Algebra &
Number
Theory

Volume 13

AONRS

No. 4

"y A finiteness theorem for specializations of

JJ dynatomic polynomials

. David Krumm

d

- J.J J.l | o o J d .J " ; '
JJ JJJJ A JJ i JJ JJ JJJJ JJJ JJJJ JJJj jji% \
) JJJJ } J jJJJ JJ o 1 JJ . JJJ JJ 1 ja\_
Jj - i JJJJ JJ J . . = JJ 4474 Bu N

JJJJ 'k J JJ JJ JJJ ] J ] JJ N

| ] JJJ J | el | J
S JJ -rl'!P:')J 31 JJJ L
THIHE™EH b JJJJ ] I T UL JJ NInT






ALGEBRA AND NUMBER THEORY 13:4 (2019)
dx.doi.org/10.2140/ant.2019.13.963

A finiteness theorem for specializations of
dynatomic polynomials

David Krumm

Let ¢ and x be indeterminates, let ¢ (x) = x2 4+ € Q(#)[x], and for every positive integer n let ®,, (¢, x)
denote the n-th dynatomic polynomial of ¢. Let G, be the Galois group of &, over the function field
Q(#), and for c € Q let G, . be the Galois group of the specialized polynomial ®, (c, x). It follows from
Hilbert’s irreducibility theorem that for fixed n we have G, = G, . for every c outside a thin set E,, C Q.
By earlier work of Morton (for n = 3) and the present author (for n = 4), it is known that E,, is infinite
if n < 4. In contrast, we show here that E,, is finite if n € {5, 6, 7, 9}. As an application of this result
we show that, for these values of n, the following holds with at most finitely many exceptions: for every
¢ € @, more than 81% of prime numbers p have the property that the polynomial x + ¢ does not have a
point of period n in the p-adic field Q,.

1. Introduction

Let ¢ be a rational number and let ¢.(x) = x% + c. Given any algebraic number xy, we may consider the
sequence Xxg, ¢.(x0), Pc(P-(x0)), . . .. If this sequence is periodic with period n, we say that xo has period
n under iteration of ¢.. By allowing ¢ and xq to vary in @, one can find examples where x has period 1,
2, or 3 under ¢.. For instance, the pairs

(c,x0) = (0,0), (—1,0), (7.3)

provide examples of periods 1, 2, and 3, respectively.

Poonen [1998] conjectured that if n > 3, then there does not exist ¢ € @ such that the polynomial ¢, has
a rational point of period »n. This has been proved for periods 4 and 5, and also for period 6 assuming the
Birch—-Swinnerton-Dyer conjecture; see [Morton 1998; Flynn et al. 1997; Stoll 2008]. The present paper is
concerned with a strong form of Poonen’s conjecture which was stated by the author in [Krumm 2016]: if
n > 3, then for every ¢ € Q there exist infinitely many primes p such that ¢ does not have a point of period
n in the p-adic field Q,,. In fact, we will consider here a further strengthening of Poonen’s conjecture.

Conjecture 1.1. Fix n > 3. For every c € Q, let T, . denote the set of primes p such that ¢, does not have
a point of period n in Q,, and let 5(T, ) be the Dirichlet density of T, .. Then §(T, ) > 0 for all c € Q.
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In order to study these conjectures it is useful to consider a family of dynatomic polynomials defined
as follows. For every positive integer n we define a two-variable polynomial ®, € Q[z, x] by the formula

@, (1, x) = [ [ (x) =)/, (1-1)
d\n
where p is the Mobius function, ¢ (x) = x2 41t € Q@r)[x], and ¢d denotes the d-fold composition of ¢
with itself. The key property linking ®,, to the above conjectures is that, for fixed ¢ € Q, every algebraic
number having period n under iteration of ¢, is a root of ®,,(c, x), and conversely, every root of @, (c, x)
has period n under ¢, except in rare cases when the period may be smaller than n; see [Morton and Patel
1994, Theorem 2.4] for further details.

Questions about the points of period n under ¢, can thus be phrased as questions about the roots of
®, (c, x). It is therefore to be expected that a good understanding of the Galois group of ®,(c, x) will
yield substantial information about the dynamical properties of the map ¢.. The results of the article
[Krumm 2018b] provide an example of the type of information that can be obtained in this way. By a
careful analysis of how the Galois group of ®4(c, x) can change as ¢ varies in Q, it is proved there that if
o € @ has period four under a map ¢, then the degree [@(«) : @] can only be 2, 4, 8, or 12; in particular
the degree cannot be 1, which implies that ¢. does not have a rational point of period 4. Furthermore, the
Galois group data is used to show that (74 ) > 0.39 for every ¢ € Q, thus proving Conjecture 1.1 for
n = 4. Motivated by these results, we are led to the following problem.

Problem 1.2. Let G, . denote the Galois group of ®,(c, x) over Q. For fixed n, determine the structure
of all the groups G, . as c varies in (.

Since the polynomials ®,(c, x) for ¢ € Q are specializations of ®,, it follows from Hilbert’s irreducibil-
ity theorem [Serre 2008, Proposition 3.3.5] that for every rational number ¢ outside a thin subset of Q, the
group G, . is isomorphic to the Galois group of @, over the function field Q(¢). Moreover, by work of
Bousch [1992, Chapter 3] it is known that @, is irreducible and that its Galois group, which we denote by
G, is isomorphic to a wreath product of a cyclic group and a symmetric group; indeed, G, = (Z/nZ)S,,
where rn = deg ®,,. Hence, for most ¢ € Q the structure of G, . is known. However, a complete solution
of Problem 1.2 would require understanding precisely for which numbers c the specialization ¢ > c fails
to preserve the Galois group of ®,. This raises a new but closely related problem.

Problem 1.3. For fixed n, determine all ¢ € Q such that G, . Z G,,.

Let E, ={c e Q| G, % G,}. By work of Morton [1992] and the author [Krumm 2018b], the sets E,
are well understood for n < 4; in particular, one notable feature of these sets is that they are infinite. In
contrast, empirical evidence suggests that E,, is finite for every n > 4. The main purpose of this article is
to prove this finiteness statement for several values of .

Theorem 1.4. The set E,, is finite ifn € {5, 6,7, 9}.

Using this theorem we can provide further evidence in support of Conjecture 1.1. It follows from
the theorem that, for the above values of n, we have G, . = (Z/nZ) S, for all but finitely many ¢ € Q.
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Excluding this finite set we therefore know the structure of all the Galois groups G, .. The Chebotarev
density theorem can then be used to determine the value of §(7}, ) by a straightforward calculation within
the group (Z/nZ): S,. In this way we obtain the following result.

Theorem 1.5. There exists a finite set E C Q such that the following lower bounds hold for every
ceQ\E:
6(Ts,.) >0.81, &(Ts.)>0.84, &(T7,.)>0.86, (7o) > 0.89.

The proof of Theorem 1.4 relies on Hilbert’s irreducibility theorem and Faltings’s theorem to reduce
the proof to a problem of showing that certain algebraic curves have genera greater than 1. More precisely,
let S be a splitting field of ®, over Q(¢), so that G,, = Gal(S/Q(t)), and let X be the smooth projective
curve over @ whose function field is S. As explained in Section 2, in order to show that the set E,, is
finite it suffices to show that, for every maximal proper subgroup M < G,, the quotient curve X' /M has
genus greater than 1. Our main objective is therefore to compute the genera of these quotient curves, or
at least to obtain lower bounds for them.

The methods we develop for this purpose allow us to reduce the problem to a series of computations
within the groups G,. For n € {5, 6} we are able to determine the genera exactly, and for n € {7, 9} we
prove lower bounds which suffice for our purposes. Though the methods used here could in principle be
used to extend our results to higher values of n, there are computational limitations which prevent this.
For instance, the group G has order 11'36(186)! and the cost of computing its maximal subgroups is
prohibitively expensive. Other computational issues are discussed in Section 7.

Though it would be desirable to explicitly determine the finite sets E, in Theorem 1.4, our method
of proof does not suggest a feasible way of doing this. Indeed, one would have to determine the sets of
rational points on several curves of very large genera, a problem which seems impossible with current
methods. Nevertheless, in Section 9 we make some elementary observations regarding the sets E,; for
instance, they are always nonempty.

This article is organized as follows. In Section 2 we establish two foundational results for the rest of the
article. In Section 3 we prove a theorem concerning the structure of inertia groups in Galois extensions of
valued fields; this may be of independent interest. In Section 4 we recall various properties of dynatomic
polynomials which were mostly proved by P. Morton. In Section 5 we study the action of G, on the roots
of ®,. In Sections 6 and 7 we apply the results of earlier sections to carry out the genus computations
from which Theorem 1.4 can be deduced. In Section 8 we prove Theorem 1.5. Finally, in Section 9 we
list the known elements of the sets E,.

2. Preliminaries

Let n be a positive integer and let ®, be the polynomial defined in (1-1). Let S be a splitting field of
®,, over Q(¢), and G, = Gal(S/Q(r)). Recall that E, denotes the set of all rational numbers ¢ such that
Gu.c Z Gy, where G, . is the Galois group of &, (c, x) over Q. The following lemma provides sufficient
conditions for E,, to be a finite set.
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Lemma 2.1. Let My, ..., Mg be representatives of all the conjugacy classes of maximal subgroups of
G, and let L; denote the fixed field of M;. Suppose that every function field L; has genus greater than 1.
Then E, is finite.

Proof. Let X be the smooth projective curve with function field S, and for every index i, let A; be the
quotient curve X'/ M;. It follows from the proof of Proposition 3.3.1 in [Serre 2008] (see also [Krumm
and Sutherland 2017, Theorem 1.1]) that there exist a finite set £ C P!(Q) and morphisms 7; : X; — P!
such that ;
E, € €U Jmi(x@).
i=1
Since L; is the function field of &;, the hypotheses imply that the smooth projective model of A; has
genus greater than 1, and hence, by Faltings’s theorem [1983], the set X;(Q) is finite. The result follows
immediately. g

In view of Lemma 2.1, the main objects of interest in this article are the genera of the minimal
intermediate fields in the extension S/C0(¢). Our first step towards understanding these genera will be to
show that in computing them we may replace Q with any subfield of C.

Proposition 2.2. Let F be any field satisfying Q C F C C, and let N be a splitting field of ®,, over F(t).
Then there is an isomorphism

t:Gal(N/F(2)) — Gal(S/Q(2))

with the following property: if A is a subgroup of Gal(N /F(t)) and B = 1(A), then the fixed fields of A

and B have the same genus.

Proof. Let X be a splitting field of ®, over C(¢), and let R C X be the set of roots of ®,. By basic
field theory, we may identify N with the field F(#)(R) and § with the field Q(z)(R). Restriction of
automorphisms then yields injective homomorphisms

Gal(Z/C(1)) < Gal(N/F(t)) — Gal(S/Q(@)). (2-1)

The group Gal(X/C(z)) is naturally isomorphic to a subgroup G¢ of the symmetric group Sym(R).
(Explicitly, the isomorphism is given by restriction to R.) Similarly, we define groups G and Gg. By
(2-1) we have

Ge < Gr < Gg < Sym(R). (2-2)

The polynomial ¢ (x) = x? + ¢ permutes the elements of R (see, for instance, [Krumm 2016, §2.2]); thus
we may regard ¢ as an element of the group Sym(R). Let C denote the centralizer of ¢ in Sym(R). Since
¢ is a polynomial map, it commutes with every element of Gal(S/Q(¢)), and therefore Gg < C. Now, by
Theorem 3 in [Bousch 1992, Chapter 3] we have G¢ = C. Hence, (2-2) implies that G¢ = G = Gg. It
follows that the embeddings (2-1) are in fact isomorphisms; in particular, restriction to S is an isomorphism

L1 Gal(N/F (1)) => Gal(S/Q(1)). (2-3)
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We now digress briefly from the main proof.
Lemma 2.3. The field Q is algebraically closed in S.

Proof. Let k be the algebraic closure of @ in S. By general theory of algebraic function fields, the
extension k/Q is finite; moreover, it can easily be shown to be a Galois extension. To see that k/Q is
normal, let p(x) € @[x] be an irreducible polynomial having a root in k. Then p remains irreducible in
Q(1)[x] (see Lemma 3.1.10 in [Stichtenoth 2009]) and has a root in S; therefore p splits in S. However,
by definition of k, every root of p in S belongs to k. Hence, p splits in k.

Since k(t) is the composite of k and Q(z), the extension k(¢)/Q(¢) is Galois, and restriction to k yields
an isomorphism

Gal(k(r)/Q(r)) = Gal(k/k N Q(t)) = Gal(k/Q).

It follows that there is a surjective homomorphism Gal(S/Q(z)) — Gal(k/Q) with kernel H :=Gal(S/k(¢)).
Now, taking | = k in (2-3), the image of ¢ is clearly contained in H, so that in fact H = Gal(S/Q(t)).
Therefore Gal(k/Q) must be trivial, and k = Q. O

Returning to the proof of the proposition, let A < Gal(N/F(¢)) and set B =((A). Let U and V be the
fixed fields of A and B, respectively. Thus, U and V are intermediate fields in the extensions N /[F(¢)
and S/Q(z). We claim that U is the composite of V and F. The fact that U O V follows immediately
from the definitions, and it is clear that U D [F; hence U 2 V. To prove that U = VF we will show that
[U :F@)]=[VFEF:F(¢)]. Since ¢ is an isomorphism mapping A to B, we have

[U :F(#)] =|Gal(N/F(t)) : Al = |Gal(S/Q()) : B| =[V : Q@)].

Thus, it suffices to show that [V : Q(¢)] = [VF : F(¢)]. Let o be a primitive element for V over (0(¢), and
let p € Q(¢)[x] be the minimal polynomial of «. Clearly VIF = F(¢)(«), so it is enough to show that p
remains irreducible over F(¢). Since p is irreducible over Q(z), the group Gal(S/Q(z)) acts transitively
on the roots of p. This, together with the fact that ¢ is given by restriction to N, imply that Gal(N /F(¢))
also acts transitively on the roots of p, and therefore p is irreducible over [F(z). This completes the proof
that U = V.

It remains only to show that U and V have the same genus. Since F contains the constant field of V
(by Lemma 2.3), U = VT is a constant field extension of V (in the terminology of [Stichtenoth 2009,
§3.6]). Equality between the genera of U and V now follows from Theorem 22 in [Artin 2006, p. 291];
see also Theorem 3.6.3 in [Stichtenoth 2009]. O

From Lemma 2.1 and Proposition 2.2 we deduce the following proposition, which is the key result of
this section.

Proposition 2.4. Let N be a splitting field of ®, over Q(t). Let My, ..., My be representatives of all the
conjugacy classes of maximal subgroups of the group G = Gal(N /Q(t)), and let L; be the fixed field of
M;. Suppose that the genus of L; is greater than 1 for every index i. Then the set E,, is finite.
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3. A result in valuation theory

Let K be a field, and let v : K* — R be a discrete valuation of K with perfect residue field k. Let N be a
finite Galois extension of K with Galois group G = Gal(N/K). For any elements o, T € G we will write

~l10; similarly, for any subgroup A < G we let A =0~ Ao.

77 to denote the conjugate o
If L is an intermediate field in the extension N/K and w is a valuation of N extending a valuation u
of L, we denote by D, and I,,), the decomposition and inertia groups of w over u. If u extends the

valuation v of K, we let e,|, and f,, denote the ramification index and residue degree of u over v.

Lemma 3.1. Let w be a valuation of N extending v, and let D = D, and I = I,,,. Let H be a subgroup
of G with fixed field L, and let Sy, be the set of all valuations of L extending v. Then there is a well-defined
bijection

D\G/H = S|

given by Do H +— (w o o)|r. Furthermore, if u = (woo)|r, then
eup * fup =1D° :D° NH| and ey, =11°:1°NH|. (3-1)

Proof. The first statement is well known; a proof may be found in Lemma 17.1.2 and Corollary 17.1.3 of
[Efrat 2006]. Suppose now that u = (wo )|, and let w = woo. It is then a simple exercise to show that

Dgu,=D°NH and Iy,=I1°NH. (3-2)

Note that D° = Dy, and 17 = I3),. Now, since k is perfect, we have | Dy | = €|y - firjp and [ Ly | = eap
(see [Neukirch 1999, Chapter I, Proposition 9.6]). The relations (3-1) now follow easily from (3-2). U

Proposition 3.2. Suppose that N is the splitting field of an irreducible polynomial P(x) € K[x]. Let F
be a subextension of N /K obtained by adjoining one root of P(x) to K. Let uy, ..., u,, be the distinct
valuations of I extending v, and set e; = ey, |, and f; = fu;1v. Let w be a valuation of N extending v, and
assume that e, is not divisible by the characteristic of k. Then the inertia group I,, is generated by an

element whose disjoint cycle decomposition (as a permutation of the roots of P) has the form

(e1-cycle) - - - (er-cycle) - - - (e -cycle) - - - (ey-cycle) . (3-3)

f1 times fm times

Proof. Set D = D,y and I = I,,,,. The assumption that the characteristic of k does not divide |/| implies
that [ is a cyclic group; see [Stichtenoth 2009, Proposition 3.8.5] or [Efrat 2006, §16.2]. Let R denote
the set of roots of P(x) in N, and consider the natural action of /7 on R. Let O be the set of orbits of this
action. We will show that O can be partitioned into subsets Sy, ..., S, such that every orbit in S; has
cardinality e;, and #S; = f;. Note that this implies that every generator of / has a cycle decomposition of
the form (3-3).

For every x € R let O, and I, respectively, denote the orbit of x (under the action of /) and the
stabilizer of x in /. Let r € R be such that F = K(r), and set H = Gal(N/F). Note that H is the
stabilizer of r in G.
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By Lemma 3.1, there exist distinct double cosets Do H, ..., Do, H such that u; = (w o 0;)|f. For
i=1,...,m we define a map v; as follows:

[°\D% /(D% N H) Y5 O,
I°'t(D° NH) —> Osiz(r)-

A straightforward calculation shows that y; is well defined and injective. Letting S; € O be the image of
¥, we claim that the sets Sy, ..., S, have the properties stated above.

We begin by showing that every orbit in S; has cardinality ¢;. To ease notation, let us fix an index
i and set 0 = o0; and M = D° N H. Letting v € D, we must show that #O,.() = ¢;. Note that
Usr))°F =1°TNH,so that [I-¢)| = [1°F N H|, and therefore

et

#Oar:”:IU r|: = =
oo o) |Iar(r)| |Iat(r)| |I(”-ﬂH|

=|I°T: I°" N H|.

Now, since T € D?, we have 0t € Do H. Lemma 3.1 then implies that (woo7)|p = (woo)|r =u; and
[1°7 : 1°T N H| =¢;. Hence #O0, () = €;.

Next we show that #S; = f;. Note that #S; = #1°\ D° /M since ; is injective. The fact that [ is a
normal subgroup of D implies that

1°\D° /M = D° /(I° M).

Thus, using Lemma 3.1 we obtain

|DC’|-|I‘THH|_|D":D"ﬂH|_e,~fi_f
\DeNH|-|I°|  |[I°:I°NH| ¢ °"

#S; =|D°|/II° M| =

Now we show that the sets Sy, ..., S, are pairwise disjoint. Suppose, by contradiction, that there
exist distinct indices i, j such that §; N'S; # &. Then there exist « € D, B € D°, and y € I such that
oja(r)y=yo;B(r). Writinga = al._léai and S =oj_1dq,- with 8, d € D, this implies that §o; (r) =y do(r);
hence, there exists 4 € H such that 0; = 8 'ydojh. Note that §~!yd € D, so the previous equality
implies that o; € Doj H and therefore Do; H = DojH, a contradiction.

Finally, we show that O = | Ji_, S;. Let Ry, ..., R,, be the subsets of R defined by R; = . s C.
From the results proved above it follows that #R; = ¢; f; and that the sets Ry, ..., R, are pairwise disjoint.
Given that v is a discrete valuation, we have the relation [F : K] = Zi": 1 € fi- Hence

#R =deg(P) =[F : K] :ieiﬁ :i#Ri :#LmJRi.
i=1 i=1 i=1

It follows that R = | J/_, R;, which implies that O = [ JI_, S;. O

Remark 3.3. Proposition 3.2 was inspired by a theorem of Beckmann [1994] concerning inertia groups
in Galois extensions of QQ; indeed, Beckmann’s result is essentially the case K = Q of the proposition.
However, the proof given here has little in common with the proof in [loc. cit.].
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Proposition 3.4. With notation and assumptions as in Proposition 3.2, let y be a generator of I, and
let H be a subgroup of G with fixed field L. Suppose that D, = Iy|y. Then the number of valuations u
of L extending v such that e,, = 1 is given by

|Co(y)|-s(H,y)
|H | ’

(3-4)

where Cg(y) is the centralizer of y in G and s(H, y) is the number of G-conjugates of y that belong
to H.

Proof. Let D = Dy, and define sets A ={0 € G | y° € H} and
A={DoH e D\G/H |o € A}.

It follows from Lemma 3.1 that the cardinality of A is equal to the number of valuations u of L extending
v such that e,, = 1. Thus, in order to prove the proposition it suffices to show that |H| - (#A) =
ICa(W)]-s(H, y).

For every element a € A the right coset C(y)-a is contained in A; hence, the set U ={C¢(y)-a|a € A}
is a partition of A into subsets of size |Cg(y)|. Thus #A = |Cg(y)|- #U). Now let B={y° |oc e G}NH,
sothat#B =s(H, y). Note that #U =#B; indeed, there is a bijective map U — B givenby Cg(y)-ar— y*“.
Therefore,

#A =|Cs(y)|- (#B) = |Cc(y)|-s(H, y). (3-5)

Let f : A — A be the surjective map given by f(o0) = DoH. We claim that, for every a € A,
f~Y(f(a)) =aH. Itis clear that aH € f~'(f(a)). Now suppose that f(a’) = f(a), so that a’ = dah
for some d € D and h € H. Since y* € H, we may write ya = ah’ for some h’ € H. Furthermore, since
D = I,y = (y), we have d = y" for some positive integer n. Thus

a =dah=y"ah=a(h')"h € aH,

which proves the claim. Since every fiber of f has cardinality |H |, we have #A = |H| - (#A), and hence,
by (3-5), |H|- (#A) = |Cs(y)| - s(H, y). O

For later reference, we include here a combined statement of Propositions 3.2 and 3.4 in the special
case where K is the function field Q(z) and the valuation v corresponds to a place p of K. Note that in
this case all residue degrees f,, are equal to 1.

Corollary 3.5. Let t be an indeterminate and K = Q). Suppose that P(x) € K[x] is irreducible, and
let N be a splitting field for P(x). Let F be a subextension of N /K obtained by adjoining one root of
P(x) to K. Let p be a place of K, and let p1, ..., 9, be the distinct places of F lying over p. Then,
for every place *B3 of N lying over p, the inertia group Iy, is generated by an element y whose disjoint
cycle decomposition has the form (ej-cycle) - - - (ey,-cycle), where e; is the ramification index of p; over p.
Furthermore, if H is a subgroup of G = Gal(N/K) with fixed field L, then the number of places of L
lying over p which are unramified over K is given by the formula (3-4).
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4. Ramification data for dynatomic polynomials

Let us fix a positive integer n. We will henceforth regard the polynomial ®,(x) as an element of the ring
Q(7)[x]. As such, it is known by work of Bousch [1992, Chapter 3] that ®,, is irreducible. In this section
we will apply Corollary 3.5 to study inertia groups in the Galois group of ®,,.

Let K = @(t), let N/K be a splitting field of ®,, and let G = Gal(N/K). Let F be a subextension of
N /K obtained by adjoining one root of &, to K. Morton [1996, §3] studies the ramification of places in
the extension F'/K by using certain polynomials A, 4 € Z[t], where d is a divisor of n. These polynomials
had previously been defined in [Morton and Vivaldi 1995, §1]; we refer the reader to that article for the
definition. We now recall a few results from [Morton 1996; Morton and Vivaldi 1995] which will be
needed here.

For every positive integer s, let

v(s) =3 uls/d)2?.
d|s

Lemma 4.1 (Morton—Vivaldi). For every divisor d of n, let R,, 4 C Q denote the set of roots of A, 4. Then
the following hold:

(a) #R, g =deg Ay, 4 for every d.
(b) If d and e are distinct divisors of n, then R, 4N R, . = &.
(c) Letting ¢ denote Euler’s phi function, the degree of Ay, 4 is given by

v(d)g(n/d) ifd <n,
deg And =1y 0) = Sk 1w v/ k) ifd =n.
k<n

Proof. All statements are proved in [Morton and Vivaldi 1995]. Indeed, (a) and (b) follow from
Proposition 3.2, and (c) follows from Corollary 3.3. 0

Recall that for every place p of K, the conorm of p with respect to the extension F/K is the divisor,
which we write multiplicatively, defined by

e

irk(p)=p7" - ps,

where py, ..., ps are the distinct places of F lying over p and e; is the ramification index of p; over p. A
discussion of the basic properties of the conorm map may be found in [Stichtenoth 2009, §3.1] or [Rosen
2002, Chapter 7].

Let D = deg ®,; note that D = 2v(n). As explained in Section 5, the set of roots of ®, can be
partitioned into sets of cardinality n, and therefore n divides D. Let r = D /n.

Lemma 4.2 (Morton). Let po, be the infinite place of K, i.e., the place corresponding to the valuation
Voo Of K given by vso(f/g) = deg g —deg f. For b € Q, let py, denote the place of K corresponding to
the polynomial t — b.

(a) The places of K that ramify in F are ps, and pyp for b € Ud‘n R4
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(b) The conorm of peo has the form

iF/k (Poo) = p% o 'p%(ny

(c) Foreveryb € R, ,, the conorm of py, has the form

ir/k(pp) = p% o 'przz “q1 An(r-2)-

(d) Forevery b € Ry, 4, where d < n, the conorm of py has the form

n/d . n/d .

ir/k(Pp) =91 Py A1 AnGr—1)-

Proof. All statements are proved in [Morton 1996]; (a), (c) and (d) follow from the proof of Proposition 9,
and (b) follows from Proposition 10. O

LetP={po}VU { prlbelJ din Rn,d} be the set of places of K that ramify in F. For any intermediate
field L in the extension N /K and any place p of K, let Pz (p) denote the set of places of L lying over p.

We introduce some terminology to be used throughout the article. Suppose that G is a group acting on
a finite set X, and let g € G. We say that g has cycle type (a, b), where a and b are positive integers, if
the disjoint cycle decomposition of g, disregarding 1-cycles, is a product of b a-cycles.

Applying Corollary 3.5 to the polynomial &, and using Lemma 4.2, we immediately obtain the
following description of inertia groups in G.

Proposition 4.3. Let p € P and*B € Py (p). Then the inertia group Iyz| , has a generator with cycle type
(a, b) satisfying
(2,D/2)  if p= Poos
(a,b)=42,n) if p= pp withb € Ry,
(n/d,d) ifp=ppwithbeR,4,d<n.

In addition to the data on ramification of places in /K provided by Lemma 4.2, in later sections we
will need some ramification data for a subfield Fy C F defined as follows. Let 6 be a root of ®,, such
that F = K (). The field F has an automorphism' given by 8 — ¢ (6) = 62 +t; we define Fj to be the
fixed field of this automorphism.

Proposition 4.4 (Morton). Let p € P and let S(p) = ZqEPFO » (eqip— D).
(@) If p = poo, then S(p) =r — e, where
=gy ), 9 Y pn/2e.
d|(n,2) k€U,
Here U, y=1{ke€Z.o:k|n,d|k, and (n/k,d) =1}.
(b) If p = pp, where b € Ry, ,,, then S(p) = 1.
(c) If p = pp, where b € R, 4 for some d < n, then S(p) =0.

INote that ¢(0) is a root of &, so there is an isomorphism F — K (¢ (6)) mapping 6 to ¢ (8). Moreover, the fact that
¢"(0) = 6 implies that F = K (¢(0)), so this map is in fact an automorphism of F.
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Proof. All statements are proved in [Morton 1996]; (a) follows Theorem 13, while (b) and (c) can be
deduced from the proof of Proposition 9. Indeed, it is shown in that proposition that if p = p;, where b €
R n, then there is a unique ramified place of Fy lying over p, and its ramification index is 2; this implies (b).
Similarly, if p = pj, where b € R, 4 for some d < n, then p is unramified in Fp, which implies (c). [

5. The action of the Galois group of ®,,

We continue using here the notation introduced in the previous section. The genus computations in
Sections 6 and 7, which form the core of this article, rely fundamentally on Propositions 3.4 and 4.3. In
order to apply these propositions effectively, we require a precise understanding of the elements of G
whose cycle decompositions have the forms described in Proposition 4.3. In addition, explicit formulas
for the orders of the centralizers of these elements will be needed when applying Proposition 3.4. The
purpose of this section is to carry out a detailed analysis of the action of G on the roots of ®,. In the
process we address both of the above requirements, the key result being Proposition 5.5.

Recall the notion of an isomorphism of group actions: if A and B are groups acting on sets X and Y,
respectively, we write A = B if there exist a group isomorphism ¢ : A — B and a bijection ¢ : X — Y
such that e(ax) = ¢(a)e(x) for all a € A and x € X. Though the notation A = B does not make reference
to the sets X and Y, this should cause no confusion here because the sets being acted on will be clear
from context.

Let R be the set of roots of @, in the splitting field N, and consider the natural action of G on R. In
this section we will discuss three group actions, which we refer to as realizations of G, that are isomorphic
to G with its action on R. The first realization is the automorphism group of a graph acting on its set
of vertices; this is helpful as a visual aid for understanding the action of G. The second realization is a
particular subgroup of the symmetric group Sp acting on the set {1, ..., D}; this is useful for carrying out
explicit computations with elements of G. The third realization is a wreath product (Z/nZ): S, acting on
the set (Z/nZ) x {1, ..., r}. Though somewhat more technical, we find that this realization is the most
convenient for purposes of proving the main results of this section. The key fact needed to show that these
realizations are isomorphic is a well-known theorem of Bousch [1992, Chapter 3], namely Theorem 3.

5A. The group G as a graph automorphism group. 1t is a simple consequence of the definition of @,
that the map ¢ (x) = X241t permutes the elements of R (see [Krumm 2016, §2.2] for details). Regarding
¢ as an element of the symmetric group Sym(R), we may therefore partition the set R into ¢-orbits. By
[Morton and Patel 1994, Theorem 2.4(c)], the fact that ®,, is irreducible implies that every orbit has size
n; hence, the number of orbits is (#R)/n=D/n=r.

Let G be the natural embedding of G in Sym(R), and note that G = G. Let I" be the directed graph
whose vertices are the elements of R and which has an edge x — ¢ (x) for every x € R. An illustration
of I' is shown in Figure 1 below. By Bousch’s theorem, G is the centralizer of ¢ in Sym(R). (More
explicitly, this is a consequence of the proof of Proposition 2.2. In the notation of that proof, we have
G = G, where F = @Q.) It follows that G = Aut(I") and therefore G = Aut(I").
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Figure 1. A directed graph whose automorphism group is isomorphic to the Galois
group of ®,. Every cycle in the graph has n vertices, and there are r cycles in total.

.ho .k—\. ._.ho

f.\ /’ ...... \ f

o y°m oy o _y*"s oy

5B. The group G as a permutation group. Let Sp be the symmetric group on the set {1, ..., D} and
let o € Sp be the permutation defined by

co={,...,n)(n+1,...,2n)---(D—n+1,..., D).

There is a bijection £ : {1, ..., D} — R under which the cycles in the decomposition of o correspond to
the cycles in the graph I'. Indeed, if we choose representatives 7y, . .., n, of the distinct cycles in I, then
one such map £ is given by

Lni—j)=¢" (i) forl<i<rand0O<j<n.

The map ¢ induces an isomorphism ¢ : Sp — Sym(R) under which o maps to ¢. Let Z be the centralizer
of o in Sp. Since G is the centralizer of ¢ in Sym(R), the image of Z under ¢ is equal to G. Moreover,
the maps ¢ and ¢ induce an isomorphism of group actions between Z and G; hence G = Z.

5C. Background on wreath products. Before discussing the realization of G as a wreath product, we
recall the basic construction of wreath products. For further information on this topic we refer the reader
to [Dixon and Mortimer 1996, §2.6; Rotman 1995, Chapter 7; Kerber 1971, Chapter IJ.

Let S, denote the symmetric group on the set 2= {1, ..., r}. Let A be a group, and consider the direct
product A" consisting of functions f : 2 — A with pointwise multiplication. There is an action of S, on
A" given by & - f = f;, where f; is the function

fr(i) = f(x~'(G)) foreveryi e Q.

This action induces a homomorphism S, — Aut(A”"), so we may form the semidirect product W =
A" x §,. Elements of W have the form (f, w), where f € A" and & € S;; the group operation in W is
given by

(f. )8, 0) = (fgxr,m0).

The group W is the wreath product of A with S,, denoted A: S,. Letting e and 1, respectively, denote
the identity elements of A" and S,, there are embeddings A" — W and S, — W given by f — (f, 1)
and 7 — (e, m); we will henceforth identify A" and S, with their images under these maps. The group
B = A", called the base group of the wreath product, is a normal subgroup of W; indeed, B is the kernel
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of the projection map YW — S, given by (f, w) — m. Furthermore, S, is a complement for B in the sense
that B N S, is trivial and BS, = W.

Suppose now that A acts on a set A. Then there is an action of VW on the Cartesian product A x Q
given by

(fm)-d, i) =(f(r@)-d,m(i)). (5-1)
Moreover, this action is faithful if A acts faithfully on A.

5D. The group G as a wreath product. For the remainder of this section we assume that A = Z/nZ, so
that W = (Z/nZ): S,. The action of A on itself by addition induces a faithful action of W on the set
X = A x 2 given by (5-1). We will show that W = G.

Let 1y, ..., n, be representatives of the distinct ¢-orbits of R. For every w = (f, ) € W we define
tw € G=Au(I') by

Cw(@ () = o7 DT (1)) forae Aandi € Q.

Note that the notation ¢ for a € A is unambiguous since ¢" is the identity element of Sym(R). Using
the fact that G is the centralizer of ¢ in Sym(R), it is a simple exercise to show that ¢, is a well-defined
element of G, and that the map ¢ : W — G given by w > {,, is a group isomorphism.

Let € : X — R be the map defined by &(a, i) = ¢“(n;). From the definitions it follows that ¢ is a
bijection and that for every w € W and « € X we have e(wa) = {(w)e(«). Hence W = G, and therefore
G = W. Using this realization of G as a wreath product, we will now study the action of G.

Remark 5.1. It follows from the above discussion that
Aut(I") = (Z/nZ) S;.

This is a special case of a well-known theorem of Frucht in graph theory. As shown in [Frucht 1949]
(see also [Harary 1969, Theorem 14.5]), if A is a finite connected graph and I' is a graph consisting of r
disjoint copies of A, then Aut(I") = Aut(A):S;.

SE. Conjugacy in YW. Our main reason for using the realization of G as a wreath product is that it
provides convenient ways of deciding whether two elements of G are conjugates of each other, and of
calculating the order of the centralizer of any element of G. The key notion needed for these tasks is the
type of an element of W, defined below.

For every cycle C = (i, iz, ..., ;) € S, and every element f € A", we denote by f(C) the element
of A given by £(C) = f(i) +---+ f(ir)-

For every element w = (f, w) € W, we define a map T, : X — Zx¢ as follows: fora € A and k € €,
Ty(a, k) is the number of k-cycles C in the cycle decomposition of 7 such that f(C) = a. The map T,,
will be called the type of w. When w is clear from context, we will denote T,,(a, k) simply by 7, and we
will use matrix notation (#,) to denote the map Ty,.
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Proposition 5.2. (1) Let wi, wy € W. Then w; and w; are conjugates if and only if they have the

same type.

(2) If w has type (t,1), then the order of the centralizer of w in W is given by the formula

[T ] ny.

acAkeQ
Proof. Both statements can be deduced from more general results proved in [Kerber 1971]. Specifically,
(1) follows from item 3.7 on page 44, and (2) follows from item 3.9 on page 47. g

SF. The action of V. In this section we prove various properties of the action of W on X. For elements
w=(f,r)eWand o = (a,i) € X, we will denote by w(«) the action of w on «. Thus,

w() = (f(w @) +a, 7). (5-2)

Let C; = A x {i} for 1 <i <r. Under the map ¢ defined in Section 5D, C; corresponds to the i-th
cycle in the graph I, i.e., the cycle containing 7;.

The base group A” <W is generated by the elements py, ..., p, defined by p; = (§;, 1), where §; (j) =0
if j #i and §; (i) = 1. Note that p; maps C; to itself and acts as the identity on C; if j # i. Viewed as an
element of Aut(I") (via the map ¢ defined in Section 5D), p; acts as a 1/n rotation on the i-th cycle. Let
p=p1---pr=1(5,1), where 6(i) =1 for all i € Q. Then {(p) = ¢, so p is in the center of W. A simple
calculation shows that for all s € Z,a € A, and i € Q we have

p’la,i)=pi(a,i)=(a+5,i). (5-3)
For every w € W and every i € Q, let w(C;) = {w(a) | ¢ € C;}.
Lemma 5.3. Letw = (f,w) e Wandleti € L.
(1) Letting j =m (i), we have w(C;) = Cj.
(2) If w(C;) = C;, then there exists 0 < s < n such that w(«) = p; () for every a € C;. Moreover, the
w-orbit of every element of C; has cardinality n/ gcd(n, s).

Proof. For every element (a,i) € C; we have w(a,i) = (f(j) +a, j) € C;, so w(C;) € C;. Since
#C; =#C; and w acts as a bijection on X, this implies that w(C;) = C}, proving (1). Suppose now that
w(C;) = C;, and let 0 < s < n be such that w(0, i) = (s, i). By (5-3) we have w(0, i) = p*(0, i). Given
o € C;, we may write « in the form o = (k, i) = pk(0, i) for some integer k. Using (5-3) and the fact
that w commutes with p we obtain

w(e) =wp"(0, i) = p*w(0, i) = p*p* (0, 1) = p*p"(0, i) = p* (@) = p} (@).

This proves the first statement in (2). Since w acts like p7 on C;, the orbit of « under w is equal to its
orbit under p;. The cyclic group generated by p; has order n/ ged(n, s), and it follows from (5-3) that
the stabilizer of « in this group is trivial; hence the orbit of « has cardinality n/ gcd(n, s). This completes
the proof of (2). O
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Lemma 5.4. Let w = (f, m) € W. Suppose that i, j € Q are such that w(C;) = C;, w(C;) = C;, and
w?(a) = a for every a € C; UC;. Then there exists 0 < s < n such that w(a) = ,ol._“'n,of(oz) for every
aeCUC,.

Proof. Let w(0, i) = (5, j) and w(0, j) = (¢, i) with 0 <s, t < n. From (5-3) and the fact that w commutes
with p it follows that for every integer k we have w(k,i) = +k, j) and w(k, J)=( +k,i). Using
this we calculate w?(0, i) = w(s, j) = (f + 5, i). Since w?(0, i) = (0, i), this implies that f = —§; thus,
for every integer k we have

w(k,i)=(k+5,j) and w(k, j)=k—3,1). (5-4)

Since w(C;) = C; and w(C;) = C;, Lemma 5.3 implies that (i) = j and 7 (j) = i. It follows that for
every a € A we have w(a,i) = (a, j) and 7 (a, j) = (a,i). Let w' = ,ol._sn,oi.". If « = (k,i) € C;, then a
simple calculation shows that w’(a) = (k+35, ), so w’(«) = w(«) by (5-4). Similarly, if « = (k, j) € Cj,
then w'(o) = (k — §, i) = w(w). Therefore w(a) = ,ol._sn,ois(a) for every a € C; UC;. O

We can now prove the main result of this section.
Proposition 5.5. Let w € W and let C be the centralizer of w in W.

(1) Suppose that w has cycle type (2, D/2). Then the following hold:

(a) Assume that w(C;) # C; for all i € Q. Then r is even, w is conjugate to the permutation
(1,2)(3,4)---(r—1,r) € S,, and |C| = (r/2)!(2n)"/>.

(b) Assume w(C;) = C; for some i € Q2. Then n is even and there exists 0 < £ <r such thatr — £ is
even and w is conjugate to the element (p; - - - p0)"%e, where e = (L+1,£+2)---(r—1,r) €8,.
Moreover, we have |C| = £\((r — £)/2)'n* (2n)r=0/2,

(2) Suppose that w has cycle type (2, n). Then the following hold:

(a) Assume w(C;) = C; for all i € Q. Then n is even, there exist indices i < j € Q such that
w = (p;p;)"/?, and |C| = 2(r —2)!n".

(b) Assume w(C;) # C; for some i € Q2. Then there exist indices i < j € Q2 and an integer 0 <s <n
such that w = p;*tp?, where T = (i, j) € S,. In this case, |C| =2(r — 2)n" .

(3) Suppose that w moves exactly n elements of X. Then w = p; for some i € Q and some integer

0 <s < n. Moreover, |C| = (r — 1)!n".

Proof. Let f € A" and w € S, be such that w = (f, 7r), and let (¢,) be the type of w. We begin by proving
1(a). The hypothesis in (1) together with the fact that WV acts faithfully on X imply that w? = (f + f, 72)
is the identity element (e, 1); in particular, 7% = 1. Moreover, by Lemma 5.3 we have w(C;) = Cy;) for
every i € 2, so (i) #1i for every i. Hence the m-orbit of every element of €2 has cardinality 2. It follows
that r is even, say r = 2m, and 7 is a product of m disjoint transpositions. We can now determine the
type of w.

Let {i;, w(i1)}, ..., {im, w(iy)]} be the orbits of . Since 7 has no k-cyclesif k=1 or k > 2, then ¢,, =0
for all such k. When k =2, t,; is the number of indices 1 < v < m such that f(i,) + f(7(iy)) = a. Since
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% =1, this is equivalent to f(i,) + fr(i,) = a. Now, as mentioned above, w?=(f+ fr, 1) =(e, 1),
so f + fr = e and therefore f (i) + f (i) =0 for every i € 2. Hence, the condition f(i,)+ fr (iy) =a is
equivalent to a = 0. Thus we have t,» =0 if a # 0, and ¢y, = m. This determines the type of w. It is now
trivial to check that w has the same type as the permutation T = (1,2)(3,4) --- (r — 1, r) € S,. It follows
from Proposition 5.2 that w is conjugate to t and that |C| = m!(2rn)™; this completes the proof of 1(a).

Next we prove 1(b). Suppose that i € €2 satisfies w(C;) = C;. By Lemma 5.3, there exists 0 <s <n
such that w acts like p7 on C;, and the w-orbit of every element of C; has cardinality n/ ged(n, s). By
hypothesis every orbit has size 2, so n/ gcd(n, s) = 2, and hence n must be even and s =n/2.

Let iy, ..., i, be all the indices i in 2 such that w(C;) = C;. Clearly, 0 < £ <r. Arguing as in the
proof of 1(a), we see that  fixes iy for each k, and that if i € Q\ {iy, ..., i¢}, then the orbit of i under
has size 2. This implies that » — £ is even, say r — £ = 2¢, and the disjoint cycle decomposition of 7 is a
product of £ 1-cycles and g transpositions. The type of w is now easy to determine as done in case 1(a).

Clearly, 1, = 0 if k > 2. Let {iy}, ..., {ie}, {j1, 7D}, ..., {Jg, (jy)} be the orbits of . Then
142 1s the number of indices 1 < v < g such that f(j,) + fr(ju) =a. But f + fr = e, s0t,b =01if
a # 0, and tp, = ¢g. To determine #,; we need an additional observation. We know that for every index
1 <v<¢¥, w acts like pfv on C;, . In particular, by (5-3) we have w(0, i,) = (s, i,). However, by (5-2),
w(0, iy) = (f(iy), iy). Thus f(i,) = s for all v. Now, #,; is the number of indices 1 < v < £ such that
f(@i,) = a. Clearly then, t,; =0 if a # s and t;; = £. This determines the type of w.

Proposition 5.2 yields

IC| = €1g'n* (2n)9.

Let w' = (p1---pe)’e, where e = (£ +1,£+2)---(r —1,r) € S,. A straightforward calculation shows
that w’ has the same type as w, and is therefore conjugate to w. This completes the proof of 1(b).

We now prove 2(a). If w acts nontrivially on m of the sets C;, then the number of elements moved
by w is mn; hence m = 2, so w acts trivially on all but two of these sets, say C; and C; withi < j. By
Lemma 5.3, there exist integers 0 < u, v < n such that w acts like p; on C; and like ,0}.’ on C;. The
w-orbit of every element of C; then has size n/ gcd(n, u) = 2, so n is even and u = n/2. Similarly,
v =n/2. Thus w acts like (,o,',oj)”/2 on all of X, and therefore w = (,oi,oj)”/z. Letting s = n/2, we have
w = (s9; +s6;, 1); the type of w is now easily determined.

We have t,c = 0if k > 1, and #,; is the number of indices k € 2 such that s6; (k) +s3;(k) = a. Now,
note that

58i(k)+s8;(k)=0, ifk#i,j, and s8(k)+s8;(k)=35, ifk=iorj.

Hence t,; =0if a ¢ {0, s}, t;1 =2, and #9; = r — 2. Proposition 5.2 now yields |C| =2(r —2)!n"; this
proves 2(a).

Next we prove 2(b). By Lemma 5.3 we have w(C;) = C; for some j # i. Then w(C;) must equal C;,
for otherwise w would move more than 2n elements of X. Thus w(C;) =C;, w(C;) = C;, and w acts
trivially on Cy for all k £ i, j. It follows from Lemma 5.3 that & = (7, j). Reversing the roles of i and j if
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necessary, we may assume that i < j. By Lemma 5.4, there exists 0 < s < n such that w(«) = p;* 7 p? (@)
for every a € C; UC;. Clearly, this equality also holds if @ € C with k ¢ {i, j}, so w = p; *mp?. We can
now determine the type of w.

Since w and w = (i, j) are conjugate, they have the same type. We thus find that ¢, =0if k > 2; 7,0 =0
ifa##0,and tp; = 1;t,; =0if a #0, and fy; = r — 2. Proposition 5.2 now yields |[C| = 2(r — a1
this completes the proof of 2(b).

Finally, we prove (3). It is easy to see that the n elements moved by w must form one of the sets
C;. This implies that w(C;) = C; and w acts trivially on C; for all j # i. By Lemma 5.3, there exists
0 < s < n such that w(a) = p; («) for every a € C;. This equality clearly holds for a ¢ C; as well, so
w = p;. Using the relation w = p; = (s4;, 1), it is now a simple calculation to show that #,x = 0if k > 1,
t,1 =0ifa ¢ {0, s}, t;1 = 1, and #9; = r — 1. Proposition 5.2 now yields |C| = (r — 1)!n". [

Having developed all of the necessary tools, we proceed to prove the main results of this article.

6. Genus computations for » =5 and 6

Recall the following notation from Section 4: K = Q(¢), N/K is a splitting field of ®,, G = Gal(N/K),
F is a subfield of N obtained by adjoining one root of @, to K, and P = {poo} U {pl;7 |be Udln Rn,d} is
the set of places of K that ramify in F. Finally, for any intermediate field L in the extension N/K and
any place p of K, Py (p) denotes the set of places of L lying over p.

We begin this section by discussing an approach to the problem of computing the genera of subextensions
of N/K. Let H be a subgroup of G with fixed field L, and let g(L) denote the genus of L. We claim
that if p is a place of K which ramifies in L, then p € P. Indeed, if p ramifies in L, then it ramifies in N.
Letting 3 be a place of N lying over p, the inertia group Iy, is nontrivial, so Corollary 3.5 implies that
p ramifies in . Hence p € P.

The Hurwitz genus formula [Stichtenoth 2009, Corollary 3.5.6] now yields

2g(L)—2=(—2)|G:H|+Z Z (eqip— D). (6-1)
PeP qePL(p)
Let us define

gnoolH)= > (eqpp— D,

qePL(poo)

gna(H)= Y Y (eqp,— D).

beRy .4 q€PL(py)

and for every divisor d of n,

By (6-1) we have the following expression for the genus of L:

g(L)=1-1G: H|+ %(gn,oo<H>+Zgn,d<H>>. (6-2)
dln

The problem of computing g(L) is thus reduced to the following: given any place p € [P, compute the
ramification index eq| , for every q € P, (p). Our method for doing this is based on the following lemma.
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Lemma 6.1. Let p € P,'P € Py(p), and I = Iy, ). Let 01, ..., 0y be representatives of the distinct
double cosets in ING/H. Then

{eqip:q€PL(P}={I": I NH|:1<i<m}.

Proof. Since K is a function field over @, we have fy|, = 1 and therefore Dg;|, = Iy|, = I. Using
Lemma 3.1 we see that the set P (p) consists of the places o; (13) N L; moreover, if q = 0; () N L, then
eq)p = [1°7: I°° N H|. The result follows immediately. O

For purposes of explicit computation it is convenient to use the isomorphisms G = W = Z proved in
Sections 5SB—5D. With notation as in Lemma 6.1, suppose that one is able to identify the subgroup of W
(or Z) which corresponds to the inertia group /. It is then a finite computation to determine representatives
o1, ..., 0y and to compute the indices |/ : 19 N H|. Carrying out this calculation for every p € [?, one
obtains all the data needed to determine the numbers g, o and g, 4, and hence the genus of L.

The remainder of this section is devoted to showing that when n = 5 or 6 it is possible—and
computationally feasible — to identify inertia groups Iy, for every p € P, and thus to compute the genus
of any intermediate field in the extension N /K. In particular, this allows us to obtain the genera of the
fixed fields of all the maximal subgroup of G, and by applying Proposition 2.4, to show that the sets Es
and E¢ are finite.

In order to carry out all the necessary computations we have used version 2.23-1 of MAGMA [Bosma
et al. 1997] running on a MacBook Pro with a 2.7 GHz Intel Core i5 processor and 8 GB of memory. The in-
terested reader can find the code for our computations in [Krumm 2018a]. The code relies primarily on four
intrinsic MAGMA functions: WreathProduct, MaximalSubgroups, DoubleCosetRepresentatives,
and meet. The first function applied to Z/nZ and S, constructs the group W together with the natural
embeddings S, < W and (Z/nZ)" — W. (It should be noted, however, that internally W is constructed
as the group Z.) Once W is constructed, the second function can be used to obtain the maximal subgroups
of W up to conjugacy; the algorithm used is described in [Cannon and Holt 2004]. Given subgroups /
and H of W, the third function computes representatives of the double cosets in /\W/H. Finally, the
fourth function can be used to compute the intersection of two subgroups of W; the algorithm uses a
backtrack method described in [Leon 1997].

Throughout this section we use the following notation. For 1 <i <r we let p; be the element of W
defined in Section SF. As an automorphism of the graph I', p; is a 1/n rotation of the i-th cycle. As
an element of the group Z, p; is the i-th cycle in the decomposition of the permutation o defined in
Section 5B. For distinct indices 1 <1i, j < r we let 7; ; be the transposition (i, j) € S, regarded as an
element of W. As an automorphism of I, 7; ; interchanges the i-th and j-th cycles without performing
any rotations.

Lemma 6.2. The elements p1, ..., p, are conjugate in W. Moreover, ifi, j,u,v e {l,...,r}withi # j
and u # v, then p; p; is conjugate to py Py.
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Proof. This follows from Proposition 5.2. The type (#,x) of p; is independent of i; indeed, we have
ta =0if k> 1,1, =0ifa #0,1, 1y =r — 1, and #;; = 1. Similarly, if i # j, then the type (z;&) of
pipj independent of i and j: we have #,, =0ifk > 1,12, =0ifa #0, 1,19y =r —2,and t;; =2. [

6A. The case n = 5. The polynomial ®5 has D = 2v(5) = 30 roots which can be partitioned into
r = D/5 = 6 cycles. Hence, the graph I' consists of six 5-cycles. The group W is (Z/57Z) ¢ S, so
|G| = 5%6! = 11,250,000. The set of places of K which ramify in F is

P={poc}U{pp | b€ Rs5URs};

using Lemma 4.1 we obtain #Rs5 s = 11 and #R5 1 = 4. We will henceforth identify G and WV using the
isomorphism G = W, where G acts on the roots of ®s and W acts on the set X = (Z/57) x {1, ..., 6}.
We define three subgroups of W by A = (11 213.475,6), B = (11.2), C = (p1)-

Lemma 6.3. Up to conjugation, A is the only subgroup of W generated by an element with cycle type
(2, 15); similarly, B is uniquely determined by the cycle type (2, 5), and C by the cycle type (5, 1).

Proof. Suppose that A is a subgroup of W generated by an element w with cycle type (2, 15). We are
then in the context of case 1 of Proposition 5.5. Moreover, since n = 5 is odd, case 1(b) is ruled out.
Hence, by case 1(a), w is conjugate to t] 273.475,6, and therefore Ais conjugate to A.

Now suppose that a subgroup B is generated by an element w with cycle type (2, 5). By case 2(b) of
Proposition 5.5, w is conjugate to t; ; for some indices i, j. Clearly the permutations (i, j) and (1, 2) are
conjugates in S, 80 T; ; is conjugate to 71> and therefore B is conjugate to B.

Finally, suppose that a subgroup C is generated by an element w with cycle type (5, 1). By case 3
of Proposition 5.5, we have w = p; for some i and 0 < s < 5. Note that (p;) = (p;) since |p;| = 5. By
Lemma 6.2, w is conjugate to oy, and therefore C = (w)is conjugate to (pj) = (p1) = C. O

Lemma 6.4. (1) There exists ‘B € Py (poo) such that Iy p., = A.
(2) For every b € Rs 5 there exists 3 € Py (pp) such that Iz p, = B.
(3) For every b € Rs; there exists B € Py (pp) such that Iz, = C.
Proof. Let P € Py (poo). By Proposition 4.3 we have Iz .. = (w), where w € W has cycle type (2, 15).

Thus, by Lemma 6.3, Iz . is conjugate to A. Replacing B by a conjugate place if necessary, we then
have Iy ., = A. This proves (1); the proofs of (2) and (3) are similar. O

Proposition 6.5. Let H be a subgroup of W with fixed field L. Suppose that oy, ..., o; are double
coset representatives for A\W/H, B, ..., B, are representatives for B\W/H, and y, ..., y, are
representatives for C\W/H. Then the genus of L is given by

g(L)=1—|W: H|+ 5(g5.00(H) +g55(H) +g51(H)),
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where
t
g5.00(H) =Y (IA%: A% NH|-1), (6-3)
i=1
gss(H)=11-> (1B*: BF nH| - 1), (6-4)
i=1
gs i (H)=4-> (C":C"NH|-1). (6-5)

i=1
Proof. The formula for g(L) follows from (6-2). Let p = poo. By Lemma 6.4, there exists *J3 € Py (p)
such that Iy, = A. By Lemma 6.1 we have
{eqp1a€PL(P)} = {|A“ 1 A NH|:1<i <1},

which implies (6-3). Now suppose that b € Rs5 s and let p = p;,. By Lemma 6.4, there exists 3 € Py (p)
such that Iyz| , = B. Thus, by Lemma 6.1,

{eQ|P:q€PL(p)}:{|BI3iZBﬁiﬂH|:1§i§M}’

and therefore

u

Z (eqp—1) :Z(wﬂf BN H|-1).

qePL(p) i=1

Since the value of this sum is independent of b, and #R5 s = 11, then

gss(H)= Y Y (eqp—D=11-) (B :BnH|I-1),

beRs5 qePL(pp) i=1
which proves (6-4). The proof of (6-5) is similar. Il
We can now begin to prove Theorem 1.4.

Theorem 6.6. The set Es is finite.

Proof. Computing representatives for the conjugacy classes of maximal subgroups of WV, we obtain 8 sub-
groups which we denote by M1, ..., Mg. The indices of these subgroups in V are given, respectively, by

W : M;|:3125,15,15,10,6,6,5, 2.

Let L; be the fixed field of M;. Fixing an index i, we may compute representatives for the double cosets in
A\W/M;, B\W/M;, and C\W/M,;. The genus of L; can then be obtained by applying Proposition 6.5.
Carrying out these computations for i =1, ..., 8§ we obtain, respectively, the genera

9526,21,11,9,2,12,4,5.
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M, M, M; My Ms Mg M; Mg

8.0 | 1550 4 6 3 3 1 0 1
gss5 | 13750 66 44 33 11 33 0 11
g, | 10000 0 0O O O O 16 O

Table 1. Ramification data for the maximal subgroups of W.

The result now follows from Proposition 2.4. The values of g5 -0(M;), g5.5(M;), and g5 1(M;) are shown
in Table 1. O

6B. The case n = 6. Our next objective is to show that the set Ejg is finite. The structure of the proof
is similar to the case n = 5, though the process of identifying the necessary inertia groups requires an
additional step that was not present in that case.

The polynomial ®¢ has D =2v(6) = 54 roots which can be partitioned into r = D /6 =9 cycles. Hence,
the graph T consists of nine 6-cycles. The group W is (Z/6Z)1 So, so |G| = 6°9! = 3,656,994,324,480.
The set of places of K which ramify in F is P = {pso} U {pb | b e Ud|6 Rﬁyd}. Using Lemma 4.1 we
find that

#Rs6 =20, #Re3=3, #Re2=2, #Rs=2. (6-6)

We define several cyclic subgroups of W. For 0 < j <4, let
9-2j j—1
Vj= < 1_[ /013) (1_[ 77821',921’) and Aj;=(y;).
i=1 i=0
In addition, let Bo = (07 3), B1 = (t12), C = (p}), D = {p}), E = (p1).

Lemma 6.7. Up to conjugation, the groups A are the only subgroups of VW generated by an element
with cycle type (2, 27), By and B are the only subgroups generated by an element with cycle type (2, 6),
and C, D, E are uniquely determined by the cycle types (2, 3), (3, 2), and (6, 1), respectively.

Proof. Suppose that A = (w), where w € W has cycle type (2, 27). We are then in the context of case 1 of
Proposition 5.5. Moreover, since r =9 is odd, case 1(b) must hold. Thus, there exists 0 < £ <9 such that
9 — ¢ is even and w is conjugate to v = (py - - - p()3(fg+1’g+2) -+ Tg9. Writing 9 —£ =2j with0 < j <4,
we have v = y;. Hence, A is conjugate to Aj.

Suppose now that B = (w), where w € W has cycle type (2, 6). We are then in the context of case 2 of
Proposition 5.5. In case 2(a) of the proposition, w = (p; p j)3 for some indices i # j. By Lemma 6.2, this
implies that w is conjugate to (p;02)>, and therefore B is conjugate to By. In case 2(b) of the proposition,
w is conjugate to 71 2 and B is conjugate to Bj.

We now prove the uniqueness of the group C and omit the proofs for D and E, which are similar.
Suppose that C = (w), where w € W has cycle type (2, 3). By case (3) of Proposition 5.5, we have
w=p; with1 <i <9and 0 <s < 6. In order for w to have cycle type (2, 3) we must have s = 3; thus,
by Lemma 6.2, w is conjugate to ,o]3 and C is conjugate to C. O
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Before continuing with the main discussion of this section, we prove a couple of auxiliary results.
Returning to the general case of an arbitrary positive integer n, let 8 be a root of @, such that ' = K (0).
Recall from Section 4 that F has an automorphism given by 0 — ¢(#), and that Fj denotes the fixed
field of this automorphism.

Lemma 6.8. Let 1 =60 +¢(O)+---+¢" 1 (0). Then Fy = K (7).

Proof. Following Morton [1996], we define the trace of a cycle in the graph I" to be the sum of the elements
in the cycle. Note that 7 is the trace of the cycle containing 6. Let P € K[x] be the monic polynomial of
degree r whose roots are the traces of all the cycles in I'. By [Morton 1996, Corollary 3, p. 335], P is
irreducible; hence P is the minimal polynomial of 7, and therefore [K (7) : K] =r. Clearly 7 is fixed
by ¢, so K(t) C Fy. Now, since [F: K] =D and [F : Fy] =n,then [Fy: K]=D/n=r =[K (1) : K].
Thus Fy = K (7). O

We can now describe the subgroup of G corresponding to Fj.
Lemma 6.9. Let O = {0, ¢(0), ..., ¢"~1(0)} and let Hy be the setwise stabilizer of O in G. Then Fy is
the fixed field of H.
Proof. Let U and V be the subgroups of G defined by
U={oceG|ox)=xforeveryx e O} and V ={o € G|o(x)=ux forevery x € R\ O}.

A simple argument shows that Hy = U V'; see Example 2 in [Dummit and Foote 2004, p. 172].

The fact that ¢ is in the center of G implies that U is equal to the stabilizer of 6 in G; thus U =Gal(N/ F).
It follows that F' is the fixed field of U. Let L be the fixed field of Hy. Since U < Hy, then L C F.
Defining 7 as in Lemma 6.8, it is clear that 7 is fixed by every element of Hy; hence Fp = K(7) € L. We
have thus shown that Fy C L C F. To complete the proof we will show that [F : L] =[F : Fp].

Identifying G with Aut(I") we see that V consists of the elements of G that act trivially on every cycle
of I except possibly on the cycle containing 6. Thus the elements of V are the n rotations of the latter
cycle, so |V| = n. By Galois theory we have [F : L] = |UV|/|U| = |V|, where the second equality uses
the fact that U NV = {1}. We conclude that [F : L] =n =[F : Fy]. Ol

We return now to the case n = 6.

Lemma 6.10. (1) There exists B € Py (poo) such that I p., = As.
(2) For every b € Rg ¢ there exists 3 € Py (pp) such that Iy p, = Bj.
(3) For every b € Rg 3 there exists 3 € Py (pp) such that Iz, = C.
(4) For every b € Rg > there exists B € Py (pp) such that Iz p, = D.
(5) For every b € Rg 1 there exists B € Py (pyp) such that Iy, = E.

Proof. Let p = poo, P € Py(p), and I = Iz ,. By Proposition 4.3, I has a generator with cycle type
(2,27). By Lemma 6.7, I must be conjugate to one of the groups A ;. Replacing ‘B by a conjugate ideal
if necessary, we then have I = A; for some j. We claim that / = Ay.
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To prove this we will use the number S(p) defined in Proposition 4.4. By part (a) of the proposition,
S(p) =9 — e = 4. We can calculate S(p) in a different way by using the inertia group I as follows. Let
Hj be the subgroup of W defined in Lemma 6.9. Applying Lemma 6.1 we see that

m
S(p) =) (7 : 1% N Ho| - 1),
i=1

where o1, ..., 0, are double coset representatives for /\WW/Hy. Assuming that I = Ay, A1, Ay, Az, Ay,
respectively, we compute representatives o; and use the above formula to obtain S(p) =0, 1, 2, 3, 4.
However, we know that S(p) =4, so necessarily I = Ay, as claimed. This proves (1). For the purposes
of this computation, we identify W with the group Z < Ss4, so that Hy is identified with the setwise
stabilizer of the set {1, ..., 6} in Z. The code used for these computations is available in [Krumm 2018a].

Letb € Re6, p = pp, B € Py(p), and I = Iz | ,. By Proposition 4.3, I has a generator with cycle
type (2, 6). By Lemma 6.7, I must be conjugate to either By or B;. Replacing B by a conjugate ideal
if necessary, we then have I = By or B;. We know that S(p) = 1 by part (b) of Proposition 4.4. Now,
assuming that I = By, By, respectively, the above displayed formula yields S(p) =0, 1; hence I = Bj.
This proves (2).

Statements (3)-(5) follow easily from Proposition 4.3 and Lemma 6.7. Il

Proposition 6.11. Let H be a subgroup of W with fixed field L. For every group I € {A4, By, C, D, E}
let

gu()="Y (17 : 17 N H|-1),

i=1

where o1, . .., oy are representatives of all the double cosets in IN\W/H. Then the genus of L is given by
g(L)=1—|W:H|+ 3(qu(As) +20gx (B1) + 3¢5 (C) + 21 (D) + 241 (E)).

Proof. Let p = poo. By Lemma 6.10, there exists ‘B € Py (p) such that Iy, = A4. Using Lemma 6.1
we see that ge oo (H) = gy (A4). Now let b € Re 6, p = pp, and let °B € Py (p) satisfy Iy|, = By. By
Lemma 6.1,

qu(B)= Y (eqp—1).

qePr(p)

Since this holds for every b € Rg 6, then (6-6) yields g¢ 6(H) = 20gy (B1). By a similar argument we
show that

86,3(H) =3qu(C), g62(H) =2qu(D), and ge1(H)=2qu(E).
The stated formula for the genus of L is now a consequence of (6-1). 0
We can now prove a second part of Theorem 1.4.

Theorem 6.12. The set Eg is finite.
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M, M, M; My Ms Mg M; Mg My My My

gm (Ag) [ 416 132 120 60 40 16 4 0 1 0 1
gu,(B)) |420 105 64 35 21 7 1 0 1 1 0
gu(C)| 0 0 128 0 0 0 0 O 1 0 1
gu®)| 0 0 0 0 0O 0O 0 2 0 0 0
gu(E)| 0 0 128 0 0 0 0 2 1 0 1

Table 2. Ramification data for the maximal subgroups of W.

Proof. Computing representatives for the conjugacy classes of maximal subgroups of W, we obtain 11 sub-
groups which we denote by M1, ..., My;. The indices of these subgroups in WV are given, respectively, by

W M;| : 840, 280, 256, 126, 84, 36, 9, 3, 2, 2, 2.

Let L; be the fixed field of M;. Fixing an index i, we may compute the numbers gy, (1) for I €
{A4, By, C, D, E}. The genus of L; can then be obtained by applying Proposition 6.11. Carrying out
these computations for i =1, ..., 11 we obtain, respectively, the genera

3569, 837,765, 255, 147,43,4,2, 12,9, 2.

By Proposition 2.4, this implies that Ej is finite. The values of g, (I) are shown in Table 2. g

7. Genus bounds for n > 6

The methods used in the previous section for n =5 and 6 can, in principle, be applied to higher values
of n; however, there are computational limitations which make this impractical. Firstly, for n > 10 there
are issues of both memory and time which prevent us from computing the maximal subgroups of W.
Thus, we are restricted to considering only n =7, 8, 9, 10. Furthermore, even for these values of n there
are similar complications in the crucial step of computing double coset representatives. Hence, it would
appear that our methods cannot be extended beyond n = 6. However, a modification of the method will
allow us to show that E7 and E9 are finite.

Recall that our main goal is to show that the genera of the function fields corresponding to maximal
subgroups of G are all greater than 1. In the cases n =5, 6 we did this by calculating the exact values
of these genera, although it would be sufficient to prove a lower bound greater than 1. In this section
we will show that, as long as the maximal subgroups of VW can be computed, it is possible to obtain
lower bounds for the required genera. In the cases n = 7, 9 these bounds will suffice to prove the desired
result. Unfortunately, the bounds are not good enough when n = 8, 10; the difficulties are explained in
Section 7B. We keep here all of the notation introduced in earlier sections.

Lemma 7.1. Let H be a subgroup of G with fixed field L, and a = |G : H|. Let p be a place of K, let
{91, ..., 45} =Pr(p), and e; = eq; | p. Suppose that u is an upper bound for the number of indices i such
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that e; = 1. Then
N
Y ei—1) = [a—Lu+a)/2]].
i=1
Proof. Let x be the number of indices i such thate; =1, and let y =s—x. Note thata =e1+- - -+e5 > x+2y.
Since x < u, this implies x +y < (u +a)/2. Thus s < | (u + a)/2] and therefore

N

Yle—D=a—s>a—|@w+a)/2],

i=1

from which the result follows immediately. O

7A. The case of odd n. Assume that n is odd. Using Lemma 7.1, we now explain how to obtain lower
bounds for the genera of subextensions of N/K. Define subsets ®, and A, of W by

O,={pj |1 <i<r,0<s<n}, and A,={p; "7 jpj|1<i<j=<r,0<s<n}.

For every subgroup H of W and every divisor d of n, let

r—DWIn#(HNO, 1)/|H| ifd <n,

unqa(H) = {2(7‘ _2)!nr_l#(HmAn)/|H| ifd =n,

and

n H W:H
gn.q(H) = (deg An,d)IVIW:H| B Lu a(H)+| |J—‘

2

Here, ®, 4 denotes the set of elements of ®, having cycle type (n/d, d).

Proposition 7.2. With notation as above, let L be the fixed field of H. Then the genus of L satisfies

QD= [1= Wi I+ 3 max(e) o(H).0) . -1
n
Proof. Let d be a proper divisor of n, and let b € R, 4. If 3 is a place of N lying over p;,, Proposition 4.3
implies that the inertia group Iy, is generated by an element y with cycle type (n/d, d). By part (3) of
Proposition 5.5, we have y = p? with 1 <i <r and 0 < s < n. Moreover, the order of the centralizer of
y is given by |Cyy(y)| = (r — 1)!n". Thus, by Corollary 3.5, the number of places q € Pz (pp) such that
eq| p, = 1 1s equal to

(r—DWn"s(H,y)/IH],

where s(H, y) is the number of conjugates of y which belong to H. Note that every conjugate of y
belongs to ©,, 4, so that s(H, y) <#(H N O, 4). It follows that the number of places q € P1(pp) such
that eq| ,, = 1 is bounded above by u, 4(H). Letting a = [V : H|, Lemma 7.1 implies that

Z (eq)py — 1) = [a— L(una(H) +a)/2]].

qePL(pp)
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Recalling the number g, 4(H) defined in Section 6, the above inequality implies that g, 4(H) > g;l’ 4(H)
and therefore g, 4(H) > max(g;l’d(H), 0).

By a similar argument we can show that g, ,(H) > max(g;l’n(H), 0). Letb € R, , and B € Py (pp).
Then Iy, = (y), where y has cycle type (2, n). Since n is odd, part 2(b) of Proposition 5.5 implies that
y =p; "7,jp; forsome 1 <i < j <rand 0 <s < n. Moreover, [Cyy(y)|=2(r — 2)!n"~!. The number
of places q € P (pp) such that eq| ,, = 1 is therefore given by

20r —2)\n""'s(H, y)/|H]|.

Now, every conjugate of y belongs to A,, so s(H, y) < #(H N A,). The number of places q € Py (pp)
with eq , = 1 is thus bounded above by u, ,. Letting a = |[WW : H|, we have

Y (eqip =1 = [a— Lunn(H)+a)/2]],

qaePr(py)

which implies that g, ,(H) > g;’n(H ). We have thus proved:
gna(H)> max(g,;,d (H),0), forevery divisor d of n.
Now (7-1) follows from the genus formula (6-2). O

Remark 7.3. Note that in proving the bound (7-1) we have disregarded the contribution to the genus
coming from ramified places lying over p.,. Though the bound would certainly be improved if these
places were considered, doing so would substantially increase the amount of time and memory required
to compute the bound. In particular, it would require determining the intersection H N C, where C is the
set of all conjugates in W of the permutation (1, 2)(3,4)--- (r — 1, r). Now, part 1(a) of Proposition 5.5
implies that #C = (n"r!)/ ((r/2)!(2n)’/ 2y > n’/2, which suggests that C might be difficult to construct
in practice. And indeed, our attempts to compute all the elements of C in the case n = 7 failed due to
excessive memory requirements.

Remark 7.4. In order to compute the number on the right-hand side of (7-1), the key step is to determine
the cardinalities of the sets H N ®,, ; and H N A,, which would be difficult to do if all the sets involved
were quite large. Fortunately, while the group H may be extremely large (for instance, H might be the
largest maximal subgroup of the Galois group of ®o, in which case |H| & 9.73 x 10'%7), the sets A,
and O, 4 are small. Indeed, #0, 4 < #0, =r(n — 1) and #A, = n - (}). This makes it computationally
feasible to construct the sets H N A, and H N ®, 4, and hence to compute the desired lower bound.

We can now complete the proof of Theorem 1.4. The finiteness of £7 and Ey is proved by a series of com-
putations carried out using MAGMA; the code used for these computations is available in [Krumm 2018a].

Theorem 7.5. The sets E7 and Eg are finite.

Proof. We consider first the case of E7. The polynomial ®; has D = 126 roots which can be partitioned
into r = 18 cycles. Thus, W = (Z/77Z) S13. Constructing the group ¥V and computing representatives for
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the conjugacy classes of maximal subgroups of W, we obtain 16 groups which we denote by My, ..., M.
The sets ®7 and A7 are easily constructed; we find that #097; = 108 and #A7 = 1071.

Let L; denote the fixed field of M;. For each subgroup M; we compute the numbers u7 7(M;) and
u7,1(M;), and use these to calculate g’7’7(M,-) and gé,l (M;). This is a trivial computation given the small
size of the sets ®7 and A7. The inequality (7-1) then yields a lower bound for g(L;).

Carrying out these calculations, the lowest lower bound we obtain for the genera g(L;) is 6; hence
g(L;) > 1 for every i, which implies that E7 is finite. The total time required for all of the above
computations is 0.42 s.

The proof of finiteness of Eg follows the same steps as above. In this case the lowest lower bound we
obtain for g(L;) is 4. Total computation time is 197 s, with 179 s spent computing the maximal subgroups
of W. O

7B. The case of even n. In the case where n is even, a bound similar to (7-1) can be proved; indeed,
this only requires modifying the definition of the number u,, ,(H). Unfortunately, when n = 8 or 10 the
bounds for the genera g(L;) obtained in this way are not greater than 1; in fact many of them are negative.
We suspect, therefore, that most of the ramification in the extensions L;/K occurs over the place poo. In
order to improve the bounds for g(L;) we would have to determine the genus contribution coming from
places lying over po,. However, as discussed in Remark 7.3, it is computationally infeasible to do this.
Thus, we are unable to improve the bounds enough to show that Eg and E¢ are finite.

8. Density results

Having proved Theorem 1.4, we now turn our attention to Theorem 1.5. Recall that if n is a positive
integer and ¢ € Q, we denote by T}, . the set of prime numbers p such that the map ¢.(x) = x2 4 ¢ does
not have a point of period 7 in @,. By applying Lemma 8.1 below we will be able to calculate the density
of T, . forn € {5, 6,7, 9} and all but finitely many c € Q.

For every polynomial F € Q[x], let Sr be the set of all primes p such that F has a root in Q. The
Chebotarev density theorem implies that the density of Sy, which we denote by §(Sr), exists and can be
computed if the Galois group of F is known. More precisely, we have the following result.

Lemma 8.1. Let F € Q[x] be a separable polynomial of degree D > 1. Let S be a splitting field for F,
and set G = Gal(S/Q). Let oy, ...,ap be the roots of F in S and, for each index i, let G; denote the
stabilizer of a; under the action of G. Then the Dirichlet density of Sr is given by
|U£1 Gi |
§(Sp) = ———. (8-1)
|G|
Proof. This follows from Theorem 2.1 in [Krumm 2016]. Il

Note that for the purpose of computing §(Sr) using the formula (8-1), the group G may be replaced
with any permutation group G such that G = G. Fixing a positive integer n, let G,, be the Galois group of
@, over Q(¢) and let G = Aut(I"), where I' is the graph defined in Section 5A. Recall that G, = G.
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Lemma 8.2. Let M be the set of all elements of G having no fixed point. The cardinality of M is given
by the formula

M=) (n—1) 0" -d(r.i),

i=0
where
, r—i (—l)k
N Y
d(r, i) = (l.)(r Y
Proof. The number d(r, i) counts the permutations in S, which fix exactly i elements of the set {1, ..., r}.

The above formula for d(r, i) is proved by an inclusion-exclusion argument; see Example 2.2.1 in [Stanley
2012].

For 0 <i <r, let M; be the set of elements of M which fix exactly i cycles of I'. Clearly M is a
disjoint union of the sets M;, so in order to prove the lemma it suffices to show that

M, =m—=1"-n"" - d(r ).

Recall that every element o € G has a unique representation of the form p{' - - - p 7, where 7 € S,
describes the action of o on the set of cycles of I', p represents a (1/n) rotation on the k-th cycle, and
0<a <n.

Let 0 <i <r. Then an element o € G represented as above belongs to M; if and only if there exist
indices kq, ..., ki € {1,...,r} such that  fixes ki, ..., k; and has no other fixed points; and ag; > 0 for
j=1,...,i. In constructing elements of M; we therefore have d(r, i) choices for 7, n — 1 choices for the
exponents ax;, and n choices for the remaining r —i exponents. It follows that #M; = (n — Di-n" 7t d(r, i),
as required. (|

Proof of Theorem 1.5. Let A(t) be the discriminant of &, and let
E={ceQ]|A()=0UEsUEqUE7U Ey.

By the results of Sections 6 and 7, E is a finite set. Fix n € {5,6,7,9} and c € Q\ E. Since ¢ ¢ E,,, we
have G, . = G,. This implies that G, . = G,, where G, . acts on the roots of ®,(c, x). Indeed, since
A(c) #0, there is a subgroup H of G, such that G, . = H (see Theorem 2.9 in [Lang 2002, Chapter VII]).
By order considerations, H must be equal to G,,.

Let S, . be the set of primes p such that ®,(c, x) has a root in Q,,. The fact that A(c) # 0 implies that
Sn.c 1s the complement of 7, .. Indeed, every root of @, (c, x) has period n under ¢.; see Theorem 2.4(c)
in [Morton and Patel 1994].

Since G, = G, =G, Lemma 8.1 applied to F(x) = ®,(c, x) yields

8(Sp.c) = M’

1G]
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where G, is the stabilizer of o in G. It follows that 6(7}, ) = (#M)/|G|, where M is defined as in
Lemma 8.2. Using this lemma we obtain

8(Ts,c) = 25 ~ 0.8187,

8(T6,c) — 3095597!868963701 ~ 08465,

§(Ty.c) ~ 0.8669,
§(To.c) ~ 0.8948.

This completes the proof of the theorem. g

9. The exceptional sets E,

We end this article with a brief discussion concerning the elements of the sets E,. Recall the following
notation introduced in Section 2: S is a splitting field of &, over Q(¢), G, = Gal(S/Q(¢)), My, ..., M;
are representatives of the conjugacy classes of maximal subgroups of G, and X is the smooth projective
curve with function field S.

Our approach to proving the finiteness of E, for n > 4 is based on Lemma 2.1, which shows that E,,
is finite if every quotient curve X'/ M; has genus greater than 1. The proof of the lemma suggests that we
may determine the elements of E, by finding a certain finite set £ and determining all the rational points
on the curves X'/ M;. The set £ as well as affine models for these curves can be obtained using the methods
of the article [Krumm and Sutherland 2017]; however, the rational points on X'/ M; seem impossible to
determine due to the large genera of the curves. (For instance, when n = 5 one of the curves has genus
9526, as seen in the proof of Theorem 6.6.) Hence, the problem of explicitly determining E, seems
intractable at present. Nevertheless, it is possible to prove some basic results about the elements of E,,.

Proposition 9.1. For every positive integer n we have {0, =2} C E,,.

Proof. For every ¢ € Q, the polynomial ®,(c, x) divides ¢ (x) — x, where ¢.(x) = x2+c. In particular,
@, (0, x) divides x2' — x, which implies that ®,, (0, x) splits over a cyclotomic field. It follows that the
Galois group G, o is abelian, hence not isomorphic to G,, since G, = (Z/nZ) S,. Thus 0 € E,,.

For ¢ = —2 the polynomial ¢, is a Chebyshev polynomial satisfying

(x4 1/x) = x>+ 1/x2.

We claim that the polynomial @, (—2, x) splits over the cyclotomic field QX(¢), where ¢ is a primitive
(22" — 1)-th root of unity; as above, this will imply that —2 € E,. Suppose that « € Q is a root of
®,(—2,x), and let B € @ satisfy B+ 1/8 = a. Then %' + 1/8% = B + 1/B, which implies that
(B¥'+1 —1)(B2"~1 = 1) = 0 and hence B2 ~! = 1. Thus B, and therefore o, belongs to @(¢). This proves
the claim. 0

Given a positive integer n for which E,, is finite, one can attempt to find all the elements of E, by
carrying out an exhaustive search within specified height bounds. Recall that the height of a rational
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number § with ged(a, b) = 1 is given by max(|a|, |b|). Fixing a height bound #, it a straightforward
procedure to construct the set B(h) of all rational numbers having height at most 2. One can then
construct all the polynomials ®,(c, x) for ¢ € B(h), compute their Galois groups G, . (for instance,
using the algorithm of Fieker and Kliiners [2014], which is implemented in MAGMA), and check whether
Gu.c = (Z/nZ) S,. The cost of carrying out this computation grows quickly with 7, given the large
degree of ®,. For n =7 the degree of @, is 126, and the above computation is very slow even for small
height bounds /. However, for n = 5 and 6 we have the following result.

Proposition 9.2. Let B(h) denote the set of all rational numbers with height at most h. Then

EsNBGS0)={-2,—%, -3, -3,-2,0} and EsNB(20)={—4,-2,0}.
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