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On the Brauer—Siegel ratio
for abelian varieties over function fields

Douglas Ulmer

Hindry has proposed an analog of the classical Brauer—Siegel theorem for abelian varieties over global
fields. Roughly speaking, it says that the product of the regulator of the Mordell-Weil group and the
order of the Tate—Shafarevich group should have size comparable to the exponential differential height.
Hindry—Pacheco and Griffon have proved this for certain families of elliptic curves over function fields
using analytic techniques. Our goal in this work is to prove similar results by more algebraic arguments,
namely by a direct approach to the Tate—Shafarevich group and the regulator. We recover the results of
Hindry—Pacheco and Griffon and extend them to new families, including families of higher-dimensional
abelian varieties.

1. Introduction
The classical Brauer—Siegel theorem [Brauer 1950] says that if K runs through a sequence of Galois
extensions of Q with discriminants d = dk satisfying [K : Q]/logd — 0, then
log(Rh)
—
log /d

where R = Rg and h = hg are the regulator and class number of K. The proof uses the class number

1

formula
2" 2m)? Rh

Res,— =
ess—1 {k (5) wd

and analytic methods.

Hindry [2007] conjectured an analog of the Brauer—Siegel theorem for abelian varieties. If A is an
abelian variety over a global field K with regulator R, Tate—Shafarevich group III (assumed to be finite),
and exponential differential height H (definitions below), Hindry proposed that the Brauer—Siegel ratio

log(R|111])

BS(A) := log(H)

should tend to 1 for any sequence of abelian varieties over a fixed K with H — oo.

MSC2010: primary 11GO05; secondary 11G10, 11G40.
Keywords: abelian variety, Tate—Shafarevich group, regulator, height, Brauer—Siegel ratio, function field.

1069


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2019.13-5
http://dx.doi.org/10.2140/ant.2019.13.1069

1070 Douglas Ulmer

Hindry and Pacheco [2016] considered the case where K is a global function field of characteristic
p > 0. Assuming the finiteness of III, they proved (Corollary 1.13) that

0< lirrllqinfBS(A) <limsupBS(A) =1, (1.1)
A

where the limits are over the family of all nonconstant abelian varieties of a fixed dimension over K ordered
by height. Note that this leaves open the possibility of a sequence of abelian varieties with Brauer—Siegel
ratio tending to a limit < 1, a possibility not envisioned in Hindry’s earlier paper. Hindry and Pacheco also
conjectured and gave evidence for the claim that the lower bound 0 <liminf4 BS(A) should be an equality
when A runs through the family of quadratic twists of a fixed elliptic curve. Moreover, they gave an example
(Theorem 1.4) of a family of elliptic curves £ with H — oo and proved limg BS(E) = 1 without having
to assume any unproven conjectures. In his Paris VII thesis, Griffon [2016] gave several other examples
of families of elliptic curves where limg BS(E) = 1 again without assuming unproven conjectures.

As with the original Brauer—Siegel theorem, the analyses of Hindry—Pacheco and Griffon use analytic
techniques. More precisely, finiteness of the Tate—Shafarevich group implies the conjecture of Birch and
Swinnerton-Dyer (in its strong form), and so a class number formula of the shape

|| R

L*(A) =«

where L*(A) is the leading Taylor coefficient of the L-function at s = 1 and « is a relatively innocuous,
nonzero factor. (We will give the precise statement below.) Hindry—Pacheco and Griffon then prove their
results by estimating (and in some cases calculating quite explicitly) L*(A).

Our goal in this work is to prove several results about Brauer—Siegel ratios by more algebraic arguments,
in other words through a direct approach to the Tate—Shafarevich group and the regulator. More precisely,
we prove the following results without recourse to L-functions:

(1) a transparent and conceptual proof that liminf4s BS(A) > 0 via a lower bound on the regulator;

(2) a new connection between the growth of |III| as the finite ground field is extended and the number
R|III]| over the given field;

(3) a general calculation of the limiting Brauer—Siegel ratio for the sequence E?") of Frobenius pull-
backs of an elliptic curve E;

(4) a new proof that limy; BS(E;) = 1 in the families of elliptic curves studied by Hindry—Pacheco and
Griffon;

(5) proofs that limy; BS(J;) = 1 for families of Jacobians of all dimensions;
(6) and results on quadratic twists that illustrate the limitations of our p-adic techniques.
“Without recourse to L-functions” means by algebraic methods. We do use the BSD formula, but this

is just a bookkeeping device for the connections between cohomology and other invariants. We do not
use the Euler product or any properties of L(A, s) as a function of s. That said, we have not eliminated
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analysis entirely: points (4—6) above all require an equidistribution result for the action of multiplication
by ponZ/dZ.

The plan of the paper is as follows: In Section 2, we set up notation, review and extend certain auxiliary
results of Hindry—Pacheco on component groups, and prove a lemma useful for estimating heights. In
Section 3, we prove a general integrality result on regulators of abelian varieties which leads immediately
to a lower bound on the Brauer—Siegel ratio. In Section 4, we introduce “dim ITI(A)”, a new and extremely
useful technical device which is closely related to slopes of L-functions and which is computable in many
interesting situations. As a first application, in Section 5 we compute the limiting Brauer—Siegel ratio for
the sequence of Frobenius pull-backs of an elliptic curve. Sections 6-9 develop p-adic cohomological
machinery that allows one to compute dim ITT1(A) and estimate BS(A) for Jacobians of curves with Néron
models related to products of Fermat curves. In the rest of the paper, we use this machinery to recover
the results of Hindry—Pacheco and Griffon and to extend them to higher genus Jacobians. Section 10
discusses curves defined by equations involving 4 monomials. Section 11 discusses curves coming from
Berger’s construction [2008]. Finally, in Section 12 we consider twists of constant elliptic curves.

It is a pleasure to thank Richard Griffon for several helpful comments and an anonymous referee for
his or her careful reading of the paper and valuable suggestions.

2. Preliminaries

2.1. Notation and definitions. We set notation and recall definitions which will be used throughout the
paper.

Fix a prime number p, a power g of p, and a smooth, projective, absolutely irreducible curve C of
genus gc over k = [y, the field of g elements. Let K be the function field [, (C). We write v for a place
of K, d, for the degree of v, K, for the completion of K at v, O, for the ring if integers in K,, and k,
for the residue field, a finite extension of k of degree d,

Let A be an abelian variety over K with dual A. A theorem of Lang and Néron guarantees that the
Mordell-Weil groups A(K) and A(K) are finitely generated abelian groups. (See [Lang and Néron 1959],
or [Conrad 2006] for a more modern account.)

There is a bilinear pairing

(-,): AK) x A(K) > Q

which is nondegenerate modulo torsion. (This is the canonical Néron—Tate height divided by loggq.
See [Néron 1965] for the definition and [Hindry and Silverman 2000, B.5] for a friendly introduction.)
Choosing a basis Py, ..., P- for A(K) modulo torsion and a basis 131, e, 13, for A(K ) modulo torsion,
we define the regulator of A as

Reg(A) = |det(P;, Pj)1<i j=|.

The regulator is a positive rational number, well-defined independently of the choice of bases.
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We write H' (K, A) for the étale cohomology of K with coefficients in A and similarly for H'(K,, A).
The Tate—Shafarevich group of A is defined as

II(A) := ker(Hl(K, A~ []H (K., A)),

where the product of over the places of K and the map is the product of the restriction maps. This group
is conjectured to be finite, and we assume this conjecture throughout the paper. However, in all of the
explicit calculations below, we can in fact prove that III(A) is finite without additional assumptions.

Let A — C be the Néron model of A/K. This is a smooth group scheme over C with a certain universal
property whose generic fiber is A/K. See [Bosch et al. 1990] for a modern account. Let s : C — A be
the zero-section. We define an invertible sheaf w on C by

w =5 (QURY) = NVl o).
The exponential differential height of A (which we often refer to simply as the height) is
H(A) := g%,

If A is an elliptic curve and C = P!, then deg w has simple interpretation in terms of the degrees of the
coefficients in a Weierstrass equation defining A. See [Ulmer 2011, Lecture 3] for details.

For each place v of K, we write ¢, for the number of connected components of the special fiber of .4
at v which are defined over the residue field. We define the Tamagawa number of A as

T(A) ::]_[cv.

(This usage is in conflict with our earlier papers, in particular [Ulmer 2014a], where the Tamagawa

number is defined to be
7(A)

H(A)gdm@ -1

The earlier usage is historically more appropriate, as the definition there is a volume defined in close
analogy with Tamagawa’s work on linear algebraic groups, see [Weil 1982], but the terminology we adopt
here is more convenient for our current purposes.)

Next we consider the Hasse—Weil L-function of A over K, denoted L(A, s). It is a function of a
complex variable s defined as an Euler product over the places of K which is convergent in the half-plane
NRs > % and which is known to have a meromorphic continuation to the whole s-plane. More precisely,
L(A,s) is a rational function in ¢~*, and if the K /k-trace of A is trivial, then L(A, s) is in fact a

[0 —wig™,

where the inverse root «; are Weil integers of size g.

polynomial in ¢ —* of the form
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We define the leading coefficient of the L-function as

L*(A) = ! L(d rL(A
= aogq)rﬁ(£> )

where r is the order of vanishing r := ord,—; L(A, s). (With the factor 1/(logq)", this is the leading

s=1

coefficient of L as a rational function in 7 = ¢ —*, and with this normalization, it has the virtue of being a
rational number.)
All of the invariants mentioned above are connected by the conjecture of Birch and Swinnerton-Dyer

(“BSD conjecture”), which we take to be the conjunction of the following three statements:

(1) ordg—; L(A, s) =Rank A(K).

(2) TI(A) is finite (with order denoted |III(A)|).

(3) We have an equality
Reg(A)[III(A)| T(4)

H(A)  qimee=D|AK )ior] - [AK)ior|

L*(A) =

It is known that parts (1) and (2) are equivalent, and when they hold, part (3) holds as well. (See [Kato
and Trihan 2003] for the end of a long line of reasoning leading to these results.)

From the point of view of the Brauer-Siegel ratio, the main terms of interest in the third part of the BSD
conjecture are Reg(A), |II1(A)|, and H (A), whereas the other factors are either constant (qdim(A)(gC_l))
or turn out to be negligible (t(A) and |A(K);or X A(K )ior]). We will discuss the Tamagawa number and
the results of Hindry and Pacheco on it in the next section, whereas the torsion subgroups A(K);,, and
A(K)yor will play almost no role in our analysis.

2.2. Bounds on Tamagawa numbers (1). Hindry and Pacheco [2016, Proposition 6.8] bound the Tama-
gawa number in terms of the height under certain tameness assumptions. More precisely, they showed
that for a fixed global field K, as A varies over all abelian varieties of fixed dimension d over K, we have

7(A) = O(H)

for all € > 0, provided that p > 2dim(A) 4 1 or A has everywhere semistable reduction.
In this section and Sections 2.5 and 2.6, we outline three improvements of this result, all motivated by
applications later in the paper.

Lemma 2.2.1. Let E run through the set of all elliptic curves over a global function field K. Then
T(E) = O(H(E)°)
for every € > 0.

The point is that we allow arbitrary characteristic and make no semistability hypothesis. This result
was also proven by Griffon [2016, Theorem 1.5.4], but we include a proof here for the convenience of the
reader.
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Proof. This follows easily from Ogg’s formula [1967] (see also [Saito 1988] for a more general result
proven with modern methods). Indeed, if A, is a minimal discriminant for E at the place v, Ogg’s formula
says that

ordy (Ay) =cy+ fu — 1

where f, is the exponent of the conductor of E at v. Summing over places where E has bad reduction
(i.e., where ord,(A,) > 1) and using that f, — 1 > 0 at these places, we have

chdv = Z ord, (Ay)d, < 12 deg(w)

where d, is the degree of v and where the last inequality holds because A can be interpreted as a section
of w®12, This recovers the main bound (Theorem 6.5 of [Hindry and Pacheco 2016]), and the rest of the
argument — converting this additive bound to a multiplicative bound — proceeds exactly as in [Hindry
and Pacheco 2016, Proposition 6.8]. O

2.3. Families from towers of fields. Let A be an abelian variety over a function field K. For each positive
integer d (or positive integer d prime to p), let K; be a geometric extension of K, and let A; = A xx K.
This gives a sequence of abelian varieties and one may ask about the behavior of BS(A,;) as d — oo.

For most of the paper, we will be concerned with the special case where there are isomorphisms
K4 = K for all d. In this case, we may view the sequence A, as a sequence of abelian varieties over a
fixed function field. This is the context of the results and conjectures of Hinry and Pacheco, and we will
give four examples in the rest of this section. Nevertheless, the general case is also interesting, and we
will give develop foundational results in a more general context in Section 2.4.

2.3.1. Kummer families. Let K =[,(t), and for each positive integer d prime to p, let K; = [, () where
u? =t. Note that the extension K;/K is unramified away from the places t =0 and t = co of K. Let A
be an abelian variety over K, and let A; be the abelian variety over K obtained by base change to K,
followed by the isomorphism of fields F, (u) = F,(7), u — t. (In more vivid terms, A, is the result of
substituting ¢¢ for each appearance of ¢ in the equations defining A.) We say that the sequence of abelian
varieties Ay is the family associated to A and the Kummer tower. Such families have been a prime source
of examples for the Brauer—Siegel ratio.

2.3.2. Artin—Schreier families. We may proceed analogously with the tower of Artin—Schreier extensions.
Again, let K = [, (), and for each positive integer d, let K; = [, (u) where uP’ —u =t. Note that the
extension K;/K is unramified away from the place r = oo of K. Let A be an abelian variety over K,
and let A; be the abelian variety over K obtained by base change to K, followed by the isomorphism
of fields [F,(u) = F,(¢), u — t. (In more vivid terms, Ay is the result of substituting tP" —t for each
appearance of ¢ in the equations defining A.) We say that the sequence of abelian varieties A is the
family associated to A and the Artin—Schreier tower.
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2.3.3. Division tower families. One may also consider an elliptic curve variant: Let K be the function
field [, (E) where E is an elliptic curve over [,. For each positive integer d prime to p, consider the
field extension K;/K associated to the multiplication map d : E — E. Thus [K;: K] = d?, but K, is
canonically isomorphic as a field (even as an [ -algebra) to K. Given an abelian variety A over K, let
A, be the abelian variety over K obtained by base-changing A to K; and then using the isomorphism
of fields K; = K. We say that the sequence A, of abelian varieties over K is the family associated to a
division tower. Everything we say about Kummer and Artin—Schreier towers has an obvious analog for
division towers. In most cases the latter is simpler because in the division case, K;/K is unramified.

2.3.4. PGL, families. Let K =[,(¢) and for each positive integer d let Ky = [, (u) where [, (u)/F,(t)
is the field extension associated to the quotient morphism

P! - P'/PGLy(F ) = P'.

We normalize the isomorphism so that the [F ,«-rational points on the upper P! map to 0 and P! (F p2) \
PL(F p2) maps to 1. Then the extension K;/K is unramified away from the places t =0 and 7 =1 of K,
and it is tamely ramified over # = 1. Given an abelian variety A over K, let A; be the abelian variety over
K obtained by base-changing A to K; and then using the isomorphism of fields I, (u) = F,(¢), u > t.
We say that the sequence A, of abelian varieties over K is the family associated to the PGL; tower.

The discussion above gives four different meanings to the notations K; and A;! Which meaning is
intended in each use below should be clear from the context.

We end this section with a simple lemma that plays a key role in our analysis of Tamagawa numbers in
families associated to towers.

Lemma 2.3.5. Let K =[,(C) be a function field, and let K, be a sequence of geometric extensions of K
such that the genus of (the curve associated to) K is < 1 for all d. Then for every place v of K, there is a
constant Cy, depending only on q and deg v such that for all d, the number of places of K, dividing v is at
most Cy[Ky : K]/ log[K4 : K].

Proof. Write D = [K; : K] and set x =log D/ logq. Fix a place v of K. Then the number of places w

of K, dividing v and of absolute degree > x is at most

D
=d 1 —
x/degv cev qulogD

On the other hand, by the Weil bound, the total number of places of K, of degree < x is bounded by

Cq*/x = C'D/log D where C and C’ depend only on ¢, deg v and the genus of K. Since the latter is
either O or 1, the constant can be taken to depend only on ¢ and deg v. This shows that the total number
of places of K, dividing v is < C,D/log D where C, depends only on ¢ and deg v. O

2.4. Towers of geometrically Galois extensions. In this section, we discuss a more general class of
towers of fields K; where we are able to bound Tamagawa numbers of the associated sequences of abelian
varieties. This additional generality was suggested by the anonymous referee, to whom we are grateful.
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Readers who are mainly interested in the applications to the Kummer tower later in the paper are invited
to skip ahead to Section 2.5

2.4.1. Geometrically Galois extensions. Let k be a field and let K = k(C) be the function field of a
smooth, projective, geometrically irreducible curve over k. We say that a finite, geometric extension
K4/ K is geometrically Galois if the Galois closure L, of K; over K has the form L; = k;K; where
kg is a finite Galois extension of k. Equivalently, there is a finite Galois extension k4 of k£ such that
kq K4 is Galois over ks K. (We take k; to be minimal such extension.) Let G; = Gal(L;/ksK) and
'y =Gal(ky/ k) = Gal(ky K /K) = Gal(L;/Ky), so that I'y acts on G4 by conjugation and Gal(L;/K) is
the semidirect product G4 xI";. We call G4, with its action of Iy, the geometric Galois group of K;/K
and we call k; the splitting field of G;. (We remark that there is a finite étale group scheme G, over k
attached to G, with its I'y action, and G; becomes a constant group over ky, see [Milne 1980, §II.1].)

2.4.2. Towers of geometrically Galois extensions. We now consider a tower of geometrically Galois
extensions K;/K indexed by positive integers d (or positive integers relatively prime to p) with contain-
ments K; C Ky whenever d divides d’. These containments induce surjections G — G4 and I'yy — Ty
which are compatible in the obvious sense with the actions of I'; and I'y» on G4 and G respectively.

Each of the families of towers in Section 2.3 gives an example of a tower of geometrically Galois
extensions.

In the case of the Kummer tower, the geometric Galois group is G4 = g (F_q), the splitting field &, is
F,(rq), and T'y = Gal(F4 (1eq)/Fy) is the subgroup of (Z/dZ)* generated by q.

In the Artin—Schreier tower, the geometric Galois group is G4 = [, the splitting field k; is the
compositum F,F 4, and Iy = Gal(F,[F ,«/F,) is the cyclic group generated by the g-power Frobenius.

In the division tower corresponding to an elliptic curve E over [, the geometric Galois group is E[d],
the splitting field k4 is [, (E[d]), and I'y = Gal(ky/[F,) is the cyclic group generated by the action of the
g-power Frobenius on the d torsion points.

In the PGL,; tower, the geometric Galois group is G4 = PGLa(F ), the splitting field k4 is F,F ¢, and
I'y = Gal(F,F ,q/F) is the cyclic group generated by the g-power Frobenius.

For a more general class of examples, let K;/K be any of the towers above, and fix an extension F'/K
which is linearly disjoint from each K; over K. Then the fields F; := F K; form a tower of geometrically
Galois extensions with the geometric Galois group of F,;/F isomorphic to that of K;/K. Note however,
that in general the genus of Fj tends to infinity with d.

We next consider two group-theoretic results related to these towers, both concerning the number of
orbits of I'; acting on G4. (As motivation, we note that the orbits of I'; on G, are in bijection with the
closed points of the scheme G,.)

To state the first result, we make a somewhat elaborate hypothesis on the system of groups G, with
their I'; actions.

Hypothesis 2.4.3. (1) There exists a function ¢ of positive integers such that [G4| =), \d ¢ (e) foralld.
(2) There a decomposition G4 = U, 4G , such that |G} | = ¢ (e).
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(3) The action of I'y on G, respects the decomposition above, and the orbits of I'; on G;, , have
cardinality > C log|G.| for some constant C independent of d and e.

This hypothesis clearly implies that the splitting field k; has degree [k, : k] = |['4] > Clog|G4|. It
would be interesting to know whether the converse holds.

Lemma 2.4.4. Hypothesis 2.4.3 is satisfied by the Kummer, Artin—Schreier, division, and PGL, towers.

Proof. In the Kummer case, G4 consists of the d-th roots of unity in [F_q, and we let G;’e be those of order
exactly e. Then |G, | is independent of d, and we set ¢ (e) = |G, ,|. The orbit of I through ¢ € G,
has size f where f is the smallest positive integer such that ;“qf = ¢. Since ¢ has order exactly e, this is
the smallest f such that g/ = 1 (mod e). Clearly this f satisfies f > loge/loggq and this establishes
Hypothesis 2.4.3.

In the Artin—Schreier case, G is the additive group of [ ,«, and we let G;’e consists of those elements
of Fe CF,« which do not lie in any smaller extension of [, i.e., a € G;Le if and only if [, (a) =Fe. We
set p(e) = |G£l,e| (which is independent of d). Since ar’ #a for 0 < f < e, it follows immediately that
the orbit of the g-power Frobenius through o € G;’ . has size at least e/(log g/ log p), and this establishes
Hypothesis 2.4.3.

In the division case, G4 consists of the [F_q—points of E of order dividing d. We let G/d’e be the subset of
points of order exactly e, and ¢ (e) = IGZL .| (which is independent of d). If P € G;,’ . and Frf,c (P)= P, then
P € E(F,s), and this implies that | E(F,s)| > e. But the Weil bound implies that |E(F,/)| < (g//> + 1)*
which in turn implies that f > C log e for some constant C independent of e.

In the PGL; case, G4 is PGL,(F ,¢). For g € G4, let [, (g) be defined as follows: choose a representative
of g in GL,(F <) one of whose entries is 1, and let F,(g) be the extension of [, generated by the other
entries. It is easy to see that [F,(g) is well defined independent of the choice of representative and that
Fr£ (g) =g if and only if Fr}: fixes [ (g). We let G , consists of those elements g € G4 with F,(g) = F .
We set ¢ (e) = |G2[’ .| (which is independent of d). Since Fr{; (g) #gfor0 < f <e, it follows immediately
that the orbit of the g-power Frobenius through g € G|, has size at least e/(logq/ log p), and this
establishes Hypothesis 2.4.3. U

Remark 2.4.5. A “dual” perspective makes Hypothesis 2.4.3 more transparent in the cases considered in
Lemma 2.4.4. Namely, let F = [, (C) be the function field of a curve of genus O or 1 over [,. (These are
the cases where Aut[fq (C) is infinite.) For each d, let G4 be a subgroup of Aut[fq (C) which is stable under
the g-power Frobenius, and let I'; be the group of automorphisms of G, generated by Frobenius. The
quotient (C x [F_q) /G4 has a canonical model over [y; let F; be its function field. With this notation, the
extension F'/Fy is geometrically Galois with group (G, I'g). Suppose further that if e | d then G, C G4,
so that F; C F,. Then it is natural to define G;, as the set of elements in G; which are not in G, for any
divisor of d with e < d. Clearly G/, depends only on e, and the decomposition G4 = U, 4G/, is evident.
All of the examples of Lemma 2.4.4 can be recast in this form.

The following lemma is modeled on [Griffon 2016, Lemme 3.1.1].
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Lemma 2.4.6. Let K;/K be a tower of geometrically Galois extensions such that for all d, |G4| > d and
such that Hypothesis 2.4.3 holds. Then there is a constant C| such that the number of orbits of 'y on G4

satisfies
|Gl
1
log| Gl

|Ga/Tal =C

foralld > 1.

Proof. Let ¥ (d) = |Gy|, so that ¥ (d) = Zel 4 ¢ (e). Extend ¥ to a function of real numbers which is
continuous, increasing, and satisfies ¥ (x) > x for all x. By Hypothesis 2.4.3, for all d > 1 the number of

orbits of I'; on G, , satisfies

-1 9
|G’ d.e/Tal =C .
log v (e)
Let x > 1 be a parameter to be chosen later. We have
¢(e) "
ITql < Cy (C; to compensate for omitting e = 1)
IZ log ¥ (e)
e e
C Z _¢le) C Z ¢ (e)
(& logy(e) v 1o log ¥ (e)
e<x ex>x

3 ¢ (e) e v (d)

logyr(e) ' logy(x) (X ¢(e) = ¥(d) and ¥ increasing)

1<§\d
¥ (e) Y (d)
C
- lgd logy/(e) log ¥ (x) (@(e) <Y (e))
10;(;(2) Z W;() ) (x = ¥ (x) = ¥(x)/log ¥ (x), increasing for x > 2.72)

¥ () v (d)
C
3logw<x>+ 2log ¥ (x)
¥ (x)? v (d)
C C
=S logv o T Plogv

Now since ¥ is increasing and continuous, we may choose x so that ¥ (x)*> = ¥ (d), and for this choice

v (d)
log y(d)’
Thus setting C; = 2C3 4 2C;, completes the proof. g

(Y (x) = x)

we have
|Ga/Tal < (2C3+2C)

We now consider the set of orbits of I' on a homogeneous space for G.

Lemma 2.4.7. Let G be a finite group and let T be a principal homogeneous space for G. Let I" be a
group acting on G (by group automorphisms) and on T (by permutations), and suppose that the actions
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of ' on G and T are compatible with the action of G on T (i.e., forall y e ', g € G, andt € T,
y(gt) =y (g)y(t). Then

IT/T|<|G/T].
Proof. We use the orbit counting lemma:
1
IG/T| = EZ'GV'
yell

where G denotes the set of fixed points of y acting on G. Similarly,
1
T/TI= 5 > ITY|
yell

where TV denotes the set of fixed points of y acting on G. We claim that if 77 is not empty, then it
is a principal homogeneous space for GY. Indeed, it is clear that if g € GY and t € T7, then gt € T? .
Conversely, if t,¢t' € T” and g € G is the unique element such that gt = ¢, then

y@t=r@yn=y@g)=yt) =t =gt
and so y(g) = g. Therefore, for each y € I', |T"| < |GY|. We conclude that
1 1
IT/TI= Y| < T > IG7 | =1G/T,
yel yell
and this completes the proof of the lemma. U

Remark 2.4.8. In fact, the conclusion of the lemma holds when we assume only that G acts transitively
on T'. To see this, it suffices to check that forall y € I, |TY| < |GY|. If TY is empty, there is nothing to
prove. If not, choose ty € T7, let G be the stabilizer of 79 in G, and set

F(y)={geG|y(gto)) =gto) ={g€G|g 'y (g) € Go}.

Then Gy acts freely on F(y) by right multiplication, and the quotient is 7. Thus |F(y)| = |Go| - |T7|.
On the other hand, GV acts freely on F(y) by left multiplication, and the quotient maps injectively to G
by g — g~ 'y (g). Thus we find

|Gol - ITY | =1F(y)I =1G”|-Gol

and so |[TY] <|GY]|. Itis also clear that G Gy C F(y) so in all we have

GY
o <1 <i61
Gy
Simple examples show that both bounds are sharp. Thanks to Alex Ryba for the proofs in this remark
and the preceding lemma.
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Corollary 2.4.9. Suppose that K4 is a tower of geometrically Galois extensions of K such that [Ky: K] >
d and such that Hypothesis 2.4.3 holds. Let v be a place of K. Then there is a constant C, depending
only on K and v such that for all d the number of place of K, over v is at most C,[K, : K]/log[K, : K].

Proof. First assume that v is unramified in K. Let 7, be the set of geometric points in the fiber over v (i.e.,
in the fiber of the map of curves corresponding to the extension K;/K) and let G = G; be the geometric
Galois group of K, over K. Let k, be the residue field at v and let I'y = Gal(ky/k,), a subgroup of the
Galois group of the splitting field of G,. Then T, is a principal homogeneous space for G4, and I'y
acts on G4 and T; compatibly with the action of G4 on T;. By Lemma 2.4.7, |T;/ T'y| <G4/ T4|. But
T,/ I’y is in bijection with the set of places of K; over v, and by Lemma 2.4.6 (applied to the extensions
kyK 4/ ky,K), there is a constant C, (depending on v because the tower in question depends on v) such that

Ga/Tal < €y Fa: KT
— log[K;: K]

This completes the proof of the corollary when v is unramified in K;. The general case follows from the
same argument using Remark 2.4.8 in place of Lemma 2.4.7. O

2.5. Bounds on Tamagawa numbers (2). We now turn to a second improvement on the Hindry—Pacheco
bound on Tamagawa numbers. We consider towers of fields satisfying the conclusions of Lemma 2.3.5
and Corollary 2.4.9, and we bound Tamagawa numbers using only a mild (local) semistability hypothesis
and no restriction on the characteristic of the ground field.

Recall the line bundle w4 associated to an abelian variety A defined in Section 2.1.

Proposition 2.5.1. Let K be a global function field of characteristic p, let Z be a finite set of places
of K, and let K4 be a tower of geometrically Galois extensions of K. Assume that [K; : K] > d and
that for each place v of K there is a constant C, such that the number of places of K4 dividing v is
< CylKy: K]1/log[K, : K] for all d. Suppose that each K;/K is unramified outside Z. Let A be an
abelian variety over K which has semistable reduction at each place v € Z and such that degw, > 0. Let
Ag=A xg Ky. Then

T(Ag) = O(H(Ay))

for every e > 0.

Proof. To lighten notation, let D =[K, : K]. Since A has semistable reduction at the possibly ramified
places Z, we have degwa, = D degw4 > D, so it will suffice to show that

T(Ag) = 0(g”¢)

for all € > 0.

For each place v of K, let ¢, be the order of the group of connected components of the special fiber of
the Néron model of A at v. Let ¢, be the order of the group of connected components of the special fiber
of the Néron model of A at a place of [F_qK over v. (The order is independent of the choice.) Since the
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former group is a subgroup of the latter, ¢, divides ¢,. If w is a place of K, over v, let ¢,, be the order of
the component group of the Néron model of A over K.

Consider a place v ¢ Z. Since K;/K is unramified at v, ¢, divides ¢,. By assumption, the number of
places w over v is bounded by C,,D/log D. Since there are only finitely many places of K where A has
bad reduction, we may set C; = max{¢C® | v of bad reduction} and conclude that

— D/log D
wl|vgZ vgZ

Now consider a place v € Z, let w be a place of K, over v, and let r be the ramification index of w
over v. Since K;/K is geometrically Galois, r depends only on v. Since A is assumed to have semistable
reduction, [Halle and Nicaise 2010, Theorem 5.7] implies that

Ccy < crdim(A)

Moreover, by assumption, the number of places of K; over v is at most min{D/r, C,D/log D} for some
constant C,, which is independent of D. If » < (log D)/C,, we have
1—[ Cy < (C—Urdim(A))CvD/logD < Cf/(log D/loglog D)
wlv
where C, depends only on v and A. If r > (log D)/ C,, we have
1—[ Cw < (C—Urdim(A))D/r < C3Dl<>gr/r < Cf/(log D/loglog D)
wlv

where again C3 and C4 depend only on v and A.
Taking the product over all place w of K; and setting Cs = max{C,, C4}, we have

1_[ Cy = ( l_[ Cw) ( 1_[ Cw) < (CID/IOgD)(CSD/(IOg D/loglog D))IZl
w w|vgZ wlveZ
and this is clearly O (g”¢) as d (and therefore D) tends to infinity. Il

We now give the main application of the results in this section. Assume K = [, (t) or K = [, (E)
for an elliptic curve E, and consider a family of abelian varieties A; over K associated to the Kummer,
Artin—Schreier, division, or PGL, towers. Recall the line bundle w = w4 defined in the Section 2.1.

Corollary 2.5.2. As d runs through positive integers prime to p (or all positive integers in the Artin—
Schreier case), we have
T(Aq) = O(H(Ay)°)

for every € > 0 in any of the following situations:

(1) A'is an abelian variety over K =, (t), Ag is the family associated to the Kummer tower, deg(w) > 0,

and A has semistable reduction att =0 and t = o0.
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(2) A is an abelian variety over K = T (t), Ay is the family associated to the Artin-Schreier tower,
deg(w) > 0, and A has semistable reduction at t = oo.

(3) A is an abelian variety over K = F,(E), Aq is the family associated to the division tower, and
deg(w) > 0.

(4) Ais an abelian variety over K =[F,(t), Ay is the family associated to the PGL, tower, deg(w) > 0,
and A has semistable reduction att =0 and t = 1.

Proof. This is an immediate consequence of Proposition 2.5.1 together with Lemma 2.3.5. U

2.6. Bounds on Tamagawa numbers (3). Our third improvement on the Hindry—Pacheco bound on
Tamagawa numbers is to note that we can get by with a weaker hypotheses in case (1) of Corollary 2.5.2.
Namely, we claim that the conclusion of the corollary holds if there exists an integer e relatively prime
to p such that A has semistable reduction at the places u = 0 and u = oo of [, (u) where u¢ =t. (The
corollary is the case where e = 1.)

To check the claim, we first recall a result of Halle and Nicaise: Let A be an abelian variety over
I]:_p((t)). For d prime to p, let c; denote the order of the component group of the special fiber of the Néron
model of A over [F_p((tl/ 4y). Then [Halle and Nicaise 2010, Theorem 6.5] states that if we assume that A
acquires semistable reduction over [F_p((tl/ ¢)) for some e prime to p, then the series

Z Cd T
(p.d)=1
is a rational function in 7 and 1/(T/ — 1) for j > 1. This implies in particular that the c; have at worst
polynomial growth: c¢; = O(d") for some N.
Applying this result in the context of part (1) of the lemma for the places t =0 and t = oo of [, (?),
we see that

T(Ag) < €/ d% = O (H (44))
for all € > 0.
2.7. Estimating deg(wj). When A = J is the Jacobian of a curve X over a function field, computing
deg(wy) typically involves knowledge of a regular model of X (or a mildly singular model), information

which is sometimes difficult to obtain. The following lemma allows us to reduce to easy cases in two
examples later in the paper.

Lemma 2.7.1. Let K = k(C) be the function field of a curve over a perfect field k. Let X be a smooth,
projective curve of genus g over K. Let J be the Jacobian of X, let w : X — C be a regular minimal
model of X over K, and let T — C be the Néron model of J with zero-section 7 : C — J. Let

wy = /\g(z*Qb/C)

be the Hodge bundle of J.
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Let K’ be a finite, separable, geometric extension of K, and let p : C' — C be the corresponding
morphism of curves over k. Let R = (2gcr —2) — [K' : K1(2gc — 2).
Let X' = X x g K' with Jacobian J', models X' and J', and Hodge bundle w . Then

[K': K]deg(wy) < deg(w,) + gR.
The point of the lemma is that we do not lose much information in passing to a finite extension.
Proof of Lemma 2.7.1. Since X is regular and 7 has a section, we have that
w5 =N ® Q)7 Z (NmQ%) ® (Q40% "

and similarly for w, . This argument, which uses results on Néron models and relative duality, is given in
the proof of [Berger et al. 2015, Prop. 7.4].

There is a dominant rational map X’--+X covering p, so pull back of 2-forms induces a nonzero
morphism of sheaves

PN (5 1) = N Q5% 0)-
By Riemann-Hurwitz, we have
P (k) = Qi ® Oc/(D)

where D is a divisor on C’ of degree R.
Thus we get a nonzero morphism of sheaves

p*(wy) = wp ®Oc(gD).
Taking degrees, we conclude that
[K': K]deg(wy) < deg(wy)+gR

as desired. O

3. Integrality of the regulator and general lower bounds

In this section, we give a lower bound on the regulator Reg(A) in terms of Tamagawa numbers. Combined
with the bounds on t(A) given in the preceding section, this yields a lower bound on the Brauer-Siegel
ratio. A more general version of the same lower bound was proven in [Hindry and Pacheco 2016,
Proposition 7.6], but our proof is arguably simpler and more uniform, and avoids a forward reference in
[Hindry and Pacheco 2016].

3.1. Integrality of regulators. We continue with the standard notations introduced in Section 2. In
particular, A is an abelian variety over the function field K = k(C) with Néron model .4 and dual abelian
variety A. We consider the height pairing A(K) x A( K) — Q (which we recall is the canonical Néron—Tate
height divided by log g and which takes values in Q) and its determinant Reg(A).



1084 Douglas Ulmer

Our main goal in this section is to bound the denominator of the regulator in terms of the orders c, of
the component groups of A at places v of K. Recall that 7(A) =[], cy.

Proposition 3.1.1. The rational number
T(A)Reg(A)

is an integer.

Proof. We refer to [Hindry and Silverman 2000] for general background on heights. Given an invertible
sheaf £ on A and a point x € A(K), the general theory of heights on abelian varieties defines a rational
number /. (x). The canonical height pairing we are discussing is defined using this machine and the
identification of A with Pic(A), the group of invertible sheaves algebraically equivalent to zero. In other
words, given x € A(K) and y € A(K ), we take L to be the invertible sheaf associated to y and define

(x, y) =he(x).

Néron’s theory [1965] decomposes the height 4 (x) into a sum of local terms indexed by the places of
K. In [Moret-Bailly 1985, III.1], Moret-Bailly proves that the contribution at a place v has denominator
at most 2¢,, and at most ¢, if ¢, is odd. Moreover, he gives an example which shows that this is in
general best possible. The upper bound on the denominator comes from a property of “pointed maps of
degree 2,” [Moret-Bailly 1985, 1.5.6], namely that a pointed map of degree 2 from a group of exponent n
has exponent at worst 2n, or n if n is odd. (These terms will be defined just below.)

In our situation there is slightly more structure: Since £ is algebraically equivalent to zero, it is
antisymmetric, i.e., if [—1] is the inverse map on A, the [—1]*£L = L£~!, The functoriality in [Moret-Bailly
1985, I11.1.1] then shows that the corresponding pointed map of degree 2 is also antisymmetric. In the
next lemma, we define antisymmetric pointed maps of degree 2, and we prove that such a map from a
group of exponent ¢ has exponent dividing c.

Thus we see that (x, y) is a sum of local terms, and the term at a place v has denominator at worst c,.
It follows from the bilinearity of the local terms (, ), that if x passes through the identity component at v,
then (x, y), is an integer. We define a “reduced Mordell-Weil group”

A(K )red = {x € A(K) | x meets the identity component of A at every v},

and note that if x € A(K)™9, then (x, y) is an integer for every y € A(K ). Since the index of A(K)™ in
A(K) divides 7(A) =[], cv, we see that

Reg(A) e 117
as desired. The proposition thus follows from the next lemma. g
Lemma 3.1.2. Let A and G be abelian groups and let f : A — G be a function such that:

(1) f is a “pointed map of degree 2,” namely,

fi+x2+x3) = fx1+x2) — f(x1+x3) — fla+x3)+ f(x1) + f(x2) + f(x3) =0
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forall x1, xp, x3 € A.
(2) f is “antisymmetric,” i.e., f(—x) = —f(x) forall x € A.

Then for all integers n and all x € A, f(nx) =nf (x). In particular, if A has exponent c, then cf =0, i.e.,
cf(x)=0forall x € A.

Proof. This follows from a simple inductive argument. Clearly it suffices to treat the case n > 0. Taking
X1 = xp = x3 = 0 in the pointed map property shows that f(0) = 0. Taking x; = x, = x and x3 = —x
then shows that f(2x) =2 f(x). Finally, for n > 2, taking x; = (n — 1)x, xp = x3 = x, we have
fn+Dx)=f((n—Dx+x+x)
= fnx)+ f(nx)+ f2x) — f((n—Dx) — f(x) — f(x)
=m+n+2—-n—-1)-1-1f(x)
=m+1x,

where we use induction to pass from the second displayed line to the third. This yields the lemma. [

Without the antisymmetry hypothesis, we would have

1
Flnx) = (+ G (2 D

by the same argument leading from the theorem of the cube [Hindry and Silverman 2000, A.7.2.1] to
Mumford’s formula [Hindry and Silverman 2000, A.7.2.5].

f(=x),

3.2. Further comments on integrality. Let X — C be a fibered surface with generic fiber X/K and
assume X has a K-rational point. Let A be the Jacobian Jy. In [Berger et al. 2015, Proposition 7.2], we
proved that the rational number

INS(X)1or|?

tor

is an integer. (By the factorization of birational maps into blow-ups and the blow-up formula, NS(X),,,
is a birational invariant, so the displayed quantity depends only on X and K.)

Note that this bound on the denominator of Reg(A) is in general stronger than that of Proposition 3.1.1.
For example, for the Jacobians studied in [Ulmer 2014b; Berger et al. 2015], (3.2.1) is stronger than
Proposition 3.1.1.

When X has genus 1, it is known that NS(X),,, is trivial, so (3.2.1) says that

T(A)

AT Reg(A) € Z (3.2.2)

This bound (unlike (3.2.1)) makes sense for general abelian varieties, and it is reasonable to ask whether
it holds in general. In the rest of this subsection, we sketch a proof that (3.2.2) does not hold in general,
not even for Jacobians over [, (7).
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Let ) be a classical Enriques surface over [,. It is known that
NSW)ior =2/27Z, NSY)/tor = Zlo, and det(NS())) =1,

see [Cossec and Dolgachev 1989].

Next, embed Y in some projective space and take a Lefschetz pencil, extending [, to [, if necessary.
Let X be the result of blowing up ) at the base points of the pencil. Thus we have 7 : X — P! over Fy
whose fibers are irreducible and either smooth or with single a node. Moreover m has a section. Choose
such a section O and a fiber . We have intersection pairings 0%?=—1,F?=0, and F.O = 1. Also, the
Néron—Severi groups satisfy

NS(X) =NSQ) @ (-1)¢

where the direct sum is orthogonal, (—1) stands for a copy of Z whose generator has self-intersection —1,
and d is the number of blow-ups. Thus det(NS(X)) = 1.
Let X/K =, (¢) be the generic fiber of 7. This is a smooth curve with a K -rational point. Let A = Jx
be its Jacobian. We will see shortly that A is a counterexample to (3.2.2).
Since Pico(/’\,’ ) = Pico(y) = 0, we have Trgr,(A) = 0. The Shioda-Tate theorem gives an exact
sequence
0— (ZO +ZF) — NS(X) —> A(K) — 0.

Moreover, the fact that 7 has irreducible fibers implies that there is a splitting A(K) — NS(X) which
sends the canonical height (divided by log ¢) to the intersection pairing on NS(X). It follows from the
intersection formulas for O and F noted above that

Reg(A) :=det(A(K)/tor) =det(NS(X)/tor) = 1.

Since & has irreducible fibers, T(A) = 1. The Shioda—Tate exact sequence above shows that A(K);,,
has order at least 2 (in fact, exactly 2), so

T(A)

1
————— Reg(A) = —.
ACK ) ? e =5

Thus (3.2.2). fails for A.

3.3. Lower bounds on Brauer-Siegel ratio from integrality. We now state the main consequence for
the Brauer—Siegel ratio of our Proposition 3.1.1.

Proposition 3.3.1. Let A, be a family of abelian varieties over K with H(A;) — 00. Assume that
T(Ag) = O(H(Ay)®) forall € > 0. Then liminf BS(A,) > 0.

Proof. Noting that |III(A,)| is a positive integer and is therefore > 1, we have that
log(|II(Aq)|Reg(Aq)) = log(Reg(Aq)).

Proposition 3.1.1 implies that
log(Reg(Ag)) = —log(t(Ag)).
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It follows from the hypothesis 7(A;) = O(H (Az)¢) that

log(JlI(A4)[Reg(Aq)) _ —log(z(Aq))
log(H (Aa)) ~ log(H(Aa))

has liminf > 0 as d — oo. O

BS(Ag) =

Corollary 3.3.2. If A, is a family of abelian varieties over K such that H(Ag) — 00, then in any of the
following situations liminf BS(A,) > 0:

(1) dim(Ay) =1 foralld.

(2) A is an abelian variety over K =F,(t), Ay is the family associated to A and the Kummer tower, and

A has semistable reduction att =0 and t = o0.

(3) A is an abelian variety over K = [F,(t), Ay is the family associated to A and the Artin—Schreier

tower, and A has semistable reduction at t = oo.
(4) A is an abelian variety over K =T, (E), and Ay is the family associated to A and the division tower.

(5) Ais an abelian variety over K = [F,(t), Ay is the family associated to A and the PGL, tower, and A
has semistable reduction att =0 and t = 1.

Proof. This is immediate from Lemma 2.2.1, Corollary 2.5.2, and Proposition 3.3.1. U

4. Lower bounds via the dimension of the Tate—Shafarevich functor

In this section, we assume that the conjecture of Birch and Swinnerton-Dyer (more precisely, the finiteness
of II1(A)) holds for all abelian varieties considered. Given an abelian variety A over K = [, (C), we will
consider the functor from finite extensions of [, to groups given by

[Fqn = HI(A X[F,,(C) [Fqn (C))

and we will show that the dimension of this functor (to be defined below) gives information on the
Brauer—Siegel ratio of A over K. This technical device will be extremely convenient as it allows us to
bound the Brauer—Siegel ratio without considering the regulator.

Proposition/Definition 4.1. For each positive integer n, let K, := F;#(C). Given an abelian variety A
over K = K, write A/ K, for A xg K,,. Then the limit
m log|LI(A/Ky)[p™]]
n—00 log(g™)

exists and is an integer. We call it the dimension of 1I11(A), and denote it dim III(A).

The proof of the proposition will be given later in this section, after giving a formula for dim III(A) in
terms of the L-function of A. We give a justification of the terminology “dimension” in Remarks 4.3
below.
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In order to state a formula for dim III(A), we recall some well-known results on the L-function L(A, s).
Let Ag = Trg,«(A) be the K/k-trace of A, an abelian variety over k (where as usual k = [,). (See
[Conrad 2006] for a modern account of the K /k-trace.) Then L(A, s) has the form

_ P(g™)
Q(g=)Q(q')

where P and Q are polynomials with the following properties:

L(A,s)

(1) P(T)=]];(1 —o;T) where the o; are Weil numbers of size g.

(2) Q has degree 2dim(Ag) and Q(T') = ]_[j(l — B,;T) where the B; are the Weil numbers of size q1/2
associated to Ag. (In other words, they are the eigenvalues of Frobenius on H T(Ag x [F_q, Qy) for

any £ # p.)
(3) Q(1) =1A¢(Fy)| and Q(g~") = ¢~ Ag(Fy)I.
(4) Replacing A with A/K,, has the effect of replacing the o; and B; with &' and ,3}1.

Let F be the number field generated by the «;, and choose a prime of F' over p with associated
valuation v normalized so that v(g) = 1. We define the slopes associated to A to be the rational numbers
A = v(e;). It is known that the set of slopes (with multiplicities) is independent of the choice of v, that
0 < A; <2 for all i, and that the set of slopes is invariant under A; — 2 — A;.

We can now state a formula for the dimension of I11(A).

Proposition 4.2. dim ITI(A) = deg(w) +dim(A)(g¢ — 1) + dim(Ag) — Z (1—x;).
)\,’<1
The last sum is over indices i such that ; < 1.

Before giving the proof of Propositions 4.1 and 4.2, we record an elementary lemma on p-adic numbers.

Lemma 4.2.1. Let E be a finite extension of Q,, let m be the maximal ideal of E, and let ord : E* — Z
be the valuation of E. If y € E* has ord(y) = 0 and is not a root of unity, then

ord(1 —y™) = O(logn).

Proof. First we note that replacing y with y“, we may assume without loss of generality that y is a 1-unit,
i.e., that ord(1 — y) > 0. Next, if n = p®m with p{m, then
1 - )/n e e(m_l)
I Al =m #0 (mod m),
-V

so ord(1 — ") = ord(1 — ype). Thus it suffices to treat the case where n = p°.

We write exp , and log, for the p-adic exponential and logarithm respectively. (See, e.g., [Koblitz 1984,
IV.1] for basic facts on these functions.) For y sufficiently close to 1 (namely for |y — 1| < |p/(P=D)),

we have y = exp p(log » (). Also, it follows from the power series definition of exp e the ultrametric



On the Brauer—Siegel ratio for abelian varieties over function fields 1089

property of E, and the estimate v, (n!) <n/(p — 1) that if x # 0 and ord(x) is sufficiently large (e.g.,
ord(x) > 2/(p — 1) suffices), then

ord(1 — expp(x)) =ord(x).

Now if e is sufficiently large, then y?* is close to 1, and x = log,, (y?") = p¢log »(v) has large valuation
and is not zero, so we may apply the estimate above to deduce that

ord(1 — y?) = ord(1 —exp, (log,, (y*"))) = ord(log,, (¥ ")) = ord(p®) + ord(log ,(»)).

This last quantity is a linear function of e and thus a linear function of log(p¢), and this proves our
claim. g

Proof of Propositions 4.1 and 4.2. We use the leading coefficient part of the BSD conjecture and consider
the p-adic valuations of the elements of the formula. For simplicity, we first consider the case where
Ag :=Trg 1 (A) =0 and then discuss the modifications needed to handle the general case at the end.

As a first step, we establish that several factors in the BSD formula do not contribute to the limit in
Proposition/Definition 4.1. More precisely, as n varies, Reg(A/K},), t(A/K,), and |A(K,)or |- |A(K,,)mr|
are bounded. To see that Reg(A/K,) is bounded, we note that it is sensitive to the ground field Fy» only
via the Mordell-Weil group A(K,)/tor. In other words, if A(K,)/tor = A(K,,)/tor, then Reg(A/K,) =
Reg(A/K,,). This follows from the geometric nature of the definition of Reg (i.e, its definition in terms
of intersection numbers). From the Lang—Néron theorem on the finite generation of A(K [F_q), it follows
that there are only finitely many possibilities for A(K},)/tor, so only finitely many possibilities for
Reg(A/K,). It also follows that |A(K}, )| and IA(Kn),or| are bounded. (Our use of the Lang—Néron
theorem here depends on the assumption that Ag = 0.) Similarly, since the orders of the component
groups of the fibers of the Néron model of A over I]:_q(C) are bounded, there are only finitely possibilities
for 7(A/K,). Finally, we note that the geometric quantities deg(w), dim(A), and g¢ do not vary with .

Write L*(A/K,), for the p-part of the rational number L*(A/K,). Then the BSD formula and the
remarks above imply that

log|I(A/K,)[p™]| log(L*(A/Kn)pqn(deg(w)-l-dim(A)(gc—1)))

lim = lim
1—00 log(g™) n—00 log(g™)
log(L*(A/K
— tim PEETATRD D) | oo (@) + dim(A) (g — D).

n—oo log(g")

Thus to complete the proof of the existence of the limit in Proposition/Definition 4.1 and the formula
of Proposition 4.2 in the case Ap = 0, we need only check that

lim 8L A/K)p) _ > (i - 1.

n—00 logq" =
i<
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Again under the assumption that Ag = 0, we have

L*(A/K) = [ (1 = @i/

where ]_[: is the product over indices i such that («; /¢)" 7% 1. We view the right hand side as an element
of the number field F introduced above to define the slopes, and we let E (as in Lemma 4.2.1) be the
completion of F at the chosen prime of F over p. If A = v(¢;) < 1, then

v(1 = (ai/q)") =v((ai/q)") =n(k; — 1),
whereas is A; > 1, then
v(1— (e /q)") =v(1) =0.

In the intermediate case where A; = 1, there are two cases: if «; /g is not a root of unity, then Lemma 4.2.1
implies that

v(l = (ai/q)") = O(logn).

If «; /q is a root of unity, then there are only finitely many possibilities for v(1 — (¢; /¢)") with (o; /g)" #1,
and if (¢;/q)" = 1, then it does not contribute to L*(A/K,). Taking the product over i, we find that

lim 8L A/K,) > 04— 1.

n—00 logq” —
1

This establishes the formula in Proposition 4.2.

Since the break points of a Newton polygon have integer coordinates, Y 5 <1(Ai — 1) is an integer. In
the case Ag = 0, we have thus established that the limit in Proposition/Definition 4.1 exists and is an
integer, and we have established the formula in Proposition 4.2 for the limit, i.e., for dim III(A).

In case Ag = Trg,(A) is nonzero, the L-function is more complicated, the torsion is not uniformly
bounded, and we have to be slightly more careful with the regulator. Here are the details: The Lang—Néron
theorem says that A(K [F_q)/ Ao([F_q) is finitely generated. This implies that there are only finitely many
possibilities for A(K},)/Aq(F,») and for the regulator (since A(K,)/tor is a quotient of A(K,,)/Ao([Fy4n)).
Moreover,

|A(K ) ior| = [(A(Kn) /Ao(Fgn))ior| - [Ao(Fgn)ror |
and similarly for A. On the other hand, writing

P(qg™) [[,d—aig™)

L(A,s) = = ,
49 00" T, —=B;qg=)0~Big'~*)

we have that
H(ai/q)rl7é1(1 — (@i/q)")

[T, =@B/ama—p7

L*(A/K,) =
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The denominator is

q—n dim(A0)|A0([Fqn)|2 — q—n dim(A0)|A0(|]Iq,,)| . |AA0(|]:qn)|

so the ratio

is g

|AKn)ior| - 1A(K ) or | _ ndim(Ag)

= AK)/ Ao(Fo)ior| - [(A(Kn) /Ao (Fgn))sor
L0 B0 — D [(AK)/ Ao (g )ror - [AK) /Ao (Fgr)or|

ndim(40) times a quantity which is bounded as n varies. It then follows that
102(|A(K ) or| - |A(Kn)ior| - L*(A/K,
lim Og(l ( n)torl | ( n)t0r| ( / n)p) :dim(A0)+ Z()\i . 1).
n—o00 ]()g q”

)\.i<l

Therefore,

log|III(A/K)| _ . 10g(A(Kn)ior |A(K ) or| - L*(A] K ) g™ deg@+dim(A)(ge—1)))
m — = 11im

n— 00 log(q™) n—00 log(g™)
= dim(Ag) + Y _ (; — 1) + deg(w) + dim(4)(gc — 1).
)L;<1
This completes the proof of Propositions 4.1 and 4.2. g

Remarks 4.3. (1) In our applications, we will compute dim ITII(A) directly from its definition using

2

3)

crystalline methods. Proposition 4.2 suggests that these methods will succeed exactly in those
situations where one can compute the slopes A;, i.e., exactly in the cases where the methods of
Hindry—Pacheco and Griffon succeed.

We explain why the terminology “dimension of ITI(A)” is reasonable. Assume that A is a Jacobian. If
Sel(A, p™) denotes the Selmer group for multiplication by p” on A, then it is known that the functor
Fgn > Sel(A x g Ky, p™) from finite extensions of [, to groups is represented by a group scheme
which is an extension of an étale group scheme by a unipotent connected quasialgebraic group
U[p™], and the dimension of U[p™] is constant for large m [Artin 1974]. (One may even replace
“finite extensions of [,” with “affine perfect [F,-schemes,” but unfortunately, not with “general affine
schemes.”) Since the order of A(KF,»)/p™ A(K[F;n) is bounded for varying n, we may detect the
dimension of U[p™] by computing the order of IIT(A x K[F;»)[p™] asymptotically as n — 0o. Thus
dim ITI(A) as we have defined it in this paper is equal to the dimension of the unipotent quasialgebraic
group U[p™]. (Note however that F» > III(A x; K[F;2)[p>] is not in general represented by a
group scheme.)

The formula in Proposition 4.2 for dim ITII(A) is proven using the BSD formula. Conversely, in
case A is a Jacobian, Milne [1975, §7] computes the dimension of the group scheme mentioned
in the previous remark, and this calculation is a key input into his proof of the leading coefficient
formula of the BSD and Artin—Tate conjectures. Our approach is thus somewhat ahistorical, but it is
elementary (modulo the BSD conjecture) and completely general.
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(4) In the case where A is a Jacobian, the formula of Proposition 4.2 is equivalent to the formula of
Milne for the unipotent group scheme mentioned above, i.e., to the last displayed equation in [Milne
1975, §7].

(5) The proof of Proposition 4.2 suggests that dim III(A) can be viewed as an analog of the Iwasawa
J-invariant.

(6) If K,, =, (C), A is an abelian variety over K with deg(w,) > 0, and we define the *p-Brauer-Siegel

ratio of A” by

__log(R|II(A)])p
BS,(4):= log H(A)

where (x), denotes the p-part of the rational number x, then we have
dimIII(A)
deg(wya)

This gives an interpretation of dim III in terms of a modified Brauer—Siegel ratio.

lim BS,(A/K,) =
n—oo

In situations where we can control t(A), the following proposition gives a tool to bound the Brauer—
Siegel ratio of A from below.

Proposition 4.4. We have
log(|II(A)|Reg(A)7(A))

log(q)
Proof. We keep the notation of the proof of Proposition 4.2. In particular, Ag denotes the K /k trace of A.

> dim III(A).

Using the BSD formula and estimating the denominator of L*(A), we have

[III(A)| Reg(A)T(A)
(ACK,) /Ao (Fgr)ior| - 1(ACK,) /Ao (Fgr)sor |
= | Ag(Fgn)| - |Ap(Fyr)|L* (A)g et amise=h
deg(@)+dim(A) (ge—+dim(Ag) =Y (1-17)

[II(A)[Reg(A)T(A) =

=q
_ qdimLH(A)
and this yields the proposition. O

Remark 4.5. The bound of the proposition is more subtle than it may seem at first: dim ITI(A) is defined
in terms of the asymptotic growth of III(A) as the ground field grows (i.e., replacing [, with [;), whereas
the left-hand side of the inequality concerns invariants over the given ground field [, . In fact, a lower
bound on the dimension of III(A) is not sufficient to give nontrivial lower bounds on III(A) itself. (This
is related to the nonrepresentability of I mentioned above.) For example, if E denotes the Legendre
curve studied in [Ulmer 2014b] over K = F P2/ @V (”fH)), then [Ulmer 2014b, Corollary 10.2] shows
that dimIII(E) = (pf —1)/2, whereas [Ulmer 2014c, Theorem 1.1] shows that when f <2, III(E) is
trivial. This example also shows that the second inequality displayed above is sharp.

Next, we state the result which is our main motivation for considering dim ITI(A).
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Proposition 4.6. Let A; be a family of abelian varieties over K with H(A;) — oo. Assume that
T(Ag) = O(H(Ay)°) forall € > 0. Then
dim ITI(A
liminfBS(Ag) = liminf St (Ad)
d—00 d— 00 deg(a)Ad)

Proof. The hypothesis t(Ay) = O(H (A4)€) for all € > 0 implies that
Jim_log(z(Aq))/log(H (Aq)) =0,
so the proposition follows immediately from the estimate of Proposition 4.4. 0

Corollary 4.7. If A, is a family of abelian varieties over K such that H(Ag) — 00, then

. .. dimII(Ag)
liminf BS(A,) > liminf —
d—o0 d— o0 deg(a)Ad)

in any of the following situations:
(1) dim(Ay) =1 foralln

(2) Ais an abelian variety over K =T, (t), Aq is the family associated to the Kummer tower, and A has

semistable reduction att = 0 and t = 00.

(3) Ais an abelian variety over K =, (t), Ay is the family associated to the Artin—-Schreier tower, and

A has semistable reduction at t = oQ.
(4) Ais an abelian variety over K =T, (E), and A, is the family associated to the division tower.

(5) Ais an abelian variety over K =, (t), Ay is the family associated to the PG L, tower, and A has

semistable reduction att =0 and t = 1.

Proof. This is immediate from Lemma 2.2.1, Corollary 2.5.2, and Proposition 4.6. U

5. Brauer-Siegel ratio and Frobenius

As a first application of our results on the dimension of III, we compute the Brauer—Siegel ratio for
sequences of abelian varieties associated to the Frobenius isogeny.

More precisely, let E be an elliptic curve over the function field K = [, (C), and for n > 1, let E,, be
the Frobenius base change:

E,=EP) =ExgK

where the right hand morphism K — K is the p"-power Frobenius.
Our goal is the following result.

Theorem 5.1. Assume that E is nonisotrivial. Then

lim BS(E,) =1.

n—oo
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Proof. First we note that since E is nonisotrivial, H (E,) — oo as n — o0. Indeed, the j-invariant of E
has a pole, say of order ¢, at some place of K, so the j invariant of E, has a pole of order ep” at the
same place. This implies that the degrees of the divisors of one or both of c4(E,) and cg(E},) also tend to
infinity, and this is possible only if deg(wg,) also tends to infinity. Since H(E,) = q%&“E:), we have
that H(E,) — o0.

Next we note that Proposition 4.2 shows that dim ITII(E,,) — deg(wg,) depends only on the L-function
of E,, indeed only on the slopes of the L-function. Since E and E, are isogenous, they have the same
L-function, so we have

dimII(E,) —deg wg, = dimIII(E) — deg wg
for all n.
Dividing the last displayed equation by deg wg, and taking the limit as n — oo, we get

dim I1I(E,,)
-
deg wp,

1

since deg(wg,) — o0.

Applying part (1) of Corollary 4.7, we see that liminf,, , .o BS(E,) > 1. On the other hand, by [Hindry
and Pacheco 2016, Corollary 1.13], limsup,,_, ., BS(E,) < 1, so we find that lim,,_,o, BS(E,) =1, as
desired. O

Remark 5.2. The same argument works for an abelian variety A as long as deg(w 4 ) — 0o with n and
l—(A(p”)) — O(H(A(p"))_

Remark 5.3. The theorem says that the product |III(E},)| Reg(E,) grows with n. Our earlier results on
p-descent [Ulmer 1991] can be used to show directly that III(E,) grows with n. Full details require an
unilluminating consideration of many cases, so we limit ourselves to a sketch in the simplest situation.
First, let V : E(?) — E be the Verschiebung isogeny, and note that the Selmer group Sel(E‘?), p) contains
Sel(E, V). Also, let L be the (Galois) extension of K obtained by adjoining the (p — 1)-st root of a Hasse
invariant of E, and let G = Gal(L/K). In [Ulmer 1991, Theorem 3.2 and Lemma 1.4], we computed that

Sel(E, V) = Hom(Jy, /< cusps >, Z/pZ)°

where Jy, is the generalized Jacobian of the curve whose function field is L for a “modulus” m related to
the places of bad and/or supersingular reduction of E. Rosenlicht showed that J, is an extension of J
by a linear group (see [Serre 1988]), and the unipotent part of this group contributes to the “dimension”
of Sel(E, V) and therefore to dim III(E?)). The contribution is roughly the number of zeroes (with
multiplicity) of the Hasse invariant, namely (p — 1) deg(wg) which is approximately deg(wg» ) — deg(w).
Thus we find

dim II(EP) > deg(wpm) — deg(w),

in agreement with what we deduced from Proposition 4.2.
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6. Bounding ITI for a class of Jacobians

In this section, we review a general method for computing the p-part of the Tate—Shafarevich group of
certain Jacobians, generalizing our previous work [Ulmer 2014¢] on the Legendre elliptic curve. Although
these methods suffice to compute the p-part of III on the nose, for simplicity we focus just on dim III as
this is what is needed to bound the Brauer—Siegel ratio from below.

6.1. Jacobians related to products of curves. Let k be the finite field F, of characteristic p with ¢
elements. Let C and D be curves over k, and let S =C x; D. Suppose that A is a group of k-automorphisms
of S with order prime to p and such that

A C Auti(C) x Auti (D) C Auti(S).

Suppose that the quotient S/A is birational to a smooth, projective surface X over k and that X is
equipped with a surjective and generically smooth morphism 7 : X — C where C is a smooth projective
curve over k. Let K = k(C) and let X be the generic fiber of 7, a smooth projective curve over K. We
assume that X has a K-rational point. (A vast supply of such data is given in [Berger 2008; Ulmer 2013].)

Let J be the Jacobian of X. We write Br(X) for the cohomological Brauer group of X: Br(X) =
H?*(X, Gm).

Proposition 6.2. (1) III(Jx) and Br(X) are finite groups.
(2) There is a canonical isomorphism 111 (Jx) = Br(X).

(3) There is a canonical isomorphism
Br(X)[p™] = Br(S)[p™)*.

Proof. In substance, parts (2) and (3) are due to Grothendieck [1968] and part (1) is due to Tate [1966].
The details to deduce the statements here are given in [Ulmer 2014c, §4]. O

6.3. Brauer group of a product of curves. We keep the notation of the preceding subsection. In addition,
let W = W (k) be the ring of Witt vectors over k with Frobenius endomorphism o. We write H'(C) for

the crystalline cohomology H!  (C/W) and similarly for H!(D). These are modules over the Dieudonné

rys
ring A = W{F, V}, which is thye noncommutative polynomial ring generated over W by symbols F and
V with relations FV =VF =p, Fe =o(a)F,and «V = Vo (a) forall o € W.

The following crystalline calculation of the p part of the Brauer group of S is originally due to
Dummigan (with additional hypotheses) using results of Milne, and is proven in general in [Ulmer 2014c,

§10].
Proposition 6.4. There is a canonical isomorphism

ny ~ Homa(H'(©)/p", H'(D)/p")
B = ~Homa(H(C), H (D) p"

which is compatible with the actions of A on both sides.



1096 Douglas Ulmer

Here Homy4 denotes W-linear homomorphisms which commute with F and V.

Propositions 6.2 and 6.4 give us a powerful tool for bounding dim III(J) from below. Recall that this
means bounding the growth of the order of I1(J) as we extend the ground field from [, to F,v. The
denominator on the right hand side of the displayed equation in Proposition 6.4 is known to be bounded
as v varies (a fact we will see explicitly in Section 8 for the examples we consider), so we have:

Corollary 6.5. For all sufficiently large n,
dim I(J) = dimHomy (H'(C)/ p", H (D)/ p™)™.
Here the dim on the right-hand side is defined analogously to that on the left:

dimHomA(Hl(C)/p” HI(D)/p")A — lim 10g|H0mA(H1(C Xk [qu)/p”’ Hl('D Xk [qu)/pn)A|.
’ v—>00 log(g")

Computing the cardinality of the numerator on the right amounts to an interesting exercise in p-linear

algebra, at least for certain curves C and D. We carry out these exercises in Section 8.

7. Cohomology of Fermat curves

We review some well-known result on the cohomology of Fermat curves.

As usual, let k = [, be the finite field of cardinality g and characteristic p. We write k for the algebraic
closure of k. For a positive integer d relatively prime to p, let F; be the smooth projective curve over k
given by

x§ +x +x§ =0.

We write ity for the group of d-th roots of unity in k. There is an evident action of /,LZ on Fy xi k
under which (¢;) € ,uf, acts via x; — ¢;x;, and the diagonal ({p = &1 = {») acts trivially, so we have
G =/ a C Autk(Fy).

Let

A= {(ao, ar. a) ‘ Y ai= 0} C (Z/d7)’.

Abusively writing ¢ both for a root of unity in k and for its Teichmiiller lift to the Witt vectors W (k), we
may identify A with the character group Hom(G, W (k)*). Let

A'={(a)eAla #0,i=0,1,2)}.

Given (ag, aj, ap) € A, let {a; /d) be the fractional part of a; /d, where a; is any representative in Z of the
agp aj a

b el ZV\=»
<d>+<d>+<d> }

agp aj a

g il )

<d>+<d>+<d> }

class a;. Define subsets Ay and A; as follows:

Ag= {(ai) €A
and
A= {(ai) e A
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It is a simple exercise to see that A’ is the disjoint union of Ay and A;. Let (p) be the subgroup of Q*
generated by p. Then (p) acts on A’ coordinatewise: p(ao, ai, az) = (pag, pai, paz).

Let H= Hclrys (F4z/ W (k)) be the crystalline cohomology of F,; equipped with its action of the p-power
Frobenius F' and Verschiebung V. Then H := H ®w k) W (k) inherits an action of G.

The following summarizes the main results on H. The argument in [Dummigan 1995, §6], stated in
the special case where d = g 4 1, works for general d prime to p.

Proposition 7.1. There is W-basis {e,} of H indexed by a € A" with the following properties:
(1) F(eq) = cqepq where c, € W(k) and

0 ifae Ay,

ordp(¢a) = {1 ifacA,.

(2) For (¢)e Ganda € A,
(Gi)ea =a(Si)eq = é‘()aoé-lulé‘zazea

(an equality in H).

7.2. A remark on twists. It is sometimes convenient to work with a different model of the Fermat curve,
namely

d | o d_ .d
Fiiyg+yi =
This is a twist of Fy in the sense that they F; and F); become isomorphic over k via
(x0, X1, X2) > (Y0, Y1, €Y2)

where € is a d-th root of —1. It follows that Proposition 7.1 holds for F, as well, with possibly different
constants ¢, which nevertheless continue to satisfy the valuation formula in part (1).

7.3. A remark on quotients. If C is the quotient of F,; by a subgroup of G’ C G, then the crystalline
cohomology of C can be identified with the W-submodule of H generated by the e, whose indices a are
trivial on G'.

For example, the hyperelliptic curve

szd:yzzxd—i-l

is the quotient of F, by a subgroup of G isomorphic to 114 X . (If d is even, it is also a quotient of F)j,
but it is more convenient to have a uniform statement.)
More generally, the superelliptic curve

Cra:y =x741

is the quotient of F/, by a subgroup of G isomorphic to ftg X (.
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The crystalline cohomology Hclrys (Cr.a/W(k)) can then be identified with the W-submodule of
H! (F 4/ W(k)) generated by the e, where a has the form

crys\tr
a = (ag,ay,ar) = (ir,—ir—jd, jd) O<i<d, O<j<r, ir+jd=#0 (modrd).

The set I of such indices has cardinality (r — 1)(d — 1) — gcd(r, d) + 1, and it is the disjoint union
1 = Iy U I} where

Ip=INAZ={U, ))|0<i<d, O<j<r, ir+jd>rd}
and
L=INA=Z{(,J)|0<i<d, O<j<r ir+jd <rd}.

In the case where r = 2 we may further simplify this to

Lh={ild<i<d} and L={il0<i<4})

These sets, with their action of (p), will play a key role in the p-adic exercises that compute dim III
for the Jacobians introduced in Section 6.

8. p-adic exercises

In this section, we carry out the exercises in semilinear algebra needed to compute the dimension of III
for several families of abelian varieties.

Let p be a prime and let [, be the field of cardinality g and characteristic p. Let W = W ([F,) be the
Witt vectors over [, and let W, = W/p". Write o for the p-power Witt-vector Frobenius. For a positive
integer v, we write [ v for the field of ¢" elements, W, = W ([F,») for the corresponding Witt ring, and
W, for W, /p".

Let A= W{F, V} be the Dieudonné ring of noncommutative polynomials in " and V with relations
FV=VF=p, Fe =c(a)F,and aV = Vo (x) for « € W. Also, let A, be the ring W,{F, V} with
analogous relations.

Let {p) be the cyclic subgroup of Q* generated by p.

8.1. Data. Fix a finite set I equipped with an action of (p), which we write multiplicatively: i — pi.
(In the applications below, I will typically be a subset of Z/dZ for some d not divisible by p.) Let M be
the free W-module with basis indexed by I:
M =P We;.
iel
Write [ as a disjoint union / = Iy U I} and choose elements ¢; € W such that
0 ifiely,

Ord(c"):{l ifiel
1.
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Define a o-semilinear map F : M — M by setting
F(ei) =ciepi

and a o~ !-semilinear map V : M — M by setting

p

Vie)=————
(e) Uﬁl(ci/p)

ei/p.

These definitions give M the structure of an A-module, and there is an induced A-module structure on
M, := M @w W,. Parallel definitions make M, := M ®w W, and M,, , := M ®w W, , into A,-modules.
Fix another finite set J equipped with an action of (p), write J as a disjoint union J = Jo U Ji, and
choose elements d; € W with
ord(d;) = {0 lfJ € Jo,
1 ifjelJ.
Define

N:=Pwf,

jeJ

with semilinear maps F : N — N and V : N — N defined by

F(fj) =djfpj
and
_r
o~'(djsp)
Then N and N, := N ®w W, are A-modules, and parallel definitions make N, := N ®w W, and
Ny,y =N Q@w W, , into A,-modules.
Let (p) act on I x J diagonally, and let O be the set of orbits of this action. For an orbit 0 € O, define

V(fj)= Firp-

d (o) :=min(|((lop x J1) No)|, |((I1 X Jo) N0)]).
Consider Homy, (N, M,), a free W,-module with basis ¢;; defined by

e; ifj/:j,

wij (fj) = {0 it £

These elements induce elements of
HOIIIWV (Nn,Va Mn,v) = Hova (NVs MU)/pn

which form a basis over W, ,, and which we abusively also denote ¢;;.
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8.2. Statement. Our main objects of study in this section are the subgroups

Hv = HOIIIAU (NVs MU) C HOII]WU (Nv, Mv)
and
Hn,v = HomAU(Nn,v’ Mn,v) C HomWU (Nn,v’ Mn,v)

consisting of A,-module homomorphisms, i.e., homomorphisms ¢ such that Fop =¢@oF and Vop=¢oV.
To state the results, we first decompose the groups of interest into components indexed by the set of
orbits O. For o € O, let

Homy, (N, M,)? := {w = Zai,jfﬂi,j | a; j =0 forall (i, j) ¢0}

i,j
and

Homy, (Np,v, My.,)° = {qo =D aijgij e =0foral G, ) ¢ o}.
i,j
We define
H} := H,NHomy, (N,, M,)° and H,;’,v := H, , NHomy, (N,,.,,, M, ,)°.
Here is the main result of this section:

Theorem 8.3. (1) H, = ®,c0H, and H,, = ®ocoH,, -

(2) |H?/p"| is at most p"'°! and in particular is bounded independently of v.

(3) For all sufficiently large n,

log|H?

im —> =d(o).
v—o0 log(g")

o= e

(i.j)elxJ

Proof. Let

be a typical element of Homy, (N,, M,) (with o;; ; € W,)) or Homy, (N,,,,, My, ,)) (with o j € W), ). Then
a straightforward calculation shows that F o ¢ = ¢ o F if and only if

C,'O'(Ol,"j) = djO(p(,"J‘) for all (i, ]) el x J, (831)
and Vogp =¢oV if and only if

(ﬁ>a(a,-,j) = (£>a,,(,»,,-) for all (i, j) € I x J. (8.3.2)
dj Ci
Defining

¢’ = E A j%i,js

@i, j)eo
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it is clear that ¢° € HY or H;  and that ¢ = ) _, ¢°. This shows that H, = ), H/ and H, , =
> oo HY ., and it is immediate that the sums are direct. This proves part (1) of the theorem.

For part (2), take a typical element ¢° = Z(i’ jyeo @i, j%i,j of HY. Since W), is torsion-free, the conditions
(8.3.1) and (8.3.2) are equivalent, so we focus on (8.3.1). Fix a base point (o, jo) € o and note that o ;,
determines the other coefficients «; ; with (i, j) € o by repeatedly using (8.3.1). Indeed, we have

Cig0 (@ig, jo) = djo@p(iy, jo)

2
Cpig0 (€ig)0 " (g, jo) = dpjyo (djo)et p2 iy o)

-1 -1
Cploi=15,0 (€ plol-2,) - - ol (cio)a‘ol(ozi(),jo) =d o1 j,0(dyor2j,) - - ol (dj)y, jo

Here |o| is the cardinality of o and in the last line we use that p!°!(io, jo) = (io, jo). Moreover, Q. jo
determines a solution to (8.3.1) only if the last displayed line holds. (There may be other integrality
conditions, but they are not important for our argument.) If the valuations of

-1 —1
cp‘”‘*liog(cpla‘*zio) .- -(Ilo‘ (Cio) and dp|u|71j0(7(dp\u|72j0) s G‘Ol (djo)

are distinct, then it is clear that the only solution is «;,, j, = 0. On the other hand, if the valuations are
the same, the last equation is equivalent to one of the form o’ (a;, j,) = y o, j, Where y € W, is a unit.
Written in terms of Witt vector components, this last equation is a polynomial of degree p'°! in each
component of «;, j, (with coefficients given by y and the lower Witt components of «;, j,). Therefore,
taking o, j, modulo p", there are at most p"°l solutions, and this proves part (2) of the theorem.

We now turn to part (3) of the theorem, which follows from a somewhat more elaborate version of the
calculation of [Ulmer 2014c, §7, §10]. Namely, we fix an orbit o and consider (8.3.1) and (8.3.2) with
(i, j) €oand o; j € W, ,. These are the equations defining H,f’u as a subset of Homw, (N, M,;,,)°, and
analyzing them will allow us to estimate the size of H; .

Fix an orbit 0 € O and a base point (ig, jo) € 0. We associate a word w on the alphabet {u, [, m} to o
as follows: w = wjw; - - - wy,| where

u if p~(o, jo) € I x Jo,
we=11 if p~ o, jo) € Io x Ji,
mif p*~LGo, jo) € (Io x Jo) U (1) x J1).

Changing the base point changes w by a cyclic permutation. Note that d(o0) is the smaller of the number
of appearances of / or u in w.

The motivation for these letters is as follows: If wy, = u, then in (8.3.1) and (8.3.2) for (i, j) =
p o, jo), d ;isaunitand p/c; is a unit. It follows that the two equations are equivalent and either of

them determines « ¢, j) in terms of & e-1(;, ;). 1.€., the “upper” «¢(;, oy is determined by the “lower”

o1, joy- Similarly, if w, =1, the “lower” a,e-1(;, ;) is determined by the “upper” o ¢(;, ;). Finally, if

ptio
w¢ = m, then one of (8.3.1) and (8.3.2) implies other and shows that «c-1(;, ;) and «

Pl jo) determine
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each other. We will use these observations to eliminate most of the variables in the systems (8.3.1) and

(8.3.2), and use the simplified system to estimate the size of H,} , and prove part (3) of the theorem.
We first deal with three degenerate cases, namely those where w is a power of m, or has no letters /, or

has no letters u. In all three cases, d(0) =0, so it will suffice to prove that [H, | is bounded independently

of v. If w =m!°l, then @y, j, determines all of the « and the system ((8.3.1)—(8.3.2)) reduces to a

pio. jo)>
single equation

lol,,. . — .
0 Uiy, jo = VUi, jo

where y € W us a unit. This is easily seen to have at most p™°! solutions for any v, as desired. If w

contains no letters /, then again «;,, ;, determines all of the « and the system ((8.3.1)—(8.3.2))

p(io jo)>
reduces to a single equation

e _lol ., . _ .
P oWy jy =Y Wiy, jo

where e > 0 and y € W is a unit. (Here e is the number of appearances of u in w.) If e = 0, we are in the
previous case, and the equation has at most p"!°! solutions for any v, whereas if ¢ > 0, then this equation
is easily seen to have no solutions. Finally, if w has no letter u, then the system again reduces to a single
equation of the form

o e
o! ‘aio,jo =YD Qiy,j

which has at most p”l°! solutions for any v if e = 0 and has no solutions if ¢ > 0.
For the rest of the argument, we may assume w contains at least one « and at least one /. Define a
functiona : {0, 1, ..., |o|} = Z by setting a(0) = 0 and

1 if weg=u,
al)=al—-1)+ -1 ifw,=I,
0 ifwg =m.

forl1 <¢ <]|o|.

Define the height of o, denoted ht (0), to be the maximum value of a minus the minimum value of a.
Note that this is independent of the choice of a base point for o.

We divide into two cases depending on whether a(|o]|) > 0 or a(|o]) <O0.

If a(Jo]) > 0, we may change base point so that 0 = a(0) is the minimum value of a (i.e., a(£) > 0 for
0<¢ <|o|)and a(|lo| — 1) > a(|o]). Indeed, start with any base point (ig, jo) and let £y be such that a(£y)
is minimum among the a(¢). Then replacing (ip, jo) with (i1, j1) = p‘z" (io, jo) ensures that a(£) > 0O for
all 0 < £ < |o|. If the new word w ends with m or u, we may replace (i1, j;) with p~'(i, ji) without
affecting the inequality a(£) > 0. Iterate until the last letter is /, thus yielding the desired base point. We
fix such as base point and denote it (ig, jo).

Choose

0=ty <0<t <t - <" <t =)0
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such that a is nondecreasing on {{,, ..., £*} and nonincreasing on {e*, ..., bis}for0<A<k—1.In
particular, the £, are the arguments of local minima of a. Now let

B = % (o, jo) O=i=k

(Note that B = Bo.) Then the motivating remarks above about the letters u, [, m show that the 8,
determine all the «; ; with (i, j) € 0. The equations (8.3.1) and (8.3.2) hold if and only if the B, satisfy
the system:

p1ot 0By = y1p®

P32l B = yap“Bs
(8.3.3)

e2k—1 A —Li— e
pzk Lo tk—tk llgk—l=)/kp Zk,Bk

where
e2,—1 = # of appearances of u in the subword wy, 41wy,

e, = # of appearances of / in the subword wy, 41 - - wy,

A

and the units y, are defined by

£;—1 dot
i :pezxfl—eu 1_[ O_h—l—é( p ]0)‘

Cpti
=54 ptio

To recap, the assignment ¢ — (f8,) gives an injection H,} , — W,’f’U whose image is the set of solutions
to equations (8.3.3). We will finish the proof of part (3) of the theorem by estimating the number of such
solutions.

Since the theorem is an assertion about H, , for sufficiently large n, we will assume for the rest of the
proof that n > ht(0). Then we have an exact sequence

0— p" MOH? '~ H?, — Wa_hio).v

where the right hand map sends a tuple (8,) to the reduction modulo p" ") of B,. (Exactness in the
middle follows from the fact that if u < n — ht(0), then we may recover the Witt components ﬂi" ) from
Bo modulo p*~h(@) using the equations (8.3.3) and the fact that a(¢) > a(0) for all £.) Moreover, we have

Bo=(y1--- yk)—lpa(\OI)JIO\IBO (mod pn—ht(o))‘

It follows that the image of H,} , in Wy, _pt(0),» has order at most ploln=ht(@) independently of v. (We may
even conclude that it is O if a(|o|) > 0.) Thus this image does not contribute to the limit in the theorem,
and it will suffice to bound p"—"( HY .

Note also that if n’ > n > ht(0), then

pn—ht(o) Hn()u ~ pn’_ht(o) H;’ )
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via (B3) — ( p”/*” B,.). Thus we may assume that n = ht (o) for the rest of the proof.

To finish the estimation, we “break” the circular system (8.3.3) into a triangular system, as in [Ulmer
2014c, §7.6]. To that end, choose A so that a(¢%) is the maximum of a, and note that 47 (0) =a (¢*)—a(0) =
a(¢*). Then we have

ht(0) =a(*) =e; —ey+---+exnt
and

0= pht(O)lBO — p€1*€z+~--+ezx+1ﬁ0 — p€3*€4+-~~+ezx+1o.*€1 B =---= p32)»+lo-*el (y1) - - - O.*EA (7).

It follows that p®»+1 8, = 0. Using this in (8.3.3) and reordering, we obtain a lower-triangular system

0=ya1P"Brs1

U42—L
0 — _p€2/\+3o- A2~ Ca+1 ,3)L+l _|_ VA+2P€2H4,BA+2

0= —ptoh iy +yptify
0=—po"17% By +yi p=p

0= —pez’\‘lazk_[*—'ﬁ)ﬁl + v p B

This system can be rewritten in the form
Br+1
P

UBU, 8,

v

where U; and U, are diagonal with powers of o and products of the units y; in the diagonal entries and

( p€21+2 \

— p€2+3 €2)+4
p p

where

B = _p€2k71 pezk
_p€1

€2

4

— p-1 €2)
p p
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It follows that the number of solutions to this system is

qv(e2+e4+---+ezk)

On the other hand, e; + e4 + - - - + ey is the total number of appearances of / in the word w, and since
a(Jo]) = 0, w has at least as many appearances of u as of /, so this sum is equal to d(0). It follows that
|HY, (0l = ¢"?® and that

o

im —longn’v =d(0)
v=oo log(g")
for any n > ht (o). This completes the proof of part (3) of the theorem under the hypothesis that a(|o|) > 0.
The proof when a(]o|) < 0 is very similar. Roughly speaking, one proceeds as above, but with a base
point so that a(|o|) is the minimum of a and with g playing the role of By. More precisely, assuming
that w has at least one # and at least one [ and that a(|o|) < 0, we may choose a base point for o such
that a(|o]) is the minimum value of a and a(1) > a(0) = 0. Fix such a base point, denoted (iy, jo), for
the rest of the argument.
As before, choose

0=ty <€ <ty <t' <t < =10
such that a is nondecreasing on {{;, ..., £*} and nonincreasing on {e*, ..., 41} for0 <A <k—1. Let
IB)\:apl)»(l'o,jo) 05)\.51{

Then as before, the coefficients «; ; satisfy equations (8.3.1) and (8.3.2) if and only if the B; satisfy
(8.3.3).

The same dévissage as before shows that it suffices to estimate the order of H,’  in the case where
n = ht(0). We make the circular system (8.3.3) triangular as follows: Choose A so that a(¢*) is the
maximum of a. Then

ht(0) = a(€*) —a(lo]) = ex — ex—1 + - - + €242
Therefore,

0= Pht(o)ﬁk = pok—es-1tteniag

— peZk—2_€2k—3+“'+€2k+2 yk—loﬁk—fk—l (Br—1)

—1_lp—l— -1 L —Ly— —1 l—L
:pezxﬂyk o bt 1(yk_1)0 k—tk z(yk—Z)"'U hr (B 1),

It follows that p¢»+28, .1 = 0. Using this in (8.3.3) and reordering, we obtain (up to units and powers of
o) an upper-triangular system whose diagonal entries are p°', p®, ..., p®-1.

It follows that the number of solutions to (8.3.3) with coefficients in W, , (with n = ht(0)) is
gVt tex-D_ Observing that a(|o|) <0 implies that d (0) =e; +- - -+ear_1, we find that | Hyyy ()0 = g"4@
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and that

log| H,f’v

im ———— =d(0)
v—oo log(g")

for any n > ht(0). This completes the proof of part (3) of the theorem in the remaining case when
a(lol) =0. O

9. Equidistribution

We record three equidistribution statements to be used to control the average behavior of the invariant d (o)
from the preceding section. The first is a consequence of what is proven in [Griffon 2018, Theorem 4.1].
The second is a straightforward “two-variable” generalization, and the third is a simple corollary of the
first. We omit the proofs since they are orthogonal to our main concerns.

Proposition 9.1 (Helfgott, Hindry—Pacheco, Griffon). Let A C [0, 1] be an interval of length «.. Let p be
a prime number and let d run through positive integers prime to p. Let (p) act on Z/dZ by multiplication,
and let O be the set of orbits. Then

. 1
Jim 22

0€0

Haeco|{a/d) e A}
lo]

o =0

Proposition 9.2. Let p be a prime number, let r be a fixed integer prime to p and let d run through
integers prime to p. Let (p) act on (Z/rZ) x (Z/dZ) diagonally, and let O be the set of orbits. Then

.1 {(a,b) eo|{a/r)+(b/d) <1}| 1
dhféozz ‘ZO

Proposition 9.3. Let p be a prime number, let I = 7 /dZ with d prime to p equipped with the multiplica-

o] 2

tion action of (p), and let J = {0, 1} be a two-element set equipped with the nontrivial action of (p). Let
(p) act on I x J diagonally, and let O be the set of orbits. Then

.1 l{(a,b) €o|(a/d) <1/2,b=0}+I|{(a,b) €0 |(a/d)>1/2,b=1}] 1
lim — E —
d—oo d

0e0

=0.

o] 2

10. Calculations for curves defined by four monomials

In this section we compute the limit of Brauer—Siegel ratios for a family of elliptic curves related to the
constructions in [Shioda 1986; Ulmer 2002]. We then explain how the same can be done for families of
Jacobians of every genus in every positive characteristic.

Throughout, let k = [F,, the finite field of cardinality ¢ and characteristic p, and let K = k(¢), the
rational function field over k.

10.1. The curve of [Ulmer 2002]. Let p be a prime number, let d be a positive integer prime to p, and
let E; be the elliptic curve over K defined by

y:i4xy=x>—1? (10.1.1)
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This family of curves was introduced in [Ulmer 2002] where it was shown that III(Ey) is finite and the
rank of E;(K) is unbounded as d varies. Hindry and Pacheco [2016] computed the Brauer—Siegel ratio
of E; as d — oo by analytic means, i.e., by a careful study of the L-function of E;. Here we compute it
via algebraic means, more precisely, through a consideration of dim II(Ey).

Theorem 10.2. We have
lim BS(E,) =1.
d— o0

Proof. Because E g = Ec(f7 ), Theorem 5.1 implies that it will suffice to compute the limit as d runs through
positive integers relatively prime to p and tending to infinity.

We are going to bound BS(E,;) from below by estimating dim I[II(E£;). Since the latter is invariant
under extension of the ground field, we are free to extend k as needed and will do so in the geometric
argument below.

Let £; be the smooth projective surface equipped with a relatively minimal morphism 7 : £; — P!
whose generic fiber is E;4. The procedure for constructing a model &, is explained in general in [Ulmer
2011, Lecture 3], and this particular example is carried out in detail in [Ulmer 2002, §3]. The important
thing to know about &, is that it is birational to the hypersurface in A?X’ ) defined by (10.1.1).

Using the method of [Shioda 1986], it is proven in [Ulmer 2002, §4] that &, is birational to the quotient
of the Fermat surface of degree d by a group of order d?. It is proven in [Shioda and Katsura 1979] that
the Fermat surface of degree d is birational to the quotient of the product of two Fermat curves of degree
d by a group of order d. (Here we may need to extend k so that it contains the 2d-th roots of unity.)
Putting these together, we find that &£, is birational to the quotient of F; x F; by the group

A C (uy/1a)* C Aut(Fg) x Aut(Fy)

generated by
(g% ¢, 10,10, 1, 1D, (11, ¢, 10, 127, 1,10, and (11,1, ¢1, 11,1, ¢])

where ¢ is a primitive d-th root of unity in k.
It follows from Corollary 6.5 that

dim III(E,) = dim Homa (H ' (Fy)/p", H (F)/ p™)® (10.2.1)

for all sufficiently large n. Section 7 and Proposition 7.1 describe the cohomology group H'(F,;) with its
action of Frobenius. They show in particular that the dimension in the last display can be computed by
the methods of Section 8.

To spell this out, recall that the cohomology of F;; splits into lines indexed by

A= {(ao, ai,az) | a; #0, Za,- = 0} c (Z/dz)?

and that A’ is the disjoint union of Ag and A; as in Section 7. The curves F; and their cohomology
furnish data M = N = H! (Fq/W(k)), I =J =A’', and (c;, d;) as in Section 8.1.

crys
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A short calculation reveals that the basis elements ¢;; which contribute to the right hand side of (10.2.1)
are those indexed by (i, j) of the form

(i7 .]) = (ao’ ay, ap, bO, bla bz) :bl(_3a 67 _3s 27 15 _3)

where b; € dZ is such that 60, #~ 0. In other words, projection to the b; coordinate allows us to identify
the orbits of (p) on I x J which contribute to (10.2.1) with the orbits of (p) on

B={beZ/dZ|6b # 0}.

Under this identification, (i, j) € Iy x J; if and only if
b 1

0 Z Z

- <d> -1

5 b
—<{=)<l1
:<(2)

where (-) denotes the fractional part. Thus, the invariant d(o) of Section 8.1 becomes the following

and (i, j) € I} x Jy if and only if

invariant of orbits of (p) on B: Setting
Bo:{beZ/dZ|O<<é><l} and B = :bEZ/dZ|§<<é>< 1},
d 6 6 d
we have

d(0o) = min(loN By|, |oN By]).
Finally, the equidistribution result Proposition 9.1 yields that
Y do)=9+e
oe0
where €/d — 0 as d — oo, and so
dimII(Ey) = 4 +e.
It follows from [Ulmer 2002, §2] that deg w, = [ 41, so by applying Corollary 4.7, we conclude that
liminf BS(Ey) > 1.
d—o0
Taking into account the upper bound (1.1) of Hindry and Pacheco, we finally conclude that

lim BS(E;) =1. O
d—o00

10.3. Other elliptic curves. The methods employed in the previous subsection can be used to compute
the limiting Brauer—Siegel ratio for several other families of elliptic curves, namely those defined by
equations involving 4 monomials. This includes the Hessian family studied in [Griffon 2016, Chapter 5]
and a closely related family introduced by Davis and Occhipinti [2016] and studied in [Griffon 2016,
Chapter 7]. We will not give the details here, since no fundamentally new phenomena arise.
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10.4. Higher genus Jacobians. Forevery prime p and every g > 0, there is a sequence of curves of genus
g over [, (t) whose Jacobians are absolutely simple, satisfy the Birch and Swinnerton-Dyer conjecture,
and have unbounded analytic and algebraic ranks; see [Ulmer 2007, §7]. Since these curves are defined
by four monomials, the methods of this paper suffice to compute the limit of their Brauer—Siegel ratios.
In the rest of this subsection, we explain the details for the main case, namely when g is a positive integer
and p is a prime such that pt(2g +2)(2g + 1). The other cases are similar and we omit them in the
interest of brevity.

Fix a positive integer g, a prime p such that pt(2g +2)(2g + 1), and a positive integer d. Let X, be
the smooth, proper curve of genus g over K = [F,(¢) defined by

Y2 =x28F2 p 28 gl (10.4.1)
and let J; be its Jacobian.
Theorem 10.5. lim BS(J;) =1.
d— o0

Proof. Once again, it suffices to restrict to d not divisible by p. We will bound BS(J;) from below by
estimating dim ITI(J,) using that X; has a model which is dominated by a product of Fermat curves. As
usual, we are free to expand the ground field [, and we do so as needed below.

Let X; be the smooth projective surface equipped with a relatively minimal morphism 7 : A; — P!
with generic fiber X;. Again, what is most important is that X is birational to the hypersurface in A3
defined by (10.4.1).

Using the method of [Shioda 1986] (see also [Ulmer 2007]), one sees that X; is birational to the
quotient of the Fermat surface of degree 2d by a group of order (2d)?, and therefore birational to the
quotient of F»y x F»4 by a group of order (2d)>. (Here we enlarge F p to a finite extension k that contains
the 2d-th roots of unity.) More precisely, carrying out the procedure of [Ulmer 2007, §6] and using
[Shioda and Katsura 1979], one finds that X is birational to the quotient of F,; x F»4 by the group

A C (U34/12a)* C Aut(Fag) x Aut(Faq)
generated by
(I3 1,10, 00, 1,1, (1, 1, 10,01, ¢% 1D, (1, 1,10, [¢, ¢%#72, 1], and  ([1,1,¢]1,[1,1,¢])

where ¢ is a primitive 2d-th root of unity in k.
It follows from Corollary 6.5 that

dim I(E,4) = dimHomyu (H' (F;)/p", H' (Fy)/p™* (10.5.1)

for all sufficiently large n.
As in the previous subsections, the curves F,; and their cohomology furnish data M = N =
Hclrys(de/W(k)), I =J=A and (¢;,d,) as in Section 8.1.
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A short calculation reveals that the basis elements ¢;; which contribute to the right hand side of (10.5.1)
are those indexed by (i, j) of the form

(i, J) = (a0, a1, az, bo, by, by) = (—(4g +4)b, 2b, (4g +2)b, d, d — (48 +2)b, (4g +2)b)

where b € Z/dZ is such that none of the coordinates ay, ..., by are zero in Z/2dZ. (Note that all of the
coefficients of b above are even, so the display gives a well-defined element of (Z/2dZ)® even though b
lies in Z/dZ.) Thus the relevant orbits of (p) on I x J can be identified with the orbits of (p) on the
subset B of Z/dZ where none of the coordinates of (i, j) is 0.

Next we work out conditions on b for the corresponding (i, j) to lie in Iy x J; or 11 x Jy. One finds
that

i = (ap, a1, ar) =(—(4g+4)b,2b, (4g+2)b)

lies in Iy if and only if the fractional part (b/d) lies in one of the intervals

k+1 k+1
LI LT TSI
2¢+2° 2g+1

and i lies in /; if and only if the fractional part (b/d) lies in one of the intervals
k k+1
, + , k=0,...,2g.
2¢+1 2g+2

J=(bo,b1,b2) = (d,d — (4g +2)b, (4g +2)b)

Il
N
D

On the other hand,

lies in Jp if and only if the fractional part (b/d) lies in one of the intervals

<2£+1 23+2)

= "C), e=0,...,2g
4g+2 4g+2

and j lies in J; if and only if the fractional part (b/d) lies in one of the intervals

20 20+1
) 5 g=0,,2g
4g+2 4g+2

It follows that (i, j) lies in Iy x J; if and only if

b\ _(k+1 2k+1
dl ~\2g+2 4g+2

withk=g+1,...,2g and it lies in I} x Jy if and only if

bG 2k+1 k+1
d 4g+2 2g+2

withk=0,...,g—1.
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The total length of the intervals corresponding to Iy x Jj is
2g

Z <2k+1 k+1 )_ g
Myl 4g+2 2g+2 8g+4

and the total length of the intervals corresponding to /1 x Jy is

gi k+1 2k+1)_ g
—\2g+2 4g+2 C 8g+4

Transferring the definition of d (o) to B and applying the equidistribution result Proposition 9.1, we

find that
dim (/) = 3 d(o) = 25— 4. c
- 8g+4
where €/d — 0 as d — oo.
We pause briefly to consider the case g = 1. By [Weil 1954], the Jacobian of X} is the elliptic curve

y2 =x3 — 4% + 14,
It is easy to see that the bundle w, attached to J; has degree [1‘1—2—| It then follows from our estimation of
dim II1(J;) and Corollary 4.7 that lim inf,;_, .o BS(J;z) > 1 and thus, by the Hindry—Pacheco upper bound
(1.1), that limy_, .o BS(Jy) = 1.

To extend this to higher genus, we will give an upper bound on the degree of w; of the form
dg/(8g +4) 4+ € where €/d — 0 as d — oo. More precisely, we will show that deg(wy) =dg/(8g +4)
for all d divisible by (2g + 1)(2g +2). For a general d, we let

d' =lem(d, 2g + 1)(2g +2))

and apply Lemma 2.7.1 to conclude that

dg
deg(wg) < (8g—+4) +2g(2g+1)(R2g+2)—-1)

which gives the desired estimate.

Fori=1,...,g, let w; be the 1-form x'~'dx/y on X4 over K. These 1-forms are regular and give a
basis of HO(X, QL /k)- We will consider their extensions to a suitable model 77 : X' — P! of X and use
them to compute deg(wy).

In [Ulmer 2007, §7.7], a model of X over U = P! \ {0, oo} is constructed which is regular and a
Lefschetz pencil, i.e., its singular fibers are irreducible with one ordinary node each. It is easy to see that
the differentials w; extend to this model and

OI=wI A AWy
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defines a nowhere vanishing section of w,; over U. To compute deg(w,) it will thus suffice to compute
the order of vanishing of o at t = 0 and # = oco. This is where we use the hypothesis that d is a multiple
of 2g+1)(2g +2).

Indeed, if d = 2(2g + 1)k, then the change of coordinates x — t*x’, y — 2¢+Dky/ brings X into the
form

y/2 — t2kx/2g+2 +x/2g+1 +1

28Dk, where o] = (x""'dx") /Y,

which has good reduction at r = 0. Moreover, we see that w; =t~
and that the ] have linearly independent reductions at # = 0. This shows that o has a pole at = 0 of
order

£ (2g+1—2i)d

; 22g+1)

t2£

Similarly, when d = (2g + 2)¢, the change of coordinates x — t*‘x, y — t¢+2¢y brings X into the

form

y2 — x2g+2 + t—£x2g+l +1,

which has good reduction at # = co. Moreover, we see that ; =t 87D where o, = (x""~'dx’)/y’,
and that the w/ have linearly independent reductions at r = co. This shows that o has a zero at r = 0o of
order
i (g+1-i)d

i=1 2842

A short computation then shows that deg(wy) is dg/(8g +4).

Note that these calculations also show that J; has good reduction at # =0 and ¢ = co when d is divisible
by (2g + 1)(2g + 2). Using Section 2.6, these reduction results imply that t(J;) = O (H (J,)€) for all

€ > 0. Then Proposition 4.6 shows that

dim(II1(J,
lim inf BS (/) = limi o AU
d— 00 deg(a)Jd)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we finally conclude that

lim BS(Jy) = 1. O
d—o00

11. Calculations for Jacobians related to Berger’s construction

In this section we compute the limiting Brauer—Siegel ratio for some families of curves related to the
construction in [Berger 2008; Ulmer 2013].

Throughout, let k = [F,, the finite field of cardinality ¢ and characteristic p, and let K = k(¢), the
rational function field over k.
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11.1. The Legendre curve. Assume that p > 2, let d be a positive integer, and let E; be the elliptic
curve over K defined by

¥ =x(x + D(x +19). (11.1.1)

This family of curves has been studied extensively, in particular in [Ulmer 2014b; Conceicao et al. 2014;
Ulmer 2014c; Griffon 2016, Chapter 4]. In the latter, the limit of the Brauer—Siegel ratio of E; as d — 0o
was computed by analytic means, i.e., by a careful study of the L-function of E;. Here we compute it via
algebraic means, more precisely, through a consideration of dim III(Ey).

Theorem 11.2. We have
lim BS(E;) =1.
d— o0

Proof. As usual, it suffices to consider values of d not divisible by p.

Let £; be the smooth projective surface equipped with a relatively minimal morphism 7 : £; — P!
whose generic fiber is E;. This is constructed in [Ulmer 2014b] (under the simplifying hypothesis that d
is even, but the odd case is similar). The main thing we need to know about &, is that it is birational to
the hypersurface in Ag’x, 0) defined by the (11.1.1).

Let C4 be the curve with affine equation

=741
and let D, be the curve with affine equation
y2 =w?+1.
Both curves admit an evident action of A = uy X g (over k). Let A act “antidiagonally” on Cy X Dy:
(62, Sa) (¥, 2, v, w) = (6%, Laz & ' v, 67 w).
Our first main claim is that &, is birational to the quotient Cy x Dy/A via the map
x,z, v, w) = (x =20 y=z9xy, t = wz).

Indeed, it is evident that this defines a dominant rational map from Cy x Dy to £; which factors through the
quotient by A. Degree considerations then show that the induced map has degree 1, i.e., it is a birational
isomorphism.

We are thus in position to apply the machinery of Section 6. In particular, it follows from Corollary 6.5
that

dim III(E,) = dim Hom (H ' (Cy)/p", H (Dy)/p™™ (11.2.1)

for all sufficiently large 7. Section 7.3 and Proposition 7.1 describe the cohomology groups H'(C;) and
H'(D,) with their actions of Frobenius. They show in particular, that the dimension in the last display
can be computed by the methods of Section 8.
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To spell this out, let
I=J=27/d7Z\{0,d/2 (if d is even)},

decomposed as Ip = Jo={i |d/2 <i <d}and I, = J; ={i | 0 <i < d/2}. Section 7 shows that
the crystalline cohomology groups H'(C;) and H'(D,) with their action of Frobenius furnish data
(M,N,1I,J,ci,dj) asin Section 8.1, as well as the invariant d (o) for each orbit 0 of {(p) on I x J.

Since A acts antidiagonally, the orbits that contribute to the right hand side of (11.2.1) are those whose
elements (i, j) satisfy j = —i. Write O for the set of such orbits. Applying Theorem 8.3, we conclude
that

dimII(Eg) = ) d(o). (11.2.2)
0€0A

We may identify the orbits in O with the orbits of (p) on I via the projection 7r; : I x J — I. Also,

since (i, —i) € Iy x Jy if and only if i € Iy, and (i, —i) € I} X Jo if and only if i € I, we have

d(0) = min(|rr; (0) N Iol, |1 (0) N 11]).

Thus the sum on the right hand side of (11.2.2) becomes a sum over orbits of (p) on /, and the invariant
d(o) is described “on average” in Section 9. In particular, the equidistribution result Proposition 9.1
implies that

dimII(Ey) = Y d(0) =% +eq
0€0”
where €;/d — 0 as d — oo.

Since deg(wg,) = [4] (e.g., by [Ulmer 2014b, Lemma 7.1]), Corollary 4.7 implies that
dimI(Eq)

deg(wg,)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we conclude that

liminf BS(E,;) > liminf
d—o0 d— o0

lim BS(Jy) = 1. O
d—o00

11.3. Other elliptic curves. The methods employed in the previous subsection can be used to compute
the limiting Brauer—Siegel ratio for several other families of elliptic curves, namely those coming from
Berger’s construction where the dominating curves are related to Fermat curves. This is the case in
particular for the universal curve over X(4) studied in [Griffon 2016, Chapter 6] and the curve “By2 4"
introduced in [Berger 2008, §4] and studied in [Griffon 2016, Chapter 8]. We will not give the details
here, since no fundamentally new phenomena arise.

11.4. Higher dimensional Jacobians. Let p be a prime number, let ¢ be a power of p, and let k = [,.
Let r and d be integers relatively prime to p. Let X = X, 4 be the smooth projective curve over K = k()
associated to the equation

yo=x""Tx 4+ Dx +19). (11.4.1)
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This is a curve of genus r — 1, and the case r = 2 is the Legendre curve of Section 11.1. Let J = J, 4 be
the Jacobian of X. This family of Jacobians was studied in [Berger et al. 2015], where among other things
it was proven that II1(J, 4) is finite for all p, g, r, and d as above. Here we will compute the limiting
Brauer-Siegel ratio for fixed ¢ and r as d — oo.

Theorem 11.5. For all g and r as above,

lim BS(J.q4) = 1.
d—o00
(p.d)=1

Here the limit is through integers prime to p. It would be possible to include those d divisible by p
using a straightforward generalization of the ideas in Section 5, but will not do that here.

Proof. Since r will be fixed throughout, we omit it from the notation. Let X; be the smooth projective
surface equipped with a relatively minimal morphism 7 : X; — P! whose generic fiber is X,. This is
constructed in [Berger et al. 2015, §3.1]. The important thing to know about X} is that it is birational to
the hypersurface in A?X’ y.ry defined by (11.4.1).

Let C4 be the curve with affine equation

x"=z1+41
and let D, be the curve with affine equation
y =w+1.
Both curves admit an evident action of A = u, X ug (over k). Let A act “antidiagonally” on Cy X Dy:
(@ S (0, 2,y w) = (§x, Gz, 671y, £ w).
It is proven in [Berger et al. 2015, §3.3] that X} is birational to the quotient Cy x D;/A via the map
x,z,y,w)— (x = 2%, y= zdxy, r=wz).

We are thus in position to apply the machinery of Section 6. In particular, it follows from Corollary 6.5
that

dim I11(J,) = dim Homy (H'(Cy)/p", H (Dg)/ p™)* (11.5.1)
for all sufficiently large 7. Section 7.3 and Proposition 7.1 describe the cohomology groups H'(C;) and

H'(D,) with their actions of Frobenius. They show in particular, that the dimension in the last display
can be computed by the methods of Section 8.
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To spell this out, let
b
[=J= i(a,b) eZ/erZ/dZ|a;é0,b;é0,<c—l>+<g>;é 1},
r

Io=Jo= {(a,b)eZ/erZ/lea#0,b#0,<§>+<§>> 1}, and

b

L=J = {(a,b)eZ/erZ/dZ|a750,b750,<§>+<3>< 1}.

Section 7 shows that the crystalline cohomology groups H'(C;) and H'(D,) with their action of Frobenius
furnish data (M, N, I, J, ¢;, d;) as in Section 8.1, as well as the invariant d (o) for each orbit o of (p)
onl xJ.

Since A acts antidiagonally, the orbits that contribute to the right hand side of (11.5.1) are those whose
elements (i, j) = (a, b, a’, b') satisty j = —i, i.e., a’ = —a and b’ = —b. Write O for the set of such
orbits. Applying Theorem 8.3, we conclude that

dimII(Jy) = Y d(o). (11.5.2)
0c0’

We may identify the orbits in O* with the orbits of (p) on I via the projection r; : I x J — I. Also,
since (i, —i) € Iy x Jy if and only if i € Iy, and (i, —i) € I} x Jy if and only if i € I, we have

d(o) = min(|rr;(0) N Iol, |71 (0) N I1]).
We note that
[l = |I1| = 3((r — )(d — 1) — (ged(r, d) — 1)),

which for fixed r is asymptotic to d(r — 1)/2 as d — oc.

Thus the sum on the right hand side of (11.5.2) becomes a sum over orbits of (p) on /, and the invariant
d(o) is described “on average” in Section 9. In particular, the equidistribution result Proposition 9.2
implies that

dimII(Jy) = Y d(o)=3d(r — 1) +eq
0€0?
where €;/d — 0 as d — oo.

To finish the proof, we will show that t(J;) = O(H(Jy)) for all € > 0 and that deg(w;,) <

d(r — 1)/2 + €4 where €¢;/d — 0 as d — o0o0. Once these claims are established, Proposition 4.6

implies that

dim ITI(J
liminfBS(J,) > lim inf G
d—o00 d—oo  deg(wy,)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we conclude that

lim BS(J;) =1.
d— 00
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The assertion about 7 (Jy;) follows from the discussion of Section 2.6 and the fact (proven in [Berger
et al. 2015, §3.1]) that X, has semistable reduction at r = 0 and ¢ = co whenever r divides d.

It is proven in [Berger et al. 2015, Proof of Proposition 7.5] that when r divides d, we have deg(w,,) =
d(r —1)/2. In general, if d’ = lcm(d, r), we have deg(wy,) = d'(r —1)/2 and Lemma 2.7.1 shows that

dir—1)  20r—1> d(r—1)
2 d/d ~— 2

Since d’/d is an integer, €, is bounded independently of d, so €;/d — 0 as d — oo.

deg (de) = +€4.

This completes the proof of the theorem. U

12. Quadratic twists of constant curves

We conclude the paper with a study of Brauer—Siegel ratios of quadratic twists of constant elliptic curves.
Throughout we let p be an odd prime number, [, a finite field of characteristic p, and K = [, (¢).

12.1. Twists of a constant supersingular curve. Fix a supersingular elliptic curve Ey over [, and let
E = Eo xg, K. For a positive integer d relatively prime to p, let E;4 be the twist of E by the quadratic
extension [F, (¢, v/¢ + 1) of K. By results of Milne, the Tate—Shafarevich group of Ey is finite.

Theorem 12.2. We have
lim BS(E,;) =1.
d— o0
(p.d)=1

Proof. Let £ — P! be the Néron model of E;/K, and let C; be the smooth projective curve over Fy
defined by y? = x? 4 1 and equipped with the action of 1, given by the hyperelliptic involution. It is
easy to see that &; is birational to the quotient of Cy X, , Eo by the (anti) diagonal action of w,, i.e., by
W2 acting via the hyperelliptic involution on both factors.
We are thus in position to apply the machinery of Section 6. In particular, it follows from Corollary 6.5
that
dim III(E,;) = dim Homa (H ' (Cy)/p", H' (Eo)/ p™)*? (12.2.1)

for all sufficiently large n.

Section 7.3 and Proposition 7.1 describe the cohomology group H'(C;). We recall the well-known
description of H Y(Ep): It is a free W-module of rank 2 with a basis g, e; such that F(eg) = dye; and
F(e1) = dyeqg where dj is a unit of W and d; is p times a unit. (See [Dummigan 1995, §5] for a detailed
account.) To harmonize with earlier notation, let Jo = {0}, J; = {1}, and J = Jy U Ji, and equip J with
the nontrivial action of (p).

Also, let

1=27/d7\ {0, 4 (if d is even)},

decomposed as Iy = {i | % <i< d} and I), = {i |0<i< %} Section 7 and the preceding paragraph
show that the crystalline cohomology groups H!(C;) and H'(E() with their actions of Frobenius furnish
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data (M, N, I, J, c;,d;) as in Section 8.1, as well as the invariant d (o) for each orbit o of (p) on I x J.
We may thus compute the dimension in the last display by the methods of Section 8.
Since C; and E( are hyperelliptic, the po-invariant part of their cohomology is trivial, so

Homy(H' (Ca)/p". H'(Eo)/p™)"* = Homa(H' (C)/p", H' (E0)/p").
Applying Theorem 8.3, we conclude that
dimI(E,) = Z d(o) (12.2.2)

0€0

where the sum is over all orbits of (p) on I x J.
The equidistribution result Proposition 9.3 implies that

Zd(o) = %—i—ed
0e0

where €;/d — 0 as d — oo.
Since ¢ + 1 has distinct roots, it is easy to see that deg(wg,) = |—%-| Thus Corollary 4.7 implies that

. .. . dimII(Ey)
liminf BS(E;) > liminf —— =
d— o0 d—oo deg(wg,)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we conclude that
lim BS(E,) = 1. |
d—00

12.3. Twists of an constant ordinary curve. Now let E( be an ordinary elliptic curve over [, and set
E=Eyxp, K. One could use methods similar to those in the last section to compute dim III(E;) for the
twist of E by F, (7, +/1¢ + 1), but much more is easily deduced from results of Katz in p-adic cohomology.

Theorem 12.4. Let E’ be any quadratic twist of E. Then
dimIII(E") = 0.

Proof. A variety X over a finite field is said to be Hodge—Witt if all of its deRham—Witt cohomology
groups H' (X, WQf() are finitely generated. A curve is automatically Hodge—Witt, and a surface which
satisfies the Tate conjecture is Hodge—Witt if and only if the dimension of its Brauer group (in the sense
of Proposition/Definition 4.1) is 0 [Milne 1975, §1]. In other words, a surface X over [, satisfying the
Tate conjecture is Hodge—Witt if and only if

log| H*(X x5, Fgn, Ga)[p™1l
n— o0 log(q”) B

0.

A theorem of Katz [1983] says that a product of varieties is Hodge—Witt if and only if one of the
factors is ordinary and the other is Hodge—Witt.

Now let C — P! be a double cover corresponding to a quadratic extension K’/ K. Then the Néron model
£ — P! of E'/K is birational to the quotient of C xf, Eo by j1, acting diagonally by the hyperelliptic
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involutions. Since p > 2, the Brauer group of the quotient is the p;-invariant part of the Brauer group of
C xr, Eo, and the latter has dimension 0 since Ey is ordinary. It follows that the Brauer group of £’ has
dimension 0 and so III(E’) has dimension zero. O

Thus for a quadratic twist of a constant, ordinary elliptic curve, our p-adic methods do not give a
nontrivial lower bound on the Brauer-Siegel ratio. This is compatible with Conjecture 1.7 of [Hindry and
Pacheco 2016], which predicts that the lim inf of BS(E’) as E’ runs over all quadratic twists is 0.

We finish by remarking that Griffon [2015] has shown that if E; is the twist of a constant ordinary
E/K by the quadratic extension [, (z, V14 4+ 1), then as d runs through “supersingular” integers, i.e.,
those that divide p/ + 1 for some f, the limit of BS(E,) is 1. In conjunction with Theorem 12.4, this
shows that the Brauer—Siegel ratio of an elliptic curve E’ may be large even when the dimension of
LI(E") is zero.
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