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Surjectivity of Galois representations in
rational families of abelian varieties

Aaron Landesman, Ashvin A. Swaminathan, James Tao and Yujie Xu
Appendix by Davide Lombardo

In this article, we show that for any nonisotrivial family of abelian varieties over a rational base with big
monodromy, those members that have adelic Galois representation with image as large as possible form
a density-1 subset. Our results can be applied to a number of interesting families of abelian varieties,
such as rational families dominating the moduli of Jacobians of hyperelliptic curves, trigonal curves, or
plane curves. As a consequence, we prove that for any dimension g > 3, there are infinitely many abelian
varieties over (2 with adelic Galois representation having image equal to all of GSp,, (Z).

1. Introduction and statement of results

1A. Background. One of the most significant breakthroughs in the theory of Galois representations came
in 1972, when Serre proved the open image theorem for elliptic curves in his seminal paper [Serre 1972].
Serre’s theorem states that for any elliptic curve E over a number field K without complex multiplication,
the image of the associated adelic Galois representation p, is an open subgroup of the general symplectic
group GSp, (/Z\).1 The Open Image Theorem not only gives rise to many important corollaries — from
the simple consequence that the image of o has finite index in GSp, (Z), to the intriguing result that the
density of supersingular primes of E is 0— but recently, within the past two decades, the theorem has
also inspired a body of research concerning the following question:

Question. How large can the image of the adelic Galois representation associated to an elliptic curve be,
and how often do elliptic curves attain this largest possible Galois image?

The first major result addressing the above question was achieved by Duke [1997]. He proved that for
“most” elliptic curves E over @ in the standard family with Weierstrass equation y> = x3 +ax + b, the
image of the mod-£ reduction of py is all of GSp,(Z/£Z) for every prime number £; here and in what
follows, “most” means a density-1 subset of curves ordered by naive height. Duke’s result does not imply,
however, that p, surjects onto Gsz(Z) for most E. In fact, as Serre [1972] observes, the image of pg
has index divisible by 2 in GSp, (Z) for every elliptic curve E/Q. Nonetheless, Jones [2010, Theorem 4]

MSC2010: primary 11F80; secondary 11G10, 11G30, 11N36, 11R32, 12E25.
Keywords: Galois representation, abelian variety, étale fundamental group, large sieve, big monodromy, Hilbert irreducibility
theorem.
IRecall that GSp, (Z) =GL, (Z); here, we prefer to use the less common symplectic notation so as to highlight the analogy
between the elliptic curve case and that of higher dimensional abelian varieties.
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proves that most elliptic curves E in the standard family over Q have adelic Galois representations with
image as large as possible (i.e., with index 2 in GSp, (Z)).

The obstruction to having surjective adelic Galois representation faced by elliptic curves over Q does
not occur over other number fields. Greicius [2010, Theorem 1.5] constructed the first explicit example
of an elliptic curve over a number field with Galois image equal to all of GSp, (/Z\). Greicius’ example is
not the only elliptic curve with this property: Zywina [2010a, Theorem 1.2] employs the above result of
Jones to show that most elliptic curves in the standard family over a number field K # Q have Galois
image equal to all of GSp, @) as long as K NQ%° = Q, where Q%° is the maximal cyclotomic extension
of Q. Subsequently, Zywina [2010b, Theorem 1.15] achieves an intriguing generalization of this result:
using a variant of Hilbert’s irreducibility theorem, he shows that most members of every nonisotrivial
rational family of elliptic curves over any number field have Galois image as large as possible given the
constraints imposed by the arithmetic and geometric properties of the family. Further results over Q2 were
obtained in [Grant 2000; Cojocaru and Hall 2005; Cojocaru et al. 2011] (see [Zywina 2010b, p. 6] for a
more detailed overview).

Given that the above question is so well-studied in the context of elliptic curves, it is natural to ask
whether any of the aforementioned theorems extend to abelian varieties of higher dimension. As it
happens, explicit examples of curves whose Jacobians have maximal Galois image have been constructed:
it follows from the results of [Dieulefait 2002; Zywina 2015] that one can algorithmically write down
equations of abelian surfaces and three-folds over (2 with Galois image as large as possible. Moreover,
there are several results showing that in a family of abelian varieties, “most” fibers lying over closed
points of the base have Galois image with finite index in the Galois image of the family. For instance,
in [Cadoret 2015] (see also [Cadoret and Moonen 2018]), the author shows that the set of fibers lying
over K-points of the base for which the associated Galois image does not have finite index in that of the
family is a thin set. Furthermore, in [Cadoret and Tamagawa 2012; 2013], the authors show that when
the base of the family is a curve, the set of fibers lying over K-points of the base (and more generally
closed points of bounded degree) for which the associated Galois image does not have finite index in
that of the family is a finite set. However, we are not aware of any results in the literature describing the
density of higher-dimensional abelian varieties whose adelic Galois representations have maximal image
(as opposed to merely having finite index) in that of the family.

1B. Main result. The primary objective of this article is to prove that an analogue of Zywina’s result for
rational families of elliptic curves in [Zywina 2010b, Theorem 1.15] holds for abelian varieties of arbitrary
dimension, subject to a mild hypothesis on the monodromy (i.e., Galois image) of the family under
consideration. Before stating our theorems, we must establish some of the requisite notation; we expatiate
upon this and other important background material in Section 3A, where precise definitions are provided.
Let K be a number field with fixed algebraic closure K, let U C P be a dense open subscheme, and
let A — U be a family of g-dimensional principally polarized abelian varieties (henceforth, PPAVs). Let
Hy C GSpy, (Z) be the monodromy of the family and let H4, C H4 be the monodromy of the fiber A,
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over u € U. Finally, to facilitate our enumeration of PPAVs, let Ht : [P’r(I? ) — R. ¢ denote the absolute
multiplicative height on projective space,” and define a height function || — || on the lattice O% sending
(t1,...,t) to max, ; |o(#;)|, where o varies over all field embeddings ¢ : K < C. Our main result is
stated as follows:

Theorem 1.1. Let B, n be arbitrary positive real numbers, and suppose that the rational family A — U
is nonisotrivial and has big monodromy, meaning that Hpy is open in GSp,, (Z). Let 5q be the index
of the closure of the commutator subgroup of Ha in Ha N Sp,, (2), and let 6x = 1 for K # Q. Then
[Ha : Ha,]1 = 8k forallu € U(K), and we have the following asymptotic statements:

[{u e UKINO) : lull < B, [Ha: Ha,] = 8k}

{u e UK)NOY : ull < B}
[{u e UK) :Ht(u) < B, [Ha : Hp,1= 8k }|

|{u € U(K) : Ht(u) < B}|

=1+ 0(logB)™), and

=1+ 0((logB)™),

where the implied constants depend only on A — U and n.

Remark 1.2. Notice that Theorem 1.1 holds trivially in dimension 0. In [Zywina 2010b, Theorem 1.15],
where the 1-dimensional case of Theorem 1.1 is treated, Zywina bounds the error more sharply, by
O ((log B)B*%) as opposed to our bound of O((log B)™"). In what follows, we shall primarily restrict
ourselves to the case where the dimension g is at least 2.

Remark 1.3. Wallace [2014] studies a variant of Theorem 1.1 in the 2-dimensional case. Unfortunately,
his argument relies upon a mistaken Masser—Wiistholz-type result of Kawamura, [2003, Main Theorem 2].
Although Wallace [2014, p. 468] describes how to correct some of the errors in Kawamura’s proof, the
modified argument still appears to be mistaken; see [Lombardo 2016b, p. 27] for a description of one
error in Kawamura’s argument that Wallace does not adequately address. Using the result stated in the
Appendix, written by Davide Lombardo, we are able to patch this error in Wallace’s argument.

Remark 1.4. The locus of u € U(K) with [H4 : Hy,] > 8k will not in general be Zariski-closed, so the
“sparseness” of this locus can only be quantified by an asymptotic statement. To see why, consider the
family of elliptic curves over K given by the Weierstrass equations y> = x> 4+ x +a for a € K. Note
that the mod-2 reduction of the monodromy is nontrivial for the family but is trivial for infinitely many
members of the family, namely those for which the defining polynomial x> + x + a factors completely
over K.

We now outline the proof of Theorem 1.1. Hilbert’s irreducibility theorem is the prototype for results
like Theorem 1.1, but it only applies in the setting of finite groups. Indeed, the phenomenon that Galois
representations associated to elliptic curves over Q never surject onto GSp, (Z) shows that Hilbert’s
irreducibility theorem cannot hold for infinite groups. However, when A — U has big monodromy, in
the sense that Hy is open in GSp,, (/Z\), the problem is essentially reduced to showing that, for most

2See [Hindry and Silverman 2000, Section B.2, p. 174] for the definition.
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u € U(K), the mod-£ reduction of Hy, contains GSp,,(Z/¢Z) for each sufficiently large prime £. This
reduction uses an infinite version of Goursat’s lemma. Since these mod-¢ reductions are finite groups, the
naive expectation is that Hilbert’s irreducibility theorem can be applied once for each €. Unfortunately,
the sum of the resulting error terms does not a priori converge to zero.

To overcome this problem, we divide the primes £ into three regions.

(a) We handle all sufficiently large primes by means of a delicate argument involving the large sieve
that allows us to apply a recent result of Lombardo (namely, [Lombardo 2016a, Theorem 1.2] and
Proposition A.2).

(b) For the smaller primes, Wallace’s effective version of the Hilbert irreducibility theorem gives
sufficiently good error terms. His approach is to complete ¢ : U — Spec K to a map ¢:U— Spec Ok
(see Section 3B), and then to apply the large sieve using information gleaned from the special
fibers of (;5 To ensure that the monodromy maps associated to special fibers of 5 capture enough
information about the monodromy of the whole family, we assume the family is nonisotrivial and
has big monodromy. Our main contribution to this step is an application of the Grothendieck
specialization theorem, which shows that Wallace’s Property (A2) — concerning the relation between
the monodromy maps associated to a geometric special fiber and to a geometric generic fiber —
holds in a very general setting.

(c) Lastly, to handle the finitely many primes that remain, the Cohen—Serre version of the Hilbert
irreducibility theorem suffices.

We encourage the reader to refer to Section 4A for a more detailed discussion of the intricate arguments
outlined above.

Remark 1.5. Note that the proof strategy outlined above is greatly influenced by the methods that Zywina
[2010b] employed to handle the case where g = 1 and also by unpublished work of Zureick-Brown and
Zywina. In particular, the idea of formulating the problem in terms of monodromy groups and solving
it by applying effective versions of Hilbert’s irreducibility theorem and Serre’s open image theorem is
largely due to them.

Zureick-Brown and Zywina were the first to state a version of Theorem 1.1. Indeed, in a 2013 talk
at the Institute for Advanced Study, Zywina announced that he and Zureick-Brown had proven a result
very much like Theorem 1.1 using a strategy similar to that outlined above. Following this talk, Deligne
suggested a potential way to strengthen the result by removing the hypothesis that the family has big
monodromy, and it is our understanding that Zywina has been attempting to remove this hypothesis
by following Deligne’s suggestion and that his work is still in progress. As the details of the work of
Zureick-Brown and Zywina are not available, we have worked out a modified approach that utilizes recent
results of Wallace [2014] and Lombardo [2016a] that had not been published at the time of Zywina’s
talk. In light of the above, we would like to extend a special acknowledgment to Zureick-Brown and
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Zywina for formulating the questions that motivated our work and for introducing the ideas that inspired
our proof of Theorem 1.1.

1C. Applications. We record a number of interesting applications of our main result. These and several
further applications are stated and proven in Theorem 5.5.

Theorem 1.6 (Abbreviation of Theorem 5.5). Let <7, denote the moduli stack of g-dimensional PPAVs,
suppose A — U is a rational family, and let V be the smallest locally closed substack of </, through
which U — <, factors. The conclusion of Theorem 1.1 holds if V is normal and contains a dense open

substack of any of the following loci:

(a) the substack of Jacobians of hyperelliptic curves, or
(b) the substack of Jacobians of trigonal curves, or

(¢c) the substack of Jacobians of plane curves of degree d (see Remark 5.4 for a more precise description
of this substack), or

(d) the substack of Jacobians of all curves in .#g, or
(e) the moduli stack <7,.
Theorem 1.6 has the following noteworthy corollary:

Corollary 1.7. For every g > 2, there exist infinitely many PPAVs A over Q with the property that
pa(Ga) = GSpy, D).

Proof. Let .78 (g mod 2) C 7, denote the locus of trigonal curves over @ of lowest Maroni invariant (as
defined at the beginning of Section 5B). We have that .74 (g mod 2) is rational and normal when g > 2
(by Theorem 5.5(b)) and has monodromy equal to all of Gszg (/Z\) when g > 2 (by Remark 5.6). Since
78(g mod 2) is a dense open substack of the locus Jacobians of trigonal curves, Theorem 1.6 implies
that Theorem 1.1 applies to 78(g mod 2). O

Remark 1.8. The above proof of Corollary 1.7 is not constructive. For explicit examples of 1-, 2-, and
3-dimensional PPAVs with maximal adelic Galois representations, see [Greicius 2010, Theorem 1.5;
Serre 1972, Sections 5.5.6-8; Landesman et al. 2017a; Zywina 2015, Theorem 1.1].

We conclude this section with a representative example, which has incidentally enjoyed significant
discussion in the literature.

Example 1.9. In this example, we take our family to be the Hilbert scheme .7#; of plane curves of degree
4 over Q. There is quite a bit of earlier work concerning Galois representations associated to Jacobians of
such curves. For instance, a single example of a plane quartic such that the adelic Galois representation
associated to its Jacobian has image equal to GSpg (/Z\) is given in [Zywina 2015, Theorem 1.1]. In
[Anni et al. 2016, Corollary 1.1], an example of a genus-3 hyperelliptic curve whose Jacobian has mod-£
monodromy equal to GSpg(Z/£Z) for primes £ > 3 is constructed. For any £ > 13, [Arias-de Reyna et al.
2016, Theorem 0.1] gives an infinite family of 3-dimensional PPAVs with mod-¢ monodromy equal to
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GSpe(Z/£7). All of these existence statements are subsumed by the main results of the present article:
indeed, from Remark 5.6 and Theorem 1.6, we obtain the considerably stronger statement that a density-1
subset of this family has Galois representation with image equal to GSp, (2).

The rest of this paper is organized as follows. In Section 2, we define the symplectic group and prove
properties concerning its open and closed subgroups. In Section 3, we introduce the basic definitions and
properties associated to Galois representations of abelian varieties and families thereof. These definitions
and properties are used heavily in Section 4, which is devoted to proving the main theorem of this article,
Theorem 1.1. In Section 5, we show that Theorem 1.1 can be applied to study many interesting families
of PPAVs, and in so doing, we prove a result that implies Theorem 1.6. Finally, in the Appendix, Davide
Lombardo proves a key input that we employ in Section 4 to handle the genus-2 case of Theorem 1.1.

2. Definitions and properties of symplectic groups

In this section, we first detail the basic definitions and properties of symplectic groups, and we then
proceed to prove a few group-theoretic lemmas that are used in our proof of the main result of this
paper, Theorem 1.1. The reader should feel free to proceed to Section 3 upon reading the statements of
Propositions 2.5 and 2.6.

2A. Symplectic groups. Fix a commutative ring R, a free R-module M of rank 2g for some positive
integer g, and a nondegenerate alternating bilinear form (—, —) : M x M — R. Define the general
symplectic group (alternatively, the group of symplectic similitudes) GSp(M) to be the subgroup of
GL(M) consisting of all R-automorphisms S such that there exists some mgs € R*, called the multiplier
of §, satisfying (Sv, Sw) =mg - (v, w) for all v, w € M. One readily observes that the mult map

mult : GSp(M) - R*, St+> myg

is a group homomorphism, and its kernel is the symplectic group, denoted by Sp(M).
By choosing a suitable R-basis for M, we can arrange for the corresponding matrix of the inner product

0 |id,
22 = [_Tgﬁ}

where id, denotes the g x g identity matrix. From this choice of basis we obtain an identification
GL(M) ~ GLy,(R). We then define Gszg(R) to be the image of GSp(M) and szg(R) to be the image
of Sp(M) under this identification. Let det : GLyg(R) — R* be the determinant map. Since the diagram

(—, —) to be given by

GSp(M) —— GSp,,(R)

R X
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commutes, where the diagonal map is the multiplier map raised to the g-th power, one deduces that
GSp,,(R) is in fact the subgroup of GL,, (R) consisting of all invertible matrices S satisfying § T Q0,85 =
(mult S) 25, and that szg(R) = ker(mult : Gszg(R) — RX).

Let Matyg 2. (R) denote the space of 2g x 2¢ matrices with entries in R. In subsequent subsections,
we will make heavy use of the “Lie algebra” sp,,(R), which is defined by

5Pag (R) :={M € Matgy20(R) : M" Q¢ + QoM =0},

It is easy to see that M7 Qp, + Q.M = 0 is equivalent to M being a block matrix with g x g blocks of

v-[eri]

For the purpose of studying Galois representations associated to PPAVs, we will be primarily interested

the form

where B and C are symmetric.

in the cases where the ring R is the profinite completion Z of Z, the ring of £-adic integers Z, for a prime
number ¢, or the finite cyclic ring Z/mZ for a positive integer m. Note in particular that we have the

identifications
GSp,,(Zy) ~1lim GSp,, (Z/£*Z) and (2-1)
k
[] GSp,(Ze) ~ GSpy, (Z) ~ 1im GSp,, (Z/mZ). (2-2)
prime £ mn

From (2-1) and (2-2), we obtain the £-adic projection map 7, : GSp,, (Z) — GSp,,(Z,) and the mod-m
reduction map ry, : Gszg (/Z\) —» Gszg (Z/m7Z). Observe that (2-1) and (2-2) both hold with Gszg
replaced by Sp,,.

2B. Notation. In what follows, we study subquotients of szg (Z), szg (Zy), and szg (Z/EkZ) for £ a
prime number and k a positive integer. We use the following notational conventions:

o Let H C Spy, (Z) be a closed subgroup.

e Let Hy:=my(H) C szg (Z,) be the £-adic reduction of H. More generally, for any set S of prime
numbers, let Hs denote the projection of H onto [ [,.g Spa, @).

e Let Hm)=r,(H) C szg (Z/m7Z) be the mod-m reduction of H. We often take m = ok,

o LetI'pe =ker(Spy, (Z¢) — Spy,(Z/ £¥7)). Notice that the map M — idpg +¢% M gives an isomorphism
of groups
5P (Z/€Z) ~ ker(Spy, (Z/€*1'Z) — Sp,, (Z/¢*7))

for every k > 1, so we will use sp,,(Z/¢Z) to denote the above kernel.

« For any group G, let [G, G] be its commutator subgroup, and let G®:.=G /IG, G] be its abelianiza-
tion.
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« For any group G, let Quo(G) the set of isomorphism classes of finite nonabelian simple quotients
of G, and let Occ(G) be the set of isomorphism classes of finite nonabelian simple subquotients of G.

« For any positive integer m, let S,, denote the symmetric group on m letters.

2C. Generalizing Goursat’s lemma. In Sections 2D and 2E, it will be crucial for us to have a theorem
that allows us to express a subgroup of Sp,, (/Z\) as (roughly) the product of its £-adic projections. A natural
tool for doing this is Goursat’s lemma, but in much of the literature (e.g., [Ribet 1976, Lemma 5.2.1;
Zywina 2010a, Lemma A.4]), this result is stated for finite products or for finite groups. This section is
devoted to proving Lemma 2.2, which generalizes Goursat’s lemma to apply in the setting that we need,
namely for countable products of profinite groups.

Lemma 2.1. Ler G =[]._, G; be a product of profinite groups. Then every finite simple quotient of G is
a finite simple quotient of G; for some i, and vice versa.

Proof. Consider a finite simple quotient ¢ : G — H. Since each G; C G is normal, the image ¢ (G;) C H is
also normal. For any i, if ¢ (G;) is larger than {1}, then it equals H since H is simple, and the composition
G; — G — H expresses H as a quotient of G;. If no such i exists, then ker ¢ = G, contradiction. The
“vice versa” statement is obvious. ]

Lemma 2.2 (generalized Goursat’s lemma). Let A be a countable set, and suppose {G 4 }qc 4 is a collection
of profinite groups such that, for all pairs o, B € A with o # B, the groups G, and Gg have no finite
simple quotients in common. Let G := [[,., G, and let 1y : G — G be the natural projections. If
H C G is a closed subgroup with my(H) = G, for allx € A, then H = G.

Proof. First take A = {1, 2}, so that G = G| X G». The subgroup Ny x {1} := (G x{1}) NH C G is
normal because 7| (H) = G. This means N is a normal subgroup of G. Similarly for the subgroup
{1} x N,. With these definitions, the closed subgroup H/(N| x N2) C (G1/N1) X (G2/N>) surjects onto
each factor via the natural projections. We have thereby reduced to the case N1 = N, =0. By [Ribet 1976,
Lemma 5.2.1], we know that G| >~ G as profinite groups. The result follows because two isomorphic
profinite groups have a nontrivial finite simple quotient in common (and any quotient of G;/N; is a priori
a quotient of Gj).

Now take A ={1, 2, ..., n} for n > 3, and suppose (by induction) that the result has been proven for
n—1. Forany H C G = [[;_, G; satisfying the hypotheses of the theorem, let H' be the image of H
under the projection G — ]_[l'.':_l1 G;. Then H' satisfies the hypotheses for n — 1, so we conclude that
H = ]_[;:11 G;. By Lemma 2.1, the groups ]_[;:11 G; and G, have no finite simple quotients in common,
so the n = 2 case tells us that H = G.

The only remaining case is A = {1, 2, ...}. Consider H C G satisfying the hypotheses of the theorem.
For each n, let Hyy 2, ... ny be the image of H under the projection G — ]_[l'.l:l G,;. By the finite case proved
above, we know that Hy1 2 ., = ]_[?:1 G, for each n > 1. Fix an element g := (g;);>1 C G, and define a
sequence {hy, ha, ...} of elements of H as follows: let , be any element of H whose image in [[_, G;
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equals (g1, ..., g). In the product topology, h, — g as n — 0o, so g € H since H is closed. Since
g € G was arbitrary, we conclude that H = G. (Il

2D. Closed subgroups of Sp,, (Z). As before, let H C Spa, (Z) be a closed subgroup. The main result
of this section is Proposition 2.5, which shows that properties of H can be deduced from correspond-
ing properties of the {-adic projections Hy C Sp,,(Z) as ¢ ranges over the prime numbers. We use
Proposition 2.5 crucially in our proof of the main theorem, Theorem 1.1, and more specifically in the
proof of Proposition 4.2.

The next lemma enables us to verify the conditions required for applying Lemma 2.2:

Lemma 2.3. If g > 2 or £ > 2, we have Quo(szg (Zy)) = {PSpQg (Z]L7Z)}. Moreover, for all g > 2, we
have QuO(Sps, (Z1)) NQUO(Spy, (Z) = & if € £ €.

Proof. Since I'y is a pro-£ group, we have that QUO(szg(Zg)) = Quo(szg(Z/EZ)). Furthermore,
quotienting by {£1idy,}, we have that Quo(szg (Z/e2)) = Quo(szg(Z/KZ) /{Z£idyg}). By [O’Meara
1978, Theorem 3.4.1], we have that Sp,,(Z/£Z) /{z1dye} = PSp,,(Z/€Z) 1s simple for g > 2 or £ > 2.
It follows that Quo(szg (Zy)) = {Pszg (Z/€Z)} in this case.

To finish the proof, note that Quo(Sp,,(Z,)) N Quo(Sp,,(Z¢)) = & for g > 2 or £, ¢ > 2 because
PSp,,(Z/LZ) # PSp,,(Z /€' Z) for £ # ¢’ because their orders are different. The only remaining case is
where g =2, £ =2, and ¢’ > 2. In this case, observe that PSp,, Z/0'7) ¢ Quo(Sp,,(Z2/22)) for 0 >2,
since the order of Pszg (Z/£7) exceeds that of szg (Z7/27). U

We next prove Proposition 2.4, which we then use to deduce the main result of this section, Proposition 2.5.

Proposition 2.4. Let g > 2 and let H C Sp,, (/Z\) be a closed subgroup. Suppose there is a prime number
P = 2 such that H () = Sp,,(Z/¢Z) for all £ > p. Then we have that

H = Hy<py x | | Spay(Z0). (2-3)
L>p
The idea of the proof is to apply Lemma 2.2 to conclude that if the group surjects onto each factor,
then it surjects onto the product. We verify the hypotheses of Lemma 2.2 using Lemma 2.3 and the fact
that all simple quotients of Hy¢<,) have smaller order than PSp,,(Z,) for £ > p.

Proof. The case where g = 1 is handled by [Zywina 2010b, Lemma 7.6], so take g > 2. By [Landesman
et al. 2017b, Theorem 1], the fact that H(£) = Sp2g (Z/¢Z) implies that Hy = szg (Zy) for all £ > p.
The proposition follows upon applying Lemma 2.2 to the product Hy<py % [ [, » SPag(Z¢). However,
to apply it, we must check that no two of the groups Hy¢<p) and Sp,,(Z) for £ > p have any finite simple
quotients in common. From [Landesman et al. 2017b, Proposition 1(a)], we have that the group Sp,,(Z)
has trivial abelianization for £ > 2 and thus has no finite abelian simple quotients. Thus, it remains to
verify that the sets of nonabelian simple quotients Quo(H,<,)) and Quo(szg (Zy)) for £ > p are all
pairwise disjoint. Our strategy for checking this condition is to bound the sizes of the groups appearing
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in Quo(Hy¢<p)). First, observe that

Quo(H¢<p)) C OCC(H Spa, (zg)> = | Occ(Spy, (),
t<p t<p
where the last step follows from the first displayed equation of [Serre 1998, p. IV-25]. But Occ(Sp,,(Z¢)) =
Occ(Iy) U OCC(szg(Z/EZ)), and Occ(I'y) = @ because [y is a pro-£ group, so Occ(szg(Zg)) =
Occ(szg (Z/¢7)). Because szg (Z/€£7) is not simple, every element of Occ(Sp2g (Z/¢7)) is bounded
in size by |Sp,,(Z/£Z)|/2, so every element of Quo(Hj¢<,)) is bounded in size by | Sp,,(Z/pZ)|/2.
Observing that

3+ 18py,(Z/ pZ)| < | PSp,,(Z/L2))]
for every ¢ > p, the desired condition follows by applying Lemma 2.3. (I

Proposition 2.5. Let G C Sp,, (Z) be an open subgroup. There exists a positive integer M such that, for
every closed subgroup H C G, we have H = G if and only if H(M) = G(M) and H({) = Sp,,(Z/LZ)
for every prime €1 M.

The idea of the proof is to find a sufficiently large M so that if H (M) = G (M) then Hyy 1y = Go 4 my>
which reduces the problem to the situation of Proposition 2.4.

Proof. Again, the case where g = 1 is handled in [Zywina 2010b, Lemma 7.6], so take g > 2. Let
p be any prime such that G (£) = Sp,,(Z/£Z) for all primes £ > p. Observe that the groups I'p are
open in Sp,,(Z;) because they have finite index in Sp,,(Z;). Since G C Sp,,(Z) is open, the group
Gu<p) C 1_[155 » SP2,(Z¢) is open too, so there exist exponents e(£) > 1 with the property that

[1Teo CGlesp:-
e<p

Since the groups I'y« are finitely generated pro-¢ open normal subgroups of GSp,,(Z), condition (ii)
from [Serre 1997, Proposition 10.6] is satisfied. Hence, the equivalence of conditions (ii) and (iv) from
[Serre 1997, Proposition 10.6] implies that the Frattini subgroup defined by

P (Gesp)) = N S
SCGsp)
S maximal closed in G¢<p)

is open and normal in G¢<p). This means we can find exponents ¢’(€¢) > 1 such that
[ITwo € @Gesp.
t<p

Define M :=[],, £¢“’. Then H(M) = G (M) implies that H<p) = G{e<)-
Now take H satistying H(M) = G(M) and H({) = szg (Z/£Z) for every prime £1 M. We have that

HcGCcC H{gip} X l_[ szg(Zg).
{>p
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To show that H = G, we need only verify

H = H{gfp} X 1_[ szg(zﬁ)a
{>p

which follows immediately from Proposition 2.4. (I

2E. Open subgroups of GSp,, (Z). We now return to studying the general symplectic group GSp,, (Z).
The main result of this subsection tells us that the closure of the commutator subgroup of an open subgroup
of GSp,, (Z) is open:

Proposition 2.6. Let g > 2, and let H C GSp,, (Z) be an open subgroup. Then the closure of [H, H] is
an open subgroup of Sp,, (Z).

In order to prove Proposition 2.6, we shall require a number of preliminary lemmas, which are stated
and proven in Sections 2E1 and 2E2.

2E1. Openness condition. The next two lemmas give us a criterion for openness in Sp,, (Z):

Lemma 2.7. Let S be a finite set of prime numbers, and let H C [ [, Spa,(Z¢) be a closed subgroup. If
each Hy C Spy,(Zy) is open, then H C [Toes Spye(Ze) is open.

Proof. There exists a finite-index subgroup H' C H such that H'(£) is trivial for every £ € S, namely
the intersection of the kernels of the mod-¢ reductions maps H — H (¢). Since each H; is a pro-£ group,
Lemma 2.2 implies that H' =[], ¢ H,. Thus, H contains an open subgroup and is therefore itself open. [J

Lemma 2.8. Let g > 2 and let H C Sp,, (/Z\) be a closed subgroup. If Hy is open in Sp,,(Zy) for all A
and Hy = Sp,,(Zy) for all but finitely many £, then H is open in Sp,, (Z).

Proof. Let p be the largest prime with H), # Sp,,(Z,). By Lemma 2.7, we have that Hy<p) C
I1 ¢<p SP2¢(Z¢) is an open subgroup. The result then follows from Proposition 2.4. (I

2E2. Two computational lemmas. The next two results are used in the proof of Proposition 2.6. The
following lemma describes the commutator of an element of I'y» with an element of ["yx.

Lemma 2.9. Let n < m be positive integers, and let idy, +£"U and idyg +£™V be elements of GLog(Zy).
Then we have

(idag +€"U) " (idag +€" V) (idag +£"U)(idag +£" V) = idpg +£"" (VU — U V) (mod £2"™).
Proof. We have
(idag +£" V) (idag +£"U)(idpg +£" V)™ = idyg +-£"(idpg +£" V) U (idpg +-£" V)

o0
= idp " (idpg +£" V)U(Z(—l)"eim Vf)
i=0
oo
=idye +£" > [(=DE"UV + (=D FImvu v
i=0

=idyy +E"U + """ (VU — U V)(idae +£" V).
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Multiplying on the left by (idg +£"U )~! gives the desired result. ]

In the next proposition, we show the commutator subalgebra of sp,,(Z/£Z) is sufficiently large for all
primes £.

Proposition 2.10. We have the following results:
(a) Forall g > 1 and £ = 3 we have [5p2g(Z/ZZ), 5p2g(Z/€Z)] = 5p2g(Z/ZZ).
(b) Forall g > 1 we have [spy,(Z/AZ), 5p2o(Z/AZ)] D 2 - 5Py, (Z/27).

Proof. Statement (a) follows immediately from [Steinberg 1961, Theorem 2.6], which states that
5Py, (Z/€Z) is simple for £ > 3. It remains to prove statement (b). For this, we compute several
commutators and make deductions based on each one. For convenience, let g =[sp,,(Z/47), 5p,,(Z/42)],
let A, D denote arbitrary g x g matrices, and let B, C, E, F denote symmetric g X g matrices. Since

Al 0 D| 0 71 _[AD-DA] 0 -
HO—AT]’[O—DTH_[ 0 ATDT—DTAT}’ 4

all block-diagonal matrices in sp,,(Z/4Z) with every diagonal entry equal to O are contained in g. This

can be seen by taking A and D to be various elementary matrices. Furthermore,

0[B][0|E|]_[BF—EC| 0
HCOHFOH_[ 0 CE—FB:|’ (2-5)

so we can arrange that BF — EC is an elementary matrix with a single nonzero entry on the diagonal.

Summing matrices from (2-4) and (2-5) tells us that all block-diagonal matrices are contained in g.

Additionally,
idg | 0 0|B7]_[0]2B
H 0 —idg}’ [0 OH‘[F%] (2-6)

Repeating the computation from (2-6) with the other off-diagonal block nonzero implies that 2 times any

matrix in sp,,(Z/27) whose diagonal blocks are 0 is an element of g. The desired result follows because
2-5p,y,(Z/27) is contained in the subspace generated by the matrices from (2-4), (2-5), and (2-6). U

2E3. Completing the proof. In order to prove Proposition 2.6, we require the following lemma, which
states that the closure of the commutator [I"j«, I'p«] is large.

Lemma 2.11. Fix k > 1. Then if £ # 2, the closure of [Ty, I px] contains Iy and if £ =2, the closure of
[Tpx, T p] contains T poi+1.

Proof. First suppose £ > 3. Statement (a) of Proposition 2.10 implies that for any W’ € sp,,(Z/£Z), there
exist U', V' € spy,(Z/€Z) such that V'U’'—U'V' = W'. Choosing lifts W, U, V of W', U’, V', it follows
from Lemma 2.9 that for every i and for every such

idyg +* MW € Dpoeri,  idyg +€°U € Tyr,  and  idpg €57V € Dy,
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we have that
(idag +€5U) " (idag +€5T V) (idag +£5U ) (idag +€5T7 V) ™! = idpg +£2 W (mod ¢24++1).

Take My € I'pc. There exists X; € [I"p2, ['p] and M| € T'p+1 with the property that My = X M.
Proceeding inductively in this manner, we obtain sequences

{X;:i=1,2,...} C T, Tp] and {M;:i=0,1,2,...} with M; € ['poe+i

such that M; = X; 11 M;; for each i. Then we have the following equalities of matrices in szg (Zy):

M0= lim (ll_[Xj)Mi = ﬁXj-
j=1 j=1

i— 00

It follows that I"y2« is contained in the closure of [y, I'j«].
Now suppose £ = 2. Observe that for each £ > 2 we have

idag +2 - 5poy (Z/4Z) = ker(Spy, (Z/27°Z) — Sp,, (/2 D).

It follows from statement (b) of Proposition 2.10 and Lemma 2.9 that for every choice of idy, 22kt ¢
Tyotiv1 and for each nonnegative integer i, there exist id, +25U € Iy and idy, +25+V € Myesi with
the property that

(idag +25U) ! (idag +251 V) (idag +25U) (idag +25T V) ™! = idy, +2# W (mod ¢2H+2),
One may now finish the proof by applying a similar inductive argument to the one used in the case
£ > 3. O

We are finally in position to prove the main result of this section.
Proof of Proposition 2.6. By Lemma 2.8, it suffices to prove the following two statements:

(a) The closure of [H, H] surjects onto szg (Z,) for all but finitely many £.
(b) The closure of [H, H] maps onto an open subgroup of Sp2g (Zy) for each £.

For statement (a), notice that H surjects onto Gszg (Zy) for all but finitely many £. Note that for £ > 3,
we have [Gszg (Zy), Gszg (Zp)] = szg (Z,) because, by [Landesman et al. 2017b, Proposition 1], we
have that

SPag (Z0) = [SP2g (Z0), SPyy (Ze)] C [GSpay (Ze), GSpag (Z0)] C Spay (Zo).

Thus, [H, H] itself surjects onto [Gszg (Zyp), Gszg (Zp)] = szg (Zy) for all £ > 3.

To show statement (b), we prove that the closure of [H’, H'] is open in Spy,(Z¢) for any open subgroup
H' C GSp,,(Z¢). Since H " is open, there exists some k > 1 such that I'yx C H’, so by Lemma 2.11, there
exists m > 2k such that ['pm C [[gt, Tx] C [H', H']. Thus, [H’, H'] contains an open subgroup and must
therefore itself be open, as desired. U
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3. Background on Galois representations of PPAVs

This section is devoted to describing the basic definitions and properties concerning Galois representations
associated to families of PPAVs. Specifically, in Section 3A, we construct these Galois representations
and provide precise definitions for the various monodromy groups discussed in Section 1B. Then, in
Section 3B, we explain how a family of PPAVs over a number field K may be extended to a family over
the number ring Ok . The notation introduced in this section will be utilized throughout the rest of the

paper.

3A. Defining Galois representations for families of PPAVs. Let K be a number field, and let g > 0 be
an integer. Fix a base scheme T (we usually take T to be Spec K or an open subscheme of Spec O),
and let U be an integral 7'-scheme with generic point n (we usually take U to be an open subscheme of
P or Py, ). Let A — U be a family of g-dimensional PPAVs, by which we mean the following:

e The morphism A — U is flat, proper, and finitely presented with smooth geometrically connected
fibers of dimension g.

e A s a group scheme over U, and the resulting abelian scheme is equipped with a principal polarization.

Note that A — U is automatically abelian, smooth, and projective, and further observe that the fiber A,
over any point u € U is a PPAV of dimension g over the residue field « (u) of u.

Choose a geometric generic point 7 for U. If x(n) has characteristic prime to m, the action of the
étale fundamental group 771 (U, #7)° on the geometric generic fiber Aj[m] gives rise to a continuous linear
representation whose image is constrained by the Weil pairing to lie in the general symplectic group
GSp,,(Z/mZ). We denote this mod-m representation by

pam (U, n) — GSpy(Z/mZ). (3-D

The map in (3-1) is well-defined up to the choice of base-point #, and choosing a different such 7 would
only alter the image of p4,,, by an inner automorphism of GSp,,(Z/mZ). For this reason, when it will
not lead to confusion, we may omit the basepoint from our notation and write 7, (U) for 7 (U, 1).

If £ is a prime not dividing the characteristic of « (1)), then we can take the inverse limit of the mod-£*

representations to obtain the £-adic representation

paeo 1 (U) — 1im GSpy, (Z/6°Z). (3-2)
k

Moreover, if k(1) has characteristic 0, we can take the inverse limit of all the mod-m representations (or
equivalently the product of all the £-adic representations) to obtain an adelic or global representation

pam(U) — l(iLnGszg(Z/mZ) ~ Gszg(Z). (3-3)
m

3Fora general foundational reference on the étale fundamental group, see [SGA 1 1971].
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Remark 3.1. In the situation that U = Spec K, the choice of 7 corresponds to a choice of algebraic
closure K of K. Taking Gk := Gal([Z/K) to be the absolute Galois group, we have that (U, 1) = Gg.
This recovers the notion of a Galois representation of a PPAV over a field as a map ps : Gk — GSp,, (Z).

Remark 3.2. For a commutative ring R, recall from the definition of the general symplectic group that
we have a multiplier map mult : GSp,,(R) — R™. Let x, be the mod-m cyclotomic character, and
let x be the cyclotomic character. If U = Spec k, (with k an arbitrary characteristic O field) it follows
from Gy-invariance of the Weil pairing that x,, = multopy4 ,, and x = multop4. More generally, if U is
normal and integral, and ¢ : 71 (U) — m1(Spec K), then y o ¢ = multop,, which holds because it holds
for the generic fiber A,, — Spec K (1), and the map 71() — 71 (U) is surjective.

We now define the monodromy groups associated to the representations defined above. We call the
image of ps : 11 (U) — GSp,, (Z) the monodromy of the family A — U, and we denote it by H4. When
the base scheme is T = Spec K, we also define the geometric monodromy, denoted by H feom, to be
the image of the adelic representation pa . : 771 (Ug) — GSpy, (Z) associated to the base-changed family
Az — Ug. Since the cyclotomic character is trivial on G, it follows that H feom is actually a subgroup
of szg (Z). We write Ha(m) and H feom (m) for the mod-m reductions of the above-defined monodromy
groups. We say A — U has big monodromy if Hy, is open in GSp,,(Z) and A — U has big geometric
monodromy if H feom is open in Sp,, (2).

In particular, for each u € U, Hs, and H ﬁiom are the monodromy groups associated to the family
A, — Spec k(u). Since A, is the pullback of A along ¢ : u — U, p4g, =t o ps and we obtain an
inclusion Hy, C Hy. Note that if U is normal, then the map 71(n) — 71 (U) is surjective, so we have
that Hx )= Hy.

3B. Extending families over K to Ok. Recall that, for a single abelian variety A, over u = Spec K,
good reduction for A, at a prime p € X g implies that the Galois representation pa, ,», : Gk — GSp(Z/mZ)
is unramified at p, provided that p does not divide m. All but finitely many primes p are primes of good
reduction for A,. Similarly, for a family A — U over Spec K, extending the definition of this family
“across” a prime p € Xk reveals constraints on the monodromy of that family and its subfamilies. The
purpose of this section is to explain why any family A — U can be extended across most primes in
Y k. The constructions introduced here become particularly important in Section 4F, where we apply
the results of [Wallace 2014]. A similar treatment of these constructions can be found in [Wallace 2014,
pp. 460—462].

Retain the setting of Theorem 1.1. Start with a family A — U of PPAVs over Spec K. Using standard
spreading out techniques as in [EGA IV3 1966, §8] (see in particular [EGA IV3 1966, 8.10.5(xii), 9.7.7(i1);
EGA 1V, 1967, 17.7.8(i1)]), we can extend the family A — U to a family A — U, where U/ is an open
subscheme of Pf, , whose generic fiber over Spec K — Spec Ok is just A — U. Recall from Section 3A
that the term “family” means that A — U is smooth and proper with geometrically connected fibers and
that A is an abelian scheme over &/ with a principal polarization. This construction is depicted in the
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following commutative diagram:

— A

\L open emb.

> U < > Pp

!

Spec K —— Spec Ok

— Q—>

Let Z := P’% \ U be the locus where the original family is not defined, and let Z denote the closure
of Z in Py, . Since the bottom square in the diagram above is Cartesian, each irreducible component
of Py, \ U that is not contained in Z cannot map generically onto Spec Ok and must therefore map to
a single prime p € X k. Since there are finitely many irreducible components of Z, the set S of primes
p € Spec Ok for which I]fl’gp \Ur, # Zr, is a finite set. The primes in § can be thought of as the “bad
primes” for the family: the smoothness of .4 — Uf implies that any abelian variety A, for u € U(K)
will have good reduction away from the primes in S and the primes lying under the (finite) intersection
WynzcPky, .

3B1. Monodromy groups of subfamilies. Let m € Z, let P,, C Xk be the set of primes dividing m, and
let Spec Op,, be the complement of P, in Spec Ok . Then the base change Up,, of U from Spec Ok to
Spec Op, is the open subset of U/ on which A[m] — U/ is unramified and hence finite étale. Therefore,
we obtain a finite étale cover Ap,, [m] — Uo, and hence a map p : 7 (Uo, ) — Gszg (Z/mZ) just as
in Section 3A. The original family of interest can be thought of as a subfamily of this one: we have maps

Ug - U — Uo,, , from which we obtain maps
m(Ug) — mU) —— mUo,,) —— GSpy(Z/mZ).

Lemma 3.3. The continuous map m\(U) — w1 (Uo,, ) is surjective.

Proof. This lemma is a consequence of [SGA 1 1971, exposé V, proposition 8.2]; we nonetheless include
a proof because it helps illustrate the constructions introduced in this section. It suffices to show that
the composition of this map with any surjective continuous map 71 (Uo, ) — G onto a finite group G
is surjective. According to [Stacks 2005—, Tag 03SF], a finite quotient of the étale fundamental group
corresponds to a connected finite Galois cover, so let V,, — Up, be the cover corresponding to our
chosen surjection. By [Stacks 2005—, Tag 0DV6], the composed map 71 (U) — 71 (Uo,, ) — G gives
a ;1 (U)-action on G which corresponds to the pulled back cover (V,,)xk — U. The latter is connected
if and only if the composed map is surjective. Since V,, is connected and étale over Spec Op, , it is
irreducible, which implies that (V,,) g is irreducible (its generic points correspond to those of V,,), hence
connected. ]

By [Stacks 2005—, Tag 0DV6], the resulting monodromy representation 71 (U) — GSp,,(Z/mZ) equals
that obtained from the pullback of the finite étale cover Ao, [m] — Up,, to U. But the pullback is just


https://stacks.math.columbia.edu/tag/03SF
https://stacks.math.columbia.edu/tag/0DV5
https://stacks.math.columbia.edu/tag/0DV5
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the family A[m] — U, so this monodromy representation equals p4 ,,, and its image equals H4 (m). The
lemma therefore implies that the image of the map 71 (Uo,,, ) — GSp,,(Z/mZ) equals H4(m). Similarly,
the map w1 (Ug) — GSng (Z/mZ) has image equal to H ieom(m).

Moreover, for p € ¥k not dividing m, we can also consider the subfamilies Z/{@p — Ur, = Uo,,
obtained by extending scalars along the maps Op, — [, — [, for some algebraic closure [y, of Fp. As
before, we obtain maps

mUs,) — mUs,) — miUo,,) —— GSpy(Z/mZ).

We denote by Hy p(m) and H ifgm the images of the maps | (L{[Fp) — Gszg (Z/mZ7Z) and m, (u@p) —
GSp,,(Z/mZ), respectively.

3B2. Notation for Galois étale covers. As explained in the proof of Lemma 3.3, finite quotients of the
étale fundamental group correspond to connected finite Galois étale covers. We now fix notation for the
Galois étale covers introduced in the proof of Lemma 3.3 that will be used later in Section 4 to state and
verify Wallace’s criteria [2014].

e Let V), be the cover of Up, corresponding to the map 71 (Uo,, ) — Gszg Z/m2).

o Let V,, be the cover of U corresponding to the map 771(U) — GSp,,(Z/mZ).

Here, each map from 7 ( —) to a finite group gives a quotient of 1 ( — ) as its image. By the reasoning
of Lemma 3.3, V,, = V,,)k.

Remark 3.4. The result of Lemma 3.3 is special to the base change Og — K. In general, the other maps
of 1 (—) will not be surjective, nor will the finite Galois étale covers (V;u) g, (Vi)r,, and (Vm)@p be
connected.

4. Proof of Theorem 1.1

4A. Outline of the proof. With the view of making the proof of Theorem 1.1 more readily comprehensi-
ble, we now briefly describe the key aspects of the argument. We encourage the reader to refer to Figure 1
for a schematic diagram illustrating the argument.

We begin in Section 4B by proving Proposition 4.1, showing that a nonisotrivial family with big
monodromy also has big geometric monodromy. Then, in Section 4C, we introduce some of the notation
and standing assumptions employed in the proof. In particular, since our family has big geometric
monodromy, by Proposition 4.1, we are able to define the constant C in point (b) of Section 4C, which
will later be needed to apply the results of [Wallace 2014] (see Section 4F1).

Then, in Section 4D, we reduce the problem to checking (1) that for an appropriately chosen integer
M’ depending on the family, most members of the family have the same mod-M’ image as that of the
family; and (2) that for all sufficiently large primes £, most members of the family have the same mod-¢
image as that of the family.
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Prop. 4.4 Lem. 4.27 < Lem. 4.26 Prop. 4.22
Cohen-Serre,
[Zywina 2010b, Thm. 7 / /
Thm. 1.1 <— Prop. 4.2 Prop. 4.17 ¢t em 421 ¢ Lem. 4.25 (Ekedahl 1990, Lom. 12]
Thm. 4.15(1)
[Wallace 2014, Thm. 4.3] Cond. (A3)
Prop. 4.8 Cond (A2) Prop. 4.13  Lem. 4.18 Prop. 4.24
Cond. (G)
Prop. 4.10

Figure 1. A schematic diagram for the proof of the main theorem, Theorem 1.1.

The mod-M’ image is dealt with in Section 4E using Proposition 4.4, which is the Cohen—Serre version
of the Hilbert irreducibility theorem. For dealing with the mod-¢ images, there are two regimes of primes
to consider, a medium regime and a high regime, when ¢ is bigger than a suitable power of log B. We
handle both of these regimes in Section 4F by applying a result of Wallace [2014, Theorem 3.9], for
which we must verify the following four conditions: (G), (A1), (A2), and (A3). The rest of Section 4 is
devoted to verifying that these conditions hold in our setting.

Conditions (G) and (A1), which are fairly easy to check, are treated in Sections 4F and 4G. Next,
condition (A2) is dealt with in Section 4H by applying the Grothendieck specialization theorem in
Proposition 4.13. These first three conditions together essentially yield an effective version of the Hilbert
irreducibility theorem, which allows us to check primes £ in the medium regime. Finally, in Section 41,
we verify condition (A3), which allows us to dispense with primes in the high regime. The key input
to checking this condition is a recent result of Lombardo, stated in Theorem 4.15. In order to apply
Lombardo’s result to our setting, as is done in Proposition 4.17, we must verify two hypotheses and relate
the naive height we are using to the Faltings height used in Theorem 4.15. The first hypothesis is verified
in Lemma 4.18 using [Ellenberg et al. 2009, Proposition 5]. The second hypothesis is a somewhat trickier
condition, and we verify it in Proposition 4.21 using the large sieve, Theorem 4.19. In order to apply the
large sieve, we must bound contributions at each prime, which is done in Proposition 4.24 using a general
scheme-theoretic result of Ekedahl [1990, Lemma 1.2] together with Proposition 4.22. We conclude the
section with a brief appendix concerning the relationship between the naive height and the Faltings height
(see Lemma 4.27).

4B. Equivalence of big geometric monodromy and big monodromy. In the course of the proof, it will
be useful to know that our given family A — U not only has big monodromy, but also has big geometric
monodromy. In particular, this is crucially needed to define the constant C in point (b) of Section 4C,
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which is used in applying the results of [Wallace 2014] (see Section 4F1). We now prove the following
result, implying that our given family has big geometric monodromy.

Proposition 4.1. Suppose A — U is a nonisotrivial family of abelian varieties of relative dimension g > 2,
with U a smooth geometrically connected scheme over a number field K. Then, A has big geometric

monodromy if and only if it has big monodromy.

Proof. We first show the easier direction: if the family A — U has big geometric monodromy then
A — U also has big monodromy, in the sense that H, is open in GSp,, (Z). To see this, consider the
exact sequence

0 —— Spy (@) —— GSpy, (Z) ™ 7% y 0.

Since H ieom C Hp, the big geometric monodromy assumption tells us that Hx N Sp,, (Z) is open in
szg (Z). It therefore suffices to show that mult(Hy) is open in Z*. But mult(H4) = x (Gk), as mentioned
in Remark 3.2, and x (Gg) has finite index because K /Q has finite degree.

It only remains to prove that if the family has big monodromy and is nonisotrivial, it has big geometric
monodromy. To show this, from the exact sequence

1 — m(UIg) —— m(U) — m(K) —— 1

m1(Ug) C m1(U) is normal. Therefore, H ieom is a normal subgroup of H,4, and hence also a normal
subgroup of Hy N Sp,, (Z). Let ¥ : Spy,(Z) — Spy, (2) denote the natural profinite completion map.
Since Hieom C HyN szg (Z) is normal, it follows that ! (Hﬁeom) cy Y (HsN szg (Z)) is normal.
Since H, has finite index in GSp,, (Z), v N H4N Spye (Z)) has finite index in Sp,,(Z). Since g > 2 (so
that Sp,,(Z) has rank at least 2), by the Margulis normal subgroup theorem (see, for example [Morris
2015, Theorem 17.1.1]), ¥~ (H5™") either has finite index in ¥ ' (H, N Sp,, (2)) or is finite. We will
show that in the first case A has big geometric monodromy and in the second case A is isotrivial.

In the case that ¢~ (H5™") has finite index in ¢~ (H4 NSp,, (2)), ¥~ (HE™) also has finite index
in szg (Z). Then, since H feom is closed, the finite set szg Z2)/ v (H ieom) is dense in the profinite space
Spy, (z) /H f;eom. It follows that H §e°m also has finite index in Sp,, (Z), meaning A has big geometric
monodromy.

To conclude the proof, it only remains to show that if ¥ ! (H feom) is finite, then A is isotrivial. In this
case, let M ieom denote the image of the topological monodromy representation nIOP(U@) — szg (7). By
[SGA 1 1971, exposé XIII, proposition 4.6], we have 1 (Uc) = 71 (Ug), and therefore the comparison
theorem tells us that H ieom is the profinite completion of M /gfom. This implies M f‘eom cyY(H ieom) and
so M5™ is finite. It follows that H{™" is finite, being the profinite completion of M5 . After making
a finite base change, we may assume H feom is trivial. Then, it is a standard fact that A is isotrivial when
its monodromy representation is trivial. For example, this follows from [Grothendieck 1966]. ([l

4C. Notation and standing assumptions. Before proceeding with the proof, we set some notation and
assumptions, which will remain in place for the remainder of this section.
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As mentioned in Remark 1.2, the case where g = 1 is handled in [Zywina 2010b, Theorem 7.1], so
we will restrict our consideration to the case where g > 2.

Since we are assuming that A — U has big monodromy, it follows that A — U has big geometric
monodromy, by Proposition 4.1. Define C to be the smallest integer bigger than 2, depending
only on U, with the property that for all primes £ > C we have H ieom(ﬂ) = Spy,(Z/€Z) and
Hp(€) = GSpy, (Z/L2).

Using [Zywina 2010b, Proposition 6.1] and the explanation given after the statement of [Zywina
2010b, Theorem 7.1], one readily checks that in Theorem 1.1, the asymptotic statement for K-valued
points (i.e., points in U (K)) can be deduced immediately from the statement for lattice points
(i.e., points in U(K) N O%). In what follows, we will work with K-valued points or lattice points
depending on what is most convenient.

Let K% C K denote the maximal cyclotomic extension of K, and let K* C K denote the maximal
abelian extension of K.

In what follows, for a subgroup H of a topological group G, let [H, H] denote the closure of the
usual commutator subgroup.

Main body of the proof. We begin by reducing the proof of Theorem 1.1 to proving Proposition 4.2.

Proof of Theorem 1.1 assuming Proposition 4.2. As argued in [Zywina 2010b, Proof of Theorem 7.1], for

any u € U(K) we have

[Ha: Ha,) = [Ha(Spy, (D) : pa, (Gal(K /K™))].

In the case that K = @Q, the Kronecker—Weber Theorem tells us that Q¢ = Q2°, so we have

[Ha: Ha,) =80 [[Ha, Hal: pa,(Gal(@/Q™))],

where §q is the index of [Hy, Halin Ha N szg (2). Then Theorem 1.1 follows immediately from point

(c) of Section 4C and the following proposition. O

Proposition 4.2. Let B, n > 0. We have the following asymptotic statements, where the implied constants

depend only on U and n:

)

(2)

For every number field K ,
ueUK)NOY : |lull <B, Gal(K/K®)) =[Ha, H
I (K)NO% tlull < PAZ( (K/K™))=1[Ha A]}|:1+0((10g3)_n).
{u e UK)NOY : |lull < B}
Furthermore, if K # Q,

[{u € UK)N O : |lull < B, pa, (Gal(K /K™)) = Ha N Spy, () }]
{(u € UK) N O : llull < B)]

=14+ 0((logB)™).
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Remark 4.3. Proposition 4.2 is a generalization of [Zywina 2010b, Proposition 7.9] from the case g =1
to all dimensions. We shall prove it assuming Proposition 4.4 and Proposition 4.8. The basic idea behind
the argument is to reduce the problem of studying the (global) monodromy groups to one of studying the
mod-M’ and mod-¢ monodromy groups.

Proof assuming Proposition 4.4 and Proposition 4.8. Assuming point (1), the proof of point (2) is
completely analogous to the proof of [Zywina 2010b, Proposition 7.9(ii)], which consists of two key
steps. The first is the fact that [H4, H,] is an open normal subgroup of Hy N Sp2g (2), which follows
from Proposition 2.6. The second is [Zywina 2010b, Proposition 7.7], which is a variant of Hilbert’s
irreducibility theorem and does not depend in any way on the context of elliptic curves (with which
[Zywina 2010b, Section 7] is concerned). It therefore suffices to prove point (1).

Since Gal(IE /K by — [Gk, Gk], it follows by the continuity of p4, and the compactness of profinite
groups that py, (Gal(K/K®)) =[H, Hpy,l. Thus py, (Gal(K /K™)) is a closed subgroup of [H, Hyl.
Moreover, by Proposition 2.6, [Ha, H4] is an open subgroup of Sp,, (Z), so we may apply Proposition 2.5
with G =[Hy, Hs] and H = py4, (Gal(l?/Kab)). In so doing, we obtain a positive integer M so that the
only closed subgroup of [H4, H4] whose mod-M reduction equals [Hy, HAl(M) = [Ha(M), Hy(M)]
and whose mod-£ reduction equals Sp,,(Z/£Z) for every prime number 1M is [Hya, Hy] itself. The

u?

same property is true when M is replaced by any multiple M’ of M, and we choose a multiple M’ which
is divisible by all primes less than C, where C is defined as in point (b) of Section 4C. The defining
property of M’ then implies that
{u e UK)YN O :llull < B, pa,(Gal(K/K™)) # [Hy, Hal}|
{u e UK)NO : [lull < B}
_ Hue U N Ok lull < B, pa, mr(Gal(K/K™)) # [Ha(M'), Ha(M")]}]
B {u e UK)NOY : |lull = B}
[{u e UK)NOY : |lull < B, pa,.e(Gal(K/K™)) 3 Sp,,(Z/€Z) for some £1M'}|
" e UK)N Oy : ull < B

The rest of this section is devoted to finding upper bounds for (4-1) and (4-2). To bound (4-1), notice that
we have

(4-1)

. (4-2)

pa,. (Gal(K /K™)) # [Ha(M"), Hy(M")] =5 Hy, (M) # Ha(M).

It then follows from Proposition 4.4 that (4-1) is bounded by O ((log B)/B'%:@1/2)_ To bound (4-2), notice
that for £ > 3 we have

pa,.e(Gal(K /K™)) # Spy (Z/0Z) = Ha, (0) 7 Spa (Z/€2),

because [Landesman et al. 2017b, Proposition 1(a)] tells us that Sp2g (Z/€7Z) has trivial abelianization for
£ > 3. Since C > 3 by definition, it follows from Proposition 4.8 that (4-2) is O ((log B)™"), since £{M’
implies that £ > C. Combining the above estimates completes the proof of point (1). ]

It now remains to bound the terms (4-1) and (4-2).
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4E. Bounding the contribution of (4-1). The next result is the means by which we bound (4-1); it is an
immediate corollary of the Cohen—Serre version of Hilbert’s irreducibility theorem (see [Zywina 2010b,
Theorem 1.2]) since the set in the numerator of (4-3) is a “thin set.”

Proposition 4.4. For every integer M’ > 2, we have

{u e UK)NOY : |ull < B, Ha,(M') # Hsa(M"}|  log B
{u e UK)NO% : |ull < B} BIK@l2’

(4-3)

where the implied constant depends only in U and M'*

4F. Bounding the contribution of (4-2). To complete the proof of Theorem 1.1, it remains to bound (4-2).
We do this in Proposition 4.8, which relies on a strong version of Hilbert’s irreducibility theorem due
to Wallace [2014, Theorem 3.9]. Before we can state and apply Wallace’s result, we must introduce the
various conditions upon which it depends. The setup detailed in [Wallace 2014, Section 3.2] applies in a
more general context than the one described below, but we specialize our discussion for the sake of brevity.

4F1. Setup and statement of [Wallace 2014, Theorem 3.9]. We start by introducing some notation to
help us count points u € U(K) whose associated monodromy groups Hy, are not maximal. Let B > 0,
and make the following two definitions:

E¢(B):={u € U(K):Ht(w) < B, H{*"(¢) ¢ H,(®)}, and
EB):= |J EuB),

prime £>C
where C is defined as in point (b) of Section 4C. The set E;(B) should be thought of as the set of
exceptional points of height bounded by B for the £-adic representation, and the set E(B) should likewise
be thought of as the set of points of height bounded by B that are exceptional for some £ > C. Note in
particular that for any ¢ > C we have H4(€)/H5 ™" (£) ~ (Z/€Z)*; this condition is important for the
proof of [Wallace 2014, Theorem 3.9] to go through, so we impose the following restriction:

For the rest of this section, we will maintain £ > C as a standing assumption. 4-4)

For ease of notation, we redefine the set S C Xk of “bad” primes, defined in Section 3B, by adjoining to
it all primes £ < C.

Remark 4.5. Note that our definition of the exceptional set E(B) differs slightly from that given in
[Wallace 2014, Theorem 1.1], where it is defined to be the union over all primes £ of the £-adic exceptional
sets E¢(B). This difference is inconsequential, as we can always deal with a finite collection of primes
using Proposition 4.4. Indeed, this is exactly why we replace M by a multiple M’ divisible by all primes
£ < C in the proof of Proposition 4.2.

4For functions f, g in the variable B, we say that f(B) < g(B) if there exists a constant ¢ > 0 such that | f(B)| < c-|g(B)]|
for all sufficiently large B.
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Now that we have introduced the setup needed for stating [Wallace 2014, Theorem 3.9], we declare
the four criteria required for the theorem to be applied. For this, it will now be crucial to recall notation
from the geometric setup detailed in Section 3B.

Conditions 4.6. Recall from Section 3B that P, denotes the set of primes of O dividing an integer m
and that V, denotes the connected Galois étale cover of U giving rise to the monodromy group Hy (£) for
a prime £. In order to apply [Wallace 2014, Theorem 3.9], we need to verify the following geometric
condition on the covers V, — U as £ ranges through the primes greater than C:

(G) Let ¢, denote a primitive £ root of unity. Each connected component of the base-change (V) K ()
is geometrically irreducible.

We also need the following three asymptotic conditions concerning the monodromy groups H4(£),
H ﬁeom(ﬁ), and Hy (€) for [Wallace 2014, Theorem 3.9] to be applied:

(A1) There exist constants 1, B2 > 0 such that
|Hao(€)] < 7 and |{conjugacy classes of Hy(£)}] < €72,

where the implied constants depend only on U.

(A2) There exists a constant 83 > 0 such that

Te :=|{prime p C Ok :p € SU Py or Hy 0" (0) £ HY " ()} < €7,

where the implied constant depends only on A — U.

(A3) For each B > 0, there exists a subset
F(B) C{lueU(K):Ht(u) < B}

and constants ¢, y > 0 depending only on A — U such that

lim [F(B)| =1 and F(B)NE(B)C U E(B).
B—oo |{u € U(K) : Ht(u) < B}| et By

We are now in a position to state Wallace’s main result:

Theorem 4.7 [Wallace 2014, Theorem 3.9]. Suppose that condition (G) holds and that conditions
(A1)—(A3) hold with the values B1, B2, B3, y.> Then we have the following bound on the proportion of
exceptional points of height bounded by B:

|E(B)| {u € U(K) : Ht(u) < B}\ F(B)| (log B)#1tA+2)y+I
l{u € U(K) : Ht(u) < B}| l{u € U(K) : Ht(u) < B}| Bl

: (4-5)

where the implied constant depends only on U.

5The constant ¢ from condition (A3) is absorbed into the implied constant in (4-5).
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4F2. Bounding (4-2), conditional on verifying (G), (A2), and (A3). We have not yet determined that
Conditions 4.6 hold in our setting. We defer the verification of these conditions to Sections 4G, 4H,
and 41. Nevertheless, assuming that these conditions hold, we obtain the following consequence:

Proposition 4.8. Let n > 0. Then we have

({u e UK)NOY : |lull < B, Ha,(£) ¢ Spy,(Z/LZ) for some £ > C}|

< (logB)™", 4-6
{u e UK)N Oy : [lull < BY (log B) (4-6)

where the implied constant depends only on U and n.

Proof assuming Propositions 4.10, 4.13, and 4.17. Note that condition (A1) holds trivially in our setting,
because

max{|H, (€)|, |{conjugacy classes of Hx(£)}|} < |GSpy,(Z/£Z)),

and | GSp,, (Z/¢2)| = O (£P) for some positive constant A depending only on g because GSp,,(Z/¢2) C
GLo, (Z/2).

Condition (G) holds by Proposition 4.10, and condition (A2) holds by Proposition 4.13. Proposition 4.17
constructs F'(B) that not only satisfy condition (A3), but also have the property that

[{u € U(K) : Ht(u) < B}\ F(B)|

weUK) Hw =By <doeB)

for every n > 0. Upon applying the argument in point (c) of Section 4C, which relates the left-hand sides
of (4-5) and (4-6), the proposition follows from Theorem 4.7. [l

The rest of this section is devoted to verifying the conditions necessary for the proof of Proposition 4.8.

4G. Verifying condition (G). In this section, we will consider the base-change of the setting established
in 3B from K to a finite extension L C K of K in this setting, we obtain a family A; — Uy and a (not
necessarily connected) finite Galois étale cover (Vy); — Up. To verify condition (G), we employ the
following lemma:

Lemma 4.9. Let L C K be a finite extension of K. We have that Hy, (m) ~ erom(m) if and only if all

connected components of (V)1 are geometrically connected over L. '
Proof. Observe that (V,,);, and (V,,) g are finite Galois étale covers of Uy and Ug, which need not be
connected.

Let W C (V,,)L be a connected component, and let W C (Vin) g be a connected component mapping
to W. By construction, W — Uy is the connected Galois étale cover corresponding to the surjection
m1(Ur) — Hy, (m). Likewise, W — Ug corresponds to 7y (Ug) — Hﬁeom(m) = Hf;iom(m). This implies
that:

o The degree di of W — Uy equals |Hy, (m)].
e The degree d, of W — Uz equals |H§i°m(m)|.
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On the other hand, the maps (V,,)1 — U and (V,,) g — Ug have equal degrees. Therefore d| = d if
and only if all connected components of (V,,); are geometrically connected. (Il

We are now in position to prove condition (G).
Proposition 4.10. Condition (G) holds in the setting of Section 3B.

Proof. Let L = K (&), and recall the assumption (4-4). Since (Vy)r — Uy is étale and Uy is smooth
over L, it follows that (V;), is smooth over L. Therefore (V) is geometrically irreducible over L if
and only if it is geometrically connected over L. Now, by Lemma 4.9, it suffices to show that Hy, (¢) =
H ieom(ﬁ). Since we always have Hy, ({) D H ieom (£), it suffices to prove the reverse inclusion Hy, (£) C
H3™" () = Spy, (Z/£Z). Since xy is trivial on G, = 71 (Spec K (¢¢)), it follows from Remark 3.2 that
Ha, (€) C Sp,,(2/02). O

4H. Verifying condition (A2). Before we carry out the verification of condition (A2) in Proposition 4.13,
we need to introduce a modified version of the geometric setup developed in [Zywina 2010b, Section 5.2]
and in the proof of [Zywina 2010b, Theorem 5.3].

4H1. Geometric setup from [Zywina 2010b]. Fix the following notation: for a prime p C Ok, let K,
be the completion of K at p, let K" be the maximal unramified extension of Ky, let O, be the ring
of integers of Ky, and let O," be the ring of integers of K,". For a ring R, define Grg(1, r) to be the
Grassmannian of lines in P, and let £ C P, x Grg(1, r) denote the universal line over Grg (1, r). Let
Z and Z be as defined in Section 3B.

We now construct a closed subscheme W of the Grassmannian parametrizing all lines whose intersec-
tions with Z are not étale over the base. Define the projection p : Zp, N(Z x Gro, (1, r)) = Gro, (1, r).
Let X} be the open subscheme of £, N(Z x Grop, (1, r)) on which p is étale with nonempty fibers. Define
W:= p(.,%oK N(Z xGrop,(1,71)) \Xl) with reduced subscheme structure and define X' := Grp, (1, r) \W.
Note that W is closed because p is proper. Considering W and X as schemes over Ok, let W and X
denote their fibers over K.

Lemma 4.11. The scheme W, as defined above, is a proper closed subscheme of Gro, (1, r).

Proof. It suffices to show that X" is nonempty. In turn, it suffices to show X is nonempty. Since X is the
set of points in Grg (1, r) over which p is étale, by generic flatness, we need only verify that there is an
open subscheme of Grg (1, r) on which the fibers of px are étale. Since Z is reduced, hence generically
smooth, and the fiber of pg over [L] is identified with Z N L, a Bertini theorem (specifically [Jouanolou
1983, Theoreme 1.6.10(2)] applied to the smooth locus of Z over K) implies that Z N L is indeed étale
over k ([L]) for [L] general in Grg (1, r). O

Remark 4.12. By Lemma 4.11, W is a proper closed subscheme of Grp, (1, r). Observe that for any
line [L] € (Gro, (1, r) \W)([F}), there exists a lift [L] € (Gro, (1, ) \ W)(Oy). The purpose of the above
construction is to ensure that LN Zp, is étale over Oy, which we use in the proof of Proposition 4.13.
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4H2. Applying the setup to check (A2). In the following proposition, we use the Grothendieck special-
ization theorem to verify that condition (A2) holds in our situation:

Proposition 4.13. For a prime ideal p C Ok let N(p) denote its norm and define S’ to be the finite set of
primes over which the fiber of W is empty. Then,

Te <15"U Py + |{primes p C O : ged(N(p). | Spa, (Z/L2)|) # 1}].

In particular, we have that Ty is bounded by a fixed power of €, so condition (A2) holds in the setting of
Section 3B.

Remark 4.14. In fact, it is true that 7, < log £. Apart from a finite number of primes depending only on
the family A — U, we need only throw out those primes whose norms are not coprime to | GSp,,(Z/£Z)|.
Since | GSp,,(Z/£Z)| grows polynomially in £, the number of distinct primes dividing | GSp,,(Z/{Z)|

is at most logarithmic in .

Proof of Proposition 4.13. Take a prime ideal p ¢ ' U Py so that gcd(N(p), | GSp,, (Z/£2)|) = 1. It
suffices to show Hﬁf’gm(z) = Spy, (Z/€Z) = H™" (8).

Choose [L] € (Gro (1, ) \ W)(Oy), which exists by Remark 4.12. Furthermore, define D := LN Zp,
and YV := £\ D. We have the commutative diagram

\ Z/{’
7 I]:p

where all of the horizontal arrows are embeddings. Let 7T1(p ) denote the largest prime to p quo-
tient of the fundamental group. Note that p4 ¢ factors through rrl(p ) (U) because we are assuming
ged(N(p), | GSp,,(Z/£Z)|) = 1. By applying the prime to N(p) étale fundamental group functor to

the above diagram, we obtain

Lo
x %
LHun ,3 un
¢ 7V Yow) — 7N Uy — 7N W) L5 GSpy2/07) @)

Olﬁp /
B,

N

N
7_[1( (€] (pr )

tﬁp
By Remark 4.12, D is étale over Oy. By the Grothendieck specialization theorem, [Orgogozo and Vidal
2000, théoreme 4.4], there is a map ¢ : an(P”(y,g) = nl(N(p) )(y,?p) — nl(N(””(y[—Fp) which makes the
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triangle on the left in (4-7) commute and induces an isomorphism on the largest prime-to-N(p) quotients

of the source and target. Note that an(p))(yK) = nlN(“”(yK ) is an isomorphism by [SGA 1 1971,

exposé XIII, proposition 4.6]. Since the rest of the diagram (4-7) commutes, the entire diagram commutes.
Now, observe that we have

(oa.c0 BTV (Ug)) = HE™ (0) = Sp,, (Z/42)

where the last step follows from the Equation (4-4). By [Zywina 2010b, Lemma 5.2], (since the scheme
W used in [Zywina 2010b, Lemma 5.2] is contained in the scheme W we have constructed above) we
have that

(0.0 Bg otg) (™ (V) = HE™(0) = Sp,, (Z/42).
Since ¢ is an isomorphism, we deduce that
(pae 0By, 05" P V) = (pac 0 B, 015, o D)™ (Vi)
= (pa.c o Bg o) (P (Vi)
= Sp,, (Z/L2).

Therefore, szg (Z/8Z) C (paeo ,BE )(nl(N(p))(Z/{f ) =Hj geom (£). Since £ N(p), we have that [F,J contains
nontrivial £ roots of unity. Thus, the mod-¢ cyclotomlc character is trivial on JTIN(p))(u[F ), and so
Spye(Z/£7) > Hy )" (¢). Hence, we have that

H5"(0) = Spy (Z/07) = H ™ (0). O

41. Verifying condition (A3). It remains to check that condition (A3) is satisfied in our setting. As usual,
before carrying out the argument, we must fix some notation. Let X denote the set of nonzero prime
ideals of Ok, and for a prime p € X of good reduction, let Frob, € Gx denote a corresponding Frobenius
element.

Given a PPAV A/K, let chs (Froby) denote the characteristic polynomial of p4 (Froby) € Gszg (Z),
and observe that chy (Froby) has coefficients in Z. Finally, let 4(A) denote the absolute logarithmic
Faltings height of A, obtained by passing to any field extension over which A has semi-stable reduction.

411. Applying Lombardo’s result. The key input for our proof of this condition is the following theorem
of Lombardo, which is an effective version of the open image theorem:

Theorem 4.15 ([Lombardo 2016a, Theorem 1.2] and Proposition A.2 in the Appendix). Let A/K be a
PPAV of dimension g > 2. Suppose that we have the following two conditions:

(1) Endg (A) =

(2) There exists a prime p € Xk at which A has good reduction and such that the splitting field of
ch (Froby) has Galois group isomorphic to (Z/27)% % S.
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Then there are constants cy, co > 0 and yy, y», depending only on g and K, for which the following
statement is true: For every prime £ unramified in K and strictly larger than

max{ci (N(p)"', c2(h(A))"?},
the £-adic Galois representation surjects onto GSp,,(Zy).

Remark 4.16. The group structure of (Z/27)% x S, is defined by how S, acts on (Z/27)%, namely by
permuting the g factors. This group appears because it is the largest possible Galois group of a reciprocal
polynomial, by which we mean a polynomial P(7T') satisfying P(T) = P(1/T)-T%e?.

Now, the proof of condition (A3) will follow from Theorem 4.15 once we know that the two hypotheses
of Theorem 4.15 hold for a density-1 subset of the K-valued points of the family. We shall first check
condition (A3) under the assumption that these hypotheses hold most of the time. To this end, it will be
convenient to introduce notation to help us count the points that fail to satisfy one of the hypotheses in
Theorem 4.15. For a given family A — U, define the following two sets:

Dy(B) :={u € U(K) : Ht(u) < B, A, fails hypothesis (1)}, and
Dy(B) :={u e U(K) : Ht(u) < B, A, fails hypothesis (2) for all p with N(p) < (log B)"*'}.
In the next proposition, we verify condition (A3), conditional upon the assumptions that sets D;(B)

and D, (B) are sufficiently small (these assumptions are proven in Lemma 4.18 and Proposition 4.21
respectively):

Proposition 4.17. Let n > 0. There are constants c, y depending only on U such that the following holds:
if we define

F(B) := {u eU(K) :Ht(u) < B, Hy,(£) D szg(Z/EZ)for all £ > c(log B)V},
then we have

|F(B)|
l{u € U(K) : Ht(u) < B}|

=14+ 0((logB)™), (4-8)

where the implied constant depends only on U and n.

Proof assuming Lemma 4.18, Proposition 4.21, and Lemma 4.27. Let c1,c; and y1, y» be as in
Theorem 4.15. There exist constants ¢, y;, chosen appropriately in terms of the constants ¢, do provided
by Lemma 4.27, such that the following holds: for u € U (K) with Ht(«) > By, where By is a positive
constant depending only on U, we have that

2 (h(A))" < ¢y (log Ht(u))””.

The requirement that Ht(«) be sufficiently large is insignificant because

[{u € U(K) : Ht(u) < By}| 1
{u € U(K) : Ht(u) < B}| BIK:QIr+1)’

(4-9)
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and the right-hand side of (4-9) is dominated by the right-hand side of (4-8). If we take
c=max{cy,c3} and y =max{(n+ )y, y,},
Theorem 4.15 tells us that
{ue U(K):Ht(u) < B}\ F(B) C Di(B)U Dy(B).

The desired result follows from Lemmas 4.18 and 4.21, from which we deduce that
|D1(B) U Dy (B)|
[{u € U(K) : Ht(u) < B}|

In what follows, we prove the results upon which the above proof of Proposition 4.17 depends. To

< (logB)™. O

begin with, we check that hypotheses (1) and (2) from Theorem 4.15 hold in our setting by bounding
D in Lemma 4.18 (thus verifying hypothesis (1)) and bounding D, in Proposition 4.21 (thus verifying
hypothesis (2)).

412. Verifying hypothesis (1). We check that hypothesis (1) holds in our setting via the following:

Lemma 4.18. We have that
|D1(B)] log B
H{u € U(K) : Ht(u) < B}| BLK:Q1/2°

where the implied constant depends only on U.

(4-10)

Proof. Choose ¢ > max{C, £,(g)}, where C is defined in (4-4) and £;(g) is the constant, depending
only on the dimension g, given in [Ellenberg et al. 2009, Proposition 4]. By that proposition we have
that | D (B)| is bounded above by |{u € U(K) : Ha,(£) D Spy,(Z/€Z)}|. The lemma then follows from
Proposition 4.4, where we are using point (c) of Section 4C to pass from lattice points to K-valued
points. U

413. Verifying hypothesis (2). In Proposition 4.21 we complete the verification of hypothesis (2) by
means of an argument involving the large sieve, which lets one bound a set in terms of its reduction
modulo primes. The large sieve is stated as follows:

Theorem 4.19 (large sieve, [Zywina 2010a, Theorem 4.1]). Let || — || be a norm on R ®z O, and fix a
subset Y C OY%. Let B > 1 and Q > 0 be real numbers, and for every prime p € L, let0 <wp < 1bea

real number. Suppose that we have the following two conditions:
(a) The image of Y in R®z OY% is contained in a ball of radius B.
(b) Foreveryp € Xk with N(p) < Q, we have |Yy| < (1 —wy) - N(p)", where Y, is the image of Y under
reduction modulo p.

Then we have that

B[K:@]r 4 Q2r

Y| < TR where L(Q) := Z ]_[

Wy

, l—w,’
aC Ok squarefree prime p |a
N=0
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and the implied constant depends only on K, r, and || — ||.

We must now specialize the abstract setup in Theorem 4.19 to our setting. To do so, we define the
various objects at play in the large sieve as follows:

Definition 4.20. Introduce the following notation:

e Let || — || be the norm defined in Section 1B.
o Let B > 1, take Q := (log B)"*!.
» Let m be the positive integer produced by Proposition 4.22, let ¢, denote a primitive m-th root of

unity, and let X% C Xk be the set of p € X g which split completely in K (). Now, with o, 7 as in
Lemma 4.25, we may take w, = o for all p € £ with N(p) > 7 and w, = 0 for all other p € Xg.

e We take Y to be the following set:
Y = {u e U(K)NO% : |lull < B, A, fails hypothesis (2) for all p with N(p) < (log B)”+1}.

As above, Y, denotes the mod-p reduction of Y.

o Define T, by
T, := {x € Ug, : splitting field of chy (Froby) has Galois group (Z/2Z)% x Sg}.
The motivation for defining 7}, is that its complement contains Y.

To ensure that the choices made in Definition 4.20 are suitable, we must prove Proposition 4.22 and
Lemma 4.25, which when taken together assert that there exist a positive integer m and o, v > 0 such that
|Ypl < (1 —0o)-N(p)" for all p € X¥. However, the proof of this result is rather laborious, and stating it
now would serve to distract the reader from the primary thrust of the argument. We therefore defer the
proof of Lemma 4.25 to Section 414, and conditional upon this, we now use the large sieve to check that
hypothesis (2) holds in our setting.

Proposition 4.21. For n > 0, we have that

|D2(B)|

e UK) : Hw) < By < 1o B

Proof assuming Proposition 4.22 and Lemma 4.25. Theorem 4.19 yields the estimate
B[K:@]r + (IOg B)Zn(n—l—l)

Y )
< o By
whose denominator is bounded below by
o
L((log B)"
(logBY)> Y. —
peXy

T<N(p)<(log B)"+!
>o-|{peTf:t < N(p) < (log B)"}|.
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Applying the Chebotarev Density Theorem yields that
{pesk:t<N@ < (10gB)"+1}| > |{peZg:t <N < (10g3)n+1}|‘

Applying the Prime Number Theorem yields that

. n+l M
&S iw < NG = Gog B} > o=

Combining the above estimates, we deduce that
Y| B[K:@]r+(10g B)2nth) 1

[l e UK)NOf < [ull < BJ|  (log B)"*1/log((log By"*1) ~ BIKQI

log((log B)"*")
(log B)n+l

Finally, employing point (c) of Section 4C to translate the above estimate from lattice points to K-valued

< (logB)™".

points yields the desired result. (Il

414. Validating the sieve setup. This section is devoted to proving Proposition 4.22 and Lemma 4.25,
which together verify that the sieve setup introduced in Definition 4.20 satisfies the necessary conditions
for applying the large sieve as we did in the proof of Proposition 4.21. We start by constructing the value
of m that we use in our application of the large sieve:

Proposition 4.22. There is a positive integer m and a subset C C Sp,,(Z/mZ) invariant under conjugation
in Spy,(Z/mZ), and hence in GSp,,(Z/mZ), such that the following holds:

(a) We have Hp(m) = GSp,,(Z/mZ) and Hy ™" (m) = Sp,,(Z/ mZ).
(b) Forany p ¢ S and any closed point x € Ugy, if pa,m(Frob,) € C, then the splitting field of ch(Froby,)
has Galois group (Z/27)% % Sg.6
Note that it is easy to construct many m satisfying (a) by the big monodromy hypothesis. The main

point of this proposition is to show there is an m which also satisfies (b).

Proof. We construct the desired m as a product of four appropriate primes, depending on the family
A — U. By, for example, Hilbert irreducibility, or more precisely [Serre 1997, §9.2, Proposition 1] in
conjunction with [Serre 1997, §13.1, Theorem 3] applied to the extension

g—1
Q(xy, ...,xg)[T]/<T2g + D (=D (T2 T + (= 1)fx, T8 + 1) over Q(x, .. ., Xg),

i=1

there exists a degree-2g polynomial P(T) € Z[T] satisfying P(T) = P(1/T) - T%2* with Galois group

(Z/272)% x Sq. It is easy to exhibit elements of (Z/27)% x S, whose left-action on (Z/27)% x S, is
described by one of the following four cycle types:

241441, 4+14---+1, (Qg—-2)+1+1, 2g. (4-11)

SFor the definition of S, see the sentence immediately preceding Remark 4.5.
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We choose these cycle types because any subgroup of (Z/27)% x S, containing an element with each
of these cycle types is in fact all of (Z/27)% x S, by [Kowalski 2006, Lemma 7.1]. For each such
partition, the Chebotarev density theorem tells us that there are infinitely many primes £ such that
P(T) (mod ¢) splits according to the chosen partition. For £ > C we have py ((71(U)) = Gszg (Z/t7)
and p4 ¢(m1(Ug)) = szg(Z/EZ). So, fori € {1, 2, 3,4} we can find ¢; > C such that P(T) (mod ¢;)
splits according to the i-th partition above. By the Chinese remainder theorem, (a) holds.

To complete the proof, we construct C and verify (b). Since characteristic polynomials are conjugacy-

invariant, the set
C:= {M’ € Gszg(Z/mZ) :ch(M’) (mod ¢;) splits as in (4-11) for all i € {1, 2, 3, 4}}

is a union of conjugacy classes of GSp,,(Z/mZ). By [Rivin 2008, Theorem A.1] there exists an
M e szg (Z) such that ch(M)(T) = P(T), which shows that C is nonempty. For this choice of C,
conclusion (b) follows from [Kowalski 2006, Lemma 7.1], which says that any subgroup of (Z/27)% x S,
that contains elements realizing all four cycle types in (4-11) must actually equal all of (Z/27)% x S,. [

The reason why we constructed m in Proposition 4.22 in the way that we did is that it allows us to
apply the following theorem, which is a crucial tool for bounding the set of Frobenius elements with
certain Galois groups modulo each prime.

Theorem 4.23 [Ekedahl 1990, Lemma 1.2]. Let X be a scheme, and let w : X — Spec Ok be a morphism
of finite type. Let ¢ : Y — X be a connected finite Galois étale cover with Galois group G, and let
p : w1 (X) — G denote the corresponding finite quotient. Suppose that w o ¢ has a geometrically
irreducible generic fiber, and let C be a conjugacy-invariant subset of G. For every p € g, we have

[{x € X(Fy) : p(Froby) e C}| _ [C] 1
= — 0 N 2 s
Xl el + O((N(p))~2)

with implicit constants depending only on the family Y — X. By Frob, we mean the Frobenius element in
11(X) corresponding to x € X.

We now apply Theorem 4.23 to the conjugacy-invariant set C from Proposition 4.22 in order to obtain
a lower bound on |7}, the number of points u € U(K) with the splitting field of ch,, (Frob,) having
Galois group equal to (Z/27)% % S,.

Proposition 4.24. As p ranges through the elements of £, where m is defined as in Proposition 4.22, we
have that |T,| > (N(p))".

Proof. Let L := K (). As in Section 3B, let V,, — Uo,, be the connected Galois €tale cover associated
to the mod-m Galois representation p : 71 (Uo,, ) — Gszg (Z/mZ), and let X be one of the connected
components of (V;,).. The map X — (Uo, )L is the connected Galois €tale cover associated to the map

p' i1 (Uop, L) — miUo,,) —— GSpy,(Z/mZ);
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note that the image of this composite map equals p (7 (Uo,, )) N szg (Z/mZ) by Remark 3.2, since y,,
is trivial on K (&,). By Proposition 4.22(a), we have p (71 Uo,, )) = Gszg (Z/mZ), so we conclude that

P (T (Uop,)1L) = Spag(Z/mZ).
We seek to apply Theorem 4.23 with

X — (Uop, )L — Spec O in place of Y — X — Spec Ok.

To do so, we must check that this composition has geometrically irreducible generic fiber, which follows
from the second part of Proposition 4.22(a) in conjunction with Lemma 4.9.

Now let C C Sp,,(Z/mZ) be as in Proposition 4.22(b). For any p € T \ § and p’ € X lying over p,
we have (Z/IL)[FP, >~ Uy, and so there is a bijection between

{(x elUp(Fy): p'(Frob,) €C} and {x e U(Fp) : p(Frob,) € C}.
By Proposition 4.22(b), T, contains the latter set, so we have

Tyl = [{x €U(Fy) : p(Frob,) € C}| = |{x €Uy (Fy) : p'(Frob,) € C}]

C 1
_ (% + 0((N<p’>>—z)) UL Fp)l,

where the last step above follows from Theorem 4.23. Now, we have the estimate
UL (Fp)| > (N,

because the complement of (Z/{L)[Fp, in (PfQL)[Fp, has codimension at least 1, since p ¢ S. Combining our
results, and using that § is a finite set, we find that

C |
1 Tp| = <% + O(N(p’)_2)> UL (F) > NP = N(p)". O

The following lemma completes our verification of the sieve setup by constructing the necessary
constants o, T.

Lemma 4.25. There are constants o, t > 0 such that for all p € ¥ with N(p) > t, we have |Y,| <
(I1-0)-Np)'.

Proof. By Proposition 4.24, there are constants ¢’, T" > 0 such that, for all p € X7 with N(p) > 7/, we
have |T;| > o’ -(N(p))". For such p, we have that

Yol < (1—0")- (N(p)" + O(Np) ™),

where the error term is on order of N(p) smaller than the main term because Z has codimension at least 1
in Pp, . By replacing o’ with a slightly smaller o and ¢’ with a slightly larger 7, we may write

Yol = (1 —0) - (N(p))". O
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415. Discussion of heights. In this section, we prove a result that describes the relationship between the
absolute multiplicative height on projective space and the absolute logarithmic Faltings height. Let Ht be
the height on P’ as defined in 1B, and let & be the Faltings height. Let log Ht be the absolute logarithmic
height on P (K ), and note that log Ht naturally restricts to a logarithmic height function defined on the
open subscheme U C P.

Let <7, be the moduli stack of g-dimensional PPAVs, and let p : %, — ./, be the universal family
of abelian varieties. Let 7 : @/, — A, be its coarse moduli space, and let j(A) € Ag(K) be the closed
point represented by A. As in [Faltings 1983, Section 2], we choose n € N such that the line bundle
£ = ((w 0 p)swy, /o, )®" is very ample, where wy, ), 18 the canonical sheaf of p : %, — </,. Fix an
embedding i : A, — PN with i* Opn (1) >~ £. The modular height log Ht(j (A)) of A is then the restriction
along i of the absolute logarithmic height (i.e., the absolute logarithmic height of j(A) considered as a
point of PV (K)). On the other hand, &p~ (1) is a metrized line bundle and restricts to give a metric on %
[Faltings et al. 1992, p. 36]; we denote by log Ht» the corresponding height function on Ag.

We now relate the height on projective space and the Faltings height by piecing together results from
the literature on heights:

Lemma 4.26. Let g be a positive integer, K a number field, and let n € N be as in the definition of the
modular height. Then there exist constants a and B such that for every principally polarized abelian

variety A over K, we have
[n-h(A) —logHt(j(A))| <« -logmax{l, logHt(j(A))} + B.

Proof. By [Faltings 1983, Proof of Lemma 3], there exist constants «; and §; such that for all abelian

varieties A/ K, we have
In-h(A) —logHty(j(A))| < a; - log(logHt(j(A))) + Bi.
By [Hindry and Silverman 2000, B.3.2(b)], there is a constant 8, such that
[log Ht (j (A)) — log Ht(j (A)] < B2. 0
Lemma 4.27. There exist constants co and dy depending only on A — U such that
h(Ay) <cologHt(u) +dy
forallu e U(K).

Proof. By [Serre 1997, p. 19, Section 2.6, Theorem], Ht(j (A,)) < Ht(x) and Ht(#) < Ht(j(A,)) for all
u € U. The result then follows from Lemma 4.26. [l

5. Applications of Theorem 1.1

The purpose of this section is to demonstrate that the main result, Theorem 1.1, can be applied to a
number of interesting families of PPAVs, such as families containing a dense open substack of the locus
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of Jacobians of hyperelliptic curves, trigonal curves, or plane curves. In Section 5A, we prove a general
tool that is needed to guarantee big monodromy for the loci in our applications, and in Section 5B, we
examine each of these applications in detail.

SA. Finite-index criterion. In this section we prove Proposition 5.2, which will be applied in the setting of
Theorem 1.1 to determine that U has big monodromy when its image in the moduli stack of abelian varieties
has big monodromy. We begin by recalling an elementary criterion giving surjectivity for the map on étale
fundamental groups induced by a morphism of Deligne—-Mumford stacks. By Deligne—Mumford stack,
we mean a stack in the étale topology with representable diagonal (i.e., representable by algebraic spaces),
which has an étale surjective morphism from a scheme. For a general reference on stacks, see [Olsson
2016] or [Laumon and Moret-Bailly 2000]; also, see [Stacks 2005—] for a more comprehensive reference.

Lemma 5.1. Suppose f : X — Y is a map of Deligne—Mumford stacks. The fiber product U xy X is
connected for all finite connected étale maps U — Y if and only if the induced map w{(X) — w1 (Y) is
surjective. In particular, if X and Y are normal, integral, and Noetherian, and f : X — Y is a flat map

with connected geometric generic fiber, then the induced map w(X) — m(Y) is surjective.

Proof. The first part holds in greater generality as a statement about Galois categories; see [Stacks 2005—,
Tag OBNO]. As for the second part, we only need verify that a connected finite étale cover U — Y pulls
back to a connected cover of X. Note that because X and Y are normal and integral, étale covers of X and
Y are connected if and only if they are irreducible. Here, we are using that normal and connected implies
irreducible and that normality is local in the étale topology over Noetherian stacks. To see why normality
is local in the étale topology over a Deligne-Mumford stack, note first that normality is local in the étale
topology over any base scheme by [Stacks 2005—, Tag 03E7]. Using this, one defines a Deligne-Mumford
stack to be normal if any étale cover by a scheme is normal. From this definition, it follows that normality
of a Deligne-Mumford stack is equivalent to normality of any étale cover.

Thus, we only need show that if U — Y is any irreducible finite étale cover, then so is X xy U — X.
But this follows from the assumptions that f is flat and U is integral, which implies all generic points of
X xy U map to the generic point of U. So, if X xy U were reducible, the geometric generic fiber over U
would also be reducible, which contradicts the assumption that f has connected geometric generic fiber,
since a geometric generic fiber of X xy U is also a geometric generic fiber of f. U

Proposition 5.2. Let k be an arbitrary field of characteristic 0. Suppose X is a scheme and Y is a
Deligne—Mumford stack over k, both of which are normal, integral, separated, and finite type over k, and
let f: X — Y be a dominant map. Then, the image of the induced map 7\(X) — w1 (Y) has finite index
in w (Y). If, in addition, the geometric generic fiber of f is connected, then the map 7w (X) — m1(Y) is
surjective.

Proof. To begin, we reduce to the case in which f is smooth. By generic smoothness, we may replace X
by a dense open X’ C X so that f|x is smooth. Since, 71(X") — 71(X) is a surjection by Lemma 5.1,
in order to prove the proposition, we may replace X by X'.


https://stacks.math.columbia.edu/tag/0BN6
http://stacks.math.columbia.edu/tag/03E7
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The last sentence of this proposition follows from Lemma 5.1 (here we only needed that the map
be f be flat, but we have already reduced to the case it is smooth). To conclude, we only need prove
that the image of ;(X) — m1(Y) has finite index in 7| (Y), without the assumption that the geometric
generic fiber of f is connected. Since f is smooth and Y is Deligne-Mumford, we can find a scheme
U and a dominant étale map U — X such that U — Y factors through AY, where N is the dimension
of the geometric generic fiber of f and U — Ay étale. So, after passing to a dense open substack of
W C NYV and a dense open subscheme U’ C U, we may assume that U’ — W is a finite étale cover: To
see why, take a smooth cover of Ay by a scheme. The pullback to U is a separated algebraic space, so
it has a dense open subspace that is a scheme by [Olsson 2016, Theorem 6.4.1]. The finiteness claim
then follows because the resulting étale morphism of schemes is locally quasifinite, of finite type, and
quasiseparated, hence generically finite on the target. Since U’ — W is finite étale, 71 (U’) — 7r1(W) has
finite index. Because the maps 7 (W) — m (Nyv) and m; (NYV) — m1(Y) are surjective by Lemma 5.1,
the composition 771 (U’) — 71 (Y) has finite index in 711 (Y), and hence so does 71 (X) — 71 (Y). [l

5B. Applications. Let K be a number field with fixed algebraic closure K, let My denote the moduli
stack of curves of genus g over K, and let .7, denote the moduli stack of PPAVs of dimension g over K.
We have a natural map 1, : .#, — </, given by the Torelli map, which sends a curve to its Jacobian. Let
%, denote the universal family over <7,. Note that if U is any scheme and A — U is a family of PPAVs,
then there exist maps A — %, and U — 7, such that A equals the fiber product U X o, %;.

We will also be interested in the locus of smooth hyperelliptic curves of genus g, . C .#,, and the
locus of trigonal curves of genus g, .78 C .#,. If a curve C is trigonal, there exists a unique nonnegative
integer M, called the Maroni invariant, with the property that there is a canonical embedding into the
Hirzebruch surface Fy; := Ppi1 (Op1t & Opi (M)). As mentioned in [Patel and Vakil 2015], the Maroni
invariant takes on all integer values between 0 and (g +2)/3 with the same parity as g. Let 7¢(M) C .,
denote the substack of trigonal curves of Maroni invariant M.

In order to more easily utilize Proposition 5.2 for the purpose of giving interesting examples of
Theorem 1.1, we record the following easy consequence of Proposition 5.2:

Corollary 5.3. Let U C P be an open subscheme, and let A — U be a family of g-dimensional PPAVs.
Let ¢ : U — ./, be the map induced by the universal property of </;. Let V be the smallest locally
closed substack of </, through which U factors, and let W C </, be a normal integral substack. Suppose
further that W NV is dense in W and that V is normal. Then, if W has big monodromy, so do 'V and U.
Furthermore, if the geometric generic fiber of ¢ is irreducible, then the monodromy of V agrees with that

of U. In particular, the conclusion of Theorem 1.1 holds for U.

Proof. By Lemma 5.1, if W has big monodromy so does the dense open subset W NV C W. Therefore,
V has big monodromy, because it contains W N V, which has big monodromy. The result then follows
from Proposition 5.2, once we verify that both U and V are normal, irreducible, separated, and finite
type over K, with V Deligne-Mumford. All of these conditions are immediate except possibly that V is
generically smooth, which holds by generic smoothness on a smooth cover of V by a scheme. ]
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Before stating the main theorem of this section, we pause to describe more precisely what we mean by
“the locus of plane curves.”

Remark 5.4. In Theorem 1.6(c) and Theorem 5.5(d), we refer to the “substack of Jacobians of plane
curves of degree d,” for d > 3, and we now make more precise what we mean by this locus. When d = 3,
all 1-dimensional abelian varieties can be realized as the Jacobian of a degree-3 plane curve, so in this
case we take the locus to be all of .7 . For d > 4, we will define a locally closed substack of .#Z,, where
g= (dgl), and the locus of Jacobians of plane curves of degree d will denote the image of this under the
Torelli map. Ford >4, let 7, : ¥; — P("2)=1 denote the universal family over the Hilbert scheme of plane
curves of degree d, and let Uy C P(“2)~! denote the dense open subscheme over which m; is smooth.
Since ¥;|y, C Ug x P2, the action of PGLj3 on [P? induces an action on Yalu, and hence on Uy. Then, we
define the substack of Jacobians of plane curves of degree d to be the stack theoretic quotient [U;/ PGL3].

Note that there is a natural map [U,;/ PGL3] — .#,. It can be verified that this map is a locally closed
immersion of stacks. Further, one can show [U,;/ PGL3] represents the functor associating to any base
scheme T projective flat morphisms f : C — T where each geometric fiber is a proper smooth curve of
genus g := (dgl) with a degree d invertible sheaf on C which commutes with base change. In this sense,
[Us/ PGL3] may naturally be referred to as “the locus of plane curves of degree d” and it is evidently
smooth, since Uy is smooth, being a dense open subscheme of projective space.

Let us now briefly sketch the proof of the two facts claimed above. First, one can first see that
[Us/ PGL3] represents the claimed functor by defining natural maps both ways and verifying they
are mutually inverse. To show [U;/PGL3] — .#, is a locally closed immersion, one can factor
[Us/ PGL3] — .#; through the stack Gfl parametrizing the gfl on the universal curve over .Z,, via
a natural generalization of the definition given in [Arbarello et al. 2011, Chapter XXI, Definition 3.12].
One can check the map [U;/ PGL3] — Gfl is an open immersion from the definitions. Finally, one can
verify that the map Gfl — M, is a locally closed immersion, using that every smooth plane curve of
degree at least 4 has a unique gﬁ, see [Arbarello et al. 1985, Appendix A, Exercises 17 and 18], and the
valuative criterion for locally closed immersions [Mochizuki 1999, Chapter 1, Corollary 2.13].

We are now in position to state and prove the main theorem of this section:

Theorem 5.5. Suppose A — U is a rational family of principally polarized abelian varieties and define V
to be the smallest locally closed substack of <7, through which U factors. The conclusion of Theorem 1.1

holds whenever V is normal and contains a dense open substack of one of the following loci:

(@) The locus t4(H;) for any g > 1. For every g > 1, there exists a U dominating t,(¢;) because 7 is
unirational.

(b) The locus t4(78(M)) of Jacobians of trigonal curves with Maroni invariant M < % — 1 for any
g > 5. In this case, there exists U dominating t,(.7¢(M)) because 7¢(M) is unirational.

(c) The locus of trigonal curves 78 in any g > 3. We can take U to be any open subscheme of 78, as

8 is rational.
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(d) The locus of Jacobians of degree-d plane curves for any d > 3. In this case, the open subscheme of
the Hilbert scheme of degree-d plane curves parametrizing smooth curves is rational and dominates
the locus of Jacobians of degree-d plane curves.

(e) The locus t4(A,) for any g > 1. In this case, when 1 < g < 14, ., is unirational, so there exists a
U dominating .#g. Moreover, when 3 < g <6, ./, is rational, and so we may take U to be any open
subscheme of M.

(f) The locus <y for any g > 1. When 1 < g <5, @/, is unirational, so such a U exists.

Proof. By Corollary 5.3, it suffices to check that each of the families enumerated above has a dense
open substack which has big monodromy, is irreducible, and is normal, and to verify the rationality and
unirationality claims made above. Irreducibility of these loci is well-known. Note that in the first five
cases, if we denote the locus in question by 7, (W) C 7, it suffices to verify that W C ., is smooth as
a substack of .#Z,, as we now explain. First, 7,(W) C 7, is generically smooth because it is reduced,
since it is the image of W, which is reduced. Taking a smooth dense open Z" C 7,(W), we have that
T, 1(Z") c W is a dense open substack, hence it is also smooth and has big monodromy. This implies
Z' also has big monodromy since the monodromy of a locus in .#, agrees with the monodromy of its
image in <7, under t,, as both can be identified with the monodromy action on the first cohomology
group. We now conclude the proof by verifying that each locus in .#, (in the first five cases) is normal,
has big monodromy, and is rational or unirational when claimed. In fact, we just show the substack has
big geometric monodromy, since this implies it has big monodromy by Proposition 4.1.

(a) The hyperelliptic locus, 7%, has big geometric monodromy as was shown independently in [Mumford
2007, Lemma 8.12; A’Campo 1979, théoreme 1]. The hyperelliptic locus 7% is smooth and unirational
because it is the quotient of an open subscheme of I]j’%(g+2 by the smooth action of PGL,.

(b) By [Bolognesi and Lonne 2016, Theorem, p. 2], 78(M) has big geometric monodromy when
M < %— 1. Additionally, &8 (M) is smooth and unirational because it can be expressed as a quotient [U / G]
of a smooth rational scheme U by a smooth group scheme G. Here, G is the group of automorphisms of
the Hirzebruch surface Fy; and U is an open subscheme of the projectivization of the linear system of
class 3e + ((g+3M +2)/2) f on [Fy;, where f is the class of the fiber over P! and e is the unique section
with negative self-intersection (see [Bolognesi and Lonne 2016, p. 8] for an explanation of this description
of U). Note that in this application, we are implicitly translating between the topological monodromy
representation of .#, described in [Bolognesi and Lonne 2016, Theorem, p. 2] and the algebraic Galois
representation in o7, but these two representations are compatible, essentially because both are given by
the action of the fundamental group on the first cohomology group.

(c) In the case that g > 5, we have 8 (g mod 2) is birational to .78, so 78 has a smooth dense open with
big geometric monodromy by the previous part. Next, .74 is rational for g > 5 by [Ma 2015, Theorem,
p. 1]. The cases g = 3, 4 hold because for such g, .7¢ forms a dense open in .#,, which is itself rational
and smooth, as shown in the proof of part (e) below.
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(d) By Remark 5.4, the locus of plane curves (as was also defined in Remark 5.4) in .#, is smooth. By
[Beauville 1986, théoréeme 4], the locus of smooth degree-d plane curves in the Hilbert scheme has big
geometric monodromy. It follows from Lemma 5.1 that the locus of plane curves has big monodromy.
The locus of smooth degree-d plane curves in the Hilbert scheme is certainly rational, as ig +12s an open
subscheme of the Hilbert scheme of degree-d plane curves, which is itself isomorphic to Ilj’g(2 )_1.

(e) By [Deligne and Mumford 1969, (5.12)], the geometric monodromy of .#, is all of Sp,, (Z) for every
g > 1. (Alternatively, the fact that .#, has big geometric monodromy follows immediately from the
corresponding fact for any one of parts (a)—(d).) Next, .#, is smooth by [Deligne and Mumford 1969,
Theorem (5.2)]. We have that .#, is unirational for 1 < g < 14 by [Verra 2005]. Moreover, when 3 < g <6,
we have that ./, is rational; see [Casnati and Fontanari 2007, p. 2] for comprehensive references.

(f) Note that <7, has geometric big monodromy because <7, contains .#, and .#, has monodromy
Spae (/Z\), as argued in point (d). Further, <7, is smooth by [Oort 1971, Theorem 2.4.1]. We have that <7,
is unirational for 1 < g <5 as shown in [Verra 2005, p. 1]. |

Remark 5.6. In most of the cases enumerated in Theorem 5.5, we actually know that the geometric
monodromy is not only big, but also equal to szg(/Z\). By Corollary 5.3, this occurs when U has
irreducible geometric generic fiber over any of the following loci:

(a) the locus ¢(M) for any M < % — 1, by [Bolognesi and Loénne 2016, Theorem, p. 2];
(b) the locus of plane curves of degree d with d even, by [Beauville 1986, théoreme 4(i)];
(c) the locus ., for any g, by [Deligne and Mumford 1969, (5.12)];

(d) the locus <7, for any g, because .#, C </, and .#, has full monodromy by point (d).

Remark 5.7. If A — U is a family with H ﬁeom = Spy, (Z), then the group H,4 can be determined as
follows. The intersection K N Q%° is of the form Q(¢,) for some n > 2. Let ry, : 7 — Z/nZ be the
reduction map. Then

Hy =ker(rp,omult) = {M € sng(i) :mult M =1 (mod n)},
which follows from Remark 3.2. Thus, when the conclusion of the preceding remark holds, Theorem 1.1
tells us the following:
e If K #Q, orif K =Q and g > 3, then most u € U(K) have H,, = ker(r,, o mult).
o If K =0Q and g € {1, 2}, then most u € U(K) are such that [Gszg(Z) tHp,l=2.
Remark 5.8. Theorem 5.5(a) tells us that if U dominates .77, then the conclusion of Theorem 1.1 holds
for U. In the case where U has irreducible geometric generic fiber, we can say explicitly what the

monodromy group of the family is and what its commutator is. For example, let %5, x denote the
family of genus-g hyperelliptic curves over K with Weierstrass equation given by

2 2842 2¢+1
y& = x*8t +azgy1x st 4ty
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We show in [Landesman et al. 2017a, Theorem 1.2] that most members of %5,, x have monodromy
equal to Hy,, , , (Which we explicitly compute) over K # (D, and have index-2 monodromy when K = Q.
We neither prove nor state this result precisely here, but a complete statement and proof is given in
[Landesman et al. 2017a].

Appendix: Explicit surjectivity for abelian surfaces
By Davide Lombardo

Let K be a number field and A/K be an abelian surface such that Endg (A) = Z. For every place w of K
at which A has good reduction, let Frob,, be the corresponding Frobenius element of Gal(K /K) and let
fuw(x) be the characteristic polynomial of Frob,, acting on 7, A, where £ is any prime different from the
residual characteristic of w (as is well known, this definition is well-posed). Let F'(w) be the splitting
field over @ of f,,(x). By Remark 4.16, the Galois group of F(w)/Q is isomorphic to a subgroup of
(Z/27)* x S, =~ Dy, the dihedral group on 4 points.

To state our result we need the following function:

Definition A.1. Let a(g) = 2'%? and set b(d, g, h) = ((14¢)%¢’d(max{h, logd, 1)2)*"® .

We shall show the following result, which extends [Lombardo 2016a, Theorem 1.2] to the case of
abelian surfaces:

Proposition A.2. Let v be a place of K, of good reduction for A, such that the Galois group of f,(x) is
isomorphic to Dy. Let q, be the order of the residue field at v. For all primes £, let

oo Gal(K /K) — Aut(T; A) = GL4(Zy)

be the natural £-adic Galois representation attached to A/K. We have Im py~ = GSp4(Z,) for all primes
¢ that are unramified in K and strictly larger than

max{b(2[K : Q1, 4, 2h(A))%, (29,)%}.

From now on, let v be a place as in the statement of Proposition A.2. Notice that f,(x) is irreducible by
assumption, hence all its roots are simple. Moreover, f,(x) doesn’t have any real roots, because (by the
Weil conjectures) every root of f,(x) has absolute value /g, hence its only possible real roots are +,/q,.
But these are algebraic numbers of degree at most 2 over Q, while f,(x) is irreducible of degree 4,
contradiction. In particular, the roots of f;(x) come in complex conjugate pairs, so we shall denote them
by w1, pma, t(e1), t(u2), where ¢ : C — C is complex conjugation. We shall need the following lemma:

Lemma A.3. Let x, v, 7 be three distinct eigenvalues of Frob,. We have y* # xz.

Proof. Suppose first that z = ¢(x). Then y? = x¢(x) = g,, which implies that y = +./qy is aroot of f,(x).
As we have already seen, this is a contradiction. Hence, up to renaming the eigenvalues of Frob, if
necessary, we can assume x = (1, z = 2 and y = ¢(u1). Since Gal(F (v)/Q) is isomorphic to D4 by
assumption, there is a o € Gal(F (v)/Q) such that o (1) = 1, o (1)) = (), o(uz) =t(uy) and
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o (1(2)) = pa. Applying o to the equality y> = xz, that is, 1(u1)? = 12, we get (1) = pit(p2),
whence ((i1p) = wuo. But this implies that u; is real, which is once again a contradiction. O
Proof of Proposition A.2. Let £ be a prime unramified in K and strictly larger than b(2[K : Q], 4, 2h(A)) 3
Let p; : Gal(K /K) — Aut A[€] be the natural Galois representation associated with the £-torsion of A.

Much of the proof of [Lombardo 2016b, Theorem 3.19] still applies in the current setting, and shows
that one of the following holds:

(@) Im(pg) = GSpy(Zy),
(b) the image of p; is contained in a maximal subgroup of GSp,(F,) of type (2) in the sense of
Theorem 3.3 in [Lombardo 2016b].

If we are in case (a) we are done, so assume we are in case (b). To conclude the proof, we shall show that
€ < (2q,)8. If £ is equal to the residual characteristic of v this inequality is obvious, so we can assume
that vt€. In this case, the characteristic polynomial of the action of Frob, on Ty A is f,(x). By [Lombardo
2016b, Lemma 3.4], the eigenvalues of any x € Im(p¢) can be written as A - Y )Lf)\g, A-AIAZ, A )\%
for some A, A, Ay € [Fexz. Taking g := p,;(Frob,), we may assume the four eigenvalues vy, ..., vs of g
satisfy v22 =V V3.

Let A be a place of F'(v) of characteristic £ and identify A with a maximal ideal of Op(,. Since
fuv(x) splits completely in F(v) by definition, its four roots 1, 2, t(ie1), t(i2) all belong to Op ().
Upon reduction modulo A, these four roots yield four elements of Of()/A, which is a finite field of
characteristic £. Moreover, as {141, w2, t(i1), t(12)} is a Galois-stable set, its image in Fy is independent
of the choice embedding of OF (/A into F¢, and hence well defined. Denote by 11, 2, t(1), t(ua) the
images of 1, wa, t(i1), t(p2) in .

Now observe that the characteristic polynomial of g is the reduction modulo ¢ of f,(x), so its roots
Vi,..., V4 € [F_g>< must coincide with &7, o, L([,L_l), L(,u_z) in some order. Given that v% = v} v3, there are
three (necessarily distinct) eigenvalues of Frob,, call them x, y, z, that satisfy y> — xz =0 (mod ). By
Lemma A.3, Nr@w)/0 (y2 — xz) is a nonzero integer. Therefore, Nrw)/o (y? — xz) has positive valuation
at A, hence it is divisible by £. In turn, this gives

< INFya® —x2)l=  J]  lo(?*—o@o @] < g,
oeGal(F(v)/Q)

where the inequality |0 (y)?> — o (x)o (z)| < 2g, follows immediately from the triangle inequality and the
Weil conjectures. U
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A unified and improved Chebotarev density theorem

Jesse Thorner and Asif Zaman

We establish an unconditional effective Chebotarev density theorem that improves uniformly over the
well-known result of Lagarias and Odlyzko. As a consequence, we give a new asymptotic form of the
Chebotarev density theorem that can count much smaller primes with arbitrary log-power savings, even
in the case where a Landau—Siegel zero is present. Our main theorem also interpolates the strongest
unconditional upper bound for the least prime ideal with a given Artin symbol as well as the Chebotarev
analogue of the Brun-Titchmarsh theorem proved by the authors.

1. Introduction and statement of results

1A. Introduction. Let L/F be a Galois extension of number fields with Galois group G. For each prime
ideal p of F that is unramified in L, we use the Artin symbol [L/TF] to denote the conjugacy class of G
consisting of the set of Frobenius automorphisms attached to the prime ideals 3 of L which lie over p.
For any conjugacy class C C G, define the function

7c(x) =me(x, L/F) =#{Npjgp < x: p unramified in , [£5] = C}, (1-1)

where Nr/q is the absolute norm of F//Q. The Chebotarev density theorem states that
IC]| .
wc(x) ~ —Li(x) asx — oo.
|G|
It follows from work of V.K. Murty [1997, Section 4] that there exists an absolute, effective, and

positive constant ¢ such that

we(x) = %(Li(x) — 6, Li(x?) + O(xe_cl\/%)), log x

which refines a well-known result of Lagarias and Odlyzko [1977, Theorem 1.2]. Here, Dy is the absolute

log D7 )2
>>(gn—”+nL(lognL)2, (1-2)
L

discriminant of L, ny = [L : Q] is the degree of L over Q, 8; is a possible Landau—Siegel zero of the
Dedekind zeta function ¢, (s) of L, and 6 = 6,(C) € {—1, 0, 1} depends on C; in particular, 8, (C) =0 if
and only if 8; does not exist. For comparison, Lagarias and Odlyzko [1977, Theorem 1.1] proved that the
generalized Riemann hypothesis for ¢y (s) implies the more uniform result

C
me(x) = %(Li(X) + O (V/xlog(Dpx"))), x> (log D)*(loglog D). (1-3)

MSC2010: 11R44.
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As of now, the best bound for §; is due to Stark [1974, Theorem 1°, p. 148]; it implies that
1—B1> (n}" log DL—i—Dz/"L)*I, (1-4)

Therefore, in order to ensure that % Li(x) dominates all other terms in (1-2), one must take the range of

x to be

log x > ny '(log D) +ny(lognp)? + (1 — B1) 7! (1-5)

and apply (1-4) if B; exists. Otherwise, one omits the last term in (1-5) if 81 does not exist. Regardless,
(1-5) is very prohibitive in many applications where uniformity in L/F is crucial. Thus it often helps
in applications to have upper and lower bounds for ¢ (x) of order Li(x) in ranges of x which are more
commensurate with (1-3). Lagarias, Montgomery, and Odlyzko [1979] made substantial progress on
these problems; their work has been improved upon by Weiss [1983], the authors [Thorner and Zaman
2017; 2018], and Zaman [2017]. In particular, it follows from the joint work of the authors [Thorner
and Zaman 2017; 2018] that there exist absolute, effective constants A > 2 and B > 2 such that if Dy is
sufficiently large, then

1 IC| IC]

— Li(x) € e (x) < (2+0(1))E

S Li for x > (Dyn"")5, 1-6
DA (Gl i(x) forx > (Drn}") (1-6)

where the o(1) term tends to zero as (log x)/ log(DLn'zL) tends to inﬁnity.1

To summarize the above discussion, suppose that we are in the worst case scenario with 6; = 1 and
B1 is as bad as (1-4) permits. If one is willing to sacrifice an asymptotic equality for ¢ (x) in order to
obtain estimates in noticeably better ranges than (1-5), then one might use (1-6). On the other hand, if
one needs an asymptotic equality for ¢ (x), then one uses (1-2) in the prohibitive range (1-5).

1B. Results. Our main result, Theorem 1.4, is a new asymptotic equality for ¢ (x) which interpolates
both of the aforementioned options while providing several new options. In other words, we prove a
new asymptotic equality for 7¢ (x) from which one may deduce both (1-2) and (1-6). First, we present a
simplified version of the main result.

Theorem 1.1. Let L/ F be a Galois extension of number fields with Galois group G, and let C € G be a
conjugacy class. Let 81 denote the Landau—Siegel zero of the Dedekind zeta function ¢y (s), if it exists.
There exist absolute and effective constants c; > 0 and c3 > 0 such that if L # Q and x > (DLn'zL)CZ, then

el _ calogx _@bwwﬁ»
me(x) = |G|(L1()c) 61 Li(x ))(1+0<6Xp[ log(DLn'™ }JFGXP[ n'/? ’

where 01 = 60, (C) € {—1,0, 1}. In particular, 8; = 0 precisely when B does not exist.

IThe term n'iL is usually negligible compared to a power of Dy . If not, one might appeal to [Zaman 2017, Theorem 1.3.1]
which states that 7¢ (x) > DZA % Li(x) for x > Df.
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The inequality

|: (C310gx)1/2i| s |: c3logx ]
Xp| —————— exp| —————— |,
nz/z log(Dyn7*

holds when log x > (log DL)Z/nL + nz(log nr)?, so we see that Theorem 1.1 recovers (1-2) and is

therefore a uniform improvement over it. Also, it follows from the mean value theorem and (1-4) that

log(Dyn7")
l/nL +n*log Dy

Li(x) — 61 Li(x") > ((1 — 1) log(DLn}H)) Lix) > Li(x). -7

With this lower bound at our disposal, one can see that Theorem 1.1 recovers (1-6). Thus Theorem 1.1
unifies and improves both (1-2) and (1-6).

As noted above, if one wants 1= | GI LLi (x) to dominate all other terms in (1-2), then one must take x in
the range (1-5). However, one can plainly see that

%(Li(x) — 6, Li(xP1)) (1-8)

dominates all other terms in Theorem 1.1 for all x in the claimed range, provided that c; is suitably
large compared to c3. At first glance, it may seem awkward that we adjoin the contribution from S to
the “main term” when it is classically viewed as an error term. But without eliminating the existence of
p1, it is well known that in situations where 6; # 0 and x is small, say logx < log(Dn}"), the term
—0, lIC\ Li(x#1) is more properly treated as a secondary term than an error term. When 6; = 1 and g4
is especially close to 1, this secondary term causes serious difficulties in the proof of Linnik’s bound
[1944] for the least prime in an arithmetic progression. Fortunately, it follows from (1-7) that regardless
of whether B; exists, we have

Li(x) <z Li(x) —6; Li(x*") < 2 Li(x). 1-9)

Therefore, in the range of x where — @91 Li(x#1) acts like a secondary term, (1-9) shows that Theorem 1.1
recovers upper and lower bounds of order Li(x) precisely because (1-8) dominates all other terms in
Theorem 1.1. This perspective is implicit in Linnik’s work. On the other hand, when x is sufficiently large
in terms of L/ F per (1-5), the contribution from S, can be safely absorbed into the O-term in Theorem 1.1.
In light of these observations, we believe that viewing (1-8) as the “main term” in Theorem 1.1 helps to
clarify the role of the contribution from ; when one transitions from small values of x to large values of x.

Upon considering the O-term in Theorem 1.1, we see that Theorem 1.1 noticeably improves the range

of x in which we have an asymptotic equality for w¢(x).

Corollary 1.2. If log x /log(Dpn}") — 00, then 7 (x) ~ g1 (Li(x) — 6; Li(xf")).

Theorem 1.1 also produces a new asymptotic equality in which the error term saves an arbitrarily large
power of log x in a much stronger range of x than (1-2).

Corollary 1.3. Let A > 1. If logx >4 (log Dy)(loglog Dy) +ny(logny)?, then

e (x) = {6 Li(x) — 6 Lix) (14 0a((logx) ™). (1-10)
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In order to state the main result from which Theorem 1.1 follows, we introduce some additional notation.
Let H C G be an abelian subgroup of G such that HNC is nonempty, and let K = L be the fixed field of H.
The characters x in the dual group H are Hecke characters; we write the conductor of x as f,. Define

Q = Q(L/K) = max Nk afy. (1-11)
xeH

We write the L-function associated to such a Hecke character as L(s, x, L/K). From work of Stark
[1974], at most one real Hecke character x; € H has an associated Hecke L-function L(s, x1, L/K) with
a Landau-Siegel zero 8y =1 — X/ log(Dk Qn';(’(), where 0 < 1| < %

Theorem 1.4. Let L/ F be a Galois extension of number fields with Galois group G, and let C C G be a
conjugacy class. Let H € G be an abelian subgroup such that C N H is nonempty, let K be the fixed field
of H, and choose gc € CNH. If x > (Dg Qnr;(")"z, then

I s _erloax koY)
me() = 15 (L) — 01 Licx ))(1+0(exp[ og(Dx O ]+exp[ N :

where 01 = x1(gc) if By exists and 61 = 0 otherwise and Q is given by (1-11). The constants ¢, and c3 are
the same as in Theorem 1.1.

Remark 1.5. As a group-theoretic quantity, 8; depends on the choice of gc € C N H. However, if 61 # 0,
then the existence of 81 implies that 6, is well defined.

1C. An application. While it is aesthetically appealing to be able to encapsulate the work in [Lagarias
et al. 1979; Lagarias and Odlyzko 1977; Murty 1997; Thorner and Zaman 2017; 2018; Weiss 1983]
with a single asymptotic equality, Theorem 1.4 can make progress in certain sieve-theoretic problems
when one must compute the local densities. As an example, we prove a new result in the study of primes
represented by binary quadratic forms. Let

f(u,v)= au® + buv + cv? € Z[u, v]

be a positive definite binary quadratic form of discriminant D = b*> — 4ac < 0. We do not assume that D
is fundamental. The group SL,(Z) naturally acts on such forms by (7 - f)(x) = f(Tx) for T € SL,(2Z).
The class number 4 (D) is the number of such forms up to SL,-equivalence. If f is primitive (that is,
(a, b, c)=1)thenitis a classical consequence of the Chebotarev density theorem and class field theory that
1 Li(x)
— 1p(au® +b )~ = asx — 0o, 1-12
stab (/)] ZZ p(au” +buv + cv?) (D) X ( )

u,veZ
au’+buv+cv?<x

where 1p is the indicator function for the odd primes and
stab(f) ={T e SL,(2): T - f = f}.

Note |stab(f)| = 2 unless D = —3 or —4 in which case it equals 6 and 4 respectively.
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We consider the question of imposing restrictions on the integers # and v which comprise a solution to
the equation p = f (u, v). In the special case of f(u, v) = u> 4 v2, Fouvry and Iwaniec [1997] proved
that there are infinitely many primes p such that p = u? 4 v? and u is prime. Their proof, which relies on
sieve methods, enables them to asymptotically count such primes.

One might ask whether their methods extend to all positive definite primitive f(u, v) with strong
uniformity in the discriminant D.> The answer is not clear to the authors. Nevertheless, Theorem 1.4
enables us to study the distribution of primes p = f(u, v) with some control over the divisors of # and v
while maintaining strong uniformity in D. We prove the following result in Section 7.

Theorem 1.6. Let D < —3 be an integer and let f (u, v) = au®+buv+cv? be a positive definite primitive
integral binary quadratic form with discriminant D = b> — 4ac. Let P be any integer dividing the product
of primes p < z. For all A > 1, there exists a sufficiently small constant n = n(A) > 0 such that if
3 <z <xWlogloex gug3 < |D| < x"/loglogz tpep

Li(x) — Li(x?1)

—A
D) {1+ 04((logz)~")}. (1-13)

1
— 1p(au® + buv + cv?) =84 (P
stab( /)] Z; plaw’ s+ by av) =57(P)

au’+buv+cv?<x
(uv,P)=1

Here, By is a real simple zero of the Dedekind zeta function Sawp)®) (if it exists),
2—1,.(p)—1,¢
af(P)zl‘[(1_ plalP) — 1Ly (”)>, (1-14)
plP p— (;)

(%) is the Legendre symbol for p # 2, (%) is defined by (7-6), and the term Li(x?") is omitted if B does

not exist.

Remark 1.7. The constant § 7 (P) is always nonnegative. It is possible that 6 (P) = 0 due to the local
factor at p = 2 in the product but this occurs precisely when the form f(u, v) does not represent any
odd primes. Since 1p is the indicator function for the odd primes, (1-13) trivially holds in this case. The
details of this casework are verified in Section 7A1.

While it is natural to think of P as equal to the product of primes up to z, we immediately obtain
from Theorem 1.6 the following corollary when P is a fixed divisor of the product of primes up to z and
z — oo arbitrarily slowly.

Corollary 1.8. Keep the assumptions of Theorem 1.6. If the integer P > 1 is fixed, then

1 Li(x) — Li(x#") log x
- 1 24 p 2y s (P2 J
Stab ()] ;}; p(au”+ buv + cv”) r(P) D) as log| D] — 00
au2+b£¢v+cv2§x
(uv, P)=1

2Added in proof, 17 June 2019: Lam, Schindler, and Xiao [2018] recently extended Fouvry and Iwaniec’s result to all
positive-definite primitive binary quadratic forms. However, their error terms do not possess uniformity in the discriminant.
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In particular, there exists a prime p < |D|* and u, v € Z such that p = f(u, v), p{D, and (uv, P) =1,
where a = a(P) > 0 is a sufficiently large constant depending only on P.

In order to prove Theorem 1.6 with strong uniformity in z and | D], one needs asymptotic control over
sums like (1-12) (see (7-4) below) when x is as small as a polynomial in the discriminant, regardless
of whether £ /p)(s) has a Landau-Siegel zero. This is precisely what Theorem 1.4 provides. For
comparison, a slightly stronger version of (1-2) that follows from [Murty 1997] along with the effective
bound (1 —B;)~! « |D|'/? log| D| can produce (1-13) with the inferior ranges

3<|D|IK (logx)z/(log logx)2 and 3 <z <exp(cy/logx)

where ¢ > 0 is an absolute constant. As one can plainly see, Theorem 1.4 yields substantial gains over
earlier versions of the Chebotarev density theorem. See Remark 7.3 for further discussion.

1D. Overview of the methods. We now give an overview of how the proof of Theorem 1.4 differs from
the proofs in [Lagarias et al. 1979; Lagarias and Odlyzko 1977; Murty 1997; Thorner and Zaman 2017;

2018; Weiss 1983]. For convenience, we refer to
L Lit) -1 Li™)
|G|
as the “main term” in Theorem 1.4 and all other terms as the “error term”.

The key difference between the proof of (1-2) and the proof of Theorem 1.4 lies in the study of the
nontrivial low-lying zeros of ¢, (s). The standard zero-free region for ¢, (s) indicates that the low-lying
zeros of ¢y (s) lie further away from the edge of the critical strip {s € C: 0 < Re(s) < 1} than zeros of large
height. However, the treatments in [Lagarias and Odlyzko 1977; Murty 1997] handle the contribution
from the all of the nontrivial zeros by assuming that the low-lying zeros (other than B, if it exists) lie
just as close to the edge of the critical strip as zeros of large height. This unduly inflates the contribution
from the low-lying zeros, leading to the poor field uniformity in (1-2) along with the poor dependence on
the Landau-Siegel zero f; if it exists. Consequently, both the range of x and the quality the error term in
(1-2) directly depend on the quality of zero-free region available for ¢ (s).

In order to efficiently handle the contribution to ¢ (x) which arises from the low-lying zeros of ¢y (s),
we factor ¢ (s) as a product of Hecke L-functions associated to the Hecke characters of the abelian
extension L/K and apply a log-free zero density estimate and the zero repulsion phenomenon for these
L-functions. As in Linnik’s work on arithmetic progressions, one typically uses these tools to establish
upper and lower bounds of ¢ (x) when x is small instead of asymptotic equalities [Thorner and Zaman
2017; 2018; Weiss 1983]. In order to facilitate the analysis involving the log-free zero density estimate,
we weigh the contribution of each prime ideal counted by m¢(x) with a weight whose Mellin transform
has carefully chosen decay properties (Lemma 2.2). Similar variations are a critical component in the
proofs of (1-6) in [Thorner and Zaman 2017; 2018; Weiss 1983].

By using a log-free zero density estimate and the zero repulsion phenomenon, we ensure that the main
term in Theorem 1.4 always dominates the error term in Theorem 1.4 when x is at least a polynomial in
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Dg On’f, regardless of whether B; exists. As one can see from the ensuing analysis, the quality of the
zero-free region dictates the quality of the error term but has no direct impact on the valid range of x.
This “decoupling” feature contrasts with the proof of (1-2), where the quality of the zero-free region
simultaneously determines both the quality of the error term and the range of x in which the main term
dominates.

After we “decouple” the range of x from the influence of the zero-free region, we are finally prepared
to separate the contribution of the low-lying zeros from the contribution of the zeros with large height
using a dyadic decomposition. This leads to savings over (1-2) only because we have already ensured via
the log-free zero density estimate and zero repulsion that the main term in Theorem 1.4 dominate the
error term regardless of whether B; exists. An additional benefit of this argument is an expression for the
error term in Theorem 1.4 as a straightforward single-variable optimization problem involving x and the
zero-free region (Lemma 4.5 and (4-13)). This simplification allows us to easily determine the error term
with complete uniformity in Dg, [K : @], Q, and x (Lemma 4.6).

The fact that Theorem 1.4 holds for al/l Galois extensions L/ F is a fairly subtle matter. In the case
where F = @ and L/Q is a cyclotomic extension, the Chebotarev density theorem reduces to the prime
number theorem for arithmetic progressions. Stark’s bound for 8; (Theorem 3.3, a refinement of (1-4))
recovers a lower bound for 1 — 8; which is commensurate with the lower bound for 1 — §; that follows
from Dirichlet’s analytic class number formula for cyclotomic extensions; this suffices for our purposes.
In the cyclotomic setting, our proofs only need to quantify the zero repulsion from a Landau-Siegel zero
with a strong zero-free region for low-lying zeros (Theorem A.1 with ¢ <4). However, if L/ F is a Galois
extension where the root discriminant of L is especially small, which can happen in infinite class field
towers, then Stark’s lower bound for 1 — 8 is quite small. In this case, the approach which worked well
for cyclotomic extensions of () appears insufficient to prove Theorem 1.1 for all x in our claimed range.

To address this problem, we use a log-free zero density estimate for Hecke L-functions that naturally
incorporates the zero repulsion phenomenon. Roughly speaking, when f; is especially close to 1, the
quality of the log-free zero density estimate improves by a factor of 1 — By; this is stronger than the
classical formulation of the zero repulsion phenomenon. Therefore, if 1 — B happens to be as small as
Stark’s lower bound allows, the quality of the log-free zero density estimate increases dramatically. This
offsets the adverse effect of 8, in the small root discriminant case. The idea of incorporating the zero
repulsion phenomenon directly into the log-free zero density estimate goes back to Bombieri [1987] in
the case of Dirichlet characters. For Hecke L-functions over number fields, this was first proved by Weiss
(see Theorem 3.2 below). The details of this obstacle and why we genuinely need the particular log-free
zero density estimate in Theorem 3.2 are contained in the Appendix, especially Remark A.3.

2. Setup and notation

Throughout the paper, let ¢y, ¢z, c3, ... be a sequence of absolute, effective, and positive constants. All
implied constants in the inequalities f < g and f = O(g) are absolute and effective unless noted otherwise.
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Recall F' is a number field with ring of integers OF, absolute norm N = Nf,q, absolute discriminant
Dp = |disc(F/Q)|, and degree ny = [F : Q). Integral ideals will be denoted by n and prime ideals by p.
Moreover, L/ F is a Galois extension of number fields with Galois group G = Gal(L/F). For prime
ideals p of F unramified in L, the Artin symbol [L/TF] is the conjugacy class of Frobenius automorphisms
of G associated to prime ideals 13 of L lying above p.

2A. Prime counting functions. For a conjugacy class C of G and x > 2, let ¢ (x) be as in (1-1) and

define

24ioo L/ X3

_Z(Sa'lp5 L/F)_dss (2_1)
N

—100

_ I CIR
Vo) = Ve, L/F) =1 ;wozm /2

where ¢ runs over the irreducible Artin characters of G = Gal(L/F) and L(s, v, L/F) is the Artin
L-function of . It follows from Mellin inversion [Lagarias et al. 1979, p.283] that

Ye@) =Y Armlc(n), (2-2)
Nn<x
where _
logNp if n =/ for some prime ideal p and some integer j > 1,
Apm =1 b P ’ gy = @3)
0 otherwise.
Here, 0 < 1¢(n) <1 for all ideals n and for prime ideals p unramified in L and j > 1,
(1 if[EEY cc,
lc(p)) = { [ P ] - (2-4)
0 otherwise.

The prime counting functions ¢ and ¢ are related via partial summation.

Lemma 2.1. For x > 2,

x ¢ 1/2
e (x) = Ve (x) n V() di + 0(1og Dy + npx T\
log x Jx t(log1)? log x

Proof. Note the norm of the product of ramified prime ideals divides D and the number of prime ideals
p with norm equal to a given rational prime p is at most ng. Thus,

anl/Z
Te() = ) lc(p>+0(lo - +1ogDL).
J/x<Np=<x &

Define 6¢ (x) = ZNps . LIc(p) log Np. It follows by partial summation as well as the previous observations

that
Y Be(t 0
3 1ep) = / t (lg<t>)2 dH_lg(’gj
VX <Np<x VX g g

Finally, one can verify that |0¢c(x) — ¥c(x)| < npx'/? by trivially estimating the number of prime ideal
powers with norm at most x. Collecting all of these estimates yields the lemma. U
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2B. Choice of weight. We now define a weight function which will be used to count prime ideals with

norm between /x and x.

Lemma 2.2. Choose x >3, ¢ € (O, i), and a positive integer £ > 1. Define A = ¢/(2€1og x). There exists

a continuous function f(t) = f(t; x, €, €) of a real variable t such that:

() 0< f(t) <1forallt €eR,and f(t)=1for s <t <1.

(ii) The support of f is contained in the interval [% — @, 1+ logx].

(iii) Its Laplace transform F (z) = fR f (e ? dt is entire and is given by

1/2+2CA 2A 14
F(Z)=e_(1+2“)z.<1_e(/+ )Z)(l‘e ) @-5)

-z —2Az

(iv) Lets =0 +it,o > 0,1t € R and o be any real number satisfying 0 < o < {. Then

0¢,.0 ze (o4
IF(—slogx)| < — " .(14+x?). (=) .
|s|log x els|

Moreover, |F(—slogx)| < e®®x° and% < F(0) < %.

(V) If%<a§1andx210,then

X x? x1/?
F(—logx)+ F(—ologx) = <logx + alogx){l +0(e)} + 0(logx>' (2-6)

(vi) Lets = —% +it witht € R. Then

S5x1/4 120\ ¢ —en
|F(—slogx)| < oax <?) (L4272

Proof. These are the contents of [Thorner and Zaman 2018, Lemma 2.2] except for (2-6), which we now
prove. Let % < o < 1. From (iii), we observe that

X9 esa/@ -1 ¢ x0/2
F(—ologx) = +0 . 2-7)
ologx \ €0/t ologx
The two cases of F'(—logx)+ F(—o logx) are proved differently; we first handle the + case. It follows
from (2-7) that

X e/t — 1 ¢ x° P ¢ x0/2
F(—logx)+ F(—ologx) = + + 0 .
log x e/l ologx\ eo/t o logx

The desired asymptotic for F(—logx) + F(—o logx) now follows from the Taylor series expansion

P 4
W :1+0(O'8),

which is valid for 0 <o < 1.
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For the case of F(—logx) — F(—o log x), we first observe that (2-7) implies

e/t — 1 ¢ X% /et 14
(log x)(F(—logx) — F(—o logx)) = x ——— ) +0u'. (2-8)
e/l o o/l
Set
es/ﬁ -1 eas/ﬁ -1
YV T oeg/t
so that @ > b > 1. With this convention, we rewrite (2-8) as
o
(log x) (F(—log x) — F(—o logx)) = xa’ — —pt + 0 (x'/?). (2-9)
g
Since a > b > 1, it follows from the bound a® — b* < (a — b) - £a® that
o o o o o
xa® — x—bz = (x — x—)aﬁ + x—(a‘Z — be) = (x — x—)aﬁ + O(x—(a —b)EaZ). (2-10)
o o o o o

Since 43'1 <o <1, it follows from taking Taylor series expansions that a® = 1+ O(¢) and

n(l —o)(e/0)"
(n+1)!

M2

_y U =a"eE/0" e
a—b_; arr S <(1=o0).

n=1

We apply these two Taylor expansions to (2-9) and (2-10) to obtain

o o

(log x)(F(—logx) — F(—o logx)) = (x — x—)(1 +0(@E)+0 (x—a — 0)8) +0ux"?. (@2-11)
o o

-2

Finally, we observe that since 0 ~“x° < x for o > % and x > 10, we have that

g o o o
x—(l—a):a(x—z—x—)fo(x—x—>.
o o o o

We apply this observation to (2-11) to obtain

o

(log x)(F(—logx) — F(—o logx)) = (x — %)(1 +0(e) + 0(x'?). (2-12)

The desired result follows by dividing both sides of (2-12) by log x. (]

Let £ > 2 be an integer, x > 3, and ¢ € (O, }‘) Define

- ” logN
el /)= Ve, L/F: f) = ZAFm)lc(n)f( i’fgx"), (2-13)

where f = f(-;x,¢,¢) is given by Lemma 2.2. To understand ¢, it suffices to study the smooth
variant Jrc.

Lemma 2.3. Let £ > 2 be an integer, x > 3, and ¢ € (0, %) Then

Ye(x) < Pe(x; f)+ O0mpx'"?) < e (xed).
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Moreover, e (x; f) = ¥c(x) + O (npx'/? 4+ ex).

Proof. By Lemma 2.2(i,ii) and definitions (2-2) and (2-13), we observe that

Y Armlcm) < Yelx; f) < pelxed).

J/x<Nn<x

The lemma now follows from (2-2) and the trivial estimate

Y ArMIcm) <np Y Ap(r) <np(y—z) for2<z<y. O

z<Nn<y z<n=<y

2C. Dedekind zeta functions and Hecke L-functions. Now, assume L/K is an abelian extension of
number fields. The Dedekind zeta function ¢z (s) satisfies

() =[] LG x. L/K), (2-14)
X

where x runs over the irreducible 1-dimensional Artin characters of Gal(L/K). By class field theory,
each Artin L-function L(s, x, L/K) is equal to a Hecke L-function L(s, x, K), where (abusing notation)
X 1s a certain primitive Hecke character of K. For simplicity, write L(s, x) in place of L(s, x, L/K)
or L(s, x, K). Let the integral f,, € Ok denote the conductor associated to x. For each y, there exist
nonnegative integers a() and b(x) satisfying a(x) + b(x) = nk such that if we define

a(x) b(x)
y(s, x) = [n_ir(%)} |:n_(5+1)/2F(—S42_1)i|

1 if x is trivial,

and

5()():{

0 otherwise,

then &(s, x) := [s(1 —5)1°%) (DgNF, )2y (s, x)L(s, x) satisfies the functional equation

E(s, x) =05 =5, X)), (2-15)

where () is a complex number with unit modulus. Furthermore, £ (s, x) is an entire function of order 1
which does not vanish at s = 0. Note L(s, x) has a simple pole at s = 1 if and only if x is trivial. The
nontrivial zeros p of L(s, x) (which are the zeros of £(s, x)) satisfy 0 < Re(p) < 1, and the trivial zeros w
of L(s, x) (which offset the poles of y (s, x)) are at the nonnegative integers, each with order at most ng.

The Dedekind zeta function &7 (s) possesses the same qualities (by considering the case K = L and x
trivial). Namely, its completed L-function is

£L(s) = [s(1—)1D} [T (5)]" [em) T ()] ¢.(s) (2-16)
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for certain integers ay, by > O satistying ay + by = [L : Q]. The trivial zeros w of ¢;(s) are at the
nonnegative integers with orders

ar, w=-2-4,...,
ord¢r(s) =1br w=-1,-3,..., 2-17)
S=w

ar—1 w=0.

Moreover, the conductor-discriminant formula states that

log D;. =Y " log(DgNf,). (2-18)
X

From (1-11) with @ = Q(L/K), it follows that

log Dp <[L: K]log(Dg Q). (2-19)
From this we deduce a somewhat crude bound for log Dy in terms of Dg, Q, and ng.
Lemma 2.4. If L/K is abelian, then log D < (Dg Qn'%)>.

Proof. By class field theory, L is contained in some ray class field L’ of K whose Artin conductor has
norm at most Q. From [Weiss 1983, Lemma 1.16], it follows that [L : K] <[L’: K] < Dx Qe®™x)_ The
result now follows from (2-19). O

We also record a few standard estimates for Hecke L-functions.

Lemma 2.5 [Lagarias and Odlyzko 1977, Lemma 5.4]. Ift € R and x is a Hecke character of K, then
#Hpo=B+iy:L(p,x)=0,0<B <1, |y —t| <1} Klog(DgNf,) +ng log(|t| + 3),

where the zeros p are counted with multiplicity.

Lemma 2.6 [Lagarias and Odlyzko 1977, Lemma 5.6]. Let x be a Hecke character of K. Then

/

L
—Z(S, x) K log(DgNfy) + nk log(|Im(s)| + 3)
uniformly for Re(s) = —%.

3. The distribution of zeros
For Sections 3 and 4, we will assume that the extension L/K is abelian. For notational simplicity, define
0 = Q(L/K) := DgQn}", (3-D

where Q@ = Q(L/K) is given by (1-11). Any sum Zx or product Hx is over the primitive Hecke
characters x associated with L /K per the factorization in (2-14). Here we list three key results regarding
the distribution of zeros of Hecke L-functions.
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Theorem 3.1 (zero-free region). There exists c4 > 0 such that the Dedekind zeta function

c(s)=[]LG x. L/K)
X

has at most one zero in the region Re(s) > 1 — A(|Im(s)| + 3), where the function A satisfies
C4
Aty > —— t>3. 3-2
O 4oy Ttz (3-2)

If such an exceptional zero B exists then it is real, simple, and attached to the L-function of a real Hecke

character x;.
Proof. This is well known; see, for example, [Weiss 1983, Theorem 1.9]. O

We also refer to the exceptional zero B; as a Landau—Siegel zero. Now, for 0 <o <1, T > 1 and any
Hecke character y, define

N, T,x)=#p=8+iy :L(p,x)=0,0 <B<1,|y|<T}, (3-3)
where the zeros p are counted with multiplicity.

Theorem 3.2 (log-free zero density estimate). There exists an integer c¢s > 1 such that

Y N, T, x) < Bi(QT"*)=! =) (3-4)
X

uniformly forany 0 <o <1l and T > 1, where
By, = B, (T) =min{l, (1 — B1) log(QT"*)}. (3-5)

Proof. Let g9 > 0 be a sufficiently small absolute and effective constant. It follows from [Thorner and
Zaman 2017, Theorem 3.2] or its variant [Thorner and Zaman 2018, Theorem 4.5] thatif 1 —gg <o < 1
and T > 1, then
Y N0, T, x) < (QT")s1=)
X
regardless of whether B exists. Weiss [1983, Theorem 4.3] proved that if 8; exists, then for 1 —gg <o < 1
and T > 1,

ZN(U, T, x) < (1 —p1)1og(QT"*)(QT" ) s1=2),
X

Thus for T > 1, (3-4) holds with B; given by (3-5) in the range 1 — g9 < 0 < 1. By enlarging cs if
necessary and using Stark’s bound from Theorem 3.3, one can extend (3-4) to the remaining interval
0 <o <1 —¢p by employing the trivial bound that follows from Lemma 2.5. (]

Theorems 3.1 and 3.2 comprise the three principles used to prove Linnik’s theorem on the least prime
in an arithmetic progression: a zero-free region, a log-free zero density estimate, and a quantitative form
of the zero repulsion phenomenon. Theorem 3.2 combines the second and third principles by following
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the ideas of Bombieri [1987], and this is crucial to our arguments for certain choices of Galois extensions
(see the Appendix).

We record an effective lower bound for the size of 1 — 8; which follows from [Stark 1974, Theorem 1°,
p-148].

Theorem 3.3 (Stark’s bound). Let 81 =1 — A1/ log Q be a real zero of a real Hecke character x of the
abelian extension L/K. Then 1; > Q2.

Proof. This follows readily from (1-4) for 1 — 8 when 8 is the real zero of a Dedekind zeta function. If x
is trivial then consider the Dedekind zeta function ¢k (s). If x is quadratic then consider the Dedekind
zeta function ¢x (s)L(s, x, L/K) corresponding to the quadratic extension of K defined by yx. U

As we shall see, these three theorems yield a unified Chebotarev density theorem which produces an
asymptotic count for primes even in the presence of a Landau—Siegel zero.

4. Weighted counts of primes in abelian extensions

4A. Main technical result. The proof of Theorem 1.4 rests on the analysis on the weighted prime
counting function Velxs f) = ve(x, L/K; f) given by (2-13), where f is given by Lemma 2.2 and
L/K is abelian. The goal of this section is to prove the following proposition.

Proposition 4.1. Assume L/K is abelian with Galois group G. Let C C G be a conjugacy class of G.
Let f = f(-; x, 4, ) be defined as in Lemma 2.2 with

e=80x"18 ¢ =dcsng. (4-1)
If2<Q < x1/66¢s) gnd ¢ < 4—11, then
G| - B _ca logx
%wc (i f) = (x - (C)X,B_>(1 +0(e 0 gm0z ingy) (4-2)
1

Remark 4.2. The constants ¢4 and cs are defined in Theorems 3.1 and 3.2 respectively.

While f and its parameters are chosen in Proposition 4.1, we will assume throughout this section that
€€ (O, %) and ¢ > 2 are arbitrary, unless otherwise specified. The arguments leading to Proposition 4.1
are divided into natural steps: shifting a contour, estimating the arising zeros with the log-free zero density
estimate, and optimizing the error term with a classical zero-free region.

4B. Shifting the contour.

Lemma 4.3. If x > 3, then
1Gl e(x; f)
|IC| logx

= F(~logx) — x1(C)F (—p1logx) = ¥ X(C) Y F(—py logx) + 0(

X Px

(2¢/e)logD;,  np
x/4log x logx )’
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where the sum _" is over all nontrivial zeros py # B1 of L(s, x), counted with multiplicity. Here the term
F (=B log x) may be omitted if the exceptional zero 1 does not exist.

Proof. By (2-1), (2-13), Lemma 2.2 and a standard Mellin inversion calculation,

o e 1) =S RO, where I = 22 /Hm (5 ) F(=slogx)d (4-3)
- = s where = — ——(s, —s10gx)ds. -
ey v Tl fye L e

For each Hecke character x, shift the contour 7, to the line Re(s) = —%. Note F is entire by Lemma 2.2(iii),

so we need only consider the zeros and poles of L(s, x). We pick up the simple pole at s = 1 of L(s, x)
when y is trivial and the trivial zero at s = 0 of L(s, x) of order at most ng. Moreover, we also pick
up all of the nontrivial zeros p, of L(s, x). For the remaining contour along Re(s) = —%, we apply
Lemma 2.6, Minkowski’s estimate ng < log Dk, and Lemma 2.2(vi) to deduce that

1 —1/2+4i00 L’ 20 Zl DN
_ ng/ f(s,X,L/K)F(—slogx)ds <<( /€) o;g/i K fX).
X

2ri ) 12-ico

Combining all of these observations yields

2
(2¢/¢) log(DKfo)) (4-4)

—1 _
(logx)™ I, =8(x)F(—logx) — Z F(—pylogx) + O(F(O)nK + x1/4log x

Px

Here, p, runs over all nontrivial zeros of L(s, x), including B if it exists. Substituting (4-4) into (4-3)
and dividing through by log x, we obtain the desired result but with an error term of

|F(0)|ng _ (2¢/6)"
O(WXX:IX(C)H_ T log le(C)llog(DKfo)

As L/K is abelian, the characters x are 1-dimensional so |x(C)| = 1. Thus, applying the conductor-
discriminant formula (2-18), the observation ng Y X 1=[L:K]ng =ny, and Lemma 2.2(iv), we obtain
the desired error term. O

4C. Estimating the zeros. Now we estimate the sum over nontrivial zeros p in Lemma 4.3, beginning
with those p of small modulus.
Lemma 4.4. If x > 3, then

Z Z |F(—py logx)| < x"/*1log Dy.

X Px

lox|<1/4
Proof. From Lemmas 2.2(iv) and 2.5,
Z Z |F(—p, logx)| < Z Z x4 x4 Z(log(DKNfX) +nk).

Ipx\<1/4 \pxl<1/4

The result now follows from Minkowski’s estimate nx < log Dg and (2-18). U
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Next, we use the log-free zero density estimate to analyze the remaining contribution.

Lemma 4.5. Keep the assumptions and notation of Lemma 4.3. Select ¢ and € as in (4-1) and assume
e < %. For2 <Q < x1/Bcs)

logx Y~ Y |F(=pylogx)| < vpxe W72, (4-5)
X Ox
loy|=1/4
where
by = (I1—-BlogQ if i ex.ists, 4-6)
1 otherwise,
and n is given by
nx) = ;Izlg[A(t) log x +logt]. 4-7)

Proof. We dyadically estimate the zeros. For j > 1,set To=0and T} = 2/=! for j > 1. Consider the sum

log x
Zp== OIS (4-8)
Py= ﬂx'HV)(
T] 1<|Vx|<T
lox1=1/4

for j > 1. First, we estimate the contribution of each zero p = p, appearing in Z;. Let p = B +iy satisfy
Tj—1 <|y| < T; and |p| > 1, so |p| = max{T;_y, 1} > T;/4 and |p| > |y |+ 3. Thus, Lemma 2.2(iv)
with @ = £(1 — ) and our choice of ¢ imply that

log x KB e(1-p) ~
g |F(—plogx)| < W(Tm) T, 1/2(”/| +3)"12. x—1=p)2, (x3/8Tj£)—(l—ﬂ).

Since Q < x'/B¢) and ¢ = 4¢sn, it follows that
10%u«x-,ologx)l T2 Iyl +3)7 2702 7250, (4-9)
From Theorem 3.1 and (4-7), we deduce
(y|+ 3)—1/2x—(1—ﬁ)/2 <(ly|+ 3)—1/2x—A(|y|+3)/2 < e /2

Note the right-hand side is uniform over all nontrivial zeros p appearing in (4-5). Combining (4-9) and
the above inequality with (4-8), we deduce that

— 1/2 ¢ (1—
Z <Le n(x)/ZT / Z Z (QT;”() 2es(1=p)

ﬂx"‘”’x
l<|V)(|<T
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Defining N(o, T) =) X N(o, T, x), we use partial summation and Theorem 3.2 to see that
1
"2 7, <</ (QT!*) ™" dN (1 -, T))
' 0
1
< [(QT;’K)—ZCSN(o, T)) +log(QT}¥) fo (QT/) S N(1 —a, T;)da]

1
< Bl(Tj)[(QTfK)“‘S +1og(QT}*) / Q7)™ da}
0
< B(T)).
If a Landau—Siegel zero does not exist then B (7;) = 1 = vy. Otherwise, if a Landau-Siegel zero exists

then one can verify by (3-5) and a direct calculation that

B(THT; < (1 1) - supllog(Qr" ) ~/*] < (1 — p1) log @ = .

t>1
The supremum occurs at t < 1 since ng < log Q. Therefore,

- Bi(T)) 1 - _j -
Y zZj<e "y T L e MR T eI,
jzl jzl1 ' J izl

which yields the lemma by definition (4-8). (Il

4D. Error term with a classical zero-free region. The quality of the error term in Lemma 4.5, and hence
in Proposition 4.1, is reduced to computing 7(x). This is a single-variable optimization problem.

log x
Lemma 4.6. Let 1 be defined by (4-7). If x > 2 then e < ¢~ “he0 f ¢=v/clogx)/nk

Proof. Tt follows from Theorem 3.1, (4-7), and a change of variables t = ¢“ that

c4log x
log Q +ngu

Note that ¢, (u) — oo as u — oo. By standard calculus arguments, one can verify that

n(x) = inf d(u)  where ¢ (u) =

calogx if) < x <exp(122 Q)z),

10g Q Cank
n(x) = 2 (4-10)
1 log Q)
I i oxp(U22)
This proves the lemma. O

4E. Proof of Proposition 4.1. Choose ¢ and ¢ as in (4-1) and continue to assume & < 5 ! By Lemmas
4.3-4.5, it follows for 2 < Q < x!/(36¢5) that

G
%‘pdx )= (log x)[F(—logx) — x1(C)F (=B logx)] + O (vixe "2 £ £(x)),

where £(x) = x~1/4(2¢/e)* log Dy + ny + x'/*(logx)(log D;). From (4-1) and Minkowski’s estimate
ny K log D, we see that £(x) < x1/4(log Dpr)(ogx). From Lemma 2.4, log D <« 0% < x'19 gsince
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x> 03¢ and ¢5 > 1. Hence, £(x) < x'/2. Using Lemma 2.2(v), (4-1), and noting 81 > 1 we deduce that

Bi
'la'wdx H= (x - xl(c>xﬁ—>(1 +O0(ngx” /P2 L O(uixe "2 161 @11
1

for 2 < Q < x!/36¢s Now, we claim that
xh

X — Xl(C)ﬁ— > vpx > x4 (4-12)

If B; does not exist, then v} = 1 and (4-12) is immediate. If 8, exists and (1 — ;) log x < 1, then since
x> 0% ande™ >1—1for0 <1t < 1, we have

P (=B N
x—x1(C)— > x(l — ) > (1—pBpx log(—> > (1—pB1)xlog Q =vx.
B Bi e

Otherwise, f; exists and (1 — 8;)logx > 1 so B > % implies that

1 B1

Thus, the claim (4-12) follows upon noting that v; 3> Q2 > x~!/4 by Stark’s bound Theorem 3.3 and
the condition x > 0365, Combining (4-12) with (4-11), it follows that

b x—(1=BD
x—Xl(C)IB—zx(l— )zx(l—2e_1)>>x>> ViX,

Bi
%‘/’c( = <x - Xl(c));_]>(1 + 0 (e7"9/2 gy~ 1/ G2esnx)yy (4-13)

Finally, we apply Lemma 4.6 and note n g x ~1/32657k)  x=1/G0¢snk) o=/ callog)/@ni) for x > (36¢s,
This completes the proof of Proposition 4.1. O
5. Proof of Theorems 1.1 and 1.4

5A. Abelian extensions. First, we prove Theorem 1.4 in the case of abelian extensions.

Theorem 5.1. Assume L/K is abelian with Galois group G. Let C C G be a conjugacy class. Define Q
by (3-1). for2 < Q < x'/,

we(x, L/K) = %(Ll(x)—X1<C)L1<xﬁ'>><1+0(e Fi0 4 ov/ealoe /i) (5-1)

Here B, is a putative exceptional zero with associated real Hecke character x1 of L/K.

Proof. Write g(x) =x — x1(C)x?1/B;. Select ¢ as in (4-1). Note the assumption 2 < Q < xl/e guarantees
£ < i provided c; is sufficiently large. From Proposition 4.1 and Lemma 2.3, it follows that

C ¢4 logx
Yelx) < %g(x)(l +0(e” 3 logQ +e 4/04(logx)/4n1<)) for x > Q36c5 (5-2)
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On the other hand, writing y = xe®, Proposition 4.1 and Lemma 2.3 also imply

C _ <4 logy
Ve(y) = %g(ye‘@)(l +O(e HD 4 o/l angy)

for y > 203%s. By (4-12) and elementary arguments,

Bi
lg(ye ™) —g(y)e F| < yﬁ—lwﬁl — o) L ye(l — By) < £8(y).

In particular, g(ye=®) = g(y)(1 + O(g)). From our choice of ¢ in (4-1) and the condition y > 2036,
one can see that & <« ngy~1/325k « y=1/300esnk o p=n/callogy)/ing gq

Ye(y) > gg(}’)(l + 0(6_%4‘]‘?%é +e Vv C4(1°gy)/4”1<)) for y > 2Q36C5.

|G|

Comparing the above with (5-2), we conclude that

Yelx) = %g(x)(l + 0(676741100@% _|_e—\/c4(10gX)/4n1<))

for x > Q40"5. By partial summation (Lemma 2.1) and the observation that, for % <o <1,

x° X ta—l x7 1 xl/2
+/ dt = / ——dt =Li(x°)+ O , (5-3)
ologx J 5 o(logt)? o2 logt log x
it follows for x > Q%% that

G _c4 logx .

%ﬂc () = (Li(x) = x1(C) Li(xP)) (1 + O(e™ * 1 4 ¢ Vesloen Sy 4 g,(x),

where &y(x) =log Dy + ngx'/?/ log x. By Lemma 2.4 and the observation that ng <« log x, one can
verify that &(x) < x1/2 for x > Q%% Hence, by (4-12), & (x) can be absorbed into the error term of

Section 5A. As c; is sufficiently large, this completes the proof of Theorem 5.1. U

5B. Proof of Theorem 1.4. Now we finish the proof of Theorem 1.4 for any Galois extension L/F with
any Galois group G. Using well-known arguments from class field theory, we reduce to the case of
abelian extensions.

Lemma 5.2 (Murty, Murty and Saradha). Let L/F be a Galois extension of number fields with Galois
group G, and let C C G be a conjugacy class. Let H be a subgroup of G such that C N H is nonempty,
and let K be the fixed field of L by H. Let g € C N H, and let Cy(g) denote the conjugacy class of H
which contains g. If x > 2, then

nc(x,L/F)—Bﬂrrc (x,L/K) L an‘/2+ilogDL .
|Gl |Cul™ ™" ~ |G| log2

Proof. This is carried out during the proof of [Murty et al. 1988, Proposition 3.9]. ]
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Now, we apply Lemma 5.2 and subsequently Theorem 5.1 to ¢, (x, L/K) of the abelian extension
L/K. Consequently, for 2 < O < x1/e,

|G| ¢4 logx

et L/ F) = Lit) = xi(C) LiGeP)(1+ 0(e™ 4 10 4 ¢ Veiloe0/81)) 1 0 x1/2 4 log Dy,

(5-4)
where Q = Q(L/K) is defined by (3-1). Since we may assume ¢, > 20, it follows from Lemma 2.4
and Minkowski’s estimate n; <« log Dy that npx'/?2 4+ log D) K x/3 for x > 0°¢. From (4-12), this
estimate may be absorbed into the first error term of (5-4) since x>/873/4 = x~1/8 « g~/ c4(lo2X)/8nk g
completes the proof of Theorem 1.4. ]

Theorem 1.4 implies Theorem 1.1. Fix g € C, let H in Theorem 1.4 be the cyclic group generated by g,
and let K be the fixed field of H. Clearly ng <ny, and the centered equation immediately below [Thorner
and Zaman 2017, Equation 1-7] states Di/lHl <DgQ< DZ/WHD. Theorem 1.1 now follows. O

6. Reduced composition of beta-sieves

Before proceeding to the proof of Theorem 1.6, we require some sieve machinery that follows from
standard results. The setup and discussion here closely follow [Friedlander and Iwaniec 2010, Sections 5.9
and 6.3-6.5]. Let A = (1) and A" = (1)) be beta sieve weights with the same sifting level z and same
level of distribution R. That is, A/, and A/} satisfy

M=A=1, A1, i<,

and are supported on squarefree numbers d < R consisting of prime factors < z. Let

__logR
~ logz

N

be the sifting variable for both sieves. Let g’ and g” be multiplicative functions satisfying
0<g(p<1, 0<g'(p<1, gp +g'(p)<1 forall primes p. (6-1)
Assume there exists K > 1 and « > 0 such that, for all 2 < w < z, we have

/ —1 K
l_[ (1_ g'(p) ) §K<10gz> ’
1-g'(p)—g"(p) logw

w<p<z

//( ) —1 1 K (6-2)
0
(- i) =o(22)
w<p<z _g(p)_g (P) ogw
The goal of this section is to estimate the reduced composition given by
G = ) dyhig (d)g" (o). 63)

(dy,dr)=1
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This expression can arise as the main term when two different sieves are applied to two different sequences
that are linearly independent. Keeping this setup, the remainder of this section will be dedicated to the
proof of the following theorem.

Theorem 6.1. Assume s > 9« + 1+ 10log K, (6-1) holds, and (6-2) holds. If X and X' are upper bound

beta sieves, then

DD Mg (g () < 1_[<1 —¢'(p)—g" (P + K 1P.

(dy,d2)=1

If KX is a lower bound beta sieve and X' is an upper bound beta sieve, then

DD kg (d)g (d) = l_[(l — g (p)— g (p){1 — K1),

(d1,d2)=1

Assume A is a lower bound beta sieve and A’ is an upper bound beta sieve. The other case is entirely
analogous. Thus, if 0’ = 1% A" and 6” = 1 % 1" then

0y =6=1 and 6,<0<6 forn>2. (6-4)
First, we apply [Friedlander and Iwaniec 2010, Lemma 5.6] to (6-3) and, keeping with their notation, we
see that
G=Y 36,008 bg" b) ] =g (p)—g"(p)). (6-5)
(b1,b2)=1 pibiby

Define i, h” and §', §” to be multiplicative functions supported on squarefree numbers with

7 g/(p) = g//(p) ~/ g/(p) ~1/ g//(p)
h = y h = y =, = —
(P) 1—g'(p)—g"(p) (P) 1—g'(p)—g"(p) £(p) 1—g"(p) (P 1—g(p)
Thus we obtain the usual relations
7 g/(p) = g//(P)
h =_° 7 d h == =7 6-6
=1 7 =5 g"(p) ©0

Note /' (p), h"(p) = 0 and 0 < g'(p), §"(p) < 1 by (6-1). Inserting these definitions into (6-5), we

observe that
= (]‘[(1 —g'(p)— g”(p))) D 6,600 ()R (by).
p

(b1,b2)=1

If (b1, by) # 1 then the expression 9[;19;/2 ' (b1)h" (by) is nonpositive by (6-4), so we may introduce all of
these terms at the cost of a lower bound for G. Thus

G > (H(l —g'(p) - g”(p))) (Z eg.fz/(bl)> (Z 047" (b )) (6-7)
p by

The two sums in (6-7) are prepared for standard beta-sieve analysis.
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Lemma 6.2. If X is a lower bound beta-sieve with B =9« + 1 and s > B then

> o () = 1— K.
b

If N is an upper bound beta-sieve with 8 =9« + 1 and s > B then

Z@gil”(b) < 1+e9K—SK10.
b

Proof. This statement is essentially the fundamental lemma [Friedlander and Iwaniec 2010, Lemma 6.8].
To make the comparison clear with [loc. cit., Sections 6.3-6.5], one begins with [loc. cit., Equation 6.40]
with their D, &, g replaced by our R, &', g’ (or R, h”, ", respectively). Per the definition of V (z) on
[loc. cit., p. 56], it follows that
Ve =[Ta-gwy.
p<z

Thus the assumption [loc. cit., Equation 5.38] corresponds to our (6-2). Next, one defines V), just as in
the equation at the top of [loc. cit., p. 63]; in doing so, we obtain [loc. cit., Equations 6.43 and 6.44].
Finally, using the same truncation parameters, the analysis of [loc. cit., Section 6.5] leading up to [loc. cit.,
Lemma 6.8] yields our result. O

Now, we apply Lemma 6.2 to the sum over b; (the lower bound sieve A) in (6-7). Note that the
assumption s > 9k + 1 + 10log K implies that this sum over b is positive. By the positivity of / and
(6-4), we may trivially estimate the sum over b, in (6-7) by

D R (b0, = h"(1) 6] =1.
by

This proves the lower bound in Theorem 6.1. For the upper bound, we follow the same arguments and
apply Lemma 6.2 twice (once to each sieve) in these final steps. (]

7. Restricted primes represented by binary quadratic forms
We recall the setup in Section 1C. Let
fu,v)= au® + buv + cv® € Zlu, v]

be a positive definite binary quadratic form of discriminant D = b? —4ac < 0, not necessarily fundamental.
The group SL,(Z) naturally acts on such forms by (T - f)(x) = f(Tx) for T € SL;(Z). The class
number 4 (D) is the number of such forms up to SL,-equivalence. We assume that f is primitive (that is,
(a,b,c) =1), and we define

stab(f) ={T €SLy(2): T - f = f}.

Note |stab(f)| = 2 unless D = —3 or —4 in which case it equals 6 and 4 respectively.
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7A. Proof of Theorem 1.6. Recall by assumption that 3 < z < x7/102192% where n = 5(A) > 0 is
sufficiently small. Further, P is any integer dividing the product of primes < z. Let 1 < R < x!/10 be
a parameter yet to be specified. Let A = (1)) and A" = (1) be sieve weights supported on squarefree
integers d | P satisfying

N=AT=1, W<l A<l ford=1, A,=2;=0 ford>R. (7-1)

We approximate the condition (uv, P) =1 in (1-13) by considering the sieved sum

S(x) =S(x; X, X := |Stab(f)|221[p(f(u U))(Z'\m)(zkifz)' (7-2)

d] | u dz | v
f(u v)<x
By swapping the order of summation,
S =YY Ay Mgy Ady.ay (), (7-3)
di,d>
(dy,d2)=1
where
1
Ay () = ———— > "> 1p(f(u, v)). (7-4)
[stab(f)] 4= &
d | u,d2_| v

Before computing the congruence sums Ay, 4,(x), we introduce the local densities g’ and g”. These are
multiplicative functions defined by

D\l . D\W—1 .
— (= if p| P and p1c, , — (= if p| P and p1a,
0 otherwise, 0 otherwise.
Here ( ) is the usual Legendre symbol for p # 2 and
D 0 if 2| D,
(E) =11 if D=1 (mod 8), (7-6)

~1 if D=5 (mod8).

Our main result on the Chebotarev density theorem, Theorem 1.4, yields the following key lemma whose
proof is postponed to Section 7B.

Lemma 7.1. Let y > 0 and v > 0 be a sufficiently small absolute constants, and let dy, dy be relatively
prime integers dividing P. If |d\d;D| < xV then

Li(x) — Li(x#")

Adl,dz(x) =g/(d1)g”(d2) h(D)

{14 O (ea,a,(x))} + O(V/x log x), (7-7)
where B is a simple real zero of the Dedekind zeta function $aw/D) (s) (if it exists) and

log x
logld D|

gq(x) = e4(x; D) = exp[—ﬂ } +exp[— (@ logx)'/?]  ford > 1. (7-8)
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Remark 7.2. For the remainder of the proof of Theorem 1.6, the constant ©* may be allowed to vary from
line-to-line. This will occurs finitely many times, so this is no cause for concern.

Remark 7.3. For the sieve to succeed, one crucially requires an asymptotic equality for Ay, 4,(x) as
in (7-7) with small remainder terms. Proceeding via the Chebotarev density theorem, one might use a
stronger version of (1-2) in [Murty 1997] to obtain the asymptotic

808 () 1)+ 0(xe= V) for logx > (logldidaD])? + ——.  (7-9)

A0 =" ) -y

Currently, (1 — B~ <« |D|'/? log| D] is the best unconditional effective bound for ;. Thus x must be
quite large with respect to | D|, d1, and d»; this adversely impacts the permissible ranges of |D| and z in
Theorem 1.6. To improve the range of x, one might instead appeal to variants of (1-6) found in [Thorner
and Zaman 2017; 2018; Weiss 1983] but this only yields lower and upper bounds for A4, 4, (x), rendering
the sieve powerless. Fortunately, Theorem 1.4 addresses all of these obstacles simultaneously. Regardless
of whether B exists, it maintains an asymptotic with an improved range of x that is polynomial in |D|, dy,
and d, while keeping satisfactory control on the error terms. This allows us to strengthen the uniformity
of both z and | D| in Theorem 1.6 beyond what earlier versions of the Chebotarev density theorem permit.

Now, set the level of distribution to be
R = g v 081082 (7-10)

Recall the constant n = 7(A) > 0 should be thought of as very small. Since z < x"/1°219¢% and |D| <
x"/ loglogz by assumption, we have that R < x /10 and also |d1d> D| < x*V" for any integers d;, d» < R.
Thus, by Lemma 7.1 and (7-1), it follows that

Li(x) — Li(x#1)

_ A A 3/4 -
Sx)=(G+O0(R)) (D) + 07, (7-11)
where
AR/, ” T(d)
G=) Y hyrpe @) d), R=) o) 1
i T

Here 7 is the divisor function and ¢ is Euler phi function. We obtained R by observing that

DO a8 @) (da)eaya, (x) < Z £4(x) Z g'dg"(dy) <R

dy,da<R d<R dydr=
didy | P d|P (dy,dr)= 1
(d1,d2)=1

since g'(d1)g" (d2) < 1/(p(d1)¢(d2)) = 1/¢(d) from (7-5) and Y 4,0,=a 1 < t(d). Now, we proceed to
(dy,dr)=1
calculate the main term G and remainder terms K. v
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7A1. Main term G. For the main term G, suppose we have chosen a lower bound sieve for the sum in

(1-13); namely, suppose A is a lower bound beta sieve and A’ is an upper bound beta sieve, each with

level of distribution R. Our aim is to apply the Fundamental Lemma in the form of Theorem 6.1. One

can see that g’ and g” each satisfy (6-2) with k = 1 and K absolutely bounded. Moreover, our choice of

sieve has a sufficiently large sifting variable s = log R/log z > n~! because 1 > 0 is sufficiently small.
We claim that we may assume

g (p)+¢"(p) <1 forall primes p

and hence g’ and g” also satisfy (6-1). From (7-5), the only concern occurs when p =2 and 2| P. We
prove the claim by checking cases and verifying that g’(2) + ¢g”(2) > 1 only if Theorem 1.6 is trivially
true.

» Suppose D =5 (mod 8). By (7-5), we have g’(2) + ¢"(2) < % + % <1.

e Suppose D=1 (mod 8) sob=1 (mod 2) and ac=0 (mod 2). If a+b+c=0 (mod 2) then the sum
in (1-13) is necessarily empty because 1p only detects odd primes. In this case, a and ¢ have opposite
parity so g’(2) + g”(2) = 1. Hence, 8 ¢(P) = 0 by (1-14) and Theorem 1.6 is therefore trivially true.
Otherwise, if a +b 4+ c =1 (mod 2) then a and c have the same parity. As ac =0 (mod 2), it must
be that a = ¢ =0 (mod 2) implying g’(2) + ¢”(2) =0 < 1 by definition (7-5).

o Suppose 2| D so b =0 (mod 2). If one of a or ¢ is even then g'(2) + g"(2) < % < 1. Otherwise, if
both a and ¢ are odd then g’(2) + ¢”(2) =1 and a + b + ¢ = 0 (mod 2). This implies § /(P) =0
and also the sum in (1-13) is necessarily empty so Theorem 1.6 is trivially true.

This proves the claim. Therefore, by Theorem 6.1 and (7-10), it follows that
G2 87(P){1+ 0a((loge)™) (7-12)

since n =n(A) is sufficiently small. If A and A’ are both upper bound beta sieves with level of distribution
x!/19 then one similarly obtains the reverse inequality.

7A2. Remainder terms R. We estimate R dyadically. By the Cauchy—Schwarz inequality and standard
estimates for T and ¢, we see for 0 < N < [2log R/log 7] that

7(d) 1\'? T(d)2d\ '?
X w(d)g"(x““”“(”( 2 E) ( 2 so<d>2>

N<d<zV N<d<zV1 N<d<z
d| P pld=p=<z
N\ 12
<<SZN+1(x)((N+1)logz)3/2< > 3) .
ZN§d<ZN+1
pld=p=z

By (7-10), one has that R"/1°2l02R < 7 < R where 5’ > 0 is sufficiently small depending only on 7. In
other words, log R /log z <« loglog z. Thus, we may apply Hildebrand’s estimate [1986, Theorem 1] for
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z-smooth numbers via partial summation to conclude from (7-8) that the above is

log x log x
<L (e~ O Wb Togz +e —? ogin] + e ?V10ex) h (NY(N + 1) log? 2,
where p is the Dickman—de Bruijn function. Recall we allow the constant % > 0 to change from line-to-line
and be replaced by a smaller value if necessary. Summing this estimate over 0 < N < [2log R/log 7]
and using the crude estimate p(N) < N~V for N > 1, we deduce that

log x

clogx log x
R KL (ma>1< ¢ s N~V*+2)10g? z + (e VToez 4 ¢~V ToniD + e "VIexy og? ¢
N>

< (e_ﬁ logxll(;gzlogx +e_19112§x Yo k‘)‘;lgl te ﬁ,/logx) log z.
Since |D| < x"/10glogz apd 7 < x7/1oglogx with 5 = n(A) > 0 sufficiently small, we have that
R <4 (log2)™". (7-13)

7A3. Concluding the proof. Inserting (7-12) and (7-13) into (7-11) along with the fact that §¢(P) >
(log z)~2 from Mertens’ estimate, we conclude that

1p(au’® + buv + cv?) Li(x) — Li(x?1) 4 3
> 8 (P)————" {14 04((logz) "M} + 0(x*%.
Z; stab (/)] d n(D) Ao
au’+buv+cv?<x
(uv,P)=1

By using an upper bound sieve instead (as mentioned at the end of Section 7A1), one also obtains the
reverse inequality. Thus, it remains to show the secondary error term O (x*/#) may be absorbed into the
primary error term. If 6 s (P) = O then the arguments in Section 7A1 imply Theorem 1.6 trivially true
so we may assume 8 (P) > 0. By the effective lower bound that 1 — ) >, |D|~1/27¢, the fact that
h(D) <, |D|'/>*¢, and the assumption that | D| < x"/ 1081022 we see

Li(x) —Li(xP) s
— D > x

As §7(P) > (log z) 72, this implies the claim and hence proves Theorem 1.6. (]

7B. Proof of Lemma 7.1. The pair (d;, d») induces another form fy, 4, given by

fdl,dz(sy Z) = f(dls, dzt).

Note its discriminant is D(d;d»)%. With this definition, it follows that

Adya () = Y H(s, D€ p= fuanls, D) (7-14)

1
[stab(f)] £

Observe
Aga,(x) K1 if (dy,c) #1or(dy,a) #1
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since, in this case, fg, 4, 1s not primitive and hence represents an absolutely bounded number of primes.
This trivially establishes Lemma 7.1 in this case. To evaluate Ay, 4, (x) for all other d; and d», we use
class field theory.

Lemma 7.4. Let Ok be the ring of integers of K = Q(v/D). Ford > 1, let Oy be the order of discriminant
—Dd? in K and let Ly be the ring class field of O4. If F is a primitive binary quadratic form of
discriminant —Dd* then

|0 | = [stab(F)].

Moreover, if Cr is the conjugacy class corresponding to F in the Galois group of Ly /K then

#(s,0) €2’ p="F(s,0} =|0)|-#{p S Ok : Np=p, [ME] =Cr} for ptDd.

Here [L“’p/K] is the Artin symbol of p and N = N q is the absolute norm of K /Q.

Proof. These are straightforward consequences of the theory for positive definite binary quadratic forms,
so we only sketch the details. Standard references include for example [Cassels 1978; Cox 1989]. First,
one can verify that O = {£1} unless Oy is the ring of integers for Q(i) or Q(+/=3). Similarly, the
SL;-automorphism group of F' is { :i:((l) (1)) } unless F is properly equivalent to either x>+ y? or x2+xy+y?.
These are respectively the unique reduced forms of discriminant —4 or —3. These remaining two cases
can be checked by direct calculation.

The second claim follows from the first claim and the one-to-one correspondence between inequivalent
representations of a prime p by F and degree 1 prime ideals p € Ok in the class Cr. For more details,
see [Cox 1989, Theorem 7.7]. O

Now, assuming (dj, ¢) = (d2,a) = 1, we return to computing Ay, 4,(x). It follows that fz 4, is
primitive so by Lemma 7.4 with F' = fy, 4, and d = d1d>,we deduce that

1 T«
Ag g (x) = —lstab(f)| E |Od]d2| + 0( E 1), (7-15)
Np<x p| Ddidy
deg(p)=1

where Z% runs over prime ideals p in Ok unramified in Lg,q, satisfying [(Lg,a,/K)/p]l = Cy, , . Note,
for the primes p | Ddd, in (7-15), we have used that each prime p is represented by f with absolutely
bounded multiplicity. We may add the remaining degree 2 prime ideals p to the f-marked sum with error
at most O (|0 4, 1v/xlogx) = O(/x log x). Further, we have

> 1< log|Dddy| < logx
p|Ddidy
since |d1dr D| < x7. Collecting these observations, it follows that

[
A = 12 14+0 1 . 7-16
dy.dy (%) — f)leZ:x + O (y/xlogx) (7-16)
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We invoke Theorem 1.4 to compute the sum in (7-16), thus

ZT | L) =6 L")
~ h(D(dd)?)

{1+ 0(eq,4,(x))} for |didaD| < x7, (7-17)
Np<x
where €4,4,(x) is defined by (7-8) and y > 0 is fixed and sufficiently small. We make two simplifications
for (7-17). First, we claim that 8; = 1 if the exceptional zero 8 exists. By a theorem of Heilbronn [1972]
generalized by Stark [1974, Theorem 3], since B is a real simple zero of ¢ idy (s) and Ly, 4, is Galois
over ( with K being its only quadratic subfield, it follows that ¢x (8;) = 0. Hence, the exceptional Hecke

character x; of K from Theorem 1.4 is trivial implying 6; = 1. Second, we have for d > 1 that
h(Dd*) = h(—mxd]_[<1 — <2) 1). (7-18)

[0*:0;] pld pJ)p
For a proof, see for example [Cox 1989, Theorem 7.4 and Corollary 7.28].

Finally, with these observations, Lemma 7.1 follows by inserting (7-17) and (7-18) into (7-16) and
noting that [0 : O;1- |0 | = |0} | = [stab(f)| from Lemma 7.4. O

Appendix: Error term with an exceptional zero

Theorem 3.2 states that if 7 > 1, then
Y N, T, x) < Bi(QT"™)*"=), By =min{1, (1 - B1) log(QT")}. (A-1)
X
This clearly implies that regardless of whether g exists, we have
Y N@, T, ) < (QT")1=, (A-2)
X
If B; exists, Theorem 3.2 produces the following strong zero-free region:

Theorem A.1 (zero repulsion). Suppose the exceptional zero By of Theorem 3.1 exists. There exists ce > 0
such that if A is given in Theorem 3.1, then

1 cglog(l(d = B1) log(Qr™)]™h }
2’ log(Q1"x) '

Let ¢ > 1 be an integer. In the context of arithmetic progressions, in which case L = Q(e*"/7)

A(t) > min{

and F = K = Q, it is preferable to use (A-2) and Theorem A.1 instead of (A-1), as one can typically
obtain numerically superior results with the former. However, in the context of arithmetic progressions,
one has the benefit of working with characters of an extension which is abelian over (1, in which case
Theorem 3.3 gives an adequate upper bound for B; (should it exist). However, for abelian extensions
L/K where the root discriminant of K is rather small, Theorem 3.3 gives an upper bound for 8; which
is not commensurate with the corresponding result for cyclotomic extensions of Q. In fact, this weak
upper bound leads us to actually require a version of the log-free zero density estimate that improves as
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B1 approaches 1 to handle the case when K has a small root discriminant. This is why we use (A-1) in
our proofs instead of using (A-2) and Theorem A.1 separately.

For comparison with Lemma 4.6, we quantify the effect of (A-2) and Theorem A.1 on the error term
in Lemma 4.5 and subsequently (4-13) in the proof of Proposition 4.1. Since the calculations are tedious,
we omit the proof.

Lemma A.2. Let n be defined by (4-7). Suppose the exceptional zero 1 =1 — A1 /log Q of Theorem 3.1

exists. There exists absolute constants c7, cg, cg > 0 such that if .| < c7 and Q < xles

e W) « x71/2+k%0(6—% +e*63«/(logx)/n1<) ifa > Q720/n1<’ (A-3)
e 1) =172 1 o= 103/1081730) (= Fiigs 4 pmesy/Tog ) k) if g < Q~20/nK (A-4)

Remark A.3. Recall the definition of v; in (4-6). From (4-11) and (4-12), one can see it is critical to
prove an estimate at least as strong as

vixe 19 = o(ryx). (A-5)

Notice that the density estimate in (A-1) decays linearly with respect to 1 — 8; (that is, vi = A1), so we
easily obtain (A-5). Suppose we instead use (A-2), which is tantamount to the trivial estimate v; < 1 when
B exists. From (A-3), one obtains (A-5) when A; > Q~2%/7x _ Otherwise, from (A-4), if A; < Q 2/
then we can at best show xe 7% = o(eflo IOg(l/M)x). The situation 1; < Q~2%/7« is not uniformly
excluded by Stark’s bound (1-4). For example, when the root discriminant D;(/ "K is bounded and the

extension L /K is unramified (that is, @ = 1), then
Q100/n,< _ (DKQ)IOO/”Kn}(OO < n}(()o

and Stark’s bound (1-4) implies Al_l <« n'i¥ log Dg so it may very well be the case that Al_l >n }(00 >
Q'%%/nk This situation with a bounded root discriminant is entirely possible as Minkowski’s unconditional
estimate ng < log Dk is tight when varying over all number fields K. Infinite class field towers are well
known sources of this scenario. Thus, we cannot see how to unconditionally obtain the desired linear
decay demanded by (A-5) with only (A-2) and Theorem A.1.
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On the Brauer—Siegel ratio
for abelian varieties over function fields

Douglas Ulmer

Hindry has proposed an analog of the classical Brauer—Siegel theorem for abelian varieties over global
fields. Roughly speaking, it says that the product of the regulator of the Mordell-Weil group and the
order of the Tate—Shafarevich group should have size comparable to the exponential differential height.
Hindry—Pacheco and Griffon have proved this for certain families of elliptic curves over function fields
using analytic techniques. Our goal in this work is to prove similar results by more algebraic arguments,
namely by a direct approach to the Tate—Shafarevich group and the regulator. We recover the results of
Hindry—Pacheco and Griffon and extend them to new families, including families of higher-dimensional
abelian varieties.

1. Introduction
The classical Brauer—Siegel theorem [Brauer 1950] says that if K runs through a sequence of Galois
extensions of Q with discriminants d = d satisfying [K : Q]/logd — 0, then

log(Rh)
log v/d

where R = Rk and h = hg are the regulator and class number of K. The proof uses the class number

— 1

formula
2"Q2m)2Rh

w~/d

Res;—1 ¢k (s) =

and analytic methods.

Hindry [2007] conjectured an analog of the Brauer—Siegel theorem for abelian varieties. If A is an
abelian variety over a global field K with regulator R, Tate—Shafarevich group III (assumed to be finite),
and exponential differential height H (definitions below), Hindry proposed that the Brauer—Siegel ratio

log(R|LL])

BS(A) := log(H)

should tend to 1 for any sequence of abelian varieties over a fixed K with H — oo.

MSC2010: primary 11GO0S5; secondary 11G10, 11G40.
Keywords: abelian variety, Tate—Shafarevich group, regulator, height, Brauer-Siegel ratio, function field.
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Hindry and Pacheco [2016] considered the case where K is a global function field of characteristic
p > 0. Assuming the finiteness of III, they proved (Corollary 1.13) that

0< lirrkinfBS(A) <limsupBS(A4) =1, (1.1
A

where the limits are over the family of all nonconstant abelian varieties of a fixed dimension over K ordered
by height. Note that this leaves open the possibility of a sequence of abelian varieties with Brauer—Siegel
ratio tending to a limit < 1, a possibility not envisioned in Hindry’s earlier paper. Hindry and Pacheco also
conjectured and gave evidence for the claim that the lower bound 0 <liminf4 BS(A) should be an equality
when A runs through the family of quadratic twists of a fixed elliptic curve. Moreover, they gave an example
(Theorem 1.4) of a family of elliptic curves E with H — oo and proved limg BS(E) = 1 without having
to assume any unproven conjectures. In his Paris VII thesis, Griffon [2016] gave several other examples
of families of elliptic curves where limg BS(E) = 1 again without assuming unproven conjectures.

As with the original Brauer—Siegel theorem, the analyses of Hindry—Pacheco and Griffon use analytic
techniques. More precisely, finiteness of the Tate—Shafarevich group implies the conjecture of Birch and
Swinnerton-Dyer (in its strong form), and so a class number formula of the shape

|TII| R
H

where L*(A) is the leading Taylor coefficient of the L-function at s = 1 and « is a relatively innocuous,

L*(A) =«

nonzero factor. (We will give the precise statement below.) Hindry—Pacheco and Griffon then prove their
results by estimating (and in some cases calculating quite explicitly) L*(A).

Our goal in this work is to prove several results about Brauer—Siegel ratios by more algebraic arguments,
in other words through a direct approach to the Tate—Shafarevich group and the regulator. More precisely,
we prove the following results without recourse to L-functions:

(1) a transparent and conceptual proof that liminf4 BS(A) > 0 via a lower bound on the regulator;

(2) a new connection between the growth of |III| as the finite ground field is extended and the number
R|III| over the given field;

(3) a general calculation of the limiting Brauer—Siegel ratio for the sequence E?") of Frobenius pull-
backs of an elliptic curve E;

(4) a new proof that limy BS(E;) = 1 in the families of elliptic curves studied by Hindry—Pacheco and
Griffon;

(5) proofs that lim; BS(J;) = 1 for families of Jacobians of all dimensions;
(6) and results on quadratic twists that illustrate the limitations of our p-adic techniques.
“Without recourse to L-functions” means by algebraic methods. We do use the BSD formula, but this

is just a bookkeeping device for the connections between cohomology and other invariants. We do not
use the Euler product or any properties of L(A, s) as a function of s. That said, we have not eliminated
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analysis entirely: points (4—6) above all require an equidistribution result for the action of multiplication
by pon Z/dZ.

The plan of the paper is as follows: In Section 2, we set up notation, review and extend certain auxiliary
results of Hindry—Pacheco on component groups, and prove a lemma useful for estimating heights. In
Section 3, we prove a general integrality result on regulators of abelian varieties which leads immediately
to a lower bound on the Brauer—Siegel ratio. In Section 4, we introduce “dim III(A)”, a new and extremely
useful technical device which is closely related to slopes of L-functions and which is computable in many
interesting situations. As a first application, in Section 5 we compute the limiting Brauer—Siegel ratio for
the sequence of Frobenius pull-backs of an elliptic curve. Sections 6-9 develop p-adic cohomological
machinery that allows one to compute dim IT1(A) and estimate BS(A) for Jacobians of curves with Néron
models related to products of Fermat curves. In the rest of the paper, we use this machinery to recover
the results of Hindry—Pacheco and Griffon and to extend them to higher genus Jacobians. Section 10
discusses curves defined by equations involving 4 monomials. Section 11 discusses curves coming from
Berger’s construction [2008]. Finally, in Section 12 we consider twists of constant elliptic curves.

It is a pleasure to thank Richard Griffon for several helpful comments and an anonymous referee for
his or her careful reading of the paper and valuable suggestions.

2. Preliminaries

2.1. Notation and definitions. We set notation and recall definitions which will be used throughout the
paper.

Fix a prime number p, a power g of p, and a smooth, projective, absolutely irreducible curve C of
genus gc over k = [y, the field of g elements. Let K be the function field [, (C). We write v for a place
of K, d, for the degree of v, K,, for the completion of K at v, O, for the ring if integers in K,, and k,
for the residue field, a finite extension of k of degree d,

Let A be an abelian variety over K with dual A. A theorem of Lang and Néron guarantees that the
Mordell-Weil groups A(K') and A(K) are finitely generated abelian groups. (See [Lang and Néron 1959],
or [Conrad 2006] for a more modern account.)

There is a bilinear pairing

(-,-): A(K) x A(K) > Q

which is nondegenerate modulo torsion. (This is the canonical Néron—Tate height divided by logg.
See [Néron 1965] for the definition and [Hindry and Silverman 2000, B.5] for a friendly introduction.)
Choosing a basis Py, ..., P, for A(K) modulo torsion and a basis ﬁl, R 13, for A(K ) modulo torsion,
we define the regulator of A as

Reg(A) := |det(P;, Pj)1<i,j<r|-

The regulator is a positive rational number, well-defined independently of the choice of bases.
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We write H! (K, A) for the étale cohomology of K with coefficients in A and similarly for H (K, A).
The Tate—Shafarevich group of A is defined as

II(A) := ker(H‘ (K, A) > [[H' (K., A)>,

where the product of over the places of K and the map is the product of the restriction maps. This group
is conjectured to be finite, and we assume this conjecture throughout the paper. However, in all of the
explicit calculations below, we can in fact prove that III(A) is finite without additional assumptions.

Let A — C be the Néron model of A/K. This is a smooth group scheme over C with a certain universal
property whose generic fiber is A/ K. See [Bosch et al. 1990] for a modern account. Let s : C — A be
the zero-section. We define an invertible sheaf w on C by

w = s* Qe = NV (@Y o).
The exponential differential height of A (which we often refer to simply as the height) is
H(A) :=q%2”.

If A is an elliptic curve and C = P!, then deg w has simple interpretation in terms of the degrees of the
coefficients in a Weierstrass equation defining A. See [Ulmer 2011, Lecture 3] for details.

For each place v of K, we write ¢, for the number of connected components of the special fiber of A
at v which are defined over the residue field. We define the Tamagawa number of A as

7(A) =[] cv

v

(This usage is in conflict with our earlier papers, in particular [Ulmer 2014a], where the Tamagawa

number is defined to be
T(A)

H(A)gdm@)(gc—1 "

The earlier usage is historically more appropriate, as the definition there is a volume defined in close
analogy with Tamagawa’s work on linear algebraic groups, see [Weil 1982], but the terminology we adopt
here is more convenient for our current purposes.)

Next we consider the Hasse—Weil L-function of A over K, denoted L(A, s). It is a function of a
complex variable s defined as an Euler product over the places of K which is convergent in the half-plane
Ns > % and which is known to have a meromorphic continuation to the whole s-plane. More precisely,
L(A, s) is a rational function in ¢~*, and if the K/k-trace of A is trivial, then L(A, s) is in fact a
polynomial in ¢ —° of the form

[0 —g™),

where the inverse root «; are Weil integers of size q.
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We define the leading coefficient of the L-function as
. 1 1[4\
L*(A) = —(— ) L(A,s)
(logg)" r!'\ds
where r is the order of vanishing r := ord,—; L(A, s). (With the factor 1/(logg)", this is the leading

s=1

coefficient of L as a rational function in T = ¢—*, and with this normalization, it has the virtue of being a
rational number.)

All of the invariants mentioned above are connected by the conjecture of Birch and Swinnerton-Dyer
(“BSD conjecture”), which we take to be the conjunction of the following three statements:

(1) ordg—; L(A,s) =Rank A(K).
(2) III(A) is finite (with order denoted |III(A)|).
(3) We have an equality
Reg(A)|LI(A) T(A)
H(A)  qimAee=D|A(K ) or| - |AK)ror|
It is known that parts (1) and (2) are equivalent, and when they hold, part (3) holds as well. (See [Kato

L*(A) =

and Trihan 2003] for the end of a long line of reasoning leading to these results.)

From the point of view of the Brauer—Siegel ratio, the main terms of interest in the third part of the BSD
conjecture are Reg(A), |III(A)|, and H(A), whereas the other factors are either constant (qdim(A)(gC_l))
or turn out to be negligible (r(A) and |A(K);or X A(K )tor])- We will discuss the Tamagawa number and
the results of Hindry and Pacheco on it in the next section, whereas the torsion subgroups A(K);,, and
A(K)or will play almost no role in our analysis.

2.2. Bounds on Tamagawa numbers (1). Hindry and Pacheco [2016, Proposition 6.8] bound the Tama-
gawa number in terms of the height under certain tameness assumptions. More precisely, they showed
that for a fixed global field K, as A varies over all abelian varieties of fixed dimension d over K, we have

7(A) = O(H®)

for all € > 0, provided that p > 2dim(A) 4+ 1 or A has everywhere semistable reduction.
In this section and Sections 2.5 and 2.6, we outline three improvements of this result, all motivated by
applications later in the paper.

Lemma 2.2.1. Let E run through the set of all elliptic curves over a global function field K. Then
T(E) = O(H(E)°)
for every € > 0.

The point is that we allow arbitrary characteristic and make no semistability hypothesis. This result
was also proven by Griffon [2016, Theorem 1.5.4], but we include a proof here for the convenience of the
reader.
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Proof. This follows easily from Ogg’s formula [1967] (see also [Saito 1988] for a more general result
proven with modern methods). Indeed, if A, is a minimal discriminant for £ at the place v, Ogg’s formula
says that

ord, (Ay) = ¢y + fv -1

where f, is the exponent of the conductor of E at v. Summing over places where E has bad reduction
(i.e., where ord,(A,) > 1) and using that f,, — 1 > O at these places, we have

D cudy <) ordy(Ay)dy < 12deg(w)

where d, is the degree of v and where the last inequality holds because A can be interpreted as a section
of w®'2. This recovers the main bound (Theorem 6.5 of [Hindry and Pacheco 2016]), and the rest of the
argument — converting this additive bound to a multiplicative bound — proceeds exactly as in [Hindry
and Pacheco 2016, Proposition 6.8]. (I

2.3. Families from towers of fields. Let A be an abelian variety over a function field K. For each positive
integer d (or positive integer d prime to p), let K; be a geometric extension of K, and let Ay = A x g K.
This gives a sequence of abelian varieties and one may ask about the behavior of BS(A,) as d — oo.

For most of the paper, we will be concerned with the special case where there are isomorphisms
K4 = K for all d. In this case, we may view the sequence A, as a sequence of abelian varieties over a
fixed function field. This is the context of the results and conjectures of Hinry and Pacheco, and we will
give four examples in the rest of this section. Nevertheless, the general case is also interesting, and we
will give develop foundational results in a more general context in Section 2.4.

2.3.1. Kummer families. Let K =[,(¢), and for each positive integer d prime to p, let K, = [, (u) where
u? =t. Note that the extension K;/K is unramified away from the places =0 and ¢t = 0o of K. Let A
be an abelian variety over K, and let A; be the abelian variety over K obtained by base change to K,
followed by the isomorphism of fields [F, (u) = F,(#), u > t. (In more vivid terms, A is the result of
substituting ¢ for each appearance of ¢ in the equations defining A.) We say that the sequence of abelian
varieties Ay is the family associated to A and the Kummer tower. Such families have been a prime source
of examples for the Brauer—Siegel ratio.

2.3.2. Artin-Schreier families. We may proceed analogously with the tower of Artin—Schreier extensions.
Again, let K = [, (), and for each positive integer d, let K; = [, (u) where uP" —u = t. Note that the
extension K;/K is unramified away from the place r = oo of K. Let A be an abelian variety over K,
and let A; be the abelian variety over K obtained by base change to K, followed by the isomorphism
of fields [, (u) = F,(z), u — t. (In more vivid terms, A, is the result of substituting tP" —t for each
appearance of ¢ in the equations defining A.) We say that the sequence of abelian varieties A is the

Sfamily associated to A and the Artin—Schreier tower.
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2.3.3. Division tower families. One may also consider an elliptic curve variant: Let K be the function
field F, (E) where E is an elliptic curve over [,. For each positive integer d prime to p, consider the
field extension K;/K associated to the multiplication map d : E — E. Thus [K; : K] =d?, but K is
canonically isomorphic as a field (even as an [ -algebra) to K. Given an abelian variety A over K, let
A, be the abelian variety over K obtained by base-changing A to K; and then using the isomorphism
of fields K; = K. We say that the sequence A, of abelian varieties over K is the family associated to a
division tower. Everything we say about Kummer and Artin—Schreier towers has an obvious analog for
division towers. In most cases the latter is simpler because in the division case, K;/K is unramified.

2.3.4. PGL, families. Let K = [F,(¢) and for each positive integer d let Ky = [, (u) where [, (u)/[F,(t)
is the field extension associated to the quotient morphism

P' — P'/PGLy(F ) = P".

We normalize the isomorphism so that the [ -rational points on the upper P! map to 0 and P! (F p24) \
PL(F p2) maps to 1. Then the extension K;/K is unramified away from the places t =0 and 7 =1 of K,
and it is tamely ramified over t = 1. Given an abelian variety A over K, let A; be the abelian variety over
K obtained by base-changing A to K; and then using the isomorphism of fields F, (1) = F, (1), u > .
We say that the sequence A, of abelian varieties over K is the family associated to the PGL; tower.

The discussion above gives four different meanings to the notations K; and A;! Which meaning is
intended in each use below should be clear from the context.

We end this section with a simple lemma that plays a key role in our analysis of Tamagawa numbers in
families associated to towers.

Lemma 2.3.5. Let K = [, (C) be a function field, and let K, be a sequence of geometric extensions of K
such that the genus of (the curve associated to) Ky is < 1 for all d. Then for every place v of K, there is a
constant Cy, depending only on q and deg v such that for all d, the number of places of K  dividing v is at
most Cy[Ky4 : K]1/1log[K4: K].

Proof. Write D = [K; : K] and set x =log D/ logq. Fix a place v of K. Then the number of places w
of K; dividing v and of absolute degree > x is at most

D
=d I e
x/degv cev qulogD

On the other hand, by the Weil bound, the total number of places of K; of degree < x is bounded by
Cq*/x = C'D/log D where C and C’ depend only on ¢, deg v and the genus of K. Since the latter is
either O or 1, the constant can be taken to depend only on ¢ and deg v. This shows that the total number
of places of K, dividing v is < C,D/log D where C, depends only on g and deg v. ]

2.4. Towers of geometrically Galois extensions. In this section, we discuss a more general class of
towers of fields K; where we are able to bound Tamagawa numbers of the associated sequences of abelian
varieties. This additional generality was suggested by the anonymous referee, to whom we are grateful.
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Readers who are mainly interested in the applications to the Kummer tower later in the paper are invited

to skip ahead to Section 2.5

2.4.1. Geometrically Galois extensions. Let k be a field and let K = k(C) be the function field of a
smooth, projective, geometrically irreducible curve over k. We say that a finite, geometric extension
K4/K is geometrically Galois if the Galois closure L, of K; over K has the form L; = k; K; where
kg 1s a finite Galois extension of k. Equivalently, there is a finite Galois extension k; of k such that
kqsK, is Galois over k; K. (We take k; to be minimal such extension.) Let G; = Gal(L;/k;K) and
'y =Gal(ky/ k) = Gal(ky K /K) = Gal(Ly/K ), so that 'y acts on G4 by conjugation and Gal(L,/K) is
the semidirect product G4 xI";. We call G4, with its action of I, the geometric Galois group of K;/K
and we call k; the splitting field of G,;. (We remark that there is a finite étale group scheme G, over k
attached to G4 with its I'y action, and G; becomes a constant group over kg, see [Milne 1980, §11.1].)

2.4.2. Towers of geometrically Galois extensions. We now consider a tower of geometrically Galois
extensions K;/K indexed by positive integers d (or positive integers relatively prime to p) with contain-
ments K; C Ky whenever d divides d’. These containments induce surjections Gy — G4 and 'y — Ty
which are compatible in the obvious sense with the actions of I'y and I'y» on G4 and G4 respectively.

Each of the families of towers in Section 2.3 gives an example of a tower of geometrically Galois
extensions.

In the case of the Kummer tower, the geometric Galois group is G4 = g (I]:_q), the splitting field k, is
Fy(eq), and T'y = Gal(F, (1q)/F,) is the subgroup of (Z/dZ)* generated by q.

In the Artin—Schreier tower, the geometric Galois group is G4 = [, the splitting field k4 is the

compositum F,F,«, and I'y = Gal(F,F ,«/F,) is the cyclic group generated by the g-power Frobenius.

pds

In the division tower corresponding to an elliptic curve E over [, the geometric Galois group is E[d],
the splitting field k, is [, (E[d]), and I'y = Gal(k,/[F,) is the cyclic group generated by the action of the
g-power Frobenius on the d torsion points.

In the PGL; tower, the geometric Galois group is G4 = PGLy(F ,¢), the splitting field kg4 is F,F ,«, and
g = Gal(F,F e /F,) is the cyclic group generated by the g-power Frobenius.

For a more general class of examples, let K;/K be any of the towers above, and fix an extension F /K
which is linearly disjoint from each K, over K. Then the fields F; := F K, form a tower of geometrically
Galois extensions with the geometric Galois group of F,;/F isomorphic to that of K;/K. Note however,
that in general the genus of Fj tends to infinity with d.

We next consider two group-theoretic results related to these towers, both concerning the number of
orbits of I'; acting on G4. (As motivation, we note that the orbits of ['; on G, are in bijection with the
closed points of the scheme G,.)

To state the first result, we make a somewhat elaborate hypothesis on the system of groups G, with
their I'; actions.

Hypothesis 2.4.3. (1) There exists a function ¢ of positive integers such that |G4| =), d ¢ (e) forall d.
(2) There a decomposition G4 = U, |4G; , such that |G} | = ¢ (e).
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(3) The action of I'y on G, respects the decomposition above, and the orbits of I'; on G:l, , have
cardinality > C log|G.| for some constant C independent of d and e.

This hypothesis clearly implies that the splitting field k; has degree [k, : k] = |['4| > Clog|G4|. It
would be interesting to know whether the converse holds.

Lemma 2.4.4. Hypothesis 2.4.3 is satisfied by the Kummer, Artin—Schreier, division, and PGL, towers.

Proof. Tn the Kummer case, G4 consists of the d-th roots of unity in [, and we let G, , be those of order
exactly e. Then |G’ dee | is independent of d, and we set ¢ (e) = |G/ .- The orbit of I' through ¢ € G/ die
has size f where f is the smallest positive integer such that g“q = { Since ¢ has order exactly e, this is
the smallest f such that ¢/ = 1 (mod e). Clearly this f satisfies f > loge/logq and this establishes
Hypothesis 2.4.3.

In the Artin—Schreier case, G is the additive group of [, and we let G;,’ . consists of those elements
of Fye CF,« which do not lie in any smaller extension of [, i.e., a € G:i,e if and only if [, (c) = pe. We
set ¢p(e) = |G;’,e| (which is independent of d). Since ab’ #a for 0 < f < e, it follows immediately that
the orbit of the g-power Frobenius through « € G;,’ . has size at least e/(log g/ log p), and this establishes
Hypothesis 2.4.3.

In the division case, G4 consists of the [F_q—points of E of order dividing d. We let G/, , be the subset of
points of order exactly e, and ¢ (¢) = |G2L .| (which is independent of d). If P € G;l and Frq (P)= P, then
P € E(F,s), and this implies that | E(F,s)| > e. But the Weil bound implies that |E(F,/)| < (g//> + 1)?
which in turn implies that f > C loge for some constant C independent of e.

In the PGL; case, G4 is PGLy(F ,¢). For g € Gy, let [, (g) be defined as follows: choose a representative
of g in GL,(F ,«) one of whose entries is 1, and let [, (g) be the extension of [, generated by the other
entries. It is easy to see that [, (g) is well defined independent of the choice of representative and that
Fr'!’: (g) =g if and only if Frf; fixes F,(g). We let G/, , consists of those elements g € G, with F,(g) =
We set ¢ (e) = |G/, | (which is independent of d). Slnce Frp (g) #gfor 0 < f <e, it follows 1mmed1ately
that the orbit of the q-power Frobenius through g € G’ a0 has size at least ¢/(logq/log p), and this
establishes Hypothesis 2.4.3. U

Remark 2.4.5. A “dual” perspective makes Hypothesis 2.4.3 more transparent in the cases considered in
Lemma 2.4.4. Namely, let F = [,(C) be the function field of a curve of genus O or 1 over [,. (These are
the cases where Aut[fq (C) is infinite.) For each d, let G4 be a subgroup of Aut[fq (C) which is stable under
the g-power Frobenius, and let I'; be the group of automorphisms of G, generated by Frobenius. The
quotient (C x I]:_q) /G4 has a canonical model over [; let Fy; be its function field. With this notation, the
extension F/F,; is geometrically Galois with group (G4, I'y). Suppose further that if e | d then G, C G,
so that F; C F,. Then it is natural to define G/, as the set of elements in G, which are not in G, for any
divisor of d with e < d. Clearly G, depends only on e, and the decomposition G4 = U, 4G/, is evident.
All of the examples of Lemma 2.4.4 can be recast in this form.

The following lemma is modeled on [Griffon 2016, Lemme 3.1.1].
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Lemma 2.4.6. Let K;/K be a tower of geometrically Galois extensions such that for all d, |G4| > d and
such that Hypothesis 2.4.3 holds. Then there is a constant Cy such that the number of orbits of I'y on G4
satisfies

1G4l

|1Ga/Tal < Cy
log|G 4|

foralld > 1.

Proof. Let ¥(d) = |Gy, so that ¥ (d) = Ze‘ 4 ®(e). Extend ¥ to a function of real numbers which is
continuous, increasing, and satisfies ¥ (x) > x for all x. By Hypothesis 2.4.3, for all 4 > 1 the number of
orbits of I'y on G, , satisfies

/ -1_%©@
|Gyo/Tal =C log ¥ (e)°
Let x > 1 be a parameter to be chosen later. We have
¢ (e) .
ryl<cC G t te f tt =1
ITal < C2 1§d og v (@ (C; to compensate for omitting e = 1)
¢ (e) @ (e)
=C +C
’ 1;1 logyr(e) ;, log (e)
Z 9 LAC) (Z ¢(e) =¥ (d) and ¥ increasing)

,log¥ (e) log Y (x)

Z v (e) L C ¥ (d)

logy(e)  “log(x) (B(e) < ¥ (e)

l<e|d
e<x

10:1(;() ) Z +C w;() ) (x = ¥ (x) — ¥(x)/log ¥ (x), increasing for x > 2.72)

P (0) ¥ (d)
=Clogypm Czlog )
Py ¥ (d)
C
Yogy () logy ()

Now since ¥ is increasing and continuous, we may choose x so that Y (x)? = ¥ (d), and for this choice

v (d)
og ¥ (d)
Thus setting C; = 2C3 + 2C; completes the proof. (I

(Y (x)=x)

we have
|Ga/Tal = (2C3+2C )

We now consider the set of orbits of I' on a homogeneous space for G.

Lemma 2.4.7. Let G be a finite group and let T be a principal homogeneous space for G. Let I be a

group acting on G (by group automorphisms) and on T (by permutations), and suppose that the actions
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of ' on G and T are compatible with the action of G on T (i.e., forally €eI', ge G,andt € T,
y(gt) =y(g)y (). Then

IT/T|=<|G/T].
Proof. We use the orbit counting lemma:
1
IG/Tl= > 167]
yel

where GV denotes the set of fixed points of y acting on G. Similarly,
1
T/TI= prad
yell

where 77 denotes the set of fixed points of y acting on G. We claim that if T7 is not empty, then it
is a principal homogeneous space for G”. Indeed, it is clear that if g € G¥ andt € T, then gt € T” .
Conversely, if 7, € TY and g € G is the unique element such that gt = ¢/, then

y(@r=y@@y@) =y =y =t =gt,

and so y(g) = g. Therefore, for each y € I', |TY| < |G?|. We conclude that
1 1
T/T| = WZITVI < EZ'GV' =1G/T|,
yell yell

and this completes the proof of the lemma. U

Remark 2.4.8. In fact, the conclusion of the lemma holds when we assume only that G acts transitively
on T'. To see this, it suffices to check that for all y € T, |TY| < |GY|. If T? is empty, there is nothing to
prove. If not, choose 1y € T, let G be the stabilizer of 7y in G, and set

F(y)={geGly(gto) =gt} ={g€G|g 'y(g) € Gy}

Then Gy acts freely on F(y) by right multiplication, and the quotient is 7. Thus |F(y)| = |Gyl |TY|.
On the other hand, G7 acts freely on F () by left multiplication, and the quotient maps injectively to Gg
by g — g~ 'y (g). Thus we find

|Gol - IT"| = |F(y)| = 1G] |Gol

and so |[T”| < |GY]|. Itis also clear that G Gy C F(y) so in all we have

GY
G i <1671
|Gl
Simple examples show that both bounds are sharp. Thanks to Alex Ryba for the proofs in this remark
and the preceding lemma.
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Corollary 2.4.9. Suppose that K 4 is a tower of geometrically Galois extensions of K such that [K;: K] >
d and such that Hypothesis 2.4.3 holds. Let v be a place of K. Then there is a constant C, depending
only on K and v such that for all d the number of place of K4 over v is at most C,[K, : K]/log[K, : K].

Proof. First assume that v is unramified in K. Let T, be the set of geometric points in the fiber over v (i.e.,
in the fiber of the map of curves corresponding to the extension K;/K) and let G = G, be the geometric
Galois group of K, over K. Let k, be the residue field at v and let I'y = Gal(k;/k,), a subgroup of the
Galois group of the splitting field of G,. Then 7 is a principal homogeneous space for G4, and Iy
acts on G4 and T; compatibly with the action of G4 on Ty. By Lemma 2.4.7, |T;/ T'y| <|Gg4/T4|. But
T,/ I'4 is in bijection with the set of places of K; over v, and by Lemma 2.4.6 (applied to the extensions
kyK ./ kyK), there is a constant C, (depending on v because the tower in question depends on v) such that
[Kd K ]

G/ Tyl <Cyp——m—.
|Ga/Tal < VloglKy K]

This completes the proof of the corollary when v is unramified in K;. The general case follows from the
same argument using Remark 2.4.8 in place of Lemma 2.4.7. ([l

2.5. Bounds on Tamagawa numbers (2). We now turn to a second improvement on the Hindry—Pacheco
bound on Tamagawa numbers. We consider towers of fields satisfying the conclusions of Lemma 2.3.5
and Corollary 2.4.9, and we bound Tamagawa numbers using only a mild (local) semistability hypothesis
and no restriction on the characteristic of the ground field.

Recall the line bundle w4 associated to an abelian variety A defined in Section 2.1.

Proposition 2.5.1. Let K be a global function field of characteristic p, let Z be a finite set of places
of K, and let K; be a tower of geometrically Galois extensions of K. Assume that [K; : K] > d and
that for each place v of K there is a constant C, such that the number of places of K, dividing v is
< Cy[Ky: K]/log[K, : K] for all d. Suppose that each K;/K is unramified outside Z. Let A be an
abelian variety over K which has semistable reduction at each place v € Z and such that degwa > 0. Let
Ay =A xg Ky. Then

T(Ag) = O(H(Aq)%)

for every e > Q.

Proof. To lighten notation, let D = [K,; : K]. Since A has semistable reduction at the possibly ramified
places Z, we have degwa, = D degwy > D, so it will suffice to show that

T(Ag) = 0(q")

for all € > 0.

For each place v of K, let ¢, be the order of the group of connected components of the special fiber of
the Néron model of A at v. Let ¢, be the order of the group of connected components of the special fiber
of the Néron model of A at a place of [F_qK over v. (The order is independent of the choice.) Since the
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former group is a subgroup of the latter, ¢, divides ¢,. If w is a place of K, over v, let ¢, be the order of
the component group of the Néron model of A over K.

Consider a place v ¢ Z. Since K;/K is unramified at v, ¢, divides ¢,. By assumption, the number of
places w over v is bounded by C, D/log D. Since there are only finitely many places of K where A has
bad reduction, we may set C; = max{cS® | v of bad reduction} and conclude that

_ D/log D
wl|vgZ vgZ

Now consider a place v € Z, let w be a place of K; over v, and let r be the ramification index of w
over v. Since K;/K is geometrically Galois, r depends only on v. Since A is assumed to have semistable
reduction, [Halle and Nicaise 2010, Theorem 5.7] implies that

Cw < crdim(A)

Moreover, by assumption, the number of places of K; over v is at most min{D/r, C,D/log D} for some
constant C,, which is independent of D. If r < (log D)/ C,, we have
l—[ Cw < (C—vrdim(A))CvD/logD < Cf/(log D/loglog D)
w|v
where C; depends only on v and A. If r > (log D)/C,, we have
1—[ Cy < (C—Urdim(A))D/r < CéJIOgr/r < Cf/(logD/loglogD)
wlv

where again C3 and C4 depend only on v and A.
Taking the product over all place w of K, and setting C5 = max{C,, C4}, we have

l_[cw _ ( l_[ Cw)( 1_[ Cw) < (ClD/logD)(CSD/(logD/loglogD))|Z|
w wlvgZ wlveZ
and this is clearly O(g”¢) as d (and therefore D) tends to infinity. [l

We now give the main application of the results in this section. Assume K = [, (¢) or K = [, (E)
for an elliptic curve E, and consider a family of abelian varieties A; over K associated to the Kummer,
Artin—Schreier, division, or PGL, towers. Recall the line bundle w = w4 defined in the Section 2.1.

Corollary 2.5.2. As d runs through positive integers prime to p (or all positive integers in the Artin—
Schreier case), we have

T(Ag) = O(H(Ag)%)
for every € > 0 in any of the following situations:

(1) Ais an abelian variety over K =T, (t), Aq is the family associated to the Kummer tower, deg(w) > 0,

and A has semistable reduction att =0 and t = 00.
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(2) A is an abelian variety over K = [,(t), Ay is the family associated to the Artin-Schreier tower,
deg(w) > 0, and A has semistable reduction at t = 0.

(3) A is an abelian variety over K = F,(E), Ay is the family associated to the division tower, and
deg(w) > 0.

(4) Ais an abelian variety over K = [F,(t), Ay is the family associated to the PGL, tower, deg(w) > 0,

and A has semistable reduction att =0 and t = 1.

Proof. This is an immediate consequence of Proposition 2.5.1 together with Lemma 2.3.5. O

2.6. Bounds on Tamagawa numbers (3). Our third improvement on the Hindry—Pacheco bound on
Tamagawa numbers is to note that we can get by with a weaker hypotheses in case (1) of Corollary 2.5.2.
Namely, we claim that the conclusion of the corollary holds if there exists an integer e relatively prime
to p such that A has semistable reduction at the places u =0 and u = oo of [, (u) where u® =t. (The
corollary is the case where e = 1.)

To check the claim, we first recall a result of Halle and Nicaise: Let A be an abelian variety over
[F_p((t)). For d prime to p, let ¢y denote the order of the component group of the special fiber of the Néron
model of A over [F_p((tl/ 4)). Then [Halle and Nicaise 2010, Theorem 6.5] states that if we assume that A
acquires semistable reduction over I]:_p((tl/ ¢)) for some e prime to p, then the series

Z Cd Td
(p.d)=1
is a rational function in T and 1/(T/ — 1) for j > 1. This implies in particular that the c; have at worst
polynomial growth: ¢y = O(d") for some N.
Applying this result in the context of part (1) of the lemma for the places r =0 and t = oo of [, (?),
we see that

T(Ag) < C{/1%q% = 0 (H (A)°)
for all € > 0.

2.7. Estimating deg(wj). When A = J is the Jacobian of a curve X over a function field, computing
deg(wy) typically involves knowledge of a regular model of X (or a mildly singular model), information
which is sometimes difficult to obtain. The following lemma allows us to reduce to easy cases in two
examples later in the paper.

Lemma 2.7.1. Let K = k(C) be the function field of a curve over a perfect field k. Let X be a smooth,
projective curve of genus g over K. Let J be the Jacobian of X, let m : X — C be a regular minimal
model of X over K, and let T — C be the Néron model of J with zero-section 7 : C — J. Let

wy = /\g(z*Qg/C)

be the Hodge bundle of J.
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Let K’ be a finite, separable, geometric extension of K, and let p : C' — C be the corresponding
morphism of curves over k. Let R = 2gc —2) — [K' : K1(2gc — 2).
Let X' = X x g K' with Jacobian J', models X' and J', and Hodge bundle w;:. Then

[K': K]deg(wy) < deg(wy)+gR.
The point of the lemma is that we do not lose much information in passing to a finite extension.
Proof of Lemma 2.7.1. Since X is regular and 7 has a section, we have that
w5 =N @5 ® Q) 7) Z (N3 ) ® (0%

and similarly for w;s. This argument, which uses results on Néron models and relative duality, is given in
the proof of [Berger et al. 2015, Prop. 7.4].
There is a dominant rational map X’--+X covering p, so pull back of 2-forms induces a nonzero

morphism of sheaves
P* N (e Q% ) > N (L5 0)-

By Riemann—Hurwitz, we have
P* (k) = Qiyp ® O (D)

where D is a divisor on C’ of degree R.
Thus we get a nonzero morphism of sheaves

p*(wr) = 0y ® Oc(gD).
Taking degrees, we conclude that
[K': K]deg(wy) < deg(wy)+gR

as desired. O

3. Integrality of the regulator and general lower bounds

In this section, we give a lower bound on the regulator Reg(A) in terms of Tamagawa numbers. Combined
with the bounds on 7 (A) given in the preceding section, this yields a lower bound on the Brauer—Siegel
ratio. A more general version of the same lower bound was proven in [Hindry and Pacheco 2016,
Proposition 7.6], but our proof is arguably simpler and more uniform, and avoids a forward reference in
[Hindry and Pacheco 2016].

3.1. Integrality of regulators. We continue with the standard notations introduced in Section 2. In
particular, A is an abelian variety over the function field K = k(C) with Néron model .4 and dual abelian
variety A. We consider the height pairing A(K) x A(K) — Q (which we recall is the canonical Néron—Tate
height divided by log ¢ and which takes values in Q) and its determinant Reg(A).
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Our main goal in this section is to bound the denominator of the regulator in terms of the orders ¢, of

the component groups of A at places v of K. Recall that 7(A) =[], cy.

Proposition 3.1.1. The rational number
7(A)Reg(A)

is an integer.

Proof. We refer to [Hindry and Silverman 2000] for general background on heights. Given an invertible
sheaf £ on A and a point x € A(K), the general theory of heights on abelian varieties defines a rational
number /. (x). The canonical height pairing we are discussing is defined using this machine and the
identification of A with Pic’(A), the group of invertible sheaves algebraically equivalent to zero. In other
words, given x € A(K) and y € A(K ), we take L to be the invertible sheaf associated to y and define

(x, y) =hc(x).

Néron’s theory [1965] decomposes the height /41~ (x) into a sum of local terms indexed by the places of
K. In [Moret-Bailly 1985, III.1], Moret-Bailly proves that the contribution at a place v has denominator
at most 2¢,, and at most ¢, if ¢, is odd. Moreover, he gives an example which shows that this is in
general best possible. The upper bound on the denominator comes from a property of “pointed maps of
degree 2,” [Moret-Bailly 1985, 1.5.6], namely that a pointed map of degree 2 from a group of exponent n
has exponent at worst 2n, or n if n is odd. (These terms will be defined just below.)

In our situation there is slightly more structure: Since £ is algebraically equivalent to zero, it is
antisymmetric, i.e., if [—1] is the inverse map on A, the [—1]*£L = £~ The functoriality in [Moret-Bailly
1985, II1.1.1] then shows that the corresponding pointed map of degree 2 is also antisymmetric. In the
next lemma, we define antisymmetric pointed maps of degree 2, and we prove that such a map from a
group of exponent ¢ has exponent dividing c.

Thus we see that (x, y) is a sum of local terms, and the term at a place v has denominator at worst c,.
It follows from the bilinearity of the local terms (, ), that if x passes through the identity component at v,
then (x, y), is an integer. We define a “reduced Mordell-Weil group”

A(K)™® := {x € A(K) | x meets the identity component of A at every v},

and note that if x € A(K)™, then (x, y) is an integer for every y € A(K ). Since the index of A(K)™d in
A(K) divides t(A) =[], cv, we see that

Reg(A) et~ 17
as desired. The proposition thus follows from the next lemma. O
Lemma 3.1.2. Let A and G be abelian groups and let f : A — G be a function such that:

(1) f is a “pointed map of degree 2,” namely,

fGi+x2+x3) = f(x1+x2) — f(x1+x3) — flea+x3) + f(x1)+ f(x2) + f(x3) =0
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forall x1, x5, x3 € A.
(2) f is “antisymmetric,” i.e., f(—x) = — f(x) for all x € A.

Then for all integers n and all x € A, f(nx) =nf (x). In particular, if A has exponent c, then cf =0, i.e.,
cf(x)=0forall x € A.

Proof. This follows from a simple inductive argument. Clearly it suffices to treat the case n > 0. Taking
X1 = x2 = x3 = 0 in the pointed map property shows that f(0) = 0. Taking x; = x, = x and x3 = —x
then shows that f(2x) =2 f(x). Finally, for n > 2, taking x; = (n — 1)x, x, = x3 = x, we have

fl(n+Dx) = f((n—=Dx+x+x)
= f(nx) + f(nx) + f(2x) = f((n = Dx) = f(x) = f(x)
=(m+n+2—n—-1)—-1-1)f(x)
=+ Dx,

where we use induction to pass from the second displayed line to the third. This yields the lemma. [J

Without the antisymmetry hypothesis, we would have

_n(n + 1) (
fx)=——f)+—F— f (=x),
by the same argument leading from the theorem of the cube [Hindry and Silverman 2000, A.7.2.1] to
Mumford’s formula [Hindry and Silverman 2000, A.7.2.5].

3.2. Further comments on integrality. Let X — C be a fibered surface with generic fiber X/K and
assume X has a K-rational point. Let A be the Jacobian Jy. In [Berger et al. 2015, Proposition 7.2], we
proved that the rational number

INS(X)10r

is an integer. (By the factorization of birational maps into blow-ups and the blow-up formula, NS(X);,,
is a birational invariant, so the displayed quantity depends only on X and K.)

Note that this bound on the denominator of Reg(A) is in general stronger than that of Proposition 3.1.1.
For example, for the Jacobians studied in [Ulmer 2014b; Berger et al. 2015], (3.2.1) is stronger than
Proposition 3.1.1.

When X has genus 1, it is known that NS(X),,, is trivial, so (3.2.1) says that

T(A)

AT Reg(A) € Z (3.2.2)

This bound (unlike (3.2.1)) makes sense for general abelian varieties, and it is reasonable to ask whether
it holds in general. In the rest of this subsection, we sketch a proof that (3.2.2) does not hold in general,
not even for Jacobians over [, (7).
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Let ) be a classical Enriques surface over [,. It is known that
NSOV)ior £7/2Z, NSQV)/tor =7'°, and det(NS())) = I;

see [Cossec and Dolgachev 1989].

Next, embed Y in some projective space and take a Lefschetz pencil, extending [, to [, if necessary.
Let X be the result of blowing up ) at the base points of the pencil. Thus we have 7 : X — P! over Fy
whose fibers are irreducible and either smooth or with single a node. Moreover 7 has a section. Choose
such a section O and a fiber F. We have intersection pairings 0?=—1,F*=0,and F.O = 1. Also, the
Néron—Severi groups satisfy

NS(X) =NSQ) @ (~1)*

where the direct sum is orthogonal, (—1) stands for a copy of Z whose generator has self-intersection —1,
and d is the number of blow-ups. Thus det(NS(X)) = 1.
Let X/K =, (t) be the generic fiber of 7. This is a smooth curve with a K -rational point. Let A = Jx
be its Jacobian. We will see shortly that A is a counterexample to (3.2.2).
Since PicO(X ) = Pico(y) = 0, we have Trgr,(A) = 0. The Shioda-Tate theorem gives an exact
sequence
0— (ZO+ZF) — NS(X) —> A(K) — 0.

Moreover, the fact that 7 has irreducible fibers implies that there is a splitting A(K) — NS(X) which
sends the canonical height (divided by log ¢) to the intersection pairing on NS(X). It follows from the
intersection formulas for O and F noted above that

Reg(A) :=det(A(K)/tor) =det(NS(X)/tor) = 1.

Since 7 has irreducible fibers, T(A) = 1. The Shioda—Tate exact sequence above shows that A(K);,,
has order at least 2 (in fact, exactly 2), so

T(A)

1
— ) Reg(A) = -
K)o P 8 =4

Thus (3.2.2). fails for A.

3.3. Lower bounds on Brauer-Siegel ratio from integrality. We now state the main consequence for
the Brauer—Siegel ratio of our Proposition 3.1.1.

Proposition 3.3.1. Let Ay be a family of abelian varieties over K with H(Ay) — oo. Assume that
T(Ay) = O(H(Ay)) for all € > 0. Then liminf BS(A,) > 0.

Proof. Noting that |ITII(A,)| is a positive integer and is therefore > 1, we have that
log(|III(Aq)| Reg(Aq)) = log(Reg(Aq)).

Proposition 3.1.1 implies that
log(Reg(Aq)) = —log(t(Ag)).
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It follows from the hypothesis 7(Ay) = O (H (Ay)¢) that

log(|l(A4)|Reg(Aq)) _ —log(z(Aq))
log(H (Aq)) ~ log(H(Aa))

has liminf > 0 as d — oo. ]

BS(Ag) =

Corollary 3.3.2. If Ay is a family of abelian varieties over K such that H(Ag) — 00, then in any of the
following situations liminf BS(A;) > 0:

(1) dim(Ay) =1 forall d.

(2) Ais an abelian variety over K =, (t), Ay is the family associated to A and the Kummer tower, and
A has semistable reduction att = 0 and t = oo.

(3) A is an abelian variety over K = [F,(t), Ay is the family associated to A and the Artin—Schreier

tower, and A has semistable reduction at t = 00.
(4) A is an abelian variety over K =T, (E), and Ay is the family associated to A and the division tower.

(5) A is an abelian variety over K =, (t), Ay is the family associated to A and the PGL, tower, and A
has semistable reduction att =0 and t = 1.

Proof. This is immediate from Lemma 2.2.1, Corollary 2.5.2, and Proposition 3.3.1. U

4. Lower bounds via the dimension of the Tate-Shafarevich functor

In this section, we assume that the conjecture of Birch and Swinnerton-Dyer (more precisely, the finiteness
of III(A)) holds for all abelian varieties considered. Given an abelian variety A over K =[F,(C), we will
consider the functor from finite extensions of [, to groups given by

U:qn [ HI(A X[Fq(C) U:qn (C))

and we will show that the dimension of this functor (to be defined below) gives information on the
Brauer—Siegel ratio of A over K. This technical device will be extremely convenient as it allows us to
bound the Brauer—Siegel ratio without considering the regulator.

Proposition/Definition 4.1. For each positive integer n, let K, .= F;#(C). Given an abelian variety A
over K = Ky, write A/K,, for A xg K. Then the limit

iy g4/ K)[p™]]
1m
n—>00 log(g™)

exists and is an integer. We call it the dimension of III(A), and denote it dim III(A).

The proof of the proposition will be given later in this section, after giving a formula for dim ITII(A) in
terms of the L-function of A. We give a justification of the terminology “dimension” in Remarks 4.3
below.
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In order to state a formula for dim ITI(A), we recall some well-known results on the L-function L(A, s).
Let Ag = Trg/x(A) be the K /k-trace of A, an abelian variety over k (where as usual k = [F;). (See
[Conrad 2006] for a modern account of the K /k-trace.) Then L(A, s) has the form

_ P(q™)
0(q=)Q(q'™)

where P and Q are polynomials with the following properties:

L(A,s)

(1) P(T)=][;(1 —o;T) where the o; are Weil numbers of size g.

(2) Q has degree 2dim(Ag) and Q(T) =[], (1 — B;T) where the B; are the Weil numbers of size q'’?
associated to Ag. (In other words, they are the eigenvalues of Frobenius on H T(Ag x I]:_q, Qy) for
any € # p.)

(3) Q1) =|Ao(Fy)| and Q(q~") =g “|Ao(F,)|.

(4) Replacing A with A/K,, has the effect of replacing the o; and 8; with o' and ,8;.’.

Let F be the number field generated by the «;, and choose a prime of F over p with associated
valuation v normalized so that v(g) = 1. We define the slopes associated to A to be the rational numbers
A = v(e;). It is known that the set of slopes (with multiplicities) is independent of the choice of v, that
0 < A; <2 forall i, and that the set of slopes is invariant under A; — 2 — A;.

We can now state a formula for the dimension of III(A).

Proposition 4.2. dim II(A) = deg(w) + dim(A)(g¢ — 1) +dim(Ag) — Z (1—x)).
)»[ <1
The last sum is over indices i such that A; < 1.

Before giving the proof of Propositions 4.1 and 4.2, we record an elementary lemma on p-adic numbers.

Lemma 4.2.1. Let E be a finite extension of Q, let m be the maximal ideal of E, and let ord : E* — Z
be the valuation of E. If y € E* has ord(y) = 0 and is not a root of unity, then

ord(1 — ") = O(logn).

Proof. First we note that replacing y with y“, we may assume without loss of generality that y is a 1-unit,
i.e., that ord(1 — y) > 0. Next, if n = p®m with p{m, then

n

1-— e e
1 yp‘-’ =1+4y" 4+ "D =m £0 (mod m),
-7
so ord(1 — y™) = ord(1 — y?). Thus it suffices to treat the case where n = p°.
We write exp,, and log, for the p-adic exponential and logarithm respectively. (See, e.g., [Koblitz 1984,
IV.1] for basic facts on these functions.) For y sufficiently close to 1 (namely for |y — 1| < |p!/®P=D),
we have y =exp,(log,(y)). Also, it follows from the power series definition of exp,,, the ultrametric



On the Brauer—Siegel ratio for abelian varieties over function fields 1089

property of E, and the estimate v, (n!) <n/(p — 1) that if x # 0 and ord(x) is sufficiently large (e.g.,
ord(x) > 2/(p — 1) suffices), then

ord(1 — expp(x)) = ord(x).

Now if e is sufficiently large, then y?° is close to 1, and x = logp(y”e) = p“log,,(y) has large valuation
and is not zero, so we may apply the estimate above to deduce that

ord(1 — y#*) = ord(1 —exp, (log, (")) = ord(log,, (y*")) = ord(p®) + ord(log,, (¥)).

This last quantity is a linear function of e and thus a linear function of log(p®), and this proves our
claim. ]

Proof of Propositions 4.1 and 4.2. We use the leading coefficient part of the BSD conjecture and consider
the p-adic valuations of the elements of the formula. For simplicity, we first consider the case where
Ag :=Trg 1 (A) =0 and then discuss the modifications needed to handle the general case at the end.

As a first step, we establish that several factors in the BSD formula do not contribute to the limit in
Proposition/Definition 4.1. More precisely, as n varies, Reg(A/K,), T(A/K},), and |A(K,)or| |A(K,,),0,|
are bounded. To see that Reg(A /K, ) is bounded, we note that it is sensitive to the ground field [F,» only
via the Mordell-Weil group A(K,,)/tor. In other words, if A(K,,)/tor = A(K,,)/tor,then Reg(A/K,) =
Reg(A/K,,). This follows from the geometric nature of the definition of Reg (i.e, its definition in terms
of intersection numbers). From the Lang—Néron theorem on the finite generation of A (K [F_q), it follows
that there are only finitely many possibilities for A(K},)/tor, so only finitely many possibilities for
Reg(A/K,). It also follows that |A(K, )| and |A(Kn),0r| are bounded. (Our use of the Lang—Néron
theorem here depends on the assumption that Ag = 0.) Similarly, since the orders of the component
groups of the fibers of the Néron model of A over [F_q(C) are bounded, there are only finitely possibilities
for T(A/K,). Finally, we note that the geometric quantities deg(w), dim(A), and g¢ do not vary with .

Write L*(A/K,), for the p-part of the rational number L*(A/K,). Then the BSD formula and the
remarks above imply that

i 1OIIICA/ K p™I] log(L*(A/K,) pg"dce(@) +dim(A)gc 1))
1m = 11m
n—>00 log(g™) n—>00 log(g™)

— lim PEETATKDD) | s (o) +dim(A) ge — 1).
n—>oco  log(q")

Thus to complete the proof of the existence of the limit in Proposition/Definition 4.1 and the formula
of Proposition 4.2 in the case Ap = 0, we need only check that

m log(L*(A/Ky)p) _ Z()\’ —1).

n—00 log q" =
1



1090 Douglas Ulmer

Again under the assumption that Agp = 0, we have

L* /Ky =[] = @/o"

where ]_[; is the product over indices i such that («; /q)" # 1. We view the right hand side as an element
of the number field F introduced above to define the slopes, and we let E (as in Lemma 4.2.1) be the
completion of F at the chosen prime of F over p. If A = v(¢;) < 1, then

v(l — (i /q)") = v((ei/q)") = n(h; — 1),

whereas is A; > 1, then

v(l = (ei/q)") =v(1) =0.

In the intermediate case where A; = 1, there are two cases: if «; /g is not a root of unity, then Lemma 4.2.1
implies that

v(l = (i /q)") = O(logn).

If o; /q is a root of unity, then there are only finitely many possibilities for v(1 —(«; /g)") with («; /q)" # 1,
and if (¢;/q)" = 1, then it does not contribute to L*(A/K,). Taking the product over i, we find that

lim 108 A/K ) > i -

n—00 ]()gq” —
1

This establishes the formula in Proposition 4.2.

Since the break points of a Newton polygon have integer coordinates, ZA,-<1 (A; — 1) is an integer. In
the case Ag = 0, we have thus established that the limit in Proposition/Definition 4.1 exists and is an
integer, and we have established the formula in Proposition 4.2 for the limit, i.e., for dim III(A).

In case Ag = Trg,(A) is nonzero, the L-function is more complicated, the torsion is not uniformly
bounded, and we have to be slightly more careful with the regulator. Here are the details: The Lang—Néron
theorem says that A(K [F_q) / Ao([F_q) is finitely generated. This implies that there are only finitely many
possibilities for A(K,,)/Aq(F;») and for the regulator (since A(K,)/tor is a quotient of A(K,)/Ao(Fy4n)).
Moreover,

|A(Kn)tor| = |(A(Kn)/AO([Fq”))tor| . |AO([Fq”)tor|
and similarly for A. On the other hand, writing

P(g™) _ [[(d—aig™)
0@ 0" [, —=B;g=)A~Biq'=*)’

L(A,s)=

we have that
[T jqyr 1 (1 — (@i /@)™
[1,0 - B/ —p7)

L*(A/Ky) =
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The denominator is

g AmA| Ag (F )| = g I | Ag (F )| - |Ag (Fyn)|

so the ratio

|A(Kn)tor| : |AA(Kn)tor|

0= B/ — D q" AV [(A(K )/ AoFg)ror] - [(A(KR) /Ao (Fgn)ror]
j J J

is ¢ 4im(40) times a quantity which is bounded as n varies. It then follows that

i 2EOAKD o A or| - LA KDD) _ a0+ 50— 1),

e logg” ri<l
Therefore,
log|UI(A/Kn)| _ . 102 AKnior| - |A(Kn)ior| - L*(A/ Ky)g" e am® e D))
———————— = lim
n—00 log(q") n—00 ]og(q”)
=dim(Ag) + Y (A — 1) + deg(w) +dim(4)(gc — 1).
)\.[ <1
This completes the proof of Propositions 4.1 and 4.2. ]

Remarks 4.3. (1) In our applications, we will compute dim III(A) directly from its definition using

2)

3)

crystalline methods. Proposition 4.2 suggests that these methods will succeed exactly in those
situations where one can compute the slopes A;, i.e., exactly in the cases where the methods of
Hindry—Pacheco and Griffon succeed.

We explain why the terminology “dimension of ITI(A)” is reasonable. Assume that A is a Jacobian. If
Sel(A, p™) denotes the Selmer group for multiplication by p™ on A, then it is known that the functor
Fyn > Sel(A x g Ky, p™) from finite extensions of [, to groups is represented by a group scheme
which is an extension of an étale group scheme by a unipotent connected quasialgebraic group
U[p™], and the dimension of U[p™] is constant for large m [Artin 1974]. (One may even replace
“finite extensions of [, with “affine perfect [,-schemes,” but unfortunately, not with “general affine
schemes.”) Since the order of A(KT,n)/p™A(K[F4n) is bounded for varying n, we may detect the
dimension of U[p™] by computing the order of III(A x K[F,»)[p™] asymptotically as n — oo. Thus
dim III(A) as we have defined it in this paper is equal to the dimension of the unipotent quasialgebraic
group U[p™]. (Note however that [y» > III(A x; KF,»)[p>] is not in general represented by a
group scheme.)

The formula in Proposition 4.2 for dimIII(A) is proven using the BSD formula. Conversely, in
case A is a Jacobian, Milne [1975, §7] computes the dimension of the group scheme mentioned
in the previous remark, and this calculation is a key input into his proof of the leading coefficient
formula of the BSD and Artin—Tate conjectures. Our approach is thus somewhat ahistorical, but it is
elementary (modulo the BSD conjecture) and completely general.
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(4) In the case where A is a Jacobian, the formula of Proposition 4.2 is equivalent to the formula of
Milne for the unipotent group scheme mentioned above, i.e., to the last displayed equation in [Milne
1975, §71.

(5) The proof of Proposition 4.2 suggests that dim III(A) can be viewed as an analog of the Iwasawa
J-invariant.

(6) If K,, =[F42(C), A is an abelian variety over K| with deg(w,) > 0, and we define the *p-Brauer-Siegel

ratio of A” by
log(RIII(A)])p

log H(A)

where (x), denotes the p-part of the rational number x, then we have

dim ITI(A)
deg(wa)

BS,(A) :=

lim BS,(A/K,) =
n—>oo

This gives an interpretation of dim III in terms of a modified Brauer—Siegel ratio.

In situations where we can control 7 (A), the following proposition gives a tool to bound the Brauer—
Siegel ratio of A from below.

Proposition 4.4. We have
log(|III(A)|Reg(A)7(A))

log(g)
Proof. We keep the notation of the proof of Proposition 4.2. In particular, Ag denotes the K /k trace of A.

> dim II(A).

Using the BSD formula and estimating the denominator of L*(A), we have

|III(A)| Reg(A)T(A)
[(A(K) /Ao (Fg))ror] - 1(A(K) /Ao (Fg))ror]
= [Ag(Fg)| - |Ag(Fygn)|L* (A)g e Hdim(A)ge=1)
deg(w)+dim(A) (gc —1)-+dim(Ag)— Y (1-4;)

[II(A)[Reg(A)T(A) =

=4
_ qdim I ca)
and this yields the proposition. O

Remark 4.5. The bound of the proposition is more subtle than it may seem at first: dim IIT1(A) is defined
in terms of the asymptotic growth of IITI(A) as the ground field grows (i.e., replacing [, with [;»), whereas
the left-hand side of the inequality concerns invariants over the given ground field [,. In fact, a lower
bound on the dimension of ITII(A) is not sufficient to give nontrivial lower bounds on III(A) itself. (This
is related to the nonrepresentability of IIT mentioned above.) For example, if E denotes the Legendre
curve studied in [Ulmer 2014b] over K = F P2/ (4 (pf“)), then [Ulmer 2014b, Corollary 10.2] shows
that dim III(E) = (pf —1)/2, whereas [Ulmer 2014c, Theorem 1.1] shows that when f <2, III(E) is
trivial. This example also shows that the second inequality displayed above is sharp.

Next, we state the result which is our main motivation for considering dim III(A).
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Proposition 4.6. Let Ay be a family of abelian varieties over K with H(A;) — oco. Assume that
T(Ag) = O(H(Ay)¢) forall € > 0. Then

dim ITI(A
liminfBS(A,) > lim inf S (A
d—o00 d—o0 deg(a)Ad)

Proof. The hypothesis t(Ay) = O(H (Ay)€) for all € > 0 implies that
Jim log(z(Aq))/ log(H (Aq)) =0,
so the proposition follows immediately from the estimate of Proposition 4.4. ]

Corollary 4.7. If A, is a family of abelian varieties over K such that H(Ag) — 00, then

dim III(A
liminf BS(Ay) > lim inf S (Ad)
d—00 d—oo  deg(wa,)

in any of the following situations:
(1) dim(Ay) =1 foralln

(2) Ais an abelian variety over K = [, (), A4 is the family associated to the Kummer tower, and A has

semistable reduction att =0 and t = 00.

(3) Ais an abelian variety over K = [F,(t), Ay is the family associated to the Artin-Schreier tower, and

A has semistable reduction at t = oo.
(4) A is an abelian variety over K =4 (E), and Ay is the family associated to the division tower.

(5) Ais an abelian variety over K = (t), Ay is the family associated to the PG L, tower, and A has

semistable reduction att =0 andt = 1.

Proof. This is immediate from Lemma 2.2.1, Corollary 2.5.2, and Proposition 4.6. ]

5. Brauer-Siegel ratio and Frobenius

As a first application of our results on the dimension of III, we compute the Brauer—Siegel ratio for
sequences of abelian varieties associated to the Frobenius isogeny.

More precisely, let E be an elliptic curve over the function field K = [, (C), and for n > 1, let E,, be
the Frobenius base change:

E,=EP) =Exg K

where the right hand morphism K — K is the p"-power Frobenius.
Our goal is the following result.

Theorem 5.1. Assume that E is nonisotrivial. Then

lim BS(E,) =1.

n—oo
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Proof. First we note that since E is nonisotrivial, H (E,) — oo as n — oo. Indeed, the j-invariant of E
has a pole, say of order e, at some place of K, so the j invariant of E, has a pole of order ep” at the
same place. This implies that the degrees of the divisors of one or both of c4(E,) and c(E},) also tend to
infinity, and this is possible only if deg(wg,) also tends to infinity. Since H(E,) = q¢@&) we have
that H(E,) — oo.

Next we note that Proposition 4.2 shows that dim III(E,) — deg(wg,) depends only on the L-function
of E,, indeed only on the slopes of the L-function. Since E and E, are isogenous, they have the same
L-function, so we have

dimIII(E,) —degwg, = dimIII(E) —degwg
for all n.
Dividing the last displayed equation by deg wg, and taking the limit as n — oo, we get

dim ITI(E,,)
_—
deg o,

1

since deg(wg,) — oo.

Applying part (1) of Corollary 4.7, we see that lim inf,,_, .o BS(E,) > 1. On the other hand, by [Hindry
and Pacheco 2016, Corollary 1.13], limsup,_, ., BS(E,) < 1, so we find that lim,_, . BS(E,) =1, as
desired. ]

Remark 5.2. The same argument works for an abelian variety A as long as deg(w 4()) — 0o with n and
-L-(A(p")) — O(H(A(””)).

Remark 5.3. The theorem says that the product |III(E,)| Reg(E,) grows with n. Our earlier results on
p-descent [Ulmer 1991] can be used to show directly that III(E,) grows with n. Full details require an
unilluminating consideration of many cases, so we limit ourselves to a sketch in the simplest situation.
First, let V : E(?) — E be the Verschiebung isogeny, and note that the Selmer group Sel(E”), p) contains
Sel(E, V). Also, let L be the (Galois) extension of K obtained by adjoining the (p — 1)-st root of a Hasse
invariant of E, and let G = Gal(L/K). In [Ulmer 1991, Theorem 3.2 and Lemma 1.4], we computed that

Sel(E, V) = Hom(Jy, /< cusps >, Z/p7)¢

where Jy, is the generalized Jacobian of the curve whose function field is L for a “modulus” m related to
the places of bad and/or supersingular reduction of E. Rosenlicht showed that Ji, is an extension of J
by a linear group (see [Serre 1988]), and the unipotent part of this group contributes to the “dimension”
of Sel(E, V) and therefore to dim III(E?)). The contribution is roughly the number of zeroes (with
multiplicity) of the Hasse invariant, namely (p — 1) deg(wg) which is approximately deg(wg») —deg(w).
Thus we find

dimII(EP) > deg(wgp) — deg(w),

in agreement with what we deduced from Proposition 4.2.
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6. Bounding III for a class of Jacobians

In this section, we review a general method for computing the p-part of the Tate—Shafarevich group of
certain Jacobians, generalizing our previous work [Ulmer 2014c] on the Legendre elliptic curve. Although
these methods suffice to compute the p-part of III on the nose, for simplicity we focus just on dim IIT as
this is what is needed to bound the Brauer—Siegel ratio from below.

6.1. Jacobians related to products of curves. Let k be the finite field F, of characteristic p with g
elements. Let C and D be curves over k, and let S = C x; D. Suppose that A is a group of k-automorphisms
of S with order prime to p and such that

A C Autg(C) x Auty (D) C Auti(S).

Suppose that the quotient S/A is birational to a smooth, projective surface X’ over k and that & is
equipped with a surjective and generically smooth morphism 7 : ¥ — C where C is a smooth projective
curve over k. Let K = k(C) and let X be the generic fiber of 7, a smooth projective curve over K. We
assume that X has a K-rational point. (A vast supply of such data is given in [Berger 2008; Ulmer 2013].)

Let J be the Jacobian of X. We write Br(X) for the cohomological Brauer group of X: Br(X) =
H?*(X, Gn).

Proposition 6.2. (1) III(Jx) and Br(X) are finite groups.
(2) There is a canonical isomorphism II1(Jx) = Br(X).

(3) There is a canonical isomorphism
Br(X)[p*™] = (Br(S)[p™D*.

Proof. In substance, parts (2) and (3) are due to Grothendieck [1968] and part (1) is due to Tate [1966].
The details to deduce the statements here are given in [Ulmer 2014c, §4]. O

6.3. Brauer group of a product of curves. We keep the notation of the preceding subsection. In addition,
let W = W (k) be the ring of Witt vectors over k with Frobenius endomorphism o. We write H L) for
the crystalline cohomology H, Clrys (C/ W) and similarly for H' (D). These are modules over the Dieudonné
ring A = W{F, V}, which is the noncommutative polynomial ring generated over W by symbols F and
V with relations FV =VF =p, Fe =c(a)F,and aV = Vo (x) foralla € W.

The following crystalline calculation of the p part of the Brauer group of S is originally due to
Dummigan (with additional hypotheses) using results of Milne, and is proven in general in [Ulmer 2014c,

§10].

Proposition 6.4. There is a canonical isomorphism

ny ~ Homa(H'(©)/p", H'(D)/p")

Br(S)[p"] = A 1 /p 1 /p
Hom, (H'(C), H'(D))/p"

which is compatible with the actions of A on both sides.
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Here Homy denotes W-linear homomorphisms which commute with F and V.

Propositions 6.2 and 6.4 give us a powerful tool for bounding dim ITI(J) from below. Recall that this
means bounding the growth of the order of III(J) as we extend the ground field from [, to F,v. The
denominator on the right hand side of the displayed equation in Proposition 6.4 is known to be bounded
as v varies (a fact we will see explicitly in Section 8 for the examples we consider), so we have:

Corollary 6.5. For all sufficiently large n,
dim I(J) = dim Homy (H'(C)/ p", H (D)/ p™)~.
Here the dim on the right-hand side is defined analogously to that on the left:
log|Homu (H'(C x Fyv)/p", HY(D xx Fygv)/ p™)2|

dim Homy (H'(C)/p", H'(D)/p™)* := lim .
V=00 log(g")

Computing the cardinality of the numerator on the right amounts to an interesting exercise in p-linear

algebra, at least for certain curves C and D. We carry out these exercises in Section 8.

7. Cohomology of Fermat curves

We review some well-known result on the cohomology of Fermat curves.

As usual, let k = [, be the finite field of cardinality g and characteristic p. We write k for the algebraic
closure of k. For a positive integer d relatively prime to p, let F; be the smooth projective curve over k
given by

xg + xfl + xg =0.

We write ptq for the group of d-th roots of unity in k. There is an evident action of ,ufl on F; xy k
under which (¢;) € /LZ acts via x; — ¢;x;, and the diagonal ({o = ¢; = {») acts trivially, so we have
G = 13/ pa C Autk(Fy).

Let

A= {(ao, a1, a) | Y ai= o} C (Z/d7)’.

Abusively writing ¢ both for a root of unity in & and for its Teichmiiller lift to the Witt vectors W (k), we
may identify A with the character group Hom(G, W (k)*). Let

A'={(@)eAla #0,i=0,1,2}.

Given (ag, a;, ap) € A, let (a; /d) be the fractional part of a; /d, where a; is any representative in Z of the
ap aj a

b htd Z\=»2

<d>+<d>+<d> }

ap aj a

b i V=1

()i {a) -1l

class a;. Define subsets Ag and A; as follows:

Ag = {(ai) A

and

A= {(ai)GA/
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It is a simple exercise to see that A’ is the disjoint union of Ay and A;. Let (p) be the subgroup of @*
generated by p. Then (p) acts on A’ coordinatewise: p(ay, ai, az) = (pag, pai, paz).
Let H=H!_ (F;/W(k)) be the crystalline cohomology of F,; equipped with its action of the p-power

crys — -
Frobenius F and Verschiebung V. Then H := H ®w ), W (k) inherits an action of G.

The following summarizes the main results on H. The argument in [Dummigan 1995, §6], stated in
the special case where d = g + 1, works for general d prime to p.

Proposition 7.1. There is W-basis {e,} of H indexed by a € A’ with the following properties:
(1) F(eq) = cqepq where c, € W(k) and

0 ifaer,

d,(cq) =
ordp (¢a) {1 ifacA,.

(2) For (¢)e Ganda € A,
(Gi)ea =a(Si)eq = é‘goé‘lalgzazea

(an equality in H).

7.2. A remark on twists. It is sometimes convenient to work with a different model of the Fermat curve,
namely

d d_ . d
Fq:yg+y1 =3
This is a twist of Fy in the sense that they F; and F; become isomorphic over k via
(xo0, X1, X2) = (Yo, Y1, €y2)

where € is a d-th root of —1. It follows that Proposition 7.1 holds for F; as well, with possibly different
constants ¢, which nevertheless continue to satisfy the valuation formula in part (1).

7.3. A remark on quotients. If C is the quotient of F,; by a subgroup of G’ C G, then the crystalline
cohomology of C can be identified with the W-submodule of H generated by the ¢, whose indices a are
trivial on G'.

For example, the hyperelliptic curve
Cg,d:yzzxd—l—l

is the quotient of F,, by a subgroup of G isomorphic to pq % w. (If d is even, it is also a quotient of F,
but it is more convenient to have a uniform statement.)
More generally, the superelliptic curve

Cra:y =x7 41

is the quotient of F), by a subgroup of G isomorphic to j1g X fi,.
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The crystalline cohomology erys (Crq/W(k)) can then be identified with the W-submodule of
H! (F 4/ W(k)) generated by the e, where a has the form

crys\tr

a = (ag, a1, ay) = (ir, —ir — jd, jd) O<i<d, O<j<vr, ir+jd=#0 (modrd).

The set I of such indices has cardinality (r — 1)(d — 1) — gcd(r, d) + 1, and it is the disjoint union
I = Iy U I; where

In=INA={({,j)|0<i<d, O<j<r ir+jd>rd}
and

L=INA=Z{G,jJ)|0<i<d, O<j<r ir+jd <rd}.
In the case where r = 2 we may further simplify this to

Lh={il%<i<d} and L ={i|0<i<%]

These sets, with their action of (p), will play a key role in the p-adic exercises that compute dim III
for the Jacobians introduced in Section 6.

8. p-adic exercises

In this section, we carry out the exercises in semilinear algebra needed to compute the dimension of III
for several families of abelian varieties.

Let p be a prime and let [, be the field of cardinality g and characteristic p. Let W = W ([F,) be the
Witt vectors over [, and let W,, = W/ p". Write o for the p-power Witt-vector Frobenius. For a positive
integer v, we write [ v for the field of ¢" elements, W, = W ([F,») for the corresponding Witt ring, and
W, for W,/ p".

Let A = W{F, V} be the Dieudonné ring of noncommutative polynomials in ' and V with relations
FV=VF=p, Fe =0(x)F,and aV = Vo (x) for « € W. Also, let A, be the ring W,{F, V} with
analogous relations.

Let (p) be the cyclic subgroup of @ generated by p.

8.1. Data. Fix a finite set I equipped with an action of (p), which we write multiplicatively: i — pi.
(In the applications below, I will typically be a subset of Z/dZ for some d not divisible by p.) Let M be
the free W-module with basis indexed by I:
M =P We,.
iel
Write [ as a disjoint union I = Iy U I} and choose elements ¢; € W such that
0 ifi e,

ord(e;) = {1 ifiel
1.
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Define a o-semilinear map F : M — M by setting

F(e;) =ciep;

1

and a 0~ -semilinear map V : M — M by setting

p
V(e;) = ———ei/p.
( l) O'_I(C,'/p) i/p

These definitions give M the structure of an A-module, and there is an induced A-module structure on
M, := M ®@w W,. Parallel definitions make M, := M ®w W, and M, , := M ®w W, into A,-modules.

Fix another finite set J equipped with an action of (p), write J as a disjoint union J = JoU Jj, and
choose elements d; € W with

0 iijJo,

Ord(df):{l ifjed

Define

N =P ws.

jedJ
with semilinear maps F : N — N and V : N — N defined by
F(fp)=d;fp
and

V(fi)=——— fj/p-

_l(d

Then N and N, := N Qw W, are A-modules, and parallel definitions make N, := N ®w W, and
Np.:=N Qw W,, into A,-modules.
Let (p) act on I x J diagonally, and let O be the set of orbits of this action. For an orbit 0 € O, define

d(0) :=min(|((lo x J1) No)|, [(1y x Jo) No)|).
Consider Homy, (N,,, M,)), a free W,-module with basis ¢;; defined by

€; ifj,:j,

@ij (fy) = {0 it

These elements induce elements of
HOIIIWU (Nn,w Mn,v) = HomWV (NU, Mv)/pn

which form a basis over W, ,, and which we abusively also denote ¢;;.
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8.2. Statement. Our main objects of study in this section are the subgroups

H, = HomAV(Nv, M,) C HomWU (Ny, M,)
and

Hn,v = HOIIlAv (Nn,m Mn,v) - HOHle (Nn,v, Mn,v)

consisting of A,-module homomorphisms, i.e., homomorphisms ¢ such that Fop =¢oF and Vop=¢oV.
To state the results, we first decompose the groups of interest into components indexed by the set of
orbits O. For o € O, let

Homy, (N,, M,)° := {§0 = Zai,j%',j | a; j =0 forall (i, j) ¢0}

i,j
and

Homyy, (Np v, My )¢ = {(p = Zai,jgoi,j |t j =0 forall (i, j) & 0}.
i,j
We define
H} := H, NHomy, (N,, M,)° and H,  := H,, Homy, (N, My.)°.
Here is the main result of this section:

Theorem 8.3. (1) H, = ®,c0H, and H, , = ®oco H,,
(2) |H?/p"| is at most p"'° and in particular is bounded independently of v.

(3) For all sufficiently large n,
log|H?
im —gl LY = d(o).
v—>oo log(g")
Proof. Let

o= ) e

(i,j)elxJ

be a typical element of Homy, (N,,, M,)) (with «; ; € W,)) or Homy, (N,,,,, M, ,,) (with «; ; € W, ,,). Then
a straightforward calculation shows that F o ¢ = ¢ o F if and only if

CiO’(Ol,',j) = djap(i,j) for all (i, J) el x ], (831)

and Vog = ¢ oV if and only if

(g)ﬁ(ai,j) = (£>ap(,~,j) forall (i, j) eI x J. (8.3.2)
J i

Defining

o
¢ = E Qi jPi,j,

(i,j)eo
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it is clear that ¢° € HY or Hy  and that ¢ = ) _, ¢°. This shows that H, =} _, H} and H, , =
> oco Hy,» and it is immediate that the sums are direct. This proves part (1) of the theorem.

For part (2), take a typical element ¢” =} _; ; ., @i jgi ;j of Hy. Since W, is torsion-free, the conditions
(8.3.1) and (8.3.2) are equivalent, so we focus on (8.3.1). Fix a base point (ip, jo) € o and note that «;_;,

determines the other coefficients «; ; with (7, j) € o by repeatedly using (8.3.1). Indeed, we have

Cio0 (ig, jo) = djo@ p(iy, jo)

2
Cpig0 (€ig)o " (g, jo) = dpjy0 (djo)apz(io,jo)

-1 -1
Cplol=1j,0 (Cplol=24) * + - ol (ci0)0|0|(01i0,j0) =d o1 j,0(dpor2j) - -+ ol (djy)y, jo

Here |o| is the cardinality of o and in the last line we use that %o, Jo) = (io, jo). Moreover, o, j,
determines a solution to (8.3.1) only if the last displayed line holds. (There may be other integrality
conditions, but they are not important for our argument.) If the valuations of

Cp|o|71i0(7(cp\o\72io) Sl (cip) and d U(dpmfzjo) gl dj,)

p\o\—]jo

are distinct, then it is clear that the only solution is ¢y, j, = 0. On the other hand, if the valuations are
the same, the last equation is equivalent to one of the form ol (@iy, jo) = Yy, j, Where y € W), is a unit.
Written in terms of Witt vector components, this last equation is a polynomial of degree p!°! in each
component of «;, j, (with coefficients given by y and the lower Witt components of «;,, ;,). Therefore,
taking o, ;, modulo p", there are at most p"°l solutions, and this proves part (2) of the theorem.

We now turn to part (3) of the theorem, which follows from a somewhat more elaborate version of the
calculation of [Ulmer 2014c, §7, §10]. Namely, we fix an orbit o and consider (8.3.1) and (8.3.2) with
(i, j) €oand o j € W, .. These are the equations defining H,f’v as a subset of Homy, (Ny,,, My,,)°, and
analyzing them will allow us to estimate the size of H .

Fix an orbit 0 € O and a base point (iy, jo) € 0. We associate a word w on the alphabet {u, [, m} to o
as follows: w = wiw, - - - wy,| where

u if p*~ o, jo) € I x Jo,
we =11 if pt~ (o, jo) € Io x Ji,
m if p*~L(io, jo) € (o x Jo) U (I} x Jy).

Changing the base point changes w by a cyclic permutation. Note that d (o) is the smaller of the number
of appearances of / or u in w.

The motivation for these letters is as follows: If wy, = u, then in (8.3.1) and (8.3.2) for (i, j) =
p o, jo), d jisaunitand p/c; is a unit. It follows that the two equations are equivalent and either of

’

them determines o jo) In terms of & pe-1(; joy. 1.€., the “upper” « jo) 1s determined by the “lower’

pz(io: Pe(l'o,
o1, joy- Similarly, if we =1, the “lower” a,e-1(;, ;) is determined by the “upper” a¢(;, j;). Finally, if
w¢ = m, then one of (8.3.1) and (8.3.2) implies other and shows that «,¢-1(;, oy and «

(i, jo) determine



1102 Douglas Ulmer

each other. We will use these observations to eliminate most of the variables in the systems (8.3.1) and

(8.3.2), and use the simplified system to estimate the size of H,’ , and prove part (3) of the theorem.
We first deal with three degenerate cases, namely those where w is a power of m, or has no letters /, or

has no letters u. In all three cases, d(0) =0, so it will suffice to prove that |H,/ | is bounded independently

of v. If w = m!°!, then iy, j, determines all of the « and the system ((8.3.1)—(8.3.2)) reduces to a

p(io. jo)>
single equation

loly,. . — o
0 Uiy, jo = ¥V ig, jo
where y € W us a unit. This is easily seen to have at most p"!°! solutions for any v, as desired. If w

contains no letters /, then again «;, j, determines all of the « and the system ((8.3.1)—(8.3.2))

ptlio. jo)>
reduces to a single equation

e_lol , . _ L
P 0 Uiy, jo = Vi, jo

where e > 0 and y € W is a unit. (Here e is the number of appearances of # in w.) If e =0, we are in the
previous case, and the equation has at most p™!°! solutions for any v, whereas if e > 0, then this equation
is easily seen to have no solutions. Finally, if w has no letter u, then the system again reduces to a single
equation of the form

[ e
o! laio,jo =YD Y, j

which has at most p"°l solutions for any v if e = 0 and has no solutions if e > 0.
For the rest of the argument, we may assume w contains at least one « and at least one /. Define a
functiona : {0, 1, ..., |o|} = Z by setting a(0) = 0 and

1 ifwg=l/t,
all)=al—-1)+3-1 ifwe=I,
0 if wy =m.

forl <¢ <|o|.

Define the height of o, denoted it (0), to be the maximum value of ¢ minus the minimum value of a.
Note that this is independent of the choice of a base point for o.

We divide into two cases depending on whether a(|o|) > 0 or a(Jo|) <O0.

If a(Jo]) > 0, we may change base point so that 0 = a(0) is the minimum value of a (i.e., a(£) > 0 for
0<?¢<|o|)and a(lo| —1) > a(|o|). Indeed, start with any base point (ig, jo) and let £y be such that a(£g)
is minimum among the a(¢). Then replacing (ig, jo) with (i1, ji1) = p*(io, jo) ensures that a(¢£) > 0 for
all 0 < £ < |o|. If the new word w ends with m or u, we may replace (i1, j;) with p~ 13, Jj1) without
affecting the inequality a(£) > 0. Iterate until the last letter is /, thus yielding the desired base point. We
fix such as base point and denote it (ig, jo)-

Choose

0=0) < <ty <" <t <4 =o]
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such that a is nondecreasing on {¢,, ..., £} and nonincreasing on (e, ..., Uis1}for0<Ai<k—1.In
particular, the £, are the arguments of local minima of a. Now let

Br=apiiyjy O=r=k

(Note that B; = fo.) Then the motivating remarks above about the letters u, [, m show that the §;
determine all the «; ; with (i, j) € o. The equations (8.3.1) and (8.3.2) hold if and only if the 8, satisfy
the system:

pot 7By = y1p* B

POl B =y p“B,
(8.3.3)

R
p€2k Lo te—tk 1/3k_1 =VkP82k,3k

where
e2)—1 = # of appearances of u in the subword wy, _,+1--- wy,

e = # of appearances of / in the subword wy, ,11---wy,

and the units y, are defined by

o dye
i = peo-iTen 1_[ O,ZA—I—Z( 14 JO>'

Cpti
0=0;_; ptio

To recap, the assignment ¢ — (f;) gives an injection H,} , — W,’l"v whose image is the set of solutions
to equations (8.3.3). We will finish the proof of part (3) of the theorem by estimating the number of such
solutions.

Since the theorem is an assertion about H, , for sufficiently large n, we will assume for the rest of the
proof that n > ht(0). Then we have an exact sequence

0— pn—ht(o)H;’v —~ H° — Wn—ht(o),v

n,v

where the right hand map sends a tuple (8,) to the reduction modulo p”_h’ ©) of Bo. (Exactness in the
middle follows from the fact that if u < n — ht(0), then we may recover the Witt components ,Bi“ ) from
Bo modulo p”—h(© using the equations (8.3.3) and the fact that a(£) > a(0) for all £.) Moreover, we have

Bo= (- y) ' peUoDalol gy (mod pn1 @)y,

It follows that the image of H? , in W,_s(s),» has order at most p!?l*=() independently of v. (We may
even conclude that it is O if a(Jo|) > 0.) Thus this image does not contribute to the limit in the theorem,
and it will suffice to bound p" " H? .

Note also that if n’ > n > ht(0), then

n—ht(0) ygyo  ~ n’'—ht(0) ryo
p Hn,v — P Hn/,v
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via () — (p”/*”,b’,\). Thus we may assume that n = ht (o) for the rest of the proof.

To finish the estimation, we “break” the circular system (8.3.3) into a triangular system, as in [Ulmer
2014c, §7.6]. To that end, choose A so that a(¢*) is the maximum of @, and note that t(0) = a(¢*)—a(0) =
a(¢*). Then we have

ht(0) =a() =e1—ex+- - +enti
and
0= Pht(o)ﬁo — p61*62+~~-+ezx+1ﬁ0 — p€3*e4+...+ezx+1o.*€1 B == p‘32)»+lo-*zl () - ot (7).
It follows that p*»+! 8, = 0. Using this in (8.3.3) and reordering, we obtain a lower-triangular system

0= Yrt1 0% Brg1

0= _pezm-aafuz—ful ,B}Hrl + )/)L+2Pen+4,3x+2

0=—p-igh=ti-1g | 4y p* By
0=—p“a"" By +y1p2p

0=—p= o™ %181 +y,p™ B

This system can be rewritten in the form
B+1
B

UBU, 8

B
where U, and U, are diagonal with powers of o and products of the units y; in the diagonal entries and

e
p A2

— p€2r+3 €2)+4
p p

B = —pA-t per

el €2

-p D

_ peu-1 pen
p=p
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It follows that the number of solutions to this system is

qv(ez+e4+~-+ezk)

On the other hand, e; + e4 + - - - + ey is the total number of appearances of / in the word w, and since
a(Jo]) > 0, w has at least as many appearances of u as of /, so this sum is equal to d(0). It follows that
|Hyy 0.0 = ¢4 and that

o

im —long"’v =d(o0)
v—oo log(g”)
for any n > ht(0). This completes the proof of part (3) of the theorem under the hypothesis that a(|o|) > 0.
The proof when a(|o|) < 0 is very similar. Roughly speaking, one proceeds as above, but with a base
point so that a(|o|) is the minimum of a and with B playing the role of By. More precisely, assuming
that w has at least one u and at least one / and that a(|o|) <0, we may choose a base point for o such
that a(|o]) is the minimum value of a and a(1) > a(0) = 0. Fix such a base point, denoted (i, jo), for
the rest of the argument.
As before, choose

0=ty < <ty <t <1 <ty =10l
such that a is nondecreasing on {{,, ..., £*} and nonincreasing on {¢*, ... £} for0 <A <k —1. Let
p.= & ptaio, jo) 0<i<k.

Then as before, the coefficients o; ; satisfy equations (8.3.1) and (8.3.2) if and only if the B, satisfy
(8.3.3).

The same dévissage as before shows that it suffices to estimate the order of H, , in the case where
n = ht(0). We make the circular system (8.3.3) triangular as follows: Choose A so that a(¢*) is the
maximum of a. Then

ht(0) =a(t*) —a(lo|) = exx — exp—1+ - - + e 2.
Therefore,

0= pht(o)ﬁk — p€2k—€2k—l+“'+€2k+zlgk

_ L ex—2—ex_3+--+e —1 _lp—4_
=p 2k—2—€2k—3 2/\+2yk otk 1([3,(71)

—1_lp—t— —1 L —Cy— - L—L
:pezx+2yk o btk I(Vk—l)g =Lk 2(Vk—2)' .otk (ﬂk+1)-

It follows that p®»+28, .1 = 0. Using this in (8.3.3) and reordering, we obtain (up to units and powers of
o) an upper-triangular system whose diagonal entries are p°!, p®3, ..., p®-1.

It follows that the number of solutions to (8.3.3) with coefficients in W, , (with n = ht(0)) is
g"@ T ren-0_ Observing that a(|o|) <0 implies thatd(0) =e1+ - -+ex_1, we find that | Hf, 0! =g"4©
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and that log| H?
(0]
im —2 vl )
v=>oo log(g")

for any n > ht(0). This completes the proof of part (3) of the theorem in the remaining case when
a(lo]) 0. g

9. Equidistribution

We record three equidistribution statements to be used to control the average behavior of the invariant d (o)
from the preceding section. The first is a consequence of what is proven in [Griffon 2018, Theorem 4.1].
The second is a straightforward “two-variable” generalization, and the third is a simple corollary of the
first. We omit the proofs since they are orthogonal to our main concerns.

Proposition 9.1 (Helfgott, Hindry—Pacheco, Griffon). Let A C [0, 1] be an interval of length «. Let p be

a prime number and let d run through positive integers prime to p. Let (p) act on Z/dZ by multiplication,

and let O be the set of orbits. Then

facol(a/d) e A}
lo]

a‘zO.

Proposition 9.2. Let p be a prime number, let r be a fixed integer prime to p and let d run through
integers prime to p. Let (p) acton (Z/rZ) x (Z/dZ) diagonally, and let O be the set of orbits. Then

.1 {(a,b) eol{a/r)+(b/d) <1}| 1‘

lim — Z - =

d—oco d eO |0| 2

=0.

Proposition 9.3. Let p be a prime number, let I = Z/dZ with d prime to p equipped with the multiplica-
tion action of (p), and let J = {0, 1} be a two-element set equipped with the nontrivial action of (p). Let
(p) act on I x J diagonally, and let O be the set of orbits. Then

.1 {(a,b) €o|{a/d) <1/2,b=0}|+{(a,b) €0 |{a/d)>1/2,b=1}|] 1
lim p Z —

—|=0.
d—o0
0€0

ol 2

10. Calculations for curves defined by four monomials

In this section we compute the limit of Brauer—Siegel ratios for a family of elliptic curves related to the
constructions in [Shioda 1986; Ulmer 2002]. We then explain how the same can be done for families of
Jacobians of every genus in every positive characteristic.

Throughout, let k = [F,, the finite field of cardinality ¢ and characteristic p, and let K = k(¢), the
rational function field over k.

10.1. The curve of [Ulmer 2002]. Let p be a prime number, let d be a positive integer prime to p, and
let E; be the elliptic curve over K defined by

y:4xy=x3—14 (10.1.1)
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This family of curves was introduced in [UImer 2002] where it was shown that III(Ey) is finite and the
rank of E;(K) is unbounded as d varies. Hindry and Pacheco [2016] computed the Brauer—Siegel ratio
of E; as d — oo by analytic means, i.e., by a careful study of the L-function of E;. Here we compute it
via algebraic means, more precisely, through a consideration of dim III(E).

Theorem 10.2. We have
lim BS(E,;) =1.
d—00

Proof. Because E g = E;p ), Theorem 5.1 implies that it will suffice to compute the limit as d runs through
positive integers relatively prime to p and tending to infinity.

We are going to bound BS(E,) from below by estimating dim I[II(E;). Since the latter is invariant
under extension of the ground field, we are free to extend k as needed and will do so in the geometric
argument below.

Let £; be the smooth projective surface equipped with a relatively minimal morphism 7 : £; — P!
whose generic fiber is E,4. The procedure for constructing a model &; is explained in general in [Ulmer
2011, Lecture 3], and this particular example is carried out in detail in [Ulmer 2002, §3]. The important
thing to know about &, is that it is birational to the hypersurface in A?X’ 1) defined by (10.1.1).

Using the method of [Shioda 1986], it is proven in [Ulmer 2002, §4] that &£; is birational to the quotient
of the Fermat surface of degree d by a group of order d?. It is proven in [Shioda and Katsura 1979] that
the Fermat surface of degree d is birational to the quotient of the product of two Fermat curves of degree
d by a group of order d. (Here we may need to extend k so that it contains the 2d-th roots of unity.)
Putting these together, we find that &, is birational to the quotient of F; x F; by the group

A C (uy/1a)” C Aut(Fg) x Aut(Fy)

generated by
(g%, ¢, 10,11, 1, 1D, (11, ¢, 10, [¢%, 1, 1D), and (1,1, ¢1, 11,1, ¢])

where ¢ is a primitive d-th root of unity in k.
It follows from Corollary 6.5 that

dim III(E,) = dimHom (H ' (Fy)/p", H (F)/ p™M) (10.2.1)

for all sufficiently large n. Section 7 and Proposition 7.1 describe the cohomology group H'(F;) with its
action of Frobenius. They show in particular that the dimension in the last display can be computed by
the methods of Section 8.

To spell this out, recall that the cohomology of Fj splits into lines indexed by

A= {(ao, ai, az) | a; #0, Zai = 0} C (2/dzZ)?

and that A’ is the disjoint union of Ag and A; as in Section 7. The curves F; and their cohomology
furnishdata M = N = H! _ (F;/W(k)), [ =J = A’, and (c;, dj) as in Section 8.1.

crys
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A short calculation reveals that the basis elements ¢;; which contribute to the right hand side of (10.2.1)
are those indexed by (7, j) of the form

(i’ ]) = (a()? al, az, bO’ bl,bZ) =b1(_3’ 65 _3’ 25 17 _3)

where b; € dZ is such that 6b; # 0. In other words, projection to the b; coordinate allows us to identify
the orbits of (p) on I x J which contribute to (10.2.1) with the orbits of (p) on

B={beZ/dZ|6b #0)}.

Under this identification, (i, j) € Iy x Jj if and only if
0 b 1

<\= )<=

d 6

5 b
—<(=)<1
6 <d>

where (-) denotes the fractional part. Thus, the invariant d (o) of Section 8.1 becomes the following

and (i, j) € I} x Jy if and only if

invariant of orbits of (p) on B: Setting
Boz{bEZ/dZ|O<<é><l} and Blz{beZ/dZ|§<<é>< 1},
d 6 6 d
we have

d(0) = min(Jo N By|, |o N By ]).

Finally, the equidistribution result Proposition 9.1 yields that
Y do)=4¢+e

0e0
where €/d — 0 as d — 00, and so
dimII(Ey) = £ +e.
It follows from [Ulmer 2002, §2] that deg wg, = [ %], so by applying Corollary 4.7, we conclude that
liminf BS(E;) > 1.
d—00
Taking into account the upper bound (1.1) of Hindry and Pacheco, we finally conclude that

lim BS(E,) = 1. O
d— 00

10.3. Other elliptic curves. The methods employed in the previous subsection can be used to compute
the limiting Brauer—Siegel ratio for several other families of elliptic curves, namely those defined by
equations involving 4 monomials. This includes the Hessian family studied in [Griffon 2016, Chapter 5]
and a closely related family introduced by Davis and Occhipinti [2016] and studied in [Griffon 2016,
Chapter 7]. We will not give the details here, since no fundamentally new phenomena arise.
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10.4. Higher genus Jacobians. For every prime p and every g > 0, there is a sequence of curves of genus
g over [F,(¢) whose Jacobians are absolutely simple, satisfy the Birch and Swinnerton-Dyer conjecture,
and have unbounded analytic and algebraic ranks; see [Ulmer 2007, §7]. Since these curves are defined
by four monomials, the methods of this paper suffice to compute the limit of their Brauer—Siegel ratios.
In the rest of this subsection, we explain the details for the main case, namely when g is a positive integer
and p is a prime such that p{(2g +2)(2g + 1). The other cases are similar and we omit them in the
interest of brevity.

Fix a positive integer g, a prime p such that p{(2g +2)(2g + 1), and a positive integer d. Let X, be
the smooth, proper curve of genus g over K = [F,(¢) defined by

y? = x28F2 p x 28t 4 4 (10.4.1)
and let J; be its Jacobian.
Theorem 10.5. lim BS(J;) =1.
d— 00

Proof. Once again, it suffices to restrict to d not divisible by p. We will bound BS(J;) from below by
estimating dim ITI(J,;) using that X; has a model which is dominated by a product of Fermat curves. As
usual, we are free to expand the ground field I, and we do so as needed below.

Let X, be the smooth projective surface equipped with a relatively minimal morphism 7 : X; — P!
with generic fiber X;. Again, what is most important is that X is birational to the hypersurface in A?
defined by (10.4.1).

Using the method of [Shioda 1986] (see also [Ulmer 2007]), one sees that X; is birational to the
quotient of the Fermat surface of degree 2d by a group of order (2d)?, and therefore birational to the
quotient of Foy x F>y by a group of order (2d)3. (Here we enlarge F p to a finite extension k that contains
the 2d-th roots of unity.) More precisely, carrying out the procedure of [Ulmer 2007, §6] and using
[Shioda and Katsura 1979], one finds that X is birational to the quotient of F»; X F>4 by the group

A C (13,/12a)* C Aut(Fag) x Aut(Fag)
generated by
(3 L1000, 1,1, (1, 1L, 10,01, ¢4 1D, (0,1, 10, 0¢, ¢26%2,1]),  and (1,1, ¢1,[1, 1, ¢])

where ¢ is a primitive 2d-th root of unity in k.
It follows from Corollary 6.5 that

dim III(E,) = dim Hom (H ' (F;)/p", H (F)/ p™M)* (10.5.1)

for all sufficiently large n.
As in the previous subsections, the curves F,; and their cohomology furnish data M = N =
H‘PryS(FZd/W(k)), I=1J=A and (¢, d;) as in Section 8.1.
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A short calculation reveals that the basis elements ¢;; which contribute to the right hand side of (10.5.1)
are those indexed by (7, j) of the form

(i, j) = (a0, a1, az, bo, by, by) = (—(4g +4)b, 2b, (4g +2)b, d, d — (48 +2)b, (4g +2)b)

where b € Z/dZ is such that none of the coordinates ay, ..., by are zero in Z/2dZ. (Note that all of the
coefficients of b above are even, so the display gives a well-defined element of (Z/2dZ)® even though b
lies in Z/dZ.) Thus the relevant orbits of (p) on I x J can be identified with the orbits of (p) on the
subset B of Z/dZ where none of the coordinates of (i, j) is O.

Next we work out conditions on b for the corresponding (i, j) to lie in Iy x J; or I} x Jy. One finds
that

i =(ap,a1,a) =(—(4g+4)b,2b, (4g+2)b)

lies in I if and only if the fractional part (b/d) lies in one of the intervals

k+1 k41
L AT k-0 2
2642 2g+1

and i lies in /; if and only if the fractional part (b/d) lies in one of the intervals

k k+1
) 5 k=0,,2g
2¢+1 2g+2

On the other hand,
j=(bo,b1,by) =(d,d— (4g +2)b, (4g +2)b)

lies in Jp if and only if the fractional part (b/d) lies in one of the intervals

2041 2042
ke T
4g+2 4g+2

and j lies in J; if and only if the fractional part (b/d) lies in one of the intervals

20 20+1
) N ZZO,,Zg
4g+2 dg+2

It follows that (i, j) lies in Iy x J; if and only if

b\ _(k+1 2k+1
dl ~\2g+2 4g+2

withk=g+1,...,2g and it lies in I; x Jy if and only if

be 2k+1 k+1
d 4g+2'2g+2

withk=0,...,g— 1.
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The total length of the intervals corresponding to Iy x J is

ZZg(szrl k+1>_ g
kg1 4g+2 2g+2 8g+4

and the total length of the intervals corresponding to /1 x Jy is

gZ‘ k+1  2k+1\ ¢
—~\2g+2 4g+2 - 8g+4
Transferring the definition of d(o0) to B and applying the equidistribution result Proposition 9.1, we
find that

dg
dim III(J, d
imI(Jq) = E (0) = 8+4+
where €/d — 0 as d — o0.

We pause briefly to consider the case g = 1. By [Weil 1954], the Jacobian of X, is the elliptic curve
yi=x3— 41%% + 14,

It is easy to see that the bundle w, attached to J; has degree |_1d—2-| It then follows from our estimation of
dim II(J;) and Corollary 4.7 that lim inf;_, .o BS(J;) > 1 and thus, by the Hindry—Pacheco upper bound
(1.1), that limy_, - BS(Jy) = 1.

To extend this to higher genus, we will give an upper bound on the degree of w; of the form
dg/(8g +4)+ € where €/d — 0 as d — oco. More precisely, we will show that deg(wy) = dg/(8g +4)
for all d divisible by (2g + 1)(2g + 2). For a general d, we let

d'=lem(d, (2g +1)(2g +2))

and apply Lemma 2.7.1 to conclude that

dg
deg(wq) < ) +2g(2g+1DHRg+2)—1)

which gives the desired estimate.

Fori=1,...,g, let w; be the 1-form x'~'dx/y on X, over K. These 1-forms are regular and give a
basis of HO(X, Q% /x)- We will consider their extensions to a suitable model 77 : X' — P! of X and use
them to compute deg(wy).

In [Ulmer 2007, §7.7], a model of X over U = P!\ {0, oo} is constructed which is regular and a
Lefschetz pencil, i.e., its singular fibers are irreducible with one ordinary node each. It is easy to see that
the differentials w; extend to this model and

O:=wI A ANwg
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defines a nowhere vanishing section of w,; over U. To compute deg(w,) it will thus suffice to compute
the order of vanishing of o at t = 0 and t = co. This is where we use the hypothesis that d is a multiple
of 2g+1)(2g +2).

Indeed, if d = 2(2g + 1)k, then the change of coordinates x — % x’, y — 24+ Dky/ brings X into the
form

y/2 — t2kx/2g+2 +x/2g+1 +1

2g—Dk o, where o] = (x"=ldx"y )y,

which has good reduction at r = 0. Moreover, we see that w; = 1%~
and that the ] have linearly independent reductions at t = 0. This shows that o has a pole at f = 0 of
order

Xg: (2g+1—2i)d

L 22+ 1)

Similarly, when d = (2g + 2)¢, the change of coordinates x — t*‘x, y — t2¢+2¢y brings X into the
form

y2 — x2g+2 + t7€x2g+l +1,

D! where o) = (x"""1dx") /Y,

which has good reduction at r = co. Moreover, we see that w; = 8
and that the w/ have linearly independent reductions at r = co. This shows that o has a zero at t = 0o of
order

i (g+1—i)d

= 2g+2

A short computation then shows that deg(wy) is dg/(8g +4).

Note that these calculations also show that J; has good reduction at # =0 and # = co when d is divisible
by (2g + 1)(2g +2). Using Section 2.6, these reduction results imply that t(J;) = O(H (J;)¢) for all
€ > 0. Then Proposition 4.6 shows that

Hm(II(J
liminfBS(J,) > lim inf S V)
d— o0 d— o0 deg(a)Jd)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we finally conclude that

lim BS(J;) = 1. O
d— 00

11. Calculations for Jacobians related to Berger’s construction

In this section we compute the limiting Brauer—Siegel ratio for some families of curves related to the
construction in [Berger 2008; Ulmer 2013].

Throughout, let k = [F,, the finite field of cardinality ¢ and characteristic p, and let K = k(¢), the
rational function field over k.



On the Brauer—Siegel ratio for abelian varieties over function fields 1113

11.1. The Legendre curve. Assume that p > 2, let d be a positive integer, and let E; be the elliptic
curve over K defined by

¥y =x(x+ Dx+19). (11.1.1)

This family of curves has been studied extensively, in particular in [Ulmer 2014b; Conceicdo et al. 2014;
Ulmer 2014c; Griffon 2016, Chapter 4]. In the latter, the limit of the Brauer—Siegel ratio of E; as d — 00
was computed by analytic means, i.e., by a careful study of the L-function of E;. Here we compute it via
algebraic means, more precisely, through a consideration of dim III(Ey).

Theorem 11.2. We have
lim BS(E,) =1.
d— o0

Proof. As usual, it suffices to consider values of d not divisible by p.

Let £; be the smooth projective surface equipped with a relatively minimal morphism 7 : £; — P!
whose generic fiber is E;. This is constructed in [UImer 2014b] (under the simplifying hypothesis that d
is even, but the odd case is similar). The main thing we need to know about &; is that it is birational to
the hypersurface in Afx’ o) defined by the (11.1.1).

Let C; be the curve with affine equation

x?=z41
and let D, be the curve with affine equation
y2 =w?+1.
Both curves admit an evident action of A = us x g (over k). Let A act “antidiagonally” on Cy x Dy:
(@2, 8 (6, 2, o w) = (©2x, 8z, &5 'y, § w).
Our first main claim is that &; is birational to the quotient C; x D,/ A via the map
x,z,y,w)— (x = 2, y= zdxy, = wz).

Indeed, it is evident that this defines a dominant rational map from C; x Dy to £; which factors through the
quotient by A. Degree considerations then show that the induced map has degree 1, i.e., it is a birational
isomorphism.

We are thus in position to apply the machinery of Section 6. In particular, it follows from Corollary 6.5
that

dim I(E,) = dimHomyu (H' (Cy)/p", H (Dy)/p")" (11.2.1)

for all sufficiently large n. Section 7.3 and Proposition 7.1 describe the cohomology groups H'(C,) and
H'(D,) with their actions of Frobenius. They show in particular, that the dimension in the last display
can be computed by the methods of Section 8.



1114 Douglas Ulmer

To spell this out, let
I =J=27/dZ\{0,d/2 (if d is even)},

decomposed as Ip = Jo={i |d/2 <i <d}and I} = J, ={i | 0 <i < d/2}. Section 7 shows that
the crystalline cohomology groups H'(Cs) and H'(D,) with their action of Frobenius furnish data
(M, N, 1,J,c;,dj) asin Section 8.1, as well as the invariant d (o) for each orbit 0 of (p) on I x J.

Since A acts antidiagonally, the orbits that contribute to the right hand side of (11.2.1) are those whose
elements (i, j) satisfy j = —i. Write O* for the set of such orbits. Applying Theorem 8.3, we conclude
that

dimII(Ey) = Z d(o). (11.2.2)
0€0”

We may identify the orbits in O with the orbits of (p) on I via the projection 7r; : I x J — I. Also,

since (i, —i) € Iy x Jy if and only if i € Iy, and (i, —i) € I} x Jo if and only if i € 1, we have

d(0) = min(|r;(0) N Iol, |77 (0) N 11]).

Thus the sum on the right hand side of (11.2.2) becomes a sum over orbits of (p) on /, and the invariant
d(o) is described “on average” in Section 9. In particular, the equidistribution result Proposition 9.1
implies that

dimII(Ey) = ) d(o) =% +eq
0€0”
where €;/d — 0 as d — o0.
Since deg(wg,) = |_%-| (e.g., by [Ulmer 2014b, Lemma 7.1]), Corollary 4.7 implies that

.. . . dimII(E,)
liminf BS(E;) > liminf — =
d—o00 d—oo  deg(wg,)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we conclude that
lim BS(Jy) =1. ]
d—00

11.3. Other elliptic curves. The methods employed in the previous subsection can be used to compute
the limiting Brauer—Siegel ratio for several other families of elliptic curves, namely those coming from
Berger’s construction where the dominating curves are related to Fermat curves. This is the case in
particular for the universal curve over X(4) studied in [Griffon 2016, Chapter 6] and the curve “Bj 3 4”
introduced in [Berger 2008, §4] and studied in [Griffon 2016, Chapter 8]. We will not give the details
here, since no fundamentally new phenomena arise.

11.4. Higher dimensional Jacobians. Let p be a prime number, let g be a power of p, and let k = F,,.
Let r and d be integers relatively prime to p. Let X = X, 4 be the smooth projective curve over K = k(t)
associated to the equation

Y =3+ D +19). (11.4.1)
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This is a curve of genus r — 1, and the case r = 2 is the Legendre curve of Section 11.1. Let J = J,. 4 be
the Jacobian of X. This family of Jacobians was studied in [Berger et al. 2015], where among other things
it was proven that I1I(J,. 4) is finite for all p, g, r, and d as above. Here we will compute the limiting
Brauer-Siegel ratio for fixed g and r as d — oo.

Theorem 11.5. For all g and r as above,

lim BS(J.q) = 1.
d— o0
(p.d)=1

Here the limit is through integers prime to p. It would be possible to include those d divisible by p
using a straightforward generalization of the ideas in Section 5, but will not do that here.

Proof. Since r will be fixed throughout, we omit it from the notation. Let X; be the smooth projective
surface equipped with a relatively minimal morphism 7 : X; — P! whose generic fiber is X4. This is
constructed in [Berger et al. 2015, §3.1]. The important thing to know about X} is that it is birational to

the hypersurface in A?X’ y.ry defined by (11.4.1).

Let C; be the curve with affine equation

=41

and let D, be the curve with affine equation
vy = w? +1.

Both curves admit an evident action of A = u, X wg (over k). Let A act “antidiagonally” on Cy x Dy:

(G S, 20y, w) = (Gx, Sz &'y, E w).
It is proven in [Berger et al. 2015, §3.3] that &} is birational to the quotient C; x D;/A via the map
x,z,y,w)— (x = 2, y= zdxy, t=wz).

We are thus in position to apply the machinery of Section 6. In particular, it follows from Corollary 6.5
that

dim I1(J,) = dim Homa (H ' (Cy)/p", H (Dy)/p™)™ (11.5.1)
for all sufficiently large n. Section 7.3 and Proposition 7.1 describe the cohomology groups H'(C,) and

H'(D,) with their actions of Frobenius. They show in particular, that the dimension in the last display
can be computed by the methods of Section 8.
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To spell this out, let

[=J= {(a,b)eZ/erZ/dZ|a#0,b#0,<%>+<g>;&1},

Io=Jo= {(a,b)eZ/erZ/dz|a¢o,b¢o,<‘7l>+<§>> 1}, and

L=1J= {(a,b)eZ/erZ/dz|a¢o,b¢o,<§>+<§>< 1}.

Section 7 shows that the crystalline cohomology groups H'(C,) and H'(D,) with their action of Frobenius
furnish data (M, N, I, J, ¢;, d;) as in Section 8.1, as well as the invariant d (o) for each orbit o of (p)
onl xJ.

Since A acts antidiagonally, the orbits that contribute to the right hand side of (11.5.1) are those whose
elements (i, j) = (a, b, a’, b') satisfy j = —i, i.e., a’ = —a and b’ = —b. Write O* for the set of such
orbits. Applying Theorem 8.3, we conclude that

dim II(J,;) = Z d(o). (11.5.2)
0€0?

We may identify the orbits in O with the orbits of (p) on I via the projection 7r; : I x J — I. Also,
since (i, —i) € Iy x Jy if and only if i € Iy, and (i, —i) € I x Jo if and only if i € I;, we have

d (o) = min(|rr;(0) N o, |7t (0) N 11 ]).
We note that
Il = 11| = 3((r = 1)(d — 1) — (ged(r, d) — 1)),

which for fixed r is asymptotic to d(r — 1)/2 as d — oo.

Thus the sum on the right hand side of (11.5.2) becomes a sum over orbits of (p) on /, and the invariant
d(o) is described “on average” in Section 9. In particular, the equidistribution result Proposition 9.2
implies that

dimII(Jy) = Y d(o)=3d(r—1)+eqg
0€0?
where €;/d — 0 as d — o0.

To finish the proof, we will show that t(J;) = O(H(J;)) for all € > 0 and that deg(w;,) <
d(r — 1)/2 + €4 where €¢;/d — 0 as d — oo0. Once these claims are established, Proposition 4.6
implies that

dim T11(J
liminfBS(J,) > lim inf S LD
d— o0 d— o0 deg(a)jd)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we conclude that

lim BS(J;) = 1.
d—o00
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The assertion about 7 (Jy;) follows from the discussion of Section 2.6 and the fact (proven in [Berger
et al. 2015, §3.1]) that X, has semistable reduction at t = 0 and t+ = oo whenever r divides d.
It is proven in [Berger et al. 2015, Proof of Proposition 7.5] that when r divides d, we have deg(w;,) =
d(r —1)/2. In general, if d’ = Icm(d, r), we have deg(wy,) = d'(r —1)/2 and Lemma 2.7.1 shows that
dr—1 2r—D%* dr-1)
d < = .
eg(wy,) < > + 47d > +é€q

Since d’/d is an integer, ¢, is bounded independently of d, so €;/d — 0 as d — oo.

This completes the proof of the theorem. U

12. Quadratic twists of constant curves

We conclude the paper with a study of Brauer—Siegel ratios of quadratic twists of constant elliptic curves.
Throughout we let p be an odd prime number, [, a finite field of characteristic p, and K = [F,(?).

12.1. Twists of a constant supersingular curve. Fix a supersingular elliptic curve Ey over [, and let
E = Eo xg, K. For a positive integer d relatively prime to p, let E; be the twist of E by the quadratic
extension F, (¢, v/t¢ + 1) of K. By results of Milne, the Tate—Shafarevich group of Ej is finite.

Theorem 12.2. We have
lim BS(E;) =1.
(2

Proof. Let & — P! be the Néron model of E;/K, and let C; be the smooth projective curve over Fy
defined by y? = x¢ + 1 and equipped with the action of 1, given by the hyperelliptic involution. It is
easy to see that £; is birational to the quotient of C; X , Eo by the (anti) diagonal action of w,, i.e., by
W2 acting via the hyperelliptic involution on both factors.

We are thus in position to apply the machinery of Section 6. In particular, it follows from Corollary 6.5
that

dim I(E,) = dimHomyu (H' (Cy)/p", H' (Eo)/ p™)** (12.2.1)

for all sufficiently large n.

Section 7.3 and Proposition 7.1 describe the cohomology group H'(C,;). We recall the well-known
description of H Y(Ep): Tt is a free W-module of rank 2 with a basis ep, e; such that F(eg) = dype; and
F(e1) = djeo where dj is a unit of W and d; is p times a unit. (See [Dummigan 1995, §5] for a detailed
account.) To harmonize with earlier notation, let Jo = {0}, J; = {1}, and J = Jy U J1, and equip J with
the nontrivial action of (p).

Also, let

1=2/d7\ {0, 4 (if d is even)},

decomposed as Ip={i | 4 <i <d} and I; = {i | 0 <i < %}. Section 7 and the preceding paragraph
show that the crystalline cohomology groups H'(C;) and H'(E() with their actions of Frobenius furnish
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data (M, N, I, J, c;,d;) as in Section 8.1, as well as the invariant d (o) for each orbit o of (p) on I x J.
We may thus compute the dimension in the last display by the methods of Section 8.
Since C4 and Ej are hyperelliptic, the w,-invariant part of their cohomology is trivial, so

Homy (H'(C)/p", H'(Eo)/p")"*> = Homy (H' (C)/ p", H'(E0)/ p").
Applying Theorem 8.3, we conclude that
dim II(Ey) = Z d(o) (12.2.2)

0€0

where the sum is over all orbits of (p) on I x J.
The equidistribution result Proposition 9.3 implies that

Zd(o) = % + €4
0€0

where €;/d — 0 as d — o0.
Since ¢ + 1 has distinct roots, it is easy to see that deg(wg,) = |_%-| Thus Corollary 4.7 implies that

. .. dimIII(Ey)
liminf BS(E;) > liminf — =
d—00 d—oo  deg(wg,)

Taking into account the upper bound (1.1) of Hindry and Pacheco, we conclude that
lim BS(Ey) =1. ]
d—oo

12.3. Twists of an constant ordinary curve. Now let Ey be an ordinary elliptic curve over [, and set
E=Eoxg, K. One could use methods similar to those in the last section to compute dim III(E;) for the
twist of E by F, (7, v/#¢ + 1), but much more is easily deduced from results of Katz in p-adic cohomology.

Theorem 12.4. Let E’ be any quadratic twist of E. Then
dimII(E") = 0.

Proof. A variety X over a finite field is said to be Hodge—Witt if all of its deRham—Witt cohomology
groups H' (X, WQQ) are finitely generated. A curve is automatically Hodge—Witt, and a surface which
satisfies the Tate conjecture is Hodge—Witt if and only if the dimension of its Brauer group (in the sense
of Proposition/Definition 4.1) is 0 [Milne 1975, §1]. In other words, a surface X over [, satisfying the
Tate conjecture is Hodge—Witt if and only if

log| H2(X x¢, Fgr, Gu)[p™]|

lim =0.
s log(q")

A theorem of Katz [1983] says that a product of varieties is Hodge—Witt if and only if one of the
factors is ordinary and the other is Hodge—Witt.

Now let C — P! be a double cover corresponding to a quadratic extension K’/ K . Then the Néron model
& — P! of E'/K is birational to the quotient of C X, Eo by uz acting diagonally by the hyperelliptic
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involutions. Since p > 2, the Brauer group of the quotient is the p;-invariant part of the Brauer group of
C xr, Eo, and the latter has dimension 0 since Ey is ordinary. It follows that the Brauer group of £’ has
dimension 0 and so III(E’) has dimension zero. O

Thus for a quadratic twist of a constant, ordinary elliptic curve, our p-adic methods do not give a
nontrivial lower bound on the Brauer—Siegel ratio. This is compatible with Conjecture 1.7 of [Hindry and
Pacheco 2016], which predicts that the lim inf of BS(E’) as E’ runs over all quadratic twists is 0.

We finish by remarking that Griffon [2015] has shown that if E; is the twist of a constant ordinary
E/K by the quadratic extension [, (z, V14 4+ 1), then as d runs through “supersingular” integers, i.e.,
those that divide p/ + 1 for some f, the limit of BS(E,) is 1. In conjunction with Theorem 12.4, this
shows that the Brauer—Siegel ratio of an elliptic curve E’ may be large even when the dimension of
II(E’) is zero.
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A five-term exact sequence for Kac cohomology
César Galindo and Yiby Morales

Dedicated to Nicolds Andruskiewitsch on the occasion of his 60th birthday

We use relative group cohomologies to compute the Kac cohomology of matched pairs of finite groups.
This cohomology naturally appears in the theory of abelian extensions of finite dimensional Hopf algebras.
We prove that Kac cohomology can be computed using relative cohomology and relatively projective
resolutions. This allows us to use other resolutions, besides the bar resolution, for computations. We
compute, in terms of relative cohomology, the first two pages of a spectral sequence which converges to
the Kac cohomology and its associated five-term exact sequence. Through several examples, we show the
usefulness of the five-term exact sequence in computing groups of abelian extensions.

1. Introduction

Extension theory of groups plays a significant role in the construction and the classification of finite groups.
In the same way, the extension theory of Hopf algebras has led to results on the still wide open problem of
construction and classification of finite-dimensional semisimple Hopf algebras, [Kashina 2000; Masuoka
1995; Natale 1999; 2001; 2004]. The set of equivalence classes of extensions of a group G by a G-module
M is an abelian group with the Baer product of extensions, which is isomorphic to the second cohomology
group H%(G, M). A generalization of this theory to Hopf algebras is obtained for the so-called abelian
extensions, that is, cleft Hopf algebra extensions of a commutative Hopf algebra K by a cocommutative
Hopf algebra H, see [Hofstetter 1994; Kac 1969; Masuoka 1997a; 1999; 2000; Singer 1972].

In this paper, we deal with H = kF, a group algebra, and K = k©, the dual of such an algebra, where
F and G are finite groups. In this case, each abelian extension has an associated matched pair, that is, a
larger group ¥ such that G and F are subgroups of ¥ satisfying G N F = {e} and ¥ = G F. The set of
equivalence classes of abelian extensions associated to a fixed matched pair, denoted by Opext(k F, k%),
is an abelian group that can be computed as the second total cohomology of a certain double complex
whose cohomology is called Kac cohomology.

Obtaining a computation for the Opext(kF, k%) of a matched pair of groups can be quite difficult.
In fact, there are few general computations in the literature [Masuoka 1997a]. One obstacle for the
computation of Opext(k F, k%) comes from the fact that it is defined as the cohomology of a very specific
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Programas de Investigacion, programa ”Simetria 7 (inversion temporal) en categorias de fusién y modulares”.
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total complex, and the unique “cocycle free” tool is the so-called Kac exact sequence (see [Masuoka
1997a] and Corollary 3.10). Perhaps one of the first results that provide a cocycle free description and
interpretation of the Kac cohomology is given in [Baaj et al. 2005, Proposition 7.1], where the authors
describe the Kac cohomology as the singular cohomology of the mapping cone BGUBF — BX.

In this paper, we use two different kinds of relative cohomology groups to compute Opext(k F, k¢):
Auslander relative cohomology and Hochschild relative cohomology (see Section 3). We prove that
Opext(kF, k%) can be computed using Auslander relative cohomology and that Auslander relative
cohomology of a matched pair can be computed using relatively projective resolutions. This allows
us to use other resolutions, besides the bar resolution, for computing Opext(k F, k9). In addition, we
compute the first and second page of a spectral sequence which converges to the Kac cohomology. As a
consequence, we compute the associated five-term exact sequence, whose second term is Opext(kF, k©).
In the particular case of a semidirect product, the five-term exact sequence is described in terms of
ordinary group cohomology. Finally, doing use of the five-term exact sequence and some nonstandard
resolutions, we compute Opext(k F, k¢) for several families of matched pairs.

The organization of the paper is as follows: In Section 2 we discuss preliminaries on group cohomology
and abelian extensions of Hopf algebras. In Section 3 we recall the definitions of Auslander relative
cohomology [Auslander and Solberg 1993] and Hochschild relative cohomology [Hochschild 1956]. We
prove that Opext(k F, k¢) can be computed using Auslander Relative cohomology and Auslander relative
cohomology of matched pairs can be computed using relatively projective resolutions. In Section 4 we
compute the first and second page of a spectral sequence which converges to the Kac cohomology. We
also compute, in terms of Hochschild relative cohomology, the associated five-term exact sequence, whose
second term is Opext(k F, k). Finally, in Section 5 we compute Opext(k F, k©) for several families of

matched pairs.

2. Preliminaries

Cohomology of groups. Let G be a group and let M be a G-module. The n-th cohomology group of G
with coefficients in M is defined as

H"(G, M) =Ext;(Z, M).
We will use occasionally the normalized bar resolution (Z << P;, 8) of Z as a trivial G-module. That is
P, =ZG[GY :=ZGls1| - - |si],

where s; € G, s; # e for all i. The differentials are given by

p
(L1l Ispr1D) = s1lsaf -+ Ispr1]l + Z(—l)i[sll e lsisivtl - Ispet 1+ (DP s s,

i=1
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For a finite cyclic group C,, = (g) of order n, we occasionally use a periodic resolution of Z, defined as

o 70, -2 % 70, N 70, 2= 70, -5 7, Q2-1)

where, N = Y7 ¢'. From this, we have that

H(C,. M) = { MS /Im(N) m = 2k, (2-2)
T | Ker(N)/Im(g — 1) m =2k + 1.

Resolutions and cohomology for direct products. Let G = G| x G, be a direct product of groups. Let
(Z <= P;, ) and (Z <= Q;, 8]) be projective resolutions of Z as a Gi-module and a G>-module,
respectively. Then, the total complex Tot(P; ® Q;) is a G-projective resolution of Z. A useful description
of the cohomology for direct products is the following. If M is a trivial G-module, then it holds that (see
e.g., [Karpilovsky 1985])

H*(G| x G2, M) = H*(G\, M) ® H*(G2, M) ® P(G1, Go; M), (2-3)

where P(G1, Gy; M) is the abelian group of all pairings from G| x G, to M. An isomorphism is given
by @ — (@1, @2, ¢y), Where «; is the restriction of o to Q; x Q; and

ba(x,y) = Alt(a) = a(x, y) —a(y, x).
the inverse isomorphism is defined by (&1, &2, ¢) — & with

a((xr, y1), (x2, y2)) = a1 (x1, x2)az2(y1, y2)@ (x1, y2).

Second cohomology group and skewsymmetric matrices. Another useful description of the second coho-
mology group in the case that V is a finite abelian group is provided by using the universal coefficient
theorem. Let k be a field and let us consider the group k™ of units of k as a trivial V-module. There is a
short exact sequence

0 — Ext(V, k*) — H*(V,k*) =2 Hom(A%(V), k*) — 0. (2-4)
If V has exponent n and (k*)" = k>, then Ext(V, k™) = 0. Therefore, the map
Alt: HX(V, k*) = A2V, (2-5)
where V = Hom(V, k*), defines an isomorphism H?(V, k*) = A2V,

Extensions of Hopf algebras. Let k be a field. A sequence of finite dimensional Hopf algebras and Hopf
algebra maps

(A):k—> K-> A-TH—>k

is called an extension of H by K if, i is injective, 7 is surjective, and K = A (see [Andruskiewitsch
and Devoto 1995; Kac 1969; Majid 1990]).
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Two extensions (A) and (A") of H by K are said to be equivalent if there is an homomorphism
f A — A’ of Hopf algebras such that the following diagram commutes:

A/

Matched pairs of groups. Let us recall (see e.g., [Takeuchi 1981]) that a matched pair of groups is a
collection (F, G, I>, <1) where G, F are groups and [>, <] are permutation actions

G« GxF--2F
such that
sxy=(06Dx)((s<x)>y), stdx=(s<A(>x))(t<x),

foralls,re Gandx,y € F.
Having groups G and F with a matched pair structure is equivalent to having a group ¥ with an exact
factorization; the actions > and < are determined by the relations

sx = (s> x)(s <x),

where x € F and s € G.
The group X associated to a matched pair of groups will be denoted by F >« G; it is F x G with
product given by

(x, )y, 1) = (x(s>y), (s AY)).
It is easy to see that the following conditions are equivalent:
(i) The action 1> is trivial.
(i1) The action <1: G x F — G is by group automorphisms.

In this case, the associated group ¥ = F x G is a semidirect product of groups.

Abelian extensions. Let (F, G, >, <) be a matched pair of groups and let us consider 2-cocycles o €
Z2(F, (k9)*) and T € Z*(G, (k¥)*). On the vector space

kG#a’,kF = Span {es#x :s € G, x € F},
we can define a unital associative algebra and counital coassociate coalgebra structure by

(estx)(efty) = d5ax,10 (55 X, y)estxy,
Alesttx) = Z (a, b; x)e #(b > x)  ep#tx.

s=ab
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Here the 2-cocycles o and 7 are seen as functions
0:GxFxF—k*, (s,x,y)—~>o0(s;x,Yy),
T:GXGXF—k*, (s,t,x)— 1(s,1;%).

The map A is an algebra map if and only if the 2-cocycles satisfy the following compatibility condition
o(st; x, V)T(s, t;xy)=0(s;t>x,t<x)>y)o(t; x,y) x1(s, t; x)t(s (> x), t<dx;y),
forall x, y € G and s, t € F. In the case that the 2-cocycles are compatible, the sequence
k — k% -5 kC#, . kF > kF — k,

is a Hopf algebra extension, where i (e;) = e #e and m(es#x) = x. These kinds of extensions are called
abelian extensions of Hopf algebras.

The set of equivalence classes of abelian extensions associated to a fixed matched pair (F, G, >, <)
is an abelian group with the Baer product of extensions and will be denoted by Opext,. _(kF, k) (see
[Masuoka 2002] for more details).

3. Kac cohomology and relative cohomology

In this section, we recall the definitions of two different kinds of relative group cohomology: the Auslander
relative cohomology [Auslander and Solberg 1993] and the Hochschild relative cohomology [Hochschild
1956]. Our aim is to prove that Opext, (kF, k%) can be computed using Auslander relative cohomology
which, in the case of matched pairs, can be computed using relatively projective resolutions. This allows
us to use other resolutions besides the bar resolution for computing Opext, (kF, k%).

Auslander relative cohomology of groups. Let ¥ be a group and X a X-set. We will denote by Ay the
kernel of the augmentation map
ex:Z[X]1—> 27, x—1, (3-1)

where Z[X] is the ¥-module associated to X.

Definition 3.1. Given a X-module A, the n-th cohomology group of X relative to X with coefficients in
A is defined by
HY (2, X; A) :=Extiy (Ax, A), k>1.
Let X be a X-set and Ry a set of representatives of the X-orbits in X. Using Shapiro’s lemma, we

have that
Exty (Z[X], ) = [ ExtkZ[0)]. A) = [ Extf, (Z. A),

XERyx XERyx

where St(x) denotes the stabilizer of x € X. Hence,

Exty (Z[X], A) = [] H* i), A).

XERy
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If we apply the functor Exty (—, A) to the exact sequence of X-modules
0> Ax > 7Z[X]— Z— 0,
we obtain the well-known long exact sequence for relative cohomology
o> HYZ, A —> ]_[ HY(St(x), A) - HM'(2, X, A) - HF(2,A) — - (3-2)
x€Rx

Hochschild Relative cohomology of groups. Relative cohomology of groups was originally defined by
Hochschild [1956] and Adamson [1954]. We follow the description given in [Alperin 1986].

Let U be a G-module and S a subgroup of G. We say that U is relatively S-projective if it satisfies the
following equivalent properties (see [Alperin 1986, Proposition 1, page 65]):

(i) If ¥ : U — V is a surjective G-homomorphism and i splits as an S-homomorphism then ¥ splits
as a G-homomorphism.

(i) If ¢ : V — W is a surjective G-homomorphism and ¢ : U — W is a G-homomorphism, then
there is a G-homomorphism A : U — V with ¥ A = ¢, provided that there is an S-homomorphisms
Ao : U — V with the same property.

(iii) U is a direct summand of U | s71¢.

Here, | s means the restriction to S, and 1 the induction to G.
A complex

R —> Ry Ry -2 R 2 Ry M — 0
of G-modules is called a relatively S-projective resolution if:

(1) each G-module R; is relatively S-projective,
(2) the sequence has a contracting homotopy as S-modules.
Remarks 3.2.  « Since the canonical map M| s1c— M splits as an S-homomorphism, if .7 is a
projective S-resolution of M| g, then .7 1 is a relatively S-projective resolution of M.
o If § is the trivial subgroup of G, the relatively S-projective resolutions of G-module are the same as

projective resolutions of G-modules.

Definition 3.3. Given a relatively S-projective resolution % of M, the n-th relative S-cohomology group
of G is defined by

H™(G, S; M) = H"(Homg (%, M), §%).

As expected, this definition does not depend on the chosen relatively S-projective resolution of M,
(see, e.g., [Hochschild 1956]).

From now on, all relatively projective resolutions are assumed to be free as Z-modules.
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Example 3.4 (Standard complex [Snapper 1964]). Let X be a transitive left G-set. Let C; = ZX*+D be
the free Z-module generated by all (i + 1)-tuples of elements of X. The group G acts diagonally on C;
and the sequence

Cr= - -C%02%02% 0570,
where
r+1
8iers X)) = DD G T ) (3-3)
j=1

and €(x) =1 for all x € X, is a complex of G-modules.
If F denotes the stabilizer subgroup of xo € X, the complex CX is relatively F-projective resolution of
Z called the standard complex of (G, X).

Proposition 3.5. Let ¥ = F 0< G be a matched pair and Q = (Z <*% Q;, §;) be the normalized right
bar resolution of the trivial G-module 7. Then the group ¥ acts on Q; by

[sil -+~ Isalstlso - (e, ) = [si < ((si—1...50) >x)| - [s1 <D (s0>x)](s0 < x)s. (3-4)
and Q is a relatively F-projective resolution of right ¥.-modules.

Proof. Since ¥ is a matched pair, the right X-set of cosets F'\ X can be identified with the set G and
Y-action s - (f, g) = (s < f)g. This X-set will be denoted by X. Applying the construction of Example 3.4
to X, we obtain a relatively F-projective resolution C := C; — Z, since F is the stabilizer of e € G. The
resolution C coincides with the standard G-free resolution of Z as a trivial G-module. A G-basis of C;
(called bar basis) is given by

[sil - Is2ls1]=(si--- 81, -+, 8281, 51, €).

The action of X in this basis is given by (3-4). The normalized bar resolution is a quotient of the bar
resolution, and it is easy to see that this is also relatively F-projective. U

Remarks 3.6. < In Proposition 3.5, we may consider the normalized left bar resolution (Z <& P;, &)
for the trivial G-module Z: with action of X given by

(s, x) - xolx1] - %] = x(s > x0)[(s < x0) >x1 |-+ - [(s Qxox1 ... X —1) B> X4]. (3-5)
This is a relatively G-projective resolution.
e The formulas (3-4) and (3-5) appear in [Masuoka 1997a].

Theorem 3.7. Let ¥ = F < G be a matched pair. Let (Z <& P;, ;) and (Z << Q;, 8)) be a relatively
F-projective and a relatively G-projective X-resolutions of Z, respectively. Then the total complex of the

tensor product double complex
Pi®Q; fori,j=0.

is a projective X -resolution of Z.
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Proof. Since P; is relatively F-projective, P; | p1*= P; @ P/ as X-modules. Analogously, Q; lgt¥=
0;®0;.

Using the fact that (F, G) is an exact factorization of X and the Mackey’s tensor product theorem (see
e.g., [Curtis and Reiner 1990, Theorem 10.18]), we have that

(Pi® Ot = Pilrt™ ®Qj 617,
=(P®P)®Q;® Q)
=P®Q,®(P®Q;0P®0;®OP/ ®0;® P ®Q).
Hence P; ® Q; is direct summand of the X-free module (P; ® Q‘,)¢{E}TE, that is, P; ® Q| is a projective
Y -module.

Finally, since each P; and Q; are flat Z-modules, it follows from the Kiinneth formula that, for n > 0,
H, (Tot(Py ® Q4)) = 0. U

Theorem 3.7 generalizes the results of [Masuoka 1997b; 2003] about the construction of nonstandard
free resolutions of Z associated to a matched pairs of groups. In fact, taking the relatively projective
resolutions of Proposition 3.5 and Remarks 3.6 we can obtain the resolutions in [Masuoka 1997b; 2003].

Kac cohomology as relative group cohomology. Using the bijective maps,
2/G—>F, (f,89)Grf,
\E—>G, F(f,g9)—>g

we can endow the set F with a left X-action (f, g)x = f(g > x) and G with a right X-action s(f, g) =
(s < f)g. From now on, X will denote the left X-set defined as the disjoint union F U G, where G is
considered a left X-set using the inverse. We denote by A x the kernel of the augmentation map (3-1).

Proposition 3.8. Let = = F < G be a matched pair. Let (Z << P;, §;) and (Z << Q;, 8}) be a relatively
F-projective and a relatively G-projective X -resolutions of Z, respectively. Let D, , be the truncated

tensor product double complex
D;j:=P1®Qjt1, fori,j=0. (3-6)
Then, the total complex (Tot(Dy ), d;) completed with the map
Py® Qo <22 Toy(D, ),

is a projective X -resolution of Ax.

Proof. Let A be the kernel of the map € : Py @ Q¢ — Z defined by e€(x ® y) = €p(x) +€p(y). Let us
consider the total complex (Tot(D. ), d;) completed with the maps

0« A < Py® Qo <2 Tot(D, ), (3-7)
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where 0(p ® q) = —pep(q) D ep(p)q. Let us see that H, (Tot(D, +)) =0 for all n > 1. Let B, , be the
subcomplex of P, ® Q. consisting of the first row and first column, that is,

Bi,j=0 fOI'i,jZl,
Bi,j =P,'®Qj fori=0vj=0.
Let Sy« = P« ® Q4/ By «. Note that Tot, (D x) = Tot,42(Sx x) for all n.
Let us now see that (3-7) is exact in Totg(Dy ) = P1® Q1. Themap d; : L, Q1 D PI1® 02— PI® 0
in Tot(Dj ;) is defined by di(a ® b) = (8, ® id)(a) — (id® 85)(b), wherea € P, ® Q1 and b € P; ® Q».
Hence, the composed map is given by
(=81 ®8)) odi(a,b) = (=8 ®8)) (8 ®id)(a) + (51 ® §))(id ® 83)(b) =0.
Thus, Im(d;) € Ker(—6; ® 81). Now, since P; and Q; are free Z-modules, then
Ker(—8; ® 87) = Ker(8;) ® Q1 + P ® Ker(—8}) = Im(2) ® Q1 — P; @ Im(8)).

so Ker(—38; ® §1) € Im(d;). To see the exactness in Py ® Qo, note that

6081 ®8)D(PRq)=81(ple(81(q)) Dep(81(p))di(g) =0.

Hence, Im(8; ® 81) < Ker(6). To see that Ker(f) € Im(8; ® &), let us consider the tensor product of the
two chain complexes 0 <— Z <2 P; and 0 < Z <*2 Q;. That is,

®id 51 ®id
Z® 01 <25 PR 01 4= P ® 0 (3-8)

—id®s; l lid@éﬁ l—id@é]

Z® Qo+—Py® Qo <—— P1® Qo

®id 81 ®id
l —id®€Q

ep
—id®egl J/id@eg

7+——— Py®7Z<+— P ®Z.
ep®id §1®id

whose total complex is given by the exact sequence
0 7ZRZ<-PyRZBZR® Q<L PIRZOPyQ QDL Q1 < --- (3-9)
which can be written as
Z<~Py®Q<«-PIOoP)® QoD Q) « - (3-10)

Note that 6 is the restriction of dj to Py®@ Qo. Suppose that c € Ker(6). Then, (id®¢p)(c) = (e p®id)(c) =0.
Let by, b3 be the preimages of ¢ under the vertical and horizontal differentials in (3-8) respectively. There
is a tuple b = (by, by, —b3, —b4) such that d»(b) = 0. Since the total complex of (3-8) is acyclic, there
is a tuple a = (ay, az, a3, a4, as) such that d3(a) = b, and, it can be verified that az € P; ® Q satisfies
6 (a3) = c. Therefore, Ker(0) € Im(8; ® 8}).
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To see that 6 is surjective, note that € = €p + € in (3-10), and
di(a@b®c) = (81(a) + (Id®eg) (b)) @ ((ep ®id) (D) — 81 (c)).
Let po € di(P) = Ker(ep) and let g € Qg such that eg(qg) = 1. Then,
di(po®q) = (—1d®e€g +ep ®id)(po ® q) = po,
so di(P1) € di(Po® Qo). Similarly, di(Q1) € di(Po® Qo). Hence,
A =Ker(¢) = Im(di) = Span{d; (P1) Ud(Po ® Qo) Ud1(Q1)} = di(Po® Qo).

Also, the map d; restricted to Py® Qo is given by —id®€p @ ep ®id =6, then A =Im(0) and therefore
the sequence (3-7) is exact.

Finally, we see that A and A x are isomorphic as ¥-modules. Let us take P, = CS and Q/, = CF, the
standard resolutions as in Example 3.4, were F' and G are consider as X-sets. In this case,

c§ocl =71G102ZIF1=7IGuF]=7[X],

and € is the augmentation map (3-1). Then, for this resolution A = Ay.
If (Z <¢& P;, 8;) and (Z <<% Q;, §;) are relatively projective resolutions, there exists homotopy equiva-
lences
s:P*—>Cf, l:Q*—>Cf
This implies that Py ® Qg PRkl Tot(Dy +) is homotopically equivalent to Py ® Q, ey Tot(Dy «)-
Hence,

Ax = Coker(P{ ® Q] — Py® Q) = Coker(Py ® 01 — Py® Qo) = A. O
Theorem 3.9. Let k be a field and ¥ = F v< G a matched pair of groups. Then,
Opext, . (kF, k%) = H2 (2, X; k%),
where k> is considered as a trivial ¥ -module.

Proof. Let (Z <2 P;, §;) and (Z <2< Q;, 8; ) be the resolutions in Proposition 3.5. These are the resolutions
used in [Masuoka 1997b] to compute Opext_ ,(kF, k%); they consider the truncated tensor product D%/
of the two resolutions to get

Opext, ,(kF, k%) = H'(Tot(Homs (D"/))).

If A is the kernel of the map € : Py@® Qo — Z defined by e (x @ y) =e€p(x)+€g(y), (here, Py:=ZF =7X
and Qg := ZY for the X-sets X = F and Y = G) then, by Proposition 3.8, the total complex of
E;j:= P11 ®Qjy fori, j >0 completed in the following way

0« A < Py® Qo <20 Tot(D, ),
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is a resolution of A, and A = Ax. Therefore, if we apply Homy (—, k™) to this total complex, we get the
relative cohomology groups H, (X, X; A). That is

H*(Homsg (Tot(D, ,))) = H*P(Z, X; A). (3-11)

In particular, since Homy (Tot(D ,)) = Tot(Homy (D 4)), then,
Opext, . (kF, k%) = H'(Tot(Homs (D)) = H (X, X; k*), (3-12)
which completes the proof. (I

As a consequence of Theorem 3.9 and the long exact sequence (3-2) we obtain Kac’s exact sequence
(see [Masuoka 1997a; Kac 1969]).

Corollary 3.10 (Kac’s exact sequence). For a fixed matched pair of groups (F, G, >, <), we have a long

exact sequence

0> HY(FeaG, k) > H' (F, k) ® H (G, k*) = H> (2, X; k)
— H*(F>aG,k*) — H*(F,k*) ® H*(G, k™) — Opext,_,(kF, k%)
— H¥(F< G, k*) — H>(F,kX)® H*(G, k*) — HY(Z, X; k™).

4. The five-term exact sequence for Kac double complex

The group Opext. ,(kF, k©) can be obtained, as described in [Masuoka 1997a], as the first cohomology
group of a double cochain complex, which can be computed by means of a spectral sequence. We compute
the first pages of the spectral sequence associated to the double cochain complex D, . in (3-6), which is
a particular case of the double cochain complex of Kac. The five-term exact sequence for this spectral
sequence will be useful for computing the group Opext, _ (kF, kG for different kinds of matched pairs.

Spectral sequence of a double cochain complex. Through this section we deal with a first quadrant
double complex, that is, a double cochain complex M7 such that M?-? = {0} when p, g < 0. There is a
spectral sequence associated to a first quadrant double complex, whose first pages are obtained taking
vertical and horizontal cohomology of the double complex.

Let M** be a first quadrant double complex with vertical and horizontal differentials given by &,, ;.
Let Tot(M**) be the total complex associated to M**. There is a spectral sequence (E*, d,) with
differentials d/*? : EP? — E} +r’q_r+], which converges to H*(Tot(M**)), whose first pages are given by

Egt=M"4,  E{'=HUMP" dy), E;"=HP(E, dy),
see [McCleary 2001] for more details. The differentials for each page are given by

dy? =d,, d{"=d,, d} (@) =du(y), (4-1)
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where d, is the differential induced by dj, on H?(M?"*, dy) and y € MP+1a=1 s such that dy () = dy ().
Associated to the spectral sequence (E**, d,), there is a five-term exact sequence

. 0,1 .
0— EM0 —Ls B (Tot(M**)) - E L0 E20 L g2 (Tot(M**)), 4-2)
where i is a restriction map, the map p is a projection map.

The five-term exact sequence. Given a matched pair (F, G>, <1) we compute a five-term exact sequence
to calculate Opext,. (kF, k%).

Theorem 4.1. Let ¥ = F < G be a matched pair and A be a ¥-module. The first and second pages of
the spectral sequence associated to the double complex Homy, (D, «, A), where DY =P 1 ®Q j+1, for
i, j >0, is the double complex defined in Proposition 3.8, are given by

E\" = H"(Z, G; Hom(P;, A)), E;™ = H"(H"(Z, G; Hom(P,, A))),

for m, n > 0. The first page does not depend on the resolution Q. and Ey"™ (m, n > 0) depends neither
on the resolution P, nor the resolution Q.

Proof. The double complex Homy (D ., A) with only the vertical differentials is the zeroth page of the
spectral sequence

Ey’ :=Homs (P; ® Q;. A) = Homz (Q;, Homz(P;, A)). (4-3)
Since (Z <2 Q;, 87) is a relatively projective resolution of Z, the first page of the spectral sequence is
Ei" = H"(X, G,Hom(P;, A)) = F,(P;), i > 0.

where F, : £-Mod — Ab is the functor given by H{'(X, G; Hom(—, A)). Hence it does not depend on
the resolution Q;. The second page is

Ey™ = H"(F,(Py)), m,n > 0.

To see that E; ™ = H™(F,(Py)), m,n > 0 do not depend on the resolution, let Pl/ be another relatively
F-projective resolution of Z. Then, there exists a homotopy equivalence f : P, — P/ as F-modules, that
is, there exists g : P/ — P; and h; : P, — P;_; such that

Sih+hé; = fg—id.
Since the functor F), is additive, we get
F(8:) Fy(hi) + Fy(h)Fy(8:) = F,(f)Fu(f 1) — F,(id)

for each n, so the map F,(f) is a homotopy equivalence between the resolutions F, (P;) and F,Z(Pl.’ ).
This means that the second page, which consist on the cohomology groups of the resolutions F,,(P;) and
F,(P/) with the respective induced differentials, is isomorphic to the first one. U



A five-term exact sequence for Kac cohomology 1133

Theorem 4.2. Let (F, G, >, <) be a matched pair where the action 1> is trivial and let k be a field. The
spectral sequence in Theorem 4.1 associated to the group ¥ = F > G has second page given by

EPT=HPTY(F, HTTY(G, kX)), EY°=H'\(F,G),
EYY =Der(F, H'*'(G, k%)),  EY°=Der(F, G),
for p > 1, q > 1. Therefore, we have the five-term exact sequence:
0— H*(F, G))—>Opext, _(kF, k%)~ Der(F, H*(G, k*))~2 H3(F, G) — H*(Z, X, k). (4-4)
Proof. According to (4-3), the zeroth page is given by
Ey’ :=Homg (P, ® Q. k*) = Homg (Q;, Homz (P;, k).

If we take (Z <& P;, §;) and (Z << Q;, 87) to be the resolutions in Proposition 3.5, then we have the
group isomorphism

Homy (P, ® Q;, k) = Map, (GI1! x FPH! k),
and the vertical and horizontal differentials of the double complex of groups
Map, (G41! x FPHL k),

are respectively given by

) 1P
8i f(Sits oy s13 X1, -+, x,)D
= f(Sig1, -, 82581 >x1, (51 <AX) D> X, oo v v (51 <Xy xpo1) D> X))
i
. —1)k . —_1)a+!
Xl_[f(si+17""si—i-lsiv"'vslvxlv"'vxp)( ) Xf(sl.y"'aslaxly"'axp)( ) .
k=1
and
8if (sqy v, S13 X1, , Xit1)
= fsqg <Q(sg—1---851>X1), - 82 <1 (51> x1), 81 <IX15X2, -+, Xpi1)
i
. 71’( . 7li+l
< [T FGq o osiixn s xixign o xi )™ X flsge e osix e x) T
k=1

Since the action < is trivial, the vertical differentials are given by
—1P
S(f)(Squts -+ s st a1, -+, xp) 7Y
=f(sq+la y 825 X1y 00 ,XP)

q

. —1) . _1)a+!
Hf(sq+17”'7si+lsi7"'ssls-x17"'s-xp)( )f(Sq,"',Sl,.XI,"',xP)( ) .
i=1
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We have that Map_ (G? x FP, k*) = CI(G, CP(F, k>)), where C4(G, CP(F, k™)) denotes the group
of functions f : G¢ — CP(F, k™) (with a normalization property) and the group G acts trivially on the
group CP(F, k*).

Taking vertical cohomology to the zeroth page, we get HY(G, CP(F, k*)). Therefore, the first page
E}"* of the spectral sequence is given by

E{Lq = H (G, cPHI(F, k) = cPi(F, HIT(G, kX)) forg > 1
EP =Der(G, CP*(F, k*)) = CP*(F, Der(G, k),

where the isomorphisms hold since the vertical differential leaves every element of F' fixed. On the other
hand, the horizontal differentials are given by

5/(f)(SLIa 7S1;x15 a-xp+1)

=f(sq <X, ccc 81 <Xp; X2, 00 ,XP+1)

p

_li | p+1
Hf(sq7”'asl;x17”'9xi-xi+17"'9xp+1)( )f(sqv""sl;xla"'axp)( ) 9
i=1

by differentiating each row by the induced horizontal differentials,

EYT = HPYY(F, HIYN G kX)), ESY = HPY(F,G) “s)
EY? = Der(F, H"'(G,k*)),  EY°=Der(F, G)

Since k* is a trivial G-module, the sequence (4-2) turns into

0 — H?(F,Der(G, k*)) - H'(Tot(Homs (P; ® Q,, k*))) £ Der(F, H*(G, k*))
0,1 .
%, H3(F, Der(G, k*)) —> H2(Tot(Homs (P; ® Q. kX)),

From (3-11) and (3-12) we get the five-term exact sequence
A 0,1 A
0— H2(F, G) — Opext,_,(kF, k%) — Der(F, HX(G,k*)) 2> H3(F, 6) - H*(Z, X, k*). O

Note that, in the case that [> is a trivial action, the terms Eé’ 1 with p =1, g > 1 of the second page of
the spectral sequence associated to the semidirect product ¥ = F x G coincide with the second page of
the Lyndon—Hochschild—Serre spectral sequence [Evens 1991].

Corollary 4.3. Let (F, G, >, <) be a matched pair with trivial I> action and let k be a field. Then:
(1) If H*(G, k*) = 1 then Opext, . (kF, k%) = H*(F, G).
() If (|F|,|G|) = 1, then Opext, ,(kF, k%) = Der(F, H*(G,k*)).
(3) If G is a perfect group, then Opext,, _(kF, k%) =Der(F, H*(G, k*))
4) If |F| =2k +1and G = S, withn > 4, then, Opext,__(CF, C%) =0.
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Proof. Part (1) is straightforward.
(2) Since (|F|, |G|) = 1, then H"(F, G) = H"(F, G) = {1} and the result holds.

(3) Since the abelianization of G is trivial, then G = {0}. Therefore, HX(F, G) = HX(F, G) = {0},
similarly H*(F, G) =0, then, Opext, _(kF, k%) = Der(F, H*(G, k*)).

(4) Under the given conditions (| F|, |é|) =1, asin (2). So Opext, L(CF, C%) = Der(F, H*(G, C*)).
Now, H?(S,, C*) =17/2, for n > 4 and Der(F, H*(G, C*)) = Hom(F, Z/2) = 0, so the result holds. [J

5. Computations

We compute some examples of the group Opext, (kF, k%) for different semidirect products: the right
action > is trivial, so we denote the group Opext,. (kF, k%) by Opext_ (kF, k%)). The first calculation
generalizes one from Masuoka [1997b].

Theorem 5.1. Let k be a field. Let G be a group and 7 /2 x (G x G) be the semidirect product with
(a,b) <11 =(b,a). Then

Opext,, (kZ/2,k°*%) = H*(G, k™) @ Psym(G, G; k),

where Psym(G, G; k™) is the groups of all symmetric bicharacters of G.

Proof. Tt follows from (2-2) that H"(Z/2, H'(G x G, k*)) = 0 for n > 1. Then, the sequence (4-4)
implies that

Opext_,(kZ/2,k“*%) = Der(Z/2, H*(G x G, k*)).

v

According to (2-3), we have H*(G x G,k*)=H?*(G,k*) ® P(G,G,k*) ® H*(G,k*). Given a €
Z%(G x G, k*), we have (@1, &2, ¢z) = (@) € H*(G, k™) ® H*(G, k) ® P(G, G, k*) given by
a((x,e), (e, y))
a((e, y), (x,e))
Hence the induced action of 1 € Z/2 on H*(G, k*) x H*(G, k*) x P(G, G; k*) is

ar(x, y) =a((x,e), (y,e), axx,y)=a((e, x),(e,y), ¢alx,y)=

Y, a2, ¢a) (x, y) = Cay (x, ), laax, ), g (x, 1))
= (aa(x, y), a1(x, ¥), 5 (v, x))
= (a2, a1, (9D H(x, y).

Then « € Der(Z/2, H?(G x G, k®)) if and only if o := a(1) satisfies ala = 1, that is,
(@1, @2, $o) (@2, 1, ($3) N =1 a1 =05,
and ¢ is a symmetric bicharacter. U

The following example includes the previous one in the case that b =c =1, a =0.
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Theorem 5.2. Let Z/2 X (Z/n@® Z/n) be the semidirect product where the action of Z/2 on (Z/n®Z/n)
is defined by the matrix
()
c —a

with Det(A) = —1. Let k be a field such that k* | (k*)*" = 0. Then,

Ker(A —1)
Opext. (kZ /2, k?/m®0imy = —— "~ g 11, (k),
pext. (kZ/ ) Im(A+I)$M()

where ., (k) is the group of n-th roots of unity in k.

Proof. In this case the sequence (4-4) is given by

0— H*(Z/2,Der(Z/n®7Z/n, k*)) —> Opext_ (kZ /2, kZ/"®L/m)
A Der(Z/2, HX(Z/n®Z/n, k) L5 H3(Z)2, Der(Z/n ® Z/n, k) — H* (T, X, A).
We will see that:
() HX(Z/2, H'(Z/n®Z/n, k*)) =Ker(A —I)/Im(A + I).
(ii) Der(Z/2, H*Z/n®Z/n, k*)) = pun (k).
(iii) &Y' =0.
Therefore, Opext_ (kZ/2, k%/"®Z/my fits in a short exact sequence

Ker(A —1)
N

AT —s Opext_(kZ/2, k*/"®%/my 2y, (k) — 0, (5-1)
moreover, we will see (5-1) is split, so

Ker(A—1)
Opext_ (kZ /2, kZ/m®Z/ny= —— 2 k).
pext_(kZ/ ) ImA T D) @ wn (k)

(i) It follows immediately from (2-2).

(i) We identify A2(Z/n @ Z/n) with the abelian group of alternating 2 x 2 matrices over the ring Z/nZ.
Therefore, A>(Z/n ®Z/n) = Z/n and

H*Z/n®Z/n, k) ZHom(A* (Z/n & Z/n), k™) = k),

where 11, (k) is the group of n-th roots unit. Since AT MA = —M for all M € A>(Z/n @ Z/n) we have
that

Der(Z/2, H*Z/n ® Z/n, k*)) = pu, (k).
(iii)) To compute

do' (k) =Der(Z/2, HXZ/n ®Z/n, k™)) — H>(Z/2, Der(Z/n & Z/n, k),
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we follow (4-1). Given ¢ € w, (k) =Der(Z/2, H*(Z/n ® Z/n, k*)), we need to find

y € Map_ (Z/n®Z/n) x (Z/2)*, k*) = C*(Z/2,C"(Z/n®Z/n, k™))
such that
Sn(otg) = 8y(y), (5-2)
where

a; € C*Z/n®Z/n, k), o (x,y) =" (5-3)

and then compute the cohomology class of §;(y) in H3(Z/2,Der(Z/n ®7Z/n, k*)). We have that
xT(ac l:r )y
Snlag)(1, D(x, y) = g (Ax, Ay)ag(x, y) = ¢ \be-ar)7,

This is a bicharacter with associated quadratic form

2 _%hexy 2
a)(x’ y) — é.—aLx 2bcxy+aby ]

Therefore, the cochain y € C%(Z/2, C'(Z/n ® Z/n, k*)) defined by
)/(1, 1) — é.—(acxz)/2—bcxy-‘,—(abyz)/27 (.X, }7) c Z/I’l @Z/I’l, (5_4)

and y(0,1) =y (1,0) =y (0, 0) = 1, satisfies (5-2).
Finally, the horizontal differential of y is given by

S, 1L, D=y, Dy, 00, D)y©, 1) =y, (', ) =1.

Hence, d(¢) = 1.

A section of 7 in the exact sequence (5-1) is given by cohomology of s(¢) = (¢, y¢), where o and y;
are given by (5-3) and (5-4), respectively. It is clear from the definition that s is a group homomorphism,
that is, (5-1) splits. O

Theorem 5.3. Let F be an arbitrary group acting on a finite abelian group V with odd order. Suppose
that (k™))" = k>, where n is the exponent of V. Then

Opext_ (kF, k") ZH*(F, V) ® Der(F, A2V),
where V =Hom(V, k).
Proof. By (2-4), we have H>*(V, k) = A2V, The sequence (4-4) is given by
0 — H*(F, V) Opext_(kF, k") > Der(F, A2V)-2> — H3(F, V) - H*(Z, X, A),

where ¥ =V x F. We will see that d, = 0 and the resulting short exact sequence splits, hence we get the
result.
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Let a € Der(F, /\2\7), thatis, o : FF — A2V such that a(gh) =%x(h)a(g). By (2-5), « can be identified
with a map o : F — H?(V, k*) which can be lifted to amap & : F — Z>(V, k) considering that, since
V has odd order, the map

Alt: A2V — A2V

given by Alt(p)(x, y) = (x, y)/d(y, x) =@ (x, y)? is an isomorphism, so we can define the lifting map
bya: F — Z*(V,k*) by

a(g) =a(g)'>

In order to compute d>(«), we must find a function y € C2(F, CY(V, k*)) such that

s(ha(g)  fa(h)a(g) <ga(h)a(g)>1/2 _

R e T ST a(gh)

Hence y can be taken to be the constant cochain and, therefore, d> () = 1 for all « € Der(F, /\2‘7). O

Corollary 5.4. Let F = C,,, = (o) be a cyclic group of order m acting on a finite abelian group V with
odd order. Suppose that (k*)" = k>, where n is the exponent of V. Then

Opext_(kF. kY)Y = (Y e V:oy =¢}/(NoW : ¥y € VI® (b e A’V : Nyb =0},
where Ny =14+0 +---4+0o™ L

An example with nontrivial differential d,. The next example illustrates the fact that the hypothesis in
Theorem 5.3 stating that the order of the order of V must be odd, can not be avoided since otherwise the
differential d, can be not trivial.

Remarks 5.5. (a) Let G be an elementary abelian p-group of rank n. Once a basis of G is fixed, using
the isomorphism (2-5) we can identify H2(G, C*) with alternating matrices over Z/p. A representative
2-cocycle ay € H*(G, C*) corresponding to a matrix M is defined by

M (X,y) =exp X My ), (5-5)

where M is the upper triangular part of M.

(b) Let F = (t;) & (t2) be a product of cyclic groups and let M be an left F-module. If (Z <= P;) and
(Z <= P}) are periodic resolutions as in (2-1) for the groups (t) and (r;) respectively, then the total
complex Tot(P ® P’) is a free F-resolution of Z. Therefore, given a F-module M, we can compute
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H*(F, M) as the cohomology of total complex of

Hh—1 H—1 Hh—1
-1 NI] -1
M M M
Ny, Niy Ny,
Hnh—1 Nll Hh—1
M M M
Hh—1 n—1 Hh—1
Hh—1 N11 Hh—1

Since we are mainly interested in H 2(F, M), the second and third differentials 8, : MM — MSM DM
anddzs - MEMBPM - MBME M M of the total complex are given by

5(A,B)=(A+%A,A—%A—(B—-%B), B+%B), (5-6)
53(A,B,C)=(8A—A,8%A—A+B+%B, B+%B+5C—C,*%C-0C). (5-7)
Lemma 5.6. Let F = (t1, 1), G = (51, ..., S4) be elementary abelian 2-groups of rank 2 and 4, respec-

tively. Consider the (right) action of F on G determined by the matrices

1000 1000
0100 0100
F=ly110l 2=l1010
0101 1101

and the induced left action of F on H*(G, C*). Then:

(1) The group Der(F, H*(G, C*)) is in correspondence with the set of pairs of matrices

000b ¢ 0 0% ¢
00d e 0 0d ¢
A: B:
bdo f|’ v d 0o f
ce f O e f o
with entries in Z/ p, such that

d+b+d =0
c+d+e=0 (5-8)

bt+e+c +d +e=0.

(2) The group H*(F, H'(G, C*)) is isomorphic to 7 /2.
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Proof. (1) By (5-6), elements in Der(F, H 2(G, C*)) arein correspondence with pairs (A, B) of alternating

4 x 4 matrices such that
A+ FAF] =0

B+ FRBF =0 (5-9)
A—FAF] —B+ FBFl =0.
The system (5-9) is equivalent to (5-8).
(2) In order to compute H 2(F, H'(G, C*)) we use the canonical identification
H'(G,C*) =Hom(G,C*) =G

as left F-modules. By (5-7), we have that Ker(§3) is in correspondence with 4 x 3 matrices S = [n,, np, n.]

over Z/2 such that
(F1 —Dng =0, (F2 —Dn. =0,

(I-Fpn,=F2+Dnp, A+Fp)np, =A—-F)n,.
Thus, the space Ker(83) corresponds with all 4 x 3 matrices over [, such that §;; =0 for 1 <i <2 and
1 < j < 3. On the other hand, by (5-6) we have
Im(82) = {(la + Fila, la — lp + Filp — Faly, I, + Falp) 2 1g, 1 € N},
that is, Im(8,) is in correspondence with all matrices of the form

0 0 0
0 0 0
Xi+x2 X1+yi+y2 )i
X2 Xpt+x2+y2 yity
where x;, y; € Z/2. Hence H>(F, H' (G, C*)) = 7/2>. O
Lemma 5.7. Let ¥ = F X G be a semidirect product and let
---—>R3—>R2—)R1—>R0, (5-10)

be a free resolution of a right F-modules M. The action of F on R; can be extended to an action of X by

r-(f, g) =r- f. With this action, the sequence (5-10) turns out to be a relatively G-projective resolution
of the right ¥-module M. (I

Theorem 5.8. Let F = {t|, 1) and G = {(s1, ..., S4) be elementary abelian 2-groups of rank 2 and 4,
respectively. Consider the (right) action of F on G determined by the matrices

1000 1000
0100 0100
F=ly110l 2=l1010
0101 1101

Then Opext_(CF, C%) = (Z/2)* © (Z/4)>.
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Proof. The five-term exact sequence (4-4) for this case is

0 — H?*(F, Der(G, C*)) — Opext_(CF, C%)
s Der(F, H*(G, C*)) 2> H3(F, Der(G, C*)) — H*(Tot(M**)).

For this computation the relatively F-projective resolution used in Theorem 4.1 (Z <X Q;, 87) will be
as in Proposition 3.5, and the relatively G-projective resolution (Z <<£ P;, §;) will be the total complex
of the tensor product of the cyclic resolutions for (#;) and (t2), considered as a relatively G-projective
Y -resolution of Z using Lemma 5.7.

The zeroth page of the spectral sequence in Theorem 4.1 is given by

i+2
E;’ =Homyzs (Piy1 ® Q1. C) = Homyy (GB ZF ® ZG[GY*, G:X)
k=1

The horizontal and vertical differentials dj, and d, are induced by the differentials of the resolutions
(Z <€ P;) and (Z <*< @), respectively. Each X-module ZF ® ZG[G]/*! is free with basis

le®[gil---lgj+1]l:e #g1.---gj+1 € N}.

Therefore, an element in E(i)’j is defined by a tuple (A1, ..., hi4») with by € C/H(F,C*), where
hi(f1, -+, fj+1) = 1 if any of the entries is the identity of F. Similarly, the differentials dg’o :
Homgy (P! ® Q', C*) of the zeroth page, induced by the vertical differentials of the double complex
are given by

do(f)(e®[g11g2]) = fe® (g1lg2]—[g182]1+ [g1])).

Since we are considering C* as a trivial X-module, the elements in £ ’f’o = Ker(dg %) are in correspondence
to tuples (x1, ..., Xi+2) With x; € G.

First, we will compute Ker(d>). By Lemma 5.6, the group Eg’l = Der(F, H*(G, C*)) is in corre-
spondence with pairs (A, B) of alternating 4 x 4 matrices satisfying the equations in (5-8). According
to Remarks 5.5(a), a representative element for (A, B) in Eg’l = Homsy,(ZF ®ZF) ® ZG[G]*>, C*) is
defined by o = (a4, ap), where a4, ap are 2-cocycles defined in (5-5).

By (4-1), we have that d»(A, B) = dj(y) were

y € Ey° = Homs (ZF @ ZF ® ZF) @ ZG[G)),

satisfies d, (aa, ap) = dy(y).
By (5-6) we have that

dp(an, ap) = (bu,, by, buy) € Ey' = Homs (ZF @ ZF @ ZF) @ ZG[G, C¥), (5-11)
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where by (x, y) = (—1)* Mi¥ and

00 0 0
. - 00 0 0
My =A+ FAF = 00 b+d d
00 d e

00 0 0

00 0 0

My=A—F,AF) —(B—FiBF]) = 00b+b+d b+d+d

0 b+d+d c+e+te

000 0
< < 000 O
M;= B+ F,BF] = 00y o
00 +¢

The cochain y = (yu,, s ¥u,) € Ey° = Homy (ZF ®ZF @ ZF) @ ZG[G]?, C*) defined by
ya, () = exp(—Z (b + d)x3 + 2dx3x4 + ex3)),
yi, (6) = exp(—=5 (b +b' +d)x3 +2(b +d +d)xsxg + (c+e+e)x))), (5-12)
Yy (x) = exp(—%(b’)@2 +2¢'x3x4 + (' +€)x3)),

satisfies (5-11). Therefore,

n %) 4 (%) 1] [5)
ymy Y Y (Y)Y, (Y)Y My Pvm

5h(VM1, Vits VM3) — < 1 , 1 2 2 ’ 2 2 3 , 3
YM, YMm, YM; YM;

=Ly, vy, D eker(d : E7° — E}O).

Since G is an elementary abelian 2-group, we will use the canonical identification of G with G. Under
this identification we have that y]%lz =(0,0,b+b' +d,c+e+e).

The pair (A, B) belongs to Ker(d,) if and only if (0, yﬂzlz, )/1‘2,[2, 0) belongs to the image of d; : Ell’o —
E%’O if and only if there exists (ua, g, Uc) € Ell’0 = F>3 such that dj, (ua, g, nc) = (0, VA2/12’ yﬂzh, 0).
This means that

(Fi—=Dpa=0, (F,—Dpc=0, (B—Dps+(Fi+Dpg=vy, (Fi—Dupc+F+Dup=yiy,.

From this equation we obtain b+ 0" +d’ = ¢ + e + ¢ = 0. Joining these two equations with (5-8) we get
a system of equation with 5 free variables, hence Ker(d,) = (Z/ 2)°.
Hence we have the exact sequence

0— H*(F,G)— Opext_(CF, CY%) > Ker(d,) — 0. (5-13)

An element in Ker(d,) is represented by a pair of matrices A, B as in Lemma 5.6. Let us assign
¢’ =1 and consider the remaining variables zero, and let us call the respective pair of matrices (A, B.).
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A section of the sequence (5-13) send (A., B.) to the class of the extension
(e, ve) € H' (Homs (Tot(D ., C*)) = Opext(CF, CY)
where o, is the 2-cocycle associated to (AL, B.) and y. is given according to (5-12), by

v, () =exp(—E2 (3 +x7), v (x) =exp(—2(x])), v, (x) =exp(—Z(x3)).

It can be verified that the class of (o, y.) has order 4 in Opext. _(CF, C%). In the same way, if we
take the variable d’ to be 1 and consider the remaining variables null we get an element («y, y;) of
order 4. Any other element outside the subgroup (., ¥¢), (@4, Ya)) = (Z /4)2 has order 2, otherwise the
order of Opext, (CF, C%) could not be 27. That is why Opext_ (CF, C%) = (Z/2)* @ (Z/4)*. Since
H,(P)=H,(Q)=0forn >0, then H,(P® Q) =0forn>1and H;(P® Q) =Tor| (Hy(P), H,(Q)). U
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1. Introduction

1.1. Paramodularity. The Langlands program predicts deep connections between geometry and auto-
morphic forms, encoded in associated L-functions and Galois representations. The celebrated modularity
of elliptic curves E over Q [Wiles 1995; Taylor and Wiles 1995; Breuil et al. 2001] provides an
important instance of this program: to the isogeny class of E of conductor N, we associate a classical
cuspidal newform f € S>(I'g(N)) of weight 2 and level N with rational Hecke eigenvalues such that
L(E,s)=L(f,s), and conversely. In particular, L(E, s) shares the good analytic properties of L(f, s)
including analytic continuation and functional equation, and the £-adic Galois representations of £ and of
[ are equivalent. More generally, by work of Ribet [1992] and the proof of Serre’s conjecture by Khare
and Wintenberger [2009a; 2009b], isogeny classes of abelian varieties A of dimension d, of GL;-type over
@, and of conductor N¢ are in bijection with Galois orbits of classical cuspidal newforms f € S>(I'1(N)),
with matching (imprimitive) L-functions and £-adic Galois representations.

Continuing this program, let A be an abelian surface over Q; for instance, we may take A = Jac(X) the
Jacobian of a curve of genus 2 over Q. We suppose that End(A) = Z, i.e., A has minimal endomorphisms
defined over Q, and in particular A is not of GL,-type over Q. For example, if A has prime conductor,
then End(A) = Z by a theorem of Ribet (see Lemma 4.1.2). A conjecture of H. Yoshida [1980; 2007]
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compatible with the Langlands program is made precise by a conjecture of Brumer and Kramer [2014,

Conjecture 1.1], restricted here for simplicity.

Conjecture 1.1.1 (Brumer and Kramer). To every abelian surface A over Q of conductor N with
End(A) = Z, there exists a cuspidal Siegel paramodular newform f of degree 2, weight 2, and level N

with rational Hecke eigenvalues that is not a Gritsenko lift, such that
L(A,s)=L(f,s,spin). (1.1.2)

Moreover, f is unique up to (nonzero) scaling and depends only on the isogeny class of A; and if N is

squarefree, then this association is bijective.

Conjecture 1.1.1 is often referred to as the paramodular conjecture; in what follows, we say nonlift
for not a Gritsenko lift. As pointed out by Frank Calegari, in general it is necessary to include abelian
fourfolds with quaternionic multiplication for the converse assertion: for a precise statement for arbitrary
N and further discussion, see [Brumer and Kramer 2019, Section 8].

Extensive experimental evidence supports Conjecture 1.1.1 [Brumer and Kramer 2014; Poor and Yuen
2015]. There is also theoretical evidence for this conjecture when the abelian surface A is potentially of
GL,-type, acquiring extra endomorphisms over a quadratic field: see Johnson-Leung and Roberts [2012]
for real quadratic fields, Berger, Dembélé, Pacetti, and Sengiin [2015] for imaginary quadratic fields, and
Dembélé and Kumar [2016] for explicit examples. For a complete treatment of the many possibilities for
the association of modular forms to abelian surfaces with potentially extra endomorphisms, see work of
Booker, Sijsling, Sutherland, Voight, and Yasaki [2016]. What remains is the case where End(Aga) = Z,
which is to say that A has minimal endomorphisms defined over the algebraic closure @*; we say then
that A is typical. (We do not say generic, since it is not a Zariski open condition on the moduli space.)

Recently, there has been dramatic progress in modularity lifting theorems for nonlift Siegel modular
forms (i.e., forms not of endoscopic type): see Pilloni [2012] for p-adic overconvergent modularity lifting,
as well as recent work by Calegari and Geraghty [2016, §1.2], Berger and Klosin with Poor, Shurman and
Yuen [Berger and Klosin 2017] establishing modularity in the reducible case when certain congruences
are provided, and a recent manuscript by Boxer, Calegari, Gee, and Pilloni [2018] establishing potential
modularity over totally real fields.

1.2. Main result. For all prime levels N < 277, the paramodular conjecture is known: there are no
paramodular forms of the specified type by work of Poor and Yuen [2015, Theorem 1.2], and correspond-
ingly there are no abelian surfaces by work of Brumer and Kramer [2014, Proposition 1.5]. At level
N =277, there exists a cuspidal, nonlift Siegel paramodular cusp form, unique up to scalar multiple,
by work of Poor and Yuen [2015, Theorem 1.3]: this form is given explicitly as a rational function in
Gritsenko lifts of ten weight 2 theta blocks —see (6.2.2).

Our main result is as follows.

Theorem 1.2.1. Let X be the curve over Q defined by
V42 x+ 1)y =—x2—x;
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let A = Jac(X) be its Jacobian, a typical abelian surface over Q of conductor 277. Let f be the cuspidal,
nonlift Siegel paramodular form of genus 2, weight 2, and conductor 277, unique up to scalar multiple.
Then

L(A,s)=L(f,s,spin).

Theorem 1.2.1 is not implied by any of the published or announced results on paramodularity, and its
announcement in October 2015 makes it the first established typical case of the paramodular conjecture.
More recently, Berger and Klosin with Poor, Shurman, and Yuen [Berger and Klosin 2017] recently
established the paramodularity of an abelian surface of conductor 731 using a congruence with a Siegel
Saito—Kurokawa lift.

Returning to the paramodular conjecture, by work of Brumer and Kramer [2018, Theorem 1.2] there is
a unique isogeny class of abelian surfaces (LMFDB label 277.a) of conductor 277. Therefore, the proof
of Conjecture 1.1.1 for N = 277 is completed by Theorem 1.2.1. (More generally, Brumer and Kramer
[2014] also consider odd semistable conductors at most 1000.)

The theorem implies, and we prove directly, the equality of polynomials L ,(A, T) = Q,(f, T) for
all primes p arising in the Euler product for the corresponding L-series. These equalities are useful in
two ways. On the one hand, the Euler factors L,(A, T) can be computed much more efficiently than
for Q,(f, T): without modularity, to compute the eigenvalues of a Siegel modular form f is difficult
and sensitive to the manner in which f was constructed, whereas computing L ,(A, T') can be done in
average polynomial time [Harvey 2014] and also efficiently in practice [Harvey and Sutherland 2016].
On the other hand, the L-series L(A, s) is endowed with the good analytic properties of L(f, s, spin):
without (potential) modularity, one knows little about L(A, s) beyond convergence in a right half-plane.

By work of Johnson-Leung and Roberts [2014, Main Theorem] there are infinitely many quadratic
characters x such that the twist f of the paramodular cusp form by x is nonzero. By a local calculation
[Johnson-Leung and Roberts 2017, Theorem 3.1], we have Q,(f,,T) = Q,(f, x(p)T) and similarly
L,(A,,T)=L,(A, x(p)T) for good primes p. Consequently, we have L(A,,s) = L(f,,s, spin) for
infinitely many characters yx, and in this way we also establish the paramodularity of infinitely many twists.

We also establish paramodularity for two other isogeny classes in this article of conductors N = 353
and N = 587, and our method is general enough to establish paramodularity in a wide variety of cases.

1.3. The method of Faltings—Serre. We now briefly discuss the method of proof and a few relevant
details. Let Galg := Gal(Q | Q) be the absolute Galois group of @. To establish paramodularity, we
associate 2-adic Galois representations pa, oy : Galg — GSp4(@3l) to A and f, and then we prove by
an extension of the Faltings—Serre method that these Galois representations are equivalent. The Galois
representation for A arises via its Tate module. By contrast, the construction of the Galois representation
for the Siegel paramodular form — for which the archimedean component of the associated automorphic
representation is a holomorphic limit of discrete series — is much deeper: see Theorem 4.3.4 for a precise
statement, attribution, and further discussion.
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The first step in carrying out the Faltings—Serre method is to prove equivalence modulo 2, which can
be done using information on p r obtained by computing Q ,(f, 7) modulo 2 for a few small primes p.
For example, p = 3, 5 are enough for N =277 (see Lemma 7.1.4) and in this case the mod 2 residual
Galois representations

pa, py:Galg — GSpy(F2) =~ Se

have common image Ss5(b) up to conjugation. (There are two nonconjugate subgroups of S isomorphic
to Ss, interchanged by an outer automorphism of Sg: see (5.1.8).)

The second step is to show that the traces of the two representations agree for an effectively computable
set of primes p. For example, to finish the proof of Theorem 1.2.1 in level N = 277, it suffices to show
equality of traces for primes p < 43.

We also carry out this strategy to prove paramodularity for two other isogeny classes of abelian surfaces.
For N =353, we have the isogeny class with LMFDB label 353.a; we again represent the paramodular
form as a rational function in Gritsenko lifts; and the common mod 2 image is instead the wreath product
S35, of order 72. For N = 587, we have the class with label 587 .a; instead, we represent the form as a
Borcherds product; and in this case the mod 2 image is the full group Sg.

1.4. Contributions and organization. Our contributions in this article are threefold. First, we show how
to extend the Faltings—Serre method from GL, to a general algebraic group when the residual mod ¢
representations are absolutely irreducible. We then discuss making this practical by consideration of core-
free subgroups in a general context, and we hope this will be useful in future investigations. We then make
these extensions explicit for GSp, and £ =2. Whereas for GL,, Serre’s original “quartic method” considers
extensions whose Galois groups are no larger than S4, for GSp, we must contemplate large polycyclic
extensions of Sg-extensions — accordingly, the Galois theory and class field theory required to make the
method explicit and to work in practice are much more involved. It would be much more difficult (perhaps
hopeless) to work with GL4 instead of GSp,, so our formulation is crucial for practical implementation.

By other known means, the task of calculating the required traces for o would be extremely difficult.
Our second contribution in this article is to devise and implement a method of specialization of the Siegel
modular form to a classical modular form, making this calculation a manageable task.

Our third contribution is to carry out the required computations. There are nine absolutely irreducible
subgroups of GSp,(F2). The three examples we present cover each of the three possibilities for the residual
image when it is absolutely irreducible and the level is squarefree (see Lemma 5.2.1). Our methods work
for any abelian surface whose mod 2 image is absolutely irreducible, as well as situations for paramodular
forms of higher weight. Our implementations are suitable for further investigations along these lines.

The paper is organized as follows. In Section 2, we explain the extension of the method of Faltings—Serre
in a general (theoretical) algorithmic context; we continue in Section 3 by noting a practical extension of
this method using some explicit Galois theory. We then consider abelian surfaces, paramodular forms,
and their associated Galois representations tailored to our setting in Section 4. Coming to our intended
application, we provide in Section 5 the group theory and Galois theory needed for the Faltings—Serre
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method for GSp,(Z,). In Section 6, we explain a method to compute Hecke eigenvalues of Siegel
paramodular forms using restriction to a modular curve. Finally, in Section 7, we combine these to
complete our task and verify paramodularity.

2. A general Faltings—Serre method

In this section, from the point of view of general algorithmic theory, we formulate the Faltings—Serre
method to show that two ¢-adic Galois representations are equivalent, under the hypothesis that the
residual representations are absolutely irreducible. A practical method for the group GSp,(Z>) is given in
Section 5. For further reading on the Faltings—Serre method, see the original criterion given by Serre
[1985] for elliptic curves over (), an extension for residually reducible representations by Livné [1987,
§4], the general overview for GL, over number fields by Dieulefait, Guerberoff, and Pacetti [2010, §4],
and the description for GL,, by Schiitt [2006, §5]. For an algorithmic approach in the pro-p setting, see
[Grenié 2007].

2.1. Trace computable representations. Let F be a number field with ring of integers Zr. Let F* be
an algebraic closure of F'; we take all algebraic extensions of F' inside F al Let Galp := Gal(F | F) be
the absolute Galois group of F. Let S be a finite set of places of F, let Galr s be the Galois group of the
maximal subextension of F2 O F unramified away from S. By a prime of F we mean a nonzero prime
ideal p C ZF, or equivalently, a finite place of F.

Let G € GL, be an embedded algebraic group over Q. Let ¢ be a prime of good reduction for the
inclusion G € GL,,. A representation Galr s — G(Z,) is a continuous homomorphism.

Definition 2.1.1. Let p;, p2 : Galp s — G(Z,) be two representations. We say p; and p, are (GL,-)
equivalent, and we write p; >~ p», if there exists g € GL,(Z,) such that

p1(0) =gpa(o)g™", forallo € Galpg.

Definition 2.1.2. A representation p : Galp s — G(Z,) is trace computable if tr p takes values in a
computable subring of Z; and there exists a deterministic algorithm to compute tr(Froby) for p € S, where
Frob, denotes the conjugacy class of the Frobenius automorphism at p.

For precise definitions and a thorough survey of the subject of computable rings, see [Stoltenberg-
Hansen and Tucker 1999]. See [Cohen 1993] for background on algorithmic number theory.

Remark 2.1.3. Galois representations arising in arithmetic geometry are often trace computable. For
example, by counting points over finite fields, we may access the trace of Frobenius acting on Galois
representations arising from the étale cohomology of a nice variety: then the trace takes values in Z C Z,
(independent of ¢). Similarly, algorithms to compute modular forms give as output Hecke eigenvalues,
which can then be interpreted in terms of the trace of Frobenius on the associated Galois representation.
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Looking only at the trace of a representation is justified in certain cases by the following theorem, a
cousin to the Brauer—Nesbitt theorem. For r > 1, write

p mod ¢ :Galp s — G(Z/0"Z)
for the reduction of p modulo ¢”, and as a shorthand write
p :Galp s — G(Fp)

for the residual representation p = p mod £. Given two representations pp, oz : Galp s — G(Z;), we
write p; >~ po (mod £") to mean that (p; mod £") >~ (p, mod £") are equivalent as in Definition 2.1.1
but over Z/¢"7Z; we write p; = p; (mod £") to mean that (p; mod £") = (p, mod £"); and we write
trp; = trpy (mod {£") if trpj(0) = trpa(o) (mod £") for all o € Galp g. Finally, we say that p is
absolutely irreducible if the representation Galg s — G(F,) — GL, (F;) is absolutely irreducible.
Theorem 2.1.4 (Carayol). Let p1, p2 : Galp s — G(Z;) be two representations such that p is absolutely
irreducible and let r > 1. Then p; >~ py mod " if and only if tr p; = tr p, modulo ¢".
Proof. See [Carayol 1994, Théoréme 1]. (|
We now state the main result of this section. We say that a prime p of F is a witness to the fact that

p1 % p2 if tr py (Froby) # tr po (Froby).

Theorem 2.1.5. There is a deterministic algorithm that takes as input
an algebraic group G over Q, a number field F,
a finite set S of primes of F, a prime £, and
01, p2 : Galp s = G(Z,) trace computable representations 1.6
with p1, pp absolutely irreducible,

and gives as output
true if p1 = p2;
false and a witness prime p & S if p1 % pa.
The algorithm does not operate on the representations o1, p themselves, only their traces. The proof

of Theorem 2.1.5 will occupy us throughout this section.

2.2. Testing equivalence of residual representations. We first prove a variant of our theorem for the
residual representations. For a finite extension K¢y 2 F of fields with [Kq : '] =n and with Galois closure
K, we write Gal(Ky | F) < §, for the Galois group Gal(K | F) as a permutation group on the roots of a
minimal polynomial of a primitive element for Kj.

Lemma 2.2.1. There exists a deterministic algorithm that takes as input
a number field F,
a finite set S of places of F, and

a transitive group G < S,
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and gives as output

all extensions Ky 2 F(up to isomorphism) of degree n unramified at all places v & S
such that Gal(Kg | F) ~ G as permutation groups.

Moreover, every Galois extension K O F unramified outside S such that Gal(K | F) >~ G as groups

appears as the Galois closure of at least one such Ko 2 F.

Proof. The extensions K have degree n and are unramified away from S, so they have effectively bounded
discriminant by Krasner’s lemma. Therefore, there are finitely many such fields up to isomorphism, by a
classical theorem of Hermite. The enumeration can be accomplished algorithmically by a Hunter search:
see [Cohen 2000, §9.3]. The computation and verification of Galois groups can also be accomplished
effectively.

The second statement follows from basic Galois theory. (I

Remark 2.2.2. For theoretical purposes, it is enough to consider G < §,, in its regular representation
(n = #G), for which the algorithm yields Galois extensions K = Ky 2 F. For practical purposes, it is
crucial to work with small permutation representations.

Algorithm 2.2.3. The following algorithm takes as input the data (2.1.6) and gives as output
true if p1 = p2;
false and a witness prime p € S if p; 2 po.

1. Using the algorithm of Lemma 2.2.1, enumerate all Galois extensions K 2 F up to isomorphism
that are unramified away from § and such that Gal(K | F) is isomorphic to a subgroup of G([Fy).

2. For each of these finitely many fields, enumerate all injective group homomorphisms 6 : Gal(K | F) —
G([F¢) up to conjugation by GL,, (F;).

3. Looping over primes p ¢ S of F, rule out pairs (K, ) such that
tr p1 (Froby) # tr 6 (Froby) (mod £)

for some p until only one possibility (K, ;) remains.

4. Let P be the set of primes used in Step 3. If
tr pp(Froby) = tr 0 (Froby,) (mod ¢)

for all p € P, return true; otherwise, return false and a prime p € P such that tr p,(Froby) #
tr 61 (Froby).

Proof of correctness. Let K be the fixed field under ker p;; then K; is unramified away from S, and we
have an injective homomorphism p; : Gal(K | F) < G(F,). Thus (K1, p;) is among the finite list of
pairs (K, 8) computed in Step 2.

Combining Theorem 2.1.4 (for » = 1) and the Chebotarev density theorem, we can effectively determine
if p1 % 6 by finding a prime p such that tr p; (Froby) # tr6(Froby) (mod £). So by looping over the
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primes p ¢ S of F in Step 3, we will eventually rule out all of the finitely many candidates except one
(K{,0)) and, in the style of Sherlock Holmes, we must have K| = K| and p| >~ 0.

For the same reason, if tr p, (Froby) = tr 6 (Froby,) (mod £) for all p € P we must have p; >~ 6, >~ p.
Otherwise, we find a witness prime p € P. ]

Remark 2.2.4. In practice, we may also use the characteristic polynomial of p;(Frob,) when it is
computable, since it gives more information about the residual image and thereby limits the possible
subgroups of G(F,;) we need to consider in Step 1. This allows for a smaller list of pairs (K, ) and a
smaller list of primes: see Lemma 7.1.4 for an example.

2.3. Faltings—Serre and deformation. With the residual representations identified, we now explain the
key idea of the Faltings—Serre method: we exhibit another representation that measures the failure of
two representations to be equivalent. This construction is quite natural when viewed in the language of
deformation theory: see [Gouvéa 2001, Lecture 4] for background.

For the remainder of this section, let p;, p» : Galp s — G(Z;) be representations such that p; =~
p2 (mod £") for some r > 1. Conjugating p>, we may assume p; = 0, (mod £"), and we write p :=p| = p2
for the common residual representation modulo £. We suppose throughout that p is absolutely irreducible.

Let Lie(G) <M, be the Lie algebra of G over Q@ as a commutative algebraic group. Attached to p is
the adjoint residual representation

ad p : Galp s — Auty, (M, (F,))

(2.3.1)
O > Oy

defined by 0,4(a) := p(0)ap(o)~! for a € M,,(F;). The adjoint residual representation ad p also restricts
to take values in Autr,(Lie(G)([F;)), but we will not need to introduce new notation for this restriction.

Because we consider representations with values in G up to equivalence in GL,,, it is natural that our
deformations will take values in Lie(G) up to equivalence in M,,. With this in mind, we define the group
of cocycles

Z'(F, ad p; Lie(G)(Fy))
:= {(u : Galp,s — Lie(G)(Fy)) : u(07) = (o) + 0aa(u(1)), Vo, T € Galp s} (2.3.2)
and the subgroup of coboundaries
B!(F, ad p; M, (Fy))
:={u € Z'(F, ad p; Lie(G)(F¢)) : 3a € M,,(F¢) such that (o) = a — 0wa(a), Yo € Galps}. (2.3.3)

From the exact sequence
1 > 1+ ¢ Lie(G)(Fp) —» G(Z/0' ' 7) - G(z)e'7) — 1, (2.3.4)
we conclude that for all o € Galr g there exists (o) € Lie(G)(F¢) such that

p1(0) = (1+ £ 11(0))p2(0) (mod €11, (2.3.5)



On the paramodularity of typical abelian surfaces 1153

Lemma 2.3.6. The following statements hold:
(a) The map o — (o) defined by (2.3.5) is a cocycle ;n € Z' (F, ad p; Lie(G)(Fy)).
(b) We have py =~ p, (mod ¢" 1) if and only if u € B (F, ad p; M, (Fy)).
Proof. We verify the cocycle condition as follows:
p1(07) = p1(0)p1(r) = (1 +£" (o)) p2(0) (1 + £ (7)) p2(T)
= (1+£(u(0) + p2(0) (D) p2(0) ™)) p2(0) p2(7)
= (1+'n(@1)p2(07) (mod £+,

s0 w(ot) = u(o) 4+ 0a.a(u(7)) as claimed. For the second statement, by definition p; >~ o, (mod oty if
and only if there exists a, € GL,(Z/ £717) such that for all o € Gal F.s we have

p1(0) = a,pa(0)a " (mod €11, (2.3.7)

Since p1(0) = pp(0) (mod £"), the image of a, in GL,(Z/¢"Z) centralizes the image of p (mod £").
Since the image is irreducible, by Schur’s lemma we have a, mod £" is scalar, so without loss of generality
we may suppose a, = 1 (mod £"), so that a, = 1 + £"a for some a € M,,(F;). Expanding (2.3.7) then

yields
p1(0) =+ a)p(0)(1+7a)" = (14 a)pa(0)(1 — € a)
= (1+"a— ' p2(0)ap(0)~)p2(0)
= (14" (a — 0w(a)))p2(c) (mod £*1)
s0 (o) = a — 0,q(a) by definition (2.3.5). O

Our task now turns to finding an effective way to detect when w is a coboundary. For this purpose, we
work with extensions of our representations using explicit parabolic groups. The adjoint action of GL,,
on M, gives an exact sequence

0—-M,—M,xGL, —>GL, —> 1 (2.3.8)

which extends to a linear representation via the parabolic subgroup, as follows. We embed

M, x GL,, — GL,,

@)~ (1)) =G%)

(on points, realizing M,, x GL,, as an algebraic matrix group). The embedding (2.3.9) is compatible with

(2.3.9)

the exact sequence (2.3.8): the natural projection map
7 :M, xGL, - GL, (2.3.10)

corresponds to the projection onto the top left entry, it is split by the diagonal embedding GL, — GL,,,
and it has kernel isomorphic to M,, in the upper-right entry. We will identify M,, x GL,, and its subgroups
with their image in GL,,.
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Let utr : (M,, x GL,,)(F;) — [F, denote the trace of the upper right n x n-block.
Lemma 2.3.11. The map utr is well-defined on conjugacy classes in (M,, x GL;,)([F).
Proof. For all g, h € GL,(F,;) and a, b € M,,(F;) we have

h bh\ (g ag\(h™' —h='b\ _ (hgh™' hagh~'+bhgh~' —hgh~'b 23.12)
0 n)\og)\Lo w! J7L o0 hgh™! o
so the upper trace is tr(hagh™' +bhgh™" — hgh™'b) = tr(ag). O

For € Z'(F, ad p; Lie(G)(F,)) we define
@ Galp s — (Lie(G) x G)(F¢) < GLoy(Fp)

p(o) M(G)ﬁ(6)> (2.3.13)
0 plo) )

Proposition 2.3.14. Let i € Z'(F, ad p; Lie(G)(Fy)). Then the following statements hold:

o = (u(o), plo)) = (

(a) The map ¢, defined by (2.3.13) is a group homomorphism, and 7 o ¢, = p.

(b) We have € BI(F, ad p; M, (Fy)) if and only if ¢, is conjugate to ¢y = ('g g) by an element of
M, (Fe) = (M, % GL,) (Fp).

(c) Suppose v is defined by (2.3.5). Then for all o € Galf_g,

t —t
utr g, (0) = tr(p(0)p(0)) = rp1(0) = £0209) (1od o). (2.3.15)
Proof. For (a), the cocycle condition implies that ¢,, is a group homomorphism: the upper right entry of

(o) is

u(eT)p(oT) = (1) + p(o)u(t)p(0)~Hp(0)p(t) = 11(0)p(0) p(T) + p(0) 1 (T) p(T)

which is equal to the upper right entry of ¢, (0)¢, (7) obtained by matrix multiplication.
For (b), the calculation

La\(pl) O 1 —a\ _ (p(o) ap(o)—p(o)a
(O 1)( 0 /5(0)>(0 1)_( 0 p(0) ) (2.3.16)

shows that ¢, = agoa~! for a € M,,(F,) if and only if u(o)p(c) =ap(o) — p(o)a for all o € Galp g.
Multiplying on the right by p(c) ™!, we see this is equivalent to j1(0) = a — 0,q(a) for all o € Gal F.S-
Finally, (c) follows directly from (2.3.5). [l

Definition 2.3.17. Let K be the fixed field under p. We say a pair (L, ¢) extends (K, p) if
¢ : Galp s — (Lie(G) x G)(F¢) < GLan(Fe)
is a representation with fixed field L such that w o ¢ = p.

If (L, ¢) extends (K, p), then L D K is an £-elementary abelian extension unramified outside S, since
¢ induces an injective group homomorphism Gal(L | K) — Lie(G)(F;).
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Definition 2.3.18. A pair (L, ¢) extending (K, p) is obstructing if utrg # 0 (mod £), and we call
the group homomorphism ¢ an obstructing extension of p. An element o € Gal(L | F) such that
utr (o) # 0 (mod ¢) is called obstructing for ¢.

We note the following corollary of Proposition 2.3.14.
Corollary 2.3.19. Let ju be defined by (2.3.5) and ¢,, by (2.3.13). Then ¢,, extends p, and ¢,, is obstructing
ifand only if i & B'(F, ad p; M, (Fy)).

Proof. The map ¢,, extends p by Proposition 2.3.14(a). We prove the contrapositive of the second
statement: u € B'(F, ad p; M,,(Fy)) if and only if utr ¢, =0 (mod £). The implication (=) is immediate
from Proposition 2.3.14(b) and the invariance of utr by conjugation (Lemma 2.3.11). For (<), if
utr ¢, =0 (mod ¢) then tr p; = tr p» (mod £7+1) by Proposition 2.3.14(c). Now Theorem 2.1.4 implies
p1 = pa (mod £"t1), hence u € B!(F, ad p; M,,(F;)) by Lemma 2.3.6(b). O

Before we conclude this section, we note the following important improvement. Let Lie®(G) < Lie(G)
be the subgroup of trace zero matrices, and note that Lie’(G)(F,) is invariant by the adjoint residual
representation.

Lemma 2.3.20. If det p; = det ps, then u takes values in Lie?(G)(F,).

Proof. By (2.3.5), we have 1 = det(,olpz_l) =det(l+¢"u) =1+ £ trpu (mod £?) so accordingly
tru(o) =0 (mod £) and (o) € Lie?(G)(F,) forall o € Galfrs. O

In view of Lemma 2.3.20, we note that Proposition 2.3.14 and Corollary 2.3.19 hold when replacing
Lie(G) by Lie’(G).

2.4. Testing equivalence of representations. We now use Corollary 2.3.19 to prove Theorem 2.1.5.
Algorithm 2.4.1. The following algorithm takes as input the data (2.1.6) and gives as output

true if p1 >~ p2;

false and a witness prime p if p; 2% ps.

1. Apply Algorithm 2.2.3; if p; % p», return false and the witness prime p. Otherwise, let K be the
fixed field under the common residual representation p.

2. Using the algorithm of Lemma 2.2.1, enumerate all £-elementary abelian extensions L 2 K unramified
away from § and such that Gal(L | F) is isomorphic to a subgroup of (Lie(G) x G)(F,).

3. For each of these finitely many fields L, by enumeration of injective group homomorphisms
Gal(L | F) — (Lie(G) © G)(F,), find all obstructing pairs (L, ¢) extending (K, p) up to conjugation
by (M, x GL,) (Fe).

4. For each such pair (L, ¢), find a prime p ¢ S such that utr ¢ (Frob,) # 0 (mod £).

5. Check if tr p; (Froby) = tr p2(Froby,) for the primes in Step 4. If equality holds for all primes, return
true; if equality fails for p, return false and the prime p.
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Remark 2.4.2. In Step 2, we may instead use algorithmic class field theory (and we will do so in practice).
Moreover, if we know that det p; = det p,, then we can replace Lie(G) by Lie?(G) by Lemma 2.3.20.

Proof of correctness. By the Chebotarev density theorem, in Step 4 we will eventually find a prime p & S,
since utr is well-defined on conjugacy classes by Lemma 2.3.11. In the final step, if equality does not
hold for some prime p, we have found a witness, and we correctly return false.

Otherwise, we return true and we claim that p; >~ p, so the output is correct. Indeed, assume
for purposes of contradiction that p; % p,. Then there exists r > 1 such that p; >~ p, (mod ¢") but
p1 2 p2 (mod £7+1). We can assume as before that p; = p, (mod £”). We define x by (2.3.5) and ¢ by
(2.3.13). Let L, be the fixed field of ¢,,. By Lemma 2.3.6 we have p B! (F, Lie(G)(F¢); M,,(F;)), hence
by Corollary 2.3.19 ¢,, extends p and is obstructing. It follows that the pair (L, ¢,,) is, up to conjugation
by M, x GL,)(F,), among the pairs computed in Step 3. In particular there is a prime p in Step 4
such that utr ¢, (Frob,) # 0 (mod ¢). But then by (2.3.15) we would have tr p; (Froby) # tr p,(Frob,),
contradicting the verification carried out in Step 5. (I

The correctness of Algorithm 2.4.1 then proves Theorem 2.1.5.

Remark 2.4.3. In the case G = GSp,,. using an effective version of the Chebotarev density theorem,
Achter [2005, Lemma 1.2] has given an effective upper bound in terms of the conductor and genus to
detect when two abelian surfaces are isogenous. This upper bound is of theoretical interest, but much too
large to be useful in practice. In a similar way, following the above strategy one could give theoretical
(but practically useless) upper bounds to detect when two Galois representations are equivalent.

3. Core-free subextensions

The matrix groups arising in the previous section are much too large to work with in practice. In this section,
we find comparatively small extensions whose Galois closure give rise to the desired representations.

3.1. Core-free subgroups. We begin with a condition that arises naturally in group theory and Galois
theory.

Definition 3.1.1. Let G be a finite group. A subgroup H < G is core-free if G acts faithfully on the
cosets G/H.

1

Equivalently, H < G is core-free if and only if [ gec 8Hg™ = {1}. For example, the subgroup {1} is

core-free.

Definition 3.1.2. Let K D F be a finite Galois extension of fields with G = Gal(K | F). A subextension
K 2 Ky 2 F is core-free if Gal(K | Ko) < G is a core-free subgroup.

Lemma 3.1.3. The subextension K O Ky D F is core-free if and only if K is the Galois closure of K
over F.

Proof. Immediate. [l
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If K © Ko 2 F is a core-free subextension of K O F with Ko = F (), then by definition the action of
Gal(K | F) on the conjugates of « defines a faithful permutation representation, equivalent to its action
on the left cosets of Gal(K | Kj).

We slightly augment the notion of core-free subextension for two-step extensions of fields, as follows.

Definition 3.1.4. Let
1 V—-EIZG—1 (3.1.5)

be an exact sequence of finite groups. A core-free subgroup D < E is exact (relative to (3.1.5)) if w (D)
is a core-free subgroup of G.

If D < E is an exact core-free subgroup we let H := (D) and W := V N D =ker |p, so there is an
exact subsequence

l1-W—->D-ZH-—1 (3.1.6)

with both D < E and H < G core-free. (We do not assume that W < V is core-free.)
Now let L © K D F be a two-step Galois extension with V := Gal(L | K), E := Gal(L | F),
G :=Gal(K | F) and 7 : E — G the restriction, so we have an exact sequence as in (3.1.5).

Definition 3.1.7. We say Ly 2 K D F is an exact core-free subextension of L > K D F if Lo = L
and Ky = K™?) where D < E is an exact core-free subgroup.

Let Ly © Ko 2 F be an exact core-free subextension of L O K D F, so that Gal(L | Ly) = D.
As above we let H := (D) = Gal(K | Kg) and W :=V N D = Gal(L | KLp). By (3.1.6) we have
H>~D/W =Gal(K Lg| Lg), and we have the following field diagram:

L
Vv
BN
D KLo
=
K

Lo

.

F

(3.1.8)

/

By Lemma 3.1.3, L is the Galois closure of Ly over F, and K is the Galois closure of K over F. We
read the diagram (3.1.8) as giving us a way to reduce the Galois theory of the extension L © K D F to
Lo 2 Ko D F: the larger we can make D, the smaller the extension Ly 2 Ko 2 F, and the better for
working explicitly with the corresponding Galois groups.
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3.2. Application to Faltings—Serre. We now specialize the preceding discussion to our case of interest;
although working with core-free extensions does not improve the theoretical understanding, it is a crucial
simplification in practice.

In Steps 2-3 of Algorithm 2.4.1, we are asked to enumerate obstructing pairs (L, ¢) extending (K, p),
with ¢ : Gal(L | F) — (Lie(G) x G)([Fy).

Let G :=imgp < G(F,;). Given (L, ¢), the image of ¢ is a subgroup E < Lie(G)(F,) x G with
m(E) = G; letting V := Lie(G)(F;) N E we have an exact sequence

- V—->ESG—1 (3.2.1)

arising from (2.3.8).

So we enumerate the subgroups E < Lie(G)(F,) x G with 7 (E) = G, up to conjugation by M,,(F;) X G.
The enumeration of these subgroups depends only on G, so it may be done as a precomputation step,
independent of the representations.

For each such E, let D be an exact core-free subgroup relative to (3.2.1). We let Ly = L? and
Ko= K™ hence Lo 2 Ko 2 F is an exact core-free subextension of L 2 K D F and we have the field
diagram (3.1.8) where H = (D) and W =V N D as before. Since V is abelian, K Lo 2 K is Galois and
hence Lo 2 Kj is also Galois, with common abelian Galois group Gal(Lg | Ko) ~Gal(KLg | K) =V /W.
So better than a Hunter search as in Lemma 2.2.1, we can use algorithmic class field theory (see [Cohen
2000, Chapter 4]) to enumerate the possible fields Ly 2 K.

Accordingly, we modify Steps 2-3 of Algorithm 2.4.1 then as follows.

2. Enumerate the subgroups E < Lie(G)(F,) x G with 7(E) = G, up to conjugation by M,,(F;) x G,
such that utr(E) # 0 (mod £). For each such subgroup E, perform the following steps:

a. Compute a set of representatives £ of (outer) automorphisms of E such that & acts by an inner
automorphism on G, modulo inner automorphisms by elements of M, (F,) X G.

b. Find an exact core-free subgroup D < E and let W, H be as in (3.1.6).

c. Let Ko = K and use algorithmic class field theory to enumerate all possible extensions Lo 2 K
unramified away from S such that Gal(Lg | Ko) ~ V/W.

3'. For each extension L¢ from Step 2'c and for each E, perform the following steps:

a. Compute an isomorphism of groups ¢ : Gal(L | F) = E extending p; if no such isomorphism
exists, proceed to the next group E.
b. Looping over & computed in Step 2a, let ¢ := & o ¢, and record the pair (L, ¢).

Proof of equivalence with Steps 2—3. We show that these steps enumerate all obstructing pairs (L, ¢) up
to equivalence.

Let L be an obstructing extension. For an obstructing extension ¢ of p, the image E = img ¢ arises up
to conjugation in the list computed in Step 2’; such conjugation gives an equivalent representation. So we
may restrict our attention to the set ® of obstructing extensions ¢ whose image is equal to E.
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With respect to the core-free subgroup D, the field L arises as the Galois closure of the field Ly = L?,
and so Lo will appear in the list computed in Step 2'c. An exact core-free subgroup always exists as we
can always take D the trivial group.

In Step 3’a, we compute one obstructing extension ¢y € ®. Any other obstructing extension ¢ € ®
is of the form ¢ = £ o g9 where £ is an automorphism of E that induces an inner automorphism on G;
when & arises from conjugation by an element of Lie(G)(F,) x G, we obtain a representation equivalent
to ¢, so the representatives £ computed in Step 2'a cover all possible extensions ¢ up to equivalence. [

We now explain in a bit more detail Steps 2’a and 3'a—in these steps, we need to understand how
Gal(L | F) restricts to Gal(K | F) via its permutation representation. The simplest thing to do is just
to ignore the conditions on &, i.e., in Step 2'a allow all outer automorphisms and in Step 3’a take any
isomorphism of groups; a fortiori, we will still encounter every one satisfying the extra constraint. To
nail it down precisely, we compute the group Aut(Lg | F) of F-automorphisms of the field L, for
each automorphism 7 of order 2 compute the fixed field, until we find a field isomorphic to Ky; then
Gal(K | F) is the stabilizer of {8, 7(8)}, and so we can look up the indices of these roots in the permutation
representation of Gal(L | F).

In the above, we may also use Lie’(G) in place of Lie(G) if we are also given det p; = det p,, by the
discussion at the end of Section 2.3.

3.3. Computing conjugacy classes, in stages. We now discuss Step 4 of Algorithm 2.4.1, where we are
given (L, ¢) and we are asked to find a witness prime. In theory, to accomplish this task we compute the
conjugacy class of Froby, in Gal(L | K) using an algorithm of Dokchitser and Dokchitser [2013] and then
calculate utr ¢ (o) for any o in this conjugacy class.

In practice, because of the enormity of the computation, we may not want to spend time computing
the conjugacy class if we can get away with less. In particular, we would like to minimize the amount
of work done per field. So we now describe in stages ways to find obstructing primes; each stage gives
correct output, but in refining the previous stage we may be able to find smaller primes. Each of these
stages involves a precomputation step that only depends of the group-theoretic data.

In Step 2" above, we enumerate subgroups E and identify an exact core-free subgroup D. We identify
E with the permutation representation on the cosets £/D.

In Step 3" above, we see the extension L 2 K D F via a core-free extension Ly 2 Ko 2 F, and these
fields are encoded by minimal polynomials of primitive elements. We may compute Gal(L | F) as a
permutation group with respect to some numbering of the roots, and then insist that the isomorphism
@o : Gal(L | F) = E computed in Step 3'a is an isomorphism of permutation representations.

For p ¢ S, for the conjugacy class Froby, the cycle type c(Froby, Lo) can be computed very quickly by
factoring the minimal polynomial of Ly modulo a power p* where it is separable (often but not always
k = 1 suffices). This cycle type may not uniquely identify the conjugacy class, but we can try to find a
cycle type which is guaranteed to be obstructing as follows.

4. Perform the following steps:
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a. For each group E computed in Step 2’ with core-free subgroup D, identify E with the permutation
representation on the cosets E/D. For each & computed in Step 2'a for E, compute the set of
cycle types

Obc(E, &) :={cE(y)):y e Eand utry #0 (mod )} \ {c((y)):y € E and utry =0 (mod ¢)}.

b. For each field (L, ¢), with L encoded by the core-free subfield Ly and ¢ <> & as computed in
Step 3'b find a prime p such that c(Froby, L) € Obc(E, £).

In computing Obc(E, &), of course it suffices to restrict to y in a set of conjugacy classes for E.

Step 4’ gives correct output because the set of cycle types in Obc(E, &) are precisely those for which
every conjugacy class in E with the given cycle type is obstructing. It is the simplest version, and it is the
quickest to compute provided that Obc(E, &) is nonempty.

Remark 3.3.1. In Step 4’a, there may be a cycle type which arises in two ways, from y, y’ € E, with
utry # 0 (mod £) and utry’ =0 (mod £); such a cycle type is not guaranteed to be obstructing.

Remark 3.3.2. In a situation where there are many outer automorphisms £ to consider, it may be more
efficient (but give potentially larger primes and possibly fail more often) to work with the set

Obc(E) := ﬂ Obc(E, &) (3.3.3)
§
consisting of cycle types with the property that every conjugacy class in E under every outer automorphism
& is obstructing. In this setting, in Step 4’b, we can loop over just the fields L and look for p with
c(Froby) € Obc(E).

In the next stage, we seek to combine also cycle type information from Gal(K | F'), arising as a
permutation group from the field K. Via the isomorphism ¢ : Gal(L | F) = E and the construction of
the core-free extension, as a permutation group Gal(L | F') is isomorphic to the permutation representation
of E on the cosets of D. (The numbering might be different, but there is a renumbering for which the
representations are equal.) In the same way, the group Gal(K | F') is isomorphic as a permutation group to
the permutation representation of 77 (E£) = G on the cosets of the subgroup 7(D) = H, where 7 : E — G
is the projection. So we have the following second stage.

4”. Perform the following steps:

a. For each group E computed in Step 2" and each & computed in Step 2'a for E, compute the set
of pairs of cycle types

Obc(E,G,§)
={(c(§(y)),c((y))):y € E and utry #0 (mod £)}\{(c(§(y)),c(m(y))):y € E and utry =0 (mod £)}.
b. For each field (L, ¢), with L encoded by Ly and ¢ <> &, find a prime p such that

(c(Froby, Lg), c(Froby, Ko)) € Obc(E, G, §).
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Step 4” works for the same reason as in Step 4': the cycle type pairs in Obc(E, G, &) are precisely those
for which every conjugacy class in E with the given pair of cycle types is obstructing. The precomputation
is a bit more involved in this case, but the check for each field is still extremely fast.

Remark 3.3.4. Instead of the cycle type, a weaker alternative to Step 4” would be to record the order of
Frob, € Gal(K | F).

Remark 3.3.5. Assuming that tr p(Frob,) can be computed efficiently, one additional piece of data that
may be appended to the pair of cycle types is tr p(y).

Remark 3.3.6. If L arises from several different choices of core-free subgroup, then these subgroups
give different (but conjugate) fields L. Because we are not directly accessing the conjugacy class above,
but only cycle type information, it is possible that replacing Ly by a conjugate field will give smaller
witnesses. In other words, in Step 4'b or 4”b above, we could loop over the core-free subgroups D and
take the smallest witness among them.

Finally, we may go all the way and compute conjugacy classes. Write [y ]g for the conjugacy class of
a group element y € E.

4", Perform the following steps:

a. For each group E computed in Step 2" and each & computed in Step 2'a for E, compute the set
of obstructing conjugacy classes

Ob(E,&):={lylg:y € E and utry #0 (mod ¢)}

b. For each field (L, ¢), with L encoded by Ly and ¢ < £, find a prime p such that Frob, €
Ob(E, G, ).

We now explain some examples in detail which show the difference between these stages.

Example 3.3.7. Anticipating one of our three core cases, we consider G = GSp, and ¢ =2 over F = Q.
(The reader may wish to skip ahead and read Sections 4-5 to read the details of the setup, but this
example is still reasonably self-contained.) We consider the case of a residual representation with image
G = S5(b) < GSp,(F2) (see (5.1.8)), and then a subgroup E < sp, ¥ G with dimf, V = 10. We find a
core-free subgroup D where #4 =10 and [V : W] = 2.

We compute in Step 2'a that we need to consider 8 automorphisms &, giving rise to 8 homomorphisms .
With respect to one such &, we find that there are 48 conjugacy classes that are obstructing. Among these,
computing as in Step 4’a, we find that 17 are recognized by their Ly-cycle type:

Obc(E; £) ={3%2", 412418, 412716 4318, 4%211°,6'3%2!, 814222 8'4°% 107, 12'3%2!, 12'6!2'}. (3.3.8)
If instead we call Step 4”a, we find that 35 = #Obc(E, G, &) are recognized by the pair of Lo, Ko-cycle

types (and 22 recognized by Lg-cycle type and Ky-order). This leaves 13 conjugacy classes that cannot
be recognized purely by cycle type considerations, for which Step 4" would be required.
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For the other choices of £, we obtain similar numbers but different cycle types. If we restrict to just
Lo-cycle types that work for all such as in Remark 3.3.2, we are reduced to a set of 8:
Obc(E) = {412*413,41291°, 4318, 432119, 63421, 814222 8143, 10?}. (3.3.9)
To see how this plays out with respect to the sizes of primes, we work with the field K arising as the
Galois closure of Ko = K/ defined by a root of the polynomial
x1043x2 4 x8 — 100" — 176 — 7 + 11x* + 18x° + 13x% +5x + 1
and similarly Lo = L? by a root of
X204 3x 18 5x 16 pox ! _5x 12 13x10 1308 —6x® 4 x4+ x2 - 1.

If we restrict to the cycle types in (3.3.8) (or (3.3.9)), we obtain the multiset of witnesses {5, 5, 5, 5, 23, 23,
29, 29}. If we work with Obc(E, G, &), we find {5, 5, 5, 5, 19, 19, 23, 23} instead; the difference is two
cases where the witness p = 29 is replaced by p = 19, so we dig a bit deeper into one of these two cases.
In L, the factorization pattern of 19 is 62322!. But apparently we cannot be guaranteed to have
utr(Frob,) = 1 (mod 2) just looking at cycle type. Indeed, there are three conjugacy classes with this
cycle type: one of order 1280 and two of order 2560, represented by the permutations
(1918)(215612516)(3207131017)(414)(8 11 19),
(119811918)(215612516)(32017)(414)(71310),

(1102384)(596)(717)(11201213 18 14)(1519 16)

in Sy mapping respectively to the matrices

10110000 10110000 10101011
01110000 01110000 10001011
01010111 01010000 01010000
00010000 00011011 01001011
00001011 00001011 00001010
00000111 00000111 00001000
00000101 00000101 00000101
00000001 00000001 00000100

So precisely the first two conjugacy classes have upper trace 1 and are obstructing, whereas the third has
upper trace 0 and is not obstructing. So by cycle types in L alone, indeed, we cannot proceed.

But we recover using the Ko-cycle type. For the obstructing classes, the cycle type in the permutation
representation of G is 3°1!, whereas for the nonobstructing class the cycle type is 6'3'1!. We compute
that the factorization pattern for 19 in Ky is type 321!, which means 19 belongs to an obstructing class. If
we go all the way to the end, we can compute that the conjugacy class of Frob;g in fact belongs to the
second case.
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4. Abelian surfaces, paramodular forms, and Galois representations

We pause now to set up notation and input from the theory of abelian surfaces, paramodular forms, and
Galois representations in our case of interest.

4.1. Galois representations from abelian surfaces. Let A be a polarized abelian variety over Q. For
example, if X is a nice (smooth, projective, geometrically integral) genus g curve over @, then its
Jacobian Jac X with its canonical principal polarization is a principally polarized abelian variety over (1
of dimension g. Let N := cond(A) be the conductor of A. We say A is typical if End(A¥) = Z, where
A := Aga is the base change of A to Q2.

Lemma 4.1.1. Let A be a simple, semistable abelian surface over Q with nonsquare conductor. Then A
is typical.

Proof. By Albert’s classification, either End(A) = Z or End(A) is an order in a quadratic field. In the
latter case, cond(A) is a square by the conductor formula (see [Brumer and Kramer 2014, Lemma 3.2.9]),

a contradiction. Therefore End(A) = Z. Since A is semistable, all endomorphisms of A? are defined over
Q by a result of Ribet [1975, Corollary 1.4]. Thus End(A) = End(A) = Z, and A is typical. [l

Lemma 4.1.2. An abelian surface over Q of prime conductor is typical.

Proof. 1f A is not simple over @, then we have any isogeny A ~ A; x A over Q to the product of
abelian varieties A, A, over (0, and cond(A) = cond(A) cond(A;). But since A is prime, without loss
of generality cond(A) = 1, contradicting the result of Fontaine [1985] that there is no abelian variety
over () with everywhere good reduction. Therefore A is simple over Q. Since N = cond(A) is prime, A
is semistable at NV, and the result then follows from Lemma 4.1.1. ]

From now on, suppose that g =2 and A is a polarized abelian surface over Q. Let £ be a prime with
£+ N and ¢ coprime to the degree of the polarization on A. Let S be a finite set of places of Q containing
£, oo and the primes of bad reduction of A. Let

xe : Galg,s = Z;
denote the £-adic cyclotomic character, so that x¢(Frob,) = p. Then the action of Galg on the £-adic
Tate module
To(A) :=lim A[¢"] ~ H{ (A, Z,) ~ Z;
n
(where A[£"] denotes the ¢"-torsion of A) provides a continuous Galois representation

pa.¢: Galg s — GSp,y(Z,) “4.1.3)

with determinant ng and similitude character x, that is unramified outside £N. We may reduce the
representation (4.1.3) modulo £ to obtain a residual representation

Pae: Galg s — GSpy(Fy),
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which can be concretely understood via the Galois action on the field Q(A[£]).
For a prime p # ¢, slightly more generally we define

L,(A, T) :=det(1— T Frob% | Hy (A", Q»)') (4.1.4)

where Frob; is the geometric Frobenius automorphism, I, < Galg g is an inertia group at p, and the
definition is independent of the auxiliary prime £ # p (by the semistable reduction theorem of Grothendieck
[SGA 71 1972, Expose IX, Théoreme 4.3(b)]). In particular, when p 1 £ N, we have

det(1— pa,e(Frob,)T) = L,(A, T)=1—a,T +b,.T*— pa,T° + p*T* € 1 + TZ[T].  (4.1.5)
Moreover, if A =Jac X and p does not divide the minimal discriminant A of X, then

_ Ly(AT)
 (1-T)(1 - pT)

Z(X mod p, T) := exp(Z #X([Fpr)T—r)
p

r=1

so the polynomials L ,(A, T') may be efficiently computed by counting points on X over finite fields. We
define

L(A.s):=]][LpA. p~7" (4.1.6)
p

this series converges for s € C in a right half-plane.

4.2. Paramodular forms. We follow Freitag [1983] for the theory of Siegel modular forms. Let H; C
M, (C) be the Siegel upper half-space. For M = (é g) € GSpj([R), J = (fl (1)) as usual, and T the
transpose, we have M7 JM = j1J with = det(M)'/? > 0 the similitude factor.

For a holomorphic function f : Hy — Cand M € GSpI([R) and k € Z-(, we define the classical slash
(fliM)(Z) = u*3det(CZ+ D) * fF(AZ+ B)(CZ+ D)™ h). 4.2.1)
Let I' < Sp,(R) be a subgroup commensurable with Sp,(Z). We denote by
My(T) :={f : Ha = C: (flky)(Z) = f(Z) forall y € T}

the C-vector space of Siegel modular forms with respect to I", and S (I") € M, (I") the subspace of forms
vanishing at the cusps of I', called the space of cuspforms.
To each double coset ' MT" with M € GSp;f|r (@), we define the Hecke operator

TITMT) : Mi(T') = Mi(T") 4.2.2)

as follows: from a decomposition TMT =| | j I'Mj of the double coset into disjoint single cosets, we
define f|;)T(CMT) =) j flkM;. The action is well-defined, depending only on the double coset, and
T(I'MT) maps Si(I') to S ().
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Let N € Z>;. The paramodular group K (N) of level N in degree two is defined by

Z N7 7 7
7 7 7 N7

K(N) := 7 NZ 7 7 N Spy(Q). (4.2.3)
NZ NZ N7 Z

The paramodular group K (N) has a normalizing paramodular Fricke involution, uy € Sp,(R), given by

_ (DT 0)
MN—( 0 Fy
1 (0-N

where Fy = «/_N(l 0 ) is the Fricke involution for I'g(N). Consequently, for all k we may decompose

My (K (N)) = My (K (N))" & My(K(N))~ (4.2.4)

into plus and minus w y-eigenspaces.
Write e(z) = exp(2m+/—1z) for z € C. The Fourier expansion of f € My(K(N)) is

F(Z)=)_a(T: fe((T 2)) (4.2.5)

>0

for Z € H, and the sum over semidefinite matrices

T=(,) M) EMY"(@)=o withn,r,meZ.

For a subring R € C, we denote by
Mi(K(N), R):={f e Mi,(K(N)):a(T; f) e R forall T > 0} (4.2.6)

the R-module of paramodular forms whose Fourier coefficients all lie in R, and similarly we write
Si (K (N), R) for cusp forms and S; (K (N), R)* for the eigenspaces under the Fricke involution. The
ring of paramodular forms with coefficients in R

M(K(N), R) := P Mc(K(N), R)
k=0

is a graded R-algebra.
For a prime p 1 N, the first (more familiar) Hecke operator we will use is

T(p) := T(K(N)diag(1, 1, p, p)K(N)) 4.2.7)
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whose decomposition into left cosets is given by

K(N)diag(1,1, p, p)K(N)

p 000 10i0
0po0oO 0p 00O
=K(N K(N
(N) 1052 (N) » 0
i mod p
01 01
p 00 0 10 j
i 10 j 01 j k
K(N K(N 4.2.8
+4_Z (N) 1_.+_.Z (N) ool “2®
i,j mod p i,j,k mod p
0 p 0p

with indices taken over residue classes modulo p. Writing T'[u] = u'Tu for T, u € My(Q), the action of
T (p) on Fourier coefficients a(T'; f) is given by

a(T; fUT () =a(pT: N+ 3 aGT[; L )+ P 2aGTIGV]: 1) + 2™ 2a(GTs ).
Jj mod p

4.2.9)

Hence for k > 2, the Hecke operator T (p) stabilizes Sy (K (N), R). In particular, taking R = Z we see
that if f has integral Fourier coefficients, then f|;7 (p) has integral Fourier coefficients for k > 2.

We will also make use of another, perhaps less familiar, Hecke operator. For K (N) and a prime p { N,

we define
Ti(p*) = T(K (N) diag(1, p, p*, p)K (N)). (4.2.10)

Lemma 4.2.11. The coset decomposition for Ty (p?) is given by

K(N)diag(1, p, p*, p)K (N)

p 0 00 p> 00 0
0 p>00 pi p0 O
=K(N K(N
0] R EED D (] L
i mod p
01 0 p
p0i 0 p 0 i%j ij
0pO0O 0p ij j
K(N K(N
+ Y K(N) bolT > kW) 0
i#£0 mod p i mod p,
Op j#0 mod p 0 p
10 j i p 00 pj
0p pi O i1 j k
+ Z K(N) 2 o | * Z K(N) |1 @212
i mod p, p i,j mod p, p _pzl
Jj mod p? 0 p k mod p? 0 p

Proof. The cosets are from [Roberts and Schmidt 2007, (6.6)] after swapping rows one and two and
columns one and two, applying an inverse, and multiplying by the similitude p. U
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Define the indicator function 1(p | y) by 1 if p |y and by 0 if p{y. Then the action of T;(p?) on the
Fourier coefficients is:

a(T; fRTI(P*) =P Y a(T[} 0] £)+ P a(T[}1]: f)

x mod p

#0705 T )+ PG )
Jj mod p (4213)

+p* 0 (p1(p | T[]) = Va(T; f)
+p%70 Y (pU(pIT[}]) — 1)a(Ts f).

A mod p

Hence for k > 3, the Hecke operator 77( pz) stabilizes Sx(K(N), R). In particular, if f has integral
Fourier coefficients, then f|;T;(p?) has integral Fourier coefficients for k > 3. However, for k = 2, we
only know that p? f|; Ti (p?) is integral when f is (and there are examples where f|>T;(p?) has p? in
the denominator of some Fourier coefficients).

Summarizing the above, we have:

T'(p) =T(K(N)diag(l, 1, p, p)K(N)); deg T (p) = (1+ p)(1 + p*);

5 ) 5 5 5 (4.2.14)
T (p7) = T(K(N) diag(L, p, p*, p)K(N)); degTi(p”) =1+ p)(1+p9)p.
We define two new operators:
T>(p?) :=T(K (N) diag(p, p, p, p)K (N)) = p*~°id
2(p gp,p,p, P p 4.2.15)

B(p? = p(Ti(p») + (1 + pH)Ta(p?)

If f is an eigenform of weight k for the operators T (p) and T;(p?), with corresponding eigenvalues
ap(f),ay ,2(f) € C, then f is an eigenform for the operator B( p?) with eigenvalue

by (f) = pay 2 () + p* (1 +p?). (4.2.16)
Lemma 4.2.17. Ifk =2 and | has integral Fourier coefficients, then b > (f) € Z.
Proof. We have observed that pzaly »2(f) € Z. From (4.2.13), we observe the congruence
PP(FRTi(p?) = pPay, 2 (f) f =—f (mod p).
so p | (pzalypz(f) + 1). Therefore
bp(f) = pay (£ + A +p)/p=(pPa2(H+D/p+pel O

Following Roberts and Schmidt [2006; 2007], to f we then assign the spinor Euler factor at ptN in
the arithmetic normalization by

Qy(f.T):=1—ay,(NHT +b(HT> = p*a,(HT> + p*°T* e 1+ TCIT]. (4.2.18)
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We will also call Q,(f, T') the spinor Hecke polynomial at p. If f has integral Fourier coefficients, then
by Lemma 4.2.17 we have Q,(f, T) e 1 +TZ[T].

4.3. Galois representations from Siegel modular forms. We now seek to match the Galois representation
coming from an abelian surface with one coming from an automorphic form. In this section, we explain
the provenance of the latter.

We follow the presentation of Schmidt [2018] for the association of an automorphic representation
to a paramodular eigenform. Let I' < GSp,(Q)™ be a subgroup commensurable with Sp,(Z) and let
f € Si(I') be a cuspidal eigenform at all but finitely many places. In general, the representation 7 s
generated by the adelization of f may be reducible and hence not an automorphic representation at all. It
is still possible however, to associate a global Arthur parameter for GSp4(A) to f as follows. Because
f 1is cuspidal, the representation 77y decomposes as the direct sum of a finite number of automorphic
representations, and each summand has the same global Arthur parameter among one of six types: the
general type (G), the Yoshida type (Y), the finite type (F), or types (P), (Q) or (B) named after parabolic
subgroups. Thus we may associate a global Arthur parameter directly to a paramodular eigenform f.
The only type of global Arthur parameter that concerns us here is type (G) given by the formal tensor
w X1, where w is a cuspidal, self-dual, symplectic, unitary, automorphic representation of GL4(A) and 1
is the trivial representation of SU, (A).

Remark 4.3.1. One can consider the eigenforms of type (G) to be those that genuinely belong on GSp,.

Second, when f is of type (G) or (Y), the associated representation 7 s is irreducible and f is necessarily
an eigenform at all good primes. Third, the type of f may be determined by checking one Euler factor at
a good prime. We state the paramodular case I' = K (N).

Proposition 4.3.2 (Schmidt). Ler f € Sx(K(N)) be a cuspidal eigenform for all primes ptN. Let p{N
be prime and let Q,(f, T) be the Hecke polynomial of f at p defined in (4.2.18) in the arithmetic
normalization. Then f is of type (G) if and only if all reciprocal roots of Q ,(f, T) have complex absolute

value p*=3/2.

Proof. Converting from analytic to arithmetic normalization, by [Schmidt 2018, Proposition 2.1] the
stated local factor condition implies that f is of type (G) or (Y), but paramodular cusp forms cannot be
type (Y) also by [Schmidt 2018, Lemma 2.5]. O

Fourth, continuing in the paramodular case I' = K (N), the global conductor of 7 ; divides N, and is
equal to N if and only if f is a newform. Finally, if f is a newform —see [Roberts and Schmidt 2006]
for the global newform theory of paramodular forms —then f is a Hecke eigenform at all primes and for
all paramodular Atkin—Lehner involutions.

We need one final bit of notation, concerning archimedian L-parameters. The real Weil group is
W(R) =C*UC*j, with j2 =—1land jzj~' =7 for z € CX. For w, m{, m> € Z with m; > m» > 0 and
w+ 1 =m; +m, (mod 2), we define the archimedean L-parameter ¢ (w, my, my) : W(R) — GSp,(R)
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by sending z € C* to the diagonal matrix

(m14m2)/2 (my—m3)/2 (my—m1)/2 —(mi+mz)/2
2|7 diag((?) , (5) , (E) , (5> ) 43.3)
Z Z Z Z

and j to the antidiagonal matrix antidiag((—l)w+1, (—=D®*!1 1,1). The archimedean L-packet of

GSp,(R) corresponding to ¢ (w, m1, my) has two elements, one holomorphic and one generic: for

my > 0 these are both discrete series representations, whereas for m, = 0 they are limits of discrete series.
We are now ready to associate a Galois representation to a paramodular eigenform of type (G).

Theorem 4.3.4 (Taylor, Laumon, Weissauer, Schmidt, and Mok). Let f € S (K(N)) be a Siegel paramod-
ular newform of weight k > 2 and level N. Suppose that f is of type (G). Then for any prime £{N, there

exists a continuous, semisimple Galois representation
. 1
pre : Galg — GSpy(Qy)

with the following properties:

() det(pe) = %

(i1) The similitude character of py,¢ is XZZ =3,

(iii) py,¢ is unramified outside €N .
(iv) det(1 — py¢(Frob,)T) = Q,(f, T) for all P1EN.

(v) The local Langlands correspondence holds for all primes p % £, up to semisimplification.

By (v), we mean that the Weil-Deligne representations associated to the restriction of the Galois
representation p 7, ¢ to Gal(@‘},l | Q,) agrees with that associated to the GL,, (Q,)-representation 7, attached
by the local Langlands correspondence up to semisimplification without information about the nilpotent
operator N: in the notation of Taylor and Yoshida [2007, p. 468] we mean (V, r, N)* = (V, r*, 0).

Proof. The existence and properties (i)—(ii) follow from the construction and an argument of Taylor [1991,
Example 1, §1.3]. Properties (iii) and (iv) are provided by Berger and Klosin [2017, Theorem 8.2] (they
claim in the subsequent Remark 8.3 that the result is “well-known”).

We now sketch the construction, and we use the argument of Mok to conclude also property (v). By the
discussion above, following Schmidt [2018], we may attach to f a cuspidal automorphic representation IT ¢
of GSp,(A) of type (G). The hypothesis that f is of type (G) assures that the automorphic representation
[Ty is irreducible. If k > 3, then the automorphic representation is of cohomological type, and from a
geometric construction we obtain a Galois representation py, : Galg — GSp4(E) by work of Laumon
[2005] and Weissauer [2005, Theorems I and IV], where E is the finite extension of @, containing the
Hecke eigenvalues of f (choosing an isomorphism between the algebraic closure of Q@ in C and in @21):
one shows that the representation takes values in GL4(E) and that it preserves a nondegenerate symplectic
bilinear form invariant under p,¢(Galg) so lands in GSp,(E). Thereby, properties (i)—(iv) are verified.
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For all k > 2, with the above conventions (including archimedean L-parameters) we verify that IT ;
satisfies the hypotheses of a theorem of Mok [2014, Theorem 4.14]: from this theorem we obtain a
unique, continuous semisimple representation oy, : Galg — GL4 (@21) where @21 is an algebraic closure
of Q. For k =2, Mok constructs the representation by £-adic deformation using Hida theory from those
of Laumon and Weissauer, and so properties (i)—(iv) and the fact that the representation is symplectic
continue to hold in the limit; and property (v) is a conclusion of his theorem.

To illustrate this convergence argument, we show that the representation is symplectic. Let { f,,}, be
a sequence of Siegel paramodular forms of weights k, > 2 such that f,, converge p-adically to f (for
example, multiplying by powers of the Hasse invariant). By the previous paragraph, each f, is symplectic
with representation p,, so

2
/\ on (3 = 2Ky) = puiy @ Y 43.5)

is equivalent to the direct sum of the trivial representation pyi, of degree 1 and the representation v
of degree 5 with values in SOs (@21). The sequence Tr vy, of pseudorepresentations converges to a
pseudorepresentation by (4.3.5) and continuity of the trace, and this limit is the trace of a representation .
From this identity of traces, we conclude

2
/\,O(—l) :ptriv@w

and thus p is symplectic with cyclotomic similitude character.
Mok’s theorem relies on work of Arthur in a crucial way. For further attribution and discussion, see
[Mok 2014, About the proof, pp. 524ff] and the overview of the method by Jorza [2012, §§1-3]. U

Let f be as in Theorem 4.3.4, with Galois representation py, : Galg s — GSp4(@z‘l) where § :=
{p:p| N}U{£, co}. By the Baire category theorem, we may descend the representation to a finite extension
E’ C Q¥ of Q. Let I' be the prime above ¢ in the valuation ring R” of E’ and let k' be the residue field of
R’. Choose a stable R’-lattice in the representation space V' := (E’)* and reduce modulo ['; the semisim-
plification yields a semisimple residual representation ,53? ¢ : Galg,s — GL4(k’), unique up to equivalence.

Applying a recent result of Serre, we now show that the residual representation is symplectic.

Lemma 4.3.6. The semisimplification ﬁjﬁe : Galg g — GL4(k') is compatible with a nondegenerate
alternating form with similitude character )_(?k_3; in particular, up to equivalence its image lies in
GSpy (k).

Proof. We refer to Serre [2018]. Let (-, -) be the alternating form on V'’ with similitude character
€:= ng -3 provided by Theorem 4.3.4. Then V' is a module over A’ := R'[Galg 5] via p¢ (We suppress
this from the notation for convenience); moreover, the map o* := e(o)o ! foro e Galg, s extends by

R’-linearity to an involution of A’. Therefore, for all o € Galg s and all x, y € V' we have

(ox,y) = (ox,00 'y) =€e(@)(x,07'y) = (x,e(0)o ' y) = (x,0*y). (4.3.7)
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Extending by R’-linearity, we conclude that (-, - ) is compatible with the action of A’ [Serre 2018, (5.1.1)].
Let V), be the k’-vector space underlying the semisimplification ,5%. Then Serre proves [2018,
Theorem 5.1.4] that there exists a nondegenerate k’-bilinear alternating form on V/, that is compatible with
A;( := k’[Galg,s]. Running the equality of (4.3.7) again, we conclude that V), has similitude character €,
as claimed.
The final statement holds because up to equivalence by GL4 (k") we may assume the alternating form
is the standard form, so now the image lands in GSp,(k’), as claimed. O

Next, we seek descent preserving the symplectic form. Let E be the extension of Q; generated by
the Hecke eigenvalues of f (with respect to a choice of isomorphism between the algebraic closure of
Qin C and in @21); then E also contains all coefficients of the Hecke polynomials Q,(f, T). Let R be
the valuation ring of E and let k be its residue field. We have E C E’, and we would like to be able to
descend the representation to take values in GSp,(E). However, there is a possible obstruction coming
from the Brauer group of Q;; such an obstruction arises for example in the Galois representation afforded
by a QM abelian fourfold at a prime £ dividing the discriminant of the quaternion algebra B, which
has image in GL,(B ® Q) and not GSp,(Q;). Under an additional hypothesis, we may ensure descent
following Carayol and Serre as follows.

Lemma 4.3.8. With hypotheses as in Theorem 4.3.4, the following statements hold:

(a) The semisimplified residual representation p* , descends to
D 14 .0
,55;1 : Galg s — GSpy(k)

up to equivalence.

(b) If ,5?5 ¢ = Pz 1s absolutely irreducible, then py,, descends to
pr.e - Galg s = GSpy(E)
up to equivalence, where E is the extension of Oy generated by the Hecke eigenvalues of f as above.

Proof. We begin with (a). First, a semisimple representation into GL4(k") is determined by its traces, and
so up to equivalence we may descend ,532 , to take values in GL4(k) € GL4(k") (for a complete proof,
see e.g., [Taylor 1991, Lemma 2, part 2]). The semisimplification ,5}“ , was only well-defined up to
equivalence (in GL4(k’)) anyway, so Lemma 4.3.6 still applies and the underlying space Vj = k* of ,53? ¢
has the property that its extension Vi = (k')* to k' carries an alternating form with k-valued similitude
character )_(%k_3. The set of such alternating forms with fixed similitude character is defined by linear
conditions over k since the image of p 1, belongs to GL4(k); therefore, the existence of a form defined on
Vi implies the existence of such a form on V; with the same similitude character. Again up to equivalence,
the image of ,55; , may be taken to lie in GSp,4 (k).

For statement (b), by a theorem of Carayol [1994, Théoreme 2] under the hypothesis that the residual
representation is absolutely irreducible, the representation p,, takes values in GL4(E). Again we have a
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nondegenerate alternating form compatible with Galg s, and repeating the first part of the argument in
the previous paragraph we may assume it takes values in E; conjugating, we conclude that the image is
in GSpy(E). O

Remark 4.3.9. The statement of Theorem 4.3.4 is not the most general statement that could be proven
(in several respects), but it is sufficient for our purposes.

Berger and Klosin [2017, Theorem 8.2] attach to any paramodular newform f a Galois representation
into GL4(@2]), not just those of type (G). The remaining types are related to constructions of automorphic
representations from those in GL;(A), where the local Langlands correspondence is known. We do not
know a reference for a complete argument for these remaining cases. In this article, we are only concerned
with forms of type (G).

A consequence of Mok’s proof of Theorem 4.3.4(v) is encoded in the following result.

Lemma 4.3.10. Let K be the fixed field of ker p sy and let cond(pr,¢) be the Artin conductor of the
representation p 7 ¢ of Gal(K | Q). If p || N is odd, then ord,(cond(p r¢)) < 1.

Proof. The proof of Theorem 4.3.4(v) is only up to semisimplification, so we do not know the complete
statement of local Langlands under the patching argument that is employed. However, in specializing the
family to the accumulation point f in the family, there is nevertheless an upper bound on the level: the
representation is necessarily either unramified or is Steinberg with level p, and accordingly the conductor
has p-valuation O or 1. U

5. Group theory and Galois theory for GSp,4(F2)

In this section, we carry out the needed Galois theory for the group GSp,([F2). Specifically, we carry
out the task outlined in Section 3.2: given G = img p < GSp,([F2), and for each obstructing extension
¢ extending p, we compute an exact core-free subgroup D < E (as large as possible) and the list of
E-conjugacy classes of elements whose upper trace is nonzero. The arguments provided in this section
are done once and for all for the group GSp,(F2); we apply these to our examples in Section 7.

5.1. Symplectic group as permutation group. We pause for some basic group theory. We have an
isomorphism ¢ : S¢ = Sp,(F2), where Sg is the symmetric group on 6 letters, which we make explicit
in the following manner. Let U := S, and equip U with the coordinate action of Sg and the standard
nondegenerate alternating (equivalently, symmetric) bilinear form (x, y) = 21-6:1 X;y; visibly compatible
with the Sg-action. Let U® C U be the trace 0 hyperplane, let L be the F,-span of (1, ..., 1), and let
Z :=U"/L be the quotient, so dimg, Z =4. Then Z inherits both an action of Ss and a symplectic pairing,
which remains nondegenerate: specifically, the images

el = (15 ls 07 Oa 03 0)7 62 = (07 O’ 1$ 17 O’ O)$ 63 = (05 Os 07 15 1’ O)’ e4 = (0? 1’0’ 0’ O’ 1) e Z
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are a basis for Z in which the Gram matrix of the induced pairing is the antiidentity matrix, so e.g.,
(e1, e4) = (e, e3) = 1. (An alternating pairing over [, is symmetric, and we have chosen the standard
such form.) We compute that

t: 8¢ = Spa(F2)

1001 0001
0010 0100 (5.1.1)
11o0t1|'loo1o0]
1010 1000

(12345),(16)

We have
Lic?(GSp,)(F2) = spy(F2) = {A e My(F2) : A J + JA =0} ~ FL°, (5.1.2)

where J € My([F») is the antiidentity matrix (with 1 along the antidiagonal), and we have an exact sequence

1 — spy(F2) — sps(F2) x G 7> G — 1 (5.1.3)

with 77 : sps(F2) X G — G the natural projection map. As in (2.3.9) we identify

sps(F2) X G < My(F2) x G — GLg([F2)

R I

The following lemmas follow from straightforward computation.

Lemma 5.1.5. The group Sp,(F2) has elements of orders 1, ..., 6 with the following possibilities for

their characteristic polynomials:

order ‘ characteristic polynomial

1,2,4 x*+1 (5.1.6)
3,6 [x*+x2+lorx*+x34+x+1
5 D T |

There is a unique outer automorphism of Sg up to inner automorphisms [Howard et al. 2008]; it sends
transpositions to products of three transpositions, and interchanges the trace of some order 3 and order 6
elements.

Lemma 5.1.7. There are, up to inner automorphism, exactly 9 subgroups of Sp,(F2) > S¢ with absolutely
irreducible image. They are listed in the following table with a property that determines them uniquely

(where “—" indicates there is a unique conjugacy class of subgroup with that order):
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subgroup | order | element orders distinguishing property
Se 720 1,...,6 —
Ag 360 1,...,5 —
Ss(a) 120 1,...,6 elements of order 3, 6 have trace 0
S5(b) 120 1,...,6 elements of order 3, 6 have trace 1 (5.1.8)

S308, | 72 1,2,3,4,6 -

As(b) 60 1,2,3,5 elements of order 3 have trace 1
C32 xCyq| 36 1,2,3,4 no elements of order 6
S3(a)? 36 1,2,3,6 elements of order 6 have trace 0
CsxCq| 20 1,2,4,5 —

Example 5.1.9. The conjugacy classes of subgroups Ss(a), S5(b) < S¢ are exchanged by the outer
automorphism of Sg. For example, under the restriction of (5.1.1), we have

t:Ss5(b) — Spy(F2)

1001 1001 1001

5.1.10
(12345).(12). 123 |00 10| [o100] foro00 (5.1.10)
1t1ot1f'loot1ol 1111

1010 0001 1100
Another way to distinguish S5(a) from Ss5(b) is that ¢(Ss(b)) has transvections while ¢(Ss(a)) does not.
Example 5.1.11. There is a subgroup As(a) < Se that is similarly exchanged with As(b) but that is not
absolutely irreducible.
5.2. Images and discriminants. For the purposes of establishing the first typical cases of the paramodular

conjecture, we observe the following.

Lemma 5.2.1. Suppose N is odd and squarefree and let A be an abelian surface over Q of conductor N

equipped with a polarization of odd degree. Then the residual representation
pa2: Galg s — GSpy(F2)

(where S ={p: p| N}U{£, oo}) is absolutely irreducible if and only if its image is isomorphic to S5(b),
S6, or S3 I Sz.

Proof. By work of Brumer and Kramer [2014, §7.3], whenever N is not a square, the image is either Ss,
Se, or $325,. To force S5(b), it suffices that there is a prime p | N such that A, has toroidal dimension
one (i.e., p || N) and that p be ramified in Q(A[2]). If A is semistable and the Galois group is S5(a), then
the toroidal dimension at the bad primes is 2 since there are no transvections. U

Remark 5.2.2. In general, if A[2] is absolutely irreducible, then the degree of any minimal polarization
on A is odd.
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Next, we convert the upper bound from Lemma 4.3.10 on the conductor into an upper bound on the
discriminant. We first recall the following standard result.

Lemma 5.2.3. Let a(x) € Q[x] be irreducible and let Q2 be the set of roots of a(x) in QY. Leta € Q, let
Ko = Q(w), and let K be the normal closure of K. Let p be a prime of K that is tamely ramified in the
extension K 2 Q, and let p € Z be the prime lying below p. Finally, let I, < Gal(K | Q) denote the inertia
group at p. Then

ord,(dk,) = dega(x) —#2/1,

where #S2 /I, denotes the number of orbits of I, acting on Q.
We now specialize to our case of interest.
Proposition 5.2.4. Let p || N be odd. Let K be the fixed field of ker p ;5.

(a) If Gal(K | Q) =~ S35, or S, withm =5, 6, then K is the normal closure of a field K¢ of degree 6,
or respectively m, with ord, dg, < 1.

(b) If Gal(K | Q) >~ A,,, withm =5, 6, then K is the normal closure of a field K of degree m with p
unramified in K (i.e., ord, dg, = 0).

Proof. Decomposing the Weil-Deligne representation at p, we see by Lemma 4.3.10 that the image of
inertia is either trivial or a 2 x 2-Jordan block. If trivial, the extension is unramified and the result holds,
so suppose we are in the latter case. Under the isomorphism GSp,(F,) >~ S above (5.1.1), nontrivial
elements of this Jordan block correspond to cycle decomposition 2+2+2 or 2+ 14141+ 1, and these
are exchanged by an outer automorphism.

For (a), by a faithful permutation representation on the cosets of a core-free subgroup, a field K¢ of the
given degree exists. If the residual image inside Sg is invariant under such an automorphism (which holds
for S and $31.5,), then we can choose our subfield Ky corresponding to the latter case, and conclude
ord, dx, < 1 by Lemma 5.2.3. If Gal(K | Q) =~ S5, we have only the possibility 2+ 1+ 1 + 1 again
giving ord, dg, < 1.

Finally, for (b) and the groups As, Ag, we find no possibilities and reach a contradiction, so we conclude
that K is unramified at p. (I

5.3. Core-free extensions and obstructing elements. We will compute all obstructing extensions ¢ :
Gal(L|F) — E extending p (Definition 2.3.17); we represent L © K O F by an exact core-free
subextension Ly 2 Ky 2 F (Definition 3.1.7) arising from an exact core-free subgroup D < E which is
as large as possible, to make the degree of the subextension as small as possible.

For each G in (5.1.8), we therefore first seek subgroups ¢ : E < sp4([F2) X G such that 7 (E) = G; such
extensions are obstructing (Definition 2.3.18) if they have nonzero upper trace in the matrix realization
(5.1.4). Consider first the case G = S5(b).

Theorem 5.3.1. For G = Ss5(b), there are exactly 10 extension groups E up to conjugacy in My(F,) x G,
with#V =[E : G] =2* where k =0,0, 1,4,4,5,5,6,9, 10, respectively.
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Furthermore, let
H = De(b) :=((12),(13),(45)) =<G;
then for all E % G, there is an exact core-free subgroup D < E of index 2 such that 1(D) = H as in

(3.1.6).

Proof. This theorem is proven by explicit computation in Magma [Bosma et al. 1997]; the code is
available online [Tornaria 2018] together with the verbose output. There are exactly 18 conjugacy classes
of subgroups ¢ : E — spy(F2) © G with 7 (E) = G; these subgroups fall into 10 conjugacy classes in
My (Fr) x G. Let H = Dg(b) := {(1 2), (1 3), (4 5)) < G be as in the statement. Then H is dihedral of
order #H = 12 and index [G : H] = 10 and it can be verified that for each such E % G, there is at least
one subgroup W < V of index 2 such that D < E is an exact core-free subgroup. O

The somewhat complicated field diagram (3.1.8) in our case simplifies to:

L

/fv

K

Lo
2 / (5.32)
Ko %
hN

F

We understand the large extension L 2 K O F as the Galois closure of the exact core-free subextension

Lo 2 Ko 2 F, with Ly 2 K¢ quadratic. The extension Kj is realized explicitly as follows: if K D F is
the splitting field of a quintic polynomial f(x) with roots &, . .., a5 permuted by Ss, then Ko = K =
F(ag +as).

In a similar way, we have the result for the remaining two groups.

Theorem 5.3.3. (a) For G = 5352 <GSp,(F2), there are exactly 20 extension groups E up to conjugacy
in My (F2) X G, with#V = [E : G] = 2% and
k=0,0,1,1,2,4,4,4,4,5,5,5,5,6,6,8,8,9,9, 10.
Let H = C22 < G with [G : H] = 18. Then for each such E, there is an exact core-free subgroup
D < E such that t(D) = H.

(b) For G = S¢ 2 GSp,(F2), the analogous statement to (a) holds, with 7 groups having k =0, 0, 1, 5,
5,6, 10 and H = S3(b)>.

Remark 5.3.4. With reference to computing conjugacy classes in stages as in Section 3.3, we note that
the index 2 subgroups of the 18 subgroups C% of S35, are not sufficient to find obstructing classes for
all 20 extension groups if one applies the more limited strategy exhibited in Remark 3.3.2.
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Remark 5.3.5. The remaining cases of subgroups G < GSp,([F2) may be computed with the same method
and the same code.

6. Computing Hecke eigenvalues by specialization

Having set up the required Galois theory, we now compute Hecke eigenvalues of particular Siegel
paramodular newforms. In this section, we use the technique of restriction to a modular curve to
accomplish these eigenvalue computations. We continue the notation from Section 4.2.

6.1. Jacobi forms and Borcherds products. We construct our paramodular forms using Gritsenko lifts of
Jacobi forms and Borcherds products. In this section, we quickly review what we need from these theories.

We begin with Jacobi forms; we refer to [Eichler and Zagier 1985] for further reference. Each Jacobi
form ¢ € Ji, n of weight k and index N has a Fourier expansion

(r,2) = Z cn,r; $)q"¢", (6.1.1)
n,reZ
where g = e(t) and ¢ = e(z). We write ¢ € Ji n(R) if all the Fourier coefficients of ¢ lie in aring R C C.
We will need the level-raising operators V,,, : Jy. v = Ji.mn (see [Eichler and Zagier 1985, p. 41]) that
acton ¢ € Jy y via

. _ k—1 mn r.
cn.rig| V)= > 8 c(a—z, 5 ¢). (6.1.2)
8| ged(n,r,m)

The Gritsenko lift [1995]
Grit : Ji,y cusp = Sk (K (N))

lifts a Jacobi cusp form ¢ to a paramodular form f by the rule
a((,) M ); GLit(@)) = c(n, 75 ¢ | V).

We also have Grit(¢)|xuy = (—1)¥ Grit(¢), so that a Gritsenko lift has paramodular Fricke sign (= DF.
One convenient way to construct Jacobi forms is to use the theta blocks created by Gritsenko, Skoruppa
and Zagier [2018]. Recall the Dedekind n-function and the Jacobi ¥ -function

o0 o0
2
n() =q"*[JA-q" =) (2)g"*,
n=1 n=1
[e'e) , 00 n—1
91, 2) = Z (—1)g@n+D?/8p@nal)/2 _ (1812 _ =172 Z(_l)n+1q(2) Z ¢
N——00 n=1 Jj=—n-1)
Ford € Z.¢ let 9,4(t, z) = 9 (z,dz). Fordy,...,d; € Z-y and k € Z, define the theta block

TBi[d] = TBy[d). dy. ... de] = n* [ [ L. (6.1.3)
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The theta block TB[d] defines a meromorphic Jacobi form (with multiplier) of weight k and index m =
%(dl2 +---+ dg). Moreover, by [Eichler and Zagier 1985] (compare [Poor and Yuen 2015, Theorem 4.3]),
the theta block TB[d] is a Jacobi cusp form if

2
12|(k+¢) and {5+3 Y Ba(dx) >0, (6.1.4)
j=1

where B(x) :=x? —x + % and B (x) := By(x — [x ).

Second, we use Borcherds products in the construction of paramodular forms. Let ¢ be a weakly
holomorphic Jacobi form of weight O and index N with integral Fourier coefficients on singular indices
with Fourier expansion (6.1.1). Define

AW) =37 Y cO,r;9), B =3 rc@r;¥), C@):=5) r’cOr;y).
reZ r>1 reZ

Then A(y), B(Y), C(¥) € Q. The Borcherds product of i is a meromorphic paramodular form Borch (),
perhaps with nontrivial character on K (N), with

BOI‘Ch(lﬂ) — qAW’)g-B(V/)SC(T//) 1_[ (1 _ qng.rEmN)c(mn,r;x//)’ (615)

n,r,m

where the product is over n, r, m € Z such that: (i) m > 0; (ii) if m =0, then n > 0; and (iii) if m =n =0,
then » < 0. Borcherds products are not always holomorphic and, when holomorphic, not always cuspidal.

6.2. Construction of newforms. In this section, we define the nonlift paramodular newforms of interest
to this article, with levels 277, 353, 587. We will see later that this way of writing paramodular forms
makes the computation of Hecke eigenvalues feasible.

We refer to Section 4.2 for notation. We now define the nonlift paramodular form f>77 € S>(K (277), Z)*+
following Poor and Yuen [2015, Theorem 7.1]. Define the following ten theta blocks:

[1]

1:=TB2(2,4,4,4,5,6,8,9,10,14) E¢:=TB»(2,3,3,5,5,7,8, 10, 10, 13)
2:=TB»(2,3,4,5,5,7,7,9, 10, 14) 7:=TB2(2,3,3,4,5,6,7,9, 10, 15)
3:=TB»(2,3,4,4,5,7,8,9,11, 13) s :=TB»2(2,2,4,5,6,7,7,9,11, 13) (6.2.1)
4:=TB2(2,3,3,5,6,6,8,9,11,13) E9:=TB»(2,2,4,4,6,7,8,10,11, 12)
5:=TB»(2,3,3,5,5,8,8,8,11,13) E10:=TB2(2,2,3,5,6,7,9,9, 11, 12).

[1]
1]

[x]
(1]

[1]

(1]

We have, fori =1, ..., 10,
Ei € Jyoy(Z) and G :=Grit(E)) € $2(K(277), Z).

Let f>77 be the (a priori) meromorphic function on H, defined by
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farr = (—14G% —20G3Gr+11G9Gy + 6G% —30G7G10+15G9G19o+15G10G1 —30G10G2

—30G10G3+5G4G5+6G4G6+17G4G7 —3G4Gs —5G 4G9 — 5G5G6+20G5Gr
—5G5Gg—10G5Go — 3G +13G6G7+3GGs — 10G6Gy —22G3
+G7Gg+15G7Go+ 6G§ —4GgGy— ZGS +20G1G2 —28G3G2+23G4G, (6.2.2)
+7G6G2—31G7G24+15G5G2 +45G 1G53 —10G 1G5 —2G 1G4 —13G1Gg
—7G1Gs+39G1G7—16GGg — 34G§ +8G3G4+20G3G5+22G3G6+10G3Gg
+21G3G9 —56G3G7 —3G3) /(—Ga+Ge+2G7+ Gy — Go+2G3 — 3G, — Gy).

A main result of Poor and Yuen [2015, Theorem 7.1] is that f,77 is actually holomorphic: in fact,

f217 € $2(K(277), Z)* is a cuspidal, nonlift, paramodular form of weight 2 that is an eigenform for all

Hecke operators and has integral Fourier coefficients whose greatest common divisor is 1. There are

no nontrivial weight 2 paramodular cusp forms of level 1, so since 277 is prime, f,77 is a newform.

Equation (4.2.9) and Lemma 4.2.17 imply that the Euler factors Q,( f277, t) are integral.
The first few eigenvalues for f,77 were computed [Poor and Yuen 2015] as

a,(for))=-2,-1,-1,1,-2 forp=2,3,57,11 (6.2.3)
and the first three Hecke polynomials, identifying f>77 as type (G), are:
Qo(fa77.1) = 142t + 41> + 41> + 414,

Q3(forr. ) = 1+1+1> 436>+ 9%, (6.2.4)
Qs(forr, 1) = 141 — 2% 4+ 563 +25¢*,

Remark 6.2.5. The form f>77 can also be realized as the sum of a Borcherds product and a Gritsenko
lift, giving a second, independent construction by Poor, Shurman, and Yuen [2018].

In a similar way, we construct a second form
fr53:=0(G1,....Gn) € $2(K(353), 7)* (6.2.6)

(plus eigenspace for the Fricke involution, as in (4.2.4)) a quotient of a quadratic polynomial by a linear
polynomial of 11 Gritsenko lifts of theta blocks: see [Poor and Yuen 2015, Theorem 7.4] for the specific
formula for Q and the forms G;. This construction was contingent upon assuming the existence of some
nonlift in S, (K (353)); however, the dimension dim S, (K (353)) = 12 is now known [Poor et al. 2018]
via the construction of a nonlift Borcherds product in S, (K (353)).

The first two Euler factors, each showing that f3s3 is of type (G), are

O2(fss3, 1) = 1 +1 432423 + 4%, Q3(fas3, 1) = 1+ 21 + 41> + 6> + 9% (6.2.7)

Finally, we construct a form of level 587 as a Borcherds product. An antisymmetric nonlift Borcherds
product fs5g; € S2(K(587), Z)~ was recently constructed by Gritsenko, Poor, and Yuen [2019]. The
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form fyq, is necessarily an eigenform because dim S>(K (587))™ = 1. The Fourier expansion is given by
formally expanding

a7 = Borch(y) =¥ exp(—Grit(y)) for ¢ = (¢ |V2—E)/, (6.2.8)
where
¢ =TBy(l, 1,2,2, 2,3,3,4,4, 5,5,6,6,7.8, 89,10,11,12,13,14) € J;'53,.

‘ (6.2.9)
E =TBx(1,10,2,2,18,3,3,4,4,15,5,6,6,7,8,16,9,10,22, 12, 13, 14) € J; |},

For the Borcherds product that appears in the formula for fsg-, we have Borch(y) € Sy (K (587)) with
k= %C(O, 0; ¥) = 2 [Gritsenko et al. 2019]. The first two Euler factors, verifying type (G), are computed
to be

O2(figr ) = 1+3t +52+ 667 +41*,  Q3(fsgp ) = 1 + 41+ 917 + 1217 + 9. (6.2.10)

6.3. Specialization. To compute the action of the Hecke operators directly on a Fourier expansion of a
Siegel paramodular form would require manipulations with series in three variables. To avoid this, we
specialize our form. Possibilities for this specialization include restriction to Humbert surfaces (typically
producing Hilbert modular forms), restriction to modular curves (producing classical modular forms), or
evaluation at CM points (producing a numerical result, see Colman, Ghitza, and Ryan [2019]). Each of
these methods has certain advantages and disadvantages — we choose to restrict to modular curves and
work with one-variable g-series to avoid rigorous analysis of the upper bounds on the tails of convergent
numerical series. The biggest advantage of our choice, however, is that Proposition 6.3.8 allows us to
sum over only O(p?) cosets instead of O(p?) cosets, a significant savings; it is not clear whether such a
speedup is available to a method that numerically evaluates at CM points.

Remark 6.3.1. Specialization of Siegel modular forms is not a new idea, but here we take a different
approach. In previous work of Poor and Yuen [2015], only three Euler factors were computed for f>77
because the computation relied on multiplying initial expansions of multivariable Fourier series. Instead,
below we will write the action of the Hecke operator 7 (p) on a paramodular form f as a sum of slashes
flikT(p) =>_ j flkM;, and the main innovation is to specialize each part of f|M; to a one variable
g-series prior to any addition, multiplication, or division. Specialization was also used by Poor and Yuen
[2007] to compute upper bounds on dimensions and some Fourier coefficients by taking advantage of the
known structure of the target space of elliptic modular forms, whereas here we only use the one variable
nature of the target space.

Lets € M;ym(@) ~0 be a symmetric, positive definite matrix with rational coefficients. Let H, be the
Siegel upper half space of dimension g, so H; is the upper half-plane. Define the holomorphic map
¢s - H1—> Ha
(6.3.2)

TH ST.
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Lemma 6.3.3. Let R C C be a subring. Let s = (b /N) € M;ym (@)sowitha, b, c € Z. Then the pullback

under ¢ defines a ring homomorphism
¢; :M(K(N), R) > M (To(det(s)N), R) (6.3.4)

from the graded ring of Siegel paramodular forms of level N with coefficients in R to the graded ring of
classical modular forms of level det(s)N with coefficients in R. The map ¢ multiplies weights by 2 and

maps cusp forms to cusp forms.

Proof. The proof follows from a straightforward modification of a result of Poor and Yuen [2007,
Proposition 5.4]. ]

Let f € M (K(N), R) be a paramodular form with Fourier expansion (4.2.5), the Fourier expansion
of the specialization ¢} f € Moy (I'o(det(s)N), R) is

o0

<¢:‘f)(r>=f(sr):z( > a(T;f))q"- (6.3.5)

n=0 “T:Tr(sT)=n

Furthermore, the specialization of f after slashing with a block upper-triangular matrix (8 g) € GSpgl|r (@)
with similitude u = det(AD)!/? is given by

o (fle(§ 2)) @ = (fle(§ ) (s7) = det(ADY 32 det(D)* f(AsD~ 't + BD™")

= det(A)" det(AD) > 3~ > e(Te(BD™'T))a(T; f))q”. (6.3.6)

n€Qx0 “T:Tr(AsD~'T)=n

Lets = (Z L_/bN) Sym(@)>o with a, b, c € Z. Using (4.2.8), the specialization of f|;T (p) may be
written

ST ()@ = P f(pst)+ 7 D0 17, 50T+ (7 0))

i mod p

+pk_3 Z ( Z f b—Ha (L/N+Zj;9l—ilza)/p)r+(8j?p))) (637)

i mod p “j mod p
Y et ()

i,j,k mod p
Upon expanding in Puiseux g-series, there is cancellation among these sums of specializations. The
following proposition shows that partial summation gives new specializations whose sum over smaller
index sets equals the original sum for integral powers of g. For a Puiseux series f € C[[¢'/*°] and
e € Q>p, we denote by coeff, f € C the coefficient of ¢¢ in f.

Proposition 6.3.8. Lets = (b /N) € MSym (@)sowitha, b, ceZ. Let p be prime, and let f € M (K (N)).
Then the following statements hold for all e € Z:
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(a) If pta, then

coeff, Z f “ZPPCZ;N (l/po)) p coeff, f((azppc};N)T)

i mod p
coeff, Z f(sr/p+(§.//i %Z)) = p coeff, Z f(sr/p+(j?17 i;g))
i,j,k mod p j.k mod p

(b) If ptb, then

coeff, Y f(st/p+ (VP I)) = peoetfe Xk moap £ 5T/ + (1 0))-
i,j,k mod p

(c) If ptc, then

coeff, Z flst/p+ (;é‘; ,’(%)) = pcoefly Y2 j moap S(5T/P+ (;é‘; ry).
i,j,k mod p

(d) Fori €Z,if pt(c+2ibN +i’aN), then

b+ia b+i
COCff Z f b—Ha (c/N+2lbl+1 a)/p)r + (0 ]/p)) pcoeff f((b—Ha (c/N+21bl—7-12a)/p) )
J mod p
Proof. We prove (c); the other proofs are similar. Suppose ptc. Let e € Z>(. Then the coefficient of ¢¢ in
the left-hand side is equal to

Z e((in+ jr+km)/p)a(T; f) (6.3.9)

i,j,k mod p
n,r,m:an+br+cm=pe
where T = ( r72 :n / ]%,) If any of n, r, m is not a multiple of p, then summing over i, j, kK modulo p in
(6.3.9) would yield a contribution of zero. Hence we may restrict the sum to the terms where p |n, p |r,
and p | m. But since p{c and given an + br 4+ cm = pe, the conditions p |n and p | r imply p | m. Thus
(6.3.9) becomes simply

> e((in+ jr+0)/p)a(T; f) = p > e((in+ jr)/p)a(T; f)

i,j,k mod p i,j mod p
n,r,m:an+br+cm=pe n,r,m:an+br+cm=pe
pln,plr pln.plr

=p E e((in+jr)/p)a(T; f)
i,j mod p
n,r,m:an+br+cm=pe

= p coeff, Z f(sr/p+(;§f7j6p)). O
i,j mod p
Remark 6.3.10. Proposition 6.3.8 provides a certain subtle speedup because the coefficients at integral

powers are equal, even though the series themselves are not necessarily equal. Further simplifying the
above sums to
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P’ > a(T: f).

n,r,m:an+br+cm=pe
pla,plr,p|lm

does not help: we want to leave the sums in terms of coefficients of specializations.

In a similar way, we can compute the specialization ¢} ( f[x 71 ( pz)) and there are similar cancellations
in the character sums as in Proposition 6.3.8.

6.4. Algorithmic detail. In this section, we provide three further bits of algorithmic detail.

First, we describe the choice of s. Suppose f has a nonzero coefficient a(#y; f) where fy has small
determinant and small entries. If we choose s to be the adjoint of 21y, then the restriction ¢} (f) likely
begins with a(tp; f)g9'®). In particular if fy has minimal determinant, then this is forced. In practice, we
can just check the initial expansion to see that

X (f)(x) = a(to; £)q*"™ + higher powers of g.

For each T'(p), we want to expand ¢} (f|T (p)) to at least g° where e = det(s) is the target exponent of g.
For a polynomial combination of Gritsenko lifts and Borcherds products, the target exponent of each part
g(Gt + H) would also be e. But for a rational function of Gritsenko lifts and Borcherds products, we
have to be slightly more careful. If the denominator of this rational functional restricted to (Gt + H) has
leading term ¢*, then we must expand both the numerator and denominator to a higher target term g¢*#.
Therefore, we may end up evaluating the restriction of the denominator twice, with the initial execution
used to get the leading exponent (.

Second, we provide our algorithm for finding all 7" such that (G, T) < u. Let G and H be two rational,
symmetric 2 x 2 matrices with G positive definite. We explain how to effectively compute specializations
of the form f(Gt 4+ H), as in (6.3.7) or Proposition 6.3.8. We adapt our index sets S to the type used
in (6.1.5) for Borcherds products but they can be used in all the cases we need to program. For any
u,d eR, let
S(N,G,u,d) = {(n, r,m) ez’ :tr((r';2 1:1/}\21)(;) <u,m>0,4mnN —r? > 3§,

if m =0 then n = 0 and if m = = 0 then r < 0}.
Proposition 6.4.1. Let G = (Z ﬁ ) € Ma(R) be positive definite. Letu, 8 € R. Let A=det G =ay —p*> 0.
Let X = 4aumN — o*8 —4A(mN)?. Then the elements (n,r,m) € S(N, G, u, 8) satisfy the following
bounds:

(@) If m =1, then
a(u+~u?—38A) —2,3mN—ﬁ< - —2BmN+~X 4 r248 u—Br—ymN
; <r<——, an -

l<m<
-~ 2AN o o dmN o
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(b) If m=0andn > 0, then

(©) If m=n =0, then

r2§—8 and r <O0.

Proof. The main two conditions that need to be satisfied are an + Br +ymN < u and 4mnN —r? > §.
The case m = 0 is straightforward, so we only deal with the case m > 1 here. These two inequalities lead
immediately to the third inequality as stated in the proposition. From this third inequality, we work with
terms on the left and right of n; multiply through by 4m Na and put the terms on one side:

ar?+ad —4mNu +4mNpBr +4)/(mN)2 <0.

Solving this quadratic inequality for r yields the second inequality stated in the proposition. A condition
for there to be a solution in r is that the inside X of the square root must be nonnegative. Solving the
resulting quadratic inequality yields the first inequality in the proposition. (I

We conclude with a final speedup. Suppose we wish to calculate the coefficient of ¢ in f(Gt+ H). If
there are no (n, r, m) € S(N, G, u, §) such that tr((r;’2 ’;/]%,)G) = e, then we may skip the term involving G.
This simple observation is especially useful for terms in the second summand in (6.3.7): for well chosen s,
there are typically at most 2 choices of i for which such (n, r, m) exist. It often happens that, for these

surviving i, Proposition 6.3.8(d) applies.

6.5. Example of restricting f>77. Now suppose that f is represented as a rational function in Gritsenko
lifts G; with coefficients in a commutative ring R by f = Q(Gy, ..., G,). Both the slash by M and the
specialization by ¢} may be applied directly to each Gritsenko lift, so that we obtain

o5 (f I M) =Q(¢5(G1 | M), ..., ¢7(G, | M)). (6.5.1)

If the Fourier coefficients of f satisfy a(T; f) € R C C, then for the representative matrices M ; appearing
in the coset decomposition (4.2.8) for the Hecke operator T (p), the sum in (6.3.6) can be taken over
ne Z>o and the coefficients of ¢ (f | M;) belong to the ring R[ gp] where ¢, = e( 117 ) is a primitive
p- th root of unity. From specializing f | T(p) = Z, fIM;=a,(f)f, the eigenvalue a,(f) for T (p)
can be computed by performing field operations on Laurent—Puiseux series in g via

ap(f) = qu (f | M)) € R[S, ¢,]llg"/71 (65.2)

¢>*(f )
whenever the specializing curve ¢ is chosen so that ¢ (f) is not identically zero. In practice, we choose
a target exponent e such that coeff, ¢} f 7 0 and then

coeff, (3~; ¢¥(f | M)))

ap(f)= ool (@7 (1) ) (6.5.3)




On the paramodularity of typical abelian surfaces 1185

Remark 6.5.4. One practical advantage of this technique of restricting to modular curves is that when
more than one coefficient in the g-expansion of (6.5.2) is computed, it constitutes a double check on the
value of a,(f).

Example 6.5.5. We consider the core example of the form f,77 of level N = 277 constructed above

(6.2.2). A Fourier coefficient of f>77 whose matrix index has the smallest determinant is a(ty; f277) = —3,

49  —=233/2 544 233
—233/2 277 233 98

of 2t9. Working over R = Z, we find

where 1) = ( ) and det(2¢p) = 3. Accordingly we select s = ( ), which is the adjoint

¢ (for7) = =3¢> +64° +64° +3¢"* +3¢"° — 12¢"* + 3¢ + 0(¢™). (6.5.6)

As a sanity check, we recognized ¢ ( f277) using modular symbols as a classical modular form of weight
4 and level 3 - 277 to order O (g**°). We then compute

¢y (for7 | To) = 67 = 12¢° = 12¢” — 6¢"* — 6" +24¢"* — 6¢°' + 0(¢**) (6.5.7)
so quite convincingly, ax( f277) = —2, in agreement with (6.2.3).

To compute the action of Hecke operators on the specialized expansion (6.5.2), we work (to a finite
degree of g-adic precision) with coefficients over C or over Z/mZ with m suitably large — we consider
these two approaches in turn in the next two sections.

6.6. Over floating point complex numbers. We may also compute a,(f) via (6.5.2) over the complex
numbers using interval arithmetic.

Example 6.6.1. We perform our Hecke computation with in-house C++ code. Continuing with f = fo277
as in Example 6.5.5, for p = 2 we work with 512 bits of precision: the upper size encountered was
3.40282 - 10°® and the lower size was 2.9387 - 1073, giving

_EUID) 68 +0@)

@)= T gt o6

up to an error 10~7° under a second on a standard desktop CPU. The largest computation required for
this f was a43(f) = 4; with the same bit precision and maximum error smaller than 10747, it took less
than 90 minutes.

Remark 6.6.2. Given the first few Dirichlet coefficients of an L-function in the Selberg class with specified
conductor and I'-factors, Farmer, Koutsoliotas, and Lemurell [> 2019] can (in principle) rigorously
compute complex approximations to the next few Dirichlet coefficients using just the approximate
functional equation. This method is practical for small examples —and it is especially useful when the
L-function is of unknown, speculative, or otherwise complicated origin. Prolonging an initial L-series is
a possible avenue for extending the range of examples of modularity proven in this article.
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6.7. Expansion over a finite field. As an alternative to complex expansion, we may also work in a finite
ring. To do so, we need the following archimedean information about the Hecke eigenvalue.

Proposition 6.7.1. Let f € Si(K(N)) be an eigenform for the Hecke operators T (p), T (p?) with
eigenvalues a,(f), ay ,2(f) € C where p{N. Then

lay ()] < P+ p)L+pD. a2 (O < p* 0+ p) A+ pP)p. (6.7.2)

Proof. By an elementary estimate, there exists a B > 0 such that |a(T; f)| < B det(T)*/? for all T.
Clearly B = supyq |a(T; f)|det(T)~*/? is optimal. By (4.2.9), we have

lap(Hla(T; 1)l
= la(T; f | T(p))l

<la(pT; )l + p* > Z |a(%T[j. g]; f)|+pk*2|a(ﬁT[6’?]; f)|+p2k*3|a(%T; 7|
j mod p

< Bp* det(T)*? + Bp* " det(T)*/* + Bp*~2 det(T)*/? + Bp*=3 det(T)*/2.

From the equation |a, (f)|la(T; f)| det(T)~*/? < B(p" + pk_1 + pk—2 + pk_3), we obtain the desired
result by taking the supremum over T > 0.
A similar argument shows the inequality for a; ,2(f). (I

If a € Z and |a| < C, then we can recover a € Z from its congruence class modulo m whenever m > 2C.
For our purposes, we might as well work with a prime modulus m, and indeed, because of the needed
p-throots of unity, we choose a large prime m such that m =1 (mod p) and work in R = Z[¢,]/m where
m is a fixed choice of split prime above m, and we compute the expansion (6.5.2) in R[[¢g]l as

1
o5(f)

a,(f)= > ¢ (f | Mj) (mod m)
J

and then lift the result to Z C Z[¢,]. The computational benefit is that we may replace ¢, by an integer
and compute modulo m.

Example 6.7.3. Let f5; € S2(K(587))” be the Borcherds product defined in (6.2.8). We choose
o= (_1§7/2 71113774{2) and have a(fy, f) = —1. We used s = (2133478 137) and target exponent e = tr(stg) = 15.
We used the finite field method in our computations, which required a choice of a prime modulus m
and an integer y such that y % 1 (mod m) and y? =1 (mod m). The modulus m must be chosen large
enough so that m > [2C | where C = p*(1+ %) (1+ #) from Proposition 6.7.1. The code was written in
C++ using FLINT for operations of polynomials in one variable modulo an integer, and the computation
of the restriction method to compute a4 ( fs5g,) took less than 2 hours on a typical CPU. The computation

of ay ,2(f) for p < 11 took just a few minutes.
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7. Verifying paramodularity

In this section, we carry out the Faltings—Serre method for our case of interest G = GSp, and ¢ = 2,
proving our main Theorem 1.2.1 as well as the other two advertised cases. We employ the conventions
and notation of Section 4, in particular for Galois representations and L-functions.

7.1. The case N =277. Let X = X»77 be the smooth projective curve over @ given by the equation
X:y2+(x3+x2+x+1)y=—x2—x (7.1.1)
with LMFDB label 277.a.277.1, or equivalently by
y2+y=x5—2x3+2x2—x. (7.1.2)

Both models are minimal with discriminant A =277. Let A = A,77 = Jac X577 be the Jacobian of X577, a
principally polarized abelian surface over Q of conductor 277. Let f = fy77 € S2(K(277)) be the Siegel
modular form of weight 2 constructed in (6.2.2).

Our main result (implying Theorem 1.2.1) is as follows.

Theorem 7.1.3. For all primes p, we have L,(A277,T) = Q ,( f277,T). In particular, we have L(A277,s) =
L(f>77, 5, spin) and the abelian surface A,77 is paramodular.

To ease notation, we now dispense with subscripts. To prove this theorem, we use the strategy described
in Section 3.2, with the further practical improvements from Section 3.3. Attached to A by (4.1.3) and to
f by Theorem 4.3.4 and by the remarks afterward are 2-adic Galois representations

pa. oy : Galg s — GSp,(Q3)

where § = {2, 277, oo} such that det py =det pr = X22 the square of the 2-adic cyclotomic character. Our
first task is to verify equivalence of residual representations. We start with Lemma 4.3.8(a), which allows
us to conclude that the residual representations p°, ,53? : Galg,s — GSp,([F2) take values in [F».

Lemma 7.1.4. The residual representations pa, pr : Galg,s — GSpy(F2) are equivalent and have
absolutely irreducible image Ss(b).

Proof. We apply Algorithm 2.2.3. The representation p 4 is given by the action on A[2]; completing the
square in (7.1.2) to obtain the model y? = g(x) = 4x> — 8x3 4+ 8x% — 4x + 1 we obtain p4 via the action
on the roots of g(x), which we verify is isomorphic to G = S5(b) as the elements of order 3 have trace 1
by (5.1.8). As implied by the general theory, the field (Q0(A[2]) is ramified only at 2, 277.

For p s, we only have indirect access to the Galois representation. By (6.2.4), we have

det(1 — p s(Frobs)T) = 1 + T+ T?+T° + T* e 5[ T],

soimg p ; contains an element of order 5. Similarly Frobs has order divisible by 3, so img p s is isomorphic
to one of As, S5, Ag, S¢. Therefore the fixed field under ker p ¢ is the splitting field of an irreducible,
separable polynomial g(x) of degree 5 or 6. Let F :=Q[x]/(g(x)); then F is unramified away from 2, 277.
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But we know a bit more: by Lemma 4.3.10, the 277-valuation of the Artin conductor of p s is at most 1,
so ordy77(dF) < 1. A Hunter search, or looking up the possible fields in the database of Jones and Roberts
[2014], shows that there are no such degree 6 polynomials, and exactly two polynomials of degree 5,
namely x° —x* +2x? —x 41 and x> — x* +4x3 4+ 5x — 1. Both polynomials have the same Galois closure,
with Galois group Ss; we need to distinguish the representations afforded by the inclusion Ss C S and
the fixed representation (5.1.1). We refer to (5.1.8): for the second one Frobs does not have order 5, so
we must have a match with the representation afforded by the first one. (I

With Lemma 7.1.4 in hand, we apply Lemma 4.3.8(b) to conclude that our 2-adic representations
descend to pa, py : Galg,s — GSp,(Z>). We now finish the proof of the theorem.

Proof of Theorem 7.1.3. We apply Algorithm 2.4.1. Step 1 was done in Lemma 7.1.4, and the residual
representations have a common image

G :=img p < GSp,(F2) = Spy(F2)

with G >~ S5(b). Let K be the fixed field under ker p, so Gal(K | @) ~ G under p.

Using Theorem 5.3.3, we now find all obstructing extension groups E, an exact core-free subgroup
D < E, and a list of conjugacy classes of obstructing elements. We refer to the field diagram (5.3.2). The
extension Ko = K has degree 10, explicitly it is given by adjoining a root of the polynomial

204 3x% ¥ — 1007 — 1720 — 7% + 11x* +18x3 + 13x2 + 5x + 1.

The possible obstructing extensions ¢ : Gal(L | QD) < E are obtained as the Galois closure of the quadratic
extension Ly 2 Kj, still unramified away from S so they may be constructed using class field theory: we
find there are 4095 quadratic extensions Lo 2 K unramified away from S. To write down polynomials
(not necessarily small) that represent these fields takes about 5 minutes; as we developed the algorithm,
we found it convenient to optimize these polynomials (using polredabs), which took about 6 hours. In the
course of the algorithm we consider 24062 obstructing pairs (L, ¢).

For each such obstructing pair (L, ¢), we compute a small prime p 7~ 2, 277 such that the conjugacy
class of Frob, is obstructing, according to the stages of Section 3.3. Computing obstructing primes by their
Lo-cycle type as in Step 4/, we obtain the list of primes {3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 53};
going a bit further, considering obstructing primes by the pair of Ly, Ko-cycle type as in Step 4", we
manage only to remove the prime p = 53 from the list (but reduce the sizes of primes in many cases),
so we refine the list of primes to those with p < 43. The total running time for this step was about 90
minutes on a standard CPU.

There are 8 pairs (L, ¢) that require p = 53. The field L( generated by a root of

220 4 121x'8 47459510 + 286418x ' +7324711x "2 + 126372663x 0 + 13877974238
+7013797890x° — 30031807329x* — 582846604659x> — 1630793025157
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has Galois closure L with Gal(L | Q) ~ E < sps(F) x G with #E = 21051, There are four outer
automorphisms &, and with respect to one of these, we find that Frobs is an obstructing conjugacy class
based on the L, Ko-cycle type pair 6312, 6!3'1! but Frobs; is the first obstructing prime based only on
the Lo-cycle type 8'4222 (and this cycle type works for all four &).

We are now in Step 5 of the algorithm, and to conclude we will show that tr p4 (Frob,) = tr p s (Frob,,)
for all p <43. The former traces can be done by counting points, the latter traces were computed using
the method in Example 6.6.1, and we check that they are equal, completing the proof. (In fact, we went
further than necessary and checked the equality of traces for all p <97.) U

7.2. The case N = 353. We now turn to a case with residual image S3:C,. Let X = X353 be the genus
2 curve with LMFDB label 353.a.353.1 defined by

X+ +x+1Dy=x?

and A = Ass3 = Jac X, a typical abelian surface of conductor 353. Let f = f353 € S2(K(353)) be the
paramodular form constructed in (6.2.6).

Theorem 7.2.1. For all primes p, we have L,(A3s3,T) = Q,(f353,T). In particular, L(A,s) =
L( f353, 5, spin) and the abelian surface Asss is paramodular.

Proof. The proof is similar to that of Theorem 7.1.3, but with some slightly different arguments. To
supplement the data (6.2.7), we compute a,(f), a; ,2(f) for p < 11, and counting points yields equality
of the additional Euler factors

Ls(A,T)= Qs(f.T)=1—T +2T*—5T° +25T",
L(A, T)=Q:(f, T)=1—6T%+49T*, (7.2.2)
LA, T)=0u(f, T)=1—=2T+T*—-227° +121T*.

Our first task is to verify that the mod 2 representations p4 and p ; are equivalent and absolutely
irreducible. For A, we find the 2-torsion field generated by the splitting field of the polynomial x6 +
2x* 4 2x3 4 5x2 +2x + 1 and Galois group S3: C».

Let K be the fixed field of ker 5y and G := Gal(K | Q). Since L3(A, T) =1+T + T3+ T* (mod 2)
we see that G has an element of order 3 or 6 with trace 0. Since L;(A, T) =1+ T%+ T4, we see G
has an element of order 3 or 6 with trace 1. Squaring such elements preserves their trace, so G contains
elements of order 3 with either trace. Thus G < Sg has an element with cycle decomposition 3! and
one with cycle decomposition 32. Listing all subgroups of Sg with this property, we see that G must be
isomorphic to one of the permutation groups

C3, C3:S8;3, C3xS8;(twice), C3:83-Ca, S5 (twice), S3:Ca2, Aq, Se.

The subgroups in this list that are intransitive are C32, Cz: 83, C3 x S3, 532. The groups C32, C3 x 83
have C3 as a quotient, and by the Kronecker—Weber theorem there are no Cs-extensions unramified
outside 2 and 353 since 353 =2 (mod 3). The groups C3 : S3 and 532 have as quotient S3, but there is a
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unique S3 extension ramified only at 2 and 353 (verified by a class field calculation and the Jones and
Roberts database [2014]) defined by x> — x> — 6x + 14, and we compute that there are no cyclic cubic
extensions of this field unramified away from primes dividing 2, 353. This leaves the transitive groups
C3:83-Cy, S3:Ca, Ag, Se arising as the normal closure of a degree 6 subfield K. If G = C3: S3- C», then
as in the proof of Proposition 5.2.4, we have ordss3 dx =0, 1, 3 but if ordss3 dx = 3 then G contains an
element with cycle structure 23, a contradiction. Combined with Proposition 5.2.4 in the remaining cases,
we have ordss; dx- < 1. Again by consulting the Jones and Roberts database [2014], we find exactly two
candidates, the extensions defined by X0 =200+ 2x* —xZ 4+ 1and x® —2x5 = 3x* +4x3 + x2 —6x + 1.
In the first extension, Frobs has order 6 contradicting Q3(f, T) =1+ T* (mod 2), so we have the latter,
and G is isomorphic to S5 C;. Finally, since the trace of p y(Frobs) equals that of A, we see that the two
residual images are isomorphic and absolutely irreducible (recall that there are two embeddings of S3: C»
into GSp,([F2) up to inner automorphisms, and they differ in the trace of order 3 and 6 elements).
Next, using Theorem 5.3.3 we compute the extension Ky corresponding to the core-free subgroup C2,
defined by
x!® —10x" 4+ 3x 12 4 25x10 — 5x% — 19x% 4 5x2 + 1. (7.2.3)

Using computational class field theory, we list all quadratic extensions Ly 2 Ky unramified away from
primes above 2, 353. We find that there are 65535 such extensions. For each extension, we find an
obstructing element; after computing for just over 5 hours on a standard CPU (about 0.2 seconds per
field) we find the list of primes

{3,5,7,11,13,19, 23,29, 31, 37, 41, 43, 53, 97, 137}. (7.2.4)

(The prime p = 181 arose from 2 extensions Lo and 4 maps ¢ each looking only at cycle types, but by
identifying the precise conjugacy classes we find obstructing classes for p =5, 137.)

To conclude, using the floating point algorithm we compute tr p s (Frob,) for all primes p < 109 as
well as the primes p = 137, 139, 251 (for robustness) in 29 hours on a standard CPU, and we see they
agree with the traces obtained from point counts on X, completing the proof. ([

Example 7.2.5. We pause to consider an extreme example where the refinement in Section 3.3 provides
a significant improvement. Consider the extension defined by adjoining a square root of the element

—430a'® +302a'* + 395642 — 3904a'0 — 6944a® + 5348a° + 3628a* — 1454a> — 510

where a is a root of (7.2.3), the defining polynomial for Kj.

There are 4 outer automorphisms giving rise to possible maps ¢: but in fact, we will see below that
only 2 of these maps extend p, which is to say the other 2 do not preserve the residual representation. If
we only consider cycle types that obstruct all 4 possible maps ¢ as in Step 4, we have the types 8422,
492218 4221018 For one of these 4 extensions, the smallest prime p with this cycle type is p = 251. If
we push further in this extension, and look at the Ly-cycle type and the order in Ky, we compute that
p = 101 works. Going even further and using L, Ko-cycle type, we find that p = 11 works!
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7.3. The case N = 587. We conclude with one final case. Let X = Xsg7 be the genus 2 curve with
LMEFDB label 587.a.587.1 defined by

Xy 4+ +x+)y=—x>—x
and A = Asgy =Jac Xsg7, a typical abelian surface of conductor 587 and rank 1. Let f = fgg, € S2(K (587))
be the paramodular form constructed using (6.2.9).

Theorem 7.3.1. For all primes p we have L ,(Asg7, T) = Q p(fsg7, T), and Asgy is paramodular.

Proof. We first verify that the mod 2 representations p4 and p y are equivalent and absolutely irreducible.
For A, we find the 2-torsion field generated by the splitting field of the polynomial x® — 2x> + 2x* —
x2 + 2x — 1 with Galois group G = S. For f, we have

O3(f, T)=144T +9T> + 1273 +9T* =1+ T?> + T* (mod 2)
and
ONf,T)=1+T—T*>+ 1T+ 121T* = 1+ T+ T>+ T> + T* (mod 2)

by [Poor and Yuen 2007, Table 5] and Example 6.7.3. In particular, the residual image has order divisible
by 3 and 5.
The subgroups of Se (up to isomorphisms) of order divisible by 15 are

As, S5, Ag, Se.

In all cases, there exists a polynomial of degree 5 or 6 unramified outside {2, 587} and we can choose
them such that the discriminant valuation is at most 1 at 587 by Proposition 5.2.4. By [Jones and Roberts
2014] there are only two degree 5 polynomials with field discriminant having valuation 1 at 587, namely:
x% —x3 —x —2 and x° +2x% — 8x2 — 13x — 8 and two degree 6 polynomials with field discriminant
having valuation 1 at 587: x® —2x3 4+ 2x* — x2 +2x — 1 and x® — 23 + 3x* + 4x® — 2x% — 4x + 2.
For the degree 5 polynomials, the first field has Frobs of order 4 (then it would have even trace) while
Froby; has order 2 in the second field. Regarding the degree six ones, in the second extension Frob;; has
order 2, but odd trace in A. We deduce that the residual representation of fsg- corresponds then to the
same extension as A, and since both representations have the same trace at Frobs, we deduce that they
are indeed equivalent and absolutely irreducible.
By Theorem 5.3.3 we are led to compute all quadratic extensions of the degree 20 extension

120 a1 310 x5 a1t 1P — 18x 12 — 8x ! 4 8x 10
+8x — 18x% +6x7 +7x0 +2x° = 3xt +4x7 +x2+ 1. (73.2)
We find that there are 2!° — 1 = 524287 such extensions. Writing down minimal polynomials (not

necessarily small) that represent these fields takes about 10 minutes; for convenience, we also computed
optimized representatives, which took many CPU weeks.
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Finding an obstructing element for each of them, we find the list of primes to verify:

{3,5,7,11,13,17, 19, 23,29, 37, 41}. (7.3.3)

The total CPU time to compute this list of primes was about 2.5 hours (about 0.2 seconds per field).

Finally, we computed the corresponding traces above and they match, completing the proof. O
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Contragredient representations over local fields
of positive characteristic

Wen-Wei Li

It was conjectured bsy Adams, Vogan and Prasad that under the local Langlands correspondence, the
L-parameter of the contragredient representation equals that of the original representation composed
with the Chevalley involution of the L-group. We verify a variant of their prediction for all connected
reductive groups over local fields of positive characteristic, in terms of the local Langlands parametrization
of A. Genestier and V. Lafforgue. We deduce this from a global result for cuspidal automorphic repre-
sentations over function fields, which is in turn based on a description of the transposes of Lafforgue’s
excursion operators.
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Acknowledgements 1240
References 1240

1. Introduction

Let F be a local field. Choose a separable closure F|F and let Wy be the Weil group of F. For a
connected reductive F-group G, the local Langlands conjecture asserts the existence of a map

LLC: I1(G) — ©(G)

where I1(G) is the set of isomorphism classes of irreducible smooth representations 7 of G (F) (or Harish-
Chandra modules when F is archimedean), and ®(G) is the set of G—conjugaey classes of L-parameters
Wr -5 LG. Here the representations and the L-groups are taken over C, but we will soon switch to the
setting of nonarchimedean F and ¢-adic coefficients.

It is expected that the L-packets Ty := LLC™! (¢) are finite sets; if 7 € 1y, we say ¢ is the L-parameter
of m. The local Langlands correspondence also predicates on the internal structure of I1y when ¢ is a
tempered parameter; this requires additional structures as follows:

MSC2010: primary 11F70; secondary 11R58, 22E55.
Keywords: contragredient representation, function field, local Langlands conjecture.
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o When G is quasisplit, choose a Whittaker datum w = (U, x) of G, taken up to G (F)-conjugacy,
where U C G is a maximal unipotent subgroup and x is a generic smooth character of U (F'). The
individual members of Iy are described in terms of

Sy = Zs(m(P)), Sy :=mo(Sp)-
Specifically, to each 7 € 14 one should be able to attach an irreducible representation p of the finite
group Sy (up to isomorphism), such that a to-generic 7w € 14 maps to p = 1.

« For nonsplit G, one needs to connect G to a quasisplit group by means of a pure inner twist, or more
generally a rigid inner twist [Kaletha 2016b]; in parallel, the L-packets will extend across various
inner forms of G. We refer to [loc. cit., §5.4] for a discussion in this generality.

One natural question is to describe various operations on I1(G) in terms of L-parameters. Among

them, we consider the contragredient 7 of . The question is thus:
How is 7 — 7 in I1(G) reflected on ®(G)?

Despite its immediate appearance, this question has not been considered in this generality until the
independent work of Adams and Vogan [2016, Conjecture 1.1] and D. Prasad [2018, §4]. The answer
hinges on the Chevalley involution 6 on "G to be reviewed in Section 3.1.

Conjecture 1.1 (Adams and Vogan; Prasad). Let 7 be an irreducible smooth representation of G (F).

(1) If 7 has L-parameter ¢, then 7 has L-parameter "6 o ¢.

(2) Assume for simplicity that G is quasisplit and fix a Whittaker datum tv. If a tempered representation
7 € Tl corresponds to an irreducible representation p of Sy, then 7 corresponds to (p o 19)Y
tensored with a character & of Sy.

To define &, we use the general recipe [Kaletha 2013, Lemma 4.1]:

7055/ 28Iy s KerlH! (W, Zgo) — H' (W, Z;)]

T Gad ( F ) Pontryagin dual
< m| )

So G(F) — G¥(F)]

Let B be the Borel subgroup of G included in the Whittaker datum, and choose a maximal torus 7 C B.
Take the k € T*(F) acting as —1 on each g, where « is any B-simple root. This furnishes the character
& of S;. When G is not quasisplit, we have to endow it with a pure or rigid inner twist alluded to above.

Conjecture 1.1 comprises two layers: the second one is due to Prasad [2018]. In this article, we will
focus exclusively on the first layer.

A precondition of the Adams—Vogan—Prasad conjecture is the existence of a map I[1(G) — P (G),
baptized the Langlands parametrization, which has been constructed for many groups in various ways:
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e When F is archimedean, the local Langlands correspondence is Langlands’ paraphrase of Harish-
Chandra’s works. The “first layer” of the Adams—Vogan—Prasad conjecture is established by Adams
and Vogan [2016], and Kaletha [2013, Theorem 5.9] obtained the necessary refinement for the
“second layer”.

o When F is nonarchimedean of characteristic zero and G is a symplectic or quasisplit orthogonal
group, Kaletha [2013, Theorem 5.9, Corollary 5.10] verified the Adams—Vogan—Prasad conjecture
in terms of Arthur’s endoscopic classification of representations, which offers the local Langlands
correspondence for these groups.

» For nonarchimedean F and general G, Kaletha [2013, §6] also verified the conjecture for the depth-
zero and epipelagic supercuspidal L-packets, constructed by DeBacker, Reeder and Kaletha using
induction from open compact subgroups.

The aim of this article is to address the first layer of Conjecture 1.1 when F is a nonarchimedean local
field of characteristic p > 0 and G is arbitrary, in terms of the Langlands parametrization [1(G) — ®(G)
of A. Genestier and V. Lafforgue [2017]. Their method is based on the geometry of the moduli stack of
restricted chtoucas, intimately related to the global Langlands parametrization of cuspidal automorphic
representations by Lafforgue [2018]. Accordingly, our representations 7 will be realized on Q;-vector
spaces, where £ is a prime number not equal to p, and the L-group “G is viewed as a Q;-group. As
C~ @g as abstract fields, passing to @g does not alter the smooth representation theory of G(F). On the
other hand, there are subtle issues such as the independence of £ in the Langlands parametrization, which
we refer to [Lafforgue 2018, §12.2.4] for further discussions.

Our main local result is.

Theorem 1.2 (Theorem 3.2.2). Let F be a nonarchimedean local field of characteristic p > 0 and G be a
connected reductive F-group. Fix { # p as above. If an irreducible smooth representation w of G(F)
has parameter ¢ € ®(G) under the Langlands parametrization of Genestier and Lafforgue, then 7t has

parameter 6 o ¢.

Remark 1.3. The prefix L for local parameters and local packets is dropped for the following reason. The
parameters of Genestier and Lafforgue are always semisimple or completely reducible in the sense of Serre
[2005]; in other words, the monodromy part of the Weil-Deligne parameter is trivial; see Lemma 2.4.4.
As mentioned in [Genestier and Lafforgue 2017], one expects that their parameter is the semisimplification
of the “true” L-parameter of 7. Hence the packets I1y in question are larger than expected, and the
Langlands parametrization we adopt is coarser, unless when ¢ does not factorize through any Levi
LM < LG, ie., ¢ is semisimple and elliptic.

Our strategy is to reduce it into a global statement. Let Fbea global field of characteristic p > 0,
say F= [, (X) for a geometrically irreducible smooth proper F,-curve X, and set A =A;. Let G be a
connected reductive F-group. Fix a level N C X, whence the corresponding congruence subgroup Ky C
G (A) and the Hecke algebra C.(Ky\G(A)/Ky; Q). Also fix a cocompact lattice E in A(;(Iz")\Ag(A)
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where Ag C G is the maximal central split torus. Grosso modo, the global Langlands parametrization
in [Lafforgue 2018] is deduced from a commutative Q;-algebra B acting on the Hecke module

Hpy1:=C*PBung v (F)/E: Q) = @D COP(Ga(F)\Ga(A)/KyE; Qy)
acker' (F,G)

of Qg-valued cusp forms, extended across pure inner forms indexed by ker! (F, G) (finite in number). The
algebra B is generated by the excursion operators Sj ¢ ;. For any character v : B — Q; of algebras, denote
by 9, the generalized v-eigenspace of Hyoy 1. Then Hy) 1 = P, 9, as Hecke modules. Moreover, Laf-
forgue’s machinery of “G-pseudocharacters associates a semisimple L-parameter o : Gal(F|F)— G (Qy)
to v. In fact v is determined by o, so that we may write $, = .

There is an evident Hecke-invariant bilinear form on H{g) 1, namely the integration pairing

(h, 1) := Z / ﬂ hh', h,h' € H 1,
weker (£.G) Gy (F)\Gy(A)/E

with respect to some Haar measure on G(A) = G, (A) which is Q-valued on compact open subgroups. It
is nondegenerate as easily seen by passing to @; ~ C. Now comes our global theorem.

Theorem 1.4 (Theorem 3.3.2). If 0,0’ are two semisimple L-parameters for G such that (-,-) is
nontrivial on $Hy ® Hy', then o’ =0 oo up to G(@)-conjugacy.

Our local-global argument runs by first reducing Theorem 1.2 to the case that 7 is integral supercuspidal
such that w, has finite order when restricted to A; this step makes use of the compatibility of Langlands
parametrization with parabolic induction, as established in [Genestier and Lafforgue 2017]. The second
step is to globalize 7 into a cuspidal automorphic representation 7z with a suitable global model of G
and E, satisfying X~ # {0}. The subspaces $), of Ho).1 might have isomorphic irreducible constituents
in common, but upon modifying the automorphic realization, one can always assume that 7t ¥ lands in
some §),. An application of Theorem 1.4 and the local-global compatibility of Langlands parametrization
[Genestier and Lafforgue 2017] will conclude the proof.

The proof of Theorem 1.4 relies upon the determination of the transpose S — S* of excursion operators
with respect to (-, - ), namely the Lemma 5.3.3:

}k,f,f =S 1,5
where f € 6(G\(“G)! JG), the finite set I and 7 € Gal(F|F)’ are the data defining excursion operators,
and f7(g) = f0(g)™") for g € (*G)'. This property entails that if v : B — Q, corresponds to o, then
v* 1 S v(S*) corresponds to 6 o o (Proposition 5.3.4).

The starting point of the computation of the transpose is the fact that (-, - ) is of geometric origin: it
stems from the Verdier duality on the moduli stack Cht%i’]""l") / & of chtoucas. The Chevalley involution
intervenes ultimately in describing the effect of Verdier duality in geometric Satake equivalence, which is

- Iedi) s . . .
in turn connected to Chtg\,"[ ) / & via certain canonical smooth morphisms.
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These geometric ingredients are already implicit in [Lafforgue 2018]. We just recast the relevant parts
into our needs and supply some more details. In fact, the pairing (-, - ) and its geometrization were used
in a crucial way in older versions of [Lafforgue 2018]; that usage is now deprecated, and this article finds
another application thereof.

Our third main result concerns the duality involution proposed by Prasad [2018, §3]. Assume that G
is quasisplit. Fix an additive character ¢ of G, an F-pinning P of G and the corresponding Whittaker
datum t; replacing ¥ by ¥ ~! yields another Whittaker datum ro’. Prasad defined an involution (g p as
the commuting product of the Chevalley involution 8 = 6p of G and some inner automorphism ¢_ which
calibrates the Whittaker datum. Up to G (F')-conjugation, this recovers the MVW involutions on classical
groups [Meeglin et al. 1987, Chapitre 4] as well as the transpose-inverse on GL(7n), whose relation with
contragredient is well known.

Theorem 1.5 (Theorem 3.5.4). Let ¢ € ®(G) be a semisimple parameter such that I1y contains a unique
to-generic member 1. Then Ty, satisfies the same property with respect to w', and T ~ 1 ot p € L,y

Besides the crucial assumption which is expected to hold for tempered parameters if one works over
C with true L-packets (called Shahidi’s tempered L-packet conjecture [1990]), the main inputs are
Theorem 1.2 and the local “trivial functoriality” applied to (g » (see [Genestier and Lafforgue 2017,
Théorémes 0.1 and 8.1]). Due to these assumptions and the coarseness of our LLC, one should regard
this result merely as some heuristic for Prasad’s conjectures [2018].

To conclude this introduction, let us mention two important issues that are left unanswered in this article:

e As in [Lafforgue 2018; Genestier and Lafforgue 2017], these techniques can be generalized to some
metaplectic coverings, i.e., central extensions of locally compact groups

1—>,um(F)—>(~}—>G(F)—>1

where w,,(R) = {z € R* : 7 = 1} as usual; it is customary to assume W, (F) = wm(F) here. Fix a
character ¢ : i, <> @;*. One studies the irreducible smooth representations 7 of G that are ¢-genuine,
ie., w(e) =¢(¢e) -id for all € € w,, (F). The most satisfactory setting for metaplectic coverings is due to
Brylinski and Deligne [2001] that classifies the central extensions of G by Kj as sheaves over (Spec F)zy;.
Taking F-points and pushing-out from K, (F) by norm-residue symbols yields a central extension above.

The L-group ~G ¢ associated to a Brylinski-Deligne K;-central extension, m and ¢ has been constructed
in many situations; see the references in [Lafforgue 2018, §14]. Now consider the metaplectic variant
of Conjecture 1.1. If v is ¢-genuine, 7 will be ¢ ~!-genuine so one needs a canonical L-isomorphism
Lo . L(N}g — LG ¢-1; this is further complicated by the fact that LG; is not necessarily a split extension of
groups. Although some results seem within reach when G is split, it seems more reasonable to work in
the broader K,-setting and incorporate the framework of Gaitsgory and Lysenko [2018] for the geometric
part. Nonetheless, this goes beyond the scope of the present article.

o With powerful tools from p-adic Hodge theory, Fargues and Scholze proposed a program to obtain
a local Langlands parametrization in characteristic zero, akin to that of Genestier and Lafforgue; see
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[Fargues 2016] for an overview. It would certainly be interesting to try to adopt our techniques to
characteristic zero. However, our key tools are global adélic in nature, whilst the setting of Fargues and
Scholze is global in a different sense (over the Fargues—Fontaine curve). This hinders a direct translation
into the characteristic zero setting.

Organization of this article. In Section 2, we collect the basic backgrounds on cusp forms, the integration
pairing (-, - ), contragredient representations and L-parameters, all in the £-adic setting.

In Section 3, we begin by defining the Chevalley involution with respect to a chosen pinning and its
extension to the L-group. Then we state the main Theorems 3.2.2 and 3.3.2 in the local and global cases,
respectively. The local-global argument and the heuristic on duality involutions (Theorem 3.5.4) are also
given there.

We give a brief overview of some basic vocabulary of [Lafforgue 2018] in Section 4. The only purpose
of this section is to fix notation and serve as a preparation of the next section. As in [Lafforgue 2018;
Genestier and Lafforgue 2017], we allow nonsplit groups as well.

The transposes of excursion operators are described in Section 5. It boils down to explicating the
interplay between Verdier duality and partial Frobenius morphisms on the moduli stack of chtoucas. As
mentioned before, a substantial part of this section can be viewed as annotations to [Lafforgue 2018],
together with a few new computations. The original approach in Section 5 in an earlier manuscript has
been substantially simplified following suggestions of Lafforgue.

In Sections 4 and 5, we will work exclusively in the global setting.

Conventions. Throughout this article, we fix a prime number £ distinct from the characteristic p > 0 of
the fields under consideration. We also fix an algebraic closure Q of the field Q, of £-adic numbers.

The six operations on £-adic complexes are those defined in [Laszlo and Olsson 2008a; 2008b], for
algebraic stacks locally of finite type over a reasonable base scheme, for example over Spec [, where g
is some power of p. Given a morphism f of finite type between such stacks, the symbols fi, f, etc. will
always stand for the functors between derived categories D’(.. ., E) unless otherwise specified, where
the field of coefficients E is some algebraic extension of Q. The perverse ¢-structure on such stacks is
defined in [Laszlo and Olsson 2009]; further normalizations will be recalled in Section 4.1. The constant
sheaf associated to E on such a stack X is denoted by E x.

We use the notation C.(X; E) to indicate the space of compactly supported smooth E-valued functions
on a topological space X, where E is any ring. Since we work exclusively over totally disconnected
locally compact spaces, smoothness here means locally constant.

For a local or global field F, we denote by Wr the Weil group F with respect to a choice of separable
closure F|F, and by I C Gal(F|F) the inertia subgroup. The arithmetic Frobenius automorphism is
denoted by Frob. If F is local nonarchimedean, oy will stand for its ring of integers.

If Fisa global field, we write A = Az := ]_[; F, for its ring of adA"les, where v ranges over the places
of F. We also write 0, = 0 #, in this setting.

For a scheme T, we write:
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A : T < T for the diagonal morphism, where I is any set.

(T, t) for the étale fundamental group with respect to a geometric point t — T, when T is
connected, normal and locally Noetherian.

O(T) for the ring of regular functions on 7.

Tg:=T x SpecBif T is a scheme over Spec A, and B is a commutative A-algebra.
Spec A

E(T) :=Frac 0(T) for the function field, when T is an irreducible variety over a field E.

Suppose that T is a variety over a field. The geometric invariant-theoretic quotient of 7' under the right
action of some group variety Q, if it exists, is written as 7/ Q. Similar notation pertains to left or bilateral
actions.

Let G be a connected reductive group over a field F. For any F-algebra A, denote the group of
A-points of G by G(A), endowed with a topology whenever A is. Denote by Zg, G%, G* for the center,
derived subgroup and the adjoint group of G, respectively. Normalizers and centralizers in G are written
as Ng(-) and Zg(-). If T C G is a maximal torus, we write T%, etc. for the corresponding subgroups
in G¥, etc. The character and cocharacter groups of a torus T are denoted by X*(T') and X.(T) as
Z-modules, respectively.

The L-group and Langlands dual group of G are denoted by “G and G, respectively. We use the
Galois form of L-groups: details will be given in Section 2.4.

For an affine algebraic group H over some field E, the additive category of finite-dimensional algebraic
representations of H will be denoted as Repp(H). The trivial representation is denoted by 1. For any
object W € Repp(H), we write W or WY for its contragredient representation on Homg (W, E). For any
automorphism @ of H, write W for the representation on W such that every 2 € H acts by w +> 6 (h) - w.

The same notation 77 applies to the contragredient of a smooth representation 7 of a locally compact
totally disconnected group. This will be the topic of Section 2.3. We denote the central character of an
irreducible smooth representation 7 as w;.

2. Review of representation theory

2.1. Cusp forms. Let Fbea global field of characteristic p > 0. We may write F= F,(X) where q is
some power of p, and X is a smooth, geometrically irreducible proper curve over [,. Denote A = A .
Fix a closed subscheme N C X which is finite over [, known as the level.

Let G be a connected reductive group over F. We associate to N a compact open subgroup

Ky :=ker[G( ] ov) — G(ﬁ(N)):| CGA).

velX|

Denote the maximal split central torus in G by Ag. It is also known that there is a cocompact lattice

B C Ag(F)\Ag(A),
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which we fix once and for all. The space G(F J\G(A)/ & is known to have finite volume with respect to
any Haar measure on G (A).

In what follows, we use a Haar measure on G (A) such that mes(K) € Q for any compact open subgroup
K. The existence of such measures is established in [Vignéras 1996, Théoréme 2.4]. The same convention
pertains to the subgroups of G.

For all subextension E|Q;, of Q;|Q;, we have the space

CAGFNGA)/E;E)= | ] CAGUENGA)/KNE: E)
N:levels

of smooth E-valued functions of compact support on G(f? J\G(A)/E. Then G(A) acts on the left of
CC(G(ﬁ)\G(A)/E; E) by (gf)(x) = f(xg). Accordingly, CC(G(IE’)\G(A)/KN E; E), the space of
K y-invariants, is a left module under the unital E-algebra C.(Ky\G(A)/Ky; E), the Hecke algebra
under convolution x.

Our convention on Haar measures means that we can integrate E-valued smooth functions on
G(F)\G(A)/ g, etc.

The subspace of CC(G(I% J\G(A)/E; E) of cuspidal functions

CEP(GENGA)/E; Ey= | C™P(GUF\G(A)/KNE; E)
N:levels
is defined by either
e requiring that the constant terms fp(x) = fU( FNU@) f(ux) du are zero whenever P = MU C G is
a parabolic subgroup, or

« using the criterion in terms of Hecke-finiteness in [Lafforgue 2018, Proposition 8.23].
We record two more basic facts:

« The E-vector space Co P (G(F)\G(A)/K y &; E) is finite-dimensional. This result is originally due
to Harder, and can be deduced from the uniform bound on supports of such functions in [Mceglin
and Waldspurger 1994, 1.2.9].

e As a smooth G(A)-representation, CE“SP(G(P’“ N\G(A)/E; E) is absolutely semisimple, i.e., it is
semisimple after — @ Qy; see [Bourbaki 2012, VIIL.226]. Indeed, the semisimplicity in the case
E = Q; ~ C is well known.
In parallel, C:"P(G(F)\G(A)/KnE; E) is also absolutely semisimple as a C.(Ky\G(A)/Ky; E)-
module. Recall the module structure: f € C.(Ky\G(A)/Ky; E) acts on h as
(f-me = [ hx) f(9)dg = (hx Hx), x € G(A) 1)

KN\G(A)/KN

where f (g) = f(g~!) and the convolution * is defined in the usual manner.
We record the following standard result for later use.
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Proposition 2.1.1. For every G(A)-representation 7, assumed to be smooth, let 7%V be the space of
K n-invariant vectors. It is a left module under C.(Kny\G(A)/K n; (I;_Dg).

(i) For all irreducible G (A)-representations 71, 7ty generated by K y-invariants, we have 7| = 71y <=

7N = 75N as simple Co(Kn\G(A)/K n; Qp)-modules.

(i) Given any decomposition CMP(G(F NGA)/E; Q) = D 7 into irreducibles, where T1 is a set

(with multiplicities) of irreducible subrepresentations, we have

COP(GU\GA)/KyE: Q)= P #5

fell, 75N £0
in which each 7%V is simple.

(iii) For every irreducible G (A)-representation 7t generated by K y-invariants, we have a natural isomor-

phism of multiplicity spaces

Homg (a)-rep (77, C*P(G(F)\G(A)/ E; Qy))
=5 HOMe, (g 60y Kyi@-tod T CEP(GUEN\G(A) /Ky B; Q).

Property (1) actually holds for representations of G(F,) and of its Hecke algebras, for any place v of F.
The C:™ in (ii) and (iii) can be replaced by @ ,yep £,y Ce " (Gu(FO\G(A)/ E; Qp); see (2-2).

Proof. By semisimplicity, C¢"*P (G (F)\G (A)/ E; Q) (or the @, version) decomposes uniquely into
W @ W’ such that

o W is a subrepresentation isomorphic to a direct sum of irreducibles, each summand is generated by
K y-invariants;

« W' is a subrepresentation satisfying (W")X¥ = {0}.

For (ii)—(iii), it suffices to look at the G (A)-representation W and the C.(Ky\G(A)/Ky; @)—module
WXV both are semisimple. The required assertions follow from the standard equivalences between
categories in [Renard 2010, 1.3 and III.1.5] and Schur’s lemma [Renard 2010, I11.1.8 and B.II]. (|

Next, we introduce the moduli stack Bung y over [, of G-torsors on X with level N structures: it
maps any [,-scheme S to the groupoid

G a G-torsor over X x § and

Bung y(S) = {(g, ) ‘

N L } Bung :=Bung 4 .
Y:Glnxs = G|nxs a trivialization over N

For this purpose, we need suitable models of G over X. Let U C X be the maximal open subscheme such
that G extends to a connected reductive U-group scheme. We follow [Lafforgue 2018, §12.1] to take
parahoric models at the formal neighborhoods of all points of X \ U. Glue these parahoric models with the
smooth model over U, a la Beauville-Laszlo, to yield a smooth affine X-group scheme with geometrically
connected fibers, known as a Bruhat-Tits group scheme over X; see also [Heinloth 2010, §1].



1206 Wen-Wei Li

Regard Bung y(F,) as a set, on which E acts naturally. As explained in [Lafforgue 2018], we have

Bung v(F) = || Gu(F)\Ga(A)/Ky (2-2)
aekerl(lf",G)
where
e ker' (F, G) is the kernel of H'(F, G) — ]_[UE‘X| H!(F,, G);

e to each o € kerl(ls" , G) is attached a locally trivial pure inner twist G, of G, and we fix an
identification G, (A) >~ G(A).

The decomposition is compatible with E-actions. The pointed set ker! (F, G) is finite; it is actually trivial
when G is split. As before, we have the spaces

CPBung v (F)/ B E)= @) C&P(Ga(F)\Ga(A)/KNE; E).
acker! (F,G)
The cuspidality on the left-hand side can be defined in terms of Hecke-finiteness as before. We shall also
use compatible Haar measures on various G, (A).
From the viewpoint of harmonic analysis, the mere effect of working with Bung y ([F,) is to consider
all the inner twists from ker! (13" , G) at once. See also [Lafforgue 2018, §12.2.5].

2.2. Integration pairing. Let E be a subextension of Q;|Qy.

Definition 2.2.1. With the Haar measures as in Section 2.1, we define the integration pairing
(-,): CP(GFNG(A)/E; E) ® CO™P(G(F)\G(A)/E; E) > E
E

h@h v (h,h') ::/ 0 hh'.
GUF\GA)/E

The pairing is clearly E-bilinear, symmetric and G (A)-invariant. There is an obvious variant for not
necessarily cuspidal functions.

Lemma 2.2.2. The pairing (-, -) above is absolutely nondegenerate, i.e., its radical equals {0} after
—®r Q.

Proof. Tt is legitimate to assume E = Qy, and there exists an isomorphism of fields @; ~ C. The
nondegeneracy over C is well known: we have [ hh > 0, and equality holds if and only if 4 = 0. ]

Remark 2.2.3. For a chosen level N C X, we have an analogous pairing
() : CSP(GF\G(A) /KN E; E) ® CO™P(G(F)\G(A)/KNE: E) —> E
E

h@h' + (h,h) :=/ hh'.
GUN\GA)/KyE

The integration here is actually a “stacky” sum over G(I% N\GA)/KNE, ie., (h,h') equals that of
Definition 2.2.1 if one starts with a Haar measure on G (A) with mes(Ky) = 1. It is also E-bilinear,
symmetric, absolutely nondegenerate and invariant in the sense that

(f-h,W)y=1(h, f-]), feC(KN\GA)/Ky;E);

see (2-1). There is an obvious variant for not necessarily cuspidal functions.
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The spaces in question being finite-dimensional, it makes sense to talk about the transpose of a linear
operator. For example, the transpose of the left multiplication by f is given by that of f .
As in Section 2.1, the integration pairing extends to

(-, ) CPBung v (Fg)/ 85 E) @ C*P(Bung v (Fy)/ E; E) > E
E

h®h' — hh'.
Bung, v (F,)/E

This is the orthogonal sum of the integrations pairings on various G4 (A).

2.3. Representations. In this subsection, we let F be a local field of characteristic p > 0. Denote
the cardinality of the residue field of F as g. Let G be a connected reductive F-group. The smooth
representations of G (F) will always be realized on Q;-vector spaces. Irreducible smooth representation
of G(F) are admissible; see [Renard 2010, VI.2.2].

The smooth characters of G(F) are homomorphisms G (F) — Q;* with open kernel. We will need to
look into a class of particularly simple characters, namely those trivial on the open subgroup

G(F)':= (] kerlxlr (2-3)
xeX*(G)

of G(F), where X*(G) := Homyjg, ¢1p(G, Gyy) and
lF: F* = g% c @

is the normalized absolute value on F. Note that G(F)/G(F)! ~ 7" with r := rkz X*(G). Moreover,
G(F)! 5 GY'(F) = G (F)!.

For any smooth character w of Z¢ (F'), denote by C.(G(F), w) the space of functions f : G(F) — Q,
such that f(zg) = w(z) f(g) for all z € Z5(F) and Supp(f) is compact modulo Zg (F).

Let Ind(P;(-) denote the unnormalized parabolic induction from the Levi quotient of P C G. Let §p
denote the modulus character of P (F) taking values in ¢Z. Upon choosing ¢'/?> € Q;, we can also form
the normalized parabolic induction Ig(-) = Indg(- ® 8},/2).

We need the notion [Renard 2010, VI.7.1] of the cuspidal support (M, t) of an irreducible smooth
representation w. Here M C G is a Levi subgroup and t is a supercuspidal irreducible representation of
M (F), such that 7 is a subquotient of Ig (t) for any parabolic subgroup P C G with Levi component M.
The cuspidal support is unique up to G (F)-conjugacy. It is known that one can choose P with Levi
component M such that 7 — Ig (7). See [Renard 2010, VI.5.4].

We collect below a few properties of an irreducible smooth representation 7 of G (F):

(1) Suppose that 7 is supercuspidal. There exists a finite extension E of (Q; such that & is defined
over E. Indeed, since the central character w, can be defined over some finite extension of Q,, so is
7 — C(G(F), wy).

From this and the discussion on cuspidal supports, it follows that every & can be defined over some
finite extension E of Q.
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(2) We say r is integral if it admits an og-model of finite type, where E is a finite extension of (Qy. See
[Vignéras 2001, §1.4] for details. Then an irreducible supercuspidal 7 is integral if and only if w, has
¢-adically bounded image in Q;*.

Again, this is a consequence of 7 < C.(G(F), wy). It also implies the notion of integrality stated in
the beginning of [Genestier and Lafforgue 2017].

(3) Let V be the underlying vector space of m. The contragredient representation 5t of a smooth
representation 7 is realized on the space V'V of the smooth vectors in Hom@ (v, @g). It satisfies
(p()V, v) = (U, p(g~Hv). If  is defined over E, so is 7. Taking contragredient preserves irreducibility
and supercuspidality. It is clear that (7 Q x)¥ =7 ® x ! for any smooth character x : G(F) — Q.

(4) Moreover, ()" ~ & for all smooth irreducible r; see [Renard 2010, III.1.7]. Also, w; = w, L

Proposition 2.3.1. If 7 is an irreducible smooth representation of G (F) with cuspidal support (M, t),
then 7 has cuspidal support (M, T).

Proof. Choose a parabolic subgroup P C G with M as Levi component such that w < [ 1(3; (t). Once the
Haar measures are chosen, we have / ,C,; ()Y ~1 g (7) canonically; see [Bushnell and Henniart 2006, §3.5].
Dualizing, we deduce Ig (T) —» 7t. Thus 7 is a subquotient of Il(f (7). O

2.4. L-parameters. Let F be a local or global field of characteristic p > 0. For a connected reductive
F-group G, we denote by F|F the splitting field of G, which is a finite Galois extension inside a chosen
separable closure F.

Denote by W the absolute Weil group of F'. It comes with canonical continuous homomorphisms
(i) Wr — Gal(F|F), and (ii) W, — W if F is global and v is a place of F. For (ii) we choose an
embedding F < F, of separable closures.

Definition 2.4.1. The Langlands dual group G of G is a pinned connected reductive Q;-group (in fact,
definable over Z), on which Gal(F|F) operates by pinned automorphisms. Throughout this article, we
use the finite Galois forms of the L-group of G, namely

LG .= G x Gal(F|F)
viewed as an affine algebraic group.

If M < G is a Levi subgroup, we obtain a the corresponding embedding “M — LG of standard Levi
subgroup.

Definition 2.4.2. An L-parameter for G is a homomorphism o : Wy — “G(Qy) such that:

o The following diagram commutes:

Wr g > LG

~

Gal(F|F)
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« o is continuous with respect to the ¢-adic topology on “G (Qy).
e 0 is relevant in the sense of [Borel 1979, §8.2], which matters only when G is not quasisplit.

e (The local case) o is Frobenius semisimple: p (o (Frob)) is semisimple for every algebraic represen-
tation p : LG (@) — GL(N, Q;), where Frob stands for any Frobenius element in Wr (see [Bushnell
and Henniart 2006, 32.7 Proposition] for more discussions on Frobenius-semisimplicity).

* (The global case) o is semisimple in the sense of [Serre 2005], to be described below. We do not
require Frobenius-semisimplicity here because for ¢-adic representations of geometric origin, that
property is a long-standing conjecture in étale cohomology.

The set of é(@g}-conjugacy classes of L-parameters is denoted as ®(G). By [Borel 1979, §3.4], there is
a natural map ® (M) — ®(G) for any Levi subgroup M.

Remark 2.4.3. Since “G (Q) carries the £-adic topology and o is required to be continuous, when F is
local we get rid of the Weil-Deligne group in the usual formulation in terms of “G(C). Besides, we do
not consider Arthur parameters in this article.

As recalled earlier, the structure of Weil groups allows us to

« localize a global L-parameter at a place v;

« talk about L-parameters of the form Gal(F|F) — “G(Qy) and their localizations when F is global.

Next, we recall the semisimplicity of L-parameters following [Lafforgue 2018; Serre 2005]: a continuous
homomorphism o : Wg — LG(@) is called semisimple if the Zariski closure of im(o) is reductive in
LG (@), in the sense that its identity connected component is reductive. When G is split, this is exactly
the definition of complete reducibility in [Serre 2005, 3.2.1], say by applying [loc. cit., Proposition 4.2].

Lemma 2.4.4. Assume F is local. The following are equivalent for any L-parameter o for G:
(1) o is semisimple.
(i1) The Weil-Deligne parameter associated to o has trivial nilpotent part.

Proof. By composing o with any faithful algebraic representation p : “G(Q;) < GL(N, Q;), we may
assume that o is an ¢-adic representation Wy — GL(N, @;). To o is associated the Weil-Deligne
representation WD(o'): it comes with a nilpotent operator n. For details, see [Bushnell and Henniart
2006, 32.5].

(i) => (ii): The line Qn is preserved by im(o)-conjugation. Since exp(tn) € im(o) for ¢t € Z, with
|t| < 1, the semisimplicity of o forces n = 0.

(i) = (1): As n =0, the smooth representation underlying WD(o) is just o, hence o is semisimple
as a smooth representation of Wr by [Bushnell and Henniart 2006, 32.7 Theorem]. The reductivity (or
complete reducibility) of the Zariski closure of im(o’) then follows from the theory in [Serre 2005]. [J
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Finally, we define parabolic subgroups of “G as in [Borel 1979, 3.2]. They are subgroups of the
form NLG(IS) where P C G isa parabolic subgroups, and whose projection to Gal(F|F) has full image.
Define the unipotent radical of such a parabolic subgroup to be that of P. We still have the notion of Levi
decomposition in this setting; see [Borel 1979, 3.4].

Following [Lafforgue 2018, §13], the semisimplification 0% of an L-parameter o is defined as follows:

« First, take the smallest parabolic subgroup “P C G containing im(o).
 Project to the Levi quotient.
o Then embed back into G using some Levi decomposition.

The resulting parameter is well-defined up to G(@)—conjugacy.
By definition, an L-homomorphism “H — G between L-groups is an algebraic homomorphism
respecting the projections to Gal(F|F).

Lemma 2.4.5. Up to é(@)-conjugacy, semisimplification commutes with L-automorphisms of *G.

Proof. Indeed, an L-automorphism permutes the parabolic subgroups of “G together with their Levi
decompositions. [l

3. Statement of a variant of the conjecture
3.1. Chevalley involutions. To begin with, we consider a split connected reductive group H over a field,
equipped with a pinning P = (B, T, (X«)aca,), Where
e (B, T) is a Borel pair of H, and
» X, is a nonzero vector in the root subspace h,, where o ranges over the set Ay of B-simple roots.

Definition 3.1.1. The Chevalley involution 0 = 6p is the unique pinned automorphism of H acting as
t — wo(t~") on T, where wy stands for the longest element in the Weyl group associated to T

This is the definition in [Prasad 2018, §4], and it is clear that 6% = idy.
The Chevalley involution will be considered in the following settings. Let F be a field with separable
closure F.

(1) Let H = G be the dual group of G, which is connected reductive over F. The dual group is endowed
with a pinning and we obtain 6 : G — G. Since Gal(F|F) operates by pinned automorphisms on G,
the Chevalley involution extends to

Lo LG -G, gxow—0(g) xo,

which is still an involution.

(2) Let G be a quasisplit connected reductive group over F. Then G admits an F-pinning P, i.e., a
Galois-invariant pinning of H := G . Therefore the Chevalley involution 8 = 6p for G 7 descends
to G.
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Furthermore, observe that if H = ]_[f:1 H; and P decomposes into (P, ..., P,) accordingly, the
corresponding Chevalley involution 6p equals []:_, 0p,.

3.2. The local statement. Let F be a local field of characteristic p > 0. Let G be a connected reductive
F-group. The set of isomorphism classes of irreducible smooth representations over @, of G(F) will
be denoted by I1(G). The local statement to follow presumes a given Langlands parametrization of
representations, namely an arrow

I1(G) - ®(G)

T ¢.

This is the “automorphic to Galois” direction of the local Langlands correspondence for G. We say that
¢ is the parameter of 7, and denote by I, C IT(G) the fiber over ¢, called the packet associated to ¢.

For the local statement, we employ the Langlands parametrization furnished by Genestier and Lafforgue
[2017]. It is actually an arrow

I(G) — {semisimple L-parameters}/ G (Qy)-conj. C ®(G).

Remark 3.2.1. The Genestier—Lafforgue parameters are expected to be the semisimplifications of au-
thentic (yet hypothetical) Langlands parameters. As a consequence, the packets I for general Genestier—
Lafforgue parameters are expected to be a disjoint union of authentic L-packets, unless when ¢ is an
elliptic parameter (see Lemma 2.4.4), i.e., im(¢) is LG-ir in the sense of [Serre 2005, 3.2.1].

Further descriptions and properties of the Genestier—Lafforgue parametrization will be reviewed in due
course. Let us move directly to the main local statement.

Theorem 3.2.2. Let ¢ € ®(G) be a semisimple L-parameter. In terms of the Langlands parametrization
of Genestier—Lafforgue, we have

{Tv[ LT € H¢} = HL60¢,
where Y0 : G — LG is the Chevalley involution in Section 3.1.

If the Genestier—Lafforgue parametrization is replaced by an authentic Langlands parametrization, the
statement above becomes [Adams and Vogan 2016, Conjecture 1.1]; it is also a part of [Prasad 2018, §4,
Conjecture 2], but Prasad’s conjecture also predicates on the internal structure of L-packets. The conjecture
of Adams, Vogan, and Prasad applies to any local field F'; known cases in this generality include:

e The case F = R in [Adams and Vogan 2016, Theorem 7.1(a)], with admissible representations of
G(R) over C.

» The tempered L-packets for symplectic groups Sp(2n) and quasisplit SO groups over nonarchimedean
local fields F of characteristic zero in terms of Arthur’s endoscopic classification, see [Kaletha 2013,
Corollary 5.10].

» The depth-zero and epipelagic L-packets for many p-adic groups [Kaletha 2013, §6].
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Each case above requires a different construction of L-packets, applicable to different groups or parameters,
whereas the Theorem 3.2.2 furnishes a uniform statement. On the other hand, Theorem 3.2.2 is weaker
since the Langlands parametrization here is coarser, in view of the Remark 3.2.1.

The proof of Theorem 3.2.2 will occupy Section 3.4.

3.3. The global statement. Theorem 3.2.2 will be connected to the global result below.

Let F = [F,(X) and fix the level N C X as in Section 2.1. Let G, Ky and E be as in Section 2.1, so
that Bung y is defined. Note that we need to choose a model of G over X which is a Bruhat-Tits group
scheme, still denoted as G. Let U C X denote the (open) locus of good reduction of G, and set

N:=NUX\U). (3-1)

This is a finite closed [F,-subscheme of X, the “unramified locus”. Let n — X be the generic point of X
fix a geometric generic point 7 — 1 of X.

The main global result of Lafforgue [2018, Théoréme 12.3] gives a canonical decomposition of
C.(Kny\G(A)/Ky; Qp)-modules

CEP (Bung, v (Fy)/ E: @) = P 9o (3-2)

indexed by L-parameters o : Gal(IS: |ﬁ )y — LG (Qy) up to G(@)—conjugacy that
e are semisimple, and
« factor continuously through Gal(lE |ﬁ ) = (X \ N , 7).
Remark 3.3.1. Since the left-hand side of (3-2) is a semisimple module, of finite dimension over Qy, so

are its submodules ). To each o we may associate a set (with multiplicities) of simple submodules Cy,,
such that

9, =P £. hence C*P(Bung y(Fy)/E: Q)= P ¢

LeCy o LeCs
as C.(Ky\G(A)/K y; Qg)-modules.

The decomposition (3-2) is built on two pillars: the theories of excursion operators and pseudocharacters
for “G. As in the local case, we defer the necessary details of [Lafforgue 2018] to Section 4.

Theorem 3.3.2. Suppose that 9., H, are two nonzero summands in (3-2) such that the restriction
('7 ’)J,U’ :ﬁo@ﬁo/ - @
Qg

of the integration pairing (- , - ) of Remark 2.2.3 (extended to Bung n(F;)/ E) is not identically zero. Then
we have
o'=Y9o0 in®(G);

here 6 is the Chevalley involution of “G.
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The proof of Theorem 3.3.2 will be accomplished at the end of Section 5.3.

3.4. Local-global argument. Consider a connected reductive group G over a local field F of character-
istic p as in the local setting Section 3.2. As usual, A stands for the maximal central split torus in G,
and F|F stands for the splitting field of G. Take a maximal torus 7" C G with splitting field equal to F.
Let H' (W, Z &) denote the continuous cohomology with values in Z é(@) with discrete topology.

The first lemma concerns the Langlands parametrization of smooth characters of G(F). The general
case turns out to be delicate: by the discussion in [Lapid and Mao 2015, Appendix A], the usual
cohomological construction actually yields an arrow in the opposite direction:

H'(Wg, Zs) —— n:G(F) — @X, smooth character}

[

@(G)

It is injective but not necessarily surjective. However, we only need the invert it when 7| ) is trivial.
This is well known to experts, and below is a sketch.

Lemma 3.4.1. For G as above, there is a canonical homomorphism of groups
{n:G(F)/G(F)' — Q;*, asmooth character} — H' (W, Zg).

Here we do not assume char(F) > 0.

Proof. Fix n. First, one can take a z-extension of G as in [Lapid and Mao 2015, Proof of Lemma A.1],
i.e., a central extension

1-C— G- G — 1, Cisaninduced torus, G simply connected.

Then n; := 5o p is trivial on G|(F)'. We know that H'(F, GI*) is trivial. Put S := G|/G{" so
that G{(F)/G{(F) = S(F) and § ~ Zg, = Zg-. Then GY'(F) C G1(F)! implies that 7; factors
through S(F). The local classfield theory affords an element a € H! (Wp, Zg). Since ni|¢c = 1, we infer
that a has trivial image in H' (Wp, C‘).
Furthermore, using the fact that C is induced, in [loc. cit.] the following natural isomorphism is
constructed:
H'(Wr, Zg) ~ ker[H'(Wr, Zg) — H'(Wr, O)1.

All in all, we obtain a € H' (W, Z &)- It is routine to check that n > a is independent of the choice of
z-extensions, see [loc. cit.]. O

In fact, n corresponds to some class in H! (Wg/IF, Zg ). To see this, one readily reduces to the case
of a torus S as above. Since S(F)! contains the parahoric subgroup, one can infer, for example by the
Satake isomorphism [Haines and Rostami 2010, Proposition 1.0.2] for S, that we obtain a parameter in
H' (Wg/Ip, 8TF).

The second lemma concerns the globalization of groups.
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Lemma 3.4.2. Given G and F as above, one can choose

e F:a global field of characteristic p;

o G: a connected reductive F -group with maximal F-torus T, sharing the same splitting field FI|F;

e v: a place of F, and w is the unique place of F lying over v, in particular Gal(F|F) equals the
decomposition group I, := Gal(F,|F);

such that

e there exist isomorphisms F,~F, Fy,~F, which identify I' 1= Gal(F|F) with Ty:;
e under the identifications above, there is an isomorphism
(o; £, —= G
U U

fo T

i.e., GO T isan F-model ofGDOT;

e G and G share the same root datum endowed with actions of ' ~Ty, relative to T and T respectively.
Proof. Standard. See for instance [Arthur 1988, p.526] or [Vignéras 2001, 3.12]. O

Remark 3.4.3. The matching of root data in Lemma 3.4.2 also implies that A is “the same” as Ag.
Hereafter, we shall drop the clumsy notation G, T or A, and denote them abusively as G, T or Ag instead.

For any closed discrete subgroup E C Ag(F) isomorphic to Z4™4¢  its isomorphic image in
Ag (Fow )\Ag(A) will also be denoted by E. Another consequence of Lemma 3.4.2 is that E is a cocompact

lattice in Ag(ﬁ“ )\Ag(A) satisfying the requirements in Section 2.1.

Proof of Theorem 3.2.2 from Theorem 3.3.2. In what follows, we write w ~~ ¢ if ¥ € I1(G) has
Genestier—Lafforgue parameter ¢ € ®(G). It suffices to show that for every m € I1(G),

(T~ @) => (7 ~ 00 ¢p). (3-3)

Indeed, this assertion amounts to {77 : 7 € Iy} C ITLy,e. The reverse inclusion will follow by applying
(3-3) to any 7| € I1(G) with 7r; ~» "6 0 ¢, which in turn yields 7 := 77| ~» 0 010 0 ¢ = ¢ whilst m; = 7.
The assertion (3-3) will be established in steps:

Step 1. We reduce (3-3) to the case 7w supercuspidal. Indeed, let (M, ) be the cuspidal support of
reviewed in Section 2.3. By Proposition 2.3.1, 7t has cuspidal support (M, 7).

On the dual side, choose an L-embedding ¢ :“M < G as reviewed in Section 2.4. Suppose that T ~ ¢,
in M. By [Genestier and Lafforgue 2017, Théoréme 0.1], ¢ equals to the composite of Wy 25> LA <> LG
up to é(@g}—conjugacy. The same relation holds for the parameters for 7 and 7. Denoting "6, the
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Chevalley involution on M, the diagram

LM - LG

LGM\L l/Le
"M —— G
is commutative up to an explicit é(@g)—conjugacy, by [Prasad 2018, §5, Lemma 4]. Upon replacing
(G, ) by (M, ), we have reduced (3-3) to the supercuspidal case.

Step 2. Consider the smooth character o := wy|4,(r). We reduce (3-3) to the case that o is of finite
order as follows (see also Remark 3.4.4). First, recalling (2-3), there exists a character

no: AG(F)/Ag(F)' — @~

such that ng ® w is of finite order. Indeed, this is easily reduced to the case Ag >~ Gp,, and it suffices to
take no(w) = w ()~ where @w € F* is some uniformizer.
Secondly, the inclusion of discrete free commutative groups of finite type

AG(F)/AG(F)' = Ag(F)/Ac(F)NG(F)' — G(F)/G(F)'
has finite cokernel, whereas @X is divisible. Therefore 1 extends to a smooth character
n:G(F)/G(F)' - Q.

The central character of 7 ® 1 has finite order when restricted to Ag (F).
Attach a € H'(Wp, Zg) to n by Lemma 3.4.1; it can be used to twist elements of ®(G) by the
homomorphism
Wi K (Zg x G) = Wpx G, wK(z,8) > wx(z8)

by choosing any cocycle representative of a; see [Genestier and Lafforgue 2017, Remarque 0.2].

! corresponds to twisting a parameter by a~'. We have (7 ® n)" ~

1

In the construction above, — ® n~
7 ®@n~'. Concurrently, 6 o (¢ -a) = (0 0 ¢) - a~! since Chevalley involution acts as z — z~! on the

center. Therefore, by replacing = by 7w ® 7, it suffices to prove (3-3) when w has finite order.

Step 3. Now we can assume 7 to be integral supercuspidal (see Section 2.3) with @ := wy |4, (F) of finite
order. By [Genestier and Lafforgue 2017], we know that the parameter ¢ of 7 factors through Gal(F |F).
Take a global F-model of G D Ag as in Lemma 3.4.2 with F\, ~ F. As Ag is split over F, by reducing to
G and applying [Artin and Tate 1968, Chapter X, §2, Theorem 5], there exists an automorphic character

&= du: AcUF\Ag(A) - T

of finite order, such that @, = w.
Since w is smooth, there exists a closed discrete subgroup E C Ag (F) such that w|g =1 and E ~ 74imAc,
In view of Remark 3.4.3, E also affords the cocompact lattice in Ag(lj" N\Ag(A) required in Section 2.1.



1216 Wen-Wei Li

Claim: there exists a cuspidal automorphic representation 7 = ), 77, of G(A) (in the extended sense
that we consider all G, simultaneously, « € ker! (ﬁ , G)) such that:

o The central character of 7 equals @ on Ag(A).
e We have 77, >~ 7.

« Relative to the chosen lattice E and a sufficiently deep level N, the C.(Kny\G(A)/K y; G;_Dg)—module
7%~ can be embedded in some summand ), in (3-2).

This can be achieved by the following variant of the argument in [Henniart 1983, Appendice 1] (which
works over C) via Poincaré series; see also the proof of [Genestier and Lafforgue 2017, Lemme 1.4]. For
each place u of F, choose a smooth function fu € CC(G(I:’"M), w,) such that:

« There exists a finite set S of places of F' containing v and the ramification locus of G, such that
when u ¢ S, the function f;, is right G (o0,)-invariant, supported on AG(I%M)G(U,,) and f,(1) =1,
where G (0,) is the hyperspecial subgroup arsing from some reductive model of G over the ring of
S-integers in E.

» We require f, to a matrix coefficient of 7 and assume f, (1) # 0.

e For every u € S\ {v}, we require that C, := Supp| f,| is a sufficiently small neighborhood of 1
modulo Ag(F,), so that the image of

Supp(fo) x [ Cux]]Gow)Ac(F)
ueS\{v} u¢S
in Ag(A)\G(A) = (Ag\G)(A) intersects Ag(F)\G(F) = (Ag\G)(F) only at 1. To see why this
can be achieved, embed Ag\G into some affine space over F.

Take f :=[], fu: GA) — Q, and form

Pr@= Y [f(re), g€GA).
y€(AG\G)(F)
The sum is finite when g is constrained in any compact subset modulo A (A). By choosing N sufficiently
deep, it furnishes an element of CC(G(IS")\G(A)/KNE; @g). Moreover, Py(1) = f(1) # 0 by the
condition on supports. By looking at f,, we see that Py is a cusp form.

Decompose CS“SP(BunG, N/ E; Qy) into simple submodules as in Remark 3.3.1. There exists a
summand £ contained in some $), such that Py has nonzero component in £. Let 77 be the cuspidal auto-
morphic representation corresponding to £ via Proposition 2.1.1 (realized in @, Ce"P (G (F)\G(A) - - -))
where o € kerl(ﬁ“, G)) so that 75V = £ < §,. Then 7 has central character & on Ag(A) and 7, ~ 7,
since Py and £ have similar properties under C.(Kny\G(A)/Ky; Q).

Step 4. Since the integration pairings ( -, -} of Remark 2.2.3 are nondegenerate, 7 ¥ C §), must pair
nontrivially with some simple C.(Ky\G(A)/Ky; Qy)-submodule of some $,'. Proposition 2.1.1 implies
that the simple submodule takes the form (/)% C ), for some cuspidal automorphic representation 7’.
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Theorem 3.3.2 then asserts o' =0 oo in ®(G) (global version). On the other hand, 7" pairs nontrivially
with 7t under the integration pairing (-, - ) of Definition 2.2.1. The invariance of (-, -} therefore implies
that, as G (A)-representations,

Q) =#" ~ 7',
u

The local-global compatibility in [Genestier and Lafforgue 2017, Théoreme 0.1(b)] says that

T 2Tty ~ (U|G31(F|F))SS,

. . . ss _ (L s
7 (7)Y 7y~ ((7/|Gal(1t7|F))gg = ("0 OOlGal(ﬂF))gg‘

Here we choose an embedding of the separable closure of F into F, and the semisimplification is defined
as in Section 2.4. In particular, ¢ = (0 |Gy F))™ in @(G) (local version).
By Lemma 2.4.5 we have ("0 0 0|y 7)™ = "0 0 (0| ga 7)™ Summarizing,

7t~ 100 (0 lguerp) " ="006
holds in ®(G) (local version). This establishes (3-3) and the Theorem 3.2.2 follows. [l

Remark 3.4.4. As pointed out by a referee, Lemma 3.4.1 can be avoided in Step 2 by the following
arguments. Restrict quot: G — T := G/ Ggyer to an isogeny Ag — T. The same arguments show that
some smooth character n : T(F) — Q" pulls back to our given ng : Ag(F) — Q. To complete

1

Step 2, it remains to compare (a) the parameters of n and ™" and (b) the parameters of 7 and w ® n. For

(a), apply local trivial functoriality [Genestier and Lafforgue 2017, Théoréeme 8.1] to the automorphism
t+— t~! of T. For (b), apply it to the homomorphism G ~1d.quob, 3 » T with normal image, as performed

in [Genestier and Lafforgue 2017, Remarque 0.3].

From Section 4 onwards, we will focus exclusively on Theorem 3.3.2 and the underlying geometric
considerations.

3.5. Remarks on the duality involution. Conserve the assumptions for the local statement in Section 3.2
and assume G is quasisplit. Fix an F-pinning P = (B, T, (X)) of G. Choose the unique « € TY(F)
such that k Xok ~! = — X, for all simple root o with respect to (B, T'). Observe that k% =11in G*.

Let 0 = 0p be the Chevalley involution of G, and (_ be the inner involution g — «xgk . Observe
that «_6 = 6:_. Indeed, (_60¢_ is seen to preserve P and coincides with 6 on 7', hence (_6(_ = 6 by the
characterization of the Chevalley involution.

Definition 3.5.1 [Prasad 2018, §3]. Relative to the F-pinning P, set g p :=1_0 = 0i_. It is called the
duality involution of G.

Recall that ¢ p induces a pinned automorphism of G, called the dual automorphism of (g p, which
depends only on (g » modulo G (F); see [Borel 1979, §2.5] for the general set-up. This recipe applies
to any base field F.
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Lemma 3.5.2. The Chevalley involution on G is the dual of LG p in the sense above. This result holds
over any field F.

Proof. Since (_ comes from G*(F)-action, tg,p and 0 have the same dual. It suffices to show that the
Chevalley involution of G is dual to that of G. Since both automorphisms are pinned, it suffices to show
that the induced automorphisms on X, (77) and X*(T7) are mutually dual. Recall that the Chevalley
involution of G and é) acton X, (T7) and X*(T5), respectively, as x — —wp(x), where wy is the longest
element in the Weyl group. Since w(z) =1, these two automorphisms are indeed mutually dual. U

Fix a nontrivial smooth character  : F — @X. From the F-pinning P = (B, T, (Xy)y) We produce
a Whittaker datum v := (U, x) for G taken up to G (F)-conjugacy, that is,

e U is the unipotent radical of B,

e x:U(F)— Q. is the composition of ¥ with the algebraic character U — G, mapping each X,
to 1.

The automorphisms of G act on F-pinnings, thereby act on Whittaker data. Put
w = (U, x~H=i_w.

Fix ¢, P and the associated Whittaker datum v for G. Let ¢ € ®(G) be a semisimple parameter.
Define the Genestier—Lafforgue packet Iy as in Section 3.2. We say that Shahidi’s property holds for Il
and to, if

dlwr € 1y such that 7 is w-generic. (3-4)
Further discussions about this property will be given in Remark 3.5.5.
Lemma 3.5.3. The following are equivalent for an irreducible smooth representation w of G(F):
(i) m is to-generic.
(i1) m o6 is ro-generic.
(iii) 7 is w’-generic.
(iv) mot_ is w’-generic.

Proof. (i) <= (ii) since 0 preserves P. (i) <= (iii) is [Prasad 2018, §4, Lemma 2]. (i) <= (iv) follows
from transport of structure by the involution ¢_. ]

The following result serves as a partial heuristic for [Prasad 2018, §3, Conjecture 1].

Theorem 3.5.4. Define the Whittaker data to and v’ as above. Let ¢ € ®(G) be a semisimple parameter
such that Ty satisfies Shahidi’s property (3-4) with respect to vo. Then the following hold:

(i) The packet Tvy.4 satisfies Shahidi’s property (3-4) with respect to w'.
(ii) Let 7w be the unique vo-generic member of Tly, then 1t is the unique v'-generic member of TlLgy.

(iil) If w € Ty is vo-generic, then 5t ~ 1w o LG p.
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Proof. Parts (i), (ii) follow immediately from Lemma 3.5.3 and Theorem 3.2.2, which says that ITiy.4 =
{7 :m ey}

Now consider (iii). We claim that 7 o (G, p € Ilip.y. In view of Lemma 3.5.2, the corresponding
statement for global Langlands parametrization of cuspidal automorphic representations follows from the
“trivial functoriality” (under the dual of (s p) in [Genestier and Lafforgue 2017, Théoreme 0.1 and 8.1].

Using Lemma 3.5.3, we see that 7 ot p = (7 060) o (_ is also a tv’-generic member of Mgy It
follows from (ii) that 7 >~ 7 o (g p. ]

Remark 3.5.5. Choose an isomorphism @, <> C and let ¢ € ®(G) be semisimple. By a conjecture of
Shahidi [1990, Conjecture 9.4], one expects that when ¢ is a tempered L-parameter, (3-4) will hold for
the authentic L-packet associated to IT, and for any to.

On the other hand, [Gross and Prasad 1992, Conjecture 2.6] proposes a characterization of L-parameters
satisfying (3-4). It is stated in terms of adjoint L-factors, thus applies directly to the £-adic case. The
author is grateful to Yeansu Kim for this comment.

Because of the semisimplified nature of our packet Iy, see Remark 3.2.1, we expect (3-4) to hold
only when ¢ is not the semisimplification of any other L-parameter. This occurs when ¢ is elliptic, in
which case every € Il is supercuspidal: otherwise the compatibility of the parametrization 7w ~~ ¢
with cuspidal supports will force ¢ to factor through some proper Levi. It is believed that the authentic
L-packets for elliptic ¢ have the same property. Many constructions of such L-packets have been
proposed, such as in [Kaletha 2016a]. Nonetheless, the precise relation of these packets to the Langlands
parametrization of Genestier and Lafforgue [2017] remains to be settled.

Remark 3.5.6. As shown in [Prasad 2018], up to G (F)-conjugacy, (g p reduces to the well-known MVW
involution when G is classical; it reduces to g — ‘g~! when G = GL(n). According to [Prasad 2018, §3,
Corollary 1], when Zg is an elementary 2-group, (¢ p is independent of P up to G (F)-conjugacy.

4. Overview of the global Langlands parametrization

4.1. Geometric setup. Fix some power g of a prime number p. Take E C @ to be a finite extension of

Q containing a square root ¢ '/?

of g, which we fix once and for all. The sheaves and complexes under
consideration will be E-linear.

Suppose that S is a smooth [,-scheme of finite type and of pure dimension d. For any reasonable
algebraic stack X’ equipped with a morphism p : X — S, define the normalized perverse sheaves on X

with respect to S to be of the form
F [—d](—%), F a nonnormalized perverse sheaf.

The usual operations on constructible complexes continue to hold in the normalized setting, with the
proviso that the dualizing complex in [Laszlo and Olsson 2008b, §7.3] becomes

Qy := (the nonnormalized one)[—2d](—d) =~ p!(ES)
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and the duality operator becomes D = RHom(—, 2x) accordingly. This formalism extends to ind-stacks,
etc. with a morphism to S. When § = Spec [, we revert to the usual definitions.

Next, assume F = F,(X) is a global field and G is a connected reductive F -group with a chosen
Bruhat-Tits model over X, as in Section 2.1. Fix a maximal F-torus T C G. Also recall that G carries a
Galois-stable pinning (é, T, (X4)e). Enlarging E if necessary, we can assume that:

All irreducible Q;-representations of “G are realized over E.

Fix a partition of a finite set

I=nLu---ul

used to label points on X and a level N C X. Set N= |N| U (X \ U) as in (3-1). Define the Hecke stack

(x;)i € (X\N)(S)', ¢; defined off J;¢;, I
Hecke'; " (8) = { (G, ¥;) € Bung.n(S))i_y, | Wjdjilnxs = ¥j-1 @-1)
¢;j:Gi—1-->Gj Vi=1,...,k

where I'y, stands for the graph of x; : S — X. The points (x;);e; are known as the “paws”.
The reason for partitioning / into Iy, ..., I is to define partial Frobenius morphisms, see Section 4.3.

The ind-scheme Grgll"“’lk) the factorization version of affine Grassmannian of Beilinson—Drinfeld, is
¢ 1 ,,,,,

Ik

the space classifying the same data (4-1) as Hecke; fo together with a trivialization 6 of Gi. It also

admits a morphism of “paws” to X'. In fact GrYl ) is ind-projective; we refer to [Lafforgue 2018, §1]
for further details. When [ is a singleton and k = 1, the usual Beilinson—Drinfeld Grassmannian over X
is recovered.

The factorization structure here means that given a surjection ¢ : I — J, we have, for Uy := {(x;)ier :

c(a) #¢(b) = x4 # xp) C X! and I:=I,N ¢~ 1(j), Vj, the canonical isomorphism

Ik

over U, see [Lafforgue 2018, Remarque 1.9]. The factorization structure is mainly to be employed
together with the complexes that are universally locally acyclic, hereafter abbreviated as ULA, with
respect to the base (say X'). This property (see [Richarz 2014, §3.2] or [Braverman and Gaitsgory 2002,
§5.1]) is immensely useful for “spreading out” certain properties of complexes from some open subset in
the base, see e.g., [Richarz 2014, Theorem 3.16].

Given (n;); € Zl>o Define Py ony CX XX I as the closed subscheme Zariski- -locally defined by
]_[le 7 tl , with #; being a local equation for x; in X, where (x;);<; are the aforementioned “paws”. Then
define

Gy, nix; = the Weil restriction of G with respect to I'y~ .5, > X L
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One interprets Gy, ooy, In the same manner by considering formal neighborhoods, but we won’t go into
the details.
As in the discussion preceding [Lafforgue 2018, Proposition 1.10], there is a notion of Gy, xoy; -action

on Gr(II' """ o namely by altering the trivialization 6 of G at I'y ooy, -
Let Pervgy (Grgl1 """ !9y denote the category of Gy, cox;-€quivariant normalized perverse sheaves
on the ind-scheme Gr(II] """ 10 telative to X! ; for nonsplit G, we confine ourselves to (X \ N ) as in

[Lafforgue 2018, §12.3.1]. The factorization version of geometric Satake equivalence [Lafforgue 2018,
Théorémes 1.17 and 12.16] gives an additive functor

Repz((“G)") — Pervgy. . (Gl
(I1,....Ix)
Wi Spye

For later reference, we record some of the basic properties of this functor, all of which can be found in
[loc. cit.]:

L,....1

(1) The normalized perverse sheaves S; WE ©) are ULA relative to the morphism to X! (or (X \ N .

(2) When |/] = 1, the geometric Satake equivalence [Richarz 2014; Zhu 2015] yields W +> S{"), .. This
extends to general / and “factorizable” W using the factorization structure on affine Grassmannians, see

[Lafforgue 2018]. Namely, for any family (W;);c; of objects in Repg (“G), one can associate S;IIIX,W, £

in Pervgy. . (Gri ),

(3) Write “G' for (*G)'. In order to obtain a functorial construction in all W € Rep E (“G"), we take the
LG! x L G'-representation R := X;c;0(*G) over E. This becomes an ind-object of Repy (*G') using
the “G'-action on the first slot, and this ind-object carries a “G'-action from the second slot. Take a
system of representatives of irreducible objects V € Repg(*G). As "G x L G!-representations, we have

EB V®VY = R by taking matrix coefficients.
V:irred E

The decomposition above and the available S\’ ™ define a normalized ind-perverse sheaf S\'%; 2",

with the G!-action inherited from the second slot of R. Now we can define, for each W € Repg &Gh),

Ll Ll
85’1{/‘,/.’.511{) — (ngéyE’Ik) QW) G ~ @ S;yli/,’..é,]k) ® (V\/ QW) G ~ @ S;{{;;Eh{) ®QBV, (4-2)
E . E E - E
V:irred V:irred

where: (a) W is viewed as a constant sheaf on GrSI"""I"). (b) G' acts diagonally. (c) 20y stands for
the multiplicity space of V in W. Functoriality in W is clear, and it is readily seen to agree with the
previous step if W =V, up to isomorphism.

Given W € Repg (“G"), we define the reduced closed subscheme

In this manner, the objects of Repz(“G') will serve as truncation parameters for Gry‘d,'"’lk). For the
traditional definition in terms of weights and relative positions, see [Lafforgue 2018, Définition 1.12].
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When |I|=1and W is irreducible, S}IV)V £ 1s well known to be isomorphic to the normalized IC-complex
of the stratum Gr(l)

We move to the moduli stack of chtoucas with level structures, whose the details can be found in
[Lafforgue 2018, §2, §12.3.2]. For I = I, U---U [l and N as before, Cht(ll =10 §s defined by a pull-back
diagram

Cht%","" _ Hecke(ll To)

l (I l(go,gk)

Bung, n m Bung, y X Bung n

of ind-stacks over [F,. It classifies the chains

Go. ¥0) -2 - 3 G ) 25 (6o, Tv)

of G-torsors with N-level structures (see (4-1)). Here, for every [F,-scheme S and (G, ¥) € Bung y(S)
we set
("G, "¥) == (idx x Frobg)*(G, ¥)

(11 Ix)

and similarly for the morphisms in Bung y(S). Note that Cht), is an ind-stack of ind-finite type

over [, endowed with a morphism of “paws”

pi o enel Y — (X N

(1‘ """ 1o . Stability conditions of Harder—Narasimhan type attached to dominant

coming from that of Hecke,
coweights € X, (T%) of Gad on the datum Gy gives rise to the truncated piece Cht(ll """ 10-=1t " Choose

any Borel subgroup (over the separable closure) of G containing 7. For coweights u, u/, write
Wzpesp —pe Y Q-
a:simple coroot

As u grows with respect to >, we have the filtered limit

s ) __ 13 (I 3R.97)
ChtN,I = h_r)nChtN’I .
"

Exactly as in the case of affine Grassmannians, there is another truncation indexed by W € Repg (G,
see [Lafforgue 2018, §2] for details. They give rise to

Chtg\il}..ﬁ/lk) Cht(ll Ik) <,u
By [Lafforgue 2018, Proposition 2.6], Cht%l’]“ﬁ’,[ © is a reduced Deligne-Mumford stack locally of finite

type over (X \ N)!, for any W. The connected components of an open substack of the form Cht%f I’WI") =k

are quotients of quasiprojective (X \ N)!-schemes by finite groups; when N is large relative to u and to
the highest weights of W, those connected components are even quasiprojective (X \ N)!-schemes. The
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last property can serve to justify some geometric reasoning over such stacks, by reducing them to the
usual scheme-theoretic setting.

Z-torsors. This action leaves each truncated piece invariant. In particular, for a lattice 2 C Z¢ (13” NZg(A)

. . e Iy dp) < - .
chosen as in Section 2.1, we have E-action on Chtg\,1 7 Wk) ", etc. One can shrink E to make it act freely,

and consider the quotients Cht%f’,"'i;v[k) =B, ete.

By the discussions before [Lafforgue 2018, Définition 2.14], Cht%f’l"';‘,’")’f" / & is a Deligne-Mumford

stack of finite type.

4.2. Cohomologies. We keep the notation from Section 4.1. In what follows, normalization of perverse
sheaves will always be with respect to the base (X \ N
The first ingredient [Lafforgue 2018, Proposition 2.8] is a canonical smooth morphism

nixi

Iy di) Iyyeesdi) (1, Ii)
e(li’w’; .Chth,’W" — Gr,yl ¥G

iel
where n = (n;)ies € leo is sufficiently positive with respect to W € Rep E((LG)I ), so that the Gy, ooxi™

action factors through GZ,- n;x;- Assume furthermore that W = &]]‘.: | W; where each W; € Rep E((LG)I!' )
is irreducible. In [Lafforgue 2018, (2.5)] the canonical smooth morphism

k
(... o) . (... Jx) ;)
€ ro.wa  Chty T = l_[ Grplw, /O ey, mixi
Jj=1
is constructed. These two are related by the canonical smooth morphism [Lafforgue 2018, (1.12)]
£ (
Ity I,y 1))
"l(,iv o Grg’lw O l_[ Gr; 'y, /GZ,-e,j nixi
Jj=1

)

that chops a chain Gy --+ G| --» - -+ --» G; (the trivialization forgotten) classified by Grgll’“"l into

segments indexed by /;. By [Lafforgue 2018, (1.13)], when m; >> n; it factorizes through a smooth

k
= di) L e I) ;)
Kiw Gy Gy i = 1_[ Gryw, /Gzie,j nix; -

Jj=1

For an interesting result on local models of Cht%]”]”"g,lk) based on these morphisms, see [Lafforgue 2018,

Proposition 2.11]. However, we do not need that result in this article.

As an application, for each W € Rep E((LG)I ) we take the normalized perverse sheaf S}h """ 0" on

W,E
Grﬁ{‘W"“’Ik). Descend this complex to GrE{'W"“’I") /Gy, nix; bY its equivariance given by geometric Satake.
Hence on can form the complex (E;I‘Wn I"))*Sflu’,‘,‘él").
Since S;IIM’,"',‘:A]") is ULA with respéct to (X \ N)!, so is its inverse image via the smooth mor-
phism 651{4’,",'1’["); see [Braverman and Gaitsgory 2002, 5.1.2, item 2]. We claim that the complex

Ut T\ U T) : Uty ) g : _ gk ,
(e IWon )*S J.W.E 18 moreover normalized perverse on ChtN’ W for irreducible W =KX i W;.
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Indeed, the claim is a routine consequence of the factorization structure on Gr """ ) and the ULA
property, smoothness, etc.

This completes our construction when G is semisimple. In general, one has to consider a lattice 2 as in
Section 2.1. According to [Lafforgue 2018, Remarque 1. 20] S;I;{,"él") descends to Gr(ll """ 0/ Gad

>oinixi'
By the discussions after [loc. cit., Définition 2.14], e(h © induces
61(\;’1}"/{/1/;1) Cht%ll W]k) / — Gr(ll ----- Iy) /GadiniXi
which is smooth of relative dimension equal to dim Gg - We define accordingly
I, Ity Ji), B Iy,
PN, = N S (43)
This is still a normalized perverse sheaf on Cht%"[”@l’{) / E. [loc. cit.], one actually deduces that

fj(vll g " g 1s isomorphic to the normalized IC-sheaf on Cht%f ’,"'%,I") E.

Thus far we have assumed W = & 1 W;. A general definition, functorial in arbitrary W € Repg (G,
can be crafted by repeating the constructlon for W — S;I‘M’,"é ) reviewed in Section 4.1. The result still
takes the form (4-3), except that the right-hand side is now constructed functorially in W € Repg (G,
see [loc. cit., §4.5].

Next, introduce the other truncation parameter i from Section 4.1. The morphism of paws induces

pllt 0k Ol =t 8 s (x\ R

Recall that Cht%","ﬁ,lk)é” is open and E-invariant in Cht%l I WI") Define

Hl%’fll’,lf)v . (p(ll ~~~~~ Ik),Sli) (4 4)

L<WE | ypyiq <m.E
Hy 1w =HHY W,
i € Z, here H' is taken with respect to the ordinary ¢-structure on D.((X \ N Y E).

» By using the forgetful morphisms as in [Lafforgue 2018, Construction 2.7 and Corollaire 2.18], these
complexes are seen to be independent of the partition (/y, ..., I). The notation in (4-4) is thus
justified.

o For < u/, the open immersion j : Cht%"l"ﬁ,lk)é“ /E— Cht%","i,;,l")’fﬂ ' /& induces a canonical arrow

<u,E
Hyfw— — HY" NI W This is a standard consequence of the formalism of six operations as j* = j'.

 They also respect the coalescence of paws with respect to any map ¢ : I — J. We refer to [Lafforgue
2018, Proposition 4.12] for further explanations.

Let I be a finite set and W € Repg((*G)’) arbitrary. Denote the generic point of X and X! by 5
and n’, respectively, and choose geometric points over them

i—mn, nl—n
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Let A : X — X! be the diagonal embedding. Following [Lafforgue 2018, §8] or [Varshavsky 2007, §1.3],
we choose an arrow of specialization

sp il — A@),
i.e., a morphism (X') ah ~ (X")(a@)) or equivalently 77 — (X!)(a(7))» where the subscripts indicate

strict Henselizations at the corresponding geometric points. By [Lafforgue 2018, Proposition 8.24], the
induced pull-back morphism

T 0,<u.E . 0,<u,E|
spT M H gy \A(ﬁ) — mH 7w |
1 1

between E-vector spaces is injective.
Now comes the Hecke action. Let f € C.(Ky\G(A)/Ky; E). According to [Lafforgue 2018, Corol-
laire 6.5], taking a coweight ¥ > 0 with respect to f, there is an induced morphism

T 1w = M 4-5)
in D2((X \ N)!, E), with various compatibilities. It is E-linear in f and satisfies T(ff") =T (/)T (f").
After passing to li_II)IM, we are led to the left C.(Ky\G(A)/K y; E)-module

(13 0,<u.E
Hypw = (hJEHN,I,W |A(77)
i

)Hf (4-6)

where “Hf” means Hecke-finite with respect to the action (4-5). This definition is clearly functorial in W.
The following properties are established in [Lafforgue 2018, §§8-9]:

» Compatibility with coalescence of paws. Namely, every map ¢ : J — [ induces a canonical isomorphism
Xc : Hiw => Hj e, where W¢ € Repp(“G”) denotes the pull-back of W via ¢.

o The arrow sp* commutes with Hecke action since the latter is defined on the level of Df((X \ N Y E).
Moreover, it induces an isomorphism

* . ~ . 0,<u,E|_\Hf
spHiw — (h_li@HN,l,W ;71)

o We have “G? = {1}, n© = Spec F, when I = @. There are natural isomorphisms

X
Hyy1 <= Hp1 = C"™P(Bung y(F,)/E; E). 4-7)

The arrow yx is induced by coalescence via the unique map & — {0}. The rightward arrow stems from
the fact [Varshavsky 2004, Proposition 2.16(c)] that Chty &1 /E is the constant stack Bung n(F;)/E

over Spec [, which implies a canonical isomorphism
: 0,<u.E
lim# 75
%

of C.(Ky\G(A)/K y; E)-modules.

|A(ﬁ) = Cc(Bung n(F,)/E; E) (4-8)
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e For I = {1}, W =1, coalescence 1nduces Cht( 1 /8- (Chty z1/E) Xspec, (X \ N) by [Laf-
forgue 2018, (8.4)]. In this case, #° . {0}’11E is a Constant sheaf and the hm of its stalk at # is still
C.(Bung y(F,)/E; E).

» Via these isomorphisms, the C.(Kny\G(A)/Ky; E)-module structures on Hg 1 and Hjgy 1 match the
one on C?uSp(BunG’N([Fq)/ E; E) recorded in Section 2.1. See [Lafforgue 2018, §8].

The last item above is how harmonic analysis enters the geometric picture.

4.3. Partial Frobenius morphisms and Galois actions. We conserve the previous conventions and review
the partial Frobenius morphisms. Let J C I be finite sets. Choose a partition / = [; U - - - LI [ with
I = J, together with a specialization arrow sp : 77 — A(77). The choice of partition intervenes in the
constructions, but will disappear in the final results.

Let Frob; = Froby, : (X \ N)! — (X \ N)! be the morphism that equals Frob on the coordinates
indexed by /1, and id elsewhere.

Take W € Repr((*G)') as well the lattice E as in Section 4.2. In [Lafforgue 2018, §3] is defined the
partial Frobenius morphism

Froby ' Cht{'y ' — Cht{(y /0™ (4-9)

covering Froby,, that respects E-actions. In terms of the notations in Section 4.1, it sends the chain

(Go. W) 5 -+~ (G i) —— ("G, W)
into

G ¥) 25 - 5 G ) — (G0, o) 25 (CGr, )

whereas the paws are transformed accordingly by Frob;,. The cyclic composition of k partial Frobenius
morphism equals the total Frobenius endomorphism of Cht%f ’,‘;ﬁ,’k ). An easy consequence is that Froby, is
a universal homeomorphism; see [Stacks 2005—, Tag 04DC].

The induced morphism between the quotients by E is also named Froby‘}\',“’l") Now introduce the
dominant coweight 1 of G2 in Section 4.2 as truncation parameter. A basic fact is that whenever i/ >>

with respect to W,
(Frob(ll ~~~~~ Ik))— Cht(IZ Ik ), = C Cht(ll Ik) < (4_10)

When k& = 1, we have the usual Frobenius correspondence ® : Frob* S;]‘),V = S;I‘),V g between

(1) G

normalized perverse sheaves on Gr, T In general, by writing

Froby, (xi)icr = (X)icr,  (xi)ier € (X \N)!(S) VS :F,-scheme
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and supposing W = &’J‘.:] W; is irreducible, there is a commutative diagram:

Chili10 /5 Fr"bxlw}.vﬂylk) Chtl2 1) /g
A — Niw /B

U 2l
NI i) N.(Ip.oodi 1) n

k (1) d k ;) d
1_[]:1 GrIjCWj /Ga — ]_[]:1 Gr]j:Wj /Ga

Zielj niXi Zielj nix|

Frob x id x---xid

In view of the constructions in Section 4.2 using the smooth morphisms €, the ULA property, etc., we
obtain a canonical isomorphism in D? (Cht%","'vi,lk) /E,E)

s L) . 1y N (D25 11) ~ (1, 1)
Fy yw s (Froby Y Fn i wa e = FNIWEE (4-11)

extending the previous case k = 1. See [Lafforgue 2018, Proposition 3.4]. This isomorphism can be

(15 Ii)

extended functorially to arbitrary W € Repy ((*G)) by repeating the construction for W > S IW.E

Abbreviate the Frob(lf”}\','"l’{) on Cht%”’]”'ﬁ,l’{) / & as ay. It fits into the commutative diagram

Cht%f’[:;{/]])’fu/a . ai al_l(ChtE\{%’[.y.i/i/Il)’SM/E) B s Cht(l"""[k)’i’l//E

N,I,W
! ! !
(X\N)! < X\ N (X \ N

Frob; 1

where p denotes the self-evident morphisms of paws, a; is a universal homeomorphism and a; is an
open immersion. Hence (4-11) affords a cohomological correspondence between bounded constructible
complexes in the sense of [Varshavsky 2007, §1]: for a;, a» in (4-12),

Ity i) . % (I2,....11) [ (I 3] * !

Frob, vw’ rai Fyrwee =~ % Fyiwee: % =d4- (3-13)
———— ————
on the < p part on the < 1/ part

The left square of (4-12) is not Cartesian; however, in the commutative diagram defined with Cartesian
square

a ay (Chtyy =1 ®)

EIN7)
Chti; "= /& +“— Frobj (Chty; " =" /&)

) 2 I

(X\N) < X\ N

Frob I
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the arrow ¢ is a universal homeomorphism since both Frob;, and a; are. Therefore we obtain
BC: Frob?l o fc—> pay <= pipp*al ~paj. (4-14)

Indeed, bc is the isomorphism of base change by the universal homeomorphism Frob;, [Laszlo and Olsson
2008b, 12.2]; the second isomorphism is induced by ¢¢* => id, which is in turn due to the topological
invariance of the ¢tale topos (see [SGA 4, 1972; SGA 4, 1972; SGA 43 1973, Exp VIII, Théoréme 1.1] or
[Stacks 2005—, Tag 04DY]) under the universal homeomorphism ¢.

In view of (4-4), we can now define

Fy = Fy, : Frobj, Hy/Yh — My (4-15)

as the composite in D2 ((X \ N, E)

ULl

* (I,....I1)  ~ % (. ) PLFOb V(e di) (I, 1)
Froby p1 Fn"1 W 5 kg M@ FN 1w s E *pay Fy iwe e = LW E
—_— — —_—— —
on < on < on<u on <y

the last arrow arising from piab = pi(a2)1a) @2,y Tt is functorial in W € Rep (FG)?) and is
shown to be compatible with the coalescence of paws in [Lafforgue 2018, §§3—4]. Hence the dependence
isonlyon J C I.
Consequently, the morphism Fj also acts E-linearly on li_ngﬂ 7—[?\,51“ V’VE e Given any partition / =
Iy U-- - U1, the actions of Fp,, ..., Fj, form a commuting family whose cyclic composition equals the
0,<u,E

total Frobenius action on lim , # y7 y," | 7-

On the other hand, the standard theory [Stacks 2005—, Tag 03QW] yields a continuous representation
of 71(n’, n') on H?\}’SIfLV’VE -7 Which passes to lim,,.

To conclude this subsection, we recall briefly the following extension of groups
1 — ker[m (0!, n?) — 7] — FWeil(y!, n!) — 7' — 0.

We refer to [Lafforgue 2018, Remarque 8.18] and the subsequent discussions for all further details. When
|11 =1, it becomes the Weil group Wy of F= [, (X); in general there is a surjection FWeil(n!, n!) — WP{
depending on the choice of sp. The surjection induces an isomorphism from the profinite completion

<u,E

FWeil(n!, 77) to that of ng, i.e., m1(n, 7). As mentioned in [loc. cit.], the action on h_r)nu H?\},I’W — of

1
« the partial Frobenius morphisms F; for various J C I, and

o that of 7y (n/, 17)

meld into an action of FWeil(n/, 17 ). The upshot of [loc. cit., §8] is to produce a continuous E-
linear 7 (n,_ﬁ)’ -action on (lim u 7—[?\,5/’“ V’VE 77,)Hf therefrom. In other words, one wants to factorize the
FWeil(n’, n!)-action through its profinite completion continuously.

The key for the passage to 71 (5, 7j)! -action is Drinfeld’s Lemma. This method requires some finiteness
conditions which in turn involve the Eichler—Shimura relations. These important issues are addressed at

length in [loc. cit., §8], but they are not needed in this article.
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The aforementioned continuous representation transports to H; w, namely

yof=6p)T Gt v em. ', f € Hiw.
This action turns out to be independent of the choice of 77 and sp, by [loc. cit., Lemme 9.4].

4.4. Excursion operators and pseudocharacters. Consider finite sets I, J and W € Repy((*G)’) and
U € Rep E((LG) ). Let &7, ¢y be the umque maps from 7, J into the singleton {0}. The diagonal action on
W gives W4 € Rep E (“G); the space of G-invariants (Wé )G is therefore a representation of Gal(F |F).
G
Denote by (W¢r) |X\N
by taking the maximal quotient of W*’ on which G acts trivially. A pair of morphisms

the E-lisse sheaf on X \ N obtained by descent. Likewise, we have (W¢7) » & | PV

<. E G <u.E
Hy,g.u B(W) |X\N - HN,JUI,U&W|(X\1\7)1><A(X\N)

<u.E o . <w,E
Hy, g0 BW)g |X\1\7 < HN,JuI,U&W\(X\N)JxA(X\N)

in D}C’((X \ N)J“{O}, E) are constructed in [loc. cit., (12.18), (12.19)]. Roughly speaking, they are defined
via coalescence and the functoriality of H with respect to (W*¢! )é s W& — (W) &

Now take J = @ and U = 1. Let x € W and £ € W" be G-invariant under the diagonal action, viewed
as maps E — (W )G and (W& )¢ — E., respectively. Taking lim HO(- | ) yields the creation and
annihilation operators (see [loc. cit., Definitions 5.1, 5.2 and 12.3.4])

E—)" 0,<u,E
=t hm HH

—— Mt |A(r;)
c

hm HN

between E-vector spaces. Restriction to Hecke-finite parts yields arrows

ot
X
—
b
Ce

Hg,l x>~ H{O}’l HI,W , see (4-6).

Given I, W, x, £ asabove and y = (;)ic; €1 (1, !, the excursion operator Sy w ¢ 7 is the composite

Hio}1 Hio).1

b

Cfl Ce
sp* . 0,<u.E Hf % 0,<u,E| \Hf (513) !

Hyw — (lim, Hy'y ,7) —— (lim, HyJy 77) —= Hiw

Here y acts in the manner reviewed in Section 4.3. Upon recalling (4-7), we obtain
S1.w.xe7 € Endg(Hiop1) > Endg (C"P(Bung v (Fy)/ E; E)).

Moreover, by [loc. cit., Définition-Proposition 9.1]
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» we have Sy w x5 € Endc.ky\G@a)/ky:E) (H0}.1);
o the formation of Sy w ¢ 7 is E-bilinear in x, § and continuous in ¥ for the topology on the finite-

dimensional space Endg (H{g),1) induced by E;

o let Bg be the E-subalgebra of Endc, (xy\Ga)/ky; E)(Hi0),1) generated by S; w ¢ 7 for all quintuples
(I, W,x,&,7). Then Bg is a finite-dimensional commutative E-algebra by [loc. cit., (10.2)].

The foregoing constructions behave well under finite extensions of the field E of coefficients. Define
the Q;-algebra

B:=Bg ®r Q; C Endg, (Hi0).1 ®£ Qo).

Upon enlarging E, we may assume that all homomorphisms v : B — Q; (finitely many) of Q;-algebras are
defined over E. There is a decomposition of C.(Ky\G(A)/Ky; E)-modules into generalized eigenspaces

Ho=E 5. Hy:={f €Hou1:¥T €Bg.3d =1 |(T —v(T)'f=0}).  (4-16)

Here v ranges over the characters of B3, and one may take d = dimg Hg) 1. The same holds after passing
to Q. Allin all,

CSP(Bung v (F)/E; Q@) = €D H in Co(Kn\G(A)/Ky; Qp)-Mod.
v:B—Qy

It is conjectured that B is reduced, which will imply that d = 1 suffices.

The next step is to reencode the excursion operators Sy w . ¢ 5. Let f (8) = (£, 2 - x)wvew where
ge™G) and (-, - Ywvew is the duality pairing WY ® g W — E. Then f € ﬁ(é\(LG)I/é), where G
acts by bilateral translations through diagonal embedding. By [loc. cit., Lemme 10.6], S; w . ¢ 7 depends
only on (I, f, 7). Using some algebraic version of the Peter—Weyl theorem, one can uniquely define the
operators

Sir7 €Be,  fed(G\*G) )G,

in a manner compatible with the original S7 w . ¢ 7, such thatif f comes from a function Gal(ﬁ | F Y > E,
then S; 15 = f (y) -id. See [loc. cit., Remarque 12.20] for further explanations.

Take n € Z>; and I := {0, ..., n}. Then G acts on &Gy by simultaneous conjugation. There is a
natural map

N 4-17)
Felf (8o gn) > f(gy 8100 80 &)

When n is fixed, the operators

OnNP) =S fagy MEL=1 T em ', f e 0(-G)')G) (4-18)
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in B afford a homomorphism ﬁ((LG)”/é) — C(my (X\I\7, n)", Br) between E-algebras, where C(---)
denotes the algebra of continuous functions under pointwise operations. See [loc. cit., Proposition 10.10]
for the passage to (X \ N, n).

jective. Nonetheless, the operators S(0....n). F.(L7) still generate Bg, as n, f, y vary; see [loc. cit., Remar-
que 12.20].

Finally, the machinery of - G-pseudocharacters associates a semisimple L-parameter o € ®(G) to any
character v : B — Qy, characterized as follows:

e Version 1: foralln € Z-y,y = (y1,...,¥s) and f € ﬁ((LG)”//é), we have (see [loc. cit., Proposi-
tion 11.7])

f@), ..., o) =voB®,(f)(¥).
e Version 2: foralln € Z-1, y = (1, ..., ¥x) and f € ﬁ(é\\(LG){O """ ’”//é), we have

f(O(l), oY1)y 0(Yn)) = V(S{(),__,n}’f',(l,f))- 4-19)

The version 2 above is a priori stronger, but they are actually equivalent by the preceding remarks
on generators.

By the discussions preceding [loc. cit., Remarque 12.21], the map Hom@ Al g(B, @g) — ®(G) above
is injective. Hence we may write $, = 9, if vi— o € ®(G), and set ), = {0} if o does not match any v.
This leads to the desired decomposition (3-2).

5. The transposes of excursion operators

5.1. On Verdier duality. Retain the notation of Section 4.2. Among them, we recall only two points:
(i) The duality operator D is normalized with respect to (X \ N
(ii) W"-? denotes the contragredient of W € Rep E((LG)I ) twisted by the Chevalley involution of (“G)’.

The following results are recorded in [loc. cit., Remarque 5.4]. For the benefit of the readers, we will
give some more details below.

Proposition 5.1.1. There is a canonical isomorphism

Uy i) ~ I, i)
DS, we" = S/ wio g

between functors from W € Repg((*G)")°P to Pervgs ... (Gry1 """ Ty

Proof. As noted in [Braverman and Gaitsgory 2002, §B.6], D preserves the ULA property with respect
to GrY vl ox \ N)!. Since S;,I{l’,‘y‘élk) is ULA, the factorization structure on Gry‘ """ ) reduces the
affairs to the case |/| = 1, i.e., the Beilinson—Drinfeld affine Grassmannian used in [Mirkovi¢ and Vilonen
2007; Richarz 2014; Zhu 2015]. Consider its fiber Gr, over some point x € | X \ N |. In the notation from
Section 4.1, there is a left G ,-action on Gr,.



1232 Wen-Wei Li

In the local setting above, denote the usual duality operator Pervg_ (Gr,) by D; normalization is not

an issue here. The main ingredients are
o the Satake functor RepE((LG)]) — Pervg_ (Gry), written as W +— Sy E;

« a canonical isomorphism between functors in W:

ID)SWyE - SWV‘Q,E'

Let us explain the two ingredients in the local setting. The functor W — Sw g is obtained in [Richarz
2014; Zhu 2015, Theorem A.12], which are based on the case over separably closed fields in [Mirkovié
and Vilonen 2007]. In order to explain the effect of 0, we shall review the case over the separable closure
k of F. \ first. The canonical isomorphism DSy g => Syv.s g over K can be found in [Bezrukavnikov and
Finkelberg 2008, Lemma 14], for example, where a stronger equivariant version is established; they work
over C, but the argument is largely formal.

Next, apply Galois descent as explicated in [Richarz 2014, §6; Zhu 2015, Appendix]. Let C :=
Pervg,, (Gry) and set C’ to be its avatar over K. The absolute Galois group Y of Is‘x operates on C’ via
®-equivalences, in a manner compatible with the fiber functor (total cohomology), thus Y acts on the
Tannakian group G as well. By [Richarz 2014, p.237], C is equivalent as an abelian category to (C" +
continuous descent data under Y'). The Satake equivalence over k and the machinery from [loc. cit.]
furnish an equivalence of ®-categories

Pervg,., (Gr,) — Repp (G Xgeom 1),

where ¢ means continuity, and “geom” means the Tannakian or “geometric” Y-action on G. See [Lafforgue
2018, Remarque 1.19] for the choice of commutativity constraints.

By [Zhu 2015, Proposition A.6; Richarz 2014, Corollary 6.8], the geometric Y-action on G differs
from the familiar “algebraic” one by the adjoint action via pz o xcyel : ¥ — ZZ — Gad(@g), where
Xeyel 18 the £-adic cyclotomic character and pj is the half-sum of positive roots in B; in particular,
G x geom | G Xag Y (= absolute Galois form of the L-group) continuously. Since 6 € Aut(é) stabilizes
© 4, the isomorphism matches 6 X geom id with the Chevalley involution 6 X g id =: Ly,

All in all, we obtain the Satake functor W — Sy g as well as the canonical isomorphisms DSw g =
Swv.e_g. This completes the proof. ([l

Note that the equivariance can be upgraded to GaZdA cox; OF Gazd_ - where n; >> 0 relative to W, see
[Lafforgue 2018, Remaruqge 1.20].

Proposition 5.1.2. There is a canonical isomorphism

Tk~ (1)
DFy1wee = Fniwese

between functors from W € Repg ((“G)")°P to Perv(Cht%‘}"i}VI") / E) that is compatible with coalescence

of paws.
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Proof. First, by combining [Lafforgue 2018, Proposition 2.8] and the explanations before Corollaire 2.15
of [loc. cit.], the smooth morphisms

WIp),E

o
Iy di) jrm € n 1y Ii) ad (11,0 (15 Ii)
Chty'y oy /B L > Gry /Gzi nix;? GrI,W — Gr; /GZ nix;

have the same relative dimension; denote it by d.

Proposition 5.1.1 gives a functorial isomorphism between descent data of shifted perverse sheaves from
Grgllv{,‘“’lk) to Gr Y‘W 1 GE“]l , abbreviated as DS; = S. Denote the corresponding shifted perverse
sheaves on Gr(h """ 1o / G“‘di nix; A8 Stl) and S;. By standard results, see [Laszlo and Olsson 2008b, 9.1.2],
the 1somorphlsm above descends to

(DS)[2d](d) = ;.

Ity I, . Ity 1), B P I D), By ob
Since ]—"1(\, ‘, W X g and sz(\l,ll,wvli)e,s,E are defined in (4-3) as (EI(V,II,W,Z) )*S, and (61(\,’11’ Wv"i’ﬂ)*SZ, respec-
tively, the assertion follows immediately by the same standard result. O

Take any partition = I; U- - - L I, truncation parameter 1 and W € Repz ((*G)’). As a consequence of

Propositions 5.1.1 and 5.1.2, we deduce that Gr(I1 i) Grgl'v{,"v"el and Cht%"]"ﬁ,]") =H Cht%l’[“'vi,lf)e =K,

Remark 5.1.3. Below is a review of the cup product of !-pushforward. Let S be a regular scheme and let
p: X — S be an algebraic stack of finite type over S. Let £, £’ be in D (X, E). Our goal is to define a
canonical arrow

L L
pLIPL — p(L®L).

Denote by A and p x p the diagonal morphisms X — X x X and X x X — §, respectively. The Kiinneth
s s

formula [Laszlo and Olsson 2008b, 11.0.14 Theorem] yields a canonical isomorphism in D (S)
L
PLOPL ~(px (LKL,
where X denotes the external tensor product. Since £ ® L = A*(LX L"), to obtain the desired arrow, it

remains to use the

(P x P — (P X PHAAT =pA*

arising from id - A, A* = A)A¥, as A is a closed immersion.

Consider the normalized dualizing complex €2 on Cht%"l"l',i,lk)’fﬂ / 8. The trace map

Ii,..., I, <
Tr: (" TR B oy

in Verdier duality is obtained by adjunction from = (p(I‘ oA =i )E X\R)! -
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L
On the other hand, Proposition 5.1.2 affords a canonical arrow F .o i) ®f](\,1,‘ ,WI":) £~ 2. Apply

N,I, Wv 0 = JE =
the cup-product construction to the stack Cht%f’,"'ii,lk)’w /8 over (X \ N )1 to obtain canonical arrows in
DZ(X\ N)', E):
HS/LE L Hfﬂ-sE E R
Nwve TN L w (X\N)!
( (Il Ik)af#) (f'(ll ----- Iy) )®( (Il ----- Ik)af#) (f'(ll ~~~~~ 1) ) T (5'1)
P ! N, I,WV9 E.E p N,I,W,E,E r

!

1,..., Iy),< I,..., 1 I,..., 1] Iy,..., 1), <
(p( 1 k) M) (f'](vll Wv]‘)ﬁ = F ®-/._’](\I’1[’W’k5) E) ; (p( 1 k) H«)!Q

By homological common sense (see [Kashiwara and Schapira 1990, Example 1.24(ii)] for example),
taking H® in (5-1) with respect to the ordinary #-structure on (X \ N)! yield natural arrows between
E-sheaves over (X \ ]\7)’

8.E ., <uE R
ByrwiH ®HNI _>E(X\1\7)” i€Z;

we will only use the case i = 0 in this article.
Following [Lafforgue 2018, Remarque 9.2], we may even pass to lim  and look at the stalk at
& € {n!, A(n)}, thereby obtain from %f,fw the E-bilinear pairings

<u.E

(s dg hmHN I, WW”§

12

Their relation with the arrow sp of specialization is given by [loc. cit., (9.6)]
(sp™h, sp*h') .7 = (h, 1) A (5-2)

In the discussions surrounding (4-8), we have seen that Chty & 1 / 8 is the constant stack Bung n(F;)/ E
over Spec [F,. The upshot is that, as in [loc. cit., Remarque 9.2], the pairing (-, - ) A7) for I = @ reduces
to the integration pairing on CC(G(I:’” NG(A)/KyE; E), assuming mes(Ky) = 1. Upon restriction to
Hecke-finite part, we get the pairing (-, -) for Hy 1 in Remark 2.2.3. The same holds for Hjg 1 by
coalescence (4-7).

5.2. Frobenius invariance. For every morphism f between reasonable schemes or stacks, we will denote
by “can” the canonical isomorphisms exchanging f* <> f* and f, <> fi under . When f is a universal
homeomorphism or open immersion, we have f, = f; and f* = f' oronly f* = f*, respectively.
Merge the conventions from Sections 5.1 and 4.3. Let J C I be finite sets, I = 11 U---U I, with J = I;.
We are going to explicate the compatibility between B N 1 w and Frob’; H N” £t 7-[;“ ”]f,, i.e., (4-15).
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Lemma 5.2.1. In Dlg (Cht%1 }"i}VI") /&, E), there is a commutative diagram whose arrows are all invertible:

(FrOb(Il ----- Ik) )*]_-(12 1) ) (Frobgllly}v’wll\))*lD]:l(VIZ}WIl) E CN ) D(Frob(ll}\-;-}lk))*fj(\llzl Wll)

I;,N,WV.¢ WVl E
oo Ty)
F} N vv9<v\l_ Iy Tp)
DF; Nw
]_—(11 ,,,,, I) D]_—(Il ----- Ir)
N,I,WV4 B E N,I,W,E,E

yeen

that of

Frob* S, ., . —— Frob* DS}y, —2 DFrob*S; "},

Jo 'y ~

d [

1) 1)
1, W/ E DS’j’Wj’E

S
in Db (Gr Gaz“l wxo E)s foreach 1 < j <k. Here ® stands for the usual Frobenius correspondences,
el; it
and the horlzontal arrows except can are from Proposition 5.1.1. The square commutes by the functoriality
of .
for the triangular part, [Laszlo and Olsson 2008a, 4.8.2 Corollary] says that can : Frob* D => D Frob*
equals

Frob* RHom(—, Q) —243l, R/ om (Frob*(—), Frob* Q) L= RHom (Frob*(—), ),

where  is the dualizing complex and f : Frob* Q => Q is the canonical isomorphism furnished by
[loc. cit.]. Both f and “can” reflect the fact that universal homeomorphisms conserve duality. In our case,
that fact is also realized by transport of structure via Frobenius, i.e., we have f = &g, the Frobenius
correspondence for 2. The desired commutativity thus reduces to that of

Frob* RHom (S, ) " R3/0m (Frob* S, Frob* Q)

d>R?—Lom(S,Q)\L (q:.—l)* ((D )
s o)«

RHom(S, 2)

()

forall S € Db (Gr / Gu , E). This is by now standard. Il
2 er; ki

Reintroduce the truncation parameters w1’ >> u so that (4-10) holds with respect to both W and WV’Q.
Let a; (universal homeomorphism) and a, (open immersion) be as in (4-12). As u increases, ChtN w
and Cht> =1 form open coverings of Chty NLW-
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To state the next result, we write Q=* and 2 for the normalized dualizing complex on Cht),’ IS{,‘V /8 and
al_l Cht%?’,"'ﬁ,ll)’ =l /&, respectively. Recall that dualizing complexes are unique up to unique isomorphisms
[Laszlo and Olsson 2008a, 3.4.5]. There are canonical isomorphisms a}Q=F <> Q <= a, Q=" since

* !
al—al.

g ) éa* (oo Iy) . Atk
1Y N, I,Wv-e B.E 1Y N, ILWEE 1
on=<u on=<u N
Uy L ]y Ti) =
Frob]l,N,WVﬂ ®Fr0b,qu.W Q

L
where the arrows from - - - - - - to 2 are induced from Lemma 5.2.1.

Proof. 1t suffices to show the commutativity of the outer pentagon, since the triangle is defined to be
commutative. Recall the passage from (4-11) to (4-13): Frobgl’}\‘,"'j.lh") is obtained by restricting F’ 1(11,]1’\/';'.{/{)
to the open substacks cut out by the conditions < p and < w’. It remains to apply Lemma 5.2.1; note that

the effect of arrows af Q=" = Q <= a!ZQS“/ match the morphism “can” in Lemma 5.2.1. ]

Proposition 5.2.3. Write J := I,. There is a commutative diagram in DIC’ ((X\ N ), E)

L Frob* (5-1)
<u.E <u.E J
Frob} HN’[’W\/,Q ® Frob} Hyjw — Frob} E(X\N)l

L
) P

<w,E L. <y E
% A
HN,I,WW ®@Hy 1w (5-1) E(X\N)’

where

L
e F; ® Fj is induced from the Fj in (4-15),
o the Fj on the right is the evident partial Frobenius morphism for E XM

Proof. Retain the notation for Lemma 5.2.2 and let p := p%l ’1""1"). Upon recalling the formalism of

KA%nneth formula, cup products (Remark 5.1.3) and the trace maps Tr (see (5-1)), Lemma 5.2.2 produce
a diagram in Df((X \ ]\7)’, E):
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Frob’ Tr
(I, ..., 1) (1 ..... 1)
Frob} pi 7% wve = E®Fr0bj PN we s — Frobj pQ=t ——— Frob) E y\ 5
\—f—-’ —_—
on < on <
N ~|BC ~ | Fy
BC®BC|—

(I, 11) (I, ..., 1) ~ T
pajFy 21 WVI@ o E®p!“T NIiweE — PaiQ= ~pQ — Ex\fy

1 I
prFrob, 1l & Frobj e Wk)l

LDy I) Lo -
ma,F "7 ’fﬁu ®pua2 ](VIIW‘)E ——— P Q= = Q

| l d

=
~
=
<
1]

i3 (11 ,,,,, 1) <u
p!]:N,I,WVv@,E ®P N,I,W,E.E ” p!QJ*
on <y on <pu

where BC and ]:na!2 — Py are the arrows in (4-14) and explained after (4-15), respectively. The diagram
commutes, indeed:

o The first two rows form a commutative diagram by the naturality of BC, which is ultimately based
on the topological invariance of the étale topos together with the fact that universal homeomorphisms
respect duality [Laszlo and Olsson 2008b, 9.1.5 Proposition and 12.2].

e The commutativity of the middle square comes from Lemma 5.2.2, by applying p;.
e The remaining pieces commute by the naturality of p!a’2 — py and of Tr.

The composite of the last row is (5-1), and that of the ﬁrst row is its Frob* —image (now for the

< | part). The composr[e of the leftmost column yields Fjy ® Fj : Frob HH NI Wv 0 ® Frob Hf,“ f,%v —

H;ﬂl’f‘,v 0 ® HH NIW by the very definition of Fj. This completes the proof. O
The case k = 1, i.e., when Fj is the total Frobenius morphism, is relatively straightforward; see the
proof of Lemma 5.2.1.
Recall from Section 4.3 that F; furnishes an E-linear endomorphism of li_n)lﬂ H?VSIM WE e still denoted

as Fj.
Corollary 5.2.4. The pairing (-, -) o in (5-2) is invariant under Fjy forall J C I.
Proof. After taking H° and lim , Proposition 5.2.3 implies that

(h1, ha)7 = (Ey(ha), Ej(h2)) 7

0,<u,E

for all iy, hy in lim, H 0= 00

| 7 and lim HN W | 7, respectively. O

The cautious reader might worry about a missing power of p in Corollary 5.2.4 due to Tate twists. It
does not occur here by our normalizations of S, F and D.
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5.3. Computation of the transpose. We adopt the notation of Section 4.4. The integration pairing (-, - )
of Remark 2.2.3 is nondegenerate symmetric on the finite-dimensional E-vector space Hip1 >~ Hy 1.
The transpose S* of any S € Endg(Hjoy.1), characterized by (h’, Sh) = (S*h’, h) for all h, i’ € Hy) 1.
Identify (-, -) with the pairing (-, - ) A in (5-2).

Lemma 5.3.1. Forall data 1, W, &, x and y = (v;); € m(n, )! for excursion operators, we have

* e -
LW.Ex7y = St wvo x g 71

In particular, the E-algebra B is closed under transpose S +— S*.

Note that the roles of x, £ are switched when one passes from W to W"-¢. The transpose-invariance of
BE has already been sketched in [Lafforgue 2018, Remarque 12.15].

Proof. Recall from Section 4.3 that by choosing 17 and sp, there is a homomorphism FWeil(n’, 17 ) — ng
inducing an isomorphism between profinite completions. As S; wg x.; and S; yve . ¢ ;-1 are both
continuous in ¥, it suffices to consider that case when y comes from FWeil(’, 17 ).

By [Lafforgue 2018, Remarque 5.4, (9.8)], Cg and Cg are already transposes of each other on the sheaf
level with respect to %E’j w in particular they commute with sp*. Ditto for Cﬁ and Ci. Therefore, for all
h,h' € Hyy 1, we infer by using (5-2) that

(W' Spwaes (M) ag = (', CLsp™) (7 - sp*CiM) acr)
= (sp" (1), 5" (C; (sp™) ™ (7 - sp*CEI)) ;7
= (sp*CL(R), ¥ - sp*CL(h));.
(Srwvo gx5-1(h), ) Ay = (C2sp) ! '5P*C§h/), h) Ay

= (sp™(C(sp™) (7 8P CERN)), 80" () 7
= (77" sp"CL(), 5 C()) 7.

It remains to show _that (-, - );, is FWeil(n’, 17 )-invariant. Recall thai the FWeil(n/, 77 )-action unites

those from 71 (n’, n!) and partial Frobenius morphisms F;. The 71 (5!, n!)-action leaves (- , - )77 invariant

since the latter comes from the sheaf-level pairing SB;‘IEW over (X\ N ). The Fj-invariance of (-, -) for
all J C [ is assured by Corollary 5.2.4. ]

We are now able to describe the transpose of excursion operators.

Definition 5.3.2. For every f € 6(G\(*G)! JG), set f1 (%) := f(0(z~")) where g € (“*G)! and 0
stands for the Chevalley involution of (*G)’. Then f > f defines an involution of & (G\(LG)I / G).

Lemma 5.3.3. Forall I, f € 6(G\(*G)! )G) and ¥ = (vi); € m(n. ), we have S} 15 =SLptg

Proof. Tt suffices to consider the case f(g) = (&, g-x)wvew, Where £ € WY, x € W are as in Lemma 5.3.1,
and (-, - )wvew is the evident duality pairing. As before, denote by W?, WV-¢ be the “6-twists of the
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representations W, W etc., and the preceding convention on pairing still applies. Note that (W"-%)" ~ W?
canonically in Repg ( tG)Hh.
For every g € (*G)', we have

g L -1
@ =" wew
—_—
original action
-—1
= (S, 8 - X )WGYV®W9
——
Lg-twisted
= (g-&) , xyovgwe
——
Lo -twisted

= <X, g . 5)(Wv,9)v®wv.0.

In view of Lemma 5.3.1, we deduce that Sy = S}kwé oy equals Sy ywv.o g 5-1 = Sp i 5-1, @s

asserted. |

Consider any homomorphism v : B := B @ p Q; — Q; of Q,-algebras. As B is commutative and
closed under transpose, v* : § > v(S*) is also a homomorphism of Q-algebras.

Proposition 5.3.4. If o € ®(G) is attachedtov : B — Qy, then "0 o o is attached to v*.

Proof. Fixn € Z>p and let I :=={0, ..., n}. Given the characterization (4-19) of the L-parameters attached
to v, v*, it boils down to the observation that for all = (yy, . . ., y») € 11 (n, )’ and f € 6(G\*G! JG),

VE(S15) =SS 1) =v(Sp )=o) o)) = F o (), -, Moo (va)),
in which the second equality stems from Lemma 5.3.3. ]

Write ), := 9, if 0 € ®(G) is attached to v, and write (-, - )5 o7 1= (-, -) forall o, 0’ € ®(G).

o9,

Proof of Theorem 3.3.2. Enlarge E so that all homomorphisms v : B — Qg are defined over E. Fix a
v such that §), # {0}. Since Bg is closed under transpose, the subspace fij C Hjp),1 defined relative
to (-,-) is Bg-stable as well. Since (-, -) is nondegenerate, EFJVL # Hyoy,1. Use the Bg-invariance to
decompose Br-modules as follows

1 Hio) 1
= ns,, = 0
euaﬁv ﬁ/‘ f)VL @ﬁimﬁu#{ J-

We contend that $,, ¢ HT only if u = v*, or equivalently u* = v.
Indeed, (-, -) induces a nondegenerate pairing

5”®€Bmm§i
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Let d := dim H{p) 1. For every S € Bg, write S, := S|g,. Then (S, — p($)4 =0. Taking transpose with
respect to (-, - ), yields (S} — v($)? =0in Endg($9,./(Hp N$H:L)), for each p.

On the other hand, the transpose S* € By with respect to (-, - ) satisfies (S* — £(5*))¢ =0 on s
and §*|, induces S** € Endg ($),/ (5, N$HL)) satisfying (S*# — 1 (5*))? = 0. Clearly S** = S*. All
in all, we deduce that ©*(S) := u(S*) = v(S) whenever ), # ﬁl} NH,.

It follows from the claim that if (-, - ), is not identically zero, then the corresponding v, v’ : B — Q,
satisfy v* = v’. Now Proposition 5.3.4 implies "0 o0 = o”. O
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