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Blow-ups and class field theory for curves
Daichi Takeuchi

We propose another proof of geometric class field theory for curves by considering blow-ups of symmetric
products of curves.

1. Introduction

Geometric class field theory gives a geometric description of the abelian coverings of a curve by using
generalized jacobian varieties. Let us recall its precise statement. Let C be a projective smooth curve over
a perfect field k. We assume that C is geometrically connected over k. Fix a modulus m, i.e., an effective
Cartier divisor of C and let U be its complement in C. Denote by Picgm the corresponding generalized
jacobian variety. Let G* — Pic%’m be an étale isogeny of smooth commutative algebraic groups and
G'— Piclc,m be a compatible morphism of torsors. We call such a pair (G* — Pic%’m, G!' — Piclc’m) a
covering of (Pic{ .., Pic¢ ). A covering (G® — Picl ., G' — Pic. ) is called connected abelian if G°
is connected and G° — Pic(()lm is an abelian isogeny. There is a natural map from U to Piclc’m sending a
point of U to its associated invertible sheaf with a trivialization. Geometric class field theory states:

Theorem 1.1. Let C be a projective smooth geometrically connected curve over a perfect field k. Fix a
modulus m of C and denote its complement by U. Let Pic(();’m be the generalized jacobian variety with
modulus m. Then a connected abelian covering (G — Pic%’m, G'— Piclc’m) pulls back by the natural
map U — Piclcym to a geometrically connected abelian covering of U whose ramification is bounded

by m. Conversely, every such covering is obtained in this way.

Originally this theorem was proved by M. Rosenlicht [1954]. S. Lang [1956] generalized his results to
an arbitrary algebraic variety. Their works are explained in detail in Serre’s book [1988].

On the other hand, in 1980s, P. Deligne found another proof for the tamely ramified case by using
symmetric powers of curves [Laumon 1990]. The aim of this paper is to complete his proof by considering
blow-ups of symmetric powers of curves.

We have learned that Q. Guignard has done similar work [2019].

Actually we prove a variant of Theorem 1.1 now stated.

Theorem 1.2. There is an isomorphism of groups between the subgroup of H' (U, Q/7) consisting of
a character x such that Swp(x) < np — 1 for all points P € m, where np is the multiplicity of m
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at P, and the subgroup of H' (Picc m, Q/Z) consisting of p which is multiplicative, i.e., the self-external
product p™X 141X p on Picc.m Xk Piccm equals to m* p, the pullback of p by the multiplication map
m : Picc.m Xg Pice m — Pice .

The relation between Theorems 1.1 and 1.2 will be explained in Section 4.

When k is algebraically closed, Theorem 1.2 can be stated as follows. Let p be a multiplicative
element of H' (Picc i, @/Z). Fix a closed point P € Piclc’m. The multiplicativity of p implies that, for
an integer d, the pullback of p? by the multiplication by d P Picg’m — Pic‘é’m coincides with p°. In this
way, Theorem 1.2 can be restated as follows:

Theorem 1.3. Assume that k is algebraically closed. Then there is an isomorphism of groups between the
subgroup of H'(U, Q/Z) consisting of a character x such that Swp(x) < np — 1 for all points P € m
and the subgroup of Hl(PiC%’m, Q/Z) consisting of a multiplicative element p°, i.e., the self-external
product p° K1+ 1X p° on Picg’m Xk Picg’m equals to m* p°, the pullback of p° by the multiplication map
m: Pic%’m Xk Pic%’m — Pic%’m.

Here we summarize the construction of this paper. In Section 2, we recall the definition and properties
of (refined) Swan conductors, and make a calculation on the Swan conductors of symmetric products
of characters. We construct compactifications of the Abel-Jacobi maps U4 — Pic‘é’m and study their
properties in Section 3. The main result of this section is that the compactifications can be identified
with open subschemes of blow-ups of C®. In Section 4, we finish the proof of Theorems 1.1 and 1.2 by
combining the results in the previous sections.

Throughout this paper, we use the following conventions: We identify an effective Cartier divisor with
the associated closed subscheme. For an object defined on a scheme S (e.g., an S-scheme, a locally free
sheaf, a vector bundle, and so on) and a S-scheme 7', we denote its pullback to T by the same letter,
unless there may be ambiguity. We denote the category of S-schemes by Sch/S. For a category C, we
call a functor C? — (Set), from the opposite category of C to the category of sets (Set), a presheaf on C.

2. Preliminaries

In this section, we recall basic properties of Witt vectors and refined Swan conductors, and calculate the
Swan conductors of symmetric products of characters. Fix a prime number p.

Reminder on the refined Swan conductor. Let A be a ring of characteristic p. Let m be an integer > 0.
We denote by W,,+1(A) the ring of Witt vectors of length m + 1 with coefficients in A, and write its
elements as (ag, ay, ..., an). Let O4 be the structure sheaf of rings on the étale topos of Spec(A).

Let F be the absolute Frobenius map O4 — Oy, i.e., sending x + x”, and denote the ring homomor-
phism W,,,11(O4) = W,,11(O4) induced from F by the same letter F. The short exact sequence

0—Z/p"7 = W, 1(04) =5 W, 11(04) = 0
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of étale sheaves on Spec(A) defines the boundary map
Smi1.4 : Wiy1(A) — H'(Spec(A), Z/p"+' 7).

The boundary map is surjective, hence W, 1(A)/Im(F — 1) = H'(Spec(A), Z/p"*+'Z), the map it
induces, is an isomorphism. The boundary map &,,41,4 is natural in A. In other words, for a morphism
f 1 A — B of rings of characteristic p, the diagram

Sm+1,A

W p1(A) ————— H'(Spec(A), Z/p"*+'7)
(2-1)
Sm+1.8

Wi1(B) ————— H!(Spec(B), Z/ p"*+'7)

is commutative, where the vertical maps are the canonical ones induced from f.
Let (R, ) be a DVR of equal characteristic p and K be its field of fractions. Let vg be its normalized
valuation. Let m be an integer > 0. We extend the valuation vg to W,,11(K) by setting

vr((@0, - - -, ap)) = ml,in{p’"“'vk(ai)}.

We define an increasing exhaustive filtration on W, (K) by setting, for n € Z, fil,, W,,11(K) to be the
subgroup of W, +1(K) consisting of elements (ay, ..., a,;) such that

vr((ag, ..., ay)) > —n.

Define an increasing exhaustive filtration fil, H! (K, Z/ pm“Z) of H'(K, z] pm“Z) by the image of
fil, Wy, +1(K) through the boundary map 6,41 k-

For any x € H'(K,Z/p"*'7), the Swan conductor of x, Swg(x), is the smallest integer n > 0 such
that x e fil, H' (K, Z/ p™+'Z)[Brylinski 1983; Kato 1989]. When R is henselian and the residue field is
perfect, this is the same as the classical Swan conductor [Kato 1989, Proposition (6.8)].

Lemma 2.1. Let R and K be as above. Take x € H (K, Z/ p"+'7).

(1) The subgroup filyH (K, Z/p"™*t'Z) of H\(K,Z/p™t'Z) coincides with the image of the map
H'(Spec(R), Z/p"+'7) — HY(K,Z/p"*'7), i.e., the group of unramified characters.

(2) Let R be the completion of R and K be its field of fractions. Denote the restriction of x to K by x.
Then, the equality Swg(x) = Sw 3 (X) holds.

Proof. (1) This follows from the commutative diagram

Sm+1,
W1 (R) —5 H (Spec(R), Z/ p"*+1Z)

l l 22)

8m+],K

Wyi1(K) ——— HY(K, Z/ p"+'7)
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and the fact that the upper horizontal arrow in (2-2) is surjective.

(2) The commutative diagram

5m+l,K

Wi1(K) — HY(K, Z/p"*'7)

| |

N .
W1 (K) —=HY(K, Z/pm+'7)

implies SWr(x) > Swx(X). Let n =Sw(X). Then there exists a Witt vector & € fil, Wy, (K) mapping
to x. Take « € fil, W,, 11 (K) whose components are close enough to those of & with respect to the
valuation of K, so that every component of & — « (here « is regarded as an element of W, (K))isin R.
Then, 8m+1’13(& —
by (1), there exists B € Wy,41(R) such that x — 8,41 k(@) = m+1,x(B), hence the assertion. U

«) is an unramified character by (1). Therefore, x — 6,41,k (@) is unramified. Again

Next we recall refined Swan conductors.

Define ﬁ}e to be the m-adic completion of the absolute differential module Q}e- Let ﬁ}( = ﬁ}e Rr K.
The canonical map Q }e - Q }( is injective and we usually regard Q }? as an R-submodule of }( via this
map. The R-module ﬁ}e(log) is the R-submodule of ﬁ}( generated by Q}e and dlogm :=dn /7. From
the definition, the following holds:

Lemma 2.2. Assume that R is obtained from a smooth scheme over a perfect field by localizing at a point
of codimension one. Let by, ..., b, be a lift of a p-basis of the residue field of R to R. Then, Q}Q(log) isa
ﬁfree module with a basis dby, . .., db,, dlogm. |

For w € ﬁ}(, define vfg(a}) as the largest integer n such /t\hat w € n”ﬁ}e(log) (we formally put
vllgg(O) := 00). There is a homomorphism F"d : Wy,+1(K) — SZ}( of groups given by

F"d((ap, ..., an) =Y al"" "'da;.
i

Define an increasing exhaustive filtration on ’S\Z}{ by setting
fil, QL = {0 € Qk [V E (@) > —n}

for n € Z. From the definitions, the homomorphism F"d : W, (K) — Q }( respects their filtrations. In
other words, vg(a) < v}?g(F’"da) hold for all « € W,,, 11 (K).

Proposition 2.3 [Leal 2018, Proposition 2.8]. Let n be an integer > 0.
(1) There is a unique homomorphism

rsw : fil, H'(K, Z/p"'7) — fil, QL / fil ., Q.
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called the refined Swan conductor, such that the composition
fily, W1 (K) = fil, H' (K, 2/ p" ' 2) — fil, Qi / fillny ) R
coincides with F"d.
(2) For L%J <i < n, the induced map
fil, H (K, z/p"*'7z)/ fil, H(K, Z/ p" ' 7) — fil,, QL / fil; Q%
is injective.
At the end of this subsection, we extend the definition of the Swan conductors for characters in
H!(K, Q/Z) as follows.
Let m be an integer > 0. We identify the groups Z/p"7 and L7/7 via the multiplication by —- In

this way, we define a filtration on H' (K, o Z/Z) from that of HI(K Z/p™Z). The natural 1nclu51on
meZ /7 — pml —1Z/Z induces an inclusion

H'(K, 5»2/Z) — H'(K, 5Z/Z)
of groups.
Lemma 2.4. Let m, n be integers > 0. The equality
fil, H' (K, L,,,Z/z) =H'(K, mZ/Z) Nfil, H' (K, ,,}HZ/Z)

of subgroups of Hl( , m+l Z/Z) holds.

Proof. Fix a separable closure K* of K. Let V : W,,(K*) — W,,+1(K®) be the Verschiebung, i.e., the
map sending (ao, ..., an—1) to (0, ap, ..., an—1). We have the following commutative diagram

00— LZ/7 ——— Wy (K*) —— W,y (K*) — 0

C

F—1
0 1 L/ 7 —— Wy 1 (K*) —— W1 (K*) —— 0,

here we identify meZ/Z and Z/p™Z as mentioned above. Taking cohomology groups, we get a
commutative diagram

W, (K) —mk H'(K, :2/7)

lv l (2-4)

m+1 K

Wm+] (K) — H ( ’ m+1 Z/Z)
Since the map V : W,,(K) — W,,11(K) respects the filtrations, the inclusion

fil, H' (K, pL,,,Z/Z)cH( , mZ/Z)ﬂﬁl H'(K, m‘HZ/Z)
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holds. To prove the equality, it suffices to show that the morphism

Gr, H'(K. 5wZ/Z) — Gr, H' (K, 52/Z)

is injective for n > 1, where Gr,, := fil, / fil,_;. We have the following commutative diagram

Gr, H'(K, 57/7) —“——— Gr, Q)

(2-5)

Gr, H' (K, =2/Z).

By Proposition 2.3(2), the refined Swan conductors rsw in (2-5) are injective, hence the assertion. [

: 1
We define a filtration on H! (K, Q,/2,) =, HI(K, WZ/Z) by

fil, H' (K, @,/Z,,) = |_Jfil, H' (K, 52/2).

Let x € H' (K, @/Z) be a character. Let p be the p-primary part of x and be considered as an element
of H(K,Q »/4Zp) via the natural decomposition

H' (K,Q/7) = @H‘(K, Q,/Z,),
q

where g runs through all prime numbers. We define the Swan conductor Sw( ) to be the smallest integer
n > 0 such that x,, € fil, H'(K, Q,/Z,).

The Swan conductor of a symmetric product. In this subsection, we assume that k is a perfect field of
characteristic p.

Let X, X, be smooth schemes over k. Let Z; and Z, be smooth irreducible closed subvarieties of X
and X,. Let X;, X5, and X1/>\</X2 be the blow-ups of X, X», and X x X, along Z;, Z,, and Z| x Z5.
Denote by R;, R, and Rz the DVRs at the generic points of the exceptional divisor of X 1 f(z, and
X1 x X5. Let K; be the field of fractions of R; fori =1, 2, 3.

Lemma 2.5. (1) The projections X1 x X, — X1 and X| x X» — X3 induce the extensions R3/R| and
R3/ Ry of DVRs, which preserve uniformizers.

(2) There is a canonical isomorphism
ol ~ ol ” ol
Qk, = (K3Qpg Q) & (K3®p, Q).
This isomorphism respects the filtrations, i.e., via this isomorphism, fil, ﬁ}(g coincides with

(Rs ®, fila Qi) ® (R ® 4, filu Q).
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Proof. Let U be the open subscheme of X1/>\<7(2 obtained by removing the strict transforms of Z; x X,
and X x Z,. This is the largest open subscheme where the pull-backs of Z; x X, and X x Z; coincide
with the exceptional divisor. By the universality of the blow-ups X, and X, the projections U — X and
U — X, induce morphisms U — 5(1 and U — )~(2, hence a morphism U — )~(1 X )~(2 of X x X»-schemes.
Denote by D; and D, the exceptional divisors of X, and X». Let (f( L x X 2)" be the blow-up of X1 x X»
along Dy x D,. The morphism U — )~(1 X )~(2 lifts to a morphism U — (5(1 X )~(2)/. We claim that this is
an open immersion. Indeed, by the universality of the blow-up, the morphism (f( L x X 2) — X x X, lifts
to a morphism ()N( 1 X 5(2)/ — XT;}Z, which implies that U is quasifinite over ()N( 1 X }?2)/ . By Zariski
main theorem, the morphism U — (f( 1 X )~(2)’ is an open immersion.

Taking an affine open neighborhood of the generic point of the exceptional divisors D; and D, in X
and X 2, we may assume that X 1 =Spec(A1) and X 2 = Spec(A,) are affine. We also assume that there are
systems of regular parameters xy, X3, ..., X, € A and y1, y2, ..., ym € Ap such that the ideal generated
by x; and y; define D and D;. The scheme U is canonically isomorphic to Spec(A 1® Az[’y“—l, )yc—i]) and
the natural inclusions A}, Ay — A| ® AZ[)yC_i’ f{—i] define the projections U — X, X». The first assertion
follows from this calculation. The canonical isomorphism

Q§(1><X2 ; pr*Xl Q.%(l 69pr*Xz Q;{z’
where pry, and pry, are the projections to X, and X, gives an isomorphism
Q, = (K3 ®, Qi) ® (K3 ®z, Q).
The differentials ‘%, d(%), dxs,...,dx,,dys, ...,dy, form a basis of Iég—module ﬁ}h (log). The
second assertion follows from this fact and (1). O

Corollary 2.6. Let x; € H'(K;, Q/Z) fori = 1, 2. Then, the following holds:
Swry (x1 B 1+ 1K x2) = max{Swg, (x1), SWg, (x2)}.

Proof. Taking the p-primary parts of xi, x2, and x; X 1+ 1 X x,, we reduce to the case when yx; €
H'(K;,Z/p"*'Z).
First we verify that the morphism

H'(K\,72/p" "' 7) @ H (K2, Z/ p"™ ™' 7) — H' (K3, Z/p" ' 7) (2-6)

respects the filtrations. Since the extensions R3/R;, R3/R; of DVRs preserve uniformizers the morphism
Wit1(K1) & W1 (K2) — W41 (K3) respects the filtrations, which implies the assertion.

To show the corollary, it is enough to prove that the morphism induced from (2-6) by taking Gr,, is
injective. This follows from the injectivity of refined Swan conductors (Proposition 2.3) and Lemma 2.5. [J

Let S be a scheme. For a quasiprojective S-scheme X and a natural number d > 1, the d-th symmetry
group S, acts on X¢ := X x5 X xg--- x5 X (d times) via permutation of coordinates. Define a scheme
XD .= x1/8,. XD is called the d-th symmetric product of X. It is known that, if X is smooth of
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relative dimension 1 over S, X4 is smooth and parametrizes effective Cartier divisors of deg =d on X
[SGA 43 1973, Exposé XVII, Application 1; Polishchuk 2003, 16]. In particular, the formation of X (®
commutes with base change S — S.

Let C be a projective smooth geometrically connected curve over k. Let U be a nonempty open
subscheme of C.

Let d be an integer > 1. We construct a map H' (U, Q/Z) — H/(U“Y, Q/Z) as follows. First fix a
finite abelian group G. Let V — U be a G-torsor. Then V¢ is a G¥-torsor of U¢. Let H be the subgroup
of G¥ consisting of elements (aj, ..., ay) satisfying _,_,.,a; = 0. Then V¢/H is a G-torsor of U“.
This torsor has a natural action by the d-th symmetry grOI_Jp_Gd which is equivariant with respect to its
action to U“.

Lemma 2.7. The morphism

(VY/H) /&g — UD (2-7)
induced from the map V¢ H — UY, taking the quotients by G4, is a G-torsor.

Proof. 1t is sufficient to show that, for every geometric point x of U, the stabilizer group (S4); at X acts
trivially on the fiber (V¢/H); over X, see [SGA 1 1971, Remarque 5.8].

We may assume that & is algebraically closed and that geometric points considered are k-valued points.
Let x be a geometric point of U?. For simplicity, we assume that X = (X1, ..., X1, X2, -+« 3 X2, e ooy Xy o v vy X ),
where x1, ..., x, are distinct points and x; appears d; times for each i. Then the inertia group (&,); at x
is isomorphic to [, _; -, &g,.

For each i, take a k-valued point e¢; of V xy x;. From the definition of H, the fiber of yd /H over x
can be identified with the set

{(elsel""7ervger)|g€G}’ (2_8)
on which (G&,); acts trivially. U

In this way, we construct a G-torsor (V¢/H)/&, on U@, Since this construction is compatible with a
morphism of abelian groups G — G’, we obtain a group homomorphism H' (U, Q/Z) — H' (U?P, Q/Z).
We denote by x @) the image of x via this map. Let K be the field of fractions of U, K (@) be that of U @,
and K be that of U?. Taking U smaller and smaller, we also have a map H'(K,G) - H' (K @), G) for
a finite abelian group G and a map H'(K, Q/Z) — H' (K (4), Q/2).

We consider a similar construction on the groups of Witt vectors. Denote by pr; the morphism K — Ky
induced by the i-th projection U d _5 U. Consider the map A : W,,11(K) = W,,11(Ky) sending a Witt
vector o to prj o+ - -+pr) . Since the extension K4/ K (4), induced by the natural projection U dy@),
is finite Galois with the Galois group &, the G4-fixed part of W, 1(K,) coincides with W, 1 (K 4))
(here W,,+1(K(4)) is considered as a subgroup of W, ,1(K,) via the natural projection U4 — U®),
Thus the map A factors through W, 1 (K 4)). We also denote the induced map W, 1 (K) = Wy, 11(K(g))
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by XA. Note that the diagram

m+1,K

S,
W1 (K) ——— HY(K, Z/p"*'7)

8m+l,K(d

W1 (K@) —— H' (K@), Z/ p"+'Z)

is commutative. This follows from the commutativity of pr; and the boundary maps (see the diagram
(2-1)), and the injectivity of H/(U?, Z/p"+'Z) — H' (U4, Z/p"*+'Z) (see Lemma 4.2). Also, the
canonical morphismAﬁ}((d) QK Ka —> ﬁ}{d is an isomgrphism and the G,-fixed part of ﬁ}(d coincides
with (the image of) Q2 }Q,n' We define a map w : Q2 }( — Q}Qd) similarly to A. The maps A and & commute
with F™d.

Let P be a closed point of U. For simplicity, let us assume that the residue field at P is isomorphic
to k. Let R be the DVR of C at P, and R, be the DVR of K ;) at the generic point of the exceptional
divisor of the blow-up of C¥ along the point corresponding to the divisor d P. We define filtrations on
W1 (K) (resp. W11 (K@) and Q) (resp. Q) by R (resp. Ria)) (see (2-1).

The following theorem, and corollary are key calculations to prove Theorem 1.2 in Section 4.

Theorem 2.8. Let n be an integer.

(1) The homomorphism
AW (K) = W1 (Ka))

sends fil, W, 1 (K) into fil ;10| W1 (K (a)).
(2) The homomorphism
W ﬁ}( — ﬁ}((m
sends fil, ﬁ}( into fil ;4 ﬁ}((d). Let j be an integer. The induced map
fil¢jna—1 2k / filja—1 Q — Gr; Q.
is injective, here Gr; :=fil; /fil; ;.
Corollary 2.9. Let x be a character in H (K, Q/Z). The following identity holds:

SWR(X)J

SWR(:I) (x (d)) = \‘ d

Proof of Corollary 2.9. Taking the p-primary part of x and an isomorphism #Z/Z =7/p"t7, we
reduce to the case when x e H' (K, Z/ p"*+'Z). Take « € W,,,; 1 (K) such that @ maps to x via the boundary
map W4 1(K) — H' (K, Z/p"*+'Z) and vg(a) = —Swgr(x). Since the map F"d : W, 41(K) — Q&
respects the filtrations, we have F"da € fil _sy,(y) ﬁ}( On the other hand, by Proposition 2.3(2),
we have F"da = rsw(y) ¢ fil_1_swg(y) ﬁ}( By the definition of the filtration on Q! , the equality
VRE(F™da) = —Sw(x) holds.
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When Swg(x) =0, x is unramified since y is p-torsion. Thus x ) is unramified too by the construction
of x @, which implies the assertion in this case.

Assume Swg(x) > 0. Let r := [Swg(x)/d]. From Theorem 2.8(1), the inequality vg , (A(a)) > —r
holds. Thus x @ is contained in fil, H' (K 4), Z/p™*'Z), which implies the inequality Swg, (x ‘) <r.

We show that the class of x @ in Gr, H' (K4, Z/ p™*1Z) is nonzero. Consider the following commu-
tative diagram

ﬁlr Wm+1 (K(d)) —_— Grr HI(K(d)7 Z/pm+lz)

J{rsw (2-9)
Gr, ﬁ}((d),

Fd

which is obtained from Proposition 2.3. It suffices to show that rsw(x®) is nonzero. From the
commutativity of (2-9), rsw( x D) coincides with the class containing F"dA(a) = n(F™da). Since
vi?g(F’"doz) = —Swg(x), the class of F"da in fil(41)4—1 @}(/ﬁlrd_l @}( is nonzero. the assertion
follows from Theorem 2.8(2), i.e., the injectivity of u. ]

To prove Theorem 2.8, we first collect some basic properties of the DVR R(;) and its module of
differentials. Let R, be the normalization of R(4) in K. Ry is a DVR. The natural projection C¢ — C?)
and the i-th projection C¢ — C define extensions of DVRs

Ry < Ry <Z>R.

Fix a uniformizer ¢ of R. Let Sy, ..., Sq be the elementary symmetric polynomials of pry ¢, ...pr} ¢ in
Ry, ie., S1, ..., S satisfy the following identity

(T —ptit) - (T—prst) =T = ;T ... (=1)?S,.

Lemma 2.10. (1) The residue field of R is isomorphic to k(Sl/Sd, ey Sgo /Sd).

(2) The elements S, ..., Sq are uniformizers of R ).
(3) The valuations of pri t, ..., prjt with respect to Ry are the same.
Proof- Since the sequence S, ..., Sy is a regular system of parameters of the regular local ring of C?) at

the k-rational point d P, the exceptional divisor of the blow-up of C@) is isomorphic to a projective space
over k with homogeneous coordinates Sy, ..., Sy.

(1) This follows from the considerations above.

(2) At the generic point of the exceptional divisor, the elements Sy, ..., S; generate the same ideal.
Since the exceptional divisor is regular, the assertion follows.

(3) The d-th symmetry group &, acts on R, permuting the prt, hence the assertion. (Il

By Lemmas 2.2 and 2.10(1), ﬁ}?u) (log) is an ﬁ(d)—free module with a basis dS;/Sy, ...,dSi/S4.
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Lemma 2.11. For each integer i, define

d(prt dprst) ~
_ (pl.)+---+ (pd,)eQI
prj ' prit

Let j be an integer. Then, the differentials wjqy1, ..., ®(j+1)q form an ﬁ(d)-basis of the Ié(d)-free module
(1/8))82k,, (log).

Proof. To avoid notational confusion, we change the notation d to »n in this proof.

Ry

Since the differentials w; are &,-invariant, they are indeed contained in Ql Kon*
Suppose j > 0. Define a polynomial F(T) := (T —prjt)--- (T —pr; t). The following equalities
hold:

—dST" "+ +(=1)"dS, =dF = —F Z dprit
! " — T —prit
I<i<n !
dprit
-y F ot
i prjt 1 —T/pr} r
Comparing the coefficients of 7", we obtain equalities
Snw1 = £d S,

San + Sn—lwl = :tdSn—l
S,w,+1 + (a linear combination of w,, ..., w,—,) =0 (r>n)

The assertion follows by induction on r.
For the case when j < 0, take F as (1 —pr{tT)--- (1 —pr;, tT) and argue similarly. U

Proof of Theorem 2.8. (1) Let eg,/r,, be the ramification index of Ry/R ). Let eg, /g be the ramification
index of R;/R induced by pr;. By Lemma 2.10, e, /g is independent of i. From the definition of the
filtrations, the map pr} : W,, 11 (K) — W, 1(Ky) sends fil, W1 (K) into ﬁlneRd/R Wit1(Kg). Since S,
is a uniformizer of Ry by Lemma 2.10, the equality

der,/R = €Ry/R ()

holds. This shows the identity

filjn/a) Wint1(K@)) = filneg, e Win41(Ka) YW1 (K(a)),
hence the assertion.

(2) Note that the map u : Qf — QL k. 1S continuous. The differentials de/r"t dijr”, .. e Qk

map t0 w,41, Wy, ... via [, all of which are contained in fil}, /4 QL K by Lemma 2.11. Thus the
map w sends fil, QL into fil /4 QL - Since the classes of dr/tU+D4, ... dr/t/**! form a k-basis of
fil(j11)a—1 QK/ﬁljd 1 QK, the last assertlon follows from Lemma 2.11. |
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3. Generalized jacobians and blow-ups of symmetric powers

In this section, we fix a base scheme S. Let C be a projective smooth S-scheme whose geometric fibers
are connected and of dimension 1. Let m be a relative effective Cartier divisor of C/S, i.e., a closed
subscheme of C which is finite flat of finite presentation over S. We also call m a modulus. Let us denote,
for S-schemes T, the projections C xg T — T by the same symbol pr. In this section, we recall and
study the notion of generalized jacobian varieties. Let d be an integer and m be a modulus. Let 7 be an
S-scheme. Consider a datum (£, 1) such that:

o L is an invertible sheaf of deg =d on Cr.
e V¥ is an isomorphism On, — Llm; .

We say that two such data (£, ) and (£, ¥') are isomorphic if there exists an isomorphism of invertible
sheaves f : £ — £’ making the following diagram commute:

14
Om; Llm;

N e

£/|m7‘

For an S-scheme T, define a set
Pic‘é’f;e(T) := {isomorphism classes of (£, {) defined as above}.

Pic[é’ﬁ:ie extends in an obvious way to a presheaf on Sch/S, which we also denote by Pic‘é’,irle. Define Pic‘é’m

as the étale sheafification of Piccé’ff. Their fundamental properties which we use without proofs are:

(1) Pic‘é’m are represented by S-schemes.

(2) When m is faithfully flat over S, Pic‘é”i:e are already étale sheaves.

3) Pic%’m is a smooth commutative group S-scheme with geometrically connected fibers.
4) Pic‘é’m are Picoc’m—torsors.

When m =0, properties (1) and (3) are proved in [Bosch et al. 1990]. For general m, they can be proved
similarly as in [Bosch et al. 1990, 9.3], or can be deduced from the case when m = 0 and Lemma 3.1.

Pic%,m is called the generalized jacobian variety of C with modulus m. When m =0, this is the jacobian
variety of C. In this case, we also denote Pic‘é’O by Pic‘é. Let m and m be moduli such that m C m. There
exists a natural map from Picdc’ﬁl to Pic‘é’m, restricting ¥. Since m is a finite S-scheme, this map is a
surjection as a morphism of étale sheaves.

Assume that C — S has a section. In this case, Picflj has an expression as a sheaf as follows [Bosch
etal. 1990, 8.1]. Let T be an S-scheme, and £ and £, are invertible sheaves of deg =d on Cr. Define an
equivalence relation on Pic[é’p " such that £, and £, are equivalent if and only if there exists an invertible
sheat M on T such that £; = £, @ pr* M. If C — S has a section, the quotient presheaf of Pic‘é’pre by
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this equivalence relation is an étale sheaf and coincides with the étale sheafification of Pic[é’pre via the
natural surjection. In particular, the identity map Pic”é — Pic‘é corresponds to an equivalence class of
invertible sheaves on C x g Pic‘é. In this paper, we call this class the universal class of invertible sheaves
of deg =d.

From now on we fix a modulus m. We call a modulus m a submodulus if m C m holds. Until the last
paragraph, we treat the case when submoduli considered are everywhere strictly positive on S. Let m be
a submodulus which is everywhere strictly positive. Then, Picém has an explicit expression as a sheaf, as
explained before.

Denote the genus of C by g. This is a locally constant function on S. We consider a condition on an
integer d as below:

d > max{2g — 1 +degm, degm}. 3-1)

When § is quasicompact, such a d always exists. For an integer d and a submodulus m, denote
dy :=d — degm + deg m. If d satisfies (3-1), dy, satisfies (3-1) with m replaced by m.

Fix an integer d satisfying (3-1). Let T be an S-scheme and £ be an invertible sheaf of deg =d on
Cr. For every usual point ¢t € T, R! pr,(L(—m)|c,) and R! pr.(L|c,) are zero by Serre duality and a
degree argument. In this case, pr, £(—m) and pr, £ are locally free sheaves and their formations commute
with any base change, i.e., for any morphism of S-schemes f : T’ — T, the base change morphisms
frpr, L — pr, f*L and f*pr,(L(—W)) — pr, f*(L(—m)) are isomorphisms. Also R'pr, f*£ and
R'pr, f*(L(—m)) are zero.

Let m be a submodulus. Denote by U the complement of m in C. The Abel-Jacobi map U “») — Picim

C,m
is amap which sends D e U @) to (Oc (D), tp), where ¢p is the one induced from the natural identification

Oc\p = Oc(D)|c\p- In this section, we define and study a compactification C‘,Sfl =) of the Abel-Jacobi
map by constructing the following commutative diagram of smooth S-schemes:

U s C Picn,
O \[(3—7)
X —— P(E) pin
\ (3-5) J(-”-Z)
C () Pici™.

The S-scheme C‘,Sf ) has, on the one hand, a clear moduli description, and, on the other hand, can be
identified by an open subscheme of a blow-up, which will be denoted by Xy, of C“m).

Let £ be an invertible sheaf on Cr for an S-scheme T'. Denote £/(L(—m)) by L.

For an S-scheme 7', consider a pair (£, ¢) such that £ is an invertible sheaf of deg = d,, on Cy and
¢ is an injection Or — pr, Ly, such that the quotient pr, £,/Or is locally free. Call such pairs (£, ¢)
and (L', ¢) isomorphic if there exists an isomorphism f : £ => £’ such that the following diagram
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/\

pry L —> pr, Lo,

commutes:

Define Pn‘f“’(T) as the set of isomorphism classes of such pairs. This is an étale sheaf on Sch/S. Define
a map
Pdn s pict (3-2)

by forgetting ¢. Let X be a scheme, and F be a locally free sheaf of finite rank on X. We use a
contra-Grothendieck notation for a projective space. Thus the X-scheme [P(F) parametrizes invertible
subsheaves of F.

Lemma 3.1. The sheaf Pdm is represented by a proper smooth S-scheme. Assume that C — S has a
section. Let L' be a representative invertible sheaf of the universal class. Then, as sheaves on Sch/Plcd“‘

Pr‘,.il is isomorphic to the projectivization P(pr, L) of pr, L.

Proof. First we consider the case when C(S) is not empty. In this case, Pic[é“‘ has an explicit expression
as a sheaf, as explained before.

Via the map (3-2), we regard Pn‘f'“ as a sheaf on Sch/Pic”é‘“. Fix a representative invertible sheaf
L' of the universal class. Let N be an element of P(pr, £} )(T), where T is a Pic‘é"‘—scheme. Let
¢ : Or — pr,((L' ® pr* N~1);y) be a morphism obtained by tensoring the inclusion A" < pr, £/ with
N~L. Then, the assignment N — (£ ® pr* N ™!, ¢) defines a morphism of sheaves on Sch/Pic‘é‘“
P(pr, L},) — Pn”{‘“. This is an isomorphism. Indeed, we can construct its inverse as follows. Let T be a
Pic[é"‘-scheme and (L, ¢) be an element of Pn‘{““(T ).Leta:T — Pic‘én be the structure map. Then, there
exists an invertible sheaf A on T such that £ ® pr* N is isomorphic to a*£’. Such an N is unique since
C — S has a section. Then, N =22 SN —== pr, (LR pr* N)w) = pr,a*L;, is an element of P(pr, L, )(T).

Next we consider the general case. As the map C — § has a section étale locally on S, the sheaf Pd‘“
is represented, étale locally on S, by a projective space bundle. Since the dual of the canonical line bundle

of a projective space bundle is relatively ample, the étale descent is effective. (I

Let (£, ¢) be the universal element on Py, dm Define &y as the O pdm = module fitting in the following
diagram of sheaves on P, .,
pr.(L(—m)) ——— 0

Em —— Opim (3-3)

m

¢

pr, L p—> pr, Lom,
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where the bottom horizontal arrow is the pushforward of the quotient map and each square is cartesian.
Since all the right arrows are locally split injections and p : pr, £ — pr, Ly, is a surjection of locally free
sheaves, & is locally free of finite rank and all the left arrows are locally split injections.

Let P(&y) be the projectivization of £y,. As a sheaf on Sch/S, P(&,) parametrizes triples (£, ¢, M)
such that (£, ¢) is an element of P,ﬁ“‘ and M is an invertible subsheaf of pr, £ @& Or such that the
following diagram commutes:

M—Or

7

pr, L T) pry L,

where each arrow from M is the composition of the inclusion M < pr, £ @ Or with the respecitve
projection. This is a proper smooth S-scheme.

Lemma 3.2. The map pr,(L(—m)) — &y in (3-3) induces a closed immersion P(pr, L(—m)) — P(En).
The closed subspace P(pr, L(—wm)) is a hyperplane bundle of P(&Ey).

Proof. The assertion follows from the exact sequence
0 — pr,(L(—m)) > En = Opin — 0. O

As a subsheaf of P(£y), P(pr, £(—m)) parametrizes triples (£, ¢, M) such that the first projection
M — pr, L factors through pr, £(—m).

Now we define a map P(&y) — C“m) of S-schemes taking the homothety class of the left vertical
arrow in (3-4).

Let T be an S-scheme and (£, ¢, M) be an element of P(Ey)(T). Since the arrow £y — pr, £ in
(3-3) is locally a split injection, the first projection M — pr, L is injective and the cokernel is locally
free. Since these hold after any base change r — T from the spectrum of a field, the map pr* M; — £;
is injective for a usual point ¢ of T. Thus O¢, — £ ® pr* M~! defines an effective Cartier divisor.
Since deg(ﬁf1 ® pr* M) equals to —dp, Spec(O¢,/ (L~' ® pr* M)) is finite flat of finite presentation of
deg = d,, over T by the Riemann—Roch formula.

Let C“) be the dy-th symmetric product of C, which parametrizes effective Cartier divisors of
deg = dy,, on C. Define a map

P(Em) — CUm) (3-5)

sending (L, ¢, M) to Spec((’)cr/(E*1 ®pr* M)) Cc Cr.

Let Zg be the closed subscheme of C@) defined by the map C@~de¢™ _ C@w) adding m. Let Xy,
be the blow-up of C (drm) along Zy. We now construct an isomorphism X, = P(&x), by which we will
identify them.

We define a map

h:Xm— P& (3-6)

as follows.
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Let D be the universal effective Cartier divisor on C“®). Denote Oc¢ xscm (D) by O(D) and O(D) ®
Omx sctam) by O(D)y, for short. The composition of the natural maps O¢ cim —> O(D) — O(D)n
defines a map of locally free sheaves O¢wm — pr,(O(D)y) on C9) . After a base change T — Cm),
this map becomes zero if and only if 7 — C@) factors through Zj. Thus the image of the dual
(pr, O(D)w)" — Ocwm) of this map is the ideal Z defining Z. Let £:=O¢x,x,, (D) ®pr*(ZOk,,). Define
¢ : Ox, — pr,(Ocxsx,, (D) @ pr*(ZOx,,))m to be the morphism obtained from the map (I(’)Xm)_1 —
pr, Ocxsx,, (D) by tensoring ZOy, . Let ZOx  — pr, £ be the map induced from the natural inclusion
Ox,, = pr,, Ocxsx,, (D) by tensoring with ZOy . This map and the natural inclusion ZOy  — Ox,, make
the sheaf 7Oy into a subsheaf of pr, £ ® Oy, , which makes the diagram (3-4) commutes. The triple
(L, ¢, I0x,,) defines a morphism 4 : X, — P(&y). From the construction, 4 is a morphism over C ()

Lemma 3.3. (1) As a subsheaf of P(En), P(Em) X cwm) Zo parametrizes triples (L, ¢, M) such that
the second projection M — O are zero. As closed subspaces of P(Ew), P(En) X cwm Zo and
P(pr, L(—m)) are equal. In particular, P(En) X cum) Zo is a smooth divisor of P(Ey).

(2) Let V be the complement of Zy in C @) As g subsheaf of P(Em), P(Em) Xcwum) V parametrizes
triples (L, ¢, M) such that the second projection M — O is an isomorphism. The projection
P(&n) Xcwm V — V is an isomorphism and its inverse coincides with the restriction of hto V.

Proof. We are considering the following diagram:

P(&m) X cum Zog —— P(En) +—— P(En) X cam V

| | |

Zg———CUlm y

(1) Let (£, ¢, M) be an element of () (T). This maps into Z via the map P(Ey) — C“) if and only
if the composition of pr* M — L — Ly, is zero. Since the right vertical arrow of (3-4) is an injection,
this occurs if and only if the second projection M — Or is zero. The second assertion is obvious
from the definition and the expression of P(pr, £(—m)) as a subsheaf. The last assertion is verified for
P(pr, £(—m)) in Lemma 3.2.

(2) Let T be an S-scheme and (£, ¢, M) be an element of P(&,)(T). Let ¢ be a usual point of 7. By
(1), the pullback of the projection M — O by t < T is an isomorphism if and only if the image of ¢ by
the map

T LM pg) — )

isin V.

Let p: P(&n) Xcwm) V — V be the projection. Since & : Xy — P(Ey) is a C(d'")—morphism, pohly
is the identity. Let (£, ¢, M) be an element of P(Ey) X cwm V (T). Identify M and O by the second
projection. By this rigidification, (£, ¢, Or) is determined by the first projection. Thus p is an injection
as a morphism of sheaves. The assertion follows. U
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After these preparations, we obtain the following:
Theorem 3.4. The morphism h : X, — P(&Ew) in (3-6) is an isomorphism.

Proof. By Lemma 3.3(1) and the universality of blow-ups, there exists a unique map P(&y) — X which
is a lift of P(En) — C¥™). Let V be as in Lemma 3.3(2), i.e., the complement of Z; in Cm), By the
lemma, V' can be considered as an open subscheme of P(&,). On the other hand, as Vand Z are disjoint,
V also can be considered as an open subscheme of X,,. Note that the complements of V in P(&,) and
X are supports of divisors. Therefore, V is schematically dense in both of P(&;,) and X,,. Since the
morphisms X, — P(&y) and P(Ey) — X constructed above induce the identity on V, and both schemes
are separated over S, the assertion follows. O

Let T be an S-scheme and (£, ¥) be an element of Pic‘é“”'m(T). Define ¢ as the composition Oy —
pr, O, AN pr, Lm. Then, the assignment (£, ¥) — (L, ¢) defines a morphism

Picr, — Pdn. 3-7)

Lemma 3.5. The morphism Piccé”‘m — P]ﬁ“‘ in (3-7) is an open immersion. The open subscheme Piccé”‘m

parametrizes pairs (L, ¢) such that the maps Oc — Ly, obtained from ¢ by adjunction are surjective.

Proof. This morphism is an injection of sheaves. Let (£, ¢) be an element of Pﬁ“‘(T). This element is in
Pic‘é":m if and only if the map O¢, — Ly, obtained from ¢ by adjunction is a surjection. This is an open
condition. 0

Next, we study behavior of various schemes when one replaces the modulus m. Let m be a submodulus
and m’ := M — m. Define a closed immersion C@~42™) _ C@ by adding m’. We denote this closed
subscheme of C@ by Zy. If m; C my, the inclusion Zy,, C Zyy,, holds. The closed immersion Zy,, <> Zy,
is induced by adding m; — m;. This induces a map

Xy = X, (3-8)

. din
of the blow-ups along Zy. Let m; and m; be submoduli such that m; C m,. Define a map im, m, : Pm, —
dm . . .. C e
Py,” by sending (L1, ¢1) to (L£1(my —my), ¢), where ¢ is the composition of ¢ and the natural injection
pr.(L1)m; = pry £1(my —my)y,. The map iy, m, is a closed immersion.

Proposition 3.6. (1) Let m; and my be submoduli such that mi C my. As a subsheaf of Plﬁ';z, PlﬁTl

.
parametrizes pairs (Lo, ¢2) such that the compositions O¢ LN (L2)m, = (L2)m,—m, are zero.

The commutative diagram

d
Xy — Pu’

|

dm,
X, — P,

induced by (3-6), (3-8), and the projections P(Eqy,) — Pnd{."" is a cartesian diagram.
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(2) Assume that a submodulus w is the sum y_; w; of submoduli of deg = 1. Let m := 3., m;. Then,

dm’.
the open subspace Pic‘é“jm of P,ﬁ"‘ is the complement of Pm; "foralli.

Proof. (1) The first assertion is obvious from the definition of iy, m,. To prove the second assertion, it is

enough to show that &y, =i .. Em, by Theorem 3.4. Let (£;, ¢;) be the universal elements of Prﬁ

my.my .

The pullback of the cartesian diagram

Emy —— O m,

m2

| 1

pr, Lo —— pr,(L2)m,

by im, m, extends to the diagram

i:‘u,ngmZ OP::\TI
pr, Ly Pr*(ﬁl)ml

pr.(Li(my —my)) —— pr, (L1(M2 — M) m,,

where the two squares are cartesian diagrams, which shows the assertion.

(2) This follows from Lemma 3.5 and (1). [l

Define the S-scheme C‘&d m) as the fibered product

Cim —— Picr, (3-9)

|

Xy —— Pim,

where the bottom horizontal map X, — Pn‘f'" is the composition X, => P(En) — Pn”{“‘. The S-scheme
C’,(f ) is a projective space bundle on Pic”é’t‘m.

Proposition 3.7. The first projection (:’r(f m X m IS an open immersion. Moreover, if m is the sum ) _, w;
of submoduli of deg = 1, C’,ﬁfm) coincides with the complement of X for all i, where m; := Zj# m;.

Proof. These are consequences of Lemma 3.5 and Proposition 3.6. ]
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The Abel-Jacobi map U “m) — Pic”é“:'m and the canonical open immersion U@ — X, define the

following commutative diagram

dm 1 dm
U@m) —— Picg™,

l l (3-10)

Xy —— P,

which induces an Xy-morphism U @) — Céﬁi ) This is an open immersion, since the vertical arrows
of (3-9) and the left vertical arrow of (3-10) are open immersions. Combining the previous results, we
obtain the following:

Corollary 3.8. As an open subscheme of 6,55’ ) U @n) s the complement of C @) X cm) Zo.

Proof. After a finite faithfully flat base change of S, we may assume that m decomposes the sum ) _; m;
of submoduli m; of deg = 1. Let V be the complement of Zy in C“). Since V \ U@ is included in
Ui Zw;» where m} := 3 ., m;, the assertion follows from Proposition 3.7. O

Now assume m = 0. If C has an S-valued point P, it is well-known that C® is a projective space
bundle over Piccé when d > max{2g — 1, 0}, where g is the genus of C. In other words, there exists a
locally free sheaf F of finite rank on Pic‘é such that C4) is isomorphic to P(F). Classically this is proved
using the Poincaré bundle. On the other hand, using Proposition 3.7, we might prove this fact with an
extra condition d > max{2g, 1}, identifying Pic{. , = Pic{. (see [Bosch et al. 1990, 8.2]).

Corollary 3.9. Assume that S is connected noetherian. Let m be a modulus > 0 (resp. =0) of C and d be a
sufficiently large integer. Take a geometric point X on C’,ﬁfl ) (resp. on C9) and denote ¥ its image to Pic‘é’m.
Then, the morphism of profinite groups nl(ééf), xX) — nl(PiC‘é’m, ) (resp. 1 (CD, x) — m; (Pic‘é, y))
induced from the projection C‘&d ) Piccé’m (resp. ¥ — Pic’é) is an isomorphism.

Proof. When m = 0, let us also denote C¥ by C~'§f1 ) for. If m > 0 (resp. =0), C’,Efl )isa projective space

bundle over Pic‘é,m (resp. after the base change from S to an étale cover). In any case, the morphism

C,ﬁfl ) Picdc’m is proper surjective smooth with geometrically connected fibers. Take a geometric point §
~(d) - Qg ~d) . .

of C. 5 above x. Since the scheme C, 518 simply connected, the homotopy exact sequence

m(ég)y, 5) — m ((t’,g”, X) — 7 (Pic‘é’m, y)— 1

implies the assertion. O

4. Proofs

In this section, we prove Theorems 1.1 and 1.2.

First we need to recall basic results on symmetric products of curves.

Let C be a projective smooth geometrically connected curve over a perfect field k. Let m be a modulus
on C and write m =n, P 4+ --- +n, P., where P, ..., P, are distinct closed points of m. Denote the
complement of m in C by U. Let d; := deg P;. Take a positive integer d so that d > degm.
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Lemma 4.1. The morphism w : C"9) x ... x C0dr) x cd=degm) . C @ taking the sum, is étale at

the generic point of the closed subvariety {n1 P} x - - - x {n, P} x C@=deg™) o cnd) o ... Clrdr) 5
C(d—degm)'

Proof. We may assume that k is algebraically closed (hence d; = 1 for all i). Since the map 7 :
CM x ... x C) x cd—degm) _, (@ s finite flat, it is enough to show that there exists a closed point
Q of n| Py +---n, P, + C@=9%€™ gyer which there are deg 7 points on C") x ... x C") x C(@—degm)
Choose Q as a point corresponding to a divisor n1 Py + ---n, Py + Pryy + -+ - + Pryg_degm, Where
P1, ..., Pry4_degm are distinct points of U (k). O

Lemma 4.2. The morphism m{(U 4 & 7 (UD) induced from the natural projection U d 5 UD (base

points are omitted) is surjective.

Proof. Since U and U@ are geometrically connected over k, it is enough to show the surjectivity after
the base change to an algebraic closure k by considering the homotopy exact sequence 1 — 1 (Ug ) —
m (U4 - m (Spec(k)) — 1 and the counterpart of U@,

Assume that k is algebraically closed. Let V be a connected finite étale covering of U?). We show that
the pullback V x ;@ U 4 is also connected, which shows the assertion. Note that, since the schemes U¢ and
U are normal, V and V X ;@ U9 are normal. In particular, V X« U¢ is the disjoint union of integral
schemes. Since the map U¢ — U@ is finite flat, each connected component of V x ;@ U? surjects onto
V. Take a k-valued point P € U (k). Take a k-valued point P’ € V (k) overdP € U @ (k). Since the fiber
of U? — UY over the point d P consists of one point (P, P, ..., P), the fiber of V x;w U? — V over
P’ also consists of one point. Thus the scheme V x ;@ U? has only one connected component. ]

Proof of Theorem 1.2. Let C be a projective smooth geometrically connected curve over a perfect field k.
Letm=n P +---+n, P, (n; >1) be amodulus on C, and U be its complement. Set A as the subgroup
of H'(U, Q/Z) consisting of characters x such that Swp(x) <nij—1fori=1,...,r, and B as the
subgroup of H' (Picc m, Q/Z) consisting of multiplicative elements.

We construct a map W : B — A. Take p € B. Define x to be the pullback of p! by the natural map
U— Piclcvm. We need to show that the ramification is bounded by m. Take a natural number d large
enough so that d satisfies (3-1) for m. Consider the following commutative diagram:

Ul=Ux-- - xU—"-—U9D

Y

-1 -1 . d
PICC’m X -+ X PlCC,m —_— Plcc’m

By the multiplicativity of p, we know that 7*p*p? = x*¢. Lemma 4.2 implies that p*p? = x . We
show that Swp,(x) < n; — 1. To do this, it is enough to prove that the Swan conductor of ¥ ") with
respect to the DVR at the generic point of the blow-up of C") along n; P;, is zero, by Corollary 2.9. We
may assume that k is algebraically closed (hence d; = 1). Note that the right vertical arrow p in (4-1)
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factors through C ,(Tﬁl ),

UP - C‘lgfl) — Pic‘é’m.

Since the pullback of p? by pis x @, we find that x () is unramified at the generic point of the complement
C\ U@, Thus, by Lemma 4.1 and Corollary 3.8, the character

xMWRIK - RI+ 1Ry R Kl TR Xy @deem)

on UM x ... x U") x y@—dee™ js ynramified at the generic point of the exceptional divisor of the
blow-up of C") x - .. x C") x C@=dee™ along {n P} x - - - x {n, P,} x C¥~9€™ Using Corollary 2.6
repeatedly, the assertion is proved.

Thus the map B — A, pulling back by U — Piclc’m, is well-defined. We denote this map by W.

First we show the injectivity of W. Take p from the kernel of W. Since the multiplication map
Picf. , x Picg ,, — Pic{ and the two projections Picf. , x Pic{t | — Picg. ., Pic , have geometrically
connected fibers, the triviality of two of p", p™, p"*™ implies the triviality of the other. Thus it is enough
to show the triviality of p¢ for sufficiently large d. Consider the diagram (4-1). By Lemma 4.2, we know
that p*p? is trivial, which implies that p? is trivial by Corollary 3.9.

The surjectivity of W is proved as follows. Take x € A. Let d be an integer satisfying (3-1) for m.
Corollary 2.9, Proposition 3.7, and Lemma 4.1 imply that the character x  extends to a character )
on C‘r(,fl ), Corollary 3.9 implies that x ) descends to a character p¢ on Pic‘é’m. Let d; and d; be integers
which satisfy (3-1). The commutative diagram

U s d) ____ (j(di+d)

l |

. d - d 4 . di+ds
PICC’m X PICC’m — PICC’m

and the fact that the left vertical map has geometrically connected fibers show g*p?1 7% = p@ K14 1K p?.
Fix a nonzero effective Cartier divisor D on U such that deg D satisfies (3-1). Let & be the pullback of

deg D by the map Spec(k) — Pic(ée’%iD, corresponding to the point D. For an arbitrary integer n, take a

P
natural number m so large that the integer n +m deg D satisfies (3-1). Define p" := f*p"tmdeeD. gxg—m,
where f : Picf. , — Pic'grn’f dee D i multiplication by Oc(m D) and a : Picf. ,, = Spec(k) is the structure

map. This construction does not depend on m, since the multiplicativity of p" is already verified for
large n. By the same reason, the characters p” form a multiplicative element on Picc . The equality
x = ¥(p) follows from the commutative diagram

y 8, peed) | ydegD+)

| |

-1 . degD . deg D+1
PlcC’m XPICC’m —)PICC’m ,
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where g is the composition of the structure map U — Spec(k) and the map Spec(k) — U e ?) corre-
sponding to the divisor D. Indeed, the pullback of p9°2 P+! by the map U — U x Uee D) 5 ydeg D+D

Pic(éeanJrl is x - b*&, where b : U — Spec(k) is the structure map. On the other hand, the pullback of
p%e P+l the other way is W (p) - b*E. O

To deduce Theorem 1.1 from Theorem 1.2, first we recall basic facts on torsors.

Assume that k is algebraically closed. Fix a connected commutative algebraic k-group G. Let C(G)
be the category as follows. The objects are pairs (H, ¢: H — G) where H are connected commutative
algebraic k-groups and ¢ are abelian isogenies. The morphisms (Hy, ¢1: H — G) — (Hy, ¢o: Hy — G)
are pairs (f, g) where f: Hy — Hj is a morphism of k-group schemes such that ¢ o f = ¢; and
g: Hy — H, is a compatible morphism of torsors such that ¢, o g = ¢;. Here we regard H; (resp. H;)
itself as an Hj-torsor (resp. Hp-torsor) by the multiplication. Note that the kernels of ¢; are constant
k-schemes since H; are Galois coverings of G.

Lemma 4.3. Let the notation be as above. Let (H;, ¢;: H; — G) be objects in C(G) fori =1, 2.
(1) If there exists a morphism H; — H» of G-schemes, there exists a unique morphism f: Hy — Hj of
k-group schemes with ¢, o f = ¢;.
(2) The map
Hom((Hi, ¢1: Hi — G), (Hz, ¢2: Hy — G)) - Homg (Hi, H>)

sending (f, g) — g is bijective. Here the target is the set of morphisms of G-schemes.
Proof. Let e; € H; (k) be the units.

(1) Uniqueness follows from the fact that H; are connected étale coverings of G and such an f must
send e to ep. Let f: Hi — H, be the G-morphism which sends e; to e;. Such an f does exist since H;
is Galois over G. We need to show that the diagram

fxrf
H  xH —— Hy x H

L,

H —— H,,

where the vertical maps are the multiplications, is commutative. This follows since H; x H; is a connected
étale covering of G x G and the two maps send (e, e1) to e;.

(2) Injectivity follows since a goup homomorphism f: H; — H, over G is unique if it exists by (1).
We show the surjectivity. Thus we assume that there is a group homomorphism f: H; — H, over G.
Let g: H] — H, be a morphism of G-schemes. Since H; is a connected étale covering of G, this is
uniquely determined by the image a := g(e;), which is contained in ker¢,. Let ¢’: H; — H, be the
compatible morphism of torsors which sends e; to a. Since a € kerg, and ¢, o f = ¢y, this is a morphism
of G-schemes. Thus we have g = g’. [l
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Proof of Theorem 1.1. Let (G°, G') be a connected abelian covering of (Pic%’m, Picé’m). Since the d-th
power of Piclc’m is isomorphic to Pic‘é’m as Pic(():’m-torsors, the d-th power G of G' is naturally equipped
with a compatible morphism G¢ — Pic‘é’m of torsors. Let K be the kernel of the map G° — Pic%’m.
This is a finite constant group since G° — Pic%m is a Galois isogeny. Take a nontrivial homomorphism
x : K — Q/Z. This defines characters p? Hl(Pic‘é’m, Q/7Z) for all d. From the construction, they
form a multiplicative element on Picc . Theorem 1.2 implies that the pullback of p!' by U — Picé’m is
nontrivial and its ramification is bounded by m, which shows the first part of Theorem 1.1.

Define the category C; as the category of geometrically connected abelian coverings of U whose
ramifications are bounded by m and the category C, as the category of connected abelian coverings of
(Pic%’m, Piclc’m). We have constructed a functor ® : C; — C;. We show that this functor is an equivalence
of categories. We only treat the case when k is algebraically closed. General case follows from this
special case by using an argument of Galois descent.

Assume that k is algebraically closed. Let C :=C (Pic%,m) be the category defined above. In this case,
fixing a closed point P of U, C; is isomorphic to C via the isomorphism Pic%’m — Piclc’m of torsors,
tensoring O¢ (P).

We show that the functor &’ : C — Cj, pulling back by the morphism U — Pic%’m sending Q to
Oc(Q — P) is an equivalence. Faithfulness is obvious since there only occur connected coverings. To
show fullness, let (G;, G; — Pic%’m) be elements of C fori =1, 2 and let V; := ®'(G;, G; — Pic%’m).
By Lemma 4.3(2) and faithfulness, it is enough to show that, if there is a map V|, — V), there is a map
G| — G». The kernel K; of G; — Pic%ﬁm is canonically identified with the Galois group of V; — U.
If there is a map V| — V5, there is a map of abelian groups & : K1 — K3, which is independent of the
choice of Vi — V,. We show the commutativity of the diagram

T (Pic%ym)

p1 P2
h

K K>

where the downward diagonals are the canonical surjections. Assume that there is an element o €
T (Pic%’m) such that p> (o) # hp (o). Take a group homomorphism p° : K» — @Q/Z such that the images
of pr(0) and hp; (o) are different. Since the characters o0 p2 and pohm are multiplicative and are pulled
back to the same character via the map U — Picg’m, they are the same character, a contradiction. Thus
the diagram (4-2) is commutative, which implies that the quotient group G /ker i of G is isomorphic
to G».

For essential surjectivity, we argue as follows. Let V € C; be a connected cyclic covering of U. Take
a character on U whose kernel corresponds to V. By Theorem 1.3, this character is the pullback of a
multiplicative character p° on Pic%ym. Let G be an étale covering of Pic%’m corresponding to the kernel
of p°. We need to show that G° has a group structure. By the definition, G° is connected. From the
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multiplicativity of p°, we know that there is a commutative diagram

GO'xG0 "9 GO

| |

) - 0 - 0
Plccym X Plcam —_— Plcc’m.

Let us denote the map mg multiplicatively. Let F be the fiber of G° — Pic%,m over 1 € Pic%’m. For
distinct points y;, y, € F, the multiplication from right by y; and y;, G° — G are distinct. Indeed,
Assume that xy; = xy, for all x € G°. Take a point x in F. The multiplication from left by x, G* — G°
is a Pic%’m—morphism and sends y; and y, to the same point, which implies that y; = y, since G" is a
connected covering of Picg’m.

Thus there exists an element e € F such that xe = x for all x € G°. Next we show the commutativity
of m¢. This follows from the fact that G® x G° is a connected covering of Pic(()lm X Pic%’m and that the
maps G x G — GY, (x, y) — xy and (x, y) — yx send (e, e) to the same point e. The associativity
is proved in a similar way. Therefore it is verified that G* has a commutative group structure such that
G*— Pic%’m is a group homomorphism, hence an abelian isogeny. It is easy to show that G is pulled
back to V. For a general V, use the fact that V is a connected component of the finite projective limit of
cyclic connected coverings which are quotients of V. (Il
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