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Generically split octonion algebras
and A'-homotopy theory
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We study generically split octonion algebras over schemes using techniques of A!'-homotopy theory. By
combining affine representability results with techniques of obstruction theory, we establish classifica-
tion results over smooth affine schemes of small dimension. In particular, for smooth affine schemes
over algebraically closed fields, we show that generically split octonion algebras may be classified by
characteristic classes including the second Chern class and another “mod 3” invariant. We review Zorn’s
“vector matrix” construction of octonion algebras, generalized to rings by various authors, and show that
generically split octonion algebras are always obtained from this construction over smooth affine schemes
of low dimension. Finally, generalizing P. Gille’s analysis of octonion algebras with trivial norm form, we
observe that generically split octonion algebras with trivial associated spinor bundle are automatically
split in low dimensions.
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1. Introduction

In this paper, we analyze problems related to “generically split” octonion algebras using techniques of
A!-homotopy theory [Morel and Voevodsky 1999]. In particular we: (i) study classification of generically
split octonion algebras over schemes, (ii) analyze when generically split octonion algebras may be realized
in terms of a generalization of M. Zorn’s construction of the octonions, and (iii) study when generically
split octonion algebras are determined by their norm forms.

Recall that the group scheme G, may be identified as the automorphism group scheme of a split
octonion algebra (see, e.g., [Springer and Veldkamp 2000, Chapter 2]). More generally, the set of
isomorphism classes of octonion algebras over a scheme X, pointed by the split octonion algebra, is
mAsokwas partially supported by National Science Foundation Award DMS-1254892, Marc Hoyois was partially
supported by National Science Foundation Award DMS-1508096, and Matthias Wendt was partially supported by EPSRC grant
EP/M001113/1 and DFG SPP 1786.
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in natural (pointed) bijection with the pointed set Hét(X ; G2) parametrizing étale locally trivial torsors
under the split group scheme G;; we refer the reader to, e.g., [Giraud 1971, §2.4] for more details about
nonabelian cohomology. Generically split octonion algebras are those lying in the kernel of the restriction
map Hét(X ; Go) = Hét(k(X ); Gy) and, by a result of Nisnevich, correspond precisely to Nisnevich locally
trivial G,-torsors (at least over regular schemes). We will briefly recall definitions regarding octonion
algebras over schemes in Section 2.1 and recall a suitably categorified version of the dictionary between
octonion algebras and torsors under G;.

Granted the identification of generically split octonion algebras in terms of Nisnevich locally trivial
Gj-torsors, they may be investigated by appeal to the techniques of [Asok et al. 2017b; 2018a; 2018b].
In particular, the pointed set of Nisnevich locally trivial torsors under G, over a smooth affine scheme
X (over a field) is naturally in bijection with the set of maps in the A!-homotopy category from X to
a suitable classifying space Byijs G». We may then analyze the set of A!'-homotopy classes of maps
[X, Bnis G2]a1 using techniques of obstruction theory.

Classification of generically split octonion algebras. Our initial goal is to discuss classification results
for generically split octonion algebras over schemes. Recall that the classification of octonion algebras
over fields is completely controlled by a single cohomological invariant living in the Galois cohomology
group Hzt(k; Z/27) (see, e.g., [Serre 1997, Appendix 2.3.3]). Much less is known about the classification
of octonion algebras over schemes.

Since an octonion algebra over a scheme X consists of a finite rank vector bundle over X equipped
with a suitable multiplication, it is natural to expect that any classification will depend on invariants of the
underlying vector bundle, e.g., Chern classes. For example, one may define a second Chern class of an
octonion algebra (this is related but unequal to the second Chern classes of the underlying vector bundle;
see Proposition 4.1.4 and Remark 4.1.5 for more details). In our context, the natural invariants that appear
arise from k-invariants in the A!'-Postnikov tower of Byis G». These k-invariants may be described using
Al-homotopy groups of Byis G2, which we compute in low degrees. For example, we are able to establish
the following classification result.

Theorem 1 (See 4.1.6). Assume k is a field and X is a smooth affine k-scheme.

(1) If X has dimension < 2, then the map c; : Hll\lis(X : Gy) — CH2(X) is a bijection, i.e., generically

split octonion algebras are determined by their second Chern class.

(2) If X has dimension < 3 and k has characteristic unequal to 2, then there is an exact sequence of the

Sform
coker(Qks : Hyy, (X; K)Y) — H (X3 K}1/3)) — Hy (X; Go) = CH(X) — 0.
In particular, if k is algebraically closed and has characteristic unequal to 2, then c; is bijective.

Remark 2. It follows from the classification of octonion algebras over fields that if k(X) has étale 2-
cohomological dimension < 2, then all G,-torsors over X are generically trivial and the evident inclusion
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H}\HS(X ; Gp) = Hét(X ; G2) is a bijection. Thus, for example if k is algebraically closed and X has
dimension < 2, then any octonion algebra over X is determined by its second Chern class.

Remark 3. Our appeal to techniques of A'-homotopy theory imposes restrictions that, at this stage, seem
unavoidable: our classification results will only work for smooth affine schemes over a field.

Remark 4. If the base field k& has characteristic 0, then we may augment our analysis by appeal to
topological realization functors. More precisely, if X is a smooth affine scheme, then we may compare
the algebraic classification problem studied above with the classification of principal bundles under the
groups G, (C) or G2(R) over X (C) or X(R) (these have the homotopy type of finite CW complexes).
Example 4.1.9 provides smooth affine surfaces with uncountably many octonion algebras that become
holomorphically trivial after complex realization (this furthermore uses a version of the Grauert—Oka
principle asserting that on Stein manifolds, the holomorphic and topological classification of principal
bundles under the complex reductive group G(C) coincide).

Comparison of octonion algebras and Zorn algebras. M. Zorn [1933] gave a construction of the split
octonions using what one now calls “vector matrices”. Loosely speaking, one may realize the split
octonions using “matrices” built using the classical cross product on a 3-dimensional vector space. Zorn’s
construction can be globalized; our treatment follows [Petersson 1993, §3], though related constructions
appear elsewhere in the literature (see, e.g., [Knus et al. 1994]). In the end, one obtains a procedure that
associates with an oriented rank 3 vector bundle over a scheme X (i.e., a vector bundle equipped with a
trivialization of its determinant bundle) an octonion algebra over X; we will refer to octonion algebras
that arise in this way as Zorn algebras (see Section 2 for a review of these constructions).

Another interpretation of Zorn’s construction is as follows. There is a homomorphism of algebraic
groups SL3 < G, corresponding to the “embedding of the long roots” and this homomorphism yields a
natural transformation of functors

Zorn(—) : Hy, (—; SL3) — HY, (—; G2).

Zorn algebras are precisely those octonion algebras associated with G,-torsors in the image of this map.
Two natural questions arise as regards the map Zorn: when is it surjective, and when is it injective? The
former question amounts to asking: when is every generically split octonion algebra a Zorn algebra, and
the latter amounts to asking: if an octonion algebra is a Zorn algebra, does it admit a unique presentation
as such? Our next main result answers this question in various situations.

Theorem 5 (See Theorem 4.2.1 and Corollary 4.2.8). Assume k is a field. If X is a smooth affine scheme
over k, then the morphism Zorn is surjective under any of the following hypotheses:

(1) dimX <3, 0or
(2) k algebraically closed and dim X < 4, or
(3) k algebraically closed having characteristic 0, dim X <5 and CH*(X)/2 = 0.

Furthermore, the morphism Zorn is bijective if dim X < 2.
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Remark 6. The dimension bound in Theorem 5 over general base fields is sharp in a homotopical sense:
Proposition 4.2.4 provides an exact sequence

HJ, (Qs; SL3) — HY; (Qg: Go) — I (k) — 0

which shows that for fields with nontrivial fundamental ideal I (k) there are octonion algebras over Qg
that are not isomorphic to Zorn algebras. Note also that if X is a smooth affine scheme with dim X > 3,
even if a generically split octonion algebra is a Zorn algebra, its presentation as such may be nonunique.
This follows from, e.g., Theorem 1 since the third Chern class of the oriented vector bundle is not visible
in the classification of octonion algebras.

Octonion algebras and their norm forms. Generalizing the fact that octonion algebras over a field come
equipped with a norm, the vector bundle underlying an octonion algebra over a scheme comes equipped
with a norm form giving it the structure of a quadratic space of rank 8. As above this operation can be
reinterpreted using the theory of algebraic groups. There is a homomorphism G, — Og such that the
induced natural transformation of functors

H, (—; Gy) — HJ(—; Og)

is the one sending an octonion algebra to its underlying norm form.

It is a classical result of Springer—Veldkamp that octonion algebras over fields are determined by
their associated norm forms (see, e.g., [Springer and Veldkamp 2000, Theorem 1.7.1]). R. Bix [1981,
Lemma 1.1] extended this result to octonion algebras over local rings in which 2 is invertible. In a 2012
lecture in Lens, H. Petersson posed the question of whether this same fact remained true over more
general bases. Petersson’s question may be recast, at least in the context of generically split octonion
algebras, as asking whether the natural transformation of the previous paragraph is injective.

The inclusion G, — Sping naturally factors through an embedding Spin; — Sping (corresponding
to restricting the norm form to “purely imaginary” octonions). Therefore, one may recast the question
about determination by norm forms in terms of a map analogous to that above, but associated with the
embedding G, — Spin; (we will refer to the Spin,-torsor associated with a Gy-bundle as the associated
spinor bundle). Consequently, a first step towards understanding injectivity is understanding the kernel of
the above natural transformation. We analyze this question in the context of generically split octonion
algebras, i.e., we would like to understand those generically split octonion algebra with trivial associated
spinor bundle.

Theorem 7 (See Theorem 4.3.1). Assume k is a field. If X is a smooth affine k-variety, then generically
split octonion algebras with trivial spinor bundles are split if all oriented rank 3 vector bundles which
become free after addition of a free rank 1 summand are already free. In particular, generically split

octonion algebras with trivial spinor bundle are always split if either

(1) X has dimension <2, or
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(2) X has dimension 3, and the base field satisfies one of the following hypotheses: (a) k has characteristic
unequal to 2 or 3 and has étale 2 and 3-cohomological dimension <2, (b) k is perfect of characteristic
2 and has étale 3-cohomological dimension < 1, (c) k is perfect of characteristic 3 and has étale

2-cohomological dimension < 1, or

(3) k is algebraically closed, has characteristic unequal to 2 or 3 and X has dimension < 4.

P. Gille [2014] gave examples of octonion algebras over seven-dimensional schemes that are not
determined by their norm forms. Gille’s argument was topologically inspired, detecting the examples by
appeal to the computation 77(BG;) = Z/3Z. Our analysis is, in spirit, similar. In fact, our results may be
viewed as an algebro-geometric “lift” of the topological computations: we appeal to obstruction theory in
the Al-homotopy category associated with the map Byis G» — Bnis Spin,. Moreover, the proof shows
Gille’s examples are “universal examples” of octonion algebras with trivial norm form.

Gille [2014, Concluding Remarks (1)] also asked for minimal dimensional varieties carrying nontrivial
octonion algebras with trivial associated norm form. We complement Theorem 7 by showing our
dimension estimates are “best-possible”. Indeed, using constructions of stably free nonfree bundles by
Mohan Kumar [1985], we observe in Theorem 4.3.6 that there exist smooth affine varieties of dimension
4 over a C-field or dimension 5 over an algebraically closed field carrying a generically split octonion
algebra with trivial associated norm form.

Remark 8. For special varieties, the computations can be made extremely explicit. We refer the reader
to Examples 4.1.10, 4.1.11 and 4.3.9 for analysis of octonion algebras over low-dimensional split affine
quadrics. In fact, we may even classify generically split octonion algebras with trivial spinor bundles in
the relevant examples.

Furthermore, using our techniques, we are able to show that octonion algebras are determined by their
norm forms in low-dimensional situations, which shows that an analog of the result of Springer—Veldkamp
does indeed hold in some cases (there is a variant of the second point that holds in case the base field has
characteristic 2 as well).

Theorem 9 (See Theorem 4.3.11). Assume k is a field and X is an irreducible smooth affine k-scheme of
dimensiond < 2.

(1) Any generically split octonion algebra on X is determined by its norm form.

(2) If, furthermore, k has characteristic unequal to 2 and k(X) has 2-cohomological dimension < 2,

then any octonion algebra on X is determined by its norm form.

Remark 10. If R is a commutative unital ring, then S. Alsaody and Gille [2019] have recently studied
the isomorphism classes of octonion algebras with isometric norm forms, i.e., the fibers of the map
Hét(SpeC R.Gy) — Hét(Spec R, SOg). Their perspective is completely different from ours and, for
example, they identify the fibers of the above map using the notion of isofope of an octonion algebra
[Alsaody and Gille 2019, Corollary 6.7].
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Overview of sections. In Section 2, we recall basic properties of octonion algebras, Zorn algebras and
relate these notions to torsors for algebraic groups, associated vector bundles and associated homogeneous
spaces. In Section 3, we review relevant facts from A!-homotopy theory, compute homotopy sheaves of
Bnis G2 and compare these computations with corresponding topological analogs. Finally, Section 4 puts
everything together to establish the results described above. We refer the reader to the beginning of each
section for a more precise description of its contents.

Preliminaries/Notation. Throughout, k will denote a fixed commutative unital base ring; further restric-
tions will be imposed along the way. We write Smy, for the category of schemes that are smooth and
have finite type over k. We write Q,, for the affine quadric hypersurfaces defined for n = 2m — 1 by
YL xiyi=1,and forn =2m by Y, x;y; = z(1 4 z); these quadrics appear throughout the paper and
are smooth over Spec Z.

We write Spc,. for the category of simplicial presheaves on Smy and Spc; , for the corresponding
pointed variant. We write J# (k) (resp. . (k)) for the Morel and Voevodsky [1999] A!-homotopy
category; this category is obtained by performing a Bousfield localization of Spc; (resp. Spc; ,). For the
sake of convenience, this is done in two steps: first, one Nisnevich localizes (see [Asok et al. 2017b,
§3.1-2]), and then one A!-localizes (see [Asok et al. 2017b, §5.1]). This construction differs slightly from
that of Morel and Voevodsky (who use simplicial sheaves instead of presheaves), but has an equivalent
outcome.

If 2" and & are two spaces, then we set

(2, Z a1 :=Homp) (2, %);

similar notation will be used for maps in the pointed homotopy categories. We write S’ for the simplicial
i-sphere, i.e., the constant presheaf associated with the simplicial i-sphere. Then, given a pointed space
(2, x), we define Al—homotopy sheaves nlAl (Z°, x) as the Nisnevich sheaves on Smy, associated with
the presheaves

U [S'AUL, (2, x)]a.

The sheaves nlAl(% ,x) are sheaves of groups for i > 1 and sheaves of abelian groups for i > 2.
Isomorphisms in .7 (k) will be called A'-weak equivalences.

All group schemes that appear will be assumed pointed by their identity section. In particular, we write
G,, for the usual multiplicative group, viewed as a pointed space. In that case, for j > 0 we may form the
motivic spheres S/ /\Gﬁlj . We will routinely use the fact [Asok et al. 2017a, Theorem 2] that the scheme
Q,,_; is Al-weakly equivalent to $"~! AGA" while the scheme Q,, is A!-weakly equivalent to S” AG".
Analogous to the homotopy sheaves considered above, we write nﬁ; (Z, x) for the sheaves obtained by
replacing S’ by S AGy, in the definition of the previous paragraph.

If G is a Nisnevich sheaf of groups, then we write BG for the usual simplicial bar construction on G. We
write Byjis G for a Nisnevich local replacement of BG; this space classifies Nisnevich locally trivial torsors
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in a suitable sense (see [Asok et al. 2018a, §2.2] for more details about this construction). However, the
space Byjs G is not typically Al-local; if it is we will say that G is a strongly A!-invariant sheaf of groups.

If G is furthermore a smooth group scheme, then one may form the geometric classifying space By G;
this classifying space is called geometric because it may be realized as an explicit colimit of smooth
schemes and was studied independently by Morel and Voevodsky [1999, §4] and Totaro [1999]. In general,
i.e., for group-schemes that are not “special” in the sense of Serre, Byis G is not A!-weakly equivalent
to Bgm G.

If A is a Nisnevich sheaf of abelian groups on Smy, and i > 0 is an integer, then we write K(A, i) for the
(Nisnevich local) Eilenberg—Mac Lane space. We will also write H (X, A) for cohomology of A restricted
to the small Nisnevich site of X. Sometimes we will need to mention Zariski or étale cohomology as
well, and in those cases, cohomology groups will be decorated with a subscript of Zar or ét as necessary.
In the situations we consider A will frequently be a strictly A!-invariant sheaf; equivalently, K(A, i) will
already be A'-local for every i > 0. In that case, K(A, i) has precisely one nontrivial A'-homotopy sheaf,
which appears in degree i and is isomorphic to A. Moreover, we freely use the fact that if X is a smooth
k-scheme, and A is strictly A'-invariant then [X, K(A, )]y = H (X, A).

When we study obstruction theory, we will use additional facts about strongly and strictly A'-invariant
sheaves, all due to F. Morel [2012] (though see [Asok et al. 2017c, §2.2-3] for a convenient summary).
In particular, if (27, x) is a pointed space that is pulled back from one defined over a perfect field, then
the sheaf nlAl (Z, x) is strongly Alinvariant for i > 1, and strictly Al-invariant for i >2 (ori > 1 if it is
already abelian).

We also use the contraction construction: if G is a strongly A!-invariant sheaf, we write G_; for the
sheaf defined by

G_1(U) :=ker(G(G,, x U) 2% G(U));
the sheaves G _; are defined by iterating the contraction construction. By [Morel 2012, Lemmas 2.32
and 7.33], the assignment (—)_; defines an endofunctor of the category of strictly (or strongly) A!-
invariant sheaves that preserves exact sequences. Moreover, by [Morel 2012, Theorem 6.13], we know
a2 ) =t (2);.

2. Octonion algebras, algebra and geometry

In this section, we recall basic definitions and constructions related to octonion algebras over schemes.
Definitions of such notions over general rings go back to (among others) McCrimmon, Knus and Petersson,
but we follow [Petersson 1993; Conrad 2015]. In particular, we highlight the key theorems that we use
over general base rings; our main sources for such results are [Loos et al. 2008; Conrad 2015]. There are
a number of classical geometric facts related to subgroups, embeddings and homogeneous spaces of Gy:
the existence of a closed immersion group homomorphisms SL3 — G» going back to [Jacobson 1958],
the embedding G, — Spin; (resp. G2 — Sping) mentioned in the introduction, and explicit descriptions
of the homogeneous spaces G, / SL3 and Spin, / G, as explicit quadric hypersurfaces. Many of these
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results are well-known over fields (see, e.g,. [Springer and Veldkamp 2000]), but they hold over more
general rings too, and our main contribution here is to establish the results in their natural generality and
formulate them in a way convenient for later homotopy-theoretic applications; related results have also
been obtained by Alsaody and Gille [2019].

2.1. Octonion algebras and Zorn’s vector matrices. We begin by recalling some definitions related
to octonion algebras. There are many sources for the results we need over fields, but it is harder to
find the analogous results over more general bases without additional hypotheses (which are frequently
unnecessary). In particular, we review the Zorn algebra construction (Definition 2.1.9), the relationship
between octonion algebras and torsors under the split simply connected simply group scheme of type G,
(Theorem 2.2.2), and the so-called “long root” embedding SL3z — G, (Theorem 2.2.6).

Octonion algebras. We refer the reader to [Knus 1991] for a discussion of quadratic spaces.

Definition 2.1.1. Let R be a commutative ring with unit. An octonion algebra over R is a quadruple
(0, o, 19, Np) where (i) O is a rank 8 projective R-module, (ii) o: O x O — O 1is a binary composition,
(iii) 19 : R — O is an R-module homomorphism acting as a two-sided unit for o, and (iv) Np : O — R is
an R-module homomorphism making the pair (O, No) into a nondegenerate quadratic space such that

the composition identity
No(xoy) =No(x)-No(y)

is satisfied for all x, y € O. The pair (O, Ny) is called the associated norm form of the octonion algebra.

Remark 2.1.2. What we have called octonion algebras following Springer and Veldkamp [2000, §1.11]
are referred to in the literature also as Cayley algebras [Knus et al. 1994; 1998, §33].

Suppose we are given an octonion algebra O (as usual, we will suppress the additional data). Write
(—, —) for the symmetric bilinear form associated with the norm form Ny. Given this notation, one

introduces the following notions:
(1) A conjugation involution:
(=) :0— 0, x—x":=(x,10)—x;
one checks that conjugation preserves 1.
(2) An R-linear trace map:
Tro: 0 —-> R, x— Tro(x):={(x,1p).
Alternatively, one checks that the formula Tro (x) = x + x" holds.

Example 2.1.3. The basic example of an octonion algebra is given by the split octonion algebra. If R
is any commutative unital ring, consider the free rank 8 module M;(R) @& My (R). If x € Mp(R) is a
2 x 2-matrix, then write x* € M, (R) for the matrix obtained by conjugation of the transpose of x with
the matrix (% (). Define a composition on Mz (R) @ M, (R) by means of the formula

(x,y)o(z,w) = (xz+wy*, x*w+zy)
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and define N :=detx — det y. Using the fact that xx* = detx on M,(R) and x* = —x on the subset of
M;(R) consisting of trace zero matrices, one checks that setting 1 := (Id,, 0) € M(R) @ M;(R) defines
an octonion algebra. The conjugation operation in O is given by (x, y)¥ = (x*, —y) and the trace map is
defined by Trp(x, y) = Tr(x).

Remark 2.1.4. We will call an octonion algebra split if it is isomorphic as an octonion algebra to the
algebra in Example 2.1.3. This definition conflicts with the notion of splif used in [Petersson 1993,
§1.8] (where it means “contains a split complex subalgebra”). Our terminology is, however, consistent
with usage of the term “split” in the theory of algebraic groups; see Theorems 2.2.1 and 2.2.2 and
Example 2.1.12 for further discussion of this point.

Remark 2.1.5. For later use, we also require the following fact. If x is an octonion, then xx" =
No(x) = xYx. Moreover, for any octonion y, the identities x(x"y) = Np(x)y = (yx)x* hold. In
particular, we conclude that if x is a unit norm octonion, then x* provides both a left and right inverse
for x. Thus, the operations of left or right multiplication by a unit norm octonion provide invertible
R-linear maps O — O. Such automorphisms automatically preserve Ny by virtue of the fact that Ny
satisfies the composition identity.

As usual, one defines a category Oct(R) of octonion algebras over R. If R — § is a morphism of
commutative unital rings, then there are “extension-of-scalars” functors (—) ®g S : Oct(R) — Oct(S). If
R is an integral domain with fraction field K, then an octonion algebra O over R is generically split if
the octonion algebra obtained by extension of scalars O ® g K is isomorphic to the split octonion algebra
over K. Since the norm form of a split octonion algebra is a hyperbolic form, if O is a generically split
octonion algebra, its norm form is generically hyperbolic. The following key result shows that octonion
algebras are locally split in the étale topology. Moreover, it also shows that if an octonion algebra has a
norm form that is generically hyperbolic, then it is in fact generically split.

Example 2.1.6. We may speak of octonion algebras in the complex analytic setting using this terminology.
In particular, if X is a Stein manifold, then by a holomorphic octonion algebra over X, we mean an
octonion algebra over the ring R™! of holomorphic functions on X. In particular if X = Spec R is a
smooth affine C-scheme and R"' is the ring of holomorphic functions on X, then extension-of-scalars
along the map R — R™! yields a functor from octonion algebras over R to holomorphic octonion algebras.

Theorem 2.1.7 (See [Conrad 2015, Theorem B.5]). If an octonion algebra over a local ring R has
underlying quadratic space that is split, then it is isomorphic to a split octonion algebra. Every octonion
algebra over a ring S becomes split after extension of scalars along a ring map S — S’ such that

Spec S’ — Spec S is an affine étale cover.

Remark 2.1.8. The first part of the above result for local rings in which 2 is invertible follows from
results of Bix [1981, Theorem 1.3].
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Zorn’s vector matrices. We now recall another standard construction of octonion algebras going back
to Zorn [1933]. Roughly speaking, Zorn constructed the “classical” octonions using the standard cross
product on a 3-dimensional real vector space. This construction was given in much greater generality in
[Petersson 1993, §3; Loos et al. 2008, §4.2]. In fact, the construction works for locally ringed spaces and
thus over schemes, but we use it in this generality only in passing.

Recall that an oriented projective module P over a commutative unital ring R is a pair (P, ¢) consisting
of a projective R-module P and an isomorphism ¢ : det P => R. Write P* for the R-module dual of P.
Using the orientation, one may construct analogs of the usual cross product on P and P*:

Xo:PxP— P* and Xx,:P*xP*— P.

Abusing notation, write {(—, —) for the usual evaluation bilinear forms P x P* — R and P* x P — R.
Using the operations just described, one may equip the rank 8 projective R-module R®> @ P @ P* with
an octonion algebra structure.

Definition 2.1.9. Suppose R is a commutative unital ring, and (P, ¢) is an oriented rank 3 projective
R-module. Write Zorn((P, ¢)) for the projective R-module

R P
P* R
equipped with the product

ar x*t o by y* _ arby — (x*,y7) aryyt+boxT+xT Xy |
X~ a Yy~ b bix~+ayy” +xT x,yt —(x7,y") +axby ’

the unit given by ((1) (1)) and norm map given by:

+
N((;ll );2)) =ajap+ (x 7, x ).

Remark 2.1.10. The trace map for Zorn((P, ¢)) admits a very simple presentation: it is given by the

+
Tr((al_ . )) =a1+a.
X~ a

Remark 2.1.11. The construction of the Zorn algebra of an oriented projective module yields a functor

usual matrix trace, i.e.,

from the category of oriented projective modules of rank 3 over R to the category Oct(R). This functor is
compatible with extension of scalars in the following sense: if R — § is a ring homomorphism, then
there is a natural isomorphism of the form:

Zormn((P, ) Qg §) = Zom((P, ¢)) Qg S.

Example 2.1.12. If we equip R®? with the standard orientation, then Zorn(R®?) is a split octonion
algebra (see Example 2.1.3). We caution the reader that terminology varies from source to source: for
example, in Petersson’s terminology any Zorn algebra is split [Petersson 1993, §1.8 and Theorem 3.5],
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while Loos—Racine—Petersson refer to algebras of the form Zorn((P, ¢)) as reduced. We will simply
refer to octonion algebras in the image of Zorn as Zorn algebras.

2.2. Octonion algebras and G,-torsors. Over a field, it is well-known that the automorphism group of
a split octonion algebra is isomorphic to the split semisimple algebraic group G; (see, e.g., [Springer and
Veldkamp 2000, Theorem 2.3.5]). Over a field having characteristic unequal to 2, there is a well-known
embedding SL3; — G, see [Jacobson 1958, Theorem 4]. In terms of Dynkin diagrams, this embedding
corresponds to the observation that the Dynkin diagram A, is a subdiagram of that of G; and, in terms
of root systems, corresponds to the inclusion of the long roots. We review these constructions here in
greater generality.

Octonion algebras and Gy-torsors. The relationship between octonion algebras and G;-torsors holds
over an arbitrary base ring (see [Conrad 2015, Appendix B] or [Gille 2014, §3]). If O and O’ are two
octonion algebras over a ring R, then for any R-algebra S, we can consider the assignment

S+ Isom(0, O")(S) :=Isom(0 @ S, O’ @r S).

We write Autp,g for Isom(O, O).

Theorem 2.2.1 (See [Conrad 2015, Theorem B.14 and Corollary B.15]). For any octonion algebra O
over a commutative unital ring R, the affine finite-type automorphism scheme Auto g of the algebra is
a semisimple R-group scheme of type Gy; this R-group scheme is the Chevalley group of type G; (i.e.,
split and simply connected) if O is isomorphic to a split octonion algebra. Moreover, the assignment
O — Autg g determines a bijection between the set of isomorphism classes of octonion algebras over R

and the set of isomorphism classes of semisimple R-group schemes of type Ga.
Theorem 2.2.1 in conjunction with [Loos et al. 2008, Theorem 4.10], yields the following result.

Theorem 2.2.2. If Z is a split octonion algebra, then the assignment O +— Isom(Z, O) determines an
equivalence between the groupoid Oct(R) and the groupoid of étale locally trivial torsors under the split
group scheme G.

Proof. [Loos et al. 2008, Theorem 4.10] shows that Isom(Z, O) is an étale locally trivial torsor under
Autz,g. By Theorem 2.2.1, Autz,g is the split form of G;. It remains to observe that the assignment of
the statement is functorial. Indeed, if O — O’ is an isomorphism of octonion algebras, the induced map
of functors is a natural equivalence and thus the associated map of torsors is an isomorphism as well. [

In the sequel, we use the above result to pass back and forth between analysis of étale locally trivial
G;-torsors and octonion algebras. The following example shows how this observation will be used.

Example 2.2.3. Suppose R is a regular domain. Since G, is a semisimple group scheme, it follows from
[Nisnevich 1984] that G,-torsors over R that are generically trivial are automatically Nisnevich locally
trivial (the converse is immediate). As a consequence, it follows from the identifications above that
the groupoid of Nisnevich locally trivial G;-torsors over R is, under the equivalence of Theorem 2.2.2,
identified with the subcategory of Oct(R) consisting of generically split octonion algebras.
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G;-torsors over fields. The classification of G,-torsors over a field can be given in explicit cohomological
terms, see [Serre 1997, Appendix 2.3.3]. Indeed, a result of Springer and Veldkamp [2000, Theorem 1.7.1]
shows that two octonion algebras over a field are isomorphic if and only if their norm forms are isometric.
Since octonion algebras are composition algebras of dimension 8, their associated norm forms are so-called
3-fold Pfister forms (in characteristic 2, they are quadratic Pfister forms). One then observes that 3-fold
Pfister forms over a field may be classified in terms of Galois cohomology.

If one works over a field k having characteristic unequal to 2, the isometry classes of 3-fold Pfister
forms are determined by decomposable elements in Hgt (k, ,u%ﬁ ), i.e., elements of the form o1 Uy Uz
where «; € Hét(k, ur) = kX/kX2 (see, e.g., [Knus et al. 1998, Theorem 33.25]). In other words, there is
an injective map

H. (K, Gy) — H3 (k, u$?)

whose image is contained in the subset of decomposable elements. In fact, the image coincides with the
subset of decomposable elements; see [Serre 1997, Appendix 2.3.3] for further discussion. A similar
result holds in characteristic 2. As before, classifying G;-torsors over a field k£ can be achieved in terms
of quadratic Pfister forms [Serre 1995, théoréeme 11], though one must replace Hgt(k, ;Lgﬁ) by a group
defined in terms of differential forms. As a consequence, one deduces the following result.

Lemma 2.2.4. Assume k is a field having characteristic unequal to 2. If X = Spec R is a smooth affine
k-scheme, and k(X) has étale 2-cohomological dimension < 2, then all octonion algebras over X are
generically split.

Proof. If K is a field having characteristic unequal to 2 and étale 2-cohomological dimension < 2
(e.g., if K is a function field of a smooth variety of dimension < 2 over a separably closed field having
characteristic unequal to 2), then all octonion K-algebras are trivial by appeal to the classification of
G;-torsors over fields. Now, apply this to K = k(X). (I

Remark 2.2.5. See [Serre 1995, §10.3 corollaire] for a suitable variant of this statement over fields
having characteristic 2.

The long root embedding. The “long root embedding” may be generalized using octonion algebras
that arise via Zorn’s vector matrix construction. Over an arbitrary commutative unital ground ring, a
construction was given in [Loos et al. 2008]; we recall this construction here. To begin, consider the
presentation of O as the Zorn algebra of R®3 as in Example 2.1.12. There is an embedding of the algebra
C := R® R in O as diagonal matrices (the notation is meant to be suggestive of the Cayley—Dickson
doubling process: the algebra C is a copy of the “split complex numbers” sitting inside O). We write
Autp /¢ for the subfunctor of Autp,g consisting of automorphisms of O that restrict to the identity on C.

Theorem 2.2.6. Suppose R is a commutative unital ring. There is an isomorphism ® : SL3 => Autp,c
of R-group schemes where for any R-algebra S, and g € SL3(S), ®(g) is given by the formula

+ +

ay X ag gXx
)] = .
(&) (x az) (tglx a )
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In particular, the immersion Autg,c < Auto,g yields a closed immersion group homomorphism
SL; — Gj.

Proof. This is a specialization of [Loos et al. 2008, Theorem 5.9] to the case of the split octonion algebra;
the second part of the statement is then an immediate consequence of Theorem 2.2.1. (I

Remark 2.2.7. For later use, we will recall some facts about Autp,c. Consider
Ct:={xe0|Trp(xy)=0Vy e O}.

Because O is an alternative algebra, C L admits the structure of a (left) C-module. There is a C-valued
Hermitian form on C* preserved by every element of Autp,c. In more detail, conjugation restricted to
z € C is given by the formula z := (ay, a;). If we identify C* with C®3, then given u = (uy, uy, u3) and
w = (wy, wa, w3) in C®3, the Hermitian form is given by the explicit formula

P (z, w) =z1w1 + 22wz + Z3W3.

In fact, Theorem 2.2.6 can be phrased as saying that Autp ¢ is identified with the special unitary group
of this C-valued Hermitian form.

2.3. Homogeneous spaces related to G, and octonions. We now analyze various geometric structures
related to the group scheme G, and the long root embedding SL3; — G;. Then we study the structure of ho-
mogeneous spaces associated with these embeddings. The main results of this section are Proposition 2.3.2,
Theorem 2.3.5 and Proposition 2.3.8, which are algebro-geometric versions of well-known results for
compact Lie groups.

Geometry of some group homomorphisms. By Theorem 2.2.1, we may identify G; as the automorphism
group scheme of a split octonion algebra O over Z and thus over any base ring. The norm form Ny of
the split octonion algebra is the split quadratic form of rank 8. Since any automorphism of an octonion
algebra preserves the norm [Conrad 2015, Proposition B.1], it follows that over any base ring there is an
embedding

Gy — Og,

where we write Og for the orthogonal group of the split quadratic form Ng.

We write SO,, for the special orthogonal group of a split form of rank n, see [Conrad 2014, Appendix C]
or [Knus 1991, Chapter IV] for discussion of special orthogonal groups over rings. By [Conrad 2014,
Theorem C.2.11], the group scheme SO, is smooth with connected fibers. Since G, is smooth with
connected fibers by construction, it follows that the above inclusion factors through SOg. Note that in
any characteristic, the even special orthogonal group is the connected component containing the identity
section of Og by [Conrad 2014, Corollary C.3.1].

Now the split form of rank 8 is a nondegenerate quadratic space. As mentioned above, any algebra
automorphism of O preserves the trace form as well. The subscheme O’ C O consisting of matrices with
trace O is a trivial rank 7 vector bundle over the base. In the Zorn algebra presentation of O, the trace
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form is given by the matrix trace, see Remark 2.1.10. Therefore, in suitable coordinates, the formula from
Definition 2.1.9 guarantees that the restriction of the trace form to the locus of octonions of trace zero is
the standard split form on O’. Combining these observations, there is an embedding G, <> O7 (even in
characteristic 2). Once again, since G; is smooth with connected fibers, the image of the above group
homomorphism must be contained in the reduced connected component of the identity in O;, which by
[Conrad 2014, Proposition C.3.5] coincides with SO7. Thus, combining Theorem 2.2.6 with Remark 2.2.7
and the observations just made, one obtains the following result.

Proposition 2.3.1. If R is any commutative unital ring, then there is a Cartesian square of closed

immersion group homomorphisms of the form:

SL; —— SO¢

L

G2 Em— SO7;
the top horizontal map is conjugate to the standard “hyperbolic” map SL3; — SOg.

Proof. The existence of a commutative square is immediate from Theorem 2.2.6 combined with the
discussion preceding the statement. To establish the fact that SL3 may be realized as the fiber product of
G; and SOg over SO7, we appeal to Remark 2.2.7. The final statement is immediate from the formula
defining SL3z — G, which is given in Theorem 2.2.6 combined with Remark 2.2.7. O

The groups G; and SLj3 are split simply connected semisimple group schemes. On the other hand, the
special orthogonal groups SO, are not simply connected. The simply connected covering groups of SO,
are the spin groups Spin, ; we refer the reader to [Calmes and Fasel 2015, §4.5] for a discussion of spin
groups over an arbitrary base. Over a field, one may lift the horizontal embeddings in Proposition 2.3.1
to embeddings of SL3 in Sping and G, — Spin, [Springer and Veldkamp 2000, §3.6]; in essence this
follows from the fact that SL3 and G, are simply connected in the appropriate sense. The same result
also holds over an arbitrary base; indeed, the following result refines Proposition 2.3.1.

Proposition 2.3.2. If R is a commutative unital ring, then there is a Cartesian diagram of closed immer-

sion group homomorphisms
SL; —— Sping

|

G, —— Spiny .
The map SL3z — Sping is given by the hyperbolic map.

Proof. This square is deduced from that of Proposition 2.3.1 by taking simply connected covering groups,
which is a functor on the category of semisimple group schemes over R [Conrad 2014, Exercise 6.5.2(iii)].
To show that it is Cartesian, it suffices to show that the canonical map Sping — Spin; Xso, SOg is an
isomorphism. This follows from the fact that the maps Spin, — SO, have kernel u,. U
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Remark 2.3.3. If O is the split octonion algebra over a base, then the locus of octonions of norm 1 is
isomorphic to the quadric Q;. By Remark 2.1.5, left multiplication by a unit norm octonion defines a
morphism Q; — Og. Because Q- has connected fibers, this morphism automatically lifts through SOs.
In fact, using the explicit formulas defining the spin group, left multiplication by a unit norm octonion
actually defines a morphism Q; — Sping.

Compatibility of the hyperbolic map and stabilization. Above, we studied a homomorphism SL3; — Sping.
There is a well-known exceptional isomorphism Sping = SL4 induced by a “half-spin” representation.
Details of this construction may be found in [Conrad 2014, C.6.6]. It suffices to construct this isomorphism
over Z. If V is a free Z-module of rank 4 equipped with the standard trivialization of its determinant,
then there is an induced SL(V) action on A> V. If we fix an identification det V = Z, then A\’ V admits
the structure of a quadratic space with the quadratic form defined by g (w) = %(w A w). The resulting
assignment factors through an isomorphism SL4 /uy => SO(g). By [Conrad 2014, Exercise 6.5.2(iii)],
this isomorphism lifts uniquely through a map SL4 = Sping, which is known to be an isomorphism.
There is a standard embedding SL3 — SL4 corresponding to sending X € SL3(R) to the block matrix
diag(X, 1). One obtains the following result by direct computation.

Proposition 2.3.4. The composite map
SL3 — Sping = SL4
is conjugate to the standard embedding described above.

The homogeneous spaces Gy / SL3 and Spin; / Go. The compact Lie group G, contains the subgroup
SU(3) and quotient space G,/ SU(3) and Borel showed that the quotient is diffeomorphic to the 6-sphere
S6. Borel also observed that Spin(7) acts transitively on S” and the stabilizer of a point is isomorphic to
G, (we refer the reader to [Borel 1950, théoréeme 3] or [Adams 1996, Theorem 5.5] for these facts). We
now provide algebro-geometric analogs of these results, valid over arbitrary base rings.

Theorem 2.3.5. Suppose R is a commutative unital base ring and consider the Cartesian square of closed
immersion homomorphisms:

SL3 —— Sping

|

G, —— Spin; .
The following statements hold.

(1) The quotients of the horizontal and vertical homomorphisms exist as smooth affine R-schemes, i.e.,

the quotients
G, /SL3, Spin, /Sping, Sping/SL3 and Spin, / Gz

all exist as smooth affine R-schemes.
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(2) The induced map
G, / SL3 — Spin, / Sping

is an isomorphism of R-schemes. In particular, over any field, G, / SL3 = Q.

(3) The induced map
SL4 / SL3 = Sping / SL3 — Spin, / G2

is an isomorphism of R-schemes. In particular, over any field, Spin; / Gy = Q5.

(4) The torsors
G, — G2 /SL3, Sping — Sping / SL3,  Spin; — Spiny / Sping, and Spin; — Spin, / Gy

are Nisnevich locally trivial.

Remark 2.3.6. Point (3) of the above result and Zariski local triviality of the torsor Spin; — Spin; / G2
are also established by Alsaody and Gille [2019, Theorem 6.3]; we refer the reader there for an alternative
treatment.

Before establishing this result, we state one general result about quotients and homogeneous spaces;
we thank Brian Conrad for suggesting this result and giving us its proof.

Lemma 2.3.7. Let S be a scheme, and G a smooth S-group scheme with connected fibers. Assume H— G
is a homomorphism of S-group schemes, and G' — G is a closed immersion homomorphism of S-group
schemes with G’ fppf and H smooth over S with connected fibers. Assume the fiber product H' := G’ xg H
is S-flat. If the quotients H /H' and G | G’ exist as schemes, then the induced morphism of schemes

f:H/H—->G/G

is an open immersion if the fibral dimensions agree. In particular, f is an isomorphism if it induces

isomorphisms of geometric fibers over S.

Proof. By construction the formation of the quotients appearing in the statement commutes with base
change on S. Moreover, since smoothness may be checked locally in the fppf-topology, it follows that —
assuming the quotients exist— they are necessarily smooth over S since H and G are smooth over S by
assumption. By appeal to [EGATV4 1967, Corollaire 17.9.5] to prove the map f is an open immersion, it
suffices to prove this fiberwise. Therefore, we may and do reduce to the case where S = Speck, for k
a field. Furthermore, since the property of being an open immersion is fppf-local on the base, we can
assume without loss of generality that k is algebraically closed.

By assumption, the stabilizer at the identity coset of the left H-action on G / G’ is H'. Therefore, H / H’
maps isomorphically onto the (locally closed) H-orbit through the identity coset. In other words, the
morphism f is a locally closed immersion. However, any locally closed immersion may be written as the
composition of a closed immersion followed by an open immersion. Since both the source and target of
f are smooth of the same dimension, it follows immediately that f is an open immersion. If f is also
surjective, it is therefore an isomorphism. U
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Proof of Theorem 2.3.5. Since all group schemes in the statement are defined over Z, we establish the
results in that case; the results in general follow from that case by pullback.

Point (1). All group schemes appearing in the statement of Proposition 2.3.2 are split reductive and are
thus pulled back from reductive group schemes over Spec Z. Then, if H — G is a closed immersion
of reductive Z-group schemes, then the quotient G / H exists as a smooth Z-scheme, e.g., by appeal to
[Anantharaman 1973, théoreme 4.C]. Furthermore, the morphism G — G / H is an H-torsor and therefore,
smoothness of G/ H is inherited from smoothness of G (as mentioned in the proof of Lemma 2.3.7).
Finally, the fact that the quotient G / H is affine is standard from geometric invariant theory; see, e.g.,
[Alper 2014, Corollary 9.7.5].

Point (2). We want to show that the induced map G, / SL3 — Spin; / Sping is an isomorphism of schemes.
By appeal to Lemma 2.3.7, it suffices to check this upon passing to geometric fibers, and without loss of
generality we may assume that we are working over an algebraically closed field and make arguments
at the level of k-points. Then, we appeal to a more invariant presentation of the quotient. Consider the
space X parametrizing split complex subalgebras of the split octonion algebra O. We already identified
SL3 as Autp,c and therefore, the stabilizer of a point in X is isomorphic to SL3. We claim that G, acts
transitively on X. To see this, we treat two cases, depending on the characteristic p of the base field.

Case p # 2. If k has characteristic unequal to 2, then the choice of any element a € O with Tr(a) =0
and N(a) # 0 determines a split complex subalgebra. By fixing any other element b € O with (a, b) =0,
Tr(b) = 0 and N(b) # 0, we obtain a special (N(a), N(b))-pair in the sense of [Springer and Veldkamp
2000, Definition 1.7.4]. By [Springer and Veldkamp 2000, Corollary 1.7.5], G, acts transitively on the
set of such pairs. In particular, G; acts transitively on the set of a € O such that Tr(a) = 0 and N(a) =1,
which, unwinding the formulas for norm and trace, forms a quadric isomorphic to Q¢ (note: the resulting
quadric is isomorphic to Qg assuming 2 is invertible, which holds by the assumption on the characteristic).
Observe that the elements 1 and a span a 2-dimensional nonsingular subspace of O. In particular, a lies
in the orthogonal complement to the line through 14, and Spin, acts on this orthogonal complement with
stabilizer of the line through a isomorphic to Sping.

Case p =2. If k has characteristic equal to 2, then the choice of any element a € O with Tr(a) # 0
determines a split complex subalgebra of O by [Springer and Veldkamp 2000, Lemma 1.6.1]. Fix
such an element a with Tr(a) = 1 and N(a) = 0. By fixing any other element b € O with (a, b) =0,
Tr(b) = 0, N(b) = 1, we obtain a special (0, 1)-pair in the sense of [Springer and Veldkamp 2000,
Definition 1.7.4]. Again, by [Springer and Veldkamp 2000, Corollary 1.7.5], G, acts transitively on the
set of such pairs. In particular, G; acts transitively on the set of a € O such that Tr(a) = 1 and N(a) =0,
which, unwinding the formulas for the norm and trace, defines the quadric Qg (on the nose!). In particular,
we conclude that G, / SLj is isomorphic to Qg, even over fields having characteristic 2. Note that, since k
has characteristic 2, (19, 1¢9) = 0. On the other hand, 1o and a span a 2-dimensional subspace of O with
a well-defined orthogonal complement that is a free module of rank 6 equipped with a nondegenerate form.
The space spanned by this 6-dimensional space together with a is a 7-dimensional quadratic subspace of



712 Aravind Asok, Marc Hoyois and Matthias Wendt

O (with respect to the norm form) and Spin, acts transitively on the set of such subspaces, with stabilizer

of the line through a isomorphic to Sping.

Point (3). We want to show that the induced map Sping / SL3 — Spin, / G2 is an isomorphism. Again,
by appeal to Lemma 2.3.7, it suffices to check this upon passing to geometric fibers, and without loss of
generality we may assume that we are working over an algebraically closed field and make arguments
at the level of k-points. To this end, recall that G, begins life as a subgroup of Sping, which acts on O,
which we think of as an 8-dimensional k-vector space equipped with the structure of a split nondegenerate
quadratic space. In particular, Sping preserves a split quadric hypersurface in O: the hypersurface of
norm 1 octonions, which is isomorphic to Q.

We claim that both Sping and Spin; C Sping act transitively on Q. It suffices to prove this for Sping.
In that case, the isomorphism Sping = SL4 equips Q7 with an SL4-action. Moreover, the inclusion
SL4 — Sping is conjugate under this isomorphism to the hyperbolic embedding SL4 — Sping. By appeal
to Proposition 2.3.4, we conclude that the inclusion SL; — Sping — SL4 coincides with the usual
stabilization map. In that case, SL4 / SL3 is isomorphic to the quadric defined by setting the hyperbolic
form equal to 1, which is precisely the copy of Q; considered above. Thus, it follows that Sping acts
transitively on Q; with stabilizer at a point isomorphic to SL3. Since Sping C Spiny it also follows that
the latter acts transitively on Q5.

Identify Q; with the closed subscheme of O consisting of elements of norm 1. The element 1o
defines a point on Q; write H for the stabilizer scheme of this point. Clearly G, C H since any algebra
automorphism of O preserves the norm, the trace and the unit. Since Q; is affine, it follows that the
identity connected component H® of H is a reductive group by Matsushima’s theorem (see, e.g., [Alper
2014, Corollary 9.7.7]). Since Spin, has dimension 21, this stabilizer scheme must have dimension 14.
In other words, H° = G,. One may check by direct computation that H = H° and thus H = G;.

Point (4). Finally, we need to establish Zariski-local triviality of all the relevant torsors. This is clear
for the torsors Go — Gz / SL3 and Sping — Sping / SL3 since SL3 is a special group. Likewise, the
Zariski-local triviality of the torsor Spin; — Spin, / Sping is immediate upon making the exceptional
identification Sping = SL4.

It remains to establish Zariski-local triviality of the G-torsor Spin, — Spin, / G,. For this, we appeal
to Theorem 2.1.7, which shows that it suffices to know that the quadratic space underlying the octonion
algebra is split over local rings. Now, if X is a scheme, then specifying a morphism X — Spin, / G; is
equivalent to specifying a G,-torsor on X together with a trivialization of the associated Spin,-torsor
via the homomorphism G, — Spin; (pull back the universal G-torsor Spin; — Spin, / G along the
given morphism). Therefore, given a morphism X — Spin, / G, one also obtains a Gy-torsor on X
equipped with a trivialization of the associated O; and Og-torsors coming from the homomorphisms
Spin; — O7 — Og. Now, if X = Spec R is an affine scheme, by Theorem 2.2.2, specifying a G-torsor
on X is equivalent to specifying an octonion algebra on R and the associated Og-torsor is identified as
the torsor of automorphisms of the quadratic space underlying the octonion algebra. In particular, saying
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that this Og-torsor is trivial is the same as saying that the norm form of the octonion algebra is split. If
X = Spec R is furthermore a local scheme, it follows from Theorem 2.1.7 that an octonion algebra over a
local ring with split associated norm form is necessarily itself split. In particular, this holds for local rings
of Spin; / G, and the result follows. (]

The homogeneous space Sping / Go. As observed above, the inclusion Go — SOg factors through
G2 — SO7 and lifts through a map G, — Spin,. Alternatively, the homomorphism G, — SOg lifts
uniquely through a morphism G, — Sping by [Conrad 2015, Exercise 6.5.2]. Either way, one may
construct a closed immersion group homomorphism G, — Sping as the composite

G, — Spin; — Sping,

where the second map is the standard map, corresponding to the standard “‘stabilization” embedding
SO7 — SOg as block matrices of suitable form. We now identify the quotient Sping / G2 as a product
of quadrics; this result essentially goes back to Jacobson [1960, p. 93] and provides an analog of the
diffeomorphism Spin(8)/ G, = S7 x §” (see, e.g., [Harvey 1990, Theorem 14.69]).

Proposition 2.3.8. If R is any base ring, then there is an isomorphism of schemes of the form
Spin; / G2 x Sping / Spin; = Sping / G2

where the map Spin, / Gy — Sping / Gy is induced by the standard embedding. In particular, Sping / G, =
Q7 x Qq. The quotient map Sping — Sping / G is Zariski locally trivial.

Remark 2.3.9. Alsaody and Gille [2019, Theorem 4.1] also establish an identification Sping / G2 =
Q7 x Q7 and Zariski local triviality of the torsor Sping — Sping / G».

Proof. Repeating the arguments at the beginning of the proof of Theorem 2.3.5, we may first assume
without loss of generality that R = Z and the result in general follows by base-change. In that case, the
relevant quotients exist by appeal, once again, to [Anantharaman 1973, Théoréme 4.C].

There are induced maps of homogeneous spaces

Spin; / Go — Sping / G, — Sping / Spin, .
As the associated fiber bundle of the Zariski-locally trivial Spin,-torsor Sping — Sping / Spin;, the map
Sping / Go — Sping / Spin,

is a Zariski locally trivial fiber bundle with fibers isomorphic to Spin, / G;. Since the map Spin; —
Spiny / Gy is Zariski-locally trivial by point (3) of Theorem 2.3.5, the Zariski-local triviality statement
follows.

In fact, we claim this Zariski fiber bundle is split. To see this, we identify Sping / Spin; = Q; and
identify Q, with the unit norm elements in a split octonion algebra O. By the discussion of Remark 2.3.3,
left multiplication by a unit norm octonion defines a morphism of schemes Q; — Sping and one checks
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that this morphism provides a section of the Spin,-torsor Sping — Sping / Spin,. Therefore, the torsor
Sping — Sping / Spin, is trivial, and this yields the splitting of the statement. (]

3. Al-homotopy sheaves of Bynis G

In this section, we study the A!-homotopy types of Nisnevich classifying spaces of the group schemes
that appeared in Section 2. In particular, we compute low-degree A!-homotopy sheaves of Byis G, (see
Proposition 3.4.1 and Theorem 3.4.6). Our computation follows the computation of the low degree
homotopy groups of the classifying space of the compact Lie group G,. Indeed, we use (i) an algebro-
geometric analog of the fiber sequence

$% — BSU(3) — BGy,

and (ii) analogs of results about homotopy groups of BSU(3) and S°. Along the way, we also compute
low degree homotopy sheaves of spin groups (Proposition 3.4.2 and Corollary 3.4.3). For the classical
computation, we refer the reader to, e.g., [Mimura 1967], which essentially uses the Cartan—Serre method
of killing homotopy groups together with the Serre spectral sequence of the above fibrations. Over fields
that may be embedded in C, we may make explicit comparison between our results and the classical

results.

3.1. Some A'-fiber sequences. We develop algebro-geometric analogs of the classical fiber sequences
mentioned above (see Proposition 3.1.1). In Proposition 3.1.4 we establish some compatibility results
among our fiber sequences which will be important in the homotopy sheaf computations that follow.

The Zorn algebra construction as a map of classifying spaces. Here, we analyze the construction of
Remark 2.1.11 in terms of classifying spaces. In Remark 2.1.11 we mentioned the functor Zorn from the
groupoid of oriented projective R-modules (and isomorphisms) to the groupoid of octonion algebras over
R (and isomorphisms). The image of this functor landed in the subgroupoid of generically split octonion
algebras, since oriented projective R-modules are always generically free. One knows that the groupoid
of oriented projective R-modules is naturally equivalent to the groupoid of SL3-torsors over R by the
functor sending an oriented projective R-module to the functor of isomorphisms with the trivial oriented
projective R-module. On the other hand, we saw in Theorem 2.2.2 that the groupoid of octonion algebras
is naturally equivalent to the groupoid of G;-torsors over R.

Write Tors; G(R) for the groupoid of G-torsors over Spec R which are locally trivial in the topology
7 and B Tors; G for the simplicial presheaf obtained by taking the nerve of this groupoid (see [Asok et al.
2018a, §2.2] for some discussion about how to make this discussion precise). There is a morphism of

simplicial presheaves
Bnis G — B Torsnis G;

this morphism is functorial in the group G and has the following properties: (1) it is a weak equivalence
of simplicial presheaves, (2) it induces, after taking connected components, a bijection o(Bnis G)(—) =
HII\“S(—, G) (see [Asok et al. 2018a, Lemma 2.2.2]).
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Since Zorn is a functor, there is an induced morphism
Zorn : B Torsynis SL3 — B Torsyis Gy .

On the other hand, the homomorphism of group schemes SL3 — G described in the proof of Theorem 2.3.5
yields a morphism Byjs SL3 — Bnis G2 (we avoid giving this a name momentarily). Tracing through the
constructions, the following diagram commutes:

Byis SLs ———— Bnis G2

l |

B Torsnis SL3 —2™ B Torsnis Ga

where the vertical morphisms are those discussed in the previous paragraph, and the top horizontal map
is that induced by the morphism of group schemes. For this reason, we will abuse notation and write

Zorn : Byis SLz — Byis G2
for the morphism of classifying spaces induced by the group homomorphism SL3; — Gy.

Fiber sequences involving G, / SL3. Now, we show how the homogeneous spaces described in Section 2.3
fit into A'-fiber sequences. In essence, these results build on the theory developed in [Wendt 2011],
though the following results are direct consequences of results in [Asok et al. 2018a; 2018b].

Proposition 3.1.1. Assume k is a field. There are A'-fiber sequences of the form:

Qs —— BSL; 2o, Bis Ga,

Q7 — Bnis G2 — Bnis Spiny,  and
Q7 x Q7 — Bnis G2 — Bnis Sping.

Proof. The three cases are established similarly. Consider the quotients G, / SL3 = Qgq, Spin; / G2 = Q5
and Sping / G2 = Q7 x Q5 (the relevant isomorphism are found in points (1) and (2) of Theorem 2.3.5
as well as Proposition 2.3.8). In the first two cases, the torsors G, — SL3 and Spin; — Spin, / G2
are Zariski-locally trivial by point (3) of Theorem 2.3.5. Likewise, the torsor Sping — Sping / Gz is
Zariski-locally trivial by appeal to Proposition 2.3.8. As a consequence, in each case, the Zariski sheaf
quotient coincides with the scheme quotient [Asok et al. 2018a, Lemma 2.3.1].

The fact that

Q6 —— BSL3 @) Byis G2 .
is a simplicial fiber sequence is immediate from the definitions (the other two statements are established
in a completely analogous fashion). The result then follows immediately from [Asok et al. 2018a, Theo-
rem 2.1.5] where the additional hypotheses follow immediately from [Asok et al. 2018a, Theorems 3.3.1
and 3.3.6] in view of the fact that G, Spin, and Sping are split groups, and thus isotropic by definition. [
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Remark 3.1.2. By construction, the morphism Byis G2 — Bnis Spin; can be interpreted in terms of octo-
nion algebras as that sending an octonion algebra O to the spinor bundle associated to the quadratic space
obtained by restricting the norm form to trace zero matrices; this is usually referred to as the associated
spinor bundle of the octonion algebra. A similar description holds for the morphism Bnis G2 — Bnis Sping.

Repeating the proof of Proposition 3.1.1 with evident changes, one establishes the following result.

Proposition 3.1.3. Assume k is a field having characteristic unequal to 2. For any integer n > 3, there

are A!-fiber sequences of the form
Q,, — Bnis Spin,, — Bnis Spin,, | .

Proof. Appealing to Lemma 2.3.7 and [Asok et al. 2018a, Lemma 3.1.7] we deduce the existence of
isomorphisms Spin, | / Spin,, = SO, /SO,. Then, we may repeat the proof of Proposition 3.1.1
and appeal to [Asok et al. 2018a, Lemma 3.1.7] instead of Theorem 2.3.5. We leave the details to the

reader. O

Compatibility of A!-fiber sequences. We now analyze compatibilities amongst the fiber sequences appear-
ing in Proposition 3.1.1. The next result is a straightforward combination of the results of Theorem 2.3.5

and Proposition 3.1.1.

Proposition 3.1.4. Ifk is a field, then the following diagram is A'-homotopy Cartesian:

BNis SL3 — BNis Spin6

Jm |

Bnis G2 — Bnis Spin,

Proof. Note that for G any sheaf of groups, the space By;s G is A'-connected; this is an immediate
consequence of the unstable A!-connectivity theorem [Morel and Voevodsky 1999, §2 Corollary 3.22]
since BG is areduced simplicial presheaf and the map BG — Byjs G is a Nisnevich-local weak equivalence.
As a consequence, the diagram in the statement is a diagram of A'-connected spaces.

To check if the diagram in the statement is A!-homotopy Cartesian, it suffices to show that the induced
map of vertical (or horizontal) A'-homotopy fibers is an A'-weak equivalence (this can be checked on
stalks, and thus follows from the corresponding classical fact for simplicial sets). Since all spaces in the
diagram are A!-connected, it suffices to check that the induced map on A!-homotopy fibers over the base-
point is an A'-weak equivalence. Then, Proposition 3.1.1 shows that the map of vertical homotopy fibers
is a map Qg — Qg. Unwinding the definitions, this map is precisely the map G, / SL3 — Spin; / Sping
shown to be an isomorphism in Theorem 2.3.5. ([l

3.2. Characteristic maps and strictly A'-invariant sheaves. In the above, we considered the morphisms
G2 — G/ SL3 and Spin; — Spin, / Sping. The former yields a rank 3 vector bundle on G, / SL3, while
under the exceptional isomorphism Sping = SL4, the latter yields a rank 4 vector bundle on Spin, / Sping.
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In this section, we develop some techniques that will be useful in providing different ways of interpreting
the classifying maps associated with these vector bundles. In particular, we establish Propositions 3.2.3
and 3.2.4 which allow us to interpret maps out of motivic spheres in various useful ways.

The structure of some strictly A'-invariant sheaves. Before proceeding to the computations of A!-
homotopy sheaves of classifying spaces, we recall some facts about the strictly Al-invariant sheaves
that will arise in the statements and proofs. We write Kl.Q for the Nisnevich sheaf associated with the
Quillen K-theory presheaf on Smy. Using A!-representability of algebraic K-theory, one observes that
nlAl (Bnis SL;,) is isomorphic to Kl.Q for2 <i <n—1 (see, e.g., [Asok and Fasel 2014a, Theorem 3.2] for
more details).

One also defines unramified Milnor K-theory sheaves KIM. For an irreducible U € Smy, the group of
sections of KI.M(U ) coincides with unramified Milnor K-theory of U, i.e., the subgroup of Kl.M k(U))
consisting of elements unramified along every codimension 1 point of UU. These sheaves arise naturally as
the Nisnevich sheafification of the motivic cohomology presheaves U — H™" (U, Z) via the Nesterenko—
Suslin—Totaro theorem.

There are canonical isomorphisms KlM — Kl.Q for i < 2. Indeed, both K(I)VI and K(? coincide with the
constant sheaf Z, while K {VI and K ? coincide with the sheaf of units. The identification K%VI = K S follows
from Matsumoto’s theorem identifying the Quillen K, of a field. Using these canonical isomorphisms,
one defines a “natural” homomorphism

wi: KM — KiQ.

More precisely, there are multiplication maps K lM X K}VI — K}\fr ; and KI.Q X K? — K Sr ; and since the
Steinberg relation is a degree 2 relation, the product maps KM*" =~ K an — K,? factor through the
morphism u,; see [Asok and Fasel 2014a, Lemma 3.7] for more details.

Lemma 3.2.1. If we set K;“d := coker(us), then (K;“d)_i =0fori>1.

Proof. This follows by combining the following facts: (i) (u,)—; = pn—; by [Asok and Fasel 2014a,
Lemma 3.7] and (ii) the map p, is an isomorphism by Matsumoto’s theorem. U

One also defines a morphism ¥, : K,? — K}lv[ for n > 2. To see this consider the quotient map
SL, — SL, /SL,,—;. [Morel 2012, Theorem 6.40] identifies the first nonvanishing Al -homotopy sheaf of
a motivic sphere in terms of Milnor—Witt K-theory. Using this identification, the quotient map induces a
morphism

2 (SLy) = T (Qauy) = K™Y

Assuming we work over a field & that has characteristic unequal to 2, [Asok and Fasel 2014a, Lemma 3.5]
allows us to conclude that this morphism factors through the stabilization morphism nf_‘l (SL,) —
n,f;\_l {SL,y1)=K nQ to yield a morphism K nQ —K ,ﬂww. Furthermore, there is a canonical quotient morphism
KMV — KM and the composite morphism KQ - KMV — KM is 4. We define S, := coker(y/,,). The

following result summarizes the properties of the sheaf S, that we use in the sequel.
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Lemma 3.2.2 [Asok and Fasel 2014a, Corollary 3.11]. Ifk is a field having characteristic unequal to 2,
then the epimorphism K}‘VI — 84 factors through an epimorphism K }‘V[ /6 — Sy; this epimorphism becomes
an isomorphism after 2-fold contraction.

Maps out of motivic spheres. In analyzing the fiber sequences of Proposition 3.1.1, we will frequently
need precise information about the maps on homotopy sheaves induced by a map from a motivic sphere
to some other target. We now give various different ways of capturing the required information: a map
out of a motivic sphere can be realized (1) as a section of a suitable A!-homotopy sheaf of the target, (2)
in terms of sheaf cohomology on the source motivic sphere with coefficients in a suitable homotopy sheaf
of the target, or, depending on the structure of the target, (3) in terms of geometric constructions (e.g.,
vector bundles) on the motivic sphere itself.

Proposition 3.2.3. Assume k is a field, and suppose (2, x) is a pointed A'-simply connected space. For
any integer m > 1, there are identifications of the form

1 1 ~ 1
[Qoms 21t <> 7 (2 (k) > 70 (X)) (k) = Hom(K)Y™, ), (2)), and
1 1 ~ 1
[Qumi1s 21t =70 ) (2)(K)=> 1, (2) -1 (k) = Hom(KMWY, 7)) (2))

Moreover, the composite isomorphism is induced by applying 71:”A;1 (—).

Proof. On the left hand side it makes no difference whether we use free or pointed A'-homotopy classes
because the forgetful map from free to pointed homotopy classes is a bijection under the hypothesis that
2 is Al-1-connected [Asok and Fasel 2014a, Lemma 2.1]. Since Q,,, = =" G)" or Q,,, 1 = "G !
the first isomorphism is then immediate.

Next, for any integer m > 1, there is an isomorphism of functors Hom(K ,I:l/lw, —) = (—)_m where the
hom-set is taken in the category of strictly A!-invariant sheaves (though this hom-set coincides with that
taken in the category of Nisnevich sheaves of abelian groups). With this observation, we may rewrite the
above identifications as

[Qun 1ar => Hom(KMY, 22 (2)), and  [Qupyr, 27 1a1=> Hom(KMY, z' (2)).

The final statement follows by analyzing the proof of Proposition 3.2.4, which will be of independent
interest. O

Proposition 3.2.4. Assume k is a field. For any pointed A'-simply connected space (2, x), there are
canonical isomorphisms of the form

[Qa. 2 a1 => H Qoo w2 (2)),  and  [Qopyys Z1m=> H' (Qoppr, T (2)).

Proof. As above, the assumption that 2" is Al-simply connected allows us to not have to distinguish
between free and pointed A'-homotopy classes of maps. The argument proceeds by obstruction theory.
The arguments for Q,, and Q,, | are essentially identical, so we give the former and indicate the changes
necessary for the latter. Because Q,, is A'-(n—1)-connected, any pointed morphism Q,, — 2" factors
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uniquely through the A'-(n—1)-connective cover of 2, for which we shall write 2" (n). The first stage
of the A!-Postnikov tower of 2" (n) is K (Jt,/;\l (Z), n). Therefore, composing these two maps we get the
map in the statement. To see that this map is an isomorphism, we use obstruction theory. We want to
show that any map from Q,, to the n-th stage of the A'-Postnikov tower of 2" extends uniquely to 2" (n).
To this end, suppose M is any strictly A!-invariant sheaf. Since Q,, = ¥ Q,,_;, by the suspension
isomorphism and appeal to [Asok and Fasel 2014a, Lemma 4.5] we know that
M (k) ifi =0,
H' (Qq M) = { M_, (k) ifi=n,
0 otherwise.

Now, the groups housing obstructions to lifting and parametrizing lifts are both of the form H' (Q,,,, M)
for i > n+ 1 and therefore vanish by the above result.

The only change that one need make for the case Q,,,; is that one may appeal directly to [Asok et al.
2017a, Lemma 4.5]. U

3.3. Realization and characteristic maps. In this section, we analyze the behavior of the maps Qg —
Bnis SL3 and Qg — Bnis Sping from Proposition 3.1.1 under complex and étale realization. The key
results are Lemmas 3.3.7 and 3.3.8.

Complex realization. For a discussion of real and complex realization we refer the reader to [Morel and
Voevodsky 1999, §3.3] or to [Dugger and Isaksen 2004]. In the first case, suppose k is a field equipped
with an embedding ¢ : k — C. Given a smooth k-scheme X, we may consider the assignment X +— X (C)
sending X to X (C) with its usual structure of a complex analytic space. This assignment extends to a
functor S7,(k) — s#, and this functor preserves homotopy colimits.

Lemma 3.3.1. Assume k C C. For any n > 0, the complex realization of Q,, is homotopy equivalent to S".

Lemma 3.3.2. Assume k C C. If G is a split reductive k-group scheme, and G is a maximal compact
subgroup of G(C), then the complex realization of Bnis G is homotopy equivalent to BG.

Etale realization. For a discussion of étale realization we refer the reader to [Isaksen 2004]. If ¢ is
prime, then we may define the £-complete étale realization functor on the category of schemes. Given a
scheme X, its étale realization is an £-complete pro-simplicial set that we will denote by Et(X). This
has the property that a morphism of schemes f: X — Y induces a weak equivalence Et(X) — Et(Y) if
and only if f*: HZ (Y; Z/¢) — H;(X: Z/¢) is an isomorphism. By [Isaksen 2004], if k is a field and £
is different from the characteristic of k, the assignment X +— Et(X) on smooth k-schemes extends to a
functor on 7, (k) that we will also denote by Et. If k is furthermore separably closed, it follows from the
Kiinneth isomorphism in étale cohomology with Z/¢Z-coefficients that the functor Et preserves finite
products (and smash products of pointed spaces).

We now analyze the behavior of Q,, and Nisnevich classifying spaces of split reductive groups under
étale realization. To this end, assume furthermore that k is a separably closed field, and let R be the ring
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of Witt vectors of k. Choose an algebraically closed field K and embeddings R < K and C < K. These
morphisms yield maps of the form

Gy — Gr <~ Gg — G¢.
We may use these maps to compare the étale realization of G and the corresponding complex points.

Lemma 3.3.3. Assume k is a separably closed field having characteristic p and fix £ # p. For any integer
n >0, Et(Q,) = (5")).

Proof. There are weak equivalences Q, = S /\Gﬁlj for integers i, j > 0, with i 4+ j = n. One checks
Et(G,,) = Gm(([:)f =(S 1)? using the comparison maps described above. The result then follows because
étale realization preserves smash products of pointed spaces. (I

Lemma 3.3.4. Assume G is a split reductive group over Z. Suppose k is a separably closed field having
characteristic p and fix £ # p. If G is a maximal compact subgroup of G(C) then there are canonical

equivalences
Et(Bnis Gr) = (BEt(Gy)); = (BG),.

Proof. By [Friedlander and Parshall 1981, Theorem 1], the maps
Gy — Gr <~ Gg — G¢.

induce isomorphisms on étale cohomology with Z /€7 coefficients and thus also after étale realization. In
particular, there are canonical weak equivalences

Et(Gy) = Et(Ge) = G(0))),

naturally in G. Since the map G — G(C) is a weak equivalence, it follows that G, = G(C); also. Using
the fact that étale realization preserves finite products and homotopy colimits we conclude that

Et(Bnis Go) = (BEU(G))y
and the final statement follows immediately from Lemma 3.3.2. O

An oriented rank 4 bundles on Qg. Proposition 3.1.4 gives a homotopy commutative triangle of the form

Qs — Bnis SL3

|

BNis Spin6 = BNis SL4
where the horizontal map is the classifying map of the SL3z-torsor G, — G; / SL3 and the diagonal map
is the classifying map of the torsor Spin; — Spin, / Sping. Since Qg = s? AG)3, the horizontal and
diagonal maps yield elements of Jt:ﬁ; (Bnis SL3) and nﬁg (Bnis SL4). We now identify the class of the
diagonal map.

Lemma 3.3.5. Assume k is a field. There is an isomorphism n?f;(BNis SLy) = Z and the class of
Qg — Bnis SL4 described above is a generator.
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Proof. By, e.g., [Asok and Fasel 2014a, Theorem 3.2], we know that n?l (Bnis SLy) = KS and thus that
]Lﬁ; (Bnis SLy) = (K:?)_g = Z (see, e.g., [Asok and Fasel 2014a, Lemma 2.7]). Now, the diagonal map
induces a morphism of sheaves

1 1
55(Qg) = 153 (Bnis SL4).

Since the sheaf on the right is the constant sheaf Z, and the morphism is compatible with field extensions,
we may assume without loss of generality that the base field & is separably closed. Thus, we may assume
without loss of generality that k is the algebraic closure of Q in C or the algebraic closure of a finite field.

First, we treat the characteristic 0 case. Then, by appeal to Lemmas 3.3.1 and 3.3.2 there is a
commutative diagram of the form

Z = 15(Qe)(€) —— m5'5(Byis SLy) = Z

l |

7Z =16(S%) ——— n6(BSU4)) =Z

where the vertical maps are isomorphisms and the bottom horizontal map is an isomorphism. It follows
that the top horizontal map is an isomorphism as well.

Now, assume k has nonzero characteristic and that £ is a prime different from the characteristic of k.
In that case, after evaluation at k£ and appeal to Lemmas 3.3.3 and 3.3.4 we conclude that there is a

commutative square of the form

Z = 153,(Qg) (k) —— m55(Bnis SL4) = Z

l |

Zy =m6(S%)) —— me(BSUMA))} =Zy;

both vertical maps are injective, while the bottom horizontal map is that induced by the topological fiber
sequence S® — BSU(4) — BSpin(7) and thus is an isomorphism. It follows that the top horizontal map
must send a generator to a generator, which is what we wanted to show. U

Remark 3.3.6 (Canonical reduction of Suslin matrices). Vector bundles on Q,, were studied in detail
in [Asok et al. 2017a]. In particular, there we described an algebro-geometric variant of the clutching
construction providing a bijection between rank n oriented vector bundles on Q,, and A'-homotopy
classes of maps Q,,_; — SL,. One knows that EO(an) =7, and [Asok et al. 2017a, Theorem 4.3.4]
shows that a generator of this group can be defined in terms of Suslin matrices see [Suslin 1977b, §5]. In
particular, Suslin constructed a map Qs — SL4 and this morphism corresponds to a generator of Ko (Qgp)-

Suslin shows that this matrix is A!-weakly equivalent to one factoring through the inclusion SL3 <> SL4,
and thus, the rank 4 vector bundle splits off a free rank 1 summand, however this factorization is not unique
in general. Indeed, ng‘f; (BnisSL3) =Z @ k>*/ k*® and thus over nonalgebraically closed fields, there can
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be many inequivalent reductions. The discussion before Lemma 3.3.5 gives, however, a canonical such
lift. The following result summarizes these observations.

Lemma 3.3.7. Work over a base field k. Write & for the oriented rank 4 vector bundle on Qg obtained as
the associated vector bundle to the SLy-torsor Spin, — Spin; / SL4 = Q.

(1) The class [&] € Eo (Qg) = Z is a generator.

(2) The bundle & splits as &' @ 0q; the rank 3 bundle &' is oriented and is the associated vector bundle
to Gy, — Gy / SLs.

An oriented rank 3 bundle on Qg. We now further analyze the map Qg — Bnis SL3 classifying the
SLs-torsor G, — G; / SL3. As above, there is an induced morphism

1 1
54(Qg) = 154 (Bnis SL3).

The group on the right is determined in [Asok and Fasel 2014a, Proposition 3.15] and is isomorphic to
the constant sheaf 7Z/6Z if we work over a base field having characteristic unequal to 2. Similarly, the
sheaf on the right is isomorphic to (K}Y™V)_, = W.

Lemma 3.3.8. Assume k is a field having characteristic unequal to 2. The map
W := 154(Qg) — 744 (Buis SL3) = Z/67
factors as the rank map W — 7 /27 followed by the inclusion 7 /27 C 7/6Z.

Proof. Since the sheaf Z/67 is a constant sheaf, and since the homomorphism of the statement is
compatible with field extensions, we may assume without loss of generality that k is separably closed. In
that case, the extension of scalars map W (k) — W (k*P) = Z/27Z coincides with the rank map. Therefore,
it suffices to prove the second statement.

Assume first that k£ C C. In that case, by appeal to Lemmas 3.3.1 and 3.3.2, complex realization yields
a diagram of the form

754(Qe) (k) —— 75, (Bis SL3) (k)

| |

77(S®) ——— 77 (BSU(3))

The map on the left sends the generator , to the topological Hopf map 7 and thus is an isomorphism. The
right vertical map is an isomorphism by [Asok and Fasel 2014a, Theorem 5.5]. The bottom horizontal
map is known classically to be the inclusion Z/27 C 7Z/6Z and the result follows.

If k£ is now a separably closed field having positive characteristic unequal to 2, then by appeal to
Lemmas 3.3.3 and 3.3.4, we conclude there is a diagram as above with the bottom row replaced by its
2-completion. Once again, the leftmost vertical map is an isomorphism, and we deduce that the map

144(Qe) (k) — 744 (Bnis SL3) (k)
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is injective, as desired. U

3.4. Some low degree A'-homotopy sheaves of Buis Spin, and Byjis G,. In this section, we compute
low degree A'-homotopy sheaves of By;s G» and deduce some consequences. To do this, we appeal
to Proposition 3.1.1 and make use of connectivity estimates for the smooth affine schemes Qg and Q,
appearing therein.

The first nonvanishing A'-homotopy sheaf. We begin by identifying the first nonvanishing A'!-homotopy
sheaf of Byjs G for G = SL3, Sping, Spin,; and G;. The following result is already essentially in [Wendt
2010], but we state and prove it here for convenience.

Proposition 3.4.1. Assume k is a field. For G = SL3, Sping, Spin; and G;, Bnis G is Al-1-connected,
and there are isomorphisms of the form

1
7} (Byis G) = K.

Proof. The result for G = SL3 is due to Morel (it follows from [Morel 2012, Theorem 7.20]). Now,
we simply appeal to Proposition 3.1.1 and the fact that both Qg and Q, are A'-2-connected. Indeed,
as both Qg and Q, are 3-fold simplicial suspensions, they are necessarily simplicially 2-connected
and thus by appeal to [Morel 2012, Theorem 6.38] are A!-2-connected as well; see [Asok et al. 2017c,
Theorem 2.1.12] for a detailed proof of the latter assertion. We conclude that the maps Bnis SL3 — Bnis G2,
Bnis SL3z — Bnis Sping and Bnjs Sping — Bnis Spin; are Al-Z—equivalences, and the result follows. [

The sheaf nﬁl (Bnis Spin,,). In order to compute the next nonvanishing Al-homotopy sheaf of Byjs G,
we will need to analyze the maps on homotopy groups induced by the maps in Proposition 3.1.4. We
make a systematic analysis of n?l (Bnis Spin,,). Because of the exceptional isomorphisms Spin; = SLo,
Spin, = SL, x SL,, Sping = Sp, and Spins = SL4, the third A!'-homotopy sheaf of Byjs Spin,, has
already been computed for 3 < n < 6. Indeed, ]LJ»AI (Bnis SLy) is computed in [Asok and Fasel 2014b,
Theorem 3.3] and n?l (Bnis Spiny) = n?l (Bnis SL2)®2. Also, 7t3Al (Bnis Spy) = K3S P by [Asok and Fasel
2014b, Theorem 2.6], while n?l (Bnis SLy) = K3Q, e.g., by [Wendt 2010, Theorem 6.8(i)] or [Asok and
Fasel 2014a, Theorem 3.2].

Therefore, we begin by analyzing Jl’é&] (Bnis Spiny). The right vertical map Byjis Sping — Bunis Sping in
the diagram appearing in Proposition 3.1.4 is precisely the stabilization map in the Spin groups so we
investigate the map on A!-homotopy sheaves induced by that identification.

Proposition 3.4.2. If k is a base field, then there is an isomorphism K;“d = n?l (Bnis Spiny).
Proof. Consider the A!-fiber sequence
Q¢ — Bnis Sping — Bnis Spiny .

Taking homotopy sheaves we obtain an associated long exact sequence; using the computations mentioned
above, this exact sequence takes the form

. 1
K%VIW — K? — n?l (Bnis Spin;) — JrzA (Qe) =0.
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In particular, we conclude n?l (Bnis Spiny) = coker(KéVIW — K?), and our goal is to identify this cokernel.
To this end, we make a general analysis of morphisms Kévlw — Kg. Observe that Hom(KéVIW, K?) =
(K3Q)_3 =7, e.g., by [Asok et al. 2017c, Lemma 5.1.3.1]. We give a geometric identification of the class
of the morphism Ké\’lw — K? in the statement.

Step 1. We begin by showing that any map Qg — Bnis SL4 is uniquely determined by a class in Ko (Qg¢);
we do this in two stages.

Step la. First we claim that any map Qg — Bnis SL4 is uniquely determined by its extension Qg —
Bnis SLoo. Indeed, the Al-homotopy fiber of the map Byis SL, — Bnis SL,41 is A"T1\ 0, which is
Al-(n—1)-connected. When n > 4, the A'-homotopy fiber is at least A!-3-connected. Therefore, any
map Qg — A"\ 0 is null A'-homotopic. It follows that the map

[Qg, BNis SLn]at = [Qgs Bis SLyt1]at
induced by the stabilization is bijective for every n > 4. It follows immediately that there is an induced
bijection [Qg, Bnis SL4]at = [Qg, Bnis SL]a1 as claimed.

Step 1b. Next, we claim that the class in [Qg, Bnis SL]41 determined by our given class in [Qg, Bnis SL4]a1
is equivalent to a class in Eo (Qg). To this end, observe that there is a fiber sequence of the form

Buis SL — Byis GL <5 By G,

and that this fiber sequence is split. In particular,

Ko(Qe) = [Qg, Bris GL1a1 = [Qg, Bris SL1at @ [Qe, Bris Gyl -
Since [Qg, Bnis G, ]at = Pic(Qg) = 0, we obtain the required identification. However, I?O(Q6) =7
generated by the class of an explicit rank 3 vector bundle on Qg.
Step 2. Granted the conclusion of Step 1, observe that there is a diagram of the form

Ko(Qg) => [Qp, Bris SLalar = Hom(K}™Y, K$),

where the arrow on the left is the inverse of that from Step 1, while the arrow on the right is given to us
by the conclusion of Proposition 3.2.3.
Step 3. We claim that any morphism Ké\’lw — K? factors uniquely through a morphism KéVI — K?.
More precisely, in conjunction with the conclusion of Step 2, we obtain an identification

Ko(Qg) = [Qg, Bnis SLala1 => Hom(K}!, KD).

Indeed, we claim that if M is any strictly A!-invariant sheaf such that M_,_; = 0, then the canonical
epimorphism KMW — KM induces a bijection Hom(KM, M) = Hom(KMW, M); this follows from
[Asok et al. 2017c, Lemma 5.1.5.2]. Applying this fact withn =3 and M = K?, we conclude.

Step 4. Now, we claim that the morphism w3 : Ké\’l — K? discussed above Lemma 3.2.1 yields a
generator of Hom(KM, KS) = Z. Indeed, by the conclusion of Step 3, the class of w3 corresponds
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to a class in EO(Q6). By [Asok et al. 2017a, Theorem 4.3.4], a generator of EO(Q6) is provided by
applying the clutching construction to an explicit morphism Qs — SL3 defined using Suslin matrices. By
Proposition 3.2.3 such a morphism yields a homomorphism K} — nZN (SL3) — K3Q. By Step 3 again,
this morphism factors through a morphism K%VI — Kg. That this morphism coincides (up to a sign) with
w3 then follows by appeal to [Asok and Fasel 2014a, Lemma 3.8].

Step 5. By Lemma 3.2.1, the cokernel of w3 is K;“d. Therefore, to conclude the proof it remains to
observe that the SL4-bundle over Qg corresponding to Spin; — Spin; / Sping yields a generator of Ko (Qg¢);

this follows immediately from Lemma 3.3.7. (Il

Corollary 3.4.3. Assume k is a field having characteristic unequal to 2. For any integer n > 7, there are
canonical isomorphisms
KM = 72 By, Spin,).

Proof. For n > 3, under the hypotheses on the characteristic, by Proposition 3.1.3 there are A!-fiber
sequences of the form Q,, — Bnjs Spin,, — Bnjs Spin,, . For n > 8, Q,, is at least A'-3-connected, so
the maps

5 (Bnis Spin,,) — 75" (Bis Spin, ;)

are isomorphisms for n > 8. It remains to treat the case n = 7. In that case, we have the exact sequence
Al Al . Al .
m; (Q7) — w5y (Bnis Spiny) — w3 (Bnis Sping) — 0.

Since n?l Q) = Ki\/lw and since n?l (Bnis Spiny) = Ké“d by Proposition 3.4.2, the left hand arrow is a
map K;‘/IW — K;“d. Howeyver, Hom(K}Lv'W, Ké“d) = (K;“d)_4 = 0. Thus, every such homomorphism is
trivial, and we conclude that n_;)&] (Bnis Sping) = Ké“d as well. O

The composite map
BNis Spinn —> BNis On — Bét On = Bgm On
is compatible with stabilization and yields a map
Bnis Spin — Bg O.
In [Asok and Fasel 2017, Corollary 3], we showed that 72 (Bgn O) = K. Thus, by appeal to
Corollary 3.4.3, the map on ]té&l (—) induced by the above map is an endomorphism of K;“d.
Corollary 3.4.4. The map
KM = 7} (Byjs Spin) — 7" (Bgm O) = K1
is the identity.

Proof. We unwind the definitions. Indeed, [Asok and Fasel 2017, Corollary 3] identifies Jté&l (Bgm O) using
the hyperbolic map H : Bnijs SL — Bgpy O; this map evidently factors through Byjs O. Now it suffices
to observe that in Proposition 3.4.2 we identified n?l (Bnis Spin;) as a quotient of n?l (Bnis SLy) =
25" (Byis SL). O
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Remark 3.4.5. For an arbitrary algebraic group G, there is always the pointed map Bnis G — B¢ G (so the
base-point in the latter corresponds to the trivial torsor). This morphism is the inclusion of the connected
component of the base-point in the Nisnevich local homotopy category by [Morel and Voevodsky 1999, §4
Corollary 1.16]. The results of this section suggest that in low degrees the induced maps on A'!-homotopy
sheaves are isomorphisms for the orthogonal groups. However, we do not know what the induced maps
on A!-homotopy sheaves look like in general.

The third A -homotopy sheaf of Bnis G;. In order to describe thl (Bnis G2), we will need to recall a bit
the computation of n?l (Bnis SL3) from [Asok and Fasel 2014a, Theorem 1.1]. There, it was observed
that there is an exact sequence of the form

0— S4 — n?l (Bnis SL3) — K? — 0,
where the sheaf S, is described in Lemma 3.2.2.

Theorem 3.4.6. If k is a field having characteristic unequal to 2, then there is an exact sequence of the
form:

0— S4/3 — ' Bnis Go) — KM - 0;
furthermore, there is an epimorphism K}’I /3 — 84/3 that becomes an isomorphism after 2-fold contraction.

Proof. The homotopy Cartesian square of Proposition 3.1.4 yields a commutative diagram of exact
sequences of the form

MwW MW
K 3 K3

| |

KMV —— a2 (BuisSLz) —— 2" (Bnis Sping) —— 0

H ! |

KMV —— 72l BrnisGy) —— w2 (Bnis Sping) —— 0

| |

0 0
We now analyze this diagram more carefully.

Step 1. The Al-fiber sequence Q; — Bnis G2 — Bnis Spin, in conjunction with the computation of
Corollary 3.4.3 yields an exact sequence of the form

K}‘VIW — Jté&1 (Byis G2) — Kénd — 0.

Step 2. By appeal to Proposition 2.3.4, under the exceptional isomorphism Bnis SL4 = Bnis Sping the map
Jt3Al (Bnis SL3) — Jt3Al (Bnis Sping) coincides with the map Byis SL3 — Bnis SL4 induced by stabilization.
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As a consequence, the row
1 1 .
K}/IW — n? (Bnis SL3) — n? (Bnis Sping) — 0

coincides with the exact sequence used to compute nﬁl (Bnis SL3) in [Asok and Fasel 2014a, §3]. In
particular, we conclude that the map nﬁl (Bnis SL3) — 7t3A1 (Bnis Sping) = K? is surjective with kernel
isomorphic to S4 and that the image of Ki\/lw in Jt3Al (Bnis SL3) is precisely S4. By a diagram chase, we
conclude that n?l (Bnis G») is an extension of the sheaf K;“d by a quotient of Sj.

Step 3. To determine the precise quotient of S4 that appears, we analyze the first column of the diagram.
The discussion of the two previous steps shows that the image of S4 in Jté&l (Bnis G2) coincides with the
image of K iVIW in the bottom row. By appeal to Proposition 3.2.3, Hom(K jVIW, —) can be described by
studying maps from Q- into the target. Thus, we apply nﬁ(—) to the first column of the diagram to
obtain an exact sequence of the form

1
w4y (Qg) —— iy (BrisSLs) —— w5, (BnisGo) —— 0

w 767

where we have identified né“f; (Bnis SL3) = (84)_4 =2Z/6Z.

By precomposition with endomorphisms of S* AG)?, this exact sequence is an exact sequence of
K)-modules. The homomorphism K} — 7t3Al (Bnis SL3) defining Sy is a generator of the latter as a
K(I)Vlw—module. On the other hand, ng‘i (Qg) = Q5 is generated as a Ké\dw—module by a class n. Thus, it
suffices to understand the image of n in Z/6Z. Over a field having characteristic unequal to 2, by appeal
to Lemma 3.3.8, the image is precisely the 2-torsion element [3] of Z/6Z. Therefore, the image of S4 in
n?l (Bnis G7) coincides with S4/3, which is what we wanted to show. O

Remark 3.4.7. One consequence of the above result is that the extension describing 7t3Al (Bnis SL3) must
be nonsplit.

Homotopy theory of low rank Lie groups. Suppose k is a field admitting an embedding ¢ in either the
real or complex numbers. If G is a smooth k-group scheme, then we may consider the Lie groups G(R)
or G(C) using the embedding. The groups G(R) or G(C) have maximal compact subgroups, and it is
well-known that the inclusion of a maximal compact subgroup is a homotopy equivalence. The low-degree
homotopy groups of compact Lie groups have been studied by many authors, but we will be particularly
interested in the cases where G = G, Spin,, SL3 and SL4 = Sping; the complex Lie groups G(C) are
homotopy equivalent to, respectively, the compact Lie groups G,, Spin(7), SU(3) and SU(4) = Spin(6).
The following result summarizes the known low-degree homotopy groups of each of these compact Lie
groups; in very low degrees, the results are due to many authors, though we summarize the results from
[Mimura and Toda 1964; Mimura 1967].
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Theorem 3.4.8. The homotopy groups of SU(3), Spin(6) = SU(4), Spin(7), and G, in degrees < 10 are
summarized in the following table:

G\ |3 4 5 6 1 8 9 10
SU@3 |z 0 7z z7/67 O 7/127 7/37 7/307
su4 |z o z 0 Z 7247 727 Z/120Z $ Z/2Z
Spin(l) |2z 0 O 0 Z Z/22&Z)27 Z/27&7/2Z 7/87

G |z 0 0 z7/37 0 727 7/67 0

These results are established using a number of techniques, but among others, the careful analysis of
fiber sequences involving the stated compact Lie groups.

Realizations of Bnis Ga.
Theorem 3.4.9. If k is a separably closed field contained in C (resp. having characteristic unequal to 2),
then complex (resp. étale) realization induces isomorphisms of the form

73 Bris G2 (k) => Z  and w5, (Bnis Go) (k) => Z/3Z.

Proof. For the first statement, observe that by appeal to Proposition 3.4.1, we conclude that Jr?flz (Bnis Go) =
7 = Kﬁ (Bnis SL3). The result then follows by appeal to Bott periodicity; see the proof of [Asok and
Fasel 2014a, Theorem 5.5] (we leave the details to the reader). The second statement follows immediately
from Lemma 3.3.8 and functoriality of complex or étale realization. U

Remark 3.4.10. Note that our computations also see the trivial homotopy groups of BG; and B Spin, up to
degree 7. Indeed, thf; (Bnis G) = (K év[),3 =0. Likewise, one can show as above that Jt?i; (Bnis G2) (k) =0.
Similarly, Jt?f; (Bnis Spin,) = (K;“d)_4 =0.

4. Classifying octonion algebras

With the description of the first few A!-homotopy groups of Byis G in hand, we now turn to the question
of classifying generically split octonion algebras over low-dimensional smooth affine varieties. We begin
by recalling a classification result for octonion algebras.

4.1. Classifying generically split octonion algebras. In this section, we give the general set-up for
classifying octonion algebras: obstruction theory. We begin by placing the problem in the context of
Al-homotopy theory by means of an affine representability theorem for octonion bundles. Then, we
explain how to describe A!-homotopy classes of maps using the Postnikov tower.

Affine representability for octonion algebras. The following result turns the problem of describing
octonion algebras over smooth affine k-schemes over a field into a problem of A'-homotopy theory.

Theorem 4.1.1. Assume k is a field. If R is any smooth affine k-algebra, then there is a bijection
[Spec R, Bnis Gala1 = {generically split octonion algebras over R};

this bijection is functorial in R.



Generically split octonion algebras and A'-homotopy theory 729

Proof. This result follows immediately by combining Theorem 2.2.2 with [Asok et al. 2018b, Theorem 2].
]

We may also slightly improve [Asok et al. 2018a, Theorem 4.2.2].

Theorem 4.1.2. If k is a field, then the simplicial presheaf Rz, SingNQ(, is Nisnevich local and A'-
invariant. If R is any smooth k-algebra, then there is a functorial bijection

70(Sing™ Qg) (R) <> [Spec R, Qglar.

Proof. Combine point (2) of Theorem 2.3.5 with [Asok et al. 2018a, Theorems 2.3.2 and 3.3.6] if k is
infinite and [Asok et al. 2018b, Theorem 4] if k is finite. O

Remark 4.1.3 (Free vs. pointed). If 2" is a k-space, then we seek to describe [ 2", Bnis G] where G is a
smooth k-group scheme which is A!-connected. The usual techniques one uses in this situation naturally
describe pointed A'-homotopy classes and thus we quickly detour to describe the link between free and
pointed homotopy classes. We write .27, for 2" with a disjoint k-point attached. Adjoining a disjoint
base-point is left adjoint to the functor from pointed spaces to spaces given by forgetting the base-point.
This adjunction induces a bijection

[Z5, Bnis Glat = [27, Bnis Glat-

We will use this identification routinely below to phrase our classification results in terms of free homotopy
classes.

The A'-Postnikov tower of Byis Go. By analogy with the situation in classical topology, we will use
obstruction theory via the A'-Postnikov tower to study classification problems. The general theory of
Postnikov towers in A!-homotopy theory has been summarized in [Asok and Fasel 2014b, Theorem 6.1];
we specialize this discussion to the case of Byis Gp. The A'-Postnikov tower of Byjs G builds this space
as a sequence of iterated principal fibrations, with fibers that are Eilenberg—Mac Lane spaces based
on strictly Al-invariant sheaves. Briefly, there are spaces 7<;(Bnis G2) having Al—homotopy sheaves
concentrated in degrees < i, maps Bnjs G2 — 7<; (Bnis G2) inducing isomorphisms on Al—homotopy
sheaves in degree <i and maps 7<; (Bnis G2) = 7<;—1(Bnis G2) inducing isomorphisms on Al-homotopy
sheaves in degrees < i — 1 that fit into a tower of the form

Bnis G2

— L

co s — T<ir1(Bnis G2) —— 7<; Bnis G2) —— 1<i—1(BNis G2) —— -+ - .

The following result, which is simply a reformulation of Proposition 3.4.1, refines the observation that
Bnis Go is A'-1-connected.
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Proposition 4.1.4. Ifk is a field, then there is an equivalence T<;(Bnis G2) = K(K M 2). The composite
map
Bis G2 = 7<2(Bwis G2) => K(K}', 2)

is called the universal second Chern class.

Remark 4.1.5. Suppose X is a smooth affine k-scheme of dimension 2 and O is any generically split
octonion algebra on X. The underlying rank 8 vector bundle has a second Chern class which is, in general,
unequal to the second Chern class described above. Indeed, suppose & is an oriented rank 3 vector bundle
on X and let Zorn(&’) be the associated Zorn algebra. The second Chern class of the underlying vector
bundle is the second Chern class of O;‘?z D EDEY; since (&) = (&), the second Chern class of
this rank 8 module is 2¢;(&£). On the other hand, the map Byis SL3 — Bnis Gz is a 2-equivalence and
therefore the universal second Chern class of Zorn(&’) coincides with the second Chern class of & itself.

In general, the second Chern class of any associated vector bundle to a G,-torsor is proportional to
the second Chern class of the G;-torsor, and the constant of proportionality may be described in entirely
root-theoretic terms. Note also that the universal second Chern class in H> (Bnis Ga, K%’I) corresponds to a
central extension of the Nisnevich sheaf G, by K%VI by the general theory of [Giraud 1971]. As mentioned
in [Morel 2011, Remark A.8], this central extension coincides with that constructed in [Brylinski and

Deligne 2001, §4], at least under the assumption k is infinite.

The next stage of the A!-Postnikov tower yields an A!-fiber sequence of the form
k 1
7<3(Bnis G2) = 1<2(Bnis G2) = K(m3" (Bnis G2), 4),
where the map k3 is a so-called k-invariant. Using this A'-fiber sequence, we obtain the following result.
Theorem 4.1.6. Assume k is a field and X is a smooth affine k-scheme.

(1) If X has dimension < 2, then the map c; : [ X, Bnis G2] — CHZ(X) is bijective.

(2) If X has dimension < 3 and, furthermore, k has characteristic unequal to 2, then there is an exact

sequence of the form

H (X, kM) 25 13 (X, KM/3) — [X, Bnis Ga] > CH2(X) — 0.

In particular, if for every closed point x € X, the residue field k, is 3-divisible (e.g., if k is algebraically
closed), then c; is bijective.

Proof. Mapping a smooth affine scheme X := Spec R into the fiber sequence from the A'!-Postnikov

tower yields an exact sequence of the form
1
- [X, QT<2(Bnis G2)lat — [X, QK" Bnis Ga2), 4)ar — [X, 7<3(Bnis G)]

— [X, T<2(Bnis G2) a1 = [X, K(5" (Bnis G2), 4)]an.
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This description may be simplified by appeal to Proposition 4.1.4 and using the fact that Q K(A, n) =
K(A, n —1). In that case, we obtain an exact sequence of the form

~— HU(X, KM) — B3(X, 75" (Bris G2)) — [X, 7<3(Bnis G2)]

— CH2(X) — [X, K(}" (Bnis Ga). )]s
Since X has dimension < 3, it follows that [X, K(5 (Byis G2), 4)]a1 = H*(X, 75" (Bnis G2)) = 0. On
the other hand, by [Asok and Fasel 2014b, Proposition 6.2], the map

[X, Bnis G2] = [X, T<3(Bnis G2)]
is a bijection.
It remains to describe H3(X , nﬁl (Bnis G2)). By Theorem 3.4.6, there is an exact sequence of the form

0— 84/3 > n¥ Bnis G2) > KM - 0.

Since K;“d is killed by a single contraction, it follows from the Gersten resolution that for any smooth
k-scheme, the groups H' (X, K ;“d) vanish for i > 1. Thus, the long exact sequence in cohomology attached
to the above short exact sequence yields an isomorphism

H3 (X, 7 (Bnis G2)) <> H3 (X, S4/3).

Moreover, it follows from Theorem 3.4.6 that the map K }‘\4 /3 — 84/3 induces an isomorphism after two
contractions, and therefore from the Gersten resolution, we conclude that

H3 (X, KM/3) = H(X, 84/3).
The group H3(X, K}’I/S) is trivial if
e X has dimension < 2,

» X has dimension 3 and the residue field «, of any closed point x € X is 3-divisible (e.g., if k is
algebraically closed).

The former statement is immediate, and the latter statement follows from [Asok and Fasel 2014b,
Proposition 5.4]. U

Remark 4.1.7. The group H?(X, K}‘V[ /3) is isomorphic to the motivic cohomology group H*(X, Z/37).
The operation Qk3 even factors through a natural transformation of motivic cohomology groups. However,
we do not know if the map k3 is a priori given by a stable motivic cohomology operation.

Combining Theorem 4.1.6 with Lemma 2.2.4 one immediately deduces the following result.
Corollary 4.1.8. Let X be a smooth affine variety of dimension <2 over a field k.
(1) If k(X) has 2-cohomological dimension < 2, then an octonion algebra is uniquely determined by c;.

(2) If X has the A'-homotopy type of a smooth scheme of dimension 1 and k(X) has 2-cohomological

dimension < 2, then any octonion algebra over X is split.
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Examples.

Example 4.1.9. Assume k = C. In that case, for any smooth affine k-surface X, one knows that CH?(X)
is a uniquely divisible group by Roitman’s theorem. In particular, if X admits a nonzero 2-form (e.g.,
X is an open subscheme of an abelian surface or a K3 surface), then CH?(X) is a nontrivial uniquely
divisible group. The manifold X (C) has the homotopy type of a CW-complex of dimension < 2 and
thus H*(X, Z) = 0. Therefore, the cycle class map CHZ(X ) = H*(X, Z) is the trivial map. One may
give a topological classification of G;(C)-torsors over X (C) using obstruction-theoretic techniques. In
particular, since the map BSU(3) — BGy is a 5-equivalence, it follows that all G, (C)-torsors over X (C)
are trivial. By appeal to Grauert’s Oka-principle, one concludes that there exist smooth complex affine
surfaces with infinitely many pairwise nonisomorphic algebraic octonion algebras that become isomorphic
upon passing to the holomorphic category (as in Example 2.1.6).

Example 4.1.10. Assume we work over a field having characteristic unequal to 2. It is easy to classify
octonion algebras on Qs. We may always fix a base-point * in Qq. Because By Go is Al-simply
connected by Proposition 3.4.1, it follows, e.g., from [Asok and Fasel 2014a, Lemma 2.1] that the map
from pointed to free homotopy classes

[(Qg *), Bnis G2lat — [Qg, Bnis G2]at
is a bijection. The left-hand side can be identified with the group of sections
Al Al
75 3(Bnis G2) (k) = 5" (Bnis G2) —3(k).

Using Theorem 3.4.6 it remains to compute the 3-fold contractions of Ké“d and S4/3. By Lemma 3.2.1,
we conclude that (K;“d)_i =0 for i > 1. On the other hand, there is a map K i\d /3 — 84/3 that becomes
an isomorphism after 2-fold contraction. Therefore, (S4/3)_3 = K %VI /3 (see, e.g., [Asok and Fasel 2014a,
Lemma 2.7]) and we conclude that there is a bijection

k* /K3 = [Qg, Bnis Galat-

Example 4.1.11. Assume we work over a field having characteristic unequal to 2. It is easy to classify
octonion algebras on Q5. As in Example 4.1.10 there are bijections né‘f; (Bnis G2) (k) = [Q7, Bnis Go2]a1-
Appealing again to Theorem 3.4.6 and the contraction computations in the preceding example, we
conclude that there are bijections

Z2/3Z = [Q7, Bnis G2]at

We may augment this example by observing that the “lifting” coset in Theorem 4.1.6 is actually
nontrivial. Indeed, by [Asok and Fasel 2014b, Lemma 4.5], we see that Hl(Q7, Ké\’l) = 0, while
H?(Q,, K}l‘/[ /3) = Z/3Z. Thus, Qk3 is necessarily the zero map and each lifting class determines
an isomorphism class of octonion algebras over Q. For example, the “universal” octonion algebra
Spin; — Spin, / G, is a nontrivial torsor and therefore corresponds to a nontrivial lifting class (see
Proposition 4.3.2 for a detailed proof of this last fast).
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4.2. When are octonion algebras isomorphic to Zorn algebras? We now analyze the question of when
a generically split octonion algebra over a smooth affine scheme lies in the image of Zorn(—). By appeal
to the affine representability results discussed at the beginning of Section 4.1, and the analysis of the
morphism Zorn(—) in Section 3.1, the question: “when is a generically split octonion R-algebra a Zorn
algebra” is equivalent to the question: “when does a class in [Spec R, Bnis G2]a1 lift along the map
Zorn : Bnis SL3 — Bnis G277

This lifting question is typically analyzed by appeal to the Moore—Postnikov factorization of the map
Zorn. In our setting, this can be viewed as an analysis of the A!-Postnikov tower of the homotopy fiber
of Zorn, which we know by Proposition 2.3.1. The theory of Moore—Postnikov factorizations of a map in
Al-homotopy theory in general is summarized in [Asok and Fasel 2015, Theorem 6.1.1], we specialize this
discussion to the case of interest, which simplifies because all spaces under consideration are A!-simply
connected.

The primary obstruction. Fix a field k and a smooth affine k-scheme X. Consider the lifting problem:
Bnis SL3
9 s 7
Ei'/ IZOrn
P Ve
X —— Bnis Go
Since Proposition 3.1.1 identifies the A'-homotopy fiber of Zorn with Qg, by [Asok and Fasel 2015,
Theorem 6.1.1], there is a well-defined primary obstruction to the existence of a lift.

Theorem 4.2.1. Assume k is a field and X is a smooth affine k-scheme.

(1) If X has the A'-homotopy type of a smooth scheme of dimension < 3, then the map [X, Bis SL3] —
[X, Bnis G2] is a surjection. It is a bijection if dim X < 2.

(2) If X has the A'-homotopy type of a smooth scheme of dimension < 4, then there is well-defined
primary obstruction to lifting a generically split octonion algebra classified by a map X — Bnis G2
to a map X — Bnis SL3. The primary obstruction takes values in

coker(CH*(X) — H*(X, I'")).
In particular, if k is algebraically closed, then the primary obstruction always vanishes.

Proof. The primary obstruction lives in H*(X, n?l (Qg)) = H*(X, KéVIW). This group always vanishes if
X has Nisnevich cohomological dimension < 3. Now, appeal to the exact sequence

O—>I4—>K§VIW—>K§VI—>O.

Note that H*(X, Ké\’[) = 0 by appeal to the Gersten resolution for Kévl . Then, it follows that there is an
exact sequence

H (X, K =CH (X)) — H*'(X, I*) — H*'(X, K;™) — 0.
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If k is algebraically closed, the relevant vanishing follows immediately from [Asok and Fasel 2014b,
Proposition 5.2]. (Il

Example 4.2.2. Using the techniques above, we may characterize those oriented rank 3 projective modules
over a commutative unital ring R such that the octonion algebra by applying the Zorn construction is split.
Indeed, suppose X = Spec R and P is an oriented rank 3 projective R-module classified by an element
[P] of [ X, Bnis SL3]41. There is an exact sequence of the form

[X, Q¢lat = [X, Bnis SL3]a1t — [X, Bnis G2l

To say that Zorn(P) is split is to say that the class in [X, Bnis G2] is the base-point. In that case, there
exists a class in [X, Qgla: lifting [P]. In other words, the oriented rank 3 projective modules P over
R such that Zorn(P) is trivial are precisely those rank 3 vector bundles that arise by pullback of the
universal example along X — Qg.

Example 4.2.3. Let X be a smooth projective variety of dimension 3 over C such that H*(X, ) #0,
i.e., there is a global nontrivial holomorphic 3-form. Let X be the complement of a divisor in X. By
[Murthy and Swan 1976, Theorem 2; Bloch et al. 1989, Proposition 2.1 and Corollary 5.3], the Chow
group CH*(X) is a divisible torsion-free group of uncountable rank. In particular, there are uncountably
many isomorphism classes of rank 3 vector bundles over X with ¢; = ¢, = 0. These will all have trivial
Zorn algebra by Theorem 1.

Nontriviality of the primary obstruction. We now show that the obstruction to lifting can be realized at
least on smooth affine schemes of “homotopical dimension 4”, coming from quadratic forms. Indeed, one
knows that H*(Qg, K}™W) = (KMWV)_, = W (k). The next result identifies precisely which elements of
W (k) may be realized as the primary obstruction to lifting.

Proposition 4.2.4. If k is a field having characteristic unequal to 2, then there is an exact sequence of the

form
[Qs, BSL3]a1 — [Qg, Bnis G2lat — (k) — 0.

Proof. Mapping Q; into the loops on the A!-fiber sequence
Q¢ — Bnis SL3 = Bnis G2
yields an exact sequence of the form
[Q7, £ Qglar = [Q7, £ Bnis SL3]ar = [Q7, 2Bnis G2la1 — [Q7, Qglat = [Q7, Bnis SL]ar.

By adjunction, [Q7, £ Qgla1 =[Qs, Qslat, [Q7, €2 Bnis SL3]a1 =[Qg, Bnis SL3], and [Q7, 2Bnis G2]a1 =
[Qs, Bnis G2]a1-

Now, [Q7, Qglat = m54(Qe) (k) = W (k). and [Q7, Byis SLs a1 = w4’y (Bnis SL3) = Z/6Z by appeal to
[Asok and Fasel 2014a, Theorem 4.8]. We claim the map W (k) — Z /67 is nontrivial and therefore factors
Wk) > Z/2Z — Z/6Z. Indeed, this follows from the Proof of Theorem 3.4.6. Since the kernel of the
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map W (k) — Z/2Z is precisely the fundamental ideal I (k), we conclude by using the loop-suspension
adjunction. (Il

Remark 4.2.5. To “explain” the result above, we may appeal to real realization. Indeed, SL3(R) is
homotopy equivalent to SO(3) and G,(R) is homotopy equivalent to SU(2) x SO(3). The inclusion
SL3(R) — G2(R) then corresponds to the inclusion of the second factor and up to homotopy a fiber
sequence of the form

SO(3) — SU(2) x SO(3) — §°

Then, there is an exact sequence
714(S?) = 14(BSO3)) — 14(BSU(2) x BSO3)) — 713(S%) — 0.

The left-hand map is necessarily trivial since 7r4(S3 )=2/27 and m4(BSO(3)) = Z, and the exact sequence
in the middle becomes 0 — Z — Z & Z — Z — 0. The real realization then induces a map from the exact
sequence of the proposition to the above exact sequence. In particular, I (R) = Z.

Example 4.2.6. Proposition 4.2.4 provides a complete description of the set of octonion algebras over Qg
which do not arise from the Zorn construction. In the case of number fields with several real embeddings,
we actually see that different real embeddings give rise to algebraically nonisomorphic octonion algebras,
evidenced by the signature morphisms from the Witt ring. The computation also implies that the abelian
group of octonion algebras over Qg over a number field is not finitely generated. This demonstrates that in
general the question of reducing an octonion algebra to a rank 3 projective module is strongly related to the
arithmetic of the base field. Note that Proposition 4.2.4 also implies that the nonreducible octonion algebras
over Qg over a number field all become trivial upon base change to the algebraic (or quadratic) closure.

The secondary obstruction. Assuming the primary obstruction vanishes, we may continue our analysis of
the lifting problem. Indeed, return to the A'-fiber sequence

Qg — Bnis SL3 — Bnis G2 .

We know that ztﬁl (Qg) = K%vlw and nﬁl (Qg) has been determined under suitable additional hypotheses
on the base field in [Asok et al. 2017c, Theorem 5.2.5]. The primary obstruction is determined by a
k-invariant

ks : 7<3(Bnis SL3) — K(5" (Qg), 4),

while the secondary obstruction to lifting is determined by a k-invariant
1
ks : T<a(Bnis SL3) — K(}' (Qp), 5).

Thus, we would like to analyze the groups H*(X, n?l (Qg)) and H>(X, n‘/\[\l (Qg)) for X a smooth affine
scheme.

Proposition 4.2.7. Assume k is an algebraically closed field having characteristic 0. If X is a smooth
affine k-scheme of dimension <5, then H (X, Jr4Al (Qp)) =0.



736 Aravind Asok, Marc Hoyois and Matthias Wendt

Proof. By [Asok et al. 2017c, Theorem 5.2.5] under the assumptions on k we know there is an exact
sequence of the form
0— F;— nﬁl (Qg) — GW?1 — 0,

where GW?L is a Grothendieck—Witt sheaf and FZ admits an epimorphism from Ké\’l /24 that becomes an
isomorphism after 4-fold contraction. Therefore, by appeal to the long exact sequence in cohomology, it
suffices to show that H>(X, GWZ) =0and H>(X, K é\/l /24) = 0 under the stated hypotheses. By [Asok
and Fasel 2015, Proposition 3.4.3], we know that GW?1 is killed by 5-fold contraction and thus the relevant
vanishing follows immediately from the Gersten resolution for GWZ. On the other hand, H>(X, K ;‘/I /24)
vanishes by appeal to [Asok and Fasel 2014b, Proposition 5.4]. O

In contrast, on a smooth affine 5-fold over an algebraically closed field, it is no longer necessarily the
case that the primary obstruction always vanishes. Indeed, we observed that there is an exact sequence

CH?(X) — H*(X, I'*) — H*(X, K;™) — 0.

On the other hand, we know that H' (X, I°) =0 fori > 4 by [Asok and Fasel 2014b, Proposition 5.2],
and therefore, we conclude that the map

H*(X, I*) - H*(X, K)'/2)

induced by the quotient map I* — K} /2 is an isomorphism. Since H*(X, K}/2) = CH*(X)/2, one
way to guarantee vanishing of the primary obstruction is to guarantee that Sq> : CH?(X) — CH*(X)/2 is
surjective.

Corollary 4.2.8. Let k be an algebraically closed field having characteristic 0. If X is a smooth affine
k-scheme of dimension 5 for which CH*(X) /2 is trivial, then any generically split octonion algebra over

X is isomorphic to the Zorn algebra of an oriented rank 3 vector bundle on X.

Remark 4.2.9. Note that HY; (Qq, K}™W) = W (k) is nontrivial, but this is not realizable as an obstruction
because [Qg, Bnis G2]41 = 0. In particular, nontrivial obstruction groups don’t necessarily mean that
lifting is impossible. Topologically, the first obvious example of a torsor which is nonliftable is the
2-torsion element in 7719(BG») and then of course the nontorsion elements in 71, (BGjy). At the moment,
it is not clear what the expected range for the vanishing of obstructions should be over an algebraically
closed field.

4.3. Octonion algebras with trivial spinor bundle. In this section, we discuss the relationship between
generically split octonion algebras and their associated spinor bundles and norm forms. As mentioned
earlier, over a field, octonion algebras are determined up to isomorphism by their norm forms [Knus
et al. 1998, Theorem 33.19]. Moreover, Bix [1981, Lemma 1.1] showed that if R is a local ring in which
2 is invertible, then octonion algebras are determined up to isomorphism by their norm forms. The
question of whether the same result holds over more general base rings was posed by Petersson in a
lecture in Lens in 2012. Gille answered Petersson’s question negatively in [Gille 2014], but his example
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is rather high-dimensional. Here, we make a systematic analyis of Petersson’s problem using our affine
representability results.

First, the homomorphism G, — Og discussed at the beginning of Section 2.3 yields a map Bnis Go —
Bnis Os. If X = Spec R, then the induced map

[Spec R, Bnis G2]a1 — [Spec R, Bnis Oglat

is precisely the map sending a generically split octonion algebra to its associated norm form.

Because the morphism Byjis Go — Bnis Og factors through Bnis Spin,, the question “when is a gener-
ically split octonion algebra determined by its norm form?” is equivalent to the question “when is a
generically split octonion algebra determined by its spinor bundle?”” Moreover, the latter question is
equivalent to: “when is the map [Spec R, Bnis G2]a1 — [Spec R, Bnis Spin]a1 injective?” Using this
translation, we are able to systematically analyze failure of injectivity and also to give a positive answer

to Petersson’s question over schemes of small dimension.

Analyzing the “kernel”. Consider the Al fiber sequence
Q7 — Bnis G2 — Bnis Spiny

of Theorem 2.3.5. Given a smooth affine k-scheme X, mapping X, into this sequence yields an exact

sequence of the form
-+ = [X, Spin;]a1 = [X, Q7]ar = [X, Bnis G2]a1 = [X, Bnis Sping 1.

The kernel of the rightmost map of pointed sets consists (by construction) of generically trivial G,-torsors
whose associated Spin,-torsor is trivial. Moreover, by exactness, this kernel coincides with the quotient
set

[X, Q7]a1/[X, Spin,]a1.

In particular, the kernel is trivial if the group [X, Spin,]a1 acts transitively on [X, Q7]a1.

The set [X, Q;]a1 is Al-weakly equivalent to the set of unimodular rows of length n up to naive
Al-equivalence by [Asok et al. 2018a, Corollary 4.2.6 and Remark 4.2.7]. Moreover, if X = Spec R,
then the set [X, Spin,]41 coincides with the quotient of Spin,(R) by the normal subgroup of matrices
Al-homotopic to the identity by [Asok et al. 2018a, Theorem 4.3.1]. On the other hand, we observed
before that there is an inclusion Sping — Spin,. Therefore, one way to guarantee that [ X, Spiny]a1 acts
transitively on [X, Q7] is to require that the subgroup [X, Sping]a1 = [X, SL4]a1 acts transitively.

Mapping X into the A'-fiber sequence

Q7 — Bnis SL3 — Bnis SL4
yields an exact sequence of the form

[X, SLalar = [X, Q7lat — [X, Buis SLala — [Bnis SLalar.
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Therefore, the quotient set [ X, Q7]a1 /[ X, SL4]a1 coincides precisely with set of rank 3 oriented vector
bundles on X that become trivial after addition of a trivial rank 1 bundle. Alternatively, if X = Spec R,
the set of rank 3 oriented vector bundles that become trivial after addition of a trivial rank 1 bundle
coincides with the set of unimodular rows over R of length 4. The next result uses these observations to
show that under appropriate hypotheses on the base field, generically split octonion algebras over small
dimensional smooth affine varieties with trivial spinor bundles are automatically split; this establishes
Theorem 7 stated in the introduction.

Theorem 4.3.1. Assume k is a field. If X is a smooth affine k-variety, then generically split octonion
algebras with trivial spinor bundle are split if all oriented rank 3 vector bundles which become free after
addition of a free rank 1 summand are already free. In particular, generically split octonion algebras with

trivial spinor bundle are always split if either
(1) X has dimension <2, or

(2) X has dimension 3, (a) k has characteristic unequal to 2 or 3 and has étale 2 and 3-cohomological
dimension <2, (b) k is perfect of characteristic 2 and has étale 3-cohomological dimension <1,

(c) k is perfect of characteristic 3 and has étale 2-cohomological dimension < 1, or

(3) k is algebraically closed, has characteristic unequal to 2 or 3 and X has dimension < 4.

Proof. The first statement is immediate from discussion preceding the statement of the theorem. For the
final statements, we proceed as follows. If X has dimension < 2, then any oriented rank 3 bundle that
becomes free after addition of free rank 1 summand is automatically stably free, and thus free by the
Bass [1964, Theorem 9.3] cancellation theorem. If X has dimension 3, then it follows from Suslin’s
[1982, Theorem 2.4] cancellation theorem that a rank 3 oriented vector bundle that becomes free upon
addition of a free rank 1 summand is free under any of the hypotheses above. Finally, if X = Spec R has
dimension 4 and one works over an algebraically closed field having characteristic unequal to 2 or 3, then
the Fasel-Rao—Swan theorem [Fasel et al. 2012] shows that any oriented rank 3 vector bundle that is
stably free is free. Suppose P is an oriented rank 3 module. By assumption, the rank 4 modules P & R
and R®* are stably isomorphic so by the cancellation theorem for rank 4 modules over algebraically
closed fields [Suslin 1977a], we conclude that P @ R and R®* are isomorphic. Thus, every stably free
oriented rank 3 vector bundle which becomes trivial after addition of a trivial rank 1 bundle is already
free, and the result follows. 0

The results above also yield a universal example of an octonion algebra with trivial spinor bundle that
is itself nontrivial. Indeed, in the A!-fiber sequence

Q7 — Bnis G2 — Bnis Spiny,

the composite map is null A'-homotopic. The map Q; — Byis G, classifies the G,-torsor Spin, —
Spin; / Ga. The octonion algebra associated with this torsor is trivial if and only if the map Q; — Bnis G2
is null-homotopic. The following result shows that this is not the case.
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Proposition 4.3.2. If k is a field having characteristic unequal to 2, then the map Q; — Bnis Gy just
described is not null-homotopic. In particular, there is a nontrivial generically split octonion algebra on
Q- with trivial spinor bundle.

Proof. Consider the long exact sequence
I 1 1 .
3" (Q7) = w5 (Bnis G2) — w5 (Byis Sping) — 0.

If the map in the statement was null A'-homotopic, then the first map would be the zero map, and we
would conclude that n?l (Bnis Go) — nﬁl (Bnis Spins) is an isomorphism. However, this contradicts the
exact sequence in Theorem 3.4.6. (Il

Remark 4.3.3. Following an observation of Brion, Gille [2014, Concluding Remark (1)] exhibited an
example of an octonion algebra with hyperbolic norm form over the quadric Q,, which corresponds
to the Gy-torsor Spin(7) — Spin(7)/ Go = Qy. Our result above shows that this example is, in an
appropriate sense, the universal example of such an octonion algebra. In a different direction, one might
try to characterize those octonion algebras with a given associated spinor bundle. As mentioned in the
Remark 10 Alsaody and Gille have given precisely such a classification [Alsaody and Gille 2019].

Characterizing generically split octonion algebras with trivial associated spinor bundle. One also imme-
diately deduces the following characterization of generically split octonion algebras whose associated
spinor bundles are trivial.

Proposition 4.3.4. Assume k is a field, X = Spec R is a smooth affine k-scheme, and O is a generically
split octonion R-algebra. The algebra O has trivial associated spinor bundle if and only if there
exists a unimodular row of length 4 over R with associated oriented projective R-module P such that
O = Zorn(P).

Proof. Assume we are given an octonion R-algebra O as in the statement. In that case, the classifying
map of O is a class in [Spec R, Bnis G2]a1 whose image in [Spec R, Bnis Spin,]1 is the base-point. As
a consequence, the map lifts to a class in [Spec R, Q;]a1 (possibly nonuniquely). However, elements of
[Spec R, Q]a1 are unimodular rows as in the statement. The result then follows from the existence of
the commutative diagram

[Spec R, Q7141 — [Spec R, Bnis SL3]at

H lZorn

[Spec R, Q7]a1 — [Spec R, Bnis G2 a1
which arises from the A!-homotopy Cartesian square in Proposition 3.1.4. ]

Remark 4.3.5. Gille asked about the existence of a mod 3 invariant detecting octonion algebras with
trivial norm form. Theorem 4.1.6 in conjunction with Theorem 4.3.1 provides one such manifestation of
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the existence of such an invariant. From our point of view, the reason one might expect mod 3 invariants
to appear is a result of [Kumpel 1965, Theorem 3.1] giving a decomposition

;i (Spin(8)) = 7 (G2) @ 7; (Spin(8)/ G2)

after inverting 3. This decomposition arises from the triality automorphism of Spin(8) and, furthermore,
implies that all topological octonion algebras with trivial norm form are related to 3-torsion in the
homotopy of Spin(8)/ G, = §" x §”.

Examples. We discuss some examples of generically split octonion algebras with trivial associated spinor
bundle; by appeal to Proposition 4.3.4 such octonion algebras may be realized as Zorn algebras associated
with oriented rank 3 vector bundles associated with unimodular rows of length 4. It is then easy to show
that the hypotheses in Theorem 4.3.1 are best possible by appeal to classical constructions in the theory
of projective modules; the following example thus provides an answer to the question posed in [Gille
2014, Concluding Remarks (1)] about the minimal dimension of octonion algebras with split norm form.

Theorem 4.3.6. Assume k is a field. There exists a smooth affine k-scheme X carrying a nontrivial

generically split octonion algebra with trivial associated spinor bundle in either of the following situations:

(1) k= F(¢) for F algebraically closed having characteristic unequal to 2 and X has dimension > 4, or

(2) k is algebraically closed having characteristic unequal to 2 or 3 and X has dimension > 5.

Proof. In both cases, we are interested in building unimodular rows of length 4 on smooth affine varieties
whose associated rank 3 vector bundles are nontrivial and for which the Zorn algebras of these rank 3
vector bundles are nonsplit octonion algebras.

Point (1). We begin by discussing a general procedure for building elements of [ X, Q7]a1, i.e., unimodular
rows of length 4 up to elementary equivalence and then we give a procedure to construct such unimodular
rows whose associated rank 3 vector bundles are nontrivial and whose Zorn algebras are nontrivial
octonion algebras.

Step 1. Assume X is a smooth affine 4-fold over a field k£ having 2-cohomological dimension < 1. In
that case, we claim that the composite map

[X, Q7la1 = [X, 7<3 Q;]a1 = H3 (X, KMV) — H (X, K}

is surjective. Indeed, for any smooth affine 4-fold, the first map is surjective by virtue of [Asok and Fasel
2014b, Proposition 6.2]. For the surjectivity of the last map, observe that there is an exact sequence of
the form

o B, K™Y > B (X, K > B X, P) - -

and H*(X, I°) = 0 under the assumption that k has 2-cohomological dimension < 1 by appeal to [Asok
and Fasel 2014b, Proposition 5.2].
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Step 2. We now need a method to guarantee that the associated rank 3 bundles or octonion algebras
are actually nontrivial. Equivalently, we want to know that the image of our class in [X, Q7] remains
nontrivial in [ X, Byis SL3]a1 or [ X, Bnis Gzl

We know that [Q7, Bnis SL3]a1 = Z/6Z and that this group surjects onto [Q7, Bnis Galat = Z/37Z.
Moreover, by Proposition 3.2.4, we know

[Q;. Bnis SLsla1 => H?(Q;, " (Bnis SL3)) and  [Q;, Bnis Galat => H3(Qy, 15" (Bnis G2)).

Given a map ¢ : X — Q, the pullback of a class in H*(Q,, Jr3Al (Bnis G2)) along this map yields a class
in H3 (X, n?l (Bnis G2)) and to establish nontriviality of the associated octonion algebra, it suffices to
establish nontriviality of this pulled back class.

We may use the exact sequence of Theorem 3.4.6 to describe H3 (X, 7r3Al (Bnis G2)) in more detail.
Indeed, the long exact sequence in cohomology associated with the short exact sequence of the statement
takes the form

o HA(X, KM S H (X, 84/3) —> B3(X, 7 Bnis Go)) — H3 (X, KMy — ... .

Lemma 3.2.1 asserts that K;nd is killed by a single contraction. Since the relevant cohomology groups
may be computed by appeal to the Gersten resolution, we see that H>(X, K;“d) = H3(X, Ké“d) =0.
Furthermore, Theorem 3.4.6 also asserts that the canonical epimorphism Kivl /3 — S4/3 becomes an
isomorphism after 2-fold contraction and it follows that the induced map H3(X, K }LV[ /3) — H3(X, S4/3)
is an isomorphism. Putting this all together, we conclude that H(X, KM/3) = H3(X, Jté&l (Bnis G2)).

Combining the observations of the previous two paragraphs, for any ¢ : X — Q-, the lifting coset of
the octonion algebra we are trying to build is determined by the image of

¢*:7/67 — B (X, K)/6) - H (X, KM/3).

(Note that, by construction, the resulting class does not lie in the image of H' (X, K;‘/I) under Qk3).
The map 71.'3Al Q7)) — Jt?l (Bnis SL3) is the surjection onto S4 and the map 71.'3.&1 Q) — 7[3N (Bnis G2)
is the surjection onto S4/3. These quotient maps induce a commutative triangle

(X, KWy —— H (X, K}M/6)

~ |

HY(X, K}/3)

where all the maps are the reduction maps. Therefore, to check that a class in [ X, Q;]41 corresponds to a
nontrivial generically split octonion algebra, it suffices to show that the associated class in H*(X, K i\dw)
is nontrivial upon taking its reduction to H3(X, K }‘V‘ /3). Equivalently, after Step 1, both horizontal maps
factor through the surjection H3 (X, K i\dw) - H (X, Ki\/l). Thus, after the conclusion of Step 1, to build
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our unimodular rows, it suffices to write down classes in H> (X, K}:’I) that remain nontrivial in the quotient
H3(X, KM/6) or H3 (X, K}/3).

Step 3. After the two preceding steps, we want to write down smooth affine varieties of dimension 4 over
a field k of 2-cohomological dimension 1 together with a class in H3 (X, K}tv[) that remains nontrivial in
H3(X, K}:’I /3). To this end, take F to be an algebraically closed field having characteristic unequal to 2,
and let k = F(¢), which is C; and, in particular, has étale 2-cohomological dimension < 1.

To write down a nontrivial class in H (X, K}‘V[) that remains nontrivial after reduction mod 3, let us
suppose there exists a smooth affine k-variety Y of dimension 4 admitting an open cover Y = U UV
together with a nontrivial class ¢ € CH4(Y ) which restricts to zero in CH4(U ) and CH4(V). In that case,
the connecting homomorphism in the Mayer—Vietoris sequence for cohomology with coefficients in K}’I
takes the form

. > HWUNV, KM - CH*(Y) - CH*(U) @ CH*(V) — - -

and exactness shows that ¢ lifts to a nontrivial class ¢ € HH(U NV, K}lv[). If, furthermore, CH*(Y) —
CH*(Y)/3 is an isomorphism, it follows that & has nontrivial reduction mod 3 by functoriality of Mayer—
Vietoris sequences. In that case, we may take X = U NV and ¢ corresponds to a unimodular row of
length 4 with nontrivial associated octonion algebra by the discussion of the two previous steps. The

proof is completed by appeal to Lemma 4.3.7.

Point (2). In the proof of (1), we constructed a unimodular row of length 4 over a smooth affine k-variety
X of dimension 4 with k = F () and F algebraically closed whose associated Zorn algebra is nonsplit. By
“clearing the denominators” this unimodular row of length 4 becomes a unimodular row over a smooth
affine F'-variety of dimension 5. Since the Zorn algebra of this unimodular row is nonsplit upon restriction
to the open affine subscheme X by construction, it must be nonsplit. U

Lemma 4.3.7. There exists a smooth affine variety Y of dimension 4 over a field k and an open cover
Y =UUV withU and V affine such that CH*(Y) = Z/3Z, and CH*(U) = CH*(V) = 0.

Proof. We follow the construction of [Mohan Kumar 1985]. To start, suppose k is an arbitrary field, and
fix a polynomial f of degree 3 such that f(0) € k* and f(x?7) is irreducible. Let t; = (3' —1)/(3 — 1),
and set F'(xg, x1) = xf f(xo/x1). Define polynomials F;,(xp, ..., x,) inductively by the formula

Fi=F, Fii(xo,....xi11) = F(Fi(xo, ..., x),a"x},,).

Let Y be the complement in P* of the variety defined by Fj.

We may cover Y by the following two open sets. Let U be the intersection of ¥ with the complement of
the hypersurface defined F3 =0. Likewise, define G = F3—a"x jl and set V to be the complement of G =0
intersected with X. One checks that this is a Zariski open cover of X (see [Mohan Kumar 1985, p. 1441]).

As an open subscheme of P*, there is a degreewise surjective ring map CH* (P*) — CH*(Y); Mohan
Kumar shows that CH*(Y) = Z/3Z generated by the class of a k-rational point of ¥. He also shows
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that the restriction map CH*(Y) — CH*(U) is zero and repeating this argument one concludes also that
CH*(Y) — CH*(V) is the zero map. O

Remark 4.3.8. The above argument essentially recasts [Mohan Kumar 1985] (in the rank 3 case) in the
context of A!-homotopy theory. When working over C, the rank 3 vector bundles constructed above are
actually holomorphically trivial as remarked in [Mohan Kumar 1985]. As a consequence the octonion
algebras we describe are also holomorphically trivial. In [Wendt 2017], the third author will consider
generalizations of the results above to constructing stably free nonfree vector bundles of higher ranks; the
arguments in these situations resemble the discussion above, but additional complications arise from the fact
that JrnN (Bnis SL,) surjects onto K,? rather than a quotient like K%“d, which is cohomologically simpler.

Example 4.3.9. Any octonion bundle on either Qs, Qg or Q- has trivial associated spinor bundle. Indeed,
the composite map of the classifying map Q; — Bnjis G2 of the octonion algebra with the map Byis G, —
Bnis Spin; yields, by the same argument as in Example 4.1.11, an element of the group Jrff; (Bnis Spins) (k),
74" (Bris Sping) (k) or 74, (Bxis Sping) (k). However, 5 (Bxis Spin;) = (KM)_3 by Proposition 3.4.1
and the latter sheaf is trivial. Similarly, 73 3 (Bnis Spiny) = (Ké“d),3 and Jr?i; (Bnis Spiny) = (Ké“d),4 by
Theorem 3.4.6, and both of these sheaves are trivial by Lemma 3.2.1.

It follows from Theorem 4.3.1 that in each case above, nontrivial octonion algebras are Zorn algebras
associated with oriented rank 3 bundles arising from unimodular rows of length 4. Thus, by [Asok and
Fasel 2014a, Corollary 4.7] since all oriented rank 3 bundles on Q5 are trivial, we conclude that all octonion
algebras are split. Similarly, on Q;, representatives of all oriented rank 3 vector bundles are described in
[Asok and Fasel 2014a, Theorem 4.8]. Indeed, they may be given by the unimodular rows (x7, x2, x3, x4)
for 1 <n < 6. Note, however, that not all of these unimodular rows yield nontrivial octonion algebras:
indeed, the relevant octonion algebra will be nontrivial if and only if # is not divisible by 3.

When are octonion algebras determined by their norm forms? Finally, we may analyze the question:
when are octonion algebras determined by their norm forms. We will show that this holds in sufficiently
small dimensions as follows. First, we show that under suitable dimension hypotheses on X, the sets
[X, Bnis G2]a1 of generically split octonion algebras and [X, Bnis Spin, 41 of spinor bundles of rank 7
are equipped with abelian group structures making the map [X, Bnis G2]a1 — [X, Bnis Spin; ] into a
group homomorphism. This group structure is the “same” group structure one constructs in cohomotopy.
Then, we appeal to our determination of the kernel of this map above.

Proposition 4.3.10. Assume k is a field. If X is a smooth affine k-scheme of dimension d < 2, then
[X, Bnis Gala1 and [ X, Bnis Spin, a1 admit functorial abelian group structures such that the map

[ X, Bnis Gz]Al — [X, Bnis Spin7]A1
is a homomorphism.

Proof. This is an immediate consequence of [Asok and Fasel 2016, Proposition 1.1.4] since both Byjis G2
and By;s Spin, are A!-1-connected by Proposition 3.4.1. Note that the hypotheses on the base field used
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there are irrelevant since Bnjs G2 and Bnjs Spin, are pulled back from spaces defined over the prime
field. O

Theorem 4.3.11. Assume k is a field and X is an irreducible smooth affine k-scheme of dimension d < 2.

(1) Any generically split octonion algebra on X is determined by its norm form.

(2) If, furthermore, k has characteristic unequal to 2 and k(X) has 2-cohomological dimension < 2,

then any octonion algebra on X is determined by its norm form.

Proof. By Proposition 4.3.10 the map
Hyis (X, G2) = [X, Bnis Galat — [X, Bis Spinga;

is a homomorphism of abelian groups. Therefore, this homomorphism is injective if and only if it has
trivial kernel. However, Theorem 4.3.1 guarantees that the kernel is trivial in this situation.
For Point (2), it suffices to observe by appeal to Lemma 2.2.4, that the hypothesis on k(X) ensures
that the map
Hy;s (X, G2) — H (X, Go)

is a bijection. O

Remark 4.3.12. Theorem 4.3.11 gives a positive answer to a question of Petersson and Gille, at least over
schemes of small dimension. In particular, if X is a smooth affine curve over a field of 2-cohomological
dimension 1, then octonion algebras are determined by their norm forms. Similarly, if X is a smooth
affine surface over an algebraically closed field, then octonion algebras are determined by their norm
forms. We leave it to the interested reader to formulate an appropriate variant of Theorem 4.3.11 in case
k has characteristic 2 (see Remark 2.2.5 for a hint).
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