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On rational singularities and counting points
of schemes over finite rings

ltay Glazer

We study the connection between the singularities of a finite type Z-scheme X and the asymptotic point
count of X over various finite rings. In particular, if the generic fiber Xg = X Xspecz Spec Q is a local
complete intersection, we show that the boundedness of | X (Z/p"Z)|/p"¥™X@ in p and n is in fact
equivalent to the condition that X is reduced and has rational singularities. This paper completes a recent
result of Aizenbud and Avni.

1. Introduction

1A. Motivation. Given a finite type Z-scheme X, the study of the quantity | X (Z/mZ)| and its asymptotic
behavior is a fundamental question in number theory. The case when m = p, or more generally the
quantity | X (F,)| with ¢ = p", has been studied by many authors, most famously by Lang and Weil [1954],
Dwork [1960], Grothendieck [1965] and Deligne [1974; 1980]. The Lang—Weil estimates (see [Lang and
Weil 1954]) give a good asymptotic description of | X (F,)|:

. 1
X (Fy)| = q"™*% (Cx + 0(¢™2)),

where Cyx is the number of top dimension irreducible components of XE that are defined over [,. From
these estimates and the fact that

IX(F)| = [U(F)[+ (X \U)(F)], -1)

for any open subscheme U C X and any finite field F, one can see that the asymptotics of | X ([ )|,
in p or in n, does not depend on the singularity properties of X. For finite rings, however, (1-1) is no
longer true (e.g., IA'(A)| =|A] and |(A! — {0})(A)| = |A*|) and indeed, the number |X (Z/mZ)| and its
asymptotics have much to do with the singularities of X. The case when m = p” is a prime power was
studied by Borevich and Shafarevich, among others (see the works of Denef [1991], Igusa [2000], du
Sautoy and Grunewald [2000], and a recent overview by Mustatd [2011]).

For a finite ring A, set hx (A) := | X (A)|/|A|%™ X If Xq is smooth, one can show that for almost every
prime p, we have hx(Z/p"Z) = hx(Z/pZ) for all n, which by the Lang—Weil estimates is uniformly
bounded. On the other hand, if X is singular, then A x(Z/p"Z) need not be bounded in n or in p. The
goal of this paper is to investigate this phenomena and to complete the main result presented in [Aizenbud
and Avni 2018], which we describe next.
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1B. Related work. Aizenbud and Avni [2018] proved the following:

Theorem 1.1 [Aizenbud and Avni 2018, Theorem 3.0.3]. Let X be a finite type Z-scheme such that X g
is equidimensional and a local complete intersection. Then the following are equivalent:

(i) Forany n,lim,_, oo hx(Z/p"Z) = 1.

(ii) There exists a finite set of prime numbers S and a constant C, such that |hx(Z/p"Z) — 1| < Cp_%
for any prime p ¢ S and any n € N.

(i) Xg is reduced, irreducible and has rational singularities.

Definition 1.2 [Aizenbud and Avni 2016, 1.2, Definition II]. Let X and Y be smooth varieties over a
field k of characteristic 0. We say that a morphism ¢ : X — Y is (FRS) if it is flat and any geometric fiber
is reduced and has rational singularities. We say that ¢ is (FRS) at x € X (k) if there exists a Zariski open
neighborhood U of x such that U xy {¢(x)} is reduced and has rational singularities.

Aizenbud and Avni introduced an analytic criterion for a morphism ¢ to be (FRS), which played a key
role in the proof of Theorem 1.1:

Theorem 1.3 [Aizenbud and Avni 2016, Theorem 3.4]. Let ¢ : X — Y be a map between smooth algebraic
varieties defined over a finitely generated field k of characteristic 0, and let x € X (k). Then the following
conditions are equivalent:

(a) ¢ is (FRS) at x.

(b) There exists a Zariski open neighborhood x € U C X, such that for any non-Archimedean local field
F D k and any Schwartz measure m on U (F'), the measure (¢ |y (r))«(m) has continuous density (see
Definition 2.5 for the notion of Schwartz measure and continuous density of a measure).

(¢) For any finite extension k' | k, there exists a non-Archimedean local field F O k' and a nonnegative
Schwartz measure m on X (F) that does not vanish at x such that ¢..(m) has continuous density.

1C. Main results. In this paper, we strengthen Theorem 1.1 as follows:

Theorem 1.4. Let X be a finite type Z-scheme such that Xq is equidimensional and a local complete
intersection. Then (i), (ii) and (iii) in Theorem 1.1 are also equivalent to:

(iv) Xg is irreducible and there exists C > 0 such that hx(Z/p"Z) < C for any prime p and any n € N.

(v) Xg is irreducible and there exists a finite set of primes S, such that for any p ¢ S, the sequence
nw hx(Z/p"Z) is bounded.

Remark. In fact, one can drop the demand that Xg is irreducible in conditions (iii), (iv) and (v), such
that they will stay equivalent. For a slightly stronger statement, see Theorem 4.1.

There are two main difficulties in the proof of Theorem 1.4. The first one is portrayed in the fact that
condition (v) seems a-priori too weak, as it requires the bound on iy (Z/p"Z) to be uniform only in n,
while in condition (ii), the demand is that the bound is uniform both in p and in .

In order to show that condition (v) implies the other conditions, we first reduce to the case when Xgq
is a complete intersection in an affine space, and thus can be written as the fiber at 0 of a morphism
Q: Ag’ — Ag , which is flat above 0. We can then translate condition (iii), i.e., the condition that Xg
is reduced and has rational singularities, to the condition that ¢ : Ag’ — Ag is (FRS) above 0, i.e., at
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any point x € (¢~ '(0))(Q). After some technical argument, one can show that condition (v) implies the
following:

Condition 1.5. For any finite extensions k/@ and k’/k, and any x € (¢~'(0))(k), there exists a prime p
with k" < Q,, x € (97" (0))(Z,,), such that the sequence n > @, (1) (p"Z)/p~"" is bounded, where
W is the normalized Haar measure on Z?f .

Hence, we would like to strengthen Theorem 1.3, such that Condition 1.5 will imply the (FRS) property
of ¢ above 0.

The measure @, (m) as in Condition 1.5 is said to be bounded with respect to the local basis { p”Zj}’ n
for the topology of @g at 0 (see Definition 3.1).We introduce the notion of bounded eccentricity of a
local basis to the topology of an F-analytic manifold (Section 3A), and prove the following stronger
version of Theorem 1.3:

Theorem 1.6. Let ¢ : X — Y be a map between smooth algebraic varieties defined over a finitely
generated field k of characteristic 0, and let x € X (k). Then (a), (b), (c) in Theorem 1.3 are also equivalent
to:

(¢") For any finite extension k' | k, there exists a non-Archimedean local field F 2 k' and a nonnegative
Schwartz measure m on X (F) that does not vanish at x, such that ¢, (m) is bounded with respect to
some local basis N of bounded eccentricity at ¢(x).

We then use Theorem 1.6 and the fact that the local basis { p”ZI/;’ }n is of bounded eccentricity to show
that (v) implies condition (iii).

The second difficulty is to show that if hx(Z/p"Z) is bounded for almost any prime p, then it is in
fact bounded for any p. We first prove this for the case that X is a complete intersection in an affine
space, denoted (CIA) (Proposition 4.5). We then deal with the case when X is a (CIA), by constructing
a finite type Z-scheme X, which is a (CIA) and a morphism ¢ : X —> X, such that Yo:Xg — ?@ is
an isomorphism (Lemma 4.6). We prove this case by showing the existence of ¢, N € N such that

1X(Z/p"2)| < pN°-1X(Z/p" D)),

(Lemma 4.7). For the general case, we first cover Xg by affine @-schemes {U;} such that U; is a (CIA),
and then consider a collection of Z-schemes {U;}, such that U; >~ U; over Q. Finally, using the explicit
construction of U; we show that

hx(Z/p"Z) <) hy,(Z/p"D),

and since (ﬁi)@ ~ U; is a (CIA), we are done by the last case.

2. Preliminaries

In this section, we recall some definitions and facts in algebraic geometry and the theory of F-analytic
manifolds, for a non-Archimedean local field F'.
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2A. Preliminaries in algebraic geometry. Let A be a commutative ring. A sequence Xxi,...,Xx, € A
is called a regular sequence if x; is not a zero-divisor in A/(xy, ..., x;—1) for each i, and we have a
proper inclusion (xy, ..., x,) € A. If (A, m) is a Noetherian local ring then the depth of A, denoted
depth(A), is defined to be the length of the longest regular sequence with elements in m. It follows from
Krull’s principal ideal theorem that depth(A) is smaller or equal to dim(A), the Krull dimension of A. A
Noetherian local ring (A, m) is Cohen—Macaulay if depth(A) = dim(A). A locally Noetherian scheme X
is said to be Cohen—Macaulay if for any x € X, the local ring Oy , is Cohen—Macaulay.

Let X be an algebraic variety over a field k. We say that X has a resolution of singularities, if there
exists a proper morphism p : X — X such that X is smooth and p is a birational equivalence. A strong
resolution of singularities of X is a resolution of singularities p : X — X which is an isomorphism over
the smooth locus of X, denoted X*™. It is a theorem of Hironaka [1964], that any variety X over a field &
of characteristic zero admits a strong resolution of singularities p : X - X.

For the following definition, see [Kempf et al. 1973, 1.3 pages 50-51] or [Aizenbud and Avni 2016,
Definition 6.1]; a variety X over a field k of characteristic zero is said to have rational singularities
if for any (or equivalently, for some) resolution of singularities p : X —> X, the natural morphism
Ox — Rp.(Oy) is a quasi-isomorphism, where R p, is the higher direct image. A point x € X (k) is a
rational singularity if there exists a Zariski open neighborhood U C X of x that has rational singularities.

We denote by Q' the sheaf of differential r-forms on X and by Q' [X] (resp. ' (X)) the regular
(resp. rational) r-forms. The following lemma gives a local characterization of rational singularities:

Lemma 2.1 [Aizenbud and Avni 2016, Proposition 6.2]. An affine k-variety X has rational singularities
if and only if X is Cohen—Macaulay, normal, and for any, or equivalently, some strong resolution of
singularities p : X — X and any top differential form w € Q;?fm[X S, there exists a top differential form

€ Qt;gp[)?] such that w = @|xsm.
Let X be a finite type scheme over a ring R. Then X is called:
(1) A complete intersection (CI) if there exists an affine scheme Y, a smooth morphism ¥ — SpecR, a

closed embedding X < Y over SpecR, and a regular sequence f1, ..., f, € Oy(Y), such that the
ideal of X in Y is generated by the { f;}. In this case, we say that X is a complete intersection in Y .

(2) A local complete intersection (LCI) if there is an open cover {U;} of X such that each U; is a (CI).

(3) A complete intersection in an affine space (CIA) if X is a complete intersection in Y, with ¥ = A
an affine space.

(4) A local complete intersection in an affine space (LCIA) if there is an open affine cover {U;} of X
such that each U; is a (CIA).

Remark 2.2. For an affine k-variety, the notion of (CIA) is not equivalent to (CI) (e.g., consider X to be
any affine smooth k-variety which is not a (CIA)). On the other hand, the notion of (LCI) is equivalent to
(LCIA) for finite type k-schemes. We will therefore use the notation (LCI) for both notions.

The following Proposition 2.3 and Proposition 2.4 are a consequence of the above remark and the
miracle flatness theorem (e.g., [Vakil 2017, Theorems 26.2.10 and 26.2.11]).
Proposition 2.3. Let X be k-variety. If X is an (LCI) then there exists an open affine cover {U;} of X and
morphisms @;, ¥;, where ¢; : AZ” — Azi is flat above 0, and ; : U; — AZ” is a closed embedding that
induces a k-isomorphism ; : U; >~ ¢;” L0).
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Proposition 2.4. Let X be a finite type Z-scheme. If X is a (CIA) then there exist Z-morphisms @, V¥,
where ¢ : A} — A7 is flat above 0, and v : X — A7 is a closed embedding that induces a Z-isomorphism

VX ~ e 10).

A commutative Noetherian local ring A is called Gorenstein if it has finite injective dimension as an
A-module. A locally Noetherian scheme X is said to be Gorenstein if all its local rings are Gorenstein.
Any locally Noetherian scheme X which is a local complete intersection is also Gorenstein.

2B. Some facts on F-analytic manifolds. Let X be a d-dimensional smooth algebraic k-variety and
F D k be a non-Archimedean local field, with ring of integers Or. Then X (F) has a structure of an
F-analytic manifold. Given w € Qt;;p (X), we can define a measure |w|r on X (F) as follows. For a
compact open set U C X (F) and an F-analytic diffeomorphism ¢ between an open subset W € F¢
and U, we can write ¢*w = g -dx| A--- Adxy, for some g : W — F, and define

0l () =/ glr dh,
w

where | - | is the normalized absolute value on F and A is the normalized Haar measure on F¢. Note that
this definition is independent of the diffeomorphism ¢, and that this uniquely defines a measure on X (F).

Definition 2.5. (1) A measure m on X (F) is called smooth if every point x € X (F) has an analytic
neighborhood U and an F-analytic diffeomorphism f : U — Oj’, such that f,m is some Haar measure
d
on OF.
(2) A measure on X (F) is called Schwartz if it is smooth and compactly supported.

(3) We say that a measure p on X (F) has continuous density, if there is a smooth measure m and a
continuous function f : X(F) — C such that u = f - m.

The following proposition characterizes Schwartz measures and measures with continuous density:

Proposition 2.6 [Aizenbud and Avni 2016, Proposition 3.3]. Let X be a smooth variety over a non-
Archimedean local field F.

(1) A measure m on X (F) is Schwartz if and only if it is a linear combination of measures of the form
flo|F, where f is a Schwartz function (i.e., locally constant and compactly supported) on X (F),
and w € Qt;gp (X) has no zeros or poles in the support of f.

(2) A measure p on X (F) has continuous density if and only if for every point x € X (F) there is an
analytic neighborhood U of x, a continuous function f : U — C, and w € Qt;()p (X) with no poles in
U such that u = f|o|F.

Proposition 2.7 [Aizenbud and Avni 2016, Proposition 3.5]. Let ¢ : X — Y be a smooth map between
smooth varieties defined over a non-Archimedean local field F.
(1) If m is a Schwartz measure on X (F), then p.m is a Schwartz measure on Y (F).

(2) Assume that wyx € Qt;;p[X] and wy € Qt}?p[Y], where wy is nowhere vanishing, and that f is a
Schwartz function on X (F). Then the measure @, ( f|wx|F) is absolutely continuous with respect to

|wy |, and its density at a point y € Y (F) is qu‘(y)(F) f- ‘(C()X/@*a)y)l(p—l(y) ‘F.
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3. An analytic criterion for the (FRS) property

Our goal in this section is to prove Theorem 1.6, which is a stronger version of Theorem 1.3, and the main
ingredient in the proof of the implication (v) = (iii) of Theorem 1.4. As discussed in the introduction, we
want to relax condition (c) of Theorem 1.3, and get a weaker condition (c’) that is similar to Condition 1.5,
such that it will imply the (FRS) property (condition (a) of Theorem 1.3).

Definition 3.1. Let F be a non-Archimedean local field, X be an F-analytic manifold and i be a measure
on X. Let N = {N;};<s be alocal basis for the topology of X at a point x € X. We say that u is bounded
with respect to N, if there exists a smooth measure A on X and an open analytic neighborhood U of x,
such that | (N;)/A(N;)| is uniformly bounded on Ny :={N; e N'| N; C U}.

Leto: X — Y, m and F be as in Theorem 1.3. A possible relaxation (c’) of (c), is to require ¢, (m)
to be bounded with respect to any local basis of the topology of Y (F) at ¢(x). While this condition is
equivalent to (a) and (b) it is still not weak enough for our purpose of proving Theorem 1.4. A much
weaker condition (c”) is to demand that ¢, (m) is bounded with respect to some local basis at ¢(x).
Unfortunately, the following example shows that the latter demand is too weak:

Example. Consider the map ¢ : A?Q — Ag defined by (x, y) — x2. The fiber over 0 is not reduced,
and thus ¢ is not (FRS) over 0. Fix a finite extension k/Q and embed k in Q, for some prime p
(see Lemma 4.3). Let A1, A, be the normalized Haar measure on Q,, @ and let m=1 - A be a
Schwartz measure. Now consider the following collection A of sets B, constructed as follows. Define

={xezZ,||x| < p~ 2"} and B}:={x€Z,||x —ay < p~*}, where a, = p>"*!. Note that any
x € B,% has norm p~2"~! and thus is not a square, so ¢~!(B2) = @. Denote B, = B! U B2 and notice
that N := {B,}°2 is a local basis at 0 and that:

2

gm(By) . m(p~'(B)) p
m ———= = lim e = lim ————
n—oo A1(By) n— 00 p—2ﬂ _|_p— n— 00 p—ZYl +P
This shows that ¢ satisfies condition (c”) but is not (FRS) at (0, 0).

—>O.

Luckily, we can relax (c) by demanding that ¢, (m) is bounded with respect to some local basis at ¢(x),
if this basis is nice enough. In order to define precisely what we mean, we introduce the notion of a local
basis of bounded eccentricity.

3A. Local basis of bounded eccentricity.
Definition 3.2. Let F be a local field, and A be a Haar measure on F".

(1) A collection of sets N = {N;};c; in F" is said to have bounded eccentricity at x € F", if there exists
a constant C > 0 such that sup; (A(Bmin, (X)) /A (Bmax; (x))) < C, where Bpay, (x) is the maximal ball
around x that is contained in N; and Bpip, (x) is the minimal ball around x that contains N;.

(2) We call N = {N;}ics a local basis of bounded eccentricity at x, if it is a local basis of the topology
of F" at x, and there exists € > 0, such that AV, := {N; € N'| N; C B¢(x)} has bounded eccentricity.

Remark. Note that N # & for any € > 0 since it is a local basis at x.

Lemma 3.3. Let ¢ : F" — F" be an F-analytic diffeomorphism. Let N' = {N;};cq be a local basis of
bounded eccentricity at x € F". Then ¢ (N) is a local basis of bounded eccentricity at ¢ (x).
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Proof. Let d¢,, = A be the differential of ¢ at x. Since ¢ is a diffeomorphism, then for any C > 1, there
exists §, 8" > 0 such that for any y € Bs(x):

I le(y) —9M™IrF

—<———<C,

C |A-(y—-nlF
and for any z € By (¢ (x)) we have:

1 ¢~ (2) —xlF

— < <
C A (z—p()IF

We can choose small enough §, §" such that N is a collection of sets which has bounded eccentricity
and ¢ (Ns) D ¢(N)g. We now claim that Mg := ¢(N)g is a collection of sets which has bounded
eccentricity at ¢ (x). Let Bpin, (x) be the minimal ball that contains N; € Ns and Bmay, (x) be the maximal
ball that is contained in N;. Notice that for any y € Bpip, (x) € Bs(x) we have

(V) —p)Fr <C-|A-(y=x)|r = C-[|A]l -]y —x[F < C-min; -||A[],

thus ¢ (N;) € ¢ (Bmin; (x)) S Bc.min; -4 (¢ (x)). Similarly, for any z € By, /(c.jja-1) (¢ (x)) we have that

o' (@) —xlp <C- AT z—pCDIF <C- A7 -

—'1 = max; .
C-A=

Therefore, ¢~ (B, /cc.ja-11)(@ (%)) € Bmax, (x) € N; and thus By, /c.ja-1)) (@ (X)) S @ (N;). Thus
we get that
Brax; ¢ 11 (@ (%)) S @(Ni) S B min; 4] (¢ (X)),
for any i. By assumption, there exists some D > 0 such that A(Bpip, (X)) /A(Bmax; (x)) < D for any set
N; € Ns. Hence:
A(Bcmin, a1 (¢ (x)))
M(Banax; s a1 (@) ~

and M has bounded eccentricity. (]

<c™|A|"-|lA7" - D,

Lemma 3.3 implies that the following notion is well defined:
Definition 3.4. Let X be an F-analytic manifold and A be a Haar measure on F”.

(1) Alocal basis N at x € X is said to have bounded eccentricity if given an F-analytic diffeomorphism
¢ between an open subset W C F” and an open neighborhood U of x, we have that

={¢"'(N)|NeN, NCU)}

is a local basis of bounded eccentricity.
(2) A measure m on X is said to be A -bounded, if there exists € > 0 such that:

m(N)
Sup ———-
NeN, )\(N)
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3B. Proof of Theorem 1.6. 1t is easy to see that (¢c) = (c’). The proof of the implication (¢’) = (a) is
a variation of the proof of (c) = (a) of Theorem 1.3 (see [Aizenbud and Avni 2016, Section 3.7]). Let
k be a finitely generated field of characteristic 0, ¢ : X — Y be a morphism of smooth k-varieties X,
Y and let x € X (k). Assume that condition (c¢’) of Theorem 1.6 holds. Let Z = ¢! (¢(x)) and denote
by X% the smooth locus of ¢. The following lemma is a slight variation of [Aizenbud and Avni 2016,
Claim 3.19]. Since we use the constructions presented in the proof of [loc. cit.], and for the convenience
of the reader, we write the full steps and use similar notation as well.

Lemma 3.5. There exists a Zariski neighborhood U of x such that Z N X5 N U is a dense subvariety
of ZNU.

Proof. Let Z4, ..., Z, be the absolutely irreducible components of Z containing x. After restricting to an
open neighborhood of x that does not intersect the other irreducible components, it is enough to show that
Z;N X5 is Zariski dense in Z; for any i. Since X is open, it is enough to show that Z; N XS is nonempty
for any i.

Assume that Z; N X5 = & for some i. Then dimkerdg, > dim X —dim Y for any z € Z; (k). By the
upper semicontinuity of dim ker d¢, there is a nonempty open set W; C Z; and an integer > 1 such that
dimkerdg|, = dim X —dim Y + r for all z € W; (k) and such that W; N Zj=wo forany j #i. Letk'/k
be a finite extension such that both Z;, W; are defined over k’ and wpm (k') # @. By [Aizenbud and Avni
2016, Lemma 3.14], we can choose k’ such that x € Wl.sm(F ) for any non-Archimedean local field F D k.

By our assumption, there exists a non-Archimedean local field F D k’ and a nonnegative Schwartz
measure m on X (F) that does not vanish at x and such that ¢,.m is bounded with respect to some local
basis V' (at ¢ (x)) of bounded eccentricity. Since x € W™ (F), there exists a point p € W™ (F) Nsupp(m).

By the implicit function theorem, there exist neighborhoods Uy € X (F) and Uy C Y(F) of p
and ¢(x) = ¢(p) respectively, analytic diffeomorphisms ax : Ux — O‘}}mx , ay : Uy —> O‘}}my and
az, :UxNWM(F)— O‘Ii,'m Zi guch that ax(p)=0, ay(p(p)) =0, and an analytic map  : (’)‘}imx — (9‘}2”‘ Y
such that the following diagram commutes:

eluy

UxﬂWism(F)( Ux Uy

P J . ¥ .
OdFlm Zi C O(}:lm X O(};lm Y

where j : O(}im 4 (’)‘}imx is the inclusion to the first dim Z; coordinates. After an analytic change of

coordinates we may assume that:

kerdyr, = span{ey, ..., edim X—dim Y+r)

for any z € O‘}im Z By Lemma 3.3, we have that M := ay () is a local basis of bounded eccentricity at
0e O‘}im Y Note that u := (« x)«(ly, - m) is a nonnegative Schwartz measure that does not vanish at 0,
and that v, (u) is M-bounded. By Proposition 2.6, after restricting to a small enough ball around 0 and
applying a homothety, we can assume that p is the normalized Haar measure.

As part of the data, for any M; € M we are given by Brmax; (0) and Bin; (0), and there exists 6, C > 0
such that for any M; € Ms :={M; € M | M; € Bs(0)}, we have Bmax;(0) C M; € Bmin;(0) and
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A(Bminj)/k(Bmaxj) < C.Forany 0 <€ <1, set
A, ::{(xl, e, Xdimx) € (’)C}Vimx | |xk| < e""},

where ny =0if 1 <k <dimZ;;ny =1fordimZ;, +1 <k <dimX —dimY + r; and n; = 2 for
dmX —dimY +r+1<k <dimX.

By choosing § small enough, we may find a constant D > 0 such that ¥ (Ap ) S B¢ (0) for every € <34.
In particular, for any M; € Ms we get that w(AD.M) C Bmax; (0), so W_I(Bmaxj 0)) 2 AD.\/WX]..
Denote ,/maXx; by €; and notice that there exists a constant L > 0 such that for any j with M; € Mj, it
holds that 1(Ape) = L-( Déj)dimX—dim Y+r—dim Z;+2(dim Y —r)
dim X+dim Y —r—dim Z;
J
>D. E2_dim Y—r
i j ’

:D/-G

where D’ is some positive constant. Altogether, we have:
V(M) _ ¥ () Bimax; (@) 1 Y (1) (Bmax, (0))
AM;)  — A(Bmin;(0) T € A(Bmax; (0)
I wpy) _Dg™ ™ p
> LA S > 7"
" C (B, (0) ~ C 9T =€

Since M is a local basis, the above equation is true for arbitrary small €, so we have a contradiction to
the M-boundedness of 1, (i). [l

Corollary 3.6. We have that ¢ is flat at x, and that there is a Zariski neighborhood Uy of x such that
Z N Uy is reduced and a local complete intersection (LCI).

Proof. Let Z1, ..., Z, be the absolutely irreducible components of Z containing x. By the previous
lemma, each Z; contains a smooth point of ¢, so dim, Z := max; dim Z; = dim X — dim Y. Hence, we
may find a neighborhood Uy of x such that ¢|y, is flat over ¢(x) (and in particular flat at x). As a
consequence, we get that Z N Uy is an (LCI), and in particular Cohen—Macaulay. Since Z N X5 N U,
is dense in ZN Uy and Z N XS = Z5™ (see, e.g., [Hartshorne 1977, 111.10.2]) it follows that Z N Uy
is generically reduced. Since Z N Uy is also Cohen—Macaulay, it now follows from (e.g., [Vakil 2017,
Exercise 26.3.B]) that it is reduced. O

Without loss of generality, we assume X = Up. The following lemma implies that ¢ is (FRS) at x, and
thus finishes the proof of Theorem 1.6:

Lemma 3.7. The element x is a rational singularity of Z.

Proof. After further restricting to Zariski open neighborhoods of x and ¢(x), we may assume that X and
Y are affine, with Q\F, Q' free. Fix invertible top forms wx € Q¥ [X], wy € Qy [Y]. We may find an
invertible section 1 € Qt;p [Z], such that |zm = wx|xs/¢*(wy) (for more details see the last part of the
proof of [Aizenbud and Avni 2016, Theorem 3.4]). We denote wz := 1| zm.

Fix a finite extension £’/ k. By assumption, there exists a non-Archimedean local field F 2 k" and
a nonnegative Schwartz measure m on X (F) that does not vanish at x, such that ¢,(m) is bounded
with respect to a local basis N of bounded eccentricity. Write m as m = f - |wx|r. Since Z is an
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(LCD), it is also Gorenstein, so by [Aizenbud and Avni 2016, Corollary 3.15], it is enough to prove that
fomZ(F) flwz|F < oo for any such k’/k and F.

Fix some embedding of X into an affine space, and let d be the metric on X (F) induced from the
valuation metric. Define a function /. : X (F) = Rby ho(x") =1 if d(x’, (X5(F))¢) > € and h (x') =0
otherwise. Notice that &, is smooth, and f - k. is a Schwartz function whose support lies in X5 (F).

Using Proposition 2.7, we have ¢, (f - he|lwx|F) = gelwy|F, where g (¢p(x)) = fXSmZ(F) fhelwzl|F.
Note that f is nonnegative and f - i, is monotonically increasing when € — 0, and converges pointwise
to f. By Lebesgue’s monotone convergence theorem we have:

/ floz|p = lim fheloz|p = lim g.(p(x)).
XSNZ(F) €~>0Jxsnz(F) €0

It is left to show that g.(¢(x)) is bounded in € and we are done. By our assumption, ¢.(f - |ox]|F) is
N -bounded, so there exists § > 0 and M > 0 such that for all N; € N,

@ (flox|F)(N;)
ip lwy [F(Ni)
Note that we used the fact that for small enough 3§, |wy|F is just the normalized Haar measure up to
homothety. Finally, we obtain:

L v i ([ - helox|F)(Ni) @« (flox|r)(N;)
/;(SMZ(F)f 'wZ'F_gﬂge(w(x))_gﬂ(iliTo oy (N )5 (S‘fp or (N )<M'

4. Proof of the main theorem

For any prime power g = p", we denote the unique unramified extension of Q,, of degree r by Qy, its
ring of integers by Z,, and the maximal ideal of Z, by m,. Recall that for a finite type Z-scheme X and a
finite ring A, we have defined hx(A) :=|X(A)|/ |A|9mXe Tn this section we prove the following slightly
stronger version of Theorem 1.4:

Theorem 4.1. Let X be a scheme of finite type over Z such that Xq is equidimensional and a local
complete intersection. Then the following conditions are equivalent:

(i) Foranyn € N, lim, .o hx(Z/p"Z) = 1.

(i1) There is a finite set S of prime numbers and a constant C, such that |hx(Z/p"Z) — 1| < C p_% for
any prime p ¢ S and any n € N,

(ili) Xg is reduced, irreducible and has rational singularities.
(iv) Xg is irreducible and there exists C > 0 such that hx(Z/p"Z) < C for any prime p and n € N.
(iv") Xg is irreducible and for any prime power q, the sequence n v+ hx(Z,/ my) is bounded.

(v) Xg is irreducible and there exists a finite set S of primes, such that for any p ¢ S, the sequence
n— hx(Z/p"7) is bounded.

Moreover, conditions (iii), (iv), (iv') and (v) are equivalent without demanding that X @ I8 irreducible.

We divide the proof of the theorem into two main parts that correspond to the implications (v) = (iii)
(Section 4A) and (iii) = (iv’) (Section 4B). Theorem 4.1 can then be deduced as follows; the equivalence
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of conditions (i), (ii) and (iii) was proved in [Aizenbud and Avni 2018, Theorem 3.0.3] (see Theorem 1.1).
The implications (ii) = (v) and (iv") = (v) are trivial, so it follows that conditions (i), (ii), (iii), (iv") and
(v) are equivalent. The implication (iv) = (v) is also trivial. Finally, (iv) follows from the rest of the
conditions by first setting ¢ = p in (iv’) and getting that {hx (Z/p"Z)},en is bounded for any prime p,
and then by using (ii) to obtain a bound on {hx(Z/p"Z)},en Which is uniform over all primes p.

Lemma 4.2 [Aizenbud and Avni 2018, Lemma 3.1.1]. Let X = U U U, be an open cover of a scheme.
Then for any finite local ring A, we have:

(D) (XA =U1(A)|+ |U2(A)| — [Ur NU2(A)].
2) [X(A)]= U1 (A)].
The following lemma is a consequence of Chebotarev’s density theorem and Hensel’s lemma.

Lemma 4.3 [Glazer and Hendel 2018, Lemma 3.15]. Let X be a finite type Z-scheme and let x € X Q).
Then:

(1) There exists a finite extension k of Q, such that x € X (k).

(2) For any finite extension k/Q as in (1), there exist infinitely many primes p with i, : k — Q,, such
that iy (x) € X(Zp), where ips - X (k) — X (Q)).

4A. Boundedness implies rational singularities.

Theorem 4.4. Let X be a finite type Z-scheme such that X g is a local complete intersection. Assume that
there exists a finite set of primes S, such that for any p ¢ S, the sequence n — hx(Z/p"7Z) is bounded.
Then Xg, is reduced and has rational singularities.

Proof. Step 1: Reduction to the case when Xg is a complete intersection in an affine space (CIA).

Let U§:1 X, be an affine cover of X o, with each X;a (CIA). For any i, there is a finite set S; of primes,
such that X; is defined over Z18; 1] and thus it has a finite type Z-model, denoted X;. By Lemma 4.2,
for each p ¢ S; we have |X;(Z/p"Z)| < |X(Z/p"Z)| and thus n — hy,(Z/p"Z) is bounded for each
p ¢ Si US. By our assumption, this implies that each (X;)g is reduced and has rational singularities, and
thus also Xg.

Step 2: Proof for the case when Xg is a (CIA).

By Proposition 2.3 we have an inclusion v : Xg <> Ag’ and a morphism ¢ : Ag’ — Ag , flat over 0, such
that ¥ : Xg ~ @ 1(0). As in Step 1, there exists a set S| of primes, and morphisms ¢ : A/zw[s*l] — AIZV[S,I]
and ¥ : X g1 < A%S[‘]’ such that g = @, Yo =¥, ¢ is flat over 0, and ¥ : X1, ~ 0~ 1(0). l

It is enough to prove that for any finite extension k /@ and any y € (¢! (0))(k), the map ¢y : A{("’ — A,iv
is (FRS) at y.

Fix y € (¢~'(0))(k) and let k' be a finite extension of k. By Lemma 4.3, there exists an infinite set
of primes T such that for any p € T we have an inclusion i, : k" < Q, and i,.(y) € Zg”. Choose
p € T\ (SUS7) and consider the local basis of balls { p”ZIIY }n at 0, which clearly has bounded eccentricity.
Let  be the normalized Haar measure on Zlﬁ” and notice that u does not vanish at y. By Theorem 1.6, in

order to prove that ¢ : A,’(W — A,ﬂv is (FRS) at y it is enough to show that the sequence

((9z,)+)(P"Z})
MpZy)




496 Itay Glazer

is bounded (for any k" and p as above), where A is the normalized Haar measure on @g . Consider
TN, Zg — (Z/p"Z)N and notice that the following diagram is commutative:

M ¥ N
_—
Z, Z,

TTM,n l lnN,n

Pz/pn

/
@/ — @/ p" )N
Therefore we have

1oz (P"ZY)) = ulgz) 07y, (0) = 1(T4y, 097, (ON= p~™" - lo7 (O = p~™" - |1X (Z/p" D),
and henee (9z,)+m)(P"ZY)) X (Z/p"7)|
AMp"Zy) T pMNn T hx(Z/p"2)
is bounded and we are done. O

4B. Rational singularities implies boundedness. In the last section we proved the implication (v) = (iii)
of Theorem 4.1. In this subsection we prove that (iii) implies (iv'). We divide the proof into three cases:

(1) X is a (CIA).

(2) Xgisa (CIA).

(3) Xgq is an (LCI).

4B1. Proof for the case that X is a (CIA).
Proposition 4.5. If X is a (CIA), then (iii) = (iv').

Proof. By Proposition 2.4, there exists an inclusion X — Ag’ and a morphism ¢ : Ag’ — Ag , flat over 0,
such that X ~ ¢~!(0). Consider ¢g : Ag’ — Ag and notice that ¢q is (FRS) at any x € ¢g 1(0) (@), as
X g has rational singularities.

Let u be the normalized Haar measure on Zg” . As in the proof of Step 2 of Theorem 4.4, we have the

following commutative diagram:
M $z4 N
_—
Zg Zg

Tn,M l Jvﬂn,N
(% /m

Zy /1M — (2, /i)Y

In order to show that i x (Z,/my) is bounded, it is enough to show that (¢z q)* w has bounded density with
respect to the local basis { p”ZN n
After base change to Q,, we have a map (p@ AM — AN which is (FRS) at any point x € X (Q,).
For any ¢ € N, consider the set U, = goz L(p! ZN ) and note that it is open, closed and compact. We
claim that there exists R € N, such that for any ¢ > R we have that ¢ is (FRS) at any point y € U,. Indeed,
otherwise we may construct a sequence x; € U; such that ¢ is not (FRS) at x;. By a theorem of Elkik
[1978] (see also [Aizenbud and Avni 2016, Theorem 6.3]), the (FRS) locus of ¢ is an open set. After
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choosing a convergent subsequence {x;;}, we obtain that g, is not (FRS) at the limit x € Z,’}” . But
¥a, (xo0) € N, ¢a,(U) ={0} soxp € X (Qy) and we get a contradiction.

Finally, by Theorem 1.3, the measure (¢z,)«/t|u, has continuous density, and in particular bounded
with respect to the local basis { p"Zf]V }n. Hence, from the definition of Ug, we have for n > R:

(@z,)«n(P"Z})  (92,)+1tlUx(P"Z)
q—nN - q—nN <

for some constant C > 0 and we are done. |

hX(Zq/mZ) - Ca

4B2. Some constructions. Let X be an affine Z-scheme with a coordinate ring

ZIX) = Zlxy, ..o xel/(frsooos fn)s

and fix K e N.
(1) Forany ge€Z[xy, ..., x.]denote by gx € Q[x1, ..., x.] the function gg (x1, ..., x) :=g(%, R %)
(2) For any ¢ :Ag’ — NZV of the form ¢ = (¢, ..., ¢n), we denote by ¢k :A\g — Ag the morphism

ok = (DK, ..., (ON)K).

(3) Let r(K) € N be minimal such that K”®)( f;) ¢ has integer coefficients for any i. Denote by X ¢ the
Z-scheme with the following coordinate ring:

ZIXk):i=Zlxr, ..o xd/ (K fk, o KO f)k).
(4) Forany @—morphismw:X@eAg of the form v = (Y, ..., ¥n) let K denote (K -y, ..., K-¥y).

(5) For any affine @-scheme Z, with Q[Z]=Q[yy, ..., yal/(g1, ..., g) and a Q-morphism ¢ : Z — Xq,
we may define a morphism K¢ : Z — (Xg)a by Ko (yi, ..., y4) =K -d (1, ..., Ya).

4B3. Proof for the case that Xg is a (CIA). In this case, we have an inclusion ¥ : Xg < Ag’ and a
morphism ¢ : AY¥ — AX flat over 0, such that Xq =~ ¢~ (0).
Lemma 4.6. Let X be a finite type Z-scheme, such that Xq is a (CIA), defined by the morphisms ¢, V¥ as

above. Then there exists a Z-scheme X, y., which is a (CIA), and a Z-morphism ¢ : X — X, y, such that
¢q is an isomorphism.

Proof. Let Z[X] :=Z[x1, ..., xc1/(f1, ..., fm) be the coordinate ring of X. Denote by S ={py, ..., ps}
the set of all prime numbers that appear in the denominators of the polynomial maps v and ¢, and set
P :=]] pies Pi- Let 1 € N be minimal such that (P")'4 has integer coefficients. Denote P := (P’)" and
notice that Py is a Z-morphism. Let ¢p : Ag — Ag be as defined in 4B2. Notice that there exists m € N
such that P"¢p has coefficients in Z. We now have the following Z-morphisms:
x 2y Ton AN

Set ’?w to be the fiber (P"¢p)~'(0) and notice that ¢ := P/ is a Z-morphism from X to )?w//’ such
that ¢g is an isomorphism, and X, y is a (CIA). O

Lemma 4.7. Let X and Y be affine 7Z-schemes and ¢ : X — Y be a Z-morphism, such that ¢q is an
isomorphism. Then there exist c, N € N, such that for any prime power q and any n:

X (Zg/mD| < g™ Y (Zy/m))].
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Proof. The morphism ¢ induces a map ¢, : X(Zy/my) — Y (Zy/my). It is enough to show that ¢, has
fibers of size at most qN'C. Assume that Z[X] =Z[xy, ..., x:]1/(f1s ..., fm). As in Section 4B2, we may
choose K, r(K) € N such that Xg is a Z-scheme with a coordinate ring

ZIXk):=Zlx1, .. x /(K" E Ok, KB (k).

and K¢~' : Y — Xk is a Z-morphism. The map (K¢~' o ¢) : X — X is just coordinatewise

multiplication by K. Thus (K¢~!), 0 ¢, : X(Zq/mg) — Xk (Zq/mg) sends (aj,...,a.) € X(Zq/mg) to
(Kai, ..., Kac) € Xk (Zg/my).
For any prime p, let N(p) be the maximal integer such that p¥(?)| K . Note that the map (ay, . . ., a,) —

(Kay, ..., Kay,) from (Z,/m?)° to (Z,/m2)" has fibers of size ¢"" for n > N(p). Indeed, for
(b1, ...,be) e (Zq/mZ)c, (Kay,...,Ka:)=(by,...,b.)if and only if Ka; = b; for any 1 <i <c. Since
K /p"NP) is invertible in Z, /m., it is equivalent to demand that p"(?)a; =¢; for some multiple ¢; of b; by an
invertible element. Hence, we can reduce to the case of the map (ai, ..., ac.) — (p¥Pay, ..., pNPa,),
which clearly has fibers of size g™ for n > N(p). Note that for any y € Y(Z,/m}) we have
|¢n_1(y)| < |((K¢_1)n 0¢,) 1 (x)|, where x = (K¢~ 1), (y). Since the fibers of (K¢~!), o ¢, are of size
bounded by gNP)¢ 5o are the fibers of ¢,. We may take N := K > N(p) and we are done. O

Corollary 4.8. Let X be a finite type Z-scheme such that Xq is a (CIA). Then condition (iii) of
Theorem 4.1 implies condition (iv').

Proof. By Lemma 4.6, we may choose a Z-scheme X , which is a (CIA), and a Z-morphism ¢ : X — X ,
such that ¢q is an isomorphism. By Proposition 4.5 and Lemma 4.7, there exists ¢, N € N, such that for
any prime power ¢, there exists C > 0 such that:

X@y )l _ oy REIw]_

hx (Zy[my) = <q¢“N.c,

qndimX@ - qndimX@
and hence condition (iv") holds. O

4B4. Proof for the case when Xg is an (LCI). Using Lemma 4.2, we may reduce to the case when X
is affine, with coordinate ring Z[X] := Z[xy, ..., x:1/(f1, ..., fm). Since Xg is an (LCI), we have an
affine open cover {B; : U; <— Xq}; of Xg with inclusions v; : U; < Ag" and maps ¢; :Ag" — Ag", flat
over 0, such that v; : U; ~ ¢, l(0). We may assume that U; is isomorphic to a basic open set D(g;) for
gi € Q[X] and B : Q[X] — Q[X, t]/(git — 1) is the natural map. Since {D(g;)}; is a cover of Xq, there
exist ¢; € Z[X] and d; € Z such that ) ¢; - g;/d; = 1. Thus, by multiplying by all the d;’s, we obtain
> cigi = D for some ¢; € Z[X] and D € Z. Choose large enough P € N such that the following algebra

Z[x17"'axcat]/(flv"'7fn’h szt_DP)
is a coordinate ring of a Z-scheme l7,~, for any i. Moreover, notice that (7,~ ~ U, over Q.

Lemma 4.9. There exists N € N, such that for any prime power ¢ = p" and any n > N we have

X (Zg/mi)| <D |Ti(@Zg /mid)].

1

Proof. Let N(p) be the maximal integer such that p¥?) | D. P. We first claim that for any n > N(p) + 1

and (ap,...,a.) € X(Zq/mZ), there exists some i such that Pg;(aj,...,a.) ¢ mflv(p)H/mZ. Indeed, if
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Pgi(ay,...,a.) emgl(p)+l/mg for any i, then ) Pg;(ay, ..., a;)-ci(ay,...,a.)=D-P emf,v(p)Jrl/mZ
and hence pVP*!| D . P leading to a contradiction. Set N := D - P 4 1 and notice that N > N(p) + 1
for any prime p. Fix n > N and let i such that Pg;(a;,...,a.) ¢ mg](p)H/mZ. We now claim that the
equation Pg;(ay, ..., ac.)t — PD =0 has a solution in Z, /mZ. Indeed, if Pg;(ay, ..., a.) is invertible
in Zq/mg, we are done. Otherwise, we have that Pg;(ay, ..., a.) = pl-be mg/mz for some [ < N(p),
where b is invertible. Write P.D = p' - a. We can rewrite the equation as p’ - (bt — a) = 0, which has a
solution d € Z, /mZ since b is invertible. We see that for any n > N and any (ai, ...,a.) € X(Z, /mg)

there exists i and d € Zq/mz such that (aqy,...,a.,d) € lNJ,- (Zq/mg). This implies the lemma. O

Since (ﬁi)@ =~ U; is a (CIA) for any i, we obtain

hx(Zg/m) =q "X X (Z, /i) <Y g7 X0 U2, /mi) < Y G
i
where C; = sup,, h. (Z, /mg). The implication (iii) = (iv’) of Theorem 4.1 now follows.
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