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A tubular variant of Runge’s method
in all dimensions, with applications to
integral points on Siegel modular varieties
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Runge’s method is a tool to figure out integral points on algebraic curves effectively in terms of height.
This method has been generalized to varieties of any dimension, but unfortunately the conditions needed
to apply it are often too restrictive. We provide a further generalization intended to be more flexible while
still effective, and exemplify its applicability by giving finiteness results for integral points on some Siegel
modular varieties. As a special case, we obtain an explicit finiteness result for integral points on the Siegel
modular variety A,(2).
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Introduction

One of the major motivations of number theory is the description of rational or integral solutions of
diophantine equations, which from a geometric perspective amounts to understanding the behavior of
rational or integral points on algebraic varieties. In dimension one, several fundamental results provide
a good overview of the situation, including the famous Faltings’ theorem (for genus > 2 and algebraic
points) or Siegel’s theorem (for integral points and a function with at least three poles). Nevertheless,
the quest for general effectivity (meaning a bound on the height on these points, or hopefully complete
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determination of the points) is still ongoing, and effective methods are quite different from these two
powerful theoretical theorems.

On the other hand, there is major interest in the study of algebraic torsion points of elliptic curves,
or more generally abelian varieties, defined over a given number field. In many situations, it amounts
to understanding the algebraic points of so-called modular spaces, parametrizing isomorphism classes
of abelian varieties with additional datum. For modular curves (i.e., modular spaces of elliptic curves),
the existing techniques are numerous and far-reaching (for example, with Merel’s uniform boundedness
theorem [1996] or Mazur’s isogeny theorem [1977]), but the world of higher-dimensional abelian varieties
is far less known.

We thus focus in this paper on a method for integral points on curves called Runge’s method, and its
generalizations to algebraic varieties and applications for Siegel modular varieties. This introduction is
twofold: first, we give the guiding principles behind our approach and second, we flesh out the precise
structure of the article and indicate where to find the details for each claim made.

Runge’s method for algebraic varieties. On a smooth algebraic projective curve C over a number field K,
Runge’s method proceeds as follows. Let ¢ € K(C) be a nonconstant rational function on C. For any
finite extension L /K, we denote by M the set of places of L (and by M° the archimedean ones). For S,
a finite set of places of L containing M?°, we denote the ring of Sy -integers of L by

Ors, ={xeL:|x|, <1forallveM\S.}.

Now, let 7, be the number of orbits of poles of ¢ under the action of Gal(L/L). The Runge condition on
a pair (L, Sp) is the inequality
ISL| < L. (1)

Then, Bombieri’s generalization [Bombieri and Gubler 2006, paragraph 9.6.5 and Theorem 9.6.6] of
Runge’s old theorem [1887] states that given such C and ¢, there is an absolute bound B such that for
every pair (L, Sr) satisfying the Runge condition and every point P € C(L) such that ¢(P) € O s, ,

h(¢(P)) < B,

where 4 is the Weil height. In short, as long as the point ¢ (P) has few nonintegrality places (the exact
condition being (1)), there is an absolute bound on the height of ¢ (P). When applicable, this method has
two important assets: it gives good bounds and is uniform in the pairs (L, Sz ), which for example is not
true for Baker’s method [Bilu 1995].

Our first goal was to transpose the ideas for Runge’s method on curves to higher-dimensional varieties.
First, let us recall a previous generalization of Bombieri’s theorem in higher dimensions obtained by
Levin [2008, Theorem 4] under a simplified form. On a projective smooth variety X, the analogues of
poles of ¢ are effective divisors Dy, ..., D,. We have to fix a smooth integral model X’ of X on Ok, and
denote by D, ..., D, the Zariski closures of the divisors in this model, of union D, so our integral points
here are the points of (¥\D)(OL,s,). There are two major changes in higher dimension. Firstly, the
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divisors have to be ample (or at least big) to obtain finiteness results (this was automatic for dimension 1).
Secondly, instead of the condition |S; | < r as for curves, the higher-dimensional Runge condition is

m|Sy| <r, ()

where m is the smallest number such that any (m + 1) divisors amongst Dy, ..., D, have empty common
intersection. Levin’s theorem states in particular that when the divisors are ample,

( U (X\D)(OL,SL)) is (effectively) finite.

(L,SL)
m|Sp|<r

The issue with (2) is that the maximal number |S; | satisfying this condition is lowered by m, since
the ample (or big) hypothesis tends to give a lower bound on m, condition (2) is impossible to satisfy
(remember that S; contains archimedean places, so |Sy| > [L : @]/2). This was the initial motivation for
a generalization of this theorem, called “tubular Runge’s theorem”, designed to be more flexible in terms
of the Runge condition. Let us explain its principle below.

In addition to X and Dy, ..., D,, we fix a closed subvariety ¥ of X which is meant to be “where the
divisors Dy, ..., D, intersect a lot”. More precisely, let my be the smallest number such that for any
(my + 1) distinct divisors amongst Dy, ..., D,, their common intersection is included in Y. In particular,
my < m, and the goal is to have my as small as possible without asking Y to be too large. Now, we fix a
“tubular neighborhood” of Y, which is the datum of a family V = (V,),, where v goes through the places v
of K, every V, is a neighborhood of Y in the v-adic topology, and this family is uniformly not too small
in some sense. As the main example, if ) is the Zariski closure of Y in X', we can define at a finite place
v the neighborhood V;, to be the set of points of X (Ky) reducing in ) modulo v. A point P € X (K) does
not belong to V if P ¢ V, for every place v of K, and intuitively, this means that P is v-adically far away
from Y for every place v of K. Now, assume our integral points are not in V. It implies that at most my
divisors amongst D1, ..., D, can be v-adically close to them, hence using the same principles of proof
as Levin, this gives the fubular Runge condition

my|Sp| <r. 3)
With this additional data, one can now sketch our tubular Runge’s theorem.

Theorem (simplified version of the “tubular Runge’s theorem” (Theorem 5.1)). For X, X, Dy, ..., D,,
Y, my and a tubular neighborhood V of Y as in the paragraph above, let (X\D)(Oy_s,)\V be the set of
points of (X\D)(OL s, ) which do not belong to V. Then, if Dy, ..., D, are ample, for every such tubular
neighborhood, the set

( U <X\D><0L,SL>\V) is finite,

(L,Sr)
my|SL|<r

and bounded in terms of some auxiliary height.
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As the implicit bound on the height is parametrized by the tubular neighborhood V), this theorem
can be seen as a concentration result rather than a finiteness one; essentially, it states that the points
of (¥Y\D)(OL s, ) concentrate near the closed subset Y. As such, we have compared it to theorems of
[Corvaja et al. 2009], notably Autissier’s theorem and the CLZ theorem, in Section 5 (in particular, our
version is made to be effective, whereas these results are based on Schmidt’s subspace theorem, of which
no effective proof is known yet). On the other hand, there is an interesting (and genuine finiteness result)
variant only using the tubular neighborhood at finite places: under all above assumptions, we also have
finiteness of the union of all the (X\D)(OL s, ) minus all the points reducing in Y at some finite place,
where the pairs (L, Sp.) satisty the mixed tubular Runge condition

m|M°|+my|SL\M[°| <, “4)

and this will be straightforward given the proof of the theorem.

In the second part of our paper, we apply the method to Siegel modular varieties, both as a proof
of principle and because integral points on these varieties are not very well understood, apart from the
Shafarevich conjecture proved by Faltings. As we will see below, this is also a case where a candidate for
Y presents itself, thus giving tubular neighborhoods a natural interpretation.

For n > 2, the variety denoted by A, (n) is the variety over Q(¢,) parametrizing triples (A, A, «,) where
(A, A) is a principally polarized abelian variety of dimension 2 and «, is a symplectic level n structure
on (A, A). It is a quasiprojective algebraic variety of dimension 3, and its Satake compactification (which
is a projective algebraic variety) is denoted by A, (n)3, the boundary being d A»(n) = A>(n)5\ A>(n). The
extension of scalars A, (n)c is the quotient of the half-superior Siegel space H; by the natural action of the
symplectic congruence subgroup I'2(n) of Sp,(Z) made up with the matrices congruent to the identity mod-
ulo 7. Now, we consider some divisors (n*/2+42 of them) defined by the vanishing of some modular forms,
specifically theta functions. One finds that they intersect a lot on the boundary d A;(n) (m comparable
to n*), but when we fix ¥ = 9 A,(n), we get my < (n? — 3) hence giving the tubular Runge condition

(n* —3)|S.| < 4n* +2.

The application of our tubular Runge’s theorem gives for every even n > 2 a finiteness result for the
integral points for these divisors and some tubular neighborhoods associated to potentially bad reduction
for the finite places; this is Theorem 7.12. In the special case n = 2, we made this result completely
explicit in Theorem 8.2. A simplified case of this theorem (using (4)) is the following result.

Theorem (Theorem 8.2, simplified case). Let K be either Q or a quadratic imaginary field.
Let A be a principally polarized abelian surface defined over K, whose full 2-torsion is also defined
over K and having potentially good reduction at all finite places of K.
Then, if the semistable reduction of A is a product of elliptic curves at most at 3 finite places of K, we
have the explicit bound
hr(A) <828,

where hr is the stable Faltings height. In particular, there are only finitely many such abelian surfaces.
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Let us finally explain the structure of the paper.

I
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Section 1 is devoted to the notations used throughout the paper, including heights, M g-constants and

4

bounded sets. We advise the reader to pay particular attention to its reading as it introduces notations
which are ubiquitous in the rest of the paper. Section 2 is where the exact definition and basic properties
of tubular neighborhoods are given. In Section 3, we prove the key result for the tubular Runge’s theorem
(Proposition 3.1), essentially relying on a well-applied Nullstellensatz. In Section 4, we reprove Bombieri’s
theorem for curves with Bilu’s idea, as it is not yet published to our knowledge (although this is exactly
the principle behind Runge’s method in [Bilu and Parent 2011] for example). Finally, we prove and
discuss our tubular Runge’s theorem (Theorem 5.1) in Section 5.

For the applications to Siegel modular varieties, Section 6 gathers the necessary notations and reminders
on these varieties (Section 6A), their integral models and their properties (Section 6B) and the key notion
of theta divisors on abelian varieties and their link with classical theta functions (Section 6C). The theta
functions are essential because they define the divisors we use in our applications of the tubular Runge’s
theorem.

In Section 7, we focus on the case of abelian surfaces (the one we are interested in), especially regarding
the behavior of theta divisors (Section 7A) and state in Section 7B the applications of our tubular Runge’s
theorem for the varieties A (n)° and the divisors mentioned above (Theorems 7.11 and 7.12).

Finally, in Section 8, we make explicit Theorem 7.11 by computations on the ten fourth powers of
even characteristic theta constants. To do this, the places need to be split into three categories. The finite
places not above 2 are treated by the theory of algebraic theta functions in Section 8A, the archimedean
places by estimates of Fourier expansions in Section 8B and the finite places above 2 (the hardest case)
by the theory of Igusa invariants and with polynomials built from our ten theta constants in Section 8C.
The final estimates are given as Theorem 8.2 in Section 8D, both in terms of a given embedding of A;(2)
and in terms of Faltings height.

The main results of this paper have been announced in the recently published note [Le Fourn 2017], and
apart from Section 8 and some improvements can be found in the author’s thesis manuscript [Le Fourn
2015] (both in French).
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1. Notations and preliminary notions

The following notations are classical and given below for clarity. They will be used throughout the paper.

e K is a number field, Mx and MR° are the set of places and archimedean places of K, respectively. We
also denote by M the set of places of K.

* |-|oo is the usual absolute value on Q, and ||, is the place associated to p prime, whose absolute value

is normalized by
|x|p — p—ordp(x)

where ord, (x) is the unique integer such that x = pordr (x)% with p{ab (by convention, |0], =0). Similarly,
||, is the absolute value on K associated to v € Mg, normalized to extend |-|,, when v is above vy € Mq,
and the local degree is n, = [K, : Q,]. For every x € K*, one has the classical product formula

n
[Tkl =1

UEMK
When v comes from a prime ideal p of Ok, we indifferently write |-|, and [-|,.

« For any place v of K, one defines the sup norm on K"*! by
[(x0, - -+ xp) o = Max [xi,.
0<i<n
« Every set of places S C Mk considered is finite and contains Mg°. The ring of S-integers is
Ok.s=1{xe K :|x|, <1 forevery v e Mg\S}.

o For every P € P"(K), we denote by xp = (xp, ..., xp.,) € K" any possible choice of projective
coordinates for P, this choice being of course fixed for consistency when used in a formula or a proof.
The logarithmic Weil height of P is defined by

1
h(P) = ny logllxplly, (1-1)
(K : Q] UEXM:K ' ’
this does not depend on the choice of xp nor on the number field, and satisfies the Northcott property.
o Forevery n > 1 and every i € {0, ..., n}, the i-th coordinate open subset U; of P is the affine subset
defined as
Ui={(xo:---:x0) | x; # 0} (1-2)
The normalization function ¢; : U; — A"*! is then defined by
X0 X
gp,-(x():---:xn):(—,...,1,...—"). (1-3)
Xi Xi

For most of our results, we need to formalize the notion that some families of sets indexed by the
places v € Mk are “uniformly bounded”. To this end, we recall some classical definitions (see [Bombieri
and Gubler 2006, §2.6]).
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Definition 1.1 (M -constants and Mg -bounded sets). « An Mg -constant is a family C = (¢y)yep, of real
numbers such that ¢,, =0 except for a finite number of places v € M. The set of Mk-constants is stable by
finite sum and finite maximum on each coordinate, a fact which we will often use without further mention.

» Let L/K be a finite extension. For an Mg-constant (¢,)yem, , We define (with abuse of notation) an
M -constant (cy)wenm, by ¢y :=cy if w | v. Conversely, if (¢y)wenr, is an My -constant, we define (again
with abuse of notation) (c,)vemy by ¢y := maxy, |, ¢y, and get in both cases the inequality

1 1
.0 Z NyCy < K 0] Z NyCy. (1-4)

weML UEMK

o If U is an affine variety over K and E C U (K)x M - aregular function f € K[U]is Mg-bounded
on E if there is a Mg-constant C = (¢, )yem, such that for every (P, w) € E with w above v in Mk,

log| f(P)|w < cy.

o An M-bounded subset of U is, by abuse of definition, a subset E of U(K) x M % such that every
regular function f € K[U] is Mg-bounded on E.

Remark 1.2. (a) In the projective space P, for every i € {0, ..., n}, consider the set
E; ={(P,w) e P"(K) x Mg : |xp ilw=llxplw}. (1-5)

The regular functions x;/x; (j #1) on K[U;] (notation (1-2)) are trivially M g-bounded (by the zero
M -constant) on E;, hence E; is Mg-bounded in U;. Notice that the E; cover P"(K) x M g

(b) With notations (1-1), (1-2) and (1-3), for a subset E of U;(K), if the coordinate functions of U;
are M-bounded on E x Mg, the height 4 o ¢; is straightforwardly bounded on E in terms of the
involved Mg -constants. This simple observation will be the basis of our finiteness arguments.

The following lemma allows us to split M g-bounded sets in an affine cover.

Lemma 1.3. Let U be an affine variety and E an Mg-bounded set. If (U;) ey is a finite affine open
cover of U, there exists a cover (E;)jcj of E such that every E is Mg-bounded in U;.

Proof. This is Lemma 2.2.10 together with Remark 2.6.12 of [Bombieri and Gubler 2006]. (|

Let us now recall some notions about integral points on schemes and varieties.

For a finite extension L of K, a point P € P"(L) and a nonzero prime ideal ¥ of O, of residue field
k(P) = Or /B, the point P extends to a unique morphism Spec O 3 — P, , and the image of its special
point is the reduction of P modulo *}3, denoted by Py € P"(k(*B)). More explicitly, after normalization
of the coordinates xp of P so that they all belong to O 3 and one of them to OZ‘I?’ one has

Py = (xpomodP:---:xp, mod*P) € IP’Z@). (1-6)

The following (easy) proposition expresses scheme-theoretic reduction in terms of functions (there
will be another in Proposition 3.4). We write it below as it is the inspiration behind the notion of tubular
neighborhood in Section 2.
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Proposition 1.4. Let S be a finite set of places of K containing M2°, and X be a projective scheme on
Ok.s, seen as a closed subscheme of PIZOK_S'

Let Y be a closed sub-Ok g-scheme of X.

Consider g1, ..., g € Ok sl Xo, ..., X,] homogeneous generators of the ideal of definition of Y in
H:D?DK,SO' For every nonzero prime ‘B of Or not above S and every point P € X (L), the reduction Py
belongs to Y, (k(B)) (withp =PNOk) ifand only if Vj e {1,...,s}

d .
lgjCep)lop < llxp iy (1-7)

Proof. For every j € {1, ..., s}, by homogeneity of g;, for a choice xp of coordinates for P belonging to
OL 3 with one of them in O{’q}, the inequality (1-7) amounts to

gj(xpo, ..., xp,) =0 modP.

On the other hand, the reduction of P modulo 33 belongs to ), (k()) if and only if its coordinates satisfy
the equations defining ), in X, but these are exactly the equations gy, ..., ge modulo p. This remark

immediately gives the proposition by (1-6). (|

2. Definition and properties of tubular neighborhoods

The explicit expression (1-7) is the motivation for our definition of fubular neighborhood, at the core of
our results. This definition is meant to be used by exclusion; with the same notations as Proposition 1.4,
we want to say that a point P € X (L) is not in some tubular neighborhood of ) if it never reduces in ),
whatever the prime ideal 3 of Oy is.

The main interest of this notion is that it provides us with a convenient alternative to the reduction
assumption for the places in § (which are the places where the reduction is not well defined, including
the archimedean places), and also allows us to loosen up this reduction hypothesis in a nice fashion.
Moreover, as the definition is function-theoretic, we only need to consider the varieties over a base field,
keeping in mind that Proposition 1.4 makes the link with reduction at finite places.

Definition 2.1 (tubular neighborhood). Let X be a projective variety over K and Y be a closed K-
subscheme of X.

We choose an embedding X C [P, a set of homogeneous generators g, ..., g in K[Xg, ..., X;] of
the homogeneous ideal defining ¥ in P" and an Mg-constant C = (¢y)vemy -

The tubular neighborhood of Y in X associated to C and g1, . . ., g5 (the embedding made implicit) is
the family V = (Vi) e Mg of subsets of X (K) defined as follows.

For every w € Mg above some v € Mg, V,, is the set of points P € X (K) such that, Vj € {1, ..., s},

log|g;(xp)lw < deg(g;) - logllxplw +cv. (2-1)
As we said before, this definition will be ultimately used by exclusion:

Definition 2.2. Let X be a projective variety over K and Y be a closed K-subscheme of X.
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For any tubular neighborhood V = (V) wem, of ¥, we say that a point P € X (K) does not belong to
V (and we denote it by P ¢ V) if, Vw € M,

Pé¢vV,.

Remark 2.3. (a) A tubular neighborhood of Y can also be seen as a family of open subsets defined
by bounding strictly a global height function relative to ¥ coming from arithmetic distance functions
(see [Vojta 1987], paragraph 2.5 or the original article [Silverman 1987] for more details on arithmetic
distance functions). In particular, functoriality of global height functions (Theorem 2.1(h) of [Vojta 1987]
for example) implies that if one fixes a second embedding X C P%, any tubular neighborhood of Y
defined using this embedding can be put between two tubular neighborhoods defined using the original
embedding, and conversely. The notion of tubular neighborhood is thus essentially independent of the
choice of embedding (which is there to make things as explicit as needed).

(b) Comparing (1-7) and (2-1), for the Mg-constant C = 0 and with the notations of Proposition 1.4,
at the finite places w not above S, the tubular neighborhood V,, is exactly the set of points P € X (K)
reducing in ) modulo w.

(c) If Y is an ample divisor of X and V is a tubular neighborhood of Y, one easily sees that if P ¢ V
then (1 (P)) is bounded for some embedding ¥ associated to Y, from which we get the finiteness of the
set of points P of bounded degree outside of V. This illustrates why such an assumption is only really
relevant when Y is of small dimension.

Example 2.4. We have drawn in Figures 1, 2 and 3 three different pictures of tubular neighborhoods in
P2(R), at the usual archimedean norm. The coordinates are x, v, z, the affine open subset U, defined
by z #0, and E,, E,, E, the respective sets such that |x], |y, |z] = max(|x], |y], |z]). These different
tubular neighborhoods are drawn in U, and the contribution of the different parts E,, E, and E is made
clear.

3. Key results

We will now prove the key result for Runge’s method, as a consequence of the Nullstellensatz. We only
use the projective case in the rest of the paper but the affine case is both necessary for its proof and
enlightening for the method we use.

Proposition 3.1 (key proposition). (a) (Affine version) Let U be an affine variety over K, Y a closed
subset of U, g1, ..., & € K[U] whose set of common zeroes is Y and hy, ..., hy € K[U] all vanishing
onY. For every Mg -bounded set E of U and every M -constant Cy, there is an Mg -constant C such that
for every (P, w) € E with w above v € Mg, one has the following dichotomy:

max log|ge(P)|w > ¢, or max loglh;(P)|y, < co,v. (3-1)
1<t<r 1<j<s
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(0,6) ¢ (6, 6)

2,2

_(6,0)

Figure 1. Tubular neighborhood of the point P = (3 : 3 : 1) associated to the inequality
max(|x —3y, y —3z]) < g max(|x], |yl, |z])-

(b) (Projective version) Let X be a normal projective variety over K and ¢y, ..., ¢, € K(X). Let Y be
the closed subset of X defined as the intersection of the supports of the (Weil) divisors of poles of the ¢;.
For every tubular neighborhood V of Y (Definition 2.1), there is an M -constant C depending on V such
that for every w € Mg (above v € M) and every P € X(K),

11‘1’1}11 loglg¢(P)|lw <cy, or PeV,. (3-2)
<t=r

This result has an immediate corollary when Y = &:

Corollary 3.2 [Levin 2008, Lemma 5]. Let X be a normal projective variety over K and ¢y, ..., ¢, €
K (X) having globally no common pole. Then, there is an Mg -constant C such that for every w € Mg
(above v € M) and every P € X(K),

lmein log|é¢(P)|w < cv. (3-3)

Remark 3.3. (a) As will become clear in the proof, part (b) is actually part (a) applied to a good cover of
X by Mg-bounded subsets of affine open subsets of X (inspired by the natural example of Remark 1.2(a)).

(b) Besides the fact that the results must be uniform in the places (hence the Mg -constants), the principle
of (a) and (b) is simple. For (a), we would like to say that if the first part of the dichotomy is not satisfied,
the point P must be close to each set of zeroes of the g, hence to their intersection Y. Consequently, the
functions vanishing on Y must be small at P (second part of the dichotomy). This is not immediately
true yet (take for example functions vanishing respectively on one hyperbola and one of its axes on the
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* 4.4

(=4/3,4/3)

1/2,1)

Figure 2. Tubular neighborhood of the line D : y —x 42z = 0 associated to the inequality
max(jx —y +2z]) < % max(|x[, |y|, |z|). The boundary of the neighborhood is made up
with segments between the indicated points.

affine plane). Indeed, one needs to restrict to bounded sets to compactify the situation, which is also why
it works in the projective case as the closed sets are then compact.

(c) Corollary 3.2 is the key for Runge’s method in the case of curves in Section 4. Notice that Lemma 5
of [Levin 2008] assumed X smooth, but the proof is actually exactly the same for X normal. Moreover,

the argument below follows the structure of Levin’s proof.

(d) If we replace Y by Y’ D Y and V by a tubular neighborhood V' of Y, the result remains true with
the same proof, which is not surprising because tubular neighborhoods of Y’ are larger than tubular
neighborhoods of Y.

Proof of Proposition 3.1.

(a) By the Nullstellensatz applied to K[U], there are p € N> and regular functions f; ,, € K[U] such
that for every m € {1, ..., s},

j{: g@fhm ::hﬁ-

1<t<r
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(V2.42)

—(V2V2)

Figure 3. Tubular neighborhood of the hyperbola H : xy —z> = 0 given by the inequality
lxy—2z2%| < % max(|x]|, |y|, |z]). The boundary is made up with arcs of hyperbola between
the indicated points.

As E is Mg-bounded on U, all the f; ,, are M-bounded on E hence there is an auxiliary Mg -constant
C; such that for all (P, w) € E,

max 1Og|f€,m(P)|w =1,
1<t<r
1<m<s

therefore

|Am (P)P |y = 8

<r

w

> 8(P) frm(P)

et max |go(P)|w,
1<t<r
1<t<r

where §, is 1 if v is archimedean and O otherwise. For fixed w and P, either log|h,, (P)|, < co,y for all
m e {1, ..., s} (second part of dichotomy (3-1)) or the above inequality applied to some m € {1, ..., s}
gives

P-Coy = Sy 10g(r) +ciot+ llllgz(r 10g|gf,j(P)|w»

which is equivalent to

max loglgﬁ(PHw =D Cop— Sy 10g(r) —Cly
1<t<r

and taking the Mg -constant defined by ¢, := ¢y, + 6, log(r) — p - co,, for every v € Mg gives exactly
the first part of (3-1).
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(b) We consider X as embedded in some P so that V is exactly the tubular neighborhood of ¥ in X
associated to an Mg -constant Cp and generators gy, . . ., gs for this embedding. Let us define X; := XNU;
for every i € {0, ..., n} (see notations (1-2), (1-3) and (1-5)). The following argument is designed to
make Y appear as a common zero locus of regular functions built from the ¢,.

Forevery £ €{1, ..., r}, let Dy be the positive Weil divisor of zeroes of ¢, on X. Foreveryi €{0, ..., n},
let 1, ; be the ideal of K[X;] made up with the regular functions /. on the affine variety X; such that
div(h) > (Dy)|x,, and we choose generators hy ; 1, ..., he; j,, of this ideal. The functions hy ; ;/(¢e) x,
are then regular on X; and Vj e {1, ..., jo;},

m%fﬁi>>wum
(P)ix.) —

(the divisor of poles of ¢, on X;). By construction of I, ;, the minimum (prime Weil divisor by prime
Weil divisor) of the div(h,; ;) is exactly (Dy)x,; indeed, for every finite family of distinct prime Weil
divisors D{, ..., D;, D" on X;, there is a uniformizer i for D" of order O for each of the D;, otherwise
the prime ideal associated to D” in X; would be included in the finite union of the others. This allows
us to build for every prime divisor D’ of X; not in the support of (Dy)x, a function & € I;; of order O
along D’ (and of the proper order for every D’ in the support of (Dy)|x,). Consequently, the minimum
of the divisors of the h¢; ;j/(¢¢)x,, being naturally the minimum of the divisors of the i /(¢¢)|x, (for
h € K[X;]), is exactly (¢¢.i)oo-

Thus, by definition of Y, for fixed i, the set of common zeroes of the regular functions hy ; ; /(¢¢) x,
(forl <¢<rand1<j<j,;)on X;is Y N X;, so they generate an ideal whose radical is the ideal
of definition of ¥ N X;. We apply part (a) of this proposition to the h; ;j/(¢¢)x, (for 1 < £ <r and
1 <j < jei)the gjog; (for 1 < j <s)and the Mg-constant Cy, which gives us an Mg-constant C and
the following dichotomy on X; for every (P, w) € E;:

hei i
max log —=Lpy|l > c;v or max log|g;o;(P)|y < co,v-
I<t=r o] w I<j<s
1<j<si

Now, the Ay ; ; are regular on X; hence Mg-bounded on E;, therefore there is a second Mk -constant le’
such that for every (P, w) € E;

heii )

max log| —=(P)| >cf, = min log|g¢(P)|y <cf,.
1<t<r oy, w ' I<t=r '
I1<j<si

Taking C as the maximum of the Mk -constants le’, 0<i<n,forevery (P, w)e€ X(I?) x Mg, we choose i
such that (P, w) € E; and then we have the dichotomy (3-2) by definition of the tubular neighborhood V.
O

To finish this section, we will give the explicit link between integral points on a projective scheme
(relative to a divisor) and integral points relative to rational functions on the scheme. This will also tie
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our notion of integer points with that of [Levin 2008, Section 2], showing that the two can be treated

exactly in the same way.

Proposition 3.4. Let X be a normal projective scheme over Ok .

(a) If Y is an effective Cartier divisor on X such that Y is an ample (Cartier) divisor of Xk, there is a
projective embedding \ : Xg — P’ and an Mg -constant C such that the pullback by  of the hyperplane
of equation xo = 0 in P is Yk, and for any finite extension L of K and any w € M not above S,
VP e (X\V)(OL ),

logllxy Py llw < cv +10g| Xy (P).0lw- (3-4)

(b) If Y is an effective Cartier divisor on X such that Yk is a big (Cartier) divisor of Xk, there is a strict
Zariski closed subset Zx of Xk, a closed immersion ¢ : Xg\Zx — Py \{xo = 0} and an Mg -constant C
such that for any finite extension L of K and any w € M|, not above S, formula (3-4) holds outside Z .

Proof of Proposition 3.4. (a) and (b) come from the classical link between integral points in terms of a
scheme and integral points in terms of local heights (proven in Lemma 1.4.6 and Proposition 1.4.7 of
[Vojta 1987] for instance), combined with the properties of the morphisms associated to (very) ample
or big divisors. 0

Remark 3.5. (a) This proposition is formulated to avoid the use of local heights, but the idea is exactly
that under the hypotheses above, if P € (XY\Y)(OL ), the local height at w of P for the divisor Y is
strictly bounded.

(b) The hypotheses on ampleness (or “bigness”) are only necessary at the generic fiber. Once again, the
auxiliary functions replace the need for a complete understanding of what happens at the finite places.

4. The case of curves revisited

In this section, we reprove the generalization of an old theorem of Runge [1887], obtained by Bombieri
[1983, p. 305] (also rewritten as [Bombieri and Gubler 2006, Theorem 9.6.6]), following an idea explained
by Bilu in an unpublished note and mentioned for the case K = (Q by [Schoof 2008, Chapter 5]. The
aim of this section is to give a general understanding of this idea (quite different from the original proof
of Bombieri), as well as explain how it actually gives a method to bound heights of integral points on
curves. It is also a good start to understand how the intuition behind this result can be generalized to
higher dimension, which will be done in the next section.

Proposition 4.1 (Bombieri, 1983). Let C be a smooth projective algebraic curve defined over a number
field K and ¢ € K(C) not constant.

For any finite extension LK , let r; be the number of orbits of the natural action of Gal(L/L) over
the poles of ¢. For any set of places Sy of L containing M¢°, we say that (L, Sp) satisfies the Runge
condition if

ISl <rL. 4-1)
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Then, the union
U tpecw)ioP)eoLs,), (4-2)
(L,S)
where (L, Sp) runs through all the pairs satisfying the Runge condition, is finite and can be explicitly
bounded in terms of the height h o ¢.

Example 4.2. As a concrete example, consider the modular curve Xo(p) for p prime and the j-invariant
function. This curve is defined over Q@ and j has two rational poles (which are the cusps of X((p)), hence
rp =2 for any choice of L, and we need to ensure |[M;°| < [S;| < 2. The only possibilities satisfying the
Runge condition are thus imaginary quadratic fields L with S;, = {|-|o0}-

We proved in [Le Fourn 2016] that for any imaginary quadratic field L and any P € Xo(p)(L) such
that j(P) € O, one has

log|j(P)| = 2m/p+6log(p) +38.

The method for general modular curves is carried out in [Bilu and Parent 2011] and gives explicit estimates
on the height for integral points satisfying the Runge condition. This article uses the theory of modular
units and implicitly the same proof of Bombieri’s result as the one we explain below.

Remark 4.3. (a) The claim of an explicit bound deserves a clarification: it can actually be made explicit
when one knows well enough the auxiliary functions involved in the proof below (which is possible in
many cases, e.g., for modular curves thanks to the modular units). Furthermore, even as the theoretical
proof makes use of Mg-constants and results of Section 3, they are frequently implicit in practical cases.

(b) Despite the convoluted formulation of the proof below and the many auxiliary functions to obtain the
full result, its principle is as described in the introduction. It also gives the framework to apply Runge’s
method to a given couple (C, ¢).

Proof of Proposition 4.1. We fix K’ a finite Galois extension of K on which every pole of ¢ is defined. For
any two distinct poles Q and Q' of ¢, we choose by the Riemann—Roch theorem a function g o' € K'(C)
whose only pole is Q and which vanishes at Q’. For every point P of C(K) which is not a pole of ¢,
one has ordp(gp, o) > 0 thus gp, o belongs to the intersection of the discrete valuation rings of K(C)
containing ¢ and K [Hartshorne 1977, proof of Lemma 1.6.5], which is exactly the integral closure of
K[¢]in K (C) [Atiyah and Macdonald 1969, Corollary 5.22]. Hence, the function 80,0’ 1s integral on
K[¢] and up to multiplication by some nonzero integer, we can and will assume it is integral on Ok [¢].

For any fixed finite extension L of K included in K, we define fo,0.1 € L(C) the product of the
conjugates of gp o’ by Gal(L/L). If Q and Q' belong to distinct orbits of poles for Gal(L/L), the set
of poles of fp o1 1s exactly the orbit of Q by Gal(K /L), and its set of zeroes contains all the orbit of
Q' by Gal(K /L). Notice that we thus built only finitely many different functions (even with L running
through all finite extensions of K) because each g¢ o' only has finitely many conjugates in Gal(K'/K).

Now, let Oy, ..., O, be the orbits of poles of ¢ and denote for any i € {1,...,r.} by fi 1 a product
of fQ,.,Q/j’ 1 where Q; € O; and Q/j runs through representatives of the orbits (except O;). Again, there is
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a finite number of possible choices, and we obtain a function f; ; € L(C) having for only poles the orbit
O; and vanishing at all the other poles of ¢.

We apply Corollary 3.2 to f; 1 /¢* and f; 1 (for any i) for some k such that f; ; /¢* does not have poles
at O;, and take the maximum of the induced Mg-constants (Definition 1.1) forany L and 1 <i <rp.
This gives an Mg-constant Cy independent of L such that Vi € {1,...,r.}, Yw € Mg and VP € C(K),

logmin< %(P) , |ﬁ,L<P>|w) <con (wlveMy).
w
In particular, the result interesting us in this case is that Vi € {1, ...,r.}, Yw € Mg and VP € C(K),
|p(P)lw = 1= log| fi,. (P)lw =< co,v, (4-3)

and we can assume cg , is O for any finite place v by integrality of the f; ; over Ok [¢].

Given our construction, we also fix n such that for every i € {1, ...,r}, the ¢ fan have poles at O; and
vanish at all other poles of ¢. We reapply Corollary 3.2 for every pair (¢f;";, ¢.f ]Tf PDwithl<i<j<rg,
which again by taking the maximum of the induced Mg-constants for all the possible combinations
(Definition 1.1) gives an Mg-constant C; such that for every v € Mg and every (P, w) € C (K)x M d
with w | v, the inequality

log|(@ - f')(P)lw < c1,0 (4-4)

is true for all indices i except at most one (depending on the choice of P and w).
Let us now suppose that (L, Sy) is a pair satisfying the Runge condition and P € C(L) with ¢ (P) €
OL.s, . By integrality on Ok[¢], forevery i € {1,...,rr}, | fi, L (P)]w <1 for every place w € M \Sr.

For every place w € S, there is at most one index i not satisfying (4-4) hence by the Runge condition
and the pigeon-hole principle, there remains one index i (depending on P) such that Vw € M,

log|g (P) "1 (P)|w < c1.0- (4-5)

With (4-3) and (4-5), we have obtained all the auxiliary results we need to finish the proof. By the product

formula,
0= )" nylog|fi L(P)lw
weML
= > mploglfic(P)lw+ Y., mwloglfic(P)lw+ D nyloglfiL(P)l.
weMy weMP|p(P)|y=<1 weMp\M;®
[p(P)lw>1 [p(P)|w=<1

Here, the first sum on the right side will be linked to the height 4 o ¢ and the third sum is negative by
integrality of the f; 1, so we only have to bound the second sum. From (4-3) and (1-4), we obtain

Z Ny loglfi,L(P)|w =< Z NyCo,p = [L:K] Z nyCo,v-
weMp® weM® veMy®
[p(P)|w=1 [p(P)lw=<1
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On another side, by (4-5) (and (1-4) again), we have
ne Y ngloglfit(Plw=Y_ nuloglpfl (P)lw— Y nuylogl¢(P)lw

weMy, weMp, weMy,
[¢(P)lw>1 | (P)lw>1 [¢(P)lw>1
< ([L K1Y nvcl,v> —[L: Qlh(¢(P)).
UEMK

Hence, we obtain

0<[L:K] ) nycry—I[L: Q@GP +IL:Kln Y nycou,

vEMg veMy

which is equivalent to

h(¢(P)) < > nylery +nco.).

(K : Q] vi
We thus obtained a bound on (¢ (P)) independent on the choice of (L, Sp) satisfying the Runge condition,

and together with the bound on the degree [L : Q] < 2|S.| < 2r; < 2r, we get the finiteness. Il

5. The main result: tubular Runge’s theorem

We will now present our version of Runge theorem with tubular neighborhoods, which generalizes
Theorem 4(b) and (c) of [Levin 2008]. As its complete formulation is quite lengthy, we indicated the
different hypotheses by the letter H and the results by the letter R. The key condition for integral points
(generalizing the Runge condition of Proposition 4.1) is indicated by the letters TRC.

We recall that the crucial notion of tubular neighborhood is explained in Definitions 2.1 and 2.2, and
we advise the reader to look at the simplified version of this theorem stated in the Introduction to get

more insight if necessary.

Theorem 5.1 (tubular Runge’s theorem). (HO0) Let K be a number field, Sy a set of places of K containing
Mg and O the integral closure of Ok s, in some finite Galois extension K' of K.

(H1) Let X be a normal projective scheme over Ok s, and Dy, . .., D, be effective Cartier divisors on
Xo=X X Ok 5, O such that Dy = U;=1 D; is the scalar extension to O of some Cartier divisor D on X,
and that Gal(K'/K) permutes the generic fibers (D;) k. For every extension L/ K, we denote by ry the
number of orbits of (D\)g, ..., (D,)g for the action of Gal(K'L/L).

(H2) Let Y be a closed subscheme of Xx and V be a tubular neighborhood of Y in Xx. Let my € N
be the minimal number such that the intersection of any (my + 1) of the divisors (D;) g amongst the r

possible ones is included in Y.

TRC The tubular Runge condition for a pair (L, Sy), where L/K is finite and Sy contains all the
places above Sy, is

my|SL| <ryr.
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Under these hypotheses and notations, the results are the following:

R If (DY)ks ..., (Dy)g are ample divisors, the set

J (P e@\D)(OLs,) | P¢V), (5-1)

(L,S1)
where (L, S1) goes through all the pairs satisfying the tubular Runge condition, is finite.

R2) If (D)), ..., (Dy)g are big divisors, there exists a proper closed subset Z g of Xk such that the
set

( U (Pe@\D)OLs,) | P¢ V})\ZK«I?),

(L,SL)

where (L, Sp) goes through all the pairs satisfying the tubular Runge condition, is finite.

Remark 5.2 explains the hypotheses and results of this theorem, and Remark 5.3 compares it with
other theorems.

Remark 5.2. (a) The need for the extensions of scalars to K’ and @ in (HO0) and (H1) is the analogue of
the fact that the poles of ¢ are not necessarily K -rational in the case of curves, hence the assumption
that the (D;) g are all conjugates by Gal(K'/K) and the definition of r; given in (H1). It will induce
technical additions of the same flavor as the auxiliary functions fp o’ in the proof of Proposition 4.1.

(b) The motivation for the tubular Runge condition is the following: imitating the principle of proof for
curves (Remark 4.3(b)), if P € (X\D)(OL s, ), we can say that at the places w of M \Sy, this point is
“w-adically far” from D. Now, the divisors (D1)k’, ..., (D,)k’ can intersect (which does not happen for
distinct points on curves), so for w € Sy, this point P can be “w-adically close” to many divisors at the
same time. More precisely, it can be “w-adically close” to at most m such divisors, where m = mg, i.e.,
the largest number such that there are m divisors among Dy, ..., D, whose set-theoretic intersection is
nonempty. This number is also defined in [Levin 2008] but we found that for our applications, it often
makes the Runge condition too strict. Therefore, we allow the use of the closed subset Y in (H2), and if
we assume that our point P is never too close to Y (i.e., P ¢ V), this m goes down to my by definition.
Thus, we only need to take out my divisors for each place w in Sy, hence the tubular Runge condition
my|Sp| < rp. Actually, one can even mix the Runge conditions, i.e., assume that P is close to Y exactly
at s1 places, and close to one of the divisors (but not from Y) at s, places: following along the lines of
the proof below, we obtain finiteness given the Runge condition sjmg + spmy < rp (this is exactly what
we do for Theorem 8.2(a)).

(c) The last main difference with the case of curves is the assumption of ample or big divisors, respectively
in (R1) and (R2). In both cases, such an assumption is necessary twice. First, we need it to translate by
Proposition 3.4 the integrality condition on schemes to an integrality expression on auxiliary functions (such
as in Section 2 of [Levin 2008]) to use the machinery of Mg -constants and the key result (Proposition 3.1).
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Then, we need it to ensure that after obtaining a bound on the heights associated to the divisors, it implies
finiteness (implicit in Proposition 3.4, see also Remark 3.5(a)).

Remark 5.3. (a) This theorem has some resemblance to the CLZ theorem of [Corvaja et al. 2009] (where
our closed subset Y would be the analogue of the ) in that article), let us point out the differences. In
the CLZ theorem, there is no hypothesis of the set of places Sy, no additional hypothesis of integrality
(appearing for us under the form of a tubular neighborhood), and the divisors are assumed to be normal
crossing divisors, which is replaced in our case by the tubular Runge condition. As for the results
themselves, the finiteness formulated by CLZ depends on the set Sy, (that is, it is not clear how it would
prove that (5-1) is finite). Finally, the techniques employed are greatly different: the CLZ theorem uses
Schmidt’s subspace theorem (which has not been made effective yet), whereas our method can be made
effective if one knows the involved auxiliary functions. It might be possible (and worthy of interest) to
build some bridges between the two results, and the techniques involved.

(b) Theorem 5.1 can be seen as a stratification of Runge-like results depending on the dimension of
the intersection of the involved divisors: at one extreme, the intersection is empty, and we get back
Theorem 4(b) and (c) of [Levin 2008]. At the other extreme, the intersection is a divisor (ample or big),
and the finiteness is automatic by (Remark 2.3). Of course, this stratification is not relevant in the case of
curves. In another perspective, for a fixed closed subset Y, Theorem 5.1 is more a concentration result of
integral points than a finiteness result, as it means that even if we choose a tubular neighborhood V of Y
as small as possible around Y, there is only a finite number of integral points in the set (5-1), i.e., these
integral points (ignoring the hypothesis P ¢ V) must concentrate around Y (at least at one of the places

w € Mp). Specific examples are given in Sections 7 and 8.
Let us now prove Theorem 5.1, following the ideas outlined in Remark 5.2.

Proof of Theorem 5.1. (R1) Let us first build the embeddings we need. For every subextension K” of K'/K ,
the action of Gal(K'/K") on the divisors (Dy)k, ..., (D,)k’ has orbits denoted by Ok~ 1, ..., Og7 sy
Notice that any my + 1 such orbits still have their global intersection included in Y.

For each such orbit, the sum of its divisors is ample by hypothesis and coming from an effective Cartier
divisor on Xk, One can then choose by Proposition 3.4 an appropriate embedding ¥~ ; : Xx» — P’I’g,,,
whose coordinate functions (denoted by ¢~ ; j = (x;/x0) o ¥gr ;i (1 < j < n;)) satisfy Proposition 3.4 on
all points of (X@\m) (where m denotes the Zariski closure of Ok~ ; in Xp). We will denote by
Co the maximum of the (induced) M -constants obtained from Proposition 3.4 for all possible K" /K
and orbits Ok~ ;(1 <i <rgr). The important point is that for any extension L/K, any v € M \So, any
place w € M above v and any P € (X\D)(OL ), choosing L' = K’ N L, one has

max logler,i.j(P)lw < co.o- (5-2)
1<j<n;

This is the first step to obtain a bound on the height of one of the ¥k ; (P). For fixed P, we only have
to do so for one of the i € {1, ..., r.} as long as the bound is uniform in the choice of (L, S;) (and P),
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to obtain finiteness as each g~ ; is an embedding. To this end, one only needs to bound the coordinate
functions on the places w of Sy, which is what we will do now.

For a subextension K” of K'/K again, by (H2) (see the definition of my), taking any set Z of
my + 1 couples (i, j), 1 <i <rgr, j€{l,...,n;} with my 4+ 1 different indices i and considering the
rational functions ¢k ; ;, (i, j) € Z, whose common poles are included in Y by hypothesis, we can
apply Proposition 3.1 to these functions and the tubular neighborhood V = (Vi) wem,. Naming as C; the
maximum of all the (induced) obtained Mg -constants (also for all the possible K”), we just proved that
for every subextension K” of K'/K, every place w € Mg (above v € Mk) and any P € X (K)\Vy, the

inequality
max log|¢gr; j(P)|lw < c1v (5-3)
1<j<n;

is true except for at most my different indices i € {1, ..., rg~}.

Now, let us consider (L, S;) a pair satisfying the tubular Runge condition my|Sy | < r; and denote
L= K'N L again. For P € (X\D)(O_ s, ) not belonging to V, by (5-2), (5-3) and the tubular Runge
condition, there remains an index i € {1, ..., r.} (dependent on P) such that Vw € M,

max log|gr ;i j(P)|y <max(coy, c1) (w]ve Mg).

1<j<n;
This immediately gives a bound on the height of v,/ ;(P) independent of the choice of pair (L, Sy)
(except the fact that L' = K’ N L). As ¥/ ; is an embedding and [L : @] < 2|5, | < 2r, by Northcott’s
property, P belongs to a finite family of points (depending on i but not on (L, Sy )), and taking the union
of these families for i € {1, ..., rp}, we have proven the finiteness of the set of points

U (Pe@\D)©OLs,) | P V),

(L,S1)
where (L, S;) goes through all the pairs satisfying the tubular Runge condition.

(R2) The proof is the same as for (R1) except that we have to exclude a closed subset of X+ for every
big divisor involved, and their union will be denoted by Zg-. The arguments above hold for every point
P ¢ Zx/(K) (both for the expression of integrality by auxiliary functions, and for the conclusion and
finiteness outside of this closed subset), using again Propositions 3.4 and 3.1. O

6. Reminders on Siegel modular varieties

In this section, we recall the classical constructions and results for the Siegel modular varieties, parametriz-
ing principally polarized abelian varieties with a level structure. Most of those results are extracted (or
easily deduced) from these general references: Chapter V of [Cornell and Silverman 1986] for the basic
notions on abelian varieties, [Debarre 1999] for the complex tori, their line bundles, theta functions and
moduli spaces, Chapter II of [Mumford 2007] for the classical complex theta functions, [Mumford 1984]
for their links with theta divisors, and Chapter V of [Faltings and Chai 1990] for abelian schemes and
their moduli spaces.
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Unless specified, all the vectors of Z%, R$ and C# are assumed to be row vectors.

6A. Abelian varieties and Siegel modular varieties.

Definition 6.1 (abelian varieties and polarization). e An abelian variety A over a field k is a projective
algebraic group over k. Each abelian variety A/, has a dual abelian variety denoted by A =Pic’(A /k)
[Cornell and Silverman 1986, §V.9].

e A principal polarization is an isomorphism A : A — A such that there exists a line bundle L on A
with dim HO(A,;, L) =1 and A is the morphism

ALAL— Z;
x> T LL™
[Cornell and Silverman 1986, §V.13].
» Given a pair (A, ), for every n > 1 prime to char(k), we can define the Weil pairing
Aln] x An] — p (k),
where A[n] is the n-torsion of A(k) and , the group of n-th roots of unity in k. It is alternating and
nondegenerate [Cornell and Silverman 1986, §V.16].

» Given a pair (A, ), for n > 1 prime to char(k), a symplectic level n structure on A[n] is a basis «,, of
A[n] in which the matrix of the Weil pairing is

— 0 Ig
=(5.0)

» Two triples (A, A, ;) and (A’, A, «},) of principally polarized abelian varieties over K with level
n-structures are isomorphic if there is an isomorphism of abelian varieties ¢ : A — A’ such that ¢*A" = A

and ¢*a), = ay,.
In the case of complex abelian varieties, the previous definitions can be made more explicit.

Definition 6.2 (complex abelian varieties and symplectic group). Let g > 1.
e The half-superior Siegel space of order g, denoted by H,, is the set of matrices

He:={t € Mg(C)|'t =7 and Im7 > 0}, (6-1)

where Im 7 > 0 means that this symmetric matrix of M (R) is positive definite. This space is an open
subset of M, (C).

e For any 7 € H,, we define
A, =78 +7%t and A, :=C8/A,. (6-2)
Let L, be the line bundle on A, made up as the quotient of C8 x C by the action of A defined Vp,qg € Z¢, by

(PT+q)- (2. 1) = (24 pt +q, e TPT P2y, (6-3)
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Then, L, is an ample line bundle on A; such that dim H O(A;, L) =1, hence A, is a complex abelian
variety and L, induces a principal polarization denoted by A; on A; (see for example [Debarre 1999,
Theorem VI.1.3]). We also denote by ; : C8 — A, the quotient morphism.

« For every n > 1, the Weil pairing w; , associated to (A, A;) on A;[n] is defined by

Wrp - A[n] x Ar[n] — wu,(C)
()_C, )—}) — eZ[ﬂnw,(x,y)
where x,y € C8 have images X and y by m;, and w; is the R-bilinear form on C$ x C¢ (so that
wr (A X A;) = Z) defined by
we(x, y) :=Re(x) - Im(r) ™" " Im(y) —Re(y) - Im(x) ™" - " Im(x)

(also readily checked by making explicit the construction of the Weil pairing).

 Let (ey, ..., eg) be the canonical basis of C4. The family
(me(e1/n), ..., wc(eg/n), me(er-t/n), ..., wc(eg-1/n)) (6-4)

is a symplectic level n structure on (A;, A;), denoted by o .

o letJ= (_01 (1)) € M3¢(Z). For any commutative ring A, the symplectic group of order g over A, denoted
by Sp,,(A), is the subgroup of GL,(A) defined by

SPag(A) i= (M € GLog(A) |'MIM = J}, J:= < 01 Iog> . (6-5)
—1g

For every n > 1, the symplectic principal subgroup of degree g and level n, denoted by I'y(n), is the
subgroup of Sp,,(Z) made up by the matrices congruent to /5, modulo n. For every y = (é g) € Spy, (R)

and every T € H,, we define
Jy(1)=Ct+DeGL,(C) and y-t=(AT+B)(Ct+ D)*l, (6-6)

which defines a left action by biholomorphisms of Sp,,(R) on H,, and (y, ) — j, (7) is a left cocycle
for this action [Klingen 1990, Proposition I.1].

e Forevery g > 2, n > 1 and k > 1, a Siegel modular form of degree g, level n and weight k is an

holomorphic function f on H, such that Vy € I'g(n),

f(y - 2) =det(jy, ()" f(2). (6-7)

The reason for this description of the complex abelian varieties is that the (A;, ;) defined above make
up all the principally polarized complex abelian varieties up to isomorphism. The following results can
be found in Chapter VI of [Debarre 1999] except the last point which is straightforward.
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Definition-Proposition 6.3 (uniformization of complex abelian varieties). e Every principally polarized
complex abelian variety of dimension g with symplectic structure of level n is isomorphic to some triple
(A¢, Mg, 0r ) where T € H,.

« For every n > 1, two triples (A;, A, @7 ) and (Ay/, Ay, apr ) are isomorphic if and only if there exists
y € I'y(n) such that y - T = 7/, and then such an isomorphism is given by

Ar —> Ay
zmod A; — z- j),(r)_1 mod A,/ .

o The Siegel modular variety of degree g and level n is the quotient Ag(n)c := I'y(n)\'H,. From the
previous result, it is the moduli space of principally polarized complex abelian varieties of dimension g
with a symplectic level n structure. As a quotient, it also inherits a structure of normal analytic space
(with finite quotient singularities) of dimension g(g + 1)/2, because I'; (n) acts properly discontinuously

on H,.

« For every positive divisor m of n, the natural morphism Az (n)c — Ag(m)c induced by the identity of
H, corresponds in terms of moduli to multiplying the symplectic basis a; , by n/m, thus obtaining a; ,.

« For every g > 1 and n > 1, the quotient of H, x C by the action of I'g(n) defined as

y-(r.1)=(y -7.1/det(j, (2))) (6-8)

is a variety over H, denoted by L. For a large enough power of k (or if n > 3), L®* is a line bundle over
Ag(n)c, hence L is a Q-line bundle over Ag(n)c called line bundle of modular forms of weight one over
A, (n)c. By definition (6-7), for every k > 1, the global sections of L®* are the Siegel modular forms of
degree g, level n and weight k.

Let us now present the compactification of Ag(n)c we will use, that is the Satake compactification (for
a complete description of it, see Section 3 of [Namikawa 1980]).

Definition-Proposition 6.4 (Satake compactification). Let g > 1 and n > 1. The normal analytic space
Ag4(n)c admits a compactification called Satake compactification and denoted by A g(n)é, satisfying the
following properties.

(a) A g(n)qs: is a compact normal analytic space (of dimension g(g+ 1) /2, with finite quotient singularities)
containing Ag(n)c as an open subset and the boundary d A, (n)c := A, (n)qS:\A ¢(n)c is of codimension g
(see [Satake and Cartan 1957] for details).

(b) As a normal analytic space, Ag(n)f: is a projective algebraic variety. More precisely, for M, (n)
the graded ring of Siegel modular forms of degree g and level n, A g(n)qs: is canonically isomorphic to
Projc Mg (n) [Cartan 1957, Théoreme fondamental].

In particular, one can naturally obtain A g(n)é by fixing for some large enough weight k a basis of
modular forms of Mg (n) of weight k and evaluating them all on Ag(n)c to embed it in a projective space,
so that A g(n)é is the closure of the image of the embedding in this projective space.
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(c) The Q-line bundle L of modular forms of weight 1 on Ag(n)c extends naturally to an ample Q-line
bundle on A, (n)f: (which is also denoted L); this is a direct consequence of (b).

6B. Further properties of Siegel modular varieties. As we are interested in the reduction of abelian
varieties on number fields, one needs to have a good model of A,(n)c over integer rings, as well as
some knowledge of the geometry of A, (n)c. The integral models below and their properties are given in
Chapter V of [Faltings and Chai 1990].

Definition 6.5 (abelian schemes). (a) An abelian scheme A — S is a smooth proper group scheme whose
fibers are geometrically connected. It also has a natural dual abelian scheme A =Pic’(A /S), and it is
principally polarized if it is endowed with an isomorphism A : A — A such that at every geometric point
5 of S, the induced isomorphism A; : A; — A;sisa principal polarization of Aj.

(b) A symplectic structure of level n > 1 on a principally polarized abelian scheme (A, A) overa Z[{,, 1/n]-
scheme S is the datum of an isomorphism of group schemes A[n] — (Z/nZ)¢, which is symplectic with
respect to A and the canonical pairing on (Z/ nz)*8 given by the matrix J (as in (6-5)).

Definition-Proposition 6.6 (algebraic moduli spaces). For every integers ¢ > 1 and n > 1:

(a) The Satake compactification A g(n)f: has an integral model A, (n)S on Z[¢,, 1 /n] which contains as a
dense open subscheme the (coarse, if n < 2) moduli space A, (n) over Z[¢,, 1/n] of principally polarized
abelian schemes of dimension g with a symplectic structure of level n. This scheme A, (n)S is normal,
proper and of finite type over Z[¢,, 1/n] [Faltings and Chai 1990, Theorem V.2.5].

(b) For every divisor m of n, we have canonical degeneracy morphisms A, n)S — Ag (m)S extending
the morphisms of Definition-Proposition 6.3.

Before tackling our own problem, let us give some context on the divisors on A g(n)qS: to give a taste of
the difficulties to overcome.

Definition 6.7 (rational Picard group). For every normal algebraic variety X over a field K, the rational
Picard group of X is the Q-vector space

Pic(X)g := Pic(X) ®7 Q.
Proposition 6.8 (rational Picard groups of Siegel modular varieties). Let g > 2 and n > 1.

(a) Every Weil divisor on Ag(n)c or Ag (n)qS: is up to some multiple a Cartier divisor, hence their rational

Picard group is also their Weil class divisor group tensored by Q.
(b) For g = 3, the Picard rational groups of Az (n)qS: and Az(n)c are equal to Q - L for every n > 1.
(¢) For g =2, one has Picg(A>(1)2) =Q- L.

This result has the following immediate corollary, because L is ample on A, (n)qs: for every g > 2 and
every n > 1 (Definition-Proposition 6.4(c)).
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Corollary 6.9 (ample and big divisors on Siegel modular varieties). A Q-divisor on Ay(n)c or A g(n)é
with g=3 (or g=2 and n=1) is ample if and only if it is big if and only if it is equivalent to a - L with a > (.

Remark 6.10. We did not mention the case of modular curves (also difficult, but treated by different
methods): the point here is that the cases g > 3 are surprisingly much more uniform because then
Pic(Ag (n)é) = Pic(Ag(l)QS:). The reason is that some rigidity appears from g > 3 (essentially by the
general arguments of [Borel 1981]), whereas for g = 2, the situation seems very complex already for the
small levels (see for example n = 3 in [Hoffman and Weintraub 2001]).

This is why the ampleness (or bigness) is in general hard to figure out for given divisors of A>(n), n > 1.
We consider specific divisors in the following (namely, divisors of zeroes of theta functions), whose
ampleness will not be hard to prove.

Proof of Proposition 6.8.

(a) This is true for the A, (n) é by [Artal Bartolo et al. 2014] as they only have finite quotient singularities
(this result actually seems to have been generally assumed a long time ago). Now, as aAg(n)f: is of
codimension at least 2, the two varieties A, (n)qS: and A, (n)c have the same Weil and Cartier divisors,
hence the same rational Picard groups.

(b) This is a consequence of general results of [Borel 1981] further refined in [Weissauer 1992] (it can
even be generalized to every g > 3).

(c) This comes from the computations of Section II1.9 of [Mumford 1983] (for another compactification,
called toroidal), from which we extract the result for A,(1)¢ by a classical restriction theorem [Hartshorne
1977, Proposition I1.6.5] because the boundary for this compactification is irreducible of codimension 1.
The result for Az(l)é is then the same because the boundary is of codimension 2. O

6C. Theta divisors on abelian varieties and moduli spaces. We will now define the useful notions for
our integral points problem.

Definition 6.11 (theta divisor on an abelian variety). Let k be an algebraically closed field and A an
abelian variety over k.

Let L be an ample symmetric line bundle on A inducing a principal polarization A on A. A theta
function associated to (A, L) is a nonzero global section ¥4 ; of L. The theta divisor associated to
(A, L), denoted by ®4 1, is the divisor of zeroes of ¥4 1, well-defined and independent of our choice
because dim H(A, L) = deg(1)? = 1.

The theta divisor is in fact determined by the polarization A itself up to a finite ambiguity, as the result
below makes precise.

Proposition 6.12. Let k be an algebraically closed field and A an abelian variety over k.
Two ample symmetric line bundles L and L' on A inducing a principal polarization induce the same
one if and only if L' = T L for some x € A|2], and then

Oar =041 +x.
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Proof. This is a well-known result relying on the properties of the map
L (¢pp x> T'LRL™Y

from Pic(A) to Hom(A, A) [Mumford 1970, Corollary 4 p. 60 and Theorem 1 p. 77], and of ample
symmetric line bundles. O

When char(k) # 2, adding to a principally polarized abelian variety (A, A) of dimension g the datum
ap of a symplectic structure of level 2, we can determine an unique ample symmetric line bundle L with
the following process called the Igusa correspondence, devised in [Igusa 1967]. To any ample symmetric
Weil divisor D defining a principal polarization, one can associate bijectively a quadratic form gp from
A[2] to {1} called even, which means that the sum of its values on A[2] is 28 [loc. cit., Theorem 2 and
the previous arguments]. On the other hand, the datum «; also determines an even quadratic form ¢, , by
associating to a x € A[2] with coordinates (a, b) € (Z/ZZ)Zg in the basis o of A[2] the value

G (¥) = (—=1)°. (6-9)

We now only have to choose the unique ample symmetric divisor D such that gp = g4, and the line
bundle L associated to D.

By construction of this correspondence [loc. cit., p. 823], a point x € A[2] of coordinates (a, b) €
(Z/27)%¢ in o automatically belongs to ©® 4 ; (with L associated to (A, A, ap)) if a’b =1 mod 2. A
point of A[2] with coordinates (a, b) such that a’b = 0 mod 2 can also belong to ® 4 ; but with even
multiplicity.

This allows us to get rid of the ambiguity of choice of an ample symmetric L in the following, as
soon as we have a symplectic level 2 structure (or finer) (this result is a reformulation of Theorem 2 of
[loc. cit.]).

Definition-Proposition 6.13 (theta divisor canonically associated to a symplectic even level structure).
Let n > 2 even and k algebraically closed such that char(k) does not divide 7.

For (A, A, o) a principally polarized abelian variety of dimension g with symplectic structure of
level n (Definition 6.2), there is up to isomorphism an unique ample symmetric line bundle L inducing A
and associated by the Igusa correspondence to the symplectic basis of A[2] induced by «,,. The theta
divisor associated to (A, A, o), denoted by ©4 5 4, is then the theta divisor associated to (A, L).

The Runge-type theorem we give in Section 7 (Theorem 7.12) focuses on principally polarized abelian
surfaces (A, 1) on a number field K whose theta divisor does not contain any n-torsion point of A (except
2-torsion points, as we will see it is automatic). This will imply (Proposition 7.5) that A is not a product of
elliptic curves, but this is not a sufficient condition, as pointed out for example in [Boxall and Grant 2000].

We will once again start with the complex case to figure out how such a condition can be formulated
on the moduli spaces, using complex theta functions [Mumford 2007, Chapter II].
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Definition-Proposition 6.14 (complex theta functions). Let g > 1.
The holomorphic function ® on C8 x H, is defined by the series (uniformly convergent on any compact
subset)
O(z,7) = Z eirmr’n+2irm’z. (6-10)

nezs
For any a, b € R8, we also define the holomorphic function ®, ; by
Ounp(z, T) = Z ein(n+a)f’(n+a)+2iﬂ(n+a)’(z+b). 6-11)
nezs
For a fixed t € H,, one defines © : z — ©O(z, 7) and similarly for ©, ; .. These functions have the

following properties.

(a) Foreverya,b e 78,
Oup.r(z) =TT AFATACHDQ (7 4 a1 + D). (6-12)

(b) Forevery p,q € 78,
Ou b (24 pT +q) = e TPTPTHIRATEIIDG, (), (6-13)

(c) Let us denote by ¢ and 9, ; the normalized theta-constants, which are the holomorphic functions on
H, defined by

9(1):=0(0,7) and (7)) :=e "0, ,(0, 7). (6-14)

These theta functions satisfy the following modularity property: with the notations of Definition 6.2
and Yy € I'g(2),

Bap(y - T) = L3(¥)e ™DV [ i (T, (T), (6-15)

where ¢g(y) (an 8-th root of unity) and V,, € Z¢ only depend on y and the determination of the square
root of j, (7).

In particular, for every even n > 2, if (na, nb) € 7?8, the function 195”}, is a Siegel modular form of
degree g, level n and weight 4n, which only depends on (a, b) mod Z%¢.

Proof. The convergence of these series as well as their functional equations (6-12) and (6-13) are classical
and can be found in Section II.1 of [Mumford 2007].

The modularity property (6-15) (also classical) is a particular case of the computations of Section IL.5
of [Mumford 2007] (we do not need here the general formula for y € szg (2)).

Finally, by natural computations of the series defining ®, p, one readily obtains that

2im(a'q—b'
ﬂa-i-p,b—{-q =e” @q p)l?a,}r

Therefore, if (na,nb) € 728, the function ﬁg’b only depends on (a, b) mod 7?¢. Now, putting the
modularity formula (6-15) to the power 87, one eliminates the eight root of unity and if y € Iy (n), one
has (a, b)y = (a, b) mod Z4 hence ﬁff’b is a Siegel modular form of weight 4n for I'g(n). O
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There is of course an explicit link between the theta functions and the notion of theta divisor, which
we explain now with the notations of Definition 6.2.

Proposition 6.15 (theta divisor and theta functions). Let T € H,.

The line bundle L. is ample and symmetric on A;, and defines a principal polarization on A;. It
is also the line bundle canonically associated to the 2-structure o o and its polarization by the Igusa
correspondence (Definition-Proposition 6.13).

Furthermore, the global sections of L, canonically identify to the multiples of ®, hence the theta
divisor associated to (Ar, A;, ar2) is exactly the divisor of zeroes of ©, modulo A-.

Thus, for every a, b € RS, the projection of m.(at + b) belongs to ®4_ s, «., if and only if ¥, ,(t) = 0.

Remark 6.16. The proof below that the L, is the line bundle associated to (A, A;, @7 2) is a bit technical,
but one has to suspect that Igusa normalized its correspondence by (6-9) exactly to make it work.

Proof. One can easily see that L, is symmetric by writing [—1]*L, as a quotient of C8 x C by an action
of A., then figuring out it is the same as (6-3). Then, by simple connectedness, the global sections of L,
lift by the quotient morphism C& x C — L into functions z > (z, f(z)), and the holomorphic functions
f thus obtained are exactly the functions satisfying functional equation (6-13) for a = b = 0 because of
(6-3), hence the same functional equation as ®,. This identification is also compatible with the associated
divisors, hence ® 4, 1, is the divisor of zeroes of ®; modulo A. For more details on the theta functions
and line bundles, see [Debarre 1999, Chapters IV, V and Section VI.2].

We now have to check that the Igusa correspondence indeed associates L, to (A;, A;, @7 2). With the
notations of the construction of this correspondence [Igusa 1967, pp. 822, 823 and 833], one sees that the
meromorphic function ¥, on A, (depending on L) associated to x € A;[2] has divisor [2]*T®4 1, —
[2]*®4, .., hence it is (up to a constant) the meromorphic function induced on A; by

Oa,b,:(22)

fx(2) = 0.(22) )

where x = at + b mod A;. Now, the quadratic form g associated to L, is defined by the identity

Jo(=2) =qx) fx(2)

for every z € C8, but ©; is even hence
fi= =" fu()

by (6-12). Now, the coordinates of x in a; , are exactly (2b, 2a) mod Z?¢ by definition, hence g = Qo >

Let us finally make the explicit link between zeroes of theta-constants and theta divisors; using the
argument above, the divisor of zeroes of ®; modulo A; is exactly ®4, 1 , hence ©4, ; 4, , by what we
just proved for the Igusa correspondence. This implies that for every z € C8, ®,(z) =0 if and only if
7. (z) belongs t0 ©4, 5., «,,» and as ¥, ;(7) is a nonzero multiple of O (at + b, ), we finally have that
Ya,5(t) =0 if and only if 7;(at + b) belongs to Oy, 3, a.,- O
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7. Applications of the main result on a family of Siegel modular varieties

We now have almost enough definitions to state the problem which we will consider for our Runge-type
result (Theorem 7.12). We consider theta divisors on abelian surfaces, and their torsion points.
To make their indexation easier, we use the following notation.

Notation. Until the end of this article, the expression “a couple (a, b) € (Z/ nZ)* (resp. 74, Q%) isa
shorthand to designate the row vector with four coefficients where a € (Z/nZ)? (resp. Z*, @* ) make up
the first two coefficients and b the last two coefficients.

7TA. The specific situation for theta divisors on abelian surfaces. As an introduction and a preliminary
result, let us treat first the case of theta divisors on elliptic curves.

Lemma 7.1 (theta divisor on an elliptic curve). Let E be an elliptic curve on an algebraically closed field
k with char(k) # 2 and L an ample symmetric line bundle defining the principal polarization on E.

The effective divisor O 1, is a 2-torsion point of E with multiplicity one. More precisely, if (e, e2) is
the basis of E[2] associated by Igusa correspondence to L (Definition-Proposition 6.13),

Ofp. 1 =le1 + ezl (7-1)

Remark 7.2. In the complex case, this can simply be obtained by proving that ®1,2 1/, is odd for
every T € H; hence cancels at 0, and has no other zeroes (by a residue theorem for example), then using
Proposition 6.15.

Proof. By the Riemann—Roch theorem on E, the divisor @ ; is of degree 1 because h°(E, L) =1 (and
effective). Now, as explained before when discussing the Igusa correspondence, for a, b € Z, ae; + be;
automatically belongs to ®g 1 if ab =1 mod 2Z, hence O 1 = [e; + e2]. O

This allows one to describe the theta divisor of a product of two elliptic curves.

Proposition 7.3 (theta divisor on a product of two elliptic curves). Let k be an algebraically closed field
with char(k) # 2.

Let (A, L) with A = E| x E» a product of elliptic curves over k and L an ample symmetric line bundle
on A inducing the product principal polarization on A. The divisor ©® 4 |, is then of the shape

OaL ={x1} x Ex+ E1 x {x2}, (7-2)
with x; € E;[2] fori =1, 2. In particular, this divisor has a (unique) singular point of multiplicity two at
(x1, x2), and:

(a) There are exactly seven 2-torsion points of A belonging to ®4 1: the six points given by the
coordinates (a, b) € (Z/27)* such that a'b = 1 in a basis giving © 4.1 by the Igusa correspondence,
and the seventh point (x1, x2).

(b) For every even n > 2 which is nonzero in k, the number of n-torsion (but not 2-torsion) points of A
belonging to ® 4 1 is exactly 2(n> — 4).



188 Samuel Le Fourn

Proof. By construction of (A, L), a global section of (A, L) corresponds to a tensor product of global
sections of E1 and E; (with their principal polarizations), hence the shape of ®4 1 is a consequence of
Lemma 7.1.

We readily deduce (a) and (b) from this shape, using that the intersection of the two components of ® 4 1,
is a 2-torsion point of even multiplicity for the quadratic form hence different from the six other ones. [

Regarding abelian surfaces which are not products of elliptic curves, we recall below a fundamental
result (proven in [Oort and Ueno 1973]).

Proposition 7.4 (shapes of principally polarized abelian surfaces). Let k be any field.

A principally polarized abelian surface (A, )) over k is, after a finite extension of scalars, either the
product of two elliptic curves (with its natural product polarization), or the jacobian J of an hyperelliptic
curve C of genus 2 (with its canonical principal polarization). In the second case, for the Albanese
embedding ¢, : C — J with base-point x and an ample symmetric line bundle L over K inducing A, the
divisor ©;  is irreducible, and it is actually a translation of ¢ (C) by some point of J (k).

Let us now fix an algebraically closed field k with char(k) # 2.

Let C be an hyperelliptic curve of genus 2, and ¢ its hyperelliptic involution. This curve has exactly six
Weierstrass points (the fixed points of ¢, by definition), and we fix one of them, denoted by co. For the
Albanese morphism ¢, the divisor ¢, (C) is stable by [—1] because the divisor [x] + [¢(x)] — 2[o0]
is principal for every x € C. As Oy 1 is also symmetric and a translation of ¢.(C), we know that
Oy, =T} (Po(C)) for some x € J[2].

This tells us that understanding the points of ®; ; amounts to understanding how the curve C behaves
when embedded in its jacobian (in particular, how its points add). It is a difficult problem to know which
torsion points of J belong to the theta divisor (see [Boxall and Grant 2000] for example), but we will

only need to bound their quantity here, with the following result.

Proposition 7.5. Let k an algebraically closed field with char(k) # 2.
Let C be an hyperelliptic curve of genus 2 over k with jacobian J, and oo a fixed Weierstrass point
of C. We denote by C the image of C in J by the associated embedding ¢~ : x — [x] — [o0].

(a) The set C is stable by [—1], and the application
Sym2(C~' )—>J
{P,Q}—>P+Q
is the blow-up of J at the origin, in particular it is injective outside the fiber above 0.

(b) There are exactly six 2-torsion points of J belonging to C, and they are equivalently the images of
the Weierstrass points and the points of coordinates (a, b) € (Z/ 27)*)? such that a'b = 1 in a basis
giving C by the Igusa correspondence.

(¢) For any n > 2 which is nonzero in k, the number of n-torsion points of J belonging to C is bounded
by ﬁn2 + %
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Remark 7.6. This proposition is not exactly a new result, and its principle can be found (with slightly
different formulations) in Theorem 1.3 of [Boxall and Grant 2000] or in Lemma 5.1 of [Pazuki 2013].
The problem of counting (or bounding) torsion points on the theta divisor has interested many people,
e.g., [Boxall and Grant 2000] and very recently [Auffarth et al. 2017] in general dimension. Notice that
the results above give the expected bound in the case g = 2, but we do not know how much we can lower
the bound «/znz in the case of jacobians.

Proof. (a) is a well-known consequence of the Riemann—Roch theorem in genus 2. (b) comes from the
construction of the Igusa correspondence, and the definition of Weierstrass points as points P such that
2[P] is a canonical divisor. Now, for any n > 2, let us denote C [n]:= cnJ [7]. The summing map from
C~'[n]2 to J[n] has a fiber of cardinal |C‘[n]| above 0 and at most 2 above any other point of J[n] by (a),
hence the inequality of degree two

ICn]1* < [Clnll +2(* = 1),
from which we directly obtain (c). Il

We can now define the divisors we will consider for our Runge-type theorem.

Definition-Proposition 7.7 (theta divisors on Az(n)g). Let n € N>, even.

(@) A couple (a, b) € (Z/nZ)* is called regular if it is not of the shape ((n/2)a’, (n/2)b’) with (a’, ') €
((Z/27)%)? such that a’’b’ = 1 mod 2. There are exactly 6 couples (a, b) not satisfying this condition,
which we call singular.

(b) If (a, b) € (Z/nZ)* is regular, for every lift (a, b) € 7* of (a, b), the function 198" n/n is a nonzero
Siegel modular form of degree 2, weight 4n and level n, independent of the ch01ce of lifts. The theta
divisor associated to (a, b), denoted by (D, 4.p)c, is the Weil divisor of zeroes of this Siegel modular
form on A2(n)([S:.

Remark 7.8. The singular couples correspond to what are called odd characteristics by Igusa.

The proof below uses Fourier expansions to figure out which theta functions are nontrivial. One can
also prove through Fourier expansions that the Weil divisors (D, ,.5)c and (Dj, . )¢ are distinct (unless
(a, b) = *(d’, ') of course) and it is likely true that they are even set-theoretically pairwise distinct (i.e.,
even without counting the multiplicities). This is not very important for us since Proposition 7.3 and 7.5
are not modified if some of the divisors taken into account are equal.

Proof of Definition-Proposition 7.7. (a) By construction, for any even n > 2, the number of singular
couples (a, b) € (Z/nZ)* is the number of couples (a’, b') € (Z/27)* such that a’’b’ = 1 mod 2, and we
readily see there are exactly six of them, namely

(0101), (1010), (1101), (1110), (1011) and (O111).

For (b) and (c), the modularity of the function comes from Definition-Proposition 6.14(c) hence we only
have to prove that it is nonzero when (a, b) is regular. To do this, we will use the Fourier expansion of
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this modular form (for more details on Fourier expansions of Siegel modular forms, see chapter 4 of
[Klingen 1990]), and simply prove that it has nonzero coefficients. This is also how we will prove the
U,.p are distinct.

To shorten the notations, given (a, b) € (Z/nZ)*, we consider instead (@/n, b /n) € @* for some lift
(a, 15) of (a, b) in Z*) and by abuse of notation we denote it (a, b) for simplicity. Regularity of the couple
translates into the fact that (a, b) is different from six possibles values modulo Z*, namely

0.3.0,5):(3:0.5:0). (5:3:0,5): (3:3:3.0) (3:0.3:3): (0.3 3. 3)

by (a), which we will assume now. We also fix n € N even such that (na, nb) € 7.
Recall that

’07

DN —
DN —
D —

BYap(t) = oima'b Z T kta)T! (k+a)+2imk'b 7-3)
kez?

by (6-12) and (6-14). Therefore, for any symmetric matrix S € M»(Z) such that S/ (2n?) is half-integral
(i.e., with integer coefficients on the diagonal, and half-integers otherwise), we have Vt € H;,

0a,b(f + S) = ﬂa,b(f)a

because for every k € 72,

(k4+a)S'(k+a)e27.
Hence, the function ¥, ; admits a Fourier expansion of the form

ﬂa,b(f) — ZaTeZin Tr(Tr)’
T

where T runs through all the matrices of S,(Q) such that QnAT is half-integral. This Fourier expansion
is unique, because for any 7 € H; and any 7', we have

2n¥ar = / Dap( 4 x)e T T EH0) gy
[0,1]

In particular, the function 9, is zero if and only if all its Fourier coefficients ar are zero, hence
we will directly compute those, which are almost directly given by (7-3). For a = (a1, a2) € Q* and
k = (ki, k2) € Z?, let us define

T, — < (k1 +ar)? (k1 +al)(k2+az))
¢ (k1 +a1)(ka +a) (ky +ap)? '
so that

.y -y .
ﬁa,b(f) — elT[a b Zezw'[k belT[ Tr(Ta_k‘L') (7_4)
kez?
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by construction. It is not yet exactly the Fourier expansion, because we have to gather the 7,  giving the
same matrix 7" (and this is where we will use regularity). Clearly,

Toy=Typ = (k+a)==x(k+d).

If 2a ¢ 72, the function k — T, x is injective, so (7-4) is the Fourier expansion of ¢, 5, with clearly
nonzero coefficients, hence %,  is nonzero.

If 2a = A € 77, for every k, k' € 7%, we have (k +a) = (k' +a) if and only if k =k’ or k + k' = A,
so the Fourier expansion of 9, j is

eina’b o PR )
ﬁa,b(f)= Z Z (eZIﬂkb+e2lT[( A—k) b)emTr(Tr)‘ (7_5)

2
T |k er?
Tx.a=Ty =T

Therefore, the coefficients of this Fourier expansion are all zero if and only if, for every k € 72,

; t
Q2 hAYD

ie.,if and only if b € (1/2)Z and (— 1)4“tb = —1, and this is exactly singularity of the couple (a, b) which
proves (b). O

These divisors have the following properties.
Proposition 7.9 (properties of the (D, ,.5)c). Let n € N>y even.
(a) For every regular (a, b) € (Z/nZ)*, the divisor (Dy.a.p)c is ample.

(b) For n =2, the ten divisors (D 4 p)c are set-theoretically pairwise disjoint outside the boundary
0A>(2)¢c = AZ(Z)E\Az(Z)@, and their union is exactly the set of moduli of products of elliptic curves
(with any symplectic basis of the 2-torsion).

(c) For (A, A, o) a principally polarized complex abelian surface with symplectic structure of level n:

— If (A, A) is a product of elliptic curves, the moduli of (A, A, a,,) belongs to exactly n> —3 divisors

(Dn,a,h)O
— Otherwise, the point (A, A, o) belongs to at most («/5/2)112 + 1/4 divisors (Dy, 4.p)cC.

Proof. (a) The divisor (D, 45)c is by definition the Weil divisor of zeroes of a Siegel modular form
of order 2, weight 4n and level n, hence of a section of L®*" on Ag(n)é. As L is ample on Az(n)qu
(Definition-Proposition 6.4(c)), the divisor (D, 4.5)c is ample.

Now, we know that every complex pair (A, A) is isomorphic to some (A;, A;) with T € H, (Definition-
Proposition 6.3). If (A, 1) is a product of elliptic curves, the theta divisor of (A, A, a») contains exactly
seven 2-torsion points (Proposition 7.3), only one of comes from a regular pair, i.e., (A, A, ap) is
contained in exactly one of the ten divisors. If (A, 1) is not a product of elliptic curves, it is a jacobian
(Proposition 7.4) and the theta divisor of (A, A, «;) only contains the six points coming from singular
pairs (Proposition 7.5) i.e., (A, A, ap) does not belong to any of the ten divisors, which proves (b).
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To prove (c), we use the same propositions for general n, keeping in mind that we only count as one the
divisors coming from opposite values of (a, b): for products of elliptic curves, this gives 2(n*> —4)/2 + 1
divisors (the 1 coming from the even 2-torsion), and for jacobians, this gives («/5/ 2)n? + }l (there are no
nontrivial 2-torsion points to consider here). U

We will now give the natural divisors extending (Dj, 4.»)c on the integral models A, (n) (Definition-
Proposition 6.6).

Definition 7.10. Let n € N>, even.

For every regular (a, b) € (Z/ nZ)*, the divisor (Dp.q.p)c is the geometric fiber at C of an effective
Weil divisor Dy, 4, on Ajy(n), such that the moduli of a triple (A, A, ;) (on a field k of characteristic
prime to n) belongs to Dy, 4 (k) if and only if the point of A[n](k) of coordinates (a, b) for o, belongs
to the theta divisor ®4 4, (Definition-Proposition 6.13).

Proof. This amounts to giving an algebraic construction of the D, , 5 satisfying the wanted properties.
The following arguments are extracted from Remark 1.5.2 of [Faltings and Chai 1990]. Let 7 : A — S an
abelian scheme and £ a symmetric invertible sheaf on A, relatively ample over S and inducing a principal
polarization on A. If s : S — A is a section of A over §, the evaluation at s induces an Og-module
isomorphism between 7, £ and s*£. Now, if s is of n-torsion in A, for e : § — A the zero section, the sheaf
(s*L£)®?" is isomorphic to (e*£)®" i.e., trivial. We denote by wa,s the invertible sheaf on § obtained as
the determinant of the sheaf of invariant differential forms on A, and the computations of Theorem 1.5.1
and Remark 1.5.2 of [Faltings and Chai 1990] give 87,L = —4w, /s in Pic(A/S). Consequently, the
evaluation at s defines (after a choice of trivialization of (¢*£)®?" and putting to the power 87) a section
of a)%‘g. Applying this result on the universal abelian scheme (stack if n < 2) X,(n) on Ay(n), for
every (a, b) € (Z/ nZ)*, the section defined by the point of coordinate (a, b) for the n-structure on X>(n)
induces a global section s, 5, of w;eé;'gl) As(n)? and we define D, , 5 as the Weil divisor of zeroes of this
section. It remains to check that it satisfies the correct properties.

Let (A, A, o) be a triple over a field k of characteristic prime to n, and L the ample line bundle
associated to it by Definition-Proposition 6.13. By construction, its moduli belongs to D,, 4 5 if and only
if the unique (up to constant) nonzero section vanishes at the point of A[n] of coordinates (a, b) in «,,
hence if and only if this point belongs to ® 4 ; q, -

Finally, we see that the process described above applied to the universal abelian variety X>(n)c

of A;(n)c (by means of explicit description of the line bundles as quotients) gives (up to invertible
8n

a/n,b/n
of D, 4 p (it is easier to see that their complex points are the same, by Proposition 7.9(c) and the above

holomorphic functions) the functions ¢ , which proves that (D, 4 »)c is indeed the geometric fiber
characterization applied to the field C).

If one does not want to use stacks for n =2, one can consider for (a, b) € (Z/ 2Z)4 the divisor Dy 24 2p
which is the pullback of D, ; by the degeneracy morphism A5 (4) — A»(2). O

7B. Tubular Runge theorems for abelian surfaces and their theta divisors. We can now prove a family
of tubular Runge theorems for the theta divisors D, ,; (for even n > 2).
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We will state the case n = 2 first because its moduli interpretation is easier but the proofs are the same,
as we explain below.
In the following results, the boundary of Az(n)qu is defined as BAz(n)f: = Az(n);f:\Az(n)C.

Theorem 7.11 (tubular Runge for products of elliptic curves on A, (2)%). Let U be an open neighborhood
of 0A, (2)% in A2(2)qs: for the natural complex topology.

For any such U, we define E(U) the set of moduli P of triples (A, A, a2) in AZ(Z)(GZD) such that
(choosing L a number field of definition of the moduli):

— The abelian surface A has potentially good reduction at every finite place w € My (tubular condition
for finite places).

— For any embedding o : L — C, the image Py of P in Ay(2)c is outside of U (tubular condition for
archimedean places).

— The number sy, of nonintegrality places of P, i.e., places w € M such that

— either w is above M;° or 2,

— or the semistable reduction modulo w of (A, A) is a product of elliptic curves

satisfies the tubular Runge condition

sy < 10.

Then, for every choice of U, the set E(U) is finite.

Theorem 7.12 (tubular Runge for theta divisors on A, (n)3). Let n > 4 even.

Let U be an open neighborhood of 8A2(n)% in Az(n)é for the natural complex topology.

For any such U, we define £(U) the set of moduli P of triples (A, A, ay) in A>(n)(Q) such that
(choosing L D Q(¢,) a number field of definition of the triple):

— The abelian surface A has potentially good reduction at every place w € M;° (tubular condition for
finite places).

— For any embedding o : L — C, the image P; of P in Ay(n)c is outside of U (tubular condition for
archimedean places).

— The number sy, of nonintegrality places of P, i.e., places w € M| such that

— either w is above M;° or a prime factor of n,
— or the theta divisor of the semistable reduction modulo w of (A, A, o) contains an n-torsion
point which is not one of the six points coming from odd characteristics,

satisfies the tubular Runge condition
2 n*
(fl — 3)SL < 7 + 2.

Then, for every choice of U, the set of points £(U) is finite.
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Remark 7.13. We put an emphasis on the conditions given in the theorem to make it easier to identify
how it is an application of our main result, Theorem 5.1. The tubular conditions (archimedean and
finite) mean that our points P do not belong to some tubular neighborhood V of the boundary. We of
course chose the boundary as our closed subset to exclude because of its modular interpretation for
finite places. The places above M[° or a prime factor of n are automatically of nonintegrality for our
divisors because the model A, (n) is not defined at these places. Finally, the second possibility to be
a place of nonintegrality straightforwardly comes from the moduli interpretation of the divisors Dj, ;.p
(Definition 7.10). All this is detailed in the proof below.

To give an example of how we can obtain an explicit result in practice, we prove in Section 8 an
explicit (and even theoretically better) version of Theorem 7.11.

It would be more satisfying (and easier to express) to give a tubular Runge theorem for which the
divisors considered are exactly the irreducible components parametrizing the products of elliptic curves.
Unfortunately, except for n = 2, there is a serious obstruction because those divisors are not ample, and
there are even reasons to suspect they are not big. We have explained in Remark 6.10 why proving the
ampleness for general divisors on Ag(n)qS: is difficult.

It would also be morally satisfying to give a better interpretation of the moduli of the union of all the
D, 4.p (for a fixed n > 2), i.e., not in terms of the theta divisor, but maybe of the structure of the abelian
surface if possible (nontrivial endomorphisms? isogenous to products of elliptic curves?). As far as the
author knows, the understanding of abelian surfaces admitting some nontrivial torsion points on their
theta divisor is still very limited.

Finally, to give an idea of the margin the tubular Runge condition gives for n > 2 (in terms of the
number of places which are not “taken” by the automatic bad places), we can easily see that the number
of places of (Q(¢,) which are archimedean or above a prime factor of » is less than n/2. Hence, we can
find examples of extensions L of Q(¢,) of degree n such that some points defined on it still can satisfy the
tubular Runge condition. This is also where using the full strength of tubular Runge theorem is crucial:
for n =2, one can compute that some points of the boundary are contained in 6 different divisors D 4 p,
and for general even n, a similar analysis gives that the intersection number m is quartic in n, which
leaves a lot less margin for the places of nonintegrality (or even none at all).

Proof of Theorems 7.11 and 7.12. As announced, this result is an application of the tubular Runge theorem
(Theorem 5.1) to A3 (”)fib(;n) (Definition-Proposition 6.6) and the divisors D,, , 5 (Definition 7.10), whose
properties will be used without specific mention. We reuse the notations of the hypotheses of Theorem 5.1
to explain carefully how it is applied.

(HO) The field of definition of Az(n)qS: is @Q(&,), and the ring over which our model A, (n)3 is built is
Z1¢&,, 1/n], hence Sy is made up with all the archimedean places and the places above prime factors of n.
There is no need for a finite extension here as all the D,, ,;, are divisors on Ax(n)S.

(H1) The model A, (n)qS: is indeed normal projective, and we know that the D, , , are effective Weil
divisors hence Cartier divisors up to multiplication by some constant by Proposition 6.8. For any finite
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extension L of Q(¢,), the number of orbits r;, is the number of divisors D,, ;5 (as they are divisors on
the base model), i.e., n4/2 + 2 (Proposition 7.9(c)).

(H2) The chosen closed subset Y of A, (n)%({,,) is the boundary, namely

aAZ(”)é{)(;n) = AZ(”)%@”)\AZ(”)Q(Q)'

We have to prove that the tubular conditions given above correspond to a tubular neighborhood. To do this,
let ) be the boundary A, (n)%\ A (n) and g, . .., g, homogeneous generators of the ideal of definition of
Y after having fixed a projective embedding of A>(n). Let us find an Mg(,,)-constant such that £(U) is
included in the tubular neighborhood of 9.4, (n)f)(g‘n) in A, (n)%)({n) associated to C and g1, ..., g. For
the places w not above M;° or a prime factor of n, the fact that P = (A, A, ;) does not reduce in Y
modulo w is exactly equivalent to A having potentially good reduction at w hence we can choose ¢, =0
for the places v of Q(¢,) not archimedean and not dividing n. For archimedean places, belonging to U
for an embedding o : L — C implies that gy, ..., g, are small, and we just have to choose ¢, strictly
larger than the maximum of the norms of the g;(U N V;) (in the natural affine covering (V;); of the
projective space), independent of the choice of v € MEDO( ) Finally, we have to consider the case of places
above a prime factor of n. To do this, we only have to recall that having potentially good reduction can
be given by integrality of some quotients of the Igusa invariants at finite places, and these invariants are
modular forms on I';(1). We can add those who vanish on the boundary to the homogeneous generators
g1, ..., &n and consider ¢, = 0 for these places as well. This is explicitly done in Section 8C for A;(2).

(TRC) As said before, there are n*/2 + 2 divisors considered, and their generic fibers are ample by

Proposition 7.9. Furthermore, by Propositions 7.3 and 7.5, outside the boundary, at most (7> —3) can have

nonempty common intersection, and this exact number is attained only for products of elliptic curves.
This gives the tubular Runge condition

4
(n?® —3)s; < % +2,
which concludes the proof.
For n =2, the union of the ten D, , ; is made up with the moduli of products of elliptic curves, and
they are pairwise disjoint outside d A>(2) (Proposition 7.9(b)), hence the simply expressed condition
s7. < 10 in this case. O

8. The explicit Runge result for level two

To finish this paper, we improve and make explicit the finiteness result of Theorem 7.11, as a proof of
principle of the method.

Before stating Theorem 8.2, we need some notations. In level two, the auxiliary functions are deduced
from the ten even theta constants of characteristic two, namely the functions ©,,,2(t) (notation (6-11)),
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with the quadruples m going through
E = {(0000), (0001), (0010), (0011), (0100), (0110), (1000), (1001), (1100), (1111)} (8-1)

(see Sections 6C and 7A for details). We recall [van der Geer 1982, Theorem 5.2] that these functions

define an embedding
VA (2) > P°
- 4 (8-2)
T (("Dm/z(f))meE
which induces an isomorphism between A2(2)¢S: and the subvariety of P° (with coordinates indexed by
m € E) defined by the linear equations

X1000 — X1100 + X1111 — X1001 = 0 (8-3)
X0000 — X0001 — X0110 — X1100 = 0 (8-4)
X0110 — X0010 — X1111 + X0011 = 0 (8-5)
X0100 — *0000 + X1001 + X0011 = 0 (8-6)
X0100 — X1000 + X0001 — X0010 = 0 (8-7)

(which makes it a subvariety of [P*) together with the quartic equation

2
(Zx;) —43 x5 =0. (8-8)

meE meE

Remark 8.1. For the attentive reader, the first linear equation has sign (+1) in x111; whereas itis (—1) in
[van der Geer 1982], as there seems to be a typographic mistake there: we found the mistake during our
computations in Sage in Section 8C and found the correct sign using Igusa’s relations [1964, Lemma 1
combined with the proof of Theorem 1].

There is a natural definition for a tubular neighborhood of ¥ = dA,(2): for a finite place v, as in
Theorem 7.11, we choose V, as the set of triples P = (A, A, a») where A has potentially bad reduction
modulo v. To complete it with archimedean places, we use the classical fundamental domain for the
action of Sp,(Z) on H, denoted by F, (see [Klingen 1990, §1.2], for details). Given some parameter
t > +/3/2, the neighborhood V (¢) of 8A2(2)5§ in A2(2)QSj is made up with the points P whose lift 7 in
F» (for the usual quotient morphism H, — A (1)) satisfies Im(t4) > ¢, where 14 is the lower-right
coefficient of 7. We choose V (¢) as the archimedean component of the tubular neighborhood for every
archimedean place. The reader knowledgeable with the construction of Satake compactification will have
already seen such neighborhoods of the boundary.

Notice that for a point P = (A, A, a2) € A2(2)(K), the abelian surface A is only defined over a finite
extension L of K, but for prime ideals *J3; and 3, of O above the same prime ideal 3 of Ok, the
reductions of A modulo B3| and ‘3, are of the same type because P € A>(2)(K). This justifies what we
mean by “semistable reduction of A modulo 3" below.
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Theorem 8.2. Let K be a number field and P = (A, A, a2) € A2(2)(K) where A has potentially good
reduction at every finite place.

Let sp be the number of prime ideals '3 of Ok such that the semistable reduction of A modulo B is a
product of elliptic curves. We denote by h r the stable Faltings height of A.

(a) If K = Q or an imaginary quadratic field and
lsp| <4

then
h(y(P)) <10.75, hr(A) < 828.

(b) Let t > ~/3/2 be a real number. If for every embedding o : K — C, the point P, € A>(2)¢ does not
belong to V (t), and

Ispl + M| < 10

then
h(y(P)) <4mt+8.44, hr(A) <2mt+5+533log(mt+5)

Remark 8.3. Previous versions gave a bound i2x(A) < 1070. This was actually due to an error in
comparing the height of i/ (P) and the Faltings height, and this error worsened the bounds, hence the
slightly better new bound.

The Runge condition for (b) is a straightforward application of our tubular Runge theorem. For (a), we
did not assume anything on the point P at the (unique) archimedean place, which eliminates six divisors
when applying Runge’s method here, hence the different Runge condition here (see Remark 5.2(b)).

The principle of proof is very simple: we apply Runge’s method to bound the height of ¥ (P) when P
satisfies the conditions of Theorem 7.11, and using the link between this height and Faltings height given
in [Pazuki 2012, Corollary 1.3], we know we will obtain a bound of the shape

hr(P) = f (1)

where f is an explicit function of ¢, for every point P satisfying the conditions of Theorem 7.11.

At the places of good reduction not dividing 2, the contribution to the height is easy to compute thanks
to the theory of algebraic theta functions devised in [Mumford 1966; 1967]. The theory will be sketched
in Section 8A, resulting in Proposition 8.4.

For the archimedean places, preexisting estimates due to Streng for Fourier expansions on each of the
ten theta functions allow us to make explicit how only one of them can be too small compared to the
others, when we are outside of V (¢). This is the topic of Section 8B.

For the places above 2, the theory of algebraic theta functions cannot be applied. To bypass the problem,
we use Igusa invariants (which behave in a well-known fashion for reduction in any characteristic) and
prove that the theta functions are algebraic and “almost integral” on the ring of these Igusa invariants,
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with explicit coefficients. Combining these two facts in Section 8C, we will obtain Proposition 8.7, a
less-sharp avatar of Proposition 8.4, but explicit nonetheless.

Finally, we put together these estimates in Section 8D and obtain the stated bounds on 4 o ¢ and the
Faltings height.

8A. Algebraic theta functions and the places of potentially good reduction outside of 2. The goal of
this part is the following result.

Proposition 8.4. Let K be a number field and 3 a maximal ideal of Ok, of residue field k(°B3) with
characteristic different from 2. Let P = (A, A, ap) € A2(2)(K). Then, Y (P) € P°(K) and:

(a) If the semistable reduction of A modulo ‘B is a product of elliptic curves, the reduction of ¥ (P)
modulo P has exactly one zero coordinate, in other words every coordinate of W (P) has the same
B-adic norm except one which is strictly smaller.

(b) If the semistable reduction of A modulo * is a jacobian of hyperelliptic curve, the reduction of ¥ (P)
modulo B has no zero coordinate, in other words every coordinate of ¥ (P) has the same *B-adic

normi.

To link ¥ (P) with the intrinsic behavior of A, we use the theory of algebraic theta functions, devised
in [Mumford 1966; 1967] (see also [David and Philippon 2002; Pazuki 2012]). As it is not very useful
nor enlightening to go into detail or repeat known results, we only mention them briefly here. In the
following, A is an abelian variety of dimension g over a field k and L an ample symmetric line bundle on
A inducing a principal polarization A. We also fix n > 2 even, assuming that all the points of 2n-torsion
of A are defined over k and char(k) does not divide n (in particular, we always assume char(k) # 2). Let
us denote formally the Heisenberg group G(n) as the set

G(n) :=k* x (Z/nZ)® x (Z/nZ)8
equipped with the group law
(@,a,b)-(o,ad,b):= (@a'e@m/maV 41 4 b+b)

(contrary to the convention of [Mumford 1966, p. 294], we identified the dual of (Z/nZ)$ with itself).
Recall that A[n] is exactly the group of elements of A(k) such that TX*(L®") = L®"; indeed, it is by
definition the kernel of the morphism ¢y en =n¢ from A to A (see the references mentioned in the proof
of Proposition 6.12).

Proof. Given the datum of a theta structure on L®", i.e., an isomorphism B : G(L®") = G(n) which is
the identity on k* (see [Mumford 1966, p. 289] for the definition of G(L®")), one has a natural action
of G(n) on T'(A, L®") (a consequence of Proposition 3 and Theorem 2 of [Mumford 1966]), hence for
n > 4 the following projective embedding of A:

Vg A— [F"Zzg_l

(3-9)
x> (1, a, b) - (58" (X)) abe@/nz)es
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where 59 is a nonzero section of I'(A, L), hence unique up to multiplicative scalar (therefore ¥4 only
depends on #). This embedding is not exactly the same as the one defined in [Mumford 1966, p. 298 ] (it
has more coordinates), but the principle does not change at all. One calls Mumford coordinates of (A, L)
associated to B the projective point ¥g(0) € pr*-1 (k).

Now, one has the following commutative diagram whose rows are canonical exact sequences [Mumford
1966, Corollary of Theorem 1],

0 ——k* —— G(L®") Aln] 0
bk
0 k* G(n) (Z/n2)* — 0,

where «,, is a symplectic level n structure on A[n] (Definition 6.1), called the symplectic level n structure
induced by B. Moreover, for every x € A(k), the coordinates of g (x) are (up to constant values for each
coordinate, only depending on B) the ¥4 1 ([n]x + o, (a, b)) (see Definition 6.11). In particular, for any
a,be (Z/nZ)8,

V(0)ap =05 o, (a,b) €Oy 1. (8-10)

Furthermore, for two theta structures 8 and 8’ on [1]*L inducing «,,, one sees that 8’ o 87! is of the
shape («, a, b) — (a- f(a, b), a, b), where f has values in n-th roots of unity, hence ¥4 and ¥z only
differ multiplicatively by n-th roots of unity.

Conversely, given the datum of a symplectic structure o, on A[2r], there exists an unique symmetric
theta structure on [n]* L which is compatible with some symmetric theta structure on [2rn]* L inducing a»;,
[Mumford 1966, p. 317 and Remark 3 p. 319]. We call it the theta structure on [n]*L induced by oy,.
Thus, we just proved that the datum of a symmetric theta structure on [n]*L is intermediary between a
level 2n symplectic structure and a level n symplectic structure (the exact congruence group is easily
identified as I'g(n, 2n) with the notations of [Igusa 1966]).

Now, for a triple (A, L, ay,) (notations of Section 6A), when A is a complex abelian variety, there
exists T € H, such that this triple is isomorphic to (A, L, a¢2,) (Definition-Proposition 6.3). By
definition of L, as a quotient (6-3), the sections of L®" canonically identify to holomorphic functions ¢
on C$¢ such that, Vp, g € 7% and Vz € C8,

D (z+prq) =TT (), (8-11)

and through this identification one sees (after some tedious computations) that the symmetric theta
structure 8; on L;@” induced by a2, acts by

2w ~t

(e, a, D) - ﬂ)(z)—aexp<—a a+==a (z—i—b)) (Z+%[+%)’

where @ and b are lifts of a and b in 78 (the result does not depend on this choice by (8-11)). Therefore, by
Vg and the theta functions with characteristic (formula (6-12)), the Mumford coordinates of (A, L, a,)
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(with the induced theta structure 8 on L®") are exactly the projective coordinates

(|

2g_1
a/n’];/n(.[)(T))a’beizk/zzg c P" ((]:)’

where the choices of lifts @ and b for a and b still do not matter.

In particular, for every T € H,, the point ¥ (t) can be intrinsically given as the squares of Mumford
coordinates for 8;, where the six odd characteristics (whose coordinates vanish everywhere) are taken
out. The result only depends on the isomorphism class of (A;, L., o7 2), as expected.

Finally, as demonstrated in paragraph 6 of [Mumford 1967] (especially the theorem on page 83), the
theory of theta structures (and the associated Mumford coordinates) can be extended to abelian schemes
(Definition 6.5) (still outside characteristics dividing 2n), and the Mumford coordinates in this context
lead to an embedding of the associated moduli space in a projective space as long as the fype of the sheaf
is a multiple of 8 (which for us amounts to 8 | n). Here, fixing a principally polarized abelian variety A
over a number field K and 13 a prime ideal of Ok not above 2, this theory means that given a symmetric
theta structure on (A, L) for L®" where 8 | n, if A has good reduction modulo 93, this theta structure has a
natural reduction to a theta structure on the reduction (A, L) for L&", and this reduction is compatible
with the reduction of Mumford coordinates modulo 3. To link this with the reduction of coordinates
of i, one just has to extend the number field K of definition of A so that all 8-torsion points of A are
defined over K (in particular, the reduction of A modulo 3 is semistable), and consider a symmetric theta
structure on L®8. The associated Mumford coordinates then reduce modulo 3, and making use of (8-10)
and Propositions 7.3 and 7.5 over the residue field, one of the Mumford coordinates coming from the
2-torsion does not vanish. We can now consider only the coordinates coming from the 2-torsion and it
yields Proposition 8.4 (not forgetting the six ever-implicit odd characteristics). g

8B. Evaluating the theta functions at archimedean places. We denote by H, the Siegel half-space of
degree 2, and by > the usual fundamental domain of this half-space for the action of Sp,(Z) (see [Klingen
1990, §1.2] for details). For t € H,, we denote by y, the imaginary part of the lower-right coefficient of 7.

Proposition 8.5. For every T € H, and a fixed real parameter t > /32, one has:
(a) Amongst the ten even characteristics m of E, at most six of them can satisfy

|©/2(1)] < 0.42 max|®,, > (7)].
m'eE

(b) If the representative of the orbit of T in the fundamental domain F, satisfies y4 < t, at most one of

the ten even characteristics m of E can satisfy
|@m/2(T)| < 0.747e™ max| @ 2(7)l.
m

Proof. First, we can assume that T € 7; as the inequalities (a) and (b) are invariant by the action of Sp,(Z),
given the complete transformation formula of these theta functions [Mumford 2007, §I1.5]. Now, using the
Fourier expansions of the ten theta constants (mentioned in the proof of Definition-Proposition 7.7) and
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isolating their respective dominant terms (such as in [Klingen 1990], proof of Proposition I'V.2), we obtain
explicit estimates. More precisely, Proposition 7.7 of [Streng 2010] states that, for every T = (2 Z) e B
(which is a domain containing ), one has

|©/2(t) — 1] < 0.405,  me{(0000)(0001),(0010),(0011)}.

O 2(7)
‘26”7—"51/2 — 1] < 0.348, me{(0100),(0110)}.
®m/2(f)
‘zein—u/Z — 1| <0.348, me{(1000),(1001)}.
®m/2(f)
TP e Ve 1| < 0.438, me{(1100),(1111)},

with g,, =1 if m = (1100) and —1 if m = (1111).
Under the assumption that y4 < ¢ (which induces the same bound for Im 7; and 2 Im 1,), we obtain

0.595 < [®,,2(7)| < 1.405,  me{(0000)(0001),(0010),(0011)}.

1.304e~71/? < |Om/2(T)| <0.692,  me{(0100).(0110),(1000),(1001)}.
1.05¢7™" < |©p2(7)| < 0.855,  m=(1100).
|©m/2(t)| <0.855, m=(111)

Thus, we get (a) with 9222 > 0.42, and (b) with 52e ™" > 0.747¢ 7" O

8C. Computations with Igusa invariants for the places above 2 case. In this case, as emphasized before,
it is not possible to use Proposition 8.4, as the algebraic theory of theta functions does not work.
We have substituted it in the following way.

Definition 8.6 (auxiliary polynomials). Foreveryi e {1, ..., 10}, let ; be the i-th symmetric polynomial
in the ten modular forms ®,§1 PIAS E (notation (8-1)). This is a modular form of level 4i for the whole
modular group Sp,(Z).

Indeed, each @?n P is a modular form for the congruence subgroup I'2(2) of weight 4, and they are
permuted by the modular action of I'>(1) [Mumford 2007, §II.5]. The important point is that the ¥; are
then polynomials in the four Igusa modular forms 4, ¥, x10 and x12 [Igusa 1967, pp. 848-849]. We can
now explain the principle of this paragraph: these four modular forms are linked explicitly with the Igusa
invariants (for a given jacobian of an hyperelliptic curve C over a number field K'), and the semistable
reduction of the jacobian at some place v | 2 is determined by the integrality (or not) of some quotients of
these invariants, hence rational fractions of the modular forms. Now, with the explicit expressions of the
Y; in terms of ¥4, V¥, x10 and x12, we can bound these X; by one of the Igusa invariants, and as every
®§1 2 is a root of the polynomial

PX)=X"— 52X+ 2X8 - 53X+ Ty X0 — 55X + S X — 7 X4 4+ S5 X2 — S0 X + 210,
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we can infer an explicit bound above on the @fn P /A, with a well-chosen normalizing factor A such that
these quotients belong to K. Actually, we will even give an approximate shape of the Newton polygon of
the polynomial A'°P(X /1), implying that its slopes (except maybe the first one) are bounded above and
below, thus giving us a lower bound for each of the [®,, 2],/ max, cg|Om 2]y, €xcept maybe for one m.
The explicit result is the following.
Proposition 8.7. Let K be a number field, (A, L) a principally polarized jacobian of dimension 2 over
K and t© € H, such that (A;, L;) = (A, L).

Let B be a prime ideal of K above 2 such that A has potentially good reduction at R, and the reduced
(principally polarized abelian surface) is denoted by (Asz, Lyz). By abuse of notation, we forget the

normalizing factor ensuring that the coordinates ©,, /2(t)8 belong to K.

(a) If (Ass, Lyyp) is the jacobian of a smooth hyperelliptic curve, all the m € E satisfy

1O /2(7)8| g
max, e |Om 2(T)8|p

> |2]33.

(b) If (A, Lep) is a product of elliptic curves, all the m € E except at most one satisfy

1Om2(T)3 |
maX,/'cE |®m’/2(f)8|q3

> 213

Proof. The most technical part is computing the ¥; as polynomials in the four Igusa modular forms.
To do this, we worked with Sage in the formal algebra generated by some sums of @il P with explicit
relations (namely, yo, ..., y4 in the notations of [Igusa 1964, pp. 396-397]). The total computation time,
done on a laptop PC, was approximately twelve hours (including the verification of the results). The
algorithms and details of their construction is available on a Sage worksheet (in Jupyter format).! An
approach based on Fourier expansions might be more efficient, but as there is no clear closed formula for
the involved modular forms, we privileged computations in this formal algebra. For easier reading, we
slightly modified the Igusa modular forms into A4, ke, k10, h12 defined as

ha =2-¢4=%Z®§1/2
mekE
h6 = 22 . w6 = Z :l:(®m|/2®m2/2®’Vl3/2)4
{mi,my,m3}CE
syzygous
‘ (8-12)
hio =2 x10=2 1_[ 02
mekE
hi2=2'9-3- =3 Z 1_[ On2
CCE meE\C
C Gopel

([Tgusa 1967, p. 848] for details on these definitions, notably syzygous triples and Gopel quadruples).
The third expression is not explicitly a polynomial in yy, ..., y4, but there is such an expression, given

I This worksheet can be found at http://msp.org/ant/2019/13-1/ant-v13-n1-x01-Igusainvariants.ipynb.
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on page 397 of [Igusa 1964]. We also used to great benefit (both for understanding and computations)

Section 1.7.1 of [Streng 2010].

Now, the computations in Sage gave us the following formulas (the first and last one being trivial given

(8-12), were not computed by the algorithm)

T =2hy (8-13)
=3n (8-14)
B3 = 5oy — s+ g (8-15)
Ba= grahi- 2133h4h2 22 hahiz + Zhehio (8-16)
55 = sriahi = sy + 23531121112 2%3h4h6h10+ L 8-17)
B = 55515 — 535 e+ 5 x5hiz — a5 h3hehio
2473h4h et = s+ gl (8-18)
¥ = 21341121112 3 34h4h6h10+ 2‘31;2}31}1%0 . 34h4h his
+ o 32h4h 57 34h 7o = 53 32h6h10h12 (8-19)
S5 = ok 2h3,+ ! ———h3h?, — L hahehiohis + = = h2h?, “h%ohlz (8-20)
2233410 9232 2.3 23.3376710 7 53
%9 = 57 §2h4h10h12+22733h6h +§h?2 (8-21)
o= 2—14h‘1‘0 (8-22)

Remark 8.8. The denominators are always products of powers of 2 and 3. This was predicted by Ichikawa

[2009], as all Fourier expansions of ©,,/> (therefore of the X;) have integral coefficients. Surprisingly,
the result of [Ichikawa 2009] would actually be false for a Z[1/3]-algebra instead of a Z[1/6]-algebra,
as the expression of X3 (converted as a polynomial in ¥y, ¥, x12) shows, but this does not provide a

counterexample for a Z[1/2]-algebra.

Now, let C be a hyperelliptic curve of genus 2 on a number field K and P a prime ideal of Ok

above 2. We will denote by |-| the norm associated to 3 to lighten the notation. Let A be the jacobian

of C and J,, Jua, Js, J3, J1o the homogeneous Igusa invariants of the curve C, defined as in [Igusa 1960,

pp. 621-622] up to a choice of hyperelliptic equation for C. We fix t € H; such that A; is isomorphic

to A, which will be implicit in the following (i.e., 14 denotes h4(7) for example). By [Igusa 1967, p. 848]
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applied with our normalization, there is an hyperelliptic equation for C (and we fix it) such that

1hia

J 8-23
2= 3 (8-23)
Js = 51 (hiz 2 4) (8-24)
2 th
1 (h},  hshpp
Js= 5 33(h3 —6 4—4h6) (8-25)
1 [t hah? heh
= 5, 33(hf 12 ;ZU-+16 Zuf-—rzhi) (8-26)
10
1
Jio = 2Thlo- (8-27)

Let us now figure out the Newton polygons allowing us to bound our theta constants.

(a) If A has potentially good reduction at J3, and this reduction is also a jacobian, by Proposition 3 of
[Igusa 1960], the quotients J; >/ J1o, J; >/ JlO’ Jg >/ J]30 and 185 / J140 are all integral at 3. Translating it into
quotients of modular forms, this gives

5 5
)tz <1
Jio A,
A e o ha | 1
72| 12/5 25| =
Tio h]O/ h1</)
A n? hah he |°
J_g =12/ hlé?S —6 28/152 + h3?5 =1
10 10 10 10
A ht, hah? heh n P
_i |2|7 24/5 —12 414/152 +16 69/22 —12 44/‘5 =1L
J10 hio g o hio
By successive bounds on the three first lines, we obtain
hy _ he _ hiz _
—| <1217 | = 1217, ngg <2785, (8-28)
10 10 10

Using the expressions of the X; ((8-13)—(8-22)), we compute that for every i € {1, ..., 10}, one has
|E /h2’/5| < |2)% with the following values of A;:

i 10 9 8 7 6 5 4 3 2 1
| —20 _4 112 156 _ 125 7 4
l

_44 8 _ — 125 IE}
5 5 5 5 5

=
3
w
Q
—
=N

104 _
5

|
|

5 5

and for i = 10, it is an equality. Therefore the highest slope of the Newton polygon is at most E “vp(2),
whereas the lowest one is at least —= - vp(2), which gives part (a) of Proposition 8.7 by the theory of
Newton polygons.
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(b) If A has potentially good reduction at *J3 and the semistable reduction is a product of elliptic curves,

defining
Iy=J5 =25/, = h—z‘* (8-29)
1
Iy =—8J} +9JJ4Js — 2702 — J3Js = m(zhi —hd), (8-30)
Py =223 Js = hy — 12hahi,hiy + 16hehiohy, — 120507, (8-31)

(which as modular forms are of respective weights 4, 12 and 48), by Theorem 1 (parts (V) and (V)) of
[Liu 1993], we obtain in the same fashion that

ha

1/12
Py

hio
5/24
Py

he
/8
48

< 2|77, <273

— ’

<2177 (8-32)

Using the Newton polygon for the polynomial of (8-31) defining P4g, one deduces quickly that

<1272 (8-33)

As before, with the explicit expression of the ¥;, one obtains that the |X;/ P‘ié 12| are bounded by |2|*
with the following values of A:

ij10 9 8 7 6 5 4 3 2 1
1 (8-34)

hy|—28 7L =53 55 84 71 64 _jy =29 10

This implies directly that the highest slope of the Newton polygon is at most % -vp(2). Now, for the
lowest slope, there is no immediate bound which was expected; in this situation, Xy = 2*4h‘1‘0 can be
relatively very small compared to P458/ .

As Pyg is in the ideal generated by /g, #12 (in other words, is cuspidal) and dominates all modular
forms hy, he, h10, h12, one of h1g and h 1, has to be relatively large enough compared to Psg. In practice,
we get (with (8-32), (8-33) and (8-31))

ey o [

Py P
Now, if hyg is relatively very small (for example, |h1o/ P458/ 24| < 12|Y/01h )5 / P418/ 4|), we immediately get
|hi2/ P418/ 4| =1 and | X/ P438/ 4| = 1. Computing again with these estimates for /¢ and />, we obtain that
the |X;/ Pié 12| are bounded by |2|* with the following slightly improved values of A,

i9 8 7 6 5 4 3 2 1
84 —

o 32 51 —84 —71 —64 44 =29 —I0
Ai 3 73 14 = =

The value at i =9 is exact, hence the second lowest slope is then at least —% “vp(2).
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0,0) (10, 0)
| ElO_i/hi()lofz)/s

Figure 4. When the reduction of A is a jacobian.

If it is not so small, we have a bound on v (X10/ P468/ 5), hence the Newton polygon itself is bounded
(and looks like the first situation). In practice, one finds that the lowest slope is at least —%7 -vp(2), hence
all others slopes are at least this value, and this concludes the proof of Proposition 8.7(b). O

Remark 8.9. In characteristics # 2, 3, Theorem 1 of [Liu 1993] and its precise computations on pages 4
and 5 give the following exact shapes of Newton polygons (notice the different normalization factors).

In particular, when A reduces to a jacobian, the theta coordinates all have the same B3-adic norm and
when A reduces to a product of elliptic curves, exactly one of them has smaller norm; in other words, we
reproved Proposition 8.4, and the Newton polygons have a very characteristic shape.

The idea behind the computations above is that in cases (a) and (b) (with other normalization factors),
the Newton polygons have a shape close to these ones, therefore estimates can be made. It would be
interesting to see what the exact shape of the Newton polygons is, to maybe obtain sharper results.

8D. Wrapping up the estimates and end of the proof. We can now prove the explicit refined version of
Theorem 7.11, namely Theorem 8.2.

Proof of Theorem 8.2. In case (a), one can avoid the tubular assumption for the archimedean place
of K; indeed, amongst the ten theta coordinates, there remain 4 which are large enough with no further
assumption. As |sp| < 4, there remains one theta coordinate which is never too small (at any place). In
practice, normalizing the projective point ¥ (P) by this coordinate, one obtains with Propositions 8.5(a)
(archimedean places) 8.4 (finite places not above 2) and 8.7 (finite places above 2)

21/

2
h(y (P)) < —410g(0.42) + Ter Zzn log(2) < 10.75

after approximation.

vp

~— (10—i)/3
ElO—i/hig &

Figure 5. When the reduction of A is a product of elliptic curves.
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In case (b), one has to use the tubular neighborhood implicitly given by the parameter ¢, namely
Proposition 8.5(b) for archimedean places, again with Propositions 8.4 and 8.7 for the finite places, hence

we get
21/2
h(y(P)) < 4log(e™/0.747) + —— ) n,log(2) <4mt+8.44
[K : Q] UZZ: '
after approximation.
Finally, we deduce from there the bounds on the stable Faltings height by Corollary 1.3 of [Pazuki
2012] (with its notations, he (A, L) = h(Yy(P))/4). U

It would be interesting to give an analogous result for Theorem 7.12, and the estimates for archimedean
and finite places not above 2 should not give any particular problem. For finite places above 2, the method
outlined above can only be applied if, taking the symmetric polynomials X1, ..., ¥z, in well-chosen
powers © nbyn(T) for &, b € 72, we can figure out by other arguments the largest rank ko for which Zko
is cuspidal but not in the ideal generated by /9. Doing so, we could roughly get back the pictured shape
of the Newton polygon when /g is relatively very small (because then ¥ is relatively very small for
k > ko by construction). Notice that for this process, one needs some way to theoretically bound the
denominators appearing in the expressions of the X; in hy, k¢, k19, h12, but if this works, the method can
again be applied.

Acknowledgements

I am very grateful to Fabien Pazuki and Qing Liu for having kindly answered my questions and given
me useful bibliographic recommendations on the subject of Igusa invariants. I also wish to thank Josha
Box for pointing out two small errors in Section 8 which have been corrected in the present version. A
good portion of the time writing this paper was spent as AGPR at the ENS de Lyon, and I want to thank
this institution and my former colleagues for the friendly and productive research environment. Finally, I
gratefully thank the anonymous referee for his careful reading and many useful remarks and advice for
citations improving the paper.

References
[Artal Bartolo et al. 2014] E. Artal Bartolo, J. Martin-Morales, and J. Ortigas-Galindo, “Cartier and Weil divisors on varieties
with quotient singularities”, Internat. J. Math. 25:11 (2014), 1450100, 20. MR Zbl

[Atiyah and Macdonald 1969] M. F. Atiyah and 1. G. Macdonald, Introduction to commutative algebra, Addison-Wesley,
Reading, MA, 1969. MR Zbl

[Auffarth et al. 2017] R. Auffarth, G. P. Pirola, and R. S. Manni, “Torsion points on theta divisors”, Proc. Amer. Math. Soc. 145:1
(2017), 89-99. MR Zbl

[Bilu 1995] Y. Bilu, “Effective analysis of integral points on algebraic curves”, Israel J. Math. 90:1-3 (1995), 235-252. MR Zbl

[Bilu and Parent 2011] Y. Bilu and P. Parent, “Runge’s method and modular curves”, Int. Math. Res. Not. 2011:9 (2011),
1997-2027. MR Zbl

[Bombieri 1983] E. Bombieri, “On Weil’s “théoréme de décomposition””, Amer. J. Math. 105:2 (1983), 295-308. MR Zbl


http://dx.doi.org/10.1142/S0129167X14501006
http://dx.doi.org/10.1142/S0129167X14501006
http://msp.org/idx/mr/3285300
http://msp.org/idx/zbl/1314.32042
http://msp.org/idx/mr/39 #4129
http://msp.org/idx/zbl/0175.03601
http://dx.doi.org/10.1090/proc/13230
http://msp.org/idx/mr/3565362
http://msp.org/idx/zbl/1360.14114
http://dx.doi.org/10.1007/BF02783215
http://msp.org/idx/mr/1336325
http://msp.org/idx/zbl/0840.11028
http://dx.doi.org/10.1093/imrn/rnq141
http://msp.org/idx/mr/2806555
http://msp.org/idx/zbl/1304.11054
http://dx.doi.org/10.2307/2374261
http://msp.org/idx/mr/701562
http://msp.org/idx/zbl/0516.12009

208 Samuel Le Fourn

[Bombieri and Gubler 2006] E. Bombieri and W. Gubler, Heights in Diophantine geometry, New Mathematical Monographs 4,
Cambridge University Press, 2006. MR Zbl

[Borel 1981] A. Borel, “Stable real cohomology of arithmetic groups II”, pp. 21-55 in Manifolds and Lie groups (Notre Dame,
In, 1980), edited by J. Hano et al., Progr. Math. 14, Birkh4user, Boston, 1981. MR Zbl

[Boxall and Grant 2000] J. Boxall and D. Grant, “Examples of torsion points on genus two curves”, Trans. Amer. Math. Soc.
352:10 (2000), 4533-4555. MR Zbl

[Cartan 1957] H. Cartan, “Plongements projectifs”, Séminaire Henri Cartan 10:2 (1957), 1-19.
[Cornell and Silverman 1986] G. Cornell and J. H. Silverman (editors), Arithmetic geometry, Springer, 1986. MR Zbl

[Corvaja et al. 2009] P. Corvaja, A. Levin, and U. Zannier, “Integral points on threefolds and other varieties”, Tohoku Math. J.
(2) 61:4 (2009), 589-601. MR Zbl

[David and Philippon 2002] S. David and P. Philippon, “Minorations des hauteurs normalisées des sous-variétés de variétés
abeliennes, II”, Comment. Math. Hely. 77:4 (2002), 639-700. MR Zbl

[Debarre 1999] O. Debarre, Tores et variétés abéliennes complexes, Cours Spécialisés [Specialized Courses] 6, Société
Mathématique de France, Paris; EDP Sciences, Les Ulis, 1999. MR Zbl

[Faltings and Chai 1990] G. Faltings and C.-L. Chai, Degeneration of abelian varieties, Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)] 22, Springer, 1990. MR Zbl

[van der Geer 1982] G. van der Geer, “On the geometry of a Siegel modular threefold”, Math. Ann. 260:3 (1982), 317-350. MR
Zbl

[Hartshorne 1977] R. Hartshorne, Algebraic geometry, Graduate Texts in Math. 52, Springer, 1977. MR Zbl

[Hoffman and Weintraub 2001] J. W. Hoffman and S. H. Weintraub, “The Siegel modular variety of degree two and level three”,
Trans. Amer. Math. Soc. 353:8 (2001), 3267-3305. MR Zbl

[Ichikawa 2009] T. Ichikawa, “Siegel modular forms of degree 2 over rings”, J. Number Theory 129:4 (2009), 818-823. MR
Zbl

[Igusa 1960] J.-i. Igusa, “Arithmetic variety of moduli for genus two”, Ann. of Math. (2) 72 (1960), 612-649. MR Zbl
[Igusa 1964] J.-i. Igusa, “On Siegel modular forms genus two, II”, Amer. J. Math. 86 (1964), 392-412. MR Zbl
[Igusa 1966] J.-i. Igusa, “On the graded ring of theta-constants, I, Amer. J. Math. 88 (1966), 221-236. MR Zbl
[Igusa 1967] J.-i. Igusa, “Modular forms and projective invariants”, Amer. J. Math. 89 (1967), 817-855. MR Zbl

[Klingen 1990] H. Klingen, Introductory lectures on Siegel modular forms, Cambridge Studies in Advanced Mathematics 20,
Cambridge University Press, 1990. MR Zbl

[Le Fourn 2015] S. Le Fourn, Points entiers et rationnels sur des courbes et variétés modulaires de dimension supérieure, Ph.D.
thesis, Université de Bordeaux, 2015.

[Le Fourn 2016] S. Le Fourn, “Surjectivity of Galois representations associated with quadratic Q-curves”, Math. Ann. 365:1-2
(2016), 173-214. MR Zbl

[Le Fourn 2017] S. Le Fourn, “Sur la méthode de Runge et les points entiers de certaines variétés modulaires de Siegel”, C. R.
Math. Acad. Sci. Paris 355:8 (2017), 847-852. MR Zbl

[Levin 2008] A. Levin, “Variations on a theme of Runge: effective determination of integral points on certain varieties”, J. Théor:
Nombres Bordeaux 20:2 (2008), 385-417. MR Zbl

[Liu 1993] Q. Liu, “Courbes stables de genre 2 et leur schéma de modules”, Math. Ann. 295:2 (1993), 201-222. MR Zbl

[Mazur 1977] B. Mazur, “Modular curves and the Eisenstein ideal”, Inst. Hautes Etudes Sci. Publ. Math. 47 (1977), 33-186.
MR Zbl

[Merel 1996] L. Merel, “Bornes pour la torsion des courbes elliptiques sur les corps de nombres”, Invent. Math. 124:1-3 (1996),
437-449. MR Zbl

[Mumford 1966] D. Mumford, “On the equations defining abelian varieties, I, Invent. Math. 1 (1966), 287-354. MR Zbl
[Mumford 1967] D. Mumford, “On the equations defining abelian varieties, I, Invent. Math. 3 (1967), 75-135. MR


http://dx.doi.org/10.1017/CBO9780511542879
http://msp.org/idx/mr/2216774
http://msp.org/idx/zbl/1115.11034
http://msp.org/idx/mr/83h:22023
http://msp.org/idx/zbl/0483.57026
http://dx.doi.org/10.1090/S0002-9947-00-02368-0
http://msp.org/idx/mr/1621721
http://msp.org/idx/zbl/1007.11038
http://www.numdam.org/item/SHC_1957-1958__10_2_A8_0
http://dx.doi.org/10.1007/978-1-4613-8655-1
http://msp.org/idx/mr/861969
http://msp.org/idx/zbl/0596.00007
http://dx.doi.org/10.2748/tmj/1264084501
http://msp.org/idx/mr/2598251
http://msp.org/idx/zbl/1250.11066
http://dx.doi.org/10.1007/PL00012437
http://dx.doi.org/10.1007/PL00012437
http://msp.org/idx/mr/1949109
http://msp.org/idx/zbl/1030.11026
http://msp.org/idx/mr/1767634
http://msp.org/idx/zbl/0964.14037
http://dx.doi.org/10.1007/978-3-662-02632-8
http://msp.org/idx/mr/1083353
http://msp.org/idx/zbl/0744.14031
http://dx.doi.org/10.1007/BF01461467
http://msp.org/idx/mr/669299
http://msp.org/idx/zbl/0473.14017
http://msp.org/idx/mr/0463157
http://msp.org/idx/zbl/0367.14001
http://dx.doi.org/10.1090/S0002-9947-00-02675-1
http://msp.org/idx/mr/1828606
http://msp.org/idx/zbl/0996.11041
http://dx.doi.org/10.1016/j.jnt.2008.11.005
http://msp.org/idx/mr/2499407
http://msp.org/idx/zbl/1223.11063
http://dx.doi.org/10.2307/1970233
http://msp.org/idx/mr/0114819
http://msp.org/idx/zbl/0122.39002
http://dx.doi.org/10.2307/2373172
http://msp.org/idx/mr/0168805
http://msp.org/idx/zbl/0133.33301
http://dx.doi.org/10.2307/2373057
http://msp.org/idx/mr/0200482
http://msp.org/idx/zbl/0146.31704
http://dx.doi.org/10.2307/2373243
http://msp.org/idx/mr/0229643
http://msp.org/idx/zbl/0159.50401
http://dx.doi.org/10.1017/CBO9780511619878
http://msp.org/idx/mr/1046630
http://msp.org/idx/zbl/0693.10023
http://dx.doi.org/10.1007/s00208-015-1269-x
http://msp.org/idx/mr/3498908
http://msp.org/idx/zbl/1342.11059
http://dx.doi.org/10.1016/j.crma.2017.07.004
http://msp.org/idx/mr/3693503
http://msp.org/idx/zbl/06772800
http://dx.doi.org/10.5802/jtnb.634
http://msp.org/idx/mr/2477511
http://msp.org/idx/zbl/1179.11018
http://dx.doi.org/10.1007/BF01444884
http://msp.org/idx/mr/1202389
http://msp.org/idx/zbl/0819.14010
http://www.numdam.org/item?id=PMIHES_1977__47__33_0
http://msp.org/idx/mr/488287
http://msp.org/idx/zbl/0394.14008
http://dx.doi.org/10.1007/s002220050059
http://msp.org/idx/mr/1369424
http://msp.org/idx/zbl/0936.11037
http://dx.doi.org/10.1007/BF01389737
http://msp.org/idx/mr/0204427
http://msp.org/idx/zbl/0219.14024
http://dx.doi.org/10.1007/BF01389741
http://msp.org/idx/mr/0219541

A tubular variant of Runge's method in all dimensions 209

[Mumford 1970] D. Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathematics 5, Oxford
University Press, London, 1970. MR Zbl

[Mumford 1983] D. Mumford, “Towards an enumerative geometry of the moduli space of curves”, pp. 271-328 in Arithmetic
and geometry, vol. 11, edited by M. Artin and J. Tate, Progr. Math. 36, Birkh4user, Boston, 1983. MR Zbl

[Mumford 1984] D. Mumford, Tata lectures on theta, 11, Progress in Mathematics 43, Birkhéduser, Boston, 1984. MR Zbl
[Mumford 2007] D. Mumford, Tata lectures on theta, I, Birkhiuser, Boston, 2007. MR Zbl

[Namikawa 1980] Y. Namikawa, Toroidal compactification of Siegel spaces, Lecture Notes in Mathematics 812, Springer, 1980.
MR Zbl

[Oort and Ueno 1973] F. Oort and K. Ueno, “Principally polarized abelian varieties of dimension two or three are Jacobian
varieties”, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 20 (1973), 377-381. MR Zbl

[Pazuki 2012] F. Pazuki, “Theta height and Faltings height”, Bull. Soc. Math. France 140:1 (2012), 19-49. MR Zbl

[Pazuki 2013] F. Pazuki, “Minoration de la hauteur de Néron—Tate sur les surfaces abéliennes”, Manuscripta Math. 142:1-2
(2013), 61-99. MR Zbl

[Runge 1887] C. Runge, “Ueber ganzzahlige Losungen von Gleichungen zwischen zwei Verinderlichen”, J. Reine Angew. Math.
100 (1887), 425-435. MR Zbl

[Satake and Cartan 1957] 1. Satake and H. Cartan, “Démonstration du théoréme fondamental”, Séminaire Henri Cartan 10:2
(1957), 1-12.

[Schoof 2008] R. Schoof, Catalan’s conjecture, Springer, 2008. MR Zbl

[Silverman 1987] J. H. Silverman, “Arithmetic distance functions and height functions in Diophantine geometry”, Math. Ann.
279:2 (1987), 193-216. MR Zbl

[Streng 2010] M. Streng, Complex multiplication of abelian surfaces, Ph.D. thesis, University of Leiden, 2010, Available at
https://openaccess.leidenuniv.nl/handle/1887/15572.

[Vojta 1987] P. Vojta, Diophantine approximations and value distribution theory, Lecture Notes in Mathematics 1239, Springer,
1987. MR Zbl

[Weissauer 1992] R. Weissauer, “The Picard group of Siegel modular threefolds”, J. Reine Angew. Math. 430 (1992), 179-211.
MR Zbl

Communicated by Jonathan Pila
Received 2018-01-08 Revised 2018-08-30 Accepted 2018-10-08

samuel.le-fourn@warwick.ac.uk University of Warwick, Coventry, CV56EF, United Kingdom

mathematical sciences publishers :'msp


http://msp.org/idx/mr/0282985
http://msp.org/idx/zbl/0223.14022
http://msp.org/idx/mr/85j:14046
http://msp.org/idx/zbl/0554.14008
http://dx.doi.org/10.1007/978-0-8176-4578-6
http://msp.org/idx/mr/742776
http://msp.org/idx/zbl/0549.14014
http://dx.doi.org/10.1007/978-0-8176-4578-6
http://msp.org/idx/mr/2352717
http://msp.org/idx/zbl/1112.14002
http://msp.org/idx/mr/584625
http://msp.org/idx/zbl/0466.14011
http://msp.org/idx/mr/0364265
http://msp.org/idx/zbl/0272.14008
http://dx.doi.org/10.24033/bsmf.2623
http://msp.org/idx/mr/2903770
http://msp.org/idx/zbl/1245.14029
http://dx.doi.org/10.1007/s00229-012-0593-7
http://msp.org/idx/mr/3081000
http://msp.org/idx/zbl/1304.11058
http://dx.doi.org/10.1515/crll.1887.100.425
http://msp.org/idx/mr/1580107
http://msp.org/idx/zbl/19.0076.03
http://www.numdam.org/item/SHC_1957-1958__10_2_A6_0
http://msp.org/idx/mr/2459823
http://msp.org/idx/zbl/1186.11018
http://dx.doi.org/10.1007/BF01461718
http://msp.org/idx/mr/919501
http://msp.org/idx/zbl/0607.14013
https://openaccess.leidenuniv.nl/handle/1887/15572
http://dx.doi.org/10.1007/BFb0072989
http://msp.org/idx/mr/883451
http://msp.org/idx/zbl/0609.14011
http://dx.doi.org/10.1515/crll.1992.430.179
http://msp.org/idx/mr/1172913
http://msp.org/idx/zbl/0749.14017
mailto:samuel.le-fourn@warwick.ac.uk
http://msp.org




Richard E. Borcherds
Antoine Chambert-Loir
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas

Hubert Flenner
Sergey Fomin
Edward Frenkel
Andrew Granville
Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar

Philippe Michel
Susan Montgomery

Shigefumi Mori

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
Université Paris-Diderot, France

CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
Université de Montréal, Canada

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA
Princeton University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA

RIMS, Kyoto University, Japan

Martin Olsson
Raman Parimala
Jonathan Pila

Anand Pillay

Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas

J. Toby Stafford
Pham Huu Tiep

Ravi Vakil

Michel van den Bergh
Marie-France Vignéras
Kei-Ichi Watanabe
Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitdt Bonn, Germany
University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium
Université Paris VII, France

Nihon University, Japan

Princeton University, USA

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2019 is US $385/year for the electronic version, and $590/year (4-$60, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 13 No. 1 2019

Ordinary algebraic curves with many automorphisms in positive characteristic 1
GABOR KORCHMAROS and MARIA MONTANUCCI

Variance of arithmetic sums and L-functions in [ [#] 19
CHRIS HALL, JONATHAN P. KEATING and EDVA RODITTY-GERSHON

Extended eigenvarieties for overconvergent cohomology 93
CHRISTIAN JOHANSSON and JAMES NEWTON

A tubular variant of Runge’s method in all dimensions, with applications to integral points on Siegel 159
modular varieties

SAMUEL LE FOURN

Algebraic cycles on genus-2 modular fourfolds 211
DONU ARAPURA

Average nonvanishing of Dirichlet L-functions at the central point 227
KYLE PRATT

1937-0652(2019)13:1:1-C



	Introduction
	1. Notations and preliminary notions
	2. Definition and properties of tubular neighborhoods
	3. Key results
	4. The case of curves revisited
	5. The main result: tubular Runge's theorem
	6. Reminders on Siegel modular varieties
	6A. Abelian varieties and Siegel modular varieties
	6B. Further properties of Siegel modular varieties
	6C. Theta divisors on abelian varieties and moduli spaces

	7. Applications of the main result on a family of Siegel modular varieties
	7A. The specific situation for theta divisors on abelian surfaces
	7B. Tubular Runge theorems for abelian surfaces and their theta divisors

	8. The explicit Runge result for level two
	8A. Algebraic theta functions and the places of potentially good reduction outside of 2
	8B. Evaluating the theta functions at archimedean places
	8C. Computations with Igusa invariants for the places above 2 case
	8D. Wrapping up the estimates and end of the proof

	Acknowledgements
	References
	
	

