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Crystalline comparison isomorphisms
in p-adic Hodge theory:
the absolutely unramified case
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We construct the crystalline comparison isomorphisms for proper smooth formal schemes over an
absolutely unramified base. Such isomorphisms hold for étale cohomology with nontrivial coefficients, as
well as in the relative setting, i.e., for proper smooth morphisms of smooth formal schemes. The proof
is formulated in terms of the proétale topos introduced by Scholze, and uses his primitive comparison
theorem for the structure sheaf on the proétale site. Moreover, we need to prove the Poincaré lemma for
crystalline period sheaves, for which we adapt the idea of Andreatta and Iovita. Another ingredient for the
proof is the geometric acyclicity of crystalline period sheaves, whose computation is due to Andreatta

and Brinon.
Notation 1509
1. Introduction 1510
2. Crystalline period sheaves 1512
3. Crystalline cohomology and proétale cohomology 1533
4. Primitive comparison on the proétale site 1551
5. Comparison isomorphism in the relative setting 1555
Appendix A. Geometric acyclicity of OB.s 1565
Appendix B. Base change for cohomology of formal schemes 1576
Acknowledgments 1580
References 1581

Notation

e Let p be a prime number.

e Let k be a p-adic field, i.e., a discretely valued complete nonarchimedean extension of Q,, whose
residue field « is a perfect field of characteristic p. (We often assume & to be absolutely unramified
in this paper.)

o Let k be a fixed algebraic closure of k. Set C p = k the p-adic completion of k. The p-adic valuation
v on C,, is normalized so that v(p) = 1. Write the absolute Galois group Gal(k /k) as Gg.
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» For a (commutative unitary) ring A, let A(Ty, ..., T;) be the PD-envelope of the polynomial ring
A[Ty, ..., Ty] with respect to the ideal (71, ..., Ty) C A[T1, ..., T;] (with the requirement that the
PD-structure be compatible with the one on the ideal (p)) and then let A{(T1, ..., T;)} be its p-adic
completion.

o We use the symbol =~ to denote canonical isomorphisms, and sometimes quasiisomorphisms. The
symbol = is frequently used for almost isomorphisms with respect to some almost-setting that will
be fixed later.

1. Introduction

Let k be a discretely valued complete nonarchimedean field over Q,, which is absolutely unramified.
Consider a rigid analytic variety over k, or more generally an adic space X over Spa(k, Oy) which
admits a proper smooth formal model X over Spf O, whose special fiber is denoted by Xj. Let L be
a lisse Z,-sheaf on X4. On the one hand, we have the p-adic étale cohomology H (X, L) which is a
finitely generated Z ,-module carrying a continuous G = Gal(k/k)-action. On the other hand, one may
(Xo/ Ok, €) with the coefficient £ being a filtered (convergent)
F-isocrystal on Xp/Ok. At least in the case that X comes from a scheme and the coefficients L and £ are

consider the crystalline cohomology H, Ciris
trivial, it was Grothendieck’s problem of the mysterious functor to find a comparison between the two
cohomology theories. This problem was later formulated as the crystalline conjecture by Fontaine [1982].

In the past decades, the crystalline conjecture was proved in various generalities, by Fontaine and
Messing, Kato, Tsuji, Niziol, Faltings, Andreatta and Iovita, Beilinson and Bhatt. Among them, the
first proof for the whole conjecture was given by Faltings [1989]. Along this line, Andreatta and Iovita
introduced the Poincaré lemma for the crystalline period sheaf B on the Faltings site, a sheaf-theoretic
generalization of Fontaine’s period ring Bcis. Both the approach of Fontaine and Messing and that of
Faltings, Andreatta and Iovita use an intermediate topology, namely the syntomic topology and the Faltings
topology, respectively. The approach of Faltings, Andreatta and Iovita, however, has the advantage that it
works for nontrivial coefficients L and £.

More recently, Scholze [2013] introduced the proétale site X0, Which allows him to construct the
de Rham comparison isomorphism for any proper smooth adic space over a discretely valued complete
nonarchimedean field over Q,, with coefficients being lisse Z,-sheaves on Xp0s. (The notion of lisse
Z ,-sheaf on X¢ and that on X0¢ are equivalent.) Moreover, his approach is direct and flexible enough
to attack the relative version of the de Rham comparison isomorphism, i.e., the comparison for a proper
smooth morphism between two smooth adic spaces.

It seems that to deal with nontrivial coefficients in a comparison isomorphism, one is forced to work
over analytic bases. For the generality and some technical advantages provided by the proétale topology,
we adapt Scholze’s approach to give a proof of the crystalline conjecture for proper smooth formal
schemes over Spf Oy, with nontrivial coefficients, in both absolute and relative settings. Meanwhile, we
point out that the method adopted in our proof is rather different from that in [Bhatt et al. 2018], in which
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the authors develop a new cohomology that allows them to prove a strong integral comparison theorem
(for trivial coefficients).

Let us explain our construction of crystalline comparison isomorphism (in the absolutely unramified
case) in more details. First of all, Scholze is able to prove the finiteness of the étale cohomology of
a proper smooth adic space over C, = k with coefficient L’ being an [F,-local system. Consequently,
he shows the following “primitive comparison”, an almost (with respect to the maximal ideal of Oc )
isomorphism

H'(Xc,& 1) ®, Oc,/p = H'(Xc,a. L' ®, Ox /D).

With some more efforts, one can produce the primitive comparison isomorphism in the crystalline case:

Theorem 1.1 (see Theorem 4.3). For L a lisse Z ,-sheaf on Xs&, we have a functorial isomorphism of
Beiis-modules
Hl (Xl},ét’ H‘) ®Zp Bcris - Hl (X]E’pr()ép L ® BCFiS)- (lAl)

compatible with G-action, filtration, and Frobenius.

It seems to us that such a result alone may have interesting arithmetic applications, since it works for
any lisse Z,-sheaves, without the crystalline condition needed for comparison theorems.

Following Faltings, we say a lisse Z,-sheaf L on the proétale site X ¢ is crystalline if there exists a
filtered F-isocrystal £ on Xj/ Oy together with an isomorphism of OB,j,-modules

& ®O}r OBcris ~[L ®Z1) OBCI’iSv (1A2)

which is compatible with connection, filtration and Frobenius. Here, OY is the pullback to X s of O,
and OB, is the crystalline period sheaf of OY-module with connection V such that O[B%Cvri:so = Beis-
When this holds, we say the lisse Z,-sheaf I and the filtered F'-isocrystal £ are associated.

We illustrate the construction of the crystalline comparison isomorphism briefly. Firstly, we prove
a Poincaré lemma for the crystalline period sheaf B on Xprog. It follows from the Poincaré lemma
(Corollary 2.17) that the natural morphism from Bgs to the de Rham complex dR(OByis) of OBy is a
quasiisomorphism, which is compatible with filtration and Frobenius. When [ and £ are associated, the
natural morphism

L ®z, dR(OBcris) — dR(E) @ OBcris
is an isomorphism compatible with Frobenius and filtration. Therefore we find a quasiisomorphism
L ®z, Beris ~ dR(E) ® OBcyis.
From this we deduce

RF(Xé,proét’ L ®Zp Bcris) = RI'(Xg dR(g) ® OBcris)-

k,proét>

~ — X, one has

Via the natural morphism of topoi w : X i proét S

RT (X dR(€) ® OBeris) == RT (X, dR(€)®0, Beris))

k,proét’
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for which we have used the fact that the natural morphism
OX@O/( Bcris - Rw* OBcris

is an isomorphism (compatible with extra structures), which is a result of Andreatta and Brinon.
Combining the isomorphisms above, we obtain the desired crystalline comparison isomorphism.

Theorem 1.2 (see Theorem 4.5). Let | be a lisse Z,-sheaf on X and & be a filtered F-isocrystal on
Xo/ Ok which are associated as in (1A.2). Then there is a natural isomorphism of B.ris-modules

H'(Xj ¢ 1) ® Beris => Hio(Xo/ Ok, €) @ Beris
which is compatible with G-action, filtration and Frobenius.

After obtaining a refined version of the acyclicity of crystalline period sheaf OBis in Appendix A, we
achieve the crystalline comparison in the relative setting, which reduces to Theorem 1.2 when ) = Spf Oy.

Theorem 1.3 (see Theorem 5.5). Let f: X — Y be a proper smooth morphism of smooth formal schemes
over Spf Ok, with fi: X — Y the generic fiber and fis the morphism between the crystalline topoi. Let
L and £ be as in Theorem 1.2. Suppose that R’ fi, L is a lisse Z p-sheaf on Y. Then it is crystalline and is
associated to the filtered F-isocrystal R fugs«E.

2. Crystalline period sheaves

Let k be a discretely valued nonarchimedean extension of @, with « its residue field. Let X be a locally
noetherian adic space over Spa(k, Oy). For the fundamentals on the proétale site Xpro¢, We refer to
[Scholze 2013].

The following terminology and notation will be used frequently throughout the paper. We shall fix
once for all an algebraic closure k of k, and consider X 7 =X XSpak,00) Spa(l_c, Op) as an object of X prog
(see the paragraph after the proof of Proposition 3.13 in [loc. cit.]). As in [loc. cit., Definition 4.3], an
object U € Xpog lying above X}, is called an affinoid perfectoid (lying above Xp) if U has a proétale
presentation U = lim U; — X by affinoids U; = Spa(R;, R;r ) above X} such that,A with R™ the p-adic
completion of lim R;r and R = R™[1/p], the pair (R, R™) is a perfectoid affinoid (k, (’)Ii)—algebra. Write
U= Spa(R, R™). By [loc. cit., Proposition 4.8, Lemma 4.6], the set of affinoid perfectoids lying above
X of Xpoe forms a basis for the topology.

2A. Period sheaves and their acyclicities. Following [loc. cit.], let

V. Xproét - Xét

be the morphism of topoi, which, on the underlying sites, sends an étale morphism U — X to the
proétale morphism from U (viewed as a constant projective system) to X. Consider (’); = v‘l(’);ét
and Oy = v‘l(’)xé[, the (uncompleted) structural sheaves on Xpros. More concretely, for U =1lim U; a
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qcgs (quasicompact and quasiseparated) object of Xy, one has Ox (U) = lim Ox (U;) = lim Oy, (U;)
[Lemma 3.16]. Set
Of =1m0Oy%/p", Ox:=0}[L], and oy = lim O%/p.
n b X>xP
For U € Xjros an affinoid perfectoid lying above X; with U= Spa(R, R™), by [loc. cit., Lemmas 4.10
and 5.10], we have
OL(W)=R*, Ox(U)=R, and O} (U)=R"*:= lim R*/p.

X—=>xP
Denote

. A n
Rt — RT, x = (x0, X1, ...) > xF:= lim P,
n—oo

for X, any lifting from R™/p to RT. We have the multiplicative bijection induced by projection
RT™ — R™/p:
lim Rt = R’T,
xX+—=>xP
whose inverse sends x € R"* to (x%, (x'/P)%, ...). Put Ay := W(Ogj) and Binr = Aine[1/p]. As R"F isa
perfect ring, Ai,r(U) = W(R"T) has no p-torsion. In particular, A;p has no p-torsion and it is a subsheaf
of Binf.
Following Fontaine, define as in [loc. cit., Definition 6.1] a natural morphism

0: At — OF 2A.1)

which, on an affinoid perfectoid U with U= Spa(R, R™), is given by
oo oo
O(U): Aini(U) = W(R™) > OZ(U) =R", Y p'lxal > Y p'x} (2A.2)
n=0 n=0

with x, € R"*. As (R, R")isa perfectoid affinoid algebra, 8(U) is known to be surjective (see [Brinon
2008, 5.1.2]). Therefore, 0 is also surjective.

Definition 2.1. Let X be a locally noetherian adic space over Spa(k, Oy) as above.

0
cris

(1) Define A to be the p-adic completion of the PD-envelope A
sheaf ker(8) C Ajys, and define BT, := Agis[1 /pl.

cris
(2) Forr € Zo, set Fil” A, :=ker(6)"1 C AL to be the r-th divided power ideal, and Fil ™" A2, =AY .
0

The family {Fil" A, :r € Z} gives a descending filtration of A?. .

cris

of Aj,r with respect to the ideal

(3) For r € Z, define Fil” A5 C Agyis to be the image of the following morphism of sheaves (we shall

see below that this map is injective):
cris cris

Lim(Fil” Ad)/p" — im A/ p" = Acris, (2A.3)
n n

and define Fil’ B = Fil” Ai[1/p].

cris
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Let p° = (pi)i=0 be a fixed family of elements of k such that py = p and that pf 4 = pi forany i > 0.
Set& = pb] — p, which can be seen as a section of the restriction Ajy¢| X; of the proétale sheaf Ajyf to
Xproét/X]}~
Proposition 2.2. We have ker(9)| X; = (&) C Ajnfl x;- Fi urthermore, & € Niys| x; is nota zero-divisor.

Proof. As the set of affinoid perfectoids U lying above X} forms a basis for the topology of X ¢t/ Xz,
we only need to check that, for any such U, & € Ajy¢(U) is not a zero-divisor and that the kernel of
O(U): Aing(U) — OF(U) is generated by £. Write U = Spa(R, RT). Then Aj(U) = W(R*") and
@;(U ) = R, hence we reduce our statement to (the proof of) [Scholze 2013, Lemma 6.3]. O

Corollary 2.3. (1) We have A2, |x, = Aintlx [§"/n!: n € N] C Bintlx,. In particular, AL, and A

have no p-torsion. Moreover, for every r > 0, Fil” Agﬁsbg; = Ainfb(l; [E"/n!:n>r]and g Agrislxlz =
OF - (" /r)) = OFlx,.

(2) The morphism (2A.3) is injective, hence lim Fil” Agﬁs/p" => Fil" A.s. Moreover, for r > 0,
grr Acris|X,; = O;HX;-

Proof. The first three statements in (1) are clear from Proposition 2.2. In particular, for » > 0 we have the
following exact sequence

0— FiI't' A2, |x, — Fil' A2, |x, > OFlx, — 0, (2A.4)

cris cris

where the second map sends a§” /r! to 6(a). This gives the last assertion of (1).
c A

As O} has no p-torsion, an induction on r shows that the cokernel of the inclusion Fil” A oris

cris
has no p-torsion. As a result, the morphism (2A.3) is injective and Fil” A is the p-adic completion

of Fil" A?

oris- Since (7); is p-adically complete, we deduce from (2A.4) also the following short exact

sequence after passing to p-adic completions:
0 —— Fil't! Acris| x; — Fil" Agris|x; —— @;ﬂxk —0 (2A.5)

giving the last part of (2). O

Lete = (e(i)),-zo be a sequence of elements of k such that €@ =1, ™ # 1 and (€Dyr = €W for all
i > 0. Then 1 — [¢] is a well-defined element of the restriction Aj¢| x; 10 Xprogt / Xj, of Ajr. Moreover
1 —[€] € ker()|x, =Fil' Acyis|x,. Let

00 1— n
t:=log(le)=—)_ # (2A.6)

n=1
which is well-defined in A| X; since Fil! A is a PD-ideal.

Definition 2.4. Let X be a locally noetherian adic space over Spa(k, O). Define Bis = Bjﬂs[l /t]. For
reZ, set Fil' Beis =Y o7t S Fil'M B C Begs.

cris

Remark 2.5. We shall see in Corollary 2.24 that ¢ is not a zero-divisor in A and in BF.,soB' CBeis.

cris? cris
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_ Before investigating these period sheaves in details, we first study them over a perfectoid affinoid
(k, Oi)—algebra (R, R™). Consider

Ape(R, RT) := W(R"), Bing(R, R") := Ains(R, R)[1/p],

and define the morphism
Or.r+): Ain(R, RT) —> RT

in the same way as in (2A.2). It is known to be surjective as (R, R™) is perfectoid. The element & generates

ker(6(g,g+)) and is not a zero-divisor in Aj¢(R, R™). Let Aqis(R, R™) be the p-adic completion of the

PD-envelope of A,¢(R, RT) with respect to ker(0(r,r+)). SO Acis(R, R™) is the p-adic completion of
n

(R, R") := Apne(R, R) [é— ne N] C Bint(R, R™).

CrlS

For r an integer, let Fil' A?. (R, RT) ¢ AY. (R, RT) be the r-th PD-ideal, i.e., the ideal generated
by &"/n! for n > max{r,0}. Let Fil" Ais(R, RT) C Agis(R, RT) be the closure (for the p-adic
topology) of Fil" A°. (R, R") inside Auis(R, RT). Finally, put B (R, RT) := Auis(R, RN[1/p],

cris
Beris(R, RY) := B (R, RT)[1/1], and for r € Z, set

Fil' B'. (R, RT) :=Fil" Ayis(R, R+)[ ] and Fil" Beis(R, RT) ::Zt‘VFﬂ’*S B (R, RY).

cris cris
seZ

In particular, taking Rt = Oc¢, with C,, the p-adic completion of the fixed algebraic closure k of
B.is as in [Fontaine 1994]. Write CD';, the tilt of C,, which is an
algebraically closed nonarchimedean field of characteristic p. The maximal ideal of its ring of integers
OEP is generated by [ pb]l/ P" forall N e N. Let Z C A be the ideal generated by

k, we get Fontaine’s rings Acis, B;is,

17" =1, 1p"17" : N € N} C Aeris.

By [Brinon 2008, Lemme 6.3.1], we have Z C Iz—l—p" - Aris for any n € N. . In particular, Z- (Aqis/p") =
(Z - (Acis/ p"))2 In the following, when working with algebras (or modules) over A.s/p", we consider
the almost-setting with respect to the ideal Z - (A¢ris/ p") C Acris/p"- When n =1, as e _1e (’)C is
contained in the maximal ideal, Z - (A¢is/ p) is the same as the ideal generated by {[p s MoN e N}. So
the almost-setting adopted here for As/ p-modules is the same as the one used by Scholze [2013] (see
the paragraph before Theorem 6.5 for his convention).

Lemma 2.6. Let X be a locally noetherian adic space over (k, O). Let F be a p-adically complete sheaf
of Acris-modules on Xprog, flat over Z,. Set F,, = F/p", n € Z>1. Assume that, for any affinoid perfectoid
U above Xp,

(a) there exists a p-adically complete Ais-module F(U), flat over Z,, equipped with a morphism of
Acis-modules ay : F(U) — F(U) such that the composed morphism

ay.1: F(U)/p 2242, 7y /p — Fi(U)
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is an almost isomorphism; and

(b) the Ais/ p-module H (U, Fy) is almost zero for any i > 0.

Then, for an affinoid perfectoid U as above,n > 1 and i > 0,

(1) the composed morphism
ayq: F(U)/p" 228 F(U)/p" — Fo(U)

is an almost isomorphism, and H U, Fp) is almost zero;,

(2) we have T - R! lim 7, (U) = 0, and that ker(ay) and coker(ay) are killed by 72, Furthermore,
I*-R'lim F, =0, and I%' - H'(U, F) = 0.

Proof. Let U be a affinoid perfectoid lying above X;. Forn € Z~1, let F(U), = F(U)/p". Since F and
F(U) are flat over Z,, we have exact sequences

0—F L Fy @ F,—0, and 0— F(U) -5 F(U)pr1 &% F(U), — 0,
from which we deduce exact sequences
H'(U, F1) > H'(U, Far1) = H' (U, Fy), i 20,

and a commutative diagram with exact rows

n

0—— F(U) —2 F(U)py) —— F(U)y —— 0

laU,l J{al/‘n+l laU,n
L

0 FI(U) —25 Fup (U) — Fu(U).

So, by induction on n, (1) follows from conditions (a) and (b) above and the fact that 7 - (As/p") =
72 - (Agis /p™) for any n € N [Brinon 2008, Lemme 6.3.1]. In particular, the collection (cy ,)nen gives a
morphism of projective systems

(F(U)n)neN - (]:n(U))neN

whose kernel and cokernel are killed by Z. Passing to limits relative to n, we find Z - R! lim 7, (U) =0,
and that ker(ay/) and coker(ay) are killed by 72, giving also the first part of (2).

To go further, let Sh (resp. PreSh) denote the category of sheaves (resp. of presheaves) on Xpo¢, and
let ShY (resp. PreSh"Y) denote the category of projective systems of sheaves (resp. projective systems of
presheaves) indexed by N on Xpro¢. The projective limit functor lim : ShY — Sh factors as

ShY —Z5 PreSh™ 22 preSh —%> Sh,

where the first functor o is induced from the natural inclusion Sh C PreSh, the second is the projective
limit functor of presheaves, and the third takes a presheaf to its associated sheaf. Let 7 :=lim’ oo. Since
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the functor a is exact, R1lim = a o Rt. In particular, for each i, R lim 7, is the associated sheaf of the
presheaf Rit(F.), where we denote by F, the projective system (F;),en. Let

0—-10),—>11),—---

be an injective resolution of F, in ShV, with I1(j). = (I(j)n)nen. For each i, Rio(F,) is the i-th
cohomology of this complex in PreSh". On the other hand, for each 7, this resolution gives an injective
resolution of F;, in the category of sheaves on Xp,o¢ [Jannsen 1988, (1.1) Proposition]

0—->10),—>I(1),—>---.

So, for U an affinoid perfectoid lying above X, H {(U, F,) is the i-th cohomology group of the induced
complex

0—100),U)—>I11),U)—>---,
which is annihilated by Z when i > 0 by (1). Varying n, we find
I-R'o(F)U)=I-H'U,F,)=0, fori>0. (2A.7)

On the other hand, as infinite products exist and are exact functors in PreSh, by [Jannsen 1988, (1.6) Propo-
sition], we have an exact sequence of presheaves for each i € Z:

0— R'lim'R"'o(F,) - R't(F,) —» lim'R'o (F,) — 0.
The latter gives an exact sequence of abelian groups
0— (R'im'R"™ o (F))(U) —» R't(F)(U) — (im'R'o (F,))(U) — 0.

We claim that Z2 - Rit(F,)(U) =0 for i > 1. Indeed, when i > 2, our claim follows from (2A.7). When
i = 1, by what we have shown in the first paragraph, Z - (R' lgLn’ o(F)U)=1I-R! lim(F,(U)) = 0.
Combining (2A.7), we get 7%2.R't(F,)(U) =0, as claimed. Since R’ lim 7, is the associated sheaf of
R7(F.), we deduce 7?2 - R’ lim 7, = 0 when i > 0. This proves the second part of (2).

Now, because Z2 - R! lim 7, = 0 for i > 0, for the spectral sequence below

Ey) = H'(U, R/ lim F,) = H'™ (U, Rlim F,),

one checks that 72 E5! =0 for j > 0, EL0 = E'?

i'r1» and the surjection ESY — EL0 has kernel killed by

7% 2 Tt follows that the canonical map
H'(U,F)=H'(U,limF,) - H (U, Rlim F,)

has kernel annihilated by Z%~2 and cokernel annihilated by Z%. Using the short exact sequence (see
Lemma 4.1)

0— R'limH'~'(U, 7)) » H' (U, Rlim F,) - lim H' (U, ;) — 0,
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and that R' lim H'~'(U, F,) is annihilated by Z, one deduces that the morphism
H'(U,F)=H'(U,limF,) > im H' (U, F,)), i=0

is an isomorphism up to Z% -torsion, i.e., its kernel and cokernel are killed by Z%. In particular, H (U, F)
is killed by Z%*! when i > 0, as wanted. g

Lemma 2.7. Let X be a locally noetherian adic space over (k, Oy). Let U € Xpros be an affinoid
perfectoid above Xj with U= Spa(R, RY). Then there is a natural filtered morphism A.is(R, RT) —
Acris(U) of Agis-algebras, inducing an almost isomorphism Fil” Agis(R, RT)/p™ — (Fil” Agis/ p™)(U)
forany r >0 and n > 1. Moreover, H (U, Fil" A5/ p™)* = 0 for any i > 0.

Proof. As U is affinoid perfectoid, (AQ;(U) =RT, (’)g(Jr(U) = R"" and O(U) = O(g.g+). In particular,
Aint(U) = Ajpe(R, R™), and the natural morphism

Aint(R, RT) = Aint(U) — Agris(U)

sends ker(6(g g+)) into Fil! Agis(U). As Fil! Auis(U) C Agis(U) has a PD-structure, the morphism
0

cris

completions, we obtain the required filtered morphism Agis(R, RT) — Agis(U) of Agis-algebras.

above induces a map A’. (R, RT) — Agis(U), respecting the filtrations on both sides. Passing to p-adic

In particular, for each r > 0, we have a natural morphism
Fil" Agis(R, RT) — Fil" Agis (U).
Composing its reduction modulo p" with Fil” A.i5(U)/p" — (Fil” Aqis/ p™)(U), we get a morphism
Fil" Acis(R, RT)/p" — (Fil" Acis/ p")(U) (2A.8)

for all n > 1. We need to show that this is an almost isomorphism of A;s/p"-modules, and that
H' (U, Fil" Acis/p™)® = 0 for i > 0. Using Lemma 2.6(1), one reduces to the case where n = 1. Then,
we claim that it suffices to prove this when r = 0. Indeed, from the exact sequence (2A.4) and the fact
that @; is p-torsion free, we deduce a short exact sequence for each r > 0:

0— (Fil"*! Acrislx;)/p — (Fil" Acis|x,)/p — (O;|x§)/p — 0. (2A.9)
We have a short exact sequence for Fil" A.is(R, RT)/p obtained in a similar way:
0 — Fil'™ Auig(R, RY)/p — Fil'(R, R")/p — R*/p — 0.
As U is affinoid perfectoid, by [Scholze 2013, Lemma 4.10], the natural morphism
R*/p=0%U)/p — (O%/p)U)

is an almost isomorphism: recall that the almost-setting adopted here for A5/ p-modules is the same as
the one used by Scholze [2013]. So we have a commutative diagram with exact rows, such that the right
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vertical map is an almost isomorphism:
0 —— (Fil"™! Aris/ p) (U)* —— (Fil" Acis/ p) (U)* —— (O%/ p)(U)*
0 —— Fil'™ A¢is(R, R*)*/p —— Fil'(R, R")*/p ——— (R*/p)* ——— 0.

In particular, the upper row of the diagram above is right exact. On the other hand, combined with
[Scholze 2013, Lemma 4.10], the long exact sequence associated with (2A.9) gives an isomorphism

H (U, Fil' ™! A/ p)* => H'(U, Fil" Ais/p)*, Vi > 1.

Therefore, our claim follows by induction on r > 0.
So, it remains to prove the second part of our lemma when » =0 and n = 1. Denote by «; the map (2A.8)
in this case. Recall the following identification of As(R, R™)/p (see [Brinon 2008, Proposition 6.1.2])

Acis(R, RT)/p => (R"/(p)P)[8: :i e N1/ (87 :i eN),
with §; being the image of £17""'1. Similarly, restricting to Xoproet/ X, we have
Actis/ p <> (0% /(PIP)[8; i NI/ (87 27 € N).

In particular, A5/ p is a direct sum of copies of O;Jr /(p”)P on X proét/ Xz Under these identifications,
the morphism «; is induced by

R /(p")P = OF (WU)/(p")P — (O /(P)P)(U).

Since U is qcgs, to conclude the proof, it suffices to show H' (U, (’)?;r /(p")P)* =0 fori > 0, and that
the morphism above is an almost isomorphism. Both of these two assertions follow from [Scholze 2013,
Lemma 4.10]. O

Corollary 2.8. Keep the notation of Lemma 2.7. In particular, U is an affinoid perfectoid of Xproe: Lying
above X, with U = Spa(R, R™).

(1) For any r € N, there is a natural morphism Fil” A.is(R, RT) — Fil” Auis(U) of Acris-modules
whose kernel and cokernel are killed by I?. Moreover, T? - R lim, Fil" Acis/p" = 0 and T+
H (U, Fil" Aeis) =0 fori > 0.

(2) The natural morphisms in (1) induce isomorphisms
Beris (R, R+) = Beis(U), and  Fil" Bers(R, R+) = Fil Beris (U)
forallr € Z. Moreover, H (U, Bis) = H (U, Fil” Begis) =0 fori > 1.

Proof. (1) This follows directly from Lemma 2.6 and Lemma 2.7.
(2) As U is qcgs, inverting 7, we deduce from (1) a morphism of Bs-modules Beis(R, RT) — Beis(U),
with kernel and cokernel killed by 72. Moreover, the Beis-module H (U, Beys) is annihilated by 72+l
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for i > 0. Note that ¢ is divisible by [e] — 1 in A;s (see for example the proof of Theorem A.12), so the
assertions for B follow as Z - B.is = Beris-

To prove our assertions for Fil" B, observe first that the following two properties hold. For s € N,
(a) the canonical map gr’ Bjris(R, RT) — gr’ BjriS(U) is an isomorphism; and (b) H' (U, gr’ Bjris) =0.
Indeed, over Xpoe/ X7, we have gr' B = Oy - 1) by (2A.5). Similarly, gr B}, (R, R*) = R - £U).
Therefore the two properties above follow from [Scholze 2013, Lemma 4.10].

Now, let us begin the proof for Fil” Bs. Twisting by 7" if necessary, we shall assume r = 0.
Inverting p, we get from (1) a morphism of B:;is—modules:

oy Fil* BS. (R, RT) — Fil’ BL. (U)
whose kernel and cokernel are killed by Z2. Passing to direct limits (with respect to multiplication-by-z),
we deduce a natural map of B:;is—modules, denoted by S:

Fil’ Beis (R, RY) = lim Fil* B}, (R, R") — Fil’ Beis(U) = lim Fil* BY, (U),

s>0 s>0
whose kernel and cokernel are killed by Z2, hence by t>. One needs to show that this map is an
isomorphism. The injectivity of f is clear as ker(8) C Begis(R, RT) is t-torsion free. So it is enough to
check its surjectivity. Note that we have the following commutative diagram with exact rows

0 —— Fil't!' B, (U) ———— Fil' B, (U) —— g’ BY, (V)

ss+1 s @t +
0 — Fi'*' B, (R, R") —— Fil* B, (R, RT) — gr' B (R, RT) —— 0.

Here the right vertical map is an isomorphism because of the property (a) above. Then, by the snake lemma,
the inclusion Fil**! B:rris(U ) C Fil* B:ris(U ) induces an isomorphism coker(o;1) = coker(ay). So we

get identification coker(oy) => coker(og) =: C induced by the inclusion Fil® BT (U) cFil’Bf. (U) =

cris cris
Bjﬂs(U ) for all s > 0. With these identifications, we have

coker(B) = lim coker(e;) = lim C
s>0 s>0
where, in the last direct limit, the transition maps are multiplication-by-¢. Since C = coker(«a) is killed
by #2, necessarily coker(8) = 0. In other words, S is surjective, thus is an isomorphism.
Finally, it remains to show H (U, Fil° Besis) =0 when i > 0. For s € N, from the commutative diagram

Fl°BY —" Fil' B*

cris cris ?

canonicalj /
e

Fil* B

cris
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we get a commutative diagram of cohomology groups

H(U,FI°B ) " HI(U, Fil' BY. ) .

cris cris

T / (2A.10)
g

. s ot
H'(U,Fil’ B_;)

We claim that, for i > 0, the vertical map above is surjective. To see this, it suffices to check the surjectivity

of the map

H (U, FiIr*'Bt. ) > H (U, Fil' B, )

cris cris

induced by the inclusion Fil**! B:ris C Fil’ [B:rris for any s > 0. So, one only needs to show that

H (U, gr’ Bt. ) =0 fori > 0, as claimed by the property (b) above. Thus the vertical map in (2A.10) is

cris

surjective. On the other hand, the B, -module H(U, Fil* B}, )) is killed by Z**! and ¢ is a multiple of

cris

[e] — 1 € Z, so the map

H (U,FiB.) — H' (U,Fil’B’.), x> t'x

cris cris

is zero whenever s > 2i + 1. Thus, the horizontal map in (2A.10) is trivial when s > 2i 4+ 1. We conclude
H' (U, Fil’ Beis) = lim, H' (U, Fil* BY,,)) = 0 for i > 0. O
2B. Period sheaves with connections. In this section, assume that the p-adic field k is absolutely un-
ramified. Let X be a smooth formal scheme over Oy. Set X := X} the generic fiber of X, viewed as an
adic space over Spa(k, O). For any étale morphism ) — X, by taking the generic fiber, we obtain an
€tale morphism ) — X of adic spaces, hence an object of the proétale site Xpo¢. In this way, we get a
morphism of sites Xg — Xprogr, With the induced morphism of topoi

w: Xproét —- X

Let Oy, denote the structural sheaf of the étale site Xy: for any étale morphism ) — X of formal schemes

over O, Ox, (¥) =T(, Oy). Define OF  := w™ 'Oy, and Of := w™'Ox,[1/p]. Thus O T is the

ur+,

associated sheaf of the presheaf Oy ™:

Xprost 2 U h_r)n Ox, (V) =: O¥+(U),
V.a)

where the limit runs through all pairs (), a) with Y € Xg and a: U — ) a morphism making the
following diagram commutative:

U—)X:Xk

x T (2B.1)

Ny
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"l;hg/morphism a: U — Y induces a map I'(), Oy) — Ox(U). There is then a morphism of presheaves

O§r+ — 0;?, whence a morphism of sheaves
oyt — of. (2B.2)
e b+ e Ut .
Recall Ajyr := W(Oy' ). Set OAjyr := O ™ Qo Aint and
Ox: OAys — OF (2B.3)

to be the map induced from 6 : Ay — (AO;E of (2A.1) by extension of scalars.
Definition 2.9. Consider the following sheaves on X pros.

(1) Let OAs be the p-adic completion of the PD-envelope (’)Agris of OAj,¢ with respect to the ideal

sheaf ker(0x) C OAys, OB = OAuis[1/p], and OB := OB [1/¢] with t = log([€]) defined

cris cris
in (2A.6).
(2) For r > 0 an integer, define Fil” (’)A(C)ris C OASﬁS to be the r-th PD-ideal ker(0x)", and Fil” QA
the image of the canonical map

lim Fil” OAY; /p" — 1im OAY; / p" = OAcis.

cris cris
Also set Fil ™" OAis = OAs for r > 0.
(3) For any integer r, set Fil" OB'. := Fil" OA.is[1/p] and Fil” OB 1= Yoept™t Fil' ™ 0B

cris cris”

Remark 2.10. As 1” = p!-t!Pl in A = Acris (k, O:), one can also define Fil” OB.is as

Z t 7S Fil't OA .

seN

A similar observation holds for Fil” Bs.

Remark 2.11. (1) We shall see later that OAs has neither p-torsion (Corollary 2.16) nor ¢-torsion
(Corollary 2.24). So OAs C O[B:_ris C OByis.

(2) The morphism 0y of (2B.3) extends to a surjective morphism (’)Agﬂs — @; with kernel Fil! OASﬁS,
hence a morphism OA;s — (AQ;(r Let us denote them again by y. As (AQ;E is p-adically complete
and has no p-torsion, using the snake lemma and passing to limits one can deduce the following

short exact sequence
cris

0 — lim(Fil' OAY, /p") = OAis 2 OF — 0.
n

In particular, Fil! OAyi = ker(Oy).

Definition 2.12. Consider the following sheaves on X pro.

(1) Let Acs{(u1, ...,uq)} be the p-adic completion of the sheaf of PD polynomial rings Agris(ul, e Ug)
C Binelu1, ..., ugl. Set B, {1, ..., ua)} == Acis{(u1, ..., ua)}1/p] and Beris{(u1, . .., ua)} ==

ACI’iS{(I/tla IR Md)}[l/t]
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(2) For r an integer, let Fil” Agﬁs(ul, Lo ug) C Agﬁs(ul, ..., ug) be the ideal sheaf

Z Fil' —(i++a) a0 -u[li'] e u([;d] C A (ur, ..., ug),

cris cris
i1,...,ig>0

and Fil" (Acps{{u1, ..., uq)}) C Acris{{ui, ..., uq)} the image of the morphism

Hm(Fil" A {(ur, ... ua)}/p") = Acis{lu, - .., ua)}.

n

The family {Fil" (Acs{(u1, ..., uq)}) : r € 7} gives a descending filtration of Acns{(u1, ..., ug)}.

Inverting p, we obtain Fil’(BjriS{(ul, ..., ug)}). Finally set
Fil" Beris{(u1, ..., ua)}) := Y 1 Bl B {Gur, ..., ua)).
seZ

To describe OAis more explicitly, assume that X" is small, i.e., there is an étale morphism X —
Spf((’)k{Tlil, e Tdil}) =: T of formal schemes over Oy, where we have used {—, ..., —} to denote
convergent power series. Let T¢ denote the generic fiber of 7¢ and T¢ be obtained from T¢ by adding a
compatible system of p”-th roots of 7; for 1 <i <d andn >1

T4 .= Spa(k{T;="/7", ..., TPy, o1 L TP,
Set X:=XXWd—ﬁ—d. Let Tl.b € (92(+|5( be the element (7}, Til/p, e, Til
giving an As-linear morphism

/7" ). Then Ox (T;@1—1Q[T}’]) =0,

o Ais{{ut, ... ua)lly > OAerisly,  uir>T@1—1Q[T/]. (2B.4)
Clearly, o respects the filtrations on both sides.

Proposition 2.13. The morphism o of (2B.4) is an isomorphism. Moreover, « is strictly compatible with
the filtrations on both sides, i.e., the inverse of the isomorphism o respects also the filtrations of both sides.
Lemma 2.14. Let k be an algebraic closure of k. Then Agis{(uy, . .., ud)}|5(]; has an (9‘;;+|)~(£ -algebra
structure, sending T; to u; + [Tib], such that the composition

0’|

+ £, O
OuXr lXZv = Acris{{u1, ..., Md>}|f(/; — Oxlf(l;

is the map (2B.2) composed with (’);(r — (7);? Here 0" : Aqis{{uy, ..., uqg)} — (AQ;(r is induced from the map
Aris BN @; by sending u;’s to 0.

Proof. Let U be an affinoid perfectoid lying above X - and Y € Xy, equipped withamap a: U — ) as
in (2B.1). We shall first construct a morphism of Oy-algebras

Oy(Y) = Acisf(ur, ..., ua)HDU) (2B.5)

sending 7; to u; + [Tib]. As our construction is functorial and as Acs{{u1, ..., ug)} is a sheaf, shrinking
U and Y if necessary, we may and we do assume ) = Spf(A) affine. Then, the map a : U — )
gives us a morphism of Oy-algebras a®: A — R*. Moreover, U being qcqs, Acis{ (U1, ..., uq)}(U) =
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lim, ((Acris/p")(U)(uy, . .., uq)). Consequently, the morphisms Ayis (R, RT)/p" — (Ais/p™)(U) for
all » > 1 in Lemma 2.7 induce a natural filtered map

Acris (R, R+){(u1, ey ud>} g Acris{(’/‘lv ey ud)}(U) (2B.6)
Therefore, to obtain (2B.5), it suffices to construct a natural map
A=0yY) = Auis(R, RH{(u1, ..., ug)}. (2B.7)

of O-algebras mapping 7; to u; + [Tib]. To do so, composing the map Y — X with X — T4, we obtain
an étale morphism b : Y — T¢ of p-adic formal schemes, whence an étale morphism

b OUTE . T - A

of Og-algebras. On the other hand, u; has divided powers in Aqis(R, R {(u1, ..., uq)}, so [Tl-b] +u; €
Acris (R, RN {(u1, ..., uy)} is invertible. This allows to define a map

frOdTE, L TEY = Agis(R, R {(u, - . ., ua))

of O-algebras, sending each 7; to u; + [Tl.b]. Let f, be its reduction modulo p” for n > 1. Then, we have
the following diagram, which is commutative without the dotted map:

# d p"
R+/p" a™ mod p A/p"
Wgy
9(/R,R+) mod p"] g Tb# mod pn (2B8)
N )
Acris(R, RO {(ur, ... ug)}/ p" «—— OT .. T/ p"

Here, the left vertical map is the reduction modulo p” of the ring homomorphism
9(/R’R+) : ACI'iS(Rv R+){<u17 L] ud>} — R+

which sends each u; to 0 and extends the usual map 0(g g+ : Acis(R, R™) — R™. Since ker(é(’R R+)) has
PD-structure, the left vertical map of (2B.8) has a nilpotent kernel. Then, by the étaleness of b*, we get a
unique dotted map g,, making the whole diagram (2B.8) commutative. These g,’s are compatible with
each other, and the limit lim, g, gives the morphism (2B.7) and thus (2B.5). Since O“Xr+(U ) =1im Oy (),
where the direct limit runs through the diagrams (2B.1), we get from (2B.5) a morphism of O-algebras,
sending 7; to u; + [Tib]:

0% T (U) = Acris{(u1, ..., ug)}(U),

whose construction is functorial with respect to affinoid perfectoid U € X,o¢ lying above X % As such
affinoid perfectoids form a basis of the topology on X ¢t/ X > by passing to the associated sheaf, we
obtain the required morphism of sheaves of Oy-algebras OY | X Acris| )"(;“”1» ..., ug)} sending T; to
u; + [Tib]. The last statement follows from the assignment 6’(U;) = 0 and the fact that 9([Tib]) =T;. O
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Proof of Proposition 2.13. As }N( . > Xisa covering in X4, it is enough to show that «| 5( is
an isomorphism. By Lemma 2.14, there ex1sts a morphism of sheaves of O-algebras (’)ur+| %
Acis{{uy, ..., uqg)} s X; sending 7T; to u; + [T ]. By extension of scalars, we find the morphism

B : Ohintlz, = (O%* ®o, Aint)l g, — Arist{ur, ..., ua)dlz,
which maps 7; ® 1 to u; + [Tl.b]. Consider the composite (with 6" as in Lemma 2.14)
9/|;z,E o B: Ointlg, = Acris{{ur, ..., ua)llz, — (9+|X ,

which is 9X|X by Lemma 2.14. Therefore, ,B(ker(@xly( ) C ker(e/l;( ). Since ker(9/|)~( ) has a PD-

structure, S extends to the PD-envelope OA? | & o of the source, and thus to (’)Acm | & %, 8 Acm{(ul, .. ud)}

cris

is p-adically complete. Thus we obtain the morphlsm below, still denoted by S, sendmg i1 tou; +[ "):
B: OAcrisl)}I; = Acris{(u1, ..., ud)”f(l;-

The morphism B above preserves Fil', hence all the Fil’s. One shows that 8 and « are inverse to each

other, giving our proposition. O

Corollary 2.15. Keep the notations above. There are natural Bjm linear and Bs-linear isomorphisms
sendingu; toT; @1 —1® [T,-b],
Br {ur, ..., ua)}lg => OBL. |5 and Bens{(ur, ..., ua)}z => OBl

Ccris Cris

which is strictly compatible with filtrations on both sides.

Corollary 2.16. Let X be a smooth formal scheme over Oy. Then OAs has no p-torsion. In particular,
OAgis C OBL

cris®

Proof. This is a local question on X. Hence we may and do assume there is an étale morphism X —
Spf((’)k{TjEl Tdil}) So we reduces ourselves to the corresponding statement for Aqis{(u1, ..., ugq)}.

ui, ..., ug), one reduces further to the fact that Agls has

As the latter is the p-adic completion of A?

crls<

no p-torsion, as shown in Corollary 2.3 (1). 0

An important feature of QA is that it has an A.s-linear connection on it. To see this, set Q;}Tr =

w‘lQl\%l Jo,» Which is locally free of finite rank over O}rJ’. Let
3 ' 1, 1, .
Q= Ab§;+szx;‘;+ and QY =QyN1/p] Vi=0.

Then OAj,¢ admits a unique Ajp¢-linear connection V: OAjr — OAjns ®pur+ Q x72+ induced from the

usual one on Oy,. This connection extends uniquely to QA

1,
V: OAciis = OAcris @+ Q Pyl
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which is Ags-linear. Inverting p (resp. ), we get also a B
OB, (resp. on OByis):

Cris

Cns—hnear (resp. Bgis-linear) connection on

V: 0B+ — OB+ Our Q;;llrc and V: OBis & OBis ®OuXr Q;;‘;{

Cris Cris
From Proposition 2.13, we obtain

Corollary 2.17 (crystalline Poincaré lemma). Let X be a smooth formal scheme of dimension d over O.
Then there is an exact sequence of proétale sheaves

0 = Acris = OAcris —> OAis ®ou+ Qx;‘;+ Vs Y O ®ou+ QX;‘;+ — 0,

which is strictly exact with respect to the filtration giving Q' )’( /k + degree i. In particular, the connection V is
integrable and satisﬁes Griffiths transversality with respect to the filtration on OA\s, i.e., V (Fill OAyis) C
Fili ! OAris ®Our+ QX/k Moreover, the similar results for OBT. and OB hold.

Cris
Proof. 1t suffices to prove the assertion for OA.;. The question is local on X, so we assume there is
an étale morphism X — Spf(Ok{Tlil, cees TdjEl }). Under the isomorphism (2B.4) of Proposition 2.13,
Fil’ OAqiis| ; 1s the p-adic completion of

Z Flll (io+++iq) ACI‘IS'X il Mgd]

i1,...ig>0

withT; @ 1 - 1®[T; ] sent to u;. Moreover V(u["]) = u[" 2 ®d T; for any i, n > 1, since the connection
V on OAs is Acm—hnear. The strict exactness and Griffiths transversality then follow. O

Using Proposition 2.13, we can establish an acyclicity result for OA as in Lemma 2.7. Let 4/ = Spf(A)
be an affine open subset of X', admitting an étale morphism to 79 = Spf(Ok{Tlil, ey Tdil}). Let U be
the generic fiber, and set U:=U X d T9. Let V be an affinoid perfectoid of X o lying above U,; Write
V = Spa(R, R"). Let OAis(R, R™) be the p-adic completion of the PD-envelope (’)Agns(R R™) of
A ®p, W(R"") with respect to the kernel of the following morphism induced from 6 g g+ by extending
scalars to A:

0s: A®o, W(R"") = R,

Set (’)Bjm(R RT) := OAis(R, RT)[1/p] and OB.;is(R, RY) :== O cm(R R™)[1/t]. For r € Z, define
Fil" OA¢is(R, R™) to be the closure inside OAs(R, R™) for the p-adic topology of the r-th PD-ideal of
(’)Agm(R, R™). Finally, set Fil” OB:FHS(R R™) :=Fil" OA.is(R, RT)[1/p] and Fil” OB;s(R, R") :=
Y ezt S FI' OB (R, RT).

Lemma 2.18. There is a natural filtered morphism OAgis(R, RT) — OAgis(V) of RT ®0, Acris-algebras,
inducing an almost isomorphism Fil” OA;is(R, R1)/p" = (Fil” OAgis/p™)(V) for each r,n > 0. More-

over, H (V, Fil" OAyis/p") is almost zero whenever i > 0.

Proof. Let ¢ be the composition of the two natural ring homomorphisms below

A®p, W(R™M) = AR, Auis(V) = OAgis(V).
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Then, Ox (V) ot = 64, with 6x (V) the map obtained by taking sections at V of 0x : OA¢s — @; So
t(ker(6,4)) C ker(0x(V)). As ker(6x (V)) has PD-structure, ¢ extends to OA°. (R, R1) and the resulting

cris
morphism OAgris(R, RT) — OA;s(V) respects the filtrations. Passing to p-adic completions, we obtain

a filtered morphism OA¢s(R, RT) = OAgis(V) of A ®0, Acris-algebras, still noted by ¢ in the following.

Let o(g g+) : Acris(R, RN {(u1, ..., ug)} = OAgis(R, RT) be the Agis(R, R™)-linear map, mapping
uito i1 -1® [Tib]. As in Proposition 2.13, it is an isomorphism, strictly compatible with the filtrations.
Here Fil" (Acris (R, RT){{(u1, ..., ug)}) is defined to be the p-adic completion of

> Fr OO AL (R RDuM - ul € A (R R (- ua))
i],...,i,]ZO

Therefore, we have the following commutative diagram

Acris(R, RO {(u1, ..., ug)} —— OAuis(R, RY) ,

YR, RT)
(2B-6)l lz

Acris{{te1, ..., ug)}(V) T OAcis (V)

whose horizontal arrows are filtered isomorphisms. To prove the first part of our lemma, it suffices to

show that (2B.6) induces an almost isomorphism
Fil” Acis (R, RO {1, ..., ug)}/p" — (Bl Acis{(ur, ..., ua)}/ p")(V) (2B.9)

for any r, n > 0. By definition, the left-hand side of the morphism above is

@ (Filr_il_m_id Acris (R, R+)/pn) ) u[li]] e uEIid]’

i1,..., ig>0
while the right-hand side is given by (recall V is qcqs)
@ (Fﬂr*il*w*l‘d Acris/Pn)(V) . ullilj . u[did]'
i1,000,0¢>0

Under these descriptions, the map (2B.9) is induced from the natural maps
Fil' 1774 Agig(R, RY)/p" — (Fil'™" ™7 A/ p") (V) ity yia 2 0.

So, that (2B.9) is an almost isomorphism follows from Lemma 2.7.

It remains to prove Hi(V,Fil’ OAqis/p™")* =0 for i > 0 and n, r > 0. Using the isomorphism « of
Proposition 2.13, we are reduced to the similar statement for Fil" A {(u1, ..., ugq)}/p". As V is qcgs,
we have

HY(V, Bl Agig{(ur, ..., ua)Y/py =~ @ H(V,Fil™ 774 Ao/ ph),

i15.00,ig>0

which vanishes by Lemma 2.7. O
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Corollary 2.19. Keep the notation of Lemma 2.18. Then the filtered morphism OA.is(R, RT) —
OAvis(V) of Lemma 2.18 induces an isomorphism of R™ Q0 Beris-modules OBris (R, RT) = OBis(V),
strictly compatible with filtrations. Moreover, H' (V, Fil” OBs) = H' (V, OBcys) = 0 for any i > 0 and
red.

Proof. The proof is the same as that of Corollary 2.8(2). Indeed, as OAis(R, R™) and OAj are p-adically
complete and flat over Z,,, by Lemmas 2.6 and 2.18, the filtered morphism OAs(R, RT) = OAis(V)
induces a filtered morphism OBis(R, RT) — OBis(V) of A ®0, Beris-modules, with kernel and cokernel
killed by 72. Therefore, the latter is an isomorphism since Z - (A @o, Beris) = A ® 0, Beis. To prove the
statements for Fil” OB, as in the proof of Corollary 2.8, it suffices to establish the similar properties
(a) and (b) hold for OB i Let s > 0 be an integer. By Corollary 2.15, one checks that, over X prost/ U T

cri
gr’ O[B:;S is a free module over Oy, with a basis given by the images of the elements

gul ---uy,  whereip,...,igeNandig+---+ig=s.

Similar observation holds for gr' OBT. (R, RT). Consequently, by [Scholze 2013, Lemma 4.10], the

cris
canonical map gr* OB'. (R, R*) — gr OB, (V) is an isomorphism and H'(V, gr" OB, ) = 0 for
i > 0, as wanted. O

cris cris cris

2C. Frobenius on crystalline period sheaves. We keep the notations in the previous subsection. So k
is absolutely unramified and X is a smooth formal scheme of dimension d over Ox. We want to endow
Frobenius endomorphisms on the crystalline period sheaves.

On Ajys = W(Ogj), we have the Frobenius map

¢:Ainf_>Ainf, (a()?al?"'aan"")'_)(a(l))’alp7"'va;{l)9"‘)‘

Then for any a € Ay, we have p(a) = a” mod p. Thus, (§) =&P 4+ p-b with b € Ainf|xk. In particular

0
cris

p) e Agrisl x; has all divided powers. As a consequence we obtain a Frobenius ¢ on A, extending that

+

cris®

on Ajyr. By continuity, ¢ extends to As and thus to B

¢ is extended to Bs by setting w(%) = %-

To endow a Frobenius on OA;s, we first assume that the Frobenius of Xy = X ®¢, « lifts to a morphism

Note that () =log([e”]) = pt. Consequently

o on X, which is compatible with the Frobenius on O. Then for Y € Xy, consider the following diagram:

V¢ —

Joy .
absolute Frobenius étale

QYRS VN YL AN V)

As the right vertical map is étale, there is a unique dotted morphism above making the diagram commute.
When ) varies in Xy, the oy’s give rise to a o-semilinear endomorphism on Oy, whence a o -semilinear
endomorphism ¢ on O% *.
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Remark 2.20. In general X does not admit a lifting of Frobenius. But as X" is smooth over Oy, for each
open subset &/ C X admitting an étale morphism &/ — Spf((’)k{Tlil, cees Tdil}), a similar argument as
above shows that there exists a unique lifting of Frobenius on ¢/ mapping 7; to Tip .

We deduce from above a Frobenius on OA,s = (9%“r ®o, Aint given by ¢ ® ¢. Abusing notation, we
will denote it again by ¢. An argument similar to the previous paragraphs shows that ¢ extends to (’)Agﬁs,
+

hence to OAs by continuity, and finally to OB_;, and OB.;s. Moreover, under the isomorphism (2B.4),
the Frobenius on Ags{{u1, ..., ug)} = OAs sends u; to o(u;) = o (T;) — [Tib]p.

Lemma 2.21. Assume as above that the Frobenius of Xo = X @, k lifts to a morphism o on X compatible
with the Frobenius on Oy. The Frobenius ¢ on OAis is horizontal with respect to the connection
Vi OAuis = OAuis @ Q}(?;f Similar assertions hold for OBT. and for OB s.

cris

Proof. We need to check Vo g = (¢ ® do) oV on OA4s. It is enough to do this locally. Thus we
assume there exists an étale morphism X — Spf((’)k{Tlil, e, Tdil}). Recall the isomorphism (2B.4).
By A.is-linearity, it suffices to check the equality on the ul["]’s. We have

(Vo)) = Vie)™) = o))"V (pu;))
Meanwhile, ¢(u;) — o (T;) = —[T}'1” € Aris, hence V(¢ (u;)) = do (T;). Thus
(p®do) o V)(u!) = (e ®do) " " @dT}) = p(u)" N @ do (T;) = (Vo p)(ul™),
as desired. O

The Frobenius on OAs above depends on the initial lifting of Frobenius on X'. For different choices
of liftings of Frobenius on X, it is possible to compare explicitly the resulting Frobenius endomorphisms
on OAs with the help of the connection on it, at least when the formal scheme X admits an étale
morphism to Spf((’)k{Tlil, A Tdil}).

Lemma 2.22. Assume there is an étale morphism X — Spf(Ok{Tlil, e Tdil}). Let o1 and o, be two
Frobenius liftings on X, and let ¢\ and ¢, be the induced Frobenius maps on Oy, respectively. Then
we have the following relation on OAs:

d

d
o= (1‘[(02<Ti>—al<n>>["f])(<mo(HNZ“)) (2C.1)
i=1

(n1,....,ng)eNd “i=1
where the N; are the endomorphisms of OAis such that V. = Zle N; ®dT,.

Proof. To simplify the notations, we will use the multiindex: for m = (my, ..., my) € N¢, set N :=
]_[f.l:  N"" and |m| :=>"; m;. Let us first observe that the series on the right-hand side of (2C.1) gives a

well-defined map on OA 5. As OAs is p-adically complete, it suffices to show that this is the case for
OAvis/ p" for any n > 1. Identify OAcs/ p" with (Aqis/p™*){(u1, ..., ug) using Proposition 2.13. Thus,
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a local section a of OA;s/p" can locally be written as a finite sum

a= Z by - u™, by € Acris/p".

meNd
A calculation shows
]_Vl(a) — melé[m_” — Z bm-ﬁ-l’ﬁ‘[m]'
m>| meN?

As there are only finitely many nonzero coefficients b,,, N!(a) =0 in OA;s/p" when || 3> 0. Meanwhile,
note that 0, (7;) — o1(T;) € pO'j(rJr, hence their divided powers lie in O‘,‘(H. Therefore the series of the
right-hand side of (2C.1) applied to a does make sense and gives a well-defined additive map on OAs/ p".
Consequently, the series on the right-hand side of (2C.1) gives a well-defined additive map on OA;,
which is also semilinear relative to the Frobenius on Ags.

It remains to verify the formula (2C.1). Since both sides of (2C.1) are semilinear relative to the
Frobenius of A, it suffices to check the equality for the L_t[’ﬂ]’s. In fact, we have

( Z <li[(0'2(Tt) - O'I(Ti))[ni]) ((01 o (li[ N;”)))(M[m])
i=1

(n1,....ng)eNd “i=1

= Z (02(T) — o1(T) ™ (o1 (N (™))

neNd

=Y (02() — o1 )" (o1 (V" (u™1)))
neNd

- Z (@2(u) — @1 (kt))[ll] -1 (Z)[mfy]
neNd|n<m

= (p2 () — @1 () + 1 ()™

= (™).

This finishes the proof. U

2D. Comparison with de Rham period sheaves. Let X be alocally noetherian adic space over Spa(k, Oy)
and recall the map 6 in (2A.1). Set BIR =lim W(Og;r)[l/p]/(kere)", and Bgr = B:R[l/t]. ForreZ,
let Fil"’ Bgr = ¢t" B(J{R. By its very definition, the filtration on Bgr is decreasing, separated and exhaustive.
On the other hand, we can define the de Rham period sheaves with connection O[EB:{R and OBg4r (see
the erratum to [Scholze 2013, Definition 6.8(iii)]). The filtration on OB:{R is decreasing, separated and
exhaustive. Moreover, as in [Brinon 2008, 5.2.8, 5.2.9], one shows that

OB NFil" OBg = Fil" OB,

implying that the filtration on OBgg is also decreasing, separated and exhaustive.
In the rest of this subsection, assume that k/Q,, is absolutely unramified.
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Proposition 2.23. Let X be a smooth formal scheme over O.

+
Cris

(1) There are injective filtered morphisms B} <> BIR and OB}

cris cris
J'_
and OB,

— (’)[EB:R. In this way, we view B
¢ respectively as a subsheaf of rings of [B:{R and OBIR.

=Fil' OB, NOB.

(2) Foranyi €N, one has Fil' B, =Fil' Bj; "B and Fil' OB/ . Inparticular,

the filtrations on [B;Lris and on OB;S are decreasing, separated and exhaustive. Furthermore, the
=> gr' By, and gr' OB}, => gr OB.

filtered morphisms in (1) induce isomorphisms gr' B oris

cris

Proof. (1) Recall that B(J{R is a sheaf of Q,-algebras, so the natural morphism Aj,s = W((’);Jr) — BCTR
extends to the PD-envelope A?

cris
0

cris

of Ajyr with respect to the kernel of the map 6 in (2A.1). The resulting

map A . — [B(J{R respects the filtrations. On the other hand, for each n € N, the composite

0
Acris

— Bl — Bl /Fil" Bj; = W(Oﬁj )1/ p1/ (ker(6))"

0
cris®
is contained in ﬁ(W(O?j) /(ker(6))") C [B:R / Fil" BIR and the latter is p-adically complete. On passing
to the projective limit relative to n, we obtain a filtered morphism Ags — BCTR, whence the required
filtered morphism [B:rriS — BIR by inverting p € Acs.

To define a natural filtered morphism OB}.. — OB,

extends to the p-adic completion A5 of A . . Indeed, this is because the image of the composite above

observe that OB}y is an algebra over Ox ®o,
W((’);Jr), so we have a natural morphism

OAint = O+ @0, W(O5) — OB,
which extends to the PD-envelope OAgﬁs of OAjy relative to the kernel of the map 6y in (2B.3). For
n € N, consider the composed morphism

OA?

cris

— OBJ, — OB,/ Fil" OBy. (2D.1)

gﬁs. To check this assertion, assume that X’ is

affine and étale over Spf(Oy{T lil, cee Tdil}), and let X be the affinoid perfectoid obtained by joining
to X a compatible family of p"-th roots of 7; forn e N and 1 <i <d. It suffices to show that, for any

As above, it extends to OAgs, the p-adic completion of OA

affinoid perfectoid V above X %> the restriction to V' of (2D.1) extends in a uniquely way to a morphism
OAcrisly — (OBgg/ Fil" OBgg)ly, with image contained in a W(Og(Jr)lv—submodule of finite type. By
[Scholze 2013, Proposition 6.10], we have O[B&LRW = [B:{R|V[[u1, coougll,withu; =Ti®l—1Q [T,-b]-
So

(OBIR/ Fil” OB;’R)W = @ (W(ng)[l/p]/(g)"*'m')lv oy,

meN? |m|<n

Through this identification, the image of (2D.1) (restricted to V) is contained in

#( D (W(Oi*)/@)"-""')w-L_t’")c(OBIR/Fﬂ”OBXR)w

meN?, |m|<n
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for some a € N. Since the latter is p-adically complete, the restriction to V of (2D.1) extends to OAs|v,
and the image of this extension is contained in the W(Oi;r)—submodule of finite type above. If we have two
such extensions, the images of both extensions are contained in some W((’)?L)—submodule of finite type
of the form above for some a (large enough). As the latter is p-adically complete, these two extensions
must coincide. This proves our assertion. So (2D.1) extends to a morphism OAs — OBCTR / Fil" (’)B(J{R.
Passing to the projective limit relative to n, we obtain the required filtered morphism OAs — O[EB:{R.
The two morphisms constructed above are compatible with the isomorphisms in Corollary 2.15 and its

de Rham analogue [Scholze 2013, Proposition 6.10]. To finish the proof of (1), we only need to show the
+

oris — B:R constructed above is injective. This can be done in the same way as [Brinon 2008,

morphism B
Proposition 6.2.1], and we omit the detail here.

+
Cris

(2) By (1), the corresponding statement for B . follows from the fact that the natural induced map

cris

g’ By lx, = Ox, - (§7/r) — & Biz|x, = Ox, -§’
is an isomorphism. To show the statements for O[EB;S, assume that X admits an étale map to
Spf((’)k{Tlil, cees Tdil}). Then we conclude by Corollary 2.15 and its de Rham analogue, and by
what we have just shown for Bjris. O
Corollary 2.24. Let X be a smooth formal scheme over Oy. Then, over Xpos/ Xy, the sheaves of
Avcris-modules Agis, B, OAgis and OB.. have no t-torsion.

cris’? cris

Proof. As A¢is and OAs have no p-torsion, they are included respectively in B:ris and O[El%jris. Hence,
to prove our corollary, by Proposition 2.23, it is enough to show that, over X s/ X}, B:{R and OB?{R

have no ¢-torsion. These two statements are contained in [Scholze 2013, Remarks 6.2 and 6.9]. O
Corollary 2.25. Let X be a smooth formal scheme over Ok.

(1) There are natural inclusions B.s — Bgr and OB — OBgr.

(2) Foranyi € Z, we have Fil' Bis = Begis () Fil' Bar and Fil' OBis = OBcyis () Fil' OBgr. In partic-
ular, the filtrations on Bis and on OBis are decreasing, separated and exhaustive. Furthermore,

the inclusions in (1) induce isomorphisms gr' Beis => gr' Bar and gr' OBis = gr' OBgg.

Corollary 2.26. Let X be a smooth formal scheme over Oy, with X its generic fiber. Then w, OB s =~
Ox,[1/p].

Proof. Letv: X oot = X and v': X — X the natural morphisms of topoi. Then w = v"ov. Therefore
Ox,[1/p] = v,Ox, = viv,Ox = w,Ox. By [Scholze 2013, Corollary 6.19], the natural map Ox, —
VxOBgr is an isomorphism. Thus, w,OBgr = v, (v,OBgr) = v, Ox, =~ Ox,[1/p]. On the other hand,

we have the injection of Ox,[1/p]-algebras w,OB¢is — w.OBgr. Thereby Ox,[1/p] = w, OB U
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3. Crystalline cohomology and proétale cohomology

In this section, assume that k is absolutely unramified. Let o denote the Frobenius on Oy and on k, lifting
the Frobenius of the residue field . The ideal (p) C O is endowed with a PD-structure and Oy becomes
a PD-ring in this way.

3A. A reminder on convergent F-isocrystals. Let Xy be a «-scheme of finite type. Let us begin with
some general definitions about crystals on the small crystalline site (Xy/Ok)cris endowed with étale
topology. For basics of crystals, we refer to [Berthelot 1996; Berthelot and Ogus 1978]. Recall that a crystal
of Oxyj0,-modules is an Oy, 0,-module E on (Xp/Ox)cris such that (i) for any object (U, T') € (Xo/Ox)cris»
the restriction Ey of E to the étale site of T is a coherent Op-module; and (ii) for any morphism
w: (U, T — (U, T) in (Xy/O)cris» the canonical morphism u*Er => [E7- is an isomorphism.

Remark 3.1. Let A; be the closed fiber of a smooth formal scheme X over O. The category of
crystals on (Xp/Ok)cris 18 equivalent to that of coherent O y-modules M equipped with an integrable and
quasinilpotent connection V: M — M ®op,, Qﬁ( Jo,- Here the connection V is said to be quasinilpotent
if its reduction modulo p is quasinilpotent in the sense of [Berthelot and Ogus 1978, Definition 4.10].

The absolute Frobenius F: Xy — AXp is a morphism over the Frobenius o on O = W (x), hence it
induces a morphism of topoi, still denoted by F:

F: (Xo/Or) o = (Xo/Ok)

cris ans

An F-crystal on (Xy/Op)eris s a crystal E equipped with a morphism ¢ : F*E — [ of Oy, ,0,-modules,
which is nondegenerate, i.e., there exists amap V : E— F*[E of Ox,,0,-modules such that oV = V¢ = p"
for some m € N. In the following, we will denote by F'- Cris(Xp, O) the category of F-crystals on
Xo/Ok.

Before discussing isocrystals, let us observe the following facts.

Remarks 3.2. (1) Let X be a quasicompact smooth formal scheme over O;. Let X"2 be its rigid
generic fiber, which is a rigid analytic variety over k. Let Coh(Ox[1/p]) denote the category of coherent
Ox[1/p]-modules on X, or equivalently, the category of coherent sheaves on X up to isogeny. Denote
by Coh(X"¢) the category of coherent sheaves on X"2. Then, we have the functor below, obtained by
taking the rigid generic fiber of a coherent Ox[1/p]-module

Coh(Ox[1/p]) — Coh(X"®).

This is an equivalence of categories. Indeed, it is a consequence of the fact that any coherent sheaf on
X" extends to a coherent sheaf on X [Liitkebohmert 1990, Lemma 2.2].

(2) Let Y be arigid analytic variety. Huber [1994, Proposition 4.3] constructed from Y an adic space
yad, together with a locally coherent morphism p : (1Y, Oyw) — (Y|, Oy) of ringed sites, satisfying
some universal property. We call Y24 the associated adic space of Y. The morphism p gives rise to an
equivalence between the category of sheaves on the Grothendieck site associated to Y and that of sheaves
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on the sober topological space Y ad [Huber 1996, 1.1.11]. Moreover, under this equivalence, the notion of
coherent sheaves on the ringed site Y = (|Y|, Oy) is the same as the one on Y ad — (|yad|, Oyaa) since in
the case of Y = Sp A, with A a complete topologically finitely generated Tate algebra over k, both of
them are naturally equivalent to that of finite A-modules (see [Scholze 2013, Theorem 9.1]).

Let X) be a k-scheme of finite type, embedded as a closed subscheme into a smooth formal scheme P
over O. Let P be the adic generic fiber of P and |Xy[p C P the preimage of the closed subset Xy C P
under the specialization map. Following [Berthelot 1996, 2.3.2(i)] (with Remarks 3.2(2) in mind), the
realization on P of a convergent isocrystal on Xp/O is a coherent O)x,[,-module £ equipped with an
integrable and convergent connection V: & — £ ®o, Xolp Q]l Xolp/k (we refer to [loc. cit., 2.2.5] for the
definition of convergent connections). Being a coherent O}, [,-module with integrable connection, £ is
locally free of finite rank by [loc. cit., 2.2.3(ii)]. The category of realizations on P of convergent isocrystals
on Xp/O is denoted by Isoc(Xp/Ok, P), where the morphisms are morphisms of Oy, (,-modules which
commute with connections.

Let Xy < P’ be a second embedding of Xj into a smooth formal scheme P’ over O, and assume
there exists a morphism u: P’ — P of formal schemes inducing identity on Xj. The generic fiber of u
gives a morphism of adic spaces uy : 1Xp[pr — ]Ab[p, hence a natural functor

ui: Isoc(Xy/Ok, P) — Isoc(Xo/Ok, P'), (€, V) > (uiE, upV).

By [loc. cit., 2.3.2(i)], the functor u; is an equivalence of categories. Furthermore, for a second morphism
v: P' — P of formal schemes inducing identity on X, the two equivalence u}, v} are canonically
isomorphic [loc. cit., 2.2.17(i)]. The category of convergent isocrystal on Xy/Oy, denoted by Isoc(Xyp/Ok),
is defined as

Isoc(Xy/Of) := 2 —limIsoc(Xy/Ok, P),

—
P

where the limit runs through all smooth formal embeddings Xy < P of Xj.

Remark 3.3. In general, Ay does not necessarily admit a global formal embedding. In this case, the
category of convergent isocrystals on Xy/Oy can still be defined by a gluing argument (see [loc. cit.,
2.3.2(iii)]). But the definition recalled above will be enough for our purpose.

As for the category of crystals on X/, the Frobenius morphism F: Ay — Ap induces a natural
functor (see [loc. cit., 2.3.7] for the construction):

F*: Isoc(Xy/Or) — Isoc(Xy/Oy).

A convergent F-isocrystal on X/ Oy is a convergent isocrystal £ on Xy/ Oy equipped with an isomorphism
F*& = £ in Isoc(Xy/Oy). The category of convergent F-isocrystals on Xy/O will be denoted in the
following by F'-Isoc(Xy/Ox).

Remark 3.4. The category F-Isoc(Xy/Oy) has the isogeny category F- Cris(Xy/Of) ® Q of F-crystals
E on (Xy/Or)eis as a full subcategory. To explain this, assume for simplicity that Xy is the closed fiber
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of a smooth formal scheme X over Of. So ]Ay[x = X, the generic fiber of X'. Let (M, V) be the
Ox-module with integrable and quasinilpotent connection associated to the F-crystal E (Remark 3.1).
Let E*" denote the generic fiber of M, which is a coherent (hence locally free by [loc. cit., 2.3.2(ii)])
Oyx,,-module equipped with an integrable connection V#": E*" — [*" ® Q;m /x> Which is nothing but the
generic fiber of V. Because of the F'-crystal structure on [E, the connection V*" is convergent ([loc. cit.,
2.4.1]). In this way we obtain an F-isocrystal E*" on Xj/Oy, whence a natural functor

(=)™ : F-Cris(Xy/Or) @ Q — F-Isoc(Xy/Or), [Er E*.

By [loc. cit., 2.4.2], this analytification functor is fully faithful, and for £ a convergent F-isocrystal
on Xy/O, there exists an integer n > 0 and an F-crystal E such that &€ = [F*"(n), where for
F=(F,V,p: F*¥ = F) an F-isocrystal on Xy/Oy, F(n) denotes the Tate twist of F, given by
(F,V, % F*F = F) [loc. cit., 2.3.8(1)].

Our next goal is to give a more explicit description of the Frobenius morphisms on convergent F-
isocrystals on Xp/Ok. From now on, assume for simplicity that Xy is the closed fiber of a smooth formal
scheme X and we identify convergent isocrystals on Xy/Oy with their realizations on X'. Let X be the
adic generic fiber of X. The proof of the following lemma is obvious.

Lemma 3.5. Assume that the Frobenius F : Xy — Xy can be lifted to a morphism o : X — X compatible
with the Frobenius on Oy. Still denote by o the endomorphism on X induced by o. Then there is an

equivalence of categories between

(1) the category F-Isoc(Xy/Ox) of convergent F-isocrystals on Xy/Oy; and

(2) the category Modgz of Ox,,-vector bundles £ equipped with an integrable and convergent connection
V and an Oy, -linear horizontal isomorphism ¢: 0*& — E.

Consider two liftings of Frobenius o; (i =1, 2) on X. By the lemma above, for i = 1, 2, both categories
Mod((g;(V are naturally equivalent to the category of convergent F-isocrystals on Xy/Oy:

ModZ:" <= F-Tsoc(Xy/Or) <> Mod," .
Therefore we deduce an equivalence of categories
. o1,V 02,V
Fo .0, Mody " — Mody " (BA.D)

When our formal scheme X is small, we can explicitly describe this equivalence. Assume there is an
étale morphism X — T4 = Spf((’)k{Tlﬂ, cee, Tdil}). So Qi{an/k is a free Oy, -module with a basis
given by dT; (i =1, ...,d). In the following, for V a connection on an Oy, -module &, let N; be the
endomorphism of £ (as an abelian sheaf) such that V = Zle N; ®dT;.

Lemma 3.6 [Brinon 2008, Proposition 7.2.3]. Assume that X = Spf(A) is affine, admitting an étale
morphism X — T as above. Let (£,V, ) € Mod‘g;(v, with (&€, V, @2) the corresponding object of
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Mod‘g}’(V under the equivalence Fg, o,. Then on £(X) we have

d d
= ) (H(Uz(ﬂ)—al(ﬂ))["f])((plo(l_[Nin,-))'

(n1,...,ng)eNd “i=1 i=1

Furthermore, @1 and ¢, coincide on E(X)V=I.

More generally, i.e., without assuming the existence of Frobenius lifts to X, for (£, V) an Oy, -module
with integrable and convergent connection, a compatible system of Frobenii on £ consists of, for any open
subset U/ C X equipped with a lifting of Frobenius oy, a horizontal isomorphism ¢4,6,,) : 0751, = €l
satisfying the following condition: for V C X" another open subset equipped with a lifting of Frobenius
oy, the functor

F, : Mod%Y - Mod%V

ou,op Ouy Ny O vy

sends (€l N> Vs Pt.on e V) 0 ElueNvies Vs @v.0) lue Nvi)- We denote a compatible system of
Frobenii on £ by the symbol ¢, when no confusion arises. Let Mod‘é’j be the category of Oy, -vector
bundles equipped with an integrable and convergent connection, and with a compatible system of Frobenii.
The morphism in Mod(g)’xv are the morphisms of Oy, -modules which commute with the connections, and
with the Frobenius morphisms on any open subset i/ C X’ equipped with a lifting of Frobenius.

Remark 3.7. Let £ be a convergent isocrystal on Ap/Oy. To define a compatible system of Frobenii
on &, we only need to give, for a cover X = | J; U; of X by open subsets ¢; equipped with a lifting of
Frobenius o;, a family of horizontal isomorphisms ¢; : 0;*E|y, = €|y, such that ¢;|y, Nv; corresponds
to ¢;lu; N U; under the functor Fo 0t Modgl’jivﬂ 0, — Modg[’jl_vﬂ 0, (Here U, :=U, ). Indeed, for U any
open subset equipped with a lifting of Frobenius oy, one can first use the functor Fy, 5, of (3A.1) applied
to (€lu;» Vlu;» ¢i)lu; v to obtain a horizontal isomorphism ¢y ; : (0;(El) v, v — Elu;Nv- From
the compatibility of the ¢;’s, we deduce gu,ilu v, Nu; = ¢u,jlunu Nu;- Consequently we can glue
the ¢y; (i € I) to get a horizontal isomorphism ¢y : 075(£]y) — E|y. One checks that these ¢4 give the
desired compatible system of Frobenii on £.

Let £ be a convergent F-isocrystal on Xy/Oy. For U C A an open subset equipped with a lifting of
Frobenius oy, the restriction £y, gives rise to a convergent F'-isocrystal on U/ k. Thus there exists a
V-horizontal isomorphism ¢q4,0,,) : 0,;E |y, —> vy, - Varying (U, o4) we obtain a compatible system of
Frobenii ¢ on £. In this way, (£, V, ¢) becomes an object of Modng. Directly from the definition, we
have the following

Corollary 3.8. The natural functor F-Isoc(Xy/Oy) — Modgxv is an equivalence of categories.

In the following, denote by FMong the category of quadruples (£, V, ¢, Fil*(£)) with (£, V, ¢) €
Mod‘é’xV and a decreasing, separated and exhaustive filtration Fil*(€) on £ by locally free direct summands,
such that V satisfies Griffiths transversality with respect to Fil*(£), i.e., V(Fil' (£)) c Fil'~1(&) ®0y,,
Q}(m /K The morphisms are the morphisms in Modgf which respect the filtrations. We call the objects in
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FMong filtered (convergent) F-isocrystals on Xy/Oy. By analogy with the category F-Isoc(Xy/Oy) of
F-isocrystals, we also denote the category of filtered F-isocrystals on Xp/Ok by FF-1soc(Xy/Of).

3B. Lisse 7 p-sheaves and filtered F-isocrystals. Let X be a smooth formal scheme over Oy with X
its adic generic fiber. Define Z,, = @Z/ p" and Q p = 7 p[1/p] as sheaves on X0 Recall that a
lisse 7 ,-sheaf on X4 is an inverse system of abelian sheaves L, = (IL,),en on X¢ such that each L, is
locally a constant sheaf associated to a finitely generated Z/p"-modules, and such that L, is isomorphic
in the procategory to such an inverse system for which L,;;/p" >~ L,. A lisse Vi p-Sheaf on Xpost
is a sheaf of Z p-modules on X0, Which is locally isomorphic to VA p ®z, M where M is a finitely
generated Z ,-module. By [Scholze 2013, Proposition 8.2] these two notions are equivalent via the functor

pl: X;—>X eroét‘ In the following, we use frequently the natural morphism of topoi

w: X~

v ~ ~
proét ” Xét - Xét :

Before defining crystalline sheaves, let us make the following observation.

Remarks 3.9. (1) Let M be a crystal on Xy/Oy, viewed as a coherent Oy-module admitting an inte-
grable connection. Then w~! M is a coherent (’)&”—module with an integrable connection w™' M —
w M O pur+ Q}(‘/l,rf If furthermore M is an F-crystal, then w~! M inherits a system of Frobenii: for
any open subset U/ C X equipped with a lifting of Frobenius oy, there is naturally an endomorphism of
w~ ! M|y which is semilinear with respect to the Frobenius w~ oy on O¥+|U (here U :=Uj,). Indeed,
the Frobenius structure on M gives a horizontal Oy-linear morphism o,; M|y, — M|y, or equivalently,
a oy-semilinear morphism ¢y, : M|y = M|y (as oy, is the identity map on the underlying topological

1

space). So we obtain a natural endomorphism w_lwu of w™!' M|y, which is w™!oy-semilinear.

(2) Let £ be a convergent F-isocrystal on Xy/Oy. By Remark 3.4, there exists an F-crystal M on
Xy/Oy and n € N such that £ ~ M*(n). By (1), w~!'M is a coherent O“Xr+—module equipped with
an integrable connection and a compatible system of Frobenii ¢. Inverting p, we get an O%-module
w~ ' M[1/p] equipped with an integrable connection and a system of Frobenii ¢/p”, which does not
depend on the choice of the formal model M or the integer n. For this reason, abusing notation, let
us denote w~'M([1/p] by w~!&, which is equipped with an integrable connection and a system of
Frobenii inherited from &. If furthermore & has a descending filtration {Fil’ £} by locally direct summands,
by Remarks 3.2(1), each Fil’ £ has a coherent formal model €l.+ on X. Then {w‘lé’l*[l /pl} gives a
descending filtration by locally direct summands on w™'&.

Definition 3.10. We say a lisse Vi p-sheaf L on Xpos 1S crystalline if there exists a filtered F-isocrystal £
on Xy/ Oy, together with an isomorphism of OBj-modules

w'e ®O“Xr OBcris ~ L ®2p OBsis (3B.1)

which is compatible with connection, filtration and Frobenius. In this case, we say that the lisse 7 p-sheaf
L and the filtered F-isocrystal £ are associated.
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Remark 3.11. The Frobenius compatibility of the isomorphism (3B.1) means the following. Take any
open subset U C X equipped with a lifting of Frobenius o : ¢/ — U. By the discussion in Section 2C,
we know that OBy, 1s naturally endowed with a Frobenius ¢. Meanwhile, as £ is an F-isocrystal,

by Remarks 3.9 w=!£|y, is endowed with a w™!

o-semilinear Frobenius, still denoted by ¢. Now the
required Frobenius compatibility means that when restricted to any such Uy, we have ¢ ® ¢ = id Q¢ via

the isomorphism (3B.1).
Definition 3.12. For L a lisse 7 p-sheaf and i € Z, set

Deris (L) := w (L®j OBaris) and  Fil' Des(L) := wi(L ®; Fil' OBars).-

All of them are Oy[1/p]-modules, and the Fil’ Deis(L) give a separated exhaustive decreasing filtration
on D5 (L) (as the same holds for the filtration on OBs; see Corollary 2.25).

Next we shall compare the notion of crystalline sheaves with other related notions considered in
[Brinon 2008, Chapitre 8; Faltings 1989; Scholze 2013]. We begin with the following characterization of
crystalline sheaves, which is more closely related to the classical definition of crystalline representations
by Fontaine [1982] (see also [Brinon 2008, Chapitre 8]).

Proposition 3.13. Let L be a lisse 7 p-Sheaf on X posr. Then L is crystalline if and only if the following
two conditions are verified:

(1) The Ox[1/pl-modules Ds(l) and Fil’ Deis(L), i € Z, are all coherent.
(2) The adjunction morphism w_lchris(I]_) ®our OBcis — L ®2p OBy is an isomorphism of OBs-

modules.

Before proving this proposition, let us express locally the sheaf Dis(L) = w, (L ® OBs) as the
Galois invariants of some Galois module. Consider U = Spf(A) C X a connected affine open subset
admitting an étale map U — Spf(Ok{Tlil, R Tdil}). Write U the generic fiber of U/. As U is smooth
and connected, A is an integral domain. Fix an algebraic closure € of Frac(A), and let A be the
union of finite and normal A-algebras B contained in €2 such that B[1/p] is étale over A[1/p]. Write
Gy = Gal(A[1/p]/A[1/p]), which is nothing but the fundamental group of U = U. Let U univ pe the
profinite étale cover of U corresponding to (A[1/p], A). One checks that U"™" is affinoid perfectoid
(over the completion of k). As Lis a lisse Z p-sheaf on X, its restriction to U corresponds to a continuous
Z ,-representation Vy (L) := L(U"™) of Gy. Write lm = Spa(R, R™), where (R, R") is the p-adic
completion of (A[1/p], A).

Lemma 3.14. Keep the notation above. Let L be a lisse 2p-sheaf on X. Then there exist natural
isomorphisms of A[1/p]-modules

Dcris(”—)(u) == (VU(H—) ®Z,, O[EBcris(R» R+))GU = Dcris(VU(ﬂ—))
and, for any r € 7,

(Fil” Deis (1)) U) => (Vy (L) ®z,, Fil” OBeris(R, RT))V.
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Moreover, the A[1/pl-module Dis(L) (U) is projective of rank at most that of Vy (L) ® Q, over Q.

Proof. As L is a lisse 7 p-sheaf, it becomes constant restricted to U univ T other words, we have
Ligwv >~ Vy (L) ®z, 7 plywiv. For i > 0 an integer, denote by U univ,i the (i4-1)-fold product of U™
over U. Then U"™! =~ U"™ x GY,, and it is again an affinoid perfectoid. We claim that there exists a
natural identification

HO(U"™ L ®; OBris) = Mapeon (Gy, Vu (L) ®z, OAcis(R, RM)[1/1],

where for T, T’ two topological spaces, Map,,,.(T, T’) denotes the set of continuous maps from T
to T'. To see this, write U"V-i = Spa(R;, R;"). Then, by Corollary 2.19, HO(U"™ L ®7, Oberis) =
Vu (L) ®z, OBeris(R;, R;"), which is also

(lim Vy (L) ®z, OAris(Ri, R/ p™I1/1].

Since Vy (L) is of finite type over Z,, it suffices to show that, for all n € N, OAis(R;, R;L) /p" can be
identified with

Mapcont(Gi ) OACI‘iS(Rv R+)/Pn) = li_H}MaPcom(Géj/N, OACI‘iS(Rv R+)/P")
N

where N runs through the set of open normal subgroups of G"U. Since both OAis(R, RT) and
OAis(R;, R;r ) are flat over Z,, one reduces to the case where n = 1, and thus to showing Rl.bJr /( EP) =
Map,,, (Gy;. R /(pP)) by the explicit descriptions of OAcris(R, RY)/p and OAcis(R;, R}")/p. As Rf.’+
and R"* are flat over OE:,,’ we finally reduces to showing R;"/p = Map,,,(G},, RT/p). But this last
assertion is clear, giving our claim.

Consider the following spectral sequence associated to the cover U™ — U:

Ey) = H (U™, L®; OBui) = H' (U, L®; OBui).

As Ei/ =0 for j > 1 (Corollary 2.19), we have Ef* = E%0 ~ H"(U, L ®; OBeris). Thus, by the
discussion in the paragraph above, we deduce a natural isomorphism

HI (U, L ®; OBuiy) = Hion(Gu, Vo (L) @z, OAcis(R, RH)[1/1]

where the right-hand side is the continuous group cohomology. Taking j = 0, we obtain our first assertion.
The isomorphism concerning Fil” OBs can be proved in the same way. The last assertion follows from
the first isomorphism and [Brinon 2008, Proposition 8.3.1], which gives the assertion for the right-hand
side. O

Corollary 3.15. Let 1 be a lisse 7 p-Sheaf on X pose which satisfies the condition (1) of Proposition 3.13.
Let U = Spf(A) be a small connected affine open subset of X. Write U = Uy. Then for any V € X0t/ U,
we have

Deris (D @) @ af1/p1 OBeris (V) <> (0™ Deris (L) @0 OBeri) (V).
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Proof. By Lemma 3.14, the A[1/p]-module Dis(LL) (/) is projective of finite type, hence it is a direct
summand of a finite free A[1/p]-module. As Dg;is(L) is coherent over Ox[1/p] and as U is affine,
Deris (L) |z4 1s then a direct summand of a finite free Ox[1/p]|;,-module. The isomorphism in our corollary
then follows, since we have similar isomorphism when Dgs(L)[;, is replaced by a free Ox[1/pllu-

module. [

Corollary 3.16. Let I be a lisse 7 p-Sheaf verifying the condition (1) of Proposition 3.13. Then the
condition (2) of Proposition 3.13 holds for L if and only if for any small affine connected open subset
U =Spf(A) C X (with U :=Uy), the Gy -representation Vy (L) ®z, Q) is crystalline in the sense that the
following natural morphism is an isomorphism [Brinon 2008, Chapitre 8]

Dcris(VU (ﬂ—)) ®A[1/p] OBcris(R’ R+) = VU(”—) ®Z,, OBcris(Rv R+)a

—

where Gy, UM™Y, U = Spa(R, R") are as in the paragraph before Lemma 3.14.

Proof. If L satisfies in addition the condition (2) of Proposition 3.13, combining it with Corollary 3.15,

we find ) .
|Dcris(l]—) (U) ®A[l/p] OBcris(Uumv) - (wil[Dcris(l]-) ®O§{ OBcris)(Uumv)

= (L®; OBeis) (U™™)
= Vu(L) ®2, OBecris(U"™).

So, by Corollary 2.19 and Lemma 3.14, the Gy-representation Vy (L) ® Q,, is crystalline.
Conversely, assume that for any small connected affine open subset &/ = Spf(A) of X, the Gy-
representation Vy (L) ®z, Q) is crystalline. Together with Lemmas 2.18 and 3.14, we get

Deris (LU @ a11/p) OBeris(U™) > Vi (L) ®2z, OBeris (U™)
and the similar isomorphism after replacing U™ by any V € Xproet/ U univ - Using Corollary 3.15, we
deduce (w_ll]:[)cris(l]—) ®O§r OBCriS)(V) = (l]_ ®zp OBCI'iS)(V) for any V e Xproét/UuniV, i.e.’
(w_l[Dcris(ﬂ-) Qo OBris) | gruniv = (L ®i,, OBeris) | gyuniv -

When the small opens 2{’s run through a cover of X, the U"™"’s form a cover of X in X proét- Therefore,
W Deris (L) @ OBeris = L @ OByis, as desired. O

Lemma 3.17. Let L be a lisse 7 p-sheaf on X satisfying the two conditions of Proposition 3.13. Then (the
analytification of ) Deyis (L) has a natural structure of filtered convergent F-isocrystal on Xy/Oy.

Proof. First of all, the Fil’ Deis(L)’s (i € Z) endow a separated exhaustive decreasing filtration on Ds (L)
by Corollary 2.25, and the connection on D5 (L) = w4 (L ® OBis) can be given by the composite of

W, (L ® OBerig) 2190, 1y, (L ® OBeris ®0w Q1) <> W, (L ® OBeric) ®0(1/p) Ly, [1/1]

where the last isomorphism is the projection formula. That the connection satisfies the Griffiths transversal-
ity with respect to the filtration Fil* D5 follows from the analogous assertion for OB,is (Corollary 2.17).
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Now consider the special case where X = Spf(A) is affine connected admitting an étale map X —
Spf((’)k{Tlil, cees TdjEl }), such that X is equipped with a lifting of Frobenius o. As in the paragraph before
Lemma 3.14, let X"V be the universal profinite étale cover of X (which is an affinoid perfectoid). Write
)ﬁn\iv = Spa(R, R") and Gy the fundamental group of X. As X is affine, the category Coh(Ox[1/p]) is
equivalent to the category of finite type A[1/p]-modules. Under this equivalence, Ds(L) corresponds to
Dis(Vx (L)) := (Vx (L) ® OBgis(R, RT))¢x, denoted by D for simplicity. So D is a projective A[1/p]-
module of finite type (Lemma 3.14) equipped with a connection V: D — D ® Q}A[l o1k Under the
same equivalence, Fil’ Deris (L) corresponds to Fil' D := (Vx (L) ®Fil! OBis(R, R1))%x, by Lemma 3.14
again. By the same proof as in [Brinon 2008, 8.3.2], the graded quotient gr’ (D) is a projective module.
In particular, Fil' D C D is a direct summand. Therefore, each Fil' Deys(L) is a direct summand of
Deris(L). Furthermore, since X admits a lifting of Frobenius o, we get from Section 2C a o-semilinear
endomorphism ¢ on OB (X umivy ~ OB (R, RT), whence a o-semilinear endomorphism on D, still
denoted by ¢. Via Lemma 2.21, one checks that the Frobenius ¢ on D is horizontal with respect to
its connection. Thus Ds(L) is endowed with a horizontal o-semilinear morphism D¢yis (L) — Deyis (L),
always denoted by ¢ in the following.

To finish the proof in the special case, one needs to show that (Ds(L), V, @) gives an F-isocrystal
on Xyp/Ok. As D is of finite type over A[1/p], there is some n € N such that D = DT[1/p] with
Dt = (Vx(1) ®z, t " OAcsis(R, R1))9%. The connection on " OAis(R, R) induces a connection
VT: DT — DT ®4 Q) /0, On D™, compatible with that of D;s(Vx(L)). Moreover, let N; be the
endomorphism of D* so that V* = 3% | N; ® dT;. Then for any a € DT, N"(a) € p- D* for all but
finitely many m € N (as this holds for the connection on ¢~ OAs, seen in the proof of Lemma 2.22).
Similarly, the Frobenius on OB;s(R, R™) induces a map (note that the Frobenius on OB;s(R, R™)
sends t to p-t)

@: DT — (Vx() ® p~"1 7" OAuis(R, R))CX.

Thus v/ := p"¢ gives a well-defined o -semilinear morphism on D*. One checks that v is horizontal with
respect to the connection V' on D™ and it induces an R -linear isomorphism o* DT => DT, As a result,
the triple (D™, V, ) will define an F-crystal on Uy/Oy, once we know D is of finite type over A. The
required finiteness of D is explained in [Andreatta and Iovita 2013, Proposition 3.6], and for the sake of
completeness we recall briefly their proof here. As D is projective of finite type (Lemma 3.14), it is a
direct summand of a finite free A[1/p]-module T. Let TT C T be a finite free A-submodule of T such
that 71[1/p] = T. Then we have the inclusion D ®[i/p] OBcis(R, RT) <= TT ®4 OBgis(R, RT). As
Vx (L) is of finite type over Z,, and OBcris(R, RT) = OAis(R, RT)[1/1], there exists m € N such that the
OAgis(R, R1)-submodule Vy (L) @1 " OAgis(R, RT) of Vx (L) @ OBiis(R, RT) >~ DQOBis(R, RT) is
contained in TT® 4t ™ OA¢is(R, R). By taking G y-invariants and using the fact that A is noetherian, we
are reduced to showing that A" := (¢t " OAs(R, R1))Px is of finite type over A. From the construction,
A’ is p-adically separated and A C A’ C A[1/p] = (OBgis(R, RT))%*. As A is normal, we deduce
pN A’ C A for some N € N. Thus pV A" and hence A’ are of finite type over A. As a result, (DF, V, yr)
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defines an F-crystal Dt on Uy/O. As D = DY[1/p] and V = VT[1/p], the connection V on De;s(1L)
is convergent; this is standard and we refer to [Berthelot 1996, 2.4.1] for detail. Consequently, the triple
(Deis(L), V, @) is an F-isocrystal on Xy/Oy, which is isomorphic to D3 (n). This finishes the proof in
the special case.

In the general case, consider a covering X = |, U; of X by connected small affine open subsets
such that each I{; admits a lifting of Frobenius o; and an étale morphism to some torus over Oy. By the
special case, each Fil' Deyis (L) C Deris (L) is locally a direct summand, and the connection on D5 (L) is
convergent [Berthelot 1996, 2.2.8]. Furthermore, each Dis(L)|z;, is equipped with a Frobenius ¢;, and
over U; NU;, the two Frobenii ¢;, ¢; on Deris (L) [z, 0 u; are related by the formula in Lemma 3.6 as it is the
case for ¢;, ¢ on OBcris|y; N v; (Lemma 2.22). So these local Frobenii glue together to give a compatible
system of Frobenii ¢ on Dgs(L) and the analytification of the quadruple (Deyis(L), Fil* Deis(L), V, @) is
a filtered F-isocrystal on Xy/Oy, as wanted. O

Proof of Proposition 3.13. 1If a lisse VA p-sheaf L on X is associated to a filtered F-isocrystal £ on X, then
we just have to show & >~ Ds(L). By assumption, we have L ®2P OBgis ~w™ L€ Qour OB.is. Then

WL ®; OBeris) = ws (™' € @0y OBeris) = € @0y, 11/p) WsOBeris = €

where the second isomorphism has used Remark 3.11, and the last isomorphism is by the isomorphism
Wy OB¢ris > Ox, [1/p] from Corollary 2.26.

Conversely, let L be a lisse 7 p-sheaf verifying the two conditions of our proposition. By Lemma 3.17,
Deris (L) is naturally a filtered F-isocrystal. To finish the proof, we need to show that the isomorphism
in (2) is compatible with the extra structures. Only the compatibility with filtrations needs verification.
This is a local question, hence we shall assume X = Spf(A) is a small connected affine formal scheme.
As Fil' Dgyis (L) is coherent over Oy [1 /p] and is a direct summand of D;5(L), the same proof as that of
Corollary 3.15 gives a natural isomorphism

Fil’ Deris (L) (X) ®@aq1/p) Fil! OBerig (V) => (™" Fil' Deris (L) @ Fil! OBeris) (V)

for any V € Xjo6r. Consequently, the isomorphism in Corollary 3.15 is strictly compatible with filtra-
tions. Thus, we reduce to showing that, for an affinoid perfectoid V' € Xpro¢/ X univ " the isomorphism
Deris(Vx (L)) ®aq1/p) OBeris(V) = Vx (L) ® OBi5(V) is strictly compatible with the filtrations in the
sense that its inverse respects also the filtrations on both sides, or equivalently, the induced morphisms
between the gradeds quotients are isomorphisms:

P (@ Deris(Vx (1)) @ ap1/p1 g/ OBeris(V)) = Vi (L) ® gt OBerig (V). (3B.2)
i+j=n

—

When V = X"V, this follows from [Brinon 2008, 8.4.3]. For the general case, write X"V = Spa(R, R™)
and V = Spa(Ry, RT). By [Scholze 2013, Corollary 6.15] and Corollary 2.25,

gt) OBeris ~ £/ Ox U £, ..., Uy /€] C gr* OBeis ~ Ox[EX!, Uy, ..., Uyl,



Crystalline comparison isomorphisms in p-adic Hodge theory 1543

where & and all U; have degree 1. So gr/ OB (X"Y) ~ £/ R[U, /&, ..., Uy/&] and gr/ OB (V) ~
£ R [U; /&, ..., Ugz/&]. As aresult, the natural morphism grj OBeis(X™V) @p R} => grj OBis(V) is
an isomorphism. The required isomorphism (3B.2) for general V then follows from the special case for
Xuniv' O

Let Llscm(X ) denote the category of lisse crystalline Z -sheaves on X, and LlsCrlS (X) the corresponding
isogeny category The functor

Deris - LISCAm(X) — FF-Iso(Xo/Ok), L Deis()

allows us to relate LlsC”S(X ) to the category FF-Iso(Xy/Oy) of filtered convergent F-isocrystals on
Xo/ Ok, thanks to Prop051t10n 3.13. A filtered F-isocrystal £ on Xy/O is called admissible if it lies in
the essential image of the functor above. The full subcategory of admissible filtered F-isocrystals on
Xo/ Oy will be denoted by FF-Iso(Xy/ Oy )2dm,

Theorem 3.18. The functor D5 above induces an equivalence of categories
Deris : Lisg:(X) =5 FF-Tso(Xy/O)%™.
A quasiinverse of Dy is given by
Veris : € > Fil’(w™'€ @ou OBerig) Y ="¢="
where @ denotes the compatible system of Frobenii on £ as before.

Proof. Observe first that, for £ a filtered convergent F-isocrystal, the local Frobenii on £V=" glue to give
a unique o -semilinear morphism on & V=0 (Lemma 3.6). In particular, the abelian sheaf Vis(€) is well
defined. Assume moreover £ is admissible, and let L be a lisse 7 p-sheaf such that & >~ Ds(L). So L and
& are associated by Proposition 3.13. Hence L ®Zp OByis >~ w™ '€ ®our OBy, and we find

1®; Q) = L®; Fil’(OBei) "¢
=~ Fil’(L ®;, OBeyig) V=041
B2 Filo(w—lg 0w OBcris)VZO"le
= Veris (€),

where the first isomorphism following from the fundamental exact sequence (by Lemma 2.7 and [Brinon
2008, Corollary 6.2.19])

0— @, — Fil’ Besis —=%> Beis — 0.

In particular, V5(€) is the associated @ -sheaf of a lisse Z -sheaf. Thus Vs(€) € LlsC”S(X ) and the

functor V5 is well defined. Furthermore, as we can recover the lisse Z -sheaf up to 1sogeny, it follows
that D is fully faithful, and a quasiinverse on its essential image is given by V. O
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Remark 3.19. Using [Brinon 2008, Theorem 8.5.2], one can show that the equivalence above is an
equivalence of tannakian category.

Next we compare Definition 3.10 with the “associatedness” defined in [Faltings 1989]. Let £ be a
filtered convergent F-isocrystal £ on Xy/Of, and M an F-crystal on Xy/Oy such that M*" = £(—n) for
some n € N (see Remark 3.4 for the notations). Let I/ = Spf(A) be a small connected affine open subset of
X, equipped with a lifting of Frobenius . Write U = Spa(A[1/p], A) the generic fiber of /. As before,
let A be the union of all finite normal A-algebras (contained in some fixed algebraic closure of Frac(A))
which are étale over A[1/p]. Let Gy := Gal(A[l/p]/A[l/p]) and (R; R™) the p-adic completion of
(A[1/p], A). Then (R, R*) is an perfectoid affinoid algebra over C p= k. So we can consider the period
ring Acis (R, RT). Moreover the composite of the following two natural morphisms

Ais(R, RT) —%5 RT €05 R*/pR™, (3B.3)

defines a p-adic PD-thickening of Spec(R*/pR™). Evaluate our F-crystal M at it and write the resulting
Acris (R, RT)-module as M (Agis(R, RT)). As an element of Gy defines a morphism of the PD-thickening
(3B.3) in the big crystalline site of Xy/Oy and M is a crystal, M(A(R, R")) is endowed naturally with
an action of Gy . Similarly, the Frobenius on the crystal M gives a Frobenius ¥ on M(A;s(R, RT)).
Set £(Beris(R, RT)) := M(Acis(R, RT))[1/¢], which is a B.s(R, R™)-module of finite type endowed
with a Frobenius ¢ = v/ p" and an action of Gy .

On the other hand, as I/ is small, there exists a morphism o : A — Agis(R, R1) of Oy-algebras, whose
composite with 8 : Ais(R, RT) — R is the inclusion A C R*. For example, consider an étale morphism
U— Spf(Ok{Tlil, ey Tdil}). Let (Tl.l/pn) be a compatible system of p”-th roots of 7; inside A C RT,
and Tl.b the corresponding element of R"* := lim ., R /pR™. Then one can take o as the unique
morphism of O-algebras A — Ais(R, R) sending T; to [Tib], such that its composite with the projection
Acris(R, RT) — R /pR™ is just the natural map A — R*/pR™ (such a morphism exists as A is étale
over Ok{Tlil, e, Tdil} and because of (3B.3); see the proof of Lemma 2.14 for a similar situation). Now
we fix such a morphism «. So we obtain a morphism of PD-thickenings from U/ < U to the one defined
by (3B.3). Consequently we get a natural isomorphism M (Agis(R, RT)) >~ MU) @ 4.4 Aciis(R, RT),
whence

g(Bcris(R» R+)) = 5(1/{) ®A[1/p],a Bcris(Ra R+),

here £(U) := M(U)[1/p]. Using this isomorphism, we define the filtration on £(B.s(R, RT)) as the
tensor product of the filtration on &) and that on Begs(R, RT).

Remark 3.20. It is well-known that the filtration on &(Bg;s(R, R1)) does not depend on the choice
of a. More precisely, let o’ be a second morphism A — Agis(R, RT) of Oy-algebras whose composite
with Agis(R, RT) — R™ is the inclusion A C R*. Fix an étale morphism U/ — Spf(Ok{Tli], ey Tdﬂ}).
Denote = (o, &') : A®0, A = Acris (R, R™) and by the same notation the corresponding map on schemes,
and write pp, ps : Spec A X Spec A — Spec A the two projections. We have a canonical isomorphism
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(p2oB)*E€ = (p1oP)*E, as £ is a crystal. In terms of the connection V on &, this gives (see [Berthelot
1996, 2.2.4]) the following Beis(R, R™)-linear isomorphism

n: EU) ®aiypla Beris(R, RT) = EU) @ aq1/p,e Beris(R, RT)

sending e®1t0 Y, .y N*(e)® ((T) —a/(T)!"), with N the endomorphism of £ such that V=N QdT.
Here we use the multiindex to simplify the notations, and note that «(7;) — o/(T;) € Fil! Agis(R, RT)
hence the divided power («(7;) — o/(T;))"! is well defined. Moreover, the series converge since the
connection on M is quasinilpotent. Now as the filtration on £ satisfies Griffiths transversality, the
isomorphism 7 is compatible with the tensor product filtrations on both sides. Since the inverse 1!
can be described by a similar formula (one just switches o and «), it is also compatible with filtrations
on both sides. Hence the isomorphism 7 is strictly compatible with the filtrations, and the filtration on

E(Beis(R, RT)) does not depend on the choice of a.

Let L be a lisse Z p-sheaf on X, and write as before Vi (L) the Z ,-representation of Gy corresponding
to the lisse sheaf I |y;. Following [Faltings 1989], we say a filtered convergent F'-isocrystal £ on Xy/Oy, is
associated to L in the sense of Faltings if, for all small open subset i/ C X, there is a functorial filtered
isomorphism

E(Beris(R, RY)) = Vy (1) ®q, Beris(R, RT), (3B.4)

which is compatible with Gy -action and Frobenius.

Proposition 3.21. If £ is associated to L in the sense of Faltings then L is crystalline (not necessarily
associated to £) and there is an isomorphism Ds(L) >~ £ compatible with filtration and Frobenius.
Conversely, if L is crystalline and if there is an isomorphism Dis(L) >~ & of Oxa-modules compatible
with filtration and Frobenius, then L and £ are associated in the sense of Faltings.

Before giving the proof of Proposition 3.21, we observe first the following commutative diagram in
which the left vertical morphisms are all PD-morphisms:

A—— S A/pA

o |

0
OAuis(R, RY) = R*/pR*

Acis(R, RT) —2— R /pR*.
Therefore, we have isomorphisms
M(U) R4 OAcris(R7 R+) = M(OACI‘iS(Ra R+)) <« M(Acris(R’ R+)) ®Ams(R,R+) OAcris(R, R+)s

where the second term in the first row denotes the evaluation of the crystal M at the PD-thickening
defined by the PD-morphism 64 in the commutative diagram above. Inverting ¢, we obtain a natural
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isomorphism
E(M) ®A[1/p] OBCI‘iS(Ra R+) = E(Bcris(R7 R+)) ® OBcris(Rs R+), (3B5)

where the last tensor product is taken over Bes(R, R™). This isomorphism is clearly compatible with
Galois action and Frobenius. By a similar argument as in Remark 3.20 one checks that (3B.5) is also
strictly compatible with the filtrations. Furthermore, using the identification

Acris(R, RO {(u1, ... ta)} => OAuig(R. RY), ;> T, @1 - 1@[T}]
we obtain a section s of the canonical map A.is(R, RT) — OAgis(R, RY):
51 OAgis (R, R+) — Agis (R, R+), u; — 0,

which is again a PD-morphism. Composing it with the inclusion A C OAg;s(R, R1), we get a morphism
ao: RT— Aqis(R, RT) whose composite with the projection Acis(R, RT) — R is the inclusion A C R™.

Proof of Proposition 3.21. Now assume that £ is associated with L in the sense of Faltings. Extending
scalars to OBcs(R, RT) of the isomorphism (3B.4) and using the identification (3B.5), we obtain a
functorial isomorphism, compatible with filtration, G /-action, and Frobenius:

Vi (L) ®z, OBgris(R, RT) = EU) ®ap1/p) OBeris(R, RY).

Therefore, Vy (L) ®z, Q) is a crystalline Gy -representation (Corollary 3.16), and we get by Lemma 3.14
an isomorphism &) => Dcs(L) () compatible with filtrations and Frobenius. As such small open
subsets ¢/ form a basis for the Zariski topology of X', we find an isomorphism & = D;s(L) compatible
with filtrations and Frobenius, and that [ is crystalline in the sense of Definition 3.10 (Corollary 3.16).

Conversely, assume L is crystalline with D¢is(L) >~ £ compatible with filtrations and Frobenius. As in
the proof of Corollary 3.16, we have a functorial isomorphism

EWU) ®afip) OBeris(R, RT) = V(L) ®z, OBais(R, RY)

which is compatible with filtration, Galois action and Frobenius. Pulling it back via the section
OBis(R, RT) — Beis(R, RT) obtained from s by inverting p, we obtain a functorial isomorphism

E(Bcris(R, R+)) ~ E(Z/{) ®A[1/p],a0 IBcris(Ra R+) - VU(H—) ®Z,, Bcris(R, R+),

which is again compatible with Galois action, Frobenius and filtrations. Therefore [ and £ are associated
in the sense of Faltings. O

Finally we compare Definition 3.10 with its de Rham analogue considered in [Scholze 2013].

Proposition 3.22. Let L be a lisse VA p-sheaf on X and & a filtered convergent F-isocrystal on Xy/Ok.
Assume that L and € are associated as defined in Definition 3.10, then L is de Rham in the sense of Scholze
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[2013, Definition 8.3]. More precisely, if we view & as a filtered module with integrable connection on X

(namely we forget the Frobenius), there exists a natural filtered isomorphism compatible with connections
L ®Z’) OBdR — & ®OX OBdR.

Proof. LetU = Spf(R*) C X be a connected affine open subset, and denote by U (resp. U"™") the generic
fiber of U (resp. the universal étale cover of U). Let V be a affinoid perfectoid lying above U"™". As I
and £ are associated, there exits a filtered isomorphism compatible with connections and Frobenius

ﬂ_®2p OBs = w_lg ®O;‘{ OBeris-

Evaluate this map at V € X4 and use the fact that the A[1/p]-module £(U) is projective, we deduce a
filtered isomorphism compatible with all extra structures:

VU(H—) ®Z,, OBcris(v) = 8(1/{) ®A[1/p] OBcris(v)-

Taking tensor product — ®og,,.(v)OBgr (V) on both sides, we get a filtered isomorphism compatible
with connection

Vu (L) ®z, OBar (V) => EU) ap1/p) OBar(V).

Again, as £(U) is a projective A[1/p]-module and as £ is coherent, the isomorphism above can be
rewritten as

L®; OBR)(V) = (£®0y OBawr)(V),

which is clearly functorial in ¢/ and in V. Varying ¢/ and V, we deduce that L is de Rham, giving our
proposition. 0

3C. From proétale site to étale site. Let X be a smooth formal scheme over Oy. For O = Oy, Ox[1/p],
O% *, OY and a sheaf of O-modules F with connection, we denote the de Rham complex of F as

RF) =0 F -5 FRoQ ...

Let w be the composite of natural morphisms of topoi (here we use the same notation to denote the object
in X

proét

represented by Xj € Xproet)
Xoroet/ Xi = Xoposs —2> X5

proét

The following lemma is a global reformulation of the main results of [Andreatta and Brinon 2013]. As
we shall prove a more general result later (Lemma 5.3), let us omit the proof here.

Lemma 3.23. Let X be smooth formal scheme over Oy. Then the natural morphism below is an isomor-
phism in the filtered derived category:

OX®Ok Bcris - Rw* (OBcris)-
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Here Ox®0, Buis = (Ox®0, Acis)[1/1] with

OX@Ok Acris i= L&n Ox Ko, Acris/Pn,

neN
and Oy ®Ok B 1s filtered by the subsheaves
O®0, Fil" Beis == lim t " (Ox®0, Fil'"" Acris), 1 €Z,
neN
with Ox®o, Fil' " Agis :=1lim Ox ®o, Fil't" Acris/ p".
Corollary 3.24. Let X be a smooth formal scheme over Oy. Let L be a crystalline lisse 2p-sheaf

associated with a filtered convergent F-isocrystal £. Then there exists a natural quasiisomorphism in the
filtered derived category

Rw*(ﬂ— ®zp I]-:Bcris) - dR(g ®OX OX@Ok Bcris)-

If moreover X is endowed with a lifting of Frobenius o, then the isomorphism above is also compatible
with the Frobenii deduced from o on both sides.

Proof. Using the Poincaré lemma (Corollary 2.17), we get first a quasiisomorphism which is strictly
compatible with filtrations

L ® Beris = L ® dR(OBeris) = dR(L ® OBcris).

As I and & are associated, there is a filtered isomorphism L @ OBy = w™ '€ ®ou OBcris compatible
with connection and Frobenius, from which we get the quasiisomorphisms in the filtered derived category

L ® Beris = dR(L® OBgis) = dR(w ™€ @ OBcrs). 3C.1)

On the other hand, as R/ w,OB;s = 0 for j > 0 (Lemma 3.23), we obtain using projection formula
that R0, (w™ '€ ® OBgis) = £ ® R/ w,OBcis = 0 (note that £ is locally a direct factor of a finite
free Ox[1/p]-module, hence one can apply projection formula here). In particular, each component of
dR(w™'E ® OBys) is wy-acyclic. Therefore,

dR (£ ® WxOBris) <> W4 (dAR(W '€ ® OBeris)) => R, (dR(w '€ ® OBeyis)).

Combining this with Lemma 3.23, we deduce the following quasiisomorphisms in the filtered derived
category

dR(g &® OX®Bcris) - dR(g ® E*OBcris) = Rw* (dR(u)_IE ® OBcris))- (3C2)

The desired quasiisomorphism follows from (3C.1) and (3C.2). When moreover X’ admits a lifting of
Frobenius o, one checks that both quasiisomorphisms are compatible with Frobenius, hence the last part
of our corollary. O
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Remark 3.25. Recall that G4 denotes the absolute Galois group of k. Each element of G, defines
a morphism of Uy in the proétale site X s for any U € Xjyroee With U := Uy. Therefore, the object
Rw, (L ® B.s) comes with a natural Galois action of G;. With this Galois action, one checks that the
quasiisomorphism in Corollary 3.24 is also Galois equivariant.

Assume moreover that X is proper over Oy. Let £ be a filtered convergent F-isocrystal on Xp/Of, and
M an F-crystal on &p/Oy (viewed as a coherent O y-module equipped with an integrable connection)
(Xo/ Ok, M)
is an Og-module of finite type endowed with a Frobenius . In the following, the crystalline cohomology

such that £ >~ M*"(n) for some n € N (Remark 3.4). The crystalline cohomology group Hci

Tis
(or more appropriately, the rigid cohomology) of the convergent F-isocrystal £ is defined as
Hsi(Xo/ Ok, €) 1= Heyyo(Xo/Or, M1/ p).

It is a finite dimensional k-vector space equipped with the Frobenius v//p". Moreover, let u = u /0, be
the morphism of topoi
(X0/O) cris = Xt

such that u.(F)U) = H°

cris

(Up/ Ok, F) for U € Xg. With the étale topology replaced by the Zariski
topology, this is precisely the morphism u ,, /8 (with § = Spf(Ok)) considered in [Berthelot and Ogus
1978, Theorem 7.23]. By [loc. cit.], there exists a natural quasiisomorphism in the derived category

Ru, M = dR(M), (3C.3)
which induces an isomorphism Hciris(/’\,’o /O, M) = H! (X, dR(M)). Thereby
Hig (Xo/ Ok, €) => H' (X, dR()). (3C.4)
On the other hand, the de Rham complex dR(E) of £ is filtered by its subcomplexes
Fil' dR(&) := (Fil' € L Fil' ' €@ Qx/ V..
So the hypercohomology H' (X, dR(E)) has a descending filtration given by
Fil" H (X, dR(E)) := Im(H' (X, Fil" dR(E)) — H' (X, dR(E))).

Consequently, through the isomorphism (3C.4), the k-space H'!

cris

(Xo/ Ok, &) is endowed naturally with a
decreasing filtration.

Theorem 3.26. Assume that the smooth formal scheme X is proper over Oy. Let £ be a filtered convergent
F-isocrystal on Xy/ Oy and | a lisse 7 p-sheaf on Xyrost. Assume that £ and L are associated. Then there
is a natural filtered isomorphism

H' (X proi» L ®7, Beris) <> Hirig (Xo/ Ot €) ®k Beris (3C.5)

C

of Beris-modules, which is compatible with Frobenius and Galois action.
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Proof. By Corollary 3.24, we have the natural Galois equivariant quasiisomorphism in the filtered derived
category:

RF(X]E’proétv L® Bcris) = RF(Xa Rw*(ﬂ— & Bcris)) - RF(X» dR(E 02y OX®Bcris))-
We claim that the natural morphism in the filtered derived category
RT (X, dR(E)) ®0, Aeris = RT (X, dR(E ®0, Ox®0, Acris)) (3C.6)

is an isomorphism. Let M be an F-crystal on Xy/O; with &€ = M*(n). Then, the similar natural
morphism below is an isomorphism:

RT (X, dR(M)) ®0, Acris = RT (X, dR(M @0, Ox®0, Actis))- (C.7

Indeed, as Ay is flat over O, M ®0, Ox®0, Acis = M®0, Actis. S0 dR(M R0, Ox®0, Actis) =
dR(M@OkAcris), and (3C.7) is an isomorphism by Lemma B.2. Thus, to prove our claim, it suffices to
check that (3C.6) induces quasiisomorphisms on gradeds. Further filtering the de Rham complex by its
naive filtration, we are reduced to checking the following isomorphism for A a coherent O y-module:

RT (X, A) ®0, Oc, => RT(X, A®o, ®0,0c,) = RT (X, A®0,Oc,),

which holds because again Oc, is flat over O (Lemma B.2). Consequently, inverting 7 we obtain an
isomorphism in the filtered derived category

RT (X, dR(€)) ® Buis = RT (Xet, dR(E ® 0, Ox®0, Baris))-
Thus we get a Galois equivariant quasiisomorphism in the filtered derived category

RF(Xf L &® Bcris) - RF(X, dR(g)) Rk Bcris-

k,proét’

Combining it with (3C.4), we obtain the isomorphism (3C.5) verifying the required properties except for
the Frobenius compatibility.

To check the Frobenius compatibility, it suffices to check that the restriction to Hciris()(o /O, E) —
Hciris(XO / Ok, ) Qr Beis of the inverse of (3C.5) is Frobenius-compatible. Let M be an F-crystal on
Xy /Oy with £ = M™(n). Via the identification H'. (Xo/Ok, &) = H'. (Xo/Ok, M)[1/ p], the restriction

cris cris
map in question is induced from the following composed morphism at the level of derived category:
Ru,M[1/p] => dR(M)[1/p] => dR(E) — dR(E ® Ox®j Beris) <> R (L @ Beris),

where the first morphism is (3C.3), and the last one is the inverse in the derived category of the quasiiso-
morphism in Corollary 3.24. Let us denote by 6 the composite of these morphisms. Let ¢ and ¢ be the
induced Frobenius on Ru,M and Rw, (L ® Bes), respectively. One needs to check that p 00 = #9 o).
This can be done locally on X'. So let &/ C X be a small open subset equipped with a lifting of Frobenius o .
Thus M|y, and £|;; admit naturally a Frobenius, which we denote by v, and ¢, respectively. Then all
the morphisms above except the second one are Frobenius-compatible (see Corollary 3.24 for the last
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quasiisomorphism). But by definition, under the identification M[1/p]|s =~ €|y, the Frobenius ¢y, on &£
corresponds exactly to ¥,/ p™ on M[1/p]. This gives the desired equality ¢ 0 6 = #9 o on U, from
which the Frobenius compatibility in (3C.5) follows. U

4. Primitive comparison on the proétale site

Let X be a proper smooth formal scheme over Ok, with X (resp. Ap) its generic (resp. closed) fiber. Let
L be a lisse Z p-sheaf on X 06 In this section, we will construct a primitive comparison isomorphism for
any lisse VA p-sheaf L on the proétale site X s (Theorem 4.3). In particular, this primitive comparison
isomorphism also holds for noncrystalline lisse 7 p-sheaves, which may lead to interesting arithmetic
applications. On the other hand, in the case that L is crystalline, such a result and Theorem 3.26 together
give rise to the crystalline comparison isomorphism between étale cohomology and crystalline cohomology
(Theorem 4.5).
We shall begin with some preparations.

Lemma 4.1. Let (F,,)nen be a projective system of abelian sheaves on a site T. Then for any object

Y €T and any i € Z, there exists a natural exact sequence
0— R'limH'~'(Y, F,) > H'(Y, Rlim F,,) > lim H' (Y, F,,) — 0.

Proof. This is essentially [Jannsen 1988, (1.6) Proposition]. Let Sh denote the category of abelian sheaves
on T and Sh" the category of projective systems of abelian sheaves indexed by N. Let Ab denote the
category of abelian groups. Consider the functor

r: ShY — Ab,  (G,) > imI'(Y, G,).

Then 7 is left-exact, and we can consider its right derived functor Rt (F,,). By [Jannsen 1988, (1.6) Propo-
sition], we have a short exact sequence for each i € Z

0— R'limH'~'(Y, F,) > R't(F,) > lim H' (Y, F,,) — 0.

One the other hand, write T as the composite of the following two functors
N m r(y,-)
Sh™ —— Sh—— Ab .
The functor lim: ShY — Sh admits an exact left-adjoint given by sending a sheaf to its associated
constant projective system, so it sends injectives to injectives. Thus RT'(Y, Rlim ;) >~ Rt(F;,), and
Hi(Y,R lim 7)) >~ Rit(F,) for each i. Together with the short exact sequence above, we obtain our
lemma. g

Lemma 4.2. Let L be a lisse Z,,-sheaf on Xi sroet and L, :=L/p" for n € N. Then, fori € Z,
Hi (X,;’pmét, L) = LiLnn Hi (X,;’pmét, L,). Moreover, H"(X,;’pmét, L) is a Z,-module of finite type, and
Hi(X; L) = 0 whenever i ¢ [0, 2 dim(X)].

k,proét’
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Proof. All the cohomology groups below are computed in the proétale site, so we shall omit the subscript
“proét” from the notations.

Thanks to [Scholze 2013, Proposition 8.2], R/ lim, L, =0for j >0. SoL = Rlim, L,. Furthermore,
by [loc. cit., Theorem 5.1], Hi~! (X%, L) is finite for all n e N. So R! lim Hi~! (X%, L) =0. Consequently,
by Lemma 4.1, the morphism

H'(Xg, L) — lim H' (X, Ly)

is an isomorphism, giving the first part of our lemma. In particular, H'(X;, L) = O whenever i ¢
[0, 2dim(X)] according to [loc. cit., Theorem 5.1].

Let Ly, be the torsion subsheaf of L. The remaining part of our lemma follows from the corresponding
statements for L, and for /L. Therefore, we assume that L is either of torsion or locally free of finite
rank. In the first case, we reduce to the finiteness statement of Scholze [2013, Theorem 5.1]. So it suffices
to consider the case where L is locally free. Then, we have the exact sequence

0—>01-251—>1,—0,
inducing the following short exact sequence
0— H'(X;,L)/p" — H (X;,L,) - H (X, D[p"] — 0. (4A.1)

By the first part of our lemma, H'*! (X;, L) = lim Hi! (X%, L) is a pro-p abelian group, hence it does
not contain any element infinitely divisible by p. Thus, lim(H +l(x 7> D[p"]) = 0 (the transition map is
multiplication by p). From the exactness of (4A.1), we deduce a canonical isomorphism

lim(H' (Xz, L)/p") => lim H' (Xz, Ly).

So Hi(X,;, L) = lim, Hi(X,;, L)/p", and H' (X%, L) is p-adically complete. Thus it can be generated
as a Z,-module by a family of elements whose images in H (X %> L)/ p generate it as an [F,-vector space.
The latter is finite dimensional over [ : recall the inclusion H (X wD/p—H (X . L1) by (4A.1). So
the Z,-module H X 7> L) is of finite type, as desired. (|

The primitive form of the crystalline comparison isomorphism on the proétale site is as follows.

Theorem 4.3. Let | be a lisse 7 p-sheaf on X progr. Then the natural morphism of Beis-modules below is a

filtered isomorphism
H' (X proge ) ©2,, Beris => H' (X proge L®7 Beris). (4A.2)
compatible with Galois action and Frobenius.

Proof. In the following, all the cohomologies are computed on the proétale site, so we omit the subscript
“proét” from the notations.

If L is of torsion, our theorem is obvious since both sides of (4A.2) are trivial. Therefore, it suffices to
consider the case where L is locally a free lisse VA p-module. Let L, =L/p", n € N. So, we have the short
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exact sequence (4A.1), from which we deduce a short exact sequence of projective systems since Acys iS
flat over Z),

0— (H' (X3, 1) ® Acris/P")n — (H (X3, L) ® Acris)n — (H T (X, [p"]) ® Acis)n — 0.

Because H'™! (X, L) is a finite Z,,-modules, lim, (H™' (X, L)[p"] ® Acis) = O (the transition map is
multiplication by p). Thus, we get

H' (X;, 1) ® Acris = lim H' (X3, L) ® Acris/p" <> Uim(H' (X, L) ® Acris). (4A.3)
n n

Here we have the first identification since H' (X i L) ® Agis 1s p-adically complete thanks to the fact that
H'(Xj, L) is a finite Z,,-module.
Next, we claim that, for all i > 0, the canonical map of A.ss/p"-modules

H'(Xp. Ln) ®27, Acis = H'(Xp. Ly ®5 Acis) (4A.4)

is an almost isomorphism. Since A5 and Ay are flat respectively over Z,, and Vi p» by induction on n, it
suffices to show that the natural map of As/p-modules

H' (X 1) ®z, Acis > H' (Xz, K®3 Acis)

is an almost isomorphism, where [K is an [ -local system on Xp.o4. In this case, one can rewrite the
morphism above as

H' (Xt K) @k, Acris/p — H' (X, K®¢, Acris/ p).- (4A.5)
Recall the following identification of As/p (see [Brinon 2008, Proposition 6.1.2])
Acis/p <> (O, /(P18 i € NI/(8] 2i €N),
with §; the image of & an} Similarly, on X ¢/ Xf, we have
Aciis/ p <> (Ox /(P18 i €NI/@f i €N).

As X7 18 qcgs, to show that (4A.5) is an almost isomorphism, it suffices to check that it is the case for the
map
H' (X, K ®r, O¢ /(") — H' (X, K&, O} /(p")7).

Using the p’-adic filtration on (9 / (p*)? and on (9 / (p")?, one reduces further to showing that the
natural map

H' (X, 1) @, OF /(p") = H' (Xp, K&r, OF /(p")),

is an almost isomorphism. But this is proved in [Scholze 2013, Theorem 5.1] since (9 / PP~ Oc,/p
and (’)b+ /p° ~OF «/ p: recall that the almost-setting adopted here for A5/ p-modules is the same as the
one used by Scholze. Consequently, the map (4A.4) is an almost isomorphism. Varying n in (4A.4), we
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obtain a morphism of projective systems of A;s-modules, with kernel and cokernel killed by Z. Passing
to limits relative to n and using (4A.3), one deduces a natural morphism of As-modules

Hi(X/}, H—) ®Zp Acris = L_iLnHi(X]}a H—n) ®Z,, Acris g LiLnHi(X]}a |]—n ®Zp Acris)y
n n

with kernel and cokernel killed by 7?. Moreover, we have Z - R! lim, H (X i L ® Agiis) = 0 since
R lim(H' (X, Ly) ® Acris) =0.

Then, we claim that the A.js-module R/ lim(L, ‘5?2,, Acris) 1s killed by 72 for j > 0. The question being
local on X o4, we may and do assume L = M ®z, Z, with M a finitely generated free Z,-module (recall
that we have assumed that L is locally free over Z,). So our claim in this case follows from Lemma 2.6.
As a result, in the spectral sequence below

Ey’ = H' (X, RV lim(L, ® Agio)) = H'™ (Xp, RIm(Ly ® Acris)),

we have 72 .- Elzj =0for j >0and E;0 = El’:fl.

killed by Z%~2. It follows that the canonical map

Moreover, the natural surjection E’Z’0 — E%Y has kernel

H' (X3, L®j Acis) > H' (X, RIm(L, ®; Acis)

has kernel killed by Z% 2 and cokernel killed by Z%. On the other hand, by Lemma 4.1, the kernel of the
canonical surjective morphism

H' (X, RIm(Ly ®; Acris) = Lim H' (Xg, Ly ®5 Acis)
n n
is R lim, HI~I( Xi, Ly ®Zp Ais), thus is killed by Z by what we have shown above. Therefore, the
kernel and cokernel of the composed map

H' (X3, L® Aciis) = H' (Xg, RIim(L, ® Acris)) — lim H' (X, Ly ® Acris)
n n

are killed by Z%. Finally, from the commutative square
H' (X, 1) @ Acris —— o lim(H' (Xg, L) ® Acris)
l lim, (4A-4)liso. up to Z?
. iso. up to Z% .
H' (X]}s L ®Acris) —_— L&nH’(X];, |]-n ®Acris)
we deduce that the natural map below has kernel and cokernel killed by Z%*2, hence by %2
H' (X L) ®z, Acis > H' (X3, L®j Acris).

Inverting ¢, we get the required isomorphism (4A.2).
We still need to check that (4A.2) is compatible with the extra structures. Clearly only the strict
compatibility with filtrations needs verification, and it suffices to check this on gradeds. So we reduce to
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showing that the natural morphism is an isomorphism:
H' (Xp, L) ®z, Cp(j) = H (X, L@ Ox ().
Twisting, one reduces to j = 0, which is given by the following lemma. O

Lemma4.4. Let L be a lisse 7 p-Sheaf on X . proét- Then the following natural morphism is an isomorphism:
Hi(X/E,proét’ L) ®Z,, CP - Hi (Xl},proét’ L ®Zp @X)’

where Oy is the completed structural sheaf of X %, proét and C), = k.

Proof. It suffices to show that the natural morphism of O¢,-modules
Hi(Xl;,proét’ ﬂ‘) ®Zp OCP - Hi(XI;,proét’ L ®z,, (AQ;(_)

has kernel and cokernel annihilated by some power of ZOg,. The proof is similar to that of the first part
of Theorem 4.3, so we omit the details here. O

Recall that the notion of lisse Z,-sheaf on X¢ and lisse Vi p-sheaf on X 04 are equivalent. Combining
Theorem 3.26 and Theorem 4.3, we finally deduce the following crystalline comparison theorem:

Theorem 4.5. Let X be a proper smooth formal scheme over Oy, with X (resp. Xy) its generic (resp.
closed) fiber. Let L be a lisse Vi p-sheaf on X ¢, associated to a filtered F-isocrystal € on Xy/Oy. Then

there exists a functorial filtered isomorphism
H' (X} 4 L) ®2, Beris => Hlio(Xo/ Ok, €) ®0, Beris

of Beris-modules, compatible with Galois action and Frobenius.

5. Comparison isomorphism in the relative setting

Let f: X — Y be a smooth morphism between two smooth formal schemes over Spf(Oy) of relative
dimension d > 0. The induced morphism between the generic fibers will be denoted by fi: X — Y. We
shall denote by wx and wy the natural morphism of topoi X eroét — Xy and Y;;oét
notation, the morphism of topoi X p”mét —Y p”mét will be still denoted by f;.

Let Vxy @ OAcris,x = OAcris,x ®cur+ Q;%f be the natural relative derivation, where

— YV, - By abuse of

lur+
Qyy =
1
w2y /y-
Proposition 5.1. (1) (relative Poincaré lemma) The following sequence of proétale sheaves is exact and
strict with respect to the filtration giving Q}L;r;r degree i:
~ -1 \% Lur+ V
0— ACTi&X@,f,{_'Ams,yfk OAcris,Y - OAcris,X —rs OAcris,X ®(9;'+ Qx%{ — X
Vxy + d,ur +
i OAcris,X ®O§r+ QX/Y — 0.

In particular, the connection Vi y is integrable and satisfies Griffiths transversality with respect to
the filtration, i.e., Vxy (Fil' O x) C Fill 7! OAcris x ® Q3T
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(2) Suppose the Frobenius on Xy (resp. Yy) lifts to a Frobenius ox (resp. oy) on the formal scheme X
(resp. Y) and they commute with f. Then the induced Frobenius ¢x on OAqis, x is horizontal with
respectto Vx,y.

Proof. The proof is routine (see Proposition 2.13), so we omit the detail here. U

For the relative version of the crystalline comparison, we shall need the following primitive comparison
in the relative setting.

Proposition 5.2. Let f: X — Y be a proper smooth morphism between two smooth formal schemes over
Oy. Let L be a lisse Zp-sheafon Xprost- Suppose that Rifk*I]_ is a lisse Zp-sheaffor all i > 0. Then, the

canonical morphism

(Ri JiesD) ®Zp Beris,y — R S (L ®Zp IBcris,X) (5A.1)
is a filtered isomorphism, compatible with Frobenius. Similarly, the natural morphism

(Ri fk*l]—) ®Zp OBcris,Y g Rifk* (l]- ®2p Acris,X®fl\f1A fk_l OAcris,Y[l/t]) (SA-Z)

cris, Y

is a filtered isomorphism, compatible with Frobenius and connections.

Proof. The proof is similar to that of Theorem 4.3, so we shall only give a sketch here. As in the proof of
Theorem 4.3, to show our proposition, it suffices to consider the case where L is locally free over 7 p- Let
L, =L/p" n e N. Since L has no p-torsion, we have short exact sequences of lisse 7 p-sheaves on Y

0— R fix (/P" = R' fis(Ln) = R fiu O[p"1 = 0, neN,
inducing an exact sequence of projective systems as Acg, y 1S flat over 7 p
0= (R fis (L) ® Actis,y / p"In = (R fien L) ® Actis, 1 )n = (R fis(DIP"] ® Actis, v )n — 0.

Because Ri+1fk*(|]_) is a lisse Zp—module, there exists N € N such that p¥ kills Ri+1fk*(|]_) [p"] for all n.
Thus, the composed transition map in the last projective system of the sequence above is zero:

R fi I ™M@ Aciisy = R DI ® Aciisy, x> pPx.
Therefore, R’ lim, (R! JexsIP"]1 ® Acris,y) = 0 for every j € Z, and thus
RIm(R' fi (L) @ Acris.y /p") => RIIM(R fir (L) @ Acisv)
for all j € Z. In particular,

R fir (D) ® Aris y = im(R’ fis (L) ® Acris v /p") = Im(R’ fis (L) ® Acris, v), (5A.3)

and R/ lim, (R’ fiex (Ln) @ Ais, ) = RI1im, (R’ frs (L) ® Acris, v/ l?") is killed by zzA whenever j > 0 as
this is the case for R/ lim, (A5 y/p") by Corollary 2.8 and as R’ fi.(L) is a lisse Z ,-sheaf.
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Next, with the help of [Scholze 2013, Corollary 5.11], the same argument as in the proof of Theorem 4.3
yields almost isomorphisms

R fir(Ln) ® Actis,y <> R’ fia(Ly ® Acris,x),  n €N, (5A.4)
So, the kernel and the cokernel of the natural map below are killed by Z?:

l(inLn(Ri Jier (L) @ Acris,y) — L%n R’ fis(Ln ® Acris x).- (5A.5)
Moreover, for j > 0, from (5A.4), we find

14 R/ L&llek*(l]-n ®Acris,X) =0
n

since Z2 - R/ lim, (R! Jix(Ly) ® Acris,y) = 0 as observed at the end of the last paragraph. Therefore, by a
standard argument using the spectral sequence

Eg’b = R" ngl Rbfk*(l]—n ®Acris,X) — Ha+b(R Lan Rfk*(l]—n ® Acris,X))7
n n

one checks that the kernel and the cokernel of the map

H'(RUM R fiex Ly ® Acris, x)) 2 R fiw (RUM(L, ® Acris x)) — Ey" =1lim R fi (L ® Acris x)
n n

n

are killed by some power of Z. On the other hand, as shown in the proof of Theorem 4.3, if j > O then
I?-RJ lim, (L, ® Acris, x) = 0. So the kernel and the cokernel of

R fis(L® Acris,x) = R’ fx (RTim(L,, ® Acris x))
n
are killed by some power of Z. Consequently, the kernel and cokernel of the map

R fir (L ® Acris, x) — lim R fieo (L ® Acris, x) (5A.6)

n

are killed by some power of Z. Combining the morphisms (5A.3), (5A.5) and (5A.6), we deduce that the
kernel and the cokernel of the map

Rifk*(l]—) ®Acris,Y - Rifk*(l]-®Acris,X)

are killed by some power of Z, thus also killed by some power of ¢. Inverting ¢, we obtain the desired
isomorphism (5A.1).

We need to verify the compatibility of the isomorphism (5A.1) with the extra structures. It clearly
respects Frobenius structures. To check the strict compatibility with respect to filtrations, by taking
grading quotients, we just need to show that for each r € N, the natural morphism

R fiul @ Oy (r) = R fis (L ® Ox (1))
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is an isomorphism: it is a local question, hence it suffices to show this after restricting the latter morphism
to Y. As @x(r)|x; ~ é)xlx; and @y (r)|ylE ~ (A/)y|y];, we then reduce to the case where r = 0. The proof
of the latter statement is similar as above, so we omit the details here.

Finally, using Proposition 2.13, a similar proof as above shows that the map (5A.2) is a filtered
isomorphism compatible with Frobenius and connections. (|

For a sheaf of Ox-modules F with an Oy-linear connection V: F — F ® Q) /y» We denote the

de Rham complex of F as

dRX/y(]:)::(--~—>0—>fi>f®@y9£(/yi>---).

The same rule applies if we consider an O}'-module endowed with an O}"-linear connection, etc.

In the lemma below, assume ) = Spf(A) is affine and is étale over a torus S = Spf(Ok{Slil, e S(Si] D.
Foreach 1 < j <34, let (Sjl./ P n)neN be a compatible family of p-power roots of S;. As in Proposition 2.13,
set

5 +1/p" +1/p" +1/p" +1/p"
Y = (Y xg Spalk{Sy /", SEPY OdST ST D nen € Vprost

Lemma 5.3. Let V € Y04 be an affinoid perfectoid which is proétale over f’,;, with V = Spa(R, R™).

Let wy be the composite of natural morphisms of topoi
Wyt Xproer/ Xv = Xproa —> Xt -
(1) Forany j > 0, we have R/ wy,OBis = 0, and the natural morphism

OX@AOBcriS,Y (V) — Wyx (OBcris,X)

is an isomorphism.

(2) Foranyr € Z and any j > 0, we have RIwy . (Fil” OBsis) = 0. Moreover, the natural morphism
Ox®4 Fil” OBeris,y (V) = wy (Fil” OBeris, x)
is an isomorphism.
Here Ox®AOBeris,y (V) := (Ox®a OAcris,y (V)[1/1] with

OX®AOAcris,Y(V) = I(Ln(o)( ®a OAcris,Y(V)/pn),
and
Ox®4 Fil” OBeris,y (V) := lim t " (Ox® 4 Fil' ™ OAgis y (V).
n

m
2

In particular, if we filter Ogg@AO[Bcris,y(V) using {O)(®A Fil” OBsis.y (V)}rez, the natural morphism
Ox®4OBeis,y (V) = Rwy 1 (OBeris, x)

is an isomorphism in the filtered derived category.
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Proof. Recall first that, for F a proétale sheaf on X and for j > 0, R/wy,F is the associated sheaf on
X of the presheaf sending U € Xy to Hi(Uy, F), where Uy := U xx Xy. Take U = Spf(B) € Xy to be
affine such that the composition f — X — ) can be factored as

U—->T7T->),
where the first morphism is étale and T := Spf(A{T]il, R Tdil}). Write 7y = 7 Xy V. Then Ty =
Spa(S, S*) with S* = R{T', ..., T;'} and S = S*[1/p]. Write Uy = Spa(S, ST). Foreach 1 <i <d,
let (Tl.l/ b ")neN be a compatible family of p-power roots of 7;. Set

Se=RUTT T, SE=B8 g0 SE, Swi=SLI1/p] and  Se:=SL[1/p].

100

Then (Soo, S1,) and (S'oo, S‘g:)) are affinoid perfectoid algebras over (k, Ol?)' Let Uy € Xprogt (resp.
Tv € Tk proét) be the affinoid perfectoid corresponding to (S‘oo, S‘;LO) (resp. to (Soo, S1)). We have the
following commutative diagram of ringed spaces

2 ~ ~ r ~ ~ ~
Uy = Spa(Ss, S£) —— iy =Spa(S, §+) —— U = Spf(B)

l

Ty = Spa(Seo, ST) —— Ty =Spa(§, §t) ——— T

V =Spa(R, Rt) —— Y = Spf(A).

The morphism Uy — Uy is a profinite Galois cover, with Galois group I' >~ Z,(1). For g € N, let i}, be
the (¢ + 1)-fold fiber product of Z:{V over Uy. So Z:{‘q, o~ Z:{V x I'? is an affinoid perfectoid.

(1) As in the proof of Lemma 3.14, there is a natural isomorphism of B.,-modules
HY(T, OAcris(So, SENI1/1] = H Uy, OBeris x),

where the first group is the continuous group cohomology and OAdris (Sso S‘;ro) is endowed with the
p-adic topology. So, by Theorem A.12, HY(Uy, OBgis,x) = 0 whenever g > 0, and there is a natural
isomorphism

B®4OBeis(R, RT) = H' Uy, OBesis x). (5A.7)

On the other hand, V being affinoid perfectoid with V= Spa(R, R™), the maps
OACI’iS(Rv R+)/pn - OAcris,Y(V)/pna neN,
and thus the maps

B®a OACI’iS(Rv R+)/Pn — B®a OAcris,Y(V)/pn’ neN,
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are almost isomorphisms (Lemma 2.18). Passing to projective limits, it follows that the kernel and the
cokernel of the induced map

B®A0Acris(R, R+) — B®A0Acris,Y(V)

are killed by 72, hence also by 2. Inverting #, we deduce B®4OBgis(R, RT) = B@A(’)Bcris,y(V), and
an isomorphism from (5A.7)

Ox U4 OBeris,y (V) = B&AOBuis,y (V) => H'Uy, OBcris x).
To conclude the proof of (1), it remains to check that the canonical morphism
OxU)R4OBeris,y (V) = (Ox®4OBeris v (V) (U)
is an isomorphism. In fact, we have

OX(U)®AOAcris,Y(V) = moX(u) ®A OAcris,Y(V)/pn
n
= 1(&1((0/\_’ ®a OAcris,Y(V)/pn)(u))
n

> (Ox®AOAis y (V) U).
Therefore, as U is quasicompact and quasiseparated, we find

Ox U@ 4OBais,y (V) = (Ox U)®4OAaisy (V))[1/1]
> (Ox®4O0Ais y (V)U)[1/1]
> (Ox®40Ais y (V)[1/t])(U)
= (Ox®40Bis y (V) U),
as required.
(2) We shall only prove (2) when r = 0O; the general case can be deduced by twisting. As in (1), there

exists a natural isomorphism

lim HY(T, Fil' OAcris(Soo, $5)) = HY Uy, Fil® OBeris x).

s>0
By definition, the first group is H?(I", Fil’ OBesis (Soos S‘;FO)) computed in Appendix A. So, according to
Proposition A.14 and Corollary A.16, HY Uy, Fil® OBis.x) = 0 if g > 0, and we have an isomorphism

B®Fil’ OBeis(R, RT) :=lim BR Fil' OAcis(R, RY) => H(Uy, Fil° OBcris, x).
s>0
To go further, one has to identify BRFil’OBcris (R, RT) with BRFil’OB.ris(V):=lim, _ o BEFil OAi (V).
As V is an affinoid perfectoid proétale over )7,;, by Lemmas 2.6 and 2.18, the kernels and cokernels of the
natural maps
Fil® OAuis(R, RT) — Fil' OAuisy (V), s eN,
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are killed by 72, and 77 - H! (V, Fil’ OA¢s.y) = 0. In particular, the kernels and cokernels of
gl”y OAis (R, R+) - grs OAcris,Y(V), seN,

are killed by some power of Z(A.;s/ ker(6)) = IOCP, thus by pl/ P" for every N € N. Moreover, we
have the following commutative diagram with exact rows:

00— B@A Fﬂs_H OAcris(R’ R+) — B@A Fil® OAcris(Ra R+) — B@A grs OAcris(R, R+) —0

l J/ Jiso. up to p-torsion

0—— B@A Fﬂs+l OAcris,Y(V) — B@A Fil® OAcris,Y(V) — B@A grs OAcris,Y(V)

By the observations above, the kernels and cokernels of the first two vertical maps are killed by some
power of Z, thus by some power of ¢, and the last vertical map becomes an isomorphism after inverting p.
So, by a similar argument as in the proof of Corollary 2.8 (2), we find B®y4 Fil° OBis(R, RT) =
B® 4 Fil° OByris,y (V). We get finally a natural isomorphism

B®4 Fil” OBis v (V) = H Uy, Fil® OBis x).

The remaining part of (2) can be done similarly as in the last part of the proof of (1), so we omit the
details here. O

From now on, assume f: X — ) is a proper smooth morphism (between smooth formal schemes)
over O. Its closed fiber gives rise to a morphism between the crystalline topoi,

Seris : (‘XO/Ok)CNriS - (yO/Ok);is‘

Let £ be a filtered convergent F-isocrystal on Xy/Oy, and M an F-crystal on Xy/Oy such that £ >~ M?*"(n)
for some n € N (see Remark 3.4). Then M can be viewed naturally as a coherent O y-module endowed
with an integrable and quasinilpotent O-linear connection M — M Q Q ﬁf e

In the following we consider the higher direct image R’ fs«M of the crystal M. One can determine
the value of this abelian sheaf on )/ Oy at the p-adic PD-thickening )y < ) in terms of the relative
de Rham complex dRy,y (M) of M. To state this, take VV = Spf(A) an affine open subset of ), and put
Xyi=f ~1(V). We consider A as a PD-ring with the canonical divided power structure on (p) C A.
In particular, we can consider the crystalline site (X4.0/A)cis Of X4 0 := X Xy V) relative to A. By
[Berthelot 1996, Lemme 3.2.2], the latter can be identified naturally to the open subset of (Xy/Ok)cris
whose objects are objects (U, T') of (Xy/Ox)eris such that f(U) C Vyp and such that there exists a morphism
a: T —V,:=V®sA/p"T! for some n € N, making the square below commute

U——T

Vo——V,.
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Using [Berthelot 1996, Corollaire 3.2.3] and a limit argument, one finds
R’ feris s (M)(Vo, V) => Hi(Xa 0/ A, M)
where we denote again by M the restriction of M to (X4,0/A)cris. Let
u=ux,o/a: (Xa,0/Aeis > Xa g

be the morphism of topoi such that u, (F)(U) = HCOriS(L{O/A, F) for U € X4 ¢. By [Berthelot and Ogus
1978, Theorem 7.23], there is a natural quasiisomorphism Ru,M = dRy,y (M) in the derived category,
inducing an isomorphism

H. . (Xa0/A, M) => H' (X4, dRx/y(M)).

Passing to associated sheaves, we deduce R! Seris«(M)y = R' f, (dRx,y(M)). On the other hand, as
f: X — Yis proper and smooth, R’ f,(dRy /v (€)), viewed as a coherent sheaf on the adic space Y, is the
i-th relative convergent cohomology of £ with respect to the morphism fy: Xy — ). Thus, by [Berthelot
1986, Théoreme 5] (see also [Tsuzuki 2003, Theorem 4.1.4]), if we invert p, the Oy[1/p]-module
R f.(dRx,y(E)) =~ R’ f.(dRx,y (M))[1/p], together with the Gauss—Manin connection and the natural
Frobenius structure inherited from R’ fugis (M) y R' f.(dRy /vy (M), is a convergent F-isocrystal on
Vo/Ox, denoted by R’ feris+(E) in the following (this is an abuse of notation, a more appropriate notation
should be R focony«(E)). Using the filtration on &, one sees that R! Jeris+(€) has naturally a filtration,
and it is well-known that this filtration satisfies Griffiths transversality with respect to the Gauss—Manin
connection.

Proposition 5.4. Let X — Y be a proper smooth morphism of smooth p-adic formal schemes over Oy.
Let £ be a filtered convergent F-isocrystal on Xy/Oy and L a lisse 7 p-sheaf on X 06 Assume that € and
L are associated.

(1) Foreveryi € Z, R' fuis+£ is a filtered convergent F -isocrystal on Yo /Oy, with, for r € Z, gradeds
R’ f.(g" dRyy (€)).
(2) There is a natural filtered isomorphism of OBcis y-modules
R firL®; Acris x® poin, , fi OPris,y[1/11) => w3 (R feris (€)) ® OBesis, v (5A.8)
which is compatible with Frobenius and connection.

Proof. (1) We have observed above that R’ f.;;s.£ is naturally a convergent F-isocrystal. To complete
the proof of (1), it suffices to check that the filtration on R! feris+€ 1s given by locally direct summands.
By Proposition 3.22, the lisse VA p-sheaf L is de Rham with associated filtered Ox-module with integrable
connection £. Therefore the Hodge-to-de Rham spectral sequence

E;’ = R f,(gr' (dRx/y (£))) = R f,(dRy,y (£))
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degenerates at E. Moreover, E i’J , the relative Hodge cohomology of £ in [Scholze 2013, Theorem 8.8], is
alocally free Oy-module of finite rank for all i, j by [loc. cit.]. Thereby the filtration on R' f.(dRy Y€)=
R' fuis+(E), which is the same as the one induced by the spectral sequence above, is given by locally
direct summands, with gradeds R’ f,(gr" (dRy 1y(E), rel.

(2) Using Proposition 5.1(1) and the fact that L and £ are associated, we have the following filtered
isomorphisms compatible with connection:

Rifk*(u— ® Acris,X®f1:1(I)Acris,Y[l/t]) = Ri fk*(l]— ® dRX/Y(OBcriS,X))
5> R fis(dRy/y (L ® OBeyis x))
=5 R fra(dRy/y (w3 € ® OBeris x)). (5A.9)

On the other hand, the morphism below given by adjunction respects the connections on both sides:
u);l Ri f* (dRX/Y (5)) ® OBcris,Y - Ri fk* (dRX/Y (wp_(lg & OBcris,X))- (SA-IO)

We claim that (5A.10) is a filtered isomorphism. This is a local question, we may and do assume that
Y = Spf(A) is affine and is €tale over some torus over O. Let V' € Y04 be an affinoid perfectoid proétale
over 17,;. As Rif*(de/y(é’)) =R’ Seris«(E) 1s a locally free Oy[1/p]-module on ), we have

(w§1Rif*(dRX/Y(5)) ® OBeris,y) (V) =~ H' (X, dRy,y(£)) ®4 OBeyis y (V).
So we only need to check that the natural morphism below is a filtered isomorphism
H' (X, dRy/y (£)) ®4 OBais,y (V) — H'(Xy, dRx/y (w'€ ® OBeis x)).
By Lemma 5.3, one has further identifications strictly compatible with filtrations:
H'(Xv, dRx/y (wy'€ ® OBeris x)) = H' (X, Rwy«(dRx)y (wy'€ ® OBeris x)))
~ H' (X, dRy,y (£ ® Ox®4OBeris v (V).

Write V = Spa(R, R1). So OBgis(R, RT) => OBvyis.y (V) by Corollary 2.19. Thus, to prove our claim,
it suffices to show that the canonical morphism

H' (X, dRx/y(£)) @4 OB (R, RY) - H' (X, dRy;y (£ @ Ox®4OBY, (R, R)))

cris
is a filtered isomorphism. One only needs to check this on the gradeds. Since the gradeds of (’)B;S(R, R™)
are finite free R-modules, we are reduced to showing that for every r € Z, the natural map

H'(X, g" dRx;y(£)) ®a R — H' (X, g’ (dRx/y (£)) ® Ox®4R) (5A.11)

is an isomorphism. This follows from Proposition B.3 by taking B = R*. More precisely, let F be a
bounded complex of coherent sheaves on X, such that F[1/p] = gr" dRy,y(€). So, for each term F i
of F, Fi[l /p] is locally a direct factor of a finite free Ox[1/p]-module. In particular, the kernel and
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cokernel of the natural map F @ Ox®4 Rt — FR4R™ is killed by some bounded power of p. So
H' (X, F®Ox®4RN)[1/p] = H' (X, FRARM)[1/p]. (5A.12)
Moreover, by (1), R’ f, g dRy /v (€) is a graded piece of the filtered isocrystal

Rifcris*(g) = Rif*(dRX/Y(‘S))'

As YV = Spf(A) is affine, taking global sections, we see that H' (X, dRy,y(€)) is projective over A[1/p],
and H (X, gr" dRy,y (€)) is locally a direct factor of H' (X, dRy,y(€)). Therefore,

H' (X, g’ (dRx/y (£)) = H'(X, P)[1/p]
is flat over A[1/p]. By Proposition B.3, the kernel and the cokernel of the map
H (X, F)®4 R" — H (X, F®R")

are killed by some power of p. Inverting p and combining (5A.12), we obtain that (5A.11) is an
isomorphism, completing the proof of our claim.

Composing the isomorphisms in (5A.9) with the inverse of (5A.10), we get the desired filtered
isomorphism (5A.8) that is compatible with connections on both sides. It remains to check the Frobenius
compatibility of (5A.8). For this, we may and do assume again that )V = Spf(A) is affine and is étale over
some torus over O, and let V' € Y 0¢c some affinoid perfectoid proétale over Y. In particular, A admits a
lifting of the Frobenius on ), denoted by o. Let M be an F-crystal on Xy/Oy such that £ = M*"(n)
for some n € N (Remark 3.4). Then the crystalline cohomology Héris(Xo /A, M) is endowed with a
Frobenius which is o-semilinear. We just need to check the Frobenius compatibility of composition of
the maps below (here the last one is induced by the inverse of (5A.8)):

Hi (Xo/ A, M) — Hii (Xo/A, M)[1/p] => H'(X, dRx,y(€))
= (W3 (R foris+(€)) ® OBuris,y) (V) = H'(Xy, L® Acris x® f OAris,y [1/1]),
which can be done in the same way as in the proof of Theorem 3.26. O
The relative crystalline comparison theorem then can be stated as follows:

Theorem 5.5. Let L be a crystalline lisse 7 p-sheaf on X associated to a filtered F-isocrystal £ on Xy/Ok.
Assume that, for any i € Z, R’ fi,L is a lisse VA p-sheafon'Y. Then R' fi L is crystalline and is associated
to the filtered convergent F-isocrystal R! Seris €.

Proof. We have seen in Proposition 5.4(1) that R’ f,s & is a filtered convergent F-isocrystal on Yy/Oy.
To complete the proof, we need to find filtered isomorphisms that are compatible with Frobenius and
connections

R fis(1) ® OBeris.y => w3' R’ ferigs(€) ® OBeris,y, i €Z.

For this, it suffices to combine Proposition 5.2 and Proposition 5.4(2). O
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Appendix A: Geometric acyclicity of OB

In this section, we extend the main results of [Andreatta and Brinon 2013] to the setting of perfectoids.
The generalization is rather straightforward. Although one may see here certain difference from the
arguments in [loc. cit.], the strategy and technique are entirely theirs.

Let f: X =Spf(B) — YV = Spf(A) be a smooth morphism of smooth affine formal schemes over Ox.
Write X and Y for the generic fiber of X and ). By abuse of notation the morphism X — Y induced
from f is still denoted by f.

Assume that ) is étale over the torus S := Spf(Ok{Sil, el Sgtl}) defined over O and that the
morphism f: X — ) can factor as

X étale T—>y,

where 7 = Spf(C) is a torus over ) and the first morphism X — 7T is étale.

Write C = A{Tlil,...,Tdil}. Foreach 1 <i <d (resp. each 1 < j <), let {Til/pn}neN (resp.
{SJI./ P Jnen) be a compatible family of p-power roots of T; (resp. of S;). As in Proposition 2.13, we
denote by Y the following fiber product over the generic fiber Sy of S:

P =¥ xg Spatklsy" 7L O sTTTY),

Let V € Yproe be an affinoid perfectoid over ¥; with V = Spa(R, R"). Let Ty = Spa(S, S*) be the base
change T; xy V and Xy = Spa(S, S*) the base change X xy V. Thus ST = R+{T1i1, e, Tdil} and
S = S*[1/p]. Set

St =RHTEP, TP, 5L = B®e ST,

Soo :=SL[1/p] and Seo i= Sjo[l/p]. Then (S, S) and (Soos §o+o) are affinoid perfectoids and
Sod = RO, (@),

2 ~ ~
where Tib = (T;, Tl.l/p, Til/p ,...) € S The inclusions S* C ST and ST C ST define two profinite
Galois covers. Their Galois groups are the same, denoted by I, which is a profinite group isomorphic to

z p(l)d. One can summarize these notations in the following commutative diagram

S r

St S+ B

T T Tétale

St L S+ C
RHTEVP” L TEIY R Ty — AT T

R+

S
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The group I' acts naturally on the period ring O[Bcris(goo, 5’;’0) and on its filtration Fil” (Q[EBcriS(S'oo, S‘;Lo).
The aim of this appendix is to compute the group cohomology

HY(T, OBeiis(Soo, ST)) := HEL (T, OAgis (S, STY)[1/1]

and
HY(T, Fil"’ OBeyis(Sec, S5)) := lim HE (T, & Fil'" OAcris(Soo, SL))
n>|r|
forg,r eZ.

In the following, we will omit systematically the subscript “cont” whenever there is no confusion arising.

Moreover, we shall use multiindices to simplify the notation: for example, for a = (ay, . .., aq) € Z[1/p]?,
. pa a aq
T¢:=T1,"-T,7---T,.

Al. Cohomology of OByis. We will first compute HY(I', OAis(Soo, SE)/p™) up to (1 —[€])*°-torsion
for all g, n € N (Corollary A.9). From these computations, we deduce from the results about the
cohomology groups H4 (T, OBesis (Soos S;)), q € Z (Theorem A.12).

Lemma A.1. Forn € Z-, there are natural isomorphisms
Actis(R, R)/ " @y pn WS/ P" = Acris(Soc. SL)/ 1"

and
(Acris (S S:o)/pn ® OAis (R, R+)/pn)<u1, v tg) = OAgs(Seo, S:o)/pn,

sending u; to T; — [Tib]. Here the tensor product in the second isomorphism above is taken over
Acis(R, RT)/p". Moreover, the natural morphisms

Acis (R, R+)/Pn — Acris (Soos S:o)/pn» OAgris (R, R+)/pn — OAcris (Soos S;_o)/pn

are both injective.

Proof. Recall £ = [ pb] — p. We know that Agis(Seo, S;’o) is the p-adic completion of

m W (Ss)[Xo, X1, .. ]
A&JSM,S;)::WKSQO[——|nz:0,L..}::(mhxalém.nlez>w.
Am . =

m!
Note that we have the same expression with R in place of So,. We then have
W(R"D)[Xo, X1, .. ]

= WS iy AL (R, RY).
m!X,, —&"|m € ZZO) ( o0 ) ®W(R *) crls( )

AL (Soo, SE) <= W(S2H) ®w izt (

The first isomorphism follows.
Secondly, as V lies above 17,;, by Proposition 2.13 we have
Acis(R, RO (w1, ..., ws)} => OAcis(R, RT),  wj— §; — [S;]
where S; = (S, Sjl./p, S]l./pz, ...) € R°*. Similarly, we have

Acris (Soor ST (1, - st Wi, ws)} => OAeris(So, ST, i > Tr = [T}1, wj > S; — S]],

1
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Thus (the isomorphisms below are all the natural ones)

OACI‘iS(SOOv S;_o) < (Acris(Soo: S;_o)
r" r"
< Acris(Soo, S;_o)
p"
Acris(Soo, ST OAcis(R, RT
- W O Acris (R, RF)/ p" <%(u1, cees Md))

 (Aeis (S ST OAais (R, RT)
=N (% ®Aris (R, RF)/ p" MT (i, oo ua).

><u1’-~~7ud7wl,'~'aw8>

Acris(R, R+)

pn <u19"'audaw15"-’w5>>

OAcris (R, RF)/p" (

So our second isomorphism is obtained.
Next we prove that the natural morphism As(R, RT)/p" — Agis(Seo, S;ro)/ p" is injective. When
n =1, we are reduced to showing the injectivity of

(R™T/(P")P)X1, X2 ... ] (S"T/(PHPIX1, X2y .. ]
—_
xr, xh,..) xr, xh,..)

9’

or equivalently the injectivity of
R /(p")" = S"F /(") = (R /(PP ()= P,

which is clear. The general case follows easily since Acis(Scos S;ro) is p-torsion free. One deduces also
the injectivity of OAcis(R, ")/ p" = OAuis(Seo, SE)/p" by using the natural isomorphisms

OAgis(R, RT)/p" = (Acis(R, RY)/p™)(wr, ..., ws),
and

OACIiS(‘SOO’ S;—o)/pn ~ (ACriS(SOO’ S;)/p”)(”l’ L] uda w17 LECIL ] w(S)‘
This concludes the proof of our lemma. U

Proposition A.2. A.is(Seo, S;ro)/p” is free over Ais(R, RT)/p" with a basis given by {[T"}¢ | ace
Z[1/ p)*}.

Proof. By Lemma A.1, Acis(Soo, S5)/p" is generated over Acis(R, RT)/p" by elements of the form [x]
with x € S35 = RVH((T)EVP™, ..., (T))FV/P™). Write B, C Acris(Sa, S)/p" for the Aig (R, RY)/ p"-
submodule generated by elements of the form [x] with x € S := Rb+[(T1b)il/1’°o, ey (Tdb)il/poo] C Sf;.
We claim that B, = Acis(Soo, S5)/p".

Since S&T is the p’-adic completion of S, for each x € S** we can write x = yo + p°x’ with x’ € S.
Iteration yields

x=yo+p'yi+- 4+ Py + (PP
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with y; € S and x” € S . Then in W(Sx)

[x]=[yol + [P" 1yl +- -+ [(P")P lyp—11+ [(P")P1x"] mod pW (S2F)
=[yol + &Ml +- -+ &P [y, 11+ £P[x"] mod pW (S2).

As & € Acris(Soo, S%) has divided power, §7 = p!-£171 € pAcrig(Soo, S5,). So we obtain in Acris(Sec, ST,
[x]=Dyol + &Lyl + - +&" 7 [yp-1] mod pAcris(Soo. S3)-

For any o € Acris(Soos S;_o)/pn = Acris (R, R+)/pn ®W(R"+)/p” W(ng)/pn’ we may write

m
o= Z)\i [x;]+ PO/» X; € Sg:, Ai € Agis(R, R+)/pn’ o' € Acris (S0, S;_o)/pn
i=0
The observation above tells us that one can write
a:ﬂ0+pa//s /SOEBn7a”EACI‘iS(SOO’S:o)/pn'

By iteration again, we find

a=PBo+pBit+-+p " Bt +p"a@  Bo...» Bui1 € Bu, @ € Acis(Seo, ST/ p".
Thus

a = lgO +p,31 +--- +pn_113n71 € Bn C Acris(SOOs S:o)/pn-

This shows the claim, i.e., Aqis(Seo, S;g) /p" is generated over A.is(R, RT)/p" by the elements of the
form [x] with x € S = Rb+[(T1b)i1/1’°O, e, (T;)il/poo] C Sij. Furthermore, as for any x, y € Sii

[x + y] = [x]+ [y] mod pW (S2}),

a similar argument shows that Agis(Seo, Sjo) /p" is generated over A;is(R, RT)/p" by the family of
elements {[T°]¢ | a € Z[1/ p]¢}.

It remains to show the freeness of the family {[T°]¢ | a € Z[l/p]d} over Agis(R, RT)/p". For this,
suppose there exist A1, ..., A, € Ais(R, RT) and distinct elements ay, ..., d, € Z[l/p]d such that

D M1 € p"Acis(Soo- SL).

i=1

One needs to prove A; € p"Aqis(R, RT) for each i. Modulo p we find

m
D ki (T4 =0 in Acic(Soor SL)/ P
i=1
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with &; € Agis(R, RT)/p the reduction modulo p of A;. On the other hand, the family of elements
{(T")*:aeZ(1/p]¥} in

S /(P62 83, .. _ R/ ((pIT)EVP™ L (T)EIP™ 8,85, ]

+ ~
AcrIS(SOOaSOQ)/p_ (Sp’ag,) (5p,8§,)

is free over Agis(R, RT)/p >~ (R°T/((p")P)[82. 83, ...1)/ (8%, 8%, ...). Therefore, A; =0, or equivalently,
Ai = pA! for some 1! € Acis(R, RT). In particular,

m m
M =p- (Z A [Tﬁ“f) € p"Acis (Soo0> ST)-
i=1 i=l
But A is (Seo, S;ro) is p-torsion free, which implies that
m
D OMIT" € " Acris(Soo, SE).
i=1
This way, we may find A; = p"i; for some ):,- € Aciis (R, R™), which concludes the proof of the freeness. [

Recall that T is the Galois group of the profinite cover (Seo, S1) of (S, S*). Lete = (@, M, .. ) e (’)E
be a compatible system of p-power roots of unity such that €® = 1 and that ¢V £ 1. Let {yy, ..., v4)
be a family of generators such that for each 1 <i < d, y; acts trivially on the variables 7; for any index j
different from i and that y;(T,') = €T} .

Lemma A.3. Let 1 <i <d be an integer. Then one has yl-([Tib]Pn) = [Tib]pn in OA¢is(Soo, S;ro)/p".

Proof. By definition, yi([Tl-b]p”) = [e]p"[Tib]P" in OAis(Soo, SL). So our lemma follows from the fact
that [€]”" — 1 =exp(p"t) — 1 = Dol Pl e p' A s, O

Let A, be the OAis(R, RT)-subalgebra of OAgis(Seo, S1)/p" generated by [Tib]il’" forl <i<d.
The previous lemma shows that I" acts trivially on A,. Furthermore, by the second isomorphism of
Lemma A.1 and by Proposition A.2, we have

M%( S An[Tb]a>(M1,---a”d>, T~ 1,1 u;.
p a€Z[1/plen[o, p")?

Transport the Galois action of I' on OAis(Seo, S;ro) /p" to the right-hand side of this isomorphism. It
follows that

yi(ui) = u; + (1= [eD[T}].
Therefore,

n
byj o
yi™) ="+ YTV (1= [Vl
j=1
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For other index j # i, y;(u;) = u; and hence y; (ug."]) = ug."] for any n. Set
X, = D AT, and A= P AT
ae(Z[1/pIn[o, pm)d\z4 aez4n[0,p")?
Then we have the following decomposition, which respects the I"-actions:
OACI‘iS(SO()v S;_o)/pn - Xl’l<u17 ceey ud) @Al’l<ula L] ud)'
The following result can be proven similarly as [Andreatta and Brinon 2013, Proposition 16].
Proposition A.4. Forany g € N, HY(T', X, (u1, . .., ug)) is killed by (1 — [€]'/P)2.
The computation of H?(I", A,{u1, ..., ug)) is more subtle. Note that we have the following decompo-
sition
d
An(ur. ... ug) = QYOAuis(R. RT)/ p"IIT; T 1usi),
i=1
where the tensor products above are taken over OAs(R, RT)/p".
We shall first treat the case where d = 1. We set T := Ty, u := u; and y := y;. Let A,({") be the

A,-submodule of OAis(Soo, SE)/p" generated by the ul™+41/[T"]1*’s withm +a >0and 0 < a < p".
Then

Anlu) = AT Ny = ) AP

m>—p'"
Consider the following complex:
AT 11 (u) —=5 AT )1 (u), (Al.1)

which computes HY (T, A, (u)) = HI(T', A,[[T°1](u)).
Again, the following lemma can be proven in a completely analogous way as is done in the proof of
[Andreatta and Brinon 2013, Proposition 20].

Lemma A.5. The cokernel of (Al.1), and hence H1(I", A, {u)) for any q > 0, are killed by 1 — [€].

One still needs to compute H O(I", A, (u)). Note first that we have the following isomorphism
(OAcis(R, RT)/p"IT* (u) => Ay (u) = (OAcris(R, RY)/p")IIT"11(u)

sending T to u + [T"]. Endow an action of I on (OAis(R, RY)/p™)[T*'](u) via the isomorphism
above. So H(T", A, (1)) is naturally isomorphic to the kernel of the morphism

y =11 (OAcis(R, RT)/ p")ITE (1) — (OAwis(R, RT)/p"IT u),
and there is a natural injection
C ®4 OAis(R, RT)/p" = (OAuis(R, RT)/ p") T — HO(T, A, (u)).

The proof of [Andreatta and Brinon 2013, Lemme 29] applies to this case. We have
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Lemma A.6. The cokernel of the last map is killed by 1 — [€].

Now we are ready to prove

Proposition A.7. For anyd > 0, n > 0and q > 0, H1(I', A, (u1, ..., ug)) is killed by (1 — [e])Zd*I.

Moreover, the natural morphism

C ®4 OAeis(R, RT)/p" — HO(T, Ayur, - ua)), T i +[T}] (A12)
is injective with cokernel killed by (1 — [€])?¢~.
Proof. Recall that we have the decomposition

d
An(ur, . ug) = Q) (OAcis(R. R/ p")IT T Hui).
i=1

We shall proceed by induction on d. The case d = 1 comes from the previous two lemmas. For integer
d > 1, one uses the Hochschild—Serre spectral sequence

Ey) = HI(T/T1 HI (U1, A, . ug)) = H (D Ay, ug).
Using the decomposition above, the group H/ (', A, (u1, ..., ug)) is isomorphic to
HI (T, OAcis(R, R/ p" [T T (1)) © (&5 (OAis(R, R/ pILT T ui).

So by the calculation done for the case d = 1, we find that, up to (1—[e])-torsion, H/ ("1, A, (u1, . .., ug))
is zero when j > 0, and is equal to

(OAeis(R, RH)/ P 1 ® (R (OAGis (R, RY)/p")IIT; T (i)
when j = 0. Thus, up to (1 — [€])-torsion, Elzj =0 when j > 0 and Eé’o is equal to
(OAdis (R, RH)/pITE 1@ HI (T T, (@5 (OAcris (R, R/ p"IIT; T 1ui))).
Using the induction hypothesis, we get that, up to (1 — [e])>@~D~!*1_torsion, Eé’o =0 wheni > 0 and
EX" = (OAuis(R, RY)/p)ITE, ... T 1= C ®4 OAuis(R, RY)/p".
As Elz’ =0 for j > 1, we have short exact sequence
0— ELY — HI(T, Ay (uy, ..., uqg)) — ES — 0.

By what we have shown above, Eg{l’1 is killed by (1 — [€]) (as this is already the case for Eg 71’1), and
EZ is killed by (1 — [€])2¢~2 for ¢ > O (as this is the case for E;”O), thus H4(T, A, (ui, ..., ug)) is
killed by (1 — [e])?*~1. For g =0, HO (T, A, (u1, . . ., ua)) =~ E%? = ES°. So the cokernel of the natural
injection

C ®4 OAcis(R, RY)/p" — HO(T, Ay(ui, ... ug))

is killed by (1 — [€])?¢=2, hence by (1 — [e])*¢~ 1. 0
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Remark A.8. With more efforts, one may prove that HY(I", A, (uy, ..., ug)) is killed by (1 — [e])¢ for
q > 0 [Andreatta and Brinon 2013, Proposition 21], and that the cokernel of the morphism (A1.2) is
killed by (1 — [€])? [Andreatta and Brinon 2013, Proposition 30].

Corollary A.9. For any n > 0 and any q > 0, H9(T, OAis(Sec, SL)/p") is killed by (1 — [e])*.
Moreover, the natural morphism

C®AOAs(R, RT)/p" — HO(T, OAcis(S0o, S5)/P")
is injective, with cokernel killed by (1 — [€])*%.
Recall that we want to compute H? (T, OBcris(S’oo, S;g)). For this, one needs

Lemma A.10. Keep the notations above and assume that the morphism f: X — ) is étale; thus
V =Spa(R, Rt) and X xy V =Spa(S, §t) = Spa(Sao, SL). The natural morphism

B®AOAcris(R, R+) - OAcris(Soo, S':o)
is an isomorphism.

Proof. By Lemma 2.18 we are reduced to showing that the natural map (here w; = §; — [S'J).])
B®aAcris(R, RN {(w1. ..., ws)} = Acris (S, ST {(wr. ..., wy))

is an isomorphism. Since both sides of the previous maps are p-adically complete and without p-torsion,
we just need to check that its reduction modulo p

B/p ®a/p (Aciis(R, RY)/p)(wi, ..., ws) = Acris(S. 55)/p){wr, ..., wp)
is an isomorphism. Note that we have the following expression

(Rb+/((l?b)p))[5m, wi, tm]1<l<8 meN

(Acris(R, RT)/p){wy, ..., ws) =
o (Sma wl ) Zlm)1<l<8 meN

and the similar expression for (A\cris(S, S‘*)/p)(wl, ..., ws), where §,, is the image of y’"“(é) with
¥ 1 x = x?/p. One sees that both sides of the morphism above are p’-adically complete (in fact p” is
nilpotent). Moreover R has no p’-torsion. So we are reduced to showing that the morphism

(R /") 8> Wiy Zim)1<i<5.meN N (8°F /P [Sm» Wiy Ziml1<i<s.meN

(Bma wl ’ Zlm)1<l<8 meN (5m, w, ’ Z,m)l<t<8 meN

B/p®ayp

is an isomorphism. But R”T/p® ~ R*/p and §°t/p" ~ §*/p, so we just need to show that the following

morphism is an isomorphism:

(RT/ )8, Wiy Zim1<i<s.meN N (S8*/P)8ms Wir Zim1<i<s.meN

a:B/p®a
Psh, wl, ZP Y i<i<smen S wl, ZP Yi<i<smen
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To see this, we consider the following diagram

St/ plm,wis Zimli<i<s.meN
7P 7P
(am:w,‘ vzim)lﬁiﬁé,meN

X\ R+/p[8maw[yZim]Ififﬁ,mEN
B/p B/p ®A/p b w? Zl Yi<i<smen

étale)[ étaleT

R/ plm, i, Zim]1<i
A/p gf}’ mp le im .lftEB,mEN
( m>W; ,-,,,)ls:gS.meN

étale

It follows that « is étale. To see that « is an isomorphism, we just need to show that this is the case
after modulo some nilpotent ideals of both sides of «. Hence we are reduced to showing that the natural

morphism
B/p®a/p R /p— $*/p
is an isomorphism, which is clear from the definition. 0

Apply the previous lemma to the étale morphism f: X — 7, we find a canonical I"-equivariant

isomorphism

B®cOAis (oo, SE) <> OAris(Soo, SL).
In particular, we find
HY(T, B&c OAdis(Soos ST)) <> HI (T, OAris(Seo, ST))-
Now consider the following spectral sequence
E5) = R'lim HY (T, B ®¢ OAcris(Soos S£)/P") => H' (T, B OAris(Soos SE))
n
which induces a short exact sequence for each i:

0— R'lim H (T, B®c OAcis(Soc, Soc)/P™) — H' (', B&c OAcris(Soo, SL))

n

— lim H' (T, B ®c OAgsis(Soos Soc)/P") — 0. (A1.3)
n

As B is flat over C, it can be written as a filtered limit of finite free C-modules by Lazard’s theorem
[1969, Théoreme 1.2] and, as I' acts trivially on B, the following natural morphism is an isomorphism

for each i:

B Qc Hi(Fa O'&cris(soo’ Soo)/pn) = Hi(Fa B Qc OAcris(Soo’ Soo)/pn)
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Therefore, fori > 1, H(T', B®c OAcis(Soo, S1)/p") is killed by (1 —[€])*¢ by Corollary A.9. Moreover,
by the same corollary, we know that the following morphism is injective with cokernel killed by (1 —[€])?:

C ®a OAuiis(R, RT)/p" — H' (T, OAuris(Swcr SL)/P")-
Thus the same holds if we apply the functor B ®¢ — to the morphism above
B®4 OAyis(R, RT)/p" — B®c H (T, OAis (S0, SL)/ ™).
Passing to limits we obtain an injective morphism

B®4OAis(R, RT) = lim(B ®@c H(T', OAcris(Sso, SE)/ ™).
n

whose cokernel is killed by (1 — [eD?4, and that

Rl l(ﬁl(B ®C HO(Fy OACriS(SOOv S;_o)/pn))
n

is killed by (1 — [eD?. As a result, using the short exact sequence (A1.3), we deduce that for i > 1,
H(T, BRcOAis(Soo» ST)) = H(T, OAris(Seo, SE)) is killed by (1 — [€])*, and that the canonical
morphism

B®4OAuis(R, R) = H(T, B&c OAris(Soo, SE)) = HO(T', OAcris(Soo. S5))
is injective with cokernel killed by (1 — [€])?4. One can summarize the calculations above as follows:

Proposition A.11. (i) Foranyn > 0and q > 0, H1(T, OAcris(S’oo, S';ro)/p") is killed by (1 — [eD?,
and the natural morphism
B ®4 OAis(R, R+)/Pn - HO(F» OAcris(Soo, 51;ro))/pn
is injective with cokernel killed by (1 — [e])?.
(ii) Forany q > 0, H1(I', OA¢is(Seo, S;ro)) is killed by (1 — [eD* and the natural morphism

B®AOACI‘iS(Ra R+) - HO(Fa OAcris(S'om S:o))
is injective, with cokernel killed by (1 — [eD?.

Theorem A.12. Keep the notations above. Then H4 (T, OBcris(goo, S;ro)) = 0 for g > 1, and the natural
morphism
B®A0BCIiS(Rs R+) - HO(Fa OBcris(goo, S;_OD

is an isomorphism.

Proof. By the previous proposition, we just need to remark that to invert 1 — [¢] one just needs to invert 7,

as

— [n]
t =log([e]) = — Z(n — D1 =[eD™ = —(1 —[€]) Z(n - D! —(11 _[6[1)] .

n>1 n>1
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Here, by [Andreatta and Brinon 2013, Lemme 18], (1 — [eDt™] /(1 —[€]) € ker(Acis N @,;), hence the
last summation above converges in Acyig. O

A2. Cohomology of Fil" OBs. With Proposition A.11 in hand, the following results on the cohomology
of Fil” OB.s can be shown in exactly the same way as is done in [Andreatta and Brinon 2013, Section 5].
We thus only state these results, and refer to [loc. cit.] for the detailed proofs.

Lemma A.13 [Andreatta and Brinon 2013, Proposition 32]. Let g € N.o, and n € Z>a4+,. The Acris-
module H? (T, Fil” OAgis(Soo, S1)) is killed by t".

Proof. Let gr'” OAs := Fil” OAi5/ Fil” + OAqis. As 0(1 —[e]) =0, gr" OAs is killed by 1 — [€]. So
using the tautological short exact sequence below

0 — Fil' ! OA s — Fil” OAgis — gr” OAgris — 0

and by induction on the integer r > 0, one shows that H?(T", Fil” OA.) is killed by (1 — [e])**7;
the r = 0 case being Proposition A.11(ii). So the multiplication-by-¢* with n > 4d + r is zero for
Hq(r’ OAcris)- O

Then, as in [Andreatta and Brinon 2013, Proposition 34], we have
Proposition A.14. H4(T", Fil" OBcriS(S"OO, S'jo)) =0foranyq > 0.
It remains to compute the I'-invariants of Fil” OBis(Seo, Soo). We shall first show
HO(T, Fil” OAcsis(Soo, S5)) = B®4 Fil” OA¢is(R, RT)
in the way of the proof of [Andreatta and Brinon 2013, Proposition 41].
Proposition A.15. For each r € N, the natural injective map
t,: B®4 Fil” OAyis(R, RT) — H(T, Fil” OAis(Soos ST))
is an isomorphism.
Corollary A.16. The natural morphism
B®4 Fil” OBgis(R, RY) — H(T', Fil” OBcris(Sso, SE)
is an isomorphism, where

B@A Fil” OB.ris (R, R+) = h_f)n B@A Fil'™" OAis(R, R+)

n>0

with transition maps given by multiplication by t.
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Appendix B: Base change for cohomology of formal schemes

The aim of this appendix is to establish a base change result for cohomology of formal schemes
(Proposition B.3) that is used in the proof of relative comparison theorem.

Lemma B.1. Let A be a noetherian ring that is p-adically complete, i.e., the natural morphism A —
lim A/p" is an isomorphism. Let B be a flat A-module, and F a finite A-module. Then, if B is p-adically
complete, sois F Q4 B.

Proof. Let B, := B/p". So B = lim, B,. Since B is A-flat, B, is flat over A/p". Moreover, the
canonical map B, 1| — B, is clearly surjective. Therefore, by [Stacks 2005—, Lemma 0912], for F a
finite A-module, we have F ® B ~lim, (F ® B,) ~lim, (F ® B)/p". In other words, F ® B is p-adically
complete. U

Lemma B.2. Let A be a p-adically complete noetherian ring, and B a flat A-module that is p-adically
complete. Let X — Spf(A) be a proper morphism of p-adic formal schemes. Let F be a coherent sheaf
on X. Then, for every i € Z, the natural morphism

H (X, F)®4s B — H (X, F&4B)
is an isomorphism.

Proof. If F is a coherent sheaf annihilated by some power of p, F®4B = F ® 4 B. Then, our proposition
follows from the standard flat base change result. Indeed, by a theorem of Lazard [1969, Théoréme 1.2],
B can be written as a filtered inductive limit of finite free A-modules. As X is quasicompact and
quasiseparated, one only needs to prove our assertion when B is finite and free over A. But in this case
our assertion is obvious. In general, let G C F be the subsheaf formed by elements killed by some power
of p. As F is coherent and as X is quasicompact, G is killed by a large power of p. Therefore G and the
quotient F /G are coherent sheaves on X'. Since F/G is p-torsion free, the same holds for (F/G) ®4 B
as B is flat over A. Using the tautological exact sequence

0>G®R®4B—> FR4B— (F/G)®4B— 0, (BO.1)
we get a short exact sequence of projective systems
0— (G®4 B/p")nz0 = (F ®4 B/p")nz0 > (F/G) ®4 B/p")n=0 — 0.
Because p"G = 0 and thus p"(G ®4 B) = 0 for large n, we find
G®a B/p"™ = G4 B/p", forn>0.
So R! lim, ((G ®4 B)/p") = 0. Passing to projective limits in (B0.1), we obtain a short exact sequence

0— G®4B — F®sB — (F/G)®4B — 0,
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from which we get a commutative diagram with exact rows

oo —— H(X,§)® B —— H (X, F)QB —— H (X, F/G)@ B —— - -
oo —— H(X,G®B) —— H' (X, F®B) —— H' (X, (F/G)®B) — -+ .

Consequently, to prove our proposition for F, it suffices to show it for 7 /G. Therefore, replacing F by
F /G if needed, we assume that F is p-torsion free.
Let 7, = F/p". By flat base change, for all n > 0, the natural morphisms

H'(X,F)®1B— H'(X,F, ®4 B), i€Z,
are isomorphisms. Passing to projective limits, we obtain isomorphisms

a: im(H' (X, F,) ®4 B) > m H' (X, F, ®4 B), i€Z.

As A is noetherian, the projective system (H =y, Fn))nso satisfies the (ML)-condition [EGA III; 1961,
Corollaire 3.4.4], hence so does (H'~'(X, F,) ®a B),>0. Thus
R'im(H'™ (X, F,) ®4 B) = R' lim H' " (X, F,, ®4 B) = 0.
n n

Using the set of affine open formal subschemes of X and [Scholze 2013, Lemma 3.18], one checks that
R/1im, (F, ®4 B) = 0 whenever j > 0. So H (X, F®B) ~ H' (X, Rlim(F, ®4 B)), and the natural
morphism

B: H' (X, F®4B) — lim H' (X, F, ®4 B).

is surjective with kernel isomorphic to R! lim, H =X, F, ®4 B) =0 (Lemma 4.1). In other words, f
is an isomorphism.
Next, consider the tautological exact sequence (recall that F has no p-torsion)

0> 75 Fo F— 0.
We obtain a short exact sequence
0— H' (X, F)/p" — H' (X, F,) — HTH(x, F)[p"] - 0,
and thus the one below as B is flat over A:
0— H' (X, F)®s B/p" Lo> H(X, F) ®4 B — H'T'(X, F)[p"1®4 B — 0.

Because H'*! (X, F) is an A-module of finite type and A is noetherian, the A-submodule H'+! (X, F) ptorC
HH1(X,F) of elements killed by some power of p is finitely generated over A. In particular, there exists
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a € N such that p® kills H (X, F),.ior and thus H' (X, F)[p"] for all n € N. It follows that the
transition map below is trivial for every n:

HNY(X, Fp™— HT' (X, HIp"l, x+— p'x.

Thus the projective systems (H*'(x, F) [p"D, and (H+(x, F)p"1®4 B), satisty the (ML)-condition.
So one deduces an isomorphism y :=limy,

y: H(X,F)®x B =1lim(H' (X, F)®4 B/p") = lim(H' (X, F,) ®4 B).

Here we have the first equality because HT!(X, F) is of finite type over A, and B is flat and p-adically
complete (Lemma B.1).
Finally from the commutative diagram

can

H'(X,F)®4 B H'(X, F®4xB)
Vl: :Jﬁ
lim(H' (X, ) ®4 B) ———— lim H'(X, F,, ®4 B),
we obtain that the upper horizontal morphism is an isomorphism, as required. O

Proposition B.3. Let A be a p-adically complete noetherian ring. Let B be an A-module that is p-
adically complete. Assume that A and B are flat over Z,,. Let X — Spf(A) be a proper flat morphism
between p-adic formal schemes. Let F be a bounded complex of coherent sheaves on X, such that for
every term F' of F, F'[1/p] is locally a direct factor of a finite free O x[1/ pl-module.

(1) Foreveryi € Z, there is a natural map
H' (RT(X, F)®% B) > H'(X, FQ4B)

whose kernel and cokernel are killed by some power of p.

(2) If moreover the finite A[1/pl-modules H' (X, F)[1/p], j € Z, are flat over A[1/ p), the kernel and
the cokernel of the natural map

H (X, F)® B — H' (X, F®B)
are annihilated by some power of p. In particular, we have isomorphisms
H'(X,F)®B[1/p] => H'(X,F&B[1/p]), Vicl.

Proof. (1) We claim first that B has a resolution B®* — B by p-adically complete and flat A-modules.
Indeed, let F'* — B be a resolution of B by free A-modules. As A is flat over Z,,, each F s p-torsion
free. Since B is flat over Z, it is also p-torsion free. Therefore, the induced complex

---—>F_1/p—>F0/p—>B/p—>0—>---, (B0.2)
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and thus the complex

i F 'S PO S BS0— -

are exact. Therefore, we get a resolution B*® := F*of B by flat A-modules [Stacks 2005—, Lemma O6LE]
that are p-adically complete [Stacks 2005—, Lemma 05GG]. In particular, by Lemma B.2, we obtain an
isomorphism in the derived category

RT(X,F)®4 B* => RT (X, FRB"). (B0.3)

Consider the morphism RT'(X, X) ®~ B — RI'(X, F®B) in the derived category of abelian sheaves
on X defined by the commutative diagram below

RU(X,F)®L B —— RI' (X, F®B) (B0.4)

| |

RU(X, F)® B* = RT (X, F@B).
Here the left vertical map is an isomorphism as B* — B is a flat resolution of B. To complete the proof
of (1), it remains to show that the upper horizontal map of (B0.4) induces a morphism

H'(RT'(X, F)®%5 B) — H' (X, F®4B) (B0.5)

whose kernel and cokernel are annihilated by some power of p. Using the naive truncations of F and
by induction on the length of the bounded complex F, we reduce to the case where F is a complex
concentrated in degree 0, i.e., a coherent sheaf on X', such that F[1/p] is locally a direct factor of a finite
free Ox[1/p]-module.

Consider the complex

oo > FRAB ' > FR4BY > FRAB—>0— .- . (B0.6)

We claim that there exists N e N such that p kills all its cohomologies. This is a local question on X, so
assume that F[1/p] is a direct factor of the finite free O [1/p]-module Og’([l /p]. Because F is coherent,
there exist morphisms f : F — (’)3’( and g : (’)3’( — F with go f = p" -idz for some N € N. By the
functoriality of the complex (B0.6) relative to F, we have the following commutative diagram

o FRAB ' — 5 FRAB —— F®uB ——— 00— - .

lf@ i1 lf@ id g0 lf@idb’ lo

e OLBAB —— OLBABY —— OLRAB —— 0 — ...

lé@idgl lg@idlgo J8®id3 J]O

o F®uB ' — FRAB — > F®uB —— 00— - -
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Because (g®idp) o (f®idp) = p" and (g®idgi) o (f®idg) = pV for every i, to prove our claim, it
suffices to show that the complex in the second row

o> OLABT - 0484B° - OL®4B - 0— - - (B0O.7)
is exact. Since X is flat over A, we obtain from (B0.2) a similar exact sequence
o 04 RuB Y p > 0L 4B p > OL@AB/p—>0— ---.

Because the sheaves O% ®4 B’s and 04, ® 4 B are p-torsion free, we deduce as above the exactness of
(B0.7), completing the proof of our claim.
Let C be the complex of abelian sheaves concentrated in degrees < 0 given by the following distin-
guished triangle
F®B" — F®B — C 15 .

By what we have shown above, there exists some N € N such that p¥ - H!(C) =0 for every i € Z. In
particular, the cohomology groups of RI'(X, C), which is also the mapping cone of the right vertical
map of (B0.4), are annihilated by some power of p. Consequently, the kernel and the cokernel of the map
(B0.5) are killed by some power of p, as required by (1).

(2) Consider the spectral sequence
EY" =Tor,*(H"(X, F), B) = H*™(RT (X, F) ®% B).

Observe that, for M a finite A-module such that M[1/p] is flat, thus locally free, over A[1/p], and
Tor,“(M, B) is killed by some power of p whenever a < 0. In particular, EJ ' is killed by some power
of p for a < 0. Thus, the kernel and the cokernel of

EY' = Hi(X, F)® B— H'(RT (X, F) 8" B)

are annihilated by some power of p. Combining the first statement of our proposition, we obtain that the
natural map
H (X, F)® B— H' (X, F®B)

has its kernel and cokernel killed by some power of p. Inverting p. we deduce
H'(X, F)® B[1/p] ~> H'(X, F®B)[1/pl = H'(X, F®B[1/p)),

as desired in (2). O
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