & is
ordinary, i.e., g(&X) = vy (¥), Guralnick and Zieve announced in 2004, as reported in [Gunby et al. 2015;
Kontogeorgis and Rotger 2008], that for odd p there exists a sharper bound, namely |Aut(¥)| <c, g(X)¥>
with some constant ¢, depending on p. It should be noticed that no proof of this sharper bound is available
in the literature. In this paper, we concern ourselves with solvable automorphism groups G of an ordinary

curve ¥, and for odd p we prove the even sharper bound:

Theorem 1.1. Let & be an algebraic curve of genus g(¥X) > 2 defined over an algebraically closed field K
of odd characteristic p. If X is ordinary and G is a solvable subgroup of Aut(¥), then

|G| < 34(g(%) + 1)*/2. (1)

For odd p, our result provides an improvement on the classical Nakajima bound |G| < 84(g(%¥)—1)g(%)
[1987] and, for solvable groups, on the recent Gunby—Smith—Yuan bound |G| < 6(g (%)>+12/21g(%)%%)
proven in [Gunby et al. 2015] under the hypothesis that g(%) > cp? for some positive constant c.
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The following example is due to Stichtenoth, and it shows that (1) is the best possible bound apart from
the constant ¢ [Korchmdros et al. 2018]. Let [, be a finite field of order g = p", and let K = [F_q denote its
algebraic closure. For a positive integer m prime to p, let Y be the irreducible curve with affine equation

Yy =x"+ xim )
and F = K(%) its function field. Let r = x™@~D_ The extension F|K(¢) is a non-Galois extension
as the Galois closure of F with respect to H is the function field K(x, y, z) where x, y, z are linked
by (2) and z? 4+ z = x™. Furthermore, g(¥) = (g — D(gm — 1), y(Y) = (g — 1)2, and Aut(%) contains
a subgroup Q x U of index 2 where Q is an elementary abelian normal subgroup of order ¢ and the
complement U is a cyclic group of order m(q —1). If m =1, then % is an ordinary curve, and in this case
29(Y)32 =2(g — 1)° <2¢%*(qg — 1) = |Aut(%¥)|, which shows indeed that (1) is sharp up to the constant c.

Lower bounds on the order of solvable automorphism groups of algebraic curves depending on their
genera are due to Neftin and Zieve. Their [2015, Theorem 4.1] states that for every integer £ > 0 there
exists a curve & together with a solvable subgroup of Aut(¥) of order d and derived length £ such that

a(¥) < cedlog® (d),

°t denotes log iterated £ times. The curve ¥ is constructed as a solvable

where ¢, is a constant and log
cover of a curve with at least one rational point, in which a given set S of rational points splits completely.

2. Background and preliminary results

For a subgroup G of Aut(%), let ¥ denote a nonsingular model of K(%)?, that is, a (projective, nonsingular,
geometrically irreducible) algebraic curve with function field i (%), where K (%) consists of all elements
of K(%) fixed by every element in G. Usually, ¥ is called the quotient curve of ¥ by G and denoted by
%/G. The field extension K(%)|IK(%)¢ is Galois of degree |G/|.

Since our approach is mostly group theoretical, we prefer to use notation and terminology from group
theory rather than from function field theory.

Let @ be the cover of ¥|% where ¥ = %/G. A point P € % is a ramification point of G if the stabilizer
G p of P in G is nontrivial; the ramification index ep is |G p|; a point Q € % is a branch point of G if
there is a ramification point P € & such that ®(P) = Q: the ramification (branch) locus of G is the set of
all ramification (branch) points. The G-orbit of P € ¥ is the subset o = {R | R = g(P), g € G} of %,
and it is long if |o| = |G|; otherwise o is short. For a point Q, the G-orbit o lying over QO consists of all
points P € ¥ such that ®(P) = Q. If P € o, then |o| = |G|/|G p| and hence Q is a branch point if and
only if o is a short G-orbit. It may be that G has no short orbits. This is the case if and only if every
nontrivial element in G is fixed-point-free on &, that is, the cover ® is unramified. On the other hand, G
has a finite number of short orbits. For a nonnegative integer i, the i-th ramification group of & at P is
denoted by Gg) (or G;(P) as in [Serre 1979, Chapter IV]) and defined to be

Gy ={glodp(g() =)z i+1, g €Gp),

where ¢ is a uniformizing element (local parameter) at P. Here GV =¢ p.



Ordinary algebraic curves with many automorphisms in positive characteristic 3

Let g be the genus of the quotient curve ¥ = %/G. The Riemann—Hurwitz genus formula gives
20-2=1G|25—-2)+ ) _ dp, 3)
PeX
where the different dp at P is given by
dp =Y (IGy|-1). “)
i>0
If |Gp| is prime to p, thendp = |Gp| — 1.
Let y be the p-rank of %, and let ¥ be the p-rank of the quotient curve ¥ = ¥/G. The Deuring—

Shafarevich formula (see [Sullivan 1975] or [Hirschfeld et al. 2008, Theorem 11.62]) states that if G is a
p-group then

k
V—1=|GI()7—1)+Z(IGI—&') &)
i=1

where £1, ..., £ are the sizes of the short orbits of G. If & is ordinary (and hence Gf) is trivial for every
P € &; see Result 2.5(1)), then dp = |G| —1+|GY | —1=2(GY|—1) =2(|Gp| — 1) and hence (5)
follows from (3) and vice versa.

The Nakajima bound (see [1987, Theorem 1] or [Hirschfeld et al. 2008, Theorem 11.84]) states that
the existence of large p-groups of automorphisms implies that y = 0.

Result 2.1. If % has positive p-rank y, then every p-subgroup of Aut(X) has order < p(y —1)/(p —2).

A subgroup of Aut(¥) is a prime to p group (or a p’-subgroup) if its order is prime to p. A subgroup G
of Aut(¥) is tame if the 1-point stabilizer of any point in G is p’-group. Otherwise, G is nontame (or wild).
Obviously, every p’-subgroup of Aut(¥) is tame, but the converse is not always true.

Result 2.2. The following claims hold.
(1) If |G| > 84(g(¥) — 1), then G is nontame.
(ii) If G is abelian, then |G| < 4g+ 4.
(iii) If G has prime order other than p, then |G| <2g+ 1.

The first two claims are due to Stichtenoth [1973]; see also [Hirschfeld et al. 2008, Theorems 11.56
and 11.79]. For a proof of claim (iii), see [Homma 1980] or [Hirschfeld et al. 2008, Theorem 11.108].
Henn’s bound [1978] (see also [Hirschfeld et al. 2008, Theorem 11.127]) has the following corollary.

Result 2.3. If |G| > 8¢°, then X has zero p-rank, and G is not solvable.

An orbit 0 of G is tame if Gp is a p’-group for P € o. The structure of G p is well known; see for
instance [Serre 1979, Chapter 1V, Corollary 4] or [Hirschfeld et al. 2008, Theorem 11.49].

Result 2.4. The stabilizer G p of a point P € ¥ in G is a semidirect product Gp = Qp x U where the

normal subgroup Q p is a p-group while the complement U is a cyclic prime to p group.
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If & is ordinary, some more results are available; those used in this paper are collected below.
Result 2.5. If X is an ordinary curve, then
@) Q%) is trivial,
(i1) Qp is elementary abelian,
(iii) no nontrivial element of U commutes with a nontrivial element of Q p,
(iv) |U| divides |Qp| — 1, and
(V) the quotient curve X/ G for a p-group G of automorphisms is also ordinary.

Claim (i) is due to Nakajima [1987, Theorem 2.1]. Claim (ii) follows from claim (i) by Serre’s result
[1979, Corollary 3, p. 67] stating that the factor groups Qg) / QgH) for i > 1 are elementary abelian; see
also [Hirschfeld et al. 2008, Theorem 11.74]. Claim (iii) follows from claim (ii) by Serre’s result [1979,
Corollary 1, p. 69]; see also [Hirschfeld et al. 2008, Theorem 11.75(ii)]. Claim (iv) is a consequence of
claim (iii) since the latter claim together with Result 2.4 imply that U induces an automorphism group of
Qp. Claim (v) follows from comparison of (3) to (5) taking into account claim ().

For a nontrivial p-subgroup G of Aut(¥), divide both sides in (3) by 2 and then subtract the result
from (5). If G(Pz) is trivial for every P € &, then this computation gives

g(@®) —y (@) = |GI(g@) — y (@) (6)

where ¥ = %/ Q [Nakajima 1987]. This shows the first two claims of the following result hold. The third
one is due to Stichtenoth [1973]; see also [Hirschfeld et al. 2008, Theorem 11.79].

Result 2.6. Let Q be nontrivial p-subgroup of Aut(¥X). Assume that Qg) is trivial for every P € X. Then
(1) (6) holds,

(1) & and its quotient curve ¥/ Q are simultaneously ordinary or not, and

(i) [Qpl = pg(®)/(p —1).

The first two claims below on low-genus curves are well known; see for instance [Hirschfeld et al.
2008, Theorems 11.94 and 11.99]. The third one is a corollary of Henn’s bound.

Result 2.7. If G is an automorphism group of an elliptic curve € over K, then for every point P € € the
order of the stabilizer G p of P in G divides 6 when p > 3 and 12 when p = 3. The solvable automorphism
groups of a genus-2 curve over K have order at most 48. For genus-3 curves the latter bound is 216.

We also need a technical result.

Result 2.8. Assume that Aut(¥X) has a solvable subgroup G of order larger than 34(g(%) + 1)*/?. If N
is a normal subgroup of G and the quotient curve ¥ = %/N is neither rational nor elliptic, then the
automorphism group G = G/ N of ¥ has order larger than 34(g(%) + 1)3/%, as well.
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Since |N| = |G|/|G], the claim is a straightforward consequence of (3) except for the cases where
9(9_6) =2, o0r 9(9_6) =3, g(®) =5, |[N| =2, and the cover 96|9_€ is unramified. Actually, the exceptional
cases do not occur. In fact, |G| > |G|(g(%) — 1)/(g(%) — 1) > 34(g(%) + D)3 >(g(®) — 1) /(g(%) — 1) is
bigger than 48 and 827 = 216 for g(¥) =2 and g(¥) = 3, contradicting Results 2.7 and 2.3, respectively.

From group theory we use Dickson’s classification of finite subgroups of the projective linear group
PGL(2, K); see [Valentini and Madan 1980] or [Hirschfeld et al. 2008, Theorem A.8].

Result 2.9. The following is a complete list of finite solvable subgroups of PGL(2, K) up to conjugacy:
(1) cyclic groups of order prime to p,

(ii) elementary abelian p-groups,

(ii1) dihedral groups with an index-2 cyclic subgroup of order prime to p,

(iv) the alternating group A4,

(V) the symmetric group Sy,

(vi) semidirect products of an elementary abelian p-group of order p" by a cyclic group of order n with

n|(ph—=1.

If PGL(2, K) is viewed as the automorphism group of the line over [K, any cyclic subgroup of order
prime to p has exactly two points, while any p-subgroup has a unique fixed point [Valentini and Madan
1980].

We also use the Schur—Zassenhaus theorem; see for instance [Machi 2012, Corollary 7.5].

Result 2.10. Let G be a finite group with a normal subgroup N. If |N| is prime to the index [G : N]
of N, then N has a complement in G, that is, G = N X M for a subgroup M of G. Such complements are
pairwise conjugate in G.

From representation theory, we need the Maschke theorem; see for instance [Machi 2012, Theorem 6.1].

Result 2.11. Any representation of a finite group over a field whose characteristic is prime to the order of
the group is completely reducible.

The following two lemmas of independent interest play a role in our proof of Theorem 1.1.

Lemma 2.12. Let ¥ be an ordinary algebraic curve of genus g(X) > 2 defined over an algebraically
closed field K of odd characteristic p. Let H be a solvable automorphism group of Aut(¥) containing a
normal p-subgroup Q such that |Q| and [H : Q] are coprime. Suppose that a complement U of Q in H
is abelian and that

|H|>{18(g—1) for |U| =3, e

12(g— 1) otherwise.

Then U is cyclic, and the quotient curve % = %/ Q is rational. Furthermore, Q has exactly two (nontame)
short orbits, say 1, Q. They are also the only short orbits of H, and g(¥) = |Q| — (|21] + |22]) + 1.
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Proof. From Result 2.10, H = Q x U. Set |Q| = p* and |U| = u. Then p 1 u. Furthermore, if u = 2, then
|H|=2|0] > 9g(¥) whence |Q| > 4.5g(¥). From Result 2.1, & has zero p-rank, which is not possible
as & is assumed to be ordinary of genus at least 2. Therefore, u > 3.

Three cases are treated separately according as the quotient curve ¥ = %/ Q has genus § at least 2, or
% is elliptic, or rational.

If 9(9_6) > 2, then Aut(¥) has a subgroup isomorphic to U, and Result 2.2(ii) yields 49(9_6) +4=>|U|.
Furthermore, from (3) applied to Q, g — 1 > |Q|(g(%) — 1). Let ¢ = 12 or ¢ = 18, according as |U| > 3

or |U| =3, sothat |H| > c(g— 1) from (7). Then

“4g(@) +410| = U|1Q|=|H| = c(g—1) = c|Ql(g@®) — 1),
whence
c< 49(9:6)—+1.
g(@®) —1
As the right-hand side is smaller than 12, a contradiction to the choice of the constant c¢ is obtained.

If % is elliptic, then the cover %|9_€ ramifies; otherwise & itself would be elliptic. Thus, Q has some
short orbits. The group H acts on the set of short orbits of Q. In this action, an orbit of a given short
orbit o of QO with respect to H is a set of short orbits of Q having the same length of 0. We will refer
to these short orbits as images of o. Take a short orbit of Q together with its images o1, ..., 0,, under
the action of H. Since Q is a normal subgroup of H, 0 =01 U---Uo,, is an H-orbit of size u;p*
where p¥ = |o1| = - - - = |o,,|. Equivalently, the stabilizer of a point P € o has order p*~Vu/uy, and by
Result 2.4, it is the semidirect product Q1 x U; where |Q| = p*~V and |U;| = u/u; for subgroups Q;
of Q and U, of U, respectively. The point P lying under P in the cover Z|% is fixed by the factor
group U,=U, Q/0. Since ¥ is elliptic, and p is prime to |U 1|, Result 2.7 yields |U,| < 4 for p=3
and |U,| <6 for p > 3. As U; = Uj, this yields the same bound for |U, |, that is, u < 4u; for p =3
and u < 6u; for p > 3. Furthermore, since the p-group Q; fixes P, and 0,9 = le) = 01, we have
dp=3-0001"1 =1 >2(1Q1| - 1) =2(p*"V — 1) > 3 p*~". From (3) applied to Q, since P € 0 and
lo| = pYuy, if p =3, then

20—2>3"uidp = 3'u) (33*7") = $3'u1 = §3*u = 31 QIIU| = 51 H],
while for p > 3,
2g—2> pluidp = p'ui (307°) = 3p4u1 = §p'u = §101IU| = §|H]|,

but this contradicts (7).

If ¥ is rational, then Q has at least one short orbit. Furthermore, U = U Q /Q is isomorphic to a
subgroup of PGL(2, K) = Aut(¥). Since U = U and U is abelian, from Result 2.9, U is cyclic, U fixes
two points P and P, but no nontrivial element in U fixes a point other than Pg or Ps. Let 0o and oy
be the Q-orbits lying over P( and P, respectively. Obviously, oo, and oy are short orbits of H. We
show that Q has at most two short orbits, the candidates being 0., and og. By absurd, there is a Q-orbit o
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of size p™ with m < k which lies over a point P € ¥ different from both P and P. Since the orbit of
P in U has length u, then the H-orbit of a point P € o has length up™. If u > 3, (3) applied to Q gives

2g—2> =2p" +up” (P — 1) = =2p +up™ 3 p* " = —2p" + Jup* = S —3)p* > tup* = L |H|,
a contradiction with |H| > 12(g — 1). If u = 3, then p > 3, and hence,
29_2 > _2pk+3pm(pk—m _ 1) :pk _3pm - %pk’

whence |H| = 3p* < 18(g— 1), a contradiction with (7). This proves that H has exactly two short orbits.
Since, as we have showed, Q has either one or two short orbits, and they are contained in 0, U 09, two
cases arise correspondingly. Assume first that Q has two short orbits. They are 0o, and og. If their lengths
are p® and p” with a, b <k, then (5) (or (3)) applied to Q gives

g —1=y@® —1=-p*+ (" - pH+ " —p")

whence g(%) = p* — (p® + p?) + 1 > 0. The same argument shows that if Q has just one short orbit,
then y (¥) = 0, a contradiction. U

Lemma 2.13. Let N be an automorphism group of an algebraic curve of even genus such that |N| is even.
Then any 2-subgroup of N has a cyclic subgroup of index 2.

Proof. Let U be a subgroup of N of order d =2 > 2, and ¥ = %/ U the arising quotient curve. From (3)
applied to U,

m
20(%) —2=2"Q20(%) —2)+ ) (2" — )
i=1
where ¢, ..., ¢, are the short orbits of U on %. Since g(¥) is even, 2g(¥) —2 =2 (mod 4). On the
other hand, 2" (2g (9_6) —2) =0 (mod 4). Therefore, some ¢; (1 <i <m) must be either 1 or 2. Therefore,
U or a subgroup of U of index 2 fixes a point of & and hence is cyclic. (I

3. The proof of Theorem 1.1

Our proof is by induction on the genus. Theorem 1.1 holds for g(¥) = 2, as |G| < 48 for any solvable
automorphism group G of a genus-2 curve; see Result 2.7. For g(¥) > 2, & is taken by absurd for
a minimal counterexample with respect the genera so that for any solvable subgroup of Aut(¥) of an
ordinary curve ¥ of genus g(¥) > 2 we have |G| < 34(g+ 1)3/%. Two cases are treated separately.

Case I. G contains a minimal normal p-subgroup.

Proposition 3.1. Let X be an ordinary algebraic curve of genus g defined over an algebraically closed
field K of odd characteristic p > 0. If G is a solvable subgroup of Aut(X) containing a minimal normal
p-subgroup N, then |G| < 34(g+ 1)%/2.
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Proof. Before going through the proof we describe the main steps in it.

Take the largest normal p-subgroup Q of G. Let Z be the quotient curve of ¥ with respect to Q,
and let G = G/Q. The first step is to show that ¥ is rational. Then we derive from the classification
in Result 2.9 that G is a semidirect product of Q by cyclic group U of order prime to p. Therefore,
Lemma 2.12 applies to G. This gives us enough information on the action of Q on ¥: Q has exactly
two (nontame) orbits, say €2; and €2;, and they are also the only short orbits of G. Then a subgroup H
of G of index < 2 preserves both 2 and €2, inducing a permutation group on each of them. If both €2
and €2, are nontrivial, that is, || > 1 and |2;| > 1, then two cases are possible, according as Q p with
P € Q is sharply transitive and faithful on €2, or some nontrivial element in Q p fixes €2, pointwise. So
the next step is to rule out both these possibilities using elementary permutation group theory together
with Results 2.2 and 2.4. If Q| = {P} and |2;| > 1, then G fixes P, and the structure of G is given
by Result 2.4 where Q is an elementary abelian group, that is, a vector space over the prime field of [
and G is a linear group so that some appropriate result from representation theory can be used. In fact,
combining Result 2.11 with (5) allows us to rule out this possibility. If 2; = {P} and 2, = {Q}, we
are able to prove a much stronger bound, namely |G| < 2(g(¥) + 1). In this final step, our approach is
function field theory rather than group theory as it uses some ideas from Nakajima’s paper [1987] and the
Riemann—Roch theorem together with some results on linearized polynomials over finite fields.

The quotient group G is a subgroup of Aut(¥), and it has no normal p-subgroup; otherwise G would
have a normal p-subgroup properly containing Q. For § = g(¥) three cases may occur, namely g > 2,
g=1,0rg=0.If § > 2, then Result 2.8 shows that |G| > 34(g + 1)*2. Since ¥ is still ordinary by
Result 2.5(v), this contradicts our choice of ¥ to be a minimal counterexample. If g = 1, then the cover
(%) |1 (%) ramifies. Take a short orbit A of Q. Let I' be the nontame short orbit of G that contains A.
Since Q is normal in G, the orbit I' partitions into short orbits of O whose components have the same
length, which is equal to |A|. Let k be the number of the Q-orbits contained in I'. Then

|G|
Gpl= 2L
|Gpl KA

holds for every P e I'. Moreover, the quotient group G p Q/Q fixes a place on €. Now, from Result 2.7,

GrOI _ 1Gpl |Gl _
O] IGpN Q| |Qp]
From this together with (3) and Result 2.5(1),

12.

|Opl - kIAlIGpl _ |G|
2 = 2 12’

29 -2 = 2k[A[(1Qp| — 1) = 2k|A|

which contradicts our hypothesis |G| > 34(g + 1)*/2.

It turns out that % is rational. Therefore, G is isomorphic to a subgroup of PGL(2, IK) which contains
no normal p-subgroup. From Result 2.9, G is a prime to p subgroup which is either cyclic, or dihedral,
or isomorphic to one of the groups Alty, Sym,. In all cases, G has a cyclic subgroup U of index < 6 and
of order distinct from 3. We may dismiss all cases but the cyclic one up to replacing G with U, that is, up
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to assuming that G = Q x U with |G| > 3%(g(%) +1)2. Then |G| > 12(g — 1). Therefore, Lemma 2.12
applies to G. Thus, Q has exactly two (nontame) orbits, say £2; and €2;, and they are also the only short
orbits of G. More precisely,

y —1=10[— (1] +1€2)). ®)

We may also observe that G p with P € 2 contains a subgroup V isomorphic to U. In fact, |Q||U| =
|G|=|Gp|IR21=10pxVI||Q|=|V|IQpl||S2| with a prime to p subgroup V fixing P, whence |U|=|V|.
Since V is cyclic the claim follows.

We proceed with the case where both €2; and €2, are nontrivial, that is, their lengths are at least 2.

Assume that Q is nonabelian, and look at the action of its center Z(Q) on ¥. Since Z(Q) is a nontrivial
normal subgroup of G, we can argue as before to show that quotient curve &/Z(Q) is rational, and hence
that the Galois cover X|(¥/Z(Q)) ramifies at some points. Indeed, observe that in the previous arguments
normality of Q was only used to dismiss all cases but the rational one, and hence we may simply replace
QO with Z(Q). In other words, there is a point P € 2] (or R € €2;) such that some nontrivial subgroup T
of Z(Q) fixes P (or R). Suppose that the former case occurs. Since 21 is a Q-orbit, T fixes 2| pointwise.

The group G has an index < 2 subgroup H that induces a permutation group on €2;. Let M; be the
kernel of this permutation representation. Obviously, T is a nontrivial p-subgroup of M;. Therefore, M
contains some but not all elements from Q. Since both M| and Q are normal subgroups of G, N = M;NQ
is a nontrivial normal p-subgroup of G. As we have proven before, the quotient curve =% /N 1is rational,
and hence the factor group G= G/N is isomorphic to a subgroup of PGL(2, ). Since 1 £ N £ Q, the
order of G is divisible by p. From Result 2.9, G = é x U where é is an elementary abelian p-group of
order g and U= UN/N Z U with |l~]| = |U] is a divisor of ¢ — 1.

This shows that Q acts on 2] as an abelian transitive permutation group. Obviously this holds true
when Q is abelian. Therefore, the action of Q on €2 is sharply transitive. In terms of 1-point stabilizers
of Q on Q1, we have Qp = Qp' for any P, P’ € Q;. Moreover, Qp = N, and hence Qp is a normal
subgroup of G.

Furthermore, since & is an ordinary curve, Q p is an elementary abelian group by Result 2.5(ii).

The quotient curve &/ Q p is rational, and its automorphism group contains the factor group Q/Qp.
Hence, exactly one of the Q p-orbits is preserved by Q. Since €2; is a Q-orbit consisting of fixed
points of Qp, 2, must be a Q p-orbit. Similarly, if Z(Q) # Q p, the factor group Z(Q)Qp/Qp is an
automorphism group of ¥/Q p and hence exactly one of the Q p-orbits is preserved by Z(Q). Either
Z(Q) fixes a point in €2 but then Z(Q) = Q p, or 2, is a Z(Q)-orbit. This shows that either Z(Q) = Qp,
or Z(G) acts transitively on €2,.

Two cases arise according as Q p is sharply transitive and faithful on 2, or some nontrivial element
in Qp fixes 2, pointwise.

If some nontrivial element in Q p fixes €2, pointwise, then the kernel M of the permutation represen-
tation of H on €2, contains a nontrivial p-subgroup. Hence, the above results extend from €2; to €2,, and
Qr is a normal subgroup of Q.
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If Qp is (sharply) transitive on €25, then the abelian group Z(Q)Q p acts on €2, as a sharply transitive
permutation group, as well. Hence, either Z(Q) = Q p, or as before M, contains a nontrivial p-subgroup,
and Qp is a normal subgroup of Q. In the former case, Q = Qp Qg with QrNQOp ={1},and Z(Q)=Qp
yields that

Q=0px Q. 9)

This shows that Q is abelian, and hence | Q| <4g+4 by Result 2.2(ii). Also, either |Q p| or | Q]| is at most
49+ 4. From Result 2.5(1), Gg) at P € Q is trivial. Furthermore, for Gp = Qp x V, Result 2.5(iv)

gives |U| = |V| <|Qp|—1. Hence, |U| < |Qp| < /|0 < +/4g+ 4 whence
Gl =1U11Q| <8(g+ 1> (10)

If O is a normal subgroup, take a point R from €2, and look at the subgroup Qp g of Qp fixing R.
Actually, we prove that either Qp g = Qp or Qp g is trivial. Suppose that Qp g # {1}. Since Qp p =
QOp N Qg and both Qp and Qg are normal subgroups of G; the same holds for Qp g. By (ii), the
quotient curve ¥/ Q p g is rational and hence its automorphism group Q/Q p g fixes exactly one point.
Furthermore, each point in €2, is totally ramified. Therefore, Qg = QO p r; otherwise Qr/Q p g would fix
any point lying under a point in €2 in the cover &|(¥/Qp r).

It turns out that either Qp = Qg or Qp N Qg = {1}, whenever P € | and R € Q2,.

In the former case, from (5) applied to Qp,

y =1=—=10pr|+1211(1QpPI =D+ 2[(Qp| = 1) =—|Qpr| + 10| = €1 + Q| — |2].

This together with (8) give Q = Q p, a contradiction.

Therefore, the latter case must hold. Thus, Q = Qp x Qg and Qp (and also Q) is an elementary
abelian group since it is isomorphic to a p-subgroup of PGL(2, K). Also, |Qp| = |Qr| = +/]0]. Since
Q is abelian, this yields |Qp| < v/4g+4 by Result 2.2(ii). Now, the argument used after (9) can be
employed to prove (10). This ends the proof in the case where both €2 and €2, are nontrivial.

Suppose next Q| = {P} and |2;| > 2. Then G fixes P, and hence G = Q x U with an elementary
abelian p-group Q. Furthermore, G has a permutation representation on €2, with kernel K. As 2, is a
short orbit of Q, the stabilizer Qr of R € Q2 in Q is nontrivial. Since Q is abelian, this yields that K is
nontrivial, and hence it is a nontrivial elementary abelian normal subgroup of G. In other words, Q is
an r-dimensional vector space V (r, p) over a finite field [, with |Q| = p”, the action of each nontrivial
element of U by conjugacy is a nontrivial automorphism of V (r, p), and K is a U-invariant subspace.
By Result 2.11, K has a complementary U-invariant subspace. Therefore, O has a subgroup M such that
Q0 =K x M, and M is a normal subgroup of G. Since K N M = {1}, and €2, is an orbit of Q, this yields
|M| = |2;]. The factor group G/M is an automorphism group of the quotient curve X/ M, and Q/M is
a nontrivial p-subgroup of G/M whereas G/M fixes two points on &/ M. Therefore the quotient curve
% /M is not rational since the 2-point stabilizer in the representation of PGL(2, [K) as an automorphism
group of the rational function field is a prime to p (cyclic) group. We show that &/M is not elliptic either.
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From (5), g(®X) — 1=y &) —1=—|0| + 1+ (2|, and so g(¥) is even. Since M is a normal subgroup
of odd order, g(¥) =0 (mod 2) yields that g(%/M) = 0 (mod 2). In particular, g(¥/M) # 1. Therefore,
g(%/M) > 2. At this point we may repeat our previous argument and prove |G /M| > 34(g(%¥/M)+1)3/2.
Again, we get a contradiction with our choice of ¥ to be a minimal counterexample, which ends the proof
in the case where just one of €2 and €2 is trivial.

We are left with the case where both short orbits of Q are trivial. Our goal is to prove a much stronger
bound for this case, namely |U| < 2 whence

Gl =2(g(®) + D). (11)
We also show that if equality holds then ¥ is a hyperelliptic curve with equation
fWU)=aT +b+cT™', a,b,celk", (12)

where f(U) € K[U] is an additive polynomial of degree |Q]|.
Let Q) = {P;} and 2, = {P>}. Then Q has two fixed points P; and P,, but no nontrivial element in Q
fixes a point of & other than P; and P,. From (5),

g +1=y@E)+1=10|. (13)

Therefore, |U| < g(%). Actually, for our purpose, we need a stronger estimate, namely |U| < 2. To prove
the latter bound, we use some ideas from Nakajima’s paper [1987] regarding the Riemann—Roch spaces
Z(D) of certain divisors D of IK(%¥). Our first step is to show

(1) dimy £((|Q| — D P1) =1 and
(ii) dimg £((| Q] — D P1+ Pp) = 2.

Let £ > 1 be the smallest integer such that dimy £(¢P;) = 2, and take x € £(£P;) with vp, (x) = —¢.
As QO = Qp,, the Riemann—Roch space £(£P;) contains all ¢, = o (x) — x with o € Q. This yields
¢ € Kby vp (cs) > —€ 41 and our choice of £ to be minimal. Also, Q = Q p, together with vp,(x) >0
show vp,(cs) > 1. Therefore, ¢, =0 for all o € Q, that is, x is fixed by Q. From £ = [K(¥X) : K(x)] =
(K : K@) 2K@®)? : K(x)]and | Q| = [IK: IK(X) 2], it turns out that £ is a multiple of | Q|. Thus £ > |Q|—1
whence (i) follows. From the Riemann—Roch theorem, dimy L((|Q| - 1)P1 + P2) > |0 —g+1 =2,
which proves (ii).
Let d > 1 be the smallest integer such that dimy £(d P; + P>) = 2. From (ii)

d=<|Q|-1 (14)

Let o be a generator of the cyclic group U. Since « fixes both points P; and Ps, it acts on L(d P + P»)
as a [K-vector space automorphism @. If @ is trivial, then o(1) = u for all u € £(d P; + P»). Suppose
that & is nontrivial. Since U is a prime to p cyclic group, @ has two distinct eigenspaces, so that
L(d P+ Py) = K® Ku where u € £(d P, + P») is an eigenvector of & with eigenvalue & € K* so that
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a(u) = Eu with /Yl = 1. Therefore, there is u € £(d P, + P>) with u # 0 such that « () = &u with
£IUl = 1. The pole divisor of u is

div()oo =dP1 + P5. (15)
Since Q = Qp, = QO p,, the Riemann—Roch space £(d P; + P>) contains o (1) and hence contains all
0, =0(u)—u, oe€qQ.

By our choice of d to be minimal, this yields 6, € [, and then defines the map 6 from Q into K that
takes o to 6,. More precisely, 6 is a homomorphism from Q into the additive group (I, +) of IK as the
following computation shows:

0100, = (01002)(u) —u =01(02(u) —u+u) —u =010y, +01(u) — 1t =05, + 65, =05, + 6o,

Also, 6 is injective. In fact, if 6,, = O for some oy € Q \ {1}, then u is in the fixed field of oy, which is
impossible since vp, (#) = —1 whereas P is totally ramified in the cover &€|(¥/(0,)). The image 6(Q)
of 6 is an additive subgroup of K of order |Q|. The smallest subfield of K containing 6(Q) is a finite
field [ ,» and hence 6(Q) can be viewed as a linear subspace of [ ,» considered as a vector space over [ .
Therefore, the polynomial

fOy=1TwW -6, (16)

oeQ

is a linearized polynomial over [, [Lidl and Niederreiter 1983, §4, Theorem 3.52]. In particular, f(U) is
an additive polynomial of degree |Q|; see also [Serre 1962, Chapter V, §5]. Also, f(U) is separable as 6
is injective. From (16), the pole divisor of f(u) € K(¥X) is

div(f (u))oo = |Q(d P1 + P). (17)

For every og € O,
oo(f @) = [0 =06) = [ [+ —05) = [ —=0,,-) = [ [w—0:) = fw).
oeQ oeQ oceQ oceQ

Thus, f(u) € K(X)2. Furthermore, from « € Ng(Q), for every o € Q there is o’ € Q such that «o = o’a.
Therefore,

a(fw) =] @@ —u)=]]@ow)—Euw)=]]©" @w)—&uw) =[] Eu)—su)=f ).
oeQ oeQ oeQ oeQ

This shows that if R € ¥ is a zero of f(u) then Supp(div(f(u)o)) contains the U-orbit of R of length
|U|. Actually, since o (f(u#)) = f(u) for o € Q, Supp(div(f(u)o)) contains the G-orbit of R of length
|G| = |Q]|U|. This together with (17) give

\UlI(d+1). (18)



Ordinary algebraic curves with many automorphisms in positive characteristic 13

On the other hand, [K(%) is rational. Let P and P, be the points lying under Py and P,, respectively, and
let Ry, Ry, ..., Ry withk = (d+ 1)/|U| be the points lying under the zeros of f («) in the cover &[(%/ Q).
We may represent IK(%)Q as the projective line KU {oo} over K so that Py =00, P; =0, and R; =1, for
1<i<k. Letg(t)= tY 4+t~ 4+ h(r) where h(t) e K[t]is a polynomial of degree k = (d +1)/|U| whose
roots are ry, ..., ry. It turns out that f(u), g(¢) € K(¥) have the same pole and zero divisors, and hence

cfw)y=t+1""+h@t), cek". (19)

We prove that K(&) = K(u, t). From [Sullivan 1975] (see also [Hirschfeld et al. 2008, Remark 12.12]),
the polynomial ¢Tf(X) — T4t — 1 — h(T)T is irreducible, and the plane curve € has genus g(6) =
%(q —1)(d + 1). Comparison with (13) shows K(¥) =€ and d = 1 whence |U| < 2. If equality holds,
then deg h(T) = 1 and ¥ is a hyperelliptic curve with Equation (12). (I

Case II. G contains no minimal normal p-subgroup.

Proposition 3.2. Let X be an ordinary algebraic curve of genus g defined over a field K of odd char-
acteristic p > 0. If G is a solvable subgroup of Aut(¥) with a minimal normal subgroup N, then
G| < 34(g(X) + 1)*.

Proof. We begin with an outline of the proof.

Since & is chosen to be a (minimal) counterexample, Proposition 3.1 yields that G contains no nontrivial
normal p-subgroup. The factor group G = G/N is a subgroup of Aut(¥) where ¥ = %/N. As in the
proof of Proposition 3.1, we begin by showing that % must be rational. This time Result 2.6(ii) does not
apply and some more effort is needed to rule out the possibility of g(%) > 2 while the elliptic case does
not require a different approach. If % is rational, the classification in Result 2.9 gives the possibility of
the structure of G and its action on %. A careful analysis shows that G must be of type (vi) in Result 2.9.
From this we obtain the possibilities for the action of G on ¥. After that, (3) and (5) together with
straightforward computation are sufficient to end the proof although the case where N is an elementary
abelian 2-group requires some additional facts from group theory.

We prove that g(¥) > 2. By Result 2.2(ii), |N| < 49(¥) +4 as N is abelian. If & is also ordinary,
then the choice of % to have minimal genus implies that |G| < 34(g(%) + 1)3/2. Comparing this with
Result 2.8 shows a contradiction. Therefore, the possibility for ¥ to be nonordinary is investigated.

From Result 2.5(i), any p-subgroup S of G has trivial second ramification group at any point ¥. The
latter property remains true when & and S are replaced by & and the factor group S = SN /N, respectively.
To show this claim, take P € ¥ and let S 7 be the subgroup of S fixing P. Since p { |N| there is a point
P €% lying over P which is fixed by S. Hence, the stabilizer Sp of P in S is a nontrivial normal subgroup
of Gp. Since N is a normal subgroup in G, so is Np in G p. This yields that the product Np Sp is actually
a direct product. Therefore, Np is trivial by Result 2.5(iii), that is, the cover ¥|% is unramified at P.
From this, the claim follows.

Actually, N may be taken to be the largest normal subgroup N; of G whose order is prime to p. Also,
by our hypothesis, the quotient curve &¥; = & /N is neither rational, nor elliptic. From Result 2.8, its
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I<-automorphism group G| = G/N; has order bigger than 34(g(%;) + 1)*/2. Since G and hence G are
solvable, G| has a minimal normal d-subgroup where d must be equal to p by the choice of N; to be the
largest normal, prime to p subgroup of G. Take the largest normal p-subgroup N, of G. Observe that
N> # Gy. Infact, if Ny = Gy, then G is p-group of order bigger than 34(g(%1)+1)¥? > pg(%1)/(p —2).
From Result 2.1, ¥; has zero p-rank, and hence G| fixes a point P; € &;. On the other hand, since Giz)
is trivial, Result 2.6(iii) shows |G| < pg(¥1)/(p — 1), a contradiction. Now, define &, to be the quotient
curve &1 /N,. Since the second ramification group of N; at any point of ¥ is trivial, Result 2.6(i) gives
g(&) —y (&) = |N2[(g(X2) — y (X2)). In particular, if &5 is ordinary or rational, then ¥ is an ordinary
curve. From the proof of Proposition 3.1, the case g(¥,) = 1 cannot occur as |G| > 34(g(¥1) + 1)3/2.
Therefore, g(%,) > 2 with g(¥,) > y(¥,) may be assumed. The factor group G, = G/N; is a K-
automorphism group of the quotient curve ¥, = ¥ /N,, and it has a minimal normal d-subgroup with
d # p, by the choice of N;. Define N3 to be the largest normal, prime to p subgroup of G,. Observe that
N3 must be a proper subgroup of G,; otherwise G itself would be a prime to p subgroup of Aut(¥,)
of order bigger than 34(g(%,) + 1)3/2, contradicting Result 2.2(i). Therefore, there exists a (maximal)
nontrivial normal p-subgroup Ny in the factor group G3 = G/N3. Now, the above argument remains
valid whenever G, Ny, G, N2, X1, &, are replaced by G,, N3, G3, N4, X3, X4 where the quotient curves
are X3 = G2/N3 and ¥4 = G3/Ny. In particular, g(¥4) # 1 and g(¥3) — y (¥3) = [Nal(g(X4) — v (%4)).
Repeating the above argument, a finite sharply decreasing sequence g(%1) > g(¥2) > g(¥3) > g(®4) > - - -
arises. If this sequence has n 4+ 1 members, then g(¥,,) — ¥y (¥,) = |Ny+11(@(X,+1) — Y (&,+1)) with
9(Xn+1) = ¥y (Xy41) = 0. Therefore, for some (odd) index m < n, the curve &,, would not be ordinary,
but the successive member &, 11 would be an ordinary curve. Since ¥,,4 is a quotient curve of ¥, with
respect to a p-subgroup, this is impossible by Result 2.6(ii).

We continue with the elliptic case. Since g(X) > 2, (3) applied to X ensures that N has a short orbit. Let
I" be a short orbit of G containing a short orbit of N. Since N is a normal subgroup of G, I is partitioned
into short orbits X1, ..., X; of N each of length |X;|. Take a point R; from X; fori =1,2, ..., k, and
set ¥ = ¥ and S = ;. With this notation, |G| = |Gs||I'| = |Gslk|Z], and (3) gives

: |Ns|
29(%) -2 = ZIEiI(INs,-I — 1) =k|Z|(INs| = 1) > +3k|Z||Ng| = %IGI@- (20)

i=1
Also, the factor group GgN /N is a subgroup of Aut(¥) fixing the point of ¥ lying under S in the cover
%|%. From Result 2.7,

GsNI _IGs| _|Gs] _
NI~ 1GsNNT  INs| =

This and (20) yield |G| < 48(g(%) — 1), a contradiction with our hypothesis 34(g(%) + 1)3/2.
Therefore, ¥ is rational. Thus, G is isomorphic to a subgroup of PGL(2, K). Since p divides |G|

12.

but not |N|, G contains a nontrivial p-subgroup. From Result 2.9, either p =3 and G Alty, Symy, or
G = Q x C where Q is a normal p-subgroup and its complement C is a cyclic prime to p subgroup and
|C| divides |Q| — 1.
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If G = Alty, Sym,, then |G| < 24 whence |G| < 24|N| <96(g(¥) + 1) as N is abelian. Comparison
with our hypothesis |G| > 34(g(%) + 1)*/? shows that g(¥) < 6. For small genera we need a little
more. If |N| is prime, then |N| < 2g(¥) 4+ 1 by Result 2.2(iii), and hence |G| < 48(g(¥) + 1), which
is inconsistent with |G| > 34(g(%) + 1)*/2. Otherwise, since p = 3 and |N| has order a power of
prime distinct from p, the bound |[N| < 4(g(¥) + 1) with g(¥) < 6 is only possible for (g(%), |N|) €
{(3,16), (4, 16), (5, 16), (6, 16), (6, 25)}. Comparison of |G| < 24|N| with |G| > 34(g(¥) + 1)*/? rule
out the latter three cases. Furthermore, since N is an elementary abelian group of order 16, g(&) must be
odd by Lemma 2.13. Finally, g(¥) =3, [N| = 16, and G/N = Sym, is impossible as Result 2.3 would
imply that & has zero p-rank.

Therefore, the case G = Q x C occurs. Also, G fixes a unique place P € Z. Let A be the N-orbits
in & that lie over P in the cover #|%. We prove that A is a long orbit of N. By absurd, the permutation
representation of G on A has a nontrivial 1-point stabilizer containing a nontrivial subgroup M of N.
Since N is abelian, M is in the kernel. In particular, M is a normal subgroup of G contradicting our
choice of N to be minimal.

Take a Sylow p-subgroup Q of G of order |Q| = p" with & > 1, and look at the action of Q on A.
Since |A| = |N| is prime to p, Q fixes a point P € A, thatis, Q = Qp. Since ¥ is an ordinary curve,
Result 2.5(ii) shows that Q p and hence Q are elementary abelian. Therefore, Gp = Q x U where U is a
prime to p cyclic group. Thus,

|QIICIIN| = |G|IN| = |G| = |GpllA| = |QIIU||A] = | Q||U|INI, 21

whence |Q| = | Q| and |U| = |C|. Consider the subgroup H of G generated by Gp and N. Since A is a
long N-orbit, Gp NN = {1}. As N is normal in H this implies that H =N X Gp =N x (Q x U) and
hence |H| = |N||Q||U|, which proves G = H = N x (Q x U).

Since ¥ is rational and P is the unique fixed point of nontrivial elements of Q, each Q-orbit other
than {P} is long. Furthermore, C fixes a point R other than P and no nontrivial element of C fixes a
point distinct from P and R. This shows that the G-orbit Q; of R has length | Q]. In terms of the action
of G on &, there exist as many as |Q| orbits of N, say Ay, ..., Ajg|, whose union A is a short G-orbit
lying over ; in the cover ¥|%. Obviously, if at least one of A; is a short N-orbit, then so are all.

We show that this actually occurs. Since the cover ¥|% ramifies, N has some short orbits, and by
absurd there exists a short N-orbit ¥ not contained in A. Then ¥ and A are disjoint. Let I" denote the
(short) G-orbit containing . Since N is a normal subgroup of G, I' is partitioned into N-orbits, say
Y = %, ..., I, each of them of the same length |X|. Here k = |Q||U]| since the set of points of %
lying under these k short N-orbits is a long G-orbit. Also, [N| = |3;||Np,| for <i <kand R; € %;. In
particular, | 2| = |%;| and |Ng,| = | Bg,|. From (3),

k
29(%) —2= -2|N| +Z|Zi|(|NR,-I — D) ==2IN|+[QIU[IZ:1[(INg,| = D).
i=1
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Since Ng, is nontrivial, |[Ng,| —1> %|NR1 |. Therefore,
29(%)—2> —2|N|+3| QU %1||Ng, |==2IN|+5|QIIU|IN|=|N|(3(1 QIIU|-2)) = 3 IN|(| Q||U |—4).
As |QI|U|—4 > 110||U| by | QU] > 4, this gives
2g(%) —2 > 7IN[|U||Q| = {IG]I.

But this contradicts our hypothesis |G| > 34(g(%) + 1)/2.
Therefore, the short orbits of N are exactly Ay, ..., Ajg|. Take a point §; from A; fori =1,...,[Q]|.
Then Ng, and Ng, are conjugate in G, and hence |Ng, | = |Ns|. From (3) applied to N,

|0
29(%) —2=-2[N| +Z|Ai|(|NSi| — 1) ==2|N|+|Q[|A[(INs,| = 1) = =2|N| + 3| Q|| AN, .
i=1
Since |N| =|A1]||Ng, |, this gives 2g(X) —2 > %|N|(|Q| —4) whence 2g(¥) —2 > %|N||Q| provided that
|Q| > 5. The missing case, |Q| = 3, cannot actually occur since in this case |C| = |U| < |Q| — 1 =2,
whence |G| = |Q||U||N| < 6|N| < 24(g(%) + 1), a contradiction with |G| > 34(g(%) + 1)*/2. Thus,

INIIQ] = 8(g(X) — 1). (22)
Since |N||U| < |N||Q], this also shows

INNIU| < 8(g(X) —1). (23)
Therefore,
IGIIN| = IN*|UJ|Q| < 64(g(%) — 1)*.

Equations (22) and (23) together with our hypothesis |G| > 34(g(%) + 1)3/? yield

INI < SVa@®) — 1. (24)

From (24) and |G| = |N||Q||U| > 34(g(%X) + 1)3/> we obtain

342
101U > 6—4(9(96) =1 > 18(g(®) — 1),

which shows that Lemma 2.12 applies to the subgroup Q x U of Aut(X). With the notation in Lemma 2.12,
this gives that Q x U and Q have the same two short orbits, ; = {P} and €2,. In the cover ¥|%, the point
P € % lying under P is fixed by Q. We prove that €2, is a subset of the N-orbit A containing P. For this
purpose, it suffices to show that for any point R € 25, the point R € ¥ lying under R in the cover X|%
coincides with P. Since 2 is a Q-short orbit, the stabilizer Q is nontrivial, and hence Q fixes R. Since
% is rational, this yields P = R. Therefore, Q, U{P} is contained in A, and either A = Q, U{P} or A
contains a long Q-orbit. In the latter case, |U| < |Q| < |N|, and hence

642
|GI* = |N||QIIN||U||QIIU| < IN||Q|IN||U|IN|* < 3—4(9(96)— 1)
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whence |G| < 34(g(%¥) + 1)*/2, a contradiction with our hypothesis. Otherwise |N| = |A| =1+ |€2]. In
particular, | N| is even, and hence it is a power of 2. Also, by (5), g(X) — 1=y (&) —1=—|0|+ 14+ 2;]
where |2;] > 1 is a power of p. This implies that g(%) is also even. Since N is an elementary abelian
2-group, Lemma 2.13 yields that either |[N| =2 or |N| =4.

If |[N| = 2, then 2, consists of a unique point R and Q x U fixes both points P and R. Since
A ={P, R}, and A is a G-orbit, the stabilizer G p g is an index-2 (normal) subgroup of G. On the other
hand, Gp,g = Q X U and hence Q is the unique Sylow p-subgroup of Q x U. Thus, Q is a characteristic
subgroup of the normal subgroup G p g of G. But then Q is a normal subgroup of G, a contradiction
with our hypothesis.

If |IN| =4, then |A] =4 and p = 3. The permutation representation of G of degree 4 on A contains
a 4-cycle induced by N but also a 3-cycle induced by Q. Hence, if K = ker, then G/K = Sym,. On
the other hand, since both N and Ker are normal subgroups of G, their product N K is normal, as well.
Hence, NK /K is a normal subgroup of G/K, but this contradicts G/K = Sym,. ]

References

[Giulietti and Korchmaros 2014] M. Giulietti and G. Korchmdros, “Garden of curves with many automorphisms”, pp. 93—-120 in
Algebraic curves and finite fields, edited by H. Niederreiter et al., Radon Ser. Comput. Appl. Math. 16, de Gruyter, Berlin, 2014.
MR Zbl

[Gunby et al. 2015] B. Gunby, A. Smith, and A. Yuan, “Irreducible canonical representations in positive characteristic”, Res.
Number Theory 1 (2015), art. id. 3. MR Zbl

[Henn 1978] H.-W. Henn, “Funktionenkorper mit grofler Automorphismengruppe”, J. Reine Angew. Math. 302 (1978), 96-115.
MR Zbl

[Hirschfeld et al. 2008] J. W. P. Hirschfeld, G. Korchmaros, and F. Torres, Algebraic curves over a finite field, Princeton Univ.,
2008. MR Zbl

[Homma 1980] M. Homma, “Automorphisms of prime order of curves”, Manuscripta Math. 33:1 (1980), 99-109. MR Zbl

[Kontogeorgis and Rotger 2008] A. Kontogeorgis and V. Rotger, “On abelian automorphism groups of Mumford curves”, Bull.
Lond. Math. Soc. 40:3 (2008), 353-362. MR Zbl

[Korchmadros et al. 2018] G. Korchmaros, M. Montanucci, and P. Speziali, “Transcendence degree one function fields over a
finite field with many automorphisms”, J. Pure Appl. Algebra 222:7 (2018), 1810-1826. MR Zbl

[Lidl and Niederreiter 1983] R. Lidl and H. Niederreiter, Finite fields, Encycl. Math. Appl. 20, Addison-Wesley, Reading, MA,
1983. MR Zbl

[Machi 2012] A. Machi, Groups: an introduction to ideas and methods of the theory of groups, Unitext 58, Springer, 2012. MR
Zbl

[Nakajima 1987] S. Nakajima, “p-ranks and automorphism groups of algebraic curves”, Trans. Amer. Math. Soc. 303:2 (1987),
595-607. MR Zbl

[Neftin and Zieve 2015] D. Neftin and M. E. Zieve, “Solvable covers with many rational points”, preprint, 2015, Available at
https://neftin.net.technion.ac.il/files/2015/10/many-12-9-13.pdf.

[Serre 1962] J.-P. Serre, Corps locaux, Publ. Inst. Math. Univ. Nancago 8, Hermann, Paris, 1962. MR Zbl
[Serre 1979] J.-P. Serre, Local fields, Graduate Texts in Math. 67, Springer, 1979. MR Zbl

[Stichtenoth 1973] H. Stichtenoth, “Uber die Automorphismengruppe eines algebraischen Funktionenkorpers von Primzahlchar-
akteristik, II: Ein spezieller Typ von Funktionenkorpern”, Arch. Math. (Basel) 24 (1973), 615-631. MR Zbl

[Sullivan 1975] F. J. Sullivan, “p-torsion in the class group of curves with too many automorphisms”, Arch. Math. (Basel) 26
(1975), 253-261. MR Zbl


http://dx.doi.org/10.1515/9783110317916.93
http://msp.org/idx/mr/3287684
http://msp.org/idx/zbl/1332.14037
http://dx.doi.org/10.1007/s40993-015-0004-8
http://msp.org/idx/mr/3500987
http://msp.org/idx/zbl/1379.14018
http://dx.doi.org/10.1515/crll.1978.302.96
http://msp.org/idx/mr/511696
http://msp.org/idx/zbl/0378.12011
https://www.jstor.org/stable/j.ctt1287kdw
http://msp.org/idx/mr/2386879
http://msp.org/idx/zbl/1200.11042
http://dx.doi.org/10.1007/BF01298341
http://msp.org/idx/mr/596381
http://msp.org/idx/zbl/0459.14005
http://dx.doi.org/10.1112/blms/bdn011
http://msp.org/idx/mr/2418791
http://msp.org/idx/zbl/1151.11025
http://dx.doi.org/10.1016/j.jpaa.2017.08.008
http://dx.doi.org/10.1016/j.jpaa.2017.08.008
http://msp.org/idx/mr/3763285
http://msp.org/idx/zbl/1390.14081
http://msp.org/idx/mr/746963
http://msp.org/idx/zbl/0554.12010
http://dx.doi.org/10.1007/978-88-470-2421-2
http://msp.org/idx/mr/2987234
http://msp.org/idx/zbl/1246.20001
http://dx.doi.org/10.2307/2000686
http://msp.org/idx/mr/902787
http://msp.org/idx/zbl/0644.14010
https://neftin.net.technion.ac.il/files/2015/10/many-12-9-13.pdf
http://msp.org/idx/mr/0150130
http://msp.org/idx/zbl/0137.02601
http://dx.doi.org/10.1007/978-1-4757-5673-9
http://msp.org/idx/mr/554237
http://msp.org/idx/zbl/0423.12016
http://dx.doi.org/10.1007/BF01228261
http://dx.doi.org/10.1007/BF01228261
http://msp.org/idx/mr/0404265
http://msp.org/idx/zbl/0282.14007
http://dx.doi.org/10.1007/BF01229737
http://msp.org/idx/mr/0393035
http://msp.org/idx/zbl/0331.14016

18 Gabor Korchmaros and Maria Montanucci

[Valentini and Madan 1980] R. C. Valentini and M. L. Madan, “A Hauptsatz of L. E. Dickson and Artin—Schreier extensions”, J.
Reine Angew. Math. 318 (1980), 156-177. MR Zbl

Communicated by Gavril Farkas
Received 2016-10-25 Revised 2018-10-18 Accepted 2018-11-20

gabor.korchmaros@unibas.it Dipartimento di Matematica, Informatica ed Economia,
Universita degli Studi della Basilicata, Potenza, Italy

mariamontanucci@gmail.com Dipartimento di Tecnica e Gestione dei Sistemi Industriali,
Universita degli Studi di Padova, Vicenza, Italy

mathematical sciences publishers :'msp


http://eudml.org/doc/152272
http://msp.org/idx/mr/579390
http://msp.org/idx/zbl/0426.12016
mailto:gabor.korchmaros@unibas.it
mailto:mariamontanucci@gmail.com
http://msp.org

Richard E. Borcherds
Antoine Chambert-Loir
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas

Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar
Philippe Michel
Susan Montgomery

Shigefumi Mori

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR
David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
Université Paris-Diderot, France

CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA

Princeton University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA
RIMS, Kyoto University, Japan

Martin Olsson
Raman Parimala
Jonathan Pila

Anand Pillay

Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas

J. Toby Stafford
Pham Huu Tiep

Ravi Vakil

Michel van den Bergh
Marie-France Vignéras
Kei-Ichi Watanabe
Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitidt Bonn, Germany
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2019 is US $385/year for the electronic version, and $590/year (+$60, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 13 No. 1 2019

Ordinary algebraic curves with many automorphisms in positive characteristic
GABOR KORCHMAROS and MARIA MONTANUCCI

Variance of arithmetic sums and L-functions in [, [7]
CHRIS HALL, JONATHAN P. KEATING and EDVA RODITTY-GERSHON

Extended eigenvarieties for overconvergent cohomology
CHRISTIAN JOHANSSON and JAMES NEWTON

A tubular variant of Runge’s method in all dimensions, with applications to integral points on Siegel
modular varieties

SAMUEL LE FOURN

Algebraic cycles on genus-2 modular fourfolds
DONU ARAPURA

Average nonvanishing of Dirichlet L-functions at the central point
KYLE PRATT

93

159

211

227


http://dx.doi.org/10.2140/ant.2019.13.1
http://dx.doi.org/10.2140/ant.2019.13.19
http://dx.doi.org/10.2140/ant.2019.13.93
http://dx.doi.org/10.2140/ant.2019.13.159
http://dx.doi.org/10.2140/ant.2019.13.159
http://dx.doi.org/10.2140/ant.2019.13.211
http://dx.doi.org/10.2140/ant.2019.13.227

	1. Introduction
	2. Background and preliminary results
	3. The proof of 0=theorem.21=Theorem 1.1
	References
	
	

